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Introduction

The aim of this chapter is give some context to the thesis and to present our contributions. We
will start with a brief account on the theory of Mean Field Games (MFG). We will introduce
the so-called MFG system focusing in particular on the second order case. Afterwards, we will
present the potential setting, a special class of MFG models which have a variational formulation.
We will then touch upon the weak KAM theory focusing on the main results and ideas that
we used in this thesis. Eventually, in the last part of the introduction, we will summarize our
contributions which address the problem of the long time behavior of potential MFG.

0.1 The MFG system and the potential setting

0.1.1 The idea behind Mean field Games

The theory of MFG was introduced in 2006 by Lasry and Lions [61, 62] and, independently, by
Huang, Caines and Malhamé [57]. The purpose of this theory is to analyze models of differential
games where a large number of small players interact through their repartition density. This
means that an agent does not observe every other player individually but she also considers their
collective behavior. From the mathematical point of view, the mean field approach drastically
reduces the complexity of the systems that have to be analyzed. If we had to keep track of
every individual interaction then, for large number of players, we would need to impose a sheer
amount of conditions which would lead to intractable mathematical models. On the other hand,
to be sure that the mean field approach is meaningful, the large number of players is not enough.
Generally speaking, the most important hypotheses that have to be matched are the following:
the players have to be sufficiently "small", in the sense that no one individually has an impact
on the whole system; the players are identical so that they can be described by a representative
agent; lastly, they must be indistinguishable, meaning that if one switches two players then the
playoffs of the others do not change.

Keeping in mind this general idea, we now spend a few words to explain (at least at the
heuristic level) how the Nash equilibria of some differential games involving an infinite number
of players are described by the solutions of the MFG system

−∂tu−∆u+H(x,Du) = F (x,m) in Rd × [t, T ]
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Rd × [t, T ]
m(t) = m0, u(T, x) = G(x,m(T )) in Rd.

We now consider a representative agent who has to solve an optimal control problem that
depends on the distribution of the other players. We suppose that the dynamic of this agent,

v
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starting at time t ∈ [0, T ] from x ∈ Rd, evolves according to the stochastic differential equation{
dXs = α(s)ds+

√
2dBs

Xt = x
(1)

where Bs is a standard d-dimensional Brownian motion and {α(s)}s∈[t,T ] is a drift adapted to
the filtration induced by Bs. The agent, at any time s ∈ [t, T ], has control over the drift α(s).
The agent faces a control problem that depends on the evolution of the other players. Therefore,
the first step is to guess how they are going to behave in the future. Let us suppose that her
guess is represented by the time dependent probability measure m(s), then she has to solve the
following problem

inf
α

E
[∫ T

t
L(Xs, α(s)) + F (Xs,m(s))ds+G(XT ,m(T ))

]
. (2)

While L is a convex Lagrangian as in the standard optimal control theory, the functions F and G
embed the dependence of the agent’s playoff on the guess m(s). Standard arguments in optimal
control theory ensure that, if we define the value function

u(t, x) = inf
α

E
[∫ T

t
L(Xs, α(s)) + F (Xs,m(s))ds+G(XT ,m(T ))

]
,

then the optimal control ᾱ is defined by ᾱ(s, x) = −DpH(x,Du(s, x)) and the value function u
solves the following Hamilton-Jacobi equation{

−∂tu(s)−∆u+H(x,Du(s)) = F (x,m(s))
u(T, x) = G(x,m(T )),

where H(x, p) = infa∈Rd −a · p− L(x, a).
Let us now suppose that also the other players make the guess m(s) and that their initial

distribution is described by the probability measure m0. Then, as they are identical, they all
face the same minimization problem whose solution is the optimal control ᾱ.

If they all play the control ᾱ, their respective Brownian motions are independent and m̄(s)
is the effective distribution of players at time s ∈ [0, T ], then m̄(s) = L(X̄s), where L(X̄s) is the
law of the stochastic process X̄s which is the solution of{

dXs = ᾱ(s)ds+
√

2dBs
X0 = Z0, L(Z0) = m0.

It is standard that m̄(s) verifies the following Fokker-Plank equation{
−∂tm̄+ ∆m̄+ div(ᾱm̄) = 0 in [t, T ]× Rd

m̄(0) = m0.

This model is in equilibrium when the guess m coincides with the real evolution m̄, so that
the strategy ᾱ is the optimal response to what players actually observe. Therefore, the Nash
equilibrium is described by the MFG system

−∂tu−∆u+H(x,Du) = F (x,m) in Rd × [t, T ]
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Rd × [t, T ]
m(t) = m0, u(T, x) = G(x,m(T )) in Rd.

(3)



0.1. THE MFG SYSTEM AND THE POTENTIAL SETTING vii

Similarly one can define the Ergodic MFG system. Let us suppose that our infinitesimal
player moves again according to (1) but instead of facing the optimal control problem (2), she
has to minimize

lim inf
T→+∞

1
T
E
[∫ T

0
L(Xs, α(s)) + F (Xs,m)ds

]
among all possible controls α. In this case the probability measure m, that appears in the
coupling function F , represents the guess of the agent on the limit distribution of players when
the horizon T goes to +∞. Then, if she starts from position x, her value function will be

u(x) = inf
α

lim inf
T→+∞

1
T
E
[∫ T

0
L(Xs, α(s)) + F (Xs,m)ds

]
.

Using again standard argument from the theory of optimal control, we can prove that the
optimal strategy is α∗(x) = −DpH(x,Du(x)) and that there exists a λ̄ ∈ R such that (u, λ̄)
solves

−λ̄−∆u+H(x,Du) = F (x,m). (4)

Again, if m̄ is the actual limit configuration of players when they all share the same guess m
and play the strategy α∗, we say that we have a Nash equilibrium when the guess m coincides
with m̄. One can prove that m̄ solves{

−∆m̄− div(DpH(x,Du)m̄) = 0 in Rd∫
dm̄ = 1.

Therefore, the Nash equilibrium is described by ergodic MFG system{
−λ̄−∆u+H(x,Du) = F (x,m) in Rd

−∆m− div(DpH(x,Du)m) = 0 in Rd.
(5)

We are interested in the ergodic MFG because one natural guess is that the solutions of
the MFG system tend to stabilize and to converge to the solutions of the ergodic one. Even
though under specific structural assumptions (namely monotonicity) this convergence holds, we
will prove that it is not in general the case.

In the past decade the literature on MFG thrived and this theory moved towards different
directions. The existence of solutions of the MFG system under various assumptions is studied in
[20, 21, 24, 16, 55]. For MFG as limit of N-player differential games one can look at [19]. Carmona
and Delarue [30, 31] focused on the probabilistic approach. For the numerical analysis of MFG
models we refer to [3, 2, 14, 12, 29]. The theory has been fruitful also in terms of applications:
a couple of examples are [56, 25, 1] in economics and [37] in engineering. Moreover, new classes
of MFG have appeared in the last few years as, for instance, the obstacle problem [8] and the
MFG of control [52].

Keep in mind that the models that can be analyzed through the MFG system were the first
to be introduced but they do not represent the most general case. This means that the MFG
system can be derived only under specific assumptions. A most important one is that the noises
that the players face are all independent. Therefore, nothing like common noises can be taken
into account through MFG systems like (3). To look at MFG models with common noise one has
either to introduce stochastic MFG as in [58, 32] or to work at the level of the Master Equation.
For this latter approach we refer to [19] and [30].
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0.1.2 Potential MFG

In this thesis we will focus on a special class of MFG that goes under the name of potential
MFG (or variational MFG). These models, which were initially introduced by Lasry and Lions
in [62], are those MFG whose associated MFG system can be derived as an optimality condition
of a particular minimization problem. If the coupling function F and the terminal cost G admit
potentials, which we respectively denote with F and G, then, for any t < T < +∞, one can
define the following control problem

UT (t,m0) = inf
(m,w)

J(m,w) (6)

where
J(m,w) =

∫ T

t

∫
Rd
H∗

(
x,− dw(s)

dm(s)(x)
)
dm(s) + F(m(s))ds+ G(m(T )), (7)

(m,w) verifies the Fokker Plank equation −∂tm +4m + divw = 0 with m(t) = m0 and H∗ is
the Fenchel conjugate of H with respect to the second variable.

If (m̄, w̄) minimizes UT (t,m0) then, formally, one has that w̄ = −m̄DpH(x,Dū) where (ū, m̄)
solves 

−∂tu−∆u+H(x,Du) = F (x,m) in Rd × [t, T ]
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Rd × [t, T ]
m(t) = m0, u(T, x) = G(x,m(T )) in Rd.

The variational nature of potential MFG endows these models with a powerful structure that
allows to go deeper in the analysis of the solutions of the MFG system. See for instance [21,
70, 20] for existence results or [63, 72, 27] for regularity results that rely on this variational
structure.

Potential MFG are generally divided in two macro groups depending on the type of couplings
F and G, which can be either local or non-local. The coupling is said to be local when the
functions F and G depend pointwisely on the density of the distribution of players m. Namely,
F (m) = f(m(x)) for a function f : R+ → R. In this case the potential F is defined as

F(m) =
∫
Rd

∫ m(x)

0
f(s)dsdx

and analogously for G. There are several papers that analyze this kind of potential MFG, see
for instance [21, 27, 54, 70, 7]. In this setting one generally looks for weak solutions in Sobolev
spaces.

In this thesis we focus on potential MFG with regularizing non-local couplings. In this case
the functions F and G are defined directly on the space of Borel probability measures P(Rd)
and we say that we are in the potential setting if there exist two functions F and G such that

δF
δm

(m,x) = F (m,x) and δG
δm

(m,x) = G(m,x).

The notion of derivative is the following.

Definition 0.1.1. We say that Φ : P2(Rd) → R is C1 if there exists a continuous function
δΦ
δm : P(Rd)× Rd → R such that

Φ(m1)− Φ(m2) =
∫ 1

0

∫
Rd

δΦ
δm

((1− t)m2 + tm1, x)(m1 −m2)(dx)dt, ∀m1,m2 ∈ P(Rd).
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This definition is taken from [19] where one can find further properties.
Provided that F and G are sufficiently smooth, the solutions of the associated MFG system

are smooth as well thanks to standard estimates for solutions of uniform parabolic equations.
The relation between (3) and the minimizers of (7) is explained by Proposition 0.1.2 for

which we first state some hypothesis

• The functions F and G on P(Rd) belong to C1(P(Rd)). Moreover, their derivatives F , G
on P(Rd)× Rd are smooth in the second variable.

• The Hamiltonian H is smooth and uniformly convex, in the sense that there exists C > 0
such that

C−1Id ≤ DppH ≤ CId.

Proposition 0.1.2. Let assume that the above hypotheses on the coupling functions and on the
Hamiltonian hold true. If m0 ∈ P(Rd) and (m̄, w̄) is a minimizer of

inf
(m,w)

J(m,w) = inf
(m,w)

∫ T

t

∫
Rd
H∗

(
x,− dw(s)

dm(s)(x)
)
dm(s) + F(m(s))ds+ G(m(T )),

where the infimum is taken over the set of couples (m,w) which solves in [t, T ]×Rd the Fokker
Plank equation −∂tm+4m+ divw = 0 with m(t) = m0, then, m̄ ∈ C1,2(Rd × (t, T ]) and there
exists ū ∈ C1,2(Rd × [t, T ]) such that (ū, m̄) is a classical solution of

−∂tū−∆ū+H(x,Dū) = F (x, m̄) in Rd × [t, T ]
−∂tm̄+ ∆m̄+ div(m̄DpH(x,Dū)) = 0 in Rd × [t, T ]
m̄(t) = m0, ū(T, x) = G(x, m̄(T )) in Rd.

Proof. When the domain is d-dimensional flat torus Td instead of the whole space Rd, the proof,
which relies on Fenchel-Rockafellar duality theorem, can be found in [11, Proposition 3.1] (this
proof includes also the one for the existence of a minimizer (m̄, w̄)). �

Similarly to the time dependent MFG system, the ergodic MFG system also admits a vari-
ational formulation. In this case the minimization reads

inf
(m,w)

∫
Rd
H∗

(
x,− dw

dm
(x)
)
dm+ F(m), (8)

where (m,w) solves ∆m− divw = 0 in the sense of distributions.
One natural issue is the uniqueness of solutions of system (3) and system (5). It has been

clear since the very first papers that the natural assumption to be imposed to have the uniqueness
is the so called Lasry-Lions monotonicity assumption (introduced in [61, 62]).

Definition 0.1.3. We say that a function F : P(Rd)×Rd → R verifies the Lasry-Lions mono-
tonicity assumption if, for any m1,m2 ∈ P(Rd)∫

Rd
(F (m1, x)− F (m2, x))d(m1(x)−m2(x)) ≥ 0.

In the potential setting, if F andG verify the monotonicity assumption then the minimization
problem (7) is convex and admits a unique minimizer which in turn implies that the solution
of the MFG system in unique as well. Note that the uniqueness result under monotonicity
assumption is true even outside the potential setting. The proof of the following proposition
does not require F and G to have a potential. The main argument of the proof, which we skip,
can be found already in the original works by Lasry and Lions [61, 62].
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Proposition 0.1.4. Let H : Rd × Rd → R be a uniformly convex and smooth Hamiltonian. If
F and G are continuous and verify the monotonicity assumption then there exists at most one
solution of (3).

0.2 The long time behavior and the weak KAM theory

0.2.1 The long time behavior

A standard question, that arises from the dynamical nature of MFG, is how players behave when
their time horizon converges to infinity. This problem was initially considered in [64] and then
discussed in several different contexts in [23, 18, 22, 26, 50]. The forward-backward structure
of the MFG system makes it a tricky question. Indeed, while from the point of the model the
meaning of the long time behavior of a mass of players is clear, when one looks at the MFG
system this is no longer the case. The system is made of a Fokker-Plank equation that goes
forward in time and a Hamilton-Jacobi that goes backward, hence, one has to carefully define
the notion of convergence. Moreover, a crucial role is played by the monotonicity assumption
(Definition 0.1.3). When this assumption is in place the system enjoys some sort of convexity
which gives at the same time uniqueness of solutions and strong uniform estimates from energy
equalities (we refer to [23]).

We start summarizing two of the most important results regarding the long time behavior
of second order MFG when the monotonicity assumption holds.

A first possibility is to look at the average convergence. In [23], the authors defined

UT (t, x) = uT (tT, x) and MT (t) = mT (tT ),

where (uT ,mT ) is a solution of
−∂tuT −∆uT + 1

2 |Du
T |2 = F (mT , x) in [0, T ]× Td

−∂tmT + ∆mT + div(mTDuT ) = 0 in [0, T ]× Td

mT (0) = m0, u
T (T ) = uf in Td.

They proved that, under the monotonicity assumption, if (λ̄, ū, m̄) is the unique solution of the
ergodic MFG system (5) (with H(x, ·) = | · |2/2), then

‖mT (t)− m̄‖C2,α(Td) + ‖DuT (t)−Dū‖C2,α(Td) ≤ C
(
e−k(t−T ) + e−kt

)
(9)

for certain C, k > 0 and α ∈ (0, 1). Moreover, UT converges locally uniformly to the function
(t, x) 7→ −λ̄t and MT converges in L1((0, 1)× Td) to m̄.

The rate of convergence (9), which is sometimes called turnpike property, shows that the
convergence can be expected only far from the initial and terminal condition. Note also that at
this point the convergence of the value function holds either on average or for its gradient.

Afterwards, in [28] the result was pushed further. In this paper the authors managed to
understand how the function uT (0, ·) − λ̄T behaves when T → +∞. The solution was found
at the level of master equation. If one define the function U : (−∞, 0] × Td × P(Td) → R by
U(−T, x,m0) = uT (0, x) where (uT ,mT ) is the solution of the MFG system (3) with initial
condition m(0) = m0 then, U solves the following equation set in (−∞, 0]× P(Td)
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−∂tU −∆xU +H(x,DxU(t, x,m))−

∫
Td divyDmU(t, x,m, y)m(dy)

+
∫
Td DmU(t, x,m, y) ·DpH(y,DxU(t, y,m))m(dy) = F (x,m)

U(0, x,m) = G(x,m).
(10)

Even though we will not discuss the master equation, which goes far beyond the scope of this
introduction, it is worthwhile to mention that the above equation has a "standard" backward
structure. Therefore, we have a much more natural notion of long time convergence. What is
proved in [28] is that U(−T, ·, ·) + λ̄T converges to a function χ : Td ×P(Td)→ R which solves
the ergodic master equation{

λ̄−∆xχ+H(x,Dxχ(x,m))−
∫
Td divyDmχ(x,m, y)m(dy)

+
∫
Td Dmχ(x,m, y) ·DpH(y,Dxχ(y,m))m(dy) = F (x,m).

Consequently, one has that uT (0, ·)−T λ̄ converges to χ(·,m0). A most important aspect is that,
while mT converges always to the invariant measure m̄, one cannot expect that uT (0, ·) − T λ̄
converges to ū (where (ū, m̄) is the solution of the ergodic MFG system (4)). Indeed, the function
χ keeps track of the initial condition and in general, if m0 6= m̄, χ(·,m0) is different from ū.

Outside the monotonicity assumption, the MFG system behaves quite differently and the
existing results are much weaker than the ones that we presented for the monotone case. A first
difficulty is the multiplicity of solutions of both the time-dependent MFG system and the ergodic
one. It is clear from [28] that, even under the monotonicity assumption, working at the level
of solutions of the MFG system might not be enough to understand their long time behavior.
Indeed, only after lifting the analysis from the MFG system to the master equation the authors
managed to characterize the limit of uT (0, ·) − T λ̄. On the other hand, the definition of U ,
solution of (10), is subordinated to the uniqueness of the solution of the MFG system which
cannot be expected if monotonicity is not imposed.

Moreover, while in the monotone case the value λ̄ such that (λ̄, ū, m̄) is a solution of the
ergodic MFG system and the value λ, for which uT (0, ·) − Tλ has a limit, coincide, outside
monotonicity we will prove that it is not always the case.

A further difference is the following one. In general, if we are in the potential setting we know
that if (m,w) is a minimizer of UT (t,m0) (defined in (6)) then w(s, x) = −m(s, x)DpH(x,Du(s, x))
where (u,m) is a solution of the MFG system (3). In the monotone case the previous impli-
cation goes also in the other direction, which means that if you have a solution (u,m) of (3)
then (m,−mDpH(x,Du)) is a minimizer for UT (t,m0) (see for instance [21] for this result in
the local setting).

Aside from the ones of this thesis, the results on the long time behavior of non monotone
MFG that I am aware of can be found in [49, 34, 33]. Before we comment these papers, we
recall that a precursor result has already appeared in [56]. In this paper the authors constructed
a periodic solution in a MFG models which mimics the Mexican wave in a stadium ("la ola").
Coming back to [49, 34, 33], we first point out that these papers, in contrast with [23] and [28],
rather look for the existence of periodic solutions than study the long time behavior of the finite
horizon model.

In [49], Gomes and Sedjero analyze a forward-forward non monotone MFG system with
congestion. Even though it is a quite different framework with respect to the standard MFG
model, they provided the first example of traveling wave in MFG. More related to the setting of
this thesis are the results in [33, 34]. In [34], by the means of bifurcation method, Cirant proved
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the existence of infinite branches that emanate from the constant trivial one, considering the
MFG system

{
−∂tu−∆u+ 1

2 |Du|
2 = f(m) in [0, T ]× Ω

−∂tm+ ∆m+ div(mDu) = 0 in [0, T ]× Ω
(11)

with a non monotone local coupling f . In the finite horizon regime, this particular solutions
exhibit an oscillatory behavior when they are close to the trivial constant one. Moreover, through
numerical simulations the author suggested that this oscillatory behavior survives when the
horizon goes to infinity.

Afterward, in [33], Cirant and Nurbekyan, using again a bifurcation method, managed to
prove the existence of truly periodic solutions for a non monotone configuration of the system
(11).

Note that, as we mentioned, the previous results are concerned with the existence of periodic
solutions of the MFG system and they do not directly address the problem of the long time
convergence. Moreover, even if the setting related to the periodic solution in [33] is of potential
type, the periodic trajectory built through iterated bifurcations is no longer associated to the
minimum of the correspondent minimization problem.

0.2.2 Weak KAM theory

We introduce the main ideas of the weak KAM theory that we borrowed for this thesis. As the
weak KAM theory is not itself the main subject of this dissertation, we will only touch upon
those results that have been useful for our purpose. For a full overview one can look at Fathi’s
book [42] or his seminal papers [39, 40, 41] where we took most of the results we discuss in this
section. This brief introduction is also inspired by Evans’ notes on the topic [38].

Hereafter,M , TM and T ∗M will be respectively a smooth compact manifold without bound-
aries, its tangent bundle and its cotangent bundle. The functionH : T ∗M → R is an Hamiltonian
such that H is smooth, superlinear and strictly convex on the fibers, which means that

• lim|p|→+∞
H(x,p)
|p| = +∞,

• the matrix ∂2
ppH(x, ·) is positive definite.

We can associate to the Hamilton H the Lagrangian L : TM → R defined by

L(x, v) = max
p∈T ∗M

p(v)−H(x, p), ∀(x, v) ∈ TM,

which is smooth and strictly convex as well. We also introduce the Lax-Oleinik semigroup(
T−t

)
t>0. If u : M → R is a function and t > 0, then

T−tu(x) = inf
γ
u(γ(0)) +

∫ t

0
L(γ(s), γ̇(s))ds, (12)

where the infimum is taken over all possible absolutely continuous curves γ : [0, t] → M such
that γ(t) = x. An important object in this framework are the extremal curves. Given two points
x, y ∈M , we say that an absolutely curve γ̄ : [0, t]→M is an extremal curve if γ̄ minimizes

inf
γ

∫ t

0
L(γ(s), γ̇(s))ds
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among all possible absolutely continuous curves γ such that γ(0) = x and γ(t) = y. It is easy to
prove that if γ̄ is a minimizer of (12) then γ̄ is an extremal curve for the endpoints x and γ̄(0).

An other fundamental notion in the weak KAM theory is the one of domination. We say
that u is dominated by (L,α) with α ∈ R, if for any t > 0 and any absolutely continuous curve
γ on M we have

u(γ(t))− u(γ(0)) ≤
∫ t

0
L(γ(s), γ̇(s))ds+ αt.

We define the Mañé’s critical value α[0] as the infimum over all α ∈ R such that there exists
a function u : M → R which is dominated by (L,α).

A first major result of the weak KAM theory is the following theorem.

Theorem 0.2.1. There exists a function u− : M → R such that, for any t > 0 ,

u− = T−tu− + α[0]t. (13)

Moreover, if for a given α ∈ R there exists u : M → R such that, for any t > 0,

u = T−tu+ αt,

then α = α[0].

If u verifies (13) then we call it weak KAM solution of the critical equation

H(x, dxu) = α[0]. (14)

The connection between the critical equation (14) and the fixed points of the Lax-Oleinik semi-
group relies in the following property.

Proposition 0.2.2. If u : M → R is dominated by (L,α) then u is a viscosity subsolution of

H(x, dxu) = α.

Moreover, if u is weak KAM solution in the sense of Theorem 0.2.1 then u is a viscosity solution
of

H(x, dxu) = α[0].

The characterization of the Mañé’s critical value α[0] of Theorem 0.2.1 is not the only possible
and for the purpose of this thesis it is useful to introduce two other points of view.

For any (x, v) ∈ TM we define the Euler-Lagrangian flow φt(x, v) as follows. Let x be the
solution of {

− d
dt(DvL(x, ẋ)) +DxL(x, ẋ) = 0

x(0) = x, ẋ(0) = v.
(15)

We set φt(x, v) = (x(t), ẋ(t)). We say that a measure µ on the tangent bundle TM is invariant
under the Euler-Lagrangian flow if, for any continuous and bounded function Ψ on TM , we have∫

TM
Ψ(x, v)dµ(x, v) =

∫
TM

Ψ(φt(x, v))dµ(x, v), ∀t > 0.

Mather, in his seminal paper [69], proved the following result.
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Theorem 0.2.3. The Mañé critical value α[0] verifies the following relation

−α[0] = inf
µ

∫
TM

L(x, v)dµ(x, v), (16)

where the infimum is taken over the set of invariant probability measures µ.

If µ minimizes (16), we say that µ is a Mather measure. We define the Mather set M as
follows

M =
⋃
µ

suppµ,

the union over all Mather measure µ. We also define the projected Mather set M̃ as the
projection ofM on M.

One goal of the weak KAM theory is to understand the relations between the Mather setM
and the weak KAM solutions (which are the fixed points of the Lax-Oleinik semigroup). Two
important examples are the following propositions (which can be both found in [42]).

Proposition 0.2.4. If u is a weak KAM solution, then u is derivable at any point x ∈ M̃.

Proposition 0.2.5. Let V be an open neighborhood of M in TM . There exists a time t(V )
such that, if t ≥ t(V ) and γ : [0, t] → M is an extremal curve, then there exists s ∈ [0, t] such
that (γ(s), γ̇(s)) ∈ V .

The preliminary result to prove Proposition 0.2.5 is that if γ is an extremal curve then γ is
a solution of the Euler-Lagrange equation (15). Using this basic fact one can build a Mather
measure µ starting from the optimal curves of T−tu(x) as follows. Let γt : [0, t] → M be an
optimal trajectory for T−tu(x) and µt be the probability measure over TM defined by∫

TM
f(x, v)dµt(x, v) = 1

t

∫ t

0
f(γt(s), γ̇t(s))ds (17)

for any continuous bounded function f on TM . Then, if µ is a weak limit of µt for t → +∞,
the probability measure µ is a Mather measure.

The above results are some of the key points to prove the following theorem which is the
reason why we decided to look at the weak KAM theory to try to understand the long time
behavior of potential MFG.

Theorem 0.2.6. For any u ∈ C(M) the limit t → +∞ of T−t u + tα[0] exists. Moreover, this
limit is a weak KAM solution.

We continue this brief account on the weak KAM theory saying a few words on a close topic
which is the Lions–Papanicolaou–Varadhan theory (see [66]).

Fathi’s proof of Theorem 0.2.1 relies on a abstract result regarding the existence of a common
fixed point for certain classes of non-expansive maps on Banach spaces (see [39]). This approach
does not fit well in the context of MFG and here the Lions–Papanicolaou–Varadhan approach
helps to overcome this issue.

In this part we suppose that the manifold M is the d-dimensional flat torus Td. Combining
Theorem 0.2.1 with Proposition 0.2.2 one can define α[0] as the unique value for which there
exists a viscosity solution of

H(x,Du) = α[0] ∀x ∈ Td. (18)
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This theory is an alternative and purely PDE-based technique to prove the existence of a solution
u of the critical equation (18) and the critical value α[0]. Even though it is not essential for
this thesis, it is worthwhile to mention that the Lions–Papanicolaou–Varadhan theory goes in
the direction of Hamilton-Jacobi homogenization and one generally considers (18) adding a new
variable P ∈ Rd. We define the function P 7→ α[P ] as follows. For each P ∈ Rd, α[P ] ∈ R is the
only constant for which the following equation admits a viscosity solution

H(x, P +Du) = α[P ] ∀x ∈ Td. (19)

The function α[·] is called effective Hamiltonian.
The idea of Lions, Papanicolaou and Varadhan was to consider the discounted Hamilton-

Jacobi equation

δu+H(x, P +Du) = 0 ∀x ∈ Td. (20)

It is standard from viscosity solutions theory that the above equation enjoys the comparison
principle and therefore, for any δ > 0, the solution uδ of (20) is unique. As long as the Hamil-
tonian verifies the superlinearity and the convex hypothesis that we discussed at the beginning
of this section, the solution uδ admits a variational representation:

uδ(x) = inf
γ

∫ +∞

0
e−δtLP (γ(s), γ̇(s))ds, (21)

where the infimum is taken over all absolutely curves γ : [0,+∞)→ Td such that γ(0) = x and
LP (x, ·) is the Lagrangian associated to the Hamiltonian H(x, P + ·). Using the superlinearity
and the convexity of H it is not hard to prove through the representation (21) and the equation
(20) that there exists a constant C, independent of δ, such that

|Duδ|+ |δuδ| ≤ C.

The direct consequence is that, up to subsequence, uδ − uδ(x̄) → u and δuδ → α[P ] where
u and α[P ] solves in viscosity sense (19). A standard application of the comparison principle
verified by uδ ensures the uniqueness (and therefore the full convergence of δuδ to) α[P ].

It was only in 2016 that Davini, Fathi, Iturriaga, Zavidovique [35] proved the full convergence
of uδ to a solution u0 of the critical equation. We conclude this introduction on the weak KAM
theory commenting this last result.

Let M be again any smooth compact manifold without boundaries. We define F− as the set
of viscosity subsolutions u : M → R of the critical equation

H(x,Du) = α[0] ∀x ∈M, (22)

such that, for any Mather measure µ (see (16)),∫
TM

u(x)dµ(x, v) ≤ 0. (23)

The main result of [35] is the following.
Theorem 0.2.7. Let uδ be the solution of the discounted Hamilton-Jacobi equation

δu(x) +H(x,Du(x)) = α[0] ∀x ∈M, (24)

then uδ uniformly converges to a viscosity solution u0 of the critical equation (22) which is
characterized by

u0(x) = sup
u∈F−

u(x).
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Note that in the right hand side of the discounted equation (24) appears the Mañé critical
value α[0] while previously we had zero. The reason of this translation is that α[0] is the only
constant such that the solutions uδ of (24) are uniformly bounded with respect to δ.

Let u0 be a uniform limit, up to subsequence, of uδ. To prove that u0(x) ≤ supu∈F− u(x) the
idea is to show that u0 ∈ F−. This comes directly from the discounted equation (24). Indeed,
using (24) one can prove that, for any Mather measure µ and any δ > 0,

δ

∫
TM

uδ(x)dµ(x, v) ≤ 0.

Letting δ → 0 proves that u0 ∈ F− and so that u0(x) ≤ supu∈F− u(x).
If we consider a minimizer γxδ : [0,+∞)→M of the variational representation (21) of uδ(x),

we can associate a measure µxδ on TM as follows∫
TM

f(x, v)dµxδ (x, v) = δ

∫ +∞

0
e−δsf(γxδ (s), γ̇xδ (s))ds

for any continuous bounded function f on TM . The key ingredient for the opposite inequality
is that any weak limit µx of µxδ is a Mather measure. Then, comparing the discounted equation
(24) with the critical equation (22), one can prove that, for any w ∈ F− and any δ > 0,

uδ(x) ≥ w(x)−
∫
TM

w(y)dµxδ (y, v) ∀x ∈M.

Passing to the limit δ → 0 (possibly up to subsequence), we get

u0(x) ≥ w(x)−
∫
TM

w(y)dµx(y, v) ∀x ∈M.

As µx is a Mather measure and w ∈ F−, if we plug (23) into the above inequality we find that

u0(x) ≥ w(x) ∀x ∈M,

which proves that u0(x) ≥ supw∈F− u(x) and so the result.
We conclude mentioning that in [35] the authors give a second characterization of u0 through

the Peierls barrier but we will not discuss it.

0.3 Contributions
In this thesis we address the problem of the long time behavior of non local potential MFG by
the means of weak KAM theory. The link between potential MFG and weak KAM theory is
possible thanks to the fact that MFG can be seen as infinite dimensional Hamiltonian systems.
In particular, if (u,m) ∈ C2(Td)× P(Td) and we define the quantity

c(u,m) =
∫
Td

(
H(x,Du(x))−∆u(x)

)
m(dx)−F(m(t)),

then, if (u,m) is a solution of the MFG system, c(u(t),m(t)) is constant in time. The aim
this thesis is to provide a set of tools and results, which do not depend on the monotonicity
assumption (Definition 0.1.3), that might be useful to tackle the problem of the long time
convergence in a more systematic way. Our results are collected in the next three chapters.

In Chapter 1 we look at the time dependent minimization problem UT (defined in (6)) and we
analyze the relationship between the limit behavior of UT (0, ·)/T when T → +∞ and the value
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of the stationary minimization problem (8). We first show that, as the time horizon goes to +∞,
the value of the time dependent optimal control problem converges to a limit −λ independent
from the initial condition. Then, if we denote with −λ̄ the value of the stationary one, in general
we have that λ ≥ λ̄. Moreover, we provide a class of explicit examples where the strict inequality
λ > λ̄ holds true. This will imply that in those cases the trajectories minimizing the energy of
the time-dependent MFG system do not converge to static equilibria.

In Chapter 2 we develop the counterpart for potential mean field games of the convergence
result of the Lax-Oleinik semigroup proved in [41]. As a consequence, we have the convergence of
the solutions of the time dependent MFG system associated to optimal trajectories of UT . The
main result is that UT (0, ·) − λT uniformly converges to a corrector function (which is a fixed
point of the Lax-Oleinik semigroup). In addition, we show a mean field limit for the ergodic
constant associated with the corresponding Hamilton-Jacobi equation.

In Chapter 3 we consider the solution Vδ of the discounted Hamilton-Jacobi equation in the
Wasserstein space arising from potential MFG and we prove its full convergence to a corrector
function χ0. We follow the structure of the proof of the analogous result in the finite dimensional
setting provided by Davini, Fathi, Iturriaga, Zavidovique in 2017. We characterize the limit χ0
through a particular set of smooth Mather measures. A major point, that distinguishes the
techniques deployed in the standard setting from the ones that we use here, is the lack of
mollification in the Wasserstein space.

In the last part of this introduction we discuss in more details the results that we sketched
above. In particular we will focus on differences and the difficulties that occur when one trans-
poses the standard finite dimensional weak KAM theory into the infinite dimensional framework
of potential MFG.

0.3.1 On the long time convergence of potential MFG

One of the main goal of Chapter 1 is to recover, in the context of potential MFG, the results
of Theorem 0.2.1 on the characterization of the Mañé’s critical value and the existence of fixed
points of the Lax-Oleinik semigroup.

Let us first see how in practice the MFG minimization problem U t is structurally similar
to the standard Lax-Oleinik semigroup T−t that we discussed in the previous section. For any
function Φ : P(Td)→ R, we can define the semigroup {τh}h>0 as follows

τhΦ(m0) = inf
(m,w)

{∫ h

0

(∫
Td
H∗

(
x,− dw(s)

dm(s)(x)
)
dm(s) + F(m(s))ds

)
ds+ Φ(m(h))

}
,

where (m,w) verifies the Fokker Plank equation −∂tm + ∆m + divw = 0 with m(0) = m0.
Therefore, if the MFG minimization problem U t(0,m0) is defined by

U t(0,m0) = inf
(m,w)

∫ t

0

∫
Td
H∗

(
x,− dw(s)

dm(s)(x)
)
dm(s) + F(m(s))ds+ G(m(t)),

where (m,w) verifies the Fokker Plank equation −∂tm + ∆m + divw = 0 with m(0) = m0,
then U t(0,m0) = τtG(m0). According to these definitions, we can analogously introduce a
critical value λ ∈ R and the notion of fixed point of the semigroup τ . Namely, we say that
χ : P(Td)→ R is a fixed point of the semigroup τ if, for any t > 0 and any m0 ∈ P(Td),

χ(m0) = inf
(m,w)

(∫ t

0

∫
Td
H∗

(
x,−w(s)

m(s)

)
dm(s) + F(m(s))ds+ χ(m(t))

)
+ λt. (25)
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where (m,w) verifies the Fokker Plank equation −∂tm+∆m+divw = 0 withm(0) = m0. We call
corrector function any function χ : P(Td) → R which verifies the above dynamic programming
principle.

Large part of Chapter 1 is devoted to the proof of the existence and uniqueness of such a
critical value λ ∈ R. Afterward, we compare this critical value λ with the ergodic one λ̄ (which
is part of the solution of the ergodic MFG system (5)) to derive some information on the long
time behavior U t.

As we mentioned in Section 0.2.2, the structure of the standard proof of Theorem 0.2.1
relies on arguments that can hardly be transposed in the MFG setting. Therefore, as in the
Lions–Papanicolaou–Varadhan theory we introduce the discounted infinite horizon problem Vδ.
For any δ > 0 and any m0 ∈ P(Td), we define

Vδ(m0) = inf
(m,w)

∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt,

where (m,w) verifies the Fokker Plank equation −∂tm + ∆m − divw = 0 with m(0) = m0. If
(m̄, w̄) is a minimizer of Vδ(m0) then w̄(t, x) = −DpH(x,Dū(t, x)) where (m̄, w̄) solves

−∂tu−∆u+ δu+H(x,Du) = F (x,m) in Td × [0,+∞)
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Td × [0,+∞)
m(t) = m0, u ∈ L∞([0,+∞)× Td).

When δ > 0, the Hamilton-Jacobi equation in the above system enjoys the comparison
principle that we use to prove that ū is bounded in C1,2([0,+∞)×Td) uniformly with respect to
δ. Those estimates, which imply through the drift DpH(x,Dū) uniform regularity on m̄ as well,
are the key point to prove that the family of function {Vδ(·)}δ is uniformly Lipschitz continuous.
At this point it is straightforward that, up to subsequence, δVδ → −λ and that, for any fixed
measure m̄0, Vδ(·)− Vδ(m0)→ χ(·), where χ : P(Td)→ R is a Lipschitz function which verifies
the dynamic programming principle (25).

Once that we have these convergence, the next step is the following theorem.

Theorem 0.3.1. The limit value −λ is uniquely defined and δVδ(·)→ −λ depends neither on a
subsequence nor on the initial condition. Moreover, 1

T U
T (0, ·) uniformly converges to −λ when

T goes to +∞.

In the second part of the chapter we focus on the relation between the critical value λ and
the ergodic value λ̄. We recall that λ̄ is defined by

−λ̄ = inf
(m,w)

∫
Td
H∗

(
x,−w

m

)
dm+ F(m). (26)

It is always true that λ ≥ λ̄ and, moreover, one can easily proves that, under monotonicity
assumption, λ = λ̄. Indeed, if monotonicity is in place, the minimization problem that defines
UT is convex with respect to (m,w). Therefore, one just need to apply the Jensen’s inequality
to find that, at the limit, stationary configurations are more efficient than the other ones. Note
that, in this case, we recover part of the result of [23]. More interestingly, we build a class of
explicit examples where λ > λ̄.

To understand why the relationship between λ and λ̄ is important to analyze the long time
behavior of potential MFG, we need to introduce the notion of projected Mather M. The
projected Mather setM is the set of probability measures contained in a calibrated curve. We
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say that (m̄, w̄) is a calibrated curve associated to a corrector function χ if it is defined for any
time t ∈ R and if, for any t1, t2 ∈ R, (m̄, w̄) is optimal for the dynamic programming principle,
i.e.

χ(m̄(t1)) =
∫ t2

t1

∫
Td
H∗

(
x,− w̄(s)

m̄(s)

)
dm̄(s) + F(m̄(s))ds+ χ(m̄(t2)) + λ(t2 − t1).

When λ > λ̄, M cannot contain any stationary curve. Moreover, as this set is compact,
calibrated curves can not even approach a static configuration. Indeed, due to compactness, the
stationary minimizers of (26) lay at positive distance to the projected Mather set. While in this
chapter we only prove thatM contains the limit points of the optimal trajectories of Vδ, in the
next one we get the same result for the optimal trajectories of UT .

0.3.2 Weak KAM theory for potential MFG

This chapter is devoted to the proof of the convergence of UT . The main results are collected
in the following two theorems.

Theorem 0.3.2. When T → +∞, UT (0, ·) +λT uniformly converges to a corrector function χ.

Theorem 0.3.3. If (mT , wT ) is an optimal trajectory for UT (−T,m0), then (mT , wT ) converges,
up to subsequence and locally uniformly, to a calibrated curve (m,w). Consequently, m(t) ∈M
for any t ∈ R.

Even if Theorem 0.3.2 is the transposition, in the MFG setting, of Fathi’s famous convergence
result for Hamilton-Jacobi equations [41] (Theorem 0.2.6), its proof presents several additional
difficulties. In particular, in the standard setting many proofs rely on approximation arguments.
Namely, when one has a viscosity solution of the critical Hamilton-Jacobi equation then its
mollification not only approximates the solution but it is itself an approximated solution of the
equation. Such a tool does not exists in the context of Wasserstein spaces (even though it is
still possible to approximate functions with smooth ones).

Anyway, the structure of the proof of Theorem 0.3.1 is still inspired by the one Theorem
0.2.6. One first important step is a further characterization of the critical value λ. Let us set

I := inf
Φ∈C1,1(P(Td))

sup
m∈P(Td)

∫
Td

(H(y,DmΦ(m, y))−F(m)− divyDmΦ(m, y))m(dy).

Then, by duality techniques, one can check the following equality

−I = min
(µ,p1)

∫
P(Td)

∫
Td

(
H∗
(
y,

dp1
dm⊗ µ

)
+ F(m)

)
m(dy)µ(dm),

where the minimum is taken over µ ∈ P(P(Td)) and p1, Borel vector measure on P(Td) × Td,
such that p1 is absolutely continuous with respect to the measure dm ⊗ µ := m(dy)µ(dm) and
such that (µ, p1) is closed, in the sense that, for any Φ ∈ C1,1(P(Td)),

−
∫
P(Td)×Td

DmΦ(m, y) · p1(dm, dy) +
∫
P(Td)×Td

divyDmΦ(m, y)m(dy)µ(dm) = 0.

We call Mather measure any couple (µ, p1) which minimizes the dual problem. This value I does
actually coincide with the critical value λ, but to prove this equality is not as straightforward as
in the finite dimensional setting. While it is not hard to show that I ≥ λ, the opposite inequality
is more subtle. One has to construct a smooth subsolution of the ergodic problem (27) without
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using mollification arguments. To overcome this issue we pass through a finite particle system.
Let (vN , λN ) ∈ C2((Td)N )× R be a solution of

−
N∑
i=1

∆xiv
N (x) + 1

N

N∑
i=1

H(xi, NDxiv
N (x)) = F(mN

x ) + λN

and we define the smooth function WN on P(Td) by

WN (m) :=
∫

(Td)N
vN (x1, . . . , xN )

N∏
i=1

m(dxi).

Then, WN verifies

−
∫
Td

divyDmW
N (m, y)m(dy) +

∫
Td
H(y,DmW

N (m, y),m)m(dy) ≤ F(m) + λN + o(N),

which proves that I ≤ lim inf λN . Using Bernstein type estimates ([67] for the original argu-
ment), we get

N
N∑
i=1
|Dxiv

N (x)|2 ≤ C̄1 ∀x ∈ (Td)N .

As a consequence there exists a subsequence {Nk}k such that vNk uniformly converges to a
Lipschitz function V on P(Td). Adapting the results of [59], which is concerned with the
connection between optimal control of McKean-Vlasov dynamics and the limit behavior of large
number of interacting controlled state processes, we can prove that, for any accumulation point
λ∗ of {λNk}k,

V (m0) = inf
(m,α)

(∫ T

0

∫
Td
H∗

(
x,
dw

dm
(s)
)
dm(s) + F(m(s))ds+ V (m(T ))

)
+ λ∗T,

where (m,w) verifies the usual constraint. As the above dynamic programming principle is
verified for any T > 0, λ∗ = λ and, consequently, λ = limN λ

N . We recall that we have that
λ ≤ I and I ≤ lim inf λN . Then I = λ because λ = limN λ

N .
The second difficulties that we faced is related to the connection between the points of the

support of Mather measures and the critical equation∫
Td

(H(y,Dmχ(m, y))− divyDmχ(m, y))m(dy) = F(m) + λ in P(Td). (27)

In the standard setting these points verifies the critical equation. In our framework, due to the
divergence term in (27), we do not know if this is the case.

The idea is to focus only a specific class of Mather measures defining the notion of smooth
Mather measures. These are Mather measures whose support points have regular densities (so
that on these points the critical equation (27) is well defined).

As in the standard setting, to any sequence of minimizers (mT , wT ) of UT we can associate
a Mather measure (the construction is analogous to the in in (17)). Thanks to the regularity
of minimal trajectories we have that this limit measure is indeed a smooth Mather measure.
Using this regularity, one can prove that the support points of such a measure (weakly) verify
the critical equation (27).

Once that this link between the critical equation and the limit behavior of UT is proven, the
rest of the proof follows closely Fathi’s argument in [41].



0.3. CONTRIBUTIONS xxi

0.3.3 Convergence of the solutions of the MFG discounted Hamilton-Jacobi
equation

In this final chapter we answer a question more connected to the weak KAM approach to
potential MFG in itself than to MFG as a theory to model differential games. In Chapter 1
we proved the existence of a corrector χ and we characterized the critical value λ through an
homogenization argument. We defined

Vδ(m0) = inf
(m,w)

∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt,

where (m,w) verifies the Fokker Plank equation −∂tm+ ∆m− divw = 0 with m(0) = m0 and
we proved that δVδ(·) uniformly converges to −λ and that, for any fixed measure m0 ∈ P(Td),
Vδ(·) − Vδ(m0) uniformly converges, up to subsequence, to a corrector function χ. As we have
seen in Section 0.2.2, a natural question is whether the convergence of Vδ(·)−Vδ(m0) holds only
up to subsequence or not.

In this chapter we prove, in the context of potential MFG, the analogous of Theorem 0.2.7.
Even though we go through the same steps and the structure of the chapter is very similar to the
one of [35], the proofs are quite different. In [35] Davini, Fathi, Iturriaga and Zavidovique work
mostly at the level of viscosity solutions using often mollification arguments. In our case this
is not possible and we have to work with optimal trajectories. Moreover, this lack of regularity
brought to a slightly different characterization of the limit corrector χ0. Indeed, in [35] the set
of subsolution F− is tested against any Mather measure (we refer to (23)), while in our case we
consider only smooth Mather measures (note that this is not the same notion of smooth Mather
measure of Chapter 2).

Before stating the main result we need to introduce few objects. We define S− the set of
subsolutions χ of

−
∫
Td

divyDmχ(m, y)m(dy) +
∫
Td
H(y,Dmχ(m, y))m(dy)−F(m) = λ, m ∈ P(Td)

such that
∫
P(Td) χ(m)ν(dm) for any ν ∈ MV . We say that a ν ∈ MV if it is induced by an

optimal trajectories for Vδ: if (mδ, αδ) is an optimal trajectory for Vδ(m0) we define νm0
δ ∈

P(Td × C1(Td,Rd)) as follows∫
P(Td)×C1(Td,Rd)

f(m,α)νm0
δ (dm, dα) = δ

∫ ∞
0

e−δsf(mδ(s), αδ(s))ds.

If νm0 is the limit of νm0
δ and m0 has smooth density, then νm0 ∈ MV . Such a limit νm0 is a

Mather measure. The main result of the chapter is the following theorem.

Theorem 0.3.4. The function Vδ + λ
δ uniformly converges to a corrector χ0, which is defined

by

χ0(m) = sup
χ∈S−

χ(m).
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Chapter 1

On the long time convergence of
potential MFG

We look at the long time behavior of potential Mean Field Games (briefly MFG) using some
standard tools from weak KAM theory. Potential MFGs are those models where the MFG
systems associated can be derived as optimality conditions of suitable optimal control problems
on the Fokker-Plank equation. In particular we analyze the relationship between the limit
behavior of the time dependent one, whose optimality condition corresponds with the finite
horizon MFG system, and the stationary one, whose optimality condition is the ergodic MFG
system. We first show that, as the time horizon goes to +∞, the value of the time dependent
optimal control problem converges to a limit −λ . Then, if we denote with −λ̄ the value of
the stationary one, in general we have that λ ≥ λ̄. Moreover, we provide a class of explicit
examples where the strict inequality λ > λ̄ holds true. This will imply that the trajectories of
the time-dependent MFG system do not converge to static equilibria.

This chapter was published in Nonlinear Differential Equations and Applications (NoDEA).
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2 CHAPTER 1. ON THE LONG TIME CONVERGENCE OF POTENTIAL MFG

Introduction
Mean Field Games were first introduced by Lasry and Lions [61, 62] and, simultaneously, by
Huang, Caines and Malamhé [57]. This theory is a branch of the broader theory of Dynamic
Games and it is devoted to those models where infinitely many players interact strategically
with each other.

In many cases the Nash equilibria of those games can be analyzed through the solutions of
the, so called, MFG system

−∂tu−∆u+H(x,Du) = F (x,m) in Rd × [0, T ]
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Rd × [0, T ]
m(0) = m0, u(T, x) = G(x,m(T )) in Rd.

with unknown the couple (u,m). We can think at m(t) as the distribution of players at time
t and u(t, x) as the value function of any infinitesimal player starting from x at time t.

The aim of this paper is to shed some light on the long time behavior of potential MFG when
monotonicity is not in place. The long time behavior and the existence of solutions which are
periodic in time have been subject of several papers starting from [65] and the Mexican wave
model in [56] to more recent results in [18, 22, 23, 50], but in these papers either monotonicity
was assumed or the MFG was not of potential type. In the last few years, the first results in
the direction of periodic solutions of non monotone MFG have appeared. The first example
of periodic solutions is due to Gomes and Sedjro in [49], even though in the quite different
framework of one-dimensional first order systems with congestion. More recently, in the setting
of second order MFG, Cirant [34] suggested the existence of non monotone configurations under
which oscillatory behaviors were to be expected. Afterwards in [33], with Nurbekyan, they
proved, through bifurcation methods, the existence of a path of branches which corresponds to
a periodic trajectory. The main difference with our work is the choice of the class of solutions.
In our case we look at paths which are energy minimizers whereas, in their, it might not be the
case. It is worthwhile to mention that the long time problem for MFG is deeply connected to
the problem of long time convergence of solutions of Hamilton-Jacobi equations. In this latter
context a similar approach, based on the non linear adjoint method, has been studied in both
first order and second order case in [13].

Potential MFG are those games whose MFG system can be derived as optimality condition
of the following minimization problem

U(T,m0) = inf
(m,w)

∫ T

0

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt+ G(m(T )),

where (m,w) verifies the Fokker Plank equation −∂tm + ∆m + divw = 0 with m(0) = m0
and the functions F and G in the MFG system are respectively the derivatives with respect
to the measure of F and G. These games have been largely studied (see Lasry and Lions [62]
for existence results and, among others [11, 21, 70] for further properties) and the connection
between the long time behavior of potential MFG and their variational structure was already
highlighted in [44]. Anyway, so far, not much is known outside the assumption of monotonicity,
where Cardaliaguet, Lasry, Lions and Porretta [22] proved the convergence to the ergodic system{

−λ̄−∆u+H(x,Du) = F (x,m) in Td

∆m+ div(mDpH(x,Du)) = 0 in Td.



3

We show that in general this is not the case, even in the very regular setting of non local coupling.
We look at the problem from the point of view of weak KAM theory. Note that the link between
the two theories is not new and it was already proposed by Cardaliaguet [18] in the first order
monotone case, even though in a different manner and with quite different purposes. Moreover,
the idea of reformulating some results of the weak KAM theory to tackle infinite dimensional
problems was already used in several works. See for instance [45, 46, 48, 47] where the authors
consider the cell problem for infinite dimensional systems of particles on the torus. Although
not in the MFG setting, those paper address issues that look very much like the one considered
in this work, especially if instead of parabolic constraints we were to consider first order ones.

The paper is divided in three sections. In the first one we prove the convergence of T−1U(T, ·)
when T goes to infinity. The method we use is directly inspired by Lions, Papanicolaou, and
Varadhan [66]: instead of looking directly at limT T

−1U we define the infinite horizon, discounted
problem

Vδ(m0) = inf
(m,w)

∫ ∞
0

e−δt
∫
Td
H∗

(
x,−w(t)

m(t)

)
dm(t) + F(m(t))dt

where (m,w) verifies the Fokker Plank equation −∂tm + ∆m − divw = 0 with m(0) = m0
and we prove that limδ δVδ(·) = −λ when δ → 0+and that this limit is uniform with respect to
the initial distribution. A key assumption is the boundedness of the second derivative of F (x,m)
with respect to the state variable. This gives uniform semiconcavity estimates of the solutions
of the MFG system associated to the discounted minimization problem. The existence of the
limit limδ δVδ(·) implies the existence of the limit limT T

−1U and the two must coincide.
As byproduct, we have the existence of a corrector function χ on the space of measures which

enjoys the following dynamic programming principle

χ(m0) = inf
(m,w)

(∫ t

0

∫
Td
H∗

(
x,−w(s)

m(s)

)
dm(s) + F(m(s))ds+ χ(m(t))

)
+ λt,

where, again, (m,w) verifies the Fokker Plank equation −∂tm+∆m−divw = 0 withm(0) = m0.
The second section is devoted to the study of the set of corrector functions. A corrector

is any continuous function on the space of measures which verifies the dynamic programming
principle above. Both the terminology and the techniques are borrowed from weak KAM theory,
in particular we rely on Fathi’s book [42], along with his seminal papers [39, 40, 41]. In principle,
as in the standard weak KAM theory, the corrector functions verify an HJB equation in the space
of probability measure. In this work nothing is said about this property which is the subject of
a paper that is still in progress.

Particular interest is given to the projected Mather set which is the set of probability mea-
sures contained in a calibrated curve. We say that (m̄, w̄) is a calibrated curve associated to a
corrector function χ if it is defined for any time t ∈ R and if, for any t1, t2 ∈ R, (m̄, w̄) is optimal
for the dynamic programming principle, i.e.

χ(m̄(t1)) =
∫ t2

t1

∫
Td
H∗

(
x,− w̄(s)

m̄(s)

)
dm̄(s) + F(m̄(s))ds+ χ(m̄(t2)) + λ(t2 − t1).

These curves play a fundamental role to understand the long time behavior of these MFG. They
are indeed the attractors of the dynamics which minimize the discounted, infinite horizon MFG.

In the third section we focus on the relation between the limit value λ and the ergodic value
λ̄, associated to the stationary MFG, defined by

−λ̄ = inf
(m,w)

∫
Td
H∗

(
x,−w

m

)
dm+ F(m).
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We propose two examples which highlight how important is the structure of the coupling function
F (x, ·) in the dynamic of potential MFG. In the first example we impose monotonicity and we
recover part of the results in [22]. In this case the limit value and the ergodic one coincide.

On the other hand, in the second example, the minimization problems are no longer convex
and we can prove that λ > λ̄. This means that the solutions of the MFG system can not converge
to a stationary equilibrium. The fact that λ > λ̄ implies that the energy of the finite horizon
game goes below the energy of the stationary one. Looking at the projected Mather set we can
say even more. As this set is compact and it can not contain any stationary curve, calibrated
curves can not even approach any static configuration.
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Assumptions and definitions

We work on the d−dimensional flat torus Td = Rd/Zd to avoid to deal with boundary conditions
and to set the problem on a compact domain. Moreover, we set G ≡ 0. However, a more general
G would not add further difficulties, provided that it verifies suitable regularity conditions like,
for instance, the ones verified by F .

Notation: We denote by P(Td) the set of Borel probability measures on Td. This is a
compact, complete and separable set when endowed with the 1-Wasserstein distance d(·, ·). We
define M(Td;Rd) the set of Borel vector valued measures w with finite mass |w|. Let m be a
Borel measure over [0, T ] × Td, with first marginal the Lebesgue measure dt over [0, T ], then
with {m(t)}t∈[0,T ] we denote the disintegration of m with respect to dt. We will always consider
measures m such that m(t) is a probability measure on Td for any t ∈ [0, T ].

If m is such a measure, then L2
m([0, T ] × Td) is the set of m-measurable functions f such

that the integral of |f |2dm(t) over [0, T ]×Td is finite. Analogously for L2
m(Td) and L2

m(Td;Rd),
where in the latter case we consider vector valued functions.

We use throughout the paper the notion of derivative for functions defined on P(Td) in-
troduced in [19]. We say that Φ : P(Td) → R is C1 if there exists a continuous function
δΦ
δm : P(Td)× Td → R such that

Φ(m1)− Φ(m2) =
∫ 1

0

∫
Td

δΦ
δm

((1− t)m2 + tm1, x)(m1 −m2)(dx)dt, ∀m1,m2 ∈ P(Td).

As this derivative is defined up to an additive constant, we use the standard normalization∫
Td

δΦ
δm

(m,x)m(dx) = 0.

Assumptions: We impose the following assumptions on the Hamiltonian H and the cou-
pling function F so that we can derive uniform estimates on the solutions of the MFG system.
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1. H : Td × Rd → R is of class C2, p 7→ DppH(x, p) is Lipschitz continuous, uniformly with
respect to x. Moreover there exists C̄ > 0 that verifies

C̄−1Id ≤ DppH(x, p) ≤ C̄Id, ∀(x, p) ∈ Td × Rd (1.1)

and θ ∈ (0, 1), C > 0 such that the following conditions hold true

|DxxH(x, p)| ≤ C(1 + |p|)1+θ, |Dx,pH(x, p)| ≤ C(1 + |p|)θ, ∀(x, p) ∈ Td × Rd. (1.2)

Note that (1.1) implies that H∗, the Fenchel conjugate of H with respect to the second
variable, verifies (1.1) as well for a possible different positive constant. Moreover, it also
guarantees that H∗ is bounded from below. Note also that (1.2) is a strong restriction on
the class of Hamiltonians that fit the assumptions. In particular we rule out quite natural
Hamiltonians as

H(x, p) = g(x)|p|2,

regardless of the regularity of g.

2. F : P(Td)→ R is of class C1. Its derivative F : Td × P(Td)→ R is twice differentiable in
x and D2

xxF is bounded. Examples of non monotone coupling functions which verify such
conditions can be found in Lemma 1.4.3 and Lemma 1.4.4.

We recall that, if µ, ν ∈ P(Td), the 1-Wasserstein distance is defined by

d(µ, ν) = sup
{∫

Td
φ(x) d(µ− ν)(x)

∣∣∣∣ continuous φ : Td → R, Lip(φ) ≤ 1
}
.

Minimization Problems: Under the above assumptions, we can introduce two minimiza-
tion problems. Each one of those will be proposed in two different but equivalent forms. The
first one is

U(T,m0) = inf
(m,α)

∫ T

0

∫
Td
H∗(x, α)dm(t) + F(m(t))dt, m0 ∈ P(Td)

where m ∈ C0([0, T ],P(Td)), α ∈ L2
m([0, T ] × Td,Rd) and the following equation is verified in

the sense of distributions{
−∂tm+ ∆m+ div(mα) = 0 in [0, T ]× Td

m(0) = m0 in Td.
(1.3)

Equivalently (see [11] for more details),

U(T,m0) = inf
(m,w)∈ET2 (m0)

∫ T

0

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt, m0 ∈ P(Td)

where ET2 (m0) is the set of Borel measures (m,w) over [0, T ]×Td such that the first marginal
of both m and w is the Lebesgue measure dt over [0, T ] and, if m(t) and w(t) are the disinte-
grations of m and w with respect to dt, then m(t) ∈ P(Td) and w ∈ M(Td;Rd). Moreover,
we require that w is absolutely continuous with respect to m, its density dw/dm belongs to
L2
m([0, T ]× Td) and −∂tm+ ∆m− divw = 0 is verified in the sense of distributions with initial

condition m(0) = m0.
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The second minimization problem reads

Vδ(m0) = inf
(m,α)

∫ ∞
0

e−δt
∫
Td
H∗(x, α)dm(t) + F(m(t))dt, m0 ∈ P(Td)

where δ > 0, m ∈ C0([0,+∞),P(Td)), α ∈ L2
m,δ([0,+∞)×Td,Rd), that is L2

m with weight e−δt,
and (m,α) verifies (1.3) in [0,+∞)× Td. Equivalently, Vδ can be defined as

Vδ(m0) = inf
(m,w)∈Eδ2 (m0)

∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt, m0 ∈ P(Td)

(1.4)
where Eδ2 (m0) is defined as E2(m0) with the only difference that we ask dw/dm to be L2 in
[0,+∞)× Td with respect to e−δtm(t). For convenience we introduce the functional on Eδ2 (m0)

Jδ(m0,m,w) =
∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt,

so that Vδ(m0) = inf(m,w) J(m0,m,w).
We also define the ergodic value λ̄ as follows

−λ̄ = inf
m,α

∫
Td
H∗(x, α)dm+ F(m) (1.5)

where (m,α) ∈ P(Td)× L2
m(Td;Rd) verifies in the sense of distributions ∆m+ div(mα) = 0 in

Td.
Or, equivalently,

−λ̄ = inf
(m,w)∈E

∫
Td
H∗

(
x,− dw

dm
(x)
)
dm(x) + F(m) (1.6)

where E is the set of (m,w) ∈ P(Td) ×M(Td;Rd) such that w is absolutely continuous with
respect to m, its density dw/dm belongs to L2

m(Td) and ∆m− divw = 0 is verified in the sense
of distributions.

Throughout the paper we will use the constant C > 0 which may change from line to line.

1.1 Ergodic limit value

1.1.1 Minimizers and dynamic programming principle for Vδ
We start proving that the minimization problem (1.4) admits a minimizer and we also give a
characterization of such a minimizer in terms of solutions of the associated MFG system.

Proposition 1.1.1. For any δ > 0 and any m0 ∈ P(Td), Vδ(m0) admits a minimizer (m,w).
Moreover there exists u ∈ C1,2([0,+∞)× Td) and m ∈ C0([0,+∞)× P(Td)) solutions of

−∂tu−∆u+ δu+H(x,Du) = δF
δm(x,m) := F (x,m) in Td × [0,+∞)

−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Td × [0,+∞)
m(0) = m0, u ∈ L∞([0,+∞)× Td)

(1.7)

such that w = −mDpH(x,Du).
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Proof. First of all we show that Vδ(m0) is finite and that it is bounded by a constant Kδ

independent of m0. We can always use as competitor for Vδ(m0) the couple (µ, 0) where µ is
the solution of {

−∂tµ+ ∆µ = 0 in Td × [0,+∞)
µ(0) = m0 in Td.

Given that F is bounded, if we use (µ, 0) as a competitor, we get

Vδ(m0) ≤
∫ +∞

0
e−δt

(
sup
x∈Td

H∗(x, 0) + sup
m∈P(Td)

F(m)
)
dt := Kδ.

We fix a minimizing sequence (mn, wn) and we denote with {wn(t)}t the disintegration of
wn with respect to the Lebesgue measure dt over R+. If we use (1.1), we have that there exists
a constant Mδ > 0 that does not depend on m0 and n, such that∫ +∞

0
e−δtdt

∫
Td
d|wn(t)| ≤Mδ

and ∫ +∞

0
e−δtdt

∫
T d

∣∣∣∣ dwn(t)
dmn(t)

∣∣∣∣2 dmn(t) ≤Mδ.

Hence, for any fixed k > 0 ∫ k

0
dt

∫
Td
d|wn(t)| ≤Mδe

δk (1.8)

and ∥∥∥∥ dwn(t)
dmn(t)

∥∥∥∥2

L2
mn

([0,k]×Td)
≤Mδe

δk. (1.9)

Following Lemma 4.1 in [21], we get that for any t, s ∈ [0, k]

d(mn(t),mn(s)) ≤ Ckδ |t− s|1/2, (1.10)

where Ckδ depends only on δ and k. Inequality (1.10) tells us that {mn}n is uniformly bounded
in C1/2([0, k),P(Td)). We have then that mn converges uniformly on any compact set to a limit
m̄ ∈ C0([0,+∞),P(Td)). Thanks to the bounds (1.8) we also know that wn weakly converges
inM(I × Td;Rd) to a certain w̄ on any bounded interval I ⊂ [0,+∞). We argue also that w̄ is
absolutely continuous with respect to m̄, wich comes from the uniform boundednees on compact
sets of ‖dwn/dmn‖L2

mn
ensured by (1.9).

As the couple (m̄, w̄) belongs to Eδ2 (m0) we have that Jδ(m0, m̄, w̄) < +∞. This means that

Jδ(m0, m̄, w̄) = lim
k→+∞

∫ k

0
e−δt

∫
Td
H∗

(
x,− dw̄(t)

dm̄(t)(x)
)
dm̄(t) + F(m̄(t))dt

Note also that the functional is bounded from below, so there exists a constant Cδ such that,
for any (m,w) ∈ Eδ2 (m0),∫ +∞

k
e−δt

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt

≥ e−δk
∫ +∞

0
e−δt inf

(x,p)∈Td×Rd
H∗(x, p) + inf

m∈P(T d)
F(m)dt = e−δkCδ.
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Therefore,

Jδ(m0,mn, wn) ≥
∫ k

0
e−δt

∫
Td
H∗

(
x,− dwn(t)

dmn(t)(x)
)
dmn(t) + F(mn(t))dt+ e−δkCδ.

Thanks to the convergence of (mn, wn) on compact sets, we can pass to the limit in n and
we get

Vδ(m0) ≥
∫ k

0
e−δt

∫
Td
H∗

(
x,− dw̄(t)

dm̄(t)(x)
)
dm̄(t) + F(m̄(t))dt+ Cδe

−δk.

Taking the limit on k we finally get that Vδ(m0) ≥ J(m0, m̄, w̄).
The proof of the second statement is a direct application of Fenchel-Rockafellar duality

theorem that we present for completeness, even though it follows closely the proof of Lemma
4.2 in [21].

Using the convexity of H∗ and the regularity of F , we can show that if (m̄, w̄) is a minimizer
for Vδ(m0) then it must be a minimizer for J̄δ : Eδ2 (m0)→ R, which reads

J̄δ(m,w) =
∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F (x, m̄(t))dm(t)dt.

A detailed proof of this statement can be found in [11].
As J̄δ convex, we can see it as the dual problem (in the sense of Fenchel-Rockafellar) of the

following one

inf
u∈C2

b
([0,+∞)×Td)

{
−
∫
Td
u(0, x)dm0(x) where− ∂tu−∆u+ δu+H(x,Du) ≤ F (x, m̄)

}
, (1.11)

which means that

inf
−∂tu−∆u+δu+H(x,Du)≤F (x,m̄)

−
∫
Td
u(0, x)dm0(x) = − min

(m,w)∈E2
δ

(m0)
J̄δ(m,w). (1.12)

The proof of the above result is exhibit in Appendix in Lemma 1.4.1.
Note that the equation{

−∂tu−∆u+ δu+H(x,Du) = F (x, m̄) in [0,+∞)× Td

u ∈ L∞([0,+∞)× Td)

enjoys the comparison principle and so it admits a unique solution ū ∈ C2
b ([0,+∞)×Td) which

has to be the minimizer of (1.11). Indeed, let u be such that{
−∂tu−∆u+ δu+H(x,Du) ≤ F (x, m̄) in [0,+∞)× Td

u ∈ L∞([0,+∞)× Td),

then, by the comparison principle, u(0, x) ≤ ū(0, x) for any x ∈ Td.
To prove that w̄ = −m̄DpH(x,Dū) we start summing the two minimization problems in

duality so that we get∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw̄(t)

dm̄(t)(x)
)
dm̄(t) + F (x, m̄(t))dm̄(t)dt−

∫
Td
ū(0, x)dm0(x) = 0.

As ū solves −∂tū−∆ū+ δū+H(x,Dū) = F (x, m̄), the above relation becomes∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw̄(t)

dm̄(t)(x)
)
− ∂tū(t, x)−∆ū(t, x) + δū(t, x) +H(x,Dū(t, x))dm̄(t)dt
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−
∫
Td
ū(0, x)dm0(x) = 0,

which can be rewrite as∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw̄(t)

dm̄(t)(x)
)

+H(x,Dū(t, x))dm̄(t)dt

∫ +∞

0

∫
Td
∂t
(
e−δtū(t, x)

)
−∆

(
e−δtū(t, x)

)
dm̄(t)dt−

∫
Td
ū(0, x)dm0(x) = 0.

If we use the Fokker-Plank equation verified by (m̄, w̄), we end up with∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw̄(t)

dm̄(t)(x)
)

+H(x,Dū(t, x))dm̄(t)dt+
∫ +∞

0
e−δt

∫
Td
Dū(t, x)dw̄(t, x) = 0.

As H is uniformly convex, the above relation holds true only if w̄ = −m̄DpH(x,Dū) m̄-a.e..
This means that w̄ is bounded which in turn implies that m̄ > 0 so that w̄ = −m̄DpH(x,Dū)
is verified everywhere.

�

In the following lemma we present the dynamic programming principle verified by Vδ. We
placed the proof in the appendix because, although in a different framework, it relies on standard
arguments in optimal control theory (see for instance [15] for the finite dimension setting).

Lemma 1.1.2. The function Vδ verifies the dynamic programming principle, which reads

Vδ(m0) = inf
(m,α)∈Eδ2 (m0)

(∫ t

0
e−δs

∫
Td
H∗(x, α)dm(s) + F(m(s))ds+ e−δtVδ(m(t))

)
.

1.1.2 Existence of a corrector

The main result of this section is Theorem 1.1.5 where we show that the function Vδ(·) is
uniformly Lipschitz with respect to δ. As a consequence, we have Proposition 1.1.6 which
claims on one side that the limit limδ→0 δVδ(m0) is well defined and it is uniform in m0 and, on
the other, that, up to subsequence, also Vδ(·) − Vδ(m0) converges to a continuous function χ.
In Lemma 1.1.7 we prove that χ enjoys the dynamic programming principle and, therefore, we
have the existence of a corrector function.

The idea behind the proof of Theorem 1.1.5 is the following: we want to prove that there
exists a constant K̄ > 0 independent of δ, such that

|Vδ(m0
2)− Vδ(m0

1)| ≤ K̄d(m0
1,m

0
2).

We fix an horizon T > 0, to be chosen later, and we take (m1(·), α1(·)) a minimizer for Vδ(m0
1).

We consider any couple (m2, α2) such that (1.3) is verified in [0, T ],m2(0) = m0
2,m2(T ) = m1(T )

and m2 ≡ m1, α2 ≡ α1 in [T,∞) (for the existence of such a (m2, α2) see the construction in
(1.17) and below). The couple (m2, α2) is admissible and

Vδ(m0
2) ≤

∫ T

0
e−δs

∫
Td
H∗(x, α2)dm2(s) + F(m2(s))ds+ e−δTVδ(m1(T )).

Therefore,

Vδ(m0
2)− Vδ(m0

1) ≤
∫ T

0
e−δt

∫
Td
H∗(x, α2)dm2(t)−H∗(x, α1)dm1(t) + F(m2(t))−F(m1(t))dt.

(1.13)
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In order to prove the continuity of Vδ with respect to the initial data we need to introduce
some standard estimates on the solutions of the MFG system (1.7).
Lemma 1.1.3. There exists C > 0 independent of m0, δ such that, if (u,m) is a classical
solution of (1.7), then

• ‖Du‖L∞([0,+∞)×Td) ≤ C

• |D2u(s, ·)| ≤ C for any s ∈ [0,+∞)

• d(m(s),m(l)) ≤ C|l − s|1/2 for any l, s ∈ [0,+∞)

Consequently, we also have that |∂tu(s.·)| ≤ C for any s ∈ [0,+∞).
Proof. The proof follows closely the one proposed in [28] and it relies on semiconcavity estimates
for the value function u. We recall that if φ ∈ C∞(Td) then

‖Dφ‖L∞(Td) ≤ d
1
2 sup
x∈Td, |ξ|≤1

D2φ(x)ξ · ξ. (1.14)

We first prove the result for uT : [0, T ]× Td → R, solution of
−∂tu−∆u+ δu+H(x,Du) = F (x,m) in Td × [0, T ]
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Td × [0, T ]
m(t) = m0, u(T, x) = 0 in Td

We consider ξ ∈ Rd, |ξ| ≤ 1, that maximizes supt,xD2uT (t, x)ξ · ξ = M and we look at the
equation solved by w(t, x) = D2uT (t, x)ξ · ξ deriving twice in space the HJB equation in (1.7):

−∂tw −∆w + δw +DξξH(x,Du) + 2DξpH(x,Du) ·D2uξ

+DppH(x,Du)D2uξ ·D2uξ +DpH(x,Du) ·Dw = D2
ξξF (x,m).

The maximum of w can be achieved either at t = T , but using the terminal condition of uT
we get M = 0, or at a point (s, x) in the interior. In this case, if we use hypothesis (1.1) and
(1.2) on H and the boundedness of D2

xxF , then, at the maximum (s, x), we get the following
inequality

δM − C(1 + |Du|)1+θ − 2C(1 + |Du|)θ|D2uξ|+ C̄−1|D2uξ|2 ≤ C.
By Cauchy-Schwarz inequality we have that M = w(s, x) ≤ |D2u(s, x)ξ|. If we also plug (1.14)
we get, for a possible different constant C

−C(1 +M)1+θ − 2C(1 +M)2θ + C̄−1M2 ≤ C.

Given that θ < 1 the above inequality ensures that M is bounded by a constant that does
not depend on m0, δ and T . The bound on ‖DuT ‖L∞([0,T ]×Td) follows from (1.14). Now that we
proved that DuT is bounded so that Theorem V 5.4 in [60] gives us the boundedness of D2uT .
Note that the estimates on DuT and D2uT imply directly from the HJB equation that ∂tuT is
bounded as well. As all the estimates are independent of T , if we look at the sequence of uT we
have that, on any compact set, uT is uniformly bounded and continuous. This means that uT
converges to u solution of the HJB equation on [0,+∞) and the same estimates hold true for u.

Furthermore, it implies that also DpH(x,Du), the drift of the Fokker Planck equation, is
uniformly bounded. Standard results on SDEs (for instance Lemma 3.4 in [17]) ensure the
Holder continuity, with respect to the Wasserstein distance, of s 7→ m(s) uniformly with respect
to m0 and δ. �
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We now fix m0
1, m0

2 ∈ P(Td). According to (1.13) we have

Vδ(m0
2)− Vδ(m0

1) ≤∫ T

0
e−δs

∫
Td
H∗(x, α2)dm2(s)−H∗(x,DH(x,Du1))dm1(s) + F(m2(s))−F(m1(s))ds, (1.15)

where (u1,m1) is a solution of (1.7) related to a minimizer (m1, w1) of Vδ(m0
1) that we found

in Proposition 1.1.1. The couple (m2, α2) is such that (1.3) is verified in [0, T ] with m2(0) = m0
2

and m2(T ) = m1(T ). The key point to prove the continuity of Vδ is to construct a suitable
(m2, α2). We first consider m̃2 solution of{

−∂tm̃2 + ∆m̃2 + div(m̃2DpH(x,Du1)) = 0 in [0, T ]× Td

m̃2(0) = m0
2

(1.16)

and then we set

m2(s, x) =


m̃2(s, x), if s ∈ (0, h]
τ+h−s
τ m̃2(s, x) + s−h

τ m1(s, x), if s ∈ [h, h+ τ ]
m1(s, x) if s ∈ [τ + h, T ],

(1.17)

where h and τ will be chosen later. Note that, thanks to the boundedness of their drifts,
Corollary 6.3.2 in [10] ensures that m̃2 and m1 have a density for any s > 0 . What we still need
is to define α2 in [h, h + τ ] . We compute the equation verified by m2 in [h, h + τ ] and, using
(1.7) and (1.16), we get

∂tm2 −∆m2 = τ + h− s
τ

div (m̃2DpH(x,Du1)) + s− h
τ

div (m1DpH(x,Du1)) + m1 − m̃2
τ

that is, by linearity,

∂tm2 −∆m2 = div(m2DpH(x,Du1)) + m1 − m̃2
τ

.

Let ζ : [0, h+ τ ]× Td → R be the solution to{
∆ζ = m1 − m̃2, in [0, h+ τ ]× Td∫
Td ζ(s, x) = 0.

(1.18)

We can now define the drift α2 as follows: α2 = DpH(x,Du1) + Dζ
m2 τ

in [h, h + τ ] and α2 =
DpH(x,Du1) elsewhere. As (m2, α2) verifies the Fokker Plank equation by construction with
m2(0) = m0

2, it is admissible. For the continuity of Vδ we still need estimates on the drift α2.
We prove those estimates in the next lemma using the regularity of the solutions of the adjoint
of the Fokker-Plank equation.

Lemma 1.1.4. For any time s < h+ τ , there exists a constant Ks > 0, bounded for s > ε > 0,
such that

‖Dζ(s, ·)‖L2(Td) ≤ Ksd(m0
1,m

0
2).

The constant Ks is independent of m0
1, m0

2.
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Proof. We first note that, if we multiply (1.18) by ζ and we use Cauchy-Schwarz inequality on
the right hand side, we get

‖Dζ(s)‖2L2(Td) ≤ ‖m1(s)− m̃2(s)‖L2(Td)‖ζ(s)‖L2(Td).

Now Pointcaré-Wirtinger inequality gives us

‖Dζ(s)‖L2(Td) ≤ C‖m1(s)− m̃2(s)‖L2(Td). (1.19)

If we define µ(s) = m1(s)− m̃2(s) then µ verifies the following equation{
−∂tµ+ ∆µ+ div(µDpH(x,Du1)) = 0 in [0, s]× Td

µ(0) = m0
1 −m0

2 in Td.
(1.20)

We now fix a φ̄ ∈ L2(Td) and we consider the adjoint backward equation{
−∂tφ−∆φ+DpH(x,Du1)Dφ = 0 in [0, s]× Td

φ(s, x) = φ̄(x) in Td.
(1.21)

Given that DpH(x,Du) is bounded, if φ is the solution of (1.21), then there exists a constant
Ks (Theorem 11.1 in [60]), such that

‖φ(0)‖C1+α(Td) ≤ Ks‖φ̄‖L2(Td). (1.22)

As the equation (1.21) is the adjoint of (1.20),∫
Td
φ(s)µ(s)dx =

∫
Td
φ(0)µ(0)dx.

We now plug in the initial and terminal conditions and we estimate the right-hand side as follows∫
Td
φ̄(x)(m1(s)(dx)− m̄2(s)(dx)) =

∫
Td
φ(0, x)(m0

1(dx)−m0
2(dx)) ≤ ‖Dφ(0)‖L∞d(m0

1,m
0
2).

If we use the interior estimate (1.22) on the right-hand side and we take the supremum over
‖φ̄‖L2 ≤ 1, we finally end up with

‖m1(s)− m̃2(s)‖L2 ≤ Ksd(m0
1,m

0
2).

If we plug the last inequality into (1.19), we get the result. �

Theorem 1.1.5. The family of functions {Vδ(·)}δ is uniformly Lipschitz continuous.

Proof. Let α1(t, x) = DpH(x,Du1) for any t ∈ [0, h + τ ]. We consider the same (m2, α2) that
we defined earlier: m2 is defined in (1.17), α2 = α1 + Dζ

m2 τ
in [h, h+ τ ] and α2 = α1 elsewhere,

where ζ solves (1.18). According to (1.15) we have

Vδ(m0
2)− Vδ(m0

1) ≤
∫ h

0
e−δs

∫
Td
H∗(x, α1)d(m2 −m1)+ (1.23)

+
∫ h+τ

h
e−δs

∫
Td
H∗(x, α2)dm2 −H∗(x, α1)dm1 +

∫ h+τ

0
F(m2(s))−F(m1(s))ds.
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Thanks to the convexity of H, if we run a second order expansion of H∗(x, ·) around α1 and we
use the growth condition (1.1) on DppH, we can estimate the term H∗(x, α2(s)) for any time
s ∈ [h, h+ τ ] as follows∫
Td
H∗(x, α2(s))dm2(s) ≤

∫
Td
H∗(x, α1(s))dm2(s) + 1

τ
|DpH

∗(x, α1(s))||Dζ(s)|+ C̄
|Dζ(s)|2

τ2m2(s)dx.

(1.24)
We recall that, as the drift DpH(x,Du1) is continuous and bounded, according to Theorem

2.2.1 [9], the measure m1 has a density m1(s, x) for any s > 0, then, using Theorem 2.5.1 in [9],
for any l ∈ (0, s), we have

m1(s, x) > m1(l, x0)e−Q(1+ 1
s−l+

1
l
),

where Q does not depend on m0
1, l and s. As Td is bounded with measure |Td| = 1, for any

l > 0, there exists a x0 such that m1(l, x0) > 1/2. Given that the same holds true for m̃2 then,
for any s ∈ [h, h+ τ ], the definition of m2 in (1.17) implies that

m2(s, x) > 1
2e
−Q(1+ 1

s−l+
1
l
) ∀l ∈ (0, h).

For l = h/2 we obtain that the infimum, with respect to s, in the right-hand side is achieved
when s = h. Thus,

m2(s, x) > 1
2e
−Q(1+ 4

h
). (1.25)

We can now plug (1.24) and (1.25) into (1.23), which becomes

Vδ(m0
2)− Vδ(m0

1) ≤
∫ h+τ

0
e−δs

∫
Td
H∗(x, α1)d(m2 −m1) + F(m2(s))−F(m1(s))ds

+
∫ h+τ

h
e−δs

∫
Td

C2
τ
|Dζ|+ 2C

τ2 |Dζ|
2eQ(1+ 4

h
)dxds.

Using the bounds on Du1 found in Lemma 1.1.3, Lemma 1.1.4 and the regularizing property of
F , we get

Vδ(m0
2)− Vδ(m0

1) ≤

C

∫ h+τ

0
d(m2(s),m1(s))ds+

∫ h+τ

h
Cd(m0

1,m
0
2)Ks + 2C

τ2 d2(m0
1,m

0
2)eQ(1+ 4

h
)K2

sds ≤

C

∫ h+τ

0
d(m2(s),m1(s))ds+ Cd(m0

1,m
0
2)eQ(1+ 4

h
)
∫ h+τ

h

(
1 + Ks

τ2 d(m0
1,m

0
2)
)
Ksds ≤

C

∫ h+τ

0
d(m2(s),m1(s))ds+ C

τ2 d(m0
1,m

0
2)eQ(1+ 4

h
)
∫ h+τ

h
K2
sds. (1.26)

In the last inequality we neglected the terms which go to infinity slower than K2
s and which

vanish faster than d(m0
1,m

0
2). Note that the constant Ks might explode when s goes to 0 but,

otherwise, it is bounded. Therefore, as h > 0, there is no problem of integrability for the term∫ h+τ
h K2

s .
We now focus on the first term in the above inequality. In order to estimate d(m1(s),m2(s)),

we have to look at the SDEs verified by the stochastic processes whose laws are m1 and m2. We
first recall that an equivalent formulation of the 1-Wasserstein distance between two probability
measures µ and ν is

d(µ, ν) = inf
γ

{∫
Td×Td

|x− y|dγ(x, y) s.t. π1γ = µ, π2γ = ν

}
. (1.27)
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We consider a standard probability space (Ω,G,P) and two random variables Z1, Z2 such that
L(Zi) = m0

i and E
[∣∣Z2 − Z1∣∣] = d(m0

1,m
0
2). Therefore, m1 and m2 are the laws of the processes

defined by the following SDEs {
dXi

s = αi(t,Xs)ds+
√

2dBs
Xi

0 = Zi.

Using the definition of distance in (1.27), we have

d(m1(s),m2(s)) ≤ E
[∣∣∣X2

s −X1
s

∣∣∣] ≤ E
[∣∣∣Z2 − Z1

∣∣∣+ ∫ s

0

∣∣∣α2(l,X2
l )− α1(l,X1

l )
∣∣∣ dl] .

We first split
∫ h+τ

0 d(m2(s),m1(s))ds in the sum of the integrals on the intervals [0, h] and
[h, h+ τ ]. For any s ∈ [0, h], α1(l, x) = DpH(x,Du1(t, x)) = α2(l, x), then

d(m1(s),m2(s)) ≤ d(m0
1,m

0
2) + E

[∫ s

0

∣∣∣DpH(X2
l , Du1(l,X2

l ))−DpH(X1
l , Du1(l,X1

l ))
∣∣∣] .

Hypothesis (1.1), (1.2) and Lemma 1.1.3 ensure that both p→ DpH(x, p) and x→ DpH(x,Du1(l, x))
are Lipchitz continuous, hence

d(m1(s),m2(s)) ≤ d(m0
1,m

0
2) + C

∫ s

0
d(m1(l),m2(l))dl.

If we apply Gronwall’s inequality, then for any s ∈ [0, h]

d(m1(s),m2(s)) ≤ d(m0
1,m

0
2)eCs. (1.28)

We now look at
∫ h+τ
h d(m1(s),m2(s))ds. According to the definition of α2, for s ∈ [h, h+ τ ], we

have
d(m1(s),m2(s)) ≤ d(m1(h),m2(h))+

+E
[∫ s

h

∣∣∣∣∣DpH
(
X2
l , Du1(l,X2

l )
)

+ Dζ(l,X2
l )

τm2(l,X2
l )
−DpH(X1

l , Du1(l,X1
l ))
∣∣∣∣∣ dl
]
. (1.29)

Using (1.28) on d(m1(h),m2(h)) and splitting the last term, we get that (1.29) is smaller than

d(m0
1,m

0
2)eCh + E

[∫ s

h

∣∣∣DpH
(
X2
l , Du1(l,X2

l )
)
−DpH(X2

l , Du1(l,X1
l ))
∣∣∣ dl]

+E
[∫ s

h

∣∣∣∣∣ Dζ(l,X2
l )

τm2(l,X2
l )

∣∣∣∣∣ dl
]
.

If we use again that x→ DpH(x,Du1(l, x)) is Lipschitz continuous, we get

d(m1(s),m2(s)) ≤ d(m0
1,m

0
2)eCh + C

τ
E
[∫ s

h

∣∣∣∣∣Dζ(l,X2
l )

m2(l,X2
l )

∣∣∣∣∣ dl
]

+
∫ s

h
d(m1(l),m2(l))dl. (1.30)

Thanks to estimates (1.25) on m2 we can use Tonelli’s theorem and switch the integral with the
expectation. Using Lemma 1.1.4, we eventually have

E
[∫ s

h

∣∣∣∣∣Dζ(l,X2
l )

m2(l,X2
l )

∣∣∣∣∣ dl
]

=
∫ s

h

∫
Td
|Dζ(l, x)| dxdl ≤ d(m0

1,m
0
2)
∫ s

h
Kldl.
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If we plug the last inequality into (1.30), we can use again Gronwall’s inequality so that for
s ∈ [h, h+ τ ]

d(m1(s),m2(s)) ≤
(
eCs + es−h

τ

∫ s

h
Kldl

)
d(m0

1,m
0
2). (1.31)

We can now suppose h = τ = 1 and plugging (1.28) and (1.31) into (1.26), we finally get
that, for a given constant C depending on all the other ones

Vδ(m0
2)− Vδ(m0

1) ≤

Cd(m0
1,m

0
2)
(∫ 2

0
eCsds+

∫ 2

1
es−1

∫ s

1
Kldlds+ e5Q

∫ 2

1
K2
sds

)
.

We recall that the constant Ks of Lemma 1.1.4 is bounded when h is not close to 0 (Theorem
11.1 in [60]). The infimum in the expression above is finite and none of the constants therein
depends on δ. Therefore, {Vδ}δ is uniformly K̄-Lipschitz with

K̄ = C

(∫ 2

0
eCsds+

∫ 2

1
es−1

∫ s

1
Kldlds+ e5Q

∫ 2

1
K2
sds

)
.

�

Proposition 1.1.6. For any fixed η ∈ P(Td) there exists a subsequence δn → 0, such that
Vδn(·) − Vδn(η) uniformly converges to a function χ : P(Td) → R when n → +∞. Moreover,
δnVδn uniformly converges to a constant −λ

Proof. The continuity proved in Theorem 1.1.5 ensures the boundedness of Vδ(·)−Vδ(η). Indeed
we have |Vδ(·) − Vδ(η)| ≤ K̄d(·, η). As P(Td) is compact, the right hand side is bounded by a
constant K. Arzelà-Ascoli theorem ensures that there exists a subsequence δn → 0 such that
Vδn(·)− Vδn(η) converges to a continuous function χ.

We now want to prove that δVδ is a bounded function. We fix a measure µ ≡ 1, then we
define the control (m,α) as follows: m(t) = µ and α(t) = 0 for all t ∈ [0,+∞). The control is
admissible, therefore we have

δVδ(µ) ≤ δ(H∗(x, 0) + F(µ))
∫ ∞

0
e−δsds = H∗(x, 0) + F(µ).

Given that H∗ and F are bounded from below, then

δVδ(µ) ≥ δ
(

inf
(x,a)∈Td×Rd

H∗(x, a) + inf
m∈P(Td)

F(m)
)∫ ∞

0
e−δsds = inf

(x,a)
H∗(x, a) + inf

m
F(m).

Therefore, δVδ(µ) is uniformly bounded in δ. If we fix any other measure m0 we can use again
the uniform continuity of Vδ to get that |δVδ(m0)−δVδ(µ)| ≤ δK that in turn tells us that δVδ(·)
is a sequence of uniformly continuous functions. Using again Arzelà-Ascoli theorem we get that
δnVδn uniformly converges to a function Ψ (we can suppose δn to be the same subsequence that
we identified earlier). Moreover, we have |δnVδn(·)− δnVδn(µ)| ≤ δnK. Taking the limit we get
|Ψ(·)−Ψ(µ)| ≤ 0 so that δnVδn converges to the constant function Ψ(µ) := −λ.

�
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Lemma 1.1.7. Dynamic programming principle for χ: for any m0 ∈ P(Td) and t > 0,

χ(m0) = inf
(m,α)

(∫ t

0
H∗(x, α)dm(s) + F(m(s))ds+ χ(m(t))

)
+ λt (1.32)

where m ∈ C0([0, t],P(Td)), α ∈ L2
m([0, t] × Td,Rd) and the pair (m,α) solves in the sense of

distributions −∂tm+ ∆m+ div(mα) = 0 with initial condition m0.

Proof. In Proposition 1.1.6 we proved the convergence of Vδ(·)− Vδ(η) to χ(·) along the subse-
quence {δn}n, for a fixed measure η. Hereafter, {δn}n and η will be the ones identified in that
proposition.

We know from Proposition 1.1.1 that, for any δ > 0, there exists a solution (uδ,mδ) to (1.7)
such that

Vδ(m0) =
∫ t

0
e−δs

∫
Td
H∗(x, αδ)dmδ(s) + F(mδ(s))ds+ e−δtVδ(mδ(t)),

where αδ = DpH(x,Duδ). If we take the expansion of e−δt and we subtract on both sides Vδ(η)
we get

Vδ(m0)−Vδ(η) =
∫ t

0
e−δs

∫
Td
H∗(x, αδ)dmδ(s) +F(mδ(s))ds+ (1− tδ+o(tδ))Vδ(mδ(t))−Vδ(η).

(1.33)
We recall that the estimates in Lemma 1.1.3 are uniform in δ. Then, DpH(x,Duδn) converges
uniformly to a function α and, as mδn is uniformly bounded in C1/2([0, t],P(Td)), it uniformly
converges to a time dependent measure m. We can now take the limit n→ +∞ and, using that
Vδn(·)− Vδn(η)→ χ(·) and δnVδn(·)→ −λ, we get

χ(m0) =
∫ t

0

∫
Td
H∗(x, α)dm(s) + F(m(s))ds+ λt+ χ(mt)

In order to show that (α,m) is optimal, we fix a competitor (β, µ). According to the dynamic
programming principle of Vδ, if we plug (β, µ) into (1.33), we get

Vδ(m0)− Vδ(η) ≤
∫ t

0
e−δs

∫
Td
H∗(x, β)dµ(s) + F(µ(s))ds+ (1− tδ + o(tδ))Vδ(µ(t))− Vδ(η).

Taking again the limit on the subsequence {δn}n we eventually have that

χ(m0) ≤
∫ t

0

∫
Td
H∗(x, β)dµ(s) + F(µ(s))ds+ λt+ χ(µt),

which proves the result.
�

1.1.3 Convergence of U(t, ·)/t and δVδ(·)
In this section we establish a Tauberian-type result where we prove that the limit of δVδ(·)
coincides with the one of U(t, ·)/t when t→ +∞.

Theorem 1.1.8. The limit value −λ is uniquely defined and δVδ(·) → −λ does not depend on
a subsequence. Moreover, 1

T U(T, ·) uniformly converges to −λ when T goes to +∞.
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Proof. Let {δn}n such that δnVδn → −λ and Vδn(·) − Vδn(η) → χ(·). As χ is a continuous
function on the compact set P(Td), there exists a constant C > 0 such that 0 ≤ χ(m) + C for
any m ∈ P(Td). If (m(t), w(t)) ∈ ET2 (m0), then∫ T

0

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt

≤
∫ T

0

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt+ χ(m(T )) + λT − λT + C.

Taking the infimum over ET2 , the definition of U(T,m0) and the dynamic programming principle
of χ lead to

U(T,m0) ≤ χ(m0)− λT + C.

As the constant C does not depend on m0 and T , if we divide on both sides by T and we take
the limit T → +∞, we get

lim
T→+∞

1
T
U(T,m0) ≤ −λ.

The other inequality is analogous. We just need to take a C2 > 0 such that 0 ≥ χ(m)−C2 and
repeat the same computation.

Note that the limit U(T, ·)/T → −λ is uniform and does not depend on the subsequence δn
or the function χ. Therefore, the limit δVδ is uniquely defined. �

We conclude the section showing that our limit value λ is never lower than the ergodic one
λ̄ defined in (1.5).

Proposition 1.1.9. Under the above assumptions, λ ≥ λ̄.

Proof. We know that the convergence of U(·, T )/T is uniform, therefore, if (m,α) is an admissible
couple for the static problem, we can use it as competitor for U(m,T ). So,

1
T
U(T,m) ≤ 1

T

∫ T

0

∫
Td
H∗(x, α)dm+ F(m)dt =

∫
Td
H∗(x, α)dm+ F(m).

If we take the infimum over all admissible static (m,α) we get
1
T
U(T,m) ≤ −λ̄.

Letting T go to +∞, we get the result. �

One of the main goals of this paper is to understand under which assumptions the inequality
above is an equality and when, instead, it is a strict inequality. This latter case is the one we
are most interested in and it is addressed in Section 1.3.

1.1.4 Another representation for λ

We can now introduce a third representation for λ, inspired again by classic results on weak
KAM theory (see for instance [39]), which consists in minimizing over paths with fixed endpoints.

Let ΠT (m0,m1) be the set of (m,α) ∈ C0([0, T ],P(Td))×L2
m([0, T ]×Td,Rd) such that (m,α)

solves the usual Fokker-Plank equation −∂tm + ∆m − div(mα) = 0 with the extra constraint
m(0) = m0 and m(T ) = m1. Note that, due to the smoothing property of the parabolic
constraint, not for every m1 we can find such a path, so ΠT (m0,m1) might be the empty set.
In particular, the L2

m integrability of the drift α prevents the target measure m1 from being too
singular. For instance if m1 is a Dirac delta, then ΠT (m0,m1) is the empty set.
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Proposition 1.1.10. Let m0, m1 ∈ P(Td). If m1 has a density in H1(Td) and there exists an
ε > 0 such that m1 > ε almost everywhere then

−λ = lim
T→∞

1
T

inf
ΠT (m0,m1)

∫ T

0

∫
Td
H∗(x, α)dm(s) + F(m(s))ds.

Proof. Let m0 and m1 be as above and (m̄, ᾱ) be optimal for U(T,m0). We extend (m̄, w̄) in
[0, T + 1] as follows: for any t ∈ [T, T + 1] we define ᾱ(t, x) = ᾱ(T, x) and m̄(t, x) as the solution
of −∂tm+ ∆m+ div(ᾱm) = 0 with m(T, x) = m̄(T, x). Note that ᾱ is continuous and bounded
in [0, T + 1], therefore, the estimates (1.25) still apply.

We now define a path from m0 to m1 as follows:

m2(s, x) =
{
m̄(s, x) s ∈ [0, T ]
(T + 1− s)m̄(s, x) + (s− T )m1(x) s ∈ [T, T + 1]

.

Let also ζ(s, x) be solution of −∆ζ(s, x) = m1(x) − m̄(s, x) with
∫
T d ζ = 0. We can define the

control

α2(s, x) =

ᾱ(s, x) s ∈ [0, T ]
ᾱ(T, x)− (s−T )ᾱ(T,x)m1(x)+Dζ(s,x)+(s−T )Dm1(x)

(T+1−s)m̄(s,x)+(s−T )m1(x) s ∈ [T, T + 1].

The couple (m2, α2) belongs to ΠT (m0,m1). From the definition of U we deduce that

1
T + 1 inf

m∈P(Td)
U(T + 1,m) ≤ 1

T + 1 inf
ΠT+1(m0,m1)

∫ T+1

0

∫
Td
H∗(x, α)dm(s) + F(m(s))ds

≤ 1
T + 1

∫ T+1

0

∫
Td
H∗(x, α2)dm2(s) + F(m2(s))ds

= T

T + 1

( 1
T
U(T,m0)

)
+ 1
T + 1

∫ T+1

T

∫
Td
H∗(x, α2)dm2(s) + F(m2(s))ds. (1.34)

If we prove that 1
T+1

∫ T+1
T

∫
Td H

∗(x, α2)dm2(s) + F(m2(s))ds converges to zero we have the
result. Indeed, if we let T go to +∞, according to Theorem 1.1.8, we have

−λ ≤ lim
T→∞

1
T + 1 inf

ΠT+1(m0,m1)

∫ T+1

0

∫
Td
H∗(x, α)dm(s) + F(m(s))ds ≤ −λ.

We now focus on the last part in (1.34). Given that F(m2) is uniformly bounded, we look
at the first term. ∫ T+1

T

∫
Td
H∗(x, α2)dm2(s)

≤ C
∫ T+1

T

∫
Td

|ᾱ(T, x)m2(s) + (s− T )ᾱ(T, x)m1(s) +Dζ(s, x) + (s− T )Dm1(s)|2

m2
2(s)

+1 dm2(s)ds

≤ C
∫ T+1

T

∫
Td

(|ᾱ(T, x)m2|+ |ᾱ(T, x)m1|+ |Dζ(s, x)|+ |Dm1|)2

m2
dxds+ C (1.35)

If we use the hypothesis on m1 and the estimates (1.25) on m̄ with h = T + 1 and l = T − 1, we
get that m2 ≥ τ for a certain τ > 0 independent of T . Lemma 1.1.3 ensures that ᾱ is uniformly
bounded by a constant K independent of T . Therefore, (1.35) is lower than

1
τ

(
K‖m2‖L2(Td×[T,T+1]) +K‖m1‖L2(Td) + ‖Dζ‖L2(Td×[T,T+1]) + ‖Dm1‖L2(Td)

)2
+ C.
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Thanks again to the boundedness of ᾱ, standard result on parabolic equations tell us that m̄(s)
(which is defined at the beginning of the proof) is uniformly bounded from above in [T, T + 1].
Hence, ‖Dζ‖L2 ≤ C‖m1‖L2 and ‖m2‖L2(Td×[T,T+1]) ≤ C‖m1‖L2(Td) + C2. Thus∫ T+1

T

∫
Td
H∗(x, α2)dm2(s) ≤M‖m1‖2H1(Td) +M2

where neither M nor M2 depends on T . Dividing by T + 1 and taking the limit completes the
proof. �

1.2 Projected Mather set and Calibrated curves

1.2.1 Calibrated Curves

We borrow again some tools and some notations from the weak KAM theory (see Chapter 4
of [42]) and in particular we will focus on the notion of calibrated curve. Before introducing
this notion, we look back to the dynamic programming principle verified by corrector functions,
which reads

χ(m0) = inf
(m,w)∈Et2(m0)

(∫ t

0
H∗

(
x,−w

m
(s)
)
dm(s) + F(m(s))ds+ χ(m(t))

)
+ λt.

As the function χ is continuous, standard arguments show that, for any fixed m0 ∈ P(Td) and
t > 0, there exists a solution (m1, w1) ∈ E t2(m0) to the minimization problem described above.
It is easy to construct a new trajectory (m̄, w̄), defined on [0,+∞) such that (m̄, w̄) = (m1, w1)
on [0, T ] and for any τ > 0, it verifies

χ(m0) = λτ +
∫ τ

0

∫
Td
H∗

(
x,− w̄(s)

m̄(s)

)
dm̄(s) + F(m̄(s))ds+ χ(m̄(τ)).

Indeed, you just need to attach to (m1, w1) an optimal trajectory for χ(m1(t)) on the interval
[t, 2t]. You end up with a new trajectory (m2, w2), defined on [0, 2t], which is optimal for
χ(m1). We now repeat the construction attaching to (m2, w2) a new branch which is optimal
for χ(m1(2t)) on [2t, 3t] so that now, (m3, w3) is defined on [0, 3t] and is still optimal for χ(m0).
Iterating, we can extend (m1, w1) to any interval [0, nt] and eventually, at the limit, we get the
trajectory (m̄, w̄), defined on [0,+∞), that we were looking for.

We now prove that any of these trajectories is associated to a MFG system.

Proposition 1.2.1. Let m0 ∈ P(Td), χ be a corrector function and (m̄, w̄) be a minimizing
trajectory on [0,+∞) defined as above. Then, m̄ ∈ C1,2((0 + ∞) × Td) and there exists a
function ū ∈ C1,2([0,+∞)× Td) such that w̄ = −m̄DpH(x,Dū) where (m̄, ū) solves

−∂tu−∆u+H(x,Du) = F (x,m) in [0,+∞)× Td

−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in [0,+∞)× Td

m(0) = m0.

Remark 1.2.2. Due to the lack of regularity of χ we can not derive the MFG system as optimal
condition for the minimization problem (1.36). Indeed, if χ were C1 we would derive typical MFG
system with terminal condition u(t) = δχ(m(t))/δm but this latter term is not well defined.
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Proof. The proof relies on the same arguments as in Proposition 1.1.1. Let (m̄, w̄) be as in the
hypothesis. Then it verifies the Fokker-Plank equation and it is a minimizer of the problem

inf
(m,w)∈Et2(m0)

∫ t

0

∫
Td
H∗

(
x,−w

m

)
dm(s) + F(m(s))ds+ χ(m(t)). (1.36)

As (m̄, w̄) is optimal for the minimization problem above, then it must be also optimal for
the following MFG planning problem

inf
(m,w)∈Π(m0,m̄(t))

∫ t

0

∫
Td
H∗

(
x,−w

m

)
dm(s) + F(m(s))ds,

where Π(m0, m̄(t)) is the set of (m,w) ∈ E t2(m0) that solves the usual Fokker-Plank equation
on [0, t] with the constraints m(0) = m0 and m(t) = m̄(t). We want to prove that w̄ =
−m̄DpH(x,Dū) where (m̄, ū) solves in classical sense

−∂tu−∆u+H(x,Du) = F (x,m) in [0, t]× Td

∂tm−∆m− div(mDpH(x,Du)) = 0 in [0, t]× Td

m(0) = m0, m(t) = m̄(t).

We argue again as in Proposition 1.1.1. According to Proposition 3.1 in [11], (m̄, w̄) minimizes
also the following convex problem

inf
(m,w)∈Π(m0),m̄(t))

∫ t

0

∫
Td
H∗

(
x,−w

m

)
dm(s) +

∫
Td
F (x, m̄(s))dm(s)ds. (1.37)

This problem admits a dual formulation, in the sense of Fenchel Rockafellar Theorem, which
reads

inf
ψ∈K̄

{∫
T d
ψ(x, t)dm̄(t)−

∫
T d
ψ(x, 0)dm0)

}
where K̄ is the set of ψ ∈ C1,2([0, t]× Td) such that −∂tψ −∆ψ +H(x,Dψ) ≤ F (x, m̄). A full
justification of the result above can be found again in [21].

In the definition of the dual problem we can replace K̄ with K, where K is the set of u ∈
C1,2([0, t]×Td) such that −∂tu−∆u+H(x,Du) = F (x, m̄). Indeed, if ψ verifies −∂tψ−∆ψ+
H(x,Dψ) ≤ F (x, m̄), we can alway consider u ∈ C1,2([0, t]× Td) solution of{

−∂tu−∆u+H(x,Du) = F (x, m̄) in [0, t]× Td

u(x, t) = ψ(x, t) in Td

Thanks to the comparison principle we have that u(0, x) ≥ ψ(0, x), thus

inf
ψ∈K̄

{∫
T d
ψ(x, 0)dm̄(t)−

∫
T d
ψ(x, 0)dm0

}
≥ inf

u∈K

{∫
T d
u(x, t)dm̄(t)−

∫
T d
u(x, 0)dm0

}
(1.38)

The opposite inequality holds by inclusion. Lemma 3.2 in [21] and Proposition 3.1 in [11], which
rely on the Fenchel-Rockafellar Theorem, ensure that, if (m̄, w̄) is a minimizer of (1.37) and
ū ∈ K is a minimizer of the dual problem, then

∫
T d
u(x, t)dm̄(t)−

∫
T d
u(x, 0)dm0 +

∫ t

0

∫
Td
H∗

(
x,− w̄

m̄

)
dm̄(s) +

∫
Td
F (x, m̄(s))dm̄(s)ds = 0.
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This implies that w̄ = −m̄DpH(x, ū). As a consequence, we have that m̄ is driven by a smooth
drift and so, by Schauder theory, m̄ ∈ C1,2((0, t] × Td). In particular, given that t is arbitrary,
then m̄ ∈ C1,2((0,+∞)× Td).

We assumed that the minimization problem on the right-hand side of (1.38) admitted a
solution. It is indeed the case and the proof of this result is developed in Lemma 1.4.2 in
appendix. �

Remark 1.2.3. Note that the convex duality used in Proposition 1.2.1 between (1.37) and (1.38),
i.e

min
(m,w)∈Π(m0,m̄(t))

∫ t

0

∫
Td
H∗

(
x,−w

m

)
dm(s) +

∫
Td
F (x, m̄(s))dm(s)ds =

inf
u∈K

{∫
T d
u(x, t)dm̄(t)−

∫
T d
u(x, 0)dm0

}
,

holds true independently from the existence of minimizers for the latter one and, therefore,
independently from Lemma 1.4.2.

We can now introduce the notion of calibrated curve. Let E∞2 be the set of (m(t), w(t)) ∈
P(Td)×M(Td;Rd) such that m ∈ C0(R,P(Td)), w is absolutely continuous with respect to m,
its density dw/dm belongs to L2

m,loc(R×Td) and −∂tm+ ∆m−divw = 0 is verified in the sense
of distributions.

Definition 1.2.4. We say that (m̄, w̄) ∈ E∞2 is a calibrated curve if there exists a continuous
function χ : P(Td)→ R which verifies the dynamic programming principle (1.32) and (m̄, w̄) is
optimal for χ: for any t1 < t2 ∈ R

χ(m̄(t1)) = λ(t2 − t1) +
∫ t2

t1

∫
Td
H∗

(
x,− w̄(s)

m̄(s)

)
dm̄(s) + F(m̄(s))ds+ χ(m̄(t2)).

A direct consequence of Proposition 1.2.1 is the following result which tells that calibrated
curves are smooth and associated to MFG systems defined for any time t ∈ R.

Proposition 1.2.5. If (m,w) ∈ E∞2 is a calibrated curve, then m ∈ C1,2(R × Td) and there
exists a function u ∈ C1,2(R× Td) such that w = −mDpH(x,Du) where (m,u) solves{

−∂tu−∆u+H(x,Du) = F (x,m) in R× Td

−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in R× Td

1.2.2 The projected Mather set

Definition 1.2.6. We say that m0 ∈ P(Td) belongs to the projected Mather set M ⊂ P(Td) if
there exists a calibrated curve (m(t), w(t)) such that m(0) = m0.

Note that, if from m0 starts a calibrated curve m(t), then, by translation, m(t) ∈M for any
t ∈ R.

Proposition 1.2.7. There exists a calibrated curve and, consequently, the projected Mather set
M is not empty.
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Proof. We fix a smooth density m0 and we look at the δ-discounted problem (1.4) which reads

Vδ(m0) = inf
(m,w)

∫ ∞
0

e−δt
∫
Td
H∗

(
x,−w

m

)
dm(t) + F(m(t))dt.

We recall that Vδ satisfies the dynamic programming principle

Vδ(m0) = inf
m,w

∫ T

0
e−δs

∫
Td
H∗

(
x,−w

m

)
dm(s) + F(m(s))ds+ e−δTVδ(m(t)),

where the infimum is taken over (m,w) ∈ Eδ2 (m0). We already know that the solution of the
minimization problem corresponds to a couple (m̄T

δ ,−m̄T
δ DpH(x,DūTδ )) where (m̄T

δ , ū
T
δ ) solves

−∂tu−∆u+ δu+H(x,Du) = F (x,m) in Td × [0,+∞)
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Td × [0,+∞)
m(0) = m0 in Td.

(1.39)

Note that, as the initial condition is smooth, the solution (m̄T
δ , ū

T
δ ) is smooth as well.

We define the new couple (mT
δ , w

T
δ ) as mT

δ (t, x) = m̄T
δ (t+ T, x) and wTδ (t, x) = w̄Tδ (t+ T, x)

so that our problem is set on [−T,+∞). We now want to prove that, when we take the limit
T → +∞, our sequence converges to a couple (mδ, wδ) defined on R×Td such that the Fokker-
Plank equation is still verified. We proved in Lemma 1.1.3 that the drift DpH(x,DuTδ ) is
uniformly bounded in T , therefore, mT

δ is the solution of a Fokker-Plank equation with bounded
and smooth drift. This means that mT

δ is uniformly bounded in C1,2([−T + 1,+∞)× Td).
This implies that, at least on compact subsets of R× Td, when we take the limit T → +∞,

we have, up to a subsequence, uniform convergence of mT
δ to a limit mδ.

The same convergence holds true also for wTδ . Indeed, in Lemma 1.1.3 we proved also the
uniform boundedness of D2uTδ and ∂tu

T
δ that implies the uniform continuity and the uniform

boundedness of wTδ . The convergence (mT
δ , w

T
δ ) to (mδ, wδ) ensures that the couple (mδ, wδ)

verifies the Fokker-Plank equation on R× Td.
We fix two different times t1 < t2. For sufficiently large T , the interval [t1, t2] is included in

[−T,+∞). If we apply the dynamic programming principle for Vδ, we get

Vδ(mT
δ (t1)) =

∫ t2

t1
e−δ(s−t1)

∫
Td
H∗

(
x,−w

T
δ

mT
δ

)
dmT

δ (s) + F(mT
δ (s))ds+ e−δ(t2−t1)Vδ(mT

δ (t2)).

We can now take the limit of T → +∞ in the above expression and we find that (mδ, wδ)
verifies

Vδ(mδ(t1)) =
∫ t2

t1
e−δ(s−t1)

∫
Td
H∗

(
x,−wδ

mδ

)
dmδ(s) + F(mδ(s))ds+ e−δ(t2−t1)Vδ(mδ(t2)).

for any t1 < t2 ∈ R.
As the function uTδ is uniformly bounded in T we have also uniform convergence of uTδ to a

function uδ. We can then pass to the limit in the MFG system (1.39) and the couple (uδ,mδ)
solves {

−∂tuδ −∆uδ + δuδ +H(x,Duδ) = F (x,mδ) in Td × R
−∂tmδ + ∆mδ + div(mδDpH(x,Duδ)) = 0 in Td × R.
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As in [5], in order to let δ → 0, we need to define ūδ(t, x) = uδ(t, x)−uδ(0, 0) and θδ = uδ(0, 0).
The couple (ūδ,mδ) solves

−∂tūδ −∆ūδ + δūδ + δθδ +H(x,Dūδ) = F (x,mδ) in Td × R
−∂tmδ + ∆mδ + div(mδDpH(x,Dūδ)) = 0 in Td × R
ūδ(0, x) = uδ(0, x)− uδ(0, 0) in Td.

We restrict ourselves to the subsequence {δn}n identified in the proof of Lemma 1.1.7. Using
again the uniform estimates on Dūδ, we have that ūδ(0, x) is uniformly bounded which implies
the boundedness of δθδ. Moreover, thanks to the bounds on D2uδ and ∂tuδ, ūδ is also uniformly
continuous and the same holds true for mδ. We can then pass to the limit on any compact set
and ūδn → u, mδn → m and δnθδn → θ where (u,m, θ) solves{

−∂tu−∆u+ θ +H(x,Du) = F (x,m) in Td × R
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Td × R

As we can always replace u(t, x) with u(t, x) − θt we can suppose θ = 0. The convergences
above give us also the uniform convergence on compact sets (up to subsequence) of the couple
(mδn , wδn) = (mδn ,−mδnDpH(x,Dūδn)) to (m,w) = (m,−mDpH(x,Du)) which solves the
usual Fokker-Plank equation.

Let now η ∈ P(Td) be the measure identified in the proof of Lemma 1.1.7. Then

Vδn(mδn(t1))− Vδn(η) =∫ t2

t1
e−δn(s−t1)

∫
Td
H∗

(
x,−wδn

mδn

)
dmδn(s) + F(mδn(s))ds+ e−δn(t2−t1)Vδn(mδn(t2))− Vδn(η).

Given the continuity of Vδ, the uniform convergence of mδ and wδ, we can pass to the limit
in n and we finally get that for any interval [t1, t2] the couple (m,w) verifies the Fokker-Plank
equation on R and

χ(m(t1)) =
∫ t2

t1

∫
Td
H∗

(
x,−w

m

)
dm(s) + F(m(s))ds+ χ(m(t2)) + λ(t2 − t1).

In particular we found a calibrated curve and, for any t ∈ R, m(t) belongs to the projected
Mather setM.

�

1.2.3 Compactness of the projected Mather set

In Proposition 1.2.1 we proved that, if χ is a corrector function and (m,w) is a trajectory starting
from m0 ∈ P(Td) which is optimal for the dynamic programming principle of χ, then (m,w) is
associated to a MFG system which enjoys the estimates we proved in Lemma 1.1.3. Therefore,
a completely analogous proof to the one given in Theorem 1.1.5 gives the following result.

Proposition 1.2.8. The set of corrector functions is uniformly Lipschitz continuous.

We can now prove the compactness of the projected Mather setM.

Proposition 1.2.9. The projected Mather setM is compact
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Proof. Let mn ∈ M such that m0
n → m0. Let (mn(t), wn(t)) be the calibrated curve starting

from m0
n. For any t1, t2 we know that (mn(t), wn(t)) verifies

χn(mn(t1)) ≥
∫ t2

t1

∫
Td
H∗

(
x,−wn

mn

)
dmn(s) + F(mn(s)) + λ(t2 − t1) + χn(mn(t2)). (1.40)

We know from Proposition 1.2.8 that the set {χn}n is uniformly Lipschitz. If we replace χn
with χn(·) − χn(η), then {χn}n is also bounded and thus compact. Therefore, we can pick a
subsequence such that χn converges to a function χ.

Given that χn are uniformly bounded, then∫ t2

t1

∫
Td
H∗

(
x,−wn

mn

)
dmn(s) + F(mn(s))ds ≤ C.

The constant C does not depend on n and, therefore,
∫ t2
t1
|wn| is uniformly bounded as well. As we

argued in Proposition 1.1.1, this implies that {mn}n is uniformly bounded in C1/2([t1, t2],P(Td))
for any t1, t2. We have then that mn converges uniformly on any compact set to a limit
m ∈ C0(R,P(Td)) and the same holds true for wn in M(R × Td;Rd), therefore (m,w) solves
in the sense of distributions the usual FP equation on R. By weak lower semicontinuity of the
integral part in (1.40) and the uniform convergence of χn we get that

χ(m(t1)) ≥
∫ t2

t1

∫
Td
H∗

(
x,−w

m

)
dm(s) + F(m(s))ds+ χ(m(t2)) + λ(t2 − t1)

with m(0) = m0 because m0
n → m0. The opposite inequality is true by the dynamic program-

ming principle and so this proves that m0 ∈M and, eventually, thatM is closed.
�

1.2.4 Minimal invariant set and Ergodicity

We say that a closed subset C of M is invariant if, for any m0 ∈ C, there exists a calibrated
curve (m,w) such that m(0) = m0 and m(t) ∈ C for any t ∈ R. Note that, despite this notion
of invariance formally plays the role of the invariance under the Euler-Lagrangian flow in the
standard setting of weak KAM theory and Aubri-Mather theory in finite dimension, the forward-
backward structure of the MFG system does not allow to define solutions with initial conditions
for both the distribution of players m(t) and the value function u(t) and this prevents from
defining any sensible notion of flow.

We say that an invariant set C is minimal if C does not contains any proper closed invariant
subset.

Lemma 1.2.10. There exists a minimal set N .

We do not present the proof which is a standard application of Zorn’s Lemma (see for instance
[36]).

Proposition 1.2.11. Let N be a minimal invariant set. If m0 ∈ N and {m(t), t ∈ R} is a
calibrated curve such that m(0) = m0, then {m(t), t ∈ R} is dense in N .

Proof. The proof is analogous to the one we used to prove that M is closed. We define C the
closure of the trajectory {m(t) t ∈ R}. C is a closed subset of N , in order to prove that it
coincides with N we just need to prove that it is invariant or, in other words, that, if m̄ ∈ C,
then also a calibrated curve passing through m̄ belongs to C.
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Let m̄ be the limit of mn = m(tn) ∈ {m(t), t ∈ R} and {mn(t)} their corresponding
calibrated curves. If wn(t) are the control associated to the calibrated curve mn(t) then, as
in Proposition 1.2.9, we get that ‖wn‖L1 is uniformly bounded on any compact set. As we
already pointed out, it implies the uniform convergence of mn(t) on compact sets. If m̄(t) is the
trajectory to which mn(t) converges, then it must be a calibrated curve starting from m̄ because
we imposed that mn → m̄. This means that for any s ∈ R, m̄(s) is the limit of mn(s). As C is
closed and mn(s) ∈ C, then m̄(s) ∈ C.

We proved that C is a not empty, invariant, closed subset of N . By the minimality of N the
two sets must conicide. �

1.3 The role of Monotonicity
So far, the hypothesis on F were mostly about its regularity and no structural assumptions were
imposed. On the other hand, when we are interested in understanding whether the limit value
λ coincides with λ̄, the ergodic one, the structure of F does actually play a fundamental role. In
the next section we impose convexity and, as it was already proved in [22], we get that λ = λ̄.
More interestingly, in Section 1.3.2 we provide a class of explicit examples where λ > λ̄ and,
therefore, there is not convergence of the time dependent MFG system to the ergodic one.

1.3.1 The convex case: λ = λ̄

In this section we show that, under the so-called monotonicity assumption, these two values are
the same. We say that the coupling function F verifies the monotonicity assumption if∫

Td
(F (x,m1)− F (x,m2))d(m1 −m2) ≥ 0. (1.41)

We introduce the functional JT (m0, ·, ·) : ET (m0)→ R defined by

JT (m0,m,w) =
∫ T

0

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt,

so that
U(T,m0) = inf

(m,w)∈ET2 (m0)
JT (m0,m,w).

Under the monotonicity assumption (1.41), the functional JT is convex, therefore we can
easily prove that λ = λ̄. We recall that

−λ̄ = inf
(m,w)∈E

∫
Td
H∗

(
x,− dw

dm
(x)
)
dm(x) + F(m).

Proposition 1.3.1. Under the above assumptions λ = λ̄.

Proof. In order to prove the proposition we use the representation of λ that we discussed in
Proposition 1.1.10:

−λ = lim
T→∞

1
T

inf
ΠT (m0,m1)

∫ T

0

∫
Td
H∗(x, α)dm(s) + F(m(s))ds.

Given that λ does not depend on the initial value m0, we take m0 = m1. We can also
suppose that m0 is smooth and bounded from below by a positive constant, so that we can



26 CHAPTER 1. ON THE LONG TIME CONVERGENCE OF POTENTIAL MFG

apply Proposition 1.1.10. We now consider any admissible (mT , wT ) for Π(m0,m0) and we
define m̄T = 1

T

∫ T
0 mTdt and w̄T = 1

T

∫ T
0 wTdt. Given that the mT (0) = mT (T ) = m0, the

couple (m̄T , w̄T ) verifies, in the sense of distributions, −∆m+div(w) = 0 and it is an admissible
competitor for the stationary problem.

Now we just need to apply Jensen’s inequality to get

JT (m0,m
T , wT ) = 1

T

∫ T

0

∫
Td
H∗(x,wT /mT )dmT+F(mT )dt ≥

∫
Td
H∗(x, w̄T /m̄T )dm̄T+F(m̄T ).

If we take the infimum over (mT , wT ) ∈ ΠT (m0,m0) and we take the limit in T , we end up with

−λ ≥ lim
T→∞

inf
ΠT (m0,m0)

∫
Td
H∗(x, w̄T /m̄T )dm̄T + F(m̄T ) ≥ −λ̄.

We already proved the opposite inequality in Proposition 1.1.9, which we recall that it holds
true also outside the monotonicity assumption. �

As λ = λ̄, the dynamic programming principle for χ reads

χ(m(t1)) =
∫ t2

t1

∫
Td
H∗

(
x,−w

m

)
dm(s) + F(m(s))ds+ χ(m(t2)) + λ̄(t2 − t1).

If (m̄, w̄) is a minimizer for the static MFG problem then, if we define (m(t), w(t)) = (m̄, w̄) for
any t ∈ R, the relation above holds true. This means that the constant trajectory (m̄, w̄) is a
calibrated curve so that m̄ ∈ M. Moreover, as the calibrated curve is stationary, the singleton
N = {m̄} is a minimal invariant set because it is closed, invariant and it cannot contain any
proper subset.

1.3.2 A non convex example where −λ < −λ̄

We now present an example where the non convexity of F leads to an ergodic configuration where
the limit value −λ is strictly lower then the ergodic one −λ̄. A straightforward consequence will
be that there cannot be any stationary calibrated curve.

We fix ed ∈ Rd \ {0} a unit vector parallel to one of the axes and we identify Td with
Td−1×T where T is the torus identified by the direction ed. We fix also H such that H∗ verifies
the following conditions: H∗(x, p) > 0 for any x ∈ Td, p 6= −ed and H∗(x,−ed) = 0 for any
x ∈ Td. The assumption (1.1) on the hamiltonian H implies that there exist two constants
C1 > 0, C2 > 0 such that

C1Id ≤ DppH
∗(x, p) ≤ C2Id ∀x ∈ Td, ∀p ∈ Rd. (1.42)

Let us define the set A ⊂ P(Td) as the set of µ ∈ P(Td) for which there exits µ′ ∈ P(Td−1)
such that µ = µ′ ⊗ dxd, where dxd is the Lebesgue measure on T. Note that µ ∈ A if and only
if div(edµ) = 0.

We fix m0 : Td → R a smooth, strictly positive density such that m0 /∈ A. A measure m
belongs to the set B if there exists z ∈ Td such that m(·) = m0(· + z). As A and B are closed
and disjoint, they are separated by a positive distance ε > 0.

We choose F : P(Td) → R such that F ≥ 0, F ≡ 2 in A and F ≡ 0 in B. The existence of
such a function is ensured by Lemma 1.4.3 and Lemma 1.4.4 in Appendix. They also guarantee
that we can choose F such that it verifies the regularity assumptions that were in place in the
previous sections.
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We recall that the functional JT (µ, ·, ·) is defined on ET2 (µ) by

JT (µ,m,w) =
∫ T

0

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F(m(t))dt.

In this section we add in the definition of ET2 (µ) a viscosity constant σ > 0 so that (m,w)
verifies −∂tm+ σ∆m− div(w) = 0.

We also define the ergodic functional J : E → R as follows

J(m,w) =
∫
T
H∗

(
x,− dw

dm
(x)
)
dm+ F(m), (1.43)

where in this framework, (m,w) verifies σ∆m − divw = 0. According to the definition of λ̄ in
(1.6), we have

−λ̄ = inf
(m,w)∈E

J(m,w) (1.44)

Proposition 1.3.2. There exists a σ0 > 0 such that for any σ ∈ (0, σ0] we have −λ < −λ̄.

Proof. We define

m(t, x) = m0(x− edt),

and

w(t, x) = edm(t, x) + σDm0(x− edt).

The couple (m,w) belongs to ET2 (m0), so −λ ≤ JT (m,w). By definition of F , we know that
F(m(t)) = 0 for any time t. Moreover, since DppL ≤ C2Id with 0 = H∗(x,−ed) ≤ L(x, α), we
have H∗(x, α) ≤ 1

2C2|α+ ed|2. Thus

−λ ≤ 1
T

∫ T

0

∫
Td

C2
2

∣∣∣∣w(t, x)
m(t, x) − ed

∣∣∣∣2m(t, x)dxdt = C2
2 σ2

∫
Td

|Dm0(x)|2

m0(x) dx = σ2I,

where I = C2
2
∫
Td
|Dm0(x)|2
m0(x) dx.

We now focus on the static case. We recall that the differential constraint on J is −σ∆m+
divw = 0. By standard arguments we have that there exists a minimizer (m̄, w̄) of (1.43). As in
Proposition 1.1.1, (m̄, w̄) must also minimize

J̄(m,w) =
∫
T
H∗

(
x,− dw

dm
(x)
)
dm+ F (x, m̄)dm. (1.45)

As in the proof of Proposition 1.1.1 we can define the dual problem of (1.45) in the sense of
Fenchel-Rockafellar, which reads

inf
(u,Λ)∈C2(Td)×R

{Λ s.t.− Λ−∆u+H(x,Du) ≤ F (x, m̄)} .

Thanks to the regularity of F (·, m̄) we have a smooth solution (ū, λ̄) which solves −λ̄ + ∆ū +
H(x,Dū) = F (x, m̄). By duality, if we argue as in Proposition 1.1.1 (see again [11]), we get that
w̄ = −m̄DpH(x,Dū), so that, by Schauder theory, m̄ is smooth and bounded from below.

We can now estimate−λ̄. Thanks to the regularity of (m̄, w̄), the parabolic constraint ensures
that w̄ = σDm̄+ ζ where ζ is a smooth, divergence free vector field. If (m̄, w̄) = (m̄, σDm̄+ ζ)
is a minimizer of (1.43) and we use the growth assumption (1.42), we have



28 CHAPTER 1. ON THE LONG TIME CONVERGENCE OF POTENTIAL MFG

∫
Td
H∗

(
x,
σDm̄+ ζ

m̄

)
m̄(dx) + F(m̄) ≥ C1

2

∫
Td

∣∣∣∣∣σD̄m+ ζ

m̄
+ ed

∣∣∣∣∣
2

m̄(dx) + F(m̄). (1.46)

Note that, as divζ = 0 and m̄ is smooth and bounded from below,
∫
Td ζ ·Dm̄/m̄ = 0. Indeed,∫

Td

Dm̄

m̄
ζdx =

∫
Td
D(ln(m̄))ζdx = −

∫
Td

ln(m̄)div(ζ)dx = 0.

Therefore, if we expand the square in (1.46), we get∫
T
H∗

(
x,
σDm̄+ ζ

m̄

)
m̄(dx)

≥ C1
2

∫
T d
σ2 |Dm̄|2

m̄
+
∣∣∣∣ ζm̄ + ed

∣∣∣∣2 m̄dx ≥ C1
2

∫
T d

∣∣∣∣ ζm̄ + ed

∣∣∣∣2 m̄dx. (1.47)

Plugging (1.47) into (1.44) we eventually find that

−λ̄ ≥ C1
2

∫
T d

∣∣∣∣ ζm̄ + ed

∣∣∣∣2 m̄dx+ F(m̄).

The right-hand side of the above inequality is bounded from below by a positive constant inde-
pendent of σ. Indeed, we know that, for any σ, m̄ > 0, so

−λ̄ ≥ C1
2 inf

(m,ξ)

∫
T d

∣∣∣∣ ξm + ed

∣∣∣∣2mdx+ F(m)

where the infimum is taken over all the probability densities m > 0 and the free divergence
vectors ξ. Here, m and ξ do not verify the elliptic constraint, therefore we lose the dependence
on σ.

Let (mn, ξn) be a minimizing sequence and m ∈ P(Td) be the limit of mn (the existence of
m is guaranteed by the compactness of P(Td)). If the infimum were zero then div(mned) →
div(med) = 0. Indeed, as both the addends should converge to zero, for any test function ϕ, we
have ∣∣∣∣∫

Td
div(mned)ϕdx

∣∣∣∣ =
∣∣∣∣∫

Td
mned ·Dϕdx

∣∣∣∣ =
∣∣∣∣∫

Td
(mned + ξn) ·Dϕdx

∣∣∣∣
≤
(∫

Td

|mned + ξ|2

mn
dx

)1/2 (∫
Td
|Dϕ|2mndx

)1/2
→ 0

On the other hand, if div(med) = 0, then, by construction of F , we have F(mn)→ F(m) = 2.
Therefore, there exists a constant K > 0 independent of σ such that −λ̄ > K.

We can conclude the proof choosing σ small enough such that

0 ≤ −λ ≤ σ2I < K ≤ −λ̄.

�

Proposition 1.3.3. Under the hypothesis of Subsection 1.3.2 the projected Mather setM does
not contain any stationary calibrated curve.
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Proof. We recall that if m(t) is a calibrated curve then

χ(m(t1))− χ(m(t2)) =
∫ t2

t1

∫
Td
H∗

(
x,−w

m

)
dm(s) + F(m(s))ds+ λ(t2 − t1).

If m(t) is constantly equal to m̄ then we have that
∫
T L (x,−w̄/m̄) dm + F(m̄) = −λ̄. As

−λ < −λ̄, it implies

χ(m̄)− χ(m̄) =
∫ t2

t1

∫
Td
H∗

(
x,− w̄

m̄

)
dm̄(s) + F(m̄)ds+ λ(t2 − t1) = (t2 − t1)(−λ̄+ λ) > 0,

so the contradiction.
�

1.4 Appendix
We present here the proof of the duality (1.12), that we used in Proposition 1.1.1, and the proof
of Lemma 1.1.2.

Lemma 1.4.1. Let m0 ∈ P(Td) and (m̄, w̄) ∈ E2
δ (m0) be a minimizer of Vδ(m0). Then, the

following equality holds true

inf
u∈C2

b
([0,+∞)×Td)

{
−
∫
Td
u(0, x)dm0(x) where− ∂tu−∆u+ δu+H(x,Du) ≤ F (x, m̄)

}
(1.48)

= min
(m,w)∈E2

δ
(m0)

∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F (x, m̄(t))dm(t)dt.

Proof. The proof is a careful adjustment of the one in [21, Lemma 4.2]. It relies on the Fenchel-
Rockafellar theorem. In our setting we have an additional difficulty which comes from the fact
that we are working with trajectories and measures defined on the unbounded set [0,+∞)×Td.
Therefore, one has to be careful when it comes to handle the dual space of continuous functions.

To overcome this issue we approximate the infinite horizon minimization problem with the
following one

inf
(m,w)∈Et2(m0)

∫ t

0
e−δs

∫
Td
H∗

(
x,− dw(s)

dm(s)(x)
)
dm(s) + F (x, m̄(s))dm(s)ds. (1.49)

Now that we have a problem defined on the compact set [0, t] × Td we can apply the Fenchel-
Rockafellar theorem to prove that (1.49) is the dual problem of

inf
u∈Kt

{
−
∫
Td
u(0, x)dm0(x)

}
, (1.50)

where Kt is the set of u ∈ C1,2([0, t] × Td) such that −∂tu − ∆u + δu + H(x,Du) ≤ F (x, m̄)
with terminal condition u(t, x) = 0 for any x ∈ Td.

To get this result, we first need to introduce several objects. We set E0 = C1,2([0, t] × Td)
and E1 = C([0, t] × Td) × C([0, t] × Td;Rd). We define the linear functional Λ : E0 → E1 as
follows

Λ(φ) = (e−δs(∂tφ+ ∆φ− δφ), e−δtDφ).
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We define also I : E0 → R and L : E1 → R as

I(φ) = −
∫
Td
φ(0, x)dm0(x) + Ωt(φ), L(α, β) =

∫ t

0

∫
Td
χs(x, α(s, x), β(s, x))ds,

where

Ωt(φ) =
{

0 if φ(t, x) = 0 ∀x ∈ Td

+∞ otherwise

and χs : Td × R× Rd → R ∪ {+∞} is

χs(x, a, b) =
{

0 if − eδsa+H(x, eδsb) ≤ F (x, m̄(s))
+∞ otherwise.

(1.51)

If, for any φ ∈ E0, we set At(φ) = I(φ) + L(Λ(φ)), then

inf
φ∈E0

At(φ) = inf
u∈Kt

{
−
∫
Td
u(0, x)dm0(x)

}
. (1.52)

Both I and L are convex, lower semicontinuous and proper. The linear functional Λ is bounded
and if ε > 0 and uε is the solution of{

−∂tuε −∆uε + δuε +H(x,Duε) = F (x, m̄)− ε in [0, t]× Td

uε(t, x) = 0 in Td,

then, in a neighborhood of Λ(uε), L is constantly equal to zero and, hence, it is continuous. As
the qualification hypothesis are verified, the Fenchel-Rockafellar theorem states that

inf
φ∈E0

At(φ) = − min
(m,w)∈E′1

I∗(Λ∗(m,w)) + L∗(−(m,w)) := − min
(m,w)∈E′1

Bt(m,w),

where E′1 is the set of vector valued Radon measures (m,w) over [0, t]× Td.
If we use the definition of Fenchel conjugate and adjoint operator, we get

I∗(Λ∗(m,w)) = sup
φ∈E1

{< Λ∗(m,w), φ > −I(φ)} = sup
φ∈E1

{< (m,w),Λφ > −I(φ)} .

We can suppose that φ(t, x) = 0 for any x ∈ Td, otherwise we had I∗(Λ∗(m,w)) = −∞.
Therefore, we get that

I∗(Λ∗(m,w)) = sup
φ∈E1

{∫ t

0

∫
Td
e−δs(∂tφ(s)− δφ(s) + ∆φ(s))dm(s)ds+

∫ t

0

∫
Td
e−δsDφdw(s)ds

+
∫
Td
φ(0)dm0

}

= sup
φ∈E1

{∫ t

0

∫
Td
∂t
(
e−δsφ(s)

)
+ ∆

(
e−δsφ(s)

)
dm(s) +

∫ t

0

∫
Td
D
(
e−δsφ(s)

)
dw(s)ds

+
∫
Td
φ(0)dm0

}
.

The above expression is equal to zero when m(0) = m0 and (m,w) solves ∂tm−∆m+ divw = 0
in the sense of distributions and +∞ otherwise.
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We now turn to L∗(−(m,w)). We compute the Fenchel conjugate of χs(x, ·, ·), defined in
(1.51), that is

χ∗s(p, q) = sup
(a,b)∈R×Rd

{ap+ bq − χs(x, a, b)} .

If p > 0, then χ∗s(x, p, q) = +∞, so we suppose p ≤ 0. If we use the definition of χs, we get that
the above expression is equal to

sup
b∈Rd

{
e−δsH

(
x, eδsb

)
p− e−δsF (x, m̄(s))p+ bq

}

= −pe−δs sup
b∈Rd

{(
−q
p
eδsb−H

(
x, eδsb

))}
− e−δspF (x, m̄(s))

= −e−δspH∗
(
x,−q

p

)
− e−δspF (x, m̄(s)).

So, we finally have that

Bt((m,w)) =


∫ t

0 e
−δs ∫

Td H
∗
(
x,− dw

dm

)
+ F (x, m̄)dm if (m,w) ∈ E t2(m0)

+∞ otherwise

and, eventually,

min
(m,w)∈E′1

Bt((m,w)) = min
(m,w)∈Et2(m0)

∫ t

0
e−δs

∫
Td
H∗

(
x,− dw(s)

dm(s)(x)
)
dm(s) + F (x, m̄(s))dm(s)ds.

To conclude the proof we need to argue that (1.52) and (1.49) converge respectively to the first
and the second term of (1.48).

We recall that (m̄, w̄) is the minimizer of Vδ(m0) around which we linearize the non convex
term of Vδ(m0). Thus, (m̄, w̄) is also a minimizer, among all (m,w) ∈ E2

δ (m0), of the linearized
problem

J̄δ(m,w) =
∫ +∞

0
e−δt

∫
Td
H∗

(
x,− dw(t)

dm(t)(x)
)
dm(t) + F (x, m̄(t))dm(t)dt.

We fix (mt, wt) a minimizer of Bt. Note that Bt is the restriction on [0, t] of the integral
that defines J̄δ. Therefore, the estimates (1.8),(1.9) and (1.10), that we proved for minimizing
sequences of Vδ(m0), hold true for (mt, wt) and they are uniform in t. This ensures that, up to
subsequence, (mt, wt) converges to (m̂, ŵ) and

lim
t→+∞

Bt(mt, wt) = J̄δ(m̂, ŵ).

Let us suppose that (m̂, ŵ) is not optimal, i.e. J̄δ(m̂, ŵ) = J̄δ(m̄, w̄) + 3ε, for a given ε > 0.
Then, there exists a sufficiently large t such that Bt(mt, wt) ≥ J̄δ(m̄, w̄) + 2ε and

|J̄δ(m̄, w̄)− Bt(m̄, w̄)| =
∫ +∞

t
e−δs

∫
Td
H∗

(
x,− dw̄(s)

dm̄(s)(x)
)
dm̄(s) + F (x, m̄(s))dm̄(s)ds ≤ ε.

This implies that
Bt(m̄, w̄) + ε ≤ Bt(mt, wt),

which is in contradiction with the assumption that (mt, wt) is a minimizer of Bt.
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The last piece missing is to prove that

lim
t→+∞

inf
u∈Kt

{
−
∫
Td
u(0, x)dm0(x)

}

= inf
u∈C2

b
([0,+∞)×Td)

{
−
∫
Td
u(0, x)dm0(x) where− ∂tu−∆u+ δu+H(x,Du) ≤ F (x, m̄)

}
.

(1.53)
Note that the equation{

−∂tu−∆u+ δu+H(x,Du) = F (x, m̄) in [0, t]× Td

u(t, x) = 0 in Td
(1.54)

enjoys the comparison principle and so it admits a unique solution ūt ∈ C1,2([0, t] × Td) which
is also the unique minimizer of (1.50). Indeed, let u be such that{

−∂tu−∆u+ δu+H(x,Du) ≤ F (x, m̄) in [0, t]× Td

u(t, x) = 0 in Td,

then, by the comparison principle, u(0, x) ≤ ūt(0, x) for any x ∈ Td.
In the proof of Lemma 1.1.3 we showed that, if ūt is a solution of (1.54), then ∂tūt, Dūt

and D2ūt are uniformly bounded with respect to t. If we use these bounds we get that, as long
as δ > 0, ūt is uniformly bounded as well. This implies that, up to subsequence, ūt uniformly
converges on compact sets to ū ∈ C1,2

b ([0,+∞)× Td), where ū is the solution of{
−∂tu−∆u+ δu+H(x,Du) = F (x, m̄) in [0,+∞)× Td

u ∈ L∞([0,+∞)× Td).

The same argument we propose for ūt gives us that ū is the unique minimizer of (1.53). Moreover,
as the convergence of ūt to ū is uniform on compact sets, then

lim
t→+∞

∫
Td
ūt(0, x)dm0(x) =

∫
Td
ū(0, x)dm0(x),

which concludes the proof.
�

We now provide the argument that proves the dynamic programming principle of Vδ.

Proof of Lemma 1.1.2. We want to prove that

Vδ(m0) = inf
(m,α)∈Eδ2 (m0)

(∫ t

0
e−δs

∫
Td
H∗(x, α)dm(s) + F(m(s))ds+ e−δtVδ(m(t))

)
. (1.55)

We start showing that the left-hand side of (1.55) is greater than the right-hand side. For any
(m,α) ∈ Eδ2 (m0) we define (mt, αt) ∈ Eδ2 (m(t)) as (mt(s), αt(s)) = (m(s + t), α(s + t)). Then,
using the definition of Vδ we get

Vδ(m0) = inf
(m,α)∈Eδ2 (m0)

(∫ ∞
0

e−δs
∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds

)
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= inf
(m,α)

(∫ t

0
e−δs

∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds

+
∫ ∞
t

e−δs
∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds

)

= inf
(m,α)

(∫ t

0
e−δs

∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds

+e−δt
∫ ∞

0
e−δl

∫
Td
H∗(x, αt(l))dmt(l) + F(mt(l))dl

)

≥ inf
(m,α)∈Eδ2 (m0)

[∫ t

0
e−δs

∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds

+e−δt inf
(m,α)∈Eδ2 (m(t))

(∫ ∞
0

e−δs
∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds

)]

= inf
(m,α)∈Eδ2 (m0)

(∫ t

0
e−δs

∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds+ e−δtVδ(m(t))

)
.

We prove the inverse inequality by contradiction, i.e. we suppose that there exist ε > 0,
(m,α) ∈ Eδ2 (m0) and (m̄, ᾱ) ∈ Eδ2 (m(t)) such that

Vδ(m0)− ε ≥∫ t

0
e−δs

∫
Td
H∗(x, α)dm(s) + F(m(s))ds+ e−δt

∫ ∞
0

e−δs
∫
Td
H∗(x, ᾱ(s))dm̄(s) + F(m̄(s))ds.

We can now define a new competitor (m1, w1) for Vδ(m0) as follows

(m1(s), w1(s)) =
{

(m(s), w(s)) if s < t

(m̄(s− t), w̄(s− t)) if s ≥ t.

As (m1, w1) ∈ Eδ2 (m0) we get immediately the contradiction, indeed

Vδ(m0) ≤
∫ ∞

0
e−δs

∫
Td
H∗(x, α(s))dm1(s) + F(m1(s))ds

=
∫ t

0
e−δs

∫
Td
H∗(x, α1)dm(s) + F(m(s))ds+ e−δt

∫ ∞
0

e−δs
∫
Td
H∗(x, ᾱ(s))dm̄(s) + F(m̄(s))ds.

≤ Vδ(m0)− ε.

�

In the next lemma we prove the result used in Proposition 1.2.5, which is part of an on-going
work with Marco Cirant. The following lemma addresses the problem of existence of minimizers
in the context of dual representation for Hamilton-Jacobi equations. A similar approach was used
in [51] in the case of F = 0 but with a more general viscosity and a wider range of Hamiltonians.
Moreover, in the first order case, it is a natural problem that arises in the context of optimal
transport. See for instance [6].
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Lemma 1.4.2. Let (m̄, w̄) be as in Proposition 1.2.5. For any 0 ≤ t1 < t2, the minimization
problem

Āt2t1 = inf
u∈K

At2t1(u) = inf
u∈K

{∫
Td
u(x, t2)dm̄(t2)−

∫
Td
u(x, t1)dm̄(t1)

}
where K is the set of u ∈ C1,2([t1, t2] × Td) such that −∂tu − ∆u + H(x,Du) = F (x, m̄) and∫
Td u(t1, x)dx = 0, admits a solution.

Proof. The difficulties of this minimization problem comes from the fact that, a priori, we have
no regularity on the measure m̄, which does not allow us to directly get the compactness of the
minimizing sequence that we need. On the other hand the dynamic programming principle of
χ and some local in time semiconcavity estimates help to overcome this obstacle.

Let us recall that the dynamic programming principle for χ reads

χ(m0) = inf
(m,w)

(∫ t

0
H∗

(
x,−w

m

)
dm(s) + F(m(s))ds+ χ(m(t))

)
+ λt

and that the following convex duality holds true (see Remark 1.2.3)

inf
(m,w)∈Π(m̄(t1),m̄(t2))

∫ t2

t1

∫
Td
H∗

(
x,−w

m

)
dm(s) +

∫
Td
F (x, m̄(s))dm(s)ds

= − inf
u∈K

{∫
Td
u(x, t2)dm̄(t2)−

∫
Td
u(x, t1)dm̄(t1)

}
.

First of all we prove that for any t1 < t2 < t3 we have that Āt3t1 = Āt2t1 + Āt3t2 . Indeed, using the
duality between the two minimization problems, we have

Āt2t1 + Āt3t2 = inf
(m,w)∈Π(m̄(t1),m̄(t2))

∫ t2

t1

∫
Td
H∗

(
x,−w

m

)
dm(s) +

∫
Td
F (x, m̄(s))dm(s)ds

+ inf
(m,w)∈Π(m̄(t2),m̄(t3))

∫ t3

t2

∫
Td
H∗

(
x,−w

m

)
dm(s) +

∫
Td
F (x, m̄(s))dm(s)ds.

If we use the dynamic programming principle of χ and the fact that (m̄, w̄) is optimal, the
expression above is equal to∫ t3

t1

∫
Td
H∗

(
x,− w̄

m̄

)
dm̄(s) +

∫
Td
F (x, m̄(s))dm̄(s)ds =

inf
(m,w)∈Π(m̄(t1),m̄(t3))

∫ t3

t1

∫
Td
H∗

(
x,−w

m

)
dm(s) +

∫
Td
F (x, m̄(s))dm(s)ds = Āt3t1

We claim now and we prove later that, if {un}n is a minimizing sequence for Āt3t1 , then un
uniformly convergences to a function u ∈ C1,2([t1, t3) × Td) on any [t1, t] with t < t3 and u is
admissible for Ātt1 . This implies that the function u is a minimizer for Ātt1 and in particular for
t = t2. If we suppose that At2t1(u) = Āt2t1 + ε, then we have

At3t1(un) = At2t1(un) +At3t2(un) ≥ At2t1(un) + Āt3t2 .

If we take the limit n → ∞ on both side, the uniform convergence of un on [t1, t2] and the
fact that un is a minimizing sequence for Āt3t1 give us

Āt3t1 ≥ A
t2
t1(un) + Āt3t2 = At2t1(u) = Āt2t1 + ε+ Āt3t2 = Āt3t1 + ε
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which is impossible and so u has to be a minimizer for Āt2t1 .
We now prove our claim and we show that the set of functions u ∈ C1,2([t1, t3]× Td) which

solves {
−∂tu−∆u+H(x,Du) = F (x, m̄) in [t1, t3]× Td∫
Td u(t1, x)dx = 0

(1.56)

is uniformly bounded in C1([t1, τ ] × Td) for any τ < t3. This gives the local convergence that
we used earlier. Without loss of generality we can suppose t1 = 0 and t3 = T . As in Lemma
1.1.3 we argue by semiconcavity.

We consider ξ ∈ Rd, |ξ| ≤ 1 and we look at the equation solved by w(t, x) = D2uT (t, x)ξ · ξ.
We now define w̄(t, x) = w(t, x)η(t), where η is the cutoff function η(t) = (t − T )2. We choose
ξ such that it maximizes supt,x w̄(t, x).

If we derive twice in space the HJB equation in (1.56), then w̄ solves

−∂tw̄ − wη′ −∆w̄ +DξξH(x,Du)η + 2DξpH(x,Du) ·D2uξη

+DppH(x,Du)D2uξ ·D2uξη +DpH(x,Du) ·Dw̄ = D2
ξξF (x,m)η.

The cutoff function ensures the existence of a positive interior maximum of w̄. At the
maximum, using also the boundedness of D2

ppH, the above equation implies

−wη′ −K + 2DξpH(x,Du) ·D2uξη + C̄−1|D2uξ|2η ≤ D2
ξξF (x,m)η.

Rearranging the terms and using the boundedness of D2
ξξF we get

|D2uξ|2η ≤ wη′ + C + 2C|D2uξ|η.

As η′ = 2η1/2 we can apply the Young’s inequality so that η′w ≤ η/2|D2uξ|2 + 4 and

1
2 |D

2uξ|2η ≤ C + 2C|D2uξ|η,

which in turn gives
|D2uξ|2η ≤ C.

If w+ and w̄+ are the positive parts of w and w̄, then we have our semiconcavity estimates
because on [0, τ ]× Td

(w+η)2 ≤ (w̄+)2 ≤ |D2uξ|2η2 ≤M.

Note that M = M(τ) and it diverges when τ → T . On the other hand the estimates above,
along with (1.14), gives uniform bounds on ‖Du‖∞ on [0, τ ] with τ < T .

Integrating in space the HJB equation we get

|∂t
∫
Td
udx| ≤

∫
Td
|H(x,Du)|+ |F (x, m̄)|dx ≤ C(τ).

As
∫
Td u(0, x)dx = 0, the above inequality ensures that |

∫
Td u(t, x)dx| ≤ C(τ) for any t ≤ τ .

This gives us osc(u(t, ·)) ≤ |
∫
Td u(t, x)dx|+ C supx |Du(t, x)| ≤ C(τ).

As in Lemma 1.1.3, the boundedness of space derivatives implies also that |∂tu(t)| ≤ C(τ)
for any t ≤ τ and so the claim.

�
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Here we provide the proof of the existence of the smooth functions that we used in Subsection
1.3.2.

Lemma 1.4.3. For any m0 ∈ P(Td) and any ε > 0, there exists Φ : P(Td) → R of class C1

such that Φ(m0) = 1 and Φ = 0 on Bc
ε(m0). Moreover, we can choose Φ such that

‖DmΦ‖∞ ≤ 10/ε.

and with DxDmΦ bounded.

Proof. Let E be the compact set of 1−Lipschitz continuous maps on Td vanishing at 0. Let (φn)
be a dense family in E consisting of smooth maps. For N large, we consider

ΨN (m) = sup
n=1,...,N

∫
Td
φn(m−m0).

Then (ΨN ) is a family which is uniformly Lipschitz continuous in P(Td) and converges to
d1(·,m0). So, for η > 0 small there exists N large enough such that

‖ΨN − d1(·,m0)‖∞ ≤ η.

Next we approximate the sup in the definition of ΨN . We consider

Ψδ
N (m) = δ log

(
N∑
n=1

exp
{
δ−1

∫
Td
φn(m−m0)

})
.

Recall that
ΨN (m) ≤ Ψδ

N (m) ≤ δ ln(N) + ΨN (m).

Note that Ψδ
N is C1, with

DmΨδ
N (m,x) =

(
N∑
n=1

exp
{
δ−1

∫
Td
φn(m−m0)

})−1 N∑
n=1

exp
{
δ−1

∫
Td
φn(m−m0)

}
Dφn(x).

(1.57)
Note that DmΨδ

N (m,x) is a convex combination of Dφn(x), so that

|DmΨδ
N (m,x)| ≤ sup

n
|Dφn(x)| ≤ 1.

For δ > 0 small (depending on N), we have

‖Ψδ
N − d1(·,m0)‖∞ ≤ 2η.

In particular, for ε > 0, choose η = ε/5: then

inf
m∈Bcε (m0)

Ψδ
N (m) ≥ ε− 2η = 3ε/5 and Ψδ

N (m0) ≤ 2η = 2ε/5.

Moreover, if we derive (1.57) in space we get

DxDmΨδ
N (m,x) =

(
N∑
n=1

exp
{
δ−1

∫
Td
φn(m−m0)

})−1 N∑
n=1

exp
{
δ−1

∫
Td
φn(m−m0)

}
D2φn(x).
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Note that DxDmΨδ
N (m,x) is a convex combination of D2φn(x). Therefore, there exists a con-

stant CN such that
|DxDmΨδ

N (m,x)| ≤ sup
n
|D2φn(x)| ≤ CN .

To complete the result, define a map ζε = R → [0, 1] smooth and nonincreasing, with
ζε(s) = 0 if s ≥ 3ε/5 and ζε(s) = 1 for s ≥ 2ε/5. We can choose ‖ζ ′ε‖∞ ≤ 10/ε. The map
Φ = ζε ◦Ψδ

N satisfies the claim. �

Lemma 1.4.4. Let A and B be closed subsets of P(Td) with an empty intersection. Then there
exists a C1 map Φ : P(Td)→ R such that Φ = 1 on A, Φ = 0, B and DxDmΦ bounded.

Proof. Let ε > 0 be the minimal distance between A and B:

ε := inf
m∈A, m′∈B

d1(m,m′) > 0.

Let (mn) be dense in A and Φn : P(Td) → [0, 1] be associated with mn as in Lemma 1.4.3:
Φn(mn) = 1, Φn = 0 in Bc

ε (mn) and ‖DxDmΦn‖ bounded. For δ > 0 small and N large, let us
set

Ψδ
N (m) = δ log

(
N∑
n=1

exp
{
δ−1Φn(m)

})
.

Note that Ψδ
N is C1 with

DxDmΨδ
N (m, y) =

(
N∑
n=1

exp
{
δ−1Φn(m)

})−1 N∑
n=1

exp
{
δ−1Φn(m)

}
DxDmΦn(m, y).

In particular,
|DxDmΨδ

N (m,x)| ≤ sup
n
|D2φn(x)| ≤ CN .

For m ∈ B we have Φn(m) = 0, so that Ψδ
N (m) = δ ln(N). As (mn) is dense, we can choose,

for η > 0, N large enough so that

max
m∈A

min
n=1,...,N

d1(m,mn) ≤ η.

Then, for m ∈ A, there exists n ∈ {1, . . . , N} with d1(m,mn) ≤ η, so that (by Lipschitz
continuity of Φn)

Φn(m) ≥ Φn(mn)− 10ε−1d1(m,mn) ≥ 1− 10ε−1η.

Thus
Ψδ
N (m) ≥ δ log

(
exp

{
δ−1Φn(m)

})
≥ 1− 10ε−1η.

We now choose η > 0 such that 1−10ε−1η = 2/3 (which in turns fixes N), and then δ > 0 small
such that δ ln(N) ≤ 1/3. Then we have

inf
m∈A

Ψδ
N (m) ≥ 2/3 and sup

m∈B
Ψδ
N (m) ≤ 1/3.

Then conclusion follows easily. �

On the long time convergence of potential MFG
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Chapter 2

Weak KAM theory for potential
MFG

We develop the counterpart of weak KAM theory for potential mean field games. This allows to
describe the long time behavior of time-dependent potential mean field game systems. Our main
result is the existence of a limit, as time tends to infinity, of the value function of an optimal
control problem stated in the space of measures. In addition, we show a mean field limit for the
ergodic constant associated with the corresponding Hamilton-Jacobi equation.

This chapter is a joint work with Pierre Cardaliaguet and it was accepted for publication in
Journal of Differential Equations (JDE).
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Introduction
The theory of mean field games (MFG), introduced simultaneously and independently by Lasry
and Lions [61, 62] and Huang, Caines and Malhamé [57], is devoted to the analysis of models
where a large number of players interact strategically with each other. Under suitable assump-
tions, the Nash equilibria of those games can be analyzed through the solutions of the, so-called,
MFG system 

−∂tu−∆u+H(x,Du) = F (x,m) in Td × [0, T ]
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Td × [0, T ]
m(0) = m0, u(T, x) = G(x,m(T )) in Td.

(2.1)

The first unknown u(t, x) is the value function of an infinitesimal player starting from x at
time t while the second one, m(t), describes the distribution of players at time t. The maps
F,G : P(Td) → R (where P(Td) is the set of Borel probability measures on the torus Td)
describe the interactions between players.

In this paper we investigate the limit behavior, as the horizon T tends to infinity, of this
system. This is a very natural question, especially when one looks at those models as dynamical
systems.

One natural guess is that the system simplifies in large times and converges to a time inde-
pendent model, called the ergodic MFG system:{

−λ̄−∆u+H(x,Du) = F (x,m) in Td,
∆m+ div(mDpH(x,Du)) = 0 in Td.

(2.2)

There is a relatively wide evidence of this phenomenon, starting from [65] and the Mexican
wave model in [56] to more recent contributions in [18, 22, 23, 50].

All these papers, however, rely on a structure property, the so-called monotonicity assump-
tion, which is seldom met in practice. More recently, the problem of understanding what happens
in the non-monotone setting has been addressed in several papers. Gomes and Sedjro [49] found
the first example of periodic solutions in the context of one-dimensional first order system with
congestion. Cirant in [34] and Cirant and Nurbekyan in [33] forecast and then proved the ex-
istence of periodic solutions for a specific class of second order MFG systems (with quadratic
Hamiltonian). These periodic trajectories were built through a bifurcation method in a neigh-
borhood of a simple solution. Note that these examples show that the ergodic MFG system
is not always the limit of the time-dependent ones. In [68] the second author gave additional
evidence of this phenomena using ideas from weak KAM theory [39, 40, 41]. The main interest
of the approach is that it allows to study the question for a large class of MFG systems, potential
MFG systems.

We say that a MFG system like (2.1) is of potential type if it can be derived as optimality
condition of the following optimal control problem on the Fokker-Plank equation

UT (t,m0) = inf
(m,α)

∫ T

t

∫
Td
H∗ (x, α(s, x)) dm(s) + F(m(s))dt+ G(m(T )), (2.3)

where (m,α) verifies the Fokker-Plank equation −∂tm + ∆m + div(αm) = 0 with m(t) = m0
and F and G are respectively the potentials of the functions F and G that appear in (2.1).
Since the very beginning, this class of models has drawn a lot of attention. [62] first explained
the mechanism behind the minimizing problem (2.3) and the MFG system (2.1) and, since
then, the literature on potential MFG thrived. See for instance [11, 21, 44, 70] for the use of
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theses techniques to build solutions and analyse their long-time behavior under a monotonicity
assumption.

In the present paper, we investigate the behavior, as T → +∞, of the solutions to the mean
field games system (2.1) which are minimizers of (2.3). It is a continuation of [68], which started
the analysis of the convergence of the time-dependent, non-monotone, potential MFG systems
through weak KAM techniques. We believe that these techniques lead to a more fundamental
understanding of long time behavior for potential MFG. When the powerful tools of the weak
KAM theory can be deployed, one can look at this problem in a more systematic way. Unlike the
PDEs techniques that were so far used, this approach does not depend on the monotonicity of
the system. A key point is that the weak KAM theory, exploiting the Hamiltonian structure of
potential MFG, gives us a clear understanding of the limit object that the trajectories minimize
when the time goes to infinity. We draw fully from both Fathi’s seminal papers [39, 40, 41] and
his book [42]. Several objects defined along the paper and the very structure of many proofs
will sound familiar for who is acquainted with weak KAM theory. Nonetheless, it is not always
straightforward to transpose these techniques into the framework of MFG and it often requires
more effort than in the standard case. It is worthwhile to mention that infinite dimensional weak
KAM theorems are not new, especially in the context of Wasserstein spaces: see for instance
[45, 46, 47, 48]. These papers do not address the MFG problem but they surely share the same
inspiration.

Let us now present our main results and discuss the strategy of proofs. As we have antic-
ipated, the starting point of this paper are some results proved in [68]. The first one is the
existence of the ergodic constant λ, such that

UT (0, ·)
T

−→ −λ,

where UT is defined in (2.3). The second one is the existence of corrector functions. We say
that a continuous function χ on P(Td) is a corrector function if it verifies the following dynamic
programming principle

χ(m0) = inf
(m,α)

(∫ t

0
H∗(x, α)dm(s) + F(m(s))ds+ χ(m(t))

)
+ λt (2.4)

where (m,α) solves in the sense of distributions −∂tm+∆m+div(mα) = 0 with initial condition
m(0) = m0. At the heuristic level, this amounts to say that χ solves the ergodic problem∫

Td
(H(y,Dmχ(m, y))− divyDmχ(m, y))m(dy) = F(m) + λ in P(Td). (2.5)

(the notion of derivative Dmχ is described in Section 2.1 below).
The main results of this paper are Theorem 2.5.7 and Theorem 2.5.9. The first one states

that UT (0, ·) + λT uniformly converges to a corrector function while the second one ensures
that this convergence does not hold only at the level of minimization problems but also when
it comes to optimal trajectories. In particular, Theorem 2.5.9 says that optimal trajectories for
UT (0, ·)+λT converge to calibrated curves (i.e., roughly speaking, to global minimizers of (2.4)).
Let us recall that, in [68], the second author provides examples in which the calibrated curves
stay away from the solutions of the MFG ergodic system (2.2). In that framework, our result
implies that no solution to the MFG system (2.1) obtained as minimizers of (2.3) converges to
a solution of the MFG ergodic system.

The convergence of UT (0, ·) +λT to a corrector is of course the transposition, in our setting,
of Fathi’s famous convergence result for Hamilton-Jacobi equations [41]. The basic strategy of
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proof is roughly the same. Here, the additional difficulty lies in the fact that, in our infinitely
dimensional framework, the Hamiltonian in (2.5) is neither first order nor “uniformly elliptic”
(cf. the term in divergence in (2.5)).

We overcome this difficulty by introducing two main ideas that we now describe. As in [41],
we start with further characterizations of the limit value λ. Let us set

I := inf
Φ∈C1,1(P(Td))

sup
m∈P(Td)

∫
Td

(H(y,DmΦ(m, y))−F(m)− divyDmΦ(m, y))m(dy).

Then, by duality techniques, one can check the following equality (Proposition 2.2.2)

−I = min
(µ,p1)

∫
P(Td)

∫
Td

(
H∗
(
y,

dp1
dm⊗ µ

)
+ F(m)

)
m(dy)µ(dm), (2.6)

where (µ, p1) are closed measures, in the sense that, for any Φ ∈ C1,1(P(Td)),

−
∫
P(Td)×Td

DmΦ(m, y) · p1(dm, dy) +
∫
P(Td)×Td

divyDmΦ(m, y)m(dy)µ(dm) = 0.

We call Mather measure any couple (µ, p1) which minimizes the dual problem (on this termi-
nology, see Remark 2.5.1).

One key step is to show that I = λ. While it is easy to prove that I ≥ λ (Proposition 2.2.1),
the opposite inequality is trickier. One has to construct a smooth subsolution of the ergodic
problem (2.5) in a context where there is no “classical” convolution. The idea is to look at
a finite particle system on (Td)N . A similar idea was used in [46] for first order problems on
the L2(0, 1)−torus. The main difference with [46] is that, for first order problems, the particle
system is embedded into the continuous one, which is not the case for problems with diffusion.
The argument of proof is therefore completely different. We set (vN , λN ) ∈ C2((Td)N ) × R
solution of

−
N∑
i=1

∆xiv
N (x) + 1

N

N∑
i=1

H(xi, NDxiv
N (x)) = F(mN

x ) + λN .

Note that, in contrast with [46], the constant λN , here, depends on N . Our first main idea is to
introduce the smooth function on P(Td)

WN (m) :=
∫

(Td)N
vN (x1, . . . , xN )

N∏
i=1

m(dxi)

and to show that it satisfies in P(Td)

−
∫
Td

divyDmW
N (m, y)m(dy) +

∫
Td
H(y,DmW

N (m, y),m)m(dy) ≤ F(m) + λN + o(N),

which implies that I ≤ lim infN λN . To conclude that I = λ we proved that λN → λ. The
proof of this result is organized in two steps. The first one (Lemma 2.3.2) is inspired by [67]
and consists in deriving, through Berstein’s method, estimates on vN of the form

N
N∑
i=1
|Dxiv

N (x)|2 ≤ C̄1 ∀x ∈ (Td)N

and to derive from this the fact that vN uniformly converges to a Lipschitz function V on P(Td).
In the second one (Proposition 2.3.4) we adapt the argument of [59], which is concerned with
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the connection between optimal control of McKean-Vlasov dynamics and the limit behavior of
large number of interacting controlled state processes, to show that if λ∗ is an accumulation
point of λN then

V (m0) = inf
(m,α)

(∫ T

0

∫
Td
H∗(x, α)dm(s) + F(m(s))ds+ V (m(T ))

)
+ λ∗T,

where (m,α) solves in the sense of distributions −∂tm+∆m+div(mα) = 0 with initial condition
m0. Consequently λ∗ = λ and so λN → λ.

The next difficulty is that the Hamiltonian appearing in (2.5) is singular (because of the
divergence term). This prevents us to say, as in the classical setting, that Mather measures
are supported by graphs on which the Hamilton-Jacobi is somehow satisfied. To overcome this
issue, we introduce our second main idea, the notion of “smooth” Mather measures (measures
supported by “smooth" probability measures). We prove that limits of minimizers for UT provide
indeed “smooth” Mather measures and that, if (µ, p1) is a “smooth" Mather measure then, if we
set

q1(y,m) := DaH
∗
(
y,

dp1
dm⊗ µ

(y,m)
)
,

we have, for µ−a.e. m ∈ P(Td),∫
Td
q1(y,m) ·Dm(y)dy +

∫
Td
H(y, q1(y,m))m(dy) = F(m) + λ. (2.7)

(see Proposition 2.4.2). Note that (2.7) is a kind of reformulation of the ergodic equation (2.5),
in which q1 = Dmχ and where the divergence term is integrated by parts. The rest of the proof
is more standard and does not bring new difficulties compared to [41].

Let us briefly describe the organization of the paper. In Section 2.1, we fix the main notation
and assumption and collect the results of [68] that we sketched above. Section 2.2 and 2.3 focus
on further characterizations of the limit value λ. In particular, in Section 2.2, we prove that
(2.6) and I ≥ λ hold, while Section 2.3 is devoted to the analysis of the particle system and the
proof that I = λ. Section 2.4 gives a closer look to Mather measures and explains (2.7). Section
2.5 contains Theorem 2.5.7 and Theorem 2.5.9 and their proofs.

Acknowledgement: The first author was partially supported by the ANR (Agence Na-
tionale de la Recherche) project ANR-16-CE40-0015-01 and by the AFOSR grant FA9550-18-1-
0494. We would like to thank Marco Cirant who carefully read this manuscript and pointed to
a blunder in the previous version of Section 2.3.

2.1 Assumptions and preliminary results
The aim of this preliminary section is twofold. Firstly, we introduce the notation and the
assumptions that we will use throughout the paper. Then, we collect some results from [68]
which are the starting point of this work.

2.1.1 Notation and assumptions

We work on the d−dimensional flat torus Td = Rd/Zd to avoid boundary conditions and to set
the problem on a compact domain. We denote by P(Td) the set of Borel probability measures
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on Td. This is a compact, complete and separable set when endowed with the 1-Wasserstein
distance d(·, ·). Let m be a Borel measure over [t, T ] × Td, with first marginal the Lebesgue
measure ds over [t, T ], then with {m(s)}s∈[t,T ] we denote the disintegration of m with respect
to dt. We will always consider measures m such that m(s) is a probability measure on Td for
any s ∈ [t, T ].

If m is such a measure, then L2
m([t, T ]×Td) is the set of m-measurable functions f such that

the integral of |f |2dm(s) over [t, T ]× Td is finite.
We use throughout the paper the notion of derivative for functions defined on P(Td) in-

troduced in [19]. We say that Φ : P(Td) → R is C1 if there exists a continuous function
δΦ
δm : P(Td)× Td → R such that

Φ(m1)− Φ(m2) =
∫ 1

0

∫
Td

δΦ
δm

((1− t)m2 + tm1, x)(m1 −m2)(dx)dt, ∀m1,m2 ∈ P(Td).

As this derivative is defined up to an additive constant, we use the standard normalization∫
Td

δΦ
δm

(m,x)m(dx) = 0. (2.8)

We recall that, if µ, ν ∈ P(Td), the 1-Wasserstein distance is defined by

d(µ, ν) = sup
{∫

Td
φ(x) d(µ− ν)(x)

∣∣∣∣ continuous φ : Td → R, Lip(φ) ≤ 1
}
.

Assumptions: Throughout the paper the following conditions will be in place.

1. H : Td × Rd → R is of class C2, p 7→ DppH(x, p) is Lipschitz continuous, uniformly with
respect to x. Moreover, there exists C̄ > 0 that verifies

C̄−1Id ≤ DppH(x, p) ≤ C̄Id, ∀(x, p) ∈ Td × Rd

and θ ∈ (0, 1), C > 0 such that the following conditions hold true:

|DxH(x, p)| ≤ C + C|p| ∀(x, p) ∈ Td × Rd (2.9)

and

|DxxH(x, p)| ≤ C(1 + |p|)1+θ, |Dx,pH(x, p)| ≤ C(1 + |p|)θ, ∀(x, p) ∈ Td × Rd.

2. F : P(Td)→ R is of class C2. Its derivative F : Td × P(Td)→ R is twice differentiable in
x and D2

xxF is bounded. Examples of non monotone coupling functions which verify such
conditions can be found in [68].

Note that some of the above assumptions will not be used explicitly in this paper but have
been used in [68] to prove results that we will assume to hold true. (The only differences are
assumption (2.9) and that here we need F to be of class C2, in order to build the C2 test
functions of Lemma 2.6.2, while in [68] F was required only to be C1).

Very often in the text, we do not need to work explicitly on F , so, in order to have a lighter
notation, we incorporate F in the Hamiltonian defining, for any (x, p,m) ∈ Td × Rd × P(Td),

H(x, p,m) := H(x, p)−F(m). (2.10)
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We denote with H∗ the Fenchel conjugate of H with respect to the second variable. Then, for
any (x, a,m) ∈ Td × Rd × P(Td),

H∗(x, a,m) = H∗(x, a) + F(m).

We can now introduce the standard minimization problem in potential MFG:

UT (t,m0) = inf
(m,α)

∫ T

t

∫
Td
H∗(x, α)dm(s) + F(m(s))dt, m0 ∈ P(Td)

where m ∈ C0([t, T ],P(Td)), α ∈ L2
m([t, T ] × Td,Rd) and the following equation is verified in

the sense of distributions{
−∂tm+ ∆m+ div(mα) = 0 in [t, T ]× Td

m(t) = m0 in Td.
(2.11)

2.1.2 Corrector functions and the limit value λ

Here we collect the results already proved in [68] that we will use. A most important one is the
following.

Theorem 2.1.1. The function 1
T U

T (t, ·) uniformly converges to a limit value −λ when T goes
to +∞.

The second result that we will use is the existence of corrector functions.

Definition 2.1.2. We say that χ : P(Td) → R is a corrector function if, for any m0 ∈ P(Td)
and any t > 0,

χ(m0) = inf
(m,α)

(∫ t

0
H∗(x, α)dm(s) + F(m(s))ds+ χ(m(t))

)
+ λt, (2.12)

where m ∈ C0([0, t],P(Td)), α ∈ L2
m([0, t] × Td,Rd) and the pair (m,α) solves in the sense of

distributions −∂tm+ ∆m+ div(mα) = 0 with initial condition m0.

Proposition 2.1.3. The set of corrector functions is not empty and uniformly Lipschitz con-
tinuous. In addition, if χ is a continuous map on P(Td) for which equality (2.12) holds for some
constant λ′ and for any t > 0, then λ′ = λ.

A last notion that will come at hand is the one of calibrated curve:

Definition 2.1.4. We say that (m̄, ᾱ), which satisfies (2.11) for any t ∈ R, is a calibrated curve
if there exists a corrector function χ : P(Td) → R such that (m̄, ᾱ) is optimal for χ: for any
t1 < t2 ∈ R

χ(m̄(t1)) = λ(t2 − t1) +
∫ t2

t1

∫
Td
H∗ (x, ᾱ(s)) dm̄(s) + F(m̄(s))ds+ χ(m̄(t2)).

The set of calibrated curves verifies the following property.

Proposition 2.1.5. The set of calibrated curves is not empty. Moreover, if (m,α) is a calibrated
curve, then m ∈ C1,2(R × Td) and there exists a function u ∈ C1,2(R × Td) such that α =
DpH(x,Du) where (u,m) solves{

−∂tu−∆u+H(x,Du) = F (x,m) in R× Td,
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in R× Td.
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2.2 A dual problem
In this section we introduce the two usual characterizations of the constant λ: λ is expected to
be the smallest constant for which there exists a smooth sub-corrector and −λ is the smallest
value of the Lagrangian when integrated against suitable “closed” measures. The goal of this
section is to show that both problems are in duality and have the same value I. We postpone
the analysis of the equality I = λ to the next section.

We start with the HJ equation which we write in variational form.

I := inf
Φ∈C1,1(P(Td))

sup
m∈P(Td)

∫
Td

(H(y,DmΦ(m, y),m)− divyDmΦ(m, y))m(dy), (2.13)

where by C1,1(P(Td)) we mean the set of maps Φ : P(Td) → R such that DmΦ and DyDmΦ
are continuous. We recall that H is defined in (2.10). Let us start with a comparison between
I and λ.

Proposition 2.2.1. We have I ≥ λ.

Proof. Let ε > 0 and Φ be such that∫
Td

(H(y,DmΦ(m, y),m)− divyDmΦ(m, y))m(dy) ≤ I + ε ∀m ∈ P(Td).

Let (m̄, ᾱ) be a calibrated curve and χ be a corrector function associated with (m̄, ᾱ). By
definition of calibrated curve, (m̄, ᾱ) verifies

−∂tm̄(t) + ∆m̄(t) + div(ᾱ(t)m̄(t)) = 0, ∀t ∈ R

and
χ(m̄(0)) =

∫ T

0

∫
Td
H∗(y, ᾱ(t, y), m̄(t))m̄(t, dy) + λT + χ(m̄(T )). (2.14)

As Φ is smooth, we get

Φ(m̄(T ))− Φ(m̄(0)) =
∫ T

0

d

dt
Φ(m̄(t))dt =

∫ T

0

∫
Td

δΦ
δm

(m̄(t), y)∂tm̄(t)dydt

=
∫ T

0

∫
Td

divyDmΦ(m̄(t), y)m̄(t, dy)dt−
∫ T

0

∫
Td
DmΦ(m̄(t), y) · ᾱ(t, y)m̄(t, dy)dt

≥ −(I + ε)T +
∫ T

0

∫
Td

(H(y,DmΦ(m̄(t), y), m̄(t))−DmΦ(m̄(t), y) · ᾱ(t, y))m̄(t, dy)dt

≥ −(I + ε)T −
∫ T

0

∫
Td
H∗(y, ᾱ(t, y), m̄(t))m̄(t, dy).

Using (2.14), we end up with

Φ(m̄(T ))− Φ(m̄(0)) ≥ −(I + ε)T −
∫ T

0

∫
Td
H∗(y, ᾱ(t, y), m̄(t))m̄(t, dy)

= −(I + ε)T + χ(m̄(T ))− χ(m̄(0)) + λT.

Using the fact that χ and Φ are bounded, we divide both sides by T and we conclude that λ ≤ I
by letting T → +∞ and ε→ 0 . �
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Next we reformulate I in terms of "closed measures".

Proposition 2.2.2. We have

−I = min
(µ,p1)

∫
P(Td)

∫
Td
H∗
(
y,

dp1
dm⊗ µ

,m
)
m(dy)µ(dm), (2.15)

where the minimum is taken over µ ∈ P(P(Td)) and p1, Borel vector measure on P(Td) × Td,
such that p1 is absolutely continuous with respect to the measure dm ⊗ µ := m(dy)µ(dm) and
such that (µ, p1) is closed, in the sense that, for any Φ ∈ C1,1(P(Td)),

−
∫
P(Td)×Td

DmΦ(m, y) · p1(dm, dy) +
∫
P(Td)×Td

divyDmΦ(m, y)m(dy)µ(dm) = 0. (2.16)

In analogy with weak KAM theory, we call a measure (µ, p1) satisfying (2.16) a closed
measure and we introduce following definition.

Definition 2.2.3. We say that a closed measure (µ, p1) is a Mather measure if it is minimizer
of (2.15).

Proof. As usual we can rewrite I as

I = inf
Φ∈C1,1(P(Td))

sup
µ∈P(P(Td))

∫
P(Td)

(∫
Td

(H(y,DmΦ(m, y),m)− divyDmΦ(m, y))m(dy)
)
µ(dm).

We claim that

I = max
µ∈P(P(Td))

inf
Φ∈C1,1(P)

∫
P(Td)

(∫
Td

(H(y,DmΦ(m, y),m)− divyDmΦ(m, y))m(dy)
)
µ(dm).

(2.17)
Indeed, P(P(Td)) is a compact subspace ofM(P(Td)) and, for any fixed Φ ∈ C1,1(P(Td)) the
function onM(P(Td)) defined by

µ 7→
∫
P(Td)

(∫
Td

(H(y,DmΦ(m, y),m)− divyDmΦ(m, y))m(dy)
)
µ(dm)

is continuous and concave (as it is linear). On the other hand, when we fix µ ∈ P(P(Td)), the
function on C1,1(P(Td)), defined by

Φ 7→
∫
P(Td)

(∫
Td

(H(y,DmΦ(m, y),m)− divyDmΦ(m, y))m(dy)
)
µ(dm),

is continuous with respect to the uniform convergence in C1,1(P(Td)) and convex due to the
convexity of H. Therefore, the hypothesis of Sion’s min-max Theorem are fulfilled and (2.17)
holds true.

We now define the continuous linear map Λ : C1,1(P(Td))→ (C0(P(Td)×Td))d×C0(P(Td)×
Td) by

Λ(Φ) = (DmΦ,divyDmΦ).

From now on we fix a maximizer µ for (2.17) and we define E := C1,1(P(Td)), F := (C0(P(Td)×
Td))d × C0(P(Td)× Td) and

f(Φ) = 0, g(a, b) =
∫
P(Td)

∫
Td

(H(y, a(m, y),m)− b(m, y))m(dy)µ(dm), ∀(a, b) ∈ F.
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We note that
I = inf

Φ∈C1,1(P(Td))
{f(Φ) + g(ΛΦ)}.

To use the Fenchel-Rockafellar theorem we need to check the transversality conditions. These
hypothesis are easily verified, indeed, both f and g are continuous and, therefore, proper func-
tions. The function f is convex because it is linear and so is g, due to the convexity of Hamil-
tonian H. Moreover, it comes directly from its definition that Λ is a bounded linear functional
on E. Then, the Fenchel-Rockafellar Theorem states that

I = − min
(p1,p2)∈F ′

{f∗(−Λ∗(p1, p2)) + g∗(p1, p2)}.

Note that
F ′ = (M(P(Td)× Td))d ×M(P(Td)× Td),

that f∗(q) = 0 if q = 0, f∗(q) = +∞ otherwise. So, for any (p1, p2) ∈ F ′,

f∗(−Λ(p1, p2)) = sup
Φ∈C1,1(P(Td))

−〈Λ∗(p1, p2),Φ〉 − f(Φ) = sup
Φ∈C1,1(P(Td))

−〈(p1, p2),Λ(Φ)〉

= sup
Φ∈C1,1(P(Td))

−
∫

(P(Td)×Td
DmΦ(m, y) · p1(dm, dy)−

∫
(P(Td)×Td

divyDmΦ(m, y)p2(dm, dy)

which is 0 if, for any Φ ∈ C1,1(P(Td)),∫
P(Td)×Td

DmΦ(m, y) · p1(dm, dy) +
∫
P(Td)×Td

divyDmΦ(m, y)p2(dm, dy) = 0,

and +∞ otherwise. On the other hand,

g∗(p1, p2) = sup
(a,b)∈F

∫
P(Td)×Td

a(m, y) · p1(dm, dy) +
∫
P(Td)×Td

b(m, y)p2(dm, dy)

−
∫
P(Td)

(∫
Td

(H(y, a(m, y),m)− b(m, y))m(dy)
)
µ(dm).

So, if g∗(p1, p2) is finite, one must have that p2(dm, dy) = −m(dy)µ(dm) and that p1 is absolutely
continuous with respect to the measure dm⊗µ := m(dy)µ(dm). Indeed, if p1 were not absolutely
continuous with respect to dm ⊗ µ, we could find a sequence of continuous functions an ∈
(C0(P(Td)× Td))d such that, an is uniformly bounded on the support of dm⊗ µ and∫

P(Td)×Td
an(m, y) · p1(dm, dy)→ +∞.

But then we would have g∗(p1, p2) = +∞. So,

g∗(p1, p2) = sup
a∈C0(P(Td)×Td))d

∫
P(Td)×Td

(
a(m, y) · dp1

dm⊗ µ
(m, y)−H(y, a(m, y),m)

)
m(dy)µ(dm)

We now want to prove that

sup
a∈C0(P(Td)×Td))d

∫
P(Td)×Td

(
a(m, y) · dp1

dm⊗ µ
(m, y)−H(y, a(m, y),m)

)
m(dy)µ(dm)

=
∫
P(Td)

∫
Td
H∗
(
y,

dp1
dm⊗ µ

(m, y),m
)
m(dy)µ(dm).
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We have one inequality by definition of Fenchel’s conjugate. Indeed,

sup
a∈C0(P(Td)×Td))d

∫
P(Td)×Td

(
a(m, y) · dp1

dm⊗ µ
(m, y)−H(y, a(m, y),m)

)
m(dy)µ(dm)

≤
∫
P(Td)×Td

a∗(m, y) · dp1
dm⊗ µ

(m, y)−H(y, a∗(m, y),m)m(dy)µ(dm)

=
∫
P(Td)

∫
Td
H∗
(
y,

dp1
dm⊗ µ

(m, y),m
)
m(dy)µ(dm),

where
a∗(m, y) = DaH∗

(
y,

dp1
dm⊗ µ

(m, y),m
)
.

For the opposite inequality we use a density argument. The function a∗ could be not continuous
but yet it must be measurable. Moreover, the growth of H ensures that a∗ ∈ L2

µ(P(Td) ×
Td;Rd). As P(Td) × Td is a compact Hausdorff space, the set of continuous functions is dense
in L2

µ(P(Td)× Td). Let an ∈ C0P(Td)× Td;Rd) be such that an → a∗ in L2
µ. Then,

sup
a∈C0(P(Td)×Td))d

∫
P(Td)×Td

a(m, y) · dp1
dm⊗ µ

(m, y)−H(y, a(m, y),m)m(dy)µ(dm) ≥

lim
n→+∞

∫
P(Td)×Td

an(m, y) · dp1
dm⊗ µ

(m, y)−H(y, an(m, y),m)m(dy)µ(dm) =

∫
P(Td)×Td

a∗(m, y) · dp1
dm⊗ µ

(m, y)−H(y, a∗(m, y),m)m(dy)µ(dm) =

∫
P(Td)

∫
Td
H∗
(
y,

dp1
dm⊗ µ

(m, y),m
)
m(dy)µ(dm).

Therefore, we can conclude that

I = − min
(µ,p1)

∫
P(Td)

∫
Td
H∗
(
y,

dp1
dm⊗ µ

,m
)
m(dy)µ(dm),

where the minimum is taken over (µ, p1) satisfying condition (2.16). �

2.3 The N−particle problem.
In the previous section, we introduced two problems in duality. These problems have a common
value called I and we have checked that λ ≤ I. The aim of this section is to show that there
is actually an equality: λ = I. In the standard setting, this equality is proved by smoothing
correctors by a convolution; by the convexity of the Hamiltonian, the smoothened corrector is a
subsolution to the corrector equation (up to a small error term), thus providing a competitor for
problem (2.13). In our framework, there is no exact equivalent of the convolution. We overcome
this difficulty by considering the projection of the problem onto the set of empirical measures of
size N (thus on (Td)N ). For the N−particle problem, the corrector is smooth. We explain here
that a suitable extension of this finite dimensional corrector to the set P(Td) provides a smooth
sub-corrector for the problem in P(Td) when N is large. This shows the claimed equality and, in
addition, the fact that the ergodic constant associated with the N−particle problem converges
to λ.
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More precisely, we consider vN : (Td)N → R the solution of:

−
N∑
i=1

∆xiv
N (x) + 1

N

N∑
i=1
H(xi, NDxiv

N (x),mN
x ) = λN , (2.18)

where x = (x1, . . . , xN ) ∈ (Td)N and mN
x = N−1∑N

i=1 δxi and where H is defined in (2.10). Let
us recall that such a corrector exists (it is unique up to additive constants) and is smooth. To
fix the ideas, we choose the solution vN such that∫

(Td)N
vN = 0. (2.19)

Proposition 2.3.1. We have
I ≤ lim inf

N→+∞
λN .

Proof. We define

WN (m) :=
∫

(Td)N
vN (x1, . . . , xN )

N∏
i=1

m(dxi).

As vN is smooth, it is clear that WN is also smooth on P(Td) and we have

DmW
N (m, y) =

N∑
k=1

∫
(Td)N−1

Dxkv
N (x1, . . . , xk−1, y, xk+1, . . . , xN )

∏
i 6=k

m(dxi)

and

divyDmW
N (m, y) =

N∑
k=1

∫
(Td)N−1

∆xkv
N (x1, . . . , xk−1, y, xk+1, . . . , xN )

∏
i 6=k

m(dxi).

In view of the convexity of H with respect to p, we obtain, for any m ∈ P(Td),

−
∫
Td

divyDmW
N (m, y)m(dy) +

∫
Td
H(y,DmW

N (m, y),m)m(dy)

= −
N∑
k=1

∫
Td

∫
(Td)N−1

∆xkv
N (x1, . . . , xk−1, y, xk+1, . . . , xN )

∏
i 6=k

m(dxi)m(dy)

+
∫
Td
H
(
y,

N∑
k=1

∫
(Td)N−1

Dxkv
N (x1, . . . , xk−1, y, xk+1, . . . , xN )

∏
i 6=k

m(dxi),m
)
m(dy)

≤
∫

(Td)N

(
−

N∑
k=1

∆xkv
N (x1, . . . , xN ) + 1

N

N∑
k=1
H
(
xk, NDxkv

N (x1, . . . , xN ),m
))∏

i

m(dxi).

Following [31], the Glivenko-Cantelli Theorem states that

∫
(Td)N

d2(mN
x ,m)

∏
i

m(dxi) ≤ εN :=


N−1/2 if d < 4,
N−1/2 ln(N) if d = 4,
N−2/d otherwise.
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As H has a separate form: H(x, p,m) = H(x, p)− F(m) where F is Lipschitz continuous with
respect to m, we infer that∫

(Td)N

1
N

N∑
k=1
H
(
xk, NDxkv

N (x1, . . . , xN ),m
)∏

i

m(dxi)

≤
∫

(Td)N

1
N

N∑
k=1
H
(
xk, NDxkv

N (x1, . . . , xN ),mN
x

)∏
i

m(dxi) + CεN .

Recalling the equation satisfied by vN , we conclude that

−
∫
Td

divyDmW
N (m, y)m(dy) +

∫
Td
H(y,DmW

N (m, y),m)m(dy)

≤
∫

(Td)N

(
−

N∑
k=1

∆xkv
N (x1, . . . , xN ) + 1

N

N∑
k=1
H
(
xk, NDxkv

N (x1, . . . , xN ),mN
x )
)∏

i

m(dxi) + CεN

≤ λN + CεN .

As WN is smooth, this shows that I ≤ lim infN λN . �

According to the above proposition and Proposition 2.2.1 we have that λ ≤ I ≤ lim infN λN .
Therefore, to have that I = λ we need to show that limN λ

N = λ. Before proving this result we
introduce some estimates on vN .

Lemma 2.3.2. There exists a constant C̄1 > 0, independent of N , such that

N
N∑
i=1
|Dxiv

N (x)|2 ≤ C̄1 ∀x ∈ (Td)N . (2.20)

Proof. The proof is an application of the Berstein’s type estimates used in [67]. First we show
that the sequence λN is bounded. This is a direct consequence of the maximum principle.
Indeed, if y is a minimum point of vN , then

1
N

N∑
i=1
H(xi, 0,mN

y ) ≥ −
N∑
i=1

∆xiv
N (y) + 1

N

N∑
i=1
H(xi, 0,mN

y ) = λN .

As the left hand side is uniformly bounded with respect to N we get that λN is bounded from
above. If instead of the minimum we consider a maximum we get the lower bound.

From (2.18) and the quadratic growth of the Hamiltonian we have

C̄N
N∑
i=1
|Dxiv

N (x)|2 − C̄ ≤
N∑
i=1

∆xiv
N (x) + ‖F‖∞ + λN ≤

N∑
i,j=1
|D2

xi,xjv
N (x)|+ ‖F‖∞ + λN

≤ N
1
2

 N∑
i,j=1
|D2

xi,xjv
N (x)|2

 1
2

+ ‖F‖∞ + λN .

As λN is bounded, there exists a constant C such that

C̄N
N∑
i=1
|Dxiv

N (x)|2 ≤ N
1
2

 N∑
i,j=1
|D2

xi,xjv
N (x)|2

 1
2

+ C (2.21)
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Now we define

w(x) =
N∑
i=1
|Dxiv

N (x)|2,

then

Dxjw(x) = 2
∑
i=1

Dxiv
N (x)D2

xj ,xjv
N (x).

By a direct computation we get

−
N∑
i=1

∆xiw(x) = −2
N∑

i,j=1
|D2

xi,xjv
N (x)|2 +

N∑
i=1

Dxiv
N (x)Dxi

 N∑
j=1

∆xjv
N (x)


= −2

N∑
i,j=1
|D2

xi,xjv
N (x)|2 +

N∑
i=1

Dxiv
N (x)Dxi

N−1

 N∑
j=1

H(xj , NDxjv
N (x))−F(mN

x )

− λN


= −2
N∑

i,j=1
|D2

xi,xjv
N (x)|2 +N−1

N∑
i=1

Dxiv
N (x)DxH(xi, NDxiv

N (x))

+
N∑

i,j=1
DpH(xj , N∆xjv

N (x))D2
xi,xjv

N (x)Dxiv
N (x)−N−1

N∑
i=1

DxF (mN
xi , xi)Dxiv

N (x)

= −2
N∑

i,j=1
|D2

xi,xjv
N (x)|2 +N−1

N∑
i=1

Dxiv
N (x)DxH(xi, NDxiv

N (x))

+
N∑
j=1

DpH(xj , N∆xjv
N (x))Dxjw(x)−N−1

N∑
i=1

DxF (mN
x , xi)Dxiv

N (x)

If x is a maximum point of w, the above computations lead to

2
N∑

i,j=1
|D2

xi,xjv
N (x)|2 ≤ N−1

[
N∑
i=1

Dxiv
N (x)DxH(xi, NDxiv

N (x))−
N∑
i=1

DxF (mN
x , xi)Dxiv

N (x)
]

≤ N−1
[
N∑
i=1
|Dxiv

N (x)||DxH(xi, NDxiv
N (x))|+ ‖DxF‖∞

N∑
i=1
|Dxiv

N (x)|
]

≤ N−1
[
CN

N∑
i=1
|Dxiv

N (x)|2 + (‖DxF‖∞ + C)
N∑
i=1
|Dxiv

N (x)|
]
,

where for the last line we used the bounds on DxH (2.9).
As DxF is bounded, plugging the above inequality into (2.21) we get (for a possible different
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constant C, independent of N , that might change from line to line)

N
N∑
i=1
|Dxiv

N (x)|2 ≤ C
[
N

N∑
i=1
|Dxiv

N (x)|2 +
N∑
i=1
|Dxiv

N (x)|
] 1

2

+ C

≤ C
(
N

N∑
i=1
|Dxiv

N (x)|2
) 1

2

+ C

(
N

N∑
i=1
|Dxiv

N (x)|2
) 1

4

+ C.

The above inequalities ensure that there exists a C̄1 > 0, independent of N , such that

N
N∑
i=1
|Dxiv

N (x)|2 ≤ C̄1.

�

Lemma 2.3.3. Let vN be the solution to (2.18) satisfying condition (2.19). There exists a
Lipschitz continuous map V : P(Td)→ R and a subsequence {Nk}k such that

lim
k→+∞

sup
x∈(Td)Nk

|vNk(x)− V (mNk
x )| = 0

Proof. The proof is a direct application of a compactness result due to Lions (see [17, Theorem
2.1]), for which we just need to check the hypotheses. Let us note that, by uniqueness (up to a
constant) of the solution to (2.18), vN is symmetrical. To apply [17, Theorem 2.1] we have to
prove that vN is uniformly bounded and that there exists a constant C, independent of N , such
that, for any x,y ∈ (Td)N

|vN (x)− vN (y)| ≤ Cd(mN
x ,m

N
y ). (2.22)

The fact that (2.22) and the normalization condition (2.19) hold implies that the vN are
uniformly bounded. To prove (2.22), we fix two points x = (x1, · · · , xN ) ∈ (Td)N and y =
(y1, · · · , yN ) ∈ (Td)N . As vN is symmetrical, we can assume without loss of generality that
d2(mN

x ,m
N
y ) = (N−1∑N

i=1 d2
Td(xi, yi))

1/2, where dTd is the distance on Td. Then, using again
(2.20), we have

|vN (x)− vN (y)| ≤ sup
z∈(Td)N

N∑
i=1
|Dxiv

N (z)|dTd(xi, yi)

≤ sup
z∈(Td)N

(
N∑
i=1
|Dxiv

N (z)|2
) 1

2
(

N∑
i=1

d2
Td(xi, yi)

) 1
2

≤ C̄
1
2
1 N

− 1
2

(
N∑
i=1

d2
Td(xi, yi)

) 1
2

= C̄
1
2
1 d2(mN

x ,m
N
y ) ≤ Cd(mN

x ,m
N
y ).

�

We now adapt the argument of [59] to prove that the function V is a corrector.



54 CHAPTER 2. WEAK KAM THEORY FOR POTENTIAL MFG

Proposition 2.3.4. Let {λNk}k be the subsequence such that (vNk) converges to V as in Lemma
2.3.3 and let λ∗ be an accumulation point of {λNk}k. Then, for any T > 0 and any m0 ∈ P(Td),
the function V : P(Td)→ R verifies

V (m0) = inf
(m,α)

(∫ T

0

∫
Td
H∗(x, α)dm(s) + F(m(s))ds+ V (m(T ))

)
+ λ∗T,

where (m,α) solves in the sense of distributions −∂tm+∆m+div(mα) = 0 with initial condition
m0.

Consequently, λ∗ = λ and λN → λ.

Proof. The Proposition is a consequence of a nice result due to Lacker [59], which roughly
says that the mean field limit of an optimal stochastic control problem involving symmetric
controllers is an optimal control problem of a McKean-Vlasov equation. As the adaptation to
our framework, if relatively easy, requires cumbersome details, we refer the interested reader to
the appendix.

The fact that λ∗ = λ is a consequence of the uniqueness of the ergodic constant as stated
in Proposition 2.1.3. As any accumulation point of the bounded sequence λN is equal to λ, we
finally conclude that the whole sequence converges to λ. �

As we mentioned before, the immediate consequence of the above proposition is the following
result.

Proposition 2.3.5. We have
I = λ = lim

N→+∞
λN .

2.4 On the support of the Mather measures
In this section we take a closer look at Mather measures and the properties of their support
points.

Definition 2.4.1. We say that the closed measure (µ, p1) is smooth if there exists a constant
C > 0 such that, for µ−a.e. m ∈ P(Td), m has a positive density and

‖D ln(m)‖L2
m(Td) ≤ C.

The aim of this section is to prove the following property of smooth Mather measures.

Proposition 2.4.2. Let (µ, p1) be a smooth Mather measure. Let us set

q1(y,m) := DaH∗
(
y,

dp1
dm⊗ µ

(y,m),m
)
.

Then we have, for µ−a.e. m ∈ P(Td),∫
Td
q1(y,m) ·Dm(y)dy +

∫
Td
H(y, q1(y,m),m)m(dy) = λ.

In order to prove the proposition, let us start with a preliminary step. Let (µ, p1) be optimal
in problem (2.15) (where we recall that I = λ) and let ΦN be any minimizing sequence in (2.13).
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Lemma 2.4.3. The sequence (DpH(y,DmΦN (m, y))) converges to dp1
dm⊗µ in L2(P(Td)×Td, dm⊗

µ). Moreover,

lim
N→+∞

−
∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) +
∫
P(Td)×Td

H(y,DmΦN (m, y),m)m(dy)µ(dm)

= λ.
(2.23)

Proof. Recall that ΦN satisfies

−
∫
Td

divyDmΦN (m, y)m(dy) +
∫
Td
H(y,DmΦN (m, y),m)m(dy) ≤ λ+ oN (1). (2.24)

We integrate equation (2.24) against µ and add the problem for (µ, p1) to find:

−
∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) +
∫
P(Td)×Td

H(y,DmΦN (m, y),m)m(dy)µ(dm)

+
∫
P(Td)×Td

H∗
(
y,

dp1
dm⊗ µ

,m
)
m(dy)µ(dm) ≤ oN (1).

Using the uniform convexity of H, this implies that

−
∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) +
∫
P(Td)×Td

dp1
dm⊗ µ

·DmΦN (m, y)m(dy)µ(dm)

+ C−1
∫
P(Td)×Td

∣∣∣∣ dp1
dm⊗ µ

−DpH(y,DmΦN (m, y),m)
∣∣∣∣2m(dy)µ(dm) ≤ oN (1).

Then, (2.16) implies that the first line vanishes and so∫
P(Td)×Td

∣∣∣∣ dp1
dm⊗ µ

−DpH(y,DmΦN (m, y),m)
∣∣∣∣2m(dy)µ(dm) ≤ oN (1),

which proves the first statement of the lemma. We now turn to (2.23). First of all, as ΦN is a
minimizing sequence for (2.13), we have that

lim sup
N→+∞

−
∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) +
∫
P(Td)×Td

H(y,DmΦN (m, y),m)m(dy)µ(dm)

≤ λ.
To prove the other inequality we start with

−
∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) +
∫
P(Td)×Td

H(y,DmΦN (m, y),m)m(dy)µ(dm).

We add and subtract the same quantity to get

−
∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) +
∫
P(Td)×Td

dp1
dm⊗ µ

·DmΦN (m, y)m(dy)µ(dm)+

∫
P(Td)×Td

H(y,DmΦN (m, y),m)m(dy)µ(dm)−
∫
P(Td)×Td

dp1
dm⊗ µ

·DmΦN (m, y)m(dy)µ(dm).

As (µ, p1) verifies (2.16), the first line above vanishes. Then, using the Fenchel’s inequality, we
find that

−
∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) +
∫
P(Td)×Td

H(y,DmΦN (m, y),m)m(dy)µ(dm) ≥
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−
∫
P(Td)

∫
Td
H∗
(
y,

dp1
dm⊗ µ

,m
)
m(dy)µ(dm).

By hypothesis, (µ, p1) is a minimizer for (2.15), so, for any N ∈ N,

−
∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm)+
∫
P(Td)×Td

H(y,DmΦN (m, y),m)m(dy)µ(dm) ≥ λ.

Therefore,

lim inf
N→+∞

−
∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) +
∫
P(Td)×Td

H(y,DmΦN (m, y),m)m(dy)µ(dm)

≥ λ.
and the result follows. �

Proof of Proposition 2.4.2. From our assumption on (µ, p1), we have∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) = −
∫
P(Td)×Td

DmΦN (m, y) ·Dm(y)dyµ(dm).

As, by Lemma 2.4.3, the sequence (DpH(y,DmΦN (m, y)),m) converges to dp1
dm⊗µ in L2(P(Td)×

Td, dm ⊗ µ), we also have that (DmΦN (m, y)) converges to q1 in L2(P(Td) × Td, dm ⊗ µ) by
regularity and invertibility of DpH and DaH∗. On the other hand, Dm(y)

m(y) is bounded in L2
m(Td)

for µ−a.e. m ∈ P(Td). Therefore

lim
N→+∞

∫
P(Td)×Td

divyDmΦN (m, y)m(dy)µ(dm) = −
∫
P(Td)×Td

q1(m, y) ·Dm(y)dyµ(dm).

We conclude thanks to (2.23) that∫
P(Td)×Td

q1(m, y) ·Dm(y)dyµ(dm) +
∫
P(Td)×Td

H(y, q1(m, y),m)m(dy)µ(dm) = λ.

On the other hand, extracting a subsequence if necessary, the sequence {DmΦN (m, y)}N con-
verges µ−a.e. to q1. So, by (2.24), we have, for m−a.e. m ∈ P(Td),∫

Td
q1(y,m) ·Dm(y)dy +

∫
Td
H(y, q1(y,m),m)m(dy) ≤ λ.

Putting together the previous inequality with the previous equality gives the result.
�

2.5 The long time behavior of potential MFG
In this section, we prove the two main results of the paper: the first one is the convergence, as
T → +∞, of UT (0, ·) + λT . The second one states that limits of time-dependent minimizing
mean field games equilibria, as the horizon tends to infinity, are calibrated curves.
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2.5.1 Convergence of UT (0, ·) + λT

We recall that UT (t,m0) is defined by

UT (t,m0) = inf
(m,α)

∫ T

t

(∫
Td
H∗ (y, α(s, y))m(s, y)dy + F(m(s))

)
ds,

where (m,α) verifies the usual constraint

∂tm−∆m− div(mα) = 0 in (t, T )× Td, m(t) = m0.

Let (mT , αT ) be a minimizer of the problem, then, αT (s, x) = DpH(x,DuT (s, x)), where
(uT ,mT ) solves 

−∂tu−∆u+H(x,Du) = F (x,m) in Td × [t, T ]
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Td × [t, T ]
m(t) = m0, u(T, x) = 0 in Td,

(2.25)

(see for instance [11] for details).
We also take from [68, Lemma 1.3] some uniform estimates on the solutions of (2.25) which

will be useful in the next propositions.

Lemma 2.5.1. There exists C > 0 independent of m0 and T such that, if (u,m) is a classical
solution of (2.25), then

• ‖Du‖L∞([0,T ]×Td) + ‖D2u‖L∞([0,T ]×Td) ≤ C

• d(m(s),m(l)) ≤ C|l − s|1/2 for any l, s ∈ [0, T ]

Consequently, we also have that |∂tu(s, ·)| ≤ C for any s ∈ [0, T ].

Lemma 2.5.2. For any (u,m) solution of the MFG system (2.25), there exists c(u,m) ∈ R such
that, for any t ∈ [0, T ],∫

Td

(
H(x,DuT (t, x))−∆uT (t, x)

)
mT (t, dx)−F(mT (t)) = c(m,u).

Proof. As for any t > 0 both mT and uT are smooth in time and space, the integral∫
Td
H(x,Du(t, x))mT (t, x) +Du(t, x) ·Dm(t, x)dx−F(m(t))

is well defined and we can derive it in time. Then,∫
Td
DpH(x,Du(t, x))∂tDu(t, x)m(t, x) +H(x,Du(t, x))∂tm(t, x)+

∫
Td
∂tDu(t, x) ·Dm(t, x)dx+Du(t, x) · ∂tDm(t, x)− F (x,m(t))∂tm(t, x).

Integrating by parts and rearranging the terms we get that the above expression is equal to∫
Td

(−∆m(t, x)− div(m(t, x)DpH(x,DuT (t, x)))∂tuT (t, x)dx+
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(−∆uT (t, x) +H(x,DuT (t, x)− F (x,mT (t, x)))∂tmT (t, x)dx.

If we plug into the last equality the equations verified by uT and mT , we get

d

dt

(∫
Td
H(x,DuT (t, x))mT (t, x) +DuT (t, x) ·DmT (t, x)dx−F(mT (t))

)
=

∫
Td
−∂tmT (t, x)∂tuT (t, x) + ∂tm

T (t, x)∂tuT (t, x) = 0.

Integrating by parts the term DuT (t, x) · DmT (t, x) and using the continuity of t → u(t, ·) in
C2(Td) and the continuity of t→ m(t) in P(Td) we conclude that the result holds.

�

Proposition 2.5.3. Let (mT , αT ) be optimal for U(T,m0) and (uT ,mT ) be a solution of (2.25)
associated to (mT , αT ). Then, c(uT ,mT ) → λ as T → +∞. Moreover, this limit is uniform
with respect to the initial condition m0 and the choice of the minimizer (mT , αT ).

Proof. We prove it by contradiction. Let us suppose that there exist a sequence Ti → +∞ and
a sequence (mi, αi), minimizing UTi(0,mi

0), such that, for any i ∈ N and a some ε > 0,

|c(ui,mi)− λ| ≥ ε, (2.26)

where, as usual, αi(s, x) = DpH(x,Dui(s, x)) and (ui,mi) solves (2.25). Thanks to Lemma 2.5.1
we know that there exists C > 0, independent of i such that

sup
Ti>0

sup
t∈[0,Ti]

‖αi(t)‖∞ + ‖Dαi(t)‖∞ ≤ C.

Let E be the set
E := {α ∈W 1,∞(Td,Rd), ‖α‖∞ + ‖Dα‖∞ ≤ C}.

Then E, endowed with the topology of the uniform convergence, is compact. Moreover, αi(t) ∈ E
for any t ∈ [0, Ti]. Let us define the probability measure νi on P(Td)× E by∫

P(Td)×E
f(m,α)νi(dm, dα) = 1

Ti − 1

∫ Ti

1
f(mi(t), αi(t))dt ∀f ∈ C(P(Td)× E).

As P(P(Td) × E) is compact, νi converges, up to a subsequence denoted in the same way, to
some probability measure ν ∈ P(P(Td)× E). Note that

1
Ti
U(0,mi

0) = 1
Ti

∫ 1

0

(∫
Td
H∗(y, αi(s, y))mi(s, y)dy

)
+ F(mi(s))) ds

+ Ti − 1
Ti

∫
P(Td)×E

(∫
Td
H∗(y, α(y))m(dy) + F(m)

)
νi(dm, dα)

Hence, as the left-hand side converges, uniformly with respect to mi
0, to −λ (see [68]), we obtain∫

P(Td)×E

(∫
Td
H∗(y, α(y))m(dy) + F(m)

)
ν(dm, dα) = −λ. (2.27)

Now we make the link between ν and the measure (µ, p1) of Section 2.4. Let µ be the first
marginal of ν and let us define the vector measure p1 on P(Td)× Td as∫

P(Td)×Td
φ(m, y) · p1(dm, dy) =

∫
P(Td)×E

∫
Td
φ(m, y) · α(y)m(dy)ν(dm, dα)
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for any test function φ ∈ C0(P(Td) × Td,Rd). We note that p1 is absolutely continuous with
respect to µ, since, if we disintegrate ν with respect to µ: ν = νm(dα)µ(dm), then

p1(dm, dy) =
∫
E
α(y)m(dy)νm(dα)µ(dm).

Therefore,
dp1

dm⊗ µ
(m, y) =

∫
E
α(y)νm(dα).

Let us check that (µ, p1) is closed. Indeed, for any map Φ ∈ C1,1(P(Td)), we have

d

dt
Φ(mi(t)) =

∫
Td

div(DmΦ(mi(t), y))mi(t, dy)−
∫
Td
DmΦ(mi(t), y) ·Hp(y,Dui(t, y))mi(dy)

=
∫
Td

div(DmΦ(mi(t), y))mi(t, dy) +
∫
Td
DmΦ(mi(t), y) · αi(t, y)mi(dy).

So,∫
P(Td)×E

∫
Td

div(DmΦ(m, y)) +DmΦ(m, y) · α(y)m(dy) νi(dm, dα)

= 1
Ti − 1

∫ Ti

1

∫
Td

div(DmΦ(mi(t), y))mi(t, dy) +
∫
Td
DmΦ(mi(t), y) · αi(t, y)mi(dy)dt

= 1
Ti − 1

[
Φ(mi(Ti))− Φ(mi(1))

]
.

Letting i→ +∞ gives∫
P(Td)×E

∫
Td

div(DmΦ(m, y)) +DmΦ(m, y) · α(y)m(dy) ν(dm, dα) = 0,

which can be rewritten, in view of the definition of p1, as∫
P(Td)

∫
Td

div(DmΦ(m, y))m(dy)µ(dm) +
∫
P(Td)×Td

DmΦ(m, y) · p1(dm, dy) = 0.

This proves that (µ, p1) is closed. Next we come back to (2.27): using the convexity of H∗, we
also have

−λ =
∫
P(Td)×E

[∫
Td
H∗(y, α(y))m(dy) + F(m)

]
ν(dm, dα) =∫

P(Td)

∫
E

[∫
Td
H∗(y, α(y))m(dy) + F(m)

]
νm(dα)µ(dm) ≥∫

P(Td)

[∫
Td
H∗

(
y,

∫
E
α(y)νm(dα)

)
m(dy) + F(m)

]
µ(dm) =∫

P(Td)

[∫
Td
H∗

(
y,

dp1
dm⊗ µ

(m, y)
)
m(dy) + F(m)

]
µ(dm).

Therefore, ∫
P(Td)

[∫
Td
H∗

(
y,

dp1
dm⊗ µ

(m, y)
)
m(dy) + F(m)

]
µ(dm) ≤ −λ, (2.28)

which proves the minimality of (µ, p1). By the uniform convexity of H, relation (2.28) shows
also that, for µ−a.e. m ∈ P(Td) and for νm−a.e. α, one has

dp1
dm⊗ µ

(m, y) = α(y). (2.29)
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Note also that, mi(t) has a positive density for any t ∈ [1, Ti] and there exists a constant
C > 0 independent of i such that

sup
t∈[1,Ti]

‖1/mi(t, ·)‖∞ + ‖Dmi(t, ·)‖∞ ≤ C. (2.30)

The bounds on Dmi are standard and we refer to [60, Ch4, Theorem 5.1]. While, for the
estimates on 1/mi, we used the Harnack’s inequality in [10, Theorem 8.1.3]. In our setting, this
theorem states that, for any x, y ∈ Td and for any 0 < s < t < Ti, there exists a constant Ct−s,
depending only on |t− s|, such that

mi(t, x) ≥ Ct−smi(s, y).

As we work on the torus, for any s > 0, there exists a point ys ∈ Td such that mi(s, ys) ≥ 1.
Then, we can chose s = t− 1 and we get that for any t > 1

mi(t, x) ≥ C1m
i(t− 1, yt−1) ≥ C1,

which proves (2.30).
The estimates in (2.30) ensure that the pair (µ, p1) is smooth in the sense of Definition 2.4.1.

In particular, we know by Proposition 2.4.2 that, for µ−a.e. m ∈ P(Td),

−
∫
Td
q1(y,m) ·Dm(y)dy +

∫
Td
H(y, q1(y,m))m(dy)−F(m) = λ,

where
q1(y,m) := DaH

∗
(
y,

dp1
dm⊗ µ

(y,m)
)
.

By the convergence of νi to ν, there exists (up to a subsequence again) ti ∈ [1, Ti] such that
(mi(ti), αi(ti)) converges to an element (m,α) ∈ P(Td)× E which belongs to the support of µ.
Then by (2.29), α = dp1

dm⊗µ . Thus Dui(ti) = DaH
∗(y, αi(ti)) converges uniformly to q1(·,m).

This shows that

lim
i→+∞

c(ui,mi)

= lim
i→+∞

−
∫
Td
Dui(ti, y) ·Dmi(ti, y)dy +

∫
Td
H(y,Dui(ti, y))mT (ti, dy)−F(mi(ti))

= −
∫
Td
q1(y,m) ·Dm(y)dy +

∫
Td
H(y, q1(y,m))m(dy)−F(m) = λ,

which is in contradiction with (2.26). �

The next step towards Theorem 2.5.7 is to prove that the map (s,m)→ UT (s,m) +λ(T − s)
has a limit. In the next proposition we prove that (s,m) → UT (s,m) + λ(T − s) is bounded
and equicontinuous on [0, T ]× P(Td) and so that there exists a subsequence (UTn + λ(Tn − ·))
which, locally in time, converges uniformly to a continuous function ξ.

Proposition 2.5.4. The maps (s,m) → UT (s,m) + λ(T − s) are uniformly bounded and uni-
formly continuous.
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Proof. We first prove that (s,m)→ UT (s,m) + λ(T − s) is bounded, uniformly in T . Let χ be
a corrector function. As χ is a continuous function on the compact set P(Td), there exists a
constant C > 0 such that 0 ≤ χ(m) + C for any m ∈ P(Td). If (m(t), w(t)) is an admissible
trajectory for the minimization problem of UT (s,m), then∫ T

s

∫
Td
H∗ (x, α(t, x)) dm(t) + F(m(t))dt+ λ(T − s)

≤
∫ T

s

∫
Td
H∗ (x, α(t, x)) dm(t) + F(m(t))dt+ χ(m(T )) + λ(T − s) + C.

Taking the infimum over all the possible (m,α), the definition of UT (s,m) and the dynamic
programming principle verified by χ lead to

UT (s,m) + λ(T − s) ≤ χ(m) + C.

As χ is bounded, we get an upper bound independent of T , m and s. The lower bound is
analogous.

We turn to the equicontinuity. For what concern the continuity in the m variable, one can
adapt the proof of [68, Theorem 1.5] with minor adjustments, to show that, if T − s ≥ ε > 0
for given ε > 0, then there exits a constant K independent of T and s such that UT (s, ·) is
K-Lipschitz continuous.

We now need to estimate |UT (t2,m0) − UT (t1,m0)|. We suppose t2 > t1 and we fix
(m̄(s), ᾱ(s)) an optimal trajectory for UT (t1,m0), then

|UT (t2,m0)−UT (t1,m0)| ≤ |UT (t2,m0)−UT (t2, m̄(t2))|+ |UT (t2, m̄(t2))−UT (t1,m0)|. (2.31)

We can estimate the first term on the right hand-side using at first the uniform Lipschitz
continuity we discussed before and then the estimates on the solution of the MFG system in
Lemma 2.5.1. So,

|UT (t2,m0)− UT (t2, m̄(t2))| ≤ Kd(m0, m̄(t2)) ≤ KC|t1 − t2|
1
2 . (2.32)

To estimate the second term in the right hand-side of (2.31), we just need to use that

UT (t1,m1) = inf
(m,α)

{∫ t2

t1

∫
Td
H∗ (x, α(t, x)) dm(t) + F(m(t))dt+ UT (t2,m(t2))

}
.

As (m̄, ᾱ) is optimal for UT (t1,m1), we get

UT (t1,m1)− UT (t2, m̄(t2)) =
∫ t2

t1

∫
Td
H∗ (x, ᾱ(t, x)) dm̄(t) + F(m̄(t))dt.

Note that, ᾱ(t, x) = DpH(x,Dū(x, t)) where (m̄, ū) solves the MFG system (2.25) and, according
to Lemma 2.5.1, we have uniform estimates on ū. Therefore,

|UT (t2, m̄(t2))− UT (t1,m0)| ≤
∫ t2

t1

∣∣∣∣∫
Td
H∗ (x, ᾱ(t, x)) dm̄(t) + F(m̄(t))

∣∣∣∣ dt ≤ C(t2 − t1).

Putting together the last inequality with (2.32) we have that, for a possibly different constant
C > 0, independent of T , m0 and m1,

|UT (t2,m0)− UT (t1,m0)| ≤ C(|t1 − t2|
1
2 + |t1 − t2|),

which, in turn, implies the uniform continuity in time. �
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From now on we fix a continuous map ξ : [0,+∞) × P(Td) → R, limit of a subsequence
(denoted in the same way) of the sequence (UT + λ(T − ·)) as T → +∞.

Proposition 2.5.5. The map ξ0(·) := ξ(0, ·) satisfies

ξ0(m) ≤ inf
(m,α)

{∫ t

0

(∫
Td
H∗ (y, α(s, y))m(s, y)dy + F(m(s))

)
ds+ ξ0(m(t))

}
+ λt.

Proof. We first claim that ξ is a viscosity solution to

−∂tξ ≥ 0 in [0,+∞)× P(Td). (2.33)

Let Φ = Φ(t,m) be a smooth test function such that ξ ≥ Φ with an equality only at (t0,m0).
Then there exists a subsequence (tn, m̄n) converging to (t0,m0) and such that UTn + λ(Tn −
s) − Φ has a minimum at (tn, m̄n). Let (mn, αn) be a minimizer for UTn(tn, m̄n). We consider
un ∈ C1,2([tn, Tn] × Td) such that (un,mn) is a solution to the MFG system (2.25) and αn =
DpH(x,Dun). Then, by Lemma 2.6.1, we have

−∂tΦ(tn, m̄n)− λ+
∫
Td

(H(y,Dun(tn, y))−∆un(tn, y))m̄n(dy)−F(m̄n) ≥ 0.

By Lemma 2.5.2 and Proposition 2.5.3, we have, given ε > 0,∫
Td

(H(y,Dun(tn, y))−∆un(tn, y))m̄n(dy)−F(m̄n) ≤ λ+ ε,

for n large enough. So
−∂tΦ(tn, m̄n) ≥ −ε.

We obtain therefore, after letting n→ +∞ and then ε→ 0,

−∂tΦ(t0,m0) ≥ 0.

This shows that ξ satisfies (2.33) holds in the viscosity solution sense.
We now prove that (2.33) implies that ξ is nonincreasing in time. Fix m0 ∈ P(Td) and

assume on the contrary that there exists 0 ≤ t1 < t2 such that ξ(t1,m0) < ξ(t2,m0). Let
Ψ = Φ(m) be a smooth test function such that Ψ > 0 on P(Td)\{m0} with Φ(m0) = 0. Then,
we can find η > 0 small such that, if m1 and m2 are such that ξ(t1, ·) + η−1Ψ has a minimum at
m1 and ξ(t2, ·) + η−1Ψ has a minimum at m2, then ξ(t1,m1) < ξ(t2,m2). Note that this implies
that

min
m∈P(Td)

ξ(t1,m) + η−1Ψ(m) = ξ(t1,m1) + η−1Ψ(m1)

< ξ(t2,m2) + η−1Ψ(m2) = min
m∈P(Td)

ξ(t2,m) + η−1Ψ(m).

Recalling that ξ is bounded, this implies that we can find ε > 0 small such that the map
(t,m) → ξ(t,m) + η−1Ψ(m) + εt has an interior minimum on [t1,+∞) × P(Td) at some point
(t3,m3) ∈ (t1,+∞)× P(Td). This contradicts (2.33).

Now that we have proved the monotonicity in time of ξ we can finally show the statement
of the proposition. We have that UT verifies the following dynamic programming principle

UT (0,m0) = inf
(m,α)

{∫ t

0

∫
Td
H∗ (x, α(t, x)) dm(t) + F(m(t))dt+ UT (t,m(t))

}
. (2.34)
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Then, adding on both sides λT and passing to the limit T → +∞, one easily checks that ξ
satisfies

ξ(0,m) = inf
(m,α)

{∫ t

0

(∫
Td
H∗ (y, α(s, y))m(s, y)dy + F(m(s))

)
ds+ ξ(t,m(t))

}
+ λt.

Using the fact that ξ is nonincreasing in time we get the desired result. �

Before we can prove that ξ0 is a corrector function we need to state some standard properties
of τh : C0(P(Td))→ C0(P(Td)) which is defined as follows. For h > 0 and Φ ∈ C0Td) we set

τhΦ(m0) = inf
(m,α)

{∫ h

0

(∫
Td
H∗ (y, α(s, y))m(s, y)dy + F(m(s))

)
ds+ Φ(m(h))

}
+ λh,

where (m,α) solves in the sense of distribution{
−∂tm+ ∆m+ div(mα) = 0 in [0, h]× Td

m(0) = m0.

Lemma 2.5.6. The function τh verifies the following properties

1. For any h1, h2 > 0, τh1 ◦ τh2 = τh1+h2

2. For any h > 0, τh is not expansive, i.e. for any Φ, Ψ ∈ C0P(Td))

‖τhΦ− τhΨ‖∞ ≤ ‖Φ−Ψ‖∞.

3. For any h > 0, τh is order preserving, i.e. for any Φ, Ψ ∈ C0P(Td)) such that Φ ≤ Ψ,

τhΦ ≤ τhΨ.

4. Let Φ ∈ C0P(Td)) be such that, for any h > 0, Φ ≤ τhΦ. Then, for any 0 < h1 < h2,

Φ ≤ τh1Φ ≤ τh2Φ.

Proof. The proof is standard, see for instance, in a closely related context, [42]. �

Theorem 2.5.7. ξ0 is a corrector and UT (0) + λT converges uniformly to ξ0 on P(Td).

Proof. The proof follows closely the one of [42, Theorem 6.3.1]. We define ŨT (t,m) = UT (t,m)+
λ(T − t). Let Tn → +∞ be a sequence such that ŨTn converges locally uniformly to ξ on
[0,+∞)×P(Td). We can suppose that, if we define sn = Tn+1− Tn, then sn → +∞. Note that
ŨTn+1(sn,m) = ŨTn(0,m). Then, using (2.34), we get

ŨTn+1(0,m) = τsnŨTn+1(sn,m) = τsnŨTn(0,m).

We also know from Lemma 2.5.6 that τh is a contraction and that it verifies the semigroup
property. Therefore,

‖τsnξ0 − ξ0‖∞ ≤ ‖τsnξ0 − τsnŨTn(0)‖∞ + ‖τsnŨTn(0)− ξ0‖∞
≤ ‖ξ0 − ŨTn(0)‖∞ + ‖ŨTn+1(0)− ξ0‖∞ → 0,
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Moreover, Proposition 2.5.5 and Lemma 2.5.6 prove that τsξ0 is monotone in s. Then, for
any s > 0, we have that, for a sufficiently large n ∈ N,

ξ0 ≤ τsξ0 ≤ τsnξ0 → ξ0,

which proves that τtξ0 is constant in t and so ξ0 is corrector function. It remains to check that
the whole sequence ŨT (0) converges to ξ0. Let T > Tn, then

‖ŨT (0)− ξ0‖∞ = ‖τT−TnŨTn(0)− τT−Tnξ0‖∞ ≤ ‖ŨTn(0)− ξ0‖∞ → 0

and the result follows. �

2.5.2 Convergence of optimal trajectories

Now that we have proved the convergence of UT (0, ·) + λT to a corrector function χ, we can
properly define the limit trajectories for time dependent MFG and the set where these trajectories
lay. We will show that this set is a subset of the projected Mather set M as was suggested in
[68]. We recall the definition ofM.

Definition 2.5.8. We say that m0 ∈ P(Td) belongs to the projected Mather set M ⊂ P(Td) if
there exists a calibrated curve (m(t), α(t)) such that m(0) = m0.

Remark 2.5.1. Note that the notion of projected Mather set that we use here is consistent
with the one that was already introduced in [68]. On the other hand, Definition 2.5.8 is not the
transposition of the definition of projected Mather set that is generally used in standard Weak
KAM theory. In this latter case the projected Mather set is the union of the projection on the
torus of the supports of Mather measures. What we call here projected Mather set would be
rather the projected Aubry set or the projected Mané set (we refer to [43] and [42] for these
definitions). We decided to use Definition 2.5.8 mostly to be consistent with the terminology in
[68]. Moreover, it is worthwhile to mention that in the standard theory the Mather set and the
Aubry set are deeply connected while in this framework such a relation is no longer clear. In
particular, in standard Weak KAM theory the Mather set is contained in the Aubry set (where the
latter is defined as the intersection of graphs of calibrated curves). One can check this inclusion
defining a calibrated curve, starting from any point of the Mather set, through the Lagrangian
flow. In the MFG setting, the lack of uniqueness of solutions and the forward/backward structure
of the system prevent from defining any sensible notion of flow. Moreover, an other important
difference, that highlights how the connection between Mather set and Aubry set is not clear in
the MFG framework, is that, on the one hand, we know that calibrated curves lay on smooth
probability measures but, on the other, we know nothing about the regularity of Mather measures’
support points (reason why we introduced the notion of "smooth" Mather measure).

We recall also that a couple (m̄, ᾱ), which satisfies −∂tm̄(t) + ∆m̄(t) + div(ᾱ(t)m̄(t)) = 0 for
any t ∈ R, is a calibrated curve, if there exists a corrector function χ : P(Td) → R such that,
for any t1 < t2 ∈ R,

χ(m̄(t1)) = λ(t2 − t1) +
∫ t2

t1

∫
Td
H∗ (x, ᾱ(s)) dm̄(s) + F(m̄(s))ds+ χ(m̄(t2)).

We fix (mT , αT ) a minimizer for UT (−T,m0). As usual αT = DpH(x,DūT ) where (ūT ,mT )
solves (2.25) on [−T, T ] × Td. We define uT (t, x) = ūT (t, x) − uT (0, x̄), for a fixed x̄ ∈ Td. We
know from Lemma 2.5.1 that D2ūT and ∂tūT are uniformly bounded. This means that uT and
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DuT are uniformly bounded and uniformly continuous on any compact set of R×Td. Therefore,
we have that up to subsequence uT converges to a function u ∈ C1,2(R×Td). The convergence,
up to subsequence, of mT to a function m ∈ C0(R,P(Td)) is ensured again by Lemma 2.5.1
and the uniform C

1
2 ([0, T ],P(Td)) bounds on mT therein. It is standard that the couple (u,m)

solves in classical sense{
−∂tu−∆u+H(x,Du) = F (x,m) in R× Td,
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in R× Td.

As by product we have that (mT , αT ) uniformly converges on compact sets to the couple
(m,DpH(x,Du)). Moreover, if we define α = DpH(x,Du), then (m,α) solves −∂tm + ∆m +
div(mα) = 0. We can now prove that (m,α) is a calibrated curve and therefore thatM contains
the uniform limits of optimal trajectories.

Theorem 2.5.9. Let (mT , αT ) be an optimal trajectory for UT (−T,m0). Then, (mT , αT ) con-
verges, up to subsequence, to a calibrated curve (m,α). Consequently, m(t) ∈M for any t ∈ R.

Proof. As we have already discussed the convergence of (mT , αT ) to (m,α) we just need to check
that (m,α) is a calibrated curve. We fix t1 < t2 ∈ R, then, by dynamic programming principle,

UT (t1,m0)+λ(T−t1) =
∫ t2

t1

∫
Td
H∗

(
x, αT (s)

)
dmT (s)+F(mT (s))ds+UT (t2,mT (t2))+λ(T−t1).

We recall that UT (t,m0) = UT−t(0,m0). Given the continuity of UT (0, ·), the uniform conver-
gence of (mT , αT ) on compact subsets and the uniform convergence of UT (0, ·) + λT to χ(·), we
can pass to the limit in T and we get that, for any interval [t1, t2], the couple (m,α) verifies

χ(m(t1)) =
∫ t2

t1

∫
Td
H∗ (x, α(s)) dm(s) + F(m(s))ds+ χ(m(t2)) + λ(t2 − t1).

So (m,α) is a calibrated curve. �

2.6 Appendix

2.6.1 Proof of Proposition 2.3.4

Proof of Proposition 2.3.4. To simplify the notation, we argue as if the convergence of vN to V
in Lemma 2.3.3 holds for the full sequence (i.e., Nk = N). We denote with P2(Rd) the set of
Borel probability measures m on Rd such that∫

Rd
|x|2m(dx) < +∞

We denote by π : Rd → Td the usual projection (and, by abuse of notation, we set π(x) =
(π(x1), . . . , π(xN )) for any x = (x1, . . . , xN ) ∈ (Rd)N ). Let m0 ∈ P2(Rd) with compact support
and (ξi)i∈N be an i.i.d. sequence of random variables on Rd with law m0. Fix also (Bi) inde-
pendent Brownian motions on Rd which are also independent of (ξi) and set ξN = (ξ1, . . . , ξN ).
When we look at vN as a Zd−periodic map on (Rd)N , we have by classical representation formula
that

E
[
vN (ξN )

]
= inf

α
E
[
N−1

N∑
i=1

∫ T

0
H∗(Xi

t , α
i
t)dt+

∫ T

0
F(π]mN

Xt
) dt+ vN (XT )

]
+ λNT, (2.35)
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where the infimum is taken over progressively measurable controls α = (α1, . . . , αN ) (adapted
to the filtration generated by the (Bi) and the (ξi)) and where X = (X1, . . . , XN ) solves

dXi
t = αitdt+

√
2dBi

t, t ∈ [0, T ], Xi
0 = ξi.

The optimal feedback in (2.35) is well-known: it is given by α∗i,N (t,x) := DpH(xi, Dxiv
N (x)).

We denote by α∗N = (α∗1,N , . . . , α∗N,N ) and X∗N = (X∗1,N , . . . , X∗N,N ) the corresponding
optimal solution:

dX∗i,Nt = α∗i,Nt dt+
√

2dBi
t, t ∈ [0, T ], X∗i,N0 = ξi.

By Lemma 2.3.3, we have

lim
N→+∞

εN = 0 where εN := sup
x∈(Rd)N

∣∣∣V (π]mN
x )− vN (x)

∣∣∣ , (2.36)

because vN (x) = vN ((π(x1), . . . , π(xN )) while π]mN
x = mN

π(x).
Note that (2.36) implies, on the one hand, that

∣∣∣E [N−1
N∑
i=1

∫ T

0
H∗(X∗i,Nt , α∗i,Nt )dt+

∫ T

0
F(π]mN

X∗Nt
) dt+ V (π]mN

X∗NT
) + λNT

]

− E
[
vN (ξN)

]∣∣∣ ≤ εN , (2.37)

and, on the other hand, that α∗N is 2εN optimal for the problem if one replaces vN by V in the
optimal control problem:

∣∣∣E [N−1
N∑
i=1

∫ T

0
H∗(X∗i,Nt , α∗i,Nt )dt+

∫ T

0
F(π]mN

X∗Nt
) dt+ V (π]mN

X∗NT
)
]

− inf
α

E
[
N−1

N∑
i=1

∫ T

0
H∗(Xi

t , α
i
t)dt+

∫ T

0
F(π]mN

Xt
) dt+ V (π]mN

XT
)
]∣∣∣ ≤ 2εN . (2.38)

We aim at letting N → +∞ in the above inequalities. By the law of large numbers we
know that (mN

ξN
) converges a.s. and in expectation in P2 to m0. Therefore, by the Lipschitz

continuity of V , we obtain

lim sup
∣∣∣E [vN (ξN )

]
− V (π]m0)

∣∣∣
≤ lim supE

[∣∣∣vN (ξN )− V (π]mN
ξN )
∣∣∣]+ lim supE

[∣∣∣V (π]mN
ξN )− V (π]m0)

∣∣∣] (2.39)

≤ lim sup εN + CE
[
d2(mN

ξN ,m0)
]

= 0.

In order to pass to the limit in (2.38), we use several results of [59]. The first one (Corollary 2.13)
states that mN

X∗N is precompact in P2([0, T ],P2(Rd)) and that every weak limit has a support in
the set of relaxed minimizers of the McKean Vlasov optimal control problem in weak Markovian
formulation (expressed here with—almost—the notation of [59], see Proposition 2.5):

κ := inf
P
EP
[∫ T

0
H∗(Xt, α̂(t,Xt)) + F(π](P ◦X−1

t )) dt+ V (π](P ◦X−1
T ))

]
+ λ∗T, (2.40)
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where the infimum is taken over the family of probability spaces (Ω, (Ft),P) supporting a
d−dimensional process X and a d−dimensional Brownian motion B, such that P ◦X−1

0 = m0,
α̂ : [0, T ]× Rd → Rd is Borel measurable, and the following holds:

dXt = α̂(t,Xt)dt+
√

2dBt, with EP
[∫ T

0
|Xt|2 + |α̂(t,Xt)|2 dt

]
< +∞. (2.41)

The above problem can be reformulated in PDE terms as

κ = inf
(m,α̂)

∫ T

0

∫
Rd
H∗(x, α̂(t, x))m(t, dx)dt+

∫ T

0
F(π]m(t))dt+ V (π]m(T )) + λ∗T, (2.42)

where the infimum is taken over the pairs (m, α̂) withm ∈ C0([0, T ],P2(Rd)), α̂ ∈ L2([0, T ], L2
m(t)(R

d))
and

∂tm−∆m− div(mα̂) = 0 in (0, T )× Rd, m(0) = m0. (2.43)

Indeed, if P is admissible in (2.40), we just need to set m(t) = P ◦ X−1
t and then (m, α̂) is

admissible in (2.42). Conversely, if (m, α̂) is admissible in (2.42), then there exists a weak
solution to the SDE (2.41): this precisely means that there exists a stochastic basis which is
admissible for (2.40).

Next, we note that the proof of Theorem 2.11 in [59] (and more precisely inequality (6.1))
shows that

lim
N

E
[
N−1

N∑
i=1

∫ T

0
H∗(X∗i,Nt , α∗i,Nt )dt+

∫ T

0
F(π]mN

X∗Nt
) dt+ V (π]mN

X∗NT
)
]

+ λ∗T = κ.

Putting together (2.37), (2.39), (2.42) and the above equality shows that

V (π]m0) = lim
N

E
[
vN (ξN )

]
= lim

N
E
[
N−1

N∑
i=1

∫ T

0
H∗(X∗i,Nt , α∗i,Nt )dt+

∫ T

0
F(π]mN

X∗Nt
) dt+ V (π]mN

X∗NT
)
]

+ λ∗T(2.44)

= κ = inf
(m,α̂)

∫ T

0

∫
Rd
H∗(x, α̂(t, x))m(t, dx)dt+

∫ T

0
F(π]m(t))dt+ V (π]m(T )) + λ∗T,

where the infimum is computed as above.
It remains to explain why we can work in Td instead of Rd. For this, let us define, for any

m0 ∈ P(Rd) and any m̃0 ∈ P2(Td), JRd(m0) and JTd(m̃0) by

JRd(m0) := inf
(m,α̂)

∫ T

0

∫
Rd
H∗(x, α̂(t, x))m(t, dx)dt+

∫ T

0
F(π]m(t))dt+ V (π]m(T )),

where the infimum is taken over the pairs (m, α̂) as above, and

JTd(m̃0) := inf
(m̃,w̃)

∫ T

0

∫
Td
H∗(x,− dw̃

dm̃
(t, x))m̃(t, dx)dt+

∫ T

0
F(m̃(t))dt+ V (m̃(T )),

where the infimum is computed (as usual) over the pairs (m̃, w) such that m̃ ∈ C0([0, T ],P(Td)),
w̃ is a vector measure on [0, T ]×Td with values in Rd with first marginal dt and which is absolutely
continuous with respect to m̃ with∫ T

0

∫
Td

∣∣∣ dw̃
dm̃

(t, x)
∣∣∣2m̃(t, dx)dt < +∞
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and the continuity equation

∂tm̃−∆m̃+ div(w̃) = 0 in (0, T )× Td, m̃(0) = m̃0

holds. From the Lipschitz continuity of V and the convexity of H∗ one can easily prove that
JRd is continuous on P2(Rd). Our aim is to show that JRd(m0) = JTd(π]m0) and JTd(m̃0) =
JRd(m̃01Q1) for any m0 ∈ P2(Rd) and any m̃0 ∈ P(Td), where Q1 = [−1/2, 1/2)d.

Let m0 ∈ P2(Rd) and (m, α̂) be admissible for JRd(m0). We see w := −α̂m as a vector
measure on [0, T ] × Rd with values in Rd and finite mass (since α̂ ∈ L2([0, T ], L2

m(t)(R
d))). Let

us set m̃(t) = π]m(t) and w̃(t) := π]w(t). Then, as (m,α) satisfies (2.43), (m̃, w̃) solves the
continuity equation

∂tm̃−∆m̃+ div(w̃) = 0 in (0, T )× Td, m̃(0) = π]m0.

Indeed, if ϕ is a smooth function with compact support on [0, T )× Td we have∫ T

0

∫
Td

(∂tϕ(t, x) + ∆ϕ(t, x))m̃(t, dx) +Dϕ(t, x)w̃(t, dx) +
∫
Td
φ(0)m0

=
∫ T

0

∫
Rd

(∂tϕ(t, π(y)) + ∆ϕ(t, π(y)))m(t, dy) +Dϕ(t, π(y))w(t, dy) +
∫
Td
φ(0)m0 = 0,

where the last equality holds because the map (t, y) 7→ ϕ(t, π(y)) is smooth and bounded with
bounded derivatives on [0, T )× Rd and (m,w) verifies −∂tm+ ∆m− divw = 0. As∫ T

0

∫
Td
H∗(x, dw̃

dm̃
(t, x))m̃(t, dx)dt =

∫ T

0

∫
Rd
H∗(π(x), dw

dm
(t, x))m(t, dx)dt

=
∫ T

0

∫
Rd
H∗(x, α̂(t, x))m(t, dx)dt,

(since L is Zd periodic in the first variable), we easily derive that JRd(m0) ≥ JTd(π]m0).
To prove the opposite inequality let (m̃, w̃) be θ-optimal for JTd(m̃0). We define (m̃ε, w̃ε) :=

(m̃ ∗ ξε, w̃ ∗ ξε) where ξε is a standard mollification kernel in the space variable. The couple
(m̃ε, w̃ε) solves the usual continuity equation with initial condition m̃0,ε = m̃0 ∗ ξε. Then∫ T

0

∫
Td
H∗(x,− dw̃ε

dm̃ε
(t, x))m̃ε(t, dx)dt+

∫ T

0
F(m̃ε(t))dt+ V (m̃ε(T )) ≤ JTd(m̃0) + θ +Oε(1).

Set α̃ε(t, x) = −(w̃ε/m̃ε)(t, x). Let mε be the solution to

∂tmε −∆mε − div(α̃ε(t, π(x))mε) = 0 in (0, T )×Rd, mε(0, y) = m̃0,ε(π(y))1Q1(y) y ∈ Rd.

Then, by periodicity of α̃ε, µ̃ε(t) := π]mε(t) solves

∂tµ̃ε −∆µ̃ε − div(α̃ε(t, x)µ̃ε) = 0 in (0, T )× Td, µ̃ε(0) = π]mε(0) = m̃0,ε,

which has m̃ε has unique solution since α̃ε is smooth in space. This shows that π]mε(t) = m̃ε(t).
Therefore, as (mε(·, ·), α̃ε(·, π(·))) is an admissible competitor for JRd(mε(0)), we get

JRd(mε(0)) ≤
∫ T

0

∫
Rd
H∗(x, α̃ε(t, π(x)))mε(t, dx)dt+

∫ T

0
F(π]mε(t))dt+ V (π]mε(T ))

=
∫ T

0

∫
Td
H∗(x, α̃ε(t, x))m̃ε(t, dx)dt+

∫ T

0
F(m̃ε(t))dt+ V (m̃ε(T )) ≤ JTd(m̃0) + θ +Oε(1).

As JRd is continuous, we can pass to the limit as ε and then θ tend to 0. Then we find
that JRd(m̃01Q1) ≤ JTd(m̃0) and, therefore, that JRd(m̃01Q1) = JTd(m̃0). In view of (2.44), this
completes the proof of the proposition. �
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2.6.2 A viscosity solution property

Lemma 2.6.1. Let Φ = Φ(t,m) be a smooth test function such that UT −Φ has a minimum at
a point (t0,m0) ∈ [0, T ) × P(Td). Let (u,m) be a solution of the MFG system (2.25) starting
from (t0,m0) and such that (m,DpH(x,Du(t, x)) is optimal for U(t0,m0). Then

DmΦ(t0,m0, x) = Du(t0, x) for m0−a.e. x ∈ Td (2.45)

and
−∂tΦ(t0,m0) +

∫
Td

(H(x,Du(t0, x)−∆u(t0, x))m0(dx)−F(m0) ≥ 0. (2.46)

Proof. Without loss of generality we assume that Φ(t0,m0) = UT (t0,m0). Let m′(t0) ∈ P(Td)
and m′ = m′(t) be the solution to

∂tm
′ −∆m′ − div(m′DpH(x,Du(t, x)) = 0.

We set µ(t) = m′(t)−m(t) and, for h ∈ (0, 1] and note that the pair (m+ hµ,DpH(x,Du(t, x))
is a solution to −∂tm + ∆m + div(mα) = 0 with initial condition mh

0 := (1 − h)m0 + hm′(t0).
Hence, by the definition of Φ and UT we have

Φ(t0,mh
0) ≤ UT (t0,mh

0)

≤
∫ T

t0
(
∫
Td
H∗(x,DpH(x,Du(t, x)))(m+ hµ)(t, dx) + F((m+ hµ)(t))dt

≤ Φ(t0,m0) + h
(∫ T

t0

∫
Td

(H∗(x,DpH(x,Du(t, x))) + F (x,m(t)))µ(t, dx)dt+ oh(1)
)
.

Next we use the equation for u and then for µ:∫ T

t0

∫
Td

(H∗(x,DpH(x,Du(t, x))) + F (x,m(t)))µ(t, dx)dt

=
∫ T

t0

∫
Td

(H∗(x,DpH(x,Du(t, x)))− ∂tu−∆u+H(x,Du(t, x)))µ(t, dx)dt

=
∫
Td
u(t0, x)µ(t0, dx) =

∫
Td
u(t0, x)(m′(t0)−m0)(dx).

Plugging this into the estimate of Φ(t0,mh
0) above, we obtain, dividing by h and letting h→ 0,∫

Td

δΦ(t0,m0, x)
δm

(m′(t0)−m0)(dx) ≤
∫
Td
u(t0, x)(m′(t0)−m0)(dx).

Recalling the convention (2.8) on the derivative and the arbitrariness of m′(t0), we infer, by
choosing Dirac masses for m′(t0), that

δΦ(t0,m0, x)
δm

≤ u(t0, x)−
∫
Td
u(t0, y)m0(dy) ∀x ∈ Td,

while ∫
Td

δΦ(t0,m0, x)
δm

m0(dx) =
∫
Td

(
u(t0, x)−

∫
Td
u(t0, y)m0(dy)

)
m0(dx) = 0.

Therefore
δΦ(t0,m0, x)

δm
= u(t0, x)−

∫
Td
u(t0, y)m0(dy), m0−a.e. x ∈ Td.
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This shows that the map x → δΦ(t0,m0,x)
δm − u(t0, x) has a maximum on Td at m0−a.e. x ∈ Td

and thus (2.45) holds.
As UT satisfies a dynamic programming principle and UT −Φ has a minimum at (t0,m0), it

is standard that Φ also satisfies

−∂tΦ(t0,m0) +
∫
Td
H(x,DmΦ(t0,m0, x))m0(dx)−

∫
Td

divyDmΦ(t0,m0, x)m0(dx)−F(m0) ≥ 0.

Using (2.45) one then infers that (2.46) holds. �

2.6.3 Smooth test functions

Here we fix a corrector χ and construct a smooth function that touches χ from above. We fix
m0 ∈ P(Td) and τ > 0. We know from [68, Appendix] that, if (m̄, ᾱ) verifies

χ(m0) =
∫ 2τ

0

∫
Td
H∗(x, ᾱ)dm̄(s) + F(m̄(s))ds+ 2λτ + χ(m̄2τ ), (2.47)

then there exists a couple (ū, m̄) which solves the MFG system
−∂tu−∆u+H(x,Du) = F (x,m) in Td × [0, 2τ ],
−∂tm+ ∆m+ div(mDpH(x,Du)) = 0 in Td × [0, 2τ ],
m(0) = m0,

(2.48)

such that ᾱ = DpH(x,Dū).
For any m1 ∈ P(Td) we define m(t) and α(t) as follows. We first consider m̃ solution of{

−∂tm̃+ ∆m̃+ div(m̃DpH(x,Dū)) = 0 in [0, τ ]× Td

m̃(0) = m1
(2.49)

and then we set

m(s, x) =
{
m̃(s, x), if s ∈ (0, τ ]
2τ−s
τ m̃(s, x) + s−τ

τ m̄(s, x), if s ∈ [τ, 2τ ].

Let ζ : [0, 2τ ]×Td → R be the solution to ∆ζ(t) = m̄(t)−m̃(t) so that
∫
Td ζ(s, x) = 0. Then,

the drift α will be α(t, x) = DpH(x,Dū(t, x))+ Dζ(t,x)
τ m(t,x) in [τ, 2τ ] and α(t, x) = DpH(x,Dū(t, x))

elsewhere.
We define the function Ψ(m1) as

Ψ(m1) =
∫ 2τ

0

∫
Td
H∗(x, α(t))dm(t) + F(m(t))dt+ 2λτ + χ(m̄(2τ)). (2.50)

Proposition 2.6.2. The function Ψ : P(Td) → R defined in (2.50) is twice differentiable with
respect to m with C2 continuous derivatives in space and with derivatives bounded independently
of χ.

Proof. We first introduce Γ : R+ × Td × R+ × Td → R, the fundamental solution of (2.49), i.e.
Γ(·, · ; s, x) is the solution of (2.49) starting at time s with initial condition Γ(s, y; s, x) = δx(y).
Then, by superposition, the solution m̄(t) of (2.49) is given by m̄(t, x) =

∫
Td Γ(t, x; 0, y)m1(dy)

(for t > 0).
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We consider separately the following two integrals:

I1(m1) =
∫ τ

0

∫
Td
H∗(x, ᾱ(t))dm̄(t) + F(m̄(t))dt (2.51)

and
I2(m1) =

∫ 2τ

τ

∫
Td
H∗(x, α(t))dm(t) + F(m(t))dt.

Note that Ψ = I1 + I2 + 2λτ + χ(m̄(2τ)).
If we plug Γ into (2.51), then

I1(m1) =
∫ τ

0

∫
Td

∫
Td
H∗(x, ᾱ(t))Γ(t, x, 0, y)m1(dy)dxdt+ F

(∫
Td

Γ(t, ·, 0, y)m1(dy)
)
dt

We can now derive I1 with respect to m1 andwe get
δI1
δm

(m1, y) =
∫ τ

0

∫
Td
H∗(x, ᾱ(t))Γ(t, x, 0, y)dxdt+

∫ τ

0

∫
Td
F (x, m̄(t))Γ(t, x, 0, y)dxdt.

As the functions ᾱ and m̄ are smooth, standar results in parabolic equation ensures that
δI1/δm(m1, ·) is smooth (see for instance Chapter 4§14 in [60]).

We now focus on I2. We fix G : Td → R the kernel associated to the integral representation
of the solution of the Poisson equation (see for instance [4, Theorem 4.13]). Explicitly, if ∆ζ = f ,
then

ζ(x) =
∫
Td
G(x− y)f(y)dy

We first analyse the integral
∫ 2τ
τ

∫
Td H

∗(x, α(t))dm(t), which explicitly becomes∫ 2τ

τ

∫
Td
H∗

(
x,DpH(x,Dū) + Dζ

(2τ − s)m̃+ (s− τ)m̄

)(2τ − s
τ

m̃(s, x) + s− τ
τ

m̄(s, x)
)
.

If we derive the above expresion we get
1
τ

∫ 2τ

τ

∫
Td

∫
Td
−DpH

∗(α)G(x− z)DzΓ0(t, z; y)m(t, x) + (2τ − s)Γ0(t, x; y)Dζ(t, x)
m(t, x) dxdz

+1
τ

∫ 2τ

τ

∫
Td

∫
Td
H∗(α)(2τ − s)Γ0(t, x; y)dxdz.

(2.52)

Therefore, δI2
δm (m1, y) is equal to

1
τ

∫ 2τ

τ

∫
Td

∫
Td
−DpH

∗(α)G(x− z)DzΓ0(t, z; y)m(t, x) + (2τ − s)Γ0(t, x; y)Dζ(t, x)
m(t, x) dxdzdt+

1
τ

∫ 2τ

τ

∫
Td

∫
Td
H∗(x, α)(2τ − s)Γ0(t, x; y)dxdz + 1

τ

∫ 2τ

τ

∫
Td

(2τ − s)F (x,m(s, x))Γ0(t, x; y)dxdt

and
δΨ
δm

(m1, y) = δI1
δm

(m1, y) + δI2
δm

(m1, y)

Note that, as in the above expression we are looking at a time interval bounded away from
zero, the parabolic regularity ensures that all the functions therein are smooth with respect to
the state variable and that m(t, x) is bounded away from zero. This implies that also DmΨ is
well defined.

We omit the proof for second order derivatives. It does not present any further difficulties.
Indeed, the parabolic regularity, enjoyed by the solutions of the MFG system at any time t > 0,
ensures that we can deploy the same kind of computations that we used in (2.52) and so that
both D2

mmΨ and D2
myΨ are well defined and bounded. �
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Lemma 2.6.3. For any m0 ∈ P(Td), there exists a function Ψ̄ ∈ C2(P(Td)) such that Ψ̄(m) >
χ(m) for any m 6= m0 and Ψ̄(m0) = χ(m0).

Moreover, we can choose Ψ̄ such that D2
mmΨ̄ and D2

ymΨ̄ are bounded independently of χ and
with DmΨ̄(m0, x) = Dū(0, x) where ū is defined in (2.47) and (2.48).

Proof. Let {φn}n be a countable collection of C∞(Td) maps such that {φn}n is dense in the set
of Lip1(Td), which is the set 1-Lipschitz function on Td. Then,

d(m,m0) = sup
f∈Lip1(Td)

∫
Td
f(x)(m−m0)(dx) = sup

n∈N

∫
Td
φn(x)(m−m0)(dx).

We define Q : P(Td)→ R as follows

Q(m) =
∑
n∈N

(
∫
Td φn(x)(m−m0)(dx))2

(n+ 1)2(‖φn‖∞ + ‖D2φn‖∞ + 1) .

The denominator in the above fraction ensures that Q is well defined for any m ∈ P(Td).
Note that Q(m) = 0 if and only if, for any n ∈ N,

∫
Td φn(x)(m − m0)(dx) = 0. In this case,

d(m,m0) = 0 and so m = m0. One easily checks that Q is smooth and that its derivatives

DmQ(m, y) = 2
∑
n∈N

(
∫
Td φn(x)(m−m0)(dx))Dφn(y)

(n+ 1)2(‖φn‖∞ + ‖D2φn‖∞ + 1) ,

D2
myQ(m, y) = 2

∑
n∈N

(
∫
Td φn(x)(m−m0)(dx))D2φn(y)

(n+ 1)2(‖φn‖∞ + ‖D2φn‖∞ + 1) ,

and
D2
mmQ(m, y, z) =

∑
n∈N

Dφn(y)⊗Dφn(z)
(n+ 1)2(‖φn‖∞ + ‖D2φn‖∞ + 1)

are bounded. Note also that DmQ(m0, y) = 0 for any y ∈ P(Td). We can now define

Ψ̄(m) = Ψ(m) +Q(m),

where Ψ is the function defined in (2.50). By construction, Ψ̄ is such that Ψ̄(m) > χ(m) for any
m 6= m0 and Ψ̄(m0) = χ(m0). Moreover,

DmΨ̄(m0, y) = DmΨ(m0, y) +DmQ(m0, y) = DmΨ(m0, y) = Dū(0, y).

The boundedness of the derivatives comes from Proposition 2.6.2 and the properties of Q that
we discussed above. �



Chapter 3

Convergence of the MFG discounted
HJ equation

We consider the solution Vδ of the discounted Hamilton-Jacobi equation in the Wasserstein
space arising from potential MFG and we prove its full convergence to a corrector function χ0.
We follow the structure of the proof of the analogue result in the finite dimensional setting
provided by Davini, Fathi, Iturriaga, Zavidovique in 2016. We characterize the limit χ0 through
a particular set of smooth Mather measures. A major point that distinguishes the techniques
deployed in the standard setting from the ones that we use here is the lack of mollification in
the Wasserstein space.

This chapter was submitted to ESAIM: Control, Optimisation and Calculus of Variations
(ESAIM: COCV).
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3.1 Introduction
The Mean Field Games theory (briefly MFG) is a branch of the broader field of dynamic games
which is devoted to the analysis of those models where a large number of small players interact
with each others. This theory was introduced simultaneously and independently by Lasry and
Lions [61, 62] and Huang, Caines and Malhamé [57]. Under appropriate assumptions, the Nash
equilibria of this models can be analyzed through the solutions of the, so called, MFG system

−∂tu−4u+H(x,Du) = F (x,m) in Rd × [0, T ]
−∂tm+4m+ div(mDpH(x,Du)) = 0 in Rd × [0, T ]
m(0) = m0, u(T, x) = G(x,m(T )) in Rd

with unknown the couple (u,m). The value u(t, x) is the best that a player can get starting
from x at time t while m(t) is a probability measure that represents the distribution of players
at time t.

In this paper we will consider a specific class of MFG which is the class of potential MFG.
When the functions F and G are respectively the derivatives of the potentials F and G, the
MFG system can be derived as optimality condition of the following minimization problem

UT (t,m0) = inf
(m,α)

∫ T

t

∫
Rd
H∗ (x, α(s, x)) dm(s) + F(m(s))ds+ G(m(T )),

where (m,α) verifies the Fokker Plank equation −∂tm+4m+div(αm) = 0 withm(t) = m0 (the
precise assumptions on (m,α) can be found in Section 3.2.2) and H∗ is the Fenchel conjugate
of H with respect to the second variable.

Starting from [62], where this class of MFG was introduced, several papers have been focusing
on this setting. The variational structure of these models often allows to push the analysis further
than in the standard setting. See for instance [21, 70, 20] for existence results or [63, 72, 27]
for regularity. An other reason to exploit the variational structure of potential MFG is to
understand how the solutions of the MFG system behave when the time horizon goes to infinity.
The problem of the long time convergence has been addressed in different papers starting from
[64] and the Mexican wave model in [56] to more recent contributions in [18, 22, 23, 50]. In
[68, 26] the authors tackled the problem using techniques from weak KAM theory. Following
Fathi’s seminal papers [39, 40, 41] and his book [42], they adapted the main arguments of
the weak KAM theory into the infinite dimensional framework of MFG. This approach allows
to disregard the convexity of the variational problem UT so that a new range of models can
be analyzed. Note that, infinite dimensional weak KAM theorems were already known in the
context of Wasserstein spaces (see [45, 46, 47, 48]).

This papers is meant to answer a natural question that arises in this theory and more
specifically in the context of ergodic approximation. In [26], it was proved that there exists a
critical value λ ∈ R such that UT (0, ·) + λT uniformly converges to a corrector function χ when
T → +∞. We say that χ : P(Td) → R is a corrector function if, for any t ∈ R, χ verifies the
following dynamical programming principle

χ(m0) = inf
(m,α)

(∫ t

0
H∗(x, α)dm(s) + F(m(s))ds+ χ(m(t))

)
+ λt, (3.1)

where (m,α) solves in the sense of distributions −∂tm+∆m+div(mα) = 0 with initial condition
m(0) = m0. A fundamental result that was needed to get the above convergence was to know
a priori that the set of corrector functions was not empty. In [68] this was proven through the
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so called ergodic approximation. As in [66], the idea is to define the infinite horizon discounted
problem

Vδ(m0) = inf
(m,α)

∫ ∞
0

e−δt
∫
Td
H∗ (x, α(t, x)) dm(t) + F(m(t))dt.

Letting δ → 0, one gets that δVδ(·)→ −λ and that, up to subsequence, Vδ(·)−Vδ(m0) uniformly
converges to a corrector function χ.

It was proved by Davini, Fathi, Iturriaga and Zavidovique [35] that, in the standard finite
dimensional setting, the solution of the discounted equation converges to a solution of the critical
Hamilton-Jacobi equation, i.e. to a corrector function. In this paper we prove the analogous
result in the context of potential MFG. If we define

V̄δ(m) = Vδ(m) + λ

δ
,

then the main result is the following. The whole family V̄δ converges, as δ tends to zero, to a
corrector function χ0. Moreover, we can characterize this limit as

χ0(m) = sup
χ∈S−

χ(m).

where S− is the set of subsolutions χ of

−
∫
Td

divyDmχ(m, y)m(dy) +
∫
Td
H(y,Dmχ(m, y))m(dy)−F(m) = λ, m ∈ P(Td) (3.2)

such that
∫
P(Td) χ(m)ν(dm) ≤ 0 for any ν ∈ MV . We say that ν ∈ MV if it is induced

by an optimal trajectory for Vδ: if (mδ, αδ) is an optimal trajectory for V̄δ(m0) we define
νm0
δ ∈ P(Td × C1(Td,Rd)) as follows∫

P(Td)×C1(Td,Rd)
f(m,α)νm0

δ (dm, dα) = δ

∫ ∞
0

e−δsf(mδ(s), αδ(s))ds.

If νm0 is the limit of νm0
δ and m0 has smooth density, then νm0 ∈ MV . Moreover, we will

also prove that if νm0 ∈ MV then νm0 is a Mather measure (Definition 3.2.4). This selection
principle for Mather measures was firstly introduced in the finite dimensional setting in [53].

The structure of the paper itself is inspired by the one in [35]. Even though the steps to
get to the result are mostly the same, the techniques deployed to prove the main points are
quite different. In [35], a major ingredient is that one can approximate a viscosity solution with
a smooth function and this approximation is also an approximated solution of the equation.
While this is quite standard in the finite dimensional setting and it is generally proved through
mollification, in the space of functions over P(Td) one cannot expect the same. In [71] it was
recently proved that one can uniformly approximate a continuous function on P(Td) with a
sequence of smooth ones (similar approximation were also introduced in [64]). The problem is
that this convergence is not as strong as the one given by mollification in the finite dimensional
setting. More specifically, we know that if χ is a corrector function then it is also a viscosity
solution of the critical equation (3.2). The result in [71] allows us to approximate χ uniformly but
one cannot expect that this approximation is also an approximated solution of (3.2). This lack
of regularity prevented us to work at the level of solutions of the critical equation and it forced
us to rely only on the dynamical programming principle (3.1) and the properties of optimal
trajectories. Moreover, the lack of regularity led to an other difference. The characterization of
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the limit χ0 used by Davini et al. is slightly different. In their definition of S− the subsolutions
are tested against any Mather measure and not only against the subsetMV .

We now briefly discuss the structure of the paper. In Section 3.2 we set the problem in term
of assumptions and notation and we collect the main results previously proved in [68, 26] that
are used in the paper.

Section 3.3 is devoted to the convergence of V̄δ. In Subsection 3.3.1 we introduce the notion
of probability measures induced by optimal trajectories of Vδ and we prove that the limit of
these probability measures are Mather measures.

In Subsection 3.3.2 we prove that, if χ is a subsolution of (3.2) and νm0
δ is a probability

measure induced by the optimal trajectory (mδ, αδ), then

V̄δ(m0) ≥ χ(m0)−
∫
P(Td)

χ(m)νm0
δ (dm).

The proof is done comparing the dynamic programming principle verified by V̄δ and the one
verified by the subsolution χ.

In Subsection 3.3.3 we introduce the notion of smooth Mather measure (Definition 3.3.4)
which are Mather measures which have smooth densities. The smoothness of these measures
allows to overcome the lack of regularity of V̄δ so that we can prove that if (µ, p1) is a smooth
Mather measure then

δ

∫
P(Td)

V̄δ(m̄)µ(dm̄) ≤ 0.

Moreover, we prove that if νm0 ∈MV then νm0 a smooth Mather measure.
In Subsection 3.3.4 we collect all the previous results and we finally prove that the limit χ0

of V̄δ is uniquely defined by

χ0(m) = sup
χ∈S−

χ(m).

3.2 Assumptions and preliminary results

3.2.1 Notation and assumptions

As it was mentioned in the introduction, this paper is meant to expand the weak KAM theory
in the context of MFG introduced in [26] and [68]. Therefore, we will suppose that the very
same assumptions are in place.

Remark 3.2.1. Note that some of these hypothesis will not be explicitly used in this paper;
especially the ones on the growth of the Hamiltonian and its derivatives. Nonetheless, as we give
for granted several results of [26, 68] we still need to impose them.

We will use as state space the d−dimensional flat torus Td = Rd/Zd. This domain is chosen to
avoid boundary conditions and to set the problem on a compact domain. We denote respectively
byM(Td) and P(Td) the set of Borel measures and probability measures on Td. The set P(Td) is
a compact, complete and separable metric space when endowed with the 1-Wasserstein distance
d(·, ·). If m ∈ C0([t, T ],P(Td)) then we set L2

m([t, T ]×Td) the set of m-measurable functions f
such that the integral of |f |2dm(s) over [t, T ]× Td is finite.
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We use the notion of derivative on the metric space P(Td) introduced in [19]. We say that
Φ : P(Td)→ R is C1 if there exists a continuous function δΦ

δm : P(Td)× Td → R such that

Φ(m1)− Φ(m2) =
∫ 1

0

∫
Td

δΦ
δm

((1− t)m1 + tm2, x)(m1 −m2)(dx)dt, ∀m1,m2 ∈ P(Td).

As this derivative is defined up to an additive constant, we use the standard normalization∫
Td

δΦ
δm

(m,x)m(dx) = 0.

If δΦ
δm is derivable in the second variable, we define the intrinsic derivative

DmΦ(m,x) = Dx
δΦ
δm

(m,x).

Moreover, we say that a function Φ belongs to C1,1(Td) if Φ ∈ C1(Td), DmΦ is well defined and
DmΦ is smooth in the second variable.

We recall that, if µ, ν ∈ P(Td), the 1-Wasserstein distance is defined by

d(µ, ν) = sup
{∫

Td
φ(x) d(µ− ν)(x)

∣∣∣∣ continuous φ : Td → R, Lip(φ) ≤ 1
}
.

Assumptions: Throughout the paper we will suppose the following conditions:

1. H : Td × Rd → R is of class C2, p 7→ DppH(x, p) is Lipschitz continuous, uniformly with
respect to x. Moreover, there exists C̄ > 0 that verifies

C̄−1Id ≤ DppH(x, p) ≤ C̄Id, ∀(x, p) ∈ Td × Rd

and θ ∈ (0, 1), C > 0 such that the following conditions hold true:

|DxH(x, p)| ≤ C + C|p| ∀(x, p) ∈ Td × Rd

and

|DxxH(x, p)| ≤ C(1 + |p|)1+θ, |Dx,pH(x, p)| ≤ C(1 + |p|)θ, ∀(x, p) ∈ Td × Rd.

2. F : P(Td)→ R is of class C2. Its derivative F : Td × P(Td)→ R is twice differentiable in
x and D2

xxF is bounded.

3.2.2 Definitions and preliminary results

We define Vδ : P(Td)→ R as

Vδ(m0) = inf
(m,α)

∫ ∞
0

e−δt
∫
Td
H∗(x, α)dm(t) + F(m(t))dt, m0 ∈ P(Td) (3.3)

where δ > 0, m ∈ C0([0,+∞),P(Td)), α ∈ L2
m,δ([0,+∞)×Td,Rd), that is L2

m with weight e−δt,
and (m,α) verifies on [0,+∞)× Td the Fokker-Plank equation{

−∂tm+ ∆m+ div(mα) = 0
m(0) = m0.

(3.4)
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Standard arguments in optimal control ensures that Vδ solves the following dynamic program-
ming principle: for any t > 0

Vδ(m0) = inf
(m,α)

∫ t

0
e−δs

∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds+ e−δtVδ(m(t)). (3.5)

where (m,α) are defined as before. Note that one can prove through standard arguments that,
at least formally, Vδ is a solution of discounted Hamilton-Jacobi equation

δVδ(m)−
∫
Td

divyDmVδ(m, y)m(dy)+
∫
Td
H(y,DmVδ(m, y))m(dy)−F(m) = 0 ∀m ∈ P(Td).

As we have anticipated in the introduction we will characterize the limit of Vδ through a
special class of subsolutions of the critical equation

−
∫
Td

divyDmχ(m, y)m(dy) +
∫
Td
H(y,Dmχ(m, y))m(dy)−F(m) = λ, m ∈ P(Td), (3.6)

where the value λ
−λ = lim

δ→0
δVδ(·). (3.7)

In [68, Proposition 1.6] it is proven that the above limit is well defined and uniform with respect
to the argument of Vδ. Hereafter, anytime the constant λ appears we implicitly refer to the one
defined by (3.7)

We will most often work with functions that do not enjoy enough regularity to solve in
classical sense the above equation. Therefore, we need to introduce a weaker definition of a
subsolution and, accordingly,of the notion of corrector function.

Definition 3.2.2. We say that a continuous real function χ on P(Td) is a subsolution of the
critical equation (3.6) if, for any h > 0 and m0 ∈ P(Td),

χ(m0) ≤ inf
(m,α)

∫ h

0

∫
Td
H∗(x, α(t))dm(t) + F(m(t))dt+ χ(m(h)) + λh, (3.8)

where m ∈ C0([0, h],P(Td)), α ∈ L2
m([0, h]×Td,Rd) and (m,α) verifies (3.4) in [0, h] with initial

condition m(0) = m0.
If, otherwise, χ verifies (3.8), for any m0 ∈ P(Td) and any h > 0, as an equality, we say

that χ is corrector function.

We recall that Vδ is uniformly Lipschitz continuous with respect to δ and that δVδ → −λ
([68, Proposition 1.6]). We define

V̄δ(m) = Vδ(m) + λ

δ
.

It is clear that δV̄δ → 0. Moreover we claim that if c ∈ R is such that Vδ + c/δ is uniformly
bounded, then c = λ. We also claim that V̄δ converges, at least up to subsequence, to a corrector
χ0 (Definition 3.2.2). The proof of these claims is postponed in Lemma 3.3.3 for which we need
some preliminary results.

We will use more than once the fact that, for anym0 ∈ P(Td) and any δ > 0, the minimization
problem (3.3) admits minimizer (mδ, αδ) and, as proved in [68, Proposition 1.1], that αδ(t, x) =
DpH(x,Duδ(t, x)) where, uδ ∈ C1,2([0,+∞)× Td) and (uδ,mδ) solves
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−∂tu−4u+ δu+H(x,Du) = F (x,m) in Td × [0,+∞)
−∂tm+4m+ div(mDpH(x,Du)) = 0 in Td × [0,+∞)
m(0) = m0, u ∈ L∞([0,+∞)× Td).

(3.9)

Moreover, (mδ, αδ) enjoys the following estimates (for the proof see [68, Lemma 1.3]):

Lemma 3.2.3. There exists C1 > 0 independent of m0, δ such that, if (uδ,mδ) is a classical
solution of (3.9), then

• ‖Duδ‖L∞([0,+∞)×Td) ≤ C1

• ‖D2uδ‖L∞([0,+∞)×Td) ≤ C1.

• d(mδ(s),mδ(l)) ≤ C1|l − s|1/2 for any l, s ∈ [0,+∞)

Consequently, we also have that ‖∂tuδ‖L∞([0,+∞)×Td) ≤ C1 for any s ∈ [0,+∞).

Definition 3.2.4. We call Mather measure any minimizer of the following minimization problem

inf
(µ,p1)

∫
P(Td)

∫
Td
H∗
(
y,

dp1
dm⊗ µ

)
m(dy) + F(m)µ(dm), (3.10)

where the minimum is taken over µ ∈ P(P(Td)) and p1, Borel vector measure on P(Td) × Td
with value in Rd, such that p1 is absolutely continuous with respect to the measure dm ⊗ µ :=
m(dy)µ(dm) and such that (µ, p1) is closed, in the sense that, for any Φ ∈ C1,1(P(Td)),

−
∫
P(Td)×Td

DmΦ(m, y) · p1(dm, dy) +
∫
P(Td)×Td

divyDmΦ(m, y)m(dy)µ(dm) = 0. (3.11)

As in the standard Aubry-Mather theory, in [26] it was proven that, if (µ, p1) is a Mather
measure, then ∫

P(Td)

∫
Td
H∗
(
y,

dp1
dm⊗ µ

)
m(dy) + F(m)µ(dm) = −λ.

3.3 Convergence of V̄δ
3.3.1 Measures induced by optimal trajectories

Let (mδ, αδ) be an optimal trajectory for V̄δ(m0), then if C1 > 0 is the constant that appears in
Lemma (3.2.3), we have ‖αδ‖W 1,∞(Td×[0,+∞)) ≤ C1.

We define νm0
δ ∈ P(Td × E) as follows∫
P(Td)×E

f(m,α)νm0
δ (dm, dα) = δ

∫ ∞
0

e−δsf(mδ(s), αδ(s))ds, (3.12)

where
E := {α ∈W 1,∞(Td,Rd), ‖α‖∞ + ‖Dα‖∞ ≤ C}.

Note that, we know from Lemma 3.2.3 that we can chose C independent of δ. As P(Td) × E
is compact when endowed with the uniform convergence, we can suppose that νm0

δ weakly



80 CHAPTER 3. CONVERGENCE OF THE MFG DISCOUNTED HJ EQUATION

converges, up to subsequence, to a probability measure ν̄ on E. Let µ be the first marginal of
ν̄ and let us define the vector measure p1 on P(Td)× Td as∫

P(Td)×Td
φ(m, y) · p1(dm, dy) =

∫
P(Td)×E

∫
Td
φ(m, y) · α(y)m(dy)ν̄(dm, dα)

for any test function φ ∈ C0(P(Td)×Td,Rd). Note that p1 is absolutely continuous with respect
to µ, since, if we disintegrate ν̄ with respect to µ: ν̄ = ν̄m(dα)µ(dm), then

p1(dm, dy) =
∫
E
α(y)m(dy)ν̄m(dα)µ(dm) (3.13)

and so
dp1

dm⊗ µ
(m, y) =

∫
E
α(y)ν̄m(dα).

In the next proposition we prove that the couple (µ, p1) defined above is a Mather measure.

Proposition 3.3.1. Let (mδ, αδ) be an optimal trajectory for V̄δ(m0) and νm0
δ be the probability

measure defined by (3.12). If ν̄ ∈ P(Td) is a weak limit of νm0
δ (possibly up to subsequence), µ

is the first marginal of ν̄ and p1 is defined as (3.13), then (µ, p1) is a Mather measure.

Proof. We first need to check that (µ, p1) is closed in the sense of (3.11). Let Φ ∈ C1,1(P(Td)),
then

d

dt
Φ(mδ(t)) =

∫
Td

div(DmΦ(mδ(t), y))mδ(t, dy) +
∫
Td
DmΦ(mδ(t), y) · αδ(t, y)mδ(t, dy).

So,∫ t

0

∫
Td

div(DmΦ(mδ(t), y))mδ(t, dy) +
∫
Td
DmΦ(mδ(t), y) · αδ(t, y)mδ(t, dy)dt = Φ(mδ(t))− Φ(m0).

Using the above relation and integrating by parts, we get∣∣∣∣∣
∫
P(Td)×E

∫
Td

div(DmΦ(m, y)) +DmΦ(m, y) · α(y)m(dy) νm0
δ (dm, dα)

∣∣∣∣∣
= δ

∣∣∣∣∫ +∞

0
e−δt

∫
Td

div(DmΦ(mδ(t), y))mδ(t, dy) +
∫
Td
DmΦ(mδ(t), y) · αδ(t, y)mδ(dy)dt

∣∣∣∣
≤ δ

∣∣∣∣ lim
T→+∞

e−δT (Φ(mδ(T ))− Φ(mδ(m0))
∣∣∣∣+ δ2

∣∣∣∣∫ +∞

0
e−δt(Φ(mδ(t))− Φ(mδ(m0))dt

∣∣∣∣
≤ δ2K

∫ +∞

0
e−δtdt = δK,

where K = supm,n∈P(Td) |Φ(m)− Φ(n)|. Letting δ → 0, we find∫
P(Td)×E

∫
Td

div(DmΦ(m, y)) +DmΦ(m, y) · α(y)m(dy) ν̄(dm, dα) = 0.

According to the definition of p1 we can read the last equality as∫
P(Td)

∫
Td

div(DmΦ(m, y))m(dy)µ(dm) +
∫
P(Td)×Td

DmΦ(m, y) · p1(dm, dy) = 0,
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which proves that (µ, p1) is closed. The last step is to prove that (µ, p1) is a minimizer of (3.10).
Indeed, by convexity of H∗, we have∫

P(Td)

[∫
Td
H∗

(
y,

dp1
dm⊗ µ

(m, y)
)
m(dy) + F(m)

]
µ(dm)

=
∫
P(Td)

[∫
Td
H∗

(
y,

∫
E
α(y)ν̄m(dα)

)
m(dy) + F(m)

]
µ(dm)

≤
∫
P(Td)

∫
E

[∫
Td
H∗(y, α(y))m(dy) + F(m)

]
ν̄m(dα)µ(dm)

=
∫
P(Td)×E

[∫
Td
H∗(y, α(y))m(dy) + F(m)

]
ν̄(dm, dα)

= lim
δ→0

∫
Td
H∗(y, α(y))m(dy) + F(m) νm0

δ (dm, dα) = lim
δ→0

δVδ(m0) = −λ.

�

3.3.2 Lower bound

In this section we will first prove the analogue of [35, Lemma 3.5] and then the boundedness
of V̄δ. Note that, the lack of a proper mollification for functions defined on P(Td), forced us
to find a proof that differs from the one in [35]. While [35] used approximation of solutions of
the critical equation, we work here at the level of optimal trajectories. We also mention that
analogous bounds were similarly proved in [53] in the finite dimensional setting.

Proposition 3.3.2. Let m0 ∈ P(Td), (mδ, αδ) be an optimal trajectory for V̄δ(m0) and νm0
δ be

the probability measure defined by (3.12). Then, for any χ subsolution of (3.6),

V̄δ(m0) ≥ χ(m0)−
∫
P(Td)

χ(m)νm0
δ (dm).

Proof. The dynamic programming principle (3.5) says that, if (mδ, αδ) is an optimal trajectory
for V̄δ(m0), then, for any t > 0, (mδ, αδ) is a minimizer of

V̄δ(m0) = inf
(m,α)

∫ t

0
e−δs

∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds+ e−δtV̄δ(m(t)) + λ

δ
. (3.14)

In order to keep the notation as simple as possible we define

L(t, s) =
∫
P(Td)

H∗(αδ(t+ s))dmδ(t+ s) + F(mδ(t+ s)) + λ

and
Lδ(t, h) =

∫ h

0
e−δsL(t, s)ds,

so that, according to the dynamic programming principle (3.14),

Lδ(t, h) = V̄δ(mδ(t))− e−δhV̄δ(mδ(t+ h)). (3.15)

We start with the following computation∫ h

0
L(t, s)ds =

∫ h

0
eδse−δsL(t, s)ds = eδhLδ(t, h)− δ

∫ h

0
eδsLδ(t, s)ds.
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Plugging (3.15) into the last equality, we get∫ h

0
L(t, s)ds = eδhV̄δ(mδ(t))− V̄δ(mδ(t+ h))− δ

∫ h

0
eδsV̄δ(mδ(t))− V̄δ(mδ(t+ s))ds. (3.16)

Now we can focus on
∫
P(Td) χ(m)νm0

δ (dm). Using the above relations and the definitions of νm0
δ

and subsolution of (3.6), we get∫
P(Td)

χ(m)νm0
δ (dm) = δ

∫ +∞

0
e−δtχ(mδ(t))dt ≤ δ

∫ +∞

0
e−δt

∫ h

0
L(t, s)ds+ χ(mδ(t+ h))dt.

Arranging the terms and dividing by δ, we find∫ +∞

0
e−δtχ(mδ(t))dt−

∫ +∞

0
e−δtχ(mδ(t+ h))dt ≤

∫ +∞

0
e−δt

∫ h

0
L(t, s)dsdt. (3.17)

We first consider the left hand side. If we run a change of variable we get∫ +∞

0
e−δtχ(mδ(t))dt−

∫ +∞

0
e−δtχ(mδ(t+ h))dt (3.18)

=
∫ +∞

0
e−δtχ(mδ(t))dt− eδh

∫ +∞

h
e−δtχ(mδ(t))dt

= (1− eδh)
∫ +∞

0
e−δ(t)χ(mδ(t))dt+ eδh

∫ h

0
e−δtχ(mδ(t))dt.

We now work on the right hand side of (3.17). Using again (3.16) we get

∫ +∞

0
e−δt

∫ h

0
L(t, s)dsdt

=
∫ +∞

0
e−δt

(
eδhV̄δ(mδ(t))− V̄δ(mδ(t+ h))

)
dt− δ

∫ +∞

0
e−δt

∫ h

0
eδsV̄δ(mδ(t))− V̄δ(mδ(t+ s))dsdt.

We now look at each addend of the above line. First we have that∫ +∞

0
e−δt

(
eδhV̄δ(mδ(t))− Vδ(mδ(t+ h))

)
dt (3.19)

=
∫ +∞

0
e−δ(t−h)V̄δ(mδ(t))−

∫ +∞

h
e−δ(t−h)V̄δ(mδ(t))dt

=
∫ h

0
e−δ(t−h)V̄δ(mδ(t))dt = eδh

∫ h

0
e−δtV̄δ(mδ(t))dt,

then, ∣∣∣∣∣
∫ +∞

0
e−δt

∫ h

0
eδsV̄δ(mδ(t))− V̄δ(mδ(t+ s))dsdt

∣∣∣∣∣ (3.20)

≤
∫ +∞

0
e−δt

∫ h

0
eδs
∣∣∣V̄δ(mδ(t))− e−δsV̄δ(mδ(t+ s))

∣∣∣ dsdt
≤ eδh

∫ +∞

0
e−δt

∫ h

0

∣∣∣V̄δ(mδ(t))− e−δsV̄δ(mδ(t+ s))
∣∣∣ dsdt.
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Note that V̄δ is Lipschitz continuous. Moreover, we know from Lemma 3.2.3 that there exists a
C > 0 independent of m0 and t such that

d(mδ(t+ h),mδ(t)) ≤ Ch
1
2 .

Then, for small h > 0, if s ≤ h∣∣∣V̄δ(mδ(t))− e−δsV̄δ(mδ(t+ s))
∣∣∣ =

∣∣∣(1− e−δs)V̄δ(mδ(t))− e−δs(V̄δ(mδ(t+ s))− V̄δ(m(t)))
∣∣∣

≤
∣∣∣V̄δ(mδ(t))(1− e−δs)

∣∣∣+ ∣∣∣(V̄δ(mδ(t+ s))− V̄δ(m(t)))
∣∣∣

Note that, ∣∣∣V̄δ(mδ(t))(1− e−δs)
∣∣∣ ≤ |V̄δ(m(t)))(δh+ o(δh))| = h|V̄δ(m(t)))(δ + o(δ))|.

As δV̄δ(·)→ 0, there exists a constant C2 > 0, independent of δ, such that |V̄δ(·)(δ+o(δ))| ≤ C2.
Then,

∣∣∣V̄δ(mδ(t))(1− e−δs)
∣∣∣ ≤ hC2

Therefore, if K is the Lipschitz constant of V̄δ, which we know to be independent of δ ([68,
Theorem 1.5]), we have that there exists C1 > 0 such that∣∣∣V̄δ(mδ(t))− e−δsV̄δ(mδ(t+ s))

∣∣∣ ≤ |V̄δ(m(t)))(δh+ o(δh))|+
∣∣∣(V̄δ(mδ(t+ s))− V̄δ(m(t)))

∣∣∣
≤ C2h+Kd(mδ(t+ s),mδ(t)) ≤ C1h

1
2

Coming back to (3.20), we get∣∣∣∣∣
∫ +∞

0
e−δt

∫ h

0
eδsV̄δ(mδ(t))− V̄δ(mδ(t+ s))dsdt

∣∣∣∣∣ (3.21)

≤ eδh
∫ +∞

0
e−δtC1hh

1
2dt = eδh

δ
C1hh

1
2 .

If we plug (3.18), (3.19) and (3.21) into (3.17), we get

(1− eδh)
∫ +∞

0
e−δ(t)χ(mδ(t))dt+ eδh

∫ h

0
e−δtχ(mδ(t))dt

≤ eδh
∫ h

0
e−δtV̄δ(mδ(t))dt+ eδh

δ
C1hh

1
2 .

Now, we just need to divide by h and let h go to 0 to find

−δ
∫ +∞

0
e−δtχ(mδ(t))dt+ χ(m0) ≤ V̄δ(m0).

�

We can now prove that V̄ does actually converge, up to subsequence, to a corrector χ0.
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Lemma 3.3.3. The family of function {V̄δ}δ is uniformly bounded, uniformly Lipschitz contin-
uous and therefore admits, up to subsequence, a uniform limit χ0. Moreover, χ0 is a corrector
function.

Proof. The only thing that we have to prove is that V̄δ is uniformly bounded. Indeed, the rest
of the claim was proven in [68, Proposition 1.6] and [68, Lemma 1.7].

We start showing that V̄δ is bounded below. Let χ be a corrector function and m̄ ∈ P(Td)
be such that maxm∈P(Td) χ(m) = χ(m̄) (the existence of a corrector function is guaranteed by
[68, Proposition 1.6] and [68, Lemma 1.7]). From Proposition 3.3.2, if we fix m0 ∈ P(Td) we get

V̄δ(m0) ≥ χ(m0)−
∫
P(Td)

χ(m)νm0
δ (dm).

Then,
V̄δ(m0) ≥ χ(m0)−

∫
P(Td)

max
m∈P(Td)

χ(m)νm0
δ (dm)

= χ(m0)− χ(m̄) ≥ −Kd(m0, m̄) ≥ −Kdiam(P(Td))

and the Lipschitz constant K does not depend on χ (see [68, Proposition 1.8]).
We now focus on the upper bound. We fix (m,α) an optimal trajectory for χ(m0) which

means that, for any t > 0,

χ(m0)− χ(m(t)) =
∫ t

0

∫
Td
H∗(x, α(s))dm(s) + F(m(s))ds+ λt. (3.22)

To have a lighter notation we introduce

L(s) =
∫
P(Td)

H∗(x, α(s))dm(s) + F(m(s))

and
L(t) =

∫ t

0
L(s)ds.

Note that according to (3.22) we have

L(t) = χ(m0)− χ(m(t))− tλ. (3.23)

Moreover, we recall that V̄δ verifies the dynamical programming principle (3.14). Therefore,

V̄δ(m0) ≤
∫ T

0
e−δsL(s)ds+ e−δT V̄δ(m(T )) + λ

δ
.

Integrating by parts we find

V̄δ(m0) ≤ e−δTL(T ) + δ

∫ T

0
e−δsL(s)ds+ e−δT V̄δ(m(T )) + λ

δ
. (3.24)

We now consider each addends on the right hand side to prove that it either converges to zero
when T → +∞ or it is uniformly bounded. From (3.23), we deduce that

e−δTL(T ) = e−δT (χ(m0)− χ(m(T ))− Tλ) T→+∞−−−−−→ 0.
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Then, there exists a C > 0 such that

δ

∫ T

0
e−δsL(s)ds = δ

∫ T

0
e−δs(−sλ+ χ(m0)− χ(m(s)))ds =

− (1− e−δT )λ
δ

+ δ

∫ T

0
e−δs(χ(m0)− χ(m(s)))ds ≤

− (1− e−δT )λ
δ

+ (1− e−δT )C T→+∞−−−−−→ −λ
δ

+ C,

where in the last inequality we used the boundedness of χ. Note that, for fixed δ, also the term
e−δT V̄δ(m(T )) converges to zero when T → +∞. Then, plugging these computations into (3.24)
and letting T → +∞, we get

V̄δ(m0) ≤ −λ
δ

+ C + λ

δ
= C.

�

3.3.3 Smooth Mather measures

In this section we will work with measures with a smooth density. In this case, we will often
identify a measure m ∈ P(Td) with its density.

Definition 3.3.4. We say that (µ, p1) ∈ P(P(Td))×M(P(Td)×E,Rd) is smooth if there exists
C > 0 such that, for any m ∈ suppµ,

1. ‖m‖C2(Td) ≤ C.

2. ‖dp1/(dm⊗ µ)(·,m)‖C1(Td) ≤ C.

Lemma 3.3.5. Let (µ, p1) be a smooth (in the sense Definition 3.3.4) closed measure. Then, if
Φ ∈ C0(P(Td)), ∫

P(Td)

(
∆m(x) + div

(
dp1

dm⊗ µ
(x,m)m(x)

))
Φ(m)µ(dm) = 0

Proof. First of all, note that the left hand side of the above relation is integrable because of the
bounds on the space derivatives of m and p1/dm⊗ µ.

According to [71, Theorem 2.2], we can pick a sequence Φn ∈ C1,1 which converges uniformly
to Φ. Then, using that (µ, p1) is closed and smooth we get

0 = −
∫
P(Td)×Td

DmΦn(m, y) · p1(dm, dy) +
∫
P(Td)×Td

divyDmΦn(m, y)m(dy)µ(dm)

= −
∫
P(Td)×Td

DmΦn(m, y) · dp1
dm⊗ µ

(x,m)dm(x)µ(dm) +
∫
P(Td)×Td

divyDmΦn(m, y)m(dy)µ(dm)

=
∫
P(Td)×Td

(
∆m(x) + div

(
dp1

dm⊗ µ
(x,m)m(x)

))
Φn(m)µ(dm),

that is

0 =
∫
P(Td)×Td

(
∆m(x) + div

(
dp1

dm⊗ µ
(x,m)m(x)

))
Φn(m)µ(dm)

As Φn converges uniformly to Φ we just need to pass to the limit n→ +∞. �
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Proposition 3.3.6. For any δ > 0 and any smooth Mather measure (µ, p1), we have∫
P(Td)

V̄δ(m)µ(dm) ≤ 0

Proof. For any m̄ ∈ P(Td) there exists a smooth function Φm̄ ∈ C1,1 such that Φm̄ ∈ C1,1(P(Td)),
Φm̄(m) ≥ V̄δ(m) with an equality only for m = m̄ and such that

δV̄δ(m̄) ≤
∫
Td

divyDmΦm̄(m̄, y)m̄(dy)−
∫
Td
H(y,DmΦm̄(m̄, y))m̄(dy) + F(m̄) + λ.

For the construction of such a function one can look at [26, Lemma 6.3].
By convexity of H with respect to the second variable, we get

δV̄δ(m̄) ≤
∫
Td

divyDmΦm̄(m̄, y)m̄(dy)−
∫
Td
DmΦm̄(m̄, y) · dp1

dm⊗ µ
(m̄, y)m̄(dy)

+
∫
Td
H∗

(
y,

dp1
dm⊗ µ

(m̄, y)
)
m̄(dy) + F(m̄) + λ.

If m̄ ∈ supp µ then we can integrate by parts and we get

δV̄δ(m̄) ≤
∫
Td

(
∆m̄(x) + div

(
dp1

dm⊗ µ
(x, m̄)m̄(x)

))
Φm̄(m̄)

+
∫
Td
H∗

(
y,

dp1
dm⊗ µ

(m̄, y)
)
m̄(dy) + F(m̄) + λ

=
∫
Td

(
∆m̄(x) + div

(
dp1

dm⊗ µ
(x, m̄)m̄(x)

))
V̄δ(m̄)

+
∫
Td
H∗

(
y,

dp1
dm⊗ µ

(m̄, y)
)
m̄(dy) + F(m̄) + λ

If we integrate against µ we get from Lemma 3.3.5 that∫
P(Td)

∫
Td

(
∆m̄(x) + div

(
dp1

dm⊗ µ
(x, m̄)m̄(x)

))
V̄δ(m̄)µ(dm̄) = 0.

Moreover, as (µ, p1) is a Mather measure we also have∫
P(Td)

∫
Td
H∗

(
y,

dp1
dm⊗ µ

(m̄, y)
)
m̄(dy) + F(m̄)µ(dm̄) = −λ.

Therefore,

δ

∫
P(Td)

V̄δ(m̄)µ(dm̄) ≤ 0.

�

Definition 3.3.7. We say that (µ, p1) ∈ P(P(Td))×M(P(Td)×E,Rd) belongs toMV if (µ, p1)
is smooth in the sense of Definition 3.3.4 and if it is the limit of νm0

δ (in the sense of Proposition
3.3.1) for a certain m0 and along a subsequence δ → 0.

Note that, according to Proposition 3.3.1, MV is a subset of the set of Mather measures.
Moreover, we will say with an abuse of terminology that a measure ν ∈ P(P(Td)× E) belongs
toMV is the couple (µ, p1) defined as in Proposition 3.3.1 does.
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Lemma 3.3.8. For any m0 ∈ P(Td) with a C∞(Td) density, there exists δn → 0 such that
νm0
δn
→ νm0 and νm0 ∈MV .

Proof. We know from Lemma 3.2.3 that, if (mδ, αδ) is a minimizer of V̄δ then αδ is uniformly
bounded, with respect to δ, in C1,1([0,+∞] × Td). Therefore, mδ solves the Fokker-Plank
equation (3.4) with a smooth drift. If, moreover, the initial condition m0 is smooth, by standard
parabolic estimates, we have that mδ is uniformly bounded in C1,2([0,+∞] × Td). Then, as
supp νm0

δ = {(mδ(t), αδ(t))}t≥0, there exists a constant C > 0 such that for any (m,α) ∈
supp νm0

δ , ‖(m,α)‖C2(Td)×C1(Td,Rd) ≤ C.
Let now δn be a sequence such that νm0

δn
→ νm0 . Given that supp νm0 ⊂ lim supδ→0 supp νm0

δn
,

the bounds that we have discussed ensure that the points of the support of νm0 are smooth in
the sense of Definition 3.3.4. �

Note that the proof of the above lemma has as byproduct that the set of smooth Mather
measures (Definition 3.3.4) is not empty.

3.3.4 Conclusion

We define S− the set of subsolution Ψ of (3.6) such that for any (µ, p1) ∈MV we have∫
P(Td)

Ψ(m)µ(dm) ≤ 0.

We set

χ̄(m) = sup
χ∈S−

χ(m).

To give sense to the terms that appear in the above relation we need first to prove the
following lemma.

Lemma 3.3.9. The family of function S− is not empty and uniformly bounded from above.

Proof. Let χ be a corrector function and C > 0 be such that χ− C < 0. If we set Ψ = χ− C,
then Ψ is a corrector function and for any measure (µ, p1) ∈MV∫

P(Td)
Ψ(m)µ(dm) ≤ 0.

Therefore, S− is not empty. Following the structure of [68, Theorem 1.5], one can easily prove
that the set of subsolution of (3.6) is uniformly Lipschitz continuous. Then, if we fix a (µ, p1) ∈
MV and a subsolution χ ∈ S−, we have

min
ν∈P(Td)

χ(ν) =
∫
P(Td)

min
ν∈P(Td)

χ(ν)µ(dm) ≤
∫
P(Td)

χ(m)µ(dm) ≤ 0.

If we use the Lipschitz continuity of χ we get that, for any m ∈ P(Td),

χ(m) ≤ min
ν∈P(Td)

χ(ν) +Kdiam(P(Td)) ≤ Kdiam(P(Td)),

which proves the claim. �
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Theorem 3.3.10. The function V̄δ uniformly converges to the corrector χ̄ defined by

χ0(m) = sup
χ∈S−

χ(m).

Proof. In Lemma 3.3.3 we proved that there exists a sequence δn → 0 and a corrector function
χ0 such that V̄δn uniformly converges to χ0. We know from Proposition 3.3.6 that, for any
δn > 0 and any smooth Mather measure (µ, p1),∫

P(Td)
V̄δn(m)µ(dm) ≤ 0.

In particular the above relation holds true for any (µ, p1) ∈MV . Letting δn → 0, we get∫
P(Td)

χ0(m)µ(dm) ≤ 0, ∀(µ, p1) ∈MV ,

which proves that χ0 ∈ S− and, consequently, that χ0 ≤ χ̄.
For the other inequality we fix m0 ∈ P(Td) and a sequence mε of smooth measures such

that mε → m0 when ε → 0. From Lemma 3.3.2 we know that, for any subsolution χ of (3.6),
we have

V̄δn(mε) ≥ χ(mε)−
∫
P(Td)

χ(m)νmεδn
(dm). (3.25)

As mε is smooth, we know from Lemma 3.3.8 that there exists a further subsequence δnk such
that νmεδnk

→ νmε and νmε ∈MV . Therefore, if we let in (3.25) δnk → 0 , we get

χ0(mε) ≥ χ(mε)−
∫
P(Td)

χ(m)νmε(dm).

If now we suppose that χ ∈ S−, the above inequality becomes

χ0(mε) ≥ χ(mε).

As χ and χ0 are continuous we can let ε→ 0 to finally find that

χ0(m0) ≥ χ(m0).

By the arbitrariness of χ and m0 we deduce that

χ0 ≥ sup
χ∈S−

χ = χ̄.

Note that χ̄ is uniquely defined and depends neither on δn nor on δnk . This implies that also
χ0 is uniquely defined and, therefore, the full convergence of V̄δ. �
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RÉSUMÉ

Cette thèse porte sur l’étude du comportement en temps long des jeux à champ moyen (MFG) potentiels, indépendam-
ment de la convexité du problème de minimisation associé. Pour le système hamiltonien de dimension finie, des prob-
lèmes de même nature ont été traités par la théorie KAM faible. Nous transposons de nombreux résultats de cette théorie
dans le contexte des jeux à champ moyen potentiels. Tout d’abord, nous caractérisons par approximation ergodique la
valeur limite associée aux systèmes MFG à horizon fini. Nous fournissons des exemples explicites dans lesquels cette
valeur est strictement supérieure au niveau d’énergie des solutions stationnaires du système MFG ergodique. Cela im-
plique que les trajectoires optimales des systèmes MFG à horizon fini ne peuvent pas converger vers des configurations
stationnaires. Ensuite, nous prouvons la convergence du problème de minimisation associé à MFG à horizon fini vers
une solution de l’équation Hamilton-Jacobi critique dans l’espace de mesures de probabilité. De plus, nous montrons une
limite de champ moyen pour la constante ergodique associée à l’équation Hamilton-Jacobi de dimension finie correspon-
dante. Dans la dernière partie, nous caractérisons la limite du problème de minimisation à horizon infini que nous avons
utilisé pour l’approximation ergodique dans la première partie du manuscrit.

MOTS CLÉS

Jeux à champ moyen, Contrôl optimal, Théorie KAM faible

ABSTRACT

The purpose of this thesis is to shed some light on the long time behavior of potential Mean Field Games (MFG), re-
gardless of the convexity of the minimization problem associated. For finite dimensional Hamiltonian systems, problems
of the same nature have been addressed through the so-called weak KAM theory. We transpose many results of this
theory in the infinite dimensional context of potential MFG. First, we characterize through an ergodic approximation the
limit value associated to time dependent MFG systems. We provide explicit examples where this value is strictly greater
than the energy level of stationary solutions of the ergodic MFG system. This implies that optimal trajectories of time
dependent MFG systems cannot converge to stationary configurations. Then, we prove the convergence of the minimiza-
tion problem associated to time dependent MFGs to a solution of the critical Hamilton-Jacobi equation in the space of
probability measures. In addition, we show a mean field limit for the ergodic constant associated with the corresponding
finite dimensional Hamilton-Jacobi equation. In the last part we characterize the limit of the infinite horizon discounted
minimization problem that we use for the ergodic approximation in the first part of the manuscript.
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