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INTRODUCTION General Introduction on Gravitational Waves Topic

Since October, 3 rd 2017, on the official website of the Nobel Prize, it can be read that "The Royal Swedish Academy of Sciences has decided to award the Nobel Prize in Physics 2017 to Rainer Weiss, Barry C. Barsih and Kip S. Thorne for decisive contributions to the LIGO detector and the observation of gravitational waves". 1Gravitational waves are a very particular concept that belongs to Physics, Astronomy and Cosmology. They are very peculiar objects that had been merely theoretical for almost a century when the first successful detection event happened. Naively, gravitational waves combine two concepts: the concept of gravitation and the concept of waves. If, by taking each of these concepts separately, they are somewhat well understood by everyone, the same thing cannot be said in the case of their combination, which is at first sight anything but intuitive. Indeed, while gravity or gravitation is generally accepted as being a force keeping us to the ground and the Earth in orbit; and waves are generally associated as the phenomena occurring at the surface of a body of water, the two might seem to be completely unrelated or assimilated to be two separate things in a causal relationship in which gravity causes waves; i.e. gravity waves and tides. However gravitational waves are their own entity encompassing both aspects. Therefore, in order to understand what gravitational waves are, we ought to understand how these concepts interact with each other; and thus, it seems only natural that we first have to understand each of these two concepts separately.

On one hand, the most ubiquitous definition of a wave would probably be, simply put, that waves are perturbations of some kind propagating in a certain way in something. This raises questions such as: What kind of perturbations? How are they propagated? What do they propagate in? and How are they generated? which will be answered in Part I.

On the other hand, defining gravitation can be a bit trickier depending on the audience. Indeed, in order to give a sensible definition of gravitational waves, not all descriptions of gravitation are equal, i.e. the Newtonian description of gravitation as a force is not going to be enough; in fact we need its generalization: the Theory of General Relativity which was developed by Albert Einstein (1879Einstein ( -1955)). First of all, General Relativity is the theory from which the prediction of the existence of gravitational waves and their description originate (Einstein 1918). Second of all, the Theory of General Relativity is our best current description of astronomical phenomena which are the actual sources of the gravitational waves we are able to detect. Third of all, stepping up to General Relativity is essential because we need the concept of spacetime curvature which provides us with an understanding of gravitation as an emergent property of the curvature of the fabric of space. Consequently, gravitational waves can then be defined as perturbations of spacetime propagating in spacetime.

The very first question we should ask ourselves is why is this discovery so important? Especially when, all things considered, discoveries in Science are made on a daily basis and Nobel Prizes are awarded every year. Actually, the first element of answer to that question resides in the history of Astronomy.

The Mesopotamian civilization, one of the first civilizations, is well known for the invention of writing, but less known for the great interest for astronomy it had for millennia (Chadwick 1984). Until the work of Johann Strassmaier (1846Strassmaier ( -1920) ) who was an assyriologist and Joseph Epping (1835-1894) who was also a mathematics professor during the early 1880s that lead to the recovery of ancient tablets from Babylon and Uruk, the Greco-Roman texts were the only documents available to have a peek at the "celestial science" of Mesopotamia [START_REF] Rochberg | These Bones Live! KNOW[END_REF]. The Mesopotamians believed that the Earth was flat and enclosed in a superior hemisphere that contained all the celestial bodies. The astronomers of that time observed the night sky with great interest and with quite a good precision over centuries. They left behind a number of very detailed astronomic tables and were allegedly the first to use mathematics to calculate astronomical ephemerids. They were also able to predict the positions of the Sun, moon and planets; although the first signs of science were already present at that time, one last heirloom from them that still subsists today are the famous zodiacal signs and the field of astrology, not to be confused with astronomy. The Egyptian civilization is also one of the oldest civilizations famous for their interest in astronomy, even if astronomy was of a lesser importance for their daily life outside religion; to them, astronomy was particularly useful for agriculture as they needed to predict diverse phenomena such as Nile floods and the seasons. The Ancient Egyptians had such a good understanding of the seasons that 5 000 years ago they used a solar calendar with a year lasting 365 days and, later noticing a drift in the season's cycle, adopted a year of 365 days and a quarter.

Before classical antiquity, religions had mythical representations of Earth and the Universe. As an example, for Hesiod, the origins of the world and of the gods began with Chaos, Gaia, Erebos, Tartarus, Eros and Nyx; although all religions might have had their own mythical version of the origin of the Earth, the Universe and the rest. We had to wait until Thales of Miletus and the Milesian school to get at least two great advances. The first one being the separation of the supernatural from the natural, by looking for natural causes for natural phenomena; without completely getting rid of the divine. The second one concerns the method proposed to be used for research, based on observation, discussion and rationality.

Around the same time period, Pythagoras attracting numerous philosophers and mathematicians founded the Pythagoreanism movement.

To them, anything regarding the celestial movements had to be "perfect", and thus spherical or perfect circles. Parmenides and Empedocles seem to have known about the idea of a spherical Earth although it is not completely clear where this idea first came from. Empedocles brought the concept that all things were made out of fire, air, water and earth; later called "elements" by Plato. Aristotle stated that it was obvious to him that the surface of the Earth is curved, since there are visible stars in the Egypt's sky that aren't visible from Greece. Furthermore, according to him, the universe is ruled by 3 fundamental principles: (i) The Earth is at the centre of the universe, (ii) there is an absolute separation between the changing and imperfect terrestrial world and the perfect everlasting celestial world -the limit being at the Moon's orbitand (iii) the only celestial movements possible are uniform circular motions. From these principles, he managed to create a model for the apparent movement of the "wandering stars" -planets-.

The first known model placing the Sun at the centre of the universe with the Earth revolving around it is attributed to Aristarchus of Samos (Africa 1961, p. 406). Nicolaus Copernicus (1473-1543), a polish canon (clergyman) and an astronomer published "De revolutionibus orbium coelestium" in 1543 (On the Revolutions of the Celestial Spheres, Copernicus 1966) in which he makes several statements based on observations such as that the planets and the Earth are revolving around the Sun, that the retrograde movement of planets can be explain by the fact that they are further from the Sun than Earth, and that the revolution of a planet is function of its distance to the Sun.

Then arrived the time of a first technology-driven revolution in astronomy with telescopes. Thanks to this new instrument, Galileo Galilei (1564Galilei ( -1642) ) who studied the science of weights and astronomy [START_REF] Gal | Empiricism without the senses: How the instrument replaced the eye[END_REF] and Johannes Kepler (1571Kepler ( -1630) ) who figured out the mathematical relationship between the movements of planets on their orbits, which laid an exploitable basis for Isaac Newton's Theory of Gravitation, made numerous amazing observations.

However, I would like to argue that the greatest achievement of this period was in fact practical rather than theoretical as since then, the refinement of telescopes, lenses and mirrors have been improved again and again up to almost unconceivable precisions. The point being that the observations that followed were in fact providing the means to confirm or refute theories based on actual precise measurements of the celestial bodies. For instance, Newton's Theory of Gravitation was unable to explain the observed precession of Mercury's perihelion which thus had to be fixed by adding extensions to the theory [START_REF] Valluri | An extension of Newton's apsidal precession theorem[END_REF]) until a better theory was found in General Relativity.

In the same way, we are now at the dawn of a new era for both Astronomy and Cosmology. While the telescopes of the 17 th century improved human vision, up to the point of nowadays being able to see all the electromagnetic spectrum; we are now able to study the Universe in a completely different way. The main issue with Physics in general, and with Astronomy and Cosmology in particular is our inability to perform all the experiments we would like to do. As Richard Feynman (1918Feynman ( -1988) ) put it:

There exists, however, one serious difficulty, and that is the lack of experiments. Furthermore, we are not going to get any experiments, so we have to take a viewpoint of how to deal with problems where no experiments are available. There are two choices. The first choice is that of mathematical rigor. People who work in gravitational theory believe that the equations are more difficult than in any other field, and from my viewpoint this is false. If you then ask me to solve the equations I must say I can't solve them in the other fields either. However, one can do an enormous amount by various approximations which are non-rigorous and unproved mathematically, perhaps for the first few years. Historically, the rigorous analysis of whether what one says is true or not comes many years later after the discovery of what is true. And, the discovery of what is true is helped by experiments. The attempt at mathematical rigorous solutions without guiding experiments is exactly the reason the subject is difficult, not the equations. The second choice of action is to "play games" by intuition and drive on. (Renn 2011, p. 283) Indeed, in Astronomy or Cosmology, -with a few exceptions-the actual objects studied are too far away to experiment on. Up until now, all we could do was "see" the objects with our artificial eye extensions. Fortunately, we managed to achieve great results through this optical astronomy; one of the latest major ones being the obtaining by the Event Horizon Collaboration of the first image of the supermassive black hole of the supergiant elliptical galaxy Messier 87 (Cfr. figure below).

a new tool completely different in nature -since it is not preoccupied by the emission of light-it seems only natural to expect a number of discoveries; especially so around a particular type of objects which are invisible to telescope, i.e. black holes.

Indeed, black holes are famously known for being these amazing celestial objects so dense and massive that not even light can escape their gravitational pull if it approaches too close and crosses the event horizonwhich is the point of no-return-of the black hole; hence their name, i.e. black, for the absence of light. Therefore, up until now in order to determine that the imagery system of a telescope was pointed at a region of space where a black hole was residing, there were only a few indirect ways to proceed; such as seeing the accretion disk formed by matter infalling the black hole (Cfr. Fig. 1 above) or tracing the trajectories of stars orbiting a massive invisible object.

However, gravitational waves astronomy is not concerned with electromagnetic waves (light), instead it is concerned with gravitational waves which are often referred to as ripples in spacetime. An analogy that is often heard is that if telescopes were akin to our sense of sight, gravitational wave detectors are akin to our sense of hearing. Anotherperhaps less striking-comparison could be made using a lacustrine analogy: in order to measure the behaviour of objects adrift on the lake that is spacetime we could only observe them with our artificial eyesight, but we now have buoys able to detect the ripples they produce.

To continue with this analogy, the height of the waves produced by objects on this hypothetical lake correspond to the amplitude of the gravitational waves and are produced by the movements of the objects. Moreover, every massive object can produce gravitational waves, but just like one would expect, the more massive the object, the bigger the amplitude. Additionally, just like the waves on the surface of the lake lose height the further they propagate, so too do gravitational waves diminish in amplitude the further they travel. Indeed, despite being catastrophic events involving extremely massive celestial objects, because of their distance to us, by the time they reach us, the gravitational waves are minuscule. These last facts which are the reasons for the expected tininess of the gravitational waves that are measured by the gravitational observatories are also the reasons why their detection was such a challenge.

However, contrary to our common knowledge of the production of ripples on the surface of a body of water, gravitational waves are generated in a slightly different way. In fact, in order to radiate gravitational waves an object needs to be non-spherical and in rotation in order to produce a perturbation or to undergo an accelerated motion, i.e. a variation of the velocity vector -either by varying its speed (like with common notions of acceleration or deceleration) or by varying its direction (like being in orbit). These results come from solving the Einstein Field Equations:

𝑅 𝜇𝜈 - 1 2 𝑅𝑔 𝜇𝜈 + 𝛬𝑔 𝜇𝜈 = 8𝜋𝐺 𝑐 4 𝑇 𝜇𝜈
Where 𝑅 𝜇𝜈 is the Ricci curvature tensor, 𝑅 is the scalar curvature, 𝑔 𝜇𝜈 is the metric tensor, 𝛬 is the cosmological constant, G is Newton's gravitational constant, c the speed of light and 𝑇 𝜇𝜈 is the stress-energy tensor which basically describes the density of energy and momentum in spacetime. This relation represents another point where our analogy breaks down as it describes that "Space tells matter how to move" and "Matter tells space how to curve" (Misner 1973, p.5) and therefore the anti-substantivalism ontological belief that space(time) and matter are inextricably coupled (Cfr. Slowik 2005); contrary to objects at the surface of the lake which can still exist independently from it.

In fact, the study of gravitational waves is not only a new window for both Astronomy and Cosmology with deep meaning for Physics, its ontology and further confirmations of the validity of two of our best descriptions of reality; it is a whole new frontier of physics.

While gravitational waves were the last prediction of General Relativity to be confirmed, somewhat ironically their detection also relied on Quantum Mechanics which is another field of Physics famously said to be incompatible with General Relativity. The detectors themselves are nothing but technological prowesses and feats of ingenuity able to measure variations of distances of the order of 10 -21 m -for comparison, the radius of a proton is approximately 10 -15 m-produced by signals originating from inconceivably far away. e.g. the record sensibility for Binary Neutron Star mergers of the Virgo detector corresponded to a sphere of 60.4 Mpc on February, 8 th 2020 (Cfr. Fig. 2, below); which is approximately equivalent to 196'998'452 light years. Furthermore, it is not uncommon for the gravitational wave detectors to have a sensibility range up to 10 times better for Binary Black Hole mergers as they involve much stronger signals (Cfr. Section 4.6).

The physics, principles and characteristics behind the gravitational wave detectors will be developed respectively in Chapter 1 and 4. Furthermore, thanks to the success of the collaboration, the number of gravitational wave observatories will increase in the near future. Indeed, the next logical steps are to multiply the number of detectors both to increase the sensibility of the network and to cover the whole spectrum of gravitational radiation, to increase their performance with new upgrades and to push the development of novel technologies forward.

The first observing runs have already yielded interesting and surprising results. For instance, some of them recently found out, anticipated or discussed:  GW190412 -A coalescence of two Black Holes with a significant difference in masses (LIGO Scientific Collaboration, Virgo Collaboration 2020)  GW190814 -A coalescence of a Black Hole of 23 Solar masses and a compact object of a mass of 2.6 Solar masses at the theoretical mass limit between Neutron Star and Black Hole (Abott 2020)  The problem of the Hubble Tensionwhich is a problem regarding significant discrepancies in the values of the Hubble constant2 depending on independent methods for measuring it.

(Jeong 2020)  The possibility of studying the composition of neutron stars (Chatziioannou 2020)  Research on Primordial gravitational wavesgravitational waves from the early Universe (Giarè 2020)  The time difference between lensed gravitational waves and light from a source emitting them simultaneously (Suyama 2020) While most of them are attached to the fields of Astronomy and Cosmology, there were also advances in Quantum Mechanics, e.g. (Yu 2020); the scope of the topic of gravitational waves being in fact very wide both in terms of fields of study and, as a natural consequence of this, in terms of potential discoveries. For instance, now that measuring gravitational waves has been made possible, besides an increased number of detections for the next runs and a higher degree of precision in regards of the sky localization of the sources thanks to the addition of more gravitational wave observatories to the gravitational waves detector network, it is hoped that measuring primordial gravitational waves will eventually become possible thanks to future gravitational wave detectors sensible to other frequencies [START_REF] Campeti | Measuring the spectrum of primordial gravitational waves with CMB, PTA and Laser Interferometers[END_REF]. Indeed, the hope is to be able to measure gravitational waves emitted right after the Big Bang in order to study the first instants of the Universe. This is particularly important for Cosmology as we are currently restricted in our optical observations of the early stages of the Universe at around 370 000 years after the Big Bang occurred. This correspond to observations of the Cosmic Microwave Background (CMB), often presented as the afterglow of the Big Bang, since it is estimated that during that time all the matter in the Universe was in a dense plasma state in which light could not travel very far freely until the Universe itself had expanded enough to become transparent and let light travel freely. Hence, making any optical observation of the Universe prior to this epoch impossible since the farthest back in time we can see is the CMB.

However, unlike electromagnetic waves which can be stopped by matter, gravitational waves are spacetime perturbations and can propagate through matter without any trouble. Observing these primordial gravitational waves which are thought to have been travelling through the Universe since as early as 10 -24 seconds after the Big Bang, is expected to yield results putting further constraints on theories and models preoccupied with the first moments of the Universe and therefore confirming and/or infirming some of them and their predictions.

Furthermore, it is thought that gravitational waves produced then could have been traveling ever since, generating a "Stochastic Background of Gravitational Waves" still observable today and therefore making it possible to go beyond the limit drawn by the CMB and study the Universe before it became transparent to light (Easther 2007).

Moreover, an ever greater number of discoveries are expected to happen in the future thanks to multimessenger astronomy which consists of coordinated observations of different types of signals. For instance, in the case of Binary system mergers, gravitational wave signals are emitted perpetually until the coalescence. However, the signals only become strong enough in the very last instants of the events when the two objects are very close and orbiting extremely fast around each other. Nevertheless, ideally, a gravitational wave signal and its source's sky localization could be identified fast enough to send an alert to astronomers so that they could position their telescopes adequately and observe the event.

A Specific Introduction to My PhD Thesis

My PhD research concerns a) history of the discovery of gravitational waves3 and b) how the results of this discovery influenced physics--and-mathematics curricula teaching (especially at University). This research is based on an interdisciplinary framework composed of Physics, History of Science, Historical Epistemology of Science (Agassi 1965;Barbin 2013) and Nature of Science Teaching (hereafter NoS).

The problematic revolves around history of physics in the field & the difficulties around the teaching of physical concepts, which are complex from different point of views: theoretical, historical, physical and of course epistemological practical obstacles; the case study of the history of the discovery of gravitational waves and their physics (Misner 1973) being an example. This doctoral research is an attempt to open the road and to discuss how and when we can teach the physics of gravitational waves (Einstein 1918;Bondi 1957) and how the framework of the Nature of Science Teaching (Galili 2001(Galili , 2008;;McComas 2002McComas , 1998) ) is adequate for this task.

The Purposes

I intended to complete multiple objectives. First of all, I analysed and developed a historical--and--contemporary account on the historical subject in the field of modern physics; collecting scientific and historical data and constructing a synthesis of the principal facts & events which allowed the scientific knowledge (Bachelard 1934(Bachelard , 1940;;Duhem 1906;Mach 1898Mach , 1911) ) to grow from the roots of the concepts to the actual measurements.

From a foundational standpoint, I examined in order the role played by the development of non-Euclidean geometry (Riemann 1868;Clifford 1870Clifford , 1873Clifford , 1873b[START_REF] Clifford | On the Space-Theory of Matter[END_REF]Clifford , 1901) ) and the geometrization of physics from physicalepistemological and historical points of view (Kouneiher 2005(Kouneiher , 2018)).

To do so, I have been, a) examining the role played by mathematics (Yildiz 2013) and physics in the methodological physical aspects/measurements within the history of gravitational wave discovery, b) examining the role played by the relationship between physics-mathematics (Lakatos 1971(Lakatos , 1980) ) along their modelling within new results in gravitational waves inquiring, c) examining the scientific and science/society role played by various scientists (Radelet- de Grave 2010) in the physics of waves and gravitation and d) examining the role played by the design and the technical studies (Radelet-de Grave 2012) by those scientists and the engineers that led to the discovery of gravitational waves. Secondly, I developed a nature of science teaching account/curricula (Cfr. Braund 2006) by applying historical, physical and foundations of the Nature of Science results for teachings through an ad hoc curricula. Mainly about e) being able to evaluate how we can teach the physics of gravitational waves within a NoS perspective, f) to rethink the historical accounts concerning the development of the concepts at the roots of the discovery and the less-known scientists' views on those concepts, both from physical and epistemological points of view, g) to explore the role played by various scientists on the subject and to design Physics & History of Physics Teachings, and h) to help raise awareness on the matter and disseminate the results both for teaching purposes and as part as our cultural duty of remembrance; to examine the role played by mathematics/physical aspects/measurements within gravitational waves.

General Objectives

I examined the needs for teaching a particular concept, gravitational waves, a) to justify why this particular concept is relevant at university and even at a high school level, b) to propose ad hoc NoS Teaching curricula and c) to study the effectiveness of these curricula. Nature of Science Teaching promotes learning by providing solid foundations rooted in reality through the use of concrete examples which can be used for didactic [START_REF] Chevallard | La transposition didactique: du savoir savant au savoir enseigné[END_REF] and pedagogical purposes. In particular, it is a question of having an analytical approach to the history of the genesis of modern physics from the pedagogical and didactic points of view of a specific theme with a rigorous and historical approach to the disciplines of scientific education (physics, mathematics, epistemology;Cfr. DiSessa 2011). Recent studies have shown (Radford 1997;Yildiz 2013) that the establishment of a historical perspective in science teaching is also a source of motivation for the learners and the teachers and that the historical content should focus on the learning process with an epistemological point of view; ontology and evolution of notions and theories, and conditions regarding the construction of knowledge. Thus I produced an ad hoc NoS Teaching curriculum on the history of the discovery of gravitational waves.

In the case study of the history of the discovery of gravitational waves and the roots of the concepts involved, the key is to identify the different steps of the cognitive development and identifying the Epistemological obstacles relevant to the theoretical framework considered 4 . In general, the choice should be guided by the determination of the epistemological obstacles on which the didactical transposition depends without, of course, neglecting the usual variables (culture, social background, institutional background, cognitive and emotional aspects, etc. (Radford 1997;Bage 1999;Reif 2008). Thus, I explored the common misconceptions and main epistemological obstacles in the field in order to design the curricula.

Specific Objectives

The specific objective of this thesis was to evaluate how and how soon gravitational waves physics can be taught. But also to study why teaching the physics of gravitational waves is important and more and more relevant; and how to effectively achieve an introductory teaching for audiences of different levels according to the scientific studies and literature in diverse fields 5 .

The object of this research, gravitational waves, is clearly not an easy concept to master, or even just grasp [START_REF] Carmichael | Research on students' conceptions in science: A bibliography[END_REF]Caramazza 1981).

As their name suggests, gravitational waves can be understood as a physical object that encompasses both waves and gravitation, but also Relativity, which are topics already taught in High School (Cfr. curricula sources), therefore, a study of gravitational waves could very well be used as some kind of synthesis of the three.

However, even if this duality gravitation-waves is palpable, in order to properly comprehend the subject, one has to understand that gravitational waves are not actually waves of gravitation, but rather the propagation of deformations or perturbations of spacetime. In fact, the main difficulty resides here, in the conceptual jumps [START_REF] Carey | Conceptual change in childhood[END_REF][START_REF] Carey | Cognitive science and science education[END_REF]) one has to do (epistemological obstacles) when considering spacetime (Cfr. Friedmann 1922); a concept at the core of both Special (Arlego 2017; Logunov 2005) and General Relativity. However, while delving directly into considerations such as spacetime, the warping of the fabric of the Universe, might seem attractive or even a fun experience in perspective to some, the subject remains one of the most advanced and complex theoretical description of reality on astronomical scales.

In part one, instead of beginning with the Theory of Relativity, it seemed more appropriate to begin with a simpler object of study. Hence, and because gravitational waves are waves, a good starting point is the study of waves. In this first part of the thesis, I will examine the main physical properties and theories related to waves and their study in order to have a stepping stone on which we will then be able to build. This section is essentially there for nonphysicists readers and non-specialists.

In part two, I will explore broad outlines of the history of waves and the case of gravitation. In order to understand the history of the discovery of gravitational waves, firstly I worked on the theory, how the concepts developed, how new advancements were made and how paradigms shifted (cfr. Kuhn 1962;Nersessian 2003| Brownlee 2003;Dykstra 1992;Liston 1996). As I scratched the surface of what gravitational waves are and represent for the future of physics in chapter one, we need to have a respectably deep comprehension of two fundamental concepts: waves, through the Physics of Waves; and spacetime, through the relativities and the theory of gravitation. These fundamental concepts, themselves rely on other concepts that originate more or less further in time. As the earliest science itself appeared6 , the first explanations of nature came along.

On one hand, gravitation find its roots in the study of falling bodies by Galileo Galilei (1564Galilei ( -1642;;1890, 2005;Cfr. Radelet-de Grave 1999;Marcacci 2009Marcacci , 2015) ) and his principle of relativity and then with Isaac Newton (Newton [1713(Newton [ ],1729;;[1726;1739-1742], 1687, 1833, 1999); while the first traceable attempts at explanation date as far back as the pre-Socratic with natural philosophy and the theory of elements and their natural place (Cfr. Cohen 1994). In order to understand the concept of spacetime, we first need to have a better understanding of geometry. Initially, starting with Euclidean geometry which was developed during Antiquity; it is the first type of geometry developed (for "flat" spaces), to get a better grasp of more advanced ideas such as curved spaces or non-Euclidean geometries.

In particular with Bernhard Riemann (1826-1866;Cfr. Monastyrsky 2008) and William Kingdon Clifford (1845[START_REF] Clifford | Lectures and Essays by William Kingdon Clifford[END_REF]1870, 1873, 1873b, 1875, 1879, 1882, 1901, 1976;Atiyah 1964); then with a geometrization of Physics with Albert Einstein 7 (Einstein 1916(Einstein , 1918(Einstein , 1920(Einstein , 1937))'s theory and finally with the development of the ideas8 that lead to the gravitational waves observatories, the Nobel Prize in Physics 2017, and the recent discoveries they brought (Abbott 2016a(Abbott , 2016d, 2016f, 2016o;, 2016f, 2016o;[START_REF] Hellings | Upper limits on the isotopic gravitational radiation background from pulsar timing analysis[END_REF].

On the other hand, the history of the physics of waves is quite peculiar because of the notion of waves itself. The notion of waves remained unclear for the longest of times as its abstract comprehension and the formalization of a framework to study them was very obscure. In fact, the notion of waves rely upon other notions such as periodicity or vibrations and oscillations the latter two of which were (sort of) thrown into the "violent motion" category of the theory of elements and basically ignored as scholars turned a blind eye to it. The most basic example of waves encountered in everyday life were the waves at the surface of the ocean: the explanation for this phenomenon was simply the action of wind on water and needed no further explanation. Furthermore, the undulatory nature of seismic waves and soundwaves remained unclear even though they were also a source of questioning at that time: seismic events were perceived as originating from underground phenomena; and sound was mainly studied through musicology.

Finally, in part three, I will examine the framework of NoS Teaching comparatively with disciplinary didactics and how it can be used for the case study of gravitational waves and in part four, I will evaluate the effectiveness of the developed ad hoc curricula. First with comparative didactics, which seek to study the interplay of disciplinary didactics. The idea being to compare disciplinary didactics in order to identify the common and specific parts which depend both on the teaching and learning objects and on the interactions between the elements of the studied system (content, teacher, learners) 9 and perspectives (Ploj Virtič 2009b, 2014, 2016). Then by selecting the right approach for the NoS teaching of gravitational waves; and finally by analysing the results yielded by the pre-tests and post-tests realized respectively before and after the Introductory lecture to gravitational waves physics and discovery.

Each disciplinary didactics has its own history; which is explained on the one hand by the institutional environment with a separation of the different subjects of study (e.g., Languages, Civic Education, Science, Physical Education, Plastic Arts) themselves subdivided into different subjects (e.g., French, English, Spanish, Mathematics, Physics, Biology); and on the other hand by their different epistemological foundations (Sarremejane 2001;Sensevy 2013).

At present, the different disciplinary didactics are differentiated precisely by their object: the discipline they study, which has the consequence of greatly restricting the global vision, or the number of facets in which an object or content can be perceived and studied (for example, think of the different nuances that exist for mathematicians and physicists when asked to consider derivatives). However, the theoretical framework of NoS is a naturally interdisciplinary framework (conceived and designed as such).

The idea here is therefore to identify the specificities of the different disciplinary didactics conveyed by the NoS framework and to combine them as best as possible with each other and with related disciplines; therefore it will be a question of taking a point of view focusing on content and its teaching-learning (Crapanzano 2018), rather than a more restricted point of view taking into account educational institutions and learning environments, in order to widen the horizon linked to the objects, concepts and knowledge taught in order to best study the epistemological perspectives offered by the prism of NoS within the framework of educational sciences. In other words, it is a matter of trying as best as possible to have a global vision and of avoiding some sort of disciplinary isolation while delimiting the field of research so as to achieve a certain balance between the different fields studied and their interactions; it is not a question of trying to study or develop a kind of universal didactics, but rather to do research within the framework of the nature of science more on the substance than the form.

This subject of gravitational waves and the history of their discovery alone calls upon a certain number of disciplines (e.g., physics, mathematics, history, epistemology) and its teaching invokes even more of them (e.g., psychology, neurosciences, philosophy) 10 .

The comparison will therefore be made on the disciplinary teachings and learnings as they are described by the didactics, by comparing in particular concepts common to several disciplines (Sensevy 2002, Ligozat 2017), their differences in use (Dias-Chiaruttini 2017e) and their foundations: e.g., epistemological obstacles, didactic transposition; joint action theory (Brun 2017).

It will also include describing different possibilities of interactions between content and learners in the theoretical framework of NoS and describing how the specifics of disciplinary content, which are at the basis of each didactic discipline, interact or merge in this teaching-learning framework (Sensevy 2018).

Finally, it will be a question of explaining the choice of the conceptual system applied to this theoretical framework trying to combine the specificities of different didactics, which is a priori justified by the epistemological foundations and the multidisciplinary nature of NoS.

On the Gravitational Waves: The State-of-the-Art

The first direct measurement of gravitational waves was on September 14, 2015 at 09:50:45 UTC by the LIGO-Virgo Scientific collaboration. This detection was achieved thanks to the advancement of cutting edge technology and technical prowess as well as the development of the theoretical frameworks involved. Since this detection, the methods and data for the measurement of gravitational waves continue to evolve with each improvement and upgrade of the detectors and new projects. This new field represents a new tool for astronomy and cosmology and it has already contributed to further our knowledge and comprehension of the universe thanks to the study of the properties of the binary black hole mergers, the astrophysical implications of binary black hole mergers, further testing of General Relativity and much more (Abbott 2016a(Abbott , 2016d, 2016f, 2016o), 2016f, 2016o). Although gravitational waves have been predicted a long time ago to be a consequence of General Relativity (Einstein 1918), the concept of gravitational wave itself is even older and a huge part of the theoretical research on the subject has been made prior the actual discovery of 2015. This new ability to measure gravitational waves and thus observe the universe in a new way represents an opportunity to do research in a field in rapid expansion; furthermore, with the growth of the field will undoubtedly come the need to have more researchers working on the matter. Thus, this thesis represents an attempt to elaborate a curricula as accessible as possible using the framework of the Nature of Science dedicated to this issue. The readers will find an extensive part on the subject in section 4.6.

Methods & Data

On a fundamental level, the concept of gravitational waves relies on two general concepts: waves and gravitation. Both the Physics of Waves and Gravitation represent huge fields of study in Physics which have been studied since the very beginning of Science11 .

The physics of Waves is a very wide-ranging subject, that has mainly been developed somewhat indirectly through the study of other disciplines which it encompasses such as, i.e., musicology [START_REF] Helmholtz | On the Sensations of Tone as a Physiological Basis for the Theory of Music[END_REF], the study of light, e.g. by Huygens (1629Huygens ( -1695;;1912), Hooke (1635-1703;;[START_REF] Padova | Micrographia or Some physiological descriptions of minutes bodies made by magnifying glasses: with observations and inquiries thereupon[END_REF], Euler (1707Euler ( -1783;;[START_REF] Euler | Nova theoria lucis et colorum[END_REF], Fourier (1768Fourier ( -1830;;1824), Young (1773Young ( -1829;;[START_REF] Young | VII. Outlines of experiments and inquiries respecting sound and light. By Thomas Young, MDFRS In a letter[END_REF] and Fresnel (1788Fresnel ( -1827;;1866-1870), while Gravitation was studied through the science of weights with notably Galileo (Tartaglia 1845(Tartaglia -1846;;Galilei 1890;2005;and Abattouy 2006;2018;[START_REF] Koyré | Etudes Galiléennes[END_REF]Pisano andCapecchi 2013, 2015;Pisano 2011Pisano , 2012Pisano , 2013Pisano , 2013aPisano , 2014Pisano , 2014aPisano , 2014bPisano , 2015bPisano , 2016;;Pisano, Capecchi and Lukešová 2013), and then as a type of force with Kepler (1571Kepler ( -1630;;1596, 1906;1937[START_REF] Hubble | A relation between distance and radial velocity among extra-galactic nebulae[END_REF] and Newton (1642Newton ( -1727;;[1713],1729, [1726;1739-1742], 1687,1833,1999) until Einstein's theories (Einstein 1916(Einstein , 1918(Einstein , 1920(Einstein , 1937)).

Based on the international secondary literatures (Cfr. Bibliography sections) and my aims, I made the methodological--and--content choice of inquiring:

a) The history of the concepts at the core of our modern understanding of gravitational waves, b) The lesser known aspects of the History of the Physics of Waves and Gravitation that lead to the concepts involved in the discovery of gravitational waves, since covering the whole history that led to the discovery is probably more than one could accomplish in a lifetime. c) Nature of Science Teaching

The change of environment in the field of physics provide a new, fresh and fertile terrain with great educational potential. Indeed, thanks to the fact that much ink has been spilled over the history of modern science, it contains many concrete examples. Moreover, gravitational waves and their history are now trending. With topics yet to be explored in the light of the new results brought by the detection of gravitational waves and what they imply for our understanding of the universe as a whole comes the opening of a new field of research in cosmology. Indeed, since GW150914 (Detection, 2015, September 14; hereafter GW150914) the subject of gravitational waves has been the object of a several of historical studies in-and-around the field (Cfr. [START_REF] Cervantes-Cota | A Brief History of Gravitational Waves[END_REF]Trimble 2017;Kennefick 2019) showing that the story of gravitational waves is very rich and very intricate. Thus my approach is part of an attempt to help untangle and clarify both the physics and the context of this history, but also to shed light on insights scientists had. In my opinion, doing so will serve many objectives, which are discussed further. In order to complete this task, I did both physics and historical research in situ. On one hand, at the Virgo detector in Cascina, near Pisa, where I was invited in June 2019, I had the opportunity to visit the facilities and talk with the very friendly (and incredibly kind) scientists there.

Below I present photos (Figs. [4][5][6][7][START_REF]Renaissance Clagett's thought on the scientia de ponderibus Gille's thought on Leonardo and Renaissance engineers Grant's thought on the history and philosophy of science during the Middle Ages Singer's thought on history and technique during the Middle Ages and the Renaissance Primary sources: reading texts[END_REF][9] that I was granted permission to take of the facilities and interferometer. The Fig 4 is a photo of the control room. The Fig. 5 is a photo of a monitor displaying the real time sensitivity plot of the detector. The Fig. 6 is a photo taken from the clean room of the Injection System (IS). The Fig. 7 is a photo of myself wearing the protective equipment. The Fig. 8 is a photo of the Towers containing the superattenuators and mirrors. The Fig. 9 is a photo of a superattenuator on display in the main building. The sensitivity of the Advanced Virgo detector, as a function of the frequency (in the horizontal axis). The sensitivity of the gravitational wave interferometer is of direct influence to the range at which the detector can perceive signals. The peaks are intrinsic to the design of the detector (for instance, due to the violin modes of the suspension system or to other physical effects such as quantum effects of light, Brownian motion in the mirrors, etc.).

Fig. 6 Photo of Gabriel Pillant working in the clean room where the laser is located. The infrared laser (1064 nm) of the interferometer is inside the box on the left. The whole setup is located in a clean room to control the environment and avoid dust. Source: Photo taken by Philippe Vincent Fig. 7 Philippe Vincent self-portrait. This equipment's function is to prevent dust from entering the clean room. The goggles are designed to protect the eyes of the wearer from being damaged by the laser (the laser is very powerful and despite being invisible to the naked eye, possible reflexions from the bench table can damage the eyes). Source: Photo taken by Philippe Vincent Fig. 8 Towers containing the superattenuators and the mirrors. The 5 towers are under vacuum and each contain a superattenuator from which the mirrors are suspended and controlled by the marionetta. The towers from left to right contain the: Power Recycling Mirror, (West) Input Mirror, Beam Splitter, (North) Input Mirror, Signal Recycling Mirror. Source: Photo taken by Philippe Vincent Fig. 9 A superattenuator on display in the Main building to show what is inside the towers. The superattenuators structures can be subdivided into three principal parts: the inverted pendulum (referred to as IP); the chain of seismic filters starting at filter0 to filter7 (the steering filter); and the payload (the marionette, the reference mass, and the mirror) The "marionetta" is holding a mirror suspended by monolithic silica fibers. Source: Photo taken by Philippe Vincent I did important historical research at the Niels Bohr Library. I spent 3 weeks at the Niels Bohr Library of the American Institute of Physics located 1, Physics Ellipse road in College Park, MD. I studied and discovered documents relevant to the subject on gravitational waves. Indeed, this place is linked to a number of historical figures and events. For instance, the first gravitational wave detectors were bars (aluminum cylinders) built by Joseph Weber (1919Weber ( -2000) ) who was a pioneer in the search for gravitational waves. These bars are displayed at the University of Maryland where a memorial was built in 2018 to honour Joseph Weber (cf. Photo below). This work was supported thanks to a grant-in-aid from the Friends of the Center for History of Physics, American Institute of Physics. More details on my consulting job at the two centres are below. 

An Early History

Thus when we will talk about the position or the speed of the attracting body, it will be this position or this speed at the moment where the gravitational wave left this body; when we will talk about the position or speed of the attracted body, it will be this position or this speed at the moment where the attracted body has been reached by the gravitational wave emitted by the other body; it is clear that the first instant is preceding the second.12 (Author's Translation) Therefore, considering the historical importance of Clifford and Poincaré's works in regard to the fundaments of the conception of gravitational waves, and for the first time a historical comparative analysis between them is presented.

The Memoir on the Dynamics of the Electron, written in 1905, will remain in the history of the principle of relativity; the Lorentz group of transformations, which are not altered by the equations of an electromagnetic medium, appears to be the keystone in the discussion of the conditions which forces must satisfy in the new dynamics.

[...] Poincaré also shows what hypotheses can be made about gravitation so that the gravitational field is affected by a Lorentz transformation in the same way as the electromagnetic field. 13 (Author's Translation) Fig. 12 L'oeuvre de Henri Poincaré, par Émile Picard (Picard 1913a). Source: Niels Bohr Library, Courtesy of the American Institute of Physics, USA.

and: "But beyond this long period of isolation, silence, after the death of Einstein in 1955, little by little general relativity will experience a renewed interest […]."14 (Author's translation ;Eisenstaedt 1986b, p. 117). Until the time that Joseph Weber started to study how to detect gravitational waves. In 1956during his sabbatical periodhe studied General Relativity, discussed the problematic of the detection with Freeman Dyson (1923Dyson ( -2020) (Bartusiak 1998) and presented the subject at the Chapel Hill Conference of 1957 (Collins 2004;Renn 2011;Trimble 2017). This renewed the interest in the field and led Weber, inspired by the works of Walter Baade and Fritz Zwicky (1898Zwicky ( -1974) ) on supernovae, to develop his bars. I remark that despite his claims (Weber 1960(Weber , 1969(Weber , 1970)), Joe Weber never actually detected gravitational waves. Below I present (Fig. 13) in which Weber presented a series of experiments involving his gravitational wave detectors.

A new series of experiments is described, involving two gravitational wave detectors spaced at about 2 km. A number of coincident events have been observed, with extremely small probability that they are statistical. It is clear that on rare occasions these instruments respond to a common external excitation which may be gravitational radiation. In fact, the first hint confirming their existence came in 1974 with the discovery of PSR B1913+16 (Hulse 1975) a pulsar (the Hulse-Taylor binary), which lead to the Nobel Prize in Physics 1993 " […] for the discovery of a new type of pulsar, a discovery that has opened up new possibilities for the study of gravitation." awarded to Russel A. Hulse and Joseph H. Taylor Jr15 . Indeed, after three decades of observation, the results [START_REF] Weisberg | Relativistic Binary Pulsar B1913+16: Thirty Years of Observations and Analysis[END_REF]Rasio 2005) showed that the orbital decay of the systemdue to loss of potential energy of the orbiting bodieswas consistent with the corresponding amount of energy that was evaluated to be lost from the emission of gravitational radiation according to General Relativity laws:

Abstract. We describe results derived from thirty years of observations of PSR B1913+16. Together with the Keplerian orbital parameters, measurements of the relativistic periastron advance and a combination of gravitational redshift and time dilation yield the stellar masses with high accuracy. The measured rate of change of orbital period agrees with that expected from the emission of gravitational radiation, according to general relativity, to within about 0.2 percent.

[…]

[…] and we conclude that the measured orbital decay is consistent at the (0.13 ± 0.21)% level with the general relativistic prediction for the emission of gravitational radiation. (Weisberg 2004, p. 3) Fig. 14 [START_REF] Weisberg | Relativistic Binary Pulsar B1913+16: Thirty Years of Observations and Analysis[END_REF] Relativistic Binary Pulsar B1913+16: Thirty Years of Observations and Analysis. In: ASP Conference Series, Rasio FA & Stairs IH (eds.), Observer (BBO) and using the pulsar timing arrays [START_REF] Hellings | Upper limits on the isotopic gravitational radiation background from pulsar timing analysis[END_REF]). It should be noted that the Nobel Prize in Physics 2017 " […] for decisive contributions to the LIGO detector and the observation of gravitational waves" was awarded to Rainer Weiss, Barry C. Barish and Kip S. Thorne (cfr. nobelprize.org 16 ).

Of course, in parallel to this, an account on the History of Cosmology will be explored from the beginning of Observational Cosmology to Nowadays. This part of the History of Science is extremely rich and the implications are far reaching; especially in light of the recent discovery of gravitational waves, and gravitational wave astronomy in general. Indeed, the beginning of our current understanding of the Universe is still new. For instance, the simple fact that we live in a galaxy among 100 billion galaxies is a rather new idea. Indeed, from the first ideas that some nebulae in the night sky were actually outside of our own "island universe" to the "Great Debate" also known as the "Shapley-Curtis Debate" which took place on April 26, 1920 (Hetherington 1967;Trimble 1995) that discussed this very issue, centuries had passed.

Therefore, the mere idea that galaxies exist is almost exactly one century old. Similarly, the ideas that the Universe is not eternal, nor static and that it is in fact expanding; and moreover, expanding increasingly faster are also very young.

Furthermore, it is interesting to explore how a number of discoveries and theories explaining physical phenomena of seemingly various natures finally came along to contribute to a greater understanding; e.g. the discovery of spectroscopy and Fraunhofer line -with William Hyde Wollaston (1766-1828) and Joseph von Fraunhofer (1787-1826)-found its explanation in the Photoelectric effect and Quantum Mechanics before finally being used to measure the distance of celestial objects via the redshift/blueshift of their light; which in turn allowed notably to confirm: a) the existence of galaxies, b) that the universe was expanding, and finding the rate of its expansion, c) which subsequently allowed to determine the age of the Universe, d) the implications for the Universe to have a beginning lead to determine that as it was not eternal, it certainly had a future -however remotee) and that this future was in fact function of the rate of expansion (the Hubble parameter), the energy density of its content, and its overall curvature.

In the end, having painted the global picture of the History of the discovery of gravitational waves and discussing the prior cosmological explanatory context allows to better understand the various implications of gravitational astronomy for this new era of Cosmology. Below I present (Tab. 1 and Fig. 15) as an incomplete inquiring of mine on the number of publications that -by using the keywords "gravitational waves" on Google Scholar returns the following. Unsurprisingly, the table and graph clearly show that the number of articles containing the keywords "gravitational waves" followed the development of the Virgo and LIGO detectors. Indeed, on the official LIGO website, one can read: "LIGO's original instrument, a largely 'proof of concept' model dubbed "Initial LIGO", engaged in "science observations" from 2002 to 2010. No detections were made in that time, but enormous strides in detector engineering were achieved as a result of what was learned during that initial run." 17 , while on the Virgo side, the project, which was approved by the CNRS and the INFN respectively in 1993 and1994, and"initial" Virgo's 17 Cfr. https://www.ligo.caltech.edu/page/about Of course, this is visible on the plot as an increase in the number of publications. These initial detectors observed the sky between 2007 and 2011, but no detection was made. However, the efforts for the search of gravitational waves continued, the detectors underwent upgrades to boost their sensitivity and a first series of signals were detected, starting with GW150914; soon followed by GW170814 for the first binary black hole merger signal detected by all three detectors. This last part of the story matching with a great increase of the number of publications as visible on the graph.

On the Nature of Science Teaching (NoS)

The Nature of Science, including for my aims, teaching (NoS) is an interdisciplinary product of inquiring science and its foundations, whether historical, epistemological or scientific, curricula & modelling. In particular, it incorporates in its investigations the notions of limits, modelling, methods and methodologies in scientific practices. The study of gravitational waves is a new window for Astronomy and Cosmology with deep meaning for Physics. Furthermore, by bringing new ontological elements it furthers the confirmations of the validity of two of our best descriptions of reality.

The inclusion of the History of Science for Teaching Science and Science Education has been well inquired. Indeed, the subject along with HPS and NoS, have spilled a lot of ink, i.e Mach (1838Mach ( -1916;;1898) Duhem (1861Duhem ( -1916;;1906), Bachelard (1884Bachelard ( -1962;;1934, 1940), Piaget (1896Piaget ( -1980;;1927, 1970), Kuhn (1922Kuhn ( -1996;;1962, 2005), and still is.18 

History of Gravitational Waves & NoS

The history of gravitational waves and the history of the birth of modern science (physics and mathematics for my aims) is a historical period very well documented (Cfr. Agassi 1965;Kouneiher 2005Kouneiher , 2018;;Pisano 2011Pisano , 2013Pisano , 2015)). Thus, interesting elements for scientific teaching purposes are in abundance; including images (historical icons) and the different changes of perspective. For example, one can see a logical scientific progression into different paradigms from Gallileo to Newton, Riemann, Clifford, Poincaré and Einstein, prior to their official GW discovery in 2014. Thus ad hoc curricula can be modelled within an interdisciplinary teaching proposal, typicallyand for my inquiringat high school and university; either, Newton's writings on his theory of gravitation (Newton [1713(Newton [ ],1729(Newton [ , [1726;;1739-1742], 1687, 1833, 1999), Clifford's "On the space-theory of matter" (Clifford 1870) or Poincaré's "On the dynamics of the electron" (Poincaré 1905) in order to model a contextual approach (i.e, a curriculum) in the field. In my thesis I showby means of NoS modelling of a GW curriculummultiple benefits for the teaching of physics, and science education in general. 19In particular, it incorporates in its investigations the notions of limits, modelling, methods and methodologies in scientific practices. It is not just the addition of History and Philosophy of Science as another item on top of the science curricula, but the incorporation of approaches and HPS elements to teaching science based on the assumption that using adjacent and surrounding fields contribute to a greater understanding of science items, content, etc. and therefore to a better understanding of science. The study, and by extension the teaching of the Nature of Science should be considered as essential as it is a complex subject encompassing many elements that are key both to our cultural heritage and to teaching science in order to produce scientists. These elements include discussions on scientific method and objectivity, how to differentiate science from pseudo-science, how evidence is obtained in its historical and philosophical context, how the gathering of evidence impacts theories, etc. This framework studies the relevance and added value of philosophical and historical knowledge for the development of teaching courses. The addition of a historical perspective in science teaching aims to use history as a framework in which the problematization of the objects or concepts of the science lecture emerges naturally rather than a framework describing the then problematization. This addition is therefore more a pedagogical tool usable to help the students understand the taught concepts rather than a teaching of history of science (Cfr. [START_REF] Matthews | History, philosophy, and science teaching: The present rapprochement[END_REF].

Another, perhaps more practical, advantage is that teachers sometimes struggle to find appropriate problems to motivate students and/or confront them with the concepts from other angles. Fortunately, the history of science contains a great number of historical problems which can enrich the teachers' lessons and the students' apprehension of mathematics while keeping them engaged in the object of the lecture (Cfr. Duhem 1906;Mach 1911;McComas 2002;Galili 2008;Yildiz 2013).

Teaching Physics

The teaching of physics and the associated mathematical, description--and--interpretations as tools, are each highly categorized and often perceived by students as completely different fields of study: theoretical sciences on one side and experimental sciences on the other.

Sometimes a distorted perception of theoretical sciences so far from everyday life activities amplifies the difficulties of teaching complex sciences such as physics and mathematics. Recent research has shown that scientific knowledge -prior to a proper formal science education-seems to be constructed on some kind of naïve theories, intuitions, common sense that would be similar to the ones developed by natural philosophers (Caramazza 1981;[START_REF] Vosniadou | Mental models of the earth: A study of conceptual change in childhood[END_REF] or frailly structured understanding and poorly organized knowledge [START_REF] Mcdermott | Research on conceptual understanding in mechanics[END_REF]Di Sessa 2011;McLaren 2013). For example teaching from school to university being done in a rather abstract way and with too little historical context to understand and follow their evolution, instead of learning the methods of scientific research. It is rather to browse the content of textbooks than to follow the results of NoS research (Guisasola 2005;[START_REF] Abd-El-Khalick | A longitudinal analysis of the extent and manner of representations of nature of science in U.S. high school biology and physics textbooks[END_REF].

A correlated problem is the relationship (and its dynamics) between teaching and learning theoretical-experimental sciences like physics. Such teaching methods like chaining exercises and problems from the textbooks might be fine for young students still developing their understanding of the world and learning its basic rules.

However, starting with high school, if not a bit earlier, one can notice a growing divide in the results of the students as well as a general disinterest for the subject; often the reason being something along the lines of "I liked maths when I was little, but now it's too complicated" (Di Martino 2010) and other similar attitudes on the subject. Therefore, I analyse certain pedagogical-teaching issues for physics teaching related to history of physics and teaching physics, based on different approaches to the transmission of knowledge, including interdisciplinarity as a crucial component of the teaching--learning process.

Moreover, with regard to the renewal of teaching, it can be approached with theoretical hypotheses, such as those related to the importance of Nature of Science in Education Science, the evaluation of hypotheses and critical thinking. In fact, the reference to the history of physics serves as a guide and confers a rich context for a critical analysis of different and varied hypotheses [START_REF] Warren | Bayesian updating activities on student epistemologies[END_REF]. For example the question of whether the gravitational waves transmit energy with Feynman, or on their speed of propagation and their existence with Poincaré. Students' formal and informal learning, personal experience, social interactions and the resulting common knowledge give them a basic framework on which to rely to interpret everyday life phenomena which shape their common sense.

This social aspect is mainly separated from a scientific guidance and leads to common views that can ultimately lead to misconceptions and difficulties. A lot of research has been done on this epistemological break of abstraction from everyday life [START_REF] Carey | Conceptual change in childhood[END_REF][START_REF] Carmichael | Research on students' conceptions in science: A bibliography[END_REF]) which maybe is best illustrated by the many studies that have been done about informal and formal reasoning (Wason 1971); especially in mechanics where a common misconception is that a constant force is required to keep an object in constant motion (Clement 1982;Viennot 1979;Crapanzano 2018).

Unfortunately, this can have dire consequences for teaching students. Indeed, considering that students' common sense precedes scientific reasoning, added to the fact that there is some kind of mistrust in science due to the problem of idealization, it is common for them to encounter difficulties. Those difficulties mostly arise from clashes with common sense formed by their pre-established conceptions and common knowledge or even beliefs, whether religious or otherwise. It should be noted that not only the students are victims of their common sense, but teachers and even scientists are subject to this problem; although to different degrees. A good example of this could be counterintuitive results, which are counterintuitive on the basis that these kind of intuitions are guided by common sense; such as those encountered in Quantum Mechanics, or just concepts like non-locality, etc. In those cases, common sense logic is inadequate for understanding, let alone problem solving.

The history of physics in the classroom also helps stimulate students' reflections on the fundamentals of science and enable them to follow the reasoning of scientists and their insights while motivating them through comparisons and analogies (Sherry 1996). Furthermore, nowadays it is possible to teach a scientific discipline by NoS using various technological tools available such as smartphones, computers and applications that they can use [START_REF] Oliveira | Emerging technologies as pedagogical tools for teaching and learning science: A literature review[END_REF], capturing students' interest and trying to motivate them, so also can the historical difficulties of the development of the scientific method and paradigm.

With all this in mind, and coming back to GW, I worked and still am working to show the need to make teaching methods evolve especially at high school and the University as well as the need to fight the disenchantment of students towards scientific matters (in particular Physics and Mathematics) through the postulate that the History of the discovery of gravitational waves provides an excellent didactic terrain for teaching Physics. At University, and maybe as early as in high school, I believe that the students can get a sound first understanding of many fundamental concepts in Physics such as spacetime, and special relativity within the NoS Teaching framework. Moreover, the core ideas and concepts of special relativity are in principle accessible to anyone who understands some geometry and basic algebra. Yet, despite of all this, special relativity is one of the subjects in physics that confuses the most people and in many cases turns them away from Physics altogether.

For instance, while a special attention has always been put on students' misconceptions, science education and physics education in general are treating the problems associated with the nature of students ideas and how they are confronted by the scientific understanding of phenomena; in particular, for the case study of the teaching-learning of special relativity, different models and their effectiveness have been evaluated e.g. misconceptions and pieces models. However, for this specific example, it turns out that the results from the students confronted with one model or the other agree with both models, thus suggesting that these models are either both valid to a certain extent or at the very least accommodating enough (Scherr 2007).

Another case study about learning in special relativity explored the impact of using a relativistic virtual environment in order to introduce concepts of special relativity. The authors identified the main issues to be related to the difficulty that "modifying everyday concepts of motion, time and space to develop accurate constructs of the theory of special relativity is extremely difficult" (McGrath 2010, p. 862). Their conclusion was that the exploration of their virtual reality helped the students to improve their understanding and see the topic as less abstract, as a small but measurable improvement was observed. Moreover, their analysis showed that "[…] completing the experiment sometimes aided in answering an exam question on relativity based on the lecture component of the course." (Ivi. p. 867). Thus showing that despite the fact that special relativity is very confusing, there are leads to help students overcome their difficulties with the matter.

The Originality

The originality of this thesis comes from the study of the historical roots of the concept of gravitational waves which predates Einstein's paper "Über Gravitationswellen" (Einstein 1918) from NoS perspectives as well as providing the students with a curricula designed to use, at the same time, multidisciplinary approaches and tools that have shown to improve students' understanding of difficult physics topics. Indeed, using results of nature of science teaching-learning and many different adjacent fields (including but not limited to cognitive psychology, neurobiology, logics, epistemology), the resulting ad hoc curricula is very complete. Moreover, the logical sequence of the teaching is expected to provide the students with a sound understanding of the physics of gravitational waves that can then be relied upon for actual advanced physics classes on the subject. Indeed, despite the limitations of each individual approach the completeness and variety of the different examples and methods employed is expected to be complementary with each other, thus allowing the students to identify which framework or tool to use for each case they encounter. My motivation comes from:

a) The fact that lesser-known scientists' contributions are at the very best equally or less-known, such as the original ideas of Clifford (Clifford 1870[START_REF] Clifford | On the Free Motion under no Forces of a Rigid System in an n-fold Homaloid[END_REF](Clifford , 1882)). Indeed, Clifford's conceptions about our physical space are extremely interesting and they could even represent a precursor sign that the conception of our physical space was about to shift like it did with Einstein's theories. Although it should be noted that Clifford was still very far from the same conceptions of Einstein. This is even more obvious when considering that when Clifford was working on his theories, tensor calculus was not yet invented. It may very well be this deficiency that lead Clifford to develop his own mathematical tools (Clifford 1882) in his Preliminary Sketch of Biquaternions (Clifford 1873b) in order to tackle this very problem that he was yet unaware of. Clifford's idea behind biquaternions was to model motion in a higher dimensional space which he used extensively in 1875 in On the Free Motion Under No Forces of a Rigid System in an n-fold Homaloid. Here his idea was to find an equivalence between ordinary threedimensional space and the motion on a surface of a sphere in order to study the rotation of an object: Moreover, in "The Postulates of the Science of Space" (Clifford 1901), Clifford explicitly explained his beliefs and intuitions about our physical space (as well as his understanding of our place in time to a lesser extent) and concluded by stating:

If you were to start in any direction whatever, and move in that direction in a perfect straight line […], after a most prodigious distance to which the parallactic unit-200.000 times the diameter of the earth's orbitwould be only a few steps, you would arrive at-this place. Only, if you had started upwards, you would appear from below. […] In fact, I do not mind confessing that I personally have often found relief from the dreary infinities of homaloidal space in the consoling hope that, after all, this other may be the true state of things. (Ivi. p. 387) b) The teachings specifically about gravitational waves have been largely skimmed over despite the fact that the physics behind gravitational waves started being investigated, decades ago, as gravitational waves were predicted consequences of Einstein's General Relativity a century ago. Probably one of the first official gravitational waves teachings happened in the 1970s when Rainer Weiss attempted to teach his students Joseph Weber's work on gravitational waves: "Weiss, frustrated by the difficulty of teaching Weber's work to his undergraduates at the Massachusetts Institute of Technology." 20 (Cfr. Weiss 2000); while "Gravitation" (Misner 1973) coauthored by Kip Thorne, Charles Misner andJohn Wheeler (1911-2008), presented a dedicated part (Part VII) about the study of gravitational waves (Misner 1973(Misner , pp. 941-1044)).

Nowadays the physics of gravitational waves appears, anecdotally, to be almost barely taught, despite the fact that this discovery is a major one. Thus, opening a new field of physics and a new window to the Universe seems to be necessary. Furthermore, the gravitational waves teachings are included in Astrophysics Master's degrees curriculum (only) despite the fact that a lot of progress has been done in rendering the subject more accessible [START_REF] Kaur | Teaching Einsteinian physics at schools: part 3, review of research outcomes[END_REF]. Therefore, my opinion is that my Ph.D thesis could represent an intellectual opportunityamong History of physics, applied sciences and technology & NoS curriculafor starting to consider implementing ad hoc curricula on the subject; and to esteem teaching-learning, its extension into quality (concepts, measures, modelling and calculations). Indeed, students' difficulties understanding SR and GR have been studied (Sherr 2001, 2002, 2007, Belloni 2004, McGrath 2010, 2012, Arlego 2017), but none has been done on gravitational waves. When I began this doctoral thesis, I also had in mind to show that GW physics could be taught at least in concepts to high school students, but it turned out that high schoolers of the Aragon d'Héricourt Lyceum won the first place of the Olympiades de physique 2019 with their project "Advanced Arago" which simulated a gravitational wave detector using an ultrasound beam instead of a laser, thus demonstrating that it was possible (Fig. 16).

The American LIGO and European VIRGO detectors recently made it possible to detect gravitational waves resulting from the fusion of black holes and neutron stars. Since 2017, the school's scientific club has set out to discover these waves and their detection. On the principle of the LIGO and VIRGO interferometers, we simulate a gravitational wave detector using an ultrasound beam rather than a laser beam. The space-time oscillations induced by the passage of the gravitational wave are generated using the movement of the membranes of two speakers. This "space-time distortion" is then detected and analyzed in order to determine the parameters of the responsible event: mass of the merging objects and distance to Earth. To stick to reality, the signals produced are becoming weaker and this will require the use of analysis techniques similar to those actually used. Like LIGO and VIRGO, our ARAGO interferometer has undergone several improvements, hence its name Advanced ARAGO. (Author's translation). Moreover, as recent studies reveal [START_REF] Kaur | Teaching Einsteinian physics at schools: part 3, review of research outcomes[END_REF][START_REF] Ryston | Interactive animations as a tool in teaching general relativity to upper secondary school students[END_REF], the views that these types of physics concepts are too hard to understand without strong educations in physics and mathematics are starting to be challenged. Hence, the problem is not if students can understand those concepts; but rather How to teach them effectively? In order to study a possible reply to this question, Below I present (Fig. 17) which is a letter from Émile Picard to Arthur Korn that I found in the NBL archives which illustrates how the new works on the principle of relativity in regards to gravitation were perceived in 1913: On the other hand, I was invited to come to the site at EGO from June 9 th to 15 th 2019 and had the opportunity to discuss the principle of the detection of gravitational waves with laser interferometers and the functioning of the detectors, its design and characteristics; especially with Gabriel Pillant, Julia Casanueva, Valerio Boschi and Nicolas Arnaud; who were kind enough to provide me with some resources for my research and answer all my questions.

22 Dear friend, I presented last month your note to the Academy; it appeared very interesting to me, and it deserves to be developed.

I have two things to ask you. If I recall correctly Poincaré did a communication in Berlin to the Mathematical Society on algebraic surfaces. As I am going to include this question that kept me so busy in my lectures of this year, I would be glad to know what the content of this communication was.

I would also like to have your opinion on the recent works on the principle of relativity with regard to its relations with gravitation (Abraham, Einstein); this seems like a nice mess. It is extraordinary, with such fragile experimental bases, to be willing to change humanity's ideas on space and time. I did not fear to write this in a notice on l'Oeuvre de Poicaré, the Revue Scientifique is publishing today and that the Annales de l'Ecole Normale reproduces. I will not hide that this will bring spite from physicis 22  I selected-resumed fundamental concepts of Physics in the scientific literature and textbooks for the first part of the thesis.  I selected-summarised fundamental concepts using a historical approach and using key texts belonging to the history of the root concepts at the basis of the history of the discovery of gravitational waves.  I built the case study of NoS Teachings for introductory lectures on gravitational waves.  I selected case-studies interesting for my aims.  I designed pedagogical introductory lectures and curricula for different audience levels using historical texts and modern tools such as simulation software available to the general public, simple scientific equipment available in Physics classes and other experiments doable with everyday life objects.  I worked on NoS teaching with Universe Sandbox to simulate effects of moving mass on astronomical scales, a spandex sheet grid with weights to help them grasp the effects of spacetime curvature, and different kinds of balls with strings to illustrate gravitational decay through analogies.  I preferred a mixed NoS teaching exploring approach: selected hypotheses-observables and modelling in order to identify the different steps of the development of the concept of a gravitational wave, then identifying the historical-epistemological items of the learners to verify-explore the hypothesis.  I visited the Olympiades de physique 2019 that took place at Lilliad, during which students of the Aragon d'Héricourt Lyceum won first place with their project "Advanced Arago". It presented the development of physics behind the LIGO/Virgo observatories.

Unfortunately, I was working during the day, but I managed to leave my stand at Xperium and got the opportunity to talk with them and their Physics teacher. However, because of this I was forced to conduct an informal interview. Acting as if I did not know anything on the subject, I asked them many questions during their presentation in order to evaluate how much they understood the subjects of gravitational waves and how to detect them. With this event/result for my thesis, I concluded that their understanding -although not perfect-was quite advanced.  I also discussed with various Professors (specialists of the different fields) and did dissertations of partial results and developments in conferences, workshops, etc.  I studied different lectures on the subject of Special and General Relativity.  I researched the existence of lectures on gravitational waves in different curricula (anecdotal presence; non-existent outside of Astrophysics Masters Degree).

Expected Impact

The expected impact of my thesis concerns its contribution to historians of physics and I hope scientists in the field, in particular on the history of the discovery of gravitational waves and the concepts at the roots of this discovery. Very interesting will the possible influence to the history of the mathematical-physical interplay (Cfr. Pisano 2011Pisano , 2013aPisano , 2014Pisano , 2015b;;Pisano & Capecchi 2013 ;[START_REF] Karam | Introduction of the Thematic Issue on the Interplay of Physics and Mathematics[END_REF] with the views of Sir William Kingdon Clifford about physical space and his insights and ideas; Clifford considered geometry to be a physical science [START_REF] Cervantes-Cota | A Brief History of Gravitational Waves[END_REF]2018). I expect my thesis to contribute to raising the awareness that Clifford was not just Riemann's follower, but had his own ideas. Another expected impact is related to Nature of Science Teaching and research: a) a revised synthetic history in which it is easy to uncover multiple useful examples for teaching Physics, History, Epistemology and NoS and Epistemology of science disciplines-topics (i.e., for the later they are falsification and repeatability, constructivism, critical thinking and confirmation bias, paradigm shifts, b) a historical-epistemological perspective including a model of inquiring modern physics, both for research and teaching; c) the identification of a NoS method for teaching gravitational waves physics based on historical foundations of science; d) the possibility of viewing the usual associated epistemological obstacles of the concepts evoked by the physics of gravitational waves (belonging to the Physics of Waves, Gravitation and the Relativities) in a new light and at different audience levels, e) evaluating if the physics of gravitational waves can be taught as soon as High School through the use of Nature of Science Teachings, f) building a coherent multidisciplinary framework for NoS teaching-learning, and g) Publications.

A Short Overview of the Thesis Project

23 The Follow-up PhD Committee is an advisory body whose role is to monitor the progress of the doctoral student's thesis work, including related activities and to detect any scholarly problems or difficulties. In accordance with current French rules and regulations, this committee does not inquire on the content and methodology of the thesis and cannot be part of the final PhD defence jury.

Introduction li

Expected Results

-Showing that gravitational waves can be taught at the University to non-specialists and to High School students (at least in concepts). -Recognition of the role played by different scientists in the discovery of gravitational waves and its history. -Designing a logical, intuitive and easy to understand course for the teaching of gravitational waves and its framework (i.e., physics of waves, relativities). -Recognition of the impact of less-known scientists.

-Influence on the teaching of the related subjects at high school and university as well as a stepping stone for disenchanted students towards a renewal of interest. -A theoretical model to make science (and its scientific objects) an interdisciplinary and multipurpose tool for science of education. -Raising awareness of the importance of the discovery of gravitational waves for astronomy and as a great tool for science didactics. -Identifying epistemological obstacles from another perspective.

Perspectives

-Building a synthesis of the development of the history and the roots of the concepts, breakthroughs and insights that lead to the discovery of gravitational waves. -Identifying theoretical, historical, epistemological, physical and practical obstacles in the history of the discovery of gravitational waves. -Influence of non-classical logic (and language) in the history of scientific thought. -Influence of the history of the discovery of the gravitational waves as a drive for an advancement on various technological aspects. -Teaching based on different approaches to the transmission of knowledge for teaching and learning. -To examine interdisciplinarity which is at the heart of many discoveries and plays an extremely important role in research and science education. -With regard to the renewal of teaching, it can be approached with theoretical hypotheses, such as those related to the importance of Nature of Science in Education Science. In fact, the references to the history of physics can serve as a guide and can confer a rich context for a critical analysis of different and varied hypotheses (for example for the foundations of quantum mechanics, the question of whether the gravitational waves transmit energy with Feynman). -To show that the history of physics in the classroom also helps stimulate students' reflections on the fundamentals of science and enables them to follow the reasoning of scientists and their insights while motivating them through comparisons and analogies. -The identification and production of a method for science teaching based on the history of science, following the reasoning and insights of scientists using modern simpler and more intuitive tools. 4.2. 1949. Joseph Weber (1919-2000) 4.7.1.1. GW150914 4.7.1.2. GW151226 4.7.1.3. GW170608 4.7.1.4. GW170817 -The First Triple Detection 4.7.1.5. GW170817 -The First Neutron Star Merger 4.8. 2017. The Nobel Prize in Physics Final Remarks

PART I

The Waves

An outline. This chapter is dedicated to the Physics of Waves in order for non-specialists readers to have the opportunity to familiarize themselves with the subject of Waves in general before being exposed to the Physics of Gravitational Waves. Therefore, we will notably see how to define a wave, but also explore the differences between the various kinds of waves, their properties and physical phenomena involving them.

CHAPTER I

What is a Wave?

Prologue I

The object of this research, gravitational waves, is clearly not an easy concept to master, or even just grasp. As their name suggests, gravitational waves can be understood as a physical object that encompasses both waves and gravitation. However, even if this duality gravitation-waves is palpable, in order to properly comprehend the subject, one has to understand that gravitational waves are not actually waves of gravitation, but rather the propagation of deformations or perturbations of spacetime.

In fact, the main difficulty resides here, in the conceptual jump one has to do when considering spacetime; a concept at the core of both Special and General Relativity. However, while delving directly into considerations such as spacetime, the warping of the fabric of the Universe, might seem attractive or even a fun experience in the perspective of some, the subject remains one of the most advanced and complex theoretical description of reality on astronomical scales. This section is essentially here for non-physicists readers and non-specialists.

Therefore, instead of beginning with the Theory of Relativity, it seems more appropriate to begin with a simpler object of study. Hence, and because gravitational waves are waves, a good starting point is the study of waves. In this first part of the thesis, we will examine the main physical properties and theories related to waves and their study in order to have a stepping stone on which we will then be able to build.

Although different from the general idea that springs to mind when thinking about waves (namely waves on the ocean or a lake, soundwaves, etc.), gravitational waves are just waves of another kind.

Definition of a Wave

Although the literal definition of a wave may vary a bit from one source to another, the general scientific consensus is that the term "wave" refers to the transmission of a disturbance from one location to another. All waves are disturbances that propagate. Some waves travel through a media and others do not. These disturbances carry energy without carrying matter (or with little matter transport). Specific cases vary depending the wave (Cfr. Walker, Halliday and Resnick 2011, p. 413):

Waves can be of different types:



Mechanical waves This type of wave is the one that immediately jumps in mind.

Mechanical waves are transmitted through media made of matter. They can be produced if, and only if, there is matter for them to propagate into. Some examples of mechanical waves: soundwaves, seismic waves, water waves, slinky waves, etc.



Electromagnetic waves

This type of waves is a little less known. Electromagnetic waves consist of the wave representation of electromagnetic radiations. In other words, all types of lights (from gamma rays, to X-rays, to ultraviolet light, to visible light, to infrared, to microwaves, to radar waves, to radio waves).



Matter waves

This type of waves is used when considering fundamental particle such as electrons and protons, and sometimes atoms and molecules.



Gravitational waves This type of waves are disturbances of spacetime propagating and will be further developed in section (1.9).

In the following, I present a typical wave modelling. 24 24 A more intuitive and less abstract manner of thinking about them, is to think about waves propagating as vibrations/oscillations of a physical medium (1) or field (2) around determined points of a location.

(1) A physical medium is anything made out of matter (a fluid, a solid…).

(2) A "field" is any physical quantity which takes on different values at different points in space. (Feynman 1970) 

Physical and Mathematical Characteristics of Waves

In order to fully describe a wave, before defining the physical and mathematical characteristics of a wave, we will be starting with one of the simplest cases (Ivi. p.414), a wave on a string.

To describe our wave, we will need a function of the following type to be used:

𝑦 = ℎ(𝑥, 𝑡) (1.1)
Where y is the transverse displacement of any oscillating point of the string as a function h of the time t and the position x of the element along the string (Ibidem).

If the considered wave is of a sinusoidal form and travelling in the positive direction of an x axis, then the displacement of any element oscillating parallel to the y axis at point x at time t is given by:

𝑦(𝑥, 𝑡) = 𝑦 𝑚 sin(𝑘𝑥 -𝜔𝑡) (1.2)
Where 𝑦(𝑥, 𝑡) is the displacement, 𝑦 𝑚 the amplitude, sin(𝑘𝑥 -𝜔𝑡) the oscillating term, (𝑘𝑥 -𝜔𝑡) the phase, k the wavenumber and 𝜔 the angular frequency (Ibidem).

Starting from this simple case, the Physics of Waves has defined variables corresponding to physical properties possessed by waves which will be enunciated in this section 25 . The physical and mathematical characteristics of waves are the following:

1. Amplitude:

 The amplitude of a wave at a given point is the measure of the displacement of said point enduring the effects of the wave passing through it from its resting location or equilibrium position.  The peak-to-peak amplitude is the measure of the displacement of a point between the highest amplitude value (the peak per se, or crest) and the lowest amplitude value (the trough) during one change of period.  The peak amplitude is the maximum absolute value of the magnitude of the displacement of the elements from their equilibrium positions.  Amplitude is represented by the letter A. 25 As a wave is a physical objectin the sense of an object of Physics, a representation, and not as in a physical, tangible objectit possesses Physical and Mathematical characteristics and properties that have been attached to it. Since waves are the propagation of a disturbance or oscillations, they can be represented in function of space and time; in other words, we can study waves through the displacement that occurs when passing by in function of space or time. In mathematics waves are signals [START_REF] Blackstock | Fundamentals of physical acoustics[END_REF]. Another way to obtain the shape of a wave, is to consider the displacements of a single point that is oscillating over time [START_REF] French | Vibrations and Waves[END_REF]. The graphical representation obtained is equivalent to that of the wave passing through it, as these displacements are induced by the wave travelling through that point. The graphic of those oscillations is thus a graphic representing a spatiotemporal wave in essence.

Wavelength:

The wavelength of a wave can be defined as the distance between two consecutive locations in same phase. It is also the repeat distance between oscillations. 26Wavelength is inversely proportional to frequency of the wave; in other words, the higher the frequency of a wave, the shorter its wavelength, and reciprocally, the lower the frequency of a wave, the longer its wavelength. The wavelength is represented by the letter λ and its S.I. unit is meters (m).

Period and Frequency:

When considering a displacement as a function of time, the period, is the duration of one cycle of a repeating event, for waves, it is the duration between oscillations in a wave; for example, the time needed for a crest to reach the point of the next crest. The period is represented by the letter T and its S.I. unit is the second (s). Reciprocally, the frequency, is the number of oscillations that occur in a unit of time, which is to say, usually for convenience, the number of crests (or points of the wave in phase) that pass a point (position in the medium where the wave passes through) in one second. The frequency is represented by the letter f and its S.I. unit is the hertz (Hz).

Therefore, from this we can define:

T = 1 𝑓 (1.3)
Hence, when considering a displacement as a function of space, if f is the number of waves which pass a fixed point per second, then the time it takes for each succeeding chosen point in phase, crest or trough to reach this point is 1 𝑓 .

Velocity:

Waves propagate with a finite speed. The velocity of a wave is measured by the change in position of the wave over time in a direction. By definition, speed is the distance divided by the time taken to travel that distance. Therefore, it is the distance travelled by a wave over a given period of time.

Hence, the speed of a wave, v, is defined by its wavelength over its period:

𝑣 = λ 𝑇 = λ𝑓 (1.4)
The speed of a wave depends on the medium, in other words, what it is in, but it also depends on the composition of the medium and its state.

Phase:

The phase is used to describe a specific location within a given cycle of a periodic wave. By considering a whole period of the wave as being 360 degrees or 2π if we are using radians, we can measure the distance between two points and know how far out of phase they are and express the result as a fraction of wavelength. For sinusoidal waves, the phase is the argument 𝑘𝑥 -𝜔𝑡 of the sine. 

Angular number (wavenumber):

The angular number of a wave is defined as the spatial frequency of the measured radians per unit distance or cycles per units of distance; which is to say that the wavenumber is the number of wavelengths per units of distance, and its S.I. unit is m -1 (reciprocal metre). Because a sine function repeats itself when its angle is increased by 2𝜋 radians, we have:

𝑘 = 2𝜋 λ = 2𝜋𝑣 𝑣 𝑝 = 𝜔 𝑣 𝑝 (1.5)
Where v is the frequency of the wave, vp the phase velocity and 𝜔 the angular frequency of a wave.

Angular frequency:

The angular frequency of a wave is defined as the measure of the rotation rate of a wave; it is the rate of change of the phase of a wave and is measured in S.I. units in radians per second. As such, taking into account that a revolution is equal to 2π, we have:

𝜔 = 2𝜋 𝑇 = 2𝜋𝑓 (1.6)
8. Phase velocity and Group velocity:

The phase velocity of a wave is the rate at which any component of the frequency of a wave travels. It is the velocity of the wave's phase propagation in space. The group velocity of a wave is the velocity at which the envelope, or global profile (shape) of the wave travels through space. A single wave packet is also known as a pulse. From this, we have:

𝑣 = 𝜆 𝑇 = 𝜆𝑓 = 𝜔 𝑘 (1.7)
I ∝ 1 𝑟² (1.9)
Finally, the momentum of the wave is given by Plank's constant divided by the wavelength:

𝜌 = ℎ λ = ℎ 2𝜋 𝑘 = ℏk (1.10)
where ℏ is the reduced version of Plank's constant.

Different Types of Waves

Waves are the propagation of oscillations or disturbances. Different waves travel in different manners, just like different oscillations can oscillate in a different way. Indeed, the oscillations of a wave can happen in any direction of our 3 spatial dimensions. Therefore, we can define two main types of waves depending on the manner these oscillations behave relative to the direction of the propagation of the wave they belong to.

Longitudinal Waves

Longitudinal waves are a type of waves in which the oscillations are in the same direction or parallel to the propagation of the movement of the wave itself. They consist of an alternating pattern of compressions and rarefactions. 

Transverse Waves

Transverse waves are a type of waves in which the oscillations are perpendicular to the propagation of the movement of the wave itself. In other words, the motion of every oscillating element when the wave passes through them is perpendicular to the direction of travel of the wave. Additionally, this property of transverse waves implies that transverse waves can be polarized.27 

Polarization

For transverse waves, the geometrical orientation of the oscillations, which are perpendicular to the direction of motion of the waves, is defined by a property named Polarization. This geometrical orientation of transverse waves can be vertical (as we have just seen), horizontal or anything in between. 

Standing Waves

Standing or Stationary waves are waves that oscillate in time and whose peak amplitude position remains the same along the medium. In the case of a stretched rope fixed at both ends, standing waves can be seen when two sinusoidal waves of the same amplitude and wavelength travel in opposite directions and interfere.

When sending a continuous sinusoidal wave, the waves propagate until reaching a fixed point at which moment it will be reflected.

Let us consider a stretched rope attached on a wall at a fixed point. By swinging the rope up and down we can send a pulse that will pass through the rope and then be reflected back to us as shown in the picture below: With a certain wavelength, this back and forth, the overlapping of the waves being reflected left and right, can lead to one of the situations as shown in the figure below depending on the frequency.

For those frequencies, the resulting interference pattern is a stationary wave and is called an oscillation mode. In this case, the wave is in resonance, and the frequencies leading to those patterns are called resonant frequencies.

Standing waves also have noticeable features such as nodes and antinodes which are points on the medium remaining at the same location. On one hand, nodes refer to the points that appear to be standing still on the standing wave pattern along the medium, and on the other hand, like their name suggest, antinodes refer to the points undergoing the maximum displacements along the medium. In fact, it is this alternating pattern of nodes and antinodes that make up stationary waves.

Nodes' existence is due to the fact that a destructive interference occurs at a certain location in such a way that the resulting interference over time does not produce any displacement of the point at that location; however, antinodes' existence results from a constructive interference where a crest meets a crest and when a trough meets a trough at a specific location.

Just like normal waves, standing waves follow the equation:

𝑦 = 𝐴 𝑠𝑖𝑛(𝑘𝑥 -𝜔𝑡) (1.11)
However, if it were (𝑘𝑥 + 𝜔𝑡), it would mean that the wave is travelling to the left; even though standing waves do not appear to be moving. This phenomenon is the same at play in all waves. One could think of wiggling a piece of rope and notice that once the pulses or waves have passed, all the pieces of the rope are at their resting position, i.e. there was no matter transfer. In the same way, for electromagnetic waves, the electric and the magnetic fields are not moving, it is their oscillations that gives the impression of a wave travelling.

In order to have a standing wave, nodes must coincide with the fixed points, like shown in the picture below; and each of the frequencies related to the production of a standing wave pattern is referred to as a harmonic. 

Media Characteristics

A media is a material substance that allows the propagation of waves. When a wave passes through a medium, it causes the oscillations of the particles the medium is made out of. This implies that the particles of the medium are affected by changes of kinetic energy and potential energy (hence their oscillating movements). Therefore, the elasticity and the mass of the medium determine the speed at which a wave is able to travel. However, electromagnetic waves, which can propagate through a medium like water or a gas, can also propagate in the absence of a material substance (vacuum). The reason behind this special ability of this kind of wave is given by their fundamentally different nature due to the fact that they are oscillations of electric and magnetic fields.

Dispersion

The speed of a wave is defined by its wavelength over its period and the velocity of a wave is determined by the medium. This means that for a given medium, increasing the frequency of a wave decreases its wavelength. A medium is called dispersive when the celerity of a wave depends on its frequency (Wahlén 2011).

Types of Media

Up to this point, we have been referring to material media as material substances that allow the propagation of waves. In fact, depending on their nature, waves have different limitations in regards to the media they are travelling through.

Media Made of Matter

Concerning the media made out of matter, by nature they consist of a collection of -physicalparticles transmitting a perturbation or disturbance gradually from one another.

As long as a (non-dispersive) media has matter to work with [START_REF] Graff | Wave Motion in Elastic Solids[END_REF], and its particles are able to oscillate and interact with one another (e.g., through collisions), the wave carries on undisturbed in the same direction until the wave reaches a boundary. This also implies that waves can propagate through a composite medium or from one medium to another. This kind of waves travelling thanks to gradually disturbing and making particles oscillate are mechanical waves, therefore their movement is limited by the material's limits. As an example, a wave propagation through an ideal tensed string of a guitar will produce sound because the vibrations of the string will in turn produced vibrations in the air and slowly stop vibrating as energy gets dissipated in the air, but the same string put in a vacuum won't ever stop vibrating because the energy cannot dissipate without air.

As a consequence mechanical waves can only propagate in a medium which also has elasticity and mass.

The Special Case of Vacuum

Electromagnetic waves, like their name suggests, have two components: an electric component and a magnetic component. In fact, those two components of the electromagnetic wave are oscillations of the electric field and the magnetic field that take place in phase. Electromagnetic radiation do not need a medium to travel. This can be easily understood by considering that since an electric current generates a magnetic field (and vice-versa), the variations of the electric field produced by the electric component of the wave generate the variations of the magnetic field which in turn will generate variations of the electric field and so on. Therefore, electromagnetic radiation can travel in a vacuum and they also all travel at celerity c = 299 792 458 m/s (in vacuum), usually rounded to 3 10 8 m/s for easier calculations when precision is not needed. It was James Clark Maxwell (Maxwell 1865) who showed that the speed of light is equal to:

𝑐 = 1 √𝜇 0 𝜀 0
(1.12) (Cfr. Wang 2009) where μ0 is the permeability of free space and ε0 is the permittivity of free space.

Since all electromagnetic radiations travel at the speed of light, this means that we have:

𝑐 = 𝜆𝑓 (1.13)
Therefore this means that c has to remain constant, which implies that if the frequency goes up, the wavelength must go down to compensate. Reciprocally, if the wavelength increases, the frequency must decrease.

For electromagnetic waves, the wavelength (and also the frequency because of the previous relation) determines the energy of the electromagnetic waves, hence, where it belongs in the electromagnetic spectrum. For visible light, the wavelength or frequency also determines the colour of light. Usually speaking, the shortest wavelengths or the more energetic electromagnetic waves are on the "blue side" of the spectrum (with higher frequencies) and the longest wavelengths or the less energetic electromagnetic waves (with lower frequencies) are on the "red side" of the spectrum. e.g., visible light, electromagnetic radiations with wavelengths within the 400-700 nm, are on the red side of the spectrum compared to X-rays and are therefore less energetic.

It is Albert Einstein (1879Einstein ( -1955) ) who showed that a photon (a particle of electromagnetic radiation) there is a relation between its energy E, its frequency ν and the Plank's constant h: 𝐸 = ℎ𝜈 (1.14) (Einstein 1905) From this relation and the previous figure, we can see that the higher the frequency of a photon, the higher energy it has. Reciprocally, since all electromagnetic radiations travel at the speed of light, the shorter the wavelength, the higher the energy.

Additionally, for electromagnetic waves in vacuum, we have:

𝑘 = 𝐸 ℏ𝑐 (1.15)

Waves' Interactions with Matter

When encountering matter, waves can adopt different types of behaviours depending on several variables that will be explored in this section. These behaviours can be discriminated in three main types, namely Reflection, Refraction and Diffraction [START_REF] Chartier | Introduction to Optics[END_REF][START_REF] Pedrotti | Introduction to Optics[END_REF]). However, it is important to keep in mind that these types of behaviours are not mutually exclusive. For instance, a wave can be partially reflected.

Reflection

Reflection is a phenomenon that takes place when a boundary between one medium and another medium is reached by a wave and after arriving at this boundary, the wavefront returns into the medium from which it came. Based on the dissimilarities of the two media, parts of the wave undergoes reflection and the remaining parts of the wave undergoes absorption or transmission across the boundary depending on factors such as the nature of the wave and the nature of the medium. The boundary between two or more media is called an interface.

Waves are governed by Newton's laws and behave accordingly in a very predictable manner:

In optics, this phenomenon is ruled by the laws of reflection.

 The reflected ray has an angle of reflection equal to the angle of incidence relative to the normal of the point belonging to the surface of reflection  The incident ray, the normal and the reflected ray are situated in the same plane of incidence.  The incident ray and the reflected ray are on opposite sides of the normal. In this figure, the normal is drawn from the point of the mirror hit by the incident ray. The ray of light (in blue) incoming on the mirror is called the incident ray and strikes the mirror at an angle θi with respect to the normal line. The ray of light (in red) leaving the mirror at an angle θr with the normal line is the reflected ray. From the laws of reflection, we know that the two angle θi and θr are equal. In acoustics, for soundwaves which are longitudinal waves, when the wavefront collides with a flat surface, the sound is reflected in a coherent manner provided that the dimension of the surface reflecting it is larger than the wavelength of the incident soundwave.

It is thanks to this phenomenon that one can hear echoes in altitude, when the soundwaves are reflected by the flanks of mountains in the surroundings, or in cathedrals, when the sound is reflected by the stone walls. Because of this, places like theatres, where a minimal sound reflection is wished, need to be constructed with architectural acoustics in mind.

Reflection can also occur when longitudinal waves of a given wavelength are unable to pass through a slit of a comparably smaller width. Because of the size of the slit, the waves are behaving as if the obstacle was not porous. In seismology, the study of seismic waves which can also be reflected lead to the discovery of the layered structure of the Earth.

Refraction

Refraction28 is a phenomenon that takes place when a wave propagates along a series of changes in the medium or from one medium to another and experiences a change in direction. The angle of refraction, the amount of change in direction, is determined by the change of speed and the incident angle of the wave.

Refractive index. The velocity of a wave depends on the medium it is propagating through. Therefore we can easily explain this phenomenon in a quite intuitive way: when a number of waves passes from one medium to another in which their velocity is decreased i.e. the waves slow down, this causes the direction of the waves to change towards the normal. Reciprocally, when the waves pass through a medium in which their velocity is heightened, this causes their direction to bend away from the normal. On the other hand, if the waves cross the interface or leave it at right angles, then they do not experience a change in direction. White light is actually composed of a uniform superposition of electromagnetic waves of different wavelengths (correspondingly, of different colours). Whenever it hits the prism and enters glass at an angle, some colours are slowed more than others. This is by this same phenomenon that rainbows can be produced.

In order to understand what happens, let us consider one colour in the white light at a time. When the wavefronts of red light reach the glass at an angle, a part of the wavefront gets in the glass first and gets slowed before the rest of it, which changes the angle of the whole red light waves towards the normal. Light on the other end of the spectrum, blue light for example, gets slowed down even more so its waves bends more. This happens with all colours, in function of their wavelength. So the colours are separated when they first pass in the medium and they spread out even more as they leave the prism at an angle and as their celerity increases.

One way to look at why different wavelengths are slowed down by different amounts is to consider that short wavelengths of light interact more with the electrons of the molecules that make up the glass than longer wavelengths. As those interactions take time, the longer the wavelength, the lesser the frequency and the less interactions are made.

For mirages, the refraction that happens is due to the fact that even if the waves propagating though air do not change medium, the properties of this medium are gradually varying because of the temperature difference, i.e. the index of refraction is varying [START_REF] Owens | Optical Refractive Index of Air: Dependence on Pressure, Temperature, and Composition[END_REF]. In acoustics, refraction also allows us to understand why sound is so clear and travels so far on a boat on calm waters: just like with the mirage phenomenon, the difference in temperature just above water and the rest of the air is often enough to bend the soundwaves such that the wavefront, instead of propagating as a section of a sphere which centre is the source of the soundwaves, will be bent in another way. Actually, since the temperature of the air increases significantly enough as we go up, there is a gradient in temperature above the surface of the water. Hence, with cooler temperatures, cooler air closer to water, the soundwaves are less delayed from top to bottom, giving the wavefront a downward bend towards water [START_REF] Ross | Blending History with Physics: Acoustic Refraction[END_REF]. 

Diffraction

Diffraction is the name given to the phenomenon that happens when waves come upon an obstacle or a slit with comparable dimensions or lower that their wavelength and change direction or bend around sharp edges.

Depending on the nature of the waves, these obstacles can be of many sorts. For example, rocks in a pond could diffract ripples, mountains could diffract radio waves, etc. The principle of Huygens-Fresnel (Born 2013) states that when light passes through a slit, each point of the wavefront passing the slit produces an effect equivalent to them being sources of spherical waves. Thus, the resulting wavefront leaving the slit is made out of the sum of the interferences of all these point-like sources. This diffraction can be visualized on a screen by making waves pass through a narrow slit which size is similar to the wavelength (Vokos 2000). 

Waves' Interactions with Waves

When two or more waves of the same type cross paths, they interfere with one another, they pass through one another without altering the state of one another. However, when they do actually meet, they enter a state of superposition and what we actually see is the resulting formation of a new wave pattern: the resultant wave or net wave. This phenomenon is called the Principle of Superposition of Waves.29 

Interference, Adding Waves

When two or more waves occupy the same region of space, the resulting net effect of their interaction is the sum of the individual effects of each wave.

For the interference phenomenon, the relevant variable is the amplitude which will be the same as the vector sum of the amplitudes of all the interacting waves at a given region of space.

Let us go back a bit to better understand what is happening and analyse a case. In this example, we will imagine a stretched rope fixed at both ends in which two pulses are sent with a short delay in order to have two travelling waves. At one point after the first wave has been reflected, the two waves are travelling in opposite directions and then cross paths and superimpose.

Because we set the waves to travel in opposite directions, our two waves, from (eq.11) can be described by: 𝑦 1 = 𝐴 𝑠𝑖𝑛(𝑘𝑥 -𝜔𝑡)

(1.16) For the first wave 𝑦 2 = 𝐴 𝑠𝑖𝑛(𝑘𝑥 + 𝜔𝑡) (11.7) For the second wave.

Adding the waves, we get: Simplifying, and replacing a and b, we end up with:

𝑦 1 + 𝑦 2 = 𝐴 𝑠𝑖𝑛(𝑘𝑥 -𝜔𝑡) + 𝐴 𝑠𝑖𝑛(𝑘𝑥 + 𝜔𝑡) (1.
𝑦 = 𝑦 1 + 𝑦 2 = 2 𝐴 sin 𝑘𝑥 cos 𝜔𝑡 (1.23)
Finally, in this example we can see that the phase argument 𝑘𝑥 ± 𝜔𝑡 is no longer present under its usual form, thus not giving us a direction and therefore describing a standing wave.

Constructive Interference

When the amplitude of the resulting wave is increased, whether two crests or troughs meet at the same point, the interference will be labelled as a constructive interaction. 

Destructive Interference

This phenomenon happens when two waves cross paths and the amplitude of the resulting wave is decreased, this decrease of amplitude being due to the fact that a crest and a trough are meeting at the same point. The interference will be labelled as a destructive interaction. 

Interference Patterns

In order to get an interference pattern, the waves do not need to be propagating in opposite directions. For instance, multiple waves can be in or out of phase and interfere with one another. 

Waveforms and Pitch

A waveform is what is possible to observe on the screen of an oscilloscope plotting an incoming or outgoing signal as a function of time.

As we have seen previously, waves can interfere with one another. However, no matter the form of the wave, or its apparent shape, all waveforms, whether square, triangle, sawtooth, wavetrain, or any imaginable form for that matter, can be constructed from sine waves. Sine waves are the building blocks of waves, just like elementary particles are the building blocks of atoms, etc. Those elementary waves are called harmonics.

Vibrations or soundwaves can be turned into an electric signal (with a microphone for example) which in turn can be displayed on an oscilloscope. The waveform of a soundwave is the variable that determines the pitch of a sound. When using musical instruments, the soundwaves produced have different waveforms depending on the instrument played. This is how one can differentiate two identical notes played by two different instruments, e.g., a A440, which is the musical note A of frequency 400 Hz, will sound different if played on a piano or a guitar or violin.

The shape of the waveform can be very complicated, the reason behind this being that multiple signals could be responsible in producing the waveform. Indeed, several signals could be mixed together and the sum of their constructive and destructive interactions would produce a resulting wave with a peculiarly unusual waveshape. However, since every signal can be represented as a sum of sines.

Waves Sources Study

Doppler Effect

The Doppler Effect is the name we give the phenomenon that takes place when a source emitting waves and an observer perceiving them have a motion relative to each other, i.e. the relative motion of the source and/or the relative motion of the observer has a component towards or away from one another (Ballard 2010). As a source is emitting waves at a fixed frequency and is moving towards an immobile observer, the wavefronts of the waves emitted by the source see the distance between them being reduced in the direction of the source and lengthened in the opposite direction. The resulting effect relative to the observer is an increase in the observed frequency. Because the distance between consecutive emitted wavefronts is shorter, the observer measures a shorter wavelength or a shorter time interval between consecutive wavefronts, and therefore a higher frequency. The same effect happens when an observer's motion relative to an immobile source is directed towards the source. As the observer is continuously moving closer to the source, the relative measurement of the distance between consecutive wavefronts gets shorter, and therefore the perceived frequency is higher. From this, it is easy to understand that the greater the velocity of a source towards an observer or the greater the velocity of an observer towards a source, the greater the measured frequency.

Reciprocally, the resulting effect relative to an immobile observer from which the source is moving away is a decrease in the observed frequency. Because the distance or the time interval between consecutive emitted wavefronts is longer, the observer measures a longer wavelength and a lower frequency. The same effect happens when an observer's motion relative to an immobile source is directed away from the source. As the observer is continuously getting further from the source, the relative measurement of the distance or time interval between consecutive wavefronts gets longer, and therefore the perceived frequency is lower. From this, it is straightforward to understand that the greater the velocity of a source moving away from an observer or the greater the velocity of an observer moving away from a source, the lower the measured frequency.

For sound, the Doppler Effect results in a higher pitch when the relative motion of a source and an observer is directed towards one another, and in a lower pitch when the relative motion of a source and an observer is directed away from one another.

For electromagnetic waves, since the Doppler Effect results in a change in frequency depending on the relative motion of the source and observer, the perceived effect is a displacement of the electromagnetic wave in the electromagnetic spectrum depending on the direction of this relative motion.

For instance, when the observer and source are moving towards another, the increase in the observed frequency corresponds to a displacement to the blue side of the electromagnetic spectrum. This displacement towards higher frequencies is called a "blueshift". Reciprocally, if the relative movement of the observer and the source is directed away from one another, the measured frequency appears to be lower and this displacement towards lower frequencies, to the red side of the electromagnetic spectrum is called a "redshift".

In Astronomy, the displacement of the spectral line resulting from the emission or absorption of light of the constituents of distant galaxies is used to determine the motion and velocity of these galaxies relative to us. A blueshift of spectral lines in the electromagnetic spectrum of a galaxy (or rather its stars) meaning that its relative motion is directed towards us, when a redshift means that its relative motion is directed away from us [START_REF] Adams | The relativity displacement of the spectral lines in the companion of Sirius[END_REF]).

Gravitational Waves

It is a well-known fact that Gravitational Waves are a consequence of General Relativity as their existence was predicted by Albert Einstein's theory as early as 1916. In General Relativity, the theory presents a new model for physics where the force of gravity is some kind of illusion produced by the curvature of a 4-dimensional object called "spacetime" in which time and the three space dimensions are but one entity. From this, the general idea is that matter (and energy) tell spacetime how to curve and spacetime curvature tells matter how to move. The idea of gravity not as a force, but as warped spacetime is often depicted in analogy as a flexible sheet being deformed by a heavy ball in which the sheet is representing a simplified spacetime with only 2 spatial dimensions instead of 3 and with a ball representing a massive celestial object. Until now, and for millennia, mankind has been studying the universe by turning to the stars, and has tried to understand celestial mechanics by looking at them. Undeniably, the -almostonly tools at our disposition were light based in the sense that whether it was by observing the stars with the naked eye or thanks to the assistance provided by artificial eyes such as telescopes, we have been using all the electromagnetic spectrum in order to comprehend our world.

However, this era has come to an end thanks to the discovery of Gravitational Waves. I think that it would be fair to say that up until this point we were studying the silent film of the universe, as Gravitational Waves are of an analogous nature to soundwaves (Bernard 1984). Having now an entirely new way of detecting what is happening out in the universe is as exciting for astronomers as the innovation that lead to sound film; we now have a new sense to perceive the universe and pursue our research.

Recently, on September 14th 2015, the first detection of Gravitational Waves was made by the Advanced LIGO detectors, which are part of the LIGO-Virgo collaboration. The event that generated the Gravitational Waves detected was the collision of two black holes, and took place about 400 megaparsecs or 1.3 billion light-years from Earth which equivalent to say that this incredible event took place 1.3 billion years ago. This binary black hole merger involved a pair of black holes of around 36 and 29 solar masses.

Definition

Gravitational Waves are oscillations of the gravitational field that are propagating. Simply put, if waves are the propagation of a disturbance, Gravitational Waves are a propagation of a disturbance of spacetime. Gravitational Waves are local distortions of spacetime that propagate out. In order to produce them, there needs to be accelerating masses, which is to say a change in the quadrupole moment of a mass distribution; in other words, that means any change that is not spherically or cylindrically symmetric such as a two objects orbiting each other (LIGO Scientific Collaboration 2005).

When matter, or energy, passes through some region of spacetime, it distorts the spacetime30 . As a consequence, the presence of matter causes perturbations travelling through spacetime at the vacuum speed of light. These perturbations propagating are the contraction and expansion of spacetime itself. Therefore, Gravitational Waves are ripples of spacetime, propagating spherically outwards from the source and continually being passed on from one region of spacetime to another after the manner of a wave.

Gravitational waveform can be computed using numerical solutions to Einstein's field Equations:

𝑅 𝜇𝜈 - 1 2 𝑅𝑔 𝜇𝜈 + 𝛬𝑔 𝜇𝜈 = 8𝜋𝐺 𝑐 4 𝑇 𝜇𝜈 (1.24)
Where 𝑅 𝜇𝜈 is the Ricci curvature tensor, 𝑅 is the scalar curvature, 𝑔 𝜇𝜈 is the metric tensor, 𝛬 is the cosmological constant, G is Newton's gravitational constant and 𝑇 𝜇𝜈 is the stress-energy tensor which describes the density of energy and momentum in spacetime.

In fact, General Relativity describes the gravitational field and the gravitational radiations by their effects on free test masses. However, since gravitational waves interact very weakly with matter, and fall off rapidly, the scale of their effects is minuscule unless produced by very massive and very close objects. That is the reason why gravitational astronomy is looking for cataclysmic events in the observable universe such as binary black holes mergers.

In General Relativity, the solutions to Einstein's field equations are often impossible to solve exactly; even with the help of modern technology and very effective supercomputers. Therefore, in order to make progress, one has to do some approximations. Gravitational waves are easier to describe in flat spacetime and cause very little variations in spacetime curvature far from their source; in this weak field limit, gravitational waves described using those approximations are named linearized gravitational waves.

The metric -a type of function that measures distances-used to describe the geometry in these conditions -a flat spacetime-is defined as:

𝑔 𝜇𝜈 (𝑥) = 𝜂 𝜇𝜈 + ℎ 𝜇𝜈 (𝑥) (1.25)
Where 𝜂 𝜇𝜈 is the flat Minkowski metric:

𝜂 𝜇𝜈 = 𝑡 𝑥 𝑦 𝑧 𝑡 𝑥 𝑦 𝑧 ( -1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 ) (1.26)
and ℎ 𝜇𝜈 (𝑥) is a minor perturbation.

A linearized gravitational wave propagating along the z-axis has a perturbation:

ℎ 𝜇𝜈 (𝑡, 𝑧) = 𝑡 𝑥 𝑦 𝑧 𝑡 𝑥 𝑦 𝑧 ( 0 0 0 0 0 1 0 0 0 0 -1 0 0 0 0 0 ) 𝑓(𝑡 -𝑧) (1.27)
where 𝑓(𝑡 -𝑧) is expressing the amplitude of the transverse components and |𝑓(𝑡 -𝑧)| ≪ 1. This polarization is the "plus" polarization.

The other independent polarization is called the "cross" polarization and is the same rotated by an angle of 45° (Misner 1973;[START_REF] Rubenzahl | Gravitational Wave Radiation by Binary Black Holes[END_REF]:

ℎ 𝜇𝜈 (𝑡, 𝑧) = 𝑡 𝑥 𝑦 𝑧 𝑡 𝑥 𝑦 𝑧 ( 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 ) 𝑓(𝑡 -𝑧) (1.28)

Properties of Gravitational Waves

In order to improve our understanding of what Gravitational Waves are, we need to take into consideration what their physical and mathematical properties are. First of all, the distortions of Gravitational Waves are transverse to the direction of propagation, so if they are propagating along the z axis, they stretch space in the x axis and squeeze space in the y axis; and as they are waves, they oscillate and the stretching and squeezing alternate. Additionally, Gravitational Waves just like electromagnetic waves, can be polarized. When we describing the polarization of electromagnetic waves, we considered vertical and horizontal polarizations, however, visually one can notice that those kinds of polarizations do not work for Gravitational Waves as they would be the same. In fact, for Gravitational Waves, the polarizations are not at a 90° angle, but at a 45° angle.

An interferometric detector is sensitive to a particular linear combination of these two polarizations; this is described by 𝐹 + and 𝐹 × , two response functions. Hence, we consider the two polarizations: h+ and hx: Gravitational Waves are quadrupole waves. Unlike electromagnetic waves which are dipole transverse waves, varying simultaneously in two perpendicular directions and with an equal amplitude for the electric and magnetic fields at any given point, Gravitational Waves contract and expand in two perpendicular directions at the same time. The letter h is used to represent the metric tensor of the Gravitational waves, in other words, the distortions affecting a flat space with a Euclidean metric g. Just like more classical waves do, Gravitational Waves carry energy, and have a frequency, and thus a wavelength. They come in all kinds of frequencies, depending on the period of the considered system.

ℎ(𝑡) = 𝐹 + 𝐹 + (𝑡) + 𝐹 × ℎ × (𝑡) (1.29) (Cfr. LIGO Scientific Collaboration 2005a)
In the case of a self-gravitating body, the frequency is defined by the following equations:

𝜔 0 = √𝜋𝐺𝜌̅ or 𝑓 0 = 𝜔 0 2𝜋 = √𝐺𝜌̅ /4𝜋 (1.30) (Cfr. Sathyaprakash 2009)
where 𝜌̅ is the mean density of the mass-energy in the source.

The number of contractions and expansions per second of the Gravitational Waves is proportional to the rate at which the objects are orbiting.

The angular frequency ω of two orbiting masses M1 and M2, is given by Kepler's third law of planetary motion (Barker 2001):

𝜔 = ( 2𝜋 𝑃 ) 2 = 𝐺 (𝑀 1 + 𝑀 2 ) 𝑎 3
(1.31) (Cfr. Pettini 2013)

Where P is the period, G the Gravitational constant and a the semi-major axis.

In fact, to be accurate, the wave frequency is equal to twice the orbital frequency (for approximately circular orbits). The gravitational luminosity:

Gravitational Waves are propagating spherically outwards from the source, in a context where two point masses of M1 and M2 with a mass M for the total mass of the binary system in a circular orbit with a semi-major axis of length a, the radiating energy from the system can be calculated using the following relation: Since the only Lorentz invariant velocity is c and since it is the speed of causality and Gravitational Waves have no mass, the velocity of Gravitational Waves must also be c, the speed of light. Because all the different forms of matter and energy have the same gravitational effect, namely a positive attraction, there is no dipole radiation (like in electromagnetism with positive and negative charges, different signed charges attracting each other and same signed charges repelling each other), there can only be quadrupole and higher orders.

𝑃 = 𝑑𝐸 𝑑𝑡 = -( 32 
Gravitational Waves are extremely weak. The most cataclismic gravitational phenomena such as neutron star-neutron star or black holeblack hole inspiralling just before their mergers, supernovae explosions or collisions of extremely massive objects produce Gravitational Waves that lengthen or contract space on Earth by a factor of 10 -21 or less (Shoemaker 2016). Obviously, this power depends on several different variables such as the distance from the source of the Gravitational Waves, i.e. how far from the event we are.

Because coalescing black holes or neutron star mergers are not common events, astronomers are listening outside of our galaxy, to the Virgo supercluster, within a 55 million light year radius. This range is the reason why the amplitude of the Gravitational Waves is dropping so low. Fortunately for us, these kinds of events producing Gravitational Waves have been far enough away not to be ripped by them.

When objects are close enough to produce Gravitational waves, their orbits will lose energy and decay, causing them to spiral in towards each other. This effect, which has been observed in a binary system of neutron stars orbiting each other matched the predictions of the theory and lead to a Nobel Prize in Physics. Indeed, the Nobel Prize in Physics 1993 was awarded jointly to Russell A. Hulse and Joseph H. Taylor Jr., both of Princeton University, New Jersey, USA, "for the discovery of a new type of pulsar, a discovery that has opened up new possibilities for the study of gravitation.".

The observations of the Hulse-Taylor pulsar and the study of its behaviour lead to the deduction that it was made out of two neutron stars [START_REF] Penrose | Les Cycles du temps: Une nouvelle vision de l'Univers[END_REF] approximately of the same masses revolving at a distance equivalent to a few times the distance of the Moon from the Earth. Along with the Gravitational Waves equations, they managed to estimate that the loss of gravitational energy through gravitational radiation corresponded to the rate at which the orbit was decaying. Finally, the study and measurements of this system for over 40 years lead to witness that the observations the predictions of the theory, which consisted in the first indirect detection of Gravitational Waves.

A physical system is emitting gravitational radiation if it possesses some extra energy that it prefers to release as gravitational waves, and if the system is not exactly spherically or cylindrically symmetric (LIGO Scientific Collaboration 2005). As an example, the system consisting of the Earth and the Sun is emitting gravitational waves as a result of the Earth revolving around the Sun. However, even if this has the consequence of making the Earth's orbit to decay with gravitational radiation by carrying energy away, this effect is so minuscule that it is impossible to detect.

Properties of the Signal

In essence, the main sources that produce Gravitational Waves are very massive objects accelerating. A pair of some kind of those objects in orbit qualify for this, as orbiting around one another in a circular or elliptical motion means accelerating, because non accelerating objects carry on in a straight line. As the two objects get closer and closer, faster and faster, they undergo an acceleration that increases at a more and more rapid rate so that the amount of gravitational radiation goes up and up until the collision or merger of the objects. The underlying reason being that as the objects spiralling around one another lose potential energy, they get closer and closer. In fact, the potential energy of the system is being converted into gravitational radiation. Therefore, this means that the classical shape of the signal has to look like a "chirp" signal, by analogy with the associated sound if the signal is considered as coming from soundwaves, in which the frequency follows a crescendo and abruptly ends. From the measured signals, we can then infer how big the gravitational waves are once they reached us, and by extension how luminous the event was in terms of gravitational radiation as well as how big the gravitational waves were to start with. Finally, the combination of theses properties of the signal allows us to deduce how far away the event took place. Moreover, since there are multiple detectors, this allows for a triangulation of the signal. Indeed, depending on the order of reception of the same signal by different detectors, and as we know that gravitational waves, just like electromagnetic waves, travel at the speed of light, we can dedetermine the origin of the signal by measuring the delay between those receptions.

Considering the signals, because we have standard sirens (Holz 2005)by opposition to standard candles-we know that the larger the black hole masses, the higher the intrinsic amplitude, and thus by knowing their gravitational luminosity, in other words, one could say their loudness, we can deduce how far they are. Moreover, the more massive the objects are, the more rapidly they lose their energy and the faster they inspiral thus producing a signal passing faster from lower to higher frequencies. In the same manner, lower mass systems have lower amplitude and pass from lower to higher frequencies less rapidly. This combination of effects and characteristics in the observed signal is what allows researchers to identify the type of systems that produced the signal.

Additionally, in order to help with the identification of the origin of a signal, astronomers can use conventional telescopes to look in the designated region of space determined by the data from the interferometers, the actual gravitational wave detection, for potential events corresponding to the detected signal. This is what happened on 17 August 2017 for a neutron star neutron star merger. 

Sources

In this section, we will discuss what kind of sources we expect are capable of producing Gravitational Waves that are strong enough to provide us a detectable gravitational signal with our current sensitivity.

Black Hole-Black Hole Merger

For GW150914, the first detected signal of Gravitational Waves, the event at the origin was a black hole-black hole merger. This event distorted the spacetime enough that the generated Gravitational Waves could be detected down on Earth. 31On GW150914, the amount by which space was expanding over many kilometres of the arms of the detectors was less than the diameter of the nucleus of an atom. This is also the reason why we do not notice them going past us, since if they were big enough to have macroscopic effects, we would be able to directly observe space behaving in all kinds of abnormal manners.

This binary system of two black holes have been plausibly orbiting each other for millions of years and getting closer and closer, and faster and faster until they merged. In the final instants just before the actual merger (about 0.2 seconds before the collision), as the 30 solar mass black holes get closer, they revolve around one another so rapidly that they approach the speed of light (around 60%) and start merging together at a distance of around 350 kilometres. With such massive objects spinning at such incredible velocity, the local region of spacetime where this event is occurring is highly distorted and fluctuating between contractions and expansions so fast that Gravitational Waves with higher and higher amplitude are produced as the merger progresses and propagate out as ripples in spacetime.

Finally, by looking at the received signal, the estimated mass of the resulting black hole was not around 65 solar masses as one could think when adding the two masses of the black holes involved, but around 62 solar masses. This difference comes from the conversion of a part of the masses involved into Gravitational Waves.

Neutron Star-Neutron Star Merger

Neutron stars are the densest stars known and are produced when massive stars explode in supernovae but are not massive enough to collapse into a black hole. A neutron star-neutron star merger is called a killonova. Because neutron stars are very massive objects with an incredibly high density, this kind of merger is thought to almost always produce a black hole as a result. As we now know, the frequency of Gravitational Waves depends on the period of a rotating system, and since neutron stars are very compact objects, this implies that the two celestial objects can orbit around one another very close, thus allowing a neutron start-neutron star merger to be detected because the orbital frequency will be high enough. GW170817, the first neutron star-neutron star merger signal was detected on 17 August 2017 by the LIGO-Virgo collaboration. The signal was created in the very last moments of the two neutron stars' inspiral and was detected just two seconds before a gamma-ray burst was observed by NASA's Fermi gamma-ray Space Telescope (Science 2017). These kinds of events, besides being very interesting in itself, are very important for research. Indeed, because neutron stars are a type of stars, they emit electromagnetic radiation, contrary to black holes. Because of this, an early detection by the LIGO-Virgo collaboration and the study of the signal can provide the approximated origin of the event through a time triangulation -the deduction of the direction to the source provided by an analysis of the different times of arrival of the signal at each detector-and thus would allow astronomers to point their telescopes to the area of the estimated source. This in turn leading to a direct observation of the phenomenon.

After the detection of GW170817, numerous telescopes started to scrutinize the region of space where the origin of the signal was estimated to come from and observed a new source of light in the surroundings of the NGC 4993 galaxy.

Moreover, since Gravitational Waves are emitted before the actual coalescence, during the last moments of the inspiral they become detectable, and start arriving to us before the collision of the two objects. Therefore, one can hope that in the future, with better detecting apparatus and a greater number of them, we will be able to pinpoint the location of such events with great accuracy and sufficiently early in their process to give astronomers time to orient their telescopes and obtain a direct observation of the phenomenon. 32

Gravity Waves & Tidal Force

Tides do not exist because of the propagation of Gravitational Waves. In fact, because the Earth is orbiting the Sun and the Moon is orbiting the Earth, and because they are very massive objects, there is a net attraction due to their mass. [START_REF] Penrose | The Large, the Small and the Human Mind[END_REF] As these massive celestial bodies are orbiting each other, the water on the Earth gets distorted by the changing gravitational field. According to Newton's Law, this force follows the relation:

𝐹 = 𝐺 𝑚 𝑎 𝑚 𝑏 𝑟²
(1.34) 32 At this point, it is essential to note and understand that Gravitational Waves are completely different from gravity waves which are associated with tides and tidal forces.

Tides explained:

For simplicity, we will us just consider the Earth-Moon system and draw a simple sketch. From a referential in space, we know that the gravitational attraction on points A, B and C is different. Point A is more attracted to the Moon than point B and point B is more attracted than point C. However, this is not what is actually observed from the Earth: From this perspective, points A and C act as if they were distancing themselves from point B under the action of a force; the tidal force. On the surface of the Earth, the gravitational differential exerted by the Moon is called the Generating Force. These combined effects of gravity and inertia lead to the production of a second bulge of water. On the other hand, Gravity waves is the name given in fluid dynamics to the waves generated at the interface of two media or at the surface of a fluid under the influence of gravity. For instance, waves and swell at the surface of oceans as well as winds are types of gravity waves.

Epilogue I

Recently, the discovery of gravitational waves has led to a renewal, a second wind for Astronomy, Cosmology and Physics. By not just simply participating in the everlasting endeavour that is Science, but by giving us -almost literally-a new sense to work with, to test our theories and model, to experiment, we are currently at a the edge of a number of discoveries that will teach us a lot. Since the likes of Aristotle [START_REF]The metaphysics of Aristotle, Translated from the Greek; with Copious Notes in which the Pythagoric and Platonic dogmas respecting numbers and ideas are unfolded from ancient sources[END_REF]), Galileo Galilei (1564-1642), etc. our knowledge has been growing again and again, sometimes constantly, but often by leaps and bounds and as our understanding of the universe and its mechanics unveils with paradigm shifts (Khun 1962).

Men -and women-of science have been observing the sky and its stars for millennia, whether with their eyes or with artificial extensions of them, searching for answers, developing hypothesis and designing ways to test them and the predictions of the theories they suggested, with more or less success and with more or less ease or freedom -think of Copernicus (Koyré 1934)-. These scientists also depended on the Historical context of their time and sometimes suffering from the ruthlessness of their contemporary era's mainstream. Nevertheless, progress has been made, theories have risen and fallen, the Physics of Waves has been developed along with mathematical tools (Katz 2014), and as we kept advancing, we have been given direct evidence of the existence of Gravitational Waves. In order to understand the role played by the history of this discovery and its importance in Science and Sciences of Education/Didactics, and since the basics of the Physics of Waves have now been laid, we are now set to continue our journey. However, until now we have only seen one side of the coin, with the Gravitational aspect of the Gravitational Waves through Historical, Epistemological and Science of Education/Nature of Science points of view.

Selected Additional References on the Subjects -Non-Cited in the Above Running Text

PART II HISTORY OF PHYSICS A HISTORY OF WAVES AND THE CASE OF GRAVITATION Early, Late and Current Scientific Accounts

An outline. In this part, I will explore broad outlines of the history of waves and the case of gravitation. In order to understand the history of the discovery of gravitational waves, one must first understand the basis of the theory and how the concepts have developed and evolved over time with each new advancement in the theories or technologies which resulted in paradigms shifts. In particular, I did a historical comparative analysis between Clifford and Poincaré's most remarkable work in regard to the concept of gravitational waves.

I will also make a short account of the History of Cosmology in order to understand how gravitational astronomy opens the way towards a new era in Cosmology, and of course, I will discuss the future of the research of gravitational waves.

CHAPTER II

Researching and Inquiring Waves into History Prologue II

As we have now scratched the surface of what gravitational waves are and represent for the future of physics, we know that in order to understand what they actually are, we need to have a respectably deep comprehension of two fundamental concepts: Waves, through the Physics of Waves, and spacetime, through the relativities and the theory of gravitation. These fundamental concepts themselves rely on other concepts that originate more or less further in time. As ancient science itself appeared, the first explanations of nature came along.

Gravitation finds its roots in the study of falling bodies by Galileo Galilei, while the first traceable attempts at explanation date as far back as the pre-Socratic with natural philosophy and the theory of elements and their natural place. In order to understand the concept of spacetime, we first need to have a better understanding of geometry, and especially Euclidean geometry which was developed during Antiquity, as it is the first type of geometry developed (for "flat" spaces), to get a better grasp of more advanced ideas such as curved spaces or non-Euclidean geometries. Finally, the history of the physics of waves is quite peculiar because of the notion of waves itself. The notion of waves remained unclear for the longest of times as its abstract comprehension and the formalization of a framework to study them was very obscure. In fact, the notion of waves rely upon other notions such as periodicity or vibrations and oscillations the latter two of which were (sort of) thrown into the "violent motion" category of the theory of elements and basically ignored as scholars turned a blind eye to it. The most basic example of waves encountered in everyday life were the waves at the surface of the ocean, the explanation for this phenomenon was simply the action of wind on water and needed no further explanation. Furthermore, the undulatory nature of seismic waves and soundwaves remained unclear even though were also a source of questioning at that time: seismic events were perceived as originating from underground phenomena [START_REF] Bousquet | Les séismes de l'Antiquité, entre nature et société, actes du 16ème colloque de la Villa Kérylos à Beaulieu-sur-Mer[END_REF]; and sound was mainly studied through musicology [START_REF] Baskevitch | Les représentations de la propagation du son d'Aristote à l'Encyclopédie[END_REF].

Antiquity

During Antiquity, science was present in a different form. The knowledge was most commonly obtained via everyday observations but also from experiments. As an example, in Aristotle's Physics [START_REF]The metaphysics of Aristotle, Translated from the Greek; with Copious Notes in which the Pythagoric and Platonic dogmas respecting numbers and ideas are unfolded from ancient sources[END_REF], in order to prove that air is different from a void, one just has to look at clepsydras 33 (Barnes 2002, p. 313). The ancient Greek beliefs and knowledge of the inner workings of Nature and the World revolved around a certain type of pre-Socratic philosophy involving the classical four elements [START_REF] Plato | Plato in Twelve Volumes[END_REF]): Air, Fire, Water and Earth. In this philosophy originating from Empedocles (Wallace 1911, pp. 344-345), everything that exists is composed of these four components. In this context, the diversity of things arises from different proportions of those elements constituting the different objects (Ibidem). In Aristotle's works "On Generation and Corruption" and "On the Heavens", Aristotle attributed scholastic qualities (Pasnau 2011, pp. 41-61) to each of the four elements (Gerson 1968, pp. 166-169): Air was hot and wet, Fire was hot and dry, Water was cold and wet, and Earth was cold and dry. About this, Pasnau wrote:

The standard Scholastic view was that these qualities are accidents of the elements, and that the elements have some further substantial form, unknown to us, that gives rise to these qualities. Still, the four qualities are explanatorily basic, for it is in virtue of them that the elements function as they do. And since these elements are the building blocks of the natural world-as Thomas Aquinas puts it, they are "the cause of generation and corruption and alteration in all other bodies" (In De gen. et cor. prooem., n. 2)-the primary qualities get pride of place in an account of the natural world. (Pasnau 2011, p. 42) In this belief system, each of these four elements constituted everything that exists and for this reason, everything belonged to natural places in the universe, determined by these elements; and thus possessed an intrinsic predisposition to move towards the natural places of those constituting elements (Brown 2018). Therefore, for example, the explanation of why a rock falls to the ground was given by the assumption that because it was mainly constituted of the Earth element, it wanted to move to its natural place, i.e.: the earth. The same kind of logic applied to the other elements, rivers are made of water and thus wanted to re-join the sea; air bubbles in water wanted to re-join the ambient air above water, in the sky; and fire rose unless prevented as its natural place was celestial. By opposition to these natural motions, all other types of motion were possible but were described as "violent" as it was thought that they required some kind of force. Thus, oscillations and waves fell under the "violent motion" category. (Gerson 1999, pp. 67-71) 33 "Those who attempt to prove that it [sc. the void] does not exist do not refute what men mean by void but only what they erroneously say; e.g., Anaxagoras and those who refute it in that fashion. For they show that the air is something, by twisting wineskins and proving that the air is strong, and by capturing it in clepsydras (290; Phys 213a22-7=59 A 68)." (Author's bold and brackets - Barnes 2002, p. 313) During the third century BC, a treatise regrouping the previous developments of mathematics, "Elements" was published by Euclid (Euclid 300 BC). This work represents the first milestone on which physics and mathematics were based. This geometry was developed empirically, from observations of daily life, experiments, and the study of nature; rigorously formalized with definitions, postulates, common notions and propositions. The fundamental bases laid at that time arose with the Pythagorean Theorem which in modern mathematical language gives a definition for a formula of the distance from the origin in Cartesian coordinates x, y, z (cfr. Logunov 2005, pp. 5-6):

𝑙 2 = 𝑥 2 + 𝑦 2 + 𝑧² (2.1)
and for infinitesimally close points, the distance in differential form (Ibidem):

(𝑑𝑙) 2 = (𝑑𝑥) 2 + (𝑑𝑦) 2 + (𝑑𝑧)² (2.2)
where 𝑑𝑥, 𝑑𝑦, 𝑑𝑧 are the differentials of the Cartesian coordinates.

It is important to note that the square distance 𝑙 2 is invariant to transformations of coordinates from a Cartesian coordinate system to another Cartesian system (𝑥 ′ , 𝑦 ′ , 𝑧 ′ ):

𝑙 2 = 𝑥 2 + 𝑦 2 + 𝑧 2 = 𝑥 ′ 2 + 𝑦 ′2 + 𝑧′² (2.3)
About the invariance of the square distance, Anatoly Alekseyevich Logunov commented:

[...] the square distance ℓ² is an invariant, while its projections onto the coordinate axes are not. We especially note this obvious circumstance, since it will further be seen that such a situation also takes place in four-dimensional space-time, so, consequently, depending on the choice of reference system in spacetime the projections onto spatial and time axes will be relative. (Ibidem)

Aristotelian physics was the dominant theory of natural philosophy for nearly two millennia, until the likes of Copernicus (1473-1543) and Galileo Galilei (1564-1642) completely refuted it.

Galileo Galilei (1564-1642)

Galileo Galilei was an Italian mathematician, astronomer and natural philosopher -natural philosophy being the study of nature and the Universe before modern science ended up renaming the discipline as physics. Galileo is well-known for being linked to the development of the telescope and its usage for astronomy, but also for his scientific discoveries related to the science of weights, allegedly having dropped masses from the leaning tower of Pisa in order to study the fall of bodies, and his beliefs -and especially his attitude-that ultimately led him to be tried and found guilty of heresy by the Inquisition34 . Galileo has been the object of much research [START_REF] Koyré | Galileo and Plato[END_REF]Crombie 1961;Drake 1999;Yaglom 2012;Pisano 2009Pisano , 2012Pisano , 2014a[START_REF] Pisano | A Development of the Principle of Virtual Laws and its Framework in Lazare Carnot's Mechanics as Manifest Relationship between Physics and Mathematics[END_REF]Drago 2017) as he represents one of the major figures of Science. However, a comprehensive analysis on Galileo's work is largely beyond the scope of this thesis; therefore I will just have a look at the major advances relevant to the object of our study.

First of all, the birth of modern science is for the major part due to the birth of the experimental method which allowed Galileo to set "hard experimental facts against the idealistic philosophical tenets of Aristotelian philosophers" (Drago 2017, p. 37), thus allowing us to free ourselves from the erroneous notions it maintained for so long; but in particular giving concrete examples of how to obtain scientific results -in the sense that following a protocol allowed for repeatability and reproducibility of the results.

Secondly, Galileo recognized that there existed a relationship between the real world, experimental results, and mathematics: Philosophy [read: science] is written in that great book which ever lies before our eyes-I mean the universe-but we cannot understand it if we do not first learn the language and grasp the symbols, in which it is written. This book is written in the mathematical language, and the symbols are triangles, circles and other geometrical figures, without whose help it is impossible to comprehend a single word of it; without which one wanders in vain through a dark labyrinth. [Galilei 1890, vi, 232] 35 (Ivi. p. 41) From this realisation also came his understanding of the addition of speeds and the apparent non-distinguishability between the perceptions of someone at rest and someone travelling at constant velocity (in uniform constant motion) which he discussed in an example in a dialogical way in his Dialogue Concerning the Two Chief World Systems (Cfr. Galileo 1632;2001); what is now called the Principle of Galilean relativity which states that all laws of nature should look the same in all inertial (non-accelerating) reference frames. In fact, this principle represents the -Galileanview of the invariance of the equations of motions under linear transformations (Fuschchych 1985); namely, the interpretation that the combinations of speeds follow simple additions. i.e.: that for an observer at rest on a beach, a man walking at speed v1 to the bow of a ship travelling at speed v2 and in the same direction will appear to the observer as if he were travelling at speed v3= v1 + v2. While this is apparently true in regards to our everyday experience, we will see in the next chapter (Chapter 3) that this is in fact simply an approximation which is only usable for speeds greatly inferior to the celerity of light. Additionally, this simple observation led to the Galilean principle of inertia (Drago 2017, p. 43) which unfortunately was not stated explicitly by Galileo [START_REF] Drake | Galileo and the Law of Inertia[END_REF]) but nevertheless later permitted Galileo and his followers to develop the science of dynamics and build upon it; with for example Newton's first law of motion.

Isaac Newton (1643-1727)

Sir Isaac Newton was an English physicist and mathematician and certainly the greatest figure of the 17th century. This extraordinary man made extremely important contributions to many diverse fields e.g. he greatly helped develop infinitesimal calculus with his notion of fluxion (Arthur 1995); but is mainly known for his contributions to Physics.

On one hand, he helped to advance the understanding of the physics of waves by showing that white light could be decomposed in the different colours of the rainbow, but also recomposed from them; thus emphasising the wavelike nature of light.

And on the other hand, he formulated the three laws of motion from which he managed to derive the law of universal gravitation. On Newton's laws of motion. In an English translation of Newton's Principia Mathematica (cfr. Newton [1729] 1846 36 ), which was written in Latin originally, one can read his three laws of motion:  LAW I. Every body perseveres in its state of rest, or of uniform motion in a right line, unless it is compelled to change that state by forces impressed thereon.  LAW II. The alteration of motion is ever proportional to the motive force impressed; and is made in the direction of the right line in which that force is impressed.  LAW III. To every action there is always opposed an equal reaction: or, the mutual actions of two bodies upon each other are always equal and directed to contrary parts (cfr. Newton [1729] 1846, p. 83).

A more modern explanation of the laws of motion can be found on the website of NASA:

Newton's first law states that every object will remain at rest or in uniform motion in a straight line unless compelled to change its state by the action of an external force. This is normally taken as the definition of inertia. The key point here is that if there is no net force acting on an object (if all the external forces cancel each other out) then the object will maintain a constant velocity. If that velocity is zero, then the object remains at rest.

If an external force is applied, the velocity will change because of the force.

The second law explains how the velocity of an object changes when it is subjected to an external force. The law defines a force to be equal to change in momentum (mass times velocity) per change in time. Newton also developed the calculus of mathematics, and the "changes" expressed in the second law are most accurately defined in differential forms. (Calculus can also be used to determine the velocity and location variations experienced by an object subjected to an external force.) For an object with a constant mass m, the second law states that the force F is the product of an object's mass and its acceleration a:

F = m * a
For an external applied force, the change in velocity depends on the mass of the object. A force will cause a change in velocity; and likewise, a change in velocity will generate a force. The equation works both ways.

The third law states that for every action (force) in nature there is an equal and opposite reaction. In other words, if object A exerts a force on object B, then object B also exerts an equal force on object A. Notice that the forces are exerted on different objects. The third law can be used to explain the generation of lift by a wing and the production of thrust by a jet engine.37 Newton's law of Universal gravitation in its modern form: 𝐹 = 𝐹 𝐴/𝐵 = 𝐹 𝐵/𝐴 = 𝐺 𝑚 𝑎 𝑚 𝑏 𝑟² (2.4) states that 𝐹, the force of gravity between two objects is the same for each of them; namely that the force exerted by an object 𝐴 of mass 𝑚 𝑎 on an object 𝐵 of mass 𝑚 𝑏 is the same as the force exerted by 𝐵 on 𝐴: 𝐹 𝐴/𝐵 = 𝐹 𝐵/𝐴 ; and that this force is proportional to their respective masses, but also to 𝐺, the gravitational constant; and is inversely proportional by the square of the distance 𝑟 separating them. This interpretation of gravity as a force was first published in 1687 and held true for more than two centuries thanks to both its apparent simplicity and precision. Unfortunately for Newton, it turns out that his theory was fundamentally flawed as it relied on incorrect assumptions; namely the existence of an absolute time and space -and therefore of place and motion too.

For instance, Newton attempted to clarify his thoughts on the matter:

SCHOLIUM.

Hitherto I have laid down the definitions of such words as are less known, and explained the sense in which I would have them to be under stood in the following discourse. I do not define time, space, place and motion, as being well known to all. Only I must observe, that the vulgar conceive those quantities under no other notions but from the relation they bear to sensible objects. And thence arise certain prejudices, for the removing of which, it will be convenient to distinguish them into absolute and relative, true and apparent, mathematical and common. I. Absolute, true, and mathematical time, of itself, and from its own nature flows equably without regard to anything external, and by another name is called duration: relative, apparent, and common time, is some sensible and external (whether accurate or unequable) measure of duration by the means of motion, which is commonly used instead of true time ; such as an hour, a day, a month, a year.

II. Absolute space, in its own nature, without regard to anything external, remains always similar and immovable. Relative space is some movable dimension or measure of the absolute spaces; which our senses determine by its position to bodies; and which is vulgarly taken for immovable space; such is the dimension of a subterraneous, an aereal, or celestial space, determined by its position in respect of the earth. Absolute and relative space, are the same in figure and magnitude; but they do not remain always numerically the same. For if the earth, for instance, moves, a space of our air, which relatively and in respect of the earth remains always the same, will at one time be one part of the absolute space into which the air passes ; at another time it will be another part of the same, and so, absolutely understood, it will be perpetually mutable. (Newton [1729(Newton [ ] 1846, pp. 77-78) , pp. 77-78) Therefore, with this passage, we can clearly see that for Newton the notions of time and space are independent of the objects or observers and really do possess an external quality. He then further explained the difference between the common notion of time and his ontological view that there exists a true mathematical time the progress of which is exactly the same from one moment to the next: Absolute time, in astronomy, is distinguished from relative, by the equation or correction of the vulgar time. For the natural days are truly unequal, though they are commonly considered as equal, and used for a measure of time ; astronomers correct this inequality for their more accurate deducing of the celestial motions. It may be, that there is no such thing as an equable motion, whereby time may be accurately measured. All motions may be accelerated and retarded; but the true, or equable, progress of absolute time is liable to no change. The duration or perseverance of the existence of things remains the same, whether the motions are swift or slow, or none at all : and therefore it ought to be distinguished from what are only sensible measures thereof ; and out of which we collect it, by means of the astronomical equation. (Newton [1729(Newton [ ] 1846, p. 78-79) , p. 78-79) At the beginning of Book III, Newton formulated what he called "Rules of Reasoning in Philosophy" in which Rule 1 is closely related to a formulation of Occam's razor, while Rules 2 and 3 are concerned with inference and generalization:

RULES OF REASONING IN PHILOSOPHY.

______________________ RULE I.

We are to admit no more causes of natural things than such as are both true and sufficient to explain their appearances. To this purpose the philosophers say that Nature does nothing in vain, and more is in vain when less will serve ; for Nature is pleased with simplicity, and affects not the pomp of superfluous causes.

RULE II.

Therefore to the same natural effects we must, as far as possible, assign the same causes.

As to respiration in a man and in a beast; the descent of stones in Europe and in America ; the light of our culinary fire and of the sun ; the reflection of light in the earth, and in the planets.

RULE III.

The qualities of bodies, which admit neither intension nor remission of degrees, and which are found to belong to all bodies within the reach of our experiments, are to be esteemed the universal qualities of all bodies whatsoever. For since the qualities of bodies are only known to us by experiments, we are to hold for universal all such as universally agree with experiments ; and such as are not liable to diminution can never be quite taken away. (Ivi. p. 384) Before using his theory for explanatory purpose, Newton reflected on the empirical evidence at our disposal allowing us to infer characteristics and rules from our perceptions; discussing the justifiability of generalizing the properties of bodies on an universal scale: That all bodies are impenetrable, we gather not from reason, but from sensation. The bodies which we handle we find impenetrable, and thence conclude impenetrability to be an universal property of all bodies whatsoever. That all bodies are rnoveable, and endowed with certain powers (which we call the vires inertias) of persevering in their motion, or in their rest, we only infer from the like properties observed in the bodies which we have seen. The extension, hardness, impenetrability, mobility, and vis inertia of the whole, result from the extension, hardness, impenetrability, mobility, and vires inertia of the parts; and thence we conclude the least particles of all bodies to be also all extended, and hard and impenetrable, and moveable, and endowed with their proper vires inertia. And this is the foundation of all philosophy. (Newton [1729(Newton [ ] 1846, p. 384-385) , p. 384-385) Newton somewhat puts forward what we gather from "sensation" as facts; while we would expect some kind of superiority of reason over sensation; especially when considering Newton's ideas about the absoluteness of time for example. However, Newton concludes that in the absence of a contradiction, we must accept the universal nature of the observations; especially when considering that we could not have the reach to proceed to actual experiments in the sky:

Lastly, if it universally appears, by experiments and astronomical observations, that all bodies about the earth gravitate towards the earth, and that in proportion to the quantity of matter which they severally contain ; that the moon likewise, according to the quantity of its matter, gravitates towards the earth; that, on the other hand, our sea gravitates towards the moon ; and all the planets mutually one towards another ; and the comets in like manner towards the sun ; we must, in consequence of this rule, universally allow that all bodies whatsoever are endowed with a principle of mutual gravitation. For the argument from the appearances concludes with more force for the universal gravitation of all bodies than for their impenetrability ; of which, among those in the celestial regions, we have no experiments, nor any manner of observation. (Newton [1729(Newton [ ] 1846, p. 385) , p. 385) It results that by following these rules of reasoning and using his observations and considerations, Newton determined: PROPOSITION VI. THEOREM VI.

That all bodies gravitate towards every planet ; and that the weights of bodies towards any the same planet, at equal distances from the centre of the planet, are proportional to the quantities of matter which they severally contain. (Ivi. p. 394) and:

PROPOSITION VII. THEOREM VII.

That there is a power of gravity tending to all bodies, proportional to the several quantities of matter which they contain. (Ivi. p. 397) Newton further explained the mutual attraction between celestial bodies as a result of the universal attraction between all of the matter constituting them: PROPOSITION VII. THEOREM VII.

That there is a power of gravity tending to all bodies, proportional to the several quantities of matter which they contain. That all the planets mutually gravitate one towards another, we have proved before ; as well as that the force of gravity towards every one of them, considered apart, is reciprocally as the square of the distance of places from the centre of the planet. And thence (by Prop. LXIX, Book I, and its Corollaries38 ) it follows, that the gravity tending towards all the planets is proportional to the matter which they contain. Moreover, since all the parts of any planet A gravitate towards any other planet B ; and the gravity of every part is to the gravity of the whole as the matter of the part to the matter of the whole ; and (by Law III) to every action corresponds an equal re-action ; therefore the planet B will, on the other hand, gravitate towards all the parts of the planet A ; and its gravity towards any one part will be to the gravity towards the whole as the matter of the part to the matter of the whole. Q.E.D. COR, 1. Therefore the force of gravity towards any whole planet arises from, and is compounded of, the forces of gravity towards all its parts. (Newton [1729(Newton [ ] 1846, p. 397) , p. 397) but also stated how, therefore, this attractive force changed according to the distance between the centres -of gravity-of the bodies considered: PROPOSITION VIII. THEOREM VIII.

In two spheres mutually gravitating each towards the other, if the matter in places on all sides round about and equi-distant from the centres is similar, the weight of either sphere towards the other will be reciprocally as the square of the distance between their centres. ,p. 398) Despite its success, Newton's theory was also criticized by some of his contemporaries, especially about his conceptions of space and time (Janiak 2019), but also later notably by Ernst Mach (1838Mach ( -1916) ) whose participation inspired Albert Einstein's development of his own theory of gravitation rather than, somewhat ironically, the geometrical ideas developed by Bernard Riemann (1826-1866;cfr. Strauss 1968).

Bernhard Riemann (1826-1866)

Georg Friedrich Bernhard Riemann was a German mathematician. This great figure of the field of mathematics is very famous in the scientific community for his famous hypothesis, nowadays known as the "Riemann Hypothesis" which, to this day, remains unproven; and for his achievements and works in many different mathematical fields, especially complex analysis, number theory and, probably more relevantly for our matter, differential geometry.

In 1867, after Riemann's death, Richard Dedekind (1831-1916) published "Ueber die Hypothesen, welche der Geometrie zu Grunde liegen" in Abhandlungen der Königlichen Gesellschaft der Wissenschaten zu Göttingen, vol. 13 which was translated from German to English by Sir William Kingdon Clifford as "On the Hypotheses which lie at the Bases of Geometry" [START_REF] Clifford | Lecture delivered to the Cambridge Philosophical Society[END_REF], Wilkins 1998). In order to better understand this production, a few keywords might be helpful to clarify:

 Magnitude refers to the measurable extent of something such as size, i.e. dimension, therefore a "triply extended magnitude" refers to a 3dimensional space of any sort.

 Measure-relationship refers to the relation between mathematical objects, i.e. the mathematical notion of distance between points, angles between lines or segments, volumes, etc.

In this work Riemann started by describing how he built general ndimensional spaces from scratch through notions he redefined and stated how this reasoning lead him to the conclusion that physical space is in essence only a particular case of -mathematical 3-dimensional-spaces. For instance, Clifford translated Riemann's process: I have in the first place, therefore, set myself the task of constructing the notion of a multiply extended magnitude out of general notions of magnitude. It will follow from this that a multiply extended magnitude is capable of different measurerelations, and consequently that space is only a particular case of a triply extended magnitude. (Clifford 1867, p. 14emphasis is ours).

Riemann then elaborates on his idea that (physical) space being a particular case, the axioms of geometry laid by Euclid are just hypotheses and not true for all 3-dimensional spaces. In fact, it is up to us to determine with which kind of 3-dimensional space we are working on and if these "traditional" axioms are usable, namely if we are in the particular case of a flat space. Indeed, in Clifford's translation Riemann stated:

But hence flows as a necessary consequence that the propositions of geometry cannot be derived from general notions of magnitude, but that the properties which distinguish space from other conceivable triply extended magnitudes are only to be deduced by experience. Thus arises the problem, to discover the simplest matters of fact from which the measure-relations of space may be determined; […] the most important system for our present purpose being that which Euclid has laid down as foundation. These matters of fact arelike all matters of factnot necessary, but only of empirical certainty; they are hypotheses. (Ibidem) In a later section of Riemann's dissertation titled "On the infinitely great", Riemann discussed the different possibilities related to the different kinds of "space-constructions" that one can consider and propertiesthe relevance of this passage will later become obvious to the reader (in the analysis of Clifford's conceptions for space). Indeed, Riemann stated:

In the extension of space-construction to the infinitely great, we must distinguish between unboundedness and infinite extent [...] That space is an unbounded threefold manifoldness, is an assumption which is developed by every conception of the outer world; […] The unboundedness of space possesses in this way a greater empirical certainty than any external experience. But its infinite extent by no means follows from this; on the other hand if we assume independence of bodies from position, and therefore ascribe to space constant curvature, it must necessarily be finite provided this curvature has ever so small a positive value. If we prolong all the geodesics starting in a given surface-element, we should obtain an unbounded surface of constant curvature, i.e., a surface which in a flat manifoldness of three dimensions would take the form of a sphere, and consequently be finite. (Ivi,p. 16) However, these considerations though interesting from an Epistemological point of view (cfr. Rahman 2009) were of a limited interest to Riemann who dismisses them quickly after barely evoking an unlikely impact to keep in mind on practical phenomena if it helps explaining them:

The questions about the infinitely great are for the interpretation of nature useless questions. But this is not the case with the questions about the infinitely small. [...] the infinitely small do not conform to the hypotheses of geometry; and we ought in fact to suppose it, if we can thereby obtain a simpler explanation of phenomena. This leads us into the domain of another science, of physic, into which the object of this work does not allow us to go to-day. (Ivi,p. 17) During this era, it was commonplace for natural philosophers and mathematicians alike to consider Geometry as a physical science, and not necessarily purely mathematical (Cfr. Clifford 1901b). Besides the obvious contributions to the field of Geometry and the birth of Differential Geometry, the main interesting idea that we can extract from this work is of an ontological nature. Following from Riemann's work, Riemann himself explained that according to him space was only a particular case of a triply extended magnitude. This idea of our Physical space being, in a more modern way of putting it, a 3 dimensional space is what inspired and prompted William Kingdon Clifford (1845[START_REF] Clifford | Lectures and Essays by William Kingdon Clifford[END_REF] to try to develop his later theories.

William Kingdon Clifford (1845-1879)

William Kingdon Clifford was a British mathematician who worked with Bernhard Riemann and was his follower (Cervantes-Cota 2018, p.163). He was born in Starcross near Exeter, Devon, England and died in Madeira, Portugal (Ivi. p.162;Encyclopaedia Britannica;Clifford 2007). Clifford was educated at Mr. Templeton's school in Exeter where he won several prizes (Clifford 2007, p. xv) (Clifford 1901a) and The Common Sense of the Exact Sciences of 1885 [START_REF] Clifford | The Common Sense of the Exact Sciences by the late William Kingdon Clifford with one hundred figures[END_REF] but less known for his research in Physics. Clifford was a geometer and according to him and his conceptions, Geometry was a physical science (Clifford 1901b). Influenced by the work of Riemann [START_REF] Clifford | Lecture delivered to the Cambridge Philosophical Society[END_REF]Cervantes-Cota 2018, p.163) and Lobachevski 39 (Lobachevski 1891), Clifford was interested in Riemann's mathematicalgeometrical work and ideas about his theories regarding curved spaces. He translated some of Riemann's works from German to English, namely "Ueber die Hypothesen, welche der Geometrie zu Grunde leiegen" (Cfr. Cervantes-Cota and Galindo-Uribarri 2018), as "On the Hypotheses which lie at the Bases of Geometry", which was published posthumously in "Abhandlungen der Königlichen Gesellschaft der Wissenschaften zu Göttingen" (Riemann 1854;[START_REF] Clifford | Lecture delivered to the Cambridge Philosophical Society[END_REF].

Roughly three years after the publication of his translation of Riemann's work, on February 21st, 1870, Clifford made a few interesting points in his lecture titled On the Space-Theory of Matter (Fig. 2.5) in which he developed a proposal in which he argued that the intrinsic nature of (physical) space is non-Euclidean and that gravitation could be formally represented by this underlying geometry. what Copernicus was to Ptolemy, that was Lobachevski to Euclid." (Halsted's preface of [START_REF] Lobachevski | Geometrical Researches on the Theory of Parallels by Nicholas Lobachevsky translated by Dr[END_REF] In this lecture he started by referencing Riemann's work on curved spaces and adding that we ought to find out by experience to which type of 3dimensional space we live in, it seems quite obvious that Clifford, if not influenced by Riemann, at least shared these ideas with him. Referring to Riemann's research, Clifford said the following:

Riemann has shewn that as there are different kinds of lines and surfaces, so there are different kinds of space of three dimensions; and that we can only find out by experience to which of these kinds the space in which we live belongs. (Clifford 1870, pp. 157-158).

His focus in this lecture was on the results of the relations between physical space and the geometric axioms of three-dimensional spaces of constant curvature and presented some of the ideas he developed (Ibidem). For instance, he postulated (Ibidem) that as the intrinsic nature of physical space would have been non-Euclidean and therefore that the axioms of Euclidean geometry were not valid in them. He then proceeded to explain that their supposed validity was originating from a deceptive flatness arising from an apparent average of the geometry due to the scale considered. To illustrate this and by using a sheet of paper as an example, Clifford wrote:

In particular, the axioms of plane geometry are true within the limits of experiment on the surface of a sheet of paper, and yet we know that the sheet is really covered with a number of small ridges and furrows, upon which (the total curvature not being zero) these axioms are not true. Similarly, he [Riemann] says, although the axioms of solid geometry are true within the limits of experiment for finite portions of our space, yet we have no reason to conclude that they are true for very small portions; and if any help can be got thereby for the explanation of physical phenomena, we may have reason to conclude that they are not true for very small portions of space. (Ibidem). Particularly important in above example is what conclusions an observer would draw depending on the chosen scale. When looking at the sheet of paper, one could see it as flat and representing a Euclidean twodimensional space -not counting its thickness-in which "the ordinary laws of geometry" are true. However, when changing scale and looking closer at the constituents of the paper, one would observe a completely different kind of space. Still ignoring the thickness of the sheet of paper, the observer, if looking close enough, would notice that this space is clearly not flat, but a collection of intertwined fibres. Clifford continues by also stating that "the motion of matter" -Gravitationcould be formally represented by this underlying geometry: I hold in fact (1) That small portions of space are in fact of a nature analogous to little hills on a surface which is on the average flat; namely, that the ordinary laws of geometry are not valid in them. (2) That this property of being curved or distorted is continually being passed on from one portion of space to another after the manner of a wave. (3) That this variation of the curvature of space is what really happens in that phenomenon which we call the motion of matter, whether ponderable or etherial. ( 4) That in the physical world nothing else takes place but this variation, subject (possibly) to the law of continuity [...]. (Ibidem).

Regarding these statements, and in particular his points "(2)" and "(3)", Clifford was on to something when talking about the property of space to be curved or distorted after the manner of a wave and that this variation is influencing the motion of matter. The idea behind the propagation of curvature done "after the manner of a wave" was some sort of precursor concept similar to the actual effects that gravitational waves have along their path, as suggested by more recent research. Thus laying the basis for the next generations of scientists and physicists, namely Henri Poincaré and Albert Einstein and foreshadowing a discovery that would happen more than a century later. As Prof. Cervantes-Cota and Prof. Galindo-Urribarri conclude in their article Clifford's attempt to test his gravitation hypothesis, "Nowadays Clifford is better known for his mathematical works: Clifford numbers, Clifford algebras, Clifford-Klein surfaces but is less known in physics, at most he is known by very few for having anticipated Einstein's curved space paradigm of general relativity." (Cervantes-Cota and Galindo-Uribarri 2018, p. 11) Another interesting element of this lecture is the statement of Clifford's intentions to demonstrate the validity of his speculations to explain "the laws of double refraction". In fact, Clifford did try to corroborate his assumptions by joining an expedition to observe an eclipse in December of the same year. Clifford's expectations were that the passing of the Moon in front of the Sun might produce a measurable change in the skylight polarisation thereby showing that space surrounding the Moon might be curved by its presence (Ivi. p. 10); which in retrospect to our current understanding resembles a lot the common notion that mass distorts spacetime.

At this point, it seems necessary to clarify that Einstein's Theory of Relativity and the concept of spacetime were still a few decades away and that the previous statement is not an analogue of a psychological projection but merely pointing at similarities in Clifford's conceptions; whether they were the result of chance, a fluke, a contingency or something else is left aside since tensor calculus was not yet developed. Incidentally, it may well be this deficiency that lead Clifford to develop his own mathematical tools (Clifford 1882) in his Preliminary Sketch of Biquaternions (Clifford 1873) in order to develop his theories further. Clifford's idea behind biquaternions was to model motion in a higher dimensional space which he used extensively in 1875 in On the Free Motion Under No Forces of a Rigid System in an n-fold Homaloid (Clifford 1875) in which his idea was to find an equivalence between ordinary three-dimensional space and the motion on a surface of a sphere in order to study the rotation of an object: Over the course of the years his natural desire to do scientific mediation along with peer pressure lead him to reveal his particular conception of space at that time in a lecture titled The Postulates of the Science of Space he delivered at the Royal Institution in March 1873.

After Epistemological and Philosophical considerations in the introduction about what "the geometer of to-day knows" and our position in space "Here with the consciousness of a There beyond it" and time "Now, with the consciousness of a Then before it" (Clifford 1901b, pp. 357-359), and some clarifications he deemed necessary for a broad audience about boundaries of solids in space, lines, surfaces and points (Ivi, pp. 360-368), Clifford shared his views and the postulates attached to this conception.

His first postulate was space continuity, the second elementary flatness, corresponding to the idea that the more one magnifies something the flatter it looks, the third superposition i.e. a body can be moved about in space without altering its size or shape and all parts of space are exactly alike (similar to our current understanding of space isotropy and homogeneity), the fourth and last one being similarity with which any figure may be magnified or diminished in any degree without altering its shape (Ivi,.

After he commented on these postulates, Clifford decided to conclude by exploring the assumption that if the property of elementary flatness exists on the average and despite the apparent flatness of the very great, if "the deviations from it being, as we have supposed, too small to be perceived" and if we suppose the "curvature of all space to be [is] nearly uniform and positive" then:

If you were to start in any direction whatever, and move in that direction in a perfect straight line […], after a most prodigious distance to which the parallactic unit-200.000 times the diameter of the earth's orbitwould be only a few steps, you would arrive at-this place. Only, if you had started upwards, you would appear from below. (Ivi,p. 387) Finally, Clifford concluded with his own personal opinion on the matter:

In fact, I do not mind confessing that I personally have often found relief from the dreary infinities of homaloidal space in the consoling hope that, after all, this other may be the true state of things. (Ibidem)

In addition, he added a note saying that "even the finite extent does not follow necessarily from uniform positive curvature: as Riemann seems to have supposed." (ibidem) While Clifford is often described as Riemann's follower, it should be noted that Clifford was his own man, not just Riemann's disciple. However, Clifford agreed with Riemann's ideas and was clearly greatly influenced by them. Even if Clifford did not write his Space-Theory of matter per se, taking the abundance of information and hints he left in his works post 1870 about his conception of space added to the considerations about his areas of interest and study, it is obvious that either Clifford was preparing himself to produce his theory or preparing his audience for the ideas that he would have developed if he did not pass away at such a young age. Moreover, it should be noted that Clifford's ideas about the relationship between mass and space (i.e. the reason for joining the expedition of December 1870) are a tell-tale sign that our modern understanding of the fabric of space was already brewing.

Oliver Heaviside (1850-1925)

Oliver Heaviside was an English physicist, mathematician who made important contributions to the field of electrical engineering. Indeed, he notably reformulated Maxwell's equations and developed "the Heaviside operational calculus" which represents an alternative to the Laplace transform [START_REF] Nahin | Oliver Heaviside: the life, work, and times of an electrical genius of the Victorian age[END_REF] which is "a powerful tool for solving ordinary and partial differential equations, linear difference equations and linear convolution equations" (Berberan-Santos 2005, p. 165) but also indispensable for changing perspectives when drawing spacetime diagrams (Cfr. Section 3.2.) which came later with Einstein's Special Relativity.

Though, besides these considerations, the brilliant mind that was Heaviside made a noteworthy analysis of an analogy between electromagnetism and gravity. Indeed, one can notice that gravity is not the only force capable of attraction: just like gravity can attract masses, magnets can attract magnetic objects; although a repulsive gravitational force or anti-gravity is merely an hypothetical phenomenon.

Moreover, when comparing Coulomb's law with Newton's formulation of the force of gravity, it is rather hard not to see the similarities:

𝐹 = 𝐹 𝐴/𝐵 = 𝐹 𝐵/𝐴 = 𝐺 𝑚 𝑎 𝑚 𝑏 𝑟² (2.5) |𝐹 1 | = |𝐹 2 | = 𝑘 𝑒 |𝑞 1 𝑞 2 | 𝑟 2 (2.6)
where the absolute values of the forces 𝐹 1 and 𝐹 2 are equal to Coulomb's constant 𝑘 𝑒 , times the magnitudes of the charges 𝑞 1 and 𝑞 2 , divided by their distance 𝑟 squared.

However, Heaviside's approach for an analogy between the theory of gravitation and the theory of electromagnetism was taken from a slightly different angle: he was examining the question of the "flux of gravitational energy" (Heaviside 1893, p.455;Heaviside 1893a). In fact, his idea was to simply take the same reasoning that was used for electromagnetism and to apply it to gravitation from the notion of a flux of gravitational energy in order to examine the then obtained results: Now, bearing in mind the successful manner in which Maxwell's localization of electric and magnetic energy in his ether lends itself to theoretical reasoning, the suggestion is very natural that we should attempt to localize gravitational energy in a similar manner, its density to depend upon the square of the intensity of the force, especially because the law of the inverse squares40 is involved throughout (Heaviside 1893, p. 455).

Furthermore, there are multiple interesting points throughout the development of his analogy. Indeed, for instance, Heaviside wrote:

The electromagnetic analogy may be pushed further. It is as incredible now as it was in Newton's time* 41 that gravitative influence can be exerted without a medium; and, granting a medium, we may as well consider that it propagates in time, although immensely fast. (Ivi. p. 459) Therefore considering the speed of gravity to be finite, and not instantaneous through the Universe, from this point on. Continuing his analysis of this analogy, Heaviside notes that by inferring this finite speed to be that of the speed of light, the results are sensibly the same as with an instantaneous action:

This [if we introduce the hypothesis of propagation at finite speed], of course, might be inferred from the electromagnetic case. […] Thus results will be sensibly as in the common theory of instantaneous action, although expressed in terms of wave-propagation. Results showing signs of wave-propagation would require an inordinately large velocity of matter through the ether. It may be worth while to point out that the lines of gravitational force connected with a particle of matter will no longer converge to it uniformly from all directions when the velocity v is finite, but will show a tendency to lateral concentration, though only to a sensible extent when the velocity of the matter is not an insensible fraction of v. (Ivi. p. 460) It is remarkable to see at this point that Heaviside wrote that "the results would be similar but expressed in terms of wave-propagation" but missed the opportunity to discuss gravitational waves, thus showing that the concept of gravitational waves was still further down the road.

However, with this analogy, Heaviside's goal was mostly an attempt to examine gravity in a new light while making the point that there was no need for gravity to be instantaneous: But the above analogy, though interesting in its way, and serving to emphasise the non-necessity of the assumption of instantaneous or direct action of matter upon matter, does not enlighten us in the least about the ultimate nature of gravitational energy. It serves, in fact, to further illustrate the mystery. (Ivi. p. 461) Furthermore, in order to respond to remarks about "gravitational aberration" Heaviside pushed the analogy even further by applying this new hypothesis that the speed of gravity could be finite -and in fact be the speed of light-and some of his previous work from his "theory of convective currents of electrification" to the Sun and Earth system:

The remarks of the Editor42 and of Prof. Lodge 43 on gravitational aberration, lead me to point out now some of the consequences of the modified law which arises when we assume that the ether is the working agent in gravitational effects, and that it propagates disturbances at speed v in the manner supposed in my former article. There is, so far as I can see at present, no aberrational effect, but only a slight alteration in the intensity of force in different directions round a moving body considered as an attractor.

Thus, take the case of a big Sun and a small Earth, of masses S and E, at distance r apart. Let f be the unmodified force of S on E, thus

𝑓 = 𝑆 𝐸 4𝜋𝑟 2 𝑐 (2.7) (Ivi. p. 463)
According to him, the absence of aberration is replaced by a "slight alteration in different directions in the intensity of force" because of his modified force expression that takes into account the speed u of the Sun through the ether:

𝐹 = 𝑓 × 1 -𝑠 (1 -𝑠 sin 2 𝜃) 3/2 (2.8) (Ibidem) with 𝑠 = 𝑢² 𝑣² (2.9)
where u is the speed of the Sun through the ether, v is the speed of light, and 𝜃 the angle between r and the line of motion (Ibidem).

After noting in a footnote that "[…] Prof. Lodge tells me that our own particular Sun is considered to move only 10-9 miles per second. This is stupendously slow." (Ibidem), Heaviside estimated that this smallness was thus making s very small and that it would therefore produce "perturbing forces […] of the order of only one-millionth of the full force" (Ibidem).

Finally, after having completed his analysis, Heaviside concluded with a possible way to verify his results:

All we need expect, then, so far as I can see from the above considerations, are small perturbations due to the variation of the force of gravity in different directions, and to the auxiliary force. Of course, there will be numerous minor perturbations

If variations of the force of the size considered above are too small to lead to observable perturbations of motion, then the striking conclusion is that the speed of gravity may even be the same as that of light. If they are observable, then, if existent, they should turn up, but if non-existent then the speed of gravity should be greater. Furthermore, it is to be observed that there may be other ways of expressing the propagation of gravity.

But I am mindful of the good old adage about the shoemaker and his last, and am, therefore, reluctant to make any more remarks about perturbations. The question of the ether in its gravitational aspect must be faced, however, and solved sooner or later, if it be possible. Perhaps, therefore, my suggestions may not be wholly useless. (Emphasis is mine -Ivi. p. 466)

Unfortunately for Heaviside, Henri Poincaré (1854-1912) also ended up being interested in the question of the propagation of gravity through yet another result just over a decade later in 1905.

Henri Poincaré (1854-1912)

As good as the intuition of Clifford was, and despite using the keyword "wave" when saying "after the manner of a wave" (Clifford 1870, pp. 158) to describe the propagation of a variation in the geometry of space almost a decade before Einstein was even born and almost three decades before Einstein's theories (cfr Einstein 1916Einstein , 1920Einstein , 1937Einstein , 2005)); and despite Heaviside's analogy, the first mention of gravitational waves per se has to be attributed to Henri Poincaré (cfr. Chapter 3, Section 3). Henri Poincaré was a French mathematician, physicist, philosopher and engineer. He was born in 1854 in Nancy, France and died in 1912 in Paris, France. Besides his important works and contributions to diverse mathematical fields, he is also considered a major precursor of Special Relativity (Logunov 2005).

During my research at the Niels Bohr Library, I uncovered a letter from Charles Émile Picard (1856Picard ( -1941)), a French mathematician, to Arthur Korn (1870Korn ( -1945) ) who was a German physicist; about this (Picard 1913): In this letter, after telling Arthur Korn that he presented "his note to the academy", Picard asked Korn two questions. The first one about a communication Poincaré gave in Berlin on algebraic surfaces and the second one about Korn's opinion on the implications of the principle of relativity for gravitation: I have two things to ask you. If I recall correctly Poincaré did a communication in Berlin to the Mathematical Society on algebraic surfaces. As I am going to include this question that kept me so busy in my lectures of this year, I would be glad to know what the content of this communication was. I would also like to have your opinion on the recent works on the principle of relativity with regard to its relations with gravitation (Abraham, Einstein); this seems like a nice mess. It is extraordinary, with such fragile experimental bases, to be willing to change humanity's ideas on space and time. I did not fear to write this in a notice on l'Oeuvre de Poicaré, the Revue Scientifique is publishing today and that the Annales de l'Ecole Normale reproduces. I will not hide that this will bring spite from physicists. (Translated from Fig. 2.6.a. by Philippe Vincent) This last passage is quite amusing in retrospect as Picard will be the author of one of the very first textbooks on Einstein's Special and General Relativities (cfr. figure below). However, before arriving at this point, in L'OEuvre de Henri Poincaré (Picard 1913a) which Picard published after Poincaré's passing as a celebration of his works and accomplishments, he acknowledged that Poincaré's paper of 1905 played a key role in the history of the relativity principle, as well as how Poincaré's work utterly marked the understanding of this principle with regard to its implications for simultaneity and a new way to consider both space and time:

The memoire on the dynamics of the electron, written in 1905, will stay in the history of the relativity principle; the Lorentz transformations group, that do not change the equations of the electromagnetic medium, appears in it as the keystone of the discussion about the conditions which must satisfy the forces in the new dynamic. The necessity of the introduction in the electron of additional forces, putting aside the bonding forces, is established, these additional forces being putatively equivalent to an ambient pressure outside of the electron. Poincaré shows also which hypotheses one can make about gravitation in order for the gravitational field to be affected by the Lorentz transform in the same manner as the electromagnetic field.

We are aware of the importance that the principle of relativity has acquired nowadays, the origin of which is the impossibility, claimed by faith in a few negative experiments, to show the proof of a uniform translation of a system using optics or electrical experiments done within this system. Admitting, besides, that Lorentz's ideas and his electromagnetic equations are irrefutable, we have been lead to a necessary change of our ideas on space and on time; space and time (x, y, z, and t) do not undergo their own transformations separately but simultaneously in the Lorentz group. The simultaneity of two phenomena becoming a relative notion; a phenomenon can be anterior to another one for a first observer, while it would be posterior for a second one. 44 (Translation by Philippe Vincent -Ivi. p. 17-18) Picard then continued, pondering the conceptions of space and time and as a result how the principle of relativity influenced and then upset the scientific community of the time: dissertations on the subject and without doubt contributed to the popularity of the principle of relativity. At other times, we might have, before rejecting humanity's traditional ideas on space and time, to sift through extremely harsh critics the conceptions on ether and the formation of electromagnetic equations; but the desire for novelty does not know any bounds today. The objections are nonetheless not lacking, and illustrious physicists, such as Lord Kelvin and Ritz, without mentioning the still living ones, have stated very motivated doubts. Science assuredly knows no dogma, and it may very well be that precise positive experiments force us one day to modify certain ideas which had become common sense; but has that moment already come? 45 (Translation by Philippe Vincent -Ivi. p. 18) In the next paragraph, Picard expressed his doubts a little more in depth:

Poincaré saw the danger in these infatuations, and, in a conference on the new dynamics, he besought the professors not to bring discredit upon the old Mechanics which proved itself. […] In all this relativism, an absolute remains, namely the speed of light in a vacuum, independent of the state of rest or motion of its source. This absolute is probably going to disappear, the Lorentz equations only being a first approximation. The greatest difficulties come from gravitation, to the point that certain Physics theoreticians believe that the only way to get rid of them is to attribute inertia and a weight to energy, hence in particular the weight of light. 46(Translation by Philippe Vincent -Ibidem)

According to Picard, Poincaré's point of view about the ontology of geometrical properties was that they only were an illusion. From a more philosophical-epistemological reference frame, according to this statement, Poincaré probably would have sided with the mathematicians thinking that mathematics were invented rather that discovered. Indeed, Picard wrote:

The geometrical properties do not correspond, for Poincaré, to any reality; they form a set of conventions that experience might have suggested to the mind, but did not impose. The evolutionist whom I was talking of up above sees there great difficulties, not only for the mundane reason that this duality between mind and exterior medium is contrary to his doctrine, but because, looking to retrace the genesis of the origins of Geometry in the human species, it seems impossible to them to separate the acquisition of geometrical notions and the simplest physical notions, Geometry being in ancient times part of Physics. 47 a(Translation by Philippe Vincent -Ivi. p. 21) Picard finally ended this chapter by talking about Poincaré's take on Max Planck's (1858Planck's ( -1947) ) quanta:

One of Poincaré's last works was an in depth discussion on the quanta theory, erected by Planck, according to which the energy of luminous radiators would be varying in a discrete manner. From this point of view "physical phenomena, said Poincaré, would cease to obey laws expressed with differential equations, and this would without a doubt be the greatest revolution and the deepest that natural philosophy would have seen since Newton". 48 (Translation by Philippe Vincent -Ivi. pp. 17-18) For clarity, this point was also republished in Dernières pensées (Poincaré 1920, p. 166):

One no longer just wonders if the differential equations of Dynamics must be modified, but if the laws of motion will still be expressed with differential equations. And this would hereby be the deepest revolution that Natural Philosophy would have been subject to since Newton. 49 (Translation by Philippe Vincent -Ibidem) 47 Les propriétés géométriques ne correspondent, pour Poincaré, à aucune réalité ; elles forment un ensemble de conventions que l'expérience a pu suggérer à l'esprit, mais qu'elle ne lui a pas imposées. L'évolutionniste dont je parlais plus haut voit là de grandes difficultés, non pas seulement pour la raison banale que la dualité ainsi posée entre l'esprit et le milieu extérieur est contraire à sa doctrine, mais parce que, cherchant à retracer la genèse des origines de la Géométrie dans l'espèce humaine, il lui paraît impossible de séparer l'acquisition des notions géométriques et celles des notions physiques les plus simples, la Géométrie ayant dans des temps très anciens fait partie de la Physique. 48 Un des derniers travaux de Poincaré a été une discussion approfondie de la théorie des quanta, édifiée par Planck, d'après laquelle l'énergie des radiateurs lumineux varierait d'une manière discontinue. De ce point de vue « les phénomènes physiques, dit Poincaré, cesseraient d'obéir à des lois exprimables par des équations différentielles, et ce serait là sans aucun doute la plus grande révolution et la plus profonde que la philosophie naturelle ait subie depuis Newton». 49 On ne se demande plus seulement si les équations différentielles de la Dynamique doivent être modifiées, mais si les lois du mouvement pourront encore être exprimées par des équations différentielles. Et ce serait là la révolution la plus profonde que la Philosophie Naturelle ait subie depuis Newton. In this next section of the sixth chapter "hypothesis on quanta" (Ivi. p. 165) of Dernières pensées, Poincaré explained to the reader what led this thencalled hypothesis to be formulated from the principle of Sadi Carnot's (1796Carnot's ( -1832) ) to the "law of the blackbodies".

Carnot's principle, or the second principle of Thermodynamics, teaches us that the world tends to a final state from which it will not be able to escape; it thus teaches us that statistical equilibrium is possible; […] (Translation by Philippe Vincent -Ivi. p. 169) 50 Poincaré then explained his thoughts on the matter:

By what singular coincidence are the conditions of this equilibrium always the same, whatever the bodies brought into contact? the previous considerations make 50 Le principe de Carnot, ou second principe de la Thermodynamique, nous apprend que le monde tend vers un état final dont il ne pourra plus s'écarter ; il nous apprend donc que l'équilibre statistique est possible ; […] us understand this, it is because the general laws of Dynamics, expressed by Hamilton's differential equations, apply to all bodies. 51 (Translation by Philippe Vincent -Ivi. p. 170) and finally dedicates a subsection of the chapter to the law of radiation ("La Loi du Rayonnement", Ivi. p. 171). This whole ordeal is in fact none other than the very well-known scientific crisis later called the Ultraviolet Catastrophe (see section 2.9).

Historical Comparative Analysis Between Clifford and Poincaré

Before continuing with the great historical role played by the Ultraviolet Catastrophe in the great scheme of things and in particular in regards to the development of the tools needed for gravitational wave detection, i.e. the birth of Quantum Mechanics and the development of optical tools, it seems appropriate to do a short comparative historical analysis between Clifford's and Poincaré's key ideas relevant to the history of the discovery of gravitational waves. Both Clifford and Poincaré were mathematicians and well-versed in the field of Geometry. Moreover, both Clifford and Poincaré were unquestionably well aware of the works of Bernhard Riemann.

Indeed, according to Paul Appell (1855Appell ( -1930) ) who was a French mathematician of the Académie des Sciences and among their contemporaries, Poincaré worked on Analysis situs which corresponds to Algebraic topology:

And

The German mathematician Riemann introduced in Analysis situs the idea of connection of a continuous space: let us take, to fix ideas, the interior volume of a room without furniture, all the doors of which are closed. If there is no column in the room, it is limited only by the walls, ceiling and floor. A closed line, like a thread whose two ends are knotted, can, by continuous deformation in the volume and without meeting the walls, be reduced to a point and this whatever its initial arrangement. The volume is then said to be simply connected. But if there is in the room a column joining the floor to the ceiling, the volume will be limited by walls comprising the walls, the ceiling, the floor and the outer surface of the column. We can then imagine in this volume two kinds of closed curves, some not surrounding the column, the others surrounding it; the former can, by continuous deformation, be reduced to points without encountering any portion of the walls; the second, on the contrary, cannot be reduced to points; the volume is then said to be doubly connected. If there are two columns, there will be three kinds of closed curves in free space; those which do not contain any columns; those which contain one of the two columns; those that contain the other. The curves which contain the two columns can always by continuous deformation be reduced to two curves each of which contains only one column. The volume is then triply connected. And so on. We see that in this concept the shape and dimensions of the walls play no role.

The problems of Analysis situs are, in general, very difficult, because they present. the highest degree of abstraction possible. H. Poincaré made a lot of progress in this part of science. 53 (Translation by Philippe Vincent - Appell 1925, pp. 68-69) Furthermore, in La valeur de la science (Poincaré S.D. b) and in his Science et méthode (Poincaré S.D. a), Poincaré discussed both Analysis situs and non-Euclidean Geometry with simple yet explicit examples; thus giving us a great opportunity to compare his explanations with Clifford's. 53 Le mathématicien allemand Riemann a introduit en Analysis situs l'idée de connexion d'un espace continu : prenons, pour fixer les idées, le volume intérieur d'une salle sans meubles dont toutes les portes sont fermées. S'il n'y a aucune colonne dans la salle, celle-ci est limitée uniquement par les murs, le plafond et le plancher. Une ligne fermée, comme un fil dont les deux extrémités sont nouées, peut, par déformation continue dans le volume et sans rencontrer les parois, être réduite à un point et cela quelle que soit sa disposition initiale. Le volume est dit alors simplement connexe. Mais s'il y a dans la pièce une colonne réunissant le plancher au plafond, le volume sera limité par des parois comprenant les murs, le plafond, le plancher et la surface extérieure de la colonne. On peut alors imaginer dans ce volume deux sortes de courbes fermées, les unes n'entourant pas la colonne, les autres l'entourant ; les premières peuvent, par déformation continue, être réduites à des points sans rencontrer une portion quelconque des parois ; les deuxièmes au contraire ne pourront pas se réduire a des points ; le volume est dit alors doublement connexe. S'il y a deux colonnes, il existera trois espèces de courbes fermées dans l'espace libre ; celles qui ne renferment aucune colonne ; celles qui renferment l'une des deux colonnes ; celles qui renferment l'autre. Les courbes qui renferment les deux colonnes peuvent toujours par déformation continue être ramenées à deux courbes dont chacune renferme seulement une colonne. Le volume est alors triplement connexe. Et ainsi de suite. On voit que dans cette notion la forme et les dimensions des parois ne jouent aucun rôle.

Les problèmes d'Analysis situs sont, en général, fort difficiles, parce qu'ils présentent. le plus haut degré d'abstraction possible. H. Poincaré a fait beaucoup avancer cette partie de la science.

First of all, it is essential to note that both of them had similar and yet subtly different approaches in regard to the relativeness of position and considerations about sizes. For instance, in Poincaré's Science et méthode, he wrote: Earlier, we saw that when I say: I will be here tomorrow, that did not mean: I will be tomorrow at the point in space where I am today, but: I will be tomorrow at the same distance of the Pantheon than today. And now this statement is no longer sufficient and I must say: Tomorrow and today, my distance from the Pantheon will be equal to the same number of times the length of my body. 54 (Poincaré S.D. a,p. 102) Thereby implicitly implying two types of relative positions: the relative position of a body compared to another, and the relative position for an outside observer. The first one being exemplified by the fact that we could state that Poincaré was from one day to the next at the same position compared to the Panthéon, while at the same time, this position is not the same as the day before that relatively to space since the Earth is moving.

Furthermore, Poincaré's explanation also presents the feature of declaring a specific unit, the length of his body, which he implicitly assumed to be invariant in this example. This last observation is important when comparing a similar explanation given by Clifford.

While Poincaré's started by his position in space and then moved to the measurement of his distance to the Panthéon in units of his own height, in Clifford's The Common Sense of the Exact Sciences (Clifford 1891), Clifford wrote in details how this procedure of measurement is essential:

Let us now consider what is meant by the first of our observations about space, viz., that a thing can be moved about from one place to another without altering its size or shape.

First as to the matter of size. We measure the size of a thing by measuring the distances of various points on it. For example, we should measure the size of a table by measuring the distance from end to end, or the distance across it, or the distance from the top to the bottom. The measurement of a distance is only possible when we have something, say a yard measure or a piece of tape, which we can carry about and which does not alter its length while it is carried about. The measurement is then affected by holding this thing in the place of the distance to be measured, and observing what part of it coincides with this distance. (Clifford 1891, p. 52) However, Clifford notes that the process of measurement has an important fundamental ontological implication, i.e. we assume the following:

54 Tout à l'heure, nous avions vu que quand je dis : Je serai ici demain, cela ne voulait pas dire : Je serai demain au point de l'espace où je suis aujourd'hui, mais : Je serai demain à la même distance du Panthéon qu'aujourd'hui. Et voici que cet énoncé n'est plus suffisant et que je dois dire : Demain et aujourd'hui, ma distance du Panthéon sera égale à un même nombre de fois la longueur de mon corps.

Thus we should say that two tables are equally broad, if we marked the breadth of one of them on a piece of tape, and then carried the tape over to the other table and found that its breadth came up to just the same mark.

[…] Or we may say generally that two lengths or distances of any kind are equal, when, one of them being brought up close to the other, they can be made to fit without alteration. But the tape is a thing far more easily carried about than the table, and so in practice we should test the equality of the two breadths by measuring both against the same piece of tape. We find that each of them is equal to the same length of tape; and we assume that two lengths which are equal to the same length are equal to each other. This is equivalent to saying that if our piece of tape be carried round any closed curve and brought back to its original position, it will not have altered in length. (Clifford 1891, p. 52) Before concluding:

The reader will probably have observed that we have defined length or distance by means of a measure which can be carried about without changing its length. But how then is this property of the measure to be tested? We may carry about a yard measure in the form of a stick, to test our tape with; but all we can prove in that way is that the two things are always of the same length when they are in the same place; not that this length is unaltered. (Clifford 1891, p. 53) At this point it is interesting to note that a similar reasoning could be applied to a change in orientationwhich is essentially the principle at the core of the Riemann tensor (see section 3.2.2) -.

Clifford goes on:

The fact is that everything would go on quite as well if we supposed that things did change in length by mere travelling from place to place, provided that (1) different things changed equally, and (2) anything which was carried about and brought back to its original position filled the same space 55 . All that is wanted is that two things which fit in one place should also fit in another place, although brought there by different paths; unless, of course, there are other reasons to the contrary. (Clifford 1891, p. 54) This is what Clifford referred to as the principle of superposition in his The Postulates of the Science of Space:

Now in the particular case where a space of three dimensions has the property of superposition, or is all over alike, these geodesic surfaces are planes. That is to say, since the space is all over alike, these surfaces are also of the same shape all over and on both sides; which is Leibnitz's definition of a plane. (Clifford 1901b, p. 564).

On the other hand, in Poincaré's La valeur de la science, one can read and understand that one would be driven to the same conclusion if, instead of the bodies, space itself was uniformly varying in size:

55 "These remarks refer to the geometrical, and not necessarily to all the physical properties of bodies.-K.P." This footnote was an addition made by the editor, Karl Pearson (1857Pearson ( -1936)).

It has often been observed that if all the bodies of the Universe were to expand simultaneously and in the same proportion, we would have no means of noticing this, since all our measuring instruments would grow at the same time as the very objects which 'they are used to measure. The world, after this expansion, would continue on its course without anything warning us of such a huge event.56 (Translation by Philippe Vincent -Poincaré S.D. b, p. 69) However, we must recognize a subtle difference between the two cases. Indeed, in Clifford's case, he did not assume that space was homogeneous; which case is addressed by Clifford:

Is it possible, however, that lengths do really change by mere moving about, without our knowing it? Whoever likes to meditate seriously upon this question will find that it is wholly devoid of meaning. But the time employed in arriving at that conclusion will not have been altogether thrown away. (Clifford 1891, p. 55) On one hand, to Clifford, Geometry was a physical science. This is especially obvious when considering his writings in The postulates of the Science of Space (Clifford 1901b), in The Common Sense of the Exact Sciences [START_REF] Clifford | The Common Sense of the Exact Sciences by the late William Kingdon Clifford with one hundred figures[END_REF] and in Seeing and Thinking [START_REF] Clifford | Lectures and Essays by William Kingdon Clifford[END_REF]. Indeed, in these works, he explained in details basic geometrical concepts in order to discuss the notion of boundaries in an almost identical way.

Moreover, the fact that he dedicated a whole section to boundaries starting essentially from scratch, asking the reader to forget all they have been taught before, in which he gave a very detailed description in layman's terms of these notions (Clifford 1879, pp. 127-156) exemplifies how important this was to him:

Before I begin to talk to you about the sizes and shapes of things, I am going to make a request that may seem somewhat strange. I am going to ask you to forget that you have ever lived until this moment. It is not that I am going to tell you anything new, that you did not know before; for I am merely going to remind you of a lot of things that you have known familiarly for years. Only I want you to observe them all quite freshly over again, as if you had not seen them before. I want you not to believe a word I say, unless you can see quite plainly at the moment that it is true; and I shall try only to say such things as you can quite easily verify at once while you sit there. That is what I mean by asking you to forget that you have ever lived until this moment: for geometry, you know, is the gate of science, and the gate is so low and small that one can only enter it as a little child. (Clifford 1879, p. 127) On the other hand, Poincaré had a different perception of geometry:

Another framework that we impose on the world is space. Where did the first principles of geometry come from? Are they imposed on us by logic? Lowachevsky has shown that not by creating non-Euclidean geometries. Is space revealed to us by our senses? Not yet, because that which our senses could show us is absolutely different from that of the geometer. Does geometry derive from experience? An indepth discussion will show us not. We will therefore conclude that these principles are only conventions; but these conventions are not arbitrary, and transported to another world (which I call the non-Euclidean world and which I try to imagine), we would have been led to adopt others. 57 (Translation by Philippe Vincent - Poincaré 1902, p. 5) Additionally, at this point, it should be noted that Poincaré's views on the subject are quite different. Indeed, to him Analysis situs experiments can only be approached but are however enough to obtain rigorous theorems, since Analysis situs has the advantage of being qualitative rather than quantitative:

Note also that here the empiricists are freed from one of the most serious objections that can be raised against them, that which makes absolutely vain in advance all their efforts to apply their thesis to the truths of Euclidean geometry. These truths are rigorous and all experience can only be approximated. In Analysis Situs the approximate experiments may be sufficient to give a rigorous theorem and, for example, if we see that space can have neither two or less than two dimensions, nor four or more than four, we are certain that he has exactly 3, because he cannot have 2 and a half or 3 and a half. 58 (Translation by Philippe Vincent -Poincaré S.D. b, p. 74) Actually, Poincaré had a different philosophy of science:

Poincaré's philosophy is primarily that of a scientist originating in his own daily practice of science and in the scientific debates of his time. As such, it is strongly influenced by the reflections of Ernst Mach, James Maxwell and Hermann von Helmholtz. However, his thinking is also strongly influenced by the philosophical 57 Un autre cadre que nous imposons au monde, c'est l'espace. D'où viennent les premiers principes de la géométrie ? Nous sont-ils imposés par la logique ? Lowatchevski a montré que non en créant les géométries non euclidiennes. L'espace nous est-il révélé par nos sens ? Non encore, car celui que nos sens pourrait nous montrer diffère absolument de celui du géomètre. La géométrie dérive-t-elle de l'expérience ? Une discussion approfondie nous montrera que non. Nous conclurons donc que ces principes ne sont que des conventions ; mais ces conventions ne sont pas arbitraires, et transportés dans un autre monde (que j'appelle le monde non euclidien et que je cherche à imaginer), nous aurions été amenés à en adopter d'autres.

58 Remarquons également qu'ici les empiristes sont débarrassés de l'une des objections les plus graves qu'on peut diriger contre eux, de celle qui rend absolument vains d'avance tous leurs efforts pour appliquer leur thèse aux vérités de la géométrie euclidienne. Ces vérités sont rigoureuses et toute expérience ne peut être qu'approchée. En Analysis Situs les expériences approchées peuvent suffire pour donner un théorème rigoureux et, par exemple, si l'on voit que l'espace ne peut avoir ni deux ou moins de deux dimensions, ni quatre ou plus de quatre, on est certain qu'il en a exactement 3, car il ne saurait en avoir 2 et demi ou 3 et demi. doctrines of his time (those of Emile Boutroux, who was his brother-in-law, but also of Jules Lachelier, William James, etc.), and is imbued with the neokantism that was very much in vogue. Nevertheless, one must not assume that Poincaré's "Kantian" vocabulary is exactly that of the German philosopher, given that Poincaré often radically changes the meaning of Kant's terms. (Heinzmann 2017, via URL: https://plato.stanford.edu/archives/win2017/entries/poincare/)

Beyond the fact that, as mathematicians and geometers, they were both trained in these fields and even made significant contributions on the matter, we have to note that their births happened within a time interval just shy of a decade. Therefore, they ought to have had access to the same mathematical tools and contemporary theories in principle.

However, even though the two men shared different cultures and nationalities, and therefore different educations, opinions and views, it is nevertheless noteworthy to remark that they used two radically different approaches. Nonetheless, they managed to reach insights on the physical nature of space which in retrospect share deep ontological similarities and which foreshadowed the intellectual development that would ultimately lead to our modern understanding of gravitational waves.

On one hand, Clifford, by exposing and sharing his reasoning and conceptions in rather popular writings, which we would certainly qualify nowadays as scientific mediation, proceeds by following an inductive approach.

Similarly, he [Riemann] says, although the axioms of solid geometry are true within the limits of experiment for finite portions of our space, yet we have no reason to conclude that they are true for very small portions; and if any help can be got thereby for the explanation of physical phenomena, we may have reason to conclude that they are not true for very small portions of space.

I wish here to indicate a manner in which these speculations may be applied to the investigation of physical phenomena. I hold in fact (1) That small portions of space are in fact of a nature analogous to little hills on a surface which is on the average flat; namely, that the ordinary laws of geometry are not valid in them. ( 2) That this property of being curved or distorted is continually being passed on from one portion of space to another after the manner of a wave. (3) That this variation of the curvature of space is what really happens in that phenomenon which we call the motion of matter, whether ponderable or etherial. ( 4) That in the physical world nothing else takes place but this variation, subject (possibly) to the law of continuity [...]. (Clifford 1870, pp. 157-158) Thus, using the analogy of the sheet of paper representing a 2-dimensional space perceived as flat despite the fact that the cellulose fibers of the paper are intertwined in such a way that they become clearly apparent once the right scale has been chosen, Clifford transposed and generalized this observation to physical space. And thus, was able to formulate his "speculations"; in particular that this possible capacity of space of being curved and distorted would be "continually being passed on from one portion of space to another after the manner of a wave". Therefore, arriving at a conceptual precursor version of gravitational waves closer to the General Relativity Theory in essence due to the statement regarding the ability of space of being curved or distorted. On the other hand, Poincaré's approach was more abstract, analytical, and thus more deductive in nature. Indeed, in a note to the Académie des Sciences, instead of starting from speculative ideas or insights obtained through his understanding of space, Poincaré's starting point is the Michelson-Morley experiment's result and the exploration of Lorentz's hypothesis of the contraction of bodies which would happen in the same direction as the movement of the Earth (see also section 3.3).

In the end, Poincaré reported his analysis, which he had expanded, and which was finally published later in his La mécanique nouvelle of 1923 (see Fig. 2.8.a. below). In 1905, Poincaré explained:

[…] Lorentz sought to complete and modify his hypothesis so as to bring it into line with the postulate of the complete impossibility of determining absolute motion. This is what he managed to do in his article entitled Electromagnetic phenomena in a system moving with any velocity smaller than that of light (Proceedings of the Amsterdam Academy, May 27, 1904).

The importance of the question determined me to take it up again; my results agree on all important points with those of Lorentz; I was only led to modify them and supplement them in a few details.59 (Poincaré 1905(Poincaré , p. 1505) ) However, after this preliminary analysis, Poincaré turned his attention to a complement of Lorentz's hypothesis stating that in fact all forces, no matter their nature were in fact subject to this.

Consequently, Poincaré sought to explore this hypothesis further and in particular its consequences in regard to the modifications it implied for the laws of gravitation. In particular, and as Poincaré explained later in La mécanique nouvelle, if Lorentz's contraction is admitted, and most notably by considering two distances as being equal if the time taken by light to travel through them is equal, then the consequence would be that if the speed of gravity was the same as the speed of light, then it would be a consequence of a function of the ether (Poincaré 1923, p. 21).

Furthermore, Poincaré noted that in order for gravity to be affected by the Lorentz transform, then it would no longer be only affected by the respective position of the bodies, but also by their speed "as if gravitation had taken some time to propagate" (Ivi. p. 65see Fig. When comparing the items present in the table above which summarize the essential points made by Clifford and Poincaré, it seems retrospectively clear from the respective similarity of the used concepts that the development of both Special and General Relativity was imminent. Also, it is interesting to note that there is a 35 years difference between the two publications and that conceptually they appeared in reverse order compared to the development of Special and General Relativity; i.e. Clifford's paper which is conceptually closer to General Relativity came first.

Furthermore, the extended version of Poincaré's Sur la dynamique de l'électron that was published in his La mécanique nouvelle explicitely included the mention of the "Postulat de Relativité" (Poincaré 1923, p. 18).

The Ultraviolet Catastrophe

The Ultraviolet Catastrophe, also known as the Rayleigh-Jeans catastrophe is the name given to the crisis in physics that arose from the study of blackbody radiation measurements. The name was coined by Paul Ehrenfest (1880Ehrenfest ( -1933)), an Austrian physicist in 1911.

The concept of a blackbody takes its origins from Gustave Robert Kirchhoff (1824-1887) who was a German physicist (Kirchhoff 1901, p. 76). Kirchhoff worked on thermal radiation as part of his studies on the solar spectrum and the spectra of the chemical elements [START_REF] Kirchhoff | Solar Spectrum and the Spectra of the Chemical Elements[END_REF]; during his research in the 1850s and early 1860s he managed to make several interesting observations and findings about the temperature of objects and how the radiations emitted depended on it:

[…] it may happen that the spectrum appears to be totally changed, when the mass of the vapour is altered. Change of temperature appears to produce an effect similar to this alteration in the mass of the incandescent vapour. If the temperature be raised, no deviation of the maxima of light is observed, but the intensities of the lines increase so differently that those which are most plainly seen at a high temperature are not the most visible at a low temperature. This influence of the mass, and of the temperature of the incandescent gas, explains perfectly why in the spectra of many metals those lines which are the most prominent […] are not the most distinct when the spectrum of the induction-spark from the metal is examined. (Ivi. p. 12) And:

We learn how far this supposition is correct, by help of a theorem which I have enunciated, and believe to be of great importance. The theorem considers rays of heat in general; not merely those rays of heat which produce an impression on the eye, and which we therefore call rays of light. It affirms that for each sort of ray the relation between the power of emission and the power of absorption is, at the same temperature, constant for all bodies60 . In this theorem, however, I suppose that the bodies only emit rays in consequence of the temperature to which they are heated, and that all the rays which are absorbed are transformed into heat […](Ivi. p. 17) Which ultimately led the Kirchhoff law of Thermodynamics to bear his name.

With this law, an ideal black body is an object in thermal equilibrium absorbing all light (no matter the frequency or wavelength), hence the black in black body, and thus emitting light solely depending on its temperature; since all light is absorbed and nothing is reflected.

A more visual representation of this kind of object, given by John William Strutt, Lord Rayleigh (1842-1919) in 1900 (Kuhn 1978, p. 144) can be understood as a cavity or some kind of box with a small opening through which light is shone, while the cavity or box itself is placed in a dark room (with no light) or inside some kind of dark oven. The light which is shone into the object is thus fully absorbed according to its ideal ability to perfectly absorb all light, and thus the temperature of this ideal object rises until reaching thermal equilibrium, at which point its temperature can be measured by the light it emits through thermal radiation.

From this point on, as thermal radiation was more and more researched, a relation between temperature and thermal radiation based on empirical data was found in 1879 by Josef Stefan (1835Stefan ( -1893) ) [START_REF] Stefan | Über die Beziehung zwischen der Wärmestrahlung und der Temperatur[END_REF]) and a bit later derived by Ludwig Boltzmann (1844-1906):

The rate Prad at which an object emits energy via electromagnetic radiation depends on the object's surface area A and the temperature T of that area in kelvins and is given by:

𝑃 𝑟𝑎𝑑 = σε𝐴𝑇 4
(18-38)

Here s = 5.6704 × 10 -8 W/m 2 • K 4 is called the Stefan -Boltzmann constant after Josef Stefan (who discovered Eq. 18-38 experimentally in 1879) and Ludwig Boltzmann (who derived it theoretically soon after). The symbol n represents the emissivity of the object's surface, which has a value between 0 and 1, depending on the composition of the surface. A surface with the maximum emissivity of 1.0 is said to be a blackbody radiator, but such a surface is an ideal limit and does not occur in nature. Note again that the temperature in Eq. 18-38 must be in kelvins so that a temperature of absolute zero corresponds to no radiation. (Walker 2011, p. 496) More than a decade later, in 1893 Wilhelm Wien (1864-1928) enunciated his displacement law to which his name was given: Wien's displacement law. This law was an attempt to describe at what wavelength the peak intensity of thermal radiation was situated at a certain temperature but ultimately failed to match empirical data for large wavelengths. 61 In June 1900 in Remarks upon the Law of Complete Radiation (Rayleigh 1900), using classical reasoning, Lord Rayleigh derived that the distribution of energy increases with regards to the frequency as a square (cfr. However, classical interpretations of Physics at that time could not explain the empirical data. On this Kuhn wrote:

To discover the dependence of energy density on temperature, he appealed next to a very different set of considerations, which lead to what he called "the Maxwell-Boltzmann doctrine of the partition of energy". Subsequently better known as the equipartition theorem, it specifies that in any mechanical system each degree of freedom will on the average possess the same kinetic energy. (Kuhn 1978, p. 146) In more modern terms, an object with thermal energy will see its constituting particles vibrate, rotate and move in every way possible; or in other words, at equilibrium, energy is evenly spread between all possible energy states. From these assumptions of particles' thermal motions and the frequencies of all the thermal radiations Planck deduced from his research (Ibidem; Boya 2004, p. 7):

𝑢 𝜆 𝑑𝜆 = 8𝜋𝑘𝑇 𝜆 4 𝑑𝜆 (= 8𝜋𝑣² 𝑐 3 𝑘𝑇 𝑑𝑣)
That equation, usually in its wavelength form, is what came after 1905 to be known as the Rayleigh-Jeans law, but it is not the law proposed in 1900 by Rayleigh.

(Ibidem)

The Rayleigh-Jeans law described the blackbody spectrum very well for low frequency infrared light but for higher frequencies like visible or ultraviolet light, the predicted values for brightness were unreasonably too high as it predicted that brightness should have approached infinity as frequency increased. This resulted in calling this inconsistency in the theory of the time the Ultraviolet Catastrophe. This Catastrophe implied that something was fundamentally wrong with the theories used to deduce the relation. On this matter, Louis de Broglie (1892de Broglie ( -1987) ) even wrote in his thesis: Lord Kelvin, in 1900, announced that there were two threatening dark clouds on the horizon of Physics. One of these clouds represented the difficulties raised by the famous Michelson and Morley experiment which seemed incompatible with the preexistant ideas. The second cloud represented the failure of the methods of Statistical Mechanics in the domain of blackbody radiation; the equipartition theorem of energy, rigorous consequence of Statistical Mechanics, leading effectively to a well-defined repartition of energy between the diverse frequencies of the radiation of thermal equilibrium; however, this law, the Rayleigh-Jeans law, is in gross contradiction with experience and is itself almost absurd as it predicts an infinite value for the total energy density, which obviously does not make any physical sense. 62 (Translation by Philippe Vincent -De Broglie1925, p. 26) In the end, this crisis came to a resolution most notably thanks to the works of Planck, Einstein andPaul Ehrenfest (1880-1933) and the realization that the problem laid in the interpretation that in classical physics everything can be divided infinitely. For instance, the equipartition theorem allowed particles' motion to take all and any value, no matter how infinitesimally small. Searching for a new mathematical approach to derive the blackbody spectrum, in his famous "act of desperation" (Giulini 2000;Boya 2004, p. 8), Planck was led to suppose that constraints existed on these motions, and thus that there was a finite number of possible motions (or at least a denumerable one), thus resulting that a blackbody could only absorb or emit energy in specific amounts, or packets. Finally, on December 14 th , 1900, Planck presented the relation perfectly describing the shape of the blackbody spectrum he found in Zur Theorie des Gesetzes der Energieverteilung im Normalspektrum [START_REF] Planck | Zur Theorie des Gesetzes der Energieverteilung im Normalspektrum; von M. Planck[END_REF], or in English, On the Theory of the Law of Energy Distribution in Normal Spectrum [START_REF] Planck | On the Law of Distribution of Energy in the Normal Spectrum[END_REF] which is now called Plank's law:

𝐵 𝑣 = 2ℎ𝑣 3 𝑐² 1 𝑒 ℎ𝑣 𝑘 𝑏 𝑇 ⁄ -1 (2.10)
where 𝐵 𝑣 , the brightness at a frequency 𝑣 is a function of a constant ℎ (the now called Planck's constant), c, is the speed of light, 𝑘 𝑏 is the Boltzmann constant and T the temperature. Kuhn wrote:

To achieve Planck's result, conservation of energy and of the number of vibrators or vibration modes would have to be supplemented by some additional constraint, foreign to classical theory. One such constraint, Ehrenfest pointed out in closing, would be to restrict the energy of each vibration mode to integral multiples of the energy element hv. (Kuhn 1978, p. 143) In this same communication, Planck estimated this "universal constant" (Planck 1901, p. 6) to have a value of h = 6.55 × 10 -27 erg.sec (Ibidem) from measurements of other scientists, namely F. Kurlbaum (1857-1927), Otto Lummer (1860-1925) and Ernst Pringsheim (1859[START_REF] Slipher | Nebulae[END_REF]: "Die mitgeteilten Zahlenwerte von h und k habe ich aus dieser Formel nach den Messungen von Ferdinand Kurlbaum und von O. Lummer und E. Pringsheim" (Planck 1900, p. 242).

In the end Planck called those packets quanta, won the 1918 Nobel Prize "in recognition of the services he rendered to the advancement of Physics by his discovery of energy quanta" 63 and by doing so paved the way to Quantum Mechanics.

répartition bien définie de l'énergie entre les diverses fréquences dans le rayonnement d'équilibre thermodynamique ; or, cette loi, la loi de Rayleigh-Jeans, est en contradiction grossière avec l'expérience et elle est même presque absurde car elle prévoit une valeur infinie pour la densité totale de l'énergie, ce qui évidemment n'a aucun sens physique 63 Cfr. https://www.nobelprize.org/prizes/physics/1918/planck/facts/ In 1914, important results of Planck's investigations were published. Among those, one can find the establishment that the constant h can be mathematically linked to other quantities and by doing so, setting new units for them. By taking into account the other constants and manipulating their units, he obtained the minimum theoretical units of length, mass, time and temperature (Cfr. figures below): These are the smallest theoretical physical quantities beyond which the very notions of the quantities they define lose their physical meaning. In other words, taking the example of length, using this relation gives us the value of a Planck's length which is the smallest distance to which physical meaning can be assigned. By extension, this also can be understood as the smallest length on which gravity could have an effect; this is also the scale at which space-time is theorized to become quantized in Loop Quantum Gravity theory and the scale and size of the strings in String Theory [START_REF] Mead | Walking the Planck length through history[END_REF]). However, it should be noted that although Planck managed to figure out this law, he did not realize how fundamental the result of having quantified energies was (Giulini 2000). Moreover, to add to that fact, even Planck himself clarified this point, that to carry his analysis in such a way it was an obligation to use a discrete quantity:

It is now a matter of finding the probability W so that the N resonators together possess the vibrational energy 𝑈 𝑁 . Moreover, it is necessary to interpret 𝑈 𝑁 .not as a continuous, infinitely divisible quantity, but as a discrete quantity composed of an integral number of finite equal parts. (Planck 1901, p. 2) This passage clearly indicating that this discrete treatment of the problem has nothing to do with an insight about the fundamental physical phenomena, but rather a side effect of an insight of how to treat the problem. Moreover, Thomas Kuhn argued that Planck's theory was still classical in essence at that time and that the more familiar interpretation of what is actually happening arrived quite some time later:

[Talking about Planck's first quantum papers] They were not, I now saw, a fresh start, an attempt to supply an entire new theory. Rather they aimed to fill a previously recognized gap in the derivation of Planck's older theory […] In particular, the arguments in Planck's first quantum papers did not, as I now read them, seem to place any restrictions on the energy of the hypothetical resonators that their author had introduced to equilibrate the distribution of energy in the black-body radiation field. Planck's resonators, I concluded, absorbed and emitted energy continuously at a rate governed precisely by Maxwell's equations. His theory was still classical. […] Even in the middle of 1906, neither restrictions on classically permissible energy nor discontinuities in the processes of emission or absorption were to be found in Planck's work. Those are, however, the central conceptual novelties we have come to associate with the quantum, and they have invariably been attributed to Planck and located in his work at the end of 1900. (Kuhn 1978, p. viii) Indeed, it is in fact Einstein who realized that it was actually light itself that had to be quantized with his 1905 theory of light quanta and who found the explanation to Planck's quantized vibration modes which were in fact quantized because they could only emit or absorb light in packets of a specific energy, indivisible quanta of light. Einstein got this realization during his study of the photoelectric effect, a physical phenomenon in which electrons are stripped from matter by electromagnetic radiation.

Although counterintuitive, the results of the experiments showed that the energy of the ripped electrons depended on the frequency of the electromagnetic radiation but did not depend on the intensity of the radiation. The explanation of this phenomenon given by Einstein led him to earn the Nobel Prize of 1921 "for his services to Theoretical Physics, and especially for his discovery of the law of the photoelectric effect"64 . The name of photons, part waves, part particles, was given to these quanta of light which carry a quantum energy equal to the frequency of the wave times the Planck's constant:

𝐸 = ℎ𝜈 (2.11)
It is also interesting to read what the thoughts were of Louis De Broglie on this very matter; he wrote:

The study of the photoelectric effect uncovered a new enigma. The expulsion by matter of electrons in motion under the influence of radiation is called the photoelectric effect. The experience shows, paradoxically, that the energy of the expelled electrons depends on the frequency of the excitatory radiation and not on its intensity. Mr. Einstein, in 1905, has given an account of this strange phenomenon by admitting that the radiation can be absorbed only by quanta consequently, if the electron absorbs the energy hv and if to leave the matter it must spend a work w its final kinetic energy will be hv -w. This law was found to be well verified. With his deep intuition, Mr. Einstein felt that there was some reason to return in some way to the corpuscular concept of light and hypothesized that all radiation of frequency v is divided into atoms of energy of value hv. This assumption of quanta of light (licht quanten) in opposition to all the facts of Wave Optics was considered too simplistic and rejected by most physicists. While MM. Lorentz, Jeans, and others objected to him fiercely. Mr. Einstein retaliated by showing how the study of fluctuations in black radiation also led to the concept of discontinuity of radiant energy . 65 (Translation by Philippe Vincent -De Broglie 1925, p. 29) Thus giving us a direct testimony about the historical context and the state the scientific community was in at that time, as well as some stances taken by some of the greatest names of Physics regarding this quantization of energy.

Charles Fabry (1867-1945) & Alfred Perot (1863-1925)

Regarding the history of the physics of waves and in particular the study of electromagnetic waves and their applications, it seems quite necessary to discuss the interferometer of Charles Fabry and Alfred Perot; especially so, when considering the fact that one of their devices is used in the gravitational waves observatories (cfr. Chapter 4). Alfred Perot and Charles Fabry were French physicists who both studied at the École polytechnique. In 1887, two years after joining the École polytechnique, Fabry decided to dedicate himself to teaching. He taught at high school level until 1894 when he became Maître de conférence and then Physics Professor at Marseille's university of Industry and Sciences. In 1921, he took the direction of the Institute of Optics at la Sorbonne. Meanwhile, Perot had been working at Meudon's observatory as a physicist and astronomer from 1908 after which he became professor of physics at the École polytechnique from 1909 to 1925 when he passed away. Fabry inherited his position the next year in 1926, was elected member of the Académie des sciences in 1927, and had to leave the École polytechnique in 1937 after founding the Société de recherches et études en optique et sciences connexes 66 .

One of the most important writings for our subject matter may very well be Fabry's "Les applications des interferences lumineuses" of 1923 [START_REF] Fabry | Les applications des interferences lumineuses[END_REF]) that I obtained from the Niels Bohr Library, and which is interesting both from the physical and historical points of views. Indeed, in 1923 the scientific community was still baffled and debating on the nature of light. While there was absolutely no doubt about its electromagnetic nature, the chasm dividing scientists originated from the dichotomy of interpretations of light as waves and light as made out of particles. These two visions seemed completely irreconcilable and the debates were spilling much ink because of the results of various experiments that were supporting evidence for each interpretation -e.g. Young's double slit experiment; the photoelectric effect (cfr. Sections 2.5 & 2.7)-.

The first interesting point about this work is that Fabry did not concern himself much with this debate or even allude to it, however it could be inferred from the very first sentence of this work that he probably would have sided with the light as waves camp:

1. Theories about light. -The direct study of luminous phenomena, independently from any hypothesis, leads to the following conclusion: Light consists of a periodical perturbation that propagates. 67 (Author's bold, translation by Philippe Vincent -Ivi. p. 1) And this is further confirmed in the next paragraph:

About the very nature of this perturbation, diverse interpretations can come to mind. Having shown in an irrefutable way that light is caused by the propagation of a periodical phenomenon, FRESNEL, and the physicists of the beginning of the 19 th century admitted that this phenomenon was nothing but the deformation of an 66 Cfr. https://www.safran-reosc.com/company#2 67 1. Théories de la lumière. -L'étude directe des phénomènes lumineux, indépendamment de toute hypothèse, conduit à la conclusion suivante: La lumière consiste en une perturbation périodique qui se propage. elastic medium, which brought the propagation of light back to a vibratory motion. 68 (Translation by Philippe Vincent -Ibidem) However, Fabry then described how the influence of the works of Faraday and Maxwell finally led to treating the problem from another angle: Later, after FARADAY had accustomed physicists to the consideration of the electric field and the magnetic field as defining particular states of space, even void of matter, MAXWELL showed that light waves are electromagnetic and founded the electromagnetic theory of light […]. It begins to take as its starting point the properties, discovered by experience, of electric and magnetic fields, and to show that light is produced by such fields, periodically and rapidly varying at each point. 69 

(Translation by Philippe Vincent -Ibidem)

And finished by stating that the explanations found in this book did not concern themselves with ontological questions raised by a theory or another:

To put it better, we will only have to call upon the experimental fact recalled at the beginning, and which statement is independent of any hypothesis; there will be no need to refer to either theory. […] Nothing is changed in the results or their mathematical expression. 70 (Translation by Philippe Vincent -Ivi. p. 2)

Fabry then continued by defining the very first notions indispensable for a physical description of the phenomena -speed, time period, wavelength… (Ibidem)-later discussed. It is at this point that an interesting remark can be made about Fabry's conceptions about electromagnetic waves. Indeed, he wrote:

The speed V is, in a vacuum, the same for all the radiations and even for all the electromagnetic disturbances, fast or slow, which one can produce. According to the best measurements, it is 299,900 kilometers per second. This number expresses one of the fundamental constants of empty space devoid of matter. 71 (Translation by Philippe Vincent -Ivi. p. 3) 68 Quant à la nature même de cette perturbation, diverses interprétations peuvent venir à l'esprit. Ayant montré d'une manière irréfutable que la lumière a pour cause la propagation d'un phénomène périodique, FRESNEL, et les physiciens du commencement du XIX e siècle admettaient que ce phénomène périodique n'était autre que la déformation d'un milieu élastique, ce qui ramenait la propagation de la lumière à celle d'un mouvement vibratoire 69 Plus tard, après que FARADAY eût habitué les physiciens à la considération du champ électrique et du champ magnétique comme définissant des états particuliers de l'espace, même vide de matière, MAXWELL montra que les ondes lumineuses sont des ondes électromagnétiques et fonda ainsi la théorie électro-magnétique de la lumière […]. Elle se borne à prendre comme point de départ les propriétés, découvertes par l'expérience, des champs électriques et magnétiques, et à montrer que la lumière est produite par de tels champs, périodiquement et rapidement variables en chaque point. 70 Pour mieux dire, nous n'aurons à faire appel qu'au fait expérimental rappelé au début, et dont l'énoncé est indépendant de toute hypothèse; il sera inutile de se référer à l'une ou à l'autre théorie. […] Rien n'est changé aux résultats ni à leur expression mathématique. 71 La vitesse V est, dans le vide, la même pour toutes les radiations et même pour toutes les perturbations électromagnétiques, rapides ou lentes, que l'on peut produire. Elle est, d'après les meilleures mesures, de 299 900 kilomètres par seconde. Ce nombre exprime Here, it should be noted that Fabry's work is based on -the correct assumption-that all electromagnetic radiation travels in vacuum at the velocity c which he recognized as a fundamental constant of nature; which in contrast is a point of view that was probably not shared by Louis de Broglie (cfr. Section 2.7). Despite using this strong assumption, it certainly seems that with this book Fabry wanted to deploy a series of physical description while distancing himself from theoretical interpretations. This willingness to focus on what is actually observable is clearly empirical and, dare we say, almost feels like an anti-realism approach. However, this point of view is not surprising considering the title of this book and its purpose since it was clearly written as a manual or textbook laying the general theoretical bases but mainly focusing on guiding the (scientific) reader on which experiment to choose from and on how to setup his optical experiments. To illustrate this point, which is especially relevant for the development of the Fabry-Perot cavities used in the gravitational waves observatories as the finesse plays a crucial role in the interferometers (cfr. Section 4.5.1); we just have to take a look at how Fabry described the differences between theoretical modelling and the actual reality of the measurements:

6. Conditions of sharpness of the fringes. -We have implicitly assumed that two conditions have been met on which we have to expand.

1 ° The light source has been reduced to a point S. However a point source is only a conception of the mind: any light source has finite dimensions. [...] 2. It has been supposed that the source emits a rigorously monochromatic radiation. This requires some explanation. Simple radiations are in infinite number: they form a continuous series, like the points contained in a line segment. Rigorously monochromatic radiation is, like the point in geometry, purely an abstraction: it would correspond to a rigorously sinusoidal displacement extending indefinitely, without any disturbance: no light source can achieve such perfection. […] All radiation is therefore a more or less extended portion of the continuous spectrum, and achieves monochromatic radiation all the better as the extent of this spectrum is narrower. A spectral line emitted by a gas is represented by an energy curve such as that of Figure 2, in which the quantity A B, difference of the extreme wavelengths, can be called the width of the line. The smaller this quantity, the finer the line. 72 (Author's bold, translation by Philippe Vincent -Ivi. p. 9) l'une des constantes fondamentales de l'espace vide de matière. 72 6. Conditions de netteté des franges. -On a implicitement supposé réalisées deux conditions sur lesquelles il faut revenir.

1°La source de lumière a été réduite à un point S. Or une source ponctuelle n'est qu'une conception de l'esprit : toute source de lumière a des dimensions finies. […] 2°On a supposé que la source émettait une radiation rigoureusement monochromatique. Ceci exige quelques explications. Les radiations simples sont en nombre infini : elles forment une série continue, comme les points contenus sur un segment de droite. La radiation rigoureusement monochromatique est, comme le point en géométrie, une pure abstraction : elle correspondrait à un déplacement rigoureusement sinusoïdal se prolongeant indéfiniment, sans aucune perturbation : aucune source de lumière ne peut réaliser une telle perfection. […] Toute radiation est donc une portion plus ou moins étendue de spectre continu, et réalise la radiation monochromatique d'autant On the Fabry-Perot Interferometer. In the 14 th section, Fabry described the case of the "Interférences à ondes multiples" (Multiple waves interferences; Ivi. p. 27) which is at the basis of principle behind the Fabry-Perot interferometer. The object considered is a transparent plate with two surfaces labelled P and P' which are slightly silvered (cfr. Fabry explained that the silvered transparent plate is shone at with an incident ray of light R which is then in part transmitted through the plate and in part reflected by the silver layer P'. The reflected part is then reflected again, this time by the silvered P surface before reaching the P' surface again where the same process repeats itself; thus establishing the above pattern that could potentially repeat itself ad infinitum. Obviously, Fabry explained, the intensity of each subsequent ray quickly decreases following an arithmetic progression (Ibidem).

The apparatus itself (Cfr. Fig. 2.8.c below) is described in the 17 th section as "simply consisting of two slightly silvered surfaces, plane and exactly parallel" (Ivi.p. 35). At this point, it should be noted that this was not the first time this device had been described. Indeed, in 1901 in the "Annales de chimie et de physique" (Fabry 1901, pp. 564-574), Fabry and Perot co-authored a publication titled "Sur un nouveau modèle d'interféromètre" (On a new model of interferometer) in which they discuss this device and credit "Mr. Jobin" 73 (Cfr. Fig. 2.8.e below) for its construction: Similarly to what is represented in Fig. 2.8.b., the incident ray of light goes through the first mirror and then reaches the second one where it is in part transmitted and in part reflected back to the first mirror, at which point it is reflected again to the second mirror where the process repeats itself. With each back and forth, one more subsequent ray is produced and since they are produced by the same source of light, they can easily interfere with themselves and produce an interference pattern which properties can be studied (Fabry 1923, p. 5).

Fabry then discussed in great detail how to setup the apparatus correctly both in principle, by examining how a small deviation from a perfect parallelism of the two plates can greatly influence the calibration of the device (Ivi. p. 35); but also in a more down to earth way, even givingamusingly-tips to the reader on what to buy:

In many cases, interference standards can be built up from inexpensive coins that are commercially available. The steel balls used for bicycle bearings, which can be found at a small price and with a very varied range of diameters, are cut with remarkable precision. If we randomly take three of these balls in the same batch, it is not uncommon for their diameters to be identical within 1 micron […]74 (Ivi. p.

37)

The rest of the book is about the different possible applications of those interferences and spectroscopy. The second chapter, is subdivided into two parts, "Application des interferences à la mesure de petits déplacements ou de petites deformations" (Application of interferences to measurements of small displacements or small deformations) and "Applications métrologiques" (Metrological Applications) which are about the study of displacements and lengths, or as Fabry put it:

These applications are already extremely numerous and varied. [...] Although the principles are always the same, we can, from a practical point of view, divide these applications into two groups:

1 ° The ones in which the lengths to be measured are very small […] 2 ° The applications in which the lengths to be measured are much longer and amount to thousands or even millions of wavelengths. […] 75 (Translation by Philippe Vincent -Ivi. p. 51)

The third chapter, "Application à la mesure des petits angles" (Application to the measurement of small angles; Ivi. p. 99) focuses on the measure of small angles, and the fourth and final chapter "Applications à la spectroscopie" (Applications to spectroscopy; Ivi. p. 103) treats the subject of the applications to spectroscopy in general and its applications for astrophysics.

Louis-Victor Pierre Raymond De Broglie (1892-1987)

One of the great difficulties laid down by Quantum Mechanics is related to all the possible interpretations regarding both the outcomes of the theory and of its applications. However, no matter how counterintuitive or mindboggling those results are, some of their aspects are very well worth evoking if not investigating as such concepts played an immensely important role for obvious reasons both in the discovery and in the measurement of gravitational waves with gravitational wave interferometers. One of these, belonging to the history of waves in Physics, has to do with the wave-particle duality and De Broglie's associated wavelength.

Louis de Broglie, was a French physicist and mathematician. He is considered to be one of the founders of Quantum Mechanics and especially known for having been awarded the Nobel Prize in Physics of 1929 "for his discovery of the wave nature of electrons" 76 . In fact, in conjunction with Erwin Schrödinger , De Broglie is one of the great figures involved in the development of Wave Mechanics. Aside from his work that earned him the Nobel Prize, De Broglie made several other contributions especially relevant for our matter. For instance, one of De Broglie's most well-known contributions can be found in his thesis, Recherches sur la théorie des Quanta (Research on the theory of Quanta), published in 1924 (De [START_REF] Broglie | Recherches sur la théorie des Quanta[END_REF].

At the very beginning of the document, in the summary of his thesis, after a brief recapitulation of the two approaches of light (dynamical or wave conceptions) for optical theories, De Broglie explained how and what idea guided his investigations and finally led him to his discoveries. He wrote:

The history of optical theories shows that the scientific thinking has hesitated for a long time between a dynamical conception and a wave conception of light; these two representations are thus without a doubt less in opposition than previously supposed and the development of the Theory of Quanta seems to confirm this conclusion.

Guided by the idea of a general relation between the notions of frequency and energy, in this work we admit the existence of a periodical phenomenon which nature has yet to be determined that would be linked to any isolated piece of energy and that would depend on its proper mass via the Planck-Einstein equation. The theory of relativity leads therefore to associate to uniform motion of any material point the propagation of a certain wave which phase is moving through space faster than light. 77 (Translation by Philippe Vincent -DeBroglie 1925, p. 3) 76 Cfr. https://www.nobelprize.org/prizes/physics/1929/summary/ 77 L'histoire des théories optiques montre que la pensée scientifique a longtemps hésité entre une conception dynamique et une conception ondulatoire de la lumière ; ces deux représentations sont donc sans doute moins en opposition qu'on ne l'avait supposé et le développement de la théorie des quanta semble confirmer cette conclusion.

Guidé par l'idée d'une relation générale entre les notions de fréquence et d'énergie, nous admettons dans le présent travail l'existence d'un phénomène périodique d'une nature encore à préciser qui serait lié à tout morceau isolé d'énergie et qui dépendrait de sa masse propre par l'équation de Planck-Einstein. La théorie de relativité conduit alors à De Broglie's thesis' introduction is divided into two parts, it is a historical introduction about the main fields of physics and the state they were in from the 16 th to the 20 th century. In the first part, he started by evoking Newton, his work and the development of Mechanics:

Through its intervention in Acoustics, Hydrodynamics, Optics, Capillarity, Mechanics seemed to reign in all areas for an instant. 78 and ends with De Broglie describing his thesis as a contribution to the attempt to unify the two seemingly exclusive interpretations on the nature of light, as waves or as particles:

In short, it seems that it was time to make an attempt to unify both the corpuscular and wave points of view and to deepen the true signification of quanta. This is what we have done recently and this thesis has for main objective to present a more complete exposition of the new ideas we have proposed, the successes to which we were led and also the numerous lacks they contain. 80 (Translation by Philippe Following this thread, it seems only natural to start from the very beginning, the foundations on which De Broglie's hypotheses rely: the new conceptions brought by Relativity. Thus, De Broglie explained that since Einstein's new theories, the relationship between mass and energy represented by the most famous formula in physics, 𝐸 = 𝑚𝑐² , has to be understood within this paradigm. Hence: "energy has to be considered as having mass and all mass represents some energy" 81 (Ivi. p. 12); De Broglie even adds "Since there's associer au mouvement uniforme de tout point matériel la propagation d'une certaine onde dont la phase se déplace dans l'espace plus vite que la lumière.

N.B.: The explanation of this last sentence can be found a bit later (Ivi. p. 16-18) 78 Par son intervention en Acoustique, en Hydrodynamique, en Optique, en Capillarité, la Mécanique parut un instant régner sur tous les domaines.

79 Dans les premières années du XX e siècle, les deux nuages de lord Kelvin se sont, si je puis dire, condensés l'un en la théorie de Relativité, l'autre en la théorie des Quanta 80 Bref, le moment semblait venu de tenter un effort dans le but d'unifier les points de vue corpusculaire et ondulatoire et d'approfondir un peu le sens véritable des quanta. C'est ce que nous avons fait récemment et la présente thèse a pour principal objet de présenter un exposé plus complet des idées nouvelles que nous avons proposées, des succès auxquels elles nous ont conduit et aussi des très nombreuses lacunes qu'elles contiennent.

81 l'énergie doit être considérée comme ayant de la masse et toute masse représente de always proportionality between mass and energy, we must consider matter and energy as two synonyms designating the same physical reality" 82 . He then went on by describing the results from relativity, defining proper mass from a mass in uniform motion as seen by an observer attached to it and the same mass seen by an observer at rest compared to the same object.

At this point, it might be interesting to note that De Broglie did not employ the terms "reference frame" or "frame of reference" yet (cfr. Section 2.7); and from proper mass, De Broglie gets to proper energy. From this point, De Broglie assumed that the fundamental idea behind the theory of quanta was that a definite quantity of energy could not be considered without linking it with a frequency:

It seems to us that the fundamental idea of the theory of quanta is the impossibility to consider an isolated quantity of energy without associating it with a certain frequency. This relationship is expressed by what I would call the quantum relation: 83 ( Translation by Philippe Vincent -Ivi. p. 13-14) From this, De Broglie combined those two ideas into one which became the fundamental hypothesis at the basis of his work:

energy = h × frequency h Planck's constant.
It can thus be conceived that because of a great law of Nature, each piece of proper energy of mass 𝑚 0 is linked to a periodical phenomenon of frequency 𝜈 0 such that we have: ℎ𝜈 0 = 𝑚 0 𝑐² 𝜈 0 being measured, of course, in the system of the piece of energy. This hypothesis is the basis of our system: it is worth, like all hypotheses, as much as the consequences that can be deduced from it. 84 (Translation by Philippe Vincent -Ibidem) l'énergie.

82 Puisqu'il y a toujours proportionnalité contre la masse et l'énergie, on doit considérer matière et énergie comme deux termes synonymes désignant la même réalité physique. 83 Il nous semble que l'idée fondamentale de la théorie des quanta soit l'impossibilité d'envisager une quantité isolée d'énergie sans y associer une certaine fréquence. Cette liaison s'exprime par ce que j'appellerai la relation du quantum : énergie = h × fréquence h constante de Planck. 84 On peut donc concevoir que par suite d'une grande loi de la Nature, à chaque morceau d'énergie de masse propre 𝑚 0 soit lié un phénomène périodique de fréquence 𝜈 0 telle que l'on ait : ℎ𝜈 0 = 𝑚 0 𝑐² 𝜈 0 étant mesurée, bien entendu, dans le système lié au morceau d'énergie. Cette hypothèse est la base de notre système : elle vaut, comme toutes les hypothèses, ce que valent les conséquences qu'on en peut déduire.

Using this idea, and the framework of Relativity and Minkowski's spacetime (Ivi. p. 125-106), De Broglie managed to show that this could lead to finding Planck's results through the introduction of "a new hypothesis" (Ivi. p. 116-97):

"If two or several atoms have phasewaves superposing exactly such that we can say that they are being transported by the same wave, then their motions cannot be considered as entirely independent and these atoms will not be treatable as distinct units for the calculations of probabilities." The motion of these atoms "as a wave" thus would have some sort of coherence because of interactions impossible to specify [...]. 85 (Translation by Philippe Vincent -Ibidem) However, although De Broglie's results are impressive, his reasoning was impaired by the uncertainties still present at the time concerning what a photon (or "atom of light") was. As he put it in his conclusion: "Il faut avouer que la structure réelle de l'énergie lumineuse reste encore très mystérieuse." ("It must be admitted that the real structure of light energy is still very mysterious", Ivi. p. 125). Indeed, through all his thesis, De Broglie considered that light quanta did possess a mass. For instance, he wrote:

[..] we must, because of the principle of inertia of energy, attribute a proper mass to it [an atom of light] :

𝑚 0 = 𝜀 0 𝑐 2
This definition is entirely analogous to the one that can be given to the electron.86 (Translation by Philippe Vincent -Ivi. p. 77)

It is an experimental fact that luminous energy travels at an indiscernible speed from the limit value of c. The speed c being a speed that energy can never reach because of the same law of variation of mass with speed, we are naturally led to suppose that radiations are formed of atoms of light traveling at speeds neighboring very close to c, but slightly inferior. 87 (Translation by Philippe Vincent -Ivi. p.78)

Indeed, based on experimental data, he even estimated that light quanta had a proper mass of 10 -44 grams (Ivi. p. 79).

𝑚 0 = 𝜀 0 𝑐 2 Cette définition est entièrement analogue à celle qu'on peut donner de l'électron. [..] 87 C'est un fait expérimental que l'énergie lumineuse se déplace avec une vitesse indiscernable de la valeur limite c. La vitesse c étant une vitesse que l'énergie de peut jamais atteindre en raison même de la loi de variation de la masse avec la vitesse, nous sommes tout naturellement amenés à supposer que les radiations sont formées d'atomes de lumière se mouvant avec des vitesses très voisines de c, mais légèrement inférieures.

Alternatively, in his paper A Tentative Theory of Light Quanta (De Broglie 2006), De Broglie arrived at a slightly different estimation:

We shall assume that the "mass at rest" of every light quantum has a given value 𝑚 0 : since the atoms of light have velocities very nearly equal to the Einstein's limiting velocity c, they must have an extremely small mass (not infinitely small in a mathematical sense) ; […] The light quanta would have velocities of slightly different values, but such that they cannot be discriminated from c by any experimental means. It then seems that 𝑚 0 should be at most of the order of 10 -50 gr. (Ivi. p. 447) However, this difference is quite negligible for De Broglie's reasoning. De Broglie's idea is to ascribe wavelike features to bodies through the use of their energy and this led him to formulate "a theorem":

Let us consider a moving body whose "mass at rest" is 𝑚 0 ; it moves with regard to a given observer with velocity 𝑣 = 𝛽𝑐 (𝛽 < 1). In consequence of the principle of energy inertia, it must contain an internal energy equal to 𝑚 0 𝑐². Moreover, the quantum relation suggests the ascription of this internal energy to a periodical phenomenon whose frequency is

𝜈 0 = 1 ℎ 𝑚 0 𝑐². […]
Let us suppose that, at time 0, the moving body coincides in space with a wave whose frequency 𝜈 has the value given above and which spreads with velocity

𝑐 𝛽 = 𝑐 2 𝑣 . […]
Our theorem is the following: -"If, at the beginning, the internal phenomenon of the moving body is in phase with the wave, this harmony of phase will always persist." (Ivi. p. 449) From which he inferred: "We are then inclined to admit that any moving body may be accompanied by a wave and that it is impossible to disjoin motion of body and propagation of wave." (Ivi. p. 450)

In the next part of his paper, continuing to follow those ideas and results and using Fermat's principle and the principle of least action (Ibidem), De Broglie managed to give a reasonable explanation of Bohr's stability conditions:

The present theory suggests an interesting explanation of Bohr's stability conditions. At time 0 the electron is in a point A of its trajectory. The phase wave starting at this instant from A will describe all the path and meet again the election in A'. It seems quite necessary that the phase wave shall find the electron in phase with itself. This is to say: "The motion can only be stable if the phase wave is tuned with the length of the path." (Ibidem).

This point is particularly interesting from an Epistemological point of view, as with this statement De Broglie gave in fact a geometric interpretation and justification to the question regarding the stability of the electrons orbiting an atom. Indeed, Bohr's atomic model of 1913 is analogous to the solar system in that it presents smaller bodies orbiting a bigger one, i.e. just like the planets are orbiting the Sun, the electrons of an atom are orbiting the core of the atom. This atomic model (despite being incorrect) can easily be used as a simple tool for visualization to illustrate De Broglie's idea.

This idea that "The motion can only be stable if the phase wave is tuned with the length of the path" is equivalent to a geometric interpretation of the wavelike behavior of the electrons and can easily be visualized with the figure below: What occurs when an atom passes from a stable state to another, and how does it eject a single quantum? How may we introduce the granular structure of energy into our conceptions of elastic waves and into Debye's theory of specific heats? (Emphasis is mine -Ivi. p. 457) Indeed, considering this question, it seems likely that if De Broglie actually had this exact geometric visualization in mind he would have been able to find a justification for this very question. Whatever the case may be, the most important point De Broglie made about the close relationship between motion of a body and propagation of a wave can be found in the last part of his paper:

In the present paper it is assumed that light is essentially made up of light quanta, all having the same extraordinary small mass. It is shown mathematically that the Lorentz-Einstein transformation joined with the quantum relation leads us necessarily to associate motion of body and propagation of wave, and that this idea gives a physical interpretation of Bohr's analytical stability conditions. (Ibidem)

Final Remarks

In this chapter, from the ancient Aristotelian ideas of motion with elements trying to return to their natural places to the development of modern science with Galileo and Newton's Theory of Gravitation I have explored the historical foundations of the concept of gravity. Then with Riemann and Clifford to Heaviside and Poincaré, I have examined the actual physical understanding of natural philosophers regarding the ontological nature of space and gravity propagation and their considerations about the nature of the transmission of gravity as well as the speed of gravity itself, from infinite to finite and finally to the conclusion that the propagation of gravity was certainly done at the speed of light. Furthermore, I did a historical comparative analysis between Clifford and Poincaré's most remarkable work in regard to the concept of gravitational waves. Through these considerations, I accounted for the intuition of the existence of wave-like features and possible nature of the propagation of gravity, especially with Clifford through his insights about space, Heaviside through his analysis of the analogy between electromagnetism and the Newtonian theory of gravitation. Finally, I discussed the historical foundations that laid the basis for the development of the Relativity theories and Quantum Mechanics as well as the development of Physics of Waves applications necessary to have a good understanding of the principles at play in the detection of gravitational waves.

CHAPTER III Gravitational Waves: Theoretical Methods & Data

An outline. In this part, I focussed on the historical foundations of our contemporary concept of gravitational waves. Therefore, we will explore the history and principles behind the development of Albert Einstein's Special and General Relativities and the first appearance of the exact term "gravitational wave" through Poincaré's Sur la dynamique de l'électron (On the Dynamics of the Electron) of 1905 (Poincaré 1905). In particular, I will illustrate the ideas and principles behind the Relativities and give examples of the principles and predictions of the theory. This last point is particularly important as it also illustrates the link between gravitational waves and the Relativities (see section 3.4 below). In the context of the theory of Special Relativity, Einstein's position was quite different from other contemporaries of his such as Poincaré; the latter thought of concepts such as the "principle of relativity" as the consequences of an underlying dynamic belonging to Mechanics rather than -the postulate atthe basis of the theory (Damour 2005, p.6). This appears clearly in the discussion on Relativity between Einstein and Poincaré reported by Maurice de Broglie (Ibidem) that happened in 1911 at the first Solvay council in Brussels. It has to be noted that the -classicalconcept of relativity in itself dates as far back as Galileo, centuries before. Indeed, Galileo famously considered the case of a boat moving at a constant speed on which an experimenter on the boat's crow's nest would let an object drop to find that independently of the speed of the boat, the object would land at the same point. However, in the case of Einstein's interpretation of the principle of relativity, all laws of nature must be exactly the same for all observers in their respective inertial frames of reference. For instance, this principle applied to Maxwell's theory of electromagnetism points toward the reasons why the speed of light in a vacuum is a universal constant and the same for all observers independently of their motion. It was in his paper of September 27, received by the Annalen der Physik (Einstein 1905b), that Einstein showed that mass and energy were equivalent, and it was at that moment that the formula E=mc² would become the most famous formula of physics (Pais 2005, p. 522).

Albert Einstein (1879-1955)

Later, after continuing his research and the development of his theory, Einstein realized that his theory of Special Relativity was incompatible with Newton's theory. Indeed, contrary to Newton's theory, absolute time cannot exist in the framework of Special Relativity as events are relative, just like simultaneity. This realization also pushed him to find a way to add a description of gravitation to his theory. In 1907, he finally got the insight that lead to the breakthrough of general relativity. Known nowadays as "Einstein's happiest thought", he then realized that gravitation and acceleration are linked. On November 25, 1915, he announced his discovery to the Prussian Academy, presenting General Relativity.

The Relativities

In Physics, broadly speaking, Relativity, the Theory of relativity or Relativities are the name given to Special Relativity and General Relativity. The two theories developed by Albert Einstein. Basically, the Theory of Relativity is based on a few assumptions such as the Principle of Equivalence, that the speed of light in vacuum is always constant for all observers in inertial frames of reference regardless of their motion relative to the source of the light (Taylor 1992) and that space and time are inseparable as they are different aspects of the same object, a continuum called spacetime.

A note on the mass-energy equivalence. The mass-energy equivalence comes from -what is probably the most famous physics formula-the relation between mass and energy:

𝐸 = 𝑚𝑐² (3.1)
where 𝐸 represents the energy, 𝑚 the mass and 𝑐 the celerity of light in a vacuum. However, Einstein actually used this relation in another form in another of his papers "Ist die Trägheit eines Körpers von seinem Energieinhalt abhängig?" (Does the Inertia of a Body Depend Upon Its Energy Content?) of 1905 (cfr. Figure below). Indeed, he wrote:"Gibt ein Körper die Energie L in Form von Strahlung ab, so verkleinert sich seine Masse um L/V²." which translates as "If a body releases the energy L in the form of radiation, its mass decreases by L/V²" (Cfr. Stachel 1989). Thus, the equivalent of:

𝑀𝑎𝑠𝑠𝑒 = 𝐿/𝑉² (3.2)
where these quantities are identified in our contemporary form as

𝑚 = 𝐸/𝑐². (3.3)
Furthermore, Einstein added: "The mass of a body is a measure of its energy content" (Ibidem). However, contrary to popular belief, Einstein was not the first to discover this relation as it was already known and used by others (Bizouard 1999). Today, this equivalence between mass and energy is often used in another form, sometimes more convenient, in which the mass 𝑚 is invariant to a change in referential:

𝑚 2 = (𝐸 2 -𝑝 2 𝑐 2 ) 𝑐 4 (3.4)
where 𝐸 represents the energy, 𝑚 the mass, 𝑝 the impulsion and 𝑐 the celerity of light in a vacuum. 

Special Relativity

Einstein's Special Relativity theory was published in a paper titled "On the Electrodynamics of Moving Bodies" on the 26th September 1905 (Einstein 1905). The Special Relativity theory postulates that viewing space and time as separated entities is erroneous as space and time are intrinsically linked on a fundamental level as they consist of one and the same entity:  The second postulate states that the speed of light in vacuum is invariant for all observers, i.e. always the same for all observers, regardless of their motion or the motion of the source emitting the light. This being a direct result evidenced by the Michelson-Morley experiment of 1887 (Michelson 1887(Michelson , 1887a;;Shankland 1964).

These two strong assumptions, while certainly not very intuitive, have since been verified on countless occasions and lead to many very interesting developments in mathematics, physics, engineering, etc. In order to better appreciate the physical meaning of these statements, let us use some examples.

On the Invariance of the Speed of Light: The Michael-Morley Experiment.

The Michael-Morley experiment (Michelson 1887(Michelson , 1887a) is a crucial milestone in the History of Physics as its surprising -at the time-result led to the development of Special Relativity. The experiment took place in Cleveland in 1887 (Shankland 1964) and aimed to measure the relative speed of the luminiferous ether which was thought to be the medium responsible for the propagation of light, as light had this particularity of being able to travel in a vacuum. Indeed, at that time, it was thought that all waves needed a medium through which to propagate; e.g. just like soundwaves need matter to propagate and thus cannot propagate into a vacuum. Therefore, the hypothesis was that the Universe was filled with an imperceptible medium through which light and other electromagnetic waves could propagate. Furthermore, since this medium filled the Universe, it was postulated that the relative motion of the Earth and by extension, the relative motion of the solar system travelling through the ether could be determined. Indeed, the idea was that the Earth orbiting the Sun and travelling through the ether could produce an effect on the speed of light -making it vary depending on the direction of propagation of light.

This idea was in fact relying on the Galilean relativity principle, i.e. that if light was opposing the motion of the ether, it should travel slower as it would have to travel upstream; and vice-versa.

Thus, an experiment was set up in order to verify in which direction this effect preferably occurred -if it occurred at all-and how much it impacted the speed of light in this or that direction. Notably, the experiment had also the potential of unveiling some clues about if the ether was static -e.g. with a preferential direction depending on the combination of the motion of the Earth and the solar system-or dynamical -with preferential directions changing independently of this combined motion.

The experimental setup of the interferometer was described as follows:

Let sa fig. 1, be a ray of light which is partly reflected in ab, and partly transmitted in ac, being returned by the mirrors b and c, along ba and ca. ba is partly transmitted along ad, and ca is partly reflected along ad. Suppose now, the ether being at rest, that the whole apparatus moves in the direction sc, with the velocity of the earth in its orbit, the directions and distances traversed by the rays will be altered thus: -The ray sa is reflected along ab, fig. 2; the angle bab,, being equal to the aberration =a, is returned along ba,, (aba =2a), and goes to the focus of the telescope, whose direction is unaltered. The transmitted ray goes along ac, is returned along ca,, and is reflected at a,, making ca,e equal 90-a, and therefore still coinciding with the first ray. (Michelson 1887, p. 335-336) Therefore, from this angle variation due to the motion of the ether, a variation of the displacement of the interference fringes would have been observed. In the publication of the results in the American Journal of Science (Michelson 1887;Cfr. Figures 3.2.1.c. and d.), the authors explained that the first experiment encountered difficulties, especially in regard to distortions, to the "extreme sensitiveness to vibration" of the apparatus, and to the smallness of the displacement of the fringes: "a displacement of something less than a twentieth of the distance between the interference fringes may have been too small to be detected when masked by experimental errors." (Ivi. p. 336). In order to surpass these difficulties, they mounted "the apparatus on a massive stone floating on mercury" and increased the displacement of the interference fringes by making the light travel a greater distance: increasing -"by repeated reflection, the path of the light to about ten times its former value" (Ivi. p. 337)-. However, despite the ameliorations the experiment yielded results that lead them to write the following:

The actual displacement was certainly less that the twentieth part of this, and probably less that the fortieth part. But since the displacement is proportional to the square of the velocity, the relative velocity of the earth and the ether is probably less than one sixth the earth's orbital velocity, and certainly less than one fourth.

In what precedes, only the orbital motion of the earth is considered. If this is combined with the motion of the solar system, concerning which but little is known with certainty, the result would have to be modified; and it is just possible that the resultant velocity at time of the observations was small though the chances are much against it. The experiment will therefore be repeated at intervals of three months, and thus all uncertainty will be avoided.

It appears, from all that precedes, reasonably certain that if there be any relative motion between the earth and the luminiferous ether, it must be small; quite small enough entirely to refute Fresnel's explanation of aberration. Stokes has given a theory of aberration which assumes the ether at the earth's surface to be at rest with regard to the latter, and only requires in addition that the relative velocity have a potential; but Lorentz shows that these conditions are incompatible. Lorentz then proposes a modification which combines some ideas of Stokes and Fresnel, and assumes the existence of a potential, together with Fresnel's coefficient. If now it were legitimate to conclude from the present work that the ether is at rest with regard to the earth's surface, according to Lorentz there could not be a velocity potential, and his own theory also fails. (Michelson 1887, p. 341) In the end, this null result of the experience led to the disproval of the existence of the ether, the confirmation of the invariance of the speed of light and ultimately to Special Relativity (Handschy 1982).

On frames of reference. One of the most used example -usually seen in all sorts of scientific mediation material because of its simplicity-to describe inertial and non-inertial frames of references is that of an elevator. It is interesting to note that this example which is often referred to as "Einstein's elevator thought experiment" possesses a wide array of alleged origins about how Einstein got the idea when in fact, on December 14, 1922, in a speech given in Kyoto, Japan, Albert Einstein explained that he was sitting on a chair in his patent office in Bern when the thought that a man falling freely would not feel his own weight (Schucking 2007, p.2). Let us consider an elevator at rest at the bottom of a building. Since the elevator is idle in a resting state, standing still at the bottom of the building's elevator shaft, the elevator's speed is constant and equals 0. Thus, since the speed of the elevator is constant, the elevator is not accelerating and represents an inertial frame of reference.

However, if someone pushes the button to call the elevator to a different floor, the elevator will start moving. Since our elevator was at the bottom of the shaft, it will start to move up; therefore changing its speed and, by definition, accelerating.

At this moment, since the elevator is experiencing an acceleration, it is representing a non-inertial system because of a change of speed. The elevator then reaches its travel speed and becomes an inertial frame of reference again.

The elevator, then slows down approaching the selected floor, and ceased to be an inertial frame of reference as its speed is changing again: it is slowing down (decelerating). Finally, reaching the selected floor, the elevator stops and becomes an inertial frame of reference again. Since the definition of an acceleration is a change in velocity, and velocity is in fact composed both of speed and direction, an object moving in a circular motion is accelerating even if moving at constant speed because of the changing direction of the speed vector (just like what would happen if you think of a merry-go-round spinning reasonably fast that someone would ride on the edge).

In actuality, in this example, the person would feel a -fictitiousforce: the centrifugal force; as at any given instant, the direction of their velocity would be tangent to the circle describing their circular motion. According to Newton's first law, the person would travel in a straight line tangent to the circle if they let go their hold.

However, maintaining their position on the merry-go-round, the person would be accelerating as they would be experiencing a constant change in velocity (in the direction of its speed) and thus representing a non-inertial frame of reference since the direction of its motion is varying along the trajectory of the object.

Special Relativity Consequences

During and after the development of Special Relativity, a number of consequences of the theory have been studied theoretically and through numerous experiences. These consequences include effects such as massenergy equivalence, relativistic effects, a universal speed limit -the speed of light in vacuum, which is also the absolute limit of the transmission of information thus also known as "the speed of causality"-, the relativity of simultaneity, as well as after effects from this speed limit such as the contraction of lengths and time dilation. Time dilation. Let us imagine holding an apparatus consisting of a pair of ideal mirrors reflecting a trapped photon back and forth. The mirrors are separated by a distance 𝑙 equal to 1 light-second. This implies that the photon takes exactly 1 second to get from bottom to top, and 1 other second to go from top to bottom and reach its initial position. While our apparatus is at rest, i.e. not moving, we obtain the following: From this point, let us imagine that our experimenter is travelling at a constant velocity to the right at half the speed of light instead of being immobile.

To our experimenter (in their frame of reference), nothing changed. However, an observer at rest relative to our experimenter would see something completely different: Since both our experimenter and our observer are in inertial frames (the experimenter travels at a constant velocity; our observer is at rest relative to the experimenter), the speed of light is invariant. Thus, in this context, the observed speed of our photon is the same for both. However, as we can see in the above figure (Fig. 3.2.1.1.c), the distance travelled by our photon seems to be different; which seems to be contradictory at first glance. In fact, the observer would state that the photon took longer than 2 seconds to do a whole back and forth, while it took exactly 2 seconds according to the experimenter. The explanation lies in that the faster an object moves relative to an observer in a different inertial frame, the slower its proper time appears to tick according to said observer; when in fact each referential can be independently considered at rest or in movement relative to the other.

This well-known phenomena is taken into account for a technology that we use on a daily basis: the GPS system. The knowledge of this induced delay coming from time dilation is essential for the GPS system as the satellites involved use atomic clocks which have to be extremely precise for the calculation of the position of the vehicles. Because satellites in orbit are moving at high speeds, the atomic clocks embarked on the satellites tick at a different rate compared to atomic clocks on Earth; that is the reason why they have to be resynchronized every day.

Speed of causality and Spacetime Diagrams. Spacetime diagrams are a very useful type of representation that allow us to solve visually many paradoxes that arise in the theory when considering different referential systems. In this type of graph, the spatial coordinates are on the x-axis and the time coordinates are on the y-axis. One of the great features of this type of graph is that the y-axis holds "ct" a quantity that is time multiplied by the celerity of light in a vacuum; thus also associated with a distance.

In this representation, points are called "events" -whether they are actual events in the common sense or not (i.e. a point in spacetime where nothing happens)-as they represent a point somewhere in space (on the x-axis) at a certain time (on the y-axis).

When considering them and their evolution, these "events" have a past, a future and draw a "worldline" on the graph. By convention, the worldline of a photon, which is massless and travelling at the speed of light in a vacuum, is represented as lines with an inclination of 45° for reference and are thus drawing light trajectories.

All objects at rest in regards to the reference frame chosen draw vertical lines since their position is not changing and they only travel through time.

As Einstein's theory states that only massless particles can travel at the speed of light, this implies that the speed of anything with mass has to be slower, i.e. the worldline of an object, the collection of all the events belonging to its history, has to be contained in the inside part of a light cone -called the time-like region-defined by extending the light-like (or null) spacetime intervals -the 45° angle lines (cfr. figure below).

Because nothing can travel faster than light, not even information, the causal range of an event is represented by a "light cone" delimited by the null trajectories drawn from the event.

Thanks to this representation, all causal links can be visualized by looking at both the past and the future parts of the light cone of any event.

Indeed, it follows from this that all the elements inside the past part of the light cone of an event either could have potentially influenced or have influenced this event; and all the elements inside the future part of the light cone of an event will potentially be influenced by the event.

Therefore, with this representation it is easy to determine visually if two events could have potentially been produced as the result of a thirdanterior-event: i.e. it is a question of identifying if the anterior event is located in the common intersection of the two events' past light cones.

Furthermore, it is important to recognize that light cones are not just useful objects belonging to a rather clear style of representation. Indeed, they possess the amazing property of having the speed of light built-into them which as a consequence makes them a very powerful tool for visualizing the structure of spacetime. Some examples of simple cases.

Example 1:

An observer at rest in an inertial reference frame R observes a clock located 2 light-seconds away. The clock is also at rest in R.

From this choice of units for the axes, light travels at a 45° angle; and the light emitted by the observer takes 2 seconds to reach the clock since it is located at 2 light-seconds away from them. Similarly, the light coming from the clock takes 2 seconds to reach the observer. Therefore, at 𝑡 = 2 seconds, the observer sees the light coming from the clock as it was emitted at 𝑡 = 0. Thus, the observer reads a time delayed by 2 seconds. In this next situation, the observer is at rest and the clock is travelling at constant velocity. At 𝑡 = 0, the clock passes exactly in front of the observer (they are at the same exact location). Therefore, starting at 𝑡 = 0 seconds, and choosing the rest frame of the observer for reference, we can draw the following diagram: These representations are very useful as they allow us to visualize graphically results from Special Relativity that would otherwise be difficult to imagine. Moreover, they also allow to easily do coordinate changes and jump from one reference frame to another: This result is not surprising as it is the symmetrical equivalent of the previous diagram. Indeed, since in Special Relativity there is no absolute space, nor absolute time or motion, there are no external universal reference frames; all motions are relative and all observers are at rest in their own reference frame. Therefore, the propositions: "The observer is moving away from the clock at 0.4 c" and "The clock is moving away from the observer at 0.4 c" are exactly equivalent.

Example 3:

When passing from a reference frame to another, and because the speed of light is invariant for all observers, we ought to find relationships between coordinate systems which leave the speed of light invariant; and therefore which preserve the 45° angle in the spacetime diagrams. The problem being that the usual Galilean transformations are inadequate for this task; in particular when considering speeds which are not negligible in front of the speed of light, i.e. relativistic speeds.

The solution to this problem was in fact found much earlier by Lorentz in 1892 (Cfr. Lorentz 1892) when he tried to explain the results of the Michelson-Morley experiment and developed the mathematical tool, now known as Lorentz Transformations, which leave the Maxwell equations invariant. (Faraoni 2013). Indeed, in the case of our spacetime diagrams, the idea is to find transformations such that the path taken by the clock -or any other object (cfr. figure below)-ends up coinciding with the time axis. Therefore, the transformation needs to be more powerful than a simple translation -a basic linear transformation-because it also needs to shift the angle of the line drawn by the objects while at the same time conserving the angles between the respective lines (just like with the previous two figures, Fig. 3.2.1.1.g. and 3.2.1.1.h.) and finally keep the 45° angle of the lines representing the light-like paths.

Lorentz Transformations (also called Lorentz boosts) are of the form: Remark on the absence of relativistic effects in everyday life.

𝑡 ′ = 𝛾 (𝑡 - 𝑣 𝑐 2 𝑥) (3.5) 𝑥 ′ = 𝛾(𝑥 -𝑣𝑡) (3.6) 𝛾 = 1 √ 1 - 𝑣² 𝑐² (3.
The question one could ask is: If this is true, how come we do not notice such effects in our daily life?

The justification for this stems from the units of distance we are used to: during our daily activities, we are confronted with extremely small distances compared to light seconds; therefore we perceive light-like paths as being basically horizontal (Cfr. figure below), which is akin to saying that on our scale we perceive light to be travelling so fast that it feels as if it were instantaneous phenomena. A synthesis -The (relativistic) Train in tunnel problem. Let us consider a train traveling at a velocity 𝑣 close to the speed of light approaching a tunnel which has the exact same proper length as the train (proper length signifying the length measured in a reference frame at rest with respect to the measured object). In this context, using Special Relativity, we obtain that an observer at rest with respect to the tunnel would see the train -or more precisely its length-contracted by a factor 𝛾 (Treschman KJ, 2015):

𝛾 = 1 √ 1 - 𝑣² 𝑐² (3.7)
where 𝑣 is the speed of the object considered and 𝑐 the speed of light in a vacuum.

However, the situation from the reference frame of the train is different. In this reference frame, it is the tunnel that would appear to be shorter to passengers, as from their perspective they are at rest with respect to the train and it is the tunnel that is approaching them. Thus, as the tunnel seems to be shorter than the train, it obviously cannot hold the whole train in it at once (with both ends in the tunnel at the same time).

In order to better understand this phenomenon, let us do a short numerical analysis. Let us set:

 𝑣, the speed of the train to 𝑣 = 𝑐 2 ,  𝐿 𝑡𝑟𝑎𝑖𝑛 , the length of the train to 100 metres, and  𝐿 𝑡𝑢𝑛𝑛𝑒𝑙 , the length of the tunnel, to be 90 metres. Now, let us add a system of guillotine doors at both ends of the tunnel with the special property of being instantaneously shut or opened as soon as the train arrives and set the entrance door to [open] and the exit door to [close].

Let us call the entrance of the tunnel E, the exit of the tunnel X, the front of the train F and the back of the train B.

The aim of this setup is to determine if it is possible to have a situation in which both doors would be [closed] at the same time and thus conclude that the whole train is actually inside the tunnel.

Let us call respectively R and R' the frames of reference of the tunnel and of the train. From R, the apparent length of the train is:

𝐿 𝑡𝑟𝑎𝑖𝑛-𝑎𝑝𝑝𝑎𝑟𝑒𝑛𝑡 = 𝐿 𝑡𝑟𝑎𝑖𝑛 γ
or approximately 87 metres.

By the same procedure, from R', the apparent length of the tunnel is 78 metres.

Let us draw the spacetime diagram of this situation with coordinates (t,x) for R and (t',x') for R': We now have a -geometrical-physicalrepresentation that seems to show two different results when considering one referential frame at a time. As both the entrance and exit of the tunnel are fixed points, their position does not change. Therefore, their trajectory in this spacetime diagram is represented as a vertical line in the referential of the tunnel, i.e. they only advance in time. The worldline of a photon is represented by a line (in cyan) and tilted at a 45° angle. Finally, as the train has a constant velocity of half the speed of light, the worldlines of the extremities of the train are represented by lines tilted at a value of half a 45° angle.

Hence, in the first referential (R), the referential of the tunnel, it seems that the train would in fact be contained inside the tunnel. Indeed, this is shown in the drawing by the green segment representing the train (or rather its apparent length as seen by an observer in R). This green segment being shorter than the proper tunnel length and contained in between lines E and X. On the contrary, in the second referential (R'), it looks like the exit door has to open before that of the entrance closes; meaning that the whole train never was entirely inside the tunnel at once; as shown by the red lines, which do not fit in between lines E and X.

To solve this seemingly paradoxical situation, let us imagine that the exit door at the end of the tunnel is closed at all times. On one hand, in the (R) referential, this does not pose any problem (except for the passengers of the train) and implies that the train is completely contained in the tunnel. On the other hand, in the (R') referential, this implies that upon reaching the door, the front of the train cannot keep going and crashes into the door.

However, as information cannot travel faster than light because of the speed limit of causality, this implies that the back of the train goes on into the tunnel until the information of the crash, travelling in the opposing direction, catches up. In order to visualize this, the light cones of two events (the back of the train passing the entrance and the crash) are drawn in yellow. Hence, as shown on the figure above, we can see that one the light cone of the crash intersects with line (B); this intersection representing the event corresponding to the rear of the train receiving the information of the crash. Moreover, we can see that the back of the train has already travelled well past the -now shutentrance door. Therefore, we can conclude that the train is completely contained inside the tunnel (as a wreck). This also illustrates the notion that rigid bodies do not exist (in such circumstances) according to the theory of relativity because the transmission of information is not instantaneous; and the notion that simultaneity can be considered an illusion or a particular case, as seemingly simultaneous events can be perceived as happening at different times depending on the choice of the referential.

General Relativity

General relativity is a relativistic theory of gravitation. It is a geometrical theory based on the notion that physical space is coupled and inseparable from time, forming a 4-dimensional object: spacetime, and that its geometry is deformed by the presence of matter and energy.

In fact, this theory describes the influence of matter-energy density on the motion of celestial objects through spacetime curvature. It is often stated in various media that General Relativity is the generalization of Special Relativity; but General Relativity is a Theory and as such should rather be considered a generalization of Newton's Theory of Gravitation first and not simply as an extension of Special Relativity that includes gravity. In Einstein's own words from a letter sent to Karl Schwarzschild (1873-1916) dated January, 9, 1916: The Earth's surface is irregular as long as I envisage very small sections of it. But it approaches the flat basic form when I envisage larger sections of it, whose dimensions are still small against the length of the meridian. This basic form becomes a curved surface when I envisage even larger sections. Likewise for the gravitational field. On a small scale the individual masses produce gravitational fields that even with the most simplifying choice of reference system [sic] reflect the character of a quite irregular small-scale distribution of matter. If I regard larger regions, as those [sic] available to us in astronomy, the Galilean reference system provides me with the analogue to the flat basic form of the Earth's surface in the previous comparison. But if I consider even larger regions, a continuation of the Galilean system providing the description of the universe in the same dimensions as on a smaller scale probably does not exist, that is, where throughout, a masspoint sufficiently removed from other masses moves uniformly in a straight line. Ultimately, according to my theory, inertia is simply an interaction between masses, not an effect in which "space" of itself were involved, separate from the observed mass. The essence of my theory is precisely that no independent properties are attributed to space on its own. It can be put jokingly this way. If I allow all things to vanish from the world, then following Newton, the Galilean inertial space remains; following my interpretation, however, nothing remains. (Einstein 1998, p. 204) A famous quote attributed to John Archibald Wheeler (1911Wheeler ( -2008) ) describes the fundamental principle behind General Relativity: "Space tells matter how to move and matter tells space how to curve" (Misner 1973, p.5). In fact, Einstein's Field Equation (cfr. Section 1.9.1):

𝑅 𝜇𝜈 - 1 2 𝑅𝑔 𝜇𝜈 + 𝛬𝑔 𝜇𝜈 = 8𝜋𝐺 𝑐 4 𝑇 𝜇𝜈 (1.24)
is actually encompassing these two statements. Indeed, the left part is in fact describing the curvature of a region of spacetime while the right part is encoding the mass-energy density in that same region. Furthermore, the geometrical curvature of spacetime taken into consideration in General Relativity is responsible for a number of effects; some of which will be explored in the next section. Therefore, in order to better understand General Relativity, we need to examine this curvature.

Taking the example of Special Relativity in "flat" Minkowski spacetime, where there is no curvature, when comparing two physical vectors such as the velocities of two objects is fairly straightforward; however, in General Relativity, because of the curvature of spacetime, this comparison needs to take place at the same point.

The reason for this is that the curvature at a point affects the vector at that point. Therefore, in order to compare two vectors in General Relativity, we first need to parallel transport one of them to the other. This notion of parallel transport is essential to understand General Relativity as it is a fundamental notion required to understand what the Riemann curvature tensor88 is -from which are built the two tensors of the left hand side of equation (1.24). & Riemann Curvature Tensor (conceptually). At a fundamental level, the notion of parallel transport revolves around the notions of vectors and spaces.

On Parallel transport

Definition: The notion of parallel transport on a manifold M [a topological space that is locally Euclidean] makes precise the idea of translating a vector V along a curve to attain a new vector V' which is parallel to V. 89In other words, it is a question of continuously translating a vector associated with a point embedded in a particular space from one location to another by making sure that it always remains parallel to itself along the way. Some examples are given below. which is equipped with a vector aligned with a longitude and parallel transporting it along the grey path to the equator, then to another longitude and back to the pole, the direction of the vector ends up making an angle α compared to its original orientation. This is a consequence of parallel transport on a curved manifold. From this last observation that when a vector is parallel transported along a closed path on a manifold, it is affected by a change and is not parallel to itself anymore is very valuable. Indeed, it tells us that this procedure acted as some kind of probe able to detect the curvature of the space. In fact, it is from this idea that a visualisation of the meaning of the Riemann Curvature Tensor can be done: by looking at how vectors change as a measure of curvature.

During school, pupils are taught Euclidean Geometry and one of the key concepts that we will need to build a visualization of the Riemann Curvature Tensor is the Chasles Relation -which is essentially the relation used for vector addition (cfr. figure below).

In Geometry, the Chasles Relation is the rule stating the procedure to follow in order to build the vector corresponding to the addition of any two vectors. From this we will consider a simple case, i.e. a simple closed path from one point to which we assign a vector: Therefore, by parallel transporting the orange vector along coordinate changes ∆𝑥 µ , then ∆𝑥 𝜈 , then -∆𝑥 µ and finally -∆𝑥 𝜈 , and subtracting the new vector (the red vector in the above figure) obtained from this, we can measure the change of the vector -following this procedure, if the result were 0 (no change), the curvature of the space at point A would then correspond to a "flat" space; i.e. the space would have no curvature at point A.

At that point, it is important to recognize that this shift in the vector not only depends on the curvature of the space, but also on the path taken. In Fig. 3.2.2.b., if we chose to parallel transport the vector round the sphere from the same starting point (the pole) along a closed path defined by a longitude, we would end up with the exact same vector and would be inclined to reach the conclusion that the space had no curvature at that point. Furthermore, we would have gotten yet again a different result in Fig. 3.2.2.d. by parallel transporting the orange vector along coordinate changes -∆𝑥 𝜈 , then -∆𝑥 µ , then ∆𝑥 𝜈 and finally -∆𝑥 µ . This last point is obvious when considering the figure below:  Let us take a vector 𝑣 1 ⃑⃑⃑⃑ at some point A.  Then, let us take another point, B infinitesimally close to A.

i.e. B is chosen to be infinitesimally close to A in order to get infinitesimally small coordinate changes and make the total path tend to 0 so as to measure the curvature at that unique point and not the influence of the curvature of the region of space on the vector along the path.  Draw a closed path from A passing through B using the same procedure as before.  Because B is infinitesimally close to A, we can approximate the closed path to a parallelogram of sides ∆𝑥 µ , ∆𝑥 𝜈 , -∆𝑥 µ and -∆𝑥 𝜈 by considering the limit where ∆𝑥 µ , ∆𝑥 𝜈 → 0  Now, let us parallel transport 𝑣 1 ⃑⃑⃑⃑ to point B by taking the path identified by ∆𝑥 µ , ∆𝑥 𝜈 and call the resulting vector 𝑣 2 ⃑⃑⃑⃑ .  We can do the same procedure using the other path in order to construct 𝑣 3 ⃑⃑⃑⃑ .  Finally, we can construct 𝑣 4 ⃑⃑⃑ by using where the quantity 𝑅 𝛽𝛾𝛿 𝛼 is the Riemann Curvature Tensor. Finally, this tensor can be used "to compute the relative acceleration of nearby particles in free fall if they are initially at rest relative to one another" (cfr. Baez 2006, pp. 15-16).

General Relativity Predictions

General Relativity is the best current description of the Universe we have when considering celestial objects.

Through the last century, the development of General Relativity lead to new explanations and its study made several predictions such as the precession of Mercury's perihelion, the phenomenon of gravitational lensing or the bending of light, gravitational redshifting, geodesics and framedragging effects, B1913+16, time dilation in gravitational fields, and so on.

The precession of Mercury's Perihelion

The perihelion is the point in the orbit of an object that is the closest to the sun, by opposition to the aphelion, which is the farthest point from the sun. The precession of the perihelion is the name given to the phenomenon which makes the trajectory of an object orbiting the sun slowly rotate in the ecliptic plane; thus making the perihelion rotate in this plane.

In 1915, Einstein published a paper titled "Erklärung der Perihelbewegung des Merkur aus der allgemeinen Realtivitätstheorie" which English translation is available as "Explanation of the Perihelion Motion of Mercury from General Relativity Theory" [START_REF] Vankov | Einstein's Paper: "Explanation of the Perihelion Motion of Mercury from General Relativity Theory[END_REF]. In this paper, after acknowledging the works of Urbain Le Verrier (1811-1877) on Mercury and his discoveries (Le Verrier 1843):

In this work, I found an important confirmation of this radical Relativity theory; it exhibits itself namely in the secular turning of Mercury in the course of its orbital motion, as was discovered by Le Verrier. (Vankov A, 2011, p.4) Einstein used his theory to analyse the issue and concluded by comparing his results to the ones given using Newton's theory of gravitation: "This calculation leads to the planet Mercury to move its perihelion forward by 43 ′′ per century, while the astronomers give 45 ′′±5′′, an exceptional difference between observation and Newtonian theory. This has great significance as full agreement." (Ivi. p.11) According to Anatoli Vankov this paper is probably the only one of Einstein's publications discussing this problem through General Relativity: "Einstein's paper devoted to the GR prediction of Mercury's perihelion advance 90 , is the only one among his publications that contains the explanation of the GR effect. […]Since then, to our knowledge, he never returned to the methodology of the GR perihelion advance problem." (Ivi. p.15) However, even if Einstein did not preoccupy himself much with this problem, numerous works have been published since then. It is also important to note that Einstein also alludes to the bending of light predicted by his theory: "Furthermore, it shows that this theory has a stronger (doubly strong) light bending effect in consequence through the gravitational field than it amounted to in my earlier investigation." (Ivi. p.4)

Bending of Light and Gravitational Lensing

In General Relativity, the curvature of a region of spacetime depends on the amount of mass and energy present and how it is distributed; the massenergy density.

Light is made of photons which are massless particles and travels in straight lines, as empirically confirmed by various experiences and our everyday experience of life. However, this is not entirely correct; in fact, light follows straight paths in spacetime and not just space. The result is that the paths taken by objects in spacetime actually follow geodesics which correspond to the generalization of the notion of straight lines. In particular, geodesics are curves which extremize the distance between points.

In order to understand how the trajectory of such rays can be influenced, one must first consider the effects of space curvature on an object whose trajectory is inscribed into said space.

Consider a sufficiently high density of mass-energy bending a region of spacetime; as light then travels in a straight line on this bent region of spacetime, thus following a geodesic trajectory in spacetime, the result would be that its trajectory has changed (cfr. figure below).

Here, one could also understand this phenomenon through an analogy done with the mirage phenomena. In mirages, the bending of light is caused by a change in the index of refraction because of a gradient in temperature in the medium (air); whereas the trajectory of light in space is changed because of the presence of a gravitational field, a gravitational gradient on spacetime. Gravitational lensing. In some circumstances, especially those involving very massive celestial objects, this phenomenon of the bending of light can result in what is called "Gravitational lensing". The term Gravitational lensing applies to the phenomenon by which an image of a background object is visible to an observer thanks to the bending of light despite there being another object between them that should block line of sight.

In this phenomenon, the amount of mass-energy density of a celestial body is such that light emitting objects situated behind said celestial objects can be visible. In fact, the deformations in the curvature of spacetime in the vicinity of the celestial object is such that it acts as if instead of the object, there was some kind of glass lense. These gravitational lenses, just like glass lenses deform the images coming from the region of space of their background which can culminate in several optical effects, i.e. mirages, mirror images, Einstein's crosses, etc. The first experimental test of the theory of relativity was done during Eddington's expedition to measure the bending of light happening during a total solar eclipse in 1919 (Eddington 1919, pp. 119-122). After having developed his theory of General Relativity, Einstein noticed that he had made a mistake a few years earlier about the problem of the bending of light and proceeded to correct his findings.

The latest formula he obtained was:

𝛼 = 4 𝐺𝑀 𝑐²𝑟
where α is the angle of deviation, G the gravitational constant, M the mass of the Sun, c the celerity of light and r the distance from the centre of the Sun; and where half that value comes from space curvature and the other from time (Einstein 1916b;Coles 2001). This -doubleexpedition to Brazil with Andrew Claude de la Cherois Crommelin and to Principe with Arthur Stanley Eddington revealed that light was indeed deflected by the presence of the Sun. In 1922, another expedition to Wallal in Australia with William Wallace Campbell and from the Lick Observatory confirmed that starlight was deflected by the Sun (Campbell 1928).

Light propagation in gravitational fields. Another way gravitational fields can influence light is by exerting a shift in the observed frequency of a photon in a similar way to the Doppler Effect (discussed in Chapter 1). Due to a gravitational gradient, light undergoes a blueshift when observed from a region where the gravitational field is stronger and, vice-versa, it experiences a redshift when observed from a region where the gravitational field is weaker. As showed by the Pound-Rebka experiment, the underlying principle in action affecting how light is perceived from gravitational fields of different intensities is that of time dilation or length contraction (of the wavelengths). In this experiment, a gravitational blueshift was measured in gamma rays sent from the top of a tower to the bottom. The measured gamma rays acquired energy on their way to the bottom of the tower while travelling through the gravitational gradient corresponding to the difference of altitude of the height of the tower and its ground level.

The Geodetic and Frame-dragging Effects

In order to fully describe the motion of a celestial object in the framework of General Relativity, it is often necessary to take into consideration the change in the orientation of the rotational axis of the rotating object. To do so, one has to study the total precession of the object which is the combination of two effects: the De Sitter Effect and the Lense-Thirring Effect (Lämmerzahl 2001).

On one hand, the De Sitter Effect, also called the geodetic effect, is the name given to a phenomenon that affects objects around a celestial body due to the fact that the presence of said body produces distortions of spacetime around the celestial object. To be more specific, this precession comes from the curvature of spacetime produced by the celestial body. An intuitive way to think about this effect is with an analogy using our usual sheet deformed by an object such as a bowling ball to represent a two dimensional spacetime deformed by a celestial body and a spinning top/whirligig representing an object in the vicinity of the celestial body such as a satellite. In this configuration, the toy spins around the bowling ball (the satellite is in orbit) and as it is following the curvature of the sheet (the curvature of spacetime), its rotating axis undergoes a precession as it follows the curvature around the ball. In the figure below, two neutron stars orbit one another, the rotational axis of the star with the beams is represented; the vertical arrow represents the rotational axis of the star if it were on a flat region of spacetime. On the other hand, the Lense-Thirring Effect, also called the frame-dragging effect, is the name given to a phenomenon that comes from the distortions of spacetime around a rotating celestial object. Predicted by Josef Lense (1890Lense ( -1985) ) and Hans Thirring (1888Thirring ( -1976)), this effect, like its name suggests, describes the phenomenon by which the -fastrotation of the celestial body drags spacetime along its motion. To test both effects, a satellite was launched on April 20, 2004, Gravity Probe B, and NASA announced that Gravity Probe B successfully managed to measure both the geodetic and frame-dragging effects on the satellite's gyroscope (Will 2015).

1905. Comptes Rendus of the French Academy of Sciences

On the 5 th of June 1905, Poincaré reported his latest work and reflections at the French Academy of Science. In his paper "Sur la dynamique de l'électron" (On Electron Dynamics; Poincaré 1905).

He began by discussing the problem of the aberration of light -i.e. "the aberration of light and related optical and electrical phenomena" (Ivi. p. 1504), and about using these phenomena in order to determine "the absolute motion of the Earth" (Ibidem) with respect to the ether, as opposed to its motion with respect to other celestial bodies. Unbeknownst to Poincaré, this problem actually came from the bending of light due to gravitational lensing, and Michelson's experiment had actually shown that this impossibility of determining an absolute motion was in fact a law of nature.

Poincaré then discussed Lorentz's idea: the hypothesis that a contraction of all bodies in the direction of the motion of the Earth was happening as an explanation for Michelson's experiment results:

[…] But Michelson, who conceived an experiment sensitive to terms depending on the square of the aberration, failed in turn. It appears that this impossibility to detect the absolute motion of the Earth by experiment may be a general law of nature [...].An explanation was proposed by Lorentz, who introduced the hypothesis of a contraction of all bodies in the direction of the Earth's motion. (Cfr. Walter 2020) 91 From this postulate and, according to Poincaré, as Lorentz judged necessary to extend his hypothesis for all forces and not just electromagnetic forces, Poincaré reflected on what modifications could be applied to the laws of gravitation in order for them to follow Lorentz postulate.

In order to do so, Poincaré thus used Lorentz's transformations (Cfr. Section 3.2.1.1.) and added the assumption that the transmission of gravity was done at the speed of light even though "Laplace demonstrated that this cannot be the case":

It was important to examine this hypothesis closely, and in particular to ascertain the modifications we would have to apply to the laws of gravitation. We find first of all that it requires us to assume that gravitational propagation is not instantaneous, but occurs with the speed of light. (Ibidem) 92 Poincaré then continues his reflection stating that one of Lorentz' results was that his transformations were applicable to all forces (Poincaré 1905(Poincaré , p. 1507) and thus, Poincaré extended it to the transmission of gravity.

At that point, he explained that he was compelled to suppose that the propagation of gravity between different bodies was not an instantaneous process, but had in fact to be done at the speed of light.

However, Poincaré explained that this was at first concerning to him because of the fact that it was in contradiction with a result obtained by Pierre-Simon de Laplace (1749-1827). Nevertheless, Poincaré noted that Laplace's question was considerably different to these since it was the one and only modification he attempted; contrary to the present case where multiple modifications were used; in particular, Lorentz transformations, thus allowing the possibility for compensations to happen between the modifications.

Finally, reaching his conclusion, Poincaré coined the term "gravitational wave":

Remember that when we speak of the position or velocity of the attracting body, this refers to its position or velocity at the instant the gravitational wave [onde gravifique] takes off; for the attracted body, on the contrary, this refers to the position or velocity at the instant the gravitational wave arrives [...] (Cfr. Walter 2020). 93 Unfortunately, Poincaré refrained from continuing his analysis further and concluded his paper with a few remarks regarding the appreciation of the deviation with the ordinary law of gravitation when choosing the speed of the propagation of gravity as being the same as the speed the speed of light; ultimately closing his intervention by explaining that it would not be unimaginable that this was in fact the case, as the precision required for such astronomical observations was such that it would have been almost undetectable.

92 Il importait d'examiner cette hypothèse de plus près et en particulier de rechercher quelles modifications elle nous obligerait à apporter aux lois de la gravitation. C'est ce que j'ai cherché à déterminer ; j'ai été d'abord conduit à supposer que la propagation de la gravitation n'est pas instantanée, mais se fait avec la vitesse de la lumière. (Poincaré 1905(Poincaré , pp. 1507) ) 93 Quand nous parlerons donc de la position ou de la vitesse du corps attirant, il s'agira de cette position ou de cette vitesse à l'instant où l'onde gravifique est partie de ce corps ; quand nous parlerons de la position ou de la vitesse du corps attiré, il s'agira de cette position ou de cette vitesse à l'instant où ce corps attiré a été atteint par l'onde gravifique émanée de l'autre corps […]. (Poincaré 1905(Poincaré , pp. 1507) ) 

On The Existence of Gravitational Waves: The 1937 Incident

After its amazing successes at both explaining gravity from a geometrical point of view and at describing and predicting results, Albert Einstein's General Relativity Theory continued to be researched and developed until this very day. However some of the predictions of the theory from its early days had yet to be examined, let alone tested, and gravitational waves are part of those. Soon after having finished his theory, Einstein wrote a letter dated 19 February, 1916 to Karl Schwarzschild in which he explained that there was no gravitational wave analogous to electromagnetic waves for electromagnetism because unlike in electromagnetism where charge can be either positive or negative, the same was not true for mass:

Since then, I have handled Newton's case differently, of course, according to the final theory. Thus there are no gravitational waves analogous to light waves. This probably is also related to the one-sidedness of the sign of scalar T, incidentally. (Nonexistence of the "dipole".) (Einstein 1998, p. 224) Nevertheless, according to Prof. Daniel Kennefick, Einstein studied the possibility of their existence thanks to a suggestion made by Willem de Sitter [START_REF] Kennefick | History of Gravitational Wave Emission[END_REF]) and ended up discussing them in his 1916 paper (Einstein 1916(Einstein , 1916a)). Unfortunately, he made a mistake and finally published a dedicated article: "Über Gravitationswellen" (On Gravitational Waves) in 1918 (Einstein 1918).

However, according to Prof. Kennefick -which certainly gave him the idea for his 2007 book title (cfr. Kennefick 2007):

Even in his 1918 paper Einstein made some errors. He at first thought he had discovered three different types of gravitational waves. Two of these types are spurious. Einstein quickly realized this and Eddington later showed these spurious waves travel at arbitrary speeds depending on the choice of coordinates. As he put it, they travel not at the speed of light, but at "the speed of thought." (Kennefick 2016, p. 12) It was not until 1936 that Einstein started to have second thoughts about the existence of gravitational waves as attests a letter (Einstein 2005) from Einstein to Max Born (1882Born ( -1970)):

"Next term we are going to have your temporary collaborator Infeld here in Princeton, and I am looking forward to discussions with him. Together with a young collaborator, I arrived at the interesting result that gravitational waves do not exist, though they had been assumed a certainty to the first approximation. This shows that the non linear general relativistic field equations can tell us more or, rather, limit us more than we had believed up to now." -Albert Einstein to Max Born, written in mid 1936. (Kennefick 2016, p. 18) Thus, second guessing himself, Einstein sent a paper with Nathan Rosen to The Physical Review for publication. However, the paper met resistance from the journal as the referee judged that it needed revision (cfr. Unfamiliar with this procedure (Kennefick 2016, p. 22), Einstein sent a reply stating that he did not authorize the journal to show his paper to a specialist; he sent it for it to be printed; and for this reason, he was going to publish the paper somewhere else (cfr. Figure below). Prof. Kennefick remarked that "In Germany, it was considered an insult to reject a paper by an established physicist"; hence Einstein's first reaction (Ibidem) and probably also why he never published in The Physical Review after that.

In the end, and with support from Leopold Infeld (1898-1968) and Howard Percy Robertson (1903Robertson ( -1961)), Einstein realized that he indeed made a mistake and was finally convinced again of the existence of gravitational waves (Ivi. p.28) and the paper titled "On Gravitational Waves" was published in the Journal of the Franklin Institute with Rosen in 1937 (Einstein 1937).

Final Remarks

In this part, I have explored the historical foundations of gravitational waves by revisiting some of the most impactful historical events and discoveries that led to the formulation of both Einstein's Special and General Relativities.

By doing so I also grabbed the opportunity to discuss the bases of the principles and physical phenomena attached to them, and first and foremost how they were developed and their geometrical and physical interpretations. This was necessary as they are required in order to have a deeper understanding of both the theories and gravitational waves.

I also explored some consequences of the theories through examples, both theoretical and practical; and revisited the historical context surrounding the development of the concept of gravitational waves and its evolution and revisited the role played by various scientists. An Outline. This part of the thesis explores the principles and the development of the detection of Gravitational Waves through its historical context and physical meaning starting from a description of the necessity of measuring with light. The very important role played by Joseph Weber, a true scientific pioneer in the search for gravitational waves and other scientist as well as the role played by the Chapel Hill Conference in 1957 will also be described. Our contemporary understanding of gravitational wave astronomy, the associated phenomena and their astrophysical implications will be exposed in the following sections.

The objective of this chapter is to depict how the challenges involved in gravitational waves detection have been dealt with as well as to provide a more in depth understanding of how the gravitational waves observatories function.

How Do We Detect a Gravitational Wave?

However trivial this question might look like at first, it is actually a challenge that had to be undertaken and which took decades to solve. As we now know, gravitational waves are disturbances in spacetime travelling through spacetime. A simple visualizing trick is to imagine flat spacetime as a 3-dimensional grid progressing with time. Using this representation in order to gain an insight about gravitational waves, we can visualize a gravitational wave passing through this grid and squeezing and stretching it perpendicularly to its axis of travel. Within this framework, if we now imagine a classic ruler which is placed in this representation, since it is made of matter, it will undergo the same distortions, hence cannot be used to measure any variations since the ruler size would change too. Therefore, the problem becomes something else; because measuring a change in length with something that also changes at the same rate is impossible. Thus, in order to measure those distortions, one must find some kind of "special ruler" that is somehow independent or free from such considerations. That's the reason why to detect gravitational waves, the ruler being used is lightor more precisely, the change in the quantity of light detected, i.e. the measured power reaching the photodetector in an interferometer.

Indeed, one of the essential properties of light is that its speed, the celerity of light, is always constant, no matter the reference frame. Thanks to this property, we can determine how long something is by sending light along its length and thus determining its length by measuring the time it took light to travel. With light serving the purpose of our special ruler, a change in time of arrival corresponds to a change in length since the speed of light is always constant. To see this, let us consider that we send light to measure some distance d in vacuum. It takes exactly 10 seconds for light to travel distance d. Therefore, d = 10 light-seconds. However, if we were to repeat this experience continually and measure different arriving times, since the speed of light is always the same, if the time light takes to travel distance d is varying, that implies that either the distance d is varying or that the rate of time passing along d is varying according to the Theory of Relativity. Gravitational wave detectors are relying on this principle by continually measuring differences in lengths in order to measure the effects of a passing gravitational wave and determining its characteristics.

Detecting gravitational waves is an absurdly difficult prowess of science and engineering. Indeed, one of the main problems is that gravitational waves are minuscule. Therefore, the perturbations produced by them are also extremely small. In fact, the changes in length gravitational waves are responsible for are of a scale of about 1 part in 10 21 . In turn, that is the reason why the scale of the detectors is so great. Because of this littleness, the longer the distances we can observe, the greater the change. Thus, having a detector with kilometres long arms is a necessity.

However, 3 or 4 kilometre arms are still too short to measure such small changes in length. Thankfully this issue is resolved by having a system involving multiple mirrors at each extremity of the arms that allow to artificially lengthen this distance. This mirror arrangement actually make the laser beams do a series of comings and goings, effectively drastically increasing the distance travelled by light which in turn facilitates the measurements. However, even if this has a significant impact, the gravitational waves make the lengths of the arms vary by at most 10 -18 meters (about 1/10.000 the length of a proton). Probably -if not the most-precise measurement ever done.

1949-. Joseph Weber and the Gravity Research Foundation & Institute of Field Physics

Created by Roger W. Babson (1875Babson ( -1967) ) in 1949, the GRF is a foundation which aims to bolster the research on Gravity. The GRF is mainly known because it organizes a yearly competition in which participants are asked to submit short essays -of 1500 words-"for stimulating thought and encouraging work on the phenomenon of gravitation".

The history behind the creation of the GRF starts with Roger Babson who stated that he was marked by the loss of his older sister in a drowning accident. In fact, he related "She was unable to fight gravity, which came up and seized her like a dragon and brought her to the bottom" in an essay titled "Gravity -Our Enemy No. 1". Later in his life while he was studying at the Massachusetts Institute of Technology his interest for gravity was strengthened thanks to one of his Professors, Prof. Swain, who used to illustrate Newton's Laws "particularly of action and reaction" with stock market charts. Consequently, after analysing the stock market, as he thought "What goes up will come down", he concluded that the market would crash and successfully anticipated the 1929 crisis which ultimately lead him to acquire his fortune.

Despite years going by, his interest in gravity and research about gravity did not fade and his opinion was that since research in this area of Physics seemed to be left behind, it needed a renewal of interest. That is the reason why he consulted his associate George M. Rideout on how to proceed to inspire this renewal. George Rideout suggested that he create a foundation which would be reward the best ideas with cash prizes. After the meeting organizing the foundation on January 19 th , 1949, the first awards for the best essays were given on December 1 st , 1949.

The guidelines for the first wave of essays were to find practical applications and that awards would be given to "suggestions for anti-gravity devices, for partial insulators, reflectors, or absorbers of gravity, or for some substance that can be rearranged by gravity to throw off heat". However, because of this, the scientific community was not thrilled by this competition and George Rideout understood that the reason was the poor choice of words for the guidelines. He then managed to persuade Robert Babson to change the phrasing to "essays on the subject of gravitation, its theory, application or effects".

On Joseph Weber (1919Weber ( -2000)). At the time, gravitational waves had yet to be detected and the debate on whether they existed was still dividing the scientific community. (c.f. section the 1937 incident) However, in 1958 and 1959, the GRF received two essays from an American physicist, Joseph Weber, and rewarded him with respectively third and first awards for his ideas about "the possibility of observing gravity waves and describing a method of detecting them". Nowadays, Joseph Weber is well-known for being a pioneer in the search for gravitational waves and for his dedication to the detection of gravitational waves, his involvement with the GRF and for his "Weber bars".

Joseph Weber was a Navy veteran and Professor at the University of Maryland in College Park. In 1956, he used his sabbatical year to study Relativity at the Institute for Advanced Studies after being invited by Freeman Dyson (1923Dyson ( -2020) ) well-known for his works in Quantum Electrodynamics and by the general public for his works in Science-Fiction, in particular Dyson Spheres. Weber even met John Archibald Wheeler. During this period Dyson convinced Weber that sources powerful enough that their gravitational waves could be detected on Earth might very well exist.

Since Weber was an engineer by formation, he started developing ideas about how to potentially detect gravitational waves. One of his ideas was to use interferometers with a laser as a source of light but this appeared to him as unrealizable for technical reasons. In fact, he built a prototype of a laser interferometer with Robert Forward which was online in the 70s but with its 2 meter long arms, it was not (nearly) sensitive enough.

However Weber, who was very versatile, had a simpler idea: since passing gravitational waves lengthen and contract distances they should have a measurable effect of elongation and compression on objects. Considering this, he decided to use aluminium cylinders with piezoelectric sensors that would be extremely sensitive and able to detect variations in the cylinders' length of 10 -15 cm and later 10 -17 cm with better crystals cooled at 4°K (DJ Gretz 2018, p. 6). His train of thought was that since different sources of gravitational waves emit gravitational waves of different frequencies he first had to choose the sensitivity of his detector accordingly. This lead him to choose supernovae which since the works of Walter Baade and Fritz Zwicky (1898Zwicky ( -1974) ) were estimated to be events lasting 1 millisecond or about 1 000 Hertz. Therefore, Weber chose aluminium cylinders and his calculation lead him to build those cylinders of a length of 1.5 metres and a diameter of 60 centimetres for a weight of 1.5 tons to obtain a frequency of 1660 Hertz 94 . This setup, he thought, would allow gravitational waves to make the cylinder vibrate by their passage just like one ringing tuning fork makes another one ring in sympathy; the gravitational waves would have therefore induced a strain in the metal bar which in turn would be detected by the piezoelectric sensors.

The next problem was to isolate the detector from sources of noise which could influence the bar itself and therefore the results. To do so, Weber built several detectors thus hoping to be able to identify false positives due to seismic noises since the vibrations of a seismic event could trigger them. By doing so, Weber thought that in the event of a detection of an event in multiple bars, due to the fact that gravitational waves travel at the speed of light, unlike earthquakes, a signal detected by those bars would need to have detection delays between them consistent with this travel speed. On Weber's interview. In an interview with Marcia Bartusiak (Bartusiak 1998), for her book Einstein's Unfinished Symphony (Bartusiak M 2000(Bartusiak M , 2017)), Weber recalled that it was around 1984 that he started have new ideas on gravitational waves detected by the bars. He claimed that his 1984 paper described the effects a nearby supernova would produce and that it was exactly what happened with SN1987A and feared that nowadays the NSF was focusing too much on LIGO and neglecting other approaches for the search for gravitational waves. Despite the general consensus in the scientific community that Weber did not detect gravitational waves, until his last breath Weber claimed the opposite and that his results were backed up by the ones obtained in the University of Rome. The reason Weber gave for the problem with the repeatability of the results by the other groups was that according to him they were using different equipment. Bartusiak wrote in her notes:

Except for the occasional upgrades or maintenance, his room-temperature detectors have been steadily operating since the late 1960s. But his NSF funding came to a halt, right after his claim that the detectors registered a pulse when SN1987A was spotted, at the very same time as the neutrino detectors. An Italian group backed him up. Led by the late E. Amaldi at the University of Rome. Weber points to the fact that they used the exact same instrumentation, which to Weber is the key to his seeing gravity waves while no one else does. There were groups in Rochester and Munich that also duplicated his detector design and saw nothing. Weber blames their lack of proper temperature controls to keep their bars at an absolutely stable temperature.

She also described Weber as "a man who gets down to business. No casual sweater and sneakers. He dresses in grey suit, white shirt, and solid red tie. Maintains his military haircut, no sideburns. Initial chit-chat at a minimum." According to her notes:

𝜆 = 𝑉 𝑠 𝑓 (4.0)
where λ is the wavelength, 𝑉 𝑠 the speed of sound and 𝑓 the frequency.

Weber also claims that he first had the idea for a laser interferometer around 1958, although he didn't publish it. However, he did convince his student Robert Forward to pursue it. Forward acknowledges the debt in his published papers.

If you can have antennas for picking up electromagnetic waves, why not antennas for gravity?

My Philosophy is to act like Galileo: build something, make it work, and see if you find anything.

1957. The Chapel Hill Congress, Debates and Heritage

The Chapel Hill Conference is a scientific event that took place at Chapel Hill in the University of North Carolina in 1957 and lasted for 6 days. The Conference on the Role of Gravitation in Physics was in fact the inaugural event of the Institute of Field Physics (IOFP) with Bryce and Cécile DeWitt at the head. This conference played a very important role in the History of the Discovery of Gravitational Waves as it initiated a renewed interest in Gravitation in general.

At that time, Einstein's Relativities had been studied for almost 4 decades but had been somewhat neglected in favour of other fields of Physics as attested by the drop in the number of publications on the subject that lasted from 1925 to 1957 (Eisenstaedt 1986, pp. 277-292). On this matter, Prof. Eisenstaedt who called this period "the low water mark of general relativity" wrote:

We can see the spectacular growth of the theory after its birth followed by its peak in 1920 (the verification of the second test takes place in 1919). The fact that the theory becomes fashionable at the beginning of the 1920s is reflected in the increased number of publications. And then a sharp decline starting in 1922-23, a situation that would last until the end of the 1950s. (Eisenstaedt 2015, p. 12) This disinterest had a multifactorial origin: a large portion of scientists preferred to spend their time and efforts on other disciplines such as Quantum Mechanics, High Energy Particle Physics or Nuclear Physics because of the historical context of that time. The Second World War was still present in the mind of everyone and the Cold War raised tensions in such a way that the scientific fields with more direct applications were favoured. Despite the fact that the US Air Force was keen to finance research in General Relativity, more fundamental research waited until the beginning of the 70s as they kept in mind the decisive role that scientists played during the war (Deruelle 2018, p. 90). It is also important to point out that at that time, the concept of gravitational fields so strong that they could produce a black hole -a term coined by Wheeler in 1967-was generally rejected. On another note, Whitehead wrote: "It is not going too far to say that the announcement that physicists would have in future to study the theory of tensors created a veritable panic among them when the verification of Einstein's predictions was first announced." (Whitehead 1920, p. 182) On the other hand, the mythos surrounding Gravitation in the mind of the general public with the beginning of UFO sightings -and secret programs such as project Mogul-deterred interest in the field and certainly did not contribute in a positive way to the scientific progress. Babson's GRF first competition "for the best two thousand word essays on the possibilities of discovering some partial insulator, reflector or absorber of gravity waves" (Babson 1950, p. 344) could also be cited as an example of misunderstanding and phantasms about the matter to illustrate this. Bryce DeWitt even said "I won the Gravity Research Foundation first prize by writing something, essentially giving them hell for such a stupid-the way it had been phrased in those early years." 95Those unfortunate matters of fact pertaining to the perception of General Relativity in the scientific community went as far as making Einstein say "In Princeton they regard me as an old fool" as Leopold Infeld (1898-1968) reported and certainly discouraged many physicists to get involved in General Relativity research [START_REF] Eisenstaedt | General Relativity, a Theory Ahead of its Time[END_REF]. This can somewhat be easy to put in evidence:

Chandra particularly mentions that Niels Bohr discouraged him from making a move into relativity. [...] Kip Thorne reports that he received similarly negative advice when he was contemplating doing graduate work in relativity in the early 1960s. [...] when I moved into gravitational wave detection, many astronomers told me I was throwing away my career. (Schutz 2012, p. 260).

Putting apart the fact that this conference's official objective was inaugural, it managed to serve a different purpose by bolstering the interest for Gravitational research despite being a "closed event" organized by Bryce DeWitt. Indeed, in the Foreword to Feynman Lectures on Gravitation, John Preskill and Kip S. Thorne relayed a comment by DeWitt:

Although he felt that some of the discussion at the Chapel Hill conference was nonsensical (as did I), I think he had a reasonably good time there. I remember him being very interested when I showed that his path integral for a curved configuration space leads to a Schrödinger equation with a Ricci scalar term in it. The people at that conference (such as Bondi, Hoyle, Sciama, Møller, Rosenfeld, Wheeler) were not stupid and talked with him intelligently. (I had chosen the participants myself-it was a closed conference.) (Preskill 1995, p. 19) The conference consisted of 9 sessions (Renn 2011 During the different sessions, the questions of cosmological models and the reality of gravitational waves were addressed and fuelled new insights, in particular the now called "Feynman's sticky bead arguments", and ideas for research projects still in progress nowadays. A number of these then discussed interrogations are still unanswered, especially the ones about Quantum Gravity (Renn 2011;pp. 3-4). Feynman's perceptions on "gravitational theory" was that the lack of experiments was probably the major difficulty. Since the ability to conduct experiments in order to test hypotheses and the like was so limited, the only option left for them was to do as best as they could with what they had, which to Feynman was their imagination. To do so, Feynman advocated for an exploratory approach in which a scientist would "play games" and explore make believe situations in which an experiment was done. Thus, instead of lamenting the challenging difficulty of doing impossible experiments and obtaining their results, they should undertake this -oftenmuch less meticulous approach, not shying away from approximations, attempting new things, and following the loose threads they entangled until their encounter with an inconsistency:

[However] one can do an enormous amount by various approximations which are non-rigorous and unproved mathematically, perhaps for the first few years. […] The attempts at mathematical rigorous solutions without guiding experiments is exactly the reason the subject is difficult, not the equations. The second choice of action is to 'play games' by intuition and drive on. Unsurprisingly for someone like Feynman and according to his character (cf. Surely You're Joking Mr. Feynman) he advised the following: I think the best viewpoint is to pretend that there are experiments and calculate. In this field since we are not pushed by experiments we must be pulled by imagination. (Ivi. p. 272) Obviously, this kind of approach -imagination, thought experiments and the likes-was nothing new and has been used in a multitude of different fields an even greater multitude of times. However, with this statement, it is clear that Feynman recognized that there was potential in the field and that efforts should have been devoted sooner to this study despite the lack of actual practical experiments and possible observations. About this issue, Peter G. Bergmann (1915Bergmann ( -2002) ) also had something to say:

A call for more experiments at the present time is not likely to produce more experiments, but more experiments that have been suggested at this conference fall in two classes. First, do all old experiments over again with more accuracy and increased care. And as Dicke has pointed out, if an experiment reported an accuracy great enough to check on the energy of interaction of weak interactions it might give a result different, in principle from those done up to now. The other type of experiments which are going on, and ought to be going on, are those intended to shed light on cosmological problems at all levels. Actually, there exists a third type of experiment which is apparently not feasible, and is not going to be feasible for a long time. This type considers the detection of gravitational waves. (Ivi. p. 277)

[…] The most important of these [special] questions [where things having physical or model significance] which must be settled is, are there gravitational waves? At the present there is no general agreement. (Ivi. pp. 277-278) On Feynman's Sticky Bead Argument. Feynman was absent during some sessions about gravitational waves, nevertheless, when the question of whether gravitational waves could carry energy arose, Feynman gave his view on the matter by sharing his thought experiment.

According to him, it was easy to see that gravitational waves could carry energy and do work if they were indeed a real phenomenon: I think it is easy to see that if gravitational waves can be created they can carry energy and can do work. Suppose we have a transverse-transverse wave generated by impinging on two masses close together. Let one mass A carry a stick which runs past touching the other B. I think I can show that the second in accelerating up and down will rub the stick, and therefore by friction make heat. I use coordinates physically natural to A, that is so at A there is flat space and no field (what are they called, "natural coordinates"?). Then Pirani at an earlier section gave an equation for the notion of a nearby particle, vector distance η from origin A, it went like, to 1 st order in η

𝜂̈𝑎 + 𝑅 0𝑏0 𝑎 𝜂 𝑏 = 0 (𝑎, 𝑏 = 1, 2, 3)
R is the curvature tensor calculated at A. Now we can figure R directly, it is not reasonable by coordinate transformation for it is the real curvature. It does not vanish for the transverse-transverse gravity wave but oscillates as the wave goes by. So, η on the RHS is sensibly constant, so the equation says the particle vibrates up and down a little (with amplitude proportional to how far it is from A on the average, and to the wave amplitude.) Hence it rubs the stick, and generates heat.

Feynman then commented on the argument that there might not be a relative motion between the particle and the stick because of the way the gravitational field might force the stick to distend and contract:

[…] this cannot be. Since the amplitude of B's motion is proportional to the distance from A, to compensate it the stick would have to stretch and shorten by certain ratios of its own length. Yet at the center it does no such thing, for it is in natural metric -and that means that the lengths determined by size of atoms etc. are correct and unchanging at the origin. In fact that is the definition of our coordinate system. Gravity does produce strains in the rod, but these are zero at the center for g and its gradients are zero there. Thus a quadrupole moment is generated by the wave. Now the question is whether such a wave can be generated in the first place. First since it is a solution of the equations (approx.) it can probably be made. Second, when I tried to analyze from the field equations just what happens if we drive 4 masses in a quadrupole motion of masses like the figure above would do -even including the stress-energy tensor of the machinery which drives the weights, it was very hard to see how one could avoid having a quadrupole source and generate waves. Third my instinct is that a device which could draw energy out of a wave acting on it, must if driven in the corresponding motion be able to create waves of the same kind. The reason for this is the following: If a wave impinges on our "absorber" and generates energyanother "absorber" placed in the wave behind the first must absorb less because of the presence of the first, (otherwise by using enough absorbers we could draw unlimited energy from the waves). That is, if energy is absorbed the wave must get weaker. How is this accomplished? Ordinarily through interference. To absorb, the absorber parts must move, and in moving generate a wave which interferes with the original wave in the so-called forward scattering direction, thus reducing the intensity for a subsequent absorber.

In view therefore of the detailed analysis showing that gravity waves can generate heat (and therefore carry energy proportional to R² with a coefficient which can be determined from the forward scattering argument). I conclude also that these waves can be generated and are in every respect real.

I hesitated to say all this because I don't know if this was all known as I wasn't here at the session on gravity waves. (Renn 2011, pp. 279-280) Feynman never published about this idea, but there is a letter 96 in which this work is described:

[…] the letter describes Feynman's gravitational wave detector: It is simply two beads sliding freely (but with a small amount of friction) on a rigid rod. As the wave passes over the rod, atomic forces hold the length of the rod fixed, but the proper distance between the two beads oscillates. Thus, the beads rub against the rod, dissipating heat. (Preskill 1995, p. 17)

A more contemporary formulation of Feynman's idea. Feynman's gravitational wave detector is simply a rod with two sliding beads. When a gravitational wave passes through the rod and beads, the beads are follow the expansion and contraction of space while the rod resists the change because of the atomic forces between its atoms. This implies that as the beads move along the rod, these beads should generate friction and thus heat thus showing that gravitational wave can transmit some of their energy into matter.

96 Unpublished letter to Victor F. Weisskopf, January 4-February 11, 1961; in Box 3, File 8 of The Papers of Richard P. Feynman, the Archives, California Institute of Technology. (Feynman RP 1961) 

The Effects of a Gravitational Wave

As we have already seen, gravitational waves produce a number of effects when passing, namely lengths contraction and dilatation. Keeping in mind that these effects are extremely small coupled to the fact that their sources are at great distances, the detectors must therefore be extremely precise. Considering a simple example using the framework of flat spacetime, the passing of a gravitational wave through along an axis perpendicular to the plane in which a ring of test particles is at rest, one would observe the properties discussed in Chapter 1. These effects have a direct impact on the measurements made by the gravitational detectors, since the variations in the lengths of the arms induce variations in the light arriving on the photodetector.

The signals follow the Einstein quadrupole radiation formula97 :

ℎ = 𝛥𝐿 𝐿 = 𝐺𝑀 𝑐²𝑅 𝑣² 𝑐² (4.1)
where 𝑀 is the mass scale of the source, 𝑣 its velocity, 𝑅 the distance of the source to the detector, 𝛥𝐿 the strain on the free masses of the detector and 𝐿 the distance between them. For example, the required strain sensitivity for the LIGO detectors is ℎ < 3. 10 -24 𝐻𝑧 -1/2 .

The Interferometers Method

In order to understand how to actually detect gravitational waves, one of the first steps is to understand what an interferometer is and how it functions. Also called a Michelson Interferometer or sometimes a "Michelson's", this device invented by Albert Abraham Michelson consists of an optical configuration using a light source, a beam splitter, mirrors and a photodetector. The light produced by the source (usually a laser) is split by the beam splitter (oriented at a 45° angle), then the two light beams are reflected back to the beam splitter which recombines them in the photodetector and the superposition of the amplitude is then measured. This setup can be arranged in a variety of ways, with different lengths of arms or with an additional optical apparatus; for example, it allows observation of the result of the interference pattern or can be set up in such a way that the result of the interferences is calibrated on dark fringe interference which corresponds to destructive interferences. In this last example of an interferometer calibrated on dark fringes, the photodetector would measure the luminosity of the recombined beams thus indicating changes along the paths of the beams 98 .

The Michelson interferometer is very well-known for its use in the Michelson-Morley experiment of 1887 in which its configuration was set up to detect the absolute motion of the Earth through a hypothetical luminiferous aether. As referenced in Poincaré's Sur la Dynamique de l'électron of 1905, discussed in Chapter 3, the experiment's results refuted the belief of many scientists of that time in the hypothesis that this luminiferous aether was the medium through which light was propagating.

According to Rainer Weiss, the idea of using an interferometer to detect the effects of a gravitational wave passing can be attributed to Felix Pirani (1928[START_REF] Pirani | Invariant Formulation of Gravitational Radiation Theory[END_REF] and Philip Chapman who thought of it independently and published in 1956:

The principal idea of the anrenna is to place free masses at several locations and measure their separations interferometrically. The notion is not new; it has appeared as a gedanken experiment in F. A. E. Pirani's studies of the measurable properties of the Riemann tensor 99 , However, the realization that with the advent of lasers it is feasible to detect gravitational waves by using this technique grew out of an undergraduate seminar that I ran at M. I. T. several years ago, and has been independently discovered by Dr. Philip Chapman of the National Aeronautics and Space Administration, Houston. (Weiss 1972, p. 58) 

The Gravitational Waves Observatories

LIGO & VIRGO

The LIGO and Virgo gravitational wave detectors are giant Michelson Interferometers in essence. However, with their kilometric long arms, their state of the art mirrors suspended in vacuum and the superattenuators, they are far from being simple interferometers. They are the culminating point of technological marvels and research in many different fields of Physics and scientists working together towards the same goal. The twin detectors of LIGO and Virgo, their sibling, are very similar both in design and technology -for instance, their mirrors are produced by the same group. When a gravitational wave passes through the arms of the detector, it produces a change on the quantity of light detected -power (commonly noted 𝛿𝑃 𝑑𝑒𝑡 ) by the photodetector. The detectors are set up in a dark fringe configuration such that when both arms of the detectors have the same length, and since the beams have been set up to have opposed phases they cancel each other and there is no light reaching the photodetector. However, when the lengths of the arms are varying, the sum of both beams is also varying and is differing from zero because the beams are no longer cancelling each other out. In this case, some light reaches the photodetector.

The aim of their setup is to bring the interferometer to its working pointdark fringe and Fabry-Pérot cavities on resonance-, to maximise the detected signal 𝛿𝑃 𝑑𝑒𝑡 and at the same time to filter out and eliminate as much as possible any unwanted noise or other things in order to only detect the effects of actual gravitational waves passing through the detectors. Indeed, as the goal is to measure a length difference of the order of 10 -18 m, almost any noise source becomes limiting. For instance, we can establish some raw approximations, e.g.:

 Fluctuations of the laser: a stable laser beam is needed (frequency, alignment, power…)  Mirror quality: low roughness (10 -10 m RMS), right curvature…  Seismic noise: the movement of the earth would be dominant at low frequencies without superattenuators (10 12 of attenuation from 10 Hz)  Pressure fluctuations: it is necessary to work under vacuum (P= 10 -9 mbar) I was invited to visit the Virgo site from the 9 th to the 15 th of June 2019, and took pictures of the actual facilities and devices. Below, the readers will find the same images as in the Introduction with expanded content. Because the observing runs for months, there are scientists in the control room at all times. In this picture, the three top screens (from left to right) are displaying: the status of the all the sensors of the interferometer in real time, those inform on different variables such as local noises from the environment (seismic activity, weather, etc.); the raw signal measurement, the sensitivity, status of the interferometer (science, locking, in lock, etc.). In addition to that, the four bottom screens display the live feed of cameras placed at different strategic places in the Michelson in order to have information about the beam.

In the room, there is also a simplified schema of the Virgo interferometer which is in the photograph below: the laser beam from wavelengths different from the fundamental mode of the laser, this provides a source of a constant and very stable wavelength. In fact the laser beam does multiple back and forth in this triangular arrangement in such a way that only one wavelength exactly can proceed on its way, the other wavelengths being scattered. This stability is critical for the system in order to lock the interferometer and reach the sensitivity goal. The beam then enters a Faraday Isolator (in yellow in Fig. 4.6.1.d.) the function of which is to guarantee that the light cannot go backwards in the system (towards the IMC). These components make up the Injection system of the Virgo Interferometer.

The laser then passes through the Power Recycling Mirror (PRM) the function of which is to reflect the portion of light on its way back that is not reflected by the beam splitter to the photodetector and reinvest it in the system. It then passes the Pick-Off-Plate (POP) the role of which is to inform on the configuration of the laser by analysing a small sample of light.

The next step is the separation of the beam in two by the Beam Splitter (BS) which is essentially a semi mirror that has the property of allowing 50% of the photons to pass through it and forces the other 50% to be reflected.

Each laser beam then passes through the Compensating Plates. The Compensating Plates are there to correct the deformations produced by the thermal energy on the mirror as they receive a lot of radiation from the laser, which naturally causes them to deform. These devices compensate the change in the nominal curvature of the mirrors because of the variation of temperature. Following this, the laser beams enter the Fabry-Pérot cavities.

The Fabry-Pérot cavities are -located in-the actual arms of the detector and are delimited by the IM and EM mirrors. The Fabry-Pérot cavities are used to store photons making them bounce a great number of times between the IM and EM mirrors. This artificially increases the lengths of the arms and thus allows light to have a greater time interval for an interaction with a gravitational wave and therefore increases the sensitivity at low frequencies.

Next, the beams hit the BM and are redirected and pass through the SRM (Signal Recycling Mirror) and enter the OMC (Output Mode Cleaner).

The purpose of the OMC is to spatially clean the signal. This means that this device is used to remove aberrations in the beam due to imperfections, dust, dirt or damaged optics. One example would be the use of a focusing lens to compensate for the diffraction of the beam over a large distance100 . Then the beam finally reaches B1 (the Detection Bench).

The laser is produced in a white room in which eye protective gear is required to prevent eye damage due to reflections of the (invisible) laser on surfaces as well as a full body suit to prevent dust and other particles from entering the system. The laser beam then enters the Mode Cleaner the purpose of which is to stabilize the wavelength of the beam as much as possible so that only one wavelength can go through. Then, the laser beam enters the building where all the towers containing the mirrors, beam splitter and suspension systems are. The suspension system of the mirrors (superattenuators) in each of these towers is under vacuum (just like everything else) and an example of both is on display in the hall of the main building. After being split, the laser beam then travels along the 3 kilometre arms which are isolated from the exterior, on suspensions and permanently cooled. The mirrors (c.f. Photo 10) are incredibly smooth and very slightly curvedto compensate for the scattering of the light that happens over its travel in the arms-and have a coating size (thickness) of just a few layers of atoms. This coating is made out of Ta2O5. In my interview with Prof. Alain Brillet, he explained the principle behind the coating technique. In fact, the mirrors are produced in pairs in order to maximize their identicalness and are coated in pairs too. For the coating, they are put in a chamber under vacuum in which a laser blasts a target made out of the coating material. The setup is made such that both mirrors are coated at the same time by the particles ejected by the target when it is blasted by the laser. The characteristics of the mirrors were given to me by Julia Casanueva at Virgo and are as follows: 35 centimetres of diameter, 20 centimetres of width, and 42 kilograms of fused silica for a reflectivity factor of 0,9998 (for the mirrors at the extremity of the arms).

The control of the mirrors and their quality is of paramount importance. On one hand the mechanical losses in the coating determine the quality factor of the mirrors as the laser exerts pressure on them because even if photons are massless, they still carry momentum. Therefore, when the laser is turned on, the mirrors are experiencing this as a pressure which pushes them back by reaction. Although this effect is negligible in usual circumstances for other experiments, this is far from being negligible here. Indeed, due to the levels of precision required and the scales at which LIGO and Virgo operate, this effect is pretty significant and needs to be taken into account. Moreover, the displacement of the mirror surface due to its thermal vibration has also to be taken into account and corrected. On the other hand the optical losses in the coatings due to the absorption of some of the photons determine the amount of power which is lost in the Fabry-Pérot cavities and consequently they also determine the power that is stored in the recycling cavity. These effects determine the amount of quantum noise which is expected to limit the sensitivity at the higher frequencies -the "shot noise" which is a direct consequence of the quantum nature of light which is responsible for the statistical fluctuations on the number of photons detected. This shot noise from photons of wavelength λ limits the determination of the shift of a fringe in an interferometer and is at best λ (N) -1/2 where N is the number of photons (LIGO-India proposal).

Titanium doped Ta2O5 coatings recently developed at LMA are -if not the best-among the best solutions known so far. In fact, this type of coating offers one of the best reflectivities that we can currently achieve and is the reason why the wavelength of the laser was chosen to be in infrared, as it is in the optimal range of wavelengths to be reflected and provides minimal absorption.

There are new types of fused silica with smaller absorption that are available today (smaller than 1ppm) that are considered for later upgrades. The bulk absorption for this material being 3 times less significant than the one used for Virgo, while the other specifications (quality factor, index homogeneity, residual strain, birefringence) are still the same. Reducing the absorption in the substrates is clearly of great interest as the power absorbed causes thermal lensing in all transmissive optics. However, the thermal effects generated by the coating absorption are the dominant effects.

In general, the polishing quality of the mirrors is characterized by two different parameters: their flatness and their micro-roughness. The first parameter is expressed as the root mean square (RMS) of the difference between the perfect surface and the actual surface as measured by phase map interferometer; in other words, the RMS between the microscopic peaks and valleys in the surface of the mirror. The second parameter gives a measurement of the mirror surface roughness at small scale lengths. The distinction between these two different length scales originates in the fact that different instruments are used to measure them: both effects contribute to scatter the light from the fundamental mode to higher order modes and generate losses and additional noise. These polishing losses play an even more important role in Advanced Virgo due to the higher finesse -which quantifies the amplification of the light inside-of the cavities. Moreover, depending on the difference in the losses between the two cavities they are sources of finesse asymmetry and contrast defects.

The mirrors are equipped with a Thermal Compensation system to counteract the thermal lensing effect due to their heating by the laser, as this effect can deform the mirrors and thus scatter the beam. The Thermal Compensation system consists mainly of two actuators: a Ring Heater (cf. Fig. 4.6.1.r.) which induces a divergent lensing by heating the external parts of the mirrors and a Double Axicon System (cf. Fig. 4.6.1.q.) which induces a convergent lensing.

This system is necessary because the thermal energy the mirrors are subject to influences their index of refraction. Moreover, as the heat they receive is not uniformly distributed this creates local differences in the index of refraction of the mirrors, which in turn generates an effect similar to the "Mirage" discussed in Chapter I, in that it alters the coherence of the beam (the wavefronts of the beam are modified and scatter more if the substrate is not perfectly homogeneous, i.e. if its thermal energy is not uniformly distributed). This is illustrated in the figures below: The Thermal Compensation system facilitates adaptive optics that can greatly reduce the otherwise unavoidable aberrations, loss of Gaussian properties and other critical features of the beam. These mirrors weigh 42 kg. They are -obviouslyunder vacuum and are suspended in their towers by monolithic fibres of silica only 400 µm thin -for comparison, the thickness of a human hair ranges between 50 and 100 µm. These super thin fibres link the mirrors with the superattenuators.

In order to reach nominal detection sensitivity at low frequencies, the mirrors of the interferometric gravitational wave detectors must be isolated from seismic noise. These vibration isolators are the devices referred to as superattenuators.

The superattenuators are around 9 meters high. They can be divided in two parts: the top stage which is made of six mechanical filters plus the inverted pendulum, and the bottom part which incorporates the "Marionetta" and the mirror. These components of this system is controlled using coil-magnet pairs. The whole system is set up such that all the optical cavities are suspended and coupled. Moreover, to attain resonance in order to maximize the power resonating inside each cavity, it is possible to tune the cavities lengths on a microscopic scale. The seismic noise attenuation is crucial for the detection of gravitational waves in ground (Earth) based interferometers. When I talked with Valerio Boschi he explained that the displacement of the test masses of the Virgo Interferometer had to be decreased to around 10 -18 m/√Hz in the 10 Hz -10 kHz detection band and that to achieve such a strong attenuation, the superattenuators were designed in a very specific way. For instance, there are two main types of approach that one can use for attenuation devices or other systems: active or passive. On one hand for the active approach, as its name suggests, there is a control system that commands the actuators the role of which is to counterbalance whichever effect one wants to reduce. On the other hand, for the passive approach, the idea is to use the fundamental properties of a particular setup to remove as much as possible the unwanted motions. Of course, both approaches can be used at the same time for maximum efficiency. The superattenuators in the Virgo installations were built in order to be able to reduce the seismic noises by more than 10 orders of magnitude for a seismic isolation in all six degrees of freedom above a few Hz.

The superattenuator structures (Fig. 4.6.1.s) can be subdivided into three principal parts: the inverted pendulum (referred to as IP); the chain of seismic filters starting at filter0 to filter7 (the steering filter); and the payload (the marionette, the reference mass, and the mirror).

The inverted pendulum is itself subdivided into three 6 meter long hollow legs supporting the top ring which is an interconnecting structure from which the seismic filters are suspended. The filters are suspended one after another in the chain and are each equipped with a set of sensors and actuators set up in a "pinwheel" configuration. This allows the active damping of the inverted pendulum resonance modes.

Additionally, these passive filters in the chain, which consist of an 8 m-long set of five cylindrical passive filters, are able to diminish the seismic noise by 40dB each for the payload which is suspended from the last seismic filter of the chain in both the horizontal and the vertical directions. On Sensitivity plots. The sensitivity of the Virgo interferometer is subject to changes and has to be evaluated in real time. However, as you can observe in the figures below, some of the peaks of the curve (which actually represent weak spots of the sensitivity) are always there. In fact, these permanent features are intrinsic to the design of the detector (for instance, the violin modes of the suspension system) or due to other physical effects (such as quantum effects of light, Brownian motion in the mirrors, etc.). "The plotted quantity, called 'BNS range', is the distance at which the merger of a BNS system gives a matched filter signal-to-noise ratio (SNR) of 8 in Advanced Virgo with the current sensitivity; the distance is averaged over all the possible sky localisations and binary orientations. Each neutron star in the binary is assumed to have mass equal to 1.4 solar masses. The BNS range is given in units of megaparsecs (Mpc): a parsec is equal to 3.26 light-years. The stability of the range with respect to time reflects the stationarity of the detector; when Advanced Virgo is not locked then the range drops to zero (yellow shaded area).

The plotted quantity, called 'BBH range', is the distance at which the merger of a BBH system gives a matched filter signal-to-noise ratio (SNR) of 8 in Advanced Virgo with the current sensitivity; the distance is averaged over all the possible sky localisations and binary orientations. Each black hole in the binary is assumed to have mass equal to 30 solar masses. The BBH range is given in units of megaparsecs (Mpc): a parsec is equal to 3.26 light-years. The stability of the range with respect to time reflects the stationarity of the detector; when Advanced Virgo is not locked then the range drops to zero (yellow shaded area)."

The Mirabilis Data

The first observing run of the Advanced LIGO gravitational wave observatories, referred to as O1, lasted from September 12, 2015 to January 19, 2016. During this period, the twin detectors collected 51,5 days of coincident observations. The second observing run O2 of the Advanced LIGO gravitational observatories began on November 30, 2016 and ended on August 25, 2017. The Advanced Virgo gravitational observatory joined O2 on August 1, 2017. Thus allowing the first observations of gravitational waves with three detectors and greatly increasing the sky localization of the gravitational wave signals (LIGO Scientific Collaboration and Virgo Collaboration 2016;2019).

The gravitational waves from compact binaries carry information about the physical properties of the sources. These can be inferred from their waveforms and extracted through the use of models which are themselves built via post-Newtonian calculations, Bayesian inference and numerical relativity. For instance, for binary black holes, these describe the evolution of the binary -inspiral, merger and ringdown-which gives information on the characteristics of the system such as its masses, spins (LIGO Scientific Collaboration and Virgo Collaboration 2016, p. 6;2019, p. 2).

On the raw signal. The raw signal is in fact a measurement of the strain amplitude in the detector. This strain corresponds to the noise in the detector when no gravitational wave is passing through it, and a superposition of noise plus the gravitational wave signal when a gravitational wave passes. Thus we have:

𝑠(𝑡) = 𝑛(𝑡) + ℎ(𝑡) (4.2)
where 𝑠(𝑡) is the strain, 𝑛(𝑡) the noise and ℎ(𝑡) the gravitational wave signal. (Cutler C, Flanagan EE 1994, p. 5)

The signal-to-noise ratio (SNR) for a given detector being (Wang 1996, p. 3):

𝜌(𝑧) = 8 Θ 𝑟 0 𝑑 𝐿 (𝑧) ( ℳ(z) 1.2 𝑀 ⊙ ) 5/6 𝜁(𝑓𝑚𝑎𝑥) (4.3)
where 𝑑 𝐿 is the luminosity distance to the source, 𝑟 0 and 𝜁(𝑓𝑚𝑎𝑥) are depending on the detector's noise power spectrum, Θ is the angular orientation function (Finn 1993) and the expected SNR of a signal ℎ(𝑡) can be expressed as:

𝜌 2 = ∫ (2|ℎ ̃(𝑓)|√𝑓)² 𝑆 𝑛 (𝑓) ∞ 0 𝑑 ln(𝑓) (4.4)
where ℎ ̃(𝑓) is the Fourier transform of the signal, √𝑆 𝑛 (𝑓) the amplitude spectral density of the total strain noise of both detectors calibrated in units of strain per Hz 1/2 (LIGO Scientific Collaboration 2016a, p. 8).

On signal analysis. Fortunately, because the gravitational wave signals are so characteristic, it is possible to use a match filtering technique. Once the different relevant regions of the raw signals have been identified and cleared of external nuisances, they undergo a series of treatments such as noise reduction and are compared between one another in order to identify potential gravitational wave candidates.

First of all, the frequencies at which the detectors have the largest noises are supressed. Moreover, when a significant noise source is identified, polluted data are removed from the final analysis data set (Ibidem), then each template there is an analysis of the signal to noise ratio in order to be able to quantify how much the potential gravitational wave signal stands out compared to the noise. This step is important because unless the signal is strong enough to bypass a certain threshold, it would be unrecognizable from a random noise fluctuation. This process is as automated as possible and consists in scanning the signals together for common features within timeframes consistent with Relativity theory, i.e. since gravitational waves travel at the speed of light, the signals are examined such that the time difference between the signals received by two detectors do not exceed the maximum time light would need to travel from one detector to the other and vice-versa.

On signal templates. In order to identify these common patterns effectively, one needs of course to know what to look for, common features are not enough. That is the reason why the scientific teams in charge are constantly adding new templates to their database. These templates are designed according to the theory and are in essence a direct result of its application to simulated events involving different binary systems of different characteristics (such as different masses, distances, source's location, orientation, etc.). Additionally, the combination of broad-band frequency and sensitivity of the detectors allow a very good matching selectivity between signal and template, and thus making a false positive very unlikely. Obviously, these are not the only characteristics relevant in a coalescing binary, however even if a certain number of other parameters or effects take place (such as orbital eccentricity), they are very small in comparison. These signals are often called "chirp signals" because of their waveform. Indeed, the sound these kinds of signals make when translated in soundwaves resembles a bird's chirp. At this point, it is important to note that this implies that since we are looking for matches between the developed templates and the actual detected signal, it is (so far) only possible to observe phenomena that we understand and for which we have templates. In other words, we could well be detecting unknown phenomena producing gravitational waves that we are still unaware of.

On the obtainable information. The analyses of the signals inform us on a number of characteristics of the systems involved. Indeed, these chirp signals actually contain a lot of information. At the end of its life, a binary system undergoes 3 main phases: the inspiral during which the two masses' orbits have diminished so much that the masses are about to collide, the merger or coalescence of the masses, and the ringdown which is the final release of gravitational radiation, carrying notably the information about the final mass of the resulting object. Each of these phases can be observed in the signal and each phase informs us on the system.

The overall obtainable information is listed below: (𝑀 1 +𝑀 2 ) 1/5 of the masses of the two bodies (Cutler 1994, p.1;Wang 1996 ;Blanchet 1996, p. 11) Remark: by convention, 𝑚 1 > 𝑚 2 .


The measured mass of a star in the binary is its true mass times 1 + 𝑧 [START_REF] Schutz | Gravitational wave sources and their detectability[END_REF](Schutz , p. 1777)):

ℳ ≡ ℳ 0 (1 + 𝑧) (4.5) where ℳ ≡ µ 3/5 ℳ -1/5 (4.6)
where µ is the reduced mass and ℳ is the total mass of the system. This combination is referred to as the "chirp mass." (Cutler 1994, p.1, 42;Blanchet 1996, p. 11).

The effective inspiral spin parameter χ 𝑒𝑓𝑓 can be defined as 102 :

102 Cfr. From the works of Cutler and Flanagan we also have:

The gravitational wave signal in the Newtonian approximation

Inspiraling compact binaries can be described, to lowest order, as two Newtonian point particles whose orbital parameters evolve secularly due to gravitational radiation, where the gravitational waves and corresponding energy loss rate are given by the Newtonian quadrupole formula. That is, the orbital frequency Ω at any instant is given by:

Ω = 𝑀 1/2 𝑟 3/2
where M ≡ M1 + M2 is the total mass of the system and r is the orbital separation.

The inspiral rate, for circular orbits, is given by:

𝑑𝑟 𝑑𝑡 = - 𝑟 𝐸 𝑑𝐸 𝑑𝑡 = - 64 5 µ𝑀² 𝑟 3
where µ ≡ M1M2/M is the reduced mass. Integrating this equation we obtain: 𝑟 = ( 256 5 µ𝑀²)

1/4

(𝑡 𝑐 -𝑡) 1/4 where 𝑡 𝑐 is the "collision time" at which (formally) 𝑟 → 0. Since the emitted gravitational waves are quadrupolar, their frequency f (cycles/sec) is equal to Ω/π (Cutler 1994, p. 15).

The radiated energy is estimated from the difference between the total mass of the system and the final mass as this difference directly gives the amount of mass converted in gravitational radiation (LIGO Scientific Collaboration and Virgo Collaboration 2018, p. 8):

𝐸 𝑟𝑎𝑑 = 𝑀 𝑠𝑜𝑢𝑟𝑐𝑒 -𝑀 𝑓 𝑠𝑜𝑢𝑟𝑐𝑒 (𝑀 ☉ )𝑐² (4.8)
103 A simple mass weighted linear combination for a one dimensional parameterization of the dominant spin effect found in the literature can also be used (LIGO Scientific Collaboration and Virgo Collaboration 2016b, p. 4):

χ 𝑒𝑓𝑓 = 𝑐 𝐺𝑀 ( 𝑆 1 𝑚 1 + 𝑆 2 𝑚 2 ) . 𝐿 |𝐿|
The luminosity distance is given by: 𝑑 𝐿 (𝑧) = (1 + 𝑧)²𝑑 𝐴 (𝑧) (4.9)

where 𝑑 𝐴 (𝑧) is the angular diameter distance (Wang 1996, p. 3).

For the final spin of a black hole of mass 𝑚, "the spin can be at most 

Analyses of Some Signals (2015-2017)

In this section I will explore some of the most interesting signals of the two first observing runs, (O1) and (O2), and their astrophysical implications.

GW150914

GW150914 was the first gravitational wave signal detected. The existence of gravitational waves was first established with radio observations of the orbital decay of PSR B1913+16, the first binary pulsar (Hulse 1975;Taylor 1982;c.f. Chapter 1). It was identified as a binary black hole merger and as such it provided the first observational evidence of the existence of binary black hole systems (LIGO Scientific Collaboration and Virgo Collaboration 2016c). Along with that, GW150914 also lead to the confirmation that "heavy" black holes exist 104 , that binary black holes also exist, and that binary black holes merge "within the age of the universe at a detectable rate" (Ivi. p. 5).

Moreover, the inspirals and mergers of binaries, whether with black holes or neutron stars, have been confirmed as sources of gravitational waves by ground-based gravitational interferometers (Thorne 1987, p. 330;Schutz 1989) with GW150914, GW170817 and the very recent gravitational wave candidate S190814bv 105 .

The luminosity distance of GW150914 was estimated to be "in the range of 230-570 Mpc (at 90% credible level) which corresponds to a redshift of 0.05-0.12 and an age of the universe of ;12.2-13.1 Gyr at the time of the merger" (LIGO Scientific Collaboration and Virgo Collaboration 2016c, p. 9).

The signal-to-noise ratio of the detection was very strong, estimated to be 24 (Yunes 2016). Since its detection, the signal has been very thoroughly studied, analysed and the latest values for the masses involved are t masses 104 c.f. (Belczynski 2010;[START_REF] Fryer | Pair-Instability Supernovae, Gravity Waves, and Gamma-Ray Transients[END_REF] Black holes are fully described by 3 physical properties: their mass, spin (angular momentum) and charge. The charge is usually considered to be neutral as a positively charged black hole would naturally tend to attract negatively charged particles, repel positively charged ones, and reciprocally, a negatively charged black hole would attract positively charged particles and repel negatively charged ones. Therefore, to describe the resulting black hole from the GW150914 event, we only need the final mass and spin which are estimated to be overall respectively 62.2 -3.4 +3.7 𝑀 ⊙ and 0.68 -0.06 +0.05 . (Ivi. p.

5)

Finally, even if this newer analysis managed to put a "tighter limit on the spin magnitude […] the recovery of the spin parameters (magnitude and tilt angles) is too broad to hint at whether the black hole binary was formed via stellar binary interactions or dynamical capture". (Ivi. p. 10) In other words, we are still uncertain if the binary black hole system at the origin of GW150914 was created by the black holes capturing each other or if they are the result of the death of a binary star system.

GW151226

This signal was the second confirmed gravitational wave signal of a binary black hole merger. Although, it should be noted that GW151226 is not the second gravitational wave event candidate, this position being occupied by the so called LVT151012 as it was called at that time but which unfortunately had a relatively low significance (LIGO Scientific Collaboration and Virgo Collaboration 2016e ,p. 3).

Unlike GW150914, the estimation of the masses of the two black holes are consistent with the usual observations found in x-ray binaries106 (Ivi. p. 6):

"The initial binary was composed of two stellar-mass black holes with a source-frame primary mass 𝑚 1 = 14.2 -3.7

+8.3 𝑀 ⊙ , secondary mass 𝑚 2 = 7.5 -2.3 +2.3 𝑀 ⊙ , and a total mass of 21.8 -1.7 +5.9 𝑀 ⊙ . The binary merged into a black hole of mass 20.8 -1.7 +6.1 𝑀 ⊙ , radiating 1.0 -0.2 +0.1 𝑀 ⊙ 𝑐² in gravitational waves with a peak luminosity of 3.3 -1.6 +0.8 × 10 56 erg/s"(Ivi. p. 4).

The signal-to-noise ratio for GW151226 was of 13 with a 𝜎 > 5 , therefore even if it was weaker than GW150914, there is no doubt that it was indeed caused by a gravitational wave. Moreover, since it involved black holes of lesser mass, the signal lasted longer, i.e. "there were many more cycles in band compared to GW150914" (Yunes 2016).

On the effective spin:

[...] the precessing and nonprecessing spin waveform models indicate that χ 𝑒𝑓𝑓 is positive at greater than the 99% credible level; therefore, at least one of the black holes has nonzero spin. We find that at least one black hole has a spin magnitude greater than 0.2 at the 99% credible level. (LIGO Scientific Collaboration and Virgo Collaboration 2016e, p. 5) GW170104's source is a heavy binary black hole system, with a total mass of ∼ 50 𝑀 ⊙ , suggesting formation in a sub-solar metallicity environment. Measurements of the black hole spins show a preference away from being (positively) aligned with the orbital angular momentum, but do not exclude zero spins. This is distinct from the case for GW151226, which had a strong preference for spins with positive projections along the orbital angular momentum. (LIGO Scientific Collaboration and Virgo Collaboration 2018) According to Kenta Hotokezaka and Tsvi Piran, the implications of the measured spins -of GW150914, GW151226 and LVT151012-were consistent with either Wolf-Rayet or Population III star progenitors (Hotokezaka 2017).

GW170608

As its name suggests, GW170608 is a gravitational wave signal that was detected on June 8, 2017. The gravitational waves producing this signal have been identified as originating from a black hole binary. GW170608 was measured at 02:01:16.49 UTC.

The most notable feature of this signal is that at the time of its publication, the masses involved in this black hole-black hole merger were estimated to have been 12 -2 +7 𝑀 ☉ and 7 -2 +2 𝑀 ☉ with a 90% certainty and a luminosity distance of 340 -140 +140 Mpc with a corresponding redshift of 0.07 -0.03 +0.03 , which made this binary system the lightest observed. (LIGO Scientific Collaboration and Virgo Collaboration 2017)

GW170814-The First Triple Detection

GW170814 was detected on August 14, 2017 at 10:30:43 UTC and corresponds to a black hole binary merger. This was the first time a detection was observed with three gravitational wave detectors: Virgo and the twin detectors of LIGO. Moreover, the signal-to-noise ratio was relatively strong with a value of 18 and with the addition of a detector, the false alarm rate dropped by an order of magnitude.

Prior to the coalescence, the black holes were estimated to have been 30.5 -3 +5. As for the first time three gravitational wave observatory were in observation and the three of them actually detected the same event, it was possible to drastically narrow the sky region from which the signal came (c.f. section 4.8). Moreover, it also allowed to examine the "gravitational wave's polarizations geometrically by projecting the wave's amplitude onto the three detectors" (Ivi. pp. [1][2] which, added to the fact that the gravitational waveform consists of only two polarization, further constrains sky localization.

GW170817-The First Neutron Stars Merger

When a massive star ends its life in a supernova explosion it leaves behind an ultra-dense core. This supernova remnant is called a Neutron Star. GW170817 was the first Kilonova, a Neutron star-Neutron star merger, which was detected by the gravitational waves observatories. Neutron stars should be much more common than black holes as black holes are usually made from the death of the most massive stars. This implies that neutron star binaries should be much more common than black hole binaries, however, the detections of black hole binaries are much more frequent (Mapelli 2018;McKernan 2018). The reason for this resides in the fact that neutron stars are much less massive celestial objects. The constraints for existing neutron stars are such that they need to fit in a certain range of mass-estimated to be between 0,8 𝑀 ☉ and 2,5 𝑀 ☉ for a radius of between 8 and 17 km (Miller 2014;Steiner 2013)-but this also means that the gravitational waves they can emit are much less powerful. This in turn implies that a neutron star merger needs to happen much closer to us for a detection to happen. In fact, if neutron star mergers need to happen approximately 10 times closer, by extension, it means that they need to happen in a volume around us 10 3 smaller; which translates to having to wait longer to make a neutron starneutron star merger detection compared to a black hole-black hole merger.

However, this type of merger has an advantage compared to binary black hole mergers: because binary neutron stars are less massive, they take a longer time to inspiral and merge. This has the effect that the gravitational waves they emit produce a detectable signal that lasts longer.

Finally, another advantage provided by this type of merger is that they have an optical counterpart: this type of merger emits electromagnetic waves across all the electromagnetic spectrum-especially gamma rays-, unlike binary black hole mergers which are dark. Fortunately, the Fermi satellite detected a gamma ray burst coincident with the detection of GW170817 in a galaxy 130 million years away. Actually, the gravitational signal arrives before the electromagnetic signal as the gravitational waves are getting stronger and stronger the more the neutron stars get closer during the inspiral (Nakar 2007, p. 55). In GW170817, the burst of gamma radiation arrived approximately107 1,7 seconds after the gravitational waves 108 .

This coincident detection provided information on the distance actually travelled by the gravitational waves thus giving the opportunity to discuss certain hypotheses.

For example, GW170817 allowed for the testing of a potential leakage of gravitational radiation in other dimensions [START_REF] Pardo | We stress that our results do not hold for extradimensional theories with compact extra dimensions[END_REF]. We usually think of space as tri-dimensional plus one dimension of time in order to have a 4Dspacetime (or rather a 3+1 spacetime), but there are a lot of theories (i.e. string theory) in which more dimensions are considered to explain certain phenomena and observations (i.e. the nature of dark energy,…). In General Relativity, the gravitational waves amplitude decreases inversely with luminosity distance:

ℎ 𝐺𝑅 ∝ 1 𝑑 𝐿 (4.10)
where 𝑑 𝑙 is the luminosity distance of the gravitational waves' source (Ivi. p. 2). However, in theories considering higher numbers of dimensions in which gravitational leakage may occur 109 , the relation becomes:

ℎ ∝ 1 𝑑 𝐿 𝛾 (4.11)
where 𝛾 depends on D, the number of dimensions (Ibidem):

𝛾 = 𝐷 -2 2 
(4.12)

Thanks to the independent measurements of on one hand the gravitational observatories and on the other hand the Fermi Gamma-ray Space Telescope, the distance the wave travelled was determined and the authors concluded that the results where "completely consistent with GR" (Ivi. p. 7). Thus excluding some theories. GW170817 was detected on August 17, 2017 at 12:41:04 UTC. This was the first time that the detection of a kilonova was observed with three gravitational wave detectors: Virgo and the twin detectors of LIGO. Thecombined-signal-to-noise ratio value was 32,4. The masses of the binary have been estimated to be 0.86 𝑀 ☉ and 2.26 𝑀 ☉ , for a total mass of 2.74 -0.01 +0.04 𝑀 ☉ and a luminosity distance of 40 -14 +8 Mpc, which corresponds to a redshift of 0.008 -0.003 +0.002 (LIGO Scientific Collaboration and Virgo Collaboration 2017b).

2017. The Nobel Prize in Physics

On October 3, 2017, The Royal Swedish Academy of Sciences decided to award the Nobel Prize in Physics 2017 to three scientists from the LIGO/VIRGO Collaboration with one half to Rainer Weiss, professor at the Massachusetts Institute of Technology and the other half jointly to Barry C. Barish and Kip S. Thorne, from California Institute of Technology "for decisive contributions to the LIGO detector and the observation of gravitational waves". 110 The Royal Swedish Academy rather appropriately called it "a discovery that shook the world".

Unfortunately, Ronald Drever who was expected to also receive the honours passed away in March 2017 and thus, according to the terms of the Nobel Foundation, was not granted the distinction, as Nobel Prizes cannot be awarded posthumously.

Final Remarks

In this part I have explored the role played by the pioneers of the search for gravitational waves, in particular the role played by Joseph Weber; and the major impact that the Chapel Hill Conference of 1957 had, in particular on the theory behind the physics of gravitational waves, but also on the bolstering effect it had on the actual search.

I have also showed the principles and methods for the detection of gravitational waves, through the study of the Virgo interferometer; as well as our contemporary understanding of gravitational wave astronomy, and associated phenomena. Furthermore, I have explored some of the astrophysical implications of some of the most noteworthy signals.

CHAPTER V Gravitational Waves: A History of Science & Technology in Society

An Outline. This part of the thesis I discuss the innovation in new collaborative approaches to doing science, but also the principles and the development of recent technological advances, and I explore the history of cosmology's main ideas and results and its impact on the notions and conceptions of the universe.

Finally, the future of gravitational wave astronomy as a new era of cosmology through the establishment of a network of detectors able to detect gravitational waves of the major parts of the gravitational wave spectrum will be discussed.

The Research: A New Collaborative Inquiring Approaches

Science and technology are without a doubt among the most potent forces driving human development. Furthermore, over the course of centuries it became more and more evident that science and technology have an interrelationship with their social, economic, and political contexts. This is especially obvious when considering the developments that happened during the last century with notably the impact of scientific research done both before and during times of social-economic-political crisis. Indeed, the development of science was not only done by a continuous effort to build on prior knowledge and results motivated by curiosity; but it was also pushed forward by innovation. For instance, this relationship between science and society can be easily illustrated by numerous examples such as the birth of planes from their creation to their development through aeronautics and related scientific fields which was definitely stimulated by military applications; the invention of radio; the elaboration and polio vaccination campaign; the Space Race between the USSR and the United States during the Cold War; and so forth.

At the end of the day science and technology shape our existence, both on an individual level and for humanity as a whole by defining what it is possible to do and how to accomplish things. This is thanks to the explanatory power of scientific models and theories and the structures they rely on, i.e. the organization of science, research, scientific institutions and communities on one hand but also communications, energy, transportation, and technological infrastructures on the other.

Historically, science started with both practical needs -such as quantifying and counting for trading purposes, dividing lands and territories, making architectural plans or blueprints, and so forth-, and with philosophical needssuch as finding explanations for physical phenomena or justifying religious beliefs-; while technical work or technology are arguably purely the result of practical needs in the first place -think of the first ever tools which were used: sticks and stones. Nevertheless, beyond these kinds of simple tools with basic uses, the development of science stimulated the development of technologies and vice versa. Indeed, the study of natural phenomena through the scope of mathematics and notably geometry produced a new discipline called natural philosophy which is nowadays called physics (Pisano 2009).

Furthermore, this led to the development of a new scientific approach with applied disciplines and the creation of machines, machineries and their own disciplinary field with the science of machines (Pisano 2014b(Pisano , 2015a)). This approach exposed the relationship between science and machines through their construction and their study; perhaps best exemplified by Sadi Carnot (1796Carnot ( -1832) ) and his Reflexions sur la puissance motrice du feu et sur les machines propres à développer cette puissance of 1824 (Cfr. Far from its beginning when some very talented individuals were singlehandedly responsible for great scientific advancements and paradigm shifts in their contemporary scientific community, and who are nowadays often referred to as geniuses or the greatest minds of their era and the likes; more recently, science is a not just work, but a professional career. As such, and because of the organization of science and research within scientific institutions and communities, the development of science and its advances are definitively socially and societally determined. Indeed, the time when isolated individuals make significant major discoveries, especially theoretical ones triggering paradigm shifts, appears to be over.

This matter of fact can be explained by the professionalization of the status of scientists and researchers, which includes information monitoring and reading publications in order to stay up to date, elaborating a research project, gathering interest and resources, conducting research, producing results and presenting them in convincing communications for peer-review, and so forth. Through these activities they become a sort of highly trained and qualified employee of institutions such as universities, laboratories and departments. From this follows that contemporary science is a collaborative effort and as such, by definition, a social endeavour. Therefore, it is no surprise that scientific work is associated with and revolves around notions such as scientific knowledge, scientific culture, scientific practices and methods, and so forth. Moreover, in our information age, scientists are also subject to societal problems and are expected to know and present solutions on how to solve them, irrespective of whether these problems are of an economic, environmental, or social nature.

Furthermore, the argument that science is necessarily social in nature has many implications. First of all, on an individual basis, this implies that being a scientist -or even merely scientifically educated-is associated with a specific social status: scientists are expected to have received a special kind of education and to have been trained in a specific way in order for them to be able to make observations and extract the truth from reality.

This has the consequence of making them appear as the holders of a certain authority and/or wisdom that only they possess, as long as they are not associated with the stereotypical image of the misunderstood genius; or even worse with the mad or evil scientist [START_REF] Haynes | From Alchemy to Artificial Intelligence: Stereotypes of the Scientist in Western Literature[END_REF]. In turn, science is certainly shaped by scientists whose knowledge, methods, practices and disciplinary culture are based on logics and evidence, but also influenced by their interactions.

Therefore, it seems logical that applied scientific knowledge grows in directions largely guided by socio-economic research interests, while fundamental research is much more unrestricted in this way. Indeed, when considering the allocation of resources and funding, applied research is preferred over fundamental research as the former has the potential of making a return on a short or medium term basis, compared to a long term return, if any, with fundamental research. However, we have to recognize that the socio-cultural and political contexts play a significant role on the actors involved in research and innovation; and by extension on the expectations and perspective of society. Indeed, as scientific knowledge grows, so do expectations and in turn, these expectations act akin to roadmaps organizing research priorities and often explicating milestones to attain. Some immediate examples come to mind thanks to the media and science communications or pop culture -especially science fiction-: for instance, the research and development of artificial intelligence and artificial neural networks and their development and integration in the industry with selfdriving cars; the research and development of fusion reactors revolving around the problematic of the environment and renewable energy; or more recently, the impact of the coronavirus -COVID 19-crisis which led to the commitment of €137.5 million in funding research and development projects 111 ; and so forth. This being justified by the expectation that investing in research will lead to greater capabilities in particular for quality of life, health and security.

Furthermore, the organization of research in different scientific fields, also shapes how investments, and the gathering and sharing of resources is done. Indeed, it follows from this that certain specializations are much more attractive for investors than others, and therefore get better funding.

Additionally, beside the understandable fact that research with immediate, concrete applications usually gets more funding, whether from public or private sources, this can lead to ethical problems for the researchers as this situation can bring conflicts of interest; conversely, this can also put pressure on the researchers to favour some kind of research over another or otherwise.

However, there is also an upside in regards to great funding of particular areas of research; in particular with the rise of Big Science and Big Data. Indeed, the strategies employed for this category of research has the advantage of centralizing resources for a common goal; and thus allows for greater scientific structures and greater equipment, devices, instruments or other apparatus that would be otherwise out of reach of smaller groups whether because of the price of acquisition or because of technical challenges involved in their development. Some examples of this are large collaborations such as, of course, the LIGO-Virgo Collaboration, but also the HL-LHC Collaboration, the Planck Collaboration, the Human Brain Project, and many others. It is important to note that such big scientific structures are multidisciplinary and international; and furthermore some of them also rely on the general public. This is especially the case for collaborations involving volunteers from the general public through the scope of citizen science, which is designed as a context in which scientific research is partially done by non-professional scientists; in fact their scientific work is undertaken in concert with professional scientists and institutions. For example: "Planet Hunters" which was a citizen science project that aimed to find exoplanets, now part of the zooniverse.org platform for people-powered research or "Foldit" which is a gamified application for protein folding research.

As these kinds of initiatives are more and more present, the scientific communities involved are able to transmit their cognitive framework, vocabulary, perspectives, methods, techniques, and expectations. Therefore, through these interactions, the gap between scientists and non-scientists closes more and more. Indeed, in such context, the citizens are made aware of the impact of their contribution to the advances of science, as well as the science and stakes behind the initiative or the project.

This in turn influences both society as a whole, but primarily scientific organization and politics, as it is now demonstrated that some of the public is interested in helping the scientific community and therefore that under certain situations, scientists can delegate some of its workload to good-willed people.

In fact, societies make themselves not only through knowledge but also through the design, construction, and use of material devices, infrastructures and practices of science and technology. Furthermore, these types of large collaborations legitimize the activities of scientists while also providing inspiring challenges and narratives promising a better future.

In fact, these narratives and the expectations associated with them are without a doubt a great driving force for technological and social advancement, whether the expectations are positive or negative, e.g. curing a disease, an upcoming environmental catastrophe, and so forth.

Science & Technologies: New Devices to Detect

The development of science and the development of technologies evidently go together. Therefore, it is of no surprise to see that the recent discovery of gravitational waves led to new ideas, new models and innovations in order to improve our understanding of the phenomena.

Nowadays, gravitational wave detection is essentially done with interferometers or by indirect detection. However, new ideas, tools, techniques, and measurements have been and are continuously developed.

Among those are:

 From Quantum metrology, is the investigation of the use of a Bose-Einstein condensate (BEC) as a high frequency gravitational wave detector [START_REF] Robbins | Bose-Einstein condensates as gravitational wave detectors[END_REF]). Indeed, it has been showed that small spacetime distortions can produce phononic112 excitations in a BEC that could be used for gravitational wave detection (Sabin 2014);  The experimental proof of the theoretical bypassing of the standard quantum limit (SQL) -the limit to the precision with which the position of an object can be measured continuously-by measurements done with the Advanced LIGO mirrors 

The Universe in Society: a Revolutionary Change of View

Cosmology is the study of the Universe; it is probably as old as mankind with the first myths of the conceptions of the world and the universe.

Cosmology has been revolutionized many times from the religious cosmogonic myths to nowadays and our current understanding of the Universe. Indeed, since mankind looked up to the sky and wondered about its place in the world, several attempts to explain the origin of the universe have been made, among which the most commonly well-known are the ones of the major religions.

Nevertheless, with the advances in science, the readers will be certainly most familiar with certain milestones reached during the development of Cosmology as we understand it today; namely that the Earth was considered to be flat until Antiquity and the Greeks understood that it was actually more like a globe; that the Earth was the centre of the Universe and that the other celestial bodies, like the Sun and the Moon, were revolving around it, until Copernicus; and so forth.

In this type of context, the place of humanity in the world and the conceptions of the origins of the universe, it is no surprise that this type of questioning impacted society; beyond the scientific nature invoked there are philosophical, spiritual and religious implications that necessarily influenced -and are still influencing-society and its development. Indeed, while it had always been rather dangerous to express views diverging from the general consensuses, it was especially dangerous to oppose religious entities. However, although it would be pleasant and comforting to think that such things belong to the past and that science prevailed, we are unfortunately forced to recognize that even contemporarily there are a number of vestiges of old philosophies, superstitions and conceptions that have survived and are still thriving, despite their blunt defiance of logic; for example: Astrology and the Modern flat Earth societies. Though, Science and Religions are not necessarily incompatible in the sense that we should distinguish an important difference between the two: which is that they differ by the very nature of the questions they ask. More specifically, Religions give explanatory reasons for Why things happen while Science is charged with answering questions about How things happen.

In the end, Cosmology is mainly an observational science -since the actual objects studied are for the major part too far away to experiment onand as such it is heavily dependent on the tools available to scientists and their precision to confirm or refute cosmological and astrophysical theories.

Observational Cosmology. Advances in Cosmology relied on both theoretical discoveries and technological inventions. In particular, thermodynamics, Quantum Mechanics and General Relativity, and the invention of telescopes, spectroscopy, the measurement of parallaxes of stars and the invention of photography to record images. Indeed, while key concepts evolved from naked eye observations of the first astronomers who noticed that certain stars had quite peculiar motions, planets, contrary to the rest of the stars which were fixed [START_REF] Fernie | The Historical Quest for the Nature of the Spiral Nebulae[END_REF](Fernie , p. 1190) ) in their relative position on the celestial sphere, which led to the different planetary models, it was nevertheless the invention of the telescope, which allowed an artificial extension of vision, that enabled the understanding that most of the stars in the sky were actually celestial bodies akin to the Sun, but seen from very far away. This invention almost single-handedly gave the final blow to the anthropocentric view of the Universe in which the Earth is located at its centre.

Actually, it is notably thanks to this -at the time-new instrument that Galileo Galilei (1564Galilei ( -1642) ) and Johannes Kepler (1571Kepler ( -1630)), who figured out the mathematical relationship between the movements of planets on their orbits, were able to lay an exploitable basis for Isaac Newton's (1643-1727) Theory of Gravitation. Since then, the refinement of telescopes, lenses and mirrors have been improved again and again up to almost unconceivable precisions. Much of the technological developments that were ultimately very beneficial to Cosmology were in fact done by military initiatives. (Longair 2001, p. 67) In particular for radio astronomy, which was started by Karl Guth Jansky (1905-1950;1933;[START_REF] Longair | The Technology of Cosmology[END_REF], the Second World War and following decades made the importance of radio communications and radar technology apparent, and that therefore there was a critical need for improving radio technology. Thus, thanks to military funding, the technology for radio astronomy greatly improved. Furthermore, for Ultraviolet, X-rays, gamma rays, since the atmosphere is opaque to radiation with wavelengths shorter than 330 nm which implies that observations had to be done from space, the race to space that happened during the Cold War, and the development of surveillance projects meant to detect nuclear activity, greatly profited astronomy and therefore Observational Cosmology too.

In fact the whole of the electromagnetic spectrum became available for astronomical observation and completely new approaches to the determination of cosmological parameters and the origin of structure in the Universe became possible.

From Galactic to extragalactic astronomy. Until the development of telescopes, the first cosmologies of the modern era had to be speculative. Among the most well-known of these is Descartes' model [START_REF] Descartes | Le Monde de M. Descartes, ou le Traité de la lumière et des autres principaux objets des sens[END_REF]cfr. Figures 5.3.a & b) and the concept of "island Universe" probably originating from Immanuel Kant [START_REF] Fernie | The Historical Quest for the Nature of the Spiral Nebulae[END_REF](Fernie , p. 1192) who postulated that they were separate "worlds" similar to ours i.e. the Milky Way galaxy; but also Thomas Wright's (1711Wright's ( -1786) ) An Original Theory or New Hypothesis of the Universe of 1750 [START_REF] Wright | An Original Theory Or New Hypothesis of the Universe, Founded Upon the Laws of Nature: And Solving by Mathematical Principles the General Phaenomena of the Visible Creation, and Particularly the Via Lactea[END_REF]cfr. Figure 5.3.c.) and William Herschel's (1738-1822) contributions [START_REF] Fernie | The Historical Quest for the Nature of the Spiral Nebulae[END_REF](Fernie , p. 1191(Fernie -1192)).

[…] Imagine for example that the points, S. The problem with these early cosmologies was that they lacked observational validation. When these ideas were put forward, the only star whose distance was known was the Sun. The first parallax measurements of stars were only made in the 1830s by Friedrich Bessel, Friedrich Georg Wilhelm Struve and Thomas Henderson. Nonetheless, these speculations, works and measurements formed the background that culminated in the "Shapley-Curtis Debate", or the "Great Debate" (Hetherington 1967;Trimble 1995) on whether there was only one stellar universe or on the contrary a great number of "island universes" similar to our own which took place on April 26, 1920; and which was later settled notably thanks to the work of Edwin Hubble (1889Hubble ( -1953)). Indeed, Donald Fernie (1933-) wrote:

The settlement came almost five years later. On New Year's Day, 1925, in a paper to the American Astronomical Society meeting in Washington, D. C., Edwin Hubble announced the discovery of cepheids in M31 and M33. It was, ironically, Shapley's own period-luminosity relation which, when applied to these cepheids, showed them to be at such great distances that there could no longer be any doubt that their parent nebulae truly were galaxies [START_REF] Hubble | Cepheids in Spiral Nebulae[END_REF]. [START_REF] Fernie | The Historical Quest for the Nature of the Spiral Nebulae[END_REF](Fernie , p. 1125(Fernie -1126) ) Actually, Hubble did not just prove the existence of galaxies [START_REF] Hubble | Cepheids in Spiral Nebulae[END_REF]), but made other great contributions to Astronomy and Cosmology. Indeed, in 1929working with Milton Humanson (1891-1972) on spectroscopy, he found that the light from galaxies moving away from the Earth had longer wavelengths than expected and that all galaxies seemed to be moving away from us (cfr. [START_REF] Hubble | A relation between distance and radial velocity among extra-galactic nebulae[END_REF][START_REF] Hubble | The velocity-distance relation among extra-galactic nebulae[END_REF] which eventually led to the conclusion that the universe was expanding. The Hubble constant 𝐻 , represents the relationship between distance and rate of recession-and the Hubble-Lemaître law:

𝑣 = 𝐻 0 𝑑 (5.1)
where 𝑣 is the recessional velocity -the rate at which an extragalactic astronomical object recedes from an observer because of the expansion of the universe-, 𝐻 0 Hubble's constant at present time, and 𝑑 the physical distance. 114It is important to note that nowadays the value of this constant is subject to discrepancies and is subject to much debate at present. For instance, using different methods to measure it yields different results, e.g. "[Using TRGB stars] the most recent local measurement is 𝐻 0 = 74.22 ± 1.82 km/sec/Mpc"; and "by detail modeling of the Cosmic Microwave Background peak structure. This procedure yields a value 𝐻 0 = 67.4 ± 0.5 km/sec/Mpc (Jeong 2020)".

Besides, the discovery and development of spectroscopy by Joseph von Fraunhofer (1787-1826) also played a critical role for Cosmology. Indeed, Fraunhofer interested himself in the solar spectrum and noticed dark lines in its spectrum (cfr. figure below) which he labelled "in order from red to violet, A, a, B, C, D, b, E, F, G, H, I" (Leitner 1975, p. 62).

Furthermore:

He found that these dark lines always appear in the same pattern, regardless of the dispersing material, and regardless of whether the heliostat is pointed at the sun, the moon or the planets; but that the spectra of a few of the brightest stars observed by him contained dark lines at entirely different positions in the continuum. (Leitner 1975, p. 62) which explains the discreteness of the lines and in the end allows us to identify atoms and molecules by identifying the characteristic lines in the spectra.

Furthermore, the spectral study of celestial objects allows the correlation of the redshift and apparent magnitudes of nearby galaxies in order to obtain a velocity-distance relation (cfr. figure below). Indeed, by examining the light coming from galaxies, it is possible to determine their velocity relative to us by studying the shift of known characteristic spectral lines (cfr. Section 1.8.1.). The velocities of the galaxies inferred from the Doppler shifts of their absorption lines were typically about 570 km s -1 , far in excess of the velocity of any known object in our Galaxy. Furthermore, most of the velocities corresponded to the galaxies moving away from the Solar System, that is, the lines were redshifted to longer (red) wavelengths. In 1921, Carl Wilhelm Wirtz concluded that, when the data were averaged in a suitable way, "an approximate linear dependence of velocity upon apparent magnitude is visible" (Wirtz 1921 115 ). By 1929, Hubble had assembled approximate distances of 24 galaxies for which velocities had been measured, mostly by Slipher116 , all within 2 Mpc of our Galaxy. (Longair 2004, p.6) Longair also notes that "Even before 1929, however, it was appreciated that Hubble's law was expected according to world models based upon the general theory of relativity". (Longair 2004, p. 6) Indeed, Hubble's law is a consequence of the cosmological principlehomogeneity and isotropy-of the expanding universe as evidenced by the works of Alexander Alexandrovich Friedman (1888Friedman ( -1925) ) and Georges Lemaître's (1894Lemaître's ( -1966) ) -especially his paper of 1927 [START_REF] Lemaître | Un Univers homogène de masse constante et de rayon croissant rendant compte de la vitesse radiale des nébuleuses extra-galactiques[END_REF]) also infirming the static picture of the universe. And later, building the Friedmann-Lemaître-Robertson-Walker (FLRW or FRW) cosmological model by applying the Robertson-Walker metric of Howard Percy Robertson and Arthur Geoffrey Walker (1909Walker ( -2001) ) to the Friedmann equations (cfr. [START_REF] Friedman | Über die Krümmung des Raumes[END_REF][START_REF] Friedman | On the Curvature of Space[END_REF].Actually, the source of the redshift is not only due to the relative motion of the galaxies, i.e. it cannot be fully explained by a Doppler shift due to the relative motion of the galaxies; indeed, since the light from other galaxies travels through space, and since the universe is expanding -at every point and in every direction as implied by the cosmological principle-, the photons are also stretched by the expansion. The cosmological redshift is measured by the quantity:

𝑧 = 𝜆 𝑜𝑏𝑠 -𝜆 0 𝜆 0 (5.3)
where the redshift z is equal to 𝜆 𝑜𝑏𝑠 which is the observed wavelength and 𝜆 0 which is the wavelength measured in laboratory.

This milestone in the history of cosmology is particularly important as the conception of the universe shifted from certainly being static and potentially eternal to the universe is expanding and its future is thus depending on its spatial curvature. Indeed, Longair wrote:

One of objectives of Einstein's program was to incorporate into the structure of general relativity what he called Mach's Principle, meaning that the local inertial frame of reference should be determined by the large-scale distribution of matter in the Universe. There was, however, a further problem, first noted by Newton, that static model universes are unstable under gravity. Einstein proposed to solve both problems by introducing an additional term into the field equations, the cosmological constant 𝛬. (Longair 2004, p 7) This addition of the cosmological constant is now famously known to be, according to himself, his "biggest blunder" while in the end it turned out to be extremely useful (O'Raifeartaigh 2018):

We note finally that it is sometimes argued that Einstein's real blunder was not the introduction of the cosmological constant in 1917, but his banishment of the term from 1931 onwards. As is well-known, modern measurements of cosmic expansion and of the cosmic microwave background suggest the presence of a significant 'dark' component of cosmic energy, a phenomenon that can be described within the context of general relativity by including a cosmological constant term in the field equations (Ivi. p. 23).

Indeed, nowadays the cosmological constant plays an important role in cosmology. For instance, it is the energy density of empty space; the energy associated with vacuum and dark energy, which itself is considered to be the reason behind the fact that the universe is not simply expanding, but it is expanding increasingly faster. From this, and by considering that a) the universe is expanding, and therefore "creating" more empty space and b) that empty space possess energy participating in the expansion; it seems only logical that this expansion is accelerating.

In turn, this poses the question of the future of the universe which depends on the critical density of the universe and the curvature of the universe. On one hand, the critical density is the density of matter required to stop the expansion of the universe; The current critical density is approximately 1.06 × 10 -29 g/cm 3 . This amounts to six hydrogen atoms per cubic meter on average overall117 . is given by:

𝜌 𝑐 = 3𝐻² 8𝜋𝐺 (5.4)
where H is the Hubble constant, and G is Newton's gravitational constant.

On the other hand, the density parameter Ω is defined as the ratio of the observed density 𝜌 to the critical density 𝜌 𝑐 of the Friedmann universe and defines the overall curvature of the universe. There are three possibilities for the spatial curvature of the universe Ω depending on its value supposing the spatial dimension homogeneous and isotropic -thus FLRW models-(cfr. figure below): The two main ways to get a value for Ω are to calculate the average density of matter-energy observed by the critical energy density (cfr. eq. 5.4), or to measure Ω via the geometric properties of the universe on large scales, i.e. by measuring angles of triangles spanning across the universe, e.g. by measuring distant sources such as distant galaxies or the size of hot or cold spots on the CMB118 . For instance, in the cases where Ω ≠ 1, the geometry is non-Euclidean, and therefore the sum of the angles of triangles would not add up to 180°. In the case of positive curvature, the sum of the angles of triangles would be greater than 180°; and conversely less than 180° for negative curvature.

Moreover, the curvature of the universe also predicts the fate of the universe in the remote future (cfr. figure below) since this evolution is determined between the momentum of expansion and the pull of gravity; i.e. Hubble constant and matter-energy density of the universe119 : The three main possibilities are:  The Big Crunch, in which gravity eventually stops the expansion of the universe, after which it starts to contract until all matter in the universe collapses to a point, a final singularity. This scenario is associated with a closed universe.  The Big Rip, in which the ever increasing acceleration caused by dark energy eventually becomes so important that it overcomes the effects of the gravitational, electromagnetic and strong binding forces; and therefore ripping everything apart.  The Big Chill/Freeze or Heat death, in which the universe eventually reaches thermodynamic equilibrium; and therefore gets colder and colder -as no work or heat could be produceduntil everything in it eventually decays over unimaginable timescales.

In an open universe where expansion never stops, the supposition is that either one of the last two scenarios would eventually happen. All the same, in all three models of Friedmann, the solutions continue into the past where the whole of the Universe is created in a single explosion: the Big Bang.

The current value of the curvature of the universe within the standard model (ΛCDM) of the Big Bang Cosmology obtained by the Planck Collaboration is consistent with a flat universe with a Ω 𝐾 = 0.001 ± 0.002 [START_REF] Aghanim | Planck 2018 results. VI. Cosmological parameters[END_REF]; or even a Ω 𝐾 = 0.0004 ± 0.0018 [START_REF] Efstathiou | The evidence for a spatially flat Universe[END_REF].

Furthermore, it is supposed that this value is no accident, but rather the result of inflation: a theory of an exponential expansion of space that lasted from 10 -36 to 10 -33 or 10 -32 seconds after the Big Bang pioneered by Alan Guth, Andrei Linde and Alexei Starobinsky120 . Intuitively, this theory solved this problem of the flatness of the universe by stating that the early expansion of the universe during inflation was in fact so fast that it flattened space; "it ironed out any primordial curvature" (Ibidem). Moreover, the theory of inflation also solved the "horizon problem" which is related to the apparent homogeneity of the universe. Indeed, it seemed that "opposite parts of the sky would never have been in causal contact with each other" (Ibidem); and thus these parts would have no reason to look alike. However, by considering an extreme expansion period as suggested by inflation, this problem disappears as these seemingly causally disconnected regions of space may very well have been very briefly causally connected in the first instants of the Big Bang, until the fast expansion blew them apart from one another (cfr. [START_REF] Guth | Inflationary universe: A possible solution to the horizon and flatness problems[END_REF].

The age of the Universe. The age of the universe was determined by combining several methods and contributions, and in particular thanks to Vesto Melvin Slipher (1875Slipher ( -1969)), Lemaître and Hubble (Thompson 2011). In essence, by observing the Doppler shift from spiral nebulae, which appeared to be moving away from us at great speeds [START_REF] Slipher | Spectrographic observations of nebulae[END_REF][START_REF] Slipher | Nebulae[END_REF][START_REF] Slipher | Two nebulae with unparalleled velocities[END_REF]Wirtz 1921Wirtz , 1921a)), by observing particular stars called Cepheid variables whose pulsation rates are proportional to their brightness and by finding a simple period-luminosity relation describing them, astronomers were able to deduce that these stars were located millions of light years away.

Furthermore, even before the addition of the confirmation that the further the galaxies were located, the faster they were receding from us, and therefore that the universe was expanding, Lemaître postulated that an expansion of the universe implied that the universe was smaller when it began. This led Lemaître to refer to the first state of such a universe as a "primeval atom" [START_REF] Kragh | The Context of Discovery: Lemaître and the Origin of the Primeval-Atom Universe[END_REF]. This theory in which the universe began as a small and hot dense state ended up being called the theory of the Big Bang by Fred Hoyle in 1949, whose intentions was to mock it (Kragh 2013).

On extremely large scales, we consider the Universe as being a completely uniform and homogenous continuous distribution of matter. In fact it is possible to consider an idealized situation in which structures even as large as galaxies are not big enough to be considered noteworthy; i.e. in this case the universe is considered as a -perfectfluid; like a very diluted gas, for analytical purposes 121 .

Therefore, from this we can identify symmetries:

 Spatial Homogeneity -Translational Invariant  Spatial Isotropy -Rotational Invariant
And therefore we can state that the universe has a maximally symmetric spatial geometry; i.e. all points in space are equal with respect to one another. This last statement has a rather deep implication in regard to the theory of the Big bang, as it implies that it did not originate from one particular point -hence the common "it happened everywhere at once" 122 . In fact, according to Longair:

By the end of the 1930s, there was a common view that the solution of the cosmological problem lay in the determination of the parameters which define the Friedmann world models. (Longair 2004, p. 11) To arrive at our current estimation of 13.8 billion years, scientists had to also take into account the effect of the gravity of the matter in the universe -since gravity is an attractive force counterbalancing the effects of the expansion-, as well as the effects of dark energy which is accelerating the expansion; the latter also implying that the Hubble constant was in fact variable with the age of the universe 123 . Finally, by plugging the observations from the CMB and of the matter content of the observable universe in the equations, the estimation of the composition of the universe yielded that is was around 5% of ordinary matter and energy, 27% dark matter and 68% dark energy 124 . The evidence for dark matter started with Fritz Zwicky who made the first dynamical studies of clusters of galaxies [START_REF] Zwicky | The redshift of extragalactic nebulae[END_REF]) and continued accumulating up to nowadays. Indeed, there is a massive quantity of invisible stuff, whose presence is evidenced by its gravitational effects on visible matter. In particular, since it has mass and does not seem to interact with ordinary matter outside of gravity and we do not know what it is; hence the name dark, it influences the characteristic speeds of stars in galaxies, and galaxies' speeds in clusters will be different from those expected based on the amount of dark matter in their vicinity.

121 Cfr. https://www.astro.caltech.edu/~george/ay21/Ay21_Lec03.pdf 122 Cfr. https://spaceplace.nasa.gov/review/dr-marc-space/center-of-universe.html 123 In fact, the Hubble constant corresponds to the current rate of expansion of the universe the value of which is constant through the universe; contrary to that of the Hubble parameter which represents the rate of expansion of the universe which evolves with its age -since the expansion is accelerating-. 124 Cfr. https://science.nasa.gov/astrophysics/focus-areas/what-is-dark-energy

Multiverses. When discussing the Universe, a question one could ask is which universe? Indeed, the notion of universe is polysemous: is it the Observable Universe? Is the Universe everything that exists? And if something lies beyond the boundary of our Universe, is there an even bigger Universe encompassing it? Would this Russian doll structure go ad infinitum? Is there more than one Universe, and therefore a multiverse? and so forth. Actually, all those questions and more are contemplated by scientists and often discussed in scientific media. In fact, the notion of multiverse has permeated society notably through science-fiction and pop culture. However, we need to make distinctions: there are two main conceptions of multiverses. On one hand there are the "cosmological" multiverses such as described by Sean Carroll:

At a prosaic level, the average density of matter, or the relative abundances of ordinary matter and dark matter, could vary from place to place. More dramatically, but consistent with many ideas about fundamental physics, even the local laws of physics could appear different in different regionsthe number and masses of particles, forms and strengths of interactions between them, or even the number of macroscopic dimensions of space. The case where there exist many such regions of space, with noticeably different local conditions, has been dubbed the "cosmological multiverse", even if space itself is connected. (Carroll 2019, p. 300) Or there are "oscillatory" where the universe cycles between phases of expansions and collapse, or "inflationary" scenarios with the theories of bubble multiverse:  Some invoke "oscillatory" models in which a single universe undergoes cycles of expansion and recollapse (Tolman 1934), though without necessarily understanding what causes the bounce. In this case, the different universes are strung out in time.

 Others invoke the "inflationary" scenario, in which our observable domain is a tiny part of a single bubble that underwent an extra-fast accelerated expansion phase [START_REF] Carr | Universe or multiverse?[END_REF] On the other hand, there are the multiverses described by Quantum Mechanics, interpretations related to the problem of the collapse of the wave function famously illustrated by Erwin Schrödinger's (1887-1961) thought experiment -Schrödinger's cat-125 . In this case, the many-worlds interpretation states that there is no collapse of the wave function of the universe; and because there is only one wave function for everything, things 125 In this thought experiment ruled by Quantum Mechanics the destiny of a cat is linked to the decay of a radioactive atom: until the box is opened, both the cat and the atom are in quantum superposition, i.e. their state is a combination of states until the observer opens the box and provokes the decoherence of the system.

A very clear and more modern version of this experiment was made by minutephysics: https://www.youtube.com/watch?v=IOYyCHGWJq4 can be entangled with each other and every outcome is objectively real; i.e. after the state of the cat is observed the Universe branches out such that every branch corresponds to an outcome [START_REF] Everett | Theory of the Universal Wavefunction[END_REF].

Such theories also have deep epistemological and philosophical implications; notably about abductive reasoning, falsifiability and the place of mankind in the universe. For example, the anthropic principle(s) 126 which states that the act of observing the universe must necessarily be executed by a conscious entity.

The data we collect about the Universe is filtered not only by our instruments' limitations, but also by the precondition that somebody be there to "have" the data yielded by the instruments (and to build the instruments in the first place). This precondition causes observation selection effects -biases in our data that may call into question how we interpret evidence that the Universe is fine-tuned at all.127 

Towards a New History of Cosmology

Cosmology is one of these subjects which has a very rich history-as should be the case for any subject which has been studied for such a long time. Cosmology has always involved a lot of speculation. At the beginning, these speculations belonged to the spiritual realm and were associated with religious beliefs explaining the creation of the World and the Universe. Then Science arose with the first scientists and Cosmology slowly left the sphere of the mystical to enter the domain of another kind of speculation: the domain of hypotheses and other conjectures relying on theories, theorems, principles, and the likes, themselves postulated on the basis of facts and observations. This latter domain is the one in which Cosmology is now expanding more and more.

The recent developments in theoretical Physics (from the infinitely small with Quantum Mechanics to the infinitely big with General Relativity) as well as technological developments and engineering prowess that are continuously improving pave the way towards a new History of Cosmology. Indeed, since its first debut, Cosmology has been built upon a very particular type of observations. Because of the difficulty of reaching the actual celestial objects, the only possible observations, the only measurements-aside from the occasional collection or extraction of some samples of neighbouring bodies-have been made through our eyes. That is, until recently.

If the development of Cosmology could be divided in perception eras and has mainly been made through our eyes and their mechanical extensions -telescopes-, in other words through sight, and then through the counterpart of touch -with probes, particle detectors and rovers-; then Cosmology has entered a new era with the advent of gravitational wave interferometry which has often been described as analogous to hearing. Indeed, if our study of the electromagnetic spectrum with telescopes is equivalent to sight, its counterpart the study of gravitational wave might very well be compared with hearing or at least be considered equivalent to the acquisition of a completely new sense as it allows the exploration of the Universe in an entirely different way.

On the Next Gravitational Wave Observatories. Since the detection of GW150914, the efforts for the construction and for the study of gravitational wave astronomy have been reinforced. Localization and parameter estimation need at least three detectors, but this will soon not be an issue anymore with the construction of more detectors and their collaboration towards a gravitational wave detectors network. This network will consist of: the twin detectors of LIGO in the USA, The VIRGO detector in Italy, GEO600 in Germany, KAGRAformerly known as the Large-Scale Gravitational-wave Telescope, LCGT-in Japan and IndIGO (or LIGO-India).

LIGO-India will be reinforcing the global network of detectors with its design identical to the LIGO detectors in USA and is expected to become operational sometime during 2024.

KAGRA is a cryogenic interferometric gravitational wave detector based in the Kamioka mine in Japan, thus providing a good seismic isolation from human activities and other natural sources of noise. This detector also has 3 km long arms setup in L shape and has the particularity of using 38 kg spherical sapphire mirrors cooled down to -253°C (around 20°Kelvin) in order to minimize the thermal noise due to molecular vibrations and is optimized for the detection of signals of 100 Hz. This optimization corresponds to binary neutron stars mergers. (Aso et al 2013) On eLISA and LISA pathfinder. The future of gravitational astronomy will eventually get away from Earth in order to remove its associated constraints impacting the measurements such as local noise and gravity gradient by working in a far less "noisy" environment with the evolved Laser Interferometer Space Antenna, eLISA, the first gravitational wave detector in space. eLISA will have with a heliocentric orbit and will consist of three satellites in an equilateral triangle formation separated by 2,5 million kilometers (the arms' length of the interferometer). This configuration, combined to the fact that each of these spacecrafts contain a set of two free masses that are free flying inside them and playing the role of the mirrors for this interferometer for a total of six lasers for three arms, will allow "Three independent interferometric combinations of the light travel time between the test masses are possible, allowing, in data processing on the ground, the synthesis of two virtual Michelson interferometers plus a third null-stream, or "Sagnac" configuration" (Danzmann 2017, p. 5) thus "obtaining both polarisations of the Gravitational Waves simultaneously and will measure source parameters with astrophysically relevant sensitivity in a band from below 10 -4 Hz to above 10 -1 Hz" (Ivy. p. 4).

For ground based gravitational detectors, the range of observed frequencies goes from about 1 to 10Hz to a few kilohertz. For lower frequencies, however, the limitations are due to gravity gradient noise which are basically local gravitational effects on the Earth (such as cars or trucks passing by, etc. 128 ). According to Rainer Weiss in an interview, people have been thinking about LISA since at least 1975 and in particular Peter Bender. The idea was suggested to the European Space Agency in the mid-90s which lead to the mission LISA Pathfinder. This mission serving as a proof of feasibility, started in 2015 and lasted until 2017. The device even outperformed the scientists' expectations and the performance obtained was significantly better that what is actually required for the eLISA interferometer [START_REF] Armano | Sub-Femto-g Free Fall for Space-Based Gravitational Wave Observatories: LISA Pathfinder Results[END_REF].

This mission, expected to launch in 2034, will last 4 to 10 years and will scan the entire sky as it trails behind the Earth, at a distance of about 50 million kilometres in its orbit. Its objectives are listed below (Danzmann 2017, p. 3):

 "Study the formation and evolution of compact binary stars in the Milky Way Galaxy  Trace the origin, growth and merger history of massive black holes across cosmic ages, examining systems of black holes with masses ranging from a few M⊙ to 10 8 M⊙.  Probe the dynamics of dense nuclear clusters using Extreme Mass Ratio Inspirals (EMRIs)  Understand the astrophysics of stellar origin black holes  Explore the fundamental nature of gravity and black holes  Probe the rate of expansion of the Universe  Understand stochastic Gravitational Wave backgrounds and their implications for the early Universe and TeV-scale particle physics  Search for GW bursts and unforeseen sources" On Multi-messenger Astronomy. Multi-messenger Astronomy is defined as the observation of signals of different natures (electromagnetic, particles and now gravitational waves) -the messengers-from the same source at the same time. Up until now, all our telescopes and satellites have been scanning different regions of the sky one by one. Each one of these tools are equipped with instruments which are sensitive to certain wavelengths. Of course, it is common for different telescopes to point at the same objects in order for us 128 During my stay at Virgo, Gabriel Pillant jokingly told me that some researchers even calculated the possible impact of the flight of a bird that would pass right above one of the arms of the detector as it rose some concern.

to study them in the whole electromagnetic spectrum. Unfortunately, with this method alone, it is hardly possible to witness some particular events. Indeed, for example, even if we can survey a number of stars certain regions of the sky, we kind of have to rely on luck-or make educated guesses-as we need to point at the relevant region of the sky at the right time. Therefore, one of the main immediate goals is to finish the construction of the other gravitational wave observatories. Besides the improvement of local noise elimination and the ability to better identify coincident signals of terrestrial origin, this would allow a much better accuracy for the localization of the sources of gravitational waves. Indeed, each detector is more sensible to certain regions of the sky, but even without knowing this, the logic behind this is rather simple: triangulation.

On Triangulation. The origin of a signal, the sky location of the source, is traced back through the times of arrival of the signal at each detector. Indeed, due to the fact that all gravitational waves travel at the speed of light, the difference in the times of arrival at the gravitational observatories' sites depends on the location on the source: Consequently, the more detectors we have, the better the accuracy of the localization of the source of the signal. This in turn, is extremely important because the better and the faster a source of a gravitational wave can be pinpointed in the sky, the faster it becomes possible to point telescopes at this source, thus allowing the study of the event with different methods in a fashion similar to what happened for GW170817 (Abbott et al. 2017). Moreover, one of the great advantages of multi-messenger astronomy is that it becomes easier to make discoveries. Apart from the fact that when an event unfolds, we can now look at it in many different ways, it is possible to identify sub threshold events that would have been missed otherwise. As an example, if different observatories are receiving weak signals that cannot be guaranteed to be actual detections, such as a weak gravitational wave signal or a weak gamma ray burst; it is now possible to gather data from other observatories and check if they also have detected a (maybe also weak) signal thus establishing that the data might be suggesting a potential event or on the contrary suggesting that the weak signal might therefore not be relevant.

Epilogue II

Cosmology -and Astronomy in general-have always been of great interest to mankind and with the beginning of gravitational wave astronomy we are entering a new era in Cosmology as some astrophysical phenomena are unapproachable with electromagnetic waves alone. Thus, the gravitational wave observatories provide us with new ways to observe the Universe, and are getting us closer and closer to answering fundamental questions such as: "What is the structure of neutron stars? How do they evolve? How common are black holes, how are they distributed in the universe and what is their typical mass? What is the mechanism that leads to a star collapsing into a supernova? What were the physical processes involving matter-energy during the Big Bang? Is Einstein's General Theory of Relativity the correct description of gravity?" Etc. This new astronomy has already borne fruit. Indeed, the first series of gravitational wave signals confirmed several predictions of General Relativity, but beyond that, they also gave us new information about systems in strong-field gravity, about the propagation of gravity, its speed and even whether there is gravitational leakage into other dimensions, etc. (Yunes 2016) These observations in turn allow us to refine our models by defining new constraints, to test our theories with observational data, etc. thus improving our current understanding of the cosmos. For example, along with each new detection, the properties of the binary black hole population are more refined (LIGO Scientific Collaboration and Virgo Collaboration, 2019a).

As another example, the unexpectedly large masses of the stellar black holes mergers detected recently raised a question about potential gravitational wave lensing. Thus, in a similar fashion that light can be subject to gravitational lensing by galaxies (c.f. Chapter 3, section 3.2), it has been suggested that the gravitational waves from binary black hole mergers detected might have been magnified by an intervening galaxy which would lower the masses involved in the 5 to 15 solar masses range (Broadhurst 2018).

Moreover, gravitational astronomy plays a critical role in the study of the earliest moments of the Universe, namely the Big Bang. The Cosmic Microwave Background (CMB) is often described as the afterglow of the Big Bang and it represents the earliest electromagnetic signature of this event that is reachable through electromagnetic radiation. As we currently understand it, the CMB results from the redshifting due to the expansion of the Universe of the Cosmic Background Radiation which happened around 378 000 years after the Big Bang, during a period called the era of decoupling, during which the temperature of the Universe cooled down to about 3 000°K and allowed photons to travel. Simply put, before that the Universe was opaque to electromagnetic radiation (Gawiser 2000). However, even if the Universe was opaque to electromagnetic radiation, it was not the case for gravitational radiation. As a consequence, future missions will endeavour the search for the sounds of the Big Bang (the gravitational radiation background) with the (BBO) Big Bang Observer 129 (Cutler 2006).

In addition to this, the gravitational wave detectors regularly undergo upgrades to increase their sensitivity, range, noise reduction, etc. With these upgrades many more discoveries are expected. Indeed, the expectations for gravitational wave emission of rotating bodies are growing, the scientists are especially waiting for nonspherical gravitational collapses, nonspherical Supernovae and nonspherical rotating Neutron Stars signals. For instance, for gravitational waves from stellar collapse and formation of a black hole:

"Since 𝐿 𝐺𝑊 ~(𝑀 𝑅 ) 5
𝐿 0 , the most intense gravitational waves reaching Earth must come from a dynamic, deformed system near its gravitational radius (𝐿 𝐺𝑊 drops by a factor 100,000 with each increase by 10 of R!)." (Misner 1973(Misner , p. 1006) ) "Such a star [with a white-dwarf core collapsing into a neutron star or one of the fragments therefrom collapsing through its gravitational radius in a highly nonspherical manner] should terminate life with a last blast of gravitational waves, which carry off a sizeable fraction of its rest mass. Thus an order-of-magnitude estimate gives (energy radiated) = ∫ 𝐿 𝐺𝑊 𝑑𝑡 ~ 𝐿 0 ( time during which peak luminosity occurs )

(Ibidem)
The context of supernova collapse has been studied in great detail (Zwerger 1997;Rampp 1998) and the emission of gravitational waves from nonspherical star collapse has been discussed. For instance, in Misner, Thorne and Wheeler's Gravitation one can read:

"According to current theory as verified by pulsar observations, a supernova is triggered by the collapse of the core of a highly evolved star (see §24.3). The collapse itself and the subsequent wild gyrations of the collapsed core (neutron star) should produce a short, powerful burst of gravitational waves. The characteristics of the burst, as estimated with formulas (36.11) The development of gravitational astronomy in conjunction with the construction of more detectors also implies that the need for qualified personnel will grow. Therefore, keeping in mind that gravitational astronomy is one of the next frontiers in Physics, in order to sustain this growth it is necessary to begin the training of the next generation of physicists.

CHAPTER VI On the Nature of Science Teaching

An outline. In this part, I will explore what Nature of Science Teaching is, and how using this framework can be beneficial for the Teaching-Learning of advanced concepts. To begin with, I will start by discussing what science is and therefore what the nature of science is in order to define the theoretical framework for its teaching. Then I will examine the differences and similarities between different scientific fields and disciplines and how they come together in the Nature of Science Teaching framework which is interdisciplinary.

In particular, I will show how this interdisciplinary framework can be especially useful for the Teaching-Learning of the concepts related to the Gravitational Waves which are also interdisciplinary by their nature.

Prologue III

On Science and its Nature. The "Nature of Science" is a more complicated subject than it first appears. Although a simple definition can easily be intuited by most people, a clear, precise definition is rather difficult to obtain from the general audience, non-scientists, pupils and even scientists in training because Science itself is a rather poorly understood concept often mistaken for some kind of dogma. Consequently, one of the main misconceptions is that Science cannot be questioned and is "the Truth". The explanation behind this lack of understanding on the part of the general public about how science is done and what it is can easily be found when considering science textbooks and science teaching: the emphasis is put on science concepts, content and results rather than scientific education regarding how those were obtained and justified. This in turn can be explained by the (ever increasingly?) dense curricula which are restraining teachers in the content they have to teach and giving them learning objectives for their students or pupils to attain over the course of their teaching. Also, the science teachers themselves have usually not been taught science through the frameworks of History and Philosophy of Science (HPS) or Nature of Science (NoS).

As an introduction to this chapter, a brief attempt at defining Science and the scientific spirit shall be made.

Science is a method of investigation whose object of study is "reality", what is "real". It consists of a production and systematisation of knowledge obtained through methodologies and norms based on logic and a fundamental postulate: there is a "reality" that can be -objectivelystudied and that exists independently. The fundamental postulate here is the exact opposite of the solipsism.

According to Charles Sanders Peirce (1839Peirce ( -1914)), who was an American philosopher, everything that one is experiencing at all times, no matter the state of mind -or rather consciousness-is part of their "phaneron":

[...] by the phaneron I mean the collective total of all that is in any way or in any sense present to the mind, quite regardless of whether it corresponds to any real thing or not. If you ask present when, and to whose mind, I reply that I leave these questions unanswered, never having entertained a doubt that those features of the phaneron that I have found in my mind are present at all times and to all minds. (Peirce 1905, p. 35) Thus there is only one of two possibilities: either all of what we experience is merely an illusion, just like in solipsism or like a Boltzmann brain 130 , or what we experience is part of an external world that really exists. In the latter case, this implies that what we perceive of this "real" world is limited by our perceptions. In other words, there exists a world separate from us of which we can only perceive a small fraction due to the limited ability of our senses and consciousness. For instance, we can only perceive a very narrow band of the electromagnetic spectrum, i.e. visible light. In either case, the pursuit of discovering the rules underlying this perceived reality can be undertaken -even if it would be pointless in the case of solipsism-in other words, the world is understandable. As a corollary, the fundamental hypothesis at the basis of Science is that if the world is understandable, that necessarily implies that it has an internal logic. Therefore, a simple definition of what Science is could be that Science is the study of reality based on logic.

From this, the questions of Why and How to do Science arise. The question regarding the motivations to do Science is very straight forward, understanding the world is essential for many pragmatic reasons: to survive, to improve our existence, to make predictions, to modify our environment, etc. but there are also more philosophical reasons behind this need to understand the world. For example: curiosity, as learning is one of the basic human functions.

For the second question, the "How", the first step is to recognize that not all information about reality is available to us. For instance, as previously discussed, there are limiting factors to what information about "reality" can be obtained. The first limiting factor is that no matter what, we are constricted by our phaneron. In order to make progress, we are forced to realize that what Peirce calls the phaneron is nothing else but the construct of reality interpreted by the brain and at the same time our only window to what is real. Therefore, arises the question of how do we explore the rest of the world if we are limited by our senses: with instruments which will serve the purpose of artificially extending our senses.

Putting this and the associated problems aside -such as "To what extent can we trust our senses and by extension our instruments?"-, all things being equal, we are forced to make some more assumptions131 :  Isotropy of space: it is possible to rotate things in space and the laws of physics do not change  Homogeneity of space: it is possible to translate things in space and the laws of physics do not change  Homogeneity of time: it is possible to translate things in time and the laws of physics do not change  Principle of Relativity (and the declinations): the laws of physics should take the same form for everyone Keeping in mind these considerations, Science becomes the endeavour of identifying invariants, patterns and estimating the probability of different outcomes of events in order to extract the rules of nature at play in these events.

The pragmatic aim of this case study is the teaching of gravitational waves through a Nature of Science approach, including but not limited to Physics, Mathematics, History of Science, and Epistemology. There is a very wide range [START_REF] Doneva | On the didactic principles, models and E-Learning[END_REF] Each of these methods have main advantages and drawbacks. However, the selected approaches are most often chosen based on the constraints limiting the teaching rather than based on which could be the best suited for the learners. Indeed, this matter of fact, although quite unfortunate, is nevertheless an ineluctable consequence of feasibility. For instance, it would be unreasonable to use an individual project based approach for the 400 students of a first semester course in any degree for obvious reasons.

Therefore, pondering the different types of approach for the teaching of gravitational waves, and taking into account that the proposed curricula is mainly aimed towards first year undergraduate students, the selected approach for this case study is a mixed approach of lectures and phenomenon-based/inquiry based on each module and the curricula as a whole.

This mixed approach has been chosen because of its very grounded, anchored in the real world, nature thereby avoiding as much as possible problems such as the epistemological breaks discussed in later in this Chapter. Furthermore, this approach also provides contexts from different fields which allows to demonstrate to the learners the direct utility and value of the concepts and information being studied through examples of their application.

The proposed curricula consists of a modular programme in which each of the modules can be standalone courses/lectures and taught in no particular order. This design feature presents many advantages such as being easily adaptable because of its interdisciplinarity; as it includes not only scientific disciplinary matters but also interdisciplinary issues including history, historical epistemology, logic and the foundations of physical and mathematical sciences, science and technology studies. Thus, a multidisciplinary teaching approach based on a case study that encompasses large themes, problems, challenges and their history is of tremendous value for a scientific education based on different formulations of the same theories and how each of these formulations relate to one another.

This also has the consequence that the actors are less confronted by problems such as boredom or other kinds of mental saturation coming from the monotony of being confined in one particular scientific disciplinary matter.

Additionally, the modular programme design is very versatile and allows the teacher to engage the students with each module in no -strongparticular order. This particular feature is potentially of great importance as it allows the teacher to have a certain freedom and the possibility to select a more or less demanding module for the students; for example, it is not uncommon for students to be less attentive and involved in lectures during the periods closer to vacations.

On the Nature of Science Teaching

The Nature of Science is a process for producing knowledge which is subject to change. On that point, one of the key features of this process, as Epistemology taught us, would be that nothing can be proved true with perfect certainty, the only definitively true statements being refutations. As Richard Feynman put it in a casual way:

Suppose that you invented a good guess, calculate the consequences, and discover every time that the consequences you have calculated agree with experiment. The theory is then right? No, it is simply not proved wrong. In the future you could compute a wider range of consequences, there could be a wider range of experiments, and you might then discover that the thing is wrong. That is why laws like Newton's laws for the motion of planets last such a long time. He guessed the law of gravitation, calculated all kinds of consequences for the system and so on, compared them with experimentand it took several hundred years before the slight error of the motion of Mercury was observed. During all that time the theory had not been proved wrong, and could be taken temporarily to be right. But it could never be proved right, because tomorrow's experiment might succeed in proving wrong what you thought was right. We never are definitely right, we can only be sure we are wrong. (Feynman 1965, p. 157-158) In this thesis, the theoretical framework of Nature of Science which we will use is the same one as defined by Prof. William F. McComas:

The phrase "history and philosophy of science" (HPS) has been used to describe the interplay of disciplines that inform science education about the character of science itself. However, a more encompassing phrase to describe the scientific enterprise for science education is the "nature of science" (NOS). The nature of science is a fertile hybrid arena which blends aspects of various social studies of science including the history, sociology, and philosophy of science combined with research from the cognitive sciences such as psychology into a rich description of what science is, how it works, how scientists operate as a social group and how society itself both directs and reacts to scientific endeavors. The intersection of the various social studies of science is where the richest view of science is revealed for those who have but a single opportunity to take in the scenery. The nature of science is not particularly concerned with the natural world in the way that science itself is, at least not directly. The scientific community consists of individuals who devote their careers to better understanding the natural world. This community of experts determines which ideas best account for natural phenomena. Those who study the nature of science come from many diverse fields and investigate science and scientists by asking questions such as "What, if anything, demarcates science from other human endeavors?", "Are science ideas discovered or invented?", and "How is consensus reached in the scientific community?" (Mc Comas 2002, p. 4) The Nature of Science is an interdisciplinary product of science and its foundations, whether historical, epistemological or scientific. In particular, it incorporates in its investigations the notions of limits, modelling, methods and methodologies in scientific practices. It is not just the addition of History and Philosophy of Science as another item on top of the science curricula, but the incorporation of approaches and HPS elements to teaching science based on the assumption that using adjacent and surrounding fields contributes to a greater understanding of science items, content, and therefore to a better understanding of science.

The study, and by extension the teaching of the Nature of Science, should be considered as essential as it is a complex subject encompassing many elements that are key both to our cultural heritage and to teaching science in order to produce scientists. These elements include discussions on the scientific method and objectivity, how to differentiate science from pseudo-science, how evidence is obtained in its historical and philosophical context, how the gathering of evidence impacts theories, etc.

This framework studies the relevance and added value of philosophical and historical knowledge for the development of teaching courses. However, it should be noted that this does not imply that history or history of science make an appearance in the designed lessons as such. In fact, it has been argued (cfr. the Piagetian thesis; Radford 1997, p. 28) that individual psychological development is similar to the development of concepts in the history of science. The main goal being teaching the history of science and the right methods rather than just the results.

From this it logically follows that the objectives of NoS Teaching are pluridisciplinary and/or interdisciplinary in essence.

Interdisciplinary Comparative Teachings

Science is subdivided into many fields. Without having the need to refer to the -perhaps overused-different types of scientific fields (formal sciences, exact sciences, biology, humanities), it seems essential to recognize that there is a Russian doll component. For instance, biological results can be explained by Chemistry which in turn can be explained by Physical processes; a more straightforward example to illustrate the interdisciplinarity that so very often arises would be the wave-particle duality which involves both the Physics of Wave and the Physics of Particles or maybe simply the use of Mathematics and mathematical tools in Physics. However, all the scientific fields -by definition-have the common feature that they rely on logic and evidence to make progress. This implies that there is common ground on which to stand on for all NoS teaching units. At this point it would seem reasonable to reflect on the question about the benefits of such lectures in order to evaluate their relevance in comparison to standard science lectures.

This interdisciplinarity is intrinsically omnipresent in Science -although a case could be made for "pure" mathematicsand interdisciplinary teachings have many benefits. Similarly, comparative didactics seek to study the interplays of disciplinary didactics. The idea is to compare disciplinary didactics in order to identify the common and specific parts which depend both on the teaching and learning objects and on the interactions between the elements of the studied system (content, teacher, learners). Each disciplinary didactics has its own history; which is explained on the one hand by the institutional environment with a separation of the different subjects of study (e.g., Languages, Civic Education, Science, Physical Education, Plastic Arts) themselves subdivided into different subjects (e.g., French, English, Spanish, Mathematics, Physics, Biology); and on the other hand by their different epistemological foundations (Sarremejane 2001;Sensevy 2013). At present, the different disciplinary didactics are differentiated precisely by their object: the discipline they study, which has the consequence of greatly restricting the global vision, or the number of facets in which an object or content can be perceived and studied (for example, think of the different nuances that exist for mathematicians and physicists when asked to consider derivatives). However, the theoretical framework of NoS is a naturally interdisciplinary framework (conceived and designed as such).

The idea here is therefore to identify the specificities of the different disciplinary didactics conveyed by the NoS framework and to combine them as best as possible with each other and with related disciplines.

Thus, it will be a question of taking a point of view focusing on content and its teaching-learning rather than a more restricted point of view taking into account educational institutions and learning environments. This teaching-learning perspective will widen the horizon linked to the objects, concepts and knowledge taught in order to best study the epistemological perspectives offered by the prism of NoS within the framework of educational sciences. It is a matter of trying as best as possible to have a global vision and of avoiding some sort of disciplinary isolation while delimiting the field of research so as to achieve a certain balance between the different fields studied and their interactions; it is not a question of trying to study or develop a kind of universal didactics, but rather to do research within the framework of the nature of science more on the substance than the form. Indeed:

Beyond merely gaining a better understanding of classroom practice, the purpose of this comparative stance is to elaborate a new comprehensive network of concepts and methods through theoretical/empirical clarifications, supported by pragmatist philosophical considerations. [START_REF] Ligozat | Beyond Subject Specific Approaches of Teaching and Learning: Comparative Didactics[END_REF] The subject matter of gravitational waves and the history of their discovery alone calls upon a certain number of disciplines (e.g., physics, mathematics, history, epistemology) and its teaching invokes even more (e.g., psychology, neurosciences, philosophy). The comparison will therefore rather be made on the disciplinary teachings and learnings as they are described by the didactics by comparing in particular concepts common to several disciplines (Sensevy 2002, Ligozat 2017), their differences in use (Dias-Chiaruttini 2017e) and their foundations: e.g., epistemological obstacles, didactic transposition; joint action theory (Brun 2017).

Finally, it will be a question of explaining the choice of the conceptual system applied to this theoretical framework that tries to combine the specificities of different didactics, which is justified by the epistemological foundations and the multidisciplinary nature of NoS.

Putting aside the neuro-biological aspects of how knowledge is acquired and stored, one certain thing is that learning involves repetition and association [START_REF] Gallistel | Neurosciences: Kosslyn[END_REF]. Although the case could be made that repetition is not necessary for certain individuals -with photographic memory for exampleassociation at the very least is a sine qua non component of learning -whether done intentionally or not.

From this last point results the natural assumption that the richer the associations of an item, concept or idea, the easier it is to recall and use. More particularly, for Nature of Science Teaching, the contextualisation of science in History contributes to science teaching on many aspects, e.g.:

 it motivates pupils and students by providing them with often compelling stories and stimulates their imagination through the use of make believe situations through which they can place themselves in the shoes of the scientists and their era, and thus can better appreciate the limitations that they encountered  it humanises the subject matter, for example, by providing them with examples of everyday life solutions or errors scientists made, confirmation bias, moral and ethical problems, etc.  it promotes better comprehension of the scientific concepts by tracing their development and refinement or even by using the replication of historical experiments  it demonstrates that science is not fixed and can be changeable, and consequently, that current scientific knowledge and its understanding is subject to transformations  it contests (pseudo-)scientific ideologies  it allows a richer understanding of scientific methods, development and application  it illustrates the changes in accepted methodology, paradigm shifts, etc.

We will examine how Nature of Science Teachings have positive effects on the learning of science, the didactical understanding of students and teachers, the development of the understanding of the nature of science, scientific and technological activities, the development of the teachers' pedagogical resources, the interest in science; and a better understanding that science is a cultural, intellectual and human endeavour.

History of Mathematics and Mathematics Teaching

The addition of an historical perspective in science teaching aims to use history as a framework in which the problematization of the objects or concepts of the science lecture emerges naturally rather than a framework describing the then problematization. This addition can therefore be considered more like a pedagogical tool usable to help the students understand the taught concepts rather than a formal teaching of history of science (Clark 2016). This implies that there has to be an identification of the relevant parts of the historical components; which parts ought to be selected and how much of them are effectively contributing to the lecture has to be determined [START_REF] Barbin | Histoire et enseignement des mathématiques: Pourquoi? Comment?[END_REF]. Whomever has to do this research, in the end the lessons will be given by the teachers who will therefore need to be educated in the matter. From this naturally follows that the teachers need to have knowledge of the historical aspects of what they are teaching along with an epistemological understanding of it. [START_REF] Clark | History of mathematics: Illuminating understanding of school mathematics concepts for prospective mathematics teachers[END_REF] The establishment of an historical perspective in science teaching is often based on the assumptions that the development of concepts is easier when put in its historical context and that it goes through a series of -more or less well defined-steps that can be identified in order, hopefully, to be replicated during the lecture thus leading the students to understand the taught concepts.

For example, learning about the history of quantum physics through the historical narrative is much easier than starting with postulating of the new non-intuitive formalism reflecting a completely new vision of reality. (Galili 2008, p. 2) This assumption is often based on another, which is the underlying hypothesis that the students attending such lectures will in fact follow a similar step by step process in their intellectual development that is supposed analogous to the historical process the scientists underwent as postulated by Piaget's genetic epistemology [START_REF] Piaget | Introduction à l'épistémologie génétique (1): La pensée mathématique[END_REF].

Studies have shown (Yildiz 2013;Radford 1997;Lakatos 1971Lakatos , 1980;;Gabel 1993;Bage 1999;Schleppegrell 2003;Radelet-de Grave 2009;Kelly 2012;Hodson 2014) that the establishment of an historical perspective in science teaching is also a source of motivation for the learners -and the teachers-but, maybe especially for mathematics, poses the question of the kind of historical content that should be added: should this historical content be an anecdote, a narrative or something else?

For a didactical treatment of the question [START_REF] Waldegg | Histoire, Épistémologie et Méthodologie dans la Recherche en Didactique[END_REF], which is more concerned with the cognitive aspects, the selection of the historical content should focus on the learning process with an epistemological point of view; ontology and evolution of notions and theories, conditions regarding the construction of knowledge, etc. In our example, the key being to identify the different steps of the cognitive development and select the observables relevant to the theoretical framework considered. In general, the choice should be guided by the determination of the epistemological obstacles (Bachelard 1934) on which the didactical transposition depends without, of course, neglecting the usual variables (culture, social background, institutional background, cognitive, emotional aspects; Radford 1997, p. 28).

Through the use of historical problems, students can appreciate that mathematical problems can be solved in different ways and they can be exposed to different approaches used in history, whether theoretical or more practical. They also can better grasp that mathematical research is a rather "bushy process" often encompassing big chronological lapses, a process in which mathematics are not simply a collection of well-defined and deductively organized results, but the result of flourishing intellectual activity across time and space.

Replacing mathematics, or physics, in historical context also allows to challenge and evaluate how well a concept is understood by the students by confronting their knowledge of the subject with the same mathematical object in a different environment. Therefore showing how the transition from the historical discovery to the final product happened.

Another, more practical, advantage is that teachers sometimes struggle to find appropriate problems to motivate students and/or confront them with the concepts from other angles. Fortunately, the history of mathematics contains a great number of historical problems which can enrich the teachers' lessons and the students' apprehension of mathematics while keeping them engaged in the object of the lecture.

This also makes sure that mathematics, which is often regarded as a discipline which is difficult, elitist, undecipherable, impenetrable, abstract, frightening, daunting, etc., remains a humane endeavor and not some kind of divine gift. On the contrary, the inclusion of the history of mathematics shows that there are new mathematics developed constantly, that there are elegant proofs, clumsy ones, mistakes, wrong suppositions, and that there are multiple ways 132 to get a demonstration, to a result or to retrieve one, and so on.

Furthermore, an important benefit of using the history of mathematics in mathematics teaching is that it allows to answer a number of questions such as:

It can explain a great deal of the "whys" in mathematics. Why do we use such words as numerator, average, radius, and hypotenuse? Why do we have sixty minutes in an hour or seven days in a week? Why do we use symbols in mathematics? Why do we use the equals sign? All conventions arose though various reasons, which can be discovered by reading history and researching etymology. (Bidwell 1993, p. 461) Beyond displaying mathematics in an unfamiliar way to challenge and engage both the teachers and the students, this also deepens the understanding that mathematical tools are invented and thus are evolving with our understanding -whether mathematics are invented or discoveredand this is also a great way to use the discovery method, in which the students are guided by their teacher in such a way that they should discover the mathematics for themselves.

Furthermore, the incorporation of the history of mathematics also serves a cultural role and the duty of remembrance. The development of mathematics is both acted upon by history and one of its motors. To retake Sir. William Kingdon Clifford's expressions, the history of mathematics and our understanding of mathematics is co-dependant of a "Then" and "Now" which take place in specific contexts throughout the development of humanity.

Finally, studies have shown that for the teachers, "the results indicated significant improvement of attitudes, particularly about the satisfaction from and the usefulness of mathematics". (Philippou 1998;[START_REF] Galante | The Use of the History of Mathematics in the Teaching Pre-Service Mathematics Teachers[END_REF] 

History of Physics and Physics Teaching

The introduction of the History of Physics in Physics Teaching is not a new idea. In fact, it was already promoted by Ernst Mach (1838Mach ( -1916;;1911) and Pierre Duhem (1861Duhem ( -1916;;1906) rather strongly (Galili 2008). Indeed, in his "History and root of the Principle of the conservation of energy" of 1911, Mach wrote:

[…] either one grows accustomed to the puzzles and they trouble one no more, or one learns to understand them by the help of history and to consider them calmly from that point of view. (Mach [1911(Mach [ ] 1973, pp. 15-16) , pp. 15-16) Quite analogous difficulties lie in wait for us when we go to school and take up more advanced studies, when propositions which have often cost several thousand years' labour of thought are represented to us as self-evident. Here too there is only one way to enlightenment: historical studies. (Ivi. p.16) This clearly indicates that he believed that the study of the history of science and its foundations were necessary for teaching science to students to prevent them from falling in disenchantment with their object of study, and to avoid them having to just accept some "self-evident" results; which is a problem students still face sometimes nowadays and usually justified by the lack of time of the professor to cover the material. Here, according to Mach, incorporating the history of science in science teaching has at the very least the added value of allowing the learners to get multiple points of view: Indeed, if from history one learned nothing else than the variability of views, it would be invaluable. […] Whoever knows only one view or one form of a view does not believe that another has ever stood in its place, or that another will ever succeed it; he neither doubts nor tests. If we extol, as we often do, the value of what is called a classical education, we can hardly maintain seriously that this results from an eight-years' discipline of declining and conjugating. We believe, rather, that it can do us no harm to know the point of view of another eminent nation, so that we can, on occasion, put ourselves in a different position from that in which we have been brought up. The essence of classical education is historical education. This issue is also evoked by Duhem but his justification came from a slightly different perspective. Indeed, Mach's idea in essence was that studying the history of Physics led to examining different points of view, and thus allowed in a way to develop the scientists' critical mind and mind openness; while Duhem's was less about understanding the relationship of different scientists with science, but rather about the understanding of the structure of Physics:

Contrary to what we have tried to establish, we generally admit that each assumption of Physics can be separated from the whole and subjected in isolation to the control of experience: naturally, from this erroneous principle we deduce false consequences touching the method by which Physics should be taught. We would like the professor to arrange all the hypotheses of Physics in a certain order: that he would take the first one, that he would give its statement, that he would expose the experimental verifications, then, when these verifications have been recognized sufficient that he would declare the hypothesis accepted: better still, we would like him to formulate this first hypothesis by generalizing by induction a purely experimental law; he would repeat this operation on the second hypothesis, on the third, and so on until Physics was fully constituted: Physics would be taught like Geometry is taught; hypotheses would follow each other like theorems: the experimental proof of each supposition would replace the demonstration of each proposition; we would not put forward anything that is not drawn from the facts or that is not immediately justified by the facts. 133 a (Duhem 1906, p. 328-329) Yet, Duhem reached a similar conclusion:

The legitimate, sure, fruitful method for preparing a mind to receive a physical hypothesis is the historical method. To retrace the transformations by which empirical matter has increased, while theoretical form is taking shape: to describe the long collaboration by which common sense and deductive logic have analyzed this matter and modeled this form until the one fits exactly the other, it is the best, if not the only, way to give those who study Physics a fair idea and a clear view of the complex and living organization of this science. 134 (Ivi. p. 442) 133 Contrairement à ce que nous nous sommes efforcés d'établir, on admet en général, que chaque hypothèse de Physique peut être séparée de l'ensemble et soumise isolément au contrôle de l'expérience : naturellement, de ce principe erroné on déduit des conséquences fausses touchant la méthode suivant laquelle la Physique doit être enseignée. On voudrait que le professeur rangeât toutes les hypothèses de la Physique dans un certain ordre: qu'il prit la première, qu'il en donnât l'énoncé, qu'il en exposât les vérifications expérimentales, puis, lorsque ces vérifications auront été reconnues suffisantes, qu'il déclarât l'hypothèse acceptée : mieux encore, on voudrait qu'il formulât cette première hypothèse en généralisant par induction une loi purement expérimentale ; il recommencerait cette opération sur la seconde hypothèse, sur la troisième, et ainsi de suite jusqu'à ce que la Physique fût entièrement constituée : la Physique s'enseignerait comme s'enseigne la Géométrie ; les hypothèses se suivraient comme se suivent les théorèmes : la preuve expérimentale de chaque supposition remplacerait la démonstration de chaque proposition ; on n'avancerait rien qui ne soit tiré des faits ou qui ne soit aussitôt justifié par les faits.

134 La méthode légitime, sûre, féconde, pour préparer un esprit à recevoir une hypothèse physique, c'est la méthode historique. Retracer les transformations par lesquelles la matière empirique s'est accrue, tandis que la forme théorique s'ébauchait : décrire la longue collaboration par laquelle le sens commun et la logique déductive ont analysé cette matière et modelé cette forme jusqu'à ce que l'une s'adaptât exactement à l'autre, c'est le meilleur moyen, voire le seul moyen, de donner à ceux qui étudient la Physique une idée juste et une vue claire de l'organisation si complexe et si vivante de cette science.

Moreover, Duhem went further by reflecting on the practical implications of teaching history of science: Undoubtedly, it is not possible to resume step by step the slow, hesitant, groping walk, by which the human mind has arrived at the clear view of each physical principle: it would take too long; for it to enter teaching, […] it has to be reduced in the relation between the duration of a man's education over the duration of their formation of science […]. 135 (Ivi. p. 443) However, Duhem made a somewhat surprising suggestion regarding this problem for mathematics. He wrote:

This abbreviation, moreover, is almost always easy, provided that one is willing enough to neglect everything that is simply done accidentally, author's name, date of invention, episode or anecdote, to focus on historical facts only which seem essential in the eyes of the physicist, only when the theory has been enriched by a new principle, where it has seen an obscurity dissipate, an erroneous idea disappear. 136 (Duhem 1906, p. 443) The history of Mathematics is, undoubtedly, the object of a legitimate curiosity; but it is not essential to the intelligence of Mathematics. 137 (Ivi. p. 444) Before arguing that this is only true for mathematics and not physics:

It is not the same in Physics. There, as we have seen, teaching is prohibited from being purely and fully logical. Therefore, the only way to link the formal judgments of theory to the material of the facts that these judgments must represent, and this by avoiding the surreptitious penetration of false ideas, is to justify each essential hypothesis by its history.

To make the history of a physical principle is, at the same time, to make a logical analysis of it. The critique of the intellectual processes that Physics brings into play is inextricably linked to the presentation of the gradual evolution by which deduction perfects the theory, making it an ever more precise, always better ordered image of the laws revealed by observation.

Only the history of Science can keep the physicist from the mad ambitions of Dogmatism as from the despair of Pyrrhonism.

By retracing to him the long series of errors and hesitations which preceded the discovery of each principle, it warns him against false evidence […] it reminds him 135 Sans doute, il n'est pas possible de reprendre étape par étape la marche lente, hésitante, tâtonnante, par laquelle l'esprit humain est parvenu à la vue claire de chaque principe physique : il y faudrait trop de temps ; pour rentrer dans l'enseignement, […] il faut qu'elle se réduise dans le rapport qu'a la durée de l'éducation d'un homme à la durée de la formation de la science […].

136 Cette abréviation, d'ailleurs, est presque toujours aisée, pourvu que l'on veuille bien négliger tout ce qui est simplement fait accidentel, nom d'auteur, date d'invention, épisode ou anecdote, pour s'attacher aux seuls faits historiques qui paraissent essentiels aux yeux du physicien, aux seules circonstances où la théorie se soit enrichie d'un principe nouveau, où elle ait vu se dissiper une obscurité, disparaitre une idée erronée 137 L'histoire des Mathématiques est, assurément, l'objet d'une curiosité légitime ; mais elle n'est point essentielle à l'intelligence des Mathématiques. that the most attractive systems are only provisional representations and not some final explanations. 138 (Ibidem) This difference between Mach and Duhem is explicable by their different standpoints. Mach was certainly preoccupied by the emotional aspect brought by the history of science, cultivating the interest of the students as well as the self-reflecting benefit it provides, while Duhem's standpoint was that teaching the history of physics was a purely logical necessity since "Studying the history of a physical principle, is, at the same time, doing its logical analysis" 139 (Ibidem).

While constructivism is probably the most common epistemology among science educators (Matthews 1992, p. 33), we have to recognize that there are good reasons for it to be the case. Matthews wrote:

Constructivism is in the Piagetian, cognitive, learning theory tradition, it is opposed to behaviourism of a Skinnerian or Gagneian type, so long dominant in science education. As with most of this tradition, its theory of mind is fundamentally Kantian. Constructivism's ontology varies from radical idealism (particularly in some of von Glasersfeld's writings), through to Popperian three-world theory. Its pedagogical practice is anti-didactic, and student-centred with an emphasis on student engagement in problem identification, hypothesis development, testing, and argument. (Matthews 1992, p. 34) Though, while its pedagogical practice might be "student-centered with an emphasis on student engagement in problem identification, hypothesis development, testing, and argument" (Ibidem), calling it anti-didactic is perhaps too harsh a statement; especially considering the meaning of didactic(s) in France (cfr. Section 8.1), which is by definition directly concerned by "how to teach and learn (the aspects of transmitting and learning)" (Gundem 2000, pp. 235). Matthews then points out one of the main issues with a constructivist point of view:

One deep-seated problem with much constructivist writing is that it maintains a 138 Il n'en est pas de même en Physique. Là, nous l'avons vu, il est interdit à l'enseignement d'être purement et pleinement logique. Dès lors, le seul moyen de relier les jugements formels de la théorie à la matière des faits que ces jugements doivent représenter, et cela en évitant la subreptice pénétration des idées fausses, c'est de justifier chaque hypothèse essentielle par son histoire.

Faire l'histoire d'un principe physique, c'est, en même temps, en faire l'analyse logique. La critique des procédés intellectuels que la Physique met en jeu se lie d'une manière indissoluble à l'exposé de l'évolution graduelle par laquelle la déduction perfectionne la théorie, en fait une image toujours plus précise, toujours mieux ordonnée des lois que révèle l'observation.

Seule l'histoire de la Science peut garder le physicien des folles ambitions du Dogmatisme comme des désespoirs du Pyrrhonisme.

En lui retraçant la longue série des erreurs et des hésitations qui ont précédé la découverte de chaque principe, elle le met en garde contre les fausses évidences […] elle le fait souvenir que les plus séduisants systèmes ne sont que des représentations provisoires et non des explications définitives.

139 Faire l'histoire d'un principe physique, c'est, en même temps, en faire l'analyse logique.

fundamentally empiricist conception of knowledge, despite their stated antipathy to such views. This is suggested when constructivists say that we are only aware of our sense impressions, we cannot have access to the world as it is, knowledge is the correspondence of mental image or ideas to reality, it is the individual subject who is the locus of knowledge claims. All of these are standard empiricist claims. But scientific knowledge requires idealisations and these cannot by definition mirror or correspond to the world. So either correspondence has to be dropped as a criterion of knowledge, or no branch of modern science can be accepted as knowledge. The former seems more sensible. But if this is done then a large part of the constructivist argument for relativism disappears. (Ibidem) However, even if this understanding of knowledge as justified true belief is the fundamental problem, and despite the apparent contradiction in the fact that "scientific knowledge requires idealisations and these cannot by definition mirror or correspond to the world" (Ibidem), the cognitive dissonance that results from this has barely any impact on the actual practice where the ends justifies the means to hyperbole; as the end goal is scientific education. Moreover, overcoming this obstacle -this cognitive dissonanceand accepting the empiricist claims, even as the next best thing to the real world that cannot be truly observed, is the only way to escape from some kind of solipsism. Piaget is renowned for his work that revolved around the notion of genetic epistemology, and in particular, in his later works, he explored the question of whether the cognitive development of children and their acquisition of concepts mirror the different stages of the development of science. This idea was motivated by similarities established with ancient physical theories therefore seemingly putting the history of science as a potential model for the students' ways of reasoning and developmental cognitive model for children (Piaget 1927).

Indeed, children seem to possess naive beliefs that are analogous to prescientific notions that later develop closer to early scientific notions. This has been largely studied in the Physics field of mechanics (Crapanzano 2018), where "naive conceptions of force and motion mirror the fundamentals of Aristotelian dynamics" (Matthews 1992, p. 23). According to research, the explanation for this view is that: "It is combination of extrapolation based on experience, followed by induction of some heuristic to explain why a particular answer has been given, that we believe has led to the notion of a naive physics" (McLaren 2013(McLaren , p. 1013)).

Although the idea that students' thoughts and conceptions mature in the exact same way scientists' thoughts and conceptions did through the history of science seems preposterous, it nevertheless gives us a footing on which to stand to extract pedagogical proposals. The point is that there are undeniable similarities between the two that could be exploited. Another problem is that although some efforts have been made to incorporate some history of physics in teaching physics, it has often been done in a rather clumsy way (McDonald 2017, p. ix).

Depending on the problem or concept to teach, the students can be presented with a variety of solutions or examples taken from historical situationswhether these would be historical reasoning arguments through the use of historical texts, the replication of historical experiments, etc.-. Thus, these can allow the students to use their own reasoning, but also to be confronted with a situation very much resembling that in which the scientists worked. With a mixed approach using both methods, using historical texts to make predictions about an experiment done by the students or in order to confirm the results obtained by the students after the experiment, and so on, the students are thus provided with a meaningful experience, motivating and helping them to overcome their potential problems of understanding "critical points of physics knowledge" (Galili 2008, p. 2).

Teaching the History of Science also advances the duty of remembrance, which is interesting on its own, but incorporating the History of Science in Science is interesting with regards to the conceptual frameworks demanded by the curricula. Aside from providing historical reasoning and arguments, it allows justification of the reasons that led to their development, and also provides the context in which to understand how and why data for experiments were acquired and their limitations. Thus allowing a theoretical explanation of the data gathered and the errors, inaccuracies, etc. found in them.

The Relationship Physics-Mathematics

The relationship between Physics and Mathematics, or their interplay is fundamental in science; and as a direct consequence, understanding the relationship between Physics and Mathematics is essential to understanding science. Indeed, this relationship is immediately linked to all sorts of considerations, such as some epistemological problems: a more philosophical question regarding whether the structure of reality is a mathematical structure, and by extension if this particular underlying mathematical structure is adequately described by Physics; or a more grounded question regarding the problems of epistemological obstacles encountered by learners (Bachelard 1934(Bachelard , 1940;;[START_REF] Brousseau | Les obstacles épistémologiques et les problèmes en mathématiques[END_REF][START_REF] Brousseau | Lees obstacles épistémologiques et la didactique des mathématiques[END_REF], i.e. the problem of idealisation where the exactness of mathematics is opposed to physical uncertainty and the impossibility to do infinitely precise measurements. However, beyond these kinds of considerations, we have to recognize a number of features of this relationship and examine the similarities and differences between the two.

Mathematics is a self-consistent field relying on logic, rules, abstractions, axioms and representations. Historically, the development of mathematics certainly have started stimulated by needs: practical purposes such as commerce, trade, land division; and the need to understand physical reality. Since then mathematics have developed as its own construct, its own field of study, both independently and in relation to physics. Thus, mathematics stem from reality as an abstraction; on one hand, an abstraction of elements -numeration and arithmetic-, and on the other hand, an abstraction of space with geometry. Taking into account the premise that mathematics are universal and that physics possess an underlying mathematical structure, physics can be understood de facto as a subset of mathematics, the part of mathematics which apply to reality, as well as its generator from the historical or empirical point of view. Indeed, as an example, the Euclidean logical axioms of plane geometry directly originate from physical observations.

While logical axioms are by definition self-evident, they are taken as facts in their own right and context; axioms are thus arguably analogies written in the mathematical language of physical facts. The problems arise from the formalization [START_REF] Paleo | Physics and proof theory[END_REF]) and the consequences of the manipulation of assertions and logical rules in order to build theorems and theories; for instance, think of Gödel's incompleteness theorems; and thus is posed the question of to what extent is the analogy correct?

Another point following from this is about how much and what part of mathematics is in physics?, since physics which is unable to build theorems still uses mathematical features to describe reality with laws, theories and principles. The use of mathematics in Physics has proven its utility countless times (Pisano 2011(Pisano , 2013a(Pisano , 2014a)), both analytically, numerically and geometrically. For instance, the discovery of gravitational waves is a great illustration of this as it involves a lot of examples: the geometrization of physics with the development of the concepts of spacetime from the concept of curved spaces and space curvature; the edification of laws and relations for the physics of waves; the analyses of gravitational wave signals; and numerical relativity just to name a few.

Even though the relationship between mathematics and physics might be rather obvious, it is nevertheless riddled with deeply meaningful and subtle implications. Perhaps the most amazing and impactful of these is Noether's theorem, developed by Emmy Noether which explains how conservative properties of conversion laws emerge from continuous symmetries.

When examining the relationship between mathematics and physics, we are essentially examining the overlap between the two. Therefore, we ought to take a look at the limits of the two fields. For instance, to what degree do mathematical solutions of physical problems extend in the physical world? An example of this could be the question regarding the existence of wormholes. Wormholes are special solutions of the Einstein Field Equations, but their existence in real life so far is only speculative. Consequently, we are forced to ask ourselves the -unanswerablequestion: do all rigorously found sound solutions in mathematics really can exist in the physical world? But also, what about mathematical results obtained by ignoring the physical world's constraints or bending them? (cfr. [START_REF] Hill | Einstein's special relativity beyond the speed of light[END_REF] Finally, a more grounded aspect of this relationship is addressing the issue of the exactness of mathematics in regards to physics with mathematical physics. Indeed, there are a number of mathematical tools and techniques that can be used in a -somewhat-less rigorous, "Physicsy" 140 fashion in order to obtain approximate results approaching the exact solution one is looking for. Nevertheless, not exact results, techniques such as asymptotic methods and perturbation theory allow us to arbitrarily reach approximations as precise as one needs [START_REF] Bender | Advanced mathematical methods for scientists and engineers I: Asymptotic methods and perturbation theory[END_REF].

Teaching the Interplay Physics-Mathematics Language

Teaching the interplay Physics-Mathematics might seem automatic at first in a naïve way, as in order to do physics we need to use mathematical tools. On one hand, the specific teaching of this relationship is much more subtle and goes further than the simple fact that mathematics also serve the purpose of experimental confirmations and analyses:

Teaching must make the pupil grasp this capital truth: Experimental verifications are not the basis of theory: they are their crowning achievement; Physics does not progress like Geometry: the latter grows by the continual contribution of a new theorem, demonstrated once and for all, which is added to theorems already demonstrated: the former is a symbolic table to which continual retouching gives more and more extent and unity; the whole of which gives an increasingly resembling image of the whole of the facts of experience, while each detail of this image, cut out and isolated from the whole, loses all meaning and no longer represents anything. 141 (Duhem 1906, p. 336) On the other hand, the real problem for mathematics teaching and in a similar way for physics teaching, appears to be tied with the development of actual meaning -whether of the existence of mathematical objects and the mathematical representations of physical objects or of the relationship between law and observations.

The common way of treating problems is by asking the students to somewhat suspend their disbelief. Ironically, this suspension of disbelief is unavoidable as in the treatment of problems or applications of laws, etc. the student is almost always asked to consider "ideal objects" free from certain aspects of phenomena or effects. For instance, ignoring friction, air 140 Cfr. Hübsch 2015, p. 331 for disambiguation. 141 L'enseignement doit faire saisir à l'élève cette vérité capitale : Les vérifications expérimentales ne sont pas la base de la théorie : elles en sont le couronnement; la Physique ne progresse pas comme la Géométrie: celle-ci grandit par le continuel apport d'un nouveau théorème, démontré une fois pour toutes, qui s'ajoute à des théorèmes déjà démontrés : celle-là est un tableau symbolique auquel de continuelles retouches donnent de plus en plus d'étendu et d'unité ; dont l'ensemble donne une image de plus en plus ressemblante de l'ensemble des faits d'expérience, tandis que chaque détail de cette image, découpé et isolé du tout, perd toute signification et ne représente plus rien. resistance, heat production, radiated heat, or other "negligible" effects or quantities, by considering point-like representations of objects, etc.

The use of idealized situations allows for great simplifications of the study of a problem and also gives an explanation of the deviations between the purely rigorous mathematical treatment of the problem and the actual results: the however small variations between the expected results and the actual obtained results being justified by the natural inaccuracies and randomness of the "real world". Maybe worse, this problem and justification is also present in the repetition of experiments using the exact same experimental protocol; a small insignificant variation in the data is judged acceptable. This -almostunavoidable problem of using idealized situations and the experimental deviations are unfortunately a source of cognitive dissonance for the students. In physics we are bound to use assumptions or thought experiments, which obviously cannot be actually realized in experiments, whether from a theoretical point of view like considering infinitesimals but also from a practical one with everlasting motions or neglecting air friction and the problem of practice-based evidence (Sensevy 2018).

This raises the question of the interpretation of the results which is subject to many fallacies and cognitive bias such as confirmation bias (Nickerson 1998) which can happen even if the information or data is actually correct; e.g.: with availability heuristics (Cfr. [START_REF] Caroll | The effect of imagining an event on expectations for the event: An interpretation in terms of the availability heuristic[END_REF].

Another extremely important point about the relationship between Physics and Mathematics has to do with the language used. In fact, there are a number of objects common to both Physics and Mathematics that are approached in different ways; or even identical objects with different notations depending on the user. For instance, derivatives. While there is no doubt that the common concept of a derivative is the same to both the physicist and the mathematician, they use different notations, i.e. 𝑓′(𝑥) vs. 𝑑𝑓 𝑑𝑥 (𝑥). Indeed:

Math in science (and particularly math in physics) is not the same as doing math. It has a different purpose-representing meaning about physical systems rather than expressing abstract relationships. It even has a distinct semiotics-the way meaning is put into symbols-from pure mathematics.

It almost seems that the "language" of mathematics we use in physics is not the same as the one taught by mathematicians. There are many important differences in what seems to be the physicist's "dialect" of speaking math, so, while related, the languages of "math in math" and "math in physics" may need to be considered as separate languages. The key difference is that loading physical meaning onto symbols does work for physicists and leads to differences in how physicists and mathematicians interpret equations. We not only use math in doing physics, we use physics in doing math. [START_REF] Redish | Language of Physics, Language of Math: Disciplinary Culture and Dynamic Epistemology[END_REF] Furthermore, this kind of issue regarding notation is only the tip of the iceberg so to speak. The interpretation of an equation will also depend on the reader. On this point, the authors also wrote the following about the equation 𝑦 = 𝑚𝑥 + 𝑏:

With a knowledge of labeling conventions, x and y are interpreted as variables capable of taking on many different values, while m and b are interpreted as constants. With this addition, the equation takes on the meaning of a relation between the independent variable (x) and the dependent variable (y). Additionally, the assumed constancy of m implies that the equation refers to a straight line. The constants now take on additional mathematical meaning: m as the slope of the line and b as the intercept on the y-axis, bringing in ideas from graphs. Thus, the meaning of the equation, understood even within the domains of mathematical conventions, straight lines, and graphs are much richer then the strict "definition" expressing the symbol "y" in terms of other symbols. (Ibidem) Therefore, the authors argue that by teaching learners mathematics in Mathematics and a different version of mathematics in Physics, we are essentially asking learners to become bilingual. Indeed, both Mathematics and Physics approach meaning, vocabulary and context in different ways at a fundamental level.

Yet, this is also the case on a sociocultural and behavioral level too. In fact, it is not unusual for physicists to be often more lenient in regard to heavy mathematical rigor. As Prof. Carl Bender put it: "There are different styles of doing mathematical physics, one style is a very rigorous approach where it's all theorem and proof", "I don't like theorem and proof type approaches to doing physics, especially mathematics that's going to be used in physics.", "I prefer to talk about what I regard is really useful and powerful mathematical techniques […]" (Bender 2012, online lecture 142 ). Nevertheless, we have to ponder this by the realization that these "really useful and powerful mathematical techniques" even if somewhat presented in opposition to the "very rigorous approach", are in actuality perfectly sound and rigorous. In this particular case, it arguably could be said that: mathematics in Mathematics is to Physics what formal language is to common language.

These problems are well known to the HPS trained teachers, but they need to be discussed for the students to be made aware of them.

History of Science, Epistemology and Philosophy

The question naturally following this is "How do we know something?". This in-between question of the Why and How to do Science is where Epistemology comes in. Etymologically, Epistemology is the study of knowledge, it concerns itself with the study of how we extract knowledge and how more knowledge is built from the obtained knowledge. Thus, it seems only natural that in order to teach effectively, the better one understands how knowledge is built, the easier it will be to teach.

A well-known result of neuropsychology -Educational neuroscience, psychology, learning theoryis the fact that human reasoning -and learning-is driven by association [START_REF] Quinette | Évaluation du buffer épisodique : deux épreuves testant les capacités d'association et de stockage d'informations verbales et spatiales[END_REF]. This result can be straightforwardly illustrated by considering the following example which I used countless times during my science mediation at Xperium (from High School students to first year Master's degree students): think of the word "carrot", what do you associate it with? The usual answers are "Orange", "vegetables", or "rabbit".

However, this association is deeper than one could expect at first. Indeed, besides simply associating words that belong to the same lexical group, what really happens is more complicated than just that. From their perspective, there are a number of successive mechanisms at play. First of all, they hear the soundwaves of the person saying the word, their brain then process the stimuli and associate phonemes which are then concatenated into a word, which in turn is somehow compared to their inner database (vocabulary). Once their minds have identified the word, if multiple meanings are associated, the context of the phrase gives information on what meaning is the right one; then once this process has been done for all the words in the question, the global meaning of the question is evaluated and a response can be given by a reciprocal process; a similar process is also at play during reading. The point being that our way of thinking, our reasoning, is based on these principles which coincidentally are similar -if not the same as-to the processes involved in logic, deduction, inference, and so on.

This whole ordeal is arguably at the basis of science; through the use of associations and comparisons. Indeed, what is science if not the discipline that associates outcomes with possibilities? Knowledge is built upon knowledge, and in the same way, when scientists are confronted with unknown phenomena, they try to bring them back to better understood phenomena by association. For instance, these are the fundamentals of reasoning by parallelism and analogy (Radelet- de Grave 2009;Rahman 2009Rahman , 2016)). In fact, the type of reasoning which continues to be central in research, scientific investigations and transmission can be found in Arab jurists of the 9th century who reflected on this particular type of reasoning in the same way that Greek philosophers would have had reflected on it. They identified three main -sometimes overlapping-types of reasoning by parallelism and analogy: exemplification, symmetries -where a common relation between two objects, things or concepts can be found-resemblance and analogy.

Some direct results of this in Science are the use of practical, computable or theoretical examples, the designing and use of models, thought experiments, etc. Moreover, on a more down-to-earth level, another direct example, given by Epistemology, is the need for experiments to be reproducible and repeatable, and therefore the development of scientific methods such as the use of experimental protocols.

The inclusion of HPS also has some caveats. Debates around historiography can lead us to ask questions about what can and should be considered as historically important enough to discuss and how relevant those are to Science Education. A major part of history revolves around finding facts about individuals, events, etc. and being able to identify and justify a narrative linking them. This work can be challenging at times, especially considering that since this narrative has to be manufactured by the historian, it is intrinsically susceptible to objectivity issues. For instance, materials and sources have to be selected, extrapolations, speculations or other guesses are made, questions have to be outlined and can be framed… and therefore the historian will necessarily make choices influenced, willingly or not, by their scientific, philosophical and/or religious views, their culture, social and psychological state, etc. just like a scientist or philosopher would (Radford 1997, p. 27). In the same vein, the selection of interesting historical data in the case of epistemological inquiries will depend on the eye of the researcher. This is even true when different historians consider the exact same historical events and draw different interpretations; a prime example of this being the list of priority disputes for theories, inventions or results. However, the almost inevitable problems involving interpretation in history, or more particularly history of science, justify why teachers need to have seen enough philosophy of science and history of science to help them with the interpretations of the results for students. These different interpretations at the same time provide us with an opportunity to discuss the questions from which they arise with the students; thus offering the opportunity to develop their methodology and critical thinking.

Furthermore, it could be argued that teachers simply need to possess critical knowledge of their discipline and more particularly of the subject matter they teach, whether they use it in their lessons as a pedagogical tool or not. Indeed, it would seem quite peculiar to have a teacher teach about an explanation without understanding the ins and outs of it. Even more so if the teacher is unable to answer students' questions about the subject matter of their own discipline. Having teachers educated in science instead of just teachers trained in science makes a huge difference both for the teachers and the students.

To use a hyperbole, understanding the difference between the real, physical objects of the world and the theoretical objects of science and being able to explain the philosophical-epistemological implications behind this or the subject matter taught is what differentiates a teacher forming scientists from a teacher forming calculators.

Common Knowledge vs. Scientific Knowledge

In its broadest sense, reasoning is understood as the ability to solve problems, to draw conclusions by establishing the necessary logical and causal links between facts, and to consciously learn them. There are different types of reasoning, although we will focus on scientific reasoning vs. non-scientific reasoning using the following definition: Scientific reasoning (SR), broadly defined, includes the thinking skills involved in inquiry, experimentation, evidence evaluation, inference and argumentation that are done in the service of conceptual change or scientific understanding. (Zimmerman 2005) From this, we can see that there is a difference between common sense, common knowledge used in its broadest meaning, regardless of epistemological issues such as those presented by Gettier (1963); and scientific thinking and reasoning, which relies on inquiries, experimentation, etc. and which is not an innate process in human beings. The fundamental difference between common knowledge and scientific knowledge is the way in which the knowledge is built (Driver 1994). Furthermore, there are differences in the processes invoked. For instance, according to Bachelard, the ability of abstraction -and formalization-are at the basis of the scientific spirit:

In fact, if we meditate on the evolution of the scientific spirit [6]143 we quickly detect a momentum that goes from the more or less visual geometric to complete abstraction. (Bachelard 1934, p. 8) 144 while in scientific reasoning experiences and experiments are processed, common experiences are, on the contrary, taken as facts:

It has often been said that a scientific hypothesis that cannot come up against any contradiction is not far from being a useless hypothesis. Likewise, what is the use of an experiment that does not rectify some error and that is just plain true and indisputable? A scientific experiment is thus one that contradicts common experience. Moreover, immediate, everyday experience always keeps some kind of tautological character, developing in the realm of words and definitions; it precisely lacks the perspective of rectified errors that in our opinion characterises scientific thought. Ordinary, everyday experience is not really composed; at the very most it is made up of juxtaposed observations and it is striking that the old epistemology established a continuous link between observation and experimentation, whereas experimentation ought to distance itself from the ordinary conditions of observation. Since everyday experience is not composed, according to our opinion, it cannot actually be verified. It remains a fact. It cannot provide us with a law. 145 It is interesting to note that Bachelard's views are very close to another of his contemporaries, in Karl Popper (1902-1994). However, Popper made the extra step of differentiating science from pseudo-science. He noticed differences in the methods for doing science of "great thinkers" like Einstein and Freud. On this, Lakatos stated: But, in 1934, Karl Popper, one of the most influential philosophers of our time, argued that the mathematical probability of all theories, scientific or pseudoscientific, given any amount of evidence is zero. If Popper is right, scientific theories are not only equally unprovable but also equally improbable. A new demarcation criterion was needed and Popper proposed a rather stunning one.[ A theory may be scientific even if there is not a shred of evidence in its favour, and it may be pseudoscientific even if all the available evidence is in its favour. That is, the scientific or non-scientific character of a theory can be determined independently of the facts.] A theory is 'scientific' if one is prepared to specify in advance a crucial experiment (or observation) which can falsify it, and it is pseudoscientific if one refuses to specify such a 'potential falsifier'. (Emphasis is ours [START_REF] Lakatos | Science and Pseudoscience" BBC Transcript, with additional passages[END_REF] The differences between common knowledge and scientific knowledge go further, and although we have to recognize that scientific knowledge is an extension of common knowledge, the objects and by extension the vocabulary involved are different from an ontological perspective.

For instance, a wave will have a different meaning for a non-scientist; just like if talking of gravity, the non-scientist and the scientist will have widely different approaches and answers about it. Moreover, this last example also highlights another difference, which is that common sense seems to be guided primarily by pragmatism while the scientific approach will seek an abstraction for generalisation and finding the rule or law, etc. Therefore, it is understandable that the analysis comparing scientific language with "ordinary language" is not a good indicator of knowledge growth on its own. Indeed, according to Popper:

145 On a dit souvent qu'une hypothèse scientifique qui ne peut se heurter à aucune contradiction n'est pas loin d'être une hypothèse inutile. De même, une expérience qui ne rectifie aucune erreur, qui est platement vraie, sans débat, à quoi sert-elle ? Une expérience scientifique est alors une expérience qui contredit l'expérience commune. D'ailleurs, l'expérience immédiate et usuelle garde toujours une sorte de caractère tautologique, elle se développe dans le règne des mots et des définitions ; elle manque précisément de cette perspective d'erreurs rectifiées qui caractérise, à notre avis, la pensée scientifique. L'expérience commune n'est pas vraiment composée ; tout au plus elle est faite d'observations juxtaposées et il est très frappant que l'ancienne épistémologie ait établi un lien continu entre l'observation et l'expérimentation, alors que l'expérimentation doit s'écarter des conditions ordinaires de l'observation. Comme l'expérience commune n'est pas composée, elle ne saurait être, croyons-nous, effectivement vérifiée. Elle reste un fait. Elle ne peut donner une loi. (Ivi. p. 13) The problem of epistemology may be approached from two sides: (1) as the problem of ordinary or common-sense knowledge, or (2) as the problem of scientific knowledge. Those philosophers who favour the first approach think, rightly, that scientific knowledge can only be an extension of common-sense knowledge, and they also think, wrongly, that common-sense knowledge is the easier of the two to analyse. In this way these philosophers come to replace the 'new way of ideas' by an analysis of ordinary language-the language in which common-sense knowledge is formulated. They replace the analysis of vision or perception or knowledge or belief by the analysis of the phrases 'I see' or 'I perceive', or 'I know', 'I believe', 'I hold that it is probable'; or perhaps by that of the word 'perhaps'. Now to those who favour this approach to the theory of knowledge I should reply as follows. Although I agree that scientific knowledge is merely a development of ordinary knowledge or common-sense knowledge, I contend that the most important and most exciting problems of epistemology must remain completely invisible to those who confine themselves to analysing ordinary or common-sense knowledge or its formulation in ordinary language. I wish to refer here only to one example of the kind of problem I have in mind: the problem of the growth of our knowledge. A little reflection will show that most problems connected with the growth of our knowledge must necessarily transcend any study which is confined to common-sense knowledge as opposed to scientific knowledge. For the most important way in which common-sense knowledge grows is, precisely, by turning into scientific knowledge. Moreover, it seems clear that the growth of scientific knowledge is the most important and interesting case of the growth of knowledge. (Popper 1959, pp. xxi-xxii) Furthermore, despite the fact that common sense can use logic and be rather complicated it can lead to mistakes and misconceptions in slightly different contexts because of the lack of abstraction and generalisation; the explicit formalisation of rules and theories. A prime example of this being the "Wason problem" (Cfr. Wason 1971). Common sense seems to tend to work better in specific situations, preferably in an everyday life context and when the results have pragmatic ends, while scientific reasoning, on the contrary, is perfectly adequate in both pragmatic and abstract contexts and scientific spirit goes even further by often exploring theoretical objects without the necessity for them to have a physical meaning. Indeed, beyond the purely utilitarian arguments behind the scientific endeavour, the scientific spirit is not just motivated by curiosity, according to Poincaré there is more:

The scientist does not study nature because it is useful; he studies it because he takes pleasure in it and he takes pleasure in it because it is beautiful. If nature was not beautiful, it would not be worth knowing, life would not be worth living. I am not speaking here, of course, of this beauty that strikes the senses, of the beauty of qualities and appearances; not that I ignore it, far from it, but it has nothing to do with science; I mean this more intimate beauty which comes from the harmonious order of the parts, and which a pure intelligence can grasp. (Poincaré 1908, p. 16) 146 146 Le savant n'étudie pas la nature parce que cela est utile ; il l'étudie parce qu'il y prend plaisir et il y prend plaisir parce qu'elle est belle. Si la nature n'était pas belle, elle ne vaudrait pas la peine d'être connue, la vie ne vaudrait pas la peine d'être vécue. Je ne parle pas ici, bien entendu, de cette beauté qui frappe les sens, de la beauté des qualités et des apparences ; non que j'en fasse fi, loin de là, mais elle n'a rien à faire avec la science ; However, it should be noted that scientific knowledge is not build to be universal, but rather as objective as possible, even if this goal is arguably unattainable as suggested Poincaré and Popper: It is often said that one has to experiment without preconceived ideas. This is not possible; not only would that make any experience sterile, but even if we wanted it would be impossible. Everyone carries with them their conception of the world which they cannot get rid of so easily. For example, we have to use language, and our language is made up of preconceived ideas and cannot be made of anything else. Only these are unconscious preconceptions, a thousand times more dangerous than the others. 147 (Translation by Philippe VINCENT -Poincaré 1902, pp. 169-170) I am inclined to think that scientific discovery is impossible without faith in ideas which are of a purely speculative kind, and sometimes even quite hazy; a faith which is completely unwarranted from the point of view of science, and which, to that extent, is 'metaphysical'. (Popper [1934] 2005, p. 16) For Popper, knowledge was built on probability -and contingency-through the use of what he called "probability hypotheses":

Our question was: How can probability hypotheses-which, we have seen, are nonfalsifiable-play the part of natural laws in empirical science? Our answer is this: Probability statements, in so far as they are not falsifiable, are metaphysical and without empirical significance; and in so far as they are used as empirical statements they are used as falsifiable statements. (Ivi. p. 196) On the one hand, we must make the possibility of using probability statements understandable in terms of their logical form. On the other hand, we must analyse the rules governing their use as falsifiable statements. [...] Our methodological rule, proposed in accordance with the criterion of demarcation, does not forbid the occurrence of atypical segments; neither does it forbid the repeated occurrence of deviations (which, of course, are typical for probability sequences). What this rule forbids is the predictable and reproducible occurrence of systematic deviations; such as deviations in a particular direction, or the occurrence of segments which are atypical in a definite way. Thus it requires not a mere rough agreement, but the best possible one for everything that is reproducible and testable; in short, for all reproducible effects. (Ivi. p. 197) Therefore a theory is as strong as its predictions and can be temporarily taken as right but can never be proven true. The amount of evidence in the favour of the theory simply fails to prove the theory wrong.

Scientific knowledge is constructed by the scientific community and je veux parler de cette beauté plus intime qui vient de l'ordre harmonieux des parties, et qu'une intelligence pure peut saisir. 147 On dit souvent qu'il faut expérimenter sans idée préconçue. Cela n'est pas possible; non seulement ce serait rendre toute expérience stérile, mais on le voudrait qu'on ne le pourrait pas. Chacun porte en soi sa conception du monde' dont il ne peut se défaire si aisément. Il faut bien, par exemple, que nous nous servions du langage, et notre langage n'est pétri que d'idées préconçues et ne peut l'être d'autre chose. Seulement ce sont des idées préconçues inconscientes, mille fois plus dangereuses que les autres. solidified when the scientific community reaches an agreement on the studied items; such as theories, laws, explanations, relationships, objects (quarks, atoms, fields…), methods, etc. By extension a somewhat amusing consequence is that what the scientific community does not know, is unable to explain, or more specifically the limits of the knowledge and what, in essence, is impossible to know is also part of scientific knowledge. For example, dark matter and dark energy which are placeholders.

Finally, scientific knowledge is transmitted in formal (schools, high schools, lyceums, universities, social institutions of science, etc.) and informal ways. This implies that in order for someone to learn how to do science and receive a proper scientific education -methods, practices, reasoning, etc.-they have to be taught. A contemporary example of deficiencies about this point might be best exemplified by a recent documentary "Behind the Curve" (2018) on "flat earthers".

Students' Difficulties and Misconceptions

Teaching-Learning science has to take into account the nature of the taught items in order to identify the relevant practices and adequate methods for the study of the selected item, and beyond curricula considerations, it is also equally important to take into consideration the learners.

Besides pondering the questions of the cultural and social backgrounds of the learners, there are recurrent difficulties and misconceptions that can be identified in widely different groups.

The more prominent common difficulties and misconceptions can certainly be traced back to the epistemological break with everyday life and abstraction as illustrated by the common questions, views and complaints of students such as, for example, that Physics is an approximation of reality and not the truth, that the situations studied are idealized, that the symbolic treatment of problems is far from reality, that mathematical beauty is irrelevant to nature and just pleasing to the scientists, and so on. According to Bachelard, scientific advancement is a constant struggle with epistemological obstacles; the first one being opinion and preconceived notions:

Science, in its need for achievement as well as in its principle, is absolutely opposed to opinion [...] We cannot base anything on opinion: we must first destroy it. It is the first obstacle to overcome.148 (Bachelard 1934, p. 17) The scientific spirit prohibits us from having an opinion on questions that we do not understand, on questions that we do not know how to formulate clearly. Above all, one has to know how to pose problems. 149 (Ibidem) The second one being observation:

Risk and success lie on the experience-reason axis and in the direction of rationalization. Only reason stimulates research, because it is reason alone which suggests beyond the common experience (immediate and specious) scientific experience (indirect and fruitful). 150 (Bachelard 1934, p. 20) Therefore, we have to start by doubting what we think we already know and distance ourselves from common sense that is built on common experience.

In fact, this problem of abstraction from everyday life is one of the first epistemological obstacles (Cfr. [START_REF] Brousseau | Les obstacles épistémologiques et les problèmes en mathématiques[END_REF][START_REF] Brousseau | Lees obstacles épistémologiques et la didactique des mathématiques[END_REF] for scientific knowledge as he wrote: "The first experience or, to bet more precisely, the first observation is always a first obstacle for scientific culture." 151 (Bachelard 1934, p. 23) Students' formal and informal learning, personal experience, social interactions and the resulting common knowledge give them a basic framework on which to rely to interpret everyday life phenomena which shape their common sense. This social aspect is mainly separated from scientific guidance and leads to common views that can ultimately lead to misconceptions and difficulties.

A lot of research has been done on this epistemological break of abstraction from everyday life [START_REF] Carey | Conceptual change in childhood[END_REF][START_REF] Carmichael | Research on students' conceptions in science: A bibliography[END_REF]) which maybe is best illustrated by the many studies that have been done about informal and formal reasoning (Wason 1971); especially in mechanics where a common misconception is that a constant force is required to keep an object in constant motion (Clement 1982;Viennot 1979;Crapanzano 2018) Unfortunately, this can have dire consequences for teaching students. Indeed, considering that students' common sense precedes scientific reasoning, added to the fact that there is some kind of mistrust in science due to the problem of idealisation, it is common for them to encounter difficulties. Those difficulties mostly arise from clashes with common sense of their pre-established conceptions and common knowledge or even beliefs, whether religious or otherwise.

It should be noted that not only the students are victims of their common sense, but teachers and even scientists are subject to this problem; although 149 L'esprit scientifique nous interdit d'avoir une opinion sur des questions que nous ne comprenons pas, sur des questions que nous ne savons pas formuler clairement. Avant tout, il faut savoir poser des problèmes.

150 C'est sur l'axe expérience-raison et dans le sens de la rationalisation que se trouvent à la fois le risque et le succès. Il n'y a que la raison qui dynamise la recherche, car c'est elle seule qui suggère au delà de l'expérience commune (immédiate et spécieuse) l'expérience scientifique (indirecte et féconde).

151 La première expérience ou, pour parier plus exactement, l'observation première est toujours un premier obstacle pour la culture scientifique. to different degrees. A good example of this could be counterintuitive results, which are counterintuitive on the basis that these kind of intuitions are guided by common sense; such as those encountered in Quantum Mechanics, or just concepts like non-locality, etc. In those cases, common sense logic is inadequate for understanding, let alone problem solving. But without going this far, the main difficulty is about abstraction and idealisation which leads to a dissatisfaction and the belief that physics deals with reality.

Another issue is that whether it is through assumptions, modelling, experiments, thought experiments or problem solving, idealisation is omnipresent in physics lessons. Consequently, the many manipulations of idealized -or abstract-objects adds another layer of separation from the "real world" and its experience. This separation is even more pronounced given that in the eyes of students, mathematics is often considered as some kind of standalone science -almostcompletely separated from any physical meaning. Thus, when students ponder upon the exactness of Mathematics compared to the approximations of mathematics in Physics this heightens the problem of students perceiving these fields as far from reality. In this way, idealisation deepens the students' feeling of getting further away from the real world up to the point of losing its purpose and thus making them conceive Science as a mere approximation of reality. The reason behind this is found when considering how students perceive science and therefore the expectations they possess in regard to science and science teaching.

The question arises as to what can be done to help students overcome those difficulties and misconceptions, and how History of Science and Nature of Science teaching can help. The point being that the presentation of a subject which is different from the subject itself can help understanding of the first subject more deeply.

According to Bachelard, the professor's role is not to transmit their knowledge to students but rather to change their knowledge by getting rid of the epistemological obstacles that they meet during everyday life: However, when considering learning as the transformation of old knowledge schemes into new ones, we ignore the possibility of instead giving individuals multiple parallel conceptual schemes. This is what is actually happening when considering instances where one of these conceptual schemes is selected according to the context in which the person is put, as it is arguably impossible to "un-learn" something. For instance, this is clearly the case when considering scientific mediation and the different levels of explanation a scientific mediator has to be able to give depending on their audience.

Moreover, just like the more profound the understanding of a concept, the easier it is for a teacher to give different explanations, or adapt or reformulate one, and considering that different conceptual schemes can coexist on the same subject, tackling a subject from different angles -historical, epistemological, etc.-provide different perspectives and as many different ways of understanding the object of the teaching.

In this perspective, the role of the professor is to educate the students so that they are able to select the right conceptual schemes for the situations they find themselves in. As an example, helping the students to identify if and when air resistance in a problem can soundly be neglected.

As we have seen, the recognition of scientific idealisation is closely linked to the concepts of epistemological obstacles and misconceptions. The questions then arise as what are and how to avoid misconceptions? According to Brousseau (1976):

-A learned concept can only be used insofar as it is linked to others, these links constitute its meaning, its label, its activation method.

-But it is only learned to the extent that it is usable and used effectively, that is to say only if it is a solution to the problem. These problems, the set of constraints to which it responds, constitute the meaning of the concept. It is only learned if it "succeeds" and therefore requires a territory for implementation. This territory is only rarely general and definitive.

-Due to this localized use, the concept receives particularizations, limitations, distortions of language and meaning […] (Brousseau 1976, p. 103) 152 From this, Brousseau explained that errors are not necessarily didactic in nature or due to the cognitive abilities of the student, but can come from the manifestations of epistemological obstacles and therefore that these kinds of errors are constituent of the meaning of the learned knowledge:

Error is not only the effect of ignorance, uncertainty, chance that is believed in the empirical or behavioral theories of learning, but the effect of prior knowledge, which had his interest, his successes, but which now turns out to be false, or simply unsuitable. Mistakes like this are not erratic and unpredictable, they are obstacles.

[*] As well in the functioning of the teacher as in that of the pupil, the error is constitutive of the direction of the acquired knowledge. 153 (Ivi. p. 104; [*] refers to the bibliography at the end of the article).

152 -Une notion apprise n'est utilisable que dans la mesure où elle est reliée à d'autres, ces liaisons constituent sa signification, son étiquette, sa méthode d'activation.

-Mais elle n'est apprise que dans la mesure où elle est utilisable et utilisée effectivement, c'est-à-dire seulement si elle est une solution du problème. Ces problèmes, ensemble de contraintes auxquelles elle répond, constituent la signification de la notion. Elle n'est apprise que si elle « réussit » et il faut donc un territoire de mise en oeuvre. Ce territoire n'est que rarement général et définitif.

-Du fait de cet emploi localisé, la notion reçoit des particularisations, des limitations, des déformations de langage et de sens […] (Brousseau 1976, p. 103) 153 L'erreur n'est pas seulement l'effet de l'ignorance, de l'incertitude, du hasard que l'on croit dans les théories empiristes ou behaviouristes de l'apprentissage, mais l'effet d'une connaissance antérieure, qui avait son intérêt, ses succès, mais qui, maintenant, se révèle fausse, ou simplement inadaptée. Les erreurs de ce type ne sont pas erratiques et imprévisibles, elles sont constituées en obstacles. [*] Aussi bien dans le fonctionnement du maître que dans celui de l'élève, l'erreur est constitutive du sens de la connaissance Brousseau then added that what he just described was broadly applicable to other fields such as epistemology or history of science (Ivi. p. 105). He then wrote about these kinds of errors, misconceptions and how to get rid of them:

In addition, these errors, in the same subject, are linked together by a common source, a way of knowing, a characteristic, coherent, if not correct, old conception which has succeeded in a whole field of actions. 154 (Ivi. p. 106) The obstacle is constituted like knowledge, with objects, relationships, methods of apprehension, predictions, with obvious facts, forgotten consequences, unforeseen ramifications ... It will resist rejection, it will try as it should, to adapt locally, to modify at the lowest cost, to optimize on a reduced field according to a well-known accommodation process. This is why, there must be a sufficient flow of new situations, which cannot be assimilated by it, which will destabilize it, make it ineffective, useless, false, which will make it necessary to resume or reject it, forgetfulness, scotomization -until in its ultimate manifestations. 155 (Ibidem).

Later, Brousseau expanded on the matter and, after insisting that these kinds of errors had nothing to do with randomness nor other issues from the students' side, provided guidelines for further research:

Continuing along this path, however, requires re-examining the interpretation of students' errors and the methods of their production (SALIN, 1976). Until then, they were all attributed, either to erratic dysfunctions, or to lack of knowledge and therefore connoted very negatively; we must now consider recurring errors as the result (produced by and built around) of conceptions, which, even when they are false, are not accidents, but often positive acquisitions. It is therefore first of all for researchers to:

-Find these recurring errors, show that they are grouped around conceptions, -Find obstacles in the history of mathematics, -Confront historical obstacles with learning obstacles and establish their epistemological character. 156 (Brousseau 1989, p. 2) acquise.

[*] renvoie à la bibliographie en fin d'article. 154 De plus, ces erreurs, chez un même sujet, sont liées entre elles par une source commune, une manière de connaître, une conception caractéristique, cohérente, sinon correcte, ancienne et qui a réussi dans tout un domaine d'actions.

155 L'obstacle est constitué comme une connaissance, avec des objets, des relations, des méthodes d'appréhension, des prévisions, avec des évidences, des conséquences oubliées, des ramifications imprévues… Il va résister au rejet, il tentera comme il se doit, de s'adapter localement, de se modifier aux moindres frais, de s'optimiser sur un champ réduit suivant un processus d'accommodation bien connu.

C'est pourquoi, il faut un flux suffisant de situations nouvelles, inassimilables par lui, qui vont le déstabiliser, le rendre inefficace, inutile, faux, qui vont en rendre nécessaire la reprise ou le rejet, l'oubli, la scotomisationjusque dans ses ultimes manifestations.

156 Poursuivre dans cette voie exige pourtant le réexamen de l'interprétation des erreurs des élèves et des modalités de leur production (SALIN, 1976). Jusque là, elles étaient attribuées toutes, soit à des dysfonctionnements erratiques, soit à des absences de connaissances et donc connotées très négativement; il faut maintenant envisager les Students bring their own concepts to class, concepts which originate from a common source that is both common knowledge and scientific knowledge, and build new knowledge through a combination of acquisition of new conceptions, modifications of old ones or rejection. However, misconceptions can be understood as systematic errors -recurrent and nonrandom-the source of which is not necessarily the students, but rather the concept itself.

Therefore, if this is correct, that since these kind of errors are due to the concepts themselves, this actually suggests that every person learning these types of concepts might be subject to these same misconceptions and thus, that the history of science can help identify those very same misconceptions.

Moreover, as Brousseau's suggestion is that those obstacles are constructed like knowledge and therefore need a "sufficient flow of new situations" (Brousseau 1976, p.106) in order to challenge them so that the students can adapt and optimize their conceptions. Therefore, history of science appears to be a very relevant tool as it can provide us with many examples of misconceptions, the flaws associated with them, their limits, how they influenced the scientific community then and now, and more. Indeed, history of science is not just the history of scientific discoveries; it is also the history of the scientific failures and as it is riddled with examples of sound scientific enquiries, as it is riddled with example of poorly done science.

The later cases are also interesting and very powerful in regards to scientific education as they provide an element of comparison for learners, as evidenced by results from educational psychology:

An important support for the use of the HoP came from educational psychology that revealed the principle of variance. 157 It was found that the differences between the subjects of learning could be more stimulating than the similarities between them. 158 These studies suggest the effectiveness of the strategy to teach a subject in variation of its meaning. Instead of saying "this way", it is preferable if teacher says: "not that way, and neither that way, but this way". Human cognition, very sensitive to contrasts, effectively learns the objective through a comparison erreurs récurrentes comme le résultat (produit par et construit autour) de conceptions, qui, mêmes lorsqu'elles sont fausses, ne sont pas des accidents, mais des acquisitions souvent positives. Il s'agit donc d'abord pour les chercheurs de:

-Trouver ces erreurs récurrentes, montrer qu'elles se regroupent autour de conceptions, -Trouver des obstacles dans l'histoire des mathématiques, -Confronter les obstacles historiques aux obstacles d'apprentissage et établir leur caractère épistémologique. (Brousseau 1989, p. 2) 157 Reference (Marton 1997) cited as: Marton, F. & Booth, S. (1997). Learning and Awareness, Lawrence Erlbaum Associates, NJ.

158 Reference (Hammer 2004) cited as: Hammer, R., Herts, T., Hershler, O., Hochstein, S., & Weinshall, D. (2004). 'Category Learning in Humans by Equivalence Constraints'. Department of Neurobiology and Computer Sciences, The Hebrew University of Jerusalem. Available at: http://www.cs.huji.ac.il/~tomboy/papers/HumanCategoryLearning_Tech.pdf.

between its variations, considered as possible options. For example, in order to teach certain physical conception, this approach suggests teaching several variations of this conception. The student learns the goal conception by discerning its idea by comparison between the presented to him/her alternatives. The HoP naturally provides such a "space of learning". (Galili 2008,p. 4) Undeniably, as Matthews put it, "a historically and philosophically literate science teacher can assist students to grasp just how science captures, and does not capture, the real, subjective, lived world" (Matthews 1992, p.28). This is one of the essential aspects of teaching that has to be taken care of in the formation, not just of scientifically initiated or educated students, but of all scientists.

Critical Mind Training

Thinking critically, critical thinking or reasoning is an essential skill needed for everyday life, but even more so for doing science as science needs to be as objective as possible. Indeed, "Critical thinking comprises the mental processes, strategies, and representations people use to solve problems, make decisions, and learn new concepts"(Sternberg 1986); as such, it is an indispensable skill to possess in our age of information. Furthermore, it also incorporates other notions such as critical reading, the construction and evaluation of arguments and is considered to be a part of the skills of the 21 st century (National Research Council 2012, p. 5-31;Ploj Virtič 2010a, 2012, 2014, 2014a).

Critical thinking requires judgment, analysis, and synthesis (Halpern 1998, p. 451); it involves but is not limited to seeking evidence to support the arguments presented, carefully examining the reasoning presented and the soundness of the assumptions. For instance, being able to analyze the concepts and tracing out their implications (Richard 1997) is necessary to identify flaws in the arguments or the reasoning. It is also a skill needed in order to evaluate probabilities and which of different sources cited or sources of information are more trustworthy or, at the very least, more likely to be correct.

For these reasons, it represents a crucial skill to possess as it allows to pay attention and to take notice of false implications, syllogisms, and misinterpretations.

When using critical reasoning, it is also important to identify the type of reasoning and limits. For instance, when using analogies for teaching purposes (cfr. Livingstone 1981;Radelet-de Grave 2009;Rahman 2009Rahman , 2016) ) it is imperative to also teach the limits where the analogy breaks down as it prevents the learners from producing misconceptions. Although a case could be made that this also represents an opportunity for the learners to push their reflection themselves and identify where the analogy they are investigating breaks down.

The teaching of critical thinking is not an easy task, especially when considering the facts that it is a reflective, sensitive to context, and selfmonitored process. Indeed, identifying and in particular correcting faulty thinking patterns can be very difficult.

However, there are a number of pointers as well as a number of warnings about common fallacies that can be given to the learners. Indeed, it is paramount to make the learners understand that critical thinking is above all a self-reflective process, which is not trivial.

Fortunately, there already are powerful models of human learning that can be used as a guide for the redesign of education for thinking. The basic principles of these models are taken from cognitive psychology, the empirical branch of psychology that deals with questions about how people think, learn, and remember, or more specifically, how people acquire, utilize, organize, and retrieve information. (Halpern 1998, p. 451) For instance, the critical thinker should be aware of their possible prejudices, beliefs and be concerned with confirmation bias; both at their own level and at the level of the source presenting the information. Indeed, it is often the case that when beliefs are challenged, the believer experiences a pushback effect and there is a somewhat thin line between healthy scepticism and bad faith.

However, it should be noted that even if the source is trustworthy and authoritative, it does not necessarily mean that it is exempt from mistakes, or that it is not pursuing a hidden agenda, whatever that is; whether malicious or not. A prime example of this is certainly the Sokal affair (Sokal 1996).

In addition to that, it would be preferable to educate the learner in statistics or at least to inform them on how to identify invariants, what variables are and their different kinds of nature (dependant, independent, confounding) as well as to educate them on the difference between correlation and causation.

Finally, it should be made clear to the learners that the way information is presented to them matters as it can be oriented, deliberately or not; and the media employed. For example, besides the innate ability of our brain to differentiate integers quantities of 0 to 3, the greater the numbers involved the harder it is to imagine; and as a consequence the type of representation chosen to illustrate data matters (and not only data159 ).

(a) verbal reasoning skills--This category includes those skills needed to comprehend and defend against the persuasive techniques that are embedded in everyday language; (b) argument analysis skills--An argument is a set of statements with at least one conclusion and one reason that supports the conclusion. In real-life settings, arguments are complex, with reasons that run counter to the conclusion, stated and unstated assumptions, irrelevant information, and intermediate steps; (c) skills in thinking as hypothesis testing--The rationale for this category is that people function like intuitive scientists to explain, predict, and control events. These skills include generalizability, recognition of the need for an adequately large sample size, accurate assessment, and validity, among others; (d) likelihood and uncertainty--Because very few events in life can be known with certainty, the correct use of cumulative, exclusive, and contingent probabilities should play a critical role in almost every decision; (e) decision making and problem-solving skills--In some sense, all of the critical-thinking skills are used to make decisions and solve problems, but the ones that are included here involve generating and selecting alternatives and judging among them. Creative thinking is subsumed under this category because of its importance in generating alternatives and restating problems and goals. (Halpern 1998, p. 452) 

Final Remarks

In this chapter we have seen that Nature of Science Teaching is a very rich environment. This framework, applied in particular to the subject of gravitational waves, appears to be a natural choice as it can provide a fairly well balanced framework able to avoid some singular issues from other fields by allowing a compensation between them. Furthermore, Nature of Science Teaching as a discipline has the potential to invoke extra fields such as Neurosciences or Cognitive psychology for the design of lectures on the nature of science; and has therefore the side-effect of widening the point of view and thus represents a very complete framework from which global structures on large scales are easily perceptible.

In return however, while this framework is ideal when trying to see the big picture, it also has potentially the downside of blurring the fine structures appearing on smaller scales such as that of individual learners; therefore it naturally leans toward descriptive, explanatory and hypothetico-deductive or abductive reasoning and methods.

After having discussed the fundamental differences between scientific knowledge and common knowledge, I discussed their epistemological origins and the main problems. In particular, I have determined that these problems revolved, for the better part, around two types of issues; namely how to extract information and how to evaluate its quality. As evidenced by history and research, these issues can be heavily influenced by social background, regardless of the scope or level considered; whether it be the scientific community, the teachers or learners.

However, all things being equal, the main problems encountered are on one hand the capacity for abstraction and the epistemological break with epistemological obstacles, and on the other hand, methodological issues both practical and theoretical, encompassing scientific practices, methods and reasoning.

CHAPTER VII Teaching Gravitational Waves

An outline. In this chapter, I will evaluate how various scientific tools, methods and practices can be very naturally implemented in lectures using the Nature of Science framework to teach students gravitational waves physics and the history of their discovery.

In particular, special attention will be dedicated to the place of representations and parallel reasoning both in Science in general and as a teaching tool. Finally, I will discuss the methodology and design behind the elaboration of an introductory lecture on the subject, as well as the results of the evaluations of the learners, the research on my teaching at a distance course, hereafter RTDC.

Representations, Parallel Reasoning and Epistemology

In section 6.7, we established that, broadly speaking, scientific reasoning is defined by "the thinking skills involved in inquiry, experimentation, evidence evaluation, inference and argumentation that are done in the service of conceptual change or scientific understanding" (Zimmerman 2005) and that the ability of abstraction and formalization is an essential part of the scientific spirit (Bachelard 1934, p. 8).

According to Immanuel Kant (1724Kant ( -1804) ) knowledge is the combination of two kinds of representations: immediate experiences (intuition) and concepts; simply put, concepts are general representations (Wilson 1975) and knowledge is a kind of judgment based on a concept about an objective reality. However, the "intuition of an object" corresponding to experience is itself a construction obtained through an immediate representation -of the object as is-and a mediate representation obtained through the identification of a characteristic shared with other objects -a concept-which allows the object to be pondered: Knowledge is a judgment from which proceeds a concept which has an objective reality, that is to say to which a corresponding object can be given in experience. But all experience consists in the intuition of an object, that is to say in an immediate and singular representation thanks to which the object is given as it is to be known, and in a concept, it is that is to say in a mediated representation by means of a character which is common to several objects and which thus makes it possible to think of the object. Taken in itself neither of these two kinds of representations constitutes knowledge, and if there must be a priori synthetic knowledge there must also be a priori intuitions as well as a priori concepts; it is therefore necessary to begin by explaining the possibility of it, and then to demonstrate its objective reality by their necessary use with a view to the possibility of experience. 160 [START_REF] Kant | Les progrès de la métaphysique en Allemagne depuis le temps de Leibniz et de Wolf[END_REF](Kant , p. 266, 2000, p. 18) , p. 18) As previously discussed, a well-known result of neuropsychology -Educational neuroscience, psychology, learning theory -is the fact that human reasoning -and learning-is driven by association. The root of knowledge, and by extension common knowledge and scientific knowledge, is therefore the association of meaning with representations; and thus symbols and language.

Indeed, the fact that thinking process is inextricable from association is 160 La connaissance est un jugement d'où procède un concept qui a une réalité objective, c'est-à-dire auquel peut être donné un objet correspondant dans l'expérience. Mais toute expérience consiste en l'intuition d'un objet, c'est-à dire en une représentation immédiate et singulière grâce à laquelle l'objet est donné en tant qu'il est à connaître, et en un concept, c'est-à-dire en une représentation médiate au moyen d'un caractère qui est commun à plusieurs objets et qui permet ainsi de penser l'objet. Prise en elle-même aucune de ces deux sortes de représentations ne constitue une connaissance, et s'il doit y avoir des connaissances synthétiques a priori il faut aussi qu'il y ait des intuitions a priori tout aussi bien que des concepts a priori ; il faut par conséquent commencer par en expliquer la possibilité pour en démontrer ensuite la réalité objective par leur usage nécessaire en vue de la possibilité de l'expérience. 160 [START_REF] Kant | Les progrès de la métaphysique en Allemagne depuis le temps de Leibniz et de Wolf[END_REF](Kant , p.266, 2000, p. 18) , p. 18) well-known in neurosciences and much research has shown throughout the History of Neuroscience that this type of reasoning is actually biologically built-in the brain; down to its cells (cfr. Nobel Prize in Physiology or Medicine 2014161 ).

We can therefore understand that there is a chain that passes through the subject from their perceptions, intuition, to representations -mental image, symbols and concepts-which are associated with meaning thus constituting knowledge that can be manipulated -through a combination of acquisition of new conceptions, modifications of old ones or rejection-as seen in section 6.2.

Using the notions of the "phaneron" (cfr. Peirce 1905; Section 5.1) and Bachelard's "first experience" (Bachelard 1934), we will now examine how parallel reasoning (exemplification, symmetries, resemblance and analogies) and representations that originate from the natural way the human mind functions -by associations-can be used as guidelines in order to produce an introductory lesson for the teaching of gravitational waves through the framework of Nature of Science.

There are different types of reasoning by parallelism, namely (cfr. Rahman 2016):

 exemplification or paradigmatic inference;  symmetry, finding a common relation between two objects, ideas or concepts;  resemblance; and  analogy

The point is to find a general law and a property, shared by both the branch-and the source case, which allows inferring the ruling we are looking to ground. (Rahman 2016, p. 10) However, this shows that in order to build a representation, we have to first rely on an intuition that is itself based on the subjects' first experience and perceptions -and their common knowledge-. Representations in science do not seek to simply present an image of "facts" or objects; their purpose is to allow the establishment of discoveries through their manipulations and therefore the construction of new knowledge by distancing themselves from perception or "immediate experience", as Bachelard would say, through abstraction in order to attain a certain level of objectivity.

This once more poses the problem of representations, idealization, abstraction, etc. which are arguably only particular cases of association since all these processes involve some kind of projection, whether of qualities or properties:

That humans (and animals) create internal representations of their environment (as well as of themselves) is probably the central notion in the cognitive sciences. It is the appeal to internal, mental representations, for example, that fundamentally distinguishes cognitive psychology from behaviourism. Depending on the particular field within the cognitive sciences, one finds talk of such things as "schemata," cognitive maps," "mental models," or "frames". Later I will argue that scientific theories should be regarded as similar to the more ordinary sorts of representations studied by the cognitive sciences. There are differences to be sure. Scientific theories are more often described using written words or mathematical symbols that are the mental modes of the lay person. But fundamentally the two are the same sort of thing.

Here the only feature of representations I wish to remark on is that they are just that-representations. To put it baldly, they are "internal maps" of the external world. (Giere 1988, p. 6) Furthermore, depending on the object of the representation, there are at the very least two kinds of representations. Indeed, it is possible to make a distinction between the representations of objects that are supposed real (real-physical things) and those which are not.

Therefore, on one hand there are representations that can be directly compared with what they represent such as full or exact representations (exact drawings, sculptures,…), simplified representations in which the most defining or important traits are selected; and hypothetical representations/models based on objects which are supposed to be real but cannot be directly observed (e.g. Bohr's atomic model).

On the other hand, for the other type of representations (on non-physical objects) the focus will be on the form and or functioning: hierarchy, relations, qualities, functions, etc. (e.g. family tree, classification, conceptual maps, diagrams, plots, graphs, logical graphs…)

These considerations are especially important in regards to visualization, and even more so when the purpose is understanding and teaching. Indeed, if concepts are general representations resulting from the projection/abstraction of particular common properties of things, a visual representation, or visualization in general, seems to be the most natural way to continue the chain and thus make didactic transposition happen.

In short, the whole idea is to use parallel reasoning, the use of analogies, resemblance, etc. in order to help students identify symmetries and to propose experiments as examples to illustrate our points; but also point to the physical-epistemological limits of these representations and explore the historical-physical-epistemological perspectives related by presenting them with "external maps" that they can internalize, while also making sure they understand the limitations of these "maps".

Therefore, using this as our working hypothesis, we will try to evaluate how to build an introductory lesson on gravitational waves, how well it is understood and how soon it can be taught.

Conceptual Maps

Developed by Joseph Novak162 , conceptual maps are a great visualization tool to lay out concepts and their relations and can serve multiple purposes, wherever painting a panorama of knowledge can be useful: for simplification, analysis, organization, etc. One of the main ideas behind conceptual maps is to highlight the relations between the concepts and, whenever possible, establish a hierarchy between them.

For example, when designing teaching and learning activities as well as planning them throughout the time provided for teaching, the teacher is expected to determine what and how the subjects, contents, skills and knowledge are going to be taught to the students.

The choice and the organization of the contents depend on many factors, e.g.:  the organizational constraints (time, class, equipment, etc.)  the teaching objectives of the program/course/lesson/etc.  the relative importance of the objectives  the students (number, level, etc.) Fig. 7.2. An example of one of the possible conceptual maps that can be done based on the previous section (7.1). This graph is readable like sentences, e.g.: Stimuli produce perceptions which form a mental reproduction of the environment which is analyzed into mental images and concepts. Source: PV.

Modelling

Models are a type of representations that are indispensable to science as they often provide more than a descriptive value; indeed, beyond the descriptive and explanatory value, models can be used to make predictions.

Remark: One of the best examples of the descriptive power of models is certainly the Lewis dot structures introduced by Gilbert N. Lewis (1875Lewis ( -1946) ) in "The Atom and the Molecule" in 1916163 (Lewis 1916) compared to direct images of covalent bonds obtained by Atomic Force Microscopy (AFM) 164 .

In fact, they can somewhat be considered as embodiments of theories as they represent the link between abstraction and the real world (Gilbert 2004). From their status of representation, they can fall in the same categories previously discussed. However, models could be divided into two main classes: models that are purely descriptive (e.g. the water cycle), used to simply provide an explanation, and those which are not used in a purely descriptive manner but are rather used as a machinery with input(s) and output(s) able to make predictions about phenomena (e.g. Cell cycle).

For Science Education, according to (Gilbert 2004, p. 117), there are five "modes" of "expressed models", placed in the public domain, which we have to distinguish from mental models which are by opposition "inaccessible by others":

A further complication for science education is that any version of a model (i.e. an expressed, scientific, historical, curricular, or hybrid model) is placed in the public domain by use of one or more of five modes of representation.



The concrete (or material) mode is three-dimensional and made of resistant materials, e.g., a plastic ball-and-stick model of an ion lattice, a coloured plastic model of the human circulatory system, a metal model of an aeroplane.



The verbal mode can consist of a description of the entities and the relationships between them in a representation, e.g., of the natures of the balls and sticks in a ball-and-stick representation, of veins and arteries, of the parts of a model aeroplane. It can also consist of an exploration of the metaphors and analogies on which the model is based, e.g., 'covalent bonding involves the sharing of electrons' as differently represented by a stick in a ball-and-stick representation and in a space-filling representation. Both versions can be either spoken or written.



The symbolic mode consists of chemical symbols and formula, chemical equations, and mathematical expressions, particularly equations, e.g., the universal gas law, the reaction rate laws.



The visual mode makes use of graphs, diagrams, and animations. Twodimensional representations of chemical structures ('diagrams') fall into this category as do the 'virtual models' produced by computer programmes.



Lastly, the gestural mode makes use of the body or its parts, e.g., the representation of the movement of ions during electrolysis by means of pupils moving in counter-flows. Due to the great diversity of model modes, several questions arise. Is there a more effective type of model? What type of model to choose? Etc. However, it is safe to say that regardless of the choice of model(s), the most important thing is to ensure that learners understand the model and whenever possible, that they manipulate it.

For the particular case of the teaching of gravitational waves, the learner can and should be exposed to most modes so as to give them as many opportunities as possible to familiarize themselves with both gravitational waves and to reflect on the use of models, their scope and limitations:

These problems can be addressed by using a mixture of instruction about the utility of different models available in a field of enquiry, about the conventions of interpretation and hence the scope/limitations of the modes/sub-modes of representation used. This instruction should be combined with the direct use by the students of a range of modes/sub-modes to actually construct representations. (Ivi. p. 125) Thanks to the advances in computer modelling, and with the advances in numerical relativity, there is a large number of resources available for free that can be used for the teaching of gravitational waves. For instance, there are beautiful simulations of gravitational waves producing events available on the Simulating Extreme Spacetimes (SXS project) website 165 which is even under the Attribution-Non Commercial 3.0 Unported (CC BY-NC 3.0) licence.

Moreover, thanks to the ever-increasing computing power commonly available and in accordance with the government guidelines to develop 21 st century skills, the use of simulation software such as Universe Sandbox166 could be used for didactic-pedagogic purposes.

Simulations and analogical models should not be mistaken one for the other. Indeed, while both are used to see correspondences or make comparisons between the forms, relations or interactions of two objects, systems or things, the two differ on a structural level (Haig 2018, p.50).

Therefore, an analogical model's purpose is to replicate the behaviours of the thing it is trying to emulate. For this reason analogical models are almost always more limited in their descriptive and modelling powers than a theoretical modelling. However, they are still powerful explanatory and investigative tools. Indeed, if analogical models are simpler than what they compare too, the other side of the coin is easier manipulation. Furthermore, sometimes the difference in behaviour of an analogical model compared to what it models is what reveals a characteristic of the latter. On one hand, in order to build an analogical model for teaching purposes, one needs to know at least partially the nature or behavior of what is studied. On the other hand, an analogical model can be built for investigating purposes such as research; and not unlike analogical models for teaching-learning, the structure of the analogies matters and can be exploited in different ways:

From the known nature and behaviour of the source, one builds an analogical model of the unknown subject or causal mechanism. [...] analogical models play an important creative role in theory development. However, this role requires the source, from which the model is drawn, to be different from the subject that is modeled. [...] In evaluating the aptness of an analogical model, the analogy between its source and subject must be assessed, and for this one needs to consider the structure of analogies. The structure of analogies in models comprises a positive analogy in which the source and subject are alike, a negative analogy in which the source and subject are unlike, and a neutral analogy where we have no reliable knowledge about matched attributes in the source and subject of the model. The negative analogy is irrelevant for purposes of analogical modelling. Because we are essentially ignorant of the nature of the hypothetical mechanism of the subject apart from our knowledge of the source of the model, we are unable to specify any negative analogy between the model and the mechanism being modeled. (Haig 2018, p. 50) Analogical reasoning is important in science and clearly lies at the inferential heart of analogical modelling. (Haig 2018, p. 51) 

Thought Experiments

Thought experiments or gedanken experiments are a special type of experiments and an essential tool in science, as well as in everyday life. Indeed, just like the ability to anticipate and predict consequences is vital, the ability to predict outcomes from a model is essential in science. While most thought experiments are based on the correspondence between the real world and the internal representation of the real world to make predictions, some rather take the form of a reduction ad absurdum; but both types seek to evaluate the model they are based on whether the end goal is to be a future real experiment, in which case they are simply the first step of designing experiments; to study a problem or case outside current capacities (e.g. Feynman's sticky beads argument), or to illustrate something (e.g. Schrödinger's cat).

As thought experiments are literal representations processed by mental models, they are subject to the same issues of abstraction, idealization, etc. and similar model modes.

Because of that, for Science Education, they provide the teachers with a way to compare and "discuss" with the mental representation of the students. For instance, the teacher can use thought experiments in order to illustrate his discourse by unwinding the logic involved, to point at flaws or give counterexamples; but the teacher can also use this kind of experiment as a tool to evaluate the comprehension of their students by setting them up in a hypothetical situation through which they have to unwind their logic and reach a conclusion, thus providing the teacher with a way to identify the difficulties or misconceptions of the learners.

Furthermore, used in combination with other tools, this type of experiment can allow the teacher to evaluate the mental model of the students; for example, some of the questions the teacher could ask are: "What would happen if instead of the Sun, the Earth was orbiting a black hole of the same mass?" or rather "What would happen to the Solar system if the Sun was replaced with a black hole of the same mass?" and then let the students compare their ideas with virtual simulations on computers.

It seems reasonable to think that thought experiments are akin to -if not the same as-mental simulations, however there is a nuance:

To answer the question of whether thought simulations are thought experiments, we should first ask whether simulations are experiments. The answer is no: a simulation is a two-part demonstration composed of an experiment and an analogical argument. The question addressed by the simulation concerns variables that are not manipulated in the simulation's experiment. Its component experiment manipulates variables that are analogous to the ones involved in the simulation's question. The job of the simulation's analogical argument is to support this connection. By parity of reasoning, a thought simulation contains a thought experiment but is not itself a thought experiment. (Sorensen 1992, pp. 226-227) For instance, the students could use a computer simulation of the Solar system, lock the mass of the Sun and reduce its radius until it collapses into a black hole in order to check if there are noticeable effects on the orbits of the planets or trajectories of any object. Thus leading them to the conclusion that only the Sun/Black hole mass at the center of the system is relevant for the orbits. This kind of teaching also opens the way to epistemological-philosophical questions about the nature of models, thought experiments and simulations; such as: what are the differences between them?

According to Léo Coutellec and Anne-Françoise Schmid (2014):

Modelling starts from known objects, and articulates the knowledge they suppose with "data", and not only with facts, which are correlates of theory. The coherence between these two aspects can give rise to anomalies, which make it possible to construct propositions which have no direct interpretation in any of the disciplines involved in modelling.

The simulation starts from a combination of knowledge, the consequences of which are unknown. It constructs quasi-empirical scenarios to define these, and to return to the parameters chosen in the models. It passes from terms to relationships and vice versa by bringing into play a multiplicity of models, which is why it appears as a new mode of representation.

Thought experiment starts from the intuition of a supposed datum to reconstruct the application of one fragment of knowledge in another. 167 (Coutellec 2014, pp. 39-40) 167 La modélisation part d'objets connus, et articule les connaissances qu'ils supposent avec des « data », et pas seulement avec des faits, qui sont des corrélats de la théorie. La cohérence entre ces deux aspects peut donner lieu à des anomalies, qui permettent de construire des propositions qui n'ont d'interprétation directe dans aucune des disciplines en jeu dans la modélisation.

La simulation part d'une combinaison de connaissances dont on ne connaît pas les conséquences. Elle construit des scénarios quasi-empiriques pour cerner ces dernières, et revenir sur les paramètres choisis dans les modélisations. Elle passe des termes aux relations et vice-versa par la mise en jeu d'une multiplicité de modèles, c'est pourquoi elle apparaît comme un nouveau mode de représentation.

L'expérience de pensée part de l'intuition d'un donné supposé pour reconstruire Similar questions could be asked about the difference between thought experiments and experiments, their benefits, their limits; the limits of simulations, and so on.

Experiments

Experiments are an essential component of science and by extension, of science education; both for the teaching-learning of methods and the teaching-learning of concepts. Experiential Education (Dewey 1986), has been and still is greatly studied, in many different disciplines, at different ages, levels and from different perspectives; and has led to the development of a multitude of theories (Smith 2011). For example, it has led to experiential learning which has been the object of much research (Lewis 1994;Miettinen 2000;[START_REF] Kolb | Chapter 3. Eperiential Learning Theory. A Dynamic, Holistic Approach to Management Learning, Education and Development[END_REF]Garvin 2003;Camporesi 2017) and has been studied through various fields (Schibrowsky 1995;Frontczak 1998).

According to Kolb:

Experiential learning theory defines learning as "the process whereby knowledge is created through the transformation of experience. Knowledge results from the combination of grasping and transforming experience (Kolb 1984, p. 41)." […] immediate or concrete experiences are the basis for observation and reflections. These reflections are assimilated and distilled into abstract concepts from which new implications for action can be drawn. The implications can be actively tested and serve as guides in creating new experiences. (Kolb 2011, p. 228) However, it should be noted that even if experiential education and experiential learning have been used somewhat synonymously, the key difference is that experiential learning does not require an educator (Itin 1999, p. 92). Indeed, the educational process is created through the interaction of the student with the teacher.

The main difficulty with teaching-learning about gravitational waves is probably the figurative distance between the subject and the students. Gravitational waves are a rather abstract concept which is neither easy to learn nor to teach. The reasons for that are multiple, e.g.:

 The gravitational waves, as a concept, stems from Einstein's Relativities as they arise as consequences of the theory;  The understanding of the Physics of gravitational waves rely on a number of other concepts which are often misunderstood;  The gravitational waves, as physical objects, are extremely difficult to measure and their sources are very far away;  It is not possible to directly experience gravitational waves (observing or having an immediate experience) l'application d'un fragment de connaissance dans un autre.

 The students might not understand why they should know about the matter (motivation problem);

In order to resolve this problem, the bulk of the work should be put into the efforts to provide the students with a framework as grounded in reality and as concrete as possible through the use of parallel reasoning and hand-on experiences in which the students are actors, actively learning.

In order to achieve this, the LIGO website recommends a few classroom activities specifically about gravitational waves for various audience levels such as:

 Searching for Gravitational Waves in noisy data in which students are asked to compare signal templates (models) by laying the data transparencies over the templates of simulated data;  A Numerical activity using Gravitational Wave Mathematics in which the students are given formulas and make some calculations;  Two concrete, practical experiments (Cfr. Fig. 7.5. below):

o A material experiment exploring a coalescence;

A material experiment exploring the concept of spacetime curvature. These last two experiments are particularly interesting in regards to the ideas developed so far about parallel reasoning, representations, models and their limitations.

In activity 1, the two tennis balls -painted black "to simulate black holes" (Ivi. p.15)-are described as "orbiting spheres" by analogy with (nonspinning) black holes which event horizons are supposed to be spherical. Another suggestion is made in an "Optional" section of the steps describing how to reproduce this activity with piezoelectric buzzers that have been placed inside the hollow tennis balls in order to produce "ringdown sounds" (Ibidem), hopefully similar to the ones one can hear when transposing the chirp signal in audible frequencies.

At the beginning of the experiment, the tennis balls are set into motion, mimicking the orbital revolutions of two black holes orbiting around each other:

Procedure:

1. Pull the two balls apart forcing the weight up to the top of the string.

2. Carefully, throw the two balls so that they orbit in the same direction (both clockwise or both counter-clockwise) at the same speed. This may take some practice to get right.

As the mass slowly falls and the string winds up, the orbit will contract and the two balls will speed up. The balls will eventually "merge" or come together. This mimics the chirp of the gravitational wave signal. (Ibidem) After that, the guide suggests two questions with their answers: Questions 1. What do the two balls represent?

2. The mass sliding down the string removes energy from the system. What is this analogous to in the binary black hole system? Answers 1. Each ball represents one of the black holes 2. The mass is absorbing the energy from this simple orbital system. With the merging black holes responsible for GW150914, gravitational waves are carrying away this energy. (Author's bold, Ibidem)

On the limits of the activities/models/experiments. The first remark is that the focus of the first activity should be put on the motion of the tennis balls; however special attention should be given to the other components (i.e. the hook, the ropes, the knot and the weight) and their presence should be explained: the hook, ropes and knot are used for the suspension of the model, and the weight, by falling, forces the orbital radius to decrease rapidly, thus making the tennis balls revolve faster.

The main problem is obviously with all the logical disadvantages that come from the fact that the system is located in a classroom, on Earth. Nevertheless, if it is easy to see the analogy between the tennis balls and the black holes, it is more difficult to say the same thing about the weight. Indeed, we have a clear analogy by resemblance between physical objectsbetween tennis balls and black holes; but the second answer, namely that the mass (weight) removes energy from the system and that "The mass is absorbing the energy from this simple orbital system. With the merging black holes responsible for GW150914, gravitational waves are carrying away this energy" is rather unclear. Using parallel reasoning, it is easy to understand that the weight is actually analogous to the chirp mass; and therefore, that the loss of potential energy of the weight is analogous to the loss of potential energy from the two black holes (symmetry).

Finally, what about the initial push? or what about the process by which gravitational waves are emitted? which are not explained. However an analogy could be found by explaining that in the same way that the tennis balls displace air when rotating, massive objects like black holes produce a similar effect in spacetime (e.g. Lense-Thirring effect/Frame dragging: the tennis balls produce increasing perturbations in air just like orbiting black holes produce increasing perturbations in spacetime).

On the other hand, the second activity/representation (cf. Section 1.9) is very visual and straightforward. The analogy between the heavy balls and the massive celestial objects is well established, just like the analogy between the curvature of the fabric and the curvature of spacetime, etc. However, the students may face more misconceptions than the ones discussed:

AVOID MISCONCEPTIONS: This demonstration is only a 2-dimensional representation of the real thing. To avoid misconceptions make sure you ask your students questions like: What is on the "other side" of the black hole in 3dimensions? Space acts the same in all 3 dimensions. There is no front and back to a black hole. It is a spherical "dent" in spacetime. (Ivi. p. 16) For instance, particular attention should be put on the limits of this representation regarding its dimensionality. The fabric is a 2-D surface embedded in our 3-D space, just like the surface of a sphere would be a 2-D surface embedded in our 3-D space; therefore, if the fabric can bend in the third spatial dimension, it does not automatically translate in that spacetime can curve in a fourth special dimension; in fact, the bending of the fabric actually represents the gravitational gradient.

The questions then arising from that are: what kinds of experiments could be considered for the teaching of gravitational waves? What are their limitations? And for what level of students are they appropriate? and so on.

Lecturing the Gravitational Waves & Additional Frameworks

The history of the discovery of gravitational waves is a vast interdisciplinary subject matter with a very rich history, and has therefore great potential for NoS Teaching-Learning which by extension allows for many different approaches and lecturing from multiple frameworks.

From the Physics point of view, as the gravitational wave concepts call on other concepts, for instance, the concepts of waves, gravitation, relativities… It would seem reasonable to think that a lecture on the subject could be included in many different places of various curricula. As an example, at High School, since students are already taught notions of relativity through muon disintegration, a lecture on gravitational waves could either be placed before as an introduction to spacetime disturbances with contraction/dilatation effects or at the end of the curricula as a synthesis of concepts called upon in previous lectures. Furthermore, the subject of gravitational waves physics is one of the few frameworks in which Quantum Mechanics concepts and effects are used in order to study General Relativity.

From the Mathematical point of view, lecturing on gravitational waves potentially invokes the use of many mathematical tools and subject matters such as geometry, differential geometry, calculus, matrices, etc.

From the History of science point of view, the history of gravitational waves is a well-documented hot topic the roots of which date as far back as the 19 th century or even further, thus providing a wide range and important part of history filled with versatile historical resources that can be exploited. From the Epistemological and Philosophical points of view, the history of gravitational waves is filled with opportunities for exploring many different questions regarding the ontology of space, time, spacetime, the evolution of scientific thinking and community, examples of paradigm shifts, the current and past conceptions about the philosophy of science and much more.

Prerequisites & Typology of Class

The question of the prerequisites when designing teaching and learning activities depend on a number of factors such as what and how the subjects, contents, skills and knowledge are going to be taught to the students; but also on factors such as the teaching objectives of the program, the number of students, their level, their background, etc.

The prerequisites of an introductory course on gravitational waves in concepts (for high school, lyceum) are:  Critical reading of primary and secondary sources of the history of science and technology in relation to epistemological, philosophical and literary culture also to the political, social and institutional environment of their times..  Knowing how to define terms and concepts and possibly perform calculations.  To be able to present written or oral works while correctly respecting the time and chronology of historical events.  Knowing how to correctly bring back the problems confronted to the thought of the authors examined.  Compare and contextualize the different answers of scientists throughout history.  Grasp analogies, differences, revolutions, conflicts, anomalies, models and methods in the history of science.  Seeking to recognize and support the mixture of sciencetechnology in different scientific theories tackled from the historical point of view.  Putting in context the scientific foundations of science and its relations with society in historical discourse.



Methodology

The original plan was to test the NoS Introductory Module on the physics of gravitational waves and their discovery that I had prepared. Prof. Etienne Milent kindly offered to do (at least one of the) lectures with some of his students (Licence 1 IEEA -Electronic, Electrotechnical and Automatic Data Processing). Unfortunately, because the COVID-19 pandemic happened, the Universities (and Lyceums) had to close down. Therefore I had to resolve myself to try the next best thing and proceeded to do a special lecture online open to any students which became the RTDC. In the end, I only managed to get 9 participants.

Original planned approach: Pre-test (cf. Appendix) First step:

-The professor distributes the "student sheet" and the historical texts (cf. Appendix) -

The students read the "student sheet" and are invited to write their reflections if any on a separate piece of paper Second step: -The professors starts the lecture -Some time is allocated to the reading of the historical texts -

The students are asked if they have any questions regarding the texts -

The students are asked to answer oral questions -It could be possible to include a time for the manipulation of different simulations on a computer

Third step (at the end of the lecture):

-The professor asks the students to write the changes/evolution of their ideas on the different subjects invoked during the lecture Post-test (cf. Appendix)

Analyses of the tests and students' productions.

Expected Results

The expected results on the learners were specifically the following:

Expectation 0: Students understand that there are other kinds of geometry besides Euclidean Geometry. 

Assessment

For the RTDC, the data collection (only 9 participants; cfr. Sections 7.6.4 & 9.3) consisted of a set questions about their level of agreement or disagreement with statements and a "True or False" questionnaire consisting of questions testing their knowledge and understanding: Responses scored as: 1-strongly disagree, 2-disagree, 3-neutral, 4-agree, 5strongly agree; and X-I do not know (no one selected this answer) The infinitely big 3,6


The infinitely small 3,6

Other? -Table 7.8.f. Means of the preliminary survey results about interest in various subject matters (post lecture).

Responses scored as: 1-strongly disagree, 2-disagree, 3-neutral, 4-agree, 5strongly agree; and X-I do not know (no one selected this answer)

 Self-evaluation of the confidence in the ability to explain subject matters to someone Responses scored as: 1-strongly disagree, 2-disagree, 3-neutral, 4-agree, 5strongly agree; and X-I do not know (no one selected this answer)

The evaluation of students' perceptions of their knowledge is essential for the interpretation of the assessment of their learning progress. Furthermore, the students being tested on this metric both before and after the lecture allows to gauge how their perception of subject matter evolved after having being presented with a lecture on these subject matters. For example, depending on the shift in their self-evaluation of their knowledge on a specific subject could illustrate that either they think they know more on a subject if they scored higher or on the contrary that they thought their knowledge is more lacking than their first estimation if they score less.

The "True or False" test: Statements: Pretest Pos ttest 1-Velocity is a measurement comparing two objects 0,6 0,6 2-The direction and speed of an observer may affect the order of a series of events 0,7 0,7

3-There is an absolute correct order for any series of events 0,5 0,6 4-There is a single reference frame with correct measurements of time and length 0,5 0,7 5-The observed colour of an object may change depending on the relative speed of the observer 0,6 0,9

6-An object's length changes depending on the relative velocity of an observer 0,4 0,9

7-An observer 2 light seconds away from a clock will read the time from 2 seconds earlier 0,3 0,8 8-Observers travelling at different velocities relative to an object can have the same reference frame 0,2 0,2 9-Two observers at the same location must share a reference frame 0,3 0,7 10-If you observe a photon moving at c on a spaceship that is travelling at 0.5c, relative to you the photon must be travelling at 0.5c or 1.5c 0,1 0,6 11-If two events are observed simultaneously they must have occurred simultaneously 0,4 0,8

12-Nothing can escape a black hole, not even light 0,8 0,9 13-It is possible to leave the orbit of a black hole 0,1 0,5 14-Only very massive objects produce gravitational waves 0,5 0,7 15-Gravitational waves carry energy 0,8 0,2 16-Gravitational waves are invisible 0,7 0,6 17-Gravitational waves travel at the speed of light 0,5 0,5 18-A spaceship travelling at 0,5c produce gravitational waves 0 0,4 19-A spaceship in orbit around a black hole travelling at 0,5c produce gravitational waves 0,2 0,7 Responses scored as:1-strongly disagree, 2-disagree, 3-neutral, 4-agree, 5-strongly agree; and X-I do not know (no one selected this answer)

Description of the sample. The number of participants I managed to gather was very small and quite heterogeneous. It consisted of: Unfortunately, due to the small number of participants (whom I nonetheless thank deeply), I was unable to do more than superficial analyses of the data collected. Indeed, during my Licence Degree, thanks in particular to Biostatistics and Statistical Analyses with Prof. Christine Malot-Tuleau169 , I learned that a correct sample size would have been 33 in order to be able to correctly estimate the mean, variance, standard deviations and in order to be able to proceed to hypotheses tests with a reasonable acceptation/rejection value.

Learning

From Table 7.8.a., testing the attitudes toward a subject (pre) and the increase in interest (cfr. Fig. 7.8.1.a. below), the data indicates a relative reinforced interest in the scientific fields which is especially predominant in Physics. Noteworthy points are that the lecture seems not have had a significant impact on participants' interest in History nor in Philosophy of Science; though their interest in History of Science and Philosophy have been a bit more stimulated. Interpretation of the preliminary results. The participants seem to be mildly interested in Science, as the increase in interest in Mathematics and Physics shows; nevertheless the difference in these amounts could without much doubt be attributed to their perceptions of Mathematics as a "much more abstract and difficult field" 170 , "with too many equations" and "precise [in the sense of rigorous] rules"; both generally speaking as a theoretical framework and for physical applications.

The differences between History and History of Science could be attributed to the idea that History of Science represents a particular theme of History rather that a different discipline. Moreover, they reported being rather unfamiliar with the field of History of Science but seemed attracted by the idea of discovering it; thus, explaining why History and History of Science scored about the same pre-test, but differently post-test.

On the other hand, for Philosophy and Philosophy of Science, their perception was that although philosophical considerations about doing science were interesting, the field was too specialized and thus relatively 170 These quotations are from remarks made by the participants after the lecture. Post-test Pre-test inaccessible and perhaps less worth the investment. Table 7.8.b., tested their familiarity with some terms (cfr. Fig. 7.8.1.b. down below). As expected, after participating in a lecture exploring the subjects, it is logical that their familiarity with those terms and concepts increased. However, noteworthy points are that:  Although they were all familiar with the concept of waves, most of them knew that different kinds of kinds of waves existed (e.g. electromagnetic waves and the newly encountered concept of gravitational waves); however, they were also aware that they did not understand the subtleties differentiating them 171 .  While they unanimously reported that gravity was the force "keeping them on the floor", most of them were using "gravity" and "gravitation" interchangeably.  Even though they all have worked with Euclidean Geometry, they did not recognize it for what it is. 171 In retrospect, it could be interesting to ask the participants to define each of the terms of the tests. However, doing so should be the main focus of a study as the questionnaires would probably be perceived as too big and unpleasant to fill.

172 Due to the smallness of the sample, the Mean Standard Deviation has been represented to give a rough idea because its significance has to be considered with caution.

3,2

3,0

I am familiar with: (Means):

Pre-test Post-test From Table 7.8.c., testing the self-evaluated knowledge about subject matters (cfr. Fig. 7.8.1.c), as expected the data indicates that the items were mostly somewhat foreign to the participants; with the exception of Newton's Theory of Gravitation and Trigonometry of which they had a notion. This plot also shows that Newton's Theory of Gravitation and both Euclidean and Non-Euclidean Geometry are the areas in which they perceive having deepened their knowledge the most. An interesting point is that even though they managed to give right answers to many of the "True or False" questionnaire (Cfr. Table 7.8.h) requiring a basic understanding of Special Relativity and General Relativity, the increase in their self-evaluation for these categories is rather small despite the fact that they learned many things. The explanation here is certainly that they recognize that even though they learned a lot, there is much (much) more to these fields that the do not know. The explanation for the increased difference here is certainly that they feel having learned a number of facts, concepts and having a basic understanding while still finding the subjects "not very intuitive" and "hard to grasp without visual aids [visual representations including graphs, drawings and analogies]"; "without [your] drawings on paint or a blackboard, I wouldn't have understood a thing". Table 7.8.e. tested the self-evaluation of the ability to use physicalmathematical tools of the participants to indicate that most of them did not receive a scientific training beyond High School (cfr. Section 7.8). The statements to assess 173 were: 1) Velocity is a measurement comparing two objects.* (True)

2) The direction and speed of an observer may affect the order of a series of events.* (True)

3) There is an absolute correct order for any series of events. * (False) 4) There is a single reference frame with correct measurements of time and length.* (False) 173 Some questions asked were identical to (McGrath 2010, p.866) in order to have grounds for comparisons with an independent study; they are marked with an (*).

The order of the statements were randomized for each participant of the same session. Preliminary results show that there was a global improvement in the ability of the participants to assess the validity of the statements; except for questions n°2 and n°7.

Explanatory assumptions.

Statement n°2: "The direction and speed of an observer may affect the order of a series of events." which is True From the results (cfr. Fig. 7.8.1.h.), it appears that even though the statements n°4 and n°11 which are also related to the notion of simultaneity in the context of Special Relativity were correctly identified as false, this one was problematic. This result is without much doubt due to the fact that it requires a deeper understanding than the knowledge that in Special Relativity there are no absolute time nor absolute space; unlike with Newton's theory of Gravitation.

As for statement n°17: "Gravitational waves travel at the speed of light." which is True, I believe that this is my fault as I might have failed to insist or clarify that during the reading of the excerpt of Poincaré's text (Poincaré 1905).

Final Remarks

In this chapter, we have examined the ins and outs of how to teach gravitational waves through diverse disciplinary frameworks and how to merge these frameworks in order to build a Nature of Science framework. In particular, we evaluated some tools and practices that seemed adequate for this type of interdisciplinary teaching. We reflected on the prerequisites for lecturing gravitational waves physics and the history of their discovery, but also on the cognitive and operative objectives. We then discussed the methodology used for the elaboration of the lectures and presented the results of the students' pre and post-test evaluations.

Although the sample size was too small to do a deeper analysis, the data served the role of a preliminary data collection whose analyses nevertheless revealed interesting points and clear tendencies which seem consistent with expectations; therefore encouraging more research.

CHAPTER VIII

A Didactic Inquiring: Which Teaching Approach for Gravitational Waves?

An outline. In this chapter, I will explore various kinds of approaches for the teaching of Physics through the framework of the Nature of Science and ad hoc curricula; especially in regards to the design of a complete curricula on the subject of gravitational waves and the history of their discovery, consisting of different complementary modules. Furthermore, as this thesis is concerned with History of Physics and NoS Teaching, we will discuss how curricula in the form of a modular program, where each module can be used as a completely standalone course of lectures, can be easily modified and adapted to the level of the audience. Finally, I will discuss the particular design of the introductory module on gravitational waves.

Didactics, Methods and Methodologies

This section will essentially use definitions from the Routledge International Companion to Education (Ben-Peretz 2004) and the Dictionnaire des Concepts Fondamentaux des Didactiques (Reuter 2013).

The word "didactics" is polysemous on multiple levels: at the level of its meaning in the English language but also in the educational context where its meaning depends to a certain degree upon the country of the user (Gundem 2000). Accordingly, the consequences of this fact are that:

A uniform or unambiguous understanding of the subject matter, scope, methodology and system of didactics as part of education as a scientific discipline does not exist. Differing schools, traditions and models may be clearly discerned. There exists consequently a variety of definitions which all claim to be legitimate both historically and in contemporary contexts.  to what purpose or intention something should be taught and learnt (the goal/aims aspect) (Künzli, 1994 174 ) (Gundem 2000, pp. 235-236) However, taking in account the national specificities, we have to consider and recognize that:

In France didactics is based on psychology, pedagogy and epistemology. Even so, a specific frame of reference or theory of its own has been developed. Three basic concepts may be identified: Whereby:

 didactic situation, a concept that was mainly developed by Brousseau (Cfr. Brousseau 1998) we contemplate a "slice of reality" [une coupe dans la réalité] (Reuter 2013, p. 197) chosen by the researcher, which is characterised by the emergence of something new, whether this something is a new element or a new configuration of elements, usually belonging but not limited to the time and space of the classroom since it is -merelycorrelated with institutional timeframes.

 didactic transposition, a concept that was mainly developed by Chevallard (Cfr. Chevallard 1985), which defines the process by which a designated knowledge content is transformed -whether by simplification, reduction, deformation or else-into a content ready to be taught (Reuter 2013, p. 221).  didactic contract, also from Brousseau (Cfr. Brousseau 1990), which uses the analogy of the social contract/social pact in order to examine the reciprocal interplay between teacher and student(s) (Reuter 2013, p. 55).

Gundem explained that as a consequence of this, research in didactics can be considered as the study of the disciplinary link between knowledgescientific knowledge, theories-and praxis:

Research in didactics may be said to be related to practice as well as to relevant educational theories like learning theories, curriculum theories, anthropological theories, theories related to media, and social theories in general. This double binding on the one hand to practice and on the other to theory is characteristic of research in didactics.

The praxis of education is a complex reality, a more or less permanent experiment between interacting people, contexts and circumstances characterized by constant unrest and crisis. In this praxis, experience-based 'practical theories' develop and are applied.

[…]



Research in didactics may be understood as a bridge between theory and praxis.

 Didactic research has to take theory into consideration: theories represent the collective results from research. Theories serve as a systematic knowledge 'reservoir', and at the same time research is necessary for theory production.



Didactical research is always dependent on praxis for defining the research objectsthe problem of praxisand as an applied science (Kron 1994 175 , pp. 194-195) (Gundem 2000, pp. 256-257) Therefore, it logically follows from this that the research methods associated with didactics are essentially of an empirical nature. Moreover, the objects of study of didactics are of two main different types. On one hand there are theoretical objects -knowledge, theories, relations and interactions-and on the other hand there are physical objects -learners, teachers, classrooms, tools and other elements, their compositions and configurations-. Because of this duality, added to the fact that teachers and learners are part of the didactic systems, the data collection methods are borrowed from human sciences. Indeed, as an integral part of the social sciences and humanities dealing with systems characterised by an overwhelming number of variables of different natures -dependant, independent, qualitative, quantitative, hierarchical, non-hierarchical-research in didactics has to rely on the same tools and is therefore for the greater part relying on empirical data. However, this is simply a very vast depiction of the field of didactics. More particularly, research in didactics is also interested in:



Curriculum research as research on the cultural content, its selection, administration and form in historical, contemporary and comparative perspectives. This is one of the most central fields within didactic research (Hopmann 176 , 1988). (Gundem 2000, p. 257)

 […]
 Media research as research on teaching and learning technologies, information and mediation strategies including the process and its consequences on all levels (Kron, 1994, pp. 197-199) (Gundem 2000, pp. 258) The latter being especially important and increasingly studied as technological development has generated a need for learners to also acquire special sets of skills aligned with the new practices of the 21 st century (Ploj Virtič 2009a, 2009b, 2009c, 2010, 2010a, 2010b, 2012, 2013, 2014, 2016). Indeed, the world is changing, and the learners need those skills to adapt and face the challenges of contemporary society.

Frameworks from Selected Literatures

The Nature of Science, including for my aims, teaching (NoS) is an interdisciplinary product of inquiring science and its fundaments, through different, yet blended, standpoints -historical, epistemological or scientificby using curricula & modelling. In particular, it incorporates in its investigations the notions of analogies (Radelet- de Grave 2009), modelling [START_REF] Louca | Modelling-based learning in science education: cognitive, metacognitive, social, material and epistemological contributions[END_REF], limits, methods and methodologies in scientific practices.

It is both an additional item in History and Epistemology/Philosophy of Science (HPS) e.g., on top of the science curricula, and the incorporation of approaches elements to teaching science177 based on learning theories and hypotheses of different fields and the historical and foundational scientific assumptions, in which adjacent--and--surrounding fields contribute to a greater understanding of science and its applications; therefore to a better understanding of science.

The inclusion of the History of Science for Teaching Science and Science Education has been well researched. Indeed, the subject along with HPS and NoS, has spilled a lot of ink, i.e. Mach (1898) Duhem (1906), Bachelard (1934Bachelard ( , 1940)), Piaget (1927Piaget ( , 1970)), Kuhn (1962Kuhn ( , 2005)), and still is. 178Moreover, with regards to the renewal of teaching and the need to develop learners' 21 st century skills such as the evaluation of hypotheses and critical thinking, the selected theoretical hypotheses and reflections are those related to the importance of Nature of Science in Education Science, hypotheses from Neurosciences, Cognitive psychology and surrounding fields 179 . In addition to that, the design of the curricula was elaborated with a number of didactic principles [START_REF] Doneva | On the didactic principles, models and E-Learning[END_REF][START_REF]The Didactic Principles and Their Applications in the Didactic Activity[END_REF]  personality-oriented nature of the educational curricula (marketing approach, consideration of the educational necessities of the learners);

 practical orientation of the content and the activities;

 activeness and independence of the learners as major subjects in the learning process;

 case studies (the interaction during the learning process has dialogical and case oriented nature due to virtual simulators and communication);

 problem-oriented nature of the content and dialogic al nature of the interaction during the learning process;

 reflexivity (learners' awareness of the content and the ways to participate in the learning activities, and especiallyof their own personal development and acquisitions);

 variety of the educational curriculathe learning content should reflect multiple viewpoints to the problems and their possible solutions;

 principle of the supporting motivation;

 module-block principle in the educational programs and the learning activities. (Doneva 2006, pp. 2-3) The objective being to develop a NoS curricula articulated around modelling and analogies in order to keep the learners in a state close to Vygotsky (1896-1934)'s notion of "zone of proximal development" [START_REF] Chaiklin | The zone of proximal development in Vygotsky's analysis of learning and instruction. Vygotsky's educational theory in cultural context[END_REF]) with a number of didactic teaching strategies (Velazquez 2008, p.19) that can be analysed in various ways, including in particular comparative didactics, and used to evaluate its effectiveness.

Structuring the main Physical Principles: A Proposal

Starting from a phenomenological approach, to understand the phenomenon of gravitational waves, one has to understand (at least in concept) a number of physical concepts which themselves rely on other physical concepts and principles. In order to build a coherent structure on which we can rely to build the modular curricula, it seems only natural that the most straightforward way to do so is to revisit the history of science and identify its different parts relevant to the teaching of gravitational waves. The inquiry which was done in Part II of this document lets us build a simplified timeline of the main events that lead to the discovery of gravitational waves and therefore represents de facto the needed core on which to build the proposal. Starting as early as reasonably possible, from a physics point of view this leads us to try to build a timeline for each of the physical aspects of gravitational waves; thus giving the (very broad) following, e.g.: However, when proceeding like this, one of the obvious disadvantages of this draft list is that the mathematics notions called upon are somewhat left aside, as their presence is implicit, and thus fails to convey the testimony of the existence of a rich mathematics-physics interplay. Moreover, this representation also fails to convey a sense of unity between the wave-like and gravitational aspects of gravitational waves. Considering this, the next representations candidates are a graph (network) or a timeline (Cfr. Fig. 8.5.a); keeping in mind that the ideal visual representation would probably be a 3D time oriented network diagram.



Observations and Hypotheses

From the literature (Radford 1997;Sensevy 2002Sensevy , 2018;;Ligozat 2017;Dias-Chiaruttini 2017e;Brun 2017), it appears that the understanding of many of the physical concepts are riddled with epistemological obstacles. However, those studies also show that through proper methodologies and clear explanations and representations, the acquisition of knowledge of those concepts for the learners is far from being impossible (Viennot 1979(Viennot , 2007;;Caramazza 1981;Crapanzano 2018).

Therefore, the main hypotheses will be about how well these epistemological obstacles are overcome thanks to the use of Nature of Science teaching-learning and analogies (Radelet- de Grave 2009;Rahman 2009;2016).

For instance, it is a question of examining how presenting the learners with a complex concept to acquire (gravitational waves) relying on other concepts, which are also judged difficult to comprehend, they can first acquire the latter concepts more easily thanks to the use of analogies and ultimately comprehend the end goal concept.

In other words, by presenting the rather complex concept of gravitational waves as the end goal of the teachings and therefore by putting the concepts on which it relies on in a somewhat secondary lighton a lesser level of difficulty to understandthe hypothesis is that by using NoS and analogies to keep them in a zone of proximal development, the concepts on which the end goal is based are acquired more easily as they are perceived as much smaller steps to climb. Another hypothesis is that the use of analogies and ad absurdum proofs in this context is an effective tool for the acquisition of new concepts. And finally, based on neuroscience results in regards of the process of association and in regards to long term potentiation, that the more a concept is called upon, and from various sources, the more easily it is acquired, manipulated and retained.

Testing the Hypotheses

In order to test the hypotheses, the learners would be subjected to pre-tests and post-test evaluations. The RTDC, the pre-test and post-test of the introductory module on gravitational waves of the curricula (Cfr. Appendix, RTDC) are modelled in particular after the study of (McGrath 2010) for a partial comparison. The tests are mixed questionnaires with quantitative features (including a 1 to 5 scale, a true or false) and more qualitative features with open questions (regarding how they understand the process of scientific advancement or about the difficulties they encountered, comments on the content and other commentaries).

The pre-test and post-test which are used to measure a number of observables related to the learners, and the lectures were designed with respect to a number of didactical considerations. The main considerations are the following (adapted from Reuter 2013, pp. 175-178) 

Title of the Course 1: History, Philosophy of Foundations of Sciences & Technology Studies

Level: Undergraduate/Graduate/Ph.D.

An outline. At present, it seems that mathematics and physics teachings generally proceed according to the strict assumption that in schools (e.g., secondary high schools) only the teaching of a rudimentary amount of mathematical and physical of principles, as well as of basic experiments, is required, regardless of their role in the learning process. This type of teaching seems to be of natural inheritance and, let us say, the consequence of a typically mechanistic-positivist perspective and, in some aspects, of mechanistic science. A larger base of foundational analysis including not only scientificdisciplinary matters but also interdisciplinary issues including history, historical epistemology, logic and the foundations of physical and mathematical sciences, science and technology studies should be adopted. A multidisciplinary teaching approach based on large themes-problems toward a scientific education based on different formulations of the same theory would be beneficial because the interconnections and interdependencies are not currently evident between: physics and logic (classical and nonclassical), space and time in mechanics, mechanics and thermodynamics, ad absurdum proofs, non-Euclidean geometries and space in physics, the planetary model and quantum mechanics, infinite-infinitesimal and measurements in the laboratory, heat-temperature-friction, reversibility, continuum-discrete models in mechanics, ad hoc hypotheses, local-global interpretations and differential equations-integral, point-range, constructive mathematics, the kinetic model of gases and thermodynamics, etc.

Additionally, in the modern era, many other mathematical and physical theories of an importance comparable to that of geometry developed. This pushes us to deal with, rather than a single theory, all of the theories and to find among them those which have more important roles compared to others -and possibly that which all other theories are based on. Therefore, we will also have to refer to the foundations of mathematical theory and to the foundations of physical theory, which in previous centuries were made up of techniques (line and compass), then of basic concepts (point, infinitesimal, together), then of the principles of a theory (Euclidean axioms), then of entire theories (geometry, analysis, set theory).

To identify these aspects which are also epistemological, we need a research program of data and formulations of scientific theories, case by case, period by period. To begin with, we can focus our attention, for example, on critical periods and minor authors to understand analogies and conflicts between theories in the history of science. For example, the role of geometry in renaissance mechanics, the role of fortifications in architecturalmathematical design, the logical structure of certain formulations, irrational numbers, non-Euclidean geometry, antinomy, studies based on Gödel's theorem and the incompleteness regarding the theory, the revolutions of the birth of chemistry and thermodynamics, the role of the latter in the birth of quantum theory, the role of the physical component and mathematical space and time in physical theories, analysis and mechanics, the physicalmathematical relationship, the physical-logical relationship, etc. These historical facts and disciplinary considerations, interpreted epistemologically, uncover those fundamental points which, in periods of normal science, could remain intuitive.

Therefore, the history of science could also be understood as a source of complementary discussion to possibly founded criticism of the developments of both physics and mathematics. We could think, for example, of the historical and epistemological reflections of Duhem, Mach, Poincaré, Koyré, Kuhn on the history of science and its foundations. For this reason, we must clarify which methods exist today for studying the history of science that also include its foundations without invoking metaphysical ideas (cause, ideas, a priori knowledge, separation of body and mind, etc.).

The course in brief.

The course aims at distinguishing between various ways of formulating scientific theory in history and therefore understanding in what profound sense these formulations are different (for example, Euclidean geometry and non-Euclidean geometry, thermodynamics and quantum statics, Newton's mechanics and Lazare Carnot's mechanics, etc.). This will consist of the examination of various formulations both in their applications and their principles, their argumentative techniques and general theoretical characteristics. To this end, mathematical, logical and general discourse (reflections of a philosophical nature) will be employed, since we will be reasoning about entire theories. In short:

1) The history of science does not allow for free association of ideas or analogies. It requires a specific vocabulary-it is a mathematical language.

2) The study of history of science & technology also includes the historical analysis of the foundations of science (i.e., mathematics and physics) defining them through mathematical language.

3) The research on the foundations of a scientific theory proposes a program method of historical research which proceeds by comparing the various formulations of scientific theories. 4) The languages of logic and mathematics are used to study the history of foundations. 5) Such an extension also allows for cultural opening in the most general sense of the term, which is at the core of all full comprehension of any scientific argument including mathematics and physics. It is therefore also at the core of the didactics of science, mathematics and physics. 6) Dissemination and sharing difficult theoretical experiential works. 7) Making students understand that the history of scientific ideas is closely related to the history of techniques and of technologies; that is why they are different from one another. 8) Making others understand that scientists were once people studying in poor conditions. 9) Showing the real breakthrough of scientific discoveries through the study of the history of fundamentals, not yet influenced by the (modern) pedagogical requirements. For example: understanding the historical progression of the principles of classical thermodynamics and the common teaching of physics.

The research program has an original format insofar as its results also suggest historical hypotheses in correlation with the foundations of science, thereby suggesting a solution to an age old problem with which a great number of epistemologists, historians, philosophers and scientists have dealt.

For example, around 1925 quantum mechanics was proposed and taught according to a particular philosophy (i.e., spirit of Copenhagen); relativity also has a conception of reality that cannot be defined as merely experimental (the observer, intended as a frame of reference, is part of the theory).

The crises within science have helped scientists to recognize its dependence on facts which are not strictly experimental (see, for example, Newtonian science). During these crises (in physics and in mathematics and logic) old and ancient conceptions, albeit in new terms, were brought up again; this made the utopic objective of the unification of all science (through one equation [in physical theory] or more generally through one method considered to be the only scientific method possible) even more unfeasible. In fact, for years physical theory aimed at unifying the entire heritage of classical theories; in reality it produced two different theories (relativity and quantum mechanics), each of which suggests this unification according to methods which are incompatible with the other (the same scientists separated irreparably, for example, Einstein from quantum theorists). These crises and their subsequent divergences within the accredited scientific corps once again led the same scientists to pursue different research programs, also from a philosophical point of view; this produced a philosophical reflection within science which suggested new terms although they were quite reductive compared to the great themes of past philosophy. For example, Leibniz did not complete his scientific-philosophical research program due to obvious time constraints and a lack of contributions from others to such a vast program, but also because he did not have the opportunity to see that phenomenon which in the end dominated the entire history of science and has only recently been reconsidered in a modern form by Kuhn and Feyerabend: incommensurability. The Greeks discovered it among different types of numbers (the incommensurability of the measurement of a diagonal line compared to that of the side of a square) whereas modern science, having constructed numerous, systematically organized theories, experimented with it in entire theories. When faced with incommensurability, the Greeks recognized it and deliberately limited themselves, renouncing the refoundation of arithmetic and preferring geometry as the basis of all mathematics. The West was obliviously subjected to the incommensurability of scientific theories, just when they were suggesting these theories as the height of human consciousness, superior to every other form of consciousness.

Additionally, despite the innovations introduced by Kuhn and Koyré in the history of physics, we do not yet have a sturdy method for the historical interpretation of science. It is maintained (rightly or wrongly) that this should not be surprising since on a philosophical level these excellent studies must be considered as mere attempts because they obtained only an approximate insight into the foundations of physics (over which the scientific philosophers found themselves in great difficulty). In effect, Koyré and Kuhn's time was decades ago.

In the meantime there has been an increase in just as excellent historical and epistemological studies both in extension (on a greater number of scientists) in intensity (on particular problems), on primary literature (the original sources) and on secondary literature (the studies on the history of science). Surely today we can use many more instruments and analysis results than those used by Koyré and Kuhn. Additionally, there has been an increase in just as excellent contributions from philosophers of science. Therefore, a research program (and also a course) on history and epistemology that also draws the eye to the history of the foundations has an even more interesting mission today by contributing to beat this challenge: doing research on what these foundations are today and trying to characterize them to have a better understanding of all science acquired and of its historical perspective within the field of History of Foundations/Education of Science & Technology Studies. Students examine a selection of such works through case studies.

Textbooks, however, being pedagogic vehicles for the perpetuation of normal science, have to be rewritten in whole or in part whenever the language, problem-structure, or standards of normal science change. In short, they have to be rewritten in the aftermath of each scientific revolution, and, once rewritten, they inevitably disguise not only the role but the very existence of the revolutions that produced them. […] Textbooks thus begin by truncating the scientist's sense of his discipline's history and then proceed to supply a substitute for what they have eliminated. Characteristically, textbooks of science contain just a bit of history, either in an introductory chapter or, more often, in scattered references to the great heroes of an earlier age. From such references both students and professionals come to feel like participants in a long-standing historical tradition. Yet the textbook-derived tradition in which scientists come to sense their participation is one that, in fact, never existed. The idea that a human mind can produce an intellectual revolution within science and its approaches (methods and methodologies also integrated with contradictions and criticisms) strongly crossed a paradigm both in the history of sciences and disciplines-literatures (reasoning, early enlightenment, positivism, etc.). Newton's science and Newtonian science in history made comprehensible both science according his physical paradigm (mechanics) and sciences alternative to his paradigm, i.e. Lazare Carnot's mechanics, geometry and mathematics. In this sense, the birth of modern science and science in general, in all its contradictions, anomalies and developments certainly also represents a cultural phenomenon. Finally, the civilization of science (and works produced by scientists) are an historical scientific attestation.

The course in brief. The course introduces the history of science and technology from the main scientific accounts from antiquity (i.e., Heron, Aristotle, Archimedes..., Fibonacci, Leonardo, Tartaglia, Galileo, di Giorgio Martini, Lorini, Torricelli, Cauchy, Fourier, Lazare Carnot, Sadi Carnot, Machines' authors, Faraday, Maxwell, Darwin, Einstein, The course in brief. With respect to the cited definitions, on my side we will particularly focus on Deconstructivist level. Before Galileo, scientific studies followed the ancient standard of obtaining knowledge about an object that was regarded as unchangeable. It did not occur to anyone to practically change the real object of investigation (as it would then be considered to be another object). On the contrary, scientists strove to improve their theoretical model so that it would fully describe the behaviour of the real object. In Galileo's view, the real object corresponds exactly to the ideal object but is interpreted as a distortion of the ideal object's behaviour under the action of various factors, for instance friction. This made it possible for Galileo to modify the real object by acting on it in a practical way. As a result, its negative properties, which prevented it from being identical to the ideal object, became neutralized. Galileo chose an unusual approach for scholastic science: technology began to lean on mathematical knowledge and models.

The orientation towards both engineering practice and mathematical knowledge (obtained strictly analytically) largely determined the line of development of Galileo's ideas. Various interpretations will be studied, i.e., the classical kuhnian paradigm of science, methods and attitudes from history proper, examining scientific developments in connection with social, cultural, and even personal forces and values. There will be particular emphasis placed on the boundary between legitimate science and pseudoscience, continuity and discontinuity, revolutions, and modern science, encouraging the development of technology and its relations with society and culture (i.e., how social and cultural factors help shape scientific and technological developments and decisions, among others).

In this course, we will include discussions of the history of science and the history of technology by several practitioners, as well as case studies from the past two centuries. For example: The science of Albert Einstein (1879Einstein ( -1955) ) seems to be more a work of art of human rationality than a physical theory. Its beauty manifests the "harmony of the natural laws" arousing, as he affirmed, a "rapturous amazement" to superior "intelligence" that reveals itself in the world of existence (Einstein [1954(Einstein [ ] 1994, 43), 43). In 1905, with the publication of three extraordinary papers, Einstein laid the foundations of relativity and quantum theory and gave the definitive proof of the molecular structure of matter. The applications of his theories to modern technology are of an unprecedented scale and they are not only the basis for the creation of the atomic bomb but also for the production of electricity in nuclear power plants. Faced with a possible new nuclear war that could endanger the very existence of humanity, Einstein used his fame to call for commitment to peace by scientists, politicians and ordinary citizens. In this sense the undergraduate/graduate/Ph.D. students will see the impact of scientific knowledge within:  Knowing the conceptual deficiencies of classical physics that led to the introduction of quantum theory and the theory of relativity  Understanding the dispute between Bohr and Einstein on the causality of events in quantum mechanics; comprehending scientists' ethics in the vision of Albert Einstein and being familiar with the Einstein-Russell Manifesto.

After making significant contributions in several areas of fundamental physics, J. Robert Oppenheimer (1904 -1967) lead the Manhattan Project; he was, however, deeply troubled by terrible the suffering inflicted by the atomic bombing of Hiroshima and Nagasaki. Subsequently, Oppenheimer opposed the construction of the H-bomb, but he was tried for having slowed its development with his influence on American scientists. He developed the belief that the only prospect for humanity to contrast the destructive power of new weapons would be a united world. To him we owe notable publications on the relationship between science, ethics and society. Franco Rasetti was perhaps the greatest Italian experimental physicist of the last century. He refused to participate in the research for the military use of nuclear energy. After Hiroshima, he left physics to devote himself to palaeontology and botany. He was a promoter of natural consciousness. In this sense, the undergraduate/graduate/Ph.D. students will see the impact of scientific knowledge within:

 Knowing the different positions taken by Italian physicists towards the creation of the atomic bomb;  Understanding the problems concerning the relationship between technology and nature;  Interdisciplinary lesson with the philosophy teacher about the ethics of responsibility by Hans Jonas

Leo Szilard (1898Szilard ( -1964) ) was the first scientist to become interested in nuclear chain reactions for the production of energy. He realized that this mechanism could be used to make a powerful means of destruction. It is well known that the letter written by Szilard and Einstein to U.S. President Roosevelt led to the development of the Manhattan Project. Before that, however, Szilard tried to persuade the nuclear physicists not to publish the results of their research on neutrons emitted in the fission process in order to prevent the results of this research from being used against humanity. Frédéric Joliot published the results of his research, making Szilard's efforts inconsequential. In this sense the undergraduate/graduate/Ph.D. students will see the impact of scientific knowledge within: 

Title of the Course 4: History and Epistemology of Science & Technology Studies

Level: Undergraduate/Graduate/Ph.D.

An outline. Physics and Mathematics, and science in general, are disciplines that originated at the beginning of human consciousness. From the beginnings of humankind, distinguishing between one and two (and so forth) was a sign of consciousness. In the same way, knowing how to draw shapes and recognize their properties also demonstrated consciousness. Since the dawn of civilization, man has learned to number and carry out the first basic operations (addition and subtraction), helping himself with objects and his own fingers. In general, every primitive culture has elaborated its own type of mathematical culture at the most opportune time and in the most opportune ways. The same is true for natural sciences as well, with some differences according to the interpretive use of mathematics and geometry over the course of the centuries.

Asserting that certain knowledge is scientific means attributing said knowledge to a special rank. It involves undergoing various trials and verifications, analyses of the risk of statistical error and assumes criteria of rationality which imply complete coherence with other shared, equally scientific and adequately verified knowledge. Science, in this way, provides us with a reassuring view of itself: it proceeds methodically, extends its control and reduces the mystery surrounding it. However, representing and recounting science as a linear undertaking which is progressive, monotonous and only capable of proceeding from certainty to certainty, always (and only) guided by the wisdom of Occam, by rigorous demonstrations and appropriate verifications, is false and misleading. Rather than assigning its pretences to the idea that the world is generally knowable (since it was originally written in a mathematical language), contemporary science finds its distinctive feature in an ethical criterion: a criterion connected to the thesis according to which scientific findings are always conjectures which can be modified, the fruit of other conjectures suggested by some empirical clue, supported by a significant number of conventions. It is this antidogmatic attitude that distinguishes (or should distinguish) a scientific undertaking from other human activities. This is because the most interesting object in science is made up of that which is not yet known. By its very nature, science cannot have characteristics of an activity that proceeds monotonously for the mere iteration of its own principles, of its own conceptual instruments, of its own procedures, of its own methods and verification criteria; on the contrary, it is within scientific practice that the reasons for its perpetual refinement and its periodical revisions arise.

Therefore, an historical-epistemological and social teaching-research program must obviously go far beyond a timeline, the collection of data, discoveries and the names of discoverers: there is never a limit to the accumulation of events since even minimal facts might have contributed to a great discovery.

Furthermore, even by accumulating a heap of historical facts, we would still be left without answers to the whys and hows in history: for example, why this particular succession of discoveries? Why was the beginning of science at that time? Why did the development of science stop at certain times (for example, between the Romans and Italy after 1650) and in certain places (in China)? And why in certain other times and places (for example, in Italy after 1250, in Paris during the French Revolution) did it develop frenetically?

Therefore, the History of science (in my case physics and mathematics) is useful if it responds to the whys, and bases the facts for finding them, on organizing discourse epistemologically, that is to say, by interpretation. In order to obtain hypotheses based on these responses, it is necessary to move to a critical and social history of science.

The course in brief. This course begins with lectures on the History and Epistemology of Science and Technology and examining the nature of science according to various epistemological perspectives. A technological change is the major factor in historical change and it tends to lead to historical progress. Currently, that is generally assumed as correct. But what is the role played by technology in history? We will try to answer this focusing on: the emergence of humans as a history-making species, the emergence of agriculture-based civilizations, the industrial revolution and the rise of the human empire on the planet. In this sense, the undergraduate/graduate/Ph.D. students will see the impact of scientific knowledge through a combination of textbooks and specialized supplementary epistemological and sociological readings and other critical and cultural studies of science and technology from important thinkers who have contributed significantly to these subfields or approaches.

However, the field is best understood by the ways in which it approaches science and technology. The students will be introduced to (possibly) new key terms necessary for understanding these perspectives. What counts as knowledge? How is knowledge derived? What is science? What does it mean to practice science? While we cannot be exhaustive in our survey of the answers, this unit will be able to provide some characteristic responses from the major philosophical perspectives on epistemology.

By epistemology, we mean theories about how knowledge is to be defined and in particular what counts as scientific knowledge. Of course, the epistemological interpretations are based on historical facts and methods (historical epistemology of science, sources, etc.) allowing for a critical understanding of the main problems in the History and Epistemology of Science and Technology. Therefore, we will avoid focusing on the philosophy of technology. On the contrary, at the end of the course, the students should be able to explain developments in science and technology in terms of their interactions with social, cultural, environmental, and other critical epistemological issues, preparing them for an eventual Ph.D. in history of science or history of science and technology. One of the commitments that the university must constantly face is to address the problem centred on the attitudes of young people to science and the history of science, their relationship with school and the role of education, humanities and technology content. In order to do so and encourage the instrument of cultural orientation, it is necessary to propose reflections on the shaping of the history of science as an emerging discipline in the twentieth century from a highly complex intellectual and political context, and to aim for tolerance and pluralism in historiographical methods and approaches. These aspects are part of a broader spectrum of analysis that includes history, epistemology and philosophy, as well as psychology and sociology. Indeed, today it is unthinkable to learn and understand the scientific essence of a discipline without deepening its most intellectual and cultural form, that is, the historical and philosophical development that allowed it to enter scholarly institutions, teaching institutions and textbooks. For instance, Thomas Kuhn noted that a paradigm, to remain robust, must determine its role in teaching, which must achieve consistency through textbooks; since he considered the book as a representative object that was the object of an entire paradigm.

Development of a related teaching program with a corresponding

The debate on didactic and pedagogical problems beginning with school education, at the base of the historical and epistemological reflections that one could meet in university courses of history, epistemology and philosophy of science, seems unfavoured compared to the attention manifested in regard to the other themes considered more crucial.

Let us consider, for example, the epistemological problems of mechanics in relation to those of thermodynamics which have not yet been solved from a didactic point of view, rather than those of the teaching of non-Euclidean geometry, or of the introduction of Bohr's planetary model as an introduction to the study of quantum mechanics. Nowadays, quantum mechanics seems to open the door to a more expansive challenge: to clarify the role of its new foundations in order to analyse the cultural frame of reference of about two centuries of mechanism and almost a century of teaching that was almost entirely mechanistic. One may wonder whether it has really proposed an autonomous clarification of the theory or has only rejected the past by introducing an ad hoc formalism like with the early axiomatic formalization of relativity which was tried and in which even with the isotropy of space, or the law of propagation, there is always a constant to be determined or a parameter to be specified.

We must also highlight the problem of understanding concretely the kind of revolution that happened to the physics and mathematics of the twentieth century: Only fundamental? Also cultural? Methodological? For example, the techniques used in equation theory with the mathematics teacher are the same ones used in Newtonian mechanics when one has to calculate dimensions, acceleration, and time and these are the same ones used in the lessons of applied mathematics in technical and commercial establishments. Therefore, a different teaching approach would not allow other similar disciplines to re-qualify certain concepts and generate confusion for the students.

In other disciplines, the critical comprehension of any literary work almost always involves framing the author in their historical-politicocultural methods and context. Could this be done also for the teaching of mathematical and physical theories with emphasis on history and epistemology?

Furthermore, it should be noted that the history of science is not limited to the simple chronology of hagiographic discoveries or hagiographic biographies of scientists, but involves the comparison of the competition of scientific paradigms, other conceptual interpretations of experiments or analysis results, the acquisition and development of basic principles, and so on. In this sense, the teaching of History of Science at school seems to become more and more important. Furthermore, each of the pedagogical choices in the design of a teaching plan should (desirably) also take into account the results of the teacher's research (Cfr. below the modular plan). In general, one of the most debated questions on the teaching of the history of science, still asked today, can be formulated as follows:

(a)

Is a teaching (for principles or major themes) of area or unit (external history) more appropriate? (b)

Is a teaching (for the principles or big questions, as you want) that relies on internal elements of the discipline, or a presentation that emphasizes the relationship between developments, facts and events (internal history) more appropriate? Without extending much, and taking into account the high culture of readers, I make only a few comments to clarify my point of view of the candidate teacher-researcher.

In the first case (a), it is a history distinct from the individual disciplines that could ensure a certain continuity of the discourse, and would make some chronological partitions historically acceptable. However, such continuity and order often seem to be achieved at the cost of an almost total isolation from the growth of the discipline of which one is producing a history didactically. Thus, historical assumptions seem to be precarious because, even if contextualized, they seem to be devoid of a linear development and therefore marked by conflicts, revolutions and anomalies of individual disciplines.

In the second case (b), the inner history of science would tend to draw a divisive line between rational arguments and social, philosophical or psychological reasons in both the context of discovery and the context of justification. But the exclusive use of the inner story tends to be limited to a certain identification of the history of science with the epistemology of science. Thus, the history of science could be assimilated as a field of the philosophy of science, and so, because of the legitimate new objectives of epistemology which are part of it, would also lose the fundamental characters of its being. e.g. with the study of different sources (manuscripts, editions, articles, diaries, laboratory notes, draft articles, letters, notes on works consulted, images, tools and machines used, natural collections, protocols and documents of scientific institutions and so on) and historical hypothesis based on historical facts.

Since to propose a history of science without even making reference to any of the technical and fundamental factors upon which the answer to a scientific problem in history depends, would inevitably lead to a distorted image and reading of the laws and scientific theories that ideas and thoughts invade and that have no national boundaries, I propose a balanced teaching (below).

This teaching is characterized by the role of science in (external) history, but with (internal) case studies in order to detect internal conflicts and the similarities between the foundations of these formulations or between the different theoretical currents. For example, to understand the birth of the revolution of Sadi Carnot's thermodynamics, we could examine his handwritten notes archived at the École Polytechnique where he translated Watt's work on machines from English in order to understand the versatility of scientists in their historical (inner) context.

Furthermore, a teaching of science that rehabilitates the historical teaching of science as an integral part of human culture should be able to build an autonomy of scientific discourse. In this sense, in relation to the hypothesis mentioned the History of Science would still be confined within its limits, while retaining its original characteristics. Likewise, this also depends on the specificity of the subjects being dealt with (history of physics, mathematics and chemistry), on the cultural background of the historian and of course the cultural background of the students.

However in order to achieve this, the caveat is that a consistent supply of new research (publications), where perhaps the epistemological interpretation addressed is based on historical assumptions, (which may be internal or external) would be necessary.

A Modular Programming Hypothesis

There are a number of teaching requirements that need to be considered. Since we are discussing university teaching, a course for students and not a seminar for specialists, it is necessary that the contents of epistemology and history of science are also presented. This is done through the expositive methodology sedimented in the texts of primary literature and at the same time in the historiography of secondary literature. In this sense, through recorded work students can express their culture both in the learning process and during the final exam; as this kind of culture of learning-teaching is a crucial didactic key which the teachers have to pass on to their students.

The work plan states that while each module is designed to be a course divided into teaching units to carry out, including case studies (special education units), they are also easily reducible to standalone lectures. The choice depending on the available time, objectives (cognitive and operative) and on the events during the course. For example, it will be possible to delete or add teaching units and / or case studies to the module. The objective to be pursued with modularity is essentially a hereditary and portable educational structure based on:



Modules divided into teaching units (UE) with case studies (special education units, UES) or reduced to their core as standalone lectures.



Scientific language  Explanation of historical categories of investigation 

The problems and themes of science  Establishment of the student in a problematic situation (theoretical and / or experimental) in which they realize the insufficiency and precariousness of the scientific knowledge of the time  Construction and reproductions of simple scientific experiments or even historical replications  Links and contextualization between modules and between teaching units and case studies  Correlation of interpretations (epistemology) and hypotheses (history) between the different modules  Modelling of historical and theoretical assumptions of knowledge  Selection of knowledge  Possible small lessons in mathematical analysis, classical and non-classical logic and physics.

Below:



A table that systematically summarizes the objectives and terms.



A schema that expresses a cyclical modular teaching hypothesis for teaching (CNU sections 72 / 17)  Contents summarized in 20 modules. Each module could be a course done in an academic session.

Of course, like all teaching activities, the modular teaching plan may be subject to variations in the prerequisites and cognitive and operational objectives that the group-class (teacher-student) together can meet in itinere.

However, we have to recognize that the technical parts are not completely reducible at will without suffering from inconsistencies. Indeed, it is necessary to base everything on rigorous demonstrations and theories, even if simplified either for exams or during the lectures; in which cases this must be made very clear to whomever wants to draw historical or more general conclusions. Therefore, it should be made clear to the students that they also have to understand the technical-formal necessity behind the simplification. As with the other examinations of mathematics and physics, it is necessary to refer to the scientific demonstrations and theories presented (including the consequences implied by some of the simpler passages, looking for counterexamples, for the change of the hypotheses of the theorem, including the strategy of the demonstration, the role of a theorem in the context of the theory, and so on). Indeed, the passages of demonstrations and the theorems are very important, and in this way, at the end of the course, one can reach a better level of comprehension of the arguments treated in the related courses of physics-mathematics; thus going beyond the didactic presentation.

Synthetic course plan: history and epistemology of science; philosophy of science (physics, mathematics)

The specific objective of the course

The course has as its specific training objective to give the students the bases and general instruments in epistemology and history of sciences in order to acquire a scientific culture other than technical and allowing them to engage in a reflection on contemporary science, its practice and its stakes: the critical study of the principles, the hypotheses and the results of the various formulations. So, the course intends to make available the logical-scientific instruments to investigate the history of science. In particular, this will provide the students with theoretical and historical knowledge of the connections between historical-philosophical reflection and scientific inquiry. Finally, reading original texts and secondary literatures of group activities will make the proposed analyses more concrete. Emphasis will be placed on self guided learning.  Systematic knowledge of the main facts of historical epistemology proposed by the teacher.

Educational functions

Operative objectivesskills

Critical reading of primary and secondary sources of the history of science and technology in relation to epistemological, philosophical and literary culture also to the political, social and institutional environment of their times.  Knowing how to define terms and concepts and possibly perform calculations.  To be able to present written or oral works while correctly respecting the time of events and historical events.  Knowing how to correctly bring back the problems confronted to the thought of the authors examined.  Compare and contextualize the different answers of scientists throughout history.  Grasp analogies, differences, revolutions, conflicts, anomalies, models and methods in the history of science.  Seeking to recognize and support the mixture of science-technology in different scientific theories tackled from the historical point of view.  Putting in context the scientific foundations of science and its relations with society in historical discourse.

Contents and modules

 The modules are characterized by general research.

The formative nature of the course

 The proposition is a course in history and epistemology of physics and mathematics :

1) The logic of science for the identification and analysis of logical problems raised by science and the structure of scientific theories. For example, problems of validity of foundations: how to formalize a theory? What kind of logic suits the amazing results of quantum mechanics? Is it still the socalled classical logic?

2) The methodology and categories of science, that is to say, the study of the scientific method and the question of the possible existence of methods specific to certain sciences. For example, problems of the method: can the same method involve different techniques? Physical-Mathematical and Physical-Logical Relationships? Do the social and human science have a rigorous method and, if so, is it the same as that of so-called exact sciences?

3) The theory of scientific knowledge, what is the status of this type of knowledge and the question of the demarcation between science and non-science. For example, problems of the limits and value of the scientific enterprise: what is scientific and what is not? Are there any false sciences? Is our knowledge constantly progressing or are there limits in nature or in our instruments of observation and measurement?

Duration of the didactic intervention

 According to the terms of the university Bibliothèque de la Pléiade, Gallimard, Paris. Torricelli E (1919Torricelli E ( -1944) ) 

Designing an Experiment

The RTDC, the experiment consisted of an introductory lecture focussing mainly on the core concepts at the basis of the gravitation waves. This introductory lecture aims to present the timeline of the discovery and to describe the main key moments at which the core concepts emerged. During the exploration of this timeline, these key concepts are overviewed and taught through examples and analogies when deemed necessary.

This introductory lecture serves multiple purposes, e.g.:

 as an introduction to the curricula and the following lectures described in the modules;  as a first encounter with the concepts on which the physics of gravitational waves are based on;  painting how science progresses (paradigm shifts, timescales, human endeavour);  familiarizing the learners to Epistemology, HPS and NoS teachings;

The introductory lecture.

 After a brief presentation on NoS teaching-learning, the students are informed that this lecture is an introductory lecture on gravitational waves that is part of a wider curricula which is divided into independent modules.  Learners are told that a new discovery in physics happened on September, 14 th 2015 with GW150914; this discovery being the first measurement of gravitational waves which, as their name suggest, are related to both the Physics of Waves and Gravitation and the existence of which were predicted almost exactly a century ago by Albert Einstein and his theory of General Relativity.  Learners are then told that this amazing discovery is unique for several reasons; in particular because the phenomenon that produced these gravitational waves is a phenomenon of the infinitely great (Binary Black Holes collision) measured in the infinitely small (which considering the scales involved is the realm of Quantum Mechanics).  The learners are then taught about the fundamental concepts involved in gravitational waves phenomena through their historical and epistemological contexts; in order to do so, the teacher provides a simplified timeline of the main discoveries and concepts emergence. This introductory lecture to gravitational waves and their history is without a doubt very dense, however the preliminary results of the RTDC (Section 7.8) were very encouraging all things considered.

An ad hoc Modelling, A Proposition

An overview of the modules and their content (Cfr. Appendix for more details): 

Discussion & Generalisation

The preliminary results showed that the RTDC had potential. Indeed, the amount of correct assessments of the statements of the "True or False" test (Cfr. Fig. 7.8.1.h) greatly increased in the post-lecture evaluation; notably statements n°5 (redshift), 6 (length contraction), 7 (relativity of spacetime), 9 (reference frames), 10 (invariance of the speed of light), 13 (Black holes and gravitational fields) and 18 (non-emission of gravitational waves by nonaccelerating masses). This is especially remarkable concerning some of these statements; in particular when considering the notions and concepts call upon by some statements which are certainly accompanied by some of the hardest epistemological obstacles to overcome as well as by common misconceptions. Furthermore, the lecture showed an increase in the interest of the participants in all the scientific fields presented as items of the questionnaire; with the only exception for the Philosophy of Science.

Participants globally enjoyed the experience:

 "That's really great. The issue is that we try to represent ourselves things but it is not always feasible and all this seems less accessible. Very good but don't go in too many directions at once."(Participant 1)181  "Very interesting lecture and good vulgarization for audiences with rather weak scientific background"182 (Participant 2)  "Clear and very interesting content. The explanations were detailed. I learned a lot through this course even if I don't have the basics in science." 183They became more self-assured in their comprehension of the subject matters related to gravitational waves and the history of their discovery; even if some felt that the lecture was very dense and definitely not easy:

 "The concepts which were approached were very abstract and sometimes confusing because they call into question our perception of time and its progress. The images, and analogies to explain the concepts have greatly helped to understand certain concepts and sometimes, it made me want to see the mathematical aspect to go further. Space and its mysteries are centres of interest for me and these notions aroused a beginning of passion which if I had the means would have been a good motivation to resume my studies." 184 However, because of the small sample size, the high variation in the learners types and to the less than optimal conditions -not being at the university in a fully equipped amphitheatre or classroom-, the only sensible comment is that these preliminary results are encouraging but the data collected is not sufficient to draw any conclusion with a reasonable confidence index; therefore, this study need more investigation.

An Epistemological Inquiring: Methods and Falsifiability

Research shows that science education involves more than simple factual information exchanges and transmissions. Indeed, it also involves Nature of science and epistemology. Research has also shown that learning in an educational context is a social activity and therefore that the nature of science and science education is social; based on communities and driven by collaborations, cultures, practices, etc. (Cfr. Haré 1972)

The common goal of Epistemology, Science and Science education revolves around learning. If Science is about understanding the world, Epistemology is about the study of the understanding itself and Education is about how to pass on knowledge. However, while the specific purposes of the three disciplines slightly vary, they go beyond the simple accumulation or addition of knowledge.

In the general sense, Epistemology is the study of knowledge itself and poses questions such as "What is knowledge?", "How is knowledge acquired?" and by extension "What is learning?", "How do we learn?", and so on.

The study of knowledge relies on many different concepts it attempts to define, e.g. experience, concepts, truth, beliefs, justification… but also raises questions about those concepts. For instance, there are arguably 185 three conditions required to assert that one has knowledge about something;

184 "Les notions qui ont été abordées étaient très abstraites et parfois déroutantes car elle remettent en question notre perception du temps et de son déroulement. Les images, et analogies pour expliquer les concepts ont fortement aidés à comprendre certaines notions et quelques fois, cela m'a donné envie de voir l'aspect mathématique pour aller plus loin. L'espace et ses mystères sont des centres d'intérêt pour moi et ces notion ont éveillés un début de passion qui si j'en avais les moyens aurait été un bon moteur pour reprendre mes études." (Charles-André) 185 Cfr. (Gettier 1963) according to the Stanford Encyclopedia of Philosophy186 : "the three conditions-truth, belief, and justification-are individually necessary and jointly sufficient for knowledge of facts."; but at the same time there are different ways of acquiring this knowledge; whether through direct experience, intuition, beliefs, from books, research papers, teachers, experiments, logical reasoning, and so forth. In fact, according to Petrie: "[W]e can ask how well our cognitive structures as wholes-representational schemes, theories, basic concepts and beliefs, methodologies for inquiry, and so on-allow us to deal with the world. (Petrie 2011, p. 71)". An Epistemological Inquiring is essential for several reasons; for instance, it provides the tools for a distancing that helps objectivity and inference, whether this distancing is relative to the History, History of Science or the foundations of the theory used and or studied, or in regards to the object of the study itself. Indeed, this provides the didactician with comparative grounds for their analyses; what led to the introduction or appearance of a concept, what were the Epistemological obstacles, etc. but the choice of the methods and their type (qualitative, quantitative or mixed) used in a research depends on many different factors such as the researchers' ontological beliefs (e.g. realism versus relativism) which can influence the research's philosophy (realism, pragmatism, positivism, constructivism, interpretivism); or the research question which determines the type of the research (applied versus fundamental); the type and size of data needed to be collected and influences the type of approach (inductive versus deductive), and so on.

On The scientific method. The general audience idea is that the scientific method is some kind of recipe that scientists follow in order to do scientific research in a reliable methodically fashion (Bauer 1992, p. 48, p. 63). The mainstream model consisting of 6 (or 7) steps:

1) Identify a problem 2) Do research 3) Formulate an hypothesis 4) Do experiments to test the hypothesis 5) Analyse data 6) Draw a conclusion And sometime an additional step: 7) Communicate results However, this extremely simplified and limited model is far from a good representation of the actual practice of science, for instance this depiction of the scientific method, unlike actual research, is very linear, fixed in time and poses several problems: could one be on different steps at the same time?

Could you go back to a previous step? and so on.

In actuality, there is no such thing as the scientific method; for instance, in behavioural sciences alone, "scientists use a plethora of specific research methods and a number of different investigative strategies" (Haig 2018, p. 35).

On Scientific Philosophies Determining Methods. Science is not the result of one unique scientific method neither is it the result of one theory. Different theories can be involving different methods, or different methods can be leading to different theories; theories can and do coexist. For instance, this might be best exemplified by the common idea that Quantum Mechanics and General Relativity are incompatible while both are used and furthermore, while both led to practical inventions and technological progress (e.g. respectively hard drives and the GPS system), both theories played a role for the same discovery: the measurement of gravitational waves. One of the roles of the philosophers of science is to reflect on all of these aspects:

How one construes theories usually determines his or her philosophical bent. The method by which one arrives at a theory, the interpretation of the language associated with it, the relation of one theory to another, the role theory plays in observation and subsequent experimentation are but a few of the questions typically dealt with by philosophers of science. (Loving 1997, p. 427) As previously discussed, we are not only seeking the understanding of theories or concepts by students; the primary objective is to teach students about the nature of science in a reflective way so that they acquire an attitude and understanding of the nature of science and are able to assess evidence and knowledge claims, i.e. the validity and robustness of theories (Hogan 2000, p. 54):

Aspects of the nature of science that are considered to be important objectives of science education include understanding the nature, production, and validation of scientific knowledge; the internal and external sociology of science; and the people and processes of science [START_REF] Ryan | Students' Preconceptions about the Epistemology of Science[END_REF]. (Hogan 2000, p. 52) Furthermore, this implies that in the same way that different theories are related to different methods, there are different philosophies of science with different points of view:

One extreme view is that we can never know the truth, but we can value theories for their usefulness toward some kind of clarity. Rather than either/or answers to positions regarding these and other notions, there are sometimes subtle shades and degrees of support or rejection.

• history or social setting can be used to judge science • criteria are used for acceptance or rejection of theories • knowledge is cumulative or noncumulative • rationality or irrationality plays a role in theory justification or choice • theories can be thought of as mere instruments or truth-seeking models • presuppositions control the direction of a scientific endeavour (Loving 1997, p. 433) Therefore, the fact that there is a spectrum of philosophies of science show that science is a human endeavour. Nevertheless, even if science is a human endeavour with all the consequent flaws and factors to consider, the question ultimately boils down to whether scientific results are invented or discovered:

[T]he argument surrounding the nature of science and the knowledge it reveals is often reduced to two opposing views. On the one hand, because of the centrality of sociocultural dimensions to all knowledge seeking, all or at least many explanations and methods of arriving at those explanations are equally valid-since validity may be a moot point and impossible to achieve by individually constructing human beings. On the other hand, there is a superior explanationmaybe even an ultimate truth-which involves rational thought and careful methods, rendering all sociocultural dimensions insignificant. My concern is that too few science educators are aware of the spectrum of current philosophies, their historical connections, and their answers to fundamental questions. (Loving 1997, p. 435) However, either it is an invention and science teachers should educate their students in a balanced way with the sociocultural dimensions at the centre, providing them with various positions leading to equally valid explanations; or it is discovered and science educators should still educate their students in this way to adopt a wider view in order to reach the objectivity needed for doing science; thus both interpretations result in the same main objective as a consequence: Science teacher education should strive for neutral ground, involving the best of various positions. First, it should provide science methods and science classes that promote active engagement, higher level thinking, real problem solving, and some depth in the history of science and explicit discussions of views on the nature of scientific inquiry. (Loving 1997, p. 447) In order to do so, an Epistemological inquiring can help science educators identify points of interest to teach their students scientific criteria, e.g.:

 Identifying the different forms of scientific knowledge (theories, laws, theorems, etc.)  The difference between observation and inference  Understanding the difference between empirical knowledge and theoretical knowledge  The problem of the objectivity versus subjectivity  Scientific knowledge involves imagination  Scientific knowledge validity, falsification, reproducibility, repeatability; therefore it is subject to change On falsifiability. Falsifiability is a criterion of Popper's idea about the analysis of theories in regards to what constitute a scientific theory from a "purely logical" point of view: that a theory is as strong as its predictions and can be temporarily taken as right but it can never be proven true; it can only be proven wrong (Cfr. Section 6.1).

However, Popper warned that this standpoint has its faults in regards to empirical sciences:

I am quite ready to admit that there is a need for a purely logical analysis of theories, for an analysis which takes no account of how they change and develop. But this kind of analysis does not elucidate those aspects of the empirical sciences which I, for one, so highly prize. (Popper 2005, p. 28).

Indeed, Popper argued that because of "those who uphold [their theories] dogmatically" (Ibidem), the ability to find a conclusive disproof is compromised in practice and gave an historical example to illustrate his point:

In point of fact, no conclusive disproof of a theory can ever be produced; for it is always possible to say that the experimental results are not reliable, or that the discrepancies which are asserted to exist between the experimental results and the theory are only apparent and that they will disappear with the advance of our understanding. (In the struggle against Einstein, both these arguments were often used in support of Newtonian mechanics, and similar arguments abound in the field of the social sciences.) If you insist on strict proof (or strict disproof*1) in the empirical sciences, you will never benefit from experience, and never learn from it how wrong you are. (Ibidem)

Therefore, this implies that even if Popper's argument that proof and disproof are not on equal footing from the theoretical standpoint, since theories can only be proven wrong, in practice the problem goes further as proofs and disproofs are downgraded to experimental results seemingly agreeing or disagreeing with the theory in the eye of the scientist willingly or unwillingly upholding his theory. Thankfully, Popper stated that the solution of this problem lies in the methods:

Such are my reasons for proposing that empirical science should be characterized by its methods: by our manner of dealing with scientific systems: by what we do with them and what we do to them. (Ivi. p. 29) Popper then explained that he was opposed to the view considering methodology as an empirical science even if there could be value in such a consideration:

and who is to be called a 'scientist' must always remain a matter of convention or decision.

[...] Thus I reject the naturalistic view. It is uncritical. Its upholders fail to notice that whenever they believe themselves to have discovered a fact, they have only proposed a convention. And gave very virulent reasons on his views of the conventionalists: I admit, a conventionalist might say, that the theoretical systems of the natural sciences are not verifiable, but I assert that they are not falsifiable either. For there is always the possibility of '. . . attaining, for any chosen axiomatic system, what is called its "correspondence with reality"' (Ivi. p. 60) Indeed, short of accusing them or calling them frauds, he argues that when their system is threatened this "correspondence with reality" can be attained in a number of ways -using ad hoc hypotheses, modifying "ostensive definitions" or "explicit definitions", "adopting sceptical attitudes as to the reliability of the experimenter", consider observations as "insufficiently supported, unscientific, or not objective" or even calling the experimenter a "liar",… (Ivi. pp. 60-61)-; the question then raised is about how to find the demarcation: Indeed, it is impossible to decide, by analysing its logical form, whether a system of statements is a conventional system of irrefutable implicit definitions, or whether it is a system which is empirical in my sense; that is, a refutable system. [...] The question whether a given system should as such be regarded as a conventionalist or an empirical one is therefore misconceived. Only with reference to the methods applied to a theoretical system is it at all possible to ask whether we are dealing with a conventionalist or an empirical theory. (Ivi. p. 61) Therefore, it is not through the system itself, but through the methods used that we can discriminate between a conventionalist and an empirical theory.

Popper then gave guidelines on how to establish the methodological rules and avoid what he called "conventionalist stratagems"; for example:

As regards auxiliary hypotheses we propose to lay down the rule that only those are acceptable whose introduction does not diminish the degree of falsifiability or testability of the system in question, but, on the contrary, increases it. [...] If the degree of falsifiability is increased, then introducing the hypothesis has actually strengthened the theory: the system now rules out more than it did previously: it prohibits more. (Ivi. p.62) Nevertheless, according to Popper knowledge was built on probability (Cfr. Section 6.1), therefore he clarified that there was a need to assess the significance of any contradicting occurrence:

We say that a theory is falsified only if we have accepted basic statements which contradict it (cf. section 11, rule 2). This condition is necessary, but not sufficient; for we have seen that non-reproducible single occurrences are of no significance to science. Thus a few stray basic statements contradicting a theory will hardly induce us to reject it as falsified. We shall take it as falsified only if we discover a reproducible effect which refutes the theory. [...] The requirement that the falsifying hypothesis must be empirical, and so falsifiable, only means that it must stand in a certain logical relationship to possible basic statements; thus this requirement only concerns the logical form of the hypothesis. From all this, it is easy to see that conducting Epistemological Inquiries is very important in regards to the soundness of any theory. Furthermore for science education, an epistemological inquiring can also serve as a tool both for the didactician and the science educator to identify the differences between the knowledge to teach and the knowledge actually taught.

What About Falsifiability in Didactics of Physics-Mathematics

Didactics of Physics and Didactics of Mathematics are part of Didactics which is itself part of social science and humanities as discussed in Section 8.1. Therefore it is no surprise to see that it has to submit to the same problems. Indeed, they are about some of the most complex systems: humans; and therefore are burdened with systems to study with an incredible number of variables, whether dependant or independent, qualitative or quantitative, hierarchical or non-hierarchical, etc. This problem is even more acute for sciences of education as they study systems within systems. For instance, considering a teaching activity in a classroom, the complete system involves at the very least each one of the individual students, the professor, the environment itself; and therefore all the variables of each one of the components of this complete system although, admittedly, not all variables are -alwaysrelevant, nor do they have the same relevance. These constraints have an effect to make data highly dependent on the experiment and, as a consequence, make repeatability and reproducibility a real challenge.

These common problems of the humanities, and social sciences, are wellknown and widely recognized but still of great concern among many different disciplines.

Furthermore, research has shown that this led to trust problems regarding the scientific value of a lot of research papers and practices.

Indeed, probably because of the arduousness of replicating results, it seems that an overwhelming majority of research articles in sciences of education focus on experimental designs rather than replications; likewise, the replication of results seems to be less likely when the replications were done by third parties [START_REF] Makel | Facts Are More Important Than Novelty[END_REF].

Common solutions in education research, just like for other social sciences, involve randomization in order to make the conditions of the experiment as irrelevant as possible; the identification of relevant variables and their type; the idealization of students; data cleaning and so on [START_REF] Osborne | Is data cleaning and the testing of assumptions relevant in the 21st century?[END_REF].

However, even if the methods are relying on sound basis and done correctly, there is an inherent falsifiability resistance [START_REF] Heene | Additive conjoint measurement and the resistance toward falsifiability in psychology[END_REF]) in these fields because of the complexity of the systems studied. While maximizing falsifiability is without a doubt vital, it is often extremely difficult to attain a satisfying level of it depending on the situation (especially when qualitative variables are considered). Therefore, in those cases, it is common to use ad absurdum proofs which are also an important type of scientific reasoning.

This type of reasoning has explanatory value; it is important for building theories which are in fact sets of inductive and empirical statements, and special attention should be accorded to statements confirmable by observation, to consequences of the theory, and to the principles used to make those claims. However, beyond those, we have to recognize that the Didactics of a subject matter are not only submitted to the problems regarding these, but also to the problems of their specific subject matter [START_REF] Tomamichel | La recherche en sciences de l\textquotesingleéducation. État des lieux et points de vue[END_REF]. For instance, when considering research articles, popular science articles or even textbooks, it appears that the very notion of refutability varies greatly:

[P]opular science articles view scientific findings as provisional rather than as incontrovertible fact as they are presented in textbooks or as they appear to be presented in research articles. Another feature of popular articles is that they are peopled with large numbers of specific scientists, thus representing scientists as ordinary people rather than as a few exceptional people of iconic status as is the case in textbooks. (Parkinson 2004, p. 379) In textbooks, scientific knowledge and findings are often presented as objective facts to which a great level of certainty (if not absolute) is granted. On the other hand, from the noticeable use of hedging in research papers, it appears that the opposite is true. Indeed, authors are subject to different constraints such as much more critical readers and therefore are prone to being more careful (Parkinson 2005, p. 215).

Scientific research as an activity sharing these goals of established knowledge does not result in producing absolute truths, final explanations, or radical solutions. All new solutions are partial because, given the complexity of the situations, each solution favours the elements of the problem that seem to have priority in a moment and in a place. They are temporary because the situations evolve and priorities change.

Additionally, we have to recognize that an essential aspect of great theories left aside in textbooks is their ability to explain phenomena and/or point to the next steps to follow in order to solve yet unexplained phenomena or results. However, this could be explained by the fundamental unprovable nature of principles (e.g. the principle of least action in Physics), axiomatic definitions or postulates considered true or taken at face value (e.g. The Riemann Hypothesis in Mathematics).

Beyond that, the actual source of the data is another subject of problems and concern; including the methods both for the analyses of the quality of the samples and for the treatment of the data for analysis and interpretation: Initial Data Analysis. The initial examination of data (Chatfield, 1985) 188 refers to the first informal scrutiny and description of data that is undertaken before exploratory data analysis proper begins. It involves screening the data for its quality. Initial data analysis variously involves checking for the accuracy of data entries, identifying and dealing with missing and outlying data, and examining the data for their fit to the assumptions of the data analytic methods to be used. Data screening thus enables one to assess the suitability of the data for the type of analysis intended. This important, and time-consuming, preparatory phase of data analysis has failed to receive the amount of explicit attention that it deserves in behavioural science education. (Haig 2018, p. 42) 

Teaching-Learning: Formal, Informal and Nonformal

As there are different social situations, social environments, settings, roles, relations and interactions, so too there are different types of teaching that can be identified. The discrimination between these types is primarily based on context, the knowledge provider and the structure of the teaching-learning. The literature on the subject of formal, informal and non-formal learning shows that there are no definitive consensus on the definition on each of these three types as there is overlap between the notions; in particular between informal and non-formal (Malcolm 2003, p. 315). However, it could be argued that those differences are in fact nuances; just like in parallel reasoning where there are the nuanced concepts of exemplification, symmetry, resemblance and analogy. The argument goes as follows:

Our analysis strongly suggests that such attributes of formality/informality are present in all learning situations, but that the inter-relationships between such informal and formal attributes vary from situation to situation. It is important not to see informal and formal attributes as somehow separate, waiting to be integrated. This is the dominant view in the literature, and it is mistaken. Thus, the challenge is not to somehow combine informal and formal learning, for informal and formal attributes are present and inter-related, whether we will it so or not. The challenge is to recognise and identify them, and understand the implications. (Ibidem)

From this we are pressed to draw the conclusion that what matters for the distinctions are in fact the attributes of the learning situation themselves and their inter-relations, and not the learning situation as a whole. The authors propose a "heuristic device" (Ibidem) focussing on four main parameters in order to analyse these attributes (Cfr. Malcolm 2003, p. 315-316):

 Process and Assessment,  Location and setting,  Purposes,  Content.

Moreover, with the development of technology and internet, the frontiers become more and more blurry when trying to categorise learning in those terms. Indeed, what about a student watching a recorded lecture on the internet?

 The process can be considered formal as it is a university lecture or informal as it is incident of everyday activity. There are no assessments (unless the students does an autoevaluation, e.g. using exercises with corrections).

 Location and setting, the student can be at home or in a library, watching the lecture passively or taking notes; or in a museum, exposition, or similar setting as Xperium.  The student can be watching the video intentionally or not, for his personal development or for academic/work purposes.

 However, in this example of a recorded lecture, the content is most certainly of a formal nature. Although the nature of the content is not necessarily a clear discriminant.

Therefore we can see that the norms, values, patterns of behaviour, context and social roles which are crucial in the determining of the type of learning are in fact at the same time the issue.

A proposal. An attempt to find a solution could be to try to focus on the teaching aspect instead and judge the nature of the teaching-learning relationship based on the teacher and his position in regards to the learners and the directness of the interaction with knowledge:

 Is this a setup in which the teacher who detains knowledge is transmitting it vertically?  Is this a horizontal setup? In this case the focus should be put on the process, assessment and setting.

 Is this a mixed setup? In which case the focus should be put on assessment and purpose.

Of course, besides considerations on the nature of the teaching-learning relation, this modelling can help the researcher structure their reasoning and setting their theoretical framework. And this, whether they are didactician, epistemologist or philosopher of science. It can also be useful for the parties involved to know in which situation they are as teachers and students naturally organize, consciously or not, in hierarchies. Another value of this representation is that by formalizing the teachinglearning relationship with this model, the shifts that happen during a didactic situation and the shifts in behaviour appear explicitly.

As an example, during a Lecture a student asks the Professor a question. We thus have a transition as the teacher gives a direct answer; a transition from (Fig. 9.2.a.) to (Fig. 9.2.b) if the teacher gives elements of the answer to the student in order for them to reach the correct conclusion; or a transition to (Fig. 9.2.c) if the teacher answers the question by another question, or if the teacher poses a question aimed at testing the student's knowledge, explicitly evaluating them.

After which, by transitioning back to (Fig. 9.2.a), the formal lecture resumes.

Scientific, Didactic and Epistemological Debate on the Results

The original plan was to test the NoS Introductory module on the physics of gravitational waves and their discovery with Prof. Etienne Milent, who kindly offered to do (at least one of the) lectures, and some of his students (Licence IEEA -Electronic, Electrotechnical and Automatic Data Processing) that would have participated on a voluntary basis. Prof. Milent would have delivered the lecture, thus allowing me to focus on observing the situation.

Unfortunately, the COVID-19 pandemic happened and the Universities had to close.

Therefore, not too discouraged by the circumstances, I decided to try and do the next best thing and proceeded to do an online open lecture. Despite the less than engaging context, I still managed to get 9 participants.

Considering the global situation and their specific personal situations it is still something, although this number of participant is not even close to a bare minimum for a statistical analysis as the sample is much too small.

Besides the number of participants, there were other various limitations of the present study:

 No control groups  The RTDC and Introductory Module lectures were performed (remotely) instead of at the University. In order to perform the teaching I had to use a VoIP software (Voice over Internet Protocol) which included the possibility of sharing my screen.

o One major problem with that was my inability to draw on a blackboard; I had to resort to using other means (e.g. native software) o Another major problem was that I could not see the learners  Due to planning constraints, I had to resort to do multiple lectures.

o The major problem with that is the intrinsic resulting variability in my teaching and performance o Another issue is of course that the learners missed the questions asked by the other groups and their answers o I had a maximum of 4 participants at the same time which does not even compare to half of a standard classroom population  The composition of participants was very heterogeneous on In the end, despite the fact that the original plan was to test the Introductory Module in the academic milieu, in a formal setup, in the end the RTDC was de facto much closer to a Scientific Mediation Conference. Therefore, to my great regret it follows from this that the hypotheses could not be tested. For this reason, the conceptual validity could not be assessed beyond a theoretical standpoint as it only relies on preliminary results of a very small sample:

Conceptual validity (or construction, with reference to conceptual constructivism) consists of a simultaneous evaluation of the test and the theory (concept) which made it possible to build the test and whose test represents an operationalization. Although the most appreciated by theorists, conceptual validity seems to empiricists as a tautological validation: if the theory of the concept is coherent and consistent, and if the test measuring the concept is strictly founded (deduced, constructed from the theory), then all the measurements made with the test under different conditions must correspond to the predictions that theory provides for these conditions. The failure of the predictions deduced from the theory means that either the theory has problems of consistency or solidity, or the test is not a valid operationalization of the concepts of the theory, or both the test and the theory have faults. Conceptual validation is carried out by comparing all the classifications or all the predictions that can be made based on all of the theoretical propositions relating to the concept under consideration. (Van der Maren 1996, p. 340 -Translation by PV) 189 Therefore, the only certain statement that can be made is that this study needs further investigation.

In the perspective of a comparative didactics, it would be interesting to evaluate the results from different didactics on this exact subject in order to better understand their similarities and their differences. Moreover, with a larger scale study, the opportunity to analyse students productions, which could be especially interesting if done through the framework of comparative didactics.

Qualitative and Quantitative Choices

The qualitative and quantitative choices refer to general categories of the nature of variables examined:

Often the distinction between qualitative research and quantitative research is framed in terms of using words (qualitative) rather than numbers (quantitative), or using closed-ended questions (quantitative hypotheses) rather than open-ended questions (qualitative interview questions) (Creswell 2003, p. 4) These variables can be further differentiated in regards to their hierarchical or non-hierarchical characteristics (if they can be organised in a specific, logic order, put on a scale or spectrum), or discrete and continuous characteristics. For instance:

 Qualitative variables o Non-hierarchical, e.g. Hobbies, Genre of films or books;

189 La validité conceptuelle (ou de construction, en référence au constructivisme conceptuel) consiste en une évaluation simultanée du test et de la théorie (concept) qui a permis de construire le test et dont le test représente une opérationnalisation. Bien que la plus appréciée par les théoriciens, la validité conceptuelle paraît aux empiristes comme une validation tautologique: si la théorie du concept est cohérente et consistante, et si le test mesurant le concept est strictement fondé (déduit, construit à partir de la théorie), alors toutes les mesures effectuées avec le test dans des conditions différentes doivent correspondre aux prédictions que la théorie fournit pour ces conditions. L'échec des prédictions déduites de la théorie signifie que, ou bien la théorie a des problèmes de cohérence ou de consistance, ou bien le test n'est pas une opérationnalisation valide des concepts de la théorie, ou bien tant le test que la théorie ont des défauts. La validation conceptuelle s'effectue par la comparaison de tous les classements ou de toutes les prédictions que l'on peut faire en se basant sur l'ensemble des propositions théoriques se rapportant au concept envisagé. (Van der Maren 1996, p. 340) o Hierarchical, e.g. Preferences or appreciations (for example: Not at allnot reallyneutralsomewhatabsolutely);  Quantitative variable:

o Discrete (bijection with the set of natural numbers), e.g. number of persons, number of good or false answers; o Continuous (can take an infinite number of values), e.g.

variables which can take real values such as precise measurements of temperature or weight.

However, it is important to note that the approach taken can influence the nature of these variables. For example, colour: asking people what is their favourite colour of tomato vs. asking to pinpoint their favourite colour on the spectrum of light. The variables were chosen in order to evaluate several observables:

 To evaluate the interest of the participants on various fields in order to better ponder the impact of the lecture, as it is more probable that learners interested in the topic would perform better;  To evaluate a shift in the interest of the participants about those fields, for essentially the same reason;  To evaluate their familiarity and perceived knowledge of different terms and concepts linked to and surrounding the concepts invoked through the module;  To evaluate their scientific skills, reasoning and perceived ability to manipulate mathematical tools, as many of these are necessary to get a good understanding of the subject matter;  To evaluate their perceived capacity at explaining complicated concepts by mobilizing newly learned concepts, facts and tools;  To evaluate their capacity at manipulating complicated concepts by mobilizing newly learned concepts to solve simple problems and discriminate correct from incorrect statement.

The primary end goal was to evaluate their understanding of the concepts necessary to comprehend gravitational waves, their physics, and how to detect them through the framework of a Nature of Science Lecture.

Structuring an Epistemological Framework: Modular Program

At present, as discussed in Section 8.4, there is a lack of Epistemology teachings at all levels of scientific education. It appears that mathematics and physics teachings generally proceed according to the certainly flawed assumption that in schools (e.g., secondary high schools) only the teaching of a basic amount of mathematical and physical of principles, as well as of equally basic experiments, is necessary. Regardless of the role of Epistemology in the learning process, receiving an education in Epistemology is vital to scientific education and therefore to scientific progress. The skills developed thanks to the teachings including formal and informal epistemology are crucial for problem solving, critical thinking, and in order to make progress in academia as well as in the industry. However, only a rudimentary amount of epistemological considerations are taken into account in classic science teaching; hardly ever in a formal way, and most often brushed over as if it were a necessary evil despite the universal recognition of its utility.

Ideally, epistemological teaching should begin as early as possible, probably in conjunction with science teachings. However, not to put the cart before the horse, until a reform has taken place, the next best thing is to set science teachings in an epistemological framework.

Supported by Neuroscience and Cognitive Psychology, the rationale behind adopting an epistemological framework for a Nature of Science curricula is in essence of a deceptive simplicity. It is for this reason that this Modular Program could be conceptualized as a collection of intertwined historical standalone narratives teaching both about the real world and the greatest human endeavour that is science. Likewise, the use of analogies serves the -explicitpurpose of developing epistemological-philosophical aspects through the limits of the analogical models which also give rise to opportunities to question the ontological nature of the object of study.

Epilogue III

In this chapter, we have gone through an analysis of what are the best approaches for the teaching of gravitational waves physics and discovery, and settled on a Nature of Science teaching using History of Science as a narrative in order to keep the learners grounded in fact and concrete examples.

To this end, we also put an emphasis on the use of analogies as a wonderful tool for learning and doing science in general.

Then, we ended up with an example of how to apply what was developed before by producing a complete curricula starting with a first module which is an introductory lecture to the physics and history of gravitational waves. The Introductory lecture having being tested despite a number of hardships, we proceeded to do the RTDC, a series of preliminary analyses of the pretest and post-test of the lecture and justified by the fact that there is more to science than just the hypothetico-deductive reasoning (Cfr. Rozeboom 1997).

The experiment was a positive experience for the learners, but in order to bring a more conclusive answer, the data collection needs to be done on a larger sample, and certainly with less variance in the learners. Furthermore, the other Modules should also be tested in order to determine their impact and if they are also able to yield positive results. If possible, this should be done with the entire curricula over a longer period of time -a semester-and with multiple classes of the same level, but also of different levels for maximum efficiency.

But for now, future research will need to go deeper and examine different contexts (e.g., different teachers, grade levels, topics, cultural backgrounds, gender composition, socioeconomic background) keeping in mind that such research seems likely to provide science educators with valuable insights into how to effectively communicate science to learners; and learners with new exciting ways of discovering science.

PART IV CONCLUSION 9.1 General Conclusion

This interdisciplinary thesis (History and Epistemology of Science, Physics and Mathematics, Intellectual History of Science, Nature of Science) is inscribed in gravitational wave-astronomy an treats the case study of the history of the discovery of gravitational waves -which are invisible undulations in space generated by moving masses-. The narrative I reconstructed with this thesis, represents a synthesis consisting of the most major historical developments and events where the role, motivations and impact of different kinds of scientific figures has been examined.

I built an original History of Science synthesis in the field that encompasses the bulk of the most important discoveries that goes beyond purely historiographical-epistemological considerations of the last two centuries. In order to show and enrich this history via specific results and findings uncovered by my in situ research at Virgo (EGO, Italy) and at the Niels Bohr Library (American Institute of Physics, USA), I produced at the same time the bases of a framework that has great potential and interest for the Nature of Science discipline and its teaching. Specifically, the study of the historical roots of the concept of gravitational waves, brings to light lesser known scientific figures whose work should be examined deeper, but first and foremost, this historical study characterizes a prime example of how scientific theories, discoveries, research, and other endeavours interact and piece together in order to merge in an amazing final product.

Actually, beyond the fact that this is an astonishing discovery in itself which resulted from the cumulated efforts of great minds over many generations, what is perhaps the most interesting feature of this history is how it showcases the marriage of the scientific knowledge of the infinitely big and the infinitesimally small by using theories which are notoriously difficult to make coexist: General Relativity and Quantum Mechanics. Indeed, by seeking to complete Albert Einstein's (1879Einstein's ( -1955) ) General Relativity, this endeavour finally found its main remaining key. Even more extraordinary are the number of very recent results that are still heavily studied because of their theoretical implications for our understanding of the Universe, but also the new results that keep coming on a regular basis as the number of detections increases. This last point making us expect an increase in the strains on the various current theories and models coming from the constraints revealed by the detections, thus allowing to reduce the number of alternative theories. Furthermore, thanks to the success of this technological achievement come new projects (in space such as eLISA190 , and on Earth such as third generation gravitational wave observatories 191 ), expectations and hopes for more surprising and ground-breaking discoveries.

I had to make choices and I decided to focus on the key events and characters who either played a major role and without whom the story of this discovery would lose its meaning, or whose work and implications are less known, yet relevant and quite interesting. It should also be remarked that a number of ideas and discoveries were just lurking around, waiting to be discovered and were quite often discovered independently. In such contexts, like it is the case when trying to resolve priority questions, I showed that the comprehension of the problems and scientific questions were more akin to justified true beliefs with real theoretical weights rather than speculations or "What if?" questions.

Moreover, because of the wealth of such historical scientific contexts, it appears only natural that the framework of the Nature of Science is the logical best candidate for teaching-learning science. Indeed, the study of the historical development of concepts within their historical context including the study of the limits involved, whether technological, theoretical, methodological or otherwise brings an enormous added value to scientific teaching that goes beyond what one can expect from a purely physical/mathematical teaching. The only real objections on this issue being more about the form and not the substance; e.g. objectivity/bias, Ethics, relevance, teaching methods or approaches. However, we have to recognize that the benefits of NoS Teaching-Learning have to be balanced both in their content and against the costs of their practical implementations; i.e. the time investment of the teachers preparing the lectures, the time spent on the lectures, the students' level of understanding aimed for and so on.

With respect to the general introduction (see above Part I), I examined and developed (see specific conclusion below) a historical and contemporary account on the role played by mathematics and physics within the history of gravitational waves. I also examined the role played by various scientists, including less known scientific figures; I studied my research dealt with technical studies by scientists and engineers whose contributions led to the discovery of gravitational waves. Furthermore, beyond the examination of the history of science relevant to the study of the roots of the concepts that lead to the discovery of gravitational waves, one of the aims of this thesis is also to contribute to the development of a NoS teaching account/curricula applying historical, physical, NoS and surrounding fields results through an ad hoc curricula. In particular, one of the main points I wanted to develop in this thesis is about the usefulness and recommended usage of representations; and in particular analogies as a tool for scientific teaching. Indeed, analogies are without a doubt one of the most powerful tools that can be used as a driving mechanism for comprehension, and by extension, for both theoretical insights and discoveries.

I also sought to demonstrate that the physics involved in the phenomenon of gravitational waves, especially General Relativity, in much more accessible than what is commonly thought among the field of scientific teaching.

As we have seen with regard to the teaching of physics, and more particularly fields such as Quantum Mechanics or General Relativity, which are notoriously very difficult to understand and therefore also to teach, the use of analogies and parallel reasoning is extremely reliable provided it is done correctly; i.e. by pushing the analogies and exploring their limits. Moreover, complimented by the natural tendency of the NoS framework to prove solid foundations rooted in reality through the use of concrete examples, the use of analogies and parallel reasoning helps learners to overcome epistemological obstacles and avoid epistemological breaks.

Specific Conclusion

The problem I sought to resolve was I) how a scientific endeavour, spanning over centuries in which many scientists of different disciplines across different scientific fields participated, culminated in an extremely significant discovery, and II) how this created an innovative framework for scientific teaching.

The work I have done covers the time period that spans from the Renaissance through to present day, and the history of the roots of the concepts directly related to the concept of gravitational waves as well as adjacent ones which ultimately lead to their discovery, the current status of the research, and its future.

In the first part of this thesis, The Physics of Waves (see above pp. 1-49), I sought to provide the potentially unfamiliar readers with the tools required to have a sound comprehension of the concept of waves in Physics before introducing them to the current concept of gravitational waves, as this concept is far from being trivial.

In the first chapter, The Waves (see above pp. 1-49), I made the choice of addressing the physical aspects of waves and then the physical aspects of gravitational waves because an introduction on the Physics is necessary to better appreciate the history and implications of their development. Through my research, I obtained a part that also presents the readers with the recent discoveries made from the search for gravitational waves and the impact of the discovery on our understanding of current theories and the Universe. The result of this chapter is that, rather obviously, the concept of gravitational waves is based on the independently well-understood concepts of waves and gravity/gravitation, and therefore on the work of Newton and even those of Galileo which predate them as explained in the next part.

The second part of the thesis, A History of Waves and the Case of Gravitation (see above pp. 62-266), is the first core of the thesis. At this stage, there are no in depth books on the roots of the history of gravitational waves, therefore I analysed the historical fundamental roots on which gravitational waves are based. I traced the different paradigm shifts, the development of theories, their refutation, replacement and confirmation, chronologically from Antiquity through to our current understanding, and included the technological milestones and developments that ultimately lead to our contemporary techniques and achievements. I obtained the result that from the point of view of the History of Science, the concept of gravitational waves as we understand it today is not directly related to Newtonian theories, but instead to Einstein's theories. In addition, I explained that it belongs to the theory of General Relativity in which time and space are unified in a single entity: spacetime; and that in this framework the properties of spacetime to deform and bend propagate these deformations under certain conditions. Furthermore, this part also explains the importance of this discovery for the future of research, especially in the fields of Astronomy and Cosmology. Indeed, the first measurement of gravitational waves was the first step towards a completely new way of surveying and investigating the Universe. As evidenced by the number ofoften unexpected-discoveries that happened since I began writing this thesis, and judging by the number of future projects relevant to the study of this new Physics frontier, it is incontestable that we passed an extremely important milestone that marked the birth of a new kind of Astronomy and opened a completely new window from which to study the Universe. Since then, much progress has already been made, for instance, the results of the first observing runs have brought precisions and significantly increased a number of constraints on theories which in turn have risen and fallen.

In the second chapter, Researching and Inquiring Waves into History (see above pp. 62-130), I examined the foundations of the concept of Newton's Theory of Gravitation in order to set the pieces for the main historical part. This part began with the roots of the concepts of gravitational waves starting from Antiquity with the Aristotelian ideas of motions through to and the science of weights and the development of modern science with Galileo Galilei (1564-1642) and then Isaac Newton (1643Newton ( -1727)). Following this, I examined the concepts of curved spaces and non-Euclidean Geometry with Bernhard Riemann (1826-1866) and obtained the results that:

1. Riemann played a fundamental role in Mathematics, particularly for the extension of Geometry, including differential geometry, 2. that he had an instrumental subsequent influence on the conceptions of space of Sir William Kingdon Clifford (1845-1879) who had very interesting ideas about the ontological nature of space; 3. that Clifford postulated that the actual geometry of space on infinitesimally small scales was not only non-Euclidean but could be curved and distorted, 4. additionally, he postulated that these properties of space of being curved or distorted propagated themselves "after the manner of a wave" which can be considered as a first ancestor of the concept of gravitational waves.

I implemented a historical comparative analysis between two Clifford and Poincaré's remarkable works in regard to the concept of gravitational waves. It seems that my analysis between them is the first one. I obtained:

5. Very interesting change of dialectic upon similar subjects in the period of time. My analysis will impact further historical analyses because there remains a list of things that ought to be investigated.

I then studied Oliver Heaviside's (1850Heaviside's ( -1925) ) analogy between electromagnetism and gravitation which he explored via parallel reasoning (resemblance between formulas) and which led him to postulate:

6. that the speed of the propagation of gravity was the same as that of light and 7. the possibility of the existence of perturbations that he nevertheless estimated not being measurable.

I developed an account on some of Henri Poincaré's (1854Poincaré's ( -1912) ) works which was extremely influential for the development of the Relativities, but not only, as he also played a role in the birth of Quantum Mechanics. From this, I obtained the result that he was the first to mention gravitational waves (onde gravifique) per se and thus coined the term. I also discuss the historical context of the birth of Special Relativity and how it was perceived at the time. I found, in particular through Émile Picard's (1856Picard's ( -1941) ) recollection of the events:

8. how and why Picard -and others-were first against the idea that the old conceptions of space and time had to be replaced, and 9. that he changed his position on the subject and ended up being so convinced that he wrote the first textbooks on Special and General Relativity.

I then discuss the Ultraviolet Catastrophe with most notably Max Planck (1858Planck ( -1947) ) which is key to the development of Quantum Mechanics as well as discoveries related to Cosmology. I continued with Charles Fabry (1867Fabry ( -1945) ) and Alfred Perot (1863Perot ( -1925) ) whose contributions to optics and the applications for wave interferences led to the Fabry-Perot cavities used in the current laser interferometers that detect gravitational waves. Finally, I concluded this chapter with an account on Louis de Broglie (1892Broglie ( -1929) ) and some of his contributions to the Physics of Waves and Quantum Mechanics, such as his idea of associated wavelength, because Relativity theories and Quantum Mechanics, and the development and applications of the Physics of Waves, are required for a more profound understanding of the principles at play in the detection of gravitational waves. The third chapter, Gravitational Waves: Theoretical Methods & Data (see above pp. 139-179), is dedicated to the actual development of the current conception of gravitational waves, therefore it explores both Albert Einstein's Special and General Theories of Relativity in detail with examples and analogies. Furthermore, this chapter incorporates a study of Poincaré's text featuring most notably, but not only: 10. the first mention of gravitational waves and how he obtained this result, 11. that he worked with a speed of gravity that was a. finite and b. actually the same as the speed of light, 12. that he thought that the Michelson-Morley experimental result was correct and providing an ontological insight on the nature of space.

From this, I analysed the bases of the principles of the Relativities, the explanatory analogies justifying them and their implications for physical phenomena. As a final point, I finished with an account on Einstein's debate on the actual existence of gravitational waves which underscores the difficulty encountered with the development of both the concept and the start of the search.

The fourth chapter, Gravitational Waves: Experimental Observations & Data (see above pp. 187-225), explores the history of the search for gravitational waves from how to detect gravitational waves in theory through to the actual detection methods which led to the Nobel Prize in Physics in 2017. In particular, I obtained: 13. the role played by Joseph Weber (1919Weber ( -2000) ) who pioneered the search for gravitational waves with his first ideas and attempts involving his bar detectors set everything in motion and 14. that the 1957 Chapel Hill Conference had a most significant positive impact on both the actual search, but also on the research in General Relativity and how it gave it a second breath as 15. General Relativity had been perceived as a very peculiar and unappealing discipline in the decades prior to this conference.

I then proceed to explain how the interferometer method for the detection of gravitational waves came to be what it is today, before delving into the ins-andout of the actual detectors of LIGO and Virgo, with a particular focus on the Virgo detector which I had the chance of being invited to visit. Finally, I studied some of the most interesting signals detected and discussed their implications and importance. Thus obtaining the results that scientific research about gravitational waves is multidisciplinary, at the frontier of both our knowledge and technological abilities, but most importantly paramount to understanding astronomical phenomena and the beginning of the Universe.

In the fifth chapter, Gravitational Waves: A History of Science & Technology in Society (see above pp. 235-266), the last chapter of this part, I gave a brief account of Science, technologies, and the new collaborative inquiring approaches to science, thus showing that science is more than ever a human endeavour. Then I finished this chapter with a brief history of Cosmology and how the discovery of gravitational waves has had an impact on Cosmology so far. Indeed, I gathered: 16. how it shapes our expectations for the future both in terms of discoveries and some of the future projects.

Moreover, since we are entering a new era in Astronomy, I obtained the results that:

17. the development of gravitational wave observatories let to the birth of multi-messenger astronomy and 18. that thanks to the first results it brought, there are deep implications for Cosmology that are currently being investigated.

Furthermore, gravitational astronomy is also expected to bring insights in areas that we simply cannot inquire through the study of the electromagnetic spectrum alone. e.g. The investigation of the first moments of the Big Bang. Lastly, in the last part of this thesis, Gravitational Waves as Nature of Science Teaching (see above pp. 280-501), I examine the framework of the Nature of Science and study its relevance for the case study of teaching Physics through the history of the discovery of gravitational waves. I obtained that:

19. in addition to its direct scientific impact on Physics disciplines (Astronomy, Cosmology and Quantum Mechanics), the discovery of gravitational waves also had an impact on the scientific community itself through excitement for the achievement, inspiration and the new perspectives. Moreover, it has begun to enter mainstream knowledge, reaching the general public and students/pupils as evidenced by scientific mediation events and contests such as the Olympiades de Physique (Physics Olympiad). And thus that 20. it created the need to prepare and develop a dedicated framework for its teaching.

In the sixth chapter, On the Nature of Science Teaching (see above pp. 280-316), I discussed what the Nature of Science is, and therefore what its framework is and how it is constituted. I studied the relevance of teaching the history of mathematics for mathematics teaching, the relevance of teaching the history of physics for physics teaching, the interplay of physics and mathematics and its teaching; the relevance of History of Science, Epistemology and Philosophy for scientific teaching and the interdisciplinary comparative didactic implications of the combination of all these elements on teaching-learning science and for scientific teaching. In particular, I analysed how Nature of Science manages the relation between common and scientific knowledge, students' difficulties, misunderstandings and critical thinking training by bringing up methodological issues both practical and theoretical, encompassing scientific practices, methods and reasoning. By doing so, I obtained a comprehensive theoretical framework on the subject from which to adapt a specific NoS framework for teaching gravitational wave physics and history that minimises epistemological breaks and which provides guidelines to deal with the most common epistemological obstacles.

In the seventh chapter, Teaching Gravitational Waves (see above pp. 325-368), I studied different scientific tools, methods and practices in order to identify which ones to focus on for the designing of a NoS teaching on gravitational waves. In particular, I obtained that: 21. the study of representations, parallel reasoning, and modelling through an epistemological point of view, appears to be the best way to extract the fundamental items needed to design and teach gravitational waves physics, history and additional frameworks. 22. my research allowed me to identify the prerequisites and to define both the cognitive and operative objectives, but also to 23. discuss the methodology, 24. expected results, 25. and how to evaluate them through 26. a preliminary inquiring of my research and the 27. analyses of the pre-and post-tests of 28. my at a distance course on gravitational waves and their history.

Thus, I obtained: a. a teaching framework for the teaching of gravitational waves and b. a dedicated framework for the analyses of the learners.

Finally, in the eighth and final chapter, A Didactic Inquiring: Which Teaching Approach for the Gravitational Waves? (see above pp. 375-501), I examined the didactics, methods and methodologies, and frameworks from the current literatures in order to structure a proposal for the main physical principles using what I determined were the best approaches for the teaching of gravitational waves physics and discovery. I obtained:

29. a. a NoS curricula revolving around modelling and analogies was certainly the most indicated, and 30. b. helped students stay in a "zone of proximal development". From this, I developed 31. c. an ad hoc curricula consisting of independent modules starting with an introductory module corresponding to my at a distance course.

After a discussion and generalization, I focussed on the methods and falsifiability of epistemological inquiring and the issues of the falsifiability in didactics of physics-mathematics. Unsurprisingly, I obtained that these issues were intrinsic to human sciences and that they were thus subjected to very similar problems (especially regarding repeatability and reproducibility) which are currently a grave matter of concern. Then, I explored the differences between formal, informal and non-formal teaching and their implications; discussed the scientific, didactic and epistemological debate on the results, and the qualitative and quantitative choices. Finally, I justified the choice of using a modular programme adopting an epistemological point of view through the use of parallel reasoning in a Nature of Science framework in which each module is a standalone lecture consisting in a rich historical narrative in order to prevent students from experiencing epistemological breaks, providing them with all the necessary tools to avoid misconceptions and to help them overcome the epistemological obstacles on their path.
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  Exceptions being made for the first chapter which is a technical chapter on the Physics of Waves and chapters closing each Part of the thesis where the readers can instead find an epilogue concluding the respective parts --Part I, The Physics of Waves; Part II, A History of Waves and the Case of Gravitation; Part III, History of Physics & Nature of Science Teaching (NOS)and with the exception of Part IV, Concluding Remarks.
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 4 Fig. 4 Photo of the Control Room of the detector with the duty team (left) and Julia Casanueva (my local guide). Source: Photo taken by Philippe Vincent
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 10 Fig. 10 Joseph Weber Memorial Garden at the University of Maryland Source: Photo taken by Philippe Vincent
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 13 Fig. 13 Gravitational-wave-detector events. Physical Review Letters, 20(23):1307. Source: Niels Bohr Library, Courtesy of the American Institute of Physics, USA.
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 16 Fig. 16 Abstract of the "Advanced Arago" project, 1 st place winner of the Olympiades de physique 2019 contest. Source: Courtesy of Antoine Tondu.
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 17 Fig. 17 Letter from Émile Picard to Arthur Korndated Paris, 6 Décembre 1913. 22 Source: Niels Bohr Library, courtesy of the American Institute of Physics, USA.
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 11 Fig. 1.1. Representation of a one-dimensional sine wave (or harmonic wave) propagating to the right. Source: Etienne Bonnec | Public Domain.

Fig. 1 .

 1 Fig. 1.2.a. Representation of a one-dimensional wave (oscillation) at an arbitrary location. Adapted from Fig. 1. | Public Domain.

Fig. 1 .

 1 Fig. 1.2.b. Representation of a one-dimensional wave. In this figure, the points of the same colour are in the same phase. Adapted from Fig. 1. | Public Domain.

Fig. 1 . 2 . c .

 12c Fig. 1.2.c. Representations of wave packets (wave trains) with a direction of propagation to the right. Adaptation from a Mathematica plot. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.2.d. Representations of wave packets (wave trains) with a direction of propagation to the right. In this figure, the wave envelope is represented in red. Adapted from Fig. 1.2.c. Source: Etienne Bonnec 9. Intensity:

Fig. 1 .

 1 Fig. 1.2.f. Representation of the change of Intensity I, the average rate (average power) per unit area at which energy is transferred by the wave following an inverse square law, from a source of power W in function of distance r. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.3.1.a. Representation of a longitudinal wave propagating from left to right. The compressions are represented in red, the rarefactions in blue. Adapted from Source: https://kids.kiddle.co/Image:Onde_compression_impulsion_1d_30_petit.gif | (CC-BY-SA-3.0) | Credit: Christophe Dang Ngoc Chan.

Fig. 1 .

 1 Fig. 1.3.1.b. Representation of longitudinal waves propagating from left to right in air. The compressions and rarefactions respectively corresponding to regions where the air pressure is increased and regions where the air pressure is decreased are shown relatively to the atmospheric pressure. Source: http://hyperphysics.phy-astr.gsu.edu/hbase/Sound/imgsou/lwav2.gif | Dr. Rod Nave | Permission granted.

Fig. 1 .

 1 Fig. 1.3.1.c. Representation of compressions and expansions in a spring due to longitudinal waves propagating from left to right. Source: http://hyperphysics.phy-astr.gsu.edu/ | Dr. Rod Nave | Permission granted.
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 11 Fig. 1.3.2.a. Representation of a one-dimensional wave reaching an observer (detector, eye, etc.). Adapted from Fig. 1.

Fig. 1 .

 1 Fig. 1.3.2.c. Representation of what an observer (detector, eye, etc.) would see placed along the direction of motion of unpolarised light (a) and a simple way to symbolize unpolarised light. N.B. for convenience, only the oscillating electric field is being represented. Source: Walker, Halliday and Resnick 2011, p. 901.

Fig. 1 .

 1 Fig. 1.3.3.a Representation of a pulse sent along an idealised stretched rope fixed to a wall being reflected back. Source: http://labman.phys.utk.edu/phys136core/modules/m9/Thin%20films.htm , Physics 136, Introduction to Physics II, The University of Tennessee, Department of Physics and Astronomy | Public domain.

Fig. 1 .

 1 Fig. 1.3.3.b. Representation of standing waves travelling through strings at extreme displacements (both respectively in green and blue) at different oscillation modes or harmonics (left), and waves wrongly set up (right). The nodes and antinodes are represented (respectively in red and light blue). Source: http://resources.ck12.org/22f797d4e55e2ede4c65ad1a6583eec7.pdf (CC BY-SA 3.0), Credit: CK-12 Foundation.
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 1 Fig. 1.5.2.a. Representation of an electromagnetic wave and its two components. The electric component is represented in blue and the magnetic component is represented in red. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.5.2.b. Representation of the electromagnetic spectrum with the associated wavelengths and frequencies of different electromagnetic classification of waves. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.6.1.a. Representation of an incident ray I (in blue) with an incident angle θi reflected R (in red) by a mirror at an angle θr. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.6.1.b. Representation of the result seen on a screen from longitudinal waves of a wavelength of λ unable to pass through a slit of a width d of a smaller order of magnitude. In this figure, the waves are propagating from left to right (in white) but because the slit is too narrow, the waves are reflected (in red). Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.6.2.a. Illustration of an incident electromagnetic wave (in green) refracted because of a change in velocity at the interface of two medium. Source: Freesciencelessons YouTube video screenshots.

Fig. 1 .

 1 Fig. 1.6.2.b. Illustration of an incident electromagnetic wave (in green) not being refracted because of its perpendicular angle of incidence. Source: Freesciencelessons YouTube video screenshots.

Fig. 1 .

 1 Fig. 1.6.2.d. Photographs of mirages due to the bending of light because of a difference in temperature (and density) of the air from the ground up. Source (left): Flickr.com (CC-BY 2.5), Photographer: Michael Gwyther-Jones; Source (right): https://www.panoramio.com/photo/38088792 (CC-BY 3), Photographer: Aleksandrs Timofejev.
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 1 Fig. 1.6.2.e. Illustration of the bending of soundwaves happening due to a gradient in temperature in the air. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.6.3.a. Representation of the interference phenomenon happening according to the Huygens-Fresnel principle. Source: https://www.nhn.ou.edu/~jeffery/astro/ial/ial_006.shtml | (CC BY-SA 3.0), Credit: Arne Nordmann.

Fig. 1 .

 1 Fig. 1.6.3.b. Representation of the interference pattern on a screen emerging from longitudinal waves of a wavelength of λ passing through a single slit of a width d of the same order of magnitude. Adapted from http://physicsopenlab.org/2016/03/07/light-as-awave-slit-diffraction/, Permission granted.
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 172 Fig. 1.7.2. Representation of two one-dimensional pulses of amplitude x travelling in opposite directions (t=0), interfering constructively with one another and producing a resulting wave of an amplitude of 2x (t=1), and continuing on their way without being disturbed or altered by their encounter (t=2). Source: Public domain, Credit: "Inductiveload".
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 173 Fig. 1.7.3 Representation of two one-dimensional pulses of amplitude x and -x travelling in opposite directions (t=0), interfering destructively with one another and producing a resulting wave of an amplitude of 0 (t=1), and continuing on their way without being disturbed or altered by their encounter (t=2). Source: Public domain, Credit: "Inductiveload".
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 1 Fig. 1.7.4.a. Representation of two one-dimensional waves in phase, interfering constructively (a), and two identical waves out of phase, interfering destructively (b). Source: http://galleryhip.com/sound-interference.html | (CC BY-SA 3.0), Credit: Haade.

Fig. 1 .

 1 Fig. 1.7.4.b. Representation of two plane waves with different incident angles interfering and producing interference fringes. Public domain, Credit: "Fffred".

Fig. 1 .

 1 Fig. 1.7.5. Example of different waveforms. Source: (CC BY-SA 3.0), Credit: "Omegatron".

Fig. 1 . 8 . 1 .

 181 Fig. 1.8.1. Illustration of the effects on the frequency of a moving source relative to the direction of its motion. Source: Flickr.com (CC BY 2.0), Credit: Zappys Technology Solutions.

Fig. 1 .

 1 Fig. 1.9.a. Illustration of the curvature of a grid representing the 3 spatial dimensions of spacetime due to the presence of the Earth. Source: https://www.ligo.caltech.edu/system/media_files/binaries/303/original/ligoeducators-guide.pdf?1455165573 | Courtesy Caltech/MIT/LIGO Laboratory.

Fig. 1 .

 1 Fig. 1.9.b. Illustration of the curvature of a grid representing a simplified spacetime of 2 spatial dimensions by the Earth compared to the curvature of a spandex sheet produced by a ball. Source: https://www.ligo.caltech.edu/system/media_files/binaries/303/original/ligoeducators-guide.pdf?1455165573 | Courtesy Caltech/MIT/LIGO Laboratory. As such, Gravitational Waves are important in the sense that their discovery furthers the confirmation that General Relativity is correct; but also because they open up a new path, an entire field of Physics. This represents one of the next frontiers of physics as well as a new window on the universe and a new opportunity to study it in completely new ways, leading us towards a new era of cosmology.Until now, and for millennia, mankind has been studying the universe by turning to the stars, and has tried to understand celestial mechanics by looking at them. Undeniably, the -almostonly tools at our disposition were light based in the sense that whether it was by observing the stars with the naked eye or thanks to the assistance provided by artificial eyes such as telescopes, we have been using all the electromagnetic spectrum in order to comprehend our world.However, this era has come to an end thanks to the discovery of Gravitational Waves. I think that it would be fair to say that up until this point we were studying the silent film of the universe, as Gravitational Waves are of an analogous nature to soundwaves(Bernard 1984). Having now an entirely new way of detecting what is happening out in the universe is as exciting for astronomers as the innovation that lead to sound film; we now have a new sense to perceive the universe and pursue our research.Recently, on September 14th 2015, the first detection of Gravitational Waves was made by the Advanced LIGO detectors, which are part of the LIGO-Virgo collaboration. The event that generated the Gravitational Waves detected was the collision of two black holes, and took place about 400 megaparsecs or 1.3 billion light-years from Earth which equivalent to say that this incredible event took place 1.3 billion years ago. This binary black hole merger involved a pair of black holes of around 36 and 29 solar masses.

Fig. 1 .

 1 Fig. 1.9.2.a. Representation of the effects of h + polarization on spacetime (top panels) and free test masses (bottom panels) in extreme positions in the xy-plane. Source: Etienne Bonnec.

Fig. 1 .Fig. 1 .

 11 Fig. 1.9.2.b. Representation of the effects of h x polarization on free test masses in the extreme positions in the xy-plane. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.9.2.d. Infographics of the Gravitational Wave Spectrum. Source: NASAhttps://science.gsfc.nasa.gov/663/research/ | Public Domain.

Fig. 1 .

 1 Fig. 1.9.2.e. Frequency regions of the parameterized waveform of a model (Cfr. Khan 2016). The plot shows the absolute value of the frequency-domain amplitude of the mostprobable waveform from GW150914 [3]. The inspiral region (cyan) from 20 Hz to ∼55 Hz corresponds to the early and late inspiral regimes. The intermediate region (red) goes from ∼ 55 Hz to ∼ 130 Hz. Finally, the merger-ringdown region (orange) goes from ∼ 130 Hz to the end of the waveform. (Cfr. LIGO Scientific Collaboration and Virgo Collaboration 2016b). Source: https://arxiv.org/abs/1602.03841 | http://arxiv.org/licenses/nonexclusive-distrib/1.0/

Fig. 1 .

 1 Fig. 1.9.3.a. Illustration of the "chirp" signal given by a binary black hole merger. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.9.3.b. Illustration of the comparison of different detected signals with different properties (Cfr. LIGO Scientific Collaboration 2005b, page 10). Source: https://arxiv.org/abs/gr-qc/0509129 | http://arxiv.org/licenses/nonexclusivedistrib/1.0/
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 1 Fig. 1.9.4.3.a. Illustration of the Earth-Moon system and the sketch of the positions of the Earth and the Moon. The red circle represents the greatly exaggerated effects of gravity we could expect because of the gravitational gradient. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.9.4.3.b. Illustration of the Earth-Moon system and the sketch of the positions of the Earth and the Moon. In red, the actual effects of gravity observed. Source: Etienne Bonnec.

Fig. 1 .

 1 Fig. 1.9.4.3.c. Sketch of the Earth-Moon system double bulge of water due to the combined effects of gravity and inertia. Source: Etienne Bonnec.

Fig. 2 . 2 .

 22 Fig. 2.2. Frontispiece. Dialogo di Galileo Galilei linceo matematico sopraordinario.... : massimi sistemi del mondo tolemaico, e Copernicano ([Reprod. en fac-sim.]) | Source: https://gallica.bnf.fr/ark:/12148/bpt6k3353m/f3.image

Fig. 2 . 3 .

 23 Fig. 2.3. Formulation of Newton's Three Laws of Motions | Source: MATHEMATICAL PRINCIPLES OF NATURAL PHILOSOPHY, BY SIR ISAAC NEWTON; TRANSLATED INTO ENGLISH BY ANDREW MOTTE. TO WHICH IS ADDED NEWTON S SYSTEM OF THE WORLD ; With a Portrait taken from the Bust in the Royal Observatory at Greenwich. FIRST AMERICAN EDITION, CAREFULLY REVISED AND CORRECTED, WITH A LIFE OF THE AUTHOR, BY N. W. CHITTENDEN, M. A., &c. NEW-YORK PUBLISHED BY DANIEL ADEE, 45 LIBERTY STREET. (Author's Capital letters)

Fig. 2 .

 2 Fig. 2.5.a. Clifford W.K. (1891) The Common Sense of the Exact Sciences by the late William Kingdon Clifford with one hundred figures. The International Scientific Series Volume L., D. Appleton and Company, New York, 1, 3 and 5 Bond Street. Source: Niels Bohr Library, Courtesy of the American Institute of Physics, USA.

Fig. 2 .

 2 Fig. 2.5.b. Proceedings of the Cambridge Philosophical Society, On the Space-Theory of Matter. By W. K. Clifford, B.A., Trinity College [Abstract]. Source: 1876, University Press | Public domain, Retrieved via: https://archive.org/details/proceedingscamb06socigoog/page/n175

Fig. 2 .

 2 Fig. 2.6. A Gravitational and Electromagnetic Analogy in Electromagnetic theory, p. 455. Source: https://archive.org/details/electromagnetict01heavrich/page/454/mode/2up

Fig. 2 .

 2 Fig. 2.7.a. Letter from Émile Picard to Arthur Korndated Paris, 6 Décembre 1913. Source: Niels Bohr Library, courtesy of the American Institute of Physics, USA.

Fig. 2 .

 2 Fig. 2.7.b. Frontispiece of La Théorie de la Relativité et ses applications à l'Astronomie par M. Émile PICARD (1922) | Source: https://archive.org/details/lathoriedelare00picauoft/page/n7/mode/2up

Fig. 2 .

 2 Fig. 2.7. c. Poincaré H (1920) Dernières pensées. Ernest Flammarion, éditeur. 26, Rue Racine, Paris, p. 165 (left), p. 166 (right). Source: gallica.bnf.fr / BnF | https://gallica.bnf.fr/ark:/12148/bpt6k96240944/f183.image | https://gallica.bnf.fr/ark:/12148/bpt6k96240944/f184.image

Fig. 2 .

 2 Fig. 2.8.a. La mécanique nouvelle : conférence, mémoire et note sur la théorie de la relativité / Henri Poincaré ; introduction de M. Édouard Guillaume, Frontispice. Source: Public Domain, https://gallica.bnf.fr/ark:/12148/bpt6k9801836f

  2.8.b. below) and thus prompting Poincaré to use the concept of gravitational wave in a framework much closer to Special Relativity already in 1905.

Fig. 2 .

 2 Fig. 2.8.b. La mécanique nouvelle : conférence, mémoire et note sur la théorie de la relativité / Henri Poincaré ; introduction de M. Édouard Guillaume, p. 65. Source: Public Domain, https://gallica.bnf.fr/ark:/12148/bpt6k9801836f/f91.image

Figure 2 .

 2 Figure 2.8.a: The London, Edinburgh and Dublin philosophical magazine and journal of science, 5 th ser. v. 49 Jan-June 1900, p. 540. Source: Public Domain | Archive.org | https://archive.org/details/londonedinburgh549190lond/page/540/mode/2up

Fig. 2 .

 2 Fig. 2.8.b. Planck M (1914) The theory of heat radiation, by Dr. Max Planck authorized translation by Morton Masius, M. A. Ph. D. (Leipzig), P. Blakiston's Son & Co. 1012 Walnut Street, Philadelphia. Source : Public Domain | Archive.org | https://archive.org/details/theoryofheatradi00planrich/page/142/mode/2up

Fig. 2 .

 2 Fig. 2.9.a. Fabry's Fig. 2 describing the finesse λ of a monochromatic radiation emitted by a source of light (Ibidem). Source : Public Domain | http://hdl.handle.net/2027/mdp.39015039610848

  Fig. 2.8.b;.

Fig. 2 .

 2 Fig. 2.9.b. Fabry's Fig. 16 showing the silvered transparent plate of width L reflecting an incident ray R of light multiple times (R0, R1, R2, R3). Source : Public Domain | http://hdl.handle.net/2027/mdp.39015039610848

Fig. 2 .

 2 Fig. 2.9.c. Fabry's Fig. 20 representing the apparatus (the later so-called Fabry-Perot interferometer. Source : Public Domain | http://hdl.handle.net/2027/mdp.39015039610848

Fig. 2 .

 2 Fig. 2.9.d. Fabry C (1901) Sur un nouveau modèle d'interféromètre. Annales de chimie et de physique, Paris, Masson et Cie, éditeurs, Libraires de l'académie de médecine, Boulevard Saint-Germain, 120, Gauthier-Villars, Quai des Grands-Augustins, 55, Paris, septième sérietome XXII (series 7, Vol. 22), p. 564 (left), 571 (right). Source : gallica.bnf.fr / BnF | https://gallica.bnf.fr/ark:/12148/bpt6k9605118v/f570 https://gallica.bnf.fr/ark:/12148/bpt6k9605118v/f577

  Translation by Philippe Vincent -(Ivi. p. 4) And continued with major figures and their work such as Maupertuis, Hamilton, Clausius, Boltzmann, Maxwell, etc. up to 1900. The second part is titled "Le XX e siècle: la Relativité et les Quanta" and relates how the two dark clouds of Lord Kelvin led to the development of the Theory of Relativity and the Theory of Quanta: During the first years of the 20 th century, Lord Kelvin's two clouds have, if I may say, condensed one into the Theory of Relativity, and the other one into the Theory of Quanta. 79 (Translation by Philippe Vincent -Ivi. p. 7)

Fig 2 .

 2 Fig 2.10. Visualization of a geometric interpretation of De Broglie's idea. The stable electronic orbitals of the atom are the ones where tuning of the phase wave of an electron with the length of the orbital matches (in blue). An electron orbiting a hypothetical orbital (in orange) would arrive out of phase at its starting point after a whole revolution (unstable orbital) and thus would lose energy and decay to a lower orbital. Source: Philippe Vincent.
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 32 Fig. 3.2. Annalen der Physik, 323(13), p. 641. Source: https://gallica.bnf.fr/ark:/12148/bpt6k15325j/f649.image

  Fig. 3.2.1.a. A point P (in blue) and the associated coordinates in two different inertial reference frames, R (in black) and R'(in red). R' being translated at constant velocity v (in green). Source: Philippe Vincent (hereafter PV); made with MS Paint.

Fig. 3

 3 Fig. 3.2.1.b. Michelson-Morley interferometer figures 1 & 2. (From Michelson 1887, p. 335) Source: Niels Bohr Library, Courtesy of the American Institute of Physics, USA.

Fig. 3

 3 Fig. 3.2.1.c. Frontispiece of The American Journal of Science, Third Series Vol. 34. Source: Niels Bohr Library, courtesy of the American Institute of Physics, USA.

Fig. 3

 3 Fig. 3.2.1.d. Frontispiece of the Michelson-Morley article of 1887 (Michelson 1887). Source: Niels Bohr Library, courtesy of the American Institute of Physics, USA.

Fig. 3

 3 Fig. 3.2.1.1.a.Drawing of someone with extremely long arms holding the apparatus. In this illustration, the photon is represented in red. From left to right, the photon is located at the bottom of the apparatus and is going up (left); the photon travelled half the distance in exactly 0,5 seconds (middle); the photon reached the top of the apparatus in exactly 1 second total (right). Source: PV, handmade.

Fig. 3

 3 Fig. 3.2.1.1.b. In this drawing, the path of our photon is represented in red (left) and the position of our photon is represented in function of time (right). It takes exactly 2 seconds for our photon to reach its starting position. Source: PV, handmade.

Fig. 3

 3 Fig. 3.2.1.1.c. In this drawing, the path of our photon, in red, as seen by the experimenter (left) and as seen by our observer (right). Source: PV, handmade.

Fig. 3

 3 Fig. 3.2.1.1.e. Drawing of the situation. The observer (in blue) and the clock (in black) are at rest. Light emitted by the observer (in yellow) travels to the right, towards the clock; similarly, light from the clock (in orange) travels to the left, towards the observer. Source: PV, made with MS Paint.

Fig. 3

 3 Fig. 3.2.1.1.f. Drawing of the situation. The observer (in blue) is at rest and the clock (in orange) travelling at constant velocity is at the same location at 𝑡 = 0. Source: PV, made with MS Paint.

Fig. 3

 3 Fig. 3.2.1.1.g. Screenshot from a spacetime globe of the situation. The observer is represented by the blue points, the clock by the orange crosses. The dotted rectilinear light blue lines from the origin represent null trajectories; the dotted curved blue lines represent same time intervals as perceived by the observer. In this diagram, the clock is travelling at 0.4 c. Source: Simulated from https://www.desmos.com/calculator/pc7azsxteh?lang=fr

Fig. 3

 3 Fig. 3.2.1.1.h. Screenshot from a spacetime globe of the same situation as seen from the reference frame of the clock. In this diagram, the observer appears to be travelling at 0.4 c away from the clock. Source: Simulated from https://www.desmos.com/calculator/pc7azsxteh?lang=fr

  Fig. 3.2.1.1.i. Screenshots from spacetime globe of the same situation as seen from the reference frame of different observers travelling respectively at 0, 0.2, 0.5 and 0.99 c. Source: Simulated from https://www.desmos.com/calculator/pc7azsxteh?lang=fr

Fig. 3

 3 Fig. 3.2.1.1.j. Screenshot from a spacetime globe of the same situation as seen from the reference frame of the clock. In this diagram, the observer appears to be travelling at 0.4 c away from the clock. Source: Simulated from https://www.desmos.com/calculator/pc7azsxteh?lang=fr

Fig. 3

 3 Fig. 3.2.1.1.k. Spacetime diagram of the train in tunnel problem. Source: PV, handmade.

Fig. 3

 3 Fig. 3.2.1.1.l. Spacetime diagram of the train in tunnel problem. The light cones of two events have been added in yellow: the back end of the train passing the entrance and of the crash. Source: PV, handmade.

Fig. 3

 3 Fig. 3.2.2.a. (Top): Parallel transport of a vector along a line. Fig. 3.2.2.b. (Left): Starting from the pole of the sphere (2-sphere)which is equipped with a vector aligned with a longitude and parallel transporting it along the grey path to the equator, then to another longitude and back to the pole, the direction of the vector ends up making an angle α compared to its original orientation. This is a consequence of parallel transport on a curved manifold.

Fig. 3

 3 Fig. 3.2.2.c. Illustration of the Chasles Relation.In order to build the vector 𝑤 ⃑⃑ = 𝑢 ⃑ + 𝑣 , we have to parallel transport the two free vectors 𝑢 ⃑ and 𝑣 so that the tip of one of them is aligned to the end of the other, thus allowing to draw the vector 𝑤 ⃑⃑ by tracing a line segment from the end of the first vector to the tip of the other. Source: PV, made with MSPaint.

Fig. 3

 3 Fig. 3.2.2.d. Illustration of parallel transport of a vector (orange) associated to a point (A) along a closed path. The new (red) vector results from the parallel transport. Source: PV, made with MSPaint.

Fig. 3

 3 Fig. 3.2.2.e. Illustration of the non-commutativity of a closed path along a Rubix cube. The parallel transport of a (black) vector results in different (green) vectors depending on the direction in which to undergo along the same closed path. Source: Adapted from https://publicdomainvectors.org/fr/gratuitement-desvecteurs/Cube-Rubik-en-clair/45879.html | (Public domain) |

  Fig. 3.2.2.f. Illustration of parallel transport of a vector (orange) from a point (A) to another (B) via two different paths. The resulting vectors are in yellow and red; and a fourth vector, in purple, is measuring the shift between them. Source: PV, made with MSPaint.

Fig. 3

 3 Fig. 3.2.2.3.a. Illustration of the Gravitational bending of light by a galaxy. Source: https://www.eso.org/public/images/eso1426b/ | (CC BY 4.0 International License), Credit: ESO/M. | Kornmesser.

Fig. 3

 3 Fig. 3.2.2.3.b. Picture of gravitational lensing, galaxy cluster Abell 2218. Source: NASA | https://apod.nasa.gov/apod/ap080210.html | Credit: Andrew Fruchter (STScI) et al.

Fig. 3

 3 Fig. 3.2.2.3.c. Image of an "Einstein's cross". Source: NASA, ESA, and STScI | http://hubblesite.org/image/22/news_release/1990-20

Fig. 3

 3 Fig. 3.2.2.4.a. Screenshot of an Animation of the effect of geodetic precession in the observer pulsar. Two neutron stars orbit one another. The star visible as a pulsar shows rotating beams. Source: https://www.astron.nl/dailyimage/main.php?date=20150123 | CC-BY-AS | Credit: Joeri van Leeuwen/ASTRON.

Fig. 3

 3 Fig. 3.2.2.4.b. Drawing of the frame dragging effect on spacetime of a massive celestial object spinning (in red). Source: PV handmade.

  Figure 3.4.a.).

Fig. 3

 3 Fig. 3.4.a. Letter from John T. Tate to Einstein, dated July 23, 1936. Source: Courtesy of Prof. Daniel Kennefick.

Fig. 3

 3 Fig. 3.4.b. Einstein's reply (in German) to John T. Tate. Source: Courtesy of Prof. Daniel Kennefick.
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 27 Figure 27.1:
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 45 Fig. 4.5. Schema of a Michelson interferometer. Source: "Maksim" | (CC BY-SA 3.0)

Fig. 4 .

 4 Fig. 4.6.1.a. Photo of the Control Room building. Source: Philippe Vincent

Fig. 4 .

 4 Fig. 4.6.1.c. Schema of the Interferometer. Source: Philippe Vincent A similar version of the schema is shown below with a detailed description of the system.

Fig. 4 .

 4 Fig. 4.6.1.d. Final Optical Configuration of Advanced Virgo. Source: The Virgo Collaboration | Commons License Attribution -Non-commercial -Share Alike 4.0 International. | Courtesy of Nicolas ArnaudIn this illustration (Fig.4.6.1.d), the laser source produces a continuous emission (beam) of photons of 1064 nm (infrared) which enters the (IMC) Input Mode Cleaner. It is a triangular cavity 144 meters long which role is to "clean" the laser beam from wavelengths different from the fundamental mode of the laser, this provides a source of a constant and very stable wavelength. In fact the laser beam does multiple back and forth in this triangular arrangement in such a way that only one wavelength exactly can proceed on its way, the other

Fig. 4 .Fig. 4 .

 44 Fig.4.6.1.e. Diagram of the Laser Injection System at Virgo. | Courtesy of Gabriel Pillant

Fig. 4 .

 4 Fig. 4.6.1.g. A scientist working in the white room. Source: Philippe Vincent

Fig. 4 .

 4 Fig. 4.6.1.i. Injection. Source: Philippe Vincent

Fig. 4 .

 4 Fig. 4.6.1.j. Towers containing the superattenuators and the mirrors. Source: Philippe Vincent

Fig. 4 .

 4 Fig. 4.6.1.l. A superattenuator on display in the Main building to show what is inside the towers. Source: Philippe Vincent

Fig. 4 .

 4 Fig. 4.6.1.n. The North gallery hosting the North 3 kilometers-long arm of the interferometer. Source: Philippe Vincent

Fig. 4 .

 4 Fig. 4.6.1.o. Illustration of the altering effects of thermal energy on the beam. Source: Etienne Bonnec.

Fig. 4 .

 4 Fig. 4.6.1.p. Illustration of the correction of the beam by a Thermal Compensation system. Source: Etienne Bonnec.

Fig. 4 .

 4 Fig. 4.6.1.q. Axicon and its effects Fig. 4.6.1.r. Ring Heater and its effects Source: The Virgo Collaboration | Courtesy of Julia Casanueva

Fig. 4 .

 4 Fig. 4.6.1.s. The superattenuators mechanical structures Fig. 4.6.1.t. The "marionetta" suspending the mirrors at the bottom of the superattenuators Source: The Virgo Collaboration | Courtesy of Julia Casanueva

Fig. 4 .

 4 Fig. 4.6.1.u. Virgo Inertial Damping data display on June 10, 2019 11:44:21 UTC Source: The Virgo Collaboration | Photo taken by Philippe Vincent | Courtesy of Valerio Boschi

Fig. 4 .

 4 Fig. 4.6.1.v. Photo of the Virgo Sensitivity plot as of June 10, 2019. The sensitivity of the Advanced Virgo detector, as a function of the frequency (in the horizontal axis).

Fig. 4 .

 4 Fig. 4.6.1.w. Virgo sensitivity plot showing the different domains of intrinsic noise. Source: The Virgo Collaboration | Courtesy of Julia Casanueva

  Total mass: 𝑀 = 𝑚 1 + 𝑚 2  Primary black hole mass: 𝑚 1  Secondary black hole mass: 𝑚 2  Mass ratio  Final black hole mass: 𝑀 𝑓  Final black hole spin: 𝑎 𝑓  Effective inspiral spin parameter: χ 𝑒𝑓𝑓  Luminosity distance DL  Peak Luminosity lpeak  Radiated energy 𝐸 𝑟𝑎𝑑 :  Source redshift z  The Chirp mass: The combination ℳ ≡ (𝑀 1 𝑀 2 ) 3/5

  Collaboration and Virgo Collaboration 2016b, p. 1) 

  Figure below; Carnot 1824).
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 51 Fig.5.1. Sadi Carnot's 1824 Réflexions sur la puissance motrice du feu et sur les machines propres à développer cette puissance, Frontispice. Source: Gallica, Public Domain | https://gallica.bnf.fr/ark:/12148/btv1b86266609/f11.image.

Fig. 5 . 2 .

 52 Fig. 5.2. Map of the gravitational waves detectors network. Source: Courtesy of Julia Casanueva.

  (Yu 2020);  The use of gravitational waves to determine the composition of the core of Neutron Stars (Chatziioannou 2020)  The use of artificial neural networks in order to detect continuous gravitational waves from BNS in real-time (Dreissigacker 2020; Krastev 2020)  A study of the image formation process within an Einstein ring produced from the Sun's gravitational lensing effect for potential use for exoplanets research -the solar gravitational lens (SGL)-. (Turyshev 2020)

Fig. 5

 5 Fig. 5.3.a. Le Monde de M. Descartes, ou le Traité de la lumière et des autres principaux objets des sens, page 115. Source: Gallica, Public Domain | https://gallica.bnf.fr/ark:/12148/btv1b8601516f/f135

  Fig.5.3.d. Sur la voie lactée et sur la distance des étoiles fixes : études d'astronomie stellaire, Frontispice (Struve 1847). Source: Gallica, Public Domain | https://gallica.bnf.fr/ark:/12148/bpt6k42203426/f7

Fig. 5

 5 Fig. 5.3.f. Fraunhofer lines. Source: Gebruiker:MaureenV | Public Domain.

Fig. 5

 5 Fig. 5.3.g. Illustration of the redshift/blueshift of spectral lines compared to spectral lines as measured on Earth (middle spectrum). Source: https://sciensite.wordpress.com/2015/11/ | Public Domain

Fig. 5

 5 Fig. 5.3.i. 2-dimensional representations of the possible shapes of the universe. Adapted from Source: NASA / WMAP Science Team, Public Domain | https://wmap.gsfc.nasa.gov/universe/uni_shape.html

Fig. 5

 5 Fig. 5.3.j. Plot of the possible fates of the universe depending on matter density, Ω 𝑀 and dark energy density, Ω 𝑀 . Source: BenRG, Public Domain | https://www.nextpng.com/en/transparent-pngezsfv
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 54 Fig. 5.4. Illustration of the difference of gravitational waves arrival times. In this illustration the gravitational waves (in green) are represented travelling in the direction of the green arrow. In this particular case, it is easy to see that the gravitational wave would be first detected by the Virgo site, then by Livingston and finally by Hanford, thus allowing to determine the approximate location of the source in the sky. Source: Philippe Vincent | Adapted from Microsoft Paint 3D mesh library

Fig. 7 .

 7 Fig. 7.4.a. Screenshot of a simulation of the Solar System with trailing orbits in Universe Sandbox. Source: PV.

Fig. 7 .

 7 Fig. 7.4.b. Screenshot of the same simulation of the Solar System in which (only) the radius of the Sun has been reduced until it collapsed into a black hole. The "show full orbits" option has been enabled for visibility. Source: PV.

Fig. 7 .

 7 Fig. 7.5. LIGO's Educators guide, proposed activities for the teaching of gravitational waves for grades 5-12 (12-18 years old learners), p. 5. Source: Public Domain | https://dcc.ligo.org/LIGO-P1600015/public



  Analysis of the scientific method  Analysis of the nature and structure of scientific concepts and theories  Analysis of the relationship science-society in the history of science  Analysis of the boundaries and the values of the scientific enterprise.  Knowing the historical foundations of the theories considered.  Interdisciplinarity.  Knowing the meaning of historical hypothesis and epistemological interpretation.  Knowledge of the main facts of the history of science proposed by the teacher.  Knowledge of the main facts of historical epistemology proposed by the teacher.  Parallel Reasoning  Constructing Representations  Manipulating Representations o Manipulating Computer Simulations o Manipulating Variables  Extracting information through Parallel Reasoning  Calculations  Extracting information from Historical Texts.

Expectation 1 :Expectation 2 :Expectation 4 :Expectation 7 :Expectation 8 :

 12478 Students are comfortable with the concept of Spacetime. Students understand that Spacetime curvature depends on the Mass-Energy density. Expectation 3: Students understand that Gravitational Waves are Spacetime perturbations propagating in Spacetime. Expectation 3-1: Students understand that Gravitational Waves are produced by accelerating masses. Students are able to use their recent concepts to make predictions about different situations. Expectation 5: Students have a sound understanding of what Black Holes are. Expectation 6: Students are able to make simple calculations using gravitational waves mathematics. Students understand the logical progression that led to the discovery of Gravitational Waves. Progress in Science is not linear: different scientific theories can coexist and new theories replace older ones. Expectation 9: Students understand that science is a human endeavour. Expectation 10: Students understand the scientific method. Expectation 11: Students understand how to evaluate theories. Expectation 12: Students' preference for studying leans toward the Nature of Science framework.

Participant 1 :

 1 Asked to remain anonymous, Baccalaureate (Belgium), nonscientific education 168 . Participant 2: Asked to remain anonymous, Baccalaureate +5 (Master degree level), non-scientific. Participant 3: Asked to remain anonymous, Baccalaureate, non-scientific education. Participant 4: Coralie, Baccalaureate +3 (degree level), non-scientific education. Participant 5: Florian, Baccalaureate +2, scientific studies. Participant 6: Charles-André, Baccalaureate +2, scientific studies. Participant 7: Chloé, Baccalaureate +3, non-scientific studies. Participant 8: Sylvain, BTS (Advanced Technician's Certificate), "Yes and No, only notions of applied physics". Participant 9: Marianne, Baccalaureate +5 (Master degree level), nonscientific studies.

Fig. 7 .

 7 Fig. 7.8.1.a. Graphical representation of Table 7.8.a. Means of the preliminary survey results about interests.

Fig. 7 .

 7 Fig. 7.8.1.b. Graphical representation of Table 7.8.b. Means of the preliminary survey results about familiarity with terms, with Mean Standard Deviation 172 .

Fig. 7 . 8 . 1 . c .

 781c Fig. 7.8.1.c. Graphical representation of Table 7.8.c. Means of the preliminary survey results about self-evaluated knowledge about subject matters, with Mean Standard Deviation.

Fig. 7 .

 7 Fig. 7.8.1.e. Adapted from Table7.8.e. Means of the preliminary survey results about self-evaluated ability of using physical-mathematical tools.

Fig. 7 .

 7 Fig. 7.8.1.h. Graphical representation of the means of correct assessments given to the "True or False" tests

  observed colour of an object may change depending on the relative speed of the observer.* (True) 6) An object's length changes depending on the relative velocity of an observer.* (True) 7) An observer 2 light seconds away from a clock will read the time from 2 seconds earlier.* (True) 8) Observers travelling at different velocities relative to an object can have the same reference frame.* (False) 9) Two observers at the same location must share a reference frame.* (False) 10) If you observe a photon moving at c on a spaceship that is travelling at 0.5c, relative to you the photon must be travelling at 0.5c or 1.5c.* (False) 11) If two events are observed simultaneously they must have occurred simultaneously.* (False) 12) Nothing can escape a black hole, not even light. (True) 13) It is possible to leave the orbit of a black hole. (True) 14) Only very massive objects produce gravitational waves. (False) 15) Gravitational waves carry energy. (True) 16) Gravitational waves are invisible. (True) 17) Gravitational waves travel at the speed of light. (True) 18) A spaceship travelling at 0,5c produces gravitational waves. (False) 19) A spaceship in orbit around a black hole travelling at 0,5c produces gravitational waves. (True)

  [...] Simplified we may say that the concerns of didactics are:what should be taught and learnt (the content aspect) how to teach and learn (the aspects of transmitting and learning)



  the didactic situation [le concept de situation didactique]  the transposition [le concept de transposition]  the contract [le concept de contrat didactique] (Gundem 2000, p. 255)

:

  The domain areas in which the modules of the curricula are based on and to what extent they are explored;  What is the -mainscientific problem that is studied in the module, how it fits into the curricula (relevance, coherence) and its place in scientific knowledge;  What and how are the specific representations of science, practices and attitudes are being studied;  What and how knowledge, concepts or theories are expected to be learnt;  What kind of instruments, materials are being used;  What kind of intellectual approaches are being used;  How is the History of Science called upon and taught in the module;  What are the similarities and limits between the practices of the learners and of the scientists;  How to show the human endeavour and technological sides of science; and  How complete and in depth are the depiction of the context and scientific concepts of the curricula.



  Understanding the importance of internal confrontation in the scientific community about the possible consequences of scientific research  Reflecting on the historical conditions that led to the physicists' choices regarding military use of atomic energy  The origins of the concept of atomic energy Rutherford and Soddy's research on natural radioactivity (1903)  The chain reaction and the release of nuclear energy  The postponement of the publication of Szilard and Fermi's research on the emission of neutrons in the fission of uranium  The nuclear reactor & Society



  Basic elements of geometry  Basic elements of mathematical analysis  Basic elements of general physics Cognitive objectives  Analysis of the nature and structure of scientific concepts and theories, sometimes called the syntax of theories.  Analysis of the scientific method  Analysis of the relationship science society in the history of science  Analysis of the boundaries and the values of the scientific enterprise.  Knowing the historical foundations of the theories faced.  Interdisciplinarity.  Knowing the meaning of historical hypothesis and epistemological interpretation.  Systematic knowledge of the main facts of the history of the interior science proposed by the teacher.  Systematic knowledge of the main facts of the history of external science proposed by the teacher.

Fig. 8 .

 8 Fig. 8.5.a. Timeline of the main key events that led to the discovery of gravitational waves. Legenda: In green publications and conceptual developments, in red historical events, in orange technological advances, and in blue the first gravitational wave detection. Source: PV

Fig. 8 .

 8 Fig. 8.10.a. Vertical setup. The Teacher, located between Knowledge and Learners, is the intermediary. Example: Lectures (Cours Magistraux); Giving a fact. Source: PV

Fig. 8 .

 8 Fig. 8.10.b. Horizontal setup. The Learners have a direct access to knowledge and to the Teacher who can help them reach it if needed. Example: Inquiry-based Learning; Trainer or work colleague. Source: PV

Fig. 8 .

 8 Fig. 8.10.c. An example of a mixed setup: The Teacher asks a question or poses a problem and the Learners have to structure their learning and research themselves. Example: Exposés assignments. Source: PV

  Social and Economic Background o Interests  As an actor part of the system I could not observe the situation.  The post tests were sent back to me up to 48h after the lecture took place.

  ://www.aip.org/history-programs/history-newsletter6. Research Annex to my Teaching at a Distance Course

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Table . 1

 . Number of Return Results of Articles Containing the Keywords "gravitational waves" from Google Scholar Queries:

	Year # of publications Year # of publications
	2020 2 200-	
	2019 8 830	2009 3 550
	2018 7 490	2008 3 710
	2017 6 490	2007 3 720
	2016 5 780	2006 2 670
	2015 3 800	2005 3 100
	2014 4 240	2004 2 840
	2013 3 510	2003 2 730
	2012 3 890	2002 1 890
	2011 3 540	2001 1 560
	2010 3 640	2000 1 540

Fig. 15 Plot of Table. 1. Source: Philippe Vincent.

  American Institute of Physics, VIRGO. On one hand, my stay at the Niels Bohr Library was supported thanks to a grant-in-aid from the Friends of the Center for History of Physics, American Institute of Physics. During this time I had the chance of discussing with distinguished AIP scholars during the Lyne Starling Trimble Science Public Lecture of November 2019 which consisted of a gathering of historians and historians of science on the theme of "The impact of World War I on the Sciences". I also took the chance to visit and consult the Library of Congress and the Smithsonian National Museum of American History on weekends. I managed to gather and collect new materials for my PhD project. I tried to consult as many archived documents of the Niels Bohr Library related to gravitational waves as possible, especially correspondence, manuscripts, lecture notes, but also documents related to Institutional Histories and I even had the opportunity to consult reels and operate the reel machine. Thus working in situ was extremely meaningful to me, as it provided a very rich unmatched experience. Specifically, I consulted: Letters and manuscripts from Émile Picard (Cfr. figure below)  Fabry's Les applications des interferences des ondes lumineuses, oral histories and documents related to the Chapel Hill Conference of 1957(Renn 2011; DeWitt 2016).

	On Teaching -Theory of General Relativity
	25. The problem of the laws of physics for the non-inertial
	system
	26. Gravitation and acceleration
	27. Weighting mass and mass of inertia
	28. The role of Ricci Curbastro and Levi-Civita's results in
	relativity
	29. The laws of the new theory
	On Teaching -Geometry of the Theory of General Relativity
	30. Riemannian Geometry: curved spaces
	31. Geometry and gravitation
	32. The gravitational field
	33. The sources of gravitation
	34. Einstein's equations
	35. A short story about astrophysical implications:
	gravitational waves, black holes, cosmology
	On Teaching Epistemology -Epistemological Reflections on the
	Foundations of Einstein's Relativity
	36. Small historical reflections on controversies about the
	theory of special relativity
	37. The logical organization of Einstein's theories of
	relativity
	Teaching-Learning Bibliography
	Astolfi JP, Peterfalvi B (1993) Obstacles et construction de situations
	didactiques en sciences expérimentales. In: Aster, éditions INRP,
	n°16, pp.100-110.
	Ballini P, Robardet G,.Rolando JM (1997) L'intuition, obstacle à
	l'acquisition de concepts scientifiques: propositions pour
	l'enseignement du concept d'énergie en première S. In: Aster,
	éditions INRP, n°24, pp.81-112.
	Benseghir A (1989) Transition électrostatique-électrocinétique ; point
	de vue historique et analyse des difficultés des élèves. Thèse,
	Université Paris 7.
	Fawaz A, Viennot L (1986) Image optique et vision. In: B.U.P., n°686,
	pp.1125-1146.
	Galili I (1996) Students' conceptual change in geometrical optics.
	Int.J.Sci.Educ, vol.18, n°7, pp. 847-868.
	Guilbert L, Méloche D (1993) L'idée de science chez les enseignants
	en formation : un lien entre l'hsitoire des sciences et
	l'hétérogénéité des visions ? In Didaskalia, éditions DeBoeck,
	n°2, pp.23-46.
	Martinand JL (1993) Histoire et didactique de la physique et de la
	chimie : quelles relations ? In: Didaskalia, éditions de Boeck, n°2,
	pp.89-99.

Maurines L (2001) 

Le raisonnement géométrique en terme d'objet dans la physique des ondes. Mémoire d'habilitation à diriger des recherches, Université Paris 11. Mialaret G (2011) Le nouvel esprit scientifique et les sciences de l'éducation, PUF, Paris. research in situ:  The History of the Search for Gravitational Waves [sound recordings] of January 30th, 2017, and a number of other audio archived documents.  The common sense of the exact sciences / by the late William Kingdon Clifford, with one hundred figures.  The common sense of the exact sciences, by William Kingdon Clifford; edited, and with a preface, by Karl Pearson; newly edited and with an introduction by James R. Newman; preface by Bertrand Russell.  Elements of dynamic: an introduction to the study of motion and rest in solid and fluid bodies / by W.K. Clifford; part I. Kinematic.  Mathematical papers. Edited by Robert Tucker. With an introd. by H. J. Stephen Smith. 

  and the Gravity Research

	Foundation & Institute of Field Physics
	4.3. 1957. The Chapel Hill Congress, Debates and Heritages
	4.4. The Effects of a Gravitational Wave
	4.5. The Interferometer Method
	4.6. The Gravitational Waves Observatories
	4.6.1. LIGO & VIRGO
	4.7. The Mirabilis Data
	4.7.1. Analyses of Some Signals

  All harmonics are associated with a number of nodes and antinodes and follow the following table:

	Harmonic	Number of Nodes	Number of Antinodes
	1st	2	1
	2nd	3	2
	3rd	4	3
	4th	5	4
	5th	6	5
	…	…	…
	nth	n+1	n

  . In 1860, being only fifteen years old, he obtained a Mathematical and Classical Scholarship to the Department of General Literature and Science at King's College, London. He then moved to Trinity College, Cambridge where he graduated Second Wrangler (the second highest scoring student in mathematics). After being elected a Fellow of his College in 1868, he participated in the English eclipse expedition of December 1870 that sailed to Sicily and gained the position of Professor of Applied Mathematics and Mechanics in University College, London which he kept until he passed away. Sir William Kingdon Clifford is well-known for his Mathematical works (Clifford's algebra in Clifford 1873; Oziewicz 1992), his Philosophical and Epistemological contributions with his The Ethics of Belief of 1876

Table . 2

 . .8. Historical Comparative Analysis betweenClifford and Poincaré. 

			Interplay Theory-Experiment
	A. "Axioms of geometry are true	A. "The	Michelson-Morley
	within	the	limits	of		experiment seems to indicate that
	experiments" (Ivi. p. 158)			the determination of the absolute
		Clifford (1845-1879)	Poincaré (1854-1912) movement of the Earth is a fact of
		1870. On the Space-Theory of nature" (Ivi. p. 1504) 1905. Sur la dynamique de
	Matter B. Astronomical observations are	l'électron B. Astronomical observations are not
	not precise enough C. Might explain "the law of General Fundamental Conceptions precise enough
	double refraction" (Ibidem)		
	A. Topology of space D. The presence of the Moon should	A. Motion with respect of the Ether
	B. Space is non-Euclidean "for distort space which distortion might	B. "Absolute movement of the Earth"
	very small portions of space" be measurable during an eclipse	(Ivi. p. 1504)
	(Ivi. p. 158) through its effects on the law of
	C. Space curvature double refraction			C. Distortion of bodies in the
						direction of motion
		D. gravitation Problems Connected to the Cultural Environment
						E. The speed of light is finite
						F. Lorentz's transformations can be
						applied to the laws of gravitation
						G. Gravity propagates "at the speed
						of light" (Ivi. p. 1507)
						H. The delayed effects of gravity due
						to the finite speed of gravity imply
						relativity and the emission of
						"gravitational waves" (Ibidem)
				Interplay Theory-Experience
	A. Inductive	Theoretical	A. Deductive Theoretical analysis
		speculation			only
	B. Space is analogous to a sheet	Poincaré did not treat the subject
		of paper			
	C. Can help for "the explanation
		of physical phenomena"
		(Ibidem)			
	D. Space curvature propagation
		"after the manner of a wave"
		(Ibidem)			
	E. The variation of space
		curvature is responsible for
		"the motion of matter"
		(Ibidem)			

A. Focus on space curvature A. Focus on Ether B. Possible: Eclipse Expedition B. Experiments are conceived easier than done

  Albert Einstein was born on 14 March 1879 in Ulm, Germany. After his family moved, he went to school in Munich. In 1894, his family moved again, to Italy this time. Later, in 1896, he worked at the Swiss Institute of Technology of Zurich before starting his work as a clerk at Bern's Patent Office in 1902. It was at that moment, in his spare time, that he began to develop his theories. Einstein's contributions are related to many fields of physics: thermodynamics, kinetics, statistical mechanics, etc. Even though other famous scientists such as Maxwell, Lorentz or Henri Poincaré issued papers on relativity before 1900, it was Einstein in 1905 that formulated what we nowadays call special relativity.

Table 3 .2.2. Examples

 3 

of parallel transport of vectors. Source: PV, made with MSPaint.

  Poincaré HJ (1905a) Sur la dynamique de l'électron (The Dynamics of the electron byHenri Poincaré). In: Henri Poincaré, La mécanique nouvelle, conférence, mémoire et note sur la théorie de la relativité, introduction de M. Édouard Guillaume. 1924,Gauthier-Villars et Cie, pp. 18-76, 77-81. Whittaker ET (1953) The relativity theory of Poincaré and Lorentz. En: A History of the theories of aether and electricity. Vol 2: The modern theories1900 -1926. Nelson, . Nelson, 

	CHAPTER IV
	London, pp 27-77 Gravitational Waves: Wolfgang R (2001) Relativity: special, general and cosmological. The Oxford University Press, Oxford Experimental Observations & Data
	Zahar E (1987) Les fondements des mathématiques d'après Poincaré et Russell.
	Fundamenta Scientiae VIII 1987:31-56
	Zahar E (1989) Einstein's Revolution: A Study in Heuristic. The Open Court Publishing
	Company, Chicago

  ):  Session I: Unquantized General Relativity, Chairman: B.S. DeWitt o The Present Position of Classical Relativity Theory and Some of its Problems, John Wheeler o The Experimental Basis of Einstein's Theory, R. H. Dicke  Session II: Unquantized General Relativity, Continued, Chairman: P. G. Bergmann o On the Integration of the Einstein Equations, André Lichnerowicz o Remarks on Global Solutions, C. W. Misner o Solving The Initial Value Problem Using Cartan Calculus, Y. Fourès o Some Remarks on Cosmological Models, R. W. Bass and L. Witten  Session III: Unquantized General Relativity, Continued, Chairman: H. Bondi o Gravitational Waves, L. Marder, Presented by H. Bondi o Gravitational Field of an Axially Symmetric System, N. Rosen and H. Shamir, Presented by F. Pirani o The Dynamics of a Lattice Universe, R. W. Lindquist  Session IV: Invited Reports on Cosmology, Chairman: F. J. Belinfante o Measurable Quantities that May Enable Questions of Cosmology to be Answered, T. Gold o Radio Astronomical Measurements of Interest to Cosmology, A. E. Lilley  Session V: Unquantized General Relativity, Concluded, Chairman: A. Lichnerowicz o Measurement of Classical Gravitation Fields, F. Pirani o Correspondence in the General Theory of Gravitation, Behram Kursunoglu o Presentation of Work by T. Taniuchi, Ryoyu Utiyama o Negative Mass in General Relativity, Hermann Bondi  Session VI: Quantized General Relativity, Chairman: J. A. Wheeler o The Problems of Quantizing the Gravitational Field, P. G. Bergmann o Conceptual Clock Models, H. Salecker o The Three-Field Problem, F. J. Belinfante  Session VII: Quantized General Relativity, Continued, Chairman: A.

	Schild
	o Quantum Gravidynamics, B. DeWitt
	 Session VIII: Quantized General Relativity, Concluded, Chairman:
	V. Bargmann

o The Possibility of Gravitational Quantization o The Necessity of Gravitational Quantization  Closing Session, Chairman: B. S. DeWitt o Divergences in Quantized General Relativity, S. Deser

  𝑒𝑓𝑓 = 𝑚 1 𝑎 1 cos(𝜃 𝐿𝑆 1 ) + 𝑚 2 𝑎 2 cos(𝜃 𝐿𝑆 2 ) 𝑀 (4.7) where 𝜃 𝐿𝑆 𝑖 = cos -1 (𝐿 ̂. 𝑆 𝑖 ̂ ) is the tilt angle between the spin 𝑆 𝑖 and the orbital momentum 𝐿 (LIGO Scientific Collaboration and Virgo Collaboration 2018, p. 4) 103 .

Hotokezaka 2017, p. 2. 

χ

  particular part 4, p.8) 105 c.f. https://gracedb.ligo.org/superevents/S190814bv/ of 35 -3 +5 𝑀 ⊙ and 30 -4 +3 𝑀 ⊙ where the errors correspond to credible levels of 90% (LIGO Scientific Collaboration and Virgo Collaboration 2016d).

  7 𝑀 ☉ and 25.3 -4.2 +2.8 𝑀 ☉ , with a 90% certainty and a luminosity distance of 540 -210 +130 Mpc, which corresponds to a redshift of 0.11 -0.04 +0.03 . (LIGO Scientific Collaboration and Virgo Collaboration 2017a)

Table 7 .8.a.

 7 Means of the preliminary survey results about interests.

	Responses scored as: 1-strongly disagree, 2-disagree, 3-neutral, 4-agree, 5-
	strongly agree; and X-I do not know (no one selected this answer)	
	 Familiarity with terms,		
	Question:		
	I am familiar with:	Pre-test	Post-
			test
	Waves	3,2	3,7
	Gravitation	3	3,6
	Gravitational Waves	2,3	3,3
	Trigonometry	2,7	3,2
	Euclidean Geometry	2	3,3
	Non-Euclidean Geometry	1,8	3,2
	Analogies	2,5	3,2

Table 7 .

 7 

8.b. Means of the preliminary survey results about familiarity with terms.

Table 7 .8.c.

 7 Means of the preliminary survey results about self-evaluated knowledge about subject matters. Responses scored as: 1-strongly disagree, 2-disagree, 3-neutral, 4-agree, 5strongly agree; and X-I do not know (no one selected this answer)

	 Self-evaluated knowledge about subject matters	
	Question:		
	I know:	Pre-test	Post-
			test
	Newton's Theory of Gravitation	2,8	3,6
	Special Relativity	2	2,5
	General Relativity	2,2	2,6
	The concept of Spacetime	2,3	3
	Trigonometry	2,7	3,1
	Euclidean Geometry	2,2	3,1
	Non-Euclidean Geometry	1,8	3

Table 7 .8.d.

 7 Means of the preliminary survey results about self-evaluated understanding of subject matters. Responses scored as:1-strongly disagree, 2-disagree, 3-neutral, 4-agree, 5strongly agree; and X-I do not know (no one selected this answer)

	 Self-evaluation of the ability to use physical-mathematical tools
	Question:		
	I can use (manipulate):	Pre-test	Post-
			test
	First degree equations	3,3	3
	Derivatives	2,7	2,6
	Integrals	2,4	2,6
	Vectors	2,4	3,1
	Tensors	1,1	1,7

Table 7 .8.e.

 7 Means of the preliminary survey results about self-evaluated ability of using physical-mathematical tools.

	Responses scored as:1-strongly disagree, 2-disagree, 3-neutral, 4-agree, 5-
	strongly agree; and X-I do not know (no one selected this answer)

Table 7 . 8

 78 

.g. Means of the preliminary survey results about the confidence in the ability to explain various subject matters (post lecture).

Table 7 .

 7 8.h. Means in percentage of the number of correct assessments of each statement.

  FromTable 7.8.d., testing the self-evaluated understanding about subject matters (cfr. Fig.7.8.1.d.), and comparing it to the previous figure(Fig. 7.8.1.c), we can see that the two are very similar. However, an interesting point can be made about Special and General Relativity as the difference is bigger.

			I know: (Means)			
	0 0,5 1 1,5 2 2,5 3 3,5 4 4,5 5	2,8 3,6	2,0 2,5	2,2 2,6	2,3	3	2,7 3,1	2,2 3,1	1,8	3
				Pre-test	Post-test			

Fig. 7.8.1.d. Graphical representation of Table 7.8.d. Means of the preliminary survey results about self-evaluated understanding of subject matters, with Mean Standard Deviation.

Table 7 .

 7 8.e. Means of the preliminary survey results about self-evaluated ability of using physical-mathematical tools.

Table 7 .

 7 8.f., tested the participants' interests in subject matters after the lecture: From Table7.8.g., which tested the self-evaluation of the confidence in the ability to explain subject matters to someone else, the interesting points are that participants scored above neutral (3) for explaining what are: From Table7.8.h., The "True or False" questionnaire:

	I would like to know more about: (Post-	
	The infinitely small	test)			3,6	
	The infinitely big				3,6	
	Differential Geometry				2,9	
	Mathematics				3,6	
	Epistemology				3	
	History of Science				2,8	
	Optics				3,2	
	Cosmology				3,9	
	Astronomy				3,9	
	Physics				3,6	
	Einstein's Field Equations				3,4	
	Tensors				2,9	
	Matrices				3,2	
	Non-Euclidean Geometry				3,4	
	General Relativity				3,6	
	Special Relativity				3,6	
	Gravitational waves				3,7	
	0	1	2	3	4	5
	Fig. 7.8.1.f. Graphical representation of Table 7.8.f. Means of the preliminary survey
	results about interest in various subject matters (post lecture), with Mean Standard
	Deviation.					
	This figure is interesting insofar as it adds further confirmation to the results
	of Fig. 7.8.1.a., but also seems to indicate that subject matters involving
	calculations and relatively advanced mathematical tools scored less. The
	explanation being without much doubt that a) the participants do not have
	mastery of those tools (cfr. Fig. 7.8.1.e.); and b) as some reported, they feel
	like there is too much formal work to do to understand them "It's only worth
	it if you are going to have a job in it [the field(s) where they are needed]".

  in mind which are also relevant for 21 st century skills training and e-learning, namely:

		modularity (learning courses represent subject fields and for that reason
		the curriculum may consist of different courses depending on the
		individual and group educational necessities);
		interactivity (indirect personal interactions student-student, student-
		teacher, etc.); […]

  The Case of Gravitation and the motion of matter(Gravitational Part) 

	 The Physics of Waves (Wave Part)	
	 Speed of propagation, medium, reflection,
		refraction, diffraction, transverse, longitudinal
	o Soundwaves and Musicology	
	 Harmonics, intervals, frequency, tones
	o Light as a wave		
	 Polarization, Huygens' Principle, refractory index
	o Quantum Mechanics		
	 Associated wavelength, Schrödinger's equation,
		wave-particle duality	
	o Natural and un-natural, violent motion (Aristotle)
	o Science of weights (Galileo Galilei)	
	 Notions of impetus, ratios, principle of relativity
	o Gravitation (Isaac Newton)		
	 Notions of force, absolute time, absolute space
	o Special and General Relativity (Albert Einstein)
	 Principle of Relativity, invariance of the speed of
	light,	spacetime,	curvature,	mass-energy
	equivalence, gravitational waves	

  Many European centres and history of science & technologies institutions like the European Society for the History of Science, Inter-Divisional Teaching Commission of the Division of Logic, Methodology and Philosophy of Science (DLMPS) and the International Union for History and Philosophy of Science and Technology (IUHPST) aregood examples of a brilliant reflection of higher scientific education and the improvements required at the secondary level. It is unthinkable to learn and understand the scientific sense of a subject without deepening its intellectual and cultural background, e.g. its history and foundations: how is it possible to continue teaching sciences being unaware of their origins, cultural reasons and eventual conflicts and values? And how is it possible to teach and comment on the contents and certainties of physics and mathematics as sciences without having first introduced reasonable doubt regarding the inadequacy and fluidity of such sciences in particular contexts?

  180 

Title of the Course 2: History of Science/Science & Society Studies Level: Undergraduate/Graduate/Ph.D. An Outline.

  Since ancient times, society has generally constructed a perception that science is synonymous with progress & modernity; especially during periods of modernization. We know that anomalies, inversions and controversies also belong erroneously to the so-called concepts of progress & modernity. It would therefore be interesting to investigate author by author to understand just how science worked and how society worked, i.e., the concept of civilization. For example Newton's science certainly produced a strong impact on humanity, particularly on Western civilization both concerning the scientific and supernatural background of the law of nature, including mathematical interpretations of phenomena like non-physical laws; sometimes outside the context of the theory (i.e. providence, religion etc.). Certainly by combining scientific traditions and contributions of scholars, i.e., like Copernicus, Kepler, Galileo and Descartes, he provided a scientific framework based on an adequate form of mathematics (and geometry) for interpreting terrestrial and celestial physical phenomena which, a priori, were geometrically idealized to easily become citizens in his new revolutionary, a posteriori, mathematization of nature. A parallel problem related to dialogue as communication-language between specialists (advanced and applied research) and non-specialists (versus a scientific civilization) is a troubling matter, i.e. how is it possible to go from science to technique and to technologies? And who was really able to be a mediator in any other context of society?

of the Course 3: History, Philosophy of Science and Technology/Technosciences Studies Level: Undergraduate/Graduate/Ph.D. An outline.

  among others) to the present. The undergraduate/graduate/Ph.D. students will examine the impact of scientific knowledge (or what was "scientific" at that time) within philosophy, workmanship, social structures, and move on to the scientific knowledge & technology regarding the development of science: from investigation to science to discipline to line of work in history, especially in Western civilization. Physics, mathematics, chemistry, astronomy and the mind sciences will be studied. A history and technology of scientific concepts (correlated with devices) should also be included; i.e., matter, nature, motion, body, and mind as these have been shaped over the course of history. Particularly, with regard to Science & Society, the course explores recent historiographical approaches within the history of sciences, by interpreting different theoretical scientific approaches with a social impact at different levels of a society in history (social history of science) and what makes for good and interesting history of science. This aims to explain the connection between social factors and science and technology while avoiding the demystification of the prominent fields of science and technology, treating them as they do other common social phenomena. In fact, the social studies of science and technology have been a source of significant controversy. We will try to study the concept of controversy and some examples are proposed. It is very common to read concepts like those found in the following: Technosciences is a concept widely used in the interdisciplinary community of science and technology studies to designate the technological and social context of science. The notion indicates a common recognition that scientific knowledge is not only socially coded and historically situated but sustained and made durable by material (non-human) networks. The term was coined by French philosopher Gaston Bachelard in 1953. It was popularized in the French-speaking world by Belgian philosopher Gilbert Hottois in the late 1970s/early 1980s, and entered common usage in English in the early 2000s. [Generally speaking] technosciences is considered within three levels: a descriptive-analytic level, a deconstructivist level, and a visionary level. Descriptive-analytic level. On a descriptive-analytic level, techno-scientific studies examine the decisive role of science and technology in how knowledge is developed. What is the role played by large research labs in which experiments on organisms are undertaken, when it comes to a certain way of looking at the things surrounding us? To what extent do such investigations, experiments and insights shape the view on 'nature', and on 'our' bodies? How do these insights link to the concept of living organisms as bio-facts?To what extent do such insights inform technological innovation? Can the laboratory be understood as a metaphor for social structures in their entirety? The concept of technoscience comprises a number of social, literary, artistic and material technologies from western cultures in the third millennium. This is undertaken in order to focus on the interplay of hitherto separated areas and to question traditional boundary-drawing: this concerns the boundaries drawn between scientific disciplines as well as those commonly upheld for instance between research, technology, the arts and politics. One aim is to broaden the term 'technology' (which by the Greek etymology of 'techné' connotes all of the following: arts, handicraft, and skill) so as to negotiate possibilities of participation in the production of knowledge and to reflect on strategic alliances. Technoscience can be juxtaposed with a number of other innovative interdisciplinary areas of scholarship which have surfaced in these recent years such as technoetic, technoethics and technocriticism." A discussion will introduce the students to the broad fields of the history of science and technology/technoscience which study past science and technology respectively.

	Title Deconstructivist level. On a deconstructive level, theoretical work is being
	undertaken on Technoscience to address scientific practices critically, e.g.
	by Bruno Latour (sociology), by Donna Haraway (history of science), and
	by Karen Barad (theoretical physics). It is pointed out that scientific
	descriptions may be only allegedly objective; that descriptions are of a
	performative character, and that there are ways to de-mystify them.
	Likewise, new forms of representing those involved in research are being
	sought.
	Visionary level.

  Each module consists of didactic units and case studies. These are like special didactic units. Considering the versatility of modular programming, interdisciplinarity and the connection between teaching units is absolutely required to produce a robust teaching-learning. Naturally, interventions and seminars by experts or by the department team on questions not belonging to my research competence are welcome. The proposed references are to be discussed and consolidated during the course. We will try to focus attention on primary sources and those found on the Internet. For example, on "Gallica", international projects, for example "Archimedes" from The Planck Institute for the History of Science, Massachusetts Institute of Technology and others that will be provided during the course. The modules of history of physics in detail with the first bibliographic references The law of leverage and the role of the Momento concept in Mecaniche and in the Discorsi h. The birth of solid mechanics i. Notes on the Theoremata of Galilei j. The fall of the bodies and the trajectory of the projectiles in the Quesiti of Tartaglia and in the Discorsi of Galilei k. Galilean Manuscript Analysis, Ms 72 The concept of horror vacui and Raritatis violentia 6. Galilei : horror vacui and force des vacui 7. Simeon Stevin's hydrostatic studies 8. Torriccelli's experience and Blaise Pascal's principle 9. Otto von Guericke : Mechanica hydraulico-pneumatica (1657) 10. The Robert Boyle and Robert Hooke studies on the pneumatic machine 11. Epistemological Reflections Boyle's Law. Mariotte (De la nature de l'air, 1676) 12. From the elasticity of air to the elasticity of solids History and historiographies Heath's contribution on Archimedes' work The thought and the contribution of Duhem on the birth of the hydrostatic Darrigol's contribution on the history of hydrodynamics

	Types of teaching activity Teaching methodologies  General and specialized bibliography proposed by the teacher  Notebook  Reflection sheets  Didactical software  Didactical Applets on the Internet  Interventions-seminars of teachers specialized in certain sectors  Lectures during which students are invited to take part in discussing the subject matter of the program as well as the texts whose reading will be suggested (and in some cases mandatory).  Vis-à-vis  Brainstorming  Group work on models and mathematical and logical calculations  Results Forum  Problem solving Evaluation Attend and participate in the course :  Continuous exams on the table  Presence and participation for listeners [30%]  Presence and participation for the final exam for students [70%] or other university terms… Validation  A text summary (from some texts of the collection) of 5 pages. (to be returned to 1/3 of the course)  A short dissertation (10 pages) topics will be proposed. (to be returned to ½ of the course)  Forum and discussion of the results  Final test and a power point presentation  Reproduction of an old scientific instrument (optional)  Or other university terms Correction criteria  Clarity and originality  Comprehension  The use of calculations on the foundations  The logical articulation and the internal coherence  Relevance Calendar  According to the terms of the university Some first recommendations  A course in history of science requires a great deal of text readings and of different natures: texts from primary literature and texts from secondary literature, textbooks.  The use of mathematical and physical texts as manuals on fundamental questions is necessary.  The use of biographies and a chronological diagram as a first complementary historical analysis of an event and / or a problem to develop a sensitivity to the problems that arise at different times.  Texts of different natures require different (and competent) reading strategies to develop a sensitivity to the use of categories of historical and epistemological interpretations.  In the story a "final truth" of a subject is complicated to find and perhaps not even necessary. The historian must commit to finding historical hypotheses based on historical documents and facts; or epistemological interpretations based on historical assumptions. A cyclical modular teaching hypothesis in history and epistemology, philosophy of science Module Argument Module In epistemology, the history of science and technology: orientations and methods of study Module The roles of categories in the historical investigation of science and its relation to society Module Scientific Paradigms: The Logical-Structural Organization of Ancient Sciences Module The role of mechanics and machines: versus the birth of modern science Module A history of science and technique in the architecture of the Italian Renaissance Module A history of the revolutionary birth of modern science and the advent of analytic mechanics Module revolution on the birth of the thermodynamics of Sadi Carnot Module 16 Newtonian natural philosophy as the only scientific paradigm? Versus mathematical physics and the birth of celestial mechanics Module 17 A History of Faraday's Experiments and Maxwell's Mathematization Module 18 A history of the foundations of mathematics and logic Module 19 A history of the foundations of the birth of quanta and quantum mechanics Module 20 A history of the foundations of Einstein's two theories of relativity Mod. 3 Mod. 4 Mod. A HYPOTHESIS OF CYCLIC MODULAR TEACHING IN HISTORY OF PHYSICS (AND RELATIONSHIP WITH MATHEMATICS) General Program History of physics (XVIIe-XXe siècle) Main modules Module 1 The role of mechanics and machines: versus the birth of modern science Module 2 A history of the revolutionary birth of modern science and the advent of analytic mechanics; History of science and impact in society Module 3 A history of the equilibrium of fluid bodies Module 4 A History of the Main Laws and Fundamentals of Optics During the History of Science Module 5 Newton's "natural philosophy" as the only scientific paradigm? A Case Study: A History of Mechanical Science and Mathematics by Lazare Carnot Module 6 Newton's "natural philosophy" as the only scientific paradigm? A case study: A history of the principle of virtual powers Module 7 Newton's "natural philosophy" as the only scientific paradigm? : a history of the analytic theory of heat Module 2: HISTORY, EPISTEMOLOGY AND HISTORIOGRAPHIES OF MODERN SCIENCE -A history of the revolutionary birth of modern science and the advent of analytic mechanics 1. Mechanics and motions 2. The mathematical-geometry-physics relation 3. Nicholas Copernicus. De revolutionibus orbium coelestium (1543). The revolutionary conception of astronomy and the cosmology of man in the universe r. Torricelli's demonstration of Galilei's theorem Isaac Newton. Biography and works. s. Principia Philosophia Naturalis, 1687 t. The invention of the infinitesimal calculus: Leibniz and Newton u. The dynamics of Principia v. Analyses of the three laws of motion w. The mathematical-physical relationship in Module 3: HISTORY AND EPISTEMOLOGY OF STATIC BODY FLUIDS -A story about the equilibrium of fluid bodies 1. Aristotle's dynamic equilibrium theory and Archimedes' equilibrium static theory 2. The static equilibrium theory of Archimedes 3. On pea science: Jordanus de Nemore, Leonardo da Vinci, Girolamo Cardano, Tartaglia 4. Concept and measurement of atmospheric pressure Lesson Plan. Module 1: HISTORY, EPISTEMOLOGY AND HISTORIOGRAPHY OF CLASSICAL MECHANICS The role of mechanics and machines: versus the birth of modern science 1. Imagine a prospective nova 2. On arabesque mechanics 3. The mechanical science of the Paris School and the Oxford School 4. Nicolas de Cues : astronomy of the late Middle Ages 4. Friedrich Johannes Kepler : plant observations and fundamental laws 5. Christian Huygens : the mechanics (and the friction) of the body systems and the study of the pendulum 6. René Descartes: Analytical geometry and readers of Galilee: Mersenne and Descartes Study cases: René Descartes, Galileo Galilei, Evangelista Torricelli, Isaac Newton, Lagrange Galileo Galilei. Biography and work. a. The role of mathematics and experimentation in mechanical science b. Notes on the Meccaniche di Guidobaldo dal Monte c. The science of the equilibrium : Le Mecaniche et Discorsi e dimsotrazioni Newton's dynamics x. Problems still unsolved in mechanics and optics y. George Berkeley's methodological criticism for Newton's infinitesimal calculus 1. A little history of the virtual power principles 2. The vector mechanics of Euler Joseph-Louis Lagrange. Biography and works. z. Recherches sur la libration de lune, 1764 aa. Mécanique analytique, 1788 bb. Reformulations of classical mechanics cc. The principle of virtual power and generalization 3. The ontology of the concept of force 4. The mechanics of d'Alembert and the concept of force 5. Primary Sources: reading texts A history of the equilibrium of fluid bodies Module 8 Newton's "natural philosophy" as the only scientific 5. Nicholas Copernicus. De revolutionibus orbium matematiche History and historiographies: reading texts Aristotle (1949) Aristotle's Prior and Posterior Analytics. A Revised Text  So, the truth of the historical discourse on the sciences lies in the intellectual force of the facts and the proposed documents.  As a result, the historical discourse on Module paradigm? : a history of classical thermodynamics coelestium (1543). The revolutionary conception d. The physical-mathematical relationship in Alexandre Koyré's thought on the birth of modern science with Introduction and Commentary Ross WD (ed), The Oxford A little history of scientific networks and to statistical physics of astronomy and the cosmology of man in the the Galilean centrobaric Westfall's thought on the birth and development of modern science University Press, Oxford. circulations of knowledge of some scientific Module 9 Newton's "natural philosophy" as the only scientific universe e. A Galilei resistance problem Redondi's thought on Galilei Tartaglia N (1565) Archimedes De insidentibus aqueae, L. I-II, apud organizations paradigm? A case study: A history of the scientific 6. Giordano Bruno: the science and ecclesiastical f. The relationship between rupture and force Primary Sources: reading texts Curtium Troianum Navò, Venetia. science is not pure imagination.  Philosophy, epistemology and historical epistemology are essential for the interpretation of events in the history of science. Module revolution on the birth of the thermodynamics of system of the sixteenth century. of the bodies in Galilei's analyses Galilei G (1890-1909) Le opere di Galileo Galilei. Edizione nazionale sotto Stevin S ([1605] 1608) Liber primus Staticae. De staticae elmentis. In: A History of the Main Laws and Fundamentals of Optics During the History of Science Module Newtonian natural philosophy as the only scientific paradigm? An epistemological history of the birth of chemistry Module Newtonian natural philosophy as the only scientific paradigm? A Case Study: A History of Mechanical Science and Mathematics by Lazare Carnot Module Newtonian natural philosophy as the only scientific Mods. 1,2 Sadi Carnot Module 10 Newton's "natural philosophy" as the only scientific paradigm? Mathematical physics and the birth of celestial mechanics Module 11 A History of Faraday's Experiments and Maxwell's Mathematization Module 12 A history of the foundations of the birth of quanta and quantum mechanics Module 13 A history of the foundations of Einstein's two theories of relativities 7. Girolamo Cardano: Liber de ludo alaea (1564). First studies on the calculation of the probability 8. Simeon Stevin : studies on static and hydrostatic Study cases: Aristotle and Buridan, Leonardo da Vinci, Niccolò Tartaglia, Tartaglia and Jordanus de Nemore Aristotle and Buridan. Biographies and works 1. On the history of the mechanical theory of the Impetus Leonardo da Vinci. Biography and works. 2. Mechanics in the work of Leonardo: Scritti, gli auspici di sua maestà il re d'Italia. 20 vols. Favaro A (ed). Barbera, Firenze ----Discorsi e dimostrazioni matematiche. In: Galilei G 1890-1909. Opere, vol. VIII, pp 41-458, op. cit. ----Appendix -In qua continentur theoremata eorumque demostrationes, quae ab eodem Autore circa centrum gravitatis solidirum olim conscripta fuerunt. In: Galilei G 1890-1909. Opere, vol. I, pp 187-208, op. cit. ----Le Mecaniche. In: Galilei G 1890-1909. Opere, vol. II, pp 155-193, Tomus quartus mathematicorum hypomnematum de statica, Lugodini Batavoru. Boyle R (1999-2000) The works of Robert Boyle. 14 vols. Hunter M, Davis EB (eds), The Pickering Masters series, Pickering & Chatto, London, [vol 3]. Galilei G (1890-1909) Le opere di Galileo Galilei. Edizione nazionale sotto gli auspici di sua maestà il re d'Italia. 20 vols. Favaro A (ed). Barbera, Firenze ---Discorso intorno alle cose che stanno in su l'acqua o che in quella si g. Evangelista Torricelli and Archimedes. Biography and works op. cit. muovono. In: Galilei 1890-1909, vol 4, pp 63-141, op. cit. paradigm? A case study: A history of the principle Codiques Madrid, Forster et Atlantic l. Opera Geometrica, 1644 Torricelli E (1644) Opera geometrica. Massa-Landi, Firenze. Pascal B (1663) Traité de l'équilibre des liqueurs, et de la pesanteur de la of virtual powers Module 3. The mathematics of Leonardo m. Torricelli's principle in mechanics Newton I (1803) The Mathematical Principles Of Natural Philosophy, by Sir masse de l'air. Chez Guillaume Desprez, Paris. Newtonian natural philosophy as the only scientific Module Module paradigm? : a case study: A history of the scientific Iordani Opuscolum Newtonian natural philosophy as the only scientific 7. The Static in Quesiti et Inventioni diverse and q. A correlation: Archimedes Torricelli Lagrange JL (1788) Mécanique Analytique. Desaint, Paris. to statistical physics 6. Nova Scientia and the practice of gunners p. The logical basis of Torricelli's mechanics vols. (in X). Gauthier-Villars, Paris. paradigm? : a history of classical thermodynamics Niccolò Tartaglia. Biography and works. o. The logical basis of Archimedes' mechanics Lagrange JL (1973) OEuvres de Lagrange. Seconde édition. Courcier, I-XIV Newtonian natural philosophy as the only scientific 5. A problem of deformation of Leonardo da Vinci investigation London. paradigm? : a history of the analytic theory of heat 4. The machines of Leonardo n. Logic as a category of historical Isaac Newton. Translated into English by Motte A. Symonds, Pascal B (1998-1999) OEuvres complète. Michel Le Guern (ed), coll.

Fig. 8.4. Modular program graph. Source: Prof. dr. Raffaele Pisano.

of the main laws and fundamental phenomena of optics during the history of science

  Opere di EvangelistaTorricelli. Loria G, Vassura G (eds).Montanari, Faenza, vol 3, [p 187]. Guericke O (1672) Experimenta nova (ut vocantur) Magdeburgica de vacuo spatio. Amstelodami. 1. The ancient approach and the Muslim period 2. Geometric optics and the birth of the first idea on perspective 3. Roger Bacon. Studies on the perspectiva 4. Francesco Maurolico. Biographies and work on mechanics and optics 5. Kepler : the functioning of the eye 6. Snell and Descartes: Laws of Refraction and the Rainbow Phenomenon. 7. Development of geometrical optics -Fermat principle 8. Newton : the theory of color 9. Newton : corpuscular nature of light 10. Newton : The case of Newton's ring 11. Newton and Fludd : the case of the chromatic circle 12. Huygens and Fresnel : the first corpuscular nature of light and the principle ofHuygens and Fresnel 13. Grimaldi, Fresnel, Fraunhofer, 
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HISTORY AND EPISTEMOLOGY OF ALTERNATIVE MECHANICS - Newtonian natural philosophy as the only scientific paradigm? A case study: A history of the principle of virtual powers

  On the Bose-Einstein statistic History and historiographies: reading texts The thought and contribution of Robert Fox on all the scientific work of Sadi Carnot The contributions of "Sadi Carnot and the rise of thermodynamics" on the science of Sadi Carnot The contribution of Robert Locqueneux on the history of thermodynamics Contributions from the History of Statistical Mechanics Group of the Berlin Max Planck Institute for the History of Science Primary sources: reading texts Carnot S (1978) Réflexions sur la puissance motrice du feu sur les machines propres à développer cette puissance, édition critique par Fox Robert.
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Module 16: PHILOSOPHY AND FOUNDATIONS OF SCIENCE -A history of the foundations of mathematics and logic
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Cfr. https://www.nobelprize.org/prizes/physics/2017/press-release/

The Hubble constant is the constant measured in km/s/Mpc corresponding to the rate of expansion of the Universe.

A list of selected authors on the subject: Renn 2011; Cervantes-Cota 2016, 2018; DeWitt 2016; Kennefick 2019; Weisberg 2004.

A list of selected of authors:Piaget 1927Piaget , 1970;; Daw 2008;[START_REF] Gallistel | Neurosciences: Kosslyn[END_REF] Goldman 1986; Goswami 2008. 

A list of selected of authors:[START_REF] Katsanevas | Results on neutrino oscillations from an appearance experiment in BEBC[END_REF]Katsanevas , 1993Katsanevas , 1995Katsanevas , 1998;; Goswami 2008; Lampin 2013; Landuzzi 2020;[START_REF] Karam | Introduction of the Thematic Issue on the Interplay of Physics and Mathematics[END_REF][START_REF] Kaur | Teaching Einsteinian physics at schools: part 3, review of research outcomes[END_REF] 

A list of selected of authors: Aristotle 1979; Marcacci 2005, 2005, 2008; and for Aristotelian Physics, Cfr. DiSessa 1982, Crapanzano 2018; McLaren 2013; McGrath 2010, 2012.

A list of selected authors on Albert Einstein[START_REF] Bracco | Epistemology of science: Lakatos 1980[END_REF]: Bracco , 2015: Bracco , 2017[START_REF] Bracco | Epistemology of science: Lakatos 1980[END_REF][START_REF] Clark | History of mathematics: illuminating understanding of school mathematics concepts for prospective mathematics teachers[END_REF] Kennefick 2007 Kennefick , 2019. . 

Cfr. Weber 1960, 1969, 1970; Schutz 1989; Saulson 1994; Bartusiak 1998; Trimble 2017. 

Cfr. Maurines 2003; Sensevy 2002, 2013, 2018; Morellato 2012; Brun 2017; Ligozat 2017; Romero 2017; Guisasola 2005.

A list of selected of authors: Matthews 1992; Carew 2010; Willis 2010; Marcacci 2015a ; Buonomano 2017; Condé 2017.

A list of selected of authors: Aristotle 1979;Kepler 1596Kepler , 1906Kepler , 1929Kepler , 1937;; Newton [1713],1729; [1726; 1739-1742],1687, 1833, 1999; Einstein 1918; De Broglie 1924; Bondi 1957; and Cohen 1994; Russo 2004;[START_REF] Barker | The Science of Harmonics in Classical Greece[END_REF] Elders 2013. 

"Quand nous parlerons donc de la position ou de la vitesse du corps attirant, il s'agira de cette position ou de cette vitesse à l'instant où l'onde gravifique est partie de ce corps; quand nous parlerons de la position ou de la vitesse du corps attiré, il s'agira de cette position ou de cette vitesse à l'instant où ce corps attiré a été atteint par l'onde gravifique émanée de l'autre corps; il est clair que le premier instant est antérieur au second."(Poincaré 1905(Poincaré , p. 1507).

"Mais au-delà de cette longue période d'isolement, de silence, après la mort d'Einstein en 1955, petit à petit la relativité générale va connaître un regain d'intérêt[…]."(Eisenstaedt 1986b, p. 117) 

The Nobel Prize in Physics 1993. Press release. The Royal Swedish Academy of Sciences. NobelPrize.org. https://www.nobelprize.org/prizes/physics/1993/press-release

Press release: The Nobel Prize in Physics 2017. NobelPrize.org. Nobel Media AB 2020. <https://www.nobelprize.org/prizes/physics/2017/press-release/>
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Taking into account my doctoral thesis aims, an incomplete but selected list of authors is: Aubin 2004, Condé 2017, Dhombres

1978, Gatto 1994, Lévy-Leblond 1996[START_REF] Navarro | A History of the Electron: JJ and GP Thomson[END_REF][START_REF] Oliveira | A history of the work concept[END_REF], Pisano 2011, 2012, 2013, 2019, 2020, Duit 1991, Galili 2001, 2008, Maurines 2003, Barbin 2013. 

Taking into account my doctoral thesis' aims, an incomplete but selected list of authors is:[START_REF] Chevallard | La transposition didactique: du savoir savant au savoir enseigné[END_REF], McComas 1998, 

2002, Pisano 2019, 2020, Ploj-Virtic 2009b, 2014, Recami 2011, Rocha 2009, Kouneiher 2005, 2018, Freire 2016, Viennot 1979, 2007. 
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For convenience, the points usually used to measure a wavelength are the two points between crests, troughs or the two zero crossing points (in the same phase).

At this point, it is important to note that electromagnetic waves can only be formed in transverse waves.[START_REF] Wang | Electromagnetic Wave Theory[END_REF] 

Refraction is a phenomenon that has been well understood since Descartes(Malet 1990; Busotti 2013) and that we encounter on a daily basis, in optics, refraction is at the origins of some of the most well-known phenomenon for phantasmagorical reasons: rainbows and mirages.

Not to be confused with the Superposition of states of Quantum Mechanics.

An analogy for this phenomenon would be that just like an object moving through water would distort it and generate waves, matter and energy distort spacetime and generate waves which are a propagation of spacetime itself.

In fact, even if the Moon and the Earth are themselves distorting and producing Gravitational Waves, these ones are so minuscule that they can't be detected. Indeed, in order for us to detect Gravitational Waves, they have to have been produced by extremely massive objects.

Cfr. https://www.britannica.com/biography/Galileo-Galilei

Cfr. https://www.grc.nasa.gov/www/k-12/airplane/newton.html

 

Clifford said: "It is quite simple, merely Euclid without the vicious assumption, but the way things come out of one another is quite lovely.", "What Vesalius was to Galen,

In general, the problem of free motion in elliptic space of n dimensions is identical with that of free motion, or motion about a fixed point, in parabolic space of n+1 dimensions.(Ivi. p. 67) 

Cfr. equations (2.5) and(2.6).

"The Electrician, July 14, p. 277 and July 28, p. 340."

The mathematicians, interested in a group of transformations that transforms itself the quadratic form x²+y²+z²-c²t² (c = speed of light) engaged in elegant44 Le Mémoire sur la dynamique de l'électron, écrit en 1905, restera dans l'histoire du principe de la relativité; le groupe des transformations de Lorentz, qui n'altèrent pas les équations d'un milieu électro magnétique, y apparaît comme la clef de voûte dans la discussion des conditions auxquelles doivent satisfaire les forces dans la nouvelle dynamique. La nécessité de l'introduction dans l'électron de forces supplémentaires, en dehors des forces de liaison est établie, ces forces supplémentaires pouvant être assimilées à une pression qui régnerait à l'extérieur de l'électron. Poincaré montre encore quelles hypothèses on peut faire sur la gravitation pour que le champ grafivique soit affecté par une transformation de Lorentz de la même manière que le champ électromagnétique.On sait l'importance qu'a prise aujourd'hui le principe de la relativité, dont le point de départ est l'impossibilité, proclamée sur la foi de quelques expériences négatives, de mettre en évidence le mouvement de translation uniforme d'un système au moyen d'expériences d'optique ou d'électricité faites à l'intérieur de ce système. En admettant, d'autre part, que les idées de Lorentz et ses équations électromagnétiques sont inattaquables, on a été conduit à regarder comme nécessaire le changement de nos idées sur l'espace et sur le temps; espace et temps (x, y, z et t) n'ont plus leurs transformations séparées et entrent simultanément dans le groupe de Lorentz. La simultanéité de deux phénomènes devient une notion toute relative ; un phénomène peut être antérieur à un autre pour un premier observateur, tandis qu'il lui est postérieur pour un second.

Les mathématiciens, intéressés par un groupe de transformations qui transforment en elle-même la forme quadratique x²+y²+z²-c²t² (c = vitesse de la lumière) se sont livrés à d'élégantes dissertations sur ce sujet et ont sans doute contribué à la popularité du principe de relativité. A d'autres époques, on eût peut-être, avant de rejeter les idées traditionnelles de l'humanité sur l'espace et le temps, passé au crible d'une critique extrêmement sévère les conceptions sur l'éther et la formation des équations de l'électromagnétisme; mais le désir du nouveau ne connaît pas de bornes aujourd'hui. Les objections ne manquent pas cependant, et d'illustres physiciens, comme Lord Kelvin et Ritz, sans parler des vivants, ont émis des doutes très motivés. La Science assurément ne connaît point de dogmes, et il se peut que des expériences positives précises nous forcent un jour à modifier certaines idées devenues notions de sens commun; mais le moment en est-il déjà venu?

Poincaré voyait le danger de ces engouements, et, dans une conférence sur la dynamique nouvelle, il adjurait les professeurs de ne pas jeter le discrédit sur la vieille Mécanique qui a fait ses preuves. [...] Dans tout ce relativisme, il reste un absolu, à savoir la vitesse de la lumière dans le vide, indépendante de l'état de repos ou de mouvement de la source lumineuse. Cet absolu va probablement disparaître, les équations de Lorentz ne représentant plus qu'une première approximation. Les plus grandes difficultés viennent de la gravitation, au point que certains théoriciens de la Physique croient ne pouvoir les lever qu'en attribuant de l'inertie et un poids à l'énergie, d'où en particulier la pesanteur de la lumière.

I would also like to point out the fine work of H. Poincaré, also cited by Rados, relating to the Analysis situs or geometry of situations, a kind of geometry in which we deal with the relative positions of geometric entities, but not with their shapes nor their sizes. The necessity of creating this part of geometry had already been perceived by one of the men to whom the sciences owe the most discoveries, and above all the most original and fruitful views; Leibniz was convinced that the analysis of geometers could not be applied to all questions of natural philosophy.52 (Translation by Philippe Vincent -Appell 1925, pp. 66-67)51 Par quelle singulière coïncidence les conditions de cet équilibre sont-elles toujours les mêmes, quels que soient les corps mis en présence ? les considérations qui précèdent nous le font comprendre, c'est parce que les lois générales de la Dynamique, exprimées par les équations différentielles de Hamilton, s'appliquent à tous les corps.52 Je tiens aussi à signaler les beaux travaux d'H. Poincaré, cités également par Rados, relatifs à l'Analysis situs ou géométrie de situations, sorte de géométrie dans laquelle on s'occupe des positions relatives des êtres géométriques, mais non de leur formes ne de leurs grandeurs. La nécessité de la création de cette partie de la géométrie avait déjà été aperçue par un des hommes à qui les sciences doivent le plus de découvertes, et surtout le plus de vues originales et fécondes ; Leibniz était persuadé que l'analyse des géomètres ne pouvait s'appliquer à toutes les questions de la philosophie naturelle.

On a souvent observé que si tous les corps de l'Univers venaient à se dilater simultanément et dans la même proportion, nous n'aurions aucun moyen de nous en apercevoir, puisque tous nos instruments de mesure grandiraient en même temps que les objets mêmes qu'ils servent à mesurer. Le monde, après cette dilatation, continuerait son train sans que rien vienne nous avertir d'un événement aussi considérable.

[…] Lorentz a cherché à compléter et à modifier son hypothèse de façon à la mettre en concordance avec le postulat de l'impossibilité complète de la détermination du mouvement absolu. C'est ce qu'il a réussi à faire dans son article intitulé Electromagnetic phenomena in a system moving with any velocity smaller than that of light (Proceedings de l'Académie d'Amsterdam,27 mai 1904).L'importance de la question m'a déterminé à la reprendre ; les résultats que j'ai obtenus sont d'accord sur tous les points importants avec ceux de Lorentz ; j'ai été seulement conduit à les modifier et à les compléter dans quelques points de détails.

For the more precise definition of the tems occuring in this theorem, for its proof, and the conclusions which may be drawn therefrom, see PhilosophicalMagazine, Vol. xx. p. I, and Poggendorff's Annalen, Bd. 109, p. 275. 

Lord Kelvin, en 1900, annonçait que deux nuages noirs apparaissaient menaçants à l'horizon de la Physique. L'un de ces nuages représentait les difficultés soulevées par la fameuse expérience de Michelson et Morley qui paraissait incompatible avec les idées alors reçues. Le second nuage représentait l'échec des méthodes de la Mécanique statistique dans le domaine du rayonnement noir ; le théorème de l'équipartition de l'énergie, conséquence rigoureuse de la Mécanique statistique, conduit en effet à une

Cfr. https://www.nobelprize.org/prizes/physics/1921/summary/

L'étude de l'effet photoélectrique souleva une nouvelle énigme. On nomme effet photoélectrique l'expulsion par la matière d'électrons en mouvement sous l'influence d'un rayonnement. L'expérience montre, fait paradoxal, que l'énergie des électrons expulsés dépend de la fréquence du rayonnement excitateur et non de son intensité. M. Einstein, en 1905, a rendu compte de cet étrange phénomène en admettant que la radiation peut être absorbée uniquement par quanta dès lors, si l'électron absorbe l'énergie hv et s'il doit pour sortir de la matière dépenser un travail w son énergie cinétique finale sera hv -w. Cette loi s'est trouvée bien vérifiée. Avec sa profonde intuition, M. Einstein sentit qu'il y avait lieu de revenir en quelque manière à la conception corpusculaire de la lumière et émit l'hypothèse que toute radiation de fréquence v est divisée en atomes d'énergie de valeur hv. Cette hypothèse des quanta de lumière (licht quanten) en opposition avec tous les faits de l'Optique ondulatoire fut jugée trop simpliste et repoussée par la plupart des physiciens. Tandis que MM. Lorentz, Jeans et d'autres lui faisaient de redoutables objections. M. Einstein ripostait en montrant comment l'étude des fluctuations dans le rayonnement noir conduisait aussi à la conception d'une discontinuité de l'énergie radiante

Dans bien des cas, on peut constituer les étalons interférentiels au moyen de pièces de peu de valeur, existant dans le commerce. Les billes d'acier employées pour les roulements de bicyclettes, que l'on trouve à un prix infime et avec une série très variée de diamètres, sont taillées avec une remarquable précision. Si l'on prend au hasard trois de ces billes dans un même lot, il n'est pas rare que leurs diamètres soient identiques à moins de 1 micron près

Ces applications sont déjà extrêmement nombreuses et variées. […]Bien que les principes soient toujours les mêmes on peut, en se plaçant au point de vue pratique, diviser ces applications en deux groupes :1° Celles dans lesquelles les longueurs à mesurer sont très petites […] 2° Les applications dans lesquelles les longueurs à mesurer sont beaucoup plus grandes et se chiffrent par milliers ou même par millions de longueurs d'onde.[…] 

« Si deux ou plusieurs atomes ont des ondes de phase qui se superposent exactement dont on peut dire par suite qu'ils sont transportés par la même onde, leurs mouvements ne pourront plus être considérés comme entièrement indépendants et ces atomes ne pourront plus être traités comme des unités distinctes dans les calculs de probabilité ». Le mouvement de ces atomes « en onde » présenterait donc une sorte de cohérence par suite d'interactions impossibles à préciser[…].

[…] il faut, d'après le principe de l'inertie de l'énergie, lui [l'atome de lumière] attribuer une masse propre :

Broadly speaking, tensors are generalizations of scalars (numbers; no index), vectors (that have exactly one index), and matrices (that have exactly two indices) to an arbitrary number of indices.

Adapted from https://mathworld.wolfram.com

Cfr. Volume 6 of The Collected Papers of Albert Einstein (further ColPap for short); Volume 6 (1996), Doc.24.

Mais Michelson, ayant imaginé une expérience où l'on pouvait mettre en évidence les termes dépendant du carré de l'aberration, ne fut pas plus heureux. Il semble que cette impossibilité de démontrer le mouvement absolu soit une loi générale de la nature. Une explication a été proposée par Lorentz, qui a introduit l'hypothèse d'une contraction de tous les corps dans le sens du mouvement terrestre.(Poincaré 1905(Poincaré , p.1504) ) 

Interview of Bryce DeWitt and Cecile DeWitt-Morette by Kenneth W. Ford on 1995 February 28, Niels Bohr Library & Archives, American Institute of Physics, College Park, MD USA, www.aip.org/history-programs/niels-bohr-library/oral-histories/23199

LIGO-India proposal for an interferometric gravitational-wave observatory: https://dcc.ligo.org/public/0075/M1100296/002/LIGO-India_lw-v2.pdf.

This is similar to what would happen to a laser beam on Earth that was aimed at the Moon. Even if over short distances, the laser beam appears to only shine a point on a wall, after reaching the Moon it would not be as thin as that, but rather a spot with a diameter of several meters.

http://www.virgo-gw.eu/status.html

Cfr.(Kreidberg 2012; Miller 2014).

Also considering effects such as dispersion measure in the interstellar medium (Cfr.[START_REF] Dorimer | A bright millisecond radio burst of extragalactic origin[END_REF].

The Nobel Prize in Physics 2017, NobelPrize.org. Nobel Media AB 2019. Wed. 16 Oct 2019. <https://www.nobelprize.org/prizes/physics/2017/summary/>

A phonon is the analogous elementary vibrational motion counterpart to a photon(Simon 2013, p. 82).

[…] Imaginez vous par exemple que les points, S. E. e. A. sont les centres dont je vous parle, & que toute la matière comprise en l'espace F. G. G. F. est un Ciel qui tourne autour du Soleil marqué S. & toutes celles de l'espace H. G. G. H. un autre qui tourne autour de l'Etoile marquée e. & ainsi des autres : En sorte qu'il y a autant de divers Cieux, comme d'Etoiles déquelles le nombre est indefiny, & que le Firmament n'est autre chose que la superficie sans épaisseur, qui separe tous les Cieux les uns des autres. […](Descartes 1664, p. 115) 

Cfr. https://starchild.gsfc.nasa.gov/docs/StarChild/questions/redshift.html

Wirtz, C. W. 1921, Astronomische Nachrichten, 215, 349 (Cfr. Wirtz 1921, 1921a) 

Slipher, V. M. 1917, Proc. Amer. Phil. Soc., 56, 403 (Cfr. Slipher 1917) 

Cfr. https://www.astronomynotes.com/cosmolgy/s9.htm

Cfr. https://map.gsfc.nasa.gov/mission/sgoals_parameters_geom.html

Cfr. https://map.gsfc.nasa.gov/universe/uni_fate.html

Cfr. https://www.kavlifoundation.org/2014-astrophysics-citation

The weak anthropic principle states that what we can expect to observe must be compatible with the conditions necessary for our presence as observers, otherwise we would not be there to observe it. The strong anthropic principle postulates that the fundamental parameters on which the Universe depends are adjusted so that it allows the birth and development of observers within it at a certain stage of its development.

Cfr. http://www.anthropic-principle.com/

Loosely, a Boltzmann brain is described as part of a thought experiment in which given enough time (a tremendous amount) random quantum fluctuations in the void which can spontaneously generate particles would eventually give rise to the extremely unlikely event of spontaneously generating a complete brain comprising a set of memories of having existed in our world.(Caroll 2017, p. 7) 

These assumptions are assumed valid for the universe in general far from any local disturbances (i.e. in an hypothetical lab in deep space)

Cfr. https://www.youtube.com/watch?v=LYNOGk3ZjFM&

Claude COMIERS, La Nature et présage des Comètes. Ouvrage mathématique, physique, chimique et historique, enrichi des prophéties des derniers siècles, et de la fabrique des grandes lunettes,Lyon, 1665. [pp. 7-74.] 

En fait, si l'on médite sur l'évolution de l'esprit scientifique [6] on décèle bien vite un élan qui va du géométrique plus ou moins visuel à l'abstraction complète.

La science, dans son besoin d'achèvement comme dans son principe, s'oppose absolument à l'opinion [...] On ne peut rien fonder sur l'opinion : il faut d'abord la détruire. Elle est le premier obstacle à surmonter.

[...] the adolescent arrives in the Physics class with empirical knowledge already constituted: it is then a question, not of acquiring an experimental culture, but indeed of changing experimental culture, of overturning the obstacles already piled up by everyday life.(Bachelard 1934, pp. 21-22).

For (amusing) examples:The clever Legend film poster: https://www.theverge.com/2015/9/9/9288009/legend-movie-poster-advertising-is-evil Various examples of missleading graphical representations: https://www.businessinsider.fr/us/fox-news-charts-tricks-data-2012-11 An illustration of correlation vs. causation with ice cream seals and shark attacks: https://qph.fs.quoracdn.net/main-qimg-13d22f6fda3811a9108d18b71c46e933

Cfr. https://www.nobelprize.org/prizes/medicine/2014/summary/

Cfr. http://sites.estvideo.net/gfritsch/doc/rezo-cfa-410.htm

Cfr. https://www.britannica.com/biography/Gilbert-N-Lewis/Chemical-bondingtheory

 164 Cfr.(Gross 2009) 

Cfr. https://www.black-holes.org/explore/movies

Cfr. http://universesandbox.com/

The scientificity/non-scientificity of was self-evaluated by the participants.

Cfr. https://math.unice.fr/~malot/liste-enseignement2.html

Künzli, Rudolf (1994) Didaktik : Modelle der Darstellung, des Umgangs und der Erfahrung, Zurich: Zurich University, Didaktikum Aarau.

Kron, Friedrich W. (1994) Grundwissen Didaktik (2 nd edn), Munich : Ernst Reinhardt Verlag.

Hopmann, Stefan (1988) Lehrplanarbeit als Vervaltungshandeln [Curriculum Work as Administration] Kiel : IPN.

Taking into account my doctoral thesis aims, an incomplete but selected list of authors is:[START_REF] Chevallard | La transposition didactique: du savoir savant au savoir enseigné[END_REF], McComas 1998, 2002, Pisano 2019, 2020, Ploj-Virtic 2009b, 2014, Recami 2011, Rocha 2009, Kouneiher 2005, 2018, Freire 2016, Viennot 1979, 2007. 

Taking into account my doctoral thesis aims, an incomplete but selected list of authors is:[START_REF] Aubin | Quelques tendances actuelles en histoire des mathématiques. A propos de trois livres récents[END_REF], Condé 2017, Dhombres 1978, Gatto 1994, Lévy-Leblond 1996, 

[START_REF] Kuhn | The Structure of Scientific Revolutions[END_REF] The Structure of Scientific Revolutions. The Chicago UniversityPress. Chicago, line 23. 

Philippe Vincent -PhD Thesis 2020

"C'est vraiment génial. Le problème, c'est qu'on essaie de se représenter les choses mais ce n'est pas toujours faisable et donc tout cela paraît moins accessible. Très bien mais ne va pas dans trop de directions à la fois." (Participant 1)

"Cours Très intéressant et bien vulgariser pour un public avec un bagage scientifique assez faible." (Participant 2)

"Contenu clair et très intéressant. Les explications étaient détaillées. J'ai appris beaucoup par ce cours même si je n'ai pas les bases en science." (Marianne Zorzi Della Vedova)

Cfr. https://plato.stanford.edu/index.html

This view, according to which methodology is an empirical science in its turn-a study of the actual behaviour of scientists, or of the actual procedure of 'science'may be described as 'naturalistic'. A naturalistic methodology (sometimes called an 'inductive theory of science'5 187 ) has its value, no doubt.[...] But what I call 'methodology' should not be taken for an empirical science. I do not believe that it is possible to decide, by using the methods of an empirical science, such controversial questions as whether science actually uses a principle of induction or not. And my doubts increase when I remember that what is to be called a 'science' 187 5 Dingler, Physik und Hypothesis, Versuch einer induktiven Wissenschaftslehre, 1921; similarly V. Kraft, Die Grundformen der wissenschaftlichenMethoden, 1925 

Chatfield, C. (1985). The initial examination of data. Journal of the Royal Statistical Society,Series A, 148, 
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PART III HISTORY OF PHYSICS & TEACHING NATURE OF SCIENCE TEACHING (NOS)

Gravitational Waves as Nature of Science Teaching

An Early Modelling of Curricula

The early modelling of the curricula first consisted of general propaedeutic modules/lectures on Nature of Science teachings from which 3 particular modules were designed specifically for NoS teachings of gravitational waves physics and history:

 Each of the modules were designed to be aimed at different levels of audience; respectively Lyceum (Premières et Terminales), Licence Degree and Masters Degree from multidisciplinary courses (C1, C2, C3). Furthermore, each of these modules were designed to specifically put forward one aspect of the Nature of Science. This choice, especially for the first module, was prompted by the necessity for learners to first understand the importance of epistemology. Indeed, there is little to no formal training in epistemology through the course of pupils' education, but this issue is on the way to be addressed. In fact, as Prof. Thierry Fayardat the Centre National d'Études Spatiales (CNES)told me in a conversation, there is a great concern on the subject and there is a recommendation letter for the government being written on this very problem. Moreover, as the learners progress, the difficulty of the modules slightly increases. The following courses are adapted from the works and teachings of my thesis director, Prof. dr. Raffaele Pisano, documents and speeches.

23. Lazare and Sadi Carnot, Father and Son: a Scientific Affiliation History and historiographies: reading texts The thought and contribution of Robert Fox on all the scientific work of Sadi Carnot The contributions of "Sadi Carnot and the rise of thermodynamics" on the science of Sadi Carnot The thought and contribution of Charles Coulston Gillispie on the thermodynamic science of Sadi Carnot Primary sources: reading texts Carnot S (1978) Réflexions sur la puissance motrice du feu sur les machines propres à développer cette puissance, édition critique par Fox Robert. Vrin J, Paris. Carnot S (1978) Recherche d'une formule propre à représenter la puissance motrice de la vapeur d'eau. In: Carnot S 1978, pp. 223-234. Carnot S (1878b) Blanchard, Paris, vol IV, pp. 67-72. Fox R (1971b) The Caloric Theory of Gases: From Lavoisier to Regnault.

The Clarendon Press, Oxford. Fox R (1988) Les Réflexions sur la puissance motrice du feu de Sadi Carnot et la leçon sur leur édition critique. La vie des sciences -Comptes rendus, série générale 5/4:283-301. Gillispie CC (1976) The scientific work of Lazare Carnot, and its influence on that of his son. En: • xxxvi, lv, 131, 177, 178, 180, 194, 228, 273, 440, 441, 443, 457, 464, 472, 502
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