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Résumé xiii

LIMITES DE CHAMP MOYEN EN MECANIQUE QUANTIQUE

Mean-field limits in quantum mechanics

Résumé

Cette thése est consacrée a la dérivation et a 1’étude de différents modeéles non-linéaires en mécanique
quantique. Ces modéles décrivent des systémes & grand nombre de particules dans I'approximation de
champ moyen. Dans une premiére partie, nous étudions la validité de modéles effectifs décrivant un gaz de
bosons dipolaires. Nous montrons que les minimiseurs ainsi que les solutions de I’équation dépendante du
temps sont correctement décrits au premier ordre par la théorie de Gross-Pitaevskii. Pour la dynamique,
nous montrons également que le second ordre est donné par la théorie de Bogoliubov. Nous étudions aussi
la fonctionnelle de Gross-Pitaevskii dipolaire avec un terme de correction quintique prenant en compte
les corrections de Lee-Huang-Yang. La seconde partie de la thése est consacrée a I’étude de limites semi-
classiques pour les grands systémes fermioniques. Nous nous intéressons d’abord & un gaz de fermions
& température positive dans la limite semi-classique et nous montrons que 1’énergie libre, ainsi que les
états de Gibbs approchés, sont donnés par la théorie de Vlasov. Nous étudions ensuite ’énergie d’un
atome lourd dans la limite non-relativiste oit nous calculons le second ordre de son développement, la
correction de Scott, pour le modéle de Dirac-Fock.

Mots clés : variational methods, partial differential equations, spectral theory, mathematical physics,
quantum mechanics, quantum gases

Abstract

This thesis is devoted to the derivation and the study of several non-linear models in quantum mechanics.
These models describe systems consisting of a large number of particles in the mean-field approximation.
In the first part we study the validity of some effective models describing a gas of dipolar bosons. We show
that the ground state as well as the time-evolved solutions are correctly described by the Gross-Pitaevskii
theory, at first order. For the dynamics, we also show that the second order is given by Bogoliubov’s
theory. Moreover, we study a modified Gross-Pitaevskii functional including a quintic term accounting
for the Lee-Huang-Yan corrections. The second part of this thesis is devoted to the study of large
fermionic systems. We first analyse a fermionic gas at positive temperature in the semi-classical limit
and we show that the latter and the approximate Gibbs states are given by Vlasov’s theory. Then, we
study the energy of heavy atoms in the non-relativistic limit where we compute the second term of its
expansion, the Scott correction, for the Dirac-Fock model.

Keywords: méthodes variationnelles, équations aux dérivées partielles, théorie spectrale, physique
mathématique, mécanique quantique, gaz quantique
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Introduction

Cette thése est consacrée a la dérivation, dans 'approximation de champ moyen et depuis les
principes de la mécanique quantique, de plusieurs modéles non-linéaires.

La mécanique quantique prétend décrire ’ensemble du comportement de la matiére a 1’échelle
microscopique. C’est une théorie intrinséquement linéaire pour laquelle il serait possible, a pri-
ori, d’accéder facilement & ses prédictions. Cependant, il devient trés rapidement impossible de
trouver des solutions exactes aux problémes impliquant plus de 3 corps, et pour des systémes
composés d’un trés grand nombre de particules, il est vain d’espérer pouvoir se reposer sur l’outil
informatique. La dimension de I'espace des états & N particules croit généralement de maniére
exponentielle en N. Ce phénoméne est couramment appelé la malédiction de la dimension. Pour
cette raison, il est important de trouver des modéles simplifiés, comportant peu de degrés de
liberté tout en donnant une description au moins qualitative des phénoménes en jeu. Une telle
procédure est souvent appelée réduction de la dimensionalité. Les modéles ainsi dérivés sont qual-
ifiés de ad hoc en opposition aux principes fondamentaux qui sont eux ab initio. Contrairement a
ces derniers, les modéles effectifs sont souvent non-linéaires : c’est 14 une conséquence inéluctable
de la réduction de la dimension. Cette thése s’articule autour de I’étude du Hamiltonien dans

RdN
N

Hy =Y (ihV; + A@)P + V() + A Y wn(z —an), (1)

=1 1<j<k<N

décrivant N particules quantiques évoluant dans R?. Ici A est un potentiel magnétique et V'
un potentiel électrique qui sont ressentis par chaque particule tandis que w est un potentiel
d’interaction et wy = N%w(N".). L’exposant 1 représente le caractére dilué du gaz considéré,
il fera 'objet d’une plus ample discussion dans la suite. Le facteur A est un paramétre de champ
moyen que l'on prendra égal a

1

Il est choisi de telle sorte que les deux sommes dans soient du méme ordre de grandeur N.
Plus précisément nous voulons décrire ’état fondamental de Hy

HyU = AT

ainsi que les solutions a 1’équation d’évolution

10,V = HyW.




2 Introduction

Les systémes de particules quantiques sont divisés en deux familles : les bosons et les fermions.
Les premiers sont décrits par une fonction d’onde ¥ symétrique tandis que les seconds par une
fonction d’onde antisymétrique. Plus précisément, si IV particules indiscernables sont dans un
état représenté par ¥ alors

‘I’(l’l,. . axN) = (il)s(o-)‘ll(xd(lﬁ o ,xa(N))a
Vo € 6({1,...,N}), Vai,...,zx € R?

avec +1 pour les bosons et —1 pour les fermions, o €(0) est la signature de la permutation o.
C’est une simple conséquence de 'indiscernabilité de particules identiques : si IP est la probabilité
de présence des particules alors

P(Ilw"axN) :P(xa(1)7"' axa(N))a

pour toute permutation o et z1,...,zxy € R3 ainsi que de la représentation hilbertienne des
fonctions d’onde. En apparence anodine, cette propriété définit deux types de comportements
trés différents.
Les bosons ont la capacité de "se condenser"”, une telle situation est décrite par une fonction
factorisée
ESETES (2)

L’énergie de cet ansatz est donnée par la fonctionnelle de Gross-Pitaevskii,

ON 1 u®N N —-1)A
W ) >:/ \(ihV+A)u|2+/ Via + DA / wy # [uf?ful?.
N R3 R3 2 R3

Elle fut largement étudiée depuis les années 1970-80 pour décrire la dynamique [Hep74; |Spo81|
et 1’énergie fondamentale [BL83} [LY87; [LNR14].

Les fermions, quant & eux, vérifient le principe d’exclusion de Pauli et les fonctions anti-
symétriques les plus simples sont données par les déterminants de Slater

1
U~ —=det (pi(2;)) = p1 A== Apn

- VN!

ot (p;) C L*(R3) est une famille orthogonale. Les ; s’appellent les orbitales. L’utilisation de
cet ansatz donne le modéle de Hartree-Fock. Cette fonctionnelle fut étudiée dans les années 1970
par Lieb et Simon [LS77a]. Dt au principe de Pauli, les orbitales forment un systéme orthonormé
ce qui impose au terme d’énergie cinétique d’étre d’ordre h2N'*2/¢ comme le montre I'inégalité
de Lieb-Thirring

Y 1+2/d 14+2/d  142/d
<\I/7 Z —A; \I/> > C/Q (pfp”) > C (/Q p$)> Q" TH2 > ONH/D
j=1

ol p‘(l,l)(x) =N Jasno1) |V]?(z,2")da’ est la densité de particules et ¥ € AN H'(Q). Pour obtenir
une limite non triviale quand N — oo, il est donc nécessaire de prendre i ~ N~Y/4. Ce choix
de paramétre pour i peut étre justifié dans certaines situations par changement d’échelle. Les
modéles limites sont celui de Vlasov qui décrit la dynamique et celui de Thomas-Fermi pour
Pénergie fondamentale. Ils furent étudiés respectivement par Braun et Hepp |[BH77| et Lieb et
Simon [LS77b|. Le modeéle de Hartree-Fock est valable dans ce régime mais il converge vers celui
de Vlasov.
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Cette thése est constituée de deux parties : la premiére a pour objet I’étude et la dérivation de
la théorie de Gross-Pitaevskii pour le gaz dipolaire, quant & la seconde nous y étudions des limites
semi-classiques de grand systémes fermioniques. Nous allons maintenant donner une description
sommaire des résultats obtenus par chapitre.

Partie I : Le gaz de bosons dipolaires

Dans la premiére partie, nous étudions la dérivation du modéle de Gross-Pitaevskii pour
des particules dipolaires. Ce modéle décrit I’état commun des particules d’un gaz de bosons en
régime dilué a trés basse température. Cette partie est composée de trois chapitres. La dérivation
de D’énergie et de I'état fondamental fait ’objet du premier chapitre, et celle de 1’évolution
temporelle, du second chapitre. Enfin dans le troisiéme chapitre, nous étudions les minimiseurs
de la fonctionnelle de Gross-Pitaevskii comprenant un terme supplémentaire quintique tenant
compte des corrections de Lee-Huang-Yang.

L’interaction dipolaire est anisotrope et a longue portée, mais la difficulté principale réside
dans le fait qu’elle est partiellement attractive. Les techniques habituelles ne permettent pas de
controler la partie négative du potentiel. Le modéle effectif associé, en plus du terme d’interaction
ponctuel, comprend un terme non-local tenant compte de la longue portée de 'interaction. Le gaz
d’atomes dipolaires fait ’objet d’une grande attention en physique expérimentale et en physique
théorique ot de multiples propriétés exotiques sont attendues. Il a été récemment observé que
le spectre d’excitation d’un gaz d’atomes d’erbium comporte un minimum local connu sous le
nom de roton [CBPF+18|. Ce concept fut introduit par Landau pour expliquer le caractére
superfluide de I'helium.

Chapitre 1 : L’énergie fondamentale d’un _gaz de bosons dipolaires. Dans ce premier
chapitre, nous considérons le hamiltonien Hy agissant sur ®iv L?(R3) et nous prenons h =
1,A = N~! 1 > 0 (les hypothéses précises sur 7 seront données ultérieurement), V(z) — oo
quand |z| — oo et

w = wo + bl |y 5 g K 3)

ou R,b >0, wy € L*(R3) et K est le potentiel dipolaire défini par

1 —3cos?(6
K(o) = -

avec cos(f,) = x - /||, ot @ € R? est un vecteur unitaire fixé. C’est le potentiel d’interaction
entre deux dipoles alignés dans la direction 7. Nous montrons que 1’énergie fondamentale et les
minimiseurs approchés sont donnés par le minimum et les minimiseurs de la fonctionnelle de
Gross-Pitaevskii dipolaire

- b
e = [ 16V + P+ [ Vi g [l g [ K equPp
R3 R3 2 Jps 2 Jps

ol @ = [ps wo. Plus précisément, si ey = inf o(Hy /N) alors nous montrons

. o . dip
]\}lm ey = inf  Eqp(u)
o0 Js [ul2=1
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et que les minimiseurs approchés (U, Hy¥ ) < Ney + o(N) vérifient

|WNMWNL:/a”u®N>w®anmm

ol M est ’ensemble des minimiseurs de £ et u est une mesure de probabilité sur cet ensemble.
Le sens précis de cette approximation sera expliqué dans la suite. Les techniques utilisées re-
posent sur des méthodes développées dans [LNR15a|, notamment 'utilisation des théorémes de
de Finetti en mécanique quantique.

Chapitre 2 : La dynamique d’un gaz de bosons dipolaires. Ici nous considérons a
nouveau le hamiltonien Hp, toujours en prenant 7 = 1,A = N~! et w donné par (3) mais
A =V = 0. Nous étudions I’évolution temporelle de la fonction d’onde ¥ solution de I’équation
de Schrodinger
{ i0,VUN(t) = Hy V()
Un(0) = Vo N
avec
Uon =uNpo +u®N 1 @, 01 +uBN 2@, 00 + .+ N

ol py, € ®§{U}J‘ pour tout k > 0. La fonction u représente le condensat tandis que les fonctions
pr sont des excitations. Nous montrons que dans la limite N — oo cette évolution est donnée
par

Un(t) = ut)®N oo (t) +u®)®V 7t @4 01 (1) + u(t)®V 72 @4 pa(t) + ... + on (1)

ol u(t) est solution de I’équation de Gross-Pitaevskii
i0u(t) = (—A + alu(t)|® + 0K * [u(t)[*)u(t),
et I’évolution des excitations est donnée par I’équation de Bogoliubov
10, @ (t) = H(t)P(¢)

ot ®(t) = @P,—, pr(t) et H(t) est le hamiltonien de Bogoliubov dont on donnera la définition
ultérieurement. La preuve de ce résultat utilise des techniques développées dans [LNSS13; [LNS15;
NN17.

Chapitre 3 : La fonctionnelle de Gross-Pitaevskii dipolaire quintique Dans ce chapitre
nous analysons l'existence de minimiseurs pour la fonctionnelle de Gross-Pitaevskii dipolaire
quintique. Elle est donnée par la formule suivante

1 b
alw) = [ Va5 [ jult g [ KeluPll s [ P,
R3 2 Jgs 2 Jgs R3

ol u vérifie la contrainte [ps lu> = A > 0. Le dernier terme rend la fonctionnelle &, bornée
inférieurement pour tout choix de b, il permet de tenir compte des corrections dites de Lee-
Huang-Yang (LHY). La minimisation de &, est utilisée dans la littérature physique pour décrire
un état méta-stable dans le régime habituellement instable ot le potentiel dipolaire domine
linteraction a courte portée répulsive. Nous montrons 'existence d’une masse critique A.(b) telle
que l'existence de minimiseur soit équivalente & A > A\.(b). Nous montrons aussi la régularité de
ces minimiseurs.
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Partie II : Limites semi-classiques de grands systémes fermioniques

Le comportement des fermions est entiérement différent de celui des bosons. Le principe
d’exclusion de Pauli, qui se traduit par I’anti-symétrie de la fonction d’onde, contraint 1’énergie
cinétique a croitre comme N'*2/? oit N est le nombre de particules. On note /\iv L*(R?) C
L2(R®)®N Pespace des fonctions d’onde antisymétriques. Pour obtenir une limite finie, en plus
de prendre A ~ N—! dans le hamiltonien Hy comme précédemment pour les bosons, il est
aussi nécessaire que i ~ N~2/¢. Ce dernier paramétre définit le régime semi-classique dans lequel
on décompose Pespace des phases en petits cubes de taille v/A. Cette heuristique sera rendue

rigoureuse plus loin dans cette introduction.

Chapitre 4 : Limite semi-classique de grands systémes fermioniques a température
positive Ce chapitre présente un travail réalisé en collaboration avec Mathieu Lewin et Peter
Madsen ou ’on étudie un gaz de fermions dans un potentiel confinant & température positive en
régime semi-classique. Ce travail est la continuation de ’étude du méme systéme a température
nulle [FLS18|. Nous partons & nouveau du hamiltonien Hy et nous considérons I’énergie libre
dans ’ensemble canonique

1

N,h

oy (T) =Tr (Hnpl') + 3 Tr(I'logT),

ou B > 0 est la température inverse et 0 < I' est un opérateur, appelé matrice densité, sur
/\iv L2(R?) vérifiant TrT' = 1. Cet opérateur I' est la généralisation de la fonction d’onde a
température positive, en effet celui-ci peut se décomposer comme

D= X0 (]

jz1

ou U; e AY L2(R3), \; > 0 pour tout et j > 1 et >_j>1Aj = 1. Le Hamiltonien Hy est donné
par ou 'on prend pour simplifier cette introduction 7 = 0 mais nous traitons aussi le cas
dilué n > 0 comme nous ’expliquerons plus loin.

Le minimiseur de ce probléme est donnée par I'n p g = Z —le=BHN.1 o1 Z est une constante
de normalisation appelée fonction de partition. Nous montrons que les minimiseurs approchés
'y vérifient

Ty o~ m&N (4)

quand N — oo, AN — 1 et hYN — p > 0 et oi mg est la mesure sur I’espace des phases
L?(R? x R?) qui minimise la fonctionnelle de Vlasov

it m = o [, (4 AP 4V @) m o) dray

* %p//R w(z = y) pm (2) pm (y) dz dy

# iy MLt ) ap

ou 0 < m < 1 vérifie (2m)~% [[os, gsm = p et s(z) = zlogz + (1 — x)log(l — x) est 'entropie
fermionique. La contrainte ponctuelle sur m et la forme de ’entropie sont ce qu’il reste, a la
limite, de la nature fermionique des systémes initiaux, autrement dit du principe de Pauli. Ce
modeéle est utilisé pour décrire des atomes lourds ou encore les étoiles & neutron.
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Chapitre 5 : La correction de Scott pour le modéle de Dirac-Fock Ce dernier chapitre
est la présentation d’un travail réalisé en collaboration avec Sgren Fournais et Mathieu Lewin.
Nous donnons la dérivation de la correction de Scott pour le modéle de Dirac-Fock.
Considérons le hamiltonien Hy avec A =0, V(z) = N/|z|, w(z) =1/]z|,n=0, A =1 et
h? = 1/2. Le premier ordre est donné par la trés célébre théorie de Thomas-Fermi qui fut dérivée
des premiers principes par Lieb et Simon dans les année 1970 |[LS73; [LS77aj; [LS77b; [Lie81a] :

1
E(N,Z=N) =erpZ7/3 + 5Z2 +0(N?),

ou etp est I’énergie de Thomas-Fermi et est définie par

: 3 0 2\2 p(z) 1 // p()p(y)
— el 3 de — 22 d — ———=dxdy .
e miy {5507 [owiar — [ B8 v g ] G0 deay

w3 P=1
Le second terme est appelé la correction de Scott. Cette derniére est créée par un petit nombre
d’électrons proches de la singularité du potentiel coulombien & ’origine ot se trouve le noyau. Ces
électrons ont par conséquent une trés grande vitesse, il n’est donc pas satisfaisant de les considérer
comme des particules non-relativistes. Pour cela, nous considérons ce nouveau Hamiltonien

N

VA 1
Sfeaprcs-Z @) v L o)
; || : lzj — ]
J=1 J

1<j<k<N

wlot

oll c est la vitesse de la lumiére. L’opérateur Dy := ca-p+c?3 est non borné inférieurement, son
spectre est donné par o(Dg) =] — 0o, —1] U [1, 00 et une des conséquences est que 'opérateur a
de Dirac & N corps (48]) n’est pas bien défini pour I'interaction coulombienne. Pour cette raison,
nous considérons directement la fonctionnelle de Dirac-Fock réduite

1
— v+ 55 D(pys py)

Epr(y) = Tr(Do — 5N

1
|z
ot py(x) = y(x,z). La matrice densité v vérifie 0 < v < 1, Try < N ainsi que la contrainte

non-linéaire suivante

OS’yS]l(DO—H—i—ap,y*l).

|| ||

Cette derniére s’interpréte comme le fait que ’espace d’état des électrons correspond au sous-
espace d’énergies positives de 'opérateur de Dirac. Ici nous avons choisi de prendre ’espace
d’énergies positives de 'opérateur de Dirac-Coulomb auquel est ajouté le champ moyen créé par
les électrons eux-mémes. Précédemment, des modéles avec les projecteurs associés a ’opérateur
de Dirac libre et a 'opérateur de Dirac-Coulomb ont été étudiés. Nous montrons que dans la
limite N — oo et alN — 1, la correction de Scott du modéle de Dirac-Fock coincide avec celle
donnée par le modéle de Dirac-Coulomb

(2 K A &
Cseort () = +n§>:1 {An (Do T 1) —An (—2 - |x|>}

ot les ), sont les valeurs propres dans [—2,0] de lopérateur entre parenthéses, répétées en cas
de multiplicité, et dans 'ordre croissant.
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Avant de passer a une présentation plus en profondeur de ces différentes parties, nous syn-
thétisons les différentes situations évoquées jusqu’ici par le schéma suivant.

Equation de Schrédinger
Hy = Z ik + A(z;) > + V(z;) + A Z w(z; — o)

j=1 1<j<k<N

.......
- ..,

Hartree-Fock

‘., r
.......

Bogoliubov Gross-Pitaevskii

o= (¢07¢17 ) u € L2(Rd) m ELl(Rd X Rd)
(2éme ordre) (ler ordre) 0<m<1
Bosons Fermions

Figure 1 — Les différents régimes et les modéles effectifs associés

Nous passons maintenant & une présentation plus détaillée des résultats ainsi que du con-
texte dans lequel ils se placent. Dans la [partie ]| nous regroupons les travaux concernant les gaz
de bosons. Nous débutons par une introduction & la théorie de Gross-Pitaevskii suivie d’une
discussion sur la stabilité des systémes de particules dipolaires. Ensuite nous présentons succes-
sivement, les résultats des chapitres 1, 2 et 3 de la thése concernant respectivement la dérivation
de I’énergie fondamentale, de la dynamique et I'étude de la fonctionnelle de Gross-Pitaevskii
dipolaire avec corrections de Lee-Huang-Yang. La [partie II] concerne nos travaux sur les limites
semi-classiques de grands systémes fermioniques. Plus précisément nous donnons d’abord les
résultats obtenus au chapitre 4 sur les limites semi-classiques & température positive ainsi que
ceux obtenus au chapitre 5 sur la correction de Scott pour le modéle de Dirac-Fock.
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I. Condensation de Bose-Einstein : la théorie de Gross-Pitaevskii

La condensation de Bose-Einstein est un phénoméne quantique ot dans un gaz de bosons, en-
decga d’une température critique, un état particulier est occupé par une proportion macroscopique
des particules et tend & contenir I’ensemble des particules quand la température continue de
décroitre. Il fut prédit par Bose pour les photons et généralisé par Einstein pour un gaz de
particules idéales, c’est-a-dire sans interaction. Comme expliqué précédemment, la fonction
d’onde d’un systéme bosonique est, par définition, invariante par permutation des particules.

\I/(,Tl,...,LL'N) = \I’(Sﬁ'o(l),"' ,.TU(N)), Vo € 6({1,,]\[})

Pour un systéme sans interaction, ot le hamiltonien d’une particule est h, ’énergie et 1’état
fondamentaux du Hamiltonien & N corps

N
Zn®---®h®...n
j=1

ou dans le j™°¢ terme de la somme h apparait en j™€¢ position, sont donnés respectivement
par NAg et ¥ = (?N ou A9 = info(h) et 1y le vecteur propre associé (en supposant Ao non
dégénérée). Mais qu’en est-il dans les systémes réels ol les particules interagissent (faiblement)
et sont corrélées 7 Dans les années 1960, on calcule par des méthodes perturbatives des modéles
décrivant le gaz avec interaction, en particulier I’équation de Gross-Pitaevskii qui est I'objet de
notre étude. Mais il a fallu attendre 1995 et ’expérience de Cornell et Wieman [AEMWC95|, pour
observer pour la premiére fois un condensat d’atomes de Rubidium. Outre ’exploit expérimental
et Pattribution du prix Nobel de Physique a ses auteurs, cette expérience est une victoire pour
la mécanique quantique fondamentale qui voit ses prédictions validées. Elle crée aussi un regain
d’intérét dans la communauté mathématique pour la dérivation & partir des premiers principes
de modeles effectifs déja utilisés dans la communauté physique. Dés 1998, Lieb et Yngvason
obtiennent de maniére rigoureuse ’expression de 1’énergie fondamentale d’un condensat de Bose-
Einstein [LY98] améliorant le résultat de Dyson [Dys57] qui donnait une borne inférieure du bon
ordre de grandeur mais trop petite d’un facteur 14. Il s’ensuit un engouement trés fort et une
quantité trés importante de travaux sur la dérivation du modéle de Gross-Pitaevskii et du modéle
de Bogoliubov, qui décrivent respectivement le premier et le second ordre d’un gaz de bosons.
Parmi les problématiques usuelles, on peut citer la dérivation de ’énergie fondamentale, de I’état
fondamental ou des minimiseurs approchés, la description de I’évolution temporelle ou encore le
calcul du spectre d’excitation.

I.1 Le modéle de Gross-Pitaevskii

Considérons un gaz de N bosons soumis & un potentiel confinant V : R® — R, tel que
V(z) — oo quand |z| — oo et interagissant via un potentiel w : R® — R. Le hamiltonien du
systéme est le suivant

N
Hy :Z_ij +V(.Z‘J)+/\ Z ’LU(.’E]' —gjk), (6)

1<j<k<N

ou A est un paramétre de couplage. Il agit sur \/;V:1 L?(R3), le produit tensoriel symétrique de N
copies de L2(R3). Un état totalement condensé est de la forme ¥ = u®" ot u est une fonction
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d’onde & un corps dans L?(R?), son énergie par particule est donnée par 1’énergie de Hartree

u®N Hyu®N N -1\
(e v ) :/W|vu|2+/wvu|2+(2)/ng*|u|2|u2 = Etarree (). (7)

Il apparait qu’une condition nécessaire a ce que la quantité ci-dessus posséde une limite quand
le nombre de particules N croit est de choisir

A~ N’
c’est Iapproximation de champ moyen. Cet artefact mathématique peut néanmoins trouver
sa justification en invoquant des arguments de dilatations de l'espace, par exemple si w est le
potentiel coulombien. Dans ce régime, dit de Hartree, la distance interparticulaire moyenne
N—1/3 est beaucoup plus petite que la portée de l'interaction qui est d’ordre 1 : les collisions
sont fréquentes mais de faible intensité a cause du facteur A.

Dans le régime dilué, ou régime de Gross-Pitaevskii, les particules interagissent plus rarement
mais fortement. Cela est modélisé en dilatant le potentiel d’interaction

wy(x—y) = NSw(N(x —v)).

Remarquons tout d’abord que cette dilatation préserve la norme L!(R3). La portée de I'interaction
est alors d’ordre N~!, ce qui est petit comparé a la distance moyenne entre les particules. In-
sérons ce potentiel modifié dans la fonctionnelle de Hartree et prenons la limite N — oo, on
obtient alors la fonctionnelle de Gross-Pitaevskii :

a
Eap(u) ::/ |Vu|2+/ V|u|2 + 5/ |u|4,
R3 R3 R3

olla= fR3 w. En réalité, le gaz de bosons en interaction ne se comporte pas exactement comme
u®N et en conséquence la constante a apparaissant dans les modéles physiques n’est pas ng w
mais la longueur de diffusion du potentiel w qui est strictement plus petite [LSSY05].

Enfin, il existe une classe d’interpolation entre ces deux régimes que ’on peut paramétrer par
0 < B <1, en prenant
wn (2 —y) = N¥w(N(z - y)).

11 est suspecté (et parfois établi) que tant que 8 < 1, le paramétre a devant le terme d’interaction
dans E9T est donné par [y, w.

La théorie de Gross-Pitaevskii prétend prédire 1’énergie fondamentale

—info (N
enN ‘=1l o W ,

HyVUpy = NeyUy,

I’état fondamental

ainsi que 1’évolution temporelle d’un condensat de Bose-Einstein
10 Un(t) = HNUN(). (8)

Supposons que le potentiel d’interaction soit donné par wy et que A ~ N~! dans @ Les
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problématiques suivantes ont fait ’objet d’'une grande attention dans la littérature. Nous les
rappelons avant d’expliquer en quoi nous voulons les généraliser.

1. Montrer que
lim ey = inf E9F(u).
NN = e, 6 )
2. Montrer que si (Uy) est une suite de minimiseurs approchés, c’est-a-dire

<\I/N,HN\I/N> < Neyn —|—O(]\/v)7

alors

lim TI‘Q_)N |\I/N><\I/N| = |UO><U0|,
N—oc0

ou Tro_, v est la trace partielle sur toutes les variables sauf une et ug est le minimiseur de
ECP,
3. Montrer que si
Troon [Wn (0))(Wn (0)] = [u(0))(u(0)] 4 o(1)

pour un certain u(0) € H'(R?) en norme de trace (par exemple), alors
Tron [N () (YN ()] = [u(t))(u(t)] + o(1)

ot respectivement Wy (t) est solution de I’équation de Schrédinger (8]) et u(t) est la solution
a I’équation de Gross-Pitaevskii

iOpu(t) = (A +V +alu(t)®) u(t).

4. Donner une description dans L?(R*") de la fonction d’onde Wy ().

La trace partielle intervenant dans ces énoncés est la bonne maniére de comparer ¥ a u. Une
compréhension plus fine de u (question 4) est plus délicate.

1.2 L’interaction dipolaire

Pour le moment, nous sommes resté assez vague sur les hypothéses concernant le potentiel
d’interaction w. L’heuristique que l'on vient de présenter pour justifier la pertinence de Egp
supposait tout de méme w € L' (R?) de sorte que wy * |ul* = ([zs w)|u|?. Dans le régime dilué,
si le potentiel d’interaction est & courte portée il devient & la limite une interaction de contact.
L’objet de notre travail a été d’étendre les résultats mentionnés dans la partie précédente au cas
de particules dipolaires. Rappelons que le potentiel d’interaction entre deux dipoles alignés dans
la méme direction, fixée par 77 € R3, est donné par

K(z) = 1_3|(;(|)§(9f”)7 (9)

ott cos(6,) = z-i/|z|. Remarquons dans un premier temps que ce potentiel n’est pas dans L!(R?)
et que la dilatation appliquée précédemment a w laisse K invariant. En réalité, I’expression ci-
dessus est ’approximation au premier ordre d’un systéme de 4 charges coulombiennes, constituant
les dipoles, quand les dipoles sont éloignés d’une distance grande devant leur taille. Pour cette
raison, nous nous intéressons aux potentiels donnés de la forme

w = wo + 1> K(x) (10)
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ot wy € LY(R3) N L2(R?) et ott R > 0 est choisi arbitrairement. La fonctionnelle de Hartree pour
ce nouveau potentiel converge vers la fonctionnelle de Gross-Pitaevskii généralisée (ou dipolaire)

£4R (1) = /IWM+/FVWF+?/MM /'K*wum2 (11)
R3 R3 2

ol b est un paramétre qui dans les modéles physiques est proportionnel au carré du moment des
dipoles. On remarquera que la fonctionnelle limite ne dépend pas du choix de R > 0, ceci est di
au fait que

/82(1 —3cos?(0,))do(x) =0

et que la partie L' (& courte portée) du potentiel se réduit, & la limite, & fR3 wo dans le régime
considéré. Ce potentiel ne satisfait pas aux hypothéses habituellement utilisées dans la littérature
mathématique. Tout d’abord, ni le potentiel K, ni le potentiel tronqué 1 ,~rK, ne sont inté-
grables. Par ailleurs, le potentiel total w est partiellement attractif et cela complique I’analyse
mathématique mais est aussi & 1'origine des propriétés atypiques du gaz dipolaire.

Malgré la non intégrabilité du potentiel dipolaire, la convolution par K est une opération
continue dans tous les LP(R3) pour 1 < p < co. En particulier, pour p = 2, elle est unitairement
équivalente & la multiplication par une fonction bornée, autrement dit K € L>(R3).

Une seconde difficulté, et beaucoup plus grande, provient de la nature attractive de 'interaction.
Elle met en jeu la stabilité du systéme. En effet, il est non trivial de montrer que pour un potentiel
non positif w, il existe une constante C' > 0, indépendante de N, telle que

Hy > —CN. (12)

Cette condition est en particulier nécessaire pour espérer pouvoir obtenir la fonctionnelle de
Gross-Pitaevskii 8dlp a la limite. La propriété ci-dessus est en réalité trés importante car elle
garantit que l’énergie cinétique par particule reste bornée. En plus d’étre une condition physique
raisonnable, cela permet, d’'un point de vue mathématique, de montrer la compacité des suites
minimisantes.

Les systémes coulombiens, méme entre particules de charges opposées, sont naturellement
treés stables. Cela s’explique par la positivité de la transformée de Fourier de 1/|z| :

7 () 0= g 20

En effet, remplacons pour simplifier 1/|x| par un potentiel plus lisse 0 < @ € L'(R?), ce qui
revient & enlever la singularité a ’'origine, alors le potentiel d’interaction de N particules, posi-
tionnées en x1,...,xx € R, de charges respectives ey, ...,ex € {£1} est donné par

2
N
Z ejekw(:cj—xk)z/ w(p) Zeip'zj dp — w(0)N
R3 =

1<j<k<N

Un tel potentiel vérifie la propriété suivante, que 'on nomme stabilité classique,

Z w(z; —x) > —CN, (13)

1<j<k<N

pour une certaine constante C' > 0 indépendante de N. Malgré les N(N — 1) termes dans la
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sommes ci-dessus, celle-ci ne peut diverger vers —oo qu’au plus proportionnellement & N. Un
exemple simple de potentiel classiquement stable est donné par w = wy + wg ou wy; > 0 et
0 < wy € LY(R3).

Comme énoncé précédemment, le potentiel dipolaire est I’approximation au premier ordre
d’un systéme coulombien. Il est donc naturel de considérer des potentiels wq tels que le poten-
tiel défini par soit classiquement stable. Nous montrerons que, sous certaines hypothéses
génériques sur wy, le potentiel w est en effet classiquement stable.

Dans le régime qui nous intéresse, oil le potentiel apparaissant dans le Hamiltonien Hy est
wy = N3Bw(N?.), 1a stabilité classique de w assure la stabilité du second type pour 8 < 1/3.
Nous montrerons qu'un systéme confiné est stable pour des valeurs de 8 légérement supérieures.

1.3 La dérivation de la théorie de Gross-Pitaevskii pour ’énergie fonda-
mentale

Dans cette section nous présentons les résultats obtenus dans le [Chapitre 1] et qui font 1'objet
de la publication [Trilg|.

L’originalité de notre travail consiste a étudier la dérivation de la théorie de Gross-Pitaevskii
pour une classe particuliére de potentiels & longue portée, dont le potentiel dipolaire défini en
@ est un cas particulier. Nous commencons par définir cette classe, soit ¢ > 1 et Q € L9(S?)
une fonction paire vérifiant

/s2 Qz)do(x) =0, (14)

on définit Q
K(z) = %!f) (15)

Alors pour tout f € LP(R3?), pour tout p €]1,00] il existe une constante C,, > 0 telle que pour
tout € > 0
[(KLjz5e) * fllems) < CpllQUlpags2) |fll e re)

et pour presque tout = € R? la limite suivante existe
lim (K1 )y5.) * f(z) = K f(x).
e—0

On a aussi
1 * fllzorsy < CpllQlpase) | £l e rs)-

En particulier K € L (R3).

Nous pouvons maintenant présenter notre premier résultat sur les propriétés de la fonction-
nelle de Gross-Pitaevskii généralisée. Pour le cas dipolaire, elle a déja fait 'objet de travaux
théoriques et numériques [CMS08; BCW10; | BAC12; (CH15a]. Le théoréme suivant est donc
une généralisation aux potentiels de la forme . Nous commencons par quelques définitions.
Pour a,b € R, V € Ll (R3) et A € L} _(R3), définissons la fonctionnelle de Gross-Pitaevskii
généralisée (ou dipolaire)

b
eof = [ 1o+ A+ [ viePad [ ite g [ KepPal, (0
R3 R3 R3 R3
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ainsi que son énergie fondamentale

ecp(a,b) = i i‘glgzlfﬁf(u)-

Le premier résultat du est le suivant.

Théoréme 1 (Minimisation de la fonctionnelle de Gross-Pitaevskii généralisée, |Tril8]). Soient
VelLl (R, Ae L2 (R®) tels qu'il existe s, C > 0 tel que V(z) > C~Y(|A(z)|? + |z|*) — C.

loc loc

1. S N
b>0eta >b(inf K)_,
ou (17)
b<Oeta >—b(supK)y,,

alors egp(a,b) > —oo et ECL posséde des minimiseurs.

2. 5 ~
b>0anda <b(infK)_,
ou (18)
b<0anda < —b(supK)y,
alors egp(a,b) = —c0.

Ce résultat donne une caractérisation de la stabilité de ng;, il faut que l'interaction a courte

portée soit suffisamment répulsive pour contrebalancer ’attraction due aux dipoles. En fait,
cette condition de stabilité est comparable & la stabilité classique du probléme & N corps.
Considérons la fonctionnelle de Hartree 7 avec wy, qui est ’énergie par particule d'un état
entiérement factorisé u®" pour v € H* (R3) et fournit par conséquence une borne supérieure a
I’énergie fondamentale du probléme & N corps. Par un argument de dilatation, on observe que
la stabilité de la fonctionnelle de Hartree équivaut a

//R?)X]R3 w(x — y)|u(ac)|2|u(y)|2dx dy >0, VYuce Hl(R3). (19)

Cette condition se déduit de stabilité classique en testant avec u® et en prenant la limite
N — co. Réciproquement, si w(0) < oo, on peut retrouver a partir de en prenant

N
(@) =Y AT @ - wy)

dans , ou f est une fonction C*° & support compact, et en passant a la limite A — 0. Pour
conclure, en prenant dans 1' la fonction A3/ 2u(A71) et en passant & la limite A — oo on
retrouve la condition de stabilité du Théoréme [I1

Considérons le Hamiltonien

N
Hy = Z iV + A(z;)|* + V(z;) + % Z N3¥w(NP(x; — x1)). (20)

j=1 1<j<k<N

Le résultat principal du est le suivant.
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Théoréme 2 (Dérivation de la théorie de Gross-Pitaevskii dipolaire, |Tri18|). Soit A € L? (R?)
et 0 <V e L} _(R3) tels que

loc
Viz) > C_l(\A(x)|2 +1z]°)-C, Vze R3.

Soit K = Q(z/]x])|z|3 avec Q € LI(S?), ou q > 2, une fonction paire vérifiant . Soit w,
R >0 etbeR, tels que
w— bl s g K € L'(R*) N L*(R?).

Nous supposons que w est classiquement stable .

Si 1
s
-t 21
<3t Brms (21)
alors
lim EN = 6(;'13(CL7 b), (22)
N—oo
ot

a= /]R3 (w(z) — b1y > g K (2)) da.
De plus, a et b vérifient la condition .

Nous montrons aussi la convergence des minimiseurs qui est en fait une conséquence de la
convergence de l'énergie fondamentale. Toutes les particules ne sont pas dans le méme état
up € L?(R?) mais seulement une proportion macroscopique d’entre elles. De plus, ¥y € H®N
n’est pas dans le méme espace pour tout N > 1. Pour ces raisons, nous exprimons la convergence
des minimiseurs en terme des traces partielles qui sont I’équivalent quantique des marginales pour
les probabilités classiques. Nous notons ’yl(l,k) = Trpr1-n |P) (P| la matrice densité a k corps de
U, elle est définie par dualité

Tryeon (m@) — (U, A 1y 0,

pour tout opérateur borné A sur H®sF.

Theorem 3 (Convergence des états, [Tril8]). Sous les hypothéses du Théoréme[d, si (¥ ) est
une suite de minimiseurs, alors il existe une mesure de probabilité de Borel u supportée sur
Mep(a,b), Uensemble des minimiseurs de Eg’fg, et une sous-suite (N') telle que,

’Y\(I,’“Ji, — / \u®k><u®k‘dy(u), Vk > 1, (23)

. . cab . . L
ot la convergence est en norme de trace. De plus, si E5p posséde un unique minimiseur alors la

suite (fy,(l,kj\)])N converge entiérement dans .

La méthode utilisée pour prouver le Théoréme [2| utilise le résultat suivant de [LNR17], ini-
tialement prouvé par [CKMRO7]. Tout d’abord notons ’y\(I,k) = Tri+1-n |¥) (] la matrice densité

dordre k de U € HN := @2 L2(R3), pour k > 1.

Théoréme 4 (Théoréme de de Finetti quantique en dimension finie avec estimée, [LNR17]).
Soit U € HN et P un projecteur orthogonal de rang fini. Alors, il existe une mesure de Borel
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positive dug sur la sphére unité SPH telle que

im P
To [ PP = [ ) 0 dpe )| < SR
SPH N

2
/ dpa (u) > (Teréfl)) :
SPH

Les théorémes de de Finetti nous indiquent que les états bosoniques, quand le nombre de
particules est grand, convergent naturellement vers des moyennes d’états produits. Pour une
revue de 'utilisation de ces théorémes en mécanique des atomes ultra-froids, le lecteur est invité
a lire [Roulbb|. Le Théoréme [4| donne une estimée sur la distance entre la matrice densité a
deux corps d’un état & N particules et une combinaison convexe d’états produits. Ainsi, en
reformulant

(YNHNYN)

1 . .
o = 5 T g, (1Y + A@)P + V(@) + iV, + AW + V() + NP w(N° (@ - y))

2

il ne reste plus qu’a projeter 7\(1,22, ~ P®2'y\1,) P®? gur un sous-espace de dimension finie pour

N
pouvoir appliquer le Théoréme Un choix naturel de projecteur est P = 1(_o 1y(|iV,+A(x) 2+
V(x)) et L > 0, puisqu’il est raisonnable de supposer que I’énergie cinétique des particules reste
bornée. Puisque l'opérateur |iV, + A(z)]? + V(z) est a résolvante compacte, le seul défaut de
compacité pour les suites minimisantes provient du terme d’interaction. Cet éventuel défaut de
compacité permettrait au systéme de vivre sur un grand espace, obligeant & choisir un niveau
d’énergie L grand, et affaiblissant ’estimée . Ceci souligne I'importance de I’hypothése de

stabilité classique .

I.4 Théorie de Gross-Pitaevsii et de Bogolyubov : dérivation de la dy-
namique

Cette section présente les résultats de D'article soumis [Tril9a| et faisant 'objet du |[Chapitre

Nous considérons I’évolution temporelle de N particules dipolaires décrites par une fonction
d’onde Wy (t) € @Y L2(R?) vérifiant I'équation de Schrodinger

0,0 (t) = Hy Uy (2), (25)

ou le Hamiltonien est donné par

N
1
Hy = ZA] + NZ’U}N(IC]' —xk)
j=1 j<k

ot wy = N*¥w(NP.), w—bl,>prK € L*(R*)NL*(R?), R>0et 0 < B < 1.

Nous nous intéressons a la validité de la théorie de Gross-Pitaevskii et de celle de Bogolyubov.
Elles prétendent décrire respectivement le premier et le second ordre de I’évolution temporelle de
la fonction d’onde d’un gaz condensé ¥ y (t). De maniére heuristique, si le systéme est & 'instant
initial dans I'état ¥ (0) ~ u(0)® pour un certain u € H'(R?), nous voulons montrer que cette
factorisation est préservée au premier ordre par I’équation de Schrédinger C U (t) 2 u(t)®N
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ot u(0) = up est u(t,x) vérifie 'équation de Gross-Pitaevskii
iOpu(t) = (—A + alu(t)]® + bK * [u(t)?) u(?).

Une maniére rigoureuse de formuler cette approximation est d’estimer la distance en norme de
trace entre la matrice densité réduite a 1 corps de Uy (t) et le projecteur orthogonal |u(t)) (u(t)]|

Iv$) — Ju(®)) ()] |ls, < C(t)e(N)

ot (N) — 0 quand N — oo. Nous rappelons que pour p > 1, 'espace de Schatten &,, est défini
ainsi

&, = {4 5. Iale, = (mtaray)" < ool

ou B(H) est lespace des opérateurs bornés de H. L’information que donne l'estimation ci-
dessus est marginale et n’indique en rien que ¥y (¢) est proche de u(t)®V dans L?(R*)®N. Ce
n’est d’ailleurs pas le cas. En réalité des collisions & l'intérieur du condensat peuvent créer des
excitations et respectivement des particules excitées peuvent, en se rencontrant, réduire leurs
moments cinétiques respectifs et retourner dans la partie condensée du gaz. L’approximation
de Bogolyubov prétend décrire cette dynamique, c’est-a-dire donner une approximation dans
L?(R%)®N de Wy(t). Nous avons d’abord besoin de quelques notations. Suivant |[LNSS13|,
ou la théorie de Bogolyubov pour ’énergie fondamentale d’'un gaz de bosons dans la limite de
champ moyen est prouvée rigoureusement, nous remarquons que tout u € H fixé, ¥ € HEN
se décompose de maniére unique de la fagon suivante

Uy =uNpg+u®V 1@, 01 +uPV 2@, 02+ ... + 0N, (26)
ol py, € H%k avec Hy = {u}*. Cela permet de définir la transformation unitaire suivante

Uv: HY — FEN(HL) =@ HE Y

27
\I/N}—) (PN = @g:o@k' ( )

Ici ®; est le produit tensoriel symétrique. L’équation de Schrodinger est alors réécrite dans
I’espace de Fock des excitations du gaz

{ i0®N(t) = Gn(t
PN (0) = Un(0)¥N(0).

=
z
=

A la limite on peut montrer que Gy (t) — H(t), hamiltonien de Bogoliubov, et considérer

I’évolution effective suivante
10, @ (t) = H(t)P(¢) (28)

o, dans le formalisme de la seconde quantification,
H(t) = / (VaZVa, + wy * [u(t)]?(x)) ataedz — ux (N
R3

* 1 L T (1 N
+ // (Kl(ta ‘rvy)aza’y + 5 <K2(tvx7y)aa:ay + K2(t7x7y)axay>> dz dy7
R3xR3

o uy(t) est un potentiel chimique, K; (¢, x,y) est le noyau de 'opérateur

Qt)u(t, z)wn (IV)u(t, )Q(t) ot Q(t) = 1=P(t) = 1=|u(t)) (u(t)], et K2(t) = Q) ®Q(H)wy (z—

y)u(t) @ u(t) € L?(R3)®2. Le lecteur peut se référer a [Lew11] pour les notations et définitions
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concernant le formalisme de la seconde quantification et les espaces de Fock. Nous rappelons
néanmoins que N est 'opérateur nombre de particules, vérifiant

N = @n—/ ayazde,

n>0

oll a’ et a, sont respectivement les opérateurs de création et d’annihilation au point z € R3 et
vérifiant les relations de commutation canoniques

[az, ay] = agay — agja, = 0(z —y),

for all z,y € R3.

Par commodité, nous prenons comme condensat de référence dans la décomposition la
fonction upy(t) solution de ’équation de Gross-Pitaevskii approchée

{ iy = (—A +wy * Jun|? — py (1) un (29)

un (0) = ug.

Les solutions ux(t) et u(t) sont proches dans L?(R3), leur distance dépend de la régularité du
potentiel d’interaction w. Notamment, on peut montrer sous certaines hypothéses que

Jun () @sy + lu()l g2 @sy < C, (30)
e (8| gz sy + ()| grx sy < Ce€™t, si de plus ug € H¥(R), (31)

ot dans la seconde inégalité C' ne dépend que de [[ugl| g3y et C" de [[uol| m1 (rs)-
De plus si ug € H?(R3) alors

exp(cy exp(eat))

e (8) = ()| ey < € PR,

(32)
ot C, c1,ca > 0 dépendent de |[ugl| g2 (rs)-

Nous pouvons énoncer le résultat principal du

Théoréme 5 (Dérivation de la dynamique, [Tril9a]). Soit 8 > 0 et w = wo + bl 5> g K avec
wo € LY(R3) N L2(R3), b Z 0, R>0 et ou K = Qx/|z])|z|=3 avec Q € LI(S?), ou q > 2, une
fonction paire vérifiant (1 Soit uy la solution de l’équation de Gross-Pitaevskii (@ sur un
intervalle [0,T) avec T € RJrU{oo} telle que (30) et (31) soient vérifices. Soit ®(t) = (@i (t))r=0
la solution de I’équation de Bogoliubov @ telle que

ZII@:« Wia@oyer =1 et D k(@n(0), (1= Ay, )er(0)) < oo.

Soit
ZUN ®.s Pk 0)

et Up(t) la solution de Uéquation de Schridinger (23) avec condition initiale Wy (0).
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1. 8i0 < B <1/6 alors pour tout 0 < a < min((1 —63)/4,(2—76)/4) on a

N 2

Un (1) = D un(t)™ @ pr(t)
k=0

< CaeftN, (33)
L2(R3N)

o, Cy, dépend de o, Co et ||[u(0)| garsy et ou C" dépend de |[u(0)]| g1 (rs)-
2. Si0< B <1/4 alors pour tout 0 < o < min((3 — 108)/4, (1 — 45)/4) on a

1T ) — lun () (un ()] s, < Cac”IN, (34)

~(
ot Co dépend de o, Cy, et [|[u(0)||ga(rsy et C" dépend de ||u(0)|| g1 (rs)-
8. Si par ailleurs w est classiquement stable, c’est-a-dire vérifie , alors
(a) Si0 < <1/5 alors on a pour 0 < oo < min((3 —108)/4, (1 —55)/4).
(b) Si0< B <3/8 alors on a pour 0 < o < min((1 — 5)/2,(2 —506)/2,(3 —88)/4).

L’estimée est un développement au premier ordre, tandis que est un développement
au second ordre. Il est aisément vérifiable que le implique .

De méme que pour ’étude de ’énergie fondamentale, la nature attractive du potentiel peut
générer des instabilités. Pour pallier & ce probléme, nous adaptons une méthode dite de locali-
sation de [NN17| ot I'on considére une évolution auxiliaire sur un espace de Fock restreint ou le
nombre d’excitations ne peut dépasser une certaine valeur. Le gain de cette méthode s’explique
de la maniére suivante. Le résultat escompté (33)), est une estimation dans L?(R3*) et découle
d’estimées sur I’énergie cinétique du systéme. Le systéme auxiliaire, quant & lui, est proche du
systéme réel dans L?(R3M) mais est plus stable car seul un nombre restreint de particules peuvent
étre dans un état excité.

1.5 La fonctionnelle de Gross-Pitaevskii dipolaire avec corrections de
Lee-Huang-Yang

Cette section présente les résultats de article suivant, qui fait Pobjet du

A. Triay. “Existence of minimizers in generalized Gross-Pitaevskii theory with the Lee-
Huang-Yang correction”. 2019.

De récentes expériences [FKSWP16; KSWW+16; SWBFP16; [CBPM+16| montrent la for-
mation de gouttelettes d’atomes dipolaires auto-confinées dans le régime normalement insta-
ble ou l'interaction dipolaire est dominante par rapport a l'interaction courte portée répulsive
(Théoréme @ Cet état méta-stable est atteint & partir de I’état fondamental du régime stable
(interactions répulsives dominantes) en réduisant lentement (adiabatiquement) la longueur de
diffusion a [CBPM+16]. La stabilisation est expliquée par les corrections de Lee-Huang-Yang
ILHY57| et sont prises en compte par ajout d’un terme quintique dans la fonctionnelle de
Gross-Pitaevskii dipolaire [BWBB16a]

a a 2
Sﬁé’(w):/ |V¢I2+*/ |¢|4+—dd/ K*|w|2|w|2+vaF/ I,
]R3 2 ]R3 2 R3 5 Rs

ou a est la longueur de diffusion, agqq est une constante proportionnelle au carré des moments
dipolaires des particules et yqr paramétre I'intensité de la correction de LHY (aussi appelées
quantum fluctuations en anglais). Afin d’étudier 'existence de minimiseurs, on se raméne par
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changement d’échelle & étudier la fonctionnelle

. 2 1 4 9 . 2 2 g 5
&)= [ IVoP+5 [ it g [ KapsloPiol 2 [ 0l

et on note E(\,b) = nf | y12=x Ep(1). Nous nous intéressons au cas d'un potentiel a longue portée
général défini par et nous montrons & ’aide de méthodes de type concentration compacité
|[Lio84a); [Lio84bj [Lie83] qu’il existe une masse critique nécessaire et suffisante a Pexistence de
minimiseurs.

Théoréme 6 (Minimisation de &). Pour tout b > 1, la fonction
AeERy — E(ND)

est décroissante et il existe 0 < A:(b) < oo tel que
— 510 <A< Au(b), alors E(A\,b) =0 et il n’y a pas de minimiseur
— la fonction A — E(X\,b) est strictement décroissante sur [Ac(b),+00). Pour tout A > A.(b)
elle posséde au moins un minimiseur qui vérifie l’équation d’Euler-Lagrange

(=2 + [ + DK % [y + [ — ) ¥ =0, (35)
ot p < 0. De plus ¢ est C*™ et décroit exponentiellement vite.
Par ailleurs, on a l’estimée suivante pour A.(b)

21/251/2371'
m < Ac(),

et dans le cas dipolaire (@ nous avons la borne supérieure suivante

Ac(b) < 84437 — .

II. Limites semi-classiques de grands systémes fermioniques

I1.1 Le gaz de fermions & température positive

Cette section présente un travail [LMT19| réalisé en collaboration avec Mathieu Lewin et

Peter Madsen et qui fait 'objet du

Nous nous intéressons dans cette partie & I’énergie libre d’un gaz de fermions & température
positive dans la limite semi-classique et dans I’approximation de champ moyen. Nous rappelons
que les fermions vérifient le principe d’exclusion de Pauli, qui se traduit mathématiquement par
I’antisymeétrie de la fonction d’onde par rapport aux permutations des particules

U(a1,...,on) = (1)U (2,0, Towy)-
N r2mdy 1 : 14 dec : : At 2(md\&N
On note A" L?(R%) Pespace de Hilbert constitué des fonctions antisymétriques de L*(R%)®Y,
ou d > 1. Sur cet espace agit le Hamiltonien suivant

N
Hyn = (ihVs, + A(s)) 2 +V (z;)) + % S ww (- ) (36)

j=1 1<j<k<N
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ou
A2, we L2 (RY) + L2 (RY),V e L ?(RY),

loc

V(x) = oo quand |z| — oo, et h est la constante de Planck. Pour p > 1, f € LP(R3) + L(R3)
signifie que pour tout £ > 0, il existe g € LP(R®) et h € L>(R?) telles que |P|l Lo (rsy < € et
f =g+ h. On note

E(N) = inf UAN L2(R3) (HN’h) s

I'énergie fondamentale du Hamiltonien Hy ;. De méme que le parameétre de champ moyen N !
devant le terme d’interaction renormalise la double somme pour qu’elle soit d’ordre N, nous
rappelons que pour les systémes fermioniques nous prenons

B~ N

pour que le terme d’énergie cinétique soit lui aussi d’ordre N. C’est ce que I'on nomme régime
semi-classique, cela revient a affaiblir le principe d’incertitude d’Heisenberg (A — 0) de sorte que
I’observable quantité de mouvement et ’observable position commutent a la limite :

[z,p] = [z, —ihV] = ih1d — 0.
h—0

La dynamique et 1’énergie associée a convergent vers celles du modéle de Vlasov dont
I’énergie est donnée par

E1a (m) = (271T)d //RM (Ip+A()]* +V (z)) m (2, p) dzdp
+ QLp//de w (T = y) pm (%) pm (y) dzdy
ol 1
pm (z) = @) m (z,p) dp

est la densité spatiale de particules. Ici m est une mesure sur espace des phases R? x R?, avec

pour convention que
1
— // m(z,p)dz dp =/ pm(z)dz = p,
(2m)" JJm2a R4

de plus m vérifie le principe de Pauli 0 < m < 1. En fait, on peut minimiser la fonctionnelle de
Vlasov & densité spatiale fixée v € L*(R), fR3 v = p et obtenir la fonctionnelle de Thomas-Fermi

Lo (m) = £ ()
d m(-, =V
- 0<m<1

" Low) = | w(x)tt?/d z)v(z 1 w(z—y)v(z)v x
o) = [ v@" e Vpta) + o [ w@-n)r @) dedy,

De méme, on note
err(p) = inf ) Ef1a (M)

Jzd yga m=(2m
0<m<1

le minimum de I’énergie de Vlasov (et donc aussi de Thomas-Fermi).



IT. Limites semi-classiques de grands systémes fermioniques 21

Dans [FLS18|, les auteurs montrent que ’énergie fondamentale E(N) ainsi que les suites
minimisantes du probléme & N corps convergent vers les minimiseurs du modéle de Vlasov. Plus
précisément, si f € L2(R?) fixée telle que [54 |f]? = 1, et pour tout z, p € R? on définit les états
cohérents f7 (y) = R4 f(h=12(y — x))eP¥/". On définit la mesure de Husimi a &k particules
de VU par

m(k)(xhpl;"-azkvpk):<\IIPJC1,[)1 ®"'®ka,pk®1N—kqj>7 ol Px,p:|fa}ci,p>< g,p‘?

pour 1 < k < N, x1,p1,..., 2k, pr € R% Cette mesure détecte comment ¥ est corrélé avec les
déterminants de Slater de la forme det(fs, p,(y;)) ot les fg, ,, sont localisés dans des petites
boites de tailles /A dans Pespace des phases. Alors, il est montré dans |[FLS18|, dans différentes
situations et sous certaines hypothéses que nous n’allons pas détailler ici, que

. E(N
g S = el
hiIN—p

et que pour tout p € L!(R24*) 4 [o°(R2dF)

/ m(k)go H/ < m®kga) dP(m),
R2dk M \JR2dk

ol P est une mesure de probabilité sur M, I'ensemble des minimiseurs de £{,,. Ce résultat
doit étre mis en comparaison avec la convergence des états bosoniques du Théoréme Mais
parce que les fonctions d’onde fermioniques sont antisymétriques les matrices densités réduites
ne peuvent pas satisfaire & une convergence directement, il faut pour cela considérer les mesures
de Husimi ou de Wigner.

Notre but est d’étendre le résultat précédent au cas de la température positive dans I’ensemble
canonique : nous désirons étudier I’énergie libre et ces minimiseurs. Dans ’ensemble canon-
ique le nombre de particules N est donné, contrairement & ’ensemble grand-canonique ou le
nombre de particules est inconnu (aléatoire). Le systéme est alors décrit par un opérateur
T e &1 (AN L2(R3)) positif de trace 1:

O S F, Tr/\N L2(R3) F =1.

L’énergie libre est donnée par la fonctionnelle suivante
N,k 1
Eaon (T) =Tr (Hy ') + 3 Tr(T'logT), (37)

ou B > 0 est la température inverse. Le minimum de cette fonctionnelle est atteint uniquement
pour

Pnng = Z e P,

ot Z = Tre PHnn et dont Pénergie libre est

1
€Can (1 ) = mFinSéV;g () = ~3 log Tre PHNn,
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La fonctionnelle de Vlasov & température positive est donnée par

Bp

Vi ( |p+A )P+ V (x )) m (z,p) dzdp

e // w (& =) pun (%) prm () A dy
P JJR2d
// ) dz dp,
27T R2d

ou s(x) =zlogx + (1 — x)log(l — x) est 'entropie fermionique. On dénote

e (p) = inf ELP (m). (38)

0<m<1
2m) 7 [Jaza m=p

I’énergie minimum de Vlasov. Le premier résultat du porte sur la minimisation de

E\ﬁ,ig et I’étude de ses minimiseurs.

Théoréme 7 (Minimisation de Seig, [LMT19]). Soient p,By > 0. Nous supposons que A,V
vérifient les hypothéses décrites plus haut et qu’en plus fRd e PoVi(@) dx < 00. Soit

we LM% (RY) + L& (RY) + Ry do.

Alors, pout tout 8 > By, le probléme (@ admet des minimiseurs. Tout minimiseur mqg est
solution de ’équation non-linéaire

1
L exp (B(lp+ A@)P +V (@) + p~w s pmg (2) = 1)

mo (ZL’, p) = ) (39)

ol p est un multiplicateur de Lagrange. Le minimum s’exprime en fonction de mg et de u par

1 _
evia (P) = = X // log (1 + e PP +V @ e wrom, (m)_#)> dz dp
(2m) R2d

+up— o // Y) Pmo (%) P (y) da dy. (40)

St de plus W > 0, alors 5615 est strictement conveze et posséde un unique minimiseur
Le lecteur assidu aura pu constater que nous considérons aussi le cas oli w est une mesure de
Dirac positive. Le modéle en question apparait alors dans le regime dilué comme nous ’expliquons

plus loin. Nous pouvons énoncer notre principal résultat du

Théoréme 8 (Dérivation de la théorie de Vlasov & température positive, [LMT19]). Sous les
hypothéses du Théoreme[7 et sous Uhypothése supplémentaire que @ > 0, pour tout 8> By on a

Jim Al (hN) = e3y, (p)- (41)
hiN—p
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De plus, si (T'n) est une suite d’états de Gibbs approchés, c’est-a-dire,
N,k _
gCan(FN) = e[g}an(hﬂ N) + O(h d)’
alors la densité spatiale a 1 particule de I'n vérifie

hdpl(ﬂl) — pm, faiblement dans L'(R?) N LYT2/4(RY),

N
et
m%l)ﬂN — myq fortement dans L'(R??), (42)
p,,0)  — Pm, fortement dans LY(RY) N L1F2/4(RY), (43)
TN
ol mg est l'unique minimiseur de la fonctionnelle de Viasowv.
Si de plus,
Ecan(TN) = €Can (1, N) +0(1),
alors

k
/ m(f’%Ngo —>/ m&* (44)
R2dk R2dk
pour tout ¢ € LT(R2*) 4 [ (R2dk),

Ce régime peut par exemple décrire un atome lourd confiné dans un potentiel harmonique
puissant ou encore le noyau d’une étoile a neutrons. Nous traitons aussi le cas d'un gaz dilué,
comme dans le cas bosonique, ot I'interaction est dilatée ainsi N4w(N"(x —y)) oit 0 < 1. Dans
ce régime nous distinguons deux comportements différents, quand 0 < n < 1/d linteraction
devient ponctuelle tandis que lorsque 1/d < 7 celle-ci disparait du modéle limite. Ce dernier
phénoméne traduit le fait que la portée de 'interaction N7 est d’un ordre de grandeur plus
petit que la distance minimale entre deux fermions qui est dictée par le principe d’incertitude
h ~ N—1/4 Cette disparition totale de I'interaction est notamment due & I’absence de spin des
particules considérées. Dans [Sei06|, 'auteur étudie le cas n > 1/d, pour d = 3, dans le cas
grand-canonique, et montre que seules les particules de spins différents contribuent & 1’énergie
d’interaction. Notre résultat est présenté ci-apreés.

Théoréme 9 (Dérivation de E\B,ig dans le régime dilué, [LMT19]). Soit By, p > 0. Soient V et
A vérifiant les hypothéses du Théoréme @ Soit w € LY(RY) N LT4/2(R%) une fonction paire,

e Si0<n<1/detw >0 alors, pout tout 5 > Py,

. d B,([pa w)
1\}E>noo R egan(h7 N) = eVlaRd 0(/))
REN—p
ot ef,’lgmd w)éo(p) est le minimum de l’énergie de Vlasov avec comme potentiel d’interaction
(f]Rd w)do.

e Sin>1/d,d>3 et w >0 est a support compact, alors pour 8 > Sy,

. ,0
1\}51100 hdegan(h7 N) = e\ﬂlla(p)
REN—p

. B0 o p . , )
ou eg’an(p) est le minimum de ’énergie de Vlasov sans interaction.
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Dans les deux cas, les états de Gibbs approchés vérifient les mémes conclusions que celles du
Théoreme[8

La preuve du Théoréme [8| est constituée de trois parties. La démonstration de la borne
inférieure de 1’énergie, celle de la borne supérieure et finalement la convergence des états de
Gibbs approchés. L’hypotheése la plus forte apparaissant dans ce théoréme est w > 0 et n’est
utilisée que pour déduire la borne inférieure. Un tel potentiel, supposons qu’en plus @ € L'(R9),
vérifie I'inégalité

Z w(z; —xj) zizzlw*gp(xi)— %/Rd(gp*w)go—gw(()). (45)

1<i<j<N

pour tout ¢ € C°(R%) et z1,...,rx € R? Il est ainsi possible de minorer le terme d’interaction
a4 deux corps par un terme d’interaction & un corps composé du champ moyen créé par une
distribution de particules donnée par . En une deuxiéme étape, nous minorons le probléme
sans interaction obtenu dans I’ensemble canonique par le méme probléme dans ’ensemble grand-
canonique ou des calculs exacts sont possibles et donnent ’énergie libre en terme de la matrice
densité a un corps de I’état de Gibbs. Cet état grand-canonique est appelé dans le cas d'un sys-
téme idéal (sans interaction) état quasi-libre. Cela se résume par 'emploi de I'inégalité suivante

[BLS94: [Thi02)
Tr x5, Tlog T > Try, (FU) log T + (1 - F<1>) log (1 - F<1>)) — Try s (F<1>)

qui est vérifiée pour tout état grand-canonique (et donc canonique) I' et o ' = NTro,nT
(dans le cas canonique seulement) est la matrice densité a 1 corps de T'. Le reste de la preuve de
la borne inférieure est donné par une analyse semi-classique [Sim80| usuelle utilisant la résolution
de l'identité en états cohérents

1
(@nh)l /]R?d L2 (2 = 1d 2 (ray.

La borne supérieure est obtenue en construisant un état canonique convergeant, dans un sens
approprié, c’est-a-dire ot tous les termes composants 1’énergie libre convergent, vers un état semi-
classique. Nous utilisons fortement I’équivalence des ensembles 4 la limite thermodynamique dans
la preuve. Enfin, la convergence des mesures de Husimi pour les états de Gibbs approchés est
prouvée grace a un argument & la Feynman-Hellmann, en perturbant 1’énergie a 'ordre 1, et
en utilisant un théoréme de de Finetti [FLS18| Theorem 2.1] donnant la limite des mesures de
Husimi comme combinaison convexe de mesures produits. Ce théoréme est inspiré de |[LNR14]
ou une version faible du théoréme de de Finetti quantique fut introduite pour étudier une limite
de champ moyen dans le cas bosonique.

11.2 Dérivation de la correction de Scott pour le modéle de Dirac-Fock

Cette section présente les résultats du Chapitre 5 qui ont été obtenus en collaboration avec
Sgren Fournais et Mathieu Lewin. Nous étudions le développement asymptotique de 1’énergie
d’un atome lourd en fonction du nombre de ses électrons. Nous nous plagons dans 'approximation
de Born-Oppenheimer dans laquelle les nucléons, dont la masse est beaucoup plus grande que
celle des électrons, sont supposés fixes dans ’espace et ponctuels. Le systéme étudié est donc
le gaz d’électrons autour d’un noyau composé de Z protons. Le Hamiltonien du systéme, aprés
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changement d’échelle, est le suivant

N

1 7 1
Hy =5 (—2a,+ 2 _
Z( 2 ]+$j|>+ 2 |z — 2|’

j=1 1<j<k<N

agissant sur /\N L?(R3,C?). Notons I'énergie fondamentale E(N, Z) = inf o(Hy). Remarquons
que le changement de variable z = N~'/32/ montre que Hy est unitairement équivalent a

N —2/3 —1
4/3 _N L IN 1 ) s
WS (e ) rr X |

j=1 1<j<k<N
ot Hy j est le Hamiltonien considéré le avec i ~ N~1/3. Pour cette raison, le premier
ordre du développement E(N) est donné par I’énergie de Thomas-Fermi. Améliorer 'ordre de ce
développement a été 'objet d’un grand nombre de travaux et actuellement le meilleur résultat
est le suivant

Z2
E(N,N) = eqpZ™/? + =t Z°3eps 4 o(Z5/3).

Le second ordre, en Z2, est appelé la correction de Scott et c’est 1a I'objet de notre travail.
Elle fut rigoureusement prouvée dans [SW87a} SW87b; ISW89; [Hug90; TLS96; IS93]. L’ordre
suivant, en Z%3, fut prédit par Dirac et Schwinger [Dir30; |Sch51; [ES84a; [ES84c; [ES84b] et
prouvé dans une série de travaux par Fefferman et Seco [F'S89; [F'S90; [FS92; [F'S93; [FS94al [FS94b;
FS94c; [F'S95]. Si le premier ordre ne dépend pas de la nature du potentiel d’interaction, les deux
corrections sont, quant a elles, dues & la singularité Coulombienne. Plus précisément, ce sont
les électrons proches du noyau, qui malgré leur faible nombre, affectent ’énergie a ces ordres
supérieurs. Cette proximité au noyau leur attribue une trés grande énergie cinétique et il est
alors justifié de se demander si ces corrections dépendent de ’approximation non-relativiste qui
est réalisée ici. Les effets relativistes modifient de maniére importante les propriétés des éléments
chimiques, et pas seulement des plus lourds. La relativité donne sa couleur a or [GA10|, qui sans
elle partagerait celle de ’argent, elle explique aussi pourquoi le mercure est liquide & température
ambiante [CPWS13|, ou méme encore, elle nous permet de démarrer notre voiture [ZP11].

La relation de dispersion d’une particule relativiste est donnée par

E. = \/p?c + ¢t — &,

en comparaison avec celle d'une particule non-relativiste £ = p?/2. Ainsi une premiére améliora-
tion consiste a remplacer —A par 'opérateur pseudo-relativiste de Chandrasekhar v/ —c2A + ¢*—
2, ce qui n’affecte pas le premier ordre mais modifie la correction de Scott [FSW08]. Ce dernier
opérateur donne une bonne description qualitative de particules relativistes mais souffre de
plusieurs défauts. Il n’est pas invariant par le groupe de Lorentz et en particulier n’est pas

un opérateur local. Pour remédier & cela, Dirac proposa I'opérateur suivant
Dy = carpy + canps + casps + Bc?

ol p; = —iVy,,

a; = <0272 75 ) pour j € {1,2,3}, B = < . 9213)

oj 029 02,2
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et
0(0 1> U(O z) J(l O)
1 1 0)° 2 —i o) 3 0 —1)°
sont les matrices de Pauli. On notera simplement Dy = a-p + 8 ot @ = (a1, a2,a3) et
p = (p1,p2,p3). On remarquera que cet opérateur agit sur L?(R3 C*) et qu'il vérifie D3 =
p? + 1, 0(Dgy) =] — 0o, —1[U]1, 00[. Le sous-espace spectral d’énergies négatives est vu comme

I’espace d’état des positrons, I’anti-particule de 1’électron, tandis que ce dernier vit dans le sous-
espace d’énergies positives. Le fait que Dy n’est pas borné inférieurement est a l'origine de
plusieurs difficultés. Tout d’abord, il faut adapter les formulations variationnelles habituelles
et notamment la caractérisation de Courant-Fisher des valeurs propres |[GLS99; [DES00]. On
ne connait pas d’extension auto-adjointe pour l'opérateur de Dirac & N corps en interaction
coulombienne [Der93|. Par ailleurs, I’ajout d’un potentiel V' pose des problémes difficiles d’auto-
adjonction [Nen76; [ELS17] et modifie la mer de Dirac. En effet, si

Dy =Dyg+V
ou V est un potentiel, le sous-espace d’énergies positives devient
10,00 (Dv) L*(R?,C*) # g oo (Do) L*(R?,CY).
Le Hamiltonien du systéme est donné par

N

Z 1
HNZZ ca~p+62ﬁ———c2 ,+ Z [ o—— (46)
: || : |lzj — @]
=1 i 1<j<k<N
N K 1
29 /%
=cU . - — -1 — U 47
c Z(a pei- >A+o< > (47)
j=1 J 1<j<k<N

ol c est la vitesse de la lumiére, o = % (dans nos unités) est la constante de structure fine de
Sommerfeld, k = Z/c et U est la transformation unitaire UV = 3V/2¥(c.).

D’une part, & la limite non-relativiste, ¢ — oo, lopérateur de Dirac Dy := ca - p + 28
converge vers —A /2. D’autre part, nous pouvons aussi faire apparaitre par changement d’échelle
les paramétres semi-classique et de champ-moyen. En effet, réalisons par le changement de
variable  — Z/32 dans , nous obtenons alors le hamiltonien suivant

N
4/3 ~ ~2 L 1 1
j=1 J 1<j<k<N
ot h = N~1/3 et ¢ = N'/3. Nous considérons des atomes donc nous prendrons aussi N = Z.
Pour résumer, le régime considéré est composé d’une limite non-relativiste ¢ — oo, a — 0, d’une
limite semi-classique i — 0 et champ moyen N — 0o, o = A ~ N1,

Rappelons que l'opérateur de Dirac & N corps n’admet pas d’extension auto-adjointe
connue. On considére un sous-espace H de L?(R3, C*) sur lequel I'opérateur de Dirac (avec
ou sans potentiel extérieur) est borné inférieurement et on définit I’espace d’état du systéme a
N corps par AN H. Le choix H = Lj0,00((Do) L*(R3,C*) est appelé¢ la description de Brown-
Ravenhall et le calcul de la correction de Scott dans ce cas a été réalisé dans [FSWO09|. Cette
correction se trouve étre différente de celle donnée par 'opérateur de Chandrasekhar. Un second
référentiel est donnée par la description de Furry-Oppenheimer ou 'espace d’état a 1 corps est
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H = 1p,co[(Do — k|z|71)L*(R?,C*) et ameéne & encore une autre correction de Scott [HS15|.
Dans notre travail, nous démarrons directement avec le modéle de Dirac-Fock, qui est la version
relativiste du modeéle de Hartree-Fock. Cela revient & commencer un cran en dessous dans le
schéma de la figure[I}] Dans ce modele, la mer de Dirac est définie par rapport au total du champ
provenant du noyau (comme dans l'opérateur de Furry) mais aussi du champ moyen créé par les
électrons eux-mémes.

Plus précisément, si le systéme est décrit par une matrice densité, c’est-a-dire un opérateur
positif auto-adjoint dont la trace vaut N : 0 < ~, Try = N, et nous imposons la contrainte

non-linéaire suivante
K

1
1 Dy — — — =0 49
] O0,0] ( 0 |£L'| +ap7 * |$> ’y I’ ( )

ot p, est la densité de particules p,(z) = y(z,z). Dans nos unités ¢ = 1, @ = e? ~ 1/137.

Nous commengons par fixer p € L*(R?) tel que p >0, [o5 p=1et D(p,p) = [ps px|z[~1p <
00, et nous déduisons des conditions sur k > 0 et v > 0 assurant l’existence d’un trou spectral

pour l'opérateur
K

1
D,:=Dy— — +vp, *x —.
CT TR T
Pour cela nous utilisons un principe de continuation dans 'idée de [DES00|. Définissons, pour
v>0

1
= inf Dg — — | N0
(V) 0<,f}p_1"( 0 vp*z|) [0, 00)
D(p,p)<oco

et v. := sup{v > O|u(v) > 0}. D’aprés [Tix98| nous savons que v. > 2/(2/7 + w/2) ~ 0.9
mais nous conjecturons que v, = 1. La connaissance a priori du trou spectral nous permet de
comparer D, et Dy pour pouvoir ensuite utiliser les inégalités de Sobolev. Nous montrons le
résultat suivant.

Theorem 10 (Trou spectral pour opérateurs opérateurs de Dirac-Coulomb généralisés). Pour
tout 0 < k < 1 et tout 0 < v < v,, alors

(Do — klal ™+ vp + 2] 7) 0 (—u(v), VT = #2) = 0
et il existe une constante universelle c,, > 0 telle que
CH,V|D0| S |Dm,p| (50)

pour tout p positif tel que \/p € H/?(R3) et [o, p=v. On peut prendre

2 —2
Crp = M (1 + ™ VVC) (51)
v

(v + k) 20, Ve —

ot ¢, est telle que c,;| Dol < | D).

Avant d’énoncer le résultat principal du nous donnons quelques définitions. Soit
0 < & < 1, de sorte que inf |o(Dy)| > 0, posons

T = {o <y <1, Try < N, [Du|?y| D2 € 61}



28 Introduction

de sorte que pour v € I'y ., 'énergie de Dirac-Fock associée & cet état est donnée par

K «
Epp(v) =Tr (Do i 1) Y+ 5 Doy, 7)

e
=Tr(Dy — 1)y - §D(p,y, Pv)-

La constante de structure fine « sera notre parameétre de champ moyen, nous prendrons a ~ k/N

avec v = k. L’énergie fondamentale est alors

EDF(N) = 'yellr“lf gDF (’y)
N,k
1L(—oo,0)(D4)y=0

Nous montrons le théoréme suivant.

Théoréme 11 (Correction de Scott). Si Nlim alN =k < v, alors
— 00

EDF(N) = eTpa2N7/3 + CScott(K) + 0(1)'

0l Cseott(K) est donnée par

N TGS BNE )}

n>1

La démonstration de la borne inférieure consiste & se ramener & 'opérateur Dirac-Coulomb
et & controler, pour des suites minimisantes 7y, la distance Hilbert-Schmidt entre les projecteurs
sur la mer de Dirac des opérateurs de Dirac-Coulomb D,; et de Dirac-Fock D, + ap, * || 71.

Pour la borne supérieure, nous devons trouver un ansatz vérifiant et ayant une énergie
appropriée. Dans [Sér05], Eric Séré construit une rétraction # pour projeter les matrices den-
sité sur la sous-variété des états vérifiant la contrainte non-linéaire , et ainsi trouver des
minimiseurs & la fonctionnelle de Dirac-Fock. Cette derniére est définie par

0(y) = 1l
(v) = Jim 7,
ol 7, est définie par récurrence par
N K 1
Ynt1 = PoynPn, ou P, =1(Dy— m + ap,, * m >0).

Nous considérons alors I’ansatz défini pour le modéle de Furry défini en [HS15| dont I’énergie
est connue au second ordre. Grace & la rétraction définie ci-dessus, nous construisons un nouvel
état vérifiant et dont la distance au premier est controlée pour la norme ||||Dy|"/2-| D |*?||| s,
permettant de contréler de son énergie.

Notre résultat est restreint au cas des atomes v = k car nous nous basons sur des travaux
existant qui pour la plupart ne considérent que cette situation particuliére mais nous conjecturons
que la généralisation aux ions est aussi valide.
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Chapitre 1

Derivation of the dipolar
Gross-Pitaevskil energy

Ce chapitre reprend l'intégralité de 'article publié dont le préprint est accessible en ligne sur
arXiv| / Hal. Les hypothéses du Lemme |[13|ont toutefois été élargies et sa preuve simplifiée grace
des remarques de Rémi Carles et Benjamin Schlein que nous remercions.

A. Triay. “Derivation of the dipolar Gross-Pitaevskii energy”. SIAM J. Math. Anal. 50.1
(2018), pp. 33-63

Abstract

We consider N trapped bosons in R? interacting via a pair potential w which has a long range of
dipolar type. We show the convergence of the energy and of the minimizers for the many-body
problem towards those of the dipolar Gross-Pitaevskii functional, when N tends to infinity. In
addition to the usual cubic interaction term, the latter has the long range dipolar interaction.
Our results hold under the assumption that the two-particle interaction is scaled in the form
N38=1w(NPz) for some 0 < B < Bmax With Buax = 1/3 + s/(45 + 42s) where s is related to the
growth of the trapping potential.

Résumé

Nous étudions N bosons confinés dans R? et interagissant via un potentiel w & longue portée de
type dipolaire. Nous montrons que I’énergie et les minimiseurs du probléme & IV corps convergent
vers ceux de la fonctionnelle de Gross-Pitaevskii dipolaire quand N tend vers U'infini. En plus
du terme d’interaction cubique, cette derniére posséde aussi un terme d’interaction non-local
dipolaire. Nos résultats sont valides pour le régime dans lequel l'interaction est dilatée de la
forme N33~ 1w (NPx) avec 0 < B < Bmax vérifiant Bmax = 1/3 + s/(45 + 425) et oil s est lié a la
croissance du potentiel confinant.
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1 Introduction

Bose-Einstein Condensation (BEC) is a phenomenon occurring at very low temperature for
a highly dilute gas of bosons. In the proper experimental conditions, most of the particles get to
occupy the same quantum state. In 1925, Bose [Bos24] and Einstein [Ein24] proved condensation
for ideal particles, that is, under the important assumption that the particles do not interact with
each other. Seventy years later, Cornell and Wieman [AEMWC95] obtained the first experimental
realization of a full BEC with Rubidium atoms. This major achievement has triggered a new
interest in the theoretical study of condensation. In 1999, the first rigorous derivation of the
expression for the ground state energy was provided by Lieb, Seiringer and Yngvason |[LSYO00],
while in 2002 was given the first proof of BEC (derivation of the ground state) [LS02|. In these
works, the particles are confined by a trapping potential and interact via a positive, radial and
short range interaction.

The experimental study of BEC remains a very active field of research today. A challenging
task is to realize condensates of particles with diverse interactions. In 2005, a first dipolar conden-
sate has been observed by Griesmaier et al using Chromium particles [GWHSPO05|. The dipolar
interaction differs in many points from the ones encountered before. It is long range, anisotropic
and has an attractive and a repulsive part. Its study is both experimentally and mathematically
intricate but it opens the way to new physical effects. For instance, it is believed that dipolar
condensates exhibit a roton-maxon excitation spectrum [SSLO3| which is not observed for simpler
interactions. See for example [LMSLP09| for a review of the physical properties of the dipolar
Bose gas.

In this article, we give the first derivation of the Gross-Pitaevskii (GP) theory for dipolar Bose
gases, starting from the many-particle linear Schrodinger problem. Our method is based on mean
field limits and de Finetti theorems introduced in [LNR14; |LNR15a] as well as new techniques
developed to deal with negative pair interaction that can been found in [NRS15; LNR15b].

More precisely, we will show that the particles in the condensate have a common state which
can be computed by minimizing the dipolar Gross-Pitaevskii functional:

e = [V +id@@Pde+ [ VlePde+g [ )

b

5 * lul? (@D () 2de.
+2/R$X]R3(K |ul?(2)) Ju(z)*dz. (1)

The first term in represents the kinetic energy where A : R?> — R? is a vector potential
(modeling a magnetic field or the Coriolis force due to the rotation of the atoms). The second
term is the one-body potential energy where V : R3® — R is a trapping potential, that is,
V(z) — oo when |z| — oco. The third term is the short range interaction in the gas where a € R
is proportional to the scattering length or an approximation of it. The last term is the dipolar
energy and b € R is proportional to the norm of the dipoles. The dipolar interaction potential

1 —3cos?(f,) _ Qaip(z/|2])

Kaip(z) = EE |]3 ’

(2)

represents the interaction between two aligned dipoles located at distance |z|. The parameter 6,
is the angle between x and the direction n of all the dipoles, namely cos(6,) = n - x/|z|. In this
paper we consider more general long-range potentials of the form

Q(z/|=])

K(z) = TP (3)
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where € is an even function satisfying the cancellation property on S2, the unit sphere of R3,
Q(w)do(w) =0, (4)
S2
where do denotes the Lebesgue measure on S?. Note that the convolution
Q(y/lyl) 2 : Q(y/lyl) 2
Keful@) = [ e )Py =t [ 2 (o - )Py
syl =0 flyse  [Yl?

is an improper integral which is not absolutely convergent. It will be discussed later in Lemma
If all the particles share the same quantum state u, the latter should minimize the functional in
(1) under the normalization constraint

lu(z)|?dx = 1.
R3

We therefore introduce the ground state energy

ecp(a,b) = inf ELY(w). (5)

llull p2=1

This variational problem has been extensively studied, both theoretically [CMS08; |CH15b; |AS11;
BJ16] and numerically [BAC12; BCW10] in the dipolar case (2).

Our aim is to justify the validity of the Gross-Pitaevskii minimization , starting with the
exact many-body problem based on the Hamiltonian

N
Hy =3 (= (Vo 414D+ V@) £ iy 3 N ), )

j=1 1<i<j<N

where
w = wo + b]1|x|2RKa

for some R > 0 and wy € L'(R3). We will need further assumptions on w which will be stated

later. This operator, Hy, acts on ®iv L?(R?), the symmetric tensor product of N copies of
L?(R3). We denote by

<\IJ?HN\IJ>

in
Te®N L2(R?) N
W] 2=1

EN =

the many-body ground state energy per particle. We investigate the limit of a large number of
particles, N — oco. In , the scaling chosen for the interaction between the particles is very
common. On the one hand, the L'-preserving scaling of the potential

wy (z) := N*Pw(NPz)
will retain in the limit only its short and long range parts. In our case, we will have

wy — ad + bK,
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since K and § behave the same under scaling. On the other hand, the coupling factor (N —1)~!
is typical of mean field limits and ensures that the potential is of the same order as the kinetic
energy. The function w is the real interaction between the atoms in the gas. It will be assumed to
be repulsive at short distances (hence a > 0) and of dipolar type (close to bK) at large distances.

The parameter 8 € [0,1] interpolates between the pure mean-field regime 5 = 0 and the
Gross-Pitaevskii regime § = 1 which is more difficult to handle. The value 8 = 1/3, called
self-interaction threshold [EESYO06|, plays a special role in this problem. The case 8 < 1/3
corresponds to a high density regime with the interaction length N~—# being larger than the
mean distance N ~!/3 between the particles. This is a natural setting for the law of large numbers
to apply. The case 8 > 1/3 is more subtle and corresponds to a low density regime where the
particles meet rarely but interact with intensity proportional to N3#~1. The difficulties culminate
at 8 = 1 where now the details of the scattering process play a role.

To deal with the negativity of w, we will assume in this article that it is classically stable,

which means that
Z w(x; —xj) > —CN, (7)
1<i<j<N

for all N > 2 and all space configurations z1,...,2xy € R3 of the N particles [Rue99]. The
compatibility of above property with the dipolar potential will be discussed in Real
atoms in the laboratory do not interact with such simple two-body forces but it is convenient
and physically reasonable to restrict to this case. This is perfectly justified at long distances
and less clear at short distances, where the internal structure of the atoms starts to matter. In
the physics literature, it is often assumed that w is very repulsive close to the origin in order
to avoid any unphysical instability phenomenon. Such potentials are always classically stable,
which justifies our assumption . The techniques used in this paper seem to fail without
but we have not tried to overcome this mathematical problem. Notice that when w is continuous
at the origin and 5 > 0, then turns out to be a necessary condition for the energy ey to be
bounded below, see the comments after .

The classical stability @ ensures automatically that ey is bounded from below when 8 < 1/3.
The case 8 > 1/3 is particularly difficult and the proof that ey is bounded from below requires
to use the kinetic energy, that is, some quantum feature of the system. The scaled interaction
alone is unstable.

For 8 = 0 the convergence of ey to the Hartree energy was proven in [LNR14]. In this paper,
we prove that

lim EN = egp(a7b) (8)
N—o0
as N — oo for
1 S
0<B<3+ 5t

under the sole assumption that w is stable as in and that V(z) > C|z|® at infinity. In that
case, we are able to show that ey > —C but it is unclear if additional assumptions on w are
needed for higher 8’s. Under the additional condition that ey > —C our result applies up to
B < 2/3. In addition to the convergence of the energy, we are also able to prove the convergence
of the minimizers. Loosely speaking, we prove that the ground state of factorizes in the limit,
that is,

U(zy,..oen) = u(zy) -ulzy) as N — oo, (9)



36 CHAPTER 1. Derivation of the dipolar Gross-Pitaevskii energy

where u is a minimizer of the dipolar Gross-Pitaevskii functional. The meaning of @ is in the
sense of density matrices and not in L? norm as we will recall.

In this work, we focus on the ground state problem. There is a very large literature on
the time-dependent equation, see for instance [BPS16| for a review of recent results. To our
knowledge, none of these works cover the case of dipolar interactions. The derivation of the
dipolar Gross-Pitaevskii equation is carried out in

The paper is organized as follows. In Section [2] we state our main contributions, including
some results on the existence and uniqueness of minimizers of the Gross-Pitaevskii functional (1))
as well as our main convergence property . In Section we prove our main result, Theorem

2 Main results

2.1 Properties of the dipolar Gross-Pitaevskii functional

As discussed before, the dipolar GP equation has already been widely studied and we slightly
extend the results of [BCW10} [CH15b| to deal with more general K and V as well as a magnetic
potential or a Coriolis force A. The main adjustment concerns the uniqueness of minimizers
which, in order to remain true, requires some extra assumptions on the intensity of the magnetic

field.

Theorem 1 (Existence of GP minimizers). Let us assume that V € L (R3), A€ L2 _(R?) and
that there is some s > 0 such that

V() > C T JA@)]? + |z|¥) - C, VreR? (10)

for some C > 0. Let

with Q € LY(S), for some ¢ > 1, an even function satisfying the cancellation property

Qw)do(w) = 0.
S2

Let K be the Fourier transform of K in the sense of the principal value (as defined later in

Lemma.
i) If
b>0anda>b (inf[?)_,
or (11)
b<0anda>—b(supK),,

then egp(a,b) > —o0 and Egp has minimizers.

ii) If
b>0anda<b(inf K)_,
or (12)
b<0 anda< —b(sup K)4,
then egp(a,b) = —oo.

Remark 2. In the dipolar case where Q(z/|z|) = 1—3cos2(6,), then K (k) = 4T (3cos? (k) — 1),
(inf K)_ = 47/3 and (sup K) 4 = 87/3.
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Remark 3. We always assume a > 0, since the short range part of the interaction is needed to
stabilize its dipolar part.

The understanding of the effective theory is necessary to grasp the forthcoming difficulties
in the derivation from the many-body theory. The condition ) on a and b aims to make the
interaction stable which in this case is equivalent to be positive, mainly because then a+ b > 0.
Indeed, one can easily see that if the interaction term is negative for some configuration (a,b)
and some wave function wu, then by scaling one gets that egp(a,b) = —oo.

In fact, most of our results remain true if we change (V + iA(x))? + V(z) by any abstract
self-adjoint operator h such that h > C~1(—A + |z|*) — C.

We first state some lemma that will be useful in the proof of Theorem

Lemma 4 (Magnetic Laplacian). Under assumption (@), one has the operator inequality on
L?(R3)
CH=A+V)=C < (=iV+A?+V <C(-A+V +1),

for some constant C > 0.

Proof of Lemmal[ Using the Cauchy-Schwarz inequality for operators and inequality ,
we have the upper bound

(p+A? =p*> +pA+Ap+ AP < CH*+ V) +C.

To get the lower bound, we choose some 0 < 1 < 1 sufficiently close to 1 but fixed and we use
again the Cauchy-Schwarz inequality

(p+A2+V>A-np*+Q - YHAP+V>C P+ V)-C.
O

Proof of Theorem[]l We start by proving ). First, since V € LL _(R3) and A € L2 (R?) the
quadratic form associated with the first two terms of the energy E‘é’ﬁ, is closed on a domain
included in H'(R?) and provides a self-adjoint realization of Hy = —(V + iA)? + V by the
method of Friedrichs |LS81|. Then, to prove i), it suffices to follow the same proof as in [CH15b]
and to use, when necessary, that Hy = —(V +4iA4)? + V has compact resolvent |Iwa86|. More
precisely, let us take a minimizing sequence (u,,) for Egp. The condition on a and b ensures that

the interaction part of the energy is non-negative

a/\u|4+b/K*|u\2|u|2 :/(a+bf<) Rz > 0.

Thus Egp is bounded below on the unit sphere of L?(R?) and (u,,, Hou,) is bounded. We can
then extract of (u,) a converging subsequence in L? N L*. Indeed, thanks to Lemma [ Hj has
compact resolvent. We can write u, = Hy /> Hy/*u,, and since (Hy'*u,) is bounded in L2(R3),
because (uy,) is a minimizing sequence of é‘g’lbg, then (u,,) is precompact in L?(R3). We can then
extract a converging subsequence that we still denote by (u,) and we write u its limit. Fatou’s
lemma gives £(u) < liminf Eqp(uy) = inf Egp.

For ii), it suffices to employ Lemma |4 above to adapt the proof of [CH15b|. Without loss of
generality, we can assume that e3 € {a + bK < —d0} # (0. Let f be a smooth function compactly
supported with || f| /> = 1 and let us denote by p(z) = |f|?(x) and fa(z) = f(Az1, Aw2, A" 223).
We have [|fxllzz = Ifllz = 1, [I83]lcr = %l = [Ifll74 and [[Pxllr= < [lpallr = 1 for all
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A > 0. For any r > 0 we denote by C,. the cone with vertex at the origin, with direction ez and
with angle r. For any n > 0, there exists Ag such that for any 0 < A < )\, we have

/ A <1 (13)
R3\C,

According to LAemma below, K is an homogeneous function which is continuous except at the
origin. Since K is continuous at es, we can find r > 0 such that B(es,r) C {a +bK < —d}. Now
for any n > 0, there exists some Ao > 0 such that for all A < A\g we have , then

/(a+bf() W?:/ (a+0R) |,3A|2+/ (a+0R) 22
RA\C, .
< nlla+bK| L~ — (| £l 11 —n)6.

If we take n < 8|\ f|74/(20 + 2|la + bK || L~), we obtain

445
[FL

0.
2

[alfsft ok 5PIAE = [ (0 0R) 7 < -

Now, let us denote by ¢ = f, and by ¢, = £3/2p(fx). Since V is L},
supported, with, say, supp ¢ C B(0, R), we have

[vied|<e [ wi=oe)
R3 B(0,R~1)

Applying Lemma [4] we obtain

and ¢ is compactly

Earlp) < C (/|V<Pé|2 +V|<pe|2> + [[aledtt + 5 x ool

And for /¢ large enough, we have

eap(a,b) gce2/|w|2+£3/ V| + 63 </a<p|4+bK*|<p|2|go|2>
B(0,R¢—1)

11240

Te )

<CP -
Taking the limit £ — oo, the last inequality gives egp(a,b) = —co. O

If A =0, we can assume u > 0, because |Vu| > |V|u|| almost everywhere. Then since
a+bK > 0, the functional is strictly convex with respect to |u|? and uniqueness follows as in
[BCW10] where the case K = Ky;;, was considered. On the other hand, if A # 0, the functional
is no longer convex and uniqueness can fail. Indeed, a strong magnetic field can create vortices
which are a sign of rotational symmetry breaking. This situation was already encountered in the
non dipolar case K = 0 in [Sei02} [Sei03]. A small magnetic field A does not create any vortex
and uniqueness remains true, as we will show in Theorem

In the non-dipolar case K = 0, uniqueness has been shown in several situations [LSSY05;
Sei02; [Sei03]. These works can all be adapted to the dipolar case K # 0 but here for shortness
we only discuss an extension of [LSSY05, Ch. 7]. In the following result we apply the implicit
function theorem for A small enough without getting any information on how small A has to be.
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The second part deal with a radial magnetic field and gives an explicit range of validity as in
[ILSSY05, Ch. 7].

Theorem 5 (Uniqueness of the minimizer for GP functional with magnetic field). Let A,V and
K satisfy the assumptions of Theorem and let (a,b) be admissible parameters as in .

1. Fort € R, we denote by Sg’;’,’t the Gross-Pitaevskii functional where A has been replaced
by tA. Then, there exists to > 0 such that for all |t| < to, Sg’};’t has a unique minimizer,
up to a phase factor, in the sector of mass [5q lul?> = 1.

2. Assume A(zx) = a(r, z)eg, V(x) = V(r, 2) where (1,0, z) are the cylindrical coordinates with
e, = n (the commmon direction of all the dipolar moments). If ||rallec < 1/2 then Egp

has a unique minimizer, up to a phase factor, in the sector of mass ng |u|?> = 1. It is non
negative and axially symmetric, with aris e, = n.

The proof is given in

2.2 Derivation of the dipolar Gross-Pitaevskii energy and minimizers

The phenomenon of condensation can be detected through the convergence of the ground
state and the ground state energy towards those predicted by the Gross-Pitaevskii theory. We
want to give general assumptions on w to be stable and to behave like the dipolar interaction
at long distances. Investigating this problem, one can first notice that taking w = wy + K with
wo € L' is not permitted. Indeed, the two particles hamiltonian Hy would be ill defined due to
the singularity of K at the origin. Taking w = wq + b1 |~ g K removes the singularity and still
is physically relevant since the dipolar interaction is anyway the large distance approximation of
the true Coulomb interaction of two neutral charge distributions.

Theorem 6 (Convergence of the energy). Let A € L2 (R3) and 0 <V € L}, (R3) satisfying

loc loc
V(z) > O (JA()]* + |z|¥) — C, Va e R

Let K = Q(x/|z|)|z|~3 with Q € LI(S?), for some q > 2, an even function satisfying the
cancellation property (@) Let w, R >0 and b € R, be such that

w — bl »rK € L'(R?) N L*(R?). (14)
We also assume w to be classically stable, that is

Z w(z; —x;) > —CN, VYN >2, Vi, ..,zy €R? (15)
1<i<j<N

for some C > 0 independent of N.

If
1 S
-t — 1
ﬂ<3+45+425 (16)
then
lim ey = egp(a,b), (17)
N—oo
for

a= /]RS (w(z) — bl y> g K (2)) dax.
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In addition, a and b satisfy the stability property .

Remark 7. The convergence rate given by the proof is the sum of the error in and of another
one depending on w (see Lemma which comes from the approximation of the Gross-Pitaevskii
energy by the Hartree one. We do not state any quantitative estimate here for shortness.

Notice that the value of the constant R > 0 in the definition of w in has no importance
because of the cancellation property of K, see Lemma [11] below.

If V(z) — oo when |z| — oo faster than any polynomial (e.g. V' = 400 outside a bounded
domain) then the condition reduces to

1 1
<+ .
A

‘We now turn to the convergence of states, which is expressed in terms of the k-particle reduced
density matrices. For ¥ € @ L2(R?), let us define its k-particle density matrix by

Vo = T (W) (W]

or, in terms of its kernel,

k
'Y\(I/ )(xla ey Thy Y1y eney yk)

:/ k\Il(xl,...,xk,zk_H,...,ZN)\IJ(yl,...,yk,zk+1,...,zN)dzkH...dzN.
(R3)N -

)

From now on, when we consider a ground state Wy of Hpy, we will denote by 7](\],6 its k-particle

reduced density matrix for simplicity.

Theorem 8 (Convergence of states). Under the assumptions of Theorem@ for any sequence of
ground states (W), there exists a Borel probability measure p supported on Mgp(a,b), the set
of ground states of Eg’g,, such that, up to a subsequence (N'),

W = u®*) (| dp(u), vk > 1, (18)

N’'—oc0 Mep

where the convergence is in the trace norm. Besides, if E5p has a unique minimizer, then there

s convergence of the whole sequence ('y](\f))N m (@)

Proof. Since the energy per particle is bounded by Theorem [6] the convergence of states can be
proved exactly as in [LNR15al Theorem 2.5]. O

We now make several remarks concerning our two main results, Theorem [ and Theorem

The main novelty of these two results is that the interaction potential has a negative part,
is anisotropic and long range. Furthermore the derivation holds for some 5 > 1/3 where the
stability is of quantum nature (due to the kinetic term). Unfortunately, we are not yet able to
push the analysis to larger 8’s, but we conjecture that similar results hold for 5 < 1, possibly
under more stringent assumptions on w.

In fact, the assumption is not essential. What we need is that a kind of 2*¢ moment
kinetic energy per particle is bounded, more precisely,

Te (he i) <C (19)
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for all N, where h = (—iV + A)? + V. The idea of using such a bound in the time dependent
case originates from works by [EY01} [ESY07; [ESY10], was recently adapted to the ground state
problem and the stability of Hy in [NRS15; (CH17; [LNR15b|. For example, if Hy . > —CN,
where Hy . is defined as Hy but replacing w by (1 — &) !w in , for some ¢ > 0, we can
prove for any 8 < 2/3 and therefore have convergence of both the ground states and ground
state energies. If, on the other hand, we assume , the boundedness of the moment holds
immediately for 8 < 1/3 and with a bootstrap argument borrowed from [LNR15b| we extend it
to B < 1/3+ s/(45 + 42s).

If a potential w satisfies w — b1l |y~ rKaip € L' N L? then by increasing its value in a neigh-
borhood of the origin, we can make it classically stable as in . We explain this in [Appendix
Bl

A natural question arises: are all admissible configurations (a, b) (i.e. those satisfying of
Theorem [1|) reachable by the derivation? In the case of the dipolar potential

1 — 3cos?(0,)
x>

Kaip(x) =

the answer is yes. We are able to construct a potential wg;, (resp. wq;p) satisfying the assump-

tions of Theorem |§| in the case b > 0 (resp. b < 0) and such that the corresponding a and b
satisfy the equality case a = %’Tb (resp. a = 78{ ). Then, any configuration (a,b) satisfying

the strict inequality is reached by adding a well chosen non negative function to wg;p (resp.
Waip)- The interaction wy;, is defined as follows. Let d € R,

Waip(x) = 2W(x) — W(z + dn) — W(z — dn) (20)
where .
W () = “Tﬂ

The potential wg;, represents the interaction of a couple of dipoles interacting with the smeared
Coulomb potential W. The potential wy;, is defined in in the proof of the following
proposition. One could think that the case b < 0 has less physical meaning as it will turn out
that b = d?, but it is experimentally feasible to tune the parameter b to be negative |GGP02].

Proposition 9 (Full range of parameters in the dipolar GP functional). For any admissible
parameters (a,b), i.e. satisfying , there exists a potential w satisfying the assumptions of
Theorem@ and in particular a = [(w — b1l > rKaip). Hence we have

lim EN — er(a,b).
N—oc0

The proof is provided in The rest of the paper is dedicated to the proof of our
main result.

3 Proof of Theorem [6} derivation of the dipolar Gross-
Pitaevskii energy

This section is dedicated to the proof of Theorem [f]



42 CHAPTER 1. Derivation of the dipolar Gross-Pitaevskii energy

3.1 Preliminaries

Our method in this paper is to follow the path exposed in [LNR15a] which consists in a
two steps argument. We first approximate the N-body theory by Hartree’s theory and then
pass from the latter to the Gross-Pitaevskii theory. We use and adapt techniques developed in
INRS15; LNR15b]| for the non-negative short range 3D case and the short range 2D case to our
3D dipolar problem. We denote by h = —(Vm + iA(;v))2 + V(z) the one body operator which
is the Friedrichs extension of the operator defined similarly on C§°(R?). Furthermore, h has a
compact resolvent under the assumption that V' is confining: lim|,|_ V(2) = oo , which we
make, see |[Iwa86| for more details on h.

The Hartree functional is given by the energy of a condensed state

AN Hyvu®N
5}{[\/’(”) — <U y IINU >

N
. 1
— / [(V + ZA)U|2 +/ V\u|2 + 5 // (wy * |u\2)|u|2 (21)
R3 R3 R3 xR3

egn = inf EN(u)
llull ,2=1

We denote by

the Hartree ground state energy. If a potential W is classically stable then it is Hartree stable
[ILNR15al:

I W yp@ptdedy = 0. =0, (22
R3 xR3

It is easy to see that Hartree stability is needed to have liminfey x > liminfey > —oo.
The kinetic energy can never help here. Indeed, if the quantity in is negative for some
p > 0, by taking uy (z) = \/pn(x) = N38/2,/p(NPz), one can see that ey y — —00 as N — oo.
If besides, W is continuous at the origin, Hartree stability implies classical stability: taking
p=1,0g in gives with C' = w(0)/2.

Notice that both in the Hartree functional and in the GP functional, stability is equivalent to
the non negativity of the interaction energy, compare Lemmaand condition of Theorem

The two steps of the proof are as follows. The derivation of the Hartree theory follows
arguments of [LNR14], using de Finetti theorems combined with a stability argument. The way
from Hartree theory to Gross-Pitaevskii theory is essentially based on the observation that for
we L, wy = f w in the sense of measures.

Estimating the pair-potential by the kinetic energy

This section is dedicated to the proof of Proposition [10| which is a generalization of [NRS15|
Lemma 3.2] to a larger class of interactions including the dipolar potential. The latter has a slow
decay at infinity and is therefore not a L' function as in [NRS15].

Proposition 10 (Domination of the interaction potential by the kinetic energy). Define w

wo + Ljy>r K with wy € LY(R3) N L3(R3), K as in Theorem@ and R > 0. Denote wy =
N3Bw(NB-) for any 0 < B < 1. We have the following estimates.

lwy(z —y)| < CNPh, (23)

twy (2 —y) < Celhe)¥ 4T @ (hy)¥ 4=, Ve > 0, (24)

+ (hpwy (z — y) + wn(x — y)hy) < CN3F/2h, @ h,. (25)
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We will first state some lemmas to deal with the dipolar potential K. The first two have been
adapted from [Duo01] and their proof will not be given here. In this paper we use the following
Fourier transform f(k) = [, f(x)e™"**dx.

Lemma 11 (Fourier transform of the potential K, Corollary 4.5 of [Duo01|). Let ¢ > 1 and
Q € LI(S?) be an even function satisfying the cancellation property

/ Qw)do(w) = 0.
S2
For any R’ > R > 0 we define
/ Qz/|x
KE (@) = Lot - (26)

Then for any R’ > R > 0,

b R COS(TR - W
KE (k) = /S 2 /R #Q(w)drdo(w)

_ / /R, cos(rk - w) — COS(T|k|)Q(w)drda(w)
s2 JR r 7

and as R’ — oo and R — 0 it converges for k # 0 to

= k
K(k) = / log Rl Qw)do(w). (27)
|- wl
Moreover .
IKR |l zoe@s) < Call Q| Las2)
for some constant Cy, > 0 independent of R’ > R > 0 and therefore
K| oo (r3) < Coll€|La(s2)
Note that the function K defined in is homogeneous of degree zero and continuous except at
the origin.
Lemma 12 (Definition and continuity in LP, Theorem 4.12 of [Duo01|). Under the assumptions

of the previous lemma, for any 1 < p < co, we define for f € LP(R?)

K * f(x) := Rlirn Kgl * f(x)
RS0

which exists for almost every x € R3. Then, there exists some constant C), > 0, independent of
0 < R < R < o0 such that

IKE * fllze@s) < ColCollQllLa I flle@sy, Vf € LP(R?).
Now we prove an inequality allowing to control long range interactions having bounded Fourier
transform, by the kinetic energy.

Lemma 13 (Domination of the long range potential by the kinetic energy). Let W € L2 (R3)

loc

be such that W € L> (R3). Then, for all € > 0, there exists a constant C. > 0, independent of
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W, such that the following operator inequality holds
+W(x —y) < Cel|[W| poo sy (1 — D)2/ 475 @ (1 — A)P/4F=. (28)

Proof. We follow and adapt the proof of [ESY09|[Lemma 10.1]. Let take f € S(R?® x R?) and
w € S(R3) where S is the Schwartz class and conclude by a density argument. We rewrite the
following quantity in Fourier space and use the Cauchy-Schwarz inequality

’ / (@ y) Pz — y)dedy
RG

= ~

f(p1,p2)w(q1 — 1) f(qr,92)0(p1 + P2 — q1 — q2)dp1dp2dqidge
R12

(1+ [pa2)3/4+2(1 + [pa[2)¥/2+¢ V2

< || @[ oo F(pr,p2)| dpydpad
— || ||L (R3) (Ag'f(pl p2)| (1+|q1|2)3/4+5(1+|p1+p2_q1|2)3/4+5 P1ap2 Ch)

1/2
% o (LA [@P)P e+ [gaf?)? e
X </]R<9 |f(q1,q2)] ( 37are 1daidgs

L+ pa2)?/ 4= (1 + g1 + g2 — p1]?)
1
< NB s o 1— Az 3/8+¢e/2 2 / d
= ”w”L (]R?’)”( ) f||L2(R6) k;sél]]gi RS (1 + |]’€ — q|2)3/4+5(1 i |q|2)3/4+5 q,

where ¢ is the Dirac delta function. The result follows from the fact that

1 1
dg< | ———F—ms—dg < 00,
::ﬂg /RS (14 |k — q|?)3/4+2(1 + |q|?)3/4+= 1= /]RB (14 |g|?)3/2+2¢ 1=

where we have used again Cauchy-Schwarz inequality. O
Thanks to Lemma [I3] and Lemma [4] we are now able to prove Proposition

Proof of Proposition[I0 The first inequality is exactly the same as in [NRS15, Lemma 3.2]
and the last inequality is easily adapted from [NRS15|. The major improvement concerns
where in [NRS15| the potential was assumed to be in L! which the dipolar potential is not.

Proof of (23)).

Using the Sobolev inequality one has
(W(z =yl < ClWllza2(=Aq),

for any W € L3/2(R?). Then using ||wy|| 32 = N?|w||s/2 and Lemmawe obtain .

Proof of (24).

Let us write w(z) = wo(x)+ 13> pK () with wg € L'. Then, ||[@] L~ < HE;\OHLOCJFHEHLOO <
lwollLr + Cql|2| La(s2) thanks to Lemma We can now apply Lemma which proves .
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Proof of (25)).
The proof of [NRS15, Lemma 3.2] gives

+ (heW(x —y) + W(x — y)hy) < C(|W||psrz + [|WL2)he @ hy.

and since |[wy||zs2 = NP|Jw| 372 and |wx |2 = N3/2||w| 2, inequality (25) follows. O

3.2 From the many-body problem to Hartree theory

Our proof is inspired of the one for the 2D case of [LNR15b| with techniques first introduced
in [LNR15a]. The method is the following: we derive a lower bound on the many-body energy
per particle ey making two approximations. First we project the ground state on a finite (but
varying) number of low energy levels of the one-body operator, and then we use the quantitative
de Finetti theorem in finite dimension to approximate the projection of the ground state by a
Hartree state. The error terms involve L (the dimension of the low energy subspace the ground
state has been projected on), N the number of particles and ey the energy per particle itself
(with kinetic energy decreased by a factor (1 — €)) which is not yet known to be bounded. But,
by a bootstrap argument, first introduced in [LNR15b|, we get a condition on 8 ensuring the
boundedness of ey. As in [NRS15; [LNR15b| the main improvement regarding [LNR15a] is the
use of moment estimates on ground states rather than pure operator estimates.

Moment estimates

Now, we prove some moment estimates which will be useful to control the errors. Namely,
we adapt |[LNR15b, Lemma 5] to the 3D case, the main difference being the assumption 0 <
B < 1 which has to be strengthened due to the negative part of the potential w. We define the

Hamiltonian
N

HN75 = HN—EZhj

j=1
and we denote by NV x ey its ground state energy.

Lemma 14 (Moments estimates). Let 0 < 8 < 2/3 and ¥x € b be a ground state of Hy.
Then for all e € (0,1) we have

Tr (h%(plz,) < C% (29)
and ) )
Tr (he h) ) < c(”g%') (30)
for N sufficiently large, and where the constant C' is independent of N.
Proof. We have N
Hye=Hy—eY hj > Nen, (31)

j=1
since Ney ¢ is the ground state energy for Hy .. Because Hy¥ y = NenVy, by taking the trace
of against v = |Uy) (U x| we get

en —eTr(hy) > enc
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which shows the first moment estimate since ey is upper bounded by a constant. For the second
inequality, let us write

N N
1
N2 <\I/N, Zhj Hy + Hy Zh] \I/N>
j=1 j=1
e al (1+ en.c))?
N N,e
=2— <\11N,Z:hj\1/1v> <O (32)
j:

where we used that |en| < 1+ |en | and the first moment estimate. Let us find a lower bound

on . One has

1 N N
w2 ([ 2oh | Hx o+ Hy | D0k
j=1 j=1

2
N

N
j;hj + m ZZ (hin(:Ej — mk) + wN(xj — xk)hi)- (33)

=1 j<k

We split the second term in in two terms, depending whether i # j < k # i or i € {j, k}.
For any 1 <i9p < N, we have

N
1 1
N1 Z wn(zj —xk) =Hye—(1—¢) ;hj N1 ZwN(JCiO — ;)

T 1<G<kEN J7io
J#i0,k#io

ZNeN’E—<1—5+C> Zh , (34)

where of Proposition [10| has been used. Then multiplying by h;, we obtain

Z Z hiwn(zj; — zx) +wy(z; — zg)hy
i=1 i#j<k#i
2

N N
61\/75 Z 2 Z

Jj=1
On the other hand, for j # k, we have by
hij(xj — .’17]9) + wN(xj — .Tk>h] > —CN35/2hjhk

and, after summing for 1 < j < k < N, we obtain

2

N
> hjwn(x; — ax) + wn @y — xp)hy > —CNP2 [N "h | (36)
i<k Jj=1
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Combining and we arrive at the estimate

2

N N N
1 2 N# N38/2

j=1 j=1

N
1+ EN,e
ot (3] -
j=1

Taking the trace of against |Uy) (U] and using the first moment estimate, we conclude
that

NB N38/2 ) (1+ len.c|)?

(5—CN -0 )Tr (homi)) < oEe
Now, if 3 < 2/3, for N large enough one has ¢ — CN#~1 — CN38/2-1 > £/2 > 0 and the second
moment estimate is proved. O

Lower bound via de Finetti

We now state some quantitative version of the de Finetti theorem [LNR15b, Lemma 3| origi-
nally proven in [CKMRO7]| (see also |Chil0} [Har13; LNR14| for variants of the proof and [FV06]
for new results). For a summary of the use of de Finetti theorems in the mathematics of ultra-
cold atomic gases, see [Roulbb|. Heuristically, the result states that the density matrices of
symmetric wave functions are well approximated by convex combinations of product states when
N is large.

Theorem 15 (Quantitative quantum de Finetti in finite dimension). Let ¥ € ¥ = ®iv L3(R?)
and P be an orthogonal projection of finite rank. Then, there exists a positive Borel measure dpy
on the unit sphere SP$) such that

P®27\(112)P®2 _ /
SP$

TI‘yJ

|u®2> <u®2|d,u\p(U)‘ < WTP‘VJ

and

2
/ dpve (u) =2 (Ter&l)) :
SP$

Let us introduce the two-body operator K& = h® 1+ 1® h+ wy(z — y). Define P :=
P(L) = 1(_,)(h), for any L > 0, the projection onto the subspace of energy levels lower than
L of the one-particle operator. The ground state energy can be written

(Un, HN Y N)

2
N =T (ng)v)

_ / (2, Kau®?) dpg () + Tr Kz (1, — PP PP?)
SL

PR (PP [ ) 2 dpay ).

L2

Where we have denoted the unit sphere of L?(R3) by SL?. The first term is the sought after
approximation leading to the Hartree energy :

Eg(u) = <u®2, Kévu@} .
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The two others are error terms which have to be controlled. We summarize our estimates in the

following lemma.

Lemma 16 (Lower bound via de Finetti). For any 0 < 8 <1 and any L,e,6 > 0, there exists

a constant C > 0 and Ny > 0 such that, we have for all N > Ny

(1 +lencl)

/ (u®27K2u®2> dpwy(u) > egny —C ,
SL2 eL

1

®2,(2) pe?2 ®2Y [, ®2 L
Tr | Ky | P¥%yyg PO — [u®) (u®%| dpw () E—C’(;T
SL2

and
EJF?LS
(L+lene|) 872

Tr K (7§, — PE§L P = —Cs

1 4
eL87 2
Combining the inequalities @, (@) and @ we find
1 13,39
en > _C(1+‘6N,6D _C LU (1+[enel) 812
N Z €H N <L é N l§+§é 1 3
e8T2[8 2

Proof. Let us take 0 < 8 <1, L,e,§ > 0 and Ny > 0 such that Lemma [T4] holds.

Main term (|38]).

Since (u®?, Kou®?) = E5(u), we have

| ) dp ()2 e [ dp )
SL? SL2

2
But [g,. dpy, (u) < (Tr P’y\(;]z,) and Q :=1— P < L™'h and therefore
2
/ Ay (u) > (1 - TrQ’y\(I}z,)2 >1-— fTrh’Y\(I}z,'
SL2

So we obtain

C
/ (u®?, Kou®?) dpg , (u) > eg.n — T Trhv‘(l,ll)V > e N — C(
SL? el

where we have used .

First error term (39).

L+ [enel)

(38)

(39)

(40)

(41)

Using the quantitative quantum de Finetti Theorem [15| and the bound Ph < LP we obtain

L2

Ld
T+ ) (PP = [ 1) 0 )| < 0FRE,

(42)
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where dr, = dim Ran P. Besides, from in Proposition [10| we deduce that for § > 0,
+PPwy (z1 — 22) P®? < C5(Phy ® Phy)¥/*t° < C5 L3220 pe?
which, combined with ([42)), gives

,3/2+28 3im P
Tr (K (P@%SELP@— | <u®2|dw,v<u>))z—oaN”‘”’. (13)
SL2

We now use |CSS78, Theorem 2.1] according to which there is some constant C' > 0 such that
dim P$) < CL3/271/%) and which shows

Second error term ((40)).

The operator inequality h > Ph gives

Te (0 + h2) (47 = PE2ELPE2)) = T [((ha + ha) = P2 (hy + ha) P%) 25| = 0.
Then, we follow and adapt [LNR15b|. Using the Cauchy-Schwarz inequality for operators
+ (AB + B*A*) <y 'AA* +0B*B, Vi >0, (44)
we obtain
+2 (vf;N - P®27\(I,2])VP®2)
== (1= P#2) 4 98 (1= P52) + PO (1= P92) 4+ (1 - PPy Po2)
<ot (1= P#2)4{) (1 - P22) 41 (vff,)v + P®27§,2]VP®2) ., Y > 0. (45)

On the other hand, using and the fact that

t"=inf (rp '+ (1—r)p™"), Vt>0, Vre(0,1), (46)
p>0
we get
L wy(z—y) < Cs(hahy)3/*° < Cs (pflhzhy T p%ig) . (47)

Now, combining and we have
2Tr (wN (7\(1,212] - P®27,(1,211P®2)) >
—2Csn ™ Tr ((hlhy)g/‘“’é) ((1 — P%?%) 7\(1,212, (1- P®2)>

_ 3445
~Con T (p M hahy + pT5 ) (1) + PP P92) .
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After optimizing over 1 > 0 we find
e (w0, - PP ) >
3/4+6 ®2) ~,(2) ®2 1/2
~Cs |Tr ((hahy)440) (1= P#2) 95, (1= P#2))]
_ 3445 1/2
x [T (07 hahy + T8 ) (48] + PG PO ()
Let us deal with the second factor in , we have

3+46

Tr (pilhxhy +p%) (7\(1/2) +P®2’}/(2) P®2)‘ <C (pfl Ty (hth’j/\(Ii?]) _|_p1—45)

N \oN

and by optimizing over p > 0, we obtain

)3/4+5 . (19)

—1 H 2) 2_(2) p®2
s ) (209

S CTr (hlhg’}/\(pzzj

Now, let us find an upper bound of the first factor in . We define @) := 1 — P and we notice
that

1-P2=1-(1-Q)®(1-Q) =001+12Q-0Q®Q

<Q®1+12Q. (50)
This allows us to write
(1= P22) (e )™/ (1= PE2) < C (Q¥/45T @ 34+ 4 p?/440 @ Qu?/4+7) (51)
1 3/446 | 13/4+6
§0W<h®h +h ®h) (52)
1 1 3445
SCW(’U h®h+n1’45(h®1+1®h)>7 (53)

for allp > 0. In , we used (50), whereas in we used that Q < L~'h. Finally, in we
used . Now, taking the trace of |D against 7\(1,22] and optimizing over n > 0 we get

T ()40 (1 P92) o2 (1 P22)) <

1 3/4+6 1/4—5
-

Finally, from and we get
Tr (wN (’yff)v — P®27\(I,21)VP®2)) >

Cs (2)\ 3/4+9/2 (1) \ 1/8-5/2
— 7 (Trhe mi) (Tenng)) . (55)

Now, using the moment estimates and of Lemma the result follows. O
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Final energy estimates and stability of the second kind

We follow the bootstrap argument of [LNR15b|. From Lemma [I6] we have

-1
(1 + ‘eN,eD c L3(4s™)+26 (1 + |€N,5D13/8+36/2 (56)
oL 6 N -13/8+35/21/8-6/2 | °

egn >en >egn—C

We want to prove that ey . is bounded, otherwise, since we take L > 1 we have

(L+lenel) o (14 len o |)13/8+30/2
eL — ¢13/8+35/2]1/8-5/2 °

(57)

We can therefore omit the left side of in inequality . Now, let us rewrite , replacing
w by (1 — &) tw, we get
1 13,38
130+5)+20 (1+ |€N,e’|)§+7
N + 13, 30 5 |

1
(¢ —e)8 T2 L8 2

iy > ene > ey —Cs (58)

for all 1 > ¢’ > & > 0. Note as well that e3; ;- > 0. Thanks to the classical stability of w 7

we know that for all 0 < ¢ < 1 we have ey . > —CN*’~1. Now, as in [LNR15b], this leads us to
make the following induction hypothesis, denoted I,,, for n > 0,

lim sup
N—oc0

len.c|
m < 00, Ve € (0,1)

It is clear that I,, holds for n = 38 — 1, and we would like to prove Iy. By choosing L = N7, for
T > 0, we see that if I, holds, then I, also holds as soon as

130 —
n’>max{37(1+sl)1, 3n8 T}. (59)

Optimizing over 7, becomes

, s —n(15 + 14s)
T 24+ 255

In order to choose some 7’ < 7, the condition n < s/(15 4 14s) must be fulfilled. In term of
(in order to start the induction) this means

1
B<= i

3 * 45 + 42s° (60)

If condition is fulfilled, we can show that (1) holds, after applying finitely many times.
Namely, we have convergence of the energy per particle with the following estimate on the rate
of convergence

1
ey >epgn — CsN (25+24/5)+126 (61)
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3.3 From Hartree theory to Gross-Pitaevskii

We have shown above that the many-body ground state energy ey is well approximated by
Hartree’s energy ep,n. It remains to show that ey n is a good approximation of the Gross-
Pitaevskii energy egp(a,b). This is easier than the approximation of the many body energy by
the Hartree energy. The case w € L'(R3) follows from standard arguments |[LNR15a; LNR15b]
and it remains to adapt the proof to deal with K.

Lemma 17 (From Hartree to Gross-Pitaevskii). Let wy € LY(R3) and K (x) = Q(z)/|z|® satis-
fying the assumptions of Theorem @ LetbeR anda = fR3 wo, let us define w = wo + bl |y~ g K
hm sup ||u||Hl

for some R > 0. Then
[ oxte = w)tuta) Plutw) Pdady
*© ueH!

~a [u@)tds —b [[ Ko - g)lute)Pluty) Pdsdy| = o

We have not stated here any rate of convergence as it depends on the properties of the
short range potential wg. The dipolar part of the Hartree energy converges with an error of
O(N—P) towards the dipolar part of the Gross-Pitaevskii energy. As an example, under the
extra assumption |z|wo(z) € L'(R?), the short range part of the energy converges also with an
error of O(N—F).

Lemma shows that ey, v = egp + 0(1) as N — oo and ends the proof of Theorem @

Proof. For the L' part of the potential, the proof of convergence is the same as in [LNR15b,
Lemma 7] except that the integration domain is R® and not R?. We quickly recall it here: let
wo € L' (R?) and A > 0. We have

’//wo,N@C — y)|u(x)*lu(y)*dzdy — a/ |u(y)|4dy‘

- ‘// wo(@) u()? (Ju(N 2+ y) ~ [u(y)]?) d“’dy'

1
< 2//]1‘z|<A|w0(x)||u(y)|2/ [uVu(tN Pz +y) - x| NP dtdzdy
0

#2( [ B alunallde )
<o (av 2 ( [ o aluntoias) ) ful

Taking A = N#/2 gives the desired result. For the dipolar part, the same proof will not work
since the potential is not integrable both at the origin and at infinity. Nevertheless, as we saw
in Lemma |11} the convolution by K extends to a bounded operator on L?(R3) and coincides in
Fourier space with the multiplication by a bounded function K € L*(R3). By definition, for
fe LP(R?),

K« f:= lim K« f where KX(z) = K(2)1e<)y|<y(z), Yo €R®.

71— 00
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As computed in Lemma

Kl = ncosrwuf wﬁaw
Rr= [ [ (costrp- ) - )0) Lot (63)

In order to prove , we seek to find a bound on the error f(Ké?'Nfﬂ * [ul?)|u|?. First, let us
notice that for p € R

SRN-P RN7S dr
RO <c [ [ feostmew) 1] Tdotw) < v (64
s2Jo
Then,
g 2
[ty s sl = [ | < [ RE [
R3 R3 R3
_ 5 2
<ov [ pllPe)f. ()

By a density argument we can assume that u is smooth and use that |Z|\2 = |/u\| * |/u\|7 we obtain
— —~ — —
[ bl < [ sl = BRI6 e - o lloddr
<2 / P = Kl[ul(p = F)lu|(k)[u|(p — g)[u|(g)dgdkdp,

where we used that |p| < |p — k| + |k| and the symmetry of the integrand. We now define
f=F"(Jul) and g = F1 (|pllul) such that |/ |z = [ulllm: < ljullsr and [lgllz2 < [ Vul 22
And finally,

2\2 x x 3 X
[P < [ la@iisepa

< Cliglr2llfllze < Cllgle=l 13 < Cllullin (66)
Inequality inserted in concludes the proof of Lemma O

Appendix A Proof of Proposition [9]

Here, we show that in the dipolar case K = Ky;;,, any admissible (a,b), i.e satisfying the
condition of Theorem |1} comes from a pair potential in the many-body problem. The proof
uses two well chosen potentials wg;, and wg;, which give the case of equality in respectively
for b > 0 and b < 0. Higher a’s are then achieved by adding a non negative pair function
having the correct mass. First, we need the following lemma in order to build a classically stable
potential behaving like the dipolar one at large distances.

Lemma 18 (|Lew04], Dipolar approximation). There is a constant C' > 0 such that for all
z,h € R with R+ h #0,

L (Lo SR dip
CETTRN T o )| = Pl
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with e, = x/|x|.
We now recall the definition of wg;p,

Waip(x) = 2W(x) — W(z + dn) — W(x — dn) with W(z) = 1|;|' (67)
The potential wg;, represents the total interaction of two dipoles given by four charged particles
interacting via the smeared Coulomb potential W whose position and charge are (O, 1), (dn, —1)
(for the first dipole) and (x,1),(x + dn,—1) (for the second dipole). The dipolar moment d
is a characteristic of the system and is parallel to n, the common direction of the dipoles. In
particular, by Lemma @, if we fix some R > 0, the potential wg;;, can be written

Waip = wo + d* g >R K (68)

with wy € L' N L>. Furthermore, Wyip 1s of positive type since

—_—

Gaip(k) = 2W (k) = W (- + dn)(k) = W (- — dn)(k)
8
= RO (1 —cos(k-dn)) > 0. (69)

Computation of the short range parameter a

Now, let us compute the short range strength a = [wo, defined in . Recall that this
quantity is independent of the choice of R > 0. We have

wy = Waip — d*1 K) = lim Waip,
/]RS 0 /]RS( dip |z|>R ) Asoo B(0,4) dip

thanks to the cancellation property .

Lemma 19 (Computation of the short range strength). The short range parameter of wqi, s
given by

Proof. Recall that w — d2]l‘z|>RK € L', we can consider
F (waip — @15 g K) = Wy, — d? (IA(—K]1|I|>R) (70)

which is a continuous function and satisfies F (wdip — d2]l‘z|> rK ) (0) = [ wo. Now, we compute
the limit when p — 0 of the right side of . The third term is an error term and according to
, it is a O(p) as p — 0. On the other hand, for any p € R3, we can write the first term as
(p-dn)? dQ]

F(waip)(p) — d* F(K)(p) =4 (1 —cos(p-dn)) = ~——5—+

(1+ |p?)|p[? p|? 3
which tends to 4Td* as p — 0. O

Now, using wgq;p, we will show that any a and b satisfying assumptions are reached for
some potential w. For this purpose, let us distinguish two cases.
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Case 1: b>0
Let (a,b) satisfy condition with b > 0. Let us take d> = b and a > 47b/3. Define

w = f+wdip;

with f € L'(R?*) N L*(R®) of positive type, such that [ f =a — 4mb/3. Then, the potential w is
classically stable, since w > wgq;p and wqsp is. It satisfies the assumptions of Theorem @ and so
the result holds for b > 0.

Case 2: b< 0

Without loss of generality, let us assume n = ez and let us take d?> = —b. Define

Wdip = f — Wdip
with f being the inverse Fourier transform of

~ 47

(-4 IpP) (a2 4+ 2522 )

We have fe L', since

/ . dp1dp2dps = / dps / 4p1dp: < o0
e (14 [p?) (L +p7 +p3) B 103 Joe (14 p2 4 p2)%/2 ’

where we used the change of variable p3 = /1 + p? + p5. One can verify that (1 — A)2f e L
and therefore f € L'. Furthermore, the inequality

2 (1 — cos(psd)) (d‘2 + <p’

pi +p3
4

implies @ =F- Waip > 0. Moreover, since feLl, f e L' N L? the potential Waip satisfies the

assumptions of Theorem |§| and its short range parameter is given by a = (f — wg)(0) = —8wb/3.

This concludes the case of equality of Proposition [J] the other cases are obtained by adding
positive functions to the potential wg;p.

Appendix B Stabilization of the long range potential

Here we show that given a potential K = Q(z/|z|)|z| 3, with Q an even function satisfying
the cancellation property and some regularity condition, there always exists a classically
stable potential wgqp behaving like K at infinity (Proposition . Moreover, if some potential
w has the long range behavior of K, we show that one can always make it classically stable by
increasing its value in a fixed neighborhood of the origin (Proposition .

Proposition 20 (Existence of stable potential). Let K = Q(z/|z|)|z| = with Q € W44(S?), an
even function, satisfying the cancellation property (@, for some ¢ > 1. Then, for any R > 0,
there erists some continuous function wga € LP(R?), for 1 < p < oo, of positive type (hence
classically stable), such that wsiap — 15> K € LY(R3). Moreover, we can choose wiqp such that

(Wetab(2) — Lig> rK (2)] = O(e=#I2), for some p > 0, as z tends to infinity.
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Proposition 21 (Long range stability). Let K be as in Proposition R >0 and w € L*(R3)
with (w)— € L>®(R?) and such that w(z) — Lj,>pK(x) € L'(R3). For all 6 > 0 there exists
n > 0 such that w + nl|, <5 is classically stable.

To show the properties above we need the following lemma whose proof will be postponed.

Lemma 22 (Stabilisation by a short range potential). Let wy € L _(R3), wog > 1 > 0 and
wy € L®(R3) such that
jwi ()] < Col/|x|** (71)

for all z € R3, where n,e,Co > 0. Let us define for R > 0

vr = wol|z<r + W1lz>R-
Then, there is come constant C., given by , such that, if
R2+E,]7

Cs < 2 ’
Co(1+ R7°02))

(72)

then, there exists ¢ € LY(R3) such that pr > 10, zz > 0 and zZ € L'. In particular, pg is
classically stable.

If Lemma [22] and Proposition [20] hold, then Proposition [21] is easily verified.

Proof of Proposition . Let us consider wsqp as in Proposition Let us write w = wol |z j<p+
1jz>rK and rewrite w as,

w = wol|zj<r — Wstabl|z|<r + (K — Wstap) L |g|> R + Wstab- (73)

The second term in is smaller than |[wssap||r=, the third term is a O(e~1*l) and the last
term is of positive type according to Proposition 20l Then, by increasing wy sufficiently in some
fixed neighborhood of the origin, one can make w classically stable by using Lemma The
idea of the proof is based on a result of Ruelle [Rue99, Proposition 3.2.8]. O

Now we prove Lemma [22] and Proposition [20]

Proof of Lemma[23 The strategy of the proof is to increase the function ¢, by adding a function
11 whose Fourier transform is well controlled, and such that ¢ + 11 is positive. We will then
look for conditions on R,7n and Cy to bound ¢g + 91 from below by a function of positive type
1o, such that ¢ := 1o — 1) is classically stable.

Let o be a smooth positive function with support in B(0,1) and such that f a = 1. Let us
denote agr(r) = (R/2)3a(2z/R). For |z| > R, we have

/ ' (2')dz' > 1 > R L
BO,Ry2) 1T — 2P T = (e + R/2° = (R+ R/2)> [2PF=

92 3+e 1
>(3) i

3 3+¢ 1
Yi(z) = Co <2> (Wﬂm/lsz) *ag(z),

Let us define
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from and we deduce

1
|w1(1‘)|]1|a:|>3 < COW]l\sz < ?ﬁl(l‘)

and in particular we obtain
Y1 Swiljzsp + 2¢1. (75)

We now look for a bound on 1/#; , we have
11+ 2°)¢nlloe < (11— AP 4]l
from which we obtain

- Co3**||(1 — A)3agllpr g1/ [>T L1 _ AnCo3E||(1 - A ag|

[1(p)] < 93+2(1 + p2)3 2BHeRe(1 + p2)3 (76)
Let us define for u > 0, A > 1,
ef)‘lw‘/2 —_ ef)“wl
W) =
A |z
We have
— 1 1 X% INu
Fip) = - = 4 >4 . 77
vi(p) “(|p|2+x2/4 p|2+/\2> (Ipl? +X2/4)([p|? +22) = (Ipl + A?)? 7

We want to find a condition on A and g such that ¢ (z) < ¢ (x) for |z| > R, and since it is
sufficient to have

N/ el el e
< < < > I,
S pH |£L" = 0|!E|3+5 _’(/)1(1') ‘$|

PR (x) = p

]

it is then sufficient to assume p < CoC-A**¢ where C. = (4 + 25)2+56_(2+5). Therefore, with

we obtain
PR (z) — 291 () < wi(z), Vx| > R. (78)

On the other hand for u <7, we have
PN (@) = 21 (2) < p < <wolw), Vlz| <R

From and we deduce that if uR® > 3*7A2Co||(1 — A)3ag]|z: and A > 1, then

0 < Pl — 2.
Gathering the conditions, we deduce that if

2
142
34 H(l - A)SO‘R”Ll © R2+€77
& dt2e  4+2e C
(442e) ¢ e = 0

(79)

then we can find some A, u > 0 such that ¢ := ¢§ — 2¢; < ¢ where ¢ fulfills the assumptions
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of the lemma. We define

2

44-2¢ . Z
e < 1= A)ag|te
Ceo = ——33= sup inf 3 (80)
(442) c B> 14 R_6(1+E)
O

Proof of Proposition[20 Let 0 < x < 1 be a smooth function such that x(z) = 0 for |z| < 1/2
and x(x) = 1 for |x| > 1. Let us denote by xr(z) = x(z/R) and ¢ = xrK. We have

—

(1—-A)2g = (1+|p|*)?g and

A+ 1P| < 19l + 2[lpI*gll == + Ilp|*gll =
<@ = xr) g <r Kl + | Lai<r KL= + 2] = Agllzr + [(=2)?g]| s
< Crl|Qflwa.a.

Now, for u > 0, consider ¢}’ € L'(R?)N L>°(R?) as defined in the proof of Lemma It satisfies

3
h 1M
Y1 (p) > 1+ |p|2)2'

Taking p > 4Cg||Q||,/3, we define wgq, = ¥} + (1 — xr)K. Because of Sobolev embeddings
Q € L™ and therefore wyqp — Lj;)> g K € L®(R?). Moreover ¢} (z) = O(e~*I*l) as 2 — oo, this
concludes the proof of Proposition O

Appendix C Proof of Theorem [5} uniqueness

Proof of 1)

We use the implicit function theorem to prove the uniqueness of the ground state of the
Gross-Pitaevskii energy in some neighborhood of ¢ = 0. This method does not allow to give an
explicit value of ¢q in the lemma.

Let us fix some admissible parameters (a, b), i.e. satisfying condition , and let us define

Sue)i= [ IV ripAu+ [ Vi va [ b [ (K,
R3 R3 R3 R3 xR3

We assume without loss of generality that V' > 0. A minimizer of £(-, ) satisfies the Euler-
Lagrange equation

®(ur, uz, ) := h?u + 2alu|*u + 20K * |u|?u — p(u, ©)u =0

where u = uy + tus with u1,us are real valued,

h? = (iV + AP +V

and pu(u, ) = E(u, o) +a [ |u|* + b [ K = [u|*|u[?>. We want to apply the implicit function on @
in a neighborhood of (ug,0). For that, we first need the following lemma.
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Lemma 23. Define the operator
L™ = —A+V +2au} + 2b K x uj — p(u, 0)

with domain D(hg). Then L™ is a non-negative self-adjoint operator with compact resolvent.
Moreover, its ground state is ug and it is non-degenerate.

Proof. Thanks to Lemma and Sobolev embeddings we have f := 2au? + 2b(K xu3) € L*(R?).
The self-adjointness and the compactness of the resolvent of H follow from Sobolev inequality.
The uniqueness and the non-negativity of the ground state up to a constant phase follow from
|LLO1, Theorem 7.8]. Now, since up minimizes £(+,0), we know that Houg = poup and also that

for any v € D(hé/z) we have %S(uo + tv)|t=o > 0. The latter is equivalent to
<v’ — A+ V 4 2aud + 2bK*u%‘v>

+a / o ()P R(v(2))?de + 4b // K (1 — y)uo(@)R(0(x))uo (y) R(v(y) dady
> pu(uo, 0)[[v] 72 gs) -

Taking iv with v real in the last inequality shows that L~ > 0 (since we know the ground state
of L~ is real up to a constant phase). Taking v = ug shows that ug is the ground state. O

To verify the assumptions of the implicit function theorem we must compute

d1®yy,00& = LTE
= L™ €+ daudé + 4b(K * upé)ug

—4 (a/ugf + b/(K*Ug)%ﬁ) ug — 241(uo,0) (uo, &) 12 uo

and
d2® (490,06 = L™E = h°& + 2audé + 2b(K * ug)& — pi(uo, 0)E.

Define V := D(h(l)/z) endowed with the norm |Jully = ||ul/rz + ||h(1)/2u||Lz and denote by {ug}+
the orthogonal space in L?(R3) to ug with respect to the L? scalar product. We emphasize
that the latter are spaces composed of real valued functions. Using Sobolev inequality and
Lemma it is elementary that ®, di® and do® are continuous functions. In order to apply
the implicit function theorem, we want to prove that (L*)=! : (L2(R3),] - |lz2) — V|| - Iv)
and (L7)7' : ({uodt, || - llz2) — (W {uo}t, || - ||y) are bounded linear operators. Since, L*
have compact resolvents, it is sufficient to prove that 0 is not en eigenvalue of L™ and that
ker(L™) = span{ug}. We prove this by contradiction, let ¢ € ker(L™), writing & = \ug +&+ with
¢t € {up}t, we have

(€LY =0
= (¢t L et +4 (a/(uogl)2 + b/K* (uogi)uogl> — 2 (ug, hO¢t) (81)
(ug, LTE) = 0 = —2Au(uo, 0). (82)

From , and since p(ug,0) > 0 because we assumed V > 0, we deduce that A = 0 and then
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from (81 together with Lemma [23| and the admissibility of (a,b) we obtain that ¢+ = 0 which
is the contradiction we seek. Similar arguments gives that ker(L~) = span(ug). We in fact only
proved that (LT)~1: (L2(R3), || - |lz2) — (V] - ||z2) is continuous, but since || - |2 < || - ||y the
desired continuity property holds. Now, we can use [Cha06, Theorem 1.2.1 & 1.2.3] and claim
that there is some neighborhood X x] — ¢g, ¢o[2 (ug,0) in H :=V & ({uo}* NV) x R and some
function h :] — ¢o, po[— X such that for any (u, @) € X x| — @0, ol

D(u, ) =0 <= u=h(p).

Hence, there is uniqueness of the minimizer in X. Now we must prove that there is some other
neighborhood of 0 which we will still denote by | — g, @o[ such that for all |p| < g, any minimizer
of £(-,¢) (restricted to the unit sphere of L?(R3)) belongs to X (up to a constant phase). We
prove it by contradiction, assume there is a sequence ,, — 0 with u,, € (V & V) \ X minimizing
E(+,pn) for all n. First, notice that for all u € L?(R3) there is some § € R such that

S(ue?) = R(u) sin(h) + I(u) cos(9) € {ug}t.

It suffices to take § = — tan='((3(u), uo) / (R(u), ug)). Hence, we can assume that u,, € H for all
n. Then, notice that (u,,) is bounded in H it is thus precompact in L*(R?) and we can assume
without loss of generality that it converges to some function us, € L?(R?). Besides, for any u
and |p| < C we have

E(u, ) — E(u,0)] < [el| (u, (VA + AV)u) + [@|? (u, A%u) < Clep| (u, (ho + 1)u) .
So that
E(un,0) = E(un, pn) + o(1) < E(uo, pn) + o(1) = E(uo, 0) + o(1).

And since &(+,0) is lower semi-continuous, by passing to the limit above we obtain &£(ue,0) <
E(ugp,0) hence u = up by uniqueness. We recall that X is a H-neighborhood of ug so we must

prove the convergence of u,, in the topology of H. We know that (hé/ 2un) is bounded in L?(R?)
thus, without loss of generality, we assume it converges weakly to some limit we denote by vs.
Then, for any £ € V @V we have

(B, €) = (un, b/ *€) = (a0, h'€) = (1 *uo, €)

proving that v, = hé/zuo since V @V is a dense subset of L?(R?). Now, let us prove that
the convergence is strong. For that, it suffices to prove the conservation of mass in the limit:
||h(1)/2un|| — Hh(l)/zuoH as n — oo. We have, by the Euler-Lagrange equation,

1/2 1/2
15| = 15 w0l | < 1€ un,0) = E(uo, 0)
+/|\un|4_|uo|4;+/;K*u3u3_mugug\ o0,

as n — oo. We already know that the first term tends to 0, for the two other, it comes from
Sobolev embeddings and Lemma Hence u,, — ug in ‘H and this is the contradiction we seek
: there is some o > 0 such that if w is a minimizer of £(+, ¢) then v € X. This ends the proof.
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Proof of 2)

This result is stated for the case K = 0 in a remark of [LSSY05, Ch. 7]. Here, we give a proof
working for any K satisfying the assumption of Lemma using the fact that the interaction
term is convex in p = |u|?. We write the Fourier decomposition of u in cylindrical coordinates

u(r,0,z) = ch(r, 2)e™™? Vr 2 >0, 60 €|0,2x],
neZ

where

1 2 .
cn(ryz) = %/0 u(r,6,z)e"™dg, Vn € Z.

Then, we have

%
(;39 + a)u

J.

2 A n 2
[ e (7 a) rare

00 o) 27
> |cn(r7z)a|27“drdz:/ |lau|?
L b X A

neZ

(83)

where we used that if [|ral| < 1/2 then [n/r +a| > |a| for any n € Z. From inequality (83)), we

know that taking <\u|2>é/ ?, where (-) stands for the f-average, can only lower the §-component
of kinetic energy. We know that it also lowers the other components of the kinetic energy which
are convex in p = |u|? since they are not affected by A |[LLO1, Theorem 7.8] and proves that
minimizers are non negative up to a constant phase. Besides, the interaction term is strictly
convex in p, indeed using that a + bK > 0 and denote by < F(p) >,= (F(p1) + F(p2))/2 for
some p1, p2 and any fonction F', we have

(of o fucemn) = [ (assk)gom),
> [ (a+0R) 1(5), 1 = [ (a+bR) 1),
=a/<p>i+b/K*<p>p<p>,,~

The strict convexity of the functional gives the uniqueness of the minimizer by standard means.
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Chapitre 2

Derivation of the Gross-Pitaevskii
and Bogoliubov equations for
dipolar gases

Ce chapitre reprend 'intégralité de I'article soumis dont le préprint est accessible en ligne sur
arXiv / Hal.

A. Triay. “Derivation of the time-dependent Gross-Pitaevskii equation for the dipolar gases”.
arXiv preprint arXiv:1904.04000 (2019)

Abstract

We derive the time-dependent dipolar Gross-Pitaevskii (GP) equation and the Bogoliubov equa-
tion from the N-body Schrédinger equation. More precisely, we show a norm approximation for
the solution of the many body equation as well as the convergence of its one-body reduced den-
sity matrix towards the orthogonal projector onto the solution of the dipolar GP equation. We
consider the interpolation regime where interaction potential is scaled like N3~ 1w(N?(x — y)),
the range of validity of 5 depends on the stability of the ground state problem. In particular, we
can prove the convergence on the one-body density matrix assuming @ > 0 and 8 < 3/8.

Résumé

Nous dérivons I’équation de Gross-Pitaevskii (GP) dépendante du temps ainsi que I’équation de
Bogoliubov a partir de I’équation de Schrédinger & N corps. Plus précisément, nous montrons
une approximation en norme de la solution de ’équation & N corps ainsi que la convergence de
la matrice densité réduite & 1 corps vers la projection orthogonale sur la solution de I’équation
de Gross-Pitaevskii dipolaire. Nous considérons le régime dans lequel 'interaction est dilatée
de la forme N3°~1w(NB(x —y)), la plage de validité de 8 dépend de la stabilité du systéme
dans ’état fondamental. En particulier, nous montrons la convergence des matrices densités sous
Ihypothése W > 0 et 8 < 3/8.

63


https://arxiv.org/abs/1904.04000
https://hal.archives-ouvertes.fr/hal-02091613

64 CHAPTER 2. Derivation of the Gross-Pitaevskii and Bogoliubov equations for dipolar gases

Table des matiéres

1 Introduction

2 Setting and main result
2.1 The effective equation . . . . . .. .. ... ... ......
2.2 Main result: derivation of the Gross-Pitaevskii equation . .

3 The localization method
3.1 Presentation of the method . . . . . ... ... ... ... ..
3.2 Estimate on the kinetic energy . . . . . .. ... ... ...
Step 1: Bounds involving Ry . . . . . . . .. .. ... ... ...
Step 2: Bounds involving Ry . . . . . .. ... ... ... ..
Step 3: Bounds involving Ro
Step 4: Bounds involving Rj3
Step 5: Bounds involving Ry . . . . . . . . . ... ...
3.3 Norm approximation . . . . . . .. ... .. ... ...
3.4 Proof of Theorem [3]

ZlElEEEEEEREEEELE




1. Introduction 65

1 Introduction

The phenomenon of Bose-Einstein Condensation (BEC) predicted in 1924 [Bos24} [Ein24] and
experimentally observed in 1995 [AEMWC95|, has triggered a vast interest in the mathematical
physics community. Initially analyzed for a gas of ideal particles, it has been a mathematical
challenge to prove its persistence in the presence of interactions. Most of the first studies on
BEC focused on the repulsive case, where the interaction is assumed to be non-negative or, at
least, with a non-negative scattering length. Alongside, as experimental physicists mastered the
creation process of condensates, it has been made possible to condense chemical elements with
more complex interactions. In particular, the realization of dipolar BEC was achieved in 2005 for
Chromium by Griesmaier et al [GWHSPO05| and is still an active domain of research |[BCZL+08;
LBYL11; AFMB-+12].

The nature of the dipolar interaction opened the way to a great variety of new properties such
as a stable/unstable regime, the roton-maxon shape of the excitation spectrum |SSL03; [HNP10|
or the existence of a droplet state [CBPM+16; BWBB16a]. See [LMSLP09] for a survey. Yet,
the dipolar interaction rarely fits the framework of the standard mathematical analysis of Bose-
Finstein condensation as it is long-range and partially attractive.

In this work we give the first derivation of the dipolar Gross-Pitaevskii (GP) equation from
the N-body Scrhédinger dynamics. The GP equation determines the evolution of the common
wave function of all the particles in the condensate. In the 3D case and in the Gross-Pitaevskii
regime, the rigorous derivation for a repulsive interaction was proven in a series of works by Erdos,
Schlein and Yau [ESY06; [ESYO07; [ESY09; [ESY10|. This is the regime where the scattering length
is of order N1, it corresponds in the N body setting to a scaled interaction potential of the form
N2w(N-) for some fixed w € L'(R?). In this regime, the scattering process plays an important
role and has to be precisely taken into account. Like many other works in the subject, we will
focus on an interpolation regime between the Gross Pitaevskii and the Hartree regime where the
potential is scaled like N3#~1w(NP.) with 0 < B8 < 1. This case is easier because no significant
correlation structure is expected to take place. In our setting, the difficulty comes from the
attractive part of the interaction potential that may cause instabilities, as we will discuss. The
derivation for the mean-field regime 5 = 0 was carried out in [BGMO00; EYO01]| and later in a
more general framework in [ANO8; |JAN09; |AN11|.

Removing the non-negativity assumption on the interacting potential or studying the at-
tractive case is a difficult task since the system may not be stable of the second kind that is
Hy > —CN for a constant C' > 0 independent of N and where Hpy is the Hamiltonian of the
system. For this reason, the focusing case w < 0 is only globally well-posed in low dimensions
(d < 2) INN17|. The derivation of the 1D and 2D focusing cases was provided by Chen and
Holmer [CH16} [CH17| using the BBGKY hierarchy method. It relies on compactness arguments
and therefore does not give any information on the rate of convergence. Later Jeblick and Pickl
[JP18b| using a method of Pickl [Picll| gave another proof in the 2D case yielding a precise
estimate on the rate of convergence in trace norm for the density matrices. Then Nam and
Napiorkowski [NN17] obtained the norm approximation of the N-body wave function. This re-
sult gives the fluctuations around the condensate and implies the convergence in trace class of
the density matrices. In these works, the range of 8 depends on the stability of the second kind
analyzed in [LNR15a; LNR17].

For the 3D case, Pickl |[Pic10] could deal with 0 < 8 < 1/6 assuming the interaction w is
compactly supported, spherically symmetric and bounded. In [Chol6|, Chong gave, under the
same assumptions and additionally that w < 0, another proof of the convergence of the density
matrices. Later, Jeblick and Pickl [JP18a] proved the convergence of the density matrices in the
GP regime (8 = 1) for a class of non-purely non positive potentials, namely, for which one has
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stability of the second kind. The class of potentials treated in this last work is quite specific and
does not include long-range interaction of the type considered here.

In this paper, we show, in the case of long-range interactions, the norm approximation in
L2(R3N) of the solution of the N-body Schrédinger equation by the solution of the Bogoliubov
evolution as well as the convergence in trace norm of one-body reduced density matrix towards
the orthogonal projector onto the solution of the dipolar GP equation. In particular, we remove
the non-negativity assumption on the interaction potential and we are able to consider the dipole-
dipole interaction (DDI), given by

where 6, is the angle between = and a fixed direction along which the dipoles are aligned. The
exact type of potentials we consider will be detailed later. The derivation of the Gross-Pitaevskii
energy for the ground state of a Bose gas with dipolar interaction was studied in [Tril8].

A quantitative method developed in [Picll| consists in applying the Gronwall lemma on
the expectation of the average number of particles outside the condensate which controls the
distance of the one-body density matrix to the orthogonal projection onto the solution of the
Gross-Pitaevskii equation. The next order, i.e. the norm approximation of the N body wave
function, requires the study of the fluctuations around the condensate. To do so and following
the work of Lewin, Nam, Serfaty and Solovej [LNSS15| where the authors analyzed the second
order of the ground state energy of a Bose gas, one re-writes the N-body Schrédinger evolution
in the Fock space of excitations and study their dynamics. In this new setting, one tries to
verify Bogoliubov’s approximation according to which the evolution of the fluctuation can be
obtained by neglecting the terms of order 3 and 4 in creation and annihilation operators. This
transformation was used in [LNS15| to prove the norm approximation in the mean-field regime
by the solution of the Bogoliubov’s equation. In this paper, we follow the same method together
with the localization method of [NN17| where the idea is to use an auxiliary evolution equation
defined on the restricted Fock space of at most M excitations. This type of localization in the
number of excitations was already present in [LS01; [LNSS15] and also in [Picll].
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European Union’s Horizon 2020 research and innovation programme (grant agreement MDFT
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2 Setting and main result

2.1 The effective equation

The purpose of this study is to prove the convergence to the dipolar Gross-Pitaevskii time-
dependent equation given by

i0pp(t) = (—A +alp(t)? + bK = [o(t)]” — u(t)) (1), (1)
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where a € R accounts for the strength of the short range interaction, b € R is proportional to
the norm of the dipoles and

)= (o [ et +0 [ K xlotPlor )

The chemical potential u(t) is just a phase factor that we add for convenience but that can be
removed by a gauge transformation. The dipolar part is given by

K(z) = SW (2)

where Q € L4(S?), for some q > 2, is a pair function satisfying the following cancellation property
on S?, the unit sphere of R?,

/ Qw)do(w) = 0, 3)
S2

with do denoting the Haar measure on S2. This includes the dipolar potential with Qaip(x) =
1 — 3cos?(0,) where cos(f,) = n - z/|x| and where n is a fixed unit vector aligned with all the
dipoles. The dipolar interaction is a large distance approximation of a system of Coulomb charges
where the size of the dipoles is small compared to the distance between the dipoles. Hence, it is
physically relevant to consider interaction looking like K outside of a ball of fixed radius. The
convolution with K (in the sense of the principal values) defines a bounded operator in L?(R?),
1 < p < oo |Duo01] and corresponds to the multiplication in Fourier space by some function
K € L™ (R?).

In order to simplify the computations to come, it is easier to work with the following approx-
imate Gross-Pitaevskii equation

{ ) = (At wn e unl? = (1) (4)

where,
1
iv(®) =5 [ ()Pt - gy ()P dy,
R3 xXR3

and wy (z) = N3%w(NPz) for some interaction potential w : R? — R and some 3 > 0. Choosing
w =w0+bﬂ|m‘>RK (5)

where wy € L'(R3) N L2(R3), b> 0, R > 0 with a = [, wo, one can show that the solutions of
and are close in L?-norm as is stated in Proposition [1| below. For the truncated dipolar
potential, we also have (for instance see [Duo01]) the existence for all 1 < p < oo of some constant
C, independent of R > 0 such that for all f € LP(R?)

|(Lo>rE) * fllzemsy < Cpllfllor®3)- (6)

The regularity of the solutions of and has already been well studied. But since
depends on N, one has to make sure that the Sobolev norms of the solution can be bounded
independently of N. We do so in the following proposition which is an easy adaptation of [BdS15,
Proposition 3.1].

Proposition 1. Let a,b € R and let w satisfy (@, then the Cauchy problems , respectively



68 CHAPTER 2. Derivation of the Gross-Pitaevskii and Bogoliubov equations for dipolar gases

(with initial date ug), admit unique mazimal solutions respectively uy,p € C1([0,T), L*(R3)) N
C°([0,T), H(R?)) for some T > 0. If @ > 0 (respectively a > binf K ) or if ||[Vug|| L2ra) is small
enough, the solutions uy and o are global in time, T = 400, and we have the following bounds

lun () ey + lo@) | 2 w2y < C, (7)
lun (O mxrsy + O mr sy < Cec/t, when moreover ug € H]“(]R?’)7 (8)

where in the last equation C' depends only on ||uol| grwsy and C' on [lug|| g1 (rs)-

If moreover, we have
|wo (k) — al < Clk, (9)

for some constant C > 0, where a = ng wo, and if ug € H*(R3) then

exp(c; exp(cat))

), (10)

lun () = o) L2@s) < C
where C,cy,ca > 0 depend on ||uol| g2 (r3)-

Remark 2. The assumption (@) 1s technical and could be reduced with a trade off on the rate of
convergence in (10)). This condition holds for instance as soon as |z|*wo(x) € L*(R?). Assuming
the latter, the parity of w actually implies (@ with on the right-hand side |k|*T< for all a < 1.
In a similar way, we have automatically

‘n@mk)‘ < CR*k? (11)

with a constant C' independent of R and k. This can be deduced from the following formula
|Tril8, Lemma 9]

- RCOST W) —
]l|a:\gRK(k)=/S2/O #Q(w) dr do(w).

Proof of Proposition[], The existence and uniqueness are standard, see [Caz03|, and come from
the regularity properties of the convolution with K [Ste70]. We also have from usual techniques
the blow-up alternative, that is if 7' < oo then |lun(t)|| g1 (rs) — 00 as t — T'. Hence if @ > 0
then we have

c= / Vun (0)]? + // fuw (1) P * [un (8 > [V ()12 g,
R3 R3 xR3

and similarly for ¢(t). From this and the blow-up alternative we deduce global existence in this
case. If |[Vugl|r2(rs) is small enough, it is also standard that |[ux(t)||z1®s) and ||@(t)]| g1 (rs)
have to remain bounded [CMS08|. Hence the global existence yields in this case too.

The bounds on the growth of [|un(t)| g+ ®s) and |@(t)| g+ ®s) are obtained via the same
proof of [BdS15, Proposition 3.1] where the authors only used that w € LP(R?), for p > 1 and
@ € L°°(R?). Finally, the bound on |lun(t) — ¢(t)| r2(rs) is also obtained the same way as in
[BdS15] Proposition 3.1] using (9) and Remark [2| O

2.2 Main result: derivation of the Gross-Pitaevskii equation

We consider N bosons in R? interacting via a pair potential wy (z —y) := N3Pw (N8 (x —y)),
where w € L%°(R?) N L2(R3) is such that @ € L>(R3). Note that the interaction potential is
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possibly long-range and is allowed to be (partly) attractive. The system is entirely described at
any time ¢ by its wave function Wy (¢) evolving in L2(R3)®<Y  the symmetric tensor product of
N copies of L?(R?), whose dynamics is given by the Schrodinger equation

100N = HyUy. (12)

Here Hp is the Hamiltonian of the system given by

N
1
Jj=1 1<i<j<N

Even though we are interested in the dynamics, the behavior of the ground state energy
plays an important role. In such a system where the interaction has a negative part, proving
stability of the second kind (that is, Hy > —CN for some constant C' > 0 independent of N) is a
difficult problem. In |Tril8], it was proven that in the presence of an external confining potential
V(x) > C|z|® for some s > 0, if w satisfies and 8 < 1/3 + s/(45 + 42s) the Hamiltonian Hy
is stable of the second kind. Note that with the only assumption that @ > 0, @ € L'(R3) we
automatically have Hy > —CN for all § < 1/3. For the evolved system, stability of the second
kind allows to control the interaction term by the kinetic one, and the latter by the energy itself
which is preserved by the Hamiltonian evolution.

The goal of this paper, loosely speaking, is to show that if the initial wave function ¥y (0)
is close to a product state p(0)®", then the propagated wave function Wy (t) remains well
approximated by the product state p(t)®V, where ¢(t) solves the non-linear Gross-Pitaevskii
equation . This approximation is true at first order, that is we can prove that the one-body
reduced density matrix of ¥ (t) converges towards the orthogonal projector onto (). But this
fails as a norm approximation in L?(R3") since Wy is never a pure condensate and contains
fluctuations around it. The dynamics of these fluctuations is encoded in the time-dependent
Bogoliubov equation that we define later on.

Before stating our main result, we recall the definition of the k-particle reduced density matrix
of a pure state U € L2(R3)®sN

T = Try gy [O) (U (14)

where |U) (¥| is the orthogonal projection onto ¥, or in terms of kernel,

k
F&,)(xl,...,xk,yl,...,yk) :/\I/(xl,...,xk,szrh...,ZN)\I/(yl,...7yk,zk+1,...,zN)dzkH...dzN.

In the following we denote by Wy (¢, z) the solution to and un (¢, z) the solution to ().
We will denote by H := L?(R3) the one particle space and by H" := L?(R3)®sY the N particle
bosonic space. We define P(t) = |un(t)) (un(t)| the orthogonal projector onto uy(t) € L*(R?)
and Q(t) =1 — P(t).

To describe the excitations orthogonal to the condensate, we follow the technique of [LNSS15;
LNS15|. Let us denote by H, = {un}* the orthogonal space of uy in H, then note that the
N-body wave function ¥ admits the unique decomposition

N :U%NgoOJru%N_l Rs P1 Jru%N_z Qs 2 + ... +oN

with ¢ € ’H%k for all £ > 0 with the convention that ¢g € C. The above decomposition allows
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to define the unitary map

Uv: HY — F(Hy)
N (15)
\I’Nl—> (PN = Gak:()sok'

The unitary transformation Uy is a one-to-one correspondance between a N particle state and
its excitations orthogonal to the condensate.

In the sequel we will denote by ®n(t) = Un(t)Pn(t) the corresponding state describing the
excitations in the truncated Fock space F<V(H, ). The Bogoliubov approximation consists in
approximating @ (¢) by the solution ®(t) of the time dependent Bogoliubov equation

i0,®(t) = H(1)®(t)
{ ®(0) = Un(0)¥n(0), (16)

where the Bogoliubov Hamiltonian H is the operator acting on the entire Fock space F(H) (not
only F(H4)) given by

H(t) = //R3XR3 K2 t,x,y)aza, + Ka(t, o y)axay> dzdy.
Where
h(t) = A+ wy *Juy (t,2)* + QE()Q() — un(t),  Ka(t) = Q(t) © Q()Ka(t) € H?,

with K1 (t) € B(#) is the operator of kernel

K1 (1)(2,y) = un(t, 2)wn (2 - y)un(t,y),

and K»(t) € H2 is the function given by
I?g(t,x,y) =upn(t,2)wy(x —y)un(t,y).

We have used the formalism of the second quantification, see [Lew11| for instance for defini-

tions, and we have denoted
0o (3 u)

n>1

for any operator A on L?(R3) where Ay, = 1®... A...®1 with A in kth position. The bosonic cre-
ation and annihilation operators a’ and a, satisfy the Canonical Commutation Relation (CCR)
lay, a,] = 6(x —y)

where ¢ is the Dirac delta function. We also recall the number operator

N =dr(1 @n—/ arazde.

n>0

It was proven in |[LNS15| that the Cauchy problem is well posed when (®(0),dI’(1 —
A)®(0)) < oo and when uy € CO([0,T), HY(R3)) N C1([0,T), H~1(R?)). Then there is unique
corresponding solution of , ® € CO[0,T), F(H)) N L2.([0, T], Q(dT(1 — A))). We emphasize
that even if the Cauchy problem is posed in F(H), the solution satisfies ®(t) € F(Hy)
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as one can verify by computing the time-derivative of the quantity |la(ux(t))®(t)||12(rs~) and
observe that it vanishes.

The norm approximation of ¥y (t) by Ux®(t) is stronger than the convergence in trace norm
of the one body reduced density matrix T™) towards |uy(t)) (un(t)|. This is why in our result
below the range of validity for the parameter 5 is wider when we look at the convergence of the
one-body reduced density matrix. We recall that for p > 1, the pth Schatten class is defined as

1/p
G,(H) = {A € B(H) ’ ||A||GP(H) = (Tr(\/A*A)p) < oo} .
We can now state our main result.

Theorem 3 (Main Theorem). Let § > 0 and let w = wo+bl|,~ g K where wy € L'(R3)NL*(R?),
b>0, R>0 and where K is given by @ Let un be a solution of the Gross-Pitaevskii equation
on some interval [0,T) with T € Ry U{oo} such that (7) and (§) hold on [0,T]. Let (¥n(0))n
be such that

Tr((—2)2QO)T), ) Q(0)(-A)V/?) < CoN ! (17)

for some constant Cy > 0 and U (t) be the solution to the Schridinger equation @ with initial
condition Wy (0). Let ®(t) = (¢ (t))r>0 be the solution of the Bogoliubov equation (16)).

1. If 0 < B < 1/6 then for all 0 < o < min((1 — 68)/4,(2 — 78)/4) we have

N

Un(t) =D un(t)® @, pi(t)
k=0

< Cpe?tNT, (18)
L2(R3N)

where Co, depends on o, Cy and |[u(0)| gars) and where C' depends on |[u(0)]| g1 (rs)-

2. If0 < 8 < 1/4 then for all 0 < o < min((3 — 108)/4, (1 — 48)/4) we have
106, ) — lun(®) (un (@)l lley < Cac” N7, (19)

where Co depends on a, Cp, and ||u(0)|| gaws) and C" depends on ||u(0)| g1 (rs)-
3. Let moreover assume that @ > 0 and that W € L'(R3).
(a) If 0 < B < 1/5 then we have (1§) for 0 < a < min((3 — 108)/4, (1 —53)/4).
(b) If 0 < B < 3/8 then we have (19) for 0 < a <min((1—B)/2,(2—58)/2,(3 — 83)/4).
Remark 4. As said earlier, a priori estimates on the kinetic energy are crucial in our proof.

This is why the assumption w > 0 allows us to extend the range of B. Assuming stability of the
second kind, one could improve it again.

Remark 5. Note that the range of 8 includes regimes where the stability of the second kind is
not established. In particular, when W > 0 we allow 0 < B < 3/8 which is above the threshold
1/3. In such a regime 8 > 1/3, the system is very dilute since the range of the interaction is
much smaller than the mean distance between particles.

The rest of the paper is devoted to the proof of Theorem
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3 The localization method

3.1 Presentation of the method

To simplify notations, we will in the sequel denote by ux(t) the solution of modified Gross-
Pitaevskii equation . The Schrédinger evolution is unitarily equivalent to the following
dynamics for the excitations outside the condensate. Recalling that ®n () = Un(t)Un(t), we
have

{ 10PN (t) =GN () PN (E)
DN (0) =Un(0)TN(0),

with
Gn(t) = 1N (H(t) + En()) 1SV = UnHNUY

and En(t) is an error term which is given by

1 4
=3 > (R; +R).
§=0

\ s = 1-N
Ry = Ry = dD(Q(8)[wy * [un ()" + K1 (8) — uv(D]Q() 57— »
Ry = =2 Q) fu (P (1),
Ry = //Kg(t,x,y)aza;dx dy <\/(N — A](Z(ivli N-1) — 1)
Ry = YN //// 19 QunQ(t) ® Q))(@, .2,y Yult, 2)aa,0a, dr dy da’ dy
Ry=Rj = 2(N —1) //// (HwyQ(t) @ Q) (x,y, 2",y )aya,ama,de dy da’ dy' .

This computation can be found in [LNS15|. Besides this reformulation of the Schrédinger equa-
tion, we will use the localization method which consists in using an auxiliary dynamics localized
in the truncated Fock space F<M(H,) for M = N'79, for some § > 0. Having an a priori
bound on the number of excitations allows to control accurately the error terms above and hence
also the expectation of the kinetic energy dI'(1 — A), which itself controls the expectation of the
number of excitations N,. More precisely, the localized dynamics is given, for 1 < M < N, by

{ 10D 1 (1) = LM G (1M Dy (1)

D21 (0) = Un(0) Ty (0). (20)

We have denoted by 1M := 1 (N < M) the spectral projection associated to the number oper-
ator . The existence and uniqueness of the solution of follows from [LNS15, Theorem 7].
Here as well, a direct computation shows that the time derivative of ||a(uN(t))<I>NJV[(t)||2LQ(R3N),
la(un (£)®n(t)]|%2 2(rany and [1=M N 0y (t )H%Q(RSN) vanish, see [NN17; LNS15|, implying that
Oy (t) € F(Hy) and &y ar(t) € FSM(H,) for all ¢ > 0.
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3.2 Estimate on the kinetic energy

We start by proving that the assumption is enough to bound the whole energy of Wy (¢).

Proposition 6. Assume then for all t € [0,T)

(T (1), HyUn (1)) = (Ux(0), Hy T (0)) < CN.

Proof. The equality follows from differentiating (¥ (t), Hy ¥ n(t)) and the use of (12). We now
prove the inequality. By the Cauchy-Schwarz inequality we have that

Try(—ALY) ) < 2 Teg (P(0)(~A)P(O)TY), ) + 2 Try (Q(0)(—A)Q(O)LG) )

C
< 2/[Vu(0) 132 gs) + 2W0 <C, (21)

where we have used assumption . Similarly

wny(z —y) =P0) ®luny(z—y)P(0)®1+ P(0) ® lun(z —y)Q(0) ® 1
+Q(0) ® 1wy (z —y)P(0) ® 1 + Q(0) ® lwy(z —y)Q(0) ® 1
< wn * lun (8)(y) + 0wy |+ Jux (0P () + 1 +771)Q(0) ® Lwy (z — 9)|Q(0) ® 1
< 2((\\11;1\; *[un (8) | vz sy + nllon * Jun (8[| /2 (gs)) (= 2y)

+ (1477 fwn a2 Q0) @ 1(-A,)Q(0) @1)

for all > 0, where we used Sobolev’s inequality in the last inequality. Recall that w is not an L'
function and that the continuity properties of the convolution by w rely mainly on cancellations,
hence we cannot estimate in the same way wy * |un(¢)|? and |wx| * |un(t)|?. Since w satisfies

and @, we have
lwx # fun (B [[2s/2 < (lwollzr ey + C)lun (B)lI7s(es) < C
for some constant C' > 0 depending only on ||u(0)|| 1 (grs) and
lwn | * [un ()| ps/2 < HwNHLHE(RB)||UN||2Ls_2E/(R3) < CN3/UFD)| | pave oy

where ¢,¢' > 0, ¢’ < 1/2 are such that

1 1 2

- 4 - 14z
1+ 3p—o 'ty

and where C' > 0 is some other constant depending only |[[u(0)z1gs). Hence we obtain

wy(z —y) < CAL+nN3P/UFN (A + (1+77H)Q0) ® 1(-A,)Q(0) ® 1,
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for all e, > 0. From this, we deduce
(UNHyUy) = N (Tr;.[(—AFfI,lJ)V) + Trpge (wy(z — y)r(j}V)
< 2N Ty (~ATG) ) + ON Trpga (1 + N3/ 0+ (A )TE) )

+CTre (1 +771Q(0) © 1(—A,)Q(0) ® NTY) )
< CN(1+ N3/ 049 Tryy (~ATS) ) + (14971 Trag(Q0) (—A)Q(0)TS )

for all e,7 > 0. Now using the assumption and we obain
(UNHNTN) < CN(1+nN3P/04)) 4 (1 4+ = H)CoN 1
and taking n = N—3%¢/(+2) for ¢ < (38)~! proves the result. O

Denote by

N
. 1 1
eN =info 5]}_1 _Amk +ﬁ E 'LUN(.TJ _mk;)

1<j<k<N
A computation shows the following.
Corollary 7. For allt € [0,T),
(Pn (1), dl'(1—A)Pn(1) <2(Un(t), HNUN(t) —2en < C(len]+ N), (22)

We will need the following two intermediate results. But first, we establish the convention
that throughout the rest of the paper C;. denotes a constant that can always be bounded by
C.eC"t where C. depends on & > 0 and |2(0)|| 74 sy and C” > 0 depends on |[u(0)| g1 (rsy. It is
easily verified in the proofs using Proposition [I| In this way we can retrieve the right hand-side
of the estimates of Theorem

Proposition 8 (Kinetic estimate for the truncated dynamics). Let 0 < § < 1 and M = N¢
with 0 < a < 1— 3, let € > 0, then, for N large enough, we have

(B ar(t), dD(1 =AYy (1)) < Cp o NPFE,

for some constant Cy . > 0.

Proposition 9 (Kinetic estimate for the Bogoliubov dynamics). Let 0 < 5 < 1 and let € > 0,
we have
((1), dD(1 = D)®(t)) < Cp e NF2,

for some constant Cy . > 0.

The proofs of Proposition [§] and Proposition [J] are similar and we will only give the one of
Proposition [§] It is a consequence of the following lemmas whose proofs are postponed until the
end of the proof of Proposition

Lemma 10. Let $,e > 0. There exists some constant C. > 0 such that for A € {H(t) +
dl'(A), 0,H(t),i[H, N1}, we have

+A < Cpe (N + NPT 497 Hdl(1 - A)),

for any n > 0.
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Lemma 11. Let0 < 8 < 1. Foreveryl <m < N, e > 0 and for A € {En (1), 0:EN (), i[En(t), N]}

we have
LISMALS™ < Oy /#cﬂ“(l — A) in F(H). (23)

Proof of Proposition[§ Let ¢ > 0 and define ¢, = (1 — 3 —a)/2. We use Lemma [11] with €, and
Lemma [I0] with €. For N large enough we have

A(t) = Cp ISM (N 4 NPHE) p 15M Gy (1=M >

hence we only need to control the left-hand side to show the proposition. For this we use
Gronwall’s lemma

(B ar(0), A B (1)
= (Pna (), A P, (1) + 1 (@nar (1), (15 G (LM, AP, na (8))
= (DN, (t), (OH() + OEN(t) + 0 Cr e (NPTE + N)) P 0 (1))
+ i<‘I>N7M(t), []ISMQN(t)]ISM, Ct7EN]‘I>N7M(t)>
< Ct,a <(I)N,M(t)7 A(t)q)NJVI(t»?
where we used Lemma [I0] and Lemma [TT]in the last inequality. O

The proofs of Lemma [I0] and Lemma [T1] require the following intermediate results. The
first one, Lemma is a slightly adapted version of [NNS16, Lemma 9]. And the second one,
Lemma [I3]is an estimate on the three body term of the error in the Bogoliubov approximation.

Lemma 12. Let H > 0 be a self-adjoint operator on $. Let K : H=H" =9 be an operator
with kernel K (z,y) € H%. Assume that KH 'K* < H and that H~Y2K is Hilbert-Schmidt. Let
X1, X2 : R = [0,1] then

B ari) + 5 ] (KlemaiWaei) + Kemat e ei) dd
> LIHK s (24

Proof. The proof is a simple adaptation of the one of [NNS16|. For ¥ € D(H) we have
<x1:f§11\1/> = Te(HY %y HY/?) + RTr(K*ay),

where the operators vy : § — $ and ayg : H — H* are defined in the following way. For all
[9€9,

(fiyeg) = (¥, a"(9)a())¥), (f,awg) = (¥, xa(N)a"(g)a”(f)x2(N)¥).

Here a*(f) and a(f) for f € $ are the creation and annihilation operators in Fock space. Let
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J: $ — H* defined by J(f)(g) = (f, g) for all f,g € $, then we have

()G ) ()

. <w { (190 (@) + 20a())) (o () + @ (el )

L1 aW))at (@alg) + (1 — xaW)2)a* (fa f)}\lf> S0

Hence we have by [NNS16, Lemma 3| that
v >0 and g > ay(l+ JyeJ*)  ay. (25)

The rest of the proof proceeds as in [NNS16|. We only need to prove it for ¥ such that v¢ and
ay are finite-rank operator, in which case we have

ITe(K*ag)| = [Tr(@e K*)| = |Te((1 + JyeJ*) " 2ag HY2H V2K (1 4 JyeJ*)Y?)
<N+ Jye ") P HY? |us | H V2K (1 4 Jye ")) |lus
< Tr(H1/2&TI,(1 + J%IIJ*)A&\IJHl/z)lm

X Tr((1 4 Jyg J)YV2KH YK (14 JygJJ*)Y?))1/2
< TI_(Hl/Q,y\IIHl/2>)1/2 (Tr(KH_lK*)+TT(H1/2’Y¢;H1/2))1/2
< Tr(HY g HY?) + Te(KH LK),

where we used and the assumption KH~'K* < JHJ*. Inserting this in concludes the
proof. O

‘We now turn to another standard intermediate result.

Lemma 13. Let w € LS/°(R?), f € L=(R?), x1, x2 € L=(R). Then we have for all n > 0
+ <x1 (N) // f@)w(z — y)ayaza,de dy xo(N) + h.c.>
< Jwll poss rey | f L Lo 3y (mx1(NV)°N + 07 X2 (V)N dL(-A)) .

Here h.c. means hermitian conjugate so that A + h.c. = A+ A* for any operator A (with
dense domain).

Proof. We recall the Cauchy-Schwarz inequality for operator:

+(AB + B*A*) < nAA* +n"'B*B, vy > 0.
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We will use it for A = x;(N)ay and B = f(z)w(z — y)aza,x2(N), we obtain for all > 0

£ [[rawns@ute - yajaadedy () + he)
< n/xl(/\/)af,ayxl(/\/)dy
ot | ( /I w(:cy)f(élf)f(fv’)lv(x’y)Xz(N)aiazam/aym(/\/)dl’dl”)dy- (26)

The second term above is x2(N)Tx2(N) where T is the second quantization of the operator T'
defined by

(o) (&, y) = w(z - y) () / W@~ @)l y)de’ |

for all o € HY(R? x R?). It satisfies

2

<%T<P>L2(R3xR3) —/’/W<ﬂ($»2¥)d$ dy

< / 2o s 1 12 oy 49 ) 2y

< ooy [ IV )y
< Hw||%s/5(R3)Hf||%oo(R3) (g, (-A® 1)<P>L2(R3x1RS) :

Hence this yields the bound
< N XA+ Ol o | 11 oy M X2 (W) (— )

from which we obtain the desired result, using that N’ = dI'(1) < dI'(1 — A) and optimizing over
n. O

Bogoliubov’s approximation: proof of Lemma

We follow the proof [NN17]. We emphasize that the inequalities (23) hold in F<™(#), that
is
m
(®,AD) < 1™ < C. i (@, dT(1 - A)2), Ve e FEM(Hy).
Nevertheless, when possible, we will try to obtain first general estimates in F () and then take
the projection on F<™(H. ).

Let us begin by noting that [Ro,N| = [R4,N] = 0, [R1,N] = Ry, [R2,N] = —2R5 and
[R3,N] = R3. It is therefore sufficient to prove only for A € {En(t),0:En(t)}. From
Holder’s inequality and the continuity property of the dipolar kernel K, see for instance [Duo01,
Theorem 4.12], for all 2 < p < 0o, there exists some constant C, > 0 such that for all f € LP(R?)
we have for all N > 1,

lwn * fllze@s) < Cpll fllLe@s)-



78 CHAPTER 2. Derivation of the Gross-Pitaevskii and Bogoliubov equations for dipolar gases

From this it follows that
K1 ()]lop < Collun ()17 &)
190E (8)lop < Collun (8 ey 110 (1) £ -

Similarly we have
lwn * fllLoomsy < Coll fll 2 (®s)-

Using this with the Hartree equation we obtain
[0sun (8)]| oo r2) < C(1 + Co)|ull (g

For the particular case p = 2, we can take Cy = ||| gs). Finally, we recall that dI'(1) = N
and that for any f € L?(R?) we have

a*(Da(f) < 173N

We will now pursue and estimate separately the terms involving R; for j = 0...4, where we
recall that Ey (t) = 1 Y1_o(R; + R}).

Step 1: Bounds involving R,

‘We have

1-N

+Ry = +dT(Q(t)[wn * lun (1)]? + K1(t) — un (1)]Q(E)) NI

N?Z _ _
<O | low s fun (O e o) + 18] oo gy lun ()1 sy + (1D 2o @) lun (8) | s s

A2
< CtW;

which, after noting that A" < dI'(1 — A) and projecting on F<™(H, ), gives for the Ry part.
We turn to the estimate of d; Ry and start by computing

9 Q(t) = — |0run (1)) (un ()| — [un (1)) (Frun (B)],

from which we have
10:Q(#)llop < 2[Jun (t)|| L2(®s) | Orun (t)|| L2 (®s)-
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Using the Cauchy-Schwarz inequality for operators we obtain

L0, Ry = il:ij\/dl“ (@) * [un (D + i(t) — i (H]Q1) + hec.)
+ %/dr (Q(t)pr * 3%(&11(15)@) + atf?1 (t) — at/iN(t)}Q(t))
N2

< C*(H&Q( Moy + llwn = fun (67~ gs) + 1 K115,

o+l Ry () un (D)l ) + 10K (8)op + C: )

<Gy

Projecting on F=™ and noting that /' < dI'(1 — A) gives the result.

Step 2: Bounds involving R;

Recall that for any f € L%(R3) we have a*(f)a(f) < ||fH%2(R3)N. Hence, using the Cauchy-
Schwarz inequality we obtain

+(Ry + RY) = ¥2 (NN V]\i_lN’a(Q(t)[wN « Jun (8)[FJun (2)) + h.c.)

2

< Cn% + 07 a* (Q(t) [wn * [un (£)[*Jun (£)a(Q() [wr * [un (£)]*]un(t))

< ONV2(N + 07 Ylfww * Jun () Jun (8)] 72 gs) N
N+t

N

<

Projecting onto F<™ and optimizing over 7 gives the result. The term O;R; is dealt with
similarly.

Step 3: Bounds involving R;

Define x(z) = 1 — /(N —2)(N—2—1)/(N — 1) for z < N and note that 0 < y(z) <
x/(N —1). Writing Q(t) = 1 — |un(t)) (un(t)| in the expression of Rs and expanding, we obtain
after a simple computation that

Ry = (20" (un(®)a" (o  un (O (1)) — 24 ()a (u ())a (u (1)
// (t,x)wn(z — y)u(t,y)ara dmdy)x(./\f). (27)

In the expression above, because of the a*(uy(t)) appearing in normal order, the first two terms
vanish when the expectation is taken against an element of F(#, ). We therefore focus on the
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last term. Applying Lemma [T2] we have

+ <]1§m //u(t, )wy (z — y)u(t, y)ayayde dy x(NV) + h.c.) ="
< € (ITEm X (L= Aa) 2u (B  (un(0) )3, + 7 dr(1 - A)

2
<Oy (nTE NFte £ - lar(1 — A
= Vi, 77N2 +77 ( )

m
< ey s dl(1 = B).

We have used that

(1= Ag) ™ Pun (wy * (un(t) e, < (1= A0) " ?un () leq,., llwn * (un(t) e,
< Cllun ()| zotes [wn |l orser sy llun ()| o2 rs)
S Ct ENﬁ/2+E7

where we used Hélder’s inequality in Schatten spaces and the Kato-Seiler-Simon inequality: for
any p > 2 and f,g € LP(R3)

1 (@)g(B)lls, < CollfllLe@s)llgllr @),

for some constant C,, > 0 where f(z) and g(k) are respectively the multiplication by f and the
multiplication by g in Fourier space. We choose €3, ¢5 and €1 such that

11 1 1 1 1 3
31— —— ) =L e
l=5mra) =2 t¢

= 1=
2 34e  6-cy 6—c2  6/5+ &1

We continue with the estimation of 0;Rs. Differentiating , we have
O Ry = 2(a*(3tUN(t))a*([wN * [un (1) Pun (1)) + a* (un (1)) a* (8 ([wy * [un (8)*Jun (2)))
— Oppun (t)a” (un () a™ (un (t)) — 2un (t)a™ (Orun (t))a (un (1))

— / Oru(t, v)wn (x — y)u(t, y)aya,de dy)x(/\f).

Again, when taking the expectation with an element of F (%), all the terms above containing
a*(un(t)) in normal order vanish. Hence, it remains to estimate

+215™ (a*(ﬁtw(t))a*([wfv * Juw (1) Pun (1))

— / deu(t, r)wn (x — y)u(t,y)aza,de dy)x(/\/’)]lgm + h.c.

< A 0vun ()l L2 llww * fun (8)PJun ()] L2 ze) X ()N
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Here we used again Lemma 12| and a similar argument as for estimating ||(1—A,) ™Y 2uy (t)wy *
(un(t)-)||ls,- Projecting on F<™ and optimizing over 7 yields the desired estimate.

Step 4: Bounds involving Rj

Again, a computation shows that

R3 = N1 <//wN x — y)u(t, ;I:)a agaydrdy — dL(T(t))a(un(t))
— AT ([wy * [un (&) )alun () + a*(w * [un () *un () a(uy (t))a(un(t))

+a(un (t))a(un () a(w  lun () Pun(t)) - 2/uv(t)a*(UN(t))a(UN(t))a(UN(?f))> , (28)

where T'(t) is the operator defined by T'(t)(p) = wy * (un (t)p) for all ¢ € L?(R?). It is bounded
with norm less than [|@|| g gs)|lun(t)||L(rs). Dealing with Rs, and for the same reasons as
previously, we only need to estimate the first term, which we do using Lemma [[3] We proceed

as follows:
//wN T—y aawaydxdy—&—hc)

< ONTY2{lwn || ors sy [un (8) || oo sy (0N +771) dT(1 = A)

—1
<oV En

tNa-az = 4),

for all » > 0. Projecting on F<™ and optimizing over 1 gives the result. We now continue with
the estimates involving 9; R3. Differentiating we have

oty = L ( J[ ot~ vt a0, dedy - drOTO)a(ux 1)

— AD(T (1)) a(@pun (1)) — D@, [ * fu (1) )l (£)) — AT ([wy * fun (1) ] a(rtn (1))
" (Du(aw ¢ [ ()P () oy (1)) () + 207 (0 [ () P () @y (1) (1)
+ " (Deu (6)) aun (8))a(w * un (1) Pun (1)) + a” (un (1) a(@un (1) a(w = |uN<t>|2uN< )
+ " (e (§)a(u (£)) a(@ (w  [ux (B)Pun () = 20 (o (un (8)alun (B)a(u (2)

= 2un (t)a” (Opun () a(un (t))alun (1)) — 4pn (t)a” (UN(t))a(atUN(t))a(wv(t))> :
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Again, any term containing a*(un(t)) or a(un(t)) in normal order vanishes when taking the
expectation with an element of F(#H, ). It remains to estimate

i%{ <// wy (z — y)Ou(t, v)a,aza,dz dy — dU(T'(t))a(Oyun(t))

—dT([wy * |[un (H)]*])a(Orun (t)) + h.c.)
<CN™'/? <||wN||L5/5(]R3) 10vun ()| oo sy (MN +771) dT(1 — A) + 7'a* (Orun (t)a(Orun (t))

+ ()7 (AT (T()AT (T (1)) + A ([ * |uN<t>|21>2)>
S CtN_l/z <N5/2 (77N+ ’17_1) dF(]. — A) + n'||8tuN(t)||iz(R3)/\/
+ () (ITOZ, + o « Jun (0P o ey ) V?)
< G NV (N 4971 dT(1 - A),

for all n > 0. We used the Cauchy-Schwarz inequality and Lemma [I3] to obtain the second in-
equality and we took 1 = n~! and used again that A" < dI'(1 — A) to obtain the last. Projecting
on F="(H, ) and optimizing with respect to n > 0, we obtain the desired result.

Step 5: Bounds involving R,

From twy(z —y) < Nﬁ||wHL3/2(R3)(1 — A,) one has

+Ry < CNPHAT(Q(1)(1 — AL)Q(1))AT(Q(1))

N
< O A1 - A)Q().

Next we turn to
1 oI\ k% ! Ja/
ok = g [[f] @@ @ @una® @ Q) ev.a' ek e dedyds’ay + he
1 TP
-3 ////(1 ® QtwnQ(t) ® Q1)) (x,y, 2",y
< (Brult.@)a (u (1) + ult, 2)a” (Gun (1)) a0, 0y dr dy da’ dy' + hec.

Again, since we are interested in taking the expectation of an element of F (), we can ignore
the terms containing a*(un(t)) or a(un(t)) and consider the remaining terms where Q(t) is
replaced by 1. Then the same computations as in the proof of Lemma [13| but replacing x; by



3. The localization method 83

a*(Jrun(t)) give

j:r <//wN (x —y)u(t,z)a* (Orun(t))a’ ayamdxdy—f—hc)

1 _
< 1 (MO Ol gy N + 07 NP uwlls sl () [ oy VAT (1 = A) )

< dr(1 — A),

N1-8/2

where we have optimized over i > 0. Projecting on F<™ concludes the proof of Lemma O

Bogoliubov stability: proof of Lemma

Recall that

H(t) + d0(A) = dU(1+w # fun (8)]* + Q) K1 () Q(1) —

pn (1))
(//Kz (t,z,y)aya;dz dy +//K2(t7w7y)axaydmdy> .

=T (1 +wy * un (D + QUK (DQ() — (1)
< (14 o * un (O o) + 1K Ollop + 1w (1)) N

For the first term we have

We expand the second term and we use Lemma [12]

:I:(/ Ks(t, z,y)aza,dr dy +h.c.)

=4 ( //wN(w —yu(t, z)u(t,y)aza,dzr dy

= 20" ([wy * [un (&) Plun () a* (un (1)) + 2un (H)a* (un () a* (un (1)) + h-C-) (29)

< C(nll (1 = A0) 7 Puy (B  (un(t) )&, +n71d0(1 - A)

+ [[wn * [un () Plun (8) || L2 ey lun (8[| L2@e) + I\uzv(t)lliz<R3)luN(t)lN)
< Cre (N +nNPTe £ 71D (1 - A)),

for n > 0. We then evaluate

OUH(t) = dT (2w * R@pun Bun (1)) + QK1 ()Q()) — dupn (1))

//(%KQ t,x,t)ara dxdy —l—//@tKg(t,x,t)%aydxdy.
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For the first term we have

+dl (wN « ROun (Oun (1) +0,(QH) K1 (H)Q(E)) — at,w(t))

< <|Iwzv * R(Dpun (E)un (1)) ] oe 23) + 1051 (2)lop

+ | K1 (1) llop | Orun (1) 2oy + [Bepan (1)] + 1>N
< CWN.
To estimate the second and third terms, we differentiate and obtain that

i(/ O K5 (t,x,y)aya,dr dy + h.c.)

==+ (2 // wn (z = y)(Ou(t, 2))u(t, y)azayde dy —2a" (O (fwn * [un (t)*lun (t)))a™ (un (¢))
+a* ([wy * Jun ()]*]un (8))a” (Feun (1)) + 20en (t)a” (un (8))a” (un (2))

+2un(t)a” (Orun (t))a* (un(t)) + h.c.)

C(nll(l — ) P0pun (wn # (un (b)), +ndT(1 = A)
+ (Hat([wzv * |un (8)*Jun ()| 22 ey l[un (8) | L2 o),
+ ([ ([wn * fun (8)Pun ()| L2 @) | Ocun (8) | L2 sy
+ |0 ()| lun ()72 ey + uN(t)IIUN(t)IlmRs)||6tUN(t)IIL2(R3))N>
< Cpe (M + NPT 47 1dD(1 - A)),

where we used the Cauchy-Schwarz inequality and Lemma [[2}
Finally, since

i[H, N = // iKs(t, @, y)ayay +iKs(t,x y)away) dz dy,

we can estimate this term in a similar manner as before and obtain the desired bound. O

3.3 Norm approximation
We follow and adapt the arguments in [NN17], we obtain the following lemma.

Lemma 14. Let M = N'=% with § € (0,1), then we have

1
[®n(t) — P ()22 ®svy < Che <]\/[1/2

el (A2 MO0

M T

Proof. The proof follows the one of [NN17], it differs in that it uses Lemma|13|to deal with three
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body terms and that one has to be a little bit more careful when estimating the two-body terms.

We have
1PN (t) = P ar (D) 72meny = 2(1 = R(Pw (1), Prv,ae (1)) -

Let M/2 < m < M — 3 and decompose

(N (), P (t)) = (PN (1), 15"y ar (1) + (B (2), 17"y as (1))

The second term is estimated using the Cauchy-Schwarz inequality

(PN (t), 17O N ar (1)) < [ @n ()| L2on) 117" @ s ()] L2 (o)
< (DN, (t), (N /m)®y ar ()2
< C,M~V2, (30)

We now want to prove that the first term remains close to 1. To this aim we compute its time
derivative

d

3 & (), 157 (1)) = (P (t), (G (£), 151 P (1))

and consider its average over the parameter M/2 <m < M — 3

1 M—-3

M/2-2 Y (@ (), ilGn (1), 15 R, au (1))

m=M/2

The gain obtained by averaging comes from the fact that the commutator [Gy (), 1=™] is localized

in {m—2<N <m+2}. As was shown in [NN17] we have

M-3
3" iGn (), 157) = A (V) + Azxa(N)? + hec.,
m=M/2
where
A = %////(Q(t) ® QwyQ(t) @ 1)(z,y, 2",y Ju(t, x)aya,a, dr dy de’ dy’
— a*(Q()[w * [un ()un (t) *Jun ()N
= A} 4+ A,
Ay = %/ Ks(t,z,y)aza,dzdy,
and
x1(WV)? = 7”]]VV__IN]1(M/2 <N <M-3),
x2(NV)? = VIN - NN - N - 1)[]1(M/2— L<N<M-=3)+1(M/2<N <M —3)].

N -1

Note that since ®n(t), Py a(t) € F(H4), we can replace Q(t) by 1 in the expression of the
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quantities (B (), A x;(N)®n.ar(t)). We have

(@x (1), (ADa (V)2 + e ) B (1)

1

=3 ’(szv(t), </ iwy (z — y)u(t,z)x1(N = Dajaja,xi(N)dz dy + h.c.> D (1))

[

< CONTV2@N (), wn || poss sy IZM/ 2 LSM=2 (N + 57 'NVAT(1 = A)) Sy (t))

=

X <<I)N’M(t), ||’wN||L6/5(R3)]12M/2+1]1S]M_2 (772./\[“!‘ n;lNdF(l — A)) (I)N’M(t»
< ct,sN*WHw||L6/5(R3){Nﬂ/2 (mM +n; ' M(len| + N)) x

N

X N2 (NP4 4 ' ANA ) |
< Ct,EN_1/2N6+E/2M3/4(|eN| n N)1/4.
We have used that
(PN (), NOn (1)) < (Pna(t),dD(1 — A)Pn ar(t)) < C’,gﬁNﬁJrg

and the estimate . Next we have

(On(t), Apx1(N)* @ ar (1))

(@n (), x1 (N = D)a™(Q(t)[w * lun ()" Jun ()N X1 (N) @1 (1))

< ONTV2(@n (1), 15MHa™ (Q() [w * [un (8)[Pun (8))a(Q(#) [w  [un (8) [PJun () @ (1)) /2 x

X <‘I)N,M(t), ]ISMNZ‘I)N,M(t»l/Z
< Olfwn * [un (8)PJun ()| 2 @s) N2 (@ (1), TSN DN (8)) 2 (@00 (1), TSN By ()2
< CtﬁN*l/?N(ﬂﬂ‘)/?M_

The term with (P (2), x1(N)?(A1)* @y as(t)) is dealt with similarly. Finally, we apply Lemma
as well as the Cauchy-Schwarz inequality to bound the last term,

(B (1), (Aaxa(N)? + h.c.)cpN,M(t»’

@0, ( [[ ot - P isdy e ) oxanlo)

< (nlha )20~ A2 2ux (B = (u(8))3, + 7~ @x (D0 - Ajx(e)) " x

% (WX I2,1(1 = A0) ™ 2y (twn + (un (1)) 3, + (1)@ (H)AT(L - A>¢N,M<t>>)”2
< (NP Dy (8), dT(1 — A)Dy (1)) x

s (0 NP5 (1)~ (@ (1), dT(1 — D)@ (1))

(31)
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Now we use again that (®y as(t),dl(1 — A)®y a(t)) < CpeNPFe and that (®pn(t),dl(1 —
A)Dx(t)) < C(len| + N). After optimizing over n and 1’ we obtain

N)1/43(B+e)/4
i) < ¢, Al F 0 .

Hence we have shown that

d 1 =
dt \ M/2—2 > (@n (1), 15 By a (1)) ‘
m=M/2

(|6N| +N)1/4N3(ﬁ+5)/4 (|6N| +N)1/4N(ﬁ+sfl)/2
S Ct,e ( M + M1/4

_|_N(5+61)/2) . (32)

On the other hand, recall that @y /(0) = @5 (0) = ®(0), so that for M/2 <m < M — 3,

(@n(0), 15,0 (0)) = (@(0), 157 ®(0))
=1—(2(0), 17" ®(0))
> 1—(2(0), 17" (N/m)®(0))
>1-CM™. (33)

Gathering , we obtain

1PN () — D ar ()72 oy
1 (len| + N)VAN3B+e/A (e | + N)V/ANB+e=1)/2
< Cie e Vi + M/A :

As in [NN17| we compare the Bogoliubov dynamics and the truncated one.

Lemma 15. Let M = N with 0 < a <1 — 3, let N be large enough, then we have

1 NB+e M M
[D(t) = @ N ar (B[ 72gsny < Che ( ) '

M1/2 + M + N1-28—¢ + N(1-28-2¢)/2

Proof. The proof is similar as the one in [NN17| except that we use the estimates of Lemma
As before, we have

12(t) = Dvar (B) 72 many < 2(1 = R(vau(8), R(1)) - (34)
We let M/2 <m < M — 3 and decompose
(@n,n (1), () = (Pr,n (), 157 (1)) + (P, (2), 17" @(1)).
The second term is bounded by the Cauchy-Schwarz inequality

{Pnar (1), 177 @(1))| < [ 177D s (1) ][ 1770 (2)]]
< (@war (1), W /m) @ (8)2 x ((1), (N /m)@(¢))"/?
<CM™ (35)
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As in the proof of Lemma we will show that the first term remains close to 1, we compute
its time derivative
d

3 (@nar (1), 157 (1)) = i@ (1), (G (£) — H)LS™ +[H, 157]) B(2)).

The first term is estimated using Lemma [11] and the Cauchy-Schwarz inequality, we obtain

(@nm(t), (GN(E) — H)ﬂ<mq’(t)>‘

= [(@nar (1), 15M (G () — H)T=MI=" (1 )>|

< ct 6 / )>1/2 X <@N’M(t),\/$dﬂl - A))(I)N,M(t)>l/2
F 6

where we used Proposition [§] Proposition [0} For the second term, the same computations as in
Lemma [14] show that

M-3

D (@n(t),[H(E), 1572 (8)

m=M/2

(37)

L
M/2 -2

where we have used that (®(¢),dl'(1 — A)®(¢)) < C; .NA¥=. On the other hand, as in Lemma

we have
(®n,22(0), 157@(0)) = (€(0), 1= ®(0)) > 1 - CM " (38)

Gathering (36),(37) and we obtain

m B NB+e M
R(Pw (1), 157 D(1) > 1 - C . <M e yas \/Nl_w_ga).

Together with and , this concludes the proof. O

3.4 Proof of Theorem [3l
Proof of 1)

The triangle inequality and Lemmas [14] and [15] give, for all € > 0

[P (8) = D)l L2sny < (1PN (E) = @ ar ()l L2@ony + 1PN ar(8) — P(E) ]| L2 (o)
NS(,B+5)/4 Nﬂ+s/2—1/2>

1
gct,5<w+(|eN|+N)1/4( —

NB+e M )

+ M + N1-3(B+e)
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Using that |ex| < N3+1 and taking M = N'/2 we obtain
1@ (£) — B(t) | L2@on) < Cre (N—(Gﬁ—l)/4+s n N—(75—2)/4+s) ,
for any € > 0 small enough.

Proof of 2)

Using Lemma [T4] and Proposition [§ we have

(@ (1), (1) = (@(0), (@ 1)~ By ar () + (1) o (1)
< a0 geony (120) = Bacar(®lageon) + (@xcar(0) T B2

1 N3(B+e)/4 NB+e/2-1/2
SC'“E(MW+(|€N|+N)1/4< M T ana

+ N"Y @y (1), dT(1 — A)<I>N,M(t)>>

1 N3B/2+3e/4+1/4 N7B/4+e/2-1/4
( + ( + + N

M M1/4
Taking M = N with 5 < o <1 — 8 we obtain after optimizing over «

T,y — () fu (D) s, < (@n(0), N (r)

<Cy. (Nf(Sflo,B)/4+5 + N7(174ﬁ)/4+5> :

for any € > 0 small enough.

Proof of 3)

Using that when @ > 0 we have the bound |ey| < C (N + N36), the same computation as
before with M = N~(1=5)/2 and assuming 1/6 < 8 < 1/5 shows that

||¢N(t> - q>(t>||L2(R3N) < Ct,aN_(1_5’6)/4+5,

for any € > 0 small enough. Now take M = N with 8 < a < 1 — 3, with the same computation
as before, after optimizing over «, we obtain

N
IIF(q,lJ)V(t) = lun () (un ()] lle, < (P (t), 77 Bn(E)
<Cy. (N—(l—ﬂ)/2+8 1+ N-(@-58)/24e N—(3—8B)/4+6) 7

for any € > 0. O
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Chapitre 3

Existence of minimizers in
generalized Gross-Pitaevskii theory
with the Lee-Huang-Yang correction

Ce chapitre reprend 'intégralité de I'article dont le préprint est accessible en ligne sur arXiv
/ Hal.

Abstract

We study the dipolar Gross-Piteavskii functional with the Lee-Huang-Yang (LHY) correction
term without trapping potential and in the regime where the dipole-dipole interaction dominates
the repulsive short-range interaction. We show that, above a critical mass, the functional admits
minimizers and we prove their regularity and exponential decay. We also estimate the critical
mass in terms of the parameters of the system.

Résumé

Nous étudions la fonctionnelle de Gross-Pitaevskii dipolaire avec correction de Lee-Huang-Yang
(LHY) sans confinement et dans le régime ou linteraction dipole-dipole domine l'interaction
courte portée répulsive. Nous montrons qu’il existe une masse critique au dessus de laquelle la
fonctionnelle admet des minimiseurs et nous montrons qu’ils sont réguliers et décroissent expo-
nentiellement. Nous donnons aussi une estimée de la masse critique en fonction des paramétres
du systéme.
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Recent progress in the realization of Bose-Einstein condensates (BEC) of dipolar atoms have
exhibited new and complex phenomena as compared with simpler chemical elements [KSWW+-16;
FKSWP16; CBPM-+16; SWBFP16; CBPF+18]. For a survey on the properties of dipolar BEC,
see [LMSLP09|. This specificity is due to the long-range nature of the dipolar interaction, which
persists in the dilute regime, as opposed to short-range ones which become delta like. The re-
sulting model thus contains two competing interactions, one partly attractive and anisotropic,
another one repulsive. The system is stable when the repulsive term compensates the attractive-
ness of the dipole-dipole interaction (DDI), or when the trapping potential is strongly confining
in some well-chosen directions. Otherwise, the condensate experiences collapse and blow up,
a phenomenon known as Bose-nova |SSZL00; KLMFGPO0S8; LMFK-+08|. Nevertheless, new ex-
periments have revealed that when the scattering length, which controls the scattering length
of the repulsive interaction, is lowered sufficiently slowly, the condensate remains in a meta-
stable state leading to the formation of stable self-bounded droplets [KSWW+16; [FKSWP16;
CBPM+16; [SWBFP16|. The stabilization mechanism is believed to be caused by the Lee-Huang-
Yang corrections [LHY57; Petl5] and is accounted for in the Gross-Pitaevskii framework by a
term proportional to |t1/|> where v is the wave function of the condensate. The LHY correction
for dipolar gases has been computed in [SUXFO06, LP11; LP12|. The phenomenon has also been
numerically investigated in [BWBB16b; BWBB16a; WS16|. The generalized Gross-Pitaevskii
functional used in the physics literature [WS16; BWBB16a; SWBFP16| is given by the following

s 2
eirw) = [ 1ver G [ it 5 [ KRl + oar [ P ()

where 1 € H*(R?) is normalized as

[ k=, )

with N the number of atoms. The parameter as is proportional to the scattering length, the
parameter aqq is proportional to the square of the moment of the dipoles and we will always
assume agq > 0. Finally, the coefficient yqr > 0 in front of the LHY corrections physically
depends on as and agqq but we take it independent of them for the analysis. The acronym QF
stands for quantum fluctuation which is the term used in the physics literature to refer to the
cause of the LHY corrections. For a dipolar Bose gas, we have K = Kg;p, with

3 1-3cos’(0x) _ Qaip(/|2])

Kaip() = A EE - EE ’

where cos(6,) = n-z/|z| and where n is a fixed unit vector aligned with all the dipoles. Here we
consider a general long-range interaction of the form

K@) = 2X/le) /S 9(y)doly) =0, (3)

where € is an even continuous function on the sphere S? and o is the Haar measure on the
sphere. These are the most important properties to keep.

Solitary waves are solutions of the following Gross-Pitaevskii equation

— AY + as|Y)?Y + aqa K * |92 + yqr Y|Py = pyp, (4)

for some chemical potential y € R. They can be obtained by looking at critical points of ég{;
restricted to the unit sphere in L?(R3). Of course, the easiest way to find critical points is to
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minimize the functional and look for the ground state.

Without the LHY correction (yqr = 0) and with a trapping potential Vi, the functional
Egég has been extensively studied [BCW10; [AS11; BAC12; |CMS08; (CH15b|. A necessary and
sufficient condition for 555 to be bounded below on the unit sphere of L?(R?) is, in our units,
as > aqq. This comes from the fact that the kinetic energy term and the interaction term do
not have the same scaling properties with respect to dilations. Adding the (positive) LHY term
allows to prevent the collapse and to access the previously unstable regime as < aqq. Without
confining potential, a necessary condition for the minimizing sequences of Sdcff to be pre-compact
is the negativity of the ground state energy, as we will prove. But because of the stabilization
mechanism itself, this condition does not hold for all possible choices of parameters as, aad, Yqr
and N. The case yqr < 0 was analyzed in [LS18] where the authors find solutions to by
means of mountain pass arguments.

In this paper, we study the existence and non existence of the minimizers of as well as
their regularity. Our main result is Theorem [1] in which we show that the minimum energy is
decreasing in NV and that there is some critical mass N.(as, aad, Yqr) below which it is zero and
there is no ground state and above which it is negative and there is at least one ground state.
We also derive some upper and lower bounds on N..

During the preparation of this work a similar result was announced [LS19| in which the
authors study the existence of standing waves for the dipolar Gross-Pitaevskii functional with
the LHY non-linearity replaced by [¢|P for p € (4,6]. However, the case of a general long-range
interaction given by is not dealt with and does not seem to follow from their proof. Their
approach uses the particular symmetry of the dipole-dipole potential which allows to reformulate
the interaction energy as the sum of a local term and another term involving the Riesz transform.
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1 Main results

We first rescale the functional to get rid of redundant parameters. For A > 0 and v € H'(R?)
such that fR3 ]2 = \, we denote b, ¢ = a'/203/2¢)(¢-) and compute

asof
sﬁ;’(%,z):af?( JRE S T
R3 R3

aqqal 2
dd / K*W\2|¢|2+*VQFG3/2£5/2/ |w|5 )
2 R3 5 R3

Note that N = a\. Taking afas = 1 and a3/2€5/2'yQp = 1, denoting b = agq/as and dividing by
al? we obtain

1 b 2
a0)i= [ 1VoP+g [ ity [ KR« 2 [ P )

with the new constraint [p, [1|* = A.
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Recall that the third term with K has to be understood in the sense of the principal value,
that is K = lim. o 1|5~.K in D'. It is classical [Duo01| that when €2 is an even continuous
function on the sphere S? satisfying , then for 1 < p < oo and any f € LP(R?), the following
limit exists for almost all z € R3

K f () o=l (115 K) # ().

Moreover there exists some constant Cj, > 0 such that for any ¢ > 0 and any f € LP(R?) we
have

1(a>e ) * fllors) < CpllfllLe(es), (6)
1K+ flloemsy < Cpll fllLr(ws)- (7)

In particular, KeL> (R3) and up to modifying the parameter b, we will assume that

inf K = —1.

We now state our main result. We first need some notations and definitions. For A > 0,
b > 1, we denote by

VB = inf () ®)

the ground state energy with mass contraint .

Theorem 1. For any fized b > 1, the function
A€eRL — E(A\D)

is non-increasing and there exists 0 < A (b) < co such that the following holds

— for 0 < XA < A (b), we have E(X,b) =0 and there is no minimizer

— the function A\ — E(\b) is strictly decreasing on [A.(b),4+00). For every A > A (b) it
admits at least one minimizer. It solves the equation

(A + [0 + 0K % [Y|* + [¢]* — ) v =0, (9)

with u < 0. In addition, ¥ is C*° and decays exponentially.

Finally we have
21/251/23ﬂ.
(b—1)5/2 S C(b)7

and in the dipolar case (@ we have

Ao(b) < 84.437 (11)

It is an interesting problem to derive the exact asymptotics of A\.(b) as b — 1 or as b — oo.
The rest of the paper is dedicated to the proof of Theorem
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2 Proof of Theorem [

When b is fixed, to simplify notations, we will simply denote by E(\) and & respectively
E(\b) and &,.

2.1 Monotonicity of A — E(\,b)
Let b > 1 and show that A — E()\) is non-increasing. It suffices to prove that for all A1, Ay > 0,
E(A + X2) < E(M) + E(\2). (12)

and that E < 0. By density we can take 1), for i € {1,2}, with compact support and such that
E(YW) < E(\;) + ¢, for some € > 0. We then obtain

B(A1 + o) < limsup E@O + ¢ (- —ter) = £(pV) + £
t—o0
< E(\) + E(\2) + 2,
where e; = (1,0,0). It remains to take ¢ to zero to obtain (12). To show that E(A) < 0
for all A > 0, we take ¢ € C*(R%) with compact support and such that [o, |¢]* = A, we
denote ¢, (z) = n=*2p(n~ (z — n?)) for n > 1. We have [ps|[Vion|? = n=2 [3 |Ve|? and

onllzo@sy = /P12 ||p| 1o gs) for p > 1. Using (7) with p = 4 for the interaction term and
p =5 for the LHY term, we obtain £(¢,,) — 0 as n — oo.

2.2 0<A(b) <0

To prove that A.(b) > 0 it suffices to show the lower bound . Let v € HY(R3). By
Holder’s inequality we have

—2/9 20/9
16110 msy > 1901 ey Il ¥ sy,

2/3 10/3
ey = — 100ty Il Y ey

JRICRE R AT T

since we have, by assumption, inf K = —1. Denoting A = ||¢HL2(R3) and X = ||1/JH5L5(R3), we can
then bound by below the Gross-Pitaevskii energy in the following way

b—1 2
7}\1/3)(2/3 + 5)( = Fl()\7X)7

On the other hand

E(W) > CoopA~H/OX4/0 -

where Csop = 3(27)%/3 /4 is the optimal constant in Sobolev’s inequality [LLO1]. We want to
compute

Ao =sup {A>0]|Fi(\X)>0,VX >0}.

By the form of Fj, there is a unique such Ao, and there is some X > 0 such that the following
system holds
{ Fi(Xo, Xo) =0,
(0xF1)(Xo, Xo) =0.
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Solving this, we obtain

1/2 3/2
AO _ § / 25/2 CSéb _ 21/251/237('
3 G=192  (h=1p2

To prove that A.(b) < oo, let us take ¢ € H'(R?) such that [, [¢)|* =1 and

[, 1ol o <o

which is possible because b > 1, see the proof of [Tri18, Theorem 1]. With 1)y o = A/263/24(¢-),
we have

b
eon = ([ wor+ 5 ([ i+ g [ weloplor) + 3o [ o).

taking A\ — oo and £ = A~Y/2 we obtain £(¢5¢) — —oo, which proves that \.(b) < oo since
E(X) cannot stay equal to 0 on R,.

2.3 Properties of solutions to @D

If ¢ is a stationary point of the functional £ under the mass constraint A, it solves the Euler-
Lagrange equation @ for some Lagrange multiplier 4. We begin by showing some relations
between p, A and the different terms in £(1). We define

T(y) =/|w\2 >0,

10) =5 [+ %2 [ K opup

Qw) = v [ 10 >0

When there is no ambiguity, we will simply denote them by T, I and Q.

Lemma 2. Let A > 0, b > 1 and let ¥ be solution to (@) with fRs |Y|2 = X. Let u be the
associated Lagrange multiplier in (@, then following equalities hold:

7= (), (13)
I E +25/\u’ (14)
Q=—(pA\+E). (15)
In particular, if E <0 then p < 0.
Proof. We have
T+1+Q=E(\), (16)
1+2Q:_E@yﬂu, (17)

2T+3]+§Q:O. (18)
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The equation is simply the definition of £. Equation (17 is obtained by integrating the
Euler-Lagrange equation @ against the solution . Finally is a consequence of the virial
theorem: for a@ > 0 we denote 9, = a/?1(a-) and since the function a — E(1,) is stationary
at a = 1, its derivative vanishes, this gives (18)) (we can also obtain by multiplying @D by
x- V). It remains to solve the linear system (|L6)) ,, which gives the result. The negativity
of p comes from , indeed we have Ay = E —2T/3 <0, if £ <0. O

We then state some lemma about the regularity of the solutions of the Euler-Lagrange equa-
tion @[) We give its proof in [Appendix A

Lemma 3. Let ) € H'(R3) be a solution of the Euler-Lagrange equation @ for some p < 0.
Then ¢ € C*°(R3) and there exists some constants C,t > 0 such that for all z € R?

0 < |ip(z)| < Ce Mol

2.4 Existence of a minimizer, case A > )\,

We begin with the case A > A.(b). We use the concentration-compactness method |Lio84a;
Lio84by |Lie83]. In particular, we follow |[Lew10] and use the following lemma.

Lemma 4. Let {1,} be any bounded sequence in H'(R?), define

m({¥,}) = sup {/ v ‘ Han, } TR, (- — 2,) — b weakly in Hl(RS)} .

Then the following assertions are equivalent

— m({¢n}) =0
— 1, — 0 strongly in LP(R3) for all 2 < p < 6.

We can now show that minimizing sequences are precompact in H*(R3). Let {¢,,} C H'(R?),
Jgs [¥nl? = A, with A > Ac(b) so that E()\) < 0, be a minimizing sequence for £. By (7)) we
verify that {1, } is bounded in H*(R?®) so that we can apply the above lemma. If m({¢,}) =0
then it follows that €(¢,,) — 0 which contradicts E()\) < 0. We can therefore find Q; € H(R?),
Q1 # 0, such that, up to translations, v,, — Q1 weakly in H'(R?). We denote

qun:Ql‘i’rna r, =0 in HI(RB)'

Because of the weak convergence in H'(R?), we have

/R3 [V, | = /R3 |le‘2+/]RS 9l + o(1).

Moreover, up to extracting a subsequence, we can assume strong local convergence in L?(R?)
and convergence. By [LLO1, Theorem 1.9], we obtain

lim / Wl — [ral? = / QP
n— 00 ]RS R3

for all 2 < p < 6. To deal with the non-local term, we note that ||7,Q1[/z2rs) — 0 as n — oo
since r2 — 0 in L%(R3). Hence by @ we conclude that

/K*wannP:/ K*\Q1\2\Q1\2+/ K [ Pl + of1).
R3 R3 R3
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Denoting A\; = HQ1||%2(R3) and 7, = (A = A)rn/||7n | L2 ®s), so that |7, — 75 g1 msy — 0, we
obtain from the previous estimates
E(hn) = E(Q1) + E(n) + o(1) (19)

>E(Q1) + E(A— ) +o(1),

where we used that & is locally uniformly continuous in H!'(R3). From this we obtain that
E(X) = E(M)+ E(A— A1), that @ is a minimizer of £ for the mass constraint \; and that {7, }
is a minimizing sequence for the mass constraint A — A;. If A\ = X the result is proved since

E(0) = 0. Let us then assume Ay < A, in this case one must have m({?{nz)}) > 0, otherwise we
obtain by Lemma [ that liminf £(7,) > 0 and from that E(\) = E(\1), since E is non-
increasing. But )7 is a minimizer of £ and therefore satisfies @ with some p < 0 by Lemma
Hence for any € > 0 small enough we have

E(1+2)Q1) = E(Q1) + 2uAie + o(e) < E(Qn), (20)

since p < 0. For € > 0 small enough we thus obtain F(\) < E(A+¢) < E(A;) which contradicts

E()\) = E(A\1), hence m({?ﬁ)}) > 0. Doing the same procedure for 7, as we did with 1, we
obtain [
Tn = Q2 + qn, ¢ —0 in Hl(Rd)v

and we denote \g = f]R3 |Q2|%. From , the same computations as before lead to
E\) S EM\)+EN) +E\N—A —X2),
and £(Q2) = E(X\2). From this and we deduce that
E(A 4 A2) = E(M) + E(X2), (21)

which we will prove cannot hold. Since (Q;)ie{1,2} are minimizers, they satisfy the Euler-
Lagrange equation @D and by Lemma (3| they are C*° and have exponential decay. Let us write

Qi = Qix(-/R) + Qi(1 — x(-/R)) = Q1) + Q(i,2) for some x € C*(R?) with x = 1 in B(0,1)
and y = 0 in R*\ B(0,2). We have Qi 2)|lrr®s) < Ce %, for 2 < p < 6, for some constants
C,t > 0. Taking u € S?, we define

VYR = Q1+ Qa2(- — R*u).

Since [[9r|L2rs) — A1 + A2 when R — 0o we can write ¢r = VR + YrUR with ||1ZR||L2(R3) =
A+ Az and [[¢r — Yg| g1 rs) = O(e™*F) when R — co. We then have

E(Wr) = E(r) + O(e'T)
=&(Q1) +&(Q2) + b/ K*Q}1Q3.(— RPu)+ O(e™™) + 0(e™™),  (22)
R3

as R — oo, where we used . We will now use the following lemma whose proof is postponed
until the end of the argument.
Lemma 5. Let ¢ € C°(R3) N L2(R3). Then for all u € S?,

|ip|?
sup K * (|’ 15(0,r)) (R*u+v) < fRSRG
vEB(0,R)

(©(u) +o(1)),
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as R — oo

We use the above lemma with u such that Q(u) = inf Q < 0 and obtain
1
| K@@ - R < o [ 0 [ @t o),
3 ) , RS Jgs 11 [os 0%

Using this in gives
E(A + A2) < E(Q1 + Q2(- — au))
inf
< E(Qu) +E(Q2) + Mha s
inf Q
RS

+0(e R

<EM)+EMN) + M + O(e™ ')

< E(M\) + E(\),

which contradicts .

We conclude that A2 = 0 and that there exists {z,} C R? such that {¢,(- — x,)} is rela-
tively compact in LP(R?) for p € [2,6). We can obtain a minimizer by extracting a converging
subsequence. By a classical argument we indeed have strong convergence in H*(R?) |Lio84a].

Proof of Lemma[3 We extend the function § to the whole of R? by Q(x) = Q(x/|z|). Let w be
the modulus of uniform continuity of Q in B(0,2) \ B(0,1/2). For u € S* we have

Q RQu v — ) ) )
/R (;%)W(yﬂ dy — Q(u) %

3
a
s |R2u+v—yl

<

Qu+ (v —1y)/R?) — Q(u) .
/B(o,m lu+ (v—1y)/R?3 lo(y)|*dy

_|_

[0 (s ) lewial

w(2R™1) 1 3 )
< | —— oo (§2 —
< ((1—2R‘1)3 + 2[|Q| oo sy R (1 _2R-1) /]1@3 %] 0,

as R — oo, which concludes the proof. O

2.5 Non-existence of minimizers for 0 < A < A,

Assume there is a solution @) to the minimization problem for 0 < A < A, then by definition
of A.(b) we have E(\) = 0. Moreover, Q satisfies the Euler-Lagrange equation (9) with some
chemical potential x < 0. Then, the same computation as in shows that X' — E(N,b) is
decreasing in a neighborhood of A contradicting the fact that A < A,

2.6 Existence of minimizer, for \ = A,

For the existence in the case A = A., we take a sequence \,, =& X\ as n — oo with A, > A
for all n > 1 and consider minimizers for the problem with mass constraint \,: for all n > 1
we take some 1, € H'(R3) with [os [n|> = A and E(¥,) = E(A,,b). For all n, 1, verifies
the Euler-Lagrange equation @D for some p, < 0. We will use Lemma |4) assume first that
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m({¢,}) = 0, then, with the notations of Lemma [2| I(1,) — 0 and Q(¢,) — 0 from which we
deduce, by Lemma [2 that T'(,,) — 0. But by the Sobolev inequality we have

[I(n)| < Clitbnllz2es) | Vibnlliz@s) = CAY?T (1),

hence I(v,) = o(T (1)) and E(1p,) > 0. This contradicts the fact that E(A,,b) < 0 for all n.
This proves that m({«,}) > 0, and we can show as before that there is some A; < liminf{\,} =
Ac such that there is some solution ()1 to the minimization problem with constraint A;. But
since there is no minimizer on [0, \.), we necessarily have A\; = A..

2.7 Upper bound on \.(b) in the dipolar case

We now prove the upper bound in the dipolar case. Following the computations done
in [BWBBI16b|, we use a Gaussian ansatz. We take n = e, in the definition of Kgi,. For
A, 0,,0, > 0 define

P22
v [ (5:)
Tp:0= 132020 ’
P z
where (p, z) are the cylindrical coordinates. The normalization is such that ||7/’§\p,az 12, ®3) = A
We have
EW3, 4 2 1 A 20)\3/2
(‘7’2)22+2—12322<bf<%>—1>+32’
2\ o2 o2 212732020, o, 55/27T9/40202/
where [BWBB16D|
1+ 222 tanh ™' (v1 — 22
f(a:)zi—?mv2 anh” ( x)
1— 22 (1 —a2)3/2
Denoting a = 0,/0. and Y = 0,2 we define
6
— 2 3/2_ @ 3/2y9/4,3/2_ 2

We define
A(a) = sup{)\ >0 ‘ F(\Y,a) >0,VY > 0}

which by the form of F», exists, is unique and satisfies the following system

{ FQ()‘l(a)aYb?a) :07
(8yF2)()\1(a), Yo, a) = 0,

for some Yy > 0. Solving this system gives

73/2919/12 (2+a2)3/2

Ar(a) = 33/2 a(bf(a) — 1)5/2'

Optimizing over v one can obtain numerically

. < o
ér;fo Ai(a) < 84.437(b — e
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Appendix A Proof of Lemma

Let ¢ be a minimizer of £ for the mass constraint A > 0. By convexity of the gradient |[LL01,
Theorem 7.8] we have E(¢) > E(|¢]). Hence |¢)| also minimizes £ and satisfies the Euler-Lagrange
equation @, therefore, without loss of generality we can assume ¢ > 0.

Regularity and positivity Following the proof of [LSY00, Lemma A.5], for ¢ > 0, we rewrite
as

(A + ) == (W= p—1) 7, (23)
with W = (¢? + bK % 12 4+ 1?). Solving the equation we find

bla) =~ | Yilw—y) (W(y) — n—1%) ¢(y)dy, (24)
where Y;(z) = (47|z])te !*l is the Yukawa potential. We want to prove that —Ay € L2(R?),
by the Euler-Lagrange equation it suffices to show that ¢ € L8(R?). But since 1 € H'(R?) we
have W1 € L?(R3) and deduce from the Euler-Lagrange equation that —At € L?(R3). The
usual bootstrapping argument and (7)) give v € H*(R?) for all k > 1 and hence ¢ € C*°(R?).

In particular we have —Av € L°°(R3), using that ¢» > 0 and applying Harnack’s inequality
|GT15, Theorem 8.20] we deduce that if ¢ vanishes then 1) = 0 which is excluded by assumption
(E(y) < 0), hence 1 > 0.

Exponential decay Let 0 < t? < —u/2. Before proving the exponential decay, we first need
to show that K x |¢|? vanishes at infinity in the sense that

Ve >0,3R. >0 s.t. sup {Kx[]*(z)} <e. (25)
|z|>Re

Let € > 0, by the cancellation property we can write

vl = | [ OO g2 - v 0

|z —yf?
2w~ )/~ y1) e — )l — oDl
< [ PR Wl e + [ P

Now using that Q € L>(S?) and ¢? € L*(R3) N L>°(R3) we have for all z € B(0, R), for any
R >0,

P(y)?.

1Q((z —y)/|z —y|)|
K *02(@)] < Cell @@ ¥l I Vollemo) + | d
B(z,e)c |£L’ - y|
Note that the second term above tends to zero at infinity at fixed e because, for instance,
Lgselz| =, 9% € L*(R3), this proves that K x [¢)|? tends to zero at infinity. Hence W vanishes
at oo and from we deduce that

(=A 4+t (v — CY;) <0, in  B(0,R),

for R large enough and C > 0. Since % is bounded, we can find C' > 0 so that ¢ — CY; < 0 in
B(0, R) (and in particular on 0B(0, R)), applying the maximum principle shows that ¢ < CY;,
in the whole R3 and conclude the proof.
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Chapitre 4

Semi-classical limit of large
fermionic systems at positive
temperature

Ce chapitre est constitué d’une version étendue d’un article soumis, dont le préprint est
disponible en ligne sur arXiv) / Hal. Les travaux présentés ont été réalisés en collaboration
avec Mathieu Lewin et Peter Madsen. Les appendices A, B et C ne sont pas présents dans
Particle [LMT19]. L définit I’ensemble grand-canonique et donne une preuve de

I'inégalité sur l'entropie d’un état fermionique. Dans IJAppendice B| on étudie la limite

thermodynamique pour I’ensemble canonique avec une interaction en champ moyen et on montre

I'équivalence avec 'ensemble grand-canonique. Finalement, dans 1JAppendice Clrappelle quelques
définitions sur les états produits fermioniques.

Abstract

We study a system of N interacting fermions at positive temperature in a confining potential.
In the regime where the intensity of the interaction scales as 1/N and with an effective semi-
classical parameter h = N~1/4 where d is the space dimension, we prove the convergence to the
corresponding Thomas-Fermi model at positive temperature.

Résumé

Nous étudions un systéme de N fermions en interaction a température positive dans un potentiel
confinant. Nous considérons le régime ou I'interaction est multipliée par 1/N et ot le paramétre
semi-classique vérifie h = N~1/% avec d la dimension de I’espace. Nous montrons la convergence
du systéme a N corps vers le modéle de Thomas-Fermi & température positive.
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In this article we study mean-field-type limits for a system of N fermions at temperature
T > 0 in a fixed confining potential. We assume that the interaction has an intensity of the
order 1/N and that there is an effective semi-classical parameter A = N —1/d where d is the space
dimension. In the limit N — oo we obtain the nonlinear Thomas-Fermi problem at the same
temperature T > 0. This paper is an extension of a recent work [FLS18| by Fournais, Solovej
and the first author where the case T' = 0 was solved.

Physically, the Thomas-Fermi model is a rather crude approximation of quantum many-body
systems in normal conditions, and it has to be refined in order to obtain a quantitative description
of their equilibrium properties. However, certain physical systems in extreme conditions are
rather well described by Thomas-Fermi theory. It then becomes important to take into account
the effect of the temperature. For instance, the positive-temperature Thomas-Fermi model has
been thoroughly studied for very heavy atoms [FMT49; |GP55; [Latbb; (CA57; INT81]. It has
also played an important role in astrophysics, where the very high pressure encountered in
the core of neutron stars and white dwarfs makes it valuable for all kinds of elements of the
periodic table [MB40; Mar55; BBJL68; BB81|. Finally, the Thomas-Fermi model is also useful
for ultracold dilute atomic Fermi gases, but the interaction often becomes negligible due to the
Pauli principle, except in the presence of spin or of several interacting species |[GPS08|.

In the regime considered in this paper, a mean-field scaling is coupled to a semi-classical
limit. This creates some mathematical difficulties. Before [FLS18], this limit has been rigorously
considered at T = 0 for atoms by Lieb and Simon in |[LS77b; |[LS77a] and for pseudo-relativistic
stars by Lieb, Thirring and Yau in [LT84; LY87|. Upper and lower bounds on the next order
correction have recently been derived in [HPR18} [ BNPSS18|, for particles evolving on the torus.
The positive temperature Thomas-Fermi model was derived for confined gravitational systems
in [HT71; HNT72; Mes81bj |[Mes81aj; Mes81c| and for atoms in [NT81]. There are several mathe-
matical works on the time-dependent setting [NS81; [Spo81; [ BGGMO03; [EESY04; AMS08; FK11;
BPS14bj; [BPS14a; BJPSS16; [BBPPT15; PP16; [BPSS16; |GMP16; (GP17; [DRS18|, in which the
Schrodinger dynamics has been proved to converge to the time-dependent Vlasov equation in
the limit N — oco. Finally, the first two terms in the expansion of the (free) energy of a Fermi
gas with spin in the limit p — 0 was provided in [LSS05] at 7' = 0 and in [Sei06] at T > 0.

The mean-field limit at positive temperature for fermions is completely different from the
bosonic case. It was proved in [LNR14] that in the similar mean-field regime for bosons, the
leading order is the same at T > 0 as when T" = 0. Ounly the next (Bogoliubov) correction
depends on T' [LNSS15|. In order to observe an effect of the temperature at the leading order
of the bosonic free energy, one should take T' ~ N, a completely different limit where nonlinear
Gibbs measures arise |[Got05; [LNR15a; LNR18b; LNR18c; LNR18a; Roulba|. Without statistics
(boltzons), the temperature does affect the leading order of the energy [LNR15¢|, and the same
happens for fermions, as we will demonstrate.

Our method for studying the Fermi gas in the coupled mean-field/semi-classical limit relies
on techniques previously introduced in [FLS18|. Assuming that the interaction is positive-type
(W > 0), the lower bound follows from using coherent states and inequalities on the entropy.
We discuss later in Remark [6] a conjectured inequality on the entropy of large fermionic systems
which would imply the result for any interaction potential, not necessarily of positive-type. The
upper bound is slightly more tedious. The idea is to construct a trial state with locally constant
density in small boxes of side length much larger than A, and to use the equivalence between
the canonical and grand-canonical ensembles for the free Fermi gas. Finally, the convergence of
states requires the tools recently introduced in [FLS18| based on the classical de Finetti theorem
for fermions.

The article is organized as follows. In the next section we introduce both the N-particle
quantum Hamiltonian and the positive-temperature Thomas-Fermi theory which is obtained in
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the limit. We then state our main theorems, Theorem [2] and Theorem As an intermediate
result for the upper bound, we show in Section [2|how to approximate a classical density by an
N body quantum state. In Section [3| we use this trial state and some known results about the
free Fermi gas at positive temperature to prove our main result in the non-interacting case. The
interacting case is dealt with in Section [l Finally, in Section [5] we study the Gibbs state and
the minimizers of the Thomas-Fermi functional at positive temperature (Theorem .
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1 Models and main results

1.1 The Vlasov and Thomas-Fermi functionals at T > 0

For a given density p > 0 and an inverse temperature S > 0, the Vlasov functional at positive
temperature is given by

8512’ (m) 2(2717)61 //}de (lp+A@)> +V (z)) m(z,p) dzdp
* % //]R?d w (z = y) pm () pm (y) dady

+ (27:)[15 //RM s(m(z,p)) dadp, (1)

where s (t) = tlogt + (1 —t)log (1 — t) is the fermionic entropy, and

1
(2m)* Jra

is the spatial density of particles. Here m is a positive measure on the phase space R% x R?, with

the convention )
— // m(z,p)dxdp = / pm(z)dz = p,
(2m)" Jmr2a Rd

and which is assumed to satisfy Pauli’s principle 0 < m < 1. For convenience we have added
the factor 1/p in front of the interaction energy, because it will naturally arise in the mean-field
limit. This dependence of the Vlasov functional is emphasized by adding the index p on Sgig,
this density coincides with the mass constraint we impose on the semi-classical mesures even

though it could be considered as independent. We denote the Vlasov minimum free energy by

N (p)=  dnf - EGL(m). (2)

(2m) " [[p2a m=p
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Precise assumptions on A,V and w will be given later.

Similarly as in the case T = 0, we can rewrite the minimum as a two-step procedure where we
first choose a density v € L'(R%,R) with [, v = p and minimize over all m such that p,, = v,
before minimizing over v. For any fixed constants v € R, and A € R? we can solve the problem
at fixed  and obtain

1
min 5
0<m(p)<1 (2m)

(2m)~? f.a m(p) dp=v

9 1
L arme aps o [ sm ) dp>
1

=~ . log (1 + e_B(pZ_“FG(’B’"))) dp + pra(B,v)v
R

where pupg(8,v) is the unique solution to the implicit equation

1 1 0 —
(218 Jpa 1+ P@—nrc(Br) P =Y
and with the unique corresponding minimizer

1
my,A(p) = 1 + eBUp+APR—pra(B.v))

This is the uniform Fermi gas at density v > 0. For later purposes we introduce the free energy
of the Fermi gas

1 2
Fo(v) i= = | log (1470 mmral@)) g Vv 3
5(v) )5 Jo % +e p + pra(B,v)v (3)
Note that A only appears in the formula of the minimizer. It does not affect the value of the
minimum Fg(v).
All this allows us to reformulate the Vlasov minimization problem using only the density,
leading to the Thomas-Fermi type minimization problem

()= min { [ Fa@) o+ [ Voo da

veL'(RYRy) Rd
.er v(z)dz=p

+ %//Rgdw(x—y)u(x)u(y) dxdy}- (4)

The Vlasov minimization on phase space will be more tractable and we will almost never use
the Thomas-Fermi formulation of the problem.

Now we discuss the existence of a unique Vlasov minimizer for , under appropriate as-
sumptions on V, A,w. We use everywhere the notation Vi = max(+V,0) for the positive and
negative parts of V', which are both positive functions by definition.

Theorem 1 (Minimizers of the Vlasov functional). Fiz p, 8y > 0. Suppose that V_ € Ld/? (Rd)ﬂ
L“/2(RY), A LL (RY) and that Vi € Li (Rd) satisfies [pa e PoVi (@) dg < 00. Let

we LM*E (RY) + L= (RY) + Ry .

Then, for all B > By, there are minimizers for the Vlasov problem . Any minimizer mg solves
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the nonlinear equation
1

; (5)
1+ exp (,3(\;9 FA@)2 4V (@) + plw * pmg () — M))

mo (JS,p) =

for some Lagrange multiplier . The minimum can be expressed in terms of mg and p as

1 // < ) ( 2 ’ o o ))
B _ BUpI"+V (@) +p™ wxpmq () —p
eyvia (P) = — log|1+e 0 dzdp
via (°) (27T)dﬂ R2d

+ pp— i //de w (& = y) pmy (%) pmy (y) d dy. (6)

Furthermore, if W > 0, then Egig is strictly convex and therefore has a unique minimizer. In
this case, for p' > 0 define

F(p,p) == inf &G (m). (7)

0<m<1
(2m) = [[p2a m=p

Then, for any p’ > 0, Fgla(~, p') is C* on Ry and the multiplier appearing in is given by

8F\€la

Hn= Tp(p’ o) (8)

p'=p

We recall that, for p > 1, f € LP(R?) + L=(R?) if and only if for all ¢ > 0 we can write
f = fi+ fo with f; € LP(R3) and l|.f2]| oo (rs) < €. The proof of Theoremis classical and given
for completeness in Section |5l Note that the magnetic potential A has only a trivial effect on the
minimization problem. The minimizers for a given A are exactly equal to the mg(x,p + A) with
mo a minimizer for A = 0. The value of the minimal energy, the density p,,, and the Lagrange
multiplier p are unchanged under this transformation.

The two conditions e Y+ € L'(R?) and V_ € LY?(R?) N L'+%/2(R9) have been chosen to
ensure that the minimizer has a finite total mass and a finite total energy. This is because

1
//de T A v v @y @

< // (6—B(p2/2+V+(I)) +[{p? < 2‘/7(1.)}0 dzdp
R2d

<C (ﬁ_%e_ﬂ‘/*(g”) +V (x)%) da 9)
Rd

and, similarly,

// log (1+efﬁ(p2+V+(:v)*Vf(w))) dar dp
R2d

< // e AW /24Ve (@) qp dp + C’// (1+ BV_(z)) dzdp
R2d

{p?<2V_(2)}

d

<C (ﬁ—ae—ﬁW(x) + V,(x)
Rd

4
2

+ pV_ (m)1+%> dz.
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1.2 The N-body Gibbs state and its limit
The mean-field limit

Here we analyze the ‘mean-field’ limit where the interaction has a fixed range and a small
intensity. We consider the following Hamiltonian

N
. 1
Hin = 3 Ve, + A@)P 4V (@) + 7 3 wiay —m) (10)
j=1 1<j<k<N

acting on the Hilbert space /\iV L? (Rd) of anti-symmetric functions. For simplicity we neglect
the spin variable. In the mean-field regime, which is dealt with by Theorem [2} it could be
easily added. However, as previously mentioned, it would have non-trivial consequences for the
(very) dilute regime covered by Theorem [8] where only particles with different spins interact.
We suppose that
A2, w e L' (RY) + L& (RY)

and that w is an even function. We also assume that the potential V' € Lllotd/ 2 (Rd) is confining,
that is, V (z) — oo when || — oo, and that the divergence is so fast that fe‘BOW(w) dz < oo
for some By > 0. Note that this implies that V_ has a compact support, hence in particular
V_ € LY?(R%) N L'*4/2(R?). At inverse temperature 8 > f3y, the canonical free energy is given
by the functional

EX(D) = Tr (Hy D) + %Tr(I‘ logT), (11)
defined for all fermionic quantum states I' = T'* > 0 with Tr(I') = 1. The minimum over all I" is
uniquely attained at the Gibbs state

Pnnp =2~ te P,

where Z = Tre #H~.n which leads to the minimum free energy

1
egan (hv N) = H%in Eéva’z (F) = —B log Tr e PHNn

Our main result is the following.

loc

V (z) — oo at infinity and that [ e=P0V+ @) dx < co. Furthermore, assume |A[?, w € L**4/2 (R?)+
L (]Rd) with w even and satisfying w > 0. Then, for all B > By we have the convergence

Theorem 2 (Mean-field limit). Let fo,p > 0. Assume that V € L2 (R?) is such that

ngnoo hdegan(h7 N) = egla(p)' (12)
hEN—p

Moreover, if (T'y) is a sequence of approximate Gibbs states, that is, satisfying

ESmM(TN) = el (B, N) + 0(1), (13)
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then the one-particle density of I'y satisfies the following convergence
hdp(rlz\), — pm, Weakly in Ll(Rd) N L1+2/d(Rd)7

and

mgcl,l)ﬂN — myq strongly in L'(R??), (14)

P~ Pm, Strongly in LY RY) N L1+2/d(Rd), (15)
fUN

where m(k%N is the k-particle Husimi function of I'y and mg is the unique minimizer of the

Viasov fuﬁctional in Eq. . The k-particle Husimi functions converge weakly in the sense that

k
m(fyl)ﬂNcp — / m§*p (16)
R2dk

R2dk

for all ¢ € L*(R24%) 4 L>°(R2*) . Similarly, if we denote by ngfv) the k-particle Wigner measure

of I'n, we also have,
k
Lo [ mgrs. a7
R2dE R2dk

for all ¢ satisfying 8;*11...80"“851...81?:@ € L (R4 where aj,B; <1 foralll <j<k.

Tk ~P1

We have denoted by P(rl) the one-particle density of the state I', which is the unique function

such that N
T (JZ_;F(%))F - /R Fla)p® (2) da.

for all bounded functions F' € L>(R3).

The Husimi function m(fk%N (based on a given shape function f) and the Wigner measure

ngjv) are defined and studied at length in [FLS18]. These are some natural semiclassical measures

that can be associated with Iy in the k-particle phase space R?¥ . We will recall their definition
in the proof later in Section

Remark 3. For simplicity we work with a confining potential V' but Theorems[1] and[4 hold the
same when R is replaced by a bounded domain Q with any boundary conditions.

Remark 4. Our lower bound relies on the strong assumption that w > 0, but the upper bound
does not. It is classical that a positive Fourier transform allows to easily bound the interaction
from below by a one-body potential, see Eq. below.

Remark 5. As mentioned in , we can handle approximate Gibbs states with a free energy

close to the minimum with an error o(1), although the energy is itself of order N. Our proof
actually applies to the one-particle Husimi function under the weaker condition that SéV;Z(FN) =

el h, N)+o(N) but our argument does not easily generalize to higher order Husimi functions.
Can

Of course, for the exact quantum Gibbs state we have equality Eévéz(FNﬁﬁ) = egan(h, N).

Remark 6. Without the assumption w > 0, the Viasov functional S\ﬁ,ig can have several mini-

mizers and the limit in Fq. is believed to be an average over the set of minimizers of E@ig.
Namely there exists a so called de Finetti measure P [FLS1§], concentrated on the set M of
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minimizers for egla, such that
i, = [, mtert

in the sense defined in Theorem [ We conjecture the following Fatou-type inequality on the

entropy
liminf 7¢ Tr Iy log Ty > / (/ S(m)> dP(m) (18)
N—o00 2d
th—)p M R

for general sequences (') with de Finetti measure P. Should this inequality be true, we could

remove the assumption @ > 0 in Theorem [3 In fact, in our proof we show that the above
inequality holds when the right-hand side is replaced by

fea# (fap).

When there is a unique minimizer, the two coincide.

A completely different route for handling non positive-definite potentials would be to extend
the method in [HT71; HNT72] where the (attractive) Newton potential was covered, using an
approximation by a finite sum of rank-one interactions.

Example 7 (Large atoms in a strong harmonic potential). The Hamiltonian in Eq. can
describe a large atom in a strong harmonic potential. Indeed, consider IV electrons in a harmonic
trap and interacting with a nucleus of charge Z. In the Born-Oppenheimer approximation, the
N electrons are described by the Hamiltonian

N

A 2|z,?
Z; s Tl +Z|x]_xk|
j_
Scaling length in the manner z; = N3
to

x; we see that this Hamiltonian is unitarily equivalent

N 1
4/3 Z_ -2 —1\2,. .2 _ ZN Z
" =1 N75Aq, + (WNT1) |y < |zj — JUk|

Hence taking Z proportional to N and w proportional to N, we obtain the Hamiltonian of
Eq. with d = 3, A =0, V(z) = |2|? and w(z) = |#|~!. In the limit we find the positive-
temperature Thomas-Fermi model for an atom in a harmonic trap, which has stimulated many
works in the Physics literature [FMT49; |(GP55; [Lat55; [CA57]. This convergence has been proved
for the first time by Narnhofer and Thirring in [NT81], but starting from the grand-canonical
model instead of the canonical ensemble as we do here. This was generalized to strong magnetic
fields in [HY04].

The dilute limit

In this section we deal with the case where the interaction potential has a range depending
on N and tending to zero in our limit N — oo with AN — p. This is classically taken into
account by choosing the interaction in the form

wy (z) := Nw(N"x) (19)
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for a fixed w and a fixed parameter 1 > 0. In our confined system, the average distance between
the particles is of order N~/ ~ p=1/4p The system is dilute when the particles interact rarely,
that is, 7 > 1/d. For bosons in 3D, the limit involves the finite-range interaction 4mady where
a = fRd w/(4m) for n < 1 and a = a, the s-wave scattering length as when = 1. Due to
the anti-symmetry the s-wave scattering length does not appear for fermions, except if there
are several different species, e.g. with spin. This regime has been studied in |[LSS05| for the
ground state and [Sei06] at positive temperature, for the infinite translation-invariant gas. Here
we extend these results to the confined case but do not consider any spin for shortness, hence we
obtain a trivial limit. Our main result for dilute systems is the following.

Theorem 8 (Dilute limit). Let 8y, p > 0. We assume thatV € Lt/ (R?) is such that V (z) —

loc

oo at infinity and that fe_'@OW(I) dz < oco. Furthermore, assume that |A|> € L'+/2 (Rd) +
L (RY) and w € LY(R?Y) N L*Y/2(RY) is even.

e [f0<n<1/d and W > 0 then, for all B > By we have

lim hdegan(h7 N) = ef/lgmd ) (p)

N —o00
hEN—p
where ef,’lg“d w)o (p) is the minimum of the Vlasov energy with interaction potential (g, w)do.

e Ifn>1/d,d>3 and w > 0 is compactly supported, then for all § > By we have

Jim  pteg, (1, N) = e (p)
hEN—p

where e@’lg(p) is the minimum of the Vlasov energy without interaction potential.

In both cases, we have the same convergence of approzimate Gibbs states as in Theorem[3

The proof of Theorem [§]is given in Section [4]

2 Construction of trial states

In this section we construct a trial state for the proof of the upper bound. In the dilute case
this construction is similar to the one in |[Sei06| where the thermodynamic limit of non-zero spin
interacting fermions were studied in the grand-canonical picture. This construction allows us to
prove the following proposition.

Proposition 9 (Trial states). Let py € C°(R?) be such that [p.po = 1. Assume |A]* €
LY2(RY), w € LYRY) N LYY2RY). If nd > 1, we assume w to be compactly supported.
Then, there is a sequence of states I'y on /\f\;l L2(R%) satisfying

N
he (Tr § (ihV + A)’Tx 4+ Tr Ty log FN> — Fs(po), (20)
‘ N—o00 R4
i=1 RIN—1
L 0 21
N TRl (@1)

LYRY pan
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and '
i Jra(w*po)po if =0
| wn@—ypr @ ydedy — 3 (faaw) faapd 0 <dn<1 (22)
* nins1 | 0 if dy>1,d > 3.

Furthermore, we can take pg]i to be supported in a compact set which is independent of N

and uniformly bounded in L>°(RY) so that the convergence holds in fact in all LP(R?) for
1 <p<oo.

Proof. The proof consists in dividing the space into small cubes in which we take a correlated
version of the minimizer for the free case (correlations are only needed for the case dn > 1) and
then do the thermodynamic limit in these cubes (or equivalently the limit where the effective
Planck constant in front of the Laplacian tends to zero). This choice allows us to control the
one-body density, which will be almost constant in these boxes. Without loss of generality, we
will write the proof for A = 0. The proof is the same for A # 0.

Step 1. Definition of the trial state

Let pg € C°(R?) and take R > 0 such that supp py C [-R/2, R/2)¢ =: Cr. Divide Cf in
small cubes of size £ > 0, Cr C U,cp(re-1)nza Az With A, 1= 20+ [—£/2,£/2)* and B(R¢(™1)
the ball centered at the origin with radius R¢~!. We will take later 1 >> ¢ > h. For all z define
N, := |A"¥ mingen, po(z)] so that Y- N, < N. For 0 < ¢ < £/4 and for all z, define the box

~ (—c t—e\*
A, = — A
» z€+[ 7 g ) CA,

and denote by

,5(2{\’;1 7h2APcr)

~ 6 K 1

I', = 7 = Z /\k|€k1/\"'/\6sz><ek1/\"'/\6sz|
N kP, (Z4)

the canonical minimizer of the free energy at inverse temperature 8 of IV, free fermions in the
box A, with periodic boundary conditions, where P, (E) denotes the set of all subsets of E with
n elements. For j € Z,
ej(x)=(— 5)*d/2eif2%fj'z
(@) =

are the eigenfunctions of the periodic Laplacian in A, and A, the eigenvalues of I, associated
with ex = ex, A ... Aeky, . Note that we omit the z dependence of Ay and e,. We now regularize
these functions and construct a state in the slightly larger cube A, with Dirichlet boundary
condition. Let y € C*°(RY) such that x = 0 in R\ B(0,1), x > 0 and [, x = 1, denote
Xe = ¢~ %x(e7!) and define for j € Z4

fj =€y ]le * Xe-
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Note that

/Az fife = /eja Iz *xe) = //7\ e;(2)en(2)xe(y — x)dydz

:/~ ej@/ X = 0jk-
A, R4

Hence the family (f;); is still orthonormal and one can check that it satisfies f; = e; in [—(¢ —
2¢)/2, (¢ — 2¢)/2)? and as well as the Dirichlet boundary condition on A,. Besides from having
a state satisfying the Dirichlet boundary condition, we also want to add correlations in order to
deal with the dn > 1 case. Let ¢ € C>°(RY) such that » = 0 in B(0,1), ¢ = 1 in B(0,2)¢ and
¢ < 1 almost everywhere and for s > 0 denote s = ¢(s~!+). Following [Sei06]|, we define the
correlation function F'(21,...,zn.) = [[,; ¥s(zi — z;) and the state

r, = Z MZ | F fry Ao A Fio ) AF fiog Ao A Fiog |
k€PN, (2%)

are normalization factors. Now consider the state

r::/\rz.

We will show that I" satisfies the three limits Eq. , and . This state does not have
the exact number of particle N but satisfies >, N, = N — O(¢/N). Hence we will only have to
correct the particle number by adding O(¢N) uncorrelated particles of low energy, for instance
outside the support of py. This will not modify the validity of the three limits. Now we focus on
I' and compute its free energy.

where Z;, = ||ka:1 A A kaz Hiz(ANZ)

In the case nd < 1, we choose the following regime for the parameters introduced above.
s<h<e< <N and sl < k%

One could in fact take I'r—1 (removing the factor F', see below) and remove the dependence in
s. In the case nd > 1, the convergence holds in the regime

N "« s<h<e<land sl < h2.

Step 2. Verification of (120

We fix z and work in the cube A,. Let us first compute the kinetic energy of the correlated
Slater determinants appearing in the definition of I', (note that this is not an eigenfunction
decomposition due of the lack of orthogonality). Let us denote X = (m)@w = so that
U2 = fro Ao A foy, = Xer, Ao Aegy, (we will omit the superscript z when there is no
ambiguity) and denote V,—A the gradient and the Laplacian for all coordinates z1,...,zy. in
the box A, with Dirichlet boundary condition, we can check that

N.

% 2k,

V(FXew A Aery,) = | XVF + FUX +iFX Y 7
j=1

(AN €k, -
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Hence,
Te(-A). = > 25 (ek + I(XVE + FYX)er, A Aery |2:,5))
kePy, (zd) K
where
2
N.
ey = [2m(0 — )t ij
=1

is the eigenvalue of — AP associated with the eigenfunction ej. Note that Aj o e~ Bher . We will
show that )\ka_lak ~ > Aker = Tr(—AP)I" and that the second summand above is an
error term. For that we first need to estimate the normalization factors Z; and then bound the
factor with the VF and VX. We will use several times that for any sequence 0 < ay,...,a, <1

we have . ,
> [[(-a)>1 Z (23)
n=1 n=1

Hence,

Zy = I #s(mn—2m)?| O faX

N,
AZF 1<n<m<N,

>1- / Z (1 - ‘Ps(xn - xm)2)‘q/k|2dX
AN=

1<n<m<N,
>1- [ (1- — 22)2)p%) (21)py) (w2)da1d
> A2( ps(x1 — 22)%)py, (¥1)py, (v2)dz1dTo
1— Cstpip—24, (24)

where we used that psliz (z,y) < pEI,lZ( )PSI}Z( ) because ¥y is a Slater determinant, and that

Py = Nz s x. <On.

Then we compute

N. B . B ,
|vmlF|2 _ Z vsos(xl xm) V@s(m )FQ Z |VQOS(CL'1 :L'mg| F2
men @S(xl - xm)‘ﬁs(xl - xm) 2 905(331 -z )
m,n>2

and obtain
IVFU|3, ., <C [Vos(z1 — 22)[|Vps (21 — 23) | X
L2(A7) Asd
X py) (21)p) ()0 (w5)dr dwadarg
+ C/ [Vps(z1 — x2)|2p$k (gcl)p&,lz (x2)dz1dzy

< CS—Q ( 2d€dh—3d + Sdfdh_2d) .
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Now we turn to the VX part. We have

VT (e
leX(l’l,...,xNz): \/ﬁ( 1)X(

Ly *xe(z1)

T1y .y TN,)

and

2
N.
= |V /Tx o xe(x1)
/AN |VX|2|ek1/\.../\esz|2:/AN PP paA=E AL

j=1 ]lgz * Xe(1)

2
_/ VIR F X)) o)
A

v
Iz * xe(1) '

< C’/Az ‘m /15, *Xg(xl)‘zzvze*d

< CN ™ / / IVy/X:=|? < CePhde™2,
A

2
where we used the pointwise bound ’V1 /I3 * Xe(xl)‘ < [IVy/X:|*. Since X and F are both
bounded by 1 we obtain

§2(d—1) pdp=3d 4 (d—2pdp—2d | gdp—d —2
1 — Csdgdp—2d

Tr(—A)L, = Tr(—AP™)T, + o(
+ N1+2/d8d€dh2d> )

We proceed with estimating the entropy of I',. Thanks to [Sei06, Lemma 2| we have
TrT,logl, <Tr fz log fz — log mkin Ly
=TrD, logT, + O (s%?n2)
where we used the estimate on Zj. Combining the last two estimates gives
Tr(—h*A) + TrT'log T
= Z Tr(—=A*A)T, 4+ TrTlogT,

<N el (AL, b N + 40 (s ) + 0 ((h—ded)H?/ dsdﬁdh_Qd)

2(d—1)gdp—3d | gd—2¢dp—2d | gdp—do—2
2)—d s €
RO ( 1= Osdfdp—2d ) ’

where we used that N, < ||pol| e (rayh™%¢%. Tt is a known fact [Rob71, Proposition 2.1.3], [Rue99,
Part 3.4] (see also [Madl9] for more details) that

eZP (AL, b, N.) = b U4 F(N. /(h~ %)) + o(h~ %) (25)
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locally uniformly in p, := N,h%~? as h — 0 under the condition & < ¢. This is the thermody-
namic limit of the free Fermi gas. By the continuity of Fjs and the estimate N,/(h=¢({ —)¢) =
p(2) + O(el=1) we obtain

R (Tr(=h*A)L + TrTlogT) < £ )~ Fy(p(2)) + o(1) + O(e/0)
z€Z

S 2(d—1) s d—2 c 2
O ((st/R2)22) + O (s/h)* + O (( /1) : _+CS(S/Z)h2)d+ (h/e) ) .

If s <« h < € < ¢ with the extra condition that s¢ < h? we obtain the upper bound in by
passing to the limit and by identifying the first term above as a Riemann sum. The lower bound
is obtained in the same fashion by seeing I', as a trial state for the periodic case.

Step 3. Verification of ([21))

Let us recall that T'p—; is the uncorrelated version of the trial state (which corresponds to
taking ¢ = 1) and that we denote by szl its k-particle density, for £ > 1. From and using
that I'r—1 is a sum of Slater determinants we have

&)

1
N7 p = 08 o ey

<N~ Z Z A7 //2d (1 — ps(z1 — x2) )p‘l,z) (z1,22)dx1do
R

2€72% k€PN, (Z%)

<CN~! Z // (1 —ps(z1 — 22) )N2€ 2d g py dxs

z€7Z4
<SCNT' > shdNze
z€7Z4
C(s/h)%.

We also used that pfl,) < pfl,lz) ® p(1 < |lpoll poe ayN2¢~2%. Finally, denoting by T'. p—; the

(1)

uncorrelated version of I'; and by p, _, its one-body density we have

INT oLy = poll ey < D INT' Uy = pola o oy
<O (IVpoll oo mey ™ + llpoll oo (ray €~ ')
<C(l+e/t).
We have used that in z¢ + [~ (¢ — 2¢)/2, (£ — 2¢)/2)¢,
2 F

N~Tplh = N7 minpo | = po + O(hY) + O(|V pol| o= )

and that )
1IN s = pola [l (a.) < Cllpoll za)-

Under the stated conditions on f, £, s and ¢ we have N_lpfﬂl) — po in Ll(Rd).
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Step 4. Verification of (22))

Let us first turn to the case 0 < nd < 1. Note that the two-particle density matrices satisfy

r®=3%"r®+3 rWer

z€74 z#£z!
=rWer®+ > 1@ -1 erd. (26)
z€Z4

In particular we obtain for the two-particle reduced density
2 1 1 2 1
o =t @l + 3 o =t @l (27)
ZE€7Z2

The second term above is negligible in our regime. Indeed, using the triangle inequality, the
Lieb-Thirring inequality |[LT75; |[LT76| (the reader can refer to |[FLS18, Lem. 3.4] for the exact
version of the LT inequality we use) and Young’s inequality we obtain

> /R ) wy(z —y) (p(ri) - @ p(rlz)> ’

z€Z4

N72

— 1
<CN QHWNHLHG’/?(HW) Z {||P(rlz)||L1+2/d(Rd)||P(rz)||L1(Rd)

z€7Z4

1
) TrI", (Z;V:zl —AZJ_) T¥2/d
+ NV NLt2/d

—2 ardn-9- 2 )— 2
< CON2N™asz Y~ N2¢m e
z€Z4

< C(N0)4dO =)

where we used that p(rlz) < ON =% < Ollpol| Loo(Rd)h_d almost everywhere and the estimate on
the kinetic energy of I', computed before. Hence, if N=1p{") = po in L'(R%) and if £ = o(N "),
since both N’lpg) and py are bounded (uniformly in N) in L>(R%), by and the use of
Young’s inequality we obtain for 0 <nd < 1.

The case nd > 1 is easier to handle since in this case N~ = o(s). Indeed, due to the
correlation factor F' and because w is compactly supported we will have Trwy (z — y)I' = 0 for
N sufficiently large. O

3 Proof of Theorem 2| in the non-interacting case w =0

In this section we prove the convergence of the free energy in Theorem [2| in the case
where the interaction is dropped, that is w = 0. We study the interacting case later in Section [4]
The convergence of states will be discussed in Section [1.3]

The non-interacting case is well understood since the Hamiltonian is quadratic in creation
and annihilation operators in the grand canonical picture. The minimizers are known to be the
so-called quasi-free states |[BLS94|. For those we have an explicit formula and the argument of
the proof is reduced to a usual semi-classical limit. The upper bound on the free energy is a
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consequence of Proposition [g] from the previous section. The proof of the lower bound relies on
localization and the use of coherent states.

We start with the following well-known lemma, the proof of which can for instance rely on
Klein’s inequality and the convexity of the fermionic entropy s [Thi02].

Lemma 10 (The minimal free energy of quasi-free states). Let 8 > 0, and let H be a self-adjoint
operator on a Hilbert space $) such that Tre " < oo. Then

1 1
: 1 __ 1 -BH
Orgnwlg1 TrH’erIBTrS(’y)) BTrlog(lJre ),

YES1(H)

with the unique minimizer being yo = H%

With Lemma [10[ at hand we are able to provide the

Proof of Theorem[3 in the non-interacting case. Suppose that w = 0. We start out by proving
the upper bound on the energy, using the trial states constructed in the previous section. Let
p>0and 0 <vel¥ (Rd) with [, v (x) do = p. By Proposition |§| we then have a sequence
(T'w) of canonical N-particle states satisfying

N
hd
Ry | ) fibV,, + A(z) Ty | + ¥l TrTy log Dy — / Fs (v (z)) de.
=1 Re
The one-particle densities hdp&), converge to v strongly in L' (Rd) and are uniformly bounded
in L°°(R%). Hence they converge strongly in all LP(R?) for p € [1,00). Since V € Lt (RY)

loc
and '0%‘113 are, by construction, supported in a fixed compact set, we have

ATV (z) Fﬁ) =nt | V(x) pl(ﬂllz (x) dz — V(z)v(z) da.
R4 R4

This means that

hlel  (h,N) < REN (Tn) = | Fs(v(x)) dz + / V (z)v(z) dz,
R4 Rd

and, since v is arbitrary, we have shown that

lim sup hdegan (h,N) < Eéla (p) -
N—o0
rEN—p

To prove the lower bound, we use the following bound [BLS94} Thi02| on the entropy
TrTlogl > Tr (r(“ log T + (1 . r“)) log (1 - r<1>)) —Trs (F(U) (28)

which follows from the fact that quasi-free states maximize the entropy at given one-particle
density matrix '), The bound applies to any N-particle state I" whose one-particle density is
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', Applying Lemma above, we have for any p € R and any N-body state T’
1
EXM(T) > Tr (|ibV + A(z)]> + V (2) — ) T + 3 Trs (F(1)> + uN
> L miog (1 + e—ﬁ(‘m“‘(m)‘”‘/(m)—”)) + uN.
- B

Thus, we are left to using the known semi-classical convergence (whose proof is recalled below
in Proposition

B , 2
lim inf —E Trlog (1 + e~ BIinv+A®@) +V(z)_“))

h—0
1 // ~B(P*+V () 1)
> — log (1+e 7\P ) ) dedp, (29

(271-)(1/6 R2d ( ) ( )

and to take p = pvia (p). Recognizing the expression of the Vlasov free energy on the right-hand
side we appeal to Theorem [I| and immediately obtain

li inf Aef,,, (1, N) > ey, (0),
hiN—p

concluding the proof of in the non-interacting case. O

In we have used the following well-known fact, which we prove for completeness.

Proposition 11 (Semi-classical limit). Let 8y > 0, we assume that |A|> € L'*%/2(R?) 4+ L®(R?),
Ve t? (]Rd) is such that V () — oo at infinity and that fe*ﬂ"VJr(‘”) dx < co. Then for any

loc

chemical potential p € R and all > By,

B ) )
lim sup — Trlog (1 + e—ﬁ((\mv+A| +V—,u.)>
h—o B

< z 1)d5 // log (1 —l—e_B(pz"’v(w)_“)) dzdp. (30)
m R24

This result is known |[Thi02] and the proof we provide here is essentially the one in [Sim80],
where however the von Neumann entropy zlog(x) was used instead of the Fermi-Dirac entropy
xlog(x) + (1 — x)log(l — ). In fact, Theorem [2| shows that the inequality is indeed an
equality.

Proof of Proposition[11l Without loss of generality we may assume that g = 0. We also assume
in a first step that V_ € L°(R9) and then remove this assumption at the end of the proof. Due to
technical issues involving the potential V', we need to localize the minimization problem on some
bounded set. Let y,n € C> (R?) satisfy x> +7? = 1, supp x C B (0,1) and suppn C B (0, 3)".
For R > 0, denote xp = x (%) and ng = n (3). Let Hy = [ihV + A|* +V and take 4" = W%Hh
as in Lemma [10] By the IMS localization formula [Sim83] we have

Tr Hyy" = Tr (HpxrY"xr) + Tr (Hinry"ng) — h* Tr <|VXR|2 + |V77R|2> o (31)



3. Proof of Theorem [2]in the non-interacting case w =0 123

and using the convexity of s and [BK90, Theorem 14],

Trs (v") = Trxrs (7") xr + Trors (4") nr
> Trs (xry"xr) + Trs (nry"0R) - (32)

We first deal with the localization outside the ball. The operators we consider in B (0, g)c are
the ones with Dirichlet boundary condition. We obtain by Lemma [L0] that the remainder terms

are bounded by

1
Tr (Hpnry"nr) + 5 Tr s (nry"nr)

1 .
2 =5 Trpap(o.5)7) 08 (1 i e*ﬂ(lth+A|2+Vfc))
)

7% TrLQ(B(o,g)c) o B(-R*AP+V) .
=5 Trps(gay e (P A+ -V aintso.me V) (34)
) - e // B(P*+(1-a) V(@) 4y dp, (35)

27rh -

where a@ > 0 is such that 8(1 — «) > fy. The inequality comes from the diamagnetic
inequality [CFKS87| and is obtained by the min-max characterization of the eigenvalues.
The last inequality follows from Golden-Thompson’s formula [RS72, Theorem VIII.30].

The error term in the IMS formula can be estimated by

C
—Tr (IVXRI2 + |V77R|2> AP > % Try"

C
> —— Tre PHr
="R ¢

R(2Ch)d // e V) d dp, (36)
e ]R2d

where we used again the diamagnetic and Golden-Thompson inequalities.

Y]

Next we derive a bound on the densities p,, 5, where fyR = xrY"XR, using the Lieb-Thirring
inequality |[LT75} [LT76]. Combining ., ., and we have shown

e(R)
7d

Tth'yf%Jr%Trs(’yﬁ)— STth'thr%Trs(fyh)

- 7% Trlog (1+e ?Hr) <0 (37)
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where € (R) — 0 when R — co. By Lemma [10| we have

1 1
Tr Hpyh + 3 Trs (vh) > 5 Tr (—h2A) y%

1 : 2 C
4 —B(lihv+AP224v)) _ Y
5 Trlos (1 te ) =
where, as in ,
) afinf V
Trlog (1 n e—ﬁ(lmv+Al2/2+V)) < 067 // B /2+(1-0)V @) 4 4
(27rh) R2d
This implies the following bound on the kinetic energy
C
Tr (—h*A) vf < i (38)
By the Lieb-Thirring inequality |[FLS18, Lem. 3.4], we obtain
2 1
/]Rd Pyh (Z‘)H‘d de < CTr ( A’YR) hd+2C (39)

We return to the estimate on the localized terms in and , using coherent states.
Let f € C° (R?) be a real-valued and even function, and consider the coherent state fﬁ)p (y) =

h*%f(h’% (y — x) )ei%. The projections |f ) (fI | give rise to a resolution of the identity on
L? (R):

1
G o ) (2] = T, (10)
Using this in combination with Jensen’s inequality and the spectral theorem, we obtain
Trs (xir"xr) // " s (1) £1,) dedp
R2d

/Azd S (<fg?,p’7Rf£L,p>) dx dp. (41)

On the other hand, applying |[FLS18, Corollary 2.5] we have

(%h)d

TthXR“YhXR
/ (f1 ) Hinlef®,) dadp
// (Ip+ AP +V (@) (f2,.7hf" Y dudp
(27rh
2 K B2 . I
+/ oy (42 = A5 [f1) = 2R Tx (A — A | ") - inV
R

—h/Rd\Vf|2+/dewg(V—V*|fh|2) (42)

Since hdpn/z is supported in B (0, R) and is uniformly bounded in Li+2/d (Rd) by , and V x
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| f h’2 converges to V locally in L1*4/2 (Rd). The same argument applied to A and |A|? combined
with Holder’s inequality, the Lieb-Thirring inequality and (38]) shows that the remainder terms

above are o h_d). At last, combining |) and (42) as well as a simple adaptation of
Proposition [16] to finite domains (Remark [17)) yields

lim sup A% Trlog (1 + e_B(|mV+A|2+V)>
h—0

< (21)(1 // log (1 +efﬂ(p2+v(w))) dzdp +¢e(R),
T R2d

where ¢ (R) — 0 when R — oo. This concludes the proof in the case V_ € L>®(R9). We now
remove this unnecessary assumption: let us consider a potential V satisfying the assumptions
of Proposition [11| (possibly unbounded below). For K > 0, we take the cut off potential Vi =
V1{y>_ky and for any 0 < e < 1 we obtain using Lemma@

Ly iog (146 BV +AR+Y)
B

1
. . 2
> 02117121 (TI‘ ((1 —5) "th —I—A| + VK)’Y-F Trs(v))

+ min Tr (£|ihV +AP+V - VK) ~
0<~y<1
1 X 2
- —B((1—e)lihV+A[*+VK)
3 Trlog (1 +e )
— Tr (elihV + AP +V — Vi) _.

Applying the Lieb-Thirring inequality, we obtain
Tr (e[ihV + AP +V - Vi) _ < Ch—de—dﬂ/ (V = Vi) 2z,
Rd

This means that for any K and ¢

lim sup 7% Trlog (1 + e’ﬁ(|ihv*‘4|2+v))

h—0
<! d// log (1+e—5(<1—8>P2+VK<m>)) dzdp
(2m)" Jmr2a

+ e*d/r"c/ (V = Vi) T2 da.
Rd

First taking K — oo and afterwards ¢ — 0, the result follows using the monotone convergence
theorem. O

4 Proof of Theorem [2] in the general case

In this section we deal with the interacting case w # 0. We first focus on the proof of
Theorem [2| (mean-field limit) before proving Theorem 8| (dilute limit).



126 CHAPTER 4. Semi-classical limit of large fermionic systems at positive temperature

4.1 Convergence of the energy in the mean-field limit n =0

Here we prove in the case of general w € L'14/2 (Rd) + L (Rd). The upper bound on
the canonical energy follows immediately from the trial states constructed in Proposition [9 so
we concentrate on proving the lower bound. This is the content of the following proposition.

Proposition 12. Let Bg,p > 0, V € Lllotd/Q (R) such that V (x) — oo when |z| — oo and

[ e PoV+(@) dx < co. Furthermore, let |A|?,w € L'*+7/2 (RY) + L= (R), w be even and satisfy
w > 0. Then we have

lz\r[ri}ilof hel (h,N) > e (p).

hiIN—p

Proof. The main idea of the proof is to replace w by an effective one-body potential, and then
use the lower bound in the non-interacting case.

We begin by regularizing the interaction potential: let ¢ € C°(R%) even and real-valued,
define y = p#* ¢ and w. = w*x. with x. = ¢4y (¢7!) for £ > 0. Note that w, > 0. Moreover, if
a >0 and w = wy + wy with wy € LH%(Rd) and Hw2||Loc(]Rd) < a then wq . == wy * X satisfies
wr. € L'(R?) and wa . := wy * X. satisfies [Jwac||pc(ra) < . Then, using the Lieb-Thirring
inequality, we can replace w by w. up to an error of order [[wq —wi | p1+a/2gay + Cev, see for
instance |[FLS18, Lem. 3.4]. It remains to let £ tend to zero and then let « tend to zero. We
therefore assume for the rest of the proof that w satisfies @ € L*(R?).

Now, with 0 < @ € L'(R?), it is classical that we can bound w from below by a one-body

potential, see, e.g., [FLS18, Lem. 3.6]. More precisely, we have for all z1,...,zy € R¢ and
p € OF(RY)
N 2
W 0z, — | >0,

which after expanding is the same as

N
Z w(z; —xj) >;w*gp(mi)—;/w(go*w)<p—];[w(()). (43)

1<i<j<N

Let mg be the minimizer of the semiclassical problem with density p, whose existence is guaran-
teed by Theorem |1} For any N-body trial state I' we obtain from

Tr Hy 5T > Tr ((ihV 4+ A(2))? + V(2) + p~ ' w * iy (2)) r®

N 1

T 9.2 Rd(pmo * w)pmo - 510(0),

where T'™) is the 1-particle reduced density matrix of T'. Let pyia(p) be the chemical potential
corresponding to the minimizer mo and define Ve = V + p~lw % pp,, () — pvia(p). Denoting by

e’gff (h, N) the minimum of the canonical energy with potential V*¥ and with no interaction,
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we obtain using the convergence shown for the non-interacting case in Section
hiN
2p2 Rd
— 1 // log(1 + 6_6(p2+veff(x))) dzdp
N —o00 ﬂ(zﬂ)d R2d

hiN—p

hle,n (B N) > BN (h,N) — (Prmo * W)Pmg + pvia(p) KN

1

T2 Jo (Pmo * W) Pme + pvia(p)p

= e@la(p)’

where the last equality is due to Theorem This concludes the proof of the convergence of
energy in Theorem [2} O

4.2 Convergence of the energy in the dilute limit n > 0

Here we prove the convergence of the energy in Theorem [§] where n > 0. We first state a
lemma about the regularity of the minimizers of (4]) when the interaction has a Dirac component.
It will be needed in the proof of the convergence of the energy in Theorem [8] below.

Lemma 13. Let 8,a,p > 0, let A,V satisfy the assumptions of Theorem[]], let w = ady for some
a>0. If m € L*(R2?) satisfies the non-linear equation (@), then py, € L1T4/2 (Rd).

Proof. For simplicity and without loss of generality, we assume that a = p = 1, u = 0 and we
take w = 6y and A = 0. Since p,, € L* (Rd), it is sufficient to show that p, 1y, (2)>1} is in
L'+4/2 (R?). Recalling that m satisfies the equation

1

m@m:1+wWH%HMwV (49)

we immediately have
—B(V (@) +pm(x))
pm (1) < € - / efﬁpz dp = Cdﬂefﬁ(v(:rfﬂﬂm(m)),

(2m) R4

where Cy 5 = (7/(48))%/?, implying that
pm(x)eﬁp”"(w) < Cd7ﬁ66V7 (z)
Hence .
pmlip,>13 < (Vo +1log Cap) 1y, >13 € L'T2(RY),

since V_ € L1*% (Rd) and {p,, > 1} has finite measure by Markov’s inequality. O

Case 0 <n<1/d

In this case, we take w € L' (R?) with 0 < @ € L' (R?). Take wy = N%w (N"-) and
consider the canonical model with this interaction. Denoting a = f]Rd w (z) dz, Proposition |§|
implies that

limsup hdel, (N, h) < e\B,’l‘fO (p).

N—o00
hiN—p
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To show the lower bound, we follow the argument of Proposition[I2} Denote by mg the minimizer
of the Vlasov functional with the delta interaction ady, and let 'y be the Gibbs state minimizing
the canonical free energy functional. Applying with ¢ = % Pmyg; We obtain
1
Tr Hy Ty > Tr ((mv + A2+ veff) PO 4 = T (wy * Py — apmg) TV
p

N
2p2 Rd

(Pmo * WN) Py + 15 () N + 0 (A77) (45)
where Vet =V 4 & Pmo — u‘\lfig (p). Here, by Holder’s inequality, we have
R Tr(wy * oy — ame)Fgé)
= F[/d/ (wN * Pmo — apmo) pF(l)
Rd N

<o | o * g = gl sy -

L1+2/d(Rd)

which tends to 0 since ||hdpr(1> | 1+2/a(ray is bounded, by the Lieb-Thirring inequality, and since
Pmo € Litg (R%) by Lemma Finally we have,

/ (pmo * wN) Pmg — (l/ pizg'
R4 Rd

Hence, continuing from (45]), we conclude that

1 o
lim inf hdeéan (N,h) > — y // log (1 G ﬂp(””))) dz dp
h]g;:op (27‘-) /8 R

S a
+u§’n‘;(p)p—%/deim

as
= 661(; °(p)-

Case > 1/d

Here we treat the dilute limit. Assume thatd > 3,0 < w € L' (Rd), and that w is compactly
supported. Then, since w > 0, we have the immediate lower bound

.. d . d _B,0 ,0
lim inf el (N, h) > lim inf hieciy, (N, h) = ey (p).
hiN—p hiN—p

On the other hand, it follows from Proposition [J] that we also have the corresponding upper

bound, so
lim hlel, (N,h) =eol (p).

N—o0
hEN—p

This finishes the proof of the convergence of the energy in the dilute limit.
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4.3 Convergence of states
Strong convergence of the one-particle Husimi and Wigner measures

Here we concentrate on proving the limits and for the one-particle Husimi measure
and the associated density. We start by briefly recalling the definitions.

For f € L?(R%) a normalized, real-valued function and (z,p) € R??, h > 0, we define

S B4 f((x—y)/RY?)e¥/" and denote by Pl =|fl,) (f},| the orthogonal projection

onto ff’p. For k > 1, we introduce the k-particle Husimi measure of a state I"

E N!
m;’%(l‘hpla ceey xlmpk) = ( Tr (P;}l,pl (SR Pl;’llmpk X ]lN—kF) )

N—h)
for x1,p1, ..., x5, pr € R?¥*. See |[FLS18| for alternative formulas of mgpk% We also recall the
definition of the Wigner measure,

Wl(“k)(ﬂfl,n-,pk) :/ / e*l’Z?:lm-yex
Rdk JRA(N —F)

xT(z1 + by /2, oy i + hyr /2, 2k41y - 2N8) Ay .. dyrdzg41 ...d2y,

for x1,p1, ..., 71, pr € R?¥* where T'(-,-) is the kernel of the operator T.

Using [FLS18, Theorem 2.7| and the fact that the Husimi measures are bounded both in the
x and p variables, we obtain the existence of a Borel probability measure P on

Sz{ueLl(RM), 0<p<l, / M=p}
RQd

such that, up to a subsequence, we have

/ M / ( m®’“¢) dP(m),
R2dk s \JRr2dk

for any ¢ € L'(R2%) 4 L>°(R2%) and similarly for the Wigner measures. There is no loss of
mass in the limit due to the confining potential V. Our goal is to show that P = J,,,, where mg
is the Vlasov minimizer from Theorem [l

We begin with the case n = 0. Using coherent states, the tightness of (mgcl%N)N and a finite
volume approximation we obtain

e etunn ) = s [ ([ 674 Vi) ) apin)

The lower semi-continuity of the entropy term can be justified as in the proof of Lemma The
case 0 < n < 1/d can be adapted using with ¢ = Np,, and the case n > 1/d is even easier
since the interaction is assumed non-negative and can therefore be dropped.

If we denote M = [gm dP(m), the right side of is not exactly Ecan() because of the
interaction term. In the case 0 < n < 1/d we assumed @ > 0, hence the following inequality
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follows from convexity:

/5 (/ka w * pmpm> dP(m) > /RM W * Pr P (47)

The case 1/d < 7 is immediate since we assumed w > 0 and the limiting energy has no interaction
term. Gathering the above inequalities we have

i Afedn (h N;) 2 EG0 () 2 e (0).

RIN;—p
where E{/‘jlz and e 1> (p) are the appropriate limiting functional and energy: i.c. @ = w if n =0,
° = fRd w)dp if 0 < dn <1land e=0if dn>1 and d > 3. Now, by Theoremland Theoreml

the above inequalities are in fact equalities and ™ is therefore the unique minimizer of E\ﬁ,lg ® that
is mg. Since this limit does not depend on the subsequence we have taken, we conclude that the

whole sequence m%)rN converges weakly to mg, and similarly for the Wigner measure.

Note that, when @ > 0 and 0 < dn < 1, the equality in gives that P is concentrated
on functions m which all share the same density p,,,, by strict convexity. But this is the only
information that we have obtained so far on P. If the conjectured entropy inequality was
valid, then we would conclude immediately that P = d,,,. Since we do not have this inequality,
we will have to go back later to the proof that P = d,,,-

So far the convergence of mg‘-l %N is only weak but it can be improved using the (one-particle)

entropy. Going back to the previous estimates we now have

e N) = €05 (0)+ s [ (6 Eh,) = s(ma)) + o(0). (15)

As before we denote by e{g,’l; (p) the appropriate limiting energy, depending on the choice of 7.
Recall that in the case n > 1/d, the interaction potential is assumed to be non negative, so the
interaction term is just dropped. We now focus on the second term in . Let us remark that
1
s(mifp) = s(mo)
1) 1)
1-m
(1) Mmyr (1) AT
=My log ( moN> +( —mfFN)log (1 _mON>
1-— mo
+ (mo — mgcl%N) log ()
1)

m 1
> molog (Tfnr”) + B(mo —m{},) (p2 FV N € Py — e+ 61> ,
0

where we used the expression of my and the pointwise inequality
xzlog(z/y) + (y — x) > 0 for any x,y > 0. Integrating over x and p, we obtain on the right side

the sum of the relative von Neumann entropy of m( ) and myg, and a term Which tends to zero,
due to the weak convergence we have proven. By Plnsker s inequality and (48)) we obtain

1 2
d 1)
10 3) = 5 0) > s ([ i, =l )+,
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The convergence of the energies gives the strong convergence in L!(R??) of mgclﬁ%N towards the

Vlasov minimizer mg, hence in LP(R?) for all 1 < p < oo since the Husimi measures are bounded
by 1. This automatically gives that p_«a) = pm, strongly in L'(RY). The weak convergence in
FTN

LY2/4(R%) follows from the (classical) Lieb-Thirring inequality

||pmHL1+d/2(Rd) < C”m”zﬁde p2dadp) ”m”Zif (R24)

for any m in L*(R?4).
Finally, by the Lieb-Thirring inequality hdpg]i is bounded in L' (R%) N L'*+/2(R%), hence this
sequence is weakly precompact in those spaces. On the other hand, for any ¢ € C>°(R?) we have

by |[FLS18, Lemma 2.4]
hd h 2.
/Rd mfl) / P o |

Let p be an accumulation point for hdp§li. By passing to the limit in both sides we obtain

/ PmoP = / ﬁ‘P'
R4 R4

The test function ¢ being arbitrary, we conclude that hdpgi has a single accumulation point and
therefore converges weakly in L'(R%) N L'*T4/2(R9) towards p,, -

Weak convergence of the k-particle Husimi and Wigner measures

At this point we have proved the strong convergence of mgc)r towards mg in LP(R??) for
all 1 < p < co. Our argument works for any sequence of approximate Gibbs states (I'y) in the
sense that

Ebin (TN) = €Cn (1 N) + 0(N).

Here we discuss the weak convergence of the higher order Husimi functions. This is not an easy
fact in the canonical ensemble case. For instance, when w = 0 one can use Wick’s formula in the
grand canonical case but there is no such formula in the canonical ensemble [Sch17; |GMST18|.
Here we will use a Feynman-Hellmann-type argument, which forces us to consider the exact
Gibbs state, and not only an approximate equilibrium state. We will come back to approximate
Gibbs states at the end of the proof but our argument will require that they approach the right
energy with an error of order o(1) instead of o(N).

In order to access the two-particle Husimi function, the usual Feynman-Hellmann argument
is to perturb the N-body Hamiltonian by a positive two-body term of order N, multiplied by a
small (possibly negative) parameter . This modifies the effective Vlasov energy and, after taking
the limit, one then looks at the derivative at ¢ = 0. The problem here is to control negative
values of €. For atoms one can use the strong repulsion at the origin of the Coulomb interaction
to control a negative two-body term, as was done in [NT81].! For a general interaction or even
when w = 0, such an argument fails. Another difficulty is the need to re-prove the existence of
the limit with the perturbation, since in the canonical ensemble trial states are not so easy to
construct.

We follow a different route and use instead an argument inspired of a new technique recently
introduced in |[LNR18a|. The idea is to perturb the energy by a one body term of order 1. This

1. After inspection one sees that the argument used in [NT81| works under the condition that @w(p) > a|p|~®
for some a > 0 for large p. Not all interaction potentials can therefore be covered.



132 CHAPTER 4. Semi-classical limit of large fermionic systems at positive temperature

will not modify the leading order in the limit and will force us to look at the next order. Since
we are only interested in deviations in ¢, the existence of the limit for the one-particle Husimi
measure will help us to identify the deviation. Then, in order to access the two-body Husimi
measure, we look at the second derivative at € = 0 instead of the first derivative.

Let us detail the argument. Let b € C°(R? x R% R, ) be a non-negative function on the
phase space and introduce its coherent state quantization

1
By = —— b P! dzd
0 G 200 P

where we recall that PJ' = |f! ) (fI | is the orthogonal projection onto f . We then consider

the operator
N

By = Z(Bh)j (49)

j=1

in the N-particle space. Note that By is a bounded self-adjoint operator with
0 < Bp < [|b]| oo (m2ayh? (50)

due to the coherent state representation and that it is trace-class with

1
TH(By) < s //R | W) dzdp (51)

In particular By p is bounded uniformly in NV, with

| Byl < min (thnbnmmw <2w>d|b||L1<Rm>).
This is because

N
.G < Cler 12 (msy) (52)
7=t lB(AN L2 (re))

for any trace class operator C'. We introduce the perturbed Hamiltonian

HN,h(é‘) = HN,h + EBN);»L7

for ¢ € R. The perturbation is uniformly bounded, hence will not affect the limit N — oo for
fixed €. More precisely, let us call

o= BHN A (e)
Innple) = T oA
the associated Gibbs state and
log Tr(e=#H~.n(2)
Fans(e) e — 28 ( )

B

the corresponding free energy. Everywhere we assume that AN'Y/¢ — p and § > 0 is fixed. By
plugging I'y 1 5(¢) into the variational principle at e = 0 and conversely, we obtain immediately
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that

€ (1)
FN,hﬁ //RZd fFNh/S(E) FNﬁB( ) <FN,TL,/3(O)+(27T)d /debmf,FN,h,g(O)' (53)

We have used here that Tr(BzI'M) = (21) ¢ [ bm%% for all states I'. Since 0 < m;l% <1,
this proves that
Fnnp(€) = Ecan (PN.1,p(9)) = €n (1, N) + O(e)

where O(e) is even uniform in N. Hence from the analysis in the previous section, we deduce

immediately that
(1)

NI

strongly in L!(R??) for any fixed . Going back to we infer that

— mo

€

F i =F i o N 1).
Nhp(e) = Fnpp(0) + @n)? /de bmo + o(1)

A different way to state the same limit is

Tr e~ BHNn—BeBN 1 el
= ’ T (on)d ’ !
fN (E) Tr efﬁHN,ﬁ, exXp ( (27T)d //]1%2(1 bmo) (5 )

It turns out that the so-defined function fy is C°° on R with all its derivatives locally uniformly
bounded in N. This follows from the following general fact.

Lemma 14. Let A be a self-adjoint operator such that Tr(e?) < oo and let B be a bounded
self-adjoint operator, on a Hilbert space $). Then the function

Tr(eA+sB)
R —=
€c TI"(GA)
is C'°° and its derivatives are bounded by
k A+eB +eB
d Tr(e ) < HBHkTr( ) < HB||ke|sH|BH

deF Tr(eA) Tr(ed)

for k> 0.

Proof. Note that Tr(eA*8) < esllBlI Tr(e) since A +eB < A + |¢]||B||. We have for the first

derivative
d Tr(e*eB)  Tr(Bett<b)

de Tr(ed) — Tr(ed)

which is then clearly bounded by || B||e?IZ]l. The second derivative is given by Duhamel’s formula

d? TI‘ A+eB / Tr Bet(A+sB)Be(1—t)(A+eB))

de? Tr(ed) Tr(ed) dt (55)
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and we have by Holder’s inequality in Schatten spaces

Tr(Bet(A+eB)Be(kt)(AﬁB))’ < |B|? oH(A+eB)

H (1—t)(A+eB) H
1 ||€ 1
St ST-1

= || BI* Te(e*=F) < || B|*el=1Z1 Te(e?),

as claimed. The argument is the same for the higher order derivatives. The function is indeed
real-analytic on R but this fact is not needed in our argument. O

Since By p, is bounded uniformly in N and h, we conclude from the lemma that fx is bounded

in W'l’f)’coo for all k. This implies that f ](f ) converges locally uniformly to the kth derivative of the
right side of for all k. In particular, we have

~(0) — <(2f)d //de bmo>2- (56)

On the other hand, we can compute the second derivative f3 (0) explicitly, using (55):

L1 (B —tBHNn B —(1-t)BHN,n
1(0) = 32 r(Bne N E ) ar. (57)
0 Tr(e=FHNn)
We claim that this indeed behaves as
voy= P b®bm'?) 1 58
N( )_ (27T)2d Réd ® mf,FNﬁhﬁg +O( ) ( )

and first explain why this is useful before justifying . From the weak convergence of mf)FN,h,[,

mentioned in the previous section, we obtain

2 2
Jim 4 (0) = (27*6;)2(1 /S ( /R y bm) P (59)
—p

with the de Finetti measure P. Comparing with and using mo = |, s mdP, we conclude

L) = (] f )

for every non-negative b € C°(R??). This proves that P = §,,, as desired. The limits
and then follow for all k& > 2. Therefore, it only remains to prove (58).

The idea of the proof of (58]) is simple. Since we are in a semi-classical regime, the order of
the operators in the trace hould not matter. If we put the two By ; together, we obtain
after a calculation

9 1
Tr ((BN,h) FNJ’L,B) =Tr ((Bﬁ)2rs\},)h> + W //]R‘ld b® bmfl)"N,h,ﬁ'

2

The first term tends to zero since

Te ((Ba)*TW) < N 1B < b3 ey N,

whereas the second term converges to (27r)~2? [ S ( Jfzza bm)2 dP(m) due to the weak convergence
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of m(va%N,h,ﬁ. Therefore we have to compare fx (0) with Tr(Bx.;)*I' N 5.

In [LNR18a], it is proven that the function
£ Tr (BN Lo tBHNA B ef(lft)ﬁHN,ﬁ)

is convex on [0, 1], non-increasing on [0,1/2] and non-decreasing on [1/2,1]. Using that the
function is minimal at ¢ = 1/2 and above its tangent at ¢ = 0 provides the bound

Tr (BN h e—t,@HN,nBN h e—(l—t)ﬁHN,h)

> Tr (BN,h eigHN'hBN,h 67§HN’h)
> Tr ((BN,h)Qe_BHN’h) + gTr (“HN,F“ BN,h],BN,h] fﬁH”’”)

for all ¢ € [0;1], see [LNR18a). Inserting in (57)), we find that

3

N(0) > B Tr ((BN,h)QrNﬁ,ﬁ) + % Tr ([[HN,haBN,hLBN,h} FN,E,B) : (60)

Hence readily follows from the following result.

Lemma 15 (Convergence of the double commutator). With By p as in , we have

ngnoo Tr ([[HNﬁ, BNﬁ] 5 BN,h:| FN,’LLB) = 0. (61)
Nrl—p

Proof. We have

N
[[HN,h,BNh BNh} Z Hyp, By, Br) ;

j=1

+ % Z ijkv (Bh)j} ) (Bh)j + (Bh)k] (62)

1<j#k<N

with Hy p = |[ihV + A|? + V the one-particle operator and wj;, the multiplication operator by
wn (x; — k). The commutators have been used to dramatically reduce the number of terms, but
will not play any role anymore. We will estimate separately the terms (BpH1 1Bs);, (H1,5B?);,
w]k(Bh) (Bh)  and (Bh) w]k(Bh) i’ Wlth] € {k ]}

First we deal with the kinetic energy. For instance we can bound, by Hdélder’s inequality in
Schatten spaces,

”Bh( Bﬁ”GlJrH h2A (Bn) ||61

1
< 2| Bx| | Bl SN

(~n28)B| , ¢ |(-r22)B;

h 62.

We have used here our estimates and on the norm and trace of the non-negative operator
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Bp,. The last Hilbert-Schmidt norm is equal to

; = Tr ((=h*A)Bp(=h*A))

~ o [ n s, I dedp

St ol

H(—th)B

Using that
_ T — in-
WAL ) = iR (T2 ) g )
+ 27]\/ﬁ h_d/4p . (Vf) (x_\/ﬁy) eipy/h’

we find that
H(-h?A)Bg

L=l bl + e, p) o .
S R2d

This is uniformly bounded since b has a compact support in the phase space. Using , we
conclude as we wanted that

(rN,wZ — h*A, By, By ):O(Nl).

For the potential term we have to use more information on the state I'y 5 3. We first estimate

Tr( Q) 5VBE) < |Bul|?

o |vess

() EIVIE

sz

Using the Lieb-Thirring inequality for V_ € L'*%4/2(R?) as in and that the energy is O(N)
for Vi, we see that

1 2 1
[ 2vIvE| |, = BT, 4lvI = o).

Hence we can deduce that o
1
Tr (P, 5V BE) < ~ |vitB;

Like for the kinetic energy, we compute the Hilbert-Schmidt norm

= Tr V|2 By|V|*

1 o
S
27rd//Rded 220 [LEEREN] P

271' // z,p) [V = |f&0|2(z)dxdp
<c[ Weds o

2
vits;
S2

x dp

where Bp, is a fixed large ball, chosen large enough such that supp(b) C Br—1. We are using here
that fJ, has compact support, hence supp(f{'y) C Bi, for h small enough. Since V € L (R?)
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by assumption, this proves that
Tr (1), 5V BE) = O(N ),

The argument is similar for Tr (F%)h ﬁBTQiV)‘ Finally, we also have

1
T (T, 5BV B < 1Bl [BiIVIE[ = o) (64)

2
62
by . This concludes the proof that the potential terms tend to 0. The argument is exactly
the same for |A|%2. For ihV - A+ A -ihV, we argue similarly, using that

<C /[ |4

1
A|B?
|141B; <O/

w |4+ @n)B;

and
2

|ihV\/F$\}?h,ﬁH = Tf(—hQA)r%}W = O(N).
S

Let us finally turn to the interaction. First we look at

Tr (FNJLB;, > (Bh)jwjk(Bh)k> =(N-1)Tr (FN,h,B(Bh)lwlz(th)

1<j#k<N
and use the Cauchy-Schwarz inequality to estimate
+(Bn)1wi2(Br)2 < (Bn)1|wiz2|(Br)1 + (Br)2|wiz|(Bhr)2-

We look for instance at

N
(N—-1)Tr (FN,E,B(BH)2W12(BH)2> =Tr (FN,h,ﬁ Z(Bh)jwlj(Bh)j)-

=2

For fixed z, the operator Z;-V:2(Bh)j'w1j (Br); (acting on the remaining N — 1 variables) is
estimated as in by

N
C
> (Br)jwi;(Br);| < HBh|wN(x1 —')|BhH , S 5 suwp / lwn|.
= 6 z1€R® J B(z1,R)

When 7 > 0 the supremum can be bounded by [p.|wn| = [ |w], since we assume that w €
L'(R?) in this case. When 1 =0 (hence wy = w) this can be controlled by

su w| < |Bgrl||lwa]| 7 Bgp|'ti |w
$1€§d/3(11,R| ‘7‘ R||| 2||L (Rd)+| R‘ ” 1”L1+%(Rd)

since w = w; +wy € L'T42 + L>°(R?). In all cases, we have proved that

Tr (TN,h,lev > (Bu)jwin((Bn); + (Bh)k)> =O(NY).

1<j#k<N
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It then remains to look at

‘(N -1)Tr (FN,h,B(Bh)j'(Bh)2w12> ‘

< (V- 1>\/ T (Fw,h,g(ij/(Bn)Qw12|<Bh>2<Bn>j/) /T gzl

where j € {1,2}. The first term is estimated as before by

C
1 (Cn (B (Bl lonal Br)a(Bn)y ) < 5 sup [ fuwl.
z€R J B(z,R)

The supremum is uniformly bounded. Hence

= 0T (T B0y (Bl )| < 51 DT sl (65)

The estimate on Tr(I'y 5 glwiz|) depends on the value of . If n = 0, then wy = w and we
have Tr(T'w n glwiz]) = O(1) by the Lieb-Thirring inequality. If > 1/d, we have assumed that
w > 0, hence Tr(T'y p glwiz|) = Tr(T'n,n awi2) is uniformly bounded since this term appears in
the energy. Finally, when 0 < 1 < 1/d, the Lieb-Thirring inequality implies

d/2
Tr(Ly,n,slwiz]) < Clon|pivaszgay = CNTiTE lwlpiarzgay -

d
When inserted in (65]), we obtain an error of the order N BERIE ISR 0. This concludes the
proof of Lemma O

At this point we have finished the proof of Theorems [2 and [§] for the exact N-particle Gibbs
states I' v 3. It is possible to handle approximate Gibbs states using the relative entropy and
Pinsker’s inequality as we did for the one-particle Husimi functions. Indeed, consider a sequence
of states I'y such that

N,h
EXP(TN) = €Qn (B N) +0(1).

Can

We can write 1

B

where H(A, B) = Tr(A(log A—log B) if the relative entropy. From the quantum Pinsker inequal-
ity H(A, B) > |A — B|%: /2 we infer that

ESN(TN) = €y (B N) = = H(T'n, T n,8)

Tr|Tn —Cnpg| — 0
in trace norm. Since ||m;]f%|\Lm(R2dk) < Tr|T'| by |[FLS18| Eq. (1.15)], we conclude that

(k) (k)

Hmf,FN o mf,FN,h,‘[a 0.

Loo (R2dk)

Therefore m;k%N has the same weak limit as the exact Gibbs state. The proof of Theorems
and [§] is now complete.
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5 Proof of Theorem [1i study of the semiclassical functional

This section is devoted to the proof of Theorem [I] and some auxiliary results on the semiclas-
sical functional. We begin our analysis with the free particle case (w = 0) and then generalize to
systems with pair interaction. We recall that the magnetic potential does not affect the energy,
only the minimizer, and can be removed by a change of variables so we do not consider it here.
For this section and for p > 0 we denote by

SVla(p):{mELl(RQd)‘0<m<1, W m:p}.
RQd

the set of admissible semi-classical measures.

5.1 The free gas

Proposition 16 (Minimizing the free semi-classical energy). Suppose that w = 0, and that
Vi € L, (RY) satisfies [a e AV+ (@) dg < 0o for some >0 and V_ € LY?(RY) N L'T4/2(RY).

loc

Fiz p > 0 and define mg € Sy, (p) by

. 1
mo (l’,p) =1 T BV (@)-n)’

where 1 1s the unique chemical potential such that

1
—— dxdp = p.
@n)? /de mo(x,p)drdp = p

Then

eV (p) = EG° (mo)
1 2
=— log (1+ e B HV@-1)) qp dp + pp. 66
(27r)d5/de g( ) pip (66)

Proof. The map
R: R—R

p— (2m) 74 JJgza mo(z, p) dz dp
is well-defined on R, using that

1 max(1, e##)
1+ eBP*+V(z)—p) — 1 -+ eB(P*+V (z))

which is integrable under our conditions on V, by the remarks after Theorem [I} In addition, R
is increasing and continuous with

lim R(p) =0, lim R(p) = +oo.

J—>—00 p—>400
Therefore we can always find p so that the density of mg equals the given p. Note then that

1

2 —
1 — My ({I;’p) = 6/8(1) +V($) M)mo (l‘7p) = 1 + efﬂ(p2+v(z)f,u,) 5
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so that

S\B/igo (mo) = (27T1)dﬂ /de {B (p2 +V(z) - M) mg + mo log mo

— mylog (eﬁ(p2+V(x)—u)m0) } dz dp
1

+
(2m)* B
1
= — (27T)dﬂ /}RM log (1 + e—/ﬂ(p2+V(w)—M)) dzdp + pp,

showing the second equality in . That my is the minimizer follows from the fact that the
free energy is strictly convex. For instance, for any other m € Sy, (p), since the function
s(t) = tlogt+ (1 —t)log (1 —t) is convex on (0,1) with derivative s’ (t) = log (%), we have
pointwise

[, o (1= o)+ Bpma) d

s(m) > s(mg) + s’ (mg) (m — my)
:—ﬁ(pQ—l—V(x)—,u)m—i-ﬁ(pQ—l—V(x)—,u)mo—l—s(mo), (67)
replacing myg by its expression implies that E5;7° (m) > £5:7° (mg). That mg is the unique
minimizer follows from the fact that E\B,ig’o is a strictly convex functional. O

Remark 17. For an arbitrary domain @ C R??, we have by the very same arguments that
i 1 2 1
min 2 {0+ V(@) m(z,p) dz+ Zs(m(2,p)) | dzdp
mer' (@) | (2m)? Jo 3
1
= _765/ log (1 + efﬁ(p%rv(z))) dzx dp.
(2m)" B Jo

0<m<1
with the unique minimizer myg (z,p) = (1 + 2@ +V@))=1 and no chemical potential since we
have dropped the mass constraint.

5.2 The interacting gas

We now deal with the interacting case. When w # 0, to retrieve the existence of minimizers as
well as their expression, we need to use compactness techniques and compute the Euler-Lagrange
equation. We divide the proof in several lemmas. We start by proving the semi-continuity of
the functional in Lemma |18 and then prove the existence of minimizers on Syi,(p) in Lemma
To obtain the form of the minimizers we compute the Euler-Lagrange equation but because the
entropy s is not differentiable in 0 and 1 we first need to prove in Lemma [20| that minimizers
cannot be equal to 0 nor 1 in sets of non zero measure. The proof of Theorem [I]is given at the
end of this subsection.

Lemma 18. Fiz p, 8y > 0. Suppose that w = 0, and that Vi € L{ _(R%), V_ € L2(R4) N

loc
LYI/2(RY) satisfies [pq e PV+ @ dr < co. Then for all B > PBo, E{éii’o is L'-strongly lower
semi-continuous on Svyig (p).
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Proof. We have to show that for any Cy € R
£(C) = {m € Svia (p) | EHL° (m) < Co |

is closed with respect to the L'-norm on Syi, (p). Let (m,) € £(Cp) be a sequence converging
towards some m € L' (Rd) with respect to the L'-norm. By the L! convergence we immediately
have ﬁ /] fR?d m = p, we can also extract a subsequence converging almost everywhere and

obtain 0 < m < 1. Applying Remark [17| with Q = {|z| + |y| > R}, we have for any R > 0 that

| P+ V(z)) my (2,p) + %s (my, (x,p)) dzdp

> //lmlﬂppRlog (1 4Bl +V<T>>) dadp = og(1). (68)

I\+|:D|>R

Now we use that (m,) is bounded in L*(R2?) to obtain that m, — m in LP(R??) for all
1 < p < o0. By Fatou’s lemma and dominated convergence we obtain

lim inf // (p* + Vi (z)) my, (2, p) dzdp
|z|+|p|<R

> //THM (v + V. (2) m (x, p) dadp,

// V_ (z) my, (z,p) dadp — // V_ () m (z,p) dzdp.
|z|+|p|<R e Mal+pI<R

It remains to deal with the entropy term: by continuity of s and by dominated convergence we

have
// s (my, (z,p))dzdp — // z,p)) dzdp.
|zl +IpI<R e |r|+|p|<R

All in all we obtain

Co > hmlnfé'ﬂ P,0 (my,)

n—oo
2+ V (2)) m (x,p) dzdp
|z|+|pI<R
1
w3 s dedpro(m)
B Jal+ipi<r
1
e // (v + Vi (@) m (,p) dadp + o( )
(2m) |w\+|p|<R
(z,p)dadp + = // )) dadp.
RQd R2d
Finally, we use the monotone convergence theorem and let R tend to oo to obtain Seig’o (m) <
Co. O

Lemma 19. Fiz p, 3y > 0. Suppose that w € L'+4/2 (Rd)JrLoo (Rd)+R+50, Vi €L, ( d) Vo €
LYWA/2(RY) satisfies [ga e PoV+(@dr < 0o and Vi (z) — oo as |z| — co. Then for all B > By,

Eglg is bounded below and has a minimizer mg in Svia (p).
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Proof. Let (my) C Syia (p) be a minimizing sequence, i.e. 5512 (mp) — e@la (p) as n — oo.
Since (m,,) is bounded in both L! (RQd) and L (de), one can verify that up to extraction the

sequence has a weak limit mo € L' (R?*!) N L> (R??) satisfying

o (2.0) 9 . p) dodp > [ o (0.9) 0 2, p) daly (69)
R2d R2d

for any ¢ € L! (RQd) + L (de). Moreover, the weak limit mq satisfies 0 < mg < 1 and
fde mo < p (27r)d. Note that we do not have pointwise convergence a priori. Let us prove that
mo is a minimizer of 5612 in Syia (p). Our first step is to show the tightness of the sequence of

probability measures (m,) to obtain fde mo = (2m)9p, then we argue that my € Svia (p) and

minimizes 551;’ using weak lower-semicontinuity.

We start out by bounding the interaction term using some of the kinetic energy. Let ¢ > 0
and let us write w = wy + wy + ady with w; € L'T¥/2(R?), w2l o (rey < € and @ > 0. We use
Young’s inequality to bound the interaction term

/d W * P, Py, 2> W1l pr4arz@ayl| pm, | Lr+2/a@ay | om., | L1 (may
R

+ [Jwal| Loo (ra) | P, %1(11@)
> Ce // p*my, (z,p) dzdp — C. (70)
R2d
In the last inequality we have used the well-known fact [LLO1| that
2 . 2~
dp > f d
/de m(z.p)dp > inf /de m (p) dp
fﬁl:(27")dpm(m)
d 1+2/d
= (2 71
(2m)" erF 5 Pm (7) ; (71)

which gives the Lieb-Thirring inequality for classical measures on phase space. Similarly we have

[V @pm, (@ < O (VI gy ellom | ) (72)

Now using Proposition (1), and (72)), denoting a = (3 — By)/(28) we have

C > EGL (man) >

1
07+ V@) mact o [ @ pm) o,
R2d P JRrd

1 —a
+ 566(1; "% (p)

>oé—cs//]R2dp+V+ z)) my — C (73)

Note that by construction, (1 —«) > Bp. Taking ¢ > 0 sufficiently small but positive, the above
inequality shows the tightness condition

//RM (p2+V+ (.’17)) mn (x,p)dwdpﬁ C. (74)
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Therefore [[5.. mo = (27)%p.

Now we prove that lim inf,,_, o Eeig(mn) > S\ﬂ,ig(mo). From the tightness condition it is easy
to verify that p,,, — pm, and that

/ (w — ado) * pm,, pm, — (w — ado) * Pmg Pmo-
R4 R4

To finish, we deal with the delta part of the interaction as well as the entropy part. We use that
a continuous convex function is always weakly lower semi-continuous. We obain

al phy=[ limpl < lim [ pf
R 0 Rd 00 " n—o0 [Jpd "

/Rd s(mg) :/R lim s(m,,) <liminf [ s(my,).

4 N—00 n—oo  [fpd

Lemma 20. Fiz p, 3y > 0. Suppose thatw € L'+4/2 (Rd)+Lg° (Rd)+R+50, Vi, eLl (Rd) ,V_ €

loc
LY*2(RY) satisfies [pa e PV+ (@ dr < 0o and Vi(z) — oo as |z| — oo. Then any minimizer

mo € Svia (p) of E\B,ig satisfies
0 <m(z,p) <1 for (z,p) € R* almost everywhere.

Proof. Define Qy := {mo =1} and Qg := {mo = 0}. Our goal is to prove that ; and €y have
0 measure. To this end, we will first show that |[Q1]|Q| = 0. Then we use that at least one of
them is a null set to prove that so is the other one. Let us first assume neither of them are null
sets. Let r > 0,0 < A < % and for almost every (£1,&2) € Q1 x Q define

p1 = )\]13(5177’)0917 Y2 = )‘]lB(Ez,r/)ﬁQov

where 1’ := min{s > 0| |B (&2,5) N Q| = |B (&1,7) N Q1|}. We will use the notation v(r) =
|B (&1,7) N Q1]. Note that by Lebesgue’s density theorem, for almost every (£1,&2) € Q1 X g we
have v(r) > 0 and 7’ < oo. In order to obtain a contradiction, we will use mo— @1 +p2 € Svia (p)

as a trial state and that mg is a minimizer of 8615. Let us estimate the entropy, using that
s(0) = s(1) =0 and s(t) = s(1 —t), we obtain

//]de s(mo =1 +¢2) = //de s (mo) + s(1) + s(p2)

=2s(A)v(r) + //Ru s(myg) .

It remains to estimate the contribution to the interaction energy, we have

/ Pmo—p1+o2W * Pmo—p1400 = / PmoW * Py + 2/ Pipz—p1 W * Pmg
R4 R4 R4
+ / Poz—p1 W * Poo—p1-
Rd

Let € > 0 and let us write w = wy 4wy + ady with wy € L'*4/2(RY), |Jws]| o (ra) < € and a > 0.
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We first use Young’s inequality to bound the last term

/ w * (ptpz - p<P1) (ptﬂ2 - p@l)
Rd'
< ||w1||Ll+d/2(]Rd) ||p<pz — P ”Ll(Rd) ”pcpz — Py HL1+2/d(]Rd)
+ lw2 | Lo (e | Ps — Piou ||2L1(Rd) + allpp, — pes ||%2(Rd)

_d_
< O (il ssamguny o) 74 4 ey + o))
Next and similarly we estimate the second term (minus the delta interaction)

[+ ) 0 (0 = )

< ||w1||L1+d/2(Rd) ||pmo||L1+2/d(Rd) Hpsoz — Py ”Ll(]Rd)
+ llwz| Lo may |Pmo |t () | Pp2 — P | L1 (R

< CMlwall pivarzgay 1omoll i+2/agray + wall oo @ay [l omo |l L1 ey o (r)-
Since my is a minimizer, these estimates imply that
EGHE (mo) < EGL (mo — @1 + 03)

(271'(')d //]de (p2 +V (.’IJ) + apmo) (902 - 901)

_d_
+ OO2 ([l garasa ey vr) T T2 + [l o ey o(r)? + av(r))

< EGL (mo) +

+ O I lrsarsuey omoll oo
2s (N)
(2m)’ B

Now we divide the last inequality by v(r) and we let 7 tend to zero and use the Lebesgue differenti-
ation theorem (and the Lebesgue density theorem), to obtain that for almost all (£1,&2) € Q1 xQg

4 ||w2||Lgo<Rd>|pmo||L1<Rd>)v<r> + o(r).

2s(\)
AB

< —PL =V (@1) = apmg (1) +p3 + V (22) + 0y (2)
+C ||’w||L1+d/2(]Rd) ||,0m0 ||L1+2/d(Rd) .

Now letting A tend to zero, we have that for almost all (£1,&2) € Q1 X Qo, p3+V (22) +apm, (22) —
p? — V (21) — apm,(21) = 0o which, since V € L11+d/2(Rd) and P, € Ll+2/d(Rd), implies that

oc loc
|1 x Qo] = 0. Therefore, at least one of them is a null set, we will treat the case where |Q9] = 0
and Q]| # 0, the other one can be dealt with similarly. Because m has finite mass we can
find £ > 0 such that Q3. := {1 —¢ <m(z,p) <1—¢/2} is not a null set. Defining ;1 and ¢,

(replacing Qg by 2 .) as before and doing the same computations we obtain that for almost all
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(&1,62) € 1 x Qo

A
_ ﬂ < _p% -V (xl) — QPm, ([L’l) +p§ +V (1’2) + apmg (x2)

AB
s(m(&2) — A) — s(m(¢
+ (m(&2) ))\ (m(&2)) —|—C||w||L1+d/2(Rd) ||pm0||L1+2/d(Rd) .

Because s is continuously differentiable on [1 — 2¢,1 — /2], the difference quotient above is
bounded uniformly in £ € Q5 . and A > 0 small enough. Letting A tend to zero, we end up with
the same contradiction as before showing that €2; is a null set. O

Proof of Theorem[]. We assume A = 0 without loss of generality, since it can be removed by a
change of variable.

We will first show that the expression of the minimizers is correct by computing the
Euler-Lagrange equation associated with any such minimizer mg. This gives automatically the
expression of the minimum energy @ We conclude, in the case @ > 0, by showing that the
chemical potential p is given by .

Let € > 0 small enough and ¢ € L' N L>({e < mg < 1 —&}) such that [[z.. ¢(x,p)dzdp =

(2m)% p. For 6 = we have

e
el

for all t € (—6,0). Since mg is a minimizer, we must have %Egla (m¢);,—g = 0. Using that

Lmy = (p—mo) (1+ £)"% and ¢ (t) = log (14;) we obtain

//de (p2+V(x) + %w*pmo (z) + %log (%)) ¢ (z,p) dedp

://RM <p2+V(x)+;w*pm0(x)

N %log (%) )mo (2, p) dadp. (75)

Denoting the right hand side by (27r)d tvia (p) p, we have shown for any ¢ verifying the above
conditions that

1
i (p2 V(@) 4 2wk pg (@)
{e<m<1l—e} P

+ %log <%) — HVla (P))@(x’p) drdp = 0.

This is enough for the left factor in the integrand above to be zero almost everywhere on {¢ <
m < 1 —¢}. But ¢ can be taken arbitrary small and by Lemma [20] we have |J.,,{e < m <
1—e}={0<m < 1} = R*? almost everywhere, from which we obtain ().
That p,,, € L*(RY) N L'*4/2(RY) follows from Lemma [13|and the fact that mg satisfies (5)).
It remains to prove (§]) when it is assumed that @ > 0. This is a classical argument and we only
sketch it, we refer to [LS77b| for further details. First note that the assumption @ > 0 ensures
the convexity of 55127 hence for p’ > 0, Fgla(p’ ,p) is the minimum of a convex function under a
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linear constraint, it is therefore convex. This implies that, for p’ > 0, the function F\’(jla(~7 p') is
continuous on R, and continuously differentiable except maybe in a countable number of values
of p. We first show that

RY > p—pu(p) €R

defines a bijection, where p(p), defined in , is the Lagrange multiplier associated to the
constraint p. Consider, for ;4 € R, the unconstrained minimization problem

, v 1 .
inf G2 (m) — G / e inf Fu(p,p) = np- (76)

0<m<1

This yields a minimizer m# and hence a density p(u) := (27)~? [[ m*, see Remark The
expression of m* can be computed through the Euler-Lagrange equation,

1

mh =
1 + eB@*+V+p " ppprw—p)

From , the density m* must also satisfy E{B/ig (mt) = Fgla(p(,u),p’) and since w > 0, we
conclude that m* is also the unique solution of this equation and must satisfy where p(p)
appears. By identification, u = p(p) is the Lagrange multiplier associated to the minimization
problem at density p. This proves the bijective correspondance between u(p) and p.

Finally, if F\[;la('v p') is differentiable in some pg, the above discussion shows for p = po.

But because of the one-to-one correspondance between p and p, Bngla cannot be discontinuous,
this concludes the proof. O

Appendix A Grand canonical ensemble

This section is devoted to the study of the grand canonical ensemble where the conservation
of the number of particle is broken. The thermodynamic limit of this ensemble is often easier to
study than the canonical ensemble, we will use it as middle step for the proof of our main result.
This section makes use of the formalism of the second quantization, we follow [Lewl1| and refer
to it for further details.

Let $ be a separable Hilbert space, for N > 1 we denote by 7V := /\NYJ the antisymmetric
tensor product of N copies of §). Define the fermionic Fock space over §)

F=F.(9) =P

n>0

where A" = C by convention. For Ni, Ny > 1 and ¢y € V', by € ™ define the antisym-
metric tensor product 1, A ¥y € HN1 N2 by

D (F)P (@),

TESN| 4Ny

Y1 ANpg =

VN1IN2!(Ny + No)!

where (—1)7 is the signature of the permutation o and P, is the operator satisfying

Ni+N2 N1+Na2

Pg ® U; = ® ug—l(i)
i=1 =1
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for any (u;) C $. For any f € $), the creation operator a'(f) satisfies af(f)HY c HV*! for all
N >0 and
at(Fyw = f A
for all N >0, v € §V. The annihilation operator a(f) satisfies a(f)H™ c HV~1 for all N > 1,
a(f)C = {0} and
(On—1,a(f)on) = (" (F)on-1,9n)

forall N > 1, ¢n_q1 € HV ! and YN € 5. These two operators are adjoints from one another.
They verify the Canonical Anticommutation Relations

() (g)+aT()():< g1
af(f)a'(g) +a' (g)a’(f) =
a(f)alg) + a(g)a(f) = 0.

Let H be a self-adjoint operator on $ such that e~ is trace class. The second quantization of

H, acting on F, is defined as
H:=00 P> H, (77)
n>1j=1
th

where H; is the operator acting as H on the j** variable. At inverse temperature 8 > 0 and
chemical potential i € R, the grand canonical functional is defined by

1
ESHE (D) := TrH — uNT + 5Tl logT

where N' = dI'(1) is the number operator. The free energy functional is defined on the set of

grand canonical states
SGCZ{F€61(}-)‘0§F, TI‘FZl}. (78)

The minimization of the free energy is obtained from Gibbs’ variational principle.

Lemma 21 (Gibb’s variational principle). Let 8 > 0 and $ be a Hilbert space. Let H be a self-
adjoin operator on §) such that Tre P < co. Then for all states ' € S($) = {T' € B($) |0 <
I, TrT = 1} we have

1 1
TrHT + = TrTlogD > —= InTre ##,
5 g
with equality if and only T' = e PH | Tre=PH

Proof. The function S : x — xlogx is convex so that we can apply Klein’s inequality [Rue99,
Theorem 2.5.2]: for any I" € S($) such that Tr HT' < oo we have

Tr (S() — S(e 7/ Tre 1) — (D — e PH/ Tre ) §'(ePH ) Tre FPH)) > 0
with equality if and only if T' = e % / Tre=#H. Here S’(z) = logx + 1 and the last term above
makes sense because the range of I is contained in the domain of H. Rearranging the inequality
gives the result. O
Applying Gibbs’ variational principle we obtain that Sgg (T") is minimized by

L= e AH-IN) 771, (79)
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where we denote by Z = Tre #H=1N) the partition function. The minimum energy is

. 1 _B(H—
o ()= jnf EGE(T) = = log Tre M0, (80)

Minimizers of free systems such as the one defined above belong to a class of operators called
quasi-free states. These operators satisfy useful properties, we will review some of them we are
interested in. These are known results (see e.g. [BLS94; Sol07]) but for the sake of completeness
we recall them.

Proposition 22 (1-body reduced density matrix of quasi-free states). Let Ty = %e_ﬁH the
quasi-free state (@ associated the the Hamiltonian H. Then

— the 1-body reduced density matriz I‘(()l) of Ty is given by

1
i = — 1
0 1+ ePH’ (81)

— the entropy of T'y satisfies

S (Lo) :=Trrlologly = Trg (F(()l) log I'§ + (1 - 1“(()1)> log (1 - F(()l)» ;o (82)

— for allT € Sgc such that T = 1"81) we have
S(T) > 8 (To). (83)

Proposition 23. LetT € Sac be any grand canonical fermionic state with Tr(TN) = Tr(T'M) <
00, then there exists p > 0, (pi)i<i<p C $ an orthonormal family (possibly empty) and T'gr a

quasi-free state on F ((span{npihgigp)J‘) such that

PM = (o1 A A ) 1 Ao Aol AT )™
P
=Y lea) (ol + T
i=1
where the antisymmetric product of operators is stated in Definition [33
An immediate application of Proposition 22 and Proposition [23] are the following corollaries.
Corollary 24 (Entropy bound). For all T € Sqc with Tr(TN) = Tr(T'™M) < 0o we have
TrFTlogT > Trg (r<1> log I + (1 - r<1>> log (1 _ r<1>)) .

Corollary 25. Let 3> 0, u € R and H be a self-adjoint operator on §) such that Tre™ < oo
then

el (n) = = Trllog(1+ = 1)),

Proof of Proposition[23. Without loss of generality we can assume 8 = 1. Since e~ is trace
class, we may write H = )", h; |u;) (u;|, where (u;) is an orthonormal basis of § and (h;) C R
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with h; — oo as ¢ — co. Then its second quantization is [Lewl1]

dF(H) = Z hia;rai,

i>1

where a; := a(y;) and azT := al(p;). Since (u;); is orthonormal one can verify that (a;rai)i is a
family of commuting projections which allows us to write

e dT(H) _ He—hiaf%‘ = H ((1 - ajai) + e_hiazai> .
i>1 i>1

Note that the antisymmetric Fock space generated by a single normalized vector u satisfies
Fao (Cu) = (C @ Cu). We will use that F, (®i>1 (Cul-) ~ Q,~1 Fa (Cu;) via the unitary operator

defined on the canonical basis of F, (@121 (Cui) by

U:Fo | PCui | — Q) Fa(Cui) = Q) C

i>1 i>1 i>1
- (1—dis,)
Uiy N oo Ay, — b= P
K g <1 — szl(l — (52'71'17)

for all k > 1. Here ®,-, C? is defined by considering the linear span of all elements of the
form ®;>1u; with u; € C? and u; = (1,0)" except for finitely many 4, and then taking the
completion with respect to the canonical scalar product (®;u;, ®;v;) = []; (4i, vi)c2. For more
details on infinite tensor products of Hilbert space and von Neumann algebras, see for instance
[BRO2} |Gui66]. The image of the canonical basis by U is clearly orthonormal, one can check its
completeness using the one-to-one correspondance Py (Zy) ~ L'(Z4,{0,1}), where Pyin(Z4)
is the set of all finite subsets of Z. One verifies that

. N 1— 5i,k 0
U akaku_(g)( . 1),
i>1
so that, in this representation of the Fock space, the Gibbs state I'y becomes
» 1 /1 0
u rou_®z (o ehi)’ (84)
i>1
where Z; = 1 + e ". From here, using the additivity of the logarithm we have

e hi

<ui,1‘g”uj> = Tr (Poa™ (ui) a (u;)) = T———-0ij,

TrTologly =Y S(Z7 ')+ S(1+e ")z )

i>1
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implying that
Iy = (1 +ef)
S(To) = TrT M log T + (1 = TPy log(1 — T(V).

To obtain Eq. we use that I’y minimizes the grand canonical functional. Indeed, for all T’
such that ') = 1"(()1) we have

o (T) = Tr (HTY) + 8(1) > Ege (To) = Tr (HTSY) + 5 (T)

and hence S (I') > S (T'y). O

Proof of Proposition[23 Using the canonical anti-commutation relations or the unitary trans-
form U of the proof of Proposition 22] it can be checked that we have [|a(f)|| = la’(f)]| = ||/]]
for all f € $, hence for any state I' € Sqc and for all f € 9,

(f,TWf) = Te(Tal (Ha(f) < I /1

so that 0 < T < 1. Thus we may write T(}) = > 1 leg) (pjl with 0 < py < Tand 37, p; = N,
where (¢;); is an orthonormal basis of §. We want to define a quasi-free state having M as

one-body density matrix. In order to do that we want to define a self-adjoint operator H on )
by

1—r<1>
H :=log Zlog 51050 (5]

and consider the quasi-free state I'gr := e—dr / Tre 9U(H) | We need to take care of the
eigenvalues p; € {0,1}. The zero eigenvalues are not a problem since we can set H = +oco (i.e.
take the kernel of '™ out of the domain of H) so we assume without loss of generality that
p; > 0 for all 7 > 1. But we cannot do the same of the eigenvalues which are equal to 1 since we
want to recover them when we compute the 1-pdm. Let jg such that pj;, = 1, this would mean
that
<90]'0’F(1)()0j0> = TI‘FCL;»OCLJ'O =1

Let us write spectral decomposition of I' = Z Aj [¥5) (U], from the equality above, and because

TrI' =1, we obtaln that for all j > 1, (¥;,a joajD\Ilj> = 1. This implies that for all j > 1 we have

v, = a;[oam\l" = a \IJ = i, N \I' with \I' = a;,¥;. We recognize the anti-symmetrization of
states defined in Eq. , we have: T' = |p;,) (9o AT with T’ = 2N |\/Ilv]> (CIJV]\ Repeating the
procedure as many times as necessary, we can assume that I' = [o1 A ... A pp) (1 A App| AT
with " a state on F ((Span{api}lgigp)J‘) satisfying ') < 1. We can now define the Hamiltonian

H on
D(H) = { ¢ € (span{pih<icy) ™ | D log L4 B9y2) () 12 <
1
i>p
as above and consider the corresponding quasifree state I'gr. Now using Proposition to
compute the 1-body reduced density matrix of I'gr we obtain
T

nERSAt S 0
)

1
F(Qll)p = (1 4 exp(log
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Applying Lemma [33] ends the proof. O

Proof of Corollary[25 Since T’y minimizes Sgg on Sgc and thanks to Proposition we can
compute eéc () =B 'Tr log(l"(()l)) hence the result. O

Appendix B The free Fermi gas in the canonical ensemble

This section is devoted to the study of the free gas. We prove the existence of thermodynamic
limit for the canonical ensemble in Section and conclude by proving the equivalence of the
canonical ensemble and the grand-canonical ensemble in Section Of course, the existence of
the thermodynamic limit is well known but we deal with a mean-field interaction therefore we
wanted to state the whole proof for completeness.

B.1 Thermodynamic limit of the canonical ensemble

Here we follow the method used in [Rue99|, i.e. the subadditivity of the energy, to prove the
thermodynamic limit directly for the canonical ensemble. But unlike in [Rue99] and because we
only consider free particles we do not use the micro-canonical ensemble as a starting point. We
deal with the interacting case separately to take into account the mean-field regime.

Let L > 0, Ay := [0,L]¢ and —A be the Laplacian with Dirichlet boundary condition in
Ap. Define the free energy of a N particle state v € Sca, at inverse temperature 5 > 0

N
Eonto(y) =Tr (Z (—AL)ﬂ> + %TY (yIn~y).

Define the minimum free energy

. N,L
e%an(L7 N) = relgg gCan,O(’y)'

Let A be an open subset of R?, we denote §(A) the diameter of A, 9A = A\ A its boundary,
and for h > 0, Ay, := {r € R dist(x, A) < h}. Following |[Rue99; [Fis64] we make the following
definition.

Definition 26. Let (Ay)n be a sequence of open connected subsets of RY. We say that this
sequence of sets tends to infinity in the sense of Fisher if

lim [Ay| = +oo (85)
N—o0

and there exists a shape function 7 : R — R’ such that

lim 7(a) =0 (86)
a—0
and for sufficiently small o and all N
|0(AN)as(n)| < [An]m(a). (87)

Theorem 27 (Thermodynamic limit for the canonical ensemble without interaction). There
exists a function f2,, : Ry — R such that for any p > 0 and any sequence of sets (An)n tending
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to infinity in the sense of Fisher and such that

. N
we have 0 (Ax. )
: €Can\AN, _ ¢0
ngnoo |AN| - fCan(p) (89)

The proof goes as follows, we first prove the result in the case of a fixed density N/|An| = p
for a particular sequence of cubes and then for arbitrary cubes. In a second step, we prove it for
cubes with N/|Ay| — p as N — oco. And in a last step, we show it for an arbitrary sequence
using approximation of cubes.

For simplicity, when p = N/|Ay| is assumed to be constant we take it equal to 1.

We begin with a simple Lemma.

Lemma 28. (Upper bound on the free energy in a box) For all L, N > 0 we have

x2d  N1+2/d
X .

0
N, L)< — X ——
eC’an( ’ ) = 9 12

Proof. For £ > 0, define u’(x) = H?:l sin(™) for x = (x1,...,z4) € [0,£[* and 0 elsewhere. For

k € 79 let uf(x) = u’(z — k¢). Take £ = LN~/ and define

P = /\ ui.

keZdNAyp

We have
o) (@ = N2 [ v (90)

which proves the result. O

Proof of Theorem 27,
o A special sequence of cubes at p = 1.

For k > 0, define N, = 2% and Ay, = [0,2%]. For u € {0,2¥}%, let 4% be the unique
minimizer of the canonical free energy €2, (u + Ay, , Nj). Notice that Ay, ,, = U, (u+ An,).

Using Lemma and the sequence (yy),, we can define 7441, a state of /\2d (/\N" L? (ANk+1)) =
/\N"'Jr1 LQ(ANHI) such that Eq. |} and Eq. 1) are verified. Therefore

ConlMiass Vi)  Eemolenn) _ L 57 g, o = Cnlbis )
Ni41 ~ Ngn N1 weionrya ok N,

e%au(ANk 7Nk)
Ny,

The sequence ( ) is decreasing and therefore has a limit when k — oco. This limit is
k

finite since the sequence is bounded, see for instance Proposition We denote by f&m(p) this
limit.

eCubes at p = 1.
Define Cy = C(N/?) := [0, N1/, we will show that there is ki (N), ka(N) — 00 as N — oo
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such that 0
€Can (ANk2 ) Nkz)
Np,

eOCan(CN?N) < e%an(ANklkal) n

+o(1) < ~ < N, o(1)

(92)
First let us find the upper bound by dividing the box Cx in boxes of side length 2*0, for some
ko > 1, plus a remaining part which will have a negligible impact. We will make an ansatz out
of this decomposition. Let N be sufficiently large, then there is a unique couple ¢y € N and
2ko < < 2F0+1 guch that

NV = gy2ko 4y (93)

Putting 2%° of the N particles in each box, it remains

N~ =N —2%ogf = O(N'~1)
particles which we place in the remaining part of the box C. More precisely, for u € [0, g —1/]¢
and v € [|0, gy —1[]*"", let 4, be the minimizer of £2,,, in the box 2¥u+ Ay, ~with Ny, particles
and let 7, be the minimizer in the box (¢n,v) + C(ry) with 1 particle. Note that

U (2k0u+ANko) U U ((gn,v) +C(rn)) | C Chn.
u€[|0,qn —1]]¢ vE[[0,qn—1]]471
Because N~ = o(q‘fv_l) we can find (v;)1<;<n- C [|0,qn — 1)]971, with v; # v; if i # j, we can

construct by Lemma a state v of A" L2(Cx) out of (v )y U (74, )i such that

E8an(7) = AN €Can(ANyy s Niy) + N7 G (Crn), 1)

By Lemma 2§
1

e%an(c(rN)7 1) S CT = O(l)
N

so that 0
e%an(CN> < €Can (ANkO ) Nko)

N - 2ko
This proves the upper bound since ky was taken arbitrarily large. For the lower bound we will
do the opposite: we will divide Ay,, in cubes Cy plus a remaining term having a negligible
impact. Take k = |logy(N)/d| and consider Ay,,. There exists a unique couple (gxn,7n) € N
with N1/d < py < 2NV guch that

+O(N~V,

22k — qNNl/d +7ry.

Putting N of the 22%¢ particles in each of the ¢y copies of Cy, it remains

d
N-=2%d _gd N =N ((1 + ’;\%) - 1> —0 (Nz—l/d>
qN

particles which we will place in the remaining part of the box Ap,,. As previously, for u €
[0,gn — 1[]% and v € [|0,qx — 1]]%7, let 4,5 be the minimizer of £, in the box N4 4 Cy
with N particles and let ;" be the minimizer in the box (gn,v) 4+ C(rn) with N, particles such
that N, < ON (for some constant C' independent of N) and > N, = N~ (which is possible to

do, cf. table below). Now by Lemma [35 we can construct as before a state v on A™** L2(An,, )
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having free energy
ECan(7) = 4R €Can(Cns N) + N7l (C(rn), CN).
Using Lemma [28] to bound the second term in the right hand side above, we obtain

eOCaH(ANZk) < eOCan(CNv N)
N

+ O(N~V4),
Noy, - ( )

For the sake of clarity we summarize the more relevant quantities in this table. We say that

f=06(g) if f=0(g) and g = O(f).

Total number of particles 22kd O(N?)
Nb of waste particles N~ 22kd _ ¢ N O(N?-1/4)
Side length of a waste box N O(N1/d)
Nb of waste boxes (22’f/rN)d_1 @(Nl—l/d))
Nb of part. per waste box O(N?>~1Vd) jo(NT-1/D) O(N)
Free energy per waste box O(N1+2/d [y2) O(N)
Total contribution of the waste energy O(N'=1/4) x O(N) O(N?-1/d)

o Cubes with pn — p.

Let Cy := [0, Ly]? a sequence of cubes of py = N/|Cy| — p as N — oo. Let ¢ > 0 and
Ny such that for N > Ny we have p —e < py < p+e. Let L]ﬂ\t, = NY4/(p+ &)V and define
C3 = [0, L%]? then we have Cf; C Cx C Cy. Let v*,~ the minimizers in C% and Cy. Clearly
At is a state on AV L2(Cy) and 7 is a state on A" L2 (Cy), so we obtain

e%an(cj-i\}’N) < (1 + E)egan(cNaN) < (1 + E)(l _ E)—l E%an(CLXHN)
T p’ |Cn]| p P IC|

so that 0 N
Pl —2) + Ole/p) < CanlO:N)
Cn|

< fean(p+€) + O(e/p).
Now it remains to notice that —A+ is unitarily equivalent to (L§ /Ly )2 (—A; ) which easily
gives that .. (p—¢) = O(e/p) + f2..(p + €) and shows that

6%an(CN7N) _ 40

lim — JCan (,0) .

N—o0 |CN|
e Arbitrary sets with py — p
Let (A) a sequence of sets going to infinity in the sense of Fisher (this sequence depends on
N but we omit it for clarity). We first prove an upper bound of the free energy in the boxes A
with density py. Let £ > 0 and define

Cu(0):=|J ke+Ar

kezd
ké+A,CA

We have
A\ Cin(f) © {x e A, d(z,d0) < 2\/&4} C Oy
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and therefore
|Cin(0)] = [A] 4+ o(|A])

as soon as £ = o(d(A)) and we will take 1 < £ < §(A). We can find integers (ny ) such that

Z nk:N

kez?
KA, CA

nk = |pnte] 4+ o(£=9)

and thus define 7, the minimizer of the free energy in the box k¢ + A, with ny particles. By
Lemma [35] we construct a state v in A with N particles with free energy

ECOJan (’Y) = Z e%an (Afv nk)

kezd
ké+A,CA
so that . ( | ) )
€Can A7N ( V4 ( ¢ ))
= to F(p) +o(1)).
Al Ca@] " \ICu(0)] gzﬁd (£(p) +o(1))
kl+AyCA

This gives the upper bound. We summarize the most relevant quantities in this table.

Total number of particles N N

Nb of boxes |Cin (0)]671 [A[0=7 + o(|AL=9])
Nb of waste particles N — [Cin(0)]¢71 o(N)

Nb of part. per box ny, ~ N/(ICo(@)]6=%) | [pn€T] + 0(¢79)

Let us now prove the lower bound. The idea is to put A in a box and to take as ansatz for the
free energy in the box the minimizer in A and in a volume Coyt(¢) which will consist in cubes
of side length ¢ outside A but in the box. More precisely, up to translation we can assume that
A C O, /gsp and define

Cout(0) := U Kl + Ag.

kezd
ke4+AeCCy sgsn
R+ A NA=D

By construction we obtain C, /z51 \ (Cout(£) UA) C 9A, /5, so that
|C2\/36A| = |Cout(£)‘ + |A| + 0(|A|) (94)

As before let y;, be the minimizer in the box k¢-+A, with | pn¢?] particles, let v be the minimizer in
A, by Lemma 35 we can construct a state in C,, 5, with N’ := N+ [pn£?]|Cou (£)[¢~¢ particles
verifying Eq. (107) and Eq. (106]). We obtain
€Can (Covasa- N') _ Al (A, N) L 1Cout (O] “(Ar, [pne))
Covasal T Cyyasal N Cyvasal N

which gives, using the desired lower bound.




156 CHAPTER 4. Semi-classical limit of large fermionic systems at positive temperature

B.2 Proof of Proposition Equivalence of ensembles for the free gas
in a box

In this section we show the equivalence of the canonical ensemble and the grand canonical
ensemble for free fermions in a box. More precisely, let L > 0 and consider the cube Cf =

(—%, %)d. With AL denoting the Dirichlet Laplacian in the box C}, we know by Theorem

that the semi-classical limit

ha
S (B.p) =" lim  hlely (b N) = lim_ fﬁlogTre*ﬁZL —h*Af (95)
Nh?—p Nhr?—p

exists, where e’g’aLn (h, N) is the minimum free energy of N fermions with Hamiltonian Hy p :=
SN —R2AE. Similarly, we define

S0 (Bm) - = Jim  hlelc (hyp)
Nh%—p

= _(25;15 /Rd log (1 + e_B(p2_”)) dp.

An immediate consequence of the identification of a canonical N-particle states as a grand

canonical state on Fock space is the following inequality that holds for any p € R

1
eg’,jn(h,N): min (Tr(HNﬁ—MN)F—l—ﬂTrFlogF)—I—,uNze’é’é(u,h)—&—MN.

resy,,

Multiplying by A% and passing to the limit we obtain that for any p > 0, € R

F&an (B.p) = f&e (B 1) + pp. (96)

The next proposition states that for fixed p > 0 the opposite inequality holds for a unique
chemical potential p(p).

Proposition 29 (Equivalence of ensembles). For all p > 0, we have

Jéan (Bp) = Jim e (,u(p)) + N u(p)

Nhi—p
L a2
= —(zﬂ)dﬁ/w log (1+e ov “(p))) dp + p(p)p,
where p(p) satisfies
= L L d 97
p= (27r)d ra 1+ eB@*—n(p)) p- (97)

Remark 30. As explained in Section the thermodynamic limit does not depend on the
sequence of domains we take. Nevertheless the L dependance above is correct because the volume
of h=1Cr, is (Lh=1)? and we are interested in hdeé’L.

To prove the latter Proposition we first need some technical lemma.

Lemma 31 (Properties of f&. (3,p)). For any 8> 0,
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1. the function f&,. (8,p) is continuous at p =0 and f&,, (3,0) =0,
2. fcan (B, p) is convex in p and hence also continuous in p € Ry,

3. the convergence in is locally uniform in p.

Proof. Proof of (1).
For p > 0, combining with Proposition we have for any p € R,

d 2
féan (ﬂap) 2 _(2 )dﬂ /Rd 1Og (1 +€_ﬁ(p _IL)) dp—|—up
™
L 2
- (2m)? /Rd e P dp ot up = ~Cp,e™ + pp.

Choosing for instance p = % log p yields

1
f&an (B, p) = =Ci.p+ Eplogp,

implying that liminf, ¢ f&.. (8,p) > 0. If ®N — 0 then the same argument shows that for any
uweR
liminf hel” (b, N) > —Cj et

Taking y — —oo shows lim inf hdeg’aLn (h,N) > 0.

For the upper bound, let uy,...,uy be the eigenvectors corresponding to the N first eigen-
values Aq,..., Ay of the Dirichlet Laplacian —A”, and consider I' = |A;u;) (Aju;]. Then we
have

Ke 1
_F logTrefﬁHN’ﬁ < hd (Tr Hy pl' + B TrFlogF) =nt (Niwi, Hy g Aq wg)

N
— pd Z 712)\@ < thd+2N1+%,

i=1

implying that &, (3, p) < Cup'*a. Hence f&.. (3,0) = 0 and lim Sup,_yo f&.. (B,p) <0, so we
conclude that f& (3, p) is continuous at p = 0.

Proof of (2).

Let p1,p2 > 0, t € (0,1) and put p = tp; + (1 —t) p2. Suppose that Ay is a sequence of boxes
such that NV |AN|_1 — p and Ay — oo in the sense of Fischer. We cut each box Ay in two pieces
Ag\l,) and A%) such that ‘Ag\l,)’ = t|Ay| and |A§3)‘ = (1 —t)|An]|, and put Ny = [t|An]|p1],
Ny = [(1 —t)|An]|p2]. Then As\i,) — 00 in the sense of Fischer and Ni’Ag\i,)‘_l — p; as N — oo.

Using the anti-symmetrization of the minimizers of the free energy in AS) and AE\Q,) as a trial

state, we have by (106)) and (107) that

e(ﬂjan (AN’NI + N2) = egan(Ag\}')7N1) + egan(Ag\Zf)7N2>.
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Thus we obtain, using that the thermodynamic limit is independent of the sequence of sets,

egan (AE\QT)7 Nz)
AR

B B (1)
. €Can (AN,N1+N2) . eCan(AN ,Nl)
Jean (B,p) = Jim_ An| SR AW

=tfcan (,3,,01) + (1 - t) fcan (5,,02) )

showing convexity.

Proof of (3).

The local uniform convergence is a consequence of the following elementary general fact which is
easily shown by contradiction.Let X be a locally compact metric space and let (g,,) be a sequence
of functions on X. If there is some g € C°(X) such that g, (z,) — g (x) for any convergent
sequence (z,,) in X with limit z, then g,, — g locally uniformly in X. Supposing that Na? — p,
we define a new quantity py = Nh? and do a simple change of variables

+(1-1¢)

. N _gSN  _(eN)AAL .
fEan (B, p) = Jim —%ﬁ]ogﬁe BN, —(4)Tal _ i g (B:pn)
PN—P
and then apply the fact to conclude the proof. O

Proof of Proposition[29 By Eq. we only need to prove the converse inequality. We will
bound the grand canonical free energy from below by the Legendre transform of the canon-
ical energy. The same approach is used in [Rue99|, but we spell it out here for the sake of
completeness. Let u € R and define

F&5 (Bop) == sup (up — fan (B,p))
0<p<oo

which is a finite number by Eq. . It is easy to see that foan(B,p) > Cp'+2/4 — C, therefore
we can choose C' > 0 such that the supremum above is attained in the interval [0,C] (f&,, is

continuous in p), i.e. f(Lja’; (B, 1) = supp<,<c (1p — f&an (B,p)). Since f&,, is continuous in p
and because the convergence Eq. is locally uniform in p, we have for any £ > 0 that

d

I}
—? log Tre AHnn > féan (B,nhd) —e,

as long as nh? < C and h is sufficiently small. This implies that

Z Tr e*B(Hn,h*,un) < Z 63?‘17‘1(;Lnﬁdfféan(ﬁ,nhd)qu) < Z 6655_{1655_{1]"6&“(6#)
n<Ch—d n<Ch—d n<Ch—d

< Ch e PP feun (Bn) (98)
We now estimate the terms with n > Ch~?. Note for any n that
1
B

1 . 1 .
— min Tr H, ;I' + = min
2resy,, ’ 2resy,.,

1
—ElogTre_ﬁH"'h: min (Tan,hF—l—

TrI log F)
Fesgan

Y

<Tr H, ;I + % TrI'log I‘> ) (99)
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where by the Lieb-Thirring inequality

R2plti
H, 5> CLTT

Furthermore, we have by for any i € R and h sufficiently small that

. 2 B ~ _
Jmin (Tan’hI‘—&- BTrI’logI‘) > pd (féc (g,u) —s) + fin.

Thus, continuing from , we find for any n > Ch—¢
3 - 1+2 3 ~ ~
Tre PHnn < ¢~ 2CLT L7 W00 =555 (Jéc (5 ) =€) o~ 57in

< o 3n(Cort720h e (5o (5. 7)) - Sim

— 9,
where the second inequality follows from n > Ch~? and the fact that f&c is negative. We settle
on the choice f = 2u and note that by possibly choosing C' larger we can make the exponent

CLTL_2C% + % (FGC (g, /7) - 5) as large as we like. Hence we obtain the bound

Z eBMn Tr e—BHV,L,n < Z (;) ! (100)

n>Ch—d n>Ch—d

for some sufficiently large C.

Now, combining and ([100)) we obtain the bound

hd
hdeéc (uh) = —— logZe’B’m Tre AN
6 n>0
h —d Bl B LS (Butt)
fﬁlog (C’FL e e CaniPs +0(1))

= 7f(*3an (ﬂvu)+€+0(1)7

Vv

showing that f&o (8,1) > —f&.. (B, 1). Now, since f&  is convex in p, it is its own double
Legendre transform, f&  (8,p) = sup,, (1p — f&an (B, 1)) Thus, in light of we have shown

Fan (B, p) > sup (f&c (B, 1) + pp) > sup (1P = fEan (B 1)) = £ (B, p)

so we must have equality everywhere, concluding the proof. O

Appendix C On the anti-symmetrization of states

In the following section, we recall the anti-symmetrization of states living in orthogonal
subspaces of the same Hilbert space, as well as some properties of this anti-symmetrization
procedure we need. Let $) be a separable Hilbert space. For N > 1, and for o € S(N) we
consider the permutation operator P, acting as

Pop1 @ ... @ N = Po(1) @ - @ Po(N)
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on product states for any 1, ...on € $. This allows us to define the projection II : ®N H— /\N H
onto the fermionic subspace by
1
= i Z (-1)°P,.

oeESN

Let N = Ny + Ny and ¥; € AN § for i € {1,2}, we define the anti-symmetrization of the two
wave functions ¥, and ¥, to be

(N1 + No

1
! 2
\I:IA%:( N'N'>> (V) @ Wy).
1:4Vo:

We want to carry this anti-symmetrization procedure over to general fermionic states. We begin
with pure states, notice that

N, IN,!

U @ Ue) (V] QU Il = —————
V1 ®Wo) (U1 ® Wy (N1 + No)!

W1 A Ty) (T A Tyl.
Based on this we make the following definition.

Definition 32. Fori e {1,2}, let N; > 1 and T; be a fermionic state on \"' $. We define the
anti-symmetrization of the two states to be

(N1 + No)!

Fl /\FQ = N1|N2'

II(T; ® Ty) 0. (101)

We may write I't = >, fu [) (Y| with ¢y, € AN $ being an orthonormal basis of A" §,
and similarly I's = 37, A; [¢;) (¢;]. The preceding calculations show that

Ty ATy =Y ki [t A gj) (P A 5] - (102)
k’j

Of course, this procedure generalizes easily to an arbitrary number states.

Lemma 33 (One- and two-body densities). For i € {1,2}, let N; > 1 and I'; be a fermionic
state on /\Ni 9. Assume there are orthogonal projectors Py, Py such that PyP, =0 and I'; P, =T,
for i € {1,2}. Then the one-body reduced density matriz of 'y ATg is

Ty AT)® =1 4 V. (103)

In particular, Ty A Ty is a state on NN 9. Moreover, for any W € B($%2) such that
(W, P,] =0 for all i € {1,2} we have

T W (0 ATS)® =T w (1 + 18 + 10 0 18" + 1V 0 1(V) | (104)

Corollary 34. In particular, if § = L?(R?) we have

(2) (2) (2)

1
Pr/ar, (T, Y) = pr, (2, y) + pr, W

(2,9) + i) (@) pt) () + pl) () pt () . (105)

Proof. In view of (102]) it is enough to check these properties for pure states. Let N = N; + N»
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and U; € AV § for i € {1,2}. Let T; = |0,) (U] for i € {1,2} and A € B($)) we have

1 N x N!
Tr ATy ATy = N (V1 © vl (P1®N1 ® POVII A, TIPEM P§®N2) Uy @ W)
‘We have
1 !
P{X)Nl ®P2®N2HAHP1®N1 ®P§®N2 _ (N')2 Z (71)0'0' P1®N1 ®P£®N2PUAPU,P1®N1 ® P2®N2

o,0'€S(N)

Because P, P, = 0, the terms in the sum above are non null only if o/ ([1, N1]) C o~ *([1, N1])U{1}
and o'([N; + 1,N]) C o~}([N1 + 1,N]) U {1}. We change variable ¢’ := ¢ ~'a and notice that
the latter condition is equivalent to «([1, N1]) C [1, V1] and a([N7 + 1, N]) C [N1 + 1, N]. Now
note that
D (FD PP @ Wy = NN, @ Uy
a€S(N1,N2)

where S(N1, N3) denotes the bijections of [1, N] preserving [1, N7]. Note also that

N
> P AP, =(N-1)) A
cES(N) i=1
It remains to compute
N
(U1 @ Wo| Y Ai [T @ Wp) = Ny (W] Ay [ W) + Ny (W] Ay [ W),
i=1

hence
TrA[T AT)® = Tr AT + T ATV,

Now let W € B($®?) such that [W, P;] = 0 for all i € {1,2}. Doing the same computation as
before, we find that we need to estimate

1
(V)2

S (=) PN @ PN P, W P PEN @ PR
o,0’€S(N)

But now since W commutes with the P;’s, we obtain the same condition as before for the terms
in the sum to be non zero. It remains to notice that

R
PWisPy 1= —— S Wi
Z 1,2 E N(N _ 1) Z 5J
oeS(N) 1#])
and compute
1 N
(0180|533 Wiy |91 © o) = Tr Wi (r®+1@ +rP el + 1 e r{").
i
O

Lemma 35 (Additivity of entropy and kinetic energy). Denoting by Hy p = sz\; —AZA the
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N-body Laplacian on A (with Dirichlet boundary conditions), then the anti-symmetrization of
two fermionic states satisfies

Tr(T'y AT2)log (I'y ATy) = TrI'y log'y 4+ TrT's log 'y, (106)

and
TrHN1+N21AF1 ANy = TI‘HNl,Al].—‘1 + TI'HNQ’A2F2. (107)

Proof. Using (102) along with the spectral theorem it is obvious that (106) holds, and ((107])
follows directly from ([103)). O



Chapitre 5

The Scott correction in Dirac-Fock
theory

Ce chapitre présente des travaux réalisés en collaboration avec Sgren Fournais et Mathieu
Lewin. Ces travaux feront ’objet d’un article qui est en cours de rédaction.

Abstract

We give the first derivation of the Scott correction in the large-Z expansion of the energy of an
atom in Dirac-Fock theory.

Résumé

Nous donnons la premiére dérivation de la correction de Scott dans le développement de I’énergie
d’un atome pour Z grand dans la théorie de Dirac-Fock.
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1 Introduction

An impressive success of the many-particle Schrédinger equation is its theoretical ability to
describe all the atoms of the periodic table. This model has no other parameter than the integer
N = Z, where N is the number of electrons which is equal to the number of protons Z in a
neutral atom. Unfortunately, the exponentially increasing complexity of the problem in N makes
any precise computation of the N-particle wavefunction impossible in practice. It is therefore
important to rely on approximate models and to know whether the true equation simplifies in
some limits.

The most famous result in this direction is the Lieb-Simon proof |[LS73; [LS77b; [LS77a; Lie81a]
of the leading asymptotics of the ground state energy of a non-relativistic atom with N quantum
electrons and a pointwise nucleus of charge Z = N,

Exr(N,Z = N) = Zierp + o(Z5) (1)

where

. 3 o o2 5 p(z) 1 // p(z)p(y)
= = e — [ 2%g - PEPY) 4 d
e my g0t [t — [ B e g ff ARy

r3 P=1

is the minimum Thomas-Fermi energy [Tho27; [Fer27|. Thomas-Fermi theory does not only
provide the leading order of the energy. It also describes the precise behavior of the density of
electrons at the distance Z~1/3 to the nucleus and it is believed to provide a surprisingly accurate
estimate on the size of alkali atoms [Sol16].

The expansion has been continued in many works. The best known result at the moment
is

T zZ? 5 5

ENR(N,Z:N):Z36TF+?+Z3CD5+O(Z3). (2)
The Z? term is the Scott correction |Sco52; Sch80] which is the main subject of this article and was
rigorously derived in [SW87aj [SW87h; [SW89; [Hug90; 1S93; ILS96|. This was then generalized
in several directions [Bac89; [SS03|, including for magnetic fields [Ivr96; [Ivr97; |Sob96]. The
next order Z%/3 contains both an exchange term predicted by Dirac [Dir30| and a semi-classical
correction derived by Schwinger [Sch81} [ES84aj; ES84c; [ES84b|. It was rigorously established in
an impressive series of works by Fefferman and Seco [FS89; [FS90; [FS92; [FS93; [FS94c; [FS94a;
FS94b; [FS95|. It should be mentioned that although the leading Z7/3 Thomas-Fermi term and
the Z%/3 Dirac exchange term are somewhat universal (that is, arise for other types of interactions
in mean-field limits [FLS18; Bac92 (GS94; BNPSS18|), the Z? Scott correction and the Z°/3
Schwinger term are specific to the Coulomb potential. More precisely, these are semi-classical
corrections due to the singularity of the Coulomb potential at the origin. It should also be noted
that the three leading terms in are already correctly described in Hartree-Fock theory |[Bac92}
Bac93; (GS94]. The exchange term only participate to the Z%% term and it can be dropped for
the first two terms |LS77a], leading to the so-called reduced Hartree-Fock model [Sol91].

It is well known in Physics and Chemistry that, in heavy atoms, relativistic effects start to
play an important role, even for not so large values of Z. Without relativity, gold would have the
same color as silver |[GA10], mercury would not be liquid at room temperature [CPWS13| and
cars would not start [ZP11]|. The reason why relativistic effects become important is because, in
an atom, most of the electrons live at a distance Z~1/3 to the nucleus, hence they experiment
very strong Coulomb forces leading to very high velocities, of the order of the speed of light.
This is even more dramatic for the Scott correction which is due to the few electrons living at
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the very short distance Z~! to the nucleus. Indeed, Schwinger has predicted [Sch80| that small
relativistic effects should not affect the leading Thomas-Fermi energy in the large-Z expansion,
but should modify the Scott correction.

A truly relativistic model should involve the Dirac operator [Tha92; [ELS08|. Unfortunately,
there is no well-defined N-particle Dirac Hamiltonian at the moment [Derl2|, except for N =
2 [DO18|, and even if there was one it would probably have no bound state. In the very unlikely
case of the existence of bound states, it would anyway be impossible to identify a ground state.
The one-particle Dirac operator is unbounded both from above and below and any N-particle
Dirac Hamiltonian would have the whole line as its spectrum. A better theory should probably
involve bound states in Quantum Electrodynamics [Sha02|, but this is far from being understood
mathematically.

Several authors have instead studied the expansion of the ground state for simplified relativis-
tic models. Sgrensen studied a pseudo-relativistic Hamiltonian where the Laplacian is replaced
by a non-local fractional Laplacian (the "Chandrasekhar" operator), and proved that the leading
Thomas-Fermi term is unchanged in this case |@Jst05]. The Scott correction for this model was
then derived in [Dst98} [SSS10; [FSWO8|, but it does not coincide with Schwinger’s original predic-
tion |Sch80|, since the spectral properties of the Dirac operator and of the fractional Laplacian are
different. Siedentop and co-workers [CS06; FSWO09; [HS15] have then considered projected Dirac
operators in order to suppress its negative spectrum, in the spirit of Brown-Ravenhall [BR51]|
and Mittleman [Mit81]. However, the Scott correction depends in a non trivial way on the cho-
sen projector, which is somewhat arbitrary. The expected relativistic Scott correction has been
obtained in the recent work [HS15| which covers the larger class of projectors and in particular
includes the positive spectral projection of the non-interacting Dirac-Coulomb operator, which
happens to give the correct Scott term. However, discrepancies could re-appear in the next order
term for this projector.

In this paper we provide the first rigorous derivation of the relativistic Scott correction for
a truly relativistic model without projectors. As we have said, we cannot start with the ill-
defined N-body Dirac theory. However, let us recall that the Scott correction is already fully
included in Hartree-Fock theory, even without exchange term. In all the previous works on the
Scott correction, the reduction from the N-particle Schrodinger Hamiltonian to the (reduced)
Hartree-Fock ground state is usually an easy step. In the non-relativistic case, it for instance
immediately follows from the Lieb-Oxford inequality [Lie79; |[LO80|. For this reason, we directly
start with (reduced) Dirac-Fock theory and prove the Scott correction within this theory. In
order to simplify our exposition we discard the exchange term completely but we expect the
same results when it is included. The exchange term is a lower order correction.

Dirac-Fock theory is the relativistic counterpart of the Hartree-Fock model and it has the
advantage of having well-defined solutions which can be interpreted as ground states, even though
the corresponding energy functional is unbounded from below [ES99; |Pat00; [ESO01; [ES02; [HSO7}
ELS08} [Sér09]. Those correspond to electronic states in the positive spectral subspace of their
own mean-field Dirac operator. Hence this theory does rely on a projector but it is unknown
a priori and depends in a nonlinear way on the solution itself. Previous results, in particular
from [HS15|, can therefore not be directly applied in this context. Our main task will be to
estimate this nonlinear projector and to compare it with the non-interacting Dirac-Coulomb
operator, in order to reduce the problem to a fixed projector as recently treated in [HS15|.
Note that the predictions of Dirac-Fock theory for the Scott correction agree quite well with
experimental data for Z =1, ..., 120, according to [Des73| and as was discussed in [HS15| Sec. 6].

The paper is organized as follows. In the next section we first state some spectral properties of
Dirac operators with Coulomb potentials before we are able to properly introduce the Dirac-Fock
minimization principle and finally give its large-Z expansion. The rest of the paper is devoted
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to the proof of our main result on the Scott correction.

Acknowledgments. We thank Eric Séré for fruitful discussions and for providing us with his
unpublished work [Sér09|. This project has received funding from the European Research Council
(ERC) under the European Union’s Horizon 2020 Research and Innovation Programme (Grant
agreement MDFT No 725528).

2 Main result

2.1 Gaps in Dirac-Coulomb operators

In this section we discuss some important properties of Dirac operators with Coulomb poten-
tials that will be important in our situation. Throughout the whole section we will be looking
at operators in the form )

D * — 3

otp E (3)

where p is a signed bounded measure in R3. We are typically interested in the case where

p = apy — kb, with 6y the density of the point nucleus and p, € (L' N L3/2)(R3) a more

regular measure describing the quantum electrons. Here and everywhere, we work in a system

of units such that A = m = ¢ = 1. Then we have kK = aZ where Z is the number of protons and

a = €2 ~ 1/137.04 is the Sommerfeld fine structure constant, which is the square of the charge
of the electron. We recall that the free Dirac operator Dy in 3d is given by

3
Dy =—ia-V+B= —i Yy opdp+p, (4)

k=1

where a1, ag, ag and 8 are 4 X 4 Hermitian matrices satisfying the anticommutation relations

agoy + g = 20k Lea,
O‘kﬂ + Bak = Oa (5)
B2 = 1.

The usual representation in 2 x 2 blocks is given by

o Ig 0 o 0 O .
ﬂ(o _I2>7 ak<0k 0)7 kilazaga

with the Pauli matrices

0 1 0 —i 10
Gl B i R G

The operator Dy is self-adjoint in L?(R3,C?*) with domain H'(R3?,C?*) and its spectrum is
o(Dg) = (=00, —1] U [1,00), see |Tha92; [ELS08|.

If |p|'/? € H'Y2?(R3), then the Coulomb potential is in L>°(R3) and by the Hardy-Kato
inequality

V—=A, (6)

o3
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we deduce the pointwise bound

‘P* él‘sg<\/ﬂm\/ﬂ> (7)

Hence Dy + p * |z|~! is self-adjoint on the same domain H!(R3,C%).
When
p = p+ — Kdo

with p; > 0, pi_/2 € H'Y?(R3) and 0 < k < 1, then it immediately follows that Dy + py *
|z|~! — k|z|~! is self-adjoint on the same domain as Dy — k|x|~!. The latter operator has a
unique distinguished self-adjoint extension on H!(R?, C*), whose domain is always included in
H'/2(R3,C*). We refer for instance to [ELS19b, Section 1] for a review of important properties
of such operators.

The condition that K = a@Z < 1 means that in principle we cannot consider atoms with
nuclear charge higher than 137. In order to relate the Dirac-Coulomb model to its non-relativistic
counterpart, we will however take o« — 0 (non-relativistic limit) at the same time as Z — oo,
while keeping k = aZ fixed. This is the natural limit for the large-Z expansion of relativistic
systems.

The following well-known result is a more quantitative expression of the fact that the domain
of Dy + p * |z|~! contains H'(R3 C*).

Lemma 1 (Upper bound on (D,)?). Let p be a signed, bounded measure on R®. For every
U e HY(R3,C*), we have

1
H <D0+p* ) )
|z

Hence, in the situations recalled above where Do + p * |x|~! has a distinguished self-adjoint
extension on H*(R3,C*), we have

< (1 + 200|(R*)) [Do¥] 12 g ) - (®)
L2(R3,C4)

(DO o |1|) < (1+20p|(B?))* | D2 (9)

and )
‘DO o m\ < (1+2p|(B®) [ Dol. (10)
Proof. The estimate follows from Hardy’s inequality |z|=2 < 4(—A) < 4|Dg|?>. The last

inequality is a consequence of @D since the square root is operator monotone. O

The purpose of the section is to discuss lower bounds similar to (10). From now on, we use
the shorthand notation

R
DK:ZDO*H

for the usual Dirac-Coulomb operator, with 0 < k < 1, and

K
Dip:i=Dg——+px*

|| ||
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when it is perturbed by a density p (typically positive and regular enough in our context).

We recall that the lowest eigenvalue of D, in the gap [—1;1] is /1 — k2 and that the operator
has an increasing sequence of eigenvalues tending to the upper threshold 1 [Tha92|. In addition,
it was proved in [MM17] that for all 0 < x < 1, there exists a constant ¢, > 0 so that

¢x| Dol < |Dyl. (11)

When % > 1/3/2, (D,)? cannot be lower bounded by (Dp)?, otherwise the domain would be equal
to HY(R3,C*). However, due to the explicit form of the domain of D, as explained in [ELS19b],
we indeed have

cx(8)[Dof** < | Dyl (12)

for all 0 < s < min(1,1/2 4+ v/1 — k2). By interpolation, this gives

¢ (8)[ Dol T2 < D[, vy € [0,1]. (13)

A natural question, which will play an important role later in our study, is to ask how the
eigenvalues of D, , behave for a general positive density p. For which p can one guarantee that
the gap around the origin is preserved? First we introduce a critical value v, that works for
k = 0, before looking at the case k > 0.

Let p be a non-negative density such that /p € H'/2(R3) and [y p = 1. Since the associated
Coulomb potential is bounded uniformly by @, the eigenvalues of Dy ,, = Do + vp * |z|~! are
all confined to an interval of size proportional to v at the edges of the gap [—1,1], for v small
enough. Actually, the min-max characterization of the eigenvalues from |[DES00| implies that
there is no eigenvalue close to 1 and that there are infinitely many close to —1, since the potential
is repulsive. In addition, these eigenvalues are monotonically increasing with v. Let then v.(p)

be the first value of the coupling constant v, for which the largest negative eigenvalue vanishes:
ve(p) :=min{r >0 : 0€ (Do)}

Let finally

Ve = ;Izlg ve(p) (14)
p(R%)=1
VPEH?(R?)

be the lowest possible critical value among all probability densities. Loosely speaking, v, is the
largest possible repulsive charge that we can add while guaranteeing that the eigenvalues will
stay in [—1, 0], independently of the shape of the density p. By charge conjugation, we get the
reverse picture if we place an arbitrary attractive charge, that is, we allow negative v’s.

All our next results will be stated in terms of this critical v.. Following [ELS19b|, we conjec-
ture that v, = 1, that is, the worse case is when the density is a Dirac delta. We can only prove
the following

Lemma 2 (Estimates on v.). We have

0.91 ~

<v. <1 15
o< (15)

NIE]
3 o

Proof. The upper bound is obtained by concentrating p at the origin to make it converge to dg
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and by using the exact Coulomb value. The lower bound follows from Tix’s inequality [Tix98]

2

Ty 27
2+7r

P (DO - “) P >(1—-kP, Yo<k< (16)

||

where PO+ = 1(Dy > 0) is the positive spectral projector of the free Dirac operator. By transla-
tion invariance we deduce that

1

Py (DO —Up* ||> Pf>1-v)Pf (17)
x

for every probability measure p. Let us now explain how to derive the lower bound in
using (I7). We can use the min-max characterization from [DES00], as described also in [ELS19b).

For simplicity we work with Do _,, = Dy — vp * |z|~! instead of Dy ,, = Do+ vp * |z|~*, which
is the same by charge conjugation. We define

a_:= max (U, (Dy—vpx*l|z|})U
\I/GPD_L2< ( px el ) >
e)=1
which satisfies a_ = —1 due to the negative sign of the potential —p * |x|~*. Then we look at

the min-max value

Ai(v) = inf sup (Wy + 0, (Do —vps|z|™!) (¥y +¥))
: \I/+EPO+L2 \I’—EP[;LQ H\Ij++\117||2 .

Taking ¥_ = 0 and using Tix’s inequality , we obtain
My)>(1-v).

In particular A\i(v) > a_, hence A;(v) is the lowest eigenvalue of D_,, above —1, by [DES00].
This proves as we wanted that A\ (v) > 0 for v < 2/(7/2 + 2/7). In other words, we have
ve(p) > 2/(m/2 +2/7). O

We now investigate the case of a negative point charge together with a smoother positive
charge, p+ — kdp. Similarly as before, we introduce

Ve(k,p4) :==min{v >0 : 0€ 0(Dypp,)}

and
c = inf c\F, .
v = inf | v(sp)
p+(R%)=1

This critical charge is actually equal to the one at k = 0.
Lemma 3. For every k € [0,1), we have
Ve(K) = .

Proof. By the min-max principle of [DES00| one can see that the negative eigenvalues of D ;.
are decreasing with respect to x and increasing with respect to v (a different proof of this will
be given in the proof of Theorem | in Section [3| below). In particular, we have v.(k, ps) >
ve(0,p4) = ve(py). After minimizing over p,, this gives v.(k) > v.. However, by placing
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p+ very far away from the origin, we also see that v.(k) < v, and there must therefore be
equality. O

Our main result in this section is that the gap implies a universal operator bound.

Theorem 4 (Gap of general sub-critical Dirac-Coulomb operators). For every 0 < k < 1 and
every 0 < v < v, there exists a universal constant ¢, > 0 so that

Crw| Dol < | Dyl (18)

for every non-negative p so that \/p € H'Y2(R3) and ng p =v. One can for instance take

2 -2
c T VU,
,=—0" (14— 19
cr, 1—|—2(1/—|—/<c)< +26,€VC—Z/) (19)
where ¢, is the best constant in (L1)).

The proof is provided in Section [3] Theorem [4 gives a lower bound, similar to the upper
bound , which is completely independent of the shape of the negative charge p and this will
play a decisive role in the study of our nonlinear problem, where p is unknown. The constant
in is not at all optimal and it is only displayed for concreteness.

Remark 5 (More general negative densities). The theorem applies to all positive Borel measures
p. It is not at all necessary that \/p € H'/?(R3). But we have stated it in this context since
this is what we will need later, and because working with a bounded repulsive Coulomb potential
simplifies some technical arguments.

Remark 6 (A better estimate on the gap of D, ,). The estimate (18) implies the following
estimate on the gap around the origin:

U(Dﬁaﬂ) N ( - CK,V;CN,V) = (Z)

However, we indeed have
0(Dy,p) N ()\c(y); V1-— /12) =0,

where
Ac(v) == sup Ai(Do,) < 0.
p=20
Jes p=v

is the largest possible value of the last negative eigenvalue, when optimized over all densities p with
subcritical mass fR3 p=v < v.. This is due to the min-maz principle of [DESO0], which implies
that the negative eigenvalues are decreasing in k at fized p and that the positive eigenvalues are
increasing in v at fized k, as we have already mentioned. The existence of an optimizer p for
this problem is established in [ELS19a.

Remark 7 (More general positive densities). We have considered an attractive Dirac charge

because this is what will be needed later. It is also possible to show that for any p+ > 0 with
Jgs P+ = v+ < Ve, we have with p = py — p_

Cu+,u_ |DO‘ S

1
D0+p>k’

]
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for some ¢, ,_ >0 and

7 (Dot s ) 0 (= A Al )) =,

2.2 A minimization principle in Dirac-Fock theory

The Dirac-Fock energy functional is obtained from the Hartree-Fock model by replacing
—A/2 by Dy — 1. In the spirit of [Lie81b; BLS94|, we consider mixed quasi-free states and
express everything in terms of the one particle density matrix -y, which is a bounded self-adjoint
operator on L?(R3 C*) such that 0 < v < 1 and Try = N for N electrons. The (reduced)
Dirac-Fock energy reads

DF Pv P~ (y)
eE) =D, 1+ 5 [ ey (20)

where
py(z) = Trea (2, z)

is the associated density. The functional EEE is unbounded from below, due to the fact that D,

is itself unbounded. Critical points satisfy the self-consistent equation

[IY7 DN’O‘P’Y] = 0

where Dy op, = Dy + apy * |#| =1 is called the mean-field or Fock operator. We are interested in
the stationary states satisfying the more precise equation

Y= ]1(0 < l)ﬁ,apAY < ,u), (21)

that is, 7 is the orthogonal projection corresponding to the N first positive eigenvalues of its
Fock operator. Re-expressed in terms of the IV first eigenfunctions, this gives a system of N
coupled nonlinear Dirac equations

1
D JFO‘Z“P]‘Q W Pi = HiPjs (22)
Jj=1

with 0 < p; < -+ < uny = p the N first positive eigenvalues. States satisfying can be
interpreted as ground states since they solve the same kind of equation as for Hartree-Fock
minimizers. It will be useful to introduce the projector

Pl = 1(Dyap, > 0)

on the positive spectral subspace of the mean-field operator and to note that 'yP+ = 7, or
equivalently 0 <y < Pt .

The existence of infinitely many solutions to was proved for the first time by Esteban-
Séré in |[ES99| (with exchange term, but the argument works the same without exchange) for

all
2

3aN _
max(k, 3aN) < YRy

N <Z=k/a,
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using a concavity argument in the negative directions. Although in this work the u; are known
to be positive, they are however not necessarily the N first eigenvalues. The result of [ES99| was
then generalized to the range

2

N)< — =2
max(x, aN) < Yy

N <Z=k/a,

by Paturel in [Pat00]. That is, the unphysical factor 3 was removed, using a Lyapounov-Schmidt
reduction and a linking argument. In |ESO1|, Esteban and Séré have shown that their first
solution indeed converges to the (non-relativistic) Hartree-Fock minimizer in the limit & — 0 at
fixed Z and N, after a proper rescaling. Furthermore, the ; are the first eigenvalues of Dy o).
for « small enough. This is the justification that is the natural equation for a Dirac-Fock
ground state. Finally, they proved in the same article [ESO1] that for o small enough, their
solution solves the following minimization problem

E°P(,0,N) = min_ EPE(y), (23)
0Pl
Tr(v)<N

In words, the Dirac-Fock ground state minimizes the Dirac-Fock energy among all the states
which live in the positive spectral subspace of their own mean-field operator P,j: - This is a very
nonlinear constraint but it is physically meaningful. Using a simpler fixed point technique, Huber
and Siedentop have later obtained a similar result in [HS07| for o small enough at fixed k = aZ
and N, that is, for large atoms but small interactions. Finally, in the unpublished work [Sér09),
Séré has directly studied the minimization problem for k and aN fixed but small enough,
with quantitative estimates. His argument is based on the function
0(y) = lim v,

n— 00

where the sequence -, is recursively defined by

Tnt+1 = P”j:')’nfynpfj:')’n
Yo ="7-

The function ¢ is used to project any ~ sufficiently close to satisfying the constraint P, ~v =0

to a new state 0(y) which does satisfy this constraint. This allows to show that the set of states

{v : Po. VY = 0} is a smooth manifold on which one can use variational techniques.

To summarize the situation, there are solutions to the Dirac-Fock equations for max(aZ,aN) <
2/(m/2+2/m). One of these solutions is known to solve the minimization problem (23), but only
in a limiting regime of small o (either with N and Z fixed, or x and N fixed or x and aN small
but fixed). In this paper we will study the limit of in the whole range

0<Kk<1l, 0<aN <y,

where v, is the critical number defined in the previous section, although minimizers are not
necessarily known to exist in all cases. Note that we have required Tr(y) < N instead of
Trv = N in . We believe that minimizers always exist in , that they satisfy Try = N
and the nonlinear equation . The question of whether EPY (k, o, N) is a well-defined number
arises immediately, but this turns out to be a simple consequence of the analysis in the previous
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section.

Lemma 8 (EDF is bounded from below on positive energy states). Let 0 < k <1 and0 < v < v,.

There exists a constant a. = a.(k,v) so that

EPE(Y) = EE Te(V=A7) = T() (24)

for all 0 < a < a, and every density matriz 0 < v = ~* < 1 satisfying the nonlinear constraint
vP, ., =0 and such that a Tr(y) < v and Tr(v/—Ay) < co. In particular, EPF (k,a, N) is well

deﬁned mn

Proof. Since Dy ap, v = |Dx,ap, |7 since 0 <y < Pjy,

we have by and [Dg|? =1-A
Epa(r) = TrDmpﬂ—f// Pl )d:cdy Tr(y)
’ R3 X R3 |$ - |
> Trv1l— Ay — // py (v) dx dy — Tr(v).
R3 xR3 |x - |
The Lieb-Thirring inequality |LS10, Theorem 4.3] states that

Trvl—AvZTr\/—AfychT/RSpf/s. (25)

On the other hand, the Hardy-Littlewood-Sobolev |[LL0O1, Theorem 4.3] and Holder inequalities
give

p
/ - )mw<mMMMMMSWMHw”/p% (26)
R3 xR3 |$ =y R3

hence we conclude that

CH v 1
55,5(7) (V 7) ( + 5 (CK,VCLT - CHLSa1/3V2/3) /3 pi/?’
R

where the last term is non-negative for

Note that 0 <~ < Pf_ trivially implies 7P, = 0. O

2.3 The Scott correction

We are finally able to state the main theorem of this article. For a given constant A > 0, we
define the Thomas-Fermi energy

R 3 o 2\2 5o plx) 1 p()p(y)
err(A) = min {10(377 )k /Rap(x) dx — A o 12l dm+2//R3XR3 P dacdy}. (27)

Jz3 p=1
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We note that err()) is non-increasing and concave in A. It is constant, equal to eTr(1) < 0 for
A € (0;1]. On the other hand, the Scott correction was defined in [HS15] to be

Cseott (K) 1= ’%2 +3° {)\n (Do - % - 1) —n (-2 - |’;) } : (28)

n>1

where A, are the eigenvalues in [—2,0] of the operator in the parenthesis, repeated in case of
multiplicity and arranged in increasing order.

Our main result concerns the case of neutral atoms, as is classically considered for the Scott
correction. This forces us to take v = k < v.. However, several parts of our approach apply to
the case of general k < 1 and v < v, as we will see.

Theorem 9 (Scott correction in Dirac-Fock theory). Let 0 < k < v.. Then we have

Jim EPF(k,0, N) — exp(1) a® N3 — cgeons (k)| = 0. (29)
—00
alN—k

Note that our energy is multiplied by a? compared to [HS15] and several other works on the
subject. We have . )
a’Ns =2 N3

hence the energy is of order N'/? in our regime, whereas the Scott correction is of order 1.

Remark 10. It is only because we rely on existing results, in particular from [HS15], that we
need to impose k = v (neutral atoms). We believe that for all0 < k <1 and 0 < v < v., we have

Jim | BP (5, 0, N) — exe(k/v) a* NS — CS“’“(K)‘ =0
—00
aN—v

That 1is, the result should apply to ions, as first considered by Bach in [Bac8Y[. Several of our
intermediate steps will actually be valid in this regime.

The rest of the paper is devoted to the proof of Theorems ] and [9]

3 Proof of Theorem /4]

In this section we provide the proof of Theorem [4 which states that
|Dﬁ,p| > CH,V|D0|

as soon as ng p=v <v.and 0 <k < 1. Our argument uses the Birman-Schwinger principle as
in Nenciu’s work [Nen76| on the distinguished self-adjoint extensions of D,.

Lemma 11. Let A be a self-adjoint operator such that 0 ¢ o(A) and let B be a positive, A-
bounded operator, on a Hilbert space 9. If —1 ¢ o(V'BA™'VB) then 0 ¢ o(A + B) and the
resolvent of A+ B is given by

1 11 1 1
=— - VB—+——VB-.
A+B A A 14+VBAWB A

Proof. First note that since B is A-bounded, the operator A + B is well defined on D(A). If

(30)
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—~1¢ 0(vVBA™'V/B) then we can define the bounded operator

1 1 1
VB

1
R=-—-—-VB——— /B~
A A 14+VBAWWB A

It remains to verify that

1

(A+ BBR=1-VB \/EZ

1
14+VBA-1VB
1 1 1 1
et oveBvEive— LBl
A AT VBa B A
—1
:1_31_@M¢§l:1,
A 1+vVBA-WWB A

which proves that 0 ¢ o(4 + B) and (30). O

The formula was used by Nenciu with A = Dy and B = k/|z| to prove the existence of
the unique distinguished self-adjoint extension for D,. The critical value x = 1 arises from the

fact that
1 1 1

|[1/2 Fo |z[1/2
This relation has been conjectured by Nenciu [Nen76| and was later proved by Wiist [Wus77]

and Kato [Kat83|. It has recently been rediscovered in [ADV13| Thm. 1.3].
The lemma implies the following.

Corollary 12. Let A be a self-adjoint operator such that 0 ¢ o(A) and let B be a positive
bounded operator, on a Hilbert space $). Denote by

Ac(B) :=mino (@;@)
the minimum of the spectrum of VBA™'v/B and

—— ifA(B) <0
VC(B):{ U AB) <
400 otherwise.

Then
0¢c(A+vB)

for all 0 < v < v.(B) whereas 0 € 0(A + v.(B)B) if v.(B) < .

Proof. For v > 0 we have 1 +uvvVBAWB > 1+ v(B) hence the result follows from Lemma
O

Now we go back to our Dirac operator. Note that by charge conjugation invariance, the
spectrum of the operator

1
M, = Vol T v/l T
0

is symmetric with respect to the origin. When /p € H1/2(R3,C4), M, is a compact operator.
Corollary [12|implies that the critical value v.(p) at which the largest eigenvalue of Do +vpx*|z|~!
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crosses the origin is given by

1 ) (¥, M,0)
=M= min T
ve(p) ver(®3,ct) ||
In particular,
1
—— =inf min 7<\IJ’MP\I/>
Ve P WeL2(R3,c4) |02

Now we look at the operator

1
Dy,=Dy+vpx —

Ed
and recall that D, is invertible for 0 < k < 1. The previous theory tells us that for a probability
density p with \/p € H'/2(R?), no eigenvalue will cross 0 for v < v.(k, p) given by

1 _ <\/p*|x\ 1\I/,D Nl 1\IJ>

Ve(Kop) | werd(5 ct) Ik

In order to prove a lower bound on |D,, ,|, we use Formula (30)). We write

1

Do |1/2
| 0| ‘Dn7p|1/2

1
= | D'/
Dy,

1Dy, Y2U,,
1
_ <D0|1/2Dn,p|1/2

1
‘|'|DO|1/2 \/V ; VY, |D ol 2) 5,05
’,p

where U,, , = sgn(D,; ,) is a unitary operator, V, = p x |z|~! and M, , = \/V,D;'\/V,. We

have
I/C

14+ M, ) ' < )
T

This gives

|12

HDO|1/2 X

< H|Do|1 /2

1
D, 172 D, \1/2 HD 172 P

2). (31)

v, 1
1 c JV
* < M7 H "D

The best constant ¢, such that ¢,|Dg| < |D,]| is exactly given by

2
T 1 _ 1/2 1
=l = et
From the Hardy-Kato inequality @, we have
1 T 1 1 vz

2
1
H VVeip, 7

= H |DK3|1/2VP|DK|1/2 D, |1/2| O||D BE E
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On the other hand we have by

1 1/2 1 1/2 1 1/2
I B | e
1+ 2(k+v)
. 32
<= (32)
Inserting in , we obtain
2 2
1 142w+ k) T VeV
Do|'/? < 14 ——=
H| ol |Dy 12| — 2 + 20 Ve —V)
which concludes the proof of Theorem [ O

Remark 13. Our bound is far from optimal, in particular when v = 0. This is why we
obtain c, o # c-

4 A bound on differences of spectral projections

In this section we prove the following estimate on the difference of two spectral projectors,
when the electric field has a small energy, first in Hilbert-Schmidt norm and then in the Schatten
space &6,

Proposition 14 (Schatten class estimates on differences of projections). Let 0 < k < 1 and
e > 0. There exists a constant B = B(k) and a constant C = C(k, ) such that

1 _1
|IDu3 (1D +V <0 = 2De < O) D 2| | € B (14 1VVpan) IVV sy (33)

and
H|DH|% (1(1)& LV <0)—1(D, < 0))|DK|‘5

w0 SVl (34)

for every V€ L5(R3) such that IV po(rsy < 1/B. This implies

[IDalt (1D + V < 0) = 1D < 0)) | D=5

(G14d
6—p

3p—6 __6-—p o
<O BT (14 1Vl IVVis) (35)
for all2 < p <6.

We have the convention that if f ¢ X then | f||x = co. In the lemma we can replace |D,|'/?
by |Do|'/? everywhere since those are comparable.

Proof. In the whole proof we denote by C a generic constant whose value can change from line
to line, but which only depends on x and e. For 0 < x < 1 we have by

1
|Do|2+*

1
va

<c|v

< C Vo) (36)

&6 S6
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for every € < v/1 — k2, where in the last inequality we have used the Kato-Seiler-Simon inequal-
ity [Sim79)

1f(@)9(=iV)|er < 2m) "7 [fl o ey 9l Lp ey, VP =2 (37)

By the Rellich-Kato theorem, this proves that when |V ¢ is small enough, D, +V is self-adjoint
on the same domain as D, with

1
G (Dx +V)? < (Dy)* < C(Ds +V)? (38)
for some constant C' depending only on the maximal allowed value of ||V||zs. In particular,
D, +V has a gap around the origin. In the rest of the proof we always assume that |V||ps is
small enough.

Throughout the proof we denote for simplicity P:V = 1gs (Do 4+ V).

e Proof of the G° estimate (34)

We use Stone’s formula for spectral projections and the resolvent formula to express the

difference as 1

1 1
pt _pt—__— V dn.
A% [ 27T/RDH+2'77 D, +V 41 K
Hence
N B 1 |D |% 1 1
D;qujL - PF Dy|™* <7/ 3 a0
H| | ( K,V "”v)| ‘ c6 T 21 R DK—I—Z’H DH+V+Z77|DN|E &6 !
Writing
1 1 1 1 1 !
= _— DHE . Dli €
D, +V +in|D,J | Di|? < | |DmV|€) Dx+Vin ( v |D“|€>

and using 7 we find

‘ |D,|? 1 1
Dn+277 Dn"‘V"‘Zn |-Dl<a|E &6
1 1
SQ - 1V -
[ 1DGl? + ()2 1Dxl |
S -
) 1Dl + (m* 1Pol* g~ ()

by the Kato-Seiler-Simon inequality and the fact that |Dy| is comparable to |Dg| in the
quadratic form sense. Here (n) = /1 +n? is the Japanese bracket. We obtain after
integrating over 7).
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e Proof of the Hilbert-Schmidt estimate (33|

The proof of is much more involved. We start by iterating the resolvent formula twice
to obtain

1 1 1
pr,—pPf=—— 1% d
v e 27r/RDH+m Dytin
1 1 1 1
— 1% v d
+27r/RDm+z'n Do +in’ Dntin"

1 1 1 1 1
**/ —V —V —V — dn.
2n Jg Dy +in D,+in Dy+in D+ V +1in

(39)

Since D,, + V is comparable to D, by and |D,|'/? is comparable to |Dg|'/?, the last term
can be bounded by Hélder’s inequality in Schatten spaces by

1 1 1 1
/ —V —V —V .
RDK+”7 DH+Z77 DN""”] DH+V+ZTI
1 1
|4

SC(/‘ dnl 1 1 1
R (m)2 |[|Dolz + (m)® [Dol2 + (n)

<cvii, [ 2.
& (1)

It is here not necessary to use the operator |Dn\_1/ 2 on the right side. It therefore remains to
estimate the first two terms in .

We start with the second term in . Using that

H|DH|é dn

S2

Nl

S6

by Cauchy’s formula, we have

1 1 1
1% 1% d
/RDH—H'n Dy +in Dntin "

1 1 1 1 1
= —V — |V, — | d +/ —,V —Vdn.
/RDm‘i'Zn Dy, +in [ Dm+“7} ! R [D~+Z77 } (DN+7'77)2 "

Inserting then

1 1 1 1
V, = DH7V ‘ = —1 - : Vv .
[ ’D,{Jrin} DK+2'77[ ]D,{er ZD,.;era v D, +in
we obtain

1 1 1
/ —V —V -
g Dx+1m De+in Dg+in

dn
—z’/ 1 Vv ! a-VV d
2 De+in (Dy+in)? Dptin""

1 1
+1 - NVV—=Vdn.
Z/RDnera (D + i3 "
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We estimate this term using that |D,|'t > ¢|Do|'*¢" where ¢/ < min(e, 2ev/1 — £2), see (13).
This gives

1 1 1 1 1
D,.|? —V —V —dn |Dx| "2
H | /RDH—H?) D, +in Dg+in " 1Dxl &2
1 1 1 1 dn
< C/ T T T 1 2—¢
R |[[Do|z  [Do|z llgs Il | Dol 2 | Do |2 &3 (M)

<CIVILs [VVIgs -

This gives rise to the term V|6 [VV] s in our estimate (33).

Finally, we deal with the first term in . If we had Dy in place of D,;, the result would
follow directly from the Kato-Seiler-Simon inequality. The difficulty here is that high powers of
D, are not comparable with Dy when « is close to 1. So we express the difference exactly. We
insert the resolvent formula

1 1 1 1 1
= — — K —— .
D, +in  Dg+1in Dy +in|z| Dy +in
1 1 1 1

= — — R — T -
Dy +in D, +in|z| Do+ in

in the first term in and we obtain the rather lengthy formula

1 1 1 1
Dg|? —V —|Dy| " 2d
/R| el e .

1 1 1
= | D, _V —_|D,|"2d
/]R| |D0+m Do+m| "
L 1 1 1 1 ,
- K DN§ SN B 1% A + h.c. Dn Ta2d
/]R| <D0+l77|517|D0+Z77 Dy +in )| [

. 11 1 1 1 1 .

+/<a2/ D,|? — — Vv : +h.c.> D.|"%d
]R| | (DK+ZTI|33D0+“7|33|D0+“7 Dg + i Dl ™2 dn
101 1 101 1

1
+K/2/ DK§ T . T .
R' | Dy, +inlz| Do+in Do +in|x| Dy +in

|Dye| 2. (40)

In order to estimate the last two terms we can use that for s > 0, we have

S N S
|Do|z |2] | Do| 2+

w

by Cwikel’s inequality [Sim79]. In particular, we deduce that

1 1 1

_ c p
|Dol2 |7 | Do|zts
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for all p > 3 and all s > 0. For instance we can control the last term by

1 1 1 1 1 1
D} s eV ——— — ———|D,| 7}
D, +inlz| Do +1in Do +in|x| Dx +in &2
11| 1 1
=~ Ty 1. 1, ;_QV 1_g
() 11Dl [zl [ Dol 2= [l | (|1Do] + (m)Z == (| Dol + ()2 ~* e
C
S <>%7_65“V”L6
n

which is integrable over 7 for s > 0 small enough. The argument is the same for the other term
of order k2. On the other hand, for the first term in , we use that

1
——dn =0
/R(DO+277)2 !

and insert one commutator, which yields

1 1
Vv x| 2d
H/ D +z17 Dy +m| T &2

1 1 1 1
= D, |2 . -VV —|D,.|"2d < C|VV .
‘M||(%+Wﬂ oD ﬁ@ YV,

It remains to estimate the second term in

1 1 1 1
%4 D..|”2dn.
/| Do+zn|x|Do+m Do—i-zn‘ "

This is the most difficult since V € L® and 1/|z| only yields an operator in &2, by Cwikel’s
inequality. The idea here is to split

1 x(@)  1-x(=)

JE— Jr - 7

Ezh ||
where x € C° is equal to 1 in a neighborhood of the origin. The term involving x/|z| is easily
handled using that x/|z| € L? for all p < 3, hence

1 x 1
_a ce?ca?
|D0|% || |D0|%+S
for s > 0. We can then write
1 1 X 1 1 _1
JNou e e Vs D
R o +n |z| Do +in o+ &2
1y 1 1

dn < CV] -

<L

The term with (1 — x)/|x| is treated exactly as we did before for the quadratic term in V.

1 1 1 Vv 1
[Do2 |2[ [Do|2+* llgs Il (| Dol + ()2~ " [Dol2 llgs
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Namely, we write
. 1 1-y 1 1 .
D,z y —V —dn|Dy| 2
| D /RDO—km || Do+in Dg+in 7Dl
. 1 1 1—x 1 1
= — Dn 2 - - a-VV N d Dn 2
| D] /R Do +1in |z| (Do +1in)? Dy +in 7Dl
. 1 1 1—x 1 _1
+1DK2/ _aV( > ——V dn|D.|™ 2
P ) Do T ) Dorame A

Now it suffices to use that (1 — x)/|z| is bounded and that its gradient is in L? to conclude.

Our final estimate takes the form

CA+IVVIL) Vs + IVV L2

for |V, 6 small enough. We obtain the stated inequality by the Sobolev inequality ||V||ps <
C||[VV||L2. Finally, the last inequality follows by complex interpolation. This concludes the

proof of Proposition

5 Proof of Theorem

O

In the whole argument we fix 0 < k < 1 and 0 < v < v, and we assume that « is small
enough. Only when required we will impose x = v. In order to simplify our writing we change

notation and denote by

K
D, =Dy — m + apy *
the mean-field operator and by
1
Vy = apy * m

the corresponding mean-field operator. We recall that

Pli’y = ]lRi (DKW)

are the associated spectral projector. Finally, we denote by

3 F@fw) 1
DU, ) '*//ms P dvay -

the Coulomb energy.

5.1 Lower bound

In this section we prove the following result.

|z

R3

o

Lk

Proposition 15 (Lower bound in terms of the Dirac-Coulomb projected Dirac-Fock). Let 0 <
k<1 and 0 <v <v.. Then we have for a constant C' depending on k and v

EPF (5,0, N) =il {Te(Dy = 1)y + 5 D

0<~y<1
P ~v=0
Tr(y)<N

pv’pv)} -

c
Nts

(41)
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for all aN < v and o small enough.
Proof. From Lemma [§] we have
0> EP(k,a,N) > ~CN.

Note that EPF(k,a, N) < 0, since one can take v = 0 in the variational principle . We use
a kind of boot-strap argument, showing first a lower bound of the order —C'N'/3 before getting
lower order errors.

e Proof that EP¥(xk,a, N) > ~CN'/3
Let vx be an approximate minimizer for EP¥ (k,a, N). Then by
Trv—Ayy < CN.

By and the Lieb-Thirring inequality , we have for all density matrices

// py ) drdy < C(Try) Tr(\/—A'y). (42)
R3xR3 |=’E - |
In particular, the direct term in the Dirac-Fock energy satisfies

a// M dx dy < CN?/3, (43)
R3 xXRR3 |

|z —y
Going back to the Dirac-Fock energy and using that EP¥ (k,a, N) < 0, we find
T (D — 1x = Tr(| Dy — Dy < ON?/2,

Now we replace Dy, by D,. We have

Tr Dy yxynv = Tr Y (Dy + Vo )P

KyYN
= TI‘P+D P+’7N +O‘D(p’w\rapv1\7)
+Te(PL,y = PO)De(PL, — PH)ww (44)
since
Tt PfD. (P}, — Pf)yw =Tt Pl D (P, — P: )y =0.
Note that by
1
apo # | < CaD(py, o)t <OVaNt <Y Lo
2] L6 Ns

Hence we may apply Proposition [[4] In addition, we have

v ("W B |>

by the Hardy-Littlewood-Sobolev inequality. By the Sobolev and Hoffmann-Ostenhof inequalities
we have

1

Q|| Pyy * W <Ca ”p'YN ||L3/2

L3

pxllpare < C{ Y V=B ry ) < CTev/=Aqy < CN.
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1
aV * —
<’”N |x>

is uniformly bounded. By Hélder’s inequality in Schatten spaces and Proposition with 3/10 >
1/8 we can now bound

Hence
< CaN <Cv

RyYN RyYN

‘TJr(PJr —~ PHD.(PF, — P:)WN’

1 _3 3 3
< |ialt (P, = POIDA| | IDel B[ Del

2
&S5 ‘ 65/3
3
< ON5a2D(p’YN?p'YN)' (45)

‘We have used here that

5 5
3 3

| 1Dty 1Dl

ooy = Tt (IDA [ DI )

< Tr Dy |39 Dul? < Tr|Dyl2qn|Ds|* < CON

since 0 < yn < 1, and by the Araki-Lieb-Thirring inequality [LT76; |LS10|. The same argument
as for implies also that

KyYN KyYN

3
TP PP~ | € CNEaD(p, ).
As a conclusion we have proved the lower bound
o 3
EPR(IN) = Te P (D = DP iy + 5 (1= CaN? ) Doy o) (46)

where C' depends on v. Noticing that Tr PTyy P+ < Tryy < N, we conclude that

The sum of the IV first eigenvalues of the Dirac-Coulomb operator on the right is explicit, since
those eigenvalues are known analytically. It behaves like N'/3. Hence we have proved, as we
wanted, that

EP(k,a, N) > —CN’3,

that )
Te(|Ds| = 1)PfynPS < CN%

and that

wl=
—~
N
-3
~

O‘D(p’YNap’YN) < CNs.

Inserting in the error term in we find

. (48)

KyYN RyYN KyYN

(P} —PJ)QVN‘+‘Tr<P+ — PHD.(PY,, — B )| <

-
U\‘H
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This term can therefore be neglected in the expansion of the energy up to the order O(N -1/ 15),

We now prove that

OéD(p,yN,p,YN) = aD(prijpfj,pp’j,WP:) + O(N_1/6).

To simplify our argument we introduce the densities
PN = PpPsynPg’> o,0" € {£}.

We then write
D(p’YvavN) = D(pEJr?pEJr) + QD(vaaTN) - D(TN7TN)

with 7y 1= p~ + pnT +py - We claim that
D(T’NvTN)SCNéa (49)

the proof of which we postpone until the end of the argument. Using that aD(p, ., pyy) =
O(N'/3), we deduce from the Cauchy-Schwarz inequality for the scalar product D(,-) that

o)

aD(p’YNap'YN)_aD(pN PN =

Ni&'

In order to prove ([9), we show that |[ry|le/s@s) = O(N'/) by duality. Let F be any
function in L5(R3). Then we have

| Foxt
]R:S

From the Hardy-Littlewood-Sobolev inequality, we have

= | Tx (FP, P

< |F1Dol-#

[P0l (P = P)IDol

1
&2 H|D0|27N‘ sz

HF|D0|_%

S CIF | po(gs) -
On the other hand
1 2 15 1 1 1
[IDol5 |, = Tr1Dol#9% Dol < T (D[ 2w |Dol < ON

and

C
N

1 _ _ _1
120l (P = Pl

1
&2 < CaD(pyy,pyx)? <

ol

by Proposition |14 and . This gives

.
R3

”p;ﬁ_HLG/S(Ra) S C(]Vé

< ON |F| o gs

and by duality we conclude that

The argument is the same for prJr and py~, which leads to , by the Hardy-Littlewood-Sobolev
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inequality.
As a conclusion we have shown the desired lower bound

. o C
EPP(s,vv0) > inf {Tx(Ds =1y + Do) |~ (50)
P_~v=0
aTr(y)<v

in terms of the reduced Dirac-Fock problem projected to the positive spectral subspace of the
Dirac-Coulomb operator D,,. This concludes the proof of Proposition [I5] O

5.2 Upper bound

In this section we prove the following result.

Proposition 16. Let 0 < k <1 and 0 < v < v, and let dy a sequence of self-adjoint operators
such that
0<dy <1, Trv—-Ady <CN, Trdy<N

and
P,;dN =0.

Then there is a sequence yn of self-adjoint operators satisfying the nonlinear constraint
P’;’YNFYN =0

such that
0<yw <1, Trv-Ayw<CN, Tryn <N

and and
EPF (yn) = EPY (dy) + O(NTY/1%)

K,a

Proof. We split the proof into several steps.

e Séré’s retraction 0
We will use the following result of Séré [Sér09).
Theorem 17. Let (X, | -|x) be a Banach space and U an open subset of X. Let T :U — X a
continuous map. We assume :
— U has a nonempty subset F which is closed in X and such that T(F) C F ;
— Jk € (0,1), Ve € T*U), [|T?*(z) — T(2)||x < k|T(z) — | x-
Then there exists an open neighborhood V of F in X with Fix(T) CV CU,T(V) C V and such

that for any x € V , the sequence (TP (x)), 0 has a limit (x) € V for the norm || - || x , with the
estimate

Y € V,10(2) ~ () |x < 1o (@) — ol (51)

In this way we obtain a retraction 6 of V onto Fix(T') C V whose restriction to F' is a retraction
of F onto F NFix(T).

Here we have denoted by Fix(T) the fixed points of T. To apply Séré’s result we define, for
k€ (0,1),
X = {5 € BH),7* =7, DD 12 € &1},
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and
T:X — B(H)
v = PIyPf.
Let us take some fixed v < v, and define
F={0<y<1|1llx +AIT() =9llx < MN, aTry<v}

for some A, M > 0 that we will choose later. For r > 0, we define Y = F + Bx(r). Note that
F #(since 0 € F.

We will first check that the assumptions of Theorem [17] are satisfied in our regime, and then
we will apply it to prove Proposition

e Verifying the stability (Assumption 1)
Here, we assume that the retraction property holds for some k. Let us check that T'(F') C F.
That Ty € X is a consequence of Hardy’s inequality and Theorem [l By definition of 7' we also

have directly that 0 < T(vy) < 1 and aTrT(y) < aTry < v. It remains to verify the norm
condition in the definition of F. Using the triangle inequality we obtain

IT()x + T2 (y) = T(Nlx < [[7llx + 1+ AR)X = T(3)l|x-

Choosing A > 1/(1 — k) in the above inequality implies Ty € F.

e Verifying the retraction property (Assumption 2)

Let v € U, we have

T?y = Pl TPl
= P TAPL, + (Plp, = BE,) TvPip, + BTy (Pl — BL).

Note that a TrT'(y) < a Tr(y) < v so that |D,, 7(,)|*/?, |Dy|*/? and | D,,|'/? are comparable as
a consequence of Hardy’s inequality and Theorem

At this step we need two technical lemmas whose proofs are postponed to the end of the
argument.

Lemma 18 (Holder inequality in weighted Schatten space). Let v € X such that 0 < v < 1.
Let 0 < a,b <1/2 and define ¢ =1/a+ 1/b, then

b b
D] YDx " lles < 17115

Lemma 19 (Estimate on differences of projectors in X). Let 0 < v < v, and 0 < k < 1, then
for all y1,72 € {v € X, ||7llx < M, aTr(y) < v}, we have

I1DxI"2(P 5, = PE)IDelClles < Cume allys = 2llx-

KyY1 KyY2



5. Proof of Theorem 189

Now, using that P}, T(v)P;}, = T(v), we obtain by Hélder’s inequality and Lemma that

IT%(7) = T(7)lx
1 1
Scfﬂl,V Dn|2(P,::T(,Y)_P;::'y)|DK| 3

[D2EEERCID-NE

&6 &6/5

1 1
< G [IDPTG)DA |, IT() =lx,

where C,, , is a constant depending only on x and v. Using that v € U and Lemma@ we obtain

DR PT(NIDullgors < MY < Clp (MN + 1)/,

Hence
IT2(y) = T(V)||x < Crpa/® (VM + ar) |T(v) = 7lx.

This shows that for any M,r > 0 fixed, taking N sufficiently large is enough for the retraction
property to hold with a retraction factor

k < Cyal/S. (52)

e Conclusion of the proof of Proposition

The same proof as for the lower bound, starting from (44)), but with vy replaced by dy,
shows that w
EPL(T(dN)) = ERL(dN) + O(N 1),

Note that this does not hold for any trial state as we use intensively that P”dny = P_; T(dn) =
0. In fact, the same argument applied n times leads to
Exa(T"(dx)) = EX5(dn) + O(NTH1).

We now use the retraction ¢, for which we have from Theorem [I7] that
n

k
1-k

[0(dn) —T™(dn)lIx < IT(dn) —dnllx-

In view of it is sufficient for our purpose to show
oY Tdy — dn||x = o(N~1/1%)

for a certain n. This is clearly the case for n = 3 although this is not optimal since it only uses
that | T(dn)||x + |ldn]lx < CN. We therefore obtain

EPN(O(dN)) = ELL(T?(dn)) + Tr(D, — 1)(0(dn) — T?(dw))
a
+ 5 (D(p13(an) = Poan)> PT3(dn)) + D015 (an) — Poan)» Podn)))
= EPN(T?(dN)) + O([|6(dn) — T?(dn)lx)

where we used that,

aD(pra(ay) — Po(dy) PT(dy)) < Callf(dy) — T (dn) || x | T°(dn) |l x
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and that o||T3(dn)||x = O(1). The last error term is dealt with similarly. Finally, we obtain as
we wanted

Ena(B(dn)) = EX0(dn) + O(NTY1),
which concludes the proof of Proposition [16] O
It remains to provide the
Proof of Lemma[I8 Define p, = 1/a and p, = 1/b. By Hoélder inequality we have
IDx1*y Dl ls, < 1DxI*v*2lls,, 172Dl lls,, -

We bound each of the factors above using the Araki-Lieb-Thirring inequality together with the
fact that 0 <y < 1. We have

1/pa
11Dxl*9" 2 s, = (T (1Dw||Del)/?)
< (Tr|Dn|1/2,ypa/2|DK|1/2)1/pa
1/pa
< (Tr|Dm|1/2'Y|Dn|l/2) 2
< [yl%-

The same proof holds for the other term and gives the desired result. O

Proof of Lemma[I9 We use Stone’s formula and the resolvent identity to express the difference
as

D" (Payy = Prora) | D] ¢

1 1 1 1
L Y ) P e . — - ~ )~ D.|"%dn.
i 1D i (0 = o) 1) DR
The argument is now exactly the same as for (34]). O

5.3 Conclusion of the proof of Theorem [9]

At this point we have not used that x = v. Handrek and Siedentop [HS15| have shown that
the projected Dirac-Fock problem behaves as

. (0%
inf  {Tr(De = )7+ 5D(p1. 1)}

0<~<1
P y=0
Tr(y)<N

= erp(1) @2 N3 4 cgeori (k) + O(2NY/2Y) | (53)

only for k = v. To obtain the upper bound they have constructed a state dy which satisfies the
assumptions of Proposition [I6] and is such that

(0%
Tr(DK - 1)dN + ED(pdepdN) = eTF(l) Oé2N7/3 + cScott(ﬁ) + O(a2N47/24)' (54)
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Hence the final result follows, for k = v from our lower bound in Proposition and from
the construction of the trial state vy from dy in Proposition This concludes the proof of
Theorem [ O

Remark 20. Should the limit be proven for the Dirac-Fock projected energy with Pt for v # k,

our result would immediately apply to the unprojected Dirac-Fock theory, with the same value of
Kk and v.
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LIMITES DE CHAMP MOYEN EN MECANIQUE QUANTIQUE

Mean-field limits in quantum mechanics

Résumé

Cette thése est consacrée a la dérivation et a 1’étude de différents modéles non-linéaires en mécanique
quantique. Ces modéles décrivent des systémes & grand nombre de particules dans I'approximation de
champ moyen. Dans une premiére partie, nous étudions la validité de modéles effectifs décrivant un gaz de
bosons dipolaires. Nous montrons que les minimiseurs ainsi que les solutions de I’équation dépendante du
temps sont correctement décrits au premier ordre par la théorie de Gross-Pitaevskii. Pour la dynamique,
nous montrons également que le second ordre est donné par la théorie de Bogoliubov. Nous étudions aussi
la fonctionnelle de Gross-Pitaevskii dipolaire avec un terme de correction quintique prenant en compte
les corrections de Lee-Huang-Yang. La seconde partie de la thése est consacrée a ’étude de limites semi-
classiques pour les grands systémes fermioniques. Nous nous intéressons d’abord & un gaz de fermions
& température positive dans la limite semi-classique et nous montrons que 1’énergie libre, ainsi que les
états de Gibbs approchés, sont donnés par la théorie de Vlasov. Nous étudions ensuite ’énergie d’un
atome lourd dans la limite non-relativiste ot nous calculons le second ordre de son développement, la
correction de Scott, pour le modéle de Dirac-Fock.

Mots clés : variational methods, partial differential equations, spectral theory, mathematical physics,
quantum mechanics, quantum gases

Abstract

This thesis is devoted to the derivation and the study of several non-linear models in quantum mechanics.
These models describe systems consisting of a large number of particles in the mean-field approximation.
In the first part we study the validity of some effective models describing a gas of dipolar bosons. We show
that the ground state as well as the time-evolved solutions are correctly described by the Gross-Pitaevskii
theory, at first order. For the dynamics, we also show that the second order is given by Bogoliubov’s
theory. Moreover, we study a modified Gross-Pitaevskii functional including a quintic term accounting
for the Lee-Huang-Yan corrections. The second part of this thesis is devoted to the study of large
fermionic systems. We first analyse a fermionic gas at positive temperature in the semi-classical limit
and we show that the latter and the approximate Gibbs states are given by Vlasov’s theory. Then, we
study the energy of heavy atoms in the non-relativistic limit where we compute the second term of its
expansion, the Scott correction, for the Dirac-Fock model.

Keywords: méthodes variationnelles, équations aux dérivées partielles, théorie spectrale, physique
mathématique, mécanique quantique, gaz quantique
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RESUME

Cette thése est consacrée a la dérivation et a I'étude de différents modéles non-linéaires
en mécanique quantique. Ces modeles décrivent des systémes a grand nombre de
particules dans I'approximation de champ moyen. Entre autres nous étudions la théorie
de Gross-Pitaevskii, la théorie de Bogoliubov, la théorie de Vlasov, la théorie de Thomas-
Fermi et le modéle de Dirac-Fock.

MOTS CLES

Méthodes variationnelles, équations aux dérivées partielles, théorie spectrale, physique
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ABSTRACT

This thesis is devoted to the derivation and the study of several non-linear models in
guantum mechanics. These models describe systems consisting of a large number of
particles in the mean-field approximation. For instance, we study the Gross-Pitaevskii
theory, the Bogoliubov theory, the Vlasov Theory, the Thomas-Fermi theory and the
Dirac-Fock model.

KEYWORDS

Varitional methods, partial differential equations, spectral theory, mathematical physics,
guantum mechanics, quantum gases
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