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RESUME

L’étude du taux de mortalité dans des modeles de population humaine ou en biologie est le coeur
de ce travail. Cette these se situe a la frontiere de la statistique des processus, de la statistique
nonparamétrique et de ’analyse.

Dans une premiere partie, centrée sur une problématique actuarielle, un algorithme est proposé
pour estimer les tables de mortalité, utiles en assurance. Cet algorithme se base sur un modele
déterministe de population. Ces nouvelles estimations améliorent les résultats actuels en prenant
en compte la dynamique globale de la population. Ainsi les naissances sont incorporées dans le
modele pour calculer le taux de mort. De plus, ces estimations sont mises en lien avec les travaux
précédents, assurant ainsi la continuité théorique de notre travail.

Dans une deuxieme partie, nous nous intéressons a l’estimation du taux de mortalité dans
un modele stochastique de population. Cela nous pousse & utiliser des arguments propres a la
statistique des processus et a la statistique nonparamétrique. On trouve alors des estimateurs non-
paramétriques adaptatifs dans un cadre anisotrope pour la mortalité et la densité de population,
ainsi que des inégalités de concentration non asymptotiques quantifiant la distance entre le modele
stochastique et le modele déterministe limite utilisé dans la premiere partie. On montre que ces
estimateurs restent optimaux dans un modele ou le taux de mort dépend d’interactions, comme
dans le cas de la population logistique.

Dans une troisieme partie, on considere la réalisation d’un test pour détecter la présence
d’interactions dans le taux de mortalité. Ce test permet en réalité de juger de la dépendance
temporelle de ce taux. Sous une hypotheése, on montre alors qu’il est possible de détecter la
présence d’interactions. Un algorithme pratique est proposé pour réaliser ce test.

Mots-Clés

Statistique nonparamétrique, Dépendance, Statistique des processus aléatoires, Inégalités de con-
centration, Equation aux dérivées partielles, Adaptativité, Inégalité oracle, Sélection de fenétre,
Estimateurs a noyaux, vitesse de convergence minimax, test nonparamétrique.



ABSTRACT

In this thesis, we study the mortality rate in different population models to apply our results to
demography or biology. The mathematical framework includes statistics of process, nonparametric
estimations and analysis.

In a first part, an algorithm is proposed to estimate the mortality tables. This problematic
comes from actuarial science and the aim is to apply our results in the insurance field. This al-
gorithm is founded on a deterministic population model. The new estimates we gets improve the
actual results. Its advantage is to take into account the global population dynamics. Thanks to
that, births are used in our model to compute the mortality rate. Finally these estimations are
linked with the precedent works. This is a point of great importance in the field of actuarial science.

In a second part, we are interested in the estimation of the mortality rate in a stochastic pop-
ulation model. We need to use the tools coming from nonparametric estimations and statistics
of process to do so. Indeed, the mortality rate is a function of two parameters, the time and the
age. We propose minimax optimal and adaptive estimators for the mortality and the population
density. We also demonstrate some non asymptotic concentration inequalities. These inequalities
quantify the deviation between the stochastic process and its deterministic limit we used in the first
part. We prove that our estimators are still optimal in a model where the mortality is influenced
by interactions. This is for example the case for the logistic population.

In a third part, we consider the testing problem to detect the existence of interactions. This
test is in fact designed to detect the time dependance of the mortality rate. Under the assumption
the time dependance in the mortality rate comes only from the interactions, we can detect the
presence of interactions. Finally we propose an algorithm to do this test.

Keywords
Nonparametric statistics, Dependence, Statistics of process, Concentration inequalities, Partial dif-

ferential equation, Adaptive estimation, Oracle inequality, Bandwidth selection, Kernel estimation,
minimax rate of convergence, nonparametric testing.
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INTRODUCTION

1 Cadre mathématique et statistique

Le but de cette these est I'estimation du taux de mortalité lorsqu’il dépend du temps. Il s’agit
donc d’évaluer une fonction dépendant de deux parametres, le temps et ’age. Cette these s’inscrit
dans la suite de la these d’Alexandre Boumezoued [8] et des travaux de Marc Hoffmann, Marie
Doumic, Adélaide Olivier et al. [22, 35, 35].

1.1 Estimateurs a noyaux

L’estimation de fonctions rentre dans le cadre de la statistique nonparamétrique. Dans cette these,
nous nous sommes particulierement interéssés aux estimateurs a noyaux tels que définis dans [57].
Une introduction aux méthodes nonparamétriques peut aussi se trouver dans [63]. Cette famille
d’estimateurs est indexée par une fenétre h.

Pour ces estimateurs, dans leur utilisation initiale, on cherche a estimer une densité réelle s
grace & un échantillon X1, ..., Xy indépendant et identiquement distribué, selon la densité s, de
N observations. Il faut alors introduire une fonction K intégrable et telle que [ K(u)du = 1. On
I’appelle noyau. La famille des estimateurs a noyau est alors

N
() = ;];Kh(Xi —a) = % > %K (Xh_x>
Un noyau est dit d’ordre L si
e pour tout j < L, u/ K (u) est intégrable
e pour tout 1 < j <L, [w/K(u)du =0
o [urT1K(u)du # 0, sachant que v+ K (u) est intégrable.

La notion d’ordre d’un noyau joue un role important dans le calcul de la vitesse minimax.
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1.2 Vitesse minimax

On cherche a estimer une fonction s. Pour quantifier la vitesse d’estimation d’un estimateur § vers
s : RY = R nous nous placons dans le cadre minimax pour lequel il est nécessaire d’avoir une fonc-
tion de perte p(s, §). Il est possible de s’intéresser a des pertes L? ot p(s,8)? = [, [s(z) — §(z)[Pda
avec A C R?. Dans notre étude, nous nous limitons & I’étude d’une perte ponctuelle, c¢’est-a-dire
ott p(s,38) = |s(zo) — 8(xo)|?. Le risque est alors E[p(s, §)].

Dans le cadre minimax, soit /N une asymptotique, souvent le nombre d’observations, on peut
alors définir la vitesse minimax d’estimation d’une fonction. On notera alors §x un estimateur de
s. Si V est une classe de fonctions a laquelle s est supposée appartenir, la quantité d’intérét est

Ry (V) = infsupE[p(3y, 5)]
SN seV

ou l'infimum est pris sur tous les estimateurs de s. Ce risque est appelé risque minimax et dépend
seulement de la classe fonctionnelle a laquelle on suppose que la fonction & estimer appartient.

On dit qu’un estimateur §y atteint la vitesse minimax ry s’il existe deux constantes Cy > 0
and C, > 0 telles que

supE[p(s, §)] < Curyy (1)
seyY
et
Ry(V) > Crriy (2)

La condition (1) est la borne supérieure et la condition (2), la borne inférieure. Si les deux sont
vérifiées avec la méme vitesse, on obtient donc la vitesse minimax optimale qui n’est définie qu’a
une constante pres.

L’espace fonctionnel V auquel appartient la fonction que 'on veut estimer est fondamental.
La vitesse optimale ry dépend de cet espace et sera notée ry (V). Dans cette these, nous allons
travailler avec des espaces de régularité Holder qui se prétent bien a 1'utilisation du risque ponctuel.
Pour une fonction f : R — R on dit que f € H¥(xo) si Yy € Uy,, Uy, voisinage de xg, on a

1F™(y) = ™ (@) < Cly — |t

avec & = n + {a}. On peut alors étendre au cas bidimensionnel avec f € H*P(zq,y0) si f,, =
fCyo) € HB(xg) et fo, = f(wo,-) € HP(yo). L’extension a de plus grandes dimensions se fait
aisément.

Nous renvoyons a [63, 27, 32] pour une définition plus rigoureuse et précise de ces espaces dans
le cadre statistique, ainsi qu’une introduction a la statistique nonparamétrique et voir les différents
risques et estimateurs existants.

Nous allons illustrer la vitesse minimax pour les espaces de Holder et le risque ponctuel. Pour
la comprendre, il est nécessaire d’avoir quelques notions supplémentaires. Dorénavant, nous in-
dexerons par h et N lestimateur 8. Le risque ponctuel E[|s(zo) — 85 n(20)]?] est tel que

Ells(zo) — $n.n(%0)[*] < BXs + Vv

ou By, est le biais de I'estimateur et Vi ; sa variance. Cette décomposition est typique des
estimateurs a noyaux et de la statistique nonparamétrique en général. Pour obtenir la vitesse
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optimale, il faut alors trouver la fenétre hy qui résout le probleme de maximisation suivant
hy = argminy (g 1By, + Vav.n- Ce probleme a une unique solution puisque la somme est convexe.
La théorie de I’approximation nous assure que BJQV ,, est croissant en h, et cette croissance dépend
de V. La variance est quant a elle décroissante en h et indépendante de V.

Si s € H%(xp), on peut montrer qu’en choisissant un noyau d’ordre L > « + 1 on obtient
B3, h o~ h2* et Vi = ﬁ7 ou ~ signifie égal a une constante prés. On obtient alors une vitesse

« . —
minimax de 'ordre de N~ 2a+T1,

Si s € HP(x0,90), en adaptant I’approche pour la rendre multidimensionnelle, et en notant
+

. o , -
ou encore y = on montre que la vitesse minimax est de 'ordre de N~ z7+T.

ap
a+8’

|~

1
a

2=

Dans ce cadre, la vitesse minimax dépend de la régularité de la fonction que l'on cherche a
évaluer. En pratique, une telle connaissance n’est pas donnée au praticien et il est donc nécessaire
de pouvoir avoir des estimateurs que 'on appelle adaptatifs. C’est-a-dire des estimateurs qui
atteignent la vitesse minimax optimale sans supposer de régularité pour la fonction a estimer.

1.3 Estimateur adaptatif

Trouver un estimateur adaptatif consiste alors a avoir un estimateur atteignant la vitesse minimax
optimale sur H?(z() alors méme qu’on ne connait pas la régularité de la fonction que ’on cherche
a estimer. On supposera simplement que la fonction que I'on cherche & estimer est dans un espace
de régularité minimale H*(z), o < .

De maniere plus formelle, cela consiste a supposer que la fonction a estimer s € V; et qu'on
s'intéresse a Ry (Vz2) ou Vi C Vs. Il faut alors trouver un estimateur §, de s tel que la condition
(1) devienne alors en sachant seulement que s appartient & V.

sup E[p(s, 5,)] < Curg (V1)
seVi

On voit que cela est la meilleure borne que 1'on puisse espérer puisque ry (Vi) < ry(Va).
On cherche a estimer s qui appartient a V; bien que ce soit la une inconnue du probleme. Si s
appartient uniquement a Vs, 'estimateur aura la vitesse ry(V2), c’est donc en ce sens qu'il est
adaptatif. La vitesse de I'estimateur s’adapte & la régularité intrinséque inconnue de la fonction
a estimer. Dans notre exemple, on aurait ainsi V; = ’Hﬂ(a:o), Vo = H*(xp). Dans le cas ou on
cherche a estimer une densité unidimensionnelle a partir d’un N-échantillon, on obtient les vitesses

B . e s N -
ry(V1) = N™28+1 qui sont grandement inférieures & ry (Vo) = N~ 2a41.

Il existe une procédure pour construire un tel estimateur a partir de la famille des estimateurs
a noyaux. Puisque la variance Vv, ne dépend pas de ’espace fonctionnel, il ne reste que le biais
By, a calculer pour pouvoir trouver la meilleure fenétre h.

Pour obtenir un estimateur adaptatif, tout dépend donc du biais qu’il faut pouvoir estimer
avec précision. Or, trouver un estimateur du biais est chose non aisée en général. La méthode de
Goldenschluger Lepski, introduite dans [28, 29], permet de s’en affranchir.

Cette méthode propose de comparer deux a deux les estimateurs. On introduit Hy une grille
sous ensemble de [0,1]¢. Pour h = (hy,...,hq) et h = (hy,..., hy), on écrit h < h si pour tout
iSd,OHahiShi.
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On introduit alors

Ann= max {s BN = Vn -V, }
Nh = X p (3n.N, 80 N) N,h N
et
hy =argminAy , + Vi
heEH N

L’estimateur adaptatif obtenu via la méthode de Goldenschluger Lepski est alors §, = §;, .
Cette méthode fonctionne s’il est possible d’obtenir des inégalités oracles, a savoir si on peut
montrer qu’il existe une constante C' telle que

Elp(34,5)?] < ChieI’}fN [BJQ\/,}L + Vo] + 0N

avec 6 tendant vers 0 assez vite. Pour obtenir ce type d’inégalité, il est nécessaire d’obtenir une
inégalité de concentration sur la famille d’estimateurs. Plus précisément, on a avec notre fonction
de risque p

Anp < 4hSUP {p(5n N, B30 n))* = Vv b+ + Hp(3n,n, E(Bnn))? = Vv 4+ + 4B%
"eEHN

11 suffit alors de controler E[4supy ¢y {p(8r,8, E(51,N))* — Vw }+] ce qui est possible via une

inégalité de concentration sur p(3x v, E(34 ).

En effet, une inégalité de concentration non asymptotique doit assurer qu’avec grande proba-
bilité p(8p N, E(8p,n))? est proche de Viy 5. Le lien entre ces deux quantités est simplement

E [p(3n n5, B30 ,n))?] = Vv

1.4 Modele de population

Le besoin d’un modele de population ayant une asymptotique liée & un modele déterministe simple
s’impose pour réaliser notre travail. Les modeles introduits dans [26, 17, 16] et développés dans
[62] se prétent parfaitement & notre étude. Ils sont par ailleurs étudiés dans [8, 2] pour ce type
d’application. Il n’est donc pas nouveau d’y penser pour réaliser de tels travaux.

Modele stochastique

On utilise les notations suivantes pour décrire les populations. Les populations sont vues comme
des mesures ponctuelles sur Ry et la mesure Z; = Y ', 84, (da) représente une population. La
population est telle que chaque individu est régi par les comportements suivants :

e il donne naissance & un taux b(t,a)
e il meurt & un taux u(t,a)

On fixe le temps sur lequel on regarde la population et on s’intéresse a une asymptotique en grande
population. Pour cela on va prendre N individus au départ et renormaliser par N. Ainsi chaque
individu aura un poids de 1/N. On note pour une population Zs, ¢ la translation de tous les
ages d'un temps t. On a 7,7, = Z?;l da;+¢(da). On note aussi a;(Zs) I’age de l'individu ¢ dans
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la population Z,. Pour tout t € [0,7] on peut définir le processus comme solution de I’équation
stochastique suivante :

t
N __ N —1 .
a =mdo +N /o /NxR+ 5t_5(da)1{0§ﬂ§b<s,ai(zﬁ>>,i§<Nz;V, 1y} Q1 (s, di, V)

t
-1 .
- /O/Mh Oai (22 =B o0 zn )y i<z 1y} Q2188 A dD)(3)

avec Q; et Qs deux processus de Poissons indépendants d’intensité d5(2k>1 k(di))dd. Pour
toute fonction f de I'age on définit (Z}N, f) = Z Vf(ai(ZN)) = [T f(a)ZN (da). On note aussi

< pour inférieur & une constante pres.
Hypothése 1. On a
(i) b et u bornées,
(i) supy (ZY,1) < 1 presque sirement et Z) — &g étroitement pour un & € My déterministe,

(iii) &o(da) = go(a)da pour une certaine fonction go bornée telle que [;° go(a)da < oo.

Modeéle déterministe

Sous cette hypotheése on obtient la convergence de Z}¥ vers ¢;(da) = g(t,a)da. De plus la densité
limite g vérifie une équation de transport:

9eg(t,a) + Oag(t,a) + p(t,a)g(t,a) = 0

o0 (4)
9(0,a) = go(a), g(t,0) = /0 b(t,a)g(t,a)da.

Cette équation est connue depuis longtemps par les démographes. Mise en avant par McKendrick
dans [53] et Von Foerster dans [66], elle est étudiée depuis longtemps. De plus elle s’inscrit dans
un cadre bien plus général. Elle est en effet une équation possible apparaissant en biologie. Nous
invitons le lecteur & se reporter & [58, 67], pour avoir une introduction plus poussée sur ces sujets.

Enrichissement du modéle

Pour des raisons pratiques évidentes, ce modele est trop simple. Bien qu’il constitue déja un défi
intéressant pour les questions statistiques comme nous le verrons, on peut d’ores-et-déja introduire
un modele plus complexe ayant un intérét, tant en biologie qu’en actuariat.

L’idée du modele est d’incorporer des interactions entre les individus et des traits particuliers
autre que ’age. On comprend l'importance de ce type de modele et la littérature abonde en ce
sens, comme on peut le voir dans [41] ou les interactions jouent un réle fondamental ou encore dans
le cas de la population avec interaction logistique [65]. Les traits sont eux aussi trés importants
et apparaissent souvent dans les modeles comme dans [15, 24]. Afin d’appliquer nos travaux en
biologie, il est nécessaire de prendre cela en compte.

On introduit donc un espace de trait X', comme par exemple la taille de I'individu ou son type,
cet espace peut donc étre discret ou continue. On introduit aussi une probabilité P(dzx) sur cet
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espace et un noyau de transition kp : [0, 7] x Ry X X x X — R, telle que la probabilité de changer
de caractéristiques en naissant a partir d’un individu ayant 1’age a et le trait x au temps t, soit
ky(s,a,x,2")P(dz’). On note aussi un noyau d’interaction U : (Ry x X)? — R.

Dans ce cadre les populations Z» sont des mesures sur Ry x X, on notera Z} (da,dr) =
vaztl 0q; 2; (da, dz) avec z; le trait de l'individu 1.

Le taux de mort s’écrit alors
o0
wi(s,a, 2z, ZN) = po(s, a, ) —|—/ Ula,z, o, y)ZN (da, dy).
0

On peut alors réécrire I'équation (3), en notant simplement a;(ZN) = a; et z;(ZN) = w;,
respectivement 1’age et le trait de I'individu ¢ dans la population Z SJ\L pour avoir

z) =nz{

t
1 . ’
+N /0 /NxRerX6t_s’x/(da’dx)l{0<19<b(s,ai,ri)kb(s,am,r’),K(NZivJ)}Ql(ds’dz’dﬂ’dx)

t
-1 .
-N /O /NxﬂR+ Saitt—s.z.(da, dx)l{ogﬂgu(s,ai,xiz;[),i§<NZ;V, 1) Qo(ds, di, V)

avec Qg et Q; deux mesures de Poissons indépendantes d’intensité respective ds( Zk21 Ox; (di))dﬂ
et ds( Y gsq Ok(di))dOP(dz’) et ds( Y ysq Ok(di))dd. L'hypothese 1 est elle aussi modifiée pour

devenir
Hypothese 2. On a
(i) b, po , ky et U bornés,
(i) supy (ZY,1) < 1 presque sirement et Z — & étroitement pour un & € My déterministe,

(iii) &o(da,dx) = go(a,x)daP(dx) pour une certaine fonction gy bornée telle que [~ go(a)da < oo.

Modeéle déterministe

Sous cette hypotheése on obtient de nouveau la convergence de Z¥ vers g(t, a, x)daP(dx). De plus
la densité limite g vérifie une équation de transport:

Org(t,a,x) + 0ug(t,a,x) + [,uo(t,a,x) + fooo U(a,z,a,y)g(t, a,y)daP(dy)] g(t,a,x) =0

9(0,a,7) = gola,z), g(t,0,z) = / / kot 0,2, 2)b(t, a, 2')g (¢, a, ') daP(da').
0 X

Cette équation appartient elle aussi aux équations de biologie connues. Le cas ou U = 1 et sans
traits permet par exemple d’obtenir la population avec interaction logistique, grandement étudiée.
Si on ne prend que deux traits, il est possible de retrouver une équation de type Lotka et Volterra,
comme souligné dans [62].
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ESTIMER LE TAUX DE MORTALITE DANS UN CADRE DISCRET.

2 Premiere partie : Utilisation du modele déterministe pour
estimer le taux de mortalité dans un cadre discret.

2.1 Motivation

Dans la lignée de la these d’Alexandre Boumezoued, nous nous sommes intéressés aux tables de
mortalité. Les tables de mortalité sont fondamentales pour les études actuarielles. Elles donnent
le taux de mortalité pour chaque classe d’age et chaque période temporelle. L’histoire des tables
de mortalité est riche et il est possible d’y trouver une introduction dans [21].

Les premiers démographes ont déja posé le besoin de répondre & deux problemes.

(1) Le taux de mortalité dépend de I’age et du temps.

(2) Il est nécessaire d’avoir une compréhension globale de la dynamique de population pour
trouver le taux de mortalité.

L’estimation dans le cadre discret du taux de mortalité pose néanmoins plusieurs probléemes. On
ne dispose en effet que de données agrégées pour réaliser les estimations de mortalité. Les données
sont souvent représentées dans un diagramme de Lexis, avec par exemple la figure 1. Dans cette
figure I’abscisse correspond aux années civiles, ici cela va de 2008 a 2011, et 'ordonnée correspond
aux ages des individus observés.
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‘i' ',’ ’l
’ r #
# ’
# g #
f’ ’ "
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65 65 % L
P ,’l
Pl #
e -
#
r/ #
) ) rd P
rd
64 64 7 ’ 7
4 rd #
S ~ e
& e #
I' f' I’
” I’ I’
63 63 z 4

2008 2009 2010 2011 2008 2009 2010 2011

Figure 1: Diagramme de Lexis. Gauche : En noir, triangle supérieur associé a I'dge 64 et I'année
2009. Droite : En noir, triangle inférieur associé a ’age 64 et 'année 2009.

Les données disponibles sont le nombre de personnes agrégées sur chaque bord des carrés du
diagramme, c’est-a-dire la population ayant un certain dge pour une année donnée, et le nombre de
morts dans chaque triangle. Ces données sont disponibles via 'HMD (Human Mortality Database)
[34]. On peut donner un exemple pour la France avec la figure suivante.
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Population estimates 1st January (France) Deaths in upper triangles (France)
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Figure 2: Gauche : Population france pour chaque age et année. Droite : Nombre de morts dans
les triangles supérieurs du diagramme de Lexis.

Afin de trouver le taux de mortalité dans ce cadre, plusieurs proxys existent. Néanmoins, les
méthodes employées aboutissent souvent a un effet, dit ’effet cohorte que I'on peut voir sur la
figure 3. Dans cette figure, le taux d’amélioration de la mortalité correspond a W
avec uy(z,t) la mortalité, constante, dans le triangle supérieur & I'dge x et au temps t. Le taux
d’amélioration est donc relatif. Un taux négatif correspond a une amélioration, au sens ou le taux

de mort diminue. Dans le cas contraire le taux de mort augmente.

Generation ~ 1915 | | Generation ~ 1920
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Generation ~ 1940

Figure 3: Taux d’amélioration de la mortalité. La génération 1915 a une mortalité plus faible.
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A notre connaissance, les premieres explications de cet effet ont été données par [60] en 2008.
Il fut conjecturé que ces effets étaient dus a des chocs dans les naissances. Plus précisément, ces
chocs correspondent & un nombre de naissances drastiquement différent pour certaines périodes
historiques, telles que les guerres ou les épidémies. Cela a été confirmé en 2016 dans [14].

Plusieurs personnes ont essayé de résoudre ce probléme typique via différentes approches [12, 40]
avec en particulier [30] qui supprime 'effet cohorte. Mais & notre connaissance aucune approche
n’a mis en oeuvre 'utilisation du modele déterministe décrit précédemment permettant la prise en
compte de la dynamique globale de population. Récemment, la méthodologie de 'HMD et L'HFD
(Human fertily database)[33] a changgé et tend & une prise en compte similaire & ce qui est fait dans
la premiere contribution de cette these.

Les questions qu’il est nécessaire de se poser sont donc les suivantes:

1. Comment peut-on faire pour prendre en compte les naissances?

2. Quel est le lien avec les anciennes estimations?

La premiere est naturelle au vue de ce qui a été dit. La seconde vient du probleme inhérent au
métier d’actuaire pour lequel chaque nouvelle méthode doit s’inscrire dans un cadre historique.

2.2 Résultats de la premiere contribution

Les résultats qui suivent sont issus du chapitre 1 de la these. L’idée est d’utiliser le modele
déterministe 4 pour effectuer nos calculs dans lequel le taux de mort est supposé constant sur
chaque triangle indexé par x,¢ pour lage x et le temps t. Comme on ne dispose que des morts
sur chaque triangle, nous devons supposer le taux de mort constant sur chaque triangle. Il est en
effet impossible d’avoir un taux de mort plus précis avec les données actuelles. On note ur(z,t) la
valeur du taux de mort sur le triangle inférieur indexé par 1’age = et le temps ¢t. De méme on note
uy(x,t) le taux de mort sur le triangle supérieur indexé par Pdge x et le temps ¢

Les données sont donc Dy, (¢, z) le nombre de morts sur le triangle inférieur commencant au
temps t et & 'dge x. De la méme manieére on notera Dy (t,x) le nombre de morts sur le triangle
supérieur et N (¢, x) le nombre d’individus d’age « entre t et t+ 1. On suppose de plus que nous est
donné ¢(t,0), c’est-a-dire le profil des naissances chaque année. Cela n’est vrai que sur une base
mensuelle agrégée mais il est facile de discrétiser les résultats. On définit alors

fo (y +v,0) exp(—6v)dv

L,(6
v(0) = fo (y + v,0)dv

On a alors le résultat suivant, voir I’algorithme 1 du premier chapitre, pour calculer le taux de
mort.

Algorithme 3. Commencer a l’dge x = 0:
(i) Résoudre l’équation suivante pour estimer le taux de mort ur,(x,t) pour les triangles inférieurs
sur toutes les années t possibles,

€Xp (_ILLL(t7x)) Li—y (H(tvx) - /,LL(IJ),J?)) = <1 - lm) Ly, (H(t,l‘)),
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(ii) Ensuite, résoudre l’équation

Li—o(H(t—1,2) — pr(t —1,2))

= (1 + DU(t’x)) Lo (H(t—1,2) — pr(t —1,2) + pu(t, x)).

N(t,z+1)
pour inférer le taur de mort uy (t,x) sur le triangle supérieur pour toute année t disponible,
(ii) Caleuler la valeur H(t,x) = H(t—1,2)+py(t,2)—pr(t—1,z) pour chaque t, définir x + x+1
et retourner o l'étape (1)

avec H(0,y) = 0.

Cela nous permet d’aboutir aux améliorations illustrées dans les figures 4 et 5.
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Figure 4: Amélioration de la mortalité dans les triangles inférieurs.

De plus il est possible de relier les estimés obtenus a ceux des méthodes précédentes. Nous ne
détaillerons pas les calculs ici et invitons le lecteur a lire la contribution en lien avec cette section,
a savoir le chapitre 1.

Nous avons grace a cette contribution pu répondre aux deux questions que nous nous posions.
Néanmoins, cette méthode ne peut étre considérée que comme une approximation asymptotique
en utilisant le modele déterministe limite du modele stochastique de population. La question qui
se pose alors est de trouver un moyen d’estimer 1’écart entre le modele stochastique et sa limite
pour cette application.

10
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Mortality improvements UT (France)
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Figure 5: Amélioration de la mortalité dans les triangles supérieurs.

3 Deuxieme partie : Estimation nonparamétrique du taux
de mort.

Les chapitres 2 et 3 sont intimement liés. Ils sont issus d’'une méme problématique : comprendre
I’écart entre le modele stochastique et la limite. Pour cela nous nous sommes intéressés a un modele
plus théorique dans lequel nous nous sommes fixés ’objectif d’estimer le taux de mortalité, et la
densité de population en se donnant uniquement le processus de population ZN, t € [0, T] et T fixé.

On note par ailleurs qu’il est impossible de retrouver le taux de fertilité dans ce cadre puisque
nous ne disposons pas de la généalogie. En ce sens, notre travail est différent des travaux sur les
populations de cellules pour lesquelles le taux de mort et de naissance est le méme. Une cellule
meurt en donnant naissance a plusieurs cellules. Nous invitons le lecteur a voir la littérature sur
ce sujet, voir [22, 35] ou [51], liste non exhaustive pour comprendre les différentes techniques mises
en jeu. Néanmoins celles-ci different totalement de notre cadre, méme si elles restent un point de
comparaison intéressant et fondamental.

Par ailleurs, la littérature concernant le taux de mortalité du point de vue théorique comme nous
I'envisageons est assez large et variée. C’est en effet une problématique assez ancienne apparaissant
dans plusieurs domaines d’études appliquées, tels que la biologie, la médecine, ’analyse de survie
pour des machines. Des auteurs de différents domaines se sont donc intéressés a des problémes de
ce type, voir [3], [20], [40], [52], [55], [19]. Ces papiers prennent en compte la dépendance temporelle
du taux de mort.

Quelques articles se sont aussi intéressés a une résolution du probleme via des outils propres

aux équations différentielles. Ce type d’approche trouve une grande littérature en biologie, voir
[58], [56].

11
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A notre connaissance, il n’existe pas de résultat dans le cadre minimax pour ce probleéme
précis. Aussi avons-nous a ’esprit les questions suivantes, typiques d’un probléme d’estimation
nonparamétrique.

(1) Peut-on trouver un estimateur de p, le taux de mortalité et de g, la densité de population,
optimal au sens minimax?

(2) Si oui, peut-on trouver un estimateur adaptatif de ces fonctions?

(3) Peut-on quantifier les déviations entre le modele stochastique et le modele déterministe
limite?

On rajoute la troisieme question, en lien avec le premier chapitre. Il est important de noter que la
question 3 trouve en partie sa réponse dans la these de Tran [62], puisque y sont démontrées des
inégalités de grandes déviations en lien avec le processus Z}¥. Néanmoins, notre objectif dans la
question 3 est d’avoir des résultats non asymptotiques, bien qu’on pourrait se satisfaire de résultats
asymptotiques pour une premiere réponse dans le cadre du chapitre 1.

Nous avons choisi de ne pas introduire de traits dans les résultats présentés dans cette in-
troduction. Nous avons aussi choisi de commencer par traiter le cas ou le taux de mort ne
dépendait pas d’interactions. Par simplicité nous présenterons les résultats de la méme maniere
dans l'introduction. Nous verrons que les résultats sont de nature légerement différente, justifiant
une présentation séparée.

Nous faisons I’hypothese de régularité suivante sur les parametres.

Hypothese 4. b € H*B, g € H, U € HP et go € HY. Avec min(a, §,v) > max(y,5) + 1 et
0—1<~v<9.

On notera 1 = po sans interactions et u(t,a) = po(t,a) + fooo Ula,a)ZN (da) sl y a des
interactions. Nous avons ajouter U dans cette hypothese que nous utilisons pour le cas sans et
avec interactions. Ce choix est dicté par la simplicité et lorsqu’il n’y a pas d’interactions, les
contraintes sur U sont inutiles, U n’étant pas un parametre du modele.

3.1 Résultats du chapitre 2

On s’est interessé dans un premier temps a un modele sans interactions et sans traits. Bien que
l'estimation de p dans le modeéle inhomogéne en temps devienne un probléeme bidimensionnel,
Pestimation de g reste un probléme unidimensionnel. FEn effet, pour déterminer la densité de
population a un temps donné, il suffit de connaitre la population & ce temps précis. On a alors
besoin d’estimer une fonction d’un parametre, ’age, pour pouvoir retrouver g.

Les deux théoremes sont déduits des théoremes 2.17, 2.18, 2.19 du chapitre 2. Dans la suite K,
K? et K* sont des noyaux d’ordre assez grand pour assurer que la vitesse minimax optimale est
atteignable. On peut trouver une définition de l'ordre d’un noyau dans [63].

Théoréme 5. Sous les hypothéses 1, 4, en supposant que la densité g est bornée inférieurement
(hypothese 2.11) et qu’on dispose d’un bon contréle de la convergence de Z{ wvers go (hypothése
2.5), il existe hy, constructible par la méthode de Goldenschluger Lepski, tel que l'estimateur

(s = [ " Ky (0 — )2 (da)

converge vers g, la densité de population, a la vitesse optimale dans le cadre minimazx.

12
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N
Pour I'estimation du taux de mort, on définit tout d’abord I'N(dt,da) = ZZTI 0r; 0;(dt, da),
avec DX le nombre de morts, 7;,a; les dates et Ages des morts. On obtient un résultat similaire a
la densité.

Théoréme 6. Sous les hypothéses 1, 4, en supposant que la densité g est bornée inférieurement
(hypothése 2.11) et qu’on dispose d’un bon contréle de la convergence de Z{' vers go (hypothése 2.5),
il existe hy n et ha N, constructibles par la méthode de Goldenschluger Lepski, tel que l’estimateur

ﬂNghl,N7h2,N7hN (870‘)@ =
T roo
Jo I KL (z—s)K}

hi,N ha, N

(z — ) — (s — a)) TN (dz, da)

IN,hy (Sa a)

gn,n(s,a)>w

converge vers le taur de mortalité p a la vitesse optimale dans le cadre minimaz.

Le choix de w se fait en fonction de la borne inférieure de la densité g. C’est une constante
calculable.

On note que p est issu de la division de deux estimateurs dans le systeme de coordonnées obtenu
par le temps ¢ et la date de naissance ¢ — a. Ce choix de coordonnées se justifie pour améliorer
la régularité de la fonction a estimer en 'occurence pg, ce qui améliore la vitesse d’estimation et
nous permet d’obtenir la vitesse optimale.

De plus en utilisant la méthode de Goldenschluger Lepski, on trouve des estimateurs adaptatifs
et optimaux a un facteur logarithme pres. On peut illustrer cela en calculant les vitesses de
nos estimateurs, comme montré sur les figures 6 et 7. Dans ces figures on trouve en abscisse le
logarithme du nombre d’individus dans la population initiale, et en ordonnées le logarithme de
I’erreur moyenne empirique d’estimation. En théorie ces courbes devraient étre des droites avec
une pente dépendant de la régularité de la fonction a estimer.
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Figure 6: Vitesse en échelle logarithmique de I'estimation de la densité g sur 50 simulations. Les
points d’estimation sont écrits dans les graphes.
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Figure 7: Vitesse en échelle logarithmique de I'estimation de la densité g sur 50 simulations. Les
points d’estimation sont écrits dans les graphes.

Les deux figures précédentes nous permettent de vérifier que la vitesse d’estimation, calculée
de maniere empirique sur 50 simulations, est proche de la vitesse théorique. La courbe en bleue
est la courbe oracle, c’est-a-dire la courbe pour laquelle on calcule le risque directement grace a
la fonction que l'on cherche a estimer. En temps normal, la courbe orange, obtenue & partir des
données, est au-dessus de la courbe bleue, elle-méme au-dessus de la courbe verte. On remarque
pour le taux de mort que I’estimation a plus de difficultés a converger en certains points, la vitesse
est plus faible que celle qu’on pourrait espérer. Ceci est la conséquence d’un manque d’information
en ces points. Plus prosaiquement, il y a peu de gens et donc de morts en ces points. On remarque
aussi certains points pour la densité de population ou la convergence est plus rapide. Cela peut
étre du & la forme particuliere du taux de naissance que 'on a choisi, et a la faible dépendance
temporelle du taux de mort dans cette simulation.

On introduit deux quantités.

Wgz (F)t = sup
feF

/0 " wn(t — a) fu(a) (2 (da) — g(t, a)da)

et

Wu]Yl wy (F)t = sup
feF

3

/ w1 (s) /OO wo(s — a) fs(a)(ZY (da) — g(s,a)da)ds
0 0

ot wy and wq(—-) sont deux fonctions de poids bornées qui dépendent possiblement de N. On note
fi(a) = f(t,a) pour f bornée. Implicitement on suppose que F est assez régulier pour que ces
variables aléatoires existent et soient mesurables. On note pour toute fonction |w|3 o, = |w|1|w|s,
avec | - |oo €t | - |1, la norme 1 et la norme infinie usuelle.

L’ensemble F est muni de la norme infinie et on suppose que diam(F) < 1. On suppose que
Pentropie métrique de F est finie, c’est-a-dire

1
/ log(1+ N(F, | - |e, €))de < oo.

0

Avec N(F,|"|co, €) le nombre de boules de taille € pour la norme inifinie, nécessaire pour recouvrir
F. Si F est assez riche alors on a le théoreme suivant, issu du théoreme 2.6 du chapitre 2.
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3. DEUXIEME PARTIE : ESTIMATION NONPARAMETRIQUE DU TAUX DE MORT.

oo

(e* — 1) A1 (hypothese 2.5), si F est assez riche (hypothése 2.2), si l’entropie métrique de F est
finie et si Uhypotheése 1 est vérifiée, il existe deuzx constantes Cy et Cy, dépendant explicitement de
quantités connues, telles que

B [jwil; bolwaT AWV,

Théoreme 7. S’il existe une constante C > 0 telle que P ngh_1 W (F)o > CN~Y2(1+u)] <

(F)r = N2+ w)] < (" = 1) A1
et pour tout t € [0,T] on a
P [Jws TN (F) = N2 (14 u)] < (e~ 1) AL

On a donc répondu en grande partie aux questions que ’on s’était posées dans ce cadre. Deux
points sont améliorables. Le premier point vient du besoin du taux de mort de dépendre du temps.
Si ce n’est pas le cas, nos simulations, mais aussi la borne inférieure, indiquent une vitesse en
V'N, bien meilleure que la vitesse minimax avec la régularité en age que l’on obtient. Cela ne
contredit donc pas I’hypothese 4 mais nous indique qu’il serait possible de relaxer les conditions
sur la régularité en temps du taux de mortalité tout en gardant un estimateur adaptatif optimal.
Le second point concerne I'inégalité de concentration. Si celle-ci est suffisante pour nos besoins
statistiques, elle n’est pas optimale. On peut se rendre compte de cela en prenant simplement un
processus de population avec un taux de naissance constant et un taux de mort nul. On obtient
alors un processus de Poisson usuel et I'inégalité de concentration que 1’on a est sous optimal dans
ce cadre.

3.2 Reésultats du chapitre 3

Dans ce cadre, a savoir un modele avec interactions et sans traits, on obtient des résultats similaires,
bien que plus faibles pour les inégalités de concentration. On obtient la aussi I'optimalité de nos
estimateurs et la possibilité d’avoir des estimateurs adaptatifs optimaux, a un facteur en puissance
de logarithme pres. Les deux premiers théoremes sont une conséquence des théoremes 3.25, 3.26
et 3.27 du chapitre 3.

Théoréme 8. Sous les hypotheses 2, 4, en supposant que la densité g est bornée inférieurement
(hypothése 3.18), qu’on dispose d’un bon contréle de la convergence de Z{¥ vers go (hypothése 3.11)
et que linteraction est constante en dehors d’un compact (hypothése 3.7), il existe hy, constructible
par la méthode de Goldenschluger Lepski, tel que l’estimateur

Mm@@ém&ﬁaaﬂﬁm)

converge vers g, la densité de population, a la vitesse optimale dans le cadre minimazx.

Pour I'estimation du taux de mort, on obtient un résultat similaire. De nouveau la constante
w est calculable en fonction de la borne inférieure sur la densité g.

Théoréme 9. Sous les hypotheses 2, 4, en supposant que la densité g est bornée inférieurement
(hypothése 3.18), qu’on dispose d’un bon contréle de la convergence de Z{¥ vers go (hypothése 3.11)
et que linteraction est constante en dehors d’un compact (hypothése 3.7), il existe hy n et ha N,
constructibles par la méthode de Goldenschluger Lepski, tel que l’estimateur
ﬂN,hl‘N7h2,NahN (S, a)w =
T
Jo I KL, (@ = 9Ky, (@ —a) = (s — )V (dz, da)

hi,N
gn, (8,a)

gn,n(s,a)>w
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3. DEUXIEME PARTIE : ESTIMATION NONPARAMETRIQUE DU TAUX DE MORT.

converge vers le taur de mortalité p a la vitesse optimale dans le cadre minimaz.

On peut par ailleurs illustrer cela avec les graphes de vitesse.

Dy Point T :12.06 A :86.27 D, Point T :16.08 A :0.60 Dy Point T:12.06 A :48.24 D, Point T:18.09 A:16.01
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—25 ~—— GL:-0.97
—— Théorique : -0.80
—41 1 e Oracle
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Figure 8: Vitesse en échelle logarithmique de ’estimation de la densité g sur 50 simulations. Les
points d’estimation sont écrits dans les graphes.

Dy Point T :16.08 A :33.03 D, Point T:19.10 A:19.02 Dy Point T :11.06 A :47.04 D, Point T:11.06 A:11.01
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—— GL:-0.65 —— GL:-0.56
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Figure 9: Vitesse en échelle logarithmique de I'estimation de la densité ug sur 50 simulations. Les
points d’estimation sont écrits dans les graphes.

En revanche les inégalités de concentration s’expriment sous une forme plus faible en raison de
la présence des interactions. On prend des hypotheses similaires pour F et pour |w2|1_ionX2 (Fo.
Le théoreme suivant est une conséquence du théoreme 3.13 du chapitre 3.

Théoréme 10. On se place sous les hypothéses 3.1, 3.3, 3.4, 3.5, 3.11 et on suppose que l’entropie
métrique de F est finie. Pour toute fonction ¢ une fonction strictement positive telle que Vz,y >
0p(z +vy) S @)+ du(y) ot ¢y, est une fonction connue dépendant de o, croissante et positive
telle que pour tout C' > 0 ¢, (Cx) S dyp().

Si |wows|oo < NV 2|wows|y, il existe un événement By avec P(B%) < e VN tel que
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4. TROISIEME PARTIE : TEST DE PRESENCE D’INTERACTIONS

(i) il existe une variable aléatoire XN telle que
P [Jun T lwal 2 XN = CNTV2(1+w)] < (" = 1) A1
telle que

E [¢OWVY, 0y (F)1)] SE [V 0y (F)1)IBy] +E [0(XN)] + P(BY) ¢ (|wiws]1)

et
P(|wywa|{ W, 0 (F)r > C'N7V2(1+u)[By) < (e — 1) A L.

(i) pour tout t € [0,T] il existe une variable aléatoire X} telle que
P [|w2|;},oXtN > C"N"V2(1 + u)} <(e“—1)A1
telle que

E [¢Wa, (F))] S E [p(Wa, (F)o)1Bx] + E [p(X)] + P(BY) by (Jw2l1)

et
P(|wal7 s W,

w2

(F)r > C"N7Y2(1 +u)|By) < (e* —1) AL

Nos résultats s’appliquent de maniere plus générale au cas avec des traits. Nous ne I’avons pas
écrit pour des raisons de simplicité.

Ce chapitre laisse deux questions importantes. Tout d’abord, pouvons-nous savoir si x4 dépend
du temps, ce qui est fondamental puisque le probleme devient alors de nouveau unidimensionnel
et donne une vitesse minimax différente dans ce cas. Ensuite, nous pouvons nous demander s’il est
possible de tester la présence d’interactions, responsable d’une dépendance temporelle mais aussi
d’une dégradation de la vitesse minimax.

4 Troisieme Partie : Test de présence d’interactions

Etant capable d’estimer le taux de mort en présence d’interactions, une question naturelle est alors
(1) Peut-on tester la présence d’interactions?

Il faut pour répondre a cette question se rappeler qu’on ne dispose que d’une population et des
trajectoires de vie de chaque individu. A notre connaissance ce probléme n’a jamais été traité dans
la littérature. Cela s’explique par le fait que les résultats sur le modele qu’on utilise sont récents.
D’autre part, a notre connaissance, cette question précise, a savoir la détection d’interactions dans
le taux de mort dans une population structurée par age, ne s’est pas encore posée. Bien qu’il existe
une littérature abondante sur les tests d’interactions entre des coordonnées de vecteurs de variables
aléatoires, notre probleme est bien différent. Les données n’ont aucune structure d’indépendance.

Un test relativement simple serait de disposer de deux populations indépendantes avec les
mémes parametres, a l'exception de la condition initiale. Dans ces conditions il suffirait de tester
si les deux taux de mort estimés dans chacune des populations sont les mémes. Si c¢’était le cas, il
n’y aurait pas d’interactions, sinon il y en aurait. Dans notre cadre, avec une seule population, il
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4. TROISIEME PARTIE : TEST DE PRESENCE D’INTERACTIONS

n’y a aucun moyen de créer deux populations indépendantes puisqu’il n’y a aucun moyen de savoir
qui n’aurait pas di mourir sans le phénomene d’interactions.

Il est par ailleurs possible de voir qu’avec une seule population on ne pourra jamais détecter
la présence d’interactions. En effet, si cela était possible, on devrait pouvoir le faire dans le
modele déterministe. Or, avec une seule population, on ne peut avoir que u(t,a) = uo(t,a) +
fooo Ul(a,a)g(t,a)da. Avec la donnée de g, U reste non identifiable tant que po dépend du temps.
Si pp est indépendant du temps U est alors identifiable et détectable.

Aussi le test que nous avons réalisé permet de vérifier si le taux de mortalité dépend du temps
ou non. On pose dr(p) = | —myl2 avec my(a) = fOT u(s,a)g(s,a)ds/ fOTg(s,a)ds. Donc dr =0
si i ne dépend pas du temps. On note dg un estimateur précis de dr et

Flon) ={f € F dr(f) = pn}-

Nous invitons le lecteur & voir [37], [38] pour une définition plus précise des tests nonparamétriques
dans le cadre minimax. On pourra aussi trouver dans [45] une problématique proche de celle qui
nous intéresse dans cette these.

Pour un test ¢ on définit 'erreur globale comme la somme de lerreur de premiere et seconde
espece.

R(C.én.pn) = sup Pu(on =1)+ sup  Po(éy =0)
HEHP HEF(Cpn)
ou [P, consiste en la probabilité pour le modele paramétrisé par u. Soit 0 < a < 1, la borne
supérieure consiste a trouver un test ¢} et une constante C, tels que

limsup R(C, ¢, piv) < a

N—oo
pour tout C' > Cy et py > py-

Théoreme 11. Il existe une constante C, dépendant seulement des paramétres et ¢y = 1d¥2%pw

telle que
lim sup R(C, 6%, piy) = 0

N —o0

min(a,,6,p)

pour tout C > C, et py > piy = Ci log(N)N ™~ Zmin(a.5.5.0)F1

On obtient ainsi la borne supérieure pour le test, voir le théoreme 4.4 du chapitre 4. Notre
approche pour détecter la présence d’interactions nécessite de faire une hypothese supplémentaire.

Hypothese 12. ug est indépendant du temps, c’est-a-dire que

p(t.0) = po(a) + [ Uta.0) 2 (do)

Sous cette hypothese la dépendance temporelle est équivalente a la détection d’interactions, ce
qui répond en partie a la question. En pratique, on est capable de réaliser ce test via ’algorithme
suivant, issu de la sous-section 3.3 du chapitre 4, ou les 75, a; correspondent aux temps et ages de
morts dans la population. Les t; sont une subdivision de [0, 7] telle que pour tout i, il existe i tel
que 7; = ty,.
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5. PERSPECTIVES

Pour l'algorithme qui suit on définit D¥ , le nombre de morts dans la population stochastique
observée Z}N entre 0 et T. RY est le cardinal d'une subdivision de I'intervalle [0,77] contenant
I’ensemble des temps de morts et assez grand pour assurer que les résultats aient un sens. La
proposition 4.6 permet de mieux comprendre les contraintes sur RY.

Algorithme 13.

(1) Calculer pour tout t; et ag, 9% = gN(t;,ar) Uestimateur adaptatif de g, et ,uf-\fk = N (t;, ax)
lestimateur adaptatif de p. Obtenir la variance V/i de lalgorithme issue de la méthode de
Goldenschluger Lepski.

(2) Poser VN = 0.2max (V7))

i

1 DN RY 1
(3) Caleuler ¢ = & 32021 352 My |Lei=r — TT [ 1uza,, 2N (du)ds (tisr — )07 |-

(4) Retourner la valeur 1,55y~

Cela nous donne les figures suivantes.

0.6 0.7
0.5 0.6
0.4 0.5
0.3 0.4
0.2 0.3
250 500 750 1000 1250 1500 1750 2000 200 400 600 800 1000

Figure 10: Variance en jaune, statistique de test en bleu. Dispersion & 95% réalisée sur 50 simula-
tions. N en abscisse. Gauche: simulation sans interactions. Droite: simulation avec interactions.

5 Perspectives

5.1 Enrichissement dans le modeéle discret
Estimation de ’erreur

Les inégalités de concentration obtenues dans la seconde partie de cette these peuvent étre ap-
pliquées a une large classe d’espaces fonctionnels F. En notant que l’on peut lier les données
disponibles au processus Z}¥ comme étant des intégrales de ce processus sur des domaines par-
ticuliers. On peut lier nos inégalités de concentration aux estimations réalisées dans le premier
chapitre.
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5. PERSPECTIVES

En prenant pour ensemble F les indicatrices des triangles dans le diagramme de Lexis, indexées
par t,x dans {0,1,..., 7} x {0,1,..., Ajaz}, on peut montrer que 'entropie métrique de F est
finie (tout simplement parce que le nombre d’indicatrices est fini).

Ainsi en théorie nous devrions étre capable de quantifier I’erreur entre notre estimation et le
taux p. Il nous reste cependant & comprendre comment enrichir I'algorithme pour calculer de front
I’estimation et une estimation de la variance.

Test de dépendance temporelle

Une autre question intéressante serait de chercher a adapter notre test sur la dépendance temporelle
au cadre discret. Cela a en effet un réel intérét pratique puisqu’il est nécessaire de savoir si les
tables de mortalités changent dans le temps parce que le taux sous jacent change ou simplement a
cause de l'erreur d’estimation.

Il est assez clair que ce point ne pourra se faire qu’apres avoir traité le point sur les estimations
de lerreur dans le modele discret.

5.2 Enrichissement dans le modele stochastique

Affiner les inégalités de concentration

Une vision attentive de la preuve des inégalités de concentration que l’on obtient nous invite a
penser que nous pourrions obtenir des bornes plus fines. Plus précisément, ’article de Frangois
Bolley [7] nous invite & penser que nous devrions avoir une borne de type

67(:1:+1) In(z+1)+z
au lieu d’une borne exponentielle. Pour cela nous devons travailler avec d’autres normes d’Orlicz
introduites dans le chapitre 2, et utiliser les résultats récents dans [68].
Ce raffinement permettrait d’avoir des facteurs logarithmes a une puissance plus faible dans les
bornes supérieures des estimateurs adaptatifs.

Calibration du test

Pour le moment la constante 0.2 dans le test est empirique. Nous aimerions ajouter a ’algorithme
un moyen de calibrer cette constante selon les données.
Cela nous demande une meilleure compréhension de la quantité V¥ que nous définissons.

5.3 Estimation de ’interaction

Notre hypothese sur u dans le chapitre des tests nous permet en réalité de pousser plus loin. Nous
sommes en effet en mesure d’estimer

u(t,a) = po(a) + AOO U(a,a)g(t, a)da.

On peut aussi estimer g. On fixe a , on choisit tg quelconque dans [0, 7] et alors on obtient
Rt 0) = ut,) = lto.a) = pola) — po(e) + [ Ulas)lg(t.0) = glto,)lda
0
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6. COMPOSITION DE LA THESE

On voit alors qu’on retrouve un probleme de Fredholm typique des problemes inverses. Plus
précisément on obtient le probleme suivant, avec pour inconnue h, pour tout a

f(z) = /000 K(s,x)h(s)ds

avec f(x) = @(x,a), K(s,z) = g(x,s) — g(to,s) et h(s) = U(a, s). 1l est alors possible de retrouver
U. Le probleme vient du besoin d’estimer g pour obtenir le noyau dans I’équation intégrale puis

7.
Pour la résolution de ce probleme inverse il serait intéressant d’essayer d’autres méthodes
d’estimation nonparamétrique, telle que la méthode par projection.

6 Composition de la these
Cette these se compose de quatre chapitres dont la rédaction repose sur les travaux suivants :

e [Chapitre I] A new inference strategy for general population mortality tables, avec M. Hofl-
mann et A. Boumezoued, soumis, voir [10]

e [Chapitre I1] Nonparametric inference of age-structured models in a large population limit,
avec M. Hoffmann et A. Boumezoued, en préparation.

e [Chapitre III| Nonparametric inference of age-structured models in a large population limit
with interactions, immigration and characteristics, en préparation.

e [Chapitre IV] Nonparametric test of time dependance of age-structured models in a large
population limit, en préparation.
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CHAPTER 1

A NEW INFERENCE STRATEGY FOR GENERAL
POPULATION MORTALITY TABLES

1 Introduction

General population mortality tables are crucial inputs for actuarial studies as they provide esti-
mates of mortality rates for several age classes at several periods in time. Since the publication
of the first mortality tables (attributed to John Graunt in 1662), the mathematical problem of
providing consistent statistical estimates of mortality has fascinated mathematicians - for a brief
history the reader is referred to the well documented dedicated part of the introduction of [21].
Two centuries later, there was a huge development of graphical formalizations of life trajectories
within a population by Lexis (1875) and his contemporaries. These first demographers showed
that it is crucial to address simultaneously two components: (1) Consider the fact that the death
rate depends on both age and time (non-homogeneous setting) and (2) Understand the mortality
rate as an aggregate quantity which depends on an underlying population dynamics.

Recently, several papers and publications paid attention to data quality issues in the way we
usually build mortality tables, especially in relation with the 'discrete time’ nature of population
estimates provided by national censuses. To our knowledge, the first insights have been suggested
by [60]; his conjecture was focused on the 1919 birth cohort for England & Wales, for which
he suggested that errors occurred in the computation of mortality rates due to shocks in the
births series. The ONS methodology has then been studied by [14] in several directions, who
confirmed the conjecture by [60] and proposed an approach to illustrate and correct mortality
tables, applied to the data for England & Wales; the Converity Adjustment Ratio introduced in
their work has then been adapted by [9] who focused on the Human Mortality Database (HMD)
- which provides mortality tables for more than 30 countries and regions worldwide - and showed
that these anomalies are universal while using the 'population dynamics’ point of view to properly
define mortality estimates. To build new mortality tables for several countries, a link with the
Human Fertility Database (HFD, the HMD counterpart for fertility) has been made to correct
such errors in a systematic way.

However, all precedent contributions did not succeed to introduce a proper mathematical setting
for computing mortality rates based on information extracted from censuses. In this paper, we aim
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1. INTRODUCTION

at performing a first step in this direction by deriving an inference strategy from a deterministic
population dynamics model. The derivation of a consistent theory in the stochastic setting is in
parallel provided in a companion theoretical paper, see [11].

The main difficulty in establishing a consistent theory to estimate mortality rates lies in points
(1) and (2) mentioned above, which can be summarized as follows: inferring an age and time
dependent mortality rate based on a population dynamics model. In the literature, we argue that
each point is treated separately.

The inference of a time dependent death rate also depending on a time-dependent covariate
(possibly age), which relates to point (1), has been addressed from a non-parametric perspective by
[3], [20], [40], [52], [55], [12], [19]. From [40], ”"One way of understanding the difficulties in establishing
an Aalen theory in the Lexis diagram is that although the diagram is two-dimensional, all movements are
in the same direction (slope 1) and in the fully mon-parametric model the diagram disintegrates into a
continuum of life lines of slope 1 with freely varying intensities across lines. The cumulation trick from
Aalen’s estimator (generalizing ordinary empirical distribution functions and Kaplan & Meier’s (1958) non-
parametric empirical distribution function from censored data) does not help us here.” This explains why
data aggregation and smoothing is required to derive an estimate with two crossing dimensions,
age and time.

On the other side, the inference of an age-dependent death rate in an homogeneous birth-death
model (or similar) - point (2) - has been addressed by [18], [35]. To our knowledge, no statistical
method deals with the usual problem faced by demographers related to the construction of a
mortality table based on population estimates and death counts.

In this paper, we rely on a deterministic age-structured population model and derive exact
formulas in the so-called Lexis diagram, allowing to build new and improved mortality estimates.
The inference problem is summarized as follows:

e The death rate depends on both age and time and is to be estimated,
e The population evolves as an age-structured and time inhomogeneous birth-death process,
e The following observables are available in the Lexis diagram:

— The number of individuals in each one-year age-class, assumed to be recorded at each
beginning of year,

— The number of deaths in annual Lexis triangles,

— The number of births, available each month (or more generally at some intra-year fre-
quency).

Note that the practical availability of annual population estimates as well as death counts in the
Lexis triangle can be achieved according to the Human Mortality Database, whereas the Human
Fertility Database is a public source providing in particular number of births by months for several
countries. Such population, death and fertility data allows at this date the method proposed in
this paper to be applied to around 10 countries. For other countries, the data (especially number
of births by month) has to be reached by means of national institutes.

The paper is organized as follows. In Section 2, we present the non-homogeneous birth-death
model and derive the inference strategy - the related interpretations and link with existing es-
timators is discussed in Subsection 2.6. In Section 3, we compute mortality tables according to
our method and compare it to those obtained by the usual formulas. The paper ends with some
concluding remarks in Section 4.
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2. MODEL AND INFERENCE STRATEGY

2 Model and inference strategy

2.1 Non-homogeneous birth-death dynamics

Let us denote by p(a,t) the mortality rate at exact age a € Ry = [0,00) and exact time ¢ € R,
with an arbitrary time origin - let us also denote by g(a,t) the population density at (a,t), a
non-negative real value. In its core definition, the death rate drives the number of living in a
closed population. Formally, consider g(0,v) the newborn at (exact) time v (starting number in
the cohort born at time v), then the survivors at some age a > 0 in the cohort writes

g(a,v +a) = g(0,v) exp (— /0 (s, v + s)ds) .

Changing variables to represent g(a,t), and differentiating by age and time, leads to the transport
component of the so-called McKendrick-Von Foerster equation (see [53] and [66]):

(aa + at)g(avt) = 7u(a7t)g(avt)7 (11)

with notation 8, = d/0a. Clearly, at this stage, the population dynamics of g(a,t) is not fully
specified as the future path of g(a,t) depends on the quantity ¢(0,¢ — a). The McKendrick-Von
Foerster specifies how births are given in the (asexual) population, based on a birth rate b(a, t), as

for each time v > 0, ¢(0,v) = / g(a,v)b(a,v)da.
0

That is simply, the newborn at each time is given by the total number of birth from all parents
alive at the same time.

2.2 Observables in the Lexis diagram

We work here in the Lexis diagram - that is we study lifelines in the time x age coordinates. In
an ideal demographic world, two kinds of population estimates are recorded in the one-year age x
time square:

e Population at exact time ¢, with age x at its last birthday:
r+1
P(a,t) = / g(a, )da. (1.2)
e Individuals who attained exact age x during the year [t,¢ + 1):
t+1
N(z,t) = / g(z, s)ds.
t

An illustration of population estimates P(x,t) for the French population extracted form the
Human Mortality Database is given in Figure 1.1. This can be analysed in the light of a Lexis
diagram in several directions. First, the diagonal effects appear clearly showing that generations
(or cohorts) are not equally represented: as an example, the generations born between around
1915 and 1920 are less represented (World War I), whereas the generations born after around 1970
are highly represented (Baby Boom). In this work, the impact of the discrepancy between birth
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2. MODEL AND INFERENCE STRATEGY

patterns from one year to the next is of interest, as it introduces some bias in the classical formulas
used in practice for death rate estimation.

Population estimates 1st January (France)

8e+05

r6e+05

Age

r4e+05

r2e+05

0e+00

1970 1980 1990 2000
Year

Figure 1.1: Population estimates for France by year for one-year age classes extracted from the
Human Mortality Database

Also, the number of deaths are provided on the upper and lower triangles of the Lexis diagram,
as defined below.

Definition 1.1. The upper (U) and lower (L) triangles for each age range x and observation year
t are the age X times sets defined by

Ty(z,t) ={(a,s) :a€[z,x+1)and s € [t,t —z +a)}, (1.3)

and

Tr(z,t) ={(a,8):a€[z,z+1)and s€ [t —z+a,t +1)}. (1.4)

Based on this definition, the number of death in the Lexis triangles can be written

Dy(z,t) = //TU(N) w(a, s)g(a, s)dads and Dp(z,t) = //TL(N) w(a, s)g(a, s)dads. (1.5)

An illustration of death counts in the Lexis triangles (z,t) for the French population extracted
form the Human Mortality Database is represented in Figure 1.2. Variations in number of deaths
are closely linked to those of the underlying exposure (Figure 1.1) but also to the death rate itself,
to be estimated.
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Figure 1.2: Death counts in Lexis triangles extracted from the Human Mortality Database

Assuming that the population is closed, the following fundamental relations appear (which can
be proved by integration by parts):

N(z+1,t) = P(x,t) — Dy(z,t),

P(z,t+1) = N(z,t) — Dp(,t). (1.6)

The assumption of closed-population is further discussed in Subsection 2.6.

In addition to population estimates and death counts, as analyzed by [14] and [9], we aim at
including birth counts by month in the inference process - these can be extracted from the Human
Fertility Database for a variety of countries. The dynamics of number of births by month in France
is illustrated in Figure 1.3. The interpretation of this dynamics can be linked to that of Figures
1.1 (population estimates, see (1.2)) and 1.2 (death counts in Lexis triangles, as defined in (1.5)).
Indeed, a similar information arises as the number of births are low in the period 1915-1920, which
explains in particular the diagonal effect in Figure 1.1. Even more importantly, the dynamics at
the monthly scale gives insight on what happens inside each year, then can be used to assess how
the population is distributed inside a given age band. This is of great interest as the population
distribution appears classically in the form of an ’exposure-to-risk’, and more precisely the formulas
we exhibit in order to estimate the death rate rely explicitly on the births distribution - as such,
number of births by month are the key inputs for the inference strategy proposed here as it refines
standard annual estimates. This is developed in the following.

2.3 Death rate inference

When two time-dependent dimensions are involved (here age and calendar time), the natural
generalization of classical non-parametric estimates of the death rate is not direct (see again the
discussion in [40]), therefore smoothing is required - see e.g. [52] and [55] for the analysis of such
two dimensional kernel estimator based on continuous observation. Unfortunately, for building
national mortality tables one does not observe continuously the living population (only possibly
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Number of births by month (France)
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Figure 1.3: Number of birth by month extracted from the Human Fertility Database

the date of death through death certificates), therefore standard kernel smoothing techniques are
neither applicable here. This leads to define some geometry on which the death rate is assumed to
be piecewise constant, which allows to use aggregate information by year and age-class to derive
(approximate) estimators.

In the classical demographic and actuarial practice, it is considered two versions of general
population mortality tables: period and cohort. We propose here a brief discussion of these two
versions and refer the reader to [9] for more details (and a study dedicated to period mortality
tables). The two versions are illustrated in Figure 1.4.

e The period table provides death rate estimates based on the assumption that it is piecewise
constant on squares in the Lexis diagram; each square (x,t) is equal to the region Ty (z,t) U
Tr(x,t), where the Lexis triangles Ty and Ty have been defined in Equations (1.3) and
(1.4). The key advantage of period tables is that they provide an estimate of death rate by
using information of a single year; the related drawback is that two generations (cohorts) are
merged for a given death rate at (z,t): the lifelines crossing the triangle 77, (x, t) are born in
year t — x, whereas those crossing Ty (z,t) are born in year t — 2 — 1. This way, the period
tables do not strictly reflect the mortality of single cohorts.

e The cohort table is based on the assumption that the death rate is constant on parallelograms
Tr(z,t) UTy (z,t+ 1), with the advantage that a given death rate at (x,t) relates to lifelines
arising from a single cohort: that of people born in year t — z. However, the information
provided by this death rate reflects conditions of the two consecutive years ¢ and ¢ + 1, as
illustrated in Figure 1.4.
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Figure 1.4: Population used (in grey) for the computation of the cohort death rate (left) and period
death rate (right) for age 64 and year 2009.

Overall, period and cohort tables provide complementary information and their use is driven by
the underlying objective. In this paper, we illustrate our method on the computation of triangle-
based mortality tables, which generalize period and cohort mortality tables in a natural way
as the death rate is assumed to be piecewise constant on Lexis triangles, instead of squares of
parallelograms. This will allow us to draw analyses at a more granular scale compared to the two
versions available in practice.

2.4 Main result

In the derivation of the inference formulas, we assume the death rate to be piecewise constant on
Lexis triangles:

Assumption 1.1. The death rate is piecewise constant on Lexis triangles, that is for each integer
r and t,

V(a,s) € Tr(z,t), pla,s) = pr(z,t),

V(a, S) € TU('T7 t)7 /.L(G, 5) = MU(xat)

From the transport component described in Equation (1.1), for any upper or lower triangle
which we denote T', and on which the death rate is constant equal to up, it follows that:

//T(6a+as)g=—//Tug=—uT//Tg.

As the left hand side is the opposite of the number of deaths as introduced in Equation (1.5),
it follows from the previous equation that the death rate can be written as the ratio

NL(xvt) = lE)'i((l’m::)) and :uU(aj?t) = gggi::))a

where

Ep(z,t) = // g(a, s)dads and Ey(z,t) = // g(a, s)dads
TL(;EJ) TU(:E,t)

are the so-called ’exposures-to-risk’ in the lower and upper triangle respectively.
Now, the number of deaths in Lexis triangles being observed (as provided by the Human
Mortality Database), it remains to appropriately compute the exposure-to-risk. In the literature
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dedicated to longevity studies, this quantity is approximated by annual observables, see e.g. [59]
section 2.3.4 as well as references therein. The recent update of the Human Mortality Database
methodology allowing to include monthly data is further discussed in Subsection 2.6. The stan-
dard annual approximation can be illustrated for period tables (see Subsection 2.3) for which the

exposure-to-risk writes
t+1 t+1
E(z,t) / / g(a, s)dads = P(z, s)ds.
t

A possible approximation is therefore given by the trapezoid rule as
1
E(z,t) = 3 [P(z,t+ 1)+ P(x +1,t)].

On the other hand, the exposure-to-risk can also be written as E(z,t) = f;ﬂ N(a,t)da and
then approximated by 1 [N (z,t) + N(z + 1,t)] = 3 [P(z,t) + P(z + 1,t)]+3 [Dr(2,t) — Dy(z, )],
which leads to another possible approximation. Note that the Version 5 estimates of the Human
Mortality Database rely on a demographic reasoning leading to an approximation in between the
two previous ones - see the analysis in [9] for more details.

Overall, classical approximations have the advantage of being based on observables only, leading
to a closed-form for the death rate estimate. The counterpart of this feature is that the validity of
the underlying approximation can be put into question in periods in which the population curve
(as s +— P(s,x)) appears far from linear in a year.

We now detail the recursive and implicit scheme for computing death rate estimates, based on
equations linking the death rate with the observables in the Lexis diagram introduced in subsection
2.2. Before stating the main result, we introduce two key quantities: first, the Laplace transform
of the random variable ’date of birth in year y’, introduced as:

fo 0,y + v) exp(—0v)dv
fo 0,y +wv)dv

and second, the cumulative gain in longevity at age x last birthday within the same cohort born
in year t — z (a diagonal in the Lexis diagram), that is between those born at exact time ¢t — z and
those born at the end of the year [t — x,t — x + 1), defined by:

Ly(0) =

r—1

H(xz,t) = Zuy(y,t—x+y+1) —pr(y,t —x+vy), © € N*. (1.7)
y=0

The result at the core of the inference strategy is stated below:

Proposition 1.2. Consider the transport Equation (1.1). Under Assumption 1.1, the following
equalities hold:
Dy (x,t
exp (—pr (2, 8)) Lo (H 2, 1) — pin (2, 1)) = (1 - N((t))) Lo (H@b),  (18)

and
Lt_m_l(H(x,t — 1) — pp(x, t — 1))

= (1 + M) Li—pa(H(z,t =1) — pr(z,t — 1) + py(z,1)).

The proof is detailed in the next part, along with a detailed discussion in Subsection 2.6. The
resulting algorithm is described in Section 3.

(1.9)
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2.5 Proof of Proposition 1.2

To prove (1.8), let us first focus on the exposure-to-risk in the lower triangle

t+1 r+s—t
Lz, t) = / / g(a, s)dads.
t x

According to the transport equation (1.1), the population density in the lower triangle can be
expressed as

g(a,s) = g(xz,s —a+x)exp <— /a wlu, s —a+ u)du)
=g(x,5s —a+z)exp(—(a—z)uL(,t)).

where the last equality comes from the assumption of a piecewise constant death rate on Lexis
triangles. By the change of variable v < s — a +  — t, the exposure-to-risk can then be rewritten
as

t+1 r+s—t
Ep(z,t) = / / g(z,s —a+x)exp(—(a — x)ur(x,t)) dads

//t+1 (z,t +v)exp (—(s — v — t)pr(, 1)) dsdv.

By straightforward computation, one finally gets the following expression for the exposure-to-risk
in the lower triangle:

1 — €eX v — X
EL(:r,t):/O gyt + )2 p(ﬁ(LL(xlt))“L( ) g, (1.10)

Also note that Dy (z,t) = pp(z,t)Er(z,t) fo z,t +v) (1 —exp((v—1)ur(z,t)))dv and
fo z,t + v)dv so that

N(z,t) — Dp(x,t) = /0 gz, t+v)exp (v — 1)pr(z,t)) dv.

Let us now derive the population density at exact age z, for any v € [0,1),

g(z,t+v) = g(0, tx+v)exp< / ,u(u,tx+v+u)du>

1
/ ut—m—i—v—i—u)d)
y

y+1l—v
/ plu,t —z+ v+ u)du —
y

x

=¢g(0,t — x4+ v)exp

[
= O

x

-1 ,y+1
Z/ p(u,t —x +v+u)du
0’y+l-v

y=

=g(0,t — x4+ v)exp

y=0

— r—1
—(1-v) Z.UL y,tfc+y)vZuU(y,tI+y+1)>
y=0 y=0

) exp (—vH (z,1)),

=g(0,t —x+v)exp

/_\/\/_\

= S(z,t)9(0,t —z +

<

(1.11)
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where S(z,t) = exp (— EZ;; pr(y,t —x+ y)) is the survival function at age x for individuals

which attained (exact) age x at (exact) time ¢, and where the cumulative death rate differential
within the cohort H(x,t) has been introduced in Equation (1.7). Let us now combine the previous
result to get

1
N(xz,t) — Dp(x,t) = S(x, t)e He@ / g(0,t — 2 + v)e " H@O =L @) gy
0

and finally, let us apply some renormalization of the right hand side, first by N(z,t) and second
by fol 9(0,t — x 4+ v)dv to get the following formula, which reduces to Equation (1.8):

<1 DL(m,t)) 1 B S(x,t)e” pr(z, t)f g(0 t_m_t'_v) —v(H(z,t)—pr(z, t))d’U
fol 9(0,t — x4+ v)dv S(z,t) fo —x +v)e vHzt)dy

g(0,t—x+v)
fo (0,t—z+v)dv’

The proof of (1.9) follows similarly. Since Ey(z,t) = :H fﬁj;ftg(a, s)dads and g(a,s) =
gx+1,s+x+1—a)exp((x+1—a)uy(z,t)), then by changing variables, one gets Ey(z,t) =

fol (x+1 t—l—v)%dv so that

where §(0,t —x +v) =

1
N(z+1,t) + Dy(z,t) = / gz + 1,t +v)exp (vpy (z,t)) dv.
0

Then as g(x + 1,t +v) = g(0,t —z — 1 +v)S(x + 1,t) exp (—vH (x + 1,t)), one finally obtains

<1 N Dy (x,t)

]le,t)) Ltfxfl (H(.’E + l,t)) = Lt,w71 (H(;(; + 17t) _ MU(m7t)) ,

which leads to the result, as the following equality is verified from the definition in Equation (1.7):

Hz+1,t)=H(z,t — 1)+ py(z,t) — pr(z, t —1).

2.6 Discussion

Exposure-to-risk interpretation. The equality (1.10) can be interpreted as follows: for each
individual attaining exact age x at time ¢ 4 v, its contribution to the exposure-to-risk in the lower
kexP(L(Liz;)tP;L(z’t)), which depends on the unobserved death rate to be estimated. This
contrasts with classical methods which compute approximations of the exposure—to risk based on
observables. At first order, assuming iy (z,t) << 1, one recovers that Er (x,t) fo x, t+v)(1—

v)dv and the related interpretation that the contribution of any individual Wthh attained exact
age r at time ¢t + v and living through the lower triangle is simply 1 — v as it can be measured in
the Lexis diagram.

triangle is

Biased birthday density. The formula derived in (1.11) shows that the birthdays density at
some age x is exponentially biased through H(x,t) compared to the initial birthdays distribution
(at age zero). This is true in general in the triangle model for the piecewise constant death rate,
as well as in the period table for which the cumulative death rate difference matrix reduces to
H(x,t) = Zz;é wy,t—x+y+1)—ply,t —x+y) where pu(x,t) denotes the period death rate for
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the square (x,t). Moreover, as one expects in general some mortality improvement over the years,
age being fixed, one may be interested in interpreting the case H(x,t) < 0 - in this situation,
one sees that the initial birthdays distribution is distorted to the highest birthdays (youngest
individuals) in the cohort as age goes. This demonstrates how even in a discrete time specification,
individuals in the same cohort may experience different death rates over life (more precisely they
pass through the same rates but do not ’spend the same time’ in each triangle or square, so that
the resulting survival functions are different). However, it is interesting to note that for the cohort
table, which by definition assumes that p(y,t —x+y+1) = u(y,t —z +y), the H matrix vanishes,
so that the initial birthdays distribution perfectly propagates towards highest ages. This justifies
why period tables (as provided e.g. by the Human Mortality Database) are mainly concerned with
abnormal isolated cohort effects, whereas cohort tables show a more reasonable structure - see the
discussion in [9].

Closed population assumption. Due to the renormalization in the final result (1.8), the death
rate relates to the closest annual population estimate; therefore, the assumption that the population
is closed is only local in terms of population count, as the population estimate N may include
population flow effects. Also, the assumption of a closed population implies here that the birthdays
distribution at some age is obtained as a transformation of the initial birth distribution - to this
extent the assumption applies globally in each cohort.

Link with estimates of the Human Mortality Database. Moreover, it is worth mentioning

that at the time of writing, the Human Mortality Database released an update on February 2018,

including in particular a revision of exposure calculation based on monthly birth counts. We now

make the link with both the new Version 6 and the old Version 5 of the HMD Methods Protocol.
From (1.10), it can be shown by performing a first order expansion in py (x,t) that

Ep(z,t) = BX (2,t) — pr (2, ) EY (1),

where

Bl (3,t) = N(a,t) (1 N Léz(H(m))) |

Lo (H(z,t))

and

B (2,1) = %N(a:,t) {1 L 2L . (H (@) + L o (H (x,t))]

Ly (H(z,t))

Let us denote by B;_, the random variable with values in [0, 1] that represents the time of birth
in the year ¢t — x, with mean m;_, := E[B,_,] and variance o7_, := Var(B;_;).
Under the assumption H(z,t) = 0, that is no mortality improvement between the youngest

and oldest individuals within the same cohort, one can write
1
E(w,t) = N2, 1)(1 = my—) = Spr (@, )N () (1 - Mi—z)? +07_,).

Note again that the assumption H(z,t) = 0 is not consistent with the piecewise constant death
rate assumption on Lexis triangles, nor with the framework underlying the period tables.

Now, if one uses (1.6) and replaces ur,(x,t) = gig;g by its zero order approximation

DL({E, t)
N(z,t)(1 —mi_y)’

,U'L(xvt) ~
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one finally obtains the formula (51) displayed in the Version 6 in the HMD methods protocol:

DL(.T, t)

Ep(z,t) =~ P(a,t +1)(1 —my_z) + m

((1 —my_g)? — O’?_m) .
Finally, if one assumes births to be uniformly distributed, then m;_, = 1 and 0, = & so that
the classical formula in Version 5 methods protocol is recovered (see Appendix E therein for the

original derivation):

1 1
EL(J?,t) ~ §P(.T,t—|— 1) + EDL(I,t).

3 Numerical results

Based on Proposition 1.2, one can exhibit a recursive and implicit scheme for computing the death
rates, as described below.

Algorithm 1. For age x starting at zero:

(i) Solve Equation (1.8) to estimate the death rate py(x,t) for the lower triangles of any available
year t,

(ii) Then based on the previous estimates, solve Equation (1.9) to infer the death rate py(z,t) for
the upper triangles of any available year t,

(ii) Compute the value for H(x + 1,t) = H(x,t — 1) + py(x,t) — pr(x, t — 1) for possible years t,
let x < x4+ 1 and go to step (i)

Remark 1. Note that the method is past dependent - this is natural as any change in past death
rates modify the future birthdays distribution in the cohort. This way, any revision of past mortality
rates, which may occur in practice, requires the re-use of the methodology which will provide a new
mortality table.

In Figures 1.5 to 1.9, we depict the death rate estimates obtained with the method developed in
this paper applied to French data sourced from the Human Mortality Database (annual population
estimates, Figure 1.1 and number of deaths in Lexis triangles, Figure 1.2) and the Human Fertility
Database (births by months, Figure 1.3). The number of births by month are used to approximate
the Laplace transform of the birthdays distribution which is used in the inference process.

The results are compared with estimates as they would be classically computed based on annual
observables (see [69] and [9] for further details):

DL(QT,t)
%N(I,t) - %DL(SL‘,t)

DU(.%‘,t)

and ag(z,t) = )
Aoz, 1) IN(z +1,t) + LDy (z,t)

/jZ(:L‘,t) =

Each figure includes on the right the ratio between the new and the old estimate, which helps
quantify the differences between both. First, the ratio is for several age classes close to one,
which indicates that the new estimate does not differ much from the classical one, in other words
that the classical approximation is valid. However, one sees strong deviations for specific ages
in time, and this translates over time and ages, so that it appears that the anomalies belong to
specific generations. To assess this specificity, we depict in Figure 1.10 mortality improvement
rates separated between upper and lower triangles as

pr(@,t+1) = pr(z,t) and pu(z,t+1) — py(z,t)
22 (l‘, t) kU (JJ, t)
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Clearly, the isolated cohort effects disappear in the new mortality tables: mainly the diagonals
around 1915 and 1920, and to a lower extent those born around 1940; note that this indeed
corresponds to the shocks in birth numbers as illustrated in Figure 1.3, which confirms from a
mathematical perspective the previous contributions by [60], [14] and [9].
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Figure 1.5: Left: death rates estimated based on the new inference method (in black), and com-
pared to estimates using the standard method based on annual population records (in red). Right:
ratio between new and old estimates. Top: Upper triangle. Bottom: Lower triangle.
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ratio between new and old estimates. Top: Upper triangle. Bottom: Lower triangle.
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Figure 1.9: Left: death rates estimated based on the new inference method (in black), and com-
pared to estimates using the standard method based on annual population records (in red). Right:
ratio between new and old estimates. Top: Upper triangle. Bottom: Lower triangle.

38



4. CONC

LUDING REMARKS

Mortality improvements LT (France)

Mortality improvements LT (France)

b 0.3 0.3
_- -
o
801 ol - o2 80+ " o2
-
g 0.1 0.1
o 601 e 3 o 607 L
2 oy 00 2 s 0.0
o
e 0.1 —0.1
40+ - . 40 - .
-, - o T i-o.z " g Mg i—o.z
s = B o3 et s =il M 3

1970 1980 1990 2000
Year

Mortality improvements UT (France)

1970 1980 1990 2000
Year

Mortality improvements UT (France)

= = 0.3 0.3
80 1 - - Fto.2 80 - fro.2
e~ 0.1 0.1
=
o 60 - = 3 7 o 60 - 3 7
< -_-' 0.0 < 0_0
h-I g [ o— [ —
40 & = | 0.1 40 . | 0.1
i i—o.z s i i-o.z
E - 1 :_- g '™ - 1 : -
4t T = T T T =8 —03 - T = T T T = T —03
1970 1980 1990 2000 1970 1980 1990 2000
Year Year

Figure 1.10: Left: mortality improvement rates based on the new inference method (in black), and
compared to estimates using the standard method based on annual population records (in red).
Right: ratio between new and old estimates. Top: improvement of mortality rates for the upper
triangles. Bottom: improvements of mortality rates for the lower triangles.

4 Concluding remarks

In this paper, we proposed an inference strategy for general population mortality tables based on
the derivation of formulas in the Lexis diagram, which relate the death rate with annual observables
and the intra-year distribution of birthdays over ages. The method therefore uses monthly birth
counts to refine classical mortality estimates. The new mortality tables show better features,
including the fact that previous anomalies in the form of isolated cohort effects disappear, which
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confirms from a mathematical perspective the previous contributions by [60], [14] and [9].

Several topics remain to be addressed to strengthen the methodology. First, it is of interest
to account for population flows which may for several countries deform the closest population
count, as well as distort the birthdays distribution over ages. Second, we emphasize that it is of
importance to derive confidence intervals for the prediction, by going beyond the classical Poisson
approximation to measure sampling risk. To this extent a stochastic population dynamics model
is required, as well as the dedicated statistical framework.
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CHAPTER 2

LNONPARAMETRIC INFERENCE OF AGE-STRUCTURED
MODELS IN A LARGE POPULATION LIMIT

1 Introduction

1.1 Setting

Suppose one wishes to recover a probability density g over the nonnegative real line R, = [0, 00)
from a N-sample a1,...,ay, where the a; are not necessarily independent. If ZV = N—! Ef\il Oa;
denotes the empirical distribution of the N-sample, designing a good statistical estimator of g
usually requires a fine quantitative control of the fluctuations in the convergence

b(a) 2™ (da) - / " Y(a)g(a)da (2.1)

Ry

as N grows, for a large enough class of test functions 1. Moreover, the performance of such
a procedure depends on the smoothness properties of the function g, typically quantified by a
smoothness parameter, like a (possibly fraction hoffyal) number of derivatives in any reasonable
sense and is usually unknown by the practitioner. For suitable ¢ (possibly data-dependent),
optimal estimators can be found provided good concentration inequalities are available for (2.1),
following the broad guiding principle of Lepski’s method [47, 28, 29] or other adaptive methods like
model selection or wavelets, see for instance the comprehensive textbooks of Giné and Nickl [27]
or Hérdle et al. [32] or Tsybakov [63]. In this paper, we generalise the classical situation described
above by adding a time variable. We investigate statistical inference of a time-evolving particle
system governed by stochastic dynamics: for every ¢ € [0, T, we observe the state of a population
of (approximately) N particles, encoded by its empirical measure ZV = (Z})o<i<r. Informally,
ZN is solution to a certain stochastic differential equation

Hé\fu (ZN) =0,

described in details in (2.7) below. The equation ’Hé\f ., 1s parametrised by two functional parameters
b and p and ZN (da) represents the state of a population structured in age a € R, alimented by
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1. INTRODUCTION

a time-inhomogeneous fertility rate b(t,a) and decimated by a mortality rate u(¢,a). Moreover,
we are given an initial empirical age distribution Z at time ¢t = 0. Under appropriate regularity
conditions on b and p and if ZJ is close enough to an initial limiting distribution go, the following
convergence

T T 0o
/ U(t,a)ZN (da)dt — / / W(t,a)g(t,a)dadt (2.2)
o Jry o Jo
holds in a large population limit N — oo, where

He,u(g) =0, (2.3)

and Hy,,, is the McKendrick Von Foester transport equation [53, 66], detailed in (2.8) below and
that reveals the interplay between the limiting solution g and the model parameter b and p. This
situation generalises (2.1) in a time-dependent framework.

Informally, our statistical problem takes the following form: estimate g or the parameters of the
model b, ;1 from data ZV in the limit N — co. In this setting, it is crucial to understand: (i) the
quantitative properties of the convergence (2.2) and in particular, how concentration inequalities
can be obtained (with a view towards an adaptive estimation scheme in the idea of Lepski’s
principle) and (ii) what is the structure of (2.3) in terms of the smoothness properties of b, i and
g. In particular, the anisotropic smoothness of g viewed as a graph-manifold can benefit from H;
and lead to better approximation properties in certain directions along the characteristics of the
transport.

1.2 Motivation

Of primary interest for us is human demography through the recent efforts and contributions
for improving mortality estimates, see [14, 9, 10] among others and the references therein. In
particular, the recent development of large human datasets like the Human Mortality Database
(HMD) and Human Fertility Database (HFD) [34, 33] — in open access — allows one to process
fertility and mortality data simultaneously, and subsequently addresses demographical issues such
as the anomalies of cohort effects that have long fascinated demographers and actuaries [60, 14].
In this rejuvenated context, it becomes reasonable to study the estimation of population density
or mortality rate in the enriched dynamical framework provided by birth-death particle systems
that converge to the classical McKendrick Von Foester equation in a large population limit, and
revisit classical studies like e.g. [40, 55] for statistical estimation of the death rate; see the detailed
literature review in next section. In this setting, we consider the idealised model where we can
observe the (renormalised) evolution of the state of the population Z}¥ continuously for ¢ € [0, 7],
where ¢ = 0 is the starting date for the observation of the population and ¢ = T a terminal time
horizon, fixed once for all. We are interested in identifying or estimating the parameters of the
model. Of major importance is the inhomogeneous death rate u(t, a). In our framework, we cannot
recover the birth rate since we are not given any genealogical input: mathematically, this simply
expresses the lack of injectivity of the mapping b — g. Still, our observation enables us to identify
the functions (¢,a) — ¢(t,a) and (¢,a) — p(t,a) in the limit N — oo and establish a thorough
nonparametric estimation program, in the methodology of adaptive minimax estimation.

42



1. INTRODUCTION

1.3 Link with literature on death rate inference

The main difficulty in establishing a consistent theory to estimate mortality rates comes from
two key points: (i) incorporate the fact that the death rate depends on both age and time (non-
homogeneous setting) and (ii) use as observables the outcome of a stochastic population dynamics
(birth-death process). In the literature, we argue that each point is treated separately. The
inference of a time-dependent death rate also related to a time-dependent covariate (possibly
age), which relates to the first point has been addressed from a nonparametric perspective by
e.g. [3, 20, 40, 52, 55, 12, 19] and the references therein. From [40], ”One way of understanding
the difficulties in establishing an Aalen theory in the Lexis diagram is that although the diagram is two-
dimensional, all movements are in the same direction (slope 1) and in the fully non-parametric model the
diagram disintegrates into a continuum of life lines of slope 1 with freely varying intensities across lines.
The cumulation trick from Aalen’s estimator (generalizing ordinary empirical distribution functions and
Kaplan & Meier’s (1958) nonparametric empirical distribution function from censored data) does not help
us here.” On the other side, the inference of an age-dependent death rate in an homogeneous
birth-death model (or similar) - oiuyr second point - has been addressed in [18, 22, 36] among
others. To the best of our knowledge, no statistical method deals with the usual problem faced by
demographers related to the inference of a time and age-dependent death rate table based on the
observation of population dynamics. Note that in this paper, the observation of the population is
assumed to be continuous over time, whereas in practice the information on population exposure
is extracted from census (point observation); these practical considerations are discussed in a
companion paper, see [10].

1.4 Results and organisation of the paper

In a first part of the paper, Section 2, we construct the microscopic model that describes the state
of the population Z¥ by means of a birth-death process characterised via a stochastic differential
equation — given in (2.7) — driven by a random Poisson measure. We recall its convergence in a
large population limit to the solution of the McKendrick Von Foester equation g based on classical
results of [62, 26]. Our next step consists in quantifying the stability of the convergence ZV — g.
To that end and anticipating the subsequent statistical analysis, we introduce two-distances:

WX (F), = sup / walt — a)f(t, a)(Z (da) — g(t, a)da)
reF Jr,

and its integrated version

t
Wl s (F)e = sup / wl(S)/ wa(s — a) f(s,a) (2, (da) — g(s,a)da)ds,
feFJo Ry
where w; and wy are two bounded weight functions and F a rich enough class of function with
complexity measured in terms of entropy conditions. Note that formally Wujfg (F); is a degenerate
version of WY (F);. Taking wy = wy = 1 is reminiscent of the Wassertein-1 like distance if F
consists of 1-Lipschitz functions for instance. However, for the statistical analysis, we must be able
to handle approximating kernels that do not have bounded Lipschitz norms, hence the presence of
the weights wy and ws that can accomodate such kernels. The main result of this section, Theorem
2.6 states that under appropriate regularity conditions on b and p, if |w2|1_’1 WX (F)o is of (small)

(%) wo
order ry, so are

wa| AW (F)r and (Jwn]1 solwsl1,o0) " WY o (F)pe
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The rate of decay rx possibly inflates by an order N~/2 and the result holds in terms of exponen-

tial decay of the fluctuation probabilities. The functional control |- |1 oo = (|-]1]-]sc)'/? interpolates
between L' and L*°-norms, and is sufficient to handle the behaviour of statistical kernels in an
optimal way, since it can therefore be compared to the usual L?-norm that appears in variance
terms. The concentration of WUZYQ (F)7 expresses a kind of stability of the particle system from
t =0tot =T, while the more intricate control of W]le,wz (F)r is crucial to control variance terms
in bi-variate kernel estimators for the nonparametric estimation of g(t,a) and u(¢,a). The proof
relies on a combination of martingales techniques in the spirit of Tran [62], a central reference
for the paper, combined with classical tools from concentration of processes indexed by functions
under entropy controls, following for instance Ledoux-Talagrand [44].

In a second part, Section 3, we construct nonparametric estimators of g(¢,a) and u(t,a) by
means of kernel approximation: we consider estimators of the form

9n (t,a) = Knx Z (a)

for g(t,a), where x denotes convolution and K, = h™'K(h™!.), with |K|; = 1, is a kernel nor-
malised in L' with bandwidth h > 0. It is noteworthy that for estimating the population density
g(t,a) at time ¢, the information Z}¥ is sufficient and we do not need the data (Z,s # t). The
situation is very different for estimating p(t,a) the main parameter of interest. We constuct a
quotient estimator, inspired from a Nadaraya-Watson type procedure, and use

(Hp, @ Kp, o p) x TN (du, ds)
Gn, (t,a)

where I'V (du, ds) is the point process of the death occurences in the population lifetime that can be
extracted from ZV and that converges to T = ug, see (2.18) in Section 3.2 for the details. In (2.4),
we consider a bivariate kernel H ® K with bandwidth (hq, he) and ¢(t,a) = (¢,t — a) is a certain
change of coordinates that enables one to benefit from the smoothness along the characteristics of
the transport. The choice of the bandwidths hy, ha, hs is chosen according to the data ZV itself,
in the spirit of Lepski’s principle [28, 29]. In Theorems 2.10 and 2.12, we derive oracle inequalities
that control the pointwise risk of gp (¢,a) and 7y’ ha.hs (@) in terms of optimal balance between
the error propagation of Theorem 2.6 and the linear approximation kernels.

Fihy hahs (1, @) = (2.4)

Section 4 is devoted the adaptive estimation of g and u for the pointwise risk under smoothness
constraints. In a first part, we study the smoothness of g when b and u belong to anisotropic Hoélder
spaces (and for simplicity, we assume that the initial condition gg is sufficiently smooth). Thanks
to the relatively explicit form of the solution of the McKendrick Von Foester equation, we establish
in Proposition 2.15 that when parametrised via ¢, the function g in the representation g = go ¢
has explicitly quantifiable improved smoothness over g, suggesting to consider the approximation
kernel Hy,, ® Kj, o ¢ for estimating 7 via the quotient estimator (2.4) that implicitly uses the rep-
resentation of y = 7/g. We establish in Theorem 2.17 minimax lower bounds for estimating g(¢, a)
and p(t,a) and prove in Theorems 2.18 and 2.19 that these bounds are optimal in some cases,
thanks to the oracle inequalities established Theorems 2.10 and 2.12. In particular, we achieve
minimax adaptation over anisotropic Holder smoothness constraints, up to poly-logarithmic terms.

Sections 6 is devoted to the proof of the main concentration result of Theorem 2.6 and auxiliary

stability results of Section 2. In Section 7, we give the proofs of the statistical results of 3 and 4.
The Appendix Section 8 contains some useful technical and auxiliary results.

44



2. THE MICROSCOPIC MODEL AND ITS LARGE POPULATION LIMIT

2 The microscopic model and its large population limit

2.1 Notation

Mg denotes the set of finite point measures on Ry = [0,00) and Mg, the set of positive finite
measures on Ry. Any Z € Mp admits the representation Z = > | d,, for some ordered set
{a1,...,a,} C R,. For a real-valued function f defined on Ry, we write

n

(Z,f)= [ f@Zz(da)=>_ f(a).

R+ i=1

In particular n = (Z,1). For Z = " | 6,, € Mp, abusing notation slightly, we define the evalu-
ation maps a;(Z) = a; and for ¢ > 0, the shift 2 = > | 64,4+

We fix once for all a terminal time T" > 0 and D = [0,7] x Ry. We work with the set of
(measurable) functions

5= {1 D R swlfit.0)| < oo,
,a
implicitly continuated on R x R by setting f(¢,a) = 0 for (¢,a) ¢ D and also introduce
Liime — {f:00,T] =R, SLtlp\f(t)| < oo}, LB ={f:Ry =R, sup|f(a)| < oo},

with natural embeddings £ C £ and also L3¢ C L for appropriate arguments. For p = 1,2,

we set

100 = (Iflflee) 2 (25)

1l = ( /D (6 a)Pdtda)"?, |flee = sup |f(t,a)l, |f

(t,a)eD
For 0 < s <1, we write
Co={fely |ftt,a)—ft',d)| < c(t—t'|°+|a—a'|*) ¥(t,a),(t',a’) € D for some c >0} (2.6)

for the set of s-Holder continuous functions on D.

2.2 Construction of the model

The basic assumptions on the model are the following:
Assumption 2.1. We have
(1) be LL and p € LT,

(ii)) NZY € Mp is random and satisfies' supy (Z{,1) < 1 almost-surely; moreover Z§ — &
narrowly, for some deterministic g € M,

(iii) &(da) = go(a)da for some go € L3 such that [ go(a)da < co.

Iwhere ay < by means suppys; aNbg,l < 0.
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For ¢ € [0, T, consider the equation

¢
N _ _ N -1
Z,) =nZy +N /0 /NX]R+ 5t’s(da)1{ogﬁgb(s,ai(2§_)),z< NZ¥ 1 }Ql (ds, di, dv)

¢
-1
-N /0 /NXR+ 5ai(2‘5_)+t75(d {o<v<p(s.ai(zV))i<(NzN }Q2 (ds, di, dV) (2.7)

where Q;, i = 1,2 are independent Poisson random measures on Ry x N\ {0} x Ry with intensity
measure ds( Y.~ 0 (di))dY. In this setting, the distribution Z{" describes the renormalised state

of the population at time ¢ = 0 and N(Z}¥, 1) its size.

Under Assumption 2.1 (i), we have existence and (strong) uniqueness of a solution to (2.7) in
D([0,T], M), the Skorokhod space of cadlag processes with values in M,. Under Assumption
2.1 (i) and (ii)?, we even have the narrow convergence of Z¥ in D([0,7T], M) to a deterministic
limit £ € C([0,T], M), see e.g. [62, 25].

Nz (da)

> = = =

t 0 l[ t

NzZN (da)

Figure 2.1: Sample path of NZ}'(da) and its evolution without births (left), sample path of
(NZ{(da))o<i<r (right).

Under Assumption 2.1 (iii), the limit £ = (£(da))o<i<7 is smooth in the following sense: we
have that & (da) = ¢(t,a)da is a weak solution to

Org(t,a) + Oag(t,a) + p(t,a)g(t,a) =0

(2.8)
9(0,a) = go(a), ¢(t,0) / b(t,a)g(t,a)da.

The limit g is the solution of an inhomogeneous version of the McKendrick Von Foester transport
equation (see [53, 66] and the comprehensive textbook of Perthame [58]). With the notation of
Section 1.1, the equation 7—[{)\”” is given by (2.7) while Hy,,, is given by (2.8).

2 Actually, the condition of the almost-sure bound supy (Z,1) < 1 can be relaxed to the significant weaker
moment condition sup s E[(Z,1)!¢] < oo for some € > 0.

46



2. THE MICROSCOPIC MODEL AND ITS LARGE POPULATION LIMIT

2.3 Stability of the model
Preliminaries

The stability of Z}¥ (da) relative to its limit g(t, a) will be expressed in terms of weighted quantities
of the form

W (F), = sup / ws(t — a) fu(a) (Z (da) — g(t, a)da)
Ry

ferF
and also .
W aws (F)e = sup/ wl(S)/ wa(s — a) fs(a) (2 (da) — g(s, a)da)ds,
feFJo Ry
where w;, 1 = 1,2 are two bounded weight functions (possibly taking negative values). For

notational simplicity, we write fy(a) = f(¢,a) for f € L when no confusion is possible. Implicitly,
we assume that F is well-behaved in the sense that W) (F); and W] . (F); are measurables, as

w1,w2
random variables on the ambient probability space over which ZV is defined.

The structure of F

We look for F rich enough while having a controlled complexity, measured in terms of entropy.
Let s¢, t; and u; be the operators on L5 defined by

st(f) = ((Sva) — f(t7a+t))7 tt(f) = ((Saa) = f(t’t - 5))7 Ut(f) = ((S,CL) — f(t7t+a - S))
The minimal structure on F we need is the following

Assumption 2.2. We have 0, ¢, cob, copr € F for some constant cg > 0. Moreover, for every
t €10,T], the class F is stable under the following operations:

f'_>7fa (fvg)'_)fga stt(f)a tht(f)a fHut(f) (29)

Let diamy.|__(F) = sup; e 7 |f — gloo and write N'(F, |- |0, €) for the minimal number of e-balls
for the | - |oo-metric that are necessary to cover F.

Proposition 2.3. Let F be the minimal set satisfying Assumption 2.2 for some ¢ > 0 such that
c1 = comax(|bloo, |ttloo) < 1. If moreover b,y € C% for some s > 0 (C° is the set of Holder
continuous functions defined in (2.6)), then

1
e(F) :/O log (1 + N (F, | |so, €))de < oo. (2.10)

Concentration properties

Definition 2.4 (mild concentration). A sequence of nonnegative random variables (X™)n>1 has
a mild concentration property of order 0 < ry — 0 if for large enough N, we have

1
P(XY > (1+u)ry) < for every u > 0.
e

w1

Assumption 2.5. The sequence
lwe| 7L max WY (F)o
’ h:1,w2

has a mild concentration property of order ry for some 0 < ry — 0.
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Theorem 2.6. Work under Assumptions 2.1, 2.2 and 2.5. Assume moreover diam|,| (F) < 1
and

o(F) = /Ollog (14 N(F,| - oo €))de < oc.

If we has compact support with length support bounded in N by some u > 0 and satisfies an estimate
of the form
wa|eo < max(NY2 ! |wals, (2.11)

then .
(lwil1,00w2l1,00) ™ Wt (F)7 and wa| T L WD (F)r

w1, w2

share both a mild concentration property of order C max(ry, N*I/z), for an explicitly computable
C = Cuw,e(F),T,|bloo, |ttlocs g0, w11, Jwz]1) > O continuous in its arguments. In particular, if
|wil1, ¢ = 1,2 is uniformly bounded in N, then C can be chosen independently of N.

Several remarks are in order: 1) If the initial condition Z}¥ is close to its limit go in W, (F)o-
norm of order 7y, Theorem 2.6 states that the error inflates in W,,, (F);-norm by a factor no worse
than N=1/2 for t € [0,7]. In particular, whenever ry < N~1/2, the error propagation is stable.
2) The order of magnitude of the error propagation is max (N -1/2, rn), as one could expect. As
for the order in terms of w; or ws, the ideal order would be the integrated squared-error norm
|w;|2 as a variance term in a central limit theorem for instance. Here, we obtain the slightly worse
interpolation quantity |w;|1,0 Which is always bigger than |w;|o. However, for statistical purposes,
when w; is replaced by a kernel w; = h' K (hy'-) for some kernel K such that |K|; = 1, the order
is sharp, since in that case

1/2

[wil1,00 & by ' & wil

and moreover |w;|; is uniformly bounded in N. The fact that we have here the correct order for
dilating kernels is crucial for nonparametric estimation and is the main purpose (and difficulty) of
Theorem 2.6. This seems to be a standard situation for nonparametric estimation in structured
populations, where such effects are also met, see [22, 35, 5]. 3) If ws is not compactly supported
or if (2.11) does not hold, we still have that

(il oclwzloe) W, 0y (F)r - and s SWY, (F)r

wi,w2

share both a mild concentration property of order C max(ry, N -1/ 2), as explicitly obtained in
the proof. However, such a result is not sufficient for nonparametric estimation: picking wy =
hy K (hy's) yields |wa|e & hy' which is dramatically worse than the expected h;vl/ ® in kernel
estimation. 4) The constant C' also depends on the length of the support of ws, but that may
be considered as fixed once for all for later statistical purposes. 5) Assumption 2.5 implies the
moment estimate

E[hrznlaﬁz WY (F)E] < lwa|f i for every p > 0. (2.12)
In particular, if Z}¥(da) consists of a N-drawn of independent random variables with common
distribution go(a)da with [, a?go(a)da < oo, we have Assumption 2.5 if go has subgaussian tails
or the weaker (2.12) if [ aPgo(a)da < oo with 7y of order N—/2,

We end this section by giving a global stability result for the propagation of the error Z}N (da) —
g(t,a)da, given a preliminary control on Z{¥(da) — g(0, a)da, which relies on the techniques devel-
oped in Theorem 2.6, but with a weaker moment condition for the initial control of the particle
system.
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Proposition 2.7. Work under Assumptions 2.1 and 2.2. If

E[ max WY(F)B] < |walf ok (2.13)

k=1,ws

for somery >0 and p > 1, and if wy is compactly supported and satisfies an estimate of the form
|wa]oo S max(N1/2,rX,1)|w2|1, then

EWD (F)5] < lwalf o max(N~P/2 1%)) (2.14)

and
]E[WN (]-')’}] < (Jwi 1,00 |w21,00) max(N*p/z,rf’v). (2.15)

wy, w2

3 Nonparametric estimation of g and p

3.1 Kernel approximation

Definition 2.8. A kernel K of (integer) order £y > 0 is a bounded function with compact support
in Ry such that

/ KK (k)dk = 1—oy, for £=0,... 0.
Ry

For a bandwidth h > 0, we set K(k) = h™'K(h™'k) so that |K,|; = |K|;. In order to
approximate functions of L3, we use bivariate kernels defined by

H® K(t,a) = H(t)K(a) for (t,a) €D,
with H € £L4™¢ and K € L;°. For a bivariate bandwidth h = (hq, h2) with h; > 0, we set
(H ® K)n(t,a) = Hp, (t)Kp,(a).

and define the linear approximation by the convolution
T
(H® K)p* f(t,a) :/ f(s,u)(H® K)p(t — s,a — u)dsdu. (2.16)
o Jry

We may also approximate f in another system of coordinates: if ¢ : D — D is invertible,
reparametrise f via

f(tva’) = fOW(t’a)

and define the p-skewed linear approximation
T
(H@ K)poo)* f(t,a) = / f(s,u)((H® K)pop)(s—t,u—a)dsdu
0 JRy

so that ((H® K)po@)* f(t,a) = (H®K)p* f((p(t, a)). The p-skewed approximation potentially

has better approximation properties for f in the viscinity of ¢(¢,a) than f in the viscinity (¢,a),
as it will become transparent in Section 4 below.
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3.2 Construction of estimators of g and p
Construction of an estimator of g
Let K € L be a kernel of order £y > 0. For (t,a) € D, we consider the family of estimators
gV (t,a) =KpxZN(a) = | Kp(u—a)ZN(du), h>0. (2.17)
Ry

Remark 2.9. At first glance, it may seem slightly suprising to build an estimator of the bivariate
function g(t,a) by means of (2.17) that uses data Z}¥ only and discards the observation (ZN s # t).
For instance, one may consider estimators of the form

((H®K)ho<p) *ZN(t,a) :/0 /]R ((H@K)ho@)(s—t,u—a)Zév(du)

Formally g (t,a) = (Hp,—0 ® Kp) x ZN(t,a) without any specific change of coordinates and we
will see that such a simple procedure already achieves minimazx optimality, see Section /.3 below.

Construction of the process of death occurences

We first extract from the data (Z}¥ (da))o<i<r the random measure

TN (dt,da) = 61,4, (dt,da) on [0,T] x Ry

i>1

associated with the successive times T; of the death occurences of the population during the
observation period [0, 7], together with the corresponding ages A; of the individuals that die at
time 7.
Remember that the evaluation mappings a;(Z;") in the representation ZY = N=1 3", Oai(z])
are ordered:
ar(ZN) < ao(ZN) < ...

and that ¢ — a;(Z;) is increasing with slope one unless a birth or a death occurs, in which case we
have a non-negative or a negative jump. It follows that

TN (dt, da) =) L =inf{i>1,8a,(2)>0} <00} O(s,a; (2. ) (d, da) (2.18)
s>0

on [0, T] xR, where we set Aa;(Z)) = a;(ZN)—a;(ZY ) and with the usual convention inf ) = oo.
This second representation in terms of the jump measure of the processes a;(Z}") gives an explicit
construction of T'V(dt, da) as a function of (ZN(da),t € [0,TY]).

Construction of an estimator of

Let H € £m° and K € L35 be two kernels. For (t,a) € D and ¢(t,a) = (t,t — a), consider the
family

T
T (t,a) = /0 /]R (H® K)pow)(s—t,u—a)lN(ds,du), h=(hy,hs) with h; >0, (2.19)
+
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3. NONPARAMETRIC ESTIMATION OF G AND p

that estimate the function © = pg. An estimator of u(t, a) is obtained by considering the ratio

TN (t,a)

2.20
gn (t,a)Vw (2:20)

//’ZhN,h(t7 a’)w =

for some threshold @ > 0, and is thus specified by the bandwidths & > 0, h = (hy, hs) with h; > 0
and w > 0.

3.3 Oracle inequalities
Estimation of g, data-driven bandwidth

Pick a lattice GI¥ included in [N~/2 (log N)~!] and such that Card(Gi¥) < N. The algorithm,
based on the Lepski’s principle as defined in the Goldenshluger-Lepski’s method [28, 29] requires
the family of linear estimators

(3 (t.a).h e G

defined in (2.17) and selects an appropriate bandwidth h = nN (t,a) from the data (Z} (da))o<i<r-
For (t,a) € D, writing {z}+ = max(z,0), define

AN (t,a) = N (t,a) — gV (t,a)) — (VY £ V)L
n (t,a) h/gg,l;?)égfv {9 (t.a) = Gii(t.a))” = (Vy h )}+
where )
Vi = (4(log N)C*N~V2| K1 00 (2.21)

and C* is a (known) upper bound of the constant C' of Theorem 2.6. (Remember that the constant
C' depends on the parameters of the model via |b|so, |it|co and go.) Let

TI,N(t, a) € argmin gy (Aﬁ] (t,a) + V,ILV)

The data-driven Goldenshluger-Lepski estimator of g(¢,a) is defined as
gy (ta) = Gy (.o (B 0)- (2.22)

Oracle estimate

We need some notation. Given a kernel Kj, the bias at scale h of g at point (¢, a) is defined as

B,jlv(g)(t,a) = sup ‘ / Ky (u—a)g(t,u)du — g(t,a)|. (2.23)
w<h,hegN ' Jo

We are ready to give our first estimation result for every (t,a) € D_ =D\ {t = a}.

Theorem 2.10. Work under Assumptions 2.1, 2.2 and 2.5 with ry < N~Y2 and some F that
satisfies e(F) < oo. For (t,a) € D_, specify g (t,a) with a bounded and compactly supported
kernel K. The following oracle inequality holds true

B[ (t,0) —9(t,0)"] S it (B (9)(t0)° +ViY) +dx

for large enough N, with 65 = N~! and up to a constant that depends on C* and K.
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3. NONPARAMETRIC ESTIMATION OF G AND p

Some remarks: 1) The fact that we measure the performance of gV at point (¢,a) in pointwise
squared-error loss is inessential here. Other integrated norms like |- |, would work as well, following
the general proof of Lepski’s principle [47, 28, 29]. However, if we need a fine control of the bias
in terms of smoothness space, this is no longer true and is linked to the anisotropic and spatial
inhomogeneous smoothness structure of the solution g. This will become transparent in Theorems
2.18 and 2.34 below. 2) In (2.21), the choice of C* has to be set in principle prior to the data
analysis and is of course difficult to calibrate. It depends on upper bounds on many quantities like
e(F) that appear in the constant of Theorem 2.6 or supremum of norms of the unknown parameters
b and pu. Moreover, the explicit value C* obtained by tracking the constants in the computations
of Section 6 is certainly too large. In practice, we need to inject some further prior knowledge
and calibrate the threshold by some other method, possibly using data. Such approaches in the
context of Lepski’s principle have been developed lately in [42]. 3) The proof relies on Theorem
2.6 which requires e(F) to be finite. However, this requirement is not heavy, as soon as b and p
have a minimal global Holder smoothness, as stems from Proposition 2.3.

Estimation of u, data-driven bandwidth

Analogously to the bandwidth-selection method for estimation of g following Lepski’s principle,
we pick a discrete set GIY < [N~1/2, (log N)~!]? with cardinality CardGY < N. The construction
is similar to that of g~ (t,a), given in addition the family of estimators

(7h (t,0),h € G3')
defined in (2.19). For (¢,a) € D, let

~ ~ 2
AN (t,a) = hrlléag)g" {(ﬂﬁ(t,a) - F,JX(LL,CL)) — (VN + V,];[/)}Jr,

where

* NT— 2
Vi = (4(log N)C* N~ 2| Hp, |00 | K ny|1,00) (2.24)
and C* is a (known) upper bound of the constant C' of Theorem 2.6. Let

~

h (t,a) € argming gy (AN (t,a) + V7 (t,q)).
The data-driven Goldenshluger-Lepski estimator of u(¢, a) is defined as

/‘/Ziv(t7 a)w = /‘LIEVN (t,a),fLN (t,a) (t7 a’)w' (225)

Oracle estimates

In order to estimate p in squared-error loss consistently with the quotient estimator (2.25), we
need a (local) lower bound assumption on ¢(t, a). Let

Dy ={(t,a) € D,a > t},
D ={(t,a) € D,a < t},

and D~ =D\ {t = a} so that D~ = Dy, U Dy. A sufficient condition is given by the following
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4. ADAPTIVE ESTIMATION UNDER ANISOTROPIC HOLDER SMOOTHNESS

Assumption 2.11. For every (t,a) € D~ there exists an open set U 4y such that

6ig{lf b(t —a,t —a+u)go(u) >0 if (t,a) € D (2.26)
u€U(¢,a)
and

go(t —a) =6 if (t.a) € Dy, (2.27)

for some § > 0.

We need some notation. For h = (hy,he) and b’ = (h,h}) in G, we say that h < B’ if
h1 < h} and hy < A, hold simultaneously. Given a bivariate kernel H ® K, the bias at scale h of
m = pg at point (t,a) in the direction ¢ is defined as

BY (ug)(t,a) =  sup ‘ / (H® K)p op)(s —t,u—a)r(s,u)duds — 7(t,a)|. (2.28)
h'<hhegd ' JD

Theorem 2.12. Work under Assumptions 2.1, 2.2, 2.5 withry < N~Y2 and some F that satisfies
e(F) < oo together with Assumption 2.11. For (t,a) € D~ specify iY (t,a)w with kernels H, K.
The following oracle inequality holds true

E[(1 (t,0)w — p(t,a))’] < Jnf s (B (9)(t,a)® + Vi) + inf (By (ng)(t,@)* + Vi) + by

1

for large enough N and small enough @ > 0, with 65y = N~! and up to a constant that depends
on C* and the kernels H, K.

Some remarks: 1) Similar to the case of Theorem 2.10, other loss functions can be chosen. 2)
We see that the performance of il (t,a), is similar to the worst performance of the estimation
of the product m = pug and the estimation of g, as is standard in the study of quotient estimator
in the classical Nadaraya-Watson (NW) sense [4, 54]. However, the situation is quite different
here than what is customary in standard nonparametric regression with NW: the estimation of
g(t,a) is actually equivalent to the estimation of a univariate function, while 7(¢,a) is related
to a genuinely bi-variate estimation problem that suffers from a dimensional effect. Therefore,
there is good hope to obtain here an optimal procedure, as will become transparent under Holder
anisotropic smoothness scales in the subsequent minimax theorems 2.17 and 2.19 below. 3) The
same remark about the choice of C* (and also the threshold w) as in Theorem 2.10 above are valid
in the context of the estimation of u(t,a).

4 Adaptive estimation under anisotropic Holder smooth-
ness

4.1 The smoothness of the McKendrick Von Foester equation

Definition 2.13. Let o > 0, g € R and Uy, be a neighbourhood of xo. We say that f: Uy, — R
belongs to H(zo) if* for every x,y € Uy,

M (y) = £ ()] < Cly — x|t (2.29)

having a = n + {a} for a non-negative integer n and 0 < {a} < 1.

3The definition depends on Uz, , further omitted in the notation.

53



4. ADAPTIVE ESTIMATION UNDER ANISOTROPIC HOLDER SMOOTHNESS

We obtain a semi-norm by setting | f|ye (z,) = SUP,c, |f(2)] + Cu,, (f), where Cyy, (f) is the
smallest constant C' for which (2.29) holds. The extension to multivariate functions is straightfor-
ward:

Definition 2.14. The bivariate function f belongs to the anisotropic Hélder class H**2(xg,yo)
if
| f ooz (wo,m0) = 1 (5 90) 2021 wo) + 1 (0, ) lage2 (o) < 00
We write f € H if for every (¢,a) € D, we have f € H?7 (t,a).
Assumption 2.15. For some a, 3,7,0 > 0,v > max(v,d) + 1 and for every (t,a) € D, we have
be H*P(t,a), peH(ta), go € H"(a).

We give two results about the pointwise smoothness of the solution of the McKendrick Von
Foester equation on D~ = D\ {¢t = a}, depending on the choice of coordinates. The smoothness
of g differs on Dy where only mortality affects the population and Dy, where both mortality and
birth come into play. Introduce also the change of coordinates ¢(t,a) = (¢,t — a) that maps

Dy — ¢(Dy) =Dy = {(t,d') € D,0 <t < T,a’ <0}
Dy — Dy =¢(Dy) ={(t,d) €D,0<t <T,0<d <t}
onto smoothly. This defines in turn
g: Dy UDy — Ry via g(t,a) =go p(t,a).
Proposition 2.16. Work under Assumptions 2.1, and 2.15.

(i) We have

g € Hmin(@B a1 min(efyt10) o Dpognd g € HRINOFLO)max(YAGHD0) op Dy
(ii) We have the following improvement of the anisotropic smoothness when the parametrisation
is given by g:
G € HMnGHLIH ) min(@,87410) o B gpd § € HPROFLIF)max(AGH)0) o P

The proof of Proposition 2.16 is relatively straightforward, given explicit representations of the
solution ¢ in terms of b, p and gg, and is given in Appendix 8.2.

4.2 Minimax lower bounds
For a, 8 > 0 and L > 0, we set
1P (ta) = {f € LY, [floo + | Flresa) < L},

where the semi-norm |- |ya,6(;,q) is defined after Definition 2.14. We also set, for € > 0,

LY = e LY, inf t,a) >
Se=1{f D(flar)leDf( a) > €}

2
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4. ADAPTIVE ESTIMATION UNDER ANISOTROPIC HOLDER SMOOTHNESS

Dy '
€o(da) = go(a)da . ér(da) = g(T,a)da

D; =Dy,

Dy
Figure 2.9: g c Hmin(ﬂy+1,5+1),min(a,ﬂ,'y+1,5) on ﬁL and g c Hmin(w+1,5+1),min('y,§+1) on 5U~

Remember that under Assumption 2.1, any point (b, i, go) with b, i, go € L defines a unique
solution g to the McKendrick Von Foester equation (2.8). Let

1 - - 1y -1
Sdens = maX(’%(s) and Sdeath — (7 ! +94 1) .

Under a non-degeneracy condition of the form p € L7, we obtain the following minimax lower
bound:

Theorem 2.17. Work under Assumptions 2.1 and 2.11. Let o, 8,7,0 > 0,v > max(7,d) + 1 and
L > 0. For every (t,a) € D, we have

inf sup E“F —g(t,a)” Z N—S;ells/(2856n5+l) (230)
b,ft,90
and - -
inf sup E[|F — u(t,a)|] 2 N~ aearn/ Zacaen ), (2.31)
b,1,90

where the infimum is taken over all estimators and the supremum over
be H%”g(t, a), p€ HZ"S(t,a) NLE . and go € Hi(t,a).

Some remarks: 1) As for the previous estimation results in Theorems 2.10 and 2.12, a glance at
the proof shows that the lower bound actually holds for a wider class of loss functions, including loss
in probability. We keep up to the statements (2.30) and (2.31) in expected pointwise absolute value
for simplicity. 2) If we take v = ¢ for simplicity, we see that s = v while s__.,,, = 7/2. Therefore,
although we are estimating bi-variate functions, the estimation difficulty for g(¢,a) is really that
of a 1-dimensional function while the estimation of u(t,a) remains that of a genuinely bivariate
function. Heuristically, there is no information about the population density g(¢,a) captured by
(ZN s # t) while the estimation of the death rate u(t,a) requires dynamical knowledge from the
process I'V (ds, du) for which a truly 2-dimensional information domain around (¢, a) is required in
order to identify u(t, a).

4.3 Adaptive estimation under anisotropic Holder smoothness

Our next result shows the performance of g% (¢, a) defined in (2.22) and gives optimal up to inessen-
tial logarithmic factors in some cases. Moreover, g (t,a) is nearly smoothness adaptive. More
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precisely, let
st s(t,a) =max(y A (0 +1),0)1p, (t,a) + min(a, 8,7 + 1,8)1p, (¢, a), (2.32)
and note that si_ (t,a) < sy, (¢, a) always.

Theorem 2.18. Work under Assumptions 2.1, 2.2, 2.5 with ry < N~Y2 and some F that
satisfies e(F) < oo, and Assumption 2.11. Specify g (t,a) with a compactly supported kernel of
order Ly > 0 and pick

GV = (z) <ad <. <al)
a subdivision of [N~Y/2, (log N)™1] with maxi<;<n_1(zly; —2N) < N7t so that CardGl¥ < N.
For every (t,a) € D_ and large enough N, we have

s (E[@Y (t,a) - g(t,a))"])* <

N

2\ st , Lo/ (25 , lo+1
172 ((logN) ) dens (£:0)A 0/ (25, (t,a) Alo+ )’ (2.33)

where the supremum is taken over b € ’H%”B(t,a), i E HZ"s(t,a), go € HY(t,a) with a, 8,7, >
0,v > max(y,d) + 1 and L > 0.

Some remarks: 1) Comparing with the minimax lower bound of Theorem 2.17, we see that both
upper and lower bounds (2.30) and (2.33) agree on Dy if 6 <y <d+landon Dy if 6 —1 <y <4§
(and if @ and g are sufficiently large too), provided the order ¢, of the kernel K is sufficiently large.
The rates are tight up to an inessential logarithmic factor. We do not know about the optimality
in g beyond this domain, but we see that the difficulty of the estimation of g(t,a) is equivalent
to the difficulty of the univariate function a — g(t,a) for which the time variable ¢ is simply a
parameter: it suffices to piece together the estimators g2 (¢, a) for every ¢ in order to estimate the
graph (t,a) — g¢(t,a). 2) While we already know that a logarithmic payment is unavoidable for
a smoothness adaptive estimator (see the classical Lepski-Low phenomenon, [47, 50]) we do not
know whether the order we find in the log term is correct (i.e. (log N)? versus the classical log N
payment). This stems from Theorem 2.6 and the mild concentration property as we define it,
where exponential tail are obtained versus subgaussian tails, but this order seems genuinely linked
to the Poissonian behaviour of the noise and it is not clear that we can extend our statistical result
in order to remove the extra log N error-term in (2.33).

Similarly, ¥ (¢,a) defined in (2.25) also shares near optimality in some cases. Define
sp(a,8,7,0) = (min(y,8) " +min(e, 8,7 +1,6)7") ",

su(vy,0) = (min(’y,é)_1 + (5_1)71,
and
Stoain(t @) = su(7,0)1p, (t,a) + s, B,7,6)1p, (t, a). (2.34)
Note that s, (t,a) < sy, always.
Theorem 2.19. Work under Assumptions 2.1, 2.2, 2.5 withry < N~Y2 and some F that satisfies

e(F) < oo, and Assumption 2.11. Specify p(t,a) with kernels H, K of order oy > 0 and pick
G =GN x GV so that Card G < N2. For every (t,a) € D~ and large enough N, we have

sup (E[(7) (t.a) - p(t.)’])"* <

N

( (lOg N)2 ) s;ath(t,a)/\ég/@s;ath(t,a)/\€0+1)7 (235)
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where the supremum is taken over b € ’H%’ﬂ(t,a), e ’HZ’B(t,a), go € HY(t,a), with o, 5,7, >
0,v > max(y,d) + 1 and L > 0.

Some remarks: 1) The same remark as 2) after the statement or Theorem 2.18 holds here. 2)
The minimax optimality situation is somewhat clearer for estimating p: we see that we have near
optimality on Dy as soon as v < §, while the upper and lower bounds only agree if y < 4 < ~v+1 on
Dy, (and if @ and B are sufficiently large too), provided the order ¢y of the kernel K is sufficiently
large. Thus situation is somewhat similar to the estimation of g on Dy, see Theorem 2.18 above.
3) The rate of estimation is triggered by the smoothness of m = pug since the estimation of the
quotient g will always be better, for

stam(ta) < st (t,a) for every (t,a) € D_

always. However, in order to achieve optimality, we need to optimise the approximation property
of 7 by looking at the smoothness of ™ = pig, with 4 = fz o 9. This benefit is obtained thanks to
Proposition 2.16 and is given in details in the proof. We would lose by a polynomial order in the
rate of convergence given in (2.35) if we used a kernel of the form (H ® K)p, instead of (H® K)p o
for the estimation of the numerator 7 in the representation u = 7/g.

5 Numerical illustration

The simulations are realised with the parameters:

(i) go is the density of a gaussian random variable centered in 40 with a variance of 15?2 condi-
tioned to be between 0 and 120.

(ii) b(t,a) = 1ag<q<ao- Such a birth rate is not Holder, however we can prove similar result with
such piecewise constant function.

(iii) p(t,a) = 0,04exp(0,0074a)exp(—0,005t). We take a death rate very high in order to have
enough deaths for the estimation of the death rate.

We consider the domain [0, 20] x [0,120], which means T' = 20 and A,,az = 120.
We estimate g on the grid 79 = {k1,005, 0 < k < 20} and A9 = {k0,2002, 0 < k < 600}.
We estimate p and pg on the grid 7# = 79, and A* = {k1,0008, 0 < k < 120}.

120 0.0016 120
- 0.0014
0.0014
100 100 0.0012
0.0012
80 0.0010
0.0010
o s 0.0008
& 60 0.0008 2
0.0006
0.0006
40
0.0004 [ 0:0004
20
/ 00002 00002
0 . 0.0000

0.0 25 5.0 7.5 100 125 15.0 17.5 20.0 7.5 100 125 15.0 175 20.0
Temps Temps

Figure 2.6: Left: true pg density. Right: Estimation with GoldenSchluger Lespki Method, for
N=4000.
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0.040 0.040

0.035 0.035

0.030 - 0.030

0.025 0.025

I 0.020 0.020

0.015 0.015

0.010 0.010

/ 0.005 - 0.005
0.000

00 25 50 75 100 125 150 17.5 20.0 00 25 50 75 100 125 150 17.5 20.0
Temps Temps

Figure 2.3: Left: true population density. Right: Estimation with GoldenSchluger Lespki Method,
for N = 4000.
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0.025 0.0010
0.020 0.0008
0.015 0.0006
0.010 0.0004
0.005 0.0002
0.000 0.0000
0 20 40 60 80 100 120 0 20 40 60 80 100 120

Figure 2.4: For T = 10, N = 4000, comparaison between the true function (black) and the
95% confidence interval on 50 simulations. Oracle in blue, adaptative estimator in yellow. Left:
Estimation of g, Right : Estimation of ug.

Dy Point T :14.07 A :86.07 D, Point T:11.06 A :0.00 Dy Point T:19.10 A :90.08 D, Point T:1.01 A :0.00
0.0 —— Oracle : -0.64 0.0
GL:-0.64
—— Théorique : -0.66
-0.5 @ Oracle -0.5 >
GL
-1.0 a -10 N
L]
L]
-15 ~15
L
-2.0 -2.0
— Oracle : -0.62 —— Oracle : -0.60 — Oracle : -0.45
GL:-033 \. GL:-0.34 o GL:-0.12
-25 N —— Théorique : -0.66 \ -2.5 1 — Théorique : -0.66 \ —— Théorique : -0.66 \
e Oracle . ® Oracle e Oracle
GL GL GL
-3.0 -3.0
o 1 2 3 4 o 1 2 3 4 o 1 2 3 4 o 1 2 3 4

Figure 2.7: Log speed of the estimation of pg realized on 50 simulations. Points are written in the
graphs.
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Dy Point T :16.08 A :20.82 D, Point T:19.10 A :0.40 Dy Point T:1.01 A:8.41 D, Point T :16.08 A :0.20
0.0 0
-05
-1
-1.0 .
=15 ° -2
-2.0
(] . -3
-25
—— Oracle : -0.80 —— Oracle : -0.75 —— Oracle : -1.01 —— Oracle:-0.71
GL:-0.79 . GL:-0.51 GL:-1.09 GL:-0.23
—3.0 1 — Théorique : -0.80 —— Théorique : -0.80 ° ~41 — Théorique : -0.80 —— Théorique : -0.80
® Oracle e Oracle ® Oracle e Oracle
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-5
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Figure 2.5: Log speed of the estimation of the population density g realized on 50 simulations.
Points are written in the graphs.
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Figure 2.8: Left: true p density. Right: Estimation with GoldenSchluger Lespki Method, for
N = 4000, and a threshold of 0.01
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Figure 2.9: For T = 10, N = 4000, estimation of pu. The true value is in black, in blue the
95% interval confidence for the oracle estimate and in yellow the 95% interval confidence for the
adaptative estimate, realized on 50 simulations. Left: threshold of 0.01. Right: threshold of 0.005
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From the figure 2.8 the estimation seems very far from p. This is true, however we can see
from the figure 2.9 the threshold is very important.

6 Proof or Theorem 2.6

This section is devoted to the proof of the concentration properties of the model stated in Theorem
2.6. Recall that w; € L™ and we € L are two continuous weight functions. We introduce
two fundamental processes for which we will establish concentration properties:

MY, 4 (F)i = sup | / wn ()M (wa(s — ) f.)ds|,

fer
where M}V (f) is defined in (2.37) below and

My, (F) _?IEIP|M (walt =) f1)|

6.1 A first stability result

Proposition 2.20. Work under Assumptions 2.1 and 2.2. Then le w, (F)T 18 bounded above
by

T
w1 W, (F)o +651/0 w1 (6] (Wi, 1 (F)e + Wi, (F)e)dt + M7, o, (F)r,

where cq is defined in Assumption 2.2.

Proof. By (2.7), the action hoffy (Z}, fi) of Z}N (da) for f € L35 can be written as
(Z), fe) = / fi(t+a)Zg (da)
/ / bs,a)fu(t — ) — pls.a)fula+ t — )2V (da)ds + MN(f),  (2.36)
with

t ~
AGERS) (ot — $)Lgocny — Filai(Z) + 1 — $)Lgpegens ) O(ds, di, d6).
0 J{i<nN }xR4

(2.37)
In the above formula, nY = N(ZN,1) is the size of the populatiN()n at time t, the functions b
and 4 in the indicators are evaluated at points (s,a;(ZY)) and Q(ds,di,dd) = Q(ds,di,dV) —
ds( D k1 6(di))dV is the compensated measure of the Poisson measure Q.

Apply now (2.36) to the test function a — wq(t — a)fi(a) with f € F, substract g(t,a)da in
the equation above, noting that g(¢,a) solves (2.8), set ni¥(da) = Z} (da) — g(t,a)da and obtain

/ wi(t — a) fola)n’ (da) = / ws(~a) fu(t + a)nd) (da)
R, R,

+ /0 /}R+ (wa(s) fe(t — s)b(s,a) — wa(s — a) fe(a +t — s)u(s,a))n (da)ds + M} (wa(t — ) fz).
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Multiplying each term by wi(¢), integrating from 0 to T and taking absolute values, we also have

T
|/ wl(t)/ wilt — a) fo(ayg (da)dt| < I+ 1T+ ITT 4+ 1V,
0 R,

with

= Tu) wol—a) a N a
-1/ 1(t)/R+ 2(~a)fu(t + )y (da)

T t
= wy wa(8) fe(t — $)b(s, a)n™N (da)dsdt|,
H—|/0 (t)/o/R+ (8)fi(t — 5)b(s, a)® (da)dsd]

T t
nr=| [ / [l = @) fula = (s, )l (s,

1V = |/ wy ()M (wa(t — ) fr)dt|.

By Assumption 2.2, we have f;(t+a) € F therefore I < WY (F)o. Using that co fi(t—s)b(s,a) € F,
we also have

|/0 /Hh wa(s) fo(t — $)b(s, a)n (da)ds| < ¢y JS‘lel.I;:‘/O /R+ wa(s)1(s — a) fy(a)nX (da)ds|
= Colwwz,l(]:)ta

Therefore 1T < cy* fOT |w1 (£)| Wiy 1 (F)edt. In the same way,

’/O/R wa(s —a) fila+t — s)u(s, a)n (da) ds’<co sup’/o/]R 1(s)w2(s—a)ft(a)név(da)ds’

fer
:CO lewz(f)t

and ITT < ¢y fo |w () [Wh w, (F)idt follows likewise. Finally,

|m<sup|/ wn (MY (ws(t — ) fdt| = MY, o (P

Summing up the estimates, we obtain the conclusion noting that
sup | / wn) [ walt — o) filan @a)at| =W, (P
feF R,
since F is stable under f — —f by Assumption 2.2. O

Proposition 2.21. Work under Assumptions 2.1 and 2.2 . We have

WY o (F)r S il (nax, 1| L1 (jo,r)) Wes (Fo + B 1|22 o, 2l 2 (o, rpy MUy 1, (F) s
1,R2 15---50l4

w1,wW2
where (k1,k2) and (11, . ..,1l4) range over permutations of (1,ws) and (1,1, w1, ws) respectively. The

symbol < means inequality up to an explicitly computable constant depending on T and co from
Assumption 2.2.
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Proof. Apply first Proposition 2.20 with w; = 1 and ws = 1 to obtain

T
W (F)r < TWHN (F)o + 265! / W (F)edt + MY, (F)r
0
< (TWN(F)o + MY (F)p)e2o T
= g(l)’N(]:)T7

say, by Gronwall lemma. Next, by Proposition 2.20 applied to (ws, 1), we obtain

T
W 1(F)r < \w2|L1([o,T])WfV(f)o+2061/0 |wa ()W) (F)edt + MY, (F)r
< Jwal L1 o, WY (F)o + 2¢5 'GWN (F)7) + MY, 1 (F)r
=GN (F)r,

say. Apply now Proposition 2.20 with (1, ws) so that
T
W (F)r < TWE P+ [ OV Wi ()t + M, (P

< WY (F)o + 5\ TGN (F / W (F)edt + MY, (F)r
< (TWY. (F)o + CTGAN (F)r + MY, (F)r)est' T
=GN (F)r

say, by the previous estimate and Gronwall lemma again. By Proposition 2.20 and the two previous
bounds, we infer that W2 . (F)r is less than

wi,w2
w11 (o, Wan (Fo + ¢ wi | o1y (G2 N (F)r + GE) N (F)r) + MO,y (F)r

Expanding the estimates 9(2) N(F)r and G5, . N(F)r in terms of their appropriate arguments
concludes the proof. O

By Proposition 2.21, we see that the stability of the system is controlled by the initial approxi-

mation W (F)o (1nc1ud1ng wy = 1) and the propagation of the stochastic term MY, (F)r. We
now turn to that latter term.
6.2 Stability of the stochastic term
For f € L, let
t
M, (P = [ (M (was = ) f)ds
0
and .
M, (F)e = MY (wa(t =) f).
In particular, since F is stable under f +— —f, we have
sup MY, o, (f)r = sup M7, L, ()| = MO, (F)r (2:38)
fer fer
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and

sup M]zvuz(f)T = sup |sz fr ‘ = M%2 (F)r-
fer feF

For k > 0, consider the event

{Oggg (ZN,1) < exp(|boT) (1 + )}, (2.39)

and for A > 0, set
Oy 0 (F)n = 2NTwi | exp([blocT) (1Bloc + |1loc) p(N T Afw1wzoo| floo)
where p(x) =e® —x — 1.
Proposition 2.22. Work under Assumptions 2.1. For large enough N, we have
/ P((AY))erdr < § (2.40)
0

and for A >0,

E[exp (A|MD, o, (7 = MY, 0, (9)r))1an] < 2exp (Jon1(1+ 5)ON, , (f —9)n).  (2.41)

Moreover, (2.41) remains true with M%z(f)gp —MJIVUQ (9)T, replacing formally wy by 1 in the right-
hand side of the inequality.

Proof. We first prove (2.40), namely

[ e s (21 > exp(boT)1 + ) <
0 0<t<T

Step 1) Consider the equation

t
20 =iy + Nﬁl/ /N L Oslda)byocoqppy iz 1)y Qu(ds, di dV)
XN N

defined on the same probability space as (Z;(da))o<t<7. Applying (2.36) with b = |b|, p = 0 and
ft =1, we obtain

t
(ZN 1) = (2N 1) + [bloc / (ZN 1yds + MN(1),
0

and for every A > 0, by 1t0’s formula:
t
exp (>‘<ZtNa 1>) = exp ()‘<Z(1)V7 1>) + N|b‘oo(e>\/N - 1) / <Zéva 1> exp ()‘<Z£;Vv 1>)d$ + fta
0

where (& )o<i<r is a local martingale. By localisation, one can prove that E[¢] = 0. Writing
f(t,A) =Elexp (MZ},1))], it follows that

F(t, ) = £(0,\) + N|b|oo (M — / onf(s,Nd (2.42)
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The solution of the transport equation (2.42) at time ¢ = T with initial condition f(0,\) = fo()\)
is given by

N N=[blocT N N=|blocT
(TN = fo (Nlog == e—\blooT)eA/N) < exp (quog - (1 e—|b|ooT)e/\/N)’

where the last inequality stems from fo(A) = Elexp(AMZY,1))] = Elexp(A(ZY,1))] < e for some
g by Assumption 2.1 (ii).
Step 2) With the notation r = exp(—|b|scT’), the usual Chernoff bound argument yields

/N

log P((ZN,1) > r (1 +k)) < — W11 + k) + ¢N log e et
- Nrfl(l + k) log ((1 — ,:f1) L ) + gN log "t1=ra

1-r 1—r

N

S IOg Cl — CQNI{

for the choice A = Nlog ((1 — Hfl)lir) and for two constants C; = C;(gq,r) > 0 that do not

depend on N. Noting that by construction, supt§T<ZtN, 1) < <Z§Y, 1), we finally obtain

/ e"P( sup (Z,1) >r 11+ k))dk < / e"‘[P((ZJFV, 1) >r'(1+k))dk
0 0<t<T 0

N[—=

o) B c,
<C (1 CgN)nd — <
> 1/0 & K 702N—1 =

for N > (1+2C1)/Cs, and (2.40) is proved.

Step 3) We now turn to (2.41). For ¢y € [0,T] and f € L4, define

B =N [ [ (oo o = 9) + s, adp (N ot 0 5))) 25 (dais. (243

Lemma 2.23. For every to € [0,T] and f,g € L, there exists a nonnegative random variable
AR (f —g) with B[AY , (f — 9)] =1 such that

E[exp (M (f) — My (9))] = E[AR 1 (f = 9)exp B ., (f — 9)].
Proof. Fix to € [0,T] and for f € L, define the random process

. tAto ~
MY (f) = N_1/ /{ } (f(to—s)Lip<ay — flai(ZN) +to — 8)Lp<o<pipy) Qds, di, db),
0 igni\L xR

obtained by keeping t = tg fixed in the integrand of Mgto(f) defined in (2.37). By construction,

(Z\Z,to(f))ogth is a martingale. In turn, a simple consequence of It&’s formula, see e.g. Tran [62]
shows that the random process

tes AN, () = exp (MY, (f) — BN, ()
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is a martingale such that E[A{, (f)] = 1. Noting that M} (f) = ]\ZJX,to (f) at t = tp, we also have
E[exp (M () = Mig (9))] = E[exp (M (f - 9))]
= E[exp (M, (f — 9))]
=E[Af 4, (f —g)exp By 4, (f — 9)].
O

Let A > 0. We substitute f — g by a — Aw;(to)wa(to — a)(f(a) — g(a)) and look for an upper
bound for

B 1o (Awi (to)wa(to — ) (f — 9))-

age

Step 4) Observe first that p(x) = e* — 2 — 1 implies that for any nonnegative function ¢ € L%,
we have

A
(N~ M(a)(F(a) - g(a))) < N~ ()| f — gloe / (exp(EN " [loclf = gloc) — 1)di

(@)

Therefore, with i(a’) = wq (to)wa(to — a’) and @’ =ty — s, we derive

P(NTIA ool f — glso)-

w1 (to)wg(s)

PN A (o) wa(s) (7o = 5) = glto = 5))) < =7 B

p(Nfl)\\w1’w2|oo|f —glw)

and

wy (to)wa(s — a)

p(N ™1 wy (to)wa(s —a) (f(a+to—s) —gla+to—s))) < [wiwa o

p(N_l/\‘wlw2|OO‘f_g|00)

with @’ = a+1to — s follows likewise. Plugging these two estimates in the definition (2.43) of BtIX tor
we infer on AY = {supg<,;<7(Z{,1) < exp(|bloT)(1 + %)} the chain of inequalities

B . (s (to)wa(to — ) (f — g))

< N([bos + |M‘M)MP(N*1/\|wlw2\m|f — gl) /0 ’ /OOO (w2 (s) + wa(s — a))ZﬁV(da)ds

w1 w20
< N(Jbloo + [1loo) Eff:jp(l\f‘lklwlwzloof — gloo)2TO§t1£T<Ziva 1)
< N (b ) 20V 1]l gl expl(Bo )1+ )27
=wi(to)(1 + k)OI, (f — 9)x-
We derive
exp (Awi (to) Miy (wa(to — )(f — 9))) Lay (2.44)

<exp (wi(to)(1+ k)0, o, (f = @) Af 4, Qwi (to)wa(to — ) (f — g))Lav.

65



6. PROOF OR THEOREM 2.6

Step 5) For every integer n > 1 and A > 0, f € L, define

AN (f = g)x = exp (\Tn~ Zwl (iTn™ " )M, (wo(iTn™" =) (f = g))).-

1=1

Applying repeatedly (2.44) with to = iTn~! and integrating with respect to
Eav[] = P(AY)""E[-14~], we obtain

E g [Ag{’fw(f—g),\] < exp Zwl (iTn~ 1+/~€)19£1 wQ(f—g)A)x

< E gy [T AN s s VT (a)uslto — (F — )]

i=1

1

< exp ( 12101 (T ) (1 + £) 90,y (f = 9N)P(AY)

where we used the fact that the geometric mean is controlled by the arithmetic mean:
1/n
HAzTn 1irn—1 (Awi (to)wa(to — ) (f — g)) "<
nt ZAzTn Lirn—1 (Awi (to)wa (to — ) (f = 9))
and the fact that
By [Aly1 rs On (to)wa(to = )(F = 9))]
< P(AY) E[AN 1 iraes Qun (to)walto = )(f = 9))] = P(AY) ™"

since A%n,l,iTn,l (w1 (to)wa(to — -)(f — g)) has expectation 1 by Lemma 2.23. Using
T
liminf AN, (F ~ 9)s = exp (A [ wa(s)MY (wals = (7 - 9))ds)
n oo 0

by convergence of Riemann sums, letting n — oo, we obtain by Fatou lemma

T
E.qy [ exp (A / ()M (wa(s = )(f = 9))ds)| < P(AY) ™" exp (fwilu(1+ ©)02, 1, (F = 9)2)-

(2.45)
Noting that Lemma 2.23 also holds for —MX(f) and applying (2.45) to =M (wa(s — ) (f — g)),
we infer

Ey [exp A|/ wi(s)MY (wals = )(f = 9))ds])| < 2P(AY) ™ exp (i1 (14 K)02, Ly (f = 9)1),

but since fOT wi (s)MY (wa(s — ) (f — g))ds = ./,\/lvfl\,/hw2 (H)r — MY

1w, (9)T, the estimate (2.41) is
established.
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Step 6) It remains to prove (2.41) for ML (f —g)r. We first integrate (2.44) for wy = L at to =T
so that |wi|; = T and proceed exactly as in Step 5) to obtain

Eax [exp (AM7 (w2 (T —)(f = 9)))] < P(AD) " exp (T(1+ K)0Ty, (f — 9)2)-
Applying the same argument for —MZ , we also have
E ax [ exp (A|MP (wa(T = ) (f — 9))])] < 2P(AY) " exp (T(1 + £)97,, (f — 9)r)

which is the desired result.
O

__Proposition 2.22 is the main ingredient to obtain a concentration inequality for the processes
(M, (F)r)fer and (MY (f)1)fer, and in turn, a deviation bound for My, w,(F)r and
My, (F)r thanks to (2.38). The proof is given in Section 6.4 below.

More precisely, consider the apparently more general situation where we have a real-valued
process &(f) rer indexed by some metric set (F,d) and a family of events A(k),>0 satisfying the
following properties:

/OO P(A(k)%)e" dr < 1, (2.46)
0

and
E[exp (AE(f) = £(9)]) Law)] < 2exp (e1(1+ K)p(c2d(f, 9)N)), (2.47)
for every A > 0 and some ¢y, co > 0.

Proposition 2.24. Assume that {(f)ser and A(k)x>o satisfy (2.46) and (2.47) and that {(fy) =0
for some fo € F. Then there exists a choice w = w(cy,ca) > 0 such that for every u > 0:

diam 3(F) _ )
P(sup [£(f)] = 8(u +/ log (1+ N (F,d,€))de) ) < (/5P — 1),
feF 0

'L~Uh67"e d = wd, diamz(F) = sup; 7 J(f, g) and N(}",E,e) is the minimal number of balls of
d-size € > 0 that are necessary to cover F.

Remark 2.25. We show in Remark 2.35 at the end of the proof of Proposition 2.24 that if ¢y > 308,
we may pick w(cy,c2) = ky/cica, with k = 2V/77.

The proof of Proposition 2.24 relies on standard concentration techniques and goes back to
Dudley [23]. We use the classical textbook of Ledoux-Talagrand [44] and detail the computations
in the Appendix section 8. Combining Proposition 2.22 and 2.24, we obtain the following

Theorem 2.26. Work under Assumptions 2.1. Assume diam|.|oo]-' <1 and

e(F) :/0 log (1+N(F, | |oo,€))de < o0.

For large enough N, there exists an explicit choice of C' = C(e(F), T, |bloo, |tt|oo) > 0, given in the
proof below, such that for every u > 0:

P(MY 0, (F)r = (1+ u)ON 2 w1 oo |woloo) < (€0 — 1)~ (2.48)
and
PMEY (F)r > (1 +u)ON"Y2|wa|o) < (e"P) — 1)~ (2.49)
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Proof. We plan to apply Proposition 2.24 with £(f) = ./,\/lvﬁhwz (f)r, having &(fo) = 0 for fo = 0.
We take A(k) = AL defined in (2.39) and notice that (2.46) is satisfied by (2.40). Also, we have
(2.47) by (2.41) with

c = 2NT|u/1|1|u/1|go1 exp([b]ooT) (|b] oo + |u|oo) and cp = |’LU1U}2|OON_1, (2.50)

for the metric d(f,g) = |f — g|oo- Setting d = wd with w taken from Proposition 2.24, we have
diamz(F) = w diamy(F) < @ by assumption and also N'(F,d,e) < N(F,d,e/w). It follows that

diam 3(F) _ w
/ log (1 —|—N(]~',d,e))de§/ log (14 N(F,d,e/w))de = we(F),
0 0

which is finite by assumption. Since MY . (F)r = supscrz |€(f)| = supjer&(f), remember
(2.38), we may apply Proposition 2.24 and obtain, for every u > 0,

P(Mﬁth(‘F)T > 8(we(F)+ u)) < (eu/w _ 1)71,
or equivalently
P(MY, o (F)r > 8we(F)(1+u)) < (e*) —1)7%

By Remark 2.25 (see also Remark 2.35), we pick @ = w(cy, c2) = ky/cice with k = 21/77, assuming
¢1 > 308 which is satisfied for sufficiently large N by (2.50). Using (2.50) again, it follows that

1
8ky/c1cze(F) (1 +u) = (14 u)8ke(F)ez " =TV2T(|blo + |1tloe) V2N 12 (Jwi 1w ]s0) /2 [w2] 0
=1+ U)ON71/2|w1|1,oo|w2|OOa

say, with
1
C=C(e(F), T, [bloc, |ploc) = 8ke(‘7:)e§‘b|OOT V2T'(|bloo + |,u|00)1/2 (2.51)
and (2.48) follows. The proof of (2.49) is obtained in the same way and is omitted. O

Remark 2.27. (i) Up to inflating the constant C' by a multiplicative factor max(1,e(F)), we see
that Theorem 2.26 implies a mild concentration property for

(lwi]1,00|waloo) "M 1y (F)r and Jwa| S MO (F)7

with rate CN~Y/2.

(#i) The initial bound |wa|1 oo of Assumption 2.5 inflates to |lwa|o in (2.49). This defect actually
has dramatic consequences when applied to subsequent statistical estimation: ws becomes a kernel
depending on N that mimicks a Dirac mass which is not stable for the |- | metric. Improving on
this estimates is actually the key difficulty in the proof of Theorem 2.6.

6.3 Proof of Theorem 2.6

The weakness of Theorem 2.26 lies in the use of Proposition 2.22, where the control (2.41) somehow
needs to be improved. This improvement however uses the results of Theorem 2.26 that we are
going to iterate.
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Step 1) By Proposition 2.21, we have WY (F)r < I+ I, with

w1, W2
I: |w1\1 max |k1|L1([O,T])W]i\2f(-7:)O
(k1,k2)

and

I = (lma)l( ) |ll|L1([07T])|12‘L1([O,T])M{\;’l4 (]:)T
1yeeesla

Since |w1 |1 max(, g,y [k1lpr o, W (Fo S maxg—1,w, WL (F)o up to a constant that only de-

0~

pends on T, |w| and |wa|L1(jo,77), we have by Assumption 2.5 that (Jwi|1,00|w2|e0) '] has a mild
concentration property (actually, we can even replace |wa| by |w2]1,00). Next, by Theorem 2.26,
the mild concentration property also holds for

(w1100 [w2loc) " WE(F)r, with (k1) € {(1,1), (w2, 1), (1, w2)}

up to an appropriate change in the constants, and therefore it carries over to (|w11,co|w2|ec) 1T
since max, .1, |l1‘L1([O,T])|l2|L1([O,T])M11X,l4 (F)r S X W,i\fl(}"):p where the summation holds
over {(1,1), (wa,1),(1,w2)}. In turn,

(|w1]1,00 [w2]00) WG, iy (F)
has a mild concentration property of order C’ max(ry, N‘1/2)7 for some C’ > 0 that depends on
co of Assumption 2.2, T', |wi|1, |wa|r1(jo,77) and the constant C(e(F), T, [b|oo, [1t|oo) of Theorem
2.26 defined in (2.51).

Step 2) We next carefully revisit Step 4) of the proof of Proposition 2.22. We have

B . (Awi(to)wa(to — ) (f — 9))

<N(|bloo + M|oo)|$}11u(}i()|()>op(N_1)\|w1w2|oo|f — gloo) /0 /000 (wa(s) +wa(s — a)) ZN (da)ds.

Adding and substracting the limit g(¢, a)da, we also have
T o0
/ / (w2 (s) + wa(s — a))ZéV(da)ds
o Jo

T s}
< / / (wg(s) + wa(s — a))g(s, a)dads + W&J(}")T + Wf\fwz (F)r
o Jo
<fwalg + Wiy, 1 (F)r + Wi, (F)r,

where, for f € F,"® we set
|flg = |flerory) sup / g(t,a)da + T\ f[1|glec A floolglr- (2.52)
o<t<T Jo

This bound is tighter than the estimate 2|ws|oT supg<;<7(Z{, 1) that we used in Step 4) of the
proof of Proposition 2.22. Introduce now the family of events

BY = { Wi, (F)r <5C" max(ry, N7 wali oo (14 1)}, 5 >0,
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and
el = Wi, (F)r < 5C max(ry, N2V T sl (14 1)}, 10,

where C” is the constant of Step 1). On BY NCY | we now have
B 1, (wi (to)wa(to — ) (f — 9))

t
)N N el = glo) (sl + €)1+ )

| 2‘00

wi (t0)(1+ K)DD, 0 (f = 9D,

S N(|bloo + [1lo0)

say, with
Coy, = 5C" max(ry, N™/2) (Jwa]1 00 + [wa]oo VT) (2.53)

and

|w2|g + 0111\[12
|w1w2|oo

O, s (f = 9)x = N(|bloo + |1oc) p(N " Nwiws] o] f = gloo)-

We thus have established that (2.41) of Proposition 2.22 holds with ﬂwl w, (f — 9) instead of
O, w0, (f —9)x and BY NCY instead of AY.

Step 3) We now prove an analogous bound as (2.40) replacing AY by BY nCN. Applying
Theorem 2.26 with (w1, ws) = (w2, 1) up to an inflation of C' by max(e(F), 1) with the substitution
14+ u =5(1+ k), we obtain

]P’((B,iv) ) (sz 1(F)r > 5C" max{ry, N_1/2}|w2|1,00(1 + n))
=PWY 1(F)r = (1 +u)C’ max(ry, N7?)|wa1,0)
< (exp(u) —1)7' = (exp(4 + Kk +4r) — 1) 7! < e75",

It follows that

/ P((BY)%)e"dr < / e dr = 1.

0 0

In the same way, applying Theorem 2.26 with (w1, ws) = (1, w2) and up to an inflating the constant
C again, we obtain

P((CY)°) = PO, (F)r > 5C" max(ry, N~V/2)wa| o VT (1 + k) < e7°F
Hence [;°P((CY)¢)e"dr < 1 follows likewise and (2.40) is proved with BY NCY in place of AY.

Step 4) We may now reproduce the proof of Theorem 2.26 with our new estimates from Step 2)
: the estimate (2.50) now becomes

|U/1|1
¢y = N(|boo + |N|m)ﬁ

(\wQ\ngng) and ¢y = co = N7 Hwiws|oo,
| 1 2|oo

and thanks to Step 3), we may apply in this new setting Proposition 2.24 to obtain

P(MY, w, (F)r 2 8w(c), ) e(F)(L +u) < (e*P) — 1)~
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Again, we may pick w = w(d], ch) = ky/c| ¢, with k = 24/77, assuming ¢; > 308 which is true for
N is large enough, and it follows that

8k+/c: che(F
=8k e(F)(1bloo + [1loo) V2N 2 wn 1 o wal L2 (funl, + CN,) "2
< C”N_l/2|w1|1,oo|w2|cl>é2(|w2\g + Cl]l\)/'z)l/Q
say, with
C" = C"(e(F), T, |blos o) = 8k max(L,e(F))(|bloc + |i1loo)/? max(5C'VT, 1)V/2.

For f € L, define now

1/2
[A15% = 1182 (1F1g + en(1flee + [fle))
We have proved that for ey = max(ry, N~1/2), the sequence
(lwi]1,00 [w2] T%) "M (F)

has a mild concentration property with rate C”N~/2. Applying the same argument as for Step
1) above, the mild concentration property carries over to

(w100 [w2]T%0) ™ Wi, o, (F)7

with rate C” max(ry, N~1/2), possibly up to inflating the constant C” > 0.

Step 5) We finally show that [ws]7%, < |w|1,00 up to a constant that only depends on |b|oo, |t] oo

|goloo and T, under the additional assumption that ws has compact support and |ws|eo < € N |w2|1.
By definition of |ws|, in (2.52), we have

o0
fwsly < Jwals ( sup / g(t,a)da+ |glse) < lwnls
0<t<T Jo

by the estimates of Lemma 2.37 in Appendix 8.3. Moreover, the compact support of wy implies
[W2]1 00 < |Wa|oo|supp(w2)|*/? < |wa|oo. It follows that
1/2
fwalihe S hwal'/? (jwsls + enlwsloe) " S szl oo
Let us note that the constant may possibly depend on |supp(ws)| which is bounded above by u by
assumption.
Step 6) It remains to prove a mild concentration property for ([ws]i%,) "W, (F)r with rate
C" max(ry, N~'/2). The property holds for
([w2]i%e) ™ MY, (F)r

with the same proof as for (Jwi]1 e0lws]i%,) "M%, (F)r. We omit the details. Next, repro-

ducing the beginning of the proof of Proposition 2.20 and applying (2.36) to the test function
a — wa(t —a) fi(a) with f € F, we obtain

Wi, (F)r < Wi (Flo + ¢ ' (W, 1 (F)r + W, (F)r) + MY, (F)r.
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By Proposition 2.21, we further have

wp 1(f)T§WN(f)o+h}£naX M (F)r

and

Wi (F)r S max WY (Fo+, max M\ (F)r,

up to a constant that only depends on 7', co, |w1]1 and [wz|r1(j0,17), therefore WMJYQ (F)r is of order

max Wk (.7:)0—1— max th( )T—i-./\/lfxz(]-');p.

k=1,ws h,k=1,ws
The mild concentration property of ([wa]i%,) MY (F)r and (Jwil1eews] i) "W, W, (F )T

enables us to control the last two terms. The first term has the correct order by Assumption 2.5
The proof of Theorem 2.6 is complete.

6.4 Remaining proofs of Section 2
Proof of Proposition 2.7

We repeat the argument of Step 6) in the proof of Theorem 2.6 above. By Proposition 2.21, we
have
W (F)r £ max W[ (.7:)0+ max /\/lh w(F)T

~ k=1,ws h,k=1 W2

and thus

N N
EWa, (F)r] S E[ﬁ?‘i W (F)p) +E[h }gﬁXWMh W(F)7] +EMG, (F)r],
up to a constant that depends on p, T, co, |wi|1 and |wa|z1(jo,7))- The first term is of order
|w2|11),oo7"N by Assumption. For the two other terms we use the identity IE[ZP} = pfooo PTIP(Z >
x)dx for a nonnegative random variable Z and conclude with the mild concentration property of
([wa] 7)™ MO, (F)r and (Jwi]1,c0[wa] 1) "W,y (F)1-

wi,w2

Proof of Proposition 2.3

Let Fy denote the minimal set that contains 0, ¢g, cop, cob and that is stable under the operations
defined in (2.9) except for the pointwise product (f,g) — f-g. We also set, for f € LF:

AW = ((5:0) = f(tr b2 + ka — 1))
with t1,t0 € [07T} and k,1 =0, 1.
Step 1) We claim that
Fo C {O +co, £eop, £cob, :I:E(cob)t1 tz,:&:A(c u)tl tl, for every t1,t2 € [0,T],k,1 =0, 1}. (2.54)

Indeed, one can check the following stability properties:

k,l k,l k,0
st (AP (s,a) = AR (8,1 + a) = fltr,ta + Kt + ka — 1t) = AT (s,0),
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k.l k1 0,k
(A ) (5:0) = AT (68— 8) = Fltr ta — Ut + ka — ks) = ALY 4 (s, a),
U (A (5,0) = A (11— s+ a) = [t b + kt — ks + ka = 1) = ATy g (s, a).
This proves (2.54).
Step 2) We now prove that if b, u € C® for some 0 < s < 1 with Holder constant L > 0, then

N(‘FOa | : ‘0076) S 672/57 (255)

~

up to a constant that only depends on s, T and L. Indeed, if f € C® with Holder constant L > 0,
we have

LN = L | = sup [ F(tta + ka — 1s) = f(tr, ta + ka — Ls)|
< L([t = t1]° + [tz — 5]%),

therefore, for fixed (k,[) and f € C?, the e-covering number of {c(f)§’f2 ,t1,t2 € [0, T)} in || oo is the
same as that of [0,T]? equipped with the metric d((t1,t2) — (¢],t5)) = L([t1 —t}|* + [t —t5]*). Since
N([0,T],¢,L| - |7) = TN([0,T), (¢/L)/*,| - |) = TLY*e¢= /% we have that N'([0,T]?,¢,d) < e~ 2/¢
and (2.55) is established.

Step 3) We now consider the class F o4 that contains Fo and that is stable under the operation

(f,9) = [fg. Since s:(fg) = s:(f)st(9), te(fg) = t:(f)se(g), ut(fg) = ue(f)s:(g), the class 7§r0d
contains the minimal class F.

Let f =T[5, fr € Forod with f, € Fo. For every £, we have |filoo < ¢1 < 1, with ¢;
co max(b|oo, |tloo) < 1 by assumption. Therefore, if m > loge/loge; = m(e), we have |f|e =
|f — 0loo < €. Now, let g; be N (Fo,em(e)™1, |- |o) functions in Fy such that, for every f € Fo,
there exists an index i(f) such that |f — g;(5)]oc < €m(e)™t. If m < loge/log cy, we have

m m m
|f N Hgi(fe)|oo = | H fo— Hgi(‘fg)|oo < tmem(e)T! <e
=1 =1 0

=1

As a result, the family {0, H?=1 g, k=1,... ,m(e)} is a family of centers of balls of radius at most
¢ that are sufficient to cover F5™%. Tt follows that

NFE 6] |oe) < N(Fouml©)e, |- o) ™I < (em(e)) ",
Step 4) We have established F C F{ od and therefore
1 1
o(F) = / log (1 + N(F, | - oo, €))de < / log (1+ N (FF ¢, | - |o0)) de
0 0
1 o 1
< / log (em(e)) ™I/ e S / (log €)?de < .
0 0
The proof of Proposition 2.3 is complete.
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7 Proofs of Section 3 and 4

7.1 Proof of Theorem 2.10

Remember that the condition ry < N —1/2 {5 in force in this section.

Preliminaries

We first write a standard bias-variance decomposition in squared-error loss, based upon the stability
result of Corollary 2.7.

Lemma 2.28. Let h € GN. If E,JLV 1s specified with a bounded and compactly supported kernel K,
we have

. 2
E[(g4'(t,a) = g(t,a))"] < By (9)(t,a)* + V|,
where By (g)(t,a) and VY are defined in (2.28) and (2.21) respectively.

Proof. Write g (t,a) — g(t,a) = I + II, with

I= /0Oo Kp(u—a)g(t,u)du — g(t,a)

and

17 = A Kp(u—a) (ng(du) — g(t,u))du.

We have I? < By (g)(t,a)?. For the stochastic term, we have
[TI| <WE, (1—ay(F) (2.56)
Moreover
[Kn(t —a =)o < [Kn(t —a =)o = h Koo S [Kn(t —a—-) N2 (2.57)
as soon as h™! < N2 since |Ky(t —a —-)|; = |K|; = 1. This condition is true for any h € Gi¥

using the fact that K is bounded and compactly supported. We may then apply Corollary 2.7 and
obtain

E[I1%) S |Kn(t—a— )} N1 < (C"N Y2 Ky 0e) = VY

Completion of proof of Theorem 2.10

We essentially repeat the main argument of the Goldenshluger-Lepski method (see e.g. [28, 29] for
the pointwise risk) in a setting that we need to adapt to our context.
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Step 1) For any h € GI¥, forcing gV (¢, a) in the risk decomposition and by definition of AY (¢, a)
and h™V(t,a), we successively have

E[@Y(t,a) - g(t.a))’]
E[(@Y(t,a) - G (t,0))"] + E[(GN (t.a) - g(t a))’]
E[{ (080 (t:0) =0 (t,)" =V = VAL, } 4V 4 VN T E[(GR (t,a) — gt 0) ]
SE[AN ivam B+ VR VR T+ E[(GN (ta) - g(t,a))’]
o]
]|

AV (8 )] + Vi +E[AN, Vi) HE[@ (fa) - g(t,a))’]
A{zv(t a)] +Vh +Bh ( )(t?a)

where we applied Lemma 2.28 to obtain the last line.

Step 2) We first estimate AY (¢, a). Write g (¢, a) for fR+ Kp(u—a)g(t,u)du. For h,h' € GV with
h' < h, since

(@ (t, @) = G (t, )’
< 4(@\}]1\{(75’ a) - gh(tv a’))2 + 4(gh(t7 a) - g(t, a))2 + 4(gh’ (tv CL) - g(t7 CL))2 + 4(/9\%(@ a) — 9w (tv a))z?
we have

(@R (t.a) = g ()" = VI =V}l
< 8Bh (9)(t>a’) + (4(9}7(@ a) - gh(ta a))g - VhN) + (4(/9\;;{(15’ a) — g (ta a))2 - V#)

using k' < h in order to bound (g (¢,a) — gn'(t,a))? by the bias at scale h. It follows that

~ —~ 2
(@ (t,a) — Gu(t,a))” — VN =V
~ 2 = 9
< 8BN(9)(t,a)? +4(gh (t,a) — gn(t,a))” — Vi +4(Gh (t,a) — g (t,a))” — Vi,

and taking maximum over i’ < h, we obtain

maec {91 (1,0) — G ()" = VI = Vi), (2.58)
< 8B (9)(t,0)* + {4(3 (t,a) — gn(t,@))" = VI'}, + max {4(GN(t.0) = gu(t.0))" = VIV},

Step 3) We estimate the expectation of the first stochastic term in the right-hand side of (2.58).
Since [gV (t,a) — gn(t,a)| < WKh(t a—-)s We successively have

E[{4(gy —gn(t, a))2 _ V;]lv}+] = /pr(4(§,]f(t,a) — an(t, a))z VY S e
- /OOO]P(|§;]LV(t, a) — gn(t,a)| > L(VN + w)/?)dr

= /0 POV, (1—a—y = 3(VA +r)!/?)dr.
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7. PROOFS OF SECTION 3 AND 4

We may apply Theorem 2.6 with we = K}, (t — a — -) since K is compactly supported and having
(2.57) of Lemma 2.28 above. By the change of variable

(VN + H)l/Q (1 +U)C/’|Kh‘1 1/2’

1
2

we then obtain

E[{4(h (t,a) = gn(t,a)* =V} ]
< 80" Knluoe N2 / 1 (14 u)min ((e* —1)"",1)du
5o (VIR Kyl L NY/2—1

S exp (= 5&7 (V)2 | K| W NY?) < N2
by definition of V.
Step 4) For the second stochastic term, we use the rough estimate

E[max {4(gn (t, @) — g (1 a)’ Vi1 ] < };hEHzl(gfl\{(t? ©) — gt @) — V)]

< Card(GN)N"2 < NE

where we used Step 3) to bound each term E[{4(g (t,a) — gns (t,a))2 - VN +] independently
of h together with Card(G{) < N. In conclusion, we have proved through Steps 2)-4) that

~

E[Ag(t,a)] < dn. Therefore, from Step 1), we conclude

E[(N(t,a) — g(t,a))?] < BN (9)(t,a) + VY + on

for any h € GY¥. The proof of Theorem 2.10 is complete.

7.2 Proof of Theorem 2.12
Preliminaries

We first study the behaviour of the process I'V(dt, da) of death occurences introduced in Section
3.2 and represented via (2.18).

Lemma 2.29. With the notation of Section 2.2, we have

N(dt,da) = N71 5ai(ZN_)(da)l{ogﬁg,u(s,ai(ZN_)),ig(NZN_,1>}QQ(dt7di?d0)7 (259)
N\{0} xR s s s

where Qg is a Poisson random measure on Ry x N\ {0} x ]R+ with intensity dt( >~ 6, (di))dd.
Moreover, for nonnegative weights wy € LA™ and wy € L°, we have

T )
— U N S u) — S S'LL uas .
|/0 / wn ()wa(s — u) (TN (ds, du) — (s, u)g(s, w)duds)| < W o (F)r + (AN, )z, (2.60)

where t — (Agl wy)t 18 a square integrable martingale with predictable compensator

(Aghm =N"1 /0 /000 wi(8) 2w (s — u)?u(s,u) ZN (du)ds. (2.61)
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Proof. The representation (2.59) is straightforward. We add and substract in the left-hand side of
(2.60) the term foT Jo~ wi(s)wa(s — u)u(s,u) ZY (du)ds and obtain the desired inequality with

AN ) / / w1 (s)wa(s — ) (TN (ds, du) — p(s,u) ZY (du))
=N~ / / (s)wa(s u)(sai(ZN_)(da)l{OSﬁSu(s,ai(ZN_)),ig(NZN_,1>}é2(d57di7dﬂ)y
N\{o}xR+ s s s

where Q,(ds, di, d9) = Qa(ds, di, d) — ds( D ks>1 0k (di))dd is the associated compensated measure.

Thus (A}, ,,)¢ is a martingale and (2.61) follows. O
We next study the deviation of (A} ). Define
* — 2
Vil iy = (40" (log N)N ™2 wn |1 o |ws1,00) ™ (2.62)

where C* is the constant defined in (2.24) in Section 3.3. Let also

XghU)z = Nﬁl‘w1|00|w2|00|/1'|00

and
tws = 16N gl gloo i [3lwa 3V, )~/ * (log N) (2.63)
Lemma 2.30. For u>27%V,N  (logN)~2, we have
ul/? -
P(|(AY .)r| = u'/?) < 2exp (—2( oy ))+2IP>(N el Wz w2 (F)r > 360, wyu?).
w1 wa w1, w2

Proof. We plan to apply a classical deviation inequality for martingales (see e.g. Lemma 2.1 in
van de Geer [64] or the classical textbook by Shorak and Wellner [61]), namely:

2

v
P((AY, w)T = 0, (A b)) < w) < exp ( - m) (2.64)

for every v,w > 0, where xJ ., = N7 wi |so|w2]os|1t] oo is an almost-sure bound of the size of the

jumps of (AN ,)r. With v =u!/? and w = &), u'/?, inequality (2.64) gives
N 1/2 ul/? N ul/?
Au} w > < 2e ( — ) —+ 2P Aw w > w1 W .
(|( 1, 2 | - ) - Xp 2(Xw1 ws + £w1 wz) (< 1 2> é’ 1 2 )

Inserting the term N ! fot Je. wi(s)?wa(s — u)?g(s,u)duds in (2.61), we obtain

(AW, )7 < N7 ptloo (Jwn Blw2 39l + Wiz s (F)T),

therefore
(<A517w2> > £w17w2 1/2) ( 1|/’[’|OO w w2 (‘F)T Z %61]1\)[1,11)21’61/2)
as soon as
N_l‘lu’|00|g|00|w1|%|w2|% 2£w1 wo U (265)
but by definition of &, in (2.63), this condition is equivalent to u > 27V,) | (logN)=2. O
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Under Assumption 2.11, we have a uniform lower bound on g(¢, a).

Lemma 2.31. Work under Work under Assumptions 2.1 and 2.11. Then, there exists ¢ > 0
depending on 6(t,a) defined in (2.26) and (2.27) and |ploo and T such that g(t,a) > €.

The proof uses an explicit representation of g(t, a) established in Proposition 2.16 and is delayed
until Appendix 8.3.

Completion of proof of Theorem 2.12
Let (h,h) € GI¥ x GI¥ and set 7(t,a) = u(t,a)g(t, a).

Step 1) We plan to use the following decomposition

fihn(t, a)e — p(t,a) =1+ 11,

with
7— (t,a) (g(t,a) — ﬁﬂv(t,a) v w)
g(tra)@\é\,(t, a)Vw
and
17 — (ﬁi]:[(t, a) — 7r(t7 a))g(t, a).

g(t, a)ﬁ,{y(t, a)Vw
First, we have
11| < (e) ™ ploolgloolg(t, @) = G1 (t,a) V @] < (e@) " uloolgloolg(t, @) — Gi (¢, )]
thanks to Lemma 2.31 as soon as @ < € < g(t,a). In the same way,

[11] < (ew) " gloc TR (£, @) — 7(t, a)]

~ ~N
follows. Picking h = h™(t,a), h = h (t,a) and taking square and expectation, we have thus
established

E[(@Y (t a)w — u(t, @)"] SE[(G 0t 0) — 9(t.0))"] +E[(F) , , (ta) = 7(t,0))°]  (2:66)

as soon as w < €. By Theorem 2.10, we already have the desired bound for the first term in the
right-hand side of (2.66).

Step 2) We study the second term in the right-hand side of (2.66). For any h € GV, repeating
Step 1) of the proof of Theorem 2.10, we have

E[(7N (t,a) — 7(t,a))’] SE[AN (t,a)] + VI + BN (7)(t,a).
In order to estimate E[A,J:’(t, a)}, we repeat Step 2) of the proof of Theorem 2.10 and obtain

maxc { (7 (t, @) — 7w (8 a)® = VN -V}, (2.67)

S BY (m)(t.0)” + {477 (t.0) = m(t,)” =V}, + max {(4(F (1 @) — 7w (1,0))° = ViV,
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Step 3) We estimate the expectation of the first stochastic term in the right-hand side of the last
inequality. Using the same trick as in (2.56), we have by (2.60) that

{4@N (t,0) — ma(t,@)* =V}, ST+11,

with
I={8WH, (—t).kn, (—(t—a)F)T — 3V I,

and

1= {S(Aghl(~—t),Kh2(-—(t—a)))% —3Vh .-
We bound each term separately. First, we have

o0
E[1] :/O ]P<8Wghl(~ft),Kh,2(-7(t7a))(]:)% — 3V > k)dk

:/O ]P)<Wgh1(-7t),Kh2(~f(t7a))(‘F)T Z T\lﬁ(%vg + ﬁ)l/z)dli g N_3

applying Theorem 2.6 with wy = Hp, (- —t) and we = Kp,(- — (t — a)) in the same way as Step 3)
in the proof of Theorem 2.10. As for I1, we have

E[11] = /;vg P(| AN, (—0).Kn, (—(—a))T| = 5igr"?)dr (2.68)

S

and we plan to apply Lemma 2.30 with wy = Hp, (- — t) and wa = Kp,(- — (t — a)). Setting
u = %k, the condition of Lemma 2.30 is fulfilled as soon as k > 8 - 276‘/]{}217[(@ (log N)=2 =

VA k. (log N)~=2 which is the case here since the integral in (2.68) above is taken for x >
12 2
Vi = %VfilyKhQ' It follows that

E[[1) < IIT + IV,

with
1/2

e K
111 = 2/ exp ( —
%Vﬁ] 4\/§(Xﬁh17Kh2 + gﬁhl,K@)

)dr

and
00
IV = 2/ N P(N_l|/,L|OOW(H’L1)2)(Kh,2)2 (]:)T > ﬁgghl,f(hz’%l/2)dﬁ'

1
2Vh

First, we write

0 K
III = 4(Xf,§h1,Kh2 + gghl,th / ke W2dk

UN
with
o = VIOl ra, F E ra,)
Note that
(VA s, )2 = by 20y VAN T2 (log NYAC™ | H]y ool K1 oo

It follows that

legh17Kh2 +£gh1,Kh2
= N7 Hpyloo| Knaloolptloo + 16N plooloc| Hay 31 Kna 5 (Vi 17, )~/ * (log N)

— — 2 2
= N7y g el H oo K oo + N300 205 240 ol g o 2
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By definition of G& we have h; > N~/2 hence

H|2|K|? 2
O e, €M 10, )% < (ool H oo | K oo + 4C* 1| oo 1)

follows and the term in front of the integral in 11 is bounded. Moreover,

oy = L2 (log N)AC*|H 1,00 K|1,00
T o 1/2,-1)2 HIZIK]S
N1/ 25 2 ] | H o K o + 40 |t oo rr ZE
*1H 1,00 K 1,00
S s C*|H 1,00 K1, (g V) = C® log N

say. Since

oo _K_ 1
/ ke W2dk <oye V2N < (logN)N_C(S)

UN

it suffices to check that C®) > 2 in order to have that IIT is smaller in order than N~2 and thus
asymptotically negligible. We finally bound the term I'V. Applying Theorem 2.6 with (wy,ws) =
(Hp ,K},), by the change of variable

h/2

M, o, 57 = (L w)C [ HR, 1,00 K,

N—1/2
4\/§|U|oo 1,00

we obtain that IV is of order
yN/ (14 u)min ((exp(u) —1)~",1)du,
ZN
with

NE2ER, ey, (VR

2 —3/2)\2 _ _
l,oolKh2|1,ooN ) and ZN = SC,/lH}%l‘l,OO‘K}%2I1,OO

YN = ((fghl,xh)_HHi%l

Straightforward computations show that yy < hf2h§ 2N—2 <1 by construction of G'. Finally

_ 8lglocl Hl2| K2 log N

= —1>CWlogN — 1.
C'H|<Klw B P3N~ 0%

ZN

say. One can check that C) > 2 and we can therefore conclude that IV also has a negligible order.

Step 4) The control of the second term in the right-hand side of (2.67) is done in the same way
as in Step 4) of the proof of Theorem 2.10 and only inflates the previous bound by a factor or
order Card(GY) < N2 In turn E[A}(t,a)] < N~' and we have established by Step 2) that for
any h € G,

E[(7 (t,a) — 7(t, )] < BN (m)(t, ) + Vi¥ + by (2.69)

holds true with 6y < N—!. Putting together Step 1) and Theorem 2.10 completes the proof.

80



7. PROOFS OF SECTION 3 AND 4

7.3 Proof of Theorem 2.17

Preliminaries

We let (Z;)o<t<T denote the canonical process on® D([0, T'|, M ) endowed with the weak topology
and equipped with its Borel sigma-field. If T is a probability measure on Mg and if b, u € LF
we write P} v for the (necessarily unique) probability measure on D([0, 7], M) under which
(Zt)o<t<r is a weak solution to (2.7) with £(Zy) = T.

Proposition 2.32. For i = 1,2, let b;, u; € LE such that supp(ba) C supp(b1) and supp(pz) C
supp(u1). For any initial condition L(Zy) = Y, we have

||P{)\i,u1,'r - Pl])\;;tg,THTV S N1/2(|b1_1b2 - 1|2 + |/.L1_1/,L2 - 1|2)7

where || - ||rv denotes total variation distance, up to an explicitly computable constant that only
depends on py and by.

Proof. The proof is classical, and we only sketch it. Thanks to the Doléans-Dade exponential for
semimartingales (see e.g. [39] or Locherbach [49, 48] in the context of birth and death processes)
and abbreviating f(s,a;(Z;)) by f'(s), we have

% =N~ / / b2 (8,a) = b1(sqa) + p2(s,a) — pa (s, a))Zév(da)dS

dIP’{)\l’ S
bj(s) ph(s)
li<(vzy, (1 . iglogg +1791L910g
/~/N\{O}><R+ {i(NZY, 1)} H0<9<bi(s)} bi (s) {bi(s)<9<pi(s)} 1 (s

)
where Q; is a Poisson random measures on Ry x N\ {0} x Ry with intensity ds (Zk>1 di))dv
under del, 4, - By Pinsker’s inequality, it follows that

)Ql(ds di, dv),

HP{)\LMhT - P£7M27T‘I%V

dPN
b e
< 1R [10 1H1,
= |0 dIP’{)\; 2,1
N
_ I]E N |:10g deZ IL27T:|
= p B
Pk dIF)bl u1, T

= b M2 N
=2 b1 i T / / b2 — b1+ M2 — M1 — b1 log — by — M1 log E)(s,a)Zs (da)}

FEey /O /0 (brp(by oo — 1) + prp(py o — 1)(8,a)Z£V(da)],
with ¢(z) = —log(1 + z) < 22 for > 0. Therefore
B e~ BY o S YEey | / | (@7 =124 i~ 025,02 o)

SN(bT b2 — 13+ |pg Pz — 103)

and Proposition 2.32 is proved. O
4

remember that Mp_ denotes the set of positive finite measures on R
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Representation of g in terms of (go,b, i)

We need some notation. Let

t
Ly (t,a) = b(t,a) exp ( — / (s, s —t+a)ds) for (t,a) € Dy,
t—a

[e’e] t
My .9 (t) = /0 b(t,t 4+ u)go(u) exp ( —/0 w(s,u+ s)ds)du, for t €[0,T7,

and define By, 4, : [0,7] — Ry as the solution to the integral equation

¢
By 11,60 (1) = My 1.6, () +/ By.ju.go(@)Ly (¢, t — a)da for every t € [0,T]. (2.70)
0
Note that Assumptions 2.1 and 2.15 ensure the existence and uniqueness of (2.70). Define next

go(a —t)exp (— [y p(s,a—t+ s)ds) on Dy
g(t,a) = (2.71)
Bpyugo(t —a)exp (— [ pu(s,a+s—t)ds) on Dy

and set for instance g(t,a) = 0 on {a = t}. One can check that g defined in (2.71) is a weak
solution to the McKendricks Von Voester equation (2.8).

Completion of proof of Theorem 2.17

We follow a classical two-point lower bound argument using Le Cam’s lemma: if P;, i = 1,2 are
two probability measures defined on the same probability space and ¥(P;) € R is a functional of
P;, we have

inf maXEp [[F—¥(P)|] >

F i=1

|U(Py) — W(Po)|(1 — [[P1 — Pall7v), (2.72)

2
where the infimum is taken over all estimators of U(IP;), see e.g. [43] among many other references.
Step 1) To prove (2.30), we pick

g0 € Hi(a), bo € HyP(t,a), m € HI°(ta) N LY,

arbitrarily, together with a sequence TV such that N(Z},1) < 1 almost-surely under TV and
YN (da) — go(da) weakly as N — oco. Next, define

:U'év(sv u) = ul(sv U) (1 + wi\’—a(sv u))7

where
U o (s,u) = eNTV20 2y (1 (s — u — (t — a))),

with 7y = NV @8qeantl) = N1/@max(v,0)+1) and an infinitely many times differentiable nonnega-
tive function ¢ with compact support that satisfies 9(0) = 1, |4|3 = 1. Finally, pick ¢ > 0 small
enough so that the property
6
py €M (ta)NLE,
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holds, uniformly in N. This is possible since

N o (ot — @) ar ) = N Y2\ > Wlagn ey < ey < clloia

and
1/246
1 o (t, 3o (t—a) = N~ vz V]2 (t—a) < cllps—a) < clPlps(a)-

By Proposition 2.32, we have
Py v = Pog oy o v S NV2 i g’ = 1], = N2 o = |03 < 5 (2.73)

say, for large enough N and sufficiently small c.

Step 2) Let (¢,a) € Dy. We let

t/
\P(Pé\,{u,"f) =g(t,a) = g(t';a’) = go(—a’) exp ( — / (s, s — a’)ds)
0
by (2.71) above, with (¢',a’) = (t,t — a) = ¢(t,a). It follows that

|\II(PZIX),M T) \P(Pbmul, )|
t t
= go(—a")exp (— / pi1(s, 5 —a')ds)| exp (— / by (5,5 —a')ds) — 1]
0

> go(—a’)exp ( = (fraloo + [ oot /w (5,5 — a')ds

> %go(—a’)exp(_ml‘oo "eN™ 1/2 1/2¢ (0)¢
P N ~Sdens/ (25gens 1) o

using |e™® — 1| > xe™® for & > 0 and the fact that et Warloe > 1 say, for sufficiently large N.

Step 3) Let (¢,a) € Dr. We now have

t

\I/(IP’{XH}T) =g(t,a) =g(t',a’) = By ,g,(a’) exp ( — / wu(s, s — a’)ds),

’

by (2.71) and where By, 4, is defined in (2.70). It follows that

U@y oy v) = PPy x))|
t’ t’
= | By v g0 (a') exp (= / (13 (s,8 — a')ds) — By, uy g0 (@) exp (— / pi(s, s —a')ds)]|
a’ a’
= |1 = |21,

with
t/

t/
I = Buy iy ,g0(a’) (exp (— / 13 (s,s —a')ds) — exp (- / (s, s —a')ds)

/

and

t/
I = (Bbo,ug",go(a/) = Bbg 1,90 (al)) exp ( - // Mév(s» s — a/)ds)'

83



7. PROOFS OF SECTION 3 AND 4

To bound I from below, we proceed as in Step 2). For simplicity, we assume moreover here that
bo(t,a) = by is constant. We have By, ., 40(a’) = Mgy g0 (t) > bolgolre™ "1l and in the same
way as for (2.74) ine can check that

t’ 4
|exp ( - / 13 (s, — a/)dé’) — €xp ( - / pi(s,s — a')ds’
> Lemlmlet'=a) (1! _ ¢/) N~ 5aens/ 25aenst1)
for large enough N hence
m > %bo\go\w_wl\mt/(t’ — a')eN " %aens/ 2Saens+1) (2.75)

In order to bound IT from above, we use the following technical facts that are checked in the same
way as before: for every (¢,a) € Dy, we have

Mi15.00(0) = M ()] < ol T [ )0y ()
< bol ] Tgol o[t 1
= Dol i1 oo T|golooeN /27 2 )1 < N~5aens/ Zsans ) (2.76)
and
Ly i g0 (@'s@" — @) = Lipg 1y g0 (@', 0" — a)| < bo|u1\oocN71/27’i,/2¢(7'N(u —a))(d —u) (2.77)
and since By, 1,40 (t) < bolgo|1 + bo f(f By 1,90 (s)ds for every t € [0,T], we infer
Biougo () < bolgo|1e™” (2.78)
by Gronwall lemma. It follows that

Bbo,pé\’,go (G/) - Bbo:lihgo (a/) = Mbo,yév,go (al) - Mbo;ul»go (CL/)

’

a
+ /O Bbmuhgo (a) (ng,pé\’,go (a/v a’ — a) - Lboﬁtlvgo (a/v a — a))da

’

+ /Oa Ly i g0 (a',a' — a) (Bbmué\’,go (a) — Bbg’mﬁgo(a))da.
Taking absolute values and using (2.76), (2.77) and (2.78), we derive
By i g0(@) = Boaupr a0 (@)] < bolpialoc TlgoloceN =273 2y
+ B3lg0 "7 | ooeN /272 / (v (u—a") (@ —u)du

’

+ bo/ ‘Bboyliiv7go(8) - Bbmlll,go (5)‘d5
0

Using 7'11\,/2 foa/ Y(tn(u—d))(a' — u)du < T§1/2T|d)|1, we derive

— —1/2 a/
|Bb0,/,l,£v,g0 (a') = By jur,g0 (@)] < bolp1|ooT|golsccN V2 / 1|1 (1 + boe™T)eb
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by Gronwall lemma again. We conclude
|1I| < N~ %aens/(2%acns 1) (2.79)
Comparing (2.75) and (2.79), we see that

| (P

by e) = WPy x)| 2 N Paens/ Bdens D) (2.80)

bo,p1,
Step 4). Combining (2.74) or (2.80) with (2.72) and (2.73), we successively obtain

sup Epn [|F —g(t,a)]] >

N
bu.go BT

ax Epn [|[F = W@y . xn)l

1
2= ,2 bo,ug, YN

N N N N
2 %W(Pbo,m,wv) - ‘I’(Pbo,#g,rw)\(l - ||Pb0,p1,TN o Pbo,ug",TN Tv)
> N_s;eath/(ZS;eath_‘—l)
and (2.30) follows.

Step 5) To prove (2.31), we proceed as in Step 1), considering now the perturbation

Mév(s’ u) = /~L1(5; u) (1 + ¢i\,fa(5a u))v

with
DN () = eN“V20 P (i (s — 1) () 20 (Fa (u — a))

and 7§ = (7n)) = N3(19)/(2s(v:0)+1) and an infinitely many times differentiable function v with
compact support that satisfies ¢(0) = 1, |4|3 = 1. Finally, we pick ¢ > 0 small enough so that the

property
pd € HY (t,a) N L,

holds, uniformly in N. This is possible since
by < N7 @) P o] S €

and
_ 1/2 /~
W8 o 5@y < N7V 2 En) Y2 s ] S €

likewise. Finally, we note that
|13 (8, @) = i (8, @)| = |, @)Y, (8, @)] > eeN =122 (Fy) /2 2 N - Saeand @oiean D) (2.81)
and

gy en = By pw v S N2 i g = 1), = N2 o = /2 < 5 (2.82)

bo %)

say, for sufficiently small ¢ > 0, by Proposition 2.32, which conditions are satisfied since j; and pud’
are bounded below. The end of the proof is similar to that of Step 4) with \I/(]Pévﬂ yn) = u(t,a)
together with the bounds (2.81) and (2.82). Therefore (2.31) is proved and Theorem 2.17 folllows.
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7.4 Proof of Theorem 2.18
By (i) of Proposition 2.16 the smoothness assumptions on (b, i, g) imply

wis g(t,u) € HI@PITL0) (4) for (t,a) € Dy, (2.83)

and
urs g(t,u) € HILn,aX(M(Hl)’é)(a) for (t,a) € Dy (2.84)

for some L’ that depends on L and the smoothness parameters only. For any h € GV, by standard
kernel approximation, see e.g. [63] the smoothness properties (2.83) and (2.84) together with the
definition (2.32) of s imply

o0
[ K= a)gtt.updu = g(t,a)| Wi,
0
up to a constant that depends on K, sgcns and L’ only. It follows that

BN (g)(t,a)? < h2ien\o,

We also have
VY < (log N2N~1h~!
up to a constant that depends on C” of Theorem 2.6 and K. By Theorem 2.10, we conclude

E[(g]\iv(t, a) — g(t, a))Q] S mg}lv (h2sjexlsAeo + (log N)2N71h71) + 5N
hegy

< < (log N)? )ZSICHS/\ZO/(2sdenS/\£o+1)
~ T

using the definition of GI¥. Moreover, this estimate is uniform in (b, i, go). The proof of Theorem
2.18 is complete.

7.5 Proof of Theorem 2.19
Define i via u = fio @ and set # = [i g.
Step 1) Write u(t,a) = p(t',a’) = p(t',t' —da') with (¢',a’) = p(t,a) = (t,t — a). The property

e 7—[2’5(25, a) for every (t,a) € D implies 1 € ’H,E]/in(%é)’é(t’, a') for every (t',a') € p(D) = D, for
some other constant L’ that depends on L. By (ii) of Proposition 2.16 it follows that

T e ’H?in(%é)’min(aﬁﬁﬂﬁ)(t,a) for (t,a) € 5L

and . N
T E HILn,m(%&)’&(t,a) for (t,a) € Dy.

Let (t,a) € Dy, so that ¢(t,a) € Dy. By standard kernel approximation again, we infer
|(H® K)p o) xn(t,a) —n(t,a)l
= |(H © K)n) x7(p(t,a)) — 7 (¢(t,a))]
T
- / Hh, (p1(t,0) = ) K (92(t,0) — w) (s, u)dsdu — 7 ((t, )|
o Jr,

5 hinin(%é)/\éo + h;nin(a,ﬁ,’y+1,6)/\éo
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up to a constant that depends on H, K, L’ and the smoothness parameters only and where we
have set ¢(t,a) = (¢1(t,a), ¢2(t,a)). Similarly, if (t,a) € Dy, we have

|((H @ K)n o p) xm(t.a) = m(t,a)| € hy™ D" 3o,

It follows that

N 2 < h% min(~v,8)Alg + ]'Lg min(a,8,7+1,6)Aly if (t, CL) c DL
Bh (ﬂ.)(t7 (I) ~ h2 min(v,8) ALy 26N\ Lo . (285)
1 + h3 if (t,a) € Dy.
We also have
VY < (log N N~1hthyt (2.86)

up to a constant that depends on C” of Theorem 2.6 and H, K.

Step 2) By Theorems 2.12 and 2.18, we have

(log N)2)2s:mAzo/(2s:mMo+l>

E[(6 (1 @) — it )] S (e + min (BY (7)(t.0)* + Vi) + .

hegh
(2.87)
Moreover, by definition of s;, involved in (2.34), we have

M) 251, ALo /(251 Alo+1)

min (h?min('y,(s)/\fo + hgmin(a,ﬁ,’erl,ﬁ)/\Zo + (log N)2N—1h1—1h2—1) S ( ~

hegl
and likewise, by definition of sy involved in (2.34), we have

(M> 25y Alo/(25u Abo+1)

min (hy "N TN 4 (log N)PN Ty Ty t) S (S

hegl¥
Therefore, putting together (2.85) and (2.86) and using the definition of sgeatn in (2.34) we obtain

( (log N)? )sieau,<t,awo/<2szem<t7awo+1>

min (BY (), 0)% + Vi) 5 (225

hegd

Since s}, > Sdeath, inequality (2.87) becomes

E[(uN (t, 0)w — u(t,a)’] <

( (log N)2 ) Sdeath (t,a)Alo /(25deatn (t,a) Alo+1)
e N

N

Since the estimate is uniform in (b, u,go) and dy < N~1, this completes the proof of Theorem
2.19.

8 Appendix
8.1 Proof of Proposition 2.24

Preliminaries

For z > 0 and ¢ > 1, define ¢4(z) = exp(z?) — 1. Let also

1€ 1y, = inf {e >0, E[yq(cTE(f))] <1}
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and

D = diamy(F) = sup d(f,g).
fi9eF

Proposition 2.33 (Theorem 11.2, Eq. (11.4) p. 302 in [44]). In the setting of Proposition 2.24,
. D, _
if 16(F) = &), < d(f.g) and E = [;" vyt (N(F,d,€))de < oo, then

P(sup [£(f)] > 8(E +u)) < ¢g(u/D) ",
fer

provided &(fo) =0 for some fo € F.

We also recall the following bound based on a classical Chernoff bound argument, proof of
which we omit. For x > 0, let p(z) = (1 + z)log(1 + z) — .

Lemma 2.34. Let X be a non-negative random variable on some probability space equipped with
a probability measure Q. If, for some ki, ko, ks > 0, we have

Eg [eAX] < k1exp (k’gp(kg)\)) for every A >0,
then, for every u > 0,
Q(X 2 U) S kl exp ( — Ifgﬁ(u/kgk;g))
Proof of Proposition 2.24

Thanks to Proposition 2.33, all we need is an upper bound for ||{(f) — £(g)|y,. Let & > 0. We
plan to apply Lemma 2.34 with Q = P(- | A(k)), X = [£(f) —&(9)], k1 = 2P(A(K)), k2 = c1(1+K),
ks = c2d(f, g) and using (2.47). It follows that for every u > 0

P(IE(f) = &(9)] = u) < 2exp (= (1 + r)p(u/cr(l+ k)e2d(f, 9))) + P(A(k)). (2.88)
Now, let ¢ > 0. We have

E[¢1(cHE) — (9)D)] xp(cHE(F) = 9] -1

IE
/ (exp(c™HE(f) — E(@)) = k) dr
[

&(g)| = cr)etdr

IN

2/ exp(—cl(1+f<a) pler/e(1 +K)C2d(f7g)))e“dn+%,

where we applied (2.88) with u = ¢k and used (2.46) for bounding the second term. It suffices
then to pick w = w(cy, c2) > 0 such that

2 /00 exp (— c1(1 + K)p(w(er, c2)k/ci (14 K)ez))edr < 3. (2.89)
0
Using (2.89) in the previous estimate with ¢ = wd(f, g), we obtain
Efyr1(wd(f,9) ' E(f) —€(9)))] <1

and therefore _
say. We may then apply Proposition 2.33 with d instead of d and Proposition 2.24 follows.
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Remark 2.35. In (2.89), we may choose w(cy, cz) = ky/cica for some k > 0 that does not depend
on ¢1 nor co. Indeed, since p(x) > ixz for x € [0,1], given the ansatz w(ci,c2) = ky/cica in
(2.89), it suffices to show the existence of k satisfying k < \/c1 and

o] k2 2 1
/ exp (— — AR k)dk < T (2.90)
0

One can check that (2.90) holds for large enough k. A rough bound is k = 24/77, and therefore
c1 > 308 ensures the requirement k < \/cy.

8.2 Proof of Proposition 2.16
The behaviour of the solution &;(da) = g(t, a)da of the McKendricks Von Voester transport equa-

tion is studied in numerous textbooks, see e.g. [58]. The proof goes along a classical representation
of g in terms of an auxiliary function solution to a certain renewal equation that enables one to
study the pointwise smoothness of (¢,a) — g(t,a).

Preliminaries

We start with the following technical result, which is merely an observation:

Lemma 2.36. If for some o,7 > 0 and for every (t,a) € D we have f € H77(t,a), then, for every
(t',a') € D,

(i) u+s fou f(s,u)ds € H@n(e+LT) (g")
(i) u — fot/ f(s,u+ s)ds € H@ax@ATH17) (g7,
Proof. Property (i) is straightforward. To obtain (ii), we first write

utt’ utt’

Golw) = | " ot s)ds = | femusis= [ flsws

with f(s,u) = f(s —u,s), so that f € ™™o (' 4 ¢’ a') for every (',a’) € D. Writing

/u““’ f(s,u)ds = /OMHI f(s,u)ds — /Ou F(s,u)ds

an applying (i), we obtain u — [ f(s,u)ds € Hmin(min(e.m)+1.0) (o) = gmin(e.7+1) (g/) for every
a’ € Ry. Similarly, u fuuH f(s,u)ds € H™n@7+D) (g/) therefore Gy € H™(a/) € Hmin(eT+1),

But since Gy € H7(a’) trivially holds, we have in fact Gy € H7(a/) N H™"(ETHD(¢/) =
Hmax(oA(T+l)’T)(a/). 0

Completion of proof of Proposition 2.16

For o,7 > 0, we write f € H®7 if f € H?"(t,a) for every (¢,a) € D.
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Step 1) For fixed a, we have (s,t) = pu(s,a —t +s) € H7"%® hence by (i) of Lemma 2.36 we have
t— fot (s, a—t+ s)ds € H™n((N)+1.0) — qymin(v+1.9)  For fixed ¢, we have (s,a) + u(s,a —t) €
H° hence a fg w(s,a —t+ s)ds € H™n(H0+DVE by (i) of Lemma 2.36. Tt follows that

t
(t,a) — exp (— / p(s,a—t+s)ds) € Hmin(rH+1,8)max(yA(6+1),9)
0
Also (t,a) = go(a —t) € HYY C H™nO+L)max(yA(6+1).9) gince v > max(y,d) + 1 hence the

result on Dy. In the same way, on Dy, we have t f(f p(s,a —t 4 s)ds € H™O+19) and
t— fot_u p(s,a —t+ s)ds € H™nOFL9) by (i) of Lemma 2.36 hence

t
t / (s, a—t+ s)ds € HmnO+LO), (2.91)
Moreover, ftt_a (s,a+s—t)ds =— [ u(s+t,a+ s)ds and (s,a) — p(s,a+ s —t) € HI"° for
fixed t, therefore
¢
a— (s, a —t+ s)ds € HmnO+19) (2.92)
t—a

by (i) of Lemma 2.36 likewise. Putting together (2.91) and (2.92), we conclude
t . .
(t,a) — exp (— / p(s,a—t+s)ds) € Hmin(y+1.0),min(y+1,9) (2.93)
t—a

The property b € H*? together with (2.93) entail Ly, € Hmin(eoy+1,0),min(8,7+1,0) hepce
(t, a) — Ly M(t,t _ a) c Hmin(a,'y—i-1,6),min(a,/3,'y+1,6)

and ,
t s / By g0 (@) Ly (t,t — a)da € HPB(@F+10), (2.94)
0

follows by (i) of Lemma 2.36. Plainly,
ts My, g (t) € HO(@BH10+D) (2.95)
and putting together (2.94) and (2.95), we conclude
t 1= By gy (1) € HPR(@FHLO), (2.96)

hence (t,a) — By g, (t — a) € Hmin(@ArHLo)min(@,89+18) - The result of Proposition 2.16 (i)
follows.

Step 2) Writing (¢',a’) = ¢(t,a) = (t,t — a), the representation (2.71) now becomes
go(—a’)exp (— fo s,s —a')ds) on Dy
g(tv (Z) = E(tlv al) = (297)
By .90 () exp ( — f;, (s, s —a')ds) on Dy.
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On Dy, we have t/ — fot/ (s, s —a')ds € H™(:)+! and af fg/ (s, s —a')ds € Hmax(AE+1),9)
by (ii) of Lemma 2.36 for the second case, hence

t/
(t’,a’) s exp ( _/ ,u(s,s o a/)ds) c Hlnin(’y+1,6+1),min(’y,é-&-l).
0

Since (t',a’) — go(—a’) € H>* hence the result since v > 8. Similarly, on Dy, by (2.96), we have
(t',a’) = By i g,(a’) € Hoomn(@F7H10) and the same arguments as before yield

t
(t/, a/) N / /”‘(57 G — a/)ds e Hmin(’y—i—1,5+1),max(’y/\(5+1),6).
a/
Combining these two properties gives the result on 5L and completes (ii) of Proposition 2.16.

8.3 Further estimates on the McKendricks Von Voester equation
The following result is a classical estimate of the renewal equation, see for instance [58].

Lemma 2.37 ([58], Theorem 2.2. in Chapter 2). Work under Assumptions 2.1. We have

o0 o0
sup / g(t,a)daﬁ/ go(a)da el=H=T
0<t<T Jo 0

and -
19le < max (|goleos [bloc sup / o(t, a)da)
0<t<T Jo

Proof of Lemma 2.31
On Dy, by (2.71) in the proof of Proposition 2.16, we have

g(t,a) = gola —t)exp ( — /0 p(s,a —t + s)ds) > 8(t,a)e” =T

by (2.27) of Assumption 2.11. On Dy, (2.71) yields the representation

a

g(t,a) = By g, (t — a) exp ( — / u(s,a+s— t)ds) > Bpp,go(t — a)e—\u\oot

t—a
and by (2.70), we further have
By, ugo(t = a) = My 1 40 (t — a)
= /000 b(t —a,t —a+ u)go(u)exp ( — /Ot_a (s, u+ s)ds)du
> 5|u(t7a)|efluloo(tfa)
by (2.26) of Assumption 2.11. The proof of Lemma 2.31 is complete.
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CHAPTER 3

LNONPARAMETRIC INFERENCE OF AGE-STRUCTURED
MODELS IN A LARGE POPULATION LIMIT WITH
INTERACTIONS, IMMIGRATION AND CHARACTERISTICS.

1 Introduction

1.1 Motivation

In the precedent chapter we are interested in the estimation of the mortality rate in a time depen-
dent and age structured framework. However in biology, the models needed are more wide. This is
for example the case in the well known logistic population [65], where the mortality rate depends
on the state of the actual population. This belongs to a more general framework where there is
the presence of interactions in the mortality rate. One model of this kind can be found in [41].

Another important point is the presence of characteristics, which can be for example the size
of individual or their weight. This is for example the case of models where the quantity of interest
is the size as in [24]. This is also of interest in actuarial science as highlighted in [8].

However the models change radically with interactions and characteristics. In a deterministic
point of view, these models are widely studied as in [58, 67]. The stochastic model is also studied
in term of probalistic point of view as in [62, 26, 17].

From a statistical point of view, there exists models taking into account the dependence between
individuals thanks to covariate as in [19]. This is the case of the doubly stochastic Poisson process,
like cox model, as we can find in [31]. There is also article which study the competition between
the cause of death. This is a particular case of the characteristics case, since we can consider
each cause of death as a marker of the individuals, as a characteristic. A good introduction to
this subject can be found in [1]. We could also look into other fields to find some concentration
inequalities, as in [7, 6].

Nevertheles, to our knowledge, there is no statistical studies of such a model with interactions
and characteristics.
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1. INTRODUCTION

1.2 Setting

We investigate statistical inference of a stochastic time evolving density of a population alimented
by time inhomogeneus mortality, fertility, mutation and immigration in a large population limit.

The individuals will have characteristic (z, 1) from a space X x £ with measure P(dz)xQ(dl). X
is the space of the continuous characteristic and must be seen as a compact of R. The multivariate
case is not treated to keep simple notation. However this is possible to extend all our results to
this case. L is the space of the discrete characteristic with cardinal L < co.

The data are : (i) an initial condition ZJ' such that NZ) € Mg, the set of finite point
measures on Y = Ry x X' x L.

(#4) five functions

bye,e; : [0,T] xU — Ry

p:[0,T] xU — [0,1]
w0, T)xU xR — Ry

The fertility rate b(s,a,x,[) accounts for the births produced by the individual having age a,
at time s with characteristic (z,1). p(s,a,x,l) is the probability of mutation at birth. The swap
or mutation rate, depending what is the characteristic, e(s,a,z,l) accounts for the mutation (or
the swap) of the individual having age a, at time s with characteristic (z,l). e; stands for the
immigration rate. Finally the mortality rate pu(s,a,z,l,u) accounts for the death of an individual
having age a, at time s with characteristic (x,1) and pressure u coming from the interactions.

(4i7) three kernels

U:(Ry x X xL)? =R

kv ke : [0,T] XU X X x L = Ry

Where U is the interaction kernel. It accounts for the pressure coming from the other individuals
in the population.

ky and k. are transition kernels. We suppose implicitly there exist such functions to define the
kernels which are then ky(s, a, 2,1, 2',I')P(dz")Q(dl') and k.(s,a,z,l,2',1")P(dz")Q(dl").

1.3 The microscopic model and its large population limit

Any Z € My admits the representation Z = "' | 84, 4,1, for some (ordered) {a1,...,a,} C Ry.
For real-valued function f defined on U, we write

(2, f>/uf(a,x,l)Z(da,d:z:,dl)Zf(ai,:ci,l,;).

i=1

In particular n = (Z,1). In this setting, the distribution ZJ' describes the renormalised state of
the initial population and N(Z3}', 1) is the size of the population at time t = 0.

We work with the set of (measurable) functions

Fo={f:[0,T]xU =R, sup |f(t,a,z,])] < oo},
t

10,1
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implicitly continuated on R x R x R x £ by setting f(t,a,z,l) = 0 for (¢,a,2z,1) ¢ [0,T] x U.
We sometimes write fi(a,x,l) = f(t,a,xz,l) when no confusion is possible and define the usual
associated LP-norms

T 1/p
|flp = (/ / \f(t,a,x,l)|pdtdaP(dz)Q(dl)) and |floo = sup |f(t, a,z,1)],
0 u t,a,x,l

for p € [1, 00], whenever well-defined. We will also use the interpolation quantity

[Flieo = (111 floe) 2. (3.1)
The basic assumptions on the model are the following:

Assumption 3.1. There exist a constant R such that
max([b] oo, €]oo, [kb|oos [Keloos [Uloo, €iloo) < R
We also assume that
V(s,a,z,0) € [0, T) x U, |p(s,a,z,l,ur1) — p(s,a,z,l,uz)| < Rlus — ug
lei]1 < oo and finally p is at most linear in term of u, which means
(s, a,2,1) < R(L + [ul)

Remark 3.2. The assumption about the interaction seems to be strong. However we will often use
w(s,a,z,l,u) = pr(s,a,x,0) + nu. This is indeed the most natural way to introduce interactions.
Remind that p is a rate, so the add of new risk is additive.

Assumption 3.3. There exist o > 0, such that supy> E[(Z),1)'7*] < 0o and
ZV — & as N — o0

narrowly, for some deterministic & € M, the set positive finite measures on Ry x X x L.

For Z =" | 6a:.2:.1, € Mp we define the evaluation maps a,(Z) = a;, 2;(Z2) = x;, ,(Z) =1;
and for ¢ > 0, the shift 7.2 = > | da,+4,2:,0,- Let Qu, Qp, Q. three independent Poisson random
measures on Ry x N\ {0} x Ry x X x £ with intensity measures ds( >, 0x(di))ddP(dz)Q(dl).
Let Q; be an independent of the precedent ones Poisson random measure on Ry x Ry x X x £
with intensity dsdaP(dz)Q(dl). We note ZNU (a;, x4,1;) = [, U(as, i, li, a,y,0) ZN (dov, dy, dv) =
<ZtN, U(ai,xi,li, ., '7 )>

Before writing the equation, we define

ml(ZN7 Z-a S) = p(57 Qjy Ty, ll)b(sa aiamiali)

mQ(ZN,’i,S7£L',l) = (]— _p(saai;xi;li))b(svaivxivli)kb(saaivxivli»xal)
TTL3(ZN,’i,S,£L',l) = N(saaivxivliazévU(aiamiali))
m4(ZN,i,s,x,l) = e(saai»mi,li)ke(saaiaxialiaxal)

ms(N, s,a,x,l) = Ne;(s,a,x,l)
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For ¢ € [0, T], write m; when there is no confusion possible and consider the equation
thv = TtZ(J)V

—1 rt
+N fo foR+ XX XL 1{@(1\/2{[ 71)}5’5_5@““ 1{0§19§ml}

+5tis’m’l1{m1§ﬁ§m2}Qb(ds’ d’L, d’l?, d.’E, dl)

_ t .
N foRM“H{ingm)} 6ai+tfs,zi,zi1{0§%m3} Qu(ds, di,dV,dz,dl) (39

_1 gt

+N7 fo fNXR+xXx£ 1{1§<Nzé\f_’1>}(5aq‘,+t—s,z,l
{0<19< }Qe(ds,di,dﬂ,dx,dl)

+N71 f() f]R+><X><L‘, 5a+t—s,z,l1{0§ﬁgm5}Qi(dS, da, dIE, dl)

6a1+t 5,x4,l 1

Under Assumption 3.1, we have existence and (strong) uniqueness of a solution to (3.1) in
D([0,T], M), the Skorokhod space of cadlag processes with values in M.

Under Assumption 3.1 and 3.3, we even have the narrow convergence of Z¥ in D([0,T], M)
to a deterministic limit £ € C([0,T], M), see e.g. [62, 17, 26], or [8] for a proof with swap.

a4t a4

Nz (d

NZzZN (da)

Figure 3.1: Sample path of NZ}'(da) and its evolution without births (left), sample path of
(NZ} (da))o<i<r (right). Black and Red lines symbolizes the characteristics.

Assumption 3.4. We have &y(da, dzx,dl) = go(a,x,l)daP(dz)Q(dl) for some go € Fp, with |go|1 <
00.

Under the Assumptions 3.1, 3.3 and 3.4, the limit £ = (§(da, dz, dl))o<i<7 is smooth: for every
t € [0,T] we have &/(da,dz,dl) = ¢(t,a,z,l)daP(dz)Q(dl), where

Ovg(t,a,x,l) +8ag(t a,z,l)
+[ (t a x’lhflxl ’U Y, & ) (lv T, )) ( )) +e(t,a,x,l)] g(t a,x
Zz(ta$l+fXX£e(tax’l ke(t,a ., 1y
9(0,a,z,1) = go(a,z,1), (3.3)

g(t,0,z,0) = [° pt,ax,lg(taxl)b(ta:cl)da
—|—fu p(t,a, ' U)g(t,a, 2", 1")b(t,a, ', ) ky(t,a, 2", ', 2, 1) P(dz")Q(dl")da

The limit g(¢,a,x,l) is the solution of a generalization of a special McKendrick Von Foester
transport equation.
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2 Stability of the Model

2.1 Definition

Letwy : R>R,wy : R—> R, wg : R— Randwyg : £ — Ry be four given continuous weight
functions. Assume that |w;i|ee < 00, |w;l1 < 0o and |w;|2 < oo. This assumption is not needed
for the probabilistic results but will be fulfilled in the statistical part. We do it now in order to
simplify the bounds when those norm appears.

Let F C Fy be such that f € F implies —f € F. Define n (da,dx,dl) = ZN (da,dx,dl) —
g(s,a,z,l)daP(dx)Q(dl) and

t
Wujtfl,wg,w3,w4(f)t = Sup/ wl(s)/ 11.)2(8 - a)wg(x)w4(l)ft(a,x,l)név(da, dx,dl)ds
ferJo u

and

Wi, s s (Ft = Jsclelg/uwz(ta)wa(m)w4(l)ft(a,x7l)niv(da7dz,dl)~

Formally, we obtain W, ., (F): from W] . . o, (F)e by letting wy = 6;.
Assumption 3.5. Define for any f € F
oo(f t)(s,a,2,1) = f(t, t+ a,x,1)

(bl(fa t)(s,a,x, l) = p(S,CL,$, l)b(s,a,:c, l)ft(t -5, l)

da(ws, wy, f,t)(s,a,x,1) =
/ / (1 p(s, a2, 0)b(s, a, 2, Dws (2 Yws ()t — 5,27, U)o, a, 2, 1, ' I') P2 Q(dl')
X JL

¢3(f’ t)(87a7 'r’ l) = /’L(Sv a’? ':Z:7l’gSU(a’ x’ l))ft(a J’» t - S’ ‘/1:7 l)

¢4(’U}3,U}4, f7 t)(s,a,x, l) =

//e(s,a,x,l)ke(s,aw,l,x’,l')wg(x')w4(l’)ft(a+t—s,x’,l’)P(dx’)Q(dl')
xJc

o5(f,t)(s,a,2,1) =e(s,a,z,0) fr(a+1t—s,z,1)
We have 0 € F, all the constants C < Cy € F with Cy > 0 such that for all (t,ag, x0,lo) € [0, T]xU

C(;lgéy(t, ag, o, lo)(s,a,x,l) = C(;lU(ao +s—t,xo,lp,a,z,1) € F
. And there exist C(ws, wq) < Crlwzwylr, C1 < Cy such that F is stable by the following operations
f — _f7 f — Cal¢i(f7 t)a Vi € {Oa 173a5} f — C(U)3,1U4)_1¢i(w:g7U}4,f, t) Vi € {2a4}

vt € [0,T].
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2. STABILITY OF THE MODEL

Remark 3.6. It is important to notice in the assumption that we assume C(ws, ws) < Colwswyl; -
We will see C(ws,wy) depends on [, » ws(z)ws(1)Q(dx)P(dl).

Indeed suppose f and the function belongs to some Hélder space. See the definition 2.13 where
here we note H*(L) for a function in H*, uniformly for all point, and L is the Holder constant.
Then

bi(ws, wy, f,1)(s,a,z,1) € H*>(L(ws,ws))
With L(ws,ws) S [ ws(z)P(dx) [, wa(1)Q(dl). And we know that if o € H"»>U(L) then L™ ¢ €
H*e4(1). The precedent assumption implies an implicit assumption about the measure P(dx).

The most simple is to assume that P(dx) is absolutely continuous with respect to the Lebesgue
measure.

Assumption 3.7. There exist A > 0 such that U(-,x,l, o, y,b) is constant outside [0, A].

Remark 3.8. The precedent assumption implies we can consider in the minimal entropy the
support of the age is bounded above. Indeed if we come back to the proof we use the fact that
Ula+t—s,xla,yb) is in F up to a constant, but if this is a constant this is true. So the
condition Cy 'U(a+t — s,x,1,0,y,b) € F is only for t,a,2,1 € [0,T] x [0,A+T] x X x L.

Let diam.| _ (F) = sup; se 7 [f — gloo and write N'(F, | |o, €) for the minimal number of e-balls
for the | - |so-metric that are necessary to cover F.

Proposition 3.9. Under the assumptions 3.5 and 3.7, the minimal space Fy satisfying those
assumptions is such that

1
e(Fo) :/ log (1 +N(.7:0, | - ‘Oo,e))de < 00
0

Definition 3.10 (mild concentration). A sequence of nonnegative random variables (XV)n>1 has
a mild concentration property of order 0 < ry — 0 if for large enough N, we have

IP’(XN >(1+ u)TN) < for every u > 0.

et —1

Assumption 3.11. The sequence \w2w3|1_’éo|w4|g01Wf,y27w37w4 (F)o has the mild concentration prop-

erty of order rn for some 0 < ry — 0 and there exist ¢ > 0 and p > 2 such that
E [exp(AW], 1 (F)o)] < emax()a,

Remark 3.12. Several remarks are in order :
1) Assumption 3.11 implies the moment estimate

B, s (FI0) < 2P plrR [waws ] o [walZ, for every p > 2, (3.4)
since, noting XV = |w2w3\iéo|w4\golwm’w3’w4(}')o,

w2,W3, W4 w2,Ws, W4

E[W5 (F)] =p /O h KPTIP(WN (F)o > k)dk

— fuoswalf slwalfrk [ (1w PO 2 (14w du
—1

< wusl unlterk [ wp mingle - ) e (39
1

< 2P pllwgwsl] o JwalBo Y-
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In particular we have

!
E[W, 1 (FI] < 23tk 172 = £ B (O =2

with BY = 64Tr3; and CN = 2VTry. And from the Berstein inequality proof we get

N N BN
E [exp (AW} 1 (F)o)] < exp (AE [W}] 1(F)o]) + exp 5

(1—0%)) YA€ [0,1/CH]

which is close to the second part of the assumption but not sufficient in the proof.

2) This assumption is true if r&1|w2w3\iio\w4|g01Wg27w37w4 (F)o has a gaussian tail bound.

3) This assumption is true if Z{ is obtained thanks to a N-sample of a bounded random variable.

Theorem 3.13. Work under Assumptions 3.1, 3.3, 3./, 3.5 and 3.11. Assume moreover
diam|,_(F) <1

and

1
e(F) :/0 log (1 +N(F, | |so,€))de < o0.

Note ¢ a function such that ¢ > 0, Yo,y > 0¢(z + y) S ¢(x) + ¢u(y) where ¢, is a known
function for ¢, increasing and positive, such that for all C > 0 ¢,(Cz) S ¢,(x).

~

If |wows|oo < N2 |wows|y, there exist an event By with P(BS) S e=VN such that

~

(i) there exist a random variable 17\;7\’7“774,2774,371,)4 (F)r such that
|wiwaws|} 3 [wa| SN s s s (F) 1

has a mild concentration property of order ry A N~Y2. We have the bound

E [p(Wa), (F)r)] <

w1, W2,Ws3,Wq ~

E [ OV, s 0300 FI)IBN] + B [GOVN 00 (F)1)]| + (B30 (1 w30504]1)

and under P(:|By), |wiwaws|1 o0 |ws| W

w1 wswswa (F )T has a mild concentration property
of order ry A N—1/2,

(i1) there exist a random variable W ., e w, (F)e such that for any t we have a mild concentra-

tion property of order ry A N~Y2 for |w2w3|iéo|w4\[;1WNw2,w3ww4 (F)e. We get

E [o(W,), (F)r)] <

w2, W3, Wq

E [@(Wgz,wa,m; (-F)T)‘BN] +E [‘P(WN1U2,103,M4 (]:)T)} + P(va)¢¢(|w2w3w4\1)

and under P(-|Bn), (|waws]1,co|wa]oo) TWE

wa,wswa (F )t has a mild concentration property of
order ry A N~Y/2 for any t.

Remark 3.14. Two families of functions are important in this Theorem. 1) The functions g, :
x — P which obviously satisfy the assumptions with ¢,, = . 2) The functions of the form
a1 T — {2® — a}y which satisfy the assumptions with ¢, (x) = a+ 22?2, since {(x +y)* —a}y <
{227 —a}y + 2y <2{2° —a}y +a+2y%

98



3. NONPARAMETRIC ESTIMATION OF G AND p

Now defining I'V (ds, da, dz, dl) the point process of death in the same spirit of the precedent
chapter, see the subsection 3.2 of the precedent chapter. We can define DY (wy, we, w3, ws) by

T
/ / wy (8)wo (s — a)ws(x)ws()DY (da, dz, dl)
o Ju

where DY (da, dz,dl) = TN (ds, da, dz,dl) — u(s, a,z,1,g:U(a, z,1))g(s, a, z,1)dsdaP(dz)Q(dl). De-
fine vy = |W1WaW3|1, 00| Wa oo N 2,

Theorem 3.15. Under the assumptions 3.1, 3.3, 3.4, 3.5, 3.7 and 3.11, we have the existence of
a constant C(R, Co, T, |gol1, |ei|l1) = C such that

]P’(Dgpv(wl,w%wg,wél) > Cuy(1+u) S —1)"PAal4 (evitet )7t Al
+ (6 I+u 1)71 Al + (6 1+v1+u—1 1)71 Al

1 2
+ 2exp (_(—|—u)> 1u< Co

8Cs =Crvon
vu+1
2 — 1
+ eXp( onCh UZCIC,U?N —-1

assuming Nl/zvy — 00, vy — 0 and the existence of a constant C independent of N such that
|w1w2w3|ioo = Clwiwews|eo. Those assumptions are fulfilled for our statistical purpose.
3 Nonparametric estimation of g and p
We know from the precedent chapter we have to do estimation in another system of coordinates,
which is s, s — a, z, .

Since the last coordinate is discrete, we will just use for any lp in £, the indicator function 1;—;,
as "kernel”. All the precedent Theorem can be applied with such a weight function wy.

We will use multivariate kernels of the form K = K! x K2 x K3 x 1;—,. K is defined by

Klo(t,a,2,1) = KY#)K2(t — a) K> (2)11=;, for (t,a,z,1) €[0,T] xU

For a multivariate bandwith h = (hy, ha, h3) with h; > 0, we set

Kl (10, 2) = (hihohs) ™ K (b g,y e 1) = KL (0K, (£ — ) KR, ()11,

For a function f € F, we define the linear approximation
T
Ko ftas) = [ [ fsamlo)Kn(s.o0)dsdaP(dn)Qlo)
0 JRyxx
From now we will write IC'0 as C taking an implicit lo.
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3. NONPARAMETRIC ESTIMATION OF G AND p

3.1 Construction of estimators of g and u

Construction of an estimator of g
We consider the family of estimators

N (t,a,x,l) = Knx ZN(a,z,1) = / K} (u—a)Kp, (y — ) 1,— Z} (du, dy, dv)
u
, where K L and K? are two kernels of order L > 0.

Construction of an estimator of

We can define the process of death occurences as before. For (¢,a,x,l) € [0,T] x U consider
the family of estimators

T
%V(t,a,x,zo):/ /ICh(s—t,u—a,y—x,l)FN(ds,du,dy,dl), h = (hi, ha, h3) with h; > 0.
0 u

(3.6)
An estimator of u(¢,a) is obtained by considering the ratio
§}ilv(t, a) 'y (t,a) if ’g%v(t, a) #0
fiy y(ta) = (3.7)

0 otherwise,

and is specified by the bandwidths b = (A1, ho, hs) with h; > 0 and h = (hy, hy) with h; > 0.

3.2 Oracle inequalities

We define the quantity in the same spirit of the precedent chapter, see lemma 2.28. In our setting,
the G will be of cardinal N2, since we have two dimensions, and we get bigger lattice G%; too.
The estimator are the one obtained by the Goldenschluger Lepski Method.

Let

6}1;7(9)(757 a) =

sup ‘ / Ky (u—a)Kpy (y — 2)g(t, u, 2, lo)dudaP(dy) — g(t,a,x,lo)|. (3.8)
Ry <hi,hfy<hs,h’ €GN ' Jo

and
VN~ (In(N)ry ANTV2KE K} |1,00)? (3.9)

up to a constant depending only on R, Co ,T', |gol1, |€i|1-

Theorem 3.16. Work under Assumptions 3.1, 3.3, 3.4, 3.5, 3.11 and 3.7. For (t,a,xz,l) €
Dy U Dy, specify g (t,a,x,1) with bounded and compactly supported kernels K% and K3. The
following oracle inequality holds true

E[(GN (t,a,2,1) — g(t,a,2,1))"] S Jnf, (BN (g)(t, a,2,1)> + V) + on

1

for large enough N, with 65 = N~ and up to a constant that depends on R, Co ,T, |gol1, |eil1
and kernels.
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Remark 3.17. The proof of this Theorem is a direct consequence from the proof of the precedent
chapter and the Theorem 3.13. We just have to take p(z) = {z* — V\N}, as pointed out in the
remark following the Theorem 3.183.

Here we define

_ 2
V¥ = ((In N)*C* max(N ™2 1) K3 1,00 K7, 11,00 K 1,00 )

, for C* a constant big enough, as we will see in the proof. We just note the power of the logarithm
which is bigger than expected, we lost indeed some precision because of the interaction part.

Assumption 3.18. For every (t,a,z,l) € D_, the interior of the domain, there exists an open
set Ut a0,y such that

inf  b(t—a,t—a+u,x,l)go(u) >4 if (t,a,2,0) €Dy (3.10)
(UEU(t,a,z,l)

and
go(t —a,z,l) > 6 if (t,a,2,0) € Dy, (3.11)

for some § > 0.
We define 1Y (t, a,z,1) in the same spirit than in the precedent chapter, see (2.25).

Theorem 3.19. Work under Assumptions 3.1, 3.3, 3.4, 3.5, 3.11, 3.18 and 3.7. For Dy U Dy,
specify N (t,a, x,1)w with bounded and compactly supported kernels k', K? and K. The following
oracle inequality holds true

E[(u (t,a,2,0)m — p(t,a,2,1))"] <
inf (B;]L\f(g)(t7 a,x, 1)2 + V,]:’) + inf (B,Zlv(,ug)(t, a,zx, 1)2 + V,IX) + N
hegl hegl¥

for large enough N and small enough @ > 0, with 65 = N~! and up to a constant that depends
on C*, R, Co ,T, |gol1, |eil1 and the kernels K* and K.

4 Minimax estimation under anisotropic Holder smooth-
ness

4.1 The smoothness of the McKendrick-Von Forster equation

We will now only work without characteristic. Indeed our point is to focus on interaction. We use
the former definition of Holder space, see the definition 2.13.

Assumption 3.20. We suppose that b € HP, € HYOY, gy € HY and U € HP", where
v>a+1,8+1,vy+1,0+1,p+1.

Proposition 3.21. Under the assumptions 3.1, 3.3, 3.4 and 3.20 we have

ge min(e,B,7+1,0,8,p) min(a,8,7+1,v,6,p) for(t,a) € Dy,

and
ge gymin(e,8,7+1,v,6,0), min(4,p,v) for(t,a) € Dy
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We also have .
ge gymin(e,B,7,6,v,0)+1,min(a,8,7+1,v,4,p) for(t,a) € Dy,

and .
ge gymin(e,8,7,v,9,0)+1,min(4,p,v) for(t,a) € Dy

Proposition 3.22. Under the assumptions 3.1, 3.3, 3./ and 3.20 we have , noting h(t,a) =

M(tv a, gtU(a’))} . .
[i € HMR(eB w0 min(.00) for(¢ q) € Dy

and
ne Hmin(a,ﬁ,'y,é,p,v),min(J,p,v) fOI‘(t, Cl) c DU

Remark 3.23. We can compare the proposition 3.21 to the proposition in the precedent chapter,
see the proposition 2.16. It is important to note the change of variable let the dependence in «,
with respect to the time in the upper domain and in the lower domain after the change of variable.
This is simply due to the fact I depends on g over the two domains and so we cannot avoid this
loss of regularity.

4.2 Minimax lower bounds
For o, 8 > 0 and L > 0, we set
HyP(ta) = {f € LF, [floo + | Fluos(tay < L},

where the semi-norm | - |ya.6(;,4) is defined after Definition 2.14. We also set, for € > 0,
LY. =1f€LF, inf t,a) >
Bo={rety. int stz o)

Remember that under Assumption 3.1, any point (b, u, U, go) defines a unique solution g to
the McKendrick Von Foester equation (3.3). We add the following assumption in order to get the
lower bound.

Assumption 3.24. There exists a function m € HY0 such that
p(s,a,u) =m(s,a)+u

With this assumption, we see that v = co disappear from all the regularity. Let

Sqens = Min(max(v,d), p) and s(v,6,p) = min(p, (y"* +671)7H).
Under a non-degeneracy condition of the form i € L3, which is a condition only on m if ¢ is little
enough, we obtain the following minimax lower bound:

Theorem 3.25. Work under Assumptions 3.1, 3.3, 3.4, 3.20 and 3.24. Let o, B,7v,8,p > 0,v >
max(a, 8,7,0) + 1 and L > 0. For every (t,a) € D™, we have

liminfinf sup P(Naens(t0)/saen b P g(t a)] > C) > 0 (3.12)
N—oco F b,U, 1,90
and
inf sup E[|F — p(t,a)|] 2 N—8080)/(25(v,8,0)+1) (3.13)
b,U,1,90

where the infimum is taken over all estimators and the supremum over

be HY (ta), meHY (ta)N LY, Ue€H" and go € Hy(t, a).
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4.3 Adaptive estimation under anisotropic Holder smoothness

Our next result give the upper bound for our estimator g¥(¢,a) defined in the spirit of (2.22) .
Moreover, g™ (¢,a) is nearly smoothness adaptive. More precisely, let

si0s(t @) = min(8, p)1p,, (t,a) + min(a, 8,7 + 1,6, p)1p, (t,a), (3.14)
and note that si_ (t,a) < sy, (¢, a) always.

Theorem 3.26. Work under Assumptions 3.1, 3.3, 3.4, 3.20, 3.5, 3.7 and 3.24 with ry < N—/2
Specify gN (t,a) with a compactly supported kernel of order £y > 0 and pick

GV =l <2l < ... <)

a subdivision of [N~/2, (log N)™1] with max;<;<n—1(zX; — 2N) < N~ so that CardGY < N.
For every (t,a) € D~ and large enough N, we have

~ 2
sup (E[(gi\](t,a) *g(taa)) ]) ~ N

2 st ,a)AL 25T ,a)Alp+1
/2 ((logN) ) dens (£,8) Ao/ (28, (8,a) Alo )’ (3.15)
b,1,90

where the supremum is taken over b € H%’B(t,a), ne ’Hz"s(t,a), go € HY(t,a) with o, B,7,0 >
0,v > min(y,d) + 1 and L > 0.

Similarly, xY (t,a) defined in the spirit of (2.25) also
shares near optimality on Dy if 6 > v+ 1 and on Dy, provided b is regular enough. Define

SL(aaﬁa'Y; 5) = (min(a,ﬂﬁ + 176a p)il +min(a’ﬂ777§7 p)il)il’

su(7,6) = (min(8, p) ! + min(e, 8,7, 6, p) 1) 7,
let
sjeath(t,a) = sy(v,9)1p, (t,a) + sp(e, B,7,9)1p, (1, a). (3.16)

+ —
and note that s3 ., (t,a) < s3..., always.

Theorem 3.27. Work under Assumptions 3.1, 3.3, 3.4, 3.20, 3.5, 3.7, 3.2 and 3.18 with ry <
N=Y2. Specify uN (t,a) with kernels H, K of order fo > 0 and pick G =GN x GV
so that Card GYY < N2. For every (t,a) € D~ and large enough N, we have

N

)

4 Sjeam ,a)Ae (25+eat ,a)Nlo+1
sup (E[(ﬁiv(t,a)7#(t,a))2])1/2S ((logN) ) teath (@) ALo/ (283, 0o (£,0) ALo+1)

b,p,90

where the supremum is taken over b € HYP(t,a), p € 'HZ’(S(t,a), go € HY (t,a), with o, 5,7,0 >
0,v > min(y,d) + 1 and L > 0.

Remark 3.28. Those Theorems are a direct consequence of the ones obtained in the subsection

3.2 and the proposition 3.21 , see the subsection 7.4 and 7.5 of the precedent chapter for a detailed
calculus.
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5. NUMERICAL ILLUSTRATION

5 Numerical illustration
The simulation is realised with the parameters:

(i) go is the density of a gaussian random variable centered in 40 with a variance of 152 condi-
tioned to be between 0 and 120.

(i) b(t,a) = 1a0<a<a0. Such a birth rate is not Holder, however we can prove similar result with
such piecewise constant function.

(iii) p(t,a) = 0,004 exp(0,0074a) exp(—0,005¢t) + 0,1 % [;° g(t,a)da. We take a death rate very
high in order to have enough deaths for the estimation of the death rate.

We consider the domain [0, 20] x [0, 120], which means T' = 20 and A,,ax = 120.
We estimate g on the grid 79 = {k1,005, 0 < k < 20} and A9 = {k0,2002, 0 < k < 600}.
We estimate p and pg on the grid 7# = 79, and A* = {k1,0008, 0 < k < 120}.

120 0.040 - 0.05
0.035
100 0.04
0.030
80
0.025 0.03
5 60 5
8 0.020
0.015 0.02
40
0.010
0.01
20
0.005
o o 0.00

5.0 7.5 10.0 125 150 17.5 20.0 5.0 7.5 100 125 15.0 17.5 20.0
Temps Temps

Figure 3.2: Left: true population density. Right: Estimation with GoldenSchluger Lespki Method,
for N = 4000.
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Figure 3.3: Left: true p density. Right: Estimation with GoldenSchluger Lespki Method, for
N = 4000, and a threshold of 0.001
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Figure 3.4: log speed of the estimation of the population density g realized on 50 simulations.
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Figure 3.5: Left: true ug density. Right: Estimation with GoldenSchluger Lespki Method, for

N = 4000.
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Figure 3.6: log speed of the estimation of g realized on 50 simulations. Points are written in the

graphs.
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0.018 0.0012
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0.0010
0.014
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0.006 0.0004
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0.0002
0.002

0.000 0.0000

Figure 3.7: For T" = 10, N = 4000, comparaison between the true function (black) and the
95% confidence interval on 50 simulations. Oracle in blue, adaptative estimator in yellow. Left:
Estimation of g, Right : Estimation of ug.

120 0 20 40 60 80 100 120

Figure 3.8: For T = 10, N = 4000, estimation of p. The true value is in black, in blue the
95% interval confidence for the oracle estimate and in yellow the 95% interval confidence for the
adaptative estimate, realized on 50 simulations. Left: threshold of 0.001. Right: threshold of 0.005

From the figure 3.3 the estimation seems very far from p. This is true, however we can see
from the figure 3.8 the threshold is very important.

6 Proof of Theorem 3.13

This section is devoted to the proof of the concentration properties of the model stated in Theorem
3.13. Recall that

t
W’L]x,wz,w3,w4(]_—>t = SUP/ wl(s)/ wQ(S - a)w3(x)w4(l)ft(aaxal)név(da'a dm7dl)d8
ferJo u

and

W’UJ\)]Z,w37w4(‘F)t = JScuE-/ wQ(t - a)wg(x)w4(l)ft(a,g:J)niV(da,dx,dl).
€ u
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Set also
MY (F): = sup

w1,W2,W3,Wq
fer

/0 “wn (5) MY (wa(s — Jwswsf)ds

and
MIJL\)IQ,’QU;;,IU4 (‘F)t = ?ug |Mtjv(w2(t - )w3w4ft)|
€

We will use the process ZtN created by coupling. In this coupling, people cannot die and when
they swap they create a clone. We take R for the swap and birth rate of this new population. It
is not difficult to see that for any positive function we then have (ZN, f) < (ZN, f). Let define

for va , WP in the same way. We also define g (to not have a confusion with g which is g with a
change of variable) as the limit of Z. This limit exists and satisfy the equation

(9, f1) = /uft(t + a,x,1)go(da, dz, dl)daP(dz)Q(dl)
* /Ot/u (p(s,a, 2, DR fi(t — s,2,1)a(s, a, z,1)daP(dz)Q(dl)ds
* /ot/u L s el o, U) folt — 5,2, 1) P(d2")Q(dl)a(s, a, , 1) daP(dx)Q(dl)ds
i /ot /u e Rke(s,a,2,1,2', ') fe(a+t — s,2' 1) P(da")Q(dl")g(s, a, x, [)daP(dx)Q(dl)ds

+/Ot/uei(s,am,l)f(s,a,x,l)daP(dx)Q(dl)ds

where
(s a,z, L2 1") = (1 — p(s,a,2,1))kp(s,a,z,1,2",1").

We remark that W

s ws.ws (F )0 18 the same since the initial condition is the same.

6.1 A first stability result
Proposition 3.29. We have
WN111(F)e < Oowlj\fl,l(]:)o +4CoWN 11 11(F)p + MN111(F)e
for any t € [0,T7.
The proof of this proposition will be easily deduced from the proof of the next proposition.

Remark 3.30. As a corollary we see with ny = N(ZtN7 1) that
N7, < N7Var < Jorh + WV L10(F)r < (goly + lei )™ + P (3.17)

where ]574\[ =CoWN11.1(F)o +4CoWN1111(F)r + MN111(F)r
Proposition 3.31. Work under Assumptions 3.1, 3.3, 3.4 and 3.5. Then WX (F)r is

w1, W2, W3, Wq
bounded above by

T T
Colwilt W, s s (Fo + Co (/ w1 ()W, 1 s s (F)edt +/ |w1(t)Wi]\,[w2,w3,w4(‘F)tdt> +
0 0
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6. PROOF OF THEOREM 3.13

T T
Colwzwa|y (/ w1 (8) W, 111 (F)edt +/ |wy (t)Wwa271,1(f)tdf>
0 0

T
+CoR / / |wi (t)wa(t — a)ws(@)wa(1) WPy 1 1 (F)e 2] (da, da, dl)dt+
0 u

MY
w1, w2,Ws,Wq

(F)e

We also have in the case where w1 = wy = wg = wy = 1,

T
TCoW?, 1(F)o +400/ W 11 (F)edt
0

. . T
+CoR [WNl,l,l(]:)O + W 1,1,171( )T + MNl,l,l(]:)T} / W{Yl,l,1<f)tdt+
0

Mllll( )

as soon as F C {|f]eo < 1}.

Proof. By (3.2), the action (Z}N, f;) of ZN(da,dz,dl) for f € F, can be written as

(ZN, f2) :/Mft(t-l-a,x,l)ZéV(da,dx,dl)

with

t
+/ / (p(s,a,x,l)b(s,a,m,l)ft(t—s,x,l)ZéV(da,dx,l)
o Ju
t
+/ // b(s,a,z,0)11(s,a,x, 1,2 1) fi(t — s,2', ") P(da")Q(dl') ZN (da, d, dl)
0 JUJXXL
t
_/ / [M(S,a,x,l,ZSNU(a,m,l))+e(s,a,x)] fila+t—s,2,0)ZN (da,dz, dl)
o Ju

t
[ ] eahsam b O+t - s’ )P QNZ (dade. i)
XxXL

/ / ei(s,a,x,1)f(s,a,z,)daP(dx)Q(dl)ds

MN buth(f) + MN death(f> + MN lmm(f) + MN 5wap(f)] (318)

t
AN death (fy — -1 / / imacoy (= folas + 1 — 5,20.1)) O, (ds, di, 6, d, d1). (3.19)
{i<n™V_}xuU

We can easily find the other one by the same construction.
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Let’s remind we have for any f € F, as defining in the assumption 3.5,

oo(f t)(s,a,2,1) = f(t, t+ a,x,1)
¢1(f7 t)(&a,x, l) = p(87 a, x,l)b(&a,x, l)ft(t - S, (E,l)
¢2(w3,w4,f,t)(s,a,:r,l)

= AA(ZL 7p(s’a’x’l))b(s’a’:r’l)w3($/)w4(ll)ft(ts,’JJ/,l,))kb(s,a,$7l,$/,l/)P(d$/)Q(dl/)
(‘f’ )(S a,T l)_ (S a Z‘,l,gb (CL z l))ft(a-l-t—s x l)

da(ws, wy, f,t)(s,a,z,1)
/ / sya,x, Dke(s,a,z, 1,2’ 1wz (@ )wy(I') fr(a +t — s, 2", 1) P(dx")Q(dl")
o5(f,t)(s,a,2,1) =e(s,a,z,0) fila+t—s,z,0)

We write ¢g with a s but we have in mind this function is constant according to time. Apply now
(3.18) to the test function ¢, = (a,2,1) = wa(t — a)ws(w)wa(l) fia, z) with f € F to obtain the
equation
(ZN, 1) = /MwQ(*a)ws(x)wzl(l)qﬁo(f, t)(s,a,x,l)ZéV(da,dx,dl)
+/Ot/uw2(3)w3($)w4(1)¢1(f7t)(&a,m,l)Zﬁv(da,dx,dl)
+ /Ot/u@(ws,w%f’ t)(s,a, 2, Dwa(s)ZY (da, dz, dl)
_ /Ot /M u(s,a,x,l, ZSNU(a,:C,l))wz(s —a)ws(x)ws(l) fe(a+t— s,x,l)ZiV(da, dzx, dl)
+/Ot/u¢4(w3,w4,f, t)(s,a,z,wa(s — a)ZN (da, dz, dlx)
_ /Ot/uqss(f, t)(s, a, z, Dws(s — a)ws(x)ws(1) ZYN (da, dz, dl)

—|—A /ue@'(s, a,x, wy(s — a)wz(x)ws(l) fi(a +t — s, 2,1)daP(dx)Q(dl)ds

+ IZMtN,birth(spt) +MtN’d6ath(@t) _’_MtN,'me(SDt) _’_MtN,swap(sot)]

Substracting g(t, a, z,l)daP(dz)Q(dl) in the equation above and using that g(¢, a, z,1) solves (2.8),
we also have
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o) = [ wa(—apwa@yuaon(1.0(s. 0.2, (do, do. 1)
! N
+ /O /M wa(s)ws(@)ws(1)é1 (£, 0)(s, a,z, Dn (da, da, dI)
+/O /u¢2(w3,w4,f,t)(s,a,x,l)wg(s)név(da,dx,dl)
= [ ] o020, 2V @) wnls = auws(a)ua) oo+t = s,0,0) 22 (do do. )
+/0 /Z/{¢3(f,t)(s,a7x,l)w2(s—a)wg(a?)w4(l)g(s,a,x,l)P(dx)Q(dl)dads
—a)nN(da,dx,dlx
+A /M¢4(w3,w4,f,t)(s,a,:c,l)wg(s )775 (d ,dx, dl )

t
- / / b5(f,) (5,0, 2, wa (s — a)ws(@)wa (D) (da, dz, di)
0 U
+ (MY () + MY (o) + MY (04) + MY ()]

Remark 3.32. Immigration term disappear except in the martingale part. This comes from the
fact this is a independant poisson process with the same limit and mean.

We have to handle the term with interactions, for that we note
AM(S’ a7 :177 l) = ‘LL(S, a7 I? l7 gSU(a7 x? l)) - M(s7 a? :177 l, ZiVU(a, :177 l))

and we do the following.
t
~ [ [ [0, 22U 0,2,0) + s,0,0)] wa(s — @yun(awa)ifa+ ¢ - 2,022 (da, d, )
o Ju
t
+ / / w(s,a,z,l, gsU(a, x,1))wa(s — a)ws(x)ws(l) fela +t — s,2,0)g(s, a, 2,1) P(dz)Q(dl)dads
o Ju
t
== / / ,U(S, a, T, l7 gSU(a7 Zz, l))wQ(S - a)w3(x)w4(l)ft(a +1i- 5, T, l)nN(dav dﬂ?, dl)dS
o Ju
t
+ / / Ap(s,a,z,)wa(s — a)ws(z)ws(l) fi(a +t — s,2,1)ZN (da, dz, dl)ds
o Ju
Multiplying each term by w; () and integrating from 0 to T', we successively obtain
T t T
[ w0 [ ] wn(syusterwn@)n. 0. .00 da do. d)dsdt < Co [ ur (0 W gy (Pt
0 0 u 0
T t T
[ w0 [ [ wao)sntwaws £.0ss0,2,00 (o, d, ddsde < Cofusonly [ Jur (O Was .11(F)e
0 0 u 0
T t T
[ oo [ [ osr0)05. 00 Dwals = pus(zwa(nd (da,de,ddsdt < Co [ [wn(OIWr s (P
0 0 u 0

T t T
/ wi () / / wa (s — ayws(@)ws()ds(f,£)(s, a, 2, ) (de, da, di)dsdt < Co / (3 (8) W g g0y (F)edlt
0 0 u 0
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and

T t T
/ wl(t)/ / wa(s—a)da(ws, wa, f,1)(s, a,2,1)ny (da, dz, dl)dsdt < 00|w3w4|1/ [w1 (&) Wi wz,1,1(F)edt
0 0 u 0
After those control, we have to take care of the last term which is

/75 / Ap(s,a,z, Dws(s — a)ws(x)ws(1) fo(a+t — s,2,0)ZN (da, dz, dl)ds.
o Ju

By assumption we know this is less or equal to

/OTm(t)/ot/uR

Since we assume that |f|o < 1 we just have to care about the term without f. We will use a
coupling argument to continue. We can bound ZV by Z%V. So we see that the preceding term is
less than

/ Ula,z,1, 0, y,b)n> (da, dy, db)‘ lwa(s—a)ws(2)ws(1)|| floo ZY (da, dz, dl)dsdt
u

T t
/ \wl(t)|/ / R ‘/ Ula,x,l,a,y, b)niv(da, dy, db)’ |wa(s — a)wg(x)w4(l)\ZsN(da, dx, dl)dsdt
0 o Ju u

Using transport , and the fact in the population ZN there is no death we have a bound which is

/OTm(t)/ot/uR

Indeed, let ¢(x,a) be a formal function. Then we have (since z;(s) = z;(t))

/ Ula+s—t,x,1,a,y,bn (do, dy, db)‘ lwa (t—a)ws (x)ws ()| Z) (da, dx, dl)dsdt
u

N,
/M o(w,0)ZN (dwda) = 3 e(ws(s), ai(s)) =

=1

N,
c(x t)+s—t) <Z ez (t H)+s—t)= / (maJrs—t) N(dax, da)
u

=1

Now we can just use again the quantity we define to get the bound

T
/O /u|w1(t)w2(t—a)w3(x)w4()|W1,171,1(]-')t2ffv(da,da:,dl)dsdt

The result easily follows. O

Remark 3.33. In a similar way of the proof of the proposition 3.31 we get that vahwz,ws,m (F)r
is bounded by
|w1| CO wg w3, ’LU4 (‘F)O—’_
Co (o 10n ()N st (Fhedt + J w1 (DIVN 1y (Fet) +
Colwswalr (fo w1 t)Wng,l,l,l( )edt + fo |wn (¢ \W Tws,1,1(F )tdf> +
MN

w1, w2, W3 ,Wq (F)t

(3.20)
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Proposition 3.34. Work under Assumptions 3.1, 3.3, 3.4 and 3.5. We have
WNwla’LU27’LU37w4(‘F)T S LNy (wy, wo, w3, wa)r + LN o (wy, we, ws, wa)

up to an explicitly computable constant depending on T and Cy , as soon as F C {|f|eo < 1}. With
LNy (w1, w2, ws, wa)r = w110,y maX|h%|L1[0,T]|h?h%|lwfi\é,hg,hg (F)o

and N -
LN g (wy, w, w, wa)r = max [ A3 Lo, oy PR 1 M by 43 g ns (F)7)

where each (h%,h) equals (1,w;) or (w;,1).

Proof. To control it we will extensively use the relation (3.20). We apply first with w; = 1, we =1
w3 = 1 and wy = 1 to obtain

sdydy

. T __ __
WNi111(F)r < TCOW{YLl(]:)o + 400/ WN 111 (F)edt + MN1 1 11(F)r
0

< (TC’OW{YM(]:)O + m1,1,1,1(-7'-)T)@4C0T

=GON(F)p,
say, by Gronwall lemma. Next, by relation (3.20) with w; = ws = 1, we obtain

T —
W 1y s (F)r STCOWN, o (Fo +2Cy / WN L1 sns (Fedt
0

T _ .
T / W 112 (F)e2C (s, wi)dt + MY 11y o (F)r
0

—~—

g(TCOWwaS’M (.7:)0 + 200|’LU3, w4|1Tg(1)’N(]:)T + /(/lv]\’l,l,wg,m (]_-)T)e2COT

:g(2)7Nw3,w4 (‘F)Ta
say, thanks to G(1):V (F); increasing in t since /T/tle,l,l,l (F); is increasing in t. Apply now relation
(3.20) with wy = w3 = wy = 1, we obtain
— T —— —
WN 111 (F) 1 < Jwi1CoWLY 1 (F)o + 4Co / wi (WN 1 111 (F)edt + MN oy 111 (F)7
0

<|wi|1 (COWf\le(]:)o +4CoGWN(F)r) + mw1,1,1,1(]:)T

—_~—

== g(g)’Nwl (]:)T7
say. Apply now relation (3.20) with w; = w3z = wyq = 1 so that

— T —
WN o11(F)r STCOWS;[QJJ(F)O +2C) / WN a1,11(F)edt
0

T _
+ 2C)y / WNL w11 (F)edt + MY y 1.1(F) 7
0

< (TCOWIJL’IJ(.F)O + QCng(3)va2 (]:)T + /\//l\]/vl’w%l,l(]:)T)eQC(’T

—_~—

:g(4)7N’UJ2 (-F)Ta
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say. Apply now relation (3.20) with ws = 1 so that

T
W 1 1y s (F)z <lor i CoW,, . (Fo +2Co / W1 (VN g o (F)edlt
0

T o —
+ 20(103, w4) / w1 (t)WN1 1.1 1(]:)tdt + MNw171,w3,w4 (]:)T
0

sy ds

< (OOW{\,]wg,w4 (]:)0 + 200g(2)’Nw3,w4 (]:)T
+ 200|w3w4\1G(1)>N(f)T) lwil1 + mwl,l,ws,w (F)r

—_~—

:g(S)’Nwl,ws,uh;(]:)T’
say. Apply now relation (3.20) with w; = 1 so that

T —
WNl,wg,wg,w4(f)T STCOWZXQ,w&w‘L(f)O + CO/ (Wng,l,wg,uu; (f)t + WNl,wQ,wg,w4 (-F)t)dt
0

T o _
+ C(ws, wy) / Wy 1,10 (F)ie + WN 1y 1,1 (F)e) dt + MN 1y s 0 (F)1
0

(TCOW, g 00 (F)o + CoG N iy a0, (F)1

—_~ /—~

4 Colwgwils [g<3>,Nw2 (F)z+ GO o, (F)r| + M1 (F)1) e

:g(6)7Nw27w37w4 (]:)Tv
say, by the previous estimate and Gronwall lemma again. By relation (3.20) and the six previous
bounds, we infer that W, w, ws,w, (F)7 is less than

e~ e~

w1 1CoOW, s 0s (Fo + Colwi|1 (GON wy g 0a (F)7 + GON iy 0, (F)1)

—_~—

+ C’()|u)13U)41|1 |U)1 |1 (g(g)’NwQ (-F)T + g(4)’Nwz (-F)T) + MN w1, W2, W3, W4q (-F)T

expanding the estimates Q&) ’N(]: )1 in terms of their appropriate arguments concludes the proof
without interaction.

O

Remark 3.35. We can set wy = 1;—;, in the precedent proof. This is easy to check by following
carefully each step of the proof.

Proposition 3.36. Work under Assumptions 3.1, 3.3, 3.4 and 3.5. We have
DN
W’l]1\7]17w27w3,w4 (]:)T f, GRCDTPT [L{V (wh w2, W3, w4)T + Lév(wlﬂ w2, W3, w4)T}

up to an explicitly computable constant depending on T, Co, R, |go|l1 and |e;|1 , as soon as F C
{|floo < 1}. With

LY (wy, wa, w3, wa)r = |wi| pajo,ry max | A1 [ATAT VR ba s (F)o
and

LY (w1, wa, w3, ws)r = max k|10 77|35 |RIAT) [Mljz\%,hg,h%,hg (F)r + MNhé,hS,hg,h;‘(}-)T}
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6. PROOF OF THEOREM 3.13

where each (kY h%) equals (1,w;) or (w;, 1). |wal; has to be understood as max(T, 1) when wy = 1
and max(|wz |10, 1), |wal1) when we have a fived wo.

Proof. We follow exactly the same step than the precedent ones. The only difference comes from
the interaction term, remind

CoR /0 /u lwi (H)wa(t — a)ws(@)ws ()WY, | 1 (F)ZN (dz, da, di)dt

sdydy

For the first step, where w; = wy = ws = wy = 1, we then have from the proposition 2.20 and
(3.17) that

WIJ\,,Ll,l(]:)T STCOW{YH(]:)O
T
T (4Co + CoR[(gols + le )R + BYY) / W (F)edt + MY, L (F)r
0

<(TWN(Flo+ My 1 (F)p) e R llaeh e EepinT
:g(l)VN(]:)'IW

After this step we just bound the interaction term with the following
T ~
/ / lwi (w2 (t — a)ws(@)wa (D)W 1 1 (F)eZ{ (dz, da, dl)dt
0o Ju

T
< / / o () ws (¢ — a)ws (2)ws (DGO (F)p ZN (da, da, dl)dt
0 u
< GWN(F)p |:|w1w2w3w4|g + VAVTle,wz,wg,M (}—)T}

writing
T
lwiwowswalg = / / |wy (t)we (t — a)ws(x)wa(1)|g(t, a, x,l)dtdaP(dz)Q(dl)
0 1z

where we can set each w; to the value we want.
We have |’LU1”LU2U)3’LU4|E S (|go|1 -+ |€i|1)62RT|U)1|L1[07T}|U)2|I|U)3U}4|1.
Following the precedent proofs with those bounds leads us to the result.
O

By Proposition 3.36, we see that the stability of the system is controlled by the initial approxi-
mation W (F)o and the propagation of the stochastic term MY (F)r, but also the

w2,Wws, W4 w1, wW2,Ws3,Wq

term without interaction MY,y ws,ws (F)7 . We now turn to those latter terms.

6.2 Stability of the stochastic term
We will first cut MY

w1,W2,W3,Wq

(F)r into four terms. We define

T
MY (F)r = sup / Wy (MY (w0 (¢ — Ywgewa fy)dt
0

W1, W2,W3, W4
fer
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6. PROOF OF THEOREM 3.13

T
Mﬁ)’l]?fwz,wsyw4 (‘F)T = qu_%-?‘ / wy (t)MtNdeath(wQ (t - ')w3w4ft)dt
S 0
MG g (I = 500 / W (MY (¢~ Ywswa f)dt
eF|Jo

T
Mfl;fY’LUz,’LUg,wAL (‘F)T = ?up / w1 (t)MtN’Swap(wQ (t - .)w3w4ft)dt
eEF |JO

and also without any confusion possible for each ¢ € {b, i, 1, s},

T
/0 wy ()M (wa(t — Ywswyfr)dt

Mi;f\,[wg,w3,w4 (f)T =

To remind we have
MY (o (t — wswa fy)
t
:N_l// 1p wa(8)ws(z;)wa () fe(t — 8,24, 1;)1
0 JNxRyxXxL {ZSWZSI&U}[ 2(s)wa(@walla)fil ) {o<v<m,}

+ wo(8)ws(z)wa(l) f1(t — s, 2, 1)1{m1§§§m2}] Quv(ds, di,dV, dz, dl)

MtN,death(w2<t — Jwswy fr)

—1 rt
= — 1
N /0 /N><]RJr XX XL {i§<NZiV*’1>’OS19Sm3}
wa (s — a;)ws(z;)wa(l;) fr(t + a; — s, x4, zi)@;(ds, di,dv, dz, dl)

M (o (8 — Ywswa fy)

t —~
= N_l A /uwg(s — CL)’IUg(CC)'leL(l)ft(a +t—s, &, l)l{ogﬂgm5}Qi(dsv dav dSL'7 dl)
MNP (wy (t — Ywzwa fr)

t
SN ez (2~ a)us s A =20

— wa(s — ai)ws(z)wa(ly) frla; +t — s, 24, zi))1{0§0§m4}]@(d3, di,dV, dx, dl)

We will extensively use the following lemma

Lemma 3.37. Let a martingale M(f)

I .
N/ / ligst119<'r(s,a1-,zi,,li,a:’,l’,ZéVU(a,i,zi,li))f(saaivxivlhx/al/)Q(dS,dzvdﬂ)dx/’dl/)
0 JNX[0,00)x X XL

We can compute its exponential martingale A(\,t) associated with AMy(f) to obtain

A(A, 1) = exp(AM:(f) — Be(A, f))

115



6. PROOF OF THEOREM 3.13

with B(\, f) equals to

/ / / (s,a,2,0,2',, ZNU(a,z,1))Np ()\f(s & ”j\’[l’x l)) P(d)Q(dl') ZY (da, d, dl)ds
X><L

Remark 3.38. The Ito’s formula shows that A(\t) is a local martingale. By usual argument,
and in the same idea of our control in the following of this chapter, one can show this is a true
martingale.

Proof. We use Ito’s Formula noting A(A,t) simply A,

A= A0+/ Ag_NdM; — /AdB +Z M — AMa) =B — XA _ AM,]

s<t

_AO+/A MM, — /AdB +) A p(AAM,)

s<t

It implies the finite variation part is

t
- / A.dB,

/ / / (s,a,2,0,2',1', ZNU(a, l))Np( JRAGT x’l’x Z)) P(d)Q(dl') ZY (da, d, dl)ds
X><£

Which ends the proof. O

Step 1 First control of M.

We begin with the control of this quantity. We have for this one to follow only exactly the
steps of the proof without interaction done in the chapter 2. One can see how to do it with the
characteristics. Notations are more complicated but the ideas are the same.

In the step 3 of the precedent proof, see 6.2, for each quantity we control Bf:f bmh( f) which is
equal to

/t/ T\’,[p(s,a,x,l)Np(Nflf(to,to —s,x,l))
0o Ju

+/ (1 —p(s,a,z,0)kp(s,a,z,1,2", I'YNp(N~ f(to, to — s,2",1'))Q(dl')P(dz") Z (da, dx, dl)ds
X XL

by

Blao N o(N | ]) / / t°’t|°f| 5,0

+/ oy oy L0t = 82,1 )Q(dl’)P(dx’)]ZsN(da,dx,dl)ds
XXL |f|oo
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We do the same for swap and immigration (we dont have death since we are with the process
without death and swap out).

t
Btlgéomm(f) :/0 /uei(s,a,x,l)Np(Nflf(to,a +to — s,,1))dadsP(dz)Q(dl)

which can be bounded by

ei|ooN/)(N_1|f|oo)/0t/u f(to’aT;FOO_ S’x’wdadsP(dx)Q(dl)

BN,swap

Then we have B, ",

(f) equals to

t
/// e(s,a,x,Dke(s,a,z,l, 2 I'YNp(N~" f(to,a + to — s,2’,1"))P(dz’)Q(dl') ZY (da, dz, dI)
0 UuJxxrL

which can be bounded by

t _ 7]
Ieloo|1<:e|ooNp(N—1\floo)/O /U/X ﬁf(to’”'jjim 9250 plag)Q(ar) 2> (da, de, di)

Introducing A(k) = {N~'ny < C(1 + k)} where C is big enough to ensure that

/OO P(A(k)%)e"dr < 1, (3.21)
0

and
E[exp(AE(f) — £(9)]) Lacw)] < 2exp(er(1+ k)p(cad(f, 9)N)), (3.22)

for every A > 0 and some ¢y, co > 0.
Proposition 3.39. Work under the assumption 3.11, then we have (3.21)
And so we can control np with a great probability. We use again the same argument.

Proposition 3.40. Assume that (£(f))rer and (A(K))k>o satisfy (3.21) and (3.22) and that
&(fo) = 0 for some fo € F. Then there exists a choice w = w(c1,c2) > 0 such that for every
u>0:

P( diamg(]:) . Wi (F) .
sup [§(f)] > 8(u + log (1+ N (F,d,€))de) ) < (/4 —1) 7",
feFr 0

where d = wd, diamz(F) = sup; e r d(f,9) and N(F,d,€) is the minimal number of balls of

d-size € > 0 that are necessary to cover F.

We see the only point is to get the dependence of ¢; and ¢y in term of N and w; norm. We
just have here after the first step

N

R —
! |w1w2w3w4|oo

|w1|1|w2w3w4 %)
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o | w1 wawzwa oo
~ 1W1W2W3Wa oo
2 N

Which in the end gives us the following mild concentration of order N~1/2 for

{lwl |1,OO|w2w3w4|OO}_1WNw17w27w37w4 (]:)T

Remark 3.41. wy is not very important to take care of. Indeed in the end we just have to check
if we are able to take the indicator function in one trait ly. If one check the proof he will see
everything can be written in a way to let wy be an indicator function.

Step 2 Final control of /WV .

We follow the path of the precedent chapter to obtain the control after iteration of MY and
WN.

This is easy to see the only problems will come from the swap and the birth. We just have to

take care of the last terms and we can use again the quantity W to bound those two terms. We
want to bound

//[wg(s)wg(x)w4(l)+/ wo(s)ws(z)wa (") Q") P(da')| ZY (da, dz, dl)
o Ju XxL

by

W o 1 wswa (F)1 + [ws |1 |wa| )W 4, 111 (F) 7 + [we - 1 - wawalg + |wswa|1|ws - 14

which is, with big probability, and up to a constant, thanks to the first step smaller than

\w2|1,oo
N1/2

[wa - 1+ w3walg + [wawa|i|wz - 1|g + [w3]oo|wa|o

We can do the same for the swap. We will write to make it short |ws - 1-wzwa|g + |wzwa|i|we-1|g =

—_~—

|wawswy|. So we see that we have for the iteration, using the concentration from before and
assuming we do as in the precedent chapter with ¢} equals to

N - |w2|1,oo

w
"U}1|1 |’(U2103’LU4|+|U}3|1|U}4|1W | 2|oo

N1/2

|w2|1,oo
N1/2

+ |03 00| W4] 00 + w30 W4 oo

|w1w2w3w4|oc

and

&= e A w1 waw3w4 oo

Since we assume that |wsws|eo N"1/2 < |wzws|;, in the end we have the mild concentration of
order N=1/2 for
{lwrwaws]1 oo waloo} ™ MV w0 w4 (F)
Then, in the same spirit of the - precedent chapter we have a mild concentration of order ry A
N~Y2 for {|w1w2w3|1f,\o_9|w4|oo}71WNw1,wz,w3,w4(]:)Ta {|w2w3|1,oo|w4|oo}71MNw2,w3,w4(]:)T and

{waws]1 00 [wa]oe } W w0y g s (F)1-
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Step 3 Control of M. Now we can easily control this quantity. Indeed the only complicated
term will come with the term from death. This is the one bringing the interactions coming from

.
To remind we have

t
BYsdeath () = /0 /M w(s,ayed, ZNU (a2, )N (N~ F(to, to — 5,2, 1) 2 (da, de, di)

Which can be bounded via the assumption 3.1

f(thtO — S, .T,l)

zZN(da, dx, dl)
| floo

oo (14 |U]oa N NE)N p(N [ ]oc) / /u

We use the fact we control well ZtN , and we get the bound

R(1+ RN~ '7ip)Np(N 1|f|oo/ fto’tofl Hlorto =520 78 (4o g ai)

And if we put the term with wq, ws, w3 et wy we get
t ~
R(L+ RN g wnwawsun | NoV 1) [ [ wa(to)uwato = syus(@ws Oy, £2) 22 (da da.d)
o Ju

We can just use now that

t ~
/ / [wi(to)wa(to — s)ws(x)wa(D)d(f1, f2)ZY (da, dz, dl)
0 u
SJwr (to)llwawswalg + [w1 () WN 1 g w04 (F)r

and ipN—1 < 1+ PN,
Using the control we have of these quantities which are respectively

P (W s (F)1 2 [w102s]1 o [aloo N72(1 4 10)) <

1+u 1
<
]P)<PT ~ N1/2> —eu _ 1
This is then easy to see that we can define an event By where ﬁ%\/ < 2 and with P(B%) < e VN

for N big enough (for example N > 16 is sufficient). If we define Pz the conditionnal probability
with respect to the event By, we can apply the proposition 3.40 with this probability. Indeed we

have, defining A(k) = {VAVTle,w27w37w4 (F)r S (1 + &)}, that

e —1

and

/ Pa(A(k)%)e dr < 1/2
0
For N great enough, since we can assume that P(By) < 1/2 and we have

Ps(A(r)°) < P(A(x)°)/P(By) < 2P(A()").
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We also have the second condition

Eglexp(ME(f) — £(9)])Law] < dexp(cr(1+ K)p(c2d(f, g)N)), (3.23)
With
c1 ~ 2wy [\w2w3w4|g + |w2w3|1,oo|w4|ooN71/2:| |wywawzwy | N

and
_ |w1w2w3w4|oo

Co ~ N
where <~ stands for equal up to a constant.
This will lead us to the mild concentration under Pg of |u/1wgw;3|17’C1>O|w4|g01/\/lg1wz’wg’w4 (F)r
with rate N—1/2,

6.3 Proof of the first part of Theorem 3.13

The control under Pg is easy to obtain. It just comes from the fact that Pg(A) < 2P(A) for N
great enough. So the assumption on the initial condition will transfer under Pg.

Now we just have to go on the control of E [@(Wﬁyw%wsﬁm (F)r)].

To do so we will just write

E [@(Wulyl,wz,wg,um (]:)T)] = ]EB [@(Wﬁ7w27w37w‘1 (‘F)T)] P(BN)_'—P(B?V)]E [‘P(Wﬁ,wg,wg,w4 (]:)T)|B?V]

So we have the first term of the Theorem. For the second term we just have to use that

Wéjvl,w2,w3,w4 (F)r < ‘w1w2w3w4|g + WNwl,wz,ws,um (F)r + ‘w1w2w3w4‘g°
So we get
POV, o s 08 (F)T) S G (|wrwawswalg) + @OVN w, g g wa (F)1)
and

P(BRE [9OVN w0 (FI0) B | < B[00V s 00 (F)1)]
We conclude the proof with

lwiwowswalg S |wiwawswaly

6.4 Proof of the second part of Theorem 3.13

In the same spirit of the precedent chapter and what we have done in the proof, we can ob-
tain the mild concentration at rate N~1/2 of \w2w3|iio|w4|;o1WNw2’w37w4 (F)¢ for any t, and of
fwaws| 7L Jws 51 WA, 0 o (F)s for any ¢ on By.

And we use the bound

w2,wW3,Wq

(Ft < lwawzwa|y + W, g ws (F)t

which concludes the proof.
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7 Proof of Theorem 3.15 and 3.19

7.1 Majoration of the death term

Lemma 3.42.

Dy (w1, wa, w3, wa) < (A, wswa) 7]+ T2 (w1, wa, w3, wy) (3.24)
With (AL s ws.w,)T 18 @ squared integrable martingale with predictable compensator (AL . o)
equals to

¢
N_l/ /wl(s)ng(s—a)gwg(x)2w4(l)2u(s,a,x,l7Z;\LU(a,x,l))Z;\l(da,dx,dl)ds. (3.25)
0o Ju
Moreover we have

(AN s a)T S NTHIF (0], w3, w3, wh) + [wiwawsws3] (3.26)

The last term 1is
T t

IJTV :\/ wl(t)/ / ,u(s,a,;ml,ZNU(a,m,l))wg(s — a)wg(x)w4(l)ZslV(da,dm,dl)dsdt
0 0o Ju

T ¢
—/ wl(t)/ / w(s,a,z,l, gU(a, x,1))wa(s — a)ws(x)ws(1)g(s, a, z, 1) P(dz)Q(dl)dadsdt]
0 o Ju

Proof. We have the following representation in our model

t
N _ a1 ,
Y (dt,da) = N /0 /NxR+xXx,c 1{i§(NZi[,1>, Ogﬂng}(Sai,xi,zi(da,da:,dl)Qu(ds,dz,dﬁ,dx,dl)

We add and substract in the left-hand side of (3.24) the term

/0 /Mwl(s)wg(s — a)wz(x)ws(Dp(s,a, 2,1, ZY Ul(a, z,1)) ZN (da, dz, dl)ds

N
wi, W2, W3, W4

and readily obtain the desired inequality with (A )+ equals to

¢
/ / wi(s)wa(s — a)ws(z)wa (1) (TN (ds, da, dz, dl) — p(s,a,z,1, ZN Ula, z,1)) ZN (da, dz, dl))
o Ju
t
— _1 — . . . 2] ;
=N /0 /Nx]R+><X><£ l{ig(NZi‘Q,m,ogﬂgms}wl(s)w2(s a;)ws(z;)wa(l;)Qu(ds, di, dV, dx, dl),

where @u (ds,di,d9,dx,dl) = Q,(ds,di,dV,dz,dl) —ds ® di ® d9 @ P(dzr) ® Q(dl) is the associated
compensated measure. Thus (A, ws.ws.w,)t 1S & martingale and (3.25) readily follows. The proof
of (3.26) is easily obtained as done multiple times before. O

7.2 Control of ZIY and |AY

We write vy (w1, ws, ws, wy) = |w1w2w3|17oo|w4|ooN_1/2.We assume that |wwaw3|ee|ws|eo N1 &
v%;, which is true in our statistical purpose. We also work with the minimal set F as defined in
the proposition 3.9
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Lemma 3.43. There exists C(R,Co,T,|gol1, |ei|1) = C such that
P(ZH (w1, wa, w3, wy) > Cun(wr, wa, ws,ws)(1+u)) S (e —1)"PAT+ (eVHet —1)71 AL

Proof. We have

I7 < Crllwr sy g s (F)1 + [wrwawswa s WY 1 3 (F) 1 + Wy g s s (F) e Wi 11 (F)7]

syt

So

P(Z7 > 3C1[C" + C" + C""on (1 + w)) <P(Jwi1,00W1 g s s (F)7 = C'on (14 1))
+ P(jwiwaws|1 o [waeo Wiy 1 1 (F)r > C"on (14 w))
+ POV s s g o (F) W 11 (F) 7 = C" o (1 4 w))
(e —1)7t a1
+(e* =17t Al

+ POWN 4 s ws,wa (F)1T > VC"un(1+ u))
+P(W1]Y1,1,1(]:)T > \/m)

By union bound. Then for N great enough, we have vy < 1 so /oy > vy, and vy > N—1L/2

P(Z7 > 3C1[C"+ C" + C"on(1+u)) S(e* —1) 7' Al
+ POV sy s g (F)7 = 0o /O (1 + )
+ POV 1 (F)r = N2/ 07 (1 + u))
S =17 Al
+ (YTt — 1)t Ad

O

Lemma 3.44. There exist constants C(R,Co, T, |gol1, |ei|1) = C , C1(R,Co, T, |gol1,lei|1) = C1
and C3(R, Co, T, |gol1,|eil1) = Ca such that

2
P(|A71Y| >Cuyu) S (e\/a — 1)*1 A1+ (eV I4+vu—-1 _ 1)*1 A1+ 2exp (—8u0> 1u< Cy
y <

uvnCy

Co
uz Cron

+ 2exp (—

for N great enough assuming Nvy converge to infinity.

Proof. Let BY = B" be the bound of the jumps of AY We plan to apply

w1, W2, W3, W4q W1, W, W3, W4 *
a classical deviation inequality for martingales (see e.g. Lemma 2.1 in van der Geer [64] or the

classical textbook Shorack and Wellner [61]), namely:

P(IAY| 2 u (AM)r < 0, BY <o) < 2ex0 (- 57 (5)) (3.27)
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7. PROOF OF THEOREM 3.15 AND 3.19

Let A(ar,8) = {fir/N < Ci[L+ 2] Land N7IN (w, w3, w3, wf) < Covd (1 + HNV2), with
C4, Cy such that

P(A(0.8)°) <P(ir/N > Cill + ) + BV T (wh ud ) > Cond (14 BN~/

e =D)AL+ (P =D)AL (VP o)A

~

Under the event A(«, 5) we have
BY < Jwiwawswyoo NT1O1[1 + (1 4+ ) N7 < 03,C1[1+ (1 + a)N~Y/2)

and
(AN)p <0} Cafl + (14 B)N /2]

And we get
P(|AT| > vvu) SPIAY] > onu, A(e, ) + (e = 1) 7' Al
+ @ =D)AL (VP )AL

Co[l+ (14 B)N~YV2] Ci[l+ (1+a)N—1/2]
SR (‘U%VC%H T 1+ )N (”N“czu T le/?]))

F (e =D)AL (P 1) TP AL (VP )T AL
Taking B(u) = a(u) = /u we get

Coll + (1 + BNV Cill+ (1+a)N-1/2
o (U?va L+ (1 +a)N 172" (”Nucz[l +(1+ ﬁ)N—1/2]>>

=2exp | — - ol ug
P Tz o+ + vaN-72P \ "M e,

SQeXp _LQ : 1 <_C2 +2€Xp - \/a 1 >_Ca
Torwr=eT) R e ey R

O

combining the three precedent lemmas we get the Theorem. Indeed by the lemma 3.42, we
have
,Dé“v(wlﬂ w2, W3, w4) < ‘(Afz\fhwg,wmuq)T‘ + I’}V (wh W2, W3, w4)

So by union bound

P(DY (w1, wa, w3, wy) >2Cun(1+w)) < P(|(AY )r| > Con (1 +u))

w1,W2,W3,Wq

+ P(I%V(wl,wg,wg,wél) > Cun(14u))

We just adapt the lemma 3.44 to get

P(AY, wy g 00)7] ZC0N(L+ ) S (V178 =)7L A L4 (eVIHVIFEL 1)1 A
(14 u)? Vu+1
+2exp <_802 Luc @ T2ep | =2 e s G

123



7. PROOF OF THEOREM 3.15 AND 3.19

7.3 Proof of the Theorem 3.19

Let Ay = Alwiwaws|1,00 In(N)*N~Y2 and vy = |w1w2w3\1’ooN_1/2, such that Ax /vy = Aln(N)*.
Lemma 3.45. Let X be a random variable and C(R,Cy,T,|gol1, |ei|1) = C a constant such that

P(X > Cuoy(1+u)) S(e* = 1) PA14 (eVHTet — 1)t Al
4 (e\/lJru _ 1)71 A 1 4 (6\/ 1+vV14+u—1 _ 1)71 A 1

(1+u)? Vu+1
—|—2exp< 7802 1“§c1073N—1+2eXp onCh 1

u> =22

2oy 1

then E[{(X?) — A% }+] S N3 for a good choice of A.

Proof. Few remarks before doing the inequalities, 1/vy > Ax/vny — oo. For any increasing
function f(u) we have (ef/( —1)=! < 2=/ as long as f(u) > In(2), which is the case for

f(u) = u when u > In(2)? and for f(u) = \/1+/u—1 when u > (1+1n(2))? — 1. Ay/on >1
for N great enough, so we get t(An/vn) S Ay /vy where o(z) = y/+/x + 1. So we get the following
bound for E[{(X?) — A% }.] by copying the argument in the precedent chapter,

E[{(X?) — 43}.] < / TR > (A% + ) 2)de

5/ VA P(X > Con(1+u)(1 + u)du
AN/C’L)N—1

In order to simplify the notation, we will write Ay /Cvoy —1 > A/CIn(N)* —1 = uy — 1 for N
great enough, and we get

oo oo (o)
5/ v%(l—i—u)e‘“du—i—/ 1)12\,(1+u)e_vl+“du+/ V3 (1 +u)e” VITVITugy,
uny—1 uny—1 un—1
o° (1+u)? o0 Vu+1
+ /lLvaJQVQeXp <_802 (14 u)du + v e 2exp [ — onCl (1+w)du

Civn

(oo} (oo} o0
5/ viue “du + / v3ue” Y udu + / v3ue” ViHVigy,
UN UN uN

S U2 oo \/a
+/UN v% 2 exp <SC’2> udquv?V/C? 2exp <UN01> udu

Ciun

<U]2v [—ue_“ — u] ZON + 1212\, {—Ze_ﬁ(u?)/Q + 3u + 6y/u + 6)] n

+v% {—461—\/ﬁ (u3/2 (v(u) + 7) 4 6u (Te(u) + 36) + 24v/u (360(u) 4+ 115) + €1u(u) + @;2)}

uN
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7. PROOF OF THEOREM 3.15 AND 3.19

1/4

2
E[{(X?) — A% }+] Svkexp (‘ s%N ) + oy 2AY eI+ AP BT+ Apuye Y
<y e~ CrAT (N | vjlv/QA?v/Qe*‘/Z@ In(N)?

+A?V/2,U;’l/26—Al/4ln(N)a'3+ANUN€—AIH(N)4a

And taking A big enough we get the result. 0

Which leads to the result following carefully the proof of the precedent chapter, see the sub-
section 7.2. We just have to take care of one last point, which is if the minimal entropy is finite,
but we know this is the case thank to the proposition 3.9.

7.4 Proof of the proposition 3.9

We assume here that |wswy|; is just a constant, depending on the kernels. We use the ¢; defined
in the assumption 3.5.
The minimal set F is the one where

1. The constants in [0, Cp] are in F
2. for all (t,ao,l‘o,lo) S [O,T] XU
C&l¢U(t, ag, o, lo)(s,a,z,1) = CglU(ao + s —t,xo,lp, a,x,1) € F

3. Fisstableby f — —f, and f — Cy '¢i(f,t, w3, wys) for all t € [0,T], f € F and w3, w, fixed.
Define Fy as the set of the functions being in F without any composition with any ¢;. So
Fo = {07 C()_17v(t7 o, X0, lO) € [07 T] xU ) C()_1¢U(t, o, o, lO)(‘S, a, T, l)}

Assume that 7 is the minimal regularity for each coordinates for all the parameters functions, then
we have

Proposition 3.46.
N(F, 6] ||oo) S €losle)/ (v108(2))

Proof. We will write Pg (f) any composition of K C; ' ¢;(-, t;) starting from f, so implicitly there is
sequence of ¢; implied in the composition. We will also note Pz (f) when we take another sequence

t;, but with the same sequence of ¢;. We first notice that we just need K = —log(e)/log(2)
compositions since |Pys(f)|eo < Co ™MLY <27 M+ gince |f|o < Cy ' Lo, where

Lo = max(1, R, R?*Cyp|ws|1 |ws|1, R(1 + RC(|go|, R, T))).

And we take C such that Lo < Cy/2, which is always possible.
For any f1, fa2 , t1 and to we have

Co i fr,t1) = dilfasta)loo <Cq Bl f1st1) — @il S, t1)loo + Cg Hi(fart1) — di( fas t2)] oo
SCv()ilLO|f1 - fZ‘oo + C(;ILOCryhfl — tg"y
<|fi = foloo + [t1 — 2"

Where C, is a constant taking as the maximum of all the Hélder constant of each parameter
function, depending also of the kernel. We take Cj big enough to have Cjy 1LOC,Y <1/2.
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Lemma 3.47. For any sequences t; and t;, j < K we have |Pr(f) — Pz (f)leo < Z]K:l It; — ;|7

Proof. We do it by induction. For K = 1 we have |Cy *¢;(f,t1) — Cy *éi(f, t2)| < [t1 — ta|7. Then
we assume it is true for K.

|Pr 41— Piiloo = 10i(Pic, tie 1) — 6i(Pg Tk 1) oo

<|Pk = Pgloo + ltry1 — trga|”
K

<Yl = 17+ s — Tl
j=1

which ends the proof on the lemma. O

Deﬁiling the distance d between two sequence of t; as d(t;, ;) = Z;O:gf)/ 8(2) |1 T, As long
as d(t;, t;) < €, we are sure that |Pr(f) — Pz(f)|eo <€

So for each f we can define less than 5(~108(€)/108(2)) 4 7—log(€)/(10&(2)7) ¢~ log(e)/ (108(2)7) compo-
sitions K; to ensure there exist, for any composition K, a i such that [Pk (f) — Pk, (f)le < e

Indeed we have to choose a sequence in [0, 7]~ 108()/198(2) such that Zj_:l(l)g(e)/log@) It; — 17 <e
And each sequence leads us to 5(~108(€)/108(2)) composition possible.

To finish we just have to count the number of function f € Fy we have to take at the beginning
of each composition. But thanks to the assumption 3.7 we know that U is not constant only on a
compact support for the age included in [0, A]. We also assume that X is included in [-X, X]. So
N(Fo,| - ooy €) S (ATX)e /7 + Cy/e. Cy/e comes from the fact we have all the constants [0, Cy]
in F.

This leads us to the end of the proof. O

8 Remaining proofs

8.1 Proof of the property 3.39

We have with
ﬁl(ZNvia Su$7l) = p(87aia‘riali)Rkb(Svaiaxiali7x7l)

ﬁmg(ZN,i, s,x, 1) = (1 = p(s,ai, 4, 1;) ) REw(8, asy xi, ;)
ﬁz4(ZN,i, $,x,1) = Rke(s,as, x4, l;, x, 1)

7’715(N, S,a,l‘,l) = Nei(87aax’l)

N =z

+N7 [y Jnsry xaxe 1{i§<NZ§V_’1>}5t*57xivli1{ogﬁgm1}

+5t—s,x,ll{m1§ﬂ§m2}Qb(dsa di, dv, dx, dl) (3.28)
LN-1 fot foR+XXX£ l{iﬂNZiv_’1>}éaiﬂ,s,z,ll{ogﬁgm}Qe(ds,di,dﬁ,dx,dl)

+N71 fot fR+><X><L‘ 5a+t—5@7ll{ogﬁ§m5}Qi(ds’ da, dz, dI)
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8. REMAINING PROOFS

an adaptation of 3.2. Then we have by Ito’s formula exp(A(ZN, 1)) equals to
exp(MZ, 1)) + &

+ NR( eN -1) / / s,a,z,1) exp(MNZN 1)) ZN (da, dz, dl)ds

+ NR(eN — 1)/ /(1 —p(s,a,z,1)) exp(MZN 1)) ZN (da, d, dl)ds
o Ju
t

+ N’R(e% - 1)/ / exp(\NZN,1))ZN (da, dx, dl)ds
o Ju

+ N(ew —1)/0 /uei(s,a,%l)exp()\(zv,1>)dsdaP(dx)Q(dl)

since
ke(s,a,z, 1, 2", 1" P(dx")Q(dl') = / ky(s,a,z,1, 2", 1")P(dz")Q(dl') = 1
XXL XXL

and where E(&;) = 0. Introducing f(t,\) = E|
exp(MZ{N, 1)), I, = [, ei(s,a,z,1)daP(dz)Q(dl) and an(X) = N(e®™ — 1), it follows that

F0:3) = £0.3) + 2Rax () [ 05 (5. 0ds + an () [ 1f s 0

Now we solve this partial differential equation. First we write ]?(x,y) = f(z + y,bn(y)) where
by (y) = —2Ran(y) and we have

Oy f(w,y) = an (o (W) Loy f(2,9)
So f(z,y) = K(z)exp (Js an(bn(s))Itsds). And now we can use the initial condition to get

0

K(z) = folbx(~2)) exp ( /

—x

aN(bN(s))Ides)

Now with p3, such that by (uy) = A we get
I

by
~v—t

F8, ) = ft = v, u) = folbn (uy — 1)) exp </ aN(bN(S))Itu?\,+sd5>

. 2R — K eA
with by (y) = Nln (%), an(bn(y)) = WN and iy = g3 In <W>
The solution of such a system, where f(0,\) = fo(A) is

e 2Ret A o1 b
t,A) < N1 i +
fEN < fo ( " (1 —ew [1 — e—2Rt] exp | feils e¥ +1 14 e2Rtew

A Py
Since {efl + ==L } <2 and No/N < |gol1 + CoW); 1(F)o, we have

eN +1 14e2Rte N

fo(A) = E[ANy/N] < eM9olt exp (max(X, \P)Coq)
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_ _ CoRi4 AN
Since we will take Ay = N log (#) we will have N In (W) <1iR

~ <
1—e N [1—e—2Rt]

and N are great enough. So we can only use the case when max(A?;\) = 1 since A < 1. And

fo(\) < e, with ¢ < |go|1 + ¢, and we can conclude the proof as in the precedent chapter.

8.2 Proof of the property 3.21

We use two lemmas, the first one is the proposition of the precedent chapter, noting 7i(t,a) =
u(t,a,gU(t,a)) and assuming 7 € H"™, we have

Lemma 3.48. Work under Assumptions 3.1, 3.3, 3.4 and 3.20.

(i) We have
g€ Hmln(a,,@,l+l,m),mln(a767l+1,m) (t, a) fOT’ (t,a) e DL

and
ge Hmin(l—i—l,m),max(m,min(l,m-i—l))(t7 a) fOT' (t, a) € Dy.

(ii) The following improvement of the anisotropic smoothness holds when the parametrisation is
given by g:
g c Hmin(l+1,m+1),min(a,ﬁ,l+1,m) (t,a) fOT‘ (t,a) c 5L

and N
g c Hmin(l+1,m+1),max(m,min(l,erl))(t’ CL) fOT’ (t, a) € Dy.

The second lemma will let us do iteration to get the proposition.
Lemma 3.49. Under the assumptions and g € H*7 then Ti € H™(v.w,v)min(é,p,0)

Proof. p € HY* and U € HP, so fu(t,a) = [~ g(t,0)U(a,a)da € H*", if we assume that
every derivative exists.

Two cases arise in the composition of function, the first one is when v < 1 and when v > 1.
But we know that v > 1 according to the assumption 3.1. In this case the composition of function
is just the minimum of regularity in each variable, which ends the proof. O

We now begin with wy = 0 and oy = 0, since we know that g is bounded. Taking now general
w; and o;, from the lemma 3.49 we know that 1 € Hmin(y,wi,v),min(3,0,0) - From lemma 3.48 and
ﬂ (= Hlnin(’)/awiav)amin(évp7v) we get

g € Hmin(@fmin(y.wi,v)+1min(,p,v),min(e. fmin(y.wiv)H1min@ev) (g) for (t,a) € Dy,

and

ge Hmin(min('y,w,i,’u)+1,min(5,p,u)),max(min(zs,p,v),rnin(rnin('y,wi,v),min(&,p,v)+1))(t’ a) for (t7a) c DU'

The following improvement of the anisotropic smoothness holds when the parametrisation is given
by g:

g c Hmin(min('y,wi,U)+1,min(§,p,v)+1),min(a,ﬁ,min('y,wi,v)+1,min(5,p,u))(t, a) for (t, a) c 'ZSL
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and

g € Hmin(min(y,wi,v)+1min(3,p,v)+1) max(min(3,p,v),min(min(y.wi,v),min(.0,0)+1) (¢t o) for (t,a) € Dy.

And we get the following iteration , since if we carefully do it one can see o depends on the domain
but w has to be taken as the minimum in the regularity with respect to time,

wi+1 = min(e, 8, min(7y, w;, v) + 1, min(d, p, v)) A min(min(y, w;, v) + 1, min(d, p, v))

oi+1 = min(a, B, min(y,w;, v) + 1, min(d, p,v)) on Dr,

and
0i+1 = max(min(d, p, v), min(min(y,w;, v), min(, p,v) + 1)) on Dy

And this is sufficient to conclude the proof in a formal way. We have
w = min(a567’y+ 15”757p)
o =min(a, 8,7+ 1,w+ 1,v,d, p) = min(e, 8,7+ 1,v,0,p) on Dy,
and

o = max(min(J, p, v), min(e, 8,7, v,d, p)) = min(4, p,v) on Dy

For g we get
min(min(y,w,v) + 1,min(4, p,v) + 1) = min(y+ l,w+ L,v+ 1,0 + 1,p+ 1)
So on 15L we have
min(y+ Lw+1Lv+1,6+1,p+ 1) = min(a, 5,7,d,v,p) + 1
and on lsU we have
min(y+ Lw+1Lv+1,6+1,p+ 1) =min(x, 58,7,d,v,p) + 1

One last point is to ensure the lemma 3.49 is true. But since we are in Holder space, we can ensure
the existence of the derivative in a, since ¢ is integrable. For the derivative in ¢ we just have to
think about the form of g and see we can bound any derivative of g by a integrable function, so in
the worst case we could have only fi(t,a) € H*~¢* for any ¢ < w. But this does not change the
result of the proof.

8.3 Proof of Theorem 3.25

The proof of the lower bound use the same argument than the precedent chapter, see subsection
7.3, coming from the usual argument for lower bound. Since we do only pointwise estimation we
can rely on the test between two alternatives. The only difference comes from the interaction.
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Lemma 3.50. Let the model 1 be the one with parameter by, u1,Ur and 2 the one with the param-
eters ba, po, Us, we get log (%‘ ) equals to
t

— t ~ S.a) — S.a S.a N a)) — S.a N a NCLS
zv// ba(s,a) — bi(5,0) + ia(s, 0, ZVU(0)) — pa (5,0, ZNU(a)) 22 (da)d

t N
ba(s, A(ZN) ,
1y~ )l (2w log | 22EEZ)  (ds, dil, dd

Iy g it losecmin o (e iy ) i)

t N

p2(s, Ay, Z3 Uz (As)) .

1. 1 N 1 - d
+/0 / ooy FS(Z ) L0 A 20 () 108 (ul(s,Ai,ngUl(Am Qp(ds, i, 49)

From this lemma we can easily compute a kullback leibler divergence. We assume that b; = b,
then D (Po||P1) equals to

dP
()

/OT (o0, 22 02(0) = pa(5,0, 21 Usla) — patog (L2 2O 7' ds]

NEp,

NEp,

T
/O (2 ((p1 = p2)/p2 —log ((u1 — p2)/p2 + 1)), Z§V>d8]

We get with p(x) = 2 —log(1 + z) < 22 and the fact o is bounded under,

D (Py||Py) SNEp,

T oo
| [ e 2@ = ot 0. 220l 2 (da)ds]
We now note a(s,a) = my(s,a) — ma(s,a,u) = P1(s)2(s — a).We take ¢(U;(a, o) — Uz(a,a)) =
Yu(a, a).

T oo -
<NEp, /0 /0 (ml(s,a)—mg(s,a))QZév(da)ds

+ NEp, [ /0 ' /O (2N (a)ZY (da)ds}
<N /OT /0“’ W2(s)2(s — a)g(s, a)dads + Ep, [Wg%,wg (f)T}

T 0o
+ Nlpul3 + NC} Ep, V / WN(F)2ZN (da)ds|By | + Ne VN
0 0

Where F is generated as F with the only difference we have ¥y in place of U.
Now we assume that |15|2 < N'/2J¢py|3 and we have

D (P3|[P1) SN 1 [31v2]3 + N2 01| oo [th2|oc [¥01 |2 ¥2]2 + N|tbu |3 + C5, + Ne VN
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Cy, is the maximum between the Holder constant and the infinite norm. One can show that
if Yy (a,a) = eN~V2 /A0 K (yra, @), then the Holder constant is less than cN_l/Q'yé/erp, which is
less a constant ¢ by construction , and we have Cbe < N~ max(qyy, 7(1;'2’)) = CQN_I’)/[1]+2P and
which is less than ¢ by construction.

We begin with a lemma very important for the following. We continue to assume that m; —my =
Y(s,u) and Uy — Us = ¢y

Lemma 3.51. Let g1 and ga be the solution of the equation (3.3) with go,b,m1, Uy and go,b,my, Us
respectively. Then, we have with € = 4RT|go|1e*®T + |go|1

(i) In the case Y(s,u) = P(s —u), note an = |go|oo|tl1 + max(|goloc; Rlgol1e™")[ul1, then
| at:0) - ga(t. lda < eaeeT
0
(ii) In the case ¥(s,u) = 11 (8)a(u), note anx = |t1|2|Y2]e + max(|golso, Rlgol1e™T)|Yu |1, then
[ lait.a) — ga(t.)lda < cayeRe
0
Proof. We use the fact that g can be written explicitly in function of all the parameters. We also

note [;° |g1(t, @) — g2(t, o)|dor = Y;V. We begin by the second point where (s, u) = 1 (s)ib2(u).
From that we get on Dy that |g1(t,a) — g2(t,a)| is less than

Sgo(a—t)[Atml(s,s+a—t) —ma(s,s +a— t)ds
+ /Ot /Ooo g1(t,)Ui(s +a—t,a) — go(t,a)Us(s + a — t,a)douds]
<go(a —t)[[1|altha]2 + R/Ot v Nds + /Ot max(|go|oo, Rlgol1€™" )by (s + a — t, a)dads]
<go(a — t)[[¢1]2|tha]2 + R/Ot YN ds + max(|go|oo, Rlgol1e”") v ]
<go(a—1t)[an + ’R/Ot YSNds]

And we get by integrating from t to oo [ |g1(t,a) — g2(t,a)|da < |go|1 [an + ng YNds].

Now we work on Dy. One can see the subsection 7.3 of the precedent chapter to get a better
definition of what we write By = By, g, and By = By, ¢, here. This is not difficult to show,
following carefully the proof of the precedent chapter that

max(|Bi|os, | Bz2loo) < Rlgol1e™"

and
t t
By(t) — Ba(t)] < (R901 {aN +R/ YSNds} + RlgoreRT {a;v +R/ YSNdsD (RT
0 0

t
|By(t) — Ba(t)| <2R|go|1e*RT [aN +R/ YSNds}
0
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by a similar argument than in the precedent chapter we finally have
t t t
/ lg1(t,a) — g2(t, a)|da <2RT|go|1e* T {aN + R/ YsNds} + RTgo|1 ™" {aN + R/ YsNds}
0 0 0
t t
[ 11(0.0) = v, it <aRTIgnh e o + R [ ¥V
0 0

Finally we get, noting € = 4RT|go|1€*®*T + |go]1,
YN < gayeReT

For the first term where (s, u) = ¥(s — u), we just have to be careful in fot my(s,s+a—t)—
ma(s,s +a—t)ds =ty(t — a), and ftt,a my(s,s —a+t)—ma(s,s —a+t)ds =ap(t —a).

Following the same proof than for the second term one can show that |go|1|t1]|2]12]2 becomes
|90l00¢]1-

Now we can work with specific function ¢ and ¥y to prove the lower bound for g. We take for
a tOv ag,
_ N-1/2,1/2
ml—mg—N "1 Kl(%(s—u—to—kao))

and Uy (a, o) — Uz(a, @) = N_1/2"/(1]/2KU(’}/U(CL —ap)) K (a).
The Holder condition implies that v, = N 7w 75T and Yy =N T Following the proof of

the precedent chapter and since Y}V is negligeable with respect to N~/ 2711/ > and N=1/ 27,1/ % we
get the minimum of the two regularity.

Now we can work with specific function 1,y and ¥y to prove the lower bound for y. We
take for a tg, ag,

my —mg = N~V2512 002K (9 (s — 1)) Ka(qa(u — ag))
and Uy (a, @) — Us(a,a) = N2/ Ky (yu(a — ag)) K ().
|41 (t0, a0, (91)1oUs (a0)) — p2(tos ao, (92)40 Uz (a0))| =[11(0)12(0) + N~24/* Ky (0)C| — VAR

We have from the Hélder condition, with s = s(v,6) = (y~L +6=1)L that 7y = N1, 5, =
(v+8)~1 (8=t
"5 and Yo = N EE So, with s~ = min(s, p),

[¥1(0)4p2(0) + N71/27(1/2KU(0)6’\ > N1
And we have th]v < CaneRT with ay = [1]2|%a]2 + maX(|go\oo,R|go|1eRT)|wU\1, and this is

easy to see that ay N 2T 0, so for N great enough we have

|11 (to, ao, (91)1,U1(a0)) — p2(to, ao, (92)t,U2(a0))| > N+

The end of the proof follow the usual argument, since we control the Kullback Leibler divergence
in a good way, see the proposition 2.32.

132



CHAPTER 4

LNONPARAMETRIC TEST OF TIME DEPENDANCE OF
AGE-STRUCTURED MODELS IN A LARGE POPULATION
LIMIT

1 Introduction

1.1 Motivation

In the precedent chapter we infer the mortality rate in presence of interactions. This is a question
of interest in biology where the models with interactions come often. It can for example modeled
the pressure coming from the lack of food in some environment.

We will use the nonparametric testing framework as introduced in Ingster [37, 38]. In our case
we want to test if the mortality rate depends on time. This kind of testing has been studied. In
[45, 46], the point is to test if the functions belongs to a parametric set of functions, but this can
be generalized to any subset of the functionnal space the function originally belongs. This is also
a topic studied in [13] with Holder balls.

However, to our knowledge this problematic have not been done in the framework we work with
during this thesis.

1.2 Setting

Remind the model and the data. We have :
e ZY the initial population such that NZJ" € Mg
e Two functions
b: [0,T] xRy — R4
p: [0,T] xRy xR =Ry

The fertility rate b(s,a) accounts for the births produced by the individual having age a at
time s. The mortality rate u(s, a,u) accounts for the death of an individual having age a at
time s and pressure u coming from the interaction.
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2. NON PARAMETRIC TEST

e A kernel
U: Ry xRy =R

This interaction kernel bring a pressure of the form [~ g(s, a)U(a, a)da at each time s and
age a.

1.3 Model

We refer to [62] to get a proper definition of the microscopic model we will use here.

In order to get a statistical test, we need to use a particular model. If we do no other assump-
tions it would be impossible to detect the presence of interaction. We do not know the minimal
assumption to assume we can detect interaction. However we can try to give some intuition about
it. Let’s take a general function p(s,a,u). We are able to find an estimator of

i (s [ ot 0)tta. i) = nts.a)

We see that p has interactions only if p depends on g. So one can try to show the dependence
between 1 and g. However if we do that directly we won’t have any result. Indeed 7 even without
interaction is linked with g, by the simple fact that we cannot estimate p if there is noone. The
problem is very difficult and impossible to solve without a further assumption. The time variation
of p can compensate the interaction term. We need an assumption which control this time depen-
dence of p.

To do so we have choosen a simple assumption where we assume we know the time dependence
and this dependence has a particular structure. However we don’t know any other way to proceed
with the observations we have.

Assumption 4.1. There exist a known function 8 > 0 such that

p(s, a,u) = B(s)po(a, w)

In this setting if 871(s)(s,a) = po(a, f;° g(s,a)U(a, a)da) depends on time, then we have
a interaction. Indeed the time dependence of pg(a, [ g(s,)U(a, a)da) comes, only, from the
interaction part. This gives us a way to detect the presence of interaction. We need to detect the
time dependence of the death rate.

2 Non parametric test

2.1 General setting

We will work with ¥ = min(a, 3, p,d) and § = min(a, 3,6, p) which are the effective regularity of
Lo in our setting under the assumption 3.20 of the precedent chapter. We take the worst regularity,
one can check that with those regularity we have g € H7°. Since we take the worst regularity on
Dy, and Dy we have 7 = §. However we will keep two notation even if those constants are equal.
We want to highlight the bidimensionnal part of the problem.
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2. NON PARAMETRIC TEST

We define for any function f € F = HV’S(L), with g the population density solution of (3.3),
without immigration and characteristic,

) = sup / / (s.a) [f(s, @) — m(a)] g(s.a)dads (1.1)

pEF

where m¢(a fo (s,a)ds/ fOT g(s,a)ds.
It is easy to see that

dr(f) = sup / / me(a)] £(s,0)g(s, a)dads

peF

T 00
|f|§7g:/0/0 f2(s,a)g(s,a)dads

Flon) = {f € (L), d=(f) = px}

We implicitly normalize the function ¢ such that their norm |p|2 4, = 1 in the definition of dr.
This is just technical to avoid some constant during the calculus. Now we can define our non
parametric test, we will test Hy : p € H°(L) against the alternative H; : p € F(pn). Here

From now, we note

and

”Hg(L) est ’espace de Holder auquel appartient p si ce taux ne dépend que de 1’age.
Our aim is to find py, the minimax rate of the test. We will also define the candidate for the
test statistic which will be

T (oo
d¥ = sup / /0 [o(s,a) — mg(a)} B~1(s)TN (da, ds)

weF Jo

where m{Y (a) = TN (a fOT ©(s,a)§N (s,a)ds and TV is the point process associated with the deaths.
TN (a) is just 1/ fo fo u=aZ (du)ds. We remark that m” is always defined since we integrate
against 'V and we evaluate in the time of death of an individual, so we have at least one individual
at each time and fo IS 1u=aZl (du)ds > 1/N. We will work with the following assumption in
order to ensure a control of J.

Assumption 4.2. gy =0 for a > Apax.

Remark 4.3.
0) The assumption 4.2 is there to ensure the compacity of the set where we work. With this
assumption we have g # 0 only on [0,T] x [0, Amax + T]. It can be release. This will be done in a
future work.

1) From now, we stop to write 8. One can easily check than everything will be the same with
B = 1. Indeed according to the proof of Theorem 2.19 we have I'N (da,ds) ~ Ji(s,a)g(s, a)dads, so

B7H(s)IN (da,ds) = B (s )ﬁ(s a)g(s,a)
~ o ( 9(s,@)U((a, a)da> g(s,a)
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2. NON PARAMETRIC TEST

2) If u € HY° then W € HYO. Since we have my, € H® according to the proposition

3.21. So we just have o

a5 (1) & [ —mpl2,g = d(p)
and d(p) = 0 if and only if u(s,a) = my(a) where g(s,a) # 0. There is only equality up to a
constant since the Hélder constant can change.

3) From now, and till the end of the chapter, we will assume we work implicitly under the
assumptions 3.1, 3.3, 3.4, 3.20, 3.5, 3.7, 3.2/ and 3.18 . With our choice of F we can ensure
that d(p) = 0 is equivalent to p does not depend on time, where g # 0. We can also be sure the
assumption 3.5 is satisfied. The assumption 3.2/ is satisfied since this is our setting. Also to be
sure that e(H7°(L)) < oo we take § > 2
4) Since we work under the assumption 3.18 we don’t need to take care about the definition of my
and mjcv since g is bounded below. To be rigourous we should carry the lower bound of g into the
definition of the test. However, in application we do not use the theoretical definition.

2.2 Upper bound

For a test ¢y we can define the global error as the sum of the first and second kind error.

R(C,¢n,pNn) = sup P (¢pn =1)+ sup P,(on =0)
HEHP HEF(Cpn)

where P, stands for the probability when we have the mortality rate p in the model.
Taking 0 < a < 1 the upper bound consists to find a test ¢ and a constant C, such that

limsupN—ﬂx}R(Oa dﬁ\/v p’](V) S @
for all C' > C, and py > py where pj will be the minimax rate for the test.

Theorem 4.4. There exists a constant Cy depending only on R, Cy |go|1 and T such that with
N =1,nv>c. , we have
FZ 2 PN
hmsupN%ooR(Ca ¢7Vv p?\l) =0
min(e,8,8,p)

for all C > Cy and py > pyy = Ck log(N)N ™~ Zmin(a.5.5.0)F1

In this theorem, the constant R, Cy |go|1 and T comes from the assumption of the precedent
chapter. The constant C'x comes from the choice of the kernel K which is done to estimate the
population density g.

2.3 Lower bound

Taking 0 < a < 1 the lower bound consist to find a constant C* such that

liminf y 00 %ﬁnf R(C,pn,pN) = «
N

for all C' < C* and py < p) where pjy will be the minimax rate for the test.
One typical way to get this kind of bound is to consider several alternative, here u; € F(Cpn)
for 1 < i < M against one pig € H®. Then we have

M
R(C,6x,px) > Bu(fn = 1) + 12> B (6 = 0)
i=1
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3. DISCUSSION AND NUMERICAL ILLUSTRATION

and noting P, =Py, & = %NT and Z = ﬁ Zfil &k, we get
R(C,¢n,pn) = (1=6)[1 =Po(|Z — 1] < 6)]
for all § > 0. To prove the lower bound we need to prove that Py(|Z — 1] < §) N 0 which is
— 00
possible only when M depends on N and if we control nicely Z.

Remark 4.5. We can expect from the precedent chapter and what we do in the upper bound for
the test than the lower bound will be the one of the estimation of the population density. So we

min(§,p)

expect to have a lower bound of order N~ Zmin(s.p)+1

3 Discussion and numerical illustration

3.1 Implementation

Write (7;,a;) the support of I'V(ds, da). Remind 'V (ds, da) is the point measure of death, so each
(7, a;) is the time and age of one death. We assume there are DY deaths between 0 and T. So we
can write

N(ds, da) Zam o, (ds, da)

Then we have for all ¢

Dy

[ [ et - m¥ @i s o) = 5 St an) - )

k=1
Now we will simply approximate the integral with a Riemann sum. Let (t;);<ry be the subdi-
vision of [0, 7] such that each time of death is in the subdivision and sup; |t;+1 — ¢;| < L. This
implies that RY > % With this subdivision we get
T Ry
my) (ax) = ‘nkN/ Y (s, ar)p(s, ar)ds = VR D (tigs — ti)p(ti, ax) gy (ti, ax)
0

i=1

Where 0% = U (ay), which is fully computable since

N () :/OT /OOO Lo Z (du)ds

and fo fo w=aZ N ( du)ds is JUSt the number of individuals getting the age a between 0 and T
divided by N. Noting 01 = 0N (ti,ar) and ¢, ) = p(t;,a) we get

Ry

T [e%s)
/O /0 (s, a) — m? ()TN (ds, da) NZ (i a) — DN S (i1 — )0 x0]

i=1

And now since {7} C {¢;} we have

RY DY RY
~ Z (Thrax) = B > (tiyr — t:) i k0] ZZ% k[Lti=ry = B (b1 — 1)0]%,]
=1 k 1i=1
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3. DISCUSSION AND NUMERICAL ILLUSTRATION

We note wl, = [1,=r, — U (tix1 — t:)0]] 5 and w™ the associated vector. We also define

DNF = {(@i’k)igpg k<DY St.p€ F} we have

N Ny _ N
A~ sup (pwV) =¥
peDNF

The following property gives a true bound to the precedent approximation.

Proposition 4.6. If hy = min(hy(t;,ax)), where hy(t;,ar) is the bandwidth obtained in the
Goldenschluger Lepski method for the point t;, ay, we have

dY — Y| < N~ Yap [N~ ph 2Ly + LA hyY
where nr is a upper bound of the number of individuals between 0 and T in the population.

Corollary 4.7. If Ly = max(hy(pi)Y?, (hnpi)3H0)) = (hnpi) 3+ then
N N ﬁ%“ *
ldF —cx| < NzPN
Remark 4.8. From the corollary 4.7 , we see that cX can converge to dr as fast as d¥. The
typical case is where py =~ N—2/5 which means we take a kernel of order 2 and the reqularity are
all greater than 2, see the remark 4.3. We have with Ly = N~/ and RY > TN/> the same
speed of convergence for the two quantities. So in our practical implementation with N = 1000 and
T = 20 we need RY > 80 in all our simulations. This is done simply by considering all the death
event since DY > 80 in our simulations. In fact RN will always be of the order of N since it has
to be bigger than the number of deaths.

We know now that without considering the restriction ¢ € DV F, sup(p,w”) is obtained for
¢ = aMw! with some a”. Moreover we know that, asymptotically, the maximum of sup{yp, w?)
exists. It is when ¢ = p. Indeed c¥ converges to | — my|2 4 by proposition 4.6. w converges to
0, since
1 Dr ki 2
w3 = e SO [Ltimr, = B (tigr — )02
k=11i=1
| DY R
= DS L — 20, DY (i — )00, + (B (tir — 10N
k=11i=1
Our only way to get something computable is so to calculate the estimate of y by the preceding
chapter. Since the minimax speed of convergence, as shown in the theorem 3.27, of this estimator
is below the one of ¢, this is not the optimal way. Let /%ZYk be the estimate of u taken in each
point t;, ar, we get the following quantity for our test

1 DN RY
N N N
N Dol Ltz = B (tigr — 1)07%]
k=11i=1

Remark 4.9.
1) According to the proposition of this chapter, there exist a more efficient way to do the practical
test. However we don’t know yet how to do it without computing the estimate of u which is
computationally very erpansive.
2) We can compute only for t; = 11, since asymptotically, and even for our example with N=1000,
we have D%FV >T/Ly. This limits the number of estimation we have to do.
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3. DISCUSSION AND NUMERICAL ILLUSTRATION

3.2 Numerical result

We have done four tests. In order to compute C*p}, we have taken the maximum of all the variance
obtained in the Goldenschluger Lespki algorithm. This is the best candidate we can find without
further computation. We test in those four example if we find the time dependence of the death
rate. As said in the introduction of this chapter, we always consider that 3(s) is identical to 1.

The simulation 1 has be done with the parameters:

(i) go is the density of a gaussian random variable centered in 40 with a variance of 15 condi-
tioned to be between 0 and 120.

(i) b(t,a) = 1a0<a<a0. Such a birth rate is not Hélder, however we can prove similar result with
such piecewise constant function.

(iii) w(t,a) = 0,004 exp(0,0074a) exp(—0,005t).
The simulation 2 has be done with the parameters:

(i) go is the density of a gaussian random variable centered in 40 with a variance of 152 condi-
tioned to be between 0 and 120.

(ii) b(t,a) = 1ap<a<ao. Such a birth rate is not Holder, however we can prove similar result with
such piecewise constant function.

(iii) p(t,a) = 0,004 exp(0,0074a)(1 4 5t). We take a dependence in time since our test is here to
know if p depends on time.

The simulation 3 has be done with the parameters:
(i) go is the sum of a density of a gaussian random variable centered in 20 with a variance of 152

conditioned to be between 0 and 120 and a density of a gaussian random variable centered
in 70 with a variance of 152 conditioned to be between 0 and 120.

(i) b(t,a) = 0,03 exp (~ 550" ) exp (~ G538 ).
(iii) w(t,a) = 0,004 exp(0,0074a) exp(—0, 005t).
The simulation 4 has be done with the parameters:
(i) go is the sum of a density of a gaussian random variable centered in 20 with a variance of 152

conditioned to be between 0 and 120 and a density of a gaussian random variable centered
in 70 with a variance of 152 conditioned to be between 0 and 120.

—a)? _ 42
(ii) b(t,a) = 0,03 exp (— (?;1202) ) exp (— (2*2@ )
(ili) p(t,a) = 0,004 exp(0,0074a) exp(—0,005¢) + 0,01 [ g(t, o) dov.
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Figure 4.1: Variance in yellow and test statistic in blue. N in absciss. 95% dispersion realized on
50 simulations. Left: simulation 1. Right: simulation 2.
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Figure 4.2: Variance in yellow and test statistic in blue. N in absciss. 95% dispersion realized on
50 simulations. Left: simulation 3. Right: simulation 4.

The results in the figure 4.1, are the one we expect. For the figure 4.2, we have a problem about
the simulation 4. However we see the test statistic, compare to the one in simulation 3 is greater,
around 0.6 for the simulation 4, to compare to 0.4 for the simulation 3. Also the variance is
greater in simulation 3 compared to the test statistic than in the simulation 4. So we think the
only problem here is the calibration of the constant for the test. So with a new calibration for the
variance we get the figure 4.3. This calibration is simply the constant which multiply the maximum
of the goldenchluger lepski variance we obtained. Between the figure 4.2 and 4.3 we just divide
this constant by 3.
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Figure 4.3: New calibration constant for the simulation 3 and 4. Variance in yellow and test
statistic in blue. N in absciss. 95% dispersion realized on 50 simulations. Left: simulation 3.
Right: simulation 4.

3.3 Algorithm

To finish this section we propose an algorithm to compute the test. We assume we have the deaths
(T4, ;).

(1) Compute for all ¢; and ay, GfYk thanks to the Goldenschluger Lepski Method. Get the variance
VZA,’C obtained in the Goldenschluger Lepski Algorithm.

(2) Set VN = 0.2max(V})

Ry

DN
(3) Compute cg = ﬁ Zk:Tl i=1 M?fk 1y=r, — m{cv(tﬂrl - ti)agk}'
(4) Return the value of Lxsyw

Remark 4.10. The value 0.2 for the calibration constant has no other justification than a empirical
one. This is the constant which gives us the best results in all our simulations. A good way to
find a theoretical justifiation for this constant would be to investigate further the link between the
variance obtained in the Goldenschluger Lepski algorithm and the true variance which appeared in
the concentration inequality.

We can just be sure that maX(Vi{YQ) > py and they have the same order in N. So there exist a

constant C < 1 such that piy = CVN. 0.2 comes from our empirical test.

4 Proof of theorem 4.4

4.1 To begin with the end

We note pi = 1og(N)|w1w2|17ooN_1/2, where w; are the kernels with the bandwith chosen to
complied with a point on Dy. We have to take the worth speed of convergence since we depends
on the population density on all the domain. In our setting we have v = co and v = oco. According
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4. PROOF OF THEOREM 4.4

min(a,8.5,p)

to the precedent chapter p% = log(N)|wiwa|1.c N~2 = Ck log(N)N~ 7=n(e5.5077 | where Ck
is a constant depending only of the kernels chosen. We begin by a property which is sufficient to
finish the proof.

Proposition 4.11. There exist a constant C' depending on R, Co, T, |go|1 and the kernels such
that
Pu(|d¥ — dz| > Cpy) < On

with§N — 0.
N—o0

Now we finish the proof of the theorem before turning into the proof of the proposition 4.11.
We use the test ¢} = 15y > Cply.
If we take u € HP(L) , this mean we are in the alternative Hy. Then dz = 0 and we have

Pu(¢x = 1) = Pu(dF > Cply) < Pu(ld¥| > Cpy) < on

Applying proposition 4.11 since |[d¥| = [d}¥ — dx|.
And now taking p € F(C'pn) for py > pr- We have

Pu(¢y =0) = Pu(dF < CpR)

Since dx > C'pn > C'pk and we can have d¥ < Cpk; only if at least [dY — dr| > (C' — C)px
and we get
P (dF < Cpy) < Pu(|dF —dz| > (C' = C)py) < on

If C" > 2C , so C, = 2C and in the end we have
limsupNﬁooR(Cla QS?\U PN) < hmsupN—)ooR(Cﬂ QS;V’ p?\/) 5 hmsupN—)oo(sN =0

Now we just have to do the proof of the proposition 4.11.

4.2 Proof of the proposition 4.11
During this proof we begin fix a u € HV’S(L) during all the proof.
Lemma 4.12. Let 91, 2 and X a set such that supi(z) = sup|i(z)| and sups(xz) =
reX rzeX reX
sup |t ()|, then
reX
[sup ey (z) — supea(z)| < sup [1ha(z) — 1 (z)]
reX reX rzeX
Proof. The proof of this lemma comes from the fact that

supty () — supyy(x) < sup |¢y(x) — ¥a(z)| + sup|a(z)| — supips(z)
reX rzeX reX zeX rzeX

=0

And this is the same for sup (z) — supws(x) which concludes the proof of the lemma. O
reX reX

For the next lemma we remind that we work under all the assumptions, especially the one
assuming that go = 0 for a > Apax.
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4. PROOF OF THEOREM 4.4

Lemma 4.13. Va < A + T, there exists a constant Cq such that
1

P
( fOT g(s,a)ds

Proof. We assume the space for the age is compact. We can add the function a — 1,—,,, pour tout
a9 < Amax + T to all the function which must be in the minimal functionnal space F as defined in
the proposition 3.9.

TN (a) —

14w 1
> < —C1\/7_~_

From this we get that X~ = ’fOT IS Lu=a ZY (du)ds — fOT (s, a)ds‘ have a mild concentration
of order N=1/2. From this we deduce easily the result for G (a). O

Let X = F,

T 00
@) = /0 /0 (p(s,a) —my(a))u(s,a)g(s,a)dads

= ' | ot = m @)r* s, o)

Since F satisfy the assumption 3.5 we have for any ¢ € F, —p € F.

So sup |[¢i(¢)| = sup (), since ¥;(—¢) = —1i(p). Indeed we can take a fast proof for ¢, and
peF peF
the idea is the same for 1s.

Let € > 0, and ¢, such that [11(¢c)| > sup,e 7 [¢1(p)| —€. Then we can assume that [11(¢c)| =
Y1(pe). if not, we just have to take —p.. It implies that sup,cz¥1(p) > sup,ez [¥1(p)| and

obviously we have sup,c z ¥1() < sup,ex [¥1(¢)|. Which gives sup ¢z [{1(¢)| = sup,e  ¥1(¢).
We can apply lemma 4.12 to get

and

d¥ —dx| = | sup P2(p) — sup Y1 ()]
pEF

SSUP 1h2(p) = 1 ()]
< sup/ / —my(a))u(s,a)g(s, a)dads

peF
- / / (p(s,a) — mg(a))FN(da7 ds)
o Jo
<T+T15

where

T e}
7= sup [ [ (pls0) = mofa)) [0 (ds.da) = g(s. (s, a)dads]

werJo
= sup / | ¥ @ = ma@)rs,do
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4. PROOF OF THEOREM 4.4

First we take care of Th. If we have ¢(s,a) — my(a) € F, which is the case when we work with
F =H79 then

T < sup/ /OOO @(s,a) [TN(da,ds) — g(s,a)u(s, a)dads]

PeEF JO
< D{\,’l (]:)T
with
N _ N _
thwz )T = sup / / (s,a)wy(s)ws(s — a) [F (da,ds) g(s,a)u(s,a)dads]
pEF

Remark 4.14. This is where the remark 4.3 is fully needed to ensure the simplicity of the proof.
Since we take F = ’HT‘S(L), we have ¢(s,a) —my(a) € H°(L) up to a constant. One could relaz

the choice of F = H79(L), however this would prove another upper bound since we would no longer
have d(p) =~ |p —my|2. 4 in this case.

Proposition 4.15. We have, noting vy = |w1w2|1,ooN_1/2, there exist €1 such that

P(DY, o, (F)r > Croy(l+u) S (e 1) P Al +e VN

up to a constant depending only on R, Cy, T, and |go|1, where these constants are defined in the
precedent chapter.

So we have
P(Ty > C1py) < P(DY,(F)r > €1ph) < P(DY,(F)r > CIn(N)N"Y?) S 1/N +e VN <1/N

Now we can turn into 7. We need to cut according to Y. More precisely we have T <
T271 + T272 where

o T
Ty = sup / (m (a) — B (a) / o(s, a)p(s, a))T™ (ds, da)

peF

Tho = sup/ / (s,a)0(s,a) (BN (a) — fi)FN(ds,da)

pEF 0

These two quantities can be bounded up to a constant by a quantity of the form

sup DT sup V¥
pEF N k<DN

with V¥ = fo 1N (z,a) — g(w,ar)|dx for Toq and Y,V = [TV (ay) — m for Ty 5.
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We show the result for bounding 75 ;.

[eS) T
sup /0 (mg(a) — ‘Z]N(a)/o g(s,a)e(s,a)) TN (ds, da)

peF

_ TN TN _ N
~ sup / / 0N (a) V (@Y (2, 0) g(x,a»w(x,a)da:]r (ds, da)

peF

< ' / N [ / '@ (ea) g(x,a»dx] I (ds, da)

1 .
Sy D sw [ 16 @) - gle,an)lds
k<DX Jo

From the theorem 3.26 we know how to control E [|¢X (z, ax) — g(z, a;)[P|By], and we have the
following lemma, easy consequence of the Bernstein inequality.

Lemma 4.16. Let Yy > 0 such that for all s € [0,T] , E[|Ys|P] < p!BCP~2, then

P <|/OT Ya| = E(|Ya|)ds| > ) < 2exp (2(BT+20T>)

where By = 4TB and Cr = 2TC.

We have E [[gY (2, ar) — g(z, ar)|P|By] < Mplvk,.So we can apply the lemma with B = Mv%
and C = vy and we have

T
P (/ g (z, ar) — g(z, ar)|dz > C1Ton (1 + U)|BN>
0

=P (/0 13y (z, ax) — g(@, a)|dz > /o E [|§]iv(x7ak) — g(x,ak)|] dx + €|BN>

—e2
<2
=2 (4TUN(2M’UN + e)>

where ¢ = C;Toy (1 +u) — foTE 19N (z, ar) — g(z, a)|] dz > Toyu.

; . —z® ia .
Since = :— exp (m is decreasing for z > 0 we have

ATv2,(2M + Tu)

<e Tu?
o [ Tu"
=P\ 712 o)

T _ T202 1,2
P / |in(x,ak)—g(:r,ak)|dx2ClTvN(1+u)|BN <26xp( N )
0

So we have

A2T In(N)?
(2M + Aln(N))

T
P (/ |§iv(x,ak) —g(z,ar)|dz > ATClp}*V|BN> <exp (—4 ) < N—AT
0
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for N great enough, and we take A = 2/T. We can write with K = 20,01

* 1 T A * ~
P(T> = Kpy) <P (NDév sup / |62 (2, a) — gz, ax)|dz > Kpy| Dy < C2N, BN)
E<DN Jo

+P(DY > C;N) +P(BY)

T
<CyN sup P </ 19N (z,a) — g(x, ap)|dz > 2Clp7V|BN> +1/N + e~ VN <N!
k<C>N 0

This conclude the part for 75 ;. For 15> we just need to use the lemma 4.13. This conclude
the proof with oy = N~

4.3 Proof of property 4.15

Lemma 4.17.

Dy, (F) < sup I (wl, w2) () + sup [A, L, (9)7] (4.2)
peF peF

Where A, ., (@) is a squared integrable martingale with predictable compensator (AL . (¢))¢

equals to
Nt wy (8)%ws sfazap s,a2u s,a,Zév_U a))ZY (da)ds. .

Moreover we have

sup 74 (w1, w2)(9) 5 [wili Wi, (F)r + wrwa W (F)r + W s (F)e W (F)r (4.4)
we

Proof. Comes from the proof of the lemma 3.42. O

We next study the deviation of sup,c AN (@)l

Lemma 4.18. For any @1, p2 € F we have on a certain event Ay N By
N N
‘Awl,wg (Qol) - Awl,wz (902)|¢ 5 ’UN|901 - 502|OO

Where | - — - |y stands for the orlicz norm with ¥(x) = e® — 1 and P(AS N By) S e VN,

With this lemma we can then conclude applying the result on metric entropy, as found in [44],

we get a mild concentration on Ay N By for sup,c » |AY, ., (¢)] with rate vy.

Proof. Let By, w,(¢) be the bound of the jumps of ALY  (¢). Now we work on By.
We plan to apply a classical deviation inequality for martingales (see e.g. Lemma 2.1 in van

der Geer [64] or the classical textbook Shorak and Wellner [61]), namely:

(.

P(AY, 1 (@)r] = (AN, 1, (07 € 0. Buyan(9) <) <200 (= 55 (5) ) (45)

v
Since Aghw (o1 — p2) = Afl\}’hw (p1) — Agl,wz(gpg), we will just work with a generic ¢ during the
proof.
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We have _ _
Buy () S N7 wnloolwslooR [14+ (14 B)| (14 P)lgloc
And we have from the lemma 3.42
(AY, (@) S NTHIY (wh,w3) + Jwrws 3]

w1, W2

We take Ay the event {W{|(F)r < 1}. We also define A(k) as an event whereW," ,(F)r <
5 yWs

(1 4 K)|wz|oN~1/2 and vahw (F)r < (14 K)|wiwe|aN~2 up to a good constant such that
(4.6) is true. And PY <1 since we are on By. We have

Buy s (9) S N7Hwilsolwzloolploe S vnlelos o (AW, wy)1 S (1+ K)oi]ol%
We can impose to find an event A(x) such that

/ T P(A())e dr < 1/2 (4.6)

as in the proof of Theorem 3.13 for example. Then we have a constant C,

. L (4R u
P(IAY, 1y (9)7] = u, AR), By, Ax) < 2exp (= Cy % p<02<1+m>|sooo>)

And we can calculate Ey (¢ AL, (01)r — AN, ., (@2)7])1B, ] equals to
=E[exp(c ALY, ., (1)1 — AL 4, (02)r)1s,] — 1

= [ Bl AN,y (o0)r — AN, (ea)a) > . B Ax)
1

= / P(IAN, w, (01)r — AN 1, (02)7| >k, By, An)e"dr
0

o (1+H)~< cK > 1
<2 - C C ®dk + 5,
> /0 exp( 1 U]QV P 2 |<P|oo(1 T m) )e K45

Then we just have to take ¢ = C|¢|sovn, to conclude. O

From this we have

P(sup [AY, ., (0)7] > Con (1 +u)) <P(sup |AY, ,(9)r] > Con(1+w), By, Ax)

w1, W w1, w2
peF peF

+ P(Sug |AT, w. (97| = Con (1 +u), By, Aw)
pEe

+B(sup |AY, L, (P)r] > Con (14 u), B, A3)
pe

+B(sup A, L, (P)r] > Cow (14 u), B, AR)
pe

<(e® —1)"P A1+ 2P(BS) + P(AS, By)
<=1 Aal+e VN
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P(sup |Z), 4, (¢)7| = Con(1+u)) <P(sup |I3), ., (¢)7| > Con(1+u), By, Ay)
peF peF

+ ]P(Sug Iﬁ,u@(@)T' > CUN(l + u)aBI(.\/'vAN)
pe

+ P(sup T2, s (P)7] = Con (1 + ), By, AR)
e

+P(sup [Z3), o, (9)7| = Con (1 +u), By, AR)
YEF

<(e" —1)"' A1+ 2P(BY) + P(A%Y, By)
S(e*—1)7PAL+ e VN

which gives us the result by union bound.

5 Remaining proofs

5.1 Discussion around the lower bound

Even without any proof we have some result about the lower bound. First of all we take o = 1
and we can take pur = 14 v5. We have then the following lemma.

Lemma 4.19. P is absolutely continuous with respect to Py and we have

In(&) = In (?;’; T) =N /OT /OOO —vi(s,a) +In(1 + vi(s,a)) ZN (da)ds

T
+ / / Licnzy 1y w<110g(1+ vi(s, a;))Qu(ds, di, dv)
0 NxRy

This lemma is just an adaptation of the lemma 3.50. We can from this lemma get a control of
In(&y). We have
[ (k)| < Vi + |M(T)]

where Y3, = N3, + NWY (F)r and Mg (T) is a martingale such that
’ Vk:
(Mi)r <Yy

Lemma 4.20.
P(|In(&k)| = 2C" [vkfalvkloa N2 (1 +u) + N{wil3 ) <

Proof.
P(| ()| 2 20" [Vl |viloo N2 (1 4+ u) + Nlwxl3 )
<SPINWX(F)r > C'vglalvelo N2 (14 )
+ P(IMy(T)| 2 C'vilofvil oo N2 (1 +u))
<(e* —1)7' Al

- ~ Clvglalviloo N2 (14u)
—C'\vilalv INL/2(1 4y vk loo kl2lvE
Ivil2lvelos (1+u)p O ug 2w loo N1/ 2 (1) + N vy, 13

+e
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Since |AMk| S |Vk|oo

P(|My(T)| > C' |||l NY2(1 + ) <
P(|Mi(T)| > C" g |a|vi o N V2 (1 + ), (M) < C'|vl2|vielo N2 (1 + u) + Nvi3 ,)
+P(Yi, > C'|vile vl N2 (1 +u) + Nvgl3 )

~ C’ o N/2(1
sexp< C ol V(1 + u)p< Vil Clonlalioe V(02 1) >)+<eu_1>—1m

C'|vkl2|viloo NV/2(1+ u) + Nlvil3

P(NWX(F LF)r = C'ulalveloe N2 (14 w) S (e = 1)71 AL O

To end the lower bound we just need to control E[ﬁ(zk 1 & — 1)?] since in this case we
would have with Z = & S0 &,

P(Z 1] < 6) <E[5 5D 6 — 17167
k=1

However we are only able to control with our precedent control E[In (&, )?] which is not sufficient
to conclude.

5.2 Proofs of the property 4.6
We use the lemma 4.12 to get that

|d¥ — cF| < sup [dV (¢) — ¥ (9)]

pEF

where
T o
Y= [ tetsi0) - m¥ @)r¥ ds,da)
o Jo
and
DT RT
/ / saFN ds,da) ——szk i1 — (pzkezk;
k=1 i=1
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So we have since U2 is bounded uniformly in & by the lemma 4.13 and the fact that g is bounded
below.

AN () — " (p)]

| or oY
<y N S (tivr —ti)pinbly, — N Z/ 9% (s, ar) (s, ay)ds
k=1 i=1 k=170
| F [m .
Sw > (tiv1 — ti)pinb]y, —/ 9 (s, ar)p(s, ax)ds
. 0
k=1 |:=1
R¥ tit1

<iD¥ sup Z

~Y
N
k<D i1

(tiv1 — ti)pi kb */ 92 (s, ar) (s, a)ds

ti

1 tit1 .
Sy s sup [ fpusdl - 02 (s, an)o(s )| ds
k<DN i<RN Jt;

1 tita1 .
S~ D7 suwp Sup/ i k00 — a2 (5, ar)p(s, ar)| ds
t;

~N k<DXN i<RYN
1 N tit N AN fet ~N
S~Dr sup sup / |07, — s (s,ak)|d8+/ |92 (5, ax) (i — @(s,ax))| ds
E<DN i<RY Jt; t

We get, since K is lipschitz and the lipschitz constant of K}, is h—2

fot n 1 _ ng L3
5 oN _ N , d <lt, P < LN
121/}1%%] /t7 ‘ ik g* (8 a/k?)’ S ~ N | i+1 1| h?v ~ N h?v

and

tig1 1 _ _
sup / 197 (5, a) @ik — (5 ax))| ds S +—tigs — 10 < L3y
i<RY Jt; hn

Which leads to the end of the proof.
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Résumé

Létude du taux de mortalité dans des modeles
de population humaine ou en biologie est le
coeur de ce travail. Cette these se situe a la
frontiere de la statistique des processus, de la
statistique nonparamétrique et de I'analyse.

Dans une premiére partie, centrée sur une
problématique actuarielle, un algorithme est
proposé pour estimer les tables de mortalite,
utiles en assurance. Cet algorithme se base
sur un modéle déterministe de population.
Ces nouvelles estimations améliorent les
résultats actuels en prenant en compte la
dynamique globale de la population. Ainsi
les naissances sont incorporées dans le
modele pour calculer le taux de mort. De
plus, ces estimations sont mises en lien avec
les travaux précédents, assurant ainsi la
continuité théorique de notre travail.

Dans une deuxieme partie, nous nous
intéressons a I'estimation du taux de mortalité
dans un modeéle stochastique de population.
Cela nous pousse a utiliser des arguments
propres a la statistique des processus et a
la statistique nonparamétrique. On trouve
alors des estimateurs nonparamétriques
adaptatifs dans un cadre anisotrope pour
la mortalité et la densité de population,
ainsi que des inégalités de concentration
non asymptotiques quantifiant la distance
entre le modele stochastique et le modeéle
déterministe limite utilisé dans la premiére
partie. On montre que ces estimateurs restent
optimaux dans un modéle ou le taux de mort
dépend d’interactions, comme dans le cas de
la population logistique.

Dans une troisieme partie, on considére la
réalisation d’un test pour détecter la présence
d’interactions dans le taux de mortalité. Ce test
permet en réalité de juger de la dépendance
temporelle de ce taux. Sous une hypothése,
on montre alors qu'il est possible de détecter
la présence d'interactions. Un algorithme pra-
tique est proposé pour réaliser ce test.

Mots Clés

Statistique nonparamétrique, Dépendance
, Statistique des processus aléatoires,
Inégalités de concentration, Equation aux
dérivées partielles, Adaptativité, Inégalité
oracle, Sélection de fenétre, Estimateurs a
noyaux, vitesse de convergence minimax, test
nonparamétrique.

Abstract

In this thesis, we study the mortality rate in
different population models to apply our results
to demography or biology. The mathematical
framework includes statistics of process,
nonparametric estimations and analysis.

In a first part, an algorithm is proposed to
estimate the mortality tables. This problematic
comes from actuarial science and the aim
is to apply our results in the insurance field.
This algorithm is founded on a deterministic
population model. The new estimates we
gets improve the actual results. Its advantage
is to take into account the global population
dynamics. Thanks to that, births are used
in our model to compute the mortality rate.
Finally these estimations are linked with the
precedent works. This is a point of great
importance in the field of actuarial science.

In a second part, we are interested in the
estimation of the mortality rate in a stochastic
population model. We need to use the tools
coming from nonparametric estimations and
statistics of process to do so. Indeed, the
mortality rate is a function of two parameters,
the time and the age. We propose minimax
optimal and adaptive estimators for the
mortality and the population density. We
also demonstrate some non asymptotics
concentration inequalities. These inequalities
quantifiy the deviation between the stochastic
process and its deterministic limit we used in
the first part. We prove that our estimators
are still optimal in a model where the mor-
tality is influenced by interactions. This is
for example the case for the logistic population.

In a third part, we consider the testing prob-
lem to detect the existence of interactions. This
test is in fact designed to detect the time de-
pendance of the mortality rate. Under the as-
sumption the time dependance in the mortality
rate comes only from the interactions, we can
detect the presence of interactions. Finally we
propose an algorithm to do this test.

Keywords

Nonparametric statistics, Dependance , Statis-
tics of process, Concentration inequalities,
Partial differential equation, Adaptive estima-
tion, Oracle inequality, Bandwidth selection,
Kernel estimation, minimax rate of conver-
gence, nonparametric testing.
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