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dans ma phase d’écriture.
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Introduction

There are many natural systems that, when submitted to a slowly increasing external stress,
respond with sudden discrete events called avalanches. Besides snow avalanches, examples are
the earthquakes in tectonic dynamics, the cascades of plastic events in amorphous materials or
the sudden jumps in the magnetization of ferromagnetic materials. A common ingredient in these
phenomena is the interplay between disorder and the interactions between many elements in the
system. Most of the time the system is pinned by the disorder in some metastable state and does
not move until a first element, the seed of the avalanche, gets destabilized by the slowly increasing
external stress, also called the drive. The response of the seed may in turn trigger the instability
of other elements in the system, leading to a collective response, the avalanche. The sizes of the
avalanches are random and, in many case, their statistical distribution is a broad power law. A
famous example is the Gutenberg-Richter law for the magnitude of earthquakes.

In this thesis I focus on avalanches of elastic interfaces, which propagate in a disordered
medium under the action of an external force. If the force is low the interface remains pinned by
the disorder. It frees itself (it depins) when the force exceeds a certain threshold. In the 80’s, D.S.
Fisher proposed to interpret the depinning transition of elastic interfaces as a dynamical critical
phenomenon [1]. This opened the way for the application to avalanches of tools developped in
the 70’s to study equilibrium critical phenomena and especially the functional renormalization
group. One of the main success of the theory of critical phenomena was to show that, near the
transition, the large-scale behavior of the system does not depend on the microscopic parameters
(like the precise type of disorder) but only on a few relevant parameters. Therefore, systems that
are a priori very different can share the same large scale behavior. In this case they are said
to be in the same universality class. The concept of universality allows to describe complex real
systems with rather simple models that only incorporate the relevant parameters determining the
correct universality class. In the case of the depinning transition of elastic interfaces, one of the
relevant parameters is the range of the elastic interactions, which might be short-range or long-
range. In 1984, Joanny and de Gennes showed that the wetting front of a liquid on a disordered
solid substrate can be effectively described by an elastic line with long-range elasticity [2]. One
year later Rice showed that the same model describes the front of a crack in a disordered brittle
material [3]. My thesis work contributed to a better understanding of the effect of long-range
interactions in the avalanches of elastic interfaces.

In chapter 1 of this thesis I introduce the main elements of the theory of the depinning
transition of elastic interfaces. It should allow the reader to understand the following chapters.
In particular I describe the phase diagram of the transition and give a set of critical exponents
that are associated to this transition. I also explain that, in presence of long-range interactions,
avalanches have a more complex spatial structure than the avalanches in short-range interactions
systems. Indeed they are separated in several connected components called clusters.

In chapter 2 I present several experimental phenomena that are described by this theory. These
phenomena are the motion of domain walls in ferromagnets, the propagation of crack fronts and
of wetting fronts in disordered media. I also present two systems, earthquakes and avalanches of
plastic events in amorphous materials, which cannot be described by elastic interfaces, but for
which connections with the depinning have been pointed out. These systems are characterized
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by long-range interactions. One can hope that a better understanding of the effect of long-range
interactions in the depinning framework can shed more light on these phenomena.

In chapter 3 I present several methods to characterize the universality class of the depinning
transition. These methods rely on the determination of critical exponents or scaling functions. I
characterize the universal scaling form of the correlation functions of the local velocity field near
the depinning transition. I show its relevance on numerical simulations and experimental data of
crack propagation that I analyzed. This provides a new method to assess the universality class of
the transition. It also gives a direct probe of the range of the interactions. This result, presented
in the second part of chapter 3, corresponds to the publication [4].

In chapter 4 I study the statistics of the clusters inside long-range avalanches with the help
of extensive numerical simulations. I find that the number of clusters inside an avalanche seems
to obey the statistics of a Bienaymé-Galton-Watson process. Based on this observation I build a
scaling theory that relates the exponents characterizing the statistics of the clusters to the ones
of the global avalanches. This chapter corresponds to the publication [5].

I start the last chapter by presenting two standard mean-field models of the depinning tran-
sition. These models do not capture the spatial structure of avalanches. This structure can be
studied, at a mean-field level, in a more recent model, the Brownian force model. I explain how
the statistics of different observables can be computed within this model. Informations about the
spatial structure of long-range avalanches can be gained by studying a non-linear and non-local
differential equation. Finally I present the progress that I made in this direction.
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Chapter 1

Disordered elastic systems and the
depinning transition

Many experimental systems can be described by the standard model of disordered elastic systems
(also called random manifold) of internal dimension d embedded in a medium of dimension d+N ,
N being the number of transverse dimensions. In this thesis I focus on N = 1 in which case the
manifold is usually called an elastic interface. The competition between elasticity and disorder
is at the root of a complicated energy landscape and a very rich physics : on the one hand the
elastic energy acts to align all the points and flatten the interface; on the other hand each point
of the interface is looking for a local minimum of the disorder potential. To minimize the total
energy the interface must distort itself in order to find a balance between the elastic and the
disorder energy. This makes the interface rough. In my thesis I am interested in what happens
to the interface when it is pulled out-of-equilibrium by an external driving force. In this chapter
I introduce some of the theoretical concepts used to discuss the problem of the elastic interface
driven out of equilibrium when there is only one direction of motion (N = 1).

1.1 Phenomenology of the depinning transition
In figure 1.1 I show a sketch of an elastic interface in a 2 dimensional disordered medium. (When-
ever the internal dimension is d = 1 as in this case, I will also use the term line in an equivalent
manner to interface.) x denotes the internal coordinate of the interface and u the transverse
direction, along which the motion occurs. We assume that the position of the interface is de-
scribed by a univalued function u(x). The yellow dots represent the quenched (or frozen) disorder
that pins the line at some favored locations. It counters the elastic energy and makes the line
random and rough : the interface is not flat but has transversal displacements. So a portion of
the interface has a width that grows with the size of the portion. Portions of a given size ` have
an average width W (`) that scales as a power of `. Thus we can define a roughness exponent ζ
by the scaling relation :

W (`) ∼ `ζ . (1.1.1)

This scaling is illustrated in figure 1.1.
In many experimental systems the effect of temperature can often be neglected. So we assume

that the system is at zero temperature T̃ = 01. In absence of an applied force, f = 0, because
of the competition between elasticity and disorder, there are many local minima of the energy.
These are called metastable states, while the global energy minimum is called the ground state.
Let us look at what happens when we apply an external force f on the line, starting from f = 0

1In this thesis the temperature is denoted by T̃ to avoid confusion with the avalanche duration T that will be
introduced below.
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Figure 1.1: Sketch of an elastic line in a disordered medium. The line is pinned by the disorder. The
competition between disorder and elasticity makes the line rough : A portion of internal extension `
has a typical width `ζ . The line can move under the application of an external force f .

Figure 1.2: Velocity-force characteristics. In the absence of disorder the velocity is proportional
to the applied force (blue dashed line). In the presence of disorder, at zero temperature (T̃ = 0),
the line polarizes under the application of a small external force but it stays pinned in some local
minimum of the energy landscape. There is a finite critical force fc above which the velocity becomes
non-zero (green line). At finite temperature (T̃ > 0) the interface moves slowly for f below fc (red
dashed line). The effect of a finite temperature is explained in section 1.1.3.
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and very slowly increasing the force along the transverse direction. We assume that the line starts
in some randomly chosen metastable configuration which is a local minimum of the energy for
f = 0. At the beginning the line will stay pinned in the same configuration because the force f is
weaker than the local disorder pinning force. Then it will reach a point where f is strong enough
to overcome the local disorder. A portion of the line will move forward and eventually lock into
a new more stable configuration with lower energy. Because the duration of this move is usually
short in comparison to the time the line stays in a configuration, we say that the line jumps from
one configuration to another. Such a jump is also called an avalanche. As we continue to increase
f there will be a succession of jumps between metastable configurations. Eventually we will reach
a critical force fc beyond which the line will move away from a metastable configuration but will
never find a new one : it acquires a finite velocity. As f continues to increase the motion of the
line becomes faster and it eventually reaches a fast flow regime where the velocity is proportional
to the applied force.

With these considerations in mind we can draw the schematic velocity-force characteristics
presented in figure 1.2. Here v is the mean velocity of the line, averaged both over space and
time. We are interested in the long-time steady-state regime where inertia can be neglected. The
blue dashed line is the characteristics of a pure system, i.e. with no disorder. In this case the
velocity is proportional to the force. In the presence of disorder and at zero temperature we can
distinguish three regimes:

• f < fc. The interface polarizes : it might jump from one metastable state to an other
more stable state but it stops at some point. Hence in the steady-state regime the average
velocity is zero.

• At fc the interface acquires a finite velocity that grows as v ∼ (f − fc)β for f > fc.

• f � fc. The interface moves fast with a mean velocity that tends to become proportional
to the force, as in the pure case, with the disorder playing the role of an effective thermal
noise.

The transition from v = 0 to v > 0 that occurs at fc is called the depinning transition. The
velocity-force characteristics at T = 0 resembles the curve of an order parameter in a second-order
phase transition, like the magnetization in the Ising spin model [6]. By analogy with equilibrium
critical phenomena it has been suggested that the depinning transition could be interpreted as
a dynamical critical phenomenon [1] (also called out-of-equilibrium phase transition). We can
distinguish two dynamical phases : a moving phase above fc and a non-moving phase below. The
depinning transition is also characterized by a correlation length that diverges at the critical point
and universal critical exponents that do not depend on the details of the system but only on a
few relevant parameters such as the internal dimension d of the system or the range of the elastic
interactions. But since the system is out-of-equilibrium one cannot compute the free-energy of
the system. Hence the usual way of computing the order parameter as the derivative of the free-
energy with respect to the external field cannot be applied. Nevertheless the analogy has proven
to be very fruitful : a functional renormalization group (FRG) theory has been developped for
the depinning transition enabling the computation of critical exponents and scaling forms near
the transition [7, 8, 9, 10, 11, 12, 13]. In the two following sections I introduce the main critical
exponents characterizing the depinning transition.

1.1.1 Below the threshold : quasi-static avalanches

When f is below fc there are well defined metastable configurations where the line is motionless.
This allows to define without any ambiguity an avalanche as being the jump between two suc-
cessive metastable configurations. A portion of the line of length ` moves defining the extension
of the avalanche. The area swept by the line during this jump is called the size of the avalanche
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and is denoted by S (see left panel of figure 1.5). The average width of an avalanche is given by
equation (1.1.1). Hence the roughness exponent gives the scaling of the size of an avalanche with
its extension :

S ∼ `dW (`) ∼ `d+ζ . (1.1.2)

Avalanches are the collective motion of many points of the interface. Their extension has an upper
bound that depends on a correlation length ξ that diverges as f approaches fc. This divergence
is characterized by the correlation length exponent ν :

ξ ∼ |f − fc|−ν . (1.1.3)

Near the critical point the avalanche sizes have a broad power law distribution with a cutoff Scut
that scales as ξd+ζ :

P (S) ∼ S−τgS
(
S/Scut

)
, (1.1.4)

where gS(s) is a scaling function that is constant for s � 1 and presents a fast decay (e.g.
exponential) for s > 1 and we introduced the avalanche size exponent τ . P (S) is sometimes
simply refered to as the avalanche distribution. At the critical point the cutoff diverges and the
distribution becomes scale-free.
Finally the avalanches have a random duration T . It is also power-law distributed near the critical
point. Introducing an avalanche duration exponent α̃ we can write :

P (T ) ∼ T−α̃gT
(
T/Tcut

)
, (1.1.5)

where gT is some scaling function of form similar as gS . As for the size, the duration of an
avalanche scales as a power law of its extension. We define the dynamical exponent z by the
relation :

T ∼ `z . (1.1.6)

Combining (1.1.6) and (1.1.2) gives a scaling relation between the avalanche size and duration :

S ∼ T γ , γ = d+ ζ

z
. (1.1.7)

1.1.2 Above the threshold : intermittency and spatial correlations

In experiments a mean velocity v > 0 is often imposed to the interface. This is the most realistic
way to trigger several avalanches in a finite amount of time. Hence the system is above the critical
point and the transition is approached by making v as small as possible. In this case the line
never completely stops and subsequents avalanches are triggered before the previous ones stop.
This complicates the task of defining avalanches without ambiguity.

For a finite system, when v is very small, v → 0+, the instantaneous velocity v(t) of the center
of mass is very intermittent : it is very large for short period and very low for longer periods.
The mean velocity v is the time average of the instantaneous velocity v(t). A standard procedure
to define the avalanches is to threshold the velocity signal of the center-of-mass of the interface :
avalanches are defined as the periods where v(t) exceeds a threshold vth. The duration T of the
avalanche is the time period where v(t) stays above vth and the avalanche size S is the integral of
the difference between the signal and the threshold over this period (see figure 1.3a). However this
kind of analysis raises important issues : if the threshold is too large, a single avalanche may be
interpreted as a series of seemingly distinct events, while if it is too small subsequent avalanches
can be merged into a single event [14, 15]. Furthermore it does not take into account the spatial
fluctuations of the velocity (a portion of the interface can be moving fast while other portions
stay pinned) and local events can be skipped. Hence disentangling avalanches and accurately
measuring critical exponents are a major challenge. In chapter 3 I will propose an alternative

4



(a) Instantaneous velocity signal of the center-of-
mass of an interface. An avalanche is defined as
a continuous period during which the center-of-
mass velocity signal v(t) exceeds a threshold vth
(thin grey line). The duration T and size S of the
avalanche are illustrated.

(b) Velocity of two points close to each other along
the line. The velocity is rescaled by the mean veloc-
ity of the line v. Each point has a very intermittent
velocity and they are correlated.

Figure 1.3: Experimental velocity signals. The data are issued from the d’Alembert crack ex-
periment presented in section 2.2. The method to reconstruct the velocity signal is presented in
appendix C

method to determine the critical exponents, which is based on the correlations of the local velocity
signal.

In figure 1.3b I show the velocities of two points that are close to each other along the line in
a crack propagation experiment [4]. We see that they are intermittent, as is the center-of-mass
velocity. We also see that the two points move fast or slow roughly at the same time : there
are spatial correlations in the system. The motion of the interface occurs through the motion of
correlated domains. These domains have a maximal size that diverges as f approaches fc from
above as :

ξ ∼ (f − fc)−ν . (1.1.8)
The exponent ν is the same in equations (1.1.8) and (1.1.3) [9]. Hence the correlation length
scales in the same way below and above threshold.

When the threshold force fc is approached from above the mean velocity v vanishes. By
analogy with equilibrium critical phenomena we expect that it does so in a singular manner.
Thus we define the depinning exponent β that characterizes the onset of positive velocity at fc :

v ∼ (f − fc)β . (1.1.9)

We have defined a set of six exponents ζ, β, ν, z, τ and α̃. It is customary in equilibrium
critical phenomena that the exponents characterizing the phase transition are not independent
but linked by scaling relations. I will derive the scaling relations for the depinning transition in
section 1.4.

1.1.3 Effect of the temperature

Although within this thesis I focus exclusively on an interface at zero temperature, let me briefly
mention the effect of a finite temperature T̃ .

When T̃ > 0, the thermal fluctuations allow the interface to explore the energy landscape
around a metastable configuration. Some portion of the line can pass energy barriers and reach
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Figure 1.4: Sketch of an interface with overhangs and bubbles. These elements are not accounted
for by the model studied in this thesis.

states of lower energy. A small applied force induces an asymmetry in this exploration and thus
gives rise to a finite steady velocity v > 0 (red dashed line in figure 1.2). This phenomenon is
called creep. For f � fc the creep law for the velocity is :

v ∼ exp
(
−Cf

−µ

T̃

)
, (1.1.10)

where C is some non-universal constant and µ ' 1/4 in d = 1 [16, 17, 18, 10]. This formula has
been experimentally confirmed in a magnetic experiment where the authors successfully fitted
the velocity-force characteristics of a domain wall with a stretched exponential v ∼ exp

(
f−0.25

)
over eleven decades in velocity [19] (I present magnetic domain walls experiment in section 2.1).
Recent progress in numerical simulations enabled to explore in details the dynamics of the creep.
This topic has been recently reviewed in Ref. [20].

At fc the temperature induces a thermal rounding of the transition. The velocity vanishes
with the temperature as v ∼ T̃ψ. Above fc a small temperature is irrelevant at scales below
ξ ∼ (f − fc)−ν . At scales larger than ξ the combination of the temperature and a finite velocity
v supersedes the pinning effect of the disorder : the line advances as if there were only thermal
noise and no quenched disorder [10, 21].

1.1.4 Generalization to more complex interfaces

An important assumption made in the description above is that the position of the interface is
described by a univalued function u(x). Figure 1.4 shows a sketch of an interface with overhangs
and bubbles. These elements are not accounted for by our model, although they are generally
present in real interfaces. Indeed the presence of such elements at small scales do not change
the large-scale physics of the interface. Thus the description can be simplified in order to make
the model analytically tractable. Recent works have focused on the accurate description of an
interface like the one in figure 1.4 with numerical simulations using a phase-field model based on
a Ginzburg-Landau Hamiltonian and built a connection between this model and the theory of
single-valued elastic interfaces [22, 23, 24]. However in this thesis we shall only consider univalued
interfaces.
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1.2 Equation of motion
In this section I introduce the equation of motion for an elastic interface driven in a disordered
medium. I consider the general case of a d dimensional interface moving along a single transverse
dimension. The internal coordinate of the interface is denoted by a vector x ∈ Rd. The position
of the interface is a single valued time-dependent function u(x, t).

We consider an overdamped regime where the inertia term is small in comparison to the
friction term and can be neglected (µ∂2

t u(x, t) � η∂tu(x, t) where µ is the mass density of the
interface and η is the friction coefficient). The local velocity, v(x, t) = ∂tu(x, t), is determined by
the sum of the three forces mentioned above :

ηv(x, t) = η∂tu(x, t) = f(x, t) + Fel(x, t) + Fdis
(
x, u(x, t)

)
(1.2.1)

where f(x, t) is the external driving force, Fel(x, t) is the elastic force and Fdis
(
x, u(x, t)

)
is the

force resulting from the quenched disorder. Now I discuss the different forms for each force.

1.2.1 The external force

In section 1.1 we considered the case of an homogeneous external force f. This was convenient in
order to draw the velocity-force characteristics in figure 1.2. However, as we will see in chapter 2,
in most experimental systems, the external force is better described by a spring pulling the
interface. This motivates the use of a different convention :

f(x, t) = m2 (w(t)− u(x, t)
)
. (1.2.2)

The term m2 corresponds to the stiffness of the spring. But in all this thesis we shall call m the
mass. The reason is that this term also arises naturally in the field theory approaches of this
problem where it acts as an infrared cutoff control parameter, the critical point being reached
when m → 0. The name mass originates from quantum field theory where, when dealing with
particles, it is the mass of particles that set the infrared cutoff. Concerning the disordered elastic
interfaces, it was introduced by Mézard and Parisi in the replica field theory [25] and by Le
Doussal, Wiese and Chauve in the FRG, first for the depinning transition [12] and then for the
study of an interface at equilibrium [26]. The effect of the mass is to confine the interface in a
harmonic well of curvature m2 centered at the position w(t) and implies an upper bound on the
fluctuations of the line at large scales. We can associate to this force a time dependent confining
Hamiltonian :

f(x, t) = − δ

δu(x, t)Hw(t)[u] , (1.2.3)

Hw[u] = m2

2

∫ (
w − u(x)

)2
ddx . (1.2.4)

The confining Hamiltonian (1.2.4) was introduced in [27, 28] to put the FRG on a more rigorous
setting and it allowed the numerical determination of the FRG fixed point functions [29, 30].
Indeed the driving (1.2.2) is also very convenient for numerical simulations for two reasons. The
first one is that the interface can be driven at finite mean velocity v by setting w(t) = vt. The
second is that we can simulate as many avalanches as desired (which is necessary for computing
probability distributions) in a quasi-static setting by slowly incrementing w in order to destabilize
only one point of the interface and then let the system freely evolve.

1.2.2 The elastic force

In the case of an elastic line with short-range elasticity a portion of the line is only pulled by
its nearest neighbors. The elastic force thus only depends on the local curvature of the line and
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Figure 1.5: Illustration of the difference between short-range (SR) and long-range (LR) elasticity.
Left : SR elasticity. The avalanche occurs in a single connected component. Right : LR elasciticy.
The avalanche can be made of several spatially separated connected components, called clusters. The
moving portions were marginally stable before the avalanche, while the portions in between remain
pinned by stronger disorder forces.

it can be expressed as a power series in the gradient ∇xu(x). Since the elasticity must preserve
the central symmetry u(x) → u(−x) only even power are allowed. One can show that in the
large scale limit only the lowest order term is relevant (see e.g. [31]). The minimal version of the
short-range (SR) elastic force and the associated hamiltonian are thus :

F SR
el (x) = c∇2

xu(x) , (1.2.5)

HSR
el [u] = c

2

∫ (
∇xu(x)

)2
ddx , (1.2.6)

where c is a dimensionless coefficient that sets the strength of the elastic interactions and we have
the relation F SR

el (x) = − δ
δu(x)H

SR
el [u]. Equation (1.2.1) with the elastic force (1.2.5) is called the

quenched Edwards-Wilkinson equation.
When considering crack fronts, wetting fronts and some magnetic domain walls, the elastic

interface is an effective description for forces that can be mediated through the embedding medium
(these systems are presented in chapter 2). This leads to long-range (LR) interactions and to
non-local elasticity. In the most general case, long-range elastic forces can be written with an
arbitrary kernel C :

FLR
el (x, t) =

∫
C(x− y)

(
u(y, t)− u(x, t)

)
ddy , (1.2.7)

HLR
el [u] = 1

2

∫
C(x− y)

(
u(y)− u(x)

)2
ddxddy . (1.2.8)

For an elastic interaction the kernel must be positive2 : C(x) ≥ 0 for all x 6= 0. Also there must
be some x where C(x) > 0 as otherwise there would be no interaction. Note that C(0) does not
need to be defined as it multiplies 0 in (1.2.7). We shall only consider isotropic interfaces where

2Here the word kernel must not be understood in its mathematical sense, mathematically it is actually a
function of the variable x.
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the strength of the interaction only depends on the distance between points : C(x) = C
(
|x|
)
. In

the case of the experimental systems just mentioned above the kernel and the elastic force take
the forms :

C(y − x) = c

|y − x|d+α , with α = 1 , (1.2.9)

FLR
el (x) = c

∫
u(y)− u(x)
|y − x|d+α dy . (1.2.10)

As |y − x|−(d+α) → +∞ when y → x one could worry that the integral in (1.2.10) diverges. But
the stronger the interaction is, the closer u(y) and u(x) are attracted. So we can expect that
u(y) − u(x) vanishes sufficiently fast when y → x so that the integral is convergent. Another
reason to expect the convergence is that physicaly the elastic force must be finite. Only α = 1
corresponds to experimental systems. But we will nevertheless study the effect of the long-range
kernel (1.2.9) for different values of α. Indeed it allows to better understand what happens for
α = 1 by observing wich quantities depend on α and which do not.

A salient difference between short-range and long-range elasticity is illustrated in figure 1.5.
When the elasticity is short-ranged a point of the interface starts to move only if a neighboring
point did so. Hence avalanches occur in a single connected component. On the other hand with
a long-range kernel the motion of a portion of the interface can trigger the instability of points at
finite and even large distances. So the avalanche can be made of several connected components,
spatially separated by portions of the interface that are more stable. These components are called
clusters. A major part of the present work was to study the statistics of the clusters and their
relation with the statistics of the global avalanche. This will be presented in chapter 4.

Fourier transform of the elastic force It will be useful to write the elastic force in Fourier
space. For the sake of simplicity, I restrain here to d = 1. The Fourier transform and inverse
Fourier transform of a function h are defined as :

ĥ(q) =
∫ ∞
−∞

e−iqxh(x)dx , h(x) =
∫ ∞
−∞

eiqxĥ(q) dq2π (1.2.11)

With this definition the Fourier transforms of the elastic forces (1.2.5) and (1.2.7) read :

F̂ SR
el (q, t) = −cq2û(q, t) , (1.2.12)

F̂LR
el (q, t) =

(
Ĉ(q)− Ĉ(0)

)
û(q, t) (1.2.13)

and the equation of motion (1.2.1) becomes :

η∂tû(q, t) = f̂(q, t) + F̂el(q, t) + F̂dis
(
q, g[u]

)
(1.2.14)

where g[u] is some functional that depends on the configuration of the interface.
If we specify the LR kernel to be of the form (1.2.9) we can compute its Fourier transform. I

focus on its scaling here and give the details of the computation in the appendix A. For 0 < α < 2,
we have3 :

Ĉ(q)− Ĉ(0) = c

∫ cos(qx)− 1
|x|1+α dx ∼ −|q|α . (1.2.15)

If α > 2 there are even power of q up to α that comes out. The large scale behavior we are
interested in corresponds to the small q regime in Fourier space. For α > 2 the elastic force

3Note that when computing the Fourier transform there is a divergence for x→ 0 so that Ĉ(q) = +∞. However
we are interested in the term

(
Ĉ(q)− Ĉ(0)

)
which remains finite for 0 < α < 2.
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is dominated by q2û(q, t) while it is proportional to |q|αû(q, t) for α < 2. It is thus usual to
generically write the elasticity force in Fourier space as

F̂el(q, t) = −cα|q|αû(q, t) , (1.2.16)

with the understanding that α = 2 corresponds to short-range elasticity. This statement may
sound surprising. Indeed when considering the elasticity in real space the kernel C(y−x) = c

|y−x|d+2

is very different from the short-range elasticity c∇2
x. There should always be differences since the

possibility of having several clusters in an avalanche can not be removed with the long-range
kernel, no matter the value of α. The statement ”α = 2 corresponds to short-range elasticity”
can be made more precise in the following way : For a long-range kernel with α ≥ 2 the critical
exponents defined in section 1.1 are expected to take the same values as for the interface with
short-range elasticity. Or in other words the interface with LR elasticity and α ≥ 2 belongs to
the same universality class as the one with SR elasticity. So we expect to have very few clusters
and the avalanche size to be overwhelmingly dominated by a single cluster.

A novel characteristic length Taking the Fourier transform of equation (1.2.1) we see that
the external force (1.2.2) and the elastic force (1.2.16) combine into a total term equal to(
m2 + cα|q|α

)
û(q, t). Since cα is dimensionless, m2/α has the dimension of an inverse length.

So the mass induces a characteristic length :

`m ∼ m−2/α . (1.2.17)

Because the mass sets the distance to the critical point we can identify this length with the one
in equation (1.1.3). This leads to the scaling relation :

m2 ∼ |f − fc|αν . (1.2.18)

1.2.3 The disorder force

The disorder force derives from a disorder potential Fdis(x, u) = −∂uV (x, u). We define the
correlations of the disorder using the covariance functions :

V (x, u)V (x′, u′)c = δd(x− x′)R0(u− u′) , (1.2.19)
Fdis(x, u)Fdis(x′, u′)

c = δd(x− x′)∆0(u− u′) , (1.2.20)
∆0(u) = −R′′0(u) , (1.2.21)

where R′′0 is the second derivative of the single-variable function R0, ... denotes the average
over disorder and the superscript ...c stands for the connected correlations (i.e. cumulants, or
covariances): V (x, u)V (x′, u′)c = V (x, u)V (x′, u′)− V (x, u)2.

The impurities can couple to the interface in two very different ways leading to two universality
classes of the disorder called Random Bond and Random Field. These two kind of couplings are
illustrated in figure 1.6.

Random Bond (RB) The impurities act effectively only on the interface. In this case we can
associate to the disorder a Hamiltonian

HRB
dis [u] =

∫
V
(
x, u(x)

)
dx (1.2.22)

The potential has short-range correlations. They typically decay as R0(u) ∼ e−u/rf where rf is
the range of the correlations and is typically given by the size of the impurities in the system or
the thickness of the interface (in the model we assume for simplicity that the interface is infinitely
thin but a real interface necessary has a finite thickness).
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Figure 1.6: There are two possibilities for the disorder. Left : Random Bond disorder. Only the
impurities which are located on the line (in red) contribute to the pinning. Right : Random Field
disorder. The impurities favor one of the two phases separated by the interface (for instance they
can favor an upward magnetization in a disordered magnet). Hence all the impurities located on one
side of the interface contribute to the pinning.
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Random Field (RF) The impurities couple differently to both sides of the interface. For
instance in an uniaxial ferromagnet the impurities can favor an upward magnetization. Thus the
disorder energy involves an integral not only at the interface but over one whole phase. We can
take into account this coupling by writing :

HRF
dis [u] =

∫
V eff (x, u(x)

)
dx ; V eff (x, u) =

∫ u

0
V (x, z)dz . (1.2.23)

The effective potential has long-range correlations and Fdis(x, u) = −∂uV eff(x, u) = −V (x, u) so
the disorder force is short-range correlated with the same correlations as the potential for the
Random Bond disorder.

In both cases, RB and RF, the force has short-range correlations that decay over a typical
scale rf as

∆0(u) ∼ e−u/rf . (1.2.24)

R0 and ∆0 are the correlator of the microscopic disorder, also called bare disorder. Under the
renormalization procedure these correlator change form and flow to fix points that we denote R
and ∆ respectively. These fix points correspond to the effective disorder felt at large scale by
the interface. At equilibrium all nonperiodic microscopic disorder flow either to a RB or a RF
fix point. Thus the properties of the interface, such as its roughness, depend on the universality
class, RB or RF, of the disorder. But at the depinning transition all (nonperiodic) disorder flow
to the RF fix point, hence giving rise to the same large-scale physics [10, 12, 30].

1.3 The Larkin length and the upper critical dimen-
sion

We consider the balance between the disorder and the elastic force on a portion of interface of
extension L and width W (L). The typical elastic force on such a portion estimated from (1.2.10)
is

fel ∼ Ld
cW (L)
Lα

. (1.3.1)

On the other hand the typical pinning force estimated from (1.2.20) is

fpin ∼

√
∆(0)
Ld

. (1.3.2)

The balance of the two forces yields

L2α−d =
(
cW (L)

)2
∆(0) . (1.3.3)

A characteristic length Lc appears when W (L) reaches the correlation length of the disorder rf ,
W (Lc) = rf , leading to

Lc =

 c2r2
f

∆(0)

 1
2α−d

. (1.3.4)

Lc appeared in a model by Larkin [32] and is known as the Larkin length. Below the Larkin
length, for L < Lc, the balance of disorder and elasticity tells us that the interface wanders as

W (L) ∼ LζL ; ζL = 2α− d
2 , (1.3.5)
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where ζL is the roughness exponent from the Larkin model. Within this model the interface
width grows unboundedly with L for d < duc = 2α, i.e. ζL > 0, but remains bounded for d > duc.
Here duc = 2α is called the upper critical dimension and plays a special role.

The Larkin model assumes a single energy minimum and breaks down for L > Lc. Indeed
above the Larkin length one must take into account the existence of many metastable states and
the scaling (1.3.5) breaks down. The interface can be viewed as a collection of domains of size
Lc that are independently pinned. A more detailed analysis for L > Lc shows that :

• if d > duc the elastic energy dominates over the disorder. The interface appears to be flat
at large scales which means that the roughness exponent is ζ = 0. In this case the system
falls into the mean-field universality class. Mean-field models will be described in chapter 5.

• if d < duc the elastic and the disorder energy are of the same order and their competition
results in a non trivial roughness exponent ζ > 0. Hence at large scales the interface is
rough and the transversal displacement can grow unboundedly.

For d < duc if the system size is L < Lc there is no avalanche. The system has a purely
elastic response with no intermittence. On the other hand when L becomes larger than Lc the
intermittent avalanche dynamics appear. The crossover between these two behaviors has been
observed in Ref. [33].

1.4 Scaling relations between exponents
In section 1.1 I introduced exponents characterizing the depinning transition. As for equilibrium
phase transitions we can establish relations between the exponents using scaling arguments. In
this section I derive four relations, leaving only two independents exponents out of six.

From equations (1.1.8), (1.1.9) v scales as ξ−β/ν . From (1.1.1) and (1.1.6) the mean velocity
inside an avalanche of extension ` scales as `ζ−z. Making the assumption that the mean velocity
inside the largest avalanches (of extension ξ) is proportional to the mean velocity of the interface
we can say that v ∼ ξζ−z and we have the first relation :

β = ν(z − ζ) . (1.4.1)

Sizes and durations are defined for each avalanche. Because they are defined for the same
events and scale together the probability laws are equal : P (S)dS = P (T )dT . Inserting the
scaling relation (1.1.7) in the power-regime of the equality we can write T−γτT γ−1dT ∼ T−α̃dT
with γ = (d+ ζ)/z. This yields the second relation :

γ = d+ ζ

z
= α̃− 1
τ − 1 . (1.4.2)

The last two relations derive from a symmetry of the problem called Statistical Tilt Symmetry.

Statistical Tilt Symmetry We consider an interface with a general long-range elastic kernel
C subject to an homogeneous external force f . We tilt the disorder by adding to the right-hand
side of equation (1.2.1) a field Ftilt(x) that only depends on x and has zero spatial average :∫
Ftilt(x)dx = 0. What is the response of the interface to such a tilt ? The tilt can be absorbed

in a new displacement field that is conveniently defined in Fourier as :

ˆ̃u(q, t) = û(q, t) + 1
Ĉ(q)− Ĉ(0)

F̂tilt(q) . (1.4.3)
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We write the temporal evolution of ũ in Fourier using equations (1.2.13) and (1.2.14) :

η∂t ˆ̃u(q, t) = η∂tû(q, t) = f̂(q, t) +
(
Ĉ(q)− Ĉ(0)

)
û(q, t) + F̂dis

(
q, g[u]

)
+ F̂tilt(q)

= f̂(q, t) +
(
Ĉ(q)− Ĉ(0)

)(
ˆ̃u(q, t)− 1

Ĉ(q)− Ĉ(0)
F̂tilt(q)

)
+ F̂dis

(
q, g[u]

)
+ F̂tilt(q)

= f̂(q, t) +
(
Ĉ(q)− Ĉ(0)

)
ˆ̃u(q, t) + F̂dis

(
q, g[u]

)
(1.4.4)

Coming back to real space we see that the new displacement field obeys the following equation
of motion :

η∂tũ(x, t) = f(x, t) +
∫
C(y − x)

(
ũ(y)− ũ(x)

)
dy + Fdis

(
x, ũ(x, t)− S(x)

)
(1.4.5)

where S(x) is the inverse Fourier Transform of 1
Ĉ(q)−Ĉ(0) F̂tilt(q). The effect of the tilt has been

absorbed into the new displacement field with a shift in the disorder field. This is the so-called
Statistical Tilt Symmetry.

We are interested in the statistical response of the interface to the tilt, which means we have
to take the average over disorder. Since the correlation function (1.2.20) Fdis(x, u)Fdis(x′, u′) only
depends on the difference |u−u′| the field Ftilt disappears from the average ũ. Hence the response
function of the original field to the tilt is :

χq = ∂û(q)
∂F̂tilt(q)

=
∂

(
ˆ̃u(q)−

(
Ĉ(q)− Ĉ(0)

)−1
F̂tilt(q)

)
∂F̂tilt(q)

= −
(
Ĉ(q)− Ĉ(0)

)−1
∼ |q|−α . (1.4.6)

In the last scaling I assumed a kernel
(
Ĉ(q)− Ĉ(0)

)
∼ −|q|α. A dimensional analysis of equation

(1.4.6) allows us to establish new scaling relations between the exponents of the depinning transi-
tion. I use the square brackets [..] to denote the dimension of the quantities. [ξ] is the dimension
of a length along the interface. The displacement field has the dimension [u] = [ξ]ζ and the tilt
has the dimension of a force [F ] = [ξ]−1/ν . So the response function to the tilt has the dimension
[χ] = [ξ]ζ+1/ν which must be equal to [ξ]α from (1.4.6). This yields the second scaling relation :

ν = 1
α− ζ

. (1.4.7)

To derive the third relation we consider the mean polarizability of the interface below fc i.e.
the mean displacement of the interface upon an infinitesimal increment df in the applied force :

χ↑ = d〈u〉
df

(1.4.8)

The advance of the interface is the product of the average size of the avalanches triggered when
f → f + df times the number of avalanches triggered divided by the interface size Ld. The
avalanche size distribution is a power law of exponent τ > 1 with a small scale cutoff S0 that
depends on the microscopic details of the problem and a large scale cutoff Scut ∼ ξd+ζ . Hence the
mean avalanche size scales as 〈S〉 ∼ Sτ−1

0 S2−τ
cut ∼ ξ(d+ζ)(2−τ). The number of avalanches triggered

is proportional to the system size and to df . Introducing the density of avalanches Ldρf we can
write χ↑ = ρf 〈S〉. We assume that the density of avalanches remains finite as f approaches fc
so we have a divergence in the mean polarizability that is only induced by the divergent length
ξ : χ↑ ∼ ξ(d+ζ)(2−τ). On the other hand since χ↑ has the same dimension as χq in (1.4.6) we can
expect that it diverges as χ↑ ∼ ξα. This yields the last scaling relation [9] :

τ = 2− α

d+ ζ
. (1.4.9)

This relation, and its generalization to other observables, was also obtained with the FRG field
theory in [34].
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1.5 Middleton theorems
Our quenched problem has a glassy energy landscape with many metastable states. This can
render the analysis of the dynamics very difficult. For instance one could fear the dynamics to be
chaotic with divergent solutions or multiple attractors. Three theorems first stated by Middleton
[35] in 1992 and then rigorously proven in Ref. [36] 4 simplify the analysis of the dynamics by
showing that there is a unique attractor for the dynamics when the driving is monotonous (i.e.
∂tf(x, t) ≥ 0 for all x and t) : the solutions of the problem for a given monotonous driving starting
in different initial configurations will reach the same configuration after some transient time. So
after a transient time the evolution of the system does not depend on its previous history. In this
section I state the three theorems and give some proofs but not all. Especially I prove the first
theorem and deduce a consequence which is the uniqueness of the mean velocity v for a given
force f . For the second theorem I prove only a weaker version and I do not attempt to prove the
third one which is more difficult to prove rigorously. In this section I use dots to denote time
derivative : u̇(x, t) = ∂tu(x, t).

The first theorem states that if two configurations do not cross at a given time then they will
never cross.

Theorem 1.5.1 (No Passing Rule)

If u(1) and u(2) are two solutions of the dynamics given by equation (1.2.1) such that u(1) is
behind u(2) at some time t0, i.e. ∀x, u(1)(x, t0) ≤ u(2)(x, t0), then u(1) will stay behind u(2)

for all time t greater than t0 : ∀x, ∀t ≥ t0, u(1)(x, t) ≤ u(2)(x, t).

To prove this theorem let us assume that u(1) catches up u(2) and let us take the time t1 when
this happens for the first time (note that with the hypothesis of the theorem we can have t1 = t0)
and a point x1 where u(1)(x1, t1) = u(2)(x1, t1). At this point both solutions feel the same external
force f(x1, t1) and the same disorder force Fdis

(
u(2)(x1, t1)

)
. Only the elastic forces differ. We

take an elastic force with an arbitrary elastic kernel Fel(x, t) =
∫
C(x − y)

(
u(y, t)− u(x, t)

)
dy.

The difference of the velocities at position x1 and time t1 is :

η
(
u̇(2)(x1, t1)− u̇(1)(x1, t1)

)
=
∫
C(x− y)

(
u(2)(y, t1)− u(1)(y, t1)

)
dy ≥ 0 (1.5.1)

where the inequality arises from the positivity of C(x) and the fact that u(2) is still in front of
u(1) at t1. Hence if u(1) cathes up u(2) at some point, the velocity of u(2) at this point is greater
or equal than the one of u(1) so u(1) cannot pass u(2).

The no passing rule has two important consequences that are useful to study the dynamics
of the system.

First if for a given constant and homogeneous external force f there is one stable configuration
in the system then all solutions coming from the left of this configuration must stop before (or at)
this configuration. Hence the existence of one solution with v = 0 implies that the steady-state
of all solutions coming from the left is also 0. This implies in turn that there is a unique critical
force fc at which the steady-state mean velocity becomes non zero.

A second consequence is the uniqueness of the mean velocity for a given f above fc. To see
this point let us consider two solutions u(1) and u(2) of the dynamics (1.2.1) with f(x, t) = f
constant and homogeneous such that u(1) is behind u(2) at some initial time t0 and let us note
v(1) and v(2) their mean steady-state velocity that we assume to be strictly positive. Since u1 can
not pass u2 we necessarily have v(1) ≤ v(2). Now I argue that for a finite system of size Ld there
must be some time t1 > t0 such that u(1)(t1) has completely passed in front of u(2)(t0). Indeed
for a finite system the interface at any time is bounded in a band of width proportional to Lζ

4although only in the SR elasticity framework
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around its center-of-mass position. Since v(1) > 0 there exists some time t1 at which the center of
mass of u(1)(t1) will have passed the one of u(2)(t0) by more than the few Lζ necessary for having
u(x, t1) > u(x, t0) for any point x. The time translation of u(1), ũ(1)(t) = u(1)(t + t1) is in front
of u(2) at time t0 and has mean velocity v(1). Repeating the same argument as above we hence
have v(2) ≤ v(1). This proves that v(1) = v(2) and thus that the steady state velocity is unique
for a given force and that the velocity force characteristics drawn in figure 1.2 is defined without
any ambiguity.

I now present the second theorem.

Theorem 1.5.2 (Monotonicity)
Let u be a solution of the dynamics given by equation (1.2.1) with a monotonous driving

(ḟ(x, t) ≥ 0 or ẇ(t) ≥ 0 if the driving is of the form (1.2.2)). If there is a time t0 such that (i)
the velocity of all points is positive (∀x, u̇(x, t0) ≥ 0) and (ii) at least one point has a strictly
positive velocity (∃x0 such that u̇(x0, t0) > 0) ; then the motion of the interface is strictly
monotonous : ∀x, ∀t > t0, u̇(x, t) > 0.

This theorem is actually anterior to Middleton’s paper. It was mathematically proven in 1985
in Ref. [37]. Rigorously proving the theorem is not obvious and requires caution. Especially the
proof given by Middleton is false5. Here I only prove a weaker version of the theorem, namely that
the motion of the interface is monotonous u̇(x, t) ≥ 0, ∀x ∀t ≥ t0 (instead of strictly monotonous).

I prove the weak version for the case of the driving (1.2.2) f(x, t) = m2 (w(t)− u(x, t)
)

with
ẇ(t) ≥ 0. Let us assume that the velocity of some point vanishes and let us take the first time
t1 ≥ t0 when this happens and a point x1 where u̇(x1, t1) = 0. Taking a time derivative of (1.2.1)
at (x1, t1) gives :

ηü(x1, t1) = m2 (ẇ(t1)− u̇(x1, t1)
)

+
∫
C(y − x)

(
u̇(y, t1)− u̇(x1, t1)

)
dy + u̇(x1, t1)∂uFdis

(
x1, u(x1, t1)

)
= m2ẇ(t1) +

∫
C(y − x)

(
u̇(y, t1)− u̇(x1, t1)

)
dy

≥ m2ẇ(t1) ≥ 0 . (1.5.2)

The last inequality shows that the velocity cannot become negative.
Note that if one rules out by hand the (a priori very unlikely) possibility that the velocities of

all points vanish at the exact same time then the strict monotonicity of the solution ensues [38].

Finally the third theorem states

Theorem 1.5.3 (Uniqueness of asymptotic solution)
For a given monotonous driving there is a unique asymptotic (long-time) solution of the

dynamics (1.2.1) up to time-translations.

This theorem is more difficult to show rigorously and I do not attempt to prove it here.

1.6 Conclusion
The energy landscape of an elastic interface embedded in a disordered medium presents many
metastable states. Due to the interplay between disorder and elasticity, an interface submitted
to an external force stays pinned if the force is lower than a finite critical force fc. Above the

5It uses the fact that if a function φ(t) satisifies φ(t∗) = 0 and ∂tφ(t∗) ≥ 0 then φ(t) ≤ 0 for some t preceding
t∗. However this is false as one can see by considering φ(t) = t2 and t∗ = 0.
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critical force, the line acquires a finite velocity. This transition between a non-moving phase below
fc and a moving phase above fc has been interpreted as an out-of-equilibrium phase transition.
Several critical exponents can be associated to this transition. They are linked by scaling relations,
leaving only two independent exponents. The elastic interactions along the interface can be short-
range (SR) or long-range (LR). In the latter case the range of the interactions is controlled by
a continuous parameter α. While SR avalanches are made of a single connected component, LR
avalanches have a more complex spatial structure and are made of several connected components
called clusters. In experiments where the interface is driven at a finite velocity, this complex
spatial structure makes the reconstruction of the avalanches a difficult problem. Motivated by this
problem, I worked on the effect of a finite driving velocity and the scaling of the velocity field above
fc. I understood the scaling of the correlation functions of the velocity field. This result, presented
in chapter 3, provides a simple, robust and efficient method to identify the universality class of
a critical phenomenon. The clusters also have their own statistical distribution, characterized by
new exponents. With the help of numerical simulations I have built a ”scaling theory” for these
objects and related the new exponents to the ones defined for the global avalanches in section 1.1.
This scaling theory is presented in chapter 4.
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Chapter 2

Experimental realisations

In the previous chapter I introduced the basic concepts of the physics of disordered elastic in-
terfaces and the depinning transition. In this chapter I present experimental phenomena whose
physical understanding has made progress thanks to the depinning framework. I first present three
systems where experimental observations are well described by the depinning theory, namely the
Barkhausen effect, the crack propagation and the propagation of a wetting front on a rough sub-
strate. Depinning is also relevant for other experimental systems that I do not discuss here such
as Charge Density Waves and pinned vortex lattices in type-II superconductors. The last two
sections of the chapter are devoted to earthquakes and plastic deformations in amorphous mate-
rials. Although these phenomena are not explicitly described by an elastic interface, connections
with the depinning have been pointed out in several works.

A common feature of these systems is that their collective avalanche behaviors arise from
interactions that are long-range. Studying the effects of the long-range interactions on the local
dynamics and spatial structure of the avalanches is therefore a topic of importance. The results
presented in chapters 3 and 4 improve the understanding of these effects for the systems charac-
terized by long-range elasticity. I hope that they will also contribute to a better understanding
of earthquakes and plasticity avalanches.

2.1 The Barkhausen noise
When slowly varying the magnetic field through a piece of ferromagnetic material such as iron, the
magnetization in the material changes and generates ”irregular induction pulses in a coil wound
around the sample, that can then be heard as a noise in a telephone” [39] (and [40] for a translation
in english of the original article). This noise, recorded for the first time by Heinrich Barkhausen
in 1919 [39], is nowadays known as the Barkhausen noise or the Barkhausen effect. Barkhausen
originally assumed that the noise was created by flipping magnets. It was the first evidence of the
existence of the magnetic domains postulated by Pierre-Ernest Weiss in 1906. However in 1949 it
was evidenced that the jumps in the magnetization were actually related to the irregular motion
of the domain walls (DWs) between domains of opposite magnetization [40, 41]1. Domain walls
are visible in figure 2.1a which shows an image of magnetic domains in a ferromagnetic alloy.

Figure 2.2a shows a sketch of an experimental setup used to record the Barkhausen noise. A
ferromagnetic material is put in the center of a solenoid. A current in the solenoid generates in its
center a uniform magnetic field, hereafter called external field. This field induces a magnetization
of the sample which in turn induces a response magnetic field. A pickup coil wounded around
the sample detects the induced magnetic flux Φ. Figure 2.2b shows the magnetic flux change
Φ̇ = ∂tΦ in two different samples and for different oscillation frequencies of the applied field.

1Depending on the magnetization of the sample, there can be other contributions. The DW motion is the
essential contribution to the magnetization in the central part of the hysteresis loop, around the coercive field [42]
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(a) The domain structure of Fe21Co64B15 amor-
phous alloy observed by scanning electron micro-
scope. The domains are separated by walls parallel
to the magnetization. This is the typical struc-
ture observed in soft ferromagnetic materials. Im-
age taken from [43].

(b) Exemple of surface magnetic charges at the
boundary of the sample and on the Domain Wall
between two domains of opposite magnetization.
On the DW the dipolar interactions between mag-
netic charges induce a long-range elasticity.

Figure 2.1: Domains in magnetic materials.

The applied signal is triangular in order to have a constant growth rate of the external field
during the measurement. When the driving rate is high the signal is constituted of intertwinned
overlapping pulses. At low driving rate the pulses become well separated in time and one can
define Barkhausen jumps as the events when the signal exceeds some small threshold. This jumps
have a given size S and duration T (defined in figure 1.3a)which are power law distributed with
exponents τ and α̃ :

P (S) ∼ S−τ , P (T ) ∼ T−α̃ . (2.1.1)

The ABBM model In 1990 Alessandro, Beatrice, Bertotti and Montorsi proposed a simple
model, now called ABBM model, which is consistent with experimental data [45, 44].

When a sample is magnetized it induces a demagnetizing field that opposes the magnetization.
It arises from the discontinuity in the normal component of the magnetization at the boundary
of the sample (or at the interface between two domains of different magnetization). By analogy
with electrostatics the demagnetizing field Hdm can be seen as deriving from a potential created
by surface magnetic charges [40, 46] :

Hdm = −∇~r
∫

σdS′

|~r − ~r′|
, (2.1.2)

σ = ~n ·
(−→
M1 −

−→
M2

)
, (2.1.3)

where σ is the surface charge density, ~n the vector normal to the domain interface and −→M1, −→M2
are the magnetization in two different domains. Surface magnetic charges can be visualized in
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(a) Experimental setup for recording Barkhausen
noise. Reprinted from [44].

(b) Examples of Barkhausen signals in two differ-
ent samples under varying external field. The labels
indicate the frequency of the applied magnetic field
(note that the period of the signal is much larger
than the duration of the measurement). When
the frequency is lowered the pulses become well-
separated. Reprinted from [40].

Figure 2.2: Barkhausen noise experiment

figure 2.1b. In the most simple model the demagnetizing field is approximated as uniform over
the sample and proportional to its mean magnetization m and can be written as Hdm = −km
where k is a geometry dependent demagnetizing factor [45, 47]. The magnetization rate is then
equal to the total field Hext + Hdm plus the disorder pinning force. ABBM chose this last term
to be a Brownian process W (m). Assuming that the external field is increased at a constant rate
c the equation for the magnetization rate reads :

dm

dt
= ct− km+W (m) = k(vt−m) +W (m) , (2.1.4)

with v = c/k the mean velocity of the interface. If the magnetization is induced by the motion
of a single domain wall the mean magnetization m can be identified with the average position
of the wall and equation (2.1.4) is also the equation of motion for the center of mass of the DW
with the driving force (1.2.2) deriving from a harmonic confining potential.. As one can see in
figure 2.1a there are actually many domain walls in one sample. In this case the ABBM model
still describes correctly the magnetization of the material [45, 46].

As we will see below the ABBM model notably succeeds in predicting the exponents for
the power law distribution of P (S) and P (T ). Solving the ABBM model yields the following
exponents [48, 49] :

τ = 3
2 −

c

2σ , α̃ = 2− c

σ
(2.1.5)

where 2σ is the variance of the Brownian process W :
(
W (m′)−W (m)

)2 = 2σ|m −m′|. The
power laws have large scale cutoffs that depend on k. These exponents are valids for c/σ < 1.
This corresponds to a driving velocity regime where the interface stops infinitely often. When
c/σ > 1 the interface never stops and avalanches cannot be defined. This point will be discussed
further in section 5.2.2.

Critical exponents and range of the interactions In the litterature the exponents τ and
α̃ experimentally measured span a broad range of values. However when restricting to a careful
analysis at low driving rate around the coercive field (i.e. at the center of the hysteresis loop)
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they appear to split up in two classes [40]. In Ref. [50] the size and duration distributions
were measured for polycristalline SiFe and amorphous alloys like Fe21Co64B15 (the corresponding
signals are shown in figure 2.2b). The authors found τ = 1.5±0.05, α̃ = 2±0.2 for polycristalline
SiFe and τ = 1.27±0.03, α̃ = 1.5±0.1 for amorphous alloys. This suggests that the domain walls
in ferromagnets belong to two different universality classes. The first set of values is consistent
with the predictions of the ABBM model (2.1.5) in the limit of a vanishing driving rate (c→ 0)
which are also the predictions of the mean-field depinning model [50, 9]. The elasticity of the
DW is dominated by the long-range dipolar interaction between magnetic charges (see figure
2.1b) which yields the long-range elasticity kernel (1.2.9) C(|x − y|) ∼ |x − y|−(2+1) where 2 is
the internal dimension of the DW [50]. Thus the system is at the upper critical dimension where
the mean-field theory is valid. The second set of values is consistent with numerical simulations
of the depinning of an interface with short-range elasticity [50]. In this case the elasticity of the
DW is dominated by the surface tension γ∇2

xu(x)2. These experiments were reanalyzed recently
and the avalanche shapes were compared in great details with the predictions from the FRG field
theory, with an excellent agreement, confirming the above scenario [51].

2.2 Crack front propagation
Crackling noise can also be recorded during the failure of brittle heterogeneous materials under
slow external loading. Here the crackling signal refers to the mean crack speed and its variation
with time. In this section I briefly describe two experiments that provide a direct observation of
an in-plane crack propagation. The first one, originally performed by J. Schmittbuhl and K.J.
Måløy in 1997, is a reference experiment in the crack field and is coloquially known as ”the Oslo
experiment” [52]. The second one, designed by J. Chopin and L. Ponson, is directly inspired by
the former but slightly different. To differentiate it from the first one I refer to it as ”d’Alembert
experiment”, because it was performed at Institut d’Alembert in Paris. I analyzed the data
issued from this experiment and the results I obtained are presented in chapter 3 and in the
publication [4].

Oslo experiment The setup consists of two transparent plates of Plexiglas annealed together
at 200◦C and several bars of pressure. The annealed surface is a plane of weaker toughness.
Before annealing defects are introduced by sandblasting the surfaces with steel particles of 50µm
diameter [52]. This introduces random flucutations in the toughness of the weak plane. Then
a crack is opened by pulling apart the two plates (so called Mode I crack, see figure 2.3a). It
propagates along the weak plane of the annealed surface. Pictures of the system are taken with
a digital camera mounted on a microscope. The crack front appears as the interface between a
clear and a dark region on the image (as can be seen on the bottom picture of figure 2.4 taken
on the d’Alembert experiment).

The direct observation of the front allowed to measure the roughness exponent ζ. The first
measurements yield values in the range ζ = ζ− ≈ 0.50 − 0.66 [52, 53]. This is at variance with
the predictions of the model. The crack front is expected to be described by an elastic string
with the long-range kernel (1.2.9) with α = 1 [54]. For this model the roughness exponent has
been estimated very precisely by a numerical method which give the value ζ = 0.388± 0.002 [31].
The discrepancy was resolved in 2010 when it was found that the value ζ− actually describes
the roughness of the front at short scales and that ζ crossovers to ζ+ ≈ 0.35 − 0.37 at large
scales [55]. The crossover is governed by the Larkin length [56] below which the Larkin model
predicts a roughness exponent ζL = α − d/2 = 0.5 (cf. equation (1.3.5)) consistent with the
experimental results.

2During the experiment the samples were subject to a tensile stress (as depicted in figure 2.2a) which increases
the surface tension of the DWs [50].
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(a) Sketch of the Oslo experiment. The thin bot-
tom plate is pushed down with a cylindrical rod.
The crack front can be directly observed with a
camera. Reprinted from [53].

(b) Sketch of the d’Alembert experiment. The thin
plate is pulled up. The crack front is locally pinned
by ink dots. See text for details. Courtesy L. Pon-
son.

Figure 2.3: Schemes of crack propagation experiments.

The recording of the front position with a fast camera also gives access to the local velocity
signal using the Waiting Time Matrix method [57] that is presented in appendix C. Despite the
success of the depinning model to explain both the roughness exponent and the crackling noise
statistics [58], many questions related to the local crack dynamics remain open. These questions
concern the cluster structure of the avalanches and the distribution of the local velocity along
the front and its correlations [59]. I will tackle these issues in the following chapters. Especially
I present new results regarding the correlation functions of the local velocity in chapter 3 and I
discuss the statistics of the clusters in chapter 4.

D’Alembert experiment In this experiment a 5 mm thick plexiglas plate of PMMA (poly-
methyl methacrylate) is detached from a 20 mm thick PDMS (polydimethylsiloxane) substrate
using a beam cantilever geometry (see sketch in figure 2.3b). The disorder is introduced by print-
ing ink dots of diameter 100µm with a density of 20% on a commercial transparency which is
then bonded to the plexiglas plate before annealing with the substrate (see figure 2.3b and top
picture in figure 2.4). The adhesion energy to the substrate is stronger for the ink dots than for
the transparency (6.1 J/m2 versus 2.2 J/m2) so the ink dots are pinning centers for the interface.
This experiment has a controlled disorder where both the size of the defects as well as their
pinning force are precisely known. As in the Oslo experiment the crack front propagates along
the weak plane between the two plates and its successive positions are recorded with a digital
camera.

In the chapter 3 I present results regarding the correlation functions of the local velocity
obtained with the data issued from the d’Alembert experiment. In the following section I give a
derivation of the equation of motion for the in-plane propagation of a crack front.

2.2.1 Derivation of the equation of motion of a crack in a disordered material

Since the work of Gao and Rice [54] it is known that a crack front in an elastic material can be
effectively described by an elastic line with a long-range kernel C(x− y) = π−1|x− y|−(1+α) with
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Figure 2.4: D’Alembert experiment. Top : Picture of the disorder. The ink dots of diameter 100µm
have a stronger adhesion energy than the background transprency (6.1 J/m2 versus 2.2 J/m2) and
thus pin the crack front. Bottom : The crack front (blue line) appears as the interface between a
dark and a clear phase on the image. Courtesy L. Ponson.

α = 1. In Ref. [60] it is shown that the driving is homogeneous of the form f(t) = k
(
vdt− u(x, t)

)
where ū(t) is the mean position of the front, vd is the driving velocity and k is a stiffness (it
corresponds to m2 in equation (1.2.2)). This driving, corresponding to effectively pulling the line
with a spring, poises the system near the critical point. The whole equation of motion reads :

1
µ
∂tu(x, t) = k

(
vdt− u(x, t)

)
+ 1
π

∫
u(y, t)− u(x, t)
|y − x|1+α dy + Fdis

(
x, u(x, t)

)
(2.2.1)

where the mobility µ is the inverse of the friction coefficient η in the equation (1.2.1). Two
parameters, k and vd, set the distance to the critical point. A priori the critical point can be
approached experimentally by taking k and vd as small as possible. It turns out that this is not
the case in the d’Alembert experiment. This is because the PDMS substrate is not perfectly
elastic but viscoelastic [61].

In the following subsections I derive the equation of motion for the crack, first in an homoge-
neous elastic material and then in a disordered one.

Crack propagation in homogeneous elastic material

It is convenient to start with the homogeneous elastic material. Here the front is prefectly flat
and is characterized by its position u and speed u̇ (see Fig. 2.5). Note that a priori the crack
front position is a vector ~u = (uy, uz). However in our experiment the crack propagates at the
interface between two materials hence it is natural to assume in-plane propagation where uy stays
constant and only uz := u evolves. Following Griffith’s idea [62] the evolution in time of the crack
is determined by the energy balance (per unit surface) between the energy released when the
material is fractured and the energy needed to create new fracture surfaces :

Gdyn(u, u̇) = Gc . (2.2.2)
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Figure 2.5: Sketch of a crack of length u for an homogeneous elastic material of unit width (along
the x direction). The upper plate has height h and a vertical displacement ∆ is imposed at its end.
This plate can be described as an Euler-Bernoulli cantilever beam.

The fracture energy per unit surface Gc is constant for homogeneous elastic materials. Gdyn is
the energy release rate which accounts for the release of potential elastic energy minus the kinetic
term. It displays a simple velocity dependence [63] :

Gdyn(u, u̇) =
(

1− u̇

cR

)
Gel(u) , (2.2.3)

where cR is the Rayleigh wave3 velocity and Gel(u) is the elastic energy release rate.
In the experimental setup sketched in Fig. 2.5 a displacement ∆ is imposed at the end of the

upper plate. The elastic energy associated with the deformation of the plate is a function of the
imposed displacement ∆ and of the crack length u. In particular if one describes the plate as an
Euler-Bernoulli cantilever beam of unit width and height h, the elastic energy writes [63] :

Eel(u,∆) = Eh3∆2

8u3 , (2.2.4)

with E the Young modulus of the plate. The elastic energy release rate is then

Gel(u,∆) = −dE
el

du
(u,∆) = 3

8
Eh3∆2

u4 . (2.2.5)

The experiment starts by imposing an initial displacement ∆0 which opens the crack up to
a length u0 such that Gel(u0,∆0) = Gc. Then the displacement is increased as ∆(t) = ∆0 + v0t
and the crack moves from u0 to u0 + u(t). Keeping v0t � ∆0, u(t) � u0 one can write the first
order expansion of the elastic energy release rate :

Gel(u0 + u(t),∆0 + v0t) = Gc + Ġ0t+G′0u(t) , (2.2.6)

where Ġ0 = v0∂∆G
el(u0,∆0) and G′0 = ∂uG

el(u0,∆0). When u̇� cR, combining equation (2.2.6)
with equations (2.2.2) and (2.2.3) to first order yields the following equation of motion :

1
µ
u̇ = k (vdt− u) , (2.2.7)

3Rayleigh wave are acoustic waves that travel along the surface of solids
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with µ = cR, vd = − Ġ0
G′0

= u0
2∆0

v0 and k = −G′0
Gc

= 4
u0

. Thus by varying v0 one can control the
steady velocity vd of the crack propagation.

Crack propagation in disordered elastic material

When the material is heterogeneous the fracture energy displays local fluctuations around its
mean value Gc :

Gc(x, u) = Gc + δGc(x, u) . (2.2.8)

As a consequence the crack front u(x, t) becomes rough. This non trivial shape introduces a
correction in the elastic energy release rate, which was computed to first order in perturbation
by Rice [3] :

Gel (x, u(x, t),∆
)

= Gel (u(x, t),∆
)(

1 + 1
π

∫
u(y, t)− u(x, t)
|y − x|2

dy

)
(2.2.9)

The balance between the energy release and the fracture energy still holds but must now be
written at the local level :

Gdyn(x, u(x, t), u̇(x, t)) =
(

1− u̇(x, t)
cR

)
Gel (x, u(x, t),∆

)
= Gc(x, u(x, t)) . (2.2.10)

In presence of impurities the first order expansion of Gel becomes :

Gel(x, u(x, t), t) = Gc + Gc
π

∫
u(x′, t)− u(x, t)
|x′ − x|2

dx′ + Ġ0t+G′0u(x, t) . (2.2.11)

By combining together equations (2.2.11), (2.2.10), (2.2.8) and (2.2.3) one obtains :

1
µ
u̇ = k

(
vdt− u(x, t)

)
+ 1
π

∫
u(x′, t)− u(x, t)
|x′ − x|2

dx′ − δGc
Gc

, (2.2.12)

where µ = cR. This equation is equivalent to equation (2.2.1) with the disorder arising from the
toughness fluctuations − δGc(x,u)

Gc
. Note that k = 4

u0
hence the critical point can be approached

by starting with a large u0. In the d’Alembert experiment u0 is of the order of a few centimeters
which is much larger than the fluctuations of the front which are of the order of the millimeter.

2.3 Wetting of disordered susbtrates
When a liquid is dropped on a solid substrate it can either spread and form a film that covers
the solid (total wetting) or form a meniscus (partial wetting). In the latter case, the line where
the liquid surface meets the solid is called contact line, wetting front or triple line. It has been
shown independently by Joanny and de Gennes [2] and by Pomeau and Vannimenus [64] that the
contact line can be described as an elastic line with long-range elasticity arising from the surface
tension of the meniscus. In this section I reproduce the computation from Joanny and de Gennes
of the elastic energy associated to a small deformation of the line, as it is useful to understand the
assumptions under which the form of the elastic energy holds (this has also been done in the PhD
Thesis [38]). Then I present an experiment and discuss results about the roughness exponent.

Derivation of the elastic energy of a contact line

For partial wetting the meniscus is characterized by the contact angle θ between the surface of
the solid and the liquid/gaz interface (see figure 2.6 left). The contact line is submitted to forces
coming from the surface tensions γSG, γSL and γLG of the solid/gaz, solid/liquid and liquid/gaz
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Figure 2.6: Left : Sketch of partial wetting. The contact angle θ is such that the interfacial tensions
γSG, γSL and γLG verify the Young-Dupré relation (2.3.1). Right : u(x) is the deviation of the contact
line from a flat configuration.

interfaces respectively. At equilibrium the resulting component of the total force parallel to the
solid surface must be nul. This gives the Young-Dupré relation :

γLG cos(θ) = γSG − γSL . (2.3.1)

If the solid’s surface is perfect, cos(θ) is constant and the contact line is flat. The presence of
disorder, that can be either chemical heterogeneities or a rough surface, induce fluctuations in
γSG − γSL which cause a distortion of the contact line.

We want to compute the energy cost of the distortion. Let (x, y) be the coordinate on the solid
surface and z(x, y) be the height of the liquid-gaz interface. Let u(x) be the local deformation
of the contact line from its mean position (see figure 2.6 rigth). We assume small deformations
(|u(x)| << 1) and do a perturbative computation at the lowest order in u.

A condition on the curvature of the interface can be obtained from the Laplace-Young equation
for the capillary pressure. It states that the pressure difference between the liquid and the gaz
at the interface is ∆P = PL − PG = 2γLGH where H is the curvature of the interface. Far
from the contact line the interface is flat hence ∆P = 0. The pressure difference being constant
everywhere, we obtain the Laplace condition :

∂2z

∂x2 + ∂2z

∂y2 = 0 . (2.3.2)

We look for a solution under the form :

z(x, y) = sin(θ)y + sin(θ)
∫
dk

2πβ(k)eikx−|k|y . (2.3.3)

The first term is the solution for a flat contact line. The presence of e−|k|y in the second term
ensures that the correction vanishes when y → +∞. We can express β(k) as a function of the
distortion u(x) by using the boundary condition :

z
(
x, u(x)

)
= 0 . (2.3.4)

Introducing the Fourier components of the distortion u(x)

û(k) =
∫ +∞

−∞
e−ikxu(x)dx , (2.3.5)
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Figure 2.7: Wetting experiment. Top : Sketch of the experimental setup. Bottom : Picture of the
contact line which separates the meniscus from the dry substrate. Images taken from [65].

we have perturbatively :
β(k) = û(k) +O(u2) . (2.3.6)

The deformation of the interface height z induces a correction to the capillary energy. It reads :

Ucap = γLG
2

∫ +∞

−∞
dx

∫ +∞

u(x)

(
(∇z)2 − sin2 θ

)
dy . (2.3.7)

Integrating over x and y we have :

Ucap = γLG sin2(θ)
∫ +∞

−∞
|k||û(k)|2 dk2π . (2.3.8)

This result can be Fourier transformed and read in real space :

Ucap = γLG sin2(θ)
∫ (

u(x)− u(x′)
)2

2π(x− x′)2 dxdx′ . (2.3.9)

This result is exactly the elastic energy (1.2.8) with the LR kernel (1.2.9) with α = 1.

Experimental situation

Figure 2.7 shows a sketch of an experiment, studied in Refs. [65, 66, 67], that allows to observe a
disordered wetting front and follow its motion. A glass plate is dipped into a liquid (here water
or an aqueous solution of glycerol). The front is observed from above using a camera. Disorder
has been introduced on the plate by the presence of squares of chromium (of size 10× 10 µm2).
When the plate is removed from the liquid at a constant velocity (ranging from 0.2 µm/s to 20
µm/s in [65]) the contact line recedes on the substrate. The precise form of the elastic kernel
taking into account gravity, as well as arbitrary contact angle and plate inclination was computed
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in [68]. For our purpose it is sufficient to approximate it as follows [69, 67, 68], using the notations
defined in chapter 1 :

η∂tu(x, t) = m2 (vt− u(x, t)
)

+
∫
u(x′, t)− u(x, t)

(x− x′)2 dx′ + Fdis
(
x, u(x, t)

)
, (2.3.10)

The LR force is given by the Joanny-de Gennes kernel. The driving force contains a confining
mass term with m2 ∼ γLG/Lcap where Lcap is the capillary length, the large scale cutoff length
which arises in wetting because of gravity [2, 64, 70, 68]. Note that the driving force takes the
same form as in equation (1.2.2).

This experiment allows in particular to measure the roughness exponent ζ. However while
the best numerical estimate ot the roughness exponent for a line with the elastic kernel C(x −
x′) ∼ |x − x′|−2 is ζ = 0.388 ± 0.002 [31], experiments consistently yield value close to ζ = 0.5
(ζ = 0.51 ± 0.03 in [65], ζ = 0.505 in [66] and ζ in the range 0.45 − 0.57 for different samples
in [71]). This discrepancy shed doubts on the completeness of the model (2.3.10). Possible
additional effects were unveiled in [72] such as more complex dissipation mechanisms, a coating
transition, and the existence of additional non linear terms breaking the u→ −u symmetry which
are allowed at depinning. In [73] it was shown that for strong enough disorder these non linear
terms become relevant, leading to an exponent ζ ≈ 0.5. However, in [67] the renormalized disorder
correlator ∆ was measured in the same experiment and found to be in good agreement with the
prediction from FRG, valid for quasistatic depinning with irrelevant non linear terms (although
it is unclear if the experimental results are precise enough to distinguish between the two fixed
points). It is quite possible that the situation is the same as for cracks (which are supposed to be
described by the same LR elasticity kernel, see section 2.2) : originally the roughness exponent
was systematically measured in the range 0.5− 0.6. It is only in 2010 that a crossover to ζ in the
range 0.35−0.37 at larger scale was detected. The roughness exponent has not been measured at
large scale in wetting experiments since then. There is one study posterior to this date (Ref. [71]
cited above) where ζ is measured but only at small scales.

This debate on the value of the roughness exponent calls for alternative methods to identify
the universality class of the system. In chapter 3 I present a new method based on the correlations
of the local front velocity that I expect to be simple and robust.

2.4 Earthquakes
Earthquakes are a natural large-scale phenomena that display three characteristic features intrisic
to avalanche dynamics : (i) a slow driving rate, (ii) abrupt events separated by long quiescence
periods and (iii) power law distribution of the energy released during these events.

Earthquakes are a consequence of plate tectonics. The lithosphere (the rigid outermost shell of
the earth) is broken into many plates which are in motion relatively to each other. This motion is
mainly driven by the movements of the underlying asthenosphere (the ductile part of the mantel
below the lithosphere) at velocities ranging from millimeters to a few centimeters per year. At the
boundary between plates the earth crust is cut up by many faults. Along the faults friction forces
oppose the relative motion between plates. Stress and elastic energy are accumulated and the
plates are blocked as long as the accumulated stress remains below the static friction threshold.
When this threshold is met at some place, the plates slip locally. A local slip can nucleate a
larger slip zone and slipping regions have sizes ranging from meters to hundreds of kilometers
while the slip ∆u (the relative displacement between the two plates) ranges from millimeters to
meters. During the slip elastic energy is released through acoustic waves which make the earth
quake. Depending on the size of the rupture, earthquakes durations range from milliseconds to a
few minutes [77].
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(a) Histogram of the number of earthquakes
recorded on earth in the year 1995 as a function
of their magnitude. It is a power law distribution
in term of their seismic moment or energy radiated.
Reprinted from [74].

(b) Top : Large earthquakes in Kamaishi with
nearly the same magnitude m ' 4.8 and a quasi-
periodic occurence. Bottom : Cumulative seismic
moment of the Kamaishi Earthquakes. It is dom-
inated by the large earthquakes identified in the
upper panel. Originally from [75], taken from [76].

Figure 2.8: Gutenberg-Richter (left) and characteristic (right) earthquakes distributions.

Characteristics and statistics of earthquakes

For an indivivual earthquake a scalar seismic moment is defined as M0 = µ0A∆u with µ0 being
the shear modulus of the lithosphere, A the fault area slipping and ∆u the average slip over this
area. The energy released during the earthquake is approximately proportional to the seismic
moment : E ∝ M0 [78]. Non specialists are more used to hear about the magnitude m of
earthquakes. The magnitude and the seismic moment are linked via the relation [78] :

log(M0) = 3
2m+ 16.1 . (2.4.1)

The statistics of the earthquakes is given by the famous Gutenberg-Richter law : in a given region
during a large enough time period the number N(m) of earthquakes with magnitude larger than
m exhibits an exponential decay. The law is usually stated under the form [79] :

log
(
N(m)

)
= a− bm . (2.4.2)

where b is the Gutenberg-Richter (G-R) exponent and a is a constant such that 10a is proportional
to the period over which the statistics is recorded and to the seismicity of the region (i.e. the
frequency at which earthquakes occur). The G-R exponent b is about 1 but varies in the range
0.8− 1.2 depending on the region of the world. From equations (2.4.1) and (2.4.2) it follows that
the seismic moments are power law distributed :

P (M0) ∼M−(1+2b/3)
0 , (2.4.3)
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While the regional earthquake distribution are power law distributed, for a single fault the
situation is sometimes different. The small events are power law distributed but there is a peak
of large events with an almost constant magnitude. These characteristic earthquakes [80] occur
quasi-periodically [81]. The Gutenberg-Richter and characteristic earthquakes distributions are
illustrated in figure 2.8. Other faults exhibit a true G-R distribution. A possible reason for this
difference is that the interaction between neighboring faults induce a different emergent behavior
than the one of the isolated system.

Link with the depinning model

Earthquake physics is very complicated and can of course not be fully captured by the depinning
model. Especially there are many friction effects in fault that are not captured by the depinning
model (see the section 3.4.2 of the PhD Thesis [76] for more details on this point). Nevertheless
the elastic interface is a starting point for simple fault models where friction ingredients are added
by hand and which can help to gain insights on faults and earthquakes physics. Here I do not
intend to perform an exhaustive review of the results obtained by adding ingrediend to the elastic
interface but only to mention a few exemples.

A fault is modeled as a 2d interface. The direction of displacement is in the plane of the
fault. Strictly speaking there are two possible directions of displacement but the tectonic driving
imposes one main direction. The relative displacement along the fault can thus be represented
by a function u : R2 → R. The elasticity has a long-range kernel C(x − y) ∼ |x − y|−(d+α) with
d = 2 the dimension of the interface and α = 1 ([82] and references therein).

The first ingredients that can be added are frictional weakening and its counterpart fric-
tional strengthening. Frictional weakening describes the fact that the dynamic frictional forces
are weaker than the static frictional forces. It is relevant in the context of solid friction. Once the
static threshold is met and the motion starts it is immediately accelerated. Frictional strength-
ening is just the opposite : the dynamic frictional forces are higher than the static ones. It is
relevant for liquid friction. As the velocity increases the motion become more and more inhibited.
In Ref. [82] it was found that when adding frictional weakening to the elastic depinning model
the avalanches exhibit the characteristic earthquake distribution. When the interface presents
regions of frictional weakening surrounded by regions of frictional strengthening an initial large
slip, corresponding to a large earthquake, is followed by afterslips which trigger aftershocks [83].

One can also add viscoelastic relaxation : when a material is subject to a stress, molecular
rearrangements relax the internal stress. In Ref. [84] a viscoelastic relaxation is added along the
elastic interaction. The consequence is that coherent oscillations of the stress emerge. These
coherent oscillations generate quasi-periodic global events (the whole system moves) which are
analogous to the quasi-periodic characteristic earthquakes.

2.5 Elastoplasticity and the yielding transition
In the depinning transition, an elastic interface starts to flow above a finite force threshold fc.
A behavior that is similar in many respects is shared by some amorphous solids. In contrast to
crystalline solids, amorphous solids have no internal structure. Typical exemples of such materials
are foams, mayonnaise or whipped cream. When left at rest they are solids : they do not flow and
keep their initial shape. But one can make them flow easily by applying a sufficiently large shear
stress, in which case they behave more like liquids. See [86] for a recent review on the deformation
and flow of amorphous solids. As for the depinning the onset of the flow arises at a finite value
of the stress, called yield stress because the solid yields. These materials are named yield stress
solids and the transition from solid to liquid behaviour is called the yielding transition.

The deformation of the solid under the shear stress occurs through local shear transformations
(also named plastic events) where the particles rearrange locally. This rearrangement reduces the
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Figure 2.9: Analogy between the yielding and the depinning transitions. Left : The accumulated
local plastic strain under an external shear stress σ (bottom) can be seen as a d-dimensional interface
in d + 1 dimensions (top). Right : The departure of the global strain rate γ̇ from zero above the
critical stress Σc is characterized by a critical exponent β, a feature shared with the depinning. Image
taken from [85].

local stress which is redistributed elastically in the rest of the material. The redistributed stress
can trigger new plastic events, possibly leading to an avalanche of plastic events and a macroscopic
deformation of the material.

Formally the local deformation from the initial configuration is measured by the local plastic
strain γ(x), where x ∈ Rd is the internal coordinate of the solid. It can be seen as a d-dimensional
interface in d+1 dimension, as illustrated in figure 2.9. As the depinning, the yielding transition is
characterized by a set of critical exponents characterizing a diverging length scale, the avalanche
size distribution or the strain rate versus stress curve (see right of figure 2.9 for the latter). The
dynamics of the plastic strain is governed by :

∂tγ(x) = Σ +
∫
G(x− y)γ(y) + σdis

(
x, γ(x)

)
. (2.5.1)

This equation is very similar to the equation (1.2.1) governing the dynamics of an elastic interface.
The plastic strain γ plays the role of the displacement u, the external shear stress Σ corresponds
to the external force f and there is a quenched disorder σdis. However there is one crucial
difference : the interaction kernel G(x) is non-positive but changes sign. For an infinite two-
dimensional system it reads [87] :

G(x) = G(|x|, φ) = cos(4φ)
π|x|2

, (2.5.2)

where φ is the angle between the shear direction and the vector x. In three dimensions it also
displays a four-fold symmetry and decay with the distance as 1/|x|d.

Let us define δ(x) = −Σ−
∫
G(x−y)γ(y)−σdis

(
x, γ(x)

)
. A similar quantity can be defined for

elastic interfaces. A plastic event is triggered when δ becomes negative. Between plastic events
δ is positive and is a measure of the distance to instability. In Ref. [88] the authors pointed out
that the distribution P (δ) is a key difference between the yielding and the depinning transitions.
In elastic interfaces submitted to a monotonous driving, δ can only decrease until the instability
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is reached and a local motion occurs. This leads to a constant density of δ close to instability :
P (δ) ' P (δ = 0) for δ � 1 [89]. For plasticity however the stability of a point can be increased
by a neighbouring event. Because the points passing down δ = 0 get a higher stability after the
plastic event, the zone of positive δ close to zero is depleted. In [88] it is argued that when δ
approaches zero P (δ) vanishes as :

P (δ) ∼ δθ , (2.5.3)

thus defining a new critical exponent θ > 0 (whereas for the depinning θ = 0). Taking into
account this difference the authors took advantage of the analogy between the yielding and the
depinning to establish scaling relations for the critical exponents of the yielding transition [85].

In chapter 3 I establish the universal scaling function of the correlation functions of the local
velocity field in elastic interface avalanches. Based on this result, I propose a conjecture for the
correlation functions of the local plastic strain rate. In chapter 4 I explain that, in presence of
long-range interactions, avalanches of elastic interfaces organizes into clusters for which we can
define new critical exponents. I derive scaling relations linking these new exponents to the ones
of the global avalanches. I hope that this approach, focusing on clusters of local events, can be
extended to plasticity avalanches.

2.6 Conclusion
Crack and wetting fronts as well as domain walls in ferromagnets are well described by the model
of an elastic interface in a disordered medium. For the two former systems, not only the mean
signal but also the spatial evolution of the front can be observed. The elastic interaction in these
systems is long-range. Understanding the effect of long-range elasticity is crucial to correctly
describe the spatial progression of the front. In chapters 3 and 4 I present new results regarding
the statistics of the local velocity and the distribution of the avalanche clusters.

Earthquakes and the plasticity of amorphous solids are phenomena that are not directly de-
scribed by the elastic interface model but still connection have been made that helped a better
understanding of these phenomena. They are also characterized by long-range interactions, al-
though not strictly elastic. Thus we can hope that a better comprehension of the long-range
interaction in the depinning framework could be of some help in understanding these phenomena
too.
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Chapter 3

Assessing the Universality Class of
the transition

In presence of an experimental critical phenomenon, or of a new model, assessing the universality
class of the transition is a crucial task. As a universality class can be defined by a fixed set of
critical exponents, assessing the universality class of a system initially went through determining
some critical exponents and confronting experimental measurement with theoretical predictions.
Since the exponents are not independent, it is sufficient to determine a small number of expo-
nents, two in the case of the depinning transition, to characterize the universality class. Besides
the critical exponents, other characterization of the transition were developped, based on the
avalanche dynamics.

In section 3.1 I present some methods to characterize the universality class of the depin-
ning transition. I start with the standard methods to determine the roughness exponent ζ, the
correlation length exponent ν, the velocity exponent β and the dynamical exponent z. These
methods are commonly used in numerical simulations but, except for ζ, are less suited for real
experiments. The remainder of the section focuses on the methods to characterize the avalanches,
namely determining the avalanche size exponent τ and the avalanche duration exponent α̃, or
characterizing the avalanche shape. These methods require to define avalanches, a task that in
real experiments raises important issues.

In section 3.2 I discuss the new method that we proposed in [4]. We found the scaling forms of
the two-point space and time correlation functions of the local velocity field and show that they
are related to two independent exponents. This new method does not require to define avalanches
and can be easily applied to study systems for which the velocity field is accessible.

3.1 Existing methods to characterize the transition
3.1.1 Roughness exponent

The determination of the roughness exponent ζ has been the focus of many works. It is easily
accessible in experiments where a direct observation of the front is possible such as the crack and
wetting front experiments presented in sections 2.2 and 2.3. Perturbative dimensional expansion
within the FRG provided analytical predictions [11, 12]. It was determined with high accuracy
for different models using numerical simulations [31, 90]. I discussed in the previous chapter the
evolution of the measured values of ζ in the crack and wetting front experiments and the agreement
with the theoretical values. In this section I present the different methods to determine ζ. There
are three widely used definition of ζ. Two of them are equivalent while the third one does not
allow to measure an exponent ζ > 1.
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Average width of the interface The first definition, used in simulations [31], wetting front [65]
and crack front experiments [52, 53], relies on the scaling of the width of portions of the interface
and was already mentioned in section 1.1. Considering a portion of the interface of size ` we can
formally define its width as the mean quadratic displacement over this portion :

W 2
u (`) =

〈(
u− 〈u〉

)2〉 = 〈u2〉 − 〈u〉2 (3.1.1)

where 〈...〉 denotes the spatial average over the portion considered. For a line we have 〈u〉 =
`−1 ∫ `

0 u(x)dx. W 2
u (`) can fluctuate depending on the portion considered and the realization of

the disorder. To get rid of the fluctuations we must take the average over the disorder :

W 2(`) = W 2
u (`) (3.1.2)

where ... denotes the average over the disorder. W (`) represents the average transversal displace-
ment, or average width, of a portion of the interface of size `. The first definition of the roughness
exponent, already given in equation (1.1.1), is the scaling relation :

W (`) ∼ `ζ . (3.1.3)

Besides taking the average over disorder, the whole probability distribution of W 2
u (`) has also

been studied and used to determine the value of ζ [66, 91].

Structure factor The second definition is used in analytical works and is also well-suited for
the analysis of experimental or numerical data. Within this definition, ζ characterizes the power
law decay of the structure factor :

Sq := uqu−q = |uq|2 ∼ q−(1+2ζ) , (3.1.4)

where uq is the Fourier Transform of the interface position u(x). It was for instance used in [52,
53, 92] and I also use it in chapter 4 to measure the roughness exponents for several values of the
range parameter α.

Spatial correlations of the displacement field A third definition uses the correlation func-
tion of the interface displacement :

C̃(x) := 〈
(
u(x)− u(0)

)2〉 ∼ x2ζ̃ . (3.1.5)

This definition is not completely equivalent to the previous ones. Especially it cannot yield a
roughness exponent greater than one. To see this point we use that u(x)− u(0) =

∑x−1
y=0 ∆y with

∆y = u(y + 1)− u(y) and write

C̃(x) =
x−1∑
y1=0

x−1∑
y2=0
〈∆y1∆y2〉 (3.1.6)

and notice that on average

〈∆y1∆y2〉 ≤ 〈∆2
y1〉 = C̃(1) . (3.1.7)

This shows that C̃(x) is bounded by x2C̃(1) which prevents from measuring a roughness exponent
greater than one. Nevertheless numerical results suggest that ζ̃ = ζ if ζ < 1 ([38] and references
therein). This definition was used for instance in [93].
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Figure 3.1: Image from [94]. Connected spatial correlation function of the velocity Cv(x) (3.1.9)
for different values of f − fc. The inset shows the correlation length ξ extracted from fits with the
functional form (3.1.10). The correlation length exponent ν is determined by a fit of the formula
ξ ∼ (f − fc)−ν .

3.1.2 Correlation length exponent, velocity exponent and dynamical exponent

The correlation length exponent ν, velocity exponent β and dynamical exponent z are linked
together with the roughness exponent ζ via two scaling relations derived in section 1.4 and that
I recall here :

ν = 1/(α− ζ) , β = ν(z − ζ) . (3.1.8)

The measurement of a single exponent, or of a single function of them (e.g. ζ/z), along with
the knowledge of the exponent ζ is therefore sufficient to determine all values. If an additional
exponent is measured, it allows to prove the consistency of the measurements. In this section I
present different methods that give access to these exponents. The first one relies on the spatial
correlations of the velocity field and directly inspired the new method that I describe in section
3.2.

Correlation length of the velocity field One of the methods to measure the correlation
length exponent ν relies on the connected spatial correlation function of the local velocity field :

Cv(x) := 〈v(x, t)v(0, t)〉c = 〈
(
v(x, t)− v

) (
v(0, t)− v

)
〉 = 〈v(x, t)v(0, t)〉 − v2 , (3.1.9)

where v = 〈v(x, t)〉 is the mean velocity of the line, averaged over both space and time. In [94]
the authors performed a numerical simulation of the dynamics of a line with SR elasticity and
computed the function Cv(x). Their plot of this function is shown in figure 3.1. Since the motion
of the line is correlated on domains of size up to ξ ∼ |f−fc|−ν one can expect that the correlation
function Cv(x) decays fast for x > ξ. The authors thus fitted the correlation function with the
functional form

Cv(x) ∼ x−κe−x/ξ . (3.1.10)

This fit gives a value of ξ that depends on the external force f . Repeating the operation for
several values of f − fc the authors could fit the power law ξ ∼ |f − fc|−ν which gave a value of
the exponent ν = 1.29± 0.05 for SR elasticity (see inset in figure 3.1, this value is a bit smaller,
but coherent within the range of uncertainty, than two other determinations that will be given
below). In this work the value of the exponent κ did not converge and it was assumed to be
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non-universal. In 3.2 I will present the universal scaling form of the correlation functions of the
velocity field and show that κ is actually a universal exponent that is related to the exponents β
and ν.

Initial growth of the interface width The scaling relation (3.1.3) tells us that in the steady-
state regime, the width of a portion of interface of lateral extension ` scales as W (`) ∼ `ζ . If
a simulation, or an experiment, starts from an initial flat configuration (where W (`) = 0) at
t = 0 there must be a transient regime during which the width of the interface grows. The
dynamical exponent, along with the roughness exponent characterizes this growth at early time :
W (t, `) ∼ tζ/z [95]. The growth of the interface eventually saturates at `ζ at a time t∗ which is
such that t∗ζ/z = `ζ , i.e. t∗ = `z . The growth of the interface width has been experimentally
measured on the Oslo experiment yielding a growth exponent ζ/z ' 0.5 [96]. This value is in
agreement with a later numerical simulation of an elastic line with LR elasticity, with α = 1,
where a value ζ/z = 0.495± 0.005 was measured [93]. Altogether with the value of the roughness
exponent ζ = 0.388± 0.002 [31], this gives a value for the dynamical exponent z = 0.770± 0.005.

Short-time dynamics In [97] the authors achieved a precise numerical determination of the
SR elasticity exponents by studying the non-steady short-time dynamics of the line. Drawing
on the knowledge about equilibrium phase transition, they show that, near the critical point
f = fc, the velocity of an initially flat interface with infinite velocity initial condition relaxes as
v(t) ∼ t−β/(νz). The exponent characterizing this relaxation is related to the growth exponent via
the scaling relation (3.1.8) : β/(νz) = 1 − ζ/z. In their simulations the authors measured both
exponents and found β/(νz) = 1−ζ/z = 0.128±0.003. They also measured ζ = 1.250±0.005 using
the structure factor (3.1.4). It enabled them to give a full set of precise values : z = 1.433±0.007,
ν = 1.333± 0.007, β = 0.245± 0.006.

Finite-size scaling The critical force fc at which the depinning transition occurs is unam-
biguously defined in the thermodynamics limit. However, for finite-size samples fc can fluctuate
between different samples. The fluctuations decrease when the size L of the sample is increased
and are characterized by a finite-size scaling exponent νFS [98] which satisfies the exact bound
νFS ≥ 2/(d+ ζ) :

σ2
fc =

(
fsmplc − fsmplc

)2
∼ L−2/νFS (3.1.11)

where f smplc is the critical force of a given sample and ... denotes the average over many samples.
It has been theoretically expected that νFS = ν [9, 12, 99]. In [100] the finite size scaling exponent
was numerically measured νFS = 1.33 ± 0.01. This value is in agreement, within the range of
uncertainty, with the values measured later in [94] and in [97].

Direct fit of the velocity-force characteristics Finally the velocity exponent β can be
obtained by fitting the velocity-force characteristics near the critical point with the power law
v ∼ (f − fc)β. It has been implemented in numerical simulations, giving values β = 0.33 ± 0.02
for SR elasticity [94] and β = 0.625± 0.005 for LR elasticity for α = 1 [93]. This method requires
to know the mean velocity v of the interface, the applied external force f and the critical force fc.
The knowledge of at least one of these quantities is often lacking in experiments, so that applying
this method requires dedicated work. This has been achieved in Ref. [101] where all quantities
have been measured during the failure of Botucatu sandstone specimens. The author obtained
the velocity-force characteristics both in the thermal regime below fc and in the depinning regime
above fc where a fit led to an exponent β ' 0.80.
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3.1.3 Characterizing the avalanches

Besides measuring the standard critical exponents of the depinning transition, other works dealt
with characterizing the avalanches. The initial and natural method was to measure the avalanche
size and avalanche duration exponents, τ and α̃. Then new methods were proposed based on the
universality of the temporal avalanche shape.

The most common way to define avalanches rely on the study of the center-of-mass velocity
signal v(t) as a function of time. Avalanches are defined as the periods where the center-of-mass
velocity signal v(t) exceeds a threshold vth. The duration T of the avalanche is the time period
where v(t) stays above vth and the avalanche size S is the integral of the difference between the
signal and the threshold over this period, S =

∫ t0+T
t0

(
v(t)− vth

)
, where t0 is the starting time of

the avalanche. The definition of S and T is illustrated in the left panel of figure 3.1.4. The use
of a finite threshold vth > 0 is necessary because in experiments the interface is driven at a finite
mean velocity.

Avalanche size and duration exponents

Once avalanches are defined, the statistics of the size and duration can be computed over a large
number of avalanches and the probability distributions P (S) and P (T ) can be experimentally
measured. The critical exponents τ and α̃ are then determined by fitting the power law part of the
distributions. This method has been applied with success in Barkhausen noise experiments [50]
(already discussed in section 2.1). The experiments yield two distinct sets of values, depending on
the material used. The experimental values were found to be in agreement with numerical values
obtained from simulations of two-dimensional (d = 2) interfaces with different elastic interactions.
The first set of values (τ = 1.5± 0.05., α̃ = 2± 0.2) correspond to LR elasticity with α = 1 while
the second one (τ = 1.27± 0.03, α̃ = 1.5± 0.1) is consistent with SR elasticity. This showed that
there are two distinct universality classes within the Barkhausen noise experiments.

Avalanche shape

Besides the power law distributions of S and T and the exponents defined in chapter 1, an
observable that has been the focus of many works is the temporal shape of the global velocity
signal v(t) averaged over many avalanches ([102, 103] and references therein). In order to compare
between many avalanches the time must be properly rescaled. It is natural to rescale by the
avalanche duration T , which gives the average avalanche shape at fixed duration 〈v(t|T )〉 [102,
103]. More recently the average avalanche shape at fixed avalanche size was also introduced and
characterized [34, 51].

In Ref. [102] it has been shown by a renormalization group argument that upon proper rescal-
ing of a few quantities (namely the avalanche duration T , the curvature of the harmonic con-
finement m2 (see equation (1.2.2)) and the mean velocity v) the average avalanche shape at
fixed duration should have a universal scaling form. The authors solved the mean-field ABBM
model in the limit m2 → 0, v → 0 and found that the average shape is an inverted parabola
〈v(t|T )〉 ∼ t(1− t/T ). Their prediction is in very good agreement with a Barkhausen experiment
on a thin film of permalloy for which the mean-field description is expected to be valid (the
interface has long-range elasticity α = 1 and internal dimension d = 2 hence d = 2α = duc).

A general empirical scaling form beyond mean-field has been then proposed in Ref. [103]. The
authors showed that it essentially depends only on the exponent γ that characterizes the scaling
between the size and duration of an avalanche (〈S〉T ∼ T γ). Scaling arguments led the author to
propose the following scaling form :

〈v(t|T )〉 = T γ−1
[
t

T

(
1− t

T

)]γ−1 [
1− a

(
t

T
− 1

2

)]
, (3.1.12)
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Figure 3.2: Average avalanche shape in the Oslo crack front experiment. Image from [103]. The
green dots with statistical error bars are the experimental measurements. The green line is a best
fit of equation (3.1.12) with γ = 1.74 and a = 0. The scaling form for mean-field (dash-dotted black
line, γ = 2) and the symmetrized form (a = 0) for SRE (dashed red line, γ = 1.56) are also shown.

where a is a parameter that quantifies the asymmetry of the shape. If a = 0 the shape is symmetric
(i.e. 〈v(t|T )〉 = 〈v(T − t|T )〉). The introduction of an asymmetry parameter was justified because
in general, and in particular in non mean-field models, the internal dynamics of the avalanche
violates time-reversal symmetry. For a mean-field model γ = 2 and, if the shape is symmetric
(a = 0), the scaling form (3.1.12) becomes an inverted parabola, in accordance with the prediction
from [102]. The authors from [103] found an excellent agreement between the scaling form (3.1.12)
and shapes obtained from simulations for different values of the elasticity. In particular for α = 1
the best fit gives a value of γ = 1.79± 0.01 and an asymmetry factor a = 0.021. The value of γ
is in agreement with the value γ = 1.80 given by the scaling relation γ = (d+ ζ)/z with ζ = 0.39
and z = 0.77. They applied the method on the Oslo crack front experiment. The best fit gives
a value γ = 1.74 ± 0.08 which is more precise and closer to the theoretical prediction than the
value obtained from a direct fit 〈S〉T ∼ T γ that yields γ = 1.67± 0.15.

More recently the functional renormalization group allowed to obtain more precise analyti-
cal predictions that go beyond mean-field theory and empirical scaling forms. The full scaling
functions of the avalanche size versus avalanche duration (〈S〉T = g(T )) and of the avalanche
shape at fixed duration or at fixed avalanche size have been predicted [34, 104, 105, 106, 107]. It
shows that the form (3.1.12) is good but not exact, as the factor

(
1− a(t/T − 1/2)

)
is replaced

by a universal function obtained in [34]. These quantitative predictions were accurately tested
on Barkhausen noise experiments [51] with LR and SR elasticity by reanalyzing the experiments
from [50]. The very good fits with the short-range samples provided a reliable test of the theory
beyond mean field.

3.1.4 Experimental difficulties

Several difficulties, intrisic to experiments, can complicate the analysis of experimental signals
and are susceptible to affect the measurements of critical exponents. These difficulties can concern
the global velocity signal v(t) as well as the local velocity signal v(x, t).

Difficulties with the global signal

Thresholding the signal Experimental signals are affected by finite threshold that have dif-
ferent origins. First, experimental apparatus often have a finite sensitivity and do not record
any signal below a certain threshold. Second, the numerization of an analogic signal induces an
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Figure 3.3: Left : An avalanche is defined as a continuous period during which the center-of-mass
velocity signal v(t) exceeds a threshold vth (thin grey line). Here vth = 0.10µm.s−1. Right : With
the use of a threshold v′th = 0.11µm.s−1 instead of vth = 0.10µm.s−1 one obtains six consecutives
avalanches instead of a single one. The velocity signal shown here corresponds to the d’Alembert
experiment in the regime of mean velocity v = 0.13µm.s−1.

Figure 3.4: The signal studied in [103] is the mean velocity of segments of the interface of lenght
200µm . Image from [103].

intrisic threshold. Finally a larger threshold is often imposed to substract noise signal or a finite
background activity level. The latter case arises in all avalanche experiments where the system
is driven at a finite velocity and avalanches are defined with respect to a threshold value of the
signal, vth > 0. This causes an important issue: if the threshold is too large, a single avalanche
may be interpreted as a series of seemingly distinct events, while if it is too small subsequent
avalanches can be merged into a single event. The sensitivity of the definition of avalanches with
respect to the threshold is illustrated in figure 3.1.4. This raises the question of the robustness
of the measurement of avalanche exponents or avalanche shapes with respect to the threshold.

In Ref. [14] the authors identify two main perils of a too high thresholding, based on numerical
simulations and data from the Oslo crack front experiment. The first one is that events appear
to be time-clustered with a power law distribution of the waiting times between two consecutive
events whereas if the events where uncorrelated, as it is expected, the waiting times should be
distributed exponentially. The second one is that the scaling exponent of observables might
be affected by the threshold (this was already observed in [108] for the duration exponent α̃).
Especially the exponent γ relating the avalanche size and duration (〈S〉T ∼ T γ) decreases when
the threshold is increased. The exponential distribution of waiting times and the correct value
of γ are recovered when the threshold value is much smaller than the mean velocity of the line
(vth � v) while the number of events is maximized when vth ≈ v.

Choosing the right interface size In the thermodynamic limit the center-of-mass velocity
v(t) of an interface driven at finite velocity should be constant v(t) ≡ v. The bursts in v(t)
observed in experiments or numerical simulations are a consequence of the finite size of the

41



system. In a large system the drive can trigger in a very short time interval two avalanches at
different spatial locations. These avalanches are distincts but overlap in the center-of-mass signal
v(t) leading to a seemingly larger avalanche. Defining avalanches therefore requires to have an
interface that has the ”right size”. For instance in [103] the signal v(t) is defined for portions of
the front of length 200 µm (see figure 3.1.4). This value is two times higher than the velocity
correlation length which was previously estimated to be ξv ' 100 µm by fitting the spatial velocity
correlation function in [59]. The scale chosen is thus larger than the expected avalanche maximal
extension but not by much, so it minimizes the risk of avalanches overlapping. This process also
allows to increase the statistics. Since the observed length of the crack front is 6.72 mm, 33
independent velocity signals can be extracted from one experiment (6.72/0.2 = 33.6). Note that
this process requires to know the local velocity field in order to determine the velocity correlation
length

Difficulty with the local signal v(x, t) : Reconstructing avalanches

In wetting front or crack front propagation, such as the Oslo experiment, one has access not
only to the global but also to the local velocity signal v(x, t). Local events can therefore be
defined by thresholding the local velocity signal. This, of course, raises the same issues as the
thresholding from the global signal discussed above. A second problem is that the events defined
by thresholding the local signal are differents from the avalanches obtained by thresholding the
global signal. In Ref. [57] the distribution of the size of local events was found to follow a power
law with an exponent τc = 1.7 ± 0.1 wich is much higher than the scaling prediction for the
avalanche size exponent (1.4.9) τ = 2 − α/(d + ζ) = 1.28 for the elastic line with long-range
elasticity and α = 1. Indeed the events defined by thresholding the local velocity signal are not
avalanches but clusters of activity that belong to larger avalanches. The exponent measured is
thus the exponent of the cluster size distribution [56]. Measuring the avalanche size would require
to reconstruct the avalanches, that is to determine which events belong to the same avalanche.
This is a difficult task that has not been achieved yet. This issue of reconstructing avalanches can
nevertheless be bypassed if one is able to relate the cluster exponent τc to the global avalanche
τ . This enterprise has been initiated in [56] and we complemented it in a recent publication that
will be the subject of chapter 4 [5].

3.2 A novel method based on the universal scaling of
the local velocity field

In the publication [4] we proposed a new method to determine determine the universality class
of a system in simulations and experiments where the local velocity field is accessible. This new
method does not require to define avalanches thus bypassing the problems just mentionned in
section 3.1.4. Especially no thresholding of the acquired signal is needed (but an intrisic threshold
when acquiring the data remains). It is based on the two-point spatial and temporal correlations
of the velocity field, two quantities that are easy to compute once the local velocity field is known.
The spatial correlation function has already been studied for the SRE line in Ref. [94](see section
3.1.2). The authors showed that a correlation length ξ and the exponent ν can be extracted
from this function. They also found that the exponent κ characterizing the short scale decay of
the correlation function is non-universal. However if the depinning transition is really a critical
phenomenon, we expect the correlation functions of the order parameter, i.e. the velocity, to have
a universal scaling form, as it it the case for the correlation function of the magnetization in the
Ising model [6].

In this section I establish the universal scaling form of the spatial and temporal correlations
functions of the velocity and show the agreement with both numerical simulations and data from
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the d’Alembert crack experiment.

3.2.1 Scaling forms of the correlation functions

I start by establishing the scaling forms of the correlation functions using scaling arguments for
the short-scale behaviors and an effective Langevin equation for the large-scale behaviors. Since
it is often the mean velocity and not the force that is imposed in experiments we choose to work
with a driving velocity vd. It is implemented analytically by taking the external force (1.2.2) to
be f(x, t) = m2 (vdt− u(x, t)

)
. In the stationary regime the global velocity of the line averaged

over time and space is equal to the driving velocity : v = vd. Let us write explicitly the equation
of motion that we study in this section :

v(x, t) = ∂tu(x, t) = m2 (vdt− u(x, t)
)

+
∫
u(y)− u(x)
|y − x|1+α + η

(
x, u(x, t)

)
, (3.2.1)

where η(x, u) denotes the quenched disorder force and we use the LR elastic kernel (1.2.9) for
the elastic force. The elastic coefficient and the friction coefficient are set to equal to one for the
sake of simplicity.

We expect the spatial correlation function Cv(x) and the temporal correlation function Gv(τ)
to have the following scaling forms :

Cv(x) := 〈
(
v(0, t)− vd

) (
v(x, t)− vd

)
〉 = 〈v(0, t) v(x, t)〉 − v2

d = v2
d F

(
x

ξv

)
, (3.2.2)

Gv(τ) := 〈
(
v(x, t)− vd

) (
v(x, t+ τ)− vd

)
〉 = 〈v(x, t) v(x, t+ τ)〉 − v2

d = v2
d G

(
τ

t∗

)
. (3.2.3)

where F and G are universal functions. The brackets 〈...〉 denote an average over both time and
space which, by ergodicity, is equivalent to the average over disorder. The presence of the factor
v2
d in front of the universal functions ensures the homogeneity of the equations. The proposed

scaling forms rely on the existence of a single characteristic scale :

ξv ∼ v−ν/βd , (3.2.4)

called the correlation length at finite velocity. Its scaling arises from the combination of the
scalings of the velocity vd = v ∼ (f − fc)β and of the correlation length ξ ∼ (f − fc)−ν . The
dynamical exponent z then gives a naturally associated correlation time :

t∗ ∼ ξzv ∼ v
−νz/β
d . (3.2.5)

Besides ξv there are three other lengths in the system :

• a the size of a pixel,

• L the total length of the line,

• `m ∼ m−2/α the characteristic length induced by the harmonic confinement and beyond
which the interface is flattened.

In order for our scaling assumptions to hold ξv must be the limiting length scale and so must be
smaller than `m and L. It must also be larger than the pixel size a if we want to detect the small
scale behavior. Finally critical behaviors are visible only in systems whose size can be considered
to be infinite. This means that L must be larger than `m. Otherwise the scaling form would be
blurred by finite size effects. Therefore the four lengths must be ordered as follows :

a� ξv � `m � L . (3.2.6)
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Figure 3.5: Velocity of two points close to each other along the line. The velocity is rescaled by the
driving velocity vd. Each point has a very intermittent velocity and they are correlated. The data
are issued from the d’Alembert crack experiment.

In the following subsections I derive the asymptotic forms of F(y) and G(y) via a scaling
analysis based on the existence of a unique correlation length and a unique correlation time
when vd is small. Below the scales ξv and t∗ we expect to find a critical behavior governed by
the exponents of the depinning transition. Above these scales we should recover the large force
(equivalent to high velocity) behavior.

Scaling argument for the critical behaviors

The figure 3.5 shows the velocities of two points close to each other along the line in the d’Alembert
crack experiment. When the drive is slow, vd � 1, the local velocity is very intermittent : during
avalanches it takes values of order vmax independent of vd and it is almost zero during quiescence
periods. In order for the mean velocity to be equal to vd, the realizations of values of order vmax

arise with a probability proportional to vd. The main contribution to the spatial correlations
Cv(x) comes from the realizations for which both v(0, t) and v(x, t) are of order vmax. The
expectation of v(x, t) conditioned by v(0, t) being of order vmax has a universal scaling form :
〈v(x, t)|v(0, t) ∼ vmax〉 = vdH(x/ξv). Once again the factor vd ensures the homogeneity of the
equation. In order to have a finite expectation when vd → 0 we must have H(y) ∼ y−β/ν when
y → 0. Hence for x� ξv we have :

Cv(x) ∼ vd × 〈v(x, t)|v(0, t) ∼ vmax〉 ∼
x�ξv

v2
d

(
x

ξv

)−β/ν
. (3.2.7)

The same reasoning gives the small scale asymptote of the temporal correlation function. We have
the universal scaling form of the conditional expectation 〈v(x, t+ τ)|v(x, t) ∼ vmax〉 = vdH̃(τ/t∗)
and the requirement of this expectation to be finite when vd → 0 implies that H̃(y) ∼ y−β/(νz)

when y → 0. Thus at small time, τ � t∗, the temporal correlation function reads :

Gv(τ) ∼ vd × 〈v(x, t+ τ)|v(x, t) ∼ vmax〉 ∼
τ�t∗

v2
d

(
τ

t∗

)−β/(νz)
. (3.2.8)
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Note that the last terms in (3.2.7) and (3.2.8) scale as vdx−β/ν and vdτ−β/(νz) respectively. Hence
the correlation functions Cv(x) and Gv(τ) are of order vd in this regime.

Thermal approximation for the large scale behaviors

For the purpose of computing the large scale behaviors of the correlation functions it is convenient
to rewrite equation (3.2.1) in the comoving frame : u(x, t)→ vdt+u(x, t). The disorder term then
becomes η

(
x, vdt+ u(x, t)

)
. To describe large scales x > ξv or τ > t∗, a reasonable approximation

is to use an effective model where the disorder is replaced by a white noise. Its correlations read
:

〈η
(
0, u(0, 0)

)
η
(
x, vdτ + u(x, τ)

)
〉 = δ(x)δ

(
vdτ + ∆u(x, τ)

)
(3.2.9)

where ∆u(x, τ) := u(x, τ) − u(0, 0). For simplicity the coefficient in front of the delta functions
in (3.2.9) is set to unity (which can always be done by a choice of units). At large length scale
x > ξv the correlation is zero because of the term δ(x). At large time scale, we see by dimensional
analysis that1 ∆u ∼ τ ζ/z. Hence vdτ/∆u ∼ (t∗)−β/(νz)τ1−ζ/z ∼

(
τ/t∗

)β/(νz). So at large time
scale, τ > t∗, ∆u(x, τ) is subdominant compared to vd τ . On large scales the disorder can thus
be replaced by an effective thermal noise η(x, vdt) and the equation of motion (3.2.1) becomes a
Langevin equation :

∂tu(x, t) = −m2u(x, t) + η (x, vdt) +
∫
u(x′, t)− u(x, t)
|x′ − x|1+α dx′ , (3.2.10)

∂tû(q, t) = −m2û(q, t) + η̂ (q, vdt)− |q|αû(q, t) = −b(q)û(q, t) + η̂ (q, vdt) . (3.2.11)

where b(q) = m2 + |q|α and η̂ (q, vdt) is the Fourier Transform of η(x, vdt) with respect to the first
variable only. The Fourier transformation from equation (3.2.10) to (3.2.11) holds for 0 < α < 2.
Note that equation (3.2.11) with α = 2 corresponds to short-range (SR) elasticity (see section
1.2.2). It is a first order linear differential equation and its solution reads :

û(q, t) =
∫ t

−∞
e−b(q)(t−t

′)η̂(q, vdt′)dt′ . (3.2.12)

With this solution we can compute the general two-point correlation function, which we denote
C(x, τ), that depends on both time and space. It can be written as a Fourier transform :

C(x, τ) := 〈∂tu(y, t)∂tu(y + x, t+ τ)〉 =
∫
dq1dq2
(2π)2 e

iq1yeiq2(x+y)〈∂tû(q1, t)∂tû(q2, t+ τ)〉 . (3.2.13)

We can compute the correlation term in Fourier space by plugging in

∂tû(q, t) = η̂(q, vdt)− b(q)
∫ t

−∞
e−b(q)(t−t

′)η̂(q, vdt′)dt′ (3.2.14)

with the noise correlations

〈η̂(q1, vdt1)η̂(q2, vdt2)〉 = 2πδ(q1 + q2)δ(t1 − t2)/vd . (3.2.15)

The result is :

〈∂tû(q1, t)∂tû(q2, t+ τ)〉 = 2πδ(q1 + q2)
vd

(
δ(τ)− b(q2)e−b(q2)τ + b(q1)b(q2) e−b(q2)τ

b(q1) + b(q2)

)
.

(3.2.16)

1This comes from the combination of τ ∼ xz and ∆u ∼ xζ .
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Performing one integral over q, equation (3.2.13) now reads :

C(x, τ) = 1
vd
δ(x)δ(τ)− 1

2vd

∫
dq

2πe
iqxb(q)e−b(q)τ . (3.2.17)

The first term is local and originates from the delta function approximation to the noise, and
represents the correlations at short scales, not described accurately by the present effective model.
The large scale behavior is described by the second term, on which we now focus.

The integral in (3.2.17) is easily computed for α = 1 which is the case of most interest since
it describes physical systems. Setting the mass to zero we find, at large scales x > ξv or τ > t∗v,

C(x, τ) ' 1
2vd

∂τ

∫
dq

2πe
iqxe−|q|τ = 1

2πvd
∂τ

τ

x2 + τ2 = 1
2πvd

x2 − τ2

(x2 + τ2)2 (3.2.18)

Spatial correlations To obtain the spatial correlations, we set τ = 0. For α = 1 we find the
decay

Cv(x) '
x�ξv

1
2πvd

1
x2 (3.2.19)

To extend this result to general 0 < α ≤ 2 we start from the second term of (3.2.17) where τ
is set to 0. The Fourier transform of |q|α is regularized by introducing a factor e−ε|q| and then
taking the limit ε→ 0 at the end. Using∫

dq

2πe
iqx−ε|q||q|α = Γ(1 + α)

π(ε2 + x2)
1+α

2
cos

(
(1 + α) arctan

(
x

ε

))
, (3.2.20)

we find the general result :

Cv(x) '
x�ξv

Γ(1 + α) sin
(
πα
2

)
2πvd

1
x1+α for α < 2 . (3.2.21)

Short-range elasticity For short-range elasticity (α = 2) the prefactor in (3.2.21) vanishes,
and the large distance decay is not a power law anymore within this model, but is much faster.
One can obtain some qualitative idea by considering a model with a finite correlation length along
x, e.g. replacing δ(x)→ e−

|x|
` . The disorder correlator then becomes :

〈η̂(q1, vdt1)η̂(q2, vdt2)〉 = 2`
1 + (q2`)2 (2π)δ(q1 + q2) δ(t1 − t2)

vd
. (3.2.22)

When computing the spatial correlation function in the limit m → 0, we obtain, discarding all
δ(τ) and δ(x) terms (i.e. assuming ` is the largest length) :

Cv(x) '
x�`
− 1
vd`

∫
dq

2πe
iqx (`q)2

1 + (`q)2 '
1

2vd`2
e−|x|/` , (3.2.23)

which is a rationale for the exponential decay observed in Ref. [94]. It is then reasonable to expect
that ` will be of order ξv. We emphasize that this is not an accurate calculation which would
require to account for more details about the renormalized disorder.

Temporal correlations We now turn to the temporal correlations. For α = 1 we set x = 0
and τ > 0 in (3.2.18) and obtain :

Gv(τ) '
τ�t∗

− 1
2πvd

1
τ2 . (3.2.24)
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For general α we set x = 0 and τ > 0 in the second term of (3.2.17) :

Gv(τ) '
τ�t∗

− 1
2vd

∫
dq

2πb(q)e
−b(q)τ '

τ�t∗
− e
−m2τ

2πvd

∫ ∞
0

dq(m2 + |q|α)e−|q|ατ

Gv(τ) '
τ�t∗

−
e−m

2τ (1 +m2ατ)Γ
(

1
α

)
2πvdα2

1
τ1+ 1

α

. (3.2.25)

In the limit m→ 0 this reduces to :

Gv(τ) '
τ�t∗

−
Γ
(

1
α

)
2πvdα2

1
τ1+ 1

α

. (3.2.26)

Before ending this section let us mention that the approach we used, based on replacing the
quenched noise with a velocity dependent thermal noise, does not allow to recover the correct
dependence on vd but only the large scale dependence on τ and x. Indeed, in the replacement
(3.2.9) we have not tried to be accurate : one could refine the model by multiplying by a prefactor
with the correct dimension, and appropriate dependence in velocity (which could in principle be
predicted by the functional renormalization group [10].)

Complete scaling forms

Collecting the results (3.2.7), (3.2.8) for the short scale asymptotes and (3.2.21), (3.2.26) for
the large scale tails we can write the full scaling forms (we recall that Cv(x) = v2

dF
(
x/ξv

)
and

Gv(τ) = v2
dG
(
τ/t∗

)
) :

F(y) ∼


y−

β
ν if y � 1 ,

y−(1+α) if y � 1 , for α < 2 ,
e−y if y � 1 , for SR elasticity (α = 2) ,

(3.2.27)

G(y) ∼

 y−
β
νz if y � 1 ,

−y−(1+ 1
α) if y � 1 , for α ≤ 2 .

(3.2.28)

In particular for α = 1 we have :

F(y) ∼
{
y−

β
ν if y � 1 ,

y−2 if y � 1 ,
(3.2.29)

G(y) ∼
{
y−

β
νz if y � 1 ,

−y−2 if y � 1 .
(3.2.30)

Note that at large distance, the decay of the spatial correlation function provides exactly the
range 1 + α of the elastic interactions. The negative sign in front of the large scale decay of the
temporal correlation function is the mark of anticorrelations : when the time delay τ > t∗ the
local velocity v(x, t+ τ) is likely to be low if v(x, t) was high, and to be high if v(x, t) was low.

The simplest explanation for this anticorrelation predicted in Gv(τ) is that it arises from the
alternance of avalanches and quiescience periods. Note that an anticorrelation was also predicted
between the sizes (and the velocities) of successive avalanches, and measured in numerics [109].
This prediction however was obtained in the quasistatic limit vd → 0 using the mass as a cutoff
and expressed as a function of the scaling variable Wmζ , where W = w2−w1, the first avalanche
being triggered at w1 and the second at w2. To make the connection to the present observation
more precise, and confirm whether it is part of the same phenomenon, one would need to extend
the result of [109] to zero mass and a finite vd, with W = vdτ corresponding to a time separation
τ .
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(a) Spatial correlations in the cellular automaton for driving velocities vd = 0.002 (blue), 0.01 (yellow),
0.05 (green), 0.1 (red) and 0.3 (purple). Main panel : A perfect collapse is observed using the scaling
form (3.2.2). The asymptotic behaviors (3.2.29) are verified. In particular, going at large distances the
decay y−2 of the elastic interaction is recovered while at small distances the critical behavior β/ν ' 0.385
is captured. From the crossover the length ξv is estimated to be ξv ' 0.07 v−ν/β

d . Inset : Nonrescaled
correlation function Cv(x). System size : L = 4096, mass: m2 = 10−3.

(b) Temporal correlations in the cellular automaton for driving velocities vd = 0.02 (blue), 0.05 (yellow),
0.1 (green) and 0.3 (red). Main panel : The scaling form (3.2.3) and the asymptotic behaviors (3.2.30)
are verified. In particular at large time we observe anticorrelations while at small time the depinning
behaviour y−β/(νz) is recovered (β/(νz) ' 0.500). Inset : Zoom on the anticorrelation. For α = 1 the
expected decay is 1/y2. System size : L and m range from L = 2048, m2 = 10−3 (vd = 0.3) to L = 32768,
m2 = 10−4 (vd = 0.02).

Figure 3.6: Correlation functions in the simulation.
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3.2.2 Numerical model : a cellular automaton

In order to test the scaling predictions I implemented a cellular automaton simulation of equation
(3.2.1). The three variables u, x and t are integer and we assume periodic boundary conditions
(PBC) along x which takes values ranging from 0 to L− 1. The local velocity is defined as :

v(x, t) = θ

m2 (w0 + vdt− u(x, t)
)

+
∑
x′

u(x′, t)− u(x, t)
|x′ − x|2

+ η
(
x, u(x, t)

) , (3.2.31)

θ being the Heaviside function. Here the quenched disorder pinning force η should be negative
and uncorrelated. In practice, I take identical and independent variables whose distribution is
the negative part of the normal law. At each time step all the points feeling a positive total force
jump one step forward, u(x, t + 1) = u(x, t) + 1, while the other points - which feel a negative
force - stay pinned. Then the time is incremented, t → t + 1, and the forces are recomputed :
new pinning forces are drawn for the jumping points, the elastic force is updated by using a Fast
Fourier Transform (FFT) algorithm and the driving force is incremented by m2vd. I give more
details about the computation of the elastic force in appendix B.

The simulation start from a flat line with f(x, t) = 0. The driving force is first incremented
by an amount m2w0 such that the line moves enough to forget the initial flat configuration (as
assured by the third Middleton theorem) and reaches a random critical configuration characterized
by the depinning roughness exponent ζ. Then I turn on the dynamics (the time t starts to be
incremented and w0 is replaced by w0+vdt) and wait until reaching the steady state (characterized
by v = vd) before computing the correlation functions.

The results are shown on figure 3.6. Figure 3.6a shows the spatial correlations for driving
velocity ranging from vd = 0.002 to vd = 0.3. The inset shows the correlation functions before
rescaling. In the main panel the correlation functions have been rescaled using the scaling as-
sumption (3.2.2). They perfectly collapse on a main curve corresponding to the scaling form
F(y) given in equation (3.2.29), confirming the predicted asymptotes. In particular the decay in
1/x2 is the fingerprint of the long-range nature of the elasticity. It also confirms that a unique
correlation length ξv controls the dynamics. The value of the small scale exponent is β/ν = 0.385.

The temporal correlations are shown on figure 3.6b. Driving velocities range from vd = 0.02
to vd = 0.3. In order to visualize the anticorrelations on a log-log scale I do not plot Gv(τ) but(
Gv(τ) + v2

d

)
/v2
d. The parts of the curves below 1 correspond to anticorrelation. Once again

the curves rescaled using equation (3.2.3) collapse on a unique main curve corresponding to the
scaling form (3.2.30). The exponent β/(νz) ' 0.50 at small scale is recovered. It is remarkable
that the power law behavior y−β/(νz) holds for the non connected function G(y)+1 until the time
when anticorrelation appears. The inset shows the power law decay 1/τ2 in the anticorrelation
regime.

3.2.3 Experiments

I also analyzed data issued from the d’Alembert experiment presented in section 2.2. Here I first
present the results for the correlation functions Cv(x) and Gv(τ). The curves corresponding to
different driving velocities are collapsed using a different rescalings than the ones predicted in
equations (3.2.2), (3.2.3). In a following subsection I explain how this difference arises from the
visco-elastic behaviour of the silicone substrate used in the d’Alembert experiment.

The local crack velocity is computed using the methodology of the Waiting Time Matrix
(WTM) introduced in Ref. [57]. We count the number of frames during which the front stays inside
each pixel which provides the waiting time in this pixel. Doing so for every pixel we obtain the
WTM of the image. The local crack speed in a pixel of coordinate (x, y) is v(x, y) = p/WTM(x, y)
where p = 34.7 µm is the pixel size. The position of the front of an abscisse x at time t is obtained
by summing the waiting times along x until the sum reaches t. I give more details about the
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method in appendix C. Two different driving velocity regimes are tested : v1 = 132 ± 3 nm.s−1

and v2 = 31± 1 nm.s−1. The resulting correlation functions are shown on figure 3.7.
The plot of the spatial correlation function confirms the large distance decay as 1/x2 cor-

responding to the range of the elasticity. This is an experimental confirmation that the elastic
kernel of the crack front is long-range in this experiment as predicted in Ref. [61]. The x-axis
has been rescaled by the defect size d0 = 100 µm. At variance with the numerical simulation,
rescaling with a power of vd was not necessary to obtain a collapse of the two curves. This rather
counter-intuitive behavior is explained by the fact that the silicone substrate is not perfectly
elastic but visco-elastic. This induces a velocity dependence of the material toughness (or equiv-
alently of the disorder pinning force) [110] and varying the driving velocity does not change the
distance to the critical point. I return to this point at the end of this section. For both velocities
the large scale behavior breaks down below d0 for distances of 2-3 pixels but the expected small
scale behavior is not visible due to a lack of spatial resolution.

Regarding the temporal correlation function, a similar behavior as in the numerics is observed,
with a crossover from a power law decay to anticorrelation. The power law decay is consistent
with the depinning prediction Gv(τ) ∼ τ−β/νz. The two curves corresponding to the crack speeds
v1 and v2 are collapsed by rescaling the time axis by vd instead of t∗ = v

β/(νz)
d . As for the spatial

correlation this is explained by the velocity dependence of the pinning force that I discuss below.
Rescaling the time by vd allows to compare the distance travelled by the drive instead of the time.

Statistical significance of the anticorrelation. When we compute the correlation functions
Cv(x) and Gv(τ) from the experimental data we first obtain a very noisy curve, visible in the insets
of figure 3.7. In the main panels the curves are smooth because I took the average values over bins
of equal logarithmic size. Looking at the raw signal for the temporal correlations one might wonder
if the anticorrelation visible on the smoothened curve in the main panel is real or is an artifact due
to statitical noise. To discriminate I plot on figure 3.8 the histogram of v(x, t)v(x, t + τ)/v2

d for
all τ large enough so that the function Gv(τ) potentially has anticorrelation. The histograms are
clearly peaked below 1 for both driving velocities v1 and v2. The mean and median are respectively
0.983 and 0.951 for v1 and 0.944 and 0.896 for v2. This shows that the anticorrelation is real and
that the signal above 1 is due to the noise.

Impact of the visco-elasticity on the correlation length ξv

In the d’Alembert experiment a plexiglas plate of PMMA (polymethyl methacrylate) is detached
from a substrate made of PDMS (polydimethylsiloxane). The PDMS is not perfectly elastic
but displays a visco-elastic behavior. In this subsection I show how this behavior modifies the
equation of motion (2.2.12) derived for a crack front in section 2.2.1 and its consequence for the
correlation length ξv.

The main impact of the visco-elastic behavior is that the fracture energyGc defined in equation
(2.2.2) is not independent of the velocity anymore. Instead it shows a rather strong dependence
with crack speed [61, 110] :

Gc = Gc(u̇) '
(

1 + u̇

vc

)γ
, (3.2.32)

where vc and γ are material dependent parameters characterizing the energy dissipation process
occuring when the material is broken. In our experiment we have vc � v2 < v1 and γ ' 1/3 [61],
so that Gc(u̇) ∼ u̇γ in the range of crack speeds investigated. Hence the expansion for the fracture
energy in presence of impurities (see equation (2.2.8)) should be modified as follow :

Gc(x, u, u̇)
Gc(vd)

= 1 + δGc(x, u, vd)
Gc(vd)

+ γ

vd
(u̇− vd) . (3.2.33)
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(a) Spatial correlations in the experiment for driving velocities v1 = 132 nm/s (blue) and v2 = 31 nm/s
(red). Inset : Raw signal. Main panel : The signal has been smoothened at large x by averaging over
windows of equal logarithmic size. The large distance decay x−2 of the elastic interactions is observed.
Note that no rescaling of the x-axis was performed.

(b) Temporal correlations in the experiment for driving velocities v1 = 132 nm/s (blue) and v2 = 31 nm/s
(red) . Inset : Raw signal. Main panel : The signal has been smoothened by averaging over windows of
equal logarithmic size. The asymptotic predictions of (3.2.30) are verified : anticorrelation is observed at
large time and the depinning power law decay is recovered at short time. The time axis has been rescaled
by vd and thus corresponds to a distance.

Figure 3.7: Correlation functions in the experiment.
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The last term in (3.2.33) modifies the equation of motion (2.2.12) which becomes :(
1
cR

+ γ

vd

)
v = k

(
vdt− u(x, t)

)
− δGc

Gc
+ 1
π

∫
u(y)− u(x)
|y − x|2

dy (3.2.34)

where the constant γ has been absorbed in the loading. Equations (2.2.12) and (3.2.34) have the
same form but the mobility has been renormalized and is now µ =

(
1
cR

+ γ
vd

)−1
instead of µ = cR

in (2.2.12). In the experiment the driving velocity satisfies vc � vd � cR so that µ ' vd
γ .

Functional renormalization group calculations allow a more precise determination of the dy-
namical correlation length ξv than the scaling ξv ∼ v−ν/βd that I used in this chapter. It has been
shown that ξv depends not only on the driving velocity vd but also on the mobility µ [10] :

ξv = Lc

(
µfc
vd

) ν
β

, (3.2.35)

where Lc is the Larkin length and fc the critical force. For our experimental conditions the ratio
µ
vd
' γ−1 does not depend on vd so neither does ξv. This explains why rescaling the x-axis by

v
−ν/β
d was not necessary to collapse the spatial correlation functions. Tuning vd does not change
ξv and we cannot come closer to the depinning critical point.

The formula (3.2.35) being exact it allows to make a numerical estimation of the correlation
length. In Ref. [111] Lc and fc have been estimated to be Lc = d0/σ

2 and fc = σ2 where
σ2 =

〈
δG2

c

〉
is the variance of the toughness spatial fluctuations. In the d’Alembert experiment

the disorder is controlled and we have σ ' 1/2. A numerical application hence yields :

ξv ' 4d0

(3
4

)2.6
' 2d0 . (3.2.36)

This value is consistent with the breaking of the large scale behavior on figure 3.7a that occurs
at a distance of order d0. A priori we would expect the depinning prediction to hold when ξv is
large compared to the microscopic scale of the disorder. It is therefore remarkable that the power
law decay observed for the temporal correlation function in the experiment is consistent with the
depinning prediction τ−β/νz even if ξv is of the order of d0.

(a) (b)

Figure 3.8: Left : Histogram of v(x, t)v(x, t+τ) for driving velocity v1 = 132 nm/s and for τ > 3 in
rescaled units (this corresponds to the point where we start to have some signal below 1 on the right
panel) Right : Same histogram for driving velocity v2 = 31 nm/s and for τ > 2 in rescaled units.
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3.2.4 Comparison with previous results

The local velocity correlation functions Cv(x) and Gv(τ) have already been computed in previous
simulations and experiments. However the connection with the scaling forms (3.2.27) and (3.2.28)
was missing. In section 3.1.2 I already explain how the correlation function Cv(x) was used to
extract the scale ξv for an interface with short-range elasticity in Ref. [94]. The authors observed
an exponential cutoff but the small scale exponent β/ν was not predicted. On the experimental
side both the spatial and temporal correlation functions have been computed for the Oslo crack
experiment [59]. As for the d’Alembert experiment, the collapse of Cv(x) was obtained without
rescaling of the x-axis and the collapse of Gv(τ) was obtained by rescaling the time axis by vd. The
functions were found to scale as Cv(x) ∼ x−τx and Gv(τ) ∼ τ−τt with exponents τx = 0.53± 0.12
and τt = 0.43 a bit away from the depinning predictions β/ν ' 0.38 and β/(νz) ' 0.50. However
the fits were performed using exponential cutoffs at large distance and time which might affect the
effective exponents. Furthermore the anticorrelation in time was not observed. Regarding this
point one must note that standard log-log plot routines discard negative values. Anticorrelation
is thus invisible on a direct log-log plot of the connected correlation function2 Gv(τ). In order to
see the anticorrelation one must use alternative plots. This is why I plotted the non-connected
correlation function Gv(τ)/v2

d + 1 =
〈
v(x, t)v(x, t+ τ)

〉
/v2
d. It would be interesting to test how

far the behavior predicted in this chapter could capture the Oslo experiments, especially the small
x regime of the spatial correlations which was resolved in [59]. Finally let us note that Gjerden
et al. [112] computed the same correlation functions in simulations of a fiber bundle model that
mimics the presence of damages in front of the crack. Their model is expected to fall into the
depinning universality class with long-range elasticity [112]. They measured small scale exponents
τx = τt = 0.43 with cutoffs faster than exponential.

3.3 Conjecture for the correlation functions in plastic-
ity

In section 2.5 we saw that the avalanches of plastic events in amorphous materials near the
yielding transition share some common feature with the avalanches near of elastic interfaces near
the depinning transition. In amorphous materials the interactions are mediated by a kernel of
the form G(x) = G(|x|, φ) = cos(4φ)

π|x|d . By analogy with (3.2.27) I propose the following scaling form
for the spatial correlation function of the local plastic strain rate, γ̇(x, t) :

C(|x|, φ) := 〈γ̇(x, t)γ̇(0, t)〉c =
{
|x|−β/ν cos(4φ) if |x| < ξγ̇ ∼ γ̇−ν/β ,
|x|−d cos(4φ) if |x| > ξγ̇ ,

(3.3.1)

where γ̇ is the average global strain rate.

3.4 Conclusion
In this chapter I computed the scaling forms of the spatial and temporal correlation functions of
the velocity field for an elastic interface driven at finite velocity. Numerical as well as experimental
results confirm the predicted scaling forms. This is the first time that anticorrelation is predicted
and observed in depinning systems at finite drive. These findings open new perspectives for
the experimental study of disordered elastic interfaces. As the correlations of the local velocity
display universal features of the depinning even when the driving speed is finite, the critical
behavior can be investigated at intermediate distance from the critical point. This provides a

2This costed me three weeks searching for the anticorrelation in the experiment although I was expecting it.
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robust and efficient method to identify the universality class of the transition and to test the
relevance of specific depinning models. In particular the difficulty of correctly defining avalanches
before accessing the critical exponent is bypassed by this new method.

Finally it is important to remark that the scaling forms (3.2.2) and (3.2.3) are very general and
can be expected to be valid for all out-of-equilibrium transitions with avalanche dynamics. The
asymptotic forms (3.2.27) and (3.2.28) are also very general, as beyond ξv the spatial correlations
decay as 1/xd+α for a long-range model (d being the spatial dimension) and exponentially fast for
short-range elasticity. It would certainly be insightful to probe this behavior in various problems,
including those where the nature of the elastic interactions still needs to be deciphered, and
especially to test the conjecture (3.3.1) in the context of the yielding transition where avalanches
of plastic events are observed [85].
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Chapter 4

Cluster Statistics

Crack fronts, wetting lines and some domain walls are described by an elastic line with long-range
(LR) elasticity. A key feature of LR elasticity is that the motion of a portion of the interface can
trigger the instability of points at finite and even large distances while points in between remain
stable. Therefore avalanches can be made of multiple, spatially disconnected components called
clusters [56], even in the quasi-static limit. Clusters have been experimentally studied in the Oslo
experiment where the local velocity is accessible [57, 59]. The local velocity is known thanks to
the Waiting Time Matrix (see appendix C). It is defined in one pixel as

V (x, y) = p

WTM(x, y) , (4.0.1)

where p is the pixel size and WTM(x, y) is the time spent by the front in the pixel at location
(x, y). A binary matrix VC is then obtained by applying a treshold to the spatial velocity matrix :

VC(x, y) =
{

1 if V (x, y) ≥ Cv ,
0 if V (x, y) < Cv ,

(4.0.2)

where v is the mean velocity of the front and C is an arbitrary constant of the order of a few
unities. In the studies [57, 59] values of C ranging from 2 to 22 have been tested. In the first
study, the authors found that the cluster sizes follow a power law distribution with an exponent
τc = 1.7 ± 0.1 [57]. This value is much higher than the exponent for the global avalanche size
τ = 1.28. It was pointed out by Laurson et al. [56] that the events studied in [57] were clusters
and not global avalanches. Laurson et al. performed the first theoretical study of the cluster
statistics and proposed a scaling relation between the clusters and avalanches exponents :

τc = 2τ − 1 . (4.0.3)

This relation was argued based on scaling arguments and was supported by numerical obser-
vations. Indeed they run an automation simulation of the model and measured exponents
τ = 1.25±0.05 for the global avalanche sizes and τc = 1.53±0.05 for the cluster sizes. A neat ex-
perimental confirmation was brought one year later by Tallakstad et al. [59] when they measured
τc = 1.56± 0.04 on the Oslo experiment, a value in perfect agreement with the conjecture (4.0.3)
and the theoretical value τ = 1.28 (which comes from the scaling relation τ = 2−α/(d+ ζ) with
the best numerical determination ζ = 0.39 [31]).

We completed this study and critized the argument in a recent publication [5] which is the
subject of this chapter. Using an automaton model, I performed extensive simulations of the
quasi-static dynamics of a line with long-range elasticity. Drawing on Ref. [113] I studied various
values of the elasticity parameter α in order to check if scaling relations like 4.0.3 depend on α
or not. My results confirm the relation (4.0.3). However it turns out that the assumptions on
which the derivation proposed in [56] relies are false. In this chapter I review the derivation given

55



Figure 4.1: Images of thresholded matrix VC in the Oslo (top, taken from [59]) and d’Alembert
(bottom) experiments. The front is moving upward. White and colored clusters correspond to the
local velocities being C times larger than the mean velocity v with C = 2 (top) and C = 10 (bottom).
In the bottom image, each cluster has a different color.

in [56] and show why it is incorrect. Then I give a new derivation of this relation. Laurson et al.
had the idea to study the number of clusters inside one avalanche Nc in order to link the cluster
statistics to the global avalanche one. We build on this idea and study the whole probability
distribution of Nc which gives the key to the derivation of (4.0.3).

Recently, Planet et al. proposed a different scaling relation linking τc and τ [114]. This scaling
relation relies on the scaling of the size of the events with their duration which is assumed to
be different for the clusters and for the global avalanches. The scaling relations are tested on an
imbibition front propagation experiment for which the elasticity kernel is different than for crack
front. I will also present and discuss this study.

The chapter is organized as follows. In the first section I define the quantities studied in this
chapter. In section 4.2 I recall some previously known results about the avalanche statistics. In
section 4.3 I review the argument of Ref. [56] and show why it is false. Then I study the statistics
of the number of clusters inside one avalanche and deduce several scaling relations (some being
new) linking the cluster and avalanche exponents. Among others the relation (4.0.3) is recovered.
I conclude this section by discussing the study [114]. In section 4.4 I extend the study to the
statistics of gaps and of the avalanche diameter. Finally all the predictions regarding critical
exponents are summarized and compared with numerical measurements in a table at the end of
the chapter (section 4.5).
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Figure 4.2: Example of a simulated avalanche with α = 1. The upper image shows two successice
metastable configurations of the line. The avalanche is the advance from the lower configuration
to the upper one. The lower image shows the relative displacement of the final configuration with
respect to the initial. The observables are defined in the text.

4.1 Introduction of the observables and various critical
exponents

Many observables can be associated to an avalanche. Figure 4.2 introduces the ones that I study
in this chapter. The upper image shows two successive metastable configurations of the line.
The area in between has been swept by the line during the avalanche and corresponds to the
avalanche total size S. The clusters are more distiguishable on the lower image where the relative
displacement of the final configuration with respect to the initial one is shown. The avalanche can
be decomposed into Nc disconnected clusters of size Sc and extension `c. Between two consecutive
clusters there is a gap of length g. We define two more global quantities for the avalanche : the
diameter D is the distance between the extremal points of the avalanche and the linear size ` is the
total length of all portions of the line wich moved. In the case of SR elasticity, where avalanches
are made of one single component, these quantities are the same and are usually referred to as
avalanche extension ` [115]. The distinction in presence of LR elasticity has been first made
by D.S. Fisher [89]. We have the relations S =

∑Nc
i=1 Sc,i, ` =

∑Nc
i=1 `c,i and D = ` + G where

G =
∑Nc−1
j=1 gj is the total gap length. We are interested in the statistics of all these quantities

which display power law distributions at small scales and faster decays at large scales. We define
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the following critical exponents :

P (S) ∼ S−τ for S < Sm (total size) (4.1.1)
P (Sc) ∼ S−τcc for Sc < Sc,m (cluster size) (4.1.2)
P (Nc) ∼ N−µc for Nc < Nm (number of clusters) (4.1.3)
P (`) ∼ `−κ for ` < `m (linear size) (4.1.4)
P (`c) ∼ `−κcc for `c < `c,m (cluster extension) (4.1.5)
P (g) ∼ g−κg for g < gcross (gap) (4.1.6)
P (G) ∼ G−κG for G < Gcross (gaps sum) (4.1.7)
P (D) ∼ D−κD for D < Dcross (diameter) (4.1.8)

In the above expressions the subscript ’m’ indicates that the quantities decay faster than a power
law at large scales while the subscript ’cross’ indicates a crossover to a faster (and α dependant)
power law.

I investigated the distribution of these quantities using numerical simulations of the equation
of motion :

v(x, t) = ∂tu(x, t) = m2 (w(t)− u(x, t)
)

+
∫
u(y, t)− u(x, t)
|y − x|1+α + η

(
x, u(x, t)

)
, (4.1.9)

where η denotes the quenched disorder force and we use the LR elastic kernel (1.2.9) for the
elastic force. I implemented an automaton simulation analogous to the one described in section
3.2.2. In particular u and x take integer values and I assume periodic boundary conditions (PBC)
along x which takes values ranging from 0 to L− 1. The local velocity is defined as :

v(x, t) = θ

m2 (w(t)− u(x, t)
)

+
∑
y

u(y, t)− u(x, t)
|y − x|1+α + η

(
x, u(x, t)

) , (4.1.10)

θ being the Heaviside function. The random pinning forces η(x, u) are drawn from the negative
half of a normal law. At variance with the simulation used in chapter 3, here w(t) is not increased
at a constant rate but step by step in order to simulate a quasi-static dynamics. Starting from an
initial stable critical configuration w is incremented just enough so that exactly one point becomes
unstable. Then the dynamical rules are applied while keeping w fixed. At each time step all the
points feeling a positive total force move one step forward, u(x, t+1) = u(x, t)+1, while the other
points stay pinned. Then new pinning forces are drawn for the jumping point and the elastic
force is updated. The dynamics evolve until the line reach a new stable configuration where
all points feel a negative total force. The difference between the initial and final configurations
defines an avalanche as illustrated on figure 4.2. The values of the observables associated to the
avalanche are computed and saved. Then w is incremented again to make one point unstable and
thus trigger a new avalanche. The process is repeated in order to have a statistics of at least 105

avalanches.
Although only α = 1 corresponds to experimental systems, a better understanding can be

gained by studying how the exponents change when α is varied, as it has been done in [113]. In
this chapter I study in details four values of α :

• α = 1 which corresponds to the long-range elasticity of fracture fronts and liquid contact
lines.

• α = 0.5 for which the internal dimension of the line is the upper critical dimension duc =
2α = 1, thus the mean-field prediction starts to apply with logarithmic corrections.

• α = 0.75 which is in the middle between the physical case α = 1 and the mean-field case
α = 0.5.
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Figure 4.3: Color code for all figures in this chapter except figures 4.7b, 4.12b, 4.15 and 4.16. Red
and magenta are used for α = 0.5, brown for α = 0.75, cyan and blue for α = 1 and yellow and green
for α = 1.5.

• α = 1.5 which is in the middle between α = 1 and α = 2 which corresponds to short-range
elasticity.

For each α I performed automaton simulations with 3 or 4 different values of the mass and system
size L = 217 or 218. In almost all figures presented in this chapter I use the color code detailed in
figure 4.3 which also summarizes the parameter values.

4.2 Recall of previous results
There are already some known results about the global behavior of avalanches. In particular we
have seen in chapter 1 that there is a scaling relation linking τ to the roughness exponent ζ. It
holds for d

2 ≤ α ≤ 2 and reads :

τ = 2− α

d+ ζ
. (4.2.1)

This relation saturates to the mean-field exponent τ = 3/2 for α ≤ d
2 and to the SR exponent

τ = 2− 2/(d+ ζ) for α ≥ 2. The mass induces a characteristic length `m = m−2/α beyond which
the line is flattened by the harmonic confinement. This length directly sets the cutoff for the
avalanche total size distribution :

Sm ∼ `d+ζ
m = m−2(d+ζ)/α . (4.2.2)

For SR elasticity the relation (4.2.2) is true not only for the cutoff but links the size and extension
of all avalanches :

S ∼ `d+ζ . (4.2.3)

This allows to derive a scaling relation between the size and extension exponents κ − 1 = (τ −
1)(d+ ζ). Using equation (4.2.1) with α = 2, κ can be reexpressed as :

κ = d+ ζ − 1 . (4.2.4)

We see that for SR avalanches the scaling exponents τ and κ depend only on the roughness
exponent ζ. One can wonder if this is still true for the exponents defined in equations (4.1.1) to
(4.1.8) and valid for LR avalanches. It is also not clear whether the relations (4.2.3) still holds
when the elasticity is long-range. Does it apply to clusters ? Or to the total avalanche ? And in
this case should one consider the avalanche diameter or its linear size ?
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Figure 4.4: Structure factor. The dashed lines correspond to fit q−(1+2ζ) with ζ = 0 (α = 0.5), 0.18
(α = 0.75), 0.39 (α = 1) and 0.77 (α = 1.5). The color code is the one given in figure 4.3 except that
L = 25.103 for α = 1 and L = 214 for α = 1.5.

Roughness exponent If we are to establish a link between the exponents defined above and
the roughness exponent our first task must be to determine ζ which depends on α. I measured
the values of ζ using the structure factor S(q) = uqu−q ∼ q−(d+2ζ). The data are shown in figure
4.4 and the numerical values are summarized in table 4.1. Two values are already known. The
mean-field prediction which should hold, up to logarithmic corrections, for α = 0.5 is ζ = 0. For
α = 1 the value ζ = 0.39 has been determined numerically in [31]. There is no exact result to
date for α = 0.75 and α = 1.5. Nevertheless ζ has been computed up to two-loop in an expansion
in ε = 2α− d using functional renormalization group [12]. The result is (setting d = 1) :

ζ(2) = 2α− 1
3

(
1 + (2α− 1)ψ(1) + ψ(α)− 2ψ(α/2)

9
√

2γ

)
(4.2.5)

where ψ is the digamma function1 and γ =
∫ 1
0 dy
√
y − log y − 1 = 0.5482228893. The first term

into the braces corresponds to the one loop expansion, ζ(1) = (2α − 1)/3 (already computed
by Ertas and Kardar [69]), and the second term to the two loop expansion. This relation gives
ζ(1) = 1/6 to one loop and ζ(2) = 0.21 to two loop for α = 0.75 and ζ(1) = 2/3, ζ(2) = 0.96 for
α = 1.5. It was noticed in [12] that the correct value seems to be around the midpoint between
1 loop and 2 loop2. This midpoint is 0.19 for α = 0.75 and 0.81 for α = 1.5.

α 0.5 0.75 1 1.5
ζ 0 (MF) 0.18 0.39 [31] 0.77

Table 4.1: Table of roughness exponents. We use the mean-field value for α = 0.5 and the deter-
mination from [31] for α = 1. The values for α = 0.75 and 1.5 were obtained by fitting the structure
factor in figure 4.4.

1The digamma function is the logarithmic derivative of the gamma function : ψ(x) = Γ′(x)/Γ(x). The gamma
function itself is defined for any complex number with strictly positive real part as : Γ(z) =

∫∞
0 tz−1e−tdt

2For α = 1, ζ(1) = 1/3 and ζ(2) = 0.46 while the exact result is ζ = 0.39
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Figure 4.5: Collapse of the avalanche size distribution. P (S/Sm) is the probability distribution
of the variable S/Sm. Using equation (4.2.2) we define Sm = `d+ζ

m = m−2(d+ζ)/α. Vertical axis is
rescaled by S1−τ

m to ensure the collapse of the distributions for different values of the mass. The
perfect collapse obtained is a test of the validity of equation (4.2.2). The dashed line are fits of the
exponent τ . The numerical values are τ = 1.5, 1.36, 1.26 and 1.14 (top to bottom). For visibility
purpose, data have been shifted vertically by a factor 100 for α = 0.5, 10 for α = 0.75 and 0.1 for
α = 1.5.

Avalanche size Figure 4.5 shows the total size distribution P (S) of avalanches. The x-axis
has been rescaled using Sm = `d+ζ

m = m−2(d+ζ)/α. The perfect collapse of the distributions for
different masses shows the validity of relation (4.2.2) for 1

2 ≤ α ≤ 2. The fits of the power
law exponents are in agreement with the scaling relation (4.2.1) using the values of ζ listed in
table 4.1.

4.3 Cluster statistics
In this section I review the argument of Laurson et al. [56] that justified the scaling relation
τc = 2τ − 1 (4.0.3) and show why it is incorrect. Then I study the probability distribution of the
number of clusters Nc. Finally I use this distribution to deduce several scaling relations. Among
others the relation (4.0.3) is recovered.

4.3.1 Review of the derivation by Laurson et al.

The first theoretical study of the cluster statistics is the paper by Laurson, Santucci and Zap-
peri [56]. This paper focuses on the case α = 1 for which they found the scaling relation (4.0.3)
linking τ and τc. This relation was supported for α = 1 by numerical simulations and experi-
ments. In this section I reproduce their derivation. Then I show that the assumptions on which
it relies are false.

Laurson et al. argument

The derivation proposed in [56] is based on two assumptions :

• During the avalanche spreading the evolution of the number of clusters is interpreted as a
random walk with the time being replaced by the current size of the avalanche. The walks
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Figure 4.6: Main panel : 〈Nc〉S versus S. The dashed lines are fit of the exponent γS . From
top to bottom the values are γS = 0.89 (α = 0.5), γS = 0.73 (α = 0.75), γS = 0.52 (α = 1) and
γS = 0.29 (α = 1.5). Inset : Probability of ñS = Nc/〈Nc〉S conditioned by the avalanche size S.
The conditional probability has been computed in small intervals centered around S = 103, 103, 104

and 105 for α = 0.5, 0.75, 1 and 1.5 respectively. The fact that the conditional probabilities are
well-peaked justifies the application of the relation P (Nc)dNc = P (S)dS.

starts at Nc = 1 at time 1 and evolves up to time S where S is the avalanche size. At
each time step (S → S + 1) the number of clusters can increase by 1 (a new cluster is
triggered), remain constant or decrease by 1 (two clusters merge). The walk has a reflective
boundary condition at Nc = 1. This implies that the average number of clusters at the end
of avalanches of size S scales as :

〈Nc〉S ∼ SγS (4.3.1)

where γS is the (anomalous) diffusion exponent of the random walk. The assumption that
the process is Markovian leads to γS = 1/2.

• The clusters belonging to an avalanche of size S have a typical size :

Sc ∼
S

〈Nc〉S
∼ S1−γS . (4.3.2)

Then the authors apply the relation P (Sc)dSc = P (S)dS using (4.3.2) and find :

τc = τ − γS
1− γS

(4.3.3)

The authors have performed automaton simulations of the dynamics for the case α = 1. They
found a numerical value γS = 0.47 and interpreted it as γS = 1/2 which yields the relation (4.0.3)
[56].

Flaws of the arguments

Numerical simulations allow to test the two assumptions above for various value of α. The
argument that leads to the first relation (4.3.1) is supposed to hold for any long-range kernel. In
particular the value of α does not play a role in the argument. Figure 4.6 shows that the relation
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〈Nc〉S ∼ SγS indeed holds but that the exponent γS is in general different from 1/2 and decreases
continuously when α increases. In particular there is no reason for γS to be equal to 1/2 just at
α = 1 (although it is close as I measured γS = 0.52 for α = 1).As a consequence the particular
relation τc = 2τ−1 that was established using a value of γS = 1/2 should be replaced by the more
general relation (4.3.3). This relation involves the exponent γS which must then be determined
either numerically or thanks to another prediction.

The second assumption (4.3.2) is surprising. There are many clusters inside one avalanche
and there is a priori no reason to expect them to all have the same typical size. Note however that
a similar equality holds when averaging over many clusters belonging to avalanches of a given
fixed size S :

〈Sc〉S = S

〈Nc〉S
. (4.3.4)

To see this let’s take M avalanches of size S each with a different number of clusters N i
c. Let Si,jc

be the jth cluster of avalanche i. The average of the cluster sizes over all the avalanches is :

〈Sc〉S = 1∑M
i=1N

i
c

M∑
i=1

N i
c∑

j=1
Si,jc = M × S∑M

i=1N
i
c

= S

〈Nc〉S

Although we have an equality for the average size of clusters belonging to avalanches of size
S, these clusters do not have a typical size. This is evidenced by figure 4.7b which shows the
distribution P (Sc|S) of the cluster sizes conditioned by the total size of the avalanche to which
they belong. It appears to be power law distributed until the cutoff that is imposed at S. In
consequence the relation (4.3.2) is incorrect.

The last step of the derivation relies on the application of the relation P (Sc)dSc = P (S)dS.
However there are many realizations of Sc associated to one realization of S. This renders the
relation P (Sc)dSc = P (S)dS ill-defined. Relations of the type P (X)dX = P (Y )dY require a
one-to-one correspondance between the variables X and Y in order to be applied. This is not the
case here as we have seen that there is a broad distribution of Sc’s associated to one value of S.
So this relation cannot be applied and the last step of the derivation is not grounded.

As a final check I plot the cluster size distribution in figure 4.7a, measure the exponent τc
and compare its values with the prediction (4.3.3). In order to perform a collapse the data
must be rescaled by the cutoff scale. There was no prior analytical knowledge of the dependence
of the cutoff scale Sc,m to the mass. I used Sc,m = Sm = `

(d+ζ)
m because it was the only scale

homogneous to a size I had at hand. It appeared to work and it is quite remarkable that Sm
controls the cutoffs of both P (S) and P (Sc). For the purpose of evaluating the prediction (4.3.3)
the exponent τ is determined via the relation (4.2.1) and the values of ζ in table 4.1 and I use
the value of γS measured in figure 4.6. For α ranging from 0.5 to 1.5 the direct measurements
give τc = 2, 1.72, 1.56 and 1.28 while the prediction (4.3.3) yields τc = 5.55, 2.33, 1.58, 1.21. This
values are plotted in figure 4.8 as blue squares and red circles respectively. We see that while the
prediction (4.3.3) is close from the measurement for α = 1, it becomes in strong disagreement at
low values of α.

Athough the general prediction (4.3.3) is false the main relation (4.0.3) proposed in the ab-
stract of Ref. [56] seems to be true for any α. Indeed inserting (4.2.1) and the values of ζ listed
in table 4.1 in this relation we obtain the values τc = 2, 1.73, 1.56, 1.30 (for α increasing from
0.5 to 1.5) which are in excellent agreement with the numerical determinations of τc listed above.
In the following I will present a new derivation of this relation. It relies on the whole probability
distribution of the number of clusters Nc.
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(a) Collapse of the cluster size distributions. The x-axis has been rescaled by Sm defined in equation (4.2.2)
and the y-axis by S1−τc

m The values of τc are obtained by fitting the power law part of the distributions
(dashed lines). The collapse of the distributions for each α shows that the cutoff of the distributions is
controlled by Sm. It is also a verification of the values of τc. The fitted values are (from top to bottom,
i.e. α = 0.5 to 1.5) τc = 2, 1.72, 1.56 and 1.28. Data have been shifted vertically for visibility purpose.

(b) Distribution of cluster sizes Sc conditioned by the total size S of the avalanche to which the clusters
belong. Two values of S are compared : S = 103 (circles) and S = 105 (triangles). We observe that the
conditional distribution P (Sc|S) is a power law cut at S. The dashed lines are fit using the exponents
τc determined in the figure above. Parameters values are α = 0.5, m2 = 10−3, L = 217 ; α = 0.75,
m2 = 3.10−4, L = 217 ; α = 1, m2 = 3.10−4, L = 218 ; α = 1.5, m2 = 3.10−5, L = 217. Data have been
shifted vertically for visibility purpose.

Figure 4.7: Distributions of cluster sizes.

64



Figure 4.8: Green triangles: γS + 1 as measured from figure 4.6. The values of γS are fed into
the prediction (4.3.3) τc = (τ − γS)/(1 − γS) (red cirles) which can be compared with the direct
measurements of τc issued from figure 4.7a (blue squares). Errorbars are smaller than the symbols
size. The prediction is close from the measurement for α = 1 but becomes too large at low values
of α (the prediction for α = 0.5 is τc = 5.55 and lies outside the figure). The dashed lines test our
prediction of τc as a function of ζ (see table 4.2) with ζ(1) = 2α−1

3 (bottom line) and ζ(2) given in
equation (4.2.5) (upper line).

4.3.2 Statistics of the number of clusters

In Ref. [56] the number of clusters inside an avalanche, Nc, was introduced to link the cluster
statistics to the global avalanche one. Here we follow and deepen this idea by studying the
whole probability distribution, P (Nc), of the number of clusters. The first observations indicated
a power law distribution with an exponent µ ' 1.5 independent of α and a cutoff Nm that
increases when the mass is decreased. From (4.3.1) we can expect this cutoff to scale as Nm ∼
SγSm ∼ m−2γS(d+ζ)α but this makes appear the unknown exponent γS . We could have used the
numerical values of γS in order to produce a data collapse but we choose instead to use a different
procedure, described in [116], and which does not require any knowledge of the cutoff scale. This
procedure makes appear a connection with a famous stochastic process. I start by introducing
this process before presenting the study of P (Nc).

The Bienaymé-Galton-Watson process

The Bienaymé-Galton-Watson (BGW) process was introduced independently by Irénée-Jules Bi-
enaymé [117] in 1845 and by Francis Galton and Henry William Watson [118] in 1875. They
were interested in the distribution of surnames in an idealized population and in the probability
that family names die out. They came out with a simple model that nowadays bear their names.
Family names are assumed to be patrilineal (passed from father to son) so the model focuses on
male individuals. Each individual has a random number of offsprings. The assumption of the
model is that the number of offsprings per individual is an independent identically distributed
(i.i.d) random variable. Let us denote pk the probability that an individual has k offsprings. The
fate of the process depends on the average reproduction rate, here denoted by R :

R =
∞∑
k=0

kpk . (4.3.5)
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Figure 4.9: Main panel : p(nc) (as defined in equation (4.3.8)) in log-log (left) and log-lin scales
(right). The thin gray line corresponds to the BGW function pBGW (4.3.11). Inset : Same quantity
in log-lin scale and with a vertical shift of the data to test the exponential decay (α = 0.5 to 1.5 from
top to bottom).

If R > 1 there is a finite probability that the family line never gets extinct, while for R ≤ 1
the line gets extinct with probability one. In this case, one can define the family size, SF , as
the total number of descendants of a single ancestor. It is a stochastic variable that displays
a power-law distribution P (SF ) ∼ S−τFF with exponent τF = 3/2. If R < 1 this power law is
truncated exponentially above a maximal size SF,m ∼ (1 − R)−2. If R = 1 the power law is not
truncated.

It turns out that the extinction of family names and their statistical distribution in a pop-
ulation are actually governed by many other factors than the single extinction of a family line
accounted for in this model (according to the wikipedia page on the BGW process [119]). Never-
theless it fairly describes the transmission of Y-chromosomes. This simple model also describes
the initiation of a nuclear chain reaction or an epidemic outbreaks in its early stage. Closer from
our concern it also describes the unfolding of an elastic interface avalanche in the fully-connected
model. In this model all sites interact equally with each other and the elastic kernel is a constant,
C(x − y) = c

L where L is the system size, if x 6= y. Therefore when one point moves forward it
can trigger the instability of a number of other points (its offsprings) anywhere in the system and
its number of offsprings can be assumed to be an in i.i.d. random variable. The fully-connected
model, which will be presented in more details in section 5.2, belongs to the mean-field universal-
ity class. Therefore the mean-field distribution of avalanche size is the same as the distribution
of family size in the BGW model. We will see in the following subsection that the BGW process
is also connected to the distribution of the number of clusters.

Normalization procedure

The number of clusters Nc is a random variable whose distribution is a power law between a small
scale cutoff Nmin = 1 and a large scale cutoff Nm. Nc must takes integer values but for the sake
of simplicity we will assume the distribution of Nc to be continuous. Its exponent µ is comprised
between 1 and 2. Thanks to the large scale cutoff all of its moments are defined. For any integer
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p ≥ 1 we have :

〈Np
c 〉 '

∫ Nm

Nmin

Np−µ
c dNc '

Np−µ+1
m

p− µ+ 1 . (4.3.6)

From this relation we see that Nm scales as the ratio of two consecutive moments. In particular
we have Nm ∼ 〈N2

c 〉/〈Nc〉. This is a rationale for defining a rescaled variable

nc = 2〈Nc〉
〈N2

c 〉
Nc . (4.3.7)

The FRG predicts that when m→ 0 the statistics of nc is encoded in a universal function p(nc)
which is defined by the relation [116]3 :

p(nc)dnc = 〈N2
c 〉

2〈Nc〉2
P (Nc) dNc . (4.3.8)

Note that the function p(nc) is not a probability distribution. Indeed it is not normalized to
unity. It instead obeys the two following normalization conditions [116] :

〈nc〉p =
∫
ncp(nc)dnc = 1 , (4.3.9)

〈n2
c〉p =

∫
n2
cp(nc)dnc = 2 . (4.3.10)

The analytical form of p(nc) has been computed for the BGW process (corresponding to mean-
field avalanches size) and reads [120, 121] :

pBGW(nc) = n
−3/2
c

2
√
π

exp(−nc/4) . (4.3.11)

I computed p(nc) for α = 0.5, 0.75, 1 and α = 1.5. The results are shown in figure 4.9. In
all cases we see a power law P (Nc) ∼ N−µc where the exponent µ is consistent with the BGW
value µ = 3/2. Moreover the data seem to collapse on the same universal curve and cannot be
clearly distinguished from the BGW function of equation (4.3.11). The case α = 0.5 is mean-
field. There we expect the number of clusters to be proportional to the avalanche size (up to
logarithmic corrections). Thus it is not too surprising to recover the mean-field function in this
case. There is however no obvious reason to justify that this behavior also holds for α > 0.5. The
inset of figure 4.9 allows to compare the large scale decay of p(nc) with the mean-field function
for each α. Numerically we can neither confirm nor exclude that p(nc) is BGW (in the limit
m → 0, L → ∞) also for α = 0.75, α = 1 and α = 1.5. This constitute an intriguing question
that remains open. For what follows we need only to assume that µ = 3/2 and we do not mind
about the exact decay of the distribution at large Nc.

4.3.3 New scaling relations

The mean-field BGW exponent µ = 3/2 is a key element to propose a new derivation of scaling
relations linking the exponents of the clusters to the ones of the global avalanche. The reasoning
is based on four hypotheses that are all verified numerically :

(i) Similarly to short-range avalanches the size of a cluster is related to its extension via :

Sc ∼ `d+ζ
c . (4.3.12)

3This prediction was originally made for the avalanche size, nevertheless since Nc scales as a power of S we can
expect this result to remain true for the number of clusters.
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Figure 4.10: Main panel : Averaged cluster size 〈Sc〉`c versus cluster extension `c. Dashed lines
correspond to fits 〈Sc〉`c ∼ `1+ζ

c . Inset : Conditional probability P (Sc|`c) computed in a small
interval around `c = 1300. The probability is well peaked. This justifies the derivation of equation
(4.3.13).

Figure 4.11: Main panel : 〈Nc〉` versus `. The dashed lines are fit of the exponent γ` (defined
by the relation 〈Nc〉` ∼ `γ` ) . From top to bottom the values are γ` = 0.93, 0.80, 0.70 and 0.50
for α = 0.5, 0.75, 1 and 1.5 respectively. Inset : Probability of ñ` = Nc/〈Nc〉` conditioned by the
avalanche size `. The conditional probability has been computed in small intervals centered around
` = 102, 102, 103 and 104 for α = 0.5, 0.75, 1 and 1.5 respectively. The fact that the conditional
probabilities are well-peaked justifies the application of the relation P (Nc)dNc = P (`)d`.
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This relation is confirmed by figure 4.10 where 〈Sc〉`c is plotted as a function of `c. The
inset shows that the conditional distribution P (Sc|`c) is peaked around 〈Sc〉`c and so the
scaling holds in general. This allows to apply a relation of the type P (Sc)dSc = P (`c)d`c
and derive a first scaling relation :

κc − 1 = (τc − 1)(d+ ζ) . (4.3.13)

(ii) The distribution of Nc conditioned by a given S is peaked around a typical value which is
close from the average 〈Nc〉S (see inset of figure 4.6). This also holds for the distribution
of Nc conditioned by ` (inset of figure 4.11). Thus we can write :

P (S)dS = P (Nc)dNc = P (`)d` (4.3.14)

(iii) The distribution P (Sc|S) of cluster sizes conditioned by the total avalanche size is a power
law with the same exponent τc as the global cluster distribution and a sharp cutoff at S.
This is visible on figure 4.7. For τc < 2 it follows that :

〈Sc〉S ∼ S2−τc , (4.3.15)

〈Nc〉S = S

〈Sc〉S
∼ SγS with γS = τc − 1 . (4.3.16)

The first equality in the second line has been proven above (4.3.4). For α = 0.5 the cluster
exponent is τc = 2. In this case the first relation should be replaced by 〈Sc〉S ∼ ln(S)
and the second becomes 〈Nc〉S ∼ S/ ln(S). This can explain that I measured an effective
exponent γS = 0.89 instead of 1 in this case.
The same argument holds for the cluster extension. In this case the avalanche linear size
` plays the role of the total size S. One can see on figure 4.12 that P (`c|`) has the same
exponent κc as P (`c). So we also have the relations :

〈`c〉` ∼ `2−κc , (4.3.17)

〈Nc〉` = `

〈`c〉`
∼ `γ` with γ` = κc − 1 . (4.3.18)

Once again a logarithmic correction applies for α = 0.5.

(iv) The last hypothesis is the one that we have seen in the former section 4.3.2. The number
of clusters Nc follows a power law with an exponent 3/2 which is independent of α :

P (Nc) ∼ N−3/2
c . (4.3.19)

We can now link the cluster exponents to the global avalanche ones. Inserting the scaling
relations (4.3.16), (4.3.18) and (4.3.19) into the equality (4.3.14) we obtain :

τc = 2τ − 1 , (4.3.20)
κc = 2κ− 1 . (4.3.21)

We have recovered the relation (4.3.20) which was proposed in [56]. We see that the same relation
holds regarding the cluster extension and the avalanche linear size. Note that we have not yet
used the first hypothesis (i). This hypothesis allows us to express the cluster exponents in term
of only three parameters : d, α and ζ. From equations (4.3.20), (4.3.13) and (4.2.1) we deduce :

τc = 3− 2α
d+ ζ

, (4.3.22)

κc = 1 + 2(d+ ζ)− 2α . (4.3.23)
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(a) Collapse of the cluster extension distributions. The x-axis has been rescaled by `m defined in equation
(4.2.2) and the y-axis by `1−κc

m The values of κc are obtained by fitting the power law part of the distribu-
tions (dashed lines). The collapse of the distributions for each α shows that the cutoff of the distributions
is controlled by `m. It is also a verification of the values of κc. The fitted values are (from top to bottom,
i.e. α = 0.5 to 1.5) κc = 2.05, 1.90, 1.80 and 1.45. Data have been shifted vertically for visibility purpose.

(b) Distribution of cluster extensions `c conditioned by the linear size ` of the avalanche to which the
clusters belong. Two values of ` are compared : ` = 102 (circles) and ` = 104 (triangles). We observe that
the conditional distribution P (`c|`) is a power law cut at `. The dashed lines are fits using the exponents
κc determined in the figure above. Parameters values are α = 0.5, m2 = 10−3, L = 217 ; α = 0.75,
m2 = 3.10−4, L = 217 ; α = 1, m2 = 3.10−4, L = 218 ; α = 1.5, m2 = 3.10−5, L = 217. Data have been
shifted vertically for visibility purpose.

Figure 4.12: Distributions of cluster extensions.
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Figure 4.13: Left : Collapse of the avalanche linear size distribution. The dashed lines correspond to the prediction (4.3.25) :
κ = 1.5 for α = 0.5 , κ = 1.39 for α = 1 and κ = 1.26 for α = 1.5 For visibility purpose, data on the right panel have been shifted
by a factor 100 for α = 0.5 and 0.01 for α = 1.5. Right : 〈S〉` versus `. The dashed lines correspond to the prediction (4.3.24)
〈S〉` ∼ `d+ζ . Data have been shifted vertically for visibility purpose.

Figure 4.14: Collapse of the probability distribution of the number of clusters using the rescaling
proposed in equation (4.3.26). Data have been shifted vertically for visibility purpose.
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The exponents τc, κc, γS and γ` have been numerically measured on figures 4.7a 4.12a 4.6
and 4.11 respectively. Table 4.2 summarizes the results and the comparison with the scaling
predictions. The measurement uncertainties are summarized in table 4.3. The measurements are
found to be in good agreement with the predictions.

The scaling relations (4.3.13), (4.3.16),(4.3.18) and the equality (4.3.14) also allow us to
recover the self-affinity between the total size and the linear size that is known for short-range
avalanches which in turn allows to determine the exponent κ :

S ∼ `d+ζ , (4.3.24)
κ = 1 + d+ ζ − α . (4.3.25)

Note that the self-affinity holds as long as P (Nc) is a power law, even if its exponent is different
from 3/2. The scaling relation (4.3.25) can also be obtained from (4.3.21) and (4.3.23). The
linear size distributions are plotted on figure 4.13 left panel with fits of the exponent κ. The
results are compared with the prediction in table 4.2 and are once again in good agreement. A
comparison of the self-affinity prediction (4.3.24) is made on the right panel of figure 4.13. The
agreement for this relation is not as good as for the all the other ones. I also made measurements
of the effective exponent which are available in tables 4.2 and 4.3.

As a final remark to conclude this section let us note that from (4.3.16) we can expect the
cutoff of P (Nc) to scale as :

Nm ∼ Sτc−1
m ∼ `2(d+ζ−α)

m ∼ m4(1−(d+ζ)/α) . (4.3.26)

This scaling is checked on figure 4.14 where I performed a data collapse of P (Nc) with the
prediction (4.3.26).

4.3.4 Discussion of the study of Planet et al.

Presentation of the study

In Ref. [114], Planet et al. studied how local bursts of activity (i.e. clusters) organize into global
avalanches. They used scaling arguments to derive a scaling relation between τc and τ and tested
their relation on a stable imbibition experiment. Stable imbibition occurs when a fluid (e.g.
water) invades a porour medium, taking the place of an other fluid that is both less wetting and
less viscous than the invading fluid (e.g. air). The mean velocity v of the front is imposed by
pushing water into the medium at a constant rate. In this case the equation of motion of the
front can be written in Fourier space as [122] :

∂tû(q, t) = vδ(q)− v|q|û(q, t)−K0|q|q2û(q, t) + F̂dis
(
q, g[u]

)
. (4.3.27)

The first term on the RHS, vδ(q), means that the average position of the front advances with an
instantaneous velocity v, a property which is enforced by the incompressibility of the fluid. The
second term corresponds to long-range elasticity, with an interaction coefficient proportional to
v. It arises from viscous damping and is dominant at small q, i.e. at large scale. The third term
corresponds to short-range elasticity. It arises form surface-tension damping and is dominant at
large q, i.e. at small scales. Finally the fourth term corresponds to quenched disorder.

The competition between the two elastic forces leads to a characteristic length scale ξc =√
K0/v. The interface is characterized by local roughness and dynamical exponents ζloc and zloc

below ξc and by global exponents ζ and z above ξc. The crossover between different exponents
at short and large scales implies that the scaling of the events size with their duration is different
for clusters and for global avalanches. We have two distinct exponents, γ and γc such that :

S ∼ T γ , Sc ∼ T γcc , (4.3.28)
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where T and Tc are respectively the global avalanche and cluster durations.
The authors distinguish experimentally three different arrangements of local events leading

to three kinds of avalanches :
(I) small avalanches made of a single cluster ;

(II) intermediate avalanches made of several clusters among them N(T ) clusters have almost
the same duration as the avalanche, i.e. Tc = T ;

(III) large and long avalanches made of many clusters with no dominant cluster.
In the intermediate regime (II), scaling arguments are made to propose a scaling relation

relating the local and global exponents :

γ − ζ

z
= γc −

ζloc
zloc

. (4.3.29)

Then considering global avalanches and clusters of the same duration, the authors apply the
relation P (S)dS = P (T )dT = P (Sc)dSc which yield a new scaling relation relating τc and τ :

τc = 1 + γ

γc
(τ − 1) . (4.3.30)

Experimentally the authors measure τ = 1.00±0.15 for which equation (4.3.30) yields a prediction
τc = 1.00± 0.14. This prediction compares well with the experimental measurement τc = 1.08±
0.05.

Discussion

The argument of Planet et al. [114] relies on the existence of two scales characterized by different
roughness and dynamical exponents. We have seen in chapter 2 that a crossover in the value of
the roughness exponent is indeed present in crack front experiments and probably also in wetting
front experiments. This crossover is however not explained by the model of an interface with
long-range elasticity studied in this chapter. Indeed a single value of the roughness exponent is
expected analytically and observed numerically. This is visible in figure 4.4 and confirmed by
the fact that the scalings Sc ∼ `d+ζ

c and S ∼ `d+ζ are characterized by the same exponent ζ. (I
note however that on this point my results disagree with [56] where a crossover in the roughness
exponent was observed in numerical simulations, using the same model but with a larger value of
the mass, m2 = 0.0125.) A single value of the dynamical exponent z is also observed (see e.g.the
numerical determination [93]). So for our model the scaling relation (4.3.29) yields γc = γ. This
equality can also be obtained from the scaling relation γ = (d+ζ)/z (1.4.2). With this equality the
scaling relation (4.3.30) then yields τc = τ which is at odd with both numerical and experimental
observations. This suggests that the relation (4.3.30) requires the existence of two distinct scales
characterized by different exponents and is not valid for our model.

Finally we note that with the value τ = 1 measured in [114], the relation τc = 2τ − 1 (4.0.3)
gives the same prediction as (4.3.30), i.e. τc = 1. Hence it is plausible that this relation also
applies to the imbibition experiment studied in [114]4. It would therefore be interesting to study
the statistics of the number of clustersNc in this experiment. A scaling P (Nc) ∼ N

−3/2
c would

confirm the validity of the relation (4.0.3).

4.4 Statistics of gaps and avalanche diameter
Regarding the global avalanche a natural, and novel, object to study is the avalanche diameter
D that is the distance between the two extremal points of the avalanche. For SR avalanches

4Note that the relation (4.0.3) accurately describes the experimental distribution of cluster sizes [59] despite
the crossover in the experimental value of ζ.
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Figure 4.15: P (G) (squares) and P (D) (circles). The two distributions are indistinguishable. The
dashed lines fit with exponent 1.2 and d+α. Parameter values are : α = 0.5 : L = 217 and m2 = 0.01
(red symbols) and L = 217 and m2 = 0.5 (magenta) ; α = 1 : L = 217 and m2 = 0.05 (blue) and
L = 217and m2 = 0.1 (cyan) ; α = 1.5 : L = 217 and m2 = 3.10−5 (yellow) and L = 217 and
m2 = 0.03 (green). For visibility purpose, data have been shifted by a factor 100 for α = 0.5 and
0.01 for α = 1.5.

D = ` is the avalanche extension. Its statistics was theoretically studied within a mean-field
model in [115]. In LR avalanches however D is much larger than the linear size ` and exhibit
a new distribution P (D). This distribution is plotted in figure 4.15 together with the total gap
length distribution P (G) for α = 0.5, 1 and 1.5. We see that P (D) has a universal exponent
κD = 1.2 at small scales that does not depend on α. At large scales there is a crossover to an
exponent d+ α for α = 1 and 1.5 :

P (D) ∼
{
D−κD for D < Dcross ,

D−(d+α) for D > Dcross ,
(4.4.1)

Dcross ∼ `m . (4.4.2)

Once again the crossover appears to be governed by `m. No crossover is visible for α = 0.5 but
we can not yet exclude that it occurs at larger scale. We notice that the statistics of the diameter
is very different from the one of the linear size `. In particular there is no exponential cutoff.
Since D = `+G, where G =

∑
g is the total gap length, we need to investigate the statistics of

the gaps g in order to understand the behavior of P (D).
The gap distribution P (g) is plotted in figure 4.16a. It presents the following universal dis-

tribution:

P (g) ∼
{
g−κg for g < gcross ,

g−(d+α) for g > gcross ,
(4.4.3)

gcross ' 10`m , (4.4.4)

with κg = 3/2 independentlty from α For α = 0.5 (and d = 1) κg = d + α while for α = 1 and
α = 1.5 there is a crossover from a power law to a faster power law. Note that P (g) has a much
slower decay than P (`c) : the exponent κg = 3/2 is in general lower than the exponent κc and
the decay at large scales is a power law for P (g) while it is faster than any power law for P (`c).
Therefore we expect that there are more large gaps than large cluster extensions and hence that
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(a) Collapse of the gap distribution. P (g/`m) is the probability distribution of the variable g/`m, `m =
m−2/α. The dashed lines are fit with exponents κg = 3/2 at small scale and d+α at large scale. Parameter
values are : α = 0.5 : L = 217 and m2 = 0.01 (magenta triangles) and L = 217 and m2 = 0.5 (red squares)
; α = 1 : L = 218 and m2 = 3.10−4 (cyan circles), L = 217 and m2 = 0.05 (blue triangles) and L = 217and
m2 = 0.1 (cyan squares) ; α = 1.5 : L = 217 and m2 = 3.10−5 (yellow squares) and L = 217 and m2 = 0.03
(green triangles). Data have been shifted vertically for visibility purpose.

(b) Distribution of gaps g conditioned by the total gap length G. For each α two values of G are compared.
For α = 0.5 and α = 1, G = 102 (circles) and G = 104 (triangles). For α = 1.5, G = 10 (circles) and
G = 103 (triangles). We observe that the conditional distribution P (g|G) is a power law cut at G. The
dashed lines are guide to the eyes with the exponent κg = 3/2 determined in the figure above. Parameters
values are α = 0.5, m2 = 0.01, L = 217 ; α = 1, m2 = 0.05, L = 217 ; α = 1.5, m2 = 0.03, L = 217. Data
have been shifted vertically for visibility purpose.

Figure 4.16: Distributions of cluster extensions.
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G � `. This in turn implies that D = ` + G ∼ G and the distributions of both G and D must
be dominated by the large gaps. This is confirmed by figure 4.15 where both distributions P (G)
and P (D) are plotted together and cannot be distinguished.

As for the clusters we expect that the gaps within an avalanche of total gap length G follow
the same distribution as P (g) (4.4.3) but with a sharp cutoff at G. The conditional distribution
P (g|G) is plotted on figure 4.16b. Only the first power law with exponent κg = 3/2 is visible.
Due to a lack of statistics I was not able to explore a large G regime. A crossover should exist
at larger scales as otherwise there would be no reason to observe a crossover in P (G) (visible on
figure 4.15). Base on this assumption we derive a relation between the total gap length G and
the number of clusters Nc. Two cases must be distinguished.

a) G < Gcross In this case we assume that all the gaps are in the g−3/2 regime. We can apply
the same reasoning as for equations (4.3.16) and (4.3.18). This yields the scaling relations :

〈g〉G ∼ G2−κg , (4.4.5)

〈Nc〉G = G

〈g〉G
∼ Gκg−1 . (4.4.6)

Inverting relations (4.4.6) and (4.3.18) we have G ∼ N1/(κg−1)
c and ` ∼ N1/(κc−1)

c . This confirms
that `� G within an avanlanche when κc > κg = 3/2. Then using D = `+G ∼ G ∼ N

1/(κg−1)
c

and P (D)dD = P (Nc)dNc we find

κD = (κg + 1)/2 = 1.25 . (4.4.7)

This value is close from the exponents I measured for various α and which are around κD = 1.2.

b) G > Gcross In this case we assume that we have a gap in the g−(d+α) regime. Since this is a
rare event we can assume there is at most one (or a very few) such gap in an avalanche. This gap
dominates the avalanche diameter which then follow the same power law. Note that this holds
only when there is a crossover in the gap distribution i.e. for α = 1 and α = 1.5. For α = 0.5 we
have d + α = 3/2 so there is no crossover in P (g) and therefore we do not expect any crossover
in P (G) and P (D).

To conclude this section let us note that the gaps can possibly be identified with the pinning
clusters defined and studied by Tallakstad et al. in the context of the Olso experiment [59].
Pinning clusters are defined as regions where the local velocity v(x, t) is smaller than v/C where
v is the mean velocity of the front and C an arbitrary theshold that ranges from 2 to 12 in their
study. The pinning clusters are extended in the x direction along the front and are very narrow in
the direction of propagation. Therefore they can be considered as lines and the variation of their
sizes can be identified with the variation of their extension in the x directions. Tallakstad et al.
found that the size distribution of the pinning clusters is power law distributed with an exponent
1.56± 0.04 which is compatible with the exponent κg = 3/2 that is measured in figure 4.16a.

4.5 Tables of exponents
The final results of this chapter are summarized in table 4.2. All scaling predictions can be
expressed in terms on only three parameters : the internal dimension d of the interface, the
elasticity range parameter α and the roughness exponent ζ. The predictions, computed for d = 1
with the values of ζ listed in the first line are compared with the measurements obtained by
fitting the data and performing data collapse. The predictions and measurements are in good
agreement overall. The uncertainties over the measurements are given in a second table 4.3.
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Exponent Expression Relation α = 0.5 α = 0.75 α = 1 α = 1.5
measured/prediction

ζ S(q) ∼ q−(d+2ζ) 0.00(MF) 0.18(1) 0.39 [31] 0.77(2)
γS 〈Nc〉S ∼ SγS γS = 2− 2α

d+ζ 0.89/1 0.73/0.73 0.52/0.56 0.29/0.30
τ P (S) ∼ S−τ τ = 2− α

d+ζ 1.5/1.5 1.36/1.36 1.26/1.28 1.14/1.15
τc P (Sc) ∼ S−τc τc = 3− 2α

d+ζ 2/2 1.72/1.73 1.56/1.56 1.28/1.30
κ P (`) ∼ S−κ κ = 1 + d+ ζ − α 1.5/1.5 1.38/1.43 1.33/1.39 1.20/1.27
κc P (`c) ∼ S−κc κc = 1 + 2(d+ ζ)− 2α 2.05/2 1.9/1.86 1.80/1.78 1.45/1.54
κD P (D) ∼ S−κD κD = 5

4 1.20/1.25 1.15/1.25 1.20/1.25 1.21/1.25
γ` 〈Nc〉` ∼ Sγ` γ` = 2(d+ ζ − α) 0.93/1 0.80/0.86 0.70/0.78 0.50/0.54
γS/` 〈S〉` ∼ `γS/` γS/` = d+ ζ 1.02/1 1.14/1.18 1.31/1.39 1.71/1.77

Table 4.2: Comparison between measurements and predictions. The measured values correspond
to best fits of my data. The predictions correspond to the scaling relations indicated in the third
column, for d = 1, using the values of ζ listed in the first line. I used the mean-field value ζ = 0 for
α = 0.5 and a previous more precise numerical determination ζ = 0.39 for α = 1.

Exponent Expression α = 0.5 α = 0.75 α = 1 α = 1.5
ζ S(q) ∼ q−(d+2ζ) −0.03(2) 0.18(1) 0.37(2) 0.77(2)
γS 〈Nc〉S ∼ SγS 0.89(1) 0.73(1) 0.52(1) 0.29(1)
τ P (S) ∼ S−τ 1.50(1) 1.36(2) 1.26(2) 1.14(2)
τc P (Sc) ∼ S−τc 2.00(10) 1.72(4) 1.56(2) 1.28(2)
κ P (`) ∼ S−κ 1.50(2) 1.38(5) 1.33(4) 1.20(3)
κc P (`c) ∼ S−κc 2.05(5) 1.90(5) 1.80(2) 1.45(3)
κD P (D) ∼ S−κD 1.20(7) 1.15(5) 1.20(10) 1.21(6)
µ P (Nc) ∼ N−µc 1.50(2) 1.50(3) 1.50(6) 1.50(8)
κg P (g) ∼ g−κg 1.50(5) 1.50(3) 1.50(5) 1.50(6)
γ` 〈Nc〉` ∼ Sγ` 0.93(2) 0.80(2) 0.70(2) 0.50(2)
γS/` 〈S〉` ∼ `γS/` 1.02(3) 1.14(3) 1.31(2) 1.71(2)

Table 4.3: Summary of measurements with error margins. All measurements have been made by
fitting power law and confirmed by data collapse.

4.6 Conclusion
I studied the statistics of clusters in long-range avalanches with extensive numerical simulations.
The number of clusters seems to obey a BGW law, independently from α. This law is characterized
by an exponent µ = 3/2 which is a key element allowing to establish the scaling relations τc =
2τ − 1 (4.3.20) and κc = 2κ− 1 (4.3.21) that link the cluster exponents to the ones of the global
avalanches. This confirms on firmer ground the claim made by Laurson et al. in the abstract
of [56]. A consequence of these relations is that all the exponents characterizing the avalanches
can be expressed as functions of only three parameters : the internal dimension of the interface d,
the elasticity range parameter α and the roughness exponent ζ. We have retrieved the self-affinity
relation S ∼ `d+ζ which was known for SR elasticity avalanches. This required to replace the
avalanche extension by an adequate quantity, namely the linear size.
The prediction µ = 3/2 deserves experimental confirmations. In Ref. [114], a new method was
introduced to define simultaneously local clusters and global avalanches. With this method a
cluster can be unambiguously attributed to one avalanche. This opens the possibility to measure
experimentally the distribution P (Nc) and to test the numerical observation P (Nc) ∼ N

−3/2
c

made in this chapter.
A new result was also obtained for the exponent of the avalanche diameter distribution. For
this purpose we introduced a new object, namely the gaps between clusters. Remarkably their
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distribution also shows a power law with an α independent short-scale exponent κg = 3/2. This
exponent is a key to obtain the short-scale exponent of the diameter distribution which is also α
independent. At large scale the diameter and gap distributions crossover to a faster power law
with an exponent d+α which is reminiscent of the long-range kernel. This is similar to the result
obtained for the spatial velocity correlation function Cv(x) in the previous chapter.
It is very intriguing and fascinating that the number of clusters and gap distributions are char-
acterized by mean-field exponents 3/2 that do not depend on α. At present there is no obvious
explanation for that fact, and it remains as a challenging question for future work.
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Chapter 5

Mean-Field models

In this chapter I discuss several mean-field models relevant for the depinning transition. I start
with a discussion about the concept of mean-field in the first section. In the second section I
introduce the fully-connected (FC) model for an elastic interface driven in a disordered medium
and show how it can be mapped onto the Alessandro-Beatrice-Bertotti-Montorsi (ABBM) model
of a single particle driven in a Brownian force landscape. This model was introduced in the
context of the Barkhausen noise [45, 44] and was already mentioned in the corresponding section
of chapter 2 in equation (2.1.4). In the third section I present a spatial extension of the ABBM : the
Brownian force model (BFM). This model is more recent and appeared in FRG calculations to be
the mean-field model for the local velocity field, taking into account the range of the interactions.
I explain how several statistical distributions have been obtained within this model. For global
quantities such as the total avalanche size, duration or temporal shape, the distribution do not
depend on the range of the interactions. Previous works on the BFM focused on an interface with
short-range (SR) elasticity for which the distributions of spatial quantities, such as the jump of
a single point, the spatial extension of avalanches and their spatial shape, have been obtained. I
worked on the BFM incorporating long-range (LR) elasticity. Obtaining exact results for spatial
quantities is more difficult than for SR elasticity. I present some results that I obtained using
perturbative expansions.

5.1 What is mean-field ?
Many models go under the name of mean-field. Two historical examples of mean-field models
are the Van-der-Waals equation of state for a gas and the Curie-Weiss model of a magnet. In
these models a particle interacts equally with all other particles in the system. They are said to
be fully-connected. We can also say that the range of the interaction is infinite. The notion of
neighbours and, consequently, of space is irrelevant. The sum of the interactions of one particle
with the rest of the system reduces to a single interaction with an ”average particle”1 and the
number of degree of freedom is reduced from the particle number N to a single effective one.
Mean-field models have proven to be very useful to understand phase transitions. But, the range
of interactions being finite in real systems, they often yield predictions about the critical exponents
that disagree with experiments. Nevertheless mean-field models may yield the correct exponents if
the connectivity of a particle is high enough. This high connectivity can be realized either because
the range of the interactions is very long or because particles have many neighbours. The second
case is realized for systems of high dimensions. Formally when the dimension is d = +∞ a particle
interacts with infinitely many neighbours and one can expect their average to be the same as the
one of the whole system. The infinite dimension might seem far from real systems but it turns

1If one uses a field-theoretical approach, the state of the particles is represented by some field and a particle
interacts with the mean field of the system, hence the name of the models.
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out that even in finite dimension mean-field predictions can remain true : there is often a finite
upper critical dimension duc above which mean-field theory holds and this dimension may be not
so high. In particular for elastic interfaces the Larkin argument presented in section 1.3 shows
that the upper critical dimension is duc = 2α. For the short-range elasticity this corresponds to
duc = 4. We see that an increasing range of interactions (i.e. decreasing α) corresponds to a
decreasing upper critical dimension. The validity if the mean-field approximation is facilitated
by the range of the interactions. In particular for physical cases where α = 1 the mean-field
predictions are correct for two-dimensional interfaces, such as domain walls in three-dimensional
ferromagnets (see section 2.1). This is thus a relevant theory to study.

5.2 Fully-connected and ABBM models
In this section I introduce the fully-connected (FC) model of elastic interfaces and show how it
can be mapped onto the ABBM model. This mapping was first derived in Ref. [43].

5.2.1 Mapping of the Fully-connected onto the ABBM model

In the FC model each point of the interface interacts equally with all the others. In order for
the interaction energy to be extensive in the system size, the strength of the interaction must be
inversely proportional to the system size. For a one-dimensional system, the elastic interaction
term defined in equations (1.2.7) and (1.2.8) now reads C(x−y) = c

L with L the system size. The
elastic force felt at position x is :

FLR
el (x, t) =

∫ L

0

c

L

(
u(y, t)− u(x, t)

)
dy = c

(
u(t)− u(x, t)

)
(5.2.1)

where u(t) := 〈u〉(t) = 1
L

∫ L
0 u(y, t)dy is the average position of the interface at time t. The

motion of the interface is thus governed by :

η∂tu(x, t) = m2 (w(t)− u(x, t)
)

+ c
(
u(t)− u(x, t)

)
+ Fdis

(
x, u(x, t)

)
(5.2.2)

where we use the external force (1.2.2) discussed in chapter 1.
For the sake of simplicity, in the following, we will use a discretized version of (5.2.2), assuming
a discretization step a = 1 along the line :

η∂tu(i, t) = m2 (w(t)− u(i, t)
)

+ c
(
u(t)− u(i, t)

)
+ Fdis

(
i, u(i, t)

)
(5.2.3)

To obtain an equivalence with the ABBM model we must take the average of equation (5.2.3) in
order to obtain an equation for the center-of-mass of the interface u(t) :

η∂tu(t) = m2 (w(t)− u(t)
)

+W
(
u(t)

)
, (5.2.4)

W
(
u(t)

)
= 1
L

L∑
i=1

Fdis
(
i, u(i, t)

)
. (5.2.5)

Note that since there exists a unique asymptotic solution for a given monotonous driving (third
Middleton’s theorem) there is a unique configuration

(
u(i)

)
i associated to a given average position

u. Thus the effective pinning force W
(
u(t)

)
is defined without ambiguity by equation (5.2.5).

Note also that the internal interactions have vanished when taking the average. Equation (5.2.4)
is equivalent to the ABBM model under the condition that the effective pinning force W (u) has
brownian correlations. When the interface moves between two stable configurations, of average
position u and u′, the increment in W (u) is :

W (u′)−W (u) = 1
L

n∑
i=1

∆F idis (5.2.6)
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where the sum is restricted to the n sites that have moved during the avalanche. Since the points
of the interface interact equally alltogether, the interface has no spatial structure. In particular
the roughness exponent is ζ = 0. In this case the number of sites which move during an avalanche
is proportional to the avalanche size : n ∼ S with S = L|u′ − u|. For each site the increment in
the disorder force, ∆F idis, is a random variable with mean 0 and variance2 σ̃. All increments are
independent so the sum of the increments follows a normal law :

W (u′)−W (u) = 1
L

n∑
i=1

∆F idis ∼law

1
L
N (0, nσ̃) = N

(
0, nσ̃
L2

)
, (5.2.7)

where the symbol ∼
law

means that the random variable on the left follows the probability law on
the right. Since n ∼ S the variance of the normal law is proportional to S/L2 = |u′ − u|/L.
Absorbing all proportionality constants into a new variance 2σ we have :

W (u′)−W (u) ∼
law
N
(
0, 2σ|u′ − u|

)
, (5.2.8)

which is indeed the probability law for the increments of a Brownian motion.

5.2.2 Statistics of the ABBM model

The ABBM model corresponds to (5.2.4) where the drive is increased at the constant rate w(t) =
vt :

η∂tu(t) = m2 (w(t)− u(t)
)

+W
(
u(t)

)
. (5.2.9)

The correlations of the Brownian motion W are given by (5.2.8). Avalanches starts when the
left-hand side (LHS) of (5.2.9) is equal to 0+ and stops when it returns to 0. Therefore the
statistics of avalanches in the ABBM corresponds to the statistics of the first return to the origin
of a Brownian motion with a drift or, equivalently, to the first-crossing of a Brownian motion
with a line. This problem has been studied by Sinäı [123] in the quasi-static limit v = 0+. For a
drive at finite velocity v > 0, scaling exponents have been obtained by Bertotti et al. [48] and a
detailed solution was given in [49].

Quasi-static drive

We define the process φ(u) = u−m−2W (u). Equation (5.2.9) can be rewritten as

m−2η∂tu(t) = w(t)− φ
(
u(t)

)
. (5.2.10)

The position of the particle u = u(w) corresponds to the first ”time” that the process φ(u) reaches
altitude w (with u being the ”time” of the process φ(u)). This process is illustrated in figure 5.1.
An avalanche corresponds to a discontinuity in the process with a jump forward u(w+) > u(w).
The size of the avalanche is S = u(w+)− u(w). During an avalanche triggered at w, the process
makes an excursion below φ

(
u(w)

)
(i.e. φ (u) < φ

(
u(w)

)
). The avalanche stops when the process

returns to φ
(
u(w)

)
. It corresponds to the first crossing of the Brownian motion W with a line of

slope m2. The probability of the first return to the origin of a Brownian motion W (S)3 decays as
S−3/2. The probability of the first crossing with a line is similar but is exponentially cut above a
scale Sm which can be obtained by scaling arguments : when the avalanche starts the Brownian
W (S) grows as (σS)1/2. The probability of the Brownian staying above the line is overwhelmingly

2One usually uses σ2 for the variance but I used σ for the sake of coherence with the notations used in
section 5.3.1 and after.

3I now use S because it corresponds to the avalanche size.

81



Figure 5.1: Illustration of the process φ(u). u(w) is the first time that the process φ reaches the
altitude w. An avalanche occurs when there is a discontinuity in u(w). Image from [49].

suppressed when the typical fluctuations of the Brownian becomes smaller than the linear term,
i.e. when (σS)1/2 ∼ m2S. This corresponds to a cutoff scale of the order

Sm = σ/m4 . (5.2.11)

To define the avalanche probability density we need to introduce a small scale cutoff S0. In the
limit of small m we have S0 � Sm and the probability in the limit S � S0 is given by [49] :

P (S) = 〈S〉
2
√
πSm

S−3/2e−S/(4Sm) (5.2.12)

where 〈S〉 =
√
S0Sm.

Finite velocity drive

In the case where the driving velocity is finite v > 0, the equation (5.2.9) is a Langevin equation
and one can derive from it a Fokker-Planck equation for the probability of observing a velocity
V = ∂tu at position u given an initial velocity V0 at position u0. From this equation one can then
deduce the stationary probability distribution [45, 48, 49] :

Pu(V ) = 1
vΓ( v

vm
)

(
V

vm

) v
vm

e−
V
vm with vm = σ

ηm2 . (5.2.13)

Similarly a Fokker-Planck equation for the probability of observing a velocity V at a time t given
an initial velocity V0 at time t0 can be derived. Its stationary solution is [45, 48, 49] :

Pt(V ) = 1
vmΓ( v

vm
)

(
V

vm

) v
vm
−1

e−
V
vm . (5.2.14)

Transition at v = vm and scaling exponents The behavior of the distribution Pt(V ) near
V = 0 presents a transition at v = vm = σ

ηm2 between an intermittent motion and a continuous
motion. On the one hand when v/vm > 1, Pt(V ) vanishes when V → 0 and one can show
that after a finite time there is a single infinite avalanche and the velocity never vanishes again.
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On the other hand when v/vm < 1, Pt(V ) diverges when V → 0. One can show that indeed
the instantaneous total velocity becomes zero infinitely often and that there are well-separated
avalanches. In this case the avalanche size and duration corresponds to the first return at the
origin of the process defined by equations (5.2.13) and (5.2.14) respectively. Scaling arguments [48]
or a complete solution [49] gives the avalanche size and duration exponent :

τ = 3
2 −

v

2vm
, α̃ = 2− v

vm
with vm = σ

ηm2 . (5.2.15)

These exponents were already given in section 2.1 about the Barkhausen effect where m2v = c
was the magnetization rate and η was set equal to 1.

5.3 Introduction of the Brownian force model
I now present a generalization of the ABBM model, the Brownian force model (BFM), which
describes a multidimensional elastic interface driven in a Brownian random force landscape. This
model introduced in [124, 104, 105, 106] provides the correct mean-field theory describing the full
space-time statistics of the velocity in a single avalanche for d-dimensional realistic interfaces close
to the depinning transition. Restricted to the center of mass it reproduces the ABBM model.
Until now statistics of the spatial structure of avalanches have been calculated in the case of the
short-range elasticity [105, 106, 115, 125, 126]. Yet domain walls, fluid contact lines or crack
fronts are described by long-ranged elasticity (see chapter 2). In this section I present first results
that have been obtained for spatial observables of the BFM with long-range elasticity.

5.3.1 Definition of the model

The starting point is the equation of motion for a d-dimensional interface introduced in chapter 1 :

η∂tu(x, t) = m2 (w(x, t)− u(x, t)
)

+
∫
C(y − x)

(
u(y, t)− u(x, t)

)
ddy + Fdis

(
x, u(x, t)

)
(5.3.1)

Drawing on the ABBM model, we assume the random force field to be a collection of independant
one-dimensional Brownian motion of amplitude σ :[

Fdis(x, u)− Fdis(x′, u′)
]2 = 2σδd(x− x′)|u− u′| (5.3.2)

∂uFdis(x, u)∂u′Fdis(x′, u′) = 2σδd(x− x′)δ(u− u′) . (5.3.3)

Note that for the disorder correlator ∆ defined in section 1.2.3, equation (5.3.3) implies :

∂u∂u′∆(u− u′) = −σ∂u′sign
(
u− u′

)
= 2σδ(u− u′) (5.3.4)

Let us compute the time derivative of the disorder correlations. Writing u̇(x, t) = ∂tu(x, t) we
have :

∂tFdis
(
x, u(x, t)

)
∂t′Fdis

(
x′, u(x′, t′)

)
= δd(x− x′)∂t∂t′∆

(
u(x, t)− u(x′, t′)

)
= −σδd(x− x′)u̇(x, t)∂t′sign

(
u(x, t)− u(x′, t′)

)
= 2σu̇(x, t)δd(x− x′)δ(t− t′) . (5.3.5)

When deriving the last equality we assumed a strictly monotonous motion so that
sign

(
u(x, t)− u(x, t′)

)
= sign

(
t− t′

)
. We can rewrite this equation using a Gaussian white noise

ξ of variance 2σ :

∂tFdis
(
x, u(x, t)

)
∂t′Fdis

(
x′, u(x′, t′)

)
=
√
u̇(x, t)ξ(x, t)

√
u̇(x′, t′)ξ(x′, t′) , (5.3.6)

ξ(x, t)ξ(x′, t′) = 2σδd(x− x′)δ(t− t′) . (5.3.7)
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Equation (5.3.6) shows that the time derivative of the disorder is a white noise multiplied by the
square root of the local velocity. Using this result we can now take the time derivative of equation
(5.3.1). We obtain a close stochastic differential equation for the velocity field :

η∂tu̇(x, t) = m2 (ẇ(x, t)− u̇(x, t)
)

+
∫
C(y − x)

(
u̇(y, t)− u̇(x, t)

)
ddy +

√
u̇(x, t)ξ(x, t) . (5.3.8)

This equation defines the Brownian force model. It is valid for any monotonous driving. As
such it allows for instance to study the response of the interface to a constant velocity driving
ẇ(x, t) = v > 0.

Monotonocity condition Note that the derivation of equation (5.3.8) holds under the re-
quirement that the motion of the interface is strictly monotonous. This is ensured by Middleton’s
second theorem under the assumptions that : (i) the drive is monotonous ẇ(x, t) ≥ 0, ∀x, t ; (ii)
the initial velocity at some time t0 is positive everywhere u̇(x, t0) ≥ 0 ∀x and (iii) there exists at
least one point x0 which has a strictly positive initial velocity u̇(x0, t0) > 0 (see section 1.5).

Loose definition of avalanches We define avalanches as the response of the interface to any
finite total drive : wtot =

∫
ẇ(x, t)ddxdt < +∞. Under such a drive the interface, starting from a

stable configuration will eventually reach a new stable configuration. Middleton’s third theorem
ensures that the final configuration reached by the line is independant from how the driving is
performed. Hence if we are interested in integral quantities depending only on the difference
between the final and the inital state (e.g. the avalanche size) we can assume the driving to be
a kick at t = 0 : ẇ(x, t) = w(x)δ(t). We will mainly use two type of kicks : a homogeneous kick
w(x) = w and a localized kick w(x) = wδ(x).

5.3.2 Generating functional and instanton equation

Generating functional of a random variable Let Y be a random variable of probability
distribution P (y). All the information about the statistics of Y are encoded in the generating
functional :

GY (λ) :=
∫
eλyP (y)dy . (5.3.9)

Note that since P (y) is a probability distribution the integral converges for λ = 0. We will only
consider non-positive values of λ, for which the integral always converges : λ ≤ 0. The generating
functional GY encodes all the informations about the statistics of the random variable Y . In
particular, since GY is the Laplace transform of the probability distribution P (y), this latter can
be recovered by taking the inverse Laplace transform from GY :

P (y) = L−1 (GY ) (5.3.10)

where L denotes the Laplace transform operator and L−1 is the inverse Laplace transform oper-
ator.

Generating functional of the velocity field

The notion of generating functional can be extended to the stochastic field u̇(x, t) as follows :

G[λ(x, t), ẇ(x, t)] := exp
(∫

λ(x, t)u̇(x, t)ddxdt
)ẇ(x,t)

(5.3.11)

where ...ẇ(x,t) denotes the disorder average for a given driving ẇ(x, t). The term λ(x, t), called the
source, is arbitrary, we are free to make any choice for the source. All the informations about the
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distribution of the interface local velocity field u̇(x, t) for a given driving ẇ(x, t) are encoded in
G[λ(x, t), ẇ(x, t)]. In particular, when choosing a source λ(x, t) = λδd(x− x0)δ(t− t0), equation
(5.3.11) becomes the generating functional of the random variable u̇(x0, t0). This can be extended
to any joint probability distribution of the velocity field. The statistics of different observables
can be accessed by choosing an appropriate source λ(x, t). I give a few examples below, before
diving into the details of the computation of G. We will consider mainly two cases. The first one
is a finite total increment in the drive :

wtot =
∫
ẇ(x, t)ddxdt < +∞ (5.3.12)

The second one is a drive at constant velocity : ẇ(x, t) = ẇ(x) is independent of time. In this
case we can define the total driving velocity :

vtot =
∫
ẇ(x)ddx (5.3.13)

Total velocity The total velocity of the interface V (t0) at time t0 is defined as V (t0) =∫
u̇(x, t0)ddx. It corresponds to the choice of the source λ(x, t) = λδ(t − t0). Under this choice

(5.3.11) reads :
G[λδ(t− t0), ẇ(x, t)] = exp

(
λV (t0)

)ẇ(x,t)
(5.3.14)

which is the generating functional for the random variable V (t0).

Avalanche size For a finite drive, wtot < +∞, the avalanche size is defined as S =∫
u̇(x, t)ddxdt. It corresponds to a constant and homogeneous source λ(x, t) = λ. Under this

choice (5.3.11) becomes :
G[λ, ẇ(x, t)] = exp (λS)ẇ(x,t) (5.3.15)

Local avalanche size The local avalanche size is defined as the jump forward of a single point
x0 during the avalanche. It is formally defined as S(x0) =

∫
u̇(x0, t)dt. It corresponds to a choice

of the source λ(x, t) = λdδ(x− x0). Under this choice (5.3.11) becomes :

G[λdδ(x− x0), ẇ(x, t)] = exp
(
λS(x0)

)ẇ(x,t)
(5.3.16)

Computation of the generating functional

Using Martin-Siggia-Rose formalism the generating functional can be rewritten as [105, 106]

G[λ(x, t), ẇ(x, t)] = exp
(∫

m2ẇ(x, t)ũ[λ](x, t)ddxdt
)

(5.3.17)

where ũ[λ](x, t) is the solution of the following ordinary non-linear differential equation, called
instanton equation :

η∂tũ(x, t) +
∫
C(y − x)

(
ũ(y, t)− ũ(x, t)

)
ddy −m2ũ(x, t) + σ

(
ũ(x, t)

)2 = −λ(x, t) . (5.3.18)

The derivation of this result is sketched in appendix D. With this result we see that finding the
statistical distribution of any observable can be reduced to the problem of solving the ordinary
equation (5.3.18) with the corresponding appropriate source λ(x, t).
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5.3.3 Dimensionless equations

Units

In the following of this chapter it will be convenient to work in dimensionless units, i.e. to have
η = m2 = σ = 1 in equations (5.3.8) and (5.3.18). This can be achieved upon proper rescaling of
all quantities. We need to specify the form of the elasticity kernel which we take to be

C(y − x) = c/|y − x|d+α . (5.3.19)

We also want to set the elasticity constant c = 1. In order to do this we define a transversal
length scale `m, a time scale τm and an avalanche scale Sm :

`m =
(
c

m2

) 1
α

, τm = ηm−2 , Sm = σ

m4 , (5.3.20)

and we set :

x = `mx
′ , t = τmt

′ , u̇(x, t) = Sm
τm`dm

u̇′(x′, t′) , ũ(x, t) = 1
m2Sm

ũ′(x′, t′) , (5.3.21)

ẇ(x, t) = Sm
τm`dm

ẇ′(x′, t′) , ξ(x, t) = m2
√

Sm
τm`dm

ξ′(x′, t′) , λ(x, t) = S−1
m λ′(x′, t′) . (5.3.22)

Equations

Rewriting equation (5.3.8) in function of the primed quantities, all terms become proportional to
m2Sm/(τm`dm). This term can be cancelled and the dimensionless equation of motion read :

∂t′ u̇
′(x′, t′) =

(
ẇ′(x′, t′)− u̇′(x′, t′)

)
+
∫
u̇′(y′, t′)− u̇′(x′, t′)
|y′ − x′|d+α ddy′ +

√
u̇′(x′, t′)ξ′(x′, t′) , (5.3.23)

ξ′(x′1, t′1)ξ′(x′2t′2) = 2δd(x′1 − x′2)δ(t′1 − t′2) . (5.3.24)

Similarly, rewriting equation (5.3.18) in function of the primed quantities, all terms become
proportional to S−1

m which can be cancelled. The dimensionless instanton equation is :

∂t′ ũ
′(x′, t′) +

∫
ũ′(y′, t′)− ũ′(x′, t′)
|y′ − x′|d+α ddy′ − ũ′(x′, t′) +

(
ũ′(x′, t′)

)2
= −λ′(x′, t′) . (5.3.25)

5.3.4 Massless equations

Alternatively to the external force m2 (w(x, t)− u(x, t)
)
, one can also use a driving force f(x, t)

that does not depend on the position of the interface. In this case the stochastic equation for the
velocity field reads :

η∂tu̇(x, t) = ḟ(x, t) +
∫
C(y − x)

(
u̇(y, t)− u̇(x, t)

)
ddy +

√
u̇(x, t)ξ(x, t) (5.3.26)

and the generating functional now depends on the ramp rate of the force ḟ(x, t) :

G[λ(x, t), ḟ(x, t)] := exp
(∫

λ(x, t)u̇(x, t)ddxdt
)ḟ(x,t)

= exp
(∫

ḟ(x, t)ũ[λ](x, t)ddxdt
)
,

(5.3.27)
where ũ[λ](x, t) is now solution of a massless instanton equation :

η∂tũ(x, t) +
∫
C(y − x)

(
ũ(y, t)− ũ(x, t)

)
ddy + σ

(
ũ(x, t)

)2 = −λ(x, t) . (5.3.28)
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Equations (5.3.26) and (5.3.28) can also be written in dimensionless units. The characteristic
scales that we need to introduce for this purpose are similar to the ones in (5.3.20) except that
they do not depend on the mass (we keep the same notation for convenience but these scales do
not contain any mass and do not result in a large scale cutoff) :

`m = c
1
α , τm = η , Sm = σ , (5.3.29)

Then, besides introducing the rescaling of ḟ(x, t), we can use the same rescalings as in equa-
tions (5.3.21) and (5.3.22) except for ũ and ξ :

ḟ(x, t) =
√

Sm
τm`dm

ḟ ′(x′, t′) , ũ(x, t) = 1
Sm

ũ′(x′, t′) , ξ(x, t) =
√

Sm
τm`dm

ξ′(x′, t′) . (5.3.30)

With this rescaling we obtain the dimensionless massless instanton equation :

∂t′ ũ
′(x′, t′) +

∫
ũ′(y′, t′)− ũ′(x′, t′)
|y′ − x′|d+α ddy′ +

(
ũ′(x′, t′)

)2
= −λ′(x′, t′) . (5.3.31)

In the following we will mainly use the dimensionless equations (5.3.23), (5.3.25) and (5.3.31) and
drop the primes for readibility.

5.3.5 Previous results for global quantities : avalanche size, total velocity and
duration

For obtaining the statistics of global quantities we choose sources that do not depend on space. In
consequence the solution of the instanton equation is also space-independent, the elasticity term
vanishes and the instanton equations we need to solve are of the form (in dimensionless units) :

∂tu(t)− u(t) + u(t)2 = −λ(t) . (5.3.32)

Avalanche size

The avalanche size is S =
∫
u̇(x, t)ddxdt and corresponds to a constant source λ(x, t) = λ. By

symmetry the solution is also independent of time. The instanton equation reduces to :

ũ2 − ũ+ λ = 0 . (5.3.33)

This equation has two roots. For choosing the root we notice that from (5.3.11), we have
G[λ, ẇ(x, t)] < 1 for λ < 0 which corresponds to ũλ < 0 in (5.3.17). The solution is thus
ũλ =

(
1−
√

1− 4λ
)
/2. It gives the solution for a total drive wtot :

eλS = exp
(
wtot

2
(
1−
√

1− 4λ
))
⇔ Pwtot(S) = wtot

√
4πS3/2 exp

(
−(S − wtot)2

4S

)
(5.3.34)

Avalanche total velocity

The instantaneous total velocity of the interface, also called areal velocity, is defined as V (tf ) =∫
u̇(x, tf )ddx. It corresponds to the choice of source λ(x, t) = λδ(t − tf ). The solution of the

instanton equation with this source is :

ũλt = λ

λ+ (1− λ)etf−t θ(tf − t) , (5.3.35)

with θ the Heaviside function. The distribution obtained depends on the driving ẇxt in (5.3.17).
We will first consider a constant driving ẇ(x, t) = v. We note vtot = Ldv the total driving
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velocity. This choice gives the stationary total velocity distribution of the interface. The result
does not depend on time hence we can drop the time tf and write V for the total instantaneous
velocity :

eλV = (1− λ)−v
tot
⇔ Pvtot(V ) = V −1+vtot

Γ[vtot] exp (−V ) . (5.3.36)

Note that the probability distribution (5.3.36) is exactly the same one as the probability dis-
tribution for the velocity in the ABBM model (5.2.14) with the prefactor vm = σ

ηm2 = 1 in
dimensionless units4. Here vtot = Ldv plays the role of the mean velocity v in (5.2.14). This
distribution has a transition at vtot = 1 between a phase where the interface stops infinitely often
(vtot < 1) and a phase where the interface never stops (vtot > 1). In terms of the mean velocity,
the transition happens at v = L−d which decays with the system size.

Avalanche duration

A second choice of driving is to consider an initial kick at time ti = 0 : w(x, t) = wδ(t) =
wtotL−dδ(t). In this case the generating functional reads :∫

eλV (tf )Pwtot(V (tf ))dV (tf ) = eλV (tf ) = exp
(
wLdũλt=0

)
= exp

(
wtot λ

λ(1− etf ) + etf
θ(tf )

)
(5.3.37)

Note that in the case tf < 0, we expect the velocity to be constantly zero. This is indeed the case
as the generating functional is independent of λ and equal to 1 which corresponds to a probability
distribution Pwtot(V ) = δ(V ). In the case tf > 0 we will not intend to compute the probability
distribution but only consider the probability for the total velocity to be 0 at time tf :

Pwtot(V (tf ) = 0) = lim
λ→−∞

∫
eλV (tf )Pwtot(V (tf ))dV (tf ) (5.3.38)

= exp
(

wtot

1− etf

)
(5.3.39)

This gives access to the distribution of the avalanche duration T by noticing that Pwtot(V (tf ) =
0) = Pwtot(T < tf ). We then have :

Pwtot(T = tf ) = ∂TfPwtot(T < tf ) = wtotetf

(1− etf )2 exp
(

wtot

1− etf

)
(5.3.40)

= wtot

(2 sinh tf/2)2 exp
(

wtot

1− etf

)
(5.3.41)

Single avalanche density

The probability distribution Pwtot(S)computed above is defined for a finite increment in the
drive wtot. Within this procedure several avalanches might be triggered during the same drive
increment. To ensure that a single avalanche is triggered we must take the limit wtot → 0. We
can compute the single avalanche density per unit increment ρ(S) which is defined by :

ρ(S) = ∂Pwtot(S)
∂wtot

∣∣∣∣
wtot=0

= 1√
4πS3/2 exp

(
−S4

)
. (5.3.42)

Similarly we can define the single avalanche density ρ(T ) for the avalanche duration :

ρ(T ) = ∂Pwtot(T )
∂wtot

∣∣∣∣
wtot=0

= 1
(2 sinh tf/2)2 . (5.3.43)

4If we restore the dimensions in (5.3.36) we obtain exactly the formula (5.2.14) with vm = Sm/τm
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Link between the massive and massless cases The results above were obtained for the
massive case with the dimensionless massive units. The results for the massless case can be
obtained from the behavior for T, S, V � 1.

5.3.6 Link with the ABBM model

As for the BFM, the single particle equation of the ABBM model (5.2.9) can be turned into a
stochastic equation for the particle velocity :

η∂tu̇(t) = m2 (ẇ − u̇(t)
)

+
√
u̇(t)ξ(t) , (5.3.44)

where ξ is a white noise with correlations ξ(t)ξ(t′) = 2σδ(t− t′). The same field-theory formalism
as in section 5.3.2 can be used to write the generating functional [105] :

GABBM[λ(t), ẇ(t)] := exp
(∫

λ(t)u̇(t)dt
)ẇ(t)

= exp
(
m2

∫
ũ[λ](t)dt

)
(5.3.45)

where ũ[λ] is solution of the zero-dimensional instanton equation :

η∂tũ(t)−m2ũ(t) + σũ2(t) = −λ(t) . (5.3.46)

This is exactly the same equation (with dimension) as the general instanton equation for global
quantities (5.3.32). This means that the statistics of the velocity in the ABBM model is exactly
the one of the total velocity in the BFM and the driving velocity v in the ABBM corresponds to
the total drive vtot = Ldv in the BFM.
Equation (5.3.44) can also be derived from the BFM equation for the local velocity field (5.3.8).
Integrating over space we obtain an equation for the total velocity :

η∂tV (t) = m2
(
ẇtot(t)− V (t)

)
+
∫ √

u̇(x, t)ξ(x, t)ddx , (5.3.47)

where ẇtot(t) =
∫
ẇ(x, t)ddx. The computation of the variance of the disorder term gives :∫ √

u̇(x, t)ξ(x, t)ddx
∫ √

u̇(y, t′)ξ(y, t′)ddy =
∫ ∫ √

u̇(x, t)u̇(y, t′)ξ(x, t)ξ(y, t′)ddxddy

=
∫ ∫ √

u̇(x, t)u̇(y, t′)2σδd(x− y)δ(t− t′)ddxddy

= 2σ
∫
u̇(x, t)δ(t− t′)ddx

= 2σV (t)δ(t− t′) . (5.3.48)

The last term is equal to the variance of the disorder term
√
u̇(t)ξ(t) in (5.3.44) with the corre-

spondance V (t) ≡ u̇(t).

5.4 Insights into the long-range instanton equation
with a local source

For global quantities like the avalanche size and duration or the total instantaneous velocity of the
interface, the probability distribution are obtained by solving the instanton equation with sources
that are independent of x. The results are thus the same for LR elasticity as for SR elasticity
and are given in the previous section 5.3.5. On the other hand obtaining informations about local
quantities, and hence about the spatial structure of the avalanches, requires to solve the instanton
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equation with sources that depend on x. In this case we expect to obtain different results for LR
elasticity than for SR elasticity. The spatial structure also depends on the dimension d. In this
section I focus on the one-dimensional case, d = 1.
The most simple spatial quantity that we can study is the distribution of local jumps P (S(x0)),
with S(x0) :=

∫
u̇(x0, t)dt. This distribution can be obtained by solving the instanton equa-

tion (5.3.25) with a local source λ(x) = λδ(x − x0). This equation has been solved for SR
elasticity and d = 1 in [106, 115]. It enabled then to obtain the joint probability distribution
P (S(x1), S(x2)) which paved the way to the computation of the probability distribution of the
extension of the avalanche. Thus solving the instanton equation for the local jumps is a key
step on the way to accessing more spatial quantities and being able to compute for instance the
number of clusters inside one avalanche or the extension of clusters. The instanton equation we
need to solve for LR elasticity reads in dimensionless units :∫

ũ(y)− ũ(x)
|y − x]1+α dy −Aũ(x) + ũ2(x) = −λδ(x) (5.4.1)

where A = 1 for the massive instanton equation (5.3.25) and A = 0 for the massless instanton
equation (5.3.31). This equation is non linear and non local. Although we were not able to solve
it yet we could still obtain some information about the statistics of S(x).

5.4.1 Outline and main results of the section

In section 5.4.2 I start by studying the Fourier transform of the instanton equation as it will be
useful for the following sections.
In section 5.4.3 I make the Ansatz that the solution of the massless instanton equation is scale
invariant and find the scale transformation under which the scale invariance holds. An homogene-
ity relation involving the generating functional then allows to deduce the value of the exponent τ0
which controls the decay of P

(
S(x)

)
. I find that τ0 = 1+ α−1

2α−1 (5.4.15) for an homogeneous drive
and τ0,loc = 1 + α

2α−1 (5.4.20) for a local drive. The values for α = 2, τ0 = 4/3 and τ0,loc = 5/3,
are in agreement with the results of the calculation in [115] for SR elasticity. For α = 1 I obtain
the values τ0 = 1 and τ0,loc = 2.
In section 5.4.4 I assume that the solution of the instanton equation decays as a power law at
large scale ũ(x) ∼ |x|−β. Matching the leading order non-analytic terms in a small q expansion of
the instanton equation in Fourier space, I obtain an exponent β = α for 0 < α < 1, β = (1 +α)/2
for 1 < α < 3 and β = 2 for α > 3. These results are summarized in table 5.1. I deduce a bound
on the exponent κc of the cluster extension (5.4.39).
Finally in section 5.4.5 I use a formal expansion of the solution of the instanton equation to
compute the large scale behavior of the first two moments of the local jump distribution (i.e.
S(x) and S2(x)). Following a local kick x = 0 both moments decay as 1/|x|1+α at large scale
for any α between 0 and 2 (cf. equations (5.4.65) and (5.4.66)) The same decay holds when the
moments are computed for a fixed total avalanche size S (cf. equations (5.4.96) and (5.4.97)).
This suggests a kind of intermittency, i.e. that S(x) is very small most of the time but that
the moments are dominated by rare events, where S(x) is large, of order 1, that arise with a
probability proportional to 1/x1+α. I deduce a bound on the exponent characterizing the large
scale decay of the avalanche diameter (5.4.69).

5.4.2 Instanton equation in Fourier

The dimensionfull instanton equation (5.3.18) reads in Fourier space :

η∂tû(q, t) +
(
Ĉ(q)− Ĉ(0)

)
û(q, t)−m2ûqt + σ (û ∗ û) (q, t) = −λ̂(q, t) , (5.4.2)
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where ∗ denotes the convolution product in the Fourier variable :

(û ∗ û) (q, t) =
∫
û(k, t)û(q − k, t)dk2π . (5.4.3)

The elastic term can be explicitly computed for the elastic kernel (5.3.19) with 0 < α < 2 and
reads (see appendix A for details of the calculation) :

Ĉq − Ĉ0 =

 2c cos
(
απ
2

)
Γ(−α)|q|α for 0 < α < 2 and α 6= 1 ,

−cπ|q| for α = 1 .
(5.4.4)

With this kernel the Fourier transform of the dimensionless instanton equation (5.3.25) is thus :

∂tû(q, t)− κα|q|αû(q, t)− û(q, t) + (û ∗ û) (q, t) = −λ̂(q, t) , (5.4.5)

with κα = −2 cos
(
απ
2

)
Γ(−α) > 0 for α 6= 1 and κ1 = π.

5.4.3 Scaling argument for the exponent of the local size distribution

We can estimate the critital exponent for the distribution of local jumps via a scaling argument.
As the exponent is the hallmark of the behaviour at the critical point we can set the mass m→ 0
(i.e. A = 0 in (5.4.1)) We will make the assumption that the solution of the massless instanton
equation has a scale-invariance. This assumption is motived by the fact that the solution of the
massless instanton equation for SR elasticity is scale invariant. Indeed this solution reads [115] :

ũ(x) = − 6
(|x|+ (−24/λ)1/3)2 = − (−λ)2/36(

(−λ)1/3|x|+ 241/3
)2 with − λ > 0 . (5.4.6)

It can thus be written as ũ(x) = (−λ)βǔ((−λ)γx) with β = 2/3, γ = 1/3 and ǔ(x̌) = −6/(|x̌| +
241/3)2 independent of λ.
Therefore we consider the LR massless intanton equation :∫

ũ(y)− ũ(x)
|y − x|1+α dy + ũ2(x) = −λδ(x). (5.4.7)

and assume that its solution scales with −λ (which is positive) as :

ũ(x) = (−λ)βǔ(x̌) where x̌ = (−λ)γx. (5.4.8)

Under this rescaling the instanton equation (5.4.7) becomes :

(−λ)β+αγ
∫
ǔ(y̌)− ǔ(x̌)
|y̌ − x̌|1+α dy̌ + (−λ)2βǔ2(x̌) = (−λ)1+γδ(x̌) . (5.4.9)

The scale invariance of the equation implies that β + αγ = 2β = 1 + γ and hence that :

β = α

2α− 1 , γ = 1
2α− 1 . (5.4.10)

Note that for α = 2 we recover the values β = 2/3 and γ = 1/3 which correspond to the scale
invariance of the SR solution (5.4.6). The constants β and γ diverge for α = 1/2. Therefore we
assume from now on that α > 1/2. Now we look at the consequence of this scaling solution for
the distribution of the local size. The distribution of S0 = S(x = 0) is encoded in the generating
functional :

exp(λS0)ẇ(x,t) = G[λδ(x), ẇ(x, t)] = exp
(∫

ẇ(x, t)ũ(x)dxdt
)
. (5.4.11)

The integral over time does not depend on ũ so we can consider the drive to be a kick at t = 0 :
ẇ(x, t) = w(x)δ(t). The result depends on the specific form of the function w(x). We consider to
case, an homogeneous drive, w(x) = w, and a local drive w(x) = wδ(x− x0).
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Homogeneous drive : w(x) = w In this case the generating functional reads :

exp(λS0)wδ(t) = exp
(
w

∫
ũ(x)dx

)
= exp

(
w(−λ)β−γ

∫
ǔ(x̌)dx̌

)
= 1 + wK(−λ)β−γ +O(w2) . (5.4.12)

where K =
∫
ǔ(x̌)dx̌. From this we deduce :∫

Pw(S0)
(
eλS0 − 1

)
dS0 = wK(−λ)β−γ +O(w2) . (5.4.13)

For the single avalanche density ρ(S0) = ∂Pw(S0)
∂w

∣∣∣∣
w=0

we obtain :
∫
ρ(S0)

(
eλS0 − 1

)
dS0 = K(−λ)β−γ . (5.4.14)

Assuming a power law ρ(S0) ∼ S−τ0
0 , we see that the left-hand side (LHS) has dimension S1−τ0

0 ∼
λ−1+τ0 (because λS0 ∼ 1). By homogeneity this yields :

τ0 = 1 + β − γ = 1 + α− 1
2α− 1 = 2− α

2α− 1 (5.4.15)

Thus for α = 1 this argument predicts
τ0 = 1 . (5.4.16)

For α = 2 it predicts τ0 = 4/3 which is consistent with previous results for SR elasticity. Indeed for
SR elasticity, the full probability density function of local jumps has been obtained in [106, 115].
For an homogeneous driving w(x) = w, it does not depend on x. In this case we write the result
for S0 := S(x = 0) :

Pw(S0) = 2× 31/3

S
4/3
0

e6wwAi

(( 3
S0

)1/3
(S0 + 2w)

)
, (5.4.17)

where S0 and w are expressed in units of σ/m3.

Local drive : w(x) = wδ(x− x0) We assume a kick at x = x0. The generating functional for
the distribution of jumps in x = 0 is :

exp(λS0)wδ(x−x0)δ(t) = exp
(
wũ(x0)

)
= exp

(
w(−λ)βǔ(x̌0)

)
= 1 + wǔ(x̌0)(−λ)β +O(w2) . (5.4.18)

From which we deduce : ∫
ρ(S0)

(
eλS0 − 1

)
dS0 = ǔ(x̌0)(−λ)β . (5.4.19)

Assuming a power law decay ρ(S0) ∼ S−τ0,loc
0 , the LHS has dimension S

1−τ0,loc
0 ∼ λ−1+τ0,loc . The

homogeneity now imposes the relations :

τ0,loc = 1 + β = 1 + α

2α− 1 = 2− α− 1
2α− 1 (5.4.20)

For α = 1 this argument now predicts :

τ0,loc = 2 . (5.4.21)

For α = 2 it predicts τ0,loc = 5/3 which is once again in agreement with the result of the
calculation in [115] for SR elasticity.
Table ?? gives the numerical values according to the predictions (5.4.15) and (5.4.20) for some
values of α.
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5.4.4 Power law decay of the massless solution

For SR elasticity the solution of the massless instanton equation is [115] :

ũ(x) = − 6
(|x|+ xλ)2 , with x3

λ = −24
λ
> 0 . (5.4.22)

Taking the limit λ → −∞ allows to obtain the probability that the interface does not move in
x = 0 (i.e. S0 = 0) when a kick ḟ(x, t) = fδ(x−x0)δ(t) is applied in x0. In this limit the solution
of the instanton equation becomes5 ũ(x) = −6/x2 and the probability reads

Pfδ(x−x0)δ(t)(S0 = 0) = exp
(
fũ(x0)

)
= exp

(
−6f
x2

0

)
. (5.4.23)

This probability is finite for x0 6= 0 and tends to 1 when |x0| → ∞. For SR elasticity, (5.4.23)
is the probability that an avalanche starting from a seed at x = x0 does not reach x = 0. By
taking the derivative with respect to |x0| of (5.4.23) one obtains the probability that the avalanche
reaches a distance |x0| from the seed. This probability decays as 1/|x0|3, hence the exponent of
the avalanche extension is κ = 3, in agreement with the general scaling relation κ = d + ζ − 1
(with d+ ζ = 4 for the BFM with SR elasticity).

By analogy let us assume that the solution of the massless LR instanton equation also has a
power law decay when |x| → ∞ :

ũ(x) ∼|x|→∞
B

|x|β
(5.4.24)

where β is an unknown exponent that depends on α and that we want to determine. In order to
determine β we can make two arguments. The first one is in real space. It consists in making an
Ansatz β = α and checking that it is consistent. It leads to an exact solution of the LR instanton
equation for all x 6= 0 valid for α < 1. This solution was noticed earlier in [127]. The second one
consists in matching the non-analytic exponents of the equation in Fourier space.

Real space argument

We make the Ansatz for x 6= 0 :
ũ(x) = B(α)

|x|α
(5.4.25)

and plug this Ansatz into (5.4.1) with A = 0. For x 6= 0 the elastic term becomes :∫
ũ(y)− ũ(x)
|y − x|1+α dy = B(α)

|x|2α
∫ 1
|s− 1|1+α

(
1
|s|α
− 1

)
ds = −B(α)Z(α)

|x|2α
(5.4.26)

with

Z(α) = −
∫ 1
|s− 1|1+α

(
1
|s|α
− 1

)
ds =

 Γ(1−α)2

αΓ[1−2α] if α < 1
−∞ if α ≥ 1

(5.4.27)

Since ũ2(x) = B2(α)/|x|2α, we must have for x 6= 0 :

B2(α)−B(α)Z(α)
|x|2α

= 0 (5.4.28)

which imposes B(α) = Z(α). For α < 1 this gives a solution for the instanton equation for all
x 6= 0. Taking into account the source λδ(x) would require to modify the Ansatz. By analogy
with the SR case it is reasonable to assume that this gives the solution for λ→ −∞.
The Ansatz (5.4.25) does not work for α ≥ 1 as the integral Z(α) diverges in this case. Let us
turn to the Fourier space to obtain further information about the power law decay of ũ(x).

5Note that this function is also solution of ∂2
xũ(x) + ũ2(x) = 0 for x 6= 0.
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Fourier space argument

We assume that ũ(x) ∼ |x|−β at large distance. The Fourier transform of the elastic kernel is
given in (5.4.4) for α < 2 and is proportional to |q|α. If α > 2 there are singularities and even
power of q arises (see Appendix A for details). In the most general setting we can write the small
q expansion of the elastic kernel as :

Ĉq − Ĉ0 = −
(
κα|q|α + c2q

2 +O(q4)
)
. (5.4.29)

The Fourier transforms of ũ(x) and ũ2(x) can be expanded near q = 0 as :

û(q) = u0 + u2q
2 + uβ|q|β−1 +O(q4) , (5.4.30)

û2(q) = U0 + U2q
2 + Uβ|q|2β−1 +O(q4) . (5.4.31)

For the source we only assume a fast decay so that its Fourier transform is analytic :

λ̂(q) = λ0 + λ2q
2 +O(q4) (5.4.32)

with λ̂(q) ≡ λ0 = λ corresponding to λ(x) = λδ(x). A necessary condition for our ansatz to
be solution of the instanton equation is that the leading order non-analytic term Uβ|q|2β−1 of
û2(q) cancels against the leading order non-analytic term of

(
Ĉq − Ĉ0

)
û(q). To proceed let us

distinguish three cases.

Case 1 For α < 2 and β < 1 the leading order of the elastic term is καuβ|q|α+β−1. This yields
the solution β = α with the condition α < 1. We retrieve the result that we obtained in real
space.

Case 2 If α < 2 and β > 1 the leading order term is now καu0|q|α. We must have α = 2β − 1
which implies β = (1 + α)/2.

Case 3 If α > 2 we have a competition between two plausible leading terms : |q|α or |q|2+β−1.
If the latter is the leading term it implies{

2 + β − 1 = 2β − 1 ⇒ β = 2
2 + β − 1 < α ⇒ α > 3 (5.4.33)

So |q|2+β−1 can be the leading term only if α > 3. For 2 < α < 3, the leading term must be |q|α
and we have again β = (1 + α)/2.
The results are summarized in table 5.1.

0 < α < 1 1 < α < 3 3 < α

β = α β = (1 + α)/2 β = 2

Table 5.1: Table of the decay exponent β of the instanton equation solution tilde ũ(x) ∼ |x|−β as
a function of the elastic kernel exponent α.
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Interpretation

We would like to make the same interpretation as for SR elasticity and conclude that the instanton
equation solution that we obtained above, which is infinite at x = 0, gives the probability that
the line does not move in x = 0 when a kick is given in x0 6= 0, as in (5.4.23). However for LR
interactions with the elastic kernel (5.3.19), the equations (5.3.1) and (5.3.8) show that, as soon
as a small portion of the interface moves, all points must move from a finite amount. Thus we
will interpret the result as the probability that the local jump S0 = S(0) is ”small”6 when a local
kick ḟ(x, t) = fδ(x− x0)δ(t) is applied at x0 :

Pfδ(x−x0)δ(t)(S0 ' 0) = exp
(
fũ(x0)

)
∼ exp

(
− B

|x0|β
f

)
, (5.4.34)

where the value of β depends on α and is given in table 5.1. For α < 1 the scaling (5.4.34) holds
for all x0 6= 0 with B = B(α) = Z(α) calculated in (5.4.27) while for α > 1 it is true only for x0
large.
A second complication is that for LR elasticity we expect the avalanche to be made of several
disconnected clusters, so we cannot infer immediately information about the avalanche extension
and its exponent κ. Instead we can infer information about the extension of the clusters. We
consider that two clusters are disconnected if they are separated by a portion Ω of the interface
where S(x) ' 0 for all x ∈ Ω. For a local kick at x0, having S(0) ' 0 implies that the distance
`c(x0) reached by the cluster which contains x0 is smaller than |x0| :

S(0) ' 0 => `c(x0) < |x0| . (5.4.35)

Hence we can deduce a bound on the probability that `c(x0) < |x0|. Writing Pf instead of
Pfδ(x−x0)δ(t) we have :

Pf
(
`c(x0) < |x0|

)
≥ Pf

(
S(0) ' 0

)
(5.4.36)

Pf
(
`c(x0) > |x0|

)
≤ 1− Pf

(
S(0) ' 0

)
∼

|x0|�1
f

B

|x0|β
(5.4.37)

Assuming that all clusters are described by the same decay exponent κc, the second probability
scales as :

Pf
(
`c(x0) > |x0|

)
∼ f

∫ +∞

|x0|

d`c
`κcc
∼ f

|x0|κc−1 . (5.4.38)

Then the inequality in (5.4.37) implies that :

κc ≥ β + 1 =
{
α+ 1 if α ≤ 1
3+α

2 if 1 ≤ α ≤ 3 (5.4.39)

This is consistent with the scaling relation for κc derived in chapter 4. Indeed for the BFM one
has d+ ζ = 2α so this scaling relation gives κc = 1 + 2(d+ ζ)− 2α = 1 + 2α which satisfies the
bound (5.4.39). We recall also that κ = 1 + d+ ζ − α = 1 + α for the BFM. Hence one can note
that κ seems to obey the same bound and that it saturates it for α ≤ 1.

5.4.5 Expansion of the solution and first moments of local jumps

Although we are not able to solve the instanton equation (5.4.1) which would give the full
probability distribution of the local jumps S(x), a formal expansion of the solution allows to
compute the first moments of S(x). For this purpose we start once again from the generat-
ing functional. Since ũ(x) does not depend on time we can consider the drive to be a kick at

6We have not given a precise meaning of what ”small” means. This would require further investigations.
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t = 0: ḟ(x, t) = f(x)δ(t) = m2w(x)δ(t). With this convention the generating functional (5.3.11),
(5.3.17) reads :

G[λ(x), f(x)] := exp
(∫

λ(x)S(x)dx
)f(x)

= exp
(∫

f(x)ũλ(x)dx
)
. (5.4.40)

One can see that expanding the first exponential in (5.4.40) with a source λ(x) = λδ(x − x0)
would give the first moments of S(x0). The first terms of the expansion of the second exponential
can be computed by writting a formal expansion of the solution of the instanton equationas :

ũλ(x) = λũ1(x) + λ2

2 ũ2(x) + ... =
∞∑
n=1

λn

n! ũn(x) (5.4.41)

Note that we can perform this expansion for any source λ(x) that can be written as λ(x) = λg(x)
with g some function. Expanding both sides of (5.4.40) in power of λ we have :

G[λ(x), f(x)] = 1 +
∫
λ(x)S(x)dx+ 1

2

(∫
λ(x)S(x)dx

)2
+ ... (5.4.42)

= 1 + λ

∫
f(x)ũ1(x)dx+ λ2

2

∫
f(x)ũ2(x) + λ2

2

(∫
f(x)ũ1(x)dx

)2
+ ... (5.4.43)

Matching the same orders in λ yields :∫
λ(x)S(x)dx = λ

∫
f(x)ũ1(x)dx (5.4.44)

1
2

(∫
λ(x)S(x)dx

)2
= λ2

2

∫
f(x)ũ2(x) + λ2

2

(∫
f(x)ũ1(x)dx

)2
(5.4.45)

The last term in the second line is the square of the first line. Thus we obtain a formula for the
second connected moment :(∫

λ(x)S(x)dx
)2c

=
(∫

λ(x)S(x)dx
)2
−
(∫

λ(x)S(x)dx
)2

= λ2
∫
f(x)ũ2(x)dx (5.4.46)

More generally the n-th connected moment (i.e. the n-th cumulant) is, for n ≥ 1 :(∫
λ(x)S(x)dx

)nc
= λn

∫
f(x)ũn(x)dx (5.4.47)

Computation of the first terms of the expansion and first moments for a local kick

To compute the first terms of the expansion of ũλ(x) we turn to Fourier space. The Fourier
transform of the dimensionless instanton equation with a source λ(x) = λg(x) is :

−
(
κα|q|α +A

)
û(q) + (û ∗ û) (q) = −λ̂(q) = −λĝ(q) , (5.4.48)

with A = 1 for the massive equation and A = 0 for the massless equation. Plugging in the
expansion (5.4.41) into (5.4.48), we see that the first order term matches with ĝ(q) while the
highest order terms can be expressed as convolution products of lowest order terms. Hence the
terms of the expansion can be computed successively by iteration. Restricting to the two lowest
order terms, we have :

û1(q) = ĝ(q)
κα|q|α +A

(5.4.49)

û2(q) = 2
κα|q|α +A

(û1 ∗ û1) (q) (5.4.50)
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To proceed we first focus on α = 1, which is the case of most relevant interest, and then extend the
result for 0 < α < 2.. We consider a source λ(x) = λδ(x). In order to compute the convolution
product in (5.4.50) we must set A. We choose A = 1 which corresponds to the massive instanton
equation. With this convention we have, for α = 1 and using κ1 = π :

û1(q) = 1
π|q|+ 1 (5.4.51)

û2(q) =

 4
2+π|q| ×

ln(1+π|q|)
π3|q| if q 6= 0

2
π2 if q = 0

(5.4.52)

To obtain the moments of S(x) following a local kick we must take the inverse Fourier transform.
The inverse Fourier transform of û1(q) reads7 :

ũ1(x) =
−2Ci

(
x
π

)
cos

(
x
π

)
− 2Si

(
x
π

)
sin
(
x
π

)
+ π sin

(
x
π

)
2π2 (5.4.53)

where Ci and Si are the cosine and sine integral functions defined as :

Ci(z) = −
∫ +∞

z

cos(t)
t

dt , Si(z) =
∫ z

0

sin(t)
t

dt (5.4.54)

Equation (5.4.53) can be expanded near x = 0 and x = +∞ yielding :

ũ1(x) = − ln(|x|)
π2 +O(1) when x→ 0

ũ1(x) = 1
x2 +O

(
1
x4

)
when x→ ±∞

(5.4.55)

With this result we obtain the first moment of S(x) following a local kick at x = 0 (i.e. f(x) =
fδ(x)) :

S(x) = fũ1(x) '
{
−f ln(|x|)

π2 when x→ 0
f 1
x2 when x→ ±∞

(5.4.56)

Regarding the second moment S2(x)c :=
(
S(x)

)2c, we are not able to compute the inverse Fourier
transform of û2(q) but we note that ũ2(0) =

∫
û2(q) dq2π = 1

2π2 is finite. Hence the second connected
moment of the jump in x = 0 following a kick at the same location is finite and reads :

S2(0)c = fũ2(0) = f

2π2 . (5.4.57)

This results is remarkable. Indeed although the expectation of S(0) is infinite (as can be seen by
considering x→ 0 in (5.4.56)), the fluctuations around this expectation are finite.
We can also compute the large x behavior of S2(x)c by considering the expansion of û2(q) near
q = 0 :

û2(q) = 2
π2

1
1 + π|q|

+O(q2) = 2
π2 û1 (q) +O(q2) (5.4.58)

Since the large x behavior is controlled by the leading non-analytic term |q| in Fourier, we can
use the above result for û1 so we have (for α = 1) :

S2(x)c = fũ2(x) '
x→±∞

f
2

(πx)2 (5.4.59)

S2(x) = S2(x)c +
(
S(x)

)2
'

x→±∞
f

2
(πx)2 (5.4.60)

7Note that for a source λ(x) = λδ(x − x0) one has that ũ(x) and all the ũn(x) depend only on |x − x0|. We
have used that below in several places to simplify the equations.
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The computation of the large x behavior for the first and second moments can be extended to
0 < α < 2. We have :

S(x) = fũ1(x) '
x→±∞

f

|x|1+α (5.4.61)

S2(x) = fũ2(x) +
(
S(x)

)2
'

x→±∞

fKα

|x|1+α (5.4.62)

with Kα = 2 (û1 ∗ û1) (0) = 2(κα)−1/α α−1
α2 sin(π/α) and K1 = 2/π2. This result can be obtained by

expanding equations (5.4.49) and (5.4.50) near q = 0 :

û1(q) = 1
κα|q|α + 1 = 1− κα|q|α +O(|q|2α) (5.4.63)

û2(q) = 2
κα|q|α + 1

[
(û1 ∗ û1) (0) +O(q2)

]
(5.4.64)

One can check that the expansion (5.4.64) is analytic in q at least to order (and including) q2. The
term of order q in the expansion of the convolution product must be zero because (û1 ∗ û1) (q) is
even. The term of order q2 is a convergent integral. We see in (5.4.64) that û2(q) is proportional
to û1(q) to first order in q which means that the large scale behaviors of ũ2(x) and ũ1(x) are
similar. Taking the inverse Fourier transform of (5.4.63), the first term yields a δ(x), which is
irrelevant for the large scale behavior. The second term −κα|q|α is the Fourier transform of our
favorite elastic kernel C(x) = 1/|x|1+α so it gives the scaling8 (5.4.61).

Dimensionfull results We can set back the dimension by using the scales defined in equa-
tions (5.3.21) and (5.3.22) for the massive case. One can see that S(x) =

∫
u̇(x, t)dt has dimen-

sion Sm/`
d
m and f = m2 ∫ ẇ(x, t)dxdt has dimension m2Sm. Hence, in dimensionfull units the

results (5.4.61) and (5.4.62) now read :

S(x) '
x→±∞

1
m2`m

f

(
`m
|x|

)1+α

(5.4.65)

S2(x) '
x→±∞

Sm
m2`2m

fKα

(
`m
|x|

)1+α

(5.4.66)

Interpretation and consequence for the large scale decay of the avalanche diameter
We see in equations (5.4.61) and (5.4.62) that the first and second moment of S(x) are of the
same order of magnitude at large x. This property suggests intermittency at large x, i.e. S(x)
is almost zero most of the time but there are rare events, that arise with a small probability
p(x) ∼ f/x1+α, where S(x) is of order one: S(x) ∼ 1. This property allows to set a bound on
the probability of the avalanche diameter. Indeed S(x) ∼ 1⇒ D ≥ |x| so it follows that :

Pf
(
D ≥ |x|

)
≥ Pf

(
S(x) ∼ 1

)
∼ f

x1+α (5.4.67)

Assuming that at large scale the probability density function of the diameter decays as a power
law with an exponent κ̃D, the probability of D being larger that x scales as :

Pf
(
D ≥ |x|

)
∼ f

∫ +∞

|x|

dD

Dκ̃D
∼ f

|x|κ̃D−1 . (5.4.68)

8More precisely the inverse Fourier transform of κα|q|α is Ĉ(0)δ(x)− 1/|x|1+α, with Ĉ(0) = +∞, but the δ(x)
is irrelevant at large scale.
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Then the inequality in (5.4.67) implies that :

κ̃D ≤ 2 + α . (5.4.69)

This bound is consistent with the result obtained in chapter 4 for a one-dimensional interface
which is that the large scale exponent of the diameter is κ̃D = 1 + α.

Remark about the massless case In the massless case, A = 0, we know that the moments
S (resp. S2) of the total avalanche sizes are infinite since there is no more cutoff for large
avalanches, and τ = 3/2 < 2 (resp. τ < 3). Note however that for α < 1 the first moment of the
local avalanche size S(x) following a kick in x = 0 is finite. Indeed one has

S(x) = fũ1(x) = f

∫
dq

2π
eiqx

κα|q|α
= f

sin
(
πα
2

)
Γ(1− α)

καπ|x|1−α
. (5.4.70)

The finiteness of the moment is consistent with the fact that from (5.4.20) one has τ0,loc =
1 + α

2α−1 > 2 for α < 1. For α ≥ 1 however even the first moment is infinite (which is consistent
with τ0,loc < 2). This is why here we focus on the massive case, where some information can be
gained from the moments.

Computation of the first moments for an homogeneous driving f(x) = f = m2w

For an homogeneous driving f(x) = f = m2w the distribution of S(x) does not depend on x and
is the same as the one of S(0) = S0. We see from (5.4.47) that :

Sn0
c = f

∫
ũn(x)dx = fûn(0) . (5.4.71)

So the first two moments of S0 for α = 1 are obtained directly by setting q = 0 in equations
(5.4.51) and (5.4.52) :

S0 = fû1(0) = f (5.4.72)

S2
0
c

= fû2(0) = 2
π2 f (5.4.73)

We can also obtain the two-point correlation function by considering a source λ(x) = λg(x) with
g(x) = δ(x + r/2) − δ(x − r/2) which in Fourier space reads ĝ(q) = 2i sin(qr/2). Using (5.4.49)
and (5.4.50), we have for 0 < α < 2 :

(S(x)− S(x+ r))2c = (S(−r/2)− S(r/2))2c = fû2(0) = 2f (û1 ∗ û1) (0) (5.4.74)

= 4f
∫
dk

2π
1− cos(kr)(
1 + κα|k|α

)2 (5.4.75)

For α = 1 the integral can be computed exactly and yields (using κ1 = π) :

(S(x)− S(x+ r))2c = f
2r
π3

2Ci
(
r

π

)
sin
(
r

π

)
+
(
π − 2Si

(
r

π

))
cos

(
r

π

) (5.4.76)

We have the small and large r expansions :

(S(x)− S(x+ r))2c =


f
(

2r
π2 +O(r2 ln(r))

)
when r → 0

f

(
4
π2 − 8

r2 +O
(

1
r3

))
when r →∞

(5.4.77)
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For α 6= 1 we are not able to compute the integral but the small and large r behaviors can be
obtained from the large and small k behaviors of the integrand respectively. The scalings are :

(S(x)− S(x+ r))2c ∼

 frmin(2,2α−1) when r → 0
f
(
β0 − βα

r1+α

)
when r →∞ (5.4.78)

where β0 and βα are some undetermined constants.

Spatial shape at fixed avalanche size

We now focus on computing the first moments conditioned by the total size of the avalanche to
be fixed. The average shape of the avalanche for a fixed total size S and following a kick at x = 0,
S(x)S , was calculated in [125] for SR and LR elasticity with α = 1. Let us present the result in
our units. One has in the limit f → 0 :

S(x)S = 2
√
πS3/2eS/4L−1

µ→S

[∫
dq

2π
eiqx

κα|q|α +
√

1 + 4µ

]
(5.4.79)

where L−1 is the inverse Laplace transform operator. Note that the prefactor is the inverse of the
avalanche density ρ(S) (cf. equation (5.3.42)) and comes from conditioning at fixed S. Performing
the inverse Laplace transformed followed by the Fourier integral one obtains for α = 1 :

S(x)S = 1
π2

√πS − |x|e x2
π2S erfc

(
|x|
π
√
S

) '


√
S

π3/2 −
|x|
π2 when x→ 0

√
πS3/2

2x2 when x→ ±∞
(5.4.80)

with erfc the complementary error function defined by erfc(z) = 2√
π

∫+∞
z e−t

2
dt. Note that there

is a cusp at the origin and that the power of the decay at large x (i.e. 1/x2) is the same as the
one we obtained above for S(x) (but the prefactor is different).

We will use our formal expansion, with a different source, to compute the large x behaviors of
the first moments for any α between 0 and 2.

Strategy for computing S(x)S and S2(x)S Consider the instanton equation with the source
Λ(x) = −µ+λδ(x−x0) with µ > 0 and λ < 0. With this source the generating functional reads :

G[Λ(x), f(x)] = exp
(∫

λ(x)S(x)dx
)

= exp
(
−µS + λS(x0)

)
(5.4.81)

=
∫ ∫

e−µS+λS(x0)Pf (S, S(x0))dSdS(x0) (5.4.82)

We see that the total size S appears in the generating functional. Writting Pf (S, S(x0)) =
Pf (S(x0)|S)Pf (S) and taking derivatives with respect to λ evaluated in λ = 0 we obtain the
Laplace transforms of the first moments conditioned by S :

∂λG|λ=0 =
∫
e−µSPf (S)

∫
S(x0)Pf (S(x0)|S)dS(x0)dS

= LS→µ
(
S(x0)SPf (S)

)
(5.4.83)

∂2
λG|λ=0 =

∫
e−µSPf (S)

∫
S2(x0)Pf (S(x0)|S)dS(x0)dS

= LS→µ
(
S2(x0)SPf (S)

)
(5.4.84)
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On the other hand by expanding the solution of the instanton equation as

ũΛ(x) = ũ0(x) + λũ1(x) + λ2

2 ũ2(x) + ... (5.4.85)

we have :

G[Λ(x), f(x)] = exp
(∫

f(x)ũ(x)dx
)

(5.4.86)

∂λG|λ=0 =
(∫

f(x)ũ1(x)dx
)
e
∫
f(x)ũ0(x)dx (5.4.87)

∂2
λG|λ=0 =

(∫
f(x)ũ2(x)dx+

(∫
f(x)ũ1(x)dx

)2
)
e
∫
f(x)ũ0(x)dx (5.4.88)

Matching the two expressions for ∂λG|λ=0 and ∂2
λG|λ=0 we obtain the formulae :

S(x0)S = 1
Pf (S)L

−1
µ→S

((∫
f(x)ũ1(x)dx

)
e
∫
f(x)ũ0(x)dx

)
(5.4.89)

S2(x0)S = 1
Pf (S)L

−1
µ→S

(∫ f(x)ũ2(x)dx+
(∫

f(x)ũ1(x)dx
)2
)
e
∫
f(x)ũ0(x)dx

 (5.4.90)

Sketch of the calculation and results The first term of the expansion (5.4.85) is actually
independent of x and solution of the equation ũ2

0 − ũ0 = µ. It reads ũ0 = (1−
√

1 + 4µ)/2. The
expansion can be perfomed as above (starting from (5.4.48)) by making the change :

(κα|q|α + 1) → (κα|q|α + 1)− 2ũ0 = (κα|q|α +
√

1 + 4µ) . (5.4.91)

The following terms of the expansion are thus :

û1(q) = eiqx0

κα|q|α +
√

1 + 4µ (5.4.92)

û2(q) = 2
κα|q|α +

√
1 + 4µ(û1 ∗ û1)(q) (5.4.93)

To obtain the large x behaviors, we perform a small q expansion followed by an inverse Fourier
transform and finally take the inverse Laplace transform. Skipping the details of the calculation,
the large x behaviors for 0 < α < 2, following a local kick f(x) = fδ(x) and in the limit f → 0
are :

S(x)S '
x→±∞

√
π

2
S

3
2

|x|1+α (5.4.94)

S2(x)S '
x→±∞

γα
S

5α−1
2α

|x|1+α (5.4.95)

where γα is an undetermined constant. We also used that lim
f→0

Pf (S) = ρ(S) defined in equa-

tion (5.3.42). In dimensionfull units these results become :

S(x)S '
x→±∞

√
π

2
`αm√
Sm

S
3
2

|x|1+α =
√
π

2
√
σ

S
3
2

|x|1+α (5.4.96)

S2(x)S '
x→±∞

γα
`α−1
m√
S

1−1/α
m

S
5α−1

2α

|x|1+α = γασ
1−α
2α

S
5α−1

2α

|x|1+α (5.4.97)
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Figure 5.2: Log-log plot of C(x) (blue line) and K(x) (yellow line, bottom) with µ = 1 for α = 1.
K(x) shows the same power-law behavior as C(x) at small x but it is cut at x = 1

µ
.

The dimensionfull results only depend on the amplitude σ of the Brownian force field. They do
not depend on the mass m so they are also valid in the limit m → 0. Remark also that the
moments conditioned by the avalanche size S have the same large x scaling as the unconditioned
moments obtained above. Hence the same discussion about intermittency can be made and the
same conclusions hold.

Alternative choice of elasticity

In this thesis I mainly worked with a long-range kernel that in Fourier space gives a term −(m2 +
|q|α) in front of û(q). However the wetting line is actually described by another elastic kernel
which in Fourier space gives a term −

√
q2 + µ2 in front of û(q) [68]. This kernel corresponds to

α = 1. An essential difference with −(m2 + |q|) is that it is analytic in q. We can generalize it to
arbitrary value of α by making the change:

−
(
m2 +|q|α

)
→ −(q2 + µ2)

α
2 with µα = m2 . (5.4.98)

The last equality ensures that the two kernels are equal in q = 0. This defines an alternative
elasticity. Its kernel, denoted by K, reads, in Fourier and real space :

K̂(q) = −(q2 + µ2)
α
2 (5.4.99)

K(x) = −1
√
πΓ
(
−α

2

) (2µ
|x|

) 1+α
2

Kα+1
2

(µ|x|) (5.4.100)

where K is the modified Bessel function of the second kind. Indeed one can check that :∫
K(x− y)

(
u(y)− u(x)

)
dy − µαu(x) =

∫
eiqx

(
−(q2 + µ2)

α
2
)
û(q) dq2π . (5.4.101)

The elasticity kernel K(x) is plotted along C(x) for comparison in figure 5.2. It is exactly the
same power law at small x but K(x) has an exponential cutoff at x = 1/µ. This cutoff induces a
different physics where all power laws now have some cutoffs controlled by µ. With this kernel
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we have û1(q) = (q2 + µ2)
−α

2 for a local source λ(x) = λδ(x) and the first moment following a
local kick f(x) = fδ(x) is :

S(x) = fũ1(x) = f
√
πΓ
(
α
2

) (2µ
|x|

) 1−α
2

Kα−1
2

(µ|x|) (5.4.102)

which becomes for α = 1 :
S(x) = f

π
K0(µ|x|) . (5.4.103)

Due to the analyticity in q of this elastic kernel, the large distance decay in x of the observables
computed above S(x) , S2(x) , S(x)S , S2(x)S are all exponentials. Note however that, since both
kernel are equal in the limit m2 = µα → 0 and since the results (5.4.96), (5.4.97) derived for the
first kernel, do not depend on the mass and are valid when m → 0, we can expect these results
to hold also for this kernel in a broad range of |x| < `m.

5.5 Conclusion
In this chapter I presented two classical mean-field models of the depinning transition, namely
the fully-connected model and the ABBM model, and showed how the first one can be mapped
onto the second one. Then I introduced a more recent model, the Brownian force model (BFM),
which captures the full space-time statistics of the velocity field. This allows to study the spatial
structure of the avalanches, whereas spatial structure is absent from the fully-connected and
ABBM models. I explained the method to obtain the statistics of different observables in the
BFM. It relies on calculating the generating functional of the velocity field and requires to solve
the instanton equation with a source term that is adequate for the observable we want to compute.
Global observables are independent of the elasticity and had been obtained before. Regarding
spatial observables previous results had been derived mainly for SR elasticity, for which the
full distributions of local jumps and of the extension of the avalanches had been computed for
an homogeneous driving [115]. For LR elasticity, only the mean spatial shape at fixed size for
α = 1 had previously been obtained [125]. Solving the instanton equation which encodes for
the statistics of the local jumps with LR interactions is very difficult, as this equation is non-
local and non-linear. Nevertheless I made some progress in three directions. First I proposed a
scaling Ansatz for the solution which allows to predict the exponent of the local avalanche sizes
for homogeneous driving (τ0 = 1 for α = 1) and local driving (τ0,loc = 2 for α = 1). Second, I
obtained the generic large distance decay of the solution of this equation, which allowed to set a
bound on the exponent of the clusters extensions. Finally, a formal expansion of the solution in
powers of λ allowed to capture the large x behavior of the two first moments of the local jumps,
S(x) and S2(x), for any α between 0 and 2. The two first moments of S(x) conditioned by the
total size S of the avalanche, S(x)S and S2(x)S , were obtained similarly. It is interesting to note
that, following a kick in x = 0, the two first moments have the same decay in 1/x1+α at large x
and this with or without conditioning by the avalanche size. This suggests a kind of intermittency,
i.e. that S(x) is very small most of the time but that the moments are dominated by rare events,
where S(x) is large, of order 1, that arise with a probability proportional to 1/x1+α. Thus a
cluster is triggered at distance x from the seed of the avalanche with a probability ∼ 1/x1+α.
This scaling corresponds exactly to the kernel that mediates the elastic interactions. We remark
that this scaling is also the one of the large scale decay of the spatial correlation function of
the velocity field Cv(x) predicted in chapter 3 and of the gaps and diameter distributions, P (g)
and P (D), observed in chapter 4. This connection strongly suggests that the scalings derived
for the BFM are actually valid beyond mean-field. Note that the results we obtained here for
d = 1 also describe the size of the avalanche restricted to a plane in d = 2 which is defined as
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S(x) =
∫
S(x, y)dy. These results can thus directly describe two dimensional magnetic domain

walls with LR interactions.
Regarding future works on the BFM, obtaining moments of higher order is doable in principle
but becomes increasingly difficult. Calculating the n-point correlation function S(x1)...S(xn)
with various conditioning could unravel information about the statistics of the number of clusters
Nc inside the avalanche. An important progress would be to solve the instanton equation with a
number of local sources. This remains a difficult challenge.
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Summary and perspectives

I briefly summarise the main results of this thesis and some perspectives for future works. Detailed
conclusions can be found at the end of each chapter.
I started by introducing the main concepts of the theory of depinning of elastic interfaces. I
presented three experimental systems that are well described by this theory, namely the magnetic
domain walls, the crack fronts and the wetting fronts, and two others, earthquakes and avalanches
of plastic events, that are different but for which connections with the depinning have been pointed
out.
The first result that I obtained is the universal scaling form of the two-point correlation functions
of the local velocity field. This result is important for several reasons. First it is directly relevant
for experimental applications since these functions had been previously observed in the Oslo
crack experiment but were not fitted with the correct scaling forms [59]. It also provides a novel
method, simple and robust, to assess the universality class of the transition. Finally characterizing
the correlation functions of the order parameter of a phase transition is in itself of theoretical
interest. Besides testing it on different experiments, an interesting perspective would be to extend
this scaling to other types of avalanches.
The second work was to understand the statistics of the clusters that form in LR avalanches.
This study was performed in the quasi-static limit for various values of the parameter α which
describes the range of the elastic interactions. I established the full set of scaling relations linking
the statistics of the clusters to the one of the global avalanches. These relations can be tested
on fracture or wetting-line experiments. The origin of these relations is even more interesting.
Numerical simulations unraveled fascinating scalings for the statistics of the number of clusters
and of the gaps with an exponent 3/2 that does not seem to depend on α. Regarding the number
of clusters, a mysterious connection with the Bienaymé-Galton-Watson process seems to exist.
Explaining these results poses a first challenge for future works. Another perspective would be
to find the connection with different scaling relations relating clusters and global avalanches that
have been obtained for a finite velocity driving [114]. A third one would be to investigate if
clusters of events can be defined and analyzed in other kinds of avalanches, such as in plasticity,
and see whether similar scaling relations could be derived.
The third part of my work was to investigate the spatial structure of avalanches at the mean-
field level using the Brownian force model. Solving the non-local non-linear instanton equation
that would give access to the full probability distribution of the local jumps remained out of my
reach. I could nevertheless obtain the large distance behaviors of the first two moments of this
distribution thanks to a formal expansion of the solution of the equation. For a one-dimensional
interface the same decay in 1/x1+α is shared by the first and second moments, with and without
conditioning by the avalanche size. This suggests that triggering a cluster at distance x far from
the seed of the avalanche happens with a probability of order 1/x1+α.
The emergence of the 1/x1+α decay of the elastic interactions in many different observables is a
common feature that stands out from chapters 3, 4 and 5. This result is new and had, to the best
of my knowledge, not been expected before. It offers various possibilities for probing the range
of the interactions in experimental systems.
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Appendix

A Fourier transform of the elastic force
In this section I give details about the computation of the Fourier transform of the LR elastic
force in the one-dimensional case (d = 1) :

FLR
el (x, t) =

∫ ∞
−∞
C(x− y)

(
u(y, t)− u(x, t)

)
dy. (A.1)

I use the following convention for the Fourier Transform and its inversion :

ĥ(q) =
∫ ∞
−∞

e−iqxh(x)dx , h(x) =
∫ ∞
−∞

eiqxĥ(q) dq2π (A.2)

where h is an arbitrary (integrable) function. In the following I will write
∫

instead of
∫∞
−∞.

Dropping the time t the elastic force can be rewritten as follows :∫
C(y − x)

(
u(y)− u(x)

)
dy =

∫
dqdk

(2π)2 Ĉ(q)û(k)
∫ [

e−iqxei(q+k)y − ei(k−q)xeiqy
]
dy

=
∫

dqdk

(2π)2 Ĉ(q)û(k)2π
[
e−iqxδ(q + k)− ei(k−q)xδ(q)

]
=
∫
dk

2π
(
Ĉ(q)− Ĉ(0)

)
û(k)eikx

where I used that Ĉ(−q) = Ĉ(q) because C is even. This shows that

F̂LR
el (q, t) =

(
Ĉ(q)− Ĉ(0)

)
û(q, t). (A.3)

Computation for the specific kernel I now focus on the computation for the specific kernel
C(x) = c/|x|1+α. First note that when computing the Fourier transform there is a divergence for
x → 0 so that Ĉ(q) = +∞. However we are interested in the term

(
Ĉ(q)− Ĉ(0)

)
which remains

finite for 0 < α < 2. In this case, using that Ĉ(−q) = Ĉ(q), we have :

Ĉ(q)− Ĉ(0) = c

∫ cos(qx)− 1
|x|1+α dx = |q|α c

∫ cos(s)− 1
|s|1+α ds

=

 2c cos
(
απ
2

)
Γ(−α)|q|α for 0 < α < 2 and α 6= 1 ,

−cπ|q| for α = 1 .
(A.4)

Note that Γ(−α) cos
(
απ
2

)
< 0 and hence the prefactor in front of |q|α is always negative. If α > 2

there is a divergence in the integral for s → 0 because cos(s) − 1 ∼ s2. In this case we need to
regularize the integral by introducing a small scale cutoff. Let us denote m the integer part of
α/2, i.e. we assume 2m < α < 2(m+ 1). We write

cos(qx)− 1 =
m∑
n=1

(−1)n (qx)2n

(2n)! + g(qx) .
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∫ g(qx)
|x|1+αdx converges and a change of variable s := qx makes appear |q|α

∫ g(s)
|s|1+αds. For the other

terms we regularize the integral with a small scale cutoff x0. We obtain :∫ ∞
−∞

(qx)2n

|x|1+α dx→ 2
∫ ∞
x0

(qx)2n

|x|1+α dx = 2q2n
∫ ∞
x0

x2n

|x|1+αdx = 2x2n−α
0

α− 2n q
2n

The Fourier Transform can thus be formally written as :

Ĉ(q)− Ĉ(0) =
bα2 c∑
n=1

cnq
2n + cα|q|α , (A.5)

where
⌊
α
2

⌋
denotes the integer part of α

2 , cn = (−1)n 2x2n−α
0

α−2n and cα =
∫ g(s)
|s|1+αds.

B Computation of the elastic coefficients for numerical
simulations

In the numerics I use a slightly different convention for the elasticity coefficient than in the
continuous setting (A.1). Dropping the time t the elastic force is defined as :

Fel(x) =
L−1∑
y=0
C̃(y − x)u(y) (B.1)

There are two methods to compute the elastic coefficients C̃(y). One, called the image method,
computes the coefficient in real space. This costs O(L2) operations. The other uses a Fast Fourier
Transform and costs O

(
L ln(L)

)
operations. It is therefore much faster when working on large

systems.

The image method

In the image method the elastic coefficients C̃(y) are computed in real space. The periodic
boundary conditions are taken into account by summing the coefficients over several ”images” of
the line. Fo y 6= 0 we compute :

C̃(y) = 1
N

n=N∑
n=−N

1
|y − nL|2

, (B.2)

where N must be high enough so that the remaining sum
∑+∞
n=N+1

1
|y−nL|2 is much smaller than

NC̃(y). I used this method in the early time of my PhD with N = 7. Note that we have the
symmetry C̃(−y) = C̃(L− y) = C̃(y). So in practice it is sufficient to compute C̃(y) for y ranging
from 1 to L/2. The choice of the normalization constant N is determined by the condition :

L−1∑
y=1
C̃(y) + C̃(0) = 0 , with C̃(0) = −2 , (B.3)

which ensures that Fel(x) = 0 when the line is flat. The choice of C̃(0) = −2 is arbitrary
but ensures the agreement with a standard choice when discretizing the laplacian (∆xu(x) →
u(x + 1) + u(x − 1) − 2u(x)). Computing the elastic force with formula (B.1) requires O(L)
operation per site hence O(L2) operations to update the elastic force on the whole line.

108



Figure C.1: Picture of the d’Alembert experiment. The crack front, colored in blue, is identified as
the interface between a light phase and a dark phase corresponding respectively to the broken and
non-broken part of the sample. Image courtesy L. Ponson.

The Fast Fourier Transform method

The Fast Fourier Transform (FFT) computes the Fourier transform of an array of size L in
O
(
L ln(L)

)
operations. The use of the FFT to update the elasticity relies on :

Fel(x) =
L−1∑
y=0
C̃(y − x)u(y)

=
L−1∑
y=0

1
L

∑
q1

eiq1(y−x)Ĉ(q1) 1
L

∑
q2

û(q2)eiq2y

= 1
L2

∑
q1,q2

Ĉ(q1)û(q2)e−iq1x
L−1∑
y=0

ei(q1+q2)y

= 1
L

∑
q2

Ĉ†(q2)û(q2)eiq2x

where in the third from fourth line we have used
∑L−1
y=0 e

i(q1+q2)y = Lδ(q1 + q2) and Ĉ(−q2) =
Ĉ†(q2). We see that Fel is the inverse Fourier transform of Ĉ†û. So at each time step the elasticity
force is updated by

(i) taking the FT of u using an FFT routine,

(ii) multiplying byĈ† and

(iii) taking the inverse FT of the product.

Steps (i) and (iii) each cost O
(
L ln(L)

)
operations while step (ii) only costs O(L) operations.

C Analysis of the experimental data
On the raw pictures of the fracture plane, the crack front appears as the interface between a light
region and a dark one (see figure C.1). The front has many overhangs which are not accounted for
by the standard elastic interface model where the front is described by a single-valued function
u(x, t). This first image of the front is then processed to obtain a single-valued function u(x, t),
defined as the maximum value of the front position for a given x. 200 000 frames are taken at a
rate of one frame per second. The pixel size is p = 34.7 µm. The observed region has a lateral
extension of 1800 pixels, i.e. of 62.46 mm. I analyzed data encoding the position of the front for
each of the 200 000 successive frames.

Roughness I studied the roughness of the interface using both the structure factor S(q) =
u(q)u(−q) ∼ q−(1+2ζ) and the autocorrelation function C̃(x) =

〈(
u(x)− u(0)

)〉
∼ x2ζ̃ . For both

function the average over disorder is computed by averaging over all configurations visited by the
front during the experiment. They are shown respectively in the left and right panel of figure C.2.
The structure factor is noisy, which means that few independent configurations were visited, but
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Figure C.2: Left : Structure factor of the d’Alembert experiment. Right : Autocorrelation function
of the d’Alembert experiment. .

two different trends ζ ' 0.6 at large q and ζ ' 0.4 at small q can be clearly distinguished.
However, the autocorrelation function can be entirely fitted with x2ζ̃ with ζ̃ = 0.55± 0.05 while
the structure factor presents two different trends with a crossover between ζ ' 0.55 at small
scales and ζ ' 0.39 at large scale. Note that a priori we expect the LR depinning roughness
exponent to be valid above the Larkin length Lc [55, 56] which is given by Lc = d0/σ

2 where
σ is the variance of the disorder [111]. In the d’Alembert experiment the disorder is controlled
and we have σ ' 1/2 hence Lc ' 4d0 ' 400µm which is well below the system size. (In the
Oslo experiment the crossover was observed to be at 100µm for a disorder characteristic length
d0 = 200µm [55].)

Velocity The data also enables to reconstruct the mean position of the front um(t) =∑L
x=1 u(x, t)/L with L = 1800 pixels. I plot this mean position in figure C.3. The slope of

the curve gives the mean velocity of the front. Two distinct velocity regimes are visible and have
been analyzed separately to obtain the correlation functions presented in chapter 3. The first one
for t < 50000s corresponds to v1 = 129 nm.s−1 and the second one for t > 70000s to v2 = 31
nm.s−1.
There are two difficulties with the raw data. First the experimental signal is noisy with the
front sometimes going backwards locally, a possibility that is ruled out by the second Middleton
theorem in the model (see section 1.5) and is due to the overhangs. Second the local velocity of a
point appears to be zero most of the time and spikes at discrete time when the front moves from
one pixel to the next (see top panel of figure C.5).
The waiting time matrix, introduced in Ref. [57] permits to overcome both difficulties. For each
pixel we define its waiting time as the time spent by the front inside the pixel. Counting the time
spent by the front in every pixel, we obtain a waiting time matrix (WTM). The WTM obtained
with our data is plotted in figure C.4. The position of the front of an abscisse x at time t is
obtained by summing the waiting times along x until the sum reaches t, u(x, t) = y0 where y0 is
such that :

y0−1∑
y=0

WTM(x, y) < t and
y0∑
y=0

WTM(x, y) ≥ t . (C.1)

The fronts reconstructed with this method are by construction ordered in time : u(x, t) ≤ u(x, t+
1) for all x and t.
The local velocity can be estimated by dividing the pixel size by the time spent inside the pixel :

v(x, t) = p

WTM(x, y0) with y0 = u(x, t) . (C.2)
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Figure C.3: Mean displacement of the front versus time. Two distinct velocity regimes can be
distinguished and have been analyzed separately to obtain the correlation function discussed in
chapter 4. The first one for t < 50000s corresponds to v1 = 132 nm.s−1 and the second one for
t > 70000s to v2 = 31 nm.s−1. The shaded area inbetween has not been used.

Figure C.4: Waiting time matrix of the d’Alembert experiment. Units are in pixel. The greyscale
map indicates the time spent by the front in each pixel. A darker shade corresponds to a longer time.
There are a lot of white zones corresponding to wt=0. This zones have been ”jumped” by the front.

In many pixels, the waiting time is zero (see below). In this case we can consider that the front
advances over many pixels between to consecutive frame. When this happens the velocity is
defined as :

v(x, t) = pNjumped + p

WTM(x, y0) (C.3)

where Njumped is the number of pixel jumped by the front between the frames taken at time t− 1
and t and y0 = u(x, t). With this method the local velocity is always resolved at the time step of 1
second (which is the time interval between two frames in our experiment). I used equations (C.2)
and (C.3) to compute the local velocity field whose correlation functions are shown in chapter 3.
Two local velocities are shown in figure C.5 bottom panel. This velocities are never 0 but low
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Figure C.5: Velocities of two point close along the front (x = 1200 and x = 1209). Top : Direct
reconstruction from the front position : v(x, t) = u(x, t+ 1)− u(x, t). Bottom : Reconstruction with
the WTM using equation (C.2).

velocities are characterized by large plateau corresponding to the time spent inside one pixel.
Note the correspondance between the spikes on the top panel and the change of level on the
bottom panel. Both correspond to the front moving to a new pixel.

Holes in the WTM On the plot of the WTM (figure C.4) one can see many white zones
corresponding to zero waiting time (WTM(x, y) = 0). 26.6% of the pixels localized between the
initial and final configuration of the line belong to such zones. This could be due to the local
velocity being very fast with the front advancing from many pixels in one second. However the
sizes of the zones as well as the total number of pixel jumped by the front are surprisingly large.
Indeed the highest driving velocity being v1 = 132 nm.s−1 and the pixel size p = 34.7µm, the
average time spent inside one pixel is 265 seconds equivalent to 265 frames. Many pixels being
skipped together corresponds to a velocity a few thousands time higher than the driving velocity.
These zero waiting time zones may originate from the many large overhangs of the front. The
reconstructed single-valued position of the front u(x, t) being defined as the uppermost position
of the real front for a given x, when a overhang developps an artificial jump is introduced in the
reconstruced front. When two overhangs meet, the new configuration of the front is defined by
merging them. This leaves behind them a hole that has not been traveled by the front and where
the waiting time is thereby zero. This process is illustrated in figure C.6.
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Figure C.6: Zoom on a portion of the line. When two overhangs meet the new configuration of the
front is defined by merging them. This leaves behind them a zone that is skipped by the reconstructed
front. The waiting time for the pixels inside this zone is zero, corresponding to white regions on the
WTM image C.4. Image courtesy L. Ponson.

D Computation of the generating functional using the
Martin-Siggia-Rose formalism

In this section I sketch the computation that allows to express the generating functionaldefined
in chapter 5 as a function of the instanton solution. This computation was originally performed
in [105, 106, 128]. To reduce the size of equations I use subscripts notations to denote variables :

fxt := f(x, t) ,
∫
xt

:=
∫
ddxdt (D.1)

In the Brownian Force Model, the velocity field is solution of the stochastic differential equation

η∂tu̇xt = m2 (ẇxt − u̇xt) +
∫
y
Cyx

(
u̇yt − u̇xt

)
+
√
u̇xtξxt , (D.2)

where ξxt is a Gaussian white noise with correlations ξxtξx′t′ = 2σδd(x−x′)δ(t−t′). The statistics
of the velocity field is encoded in the generating functional

G[λxt, ẇxt] := exp
(∫

xt
λxtu̇xt

)ẇxt
, (D.3)

where λxt is an arbitrary function called the source. Following the approach from Martin-Siggia-
Rose (MSR), the generating functional can be expressed as an average over all solutions of the
stochastic equation (D.2) using a path integral formalism :

G [λxt, ẇxt] =
∫
D[ξ]

∫
D[u̇]e

∫
xt
λxtu̇xt

∏
x,t

δ

[
−η∂tu̇xt +m2 (ẇxt − u̇xt) +

∫
y
Cyx(u̇yt − u̇xt) +

√
u̇xtξxt

]

=
∫
D[ξ]

∫
D[u̇, ũ]e

∫
xt
λxtu̇xt exp

∫
xt
ũxt

[
−η∂tu̇xt +m2 (ẇxt − u̇xt) +

∫
y
Cyx(u̇yt − u̇xt) +

√
u̇xtξxt

]

The δ-functional in the first line ensures that u̇x,t is solution of the equation of motion (D.2).
It is reexpressed in the second line using an auxiliary field ũx,t. This allows to perform the
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average over the noise. Using that ξ is a Gaussian white noise with the correlations ξxtξx′t′ =
2σδd(x−x′)δ(t− t′) we have for any function Qxt :

∫
D[ξ] exp

(∫
xtQxtξxt

)
= exp

(
σ
∫
xtQ

2
xt

)
. The

generating functional thus reads :

G [λxt, ẇxt] =
∫
D[u̇, ũ] exp

∫
xt

ũxt
[
−η∂tu̇xt +m2 (ẇxt − u̇xt) +

∫
y
Cyx(u̇yt − u̇xt)

]
+ λxtu̇xt + σũ2

xtu̇xt


Note that the exponential is linear in u̇. This property allows to perform the path integral over
u̇, which yields a new δ-functional :

G [λxt, ẇxt] =
∫
D[ũ]e

∫
xt
m2ẇxtũxt

∏
xt

δ

(
η∂tũxt −m2ũxt +

∫
y
Cyx(ũyt − ũxt) + σ2ũxt + λxt

)
(D.4)

The change of sign −η∂tu̇xt → η∂tũxt is due to an integration by part over the time axis, using
that u̇xt = 0 at t = −∞ and t = +∞. The new δ-functional enforces ũxt to be solution of the
instanton equation :

η∂tũxt +
∫
y
Cyx

(
ũyt − ũxt

)
−m2ũxt + σũ2

xt = −λxt . (D.5)

Then performing the last path integral, the generating functional becomes

G[λxt, ẇxt] = exp
(∫

xt
m2ẇxtũ

[λ]
xt

)
(D.6)

where ũ[λ]
xt is solution of (D.5).

Massless instanton We can follow the same derivation when the drive m2 (wxt − uxt) is re-
placed by a general driving force fxt that does not depend on the interface position. In this case
the generating functional depends on the ramp rate of the force ḟxt and can be expressed as :

G[λxt, ḟxt] := exp
(∫

xt
λxtu̇xt

)ḟxt
= exp

(∫
xt
ḟxtũ

[λ]
xt

)
, (D.7)

where ũ[λ]
xt is now solution of the massless instanton :

η∂tũxt +
∫
y
Cyx

(
ũyt − ũxt

)
+ σũ2

xt = −λxt . (D.8)

114



Bibliography

[1] D. S. Fisher, “Sliding charge-density waves as a dynamic critical phenomenon,” Phys. Rev.
B, vol. 31, no. 3, pp. 1396–1427, 1985.

[2] J. F. Joanny and P. G. de Gennes, “A model for contact angle hysteresis,” The Journal of
Chemical Physics, vol. 81, no. 1, pp. 552–562, 1984.

[3] J. R. Rice, “First-Order Variation in Elastic Fields Due to Variation in Location of a Planar
Crack Front,” J. Appl. Mech, vol. 52, no. 3, pp. 571–579, 1985.

[4] C. Le Priol, J. Chopin, P. Le Doussal, L. Ponson, and A. Rosso, “Universal Scaling of the
Velocity Field in Crack Front Propagation,” Phys. Rev. Lett., vol. 124, no. 6, p. 065501,
2020.

[5] C. Le Priol, P. Le Doussal, and A. Rosso, “Spatial clustering of depinning avalanches in
presence of long-range interactions,” ArXiv200810025 Cond-Mat, 2020.

[6] M. Kardar, Statistical Physics of Fields. Cambridge ; New York: Cambridge University
Press, 2007.

[7] T. Nattermann, S. Stepanow, L.-H. Tang, and H. Leschhorn, “Dynamics of interface depin-
ning in a disordered medium,” J. Phys. II France, vol. 2, no. 8, pp. 1483–1488, 1992.

[8] O. Narayan and D. S. Fisher, “Critical behavior of sliding charge-density waves in 4-ε
dimensions,” Phys. Rev. B, vol. 46, no. 18, pp. 11520–11549, 1992.

[9] O. Narayan and D. S. Fisher, “Threshold critical dynamics of driven interfaces in random
media,” Phys. Rev. B, vol. 48, no. 10, pp. 7030–7042, 1993.

[10] P. Chauve, T. Giamarchi, and P. L. Doussal, “Creep and depinning in disordered media,”
Phys. Rev. B, vol. 62, no. 10, pp. 6241–6267, 2000.

[11] P. Chauve, P. Le Doussal, and K. Jörg Wiese, “Renormalization of Pinned Elastic Systems:
How Does It Work Beyond One Loop?,” Phys. Rev. Lett., vol. 86, no. 9, pp. 1785–1788,
2001.

[12] P. Le Doussal, K. J. Wiese, and P. Chauve, “2-loop Functional Renormalization Group
Theory of the Depinning Transition,” Phys. Rev. B, vol. 66, no. 17, 2002.

[13] K. J. Wiese and P. L. Doussal, “Functional Renormalization for Disordered Systems, Basic
Recipes and Gourmet Dishes,” ArXivcond-Mat0611346, 2006.
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RÉSUMÉ

Les systèmes désordonnés soumis à une contrainte lentement croissante présentent souvent une dynamique par sauts
caractérisée par des poussées d’activité, appelées avalanches, qui sont la marque d’une transition de phase hors-
équilibre. Cette thèse traite de la dynamique des interfaces élastiques au voisinage de la transition de dépiégeage,
et plus spécialement de l’effet des interactions à longue-portée. Je dérive la forme d’échelle universelle des fonctions
de corrélation du champ des vitesses locales. Cela permet de tester la classe d’universalité de la transition, ainsi que
la portée des interactions. J’étudie aussi la statistique des clusters qui se forment en présence d’interactions à longue-
portée et montre comment celle-ci est reliée à la statistique des avalanches globales. Enfin je présente des avancées
analytiques vers la compréhension de la structure spatiale des avalanches dans un modèle de champ-moyen qui est le
modèle de force brownien.

MOTS CLÉS

Désordre, dynamique, transition de phase hors-équilibre, avalanches, dépiégeage, interactions à longue-
portée.

ABSTRACT

Disordered systems submitted to a slowly increasing external stress often reacts with a jerky dynamics characterized by
bursts of activity, called avalanches, which are the manifestation of an out-of-equilibrium phase transition. This thesis
focuses on the dynamics of elastic interfaces near the depinning transition, and more specially on the effect of long-range
interactions. I derive the universal scaling form of the correlation functions of the local velocity field. It allows to test the
universality class of the transition as well as the range of the interactions. I also study the statistics of the clusters that
form in presence of long-range interactions and show how it relates to the statistics of the global avalanches. Finally I
present analytical advances towards the understanding of the spatial structure of avalanches within a mean-field model,
the Brownian force model.

KEYWORDS

Disorder, dynamics, out-of-equilibrium phase transition, avalanches, depinning, long-range interactions.
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