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Titre: Interaction des Rayons Cosmiques en Environnement Moléculaire

Résumé: De nombreuses évidences observationnelles parvenues de différentes ex-
périences au début du 20e siècle ont révélé que la Terre est constamment bombardée
par des rayons cosmiques, des particules de haute énergie d’origine extraterrestre.
Étant donné que ces particules sont très énergétiques, on pense qu’elles pourraient
pénétrer profondément dans les nuages moléculaires et ioniser les parties les plus
denses de ces objets, où naissent de nouvelles étoiles. Cela signifie que les rayons
cosmiques règlent le niveau d’ionisation qui contrôle non seulement la chimie des
nuages moléculaires mais également le couplage entre le gaz et le champ magnétique
qui soutient le nuage en contrastant la gravité pendant le processus de formation des
étoiles. On remarque que les taux d’ionisation déduits des observations infrarouges
et radio sont beaucoup plus importants que la valeur communément citée dans la
littérature. Ce désaccord doit mener à une réévaluation du taux d’ionisation dans les
nuages, d’un point de vue théorique. Cette tâche nécessite une meilleure compréhen-
sion du transport des rayons cosmiques dans les nuages et, plus important encore,
la connaissance de la quantité de rayons cosmiques de basse énergie à différentes
positions dans notre Galaxie. Le premier sujet a été étudié dans des documents
pionniers des années 70 et 80, mais il pourrait y avoir de la place pour d’ultérieures
améliorations. En ce qui concerne le deuxième, on a des connaissances récentes,
du moins pour le milieu interstellaire local, grâce aux données des sondes Voyager.
Il n’est cependant pas très clair si ces données pourraient être considérées comme
des valeurs de référence pour la densité des rayons cosmiques de basse énergie dans
l’ensemble de la Galaxie. L’objectif de ce travail est donc d’étudier la propagation
des rayons cosmiques de basse énergie dans des environnements neutres et aussi de
mieux interpréter les données d’observation du taux d’ionisation dans les nuages
moléculaires isolés et ceux au voisinage des accélérateurs cosmiques, tels que les
restes de supernova.

Mots clefs: rayons cosmiques, nuages moléculaires, taux d’ionisation, restes de
supernova
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Title: Cosmic Ray Interaction in Molecular Environment

Abstract: It has been revealed by observational evidences from various experiments
at the beginning of the 20th century that the Earth is constantly bombarded by cos-
mic rays, high-energy particles of extraterrestrial origin. Since these particles are
very energetic, it is believed that they could penetrate deep into molecular clouds
and ionize the densest parts of these objects where new stars are born. This means
that cosmic rays regulate the level of ionization that controls not only the chem-
istry of molecular clouds but also the coupling between the gas and the magnetic
field which support the cloud against gravity during the process of star formation.
Interestingly, the ionization rates inferred from infrared and radio observations are
much larger than the commonly quoted value in the literature. This calls for a
reassessment from a theoretical point of view of the ionization rate in clouds. This
task requires a better understanding of the transport of cosmic rays into clouds
and, more importantly, the knowledge of the amount of low energy cosmic rays at
different positions in our Galaxy. The former has been investigated in some of the
pioneering papers in the seventies and eighties but there might be room for some
improvements. The latter is known not too long ago at least for the local interstellar
medium thanks to the data from the Voyager probes. It is, however, not very clear
whether or not these data could be considered as reference values for the density of
low energy cosmic rays in the entire Galaxy. The aim of this work is, therefore, to
study the propagation of low energy cosmic rays in neutral environments and also to
better interpret the observational data of the ionization rate in both isolated molecu-
lar clouds and the ones in the vicinity of cosmic accelerators like supernova remnants.

Keywords: cosmic rays, molecular clouds, ionization rate, supernova remnants
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Introduction

It has been more than a hundred years since we first realized that the Earth is under
constant bombardment of cosmic rays, very energetic particles coming from outer
space. The discovery of cosmic rays has been followed by many important findings
in both Particle Physics and Astrophysics. From the astrophysical aspect, it is
of great interest for us not only to better understand the origin of these particles
but also to have better insight into their effects on the interstellar medium. In
fact, cosmic rays are believed to play an essential role in determining the chemistry
and the evolution of star-forming regions since they are the only ionizing agents
capable of penetrating the interior of molecular clouds (Dalgarno, 2006). However,
a comprehensive theoretical prediction for the ionization rate induced by low-energy
cosmic rays in molecular clouds is still lacking and this seems to hinder the progress
in the simulational and theoretical research in the field of Star Formation (Krumholz,
2014).

One of the main technique for the measurements of the ionization rate in clouds
employs the data on the absorption line of the protonated molecule H+

3 and it is not
until quite recently that its destruction rate has been determined in a reliable way
from laboratory experiments (McCall et al., 2003). This opens up the possibility to
better infer the ionization rate in diffuse molecular clouds at various locations within
our Galaxy with high enough precision. Other techniques which also make use of
either the absorption or emission lines have provided us with data for the ionization
rate for both diffuse and dense clouds (see e.g. Caselli et al., 1998; Vaupré et al.,
2014). Interestingly, the ionization rates inferred from these data are much larger
than the commonly quoted value of around 10−17 s−1 (the Spitzer value). This calls
for a reassessment from a theoretical point of view of the ionization rate in clouds.
This task requires a better understanding of the transport of cosmic rays into clouds
and, more importantly, the knowledge of the amount of low-energy cosmic rays at
different positions in our Galaxy. The former has been investigated in some of the
pioneering papers by Skilling & Strong, 1976; Cesarsky & Volk, 1978 and Morfill
(1982) but there might be room for some improvements. The latter is known not
too long ago at least for the local interstellar medium thanks to the data from the
Voyager probes (Cummings et al., 2016). It is, however, not very clear whether or
not these data could be considered as reference values for the density of low-energy
cosmic rays in the entire Galaxy.

The aim of this work is, therefore, to study the propagation of low-energy cosmic
rays in neutral environments and also to better interpret the observational data of
the ionization rate in both isolated molecular clouds and the ones in the vicinity
of cosmic accelerators like supernova remnants. The thesis shall be organized as
follows:
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• Chapter 1 is dedicated to a brief introduction into the physics of cosmic rays.
We shall begin with some fundamental knowledge which has been established
with observational evidences. A systematic derivation of the cosmic ray trans-
port equation from the commonly adopted framework known as Quasi-Linear
Theory is then presented. Several important processes of energy losses are also
provided to set the foundation for later discussions on the transport of cosmic
rays.

• The role of molecular clouds as probes of cosmic rays is briefly discussed in
Chapter 2. Several aspects of gamma-ray observations of supernova remnants
and molecular clouds will be presented to better highlight their connection
with high-energy cosmic rays. More importantly, we shall introduce a crucial
physical quantity known as the ionization rate inside molecular clouds which
could help us to better understand the population of low-energy cosmic rays.

• In Chapter 3, we test the hypothesis according to which cosmic rays are the
main ionization agent for the interior of molecular clouds by limiting our-
selves to the case of diffuse clouds and assuming that the average cosmic ray
spectrum inside the Galaxy is equal to the one at the position of the Sun as
measured by Voyager 1 and AMS-02. To calculate the cosmic ray spectrum
inside the clouds, we solve the 1D transport equation for cosmic rays taking
into account advection, diffusion, and energy losses. While outside the cloud
particles diffuse, in its interior they are assumed to gyrate along magnetic field
lines because ion-neutral friction is effective in damping all the magnetic tur-
bulence. We show that ionization losses effectively reduce the cosmic-ray flux
in the cloud interior for energies below ∼ 100 MeV, especially for electrons, in
such a way that the ionization rate decreases by roughly two orders of mag-
nitude with respect to the case where losses are neglected. As a consequence,
the predicted ionization rate is more than 10 times smaller than the one in-
ferred from the detection of molecular lines. We discuss the implication of our
finding in terms of spatial fluctuation of the Galactic cosmic ray spectra and
possible additional sources of low-energy cosmic rays.

• Among several solutions proposed to explain the discrepancy between the ion-
ization rate estimated with the cosmic ray spectrum measured by Voyager 1
and the observational data, we shall concentrate mainly on the carrot and the
stochastic fluctuation. The carrot typically refers to an unknown low-energy
cosmic-ray component first hypothesized by Reeves and collaborators in the
seventies (Meneguzzi et al., 1971) and has recently been revised to explain the
ionization rate observed in molecular clouds (Cummings et al., 2016). In the
first part of Chapter 4, we shall investigate the energetic requirement of the
carrot and show that the power needed to maintain such a low-energy com-
ponent is comparable of even larger than that needed to explain the entire
observed cosmic ray spectrum. Moreover, if the interstellar turbulent mag-
netic field has to sustain a carrot, through second-order Fermi acceleration,
the required turbulence level would be definitely too large compared to the
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one expected at the scale resonant with such low-energy particles. Such an
argument basically rules out all the plausible sources of a cosmic ray carrot,
thus making such hidden component unlikely to be an appealing and viable
source of ionization in molecular clouds. Another potential solution to the
problem of the ionization rate presented in Chapter 4 is the stochastic fluctua-
tions which rely on the argument that the spectrum of cosmic rays might vary
significantly from place to place and we could predict the most probable range
of the cosmic-ray intensities using the distribution of the sources assumed to
be supernova remnants for this work. It seems that the effect of stochastic-
ity analyzed with the injection spectra and diffusion coefficients extrapolated
from data at high energy could not boost the ionization rate by 1 or 2 or-
ders of magnitude. This might imply that we should have either a different
form of the diffusion coefficient for low-energy cosmic rays or other classes
of sources for these particles like OB/Wolf-Rayet stars (Casse & Paul, 1982;
Voelk & Forman, 1982; Binns et al., 2005) or even solar-type stars (Scherer
et al., 2008).

• In the first part of Chapter 5 we test a posteriori the hyopthesis adopted in
Chapter 4, i.e., that the spectrum of cosmic rays injected in the interstellar
medium by supernova remnants is a pure power law in momentum. We found
that the assumption is correct if the process of acceleration stops at the end
of the Sedov-Taylor phase of the supernova remnant evolution and spectral
breaks might appear if the release of cosmic rays occurs later. In the second
part, we apply the result for the case of a supernova explosion taking place
inside the Local Bubble and combine the cosmic-ray intensities from this local
source with the ones transported from outside into the Local Bubble to fit
the data from both Voyager 1 (Cummings et al., 2016) and AMS 02 (Aguilar
et al., 2014; Aguilar et al., 2015). It seems that the local source scenario
could explain the intensities of low-energy cosmic rays observed locally even
if the amount of low-energy cosmic rays in the interstellar medium is higher
as required by the data of the ionization rate in clouds. The quality of the
fits, however, depends very strongly to the plasma density inside the Local
Bubble and it seems to favour the value which is a few times higher than the
commonly accepted one.

• It is also interesting to better understand low-energy cosmic rays in the vicinity
of their sources and supernova remnants interacting with molecular clouds are
ideal laboratories for such an analysis. The particular case of the supernova
remnant W28 shall be discussed in depth Chapter 6. This remnant, over the
years, has been observed in all energy domains from radio waves to very-high-
energy gamma rays. The bright gamma-ray emission detected from molecular
clouds located in its vicinity revealed the presence of accelerated GeV and TeV
particles in the region. An enhanced ionization rate has also been measured
by means of millimeter observations, but such observations alone cannot tell
us whether the enhancement is due to low-energy (MeV) cosmic rays (either
protons or electrons) or the X-ray photons emitted by the shocked gas. The
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goal of this chapter is to determine the origin of the enhanced ionization rate
and to infer from multiwavelength observations the spectrum of cosmic rays
accelerated at the supernova remnant shock in an unprecedented range span-
ning from MeV to multi-TeV particle energies. To this end, we developed a
model to describe the transport of X-ray photons into the molecular cloud, and
we fitted the radio, millimeter, and gamma-ray data to derive the spectrum of
the radiating particles. The contribution from X-ray photons to the enhanced
ionization rate is negligible, and therefore the ionization must be due to cos-
mic rays. Even though we cannot exclude a contribution to the ionization rate
coming from cosmic-ray electrons, we show that a scenario where cosmic-ray
protons explain both the gamma-ray flux and the enhanced ionization rate
provides the most natural fit to multiwavelength data. This strongly suggests
that the intensity of cosmic-ray protons is enhanced in the region for particle
energies in a very broad range covering almost six orders of magnitude: from
. 100 MeV up to several tens of TeV.

• We summarize all the main results in the Conclusions and Outlooks. Several
potential theoretical investigations in the field of low-energy cosmic rays shall
also be outlined.
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Chapter 1

Galactic Cosmic Rays

1.1 Introduction to Cosmic Ray Astrophysics
Cosmic rays (CRs) are very energetic particles made up mostly by protons, but
there are also electrons and heavy nuclei. These particles were first discovered in
1912 when Victor Hess concluded, from the results of his balloon experiment, that
the high level of the ionization rate in the upper atmosphere must be due to ionizing
radiations of an extraterrestrial origin. Ever since this starting point of Cosmic
Ray Astrophysics, the generation and propagation of these particles have been the
subject of intensive research both observationally and theoretically. Despite the
remarkable progress that has been made over more than a hundred years of study,
these particles are still quite poorly understood and their origin remains one of the
greatest challenge in Modern Astrophysics. This is because CRs, unlike photons or
neutrinos, could not follow a rectilinear trajectory but rather they are expected to
execute random-walk motion due to their interactions with both the Galactic and
intergalactic magnetic field and, thus, it is difficult to backtrack the actual positions
of their accelerators (Wentzel, 1974; Cesarsky, 1980; Strong et al., 2007).

Research in the field of Cosmic Ray Astrophysics is actually of fundamental
importance for many reasons. Since CR interactions with the surrounding medium
could produce secondaries like photons and neutrinos observable on Earth, a better
understanding of CRs is surely required for an improved insight into the extreme
conditions of their sources such as supernova explosions. More importantly, the
energy density of CRs is comparable to the ones of the Galactic magnetic field and
the thermal gas in the Galactic disk. It is for this reason that they are believed to
play an essential role in determining the dynamics of the interstellar medium (ISM)
of our Galaxy (see e.g. Parker, 1969). Last but not least, CRs are the only ionizing
agent capable of penetrating deep into the densest parts of molecular clouds (MCs)
where new stars are born. This means that these energetic particles regulate the
level of ionization that controls not only the chemistry of MCs but also the coupling
between the gas and the magnetic field which support the cloud against gravity
during the process of star formation (Mestel & Spitzer, 1956).

The key quantity for the direct observations of CRs on Earth is the intensity
(typically denoted as j(E)) which counts the number of CR particles of a particular
species with kinetic energy E detected by both ground-based and satellite telescopes
per unit of energy, per unit of area, per unit of time, and per unit of solid angle. We
have summarized some of the most recent measurements of the intensities in Fig.
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Figure 1.1: The intensities of CRs observed on Earth from various collaborations. Data
points at high energy are the cosmic-ray intensity of all species from Amenomori et al.
(2008) (Tibet III; red squares), Apel et al. (2013) (KASCADE; green filled circles), and
Fenu & Pierre Auger Collaboration (2017) (AUGER; black trangles). Data at low energy
are the cosmic-ray intensity of protons from Cummings et al. (2016) (Voyager 1; blue
triangles) and Aguilar et al. (2015) (AMS 02; yellow squares).

1.1 which includes the data for CRs of energy from a few MeVs to a few hundreds
EeV (1020 eV). As we can see, the CR intensities are actually quite featureless since
they could be described simply by using a few power laws in energy, j(E) ∼ E−δ.
In particular, we have δ ' 2.7 for quite broad energy range from about 10 GeV to
roughly 3 PeV. The slope δ suddenly steepens to the value δ ' 3 above 3 PeV before
flattening back again to δ ' 2.6 above 3 EeV. The two energy points where there are
transitions in the slope of the CR intensities are typically referred to as the knee (' 3
PeV) and the ankle (' 3 EeV). Around the knee, there are observational evidences
for a change of the chemical composition of CRs which promotes the idea that this
energy actually marks the maximum achievable energy for protons accelerated by
the Galactic sources and the slope above the knee is created by the successive cut-
offs1 in the spectrum of heavier CR nuclei (Hörandel, 2008). It is then quite natural
to characterize the ankle as the transition from Galactic to extragalactic CRs which
is also supported from the fact that these particles of energy above 3 EeV are hard to
be confined by the Galactic magnetic field since their gyroradii (with typical value
of the galactic magnetic field) are of the same order or even larger than the thickness
of the Galactic disk. So far, these are simply the possible interpretations of the CR
intensities above 10 GeV and more works are needed for a more conclusive picture.

Cosmic rays of energy below a few GeVs are also of great interest for astro-
physicists. However, the progress on the study of these particles was tremendously

1Notice that theories of CR acceleration generally predicts that the maximum achievable energy
of CRs of species a is Za times to that of protons meaning Emax

a = ZaE
max
p where Za is the

corresponding atomic number of species a.
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hindered in the past mostly because the observations of CRs of energy below approx-
imately 30 GeV are, in general, obscured due to the interactions of these particles
with the solar wind. In particular, the intensities of Galactic CRs at low energy
would suffer significant spatial and temporal modifications at different positions
inside the heliosphere (this phenomenon is commonly referred to as the solar mod-
ulation of CRs, see e.g. Potgieter, 2013). It is not until quite recently that the
community of Cosmic Ray Astrophysics started to devote more attention to the
low-energy component of Galactic CRs thanks to the availability of new data over
the past 20 years which, in fact, has drastically changed the pictures and increased
a lot the information we have about these low-energy particles. Remarkably, since
the two space probes known as Voyager 1 and 2 have recently entered the region at
a distance more than 120 AU from the Sun, they are now observing, for the first
time, the intensities of low-energy CRs beyond the heliopause (see the Voyager data
in Fig. 1.1). Although it is still debated whether or not these CRs are really from
the local ISM, these direct observations should provide us with a good starting point
for a more insightful study of low-energy CRs (Cummings et al., 2016; Stone et al.,
2019).

Having established some of the basics of Cosmic Ray Astrophysics from direct
measurements of the CR intensities, we shall now proceed to further discuss some of
the crucial observational constraints for these particles with a concentration on the
energy range below the knee. We shall first provide some more data on the chemical
composition of CRs and illustrate how they could teach us an interesting lesson
about the propagation and confinement of CRs within the Galactic disk. Once the
residence time of CRs in the Galactic disk is known, we could proceed to make some
educated guesses about the possible sources of these particles

1.1.1 Cosmic-Ray Propagation in the Galaxy

Since the nature of CR transport could be revealed by studying their chemical
composition, we shall start our discussion with the data on the abundances of CRs
observed on Earth. Let’s first limit ourselves to CRs in the GeV energy range as
these particles carry the bulk of the total energy in CRs (as could be computed
from the intensities) and also the chemical composition of CRs in this energy range
is well determined from observations. From direct measurements, we know that
only about 1% of the CRs observed on Earth are electrons and the rest are atomic
nuclei of which 89% are protons, 10% are Helium, and roughly 1% are heavier nuclei.
The relative abundances of CRs and of elements in the solar system are shown in
Fig. 1.2. It is quite straightforward to see that nuclei with even Z (where Z is the
corresponding atomic number) are, in general, more abundant than the one with
odd Z for both CRs and matters of the solar system. This could be understood as
a manifestation of the odd-even effect which suggests that nuclei with even Z are
usually more tightly bound and, thus, more stable.

Another striking feature, as we can see in Fig. 1.2, is the overabundance in
CRs of the two groups of elements Li, Be, B and Sc, Ti, V, Cr, Mn whose relative
abundances are many orders of magnitude higher than the ones of the solar system.
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Figure 1.2: The chemical abundances of CRs (filled circles) in comparison with the solar
system abundances (open cricles), all relative to carbon=100 (adopted from Gaisser, 1990).

Since these elements could not be efficiently produced during the process of stellar
nucleosynthesis, they do not exist in large amount in the solar system. Nevertheless,
the abundances of CR nuclei from the two groups of elements presented above could
be explained if these particles are not accelerated at the CR sources but rather they
are secondary products created from the spallative reactions between primary CR
nuclei and the gas of the ISM. In this scenario, the rate of change for the intensity of
any purely secondary CR species js(E) should be governed by the rate of production
from the intensity of primary CRs jp(E) and the rate of escape due to CR transport
and, thus, we should have:

djs(E)

dt
= jp(E)nISMσsc−

js(E)

τres
, (1.1)

where σs is the relevant spallative cross-section, c is the speed of light (assuming
CR particles are relativistic), and τres is the residence of secondary CRs in the
Galactic disk. If the intensity of secondary CRs is in steady state, we could relate
the residence time to the ratio between intensities of secondary and primary CRs
as:

τres =
js(E)

jp(E)nISMσsc
. (1.2)

Since σs is known with high precision from accelerator experiments for Particle
Physics, js(E)/jp(E) could be directly observed on Earth, and nISM is expected to
be about one proton per cubic centimeter in the Galactic disk, we could deduce, for
example from the B/C ratio, τres(E = 1 GeV) ' 3 Myr. It is should be stressed
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that the propagation time deduced in this way is much longer then the time for a
CR of energy 1 GeV to cross the size of the Galaxy if it simply moves on a straight
line. This simple argument provided by the data of the chemical composition of
CRs has, therefore, allowed us to conclude that the transport of CRs in the Galaxy
is diffusive.

The diffusion of CRs in the Galaxy is believed to be due to the interactions of
these particles with the random fluctuations of the Galactic magnetic field. From a
theoretical point of view, these random components of the field (typically referred
to as the magnetic turbulence) could be treated as the superposition of plasma
waves each with their own random phases and the diffusive motion of CRs emerges
naturally from the frequent interactions of CRs with these waves. We shall elaborate
further on this point in Section 1.2 which is dedicated for the formulation of the
framework commonly used in modeling CR transport known as Quasi-Linear Theory
(QLT). For now, it is sufficient to note that the diffusion coefficient from QLT is
typically predicted to be of the following form D = D0β(R/R0)α where D0 is a
normalization factor, β is the ratio between the particle’s speed and the speed of
light, and R is the particle rigidity2. Given the current data on the B/C ratio, the
best fit for the diffusion coefficient gives D0 ' 1.1 × 1028 cm2/s, R0 = 1 GV, and
α = 0.63 for R < Rb ' 300 GV. For R > Rb, the slope of the diffusion coefficient
changes to α ' 0.45 (Génolini et al., 2017) and the origin of this transition is still
debated (see e.g. Gabici et al., 2019, and references therein). As a remark, we note
that this break could be explained by employing different mechanisms responsible
for the generation of magnetic turbulence. In particular, the turbulence could be
excited by the motion of CRs themselves via the streaming instability in the low-
energy range (R < Rb) and, for high-energy CRs (R > Rb), it is resulted from
the cascade of the turbulence injected at large spatial scale, for example due to
supernova bubbles (Blasi et al., 2012).

1.1.2 Possible Sources of Galactic Cosmic Rays

One of the best strategies to select the potential sources of Galactic CRs is to start
with some estimates on the energetics. From the intensities of CRs observed on
Earth, we know that the energy density of CRs is about ρCR = 1 eV/cm3 and, as
mentioned above, most of this energy is carried by CR protons and helium nuclei
with kinetic energy of a few GeVs. Since gamma ray surveys of MCs seem to indicate
that, above a few GeVs, the CR spectrum is quite uniform in our Galaxy (Yang et
al., 2014), we shall take ρCR = 1 eV/cm3 as the representative value over the whole
Galactic disk. We could now estimate the power required to keep this energy density
in the Galactic disk by using the residence time τres(E = 1 GeV) evaluated in the
previous subsection:

PCR =
ρCRVdisk

τres(E = 1 GeV)
' 3× 1048 erg/yr (1.3)

2The rigidity of a particle is R = pc/(Ze), where p is the particle momentum, c is the speed of
light, Z is the atomic number of the particle, and e is the elementary charge.
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where we have taken the radius of the disk to be 15 kpc and the height, as indicated
above, is about 300 pc. There are only a few classes of objects in the Galaxy that
could accommodate such power and supernova explosions are one of them as first
suggested by Baade & Zwicky (1934). Since the rate of supernova explosions is
about three per century and the mechanical energy released in these explosions is
roughly 1051 erg, the power injected into the ISM for these sources is about 3× 1049

erg/yr which means that an efficiency of energy conversion of only 10% would be
sufficient for the power requirement of CRs.

It is believed that the conversion of the supernovae kinetic energy into CR energy
proceeds via a mechanism called diffusive shock acceleration (also known as first or-
der Fermi acceleration). The process of acceleration takes place thanks to the shock
created by the expanding supernova shell commonly referred to as the supernovae
remnant (SNR). In this case, it is also the magnetic turbulence that scatters CRs
back and forth around the shock and, for each passage, particles gain an amount of
energy roughly proportional to u/v where u and v are respectively the speed of the
shock and the particle (Axford et al., 1977; Krymskii, 1977; Bell, 1978; Blandford &
Ostriker, 1978). It can be proven that, in the case where no feedback of CRs either
on the shock structure or on the magnetic field of the supernovae is considered,
the intensity of accelerated particles around the shock would be jacc(E) ∼ E−ν with
ν = 2 for strong shock (u� cs where cs is the sound speed in the surrounding ISM).
When nonlinear effects are included, we could expect a steepening in the intensity
of accelerated particles which should give the slope ν = 2.1 − 2.4 (see e.g. Gabici
et al., 2019, and references therein). Also, it is important to note that the intensity
of accelerated CRs around the shock and the intensity of CRs injected into the ISM
do not necessarily have the same slope. Theoretical investigations, however, indicate
that the shape of the intensity remains unchanged when CRs are released from the
acceleration region.

Since the combination of the injection intensity from the theory of shock ac-
celeration and the diffusion coefficient constrained from observational data could
satisfactorily reproduce the shape of the intensities observed on Earth, the picture
in which SNRs are the principal sources of CRs are commonly accepted as the stan-
dard paradigm in Cosmic Ray Astrophysics. Indeed, there are still many challenges
remained before some conclusive arguments could be made. The interested read-
ers are referred to the recent review by Gabici et al. (2019) for a more thorough
discussion.

1.2 Quasi-Linear Theory for Cosmic-Ray Transport
We shall continue our story by the formal derivation of the CR transport equation
in the framework of QLT commonly used in modeling both the propagation and
acceleration of CRs. The procedure introduced here was first proposed around 50
years ago with the pioneering works by Jokipii (1966), Kennel & Engelmann (1966),
and Lerche (1968), and Kulsrud & Pearce (1969). In this thesis, we provide only the
formal derivation in a simplified setup suitable for later discussions. The interested
readers are referred to standard textbooks such as in Berezinskii et al. (1990) or
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Schlickeiser (2002) for a more general picture of QLT. Conceptually speaking, QLT
relies on a perturbative approach which means that it should strictly be applicable
only in the case where the strength of turbulence is much smaller than that of the
mean field and this is not always the case for astrophysical systems. However, it has
been argued that this is not the only problem of QLT and, in fact, it suffers from
a few more problems which concern the transport of CRs with pitch angle close to
90o and also the diffusion perpendicular to the mean field (Shalchi, 2009). Although
there exists many peculiarities that seems to make its validity questionable, it is still
the most widely accepted framework for studying the transport of CRs so far.

In this section, we shall first present the concept of the distribution function of
CRs together with all the fundamental equations upon which the equation of CR
transport is built. We then go though a few layers of approximations to obtain
different forms of the transport equation. At the end of this chapter, we will arrive
at the advection-diffusion equation which shall be the basis of the analysis of CR
transport into MCs in Chapter 3 and also the study of Galactic CR spectra in
Chapter 4.

1.2.1 The Quasi-Linear Approximation

Let’s consider a system consisting of CRs from various species (protons, electrons,
Helium, and so on) and a background plasma which represents the ISM. For simplic-
ity, we could assume that the background plasma is at rest (no large-scale motion)
and also it is made up by only protons and electrons. This means that the state of
the background plasma is determined and we are only interested in the evolution of
the CR population.

Since we seek for a statistical description of a large number of CR particles, we
shall first define a probability distribution function fa(x,p, t) for particles of species
a at the position x with momentum p at time t, also referred to as the phase space
density. This function should be defined such that the quantity fa(x,p, t) d3x d3p
gives the number of particles of species a within the infinitesimal phase space volume
d3x d3p at time t. For a collisionless plasma which is quite common in the context
of Cosmic Ray Astrophysics, the distribution function should follow the Vlasov
equation:

∂fa
∂t

+ v · ∂fa
∂x

+ qa

[
E(x, t) +

v ×B(x, t)

c

]
· ∂fa
∂p

= S(r,p, t), (1.4)

where qa is the charge of a particle of species a, v is the corresponding velocity of
a particle of species a with momentum p, E and B are respectively the average
electric and magnetic field, and S(x,p, t) represents all the additional sources and
sinks of CR particles. Let’s first concentrate on the case where there are no external
sources or sinks meaning setting the RHS of Eq. 1.4 to zero. The electromagnetic
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field in Eq. 1.4 could be described using the Maxwell’s equations:

∇×B =
1

c

∂E

∂t
+

4π

c

∑
a

qa

∫
d3pfa(x,p, t)v, (1.5)

∇ ·B = 0, (1.6)

∇× E = −1

c

∂B

∂t
, (1.7)

∇ · E = 4π
∑
a

qa

∫
d3pfa(x,p, t). (1.8)

Solving together the Vlasov equation and the Maxwell’s equations is quite a daunting
task. To proceed, we shall assume that the distribution function and the electro-
magnetic fields are composed of a zeroth-order component which varies slowly in
time and a first-order component that evolves more rapidly (sometimes referred to
as the quasi-linear approximation):

fa(x,p, t) = f (0)
a (x,p, t) + f (1)

a (x,p, t), (1.9)
E(x, t) = E0(x, t) + E1(x, t), (1.10)
B(x, t) = B0(x, t) + B1(x, t). (1.11)

The fields E1 and B1 are sometimes referred to as the turbulent field and, in-
deed, different initial conditions of these fields would lead to different values of the
f

(1)
a (x,p, t). However, we are, in general, not interested in the small variation of the
distribution function and also the initial conditions for the turbulent fields could not
be specified in real physical problems. It is, therefore, more reasonable to consider
an ensemble of realizations of the turbulent fields, each of them with their own initial
conditions, and study f (0)

a by requiring that all the fluctuating first-order part should
vanish over the ensemble average meaning 〈f (1)

a 〉 = 0, 〈E1〉 = 0, and 〈B1〉 = 0. For
our purposes, it is sufficient to focus on the system where E0 = 0 (which should be
justified by the high conductivity in astrophysical plasmas) and B0 is uniform in
space and time. Inserting the above expansion into the Vlasov equation and taking
the ensemble average to obtain separate equations for zeroth-order and first-order
quantities, we shall have:

∂f
(0)
a

∂t
+ v · ∂f

(0)
a

∂x
+ qa

v ×B0

c
· ∂f

(0)
a

∂p
= −

〈
qa

(
E1 +

v ×B1

c

)
· ∂f

(1)
a

∂p

〉
,

(1.12)

∂f
(1)
a

∂t
+ v · ∂f

(1)
a

∂x
+ qa

v ×B0

c
· ∂f

(1)
a

∂p
= −qa

(
E1 +

v ×B1

c

)
· ∂f

(0)
a

∂p
. (1.13)

It is interesting to note that the rate of change in time of f (0)
a is actually a second-

order quantity as we could see from the RHS of Eq. 1.12 which is consistent with
the assumption of the perturbative approach. The quasi-linear approximation also
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allows us to obtain the linearized form of Maxwell’s equations:

∇×B1 =
1

c

∂E1

∂t
+

4π

c

∑
a

qa

∫
d3pf (1)

a (x,p, t)v, (1.14)

∇ ·B1 = 0, (1.15)

∇× E1 = −1

c

∂B1

∂t
, (1.16)

∇ · E1 = 4π
∑
a

qa

∫
d3pf (1)

a (x,p, t). (1.17)

We shall now continue by finding the formal solution of f (1)
a in terms of f (0)

a , E1, and
B1 and inserting it into Eq. 1.12 to arrive at the closed differential equation for f (0)

a .
Let’s now perform the Laplace-Fourier expansion for all the first-order quantities:

f (1)
a (x,p, t) =

∫
dω

∫ ∞
−∞

d3kei(k·x−ωt)δfa(k,p, ω), (1.18)

E1(x, t) =

∫
dω

∫ ∞
−∞

d3kei(k·x−ωt)δE(k, ω), (1.19)

B1(x, t) =

∫
dω

∫ ∞
−∞

d3kei(k·x−ωt)δB(k, ω). (1.20)

We should note that ω is, in general, a complex number ω = ωr + iΓ and the
integration has to be from −∞+iC to∞+iC with C is a constant chosen sufficiently
positive that the Laplace integral converges (see e.g. Schlickeiser, 2002). In a sense,
these expansions represents the fact that the fluctuations of the electromagnetic
fields could be decomposed into waves of different frequency ω and wave vector k.
Inserting these Fourier-Laplace transform into Eq. 1.13 and Eq. 1.16, we shall have:

ick× δE = iωδB, (1.21)

i (ω + v · k) δfa + qa
v ×B0

c
· ∂δfa
∂p

= −qa
(
δE +

v × δB
c

)
· ∂f

(0)
a

∂p
. (1.22)

It should be noted that we have neglected all the terms that contain the initial
conditions of the electromagnetic fields since they would vanish once inserted into
the ensemble average on the RHS of Eq. 1.12. At this point, it should be more
convenient to choose the coordinate system such that B0 is in the z-direction. We
shall introduce also the components of the momentum vector p and the wave vector
k in this system as follows:

px = p⊥ cosφ, py = p⊥ sinφ, pz = p‖, (1.23)
kx = k⊥ cosψ, ky = k⊥ sinψ, kz = k‖. (1.24)

With this choice, we may simplify the operator in the second term of Eq. 1.22 into:

qa
v ×B0

c
· ∂
∂p

= −Ωa
∂

∂φ
, (1.25)
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where Ωa = qaB0/(γmac) which is the relativistic gyrofrequency of a particle of
species a. Combining Eq. 1.21, Eq. 1.22, and Eq. 1.25, we shall arrive at the
following equation for δfa(k,p, ω):

∂δfa
∂φ
− i (ω + v · k)

Ωa

δfa =
qa
Ωa

[
δE +

v × (k× δE)

ω

]
· ∂f

(0)
a

∂p
, (1.26)

which could easily be solved to give:

δfa(k,p, ω) =
qa
Ωa

∫ φ

∞sign(Γ)

dφ′
[
δE +

v′ × (k× δE)

ω

]
· ∂f

(0)
a

∂p′

exp

{
i
(
k‖v‖ − ω

)
(φ− φ′) + ik⊥v⊥ [sin (φ− ψ)− sin (φ′ − ψ)]

Ωa

}
,

(1.27)

where v′ = (v⊥ cosφ′, v⊥ sinφ′, v‖) and p′ = (p⊥ cosφ′, p⊥ sinφ′, p‖). We note that
the lower limit of the integral has been chosen to be φ → ∞sign(Γ) since, in this
limit, δf(k,p, ω) tends to zero. We refer the interested readers to Chapter 8 and
Appendix B of the monograph by Schlickeiser (2002) for a more detailed discussion
on this choice. It should be noted, however, that this quantity would not appear in
our final equation for f (0)

a . It would be more convenient to decompose the fields into
components of different polarizations and we shall adopt the following notation:

δEL = δEx + iδEy, (1.28)
δER = δEx − iδEy, (1.29)

where L and R stand for the left- and right-handed polarizations respectively. We
now could rewrite the electric field as δE =

(
(δER + δEL) /2, i (δER − δEL) /2, δE‖

)
.

In order to proceed and perform the integration over φ′, we shall assume that
f

(0)
a (x,p, t) = f

(0)
a (x, p⊥, p‖, t) meaning the zeroth-order component of the distribu-

tion function is independent of φ (a reasonable approximation in the limit of weak
turbulent electromagnetic field, see Kulsrud & Pearce, 1969 and references therein
for more details). The integration over φ′ could now be carried on by making use of
the following Bessel-function identities:

exp

[
i
k⊥v⊥
Ωa

sin(φ− ψ)

]
=

∞∑
m=−∞

Jm

(
k⊥v⊥
Ωa

)
eim(φ−ψ), (1.30)

exp

[
−ik⊥v⊥

Ωa

sin(φ′ − ψ)

]
=

∞∑
n=−∞

Jn

(
k⊥v⊥
Ωa

)
e−in(φ′−ψ). (1.31)
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We shall from now on abbreviate Jm(k⊥v⊥/Ωa) simply as Jm. The resulting expres-
sion for δf(k,p, ω) is then:

δf(k,p, ω) = −iqaΩa

∞∑
m,n=−∞

Jme
i(m−n)(φ−ψ)

ω − k‖v‖ − nΩa

(
δE⊥Pa,⊥ + δE‖JnPa,‖

)
f (0)
a , (1.32)

where

δE⊥ =
1

2

(
δERe

iψJn+1 + δELe
−iψJn−1

)
, (1.33)

Pa,⊥ =

(
1− k‖v‖

ω

)
∂

∂p⊥
+
k‖v⊥
ω

∂

∂p‖
, (1.34)

Pa,‖ =
v‖
v⊥

nΩa

ω

∂

∂p⊥
+

(
1− nΩa

ω

)
∂

∂p‖
. (1.35)

Inserting Eq. 1.32 into the RHS of Eq. 1.12 and perform the Laplace-Fourier trans-
form for E1 and B1 (notice also Eq. 1.25), we shall have:

∂f
(0)
a

∂t
+ v · ∂f

(0)
a

∂x

= iq2
a

〈∫
dε d3qe−i(q·x−εt)

[
δE∗(q, ε) +

v × (q× δE(q, ε))

ε

]
· ∂
∂p∫

dω d3kei(k·x−ωt)
∞∑

m,n=−∞

Jme
i(m−n)(φ−ψ)

ω − k‖v‖ − nΩa

(
δE⊥Pa,⊥ + δE‖JnPa,‖

)
f (0)
a

〉
.

(1.36)

At this point, if we write down the explicit form of all the operators on the RHS of
the above equation, we will encounter quantities of type 〈δE∗i (q, ε)δEj(k, ω)〉 (i, j =
x, y, z) which are components of the so-called correlation tensor 〈δE∗(q, ε)δE(k, ω)〉.
In principle, the analysis of this tensor requires a proper discussion on the plasma
waves which is not particularly relevant within the scope of this thesis. Therefore,
we shall simply adopt the results that have been provided in the past literature to
further simplify Eq. 1.36. The interested readers are referred to Chapter 8 of the
monograph by Schlickeiser, 2002 and references therein for more details (see also
Kulsrud & Pearce, 1969).

For now, we might proceed by noticing that the correlation tensor is typically of
the following form:

〈δE∗(q, ε)δE(k, ω)〉 ∼ δ(q− k)δ(ε− ω), (1.37)

which should allow us to simplify the integration over q and ε together with the
exponential factor exp [i(k− q) · x− i(ω − ε)t]

Notice that although we have assumed f (0)
a is independent of φ, f (1)

a still depends
on φ (as could be seen from the factor ei(m−n)(φ−ψ) in the expression for δf(k,p, ω)).
This means that we should keep all the terms that contain the partial derivative
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in φ while applying the operator ∂/∂p to f (1)
a in the above equation. Since f (0)

a

is independent of φ, we might take the average of Eq. 1.36 over the angle φ and
simplify it into:

∂f
(0)
a

∂t
+ v‖

∂f
(0)
a

∂z
= iq2

a

∫
dω d3k

1

2π

∫ 2π

0

dφ〈[
δE∗(k, ω) +

v × (k× δE∗(k, ω))

ω∗

]
· ∂
∂p

∞∑
m,n=−∞

Jme
i(m−n)(φ−ψ)

ω − k‖v‖ − nΩa(
δE⊥Pa,⊥ + δE‖JnPa,‖

)
f (0)
a

〉
.

(1.38)

For simplicity, we shall neglect the imaginary part of ω meaning to assume that
Γ � ωr and approximate the Breit-Wigner type resonance function with the δ-
function representation (this approximation is sometimes referred to as the resonant
diffusion limit):

1

ω − k‖v‖ − nΩa

= −iπδ
(
ωr − k‖v‖ − nΩa

)
(1.39)

At this point, it is straightforward to perform the integration over φ and take the sum
over m which leaves us with the gyrophase-averaged equation for f (0)

a (x, p⊥, p‖, t) in
the resonant diffusion limit:

∂f
(0)
a

∂t
+ v‖

∂f
(0)
a

∂z
= πq2

a

∫ ∞
−∞

dωr

∫ ∞
−∞

d3k

∞∑
n=−∞

〈{[
Pa,⊥ +

1

p⊥

(
1− k‖v‖

ωr

)]
δE∗⊥ + Pa,‖δE∗‖Jn

}
δ
(
ωr − k‖v‖ − nΩa

) (
δE⊥Pa,⊥ + δE‖JnPa,‖

)
f (0)
a

〉
(1.40)

The above equation has been first introduced by Lerche, 1968 for a system of rela-
tivistic plasma (see also Kennel & Engelmann, 1966, for a similar approach in the
non-relativistic case). Since the whole procedure has started with the quasilinear
approximation, this framework is commonly referred to as Quasi-Linear Theory.

1.2.2 Pitch Angle Diffusion

Further simplification at this stage requires some more assumptions on the correla-
tion tensor. In principal, this tensor should have the contribution from all the modes
of plasma waves since the turbulent electric field could be treated as the superposi-
tion of waves of different plasma wave modes. Each of these modes is represented
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by their respective dispersion relation ωα(k) (see Chapter 8 of Schlickeiser, 2002, for
a discussion on kinetic theory of plasma waves).

In astrophysical environments such as in the ISM or SNRs, we shall focus essen-
tially on the Alfvén wave modes propagating parallel and antiparallel to the ordered
magnetic field (from now on referred to as forward and backward waves) since these
waves have the shortest growth times (Schlickeiser, 1989). The dispersion relations
of these modes are:

ω± = ±|k‖|vA, (1.41)

where the sign ’+’ and ’−’ are for the forward and backward waves respectively and,
in the fully ionized background plasma made up mostly by protons and electrons,
we shall have the Alfvén speed as:

vA =
B0√

4πnimp

, (1.42)

with ni is the number density of protons in the plasma and mp is the mass of proton.
By restricting ourselves to the parallel propagating Alfvén modes and noticing that
k⊥ = 0 and δE‖ = 0, Eq. 1.40 could be re-written in a more elegant form:

∂f
(0)
a

∂t
+ vµ

∂f
(0)
a

∂z

=
π2q2

av
2
A

p2c2

∑
α

∫ ∞
−∞

dωr

∫ ∞
−∞

dk‖δ(ωr − ωα(k))

[
∂

∂p
p+

∂

∂µ

(
k‖v

ωr
− µ

)]
{ (

1− µ2
) [
IαR(k‖)δ

(
ωr − k‖v‖ + Ωa

)
+ IαL(k‖)δ

(
ωr − k‖v‖ − Ωa

) ]}
[
∂

∂p
+

1

p

(
k‖v

ωr
− µ

)
∂

∂µ

]
f (0)
a

(1.43)

where p =
√
p2
⊥ + p2

‖, µ = p‖/p, and v is the speed of a particle of species a with
momentum p. It should be noted that the sum over α arises from both the forward
and backward Alfvén wave modes. Also, we have introduced IαR,L(k‖) which is the
power spectrum of the forward (α = +) and backward (α = −) waves with right-
hand or left-hand polarization:∫ ∞

−∞
dk‖I

α
R,L(k‖)

∫ ∞
−∞

dωrδ(ωr − ωα(k))

=
c2

v2
A

∫ ∞
−∞

dωr

∫ ∞
−∞

d3k
〈δE∗R,L(k, ωr)δER,L(k, ωr)〉

4π
,

(1.44)

where IαR,L(k‖) dk‖ represents the energy density in the waves of wave vector k‖ with
right-hand or left-hand polarization.
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We could now perform the integration over ωr and k‖ and express explicitly the
contribution from the two wave modes in Eq. 1.43:

∂f
(0)
a

∂t
+ vµ

∂f
(0)
a

∂z
=
v2
A

p2

[
∂

∂p
p+

v

vA

∂

∂µ

] [
p3

v2
ν+

(1− µ2)

2

] [
∂

∂p
+

1

p

v

vA

∂

∂µ

]
f (0)
a

+
v2
A

p2

[
∂

∂p
p− v

vA

∂

∂µ

] [
p3

v2
ν−

(1− µ2)

2

] [
∂

∂p
− 1

p

v

vA

∂

∂µ

]
f (0)
a

(1.45)

where we have, for simplicity, approximated (v/vA±µ) ' v/vA due to the fact that
v � vA for CRs and we also introduce the quantity ν± which is typically referred
to as the pitch angle scattering rate:

ν± =
2π2

|vµ∓ vA|

(
Ωa

B0

)2 [
I±R

(
k‖ =

Ωa

vµ∓ vA

)
+ I±L

(
k‖ = − Ωa

vµ∓ vA

)]
(1.46)

As a remark, we note that I+
R,L(k‖) = 0 for k‖ < 0 and I−R,L(k‖) = 0 for k‖ > 0.

This means that, if we neglect vA in the denominator of the resonant value of k‖, we
could clearly see that the scattering rate for a proton moving forward with µ > 0
(backward with µ < 0) only comes from forward right-hand or backward left-hand
(backward right-hand or forward left-hand) waves.

We note also that Eq. 1.46 is of a Fokker-Planck type and it contains various
diffusion terms including the pitch angle diffusion which, as we shall see later, is of
critical importance to obtain the final form of the transport equation.

1.2.3 The Cosmic-Ray Transport Equation

To proceed to the final form of the transport equation, we should note that the
CR distribution function is typically observed (at least locally) to be independent
(or weakly dependent) of µ. This is due to the fact that the scattering rates ν±
are typically large enough that the process of pitch angle diffusion seen in Eq. 1.46
would isotropize all the CR particles. From this argument, we might now expand
f

(0)
a in the following way:

f (0)
a (x, p, µ, t) = f̄ (0)

a (x, p, t) + ga(x, p, µ, t) (1.47)
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where ga(x, p, µ, t)/f̄
(0)
a (x, p, t) should be a small quantity of order vA/v. Inserting

the above expansion into Eq. 1.46 and taking the average over µ, we shall have:

∂f̄
(0)
a

∂t
+ v

∂

∂z
〈µga〉µ =

v2
A

p2

∂

∂p

[
p4

v2

〈
(ν+ + ν−)

1− µ2

2

〉
µ

∂f̄
(0)
a

∂p

]

+
v2
A

p2

∂

∂p

[
p4

v2

〈
(ν+ + ν−)

1− µ2

2

∂ga
∂p

〉
µ

]

+
vA
p2

∂

∂p

[
p3

v

〈
(ν+ − ν−)

1− µ2

2

∂ga
∂µ

〉
µ

]
. (1.48)

where the operator 〈 〉µ represents

〈 〉µ =
1

2

∫ 1

−1

dµ. (1.49)

To proceed further, it is conventional to subtract Eq. 1.46 from Eq. 1.48 and examine
the order of magnitude of each term in the remaining equation. We note that

∂f̄
(0)
a

∂t
∼ v

∂f̄
(0)
a

∂z
∼ O

(
f̄

(0)
a

T

)
, (1.50)

where T is the time scale over which f̄
(0)
a varies significantly. Since pitch angle

scattering is very effective, we expect ν+ ∼ ν− ∼ 1/(σT ) with σ � 1. If we keep
only terms that are of order O

(
f̄

(0)
a /T

)
and O

(
vAf̄

(0)
a / (vσT )

)
, we shall obtain

vµ
∂f̄

(0)
a

∂z
=
vA
p2

∂

∂µ

[
p3

v
(ν+ − ν−)

1− µ2

2

∂f̄
(0)
a

∂p

]
+

∂

∂µ

[
(ν+ + ν−)

1− µ2

2

∂ga
∂µ

]
.

(1.51)

We could now integrate over the pitch angle from µ = −1 to some arbitrary value
µ and rearrange the terms to get

∂ga
∂µ

= − v

ν+ + ν−

∂f̄
(0)
a

∂z
− vA

v
p
ν+ − ν−
ν+ + ν−

∂f̄
(0)
a

∂p
. (1.52)

We shall now insert the above equation into Eq. 1.46 and note that we should
keep only terms of order O

(
f̄

(0)
a /T

)
, O

(
vAf̄

(0)
a / (vT )

)
, and O

(
v2
Af̄

(0)
a / (v2σT )

)
.
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Equation 1.48 then becomes:

∂f̄
(0)
a

∂t
+

1

3p2

∂

∂p

[
p3vA

〈
3 (1− µ2) (ν+ − ν−)

2 (ν+ + ν−)

〉
µ

]
∂f̄

(0)
a

∂z

− ∂

∂z

[
v2

〈
1− µ2

2 (ν+ + ν−)

〉
µ

∂f̄
(0)
a

∂z

]
− p

3

∂

∂z

[
vA

〈
3 (1− µ2) (ν+ − ν−)

2 (ν+ + ν−)

〉
µ

]
∂f̄

(0)
a

∂p

− 1

p2

∂

∂p

[
p4v

2
A

v2

〈
2 (1− µ2) ν+ν−

ν+ + ν−

〉
µ

∂f̄
(0)
a

∂p

]
= 0.

(1.53)

We shall, from now on, replace the notation f̄ (0)
a = f̄

(0)
a (x, p, t) with f = f(x, p, t) for

brevity and please note that the species of the relevant particles shall be specified
when needed. The final form of the one-dimensional equation used for the study of
CR transport into MCs (see Chapter 3) is achieved by adding a term that describes
the change of the distribution function due to energy losses of CRs as they propagate
in the ISM:

∂f

∂t
+

1

3p2

∂

∂p

(
p3u
) ∂f
∂z
− ∂

∂z

(
D
∂f

∂z

)
−p

3

∂u

∂z

∂f

∂p
− 1

p2

∂

∂p

(
p2Dpp

∂f

∂p

)
+

1

p2

∂

∂p

(
ṗp2f

)
= 0,

(1.54)

where ṗ is the rate of momentum loss which we shall discuss in depth in the next
section and we have introduced also the advection velocity u, the spatial diffusion
coefficient D, and the diffusion coefficient in momentum space Dpp:

u = vA

〈
3 (1− µ2) (ν+ − ν−)

2 (ν+ + ν−)

〉
µ

, (1.55)

D = v2

〈
(1− µ2)

2 (ν+ + ν−)

〉
µ

, (1.56)

Dpp = p2v
2
A

v2

〈
2 (1− µ2) ν+ν−

ν+ + ν−

〉
µ

.

(1.57)

In the following, we shall briefly discuss all the quantities that have emerged from
the transport equation and also the physical interpretation of each term that they
involve.

Equation 1.55 represents the advection velocity of particles for a background
plasma at rest. It is a weighted mean between vA and −vA, the weight given by
the relative importance of forward and backward moving waves. As a remark, we
note that, in the case where the background plasma also moves with some velocity
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v0 along the magnetic field, it could be proven that the advection velocity becomes:

u = v0 + vA

〈
3 (1− µ2) (ν+ − ν−)

2 (ν+ + ν−)

〉
µ

. (1.58)

We refer the interested readers to Skilling, 1975 for a more detailed discussion in the
case of a background plasma with large-scale motion. It is also straightforward to
see that if one of the wave modes (either forward or backward) dominates over the
other meaning ν+ or ν− tends to zero, then u = v0±vA (’+’ or ’−’ depending on the
direction of the dominant wave mode). In the other, limiting case where ν+ = ν−,
the advection becomes that of the background plasma, i.e. u = v0.

Let’s now turn our attention to one of the most important feature of the trans-
port equation which is the emergence of the spatial diffusion coefficient. Using the
quasi-linear approximation, we have successfully built up a theoretical framework
capable of describing the diffusive motion of CRs which is expected from obser-
vational constraints as previously discussed in Section 1.1. In this framework, the
resonant plasma waves act as the scatterering centers which prevent CRs from prop-
agating ballistically. This means that if the waves are provided with more energy,
CRs may interact more frequently and, as a result, have a shorter mean free path or,
equivalently, smaller diffusion coefficient. It is for this reason that the diffusion co-
efficient is inversely proportional to the scattering rate or, more precisely, the power
spectrum of the resonant plasma waves.

Another interesting feature of the transport equation is that it also leads to the
diffusion in momentum space. This is an interesting mechanism for energy gain of
CRs in a stochastic way that was first pointed out in the seminal paper by Fermi,
1949 and it is often referred to as the second order Fermi acceleration (the first order
acceleration mechanism is also incorporated in the transport equation and shall be
discussed below). In the original version by Fermi, CRs gain energy by scattering of
moving magnetic fields in the ISM and, in the framework of Quasi-Linear Theory,
this is realized by the resonant interaction of CRs with forward and backward plasma
waves. Since this stochastic acceleration mechanism requires the existence of waves
in both directions, we could see that the diffusion coefficient in momentum space
would disappear if one of the two wave modes is suppressed, i.e. ν+ = 0 or ν− = 0.

Having discussed all the relevant physical quantities associated with the trans-
port equation, we could now proceed to give a brief summary on the meaning of all
the terms in Eq. 1.54:

• The second term on the LHS is referred to as the advection term and it de-
scribes the transport of CRs due to a bulk motion of the background plasma
and the Alfveén waves.

• The third term on the LHS describes the diffusive motion of CRs along the
magnetic field line which, as discussed above, originates from the frequent
interactions between CRs and plasma waves.

• The fourth term on the LHS, which has the factor ∂u/∂z, characterizes the
adiabatic energy loss or gain of CRs due to the expansion or compression of



22 Chapter 1. Galactic Cosmic Rays

the background plasma. For example, in the case of supernova explosions as
discussed in Section 1.1, the abrupt change of the velocity profile around the
shock leads to the erergy gain of CRs and solving the transport equation for
this system results in a distribution function that is a power law in momentum.
In fact, the inclusion of this term and the spatial diffusion term gives rise to
the first order Fermi acceleration mechanism (see e.g. Blasi, 2013, for a more
detailed discussion).

• The fifth term on the LHS depicts the second order Fermi acceleration process
(or the diffusion in momentum space) which is the stochastic energy gain of
CRs due to the scattering of these particles by plasma waves.

• The sixth term takes into account all the relevant processes of energy loss
of CRs as these particles propagate in the ISM. The main processes for CR
protons are ionization and Coulomb collisions at low energy and proton-proton
interaction at high energy. Cosmic ray electrons also suffer from energy loss by
ionization and Coulomb collisions at low energy and, at high energy, they lose
energy mostly due to interactions with the electromagnetic field in the ISM
via bremsstrahlung radiation, synchrotron radiation, and inverse Compton
scattering. All of these energy loss mechanisms shall be discussed in more
detail in the next section.

Finally, we note that the observations of CRs typically involve the determination
of the intensity as a function of kinetic energy as mentioned in Section 1.1. It would
be, therefore, more convenient to establish the connection between the distribution
function and the intensity of CRs. From dimensional analysis, we could see that the
intensity of CRs should be:

j(x, E, t) = p2f(x, p, t) (1.59)

It would be convenient to introduce also f(x, E, t) which we shall refer to as the
spectrum of CRs:

f(x, E, t) =
4πp2f(x, p, t)

v
=

4πj(x, E, t)

v
. (1.60)

Notice that the above definition has been chosen such that the normalizations of the
spectrum and the distribution function both satisfy:∫ Emax

Emin

f(x, E, t) dE =

∫ pmax

pmin

4πp2f(x, p, t) dp = nCR, (1.61)

where nCR is the number density of CRs with kinetic energy in the range from Emin
to Emax.
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1.3 Mechanisms for Energy Loss of Cosmic Rays
Covering all the energy loss mechanisms in the range of the observed cosmic ray
spectrum from a few MeVs to a few hundred EeVs is quite a daunting task and,
thus, we may instead list (without any rigorous derivation) the energy loss rate
of processes that are relevant to the context of this thesis which are: i) Coulomb
and ionization interactions of both CR protons and electrons, ii) bremsstrahlung,
synchrotron radiation, and inverse Compton scattering for CR electrons, and iii)
proton-proton interactions. The interested readers are referred to the monography
by Schlickeiser (2002) for a more extended discussion. We note also that here we
give only formulae for the rate of energy loss and not the rate of momentum loss
introduced for the transport equation, however, switching between the two is quite
straightforward since:

ṗ =
Ė

v
. (1.62)

Also, for ease of later discussion, let’s denote nH as the total number density of
hydrogen atoms (both in molecular and atomic forms) and ne as the number density
of free electrons.

1.3.1 Interactions of Cosmic-Ray Protons

Coulomb and Ionization Interactions

For CR protons of kinetic energy below a few hundreds MeV, the dominant mech-
anisms for energy loss are either ionization or Coulomb interactions depending on
whether the ISM is neutral or ionized (Schlickeiser, 2002).

In ionized matter, the energy loss rate of CR protons due to Coulomb interactions
is given by the following phenomenological formula (Schlickeiser, 2002):

ĖCoulomb = 3.1× 10−7
( ne

1 cm−3

) β2

x3
m + β3

eV/s, (1.63)

where β is the ratio between the speed of the particle and the speed of light, xm =
0.0286

√
Te/(2× 106 K), and Te is the temperature of the electrons in the plasma.

In neutral matter, the energy loss rate of CR protons due to ionization interac-
tions could be deduced from the Bethe-Bloch formula (see e.g. Longair, 2011):

Ėion(v > v0) =
3

2
cσT

mec
2

β

∑
s

nsZs

[
ln

(
2mec

2

Īs

)
+ 2 ln (γβ)− β2

]
, (1.64)

where c is the speed of light, σT is the Thompson cross-section, me is the electron
mass, ns, Zs and Is are respectively the number density, the atomic number, and the
ionization potential of the species s of the ISM, and γ is the Lorentz factor of the CR
particle. Since the abundances of heavier elements are increasingly small, we shall
mostly consider the contribution of the ionization interaction of CR protons with



24 Chapter 1. Galactic Cosmic Rays

hydrogen and helium of the ISM (Schlickeiser, 2002) whose ionization potentials are
respectively Ī(H) ' 19 eV and Ī(He) ' 44 eV3. It should be noticed, however, that
the formula above is applicable only for particles of speed higher than a characteristic
speed v0. We shall have, in the case of a medium made up only by hydrogen atoms,
v0 = e2/~ ' 2.19×108 cm/s which is the orbital speed of electrons. For slow protons
with v < v0, there exists also a phenomenological formula for the ionization loss rate
first presented by Ginzburg & Syrovatskii (1964):

Ėion(v < v0) = 2.34× 10−23

(
v

1 cm/s

)2∑
s

( ns
1 cm−3

)
(1 + Zs) eV/s, (1.65)

where Zs is the atomic number of the species s of the ISM. For numerical application,
it might be more convenient to introduce also the phenomenological formula for the
ionization loss rate of CR protons using the asymptotic behaviours above and below
the characteristic velocity v0:

Ėion ' 2.70× 10−7
( nH

1 cm−3

) β2

9.15× 10−6 + β2.65
eV/s, (1.66)

where all the heavy elements have been taken into account by assuming solar abun-
dances. It should be noticed also that, for the ISM of solar abundances, nHe ' 0.1nH
and, thus, the contribution of helium to the ionization loss becomes negligible in the
energy range where β > v0/c. This means that the above formula could also be
adopted for the gas made up only by hydrogen in this energy range and the error
induced for the extrapolation to lower energy (β < v0/c) is less than a factor of two.

Proton-Proton Interactions

Cosmic-ray protons of kinetic energy E & Eth ' 280 MeV could also lose energy
due to the production of both charged and neutral pions in their inelastic collisions
with the matter of the ISM. We generally refer to this mechanism of energy loss as
proton-proton interaction (see e.g. Kafexhiu et al., 2014, and references therein for
more discussions about the underlying channels hadronic interactions). The energy
loss rate for this channel is:

Ėpp = 1.31× 10−7
( nH

1 cm−3

)
γ1.28H(γ − 1.28) eV/s, (1.67)

where γ is the Lorentz factor of the particle. It should be noted that we have
implicitly assumed the solar abundances for the ISM.

Notice that neutral pions decay instantaneously into gamma rays4. Since the
3It might not be very precise to refer to Īs as the ionization potential since it takes into account

also the excitation of electrons of molecules in the neutral gas. The values of Īs are commonly
obtained from the fit with experimental data (see e.g. Chapter 5 of the monograph by Longair,
2011).

4We note that proton-proton interaction could also lead to the production of charged pions.
These pions could, in turn, decay into electrons, positrons, and neutrinos which are also of critical
importance for observations.
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spectrum of π0 gamma rays of energy Eγ � mπ0c2/2 follows quite closely the one of
CR protons and also these particles could propagate without suffering the frequent
collisions with the turbulent fields in the ISM, they can be used as a powerful tool to
probe CRs at energy above 280 MeV. A brief discussion on the use of gamma rays to
gain more insight to CR sources like SNR will be provided in the next chapter and,
in Chapter 6, we shall demonstrate how a combined study of physical observables
like the ionization rate (see Chapter 2 for a brief overview of this quantity) and the
spectrum of gamma rays could provide a constraint for the CR spectrum from low
to high energy.

1.3.2 Interactions of Cosmic-Ray Electrons

Coulomb and Ionization Interactions

The energy loss rate of electrons and positrons is dominated by ionization interac-
tions in a neutral gas and by Coulomb interactions in a fully ionized plasma for
kinetic energy below a few hundreds MeV.

In neutral matter, the loss rate due to ionization interactions is (Longair, 2011):

Ėion =
3

4
cσT

mec
2

β

∑
s

nsZs

{
ln

[
γ3β4m2

cc
4

2 (1 + γ) Ī2
s

]
−
(

2

γ
− 1

γ2

)
ln 2

+
1

γ2
+

1

8

(
1− 1

γ

)2
}
,

(1.68)

where c is the speed of light, σT is the Thompson cross-section, me is the electron
mass, β is the ratio between the speed of the CR particle and the speed of light,
ns, Zs, and Īs are respectively the number density, the atomic number, and the
ionization potential of the species s of the ISM, and γ is the Lorentz factor of the
CR particle. For the ISM with solar abundances, we shall have:

Ėion =
7.65× 10−9

β

( nH
1 cm−3

)[
23.31 + 1.2 ln

(
γ3β4

1 + γ

)]
eV/s. (1.69)

In ionized matter, the energy loss rate due to Coulomb interactions is (Dermer
& Menon, 2009):

ĖCoulomb =
3

2
cσT

mec
2

β
ne ln

(√
γmec

2

~ωp

)
(1.70)

where ~ is the reduced Planck constant and ωp is the electron plasma frequency
computed as:

ωp =

√
4πnee2

me

' 5.64× 104

√
ne

1 cm−3
rad/s. (1.71)
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We note also that the above formula is, strictly speaking, applicable only for CR
electrons of energy E > mec

2 propagating in a cold plasma (Dermer & Menon,
2009). However, the error induced by extrapolating this formula down to energy
E < mec

2 is rather negligible and also we are only interested in CR electrons of
energy above 1 keV which means E � kBTe even for the hot ISM. Thus, Eq. 1.70
could be adopted to describe the energy loss rate for Coulomb interaction of CR
electrons within the energy range of interest. It would also be more convenient to
obtain a phenomenological formula for the loss rate:

ĖCoulomb '
7.65× 10−9

β

( ne
1 cm−3

)[
74.32 + ln

(
γ

ne/1 cm−3

)]
eV/s. (1.72)

It should be noticed that, for both of Coulomb and ionization interaction, the
loss rates depend very weakly on energy.

Radiative Energy Loss of Cosmic-Ray Electrons

Cosmic-ray electrons and positrons of energy above a few hundreds MeV lose energy
more efficiently due to the inverse Compton scattering and also due to the emission
of bremsstrahlung and synchrotron radiation (Schlickeiser, 2002).

The energy loss rate of CR electrons due to bremsstrahlung radiation in a neutral
gas is (Schlickeiser, 2002):

Ėbrem =
3αcσT

8π
mec

2γ
∑
s

nsφs, (1.73)

where α ' 1/137 is the fine-structure constant, σT is the Thompson cross section,
ns and φs are respectively the number density and the scattering function of the
species s of the ISM. As discussed above, we shall consider only the loss rate due to
interactions with hydrogen and helium whose scattering functions, in the case of a
neutral environment (corresponding to the strong shielding limit), take the values
φH ' φHe/3 ' 45 (Schlickeiser, 2002).

In a fully ionized medium, the energy loss rate due to bremsstrahlung radiation
of CR electrons is (Schlickeiser, 2002):

Ėbrem =
3αcσT

2π
mec

2γ
∑
s

nsZs(Zs + 1)

[
ln γ + ln 2− 1

3

]
, (1.74)

where Zs is the atomic number of the species s. It should be noticed also that, for a
fully ionized medium,

∑
s nsZs = ne and, thus, we could approximate

∑
s nsZs(Zs+

1) ' 2ne by assuming the solar abundances of the ISM. This allow us to write down
a more practical form of the formula for the energy loss rate due to bremsstrahlung
radiation for both ionized and neutral media:

Ėbrem = 5.2× 10−10
( nH

1 cm−3

)
γ
[
1 + 0.137x (ln γ + 0.36)

]
eV/s, (1.75)
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where x = ne/nH is the ionization fraction of the medium. It is essential to stress
again that the above formula has been obtained under the assumption of solar
abundances for the ISM.

The energy loss rate due to synchrotron radiation and inverse Compton scattering
could be described as:

Ėsyn+IC = 9.90× 10−16γ2

[(
B

1 µG

)2

+ 26.84
( w

1 eV cm−3

)]
eV/s (1.76)

where B is the magnitude of the magnetic field and w is the energy density of the
interstellar radiation field at the position of interest.

1.3.3 Energy Loss Function and Energy Loss Time

For ease of later discussion, we shall follow Padovani et al. (2009) and introduce the
energy loss function:

L(E) = − 2

nH

dE

dl
, (1.77)

where nH = n(H) + 2n(H2) is the number density of hydrogen atoms as denoted in
the previous section, l is the path length and dE/ dl is the average energy loss per
unit of travelling distance. Notice that the factor 1/2 appear since we define this
function here with the number density of hydrogen atoms instead of the number
density of hydrogen molecules. The two definitions are the same for the case of
clouds made up mainly by molecular hydrogen. It is quite straightforward to relate
the energy loss rate and the energy loss function:

Ė =
1

2
nHvL(E). (1.78)

As a remark, we note that the loss function does not vary with the density of
MCs. This is due to the fact that L(E) ∼ Ė/nH (from Eq. 1.78) and also the
loss rate in a neutral medium is typically proportional to nH. In fact, the only two
important loss mechanism that do not hold follow this behaviour are synchrotron
radiation and inverse Compton scattering for CR electrons. For this thesis, we will,
however, place our concentration on CRs of energy from about 1 keV to 10 GeV as
they are most relevant for ionization processes and since synchrotron radiation and
inverse Compton could never be dominant mechanisms of energy loss below 10 GeV
for typical values of the magnetic field and energy density of photon fields in the
ISM (B . 3 µG and w . 1 eV/cm3), it is still reasonable to assume that L(E) is,
in general, independent of nH.

For the case of clouds made up by mainly molecular hydrogen, the energy loss
functions have been collected and fitted with experimental values by Padovani et al.
(2009). The corresponding energy loss rates for both CR protons and electrons with
energy ranging from 1 keV to 10 GeV determined from the fit (using Eq. 1.78) are
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Figure 1.3: Illustration of the energy loss rate in the case where n(H2) = 100 cm−3

for both CR protons (left panel) and electrons (right panel). The analytic version of the
energy loss rates are divided by a factor of approximately 1.4 to take into account only
molecular hydrogen and not other heavy elements of the ISM.

shown in Fig. 1.3 together with the analytic ones for the molecular hydrogen density
n(H2) = 100 cm−3.

Notice that the experimental data has been obtained for the gas made up by
only molecular hydrogen while the analytic formulae are derived for the ISM of
solar abundances with several underlying approximations on the scaling of atomic
models for the ionization and Coulomb interactions (see e.g. Schlickeiser, 2002, and
references therein for the formal derivation). It might be due to this difference
in the elemental compositions considered for the two cases that the analytic loss
rates deviate from the experimental ones, especially at low energy, as could be seen
in Fig. 1.3. We have checked that the analytic formula reproduces very well the
experimental data of both CR protons and electrons in the case of the ISM made
up by hydrogen molecules within the energy range most relevant for later discussion
of the ionization rate. Since the experimental form of the loss rate would a provide
a more precise description of the transport inside MCs, especially for the case of
MCs made up mainly by H2, we shall adopt this form for the analysis in Chapter
3. The more simple analytic version of the loss rates will be dedicated for the more
complicated modeling in Chapter 4 where the loss rates in various phases of the ISM
with both neutral and ionized gas are required.

Let’s now define also the energy loss time which provides a rough estimate for
the time of propagation after which CRs would lose a significant amount of energy:

τl = −p
ṗ

= −pv
Ė

(1.79)

It should be noted that this quantity could also be defined as τl = −E/Ė which
seems to be more appropriate as the energy loss time. The two definitions are,
however, equivalent for relativistic particles and they are different only by a factor
of two in the non-relativistic regime. We have compared also the experimental and
analytic forms of the energy loss time in an MC of n(H2) = 100 cm−3 in Fig. 1.4.
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Figure 1.4: Illustration of the loss time in a cloud of H2 density nH = 100 cm−3 for both
CR protons (left panel) and electrons (right panel). The analytic version of the energy loss
rates are multiplied by a factor of approximately 1.4 to take into account only molecular
hydrogen and not other heavy elements of the ISM.
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Chapter 2

Molecular Clouds
as Cosmic-Ray Barometers

With the term clouds astronomers refer to the cold neutral phase of the ISM (Snow
& McCall, 2006). These objects are, simply put, accumulations of neutral atomic
or molecular gas of density ranging from 10 cm−3 to more than 104 cm−3. Since
they are very rich in chemical phenomena, there exist many formal classifications
for clouds which employ, for example, the fractional abundances of H2, C+, and CO
to better highlight the chemical properties of these objects (see e.g. Snow & McCall,
2006, for a review). For the purpose of this thesis, it might be, however, sufficient
to characterize clouds using simply the column density of hydrogen atoms which is
defined as NH ' nHL where nH, as introduced in Section 1.3, is the total number
density of hydrogen atoms and L is the characteristic size of the cloud. We shall
focus essentially on diffuse MCs (NH ' 1021−1022 cm−2) and dense MCs (NH > 1022

cm−2).
Molecular clouds have always played an essential role in the context of Cosmic

Ray Astrophysics since they could serve as targets in various types of interactions
with CRs. At high energy, the interaction of hadronic CRs with the nuclei of MCs
could result in the production of gamma rays detectable on Earth. The studies
of these gamma-ray data from isolated giant MCs or complexes of clouds in the
Galaxy could, in turn, provide more information on the possible fluctuations of the
CR distribution on the Galactic scale. More importantly, since gamma-ray data
from SNRs are, most of the time, hard to interpret due to the absence of concrete
evidences for distinguishing a hadronic orgin from a leptonic one1, the observations
of enhanced gamma-ray fluxes from dense MCs located in the vicinity of SNRs
might help us to better understand the capability of these remnants as CR sources.
Furthermore, cosmic rays with energy below a few GeV are believed to regulate the
abundances of many chemical species (such as H+

3 , CO, HCO+ or DCO+) which are
also observable on Earth via their emission or absorption lines in the infrared or
millimeter domains. This means that the combination of these radiative signatures
from MCs could provide a unique way to probe Galactic CRs from low to high
energy.

We shall begin this chapter with a brief discussion on the connection between high
energy CRs and gamma-ray observations of MCs. For completeness, some basics of

1Notice that electrons and positrons accelerated from SNRs could also produce gamma rays
due to mechanism such as bremsstrahlung radiation and inverse Compton scattering.
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gamma rays from SNRs will also be incorporated to better highlight the paramount
importance of complementary gamma-ray observations for the surroundings of MCs.
These are some of the most crucial elements to set the stage for Chapter 6 where
we illustrate an example of how observational data from an MC is used to constrain
both the low and high energy parts of the CR spectra in the vicinity of the SNR
W28. The rest of this chapter will focus mostly on the link between low-energy
CRs and the chemistry of MCs from which an important quantity known as the
ionization rate could be obtained both theoretically and observationally. The CR
induced ionization rate together with the transport equation derived in the previous
chapter will lay the foundation for all the subsequent discussions on low-energy CRs
presented in Chapter 3 and Chapter 4.

2.1 Probing High Energy Cosmic Rays with Gamma
Rays

2.1.1 Gamma-Ray Astronomy for Supernovae Remnants

As briefly mentioned in the previous chapter, the hadronic interactions between CRs
of kinetic energy E & Eth ' 280 MeV and matters of the ISM could lead to the
production of neutral pions which, eventually, decay into gamma rays that could be
observed on Earth. For the proton-proton interaction, we shall have:

p+ p→ p+ p+ π0 (2.1)
π0 → γ + γ (2.2)

For simplicity, we shall restrict ourselves on the case of π0 gamma rays from the
proton-proton interaction and the contribution from the heavy nuclei will be taken
into account using the so-called nuclear enhancement factor (see e.g. Kafexhiu et al.,
2014, for a more detailed discussion). The resulting gamma rays from this type of
interaction carry roughly 10% of the energy of the incoming CR protons2. This
mechanism for the production of gamma rays was employed in the pioneering works
by Drury et al. (1994) (see also Naito & Takahara, 1994) to propose that the gamma-
ray observations of SNRs could help to test the standard paradigm for the origin
of Galactic CRs. Let’s consider, for example, an SNR with the volume integrated
spectrum of accelerated CRs to be N(E) ∼ f(E)VSNR ∼ E−2. The gamma-ray
flux could then be estimated as follows (see e.g. Gabici, 2013, for a more detailed
discussion):

E2
γFγ(Eγ) ' 10−11

(
W tot
CR

1050 erg

)( nH
1 cm−3

)( d

1 kpc

)−2

erg cm−2 s−1 (2.3)

where W tot
CR is the total energy channeled into CRs from the supernovae explosion,

nH is the total density of hydrogen atoms in the ambient medium surrounding the
2Notice that this is only a rough estimate in the limit where E � Eth.
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SNR, and d is the distance of the SNR from Earth. It should be noted that, in
the derivation of the gamma-ray flux in the above equation, we have implicitly
assumed that the gas in the shocked region of the SNR is compressed with the
density increased by a factor of four. Interestingly, the flux predicted from the
above equation is within the sensitivity range of current gamma-ray instruments,
especially in the TeV energy range, and several Cherenkov telescopes such as HESS,
MAGIC, or VERITAS have actually reported the detection of many isolated SNRs3
(see e.g. Aharonian et al., 2008; Hinton & Hofmann, 2009, for reviews).

It is, however, not clear whether or not we could infer the presence of CR
protons accelerated in SNRs from these gamma-ray data. This is because SNRs
are also sources of CR electrons4 which could, indeed, generate gamma rays via
bremsstrahlung radiation or inverse Compton scattering. Since the interpretations
of gamma rays from SNRs using either a hadronic scenario or a leptonic one are
often obscured by these competing mechanisms, the analyses of the underlying CR
populations responsible for these high energy radiations remain quite challenging
and the detection of gamma rays from SNRs could not provide an official confirma-
tion for the standard hypothesis according to which SNRs are the principal sources
of Galactic CRs.

The ambiguity in the nature of gamma rays from SNRs has provoked many
intense discussions in the field of Gamma Ray Astronomy. There are two main ar-
guments that are typically involved in resolving this problem. The first one concerns
the complementary study of the magnetic field from X-ray synchrotron data. A lep-
tonic origin of the gamma rays would require a value of the magnetic field smaller
than or comparable to 10 µG since, in this case, a large amount of electrons would
be needed to explain both the X-ray and gamma-ray emissions. However, the X-ray
observations of narrow synchrotron filaments located at the position of the shock
(Bamba et al., 2003; Vink & Laming, 2003; Völk et al., 2005) or very fast temporal
variations of the synchrotron emissions from small knots within the SNR (Uchiyama
et al., 2007; Uchiyama & Aharonian, 2008) seems to suggest the existence of very
strong magnetic field with values in the range from 100 µG to 1 mG in several SNRs.
Such a strong magnetic field might not require too many CR electrons to explain
the sychrotron X-ray emission and, as a result, the predicted gamma-ray due to
inverse Compton scattering would become negligible. On the contrary, we should
notice that, most of these measurements allow the determination of the field only
within small regions which constitute only a fraction of the SNR shells and, there-
fore, they simply indicate the local values of the field rather than the average ones
for the entire SNR. This means that we might also expect the global magnetic field
of SNRs to be significantly less than the one inferred from the observations of the
knots and filaments and, thus, the leptonic scenario for gamma-ray emissions from
SNRs could not be completely ruled out. The other argument typically employed
for distinguishing the hadronic or leptonic nature of gamma rays from SNRs relies
on the slope of the gamma-ray spectrum. If the spectrum of both hadronic and

3SNRs are referred to as isolated in a sense that they are not associated to any nearby MC.
4The concrete evidence for this claim comes from the detection of X-ray synchrotron from many

SNRs.
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leptonic CRs accelerated at SNR shocks in the relativistic regime follows the power
law N(E) ∼ p−α ∼ E−α with α ' 2.1−2.4 as briefly mentioned in Chapter 1, it can
be shown that the expected gamma-ray spectrum is also a power law F (Eγ) ∼ E−δγ
where δ ' 2.1− 2.4 for hadronic gamma rays and δ ' 1.55− 1.7 for leptonic ones.
This means that the slope in the hadronic scenario is often steeper than δ = 2 and,
conversely, it is softer than δ = 2 for gamma rays of the leptonic origin and, thus,
we could take advantage of this difference to discriminate the two cases. It is quite
straightforward to see that the realization of this method requires the gamma-ray
data in a broad energy range from GeV to TeV. The two most famous examples
for this type of reasoning are the cases of the SNRs RX J1713.7-3946 and Tycho
which are revealed with help of the complementary observations of the Fermi -LAT
telescope in the GeV energy range to have the slope δ ' 1.5 and δ ' 2.3 respectively
(see e.g. Gabici, 2013, and references therein). Thus, gamma rays from RX J1713.7-
3946 are often interpreted with a leptonic origin (Abdo et al., 2011) while the ones
from Tycho are believed to be hadronic gamma rays (Giordano et al., 2012; Morlino
& Caprioli, 2012). Nevertheless, we note that there exist other ways of reasoning
to explain gamma-ray data from RX J1713.7-3946 with the hadronic origin (Fukui
et al., 2012; Inoue et al., 2012; Gabici & Aharonian, 2014) and from Tycho with
leptonic origin (Atoyan & Dermer, 2012) which means that the identification of the
underlying mechanism for emission is still quite ambiguous even for some of the
most investigated sources.

2.1.2 High Energy Cosmic Rays and Molecular Clouds

It is clear from the discussion above that the constraints for the spectrum of hadronic
CRs are, in general, difficult to obtain simply with the gamma-ray observations of
SNRs. The story is, however, completely different for the case of gamma-ray obser-
vations of MCs thanks to the particularly high mass of gas of these objects, which
makes the hadronic origin of the gamma-ray emission more likely. The detection of
these MCs with current gamma-ray instruments could, therefore, be used to esti-
mate the intensity of CR protons and nuclei in the energy range above a few GeVs.
This is essentially the reason why MCs, especially the ones located in the vicinity
of SNRs, are of great interest to Cosmic Ray Astrophysics. In the following, we
shall better illustrate how gamma-ray data from MCs could provide us with better
insight into Galactic CR hadrons with some very interesting ideas that have been
pushed forward in the past literature.

Let’s consider an MC located in the region where the proton CR spectrum has
the same slope as the one observed on Earth, f(E) ∼ E−2.7. The integral gamma-ray
flux for this MC reads (see e.g. Gabici, 2013):

F (Eγ) ' 2× 10−13ε

(
M

105 M�

)(
d

1 kpc

)−2(
Eγ

1 TeV

)−1.7

cm−2 s−1, (2.4)

whereM is the mass of the MC,M� is the solar mass, and d is distance from Earth.
Notice that the contribution of the gamma rays produced from the interaction CR
nuclei heavier than proton with matters inside the MC is already taken into account
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by the nuclear enhancement factor (Kafexhiu et al., 2014). Also, the factor ε is
introduced to incorporate any possible fluctuation in the density of CRs at the
position of the cloud5. We should also note that, in the case where the CR spectrum
follows a power law with index different from 2.7, we expect ε to vary also with
the energy of gamma rays. If MCs with masses and distances known from other
measurements are detected in gamma rays, the value of ε could be obtained and,
thus, it allows us to determine the spectrum of CR hadrons at the position of the
cloud.

Such a measurement has been performed, for example, with the HESS telescope
for an MC complex located in the inner Galaxy (also known as Galactic Center
ridge). The spatial extension of the gamma-ray emission is roughly 1◦ around the
galactic center and it coincides with the region of dense gas which could also be
traced with the emission line of CS (Aharonian et al., 2006). Interestingly, the
analyses of these gamma-ray data suggest that not only the value of the CR intensity
in the Galactic Center ridge at 10 TeV is about three to ten times higher than the one
observed on Earth but also the slope (approximately 2.3) is much harder than the
typical value of 2.7 observed locally. These properties could be inferred as evidences
for the presence of CR sources in the Galactic Centre that have been active in the
last 10000 years (Aharonian et al., 2006; HESS Collaboration et al., 2016).

Another interesting example is the constraint of the proton CR spectrum on the
Galactic scale using gamma-ray data from giant MCs or cloud complexes in the GeV
energy range obtained by the Fermi -LAT telescope (Casanova et al., 2010; Yang et
al., 2014; Aharonian et al., 2018). The analyses of these data seems to indicate a
quite homogeneous distribution of CRs in the GeV energy range within our Galaxy
meaning the value of ε from Eq. 2.4 fluctuates within only a factor of a few on
large spatial scale. In particular, several works by the Fermi collaborations on the
gamma-ray emissions from regions of dense gas in the second and the third Galactic
quadrant suggests that the variation of the CR intensity with the galactocentric
distance is even weaker than expected from typical models for the propagation of
Galactic CRs (Abdo et al., 2010b; Ackermann et al., 2011). More recent works by
Yang et al. (2014) and Aharonian et al. (2018) concentrated more on gamma rays
from giant MCs have arrived at the almost same conclusion6 and, more importantly,
the inferred spectral indices of CRs at the positions of these clouds also varies slightly
around the common value of 2.7 reported from direct observations.

These examples clearly illustrate the use of MCs as CR barometers meaning the
analyses of gamma-ray data from these objects could be help to pinpoint regions of
CR over- or under-density. In this sense, MCs located near SNRs would be even
more stimulating to be targeted for gamma-ray observations since their detection in
gamma rays might provide an evidence for the presence of CR hadrons injected into
these clouds after being accelerated from the SNR shocks. An interesting example

5It should be noted that ε = 1 would indicate an intensity of CRs that is exactly the same as
the one detected on Earth.

6In the recent paper by Aharonian et al. (2018), some variations have been spotted for the region
with galactocentric distances between 4 to 6 kpc. However, it is argued that the enhancement of
the CR intensities is more likely due to the existence of active accelerators in this region.
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Figure 2.1: The W28 complex adopted from Vaupré et al. (2014). The grey scale (in
σ) illustrates the regions of TeV emission as seen by HESS with the 4 − 6σ significance
of the gamma-ray excess represented by the white contours (Aharonian et al., 2008). The
red and magenta contours depict the CO(1-0) emission integrated over 15−25 km/s and
5−15 km/s respectively (Dame et al., 2001). The positions observed by the IRAM 30m
telescope are also shown with the green crosses (Vaupré et al., 2014). The 20 cm free-free
emission in the M20 region is also illustrated with the blue contours (Yusef-Zadeh et al.,
2000). The approximate radio boundary of the SNR W28 is also shown as the blue circle
(Brogan et al., 2006).

is the complex of clouds in the vicinity of the SNR W28. As we can see in Fig.
2.1, there are several regions of high-density gas as traced by the CO emission line
which are also observed with gamma-ray telescopes in the energy range from GeV
to TeV. The value of ε ' 10 − 30 inferred from gamma-ray data suggests that the
CRs responsible for these emissions are particles escaped from the SNR. A more in-
depth discussion for the CR spectrum in the vicinity of SNR W28 will be postponed
until Chapter 6 where the analysis for low-energy CRs will also be included. As
a remark, we note that gamma rays in the GeV energy range have been detected
only from the north-eastern MC (HESS J1801-233) and not from the southern cloud
complex (HESS J1800-240) which seems to indicate that the escape and diffusive
propagation of these particles are energy dependent. This means that these gamma-
ray observations could also help us to better understand the transport of CRs in the
vicinity of their sources where there might be a supression of the diffusion coefficient
due to, for instance, non-linear effects like streaming instability (Gabici et al., 2010;
Nava & Gabici, 2013; Nava et al., 2016).

Since the pion production due to proton-proton interactions has the kinetic



2.2. Cosmic-Ray Induced Ionization Rate from Observations 37

threshold at the proton kinetic energy E = Eth ' 280 MeV, gamma-ray observa-
tions of MCs with current instruments provide constraints only for CRs with energy
above a few GeVs. Nevertheless, probing CRs with MCs remains feasible at low en-
ergy thanks to the physical quantity known as the ionization rate which reflects in
a quantitative way the impact of CRs on the chemistry in molecular environments.
In the following, we shall briefly present how this quantity could be measured from
observational data in the millimeter and infrared domains. All the necessary tools
to predict its value from a theoretical point of view will also be introduced for later
discussion.

2.2 Cosmic-Ray Induced Ionization Rate from Ob-
servations

As briefly mentioned in Chapter 1, CRs are crucial for the cloud chemistry since they
are the only agent capable of ionizing molecules in the interior of MCs. In particular,
low-energy CRs regulate the H2 ionization rate (denoted as ζ(H2)) which represents
the number of H2 ionizations per unit of time and per H2 molecules of the interacting
medium. The ionization rate, to a good approximation, determines directly the
formation rate of the ion H+

3 which is, in fact, the most fundamental initiator for
most ion-neutral chemical reactions in the ISM. Since many of the chemical species
produced from these reactions and also H+

3 itself have spectroscopic features either
in absorption or emission observable by infrared and radio telescopes, we could now
measure the CR induced ionization rate and, thus, it has opened up the possibilities
to gain more insight into the low-energy CR spectrum in our Galaxy by comparing
the observed and modelled values of ζ(H2) for MCs at various positions.

Before the indirect measurements of this quantity became possible, the ionization
rate could only be obtained from theoretical estimates using the CR spectra observed
on Earth. The main problem of this approach was that the CR spectra were also
unknown in the energy range most relevant for ionization due to the effect of solar
modulation as briefly mentioned in Chapter 1. In the end, most of the pioneering
theoretical investigations were done by simply extrapolating to low energies the
spectra of CRs observed at high energies. The most well-known result of this type is
perhaps that of Spitzer & Tomasko (1968). The predicted value of the CR ionization
rate is approximately 10−17 s−1 which is now known as the Spitzer value. However,
recent data on the CR spectra beyond the heliospheric boundary from both Voyager
1 and 2 seem to indicate that there exists a spectral break in the intensities of CRs
at energy around a few hundreds MeV. More importantly, observational data seems
to point towards a much higher value for the ionization rate for diffuse MCs. The
validity of the Spitzer value has, therefore, become questionable. The reassessment
of the ionization rate given our current understanding of the CR spectra at low
energy will be discussed further in Chapter 3. For now, we shall continue with
an overview on two of the most popular techniques to determine ζ(H2) from an
observational point of view.
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In general, the ionization of H2 in MCs by low-energy CRs is due to the following
three most important channels (see Padovani et al., 2009, and references therein):

pCR + H2 −→ pCR + H+
2 + e, (2.5)

pCR + H2 −→ H + H+
2 , (2.6)

eCR + H2 −→ eCR + H+
2 + e, (2.7)

which are respectively referred to as ionization of H2 by proton impact, ionization
by electron capture, and ionization of H2 by electron impact. The ion H+

3 is then
formed in the reaction (see e.g. Oka, 2006):

H+
2 + H2 −→ H+

3 + H. (2.8)

Since the reaction rate of the above reaction is much faster than the H2 ionization
rate, it is typically assumed that the rate of H+

3 production per unit of volume
is ζ(H2)n(H2). In diffuse MCs, the destruction of H+

3 is mostly due to the disso-
ciative recombination with electrons7 which occur at the rate per unit of volume of
ken(H+

3 )ne. Thus, the rate of change of n(H+
3 ) could be estimated from the following

equation:

dn(H+
3 )

dt
= ζ(H2)n(H2)− ken(H+

3 )ne. (2.9)

In a steady state, we should expect the production and destruction rates to be
balanced and, thus, the ionization rate could be calculated as:

ζ(H2) =
2

fH2

kexe
N(H+

3 )

L
, (2.10)

where fH2 = 2n(H2)/nH is the fraction of hydrogen atoms in molecular form, ke '
2.6 × 10−7 cm3/s at temperature T = 27 K typical for MCs is the rate coefficient
for the recombination reaction (McCall et al., 2003), xe = ne/nH is the electron
fraction, L is the depth of the cloud, and N(H+

3 ) = n(H+
3 )L is the column density

of H+
3 in the cloud. The reference value for the electron fraction in diffuse clouds is

roughly xe ' 1.5× 10−4 (Indriolo & McCall, 2012) and, thus, the ionization rate is
(Oka, 2006):

ζ(H2) ' 2.6× 10−15

fH2

[
N(H+

3 )

1014 cm−2

](
L

1 pc

)−1

s−1. (2.11)

This means that if we could estimate the column density of H+
3 and the size of the

cloud (assuming that the three dimensions are roughly the same), the ionization
rate could then be evaluated using Eq. 2.11.

For diffuse clouds, the column density of H+
3 is typically determined by studying

the absorption lines of H+
3 in the infrared domain. Since this technique relies on

7In diffuse MCs, these electrons are released by the photo-ionization of C into C+.
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the detection of H+
3 in absorption, it could only be realized in the case where there

is a infrared-bright star behind (or embedded within) the MC. A recent survey of
H+

3 towards isolated diffuse MCs has been performed by Indriolo & McCall (2012)
where H+

3 has been detected for 21 out of 50 lines of sight examined. It is found that
the mean value of CR ionization rate is around ζ(H2) ∼ 3.5 × 10−16 s−1 which is
more than an order of magnitude larger than the Spitzer value. As we shall see later
in Chapter 3, this is, in fact, a quite problematic issue for the study of low-energy
CRs since such a high level of ionization would require much more low enery CRs
than what has been observed in the local ISM. More importantly, the data for only
diffuse clouds do not seem to highlight a clear dependence of the ionization rate on
the column density of the clouds.

Let’s now turn our attention to the case of dense MCs. For these clouds, H+
3 are

destroyed more efficiently from the following reaction with CO:

H+
3 + CO −→ HCO+ + H2. (2.12)

If we also take into account the rate of destruction of H+
3 due to the dissociative

recombination, the rate of change for n(H+
3 ) is then:

dn(H+
3 )

dt
= ζ(H2)n(H2)− kCOn(H+

3 )n(CO)− ken(H+
3 )ne. (2.13)

We could then follow the same procedure as in the case of diffuse clouds which is
to consider the steady state and balance the rate of production and destruction to
obtain an expression for the ionization in terms of the column density of H+

3 similar
to Eq. 2.11. Under typical conditions for MCs, we should obtain:

ζ(H2) ' 2× 10−17

[
N(H+

3 )

1014 cm−2

](
L

pc

)−1

s−1. (2.14)

Although there are cases of dense MCs where this technique has been adopted
and the resulting ionization rates are estimated to be of order of the Spitzer value
(Geballe & Oka, 1996; McCall et al., 1999), the detection of H+

3 for clouds with
large column density is, in general, more difficult. This is because the spectroscopic
features of the background sources might be completely obscured by the cloud itself.
It is for this reason that an alternative approach is required for dense MCs. We
shall now present the method proposed by Caselli et al. (1998) which relies on the
millimeter emission lines of the molecular ions HCO+ and DCO+.

Let’s first discuss the chemistry at work for HCO+ and DCO+. We note that
the production of DCO+ is mostly due to the following chain of reaction:

H+
3 + HD −→ H2D+ + H2, (2.15)

H2D+ + CO −→ DCO+ + H2. (2.16)

Now, if we take into account the destruction of H2D+, DCO+ and HCO+ due to the
process of dissociative recombination with electrons, the equations describing the
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rates of change of n(H2D+), n(DCO+), and n(HCO+) read:

dn(H2D+)

dt
= kDn(H+

3 )n(HD)

−k′

COn(H2D+)n(CO)− k′

en(H2D+)ne (2.17)
dn(HCO+)

dt
= kCOn(H+

3 )n(CO)− βen(HCO+)ne (2.18)

dn(DCO+)

dt
= k

′

COn(H2D+)n(CO)− βen(DCO+)ne (2.19)

where we have assumed that the rate coefficients for the recombination with electrons
of HCO+ and DCO+ (denoted as βe) are the same (Lee et al., 1996) and also
k

′

CO ' kCO/3 since H2D+, when interacts with CO, could also form HCO+ at a rate
two times larger than that for DCO+ production (Caselli, 2002). In steady state,
the combination of Eq. 2.13 and the three equations above give:

RH ≡
n(HCO+)

n(CO)
=

kCOζ(H2)n(H2)

βene [kCOn(CO) + kene]
, (2.20)

RD ≡
n(DCO+)

n(HCO+)
=

kDn(HD)

3 [kCOn(CO) + k′
ene]

. (2.21)

Notice that the gas is typically assumed to be fully molecular for dense clouds mean-
ing n(H) = 0 and, thus, nH = 2n(H2). Taking the values for the fractional abundance
of CO to be x(CO) = n(CO)/2n(H2) ' 9.5× 10−5, the abundance of deuterium rel-
ative hydrogen to be n(HD)/n(H2) ' 1.5 × 10−5, and the numerical values for the
rate coefficients to be kD ' 1.7 × 10−9 cm−3/s, kCO ' 6.6 × 10−10(T/300 K)−0.5

cm−3/s, and k′
e ' 6.0× 10−8(T/300 K)−0.5 cm−3/s (see e.g. Caselli, 2002; Ceccarelli

& Dominik, 2005), we could transform Eq. 2.21 and Eq. 2.20 into the equations for
the ionization fraction and the ionization rate for a typical dense MC at temperature
T = 10 K:

xe ' 10−7

(
0.13

RD
− 10

fD

)
(2.22)

ζ(H2)

nH
' RHxe

(
0.001xe +

9.7× 10−10

fD

)
(2.23)

where fD is the fraction of CO in gaseous form. Once the values of RH and RD

are determined from the spectroscopic analyses, these two equations8 provide a
straightforward way to estimate the ratio ζ(H2)/nH and the ionization rate is then
retrieved with some further chemical modelings.

Although the chemistry inside MCs has been greatly simplified in the models
discussed above, they still help emphasize crucial ideas behind the indirect measure-
ments of the ionization rate using the infrared and millimeter spectroscopic features
of these objects. Indeed, we have placed our attention on some of the well studied

8Notice that this simple chemical model would not work for the case RD > 0.013fD since it
would result in a negative value for xe.
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ions like H+
3 , DCO+ and HCO+, but it should be stressed that other chemical species

such as H+
2 , OH+, H2O+, H3O+ and so on have been proposed and even used to

infer the value of the ionization rate (see Becker et al., 2011; Indriolo et al., 2015,
and references therein).

2.3 Theoretical Estimate of the Ionization Rate
Having established some of the key features of the ionization rate in observations,
we shall proceed to introduce the framework for the evaluation of the ionization rate
given an arbitrary spectrum of CRs. Following Padovani et al. (2009) we define the
ionization rate of H2 due to CR protons and electrons as:

ζp(H2) =

∫ Emax

I

fp(E) v
[
1 + φp(E)

]
σpion(E) dE

+

∫ Emax

0

fp(E) v σec(E) dE (2.24)

ζe(H2) =

∫ Emax

I

fe(E) ve

[
1 + φe(E)

]
σeion(E) dE (2.25)

where fp(E) and fe(E) are respectively the spectra of CR protons and electrons spa-
tially averaged over the whole MC, σpion, σec, and σeion are the proton ionization cross
section, the electron capture cross section, and the electron ionization cross section,
respectively. The functions φp(E) and φe(E) represents the average secondary ion-
ization per primary ionization due to CR protons and electrons respectively as in
Krause et al., 2015. The ionization potential of H2 is taken to be I ' 15.426 eV. It
should be noted that the contribution of CR nuclei heavier than proton should also
be incorporated using an effective enhancement factor η ' 1.5 (see Padovani et al.,
2009, for the formal derivation) and, thus, the CR induced ionization rate reads:

ζ(H2) = ηζp(H2) + ζe(H2). (2.26)

In the following, we shall present in more details all the empirical models of
the cross sections used in the calculation of the ionization rate. Also, the formal
derivation for the form of φp(E) and φe(E) will be discussed in more details. For
the rest of this section, we will denote the kinetic energy of primary CRs (either
protons or electrons) and secondary electrons to be E and W respectively.
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2.3.1 Cross Section for Cosmic Ray Ionization of H2

Ionization by Proton Impact

Let’s first introduce the following quantities that appear in the differential cross
section:

T =
E

λ
, w =

W

I
, vm =

√
mpc2

2λI
β, wc =

4E − 2
√
IT + (R/4)

I
, (2.27)

where λ is the ratio between the proton mass and the electron mass λ = mp/me,
R ' 13.6 eV is the binding energy of the electron in the hydrogen atom, and β is the
ratio between the speed of the particle and the speed of light. Here, the differential
cross section for proton ionization is the one developed from an empirical model by
Rudd (1988) (see Krause et al., 2015, for the relativistic correction):

dσpion
dw

= 4πa2
0N

(
R

I

)2

[
F1(vm) + F2(vm)w

]
{

1 + exp [α′(w − wc)/vm]
}

(1 + w)3
. (2.28)

where a0 is the Bohr radius, N is the orbital electron occupation number (N = 2
for H2), and the functions F1(vm) and F2(vm) are as follows:

F1(vm) =
A1 ln (1 + v2

m)

v2
m +

B1

v2
m

+
C1v

D1
m

1 + E1v
D1+4
m

, (2.29)

F2(vm) =

(
A2

v2
m

+
B2

v4
m

)
C2v

D2
m

A2

v2
m

+
B2

v4
m

+ C2v
D2
m

. (2.30)

Here, the fit parameters are A1 = 0.8, B1 = 2.9, C1 = 0.86, D1 = 1.48, E1 = 7.0,
A2 = 1.06, B2 = 4.2, C2 = 1.39, and D2 = 0.48.

The cross section for this process of ionization could be obtain by integrating
numerically the differential cross section with respect to w in the range from w = 0
to wmax = Qmax/I with Qmax is the maximum possible energy transferred to be
estimated from a binary collision between a proton and a stationary electron. For
an imcoming proton with Lorentz factor γ, we shall have:

Qmax =
2mec

2β2γ2λ2

1 + 2γλ+ λ2

, (2.31)
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Ionization by Electron Impact

Using again the dimensionless notations t = E/I and w = W/I, we have the differ-
ential cross section of this reaction obtained from the relativistic binary-encounter-
dipole model as follows (Kim et al., 2000):

dσeion
dw

=
2πa2

0α
4N

(β2
t + β2

u + β2
b )b
′

{
Ni/N − 2

t+ 1

(
1

w + 1
+

1

t− w

)
1 + 2t′

(1 + t′/2)2

+ [2− (Ni/N)]

[
1

(w + 1)2
+

1

(t− w)2
+

b′2

(1 + t′/2)2

]
+

1

N(w + 1)

df

dw

[
ln

(
β2
t

1− β2
t

)
− β2

t − ln(2b′)

]}
, (2.32)

where α is the fine-structure constant, and N is the orbital electron occupation
number. With vt, vb, and vu as the speed of electrons with correspondingly kinetic
energy E, I, and U (U = 39.603 eV is the average orbital kinetic energy of electrons),
we have:

βt = vt/c, β2
t = 1− 1

(1 + t′)2
, t′ = E/mec

2, (2.33)

βb = vb/c, β2
b = 1− 1

(1 + b′)2
, b′ = I/mec

2, (2.34)

βu = vu/c, β2
u = 1− 1

(1 + u′)2
, u′ = U/mec

2. (2.35)

The function df/dw is called the differential dipole oscillator strength which is ap-
proximated as a power law series as follows:

df

dw
=

C0

(1 + w)3
+

D0

(1 + w)4
+

E0

(1 + w)5
+

F0

(1 + w)6
, (2.36)

For the case of H2, the fit parameters are: C0 = 1.1262, D0 = 6.382, E0 = −7.8055,
and F0 = 2.144. Finally, Ni is given by:

Ni =

∫ ∞
0

df

dw
dw =

C0

2
+
D0

3
+
E0

4
+
F0

5
. (2.37)

The total ionization cross section could be obtained by integrating Eq. 2.32 over
w from w = 0 to w = (t− 1)/2:

σeion =
2πa2

0α
4N

(β2
t + β2

u + β2
b )b
′

{
D(t)

[
ln

(
β2
t

1− β2
t

)
− β2

t − ln(2b′)

]
+

(
2− Ni

N

)[
1− 1

t
− ln t

t+ 1

1 + 2t′

(1 + t′/2)

]}
,

(2.38)
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Figure 2.2: Cross sections of the three most important channels of ionization. The solid
red curve shows the ionization cross section by proton impact. The dot-dash green curve
depicts the ionization cross section by electron impact. The dashed blue curve corresponds
to the electron capture cross section.

where the function D(t) is defined as:

D(t) =
1

N

∫ (t−1)/2

0

(
1

1 + w

)
df

dw
dw

= − 1

N

{
C0

3

[(
2

t+ 1

)3

− 1

]
+
D0

4

[(
2

t+ 1

)4

− 1

]

+
E0

5

[(
2

t+ 1

)5

− 1

]
+
F0

6

[(
2

t+ 1

)6

− 1

]}
.

(2.39)

Ionization by Electron Capture

For the electron capture cross section, we also use a fit provided in Padovani et al.,
2009 as follows:

σecp (E) = 10d0+d1 log(E)+d2 log2(E)+d3 log3(E)+d4 log4(E) (2.40)

where the cross section is in cm2, E is in eV, and the fit parameters are d0 =
−52.793928, d1 = 41.219156, d2 = −17.304947, d3 = 3.292795, and d4 = −0.238372.
In figure 2.2, the cross sections of the three processes presented above are shown to
give a better view of the relative contribution of each process to the ionization rate.
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2.3.2 Secondary Ionization

The final ingredient for the evaluation of the ionization rate is the contribution of
secondary ionization. After being stripped from its molecules, the secondary elec-
trons could sometimes produce further ionization if they are energetic enough. Since
the energy of secondary electrons vary with the kinetic energy of the primary (inci-
dent) particle E, the average number secondary ionizations per primary ionizations
should be a function of the form φ = φ(E).
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Figure 2.3: Average number of secondary ionizations per primary ionization. The solid
red and dot-dash green curves show the number of secondary ionizations for protons and
electrons respectively.

Let’s denote ji(E) to be the intensity of primary CRs (i = p and i = e for the
case of primary protons and electrons respectively) and, thus, the number of primary
ionizations per unit of time induced by particles with kinetic energy E should be:

Ni(E) = ji(E)σiion(E) dE, (2.41)

where σiion(E) is the ionization cross section for primary particles. The intensity of
secondary electrons with kinetic energyW that are generated from primary particles
with kinetic energy E reads:

js(E,W ) = n(H2)ji(E) dE
dσiion
dW

dWvs

(
−W
Ẇ

)
, (2.42)

where dσiion/ dW is the differential ionization cross section of primary particles, vs is
the speed of secondary electrons, and the factor−W/Ẇ represents the residence time
of secondary electrons which we have approximated to be roughly the energy loss
time of these electrons. In the case where the cloud is fully molecular, nH = 2n(H2),
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we should have:

js(E,W ) = jp(E) dE
dσiion
dW

dW
W

Le(W )
. (2.43)

The total number of secondary ionization per unit of time induced by primary
particles with kinetic energy E could be estimated as:

Ns(E) =

∫ Qimax

I

js(E,W )σeion(W ) dW, (2.44)

where Qmax is the maximum possible energy transferred in the binary collision be-
tween the primary particle and the secondary electron assumed to be initially at
rest. If the primary particle is a proton, the form of Qp

max is given in Eq. 2.31. For
the case of electrons, we shall have Qe

max = (E − I)/2. From Eq. 2.41 and Eq. 2.44,
we shall have the average secondary ionization per primary ionization to be:

φi(E) =
Ns(E)

Ni(E)
=

1

σiion(E)

∫ Qmax

I

W

Le(W )
σeion(W )

dσiion
dW

dW. (2.45)

The corresponding secondary ionization for both protons and electrons are shown
in Figure 2.3. We could see that for both species the contribution is non-negligible
starting from E ' 10 keV. As we shall see later in Chapter 3, the energy range
that is most relavant for ionization is around a few hundreds MeV and, thus, the
contribution of secondary ionizations to the CR induced ionization rate should be
roughly same as the one for primary ionizations.



47

Chapter 3

Cosmic-Ray Ionization
in Diffuse Molecular Clouds

As mentioned in Chapter 1, since MCs shield quite effectively both UV photons and
X-rays (McKee, 1989; Krolik & Kallman, 1983; Silk & Norman, 1983), CRs seem
to be the only agents capable of ionizing their interior. It is for this reason that
CRs are believed to play an essential role in determining the chemistry (Dalgarno,
2006) and the evolution of these star-forming regions (e.g., Wurster et al., 2018).
Recent observations (Caselli et al. 1998; Indriolo & McCall 2012, see also Padovani
& Galli 2013; Padovani et al. 2020 for reviews) have suggested that the CR induced
ionization rate decreases for increasing column density of MCs and it varies from
around ≈ 10−16 s−1 for diffuse MCs down to ≈ 10−17 s−1 for dense ones.

The ionization rates measured in MCs are tentatively interpreted as the result of
the penetration of ambient CRs into clouds (Padovani et al., 2009). Thus, in order
to model this process and test this hypothesis one needs to know: i) the typical
spectrum of low-energy CRs in the Galaxy, and ii) the details of the transport
process of CRs into MCs. Remarkably, the spectra of both proton and electron CRs
in the local ISM at least down to particle energy of a few MeVs are now known with
some confidence, thanks to the recent data collected by the Voyager probe at large
distances from the Sun (Stone et al., 2013; Cummings et al., 2016; Stone et al.,
2019). Whether or not such spectra are the representative of the average Galactic
spectra, especially for MeV CRs, is still not clear (this is an old standing issue,
see e.g. Cesarsky 1975 and the discussion in Chapter 4). However, the analysis of
gamma rays from MCs (e.g., Yang et al., 2014) seems to indicate that at least the
spectrum of CR protons of energy above a few GeV is quite homogeneous in our
Galaxy.

Several theoretical estimates of the CR induced ionization rate in MCs have been
performed over the years. The first attempts were done by simply extrapolating
to low energies the spectra of CRs observed at high energies, without taking into
account the effect of CR propagation into clouds (e.g., Hayakawa et al., 1961; Spitzer
& Tomasko, 1968; Nath & Biermann, 1994; Webber, 1998). Such estimates, as noted
in the previous chapter, provide a reference value of the CR ionization rate is known
as the Spitzer value which is an order of magnitude below the observed data for
diffuse clouds, and roughly similar to the value found in dense ones.

Later works included also a treatment of the transport of CRs into MCs and
considered the role of energy losses (mainly ionization) suffered by CRs in dense
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and neutral environments. A natural starting point is to consider the scenario that
maximizes the penetration of CRs into clouds. This was done, most notably, by
Padovani et al. (2009), who assumed that CRs penetrate MCs by moving along
straight lines. A more realistic description, however, should take into account the
fact that the process of CR penetration into MC is highly nonlinear in nature.
This is because CRs themselves, as they stream into the cloud, generate magnetic
turbulence through streaming instability (Wentzel, 1974). The enhanced magnetic
turbulence would, in turn, induce an increase in the CR scattering rate onto MHD
waves, which regulates their flux into clouds. The exclusion mechanism of CRs from
MCs due to this type of self-generated turbulence was first studied in the pioneering
works of Skilling & Strong (1976), Cesarsky & Volk (1978), and Morfill (1982),
while recent studies in this direction include the works by Everett & Zweibel (2011),
Morlino & Gabici (2015), Schlickeiser et al. (2016), and Ivlev et al. (2018). Some
of these models, e.g. Phan et al. (2018) and Silsbee & Ivlev (2019), which include
a more thorough treatment of the effect of CR penetration into clouds have even
proceeded to confront their predictions for the ionization rate with the available
observational data.

The main goal of this chapter is to present the model of CR transport from the
ISM into MCs as formulated in Morlino & Gabici (2015) and Phan et al. (2018) and
also to provide the corresponding ionization rate from this model in the case where
the CR spectrum in the ISM is the one observed by Voyager 1. We anticipate here
the main results obtained in the following: the intensity of CRs in the local ISM as
revealed by Voyager measurements is too weak to explain the level of ionization rate
observed in clouds. Possible solutions to this problem include the presence of another
source of ionization or a non-uniform intensity of low-energy CRs throughout the
Galaxy.

The chapter is organized as follows: in Section 3.1 we describe a model for the
penetration of CRs into clouds. The model is then used to derive the spectra of
CR protons and electrons inside MCs (Section 3.2) and to predict the CR ionization
rate, which is then compared to available data (Section 3.3). We discuss our results
and conclude in Section 3.4.

3.1 A Model for Cosmic-Ray Penetration in Diffuse
Clouds

The penetration of CRs into diffuse clouds can be described by means of a one-
dimensional transport model, where CRs are assumed to propagate only along mag-
netic field lines. This is a good description of CR transport provided that: i) the
propagation of particles across magnetic field lines can be neglected, and ii) the
spatial scales relevant to the problem are smaller than, or at most comparable to
the magnetic field coherence length in the ISM (here we assume ≈ 50 − 100 pc).
Both conditions are believed to be often satisfied and thus this setup was commonly
adopted in the past literature to describe the penetration of CRs into MCs (e.g.
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Figure 3.1: Setup of the problem. A cloud of size Lc is embedded in an homogeneous
magnetic field of strength B directed along the x−axis. The direction of the Alfvén speed
is also shown. See text for the definition of zone 1, 2, and 3, and of the diffusion scale xc.

Skilling & Strong, 1976; Cesarsky & Volk, 1978; Morfill, 1982; Everett & Zweibel,
2011; Morlino & Gabici, 2015; Schlickeiser et al., 2016; Ivlev et al., 2018).

In the following, we describe an improved version of the model developed by
Morlino & Gabici (2015), who considered a diffuse cloud of size Lc and uniform
molecular hydrogen density n(H2) embedded in a spatially homogeneous magnetic
field of strength B directed along the x−axis (see Fig. 3.1).

A spatially uniform field in Zones 1 to 3 (see Fig. 3.1) is appropriate to describe
diffuse clouds, but not dense ones (see the observational results reported in e.g.
Crutcher et al., 2010) that, for this reason, are not considered in this chapter. Note
that, for simplicity, the transition from the low density and ionized ISM gas (of
density ni) to the dense and neutral cloud environment (of density n(H2) � ni) is
taken to be sharp and located at x = 0 and x = Lc. Morlino & Gabici (2015) limited
themselves to consider the transport of CR protons only, while here we extend the
analysis to include also CR electrons. Moreover, as discussed in the remainder of
this Section, we improve the description of the transport of CRs inside the cloud.

In the pioneering papers by Skilling & Strong (1976), Cesarsky & Volk (1978) and
Morfill (1982) it was suggested that MCs may act as sinks for low-energy CRs. This
is because low-energy CR particles lose very effectively their energy due to severe
ionization losses in the dense gas of the cloud. In steady state, the rate at which CR
particles are removed from the cloud due to energy losses has to be balanced by an
incoming flux of CR particles entering the cloud (Skilling & Strong, 1976; Morlino
& Gabici, 2015). The penetration of CR particles into the cloud is accompanied by
the excitation of Alfvén waves due to streaming instability (Wentzel, 1974). Such
instability mainly excites waves propagating in the direction of the streaming of CRs.
Therefore, a converging flow of Alfvén waves is generated outside of the cloud (see
Fig. 3.1). Once inside the cloud, Alfvén waves are believed to be damped very quickly
due to ion-neutral friction (Zweibel & Shull, 1982). It should be noticed that the
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effectiveness of streaming instability is ultimately connected to the spatial gradient
of the density of CRs and, thus, there might exist also an alternative scenario in
dense MCs where the drop of CR density deep inside the cloud makes it possible
for streaming instability to sustain Alfvén waves (Ivlev et al., 2018). However, we
shall later see that CRs, at least within the energy range relevant for ionization, are
uniformly distributed within diffuse MCs and we could, therefore, safely assume that
there is no Alfvén wave inside the clouds of interest. Following Morlino & Gabici
(2015), we shall consider three regions (see Fig. 3.1):

1. Zone 1, located far away from the MC (x < −xc and x > xc + Lc), where
the CR intensity is virtually unaffected by the presence of the cloud. As a
consequence, in this zone the CR particle distribution function f(x, p) (p is
the particle momentum) is roughly constant in space and equal to the sea of
Galactic CRs f0(p). The quantity xc will be defined later.

2. Zone 2, located immediately outside of the cloud (−xc < x < 0 and Lc < x <
Lc + xc). In this zone the CR particle distribution function is significantly
affected by the presence of the cloud and is significantly different (i.e. smaller)
than f0(p).

3. Zone 3, which represents the cloud (0 < x < Lc), and where particles suffer
energy losses (mainly due to ionization).

The setup of the problem discussed above is intendedly simplified. A more
realistic description of a cloud should include, between Zone 2 and 3, an envelope of
atomic hydrogen characterized by a quite small column density of the order of few
times 1020 cm−2 (see e.g. Snow & McCall 2006 for a review of cloud properties).
Moreover, a smooth transition between the fully ionized and diffuse ISM and the
dense and neutral MC should also be considered. In practice, the setup described
in Fig. 3.1 can still be considered an appropriate description if the edge of the cloud
(x = 0 and x = Lc) is defined as the position at which the ionization fraction of
the gas is small enough to allow for a very effective damping of Alfvén waves due to
ion-neutral friction.

Here, we follow Morlino & Gabici (2015) and Phan et al. (2018) to assume that
the transport of CRs is diffusive (regulated by the scattering of CRs off Alfvén waves)
outside of the cloud (Zones 1 and 2), while it is ballistic inside the cloud (Zone 3),
where Alfvén waves are virtually absent (see Ivlev et al. 2018 for a discussion on
wave transport in clouds). These authors argued that the propagation of CRs in all
three zones could be described by the transport equation as introduced in Chapter
1 (see Eq. 1.54):

∂f

∂t
=

∂

∂x

[
D(x, p)

∂f

∂x

]
− vA

∂f

∂x
− 1

p2

∂

∂p

[
ṗ(x, p)p2f

]
, (3.1)

where f = f(t, x, p) is the isotropic part of the CR particle distribution function,
which depends on time t, position x, and particle momentum p, D(x, p) is the CR
diffusion coefficient, ṗ(x, p) is the rate of momentum loss of CRs which is non-zero
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only inside the cloud (since energy loss is mainly due to interaction between CRs
and gas), and vA = B/

√
4πρi is the Alfvén speed (ρi is the mass density of the

ionized gas). Since we assume here that the density of the ionized gas in all three
zones is spatially homogeneous, the Alfvén speed vA is a constant.

As explained above, the waves propagate in opposite directions on the two sides
of the cloud. This means that Eq. 3.1 is, strictly speaking, applicable only in the
range x < 0 since the advection term would change the sign for waves propagating
in the negative direction of the x-axis. Indeed, this complication could be overcome
by solving the problem in the range x < Lc/2 only and adopting the symmetric
condition introduced in Morlino & Gabici (2015) which gives f(x, p) = f(Lc−x, p).

It should be noticed that using the diffusion approach in Zone 3 is not formally
correct since the motion of CRs in this zone is not diffusive since we have assumed
that there is no Alfvén wave inside the cloud as mentioned above. However, the bal-
listic motion of CRs could be mimicked by imposing a very large diffusion coefficient
in Zone 3. More quantitatively, the assumption to be made is: D(x, p) = Dc � L2

c/τl
for 0 < x < Lc, where Dc is the diffusion coefficient inside the cloud. This approxi-
mation should justify the applicability of Eq. 3.1 for our problem of diffuse clouds.
Also, we search here for steady-state solutions and thus we set ∂f/∂t = 0 which
allows us to re-write the transport equation as:

∂

∂x

{
D(x, p)

∂f

∂x
exp

[
−
∫ x

−∞

vA dx′

D(x′, p)

]}
=

1

p2

∂

∂p

[
ṗ(x, p)p2f

]
exp

[
−
∫ x

−∞

vA dx′

D(x′, p)

]
(3.2)

Equation 3.2 could be integrated within the range from an arbitrary value of x (with
x ≤ 0) to x = Lc/2 which, after some simple manipulations, gives:

D0
∂f

∂x
=

1

p2
e
x
xc

∫ Lc/2

0

∂

∂p

[
ṗ(x′, p)p2fc(x

′, p)
]

dx′, (3.3)

where D0 is the CR diffusion coefficient in Zone 1 and 2, xc = D0/vA is a charac-
teristic length that defines the extension of Zone 2 in Fig. 3.1, and fc(x, p) is the
distribution function of CRs inside the cloud. It should be noted that in deriving
Eq. 3.3 we have employed a consequence of the above-mentioned symmetric con-
dition which is ∂f(x, p)/∂x|x=Lc/2

= 0. More importantly, we have also implicitly
assumed that ṗ ' 0 in Zones 1 and 2. This is a valid assumption for both protons
and electrons, because the energy loss time outside the cloud is much longer than
the characteristic dynamical time of the problem, which can be defined as ∼ D0/v

2
A

(Morlino & Gabici, 2015). We shall now perform another integration from x→ −∞
to an arbitrary value of x in the range x ≤ 0 to retrieve an integral equation for the
distribution function of CRs outside the cloud (Phan et al., 2018):

f(x, p) = f0(p)− 1

vAp2
e
x
xc

∫ Lc/2

0

∂

∂p

[
ṗ(p)p2fc(x

′, p)
]

dx′ . (3.4)
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Figure 3.2: Energy loss time for CR protons and electrons in a cloud of density n(H2) =
100 cm−3. The loss times are obtained with the energy loss function L(E) from Padovani
et al. (2009).

Equation 3.4 provides a quantitative way to connect the distribution of CRs in Zone
1 and 2 with the one in Zone 3.

To find the distribution of CRs inside the cloud, it is convenient to consider sep-
arately CRs of high and low energy, with E∗ being the energy defining the transition
between the two domains (see Ivlev et al. 2018 for a similar approach). Following
Morlino & Gabici (2015), E∗ is defined in such a way that particles with energy
E > E∗ can cross ballistically the cloud without losing a significant fraction of their
energy. If τl is the energy loss time of CRs inside the cloud (see Fig. 3.2), then the en-
ergy E∗ is obtained by equating τl with the CR ballistic crossing time τc ' Lc/v̄(E∗),
where v̄ is the CR particle velocity averaged over pitch angle (the angle between the
particle velocity and the direction of the magnetic field). Obviously, for E > E∗
the spatial distribution of CRs inside the cloud is, to a very good approximation,
constant. It is important to stress that energy losses play an important role also for
particle energies E > E∗ (no energy losses in a single cloud crossing), because such
CRs are confined in the vicinity of the MC by the converging flow of Alfvén waves,
and can thus cross and recross the cloud a very large number of times (for a more
detailed discussion of this issue the reader is referred to Morlino & Gabici 2015).

3.1.1 Spectra at High Energy

Morlino & Gabici (2015) argued that, for E > E∗, the distribution function of CRs
inside the cloud is spatially uniform which means that fc(x, p) ' fc(p) = f(x = 0, p).
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This reduces Eq.(3.4) to:

fc(p) = f0(p)− Lc
2vAp2

∂

∂p

[
ṗ(p)p2fc(p)

]
. (3.5)

From Eq. 3.5 a semi-analytical expression for fc(p) can be easily derived, and it
reads (Phan et al., 2018):

fc(p) =
2vAτl(p)

Lcp3

∫ pmax

p

q2f0(q) exp

[
−2vA
Lc

∫ q

p

τl(k)

k
dk

]
dq, (3.6)

where we have introduced the loss time inside the cloud τl(p) = −p/ṗ. Notice that
ṗ = −n(H2)L(E) with L(E) is the energy loss function introduced in Chapter 1. In
the following, we shall restrict ourselves to the case where MCs are made up mainly
by molecular hydrogen and adopt the loss function of H2 from Padovani et al. (2009).
The corresponding energy loss time is also reported in Fig. 3.2 for both CR protons
and electrons.

As said above, Eq. 3.6 provides a general solution for spectrum of CRs with
energy E > E∗, or equivalently, of momentum larger than p > p∗. The numerical
values for the critical energy E∗ and momentum p∗ can be found from the expression
τl(p∗) ' 2Lc/v(p∗) where v(p∗) is the speed of a particle of momentum p∗ (here we
set v̄ ' v/2). For a cloud of size Lc = 10 pc and n(H2) = 100 cm−3 (or equivalently
of column density N(H2) = n(H2)Lc = 3.1 × 1020 cm−2), we find p∗,p ' 75 MeV/c
and p∗,e ' 0.34 MeV/c corresponding to a kinetic energy of E∗,p ' 3.0 MeV and
E∗,e ' 0.10 MeV for protons and electrons, respectively.

3.1.2 Spectra at Low Energy

Particles lose a significant fraction of their energy E in a cloud crossing time τc if
E < E∗. In this case, the approach described in the previous Section still provides
a good description of CR transport outside of the cloud (Zones 1 and 2 in Fig. 3.1),
but might fail inside the cloud (Zone 3). The reason is that at such low energies the
spatial distribution of cosmic rays in Zone 3 is not necessarily constant. Thus, in
order to describe the transport of CRs inside the cloud, we will adopt the continu-
ously slowing down approximation as done in Padovani et al., 2009. This consists
in connecting the momentum p of a particle located at a position x inside the cloud
to the momentum the particle had when it entered the cloud. We will denote this
momentum as p01 or p02 for particles that entered the cloud from the left and right
edge of the cloud, respectively. Thanks to the symmetry of the problem (the flux of
CRs impinging onto the left and right side of the cloud is identical) we can write:

fc(x, p) d3p =
1

2

[
fb(p01) d3p01 + fb(p02) d3p02

]
. (3.7)

where fb(p) is the CR particle distribution function at the cloud border, which is
assumed to be quite close to an isotropic distribution. Equation 3.7 can be reduced
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to:

fc(x, p) =
1

2

[
fb(p01)

p2
01ṗ(p01)

p2ṗ(p)
+ fb(p02)

p2
02ṗ(p02)

p2ṗ(p)

]
, (3.8)

which can be further simplified by noting that p01 = p0(x, p) and p02 = p0(Lc−x, p).
The function p0(x, p) can be determined by solving the equation:

x = µ̄

∫ p

p0

v

ṗ(q)
dq ≈ 1

2

∫ p

p0

v

ṗ(q)
dq, (3.9)

where we introduced µ̄ as the cosine of the particle pitch angle averaged over the
range µ > 0 which gives µ̄ ' 1/2 in the case of an almost isotropic distribution
of particles. Note that, even though deviation from isotropy are expected at low
energies (for E � E∗ one does not expect to have a significant flux of particles out
of the cloud), the error introduced by the assumption of CR isotropy is at most a
factor of 2 (and most likely significantly less than that, as argued by Ivlev et al.
2018). At this point, it is worth mentioning that the symmetry of p01 and p02 would
lead to the following identification:∫ Lc/2

0

∂

∂p

[
ṗ(p02)p2

02f(p02)
]

dx′ =

∫ Lc

Lc/2

∂

∂p

[
ṗ(p01)p2

01f(p01)
]

dx′, (3.10)

which could allow the combination of Eq. 3.4 with Eq. 3.8 to simplify into the
following form:

fb(p) = f0(p)− 1

2vAp2

∫ Lc

0

∂

∂p

[
ṗ(p0(x′, p))p2

0(x′, p)fb(p0(x′, p))
]

dx′. (3.11)

Some more simplifications could be made by transforming the integration variable
x′ in Eq. 3.11 into p0 which shall be done by noticing that:

∂

∂p

[
ṗ(p0)p2

0fb(p0)
]

=
∂

∂p0

[
ṗ(p0)p2

0fb(p0)
] ∂p0(x′, p)

∂p

dx′ =
∂x′(p0, p)

∂p0

dp0

∂x′(p0, p)

∂p0

∂p0(x′, p)

∂p
= −∂x

′(p0, p)

∂p
= − v

ṗ(p)

(3.12)

With all the above identities at hand, Eq. 3.11 could now be re-written as a solvable
integral equation for fb(p):

fb(p) = f0(p) +
v

4vAṗ(p)p2

∫ pmax
0

p

∂

∂p0

[
ṗ(p0)p2

0fb(p0)

]
dp0, (3.13)
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where pmax
0 = p0(Lc, p). This can be solved to give:

fb(p) =

f0(p) +
v

4vAṗ(p)p2

[
ṗ(pmax

0 ) (pmax
0 )2 fb(p

max
0 )

]
1 +

v

4vA

, (3.14)

where pmax
0 (p) is defined by Eq. (3.9) with x = Lc and represents the momentum

of particles at the border of the cloud that turn into particles with momentum p
on the other side of the cloud. Indeed, the expression above still does not give
the form of fb(p) as it requires fb(pmax

0 ) which, in principle, is unknown. However,
the asymptotic behavior would be fb(pmax0 ) ' fc(p) for sufficiently large particle
energies, with fc(p) given by Eq. 3.5.

It is should be noticed that Eq. 3.14 is not a formal solution of Eq. 3.4 because,
in general, one would expect 〈cosϑ〉 6= 1/2. However, we have checked the result
obtained from Eq. 3.8 with the approximate solution obtained by the method of flux
balancing (see Section 2 in Morlino & Gabici 2015) and the two results match for
particles with v � vA.

3.2 Cosmic-Ray Spectra in Diffuse Clouds
In this Section, we will make use of Eq. 3.6 and Eq. 3.14 to determine the spectrum
of CR protons and electrons inside a given MC. In order to do so, we will need to
specify:

1. the spectrum of CR protons fp0 (p) and electrons f e0 (p) far away from the cloud
(Zone 1 in Fig. 3.1);

2. the column density NH2 and the size Lc of the cloud;

3. the Alfvén speed vA in the medium outside of the cloud (Zones 1 and 2).

As pointed out in Morlino & Gabici (2015), it is a remarkable fact that the spectrum
of CRs inside the cloud does not depend on the CR diffusion coefficient (this quantity
does not appear in neither Eq. 3.6 nor 3.14).

As a reference case, we will assume that the spectra of CR protons and electrons
away from the cloud are identical to those measured by the Voyager 1 probe (Stone
et al., 2013; Cummings et al., 2016). This is equivalent to assuming that the spectra
measured by Voyager 1 are representative of the entire Galaxy, and not only of the
local ISM. We will discuss in Sec. 3.4 the implications of such an assumption. To
describe Voyager 1 data, we fit the intensity of CRs together with the available high
energy data from AMS (Aguilar et al., 2014; Aguilar et al., 2015) with a broken
power law:

j0(E) = C

(
E

1 MeV

)α(
1 +

E

Ebr

)−β
eV−1cm−2s−1sr−1, (3.15)
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Figure 3.3: Data of the CR intensity for protons (left) and electrons (right) taken from
Voyager 1 (Cummings et al., 2016) and AMS-02 (Aguilar et al., 2014; Aguilar et al., 2015)
compared with the fitted curve used in this work.
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Figure 3.4: CR spectra for a cloud of column density N(H2) ' 3.1 × 1021 cm−2 (cor-
responding to typical values of n(H2) = 100 cm−3 and Lc = 10 pc). The left and the
right figures are respectively spectra of protons and electrons. Also shown with black solid
curves are the ISM spectra given by Eq. (3.15).

where E is the particle kinetic energy and Ebr is the break energy where the slope
changes from ∝ Eα to ∝ Eα−β. The fit parameters are presented in Table 3.1 and
the corresponding intensities are plotted in Fig. 3.3.

Even though CR protons and electron spectra have been measured by Voyager
only for particle energies larger than few MeV, we extrapolate the fits to lower
energies also. As it will be shown in the following, such an extrapolation does not
affect at all our results, because particles with energy below few MeV provide a
negligible contribution to the ionization rate of clouds.

Results are shown in Fig. 3.4 for both CR protons and electrons, for a cloud of
column density N(H2) = 3.1 × 1021 cm−2 and for a value of the Alfvén speed of
vA ' 200 km/s. We assume a quite large value for the Alfvén speed to maximize the
penetration of CRs into clouds. The reason for this assumption will become clear
in the following. The three curves represent the spectrum of CRs far away from
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Table 3.1: Parameters of the fits to the CR proton and electron intensity measured by
Voyager 1 and AMS-02.

Species C ( eV−1cm−2s−1sr−1) α β Ebr (MeV)
Proton 1.882× 10−9 0.129 2.829 624.5
Electron 4.658× 10−7 -1.236 2.033 736.2

the cloud f0(E) = 4πj0(E)/v, the spectrum fb(E) at the cloud border (x = 0 and
x = Lc), and the spectrum averaged over the cloud volume fa(E). At large enough
energies CRs freely penetrate clouds, and the three spectra coincide. As noticed
by Morlino & Gabici (2015), this is the case for particles which are not affected
by energy losses during their propagation in zones 2 and 3 (see Fig. 3.1) and the
characteristic energy Eloss (or equivalently momentum ploss) for such a behaviour
of the spectrum could be obtained following the simple flux balancing equation
which should result in vAτl(ploss) = Lc/2. For the cloud considered in Fig. 3.4
(N(H2) ' 3.1×1021 cm−3) and for a value of the magnetic field of 10 µG this happens
at Eloss,p ' 39 MeV for CR protons and Eloss,e ∼ 32 MeV for electrons (see also Eq.
7 and the related discussion in Morlino & Gabici 2015). Below these energies, the
proton and electron spectra inside the cloud are suppressed with respect to f0, but in
the energy range E∗,p(E∗,e) < E < Eloss,p(Eloss,e) we still find that fb = fa (E∗,p and
E∗,e have been defined at the end of Sec. 3.1.1). This fact can be easily understood
in the following way:

1. for proton (electron) energies larger than Eloss,p (Eloss,e) CRs freely penetrate
the cloud, so that f0 = fb = fa;

2. for proton (electron) energies in the range E∗,p < E < Eloss,p (E∗,e < E <
Eloss,e) particles suffer ionization energy losses, but this happens after they
repeatedly cross the cloud. This implies that the CR spatial distribution inside
the cloud is uniform, and thus f0 6= fb = fa;

3. for proton (electron) energies E < E∗,p (E < E∗,e) particles lose energy be-
fore completing a single crossing of the cloud, which implies that the spatial
distribution of CRs inside the cloud is non-uniform, i.e. f0 6= fb 6= fa.

In Fig. 3.5, we provide also a few spectra to show how our results depend on
the exact value of the column density of the cloud. It is clear from this figure that
the suppression of the CR spectra inside MCs is more pronounced for larger column
densities. For very large column densities, approaching ∼ 1023 cm−2, the CR proton
and electron spectrum is suppressed with respect to f0 up to quite large energies
reaching the GeV domain.

3.3 From the Model to the Observed Ionization Rate
The CR spectra obtained in the previous section can now be used to compute the
ionization rates ζ(H2) in diffuse clouds. In the absence of a detailed knowledge of the
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Figure 3.5: Average spectra of CR protons (left panel) and electrons (right panel) inside
clouds of different column densities as listed in the labels. The average ISM spectra of
Eq. (3.15) are also shown with black solid lines.

10
-22

10
-21

10
-20

10
-19

10
-18

10
-17

10
3

10
4

10
5

10
6

10
7

10
8

10
9

10
10

E
d

ζ
(H

2
)/

d
E

 (
s

-1
)

E (eV)

Voyager

6.17×10
20

 cm
2

6.17×10
21

 cm
2

6.17×10
22

 cm
2

10
-22

10
-21

10
-20

10
-19

10
-18

10
-17

10
-16

10
-15

10
-14

10
3

10
4

10
5

10
6

10
7

10
8

10
9

10
10

E
d

ζ
(H

2
)/

d
E

 (
s

-1
)

E (eV)

Voyager

6.17×10
20

 cm
2

6.17×10
21

 cm
2

6.17×10
22

 cm
2

Figure 3.6: Differential ionization rate of both proton and electron CRs (left and right
panel, respectively) at different column densities with the ISM spectra f0 assumed to be
that from Voyager and AMS-02 fits. The black curves are the differential ionization rates
obtained neglecting propagation and ionization losses into the cloud.

distribution of the gas of the cloud along the line of sight, we use in the following
the spatially averaged spectrum of CRs fa to compute the ionization rates using
Eq. 2.24 and 2.25 for CR protons and electrons respectively.

Fig. 3.6 shows the differential contribution to the ionization rate of both CR
protons and electrons (defined as E dζ(H2)/ dE) for a few test clouds with column
density 6.2×1020, 6.2×1021, and 6.2×1022 cm−2. This corresponds to a MC of size
∼ 10 pc with gas density of ∼ 20, 200 and 2000 cm−3, respectively. The differential
ionization rates computed by using the non-propagated Voyager spectra are also
shown as black lines. These results provide an indication for the range of particle
energies that contribute to ionization the most. For the particular case considered
here (CRs outside of the cloud have a spectrum equal to that observed by Voyager)
it is clear that the differential ionization rate peaks at about ≈ 100 MeV for both
protons and electrons, with a quite weak dependency on the cloud column density.
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The dependence of the ionization rate with respect to the cloud column density
predicted from our method are shown in Fig. 3.7, together with the observational
data taken from Caselli et al. (1998), Williams et al. (1998), Maret & Bergin (2007),
and Indriolo & McCall (2012). The ionization rates for protons and electrons (ζp(H2)
and ζe(H2), respectively) are plotted together with the total ionization rate, defined
in Chapter 2 as ζ(H2) = ηζp(H2) + ζe(H2) where the factor η ' 1.5 accounts for the
contribution to the ionization rate from CR heavy nuclei (Padovani et al., 2009).

It should be noticed that the results in Fig. 3.7 have been obtained under the
assumption of a quite large value of the Alfven speed (approximately 200 km/s).
As said before, that was done to maximize the effect of the penetration of CRs into
MCs. In fact, a more appropriate value would be about 60 km/s, corresponding to a
magnetic field strength of 3 µG and a density of ni ' 10−2 cm−3. If the calculation
was done for such a value of the Alfven speed, the result of the ionization rate would
be smaller by roughly a factor of two.

Thus, it is evident from Fig. 3.7 that the predicted ionization rate fails to fit
data, being too small by a factor of several tens at the characteristic column density
of diffuse clouds (N(H2) ' 1021 cm−2). It seems, then, that the intensity of CRs
measured in the local ISM is by far too weak to explain the ionization rates observed
in MCs. A discussion of this issue and possible solutions to such a large discrepancy
will be provided in the final section of this chapter. It has to be noticed, however,
that the predictions presented in Fig. 3.7 are consistent with the upper limits on the
ionization rate measured for a number of clouds (data points represented with filled
inverted triangles).

The range of column densities considered in Fig. 3.7 encompasses the typical
values of both diffuse and dense clouds (a transition between the two regimes can be
somewhat arbitrarily set at NH ≈ few 1021 cm−2 Snow & McCall 2006), while the
model presented in this chapter applies to diffuse clouds only. The propagation of
CRs through large column densities of molecular gas may differ from the description
provided here mainly because large column densities are encountered in the presence
of dense clumps, where the assumption of a spatially homogeneous distribution of
gas density and magnetic field are no longer valid. The presence of clumps may
affect CR propagation mainly in two ways:

1. Magnetic mirroring and focusing : the value of the magnetic field cannot be
assumed to be spatially homogeneous in dense MCs, where it is known to
correlate with gas density (Crutcher et al., 2010). The presence of a stronger
magnetic field in clumps may induce magnetic mirroring and also focusing of
CRs and it is suggested by Silsbee et al. (2018) that these two effects cancel
out exactly, unless a magnetic pocket forms. An example of the formation of
the magnetic pocket is the case investigated by Padovani & Galli (2011) where
the CR intensity is suppressed and thus also of the ionization rate. This would
further increase the discrepancy between model predictions and data;

2. Particle losses : very dense clumps may act as sinks for CR particles. This
happens when the energy losses are so effective to prevent CR particles to
cross the clump over a time-scale shorter than the energy loss time. Such a
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Figure 3.7: Ionization rate derived from Voyager spectra compared to observational
data as a function of the column density. The two-dot-dashed line and the dotted line
correspond to the ionization rates of electrons and protons, respectively, neglecting the
effects of propagation and ionization losses. Data points are from Caselli et al. (1998)
(filled circles), Williams et al. (1998) (empty triangle), Maret & Bergin (2007) (asterisk),
and Indriolo & McCall (2012) (filled squares are data points while filled inverted triangles
are upper limits).
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scenario was investigated by Ivlev et al. (2018). Under these circumstances, a
larger suppression of the CR intensity inside MCs is expected (energy losses
are on average more intense), and this would also increase the discrepancy
between data and predictions.

3.4 Discrepancy between the Observed and Predicted
Ionization Rate?

The main result of this chapter can be summarized as follows: if the CR spectra
measured in the local ISM by the Voyager 1 probe are characteristic of the entire
ISM, then the ionization rates measured inside MCs are not due to the penetration
of such background CRs into these objects, and another source of ionization has to
be found. This is a quite puzzling result, which necessarily calls for further studies.
Several possibilities can be envisaged in order to explain the discrepancy between
model predictions and observations. A non-exhaustive list includes:

1. Better description of the transition between diffuse and dense media: at present,
all the available models aimed at describing the penetration of CRs into MCs
rely on the assumption of a quite sharp transition between a diluted and ion-
ized medium, and a dense and neutral one. A more accurate description should
consider a more gradual transition between these two different phases of the
ISM. However, we recall that the simple flux-balance argument mentioned in
Sec. 3.1 and discussed in great detail in Morlino & Gabici (2015) would most
likely hold also in this scenario. It seems thus unlikely that a more accurate
modeling could result in a prediction of ionization rates more than one order
of magnitude larger than that presented here (as required to fit data);

2. Inhomogeneous distribution of ionizing CRs in the ISM : the assumption of
a uniform distribution of CRs permeating the entire ISM could be incorrect.
Fluctuations in the CR intensity are indeed expected to exist, due for example
to the discrete nature of CR sources (see for example Gabici & Montmerle,
2015, and references therein). However, gamma-ray observations of MCs sug-
gests that such fluctuations are not that pronounced for CR protons in the GeV
energy domain (Yang et al., 2014). Thus, fluctuations of different amplitude
should be invoked for MeV and GeV particles;

3. Cosmic-ray sources inside clouds : the ionizing particles could be accelerated
locally by CR accelerators residing inside MCs. Obvious candidate could be
protostars, which might accelerate MeV CRs, as proposed by Padovani et al.
(2015) and Padovani et al. (2016);

4. The return of the CR carrot? The existence of an unseen component of low-
energy CRs, called carrot, was proposed a long time ago by Meneguzzi et al.
(1971) in order to enhance the spallative generation of 7Li, which at that time
was problematic. Voyager data strongly constrain such a component, that
should become dominant below particle energies of few MeV (the energy of
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the lowest data points from Voyager). Such a low energy component could
also enhance the ionization rate, as recently proposed by Cummings et al.
(2016).

Further investigations are needed in order to test these hypotheses and reach a
better understanding of both the distribution of low-energy CRs and the dynamics
MCs. Some of them will be further investigated in the next chapter.
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Chapter 4

How to Explain the Ionization Rate
in Diffuse Molecular Clouds?

As shown in the previous chapter, if one assumes that the average low energy proton
and electron spectra in the Galaxy are the same as measured by Voyager 1, the
inferred ionization rate inside diffuse MCs is∼ 1−2 orders of magnitude smaller than
the observed one. Since potential improvements of these models which, for instance,
include also a description of dense and clumpy media and a more realistic modeling
of the transition between different phases of the ISM, are unlikely to enhance the
predicted ionization rate by such large factor (see also Morlino & Gabici, 2015; Phan
et al., 2018), one should either invoke a new class of sources for ionization inside MCs,
or question the validity of assuming the Voyager 1 spectrum to be representative of
the whole CR spectrum in Galaxy. In order to reconcile predicted and measured
ionization rates, several solutions have been put forward: i) the possible presence
of MeV CR accelerators inside MCs (see e.g. Padovani et al. 2015; Padovani et al.
2016); ii) the inhomogeneity in the distribution of low-energy CRs in the Galaxy (see
e.g. Cesarsky 1975; Gabici & Montmerle 2015; Nobukawa et al. 2015; Nobukawa et
al. 2018); iii) the existence of a still unknown CR component called the carrot which
emerges at energies below the smallest energy detected by Voyager 1 (Cummings
et al., 2016).

In fact, there might exist, within dense MCs, protostars whose jet shocks could
possibly accelerate low-energy CRs (see e.g. Padovani et al., 2015; Padovani et al.,
2016, for some of the piorneering works on this subject). Since this thesis, however,
concentrates more on diffuse MCs, we shall not explore this scenario but rather focus
on more simple solutions namely the carrot and the inhomogeneity of Galactic CRs
at low energy. Section 4.1 will be dedicated to a critical examination on the existence
of the CR carrot which casts serious doubt on the feasibility of this scenario. This
should, in turn, provide more support for both the local origin of the CRs observed
by Voyager 1 and the possible spatial variations of the CR intensities over the entire
Galaxy which shall be investigated in more details in Section 4.2.

4.1 The Cosmic-Ray Carrot
The carrot scenario was first proposed by Meneguzzi et al. (1971) to explain the
abundances of light elements, and has recently been reconsidered by Cummings et
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Table 4.1: Parameters for the different phases of the ISM inside the Galactic disk taken
from Osterbrock & Bochkarev (1989)

Phases nH ne T
fV(cm−3) (cm−3) (K)

WNM 0.5 0 8000 25%
WIM 0.5 0.5 8000 25%
HIM 0.006 0.006 106 50%

al. (2016) (who called it suprathermal tail) to resolve the problem of the ionization
rate in MCs. We shall now analyze in detail the implications of the possible presence
of a CR population at energies below few MeV following the discussion presented
by Recchia et al. (2019)1. More specifically, we estimate the power that has to be
injected in low-energy CRs in order to keep in the whole Galactic disk a population
able to account for the observed ionization rate in MCs. We do so by assuming
that the carrot component is uniformly distributed both inside clouds and in the
rest of the ISM. The power estimated in that way represents a very conservative
lower limit, since in a more realistic scenario low-energy CRs present in the ISM
penetrate the cloud and their transport and energy losses in MCs have to be taken
into account. As shown by Phan et al. (2018), the ionization rate predicted in this
case would be smaller than in the simple scenario presented here. Here, we show
that, due to the relatively short (. 105 yr, see Fig. 4.1) lifetime of sub MeV CRs in
the ISM, in order to maintain a very low energy and hidden CR component able to
explain the observed ionization rates, it would be necessary for the potential sources
to inject in the ISM a power comparable to or larger than that needed to explain the
whole observed CR spectrum. This result poses a serious concern on the viability
of a carrot scenario.

We also explore the implications of assuming that such component be accelerated
by the turbulent magnetic field in the ISM, through second-order Fermi acceleration
(see e.g. Osborne & Ptuskin 1988; Jokipii 2001; Thornbury & Drury 2014; Drury &
Strong 2017). However, we show that in this case the level of turbulence required
at the scale resonant with CRs at the relevant energies is much larger than the one
usually accepted. This brings additional support to the idea that a CR carrot at
energies below the smallest one detected by Voyager 1 fails to provide a solution to
the problem of the ionization rate in MCs.

4.1.1 Power Requirement

Let us assume the presence of a CR (electron and/or proton) component at a given
energy Ẽ . 3 MeV (energies smaller than those detected by Voyager 1), uniformly
distributed in the whole Galactic disk, including the interior of MCs.

1We do not consider here the effect of the CR carrot on the production of light elements. For
a recent review of this topic see Tatischeff & Gabici 2018



4.1. The Cosmic-Ray Carrot 65

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
3

10
4

10
5

10
6

τ
l (

y
r)

E (eV)

electrons

protons

Figure 4.1: The energy loss time of CR protons and electrons of energy from 1 keV to 1
MeV inside the Galactic disk.

For simplicity, we assume that the distribution function of such component is:

f(E) = Aδ(E − Ẽ), (4.1)

where A is a normalization constant that has to be determined. This could be done
by imposing that the H2 ionization rate produced by CRs (electrons or protons) with
the distribution function given by Eq. 4.1, equals the average value, ζ̄(H2) ≈ 4×10−16

s−1, detected in diffuse clouds (see e.g. Indriolo et al. 2009). Using Eq. 2.24 and
Eq. 2.25, the normalization of the carrot at energy Ẽ for CR protons and electrons
could be determined as:

Ap(Ẽ) =
ζ̄(H2)

v
{[

1 + φp(Ẽ)
]
σpion(Ẽ) + σec(Ẽ)

} , (4.2)

Ae(Ẽ) =
ζ̄(H2)

v
[
1 + φe(Ẽ)

]
σeion(Ẽ)

, (4.3)

where v = v(Ẽ) is the speed of the particle with the corresponding kinetic energy
Ẽ, σp(e)ion is the ionization cross section, σec is the electron capture cross section, φp(e)
are the average secondary ionizations per primary ionization (see Chapter 2 and also
Krause et al., 2015).

Once determined the overall normalization of the carrot distribution function,
the power needed in order to sustain such component in the whole Galactic disk can
be estimated as

P (Ẽ) =
A(Ẽ)ẼVdisk

τl(Ẽ)
. (4.4)

Here, Vdisk is the volume of the Galactic disk (commonly modelled as a cylinder of
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Figure 4.2: Power needed in CR protons and electrons in order to keep a carrot at a
given energy in the whole Galactic disk, able to predict (without taking into account the
CR penetration in MCs) an ionization rate of 4 × 10−16 s−1, as compared to the power
needed to sustain the observed CR Galactic population (black, solid line) and the observed
CR electron spectrum (black, dashed line), respectively. The line marked as C-2016 is the
power required in CR protons in order to keep the suprathermal tail invoked in Cummings
et al., 2016 in the whole Galactic disk.

radius Rd ∼ 15 kpc and of height hd ∼ 300 pc) and τl(Ẽ) is the energy loss time inside
the Galactic disk for the CR protons or electrons at energy Ẽ. Such energy losses
are mainly due to ionization losses in the neutral phases of the ISM and Coulomb
losses in the ionized phases of the ISM (see Chapter 1). In this work, we shall follow
Osterbrock & Bochkarev (1989) and describe the ISM inside the Galactic disk with
three different phases which are: (1) warm neutral medium (WNM), mostly made of
neutral atomic hydrogen; (2) warm ionized medium (WIM), mostly made of ionized
atomic hydrogen; (3) hot ionized medium (HIM), mostly made of ionized atomic
hydrogen. Each of these phases are typically characterized using the hydrogen atom
density nH , the temperature T , and the volume filling factor fV whose values are
summarized in Table 4.1. The energy loss time could then be computed as:

τl(E) = −p
ṗ

= − p∑
i ṗif

(i)
V

, (4.5)

where the summation over i has been performed to take into account the contribution
of all the different phases of the ISM, p is the momentum of particle with energy
E, and ṗi is the momentum loss rate in the ith phase. The energy loss time in the
Galactic disk for CRs of energy from 1 keV to 1 MeV are shown in Fig. 4.1.

In Fig. 4.2, we present the power estimated in Eq. 4.4 for CR electron and proton
energies in the range from 1 keV to 1 MeV. We compare it with the total power (see
e.g. Strong et al. 2010) injected by sources in the observed CR spectrum (∼ 1041

erg/s) and electron spectrum (∼ 1039 erg/s). We also show an estimate of the total
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Figure 4.3: Power in CR electrons and protons in order to keep a carrot at a given energy
within a cloud (n(H2) = 100 cm−3, radius Rc ∼ 10 pc), able to predict an ionization rate
of 4 × 10−16 s−1. This is compared with the maximum power that a cloud can provide
(black, solid line), given by Pc = Egrav/τlife (τlife ∼ 107 yr, Egrav = 3

5
GM2

c
Rc

).

power in CR protons needed to keep in the whole Galactic disk the suprathermal
tail invoked in Cummings et al., 2016 which could be evaluated as:

PC−2016 =

∫ 1 MeV

1 keV

4πj(E)E

vp(E)

Vdisk
τl,p(E)

dE ≈ 2× 1042 erg/s, (4.6)

where

j(E) = 4.4× 10−9

(
E

1 MeV

)−3/2

exp

(
− E

0.2 MeV

)
eV−1cm−2s−1sr−1 (4.7)

is the CR proton intensity of the suprathermal tail (see Fig. 16 of Cummings et al.
2016).

Remarkably, the plot in Fig. 4.2 illustrates that, due to the short lifetime of
low-energy CRs in the ISM (see Fig. 4.1), a CR carrot (or the suprathermal tail of
Cummings et al. 2016) would require a power injection comparable or even larger
than that already needed in order to account for the whole observed CR spectrum
(∼ 1041 erg/s). The situation is especially dramatic for electrons, given that the
observed CR power for them is ∼ 1039 erg/s.

Note that 1041 erg/s roughly corresponds to 10% of the total power of galactic
supernova explosions. Since supernova remnants are considered the major source of
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Galactic CRs (see e.g. Blasi 2013), our result implies that the existence of a CR
carrot would require either an unreasonably large (in some cases even larger than
100 %) CR acceleration efficiency for known CR sources, either the existence of
another, much more powerful (and thus implausible), class of sources.

We should notice also that this result is not expected to change with different
assumptions on the spectral shape of the low energy component. In fact, the required
power injection is minimum for a proton (electron) carrot at 1 MeV (1 keV), as shown
in Fig. 4.2. Any choice of a broader spectrum in the range from 1 keV to 1 MeV,
able to predict the same ionization level in MCs, will inevitably imply a larger power
injection.

Moreover, this estimated power is a very conservative lower limit. In fact here
we assumed that the unknown CR component is uniformly distributed in the whole
Galactic disk and inside clouds. However, CRs have to penetrate the cloud. As
illustrated by Phan et al. (2018), taking into account this effect leads to a lower
predicted level of ionization. This can be easily seen if, for instance, we consider the
average distance travelled by CR electrons and protons inside a cloud before losing
all their energy due to ionization losses, that we estimate as:

Lloss(E) = v(E)τloss(E, n(H2)), (4.8)

where

τl,p(E, nc) ≈


500

[
n(H2)

1 cm−3

]−1

yr (1 keV ≤ E ≤ 0.1 MeV)

1.1× 104

(
E

1 MeV

)4/3 [
n(H2)

1 cm−3

]−1

yr (0.1 MeV ≤ E ≤ 1 MeV)

(4.9)

τl,e(E, nc) ≈ 105

(
E

1 MeV

)[
n(H2)

1 cm−3

]−1

yr (1 keV≤ E ≤1 MeV) (4.10)

are approximate expressions for the CR ionization loss time (Padovani et al. 2009;
Phan et al. 2018) for CR electrons and protons in a cloud of H2 density given by
n(H2).

In Fig. 4.4 we compare this typical distance for CR electrons and protons of
energy in the range from 1 keV to 1 MeV inside a cloud of n(H2) = 100 cm−3,
with a typical cloud size Lc = 10 pc. The result is that protons of these energies
and electrons of E . 0.1 MeV would not even be able to cross a typical cloud.
We should notice also that keeping a CR carrot inside clouds instead that in the
whole Galactic disk would lead an unsustainable power requirement. In this case,
the rate at which CRs should be provided to the cloud can be derived by using
Eq. 4.4 together with Eq. 4.9 or Eq. 4.10 (for protons or electrons), provided that
Vdisk is substituted with Vcloud. The CR power obtained in this way is compared in
Fig. 4.3 to a characteristic maximal cloud power Pc obtained by dividing the cloud
gravitational energy Eg = 3

5
GM2

c

Rc
by its typical lifetime τlife.
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Figure 4.4: Average distance travelled by CR electrons (blue, dot-dashed line) and pro-
tons (red, dashed line) within a cloud (n(H2) = 100 cm−3) in a loss time. The typical
cloud size is assumed to be Lc = 10 pc (black, solid line).

We adopt typical cloud parameters Rc = 10 pc, n(H2) = 100 cm−3 and τlife ∼
107 yr (see e.g. Heyer & Dame 2015). The CR power largely exceeds Pc, making
the carrot scenario nonviable.

4.1.2 Acceleration in the Turbulent Magnetic Field

The results of the previous subsection already poses serious doubts on the carrot
scenario for the explanation of the observed ionization rate in MCs.

In order to bring additional support to this result, we also explore a possible
major source of low-energy CRs, namely the second order Fermi acceleration in the
turbulent interstellar magnetic field (see e.g. Osborne & Ptuskin 1988; Jokipii 2001;
Thornbury & Drury 2014; Drury & Strong 2017). The acceleration time-scale due
to this process is given by (see Eq. 20 of Thornbury & Drury 2014)

τacc(E) =
9D(E)

4v2
A

, (4.11)

where D(E) = v(E)rL(E)
3I(kres)

is the spatial diffusion coefficient for particles of energy E
and vA = B0/

√
4πρi is the Alfvén speed. Here, v and rL are the particle velocity

and Larmor radius, I(kres) = W (kres)kres is the level of turbulence, (δB/B0)2, at
the resonant scale kres(E) = 1/rL(E), B0 is the background magnetic field and ρi
the average mass density of the background medium.
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Figure 4.5: Level of magnetic turbulence needed to steadily maintain, through second
order Fermi acceleration, sub MeV CR electrons and protons in the ISM (B0 = 3µG). We
show for comparison the turbulence expected at the scale resonant with ∼ 1 GeV in order
to account for accepted values of the spatial diffusion coefficient (D(1 GeV) ∼ 1028cm2/s)
at that energy.

Since low-energy CRs lose energy in the ISM on a relatively short time scale (see
Fig. 4.1), in order to keep a CR carrot at energy E the level of magnetic turbulence
at the resonant scale kres = 1/rL(E) have to be such that

τl(E) = τacc(E), (4.12)

namely

I(kres) =
3vrL
4v2

Aτl
. (4.13)

A plot of the needed level of turbulence is shown in Fig. 4.5 for B0 = 3µG, in the
case of CR electrons and protons of energy in the range from 1 keV to 1 MeV.

Remarkably, the inferred I(kres) at the energies relevant for this discussion are
larger than or comparable to, for instance, that expected at the scale resonant with
∼ 1 GeV (see e.g. Trotta et al. 2011) in order to account for accepted values of the
spatial diffusion coefficient (D(1 GeV) ∼ 1028cm2/s, I(1 GeV) ∼ 9 × 10−7). This
is quite unlikely to happen, since in any physical model of interstellar magnetic
turbulence I(k) is a decreasing function of k (see e.g. Sridhar & Goldreich 1994;
Goldreich & Sridhar 1995). The present result, together with the results of the
previous subsection, makes it very difficult for a CR carrot (or suprathermal tail)
to represent a feasible model able to reconcile the predicted and observed ionization
rates in MCs.
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4.1.3 End of the Carrot?

Having investigated the carrot component of CRs to account for the average ion-
ization rate detected in diffuse MCs, with a particular focus on the energetics, we
found that, due to the energy losses suffered by low-energy CRs in the ISM, the
power needed to be injected by the potential sources in such component is compa-
rable or larger than that required for the observed CR spectrum. We note that the
effect of penetration of these low-energy CRs inside clouds has not been taking into
account which would make this energy requirement even more severe. Moreover,
if we consider the interstellar turbulent magnetic field as a possible source of this
carrot, through second-order Fermi acceleration, the required turbulence level would
be definitely too large compared to the one expected at the scale resonant with such
low energy particles.

Our study basically rules out, on an energy basis, any possible source of a CR
carrot, thus making such hidden component unlikely to be an appealing and viable
source of ionization in MCs. This conclusion encourages further studies of the pos-
sible solutions to the discrepancy between predicted and observed ionization rates
in MCs. Among them, some promising ones remain the one already mentioned
in the introduction and in Phan et al., 2018: i) the possible presence of sub-GeV
CR accelerators inside MCs; ii) the prominent inhomogeneity in the distribution of
low-energy CRs in the Galaxy. With this respect, we note that, given our peculiar
location inside an ISM cavity known as the Local Bubble (LB) (Cox, 1998), the CR
spectrum measured by Voyager 1 might simply reflect local properties, rather than
representing the typical spectrum of CRs in the Galaxy.

4.2 Stochastic Fluctuations of Cosmic Rays from
Supernovae Remnants

It is clear from the discussion in Chapter 3 and in the previous section that the
low-energy CR spectra observed by Voyager 1 could not explain the ionization rate
in both diffuse and dense isolated MCs in the Galaxy. It might be possible to resolve
this problem by arguing that the spectra from the Voyager probes are actually local
and, thus, there might exist regions of the ISM where we have more of these low
energy particles to induce the ionization rate typically observed. In other words, the
assumption of a uniform distribution of CRs permeating the entire ISM as supported
by gamma-ray observations of MCs (Yang et al., 2014; Aharonian et al., 2018) should
be relaxed in the energy range below a few GeVs. Such an inhomogeneity for low-
energy CRs is expected since the relatively short energy loss time of these particles
would not allow them to travel far a way from their sources. A better understanding
of this problem might require the modelling of CR transport over the entire Galaxy.

As previously mentioned in Chapter 1, the transport of CRs within the Galactic
disk is diffusive as could be inferred from the secondary-to-primary ratio of CR
intensities. There exists, however, another essential observational constraint which
comes from the analyses of unstable secondaries such as the radioactive isotopes
10Be whose life time is roughly of the same order as the residence time of CRs inside
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the Galactic disk τ(10Be) ' 1.4 Myr. The decay of this isotope would suppress the
ratio between 10Be and stable Be isotopes by a factor of approximately τ(10Be)/τesc
from which we could obtain τesc ' 10 − 20 Myr (see e.g. Gabici et al., 2019, and
references therein). Since this timescale is much larger than the residence time within
the Galactic disk (see Chapter 1), it is believed that CRs are also diffusively confined
within a low-density magnetized halo surrounding the Galactic disk. Although the
size of this halo is quite poorly constrained, observations of the diffuse sychrotron
emission above and below the Galactic plane in the radio domain seem to indicate
the thickness of the halo to be much larger than that of the Galactic disk (Beuermann
et al., 1985).

In the framework of the Galactic halo model, the standard approach to estimate
the intensities of CRs, especially in the hadronic sector at high energy, is to model
all the sources together as a jelly-like disk with a continuous CR injection such that
the problem could be treated as steady-state (Strong & Moskalenko, 1998; Recchia
et al., 2016; Evoli et al., 2019). However, the short energy loss time of low-energy
CRs as discussed above could result in a more patchy distribution for these particles
such that the contribution from recent or nearby sources could become crucial and,
thus, the use of a continuous disk of sources might be no longer valid. In other
words, the values for the intensities of low-energy CRs at different positions in the
Galaxy could only be predicted if the exact locations and times of explosion for
all the CR sources are known. This is indeed not the case even for the most well-
studied class of Galactic sources like SNRs since young and distant or very old SNRs
are quite hard to observe even though these sources might contribute significantly
to the CR intensities in their proximity. Nevertheless, if the temporal and spatial
distributions of SNRs are assumed to be predetermined from the extrapolation of
current surveys, the CR intensities could be evaluated for different realizations of
possible locations and ages of the sources. The variations of these intensities from
one realization to another is commonly referred to as the stochastic fluctuations
and, in this sense, the intensity of a particular CR species should be treated as
a random variable whose expectation value could be estimated from the ensemble
average over all the realizations. More importantly, the analysis of the stochastic
fluctuations would allow us to identify the uncertainty range within which the values
of the CR intensities are most probable. As a remark, we note also that if the energy
loss time of CRs is sufficiently large, the stochastic fluctuations will vanish and the
intensities will tend to the expectation values which should give the same results as
the steady-state continuous model.

In the following, we shall examine the stochastic fluctuations of the CR intensities
within the energy range from 1 MeV to about 10 GeV assuming that the principal
sources for these particles are SNRs and also their transport is diffusive down to
the lowest particle energy considered. The analysis will begin with a thorough
discussion on the solution for the transport equation in the case of a single bursting
source. Having established the point-source solution, we will proceed to evaluate
the total intensities at an arbitrary position in the Galactic disk by summing the
contribution from all the sources for different realizations of ages and distances. The
corresponding stochastic fluctuations of the CR induced ionization rate will also be
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investigated.

4.2.1 Point-Source Solution

For the propagation of CRs on the Galactic scale, we shall apply a more general
form of the transport equation as presented in Chapter 1 which takes into account
both advection and diffusion in three dimensions:

∂f

∂t
+ u · ∇f −∇ (D∇f)

−p
3
∇ · u∂f

∂p
− 1

p2

∂

∂p

(
p2Dpp

∂f

∂p

)
+

1

p2

∂

∂p

(
ṗp2f

)
= S,

(4.14)

where f = f(x, p, t) is the distribution function of CRs. It would be more convenient
to rewrite the equation in terms of the spectrum f(x, E, t). We might sometimes
omit the arguments for the spectrum, but please notice that, in the following dis-
cussion, f = f(x, E, t) is always used to refer to the spectrum. We shall adopt the
advection velocity profile with only the component perpendicular to the Galactic
disk, u = ezu(z), which is quite commonly used for the modelling of Galactic CRs
(see e.g. Recchia et al., 2016). For simplicity, the contribution of stochastic reaccel-
eration will not be considered and the effect of this process might be examined in
some future works. The transport equation for a bursting point source taking into
account advection perpendicular to the Galactic disk, three-dimensional isotropic
and homogeneous diffusion, and energy losses during the propagation of CRs reads:

∂f

∂t
+

∂

∂z
(uf)−D∇2f +

∂

∂E

[(
Ė +

1

3
pv
∂u

∂z

)
f

]
= Q(E)

δ(r)

2πr
δ(z)δ(t− t0)

(4.15)

where D = D(E) is the isotropic and homogeneous diffusion coefficient, Ė describes
the energy loss rate for CRs both inside the Galactic disk and in the magnetized
halo, Q(E) is the injection CR spectrum, and t0 is the time of injection of CRs in
the interstellar medium. We shall now discuss the specific form of all the physical
quantities presented in the above equation.

The advection profile is commonly modelled as u(z) = u0 [2H(z)− 1]. Such an
advection velocity might be due to the presence of a large-scale Galactic wind or, in
the case where the magnetic turbulence is self-generated via streaming instability,
CRs would advect away from the Galactic disk with the Alfvén speed (Recchia et al.,
2016). For this work, we shall take u0 ' 7 km/s which has been found to provide
a good fit for Galactic CR data (see recent analyses by Evoli et al., 2019). Since
the advection velocity changes its direction only around the Galactic disk, the term
for the adiabatic energy loss would contain the factor ∂u/∂z = 2u0δ(z) and, for the
numerical solver adopted for the point-source solution, we shall approximate this
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term as follows:

∂

∂E

(
1

3
pv
∂u

∂z
f

)
' ∂

∂E

[
1

3
pv
u0

h
H (|z| − h) f

]
, (4.16)

where h is the half-thickness of the Galactic disk. Notice that, in this approxi-
mation, the adiabatic energy loss term acts everywhere within the disk. Such an
approximation is quite standard in numerical treatments of Galactic CRs (see e.g.
Jaupart et al., 2018; Evoli et al., 2019).
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Figure 4.6: The energy loss time of CR protons (left panel) and electrons (right panel)
inside the Galactic disk in comparison with their respective diffusive escape time from the
Galaxy and the adiabatic energy loss time. Notice that the loss rate due to synchrotron
radiation and inverse Compton scattering are already included for CR electrons.

Regarding the diffusion coefficient, it is quite puzzling what should be the energy
dependence of D(E) at low energy. However, it was suggested from theoretical
modeling and Helios observations (Bieber et al., 1994; Schlickeiser et al., 2010) that
D(E) ∼ vp ∼ E0.5 in the non-relativistic energy range since the particle mean free
path becomes constant in that energy domain. Also, at high energy, the diffusion
coefficient is expected to behave as D(E) ∼ Eδ where δ ' 0.3 − 0.6 (see Strong et
al., 2007; Trotta et al., 2011, for more discussions). Combining the two asymptotic
behaviors at high and low energy, we shall assume the following form for the diffusion
coefficient:

D(E) = D0β

(
1 +

E

mc2

)δ
, (4.17)

where m = mp or m = me depending on the species of interest and, for both CR
protons and electrons, the index δ has been chosen to be δ ' 0.63 similar to the
results for high energy CRs from Evoli et al. (2019) (and also that of Mertsch, 2011,
used for studying the effects of stochastic sources on the CR electron spectrum at
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high energy). We also follow Evoli et al. (2019) to adopt D0,p ' 1.1 × 1028 cm2/s
for CR protons. The one for electrons has been normalized such that the diffusion
coefficients for both species take the same value at E = 10 GeV and, thus, we have
D0,e ' 1026 cm2/s.

The next element to be considered for the transport of CRs is the energy loss
rate. Cosmic-ray protons lose energy mostly inside the Galactic disk via ionization
and Coulomb collisions at low energy and proton-proton interaction at high energy.
While low-energy CR electrons also suffer from energy loss mostly due to ionization
and Coulomb collisions, the high energy population of these particles lose energy via
bremsstrahlung radiation, synchrotron radiation, and inverse Compton scattering
at high energy electrons (see Chapter 1 for more details). As mentioned in the
previous section, the ISM inside the Galactic disk is typically described with three
different phases which are: (1) warm neutral medium (WNM), mostly made of
neutral atomic hydrogen; (2) warm ionized medium (WIM), mostly made of ionized
atomic hydrogen; (3) hot ionized medium (HIM), mostly made of ionized atomic
hydrogen. The defining parameters for each of these phases are given in Table 4.1.
For CR protons, the loss rate would be:

Ėp =
∑
i

f
(i)
V Ė(i)

p H(|z| − h), (4.18)

where the summation over the index i represents the average over the three phases
and Ė(i) is the energy loss rate in the corresponding phase. Also, the Heaviside
step function is introduced to mimic the fact that the processes of energy loss hap-
pen mostly within the Galactic disk (with thickness 2h ' 300 pc) for CR protons.
Concerning CR electrons, it should be noted that these particles at high energy
(roughly above 10 GeV) lose energy more efficiently via synchrotron radiation and
inverse Compton scattering which occur not only in the disk but also in the magne-
tized halo and, thus, we shall have:

Ėe =
∑
i

f
(i)
V Ė(i)

e H(|z| − h) + Ėsyn+IC . (4.19)

The estimated diffusive escape time τD(E) = L2/6D(E) (L ' 4 kpc is the size
of the halo) and the adiabatic energy loss time τad = 3h/u0 are shown in Fig. 4.6
together with the energy loss time inside the disk τl(E) = −pv/Ė for both CR
species. As we can see, the diffusive escape time becomes sufficiently smaller than
the other timescales for CR protons of energy above a few GeVs which means that,
in this high energy limit, the transport of these particles could be modelled in a
purely diffusive scenario. On the other hand, the effect of energy loss (mostly due to
synchroton and inverse Compton scattering) on the transport of CR electrons should
always be taken into account even for the ones with energy above a few GeVs. These
speculations will allow us to make some approximations to obtain the analytic forms
of the point-source solutions for high energy CRs which could be used as boundary
conditions in energy for the numerical scheme applied for low-energy CRs.

For this work, we are interested in investigating the capability of SNRs as sources
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of low-energy CRs in the hope to better understand the high level of ionization rate
observed in diffuse MCs. Thus, the source function shall be modelled to describe
the injection of SNRs:

Q(E) =
ξCRESNR
(mc2)2Λβ

( p

mc

)2−α
, (4.20)

where ξCR is the efficiency of the source, ESNR ' 1051 erg is the total kinetic energy
of the supernova explosion, and Λ is the following integral:

Λ =

∫ pmax

pmin

( p

mc

)2−α
[√( p

mc

)2

+ 1− 1

]
dp

mc
. (4.21)

The index of the source spectra is taken to be α = 4.2 which could be achieved from
nonlinear diffusive shock acceleration mechanism and this value is also compatible
with the fit of observational data for high energy CR protons (see e.g. Evoli et al.,
2019, for more details). Also, the efficiency of acceleration for CR protons and
electrons are chosen to be ξpCR ' 10% and ξeCR ' 0.5% respectively in order to
match the observed data at high energy.

Solution at High Energy

Let’s now discuss the point-source solutions in the high energy limit. As briefly
mentioned above, the standard framework to describe the transport of Galactic
CRs commonly involves the existence of a magnetized halo whose size is supposed
to be L ' 4 kpc for this work. The sources are concentrated within the Galactic
disk where the effect of energy loss due to the interactions with matter of the ISM
is most severe.

In the following, we will present the analytic solution for a point source at high
energy in the approximation of an infinite Galactic disk and, thus, the problem could
be modelled with cylindrical symmetry meaning the CR spectra is a function of the
form f(x, E, t) = f(r, z, E, t). More importantly, the spatial boundary conditions
are set to be zero at z = ±L which are commonly referred to as the free-escape
boundary conditions.

As said above, for CR protons in the high energy limit, all the mechanisms for
energy loss can be neglected. This means that the CR transport equation simplifies
into:

∂fp
∂t
−D∇2fp = Qp(E)

δ(r)

2πr
δ(z)δ(t− t0), (4.22)

where we have neglected also the term for advection since the timescale for advective
escape is roughly L/u0 which is also much larger than the one for diffusion. The
above equation could be solved to give (see e.g. Blasi & Amato, 2012, for more
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2L

R

2h

Galactic disk

Figure 4.7: Geometry of the propagation region for the point-source solution. The source
is placed in the center and R is taken to be large enough such that the cylindrical geometry
is applicable (see text).

details):

fp(r, z, E, t) =
Qp(E)

[4πDp(E) (t− t0)]3/2

∞∑
n=−∞

(−1)n exp

[
−(z − 2nL)2 + r2

4Dp(E)(t− t0)

]
. (4.23)

Notice that the sum over n has been performed to ensure the free escape boundary
conditions.

For CR electrons, the point-source solution in the high energy limit requires the
inclusion energy loss due to synchrotron radiation and inverse Compton scattering.
The corresponding CR transport equation is:

∂fe
∂t
−D∇2fe −

∂

∂E

(
Ėsyn+ICfe

)
= Qe(E)

δ(r)

2πr
δ(z)δ(t− t0), (4.24)

The energy loss rate from Eq. 1.76 for typical values of the Galactic magnetic field
and the interstellar radiation field could be parametrized as (Mertsch, 2011):

Ėsyn+IC = −b0

(
E

E∗

)2

, (4.25)
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where b0 ' 10−7 eV−1/s for E∗ = 1 GeV. In this high energy limit, the point-source
solution is (see e.g. Mertsch, 2011, for more details):

fe(r, z, E, t) =
b(E0)

b(E)

Qe(E0)

[4λ2(E0, E)]3/2

∞∑
n=−∞

(−1)n exp

[
−(z − 2nL)2 + r2

4λ2(E0, E)

]
, (4.26)

where b(E) = −Ėsyn+IC , E0 and λ(E0, E) could be estimated as follows:

E0 =
E2

E − b(E)(t− t0)
, (4.27)

λ2 =

∫ E0

E

De(E
′)

b(E ′)
dE ′ ' 1

1− δ

[
De(E)

E

b(E)
−De(E0)

E0

b(E0)

]
. (4.28)

Here, E0 could be interpreted as the initial energy of a particle with energy E which
has been propagating for a period of time t− t0 and λ(E0, E) is approximately the
distance particles have traveled before suffering significant energy loss. It should
be noticed that the formula for λ(E0, E) has been estimated in the high energy
limit where D(E) ∼ Eδ. More importantly, for particles of energy E such that
E > E2

∗/b0(t − t0), the spectrum should vanish, i.e. f(r, z, E, t) = 0, since E0

becomes negative in this limit2.

Solution at Low Energy

In the low energy limit, we could solve Eq. 4.15 numerically within the finite region
of propagation which is a cylinder of height 2L and radius R (see Fig. 4.7). The
point source is also placed in the center and the radius R is chosen sufficiently
large such that the cylindrical symmetry could also be adopted for the explicit finite
difference scheme used to solve the transport equation. The details of the scheme is
presented in Appendix A together with the appropriate spatial boundary conditions.
Also, we would like to stress again that the derivative in energy requires a boundary
condition in energy for which we shall apply the analytic solutions presented above.
The numerical solutions shall be applied for CR protons of energy E . 3 GeV and
for CR electrons of energy E . 10 GeV.

In Fig. 4.8, we show the profile along the r-coordinate for the numerical solutions
inside the Galactic disk (z = 0) with the propagation set-up presented above in
comparison to the one for the analytic solutions extrapolated down to lower energy.
Both CR protons and electrons are considered in this figure. For illustration, the
r-profiles are depicted only for CRs of energy E = 100 MeV and E = 1 GeV for
the propagation time of 106, 107, and 108 years after the injection of CRs. As we
can see, the numerical and analytic solutions in this energy range are compatible
for short propagation timescales for CRs of both species. This is because, at early

2The physical interpretation of this limit is that there is no particle with large enough energy
E0 to decay into particles with energy E > E2

∗/b0(t− t0) within the propagation time t− t0.



4.2. Stochastic Fluctuations of Cosmic Rays from Supernovae Remnants 79

10
-26

10
-25

10
-24

10
-23

10
-22

10
-21

10
-20

10
-19

10
-18

10
1

10
2

10
3

f p
(E

) 
(e

V
-1

 c
m

-3
)

r (pc)

τ=10
6
 yr

τ=10
7
 yr

τ=10
8
 yr

10
-26

10
-25

10
-24

10
-23

10
-22

10
-21

10
1

10
2

10
3

f p
(E

) 
(e

V
-1

 c
m

-3
)

r (pc)

τ=10
6
 yr

τ=10
7
 yr

τ=10
8
 yr

10
-26

10
-25

10
-24

10
-23

10
-22

10
-21

10
-20

10
-19

10
1

10
2

10
3

f e
(E

) 
(e

V
-1

 c
m

-3
)

r (pc)

τ=10
6
 yr

τ=10
7
 yr

τ=10
8
 yr

10
-30

10
-29

10
-28

10
-27

10
-26

10
-25

10
-24

10
-23

10
-22

10
1

10
2

10
3

f e
(E

) 
(e

V
-1

 c
m

-3
)

r (pc)

τ=10
6
 yr

τ=10
7
 yr

τ=10
8
 yr

Figure 4.8: Comparison of the profile along the r-coordinate at z = 0 (inside the Galactic
disk) for the numerical (dashed curves) and analytic (solid curves) point-source solutions.
Both CR protons (upper panels) and electrons (lower panels) are considered. For each
species, the solutions plotted for CRs of energy E = 100 MeV (left) and E = 1 GeV
(right). The red, green, and blue curves correspond to the solution of CR transport from
a point source after the time of propagation of τ = t− t0 = 106, 107, and 108 years.

time, the transport is dominated only by diffusion which has always been taken
into account in the analytic solutions. Also, the numerical solutions for particles
of energy E = 1 GeV remains quite consistent with the analytic ones indicating
that the approximations made for the high energy limit might be valid down to
energy of around 1 GeV. For lower energy, the energy loss inside the disk (including
the adiabatic energy loss) becomes more important at later time which makes the
discrepancy between the analytic and numerical become more pronounced.

4.2.2 Stochastic Fluctuations of Cosmic-Ray Intensities

Having discussed the point-source solutions, we could now proceed to investigate
the stochastic fluctuations of the CR spectra. In order to estimate the stochastic
uncertainty, we shall generate many different realizations of the positions and the
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times of explosion for the sources. In the following, we shall use the index r to refer
to a particular realization and each source within each realization will be associated
with an index i. The CR intensities at an arbitrary position for each realization are
evaluated by summing the contribution from all the point sources within a distance
of about smax = 10 kpc since sources further away could also be considered but they
would not contribute significantly if the standard explosion energy is assumed. Let’s
suppose that all the sources are within the Galactic plane and we shall have for a
particular realization:

j(r)
p,e(E, t) =

Ns∑
i=1

v

4π
fp,e(s

(r)
i , z = 0, E, t− t(r)i ) (4.29)

where fp,e is the point-source solutions presented in the previous section, s(r)
i is the

distance between the ith source and the point of interest in the rth realization, t(r)i
is the moment of CR release for the ith source in the rth realization, and Ns is the
total number of sources within one realization. The oldest sources that we shall
consider are the ones releasing CRs around 100 millions years ago. This means that
the time of propagation since the injection for CRs is τ = t − t(r)i ≤ τmax = 108 yr
which is a few times more than the diffusive escape time of high energy CRs and the
energy loss time of low-energy CRs and, thus, the obtained stochastic fluctuations
are expected to reach a steady state. Also, the total number of sources in each
realization should be estimated roughly as:

Ns = RSNRτmax
s2
max

R2
d

' 1.3× 106 (4.30)

where RSNR ' 0.03 yr−1 is the rate of supernovae explosions in our Galaxy and
Rd ' 15 kpc is the radius of the Galactic disk. For simplicity, a homogeneous
distribution of sources in both space and time has been chosen. An example of the
distributions for an arbitrary realization is shown in Fig. 5.3. For this work, the
stochasticity effect is investigated with an ensemble of Nr = 2000 realizations.

Having calculated the intensities for each realization, the expectation value for
the intensity could be evaluated as:

〈jp,e(E, t)〉 =
1

Nr

Nr∑
r=1

j(r)
p,e(E, t) (4.31)

It is then straightforward to derive the probability density function for the value
of the intensity and interpret the range of its most probable value. In Fig. 4.10,
we show the probability density function for CRs of energy 1, 10, and 100 MeV. It
should be noticed that not only these distribution functions are not symmetric but
also they do not have a well-defined second moment as has been shown for several
analyses of the same type at high energy (see e.g. Mertsch, 2011; Bernard et al.,
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Figure 4.9: The probability density functions for SNR distances (left panel) and ages
(right panel) assuming they are homogeneously distributed within the Galaxy. An example
of the distributions for an arbitrary realization has been shown in comparison with the
binning as indicated in each figure. Notice that the distance s0 presented here is with
respect to the position of interest.

2012; Génolini et al., 2017). We shall, therefore, define the uncertainty intervals of
the intensity using the percentiles (similar to that of Mertsch, 2011). Let’s denote
by ψp,e(x) the probability density function of the random variable x = jp,e/〈jp,e〉 and
the uncertainty range of x would be within x5% and and x95% where:∫ x5%

xmin

ψp,e(x) dx = 5%, (4.32)∫ x95%

xmin

ψp,e(x) dx = 95%. (4.33)

The 90% uncertainty range of the total intensity is then I90% = [〈jp,e〉x5%, 〈jp,e〉x95%].
In Fig. 4.11, the uncertainty ranges for the intensities of CR protons and electrons
with energy from 1 MeV to about 10 GeV are presented as the shaded red region.
It is important to stress again that these stochastic fluctuations has been obtained
by assuming that SNRs could accelerate particles down to energy of about 1 MeV
with the injection spectrum of the form presented in Eq. 4.20.

Although the role of SNRs as low-energy CR sources might be quite questionable,
there are observational evidences of enhanced ionization rates in the vincinity of
SNRs indicating the presence of a population of low-energy CRs accelerated from
these objects (Vaupré et al., 2014; Gabici & Montmerle, 2015). Interestingly, the CR
intensities of CRs have been constrained down to energy in the range from about 20
MeV to 300 MeV in an MC interacting with the SNR W28 (see Chapter 6 and also
Phan et al., 2020, for more details). More importantly, even if SNRs could accelerate
these particles with the mechanisms such as diffusive shock acceleration, the energy
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Figure 4.10: Probability density functions of the total CR intensities for both protons
(upper panels) and electrons (lower panels).

loss due to Coulomb collisions inside the shocked region might create features like
spectral breaks in the injection CR spectra which makes the assumption of the
simple power law in momentum as indicated in Eq. 4.20 questionable. This problem
will be further discussed in the next section. At this point, it is sufficient to note
that the injection spectra could still be approximated as a power-law in momentum
down to energy of about 1 MeV if CRs are released at the end of the Sedov-Taylor
phase (see Section 5.1 for the more details on the phases during the evolution of
SNRs).

Also, it is interesting to notice that, for the propagation setup adopted in this
study, the most probable values of the total intensity are always above the data from
direct observations by Voyager 1 for both CR protons and electrons at low energy.
Together with the fact that the Voyager spectrum could not explain the high level of
ionization rate seen in many MCs in our Galaxy (Phan et al., 2018), this might be
an indication for the fact that the Voyager intensities are, in fact, the CR intensities
of only the local ISM. Since we are inside the LB and the suppression with respect
to the uncertainty range is particularly more pronounced for CR protons than for
electrons, it is likely that this bubble has shielded away the low-energy CRs from
the ISM and resulted in a significantly reduced intensity of CRs at the position of
the solar system.

4.2.3 Stochastic Fluctuations of the Ionization Rate

We could now translate the stochastic fluctuations of the intensities into the cor-
responding fluctuations of the ionization rate ζ(H2) in diffuse MCs. In principal,
it should be done by first evaluating the intensities of CRs inside an arbitrary MC
from the transport model presented in Chapter 3 using Eq. 3.8, Eq. 3.14, and Eq.
3.6 with the intensity j(r)

p,e of each realization as the boundary condition instead of
the intensities set by Voyager 1 and AMS data. It is then quite straightforward to
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Figure 4.11: Stochastic fluctuations of CR intensities for both protons (left panel) and
electrons (right panel).

apply Eq. 2.24, Eq. 2.25, and Eq. 2.26 as introduced in Chapter 2 to estimate
the respective ionization rate induced by both CR protons and electrons for each
realization to derive the most probable range for the values of ζ(H2). This method
would, however, require quite heavy computational effort. Therefore, we shall sim-
ply adopt this procedure for the intensities that are roughly the upper and lower
limits of the uncertainty range shown in Fig. 4.11. This should provide us with
the approximate ranges of potential values for the ionization rate induced by CR
protons and electrons.
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Figure 4.13: Cosmic-ray induced ionization rates from the stochastic fluctuations for
both CR nuclei (left panel) and electrons (right panel).

The uncertainty ranges of the differential contributions to the ionization rate
E dζ(H2)/ dE for a typical MC of density n(H2) = 100 cm−3 and of size Lc = 10
pc are shown in Fig. 4.12 together with the ones computed with the CR intensities
from Voyager 1 and AMS data. As mentioned in Chapter 3, if the intensities from
Voyager are representative of the entire Galaxy, the peaks of the differential ioniza-
tion rates suggest that the energy ranges most relevant for ionization of CR protons
and electrons are roughly within a few tens to a few hundreds MeV for both species.
Since the density of low-energy CRs might become much higher when the effects
of stochastic fluctuations are taken into account, the bulk of the ionization might
also be due to particles of the lower energy components of the upper and lower limit
intensities. It is interesting to note also that the propagation effect of diffuse MCs
on the upper and lower limit intensities is more pronounced CR protons than CR
electrons at low energy such that the energy range of CR electrons responsible for
the majority of the induced ionization could span a wide range from a few MeVs to
roughly 100 MeV depending on the specific realization of sources while the corre-
sponding energy range for CR protons mostly center around a few tens MeV. This is
essentially the reason why, as we shall see below, the ionization rate induced by CR
protons does not fluctuate considerably in comparison to the one for CR electrons.

The stochastic fluctuations of the ionization rate are shown in Fig. 4.13 together
with the measurements and upper limits of the ionization rate taken from Caselli
et al. (1998), Williams et al. (1998), Maret & Bergin (2007), and Indriolo & Mc-
Call (2012). It should be noticed that the ionization rate for nuclei CRs has been
computed by multiplying the one for protons with the nuclear enhancement factor
η ' 1.5 (see Chapter 2). It should be noticed that the uncertainty range which takes
into account the contribution of both protons and electrons is not simply the sum of
the two since the ionization rate might be enhanced (or reduced) for one CR species
but not for the other in a particular realization of sources. However, the bulk of
ionization of hadronic origin in diffuse MCs (N(H2) ' 1021 − 1022 cm−2) is caused
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by CR protons of energy around 100 MeV for and the corresponding stochastic fluc-
tuation of the intensity do not vary more than an order of magnitude within this
energy range. Thus, it might be justified to combine uncertainty range for the ion-
ization rate induced by both species (see Fig. 4.14) and, in this case, the stochastic
fluctuation is mostly due to CR electrons.

It is important to note also that the stochastic fluctuations of the ionization
rate has been derived with the model for CR transport into clouds as introduced
in Chapter 3 which includes the effect of exclusion due to the diffusive motion of
particles outside the clouds. There exist also models treating the transport of low-
energy CRs as purely ballistic (see e.g. Padovani et al., 2009). In that case, we
expect the spectra of CRs at the border of the cloud, fb(p), to be equal to the
one in the ISM, f0(p), even for CRs of energy below the characteristic energy Eloss
defined above and, thus, the resulting ionization rate could be further boosted to
better fit the data. It is, however, not yet clear whether the transport of CRs at
low energy should be treated as ballistic or diffusive (Silsbee & Ivlev, 2019). In
fact, it could be proven that the diffusive transport model might reduces to the
ballistic one if the coherence length of the magnetic field lc is much shorter than
the characteristic length xc = D/vA (where D is the diffusion coefficient of CRs
and vA is the Alfén speed, see Chapter 3 for more details). Morlino & Gabici
2015 refer to this situation as the limit where the one-dimensional approximation
breaks down since the boundary conditions limx→±∞ f(x, p) = f0(p) are no longer
valid. The appropriate boundary conditions, in this case, should be to put the ISM
spectra at the end of the flux tube of the field lines threading the clouds and the
one-dimensional model should be applicable only within the range of the flux tube.
If we restrict ourselves to the energy range where CRs could ballistically cross the
cloud, Eq. 3.5 for the high-energy part of the CR spectra inside the cloud in the
case of a finite-size flux tube becomes:

fc(p) = f0(p) +
Lc

2vAp2

[
1− exp

(
− lc − Lc

2xc

)]
∂

∂p

[
ṗ(p)p2fc(p)

]
(4.34)

where fc(p) is the spectrum of CRs inside the cloud under consideration, lc is the
coherence length of the field, and Lc is the size of the cloud. It is straightforward
from the above equation that fc(p) = f0(p) for lc � D/vA and, in the opposite limit,
we shall recover the diffusive model as presented in Chapter 3. The extrapolation
of the typical diffusion coefficient with a Kolmogorov turbulence spectrum suggests
that xc ≥ lc ' 100 pc for CRs of energy E ≥ Ec = 100 MeV (Morlino & Gabici,
2015). If the effect of self-generated turbulence like streaming instability is taken
into account, the value of Ec could be a few hundred times higher which means that
the diffusive model of CR transport into clouds is still reasonable at least from a
theoretical point of view. Nevertheless, better understanding of both the coherence
length of the field and the diffusion coefficient below a few GeVs are required in
order to clarify the nature of transport for low-energy CRs.

Although the stochastic effect could manage to boost the ionization rate a few
times higher and, in certain cases, even close to 10−16 for diffuse MCs, it seems that
the extrapolation from high energy CRs using the power-law in momentum injection
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spectrum and the diffusion coefficient as mentioned above could not provide to the
mean value of roughly 3 × 10−16 s−1. There are at least two possible implications
for such a result that we could envisage: i) a different form of the diffusion coef-
ficient with a smaller value at low energy is required which should provide better
confinement of low-energy CRs in the Galactic disk and, as a consequence, a higher
ionization rate, or ii) an indication for the existence of other classes of sources for
low-energy CRs which could be, for instance, OB/Wolf-Rayet stars (Casse & Paul,
1982; Voelk & Forman, 1982; Binns et al., 2005) or even solar-type stars (Scherer
et al., 2008).
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Figure 4.14: Combined stochastic fluctuation of the ionization rate induced by both CR
species.

It should be noticed that, in fact, the second possibility has been investigated by
Scherer et al. (2008) who find that CRs accelerated in the termination shocks of G,
K, and F stars might contribute significantly to the Galactic CR proton spectrum
in the energy range from 5 MeV to about 300 MeV. In particular, the acceleration
mechanism employed for these stars is quite similar to that of anomalous CRs which
involve ions originating from neutral atoms of the ISM drifting into the astrosphere
of the stars, picked up by the stellar winds, and finally accelerated at the termi-
nation shock. The estimated energy density for CRs with energy below 300 MeV
accelerated in this way is approximately εstar = 0.076 eV/cm3 which is 35% and
50% the corresponding energy density calculated from the upper and lower limit
intensities. More importantly, we note that the value of εstar from Scherer et al.
(2008) has been evaluated for a cylindrical region of radius 15 kpc and thickness
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2 kpc which might be much larger than the real confinement volume of low-energy
CRs since these particles might lose their energy before they even manage to escape
the Galactic disk. In other words, this value should be treated as a lower limit and
the contribution from CR-accelerating stars might be much higher.
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Chapter 5

Low Energy Cosmic Rays from
Supernova Remnants

One of the main assumption for the previous chapter is the fact that the injection
spectra of both CR protons and electrons from SNRs are power laws in momentum
down to kinetic energy of about 1 MeV. Indeed, there exist observational evidences
which suggest the presence of enhanced low-energy CR intensities in the vincinity of
SNRs (Ceccarelli et al., 2011; Dumas et al., 2014; Vaupré et al., 2014; Phan et al.,
2020). It should be noted, however, that even if these particles could be accelerated
at SNR shocks via mechanisms such as diffusive shock acceleration, the injection
spectra might emerge with spectral breaks since low-energy CRs suffer also from
energy loss due to Coulomb collisions, ionization interactions, and adiabatic energy
loss inside the acceleration region which means that the assumption of the simple
power laws in momentum as indicated above might be questionable. Section 5.1
of this chapter is particularly to address this problem. We shall see later in this
chapter that spectral breaks might appear in the case where CRs are released from
the acceleration region in the radiative phase of the SNR evolution. If the time
of release for CRs is around the end of the Sedov-Taylor phase, it is reasonable to
approximately model the injection spectra as power laws in momentum down to
energy of about 1 MeV.

Another problem that we shall discuss here concerns the intensities of low-energy
CRs measured by Voyager 1 which, as suggested in Chapter 3, might be of a local
origin since they fail to fit the observed ionization rate in MCs. Also, the analysis of
the previous chapter seems to indicate that we could not simultaneously fit both the
observed ionization rate and the Voyager spectra with a homogeneous distribution of
sources. This might come without a surprise given the relatively special position of
the solar system inside the LB. More importantly, there are observational evidences
coming from the analyses of the 60Fe isotopes in a deep-ocean ferro–manganese (Fe-
Mn) crust which suggest that a supernova explosion occurred inside the LB around
2 million years ago (Knie et al., 1999). This has, indeed, motivated us to propose
the so-called single-source scenario according to which the low energy population
of Galactic CRs are suppressed due to the presence of the LB shell and the CRs
of energy from MeV to sub-GeV observed by Voyager originate mostly from the
supernova explosion taking place inside the LB (see Section 5.2).
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5.1 Spectral Features of Low Energy Cosmic Rays
from Supernova Remnants

5.1.1 Dynamics of Supernova Remnant

We present here a simple formalism for the dynamics of SNR using the combination
of the analytic solutions by Finke & Dermer (2012) and Cioffi et al. (1988). The
evolution of the remnant goes through three phases: i) free expansion phase, ii)
Sedov-Taylor phase, and iii) radiative pressure-driven snowplow (PDS) phase.

During the first phase of the SNR, the circumstellar medium has no effect on
the expansion of the shock wave. The shock speed is roughly constant and could be
calculated simply as u0 =

√
2ESNR/M0 where ESNR and M0 are respectively the

total kinetic energy and the initial mass of the remnant (i.e. the mass of the ejecta).
This phase ends when the mass of the swept-up material is approximately the same
as the ejected mass or equivalently when the shock radius reaches:

RST =

(
3M0

4πmavgn0

)1/3

, (5.1)

where n0 is the density of hydrogen atoms in the surrounding ISM and mavg is
the average atomic mass of the ISM (with solar abundances mavg ' 1.4mp). The
transition to Sedov-Taylor phase, in turn, happens at around tST = RST/u0. For
the dynamics of the SNR from the free expansion to the Sedov-Taylor phase, we
shall adopt the approximate solution presented in Finke & Dermer (2012).

According to Cioffi et al., 1988, the transition to the PDS phase is expected at:

tPDS ' 1.33× 104n
−4/7
0 ζ−5/14

m E
3/14
SNR,51 yr, (5.2)

where n0 is the density of the surrounding ISM in unit of cm−3, ζm is the metallicity
factor which should take the value ζm = 1 for solar abundances, and ESNR,51 =
ESNR/ (1051 erg). During this phase, we shall adopt the analytic solution presented
by Cioffi et al. (1988) which, in the limit when t� tPDS, should provide the following
scalings for the shock radius Rs ∼ t3/10 and the shock speed us ∼ t−7/10. The
maximum amount of time within which the SNR could evolve and remain in the
radiative phase has also been estimated by Cioffi et al. (1988) to be:

tmax = min

[
61us,8

ζ
9/14
m n

3/7
0 ESNR,51

,
476

(ζmφc)
9/14

, 153

(
E

1/14
SNR,51n

1/7
0 ζ

3/14
m

βscs,6

)]
, (5.3)

where us,8 is the shock speed normalized at 108 cm/s, φc < 1 is the ratio between
the actual thermal condictivity of the gas in the interior of the remnant and the
value estimated by Spitzer (1962), βs is a dimensionless factor commonly chosen
to be βs ' 2 (see Cioffi et al., 1988, for more details), and cs,6 is the sound speed
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normalized at 106 cm/s. Notice that the sound speed could be estimated as:

cs ' 106

(
TISM
104 K

)1/2

cm/s (5.4)

where TISM is the temperature of the surrounding ISM. Having established all the
relevant timescales, we could present the approximate solutions for the radius and
the shock speed of the remnant throughout the three phases:

Rs(t) =



u0t t < 0.4tST

u0tST

(
5t

2tST

)2/5

tPDS > t ≥ 0.4tST

u0tST

(
5tc

2tST

)2/5(
4t

3tPDS
− 1

3

)3/10

t ≥ tPDS

(5.5)

us(t) =



u0 t < 1.84tST

u0

(
5t

2tST

)−3/5

tPDS > t ≥ 1.84tST

u0

(
5tPDS
2tST

)−3/5(
4t

3tPDS
− 1

3

)−7/10

t ≥ tPDS

(5.6)
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Figure 5.1: The radius (left panel) and the shock speed (right panel) of an SNR with
the initial mass M0 = 6.4M� in the ISM characterized by n0 = 0.5 cm−3, TISM = 104 K,
and B = 3 µG (see text for more details).

Since we would like to investigate the effect of Coulomb and ionization losses on the
evolution of the particle distribution accelerated in the shocked region, let’s discuss
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also the number density of hydrogen atoms in the post-shock medium. During the
first two phases, we simply have nps ' ne = 4n0 as the shock is strong (us � cs) and
adiabatic. For the PDS phase, we shall follow Uchiyama et al., 2010 and estimate
nH by balancing the shock ram pressure n0mpu

2
s and the magnetic pressure in the

post-shock region B2
ps/8π:

n0mpu
2
s =

B2
ps

8π
⇒ nps ' 2.65M

( n0

1 cm−3

)3/2
(

B0

3 µG

)−1(
cs

10 km/s

)
cm−3, (5.7)

where M is the Mach number of the shock front and Bps is the post-shock mag-
netic field strength calculated from the magnetic field strength in the circumstellar
medium B0 as Bps =

√
2/3(nps/n0)B0 (Uchiyama et al., 2010). The evolution of

the post-shock density could then be written as:

nps =


4n0 t < tPDS

ncps

(
4t

3tPDS
− 1

3

)−7/10

t ≥ tPDS
(5.8)

where ncps is calculated using Eq. 5.7 for us = us(t = tPDS). In the following analyses,
we shall adopt the model for SNR dynamics presented above to study the spectral
features of low-energy CRs for a typical SNR with the initial mass M0 = 6.4M� in
the ISM characterized by n0 = 0.5 cm−3, TISM = 104 K, and B = 3 µG. The radius
and the shock speed of a typical SNR with the above parameters are presented in
Fig. 5.1 and the corresponding post-shock density is also illustrated in Fig. 5.2.
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Figure 5.2: The post-shock density of an SNR with the initial mass M0 = 6.4M� in the
ISM characterized by n0 = 0.5 cm−3, TISM = 104 K, and B = 3 µG (see text for more
details).
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5.1.2 Evolution of Accelerated Cosmic Rays

For simplicity, we shall focus on the large-scale behaviour of the injected CRs and
study the volume-integrated intensity which shall be defined as:

N(p, t) '
∫
VSNR

4πp2f(x, p, t)d3x, (5.9)

where f(x, p, t) is the distribution function and the spatial region over which the in-
tegration is carried shall be the volume of the acceleration region VSNR = 4πR3

s/(3rc)
with rc is the compression factor of the shock. Notice also that we could perform
the following approximation for the velocity profile of the expanding SNR shell :

∇ · u ' 1

VSNR

dVSNR
dt

≡ 3kad
t
, (5.10)

where:

kad =

(
Ṙs

Rs

− ṙc
3rc

)
t, (5.11)

which should give kad = 1, 2/5, and 11/21 during the free expansion, Sedov-Taylor,
and radiative phase respectively. For simplicity, we shall adopt the approximation
by Finke & Dermer (2012) and take kad = 1 throughout the three phases.

The evolution of the volume-integrated intensity in the shocked region could now
be obtained from Eq. 4.14 as follows:

∂N(p, t)

∂t
+

∂

∂p

{[
b(p, t)− kadp

t

]
N(p, t)

}
= Q(p, t) (5.12)

where b(p, t) is the rate of momentum loss dominated by Coulomb and ionization loss
for low-energy CRs and Q(p, t) is the source term that describe the CRs accelerated
in the shocked region.

Particle Acceleration

Let’s assume that the volume-integrated injection intensity is a power law in mo-
mentum (Finke & Dermer, 2012) such that Q(p, t) = Q0(t) (p/mc)2−δ (m = mp or
m = me depending on the species of interest) and also the kinetic energy of CRs
makes up a fraction ξCR of the kinetic energy of the shocked fluid which means:

Q0(t)

∫ pmax

pmin

(√
p2c2 +m2

pc
4 −mpc

2
)( p

mpc

)2−δ

dp = ξCR2πR2
sn0mpu

3
s, (5.13)
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and, thus, we shall have:

Q0(t) =
ξCR2πmpn0

m2c3Λ
R2
su

3
s (5.14)

where Λ is the same integral as introduced in Eq. 4.21 in the previous section for
the source term of SNR.

Momentum Loss Rate

Apart from the adiabatic expansion that induces energy loss for CRs throughout the
evolution of the shocked region, the rate of energy loss within the energy range of
interest is mostly due to Coulomb collisions (in the free expansion and Sedov-Taylor
phase) and ionization interactions (in the radiative phase) which has been discussed
in Chapter 1 (see also Schlickeiser, 2002). It should be noted that the corresponding
b(p) for both of these mechanisms depend on momentum in the same way within the
energy range of interest and they are both proportional to the number of hydrogen
atoms in the post-shock region. We could, thus, describe the momentum loss rate
as:

bp(p, t) ' −
νp(t)nps(t)

p2
, (5.15)

be(p, t) ' −νe(t)nps(t), (5.16)

where

νp(t) =

{
2.73× 1011 (eV/c)3 s−1 cm−3 t < tPDS

3.20× 1011 (eV/c)3 s−1 cm−3 t ≥ tPDS,
(5.17)

νe(t) =

{
5.68× 10−7 (eV/c) s−1 cm−3 t < tPDS

1.88× 10−7 (eV/c) s−1 cm−3 t ≥ tPDS.
(5.18)

The changes in the value of νp and νe at t = tPDS is due to the fact that, b(p) is
mostly contributed by ionization interactions in the radiative phase while, for earlier
phases, it is dominated by Coulomb loss. Also, it should be noticed that we have
considered the non-relativistic limit for protons and relativistic limit for electrons
since the relevant range of kinetic energy in our case is between E = 1 MeV to 1
GeV and the errors induced for protons of energy above a few GeVs or electrons of
energy around a few MeVs are negligible.

Volume-Integrated Cosmic Ray Spectra

With the expression for the momentum loss rate and the source term, we are at
the position to solve Eq. 5.12 and investigate the evolution of the injected CR
intensities. The solutions could be found in a semi-analytic form using the method
of characteristics.
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For CR protons, we have:

Np(p, t) =

∫ t

tmin

dt′Qp(qp, t
′)

(
t

t′

)kad
exp

[
−
∫ t

t′
dt′′

2νp(t
′′)nH(t′′)

k3
p

]
, (5.19)

where we have denoted qp = pi,p(t
′; p, t) and kp = pi,p(t

′′; p, t), tmin,p is the solution
of the equation pmax,p = pi,p(tmin; p, t), and pi,p(ti; p, t) is the following function:

pi,p(ti; p, t) =

[
p3

(
t

ti

)3kad

+ 3

∫ t

ti

νp(t0)nH(t0)t3kad0 dt0

]1/3

. (5.20)

Similarly, the solution for CR electrons is:

Ne(p, t) =

∫ t

tmin

dt′Qe(qe, t
′)

(
t

t′

)kad
, (5.21)

where we have denoted qe = pi,e(t
′; p, t), tmin,e is the solution of the equation pmax,e =

pi,e(tmin; p, t), and pi,e(ti; p, t) is the following function:

pi,e(ti; p, t) = p

(
t

ti

)kad
+

∫ t

ti

νe(t0)nH(t0)tkad0 dt0. (5.22)

Results of the injection spectrum Q(E, t) = N(p, t)/vp are shown together with
the ones used in the study of stochasticity effect (see Eq. 4.20) in Fig. 5.3 for
both CR protons and electrons at three different moments of CR release t = tST ,
t = tPDS, and t = tmax. It is straightforward to see that the injection spectra
follow quite closely the power-law feature of the accelerated CRs if the confinement
of these particles within the acceleration region ends before the end of the Sedov-
Taylor phase. This should justify our choice for the power-law in momentum down
to around 1 MeV for the analysis of the stochasticity effect in the previous section.
Interestingly, there exists a break in the injection spectra of both species at around
30 MeV for the case where particles are released at the end of the PDS phase. Such
a spectral feature has been briefly mentioned in the recent review by Tatischeff &
Gabici (2018) who proposes that a break in the spectra of the sources at around 200
MeV might help to explain the intensities of low-energy CRs observed by Voyager
1. However, it is clear from the discussion in Chapter 3 and in the previous section
that the CR intensities at low energy observed at the position of the solar system
could not be taken as the reference value for the entire Galaxy.

In the following, we shall propose another scenario to possibly fit the entire CR
intensities from a few MeVs to about 10 GeV which relies on the fact that the solar
system is actually located within the LB.
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Figure 5.3: Volume-integrated CR spectra for an SNR of initial mass M0 = 6.4M� for
different times of escape. The left and right panels are respectively the results for CR
protons and electrons. The blue, green, and red curves represent to the volume-integrated
injection spectrum for the times of CR release t = tST (the end of the free expansion
phase), t = tPDS (the end of the Sedov-Taylor phase), t = tmax (the end of the radiative
phase). The dashed lines are the volume-integrated injection spectra adopted for the study
of stochasticity in Chapter 4.

5.2 Cosmic-Ray Intensities from the Voyager Probes
and the Local Bubble?

As mentioned above, the analyses of both the ionization rate and the stochasticity
effect of sources strongly indicate the Voyager spectra have been shaped by sources
within the local ISM. In this section, we shall investigate the scenario where low
energy Galactic CRs are shielded by the LB’s shell and the local CR intensities
below a few hundreds MeV comes mostly from the accelerated CRs of the supernova
explosion which occurred around 2 million years ago.

5.2.1 Transport on the Bubble’s Shell

Since simulations suggests that outflows perpendicular to the Galactic disk might
open up the bubble into the halo (Breitschwerdt et al., 2000; Schulreich et al., 2017),
we shall adopt the simplified geometry similar to that presented in Andersen et al.
(2018) for the LB which is to assume its cylindrical form with the magnetic field
wrapped around its shell made up of mostly by neutral matters. We shall set the
radius of the LB to be RLB ' 150 pc, the thickness of the shell is Lsh = 5 pc, and
the density of hydrogen atoms outside is roughly n0 = 0.5 cm−3. This means that
the column density of the LB’s shell should be roughly NH = n0RLB ' 2 × 1020

cm−2 which is comparable to the value NH ' 1.5 × 1020 cm−2 suggested from the
observational evidence (see e.g. Andersson & Potter, 2006) and the density inside
the shell is roughly nsh = n0RLB/Lsh (assuming the swept-up materials are all
condensed into the shell).
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In this case, the transport of particles into the LB’s interior proceeds via the
perpendicular diffusion which is commonly suppressed in comparison to the typical
parallel diffusion along the field line. As we shall see later, most of the CRs from
outside which manage to penetrate the LB’s shell and contribute to the local CR
intensities at low energy are actually within the energy range where the stochastic
fluctuations are negligible. For this reason, we will restrict ourselves to the steady-
state solution of the transport equation which, in cylindrical coordinates, reads:

D⊥
r

∂

∂r

(
r
∂f

∂r

)
− ∂

∂E

(
Ėf
)

= 0 (5.23)

where D⊥ is the perpendicular diffusion, r is the distance from the point of inter-
est to the symmetric axis of the LB, and f(r, E) is the spectrum of CRs. Notice
that inside the LB energy loss should be negligible (again in the energy range rele-
vant for penetrating CRs) and the system is under cylindrical symmetry such that
(∂f/∂r)r=0 = 0. This means that the derivative ∂f/∂r should vanish everywhere
inside the LB and the spectrum does not depend on r for r ≤ RLB. We shall, there-
fore, focus on finding the CR intensities at the inner boundary of the shell meaning
at r = RLB which could be done by solving numerically the transport equation with
diffusion and energy loss across the shell. The boundary condition at r = RLB is set
to be the vanishing derivative of f(r, E) with respect to r and also, at r = RLB+Lsh,
the CR intensities are set to be equal to the upper and lower limit intensities ob-
tained in the analyses for stochasticity of sources (see the black curves in Fig. 4.11).
The analogy of this problem to the case of CR transport into MCs suggests that the
presence of the shell itself might affect the intensities of CRs immediately outside of
the LB, we note, however, that the boundary condition at r = RLB +Lsh is justified
at least under the assumption that the diffusion coefficient inside the shell is much
smaller than the one in the ISM outside the bubble.

We shall investigate the transport for the perpendicular diffusion coefficient of
the following form:

D⊥(E) = D(E)/η (5.24)

where η = 20− 200 and D is the diffusion coefficient in the ISM as presented in Eq.
4.17. This scaling has been motivated from several theoretical investigations of CR
mean free path inside the heliosphere (see e.g. Bieber et al., 2004, and references
therein).Indeed, this provides only a weak justification for the adopted values of
D⊥ since the parallel diffusion coefficient inside the LB’s shell is actually unknown.
Thus, the range chosen here is simply for reference and, in the following, we should
keep in mind that D⊥ should be regarded as a fit parameter.

Results are shown in Fig. 5.4 for the perpendicular diffusion coefficient with η =
20 (yellow shaded region) and η = 200 (green shaded region). It is straightforward
to see that there exists a characteristic energy scale E∗ below which the slopes of
the penetrating CR intensities are actually fixed by the process of energy loss inside
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Figure 5.4: Predicted intensities of CRs in the LB interior. The left and right panels are
respectively the results for CR protons and electrons. The shaded red regions contoured
by the black curves represent the stochastic fluctuations presented in the previous chapter.
The yellow (η = 20) and green (η = 200) shaded regions are the corresponding fluctuations
in the intensities after diffusing through the shell.

the LB’s shell. In particular, the value of E∗ set the lowest possible energy for
CRs from outside to transport into the LB and it could be roughly estimated by
equating the column density covered by CRs to the column density of the bubble’s
shell nsh

√
2D⊥(E∗)τl(E∗) = NH.

There exists also the possibility to have particles transported into the LB by
diffusing along the field lines. Such a scenario has been recently investigated by
Silsbee & Ivlev (2019) who have presented one of the very first attempt to fit both
the ionization rate in diffuse clouds and the intensity of CR protons from Voyager
1. These authors have proposed a spectrum of Galactic CRs with more low energy
particles to fit the ionization rate in clouds and, then, find the corresponding column
density traversed by these CRs in order to suppress the spectrum such that it fits the
data from Voyager 1. This results in a quite large column density which could mean
that the density inside the LB’s shell is large or the magnetic field lines wrap around
this shell a few times before going inside the bubble. We notice, however, that the
slope of the CR intensity fitted in this way is also determined by the process of energy
loss inside the shell. In other words, different values of the diffusion coefficient could
only change the point of the break E∗ mentioned above and the slope of the intensity
at low energy is always different from the one observed by Voyager regardless of the
scenario for CR transport. Thus, it seems quite challenging to fit the low-energy
CR intensities simply with Galactic CRs from the exterior of the LB.

5.2.2 The Single-Source Scenario for Low Energy Cosmic Rays

The discussion of the transport on the LB’s shell seems to make it even more clear
that the intensities of CRs observed by Voyager 1 should have contribution from
local sources. One of the potential source for such a scenario could be a supernova
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explosion that took place within the LB. It is believed that such an explosion oc-
curred around 2 million years ago as supported by observational evidences from the
60Fe isotopes in a deep-ocean ferro–manganese (Fe-Mn) crust (Knie et al., 1999).

For simplicity, we will study this scenario in a zero-dimension model which em-
ploy the volume integrated equation for the CR intensities as introduced in the
previous section. Notice that in this case the use of the volume integrated equation
is justified since the radius of the remnant by the time it releases CRs presumably
at the end of the Sedov-Taylor phase should be comparable to the radius of the LB.
In this case, the equation for the volume integrated intensities reads:

∂N

∂t
+

∂

∂p
[b(p, t)N ] +

N

τD(p)
= 0, (5.25)

where N(p, t) as introduced previously is the volume-integrated intensity of CRs,
b(p) is the momentum loss rate of CRs, and τD ' r2

0/6D (with D = D(p) is the
diffusion coefficient inside the LB and r0 ' is the radius of the remnant at the end
of the Sedov-Taylor phase) is the diffusive escape time. We shall follow Joubaud
et al. (2020) to describe the diffusion coefficient as:

D(E) = DB

(
rL
λinj

)1−bT
, (5.26)

where DB = rLv/3 is the Bohm diffusion coefficient, rL is the Larmor radius at
energy E, λinj is the turbulence injection scale, and bT = 5/3 in the case of a
Kolmogorov turbulence spectrum. Equation 5.25 describes the evolution of the
volume-integrated intensities of CRs inside the acceleration region1 after the release
of CRs at the end of the Sedov-Taylor phase of the SNR at tage − tPDS years ago.
We shall first solve Eq. 5.12 for the volume-integrated intensities in the acceleration
region at t = tPDS and, then, apply these solutions as the initial conditions to seek
the volume-integrated intensities at t = tage using Eq. 5.25. Notice also that, at the
time of CR release t = tPDS, the Mach number of the shock at this time should be
relatively low (due to the low density and high temperature of the medium inside
the LB) and, thus, we have neglected the adiabatic energy loss due to the expansion
of the shocked region for t ≥ tPDS. We shall denote nLB to be the plasma density
inside the LB and the solution for the volume integrated intensities for CR protons
could be written as:

Np(p, t) = N0,p(p0) exp

{
−
∫ tage

tPDS

dt′
[

2νpnLB
p′3

+
1

τD(p′)

]}
, (5.27)

1It might not be appropriate to call this the acceleration region since we are interested in the
evolution of the CR intensities inside this region at t = tage long after CRs are released. Please
keep in mind that, for t ≥ tPDS , the acceleration region refers to the shell of plasma around the
shock front at t = tPDS when the process of acceleration ends.
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where p0 = qp(tPDS; p, t), p′ = qp(t
′; p, t), and the function of the initial momentum

qp(t0; p, t) is:

qp(t0; p, t) =
[
p3 + νpnLB(t− t′)

]1/3
. (5.28)

Similarly, we have for CR electrons:

Ne(p, t) = N0,e(p0) exp

[
−
∫ tage

tPDS

dt′
1

τD(p′)

]
, (5.29)

where p0 = qe(tPDS; p, t), p′ = qe(t
′; p, t), and the function of the initial momentum

qe(t0; p, t) is:

qp(t0; p, t) = p+ νenLB(t− t′). (5.30)
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Figure 5.5: Intensities of CRs after transported through the shell of the LB into its
interior together with the one from the local SNR fitted with the data from Voyager 1
(Cummings et al., 2016) and AMS 02 (Aguilar et al., 2014; Aguilar et al., 2015). The left
and right panels are respectively the results for CR protons and electrons. The shaded
red regions correspond to the stochastic fluctuations presented in the previous chapter, the
purple dashed lines are the intensities from the local SNR, and the combined intensities
are presented as the green shaded regions.

It should be noticed that the momentum loss rate in this case is simply due to
Coulomb interactions since we are modeling CRs within the LB. This means that:

νp = 2.73× 1011 (eV/c)3 s−1 cm−3, (5.31)
νe = 5.68× 10−7 (eV/c) s−1 cm−3. (5.32)

We note also that the function N0,p(p0) and N0,e(p0) are the volume integrated
intensities calculated at the end of the Sedov-Taylor phase when CRs are released
from Eq. 5.19 and Eq. 5.21 respectively for t = tPDS ' 2.4 × 105 yr. Here, the
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end of the Sedov-Taylor phase for the SNR has to be evaluated using the density of
hydrogen atoms and the temperature of the plasma characterizing the ISM inside
the LB. The widely accepted values for these parameters are nLB ' 0.005 cm−3 and
TISM ' 106 K (see e.g. Welsh & Shelton, 2009). For the fit of the Voyager spectra, we
keep TISM = 106 K and set nLB = 0.02 cm−3. It should be noticed, however, that the
spectra of CRs from the local SNR are very sensitive to the particular value of nLB
and the transition between two components of the fit becomes smoother for higher
density. Another essential point to be discussed is the density of the acceleration
region which, at the end of the Sedov-Taylor phase, should become a shell of plasma
with density n = 4nLB and it is not very clear to us how long would it take for
this structure to dissipate and merge with the plasma of the ISM inside the LB.
We have, therefore, decided to set the density of this region to n = nLB right after
the release of CRs. Also, the suppression for the diffusion coefficient in the LB’s
shell has been chosen to be η = 200, the acceleration efficiency has been set to be
respectively ξCR = 5% and 0.5% for CR protons and electrons, the injection scale
for turbulence inside the LB adopted for the fit is λinj ' 20 pc (this value is a bit
higher than the one suggested from MHD simulations which is about 10 pc, see e.g.
Ntormousi et al., 2017). The results for both CR protons and electrons are shown
in Fig. 5.5.

The shaded green regions are the combined intensities of both Galactic CRs
and the ones of the local SNR which, for both CR protons and electrons (left and
right panels respectively) could provide acceptable fits with the data from Voyager
1 (Cummings et al., 2016) and AMS 02 (Aguilar et al., 2014; Aguilar et al., 2015).
We note, however, that the quality of the fits is very sensitive to the plasma density
inside the LB and it requires this parameter to be about 4 times higher than the
commonly quoted value. This could be due to the compression of the medium by
the shock inside the bubble, but more comprehensive studies of the merging phase
of the SNR in such an environment are needed for better insight into this problem.
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Chapter 6

Cosmic Rays in the Vicinity of the
Supernova Remnant W28

Supernova remnants interacting with MCs are ideal laboratories to study the ac-
celeration of particles at astrophysical shocks (Gabici & Montmerle, 2015). The
study of such systems is of particular importance in connection with the problem
of the origin of Galactic Cosmic Rays (CRs). This is because CRs are believed to
be accelerated at SNR shocks, and injected into the ISM with an energy spectrum
which is a power law in momentum over a very broad range of particle energies (see
e.g. Drury & Strong, 2017; Gabici et al., 2019).

The SNR W28 is a middle-aged remnant (estimated age equal to few times
104 years) located at a distance of about 2 kpc (Velázquez et al., 2002). It is
classified as a mixed-morphology SNR with center-filled thermal X-ray emission
and shell-like radio morphology (Rho & Borkowski, 2002; Dubner et al., 2000).
Also, observations in CO(1-0) have revealed molecular gas within the field of W28
(Dame et al., 2001), concentrated in a number of massive MCs (Aharonian et al.,
2008). Most importantly the detection of 1750 OH maser from the MC located
on the northeastern side of the SNR suggests that this cloud is interacting with
the blast wave of the remnant (Claussen et al., 1997). The W28 SNR/MC system
has been observed at all wavelengths, including radio (see Dubner et al., 2000,
and references therein), millimeter (Vaupré et al., 2014), X-rays (see Zhou et al.,
2014, and references therein),and high-energy and very-high-energy gamma rays
(Aharonian et al., 2008; Abdo et al., 2010a). This makes it an ideal target for
studies of CR acceleration and escape from SNRs (e.g., Nava & Gabici, 2013, and
references therein).

The MCs in the vicinity of W28 are prominent gamma-ray sources (Aharonian
et al., 2008; Abdo et al., 2010a). The origin of this emission is due to interactions of
GeV and TeV CR protons that were accelerated in the past at the SNR shock and
that now fill a vast region surrounding the remnant (e.g., Gabici et al., 2010). Re-
markably, measurements performed in the millimeter domain revealed an enhanced
ionization rate from the northeastern MC (Vaupré et al., 2014). The ionization of
the MC could be due either to the interactions of CRs (either protons or electrons)
with the molecular gas, or to the presence of X-rays coming from the SNR shock-
heated gas. X-rays have been proposed as a possible source of ionization in the
vicinity of a number of SNRs (Schuppan et al., 2014).
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As we will see in the following, X-rays are, in this case, not a viable explanation
for the enhanced ionization, and therefore CRs are left as the only possible ionizing
agents present inside the cloud. This fact opens up the possibility to combine high-
and low-energy observations of the SNR/MC system (gamma rays and millimeter
waves, respectively), and constrain the spectrum of CRs present in the region over
an interval of particle energies of unprecedented breadth: from the MeV to the TeV
domain. We show that data are best explained if an enhanced flux of CR protons
is present, and if such protons are characterized by energies spanning from . 100
MeV up to tens of TeV.

This chapter is organized as follows: in Section 6.1 we summarize the multi-
wavelength observations of the W28 SNR/MC system, in Section 6.2 we compute
the photoionization rate induced in the MC by X-ray photons. The role of CRs in
ionizing the gas is investigated in Section 6.3, where constraints on the CR proton
and electron spectra are also obtained. We discuss and summarize our results in
Section 6.4.

6.1 Multi-Wavelength Observations of the W28 Re-
gion

In this section we review the status of the multi-wavelength observations of the W28
and its surroundings. The purple (dot-dot-dashed) circle in Fig. 6.1 indicates the
approximate contours of the SNR shell as traced by its radio emission (Dubner et
al., 2000; Brogan et al., 2006). Observations in the CO molecular line revealed the
presence of a number of dense (≈ 103 cm−3) and massive (≈ 105M�) MCs in the
region (Matsunaga et al., 2001; Aharonian et al., 2008). Remarkably, the H.E.S.S.
collaboration reported the detection of very-high-energy gamma-ray emission from
the vicinity of W28, which correlates spatially very well with the position of the
MCs (Aharonian et al., 2008). The blue contours in Fig. 6.1 show the 4σ significance
excess in TeV gamma rays. The spatial correlation points towards a hadronic origin
of the gamma-ray emission, which results from the interactions of CR nuclei with
the dense gas that forms the MCs. Gamma-ray data are best explained by assuming
that CR protons were accelerated in the past at the SNR when the shock speed was
larger than the present one. Such particles then escaped the system, and now fill a
large volume which encompasses all the gamma-ray-bright MCs (Fujita et al., 2009;
Gabici et al., 2010; Li & Chen, 2010; Ohira et al., 2011; Nava & Gabici, 2013).

The detection of OH maser emission from the northeastern MC indicates that
the SNR shock is currently interacting with that cloud (Claussen et al., 1997; Hewitt
et al., 2008). The other TeV-bright MCs are located in the south, outside of the
SNR radio boundary and therefore have not yet been reached by the shock. In the
following, we focus mainly on the interaction region, and for this reason we also
show, as a dashed red circle, the position and extension of the Fermi -LAT source
associated to the northeastern cloud (Abdo et al., 2010a; Cui et al., 2018).

The presence of the gamma-ray emission from the MCs reveals an overdensity
of CRs with respect to the Galactic background, both in the GeV and TeV energy



6.1. Multi-Wavelength Observations of the W28 Region 105

-24
o

-23
o
30

,

-23
o

17h57m18h18h03m

D
e
c
lin

a
ti
o
n
 (

J
2
0
0
0
)

Right Ascension (J2000)

K-alpha

HESS

Radio

FERMI

Figure 6.1: Contour map for the W28 region. The approximate radio boundary of the
SNR shell is shown as a purple dot-dot-dashed circle. The solid blue contours represent
the 4σ significance excess TeV emission observed by H.E.S.S. (Aharonian et al., 2008). The
short-dashed red circle is the best-fit disk size for the Fermi-LAT GeV source associated to
the northeastern MC (Cui et al., 2018). The enhanced region of Fe slowromancapi@ Kα
line emission is the area enclosed by the dashed green line (Nobukawa et al., 2018). The
CR ionization rate has been measured from IRAM observations in the directions indicated
by the yellow triangles (Vaupré et al., 2014). The filled black circle and square indicate the
centroids of the X-ray emission for the northeast and central X-ray sources, respectively
(Rho & Borkowski, 2002).

domain. In addition to that, observations of millimeter lines performed with the
IRAM 30m telescope (orange triangles in the figure) allow us to infer that an excess
in the gas ionization rate is also present at the position of the SNR/MC interaction,
but not at the position of the southern MC complex (Vaupré et al. (2014), see also
Chapter 2 for more details on how the ionization rate is derived). Such enhanced
ionization rate could be interpreted as an excess of CRs (either protons or electrons)
of low energy (≈ MeV energy domain). However, the SNR is a powerful thermal
X-ray source (Rho & Borkowski, 2002; Zhou et al., 2014), and the X-ray photons
might also penetrate the cloud and be responsible for the enhanced ionization rate,
as was proposed for other SNR/MC systems (Schuppan et al., 2014). The spatial
morphology of the X-ray emission is quite extended, and can be roughly described
as the sum of two extended sources, whose centroids are shown in Fig. 6.1 as a filled
black square (central source, C) and circle (northeastern source, NE). Determining
whether the enhanced ionization rate is due to CR protons, electrons, or X-ray
photons is one of the goals of this chapter (see Sect. 6.2).

Finally, additional constraints on the origin of the enhanced ionization rate can
be obtained from hard X-ray observations of W28 performed by Suzaku (Nobukawa
et al., 2018). These observations revealed the presence of the Fe I Kα line in the
X-ray spectrum. This line could be produced by interactions between low-energy
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Table 6.1: Fit parameters of the vnei model for the X-ray sources adopted from Zhou
et al., 2014

Objects NE C
kTc (keV) 0.33 0.60
τc (1011 cm−3s) 6.00 2.35
1,2Abun 0.26 0.12
Si 0.40 0.16
S 0.88 0.39
Fe 0.22 0.10
3φs (10−11 erg cm−2 s−1) 6.61 10.43
1. All the abundances are relative to solar ones (see

Sec. 6.2 for more explanations).

2. Abundances of C, N, O, Ne, Mg, Ar, Ca, and Ni.

3. Unabsorbed fluxes in the 0.3–5.0 keV band.

(MeV domain) CRs and cold gas, and it is therefore tempting to propose a common
origin for the line emission and the excess in the ionization rate measured in the
northeastern MC. Puzzlingly, Fe I Kα line emission has been detected from a region
(green dashed contour in Fig. 6.1) close to but not coincident with the position of
the gamma-ray bright northeastern MC.

6.2 Photoionization
Based on XMM-Newton observations, Zhou et al. (2014) claimed that the X-ray
emission from the SNR W28 is predominantly thermal, with a possible subdominant
nonthermal contribution from source NE, and an indication for the presence of a
multi-temperature gas for source C (see also Rho & Borkowski 2002).

In order to estimate the level of photoionization induced by the SNR X-ray emis-
sion in the northeastern MC, we make use of the spectral fits to XMM data obtained
by Zhou et al. (2014). For simplicity, we consider single-temperature nonequilibrium
ionization models where the abundances, ionization timescale, and plasma temper-
ature are allowed to vary to fit the X-ray emission of both the NE and C source
(vnei models in XSPEC1). We refer the interested reader to Vink, 2012 for a more
detailed discussion of these plasma models. The best-fit parameters are provided in
Table 6.1, where the abundances are defined as the ratio between the abundances
of the sources and the abundances in the Solar System. Even though more sophis-
ticated models obtained by adding a power law or a hot component with higher
temperature to the spectrum of the NE and C sources could improve the spectral
fits (see some of the proposed models by Zhou et al., 2014), this has very little effect
in our estimate of the photoionization rate.

The intensity of the X-ray radiation inside the northeastern MC has been com-
puted by assuming that the X-ray sources NE and C are point-like and located at

1https://heasarc.gsfc.nasa.gov/xanadu/xspec/

https://heasarc.gsfc.nasa.gov/xanadu/xspec/


6.2. Photoionization 107

the position of the two centroids of the X-ray emission (filled black circle and square
in Fig. 6.1). The contribution to the density of X-ray photons at a given location r
away from the source can be computed as:

nph(E, r) =
F (E)D2

s

cr2
exp

[
−n(H2)σabs(E)

fH2

d(r)

]
, (6.1)

where F (E) is the X-ray source’s unabsorbed differential photon flux, Ds ∼ 2 kpc
is the distance from the source to Earth, c is the speed of light, n(H2) is the density
of H2 molecules in the absorbing medium (which in this case is the MC), fH2 =
n(H2)/(2n(H2) +n(H)) is the fractional density of H2 molecules relative to the total
number of H atom, σabs(E) is the photoelectric absorption cross-section per H atom,
and d(r) is the distance travelled inside of the cloud by the X-ray photons that
reached a distance r from the source (see Fig. 6.2). For MCs, it is appropriate to set
fH2 ∼ 0.5 (see e.g. Vaupré et al., 2014), and we further assume solar abundances to
describe the gas in the MC. This latter assumption allows us to use the absorption
cross-section σabs(E) taken from Morrison & McCammon (1983). In fact, the exact
value adopted for the element abundances in the MC might have some impact:
changing from the solar abundances to the ones of the NE source as reported in
Table 6.1 (∼ 0.3 times the solar abundances for most elements) would increase the
estimate of the photoionization rate by a factor of approximately three (see Fig. 6.3).

With Eq. 6.1 at hand, the photoionization rate ξph induced by X-ray photons
inside the cloud can be obtained following the approach presented in Maloney et al.
(1996). Due to the relatively low temperatures of the emitting plasmas (< 1 keV),
the contribution from Compton scattering to the photoionization rate can be safely
neglected. Moreover, most of the ionization in the MC will be induced by secondary
electrons generated as a result of the X-ray photoionization, meaning that we can
write:

ξph(r) = 2fH2

∑
s

∫ Emax

I

σabs(E)cnsph(E, r)Msec(E) dE, (6.2)

where the sum indicates that both X-ray sources (s = NE and C) are considered.
Here, I ≈ 15.4 eV is the ionization potential of H2, andMsec(E) = (E−I)/W is the
mean multiplicity for ionization by a secondary electron in a H2 gas, with W ∼ 40
eV (see Dalgarno et al., 1999; Dogiel et al., 2013).

Before proceeding, a discussion of the geometry of the problem is in order (see
Fig. 6.2). We model the X-ray emission from the SNR as two point sources located
at the position of the centroids of the emission (Rho & Borkowski, 2002). The
ionization rate in the northeastern MC has been measured along several lines of
sight (yellow triangles in Fig. 6.1, Vaupré et al. 2014). To maximise the effect of
photoionization, we have chosen to study the line of sight which is the closest to the
centroids of the X-ray emission, which has been labeled by Vaupré et al., 2014 as
J1801-N1. This line of sight is also the one characterized by the smaller measured
value of the density of H2, which is equal to n(H2) ' 600 cm−3 (Vaupré et al., 2014).
In the following, we assume that this density characterizes the entire cloud. This
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rC

C

J1801-N1

Toward the observer
NE

Middle point
of the line segment

inside the MC

dC ≃ dNE

dNE = rNE

Inside the cloud

Figure 6.2: Adopted geometry for the calculation of photoionization. The centroids of
the X-ray emission are indicated by the points labeled NE and C, and the line of sight
labeled J1801-N1 is the IRAM pointing closest to the X-ray sources.

Table 6.2: Coordinates and relative distances of the two X-ray sources and of the line of
sight J1801-N1.

Objects α δ dNE dC
(hms) (′′′) (pc) (pc)

NE source 18 01 45.7 -23 16 58.3 − −
C source 18 00 25.5 -23 23 47.2 − −
J1801-N1 18 01 58.0 -23 14 44.0 2.10 13.43

is of course not true, given that larger values of this quantity have been estimated
by Vaupré et al. (2014) for all the lines of sight other than J1801-N1, but such
an assumption will provide us with the most optimistic (larger) estimate of the
photoionization rate in the cloud. We further assume that the two X-ray sources
lay on a plane orthogonal to the line of sight J1801-N1, and that the northeastern
MC is spatially symmetric with respect to that plane. The coordinates of the two
X-ray sources and of the line of sight J1801-N1 are listed in Table 6.2 together with
their relative distances.

Adopting the geometry presented in Fig. 6.2, we can now estimate the X-ray
photo-ionization rate as a function of the gas column density along the line of sight
N(H2). Figure 6.3 shows the differential photo-ionization rate averaged along the
line of sight for different values of the column densities along the line of sight:
N(H2) = 1021, 1022, 1023 cm−2, respectively. For typical values in the range N(H2) ≈
1021 - 1023 cm−2, the left panel of Fig. 6.3 shows that the contribution to ionization
comes mainly from X-ray photons with energy in the range from . 1 keV to a few
keV.
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Figure 6.3: Left : Average differential ionization rate for different assumed gas column
densities along the line of sight N1 and solar abundance. Right : Predictions for the pho-
toionization rate are shown by the solid and dashed red lines (for the cloud with solar
abundances and the abundances of the NE source, respectively). Observational data taken
from Vaupré et al., 2014 are presented as filled circles (measurements) and filled triangles
(lower limits). The shaded region indicates a reference range of values of the ionization
rate which has been used to constrain the CR spectrum (see text).

The right panel of Fig. 6.3 shows the expected photo-ionization rates as a func-
tion of the gas column density for a cloud of solar (solid red curve) and 0.3 times
solar metallicity (dashed red curve). These predictions can be compared with the
measurements of the ionization rate in the northeastern cloud (data points and lower
limits in the figure). One can clearly see that the contribution from X-rays to the
observed ionization rate is negligible even in the most optimistic scenario considered
here. Therefore, the ionization rate must be due to CRs, either protons (or nuclei)
or electrons. We consider this scenario in the following Section.

6.3 Cosmic-Ray Induced Ionization
The gamma-ray emission detected from the MCs in the vicinity of the SNR W28 is
interpreted as the result of hadronic interactions between CR nuclei (mostly protons)
accelerated in the past at the SNR shock. These particles escaped the remnant and
now fill a vast region that encompasses the clouds. The gamma-ray emission results
from the decay of neutral pions produced in inelastic proton–proton interactions.
The energy threshold to produce pions at rest is T thp ∼ 280 MeV. Therefore, gamma-
ray observations can be used, generally, to determine the shape of the spectrum of
CR protons of kinetic energy exceeding T thp contained in the MCs.

It is definitely less straightforward to infer the energy spectrum of the CR elec-
trons contained within the cloud. The SNRW28 is a bright synchrotron radio source
(Dubner et al., 2000), and this indicates the presence of relativistic electrons and
magnetic field in the region. Even though the morphology of the radio emission does
not correlate with that of molecular clouds, the brightest region in radio roughly
coincides with the position of the northeastern cloud.
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In the following, we investigate the possibility that either CR protons or electrons
are the responsible for the enhanced ionization rate measured from the northeastern
cloud. The H2 ionization rate induced by proton and electron CRs could be obtained
using Eq. 2.24 and Eq. 2.25 as introduced in Chapter 2 (see also Padovani et al.,
2009; Phan et al., 2018; Recchia et al., 2019).

6.3.1 Cosmic-Ray Protons and Nuclei

Let us assume that the spectrum of CR protons in the cloud can be described as
a power law in momentum ∝ p−(δp+2) as expected if protons are accelerated at the
SNR shock via a first-order Fermi mechanism. In terms of the particle kinetic energy
Tp, this writes:

np(Tp) = Ap
(
Tp +mpc

2
) [
T 2
p + 2Tpmpc

2
]− δp+1

2 , (6.3)

where all energies are in GeV and Ap is a normalization factor. Both Ap and the
spectral index δp can be obtained by fitting the gamma-ray data.

Assuming that the observed gamma rays are produced by proton–proton inter-
actions, the expected gamma-ray flux measured at Earth would be:

φ(Eγ) =
Mcl

4πD2
smavg

∫ Tmax
p

Tminp

4πjp(Tp)ε(Tp)
dσpp(Tp, Eγ)

dEγ
dTp, (6.4)

where jp(Tp) = (v/4π)np(Tp) is the CR proton intensity as a function of the particle
kinetic energy Tp (v is the particle velocity). Moreover, Mcl is the mass of the whole
cloud (∼ 5× 104M�, see Aharonian et al. 2008), mavg is the average atomic mass of
the gas from the MC (with solar abundance mavg ' 1.4mp), Tmax

p is the maximum
kinetic energy of the accelerated particle (its exact value is irrelevant, as long as
� 100 TeV), and Tminp is the threshold energy for π0 production in proton–proton
interactions. Also, dσpp(Tp, Eγ)/ dEγ is the differential cross-section for gamma-
ray production and ε(Tp) is the nuclear enhancement factor to take into account
gamma-ray production from nucleus–nucleus interaction (both taken from Kafexhiu
et al., 2014). A fit to the gamma-ray data is shown in Fig. 6.4 (left panel), where
data points are from Aharonian et al. (2008) and Abdo et al. (2010a). The values
obtained for Ap and δp are reported in the first row of Table 6.3. Of course, the
CRs responsible for the gamma ray emission are characterized by particle energies
in the GeV and TeV domains, and therefore their contribution to the ionization rate
is negligible (e.g., Padovani et al., 2009; Phan et al., 2018).

In order to estimate the possible contribution from CR protons to the measured
ionization rate in the cloud, we extrapolate the power law spectrum obtained after
fitting the gamma-ray data down to the MeV energy domain. In other words, we
assume a spectrum as in Eq. 6.3 down to an arbitrary particle kinetic energy Tc. We
then compute the ionization rate due to CR protons using Eq. 2.24 and multiply
by a factor η = 1.5 to take into account the contribution from CR nuclei (Padovani
et al., 2009). This allows us to constrain the value of Tc so that the ionization rate
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falls in the range indicated by the green shaded region in Fig. 6.3. The range of
values Tminc < Tc < Tmaxc obtained in this way are reported in Table 6.3.

There are several reasons to envisage a change in the CR proton spectrum at
certain particle energies Tc. Let us first consider the scenario where the region of
enhanced ionization is upstream of the shock and the ionizing CRs have already
escaped the remnant. In this case, the range of possible numerical values of Tc can
be estimated as follows.

1. Cosmic-ray protons have been produced at the SNR shock τinj years ago, and
since then they have suffered energy losses (mainly ionization losses) in the
dense gas, over a characteristic time τion(Tp), which is proportional to the gas
density and an increasing function of particle energy (see Fig. 2 in Phan et al.
2018). In fact, energy losses can be effective only for particles characterized
by an energy smaller than Tc, defined as τion(Tc) = τinj, because particles of
higher energy simply do not have time to cool. The maximum possible value
for τinj is of course the age of the SNR τage ≈ 4× 104 yr (Gabici et al., 2010),
which provides an upper limit for Tc. For a typical gas density of nH2 ∼ 103

cm−3 this gives Tc . 4× 102MeV, which is quite close to the value of Tmaxc in
Table 6.3.

2. Cosmic-ray protons have to penetrate deep into the cloud in order to ionize
the gas there. If we define τp as the time it takes them to reach the center of
the cloud moving a distance L away from the position of the shock, we can
estimate Tc by imposing τion = τp. The shortest possible penetration time
τp is obtained after assuming that CR protons move along straight lines at a
velocity v ∼

√
2Tc/mp. If we assume that CR protons have to cross a gas

column density of ∼ 3 × 1022(nH2/103 cm−3)(L/10 pc) cm−2 we get Tc & 7
MeV, which is a factor of a few smaller than Tminc in Table 6.3.

It should be noted that, in this scenario, the range of possible values for Tc
obtained by means of the phenomenological consideration made above overlaps very
well with the range of values obtained observationally (Table 6.3), that is, by fitting
the millimeter and gamma-ray data simultaneously.

Another possible scenario is that the SNR shock has overrun the region of en-
hanced ionization, engulfing it with low-energy CRs which are still inside the shell
in the downstream region. This is similar to the case of the region of enhanced
ionization W51C-E which has been shown to be in the downstream region of the
SNR W51C (see Dumas et al. 2014 for more detailed discussion). If this is true then
we may expect a hardening in the low-energy part of the spectrum below Tc due to
the difference in spectral features of the escaped CRs at high energy and the still
confined CRs at low energy. However, our understanding of the escape of CRs from
SNR shocks is still quite poor, making an accurate estimate of the numerical value
of Tc problematic.

There exists also the possibility to have spectral breaks due to nonlinear effects
of CR transport. This situation is similar to the case of isolated clouds investigated
in Dogiel et al. (2018) (see also Ivlev et al., 2018) where low-energy CRs are depleted
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Table 6.3: Fit parameters for the CR proton spectrum and upper limit for the CR
electron spectrum.

Species Ap,e δp,e Tmin
c − Tmax

c

(eV−1 cm−3) (MeV)
Proton 3.15× 10−17 2.76 26− 320
Electron � 6.4× 10−19 2.7 � 20− 130

from the interior of clouds by self-excited MHD turbulence generated by streaming
instability.

Independently of the scenario, the important point that needs to be stressed
is that gamma-ray observations allow us to constrain the spectrum of CR protons
for particle energies above ≈ 1 GeV. Therefore, the explanation of the enhanced
ionization rate requires extrapolation of the proton spectrum only by a factor of
≈ 3− 30 down to lower particle energies.

It follows that the presence of an excess of CR protons characterized by a rela-
tively steep power-law spectrum (δp ≈ 2.8) extending from the MeV to multi-TeV
domain can explain very naturally both the bright gamma-ray emission from the
northeastern cloud and the observed enhancement in the ionization rate.
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Figure 6.4: Left : Gamma-ray differential energy spectrum of the northeastern MC
(J1801-233). Fermi-LAT and HESS data have been fitted with a hadronic model see
Aharonian et al., 2008; Abdo et al., 2010a, for references. Right : Synchrotron emission
spectrum observed from the entire SNR (Kovalenko et al., 1994; Dubner et al., 2000). A
fit to data is shown as a dashed line. The maximum contribution from the northeastern
cloud is also shown (see text for details).

6.3.2 Cosmic-Ray Electrons

As stated above, the decay of neutral pions produced in inelastic interactions be-
tween CR protons (and nuclei) and the dense gas in the cloud provides the most
natural explanation for the gamma-ray emission observed in the GeV and TeV energy
domain (see e.g. Aharonian et al., 2008; Nava & Gabici, 2013). Leptonic models
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where the emission is due to nonthermal Bremsstrahlung have been shown to be
problematic, as they require the SNR to accelerate the same number of nuclei and
electrons, and only provide a good fit to gamma-ray data if unrealistic values of the
local magnetic field strength and gas density are assumed (Abdo et al., 2010a).

This implies that the nonthermal Bremsstrahlung emission from CR electrons
must provide a subdominant contribution to the observed gamma-ray emission. If
ne(Ee) = Ae(Ee/GeV)−δe is the density of relativistic electrons of energy Ee inside
the cloud, the expected Bremsstrahlung emission can be roughly estimated as:

E2
γLB(Eγ ∼ Ee) ∼

E2
ene(Ee)Vcl

τB
, (6.5)

where
τB ∼ 4× 107

( nH
cm−3

)−1

yr (6.6)

is the energy loss time due to Bremsstrahlung in a gas characterized by an atomic
hydrogen density nH (Aharonian, 2004) and Vcl is the volume of the cloud.

By imposing that the Bremsstrahlung flux E2
γLB/(4πD

2
s) should be significantly

smaller than the observed one E2
γφ(Eγ) we get:

E2
ene(Ee)� 4πD2

s

(
τB
nH

)
E2
γφ(Eγ)mpM

−1
cl , (6.7)

where we introduced the source distance Ds and the cloud mass Mcl = mpnHVcl.
At a photon energy equal to Eγ = 1 GeV the observed gamma-ray flux is roughly
E2
γφ(Eγ) ≈ 10−10 erg/cm2/s, and above such energy the spectrum can be described

by a power law E−αγ with α ∼ 2.7 (Abdo et al., 2010a; Aharonian et al., 2008). This
gives:

E2
ene(Ee)� 10−12

(
Ee

GeV

)−0.7

erg/cm3, (6.8)

which corresponds to Ae � 6.4× 10−19 eV−1 cm−3.
We note that the ratio between the intensity of CR protons and electrons inside

the cloud is Ap/Ae � 50 for particle energies of the order of 1 GeV, and varies very
little for larger particle energies (because δp ∼ δe).

The constraints obtained above on the electron spectrum in the cloud can be used
to estimate the contribution given by such electrons to the observed radio emission
from the SNR. Radio observations of W28 have been performed in a frequency range
spanning from . 100 MHz to several gigahertz. The radio spectrum is shown in
the right panel of Fig. 6.4: the flux at 1.4 GHz is S1.4 ∼ 246 Jy, and the radio
spectrum can be described by a power law Sν ∝ ν−α with α ∼ 0.35 (Dubner et al.,
2000). Even though the radio emission is observed from a region which is spatially
more extended than the northern cloud, the radio brightness roughly peaks at that
position. Therefore, it is natural to ask whether a contribution to the radio emission
might come from relativistic electrons located inside the cloud.
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Electrons of energy E emit synchrotron photons of frequency (Aharonian, 2004):

νs ∼ νc/3 =
ΩL

2

(
Ee
mec2

)2

∼ 0.2

(
B

40 µG

)(
Ee

GeV

)2

GHz, (6.9)

where νc is the critical synchrotron frequency, ΩL the nonrelativistic Larmor fre-
quency, andmec

2 the electron rest mass energy. This implies that the observed radio
emission is produced by electrons of energies 0.1 . (Ee/GeV)(B/40 µG)1/2 . 10.
Electrons of such energies emit Bremsstrahlung in the energy domain of the Fermi
Gamma-Ray Telescope.

The value of the magnetic field in cloud B has been normalized to what is
expected from the observational relationship B ≈ 10(n/100 cm−3)0.5µG between
the cloud magnetic field and the density of the gas (Crutcher et al., 2010). For
the northeastern cloud, Aharonian et al. (2008) estimated a gas density equal to
n ∼ 1.4× 103 cm−3, which would give B ∼ 37µG.

The upper limit on the CR electron spectrum obtained above (Eq. 6.8) can now
be used to estimate the maximum contribution to the observed synchrotron emission
coming from the northeastern cloud. This is shown in the right panel of Fig. 6.4.
The contribution is subdominant at all frequencies. This implies that the radio
emission is largely produced by electrons located outside the cloud.

Therefore, it is not at all straightforward to estimate the possible contribution
of CR electrons to the ionization rate in the cloud. Even though we do not know
the spectral slope δe and normalization Ae of the CR electrons inside the MC, we
have obtained an upper limit for the latter value from gamma-ray observations (see
Table 6.3) which applies to electrons of particle energy above Emin

e ≈ Emin
γ ≈ 0.2

GeV. Electrons of energy larger than Emin
e and characterized by an intensity well

below the upper limit reported in Eq. 6.8 would produce an ionization rate of the
order of� 1.4×10−16 s−1 (the upper limit for the electron-induced ionization rate is
calculated using Eq. 2.25). Therefore, as one can easily see from Fig. 6.3, electrons
of energy exceeding Emin

e cannot explain the observed ionization rate in the cloud.
An extrapolation of the upper limit electron spectrum to much lower particle

energies might possibly result in a value of the ionization rate comparable with ob-
servations. Using again the upper limit for Ae, together with a spectral index of
δe ' 2.7, which is quite steep and therefore maximizes the impact of electrons, we
find that values of Tc well below 20–130 MeV are needed in order to match the ob-
served ionization rate (see Table 6.3). However, the validity of such an extrapolation
is questionable since the spectral index for electrons is not as well constrained as
that of protons.

Even though we cannot reach a firm conclusion, explaining the excess in the ion-
ization rate with CR protons is very natural (Sect. 6.3.1) and therefore the hadronic
scenario remains, in our view, the preferred one.

6.3.3 Constraints from the 6.4 keV Line Emission

Interestingly, the SNR W28 is also observed by Suzaku in the Fe slowromancapi@
Kα line emission and quite recently Nobukawa et al., 2018 found that there is an
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excess of this emission from the central region of the remnant with intensity Ien6.4keV =
(3.14± 0.43)× 10−8 cm−2s−1arcmin−2 compared to the background of the Galactic
ridge X-ray emission Ibg6.4keV = (2.33 ± 0.29) × 10−8 cm−2s−1arcmin−2. These latter
authors concluded that this excess emission is produced by the interaction of MeV
CR prorons from the SNR with the ambient cold gas. However, this explanation
seems quite puzzling since it would require a relatively high column density of gas
comparable to that of the molecular cloud in the northeastern part of the remnant
(N(H2) ' 1022 cm−2). However, the region of enhanced emission as defined in
Nobukawa et al., 2018 and the TeV gamma-ray contour by HESS (respectively the
area enclosed with the dashed blue line and the green contour in Fig. 6.1) do not
overlap. It should also be noted that an earlier analysis of Suzaku data performed by
Okon et al. (2018) found a region of enhanced Fe slowromancapi@ Kα line emission
at a different position (centered around the NE source). Since the position of the
enhanced emission varies for different analyses, it is difficult to investigate its origin.

Nevertheless, the Fe slowromancapi@ Kα line emission is quite an informative
channel for the study of low-energy CRs and could also be used to put some con-
straints on the CR spectra. In particular, the total flux coming from the excess
measured by Nobukawa et al. (2018) can be computed as Fex = ∆ϑ(Ien6.4keV− Ibg6.4keV)
where ∆ϑ ≈ 152 arcmin2 is the extension of the excess region. Such a flux, if
produced by CR protons in the northeastern cloud, would have been detected.

The nondetection of the iron line from the northeastern cloud can be used to
impose an additional constraint on the parameter Tc introduced in Sect. 6.3.1. The
intensity of the Fe slowromancapi@ Kα line emission from the region of the molecular
cloud can be calculated as:

F6.4keV =
Mcl

4πD2
smavg

∫ ∞
Tc

dTiσKα(Ti)4πJi(Ti), (6.10)

where σKα(Ti) is the cross section of the Kα line emission (Tatischeff et al., 2012).
A lower limit for Tc can be obtained by imposing F6.4keV < Fex. This gives Tc > 30
MeV, which is consistent with the range of possible values of Tc reported in Table
6.3.

6.4 Summary for the Case of the Supernova Rem-
nant W28

In this chapter, we derive constraints on the CR proton and electron spectra in
the region of the SNR W28. The gamma-ray emission from the MCs in the region
demonstrates that an excess of CR protons is present there. The present study
focuses on the northeastern cloud, which is interacting with the SNR shock.

Vaupré et al. (2014) tentatively proposed that the excess of CR protons in the re-
gion might also explain the enhanced ionization rate observed from the northeastern
cloud. However, CR electrons and/or X-ray photons coming from the SNR shock
can also contribute to the ionization.
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We develop a model for the transport of X-ray photons into the cloud and demon-
strate that their contribution to the observed ionization rate is negligible. Moreover,
even though we cannot completely rule out CR electrons as the main ionizing agents,
we show that the most natural explanation for the enhanced ionization rate is ex-
plained in terms of interactions of CR protons.

To explain both the gamma-ray emission from the cloud and the enhanced ion-
ization rate, the spectrum of protons in the cloud must extend to particle energies
smaller than those constrained by gamma-ray observations (& 1 GeV). However,
an extrapolation of the spectrum by an order of magnitude only in particle energy
would suffice to explain both high- and low-energy observations. This makes protons
the most plausible dominant ionizing agents inside the cloud.

The minimal scenario that would simultaneously explain high- and low-energy
data would require the presence of CR protons characterized by a single power-law
spectrum of slope δp ∼ 2.8 extending over a very broad energy range, spanning from
Tc . 100 MeV up to several tens of TeV: almost six orders of magnitude in energy.
In fact, the presence of a spectral break cannot be ruled out below a particle energy
of ≈ 1 GeV because the ionization rate depends only on the integral of the CR
spectrum over particle energy. The presence of a break would require modification
of the value of Tc accordingly in order to correctly reproduce the observed ionization
rate, but this would not affect the main conclusion of our study in any significant
way.

The work presented in this chapter shows how the combination of high- and
low-energy observations of SNR/MC systems can be used as a very powerful tool to
gather information on the CR spectrum at specific locations in the Galaxy over an
energy range of unprecedented breadth. More studies in this direction are desirable,
as they will shed light on the process of CR acceleration and escape from SNR shocks
(Gabici & Montmerle, 2015).
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Conclusion and Outlook

Summary of Main Results
Cosmic rays are generally believed to be of fundamental importance in driving both
the physics and the chemistry of MCs (see e.g., Dalgarno 2006 and Wurster et al.
2018) since they are the most capable agent to ionize the interior of these star-
forming regions. Observations in the last twenty years (Caselli et al., 1998; Indriolo
& McCall, 2012, see also Padovani et al., 2009; Padovani et al., 2020 for reviews)
have suggested that the ionization rate decreases with increasing column density of
MCs and it varies from around 10−16 s−1 for diffuse MCs to 10−17 s−1 for dense
ones. These measurements tentatively suggest that the ionization of MCs is caused
as a result of the penetration of ambient CRs into clouds (see Padovani et al., 2009
for discussion). In fact, testing such a hypothesis was quite a daunting task as it
requires the knowledge of not only the typical spectrum of low-energy CRs in the
Galaxy but also the details of the transport process of CRs into MCs. Remarkably,
recent updates on Voyager 1 data at large distances from the Sun (see (Stone et al.,
2013; Cummings et al., 2016)) have given us a better insight into the spectra of
both proton and electron CRs in the local interstellar medium (ISM) at least down
to particle energy of a few MeVs. It seems, however, unclear whether or not such
spectra could be regarded as the representative of the Galactic CR spectra (this is
an old standing issue, see e.g., Cesarsky, 1975) especially for MeV CRs.

Over the years, several theoretical estimates of the CR-induced ionization rate
in MCs have been performed. A well-known result was that presented in Spitzer
& Tomasko, 1968, which were done by simply extrapolating to low energies the
spectra of CRs observed at high energies, without taking into account the effect
of CR propagation into clouds. The predicted value of the CR ionization rate was
approximately 10−17 s−1, which is now known as the Spitzer value. In fact, it is an
order of magnitude below the observed data for diffuse clouds, and roughly similar
to the value found in dense ones. Later works included also the role of energy losses
(mainly ionization) suffered by CRs in dense and neutral environments. This was
done, most notably, in Padovani et al. (2009), where CRs were assumed to penetrate
MCs by moving along straight lines. For a more realistic description, we have to take
into account also the effect of streaming instability which results in particle exclusion
due to self-generated turbulence. The study of this effect was first conducted in
the pioneering works of Skilling & Strong (1976), Cesarsky & Volk (1978), and
Morfill (1982), while recent studies in this direction include Morlino & Gabici (2015),
Schlickeiser et al. (2016), Ivlev et al. (2018), Phan et al. (2018), and Silsbee & Ivlev
(2019). We have presented in Chapter 3 one of the first comparisons between the
theoretical predictions from detailed models of CR transport and the measured
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values of the CR ionization rate in MCs, with a focus onto diffuse ones. The main
result of this chapter can be summarized as follows: there exists a difference of about
1 to 2 orders of magnitude between the ionization rate in diffuse MCs estimated from
the Voyager spectra and the observed data.

Indeed, such a puzzling result calls for further investigations. We have, therefore,
dedicated Chapter 4 to two of the suggested solutions mentioned in Chapter 3 which
are the carrot and the inhomogeneity of the low energy CR distribution in our
Galaxy. Concerning the CR carrot, the main finding is that if such a component of
the CR spectrum exists, the power needed to sustain these very low energy particles
is comparable or even larger than that required for the observed CR spectrum. It
should be noticed that the calculation performed in Chapter 4 has not included the
effect of CR penetration into clouds which might boost this power requirement even
higher. In other words, it seems that, on an energy basis, the CR carrot is not viable
solution to the discrepancy between the predicted and observed ionization rates in
MCs. This conclusion encourages further studies of the remaining solutions already
mentioned above which includes either the presence of sub-GeV accelerators inside
MCs or the prominent inhomogeneity in the distribution of low energy CRs in the
Galaxy. The former has been employed to explain the high levels of ionization and
the presence of synchrotron emission in protostellar systems in dense MCs where the
ambient CRs could not to reach. In fact, it has been suggested by the pioneering
works by Padovani et al. (2015) and Padovani et al. (2016) that low energy CRs
could be efficiently accelerated at prostellar surfaces and jet shocks. The other
solution concerning the inhomogeneous distribution of CRs in our Galaxy has been
investigated in Chapter 4. In particular, we have studied the stochastic fluctuations
for the intensities of CRs using a homogeneous distribution of SNRs both in space
and time and it seems that the corresponding range of the ionization rate could
even reach the value of about 10−16 s−1 which is quite close to the mean value
of 3 × 10−16 s−1 observed in diffuse MCs. We note, however, that the observed
values of the ionization rate could only be fitted with the upper limit of the CR
intensities. This might imply that either we must have a much smaller value of
the diffusion coefficient at low energy to provide better confinement of low energy
CRs around SNRs (for example due to streaming instability) or a different class of
sources should be involved, for instance, OB/Wolf-Rayet stars (Casse & Paul, 1982;
Voelk & Forman, 1982; Binns et al., 2005) or even solar-type stars (Scherer et al.,
2008). In fact, this has been suggested by Scherer et al. (2008) who find that the
termination shocks of G, K, and F stars could provide a significant fraction of low
energy CRs proton in the energy range from 5 MeV to about 300 MeV.

Chapter 5 has been devoted to explain the origin of the CR intensities measured
by Voyager 1. The so-called single-source scenario which suggests that low energy
CRs observed in the local ISM comes mostly from the supernova explosion taking
place around 2 million years ago has been investigated. We study, in the first part
of Chapter 5, the evolution of the CR intensities at low energy in the acceleration
region around the SNR shocks to better understand the spectral features for different
times of release. The solution of the volume-integrated transport equation of CRs
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seems to indicate that, if the acceleration process ends before the end of the Sedov-
Taylor phase, the injection spectra could be approximated with simple power laws in
momentum. On the other hand, spectral breaks in the low energy part of the spectra
might appear for the case where the release of CRs occurs during the radiative phase.
We then apply this model to predict the intensities of low energy CRs from the SNR
inside the LB at about 2 million years after their release under the assumption
that the accelerator stopped being active at around 2 million years ago and CRs
started to diffusively escape the acceleration region. The observed data from both
Voyager 1 and AMS are then fitted by combining the intensities of Galactic CRs
transported into the LB and the ones from the local SNR. This scenario seems to
provide acceptable fits for the data at low energy under some assumptions on the
diffusion coefficient both inside the LB’s shell and its interior, but it requires the
plasma density inside the bubble to be 4 times higher than the commonly accepted
value of about 0.005 cm−3.

Having discussed mostly the effect of low energy CRs on clouds, we provide
in Chapter 6 an example where the argument could be reversed meaning some
constraints on the CR proton and electron spectra at low energy could be obtained
using the measured values of the ionization rates in MCs. We have, in particular,
studied the cloud in the north east region of the SNR W28 where there exists an
excess of CR protons at high energy as inferred from the gamma-ray emission in
this region. Interestingly, it has been proposed in the analyses by Vaupré et al.
(2014) that the surprisingly high value of ionization rate observed from this cloud
could also be explained with a population of low energy CRs accelerated from the
SNR shock. However, the ionization rate in this cloud could also be induced by CR
electrons and/or X-ray photons coming from the SNR shock. Thus, the transport of
X-ray photons into the cloud has also been investigated and it has been found that
their contribution to the observed ionization rate is negligible. Although it is not
clear yet the relative importance of the CR protons and electrons to the ionization
of this MC, the hadronic scenario seems to provide the most natural explanation
for the enhanced ionization rate. By using a single power-law spectrum of slope
δp ∼ 2.8 to characterize CR protons, an extrapolation of the CR proton spectrum
constrained by gamma-ray data of only an order of magnitude in particle energy
would suffice provide the justification both the gamma-ray emission from the cloud
and the enhanced ionization rate. The minimal scenario that would require the
presence of CR protons with a very broad energy range, spanning from Tc . 100
MeV up to several tens of TeV: almost six orders of magnitude in energy. In fact, we
could not exclude the possible presence of a spectral break below a particle energy of
≈ 1 GeV because the ionization rate depends only on the integral of the CR spectrum
over particle energy. Such a break might modify the value of Tc accordingly in order
to correctly reproduce the observed ionization rate, but this would not affect the
main conclusion of our study in any significant way. The combined data of high- and
low-energy observations of SNR/MC systems has, therefore, allowed us gain more
insight into the CR spectrum at specific locations in the Galaxy over an energy
range of unprecedented breadth and this should encourage the analyses of few more
systems of this type to better understand the capability of SNRs as sources of low
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energy CRs (Gabici & Montmerle, 2015).

Future Perspectives
Indeed, there are still several open issues that seem to be essential for a better
understanding of both low energy CRs and their impact on the ISM. We shall now
present some future perspectives of research in this direction that could help to
resolve the discrepancy between the predicted and observed ionization rate:

• Supernova remnants as sources of low energy CRs: Within the standard
paradigm of Cosmic Ray Physics, Galactic CRs are generally thought to be
accelerated at the shocks of SNRs with spectra which are power laws in mo-
mentum over a very broad range of particle energies. Observations of enhanced
gamma-rays in MCs interacting with SNRs have indicated that this is, indeed,
a realistic scenario for CRs of energy above a few GeVs. Recent improvements
in the instruments in the submm-mm band have allowed us to detect also
enhanced ionization rates in a few MCs interacting with SNR shocks. The
combined modelling of these radiative signatures at both high and low energy
could clearly be used as a very powerful tool to gather information on the CR
spectrum over a broad energy range as illustrated for the cloud in the north-
eastern part of the SNR W28 (see Chapter 6.4). This particular case seems to
hint the presence of low energy CRs accelerated at SNR shocks. There exists
also two more systems of this type namely the SNR/MC associations W51 and
IC 443 (Gabici & Montmerle, 2015) where the same analyses could be carried
on thanks the availability of multi-wavelength data and this could certainly
help us to better understand the capability of SNRs as sources of low energy
CRs.

• Cosmic-ray transport in the vicinity of sources: Beyond the modelling of the
multi-wavelength signals, it should be noticed that the transport of CRs into
an MC in the vicinity of a source is still not yet fully understood since most
of the theoretical works have focused essentially on isolated MCs where obser-
vational data are more abundant. One could expect qualitatively that, during
the process of penetration, CRs lose energy mostly due to ionization of hydro-
gen molecules and also effective proton-proton interaction inside the clouds.
Consequently, a gradient in the spatial distribution of CRs is formed and would
drive the excitation of Alfvén waves by a mechanism called streaming instabil-
ity which, in turn, controls the transport of CRs themselves. It is, therefore,
straightforward to see the complexity of this highly non-linear phenomenon
and determining the penetration efficiency of CRs is quite a daunting task.
However, finding the solution to this problem is crucial for a more complete and
insightful understanding of systems like MCs in interaction with SNR shocks.
Another issue also related to the transport of CRs around their sources is the
confinement of these particles due to self-generated turbulence via streaming
instability. This has been thoroughly investigated for high energy CRs for
both warm ionized and warm neutral media and the results indicate that,
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around SNRs, the CR diffusion coefficient could be significantly suppressed in
comparison to the typical values inferred from B/C data (Nava et al., 2016;
Nava et al., 2019) which seems to be consistent with the interpretation of the
diffusion properties constrained from the gamma-ray observations of molecular
clouds located in the vicinity of these objects (see e.g. Gabici et al., 2010). It
would be interesting to understand whether or not the diffusion coefficient of
low-energy CRs could be suppressed in the same way since better confinement
of these particles around their sources might result in much higher stochastic
fluctuations which may explain the high level of ionization observed in clouds.

• Contribution of low-energy CRs from stars: Another essential point to be
mentioned is the possibility to study stars as the source of low-energy CRs.
Observations of Voyager 1 at the solar wind termination shock have revealed
an unexpectedly high flux of anomalous CRs at energy below a few ten MeVs.
However, theoretical and simulational works to predict whether or not solar-
type stars could provide a significant or even dominant contribution to Galactic
CRs at low energy are still not yet fully explored. As mentioned above, the
modeling of CR acceleration around stellar termination shocks from Scherer et
al. (2008) suggest that, in terms of the energetic, it might be possible to have
a significant fraction of low-energy CRs coming from stars. A more qualita-
tive approach to this problem would be to analyze the stochastic fluctuations
induced by the temporal and spatial distributions of stars in our Galaxy.
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Appendix A

Numerical Scheme for the Point
Source Solution

Let’s first denote i, j, k, and l as the respective indices for the coordinates t, z, r, and
E. For simplicity, we shall perform the code in uniform step for the coordinates t and
z and in logarithmic step for r and E. This means that the discretized coordinates
could be written as:

ti = i∆t zj = j∆z rk = rmin10k∆logr El = Emin10l∆logE (A.1)

Where all the steps are chosen such that they satisfy the general Courant condition.
The finite difference scheme for the transport equation 4.15 used for this work is as
followed:

f i+1
0,k,l = f i+1

1,k,l (A.2)

f i+1
j,k,l = f ijkl −

u0∆t

∆z
(f ij,k,l − f ij−1,k,lδj1) +

D(El)∆t

∆z2
(f ij+1,k,l − 2f ij,k,l + f ij−1,k,l)

+
(
1− 10−2∆logrδk0

) D(El)∆t

(rkln10∆logr)2

[
f ij,k+1,l − (2− δk0) f ij,k,l + δk0f

i
j,k−1,l

]
+

∆t

Ellog10∆logE
[
b(El+1)f ij,k,l+1 − b(El)f ij,k,l

]
H(|zj| < h)

(for j = 1, jmax)
(A.3)

f i+1
jmax,k,l

= f ijmax,k,l = 0 (A.4)

f i+1
j,kmax,l

= f ij,kmax,l = 0 (A.5)

It should be noticed that there is a pre-factor in front of the diffusion term in
r-coordinate (the third term on the RHS in Eq. A.3) to ensure the particle con-
servation. This is because we have chosen to use the logarithmic binning in the
r-coordinate. Also, the last two equations are in fact the free escape boundary con-
ditions in both r- and z- coordinates. More importantly, since the source is bursting,
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we have treated the source function as an initial condition meaning:

f 0
0,k,l = f 0

1,k,l (A.6)

f 0
j,k,l =

Q(El)

2πr2
min∆z

δj1δk0 (for j = 1, jmax) (A.7)

In this sense, rmin should be chosen to be approximately the radius of the source in
consideration (rmin ' 30 pc for SNRs) and ∆z should be roughly of the same value.
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