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Abstract

An approximate first order quasilinear hyperbolic model for Euler-Korteweg (E-K) equations,
describing compressible fluid flows whose energy depend on the gradient of density, is derived.
E-K system can be seen as the Euler-Lagrange equations to a Lagrangian submitted to the
mass conservation constraint. Due to the presence of the density gradient in the Lagrangian,
one recovers high-order derivatives of density in the motion equations. The approach pre-
sented here permits us to obtain a system of hyperbolic equations that approximate E-K
system. The idea is to introduce a new order parameter which approximates the density
via a carefully chosen penalty method. The gradient of this new independent variable will
then replace the original gradient of density in the Lagrangian, resulting in the so-called
augmented Lagrangian. The Euler-Lagrange equations of the augmented Lagrangian result
in a first order hyperbolic system with stiff source terms and fast characteristic speeds. Such
a system is then analyzed and solved numerically by using IMEX schemes. In particular,
this approach was applied to the defocusing nonlinear Schrodinger equation (which can be
reduced to the E-K equations via the Madelung transform), for which a comparison with
exact and asymptotic solutions, namely gray solitons and dispersive shock waves was per-
formed. Then, the same approach was extended to thin film flows with capillarity, for which
comparison of the numerical results with both reference numerical solutions and experimental
results was performed. It was shown that the augmented model is also extendable to models
with full nonlinear surface tension. In the same setting, a study of stationary droplets on a
horizontal solid substrate was conducted in an attempt to classify droplet profiles depending
on their energy forms. This also allowed to compare the augmented Lagrangian approach
in the case of stationary solutions, and which showed excellent agreement with the reference
solutions. Lastly, an independent part of this work is devoted to the study of modified equa-
tions associated to numerical schemes for stability purposes. It is shown that for a linear
scheme, stability conditions which are obtained from a truncation of the associated modified
equation, are only relevant if the corresponding series in Fourier space is convergent for the
admissible wavenumbers.
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Résumé

On présente un modele hyperbolique quasi-linéaire de premier ordre approximant les équa-
tions d’Euler-Korteweg (E-K), qui décrivent des écoulements de fluides compressibles dont
I’énergie dépend du gradient de la densité. Le systeme E-K peut étre vu comme les équa-
tions d’Euler-Lagrange d’un Lagrangien soumis a la conservation de la masse. Vu la présence
du gradient de la densité dans le Lagrangien, des dérivées d’ordre élevé de la densité ap-
paraissent dans les équations du mouvement. L’approche présentée ici permet d’obtenir un
systeme d’équations hyperboliques qui approxime le systeme E-K. L’idée est d’introduire un
nouveau parametre d’ordre qui approxime la densité via une méthode de pénalisation clas-
sique. Le gradient de cette nouvelle variable remplace alors le gradient de la densité dans
le Lagrangien, ce qui permet de construire le Lagrangien augmenté. Les équations d’Euler-
Lagrange associées a celui-ci, sont des équations hyperboliques avec des termes sources raides
et des vitesses de caractéristiques rapides. Ce systeme est analysé puis résolu numérique-
ment en utilisant des schémas de type IMEX. En particulier, cette approche a été appliquée
a I’équation de Schrodinger nonlinéaire défocalisante (qui peut étre réduite au systeme E-K
via la transformée de Madelung), pour laquelle des comparaisons avec des solutions exactes
et asymptotiques ont été faites, notamment pour des solitons gris et des ondes de choc dis-
persives. La méme approche a été également appliquée aux équations de filmes minces avec
capillarité, pour lesquelles une comparaison avec des résultats numériques de référence et
des résultats expérimentaux a été faite. Il a été démontré que le modele augmenté peut
aussi bien s’appliquer pour des modeles dont le terme de capillarité est non-linéaire. Dans ce
méme cadre, une étude de gouttes stationnaires sur un substrat solide horizontal a été établie
afin de classifier les profils possibles de gouttes selon leur énergie. Ceci a permis également
de faire des comparaisons du modele augmenté sur des solutions stationnaires. Enfin, une
partie indépendante de ce travail est consacrée a 1’étude des équations équivalentes associées
aux schémas numériques, ou ’on démontre que les conditions de stabilité qui dérivent d’une
troncature de ’équation équivalente, n’a du sens que si la série correspondante dans 1’espace
de Fourier est convergente, sur les longueurs d’onde admissibles dans la pratique.
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Introduction

In 1893, Van der Waals published a paper in the Verhandelingen of the Academy, entitled
The thermodynamic theory of capillarity under the hypothesis of a continuous variation of
density [72]. It took sixty years to understand the worth of his work [48]. Regrettably, new
ideas are more prone to rejection, no matter how great a contribution they could have been.

Van der Waals assumed in his paper a continuous transition of the density across the
layer separating a liquid and its vapor. In such a setting, he stated that equilibrium states
where the density distribution is heterogeneous, are compatible with capillarity, only if the
free energy at a point, not only depended on its local density, but also on the densities in
the neighboring points |72, 48]. Based on the work of Van der Waals, Korteweg formulated
a constitutive equation of the Cauchy stress that depended on the density and its spatial
gradients [50] in the static case. The dynamical form of the equations, based on Hamilton’s
principle of stationary action, was obtained by Casal |16, |17] and a year later independently
by Eglit [29)].

Van der Waals-Korteweg type equations (often called Euler-Korteweg (E-K) equations),
appear also in other fields of physics, like capillary fluids, thin films flows and quantum
hydrodynamics. It has been the subject of interest in many works in recent decades which
include for example [3} 7, 8, 19, (L1} |12} 13, 18, |36} 44} 61].

The aim of this thesis is to derive a first order hyperbolic model which approximates
the E-K system in an attempt to open new perspectives for its numerical resolution and the
understanding of its solutions properties. This manuscript is organized as follows. Chap-
ter one is dedicated to the augmented Lagrangian method for the E-K system in general.
Explanations on how the approach works in general, and how it affects the structure of the
system are given. Full details for the derivation of the corresponding system of equations are
given. The structure of the obtained system is then discussed. This includes the proof of the
hyperbolicity of the system and how it approximates the E-K system.

In chapter two, the augmented Lagrangian approach is applied to the defocusing nonlinear
Schrodinger equation. Preliminaries on how to cast the equation into a system of conservation
laws via the Madelung transform, and how to obtain traveling wave solutions are presented.
Then, the augmented formulation of the equations is given and analyzed. In particular,
heuristic estimations of the introduced penalty parameters via the dispersion relation are
suggested. Finally, the numerical schemes are given in details and numerical results are
presented and compared for both exact and asymptotic solutions, namely gray solitons and
dispersive shock waves, for which the asymptotic behavior is obtained through Whitham’s
modulation equations.

In chapter three, the same approach is applied to thin film flows with capillarity. Details
on the used model are first reminded, in particular the governing equations, the dispersion
relation and the following stability condition. The corresponding augmented model is then

xXvil



List of Figures

presented and analyzed. The main difference in this case, is that the expressions of the phase
velocities could not be obtained explicitly. Instead, an asymptotic expansion of the latter
were performed and compared at leading orders with the original system. This permitted to
obtain a suitable scaling of the penalty parameters as a function of the long-wave parameter
e, which governs the asymptotics of the original model. Then it is explained, how the
augmented Lagrangian approach is extendable to energy forms that have nonlinear surface
tension terms. The corresponding system of equations is computed and shown hyperbolic.
Finally, numerical results for models with linear and nonlinear surface tension terms are
presented and compared with reference numerical solutions obtained in [14] as well as the
experimental results of Liu and gollub [57].

Chapter four, deals with stationary droplets on a horizontal solid substrate, under the ef-
fects of gravity and surface tension. The governing equilibrium equations are derived through
variational principles and cast into a first order differential equation satisfied by the droplet
height. Under some assumptions on the energy form, we discuss under which conditions,
a droplet may admit a change of convexity. The study is conducted for both smooth and
singular profiles. Most of the results are given in generic cases and then supplemented with
explicit expressions of the total energy. The study is extended to the augmented Lagrangian
model. This permitted to perform comparisons of the augmented and original models for a
stationary solutions. This permitted to perform comparisons of the differential equation, as
well as the numerical solutions, which showed excellent agreement between both models.

Lastly, chapter five, which is completely independent from the rest, deals with a pure
numerical analysis problem, which is stability conditions derived from modified equations.
In particular, we discuss some limitations of the modified equations approach as a tool for
stability analysis for a class of explicit linear schemes to scalar partial derivative equations.
We show that the infinite series obtained by Fourier transform of the modified equation
is not always convergent and that in the case of divergence, it becomes unrelated to the
scheme. Based on these results, we explain when the stability analysis of a given truncation
of a modified equation may yield a reasonable estimation of a stability condition for the
associated scheme. We illustrate our analysis by some examples of schemes namely for the
heat equation and the transport equation.

The work presented in these chapters, is complemented by four appendixes, which contain
most of the computational details. Appendix A includes the variational calculus required
to derive the augmented system of equations from the Lagrangian and details about the
augmented model’s properties. Step-by-step computations to obtain the dispersion relation
and obtain an explicit form of the IMEX scheme are also given. Appendix B is a reminder on
elliptic functions and integrals. This includes practical examples on their usage in order to
obtain periodic solutions of the nonlinear Schrédinger equation, and to describe the structure
of a dispersive shock wave. Appendix C concerns mainly the asymptotic analysis performed
for thin films equations. Lastly, appendix D contains details on how to compute some radii of
convergence of some explicit power series, needed to explain the stability of some considered
finite differences schemes.
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CHAPTER

A First order Hyperbolic model for
Euler Korteweg Systems

In this chapter we explain the core idea behind this PhD work, namely the mechanisms
behind the augmented Lagrangian approach for the E-K system. We first explain the concept
of the method and how it affects the structure of the system from the variational point of
view. Next, we explain how to obtain the corresponding system of augmented equations and
then justify how it approximates the original E-K system of equations and finally discuss its
hyperbolicity. Before we proceed any further, it seems necessary to remind that E-K systems
refer in general to the following system of conservation laws :

gp + div(pu) =0
¢ (1.1)

a).;u—l—div(,ou@u%—l‘[) =0
ot
where II is given by :
, 1
= (p% () = 5 (0K () + K () [Vp]” - pK(p)Ap) d+K(p)VeoVp  (1.2)

Here, p is the fluid density, u is the velocity field, €(p) is the specific hydrodynamic energy and
K(p) is a given function of p. This system can be derived as the Euler-Lagrange equations
for the Lagrangian :

2
u 1
c= [ (o5 pep) - La(p) 190 (13)
Q 2 2
E-K system admits an additional scalar conservation law for the total energy :
oF . .
o + div (Fu + ITu — pK(p)Vp) = 0, (1.4)

where the energy FE' is given by :
|ul ’ 1 2
E=poh + pelp) + 5K (o) [Vl (1.5)




1.1. Augmented Lagrangian approach

Compared to classical models, for which the potential energy does not depend explicitly
on Vp, we have an additional term in the energy flux —pK(p)Vp known as interstitial
working [28]. This system covers the majority of the applications presented in this thesis.
Even if the physical meaning of unknowns will be not the same as in E-K system, the
mathematical structure of the governing models will remain the same.

1.1 Augmented Lagrangian approach

1.1.1 The concept

The method we use here follows the same philosophy introduced in [33] for the Serre-Green-
Naghdi equations. While many relaxation techniques involve straightforward modifications
in the system of equations, we prefer to rather act on the Lagrangian. This has the advantage
of preserving the Hamiltonian structure of the obtained equations. Let us proceed step by
step from the Lagrangian as a starting point. Normally, in order to obtain the E-K
equations, one can apply Hamilton’s principle in order to minimize the Lagrangian
under the mass conservation constraint. In terms of variations, mass conservation links the
velocity and the density (and consequently the gradient of density) in such a way that their
respective Eulerian variations can be expressed in terms of the virtual displacement of the
continuum. The idea is to create a new unconstrained variable that will approximate the
gradient of density, while being independent from mass conservation. For this purpose, let
us consider a new variable, which we call n(x,t). The key idea here is to guarantee that
1 converges towards p in a certain limit and then substitute Vp by V7 in the Lagrangian.
Hence, consider the new augmented Lagrangian :

2
[ul

1 2
c- (p‘; — pelp) — 2K V0P~ £ (1 - Z) ' ﬁmf) © (1)

Let us explain how this Lagrangian meets the expectations of the above description. First,
the so-called augmented Lagrangian is constructed from the original one (1.3) by replacing
Vp by Vn and adding two terms :

e The term 2£ (1 —n/p)? is a classical penalty term where « is a small parameter. Indeed,
o

when o — 0, the difference (1 —n/p) is expected to vanish, implying that n — p. The
choice of the form of this term follows the discussion in [33] for the Serre-Green-Naghdi
equations, where it is shown that some other formulations can result in the loss of
hyperbolicity or the cancellation of dispersive effects.

e The term ép?f ensures a regular time evolution of 7. [ is a small parameter so that

the contribution of this additional term remains negligible. The form of this term is
also reminiscent of the dispersion in the Serre-Green-Naghdi equations. So, it can be
perceived as a small micro-inertia term.
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1.1.2 Augmented system of equations

Given the Lagrangian (1.6)), let us consider the associated Hamilton’s action in an arbitrary
time interval [to, 4] :
t1
a = Ldt (1.7)
to

In a more compact form, we can write the augmented Lagrangian as :

2
u .
o= <p'2' —W(p,n,mvm) a0, (18)
where W is the potential given by :
1 P n\" 8
W ' = K 11 =S 1.9
1 50) = pel) + 5K IV + 1 (1= 1) = Do (19)

We remind that the variation of Hamilton’s action is submitted to the constraint which is
the mass conservation law :

o . B
a5 + div (pu) = 0. (1.10)

For the sake of keeping this part light and readable, applying Hamilton’s principle and all
the related calculus will be carried out in the appendix[A.1] Nevertheless, it seems necessary
to give a few words on how the differential calculus is done in order to highlight some
differences between the augmented model and the original one in terms of variations. In the
original Lagrangian, all the variables’ variations are linked to the virtual displacement of the
continuum. In fact they write :

op = —div (péx), bu = (0x) — gzéx, OVp =V (8p) = —V (div (pdx)) (1.11)

Here, the 'hat’ means that we use variations at fixed Eulerian variables (see further details
about Lagrangian and Eulerian variations in [26]). Note that the variation of the gradient of
density is obtained simply by using Schwartz’s theorem to interchange the order of derivatives.
Thus, in this case applying Hamilton’s principle results in one Euler-Lagrange equation that
is the momentum balance equations of E-K system .

In the case of the augmented Lagrangian, the gradient Vn which substitutes the gradient of
density is no longer dependent on the density and velocity. Thus, it depends only on the new
unconstrained variable 7. Naturally in this case, one needs to separate the variables in two
sets depending on their respective variations. The first type corresponds to the usual virtual
displacement of the continuum, respecting the mass conservation law and will be denoted by
0x. The second one corresponds to the variation of 7 as an independent variable and will be
denoted by 07n. The independent variables upon which the augmented Lagrangian depends
classify into these types according to the following schematic :

Chapter 1. A First order Hyperbolic model for Euler Korteweg Systems 3



1.1. Augmented Lagrangian approach

Note that 7 is included in both kinds, as it depends explicitly on derivatives of n but also
on the velocity field u. Let us now detail how these variations write and express the corre-
sponding Euler-Lagrange equation in each case.

Variation with respect to ix

The variations of the density, velocity and 1 are related to dx by :
o ) o . ou Al A
dp = —div (pdx), ou= (0x)— a—éx, on = du- V. (1.12)
X

Applying Hamilton’s principle on the action (1.7, under the mass conservation law, yields
the following Euler-Lagrange equation (Details in Appendix [A.1.1]):

Jpu ) ow ow

Variation with respect to 7

By virtue of the Schwartz’s theorem, the variations of Vi and 7 are related to én by :

6(Vn) =V (6n) (1.14)
. (On dom_ 0én  don
6n—6<at>+axu— T + o (1.15)

Similarly, applying Hamilton’s principle on the action ((1.7]) results in the Euler-Lagrange
equation (Details are given in Appendix [A.1.2):

o (oW oW oW\ oW
- _ 11
at<aﬁ>+d”<an“+8vn> an (1.16)

In order to make the obtained system of equations first order hyperbolic, we perform a last
step which is a sort of an order reduction. Indeed, let us consider the variables :

P=Vn, w=7 (1.17)

Under these notations, if we gather the previous equations, one obtains a set of three con-
servation laws (Mass conservation + 2 Euler-Lagrange equations) that are dependent on five
independent variables (p, u,n, Vn, 7). Therefore, we need to provide two additional equations
in order to close the system. First, by definition of w one gets :

on O

— 4+ —u=w 1.18

ot + 0x ( )
This already depicts the evolution of 1 in time. Furthermore, by taking the gradient of this
equation and applying Schwartz’s theorem, we obtain :

ovVn on B
5 +V<8Xu—w> =0 (1.19)
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which can be put in the form :

o) S e _
E—i_dw ((a)(u—w) Id) =0 (1.20)

Thus, now the system of equations is completed. Expanding the expression of W in both
Euler-Lagrange equations and putting all the equations in their conservative form permits
us to obtain the following system:

o . B
n + div(pu) = 0,
85: +div(pu @ u+ P) =0,
Opw _ 1 1 n
- i = (1= 1.21
5 + div (pwu BK(p)p) b <1 p) , (1.21)
6;577 + div(pnu) = pw,
afp—i-div((p-u—w)ld) =0
ot
where the tensor P is given by :
/ 1 !/
P (¢ + 50870 - KDIBE + 2 (1-2) )T s Kopep (022

One can derive an additional conservation law for the total energy of the augmented system :

%f +div (Eu+Pu— K(p)uwp) =0,

where the total energy expression writes :

E ’u’2+ ( )+1K( )p|® + Y 2+5 ?
=p— € = —p |- —pw*.
P pelp) + 58 p)Ip o0l P 2P

It is worthy of note, that even for the augmented system, the energy conservation law still
contains, as in the case of original system the interstitial working term written here in the
form —K(p)wp. It remains now to check whether or not the system of equations (|1.21])
fulfilled all the required conditions, namely, is the obtained system first order hyperbolic and
does it approximate Euler-Korteweg equations? Let us first address the latter and compare
both original and augmented system.

Remark 1.1.1. In the augmented setting, p is by definition the gradient of n. Thus, it
should satisfy the compatibility condition curl(p) = 0. Ewven though we will focus mainly on
one-dimensional applications in the current work, it should be kept in mind that p should be
curl-free in the multi-dimensional case.
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1.2. Comparison with the original equations

Remark 1.1.2. The used hyperbolic reformulation changes the definition of a potential flow.
In fact, for Euler-Korteweg fluids, the definition of a potential flow is classical : u = V¢
and hence curl(u) = 0. In the hyperbolic setting, the flow is potential if K = V¢ where K is
defined by [37] :

10W

K=—u— -2~ 1.2
U P (1.23)

This is a consequence from the fact that the augmented Lagrangian depends on the material
derivative of n (See Appendiz[A.4] for details).

1.2 Comparison with the original equations

All we need to compare are the mass and momentum balance equations. The remaining
equations of the augmented system serve mainly as intermediate steps and couplings in the
augmentation process. Let us proceed from the third equation in system (1.21)). In fact,
multiplying it by 3 yields :

B 1
@% + Adiv (pu) — div (K (p)p) = ~ (1 . Z) (1.24)
which means that :
! (1 - Z) — (K(0)An + K'(o)Vp- Vi) + Bpui (1.25)

Assuming we work on smooth solutions in which no singularities arise so that Vi and An
remain bounded quantities, the last equation gives the relative error between p and 7 as :

p;” — —a(K(p)An+ K'(p)Vp - V1) + afBpii (1.26)

First, as expected, one recovers a vanishing error in the limit « — 0. We can write :

Vn=Vp+0O(a)

An=Ap+ O(a) (1.27)

n:p+(9(a):>{

With this asymptotic approximations taken into account we replace the expression (|1.25])
into the momentum equation, and we obtain after simplifications (see appendix |A.2)):

dp ) 1
Dt div(pu @) + V() = oV (K(p)Ap+ 5K () [Vol* ) +0(a) +O(F)  (1.25)
This illustrates the fact that the augmented system approaches the original E-K system in
the limits a — 0 and § — 0, which answers to one of the requirements of this model. It
remains now to justify its hyperbolicity, which we investigate in the following section.

6 Chapter 1. A First order Hyperbolic model for Euler Korteweg Systems
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1.3 Hyperbolicity of the Augmented E-K equations

While in one dimension of space the question of hyperbolicity of the augmented E-K system
is a trivial matter, it requires some additional manipulations in the multidimensional case
which we will discuss in the current section. For this purpose, it is more practical to cast the
system ([1.21]) into the form :

ou ou ou ou

In a general framework, let us define hyperbolicity based on such a system of PDEs [21][67] :

Definition 1.3.1. Consider a smooth hypersurface H(t,x,y,z) = 0. Then, under the fol-
lowing notations :
T=H; ¢(=H,;, v=H,; (=H, (1.30)

the hypersurface is charactersitic if :
det (t1I+ A +vB+(C) =0 (1.31)
The system of equations is hyperbolic if for every (€,v,()T, the matriz A defined as :
A=E6A+vB+(C (1.32)
has all its eigenvalues real and admits a basis of eigenvectors.

When it comes to practice, some considerations may fairly reduce the amount of work
needed to show hyperbolicity. In particular, if the system of equations is invariant by
rotations of the SO(3) Group, it is sufficient to consider the 1D case, that is the conserved
variables and their respective fluxes only depend on time and on one dimension of space
(U(t,z,y,2) = U(t,2))[60]. We can prove that system of equations is in fact invariant
by rotation (see proof in Appendix and consequently, we will make use of such simpli-
fications. Lastly and most importantly, there is a subtle change of structure that is required
in order to obtain hyperbolicity in the multidimensional case. This last step relies on the
fact that by definition, the vector p is equal to Vn and is thus irrotational. Hence, adding
terms which are proportional to curl(p) only alters the form of the system. Following this,
we rewrite the momentum conservation equation and p conservation equation respectively
as follows :

aaptu +div(pu®@u+P) — K(p)curl(p) Ap=0 (1.33)
op | .
a—i—dlv((p-u—w) Id) + curl(p) Au=0 (1.34)

In this new form, and with all assumptions taken into consideration, the augmented E-K
system can be put into the quasilinear form :

ou ou

=, TAU) =0 (1.35)
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1.3. Hyperbolicity of the Augmented E-K equations

in which the vector of state variables and the quasilinear matrix are respectively given by :

P U p 0 0 0 0 0
u az w00 ayn  pK'(p) 53
v p1p2K’'(p) 0 uw O p2K(p) 0 0
o p
U=l w [, AU)=| -2l g o o -2 0 (1.36)
o 0

D1 0 P opa —1 U 0 0
D2 0 0 0 O 0 U 0
U 0 0 0 O 0 0 U

K’ 2 1 2 K

an = O 2¢(p) + 5 (P +13) K" (p) + pe"(p) + O?pg, a5 = p1 ( ) 4 ’(p)>

We have chosen here a set of non-conservative equations since it seemed easier for com-
putations. Obviously, this does not affect in any way the hyperbolicity property. Next,
a straightforward computation shows that the eigenvalues of A, which correspond to the
characteristic speeds of the augmented system are :

[b—+b* —4 b+ Vb2 —4
51,2,3 = u, fjf =ux fc, £5i =ux 4_26 (137)

1 n\ , pi+ps K(p
=p<%hﬂ+2Q€+£)K%m+pﬂw)+a&>+1p Ko+ 42K () (139

where :

2

o= (4 3) (50 (200 + 5 0+ ) K00+ 00+ ) 2 02) (139

In the general case where €(p) and K(p) are abstract functions, the computation of the
eigenvectors is quite tedious and results in very heavy expressions. This task will be done
separately in the next chapters for explicitly defined systems such as the NLS equation.
Nevertheless, we will show here the following proposition:

Proposition 1.3.2. If the total energy associated to the augmented E-K system is convez in
the conserved variables, then the system is at least weakly hyperbolic.

Proof. By definition, we need to show that all the eigenvalues (1.37)) are real. This only
requires us to prove that :

240 b> —4c >0
—4e
— or equivalentl b>0 1.40
{bj:\/b2—4020 ARvATEnEY . (1.40)
c =

In order to show this, let us first cast b and ¢ into a more convenient form, in which, the
derivatives of the total energy appear explicitly :

1 1 1 1
b= 5 <p2Epp + D1 Epipy + 2010E,,p + D3 By, + 6Ep1p1> = P <etHe + D3 Epap, + ﬁEpllJl)
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1
c= <P§ + B) (EppEmm - Ezm)

The convexity of the total energy with respect to the conserved variables (p, pu, pv, pw, p1, pa, pn)
implies its convexity in every sub-base and in particular in (p,p;). The Hessian matrix in

this sub-base
[ Eop Ep
H - ( L

PP1 Ep1p1

is thus semi-definite positive which implies that :

1 1
b= ; (etHe +ngp2p2 + BEmm) >0, e’ = (p,p1)

c= (pg + ;) det(H) >0

It only remains to show that the discriminant b*> — 4c > 0. Let us write :

2
1 1 1
b —4c? = 2 <p2Epp + P EBpipy + 2D19Ep,, + (5 +p§> Ep1p1> —4 (p% T /3) (EﬂﬂEpuDl - Egm)
1 1 ? 1
- 2 <p2EPP + D1 Epipy + 201pEp,, — (5 + p%) Ep1p1> —4 (pg + 5) (EPPEplpl - Egm)
2 2+l(2EE + DB, + 2919 By By, )
2 25 3 P LppLipipy T P1Lop p, D1PLop, pLopy py
1 1 2y 1
= E <p2EPP +p§Ep1p1 + 2p1pEy,p — (5 + p%) Ep1p1> + ? (pg + B) (P1Epp, + pEpyp
Thus all the eigenvalues of A are real which concludes the proof. m

Remark 1.3.3. Obtaining the explicit expression of the whole eigensystem of the augmented
system is a nontrivial task in general. The triple eigenvalue & = u always admits three
independent eigenvectors which are given by :

v — ( (21— p)K(p)

Y \ap? (aa K (p) — azspi K (p))
o (_ p2K(p)K'(p)

? an K (p) — azspr K'(p)
vy = (0,0,1,p2,0,0,0)

ap? (an K(p) — aspiK'(p))"
plPZB/(p)Q 1 0)
agspr K'(p) — a1 K(p)"

7070707_

7070707_

For the remaining eigenvalues, additional analysis is needed, as some of the eigenvalues may
coincide with one another. This is actually the case if we have ¢ = 0, in which case £ = u,
or b = 4c, in which case £f = &5

Chapter 1. A First order Hyperbolic model for Euler Korteweg Systems 9
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& & u & &

Figure 1.1: Representation of the eigenvalues of the augmented E-K system. w is a triple
eigenvalue. & can coincide with v and & can coincide with &5

1.4 Dispersion Relation

For a dispersionless system, waves propagate at a velocity that is independent from the
wavelength. This is not the case in dispersive systems and the fundamental relation that
relates the velocity to the wavenumber is called the dispersion relation. Besides providing the
expression of the wave velocity, it also permits to quantify the damping or the amplification
of small perturbations to the system and consequently check its stability with respect to the
perturbation frequency. In the general case, for nonlinear systems such as the one we study
here, obtaining the exact dispersion relation is a major challenge, and in most cases it is
impossible to obtain. Nevertheless, it is usually possible to derive a linearized version that
still provides relevant information for small enough disturbances. Hence, let us consider a
monochromatic perturbation of a constant equilibrium state Uy = (po, 0, po, 0,0)7 defined
by, U(z,t) = Uy + U'ek>=«t)  Plugging this expression in our system of equations and
linearizing allows us to obtain an expression of the phase velocity ¢, = w/k as an eigenvalue
of the matrix A(Ug) +i/kVS(Uy). (See details in Appendix [A.F)). Its explicit expression is
given by :

(e (B = 5 (B) + /B2 —4C)) (1.41)

where the functions B(k) and C(k) are given by :

B = B2+ D )+ 206 ) (1.42)
o) = (') + 20 (52 4 i) + 20 (113

Unlike the original E-K system, there are two possible positive values for the phase velocity
which we call c;r and ¢, . One can see through a simple limit computation that for ¢, , in the
limits &« — 0 and 8 — 0, one recovers the original phase velocity for the E-K system which
is given by :

cp(k)? = p*e"(p) + 2p€ (p) + K*pK (p). (1.44)

The value c]‘f is rather linked to the fact that the system is 'mimicking’ a dispersive system by
virtue of hyperbolic equations. In fact, while dispersive systems tolerate perturbations that
are felt across the whole domain instantaneously, hyperbolic equations only allow for finite
propagation velocities and hence bounded phase velocities. Thus, in the limits a — 0 and
B — 0, the phase velocity c;; becomes infinite to exhibit the same instantaneous behavior as
a dispersive system. For fixed o > 0 and 3 > 0, one can say that the approximate augmented
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system approaches the instantaneous propagation velocity through very fast characteristics.
Lastly, the dispersion relation also proves useful to get an additional estimate for the intro-
duced parameters a and 5. While the estimate remains heuristic, it is based on the fact that
both the original system and the augmented one should display close properties in terms of
wave velocities, stability regions and amplitude damping, since these aspects are of a signifi-
cant physical relevancy. Most of these aspects are strongly dependent on the explicit system
and are of no concern in the generic case as the E-K system has no inherent dissipation
or energy production. Consequently, more explicit analysis will be performed in the next
chapters.

Chapter 1. A First order Hyperbolic model for Euler Korteweg Systems 11
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CHAPTER

Non-Linear Schrodinger equation

2.1 About the NLS equation

2.1.1 A brief history

The Non-linear Schrodinger equation (NLSE) is a nonlinear version of the Schrodinger equa-
tion that has been a subject of extensive research in the latest 50 years. Since many versions
of the equation commonly share the exact same name, it seems necessary, as to avoid am-
biguity to point out that we refer precisely to the cubic Non-Linear Schrodinger equation,
which is given by :

it A0+ Y Y =0, 1)

where 1(x,t) is a complex-valued field. Although the appellation Schrodinger equation may
invoke quantum mechanics and therefore lead the reader into associating ¢ with a quan-
tum state vector, NLSE is widely used in classical physics and represents a universal model
to describe wave propagation in nonlinear media with dispersion. Variants of the equation
appeared since 1950, for example in the Ginzburg-Landau theoretical works on superconduc-
tivity [53, 52| and in the works of Ginzburg-Pitaevskii on the theory of superfluidity [40].
It was only later that practical applications of NLSE appeared, for example in nonlinear
optics with the works of Chiao [19] and Talanov [69] in 1964, describing the propagation
of light beams in nonlinear media, allowing for the beam to focus rather than spread, thus
creating zones of very high intensity. A few years later in 1968, Zakharov while working
on the stability of surface gravity waves in an infinitely deep fluid [76] established that for
slowly modulated surface waves, the wave amplitude is governed by the NLS equation. In the
same context, Benney and Roskes derived in [6] a variant of NLS, namely the Benney-Roskes
equation (also referred to as the Davey-Stewartson system [23]) and obtained similar results
for a finite depth fluid.

From the mathematics point of view, NLSE is also a very interesting object of analysis and
its popularity among mathematicians increased significantly after the (14-1)-dimensional case
was shown integrable by Zakharov and Shabat [68] by virtue of the inverse scattering trans-
form, under which setting, the latter equation becomes a compatibility condition for a system
of two linear equations, namely the Zakharov-Shabat system. Another major contribution
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to its arising fame in mathematics, is the existence and uniqueness results by Ginibre and
Vélo [39], on the associated initial value problem to the NLSE (in a more general case which
treats a power-law nonlinearity).

The above list of contributions is but a carefully handpicked selection, and is by no means
exhaustive. For more thorough informations, the reader may consult for example [34, [1].
Nevertheless, one can see that the aforementioned examples already involve many fields of
physics, of theoretical and practical interest, and thus demonstrate how versatile and worth
considering is the NLSE, for both physicists and mathematicians.

2.1.2 Focusing versus Defocusing NLSE

At this point it seems necessary to make the distinction between the so-called defocusing
and focusing NLSE, as they exhibit fundamentally different behaviors. The term focusing
seems to find its original meaning in nonlinear optics, in the description of the propagation of
beams in nonlinear media. For instance consider a medium whose refractive index n changes
accordingly to the amplitude of the applied electric field F, namely a Kerr medium [34]:

n* = ng + dngny | E|? (2.2)
This means that the medium gets more (resp. less) refractive for higher amplitudes of F if
ng is positive (resp. negative). In such a medium and for some conditions, the propagation
of a continuous wave laser beam is modeled, at leading order by a NLS equation that can be
cast into the form [34] :

it + ALw+ 4 Y =0, (23
0

where ¢(x,y, z) is the slowly-varying amplitude of the electrical field propagating along the
z-axis, Ay = 02, + ajy denotes the Laplacian in the transverse directions. Equation
tells that the propagation of the laser beam is only governed by the diffraction term (Laplace
operator) and the nonlinear Kerr effects. It is shown by geometric arguments [34] that if both
terms have the same sign, that is ny > 0, the beam will have a tendency to bend towards
the axis and increase its intensity. Hence, this is called self-focusing of the light beam as
opposed to self-defocusing when ny < 0. The same terminology holds in the general case so
that equation ([2.1)) is called focusing NLSE if k > 0 and defocusing NLSE if x < 0.

2.1.3 Madelung Transformation

There exists a reformulation of NLSE which casts it into a system of conservation laws in
terms of real variables. This reformulation, introduced by Erwin Madelung [58] and thus
bearing his name, is done by decomposing ¥ (x,t) into a particular polar form that writes :

Y(x,t) = \/p(x, t)e?D, (2.4)

Here, p(x,t) > 0 and 0(x, t) are real valued functions that represent the square of the modulus
and the argument of ¥ (x,t) respectively. Replacing into equation (2.1)) gives :

(;ppt — Qt) + (; A%ﬁ) + ;pdiv(pV(‘)) - ;V@ : VQ) +rkp=0 (2.5)
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As a consequence, it is now possible to isolate the real and imaginary parts of the equation. If
we further consider a vector field variable u(x, t) defined as u = V6 , we obtain the following
system:

pr +div(pu) =0

ut—l—(u-V)u—V(/ﬁp—i—A(\/ﬁ)) 0 (2.6)
2/
This formulation of NLSE is referred to as Madelung equations, quantum hydrodynamics equa-
tions or simply as hydrodynamic form of NLSE, since it bears similarities in many respects
to Euler equations of hydrodynamics. More importantly, it represents a particular case of an
Euler-Korteweg system with K (p) = 1/4p. System (2.6]) can also be written in conservative
form :

(pu); + div (pu @ u + II) = 0,
with the now usual stress tensor :
m=_(x% i a1+ Lvpev (2.8)
T\ TP 4y PENP ‘
System ([2.7]) admits an energy conservation law given by :
E, + div (Eu + IMTu — pr) =0, (2.9)
p
with a total energy density expressed as :
w2 1|Vl
B, P _ 2.10
Py TRy T, (2.10)
Consequently, the corresponding Lagrangian is given by :
w®, 2 1|V
c=[ (o5 +n% = L5 |a 2.11
Qt<p2 Ty T2 (2.11)

It is worth noting that in the dispersionless case, the E-K system reduces to an Euler system,
which is hyperbolic in the defocusing case and elliptic in the focusing case. Consequently,
even though it may be worthwhile to test our augmented Lagrangian approach on the focusing
NLSE, the hyperbolicity of the resulting system is not given. Thus, for the next part and the
following numerical tests, we will retain only the defocusing cubic NLSE in (1+1) dimensions,
that is :

. 1
i+ Stan — [0 ¥ =0, (2.12)
to which corresponds the following Fuler-Korteweg system :
Pt + (pu)x = 07
2
9 P 1 ., (2.13)
. R - T =0

(pu)e + (pu +5 4p(px pp ))I
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2.2 Reference solutions

2.2.1 General form of periodic solutions

In this part we are looking for periodic solutions to equation (2.12)). Precisely, we are looking
for traveling wave solutions, meaning they depend on x and t only in the combination :

Y(x,t) = A€)e®® . =2 - Ut (2.14)

where A(§) = y/p(z,t) and ¢(§) = 6(z,t). Under these assumptions and notations, equation
(2.12)) written in the real variables A and ¢ yields :

1
—iU(A +i¢/A) + §(A” — ¢ +i(2A'¢ + ¢"A)) — A* =0 (2.15)
Separating real and imaginary parts yields:

AI¢/+1¢NA:UA/
2 (2.16)
UAS + 5(A" — ¢%) = A* =0

The first equation of this system can be solved explicitly as an ODE in terms of the variable
¢' which gives :

/ q
o =U+-5 (2.17)

where ¢ is a constant of integration. Plugging this expression into the second equation of
system (2.16) and integrating yields :

2
q
A? L U?A? + yiim At =d (2.18)
where d is another constant of integration. Switching to the hydrodynamic variables p(z,t) =
A%(€) and u(x,t) = ¢'(£), finally gives the system :

d 2
<d§> =4(p° = U?p* +dp — ¢*) = P(p)
u=U+1

p

(2.19)

Since we are looking for real periodic solutions, this requires P(p) to have two positive roots
so that p oscillates periodically between them. Thus, we can write :

(Zﬁ) 4o =)o — B)(p— by). (2:20)

Identifying the expressions in (2.19)) and (2.20)) allows to obtain the relations :

¢ =bibbs ; U?=0by+by+bs (2.21)
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Without loss of generality, we can assume that b; > by > b3 > 0. Finally, one can obtain
a solution of (2.20) in terms of the Jacobi elliptic function dn (See Appendix for the
details) :

(1) = by — (by — by)dn? (,/b1 by (- UY), s> o t) = U+ p(;f 5 (22)

We remind that s is the elliptic modulus satisfying the relation :

2:b2_b3
by — b3’

s 0<s<1. (2.23)

Also note that for each fixed value of 0 < s < 1, solution (2.2.1) is a periodic wave of
amplitude a and wavenumber k given by :

by — b3 s 2a
¢ 2 K(s)\ s? (224)

where K (s) is the complete elliptic integral of the first kind . This shows that the amplitude
and the wavelength of the solution are tightly linked. For the limiting values s — 0 and
s — 1, it follows from the formulas that the solution is no longer periodic. Periodicity
is lost differently in each of the limits. In the case s — 0, the amplitude of the oscillations
vanishes. The wave number remains at a finite value given by k — 21/b; — bs. In the case
s — 1, we get K(s) — oo and therefore the solution is no more oscillatory as the wavenumber
k — 0. More precisely, Since dn(v,s)|, ,; = 1/cosh(v) the solution behaves like a soliton of
amplitude (b — b3). Below, we will present some exact and asymptotic solutions to the NLS
equation based on the representation (2.2.1)).

2.2.2 Gray solitons
The first case corresponds to the family of solutions obtained from ({2.2.1)) in the limit s — 1 :

B by — bs
cosh? (\/bl — by (x — Ut))

(2.25)

This corresponds to a two-parameter family of solitary waves called gray solitons. It consists
of a localized density dip, of amplitude (b; — b3) which propagates at a constant velocity U
without deforming or collapsing. It maintains its shape due to a perfect balance between the
nonlinearity and dispersion. The parameters b; and b3 define the limit values of the soliton
such that :

by
lim p(x,t) =by ; min = b3 5 lim u(z,t) =U —\/bg ; Upin=U— ——. (2.26
|ﬂc|—>oop( ) ! P el (=) ’ Vb ( )

The shape of the soliton is shown on Figure 2.1}
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0 0
Figure 2.1: Overall shape of the gray soliton solution in terms of the variables p and u for
arbitrary values of the parameters b; and b3 at ¢t = 0

Remark 2.2.1. The particular case where bs = 0 is called a dark soliton. Notice that the
soliton peak in this case reaches a point where p = 0 to which corresponds a singularity in
the velocity.

2.2.3 Dispersive shockwaves

In classical hydrodynamics described by dispersionless hyperbolic Euler equations, shock
waves (strong discontinuities) can appear. In the case of dispersive hydrodynamics, these
singularities are resolved by the appearance of an oscillatory wave train in a region of space
which expands over time. This is referred to as a dispersive shock wave (or alternatively dis-
sipationless shockwave, collisionless shockwaves). We will denote it by DSW for shortness.
Many works in the literature have been devoted to the study and analysis of such solutions,
their behaviors and their structures. See for example [43, |42 32, 30, [31]. Dispersive shock-
waves generally display a highly nonlinear behavior, and involve a slowly modulated train
of fast oscillations. Whitham’s modulation equations [75] are in this case a very powerful
tool that provides a precise description of the slow modulation of the wavetrain of oscilla-
tions, through averaging techniques. This allows for a proper construction of the asymptotic
behavior of the DSW. In particular, it permits us to obtain an asymptotic envelope of the
oscillations which will serve later as a reference for the numerical results. In this context, we
will focus on DSWs that appear in the case of a Riemann problem for the defocusing NLSE.
Thus, consider the initial condition :

ple)=pr <0 u(z)=ur =<0 (2.27)

plx)=pr x>0 u(z) =ugr x>0

Such an initial discontinuity gives rise to either a DSW or a rarefaction wave on each side.

The evolution of the amplitude of the DSW is described in terms of the Riemann invariants
r; (r1 > re > 13 > 1r4) of the corresponding Whitham’s averaged equations [63], [41] :

67’1' 073-

+Vig -

ot ox

=0, i=1,2,3,4. (2.28)
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The characteristic velocities are given by :

Vi=U(r)+ 7"1—7“2 1—

Va=U(r)+ 7’3-7‘4 1—

—rs K
ngU(r)—frl—rQ <1 1773 243

Vi=U(r) - §(r3 ) <1 —

where the complete elliptic integral of the second kind E(s) is defined as:

= /E \/1— s?sin?(0)dd
0

The variables b; and U are linked to the r; via the relations [63], [41] :

by = 116 (ry+ 79— 13 —14)°, (2.29)
by = 116 (ri+ 15— 19 —14)°, (2.30)
b3=116(7”1+7“4—7’2—7“3)2, (2.31)
U= le (r1+re+rs+ry), (2.32)

_ (i —ra)(rs—m4)

) (s — 1)’ (2.33)

(V]
|

If we consider a self—81m11ar evolution of the Riemann invariants, r; depend only on 7 = z/t

and equations (|2 reduce to :
ri(Vi—7)=0, i=1,2,34. (2.34)

It means that one of the Riemann invariants, say r;, changes in space and time and its
characteristic speed is V; = 7, while the three other invariants are constants determined by
the initial conditions on both sides of the initial discontinuity. Outside of the DSW region,
it was shown in [41] that the Whitham equations for the defocusing cubic NLSE degenerate
into the Euler equations for shallow water flows. This transition occurs when two of the
Riemann invariants r; merge together, leading to either s> = 0 or s> = 1. The two remaining
invariants behave like Riemann invariants for the shallow water equations :

ry =ux2/p (2.35)

The solution is then determined via matching of the Riemann invariants at the DSW fronts
[43], [41]. Since this procedure depends strongly on the structure of the flow, we will consider
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the case in which a rarefaction wave on the left and a DSW on the right are created (see
Figure . At the oscillatory front (corresponding to the leading edge of the DSW, s* = 0)
we get [32], [31]:

ri=ry, Vi=Vy, r3=ri(R), ra=r_(R). (2.36)

At the soliton front (corresponding to the trailing edge of the DSW, s? = 1), we get :
ro=r3, Vo=V, 1 =7.(0), ra=7_(0). (2.37)

Here, 71 (0) and 71 (R) are the values of the invariants ry at the states '0’ (the constant state
found solving the Riemann problem for the non-dispersive shallow water equations) and 'R’
(the state on the right of the initial discontinuity). Matching these invariants on either side of
the constant state allows to obtain the theoretical values of py and ug at the central plateau.
Indeed we write :

T‘+(0):7’1 = UQ—FQ\/%IUL—FQ\/,OL (238)
r_(0) =14 = wy—2y/po=ur —2\/pr (2.39)

Combining both equations permits us to obtain :

Po = (i (up —ug +2v/pr + 2\/p_R)>2 (2.40)
Uy = ;(UL+UR+2\/,O_—2\/,O_R) (2.41)

Particularly in the case where ug = uy, = 0 we get :

po= (5 (Vrz +vm) ) (2.42)
wo = \/PL — VPR (2.43)

These expressions are in agreement with the ones in [46][32]. Next, we shall denote by 7
and 7, the asymptotic boundaries of the DSW region, and by 73 and 74 the boundaries of the
rarefaction wave when ¢t — +o00. Their values are given by : (See Appendix for details)

8po — 8y/PoPr + PR
2y/Po — /PR

The asymptotic profile of the solution is shown in Figure 2.2l The oscillatory part of the
solution is plotted according to the following algorithm :

. To=uUp+/Po, Ts=1uy—/po, Ta=1up—+/pr. (2.44)

7'1:U,R+

1. Set the values of pr, pgr, ur, ug.
2. Calculate the values of py ug, 71, 73, 74.
3. Calculate ro(s) = (ri(rs — ra) + s2(r1 — r3)r4)/(r3s — ra + (r1 — 1r3)s?).

4. Calculate the functions b (s), ba(s), bs(s), U(s).
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5. Calculate 7(s) = Va(s).

6. Choose a time instant ¢t. The DSW is shown as a parametric plot of (2.2.1)) : p(s,t) =
p(7(s),t), 0 < s < 1.

7. The low and upper boundaries of the oscillatory profile are described by :

Ping(5) = bs(s),  psup(s) = sb1(s) + (1 — s")bs(s).

i
e -

Figure 2.2: Asymptotic profile of the solution to NLS equation (continuous line) for the
Riemann problem p;, = 2, pg = 1, uy = ug = 0. The boundaries 7;, © = 1,2, 3,4 delimit
the DSW and the rarefaction wave regions. The modulation of the DSW profile between 7,
and 7 is described by the rarefaction wave solution to the Whitham system (bold dashed
line). The oscillatory profile is shown at t = 70. The values of 7;, i = 1,2, 3,4, are given by

8po — 8\/Popr + PR
» To = UR + \/P0, T3 = Ug — /P00, T4 = UL, — +/PL-
2P0 — /PR Vo Vo v

TT = UR +

Figure 2.3: Asymptotic profile of invariant 7o for Whitham’s system. In the DSW region
Ty < T < 71, 12 (dashed line) varies while the other invariants r;, i # 2, are constants.
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2.3 Augmented Lagrangian formulation for NLSE

2.3.1 System of Equations

In the same notations as in section [I.1], the augmented Lagrangian for the defocusing NLSE

writes :
w? 8o, A 1 vnl® 1 (n Y
L= =l S L Y SR I ¢) 2.4
o (p y TPt 5 p 2 2"\, d (245)
and the corresponding system of equations is given by :
g’: + div(pu) =0, (2.46)
/L (p— f| 2 (1" N1d+ Lpep) =0 (2.47)
5 p 5 pl*+ p PeP|=0 :
0
% + div(pnu) = pw, (2.48)
dpw ) 1 1 n
P 4d ——pl=—1(1-"~ 2.4
5 + div (pwu 4P3p> of < p) , (2.49)
0
8—‘; Fdiv((p-u—w)Id)=0; curl(p) = 0. (2.50)

This system admits the energy conservation law :

E 1
8——l—dw EFu+Pu—- —wp| =0,
ot 4p

where

2 2 2 2

u ) 1

E:p“ +épn2_|_'07+7@ _|_£ ﬁ_l ,
2 2 p

2
p- L e m U 1
=|=-— ~(1-=]|d+— :
P (2 4p!p!+&< p)) +4pp®p

We will concentrate on the one-dimensional case where u = (u,0,0)T and p = (p,0,0)7. In
this case, the equations are hyperbolic and the corresponding eigensystem is given by :

& =u = (57 p3+n2’ 0, ’ap3+n2’2n1 p)T

&zu—l—%i/g : vz_(oo\/‘20)

G=u-gs  va=(00-V5,20)" (2.51)
G=ut\p+2Z , (p7\/p+apz,0p,

G=u—lp+ L vs=(p,—\/p+ L50,p0)"
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2.3.2 Dispersion Relation

Linearizing the governing equations on the constant solution p = pg,u =0, w =0,p=0,n =
po and looking for the solutions which are proportional to e***=“Y where k is the wave
number and w is the frequency, one can obtain the dispersion relation expressed here in the

form ¢, = ¢,(k), where ¢, = w/k is the phase velocity :

SN S S (1 + ++>2 4( ! +”°+;>
ey 00" e TN \ag T gt Bk T 4B
re 2

(2.52)

Remark 2.3.1. One can easily see that in the linear case, at fized positive values of o and
B, the phase velocity approaches to the characteristic velocity in the limit k — oo.

2.3.3 Estimation of $ and «

As discussed already, the augmented Lagrangian approach requires a choice of S and «a.
This choice can be based, for example, on the fact that the dispersion relations for both
augmented and original systems must remain close in a specific range of wave numbers, that
is wave numbers of interest. For the equilibrium state defined by p = pg,u = ug = 0, the
dispersion relation for the original Euler-Korteweg NLS system ([2.13)) is :

¢ = po+ Kk /4. (2.53)

When (5,a) — (0,0), the convergence of these dispersion relations is not uniform, that is,
the curves almost coincide for low wave numbers but start to stray away from each other
beginning from a certain threshold wave number kyu..(3, ). This threshold wave number
must be chosen such that the wave numbers that may be present in the solution are contained
in [0, kpaz|-

Cp 7
e
6 Q0
87 .x
o
5 ’r}/

4
3 / _____x=0.1_

1

O -
o 2 4 6 8 10 12 Kk

Figure 2.4: The dispersion relation (2.53) (continuous line) and (2.52) for the augmented
Lagrangian (dashed lines) for 8 = 10~* and different values of «.
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2.4 Numerical Schemes

In this part, we explain all the necessary steps related to the numerical resolution of the
augmented NLS system in one dimension of space. Since the latter is a first order hyperbolic
system of equations, any appropriate finite volume scheme should be able to deal with the
numerical resolution. In our case we will use two types of schemes, namely a MUSCL-Hancock
[70] scheme with a splitting strategy for the source terms, and an Implicit-Explicit type
scheme ((2,2,2) Diagonally-Implicit Runge-Kutta scheme) [2]. We will present here details
about the algorithms for both schemes are found. Boundary conditions will be discussed
later for each test case separately. In a most generic case, the system to solve numerically
can be written as :

ou  OF(U)

ot * Ox
where U, F(U) and S(U) are respectively the vector of conservative variables, flux vector
and source terms vector. In the case of augmented NLS system, they are given by :

— S(U), (2.54)

p pu 0
pu pu2+§—|—g(1—%) 0
U=|ppm |, FU)= pnu , S(U) = pw
1 1
P pwU — 5P s (1-17)
p pU — W 0

2.4.1 MUSCL-Hancock method

In a first attempt, we solve the hyperbolic system ([2.54) by using the MUSCL-Hancock
extension to the Godunov scheme [70]. Since we have a non-zero source term, a splitting
strategy is applied [70] in which, at each time step, the numerical resolution is split into a

hyperbolic part :
oU  0F(U)

=0 2.55
o " Tor (2:35)
and an ordinary differential equation part for the source terms :
dU
— = S(U). 2.56
- =S(U) (2.56)

so that at each time step At = ¢t"*! — ", the numerical resolution is split as follows [70]:

ou oOF dU
oU  OF _ i W_sw)
Hyperbolic step{ 9t = Ox — U™ ODE step{ dt — Untt

IC: U(z,t") =U" IC: U(z,t") = Un+t
Thus the algorithm can be summarized as follows :

1. Boundary conditions : Setting the appropriate boundary conditions in the ghost
cells Uy and Upn;.
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2. Data Reconstruction: Replaces the constant states U}’ by piecewise linear functions

ul'(z) defined by the extreme points :

1 1
U = u;(0) = uf — iAi ;o Uf = u(Ax) = ujf + §Ai (2.57)

Where A; is the slope.

. Prediction Step: Time transition of UX and UF by half a time-step £ :

_ At

L_yl 4 2 Ul — F(UR
U;=U; + 2§;ZC(F(UZ) F(U;"))
OF — UR + 2 (p(Ub) — F(UR

. Updating of solution to hyperbolic part: It is done according to the conservative
formula :

| AR L —
K3 1 Ax

The intercell fluxes are obtained by solving the Riemann problem with Uy, = UF and
Ugr = UL, We use in our case a Rusanov flux given by :

Al (Fia—Fr.), 1<i<A (2.58)

*
Fz‘+%

~ L ruy) +FUL) - ;H;; (Un—Up), (2.59)

1
2

DN | —

where 7, , is obtained by using the Davis approximation [24] :
2

riy1j2 = max(|e; (U7)], le;(Uga)l), (2.60)
. . . OF
with ¢;, the eigenvalues of the Jacobian U

. Solving the ODE part: The final stage which corresponds to the taking into account
of the source term by solving the differential equation (2.56]). In our case, this ordinary
differential equation is integrable. Indeed, it writes :

dp d(pu) d(pn) d(pw) 1 n dp
=0 =0 — = =—|1-- — =0 2.61
at 0 dt CTat P Ta T g o) dt (2.61)
This can be cast into :

do o dow_y

dt 7 dt Toodt

d*n 1 1

— +—n——=0

dt? + aBp afs ’

o

Cdt
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Finally, solving the Cauchy problem associated to this step gives the solution :

pn+1 — ﬁn un+1 =" pn+1 — ﬁn
1 w™ 1
n+l _ on —n N At : At
1 p Ir(n p") cos(~ {)2 ) i Sm(({éﬁp2 )
n+1 . —N —n, . —n
w _Ozﬁp2(p -7 )Sln(aﬁpQAt>+w COS(aﬁpQAt>

The algorithm loops over the previous steps until an initially defined final time is reached.
Since this is a purely first-order hyperbolic system of equations, stability of the scheme is
ensured by a usual Courant—Friedrichs-Lewy constraint on the time step At :

Ax
At < Cepy 0 (2.62)
max (|e(Uy)])
The characteristic speeds in the x-direction are given by :
1 7> 1 1n?
I . =upECy G SRR
c=u, (c—u)i:4ﬁp2 P o | 15 TP ap2|. (2.63)

2

1p2 +p+ a’%, there are 5 possible

This means that depending on the sign of the quantity —; 3

values for the characteristic speed given by :

C u, C u P + C = U
1 y 2.3 o0 4,5 ]6 2

Thus, the characteristic speed is bounded by :

2 1
e, (1e(Up)) = max (m (ruir,rum pit il + ))

1<i<N 1<i<N 451022

In practice,  and « are small parameters. Therefore, although the time step scales linearly
with the mesh size Ax, the coefficient which multiplies Az can be very small for small values
of @ and (. This remains advantageous for refined meshes.

2.4.2 IMEX-(2,2,2) scheme

The name IMEX stands for Explicit-Implicit Runge-Kutta scheme [2][62]. This is a family
of multistep schemes which are well adapted to differential equations and partial differen-
tial equations with stiff terms. This is particularly the case for hyperbolic equations with
relaxation, as the latter often involves small time scales that stiffen source terms. The main
concept behind an IMEX Runge-Kutta scheme is to apply an implicit discretization to the
stiff part of the system and an explicit one to the remaining part. There are many variants of
IMEX schemes, and to help classify them, there is generally an associated triplet of integers
(s,0,p) where s characterizes the number of stages of the implicit part, ¢ the number of
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stages of the explicit part and p the order of the scheme. Under this notation, the scheme we
will use is an IMEX-(2,2,2) scheme. It can be represented by two tables in the usual Butcher
notations for RK-schemes :

of o 0 o0 oo o0 o0

v 0 0 70y 0 _q_ L
1ly—12-v 0 101-9 4 7714 (2.64)
v=1 2—7 0 0 1—v «

where the left table corresponds to the explicit part and the right one to the implicit part.
When applied to the conservative equation (2.54), this yields the two-stage scheme :

UnO unr
n,1 * n At n n *
Url=U*=U Fl\y = F/'y ) +yAtS(U7)

A Uit

T 2

Un2 = U = U (- ) ml (B, B ) = @ )Rl (B, — B )+ (1 1)AES(UP) + AU
- - T Ay Ty T i Az \"i+3 i3 ! !

In these formulas, Fl ., are the usual intercell fluxes computed by using a Riemann solver
2

as is the case for a classical Godunov scheme. Note that, for the second step of the scheme,
it is required to also compute intercell fluxes F: 11 for the intermediate state U* (which also

requires to apply another MUSCL reconstruction beforehand) The source terms are resolved
implicitly, which requires a little bit of additional work when compared to explicit resolution.
The summary of the numerical resolution algorithm is given as follows :

1. Boundary conditions : Setting the appropriate boundary conditions in the ghost
cells Uy and Uy 1.

2. MUSCL Reconstruction: Replaces the constant states U} by piecewise linear func-
tions u]'(x) as explained in the previous section.

3. Compute the intercell Fluxes F ,: This is done using a Rusanov Flux :
2

F" . =

1= 5 (F(UL) + F(Ug)) — (Ur = Uy),

n
2’%4—%

l\D\n—t

4. IMEX intermediate step: Consists in solving the equation :
At
Az

=V1 (known)

U = U (Frs = Py ) +7AtS(UY)

where the only unknown is U*. All the variables at the time ¢" are known. It can be
simply put into the form :

U* — yAtS(U*) — 1} = 0

This equation can be solved numerically by any suitable root-finding algorithm (e.g
Newton-Raphson or a fixed-point method) for an equation f(U*) = 0 where f is given
by :

f(U") =U* —yAtS(U*) —
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5. MUSCL Reconstruction of the state U*: Applies a MUSCL reconstruction for

the piece-wise data U* in order to compute the intercell fluxes Fra.
2
6. Boundary conditions for the state U*: Applying the boundary conditions for U*,

to compute the boundary intercell fluxes.

7. Computation of the intercell Fluxes F} ;: The intercell fluxes are obtained by

solving again the Riemann problem with Uy, = ﬁ*fz and Ugr = U’*iL.
8. IMEX final step: We now have everything we need to solve the equation :

Ul — U™ — (y— 1)22 (Fra—Fra)—(2- v)ii (

known=Vs

Ffyo = Ffa )+ (1= ) AtS(UY)

1
+5

+yAtS(U™H

It reduces to exactly the same form of equation to solve as in the intermediate step,
that is an equation of the form g(U"*!) = 0 where g is given by :

g(U™™) = U™ — 7 AIS(UMY) — 1,
This equation is solved identically as above.
Before we move on, a few remarks of practical interest are worth mentioning.

e The time-step is constrained by the usual CFL condition At < C,p m.
1<i<N i

e This IMEX scheme is second order accurate.

e [t is possible and more robust to solve the implicit part of the scheme by hand and
implement it directly into the code (see Appendix[A.6). Although this makes for a less
generic code and more manual labor, this also avoids convergence issues of root-finding
algorithms and saves computational power.

2.5 Numerical Results

2.5.1 Gray solitons :

Initial condition and boundary conditions
We consider the initial conditions corresponding to the solitary wave solutions of NLS equa-
tion :
by —0 biv/b
Db o= u - BV
cosh ( bl — b3 (L’) p(QJ’O)
77(9570) :p($’0)7 w(x,()) = —p(éE, O)ux(xvo)a p(x,O) :px(x70)‘

p(z,0) = by — (2.65)

28 Chapter 2. Non-Linear Schrodinger equation



Chapter 2. Non-Linear Schrodinger equation

We use periodic boundary conditions in the computational domain. Thus we impose the
following relation between numerical fluxes in the first and last numerical cells:

i =Fy, = F (U, U}). (2.66)

It means that when the soliton passes through one of the boundaries, it continuously reap-
pears on the other side. This permits us to run simulations for a longer time without having
to use large domains. The period of such a configuration is the required time for the soliton
to reach back its initial position. Such boundary conditions would normally apply to periodic
solutions. The results are shown on Figure [2.5}

pt ‘ ‘ ‘ ut
1.5 1
1.4 0.9
1.3 0.8
1.2 0.7
1.1 1 06
t=0 - — - t=0 - — -
Tr t=2T —— | 05T t=2T ——

-20 -10 0 10 X -20 -10 0 10 X

Figure 2.5: Numerical profiles of p (left) and u (right) for the grey soliton at ¢ = 0 (dot-dashed
line) and at ¢ = 27" (continuous line). The used domain is L = [—20, 20] with Az = 0.0002,
the period is T'= D/U = 20. Parameters used for the simulation are by = 1.5, by =1, U =
2. e=1, B=10"% a=210"%.

One can see that the shape and the position of the simulated soliton are in perfect
agreement with the exact solution. Furthermore, Figure [2.6] shows the solution for different
mesh sizes Ax = 0.004, Az = 0.002, Az = 0.0008 and Az = 0.0002, with a focus on the
soliton peak. We can see that for more refined meshes, we get more accurate values for
the soliton position and amplitude. This gives a preliminary idea on the convergence of the
scheme, which will be studied thoroughly in the following paragraphs.

p
1.04 |
1.03 o,
102 | N
1.01 | S

0.99
0.98 -
-0.6 -0.4 -0.2

Figure 2.6: Magnified view on the numerical ‘grey’ soliton peak, for different mesh sizes, at
t = 2T. The theoretical amplitude and position are p = 1 and x = 0. Parameters used for
the simulation are the same as in figure ([2.5)).
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Convergence study

We measure hereafter the Ls relative error of the soliton’s profile across the domain. Since
the gray soliton admits non vanishing limits at infinity, we will be considering the quantity
P — Pso- This quantity is integrable and corresponds to the density of matter being expelled
when the soliton propagates. Hence, we consider the following error :

Aglp) — J =2, (pi) = (i) 2,67

: 2
Zg\io (Pe(t) — poo)
Where p(i) and p.(i) are respectively the simulated value and the exact solution value of p
taken at the ' cell.

Log (A »(p))
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Figure 2.7: The log-log plot of the Ly error. The dots show the measured Ly errors for
different mesh sizes (10000, 20000, 50000, 100000) at ¢t = 40. The continuous line is a linear
interpolation. The measured convergence slope is approximately 1.53.

It is interesting to investigate the phase error as well, that is the difference in the predicted
and simulated values of the solitary wave’s peak position. This error we measure is given by :

Ap(t) = |ep(t) = wes(t)] (2.68)

where z,(t) and x.s(t) are respectively the predicted and simulated position of the soliton’s
peak at time t. Figure (2.8]) shows this error as a function of time for different meshes :

A A b ‘
0.16 | Nx=20000"—v— 7 0.16 | Nx=20000 —v— Pl
. Nx=50000 —+— . Nx=50000 —+— o
0.44 | Nx=100000 —e— 0.14 | Nx=100000 —o—
0.12 0.12 //
0.1 0.1 //
0.08 // 0.08 /
P4
0.06 0.06 »
0.04 -’/ k/x/ 0.04 T ,./*/
0.02 H,,»”/ ot csewe| 002 b JOUS e e
o sz T e .
0 10 20 30 40 50 60 70 t 0 1 2 3 4 5 x10° ¢

Figure 2.8: The phase error as a function of time (left) and as a function of the time squared
(right), for three different mesh sizes : Na = 20000, 50000 and 100000.
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According to these graphs, The phase error seems to be quadratic in time and vanishes
with mesh refinement.

Long time behavior

We carried on calculations until ¢ = 80. The same behavior is observed, the soliton still
conserves its shape and travels at the same velocity without breaking-down. Figure
shows the numerical solution for ¢ = 80 along previously shown solutions for ¢ = 0 and
t = 40 and Figure shows the difference with the initial state for the solutions for
t =40 and t = 80. The error is growing in time especially at the center of the solitary wave,
mainly due to the phase error.

p A
1.5

1.4
1.3
1.2
1.1

1

-20 -10 0 10 X

X

Figure 2.9: Numerical profiles of p (left) and u (right) for the gray soliton for ¢t = 0, ¢t = 27" and
t = 4T. The used domain is L = [—20,20] with Az = 0.0002, the period is T'= D/U = 20.
Parameters used for the simulation are by = 1.5, bs =1, U =2, e=1, § =107%, a =2.1073.

> -8 L L >

X -20 -10 0 10 X

Figure 2.10: Differences Ap = p(x,t) — p(z,0) (left) and Au = u(z,t) —u(z,0) (right) for the
gray soliton for t = 0, t = 27" and t = 4T". The parameters are the same ones used above.
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Conserved quantities

The following analysis is carried out in order to see how well the mass, momentum and energy
are conserved, we consider a similar normalization to the one introduced in (2.67)), meaning
we calculate the integral quantities according to :

m' =3 (peo — p(i)) Az; ¢ =) (poctics — p(i)ul(i)) Az; E' =) (Ew — E(i)) Az (2.69)

i=1 i=1 i=1
where, m’, q” and E’ correspond respectively to the mass, momentum and total energy, which
are expelled by the soliton’s propagation. They are estimated with numerical integration over
the whole computational domain . We compare these quantities with their initial values, using
the following relative errors :

t) — t) — E(t)— E
Am(t) = |m<) Mol Aqt) = |q<) D AE(®) = ()E © (270
mo 4o 0
Figure (2.11]) shows the evolution of these errors over time.
Amk Agh AEA
x 1072 x 10712 ﬁ x 10
A 0
205 1 5.65 fz ?J\ .
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2.9 M‘!‘ /l L S| 5.61 Lﬂ XZVA\/ \ )
5.59 M\! 5
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0 10 20 30 40 50 60 70 t 0 10 20 30 40 50 60 70 t 0 10 20 30 40 50 60 70 t

Figure 2.11: Evolution of the errors Am, Aq and AE over time.

We can see that the mass and the momentum are well conserved. The measured errors
remain around the same values even after reaching the long time domain. A different behavior
is observed for the energy. Indeed, it steadily decreases from its initial value in a linear
manner. This is due to the numerical dissipation of the scheme.

2.5.2 Dispersive shockwaves

MUSCL-Hancock : Smoothed initial step

We present here the results for dispersive Riemann problem. In order to get the case where
a DSW propagates to the right and a rarefaction wave to the left, the initial values must
satisfy the condition [32] :

r4(L) > 1y (R) >r_(R)>r_(L) (2.71)
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An initial step function trivially induces an infinite gradient at the point of discontinuity.
Thus, the gradient of density is proportional to a Dirac Delta function. The latter is not L?
which implies an initially infinite total energy in this case. Besides, since in our model, the
gradient is also an independent variable that must be initialized as a Delta function. From
the numerical point of view, this is impossible in the sense that machine-wise, real numbers
have a finite memory representations and infinite values cannot be stored. Thus, in order to
solve the Riemann problem, with properly implemented initial conditions, we will consider a
regular step-like function defined by :

po(z) = PL ; PR 4 (pL ; pR) tanh (?) : (2.72)
ur, +u Up, — U x
ug(z) = —= 5 £ ( L 5 R) tanh (5) : (2.73)

The parameter § controls the steepness of the jump, in the sense that the abrupt discontinuity
is spread over a region approximately delimited by [—20, 2] as shown in Figure (2.12]) :

g : ‘ ' theoretical step
pr T smoothed step ------
PR ,,,,,,,,,,, |

—24 0 26 x

Figure 2.12: Magnified view over the smoothed step (continuous line) for § = 0.1, Az =
0.000667.

Now, given this custom initial condition, we investigate the long time behavior of the
solution. We plot the quantities p and u, obtained numerically, as functions of the self-
similar variable x/t. The results are shown in figure . Clearly, the overall structure of
the solution complies with the asymptotic one shown on Figure 2.2l The amplitude of the
oscillations shows a very good agreement with the asymptotic DSW profile from Whitham’s
theory of modulations. The oscillations develop in both regions: 7 > 7 and 7 < 7. These
oscillations are part of the solution but they do not appear in the asymptotic (in time) limit
because they vanish when ¢ — oo as their amplitude a decreases with time as a oc t=/2 [42].
This behavior is also displayed with the same power law in our results. By measuring the
amplitude a of the first oscillation at the vicinity of 74, we could plot the function f(t) = at®/?
(see Figure . The plot shows that f(t) is a linear function of time which implies that
av/t is constant.
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P U
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oL Whitham envelope ----- Whitham envelope ----
Po
PR
I I I I €T / t I I I I €T / t
T4 T3 T2 T T4 T3 T2 T

Figure 2.13: Comparison of the numerical results (thin line) with the Whitham modulational
profile of the DSW (thick line) at ¢ = 70. The left figure shows p = f(x/t) and the right
figure shows u = f(x/t). The displayed 7; are the theoretical boundaries of the DSW and the
rarefaction wave. The values of py and wug are the theoretical values in the central plateau
given by po = 1(\/Pr + /Pr + 3(ur — ug))? and uy = (ur + ug) + /pr — /Pr. The
initial values used for this simulation are p;, = 2, pgr = 1,ur, = ug = 0. The parameters are:
f=210"° a=3.33.10"3, Az = 0.000667. The whole computational domain is [—~800, 800].
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Figure 2.14: Vanishing oscillations at the vicinity of the singular point 7 = 74. The figure
on the left shows that these oscillations decrease in time. The figure on the right shows that
the amplitude of the first oscillation a is such that at?/? is linear. This implies the power law

a ot V2,

Another important detail is to check the position of the soliton which arises at the vicinity
of 7 = 7. Let 74(t) be the soliton position at time ¢. We will compare 74(¢) with the
asymptotic position 75. The relative error is given by :

Ts(t) — 7o

ervpos(t) = (2.74)

T2

The time evolution of this error is shown on Figure ([2.15]) :
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position error
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Figure 2.15: Relative error on the position of the first soliton plotted as function of time.

MUSCL-Hancock : True discontinuity

We come back here to the issue of integrating a true discontinuity. As mentioned previously,
one must be careful at the choice of the initial condition, since if we consider a step function
for p(x,0), we must also choose Dirac’s delta function for p(z,0) = p,(x,0). Thus, the safest
option would be to choose a § that is sufficiently small (smaller than the mesh size) and still
use the initial condition :

o, 0) = P ; PR, (pL - pR) tanh(5) (2.75)
u(z,0) =0 (2.76)
n(z,0) = p(z,0) (2.77)
w(z,0) =0 (2.78)
p(z,0) = <pL2_5pR> (1 — tanh® (g)) (2.79)

Under theses assumptions the initial condition is plotted on figure (2.16]).

p

p=2 g pL=2 i

pr=1

X
-400 -200 0 200 4007

Figure 2.16: The step initial condition considered for the Riemann problem and the param-
eters p;, = 2, pr = Luy, = ug = 0, and 6 = 107°. The whole computation domain is shown
here. The inset shows a zoom at the mesh size’s level around the initial discontinuity.
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We ran simulations using this initial condition. The result is shown on figure (2.18)) :

T T
numerical simulation
PL Whitham envelope

o | Mﬂf\ﬂn

’54 T3 CZ Tl )?/t
u T . ‘. .
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uL ﬂ ﬂ ﬂ ﬂ ﬂ /\VAV,\V’\VI\VI\VI\VAVA A uR
T, T3 T T X/t

Figure 2.17: Comparison of the numerical results obtained for the previous initial conditions
(thin line) with the Whitham modulational profile of the DSW (thick line) at ¢ = 50. The
upper figure shows p = f(z/t) and the lower figure shows u = f(z/t). The parameters are
B =2107% a=3.33 1073, Az = 0.000667. The whole computational domain is [—800, 800].

Like the results for the smoothed discontinuity, the numerical results overall comply with
the asymptotic solution. However, in the profile of p, a non-vanishing glitch appears at the
central plateau. It seems to be a sort of Gibbs phenomenon which appears at the initial
discontinuity. Further refining the mesh does not prevent its appearance. Still, it does
not hinder in anyway the propagation of the dispersive shock and rarefaction, nor does it
significantly impact the central plateau.
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IMEX result

p U
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Figure 2.18: Comparison of the numerical results obtained with an IMEX scheme for the
previous initial conditions (thin line) with the Whitham modulational profile of the DSW
(thick line) at ¢ = 70. The left figure shows p = f(z/t) and the right figure shows u = f(z/t).
The parameters are 3 = 2.107% o = 1073, Az = 0.01. The whole computational domain is
[—500, 500]

2.6 Conlusion

We presented in this chapter the application of our augmented Lagrangian approach for the
defocusing Nonlinear Schrodinger equation in one dimension of space. The numerical re-
sults show a very good agreement for both stationary solutions and non-stationary solutions.
There are advantages as well as disadvantages when presenting this approach as a yet another
method among others to solve the NLSE in general. First, out of the many methods that
exist in the literature, the majority treats directly the NLSE in its complex field form. Most
of these methods are spectral methods and are often accompanied by an arsenal of numer-
ical techniques for the resulting ODE in Fourier space. Such techniques include Split-Steps
[51]14])[5] , Runge-Kutta Sliders [35], Integrating Factors [55] and exponential time differenc-
ing [59]. With the effective use and implementations of such methods, one can achieve very
high accuracy with minimal computational costs, see for example [49] where 4th order time
stepping is considered in combination with Fourier spectral methods in x, to numerically
solve the KdV equation and the NLS equation. However, while in terms of performance, the
method we present may not have the upper hand, it offers the possibility of solving a system
of first-order hyperbolic conservation laws in which the mass and momentum in terms of
Madelung variables are conserved. The hyperbolic setting also offers flexibility from the nu-
merical point of view, in the sense that numerical methods for hyperbolic equations are quite
universal and do not require too much additional work, especially for boundary conditions.
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CHAPTER

Thin film flows with capillarity

3.1 Introduction

This chapter is devoted to another interesting application of the Euler-Korteweg system :
thin film flows where surface tension effects are not negligible. The subject has many use-
ful industrial applications in relation to windshield defrosting for planes, coatings, painting,
cooling of microelectronic equipment, etc. It also offers a variety of challenging problems for
the researcher. One of the greatest challenges in this context is to derive an accurate model
that is easy to solve. However, very precise models tend to call for complex mathematical
structures which are either impossible to solve by hand or require extremely heavy computa-
tions. Thus, decreasing the complexity of the problem is a major concern, in order to obtain
models which are fairly accurate but also solvable in a reasonable time.

It is in this context, that we would like to test out our augmented Lagrangian approach.
In fact, it may prove useful to provide a new family of models which are first order hyperbolic,
and which approximate existing models. From the numerical point of view, the hyperbolic
setting is relatively comfortable, since the used methods, stability conditions, and scheme
implementations are quite universal and do not call for much customization and additional
analysis. The approach we offer is also extendable to more complex energy forms. For
instance, the surface energy that is commonly used is linearly dependent on ||VA|[>. While
this approximation is generally satisfactory, it becomes less reliable in the case where large
gradients of fluid height appear. Since the method allows for it (as will be shown later), it
seems beneficial to analyze some cases with non-linearized surface tension term, for which
the capillary energy is given by :

B = ;\/1+ V| (3.1)

We will begin by clarifying the setting, the assumptions and the notations that will be used
throughout this part and then proceed to the analysis.
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3.2 About thin film equations

3.2.1 Setting and notations

We consider a thin film that flows over an inclined horizontal plate under the effects of
gravity :

N¢

______________________________________________________________ X-

Figure 3.1: Schematic of a flowing thin film over an inclined horizontal plate with the nota-
tions used in this section.

Here, the ’tilde’ infers that the associated quantity is dimensional. h(Z,t) refers to the
fluid height and (%, Z,%) is the local velocity. The & and Z respectively denote the direction
parallel to the plane and normal to the plane. The transverse direction 7 is neglected, as the
applications considered here exhibit mainly two-dimensional dynamics. The angle 6 is the
constant inclination of the plate and g is the acceleration of gravity. The typical distance
in the Oz direction will be denoted by L. For periodic waves this refers to the wavelength.
In the long wave approximation, the ratio ¢ between the typical depth and wavelength is
considered small.

In order to obtain a non-dimensional form of the equations, one needs to consider some
scaling of reference. For that, let us consider the Nusselt flow solution. It corresponds to
the equilibrium solution, balancing the viscous forces and the gravity-driven acceleration
resulting in a semi-parabolic velocity profile :

(7,1) =
(T, 2,1)

the velocity is dependent on the fluid height and thus, in order to obtain a relevant character-
istic velocity, we need to average it across the depth. For the sake of lightness, the averaged
velocity over the depth will be denoted by its uppercase equivalent :

>
)
>

=

NﬂN(z) — 9 gingsz (BN — ;) (3-2)

v

)

+
I

I3

Y

5 1k h2
Oy = hN/O Yy (3)dz = %V sin 0 (3.3)
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Using this reference solution, we can define the Reynolds number (Re), the Froude number
(F) and the Weber number (We) as follows :

Re — hNUN7 F— Un

v Joi

The long wave parameter is defined as :

P~

oy

2 (3.4)

E =
These definitions permit to perform a rescaling of the variables in order to obtain their
dimensionless versions:

i U h i F t -~
P UZ?? hzﬁ? = 7 =7 t=-U 3.5
i i - =7, 2 P 7N (3.5)

Under these notations, the averaged governing equations write in dimensionless form [54} |65]
64] :

oh WU _

ot or , (3.6)
ohU 0 2\ cos 1 3U K :
Y O (4 2y 4 S8 (Ah _ ) L s

ot oz ( Ut 5+ 2 ) “Re n) TR

The dimensionless parameters A, and x are introduced for convenience, as in |64] and are
defined by :
Resin @ g2 2
e - (3.7)
F? We
Remark 3.2.1. Although the previous definitions imply that X = 3 in this case, we will keep
its expression as it is. Indeed, some later developments will require the expression instead of

the numerical value.

A

Remark 3.2.2. When compared to the previously studied NLS equation, this system admits
inherent dissipation in the right hand side. It is well-known that, dissipative systems do
not derive from a Lagrangian formulation. This problem can be overcome by applying the
augmented Lagrangian method to the dissipationless part of the system and then adding back
the source terms, once the new augmented system is derived. Although, the term Ah/eRe
may be put into the Lagrangian, as it corresponds to the conservative forces of gravity, it
would change nothing to the resulting augmented system, whether it is added before or after
the derivation. So we will keep it for later as well.

Remark 3.2.3. This system of equations is derived through asymptotic expansions in the
small parameter €. As such, it would admit not only the small parameters related to the
augmentation method but also the small parameter € that governs the asymptotics of the
ortginal equations. This problem will be addressed in due time, after the new governing
system of equations is established.
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Following these remarks, removing the dispersionless source terms and integrating the
dispersive terms into the momentum flux results in the following system :

oh  OhU
R b
ot ox ) (3.8)
ohU 0 2\ cos K K :
4~ |hU*+ =2 h+ —h:— —hhg,| =0
8t+8x< o Tapmt o T )
To these equations, we can associate the following Lagrangian :
1 1k hcosf  N\2h?
[ (zh2—n h—hZ)dQ h) = .
£ Qt<2U fh) = 5gmhe ) 4 F) =S+ (3.9)
and the total energy :
1 h%cosf MN°h° 1 &k
E = -hU? ——h? 3.10
STt o T g T o (3.10)

Before proceeding to the augmented Lagrangian approach for this system, let us first analyze
the full system of equations , with all its terms included. Even if the hyperbolization
process only concerns the dissipationless part, comparisons between both models shall be
done only after reinserting the source terms into the augmented system.

3.2.2 Dispersion relation and stability analysis

In this section, we shall derive the dispersion relation for equations (3.6)). The latter can be
written as :

ou ou ’U
where :
h U h 0 0 0
U = , AU) = | cosf Nh3 ,B(U) = K ,S(U) = A 3\U
U + U -—— 0 — =
2 45 F eRe e€h?Re

We consider an equilibrium state Uy = (hg, ug) and look for solutions which are proportional
to e’k where k is the wave number and w is the frequency. For simplicity, we can take
ho = 1 and up = 1 which corresponds to the Nusselt equilibirum solution. We consequently
obtain the phase velocities as the eigenvalues of the matrix :

M = A(Uy) — k*B(Ug) + IiVS(UO) (3.12)

A straightforward computation shows that the eigenvalues satisfy the equation :

, 2 2.2 -
31 cost 2\ k“e ) 61 0 (3.13)

1—c)? = —(1—c,) — —t— | - =
=) = ppt—a) €<F2+45+We K Re

Equation (3.13) has a complex valued discriminant. Computing the expression of the phase
velocities is a trivial task, but separating the real and imaginary parts is not. Thus it brings
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no additional information. However, it is possible to recover at least the stability condition for
this equation. Since we are considering solutions which are proportional to e!**=% stability
requires the imaginary part of the frequency w to be positive, so that the wave amplitude
does not grow exponentially in time. This defines the stability criterion :

Im(w) <0 < Im(c,) <0 (3.14)

We can show that this condition comes down to the well-known stability condition (see
developments in appendix [C.1)):

K 6
cotg + ——k* > —Re 3.15
& sin ¢ 5 ( )
Hence, the neutral stability curve g(k) in the quadrant (k > 0, Re > 0) is defined by :
sinf /6
g(k) = \/ (Re — cotg 0) (3.16)
K \D
k
200 ‘ ‘
neutral stability curve
Q
150 | 8
50 gi Stable region
=
2
100 | g
&
Instable region
50 t
0 Re
0 5 10 15 20 25 30

Figure 3.2: Stability regions for equations in the (k, Re) plane. The thick red line cor-
responds to the neutral stability curve. The gray region are instable waves. The white region
are stable waves. The parameters used here correspond to the Liu & Gollub’s experiments
[57] with 6 = 6.4°, We = 0.184, F' = 0.847 and € = 0.006.

3.2.3 Asymptotic expansion of phase velocities

Instead of computing the exact expressions of the phase velocities, it is possible and more
insightful in this case, to compute their asymptotic expansions in power series of the small
parameter €. In particular, this will prove useful when comparing the augmented model with
this one (see section . This gives the leading order behavior of wave propagation. For
more simplicity, we consider the variable X = 1—¢,. In a first attempt, assume the following
expansion in a regular perturbation series :

X = Xo+eX1+2X, + O(%) (3.17)
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Such an expansion is possible if the considered eigenvalue is sufficiently smooth in terms of
¢ and bounded when € — 0. There will be cases where such assumptions on the regularity
are not verified. In these cases, we will use results from the singular perturbation theory to
find which form of the expansion is more suitable. Substituting the expansion in the
characteristic polynomial yields :

B <3iX0 N 6i )_ 3i X, N cosf N 27)\2
kRe kRe kRe 2 45

X>5+(2X0X1 i;() 2L O = 0 (3.18)

by successively equating the coefficients multiplying " to zero for n € {0, 1,2} we get :

2)2 4 2)2
Xo= -2, X, = ‘kRe <6039 L2 4) Xy = —~k?Re? (COSQ L2 4) (3.19)

3 2 45 9 2 45
Hence
i cost  2)\? 4 cosf  2)\?
X =24k N 4) e - Zk2Re? ) e 3
+3R6<F2—|—45 ) 5 R6<F2+45 )5 + O(e?)

Substituting the expansion in the second degree characteristic polynomial yields only one
eigenvalue. This is due to the fact that the considered polynomial clearly degenerates into a
first degree equation in the limit € — 0. Therefore, one of the eigenvalues was missed because
it approaches infinity in the limit ¢ — 0. In the general case, in order to find the missing
solution, we introduce a rescaled variable Y (¢) = Xd(e) and substitute it in the characteristic
polynomial :

. Y2 3 Y <cos€ 2)\2 k2> 67

52 KReo() S\ a3
In order to get a nontrivial solution, we need the leading order terms to have the same order

of magnitude, otherwise in the limit ¢ — 0, one of them will simply vanish and the equation
will degenerate again. Balancing the two first terms yields:

§(e)> =eb(e) = 0(e) = ¢

and so :

3t v o_ 2 0030+27>\2+k252 _ Gie
F? 45  We kRe

Now we take Y in the form :
Y =Yy + Y] + &Y, + Yae® + O(e?) (3.20)

In this expansion, we are looking for Yy # 0, otherwise, this will lead again to the previous
trivial solution. We truncate at one higher order than previously to remain at a second order
approximation when replacing back X. Substituting in the characteristic polynomial gives :
3t 3t cost) 2/\2> 9
€

3i 6i
2 Y o v v I
Yo pRe 0t <2Y°Y1 kRe! kRe) <Y TR R T T Ty

3iY; .
+ (2% - 222 2nYs) + O =
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once again, by successively equating the coefficients multiplying " to zero, for n = {0, 1,2, 3}
, we get :

' k 0 2)\2 4 0 2)\2
v, 3i Y, =2 Y2:Z,1;)%e<4_cos )7 Y}):—gk2Re2<4—COS )

~ kRe’ 245 F? 45
we substitute X = Y/e to obtain :
RY) kRe cosh  2)\? 4 cosl  2)\?
X = 24+i—— 4— — = )e— —K*Re* (4 — — )& %) (3.21
keRe T3 ( F2 45)6 9 Re( F? 45)5“9(6)(3 )

To conclude, the expansions of two phase velocities ¢, = 1 — X are given by:

i cosf  2)\2 4 cost  2)\?
Cpy =3 kRe<F2 +45 >€+9kRe <F2 +45 )6 + O(e?)

3i 1 cosl  2)\? 4 o o (cosh 2)\? 9 3
cPQ__kaRe_1+3kR€<F2 +%—4>5—9kRe 72 +4—5—4 e+ 0(e”)

3.3 Augmented Lagrangian formulation

3.3.1 Governing equations

In this section, we will apply the augmented Lagrangian approach to thin film equations. We
remind that the augmentation process concerns the sourceless system of equations . The
source terms shall be added by hand after the derivation of the equations. The augmented
Lagrangian based on the Lagrangian writes :

B

Y 1ﬂ2h<n )2
L= o <2hU —|—2h77 hf(h) 5P ~ 9. (7 1) |dQ (3.22)

To this Lagrangian corresponds the following system of augmented equations :
oh 0

5 o () =0, (3.23)
agtU + aax <hU2 + 2};320059 + 2;]515 + 2—;2192 + g (1 — Z)) =0, (3.24)
8;;” + ai_(hnU) = hw, (3.25)
P 2 (mw - B*‘sz> -5 0-7). (3.26)
Z]; + 8ax (pU —w) =0 (3.27)

Now, all that remains is to add back, by hand, the previously removed source terms to the
momentum equation, so that it becomes :

onu 0 , h? 2\%R° K o 1 n 1 3U
S = el = — (a=22) (32
ot ox (hU T ot T as Tl T, ( h) cRe (Ah h ) (3.28)
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Remark 3.3.1. As to relieve ambiguity, the augmented system will now refer to equations

(13.23) ~(3.27)), where we substitute the momentum equation (3.43) by (3.28)).

In this case, the characteristic speeds &; are given by :

Si=u

(3.29)
Crgas = U+ \/(1 T Bp)a + b (1 + Bp2)a + b)? — dab
where a et b are positive quantities given by :
K A2h4 n? h cos 6
“=o8hEr P T 45 2am? T 22 (3:30)

The five eigenvalues are real and distinct, unless we have :

2X2h%  n®>  h2cosf K
— — =0 3.31
B Tt TR B (3:31)

p=20, and

in which case the eigenvalues become :
51 = U7 52,3 =U + \/l_)v £4,5 =U— \/[; (332)

Even in this case, it is easy to check that we still obtain a full set of linearly independent
eigenvectors.

Remark 3.3.2. It would have been straightforward to obtain the hyperbolicity of the system
if its energy was convexr with respect to the conservative variables. This is not the case here
mainly due to the penalty term.

3.3.2 Dispersion Relation: a and [ scaling

Like for the NLS equation, we must assign values to the relaxation parameters o and 5. Unlike
the NLS equation, it proved impossible in the current case, to obtain an explicit expression
of the phase velocities. The task requires an unreasonable number of assumptions on the
parameters. Instead, since we performed an asymptotic expansion of the phase velocities for
the original equations, we will do equivalently for the augmented system and try to conserve
the asymptotic behavior up to a given order. First, let us cast the augmented system into a
quasilinear form :

ouU ou

— 4+ A(U)— = S5(U 3.33
where :
h U h 0 0 0 0
U Ctar U 2(1-%) 0 % - 9%
U=|n [, AU) = 0 0 U 0 0 ,S(U) = w
K 1
v 0 0 0 U —z Tﬂh( _%>
p 0 p 0 —1 U 0
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where C' = C}’ff + 2’\ h3 . We consider an equilibrium state Ug such that h = hg, U = Uy, n =
ho,w =0,p =10 and look for solutions which are proportional to e?**=%%)  Similarly to the
previous section, we will perform the analysis in terms of the variable X = g — ¢, which
makes computations slightly lighter. We will also assume the Nuesselt flow as reference
equilibrium solution and thus take hy = 1 and Uy = 1. Under these assumptions, the phase

velocities are given as the eigenvalues of the matrix A(Ug) + £VS(Up) which writes :

1 1 0 0 0

7 c + + skRe 1 - k:]z;'ie _i 0 0
oaék: 0 ojﬁlk 1 _ﬁ%

0 0 0 -1 1

to which corresponds the characteristic polynomial, written in terms of the variable X:

1
afek3

X (Ao + ALX + A X2+ A3 X3+ A1 X*) =0 (3.35)

where the coefficients are given by :

6i 1+ aC .. 32’ 31
A b Cek k2 2 kd 3 A k,2 2
0= B+ O+ v we "o T Re T Rewe” ©
]{Z2
Ay = (62a5k2 (1 + Bk + ozCBk:Q) ke + @ k3€3> , Az = b , Ay =afek’
We Re

The main purpose of this analysis, is to obtain the asymptotic behavior of the phase velocities
in the small parameter ¢, in order to compare with original system. The characteristic
polynomial has five complex roots. One root is trivial which is X = 0. Out of the four
remaining roots, two should be approximately the same as in the original system. We denote
the corresponding phase velocities by ¢, and ¢,;. The two remaining roots are rather linked
to the fast characteristics of the augmented system. Before we proceed, it would be safest to
set all small parameters as a function of . Having more than one small parameter may result
in an erroneous asymptotic analysis. Thus a choice of a and 8 as functions of € is necessary.
A reasonable choice would be to make sure that the phase velocities of the augmented system
match the original one, at least up to first order in e. It is shown in appendix [C.2] that the
latter statement is valid if & and 3 given by :

a=0(), p=0(E (3.36)

Under such a scaling, the phase velocities, which correspond to the roots of (3.35)), can be
expanded into power series of ¢ as follows :

Cpy = 1
¢, =3 ik‘R (cfff + 2’\2 4) €+ 3k*Re? (COSQ + % - 4) g2+ O(e?) (3.37)
= -2 — 1+ ikRe (9 T2 a)e - PR (22 4 2 1) 24 O :

Cpss = ik—EQ +o0 (?2)
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3.3.3 Neutral stability analysis

Another important property of the model to be checked is its stability curve. If the neutral
stability curves of both systems are significantly different, then discrepancies in their respec-
tive behaviors may be observed for the same frequencies. Unstable waves in the original
system could become stable for the augmented model or vice-verse. Avoiding this inconsis-
tency requires us to check the stability condition Im(c,) < 0 (equivalently Im(X) > 0). This
task requires tedious calculations but can be greatly simplified if we instead look for the crit-
ical curve Im(c,) = 0. This literally means that we search for real roots of the characteristic
polynomial . We discard the root X = 0 and we consider a nontrivial root X € R*
of . Equating the real and imaginary parts of respectively to zero yields the
equations (after normalization) :

1 K 1 C/k 1 K
—_v4_ | = 2 — —
Q,(X) = X <a+0+ - )X +6<F2+ak2)+aw2 0
1 K 1
(X)) = X3 pox? [ X -2 -
Qim(X) = X7+ ( Ta ) <5F2+a5k2 0

(3.38)

where X must be a common root to the two polynomials. @;,, admits three real roots:

ko]
BF?2 " apk?

X1 = -2 ) X2’3 =+ (339)

Let us plug the obtained roots in (Qg.. The latter is biquadratic implying that X, and X3
are equivalent. We obtain :

1 [ kk? K

Qre(X1) = 2 (FQ—4+C> +04<45—FQ> (4-C)—4p
1

a?f

Clearly, Q,(X23) is always a non-zero value .This leaves X; as the unique possible common

root. It remains to replace C' by its value :

Qre(XQ,S) - -

cosf  2)\? _cosf  6Resinf

C=mt - " ne

Simplifying gives the neutral stability curve:

ake 636) +12(0(a) + O(5)) = 0 (3.40)

ted
(cog +sin6’ 5

This equation is consistent with the stability condition in the limits « — 0,5 — 0.
The error terms are proportional to the square of the wavenumber implying that convergence
is not uniform with respect to k. This is confirmed in figure 3.3 where neutral stability curves
for the original system and the augmented one are compared for several values of o and S.
The values which were obtained through the asymptotic analysis show a very good agreement
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in terms of stability regions. Less restrictive values of either a: or § are shown to exhibit a
different behavior in the sense that the instability region in these cases is significantly wider.
In terms of convergence, it is clear that for low frequencies the curves match very well up
to a certain cut-off frequency, starting from which there is a notable increase in the error of
approximation. This is similar to what we had observed for the NLS equation for the phase
velocity.

k
250 ; :
original model ——
a =g, B = ;33 ...........
200 *OZZE,ﬁ:&‘Q 5
a=vVEf=e Stable region
150
100 | // |
Instable region
50
0 Re
0 5 10 15 20 25 30 35 40

Figure 3.3: Neutral stability curves in the (k, Re) plane for the original model (continuous
blue line) and the augmented model for various scalings of a and [ with respect to €. The
parameters used here are the same as in figure .

3.4 Nonlinear surface tension

We will address now the problem of nonlinear surface energy. We will keep to all the previous
setting but the capillary terms. We revert back to the total energy of a thin film without
surface tension linearization :

1 h%?cosf  N\2h° K
nl 2hU + S [2 + 150 +€2F2\/ +e hx (3 )

This form is more suitable to larger gradients of fluid height, for which the usually used
Taylor expansion, simplifying the surface energy term, becomes less relevant. We show that
this adds almost no difficulty when using the augmented Lagrangian approach. This form
of energy is still compatible with the generic Lagrangian , for which we derived the
Euler-Lagrange equations. Thus, applying Hamilton’s principle to the associated augmented
Lagrangian :

B

B h? cos @ B AR5 K
2

2F2 450  e2F?

1, 5 .9 1 i )2
= [ (=nU%+ - 1+e2p2— —h(~—1) |dQ (3.42
L Qt<2h hn e — 3 h(h dQ  (3.42)
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submitted to the mass conservation law, and adding the usual closure equations results in
the augmented system :

g? + a‘a;(w) =0, (3.43)
aahtU * 861: (hU2 * 2};20086 + 2;\?515 B F252\/,1€+ e2p? * g (1 N Z>) -0 (348
aaht?? + gx(hnu) = hw, (3.45)
e 3 (- ) - 1)
g]; + éic (pU —w) =0 (3.47)

The characteristic speeds &; of this system are given by :

& =U
(3.48)
Sa3a5 = U+ \/a’(l + Bp?) + b % /(@ (1 + Bp?) + b)2 — 4a'b
where b is defined as in equation (3.30) and a’ is given by :
a : =a(l+p?) 7% >0, (3.49)

- 2BhF2(1 + p2)3/2

The hyperbolicity of this system is obtained exactly as in the linear surface tension case.

3.5 Numerical simulations

3.5.1 Test for a Gaussian initial data

In a first attempt, we compare with the results obtained in [14] for a Gaussian initial data.
It offers the advantage of being one of the few tests that was compared for both linear and
nonlinear surface tensions in the non-stationary case. Thus, for the setting of this test, we
consider the following Lagrangian, in dimensioned variables :

1o~y 1 - =
L= <2hU2 - 5gh2 - Z\/1 + h%) dQ (3.50)

Qy

to which corresponds, in the augmented setting, the Lagrangian :

1~~2 ]."’" ~2 1 "'2 o ~ h ( ﬁ)Q
— il z _Z | 24 —(1—= Q bl
L . <2hU + o Phib? — gh p\/ +P 5 : d (3.51)
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We consider the initial data :

2
h(#,f=0)=ho+ he 20o/80)?
ii(%,1=0) = h(z,=0)
p(, f~= 0) = —Grsyie 20/ (3.52)
U(i#,f=0) =0
w(7,t=0)=0

Here, hg is the water elevation at rest. b, by and hy are parameters that define the shape of
the deformation as can be seen in figure [3.4]

h

ha

Figure 3.4: Shape of the Gaussian initial data.

Starting from the initial condition (|3.52)), we compute the time evolution of the deforma-
tion, which generates both gravity and capillary waves. For the simulation, we take a domain
of L = [-50mm,50mm]. The numerical results, at ¢t = bms, is displayed in figure with
both linear and nonlinear capillarity terms :

h(mm) a(m.s”")
4 linear capillarity sim. —_— | linear capillarity sim. —
linear capillarity ref. 0.2 linear capillarity ref. ]
. nonlinear capillarity sim. nonlinear capillarity sim.
3.5 k= nonlinear capillarity ref. . 01 nonlinear capillarity ref.

3 0
J}Wm
2.5 —-0.1
2 - —0.2 -
0 5 10 15 Z(mm) 0 5 10 15 Z(mm)

Figure 3.5: Comparison of the obtained numerical results (solid lines) with the converged nu-
merical solutions proposed in (dots), for the Gaussian initial data at t = 5ms. Pa-
rameters used here are g = 9.81m.s72, 0 = 0.0728 K g.572, p = 1000K g.m=3, hg = 2.725mm.,
ho = hy, b = 1.5h; and by = 4.29193. & = 1073>m~2s? and B = 107°. Results are shown with
a mesh resolution of n = 5000.
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The shown results are obtained by using an IMEX-2,2,2 scheme with MUSCL reconstruc-
tion. The ¢f1 is set to 0.8. Unlike what was used in [14], there is no need to adjust the ¢f1 to
be able to capture the capillary waves, as the characteristic velocity of the model, naturally
includes the fast oscillations scale. The comparison shows a perfect agreement, in terms of
wave amplitude, wave frequency and wave speed. The comparison of p with h;, computed
through centered finite differences is given in the next figure for both capillarity forms:

h(mm)
1.5 :
nonlinear capillarity : p _—
1t nonlinear capillarity : ]NI; --- ]
_ linear capillarity : p
0.5 ¢ \ linear capillarity : haz --

—05 |
1|
0 5 1‘0 1‘5 x(mm)

Figure 3.6: Comparison of h; (dashed lines) and p (continuous lines) for the same values as
above for both linear and nonlinear surface tension models. The curves coincide perfectly.

This test shows that the numerical results obtained for both linear and nonlinear surface
tension models match perfectly with the converged numerical solutions of [14]. Although
the reference we compare with, is not an exact solution, this test shows that the augmented
model in this setting, approximates the original model with excellent accuracy.

3.5.2 Liu & Gollub’s experiment

We study here the experiments done by Liu and Gollub [57]. It consists in a two-meters
long canal, inclined with a constant angle #, containing a thin film of water (around one
millimeter). The fluid is initially at rest. At ¢t = 0, a periodic perturbation, with an arbi-
trary amplitude, is imposed at one of its boundaries. Depending on the frequency of the
perturbation, the thus generated waves have amplitudes that may decay or grow in time.
The frequencies of interest in this experiment are the unstable frequencies, for which it was
observed that the wave amplitude grows until it reaches a stationary state whose behavior
is strongly dependent on the imposed frequency. An example is given in figure [3.7] for a
frequency of 1.5Hz. The perturbation is imposed on the left boundary. One can see that the
initial oscillations grow as they propagate until a wave-train of small capillary oscillations
appears in the vicinity of the leading front which stabilizes the time evolution.
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Figure 3.7: Dimensionless water height as a function of space (dimensioned), in the setting
of the Liu & Gollub experiment, for an imposed frequency of 1.5Hz. (Obtained through
numerical simulation). Parameters used here are : Re = 19.33, k = 1.440.107%, Fr =
0.8476,0 = 6.4°

An important feature of this experiment is that, for different imposed frequencies, the
generated wave displays significantly different features (presented in figure . For higher
frequencies, the front and tail of the waves become closer which hinders the development of
the wave precursors and may lead to strong interaction between the successive pulses.
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Figure 3.8: Dimensionless water depth as a function of the downstream distance Z for different
frequencies : (a) f = 1.5Hz, (b) f = 3.0Hz and (c¢) f = 4.5Hz in the experiments of Liu
& gollub [57). Figures reprinted from J. Liu and J. P. Gollub. “Solitary wave dynamics of
film flows”. In: Physics of Fluids 6.5 (1994), pp. 1702-1712, with the permission of AIP

Publishing.
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3.5. Numerical simulations

Before proceeding to the numerical resolution of this experiment by means of the aug-
mented system, it is obviously unreasonable to attempt a comparison without taking viscos-
ity into account in the system of equations. The modification only concerns the momentum
equation which writes instead :

8hU 0 2 h%cos  2h°  kp* 7 n 1 3U 9 0 ([, 0oU
ot T or (hU e s tapta () = s )t amean (M

(3.53)

From the numerical point of view, this additional diffusive term is solved by an explicit finite
differences scheme given by :

t=t"
o (U
ox \ Oz J|,_,

To summarize, the system to solve numerically writes fully :

1

s (B4 W)Uy — U = (B + R )(UF = UR)) (354)

(2

sy =o,

o (0 g a0 1) = e (0 g ()
agthr;T(hnU):hw,

% o (0 ) = 05 (1-7),

?Z -I—aa(U w) =0

Note that solving this system with the IMEX-222 scheme along the finite differences (3.54])
for the additional viscous term, requires a stability condition of the form :

At 9e At)

Az’ 2Re A2 (3.55)

max <§m

where &, is the maximum characteristic velocity. In order to simulate the experiments of Liu
& Gollub, we consider the following initial condition :

h(z,0) = n(z,0) =U(z,0) =1, w(z,0)=p(z,0)=0 (3.56)

which corresponds to the Nusselt flow solution. The boundary conditions are given in this
case by :

hy =1+ 0.1sin(27 ft") by = hiy
up =1 W =
r=0:qnt=hy v=L:In =% (3.57)
w§ = 0.27 f cos(2m ft") Wiy = Wy
py = (nt —my)/Ax PN1 = PN
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The dimensionless frequency is given by f = fL/ Uy, where f is the imposed dimensioned
frequency. In all the below presented numerical simulations, we take the following values of
the relevant physical parameters:

Fluid properties Reference quantities | Dimensionless numbers
g 9.81m/s? hy 1.279mm Re 19.33

o 0.067Kg/s*> | Uy  94.94mm/s | F 0.8476

v 6.28.107%m?/s | L 210.5mm K 0.000144

p 1080Kg/m? |6 6.4° € 0.006076

The augmented model parameters are taken equal to o = ¢ and 3 = 2. The numerical
results are given below :
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Figure 3.9: Experimental results of Liu & gollub [57] (right) along the obtained numerical
results (left), for different forcing frequencies, respectively equal to (a) : fi = 1.5Hz, (b) : fo =
3.0Hz and (c) : f = 4.5Hz. The number of mesh points is n = 40000. Experimental results
figures are reprinted from J. Liu and J. P. Gollub. “Solitary wave dynamics of film flows”.
In: Physics of Fluids 6.5 (1994), pp. 1702-1712, with the permission of AIP Publishing.
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3.6. Conclusion

T
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Figure 3.10: Superimposed numerical simulation with the experimental result for f = 1.5H z.

Remark 3.5.1. It may seem that the value Re = 19.33 used here is in discrepancy with the
one used in [57] which is Re’ = 29. The fact that Re' = 3Re/2 is due to the fact that they are
defined with different reference velocities. In fact, we consider here as reference velocity the
averaged equilibrium velocity over the depth Uy, while the reference value used in 157/ is the

value of the velocity at the water surface tiy(hy) = 3Un /2. (See equations [3.3) and (3.2) )

For the different forcing frequencies, the numerically simulated waves display similar
features to the experimental measures for the chosen values of & = ¢ and 3 = &*. The
agreement is qualitatively very good. One can see on figure that the amplitude and the
wavelength of both the wave peak and the capillary ripples, are approximately well recovered
through the augmented model for the chosen values of o and 3.

3.6 Conclusion

The numerical results obtained through the augmented Lagrangian approach permitted to
obtain good numerical results for examples involving thin film flows. The approach was
shown to be easily adaptable to both models with linear and nonlinear surface tensions, as
the structure of the obtained hyperbolic equations remains almost the same in both cases.
This approach, in its current version, is unable to deal with flows involving dry or nearly dry
regions. This is due to the fact that the maximum characteristic velocity tends to infinity
when the fluid depth h tends to 0. The treatment of dry zones will need significant efforts,
on both the modeling and numerical aspects.
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CHAPTER

Stationary droplets on a solid
substrate

4.1 Setting and assumptions

In this chapter, we consider a droplet of liquid, resting at rest on a plane horizontal solid
substrate (see figure . We are interested in the stationary shape of the droplet submitted
to its own weight and surface energy. In such a setting, it is reasonable to consider that the
droplet is isotropic in the plane of the substrate so that we can restrict the analysis to one
dimension of space. This assumption will make calculations more straightforward but not
any less rigorous.

ho

=0

Figure 4.1: One-dimensional profile of the droplet.

In this setting, we are looking for an admissible droplet profile h(x) where h designates
the local height of the droplet. If we assume that its center is located at z = 0, we can
further narrow down the analysis to the domain z > 0, assuming that h(z) = h(—z). In
what follows, we denote by h(z = 0) = hg, the central height and we assume that the edge of
the droplet connects to the solid substrate (h = 0) forming a contact angle § known a priori.
We assume that the droplet spreads over a finite length equal to 2L, which is unknown.
Under these assumptions and notations, we have the following constraints at the boundaries
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4.2. Equilibrium equations

of the droplet :

r=0 0 r=1L 0 (4.1)
hy =0 h, = — tan(0)

where h, denotes the derivative of h with respect to x. Finally, we consider that the total
energy of our system writes :

1
E(h, hy) = 5gh* + ;\/1 +h2 + P(h) (4.2)

where ¢ is the gravity acceleration, o is the surface tension of the liquid, p is the density of
the liquid. P(h), as introduced in [25] in general and following Derjaguin [27] is often called
disjoining energy and is a sort of correction to the surface tension that should be such that
P(c0) = 0.

4.2 Equilibrium equations

In this part, we establish the differential equation satisfied by the profile h(x) in the most
generic case. In fact, for any energy that is dependent on h and h,, we can write Hamilton’s
action as :

+oo
a= / E(h.hy) da. (4.3)
The latter is submitted to the mass conservation constraint, which writes:
O0h = —(hiz), (4.4)

We now apply Hamilton’s principle of stationary action :

+oo
Ja =0 / (6E(h, h,)) dx =0 (4.5)
too (OF oF
et - = 4.
<:>/_Oo (ah5h+ahx5hz> dr =0 (4.6)
We plug in the mass conservation constraint and use Shwartz’s theorem dh, = (dh), to
obtain : OF OF
+oo
_7= _ = 4.
/_ ) ( 5 (h3z)s = o (h(Sx)m> dr =0 (4.7)
Integrating by parts gives:
too fd (OF d (0F
/_ ) (dx <ah> hox + - ( ath) (héx)m> dr =0 (4.8)
We integrate again the second term by parts to obtain :
too fd (OF d [0F
2= 2 = 4.
[00 (dx <8h T <8hm>> héz) dr = 0 Voz (4.9)
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Therefore the Euler-Lagrange equation writes:

d (OF d [0F

Since we are looking for nontrivial solutions, we would like to investigate the case where h(z)
is not zero over a continuous region. Thus:

d (0F d [0F
i <8h_dx (ah)) =0 (4.11)
Integrating this equation gives :
oE d (0F
oh (ah) =C (4.12)

It is possible to integrate again the equation. In fact multiplying (4.12)) by h, gives:

oF d (0F
d oF
= % (E - hxahm> = Ch, (4'14)
So that finally we have :
oF
—h == = 4.1
E hxahm Ch+ D (4.15)

Remark 4.2.1. Both C' and D are constants of integration that are independent of x.

Remark 4.2.2. Equation is compatible with the equilibrium state of the momentum
equation in the Fuler-Korteweg system, associated with the potential energy . Indeed, at
equilibrium the momentum balance writes :

0
Integrating once yields :
oF d (0F oF
e Nl —E _— = 4.1
hah hd:c <8hx> +hx8hx cst (4.17)

Which is exactly obtained by replacing C in equation by its expression given in equation

3.

In our case of interest, that is when the energy is expressed as in equation (4.2)), we
obtain : -

gh’/2+ P(h)+ ——==Ch+D (4.18)

py/1+ h2
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4.3. Smooth droplet profiles

which implies that h(z) satisfies the differential equation :

2 _ a/p ’
}%_<Ch+D_gmm_J%m>"L (4.19)

In order to render the formulas less cumbersome, we denote by Q(h) the function :

p (gh’
Q(h) =1+ o\ + P(h) — (Ch+ D) (4.20)
So that the differential equation (4.19) becomes :
1 2

h2 = () —1 4.21
—am 2

Naturally, since we are looking for real-valued solutions, it is necessary to have :
Q(h) >0 Yh € |0, hy (4.22)

Depending on the setting which defines the properties of the function Q(h), we can have
different admissible droplet shapes. The regularity of the solution strongly depends on the
allowed values of the contact angle 6. If we were to consider hydrophobic substrates, which
comes down to imposing 6 > 7/2, then the droplet must bend at some point in order to
form an obtuse angle in the vicinity of the substrate. In this case, proper description of the
water height requires two profiles hy(z) and hy(x) separated by a singularity in which the
derivative of the droplet height reaches infinity. This singular case will be considered later
and we will focus first on smooth droplets.

4.3 Smooth droplet profiles

In a first attempt, we will restrict to contact angles 6 < 7/2. Since we look for smooth
solutions, we impose :

Q(h) <1 Vhe [0, h (4.23)

Taking into account the boundary conditions (4.1)), and plugging them in equation (4.18])
yields:

P(0) + i =D

P/ 1+ tan(9)2 (424)

Cho + D = gh2/2 + ; + P(ho)

which allows us to obtain the expressions of C'; D and consequently Q(h) as follows :

D = P(0) + Z cos(6)
" P(hy) — P(0)
C = gho/2 + %(1 — cos(f)) + Oh—o (4.25)
_(L—cos(0) p(gh  P(ho) = P(h) P(ho) — P(0)
Q(h) = <h()_0<2+ (ho — 1) — o )) (ho — h)
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It is useful to note that the constraints (4.22)) and (4.23)) write explicitly in this case :

gh/2 + W < paho(l —cos(0)) + P(ho)h;P(O) Vh € [0, ho) (4.26)
gh/2 + W > p"hou — cos(8)) — p(ho"_ ot P (hO)h; PO i e 0,h) (4.27)

These constraints are not local and do not have a simpler formulation in the general case as
there are no restraints on the behavior of P(h). However, in the few cases we will consider,
it is possible to extract more practical necessary or sufficient conditions from them.

Now that all is set, we are interested in classifying the possible profile structures that are
obtainable through solving equation under the assumptions . Depending on the
setting, i.e. the explicit form of P(h) and the values of the physical parameters, there can be
different smooth structures of the droplet we are seeking. Two examples are shown in figure

(4.2) below :

h h

ho

Figure 4.2: Sketches of the overall shape of some droplets. To the left : the droplet is
completely concave. Its edge forms a contact angle with the solid substrate underneath. To
the right, the droplet changes convexity for some value h = h, and flattens in the vicinity of
the contact angle, forming what we may call a precursor film.

The main difference in both shown profiles is the change in convexity that appears in
the rightmost graphic of figure [4.2] In this case, although the edge of the droplet still forms
an angle # with the solid substrate, and which is in agreement with the imposed constraints
, there is meaning into considering a secondary angle, 6,, which appears at the inflection
point location. Generally, the convex part of such a droplet lies in the close vicinity of the
contact line (h. << hg). This means that, from the macroscopic point of view, it would be
more reasonable to consider 6, as the "apparent" contact angle. Following these remarks, in
order to investigate whether any changes in convexity are likely to happen, it is important
to have a look at the sign of h,, inside the interval [0, hy]. The expression of the latter
is obtained by deriving both sides of the differential equation (4.21f) with respect to x and
simplifying by h,. This allows us to write :

/
how = —Lh) (4.28)
(1-Q(h))?
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4.3. Smooth droplet profiles

Accordingly, the profile h(x) admits as many inflection points as the number of local extrema
of the function Q(h) in the interval [0, hy]. Therefore let us further analyze this function and
its derivatives. First, let us recall its expression:

p (gh?
Qh) =1+ o o P(h) — (Ch+ D) (4.29)
its first and second derivative are given by :
Q(h) =L (gh+P(h)-C), Q"(h)=L(g+P(h) (4.30)
Since conditions (4.1]) impose that :
h,=0at h="nh
0a 0 (4.31)
hy =—tan(f) <0at h=0
this results in:
Q(ho) =0 and Q(0) =1 — cos(h) (4.32)
Since Q(h) > 0 and Q(ho) = 0 then Q(hy) is a global minimum in [0, hy| and:
Q'(ho) <0 (4.33)

As a consequence, for a strictly concave droplet, since h,, does not change curvature, @’'(h)
admits no roots and thus does not change its sign. Therefore, a necessary condition for
a concave droplet is Q'(0) < 0. Otherwise, there exists at least one root of the equation
Q' (h) = 0 inside the interval |0, ko[, meaning there is at least an inflection point.

First case : P"(h) >0

In this case, the conclusions are rather straightforward. In fact, it implies that :
Q"(h) >0 Yh € [0, hy] (4.34)

Therefore, Q'(h) is an increasing function over [0, hg|. Since Q'(hy) < 0 then Q'(h) < 0 Vh €
[0, ho]. Therefore, h(z) admits no inflection points and only profile A of figure [1.2]is admissible
in this case.

Second case : P’(h) <0

This includes some explicit forms of P(h) that are commonly used in practice. This situation
allows for many possible scenarios, as there are no bounds on the number of roots of @Q'(h)
as long as P(h) is not explicitly given. A case of interest is when the equation Q"(h) = 0
admits at most one root in all the domain [0, +oc[. Such is the case for instance, if P"(h)
is monotonic. We show in this particular setting that only the cases A and B displayed in
figure [4.2] are admissible.

Indeed, if the equation @”(h) = 0 admits no more than one root, then '(h) admits at most
two roots in [0, hg]. Let us investigate the possible situations :
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1. If @'(h) has no roots in |0, ho[, then h(z) is strictly concave (case A).
2. If @Q'(h) has one root h. € [0, ho|, then h(x) changes convexity once (case B).

3. Assume @'(h) has two roots in |0, ko[ then @Q”(h) admits a root hs in |0, ho[ (Rolle’s
theorem). Since there is one change of sign of Q'(h) then Q'(0) < 0. Since we assumed
that Q”(h) does not admit any more than one root and that Q”(occ) = g > 0, then
this implies that @Q'(h) is decreasing in [0, hs] and increasing in [hs, ho| and therefore
Q'(h) < 0 Yh € [0, ho] which contradicts the assumption that @’(h) admits roots in
[07 hO]

Therefore, if P”(h) is monotonic and negative, then only admissible profiles of h(z) are case
A and case B. In particular :

e If Q'(0) <0 then the droplet is strictly concave.
e If )’(0) < 0 then the droplet admits an inflection point.

Remark 4.3.1. Since P(oco) =0 and P(h) is concave in this case, it follows trivially that:

P(h) <0 Vhe|0,hg]; P'(h)>0 Vhe]l0,hg (4.35)
and that :
PU@Z:;*h>S‘PUm2;}%O) Vh € [0, hy) (4.36)

This permits to obtain more practical information from the constraints (4.26)) and (4.27).
Indeed this implies that :

1. A sufficient condition for the constraint (4.26)) to be respected is :
Wﬂg£u—m@)wemm @#hwgéﬂﬂm@) (4.37)
0

which can be cast into the form:

ho < 21.sin(0/2) (4.38)

where [, is the capillary length given by [. = %

2. A necessary condition for the constraint (4.27)) to be respected is :

> 2 (1—cos(8)) Vhe[0,ho (4.39)

g
h/2
pg/+h0_h h[)

Since the left-hand side of the inequality is an increasing function of h, then it is enough
to check the inequality for h = 0 which gives :

cos(f) > 0 (4.40)

Which is a natural consequence of a smooth droplet assumption, since it does not allow

for 0 = m/2.
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4.4. Explicit example: P(h) = —A/(h + hy)

4.4 Explicit example: P(h) = —A/(h+ h,)

This form of P(h) satisfies the assumptions P”(h) > 0 and P(co) = 0. Its behavior is also
discussed in |25] (case(b) on p.92). Out of concave functions reaching to 0 in infinity with a
finite value for A = 0, the one we choose here may be the simplest in terms of calculations.
It is also possible to consider the exponential function, which qualitatively delivers the same
behavior. Without further ado, let us detail some of this potential’s properties.

A
P(h) = — 4.41
()=~ (141)
where A and h, < hg are positive constants. It follows from it that :
A 2A
Phy=————: P'(h)=——"-"-"-=-<0 4.42
( ) (h+h*>27 ( ) (h+h*>3 ( )
A A
P(0)=—-——: P(0)=— 4.4
O) =45 PO)=45>0 (4.43)
The graph of P(h) and its derivative are given in the figure below:
P P’
ot - -
A/R?
_A/h* Ob-—--—--—-- T
| | | h | | | h
R 5h, 10h, h. 5h, 10h.

Figure 4.3: sketch of the profiles of P(h) (left) and P’(h) (right) as a function of h.

Replacing P(h) in the expressions of @'(h) and Q”(h) yields :

' P
" p 24
Q (h) = g(g - m) (4-45)

In this case, we can clearly see that Q”(h) is a strictly increasing function. As a matter of
fact, it follows from the analysis done in the previous section that the profile of the droplet
only depends on the sign of Q'(0). Let us consider the dimensionless constant K = 2A/gh3.
The equality '(0) < 0 can be cast into the form :

2

l
K > K., where K,= (1 + 4h—02 sin2(9/2)> (14 ho/hy) (4.46)
0
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If this equality holds, then h(z) admits an inflection point. Otherwise it is strictly concave.
By solving numerically the differential equation (4.21)), for different values of the parameter
K (varying A at fixed h*) we can plot the following figure :

o 1 2 3 4 5 6 7 3

Figure 4.4: Different drop shapes for different values of K, obtained through numerically
solving equation (4.21)). Parameters used here are : g = 9.8ms 2, 0 = 0.072K¢g.s72, hy =
1.262mm, h, = 0.252mm and 6 = 30°.

While, theoretically, a change of convexity appears for any K > K., it becomes only
discernible at sufficiently high values of K. For values of K slightly higher than K., the
inflection point remains in the extremity of the droplet edge. It is also possible to fix A and
then vary the contact angle instead. We obtain the following figure :

h(mm)
0.5 |-

04

DT

0.3
0.2
0.1

0 T x(mm)
0 0.5 1 1.5 2 2.5

Figure 4.5: Different drop shapes for different values of 6, obtained through numerically
solving equation (4.21)). Parameters used here are : g = 9.8ms 2, 0 = 0.072K¢g.s72, hy =
0.45mm, h, = 0.09mm and A = 10™?m?*s—2.

4.5 Remarks on droplets with singularities

Before moving on to testing these results under the augmented formulation, we would like
to give a few brief remarks on some cases with singularities, with points where h, reaches
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an infinite value. Clearly, by looking at the differential equation (4.21)), such a singularity
occurs if there exists hg €]0, ho[ such that Q(hs) = 1. This equality writes :

gh?

5t + P(hy) = Chy+ D (4.47)

We will disregard the case where multiple roots of this equation exist and focus on the case
where only one root h, exists. The curve h2 = f(h) in this case is plotted in the following
figure :

h2

T

1 — cosf h
hs hO

Figure 4.6: graphic of h2 as a function of & in the case of a singularity

Such a setting suggests two possible phase portraits which are displayed below :

hy hy

—tan®

—tand

: | h : | h
hs ho hs ho

Figure 4.7: Admissible phase portraits in the case of a single root h,. The left phase portrait
corresponds to a contact angle § < 7/2 with a singularity in the middle. The right phase
portrait corresponds to a contact angle 6 > /2.

As shown in figure [1.7], there are two admissible phase portraits. The left graphic corre-
sponds to a droplet on a hydrophilic substrate, given the sign of tan 6 and the sign of A, in
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the region [0, ho]. This means that after the singularity, there is a change of convexity and the
droplet edge connects with solid substrate, similarly as for a regular droplet with an inflection
point, forming a contact angle § < 7/2 (see figure . The second possibility, which is in
the right part of figure corresponds to a droplet on a hydrophobic solid substrate. The
singularity that occurs at h = hg corresponds to the turnaround point so that the droplet
can bend over to form an angle 6 > 7/2 (see figure . In these circumstances, the sign of
cos 6 is undetermined. The initially chosen contact angle imposes which branch to take in
this case. The constants C' and D write more generally :

D = P(0) + » |cos(6)]

o o) — (4.48)
€ = gho/2+ (1~ feos(6)) + P(ho) — P(0)

so that equation (4.47)) explicitly writes :

g

pho

ghs/2 +

(]cos@\ + hs ) — P(ho) — P(0)  P(hg) — P(hs)

— 4.49
ho — h,s ho hO - hs ( )

The left-hand side of this equality is positive and so must be the right-hand side. This case is
clearly incompatible with convex forms of P(h) since the considered slope difference is always
negative. For a concave P(h) we may have roots h,. For example, for the explicit case of
P(h) we have used previously, this equation writes explicitly :

o h Ah
hs/2 + — 0 i = u 4.
ohaf2 ¥ ('Cos I o= m) o & 1) e+ 1) (4.50)
Or in dimensionless form :
! + L lcos O] + s K (4.51)
— cos = )
2 hohs ho — hg (1+ ho/h)(1L+ hs/hy)

In the case where this equation admits exactly one root, as discussed earlier, there are two
possible outcomes. While the governing differential equation is independent of the sign of
cos #, what makes the difference is the boundary condition h, = —tanf at x = 0. If > 7/2,
and if we note by x, the space coordinate of the singularity, we need to solve :

he = — (#(h))z_lvxe[oaxs[ h, = (#@)2—1V9E€[L7x5[

h(O) = hg h(xs) = hs

(4.52)

Solving successively these equations yields the following profile :
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Figure 4.8: Full shape of a droplet for # = 150°, obtained through the above numerical
algorithm. Parameters used here are : ¢ = 9.8ms ™2, 0 = 0.072Kg.s72, hy = 2.61mm,
h, = 0.261mm, A = 3.761.10"%m*s=2 and Az = 80nm.

The measured contact angle complies with the imposed value. For the same configuration
but the contact angle, which we take as 6 = 7 /6, in order to obtain the corresponding profile
we need to solve :

_ 1 )? _ 1 )2

(4.53)
h(O) = ho h('xs) = hy

We obtain the following profile :
3 )
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Figure 4.9: Full shape of a droplet for # = 30°, obtained through numerical simulation.
Parameters used here are : g = 9.8ms~2, 0 = 0.072Kg.s72, hy = 2.61mm, h, = 0.261mm,
A =3.761.10"%m*s~? and Az = 80nm.

Remark 4.5.1. From the numerical point of view, hg is obtained through solving equation
(4.51) numerically. The first differential is solved until h reaches hs. The second equation is
solved until h reaches 0. So there is no need to compute x5 and L beforehand.
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4.6 Augmented model analysis

In this section, we would like to extend the results of the previous section to the augmented
model. This requires us to properly define the equations governing the stationary state in
this case. The main difference here is that the energy of the augmented system does not
depend on h, anymore, but depends on the unconstrained variable n and its derivative 7,
instead. It writes :

h n\? o
E(h.n.m,) = gh?/2 (1—) o Ntz +Ph 454
(h,m,mz) =g /+2a . +p +n2+ P(h) (4.54)

Given that only h is constrained through the mass conservation law, it is straightforward to
prove that the governing equations are consequent from :

de \ Oh | oh

o8 d (0B _
on  dx\on,)

Ca
(4.55)

Since we are looking for non-trivial solutions, that is n(z) different from the zero function,
we multiply the second equation by 7, :

OFE d <8E>:0

" on " dw \ on,

Then using the identity :
or  dE 0OF oF

—n, = —— Ty 4.56
an g dr  0Oh N g (4.56)
which implies :
dE 0F oF d (0F
dr  Oh (9779577 e g <87)x> (4.57)
Thus we can write : 5
dE d E
— —Cuhy— — |m— | = 4.58
dx dx <77 0 x) ( )
Integrating the equation with respect to x finally gives the system :
oF
on ~
OF (4.59)
E—n,—=C,h+ D,
e

Remark 4.6.1. This system of equation is not specific to the energy form but to any
energy that depends explicitly on (h,n,n,) where h is constrained by the mass conservation
law and n is a free variable. In particular, it can be used regardless of whether the surface
tension term is linearized or not.
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Remark 4.6.2. This final system is consistent with the FEuler-Lagrange equations (4.55))
as well as with the stationary state of the augmented system conservation laws. The main
advantage of the provided form is that it only requires to solve a first order differential equation
instead of a second order one which is more convenient in practice.

For the energy (4.54) we obtain the system of equations:

gh+ P'(h) + 2105 (1 _ Z) ( - 2}17) _c, (4.60)
O L Gt De—gh?2— <1 - Z>2 — P(h) (4.61)

N 20

Now, let us establish the differential equation satisfied by A in this case. Multiplying equation
([4.60) by 2ah? and simplifying yields :

2n* — 3hn + h*(1 + 2a(gh + P'(h) — C,)) =0 (4.62)

which, solved in terms of 7 yields the roots :

e = Z <3 + /1= Sa(gh+ P'(h) — ca)) (4.63)

Clearly, the root of interest is the one that permits to recover n — h when a — 0. Thus we
take :

n = Z (3 +/1 - 8a(gh + P'(h) - CO,)) (4.64)

We derive the latter with respect to x to obtain :

Ne = fa<h)hx (4.65)

where f,(h) is given by :

 1+40(2C, — 3gh — 2P'(h) — hP"(h)) + 3\/1 — 8a(gh + P'(h) — C.)

fa(h) = (4.66)
4,/1 = 8a(gh+ P'(h) — C.)
Lastly, equation (4.64)) also permits to write :
P'(h)—
1-— % = 2004 (h);  where @, (h) = loh + P1(h) = Ca) (4.67)

(14 /1 8a(gh+ P'(h) — Ca))

Thus, putting equation (4.61]) into a more convenient form and substituting n and 7, via the
above formulas yields the differential equation :

2 1 o/p 2 )
e = (falR))? ((C’ah + Do — gh?/2 — 2ah(pa(h))? — P(h)> 1) (4.68)
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Before solving this system of equations, it remains to define the values of C,, and D, through
imposing suitable boundary values. We use the same boundary conditions as in the original
case, that is:

=0 0 =1L (4.69)
hy =0 h, = —tan(0)
We recall that the value x = L is unknown, that is we only impose h, = — tan(f) when the

droplet height reaches 0. Under these assumptions, the constants C,, and D, can be obtained
as follows. Equation (4.61]) can be cast into the form :

1
g = Cuh + Do — gh?/2 — 2ah(a(h))? — P(R) (4.70)
1+
which allows us to compute the limit h — 0:
Do = P(0) + i (4.71)

py/1+ (fa(0) tan(6))?

As f,(0) is dependent on C,, the above expression links D, and C,. It only remains to
calculate C,, by considering equation (4.68)) in the point = = 0. It follows that :

0/(Pho) 2a(gho + P'(ho) — Ca)® 4
- 5 = ——+gho/2+
\/1 tan(9>>2 (1 + \/1 - 8(1/(gh[) + Pl(ho) - Oa)> Pho ! /

P(ho) — P(0)
ho
(4.72)

This equation is solved numerically to obtain the value of C,, and consequently D,. One can
see that in the limit @ — 0 we recover the same values as for the original system :

. Plho) — P(0) _
ilg(l)C pho(l —cos®) + gho/2 + — C (4.73)
lim Dy = P(0) + 2 cos® = D (4.74)
a—0 P
We can show that the convergence rate is linear in v as shown in figure .10}
1 err | |
Cq -0
—2 Da _ - :i i
5 it
_4 L ) ’ﬁ: :i’ i _
S o :2: o i
6| el ,
_7 | | | | | o
—4 -3 -2 -1 0

Figure 4.10: Convergence rates of C, and D, towards C' and D respectively. The plots
represent the relative errors ‘C"C ‘ (blue circular points) ~D ‘ (red triangular points),

D
as a function of a in a log-log representation. the measured slopes are respectively r; = 1.009

and ro = 1.005 for C, and D,,.
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Finally, by taking the Cauchy problem

h2 _ 1 U/p ? -1
“ o (fa(R))? \\Cah + Do — gh?/2 — 2ah(pa(h))? — P(h) (4.75)
we can see that in the limit o — 0, we recover exactly its equivalent counterpart for the

original system of equations. The numerical resolution of this differential equation, for the
same form of P(h) introduced in the previous section, yields the following results :

h(mm)
0.7 b or%ginal —
Sl T o = 1 """
0.6 ““*x\} a=0.5 ——- A
S, a = 0.01
0.5 \"\\\\-Q\_\_n :
0.4 | S 1
0.2 | N |
0.1 f N l
\‘(‘\«.,
0 I I I I L x(mm)
0 0.5 1 1.5 2 2.5

Figure 4.11: Comparison of the overall shape of the droplet for the augmented system
(dashed/dotted lines) and the reference model (blue continuous line) for several values of
«. Parameters used here are ¢ = 9.8ms 2, ¢ = 0.072Kg.s72, § = 30°, hy = 0.7mm,
h, = 0.14mm and A = 10~”m*s2. The mesh size is Az = 0.1um.

The mesh size is taken small enough as not to pollute the measures of the contact angle
through a numerical derivation of h. Clearly, for @ = 0.01, the curves coincide already. When
comparing for higher values of o ,the most significant dissimilarity lies in the vicinity of the
contact angle. The angle itself seems to be conserved independently of o. The length L is
also different and seems to be an increasing function of «a, that is the higher « is, the wider
the drop spreads.

4.7 Concluding remarks

We have addressed in this part droplet profiles which were derived through Hamilton’s prin-
ciple of stationary action. We restricted ourselves to some specific assumptions on P(h)
which were fully addressed and some criteria that may help classify the droplets’ shape were
established in a some cases. Although the droplet structures that were discussed here are
mathematically admissible and compatible with Hamilton’s principle, this does infer in any
way that they are mechanically stable configurations, in which case their existence in nature
would be also likely. This question shall be addressed in due time. This investigation of
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droplets also provided a good setting of comparison for the augmented model in a stationary
case, in which it is possible to obtain an explicit expression of 1 as a function of A. The
comparison of the resulting differential equations, allowed for a better understanding of the
penalty method and how close it approximates the original system.

Besides, we have chosen here to impose the central height of the droplet along the contact
angle. The resulting profiles, correspond to droplets with different masses. Thus, it would
be also interesting to conduct a similar study in which the mass and the contact angle are
fixed beforehand for instance, which gives different values of hg as a consequence. This could
give another perspective to the problem.
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CHAPTER

On the stability of modified equations
for linear schemes

Modified equations have been the subject of investigations and debates in numerical analysis.
And yet, despite being relatively easy to establish, their use has been regarded with a lot
of skepticism due to the lack of theoretical justification and the trickiness of their analysis.
The first use of this technique for stability purposes is due to Hirt [45]. He provided the
first practical examples for which modified equations give relevant information, in a heuristic
manner. The pionneering work of Warming and Hyett [73] introduced how to obtain these
equations in the general case and mostly clarified the link between the stability of the scheme
and the modified equations. They provided a simple and efficient way to obtain the exact
Von Neumann stability conditions from a finite number of the modified equation coefficients,
for linear scalar schemes. An alternate way to obtain modified equations was introduced in
[15]. The method permits to obtain the same modified equation through a series expansion
of a an explicitly known function rather than the elimination technique of [73]. Other works
that tried to tackle stability analysis through modified equations include [56, [71].

In this independent chapter, we investigate the modified equations for some finite differ-
ence schemes, in an attempt to make it clear why this technique often fails to provide relevant
information on stability. First, we present a reminder on how to obtain modified equations
for a given linear scalar scheme. We explain the basics of the heuristic stability theory and its
limitations through some examples. In the second part, we present the technical framework
and tools needed for stability analysis. We then clarify the mathematical reasons behind
the frequent failures of the heuristic stability theory by investigating the convergence of the
Fourier transform of the modified equation. We show that the latter is conditionally conver-
gent and only then does it give significant results. Then, we compare the stability conditions
of truncated modified equations with the corresponding scheme in the region of convergence.
Finally, we present some examples to justify our analysis.
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5.1.  On modified equations and heuristic stability

5.1 On modified equations and heuristic stability

5.1.1 Obtaining the equations

Consider as an example, the linear scalar transport equation given by :
ot o1

with positive velocity c¢. In order to solve this equation with a finite difference scheme, we
first introduce a uniform grid of points defined as usual by (z; = jAz,t" = nAt) and we
denote by u} = u(x;,t") the value of the numerical solution in the corresponding grid point.
Under these notations, take for instance the upwind Euler scheme for equation (/5.1)) :

+1

At Ax

u

=0 (5.2)

Generally, in order to get relevant information on the consistency of the scheme [66] or its
convergence rate, we assume the existence of a smooth, infinitely differentiable numerical
solution u(z,t) that satisfies u(x;,t") = u} in each grid point. Provided this solution, we
expand each term of the scheme in Taylor series in the vicinity of (z;,¢"), for instance :

ou? A2 9? uf

wIt = (g, ) = u(ay, 1+ At) = uff + At 815] + = (5.3)
up = u(wi1,t") = u(z; — Az, t") = uf — Az 8:5 + 5 8$2j (5.4)

which leads to an equation satisfied by u containing an infinite number of partial derivatives :

%_I_g@Qu_i_At?@?’u_i_ __c%_l_ch@Qu_i_cAa:Q@‘gu_i_ (5.5)
o 2 o2 6 o3 T oz 2 Oz2 6 O0x3 ‘

This equation as is, is sufficient to prove consistency. In fact, we can clearly see that the
in the limit At — 0 and Az — 0 we recover the original transport equation. However, for
further analysis of the numerical effects induced by the scheme, it would be more intuitive to
consider an evolution equation with only space derivatives. This would deliver an evolution
equations that is more amenable to physical interpretation. To do that, we use the elimina-
tion procedure introduced by Warming and Hyett in [73], that is we repeatedly use linear
combinations of the equation (5.5)) and its derivatives in order to eliminate time derivatives
of order higher than one. Let us demonstrate how this works. First we derive with
respect to ¢ and multiply it by At/2 to obtain :
At §%u AP Pu AP P*u At ou? AAzAt Pu AAEAE Otu

Sor - 41 o8 1200 “2avot T 4 oot 12 owor

(5.6)

replacing this expression in the (5.5) and truncating to the same order of consistency only
does half of its expected job, as it eliminates the second derivative in time but there appeared
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instead a mixed derivative with respect to x and ¢ :

ou At20Pu At ou®  AAxzAtP*u A2 03u ou  cAxd*u  cAx?Pu

o 4 08 S owat 4 o2 6 a8 T ar 2 a2t axf%z;?')'

At 0
This term can be eliminated by using the combination (5.7]) + c?a— and so on. The
x

same procedure is applied successively until we finally obtain the equation :

2 2 3
ou a“—cm<1 At)a“—m<1—cm> (1—20At>3“ (5.8)

ot T 0x T2 U T Ax) 022 6 Az ) 0x3 "

This is called the modified equation associated with the upwind Euler scheme for the trans-
port equation . It is worth noting that this is not a partial derivative equation in the
conventional sense as it does not have an order or a finite amount of partial derivatives. For
a solution to exist, one also needs a proper definition of infinitely many boundary conditions.
Therefore, we restrict our analysis to solutions that are periodic [73].

5.1.2 Heuristic stability and limitations

Besides proving consistency, the modified equation quantifies explicitly the additional numer-
ical effects. For example, it tells that up to first order in Ax and At, the numerical solution
rather satisfies a convection diffusion equation with a numerical dissipation coefficient given
by c% (1 — c%). Note however that the sign of the latter can be negative in which case
this equation becomes unstable and admits solutions that grow exponentially in time rather
than decay. It follows from this that a necessary and sufficient condition of stability for the

solutions of this convection-diffusion equivalent is :

Ay <1 (5.9)
which turns out to be exactly the CFL condition for the scheme (5.2)). This gives a lot of
potential for the modified equations to be a practical tool for stability analysis. Although
the analysis is completely heuristic and has no rigorous foundation, its results make sense for
a large class of schemes. However, there are also many examples for which this analysis fails
to provide any practical stability condition. Consider for example the one dimensional heat
equation :

ou 0%u

ot~ “ouz
where a > 0 is the diffusion coefficient. We discretize this equation using centered finite
differences :

=0 (5.10)

ur

i uilyy — 2ui +ui
- —«

At Ax?
Using the same elimination procedure we obtain the following modified equation up to 4th
order :

uftt —

=0 (5.11)

ot Yo T 12

1—6-— | 2= + (5.12)

ou 0*u  alx? At 0*u
Ax? ) oxt T
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If we choose to stop at the first non-zero truncation term as previously, the conclusions are
already less straightforward as we have a non-vanishing second order term that comes from
the heat equation itself and a 4th order term that comes from the numerical effects. Therefore
in order to look into stability of this equation, let us shift to Fourier space. Let v(k,t) be the
Fourier transform of u(x,t) then under these notations, equation yields :

v ) k2 Az? At

It is reasonable to only consider the wavenumbers that are bound by |kAz| < 7, since these
are the only wavenumbers admissible by the discrete mesh. In this setting, it is easy to verify

that :
k*Az? At ™ m
2
— - 1-6—]] < W L )
ak (1 19 (1 6 2)) 0 ke { 7 } (5.14)

which implies that the considered truncation is unconditionally stable for all admissible At
and Ax. This result is obviously erroneous as it is well known that the Von Neumann stability
analysis proves that a necessary and sufficient stability condition for the scheme (5.11)) is :

At 1

Thus, the heuristic analysis of this truncation of the modified equation failed to provide any
practical stability condition for the scheme and truncating the equation at higher orders
does not seem to do any better. This is one of the examples that demonstrates limitations
of the method. In what follows, we first introduce all the necessary notations and setting
for stability analysis before attempting to explain why the stability of the truncation is
sometimes incoherent with the stability of the scheme.

5.2 Theory of stability through modified equations

5.2.1 Notations and assumptions

We will consider for our analysis partial derivative equations that are linear, first order in
time and of arbitrary order in space :

on I ora

a5 T pzlApM =0 (5.16)

where A, are constants. We consider explicit in time schemes, that are consistent with
equation ([5.16)) and can be written as :

W =ul + At Y by (Az)ul,, (5.17)

J
p=—m
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where n; and n, are the number of mesh points to the left and to the right of z; respectively,
used in every iteration. The coefficients b, verify :

> b (Az) =0 (5.18)
p=—n

for consistency purposes, so that constant solutions, which are solution of the PDE ([5.16|)
remain as such for the scheme. Sometimes it is preferable to cast the scheme into an

equivalent form :
Wit =l + AA; > By (Azx)ul,, (5.19)

p=—m

where ¢ is the highest power of 1/Axz present in the summation. Very often, when using
standard finite differences, the coefficients b, are polynomials in 1/Axz and ¢ is the highest
degree among these polynomials which is frequently equal to the order P of the PDE ([5.16)).
This formulation can be practical for stability analysis since most stability conditions for
explicit schemes are given by bounds on the quantity A\, = At/Ax? in the limit Az — 0
and At — 0. Therefore, setting A, as a non-vanishing parameter is a reasonable assumption
that permits to reduce the number of free small parameters, that is we can take At =
9,(Az) = \;Az? and consider instead A\, and Az as free independent parameters. In what

follows, in order to perform stability analysis in Fourier space, we consider a space continuous
counterpart of the scheme (5.19) :

u"(z) = u" () + A, i B, (Az) u™(x + pAz) (5.20)

p=—ny

Let v(k,t) be the Fourier transform in space of u(z,t). If we take 6 = kAx, then the Fourier
transform of equation ([5.20)) yields :

"t (k) = (1 + A > Bp(Ax)eipe) V" (k) = S(0, A\, Ax)v" (k) (5.21)
p=—mn
Since we will be operating most of the time in Fourier space, it seems necessary to recall
consistency of the scheme in the same setting. Therefore if we assume that the exact solution
to the PDE (5.16)) satisfies in Fourier space:

P
o(k,t + At) = exp (AtZ(ik)pAp) o(k,t) = G(0, At)o(k, t) (5.22)
p=1
then the scheme ([5.17) is consistent with the PDE (5.16) to order s if and only if [22] :
G(0,At) — S(0, M\, A
| ( ) ) ( » QE) :O(Ats) (523)
At
Lastly, we denote the modified equation associated to the scheme (5.17)) by :
> oPu
= Ay Ax) — 5.24
Uy pz:l,up( g AT) P ( )

where p, are constants depending on Az and )\,.
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5.2.2 Fourier stability analysis

In this part, we focus on the link between the modified equation and the scheme [73]. The
amplification factor of the scheme is none other than the modulus of S(6, \,, Az). Now, in
order to recover an equivalent expression in the continuous time for the modified equation,
we apply the Fourier transform to (5.24]). This implies that v(k,t) satisfies the differential
equation:

v _ (i(zk)p%(Aq,Am)> ok, ) (Z ay (N, A)6? ) ok, t) = G(6, Ay, A)o(k, 1)

dt p=1 p=1
(5.25)
where a,(Ag, Ax) = p,(Ag, Ax)i? /AxP. For convenience, we will say that the modified equa-
tion is stable if, for an initial condition v(k,t = 0) = wvy(k), the solution to the Cauchy
problem :

dv
i G(0, Ny, Ax)v(k,t) (5.26)
v(k,0) = vo(k)
that is given by:
vk, t) = !GO A0y (k) (5.27)
remains bounded V¢ < T', where T' > 0. Given this solution, one can obviously write :
v(k,t 4 At) = eACEEACADY (L ) (5.28)

Now, since the solution to the scheme (5.17)) with the same initial condition is also an exact
solution to the modified equation (5.24) [73], uniqueness of this solution gives :

eAtG(@,)\q,Ax) — e)\qAa:qG(O,)\q,Az) _ S(e’ )\q’ Al’) (529)
It follows from that the proposition :

Proposition 5.2.1. For any scheme that writes as and that is consistent with ,
there exists a positive number 0,, that depends only on A, and Az such that, Y0 € |—60,,, 0]
the expansion

< (1—S(0,\,, Az))?
G0, )\, Az) = }j p& - )
q

p=1

holds and the series 33021 cy,(Ag, Ax)6P converges to ﬁ In(S(0, Ay, Ax)).

Proof. The scheme ([5.17)) is consistent with the PDE (5.16) and so |S(0,\,, Az) — 1| =
0 < 1. Since S is a continuous function with respect to 6, 36,,(\;, Azx) > 0 such that
1S(0, Ay, Az) — 1] < 1V €]—0,,,0,,,[, and consequently, the principal logarithm In(S(6, A,, Az))
defined by the series expansion :

.- (1 _S(GaA%AJ;))p

In(S(0, Ay, Ax)) =In(1 — (1 — S(0, A\, Ax))) = > — p

(5.30)
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is convergent and e(5(0-AA0) — §(9 N\ Az). This proves that the function:

G(0, N\, Ax) = In(S(8, Ay, Ax)) (5.31)

q ATl

is a solution of equation for 6 €]—0,,,0,,[. The exponential function is locally invertible
in the vicinity of 0 and so this expansion is unique in this vicinity [15] and therefore V0 €
| = 00, 0] . Moreover, since S(6, \,, Ax) is entire (as a finite sum of exponential functions)
then further expanding S into power series of 6 for 6 €] — 6,,,0,,[ finally yields:

G(0, A\, Ax) Zozlﬁp = In(S(0, A\, Ax)) (5.32)

Amq

q

and hence, 32| a, (A, Az)0P is the series expansion of y—x— In(S(0, A, Az)). This concludes
our proof. O

Remark 5.2.2. Fquality also implies that the coefficients oy, (A, Ax) are given by :

o (In(S(0, \;, Ax))
(A AT) = o6v ( pIAAxd

(5.33)

6=0

Remark 5.2.3. 6, is not the radius of convergence of the series G(0, Ay, Ax). If we denote
by R the radius of convergence, then we have R > 0,,. The exact radius is not trivial to
find in practice in the general case, since G(0, \;, Ax) is a series expansion of a composite
function. However it is sometimes possible to give estimates or exact values of the radius for
some examples as will be shown later.

Remark 5.2.4. In practice, when looking for convergence, we are mainly searching for con-
straints in A\, and Az, for which the series G(0,\,, Ax) is convergent ¥0 € [—m, x|, that is
we want R > 7. A sufficient condition is 0,, > .

So far, we have shown that for fixed parameters Az and \,, the series G(6,\,, Az)
converges if 6 €] — 0,,, 0,,[. This being a sufficient condition of convergence, we do not know
what happens for |#] > 6,,. On the other hand it is worth noting that, for |#| > R, the series
is divergent and equality does not hold anymore. Therefore, the modified equation
stability is not linked to that of the scheme for || > R.

5.2.3 Scheme stability domain and series convergence domain

Generally, in the Von Neumann setting, stability conditions of the scheme are given by
constraints linking A\, and Ax so that the inequality

|S(0, N\, Az)| <1 V0 € [—m, 7] (5.34)
is verified. These constraints define a region of stability R, in the (\,, Az) plane, that is :

Ro={(A, A7) € R% : V0 € [-m,7] : [S(0, Ay, Ax)| < 1} (5.35)
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In the same manner, we can define a region R. of the same plane, in which the series
G(0, A\, Ax) converges :

Re = {(\, Az) € R} : V0 € [—7,7] : |G(0, A, Az)| < o0} (5.36)
which is also equivalent to :
Re = {(\, Az) € R? : R()\,, Az) > 7} (5.37)

In practice, it is not always possible to exactly determine R.. It is however easier to explicitly
find a subset of this region, that is :

Q= {(\;, Az) € RL : V0 € [=7,7] : [1 = §(6, Ay, Ax)| <1} C R, (5.38)

It is worth mentioning that ). is always a non-empty set. Indeed, for A, = 0, we have
S(6,0,Az) = 1 and consequently VAz € R, there exists in R? a neighborhood of (Az, \,)
in which we have |1 — S(0, \;, Ax)| < 1. This means that we always have convergence for
sufficiently small values of \,. Lastly, we denote by R,, the region of stability of the modified
equation :

Rn = {(Ag, Az) € RY : [eede'Cl0AA0)

<1} ={(\, A7) € R% : Re(G(0, A, Az) < 0}
(5.39)
Provided these definitions, we can distinguish two cases :

1. If Ry C R. then the stability of the modified equation provides reliable and complete
information regarding the scheme stability.

2. If any subset of R lies outside of the convergence domain R., this means that there is
information on the stability limit of the scheme that is missed by the modified equations
since its Fourier transform is non existing outside of R..

The following proposition is a direct consequence :

Proposition 5.2.5. For any scheme that writes as and that is consistent with
we have (R, N R.) C Rs, that is if the modified equation is stable and its Fourier series is
convergent then the scheme is also stable.

This proves that inside the convergence domain R., the stability of the modified equation
is a sufficient stability condition for the scheme. Furthermore, we shall add that if R, C R.
then this condition is also necessary. This result, literally, is not of practical interest as the
stability of the full series S(6, A\;, Az) is either nontrivial or impossible to obtain. But we
will show that the above classification permits to justify whether a truncated version of the
modified equation yields significant information on stability.
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5.2.4 Link between the stability of the scheme and the stability of
a truncation

Instead of the full series expansion, let us consider a truncated modified equation to an
arbitrary order N > P:

P

JPu
Z,up (Ag; A) 8 ) un #0 (5.40)

We recall that our main purpose is to know in which case does the stability of this truncation
provide relevant information on the stability of the corresponding scheme. This differs from
the approach of Warming and Hyett [73] in the sense that they showed how to reconstruct
the exact Von Neumann amplification factor using a finite amount of coefficients y,, without
actually analyzing the stability of the truncated version. Under the Fourier transform, the
previous equation writes :

Cci;tj - (i\[: O‘p()\q’ A:c)@p) U(k’ t) - PN(ev >‘q7 AQZ)U(]{, t) (5'41)

Here, Py (6, A, Az) is a polynomial of 6 of degree N which is trivially a truncation of the
series G(0, Ay, Ax). In the same manner as previously, the ordinary differential equation
(5.41)) yields :

v(k,t + At) = AN OBy (] 1) = SN(0, N, Ax)v(k, t) (5.42)

In contrast to the full series, the stability conditions of the truncation are obtainable in most
cases through the analysis of the polynomial function Py(60, A\;, Ax). Let Ry (6, \,, Az) be
the rest of the series defined by :

Ry(0, 0, A0) = G(0. M. Ay) — Py(0, 0, A0) = S ap(Ag, Az)6P (5.43)
p=N+1

In the convergence domain R., the rest Ry (6, \;, Azx) is bounded and we have :

lim Ry(0,\;,Az) =0 and lirJrrl SN (0, Ay, Ax) = S(6, A\, Ax) (5.44)

N—+o0

In this setting we can state the following result :

Proposition 5.2.6. Assume an initial condition satisfying supp(ve) € [—M,M]| and an
arbitrary truncation order N > P, then for any (Ax,)\,) € R., if the truncated modified
equation is stable in the sense that there exists C' > 0 such that:

1S (6, Ay, Az)| < 1+ CAL (5.45)

then the scheme is also stable in the same sense.
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Proof. For (Az, \;) € R. we have :
5(97 )\q,Ax) — A0 g, AT) SN(Q,)\q, Am)eAtRN(e,)\q,A;p)
Thus, since v" = S™vy, we can write :
"] = [S™v0] < |S|" [ 2 |
< (1+CAY)" ’e"AeNHvo‘
1+ CAY)" ’e"A(kA‘”)NHUo’

1+ CAt)n lenAA:cNH*mmNH/,\qUO‘

N+1—qpsN+1
oCT | AT A M /,\qvo‘

<(
<(

IA

N+1l—qpsN+1
eCTeATAx M /g |U0|

IN

That is, v™ is L?-stable for initial conditions that are of compact support in the frequency
domain, that is k € [-M, M]. O

5.3 Examples

5.3.1 Heat equation - centered finite differences

Consider the centered finite differences scheme for the heat equation. It can be cast into the

form :
ul ™ =l 4+ al (u;ﬂl — 2u + u?ﬁl) (5.46)

We take for simplicity a = 1. The modified equations associated to this scheme up to 8th
order for example is given by :

2 AQ 4 A4 6
Qu O AT g,y A (1—30)\2(1—4>\2>>M

ot 922 12 ort ' 360 D
Axb Bu
+20160(1—42/\2<3—4O/\2(1—3>\2>>)M+... (5.47)
Straightforward computations yield :
S(0, Xy, Az) = 1+ 4o sin?(0/2) (5.48)
1 1
Rs:{()\q,Ax) ER?: o < 2} : QC:{(Aq,Ax)eRQ:)\2§4} (5.49)
1—6Xy,, 1—30X(1—4X\)
AtPs(0, Mg, Az) = — X | 67 — 64 6%
8( 5 N\2y ZC) 2 ( 12 + 360
1 —42X5(3 —40X2(1 — 3\2)) ¢
0 )
+ Ao 50160 (5.50)
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The domains of stability and convergence only depend on the parameter \; independently of
Ax. This permits to take an arbitrary value of Az = 1 and carry on the analysis, based on
only Ao. Furthermore since |S(6, Ay, Az)| is an even function with respect to 6 it suffices to
look at 6 € [0, x]. Figure |5.1{ shows a comparison between |S(0, A2, Azx)| and |Sn (60, A2, Az)]
for N =2 and N = 8 in two cases. In the limit of stability Ay = 1/2, the scheme is stable but
the series G(6, A2, Az) is not convergent for § > R = 7/2 (See Appendix [D.1)). As displayed
in the left-hand side of figure [5.1], the curves begin aligned in the low frequencies, and then
the truncation curves begin to diverge completely from the function [S(0, Ao, Az)| once 6
surpasses the threshold R. This is not the case for Ay = 1/4. For this value we can calculate
the radius of convergence R = 7 (See Appendix . In fact, we can see on the right-hand
side of the figure that for Ay, the curves remain very close V0 € [0,7]. For N = 8, the two
curves almost overlap.

S, S|
1

0.8

0.6

0.4

0.2

0

I I | | 0
0 /4 /2 3r/4 ™ 0 /4 /2 3m/4 m

Figure 5.1: Plot of the function |S(0, Ao, Az)| along |S5(0, A2, Ax)| and |Ss(0, A2, Azx)| for the
values of Ay = 1/2 (left) and Ay = 1/4 (right). We can see that for Ay = 1/2, which lies
outside of the convergence domain, the truncation curves stray away from the curve of §
starting from # = R. For Ay = 1/4, the truncations match well with S.

5.3.2 Transport equation - Upwind Euler

The scheme writes :

ultt =l — e (ul —ul ) (5.51)

We take ¢ = 1. In this case, the modified equation up to 4th order for example is given by :

@_}_811 (1-A\) Az 0%u Ai.CEQ PBu  Az? 0*u
ot Ox !

2 92 6 (1—2A1)8$3+24(1—6A1(1—A1))8x4>+... (5.52)

Straightforward computations yield :

S0, M, Az) =1 -\ (1—e) (5.53)

R, = {()\q,Aac) eER?: )\ < 1} ;o Qo= {(/\q,Ax) €R?: )\ < ;} (5.54)
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AP0, M\, Az) = —iM0+ A (1— ) <—;02 + éu — oA+ 214(1 — 6 (1 — )\1))94) +o
(5.55)
In contrast to the previous example for the heat equation, we could not compute explicitly
the radius of convergence for values of interest of A\;. Nevertheless, it is possible to extend (2.
to cover all the values of \; that are in R (See appendix . Hence, as shown in figure ,
for values of A\; < 1, the amplification factor of the truncation to 6th order |Sg(0, A1, Ax)]
seems to be a very good approximation of the scheme amplification factor |S(0, A1, Az)|, even
for values of A\; that are in the vicinity of the stability threshold.

5], |Sn| IS, 1S | |
i 2 T ! ‘_1p
! S 18 | / M= ]
0.9 | 16 | ' '
08 14
0.7 - 1.2 |
0.6 - 1k
0.5 |- 1 8-2 i
0.4 - 0.4 |- 1
0.3 - |S|— [S6|- - 0.2 HISI— [S6]- - .
0.2 - L 0 0 I I /]
0 w/4 w/2 3m/4 ™ 0 w/4 /2 3m/4 ™

Figure 5.2: Plot of the function |S(6, A\, Az)| along |S6(0, A1, Azx)| for different values of A\
in the stable region (left) and in the unstable region (right). The continuous lines stand for
the amplification factor [S(6, A1, Az)| and the dashed lines represent the truncated modified
equation amplification factor |Sg(€, A1, Az)|. We can see that for A; < 1 the truncation
curves match well with the exact amplification factor even in the boundaries of stability.
Inversely, it seems according to the right-hand graphic that A\; = 1 marks the threshold of
convergence.

Conclusion and perspectives

We could explain throughout this work that one of the main reasons behind the failures of the
modified equations technique is non other than series divergence. Although the analysis only
provides sufficient conditions in general, it lifts some well-known ambiguities and provides
some assumptions required by the technique to be of a more justified practical use. We show
that in these settings, the stability of a truncation gives already reasonable approximations
to stability conditions of the scheme. An extension of the obtained results to the case of
systems is underway. It would be also interesting to extend this approach to cover a larger
class of explicit and also implicit schemes.
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Conclusion and perspectives

The main contribution of this work is the development of a new first order hyperbolic system
of equations that approximates Euler-Korteweg type systems. The approach was shown
efficient for two cases, namely for the defocusing cubic nonlinear Schrodinger equation and
for thin films flows with capillarity. The obtained numerical results showed a very good
agreement for a variety of solutions, including exact and asymptotic solutions, reference
numerical solutions and experimental results in the one-dimensional case.

A natural continuation of this work would be to extend the results presented here to the
multi-dimensional case. This requires the use of schemes with structure preserving prop-
erties in order to obtain results which are compatible with the curl-free constraint on p.
Such a problem has been addressed for example in a recent work on a hyperbolic reformula-
tion of compressible flows with surface tension [20], which exhibits similar properties as the
augmented Euler-Korteweg model.

Another interesting point to investigate is to generalize this approach to systems that are
not only dispersive but also inherently dissipative and in particular, systems of the Navier-
Stokes-Korteweg type. This can provide a more efficient way to numerically address the thin
film equations, for which we employed classical finite differences for the diffusive terms. This
would also generalize the approach to a wider class of equations.

It would be interesting to study the extension of the augmented Lagrangian approach
to systems with a non-convex free energy such as the focusing NLSE. Some recent advance
in that direction has been done for the study of bistable tapespring in [10] where the non-
convexity zone is bounded.

Lastly, it would be helpful to properly implement transparent boundary conditions for this
approach. This point was not addressed in the current work and was avoided by considering
sufficiently large computational domains when necessary, to avoid the spurious oscillations
which would reflect on the boundaries.
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APPENDIX A I

Calculus and developments for the
augmented E-K system

In this part of the appendix, we will detail all the necessary calculus for deriving motion
equations from a given Lagrangian. This will be done in particular for both the original
Lagrangian of the Euler-Korteweg system and for the associated augmented Lagrangian as
well. In each case, we will first remind how the variations write and then proceed to a step-
by-step computation. Several details which would have been too tedious to put into the main
text are also exposed later, for example on how to compare the augmented model with the
original one and how to compute the dispersion relation.

A.1 Augmented Lagrangian Calculus

Here, we will proceed in a generic manner, meaning that will we consider a very general
form of the Lagrangian. This choice makes for much lighter and less cumbersome computa-
tions which serve the same purpose, while also providing more flexibility. Let us consider a
Lagrangian whose expression can be put into the form :

ul? )
L=/ <p|2| — W{(p,n,mn, Vn)) dsQ. (A1)

Assume that this Lagrangian is submitted to a differential constraint that is the mass con-
servation law :

o . B
n + div (pu) = 0.

We associate to the given Lagrangian, Hamilton’s action for an arbitrary time interval [to, ;]

o= " cat (A2)
to
We recall that the variables in this case are separated into two types depending on their
variations in the sense that the variation ¢7n involves 1, Vn and 7, while the variation dx
involves p, u and 1. In both cases, it is supposed that the variations are vanishing at the
boundary of [tg, t1] x .
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A.1. Augmented Lagrangian Calculus

A.1.1 Euler-Lagrange equation associated with 7

We recall that the variations of V7 and 7 write :

aon 8517

0(Vi) =V (dn), ="+ 5 "u (A.3)

By applying Hamilton’s principle of stationary action to (A.2)), we can write :

Ja=0 = 5(/“/ (,) . p,n,ﬁ,Vn)) d) dt) —0 (A.4)

consequently:

5a—/t1/ (p — (p,n,ﬁ,Vn)) dQdt

ow oW
o 0
/Qt ( 5+85n+av5vn>d dt

/ (aw L OWasy oW by oW
Q¢

Q.
on ot | on ax“+avn5v”>d dt

Using Gauss-Ostrogradski’s theorem and taking into account that the variation é7 is van-
ishing on the boundary of [tg,t1] x €, we can eliminate derivatives of variations. Let us
demonstrate how this process works on one of the terms in the last integral. We write for
example:

t OW 9dn ow o (OW
1 G = [, G (o) = 1 (5 o)

oW oW
[ 5 577L0d9t /to /Q t at< >5n A dt

/mat< )577 A dt

Applying the same technique for the remaining terms, yields:

t ow oW oW
oa = / / ( (an> d1v<(977 >—|—d1v<av ))577de15—0, for any dn.

Thus, we obtain Euler-Lagrange’s equation for n:

O (W | i (W OWN _ oW
ot \on YWan " T avy) T o
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Appendix A. Calculus and developments for the augmented E-K system

A.1.2 Euler-Lagrange equation associated with dx

In this case, the variations write :
o ) o . ou A o
dp = —div (pox), ou= (0x)— &(5)(, on = du- Vn. (A.6)

Hamilton’s action writes :

t [uf?
ba = / [ ooy = Wpn.i V) ) dod
Q

/ [u |(5p+pu fu— s, W5\ dqar
Qe op on

/ 5p +pu-bu+ 8—Wdlv(péx) - a—W(éu Vn) | dQudt
Q op on

t1
/ 6p + pu-du— pVv <8W) ox | dQdt — / / ( (86){ + (u-V)ox — Vucsx) . Vn) dQddt
o dp on \ ot

For now let us split Hamilton’s action into two separate integrals, as each of them still requires
some work and term rearrangements. Thus, we write :

da = day1 — das

where :
t1
day = / / < Sp—+ pu-du— pVv (%W) '(5x> dQddt (A7)
to J 4
bt 00x
Sy = / / ( L ( X (V) - Vuéx) .vn) dQadt (A8)
We develop :
t .
sor= [ (155 astomo + - (150 - S20x) < 9 (51 o) at
0 t
t u|? 96x  ddx  Ou oW
=/ /Qt <pV (2 > -0x + pu- <8t+8xu_8x5X) —pV (8/}) -6x> dQdt
t1
= /to /Qt <pV (121 > Gptu ox —div(pu® u) - éx — pu - géx —pV <a;;/) .5x> dQadt

! du dpu oW
/to /Qt< ( ) 0% U B 0% <a+d1V(Pu®U)+pV<ap >)-5X>d9dt.

For lightness, let us denote by A the quantity:

B opu ow
A=— <at+d1v(pu®u)—|—pv < p >)
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A.1. Augmented Lagrangian Calculus

and let us pursue the development of the remaining terms :

da; = /tt1 /Q < ( > -0x — pu - (div(éx ® u) — div(éx)u)) + A4 - 5x> dQdt

" dpu 9 -
= / / (< ) 0X + tr ((6){ ® u)) + plu|*div(éx) + A - 5x> dOdt
to Ju ox
t1
B / / (<p ) Tu- <8,0116X> + plul? div(éx) + A - 5x) dQdt
to JQu 9%
= / 1 / ((p&u ) (dlv((sx ® pu) pUdiV((SX)) -V (p ’u’2> Ox+ A - (5X> dQdt
to JQ ox
t ou
= /t /Q ((P ) x4+ u-div(dx ® pu) + A - 5x> dQdt

/ 1 / ((div(u ® u) — div(u)u) - (pdx) + u - div(dx ® pu) + A - §x) dQ2dt

to t

1 t dpu ow
/ / (div((u ® u)pdx) + A - dx) dQdt = / / ( <8t + div(pu ® u) + pV < p )) : 5x) dQdt

f®)

This concludes the computation of da;. Using the same techniques and hints, let us carry on
by developing das. We write :

t 06x 06x
dag = / / ( an ( 5 ( I u-— Vu5x> -Vn)) dQdt

h 00x 00x T
p— PR . _ . Q
/to /Qt(aﬁ (815 -V +<8x ) Vn — (Vu' Vnp) 5X>)d dt
t
:/ 1 / (W (86}( -Vn + (div(u ® 0x) — dxdiv(u)) - Vi — (Vul'vn)- (5x>) At
to Q4 877 ot
t1
:/ / (8W (35X vt <dw(u @ 0xVn) — tr (“ © 5X8Vn> — div(u) V- 5X> — (VuTVp) - 5x)> dQdt
to Jo, \On \ Ot Ix
(W (85)( oVn

o Vi + <div((V77 -ox)u) — <(‘9xu) -0x — div(u)Vn - 5X) - (VuTVn) . 5X)> dQdt.

Now we use the Green-Ostrogradski’s theorem, taking into account that dx = 0 on the
boundary 0€);, to obtain :

_ t o [OW ow oW [0V ow . oW _ ¢
dag = _/to /Qt (815 (%Vﬁ) 4+u-V <877) Vn + an ( % u) + n div(u)Vn + (%Vu Vn)>-5dedt

Reuniting both parts into Hamilton’s action da we finally get :

t
L] (5 (Grvn) +uv (51 ) vns G (Gtu) + Gl av(u)vn+ (57vu70) - a) et = 0
to JQu on on ox on on
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Hence,
dpu ) ow o (OW . [0 ow 0 B
— W — le(pll@ll) — pV (8/)) + (81& ((977) + div (anu)> V17+ 8777 <V <at7l+ an)) =0
dpu ) ow ow . [ OW ow 0 B
-G e =9 (G0)+ (5 - aw (5g,) ) T+ Gy (9 (g uva)) =0
dpu ) ow ow . [ OW ow_ .
~ —div(pu ® u) — pVv (8/)) + (817 —div (8%7)> V77+877.7V77—0
dpu ) ow . [ OW ow ow_ .\
oy Lo (Y e (W g, () ATy
5 div (pu ® u) — pV ( p > div <8V77) Vi + (VW ap Vp ( ox ) ovn) =
_9pu _ AL B U i (2 Wﬂ) w ) _
5 div (pu ® u) (pV ( p ) + ap Vp VW) (le (8V7}) Vn+ ( ox ) ovn) = 0
dpu . . ow . [ OW B
W%—dw(pu@u) —|—d1v< pa—p —W) Id) + div (8%7 ®V7]) =0
Finally , we obtain the Euler-Lagrange equation:
dpu ) ow ow
- —_—— I _— = A.
5 +d1v(pu®u+(pap W) d—i—avn@Vn) 0 (A.9)

A.2 Asymptotics of the Augmented Momentum equa-
tion

In this section we show that the momentum balance equation for the augmented system and

which we remind here :

ot (meut (£ + oK) - K@pE+ 2 (1-1) ) 1a 4 K op) =0

approaches the original one :

aaptu +div (pu @ u) + V(¢ (p)) = pV (K(/))AP * ;Kl(m \fo)

in the limits of the small parameters « — 0 and 5 — 0. Let us proceed by replacing in the
momentum equation, accordingly to equation (1.25)), the term :

2 (12 1) = - (ka0 + K0 T +

we obtain :

%Heriv (pu ®u+ (p26’(p) + %(PK/(P) — K(p))Ip|> = p (K(p)An + K'(p)Vp - V) + ﬂpw> Id + K(p)Vn® Vn) =0
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By making use of the asymptotic formulas :
=p+0(a), Vn=Vp+0(a), An=Ap+0O(a)
we get :
aé%qudiv (Pu@u)+V (p?¢(p)) =V (;(pK'(p) +K(p)|Vpl* + pK(p)Ap> —div (K(p)Vp ® Vp)+0(a)+0(f)

Thus it only remains to show that :
1 1
V(30K 0+ KDITo + K (9)Ap ) = v (K()Vo Vo) = o7 (K()p + 3K(0) 901"
For this purpose, let us expand the left hand side :

\Y (;(/)K’(p) +K(p)|Vpl* + pK(p)Ap> —div (K(p)Vp ® Vp)

=V <p (;K'(P)WPF + K(ﬂ)Ap) + ;K(p)|Vp|2> —div (K(p)Vp) Vp — K(p)%vp
1_, 9 1, ) 1 ) . oV
=¥ (5K QIR + K()Ap) + (FE IV + K()Ap) T+ 57 (KIVAP) v (K(0)9) Vo - K(p) 525
=¥ (5K QIR + KA + (5K IV + K()Ap) T+ 3K DTV + K() L5
~ K(p)VpPVo — K(0)dVp— K(0) 2LV

v (;K%pnvm? n K(p)Ap)

This ends the computation and shows that the augmented E-K momentum equation writes
as:

Og;tu +div (pu® u) + V(p?¢ (p)) = pV <K(p)Ap + %K’(p) IVPIZ> +0(a) +0(B)

A.3 Invariance by rotations of the group SO(3)

In order to simplify the hyperbolicity check, we will show that our system is invariant by
rotation. Let O € SO(3) be a constant orthogonal transformation (OO = Id). The aim
is to show that the set of equations remains unchanged after applying the orthogonal
transformation O. Let us consider the variables in the new transformed base, denoted with
primes :

xX'=0x u=0u p'=0p , t'=t p=t vw=w =y (A.10)
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For the mass conservation equation for example we have :

9 | B
T + div(pu) =0

gf, + div(p'OTu') =0

dp r0 o
at,+tr<0 aX(pu)) =0

8p, Ta /! o
aﬁ“‘(o wum)—o
o
@‘f—le(pu)—o

The denotation div’ means that we derive with respect to the transformed base coordinates
given by x’ = Ox. More generally for any vector v and scalar A we give the following relations

div(v) = div (OTV/> =tr (OT??;;) =tr (OT gl/O) =tr (g;) = div’ (v')) (A.11)
ox _ oN N AT

This permits to easily prove that the system of equations ([1.21]) are invariant by rotation.

A.4 Analog of Helmholtz’s equation for vorticity

Given that the potential W depends explicitly on the material derivative of the macroscopic
variable 7, one can derive an analog of Helmholtz’s equation for vorticity. We proceed as in
[37], [38] and define the quantity :

10w
K=u—-—rp. A13
U P (A.13)

We would like to show that K satisfies the PDE :

oK 1, 10W oW
i (K V(- -2 a2 ) =
T + curl(K) Au + <2|u| p@wp u+ 8p>

Let us start from the augmented system, written here in its general form :
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A.4. Analog of Helmholtz’s equation for vorticity

g’; + div(pu) =0

87u+07uu+1div o +
ot Ox p op P

T
8p+8pu+<8u> p—Vw=0

Lopow 1
pOx dp  p

ot  ox ox
g aiW + div a—Wu + div a—W
ot \ ow ow op
10Wadp = 10 (W
p? Ow ot P pot \ ow

__ou Ly <3W>

— ia—V[/div (pu)p + 1div <8I/Vu>
) w

Hence :

K _ou
ot Ot

10W Op

p Ow Ot

1opoW 1

p? Ow
LW 1oWop 10w
p@np p Ow 0x p Ow

ox

_ Ou 10p oW 1(‘3VVv v ow +1
pOx Op

ow )P p@np p Ow Ox p Ow

du (aw) 1 oW
= —u-V|—
dp

LLow (ou) T
p Ow \ 0x p
ou ow 1
()2} )
1. (8W )
+ —div| =—u]|p+
w
ou ow ow 1
e (5) (57 G)

Ju ow 1 0W
v () (TG E) e

10W Op

ow
ow

v _
on

V(,oaVV—W>:0

dp

0

1OW <au>T 1OW
p— ——Vuw

@T
0Xp

1
— ———div (pu) p + —div (Wu> p
w p w

1 ow 10W
(7 (5) #)r s

u)
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We calculate now curl (K) A u as follows

curl (K) Au = (%I;— (?}f) )u

Which gives :

ou ou\" 1OW 1OW
ot @) nu= o= (3] w- (v (355) ) p+ v (057

Hence, summing both equations yields :

oK ou\” ow\ 10w 1OW
- (K = | = — - - . . -
oy + curl (K) Au (8){) u v<6p>+p8wv(p u) + (p u)v<p8w>

Finally, we obtain Lamb’s form of the momentum equation :

oK 1, 10W oW
8t+curl(K)/\u+V<2|u| _pawpu+8p>_0

Applying the curl operator to this equation we get :
Q4+ curl (2 Au) =0, (A.14)

where Q = curl (K) is called a generalized vorticity [37]. The previous equation implies that
if 2 = 0 initially then it remains 0 for all times.

A.5 Derivation of the dispersion relation

We consider the pde :

ou ou
o TAU G, =

Here, the vector U = (p,u,w,p,n) is the vector of state variables. The order is chosen as
such only because it seemed easier to compute eigenvalues in this basis. Next we assume
a constant equilibrium state defined by Uy = (po,0,0,0, py) where pg is arbitrary and we
consider a small monochromatic perturbation of this state in the x direction so that :

S(U) (A.15)

U = Uy + U exp(ikz — iwt) (A.16)

We plug this expression of U into the previous pde and we linearize around the equilibrium
state Uy, that is we neglect powers of € that are quadratic or higher. We obtain the following
equation :

— iwU; + ikA(Up)U; = (VS(Up)) Uy (A.17)
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where :
0 p 0 0 0 0 000 0
2¢(p) +pe"(p)+ 5, 0 0 0 —o 0 000 O
A(Uy) = 0 0 0 X2 o | VSU)=| 5z 000 5
0 0 -1 0 0 0 000 O
0 0 0 0 0 010 O
Thus we obtain :
(—cpId + AU -+ (VS(UO))> U, =0, wherec, = w/k (A.18)
which implies : _
det <—cpId + AU -+ (VS(UO))> —0 (A.19)
The last equation means that ¢, is an eigenvalue of the matrix A(Uy) — £ VS(Uy) :
0 o0 0 0
, 2€¢'(p) + pe’(p) + aip 0 0 0 —O%p
i . ;
A(Uo) = - VS(Uo) = — o 0 0 -5 (A.20)
0 0 -1 0 0
0 0 —i/k 0 0
Thus one obtains the characteristic polynomial :
—¢, (¢ = B(k)cp + C(k)) = 0
where B(k) and C(k) are the same as in section which we remind here :
1 1 K(ﬂ) / 2 1
B(k) =|{— 2
0= (4 g+ S 2+ )
K(p) K(p) 1
C(k) = | —= + (2p€'(p) + p°€” ( +
(k) <aﬁp (2pe'(p) + p7e”(p)) 5y Wiy
The eigenvalues are therefore given by :
1
=0, (e = (B(k:) + /Bk) - 40(k)> (A.21)

The phase velocities are all real since the augmented E-K system admits no inherent dissi-
pation. In fact, a trivial computation shows that :

1 1 K(p) / 2 1 ’ 4
— 2 0
o + k20,302 T Bp +2pe'(p) +p7e"(p) | + 2Bk >

B(k)* —4C(k) = (
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A.6 IMEX scheme : General explicit form

We use the same IMEX scheme presented in section Nevertheless, we detail its explicit
formulation that does not require the risky use of root-finding algorithms. We use here the
generic case, in which we put no additional source terms. In this setting, the conserved
variables, fluxes and sources terms are respectively given by :

p pu 0
pu pu* + pW, — W + pW, 0
U=| pm |, F= pnu ., S= pw (A.22)
pw pwu — W, (L=n/p)/ap
p pu—w

We recall that at each time step t", the two stages of the scheme write as follows :

U= un 42t (F.” - ) +YALS(UY)
At

U = U (- 1) (Fy+ FZ‘;) —@-ME (F+§ _Fr ) (1 - 7)ALS(U*) +ALS(U™)

2

with v = \[ — 1 a constant parameter. The vector of intercell fluxes is computed as usual
using the appropnate Riemann solver of choice. For all what follows, we shall denote the
intercell fluxes by F& (f" . . o ;Lni+l, f?“m% , f;}i%)T. With these notations, the let

us detail how the scheme ertes The first stage of the scheme writes :
—& (-5

p"

ut = (p"u”—mx< by~ Jou )) /P
(p"n” —ya ( Py 5%;) vAtp*w*) /P (A.23)
n At n n

w* = (pnw o v < by — pwi%) +7%ﬁt (1 _n*/p*)) /,0*

% om,n At n n
p=pu _VM(pu.l_ pu, 1>
7,+§ i—%

Thus, we first compute p* and p* since their expressions are explicit. Then we use the value
of p* to compute u*. It remains to solve the implicit part for n* and w*. we denote by Y"
and Z" the quantities :

n __ 7,1 At n n
v _(‘”7 _“x(%;_ f’”i—;»/p*

N (A.24)
so that the expressions of n* and w* reduce to :
{17* =YY" 4+ yAtw* (A.25)
_ YAt _n '
w Z" + apfp* (1 p*)
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Solving this linear system yields :

2
= (V02 £52) .
a,Bp A26
* 1 n __ YAt n YAt
= 1+?j$t2 <Z aBP*QY + aﬁp*)

which concludes the first step of the scheme. After using the obtained values of the vector

* 3 * — * * * *
U* to calculate new intercell fluxes F; 1= ( pr y Tou g Tony o oy f ) , we proceed

to the second step which writes :
prt=pr— (y— 1%L (fn _f:i;) +0-2)% <f* _f;i5>
un+1 — <pnun o (,y _ 1) Ai ( ;LUH_% — /?Ul_%> + (’Y - 2) A; ( ;uH_% - ;Ui_l>) /pn+1
nn+1 _ <pnnn _( - 1) Ai ( 5771- L ;Lm-_l> —|—( — 2) Ai ( ;”i 1 ;771'—1 )/pn-H
+35 P 32 2
+((1 = ) Atp w* + yAtp L) /prtd
n _ n,,n A n n 2 , "
wt = (P w" — (7 - 1)T§: < PW;L L B pwié) * <7 a 2)Fi ( ;wH% B pwi%)) /P "
F (=2 =) 7B (= ) fr

*x __ n,,n At n n
p=pu —Yx, pu 1 - pu; 1
2 2
(A.27)
Solving the implicit part goes exactly as in the first steps, since we can write :
n+l __ =Y* + Atwn—i—l
{Z} — 7* _}_,y’yAt (1 . 77"+1) (A28)
aBp* pntl

with Y* and Z* defined by :

Vo= (o= =D& (B, =, )+ - DR (B, S, ) + (L= DAt [

7= (= (- 1) x(g%— ,?wi%)+<v—2>m(;w+l ey ) (L DE5 @) [

This reduces the explicit expressions of 7" and w"™™* to :
2 2
0 = e (V4 A2+ 150
A.29)
n+1 __ 1 * YAt * 'yAt (
v = WZAji ( apBp*? zY aﬂp*)
afp
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APPENDIX B l

About Elliptic integrals and functions

While usual trigonometric functions can be defined as coordinates with respect to the unit
circle, elliptic functions can be seen as the generalization of the latter for other conics,
particularly ellipses in our case. Historically, they owe their existence to Carl Gustav Jakob
Jacobi [47], who introduced them in 1829, as inverse functions to elliptic integrals. This
appendix is developed in an attempt to summarize the main properties of the canonical
elliptic functions sn, ¢cn and dn. This task naturally requires notions from the theory of elliptic
integrals which we first recall. A complete example providing details on how to compute exact
periodic solution to NLSE is presented afterward as a reference to demonstrate the practical
usage of such functions.

B.1 Elliptic integrals

We consider the Lagrange forms of elliptic integrals. The incomplete elliptic integral of the
first kind is defined by :

’ df
Flone) = /0 /1 — s2sin?(0) (B1)

where 0 < s < 1 is a parameter usually referred to as the elliptic modulus. Similarly, the
incomplete elliptic integral of the second kind is defined by :

E(g,s) = /0“” J1— s2sin2(0) do (B.2)

For a fixed value of ¢ = 7/2, these integrals become functions of only s, called the complete
integrals of first and second kind, respectively :

K(s) = /W/2 b (B.3)
0 /1 —s%sin?(0)
E(s) = /OW/2 1 — s%sin?(0) df (B.4)
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B.2. Jacobi’s elliptic functions

The asymptotic expansions of both complete integrals is given below in the vicinity of the
limiting values. For s — 0 we have :

K(s)—;T(l “Z %‘f)+ (B.5)
E(s)—g<1 i+?§>+ (B.6)

and for s — 1:

K(s) = In <\/%> +i (“\/%‘Q (1= )+ (B.7)
E@):Hi(ln(\/%)—;>(1—s2)+--- (B.8)

For more insight, we plot the graphs of both functions in the figure below :

K(s) | | | E(s)

/2 { 7/2 :
1 I e

0 S 0 S
0 1/4 1/2 3/4 1 0 1/4 1/2 3/4 1

Figure B.1: Plot of the overall behavior of the complete elliptic integrals of first (left) and
second (right) kind.

B.2 Jacobi’s elliptic functions

Let us first introduce the amplitude function. For a fixed value of the elliptic modulus s, we
can consider the inverse function to F'(p, s) denoted as:

am(u,s) = ¢ (B.9)

This allows us to define the elliptic functions in terms of am(u, s), by :

sn(u, s) = sin(am(u, s)) (B.10)
cn(u, s) = cos(am(u, s)) (B.11)
dn(u, s) = \/1 — s2sin?(am(u, s)) (B.12)
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These functions are called respectively elliptic sine, elliptic cosine and delta amplitude. The
definition we use does not provide an explicit expression of any of the three functions since
the amplitude function am is defined implicitly. Therefore, we will try to summarize the
main properties.

1. Periodicity : For any fixed value of 0 < s < 1, sn and ¢n are periodic in terms of

the real variable u, of period 4K (s). dn is also periodic in the same setting, of period
2K(s).

2. Limiting behaviors :

en(u, 8|, = cos(u) cn(u, s)|,,; = 1/ cosh(u)
sn(u,5)]., = sin(u) sn(u,5)],, = tanh(u)
dn(u, ), = 1 dn(u,5)],.,, = 1/ cosh(u)

3. Useful Relations

cn?(u, s) +sn®(u, s) = 1 (B.13)
dn?(u, s) + s%sn?(u, s) = 1 (B.14)
4. Differential equations
cn y? = (1—9y*)(1 - s*+ s%?) (B.15)
sn y? = (1—y*)(1—s%y?) (B.16)
dn : y? =1 —-y)(? —1+s%) (B.17)
5. Graphs
cn(s) sn(s) ‘ dn(s)
s =0 —— s =0 —— s—=0 ——
1 §—=1 —— 1 s —=+1 —— 1 s—+1 ——
0 [ 0
0
-1 -1
S S S
—2r —m 0 w® 27w —2r —m 0 @® 2« —2r —m 0 7w 27

Figure B.2: Overall behavior of the Jacobi elliptic functions for different values of the elliptic
modulus s. Represented from left to right are sn, cn and dn. For each plot, the blue and
red line represent the limiting behaviors for s — 0 and s — 1 respectively. the gray lines
correspond to arbitrary values of 0 < s < 1.
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B.3. Practical example: Periodic solution of NLS equation

B.3 Practical example: Periodic solution of NLS equa-
tion

We established in section that a periodic travelling wave solution to NLSE satisfies the
differential equation :

(%) =000 = B0~ ) = Pl (B.18)

with b3 < by < by;. As long as these roots are simple (i.e. P'(b;) # 0), equation (B.18]) can
have a real-valued periodic solution corresponding to the oscillations of p between by and b3,
given that P(u) > 0 in this interval, as shown in the figure below:

P(p)

Figure B.3: Representative graphic of P(p) for arbitrary parameters by > by > bs.

In this setting, the wavelength of p(£) corresponds to the distance it takes p to move back
and forth from bs to by. Let us denote by &3 and & the values of & such that :

p(&s) = b3 p(&2) = bo. (B.19)

While &3 is arbitrary, we take & as the smallest value of £ verifying & > &3. Let € € [£3, &)
Then, it follows from equation (B.18)) that:

13 pdp P dp
£—£3=/d£= — = (B.20)
& Ju e i 20— b)(p—ba)(p — bs)

Now, we consider the classical change of variables :
p = bz — (bg — by)sin*(p); € [0,7/2] (B.21)
dp = 2(by — b3) sin(y) cos(p)dy (B.22)

the factors inside the square root become :

p—b =—(by —b3) (1 — s sin2(gp)) (B.23)
P — b2 = —(bg — b3)<1 — sinQ(go)) = —(bg — bg) COSQ(()O) (B24)
p — b3 = (by — b3)sin’(¢) (B.25)
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where s = b2 = b3. Under these variables, we can write :
by — b3
/” I _ [ (b= by sin() cos()dy 520
w2y (p=b1)(p=ba)(p—bs)  Jo \J(p—b1)(p—ba)(p—bs)
¥ ng
= (B.27)
/o V(b = 1) (1 = s25in(p))
1
= ﬁF(gp, s) (B.28)
So that :
V=t —&) = Flo.s) = am (Vh—b(6—&).5) =9 (B29)
Thus :

p = by — (bs — by) sin®() = by — (bs — by)sn® <\/bl by(€ — &), s) (B.30)
Or equivalently :

p(&) = by — (by — bs)dn® (\/ by — b3(§ — &3), 5) (B.31)

Since this is a travelling wave solution, we can take &5 = 0 to obtain the solution :

P(€) = by — (by — by)dn? (g\/b1 by, s) (B.32)

B.4 Asymptotic structure of a DSW : Values of 7;

We recall that we consider the case of an initial discontinuity that leads to a DSW propagating
to the right and a rarefaction wave propagating to the left. At the leading edge of the DSW
(s> = 0) we have :

1 =T9 :uo—|—2\/%7 T3 :uR+2\/p_R, Ty :UR_Q\/pR (B33)

In this setting, and inside of the DSW region, the merging of the Riemann invariants r; and
ro trivially implies the equality of their corresponding characteristic velocities :

lim Vi(s) = lim Va(s) = lim 7(s) = 7. (B.34)

Referring back to the expressions of the characteristic velocities, let us calculate lim Vi(s) :
52—0

. 3 1 1
mﬂﬂﬂzhm(U+Jﬁ—”>_m%w@>

s2—0 52—0 1
ri—rs K(s)
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Besides we have :
1
(2r1 +up + 2y/pr + ur — 2y/pr) = 5(7“1 +uR)

(7“1—7“3)(7“2—7‘4)82

A~ =

1
U:Z(r1+r2+r3+r4):

r —T9 =
s —T4
Thus :
. : 1 (r1 —ra) K(s)
| =1 Ay —
821%()‘/1(8) 530 (U + Q(Tl r2) (r1 —ry)K(s) — (ro —rq) E(s)
. 1 (ri —ra)(1+5°/4)
-1 U+ = (r —
521210( +2(T1 TZ)(?”l—7’4)(1+S2/4)—(7"2—7’4)(1—52/4)
1 — 1 2/4
= lim <U+ —(ry —rq) (r: n;)( +57/4) )
s220 2 r1— T+ (11— 21y + 7o)
— lim | U+ 1(7"1 —7r3)(r2 — 14 . (7:1 - 7’4)<12+ s*/4)
AT T B i)
U4 (r1 —7ra)(re —73)(r2 —14) g (o) =)

2(7"1 — 7’3)(7"2 — 7"4) =+ (7”2 — 7"4)(7‘3 — 7”4) 2(7”1 — 7“3) + (7’3 — 7"4)
Substituting the values of the Riemann invariants and using the equality ur — 2\/pr =
ug — 24/po, we finally obtain :

8po — 8/ +
7 = lim Vi(s) = ur + po Popr T PR (B.35)
52—0 2\/% — /PR
In a similar fashion, we can calculate the asymptotic value 7 which corresponding to the
trailing edge (s> = 1). In this setting we have :

9 :T3:UR+2\/pR, ‘/2 :‘/3, 1 :U0+2\/%, 7’4:U0—2\/%. (B36)
In this case, the Riemann invariants who merge are r, and r3 and thus :
lim Vi(s) = lim Va(s) = lim 7(s) = 7. (B.37)
521 s2—1 s2—1
and we have : ( \( )
T —7T3)(re — T4 2
o — T3 = 1—s5 B.38
2 3 (7,1 _ T4) ( ) ( )
lim V3(s) = li U L B S
521211 3(8) N 521§1 * §(T3 B T4) 1 — r2=ra E(s)
ro—r3 K(s)
1 1
=lim | U+ <(rs — 1) ——— - )
st 2 1= In(4/v/1—_52)
1 1
=lim (U + =(r3 —14) — )
s2=1 2 l = e mavi D
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It might be more intuitive to consider the variable s = 1 — s2, in which case, the previous
equality yields :

1 s (In(4) — L1n(s?
lim V3(3') = lim |U+ *(7“3 _ 7,4) ( ( ) 2 ( ))
§250 §250 2 572 (ln(4) _ %ln(s’Q)) _ri—ra

1
since lim (5’2 (ln(4) -5 1n(s'2)>> = 0 then we get :

s2—=0

. 1
TQ:J%%V}»(S/):Uzz(T1+T2+T3+T4)=UR+\//)_0 (B.39)

The values of 73 and 74 which delimit the rarefaction wave, are obtained exactly as in the
case of Euler equations with a pressure p(p) = p?/2 :

nguR—Q,/pR, T4ZUL—2\/pL (B40>
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B.4. Asymptotic structure of a DSW : Values of 7;
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APPENDIX C l

Asymptotics for the augmented thin
film flows model

C.1 Neutral stability analysis for thin films equations

We recall that the phase velocities of thin films equations (3.6]) satisfy the equation :

e(1—cy)?—

31 cos  2)\%  k2e? ) 61 0

2 (l—e) —e | L2 M)
FRelt ) 5( FZ 05 T We) T ke
For lightness we introduce the positive constants :

cos@+27)\2+k252 3
F? 45  We’'  keRe

a =

(C.1)

and we consider the variable X = 1—¢,. The stability condition becomes I'm(X) > 0. Thus,
under the previous notations, X satisfies the equation :

X? —ibX — (a+2ib) =0 (C.2)

In order to solve this second degree equation, we write

—ict VA
A=W +40a+2ib) = Xpp= ch\/_ (C.3)
Let us define a complex square root of A by taking :
2
VA =p+ig, A=VA =p*— ¢+ 2ipq (C4)

so that the roots X o satisfy the equation :
The stability condition Im(X) > 0 thus writes :

btqg>0
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C.1. Neutral stability analysis for thin films equations

Given that b > 0 then this condition is equivalent to :
v’ > ¢

It remains to obtain an explicit expression of ¢%. for that let us identify the real and imaginary
parts in the equality A = \/Zzz

Now we substitute p? = 16b%/¢* in the first equation and multiply by ¢* to obtain :

b2 — da + /(% — 4a)? + 6402
¢ — (* —4a)* — 16V =0 = ¢* = \/( 5 )

For ¢ € R, we have ¢ > 0 and hence :

2

b? — 4ho + 1/ (B2 — daho)? + 64b%u3
q =

2

We substitute this expression into the stability condition b?> — ¢? > 0 to obtain:

02+ 4 — /(b2 — 4a)? + 6402 > 0
02+ da > /(02 — 4a)? + 6462 > 0
(b? + 4a)? > (b* — 4a)* + 64b>
16b%a > 64b* < a > 4

(3

Tt ¢

Finally:

cosl 2\ k?

I + T5 + Hﬁ >4

cost N 2 Re sin(0) N /ﬁlﬁ 4
F? 15 F? F?

5 Pe si
25e sin(0) 1s5ln(9) 4 RE? > AF?
2Re sin(6) 5 _ 4Resind
SC ) g2 s 2T
5 + kK™ > 3
kk?  6Re

> R
sind 5

a>4 s

& cosH +

& cosl +

& cotgh +

which concludes the development.
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C.2 Dispersion relation expansion

In this part, we show how to obtain the series expansions of the phase velocities of the
augmented system for thin film flows. In order to perform an asymptotic analysis, the
penalty parameters are set to be power functions of e:

a=c" [B=¢, m,p € N* (C.5)

We will assume that m > 1 and p > 1, so that @ and § are O(g). We recall that in this
context, the characteristic polynomial writes :

1

- 56k3XQ0(X) =0, Qo(X)=Ag+ AX + A X* + A3 X? + A, X* (C.6)

with the coefficients :

61 61 14+emC 3t 31
A= — Cek k,2 2+m k?) 3 A = = k’Q 2+m
7 Re ekt ReWe' © + We & ' Re + ReWe' ©
617 1 3iemtr )2
Ay = — <R€€m+pk‘2 - (1 + ePk? + C’sm+pk2) ke + W€k353+m) , Az = e Ay = gmtPris

We disregard in what follows the trivial solution X = 0 and will focus on the roots of Qo(X).
First, let us look for solutions that are compatible with a regular perturbation series of the
form :

X = Xo+eX1+e* Xo+e" X+ X1+ Xom+eP Xp+eP T X1+ Xop+e™ P X, 1, +O(°)
(C.7)

Such an expansion only reveals the roots X which remain bounded in the limit ¢ — 0. Since

we assumed that m,p > 1, all the combinations that may be of order O(e?) are used in the

expansion. Replacing (C.7) in the characteristic polynomial (3.35) and setting to zero the
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C.2. Dispersion relation expansion

leading terms in ¢ yields:

3iXy, 61
Order 0 : — =0
reer Re + Re
X
Order 1 C Ch— kX2 4 O
Re
31X
Order 2 L 2kXo X, + 22 2
Re
31X,
Order m ZRe =0
Order m+1 : —2kXoX,, + 31X m1 =0
e
. (C.8)
Order 2m 31Xom =0
Re
31X
Order p % =0
3iXpl
Order p+1 @ —k3X2—2kXoX, + —2= =0
e
31X
Order 2p : % =0
3ik2X2  6ik?X2 33X
Ord — 0 _ 0 P — ()
rder pm Re Re + Re

Solving successively this set of equations gives the coefficients of the expansion as follows:

kR
Xo=—2 X, =2

4 4
(C—4), Xo= - kRe(C—4), Xy = —ngek?’ (C.9)

Xm - Xgm = m+1 — Xp - Xm+p == Xgp - O (ClO)

Thus, X expands in a regular series as follows :

X = -2+

. 21.3 213 ,

21336 ((:(;SQG n 2);1511 B 4) k5—4§€ (c;sze n 2):15h B 4> ]{3252—Z§JR€]{735P+1+O<53)
(C.11)

As the above computation confirms, the regular expansion yields a unique root. Out

of the coefficients that are dependent on « or 3, only X, has a non-zero value among the

concerned terms. The remaining terms correspond exactly to the series expansion of the

phase velocity c,, of the original system. Thus, in order keep this expansion valid up to first

order, it suffices that the term X, ;16”7 is of second order, yielding a first constraint :
p=>1 (C.12)

We shall now look for the remaining three roots. Trivially, Qo(X) degenerates into a first
order polynomial in the limit ¢ — 0. This means that the three remaining roots go to infinity
in the same limit and only remains the obtained root of the previous expansion. These missed
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solutions can be found by use of proper rescaling of the equation. In such a case we consider
a new variable Y (¢) = ¢?X where Y (¢) can be expanded into a regular series. In order to
obtain the singular expansion, one needs to find and balance the leading-order dominant
terms with respect to . Substituting X by Y/e¢ leads to the polynomial:

Q1Y) = By + B1Y + ByY? + B3Y? + B,Y*?, B,=¢"A,, ne{0,1,234} (C.13)

where :
67 C 61 k3e3
B, = l{?2 24+m 7]{/,3 3+m e Ck v=
07 ReWe c +We © +Re+ 6—I—VVe
3t 31
B, = k2 m+2—d v _—d
"7 ReWe c + Reg '
132 — _k,El—Zd o k,3€p+1—2d . Lk3€3_2d+m - @k2€—2d+m+p - Ck3€1—2d+m+p
We Re
3 -~
By = _§k2€m+p 3d

B4 _ k361—4d+m+p

Identifying the leading order in € in these coefficients yields :

By=0(1), Bi=0(E"), By=0('""%), By=0Em™?3), By= QP-4
(C.14)
Balancing leading order dominant terms yields two possibilities :

e Balancing B; and B, as leading terms gives d = 1.

m+p

e Balancing B, and B, as leading terms gives d = =3

It is easy to check that all other combinations either lead to balancing non dominant terms
or overlap with the previous cases. Thus, rescaling the equation by e for d = 1 and d = mT“’
should reveal all the remaining roots.

Let us start with the case d = 1. This scaling is trivially reminiscent of c,, of the original
system, so one should intuitively recover its corresponding eigenvalue. Similarly to before we
consider the following expansion :

Y =Yy +eYs+e2Yo+ %3+ ™Y, + €™M Y + ™ Y0 + €7 Yo + €2 Yo + €Y, + 7Y,

T+ Yy 4 Yy + e Yoy 4 Yy + €Y gy, + P + O(E)

There are more terms in this expansion compared with since, in order to have a second
order expansion in X, one needs to go to third order in Y. It would be best to replace Y by
this series in eQ(Y) to have order 0 as leading order. Setting to zero the leading terms in e
and identifying, yields the expressions :

3t 1 4
Vi=—— V=9 Y,=_- —4 Yo = —k?Re?(C — 4 1
b= Yi=2 Yo= —LkR(C—4), Yi= RRAC-4)  (C19)
3tk 4 . 3ik3 3ikd
o= =R Yer=gih'Re, Yo =%o Ya=-fo (C.16)
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C.2. Dispersion relation expansion

Ym = I'mt1 — Ym+2 = Yém = Y:‘im = Ipy1 = Yép—&—l = Ym—i—p = I'mip+1 = 0 (Cl7)

So that when replacing back Y by X/e we obtain :

; ; 223 4 223
X = 31 +2_2R€<COS(9+ A°h —4>k5+R62<C089+ Ah —4)1{:252

Reke 3 2 45 9 F? 45
31 4 3t 3t

-k p—1 iR 1{33 p+1 7]@3 2p—1 7]{/,5 3p—1 o
e e+ 32 er“e” " + Re € e € +

Thus, the same situation arises as before and we need to choose p so that leading order in
the additional terms is at least of second order. In this case, and Vp > 1, the leading order
is of order e?~!, which leads the constraint :

p>3 (C.18)

This concludes the asymptotic comparison of phase velocities. In conclusion, in order to have
phase velocities which comply with the original model at least at first order, one needs to
impose p > 3. Note that, the previous analysis does not yields any constraint on « besides
the assumption we did in the beginning m > 1. This is due to the fact that in the augmented
model, o mainly intervenes in the capillary terms which are taken proportional to 2, thus
making them appear in later orders in the expansion (order 3 and higher). Even in this case
where k is assumed O(1), one can show that the same analysis yields m > 1 through the
asymptotic analysis, which is not any more restrictive than the initial assumption.

While, this fully addresses the comparison between the original system system phase
velocities and their equivalents in the augmented system, this analysis did not yet investigate
all of the eigenvalues. In fact, two eigenvalues are still missing and which are obtained by
taking d = mTﬂ’ as a rescaling factor. While, the task of obtaining a precise expansion in
this case is more tedious, it is not anymore rewarding, since stability analysis was already
performed regardless of these values. Nevertheless, it remains beneficial to at least give the
leading order behavior of these roots which write as follows :

1
_ +
k+/ eptm

such a form was expected in the sense that these velocities should go to infinity in the limit
e — 0. To conclude this part, we obtained a necessary and sufficient condition for the leading
order behavior of the phase velocity to match that of the original system. While the choice
of p = 3 yields the best results in this regard, the resulting system requires both ¢ and k as
independent variables, while in the original system, the analysis can be performed in terms
of only ke. It is possible to conserve such a structure for a unique choice of a and 3 such
that o o< € and B o< 2. However, as proved by the previous computations, this does not
guarantee accuracy nor does it maintain a good agreement stability-wise.

Xsa=1= (C.19)
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APPENDIX D I

Modified equations : Computing radii
of convergence

In each of the following cases, we would like to check the convergence radius of the series :

In(S(0, A, Az) = 3 5 OX 07 =" a0 (D.1)
p=0 gL p=0

For that, we use the root convergence test, that is the radius of convergence R is given by :

lim

1/p _
p——+00 |ap| B

1
- (D.2)

D.1 Centered scheme for the heat equation : )y = %

We have :
S(0, Ay, Az) =1 — 25sin(0/2)? (D.3)

In this case, it is possible to obtain an explicit expression of the pth term of the sequence a,
which is given by :

ag — 0
(=4)PE5,1(0)
ap+1 =0 Vp=>0

where E,(x) denotes the pth Euler polynomial function defined by :

27 X "
— = E,(x)— D.5
= Y By (D.5)

Since the series has only even order coefficients, it is equivalent and more convenient to check
the convergence of the series :

Z bpg” (D.6)
p=0
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D.2. Centered scheme for the heat equation : Ay = i

where ¢ = 6? and b, = ag,. We proceed as follows in order to check the radius of convergence.
We use Bernoulli’s number [74]:

~ —pEy1(0)

BQP - (2217 . 1) (D7)

and plug this ansatz into b, to obtain :

o= |WE ) (e -1 g
g 2(2p)! 2p(2p)! Pl pooe | p(m)2p
Hence we can write :
1 /2\?%
bl (5) (D.5)
and so:
; 1/p 2)?
Jim (b, = (2) (D.9)

This means that the series has a radius Rs = 72/4 which implies that the radius of
convergence of the series G(0,1/2, Ax) is R = 7/2.

D.2 Centered scheme for the heat equation : )\ = i
We have :
S(0, A, Az) = 1 —sin(0/2)* (D.10)
The expression of the pth term a, is given by :
apg = 0
(=1)PEbp-1(0)
= — Vp>1 D.11
agpr1 =0 Vp >0
Using the same previous notations as in , we have :
Es, 1(0 22 — 1 2
by = [ L2 )Byy| ~ |2 (D.12)
(2p)! p(2p)! proo | pr?P
which yields :
1
: p _ -
pll)gloo bp| " = = (D.13)

This gives the radius of convergence of the series G(0,1/4, Ax) is R = .
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D.3 Proof of convergence for \; < 1 of Upwind Euler
for transport equation
Since Q. = {(/\q, Az) e R?: )\ < %}, then the series G(6, A\, Ax) is convergent Y\; < 1/2

and we have :
eAMGONAT) _ 59 A Ag)

Since stability only depends on the modulus of S(6, A;, Ax) it is sufficient for our analysis to

consider the equality :
APMRGOALAN) — 1 5(6, Ay, Ax)] (D.14)

Next, we show the following symmetry :
1S(0,1/2 — A1, Az)| =15(0,1/2 4+ A\, Ax)|
Indeed we have :
S(0,1/2 = A, Ax) =1~ (1/2= ) (1 =) = (1/24 X)) + (1/2 = \y)e
S(0,1/24 A, Az) =1 (1/2+ M) (1—e ) = (1/2= A1) + (1/2+ Ay )e

(
(
= ((1/24 M)+ (1/2 = Ap)e?) e
e 95(0,1/2 — Ay, Ax)

where the bar denotes the complex conjugate. Hence |S(6,1/2 — A\, Az)| = [5(6,1/2 4+ Ay, Az)|.
This implies through equality (D.14]) that :

Ax(1/2 — A\)Re(G(0,1/2 — N\, Ax)) = Ax(1/2 + A\ )Re(G(6,1/2 + A1, Ax)) (D.15)
which also implies in terms of coefficients:
(1/2—)\1)a2p(1/2—)\1,Ax) = (1/2+)\1)042p(1+)\1,A1’> sz 1 (D16)

Therefore, since the series is convergent for 0 < A\; < 1/2, it is also convergent for 1/2 <
A < 1.
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