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Chapter 1

Introduction

This thesis is mainly about the convergence to equilibrium for the kinetic equations.
We first introduce the kinetic theory and Boltzmann’s equation. Then we introduce a
range of equations which will be discussed through out this work. After this we will give
a review of some classical existing works on converge to equilibrium, mainly focusing

on hypocoercivity. Lastly we briefly describe the contents of each of the chapters.

1.1 Kinetic Equations

Kinetic theory was developed in the 19th century, most notably by Boltzmann and
Maxwell, in the modeling of dilute gases. Kinetic equations model the evolution of a gas
in an intermediate scale between the microscopic description which is given by Newton’s
laws and a macroscopic fluid descriptions. If we have a system of N particles performing
either deterministic or stochastic dynamics, we can write their joint distribution at time
t

En(t, 21,220, 25) > 0.

In this case z; is either v;, the velocity of the ith particle, or (x;; v;), the position and
velocity of the ith particle. We look at the situation where this equation models a
large number of indistinguishable agents, for example gas particles. We study particles

interacting in a gas by Newton’s laws, then they will follow the equations

T; = v;
vi =y F(i,j)+F,
i#]

where F(j,1) is the force acting on particle i due to particle j and F is an external
force. For collisional gases the equation derived in this process, via the Boltzmann-

Grad scaling, is Boltzmann’s equation

8tf+vvwf:Q(f7f)7
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where
QU9 = [, [ Blv=v.l.(v=2.) - ) ()g(v) = F(@)g(v.))dodv,
with
;o vF U v — A e o
T2 2 T 22

B is called the collision kernel. Here f = f(t,x,v) represents the density in phase space
of a single particle in the ensemble and t > 0,z € R% v € R4, We can observe here the

general structure of a collisional kinetic equation

Of +v-Vaf =L(f),

where the v -V, f operator comes from the transport term in Newton’s law. The L(f)
operator acts only on the velocity variable v and is the result of collisions between
particles or between particles and a background statistical medium. We can derive

macroscopic quantities from this density, by setting

(@) = [ S0y,
the local density,
u(zr) = — /vf(x,v)dv,
the local speed and
T(z) = ,)(155) [ lu=u@P s, o),

the local temperature. The steady state solution of Boltzmann’s equation was derived
by Maxwell and it was shown to be the unique asymptotic equilibrium by Boltzmann.

It is known as the Maxwellian
1
M(0) = p(2nT) 2 exp(—Juf)

Here p, T are the spatial averages of the local quantities above. Since this is a steady
state of the equation it becomes natural to ask whether the solution to Boltzmann’s
equation will eventually come close to the Maxwellian and if so how fast this will happen.

Throughout the rest of this thesis, we use the notation M (v) to refer to the normal-
ized Maxwellian with u =0,p =1 and T' = 1. That is

o[

M(v) = (2m) %2 exp(——-). (1.1.1)

We can also look at equations where instead of just transported, potentials are both
transported and confined. This allows us to have equilibrium states where the = variable

is in the whole of R?. The corresponding equation write

Oif +v-Vaof =VU(x) - Vof =Q(f, f).
where U (z) represents an external confinement force, in the following we introduce some

equations that are studied in the thesis.
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1.1.1 The kinetic Fokker-Planck equation

The kinetic Fokker-Planck equation is one of the simplest equations in kinetic theory.
It is a kinetic version of the Fokker-Planck equation which was developed by Fokker
[28], and Planck [59]. The Fokker-Planck equation is the PDE associated which is

corresponding to the Orstein-Uhlenbeck process,
Of =V (Vof +of),
The kinetic Fokker-Planck equation wirtes
Of +v-Vof —=VU(x)-Vof =V, (Vof +vf),

on the density f = f(t,z,v),t > 0,0 € R, x € T4 or z € R?. The associated equilibrium

state is )
VM (v) = exp(~(U@) + 120),

We look at the kinetic Fokker-Planck equation in Chapters [3] and [

1.1.2 The linear relaxation Boltzmann equation

The linear relaxation Boltzmann equation is the simplest example of a scattering equa-

tion from kinetic theory. It is also known as the linear BGK equation. We write it

atf+v-sz—VU(x)-va:HMf—f,
on the density f = f(t,z,v),t > 0,v € R, 2 € T? or 2 € R?, with

arf = ([ Sla,w)duw)M (o),

Here again the phase space is either R? x R? or T x R?. The equilibrium state is the
same as the kinetic Fokker-Planck equation.
0]

eV M (v) = exp(~(U(x) + )

There are variants of this equation that we do not study but exhibit similar behavior.

First we can generalize the collision kernel as
Ouf + v+ Vuf = VU@)-Vof = [ fla,u)k(v,wdu f,
R

here k(v,u) represents the rate of jumping from velocity u to velocity v.

Second we can look at the equation when the rate of collision depends on space, namely

hf+v-Vof =VU(x) - Vof = o(z)nf - f).

We look at the linear relaxation Boltzmann equation in Chapters
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1.1.3 The linear Boltzmann equation

We also look at the linear Boltzmann equation. This is a scattering type equation which
can be derived from microscopic dynamics with particles interacting with a heat bath.
The equation is

8tf+v'va:f_VU(x)'vvf: Q<f7M)7

where Q is the Boltzmann collision operator given before and M is defined in ((1.1.1)).
This equation is much simpler than the full Boltzmann equation. It is linear and is
the equation of the density for a Markov process provided B is sufficiently nice. The

spatially homogeneous linear Boltzmann equation

8tf = Q(f7 M)7

has been well studied.

We look at the linear Boltzmann equation in Chapters

1.2 Harris’s Theorem

Harris’s theorem [38, [41], [62] is a result from the theory of Markov processes. Reprov-
ing and rewriting Harris’s theorem in a PDE context is a subject of an ongoing work
from José Caiizo and Stéphane Mischler. Harris’s theorem shows quantitative rates of
convergence to equilibrium for processes satisfying two assumptions.

Now let us be more specific about Harris’s Theorem. We give the theorems and
assumption as in the setting of [4I] where they make it clear how the rates depend
on those in the assumptions. Markov operators can be defined by means of transition
probability functions. We always assume that (€2, S) is a measurable space. A function
S QxS — Ris a transition probability function on a finite measure space if S(z,-)
is a probability measure for every x and z — S(x,A) is a measurable function for
every A € §. We can then define P, the associated stochastic operator on probability
measures, by

Pu() = [ u(@n)S, ).
Since we are looking at a process we have Markov transition kernel S; for each t > 0,
and then an associated Markov semigroup P; where P; is defined from S; as above. In
our situation Py is the weak solution to the PDE with initial data p. If we define

M(Q) as the space of finite measures on (2, S) then we have that P; is a linear map
P M(2) = M(Q).

From the conditions on S; we see that P; will be linear, mass preserving and positivity
preserving. We can define the forward operator L, associated to S; by

d
&Sﬂﬁ T L.
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We begin by looking at Doeblin’s Theorem. Harris’s Theorem is a natural generator
to Doeblin’s Theorem. Harris’s and Doeblin’s theorems are usually stated for a fixed

time t,. In our theorems we work to choose an appropriate t,.

Hypothesis 1.2.1 (Doeblin’s Condition). We assume (P;):>0 is a stochastic semigroup,
coming from a Markov transition kernel, and that there exists t, > 0, a probability

distribution v and o € (0,1) such that for any z in the state space, we have
P, 6, > av.
Using this we prove

Theorem 1.2.2 (Doeblin’s Theorem). If (P;)i>0 is a stochastic semigroup satisfying
Doeblin’s condition (Hypothesis then for any two probability measures uy and s

and any integer n > 0, we have
IPf i — PLpellry < (1= a)"[lpa = pzfrv. (1.2:2)

As a consequence, the semigroup has a unique equilibrium probability measure [, and

for all
1P = p)lloy < 7€l = pllrv, £20, (1.2.3)
where loo(1
A= og(t —a) > 0.

Proof. This proof is classical and can be found in various versions in [41] and many
other places. We now sketch the proof.
Firstly we show that if P;d, > av for every z, then we also have Py > av for every

w. Here since P; comes from a Markov transition kernel we have
Ps.() = /St(z', 16,(d2") = Si(z, ).
Therefore our condition says that
Si(z,+) > av(:)

for every z. Therefore,
Puil) = [ Sz )ud2) > o [ v(u(dz) = av().
By the triangle inequality we have
[Pe.pt1 — Propzllrv < [[Peopn — vy + || Pep2 — av|| Ty

Now, since Py, p1 > av, we can write

| Progin — avfry = / (Popis — o) = / m—a=1-a
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due to mass conservation, and similarly for the term || Py, o — av|py. This gives

[Pr.pn = Propzlrv < 2(1 — a) = (1 = a)llpa — peflrv,

if p1, po have disjoint support. By homogeneity, this inequality is obviously also true
for any nonnegative p1,u2 having disjoint support with [ = [ pe. We obtain the
inequality in general for any pi, uo with the same integral by writing p1 — pe = (u1 —
w2)+ — (2 — p1)+, which is a difference of nonnegative measures with the same integral.

This proves
IPe.pi1 — Propzllry < (1 —a)llpn — pallrv- (1.2.4)
We then iterate this to obtain ([1.2.2]). The contractivity (1.2.4]) shows that the operator

P:, has a unique fixed point, which we call p,. In fact, u, is a stationary state of the

whole semigroup since for all s > 0 we have
P, Pspis = PsPr, pse = P,

which shows that Psu, (which is again a probability measure) is also a stationary state

of Py, ; due to uniqueness,

Pspisx = fls-

Hence the only stationary state of P; must be p., since any stationary state of P is in
particular a stationary state of P, .
In order to show ((1.2.3), for any probability measure p and any t > 0 we write

ko= |t/

(where [-] denotes the integer part) so that

t t
——1<k<—.
t t

* *

Then,

1Pe(ie = ) lov = 1Per. Prr (1 = ) [ov < Pt (1 = pa) I v

1
< (1= a)flp— pllry < T o

exp (tlog(1 — a)/t«) | — pe|lTv. O

Harris’s Theorem extends this to the setting where we cannot prove minorisation
uniformly on the whole of the state space. The idea is to use the argument given above
on the center of the state space then exploit the Lyapunov structure to show that any
stochastic process will return to the center infinitely often.

We make two assumptions on the behaviour of P, , for some fixed t:

Hypothesis 1.2.3 (Lyapunov condition). There exists some function V :  — [0, 00)
and constants D > 0, € (0,1) such that

(P.V)(z) <aV(z)+ D.
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Remark 1.2.4. We use the name Lyapunov condition as it is the standard name used for
this condition in probability literature. However, we should stress this condition is not
closely related to the Lyapunov method for proving convergence to equilibrium. We do

not prove monotonicity on a functional.

Remark 1.2.5. In our situation where we have an equation on the law f(t), this is

equivalent to the statement
/ £t 2)V(2)dz < a/ £(0,2)V(2)dz + D. (1.2.5)
S S

We usually verify this by showing that
d
7/ £t 2)V(2)dz < —)\/ £t 2)V(2)dz + K,
dt Js S

for some positive constants K and A, which then implies (T.2.5) for @ = e~ and

D=%1-eM) <Kt

The idea behind verifying the Lyapunov structure in our case comes from [50] where
they use similar Lyapunov structures for the kinetic Fokker-Planck equation. When we
work on the torus the Lyapunov structure is only needed in the v variable and the result
is purely about how moments in v are affected by the collision operator.

The next assumption is a minorisation condition as in Doeblin’s Theorem

Hypothesis 1.2.6. There exists a probability measure v and a constant 3 € (0,1) such
that

inf P, 0, > B,
zeC

where

C={z|V(2) < R}
for some R >2D/(1 — «).

Remark 1.2.7. Production of quantitative lower bounds as a way to quantify the posi-
tivity of a solution has been proved and used in kinetic theory before. For example it
is an assumption required for the works of Desvillettes and Villani [22), 23]. Such lower

bounds have been proved for the non-linear Boltzmann equation in [7 [§].

This second assumption is more challenging to verify in our situations. Here we use
a strategy based on our observation about how noise is transferred from the v to the x
variable as described earlier. The actual calculations are based on the PDE governing
the evolution and iteratively using Duhamel’s formula.

We define a distance on probability measures for every a > 0:

palpinsyiz) = [(1+aV (@, o))l — pol(dac).



12 CHAPTER 1. INTRODUCTION

Theorem 1.2.8 (Harris’s Theorem as in [50]). If Hypotheses|1.2.5 and|1.2.6 hold then
there exist & € (0,1) and a > 0 such that

Pa(Pr.pu1, Propiz) < apa(pa, p2)- (1.2.6)

Explicitly if we choose By € (0,8) and oy € (o« + 2D/R, 1) then we can set v = Bo/K
and & = (1= (8= Po)) vV (2+ Ryao)/(2+ Ry).

Remark 1.2.9. We have
min{1, a}p1(p1, p2) < pa(p1, p2) < max{l,a}p1(p1, p2).

The result follows if we can find an «g < 1 such that

p1(Pr, 11, Pr.p2) < aopalpi, p2)-

Assuming that u; and po have disjoint support and that V(z) > R. Then, by choosing
any a1 € (o, 1) and by Hypotheses and we obtain

p1(Prp1, Propz) <24 a(PV)(z) <24 aa(PV)(2) 4+ 2aD
<2+aai(PV)(2) +a(2D — (o — @)R).

If we ensure that R is sufficiently large so that (a1 — )R > 2D, then there exists some
B1 < 1 (depending on a) such that we have

p1(Pr, i1, Pr,pi2) < Brpalpen, pz2)-

Now, we determine a choice for a. We consider the case V(z) < R. To treat this case,

we split the measure p; as

1= ugl) + Mgz) where ]ugl)| <1, \,u?)] <aV(z), for all z € Q.
Then we have

p1(Poain Propin) < pr(Pou il Pl + pr(Propiz) < 2(1 = B) + aaV () + 2aD
<2- 28 +a(aR +2D).

Hence fixing for example a = /(aR + 2D) we obtain

P1(Prpr; Propz) <2 — B < (1= B/2)palp, p2),

since pg(p1, pe) < 2. Setting g = max{1 — /2, 81} concludes the proof. O
We can also iterate Theorem to get

pa(Pnt*Mla Pnt* M?) < O_énpa(ﬂly /1'2)’

Therefore we have that

,max{l,a}

mpl(ﬂla MZ)-

P1(Pnt, 11, Pt pi2) < &
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Remark 1.2.10. In this thesis we always consider functions V where V(z) — oo as
|z| = oo. In this case, we can replace C in Hypothesis with some ball of radius R’
which will contain C.

There are versions of Harris’s Theorem adapted to weaker Lyapunov conditions
which give subgeometric convergence [21]. We use the following theorem which can be
found in Section 4 of [39].

Theorem 1.2.11 (Subgeometric Harris’s Theorem). Given the forwards operator, L,
of our Markov semigroup P, suppose that there exists a continuous function V wvalued

in [1,00) with pre compact level sets such that

for some constant K and some strictly concave function ¢ : Ry — R with ¢(0) = 0
and increasing to infinity. Assume that for every C > 0 we have the minorisation
condition like Hypothesis|1.2.6, i.e. for some t, a time and v a probability distribution
and « € (0,1), then for all z with V(z) < C':

Pt* (SZ Z V.
With these conditions we have that

o There exists a unique invariant probability measure p for the Markov process and
it satisfies

[ovean < K.
o Let Hy be the function defined by

(" ds
1 ¢(3)'
Then there exists an constant C such that

Cv(V) ¢
[P = pllrv < H, (1) "o Hy)(0)

Hy

holds for every probability measure v.

Remark 1.2.12. Since ||Pyv — pl|rv < ||V — p||Tv we can use the fact that the geometric

mean of two numbers is greater than the minimum to see that

We will apply this abstract theorem as well as Harris’s Theorem to the PDEs we

study to show convergence when they only satisfy a weaker confinement condition.
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1.3 Hypocoercivity

The name hypocoercivity was first used by Villani in his mémoire Hypocoercivity [62].
He credits the name to Thierry Gallay to emphasize the link with hypoellipticity. Let
us begin by giving a definition of hypocoercivity.

Definition 1.3.13. If L is a linear operator, and let f(¢) to be the solution to the

equation

O0f+Lf=0, f(0)=fo,

at time ¢, if there exists constants C, A, such that for all initial data fy we have

LF @I < Ce M| foll,

then we say the equation is hypocoercive in the norm || - ||.

Remark 1.3.14. The operator is called coercive if this inequality is true with C = 1.

This inequality on the semigroup is equivalent to the generator L having a spectral

gap in the norm || - ||.

A key aspect of hypocoercivity is to try and prove constructive theorems which give
explicitly C'. In particular constructive estimates for C' which are important because it
allows us to know the time after which the convergence effects shown by the inequality
will act. An inequality of the form shown in hypocoercivity does not give any conver-
gence until so if C' is unknown and potentially very large the result may not hold in
the time frame for which the model is valid. This means it is not sufficient to know
the spectral gap for a non symmetric operator. However, even the spectral gap is not

computed when using many methods based on compactness.

Before hypocoercivity, there were many influential works showing convergence to
equilibrium. For example [29] 30} 3], [32], [33], 45} [61]. Another very influential paper was
[42] which studies convergence to equilibrium for the kinetic Fokker-Planck equation
with a confining potential in L? norm. This paper shows what we would now call
hypocoercivity as well as hypoellipticity for the kinetic Fokker-Planck equation with
a confining potential. This is a first example of what we will call L?-hypocoercivity
which is theorems which show hypocoercivity directly in weighted L? distances. This
paper was one of the influences for Villani’s seminal mémoire Hypocoercivity, [62]. In
this work Villani named and formalised the study of hypocoercivity. He proved a more
general result for hypoelliptic type operator in both H' and entropy distance, as well as
reformulating the work in [102] and discussing this in the context of his earlier work with
Desvillettes [22, 23]. In this section we review in more detail the proofs of hypocoercivity
in H', and in L?.
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1.3.1 H' Hypocoercivity

First we review equations in what Villani calls Hérmander sum of squares form. That
is
8tf+ZA*Af+Bf =0,
i

where A* is the conjugate of A in L?(yu) for some probability measure p and B = —B*.
A classical example of such an equation in this sum of squares form is the kinetic

Fokker-Planck equation.
atf+v'vrf: vv : (vvf+vf)a

Showing convergence to equilibrium for the kinetic Fokker-Planck equation is the main
goal of the methods based on Hormander sum of squares form. The abstract form

introduced in [62] allows us to see the importance of the commutator brackets.

Theorem 1.3.15. Consider a linear operator L = A*A + B (B antisymmetric), let
K = kerL and define C := [A, B]. Assume the existence of constants o, 8 such that

(1) A and A* commute with C'; A commutes with A (i.e. each A; commutes with each

Aj).
(2) [A, A*] is a-bounded relatively to I and A, i.e

vhe H'/K, ||[A, A"Jhl| < a(||AR]? +||R]?).

(3) [B,C] is B-bounded relatively to A, A%, C and AC, i.e

vhe H'/KC, ||[B,Clh|| < B(IAR| + || A% + ||Ch] + [[ACh]).

Then there is a scalar product ((-,-)) on H'/K, defining a norm equivalent to the H*

norm, such that
Vhe H'/K, ((h,Lh)) > K(|AR|* + |Ch|?),
for some constant K > 0, only depending on « and 5. If, in addition,
vhe HY/K, (|AR|* + |Ch?) = 7(h, ),

for some T > 0, then there is a constant A > 0, only depending on o, 8 and T, such that

Vh e H'/K, ((h,Lh)) > X((h, h)).
In particular, L is hypocoercive in H' /KC:
le ™ i ey e < Ce™™,

where both A and C' can be estimated explicitly in terms of upper bounds on a and 5,

and a lower bound on k.
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This theorem works well for kinetic Fokker-Planck equation on the whole space.
Hypocoercivity is first shown for this equation in [55].

We recall the kinetic Fokker-Planck equation in the whole space
hf=—v Vof +V,U(x) Vof + Apf +div(vf), (z,v)€ R xRY,
with the equilibrium is given by
1
foo = Ee—(U(ﬂc)Jr%lv\z)’
by a change of variable h = f/ fs, we have

Ohh = —v - Vgh + VU(z) - Voh + Ayh — v - Vb,

Denote
p(dzxdv) = foodzdv

Here we can write the equation in the form
L=A"A+ B.
In this case A =V,, B=v-V, — VU(x) -V, and define H! = H!(p)
hlho = [ (Vah(@, )+ [Voh(a, v)/P)a(dado),
R xR”
by direct computation
[A,A*] =1, C:=[A,B]=V,, [AC]=[A"C]=0,

and
[B,C] = V2U(x) - V,.

We then have

Theorem 1.3.16. Let L be the operator for the kinetic Fokker-Planck equation, U be
a C? potential in R™, satisfying

IV2U| < (1 + |VUJ),
for some constant ¢ > 0 and there exist k > 0 such that
/|vmh(x)|2e*U(x>dx > k[/ h2e U — (/ he=Y)?,

for all h good enough. Then there are constants C' > 0 and \ > 0, explicitly computable,
such that for all ho € H' (1),

lle " ho — /hodMHHl(u) < Ce ol 1 -
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1.3.2 L? Hypocoercivity

L? hypocoercivity was developed in [38] to show hypocoercivity for the linear relaxation
Boltzmann equation. It was then generalized in [19] to give a strategy for showing
hypocoercivity for a range of kinetic equations with one conservation law. We briefly

describe the results of [19]. Here we write an abstract kinetic equation
Wf+Tf=LJ,

The idea of this theorem is that hypocoercivity can be seen as the combination of

two effects.

e Microscopic coercivity which is coercivity on the kinetic level. There exist A, > 0
such that

_<Lf7 f>L2(,LL_1) > )‘mH(I - H)fHLQ(,u—l)a
i.e. the equation pushes the solution toward the set of local equilibria.

e Macroscopic coercivity which is coercivity on the level of the hydrodynamic limit
equation. This is seen through coercivity of the operator T' on the set of local
equilibria, there exists M > 0 such that

ITTf |21y = A lTLF [ 220y

Theorem 1.3.17. (Dolbeault-Mouhot-Schmeiser ’15). Suppose that T, L satisfy the
microscopic and macroscopic coercivity assumptions. Suppose further that IITTI = 0
and various auxiliary operators are bounded. Then, there exists constants C, A > 0 such
that

1" E=D) fll 2 -1y < Ce™™| fll 21y

Like in H! hypocoercivity the proof proceeds by showing an entropy-entropy pro-
duction inequality for a functional which is equivalent to our desired distance. In this
case the functional has a very different form. The proof of hypocoercivity in L? then

begins by constructing the new norm to the space

1
H(f) = §Hf\|%2(u—1) +e(Af, e

where

A= 1+ (T)*TI)~H(TT)*.
In [38, [42] the new entropy constructed has a similar form. The main disadvantage of
this approach is that it can currently only deal with equations with one conservation law.
In general H; hypocoercivity methods do not work for equations with a confinement
potential which are also not a diffusion. It can also be extended to work with equations
where the equilibrium measure is not explicit and so no Poincaré inequality is known

as in [4].
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1.4 List of works

In this section we list some of the works we will present in the following chapters.

1.4.1 The Kinetic Fokker-Planck equation with weak confinement

This work is accepted by Communication in Mathematical Sciences. In this work, we
consider the weak hypocoercivity issue for a solution f to the kinetic Fokker-Planck

equation
Of=Lf:=—v-Vof +V,V(z) Vof + Apf + divy(vf), (1.4.7)

on a function f = f(t,z,v), with t > 0, 2 € R?, v € R? The evolution equation
(5.4.44)) is complemented with an initial datum

£(0,-) = fo on R,
and we make the assumption on the confinement potential V'
V(z) ={x)", v€(0,1),

where ()2 := 1 + |z|?. Let us make some elementary but fundamental observations.

First, the equation is mass conservative, that is
M(f(t,-) = M(fo), Vi =0,
where we define the mass of f by
M(f) = /]Rded fdzdo.

Next, we observe that the function

2
G=z"1eW, W= “}2’ +V(z), ZeRy (1.4.8)

is a positive normalized steady state of the KFP model, precisely
LG=0, G>0, M(G)=1,

by choosing the normalizing constant Z > 0 appropriately. Finally we observe that,

contrary to the case v > 1, a Poincaré inequality of the type
>0, [ @ exp(-V@)de < [ Vo) exp(~V (x))da,
R R
for any smooth function ¢ : RY — R such that

/d o(x) exp(=V (z))dz =0,
R
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does not hold. Only a weaker version of this inequality remains true (see [43], 60]).
In particular, there is no spectral gap for the associated operator £, nor is there an
exponential trend to the equilibrium for the associated semigroup.

For a given weight function m, we will denote LP(m) = {f|fm € LP} the associated
Lebesgue space and || f||r(m) = [|fm|» the associated norm. The notation A < B
means A < CB for some constant C' > 0.

The main result is writes as follows.

-1
Theorem 1.4.18. (1) For any initial datum fo € Lp(Gf(ijLe)), p € [1,00), € >
0 small, the associated solution f(t,-) to the kinetic Fokker-Planck equation

satisfies

1F(#;-) = M(fo)

21 S e\ fo — M(fo)

G”LP(G7PT p;1+e))7

G
HLP(G*

for any b € (0, 5) and some constant C' > 0.
(2) For any initial datum fo € L'(m), m = H*, H = |z|?>+|v|>+1, k > 1, the associated
solution f(t,-) to the kinetic Fokker-Planck equation satisfies

k

1f(t,) = M(f)Gllr S (L +1t) T fo — M(f0)Gll11 (m)-

The constants in the estimates only depend on v, d, e, p, k.
Remark 1.4.19. Let us emphasize the lost of tail control in both estimate in Theorem
which is reminiscent of decay estimates in sub-geometric contexts.

Remark 1.4.20. In the results above the constants can be explicitly estimated in terms
of the parameters appearing in the equation by following the calculations in the proofs.
We do not give them explicitly since we do not expect them to be optimal, but they are

nevertheless completely constructive.

Remark 1.4.21. Theorem [2.4.39|is also true when V' (x) behaves like (z)7, that is for any
V(z) satisfying

Ci(x)” < V(zx) < Cyx)”, Vzxe Rd,

Calz|(z)™! < x-V,V(x) < Cylz|{x)"!, Vz € BS,

with Bp is denote the ball centered at origin with radius R and Bf, = R¢\ Bg, and
D2V (z)| < C5(x)72, Va € RY,

for some constants C; > 0, R > 0.

We carry out the proof by a combination of the L? hypocoercivity method introduced
in Section|L.3] an interpolation between weight spaces which is common in sub-geometric

proofs and finally an hypoelliptic regularization. One advantage of the method in this
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paper is that it can yield convergence on a wider range of initial conditions and L? space,
while previous proofs of convergence to equilibrium mainly using some strong L' norms
(probability method) or L? norms (PDE methods). Also the method provides a quan-
titative rate of convergence to the steady state, which is better than non-quantitative
type argument such as the consequence of Krein-Rutman theorem. While our method

also have some disadvantage, it requires the equation has an explicit steady state.

Perspectives

A natural next step would be try to extend the results to other spaces such as Wasser-
stein distance. And another next step might be to investigate weak hypocoercivity for
other commonly studied kinetic equations. The work in Chapters 4 shows some results
for some similar models with different methods. It would be interesting to see how this

method will work for other kinetic models.

1.4.2 Kinetic Fokker-Planck type equation with general confinement

In this work, we consider the kinetic Fokker-Planck (KFP for short) equation with

general force
Ohf = Lf = —v-Vaf + VoV (@) - Vof + A f +div(V,W(0) ), (1.4.9)
for a density function f = f(t,z,v), with t > 0, 2 € R%, v € R¢, with
v =2y s1 wey = s
where ()2 := 1+ |z|?, and the kinetic Fitzhugh-Nagumo equation
Oif = Lf = 0u(A(z,v)f) + 0y (B(z,v)f) + 02, f (1.4.10)

with
A(z,v) =ax —bv, B(z,v)=v(v—-1)(v—A)+=x

for some a, b, A > 0. The evolution equations are complemented with an initial datum
f0,z,v) = fo(xz,v) on R,
It’s easily seen that both equations are mass conservative, that is
M(f(t,-)) = M(fo),

And we can introduce the main result.
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Theorem 1.4.22. (1) When 2 < 5,1 < ~, there exist a weight function m > 0
and a nonnegative normalized steady state G € L'(m) such that for any initial da-
tum fo € L'(m), the associated solution f(t,-) of the kinetic Fokker-Planck equation

satisfies
1f(t,) = M(f0)Gll L1 (m) < Ce M| fo — M(f0)Gll 113y

for some constant C, \ > 0.

(2) The same conclusion holds for the kinetic Fitzhugh-Nagumo equation (1.4.10).

In the results above the constants C' and A can be explicitly estimated in terms of
the parameters appearing in the equation by following the calculations in the proofs.
We do not give them explicitly since we do not expect them to be optimal, but they are

nevertheless completely constructive.

Remark 1.4.23. Similarly as before, Theorem [1.4.22|is also true when V' (z) behaves like
(z)7 and W (v) behaves like (v)?, that is for any V() satisfying

Ci(z)? < V(x) < Ox(x)?, Vo eRY,

Cg|x]<:1:)7*1 <z-V,V(z)< C4|.CE’<$>771, Vx € B,

and
DMV (z)| < Colx)'™2, Vo eRY Vn>2,

for some constant C; > 0, R > 0, and similar estimates holds for W (v).

For the kinetic Fitzhugh-Nagumo equation , an exponential convergence with
non-quantitative rate to the convergence has already been proved in [53], our method
improves the result to a quantitative rate.

We carry out all of our proofs using variations of Harris’s Theorem for Markov
semigroup introduced in Section One advantage of the Harris method is that it
directly yields convergence for a wide range of initial conditions, while previous proofs of
convergence to equilibrium mainly use some strongly weighted L? or H! norms (typically
with a weight which is the inverse of a Gaussian). The Harris method also gives existence
of stationary solutions under general conditions; in some cases these are explicit and
easy to find, but in other cases such as the two models above they can be nontrivial.
Also the Harris method provides a quantitative rate of convergence to the steady state,
which is better than non-quantitative type argument such as the consequence of Krein

Rutman theorem.

Perspective

The most natural next step from this proof would be to try to extend it to subgeometric

cases. This would be more challenging since the proof uses Nash’s inequality, which does
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not allow us to interpolate between weights, which is common in proof for subgeometric
cases.

Another direction would be to extend this method to other kernels. For example,
try to use such methods work for a fractional Laplacian operator.

Also a good direction would be to think about what would happen when at least one
of v and 3 is smaller.In a weak case there maybe no exponential convergence. When all

~v and [ are weak, the equation would probably behave like a heat equation.

1.4.3 Hypocoercivity via Harris’s theorem for kinetic equations with

jumps

This work is done in collaboration with José Canizo, Josephine Evans and Havva
Yoldag. The work is accepted by Kinetic and Related Models.

Harris’s theorem has been used to show convergence to equilibrium for kinetic equa-
tions. In [50] they show convergence for kinetic Fokker-Planck equations using Harris’s
theorem. They do not verify the minorisation condition with a quantitative method.
Therefore the end result is not quantitative. In [5] they show convergence to equilibrium
using Harris’s theorem for various scattering equations that includes equations similar
to the ones studied in these chapters. Again it gives rates which are not quantitative.
In [I6] the authors use Doeblin’s theorem to prove quantitative rates of convergence for
some non-linear kinetic equations on the torus with a non equilibrium steady state.

In this work we study 4 different kinetic equations with jumps. The linear relaxation
Boltzmann equation and the linear Boltzmann equation both with a confining potential
and on the torus. We show convergence to equilibrium in a weighted total variation
distance with quantitative rates. The weighting is comparable to U(x) + |z|? + |v|?
where U(x) is the confining potential. A similar method using Harris’s theorem to get
quantitative rates for jump equation has been used in [14], [34] to show convergence to
equilibrium for equations modelling biological processes. Now we briefly introduce the
notations and the results.

We recall the linear relazation Boltzmann equation is given by
Of+v-Vuf —(Va®-Vof)=LTf — f, (1.4.11)

where oHf = (/ f(t’gj”u,)du) M(v),

® is a C? potential and M(v) := (27m)~ %2 exp(—|v|?/2) as before, similarly the linear

Boltzmann equation is given by
O f +v-Vof = (Va® -V, f) = Q(f, M), (1.4.12)

where (@) is the Boltzmann operator

QU9 = [ [ Blo =0 (f()a(wl) = Fv)g(v.) dodu,
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P N , vt v v —
v = g, Vy = - g,
2 2 2 2
and B is the collision kernel. We assume that B is a hard kernel and can be written as

a product

B(|lv —vs|,0) = [v —v|" b (a- i ) , (1.4.13)

v — 04
for some v > 0 and b integrable and uniformly positive on [—1,1]; that is, there exists
Cp > 0 such that
b(z) > Cy for all z € [—1,1]. (1.4.14)

As before, alternatively we consider the same equation posed for z € T¢, v € R?, without

any potential ®:
Of +v-Vof =Q(f, M).

The precise results are the following.

Theorem 1.4.24 (Exponential convergence results on the torus). Suppose that t — f;
is the solution to (1.4.9) or (1.4.12) with initial data fo € P(T? x RY). In the case of
equation (1.4.12)) we also assume (1.4.13) with v > 0 and (1.4.14)). Then there exist

constants C > 0, A\ > 0 (independent of fy) such that

I1fe — plls < Ce M| fo — plls

where u is the only equilibrium state of the corresponding equation in P(T% x R?) (that

is, p(x,v) = M(v)). The norm ||-||« is just the total variation norm || -||rv for equation

(D,
Ifo=nlle = o= nllryi= [ [ 1= pldzde  for equation (LTI,
and it is a weigthed total variation norm in the case of equation .'
fo=nlle= [ [ A+ 1)lfo—uldedv  for cquation (LLID).

Theorem 1.4.25 (Exponential convergence results with a confining potential). Suppose

that t — f; is the solution to (1.4.11)) or (1.4.12)) with initial data fo € P(R? x RY) and
a potential ® € C?(RY) which is bounded below, and satisfies

x - V®(z) > ’yl]aﬁ\Q + 2P (z) — A, z e RY,

for some positive constants v1,7v2, A. Define (x) = \/1+ |z|?. In the case of equation
(11.4.12)) we also assume (1.4.13), (1.4.14)) and

x-Vo®(z) >m (:U>7+2 + 7®(x) — A,

for some positive constants 1,72, A. Then there exist constants C > 0, A > 0 (indepen-
dent of fo) such that

1fe = plls < Ce || fo — plls
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where i is the only equilibrium state of the corresponding equation in P(R? x R?),
dp = M(v)e ®@ dudz.

The norm || - ||« is a weighted total variation norm defined by

1
1=l o= [ (1 Glol? + B(a) + [of? ) 11—l dvd.

Theorem 1.4.26 (Subgeometric convergence results with weak confining potentials).
Suppose that t — fi is the solution to (1.4.11)) in the whole space with a confining
potential ® € C2(R?). Define (x) = \/1+ [z[2. Assume that for some 3 in (0,1) the

confining potential satisfies
x-Va®(x) > v ()2 4+ 4®(z) — A,

for some positive constants v1,7v2, A. Then we have that there exists a constant C > 0
such that

| fi—pllry < min{Hfo ~pllrv. € [ fo(a.v) (1 + ol (o) + W) 1+ t)ﬂ/w)} |

Similarly if t — f; is the solution to (1.4.12]) in the whole space, satisfies (|1.4.13)),
(1.4.14) and

- Vo®(@) 2 7 (2) T+ @) — 4, (x) < y3(2)"H7,

for some positive constants 1,72, A, 5,7v3. Then we have that there exists a constant
C > 0 such that

. 1 _
Il ft — pllrv < min {Hfo — pllrv, C'/fo(x,v) (1 + §|v|2 + O(x) + |x> (1+1) 3} .
In fact, our methods works for any kinetic equation with jump as
Of =~ Vof +VU(@) - Vuof = [ K(o.u)f(w,0)dv— 1,
R

and true when R? is replaced by some ball contains the origin. For example this method

works for the "run-and-tumble" equation discussed in [51].

Of = Lf = —v-Vof + / K'f — Kfd,
y
with
K=1+ %sign(m -v), V=B(0,R)

and K = K(z,v,v") > 0. Here we used the shorthands f' = f(t,z,v') and K' =
K(z,v,v).
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Perspectives

This method works very well for kinetic equations with jumps. It seems hopeful that
it could be applied to many more models. It seems likely that these ideas could be
applied to relaxation equations with spatially inhomogeneous jump rates. For example
it is an open problem to show quantitative rates of convergence to equilibrium for the

equations

Oif = —v-Vof +VU(z) - Vof +o(z)(ILf = f),

where o(z) is a function which vanishes at more than isolated points. It is known
in [2, 3] that this equation will converge exponentially fast to the equilibrium in L!
provided o(x) satisfies the geometric control condition but there is no quantitative rate.

Another possible application would be to look at the linear Boltzmann equation
with soft potentials. In this chapter we look at the hard potential case and with cut off.
There is a version of Harris’s theorem which will give sub geometric rates of convergence
given a weaker Lyapunov condition. It seems likely that we could apply this to the linear
Boltzmann equation with cut off and soft potentials to establish rates of convergence.

Also another direction would be to discuss if the results would work for other spaces
than L' (Harris method) or L? (DMS methods).
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Chapter 2

Introduction en Francais

Cette thése concerne principalement la convergence vers 1’équilibre pour les équations
cinétiques. Nous introduisons d’abord la théorie cinétique et ’équation de Boltzmann.
Ensuite, nous introduisons une gamme d’équations qui seront discutées tout au long de
ce travail. Aprés cela, nous passerons en revue quelques travaux classiques existants
sur la convergence vers ’équilibre, en mettant ’accent sur I’hypocoercivité. Enfin, nous

décrivons briévement le contenu de chacun des chapitres.

2.1 Equation Cinétique

La théorie cinétique a été développée au 19éme siécle, notamment par Boltzmann et
Maxwell, dans la modélisation des gaz dilués. Les équations cinétiques modélisent
I’évolution d’un gaz 4 une échelle intermédiaire entre la description microscopique don-
née par les lois de Newton et une description fluide macroscopique. Si nous avons un
systéme de N particules effectuant une dynamique déterministe ou stochastique, nous

pouvons écrire leur distribution conjointe au temps t

Fn(t, 21, 22...,25) > 0.

Dans ce cas, z; est soit v;, la vitesse de la iéme particule, soit (z;;v;), la position et la
vitesse de la ¢éme particule. Nous observons le cas ot cette équation modélise un grand
nombre d’agents impossibles & distinguer, par exemple des particules de gaz. Nous
étudions les particules qui interagissent dans un gaz selon les lois de Newton, puis elles

suivront les équations suivantes:

.7}7;:111'
]

27
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ol F(j,i) est la force agissant sur la particule ¢ due & la particule j et F est une force
externe. Pour les gaz de collision, ’équation obtenue dans ce processus, via 1’échelle de

Boltzmann-Grad, est I’équation de Boltzmann

8tf+vvxf:Q(f7f)7

ou
QU9 = [, [ Bllo=ul.(v =0 )(f(W)a(w)) = (W)g(v.))dod,
avec
;o vt Ul v — R e o
-2 S

B est appelé le noyau de collision. Ici f = f(t,z,v) représente la densité dans l'espace
de phase d’une seule particule dans I'ensemble et t > 0,2 € R% v € R%. Nous pouvons

observer ici la structure générale d’'un équation cinétique de collision

8tf+’l)vmf :L(f)7

ou lopérateur v - V., f provient du terme de transport défini dans la loi de Newton.

L’opérateur L(f) n’agit que sur la variable de vitesse v, en mettant

p(@) = [ fw0)dv.
la densité locale
u(z) = — /’Uf(x,v)dv,
la vitesse locale et
7(0) = —— [ Ju=ulx) Pf(x,0)do
p(z) C

la température locale. La solution & I’équilibre de I’équation de Boltzmann a été dérivée

par Maxwell

1
M(v) = p(2n )2 expl(— o)
Dans la suite de cette thése, nous utilisons la notation M (v) pour désigner la nor-

malisée Maxwellien avec u =0,p=1et T = 1. C’est

v 2
M () = (27 exp(~ 1),

Nous pouvons également regarder les équations ou les potentiels sont confiné.

Orf +v-Vof =VU(x)-Vof =Q(f, f).
ou U(x) représente une force de confinement externe. Dans ce qui suit, nous introduisons

quelques équations qui sont étudiées dans la thése.
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2.1.1 Equation de Fokker-Planck Cinétique

L’équation de Fokker-Planck cinétique est I'une des équations les plus simples de la
théorie cinétique. C’est une version cinétique de ’équation de Fokker-Planck développée
par Fokker [28] et Planck [59]

O f =V, - (va +Uf)7

L’équation de Fokker-Planck cinétique est

8tf+v'va:f_VU(x) va :Vv : (vvf+vf)7

sur la densité f = f(t,z,v),t > 0,v € RY, 2z € T¢ ou € R?. L’état d’équilibre associé

est

V1 (0) = expl (0 (a) + L),

Nous examinons 1’équation de Fokker-Planck cinétique en Chapitre [3] et

2.1.2 Equation de relaxation linéaire

L’équation de relaxation linéaire est ’exemple le plus simple d’équation de diffusion de

théorie cinétique. Elle est également connue sous le nom d’équation de BGK linéaire

atf"’”'vxf_VU(z)'vvf:HMf_fa

sur la densité f = f(t,z,v),t > 0,0 € R4, x € T ou z € R?, avec
arf = ([, (o u)du) M),

I’espace de la phase est soit R? x R? ou T¢ x R?. L’état d’équilibre est

v 2
VM (0) = exp(~ (U (=) + 1),

Nous examinons 1’équation de relaxation linéaire en Chapitre
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2.1.3 Equation de Boltzmann linéaire

L’équation de Boltzmann linéaire est

8tf+v'vxf_VU(x)‘vvf: Q(f7M)7

ou Q est I'opérateur de collision de Boltzmann donné par
QU9 = [, [, Bllo =l =0 )(f()g(w)) = SR)g(v.))dodv,

et M est défini avant. Cette équation est beaucoup plus simple que 1’équation de Boltz-

mann.

Nous examinons I’équation de Boltzmann linéaire en Chapitre

2.2 Théoréme de Harris

Le théoréme de Harris [38, 41} [52] est un résultat de la théorie des processus de Markov.

Nous commencons par regarder le théoréme de Doeblin. Le théoréme de Harris est
un générateur naturel du théoréme de Doeblin. Les théorémes de Harris et de Doeblin
sont généralement énoncés pour un temps fixe t,. Dans nos théorémes, nous travaillons

pour choisir un ¢, approprié.

Hypothesis 2.2.27 (Doeblin). Si (Pt)i>0 est un semi-groupe stochastique, et il existe
t. > 0, une distribution de probabilité v et o € (0,1) tel que, pour tout z dans l’espace

d’état, nous avons

'Pt* 5;: > av.

Theorem 2.2.28 (Doeblin). Si (P:)i>0 est un semi-groupe stochastique satisfaisant

Uhypothése avant, pour deur mesures de probabilité py et us et pour tout entier n > 0
IPf iy — Py pllry < (1= @)®[|pa — pzl oy (2.2.1)

En conséquence, le semigroupe a un équilibre unique iy, et pour tous les p

e Ml — plloy, >0, (2.2.2)

— 1y <
IPupe = )y < =
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ot

~ log(1 — o)
-

A > 0.
Le théoréme de Harris étend le théoréme de Doeblin.
Hypothesis 2.2.29 (Lyapunov). Il eziste une fonction V : Q — [0,00) et constantes
D >0,a€(0,1) tel que
(P.V)(2) <aV(z)+ D.

Remark 2.2.30. Dans notre situation o nous avons une équation sur la loi f(t), cela

équivaut 4 la déclaration
/ £t 2)V(2)dz < a/ £(0,2)V(2)dz + D.
S S
Nous vérifions cela par

d
a/sf(t, 2)V(z)dz < —)\/Sf(t, 2)V(z)dz + K,

pour certaines constantes K and ), ce qui implique la condition pour o = e ™M et

D=25%01-eM) <Kt

Hypothesis 2.2.31. (Harris) 1l existe une mesure de probabilité v et une constante
B € (0,1) tel que

inf Py, 6, > B,

zeC

ot

C={z|V(2) < R}
pour une R > 2D /(1 — «).

Dénoter
Paljins i2) = / (1+ aV(z,v))lp — p2] (dzdv).

Theorem 2.2.32 (Harris). Si les deuz hypothéses sont vérifiées, il existe a € (0,1) et
a >0 tels que

Pa(Pr.p1, Propi2) < apalpa, po)- (2.2.3)
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Il existe des versions du théoréme de Harris adaptées aux conditions de Lyapunov

plus faibles.
Theorem 2.2.33. 1l existe une fonction V tel que
LV <K —¢(V),

pour une constantes K and une fonction strictement concave ¢ : Ry — R avec ¢(0) =0
and ¢(00) = oo et Il existe une mesure de probabilité v et une constante § € (0,1) tel
que

ilelg Pr,0. > Bu,

C={zlV(z) <R}
. Nous avons

e [l existe une mesure invariante p et

/ 6(V(2))du < K.

v ds
Hy = / .
)
. Ensuite, il existe une constante C telle que

Cv(V) ¢
[P — pllry < H(;l(t) - (¢o del)(t)

o Hy est

pour toute mesure de probabilité v.

2.3 Hypocoercivité

Le nom hypocoercivité a été utilisé pour la premiére fois par C. Villani dans sa mémoire

em Hypocoercivity [62]. Commengons par donner un définition de I’hypocoercivité.

Definition 2.3.34. Si L est un opérateur linéaire, et que f(t) soit la solution & ’équation

Wf+Lf=0, f(0)=fo,
au temps t, s’il existe des constantes C, A, telles que pour toutes les données initiales fj

nous avons
—A
IF@I < Ce™ | fol,

on dit alors que I’équation est hypocoercive dans la norme || - ||.

Remark 2.3.35. L’opérateur est appelé coercitif si cette inégalité est vraie avec C' = 1.

Cette inégalité sur le semi-groupe est équivalente au générateur L ayant un intervalle

spectral dans la norme || - ||.
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2.3.1 Hypocoercivité dans H'

On considére les équations du type
8tf+ZA*Af+Bf =0,
i

*

oti A* est le conjugué de A dans L?(u) pour une mesure de probabilité u et B = —B*.

Un exemple classique est I’équation de Fokker-Planck cinétique
atf‘i'v'vxf: \E (vvf+vf)a

Theorem 2.3.36. Considérons un opérateur linéaire L = A*A+ B (B* = —B), définir
K = kerL, C = [A, B]. Supposer lexistence de constantes a, 3 tel que

(1) Pour A et A*
[A’ C] = [A*’C] = [A’ A*] =0,

(2) Pour [A, A*]

vhe H'/KC, ||[A, A"Jhl| < a(||ARI* + [|R]?).

(3) Pour [B,C]

vhe H'/KC, ||[B,Clh|| < B(IAR| + || A% + ||Ch| + [ ACH]).

Ensuite, il existe un produit scalaire((-,-)) sur H'/K, équivalent ¢ H' norm, tel que
vhe HYK, ((h,Lh)) = K (| AR + |CHIP),
pour une constante K > 0, seulement dépendant de o et 5. Si, en plus
vhe H'/K, (|Ah|* + |ChI*) = 7(h, h),
pour une T > 0, il existe une constante A > 0, seulement dépendant de o, 8 et T, tel que
Vhe H'/K, ((h,Lh)) = A((h,h)).
En particulier, L est hypocoercif dans H' /K :
le™ e sy < Ce ™.

Ce théoréme fonctionne bien pour I'équation de Fokker-Planck cinétique. Nous

rappelons I’équation de Fokker-Planck cinétique
hf=—v Vaof +V,U(x) Vof + Apf +div(vf), (z,v) € R xRY,

avec ’équilibre est
foo = %efwww%m?),
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dénoter h = f/ fs, nous avons
Oth = —v -V h+ VU (x) - Vyh + Ayh —v - Vyh,

dénoter
u(dzdv) = foodxdv

nous avons

L=A"A+ B.

avec

A=V, B=v-V,—VU(z)-V,

et H! = H(p)

e = [ (Fah(a, o) +Vuh(e, ) Pu(dado),

nous avons
[A, A" =1, C:=[AB]=V,, [AC]=[A"C]=0,

et
[B,C) = V?U(z) - V,.

Nous avons

Theorem 2.3.37. Soit L Uopérateur de l’équation de Fokker-Planck cinétique, U est

un potentiel C? dans R", et

|V2U| < (1 + |VU)),

pour une constante ¢ > 0 et il existe k > 0 tel que
/|Vxh(a:)|2e’U(‘”)da: > k:[/ h2e~U — (/ he V)2,

pour tout h. FEnsuite, il existe des constantes C > 0 et A > 0, telles que pour tout
ho € Hl(u)

e~ — [ hodbllangy < Ce™ ol oy
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2.3.2 Hypocoercivité dans L?

L’hypocoercivité en L? a été développée dans [38] pour montrer une hypocoercivité pour
la équation de relaxation linéaire. Il a ensuite été généralisé dans [19] pour donner une
stratégie de démonstration de I’hypocoercivité pour une gamme d’équations cinétiques

avec une loi de conservation. Pour
f+Tf=LJ,
Theorem 2.3.38. (Dolbeault-Mouhot-Schmeiser ’15). Si nous avons

e [l existe A\, > 0 tel que
—(Lf, Flr2u-1) = Amll(I =10 fll 21y
o [l existe M > 0 tel que

|TILf (| 21y = AmIILf (| 21y

Supposons en outre que IITII = 0 et que les opérateurs sont borné. Ensuite, il existe

des constantes C, A > 0 tel que

Het(LfT)me(u*l) < Cefkt”f”L?(M’l)'

La preuve commence par la construction d’une nouvelle norme

1
H(f) = §||f||%2(,fl) +e(Af, e

avec

A= 1+ (TI*TH) " Y(TI)*.

2.4 Liste des résultats

Dans cette section, nous énumérons certains des résultats présentés dans les chapitres

suivants.

2.4.1 Equation de Fokker-Planck cinétique avec confinement faible

Ce travail est accepté par Communication in Mathematical Sciences. Dans ce travail,

nous considérons la équation de Fokker-Planck cinétique avec confinement faible

Of=Lf:=—v-Vof + V,V(x) - Vof + Ay f +divy(vf), (2.4.4)
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sur une fonction f = f(t,z,v), avec t > 0, € R, v € RY. et
f(0,-) = fo,
le potentiel de confinement V' est
Viz) =(x)?, ~€(0,1),
ot (z)? := 1+ |z|>. La masse est conservée
M(f(t,-)) = M(fo), VE=0,

ou la masse de f est

Et nous avons

G=z"'eW W="T4+V(), ZecR; (2.4.5)

est un état stable normalisé et positif
LG=0, G>0, M(G)=1,

pour une constante Z > 0.

Pour une fonction m, on note LP(m) = {f|fm € LP} I'espace de Lebesgue associé
et || fllze(m) = Ifll» la norme associée. La notation A < B signifie A < C'B pour une
constante C' > 0.

Le résultat principal est
—1
Theorem 2.4.39. (1) Pour toute fy € LP(G_(pT+€)), p € [1,00), € > 0 small, la
solution f(t,-) d l’équation de Fokker-Planck cinétique est

t,) — b1 < e Oy — p—1
150 = MUDGI s £ fo = MUDGI oo

Pour toute b € (0, 5-) pour une constante C' > 0.
(2) Pour toute fo € L*(m), m = H*, H = |z|?> + [v|> + 1, k > 1, la solution f(t,-) d

[’équation de Fokker-Planck cinétique est

k

1£(t,) = M(f)Gllr S (L +1) 3| fo — M(fo)Gll 11 (my.

Remark 2.4.40. Dans les résultats ci-dessus, les constantes peuvent étre explicitement
estimées en termes de les paramétres apparaissant dans ’équation en suivant les calculs
dans les preuves. Nous ne les donnons pas explicitement car nous ne nous attendons

pas a ce qu’ils soient optimaux, mais ils sont néanmoins complétement constructifs.
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Remark 2.4.41. Le théoréme est également vrai si V(x) satisfait

Cy(z)" < V(z) < Colx)?, Vax e Rd,

Cslz[(z)"™! <x-V,V(x) < Cylz|{x)"!, Va € B,
avec Bp, la balle centrée & l'origine avec le rayon R et Bf, = R%\ Bg, et
D2V (z)| < Cs(x)?72, Vo € R,

pour une constante C;, R > 0.

2.4.2 Equation de Fokker-Planck cinétique avec force générale

Dans ce travail, nous considérons la équation de Fokker-Planck cinétique avec force

générale

Of=Lf:=—v -Vof + V. V() Vyof + Apf + divy(V,W(v)f),

sur une fonction f = f(t,z,v), avec t > 0, x € R, v € RY. et

£(0,-) = fo,

et avec

L, Ww)=-—2-, B2>2,
ot (z)2 := 1+ |z|?, et 'équation de Fitzhugh-Nagumo cinétique
Onf = Lf = 0u(Aw,v) f) + 0u(B(z,0)f) + 0}, f

avec

A(z,v) =ax —bv, B(xz,v)=vlv—-1)(v—-A)+=z
pour une constante a,b, A > 0. La masse est conservée
Le résultat principal est

Theorem 2.4.42. (1) 04 2 < 3,1 < ~, il existe une fonction m > 0 et un état stable
normalisé non négatif G € L*(m). Pour toute fo € L*(m), la solution f(t,-) d I’équation

de Fokker-Planck cinétique est

1£(t,) = M(f0)GllLi(my < Ce M| fo — M(f0)Gll 11 (m)-
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pour une constante C; A > 0.
(1) Il existe une fonction m > 0 et un état stable normalisé non négatif G € L'(m).
Pour toute fo € L'(m), la solution f(t,-) d I’équation de Fitzhugh-Nagumo cinétique

est

1f(t.) = M(f0)Gll L1 my < Ce || fo — M(fo) G|l 1 (m)-

Remark 2.4.43. Dans les résultats ci-dessus, les constantes peuvent étre explicitement
estimées en termes de les paramétres apparaissant dans I’équation en suivant les calculs
dans les preuves. Nous ne les donnons pas explicitement car nous ne nous attendons

pas a ce qu’ils soient optimaux, mais ils sont néanmoins complétement constructifs.

Remark 2.4.44. Le théoréme est également vrai si V(x) satisfait

Ci(z)? < V(x) < Ox(x)?, Vo eRY,

Cslz|(z)"™! <2 -V, V(x) < Cylz|{x)"!, Vac B,

avec Bp, la balle centrée & l'origine avec le rayon R et Bf, = RY\ Bg, et
D2V (z)| < C5(x)72, Vz € RY,

pour une constante C;, R > 0, et pareil pour W (v).

2.4.3 Hypocoercivité via le théoréme de Harris pour les équations
cinétiques

Ce travail est en collaboration avec José Canizo, Josephine Evans and Havva Yoldas.
Ce travail est accepté par Kinetic and Related Models.

L’équation de relaxation linéaire est

atf+v'vmf_(vz(b'vvf):£+f_fa

ou

L= (/ f(t,:c,u)du) M(v),

® est C2 and M(v) := (27)~ %2 exp(—|v|?/2). L’équation de Boltzmann linéaire est

atf+v . v:):f - (vxq) : va) = Q(f,M)a
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ou (@ est le opérateur Boltzmann
QU = [, [ Bllo=vlo) (F)g(e)) = F(0)g(0.)) dordo,
Rd Jsd—1

avec

;L vt U v — P e T (T

2 92 7 T Ty 2 7

Nous supposons que B est

B(\v—v*y,a):yv—vmb(a- ”_”*),

pour une y > 0 et il existe Cp > 0 tel que

b(z) >y Vz € [—1, 1].

nous considérons aussi pour z € T¢, v € R?, sans potentiel ®:

Of +v-Vof =Q(f, M).

Le résultat principal est

Theorem 2.4.45. Sit — f; est la solution aux deux équations avec les données initiales
fo € P(T? x RY) . Ensuite, il existe des constantes C > 0, \ > 0 tel que

Ife — pll« < Ce_AtHfO — p]+,

ot pu est l’état d’équilibre dans P(T¢ x R?) ( u(x,v) = M(v)). La norme || - ||« est la

norme de variation totale || - || v pour l’équation de relaxation linéaire
Ifo = ulle = Ifo = iev = [ [ 1fo = uldzav
Rd JTd

et c’est une norme de variation totale pondérée pour I’équation de Boltzmann linéaire

1fo — plle = /Rd /W(l + o) fo — gl de dw
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Theorem 2.4.46. Sit — f; est la solution auz deux équations avec les données initiales
fo € P(R? x R?Y), & € C?(RY) et

x-Vo®(x) > yi|z)? +12®(z) — A4, z € RY

pour une constantes vyi,vs, A. Et dans le cas de ’équation de Boltzmann linéaire,

x-Vo®(x) > v (x)72 4+ 3 ®(z) — A,

pour une constantes vi,vs, A. Ensuite, il existe des constantes C > 0, \ > 0 tel que

1fe = plls < Ce M|l fo — plls

ot p est Uétat d’équilibre dans P(R? x R?)

dp = M(v)e ®@ dvdz.

La norme || - ||« est la norme de variation totale pondérée

1
If—ple = | (1 ol + o) + W) fi— ] dv da.

Theorem 2.4.47. Sit — f; est la solution aux I’équation de relaxation linéaire avec
les données initiales fo € P(R? x RY), & € C2(RY) et

x-V,®(x) > (x>26 + 7®(x) — A,

pour une constantes y1,7v2, A, B € (0,1). Ensuite, il existe des constantes C > 0 tel que
. 1 —8/(1—
sy < min {lfo = ullrv, € [ foGo,o) (14 1ol + @) + [of?) (1 5y /00

Sit— f; est la solution aux I’équation de Boltzmann linéaire avec les données initiales
fo € P(RY x RY), & € C2(RY) et

- Ve®(@) 2 7 (2) T +®(a) — 4, (x) < y3(2)"H,

pour une constantes 1,2, A, B,v3. Ensuite, il existe des constantes C' > 0 tel que

|fi = p]lTv < min {Hfo — pllrv, C/fO(xvv) (1 + %M? + @(z) + ’90) (1+ t)_ﬁ} :
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En fait, notre résultat est vrai pour toute équation cinétique avec

0f = —v-Vuf +VU(@)-Vof = [ K(o,0)f(@.0)dv .

et vrai si R? est remplacé par une balle. Par exemple le équation de "run-and-tumble"
dans [51].

atf:Lf:—U-fo+/vK’f’—dev’,

avec .
K=1+ §sign(:c -v), V=DB(0,R)

et K = K(z,v,v") >0, avec f' = f(t,z,v") et K' = K(z,v',v).
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Chapter 3

The Kinetic Fokker-Planck
Equation with Weak Confinement

Force

3.1 Introduction

In this chapter, we consider the weak hypocoercivity issue for a solution f to the kinetic
Fokker-Planck (KFP for short) equation

Ohf=Lf:=—v-Vof +ViV(x) Vof + Ay f +divy(vf), (3.1.1)

on a function f = f(t,z,v), with t > 0, = € R%, v € R? The evolution equation (3.1.1)

is complemented with an initial datum
f(0,-) = fo on R%,
In all the paper, we make the assumption on the confinement potential V'
Viz) = (z)?, 7€(0,1),
where ()2 := 1+ |z|?. we observe that the mass is conservative
M(f(t,-) = M(fo), Yt=0

where we recall the mass of f by

M(f) = /Rded fdxdo.

and that the function
2
G = Zﬁle*W, W = |U2’ +V(z), ZeR;i (3.1.2)

is a positive normalized steady state of

The main result of this chapter writes as follows.

43
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—1
Theorem 3.1.1. (1) For any initial datum fo € Lp(Gf(pTH)), p € [1,00), € > 0 small,

the associated solution f(t,-) to the kinetic Fokker-Planck equation satisfies

N B < —Ctb o 7
1£(t,-) M(fo)GHLp(G_pTl)Ne | fo M(fo)GHLp(G_<p Lioy:

P

for any b € (0, ﬁ) and some constant C' > 0.
(2) For any initial datum fo € L'(m), m = H*, H = |z|>+|v|>+1, k > 1, the associated
solution f(t,-) to the kinetic Fokker-Planck equation satisfies

k

1f(t,) = M(fo)Gllr S (L +1t) T fo — M(f0)Gll11 (m)-

The constants in the estimates only depend on v, d, €, p, k.

Remark 3.1.2. Let us emphasize the lost of tail control in both estimate in Theorem

which is reminiscent of decay estimates in sub-geometric contexts.

Remark 3.1.3. In the results above the constants can be explicitly estimated in terms
of the parameters appearing in the equation by following the calculations in the proofs.
We do not give them explicitly since we do not expect them to be optimal, but they are

nevertheless completely constructive.

Remark 3.1.4. Theorem is also true when V' (z) behaves like ()7, that is for any
V(x) satisfying

Ci(z)? < V(x) < Co(z)?, Vo€ RY,

Cslz|(z) ™t <z -V, V(z) < Cylz|(z)™L, Vze Bf,
with Bp is denote the ball centered at origin with radius R and Bf = R%\ Bpg, and
|D2V (z)| < Cs(x)77%, Vx e RY,

for some constants C; > 0, R > 0.

Remark 3.1.5. There are many classical results about the strong confinement framework
corresponding to v > 1. In this case there is a spectral gap on the operator £ and
exponentially decay estimates on the associated semigroup Sp, we refer the interested
readers to [62, 19} 20} 42 36, [38].

Remark 3.1.6. For the Fokker-Planck equation with weak confinement force, a sub-

geometric convergence to equilibrium is established in [43], [60]

Remark 3.1.7. There are already some convergence results for the KFP equation with
weak confinement case considered in the present paper proved by probability method. In
[21] a polynomial rate of convergence to the equilibrium is established, in total variation
distance with some weight norm, and in [9], a sub-geometric rate of convergence in total
variation distance with some weight norm. Both papers use Harris theorem introduced
in Section [[L.2
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One advantage of the method in this paper is that it can yield convergence on a
wider range of initial conditions and LP space, while previous proofs of convergence to
equilibrium mainly use some strong L! norms (probability method) or L? norms (PDE
methods). Also the method provides a quantitative rate of convergence to the steady
state, which is better than non-quantitative type argument such as the consequence of
Krein-Rutman theorem. While our method also have some disadvantage, it requires the
equation has an explicit steady state.

Let us briefly explain the main ideas behind our method of proof.

We introduce four spaces By = L*(G~1/2), By = L*(G~/2e1V (@) B3 = L2(G~(1+)/2)
and Ey = L*(G~Y?(x)7~1), with ¢; > 0 and e > 0 small such that F3 ¢ Ey C By C
Ey C L?. Thus E; is an "interpolation" space between Fy and Ey. We first use a
hypocoercivity argument as in [19, 20] to prove that, for any fo € E3, the solution f to
the KFP equation satisfies

d
I Ollg, < =2l Ol &,

for some constant A > 0, where the norm of El is equivalent to the norm of F;. We use

this and the Duhamel formula to prove

IF @Ol < 1 foll 5

Combining the two inequalities and using a interpolation argument as in [43], we get

1FOlle S e || foll s, (3.1.3)

for some a > 0,b € (0,1).

We then generalize the decay estimate to a wider class of Banach spaces by adapting
the extension theory introduced in [56] and developed in [47, [35]. For any operator L,
denote S, (t) the associated semigroup. We introduce a splitting £ = A + B, where A
is an appropriately defined bounded operator so that B becomes a dissipative operator.

Moreover we prove that Sp satisfies some regularization estimate

1SBE | Lo (my)—12me) ST VE € (0,7,

for any p € [1,2), some weight function mj, ms and some «,n > 0, and using the

iterated Duhamel’s formula

n—1

Sc =S+ > (Sp) * (ASE)™) + Sp x (ASE) "™, (3.1.4)
=1

we deduce the LP convergence on S;. Here and below U * )V denotes the convolution of

two operators valued function U, V defined by

@) = [ Ui - 9)is,



46 CHAPTER 3. KFP EQUATION WITH WEAK CONFINEMENT FORCE

and we set U0 = T, 14V = ¢{ and for any k > 2, UCR) = yCk=1) w1y

Let us end the introduction by describing the plan of this chapter. In Section |3.2
we will develop a hypocoercivity argument to prove a weighted L? estimate for the KFP
model. In section we introduce a splitting £ = A + B and using the L? estimate
deduced in Section to prove a L? convergence. In Section we present the proof of
a hypoelliptic estimate on Sg from LP to L?. In Section we prove some L' estimate
on the semigroup Sp. Finally in Section [3.6] we use the above hypoelliptic estimate to

conclude the LP convergence for the KFP equation.

3.2 L? framework: Dirichlet form and rate of convergence

estimate

For later discussion, we introduce some notations for the whole chapter.
We split the KFP operator as
L=T+S,

where T stands for the transport part
Tf=—v-Vof + V() Vo,
and S stands for the collision part
Sf=A,f +divy(vf).

We will denote the cut-off function x such that x(z,v) € [0,1], x(z,v) € C°, x(z,v) =
1 when |z|2 + |v]?> < 1, x(z,v) = 0 when |z|> + |v|?> > 2, and then denote xr =
x(z/R,v/R).

We may also define another splitting of the KFP operator £ by

L=A+B, A=Kyxg(z,v). (3.2.1)

with K, R > 0 to be chosen later.
For f = f(z), we use [ f in replace [gpa fdx, and for f = f(z,v), we use[ f in place
of [gayga fdzdv for short, for f = f(x,v), [ fdx means [ga fdz , [ fdv means [pa fdv.
Biy|<, is used to denote the ball such that {z € R?||z| < p}, similarly B, means the
ball such that {z,v € R?||z|? + v? < p}.
For V() = (z)7,0 < 7 < 1, we also denote (VV) for (z)7~!, and (VV)~! for (x)'~7.
With these notations we introduce the Dirichlet form adapted to our problem. We

define the 0 order and first order moments

pr = plf] Z/fdv, i = jlf] :/vfdv,
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then we define a projection operator 7 by
wf = Mpy, M:C’e_lv‘zﬂ, /Mdvzl,
and the complement of 7 by
k- =1-—m, fJ‘:WJ‘f.
We define an elliptic operator Ay and its dual Aj, by
Ayu = divy(Vyu + V, V), vu = Ayu—V, V- Vu,
let u = (A},)~1¢ be the solution to the above elliptic equation
vu=¢& onRY

satisfies
/ue*V<VV)*2 =0.
We will prove the existence and uniqueness to this elliptic equation in Lemma [3.2.6]
below, we then define H = L*(G~1/?), H; = L>(G~Y/?(VV)) and
Ho = {h e H,/hd:z:dv _ 0}

where we recall that G has been introduced in (3.1.2). Using these notations, define a
scalar product by

((£,9)) = (f,9)u+ (A Vaiis, (pge” (VV)?)) 2
+6((pfev<VV>2),A‘jlvzjg)Lz
= (f,9)n + €(ip, Va(AY) T pge” (VV)?)) 2
+e((Va(AY) (pre (VV)?), dg) 12,

for some € > 0 to be specified later.

Finally we define the Dirichlet form

D[f] = ((-Lf. 1))
= (—Lf, F)u+ (A Vai[—Lf] (pre¥ (VV)?)) 12
+e((p[=Lfle"(VV)?), AV Vajp) 2.

With these notations we can come to our first theorem.

Theorem 3.2.1. There exists € > 0 small enough, such that on Ho the norm ((f, f))%

defined above is equivalent to the norm of H, moreover there exist A > 0, such that

DIf] = M fll3,,  Vf € Ho.
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As a consequence, for any fo € Ho, the associated solution f(t,-) of the kinetic Fokker-

Planck equation satisfies

d _ _
S < —c [ Pat@on, (32.2)
for some constant C' > 0. In particular for any fo € Ho, we have

FACRIP (3.2.3)

o3 = Clfoll o

for some constant C' > 0.

Remark 3.2.2. In Hy we have
/pf6V<VV>2e_V<VV>_2d:E = /pfdx = /fda:dv =0,

so the term (A}) "1 (pge¥ (VV)?) is well defined in Ho.
Remark 3.2.3. Our statement is a generalization of [19, [20].

Before proving the theorem, we need some lemmas.
We say that W satisfies a local Poincaré inequality on a bounded open set § if there

exists some constant xq > 0 such that:

1 2
h2W < /Vh2W+(/hW> ,
/Q =1 Q‘ | W) \Ja

for any nice function A : RY — R and where we denote W (Q) := (W1g).

Lemma 3.2.4. Under the assumption W, W~ € L (R%), the function W satisfies the

loc

local Poincaré inequality for any ball 2 € R,
For the proof of Lemma we refer to [57] Lemma 2.3.

Lemma 3.2.5. (weak Poincaré inequality) There exists a constant A > 0 such that

[ull L2(wvye-vizy < AllVaullp2e-vi2y

for any u € D(R?) such that
/ ue”V(VV)2 =0
Proof. We prove for any h € D(R?) such that
/he_V<VV>_2 =0, (3.2.4)

we have

/\Vh|26_v > i/hQQ—v<x>2(7—1)’
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for some A > 0. Taking g = he_%v, we have Vg = Vhe 2V — %VVhe_%V, so that
1 1
0 g/\ng — /|Vh|2e’v+/h21\VVlze’V —/§V(h2).vv6*V

1 1
= /|Vh|2e_v + /h2 <2AV — 4|VV\2) e V.

1 1
Z|VV\2 —AV > g<vv>2 — Klp, (VV)™?

Since

for some K, Ry > 0. We deduce for some K, Ry > 0

1
/\vm?ﬂ > /§h2<vv>2e*V - K h2e V(VV) 2.
Bg,

Defining
ewi= [ VO Zn= [ e Vwn)
= Br

and using (3.2.4)), we get

(BR he—V<vv>—2)2 = (3; h,e_V<VV>_2>2

< h2e”V(VV)? / e V(VV)~6
By, Bf,

< e[ RETV(VV)Z
By,

Using the local Poincaré inequality in Lemma we deduce

IN

he V(VV) 2 he—V<vv>—2>2

1
CR/ |Vh|2e V(VV) 2 4 —— (
Br Br ZRr \JBg

c;%/ |Vh]2e’V+E—R/ eV (VV)2.
Br Zr JBs,

IN

Putting all the inequalities together and taking R > Ry, we finally get

/ Rl V(VV)? < 8 / |Vh[?e™V + 8K h2e”V(VV) 2

B,

K
SKer [ p2e-v gy,

< 8(1—|—KC’}3)/|Vh|Qe_V+
By

and we conclude by taking R large such that: BIZ(% < % O

Lemma 3.2.6. (Elliptic Estimate) For any & € L*((VV)~e™V/2) and & € L*(e7V/?),

there exists a unique solution u to the elliptic equation
Abu=6 4V b, / we™V (VYY) = 0, (3.2.5)
which satisfies

lull p2wvye-vrzy + IVUll 2 e-vrzy S 1€l Lo wvy—1e-vioy + 1€2llp2e-vizy (3.2.6)
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In addition for any & € L*((VV)~teV/2), the solution u to the elliptic problem

—Abu =€, / ue”V(VV)72 =0,

satisfies

HUHLQ((VVPe*V/?) + ||VUHL2(<VV>6*V/2) + ||D2u||L2(e*V/2) < ||§||L2(6*V/2(VV)—1)‘ (3.2.7)

Proof. Multiply (3.2.5) by ue™"" and observes that

eV div, [e_VVzu] = Ayu — V,V - Vyu=Aju, (3.2.8)
we have after integration
—/evdivx[e_vvxu]ue_v = /(51 + V- &ue

Performing one integration by parts, we deduce
[ 92 = [(@u—g-Vur & vvue,

using Lemma and Lax-Milgram theorem we obtain (3.2.6]), the existence and thus
the uniqueness follows. In inequality (3.2.7)), the first two terms are easily bounded by
(3.2.6) and (VV) < 1, we then only need to prove the bound for the third term. By

integration by parts, we have

/|D2’U,‘267V = Z/

i,5=1

- Z/aua%av 0% e
i,7=1

_ Z/a w8, (Oyue )—7/(au)a(ajvav)
i,j=1

1
= [@uague + 5 [19uP(evE - Ay
S D%l pevizy €l p2gevizy + IKVV) V2 (-vr2),

where in the third equality we have used
[t = — [oud;@move)
_ / Pudud; VeV — / (0)20;(;Ve ),
which implies
[ 03 udmove -3 J@w?o0ve ),

and in the fourth equality we have used (3.2.8). That concludes the proof. O
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Now we turn to the proof of Theorem [3.2.1]

Proof. (Proof of Theorem M.) First we prove the equivalence of the norms asso-
ciated to ((, )) and (, )%. By Cauchy-Schwarz inequality and Lemma we have

(s Va(AY) Hoge (VV))) 22 < gz qevi llpge” (Y V)2 agwvy-1e-vi2y,s
and obviously
Hpgev<vv>2HL2((VV>*1e—V/2) = HIOQHL2((VV)eV/2) < HngLQ(eV/Q) < llglla

Using the elementary observations

Uf| S HfHLg(e\vP/4y ’Pf‘ S Hf||Lg(e\v|2/4)a

we deduce
(Gp> Va(AT) " (e (VV))) 12 S I fllnllgllne

The third term in the definition of (( , )) can be estimated in the same way and that
ends the proof of equivalence of norms. O
Now we prove the main estimate of the theorem. We split the Dirichlet term D]f]

into 3 parts
D[f] =T + €T + €T3,

with
Tl = (_Ef’f)H
T = (AV'Vui[=Lf] o) 2evizwyy)
Ty = (Av)'Vaip, pl=LIN) p2(evizeovy)

and compute them separately.

For the T term, using the classical Poincaré inequality, we have

o= (-Tf=Sf,u= (St n
- _/[Avf+dz'vv(vf)]fM_1eV :/|Vv(f/M)|2MeV

>ty [ 11/M = psPMY =yl f = prMIF = Ryl £ I
for some k, > 0. We split the 75 term as

Ty = (AVVei[=Lflps)r2eviaiovy
= (AP =TSl pp) p2evrewvy)
AV Vi [T ) 2evizewwy)
HAV Vai[=Sfl ps) raeviawvy)
= Thy +Too+Ths.
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First observe
Trf=—v-VapsM — VoV -vpsM = eV Mv - Va(pg/e™V),

so that we have
d
(=T7f] = (vosM)e™ 8y, (pr/e”") = eV Va(ps/eY).
k=1

Next by , we have
Toy = ([=Twfl,V(AY) (preV (VV)?)) 12
= (ps, " dive(e”VV)I(AY) H(pre” (VV))]) 2
= o2V |22 = |7 f113,-

Using the notation 71 = (v ® vf1) and 12,45 = (Va0 f+), and observing that

1 1
‘nl‘ S Hf HL121(6|11‘2/4)7 |772| S Hf HL%(e\UP/“)’

we compute

Tro = (=TI, VAL (e (VV)?))Le

(D1 +mVV, V(AL)  (pre¥ (VV)?)) 2

(m, D*(A3) (pse¥ (VV)) 12 + (n2, VVV(AL) " (pre¥ (VV)?)) 12
711l 22 evr2y ID*(AT) " (preY (VV)?) | p2e-vrzy

Hmall g2 (evrzy IVVV(AT) " (o€ (VV)) | L2 e-vrzy.-

IN

By Lemma |3.2.6] we estimate

Tho S |m HL?(eV/2) preV<VV>2 HLQ(e—Vﬂ(VV)*l)
Hinall p2eviy lore” (VV)2 1 2 e-vie vy -1

S I il
Using
S-S =il=814 = = [olduf* + div(of v
— d [ Frodv SUF
and Lemma [3.2.6] we have

(=511, VAY) " pre (VV)?)) 12
=S L2eviz IV(AY) T (pge (VV)) | pae-vrey
1F el se (Y VY2 2 wvy-1e-vr2)

To3

NN

= HfJ_HHprHL2(<VV>eV/2)

1F el f s -
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Finally we come to the T3 term. Using

pl=8f1= [ Vo (Vuf +0f)do =0,

and
p[_T.ﬂ = p[v ' vxf - VmV(CE) : vvf]
_ /U-me—V$V(x)-vadv

since V((VV)?) < (VV)?2 and (VV)? < (VV), we get

T3 = ((Av)""Vais, pl= L) r2evie oy

(AV) T2l p=T D 2 eviz oy
GLH V(AR T (Vail e (VV)?) 12

5 M 2 evimy IV (AT) T V(e (VV)?)
=WV (VV)?2 = VYV ise N o evrey.

IN

using again Lemma we have

Ty S 3L M peqevrey(ldre” (Y V)2l 2 ge-vrzovy-1)
+ire" VUV L2 pwvy-1e-vrzy)
S Il

Putting all the terms together and choosing € > 0 small enough, we can deduce

DI 2yl s+ elim e, — 2K sl b, = e2KF i
> Ryl 1B el 1B, — (26 + 4K R - PR IR
> B (1P B + el ) 2 M fll
for some A > 0. O

3.3 L? sub-exponential decay for the kinetic Fokker-Planck

equation based on a splitting trick

In this section we establish a first decay estimate on S, which is a particular case in
the result of Theorem

Theorem 3.3.1. Using the notation and results in Theorem |3.2.1, we have

—_Ctv/(2=7)

for any fo € LQ(G_(%+E)) NHo, € > 0 small enough.
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Remark 3.3.2. It’s worth emphasizing that we deduce immediately part (1) of Theorem
in the case p = 2 by considering the initial datum fy — M(fo)G for any fy €
LQ(G—%-‘FE)'

Recall the splitting £ = A + B introduced in (3.2.1)), we first prove some decay

estimate on the semigroup Sg.

Lemma 3.3.3. Let us fix p € [1,00).

or any given smooth weight function m, we have
(1) For any g h weight f , we h
1
/\f\p’lsignf(ﬁf)G’(p’”m < p/\flpG(p”m, (3.3.1)
with
m=Am—Vym-v—V,V(z) Vym+uv-Vym.
akingm =e*' , e> 011 0<9 < 3, € small enough if 0 = 3, = 3v° 4 2x -
2) Tak M e>0if0<d < I hifd =71, H=230>+2
v+ 22 + 1, we have
[ sien pBNG DM < 0 [ |ppar e i (3.32)
for some K and R large.
(3) With the same notation as above, there holds
25

1S5(t)]| = pr ST (3.3.3)

_p—- Y
Le(e2¢H G~ P ) Lp(ecHo G P ) ™

for some a > 0. In particular, this implies

1
—at<—"
-1 Se .

—1
TN L)

S50, e
Proof. Step 1. Recall , we write
[ tsign ()G Vm = [ 17p sign (TG m
+ /|f\P—1signf(5f)G—<P—1>m.
We first compute the contribution of the term with operator 7

J 1 sign (TG = [ TG m

_ 1 ~(r-1)
= [1rTEm)

_ ; / FPG D (v - Vo — YV () - Vo).
For the term with operator S , we use one integration by parts, and we get
157 sign £(S£)G0m
= [P sign f(Af + div (0 )G m
= — [ Vulsien f(S1G7 Y m) - Vus6HG

=~ [0 DIVLE RGP Gm — V(G- (V.m)G.
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Performing another integration by parts on the latter term, we have
[ £ sign £(S£)G0m
= /—(p = DIV (fGTHPIAIGT2Gm + ;VU H(GVm)(fIGTHP
= [~ DIVUIETEIAGT 2 Cm + (A — v V) PG,

Inequality (3.3.1)) follows by putting together the two identities.

Step 2. We particular use m = e? * and we easily compute
Vom 5 VoH  Vym 5 V.H
m CCHY m CCHI
and
Aym AH o |V, H|?

m S56[171—5 (9¢) H20-5)"

We deduce that ¢ = & satisfies

m

¢H1_6 |VUH|2
3 <A H +¢€d 1=

From the very definition of H, we have

—0-VyH +v-VyH — V,V(z) V,H.

VoH =6v+2x, V.H=2v+2x, A,H=6.

Choosing € > 0 arbitrary if 0 < 2§ < 7, € small enough if 2§ = v ,we deduce

AyH + 2¢6 Vo H " +v-VyH—v-V,H -V, V(z) V,H
H1-6
= 6+ 65’61;;_1356‘2 + 202+ 2z v —6v)> —2z-v—6v-V,V(z) -2z V,V(z)
< (224 Cilv| + Colv])? — 6|v|?) 4 (C3ed|z|? — 22 -V, V (x)) + C
< —O4v? = Csx - V.V (2) + Co
< —CyH? + Kxg,

for some constants C;, K, R > 0. As a consequence, we have proved
-C
¢ — Kxr < m <0,

which is nothing but ([3.3.2]).

Step 3. In the following, we use the "interpolation" argument from [43], denote f; =
Si(t) fo the solution to the evolution equation d,f = Bf, f(0) = fo. On the one hand,

by (3.3.2)) we have

d | o
$/|ft|pGi(pil)62€H5 :/‘ft|p*1 sign fy(Bf;)G (p—1) g2eH° <0,

which implies

/|ft|pG_(p_1)62€H6 S/‘fo|pG_(1”_1)626H(S =Y, Vi>0
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On the other hand, defining
V()= [IFrG oD,

using again (3.3.2)), we have

d

ay = p/’ft\pfl sign fi(Bfy) G~ Ve’
< —CL/ ‘ft’pG—(p—l)eeH‘S <x>26+’y—2
< _a/B ’ft‘pG_(p_1)€6H6 <x>26+’y—2’

|z|<p

for any p > 0 and for some a > 0. As 20 +v < 2, 0 < |z| < p implies (z)2°+72 >

(p)?0t772, we deduce

e

lz|<p

< _a<p>25+7—2y + a<p>25+7—2/ |ft|pG—(p—1)6eH57

Blz|>p
Using that ec(@)® > e<P* on |z| > p, we get

d
£Y < _a<p>25+’y—2Y + a<p>25+'y—26—e(p>26 /B ‘ft|pG—(p—1)esH6€5(ac>

26

lz|>p

_a<p>25+’yf2y + a<p>2§+’yf2ef€(p>25 / ’ft‘pG*(p*1)€5H566<$>25

IN

< _a<p>25+’y—2y + a<p>26+7_26_€<p>260}/1,

Thanks to Gronwall’s Lemma

%X(t) < —aX(t)+b= X(t) <e ™X(0)+ 9(1 —e ) < e ™X(0) + ﬁ,
« o
we obtain
Y(t) < e—a<P>25+772ty(0) + Ce—€(P>26Y'1
< (e—a(m%””t + €—6<p>25)y17

Choosing finally p such that a(p)?t772t = ¢(p)? | that is (p)2~7 = Ct, we deduce
2275
Y(t) < 0167021‘/ - Yy,
for some C7,Ce > 0, and we deduce the proof of (3.3.3)). O

Now we come to prove Theorem [3.3.1
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Proof. (Proof of Theorem [3.3.1}) We recall that from (3.2.3)), we have

1Sc@ Sl vt>0

L2(G™3)—L12(G %) ~

From the very definition of A we have

<
HA”L2(G*§ —>L2(62€H6G7§) ~ 1
From Lemma [3.3.3| case p = 2, we have
26
1S ) L Se T >0,

L2(e2H0 G~ 2)»[2(ecH G™2) ™

Gathering the three estimates and using Duhamel’s formula
Sy =S+ SgAx*S,,

we deduce

1Sc @)l

In the following, we denote f; = S, (t)fo the solution to the evolution equation J;f =

S >
L2(825H6G_%)—>L2(65H5G—%) ~ 17 Vt = 0

Lf, f(0,-) = fo. Taking 2§ = ~, € small enough, we have in particular

2 J
/‘ft|2G_1€EH2 < C/|J‘10|2G_162€H2 =:Y5.

We define
Ya(t) := ((f, f)),

with ((,)) is defined in Theorem Thanks to the result in (3.2.2)), we have
d _ _
Yy < - [IfPGH a0

dt
o IpPGT @,
Blai<p

for any p > 0, using the same argument as Lemma [3.3.3] we deduce

IN

A
()

Ce= 0?7ty (0) 4 Cem ) vy
< (e ¥RV ey

Ya(t)

IN

Choosing p such that a({p)20~Dt = ey(p)7 , that is (p)>~7 = Ct, we conclude
Ya(t) < Cre= @ g,
for some constants C; > 0. As H? < C( + V(x)), we have

2
e€H2 < GfCe’

Taking € small, the proof of Theorem is done. O
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3.4 Regularization property of Sz

In this section we will denote £* = 2,1 ;2 = 8 =T be the dual operator of £ on
L%(G~2). In other words, £* is defined by the identity

Jenga = [waore.

for any smooth function f,g. We also denote B* = L* — Kxr. The aim of this section
is to establish the following regularization property. The proof closely follows the proof
of similar results in [38], 47 [62]

Theorem 3.4.1. For any 0 < § < 1, denote m; = G_%(H‘S), there exist n > 0 such
that

1
HSB(t)fHLQ(ml) Sz t:m?”f“Ll(ml)v vVt € [0,77]-

Similarly, for any 0 < 6 < 1, there exist n > 0 such that

1
HSB*(t)fHL2(m1) 5 t3d+2 HfHLl(m1)7 vt e [0,7]].
1

As a consequence, there exist n > 0 such that

1
HSB(t)f”LOO(Gf%) S tm?HfHLQ(G%), vt € [0,7).

We start with some elementary lemmas.
Lemma 3.4.2. For any 0 < § < 1, we have
[ +oeme0 = —2 [ V.56 V(967G
+ [@a-s0-9)lPee 0 @A)

in particular, this implies

/f(ﬁf)G_(l—&-&) — _/’VU<fG—1)’2G1—5+52d/’f’2G—(1+6)

(5(12— 5) /’v|2‘f|2G*(1+5)7 (342)

similarly, for any 0 < § < 1, we have

/f(ﬁf)G*(lJr(S) — _/‘va‘QG(1+6)+5(12+6)/|v‘2’f‘2G(1+6)

(2+6)d 2 ~—(146)
+ 5 /|f| G~ (3.4.3)

All the equalities remain true when L is replaced by L*.
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Proof. Recall T(G~(1+%)) =0, we have

/f Tg)G~ (149 — /7- (fG~+0)yg — /(Tf)gG—(l—i-(S),

which implies

[ 5T 4 [(T)96-049) <0,
for the term with operator S we have
[ #8960+ =~ [V,(5G-049). (V.9 -+ vg)
=~ [(Vuf 4 (L4 0)up) - (Vag + vg)G0+
_ / Vo (fGY) - Vao(gG )G
- /(5lv| fg+0fv- Vug)G~UH),
using integration by parts
/ 5fv- VoG 0+ — _ / 5gV, - (0fG-0+9))
S / Sgv - Vo fG—0+D)
= [(Gd-+ 601+ 8)lu) FgG ),
so we deduce

[ +gs e

= 2 [ Va6 VlgGTIGH + (5 - 61 =0 a670),

59

so (3.4.1) and (3.4.2) are thus proved by combining the two terms above. Finally, we

compute

/foGf(lJrﬁ)
= — [V A4 8on) - (Tuf + )G

= = [I19usPe 0 — @+ olPrPe 04 — [+ o) fu-Vare ()

— [19uP6 00 — [+ ouPlPa + 228 [v, @G04
_/WUﬂQG_(Ha) 6(1 +6 /| 212G+ 4 (2+5) /Ifl G-(1+9),

so (3.4.3) follows by putting together the above equality with

[ 760 <0

Since the term associated with 7 is 0, by L=8 +7,L* =8 — T, we know the same

equalities will remain true when L is replaced by L£*. O
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Lemma 3.4.3. When f; = Sg(t) fo, denote m; = G_%(H‘S), define an energy functional

Ft fo) = AlfllZzmm, + atllVofillZ2gn,)
+ 263 (Vo o, Vaf) 2imy) + 0 Ve fill 22 (ny) (3.4.4)

when fr = Sg«(t) fo, define another energy functional

Fi(t, fr) = Alfelli2gmy) + @t Vofell 2
— 2e(Vofo, Vo o) r2my) + W I Vafill22(my): (3.4.5)

with a,b,c > 0,¢ < Vab and A large enough. Then for both cases, there exists n>0
such that

d
¢ f) =L (HvatH%z(ml) + tzHsztHgm(ml)) + el 22y )

for allt € [0,n], for some L >0,C >0 and F = F or F*.

Proof. We only prove the case F' = F, the proof for F' = F* is the same. We split
the computation into several parts and then put them together. First using (3.4.2)) and

(3.4.3)) we have

d
a”ftH%?(ml)
= (fu, (L= KXRr)ft)2(m)

1-6 1496
= T(ftvﬁft)LZ(ml) + T(ftaﬁft)L2(m1) - (ftaKXth)L2(m1)
1-96 1+06 _
< IV hillEeny) = 5 IAG N ez + CllFll 2 ny)
1-0
< THvatHzﬁ(ml)+CHftH%2(m1)
By
d
Ou Lf = L0y, f + ;aﬁimjvavj f, (3.4.6)
]:
and (3.4.2)) we have

d
= (axiftaaxi(ﬁ_KXR)ft)LQ(ml)

_ od
1V (00 1 GO E2my ) + 5 190 Fill 2 omy) =

IN

§(1-46
(Q)HaxiftH%?(mﬂv)

d
+ (O, £ 3 3,V 1) oy ~ Orsis EKOa XS 12
p=

Using Cauchy-Schwarz inequality and summing up by i, we get

d 2 d C1yp2 6(1-19) 2
1 Velillizgm,) < Y IV, iGN 2(my ) — 5 IVafillzagm, o)
=1

+ C||vat||%2(m1) T CHvzftH%%mﬂ + CHftH%?(ml)
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for some C' > 0. Similarly using

O, Lf = LOy, [ — O, [ + Ou, [, (3.4.7)

and (3.4.2), we have
d
aHaviftH%Q(ml)
== (8viftaaui(£ - KXR)ft)LQ(ml)

_ od
IV (8o, £1G 22y + §||3v¢ft\\%2(ml) - 180 fell 22 (s o
— Oui St 00 f) L2 + 100 fellT2(myy — Dvi fos Ko, XRS2) L2 ()

5(1—6)

IN

Using Cauchy-Schwarz inequality and summing up by i we get

d d _ 5(1 -4
by € S ITsOAC ) By —

HvatH%2(m1\U|)
i=1
+ C||vat||%2(m1) + C(IVafel, Vo fil) 2my) + C||ft||%2(m1)

For the crossing term, we split it also into two parts

d

52(3 600 f) 2y = (Owifts Ou, Lft) L2(my) + (Ou, [ty O LF1t) 12(my)
- (8$iftu 8’01' (KXth))LQ(m1) - (avift7a$i (KXth))LQ(ml)
= Wi+ Ws.

Using and (3.4.7)) we have
Wi = (8Iifta ‘C(avift))L2(m1) + <8Uift7£(awift))L2(m1)

d
+ (avift, Zagizjvaﬂjft)L%ml) - HawzftH%Q(ml) + (amift7avift)L2(m1)

j=1
By , we deduce
Wi < (Vo0 iG 1), Vo 0, f1G ™)) 12(my ) + 0d( Do, fr, O 1) 12(my)
- 5(1 - 6)(8Uift7 aftift)LQ(mﬂv\ 8szta Z T xjvavgft L2(m1)

102, fill 2 (myy + (i fo Ovy f1) L2 ()

For the W5 term we have

W2 - _2(8Iift7KXR8Uift)L2(m1) - (axiftyKa’UiXth)LQ(ml) - (avift)Kal‘iXth)LQ(ml)
C(|0z; fel, [ fel) 2 (my) + CUSfel [0w; i) L2(my) + COu; fi]; 00, fil) L2 ()

IN
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Combining the two parts, using Cauchy-Schwarz inequality, and summing up by i we

get
2(Vy f, V;rft)LQ(vm)

V(02 iG™Y), V(00 G ™)) 12 (mycy — 6(1 = 6) (Vo fr, Va ft) 12 (mn o))

IN
W
(]

=1

1
B §||V:EftH2LQ(m1) + CHV”ftH%z(ml) T CHftH%Q(ml)

For the very definition of F in (3.4.4]), we easily compute

d
—F(t, fr) = HftHLz (m1) +at HV ftHLz (m1) +2ct2

d
T (Vofts Vaft) 2 (my)

dt
d

+bt3vawftHL2 (m1) —|— aHVufth (m1) + 4Ct(v ft7 Ift)L2 (m1)

+3bt2HVa:ftHL2(m1)

Gathering all the inequalities above together, we have

d
a}_(t ft)
A(l —
< (2a-— (25) + Cat + 2Ct%¢ + Cb°) |V fill 22 ()
C
+ (30t° — 5752 + ObE) | Vo fell72(my) + (et + Cat)(IVo fil, [V fel) L2(my)
d
— D (atlIVo(u, iGN Z2(myc) + IV (O, iGTH)I72
v\ Ov; m1G) v\Vz; L2(m1G)
i=1

_ _ 6(1 =46
2V 0 G, VoD FiG) ) — o (@il B

+ OV fill Lo o) + 267 (Vo fos Vo) 2 majel) + CllFl 2y

for some C' > 0. We observe that

12¢t* (Vo fos Vo fr) L2ma o)l < @IV fillE2 gy oy + 0NV Fel| 22 ma o

and

|2Ct2(vv(aﬂc¢ftG_1)a VU(aviftG_l))L2(m1G)|
< at||Vy (00 fiG ) 72(mecy + 0 IV (O, G2 oy

by our choice on a,b,c. So by taking A large, 12b < ¢, and 0 < n small (¢ € [0,7]), as a

consequence

d

l G = ~L(IVofelZ2(my) + CIVa Ll Z2(my) + Cllfell72(m, )

for some L,C > 0, and that ends the proof. ]
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Remark 3.4.4. For the case F' = F*, the only difference in the proof is to change (|3.4.6)

and (3.4.7) into
d
On L7f =L 00, f — > 02, VO, [,

j=1
and

O, L7f = L70u, f + On, f + Ou, [-
The following proof of this section is true for both cases.

Lemma 3.4.5. Denote m; = G_%(H‘s), then for any 0 < 6 < 1 we have

[1Vealrm)P < [ Waus Pt +C [ 120,
for some constant C > 0.

Proof. We have
JIvumoE = [19mi+ Vg
= [19stmi+ [V + [2pmvs - vm
= [1vsPad+ [(mP - Sammi) e,
A
= [V - [ S,

since

A 1+ 6)2 146
m_ A e v v @)+ A AV 1 a) > 0,
mq 4 2
for some C' > 0, we are done. O

Lemma 3.4.6. Nash’s inequality: for any f € L*(R?) N HY(R?), there exists a constant
Cy such that:

1+2 2
[fll 2 < Call FIIE Vo fll 2,
For the proof of Nash’s inequality, we refer to [44], Section 8.13 for instance. O

Lemma 3.4.7. Denote m; = G_%(H‘s), then for any 0 < 6 < 1 we have

d
Izt may < dllfll L gm) (3.4.8)

which implies

fell 22 gmyy < €Il follLrmy)

In particular we have

[ fell2rmy) < Cllfollrgmyys Yt € 0,7, (3.4.9)

for some constant C > 0.
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Proof. By Lemma [3.5.2] in the next section, letting p = 1, we have

d
5 [1sm = [1f1@m — vV
+v-Vymy — V,V(z) - Vyomy — Kxpma

/|fy(1;5d— (1+5L(1—5)U2)m

< d / |flm.
so (3.4.8)) is proved. As Tmy = 0, the result is still true when F' = F*. O

Now we come to the proof of Theorem [3.4.1

Proof. (Proof of Theorem ) We define
G(t, fr) = Bllfell Fagmy) + 17 F(t, fo),
with B, Z > 0 to be fixed and F is defined in Lemma We choose ¢ € [0,n] , n

small such that
(a+b+c)Zn?tt < -Ln?,
where a, b, ¢, L are also defined Lemma [3.4.2 by (3.4.8)) and Lemma we have

d _
=90 f) < dB|fillfigm,) + 267 F(E fi)

—LtZ(HvatH%z(ml) + tQHmetH%z(ml)) + CtZ”ftH%%ml)
B fillF1(my) + CZ N el F2my)

L
*gtz(HvatH%%ml) + Ve fell 22 my)-

Nash’s inequality and Lemma [3.4.5] implies

A

IN

2

_d_
Ifemillz < Cllfimall 7 [ Ve (fima) | 727
72 _d_
< Clfemall 3 (Vap fimallze + Cll fomallp2) 72
Using Young’s inequality, we have
_3
1 ell72my) < Cet ™2 f T (my) + €IV fellF2myy + CllFellT2my)-
Taking € small such that Cen? < %, we deduce
_3
el 72,y < 2Cet ™2 121 gy + 2681V 0 fil T2y -
Taking € small we have
d _1_3
9 fe) < dB| fill 71 (myy + Crt? 2 il
for some C > 0. Choosing Z =1+ %d, and using 1| we deduce
vt € [0577]’ g(tvft) < g(o) fO) + C2||fOH%1(m1) < C3Hf0||%1(m1)7
which ends the proof. O
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3.5 Sp decay in larger spaces

The aim of this section is to prove the following decay estimate for the semigroup
Sp which will be useful in the last section where we will prove Theorem in full

generally.

Theorem 3.5.1. Let H = 1+ 2% +2v -2 + 302, for any 0 € (0,1) and for any | > 0,

we have
IS8 L (my— ooy S (L +2)7°

where

We start with an elementary identity.

Lemma 3.5.2. For the kinetic Fokker Planck operator L , let m be a weight function,
for any p € [1, 00] we have

[ 107 sign gy = ~p=1) [ 19um)Fmls) 2 + [ 117mre,

¢—3|V m|2+<—1>A

m?2 P

with

Vom  Tm

m m

d
+= v
p

In particular when p = 1, we have

A,m Vom  Tm
v - — .
m m m

Proof. We split the integral as
[sign s @ntmr = [ sign g11 S fyme + [ sign L7 (T fymr
First compute the contribution of the term with operator T

[sien gl AT pme = [T =~ [ \pme T

Concerning the term with operator §, we split it also into two parts

[(Sfysiensigp=tm? = [ sign fLAP (A, +divy(0f) = C1 + Co.
We first compute the Cs term, we have
Co = [ sign fUAP I (df + v+ Vo f)
= [alspmr = [1spdiv,om)

= [ir|a- i T
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Then we turn to the C term, we have
Cr = [ sign fUPT s =~ [ Vasign f177 ) - Vg
= [~ DIVIPUP = [P o),
Using V,(mf) =mV,f + fV,m, we deduce
Cto= ~p=1) [ VPP 4 (p = 1) [ [Fomf? e
20p—1) 1
[Vl = 5 [ 91817) - V)
= =) [ Vo) P2 + (o= 1) [ Vol fprme

,79;22 / | F|PAymP.
p

+

Using that A,m? = pA,m mP~1 + p(p — 1)|V,m|?>mP~2, we obtain

Cto= = =1) [ I9ulmf) P22

2 Aym 1. |V,ym|?
PmP (- —1)—/ +2(1 — — :
+/|frm[<p )2 20— )
We conclude by combining the above equalities. O

Proof. (Proof of Theorem [3.5.1}) From Lemma we have
[ sien s @11 mr (3.5.1)
= st f (£~ Kxn) DI
= —=1) [IVump) Rl 2 + [ 1rmns,

with

5 —

2 |V,m|? 2 A,m d Vom  Tm
¢ = |7 2 + -1 - v -
p m p p

When p = 1, we have

Let m = H*. We have

Vom _ VoH  Vem
m  H m  H

and

Aym  kAH N k(k—1)|V,H|?
m  H H? ‘
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Summing up, we have for ¢

oH V,H
L AH 4 (k-1
k MG

‘ 2

—v-VyH+v-V,H—-V,V(z) V,H — Kxg,
From the very definition of H, we have
VoH =6v+2x, V.H=2v+2z, A,H=6.

We then compute

| 2

V.H
AUH+(I<:—1)| 7 +v-V,H—-v-V,H—-V,V(x) -V,H

6v + 2z
_ 6+(k—1)mjj_ﬂ+2lv|2+2x-v—6|v2

—2z-v—6v-V,V(x)—2x- -V, V(x)

< P+ Cv—6vf) —22-V,V(z) +C
< —Ciw]* = Cyx - V.V (2) + Cs
< —CiH? + Kixg,,

for some C; > 0. Taking K and R large enough, we have ¢ < —CH%A, using this
inequality in equation (3.5.1)), we deduce

vty i= 5 [Isl = [ sien(s) (5750 it (35.2)

—C [1rsH* 4,

IA

for any k£ > 1. In particular for any [ > 1, we can find K and R large enough such that

5 sl <o,

which readily implies
[1is@i < [1nmt = s,

Take k <[, denoting
l—k

T k+1-12

€ (0,1),

the Holder’s inequality

J1stonrt < ([rasm=3)" ([ 1msom) ",

1 a1
([ioret)" ([1raolnt) = < [1raemt=3,
From this inequality and (3.5.2)), we get

d 1. o=l
Svi) < —omm)inT

implies
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Using Y4(0) < Y3, after an integration, we deduce

1
Kl(t) < Coaj
(1+t)T-=

which is nothing but the polynomial decay on Sp

Ys,

IS8 oy Lo(ary S (L+8)77,

with -
a=—=, Yo<k<l 1<l
T2
We conclude Theorem by writing £k =10, 0 < 0 < 1. O

3.6 L convergence for the KFP model

Before going to the proof of our main theorem, we need two last deduced results.

Lemma 3.6.1. For any € > 0 small enough, we have

Jie
—at2—7
”»ASB(t)HLQ(Gf(%ﬁ))HLQ(Gf(%ﬁ)) Se , V>0,
and
b
< p—ate—
Ll(G_(%"'e))—)Ll(G_(%"'e)) ~ € )

IASB(@)] vt >0,

for some a > 0. Similarly for any 0 < b < % and for any € > 0 small enough, we

have

[FEAG <t % Vi >0,

LG B2 (59

for a = B’CeTJrQ and some a > 0.

Proof. The first two inequalities are obtained obviously by Lemma [3.3.3] and the prop-

erty of A = Kxp. For the third inequality we split it into two parts, t € [0, 7] and ¢t > n,
Jiie Jiie
where 7 is defined in Theorem [3.4.1L When t € [0,7)] , we have e=%*"7 > =" by

Theorem (3.4.1] we have

e
<@ S t—ae—at2*W

||ASB(t)”Ll(G_(%+€))—>L2(G_(%+E)) ~ )

vt € (0,7,

for some a > 0. When t > 7, by Theorem [3.4.1] we have

HSB(T’)HLl(G—(%+£))_)L2(G—(%+€)) rs na 5 1’

and by Lemma [3.3.3

o o

—a(t—m)2—7 —at2=7
Se T e :

HSB(t — 77)HL2(G—(%+E))HL2(G7%)

gathering the two inequalities, we have

.
2~ b
< ot St vt >,

||ASB(t) HLI(Gi(%+6))%L2(G7<%+6>) ~

for any 0 < b < ﬁ, the proof is ended by combining the two cases above. O
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Lemma 3.6.2. Similarly as Lemma m For any p € (2,00), we have

e
< efatQ—’Y

1S5l o -3 pao-t) S ,

and

e
<e T > 0.

1S5)Al L -4, ot

for some a > 0. And for any 0 < b < ﬁ we have

—B —at®
HSB(t)AHH(G*%)—>Lp(G*%) StPen™, Vvt >0.

for some B > 0 and some a > 0.

The proof of Lemma [3.6.2] is similar to the proof of Lemma [3.6.1| and thus skipped. O

Lemma 3.6.3. let X,Y be two Banach spaces, S(t) a semigroup such that for allt > 0
and some 0 < a,0 < b < 1 we have

HS(t)HX—>X < Cxe_atb, ||S(t)||y_)y < Cye_atb,

and for some 0 < «, we have
1S(#) ]| x oy < Cxyt e
Then we can have that for all integer n > 0
IS (@) x-x < Oxnt" e,

stmilarly
ISE@)lly—y < Cypt™ e,

and
S @)y € oyt e
In particular for o+ 1 < n, and for any b* < b
* T
IS (O xoy < Cxyme™
The proof of Lemma is the same as Lemma 2.5 in [53], plus the fact t* < s*4(t—s)°
forany 0 <s<t,0<b<1. O

Then we come to the final proof.

-1
Proof. (Proof of Theorem [3.1.1.) We only prove the case when m = GPT(HG), pE

[1,2], for the proof of the other cases, one need only replace the use of Lemma in
the following proof by Lemma [3.6.2] and Theorem [3.4.1] We will prove p = 1 first, this

time we need to prove

b

I1Se (I =Tl 1 (G-e)spr S e
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for any 0 < b < ﬁ, where [ is the identity operator and II is a projection operator
defined by

I(f) = M(f)G.
First, Iterating the Duhamel’s formula we split it into 3 terms
n—1
Se(I=T) = (I-T){Sp+ > (SsA)™ « (S5)}
=1

+H{(I —1)Sc} * (ASs(t) ™™,

and we will estimate them separately. By Lemma [3.3.3] we have

e
1S8(t) L1 G-yt S e, (3.6.1)

the first term is thus estimated. For the second term, still using Lemma [3.3.3] we get

~

IS5t Al S e 7,
by Lemma [3.6.3] we have
jie
(S5 A) D1 S 8T

together with Lemma the second term is estimated. For the last term by Lemma
B33 .
< efatﬁ'

”‘ASB(t)HLl(G—G)HLl(G*(%“))

By Lemma and for any 0 < b < ﬁ, we have

9 _4b
<tno¢2€at

H ('ASB)(*(nil))(t) HL1(G*(%+€))_>L2(G*(%+6)) ~

)

finally by Theorem [3.3.1] we have
N
—at2=7
HSL(t)(I - H)HLQ(Gf(%+e))_>L2(G7%) rg e ! .

Taking n > a + 2 the third term is estimated, thus the proof of case p = 1 is concluded
by gathering the inequalities above. As the case p = 2 is already proved in Theorem
the case p € (1,2) follows by interpolation. O



Chapter 4

The Kinetic Fokker-Planck

Equation with General Force

4.1 Introduction

In this paper, we consider the kinetic Fokker-Planck (KFP for short) equation with

general force

Of=Lf:=—v-Vof +V,V(x) Vof + Ayf + divy(V,W(v)f), (4.1.1)

for a density function f = f(t,z,v), with t > 0, € RY, v € RY, with
B
v = 1w = s
where (z)? := 1+ |z|2, and the kinetic Fitzhugh-Nagumo equation

Of=L[f= ax(A(:Ua’U)f) + 0U(B($,U)f) + agvf (4'1'2)

with
A(z,v) =ax —bv, B(z,v)=v(v—-1)(v—A)+=x

for some a, b, A > 0. The evolution equations are complemented with an initial datum
f(0,z,v) = fo(z,v) on R*,
It’s easily seen that both equations are mass conservative, that is
M(f(t,-)) = M(fo),
With these notations, we can introduce the main result of this paper.

71
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Theorem 4.1.1. (1) When 2 < 5,1 <, there exist a weight function m > 0 and a non-
negative normalized steady state G € L'(m) such that for any initial datum fo € L*(m),
the associated solution f(t,-) of the kinetic Fokker-Planck equation satisfies

1£(,) = Mfo) Gl my < Ce™ M| fo = M(fo)Gll 1t )

for some constant C, A > 0.
(2) The same conclusion holds for the kinetic Fitzhugh-Nagumo equation .

In the results above the constants C' and A can be explicitly estimated in terms of
the parameters appearing in the equation by following the calculations in the proofs.
We do not give them explicitly since we do not expect them to be optimal, but they are

nevertheless completely constructive.

Remark 4.1.2. Theorem is also true when V' (z) behaves like (z)” and W (v) behaves
like (v)?, that is for any V(z) satisfying

Ci(z)? < V(x) < Cy()?, Vo €R?,

Calz|(z)™! < x-V,V(x) < Cylz|{x)"!, Vz € B,

and
DV (2)| < Culx)?™?, Vo eRY, Vn>2,

for some constant C; > 0, R > 0, and similar estimates holds for W (v).

In fact, Theorem [£.1.1]is a special case of the following theorem.

Theorem 4.1.3. Consider the following equation
Of :=Lf =0:(A(z,v)f) + 0p(B(z,v)f) + Ay f (4.1.3)

with
A(z,v) = —v+ O(z)

where ®(x) is Lipschitz
[®(x) = (y)| < Mz —y],

for some M > 0, define

Vom Vom 1. [Voml?
¢a(m) = wv- i O(x) - - + §dwx<1>(x) + 2
A,m Vem 1 .
+ e B(z,v) - = + idva(x,v)

then if we can find a weight function m and a function H > 1 such that

L'm < —am + b,
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for some a,b > 0

—C1Hm < ¢o(m) < —CoHm + Cs,
for some C1,Co,Cs > 0, and for any integer n > 2 fized, for any € > 0 small, we can
find a constant Ce,, such that

Z \Dl;q)(:c)\ + Z ‘D’;’UB(J}, V)| < Che+€eH
k=2 k=2

and
Ay ym

> —Cy
m

for some Cyq > 0, then we have there exist a steady state G such that
1£ () = M(f0)Gll 1 my < Ce™ |l fo = M(f0) G| 1 (m)-
for some C; A > 0.

Remark 4.1.4. In fact ¢2(m) satisfies

[ +oem? = <2 [Vuf-Fugm® +2 [ fogntmpm®

the computation can be found in Section

Remark 4.1.5. For the kinetic Fokker-Planck equation with general force we can
take
_ — |2 — B 7—1
m=e", Hy=p["+V(z)+e Vo(z), H= ()" +(2)",

for some € > 0 small, the computation can be found in Section[.7|below. For the kinetic
Fitzhugh-Nagumo equation (4.1.2)), we can take

m = M) = v|* + |z|?,

for some constant A > 0, the computation can be found in Section

For the kinetic Fitzhugh-Nagumo equation (4.1.2)), an exponential convergence with
non-quantitative rate to the convergence has already been proved in [53], our method

improves the result to a quantitative rate.
If 5 = 2, the equation (4.1.1)) will turn to the classical KFP equation

Ohf=Lf:=—v-Vof +V,V(x) - Vof + Ay f + divy(vf),

This time we observe that
2

G=2z"1e", W:%+V(x), Z eR,,

is an explicit steady state. There are many classical results on the case v > 1, where
there is an exponentially decay. We refer the interested readers to [62] 19} 20, 42 [36],

38, 91 [47], and for the weak confinement case vy € (0,1), there are also some polynomial
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or sub-geometric convergence results proved in [9, 10, 2I]. We also emphasize that our
results for kinetic Fokker-Planck equation with general potentials are to our knowledge

new.

We carry out all of our proofs using variations of Harris’s Theorem for Markov
semigroup. One advantage of the Harris method is that it directly yields convergence
for a wide range of initial conditions, while previous proofs of convergence to equilibrium
mainly use some strongly weighted L? or H' norms (typically with a weight which is the
inverse of a Gaussian). The Harris method also gives existence of stationary solutions
under quite general conditions; in some cases these are explicit and easy to find, but
in other cases such as the two models in our paper they can be nontrivial. Also the
Harris method provides a quantitative rate of convergence to the steady state, which is
better than non-quantitative type argument such as the consequence of Krein Rutman

theorem.

Let us end the introduction by describing the plan of the chapter. In Section [£.2] we
introduce a PDE translate of the Harris Theorem which is a little stronger than In
Section we present the proof of a regularization estimate on Sz. In Section [£.4] we
prove the Harris-Doeblin condition for the general kinetic Fokker- Planck equation. In
Section 5] we prove a lemma for the spreading of positivity. In Section [.6] , [4.7] and
[4.§ we make the computation for the kinetic Fokker Planck equation and the Fitzhugh-

Nagumo equation.

4.2 Harris Theorem and existence of steady state

In this section we introduce a PDE translation version of the Harris-Doeblin theorem
by José Canizo and S. Mischler, then give a proof of the existence of steady state under

Lyapunov condition.

Theorem 4.2.1. (Harris- Doeblin Theorem) We consider a semigroup S; in a Banach
space X with generator L and we assume that
(H1)(Lyapunov condition) There exists some weight function m : R — [1,00) satisfying

m(z) — 00 as © — oo and there exist some constants o > 0,b > 0 such that
L'm < —am + b,

(H2)(Harris condition) For any R > 0 there exist a constant T = T(R) > 0 and a

positive, nonzero measure j = u(R) such that

STqu/B f. Y¥feX, f>0.

where Br denotes the ball centered at origin with radius R. There exist some constants
C >1 and a < 0 such that

1SefllLim) < Ce®l flligmy. VE>0, VfeX, M(f)=0.
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Remark 4.2.2. In fact this version of Harris-Doeblin Theorem is a little stronger than
Theorem because this version do not require a minimum of T for all R, in this

version it may happen that
T(R) — 0, as R — oo,

while in Theorem they require a minimum ¢,.
Before proving the theorem, we first prove a useful lemma.
Lemma 4.2.3. (Doeblin’s variant). Under assumption (H2), if f € L'(m), with
m(x) — 0o as |x| — oo, satisfies
4

Il > m(R)

1flLigmy,  and  (f) =0, (4.2.1)

we then have

I5efl < (@ = L0y

Proof. From the hypothesis (4.2.1]), we have

BRfi = /fi_/Bcfi

> 5 1= [1m= 1 [

STfiZ%/m =1

Together with (H2), we get

We deduce

St f| < |Srf+ —n|+|Srf- —n| = Srfr —n+ Srf- —n=5Sr|f| —2n,

J1sesi< [seisi=20= [151-% [1]

which is nothing but the announced estimate.

and next

Then we come to the proof of Theorem [4.2.]

Proof. Proof of Theorem We split the proof in several steps.
Step 1. We fix fo € L'(m), (f) = 0, and we denote f; := S;fo. From (H1), we have

d
@”fHLl(m) < —allfellprony + 0l fellr,  VE>0,

from what we deduce

—a —a b
1S fll 21 (my < e N follLrgmy + (1 - t)aHfOHle vt >0,
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In other words, we have proved

1STfllLrimy < Yl follLrgm) + Kl follpr, vVt >0, (4.2.2)
with v € (0,1) and K > 0. We fix R > 0 large enough such that £ < m(R), then take
T =T(R) and u = pu(R), define

b
yi=e T K:=(1- e*O‘T)a

Then we have K/A < (1 —+)/2 with A :=m(R)/4. We also recall that
1S fllr < lfollr, V& =0, (4.2.3)

We define
1£1lg = llfollLr + Bl foll L1 (m)

and we observe that the following altenative holds

[ follL1(my < Allfoll 1 (4.2.4)
or

[foll Lr(my > Allfoll 21 (4.2.5)
Step 2. We observe that under condition (4.2.4)), there holds

[Srfollr < mllfollr, 7 € (0,1) (4.2.6)
and more precisely ~y; := 1 — (u)/2, which is nothing but the conclusion of Lemma 2.3.
Step 3. We claim that under condition (4.2.4)), there holds

1+ 1
2

for 8 > 0 small enough. Indeed, using (4.2.2)) and (4.2.7), we compute

1St folls < 2l follg, 72 := max( ) (4.2.7)

ST folls = [1Srfollr + BlIST foll L1 (m)
< (m+EB)foller + B follLr(m)

A

and we take 8 > 0 such that v, + K5 < 7s.
Step 4. We claim that under condition (4.2.5)), there holds

v+1

157 foll Ly < sl foll Lrgmys 73 2= —5—- (4.2.8)

Indeed we compute

K
157 foll L1y < Y follLramy + — I foll 2 my = V3l foll L1.gm-
Step 5. We claim that under condition (4.2.5)), there holds

_w+1/8

157 folls < ~all follss
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Indeed, using (4.2.3)) and (4.2.8), we compute

ST foll s 157 follzr + BIST foll 11 (m)
< Alfollzr + 38 follLr(m)
< (A =9llfoller + (e + 38l follLr(m)

and we choose € € (0,1) such that 1 —e =¢/5 + 3.
Step 6. By gathering (4.2.7) and (4.2.9)), we see that we have

”STfOHﬁ < ’75||f0”/3a V5 = maac('72,’y4) € (01 1)7

for some well chosen $ > 0. By iteration, we get

1Snr folls <51l folls,

and we then conclude in a standard way.
O

The Lyapunov condition also provides a sufficient condition for the existence of an

invariant measure (for the dual semigroup).

Theorem 4.2.4. Any mass conserving positive Markov semigroup (Sy) which fulfills
the above Lyapunov condition has at least one invariant borelian measure G € M (m),

where M is the space of measures.

Proof. Step 1. We prove that (S;) is a bounded semigroup. For fo € M!(m), we define
ft := Sr(t) fo, and we easily compute

< [l < [1giem < [ 1l-am -+ ),

Using the mass conservation and positivity, integrating the above differential inequality,

we get
—at b —at
[ism < e [ipplm+ 2@ —e) [15
b
< wax(1,2) [ lfolm. ¥t >0,

so that (S;) is bounded in M*(m).
Step 2. We prove the existence of a steady state, more precisely, we start proving that
there exists a positive and normalized steady state G € M'(m). For the equivalent
norm ||| - ||| defined on M*(m) by

AN = sup [|Se (@) fl a1 (m)
t>0

and since we have

HSc@ AN <A1l vt =0,
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t hat is the semigroup S, is a contraction semigroup on (M*(m), ||| - |||). There exists

R > 0 large enough such that the intersection of the closed hyperplane

{f € M'(m); (f) =1}

and the closed ball of radius R in (M*(m), ||| -|||) is a convex, non-empty subset. Then

consider the closed, weakly * compact convex set

K= {f e M'(m)|lIflll <R, f >0,(f) =1},

Since S.(t) is a linear, weakly * continuous, contraction in (M*(m), ||| - |||) and

(Sc@)f) =(f), vt=0,

we see that K is stable under the action of the semigroup. Therefore we apply the
Markov-Kakutani fixed point theorem and we conclude that there exists G € K such
that Sz (t)G = G. Therefore we have in particular G € D(£) and LG = 0. O

4.3 Regularization property of S,

The aim of this section is to establish the following regularization property, which is
similar to Section The proof closely follows the proof of similar results in [38], 47, [62]

Theorem 4.3.1. Consider the weight function m as defined in Theorem [{.1.3, there
exist n,C > 0 such that

C
1Sc() fllL2m) < BT If1lLtmy>  VE € [0,m].
2

for some weight function m. In addition, for any integer k > 0 there exist we some
a(k),C(k) > 0 such that

C
< =

1Se@) f ey < a1 lLrmy, vt € [0,7].

as a consequence we have
C
1Sc®) fllc2s@my < el llpramy, vt € 10,7],
for some 6 € (0,1),( >0

We start with some elementary lemmas.
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Lemma 4.3.2. For f, = Sr(t) fo, define an energy functional

Ft.fe) = AlfellFzimy + at®[VofillF2(m (4.3.1)
+ 26t4(vvftavxft)%2(m)+bt6||vxftH%2(m)’

with a,b,¢ > 0,¢ < Vab and A large enough. Then there exist n > 0 such that

d
ST () < =LAV oSl 3y + 1V fil32my) + Cll il 32y

for all t € [0,n], for some L > 0,C > 0, as a consequence, we have
1Sz foll i1 my < Ct° N foll L2my.

for all t € [0,7n)], iterating k times we get
152 foll i (my < Ct* |1 foll L2y -

Proof. We only prove the case k = 1, for kK = 2, one need only replace f by 0., f and
Oy, f, similarly for k£ > 2. First by Theorem and Remark we have

(fa LQ)LZ(m) + (g7£f)L2(m) = _2(vvfa vg)L2 (f’ g¢2( ))LQ(m)a

for any f,g € L?(m). As a consequence, we have

d
a”f”%z’(m) = (f,L)r2my < ~IVoflF2my = CLlF 2 gmarszy + CollflZ20m)

Oy, Lf = LO, f+z 07,0,V 0w, (4.3.2)
j=1

and since

V2V ()| < CHy,
for some C' > 0, we have
d
19 Fll 2 (m)
= (a’tfzfv Z’aﬂvif)LQ( axzf Z T Vavgf L2(m
< V(O N Z2im) — 01||axif||Lz(mH1/z) + Oauamfuiqm) + C(IVaf [ Vol D 2gmm/z)-
Using Cauchy-Schwarz inequality and summing over ¢ = 1,2, 3,...,n , we get
d

= S IV By = o IV a2y + CollVeF 22y + CIV o 2ty
1=1
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for some C' > 0. Similarly using

d
O Lf = L0y, [ — Oy, [ + Z afijavjf, (4.3.3)
i=1
and since
IV2W (v)]| < Sy + C,
v 2d
we have

d
A G /.

= (avif7£8Uif)L2(m) - (arzf7 avz‘f)LQ( 8szvz vvjwav]f L2(m

VAN

~IVo (o, Z2(my = C1ll0u, T2 (mariszy + CollOu, flIZ2imy + ﬁH!vaHiz(mHuz)

Using Cauchy-Schwarz inequality and summing over i = 1,2, ...,n we get

d
a”vvfﬂi%m)

IA

n Cy
> V@ 2y — ?vafH;(mHl/z)

=1
+CV o f1220m) = (Vo s Ve f ) L2 (m)-

For the crossing term, we split it also into two parts. Using (4.3.2)) and ({ -, we have

d
52(81)1-]07 axif)LQ(m)

= (a’vzfﬂ ‘Cavif)Lz(m) - (8xzf7 8901f)L2( 8%.}0) Z V05 Wavgf L2(m

+(Ou, f+ L0z, f) 12(m) + (Do, ], Z V0o, [)r2(m

< _Q(VU(axif)’ v(avzf))LQ(m) - Hal’zf”L%m) + C”vfo%Q(mHl/Q)
+ C(|Vuf|, |vmf|)L2(mH1/2)7

Combining the two parts, using Cauchy-Schwarz inequality, and summing over ¢ we get

d

TRAACIT

< _22 8xzf 8Uif))L2(m) - Hvﬂ?fH%2(m) + CHVUJCH%Q(mHIM)

+ (|v1}f|7 |vzf|)L2(mH1/2)7

For the very definition of F in (4.3.1), we easily compute

d _ d 2 o d 2 ad
af(t ft) - Ai”ftHLQ(m) + at 7vaftHLz(m) + 2ct di(

d
+bt6 HvaeftHL2 (m) 26tV o fill 72y + 8¢t® (Vo fis Vi f1) F2 )
+65t5|\vzft||L2(m)

Vo ft, fot)%2(m)
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Gathering all the inequalities above together, we have

d c
7 f) < (at—A+ Cat?)[|Vo fell72(my + (66 — 51%4 + CbtO) | Vo fiell72(m)
+ (8ct® — Cat®) (Vo s, Vat) 2(my) + CAfell F2my:
d
— D (@Yo (o, fe) [ T2(my + Ot Vo fo)72m
=1
C
+ 2t (Vo(0r, f1), Vo (0o, f1)) L2(m)) — %Ctﬁ”vfo%%mHl/Q)

C
+ (—7%”:2 +2001° + Cct) Vo f 22 /2y + 208 CUV 1, [Vaf D) p2mr/z)

for some C' > 0. We observe that

’2Ct4(vv(aﬂc¢ft)7 Vi (0, ft>)L2(m))’
< at2Hv’U(8Uift)H%2(m) + btﬁva(avift)H%%m)?

by our choice on a,b,c. So by taking A large and 0 < n small (¢ € [0,7]), we conclude

to
d
l G f) = —L(IVofilZ2my + t 1V fill 22 my) + ClFellT2(mys
for some L,C' > 0, and that ends the proof. O

Lemma 4.3.3. We have
[19aatsm)? < [1900fim? € [ fom,
Proof. We have

[19tm

/|me+me|2
- /|Vf\2m2+/|Vm]2f2+/2fomme
= [IVIPm*+ [(IVm]* = ZA(m?)) f?,

/ Jawme =
L

Am

m

since

Z _C7
for some C' > 0, we are done. O

Lemma 4.3.4. Nash’s inequality: for any f € L'(R?) N H'(RY),there exist a constant
Cy such that:

1+% 3
112" < Call IV fllz2,

For the proof of Nash’s inequality, we refer to [44], Section 8.13 for instance. O
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Lemma 4.3.5. There exist A\ > 0 such that

d
£||f||L1(m) < Afll 2 my (4.3.4)

which implies

1fellz1my < CeXlfollprmy

In particular we have

1 fell 1oy < CllfollLigmy, Yt € [0,1], (4.3.5)

for some constant C' > 0.

Proof. It’ s an immediate consequence of the Lyapunov condition (H1). O
Now we come to the proof of Theorem .31}
Proof. (Proof of Theorem [4.3.1]) We define
G(t, fr) = Bl fell Ta gy + 7 F (2, o),

with B, Z > 0 to be fixed and F defined in Lemma We choose t € [0,7], n small
enough such that (a + b+ ¢)Zn?+! < %an (a,b,c, L are also defined Lemma |4.3.2)).

By (4.3.4) and Lemma we have

d
=G f) < ABISlITs ) + 2677 F (L f2)
— Lt (| Vo il F2gny + 1 Vafill Z2gmy) + CE N Fell 72 (my

MBI fell o my + CEZ 7 fell 22 )

L
—§tz(||vatH%2(m) + t4||vwft’|%2(m))v

IA

where A is defined in Lemma, Nash’s inequality and Lemma imply
Il < ClmIEE IV fm) I < CllFmll E (I Vafmll s + Ol fmil2) 7.
Using Young’s inequality, we have
el Z2gmy < Cet U1 gy + €t IV a0 fell T2y + ClLfell720m))-
Taking € small such that Cen5 < %, we deduce
el Z2gmy < 20t f Ty + 261V fell iy

Taking € small we have

d 1
9t fo) < dB| fellF 1y + C1rtZ 2 fill T gy
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for some C7 > 0. Choosing Z = 1 + 5d, and using (4.3.5)), we deduce

vt € [0777]7 g(tv ft) < g(07f0) + C2Hf()”%/1(m) < C3Hf0‘|%1(m)’

which proves
C
1Sc () fllp2(m) < tsdefHLl(m)a vt € [0, 7).
2

together with Lemma [£.3.2] ends the proof. O

4.4 Proof of Harris condition

In this section we prove the Harris condition (H2) for equation (4.1.3)). Before the proof

of the theorem, we first prove a useful lemma.

Lemma 4.4.1. For any R > 0, there exist a A, p such that for any t > 0, there exists
(x0,v0) € B, such that

f(t,.To,’U[)) 2 )\/B fo.

Proof. From conservation of mass, we classically show that

d
%/Rd f(t,x,v)dxdv = 0,

so we have
1Sc®llpism <1, ¥E>0, (1.4.1)

Define the splitting of the KFP operator £ by
B=L—-A, A= Myxg(z,v).

with M, R > 0 large, where y is the cut-off function such that x(z,v) € [0,1], x(z,v) €
C>®, x(z,v) = 1 when 22+v% < 1, x(z,v) = 0 when 22 +v? > 2, and xg = x(v/R,v/R).
From the Lyapunov function condition (H1) and taking M, R large, we have

1SN L my 2ty < Ce™, V2 > 0. (4.4.2)

By Duhamel’s formula
Sg =S+ Sg*AS¢,

we directly deduce from (4.4.1]) and |4.4.2| that

ISl 1y 1oy < A, ¥ 20,

for some A > 0. We fix R > 0 and take go = folg, € L*(R?) with that supp go C B,
,denote g+ = Srgo, fr = Sr fo, then we have

/gt:/ go=/ 90:/ fo-
R R Br Br
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Moreover, since there exists A > 0 such that

/ gm < A/ gom < Am(R)/ 90-
Rd R4 Br

For any p > 0, we write

/gt = /gt_/ gt
B, Rd B
1
> /90—*/ gem

Rd p Jre

Am(R) 1
/go— /902*/ 90,
R p Br 2 /By

by taking p = 2Am(R). As a consequence, for any ¢t > 0, there exist a (zo,v0) € B,

v

which may depend on gy such that

(t ) > ! > ! / A
g\t,To, V) = 75 9t = 55 go ‘= g9o-
1Byl /B, 2|Byam(r)| JBR Br

By the maximum principle we have

f(t, 20, v0) > g(t, w0, v0) > A/ g0 = )\/ fo-
Br Br

Theorem 4.4.2. The equation satisfies the Harris condition.

Proof. By Theorem we now take for ¢t > 2, we have
Aof,Vaf, Vof € CO,
and by equation
Ohf = Lf = 0:(A(z,0)f) + 0u(B(x,v)f) + A f,
we deduce that for any Rq > 0 we have,
07| + 1001+ 10,01 < C . on [3.] x Br,.

for some constant C' > 0. By continuity for every R > 0, there exist ¢1,t2,70, 0, A > 0
which do not depend on f and (zg,v9) € B, which may depend on f, such that for all
t € (t1,t2), we have

A
f(t;x;/u) 2 §1BTO(ZE0,UO) /BR f07

where By, (g, v9) denotes the ball centered at (zg,vp) with radius ro, to make xg, vy f

independent we use
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Theorem 4.4.3. Let f(t,z,v) be a classical nonnegative solution of
Ohf = Auf = —(v+®(@)) - Vof + Alt,2,0) - Vof + Bt 2,0),
in [0,T) x Q, where ®(z) is Lipschitz
|@(z) — (y)| < Mz —y[, Vz,y€Q,

Q is an open subset of R? , and A, B : [0,T) x R? and bounded continuous functions.
Let (xo,v0) € Q, let

V = max{vo + ®(z0)|(vo,70) € 2}, A= [AllL=), B=IBlr=@
then for any r,7 > 0 there are constants X\, K > 0, only depending on A,V, Band r2 /T,
, such that the following holds: If
By(z0,v0) €Q, 7 < min(1/2,73/4V,1/M)

and
f>=6>0, in [0,7) X B.(xo,v0),

then
f > K(Sa n [7/277-) X BZT(:I:()vUO)‘

in fact it is possible to take A such that
reor reor
2068 x 16 x 8 —,—) = Amin(—, —).
x 16 x maX(T,TB) mm(T,Tg)
Proof. See Section [£.5] O
Coming back to the proof of Theorem Define
T = min(ty — t1,1/2,75 /AR, 1/M),

iterate n times we have for any ¢ € (to — %, to2)

)\ n
t xz, 'U 5 H 1anr0 (zo,v0) / f07

take n large such that 2"ry > 2p, since (z9,vo) € B, implies that B, C Ba,(zg,v0), we

have

ATL
txv ZgHKpr/ fo,

for any t € (t2 — 21”, t2), which is just Harris condition. O
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4.5 Proof of spreading of positivity

In this chapter we prove the spreading of positivity

Theorem 4.5.1. Let f(t,z,v) be a classical nonnegative solution of
Of—Avf=—(v+P(x)) Vof + A(t,z,v) - Vo f + B(t,z,v)f,
in [0,T) x Q, where ®(z) is Lipschitz
[@(z) — (y)| < Mz —y[, Va,ye€Q,

Q is an open subset of R? , and A, B : [0,T) x R? and bounded continuous functions.
Let (x0,v0) € Q, let

V = max{vo + ®(z0)|(vo,z0) € U}, A= [Allz~() B =|Blr=@),

then for any r,7 > 0 there are constants X\, K > 0, only depending on A,V, Band r2 /T,
, such that the following holds: If

By (z0,v0) €Q, 7 < min(1/2,73/4V,1/M)

and
f > 0> 07 in [077-) X BT(£07U0)7

then
f> K6, in[r/2,7) X Bor(x0,v0).

in fact it is possible to take A such that
r2 6 g2 6
2068 x 16 x Smax(?, ﬁ) = )\mln(77 ﬁ)
Proof. This proof is similar to the proof in [62] Appendix A. 22. Let g(¢,z,v) =
ePlf(t,z,v), then g > f and Lg > 0 in (0,7T) x €, where
0
L= a + (’U—F‘I’(l‘)) Ve — Ay _A(tax7v) -V,
Let us construct a particular subsolution for £. In the sequel, B, will stand for
By (z9,vg). For t € (0,7] and (z,v) € Q\ B, let

a\v — v |? B b(v — g,z — X¢(x0,00)) n |z — X;(20,v0)|?
2t t2 23 ’

where X;(zo,v0) = xo + t(vo + ®(x0)) (abbreviated X; in the sequel) is the position at

Q(t7 x? v) =

time ¢ of the geodesic flow starting from (xo, vo), and a, b, c > 0 will be chosen later on.
Let further 1
¢(7§, z, U) = Je pQ(t.z,v) €
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where 11, € > 0 will be chosen later on. Let us assume b? < ac, so that Q is a positive

definite quadratic form in the two variables v — vg and x — X;. Then
Lo = pde " A(Q),
where
AQ) =0:Q + (v +2()) - Vo — M@ + pl Vo QP — Aty 2,0) - Vo Q.
By computation,

|v — vpl? (v — v, x — Xy) |z — X¢(20,v0)|?
—a 572 + 2b 3 —3c 51
(v — g, v + D(20)) (x — X¢,v0 + D(20))
t2 - ¢ t3
B b(v —v0,v + ®(x)) +C<$ — Xy, v+ 2(x) o
12 3 t
v—vy L x—Xpy (A, v — )
e 2
B B(v—vg a:—Xt> _a<A,v—Uo> +b<A,$—Xt) ad

AQ) =

+ b

+ pla

t 2
v — g, P(z) — P(x0)) n C<$ — Xy, ®(z) — O(x0))
) 2t3 ’

_
where B is a quadratic form on R™ x R™ with matrix p ® I,

P pa® —%+b  —pab+b+§
—pab+b+ 5 pb? — %

If a, b, ¢ are given, then as y — oo

trp = p(a® +b%) + O(1),
2 3a’c

detP = ,u(% + abe — b — T) + O(1).

Both quantities are positive if b > a and ac > b?, for example we can take b = 2a, ¢ = Sa,
then as y — oo the eigenvalues of P are of order ub? and ac/b > b. So for any fixed C

we may choose a, b, ¢ and u so that

v—vg r— Xy |U*U0|2+|$*Xt|2

B >Cb .
( n ) 2 ) = C ( 12 4 )
where C is arbitrarily large. If ¢ € (0, min{4;,1}), we have
|z — X¢|? |v — vp|? 5 9 Bd
> —8b —3b — 3bA° — 30V — —
(Q) = 8= 3b— 3 3 o

gathering the two terms, we have

lv — vo|2 N |z — Xt\Q

A(Q) > const.%[C’( " 3

) —1].
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with C arbitrarily large. Recall that (z,v) ¢ B,, so
- either |v — vg| > 7, and then A(Q) > const.(b/t)[Cr?/7 — 1], which is positive if

C>r7/rY
- or |x — xg| > 73, and then, for any 7 < r3/(4V), then we have
lz — X¢? _ |z — 20]? 5 70 5 78
> -2 @ > — =2V > — |
2 2 oo+ @(@o)l” 2 575 = 47

so A(Q) > const.(b/t)[Cr8 /473 — 1], which is positive as soon as C' > 4(7/r?)3.
To summarize: under our assumptions there is a way to choose the constants a, b, ¢, ,

depending only on d, A,r?/7 , satisfying ¢ > b > a > 1 and ac > b?, so that
Lp <0, in[0,7)x (By \ B),

as soon as 7 < min(1,7%/(4V), 4;). We now wish to enforce ¢ < g for t = 0 and for
(z,v) € O(By \ By); then the classical maximum principle will imply g > ¢, in [0,7) X
(B>\7” \ BT‘)'

The boundary condition at t = 0 is obvious since ¢ vanishes identically there (more
rigorously, ¢ can be extended by continuity by 0 at ¢ = 0). The condition is also true
on 0B, since ¢ < § and g > §. It remains to impose it on dB), . For that we estimate
Q from below: as soon as ac/b? is large enough, it’s easily easy to seen that for any
(x,v) € OBy,

a lv—wl  |z— X a . A2 \66 aX? . r? b
Q(t,z,v) > Z( P + e ) > me( s > 16 mm(77 ﬁ)’
Thus if we choose ) .
A
€= 5exp(—'uiy6 min(%, %)),

we make sure that ¢ = de #@ — e < 0 on B),, a fortiori ¢ < ¢ on this set, and then
we can apply the maximum principle.

So now we have ¢ < g, and this will yield a lower bound for g in [7/2,7) X (Ba, \ By):
indeed, if ¢ > 7/2 and (z,v) € Ba, \ B, then

lv — vo|2 n |z — Xt]2 r2 102676 r2 6

Qlt,.v) < 2( D) < 2e(s™ 4 2 < 2068emax(", )
For A large enough we find Ky > 0 such that
r2 6 —par? . 2
o(t, z,v) > dlexp(—2068uc max(7, ﬁ)) —exp(— 5 mln(?, ﬁ))] > Koo,
because ¢ = 8a, to find such A it suffices that
2 .6 2 .6
2068 x 16 x 8 max(—, —) < Amin(—, —),
T'T TT

by consequence A depends only on 72 /7.
Finally we find K, A\ > 0 depending on A, C' and 72 /7 such that

F>Kobe ™ on [r/2,7) x (Bar \ By),

which conclude the proof. O
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4.6 Lyapunov function for the kinetic Fitzhugh-Nagumo

equation

Theorem 4.6.1. Denote L the operator of the kinetic Fitzhugh-Nagumo equation ,
then there exist a weight function m and a function H satisfies Theorem [[.1.5,

Proof. We recall that the kinetic Fitzhugh-Nagumo equation
atf = ‘Cf = aac(A(m:U)f) + av(B(x/U)f) + 83vf7

with
A(xz,v) =ar —bv, B(x,v)=v(v—1)(v—rc)+uz,

for some a, b,c > 0. This time we have

bo(m) = me_ me+g+|vvm|2
2y = v m v m 2 m2
A, v 1
F2T oy — 1) — )+ 2) T 4 (302 4 21+ o+ o),

We can take m = e%(‘xl2+|”|2), with r > 0 to be fixed later, then we have

Vaem V.m A,m
=rz, =ro,

=7+ r2v|?,
m m m

and this time we have

2
pa(m) = rx-v—rr)®+ P + 2z 4 r + r2v)?

1
—rlv]2(v—1)(v—¢) —rz-v+ 5(31)2 +2(1+c)v +¢),

if we take r < 1 and
H = |v|* + |z

then we have
—C1Hm < ¢o(m) < —CoHm + Cs,

for some C1,Cs,C3 > 0, and it’s easily seen that for any integer n > 2 fixed, for any

€ > 0 small, we can find a constant C¢, such that

n

D IDE@)| + D IDE (v = 1) (v = ¢) +2))] < Cre + €M,
k=2 k=2

since
Ay .m
x,v
— =r+4 1"2|v|2 >0,

all the conditions of Theorem [£.1.3is satisfied, the proof is finished. O
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4.7 Lyapunov function for the KFP equation

In this section we will give Lyapunov condition for the kinetic Fokker-Planck equation.

Theorem 4.7.1. Denote L the operator of the kinetic Fokker-Planck equation ,
then there exist a weight function m satisfies Theorem[4.1.1]

Proof. First we recall the kinetic Fokker-Planck equation with general force

Ouf = Lf = —v-Vof + VaV(2) - Vof + Auf + dive (VoW (0)f), (4.7.1)
with ., 5
v =1 gz we =Y 2o

where (z)? := 1+ |z|?, and
Lf=v-V,f - Vacv(x) Vof +Auf — va(U) Vo f,

we compute

L +V(z)=d—v-V,W (),
and
L*(v-V(z)) = oVi{z)v — V,V(x) - Vo(z) + V, W (v) - Vo (z),

since

V2(z) < CI,
where [ is the d x d identity matrix, combine the two terms together we have
L([v]* + V(2) + v Vo (z)) < C = C((0)° + (x)771),
with € > 0 small, denote
H=|v|> +V(z)+ev- Vi),

and since

E*eAH

AH

i = AV Vo H = VoV (@) Vol + A H + NV H|? =V, W(v)-V,H),

take A > 0 small, we have
LMY < —C1HeM 4 Oy,

for some constant C1,Cy > 0, with H; = (v)? + ()7~1, then the Lyapunov condition
follows. For the second inequality, by Lemma [£.8:T] we have

1
¢2(6AH) — )\(/U : VmH + VIV(.'E) . VUH + §AUW(,U)
+ AH + N+ NV H? -V, W(v)-V,H),
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and we still have
—C3HieM (M) < O H M4 Oy,

for some constant C7,Cs, C's > 0, thus the theorem is proved.

4.8 Computation for ¢o(m)
In this section we only make the computation for Remark
Lemma 4.8.1. Define

Ohf = Lf = 0u(A(z,0)f) + 0u(B(x,v)f) + A f,

with
A(x,v) =-—v+ ‘P(Qj‘),

Then for any weight function m we have
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(4.8.1)

/(f(ﬁg) +g(Lf))m* = —Q/va'vvgm2+2/fg¢2(m)m2, (4.8.2)

with
Va.m V.m 1 . |Vym|?
pa(m) = wv- pa O(x) - + idw O(x) + -
A,m Vom 1 .
- B : 5 UB s V)
- (z,v) + 2dw (z,v)

where we use [ f in place of [gayga fdxdv for short.

Proof. Define

Tf:_v'vivfa

we have

[ 1Tam® + [(THgm? = [ T(sgm?* =~ [ fgT(m®) =2 [ fgm

for the term with operator A we have

/(fAvg + gAvf)mZ = _/vv(fmg) Vg + vv(gmz) Vo f

_ —2/va-vam2 +/ngv(m2)

= —Q/Vvﬁvvng ~|—2/fg!V1,m\2+Avmm,
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using integration by parts
/fdivv(B(x, v)g)m? 4 gdiv,(B(z,v) f)m?
= /fB($, v) - Vogm? + gB(z,v) - Vy fm? 4 2div,B(z,v) fgm?
= | —fgV, - (B(z,v)m?) + 2div,B(z,v) fgm?
= /—2ng(x, v) - %Tmm2 + div,B(zx, v) fgm?,

similarly

so (4.8.2)) are proved by combining the terms above. O



Chapter 5

Harris for jump process

5.1 Introduction

The goal of this chapter is to give quantitative rates of convergence to equilibrium
for some linear kinetic equations, using a method based on Harris’s Theorem from
the theory of Markov processes [39, 62, [41] that we believe is very well adapted to

hypocoercive, nonlocal equations. We consider equations of the type
of+v-Vof =LFf,

where f = f(t,z,v), with time ¢t > 0, space z € T? (the d-dimensional unit torus), and
velocity v € R%. The operator £ acts only on the v variable, and it must typically be the
generator of a stochastic semigroup for our method to work. We give explicit results
for £ equal to the linear relaxation Boltzmann operator (sometimes known as linear
BGK operator), and for £ equal to the linear Boltzmann operator (see below for a full
description). We also consider the equations posed on the whole space (z,v) € R? x R4

with a confining potential ®:
atf"‘v’v:cf_(vxq)'vvf) =Lf.

We are able to give exponential convergence results on the d-dimensional torus, or
with confining potentials growing at least quadratically at oo, always in total varia-
tion or weighted total variation norms (alternatively, L' or weighted L' norms). For
subquadratic potentials we give algebraic convergence rates, again in the same kind of
weighted L! norms. Some results were already available for these equations [15, 55, 19,
38]. We will give a more detailed account of them after we describe them more pre-
cisely. Previous proofs of convergence to equilibrium used strongly weighted L? norms
(typically with a weight which is the inverse of a Gaussian), so one advantage of our
method is that it directly yields convergence for a much wider range of initial condi-

tions. The result works, in particular, for initial conditions with slow decaying tails,
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and for measure initial conditions with very bad local regularity. The method gives also
existence of stationary solutions under quite general conditions; in some cases these are
explicit and easy to find, but in other cases they can be nontrivial. We also note that
our results for subquadratic potentials are to our knowledge new. Apart from these new
results, our aim is to present a new application of a probabilistic method, using mostly
PDE arguments, and which is probably useful for a wide range of models.

The study of the speed of relaxation to equilibrium for kinetic equations is a well
known problem, both for linear and nonlinear models. The central obstacle is that
dissipation happens only on the v variable via the effect of the operator £, while only
transport takes place in x. The transport then “mixes” the dissipation into the x
variable, and one has to find a way to estimate this effect. The theory of hypocoercivity
was developed in [62] B8], [42] precisely to overcome these problems for linear operators.
In a landmark result, [23] proved that the full nonlinear Boltzmann equation converges to
equilibrium at least at an algebraic rate. Exponential convergence results for the (linear)
Fokker-Planck equation were given in [22], and a theory for a range of linear kinetic
equations has been given in [19]. All of these results give convergence in exponentially
weighted L? norms or H' norms; convergence to equilibrium in weighted L' norms can

then be proved for several kinetic models by using the techniques in [35].

Let us describe our equations more precisely. The linear relazation Boltzmann equa-
tion is given by

Of +v-Vaof — (Vo®-Vof) =L f — f, (5.1.1)

where

LTf = (/f(t,x,u)du) M(v),

and M(v) := (27)~ %2 exp(—|v|?/2). The function f = f(t,z,v) depends on time ¢t > 0,
space z € R? and velocity v € R, and the potential ® R? — R is a C? function of
x. Alternatively, we consider this equation on the torus; that is, for z € T¢, v € R,
assuming periodic boundary conditions. In that case we omit ® (which corresponds to

® = 0 in the above equation):
Of +v-Vuf =LTf—f. (5.1.2)

This simple equation is well studied in kinetic theory and can be thought of as a toy
model with similar properties to either the non-linear BGK equation or linear Boltz-
mann equation. It is also one of the simplest examples of a hypocoercive equation.
Convergence to equilibrium in H! for this equation has been shown in [I5], at a rate
faster than any function of ¢. It was then shown to converge exponentially fast in both
H' and L? using hypocoercivity techniques in [38, 55 [19].

The linear Boltzmann equation is of a similar type:

Of +v-Vof = (Va®- Vo f) =Q(f, M), (5.1.3)
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where ® is a C? potential and M(v) := (27)~%2 exp(—|v|?/2) as before, and Q is the

Boltzmann operator

QU9 = [, [ Blv=uvl.0) (f(0)a(w) = Fv)g(v.)) dodu.

;L vt U v — p_Utue o=

2 2 7 T 2 7
and B is the collision kernel. We always assume that B is a hard kernel and can be

written as a product

B(|v — vi],0) = |[v —v,|7 b(o- e >, (5.1.4)

|v — vy

for some v > 0 and b integrable and uniformly positive on [—1,1]; that is, there exists
C} > 0 such that
b(z) > Cy for all z € [-1,1]. (5.1.5)

As before, alternatively we consider the same equation posed for z € T?, v € R?, without
any potential ®:
Of+v-Vaof =Q(f, M). (5.1.6)

This equation models gas particles interacting with a background medium which is
already in equilibrium. Moreover, it has been used in describing many other systems
like radiative transfer, neutron transportation, cometary flow and dust particles. The
spatially homogeneous case has been studied in [46} [I, [IT]. The kinetic equations
or fit into the general framework in [55] [19], so convergence to equilibrium in
weighted L? norms may be proved by using the techniques described there.

We denote by P(£2) the set of probability measures on a set Q C R¥ (that is, the
probability measures defined on the Borel o-algebra of Q). We state our main results

on the torus, and then on R¢ with a confining potential:

Theorem 5.1.2 (Exponential convergence results on the torus). Suppose that t — f;
is the solution to (5.1.2) or (5.1.6) with initial data fo € P(T? x R?). In the case

of equation (b.1.6) we also assume (5.1.4) with v > 0 and (5.1.5)). Then there exist
constants C > 0, A > 0 (independent of fy) such that

I fe — ptll« < Ce™ fo — pull,

where  is the only equilibrium state of the corresponding equation in P(T% x R?) (that

is, u(x,v) = M(v)). The norm |- ||« is just the total variation norm |- ||py for equation

B2,
fo=plle = o= slirvi= [ [ 1fo=nldedv  for equation EI2),

and it is a weighted total variation norm in the case of equation ({5.1.6)):

fo=nlle= [, [0+ wP)lfo—pldedv  for equation (LT).
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Theorem 5.1.3 (Exponential convergence results with a confining potential on the
whole space). Suppose that t — f; is the solution to (5.1.1)) or (5.1.3) with initial data
fo € P(R? x RY) and a potential ® € C*(RY) which is bounded below, and satisfies

z-Ve®(z) > 2> +72®(x) — 4, xR,

for some positive constants v1,v2, A. Define (x) = /1 + |z|?. In the case of equation
(p.1.6) we also assume (5.1.4), (5.1.5) and

x-V®(z) >m (x>7+2 + 72 ®(z) — A,

for some positive constants v1,y2, A. Then there exist constants C > 0, A > 0 (indepen-
dent of fo) such that

I1fe = plls < Ce M|l fo — plls

where p is the only equilibrium state of the corresponding equation in P(R? x RY),
dp = M(v)e ®@ dvdz.

The norm || - ||« is a weighted total variation norm defined by

1
1= nll= [ (1 + 5l +2() + m?) f — ul dvde.

In all results above the constants C' and A can be explicitly estimated in terms of
the parameters appearing in the equation by following the calculations in the proofs.
We do not give them explicitly since we do not expect them to be optimal, but they are
nevertheless completely constructive.

We also look at Harris type theorems with weaker controls on moments to give
analogues of all our theorems when the confining potential is weaker and give algebraic
rates of convergence with rates depending on the assumption we make on the confining
potential. Subgeometric convergence for kinetic Fokker-Planck equations with weak

confinement has been shown in [21], 9, [10].

Theorem 5.1.4 (Subgeometric convergence results with weak confining potentials).
Suppose that t — f; is the solution to in the whole space with a confining potential
® € C%(RY). Define (x) = \/1+ [z[2. Assume that for some 3 in (0,1) the confining
potential satisfies

T Vo®(x) > v ()% 4+ 08 (x) — A,

for some positive constants 1,72, A. Then we have that there exists a constant C' > 0
such that

sy < min{lfo = ullvv. € [ foGe,o) (14 1o + @) + [of?) (1209

Similarly if t — fy is the solution to (5.1.3) in the whole space, satisfies (5.1.4)), (5.1.5))

and
2V, 0(2) 2 7 (1) 4 00(z) — 4, D) < yala)
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for some positive constants 1,72, A, 8,7v3. Then we have that there exists a constant
C > 0 such that

162 = sllry < min{1fo = ey, © [ fofavo) (L4 S0P + (o) + ] ) (14072

This method is also applicable to some integro-PDEs describing several biological
and physical phenomena. In [29], Doeblin’s argument is used to show exponential relax-
ation to equilibrium for the conservative renewal equation which is a common model in
population dynamics, often referred as the McKendrick-von Foerster equation. In [14],
the authors show existence of a spectral gap property in the linear (no-connectivity)
setting for elapsed-time structured neuron networks by using Doeblin’s Theorem. Re-
laxation to the stationary state for the original nonlinear equation is then proved by a
perturbation argument where the non-linearity is weak. Moreover, in [24] the authors
consider a nonlinear model which is derived from mean-field description of an excitatory
network made up of leaky integrate-and-fire neurons. In the case of weak connectivity,
the authors demonstrate the uniqueness of a stationary state and its global exponential
stability by using Doeblin’s type of contraction argument for the linear case. Also in
[9], the authors extend similar ideas to obtain quantitative estimates in total variation
distance for positive semigroups, that can be non-conservative and non-homogeneous.
They provide a speed of convergence for periodic semigroups and new bounds in the
homogeneous setting.

Using Harris’s Theorem gives an alternative and very different strategy for proving
quantitative exponential decay to equilibrium. It allows us to look at hypocoercive
effects on the level of stochastic processes and to look at specific trajectories which
might allow one to produce quantitative theorems based on more trajectorial intuition.
Another difference is that the confining behaviour is shown here by exploiting good
behaviour of moments rather than a Poincaré inequality, this means looking at point
wise bounds rather than integral controls on the operator. These are often equivalent
for time reversible processes [9, [I7] and have advantages and disadvantages. However,
the condition on the moments used here might be much easier to verify in the case where
the equilibrium state cannot be made explicit. This is the motivation behind [5 [16].
These works also allow us to look at a large class of initial data. We only need fy to
be a probability measure where || fo — p|| is finite. Harris’s Theorem has a restriction
which is that we can only consider Markov processes. Many kinetic equations are linear
Markov processes but this excludes the study of linearized non-linear equations which
are not necessarily mass preserving.

The plan of the chapter is as follows. We deal the convergence of linear relaxation
Boltzmann equation in Section and we deal the convergence of linear Boltzmann
equation in Section [5.3] finally in Section [5.4] we introduce an abstract theorem which

could cover more jump process cases.
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5.2 The linear relaxation Boltzmann equation

This is the simplest operator on the torus, so we do not in fact need to use Harris’s
Theorem. We can instead use Doeblin’s Theorem where we have a uniform minorisation

condition.

5.2.1 On the flat torus

We consider
Oif +v-Vof =LFf, (5.2.7)

posed for (z,v) € T x RY, where T? is the d-dimensional torus of side 1 and
£i @) = £ () = f@)i= ([ F@w)du) M) - foo), (529
R

which is a well defined operator from L'(T? x R?) to L'(T? x RY), and can also be
defined as an operator from M(T¢ x R?) to M(T? x RY) with the same expression
(where [pa f(x,u)du now denotes the marginal of the measure f with respect to u).
We define (T})¢>0 as the transport semigroup associated to the operator —v -V, f in
the space of measures with the bounded Lipschitz topology; that is, t — T;fy solves
the equation O;f + v - Vi f = 0 with initial condition fy. In this case one can write T}
explicitly as

T fo(z,v) = fo(z — tv,v). (5.2.9)
Using Duhamel’s formula repeatedly one can obtain that, if f is a solution of
with initial data fj, then

t s
el f, > / / Ty LT Ty LTT, fodrds. (5.2.10)
0 Jo

We will now check two properties, which we list as lemmas. The first one says that
the operator £ always allows jumps to any small velocity. We always use the notation
14 to denote the characteristic function of a set A (if A is a set), or the function which

is 1 where the condition A is met, and 0 otherwise (if A is a condition).

Lemma 5.2.5. Foralld;, > 0 there exists ap, > 0 such that for all nonnegative functions
g € L' (T x R%) we have

LTg(x,v) > ar (/ g(z,u) du) Ljo<o,) (5.2.11)
Rd
for almost all (z,v) € T¢ x R,
Proof. Given any dy, it is enough to choose ay, := M(v) for any v with |v| = dr. O

The second one is regarding to the behaviour of the transport part alone. It says
that if we start at any point inside a ball of radius R, and we are allowed to start
with any small velocity, then we can reach any point in the ball of radius R with a

predetermined bound on the final velocity:
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Lemma 5.2.6. Given any time tg > 0 and radius R > 0 there exist 6;,, ' > 0 such
that for all t >ty it holds that

/B(R/) T, (6z0(x)ll{‘v|§5L}> dv > tld]l{lxISR} for all xg with |xo| < R. (5.2.12)
In particular, if we take R > \/d, there exist 61, R’ > 0 such that
/ T; (5x0 (:c)]l{MS(;L}) dv > tld for all z¢ € T, (5.2.13)
B(R)
Proof. Take t, R > 0. We have

T (5930 (x)]lB((;L)(v)) = b (2 — vt) 1 (5, (v),

where B(§) denotes the open ball {z € R? | |z| < 6}, and in general we will use the
notation B(z,6) to denote the open ball of radius § centered at z € R?. Integrating this

and changing variables gives that

1 r—y
L T (a5 0) o= [ )iy () o

Since |z — y| < |z| + |y| we have that

T —y z Yy
Lp(s,) ( ; ) > 1, 2) (t) 15, /2) (t) .

Therefore if we take 6, > 2R/t we have

L=y
1p(s,) (t) > 1pr)(2)1(R)(Y)-
On the other hand, if we take || < R and R’ > 2R/t then
B(z,tR') O B(z,2R) D B(R).

Hence if §;, > 2R/t and R’ > 2R/t,

1
/B(R,) Ti (5% (x)]lB(éL)(”)) dv > tqlB(R) (),
which proves the result. —

Lemma 5.2.7 (Doeblin condition for the linear relaxation Boltzmann equation on the
torus). For any t. > 0 there exist constants o,y > 0 (depending on t.) such that any
solution f to equation (5.2.7) with initial condition fo € P(T¢ x RY) satisfies

f(te, z,v) > alyjy<s,ys (5.2.14)

where the inequality is understood in the sense of measures.
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Proof. Tt is enough to prove it for fo := (4 ), Where (29, v0) € T? x R? is an arbitrary
point. From Lemma (with R > v/d and to := t,/3) we will use that there exists
dr, > 0 such that

1 d
/Rd ﬂ(5$0($>]l{|v|§5L}) dv > ticl for all xg € T, t > to.

Also, Lemma [5.2.5| gives an a, > 0 such that

Lre> ap </Rdg(x,u) du) 1(joi<s,}-
Take any r > 0. Since T fo = (5y—vgr,vy), Using this shows
LT fo > ap 6zy—vor(2) Lijoj<s,}-
Hence, whenever s — r > ty we have
LT £y 2 o ([ T 4T fo du) L

> Ol% </]Rd Tsfr((sxofvor(x) ]]-{|u\§6L}) du) ]]-{|v\§6L}

1 2
(s — r)dO‘L Lgjo|<o,y-

v

Finally, for the movement along the flow T;_,, notice that
Tt<]le(a7)]l\v|<6L (U)) = ]le(x)]lﬂvKéL}(’U) for all t > 0.
This means that for all ¢ > s > r > 0 such that s — r > ¢y we have

1
ﬂ—sﬁJrTs—rﬁJrTrfO > ma% ]1{|'U|§6L}'

For any t, we have then, recalling that tg = ¢./3,

te ps te o 1
Ty LT LT fodrds > a? 1 . / ———drds
/O /O ta Jfo = &p Hv|<or} oo Jo (s—r)d

o 1o a2
Z a0 Mpisay = gh 0L Lpi<a)-
Finally, from Duhamel’s formula ([5.2.10]) we obtain

|
e tr2d

fltez,v) = a7 Ljul<s,}s

which gives the result. O

Proof of Theorem in the case of the linear relazation Boltzmann equation. Lemma
(.27 allows us to apply directly Doeblin’s Theorem [1.2.2] to obtain fast exponential
convergence to equilibrium in the total variation distance. This rate is also explicitly

calculable. Therefore, the proof follows. O
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5.2.2 On the whole space with a confining potential

Now we consider the equation

Of +v-Vuf — Vad(z) Vof = LS, (5.2.15)

where £ is defined as in the previous section and z,v € R?. We want to use a slightly
different strategy to show the minorisation condition based on the fact that we instan-
taneously produce large velocities. We first need a result on the trajectories of particles
under the action of the potential ®. Always assuming that ® is a C? function, we con-
sider the characteristic ordinary differential equations associated to the transport part
of :

T=wv

0= —-Vo(x),
and we denote by (X¢(zo,v0), Vi(xo,v0)) the solution at time ¢ to with initial

data z(0) = xg, v(0) = vg. Performing time integration twice, it clearly satisfies

(5.2.16)

t s
Xi(zo,v0) = xo + vot + / / VO (X, (o, v0)) duds (5.2.17)
0 Jo

for any zg, vg € R? and any ¢ for which it is defined. Intuitively the idea is that for small
times we can approximate (X, V;) by (Xt(o), Vt(o)) which is a solution to the ordinary

differential equation

(5.2.18)

whose explicit solution is (Xt(o), Vt(o)) = (2o + vot, vp). If we want to hit a point x; in
time ¢ then if we travel with the trajectory X© we just need to choose vy = (21 — () /t.
Now we choose an interpolation between (X(© V) and (X,V). We denote it by
(X9, V() which is a solution to the ordinary differential equation

vy (5.2.19)
b= —2Vd(z), o

still with initial data (xq,vp). We calculate that

€ U € U
Xt( )(anUO) = X¢ (ZL‘O, 60) , Vt( )(xOvUO) = €Vt ($0, 60) .

Now we can see from the ODE representation (and we will make this more precise later)
that (X, V) is a C' map of (¢,¢,z,v). Therefore if we fix t and zg we can define a C!
map

F0,1] x R — RY,

by
F(e,v) = Xt(e) (z9,v).
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Then for € = 0 we can find v, such that F(0,v,) = x; as given above. Furthermore
VF(0,v,) # 0 so by the implicit function theorem for all € less than some €, we have a
C' function v(e) such that F(e,v(e)) = 1. This means that

Xet (xo, v(;)) = 1.

So if we take s < €.t then we can choose v such that X(xg,v) = z1. We now need to
get quantitative estimates on €., and we do this by tracking the constants in the proof
of the contraction mapping theorem.

In order to make these ideas quantitative and to check that the solution is in fact
C' we need to get bounds on (Xy, V;) and V®(X;) for ¢ is some fixed intervals. For the
potentials of interest we will have that the solutions to these ODEs will exist for infinite

time. We prove bounds on the solutions and V®(X;) for any potential:

Lemma 5.2.8. Assume that the potential ® is C? in R?. Take A > 1, R > 0 and
T0,v0 € R with |zo| < R. The solution t — X;(x0,v0) to (5.4.43) is defined (at least)
for |t| < T, with

_ min{(A—l)R \/()\—I)R}
o 2lvol 7 V2Cir

(1t is understood that any term in the above minimum is +oo if the denominator is 0.)

Also, it holds that

Chp = .
AR = I IVo(x)|

| Xi(zo,v0)] AR for |t| < T.

Proof. By standard ODE theory, the solution is defined in some maximal (open) time
interval I containing 0; if this maximal interval has any finite endpoint ¢, then X;(xg, vo)
has to blow up as t approaches t,. Hence if the statement is not satisfied, there must
exist t € I with |t| < T such that | X¢(xo,v0)| > AR. By continuity, one may take to € I
to be the “smallest” time when this happens: that is, |tg| < 7T and

Xty (w0, v0) = AR,
| X+, (z0,v0)| < AR for |t| < |tol.

By (5.4.44)) and using that |tg| < T we have
5
AR = | Xy (20, v0)| < |wo| + |voto] + 5 max{|Ve(X¢(zo, v0))|: < to}

()\—1)R+C)\RQ ()\+1)R+C,\R2

< 2 = t
SR+ 2 2 0 2 2

which implies that
A=1R< C)\Rtg.

If C\g = 0 this is false; if C\g > 0, then this contradicts with that |to| < T O
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We now follow the intuition given at the beginning of this section. However we
collapse the variables € and ¢ together and consequently look at X (z, %) which is

intuitively less clear but algebraically simpler.

Lemma 5.2.9. Assume that ® € C3(R?), and take xo, 71 € RY. Let R := max{|xo|, |z1]}.
There exists 0 < Th = T1(R) such that for any t < Ty we can find a |vg| < 4R such that

Xt (.T(), UtO) =X1.

In fact, it is enough to take T1 > 0 such that

1 VR 2V R
CT2eCT < = T, < ) T < . where C:= sup |D*®(z)],
! 4 V2Car vVCor |z|<9R

where Cy\g is defined in Lemma and D*® denotes the Hessian matriz of ®.

Proof. We define

f(t7v):Xt <$07;}>_'r17 t?éo,’UGRd,

f(0,v) :== oy + v — 21, veR

Notice that due to Lemma [5.4.28| with A = 9, this is well-defined whenever

2VR
VCor

Our goal is to find a neighbourhood of ¢ = 0 on which there exists v = v(t) with

t| <

=Ty, |v| <4R.

f(t,v(t)) = 0, for which we will use the implicit function theorem.

Now, notice that we have
f(ovxl - JJ()) =0

and

0 .
ai(o,xl—xo)zl, t=1,...,d.

We can apply the implicit function theorem to find a neighbourhood I of t = 0 and a
function v = v(t) such that f(¢,v(t)) = 0 for ¢ € I. However, since we need to estimate
the size of I and of v(t), we carry out a constructive proof.

Take vg,v1 € R? with |vgl, |v1]| < 4R, and denote g := vg/t, 01 := v1/t. By (5-4.44),
for all 0 < t < T5 we have

t s
Xu(ao, 1) = Xu(ao, 7o) = (01— )t + [ [ Vo(Xa(@0,00)) = V(X (w0, 7)) duds.
(5.2.20)
Take any T7 < T, to be fixed later. Then Lemma implies, for all 0 < ¢ <177,

t
|Xt(3307271) — Xt(ﬂfo,i}o” S ‘@1 — ’l~)0|t + CTl/O |XU(IE0,’L71) — Xu($0,’[)0)| du
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by Gronwall’s Lemma we have
| X4 (o, 01) — Xy(20,T0)| < |01 — TolteCTrt  for 0 <t < T.
Using this again in we have
| Xi(w0, 1) — X (0, 50) — (81 — B0)t| < 51 — T|CTh /Ot weCTi dy
< |&y — @io|t CT2eCTT.
Taking T7 such that
CT&pﬂ?gi (5.2.21)

we have

X, (20, 1) — X (20, 50) — (61 — Fo)t| < %]171 ot

which is the same as
1
< 7|U1 — U0|, (5222)

v 0
X <$07 tl) - Xy (900, to) — (v1 —vg)| < 1

for any 0 < ¢t < Ty and any wvg,v; with |vgl, |vi| < 4R. Now, for any 0 < ¢t < T} and
|v| < 4R we define

Ai(v) = v = f(t,0).
A fixed point of A;(v) satisfies f(¢,v) =0, and by (5.4.51)) A:(v) is contractive:

1
|A(v1) — A(vo)| < 1|vl—vol for 0 <t <Ti, |v]| <4R.

(Equation (5.4.51]) proves this for 0 < ¢t < Ty, and for ¢ = 0 it is obvious.) In order to
use the Banach fixed-point theorem we still need to show that the image of A; is inside
the set with |v| < 4R. Using (5.4.51)) for v; = 0, vo = v we also see that

1
< 7|U‘7

v
Xt($0,0) - Xt (x()a t) +v| < 4

which gives
1
|Ai(v) + 21 — Xy(20,0)] < Z]v[,

SO
1
|A:(v)| < 1|v| + |z1| + [ Xe(20,0)| < 2R+ | X¢(x0,0)]. (5.2.23)
If we take /R
R
< 5.2.24
T ( )

then Lemma (used for A = 2) shows that
| X (20,0)| < 2R for 0 <t <71,
and from we have
|Ai(v)| <4R for 0<t<T.

Hence, as long as T satisfies ((5.4.50) and (5.4.53|), A; has a fixed point |v| for any
0 <t <T1, and this fixed point satisfies |v| < 4R. O



5.2. THE LINEAR RELAXATION BOLTZMANN EQUATION 105

Lemma 5.2.10. Assume the potential ® € C2(R?) is bounded below, and let Ty denote
the transport semigroup associated to the operator f — —v -V, f+V,®(x) -V, f. Given
any R > 0 there exists a time T1 > 0 such that for any 0 < s < T one can find constants
a,R', Ry > 0 (depending on s and R) such that

./B(R/) Ts(&co :H-{|1)|SR2}) dv > O‘ﬂ{lw\SR}’ (5.2.25)

for any xo with |xg| < R. The constants a, R', Ry are uniformly bounded in bounded
intervals of time; that is, for any closed interval J C (0,T1) one can find o, R', Ry for
which the inequality holds for all s € J.

Proof. Since the statement is invariant if ® changes by an additive constant, we may
assume that ® > 0 for simplicity. Using Lemma [5.4.30] we find 77 such that for any
s < Ty and every 1 € B(R) there exists v € B(4R) (depending on z, 1 and s) such

that
XS <$0, U) =X1.
S

Since v/s € B(4R/s), call Ry := 4R/s. We see that for every x; € B(0, R) there is at
least one u € R? such that

(z1,u) € Ts ({wo} x {[v] < Ra}).

In other words,
Xs(zo, {|v| < R2}) 2 B(0, R). (5.2.26)

This essentially contains our result, and we just need to carry out a technical argument
to complete it and estimate the constants o and R’. For any compactly supported,

continuous and positive ¢ R — R we have

/Rd o(x) /B(R/)Ts(5zoﬂ{|v|<32})dvdm
= /Rd /Rd Ly, o)<} P(Xs(@,0)) 00, (2) Ly <ry}) dv da

= ﬂ{\Vs(wo,v)KR'} QD(XS(.%(),’U) d’l), (5.2.27)
[v|<Ra

since the characteristics map (z,v) — (Xs(z,v), Vs(x,v)) is measure-preserving. If we
write the energy as H(x,v) = |v|?/2 4+ ®(x) and call

Ep :=sup{H (z,v) : |z| < R, |v| < Ra}.

Then for all s >0
E(Xs(x0,v), Vs(zo,v)) < Ey,

and in particular

Vi(wo,v)| < v/2Ep.



106 CHAPTER 5. HARRIS FOR JUMP PROCESS

If we take R’ > \/2Ey then the term L, (zo.0)| <R/} 1s always 1 in (5.2.27) and we get

/Rd 90('1')/3 , Ts(5xoﬂ{\u|§R2})dUd$:/ (p(Xs(anU))dv‘
() [v|<R2

Now, take an M > 0 such that |Jac, Xs(z,v)] < M for all (z,v) with |z|] < R and
|v| < Ry. (Notice this M depends only on ®, R and Rs.) Then

/|<R (Xs(z0,v)) dv > — s(xo,v))| Jacy, Xs(zo,v)|dv
v[<R»

\U\<R2

o(r)dx > —/ T,
M xs(xo,{\v\sm}) M JB(0,4r)

where we have used (5.2.26)) in the last step. In sum we find that
/ / T5(020 Ljv|<Ry}) dvdz > —/ OR) o(z)dz
for all compactly supported, continuous and positive functions ¢. This directly implies

the result. O

Lemma 5.2.11 (Doeblin condition for linear relaxation Boltzmann equation with a
confining potential). Let the potential ® : R? — R be a C? function with compact level
sets. Givent > 0 and K > 0 there exist constants o, dx,dy > 0 such that any solution
f to equation with initial condition fo € L'(R? x R?) N P(R? x R?) supported
on B(0,K) x B(0, K) satisfies

ft,v) 2 alypicsyy Lyp<ovy
for almost all z,v € RY.

Proof. Fix any t,K > 0. Set Hpyax(K) = max{H(z,v) = |[v[*/2 + ®(z) : = €
B(0,K),v € B(0,K)} and then define R := max{|z| : ®(z) < Hmax(K)}. Since
our conditions on ® imply that its level sets are compact we know that R is finite. We
use Lemma to find constants «, Ry > 0 and an interval [a,b] C (0,¢) such that

/Rd T5(5x0]]-{|v|§R2}) dv > a]‘{|$‘§R}’

for any xo with |z9] < R and any s € [a,b]. From Lemma we will use that there

exists a constant oy, > 0 such that

LT g(x,v) > af (/Rd g(z,u) du) Lijvj<Rro} (5.2.28)

for all nonnegative measures g. We first notice that we can do the same estimate as in
formula (5.2.10)), where now (7}):>0 represents the semigroup generated by the operator
—v-Vaf +Vy0(x) V,f:

t s
el f, > / / Ty LTy LTT, fodrds. (5.2.29)
0 JO
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Take x9,v9 € B(0, K), and call fy := 0(y,,,)- For all 7 we have by the definition of R
that
| X (zo,v0)| < R for all 0 < r. (5.2.30)

For any r > 0, since T} fo = (X, (x0,v0),V;(z0,00)), USInG (5-4.37) gives
LIT, fo = aLdx, (o) () L{jo|<Rs} -

Then, using (5.2.30) and our two lemmas, whenever s — r € [a, b] we have
LT LT o > o ([ T £5 TSy du) L jcny

2
“r (/Rd TH(5XT<"’*“°’”0)($)1{|“\232}) d“) Ljo|<Ro}

> o Lyjai<ry L{jo|<ry}-

v

We now need to allow for a final bit of movement along the flow 7;_;. By the continuity

of the flow, there exist € > 0 sufficiently small so that for all 0 < 7 < e we have

T: (HB(R) (7)1 B(Ry) (v)) > 1p(r/2) (%) 1 B(Ry/2) (V)

Then for all ¢, s,r such that t — s < e and s — r € (a,b) we have
Ty LYTs LT, fo > aFa Lippi<ray Liju|<Ra/2}-

We have then

t S t s—a
// Tt_s£+Ts_r£+Trf0drdsza%a/ / L{jo|<r/2) L{jo|<Ra/2y dr ds
0 JO t—e Js—b - -
= afae(b — a)L{p<r/2) L{jv|<Ra/2}-

Finally, from Duhamel’s formula we obtain
f(t,a,v) 2 e ajae(b = a) Ljai<r/a) Liui<ha 2}
which gives the result. O
Lemma 5.2.12 (Lyapunov condition). Suppose that ®(x) is a C* function satisfying
z-V®(z) > yi|z2 + 1®(z) — A

for positive constants A, 1 vo. Then we have that

1 1 1
V(w,v) = 14 0() + S + 7o v+ Slaf’

is a function for which the semigroup satisfies Hypothesis[1.2.5

Remark 5.2.13. @ is superquadratic at infinity (which is implied by earlier assumptions)
then V is equivalent to 1+ H (x,v) where the energy is defined as H (z,v) = |[v]?/2+®(x).
So the total variation distance weighted by V' is equivalent to the total variation distance
weighted by 1+ H(z,v).
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Proof. We look at the forwards operator
Sf=v-Vof =V, @) -Vof+LTf—f
We want a function V(z,v) s.t
SV<-ANV+K
for some constants A > 0, K > 0. We need to make the assumption that
z-Ve®(x) > yi|z)? +y2®(z) — A
for some positive constant A, 1, v2. We then try the function
Viw,v) = () + gloP +az-v -+ baf.
We want this to be positive so we impose a? < 2b. We calculate that
SV :% - %|v|2 —az-v+alv)? —ax - V,®(x) + 2bz - v

1
<C' - <2 - a) o> + (2b — @)z - v — ami|z]® — ay®(x)

1
(a=1/4,b=1/8) =C"— o2 = Dl - Z2o(x) <" — (a2 + |v]?) — Lo(a)
4 4 4 4 4
mi 1) /1 1 1 Yo
<’_m(71’< 24 Coud 2)_<p
<C 1 2|v! + Tt 8|x\ 1 (z)

So V(z,v) works with
min(y1,72,1)

A=
4

O
Proof of Theorem in the case of the linear relaxation Boltzmann equation. The proof

follows by applying Harris’s Theorem since Lemmas [5.2.11] and [5.2.12] show that the
equation satisfies the hypotheses of the theorem. O

5.2.3 Subgeometric convergence

When we do not have the superquadratic behaviour of the confining potential at infinity
we can still use a Harris type theorem to show convergence to equilibrium. This time
we must pay the price of having subgeometric rates of convergence. We use the subgeo-
metric Harris’s Theorem given in Section [I.2] Now instead of our earlier assumption on
the confining potential ®, we instead make a weaker assumption that ® is a C? function

satisfying

x-V®(z) > 7 (x>2ﬁ + 72 ®(z) — A,

for some positive constant A, 1, v2, where

(@) = 1+ 2P,

and g € (0,1).
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Proof of Theorem in the case of the linear relaxzation Boltzmann equation. We have
already proved the minorisation condition. We can also replicate the calculations for
the Lyapunov function to get that in this new situation, take the V in Lemma [5.2.12
we have for a = 1/4,b = 1/8 that

1 gl 2
V<O — |- @) - Zo(2).
S C 4\1}] 1 (x) 1 (x)

For z,y > 1
(z+y)’ <a’+y°.

So we have

sv <¢r - minon D (0 + @) - Zaa)

4
"o min(y1,1) 2 2\8 e B
<O = == (1 2+ o) - o)
1 1 1 A
SC"—)\(l—i-2]v|2+4x-v+8\x|2> —\D(z)”

<c” A(@()+1\ 12+1 +1| \2)5
— X — |V —Tr v — |
= 2 4 8 ’

for some constant A\, C” > 0 that can be explicitly computed, so we have that
SV < -aVF 4.

This means we can take ¢(s) = 1 + s”. Therefore, for u large

v o1
H = " dt ~ 1-8
¢(u)—/1 1+tﬁdt 14+u 7,

and for ¢ large

Hy'(t) ~ 1+ ¢1/070)

and
¢o Hy'(t) ~ (141)7/0-0),

5.3 The linear Boltzmann Equation

We now look at the linear Boltzmann equation. This has been studied in the spatially
homogeneous case in [I, [I1]. Here the interest is partly that this is a more complex
and physically relevant operator. Also, it presents less globally uniform behaviour in v
which means that we have to use a Lyapunov function even on the torus. Apart from
this, the strategy is very similar to that from the linear relaxation Boltzmann equation.

The full Boltzmann equation has been studied as a Markov process in [27], the linear
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case is similar and more simple. It is well known that this equation preserves positivity
and mass, which follows from standard techniques both in the spatially homogeneous
case and the case with transport. The Lyapunov condition on the torus and the bound
below on the jump operator have to be verified in this situation.

We consider for z € T¢

Of +v-Vaof = / / B (”—” o, [v — v*\) (F MWL) = F(0) M(v,)) dodo,.
Rd Jsd—1 [v — vy
(5.3.31)
We assume that B splits as

B<‘Z_Z*’ -a,]v—v*|) :b(lz_z*\ -a) v — vy,
- Ux — Ux

We make a cutoff assumption that b is integrable in o. In fact, we make a much

stronger assumption that b is bounded below by a constant. We also work in the hard

spheres/Maxwell molecules regime that is to suppose v > 0. We have
Of+v-Vof =LTf—0o(v)f,
where o(v) > 0 and o(v) behaves like |v|? for large v; that is,
0<o(w) <(A+w*»/2  veRL (5.3.32)

See [I1] Lemma 2.1 for example.

We also look at the situation where the spatial variable is in R? and we have a
confining potential. With hard sphere, the operator £* acting on z - v produces error
terms which are difficult to deal with. We show that when we have hard spheres with
~ > 0 we can still show exponential convergence when ®(x) is growing at least as fast as
|z|7*2. In the subgeometric case we suppose ®(x) grows at least as fast as |2|T!, e > 0.
The equation is

hf+v-Vof =(Vo@(z) - Vof) = Q(f, M). (5.3.33)

We begin by proving lemmas which are useful for proving the Doeblin condition
in both situations. We want to reduce to a similar situation to the linear relaxation

Boltzmann equation.

Lemma 5.3.14. Let f be a solution to (5.3.31)) or (5.3.33)), and define H(z,v) := |v|?/2
on the torus for (5.3.31)) or H(z,v) := ®(z) + |[v|?/2 in the whole space for (5.3.33),

where ® is a C? potential bounded below. Take Ey > 0 and assume that f has initial

condition fo = 0(zqv,) With
H(z,v) < Ep.

Then there exists a constant Cp > 0 such that
t ps - -
fltws) > @ [ [T BT BT (Up ol ) dr ds,
0o Jo

where
Ltg:=1pLty, E:={(z,v) e R x R? : H(z,v) < Ep}.
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Proof. Call (X¢(z,v), Vi(z,v)) the solution to the backward characteristic equations
obtained from the transport part of either (5.3.31)) or (5.3.33)). Let us call

Y(s,t,z,v) = efstU(VT(x’v))dT.
Looking at Duhamel’s formula again we get
f(t,z,v) = X(0,t, z,v)Ti fo + /Ot $(0,t — s, 2,0)(Ti_s L1 f)(x,v) ds
If a function g = g(z,v) has support on the set
E :={(z,v) : H(z,v) < Ep},

then the same is true of Tig (since the transport part preserves energy). On the set E

we have, using (5.3.32)),
t
/ o(Vi(z,0))dr < (t— $)C (1 +2B))"/? = (t — 5)C1,  (2,0) € E.
Hence

ft,z,v) > X(0,t,z,0) Ty (1gfo) + /t ¥(0,t — s, 2,0)(Ti—s(1gLT fs))(z,v) ds
0
> eitCITt(]lEfO) + /Ot ei(tis)CI (Tt—s(]lE'E+fs))(xvv) ds

t ~
= OT o+ [ I T (L 1) ) ds,
0
where we define
£~+g = ﬂEﬁJrg.
Iterating this formula we obtain the result. O

We have that
L‘*‘f:/ / b< e -0) lv —vx* [V f(v")M(v))dodv,.
Rd Jgd—1 |

|v — vy

Using the Carleman representation we rewrite this as
/
bpo [ J0) / o
L= R [ — 0|1 g B(|ul, ) M (v,)dwv,.

We want to bound this in the manner of Lemma from the first part. We look at

hard spheres and no angular dependence, which means
B(lu], &) = Clu|'¢"?

with v > 0. We also have that
[v—/|
!/ !/ | ’

m "U/|:|2'U—’U/—’U;.
*

&=

So we have that

/
LTf= fv )/ / 120 — v — V772 M(v])do.
R ' JE,

v —

We want to prove a local version of Lemma look at this localised so we want
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Lemma 5.3.15. Consider the positive part LT of the linear Boltzmann operator for

hard spheres, assuming (5.1.4) with v > 0, and (5.1.5)). For all Rp,rr > 0, there exists
a > 0 such that

Lg(v) > a/ g(u)du for all v € R with |v| < r.
B
Proof. First we note that on E, ) we have
o —d=2 _1 _/2_1 212
|20 — v — vy > Cyexp 2]1} U, | 2[1} v ).
Then since v > 0 we have
2
20 =0/ =" = (o= o/ + o =l P)" > o= ul

So this means that

/ 120 — o' =072 M(v])do),

(v,0")

—|v—2'|2/2 / 1 e 10 ’
> Ce P [ ool rexp (<5l — ol - el ) ot
E. 2 2
(v,v")
ay_—a|2 _ 2 oy |2
> Celv—v'2/2-Iv] /2/ o — ol [Te v gy
Ev,on)

_ (el 2222

So we have that
L7 f(v) = C/d FO o= | el P22 g,
R
! _2|U/‘2—3|’U|2
>C o f(')e

> Ce—2R%e—3|v|2/ Fo)dv,
B(0,Ry)

which is a similar bound to the one we found in Lemma [5.2.5 This gives the result by
choosing a := Cexp(—2R? — 3|rL|?). O

5.3.1 On the torus

Now we work specifically on the torus. For the minorisation we can argue almost exactly

as for the linear relaxation Boltzmann equation.

Lemma 5.3.16 (Doeblin condition). Assume (5.1.4) with v > 0, and (5.1.5). Given
te > 0 and R > 0 there exist constants 0 < a < 1, 6, > 0 such that any solution
f = f(t,z,v) to the linear Boltzmann equation on the torus with initial condi-
tion fo = 0(zyu) With |vo| < R satisfies

f(t*,l', U) > O‘]l\v|§5L7

for almost all (z,v) € T¢ x R,
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Proof. Take fo := 0(yy), Where (zo,v0) € T? x R? is an arbitrary point with |vg| < R.
From Lemma (with R > +/d and tg := t,/3) we will use that there exist 67, R’ > 0
such that

1 d
/B(R/) Tt(éxo (x)ﬂ{MS(;L}) dv > tfd for all zg € T¢, t > tg. (5334)

Also, Lemma [5.3.15] gives an o > 0 such that

£+g >« (/B(R )g(a:,u) du) ﬂ{‘v‘g(;L}, (5.3.35)
L

where Ry, := max{R/, R}. Finally, from Lemma [5.3.14| we can find C; > 0 (depending
on R) such that

t s - .
f(t, €, U) > e_tCI / / Tt78£+Tsfr£+TT(]IE&(wo,Uo)) dr dS,
0 Jo
where FE is the set of points with energy less than Ey, with
Ey := max{R?/2,67 /2},

and we recall that £t f := 1gL*f. Due to our choice of Fy, we see that equation
(15.3.34)) also holds with L7 in the place of £L*. One can then carry out the same proof
as in Lemma using estimates (5.3.34) and ([5.3.35)) instead of the corresponding

ones there. O

Since our Doeblin condition holds only on sets which are bounded in |v|, we do
need a Lyapunov functional in this case (as opposed to the linear relaxation Boltzmann
equation, where Lemma gives a lower bound for all starting conditions (z,v)).
Testing with V' = v? involves proving a result similar to the moment control result from

[?]. Instead of the o representation we use the n-representation for the collisions:
v =v—n(u-n), v, = vy +n(u - n).
By our earlier assumption, the collision kernel can be written as
B(jo = s, [€]) = v — v "b(l€]),

where

_—, U=V — V.

Here the B, b are different from those in the o representation because of the change of

variables. We also have by assumption that b is normalised, that is,

/Sdl;(]w-m)dn:l

for all unit vectors w € §4-1.
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Lemma 5.3.17. Let L be the linear Boltzmann operator. There are constants C, K > 0
such that

[ enppavs—c [ whravex [ g

for all non-negative measures f.

Proof. Using the weak formulation of the operator,

Lpnnlao= [ [ [ el = v Bigh(e - o) dododo.

Now we notice that

[/ = [ol? = ol = [oi? = —(u-n)? = 2(ve - n)(u - n)
= —|u|?¢* = 2(vy - n)(v-n) + 2(vy - n)?
= —|v]2€? — |0 262 + 20 - 0.2 — 2(vy - ) (v - 1) + 2(vy - )%

Note that the first term is negative and quadratic in v, and the rest of the terms are of

lower order in v. Hence, calling
wi= [ €0ehds
Sd—1
we have

[l do = [ WP [ M) -l dvdo
R4 Rd R4
— M /Rd f(v) /]Rd [0, *M(v,)|v — v, |” dv, dv
—|—2’yb/Rd vf(v) /Rd vM(vy)|v — vy|7 dos do
- 2/d_1 /Rd(v n)f(v) /Rd(v* -n)M(vy)|v — vi|" dvy dvdn
s [ L0 [ M = v du, dodn
< /R w2f (v) /R M(v.)|o — v.]” dvs dv
+(2+7) /Rd lvlf(v)/Rd [0 M(v)[v — vy |7 dvs do

+/ f(v)/ |04 P M(v,) | — 4|7 dvy dw.
R R

We can now use the following bound, which holds for all £ > 0 and some constants

0 < A < C depending on k:

Ap(1 4+ v]7) < /d 04| FM(v3) |0 — v, Y dvy < Cr(1 + [0]7), v € R%
R
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We get
L el o< = Aoy [ o1+ oP)f @) do+ G2+ ) [ ol(1+ o)) dv
R R R
+Co [ S+ ) do
< [ F@(Cat Cr(1+/2)/0) (1+ o) do
~ (Ao = €Cr1+7/2)) [ [o2(1+ o) 0)dv
< [ 10) (Cot G112 e+ (Cr(1 +/2) = Agw)lof) (L+ o) f(0)do
~ (Ao = a1 +/2)) [ o)

<ay /Rd fw)dv — ae /Rd lv2f (v)dw.

Here we choose € sufficiently small to make the constant in front of the second moment

negative. This also means that
(C2+ Cr(1+7/2) /e + (cCr(1+7/2) — Agm) o (1 + [v])
is bounded above. These things together give the final line. O

Proof of Theorem[5.1.9 in the case of the linear Boltzmann equation. We have the Doe-
blin condition from Lemma [5.3.16] and the Lyapunov structure from Lemma [5.3.17]

Harris’s Theorem gives the result. O

5.3.2 On the whole space with a confining potential

We now work on the whole space with a confining potential. As we stated earlier, we
cannot verify the Lyapunov condition in the hard spheres case. However, the proof for

the Doeblin’s condition is the same in the hard sphere or Maxwell molecule case. We

need to combine the Lemmas [5.4.31], [5.3.14] and [5.5.15]

Lemma 5.3.18. Let the potential ® R* — R be a C? function with compact level sets.

Given t > 0 and K > 0 there exist constants «,dx,dy > 0 such that for any (xg,vo)
with |xol, |vo| < K the solution f to (5.3.33)) with initial data 0y, ) satisfies
fe 2 alfaj<oxy Ljl<ovy-

Proof. We fix R > 0 as in Lemma [5.2.11]] We use Lemma to find constants
a, Ro, R’ > 0 and an interval [a,b] C (0,t) such that

Ts (0o Lo dv > alyz <Ry,
/B(R,) (020 L{jo|<Rny) dv > @l fjaj<r)

for any z¢ with |xg| < R and any s € [a,b]. From Lemma [5.3.15| we will use that there
exists a constant o, > 0 such that

LTg(x,v) > af (/

RL

g(x,u) du) H{|U|§R2} (5.3.36)
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for all nonnegative measures g, where Ry, := max{R, R'}. From Lemma [5.3.14] we can
find C1 > 0 (depending on R) such that

t s - .
f(t,z,v) > e_tCI/ / T o LY To LT (155 ) dr ds,
0 Jo
where E is the set of points with energy less than Ey, with
Ep := max{H(z,v) : |z| < R, |v] <max{Rr, Ra2}},

and we recall that £ f := 1gL" f. These three estimates allow us to carry out a proof
which is completely analogous to that of Lemma [5.2.11} notice that the only difference
is the appearance of R’ here, and the need to use L+ (which still satisfies a bound of

the same type). O
Now we need to find a Lyapunov functional. As before we will look at V' of the form
1
V(z,v) = ®(x) + 5\1}]2 +azx - v+ Blz?
We need ®(x) to be stronger if we have hard spheres we want
x-Va®(x) > v (x)72 4+ 7 ®(z) — A.
Lemma 5.3.19. The function
1
V(z,v) = ®(x) + §]v|2 +azr - v+ Blzf?
satisfies
d
T / ft,z,0)V(z,v)dedv < —)\/f(t, z,0)V(z,v)dzdv + K/f(t, z,v)dzdv.
Proof. Lets look at how the collision operator acts on the different terms
Le@pldo= [ [ [ p@m@)bieblo - e (10 o) dndudo.
Rd R4 JRd JS§d—1
Repeating the calculation for the hard sphere case we notice that we in fact have that
[ £Pav < a1 [ ) *25@)do+as [ f)do.
Rd Rd Rd
Similarly we have
L(f)x-vdv = / / / F)M@)b(|E])]v — v (v - & — v - x) dndvdu.
R4 Rd JRd Jgd—1

We can see that

vz —voxz=(v-n)(x-n)— (ve-n)(z-n).

Integrating this gives that
L(f)z - vdv :/ / FOM)B(EN]0 = va] (v - n)(z - n)dvedodn
R4 R4 JRA JSd—1

< /R F(@) () aldo.
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Therefore if we set

V(z,v) = H(z,v) + ax - v+ Bz,
where H(z,v) = ®(x) + |v]?/2 is the energy, as above then using this we have that

/ (L=T)(f)V(z,v)dzdv §/ f(z,v) (—a1(0>7+2 + ag + a(v) x| 4 a!v\z) dzdo
Rd

R x R4
/ f(z,v) (—ax - V,@(z) + 26z - v) dvdz
Ré x R4

</ ( a—a1) ()2 + (a+ 2B)|$\(U>7+1) dvdx
Rded

+ f(z,v ( ay (z)7T2 — aye®(z) 4 oo + ozA) dvdzx
Rd x R4

1
(setting [ =oa,a < ay/2) < ]Rdx]Rd (( % 11? 7 1 2) <v>7+2) dvdz
(C“/e)’Hi2 y+2
+ . f(z,v) ((’H‘Q —ays | (z) dzdv
+ fz,v) (cwg(b( )+1-— N, aA> dzdw.
R x R4 2

Now we can set € small enough so that the (v)7*2 term is negative and then for this e
choose « small enough (since v +2 > 1 so that the (2)?*2 term is negative. Then, since
(2)7+2 grows faster than |z|? at infinity this gives

| (£=D) 0V ydado <

Fl@,v) (<M(l2? + [v]?) = X () + K) dedv.
R xR4

Then using equivalence between the quadratic forms

1
|z|? + |v|?> and §|v|2+aaz-v—|—a|x|2,

when o < 1/2 we have the result in the Lemma. O

Proof of Theorem in the case of the linear Boltzmann equation. We have the mi-
norisation condition in Lemma [5.3.18 and the Lyapunov condition from Lemma [5.3:19]

Therefore we can apply Harris’s Theorem. O

5.3.3 Subgeometric convergence

As with the linear relaxation Boltzmann equation, the minorisation results in Lemma
holds for ® which are not sufficiently confining to prove the Lyapunov structure.
However in this situation we can still prove subgeometric rates of convergence. Here in
order to find a Lyapunov functional we need to be more precise about how L acts on
the z - v moment.

We need ®(z) to be stronger if we have hard spheres we want
- Vo@(2) 2 71 (@) +a®(2) — A, P(2) < y3(x)'tP

for some 8 > 0, then we have
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Lemma 5.3.20. The function

ax - v

{x)

Viz,0) = 8(@) + GloP + 40+ Bla)

satisfies

(;it/f(t,a:,v)V(x,v)dﬁdv < —A/f(t,a:,v)V(x,v)ﬁdxdv+K/f(t,:c,v)d$dv.

Proof. Using the results in Lemma [5.3.19] we have

[ (£ =TV v)azan < [

R xR4

/Rded f(z,v) (— o <V;><I>(x) + 25{; U) dvdz

S/Rded f(z,v) ((a — ) — 2,8)(1))7”) dvdx

+ /Rded f(x,v) (—a’Yl () — aya ng) +ag + aA) dvdz

f(z,v) (—a1<v>7+2 + g + a(w) T 4 a|v|2) dzdv

g/ A (@,0) (—Jof? — (@) — @(2)"+7 4 C) dadv
R xR4
S)\/f(t,:r, v)V(w,v)%dxdv + K/f(t,x, v)dx dv.
O

Proof of Theorem |5.1.4) in the linear Boltzmann case. We have the minorisation condi-
tion in Lemma [5.3.18] and the Lyapunov condition from Lemma Therefore we

can apply Harris’s Theorem. ]

5.4 Abstract Theorem

In this section we introduce a abstract theorem on the Harris condition, which covers

the proofs above and may apply to more general models.

Theorem 5.4.21. Suppose f = f(t,x,v), witht € R, z,v € R?, satisfies the following

equation
8tf +v- V:Uf - V(l’) : v’vf = L+f + C(t,IL‘,U)f, f(o,l',’U) = fg(l’,U),

with V (z) is C', Lt is a linear positive operator, c(t,z,v) is a function that is uniformly
locally bounded, which means that, for any R, Ry > 0, there exist a constant Cg, g,
such that for all |x| < Ry, |v] < Ra,t € R we have

‘C(t,ﬂj,v)’ < CRI:RQ’

Then we have, if Lt satisfies Hypothesis[5.4.23 below, the solution to the original equa-
tion satisfies Harris-Doeblin condition, precisely for any fo smooth, for any R > 0, there

exist Ri, Ro, ar,t which do not depend on fo, such that
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f(t,0) > apilla] < Raji(jo] < Ro) [ fole, v)dzdv
B(0,R)x B(0,R)

and the constants Ry, Ra, ag,t can be explicit computed.
Remark 5.4.22. V(z) don’t need to be a confinement potential.
We will now check several properties (which we list as hypotheses). The first one

says that the operator L always allows jumps to any small velocity:

Hypothesis 5.4.23. For all nonnegative functions g and for all §,3 > 0, there exist
ags > 0 such that

Ltg>ags </|u|</3 oz, u) du) 1o < 8. (5.4.37)
In the following, we will denote the solution of the full transport part
O f +a(t,z,v)-Vf=clt,z,0)f, [f(O0,z,v)= folz,v),
by T;(fo), and we denote the solution to
hf+alt,z,v)-Vf=0, f(0,z,v)= folz,v),

by Si(fo), we also denote (S;fo)(z,v) = (X¢(x,v), Vi(z,v)),it’s easily seen that we have

t
Tifole,0) = Sy(a,v)e Jo X entatea

The second one says that the transport part can move a particle to a neighborhood

of 0, given that one starts out with the correct velocity:

Hypothesis 5.4.24. For all R > 0 there exist Br,Vr,0r, Tr,br > 0,eg > 0 (possibly
depending on R, independent of t) such that for all nonnegative functions h = h(z) we

have

/ T, (h(@)1[lv] < Br)) dv > 75 (/ h(y) dy> 1|z| < 6] .Vt € (T — ep, Tr)
[v|<br ly|I<R
(5.4.38)

We still need some continuity for the transport part.

Hypothesis 5.4.25. (Continuity in short time) For all Ry, Re > 0 fized, there exist
s, M >0 (possibly depending on Ry, R2) such that for all |zo| < %, lvo| < %, 0<t<s
we have

| X¢(xo,v0)| < R1, |Vi(xo,v0)| < Ra, (5.4.39)

In particular we have

R R
M1[je| < RiJ{Jo] < Ro] = Tilfle] < 7 11(lo] < =] (5.4.40)
Hypothesis 5.4.26. (Inverse Continuity in short time) For all Ry, Ry > 0 there exist
s, M >0 (possibly depending on Ry, R2) such that for all 0 <t < s we have

Tafla] < RiJ1flo] < Ro] > M1le] < 2111 < “2) (5.4.41)
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5.4.1 Properties of the transport part
Theorem 5.4.27. We denote the solution to the transport equation
8tf+vaf—W(IL‘)vvf:O, f(07$7v) :fO(xvv)a

by fo(Xe, Vi) = Ty(fo), if W(x) is Ct, then the transport equation satisfies Hypothesis
5727, [5.7.29, 5720,

Now we have the equation
Of+v-Vuf —W(zx) -V,f =Lf, (5.4.42)

here L is defined as before and z,v € R%. We want to use a slightly different strategy to
show the minorisation condition based on the fact that we instantaneously produce large
velocities. We first need a result on the trajectories of particles under the action of the
potential . Always assuming that W is a C' function, we consider the characteristic
ordinary differential equations associated to the transport part of :

(5.4.43)

and we denote by (X¢(xo,v0), Vi(zo,v0)) the solution at time ¢ to (5.4.43) with initial

data x(0) = xg, v(0) = vg. Performing time integration twice, it clearly satisfies

Vi(zo,v0) = vo — /Ot W(Xs(xo,v9)) ds (5.4.44)

and
t rs
Xi(zo,v0) = xo + vot — / / W(Xy(zo,v9))duds (5.4.45)
0 JO

for any xg,v9 € R% and any ¢ for which it is defined. Intuitively the idea is that for small
times we can approximate (X, V;) by (Xt(o), Vt(o)) which is a solution to the ordinary

differential equation

(5.4.46)

We can solve this explicitly Xt(o) = xg + vot. If we want to hit a point x; in time ¢
then if we travel with the trajectory X(® we just need to choose vy = (x1 —xg)/t. Now
we choose an interpolation between (X (@), V() and (X, V). This is (X9, V() which

is a solution to the ordinary differential equation

(5.4.47)
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still with initial data (xo,vp). We calculate that
€ (Y € v
X\ (w0, v0) = Xet (960, f) ; V) (0, v0) = €Vt (9607 60> :

Now we can see from the ODE representation (and we will make this more precise later)
that (X, V) is a C! map of (¢,¢,x,v). Therefore if we fix ¢ and ¢ we can define a C!
map

F : [0,1] xR = RY,

by
F(e,v) = Xt(e) (z9,v).

Then for ¢ = 0 we can find v, such that F(0,v,) = x; as given above. Furthermore
VF(0,vs) # 0 so by the implicit function theorem for all € less than some €, we have a
C! function v(e) such that F(e,v(e)) = 1. This means that

Xeat (mo, U(;)> =1

. So if we take s < €.t then we can choose v such that X¢(xg,v) = x1. We now need to
get quantitative estimates on €, we do this by traking the constants in the proof of the
contraction mapping theorem.

In order to make these ideas quantitative and to check that the solution is in fact
C' we need to get bounds on (Xy,V;) and W (X;) for ¢ is some fixed intervals. For the
potentials of interest we will have that the solutions to these ODEs will exist for infinite

time. We prove bounds on the solutions and W (X;) for any potential.

Lemma 5.4.28. Assume that the potential W is C' on R%. Take X\ > 1, R > 0 and
To,v0 € R with |zo| < R. The solution t — X;(x0,v0) to (5.4.43) is defined (at least)
for |t| < T, with

_— min{()\—l)R ,/(A—1)R}
o 2lvo] T V2C\r |

(It is understood that any term in the above minimum is +oo if the denominator is 0.)
Also, it holds that

Chp = 1% .
\R l;@f’(R\ (z)]

| X¢(zo,v0)| < AR for|t| < T.
from this we can deduce
[Vi(zo,v0)| < |vo| + Crrt for |t| <T.
As a consequence, we have proved that T} satisfies Hypothesis [5.4.25.

Proof. By standard ODE theory, the solution is defined in some maximal (open) time
interval I containing 0; if this maximal interval has any finite endpoint ¢, then X;(xq, vg)

has to blow up as t approaches t,. Hence if the statement is not satisfied, there must
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exist t € I with |t| < T such that | X¢(xo,v0)| > AR. By continuity, one may take to € I
to be the “smallest” time when this happens: that is, |[tg| < T and

Xio(20,10) = AR,
| X+, (z0,v0)| < AR for [t| < [to].

By (5.4.44) and using that |tg| < T we have

t2

AR = ’Xto(xo,voﬂ S ‘(L‘o’ + ’1)015()‘ + gmax{\W(Xt(xo,vo)ﬂ: t S to}
—1 1

A-—DR  Crp_ A+DE  Carp

<
SR+ 2 2 0 2 2 O

which implies that
(A —=1)R < Cypt?.

If C\g = 0 this is false; if C\g > 0, then this contradicts that |tg| < T. O
Theorem 5.4.29. T; has an inverse transform, precisely that there exist a transform

Gy such that
(GiT3)(x0,v0) = (20,v0), V>0,

moreover, if we denote Gi(xg,vo) = (Yi(xo,v0), Zi(z0,v0)), then Yy, Z; satisfies
j=-2
z2=Wl(y),

with initial condition {xo,yo}, as a consequence, Ty satisfies Hypothesis|5.4.26.

Proof. The first statement is obvious by taking w = —t, apply G; on both side of

equation ((5.4.41]), we turned Hypothesis |5.4.26| to, for all Ry, Ry > 0 there exist s > 0
(possibly depending on R, R2) such that for all 0 < ¢ < s we have

1ol < RJ1llo] < Ro] > Golle] < “J1[o] < 2 (5.4.48)

which is the continuity in short time (Hypothesis [5.4.25|) for Gy, since G, satisfies
j=—z
z2=Wl(y),
we know that Gy is only a change of sign of T}, so Lemma [5.4.28] still holds for G;. [
We now follow the intuition given at the beginning of this section. However we

collapse the variables € and ¢ together and consequently look at X;(z,v/t) which is

intuitively less clear but algebraically simpler.
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Lemma 5.4.30. Assume that W € C(R?), and take v, 21 € R?. Let R := max{|zo|, |z1|}.
There exists 0 < Ty = Th(R) such that for any 0 < t < Ty we can find a |vo| < 4R such
that

v
Xi(wo, ) = 1
In fact, it is enough to take Ty > 0 such that
1 R
C’leeCT12 < -, T, < VR where  C := sup |DW(x)|.

=

V2CoR’  Jol<9R

In addition we have for any |zo| < R,|vo| < 4R, |v1] < 4R,0 < t < T, denote vy =

vo/t, U1 = v1/t, we have
. . - |
| Xt(20, 1) — Xe(z0,T0) — (91 — To)t| < 1\1)1 — olt,

which means that Ux
3, < |42elZ0, %) +(z0, v0)
4 d’UQ

Proof. Due to Lemma [5.4.28 with A = 9, we have

|<7t 0<t<T,

Xs(x[)v %)7 ‘U‘ < 4R7 ‘1'0’ < R7

is well-defined whenever

We define

f(t,v):Xt(.TO,%)—xl, t#07U€Rd7

f(0,v) :==x0 +v — 21, v e RY
This is well-defined whenever
t] < T, lzo| < R, lv| < 4R.

Our goal is to find a neighbourhood of ¢ = 0 on which there exists v = wv(t) with
f(t,v(t)) = 0, for which we will use the implicit function theorem.

Now, notice that we have
f(O,:cl — 110) = 0

and
af
82}2'

We can apply the implicit function theorem to find a neighbourhood I of ¢t = 0 and a

(0,1‘1—1‘0):1, iZl,...,d.

function v = v(t) such that f(¢t,v(t)) = 0 for t € I. However, since we need to estimate

the size of I and of v(t), we carry out a constructive proof.
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Take vo,v1 € R? with |vg|, [v1] < 4R, and denote ¥ := vo/t, ¥ := v1/t. By (5.4.51)),
for any 0 < t < T5 fixed, for all 0 < 7 < ¢, we have

T S
X, (20, 1) — X (0, 50) = (81 — T0)7 +/0 /0 W (Xa(20, 51)) — W (Xu (0, 7)) du ds.
(5.4.49)
Take any T7 < T5, to be fixed later. Then Lemma implies, for all 0 < 7 <t <77,

~
|XT(£L'0,171) - XT($0,50)| S ”[}1 — ’DU|T + CTl/O |Xu(l'0,171) - XU(IL'(), 170)| du.
by Gronwall’s Lemma we have
| X, (20, 01) — X (0, T0)| < |01 — To|reCTT  for 0 <7 <t <Ty.

Using this again in we have
X, (20, 51) — X+ (0, 0) — (81 — To)7| < |51 — %|CTy /O ueCTH du
< |01 — ﬁO\TCleeCTE.
Taking 77 such that
CT2:CTE < i (5.4.50)

we have
- - - - 1, . -
| X (20,01) — X7 (20, 00) — (01 — To)7| < Z|v1 — Po|T for0<r<t<Ty.
taking 7 =t we have for all 0 <t < T3

v U 1
X, (2o, 71) — Xi(zo, 70) — (v1 —vo)| < 1‘”1 — o), (5.4.51)

for any 0 < t < T; and any vy, v; with |vgl,|vi| < 4R. Now, for any 0 < ¢ < T} and
|v| < 4R we define
Ai(v) = v = f(t,v).

A fixed point of A;(v) satisfies f(¢,v) = 0, and by (5.4.51)) A;(v) is contractive:
1
|A(v1) — Ar(vo)| < 1|vl — vy for 0 <t <Ti, |v]| <4R.

(Equation ([5.4.51)) proves this for 0 < ¢ < T3, and for ¢t = 0 it is obvious.) In order to
use the Banach fixed-point theorem we still need to show that the image of A; is inside
the set with |v| < 4R. Using (5.4.51)) for v; = 0, vo = v we also see that

v 1
|Xt(3§‘0,0) — Xt(ﬂ?o, ;) +U| < Z|v’a

which gives

1
| A (v) + 21 — Xy¢(20,0)] < ZM’
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SO

1
|A(v)| < ZM + |z1| + [ Xe(20,0)| < 2R+ | X¢(x0,0)]. (5.4.52)
If we take JE
R
T < ——— 5.4.53
'S ( )

then Lemma [5.4.28| (used for A = 2) shows that
| X¢(20,0)| < 2R for 0 <t <77,

and from (5.4.52)) we have

|Ai(v)] <4R for 0<t<T.

Hence, as long as T satisfies ((5.4.50)) and (5.4.53|), A; has a fixed point |v| for any
0 < t < T, and this fixed point satisfies |v| < 4R. O

Lemma 5.4.31. T; satisfies Hypothesis[5.4.2]): For all R > 0 there exist fr,Yr,Or, TR, br >
0,er > 0 (possibly depending on R, independent of t) such that for all nonnegative func-

tions h = h(z) we have

/U<b Tt(h(a:)ll[lv\ < ﬁR]) dv > g </|y<R h(y) dy) 1[|z| < 6r] ,Vt € (Tk — €r, Tr),

Proof. Take T1(R) form Lemma [5.4.30] take

T 8R 4
Tr=Ti, er=-"2, bgp=

> T TR 5T Br =br +TgrCor, Ogr ,

first we have

/|U|<bR 73 (h(@)1lv] < Ba]) dv :/ h(X (2, 0)) L[| Vi, v)]| < Br] do,

[v|<br

By Lemma [5.4.28|and the definition of T in Lemma [5.4.30} for all |z| < R, |v| < bg, [t| <
Tr we have
Xy(z,0)| <OR, [Vile,v)| < B,

so by
t
Ty fo(, 0) = Sy, w)e o O Xrlom)Velmir
we have
T (h(@)1[v] < Br]) > e~ ComonTmh(X, (x,v))1[|Vi(, v)| < Br],
which is

/|v|<bR Tt(h(a:)]l[|v| < IBR]) dv > e—CgR,ﬁRTR/ h(X¢(x,v))1[|Vi(z,v)| < Br|dv,

v|<bgr
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and since |z| < R,|v| < bg,|t| < Tr implies |Vi(x,v)| < Br, which means for any
0 <t <Tpgr we have

el < RI[le] < bg] < 1|Vile, o)) < Bal, (5.4.54)
[ oV o)l < frldo > [ (X, 0) detla] < R,
lv[<br [v|<br

Finally we make the change of variable w = X;(z,v), then using Lemma [5.4.30| we
have, for every x1 € B(0, R) there exists v(xg,x1,s) € B(0,4R) such that

Xs <$0, ’U> =x.
S

Then since s > Tr/2 we have v/s € B(0,br), the range of X; will be larger than

B(0, R), also by Lemma [5.4.30, we have

3 dX¢(zo,v0)

3 5 5
—Tpr <-t< <-t<-T
8R_4_| |—4_4R)

dvo

which means
dvo 4

| | >
dXt(LI?(), ’U()) 5TR

SO
4
/ h(X,(z,v)) dvl[jz| < R] > 7/ h(z)dz1]jz| < R),
lv|<bgr 5TR JB(0,R)
which ends the proof of our theorem. O
Remark 5.4.32. When X;, V; satisfies
T =
0 =-W(x)+ M,
for some constant M, then the integral form will turns to
t
Vi(o, v0) = eMtuy —/ eM(t*s)W(Xs(xg,vo)) ds,
0

and
eMt _q

t s
vy — / / eM(S_“)W(Xu(xO, v0)) duds,
M 0 Jo

The above proofs in the section will still be hold for this, as a conclusion, Theorem
[£.4.27] will sitll holds for

Xt(:(}(),vo) = X0 +

atfivvl‘f+¢(x) 'va:LJrerc(t,x,v)erMv'f, f(O,IL’,U) :fO(J:?U)v

for some constant M, where the other notations are defined in Similarly the

result will holds for
atf —U- vlf + (b(l',’(}) : vvf = L+f + C(t,il?,’l))f, f(O,I,’U) = fO(JU,U)7

where the term ®(z,v) is uniformly Lipschitz in v.
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5.4.2 Proof of Theorem [5.4.21]

By the linearity of the operators, we only need to prove the theorem for all fy(xg,vg) =
20,00, Precisely for any R > 0, for any |zg|, |vg| < R, there exist Ry, Ra, ag,t which do
not depend on fy, such that

[t x,0) = aplf|z] < Ri]1{jv] < Ry

First by Hypothesis [5.4.25 we have that there exist T} such that for any 0 < r < T we
have
[ X (z0,v0)] < 2R, |[Vi(x0,v0)| < 2R

since
Srfo=9(x,v,)-

we have
—C T
Ty fo > e” 2R2RT5x vy,

Using Hypothesis [5.4.23]
LS fo>a e Cararlis () 1[Jv] < Bag] = e~ r2rTra h(z)1[v] < Bar]
rJO = 2R, BoR Xr(wo,v0) = P2R] = 2R,B2r = P2R]

where 3o is defined in Hypothesis using Hypotheses|[5.4.23| and [5.4.24], whenever
s —r € (Tor — €2r, Tor) we have

L+TszL+TrfO > e_CQR’QRTIO‘bzR,ZR </ Tser—’—TrfO du) ]1[|U| < 2R]
|u

|<bar

> G_CQR’ZRTIOCQR,,BQRabQRQR (/ T, (h(x) ]1[|U’ < 521{]) du) HHQ}’ < QR]
|u|<bar
> e r2rlianp g0y or 2R 1| < S2r] 1|v] < 2R].

Then by Hypothesis we have there exist Tb > 0 such that for any 0 <t —s < Tj

we have

_ )
Ty s L Ts_ LV, fo > e O2R2RT Magp 5, iy rY21R 1 |2| < 271«2] 1[|v| < R].

Then we only need to using the Duhamel’s formula. By the Duhamel’s formula we have

t s
flt,z,v) > / / Ty s LTy LT, fo(x, v)drds.
0 JO
fix first T = T1 +T»+ToR, we have for any fixed R > 0, for any ¢ < T |z9| < R, |vo| < R,

let fO(%O,UO) == 6%'0,1)0, we have

1)
f(t,x,0) Ze” Rt Magg g, RY2R1[|2] < 271%]11[@\ < R

/Ot /OS 1[t —s € [0, Tu]]1[s — r € [Tar — €2r, Tog]]1[r € [0,T}]]drds
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the only thing left is to find a ¢t < T1 4+ 15 + Top such that
t rs
c< / / 1[t — s € [0, To]]1[s — r € [Tar — ear, Tor)|L[r € [0, T1])drds
0 Jo

for some ¢ > 0, let € = min{T1, T2, ear}, t = Tor, we have

/ot /03 1t — s € [0, T2]]1[s — r € [Tar — e2r, Tag]|1[r € [0, T3]]drds

v

/Ot /Osﬂ[t — s € [0,e]l[r € [Tor — ¢, Tog]]1[s — r € [0, €]]drds

v

TQR S
/ / U[Tor — s € [0, 1[r € [Tor — € Tor]1[s — r € [0, €]|drds
Tor—€

Tor—e€

TQR S 62
= / / drds = —.
TZR_E TQR—E 2

Then the proof for the whole theorem is ended. O
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RESUME

Cette these porte principalement sur I'hypocoercivité et le comportement & long terme d’équations cinétiques. Nous
considérons d’abord I'équation cinétique de Fokker-Planck avec la force de confinement faible et une classe de force
générale. Nous prouvons I'existence et I'unicité d’un équilibre normalisé positif (dans le cas d’'une force générale) et étab-
lissons un certain taux exponentiel ou sous-géométrique de convergence vers I'équilibre (et le taux peut étre explicitement
calculé). Ensuite, nous étudions la convergence vers I'équilibre de la relaxation Boltzmann linéaire (également appelé
BGK linéaire) et le équations de Boltzmann linéaire soit sur le tore ou sur tout I'espace avec un confinement potentiel.
Nous présentons des résultats de convergence explicites au normes de variation total ou de variation totale pondérée.
Les taux de convergence sont exponentiels lorsque les équations sont posées sur le tore ou avec un potentiel de con-
finement grandir au moins quadratiqguement a l'infini. De plus, nous donnons taux de convergence algébrique lorsque les
potentiels sousquadratiqué pris en considération. Nous utilisons le théoréme de Harris.

MOTS CLES

Hypoellipticité, Hypocoercivité, Fokker-Planck cinétique, Boltzmann linéaire, Convergence vers I'équilibre

ABSTRACT

This thesis mainly study the hypocoercivity and long time behaviour of kinetic equations. We first consider the kinetic
Fokker-Planck equation with weak confinement force and a class of general force. We prove the existence and uniqueness
of a positive normalized equilibrium (in the case of a general force) and establish some exponential rate or sub-geometric
rate of convergence to the equilibrium (and the rate can be explicitly computed). Then we study convergence to equilibrium
of the linear relaxation Boltzmann (also known as linear BGK) and the linear Boltzmann equations either on the torus or
on the whole space with a confining potential. We present explicit convergence results in total variation or weighted total
variation norms. The convergence rates are exponential when the equations are posed on the torus, or with a confining
potential growing at least quadratically at infinity. Moreover, we give algebraic convergence rates when subquadratic
potentials considered. We use a method known as Harris’s Theorem.

KEYWORDS

Hypoellipticity, Hypocoercivity, Kinetic Fokker-Planck, linear Boltzmann, Convergence to the equilibrium
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