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Chapter 1

(zeneral Introduction

In the thesis we are interested in controlled diffusions on a network structure and on the
associated partial differential equations. We address here three basic problems: the exis-
tence of a diffusion, the optimal control of this diffusion (dynamic programming principle)
and the well-posedness of the associated Hamilton-Jacobi equation. For simplicity of no-
tation, we will focus on a network consisting in a single junction, as the multi-junction
setting can be treated with similar tools. In this framework the diffusion satisfies the

following controlled reflected stochastic differential equation
dI(t) = O’i(t)(t, [E(t), Bi(t) (t))dW(t) + bi(t) (t, I(t), ﬁi(t)(t))dt + dl(t), 0 S t S T (1.1)

T
where [(-) is a non decreasing process starting from 0, satisfying / 1a(s)>01dl(s) = 0,
0
and W is a standard one dimensional brownian motion.

The corresponding Ito’s formula is given by

dfie) (t,z(t)) = Oz fi(t) (t, x(t>>0i(t) (t,z(t), Bict) (t)dW (t) + (atfi(t) (t,z(t)) +

%ax,xfia) (t, (£)) 0 (t, (1), Bige (1)) + u fiy (8, (1)) bie (¢, (1), Bicey @))) dt

+3 " 0ufi(t,0)a(t)di(t), 0<t<T, (1.2)

for f regular enough.

We recall that a junction J consists in a vertex and a finite number I € N* of edges.



More precisely:
J = {X:(x,z'), xER+andi€{1,...,I}},

where all the points (0,4), i = 1,..., 1, are identified to the vertex denoted by 0. We can

then write

with J; ;== Ry x {i} and J; N J; = {0} for i # j.

They will be two types of control. The first ones are the [3; appearing on each edge J; in
, and are classical from a mathematical point of view for a problem of control. The
second ones are the terms «; appearing in , in front of the term of reflection [, that
we will call in the sequel the control at the junction point, and can be interpreted as the
probabilities of moving to another edge as soon as the junction point is reached by the
process.

The optimal control consists in minimizing the cost

EP[ Z:; /tT1{(z(um(u))eﬁ}hi(u’xw)ﬁi(u)ﬂu+/tThO(u’al(u)"'Oq(u))dl(u)+9(XT) ]

with cost h; on each edge J, cost hy at the junction point, and the terminal condition g.
The value function v associated with this problem satisfies (at least formally) the following
backward Hamilton-Jacobi equation at the junction, with non linear Kirchoff condition

at the vertex

Owui(t, x) + Hi(t, x,u;(t, x), Opui(t, x), Oy pui(t, x)) = 0, if (¢,x) € (0,7T) x (0,+00),
F(t, u(t,0),d,u(t,0)) =0, if t € (0,T), (1.3)
u(T,-) = g(),



where

1
Hl<t7 T,u,p, S) = infkiGKi {503(t7 T, kl)S + bl(tu T, kz)p + hl(ta T, kl)}a
I

F(t; U,p) - infa:(ah...&])er { Z azp + ho(t, a]_ P Oé[)}
i=1

Let us recall that the concept of ramified spaces and the analysis of (linear) partial differ-
ential equation on these spaces were first introduced by Nikol’skii [34] and Lumer [31, 32].
They are naturally associated with stochastic processes as in living on graphs. These
processes were introduced in the seminal papers [15] and [16], where they appear as the
singular perturbation of Hamiltonian systems. Since then there has been a large litera-
ture on the subject: see for instance the survey paper [27] on similar (multi-dimensional)
stochastic systems and their interpretations.

On the PDE side, there has been several works on linear and quasilinear parabolic equa-
tions of the form (|1.3f), with more general Hamltonians on the edges. For linear equations,
von Below [38] shows that, under natural smoothness and compatibility conditions, linear
boundary value problems on a network with a linear Kirchhoff are well-posed and enjoy
a strong maximum principle. In [40] he also studies the classical global solvability for
a class of semilinear parabolic equations on ramified networks, where a dynamical node
condition is prescribed. Still in the linear setting, another approach, yielding similar ex-
istence results, was developed by Fijavz, Mugnolo and Sikolya in [12]: the idea is to use
semi-group theory as well as variational methods to understand how the spectrum of the
operator is related to the structure of the network.

Equations of the form can also be analyzed in terms of viscosity solutions. The
first results on viscosity solutions for Hamilton-Jacobi equations on networks have been
obtained by Schieborn in [36] for the Eikonal equations and later discussed in many con-
tributions on first order problems |8, 20] 28], elliptic equations [29] and second order
problems with vanishing diffusion at the vertex [30]. Let us finally quote the very recent
paper [2] which discusses the well-posedness of stationary Hamilton-Jacobi equations on
a network and builds solutions to ergodic mean field game systems on this network. The
same authors will in a forthcoming work treat the finite horizon MFGs, in the nonstation-

ary case. Still in the MFGs theory on networks in the nonstationary case, we refer to the



following recent thesis [9], where the author studies MFG PDE system on a junction, with
linear Kirchoff condition at the junction point, and build weak solutions of the system in
Sobolev spaces, with Lipschitz Hamiltonians.

The main reason for studying equation is the optimal control of a diffusion living
on the junction. Control problems on stratified domains or networks have already been
well-studied in the literature, most often for first order problems, and we refer for instance
to [3], [, [5], [L7],[1],[33]... On the other hand, for stochastic control problems with re-
flection and controllability at the boundary, we refer to [II], where the author studied
optimal reflection with some applications in financial markets.

Let us recall in the sequel, the main difficulties and motivations that we have faced out
in this thesis:

First of all, to study a problem of control, with control at the junction point, which in-
volves the behavior of the process {(-) given in (1.2)), we can not consider second order
terms vanishing at the junction, since the quadratic variation of I(-) is centrally related
to the assumption of ellipticity. From a PDE point of view, we will study the quasi linear
case, since in the literature, the viscosity context have been seldom considered, and a
comparison Theorem for the problem , with non vanishing viscosity at the junction
point is still an open problem. Moreover, in the quasi linear context, classical solutions
and their uniqueness have been proved in [40], but with a dynamical Neumann condition
at the junction point, which can not been used for our problem regarding to the generator
giving in ([1.2)). The same author proves the existence and uniqueness of a solution, when
the Neumann boundary condition is non dynamical, but with viscosity vanishing at the
junction point. The proof uses classical fixed point arguments, and this method is not
well adapted for our problem. This is why, we will consider an elliptic scheme, since the
non degenerate elliptic problem is well known in literature.

The second main difficulty for studying a problem of control at the junction, is that we
should be able to get the existence of a diffusion with measurable, and time dependent
coefficients. This the main motivation of Chapter [3| where we propose another proof of
the existence on a diffusion, since semi-groups techniques used in [I5] are not adapted
to this context. The main problem we face out, is that we are not able to have measur-

able coefficients «; at the junction point, and this the key point to formulate a verification



Theorem in the theory of stochastic control. However, in the last Chapter [} we will prove
the dynammic programming principle, adapting classical arguments of compactification
methods, to our problem which is a good starting point. We get several technical results,
that will be used in a future framework to improve this theory.

Our contributions to the topic are the following:

o Well-posedness of the Hamilton-Jacobi equation (1.3), in the time dependent and

uniformly parabolic setting.

In Chapter [2] we prove the existence of classical quasi linear solution to equation
. Our main assumptions are that the equation is uniformly parabolic with
smooth coefficients and that the term F' = F'(u, p) at the junction is either decreasing
with respect to u or increasing with respect to p. Note that, in contrast with most
previous works, we assume that the diffusion is not degenerate (in particular at the
junction) and of evolution type. We also prove a comparison principle, from which
we derive the uniqueness of the solution.

The main idea of the proof is to use a time discretization, exploiting at each step the

solvability of the associated elliptic problem:

—0(z, 0pui (7)) 0y pui(x) + Hi(z,ui(x), Opui(x)) = 0,
F(u(0),0,u(0)) = 0.

e Construction of a solution to the diffusion (1.1)).
Before discussing the optimal control problem (1.3), we show how to build a stochastic
process of the form (|1.1]). Let us recall that in [I6], this process is built by semi-group

techniques.

The aim of Chapter [3]is to provide a different and more intuitive method for the con-
struction of the diffusion . We explain this construction in the time-independent
framework, where the coefficient of the diffusion at the junction a@ = («;) are fixed.
Our idea is to build the process as the limit, as the small parameter ¢ tends to 0, of
processes which jump at a position 0 on a branch as soon as it touches the junction
point 0. The branch i is chosen randomly (and independently of the process) with

probability «;. We also describe the process [ as the limit of the quadratic variation



of X over the times spent at the neighborhood of 0.

e Dynamic programming principle for the optimal control problem (1.3)).

In Chapter |4, we study stochastic control problems at the junction, with control
at the junction point. This kind of problem has not been studied before and our
main result is a dynamic programming principle. For this we follow the classical
strategy of proof introduced in [25]. We use a weak formulation in the problem,
the main novelty (as well as the main difficulty) being to treat the reflexion at the
junction point, which is responsible for the process [ in . Our first main step is
to prove the compactness of the class of admissible controls. Then we show stability
properties of the set of controls by conditioning and concatenation at stopping times,

from which we derive the dynamic programming principle.

Beside this introduction, the thesis is organized in 3 Chapters: in the first one we
analyze the Hamilton-Jacobi equation with a Neumann boundary condition at the junc-
tion; in the second one we build a solution to the reflected process while the last one is

dedicated to optimal control problems on the junction.

Different topics can be treated in futur frameworks, as the viscosity theory for equations

of type|l.3] the verification theorem for the stochastic problem, and applications in MFGs.



Chapter 2

(Quasi linear parabolic PDE in a
junction with non linear Neumann

vertex condition

This chapter is based on a paper written under the supervision of P. Cardaliaguet and
submitted for publication: "I.Wahbi. Quasi linear parabolic PDE in a junction, with non

linear Neumann boundary condition. ArXiv:1807.04032, 2018,” [41].

2.1 Introduction

In this Chapter, we study non degenerate quasi linear parabolic partial differential equa-
tions on a junction, satisfying a non linear Neumann boundary condition at the junction

point x = 0:

Opuy(t, ) — 04(w, Opusi(t, 2)) 02 yus(t, ©) + Hi(x, us(t, ), Qpus(t, x)) = 0,
for all z > 0, and for all ¢ e {1...1}, (2.1)
F(u(t,0),0,u(t,0)) = 0.

The well-known Kirchhoff law corresponds to the case where F' is linear in d,u and

independent of u.

Originally introduced by Nikol’skii [34] and Lumer [31, B2], the concept of ramified



spaces and the analysis of partial differential equation on these spaces have attracted
a lot of attention in the last 30 years. As explained in [34], the main motivations are
applications in physics, chemistry, and biology (for instance small transverse vibrations
in a grid of strings, vibration of a grid of beams, drainage system, electrical equation with
Kirchhoff law, wave equation, heat equation,...). Linear diffusions of the form 7 with
a Kirchhoff law, are also naturally associated with stochastic processes living on graphs.
These processes were introduced in the seminal papers [15] and [16]. Another motivation
for studying is the analysis of associated stochastic optimal control problems with
a control at the junction. The result of this Chapter will allow us in a future work to
characterize the value function of such problems.

There has been several works on linear and quasilinear parabolic equations of the
form (£.4). For linear equations, von Below [38] shows that, under natural smoothness
and compatibility conditions, linear boundary value problems on a network with a linear
Kirchhoff condition at the vertex point, are well-posed. The proof consists mainly in
showing that the initial boundary value problem on a junction is equivalent to a well-posed
initial boundary value problem for a parabolic system, where the boundary conditions are
such that the classical results on linear parabolic equations [26] can be applied. The
same author investigates in [39] the strong maximum principle for semi linear parabolic
operators with Kirchhoff condition, while in [40] he studies the classical global solvability
for a class of semilinear parabolic equations on ramified networks, where a dynamical
node condition is prescribed: Namely the Neumann condition at the junction point x = 0

in (4.4), is replaced by the dynamic one
Owu(t,0) + F(t,u(t,0),0,u(t,0)) = 0.

In this way the application of classical estimates for domains established in [26] becomes
possible. The author then establish the classical solvability in the class C'*®2T% with
the aid of the Leray-Schauder-principle and the maximum principle of [39]. Let us note
that this kind of proof fails for equation because in this case one cannot expect an
uniform bound for the term |0,u(t,0)| (the proof of Lemma 3.1 of [26] VI.3 fails). Still
in the linear setting, another approach, yielding similar existence results, was developed

by Fijavz, Mugnolo and Sikolya in [I2]: the idea is to use semi-group theory as well as



variational methods to understand how the spectrum of the operator is related to the
structure of the network.

Equations of the form can also be analyzed in terms of viscosity solutions. The
first results on viscosity solutions for Hamilton-Jacobi equations on networks have been
obtained by Schieborn in [36] for the Eikonal equations and later discussed in many
contributions on first order problems [8], 20, 28], elliptic equations [29] and second order
problems with vanishing diffusion at the vertex [30].

In contrast second order Hamilton-Jacobi equations with a non vanishing viscosity at
the boundary have seldom been studied in the literature and our aim is to show the
well-posedness of classical solutions for in suitable Hoder spaces: see Theorem
for the existence and Theorem for the comparison, and thus the uniqueness. Our
main assumptions are that the equation is uniformly parabolic with smooth coefficients
and that the term F' = F(u,p) at the junction is either decreasing with respect to u or
increasing with respect to p.

The main idea of the proof is to use a time discretization, exploiting at each step the

solvability in C?** of the elliptic problem

—0i(z, 0pui ()02 yui(x) + Hy(w, ui(x), Opus(x)) = 0, (2.2)

F(u(0),0,u(0)) = 0.

The Chapter is organized as follows. In section [2.2] we introduce the notations and state

our main results. In Section [2.3] we review the mains results of existence and uniqueness
of the elliptic problem (2.2)). Finally Section , is dedicated to the proof of our main

results.

10



2.2 Main results

In this section we state our main result Theorem [2.2.2] on the solvability of the parabolic

problem with Neumann boundary condition at the vertex, on a bounded junction

(atui(t, x) — oi(x, 0pui(t, )0y pu;(t, )+
Hi(x,ui(t,x), 0pu;(t,x)) = 0, if (t,z) € (0,T) x (0,a;),
F(u(t,0),8,u(t,0)) = 0, iftel0,7T), (2.3)

Vi € {1 .. ]}, ui(t,ai) = ¢Z(t)7 ift e [O,T],

(Vie{l...I}, w(0,2) = gi(z), ifzel0a]

There will be two typical assumptions for F' = F'(u, p): either F'is decreasing with respect

to u or F' is increasing with respect to p (Kirchhoff conditions).

2.2.1 Notations and preliminary results

Let us start by introducing the main notation used in this Chapter as well as an interpo-
lation result.

Let I € N* be the number of edges, and a = (ai,...as) € (0,00)! be the length of each
edge.

The bounded junction is defined by

J¢ = { X = (2,i), z€[0,a;] and i € {1,...,1} },

where all the points (0,7), ¢ = 1,..., 1, are identified to the vertex denoted by 0. We can

then write

I
J = UJiai7
i=1

with Ji" := [0, a;] x {i}, /"N J" = {0}. For T > 0, the time-space domain J} is defined
by

@ = [0,T) x J°

11



The interior of J7 set minus the junction point 0 is denoted by joj‘f, and is defined by
I o
gi = 1) x (Jm).

=1

For the functionnal spaces that will be used in the sequel, we use here the notations

of Chapter 1.1 of [26]. For the convenience of the reader, we recall these notations in

Appendix [A]

In addition we introduce the parabolic Holder space on the junction (C é’l(jj‘%), I Hc L ”(J“)>
T

and the space Cb%’l(joj‘l), defined by (where [ > 0, see Appendix [A| for more details)
CH(TR) ;:{ FrTe =R, (t(2,0) = filt,x), Y(i,j)e{l...1}%, Vte (0,T),
fi(ta O) = f](t,O) = f(ta 0)7 VZ € {1 c I}, (t,%) = fz(twr) € Cé’l([O?T} X [Oaaz]) }7

" ={ f o R () - filta),

Vie{l. I}, (ta)e filt,n) €G0,T) % (0,a) },

with

HuHC%’l(Jj‘%) = Z ”uiHC%’l([O,T}X[O,ai])'
1<i<I

We will use the same notations, when the domain does not depend on time, namely 1" = 0,
Qr = Q, removing the dependence on the time variable.
We continue with the definition of a nondecreasing maps F : Rf — R.

Let (z = (z1,...27),y = (y1-..y1)) € R*!, we say that
x<y, if Vie{l...I}, z;<uy;,
and

z <y, if z <y, and there exists j € {1...I}, z; <y;.

12



We say that F' € C(R!,R) is nondecreasing if

Y(z,y) € RY, if <y, then F(x) < F(y),
increasing if

V(z,y) € R!, if v <y, then F(x) < F(y).

Next we recall an interpolation inequality, which will be useful in the sequel.

Lemma 2.2.1. Suppose that u € C™'([0,T] x [0, R]) satisfies an Hélder condition in t
in [0,T] x [0, R], with ezponent o € (0,1], constant vy, and has derivative Oyu, which
for any t € [0,T] are Holder continuous in the variable x, with exponent v € (0,1], and

constant vy. Then the derivative O,u satisfies in [0,T] x [0, R], an Hélder condition in t,

ay

with exponent 5 et

and constant depending only on vy,vs,y. More precisely

V(t,s) € [0,T)? |t—s| <1, Vee[0,R]
XL __1
|0,u(t, ) — Dyu(s,z)| < <2V2<%> L o <~/u2> 1+7> it — s|ﬁ

V1

This is a special case of Lemma I1.3.1, in [26], (see also [34]). The main difference is
that we are able to get global Holder regularity in [0, 7] x [0, R] for J,u in its first variable.

Let us recall that this kind of result fails in higher dimensions.

Proof. Let (t,s) € [0,T]?, with |t —s| <1, and x € [0, R]. Suppose first that = € [0, %]
Let y € [0, R], with y # x, we write

Oyu(t,x) — dyu(s,x) =

! /y (Qpu(t,x) — Opul(t, 2)) + (Opult, z) — Opuls, 2)) + (Opu(s, z) — dpu(s, x)) dz.

Yy—x

Using the Holder condition in time satisfied by u, we have

2u1|t — s|*

ly — o

‘ 1

y—x /g; (Ozu(t, 2) — Ozu(s, 2))dz| <

13



On the other hand, using the Holder regularity of 0,u in space satisfied, we have

1 Yy
| / (uult, ) — Dyult, ) + (Buu(s, =) — deuls, 2))dz| < 2waly — 2|
Yy—o Jg
It follows
2u1|t — s|®
|0,u(t, z) — Oyu(s,z)| < 22wmly—z|7 + %

1
Assuming that |t — s| < ((%)14—’7&) “ A1, minimizing in y € [0, R], for y > =, the right

V1

side of the last equation, we get that the infimum is reached for

. vt —s|*\ o
oo e s (A
TV2
and then

Osult, 2) = Qyu(s,z)| < Clvr, v, )|t — |57,

where the constant C'(vy, v, 7), depends only on the data (4, 15,7), and is given by

= 1
Cvi,v2,7) = 2w <i) T oy <m) "
TV2 "
For the cases y < z, and x € [%, R], we argue similarly, that completes the proof. O

2.2.2 Assumptions and main results

We state in this subsection the central Theorem of this Chapter, namely the solvability
and uniqueness of (2.3) in the class C2'%(J#) N C;+%’2+a(jﬁ). In the rest of these
Chapter we fix a € (0,1).

Let us state the assumptions we will work on.

Assumption (P)

14



We introduce the following data

F € C°(R x RY,R)

geC I NCTY)
and for each i € {1...1}

o; € CY([0,a;] x R, R)

H; € C([0,a;) x R%,R)

i € Cl([O,T],R)

We suppose furthermore that the data satisfy
(i) Assumption on F

a) F is decreasing with respect to its first variable,

b) F' is nondecreasing with respect to its second variable,

c) 3(b,B) € R x R!, F(b,B) =0,
or satisfies the Kirchhoff condition

a) F' is nonincreasing with respect to its first variable,

b) F is increasing with respect to its second variable,

¢) 3(b,B) ER xR, F(b,B)=0.

We suppose moreover that there exists a parameter m € R, m > 2 such that we have
(ii) The (uniform) ellipticity condition on the (0;);cq1..1y : there exists v, 7, strictly positive

constants such that

Vie{l...I}, Y(z,p) €0,a;] xR,

v(1+[p)™? < oi(x,p) < DL+ |p))" 2

(iii) The growth of the (H;)icq1..ry with respect to p exceed the growth of the o; with

respect to p by no more than two, namely there exists p an increasing real continuous
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function such that
Vie{l...I}, Y(z,u,p) €[0,a;] xR* [Hi(z,u,p)| < p(lul)(1+ |p)™

(iv) We impose the following restrictions on the growth with respect to p of the derivatives

for the coefficients (o, H;)icq1...ry, which are for all 4 € {1...1},

@) 1Oyl nagesa (14 )2 + 10 Hillgare < A(ul)(1+ [p)™ ",
) 10,010 (1+ [P + 10: Hilpaeze < (=(ul) + Pllul,[p) (1 + )™+,

0) W(w,u.p) € 0,0] xRS, ~Cy < OuHi(w,up) < (=(ul) + Pllul,lpl) ) (1 + lp)™,

where v and € are continuous non negative increasing functions. P is a continuous func-
tion, increasing with respect to its first variable, and tends to 0 for p — 400, uniformly
with respect to its first variable, from [0,u;] with u; € R, and Cy > 0 is real strictly
positive number. We assume that (v, e, P, Cy) are independent of i € {1...1}.

(v) A compatibility conditions for g and (¢;)q1..13

Theorem 2.2.2. Assume (P). Then system ([2.3)) is uniquely solvable in the class 21+ (J&)N
C;Jr%’%a(jj%). There exist constants (My, My, Ms), depending only the data introduced in

assumption (P),

M, = Ml<maXz'€{1...I} { SUPze(0,a;) | — o4(z, 3x9i(f’5))a§9i(33) + Hi(w, gi(x), 0,9:(v))| +
’at¢i|(0,T) }; maxie{i...1} |gi‘(0,a1;)7 CH) )
My = M, (77£7M(M1)77(M1>’5(M1)7 SUP|p|>0 P(M,, |pl), |a$gi|(0,ai)7 Ml),

My = My(My,p(1+ )™, p(ful) (1 + )™, Jul < My, [p| < M),

such that

ullezey < My, |0zulleze) < Ma,  |[|Owullezey < My, ||0z0ullezey < Ms.

16



Moreover, there exists a constant M («) depending on <a, My, M, M3> such that

HuHc%»Ha(jje) < M<O‘)

We continue this Section by giving the definitions of super and sub solution, and stating

a comparison Theorem for our problem.

Definition 2.2.3. We say that v € CO%*(J%) N CYA(TE), is a super solution (resp. sub

solution) of

Orui(t, x) — oy(x, Opu;(t, x)) 0y pui(t, x)+
Hi(z,ui(t, x), u;(t,x)) = 0, if (t,2) € (0,T) % (0,a;), (24)

F(u(t,0),0,u(t,0)) = 0, ifte(0,T),

atui(ta 37) - Ui(xa a:r:uz(ta 'T))az,xuz(ta Qf)+
Hz(xuuz<t7x)7a;tuz(tax)) > 07 (T@Sp. < 0)7 V(t,l’) € (O7T) X (07ai>a

F(u(t,0),0,u(t,0)) < 0, (resp.>0), Ve (0,T)

Theorem 2.2.4. Parabolic comparison.

Assume (P). Let u € C™(J#) ﬂC;’Z(joﬁ) (resp. v € COYTH) ﬂC;Z(jOj%)) a super solution
(resp. a sub solution) of R.4), satisfying for alli € {1...1}, u;(t,a;) > v;(t, a;), for all
t €[0,7], and u;(0,x) > v;(0,z), for all x € [0, a;].

Then for each (t,(x,1)) € Jf : ui(t,x) > v(t, ).

Proof. We start by showing that for each 0 < s < T, for all (¢, (z,7)) € J, wi(t,z) >
v;(t, ).

Let A > 0. Suppose that A > C 4+ Cy, where the expression of the constants (C7, Cs) are
given in the sequel (see , and ) We argue by contradiction assuming that

sup  exp(—At + ) (vi(t,x) — ui(t,x)> > 0.
(t,(z,0))eTE

Using the boundary conditions satisfied by u and v, the supremum above is reached at a

17



point (to, (l’o,jg)) € (0,8] x J, with 0 < xy < Ao -
Suppose first that xq > 0, the optimality conditions imply that

exp(~ Ao + 20) (= Avia(to, 30) — sy (to, 70)) + Oi(to, 30) — Ay (to, 7)) = 0,
exp(— Mo + o)) (Vi (fo, 70) = wip(to, 7o)+ utiy(to, 20) — Dyt (fo, 30)) = O,
exp(—Ato +20) (Vs (fo, 70) = wio(to,20) + 2(Oatsy(fo, 7o) — Datt (to, o) )

+ (8x,mvjo(t0,x0)—&E,mujo(tg,xo))) =

exp(—/\to + ZE())( — (Ujo (to, ZL’()) — ujo (tg, ZE())) —+ &wvjo (to, .To) — 8%17117'0 (to, 1’0)> S 0.

Using assumptions (P) (iv) a), (iv) ¢) and the optimality conditions above we have

Hjo (130, ui(t()v *TO): aJﬂujo (tOv xO)) - Hjo (l‘o, Ujo <t07 xO)? aﬁﬂvjo (t(]? Z‘O)) <
(v t0: 70) = i (to,0) ) (Cir + (10w (fo, 20)) ) (1 + Dty (fo, 7)) V 192 o, 0)) ™)

< ¢4 (Ujo(toafb’o) — Ujo(t0,$0)>,

where

Cr = maxicpn { SWgaenroa | (Cr+ 1100t )] ) (14100t 2))]

Vo)) L} (2.5)

On the other hand we have using assumption (P) (ii), (iv) a), (iv) ¢), and the optimality

conditions

O jo (%0, a’tvjo (tO’ xO))aI,xvjo (th :EO) — Oj (mO’ aﬂtujo (t()? xo))aﬂi,wujo (tov 1‘0) <
(v to: 20) = wialto, 70) ) (| 71+ 1020 (b, 7o) )2 +
+ '7<|a$ujo(t07 I0>|)(1 + |a$uj0 (t07x0))| \% |8ﬂcvjo(t0’ "L‘O))Dmil )

< (O <"Ujo (to, o) — wj, (to, 370))7

Orirty (t0: 30)|
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where

Cy = maXje(i.r} { Sup(t,x)e[O,T]x[O,ai]{ 7(1+ [Dpvi(t, x)[)™ 2 + 3x,xu1;(t,13)‘

+ (Bl D))+ Bt )| + D))} (2.6)
Using now the fact that v is a sub-solution while u is a super-solution, we get

0<
drujy (to, o) — 0o (o, Outijy (to, T0))Or 2y (to, To) + Hjy (w0, ui(to, To), Oty (to, o))
_atvjo (t07 1'0) + O3 (:)307 aﬁtvjo (t07 xo))aﬂcwvjo (tOv 1’0) - Hjo (:L‘07 Vs (tOv JZO), 833@]6 (tO’ "L‘O))

< —(A = (C1 + C2)) (v (to, o) — gy (to, x0)) < 0,

which is a contradiction. Therefore the supremum is reached at (¢, 0), with tq € (0, s].
We apply a first order Taylor expansion in space, in the neighborhood of the junction
point 0. Since for all (i,7) € {1...1}, u;(t9,0) = w;(ty,0) = u(to,0), and v;(ty,0) =
v;(t,0) = v(to, 0), we get from

\V/(Z,j) S {1, . 1}2, Vh € (0, minie{l,”[} CL,‘]

vi(to, 0) — u;(to,0) > exp(h) <vi(t0,h)—ui(t0,h)),

that
V(’l,j) < {1, Ce [}2, Vh € (O, minie{luj} CLi]
Uj(to, 0) — Uj(to, 0) Z Uz‘(to, 0) — Ui(to, O) +
h( vilto, 0) — wi(to,0) + yvilto, 0) — Byuil(to, 0) ) + hey(h),
where
Vi € {1, . I}, ].imh*)O 81(h) =0.
We get then

Vi € {1, c [}, (9xvi(t0,()) < &cuz(to,O) - (Ui(to,(n — uz(to,O)) < amul(to,O)
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Using the growth assumptions on F' (assumption (P)(i)), and the fact that v is a sub-

solution while w is a super-solution, we get
0 < F(to,’(}(to,O),axU(to,O)) < F<t07u(t070)aamu(t070)) < 07

and then a contradiction.

We deduce then for all 0 < s < T, for all (¢, (x,)) € [0,s] x T,
exp(—A\t + ) (vi(t, x) — u;(t, x)) < 0.
Using the continuity of u and v, we deduce finally that for all (¢, (x,4)) € [0,7] x J*,

vi(t,r) < w(t,x).

2.3 The elliptic problem

As explained in the general Introduction 2.I] the construction of a solution for our
parabolic problem ([2.3) relies on a time discretization and on the solvability of the as-
sociated elliptic problem. We review in this section the well-posedness of the elliptic

problem

—0i(x, 0pui(2)) 0y pui () + Hy(w, ui(2), Opui(z)) = 0, : (2.7)

F(u(0), ,u(0)) = 0

which is formulated for regular maps (z,7) — wu;(x), continuous at the junction point,

namely for each i # j € {1...1}, u;(0) = u;(0) = u(0), that follows at each edge
—0i(z, Opu;i (7)) 0y pui(x) + Hi(x,ui(x), Opui(z)) = 0,
and wu; satisfy the following non linear Neumann boundary condition at the vertex

F(u(0),0,u(0)) = 0, where 9,u(0) = (9,u1(0),...,0,us(0)).
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We introduce the following data for i € {1...1}

)
F eC(R xR R),

o, € CY([0,a;] x R,R)

Hi S Cl([O,ai] X RQ,R)

¢; € R
(
satisfying the following assumptions
Assumption (&)
(i) Assumption on F'

a) F is decreasing with respect to its first variable,

b) F' is nondecreasing with respect to its second variable,

c) 3(b,B) € R x RY, such that : F(b,B) = 0,
or F' satisfies the Kirchhoff condition

a) F is nonincreasing with respect to its first variable,

b) F is increasing with respect to its second variable,

c) 3(b,B) € R x RY, such that : F(b,B) = 0.
(ii) The ellipticity condition on the o;
de>0, Vie{l...I}, Y(x,p) €[0,a;] xR, oy(x,p) > c.
(iii) For the Hamiltonians H;, we suppose

ICy >0, Vie{l...I}, Y(z,u,v,p) € (0,a;) x R?,

ifu<wv, Cylu—v)<H(z,u,p)— Hi(x,v,p).
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For each i € {1...I}, we define the following differential operators (52-,32-)%{1.”1} acting
on C'([0,a;] x R*,R), for f = f(x,u,p) by

1 —
(5,; = 8u+581, (51 = pap.

(iv) We impose the following restrictions on the growth with respect to p for the coefficients

(Ui: Hi)ie{l...[} = (Uz‘(fl’;p)a Hi(aja U»Z?))z‘e{l..,l}, which are for all 7 € {1 R [}

dio; = o(oy),
bioi = O(m),
Hy = O(op),

);

SiH; < o(op®
<

5_1Hz O<Jip2)7

where the limits behind are understood as p — 400, uniformly in x, for bounded wu.
The main result of this section is the following Theorem, for the solvability and uniqueness
of the elliptic problem at the junction, with non linear Neumann condition at the junction

point.

Theorem 2.3.1. Assume (). The following elliptic problem at the junction, with Neu-

mann boundary condition at the vertex

—0;(2, 0pu; (7)) 0y pui(x) + Hi(z,wi(x), Opwi(x)) = 0, ifz € (0,a,),
F(u(0),0,u(0)) = 0, (2.8)

Vie{l...T}, wia;)) = o

is uniquely solvable in the class C**(J?).

Theorem is stated without proof in [29]. For the convenience of the reader, we
sketch its proof in the Appendix [B]
The uniqueness of the solution of , is a consequence of the elliptic comparison The-
orem for smooth solutions, for the Neumann problem, stated in this Section, and whose
proof uses the same arguments of the proof of the parabolic comparison Theorem [2.2.4]

We complete this section by recalling the definition of super and sub solution for the
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elliptic problem ({2.8]), and the corresponding elliptic comparison Theorem.
Definition 2.3.2. Let u € C*(J%). We say that u is a super solution (resp. sub solution)

of

_Uz(xaamfz(x))ax,a:fz<m) + Hz(x7 fz(x)7axfz($)) = 07 fo € (Ovai)7
F(f(0),0:£(0)) = 0,

(2.9)

if
—0i(z, 0,ui(2)) 0 pui(x) + Hi(z, ui(v), Opui(z)) > 0, (resp. <0), if z € (0,a;),
F(u(0),0,u(0)) < 0, (resp.>0).

Theorem 2.3.3. Elliptic comparison Theorem, see for instance Theorem 2.1 of [29].

Assume (€). Let u € C*(J%) (resp. v € C*(J*)) a super solution (resp. a sub solution)
of [2.9). satisfying for all i € {1...1}, wi(a;) > vi(a;). Then for each (x,i) € J* :

ui(z) > vi(x).

2.4 The parabolic problem

In this Section, we prove Theorem [2.2.2] The construction of the solution is based on
the results obtained in Section for the elliptic problem, and is done by considering a
sequence u™ € C%(J*), solving on a time grid an elliptic scheme defined by induction. We
will prove that the solution u™ converges to the required solution.

2.4.1 Estimates on the discretized scheme

Let n € N*, we consider the following time grid, (¢} = %)()Skgn of [0, T, and the following

sequence (uy)o<r<n of C*T*(J*), defined recursively by

for k=0, uy=g,
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and for 1 < k < n, uy is the unique solution of the following elliptic problem

n(wi k() — wig—1(2)) — 0i(x, Opu; k() Op wus () +
Hi(z,uip(x), 0puip(x)) = 0, ifze(0,a), (2.10)
F(ug(0), 0,ur(0)) = 0,

The solvability of the elliptic scheme (2.10) can be proved by induction, using the same
arguments as for Theorem [2.3.1] The next step consists in obtaining uniform estimates
of (ur)o<k<n. We start first by getting uniform bounds for n|uy — ug—_1|(0,4,) using the

comparison Theorem [2.3.3

Lemma 2.4.1. Assume (P). There exists a constant C > 0, independent of n, depending
only the data C = C(maxie{lml} { SUD,e(0.0;) | —0i(2, 029i(2)) 02 gi(x)+Hi(x, gi(x), Opgi(x)) |+
10103 (0,1) },C’H>, such that

sup max ~ max { n|wi e — Uik—1(0,a:) } < C,
n>0 ke{l.n} i€{l..I}

and then

i a; < C + { 4 a; }
ii% kg{loé};} zer?laxl}{ ikl 0.0 } = Jnax |93l (0,a:)
Proof. Let n > |Cy |, where Cp is defined in assumption (P) (iv) ¢). Let k € {1...n},

we define the following sequence

My = maxX;c{1...1} { SUPze(0,a4) | - Uz‘(% 3:::91‘(@)892;91'(95) + Hz‘(%&h‘@)a 3:cgz($)>| + |at¢z‘|(o,T) }>

n
M,, = My 1n, ke{l...n}.
k, M {1...n}

We claim that for each k € {1...n}

“max { n\ui,k—ui,quo,ai)} < M.
ie{l...I'}

We give a proof by induction. For this, if £ = 1, let us show that the map h defined on
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the junction by

is a super solution of (2.10), for £ = 1. For this we will use the Elliptic Comparison
Theorem 2.3.3
Using the compatibility conditions satisfied by ¢, namely assumption (P) (v), and the

assumptions of growth on F', assumption (P) (i), we get for the boundary conditions

F(h(0),0:h(0)) = F( +9(0),0:9(0)) < F(g(0),0,9(0)) = 0,

Mo,

+gila) = ¢ilty).
Foralli e {1...1}, and = € (0,q;), we get using assumption (P) (iii)

n(hi(x) — gi(x)) — oi(x, Ophi(x))03hi(x) + Hi(x, hi(x), ,hi(x)) =

M,
M, — oi(z, axgi(x))aigi($) + H;(x, Tl + gi(z), @cgi(f)) >
_ Ml,nOH

n

My — 04(,0:9:(7))0rgi(x) + Hi(x, gi(x), 02:())

It follows from the comparison Theorem that for all i € {1...1}, and x € [0, a;]

M
ui(z) < L

Using the same arguments, we show that

J*— R
h:=

(x,1) — — + gi(z),

is a sub solution of (2.10) for £ = 1, and we then get
max { sup nluy(z) — gi(x)| } < M.

ie{l...1} z€(0,a;)

Let 2 < k < n, suppose that the assumption of induction holds true. Let us show that

25



the following map

J*—= R
h =
(z,i) = Mmoo (),

n

is a super solution of (2.10]). For the boundary conditions, using assumption (P) (i), we
get

+ ui—1(0), Opur—1(0)) < F(ug-1(0), 0pur—1(0)) < 0,

Moy, n
7;)’ +uip—1(a;) > ¢ilty).

=
£
I
+
£
o~
L
=
vV

For alli € {1...1}, and z € (0,q;)

n(hi(z) — uip1 () — 05(x, 0,h(2))02h(z) + Hi(z, h(z), O,h(z)) =

M.,
My, — 03(2, Optiy 1 (2)) oty o1 () + H(z, Tk + Ui k-1 (), Opug_1 () >

CyMyn
My, — 0i(, Optty o1 (1)) 02U 51 () + Hy(, i gor (), Opup_1 () — Hn ki
Since we have for all z € (0, a;)
—0o;(, 8:0“1’,]@—1(33))89%”1',19—1(33) + Hi(z, uip—1(2), Opuip—1(x)) = —n(uip—1(2) — uir—2()),

using the induction assumption we get

n(hi(x) —uig-1(z)) — oi(z, O.h(2))02h(z) + Hy(x, 0.h(x), 0.h(x)) >

CygM,.., n—C
My — n(u;g—1(z) — us p—o(x)) — Hn B> M, il

It follows from the comparison Theorem that for all (z,7) € J*

My,

up(z) < + ;g1 ().

Using the same arguments, we show that

J*—=R
h =
(z,4) = —2en oy, (2),

n
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is a sub solution of (2.10)), and we get

() — s (Do V< M,
Zem{la%}{ Nl k() — Ui k—1(2)](0,05) } k,

We obtain finally using that for all k € {1...n}

Mk,n < Mn,n7
n k
o = () e
k, n—Cqg 0
and
My "5 M= exp(Cr) maxicqrn { $becqoay | — 0i(e. 0ugi (@) 02g1(2) +
Hi(w, 6i(2), 0ui(e))| + 06l 0y},
that

SUDp>o MaXge{l..n} maXiE{l...I}{ n|ui,k_ui,k—1‘(0,ai) } < C,

SUP,>0 MaXke(0...n} maxie{l...[}{ |5 1] (0,a:) } < C+maxie{1...1}{ 93] (0,0:) }
That completes the proof. 0

The next step consists in obtaining uniform estimates for |0,ux|(0,q,), in terms of n|uy —
Uk—1|(0,0,) and the quantities (v,7, i, v, ¢, P) introduced in assumption (P) (i), (iii) and
(iv). More precisely, we use similar arguments as for the proof of Theorem 14.1 of [19],
using a classical argument of upper and lower barrier functions at the boundary. The
assumption of growth (P) (ii) and (iii) are used in a key way to get an uniform bound
on the gradient at the boundary. Finally to conclude, we appeal to a gradient maximum
principle, using the growth assumption (P) (iv), adapting Theorem 15.2 of [I9] to our
elliptic scheme. The basic idea, which goes back as far as Bernstein’s work, involves
differentiation of each quasi linear equation in each edge of , with respect to z.
Thereafter, the maximum principle is applied to the resulting equation in the function

\axui,k|2.

Lemma 2.4.2. Assume (P). There exists a constant C' > 0, independent of n, depending
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only the data

(7, ), (). (Jul), 5upyy 50 P(Jul, 121). 10201 000,
|u| < sup,,>oMaxpe(o..ny MaAXef1...1} { |3 1] (0,0) },

SUDP,,>0 MaXke(1...n} MAXie(1...7} { Nk — Uik—1(0,a:) }>,
such that

su max max Ol @ } < C.
@Ig kc{0..n} ic{l..I} { | ’k|(0’ i) -

Proof. Step 1 : We claim that, for each k € {1...n}, maxl-e{lml}{ 02 k| 9(0,0) } is
bounded by the data, uniformly in n.
It follows from Lemma [2.4.1] that there exists M > 0 such that

su max max U; Nl — Ui g— . } < M.
nZI[I? kefoon} ie{lo1} { ’z,kl(O,al) ‘ i,k i,k 1|(0,az) >~

We fix i € {1...1}. We apply a barrier method consisting in building two functions

w;rk, w; . satistying in a neighborhood of 0, for example [0, k], with k < a;

Qi(x, iy (x), dowfy(z), Owii(2)) 2 0, Vo € [0,x], wi(0) =uin(0), wiy(k) >

M
Qi(z, w;;,(7), 0w () O*w; . (z)) <0, Vo €l0,x], w; 1 (0) = uix(0), w; (k) <=M

i » Y ik
where we recall that for each (x,u,p,S) € [0,a;] x R?
Q’i(x7u7p’ S) = n<u_ui,k—1(x)) _Uz($7p)S+HZ($7u7p)

For n > |CyJ, where Cy is defined in assumption P (iv) c), it follows then from the

comparison principle that
w; (7)) < uip(r) < w:k(m), vV € [0, k],
and then

9pw; 1,(0) < 0pu; 1 (0) < (%w:k(()).
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We look for w;’r .. defined on [0, x| of the form

wj,a = gi(v)

1
w;h, e ui(0) + 3 In(1 + 6x),

where the constants (3,0, k) will be chosen in the sequel independent of k.

Remark first that for all z € [0, k], 2w}y (z) = —B0,w; (), and w],(0) = u;,(0). Let

T ik

us choose (6, k), such that

Vke{l...n}, 0<k< r;ninj} ai, wi (k) > M, O,wi (k) > pB. (2.11)
ie{l... ’ ’

We choose for instance

0 = B?exp(26M) + ;exp(QﬂM)

MiNGe{1..1} @5

k= %(exp(?ﬁM) - 1). (2.12)

The constant S will be chosen in order to get

plwiy(2) (1 + Opwfy (2))™ + M
65 > sup sup : :

> , (2.13)
ke{l..n} z€[0,x] v(l+ axka(x))m_anka(x)Q

where (p(.), v, m) are defined in assumption (P) (ii) and (iii). Since we have

Vo € [0,k], w(r) < wi(k) =2M,

B < axw:k(li) < 3xw2_k(:v) < aacw;_k(o)-

We can then choose [ large enough to get (2.13]), for instance

g > M(l—i-i)-i-%.

It is easy to show by induction that w;, is lower barrier of u; in the neighborhood [0, x].

More precisely, since wf,o =u;0, and for all k € {1...n}

w:k(o) = ui,k(0)7 wz_k(ﬂ) 2 ui,k(’i)v

M
w; () = wl (@) +uik(0) = wip—1(0) > wip (x) — o

)
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we get using the assumption of induction, assumption (P) (ii) and (iii), and (2.13) that
for all z € (0, k)

n(wi () = uir-1(2)) — (2, Opwy (1)) o wwfy () + Hi(w, wiy(x), pwy () >

—M + Boy(x, 0w () 0w} (2)? + Hi(z, wi(2), dpwy (x)) >

—M + By(1 + dyw;y (2)" 20wy (2)? + p(w;(2) (1 + Dyl ()™ > 0.
We obtain therefore
s a ax  Oyu;r(0) < 0 V 9,9:(0)
u max max U < = 29i(U).
n;g ke{0..n} ie{l..I} ok 15} g

With the same arguments we can show that

Wi = 9i(x)

1
Wy T up(0) — Eln(l + 0x),

is a lower barrier in the neighborhood of 0. Using the same method, we can show that
Oy, 1 (a;) is uniformly bounded by the same upper bounds, that completes the proof of
Step 1.

Step 2 : For the convenience of the reader, we do not detail all the computations of this
Step, since they can be found in the proof of Theorem 15.2 of [19]. It follows from Lemma
2.4.7] that there exists M > 0 such that

SUP,>g MaXpefo..n} MaXie(1..1} { |5 1| (0,04) } < M.
We set furthermore
Y(z,u,p) € [0,a;] x R?, H(w,u,p) = n(u — uijp1 () + Hy(x,u,p).
Let u be a solution of the elliptic equation, for = € (0, a;)
0i(x, 0pu())0p pu(z) — Hi'y (7, u(x), Opu(z)) = 0,

and assume that | q,) < M. The main key of the proof will be in the use of the following
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equalities

n(p — Ozuig—1())
p

where we recall that the operators J; and d; are defined in assumption (&) (iii). We follow
the proof of Theorem 15.2 in [19]. Let @ such that u = (%), where ¢ € C3[m, M], is
strictly increasing and m = (—M), M = ¢(M). In the sequel, we will set v = 9,u>
and v = 9,u?. To simplify the notations, we will omit the variables (x,u(z),d,u(x)) in
the functions o; and H[}, and the variable u for 1. We assume first that the solution
u € C3([—M, M]), and we follow exactly all the computations that lead to equation of
(15.25) of [19] to get the following inequality

where B; and G}, have the same expression in (15.26) of [19] with (0; = o}, ¢; = 0). We
choose (r = 0,s = 0), since we will see in the sequel (2.17)), that condition (15.32) of [19]

holds under assumption assumption (P). We have more precisely

Bi = 08,010, ;T — 9, H; + wdy(o:p?),
<,L)/
G?,k = J + /‘%WQ + Biw + HZk’
w//
= W
2

i = o (0iow?) + |Gt Doil?),

€ C'([m, M]),

w

%
2

1 _ .
Bi = ?p2<(5i(aip2) —0;H; + ((6; + 1)Ui)(5i0i)>a

20i
L (¥ 1  Byuin
0y = _<p—|5z‘0i|2 — (5¢ka> =0, — (n(p Uik 1)>’
’ O'ip2 40, ) O-ipz D
1 2
0 = (p_|5ﬂi|2 — (5Z-Hi).
O-ip2 4.0'7;
We set in the sequel
Oy ‘ 1 P
G;, = w + kjw? + Biw + 6;, in order to get G, = G, — . <n(P Ui Jo 1>).(2.16)
Ot ’ o;p D

More precisely, we see from ([2.14]) that all the coefficients (B;, ki, f;,6;) can be chosen
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independent of n and w; ;. The main argument then to get a bound of d,u is to apply

a maximum principle for T in (2.15)), and this will be done as soon as we ensure
n n
ix <0, for |Oul > Ly.

Hence, we have

sup T = sup T, = {r €[00, [Pulx)] = Li}
zEQ, €Ny,

On the other hand, using assumption (P) (ii) (iii) and (iv), it is easy to check that there

exists a constants (a, b, ¢), depending only on the data

(7., (M), 7(M), £(M), sup P(M,|p])),

Ip|>0
such that
SUDe(0,a:] ful<M L SUD 4o ki(z,u,p) < a,
SUPze(0,a,],|ul<M thUP\p|—>+oo Bi(w,u,p) < b,
SUDye(0,ai ful<M  UMSUP, 4o Oi(z,u,p) < ¢
where
1 1 y(M)?
— Z(~v(M -
o= 000 +7)+ 5+ 208,
) (M) + supp, o P(M, |p]) + (M) N (e(M) + supj, >0 P(M, |p|)) (@ + 7(M))
v v? ’
. (e(M) + supy, 5o P(M, |p]))? n 2(e(M) + supy, 5o P(M, |p|))
N 412 v '

Therefore, fixing ¢ > 0, using (2.16]), we can find L = L(a,b,c), such that for all p >
L(a,b,c)

a < Oy

i < w+aw2+bw—|—c—|—€.

As it has been done in the proof of Theorem 15.2 of [19], using Riccati’s equation, we
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choose 9(-) = ¥(a,b,c)(-) such that we ensure
G; <0, if |Oyu(z)| > L(a,b,c).
We see then from the expression of 6 that we get
G <0, if |0,u(x)| > L(a,b,c) V |0pu; -1 (x)].

Therefore applying the maximum principle to @ in (2.15]), and from the relation u = (@),
v = 0,u* we get finally

max ¢’ (a, b, c)()

aw a'7L 7b7 78332' — a->-
win 07(a, b, ) () [ 2x o0 L@ b, ), |Octti-1l 0.0

|8Iu](07ai) < max <

This upper bound still holds if u € C*([0, a;]), (cf. (15.30) and (15.31) of the proof of
Theorem 15.2 in [19]). Finally applying the upper bound above to the solution wuy, we get
by induction that

SUDp >0 MaXge{o..n} MaXic{i..1} { ’axui,k|(0,ai) }

max ' (a, b, c)(+)
min ¢’ (a, b, c)(-)

< max ( |azui,k’8(0,ai)7 L(a’u b, C), |axgi|(0,ai)>-

This completes the proof. O

The following Proposition follows from Lemmas [2.4.1] and [2.4.2] assumption (P) (ii)

(iii), and from the relation

[n(uik(@) — w1 (2))]| + [Hi(z, wik (@), Osuik(2))]
oi(x, Opu; ()

< (i (2) = i ()] + p(luip(@)]) (1 + |0z (7))

- v(1+ |Opuip(z)|™?) .

Vo € (0,ai], |0pzuir(x))| <

Proposition 2.4.3. Assume (P). There exist constants (My, Ms, M3), depending only
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the data introduced in assumption (P)

My = My (masicqn { - SWscay | = 02, 020,(2)P20(x) + Hilz, (), 0og.(x))| +
|at¢7; 0,T) }7 maX;e{1...1} |gi‘(0,ai)7 CH):
My = M <7>Z,M(M1)77(M1)75(M1)7 SUDP|p|>0 P(My, |pl), |029il0,0,), M1>,

My = My (M, (1 + [p)™ =, pllul)(1+ [pl)™, Jul < My, || < M),

such that

IN
5

sup max max {|Ui7k|(07ai)
n>0 ke{0..n} ic{l..I}

sup max ~ max {|8xui,k|(07ai)
n>0 k€{0..n} i€{l..I}

—_—— = ——
IA
=

IA
5

Sup max = max { (Ui e — Wi k—1)](0,a)
n>0 ke{l..n} ie{l..I}

su max max Oy »U; . } < M.
@18 ke{0..n} ic{l..I} { Or ikl 0.0: - 3

Unfortunately, we are unable to give an upper bound of the modulus of continuity of
Op 2t in C*(]0,a]) independent of n. However, we are able to formulate in the weak
sense a limit solution. From the regularity of the coefficients, using some tools introduced

in Section Lemma we get interior regularity, and a smooth limit solution.

2.4.2 Proof of Theorem [2.2.2.

Proof. The uniqueness is a result of the comparison Theorem [2.2.4 To simplify the
notations, we set for each i € {1...1}, and for each (z,q,u,p,S) € [0,a;] x R*

Qi(x7u7q7p75) = q—Ul('T,p)S‘i‘Hz(I',U,p)

Let n > 0. Consider the subdivision (§ = £L)o<;<,, of [0, 7], and (uz)o<k<n the solution

of (T0).

From estimates of Proposition there exists a constant M > 0 independent of n,
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such that

SUp,,>g MaXge{1..n} maXie{l...I}{ Uikl (0,0 +  [P(Uie — ik—1)|0a)

Oetiploa) + |Oeatinloay p < M. (2.17)

We define the following sequence (v,,),>0 in C%?*(J#), piecewise differentiable with respect

to its first variable by

Vie{l...I}, vio(0,2) =gi(z) ifx€]|0,a,

Vin(t,x) = uip(x) +n(t = 10) (e () —wip(x)) if (¢, 2) € [t} t7,1) % [0,a:].

We deduce then from (2.17)), that there exists a constant M; independent of n, depending
only on the data of the system, such that for all i € {1...1}

|Ui,n|F[{),T]><[0,a¢} + ‘azvi,n@,[O,T]x[O,ai} < M.

Using Lemma [2.2.1} we deduce that there exists a constant Ms(a)) > 0, independent of n,

such that for all i € {1...1}, we have the following global Hélder condition

|8xvi,n|E[O,T}><[0,ai] + |8$Ui7n‘g,[0,T}><[0,ai] < Ms(a).

We deduce then from Ascoli’s Theorem, that up to a sub sequence n, (v;,)n,>0 converge
in C%([0,T] x [0, a;]) to v;, and then v; € C21+([0,T] x [0, a;]).

Since v, satisfies the following continuity condition at the junction point
V(i,j) € {1...1}%, Vn>0, Vt€[0,T], v;n(t,0) = v;n(t,0) = v,(t,0),

we deduce then v € C2172(78).
We now focus on the regularity of v in J#, and we will prove that v € C'*2:27%(7%), and

satisfies on each edge

Qi(x,vi(t,x), Owi(t, x), 0pvi(t, x), Oy wui(t,x)) = 0, if (¢,x) € (0,T) x (0,a;).
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Using once again (2.17)), there exists a constant M3 independent of n, such that for each

ie{l...I}
[0inl Lo )% 00)) < M3, [0p2Vinllaor)x00)) < Ms.
Hence we get up to a sub sequence, that
atvz‘,n — O, az,xvi,n - am,xviy

weakly in Lo((0,7) x (0, a;)).
The continuity of the coeflicients (o5, H;)ic1...13, Lebesgue’s Theorem, the linearity of Q;

in the variable 0, and 0, ., allows us to get for each i € {1...1}, up to a subsequence n,

T a;
L] (@t 0:2). 0010, 02), 010, (0,2 0, 1.20) ) 0,2t

poos, / / (z,vi(t, ), atvi(t,w),ﬁmvi(t,x),0x7mvi(t,x))>@/)(t,x)dxdt,
v € C((0,T) x (0, a;)).

We now prove that for any ¢ € C°((0,7) x (0,a;))
/ / (2, Vi, (t, ), 044, (L, 1), OpVip, (t, ), Op 2Vin, (, :U))))w(t x)dxdt LN}
Using that (uk)o<k<n is the solution of (2.10), we get for any ¢ € C°((0,7) x (0,a;))
/ / (x,v;0(t,x), 8tv,;7n(t,a:),azvi,n(t,:c),&E,xvm(t,w)))z/}(t,x)dxdt =

Tt 1 i
Z / / ( Uz'(x’ aa:ui,k—i-l(x))az,a:ui,k—i-l(x) - O'Z-(l‘, 8$Ui,n(ta x>>am,mvi,n(tu I)
k=0 7t 0
+H;(x,v;n(t,x), 0,00t x)) — Hi(, U i1 (), Optty g1 () >w(t, x)dzdt. (2.18)
Using assumption (P) more precisely the Lipschitz continuity of the Hamiltonians H;, the

Hoélder equicontinuity in time of (v; ., 0,v;,), there exists a constant M,(«) independent

of n, such that for each i € {1...1}, for each (¢,x) € [t}, 1}, ] % [0, a,]

N\Q

| Hi(2, w; g1 (), Oty g1 () — Hi(@,050(t, ), Opvin(t, )] < My(a)(t —17)2,
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and therefore for any ¢ € C((0,7) x (0, a;))

/ b / (21 (2), Ot s (2)) — H, v (8, 2), Dy, 2)) (0, )t | <

n—-+4o00o

2 50

@i My () [9](0.1)x (0.00)7
For the last term in ({2.18)), we write for each i € {1...1}, for each (t,x) € (t},t},1)x (0, a;)
0; (937 axui,k—H ($))0x,mui,k+l (27) - Ui($7 axvi,n <t7 x))ax,xvi,n (t, [L') =

(O'Z'(ZE, Ol fr1(x)) — 04, 0pv; 1 (t, x)))@mzuzk(ac) + (2.19)
(Ji(x, Optts pir (2)) — n(t — )0y, yvin(t, g;))) <8w7xui7k+1(x) - ax,xui,k(x)> (2.20)

Using again the Holder equicontinuity in time of (v;,,, 0,v; ) as well as the uniform bound
on |0y 2 klj0,a) (2-17), we can show that for ([2.19), for any ¢ € C°((0,7T") x (0, a;)),

n—1

Z /Hl/ oi(x, 0ty p1(x)) — oi(x, Opv p (1, x)))@zxuzk( Vib(t, z)dzdt i N

k=0

Finally, from assumptions (P), for all i € {1...I}, o; is differentiable with respect to all
its variable, integrating by part we get for (2.20))

/ttk+1 /0‘“ <gi($, Optl jr1(x)) — n(t — 7)) oi(x, 0pv; (1, a?)))

(aﬂf,wui,kJrl(x) - 3x,xui,k($))¢(t, a:)da:dt‘ =

k-l—l
0z x, Oyl j+1 (T, )
t'rL

) n(t — ") (Jz(mﬁvm(t x))¢(t,x)))
((9 Ui jt1 () — Oy )dmdt‘ i N}

We conclude that for any ¢ € C((0,7) x (0,a;))

/OT /Om' (Qi(x,vi(t,x)a3tvi(t,x),@cvi(t,:c),8x,xvi(t,x)))>w(t,x)dxdt = 0.

It is then possible to consider the last equation as a linear one, with coefficients &;(¢, x) =

oi(x, 0pui(t, ), Hi(t,x) = Hy(z,v;(t, x),0yvi(t, x)) belonging to the class C3*((0,T) x
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(0,a;)), and using Theorem I11.12.2 of [26], we get finally that for all i € {1...1}, v; €
C1*2:2+2((0,T) x (0,a;)), which means that v € C'*22+%(74).

We deduce that v; satisfies on each edge
Q,-(x,vi(t,x),atvi(t,x),8xvi(t,x),8$7xvi(t,x))) = 07 if (t,ZL’) S (O7T) X (Oaai)-

From the estimates (2.17)), we know that dyv;,, and 0, ,v;,, are uniformly bounded by n.
We deduce finally that v € Cb1+%’2+a(j1@).
We conclude by proving that v satisfies the non linear Neumann boundary condition at

the vertex. For this, let ¢t € (0,7); we have up to a sub sequence n,

F(vn, (£,0), 0500, (£,0) ———  F(u(t,0), d,0(t,0)).

p——+o0

On the other hand, using that F'(uy(0), dug(x)) = 0, we know from the continuity of F’
(assumption (P)), the Holder equicontinuity in time of ¢ — v,(¢,0), and ¢t — 0,v(¢,0),
that there exists a constant Ms(cr) independent of n, such that if ¢ € [t}}, ¢} )

|F(0a(t,0), 0:0(t,0))| = |F(vn(t,0), 050a(t,0)) — F(ug(0), 0up(0))] <
sup {|F(u,) = Fw.y)l, a1l + [lz —yllar < Myl } “5 0

Therefore, we conclude once more from the continuity of F' (assumption (P)), the com-

patibility condition (assumption (P) (v)), that for each t € [0,7")
F(v(t,0),0,v(t,0)) = 0.
On the other hand, it is easy to get
Vie{l...I}, Vxe[0,a;], vi(0,2)=gi(x), Vt€[0,T], wv(t,a;) = ¢(t).

Finally, the expression of the upper bounds of the solution given in Theorem [2.2.2] are a
consequence of Proposition 2.4.3] and Lemma [2.2.1] that completes the proof. O
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2.4.3 On the existence for unbounded junction

We give in this subsection a result on the existence and the uniqueness of the solution for

the parabolic problem (2.3]), in a unbounded junction J defined for I € N* edges by
J = {X: (z,i), z € Ry and i € {1,...,[}}.

In the sequel, C%'(J7r) N CLQ(;T) is the class of function with regularity C%'([0, 7] x
[0, +00)) NCH2((0,T) x (0,+00)) on each edge, and L>®(Jr) is the set of measurable real
bounded maps defined on Jr.

We introduce the following data

F eC’R x R, R)

9 €CG(I)NC(T)

and for each i € {1...1}
o; € CHR, x R, R)
H, € C'(R, x R%,R)
¢i € CH([0, T}, R)

We suppose furthermore that the data satisfy the following assumption
Assumption (Pu)
(i) Assumption on F'

a) F is decreasing with respect to its first variable,
b) F' is nondecreasing with respect to its second variable,

¢) 3(b,B) ER xR, F(b,B) =0,
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or the Kirchhoff condition

a) F is nonincreasing with respect to its first variable,
b) F' is increasing with respect to its second variable,
¢) 3(b,B) e RxR!, F(b,B)=0.
We suppose moreover that there exist a parameter m € R, m > 2 such that we have

(ii) The (uniform) ellipticity condition on the (0;);cq1..1y : there exists v, 7, strictly positive

constants such that

Vie{l...I}, V(z,p) € Ry xR,

v(1+[p)™? < oi(x,p) < DL+ |p)" 2

(iii) The growth of the (H;)icf1..;y with respect to p exceed the growth of the o; with
respect to p by no more than two, namely there exists p an increasing real continuous

function such that
Vie{l...I}, Y(z,u,p) € Ry xR? |Hi(z,u,p)| < p(lu))d+ [p))™

(iv) We impose the following restrictions on the growth with respect to p of the derivatives

for the coefficients (o, H;)icq1...ry, which are for all 4 € {1...1},

a) [0p0ilr, xrz(1 +[p))? + |0pHilr. xrz < (|ul)(1 + [p])™
) 10:0ls, i (14 p])? + 10, Hilleyze < (=(lul) + Plul, o)) (1 + o)™+,

0) V(z,u,p) Ry xR, —Cy < OHi(w,uwp) < (e(ul) + Pllul, b)) (1 +[p)™,
where v and € are continuous non negative increasing functions. P is a continuous func-
tion, increasing with respect to its first variable, and tends to 0 for p — +o00, uniformly
with respect to its first variable, from [0,u;] with u; € R, and Cy > 0 is real strictly

positive number. We assume that (v, e, P, Cy) are independent of i € {1...1}.
(v) A compatibility conditions for g

F(g(0), 0:9(0)) = 0.
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We state here a comparison Theorem for the problem ({2.3]), in a unbounded junction.

Theorem 2.4.4. Assume (Ps). Let u € C™(Jr) N Cl’Q(JOT) N L>(Jr) (resp. v €
COY(Jr) N Cl’Q(jT) N L>®(Jr)) be a super solution (resp. a sub solution) of (where
a; = +00), satisfying for all i € {1...1} for all x € [0,+00), u;(0,2) > v;(0,x). Then
for each (t, (x,1)) € Jr : ui(t,x) > vi(t, ).

Proof. Let s € [0,T), K = (K...K) > (1,...1) in R, and A = A(K) > 0, that will be

chosen in the sequel. We argue as in the proof of Theorem [2.2.4] assuming

—1)2
sup  exp(—At — (x—1)
(t,(2)e T 2

)(vi(t,m) - ui(t,x)> > 0.

Using the boundary conditions satisfied by u and v, the above supremum is reached at a
point (o, (2o, jo)) € (0, 8] x J, with 0 < 29 < K.
If zy € [0, K), the optimality conditions are given for xy # 0 by

_)‘<Ujo (th 1’0) — Ujg (to, 1170)) + atvjo (t()? 3:0) - atujo (to, $0) > 07
_('TO - 1) <Ujo (th ‘TO) — Ujy (t‘J? :L‘O)) + @Ivjo (t07 ZL’O) - aCfujo (tO’ "L‘U) = O’
(Ujo (t(b $0) — Ujy (t(), 330)) - 2(1’0 - 1)2 (Ujo (tO’ 93[)) — Ujg (tO’ xO))

+ (ax,xvjo (t()a .Z'o) - ax:l”ujo (t07 l‘o)) < 07
and if o = 0,
Vie {1,...1}, dwi(to,0) < Ouilto,0) — <vi(z€0,0) - ui(to,O)) < duuilto,0).

If 2o = 0, we obtain a contradiction exactly as in the proof of Theorem[2.2.4] On the other
hand if 2 € (0, K), using assumptions (P) (iv) a), (iv) ¢) and the optimality conditions,
we can choose A\(K) of the form A\(K) = C(1+ K?), (see (2.5) and (2.6))), where C' > 0 is

a constant independent of K, to get again a contradiction. We deduce that, if

(z —1)

sup  exp(—A(K)t —
(t,(z,3)eTK

)(w,x) - ui(t,x)> >0,
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then for all (¢, (z,1)) € [0,T] x JX

(z —1)* (K —1)°

> )(vi(t, K) - ui(t,K))

exp(—A(K)t — ) (wi(t,2) = wilt, 7)) < exp(=A(K)t -

Hence for all (¢, (z,4)) € [0,T] x J&

(x—1)? (K — 1)
2

)(vi(t, ) — uslt, x)) < exp(———5—) (vi(t, K) — uilt, K)).

exp(—

On the other hand, if

(x—1)?

sup  exp(—A(K)t —
(t,(z,)eTK

) (vitt.2) = witt, ) <0,

then for all (¢, (z,1)) € [0,T] x J¥

(z —1)

exp(— (Kt — )(vi(t, ) — u(t, x)) <0.

So

exp(— (z _2 1)2)<vi(t,x) — ui(t,aj)) <0.

Finally we have, for all (¢, (z,7)) € [0,T] x J¥

(x — 1)
2

max (O,eXp(— )<Ui(t,l') - ul(t,x)>) < exp(—(l(—;w)OWHLOO(jT) + HUHLOO(jT)).

Sending K — oo and using the boundedness of v and v, we deduce the inequality v < u

in [0,7] x J. 0

Theorem 2.4.5. Assume (P,). The following parabolic problem with Neumann boundary

condition at the vertex

ratui(t, x) — 04(, Opui(t, )0y 2 ui (t, )+

Hi(z,u;(t,x), Opui(t,z)) = 0, if(t,z) € (0,T) x (0,4+00), (2.21)
F(u(t,0),0,u(t,0)) = 0, iftel0,T),

\‘v’iE {1...1}, w(0,2) = gi(z), ifze€l0,400),
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is uniquely solvable in the class C2 1Y (Jp)NCY222(Jr). There exist constants (My, My, M),

depending only the data introduced in assumption (Px,)

M, = M1<maxi€{1...l} { SUPze(0,+00) | — o4(z, 8zgi(x))a§9i($) + Hi(w, gi(x), azgi(x))‘}>
maX;ec{1...1} |gi|(0,+oo)7 CH) )
My = M, (77 v, M(Ml)aV(Ml)a5(M1>»Sup|p\zo P(M;, |pl), |a:vgi|(07+oo): Ml),

My = My(My,v(1+ )™, p(ful) (1 + )™, Jul < My, [p| < M),
such that
lullery < My, |0zuller) < Ma,  [Owllery < Mi, ||Owatllegr) < Ms.

Moreover, there ezists a constant M(«) depending on (a, My, M, M3> such that for any
a € (0, +o00)!

||u||c%’1+a(‘7Ta) < M(a).

Proof. Assume (Ps) and let a = (a,...,a) € (0,+00)’. Applying Theorem [2.2.2] we can
define u® € CO(J#) NC?(J#) as the unique solution of

(

Owu;(t, x) — oy(x, Opui(t, )0y pui(t, )+
Hi(z,u;(t,x), 0,ui(t,x)) = 0, if (t,z) € (0,T) x (0,a),
F(u(t,0),0,u(t,0)) = 0, iftel0,T), (2:22)

Vie{l...I}, w(t,a) = gi(a), iftel0,T],

(Vie{l...T}, w(0,2) = g(z), ifzel0ad]

Using assumption (Ps) and Theorem [2.2.2) we get that there exists a constant C' > 0

independent of a such that
SUPgso  |[ulerzzey < C.

We are going to send a to +oo in (2.22]).
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Following the same argument as for the proof of Theorem [2.2.2] we get that, up to a sub
sequence, u® converges locally uniformly to some map u which solves . On the other
hand, uniqueness of u is a direct consequence of the comparison Theorem [2.4.4] since
u € L>®(Jr). Finally the expression of the upper bounds of the derivatives of u given in

Theorem [2.4.5] are a consequence of Theorem and assumption (Py,). O
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Appendix A

Functionnal spaces

Let I € R%, T' > 0, and € a smooth open and bounded subset of R", (n > 0). We set
Qr = (0,T) x €, and we introduce the following spaces :

-if [ € 2N*, the Banach space (Cé’l(Q_TL | -

| , whose elements are continuous
czl(Qr)

functions (t,x) — u(t,x) in Qr, together with all its derivatives of the form 97 9%u, with

) is defined for all u € C21(Q7) by

2r +s < [. The norm || - Hc%vl( )

27‘+S:j (t,ﬂC)GQT

-if [ ¢ N*, the Banach space <C%’Z(Q_T), H'HC%J(Q )), whose elements are continuous func-
T

tions (t,r) — wu(t,x) in Qr, together with all its derivatives of the form 070%u, with

t l—2r—s

5 in their first variable,

2r + s < [, and satisfying an Holder condition with exponen
and with exponent (I — [I]) in their second variable, over all the connected components
of Q7 whose radius is smaller than 1.

o is defined for all u € C =1(Q7) by

The norm || - Hc%v’( )

L]
||u||cé,l(QT) = |u|lQT + Z |u|g2T7
=0
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with

Vi€ {0, 0} Julh, = > sup [9fdu(t,x)|,
2rts=j (HT)EQT
1
ulg, = lulpo, + lulfg,
o, = D 10[05ult 2l g,
2r+s=|1|
l—2r—s
uli, = D 18t )l g2
0<l—2r—s<2
t —u(t
[ulyo, = sup sup [ult, z) ui,y)|7 0<a<l,
te(0,T) zyeay,|lz—y|<1 |ZL'—y|
t —
lulto, = sup sup utt, 2) u(s,x)|7 0<a<l

2€Q t,5€(0,T) ts,|t—s|<1 it —s|@
-C %’I(QT), the set whose elements f verify, for any open set Or separated from the bound-
ary of Q) by a strictly positive distance, namely

inf ||z —yllgn > 0,
yeIN, x0T

then f € C2'(Or).

—Cb%’l(QT), the subset of C2(€), whose derivatives of the form 7d%u, (with 2r + s < [)
are bounded, namely sup, ,yeq, |0; dyu(t, ¥)| < +o0.

We use the same notations, when the domain does not depend on time, namely 7" = 0,
Qr = (), removing the dependence on the time variable.

For R > 0, we denote by Ly((0,7T") x (0, R)) the usual space of square integrable maps, and
C((0,T) x (0, R)) the set of infinite continuous differentiable functions on (0,7") x (0, R),
vanishing at the lateral surface of (0,7") x (0, R), namely [0, 7] x 9(0, R).
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Appendix B

The Elliptic problem

Proposition B.0.1. Let 6 € R and assume assumption (€). Suppose that u € C*([0, a;])

1s the solution of
—0i(z, 0pui () 0y pui(x) + Hi(z,ui(x), 0pui(z)) = 0 , if x € (0,a)
Vie{l...I}, u(0) = u(0) = 6, (B.1)

then the following map

R — C*([0, a;])

0 — u?

1S continuous.

Proof. Let 60, a sequence converging to 6. Using the Schauder estimates Theorem 6.6 of
[19], we get that there exists a constant M > 0 independent of n, depending only the
data, such that for all a € (0, 1)

||u9" ||C2+a([0,ai]) < M.

From Ascoli’s Theorem, u’ converges up to a subsequence to v in C?([0, a;]) solution of

. . O . 0
). 1)),
(B.1). By uniqueness of the solution of (B.1]), u”» converges necessary to the solution u

of (B.1) in C?([0, a;]), that completes the proof. O
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Proof of Theorem 2.3.1l.

Proof. The uniqueness of (2.8) results from the elliptic comparison Theorem [2.3.3
We turn to the solvalbility, and for this let & € R. We consider the elliptic Dirichlet

problem at the junction

—0i(, 0pui (7)) 0y pui(x) + Hi(z, wi(x), Opwi(x)) = 0, ifze(0,a;)
Vie{l...I}, w(0) = u(0) = 6, (B.2)
ui(ai) = ;.

For all i € {1...T}, each elliptic problem is uniquely solvable on each edge in C**([0, a;]),
then (3.49) is uniquely solvable in the class C27*(J%), and we denote by u’ its solution.

We turn to the Neumann boundary condition at the vertex. Let us recall assumption

(€)()

F is strictly decreasing in its first variable, increasing in its second variable,

(b, B) € R x RY, such that : F(b,B) = 0.

Fix now

K, = sup |H;(x,u, B;)],
(w,u)€(0,a;) % (—a; Bj,a; B;)
ot

Cu

0 > bl + max o +laBl +
e{1...I}

and let us show that f : z — 0 + Bz, is a super solution on each edge J;" of (3.49).

We have the boundary conditions
f0) = 0, fla) =0+ a;B; > |¢i| +|aiBi| +a;B; > ¢,
and using assumption (€) (iii), we have for all = € (0, a;)

Qi(z,0 + Bz, B;,0) = H;(x,0+ Bx,B;) > H;(x,Bx,B;) + Cyf >

We then get that for each i € {1...1}, x € [0, a,], u¢(x) < 6+ B;z, and a Taylor expansion

(3
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in the neighborhood of the junction point gives that for each i € {1...1}, 9,u%(0) < B;.

1

Since u?(0) = 6 > b, we then get from assumption (&) (i)
F(?(0),0,4°(0)) < F(b,B) < 0.

Similarly, fixing

K,
< — _ i — ;| — la. B:| — —*
0 < — [ ielﬁlflf}{ @i = |a: Bi CH}’

the map f : x — 6 + xB; is a sub solution on each vertex J of (3.49), then for each
i€ {l...1}, 9,uf(0) > B;, which means

F(u?(0),0,u°(0)) > 0.

From Proposition we know that the real maps § — «%(0) and 0 — 9,u°(0) are
continuous. Using the continuity of ' (assumption (£)), we get that § — F(u%(0), 9,u°(0))

is continuous, and therefore there exists 8* € R such that
F(u? (0),0,u% (0)) = 0.

We remark that 6* is bounded by the data, namely 6* belongs to the following interval

o |Hi(z,Biz,B;)|
[ — 16 = 1€%axl}{|¢z| + |a; B;| + SUP(“’“)E(O»G%H z,Bix },

SUP(4,u)€(0,a;) [Hi(x,Biz,Bi)]
bl max, {16 +[a,By| + “Penston D b

This completes the proof. Finally, since the solution v of ([2.8) is unique, we get the

uniqueness of 6*. 0
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Chapter 3

Diffusion on a junction

3.1 Introduction

Originally introduced by Freidlin and Sheu in [I5] and Freidlin and Wetzell in [16], stochas-
tic diffusions in graphs have attracted a lot of intention in the last 20 years. In [I6] the
authors studied an elliptic linear operator on a junction, with Kirchoff condition, and the
process generated by its semi group. More precisely, given a junction J = Ule J;, with
Ji = {0,{i} x (0,+0c0)}, i = 1,...,I, and (oy,b;) regular functions from R, to R, the
authors have defined the elliptic operator L on the set of twice continuous differentiable

function at the junction C?*(7), by

C*(J) = C(T)

L:
[ = filz) — (33 - %‘712(35)81xf1(33) +bi(2)0: fi(x), (x,7) € Ji);

with domain
I
D(L) = { FecT), S adf(0,i) =0 }
i=1

where a4, ..., ay are non-negative constants such that a; + --- + a; = 1. The authors of
[16] have proved that there exists a continuous Markov process X = (z,7) defined on J
generated by L. Then [I5] showed that there exists a one dimensional Wiener process W
defined on a probability space (2, F,P), adapted to the natural filtration of X = (z,1),

such that the process x satisfies on each time interval [0,7] the stochastic differential

51



equation:

d(t) = oy (2(£)) AW () + by (2(t))dt + di(t) , 0<t< T, (3.1)

where [ is a nondecreasing process starting from zero and satisfying:

t
P((/ 1{x(s)>0}dl(5))0§t§T=0> = L
0

Moreover, [15] gives the following 1t6’s formula:

FEW) = L(fiofe0))dt + 0o fiy (@)oo (e O)IW (1) + Y e fiO)dI(E), (3.2

for any sufficiently smooth test function f.

The aim of this Chapter is to provide a different method for the construction of the
diffusion on the junction J. Our main idea is to build the process as the limit of the
cadlagﬂ process X° (with parameter § > 0) which jumps at position J on the edge J;
with probability o, each time it reaches the junction 0. We prove that the process X°
converges weakly, as d tends to 0, to a continuous diffusion process X valued in J and
with dynamics similar to (4.1)). The additional randomness due to the process i, prevent
us from completely describing the behavior of the component x with its dynamics (4.1)).
We therefore use the previous convergence to establish an Itd’s formula for the process
X, which completely characterizes it. We then focus on the process [ involved in .
This process can be seen as the local time of x at the vertex. We therefore provide an
estimate of this process as the limit of the quadratic variation of x over the times spent
at the neighborhood of 0.

The Chapter is organized as follows. In Section we introduce the mathematical
material that will be used throughout this work. Section [3.3] deals with the construction
of the non-homogeneous diffusion on the junction. Finally, Section [3.4] is dedicated to

[t6’s formula, and local time estimates on the vertex.

1 Acronym for right-continuous and left-limited
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3.2 Introductory material

3.2.1 Notations and preliminary results

Let I € N*| be the number of edges. We recall that a junction J consists in a vertex and

a finite number I of edges. More precisely:
J = {X =(z,i), z€R, andic€ {1,...,]}},

where all the points (0,4), i = 1,..., 1, are identified to the vertex denoted by 0. We can

then write

with J; := Ry x {i} and J; N J; = {0} for i # j.
Let T' > 0, we set

jT = [O,T] Xj.

We use here the notations of Section and we recall for the convenience of the reader

the definition of following spaces

CONTr) = { TR, (4 (x0) = fit,x), Vie{l... I,
(t,2) = fi(t,x) € C¥M([0,T] x [0, +00)), and ¥(i, ) € {1...1}2,
Vt € [O’T]v fi(tvo) = fj(tao) = f(t70) }7

0572(%) ::{ f:TIr—=R, Vie{l...I}, (t,z) = fi(t,z) € C,*((0,T) x (0,+00)) }

We introduce the following Polish spaces, that will be useful in the sequel for the con-

struction of the process in Section [3.3}

(i) (J,d”), where d7 is defined by

(@) e s (@ wn)=g 0
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(i) (U,d"), the set of sequences valued in {1,..., I}, where d is defined by

+oo
2 U _ |tn — 20|
V(u,z) € U*, d(u,z)—;) TR
(iii) (N, dY), where d" is defined by
V(u,p) €N, d"(u,p) = |u—pl|.

As explained in the Introduction [3.I], the limit process is valued in the space of con-
tinuous functions from [0,7] to (J,d”), which we denote by C7([0,7]). This space is
endowed with the following uniform norm ol(j0 ) defined by

V(0,10 O I0)) € CTN0TI dfpy(X.Y) = sup a((a(s).i(3)), (4(5). (5)))

0<s<T

and then is Polish.
We recall that for (E,d”) a Polish space F, endowed with its metric d¥, the Polish space
(DE([0,T7),d%,,), consists of cadlag maps defined on [0, T, valued in F endowed with the

» Ysko
Skohokhod’s metric d  defined by
v(2(),u()) € DE(0,T)),
aEu(zw) = i { sup, | (A929) [V supgr dF (2(00), ()

where A denotes the set of continuous increasing homeomorphism from [0, 7] to itself,

and |.|o,r) the standard uniform norm of C([0,77]) (see, for instance, [7]).

Remark 3.2.1. We recall that d% is equivalent to the following metric defined on DF([0,T1])

by

v(=().u()) € DE(l0, 7)),
i) = il L A= Idlom |V supecier dF (A1), u() |,

A€A

see for instance Theorem 12.1 in ([7]).

) Ysko » Ysko ) Ysko

We get therefore, that ((DJ([O,T]) d ), (D“([0,T)),d%,), (DN([0,T)), d, )) are Pol-

ish spaces.
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As it has been said in the general introduction (contributions ?7?), for § > 0, the approxi-
mate cadlag process X° jumps at position § on the edge J; with probability «; each time

it reaches the junction. Therefore it is valued in the space Dy ([0, T]) defined by

Dy (0.7)) = { (2():i()) € DI(0, 7)), i &7 ((2(5),i(5)), (2(s=);i(s=)) #0,
then z(s—) =0 and z(s) =9 },

namely all the cadlag maps whose jumps are of size § and can only occur at the junction

point. This set inherits of the structure of D7 ([0, T1).

Proposition 3.2.2. (D{([0,T)),d?.) is closed in (D7([0,T)),d,,), and then a Polish

» Ysko

space.
Proof. Let X,(+) = (mn(-), zn()> be a sequence in Dy ([0, T]) which converges to X () =
<x(), z()) € D7([0,T]), and let us show that X (-) € DY ([0, 7T]). There exists a sequence

of continuous increasing homeomorphism A, : [0,7] — [0, 7], such that :

An(t) — Ay
w10 (OO g %) — o
t#s l—s 0.1) n—+o0
Using Remark we get that
A = Id|o.0) V d 1y (X0 0 Ay, X) —0. (3.3)

Let t € [0, 7], we have

From (3.3)), we get
|2(t) = 20 (A (D) + |2n(An(t) =) — 2(t=)] —— 0.

Knowing that the sequence X,, o \,(+) is valued too in Dy ([0, T]), we have therefore using

(3-4)

z(t) —x(t—) = z(t) — 2a(Aa(l)) + zn(Aa(t)—) — z(t—),
or, x(t) —x(t—) = z(t) — x,(Mu(t)) + 0 + 2o, (A (t)—) — x(t—),
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and sending n to +oo we obtain finally
z(t) —x(t—) € {0,0}.

We now prove that a discontinuity of z(-) only can occurs for z(-—) = 0. Fix ¢t € [0, T
such that z(t) — z(t—) = 0. Let ¢ < 2, there exists ng € N, such that for all n > ny,
| %5, 0 A — x| (0,1) < €. We therefore get using (3.4)

Tn(An(t)) = zn(An(t)—) = 0 —2e,
and hence

Tn(An(t)) = 2n(An(t)=) =

| >

and then necessarily, for all n > ng, ,(A\,(t)) = 0 and z,(\,(t)—) = 0. Hence z(t) = 9,
z(t—) = 0, that completes the proof. d

3.3 Construction of the process on the junction

In this section, we fix a terminal time 7" > 0, and we build a diffusion process (X (t) =
(z(t),i(t)))o<t<r valued in C7([0,T]). The continuous process (X (t) = (z(t),i(t)))o<t<r
is approximated by a classical cadlag process X° with parameter § > 0 which jumps at
position ¢ on the edge J; with probability «; each time it reaches the junction.

To this end we consider a family of processes (X°(t) = (2°(t),°(t)))o<t<r, depending on
a parameter § > 0, such that (X°(t))o<i<7 is valued in Dy ([0, T]). We prove the tightness
of this sequence and get a continuous limit satisfying a stochastic differential equation on

J.
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Let us introduce the following data

;

(2, A, P) a probability space,
W a standard one dimensional Brownian motion defined on (€2, A, P),

Z = (Zy)n>0 a random variable valued in U, defined on (92, A, P),

(CYZ') c (0, 1)1,

| z0 € L?*(Q), such that g > 0, P a.s,

and for each i € {1...1}
o; € Whe([0,400),R)
b € WH([0, +00), R)

We suppose furthermore that the data satisfy the following assumptions:

Assumption (H)

(1) Je>0, Vie{l...I}, Yz e0,+0), oi(z) > e,
(5) Yie{l...1}, (o4,b;) € L*((0,+00),R),

I
(i) Y o = 1,
=1

(1v) x9 is independent of W and Z,

(v) Z = (Z,)n>0 are independent and identically distributed (i.i.d.), with P(Z, =i) = .

3.3.1 Diffusion with jumps at the vertex

We consider the sequence of diffusion processes (22 ),>¢ and stopping times (79),,>0 defined

recursively by

zy(t) = o +/0 bz, <x8(8)>d8 +/0 % (x%(s))dW(S), dst=T P a.s.
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and, for n > 0,

( t
xi‘f‘l(t) = 5 + A 1[7’.,L+1,+OO) (S)bZn+1 (wi‘Fl(S))ds +
t
/ 1[Tn+1,+00)(5)02n+1 <$n+1< ))dW( ): 0 S t S T7 P as. (3'5>
0
| 0., = inf {t >0 ad(t) = O},

We now define the process X°(t) = <x‘5(t), i‘s(t)> valued in Dy ([0, T]) by

0<t<T

zx 7'751 Tg-;—l t)’

ZZ Lo (D),

n>0

We notice that the process (a:‘;(t)> is valued in (0, +o00) and satisfies the following
0<t<T
equation, for all ¢ € [0, T

Nt Nt
D) = x4+ / bus o) (2°(5))ds + / 0oy (@(5)) WV (3)
0 . 6 tO
‘|—Z 1{T€St<,rg+1} (5 —+ /7_5 bié(s)<x (S))dS +/7_

S
TLZl n

ais(s)(xé(s))dW(s)>, Pas. (3.6)

From the ellipticity assumption (#) (i), we underline that each stopping time (72),0 is
almost surely finite. We denote by (f Jo<t<r the right continuous and complete filtration

generated by <X o(t) = . The dynamics can be rewritten as

0<t<T

;

X°(0) = (x0, Zo)

A (£) = bio oy (2 (1))t + 035 ) (27 (£) AW () + A Y Lpasoyo0y)

0<s<t , Pas.  (3.7)
=7
Z Lias(s—)=0

\ 0<s<t

In the next subsection we prove that the sequence (X‘S(t) = xé(t),ié(t))> is C-
0<t<T

tight, namely up to a subsequence (X o(t) = 29(t), 1 (t))) converges weakly to a
0<t<T

random variable (X (t) = ac(t),z(t))) , with continuous paths. In other words the
0<t<T
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limit (X(t) = x(t), z(t))> is valued in C7 ([0, TY]).

0<t<T
3.3.2 Weak convergence

For Y € D7([0,T7]), we denote by wr(Y,.) the modulus of continuity of Y on [0, T] defined
by

wr(Y,0) = sup{ dJ(Y(s),nu)),(u,s)e[t,t+e],ogtgt+egT } (3.8)

for all # € [0,T7.

Proposition 3.3.1. There exists a constant C' independent of §, depending only on

(T maX {|O-z| 0,+00) > i 0+00)}>

e{1...1
such that
EP[ 12912 2 ] < (J( 1+}Eﬂ”[;cg}+52 ) (3.9)
V0 € (0,7, EP[ wr(X%,0)? ] < C( 52+91n<%) ) (3.10)

Proof. Let t € [0,T]. We use the stopping times (7°) defined in (3.5)) and we introduce

the following random times

n’'n

7 = inf {7’ T >t} and 70 := sup {T;f;r,‘f §t}.
Using (3.5)) and (3.7), we have

)

2
3<|x0|2 462 4 T2 maxl-e{lm[}{|bi|%07+oo)} + 2 sup;e(o, 1y ‘ / T35 (s) (x‘s(s))dW(s)‘ ), P a.s.
0

t
P < (P +] [ b o)
o

+‘/m $))dW (s)

Using assumption (#H) and Doob-Meyer inequality, we get that there exists a constant C'
independent of 0, depending only on (T, maxe(1..4 {04 (0,4-00) |bi|(0,+oo)}> such that

EP[ |x§|%0’T) } < C’( 1+EP[ s ]—1-52 )
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Let 6 € (0,7], and (¢,s) € [0,T]?, such that s <t and |t — s| < 6. We define the process

(Vé (t)> 0<t<T by

V5(t) = /obi5(8)<x6(8))d8+/o Ui§(s)(I5(S))dW(S), P a.s.
We have:

if ) Lusgeoymop =0, then @7 (X°(s), X°()) < wr(V°,0),

s<u<t

if > Lps(eoy—op = 1, then d7(X°(s), X°(t)) <

s<u<t

d7(X°(s), X2(7)=)) + a7 (X° (1)), X (r9+)) + a7 (X (1)+), X°(t)) < 6+ 2wp(V°,0),
P a.s.

Using Theorem 1 of [I3], and assumption (#H), we get that there exists a constant C
independent of 0, depending only on (T, max;e(1..14 {04 (0,4-00) |bi|(07+oo)}>, such that

EP[ wr(V°,0)? } < Cfhn (%)
Therefore
P 5 )2 2 2T
E [ wr(X°,6) ] < 0( 5 +91n<7> )
This completes the proof. O

Now we have the necessary tools to prove the C-tightness of the sequence (X ot) =

(2(t), (1))

0<t<T

Theorem 3.3.2. The sequence (X‘S(t) = (:U‘S(t),i‘s(t))> is C-tight.

0<t<T
Proof. Let § > 0, # > 0, 7 > 0 and h > 0. Using Proposition and Markov in-

equality, there exists a constant C, independent of § and depending only on 7" and on
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maXie{l.”[}{|0i|(0,+oo), |bi|(0,+oo)}7 such that

\/1+IEP[ xd }+52
- :
5 +0m ()

]P( |$5|(0’T) >h ) < C

IP’( wT(Xé,e)zn) < C ;

Therefore we get

hmh—)-ﬁ-oo thUpaﬁo ( ’23 |(0T >h ) =0 ;

lim,, 04 lim sup,_,, limsup5_>0]P< wr(X°%,0) >n )

Theorem 3.21 and Proposition 3.26 of [23] then imply the tightness of (X5(t) = (2%(¢), i‘s(t)))
as 0 tends to 0. O

0<t<T

From Prokhorov’s Theorem, there is a subsequence, denoted in the same way, such

that

where y is a probability measure defined on C7 ([0, T).

3.3.3 Identification of the limit law

The aim of this subsection is to identify the law pu.

To this end, we transform the weak convergence of X° into a strong one using Sko-
rokhod’s representation Theorem. Using Tikhonov’s Theorem, we know that U is com-
pact, therefore is it easy to get that the random variable (zg, X°, W, Z) is precompact
for the weak topology. There exists a probability space (F, &, u) and random variables
<y8, Yo = (y°,4%), B°, A‘;) and (yo, Y =(y,7), B, A), taking their values in the following

Polish spaces

(1 10,+00) x DY (0,71) x C(0,T) x Uy ||+, + oy +d* ).
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and respectively

( 0, +00) x C7([0,T]) x C(0,T)) x Uy || +dF 1y + oz + & )

such that
V6 >0, (y,Y° B A% 'Y (20, X°,W,2)
(vo,Y, B, A) 'Y (20, X, W, 2)
and
15 — wol + dk, (YY) + |B® = Bl +d” (A%, 4) === 0. (3.11)

To make easier the reading, in the rest of these Chapter, we denote by

(N 6(t))0<t<T the following process valued in N, whose paths are defined by

N6<t) = Z 1{y5(37)20}7 Moa.s. (312)
0<s<t

Proposition 3.3.3. For any § > 0, the process (y‘s(t),j‘s(t)) satisfies

0<t<T

(#O = s+ [ b eDds+ [ o () + () )

(jé(t) = A )

Proof. Let i € {1...1}, and v > 0. We define (

0<t<T’

(3.13)

, a.s.
0<t<T

bj,0) by

ol(r) = 0i(2)Lysy + C”y)xlogs% if z € [0, +00),

bi(x)1x>'y + bif(yv)mlogngy, if x € [0, +OO)

Therefore for all i € {1...1}, (b],0]) € W'>((0,4+00)) and satisfies the following conti-
nuity condition at the junction point

Vije{1...1}, i#j, o(0)=07(0), b(0)

¢ J
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Step 1. For n > 0, we start by proving that the following maps

Df (0. 7]) = D*(0. 7))
(2(0:i0) = (X Latrstorn ),

0<s<t

p =

)

U x DJ([0,T)) — D“([0,T))

(2.),i(0) = S )orr

0<s<t

(w0 @) = (3 07 N wesm —wy)

Dy ([0.7]) — D*([0, T1)

e (0),i0)) = ( x<0>+%gbi<g;a 5D )yerer

Y

are continuous.

To this end let (Z’“, wh(+), (xF (), zk())) converge to (Z, w(-), (z(), z())) inU xC[0,T] x
Dy (0, 7))

Using Remark we get that for all € > 0, there exists k. € N, and a sequence \j
valued in A (the set of continuous increasing homeomorphism from [0, 7] to itself), such

that for all k > k.

Lzﬁ _'ZZJ
S B2yl +

n>0

= Tdlomy V gy (05 0 M), 0 M), (2(),0())) < & (314)

Substep 1.1 p and « are continuous:

Let e < %/\%. We have

= wp(M(s)) —au(Mels)=) = (2(s) —a(s-)) =2 —5. (3.15)

N

for each s € [0,7.
Since, from Proposition DY ([0,T]) is closed, (x(-),i(-)) € DY (]0,T]). Using (3.15)
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and the assumption € < §/4, we then have

{se[o,t], 2(s) — 2(s )_5} - {se[o,t], xk(Ak(s))—xk(Ak(s)—)zé}

which implies that

Z 1{33k( )—zR(s—)=6} — Z ]-{x(s )—z(s—)=8}> (316)

0<s< Ak (t) 0<s<t

and

|)‘k_[d‘(0,T)\/ sup dN( Z ]-{mk s)—zk(s—)=d}> Z ]-{x(s )—z(s)=4} ) < g

Ost=T 0<s<Ak (1) 0<s<t

namely p is continuous.

On the other hand we get using (3.14]) and (3.16)), that forall ¢ € [0, T

(2% @) (M@)o (2.@O1ED) (1)) =

Z+1 71 ‘
{ Z Loy (s)—an(s—)=5} = N} { Z Lia(s)—a(s—)=6} = N}
Z 0<s< A (t) 0<s<t
£.

2n
n>0

IN

Therefore

e = Tdlory v sup d(k(2", @50),5() (D). 5(Z, 200, i(0) (1)) < =

0<t<T

and « is continuous.
Substep 1.2 Let us show now that 1, and ¢, , are continuous.

Let j € {0,...2" — 1}, and ¢ € [0, T], we write

A j 2
07 iy (o1(55) =0T )| <[00y (a(T) =07 1 O]+

U:ﬂk(w 0) — o) )<0)‘ +

i(4k
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Since
Vije{l. T}, i) ol0) = o(0),

we get from assumption (H) and (3.14))

N ,
’.y(jw)(%k(J gkft)))—az(%)(x(i—fz))! < maxieqr. 1y 10207 | Lo ((0,400))E-

Therefore, simple computations allows us to write that there exists a constant C' > 0,

independent of k, depending only on the data

n, ma oo ((0.400)), MAX |0207 | Lo ((0.400))5 |W :
( 71,6{1”?(1}!02& ((0,400)) ie{lfl}! 07 | L ((0,400))5 [W](0,7))

such that

M= Tl sup (v (05, (@5 14)) 0 ). s (w(0). (2(0),i(0) ) < Ce.

We conclude then that 1, ., is continuous.

With the same arguments used for the continuity of 1, ,, we can show then that ¢, is
continuous.

Step 2.

We have now from the results of Step 1 the mains tools to prove Proposition [3.3.3

Let (g,h) € Cy (D([O, 7)), R) X Cyp (Du([O, 7)), R). Since p, K, Py, , Pn, are continuous, we

have

E® | g(27() = (8nn (X)) + s (W, X0 () + 00(X)()) ) |
= B | g(s'() = (60aY)O) +0n(BLY) ) +0p0)0))) | 0 (317)

and
EF [ h( () — k(Z, X)) ) ] - E [ h( 79() — k(A% Y)() ) ] (3.18)

From assumption (#) and Burkholder-Davis-Gundy inequality we have, up to a subse-
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quence nnyg

‘ wnk,v(mx6)(')—/O-U;(S)(xs(s))dW(s) ) Fes g

(0,T) ngp—-+oo

and

n—a.s.
— 0.
0,1y np—+oo

| (B0 ~ [ P 6)aB )

0

Still using Burkholder-Davis-Gundy inequality and (), there exists a constant C' inde-

pendent of vy, depending only on (max;eqi...13 ||0i|| oo ((0,00)) ), such that

EP| | /O.Gié(s)(x‘s(s))dW(S)—/O.OZ;(S)(x‘s(s))dW(s) )(m | < cE| /OTl{Ié(S)SV}ds |

and

2| [ oo i) - [ o, 66 |

0 0,1)

}S CE“[ /DTl{y(S(S)SW}dS ]

Using that y°(-) and 2°(-) have the same law, we have for each s € [0, 7]

,u(y‘s(s):()) - P(xé(s):o) ~ 0.

We get therefore from the dominated convergence’s Theorem

1imEP[ ’ /0.063)( (8))dW (s) — / ( ())dW() ‘ ,

v—0

: iz ' . ‘5 °
E%E [ ‘ /0036(5)( ))dB°( /U<S ))dB’(s) ’(O,T) ]

Therefore up to a subsequence v,

: 5 ’ ’y 5 P—a.s.
” aw(s)— | o aw(s) | o,
’ /0 055 (2°(5))dW (s) /0 015(5)@ (s))dW (s) OT) =0
and
' 5 5 4 5 5 poas.
| dB(s) — [ o B ] LN N
’ /OUJ‘S(S)(y (s))dB°(s) /OUJ‘;(S)(y (5))dB(s) 01) w0 0
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Using the same arguments, we can show that up to another subsequence (7, n4)

i ‘ | P—a.s
im0 lm D1, - oo | / b (2 (DA () = b oy (X)) | 50,
O 2
limyp,—m lim SUPp, , —+00 ‘ / bj5(s) (y5(8))d36(8) . gbnk,'yz’) (Y(S)() ‘(0 . H—a.s. 0.
0 ?

On the other hand using that

Zl{xs) Zl{xs)o}, IPas

0<s<- 0<s<-

Vs € [0, 7], u(;qé(s) ¥ (5—) = 8,45 (s—) > o) - P(gﬁ(s) —¥(s—) = §,2%(s—) > o) — 0,

and applying Lebesgue’s Theorem, we get from (3.17)), that for any g € C, (D([O, T)), ]R)

lim limsupEF [ g(x‘s(-) — <¢nk/ﬁp/(X6)(') "‘wnk/,vp/(Wv X°)(-) +5P(X6)(')>> ]

'%”ﬁony4»+m>

= B [ ('O —a— [ b @ )ds = [ aug@ @IV +60X L) |

0<s<.

and

lim lim sup E# [ g<y5(~) — <¢nk/%/ (Y5)(-) + wnk/,vp/(B(S?YS)(') + 5P(Y6)(‘)>) }

’yp/ —0 Nyt —+00

- & | g(y'()-uh- / s (6°(3))ds — /O'Uja@( (NAB(s) + (D" Lysermay)) |-

0<s<.

Therefore for any g € C,(D([0,7]),R)

B [ a0 == [ buofa6)ds = [ @ )W) 83 Lsiorn) |

0 0<s<.

= B [ o(y0 - = [ b 6D = [ o 6B + 63 1serma)) |

0 0<s<.

Considering a sequence g, of Cy(D([0,7]),R), uniformly bounded, converging to x —
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1;,—0) in the pointwise sense, we get that

w( (0 = s [ b )i [ st/ 0)aB ) +
§<Z Ly er=0)) >0§t§T > = b

0<s<t

Using the same arguments and the continuity of x we also infer that

M( (jé(t) - Aéz 1{y5(8_)0}>0<t<T> =1

0<s<t

that completes the proof of Proposition [3.3.3] O

Remark 3.3.4. As a consequence of (3.13) and Propositz’onm it 15 easy to get that

there exists a constant C' independent of 0, depending only on

(7. o {1oul05000 Il 00} B )

such that

B ks | < o 148 ),
B 0Ny | < O 148 ).

For simplicity, we denote by (yg,Y5 = (17, j‘s),B‘S,A‘s) the subsequence converging

almost surely to (yo, Y =(y,7), B, A) . Using Proposition [3.3.3] we know that the process
Y? = (y°, j°) satisfies

.

ro = i [ T b () ds + / " s (P ()dB(5)
9 +Zl{v‘5< N (54'/%+1 bjs(o)(y° (3))d5+/zn+1 .Ujﬁ(s)(yé(s))dBé(S)) ., i a.s(3.19)

n>1 Tn

Z A 1[’Yn ’Yn+1

\ TL>0
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where we have defined recursively the following stopping times
5 5 _ s . .0 —
Y% = 0, 9.4 = inf {T >t>q 0 y(t) = 0}, [ a.s. (3.20)

We denote by (G?)o<i<7 the right continuous and complete filtration generated by (Y‘5 (t) =
(v°(1), §° (t))) . We also denote by (G;)o<t<r the right continuous and complete filtra-

0<t<T

tion generated by the process (Y(t) = (y(t),j(t))) . We now state some properties

of the process (Y(t) = (y(t),j(t))) o

Proposition 3.3.5. The process <Y5(t) = (y‘s(t),j‘;(t))> converges uniformly to

(Y = (w0, 5(0)) __ namely: o<t<r

0<t<T

A (Y°,Y) =—= 0, (3.21)

6—0
and therefore

n—a.s.

0
- 22
" = ylor — (3.22)

Proof. From (3.11)) and Remark there exists a (random) change of time As such that

n—a.s.

A5 — Id|o,r) V &, 1y (Y5 0 X5, Y) 0.

§—0

We then have

dJ

1
7 (YY)

IN

d‘({)’T)(Y‘S o)\s0 )\5—1’ Y o )\51) + ngT)(Y ° )‘6_17Y)
< dk({),T) (Y(; o )\67 Y) + d%vT) (Y @) >\(;17 Y>7 o a.s.

From Theorem [3.3.2] Y is continuous and hence uniformly continuous on [0, 7). Therefore

we get
J F) p—a.s.
d(O,T) (Y ,Y) W 0 ;
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and consequently

5 1—a.s.
1y — ylo.m) Y

U

Lemma 3.3.6. Fiz M > 0. There exists a constant C > 0, independent of 0, depending
only on the data

T, M, max |b;|(0+00), Ma il (040005 0)’
< 16{1)3}’ ‘(07+ ) 26{1)(1}’0- |(07+ ) y( )

introduced in assumption (H), such that
E [exp(Myls(T)) < Cexp(M?). (3.23)

Proof. We define the following map ¢ by

[0, +00) = R

x— exp(Mzx) — Mx — 1
Let £ > 0, we introduce the following stopping times

O == inf{s € [t,T], xz(s) > k},
Y. = sup {%‘i;%‘i < T},

where the sequence (79),>¢ is defined in (3.20). Hence, applying Ito’s formula in the
following interval (79, T), using (3.19) and Remark [3.3.4 we get

o [exp(My5(T A ek))} - (exp<M5) . M6>1{15T>0} n (exp( Myb(0)) — My5(0)>1{15T o)

( %Of(x(u>>8xm¢(l’(u))+

TNOy

+ E“[My‘;(T/\Qk)} + E“[/é

7

be)drdle(w) )du] < Cew(e)( 1B [

I

TNOy,

exp(My' (u))du| ),
where C' is a constant depending only on

T’M’ ma bl o), 1NA. 7 Q)9 0)7
< 16{1)3}’ ‘(07+ ) 26{1)(1}’0- |(07+ ) y( )
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since from: (3.11)) |y°(0) — y(0)| — 0.

Hence sending k& — +00, we get using monotone convergence’s Theorem, and Fubini’s

Theorem

T

B exp(My*(T))] < Cexp(Md)(1+E| / ;

74

exp(My’ (u))du] )

< C’exp(M5)<1 —i—E“[/T exp(My‘s(u))duD < Cexp(M6)<1 + /OTE“[exp(My‘s(u))du]).

0

We conclude finally using Gronwall’s Lemma to the following measurable map

0,7 — R
pi=
s+ EF | exp(My°(s))

O

We now study the behavior of the jump part of 3°(-). To this end, we estimate the
time spent by y(-) at the junction point, and we state the following proposition that will

be useful in the sequel.

Proposition 3.3.7. We have

T
limlimsupE“[ / 1{ya(s)§€}ds] = 0, (3.24)
0

e=0 50

and therefore

T
u( / 1{y(s):0}d8 =0 ) = 1.
0

Proof. Let € > §, and 5° € C([0,4+00), R, ) satisfying
Vo >2e, fB(x)=0, Ve >0, 1<y <pfe(x) <1 (3.25)

For all i € {1...1}, we define ui € C?([0,+00)) as the unique solution of the following
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ordinary second order differential equation

()2
01(290) Op 205 () + bi(2)0pui (x) = p°(x), if z € (0,+00),
9,z (0) = 0, (3.26)
u;(0) =0
For each i € {1...1}, the solution is given by
N #2b;(u) #2035 (u) /“ 2b;(r)
ui () = /0 exp ( /0 (1) du) /0 () exp( 20 dr)dudz.

By the assumption on £, and using assumption (), we get that that there exists a con-

stant M > 0 independent of € and 7, dependng only on the data (¢, max;eg1...13 0] Lo ((0,400)))

introduced in assumption (H), such that

Ve >0, 0<0,u(z) <2exp(Mzx), 0<u(x) < %(exp(Mx) - 1) (3.27)

We define the function u¢ on the junction by

J—~R

(x,1) — u; ()
We recall the definition of the stopping times ((3.20))

W= 0 Al = mf{T>t>9] 0 () =0}, pas.

We write then

( Zu;6(7§1+1_) (yé(ﬁ)/n"!‘l_ (328)

n>0
+ (D (POIH) — s (VP0I0) ) mas.

n>0

(3.29)

For (3.28), we apply It6’s formula and use (4.12) on each interval <72772 1= > to get
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(after an argument of localization with stopping times)

B X e (087)) ~ g (108 ) |
T
[ [ B o + [ o a0 )i |
ol [ sionn
We now study the term ([3.29)). Using the continuity of u® at the junction point, namely
V(i,7) € {1...1}2, us(0) = u5(0) =0,
and ([3.27)), we get

E“[ (329)| } < maxie{l,_,l}{ () — 1;(0)] }]E“[ NO(T) ] <
2eeXp(M5)5E“[ NO(T) }

Using Remark it is easy to get that there exists a constant K > 0 such that
Eﬂ[ SN(T) } < K(1+0)V2
hence

/ Bosis ds} < E* [ujém (;ﬁm) — ) <y5(0)>] + 2 exp(M6)deE” [N‘S(T)}

< %E“ [(exp(My? (7)) — 1)] + 22 exp(M)K (1 + 8%)1/2

We get then using Lemma [3.3.0]
lim lim sup E” / 55 } = 0.
e=0 550

Finally, using that  — 1{p<;<.} is lower semicontinuous, x — 1jy<z<.y < 8°(z), Propo-

sition [3.3.5] and Fatou Lemma we get

T T
E“[ /0 Liy(s)=01ds < hmhmsupl[*]”[/O 1s<apds| = 0.

e=0 50

73



Therefore

T
M(/ 1{y<s>:0}d5=0) = L
0

that completes the proof. 0
Proposition 3.3.8. The following map

D*+([0,T]) x D&+ ([0,T]) — Ry,

Y= T
(?Jal)H/ Liy(s)>03dl(s)
0

(where DX+ ([0, T)) is the set of cadlag nondecreasing maps valued in Ry ), is lower semi-

continuous at any (y,1) € C([0,T],R;) x (C([O,T],R+) N DF%[O,T])).

Proof. Let (yk()> be a sequence in D¥+([0,T]) converging to y(-) € C([0,T],R,), and
(1)) in DE=([0, T]) converging to I() € (C([0,T), Ry) NDE+([0,T])).

Using Proposition |3.3.5] we get that (yk()> converges uniformly to y(-), and with the

same arguments (lk()> converges uniformly to (l()) Let p > 0 and ¢, € C([0, +00))
a continuous sequence uniformly bounded, converging from below to x — 1{;~¢} in the

pointwise sense, as p — +00. We write then

[t ol |

+ | / Op(y(u))dlk(u / Gp(y(u)di(w)| < ¢p<yk<->>—¢p<y<->>\ (T

+ )/ Pp(y(u))dly(u /¢p ‘

Hence we get using that [(7") is uniformly bounded in k, and that [ converges weakly

Boe(1)) = Bply(w) | dlx (u)

to {

wro e [ automn = [ oo

Finally writing

T
/ Ly >0yl (u / Gp (Y (w))dly(u),
0
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we get

T
wzo,mmm/‘h% 10yl (u /‘% (u),
0

k—+o0

and hence using Lebesgue’s Theorem

T T
liminfk%%o/ 1y (wsoydli(u) > hmsup/ oy (u) = / Liy(uy>ordl(u).
0 0

p—>—+00

That completes the proof. O

We are now ready to identify the SDE satisfied by the limit process (y(t)) .
0<t<T

Theorem 3.3.9. There exists a nondecreasing process <l(t)>

such that (y(t))

0<t<T 0<t<T
satisfies the stochastic differential equation
y(0) =y
© ’ woa.s, (3.30)
ay(t) = by (y(®)dt + oz GO)ABE) +di(t), 0<t < T
with
0) = 0
t noa.s.
/0 1{y(5)>0}dl(8) =0, 0<t<T
Moreover the process (N‘S(t)> converges uniformly to (l(t)) , namely
0<t<T 0<t<T
’M%ywq‘ 0, pas (3.31)

(0,T) 6—0

Proof. Step 1 : We start to prove that up to a subsequence again denoted ¢
mn)f®+/@%x<»uﬁ/ o (0 (9))B(s)

6—0
—<m+/ wﬁém dﬂ))hw)zo.

For all v > 0, we introduce the map (x,i) — o] (z) defined by

ai(7)
v

O'Z(.I‘) = O-i(l‘)lcc>7 + xlUSxﬁy

75



for (z,i) € J.
For n > 0, we define the functions v, , from C[0,7T] x D7 ([0,T]) to D([0,T]) by
2n—1

Uny (w(‘)> (z(-), i('))> B ( Z Oz(%g)é_f’ xé““’“#m a w]éz“>)o<t<T’

Jj=0

for all (w(-), (z(), i(-))) e C[0,T] x D7 ([0, T]). We write then

| / T ) = [ aoNaBe) | < (3.32)
| [ s @ - [ e |+ (3.33)
| / TP ENABE) — g (B 0L |+ @3
| wnﬁ(Bﬂ(yé,m)(-)—wnﬁ(B,(y,z'))(-) o (3.35)

| B0 = [ oweNaBe) |+ (3.36)
[ atenase) - [ aueense | (3.37)

Now we prove that (3.32) tends to 0 as 6 goes to 0 in L?*(F). Using Burkholder-Davis-

Gundy inequality and assumption (H), there exists a constant C' > 0, independent of

d,n,7, such that for and (3.37)
B | / OB )~ [, (0P (B

0

2

IN

(0,1 4

T -
CE“[ /0 Lypznds |

e | / T WNBE) - [ oo ulo)dBG) |

0 (O,T) J

T .
CE“[ /0 Liyysmds |

IN

Using then Proposition [3.3.5 and Proposition |3.3.7], we get

T T
lim hmsup]E“[iS 33] < limE“[ /0 Liys)<yds ] :E“[ /0 1iys)=0yds ] =0,

=0 50 ¥—0

and with the same arguments lim.,_,o E# [3.37} = 0. For (3.34]), we get that there exists
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a constant C'(y) independent of d, n, depending only on 7 such that

2
] <
(0,1)

B | /0.‘7]5@)(1/5(8))6535(8)—wn,w(B‘s,(y‘syi‘s)) ()

CoEe| s { | o @) ~ @) | sl < & (e e} |

Using Proposition and the continuity of ¢;', we deduce then by Lebesgue’s Theorem

2
] <
(0,T)

imsupy o B[ [ [ 3 (0P 6DIB(5) = v (B, 67,1%)

CONEr[ s | o) ) |1 l—sl < & () 0.7} ],

Finally using the continuity of the paths of the process Y(-) and once again the continuity

of o7 we get

2

lim o limsup; o B | / 0 (W (8)dB(s) = (B, (57, 17)) () lom =0

Similarly we have lim,,_,; « lim sup;_,, E* [3.36] = 0. Finally for (3.35)) we get that there
exists a constant C'(7) independent of (n,d) such that

| G0a (B W 1%) () = un (B (i)() | <

(0,1)

2410() (1B° = Bloo + 10750, (8°()) = 05, (0o ).

Using once more Proposition assumption (#), and the continuity of o7 we get by
Lebesgue’s Theorem that limg_,o E# [3.35} = 0. Therefore we have

g B[ | [ oy (DaB' o) - [ cenane) [ ] <

0 (o,r

lim,_,o limsup,,_, . lim sup;_,, IE”[ ((B-32) + (3:33) + B-34) + (3.35) + (3.36) + (3-37)) } =0.

With the same arguments, we can show that

lim B | /0 bys (57(5))ds — /0 by (w(s))ds | ~ 0.

6—0 0,T) i|

Choosing again a subsequence ¢, to get an almost convergence sense, we have p almost
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surely

iy | 50+ [ by Nds+ [ o (0P DB

6—0 0

- (v~ /O.bﬂs)(y(S))dH / 1o ((5))dB(s) )| =0

0 (0,7

We recall that from Proposition [3.3.3], we have

o (V0 = w+ /Otbja<s)<y6<s>>ds+ / oy (P ()AB () +
0D Lyseor-0) )O%T ) =1

0<s<t

t

t
The continuity of both processes (y<t>>o<t<:r and (/o bj(s) (y(s))ds—i—/o Tis) (y(s))dB(s))

implies that (5 ( Z 1y6(s—)=0}) >0§t§T tends almost surely uniformly to a continuous

0<t<T’

0<s<t

lt) S (5 1600 ) h d ing trajectories, it
process <() ot ince (Z {9 (s—)=0}) ot as nondecreasing trajectories, i

0<s<t

implies that (l(t)> is a nondecreasing process.
0<t<T

Step 2 : We now prove that

)-

=
/N
/N

t
1roaoopdl ) —0
/0 {y(s)>03dl(s) ocrer

namely (l (t)) can increases only when the process <Y(t) = (y(t),j (t))) reaches
0<t<T 0<t<T
the junction point 0. The fact that {(0) = 0, p almost surely is obvious. Since the paths

of 3°(-) and §N?(-) converge uniformly to the continuous processes y(-) and I(-), we have

using Proposition that

T T
hmmf/o 1{y6(s)>0}d(SN6(S) > /0 1{y(s)>0}dl<8), Ma.s.

5—0

Hence, using the lower semi continuity of the real map x — 1,50}, we obtain

{/OT 1{y(s)>o}dl(5)) < 0}’

liminf1

550 r = 1
%
{/0 1{y6(5)>0}d5N6(8) > 0}

[ a.s.
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Therefore, using Fatou’s Lemma we have

T T
liminftgﬁolu( / Los(osnd0N°(s) > 0 > > ,u( liminf/ Lo ddN°(s) > 0 )
0 0

6—0

T
> M( / Liyo>odl(s) > 0),
0

T
and using that ,u( / 1{ya(s)>0}d5N‘5(s) > 0 ) =0, we get finally
0

M( (/Otl{y(s)>0}dl(8))ogth = 0)) = 1

We conclude then that <y(t)) satisfies the differential stochastic equation (3.30)),

0<t<T

with the required conditions on (l (t)) : O
0<t<T

3.4 Itd’s formula and local time estimate at the junction

3.4.1 It6’s formula.

The stochastic differential equation (3.30]) satisfied by the process (y(t)) , does not

0<t<T

completely characterize the process, since the randomness due to <j (t)) is hidden
0<t<T

in the process (l(t)) . In order to better characterize the behavior of the process
0<t<T

<Y(t) = (y(t),J (t))) , we test its dynamic against regular maps f defined on the
0<t<T

junction. This is the aim of the following It6’s formula.
Theorem 3.4.1. Let f € C;"'(Jr) F‘IC;’Q(\YOT). We have
t
(v -s0ve) = [ Ly
0
t I t
+/ 8yfj(5)(s,y(s))aj(s)(y(s))dB(s)—i—Zozi/ Oy fi(s,0)dl(s) ) , 1 a.s.(3.38)
0 — 0

0<t<T

The Dynkin operator L(f) is defined by
LUF)(E (0,3)) = D1, ) + 055095 (0) + 502,550, 9) ),

for any (L, (y, 1)) € Ir-
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Proof. Suppose first that f does not depend on time:

V(t,(y,j))ejT, filty) = fi).

We first show that

- 0,y (05D () B +iaiayfi<o>zu>)ow ) nas.
i=1 ==
We recall the definition of the stopping times
v o= 0, 4, = inf {t >0 0 (t) = 0}, [ a.s.
Let t € [0, 7], we have then the following decomposition
Fw@ () = fis0)(¥°(0)) =
D Fisnt, o (y‘s(t A 72—}-1_)) = fisang+) (95@ A ’anL)) (3.39)
n>0
+ " franmis (zf(t A vfﬁr)) — fistnyi—) (y‘s(t A vi—)>, [ a.s. (3.40)
n>0

For (|3.39)), we apply Itd’s formula on each interval (t A+ tA '72+1 — ), to get

Z fjﬁ(t/wflﬂ—) <y5(t A 72+1_)> = fisenio) (yé(t A 72+1+)>

n>0

t t
= / L(f)(¥°(5), 5°(s))ds  + / 7555) (4" ()0, fis(5) (¥ (5))dB°(s), p as.
0 0
Using the same arguments as in the proof of Theorem [3.3.9] it is easy to show that up to
a subsequence

fimia | [ L6+ [ o0 (6)0 67 ()AB)

0 0

- ([ 6D 60as+ [ ao@@)ofuweise ) [ = 0 pas

(0,7)

Using the continuity of f at the junction point, namely V(i,j) € {1...1}% f;(0) =
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fi(0) = £(0), we get for (3.40) (where we recall that N°(t) = > o<s<t Lyd(smw)=0}, H a.8.)

ng S(tAYS+) ( t/\’Yn+)) - fj%m;i—)(y&(t/\’yi_))a

n>0

( Z Fis68)(0) = fj5(4)(0) )1{Né<t>>0}

N (t)
258 f]6(7 -+ (58](7 (5) )1{N‘5(t)>0}7 o oa.s,
=0

where for each ¢ € {1...1}, lims_,oe;(9) = 0.
From Remark [3.3.4] we know that there exists a constant C' > 0 independent of d, such
that

E“[ SNO() ] < O+ (3.41)
hence
N3()
K . < 2\1/2
B | ;05%%)(5) ‘(O,T) | < ca+e Jax [ei(0)]

which means that, up to a subsequence 9§, we have

(lsig(l) ‘ ng /\75+< /\’Yn )) i /\V‘S*)( ('/\72_)>

NO() 1
nz; ;68 y fi(0 1{35(73) =i} )1{N6(~)>0} ‘(O’T) = 0, pas.
We recall that from assumption (H Z 0, £:(0))1 o Z})n>0 are i.i.d. Using the law

of large numbers, there exists A € £ Wlth p(A) =1, such that for all w € A

nETm;ZZa A Z“za #O

k=0 i=1

since for all §, for all 4 € {1... 1}, EF[15(,6)253] = cu.
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On the other hand we have

A - ﬂ U An,K7

neQ; KeN*
where
1 n I I
Anx = {weA, Vn > K, ‘ S Y A Oy~ D id,fil0) ‘ <
k=0 =1 =1
Given n € Q% and K € N*, we have
NO() 1
( > ;68 WFiO) =i ) Loy — 1 (Za@ £(0 )((OT) < (342
NO() 1
[(-) = dN°()
‘ 0 (;;ayfz Mo Z}>1{Na >0}‘(0T (3.43)
1 NO() T I
z-( (( .(0)1 ( 0, (0 )) 3.44
(0] |( T 2 OO0 = (Lt (3.40)
( Lioansy<ry + 1{N6(-)>K}< 1{A7;,K}+1{7A,,,K} ) )(OT), 0oa.s.
For (|3.43]), we have the following upper bound
. < . . 5y — 1 ‘ .
EB) < wascpn{ | %00 | }| V0o -10) |

Recall that from (3.31)) in Theorem we know that

NO(Y — (- ‘
OV = 1() oy T 0 pas

hence using Lebesgue’s Theorem

hmﬂzu[ BA3) }:0.

6—0

We now consider the term ([3.44]), we have

Vi€ [0,T], 0<Ut)Ljens<ry = (L(t) — IN°(t) + ON°(£) L o< ns )<k}

< Oy — (- )
_‘ IN°(-) —1() ‘(O’T)—HSK, i a.s,
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and then using Lebesgue’s Theorem and once again ([3.31]), we have
(where C' = C(max;eq..n { ‘ 0. 1i(0) ‘ }) is a constant independent of §)

°()
1lm5—>oE“[ ’l < N;(-) 3 - ia f(o)l{g (Zaza fi(0 ) >1{0<N5(-)<K}‘(DTJ
n=0 i=1 )
< Clims o B || 6N°() = I() )(w +5K] —0.

Finally we have the following upper bounds

()]

iayfz(o)l{jé(»y (Zaﬁ £:(0 ) )1{]\,5 srilia,

<o 1], ]

iayfz(o)l{ﬂ(w (Zala fi(0 ))1{N5 >K}1{A,,K}‘ ]

<0Eu[ ‘z‘ 1—]
- (o1) Wik

Therefore
lim,, o limsupy_, , o limsup;_, ]E“[ (13.42) } =0.

We finally get, that up to a subsequence ¢

6—0

iy | F00°0) = 0@ ) = ([ 200 (s ((5). 5 ) as+
.6yfj(s)(y<$))0j(s)(y<3))dB(s)+Zaiayfi(0)l(') > ’(O’T) = 0, pas.

0

This completes the proof of Step 1.
Step 2. We generalize the result obtained in Step 1, for f € C)"' (Jr) ﬂC,}’z(;T). To this
end, fix t € [0,7] and set (¢t} := kt/n)o<r<n. We have

fj(t)(tay(t)> i ( ) Zf] ) (tz, (t > —fj(tg)<tz—1ay(t2)> (3.45)

+ me (tiw(t) = i (o wtiD). (3.46)
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Using the continuity of f at the junction point, the interior regularity of the (0.f;)icq1..13,

T
the continuity of the paths of y(-) and that / 1iy)=0yds = 0 p a.s, we get
0

‘ ki;fj(tz) (tZ,y(t@) - fjw(tz,l,y(t@) - /0 Octics) (S’y(s>>ds ‘(O’T) e RS

n—-+o00

Using the result obtained in Step 1, we get for (3.46]

> Fitp (o v(8)) = Fip_ (o v(ti) =
k=1

/ (B0t (119 )i (s)) + 50850 (1, 0(5) ) 2w ) s+

n
-1

t

Oufiio) (Br, 9(5) ) 050 (w(5)AB(s) + (U(85) = U(t_1) (Zaza filtis,0).

th_q

T

Finally, using the regularity of f, and the fact that / 1iysnds = 0, p a.s (Proposition
0

3.3.7)), it is easy to check that up to a subsequence n,

‘ Zf 54 (tk vY (%f))—fj(t;gl)(tzp_py(tﬁil)>
([ (ayfj<s>(s,y<s>)bj<s><y<s)> b0 fi (50(5)) o2 () ) s

+ /0 Oy fj(s) <S,y(8))0j<s>(y(8))d3(5) +ia@-/0‘ Oy fils, 0)di(s) )

that completes the proof. [l

— 0, pas,
(0,T) p—+oo

3.4.2 Local time estimate at the junction

We complete this Chapter by giving a local time estimate of the process Y (t) = ((y(t), j (t))
0<t<T

at the junction point. This estimate is reminiscent of the local time for the reflected Brow-

nian motion.

Theorem 3.4.2. We have:

: 2
ll—{r(l) Eu 252/ 0)L{o<y(s)<e.i(s) J}ds) — 1) ’(O,T)] = 0,
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and, more generally, for any subset T C {1,...1}:

1 : 2
lim E“[ ‘ <—————————- t/‘azo Loy(s &-Sz-ds) — ] _—
lim 25(§:kez(1k);§; i 7(0)Losy(s)<e.i(o)=3) R P
Proof. Let ¢ > 0. We define the following sequence ¢° on J by
» , L ifo<y<e
V@J)657¢iwdﬁ = ¢(y) = , and y € Jj.

y—5 iy>e
Step 1 : We start by showing that

(o -0 = [ (006 +
308 N 0 s+ [ 0,07 N0 wENaBE) ) s (40

0<t<T

Let n > 0, and ¢*7 € C3(J), the sequence of smooth functions satisfying the following
conditions (7):

¢=" = ¢° on [0,e/2] U [2¢, +00),

L1((0,400))
Oyy®™" — Oyy¢® ————
n—0

!3y¢5’77 - 8y¢6|[0,+oo) UTO) 07

0,

|05 — %10, +00) o 0

\

Let a > ¢ > 0. We introduce the following stopping time
Yo = inf{t€[0,T], y(t)=a}, p as.
Applying It6’s formula of Theorem to ¢=" € C*(J), we have

(o0 nm) = O) = [ (00 wls)bio (9) + 500 (e o)) ) s

0<t<T’

[0 DB ) s (3.4
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We are going to send  — 0 in (3.48)). We start by showing that, up to a sub sequence 7,

i | [ " 0,0(y(5))0r0 (v())dB(s) | " 0,6 W) ysNABG) | = 0, p s

n—0 (0,7)

Using assumption (#) and Burkholder-Davis-Gundy inequality, we get that there exists

a constant C' > 0, independent of a, €, and 7, such that

B[ | [ oeruneuese - [ osuemeee [ ] <
CE“[ /0 o (0y¢€’"<y<s>>oj<s>(y<s>>—ay¢€(y<s))aj(s)(y(s)))2ds] <
o \ 0,67"(-) — 9y9°(-) \fo’a) ).
Hence using conditions (77), we get that up to a sub sequence 7
A ‘ /0 Ma8y¢€’”<y(s))aj<s>(y(s))dB(s) - /O MEay¢€(y(s))aj(s)(y(s))d3<5) ony = 0 omas

With the same arguments, we get that up to a sub sequence ( denoted in the same way

by ) n

i | [ 0w~ [ asebobens [ = 0w as

n—0 (0,7)

Finally, as the stochastic differential equation (3.30)) has continuous and bounded coef-

ficients, the process (y(t)) has a continuous density on (0,+00) (see Proposition
0<t<T

1.1.2 and Theorem 1.8.3 of [22] ). Let us denote by C' its bound on [¢/2, a]. We have then

using conditions assumption (H)

[ | [ 30 o — [ S0 uehma s | ]

< w / (5))(0y06" () ~ W) azyiozer | ds |

1 £ £
< Jhax Hz% | 2o ((0,400) T C| 0y y =" — Oy y "l L1 (e /2,0))-

Then, by condition (7), we have

“Ma 1 Na 1
i B[ | [ 500 wenewe) s — [ S enewerds | ] = o

n—0
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This proves that, for any a > ¢,

(Ferm - = [ (0w b+
300 s 06D )as + [ Ol WNAB) ) was

0<t<T

Finally, since the process y(-) has continuous paths, we have

lim 7, =400, uas.
a—r—+00

Hence sending a to +oo, we obtained (3.47]), and that completes the proof of Step 1.
Step 2 : we prove the main result of this Proposition.
Using the result obtained in Step 1 and Theorem |3.3.9) we get using the expression of

the derivatives of ¢°:

B [ | 5 [ D losmeads—10) [ ] <
s(2 [ evo-eron - (0-w0) [ ] 6o
+ B[ / 050 (4(5)) Loy ()2 4B (s) ;T) | 50
+ B || / 59)(U(5)) Liozy(s)<2y s ?077’) IEE
=2 [ ] o) iamsadst) - / msNaBe) [ ] 65
=m0 [ [ oot = [ bowes [ ]) 65

For (3.49), recalling that, for all Y = (y,7) € J, |¢°(Y) — y| < 2, we get by Lebesgue’s

Theorem

im B[ | S0 o) - (0-u0) [ ] =0

e—0 0,T)
On the other hand for (3.50), using assumption (#) and Burkholder-Davis-Gundy in-
equality, there exists a constant C' > 0 independent of ¢, such that

2

T
‘/Uﬂs $))1{0<y(s)<erdB(s) ‘ } < CE¥| /0 Lio<y(s)<eyds |,

(0,1)
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and therefore using Proposition (3 , we get

2
- p _
iy B [ ] [ ootoMsmsadse) |, ] = o
Similarly, we have for (3.51)
' 2
ll_r)r(l) E* ‘ / 1{0<y <€}d$ :| = 0.

Finally, for (3.52) and (3.53), it easy to check using assumption (#) that

lim.o B~ [ ‘ /0.Uj<s>(y(S))l{y(s>ze}dB(8)—/0.0j<s)(y(8))d3(8) ‘2 } = 0,

(0.7)
. : 2
fimeo B [ | [ b uesads - [ b [ ] = o
0 0 (0,7)
We get finally
. m 1 . 2 2 —
iy 2 [ | 3 [ om0 [, ] = o
To conclude, we remark that all ¢ € [0, T]
L[,
% /. 505 (Y(5)) Losye)<eyds = Z 9% / 0)L{o<y(s)<eits)=sds  +

! ¢
1
2 2¢ /0 <032'(y(3)) - ‘7]2'(0)>1{OSy(s)§e,j(s>:j}d5 , pas.
j=1

Using the uniform Lipschitz continuity of all the (0;);cq1..1y at each edge J; (assumption
(H)), we get that there exists a constant C' > 0, independent of ¢ such that for all
jge{l...I}, for all s € [0,T]

UJQ‘(?J(S))—U?(O)‘l{ogy(s)gs} < Celjocys)<e), M A,

and then using Proposition ([3.3.7))

1

. 1 .

s B[ | 350 [ (306D ~30) Tossassoats |, ] <
i=1 |

T
Chmgﬁo ]EH[/ ]-{OSy(S)SE}dS :| = 0.
0
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We get then the required result, namely

lim E“[‘ <i2/.02(0)1 | ds) TS ’2 ] =0
50 % £ 0 7 {0<y(s)<e,j(s)=J} 0T) :

J=1

We notice that the second approximation, which is for any Z C {1,...1}

1 .
lim ]E“[ ‘ (— / 02.(0)1 0<y(s)<e.i(s)=3 d3> — ()
e—0 2€<Zk€I ak) ]EZZ 0 J {0<y(s)<e,j(s)=5}

can be proved with the same arguments above considering the same map ¢°, but vanishing

on each edge whose indexes belong to {1,...71}\ Z. O
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Chapter 4

Stochastic optimal control at the

junction

4.1 Introduction

Originally introduced by Freidlin and Sheu in [15] and Freidlin and Wetzell in [16], stochas-
tic diffusions in graphs have attracted a lot of intention in the last 20 years. More precisely,
given a junction J = Ufil Ji, (04, b;) regular functions from R, to R, and «; ...«a; non-
negative constants such that ay +-- -+ «a; = 1, the authors in [I6] have proved that there
exists a continuous Markov process X = (x,) defined on J.

Thereafter in [15], it is shown that there exists a one dimensional Wiener process W de-
fined on a probability space (Y(+), F,P), adapted to the natural filtration of X = (z,1),
such that the process z satisfies the following stochastic differential equation for a finite

time horizon T" > 0,
dz(t) = o) (x(t))dW (L) 4 by (x(t))dt + dl(t) , 0 <t <T, (4.1)
where [ is a nondecreasing process starting from zero satisfying

t
P((/ 1{x(s)>0}dl(3))0§t§T=0> = L
0

Moreover, [15] gives the following 1t6’s formula
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dfiy(x(t)) = (bz‘(w(x(t))axfi(t) (2(1)) + %Ufm (2(1) O ficr) (W)))dt +
Oy fiy (2 () sg0y ((2)) AW, + Z ;0 f;(0)dl(t), (4.2)

for f regular enough.
The process [ can be interpreted as the local time of the process X at the vertex, whose

quadratic approximation is given by

2
= 0. 4.3
o | (43

ll_r% EP 28 Z/ 1{0<x (8)<e,j(s)= ]}d8> - l()

In this Chapter, we study a stochastic control problem with control at the junction point.
We use a weak martingale formulation, and the method of compactification of the controls,
as it has been introduced in [25]. Such a method is a classical one in the deterministic
case and even in the stochastic case in [6], however it is not often used any more. For
our problem, the method differs from what it has already done in the literature, since we
will add a relaxation at the junction point, due to the process [ introduced in equation
(4.1]), which takes into account its behavior. This new method of relaxation is introduced
in Section where a criterion a compactness is given in Theorem [4.2.1] Thereafter, we
establish the compactness of the admissible controls in Theorem As in [25], both
stability properties of the set of rules by conditioning and concatenation at stopping times,
are the main tools to formulate the dynamic programming principle, which is proved in
Theorem [£.4.5] On the other hand, the value function of this problem of control, will
allows us to make the link with the theory of non linear parabolic partial differential
equations at a junction. Due to the process [ and the quadratic approximation ,
we will get that the parabolic equation that characterized the value function, has non
degenerate viscosity at the junction point x = 0, and satisfy a non linear Neumann and
non dynamical boundary condition at z = 0;

F(u(t,0),0,u(t,0)) = inf { Zala w;(t, 0) } = 0.

s€10,1]1,3 ay=1
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Until now, the only result of existence and uniqueness of these type of equation has been
given in [41], where the author has shown well-posedness of classical solutions for the

following problem

Oyu;(t, x) — oy(x, Opuy(t, x))@izui(t, x) + Hi(x,u;(t,x), 0pu;(t,x)) = 0,
for all z > 0, and for all i€ {1...1}, (4.4)

F(u(t,0),0,u(t,0)) = 0,

in suitable Holder spaces: see Theorem 2.2 for the existence and Theorem 2.4 for the
comparison in [4I], and thus the uniqueness. The main assumptions are that the equa-
tion is uniformly parabolic with smooth coefficients and that the term F' = F(u,p) is
increasing with respect to p, which is a natural assumption regarding to the set where the
controls (a; ...ay) are valued. This result will allow us to formulate a Feynman-Kac’s
representation formula in a futur framework.

Let us mention that the control theory on stratified domains or networks have already
been well-studied in the literature, for first order problems, and we refer for instance to [3],
[, [B], [I7),[1,[33]... On the other hand, for stochastic control problems with reflection
and controllability at the boundary, we refer to [I1], where the author studied optimal
reflection with some applications in financial markets.

The Chapter is organized as follows. We introduce the set of generalized actions that will
be used for the compactification method, and the formulation of our martingale problem
in Section [4.2] Thereafter, we prove the compactness of the admissible rules in Section

M3l The dynamic programming principle is established in Section [1.4]

4.2 The set of generalized action, and the martingale problem

4.2.1 The set of generalized actions

In this sub section we define the set of generalized actions at the junction point, and we

give a criterion of compactness Theorem [£.2.1] Let us introduce

Lo, 7] = { [:]0,T] - R, continuous nondecreasing such that : [(0) =0 },
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which is the space where the process [(.) introduced in (4.1)) takes its value. We define
furthermore the following compact set Ay of R’ by

Ay = { (o) € 0, 1], iaizl }

i=1

which is the set where the controls «; at the junction point appearing in the Ito’s formula
Theorem (|3.4.1)) are valued.
In the sequel, we use the notations introduced in Appendix [C] and for the convenience of

the reader we recall that
L3 ([0,7] x Ag) 1= { J € L([0,T] x Ao), (s ...ap) v f(t, (o -..ar)) € C(Ao), ¥t € 0,71},

and M,,.([0,T] x Ap) is the set consisting of non negative finite measures on ([0, T| x
Ao, B([0,T7) ®]B%(A0)), endowed with the finest topology making continuous the following

family of linear forms (0)rere (j0.77x 40)

Mel[0,T] % Ag)) = R
Of :
! vi—v(f) :/ fdv

[O,T] ><A0

The set of generalized actions at the junction point, denoted V' ([0,7] x Ay) is defined by

V([0,T] x Ay) = { V€ Mono[0,T] % Ag), 30, € L[0,T], v07)(dt) =1, (dt) }

where v0Tl(dt) = / v(dt,day .. .day).
Ao

As a consequence of the disintegration Theorem of a measure, (see for instance [24]), we

will use the following notation for v € V([0,T] x Ap):
v(dt,day ... day) = 1,(dt)v(day . .. day),

where v is a measurable kernel of mass 1 on (Ag, B(Ap)). As explained in the general
Introduction [4.1] we establish here a criterion of compactness for V ([0, 7] x Ay), that will
be useful in the proof of the compactness of the admissible rules in Section

Theorem 4.2.1. Let V be a subset of V([0,T] x Ay). Assume that there exists a constant

93



C' >0, and a modulus of continuity w € C(R;,R), with w(0) = 0, such that

YweV, IL(T) < C,
Vv eV, Y(t,s)el0,T], L) —L(s) < w(t-s]),

C C

then V is compact for the weak topology *o (L;’;’ ([0,T] x Ag)’, L.([0, T x A0)>.

Proof. Since the o Borel algebra B([0,7]) of [0,7] is countably generated, we get from
Proposition that M,,.([0,T] x Ap) is metrizable, therefore V is metrizable and the
compactness can be proved sequentially.

Let v, be a sequence of V, we know that there exists a sequence [, of L[0,T], such that

Ao

Using the assumptions satisfied by the sequence [, , applying Ascoli’s Theorem, we get
that [,, converges uniformly up to a sub sequence to [ € C[0,T], and since L[0,T] is closed
in C[0, T for the uniform convergence, we deduce that [ € L[0, T].

Let us now show that V is relatively compact for xo (Lf,fc([o, T] x Ag)', L,([0, T x A0)>,
and for this we are going to apply Theorem [C.0.4]

0,7

We now show that ") and (resp. vio =

. Up(dt,doy ... dag)) are relatively compact

(0,7]

in M,,,([0,T]) (resp. M.(Ap)), for the weak topologies *cr(LO"’l([O,T])/,Loo’l([O,T])>,
(resp. *O (C(AO)',C(A0)>>, where we recall that

L=N(0,7)) = { feL=(0,T]), 3BeB(0,T]), f(t)=1s(t) }.

and M,,([0,77), (resp.M.(Ap)), are the set of finite positive finite measures on [0, 7]
(resp. Ap), endowed with the finest topology making continuous the following family of

linear forms (6¢) e ro(jo,r7), defined by

M, ([0,T7]) = R
O :
vi—uv(f)= fdv
(0,7]
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(YGSP- (07) rec(ao)

MC(A()) — R
O : .
’ v u(f) = fdv )

Ao

Since [,, converges uniformly to [ up to a sub sequence ny, it is easy to get that for any

f e L=4([0,77)

Ft),,, (dt) 275 Fl(a),
(0,77 Tk (0,77

namely v07 (dt) = 1(dt) for *J(Lwl([o, T])', L= ([o, T])).
On the other hand, we have

¥ leay = s | [ pewltda..dan)| £ (1) < G

fGC(AO),Hf”Sl [OvT]XAO

and then we deduce that v is relatively compact for the weak topology *a(C(Ay)",C(4y)).
We deduce finally using Theorem [C.0.4], that v, is relatively compact, and then converges
up to a sub sequence (denoted in the same way by ng) to ¢ € L1([0,T] x Ay)’, for
*O (Lgfél([(),T] x Ag), LH([0, T x Ao)>, where

L3z (0,T) x Ag) = { f € L=([0,T] x Ao), 3B € B(0,T)), g € C(Ay), f = 1n(t)glen ... ar)}.

We now turn to prove that ¢ can be represented by an element of v € M,,.([0,T] x Ay),

namely

Fv € Mue([0,T] x Ao), ¥f € LiH([0,T] x Ag),
o(f) = / flt,aq .. apv(dt,da; ... day).
[0,T]x Ag

For this, we use a Riesz representation Theorem, and more precisely we are going to prove

that ¢ satisfies (i) and (ii) of Theorem
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Let B € B([0,77]), we have

1, ift € B,
(t,al...aj)»—)13®1(t,a1...0q) =

0, ift ¢ B,
belongs to L ([0, T] x Ap), and

k—+o0

Un,(lp®1) ——= ¢(1p® 1),
U, (1p ® 1) = 1, (B) 222 (B).

By uniqueness of the weak limit, we get that ¢(1p ® 1) = I(B), and since | € L[0,T],
defines a Borel measure on ([0, 7,B([0, 7)), which means that (i) of Theorem [C.0.5/holds
true.
On the other hand, since Ay is compact, we deduce easily that (ii) of Theorem holds
true.

We deduce then that there exists v € M,,.([0,T] x Ap), such that
Vf c L;‘S&l([g, T] X Ao), gb(f) = / f(t7 Qg ... Oé[)V(dt, dog ... dOZ[).
[O,T]XAO

Since ¢ is a continuous linear form on Span (L% ([0, T]x Ag)), which is dense in L2, ([0, T'] x

Ap) for the uniform convergence (see Lemma [C.0.6)), we deduce that
Ve L2([0,T] x Ao), o(f) _/ Ftan . anw(dt, day .. day).
[O,T]XAO

Finally, to complete the proof, it is enough to show that the projection I/[O’T](dt) is equal
to [(dt). For this we use that, for any B € B([0,7])

/ 15(t), (df) =% / 15(0)l(dt),
[0,T7] [0,T]

Nk

Nk

/ (B vn(dt, das . . day) 225 / 1 (B (dt, das . day).
[OvT] x Ao [O,T} X Ao

Using the uniqueness of the weak limit, we get

VB € B([0,T]), /

]-B I(dt) = 1B Vd,dOél...dOé]
BRICICE / (v (dt )

[O,T] ><A0
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and then

I(dt) = / v(dt,day ... day),
Ao

and that completes the proof. 0
Theorem 4.2.2. V ([0, T]x Ay) endowed with the weak topology *o (L;gc([o, T)xAg)', L. ([0, T] x
A0)> is Polish.

Proof. Recall that M,,,.([0,T] x Ap) endowed with the weak topology *0<L$§c([0,T] X
Ao)', L2 ([0, T] x AO)) is separable since

Muel(0.7) 5 Aoy € (J {6 € L0, 7] x A, I8l <n },

n>0

and from Banach-Alaoglu-Bourbaki’s Theorem
vn 20, { ¢eLz(o,Tx ), llo|<n }

is compact for *a(L;’fL’C([O, T x Ag)', L.([0,T] x Ap) )

As a subset of M,,,.([0,T] x Ag), we deduce that V ([0, T] x Ag) is separable for the weak
topology +o(L35.([0.T] x Ao)', Lz.([0,T] x Ao)).

To conclude, let v, (dt, day ... doy) := 1, (dt)v,,(dz) a Cauchy sequence of V ([0, T] x Ay),

we have then

Ve>0, dngeN, Vn>ng, Vp>0, Vfe L2 ([0,T] x Ap),

‘ / f(t,ar...an)vpgp(dt,doy ... day) —
[0,T]x Ag

/ ft,aq...anv,(dt,da; ... day) < e
[OT}XAO

Let s € [0,T], choosing f(t, o ...ar) = 1p4(t), we get that [, is a Cauchy sequence of
L(]0,T1]), and then converges uniformly to I € L([0,T]). Therefore using the converse of
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Ascoli’s Theorem, we get that the sequence [, satisfies

3¢ >0, Vn>0, I,(T) < C,
Jw € C([0,T]), w(0)=0, Yn>0, Y(ts)€[0,T], |l.(t)—1lu(s) < w(]t—s|).

We conclude then using Theorem [4.2.1] that v, converges to v € V([0,T] x Ap) for the
weak topology *o (Lfno ([0, 7] x Ag)', L2 ([0, T] x A0)>, and that completes the proof. [

C

4.2.2 Weak martingale formulation of the problem of control

In this sub section we define the martingale problem. We use a classical relaxation on
each edge. Let then (K;)i<i<s, I compact sets of R, we denote by U([0,7] x K;) the set

of generalized actions on each edge J;

U(0.T) x K) = { v € Mul(0.T] x Ki), v*7(at) _/

K;

v(dt, dk) = dt }

As it has been done in the proof of Proposition [4.2.1) we can show that for each i €
{1...i}, U(]0, T| x K;) are compact for the weak topology *o (Lﬁc([o, TIxK;)', L ([0, T x
K, Z)) . To formulate the martingale problem, we introduce in the sequel the following data,
for each i € {1...1},

p

o; € L=([0,T7] x [0, +00) x K;)

b; € L*([0,T] x [0,+00) x K;)
by e L([0,T] % [0, +00) x Ki)
ho € L>([0,T] x Ap)

g€ CHT.R) N CAT R)

satisfying the following assumptions

Assumption (H)
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(1) Je>0, Vie{l...I}, V(t,xz, k) €[0,T] x[0,400) x K;, oi(t,z,k;) > ¢,
(i1) Vie{1... I}, x> (04,b;, h;) € C([0,400)), and
(8x02,3xbl,8xhl) € Loo([O’T] X [0, —|—OO) X Kz)))

We recall that C7([0,77]) is the set of continuous maps defined in [0, 7], valued in the
junction (J,d”), where d7 is defined by

W@ ) €7 (@i wa) =y 0

In the sequel, C,”*(Jr) is the class of continuous functions defined on [0, 7] x 7, having a
regularity of class C12([0,T] x [0, +00)) on each edge, and bounded together with all its
derivatives.

The canonical space where we will define our process, is the following Polish space

I
o = ¢7[0,7] % (HU([O,T] X KZ-)) % V([0,T] % Ay),
i=1
endowed with its Borel o algebra B(®).
The canonical process is then defined on the measurable space (®,B(®)) by

, T x X Mopne([0,T] x K;) ) X Mie([0,T] x A
L Jomxesg (1:[1 (10.7) x Ky)) (0,7 x Ay)

(s70) = (XY = (96).(5))o11s) - mals)wn(s) ).

where for each i € {0,...1}, v;(s)(dt,day ... dag) = 194 (t)vi(dt, da; ... dag).

It is easy to check that the process (X (s)) has continuous paths. We denote in the
0<s<T

sequel by (W;)o<t<r the right continuous filtration generated by this process.

Let (t, (x, 2)) € [0,7] x J, we define the set of admissible rules A(t, (x, Z)), as the set of
all the probability measures Pt(m’i) defined on the filtered probability space <<I>, (\Ift)ogth>
satisfying

Conditions (S))

99



-(i) For each u < t, X (u) = ( (z,1),1(t) ... vi(t), (1) >7 P ag
-(ii) For each s > t,

/ / Liaw>opro(s)(du, day ... dar) = / L=y l(s) (du) = 0, P as
Ao

-(iii) For any f € C,*(Jr), the following process (M7)o<,<7 defined on the filtered prob-
ability space (®,B(®), (\I!t)0<t<T,P ) by

eJr

7

Vse[t,T], M{—M=f(s,X(s)— ft, X(t) — i /t /K 1{ (r<u>,z'<u>)

+;0‘Z (u, x(u), k;)Op o fi(w, x(u)) + b;(u, x(u), k;) 0y fi(u, x(u))) vi(s)(du, dk;)

—Z/ /A By f3(1t, 0)vo(s) (du, davs . . . devy)

}(atfxu,x(u))

is a (Uy)i<s<r continuous martingale under the probability measure Pt(x’i), after time ¢.

Remark 4.2.3. We assume that A(t, (z, z)> is non empty, and we will prove it in a future

work. More precisely, we will show that there exists P € A(t, (:L’,Z)) with a constant

control at the junction point: namely for (a;...ay) € A
Vs € [O,T], VV() S V([O,T] X A0)7 VQ(S)(dt, dO./l ce d&[) = 1[0,5] (t)é(al...a1)<a1 c. O./]),
then
/ Star.ap(@r...ar) =1, and / / < a, 0. f(u,0) > vy(s)(du,day ...day) =
AO AO
Z/ / @;0, fi(u, 0)dl g (s) (u),
Ao

with a = (ay ...ay), Opf(u,0) = (0 f1(u,0) ... 0, fr(u,0)), and < .,. > denotes the classi-

cal scalar product in RY.

We can then define the following reward function A of our problem, with cost hgy at
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the junction point and h; on each edge by

(

A(t (z, ')) SR

A d pEd Ep(z 2 Z / / hi(u, x(w), ki)vi(T)(du, dk;) — (4.5)
z EJ*}

\—F j; onhO U,al...Oé])Vo( )(du,d&l...d&j) + g(XT)

The corresponding value function v is defined by

0, 7] x J - R
(4.6)

v .
(L)~ AR
P e At (2,i))

4.3 Compactness of the admissible rule

In this section, we will prove the compactness of the set of admissible rules A(t, (z, 2)),

for the weak topology.

Proposition 4.3.1. Define the following maps

c71o, T]XV([OT | x Ag) > R
p: )
(( (), Vo / / 1pysoyvo(du, doy . . . day)
Ao

and for alli € {0...1}

C710,T] x V([0,T] x Ay) = R

((x().i).m0) H/tT/AO ho(u - ar)vo(du, don .. day)

o, T]xV([OT | x K;) = R
" ((fv( / / M z<u ef}hi(u,xwkdw(duvdki)

0, (pi)ie{l'”[} are lower semi continuous and py is continuous.

Proof. We start by showing that p is lower semi continuous, and for this let ((:c”(), i"(+)),
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vi(dt, dag . .. dog)) in C7[0, T|xV ([0, T]x Ap) converging to ((a:(), i(+)), vo(dt,day . . .dog)).
Let p > 0 and ¢, € C([0,+00)) a sequence converging from below to © — 10y in the
pointwise sense, as p — 4o00. Since v,(dt,da ...day) = v(dt,day ... dag), we can find

0 € M,,.([0,T] x Ap), such that

Ve Le ([0,T] x Ag), ¥Yn >0,
/[ - |f(u, 00 ...ar)|v,(de, day .. . dag) S/ |f(u, 00 ...ap)|0(dz,day ... dag).
0,7 x 0

[O,T] ><A()

We write then

<

/ op(x™ ()1 (du, doy ... day) — / op(x(u)vo(du, doy . .. day)
t Ao t Ao

[].

vy (du,doy ... day)

Pp(2" (1) = dp(a(u))

+ /tT 3 op(x(w)vy(du, day . .. dag) — /tT oy ((u))vo(du, day . .. daf)‘ <
/ /A ¢p(z — ¢p(x ‘9 (du,day ... day)
+ /tT . op(z(w))vy (du, day . .. doy) — /tT A ¢p(x(u))]j0(du7d0é1..-da[)).

Therefore we get that

T
0, lim dp(2" (w))vy (du, day . .. dag) = / op(z(u))vo(du, da . . . dag).
n—+oo t Ao t Ag

Finally writing

T T
/ / Lign (>0 (du, dovy ... day) > / op(x™(u))vy (du, doy . .. day),
t Ao t Ao

we get

n—-+o00

T T
Vp >0, lim inf/ / Lgn@ysoyvy (du, day .. .day) > / dp(x(u))vo(du, doy . .. day),
t Ao t Ao
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and hence

T T
lim inf,,_, | o / / 1nwy>01 g (du, day ... day) > lim sup/ op((u))vo(du, day . . .
t Ao t Ao

p——+00
T
= / / 1{$(u)>0}y0(du, dOél .. .dOé[).
t Ao

We conclude then that p is lower semi continuous. We use the same arguments to show

that the (p;)ic(1...ry are lower semi continuous and py is continuous. L]

In the next Proposition, we characterize the paths of the process z(+), by showing that

its martingale part can be represented by a Brownian martingale.

Proposition 4.3.2. Let P\"") € A(t, (:L‘,z')), and f € C;*(Jr), we have

Vse[t,T], d< f(-,X() >s =

( é /K,.l{@(u),i(u))g;}( O fi(s, x(s))oi(s, 2(s), ki) >2V¢,S(s)(dki) )ds, P g

Moreover there exists a standard one dimentionnal Brownian motion W (), (Vs)i<s<r

measurable, such that

Vse[t,T], x(s) = = + zj: /ts /K.1{(uw(u)’i(u))eﬁ}bi(u,x(u),ki)yi(s)(du,dki)
+ /t< EI: /Kv1{(z(u)’i(u)>eﬂ}ai(wx(u)7]{;Z.)2yi7u(s)(dki) )édW(u)
+ lye(s), P& as, (4.7)

Proof. Let g = g(z) € C3(R,R), we have using the classical Itd’s formula

Vs e [t,T], go f(s,X(s))=go f(s,x) +/tsaxgof(u,X(u))df(u,X(u))

+ / Dag o XA < (X () >0 B s
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On the other hand we have

| 2ug0 st X(@)at, X Z /. / }GxQOf(u,X(U))( 00, 2(w)

—iéaz (u, z(w), ki) Oy fi(u, () + bi(u7x<u>7ki)axfi(u,x<u)) >Vi(3)(du,dk’i)
+ Z/A /tS @;0,g o f(u, X (u))0yfi(u,0)vp(s)(du, day . .. dag) +

/ 8g 0 f(u, X (w)dM' (v), P as
t

Using condition (Sp) (ii), namely: / / 1w>o10(s)(du, doy . . .dag) =0, P as, we
t Ao
get

I s
aw o} ,X Zaxz s d ,d ...d =
S [ o 100 X0 Ot )
I S
9sg o f(u,0);0, f(u, du,do .. .dag), P& as.
;/t /AO go [(u,0)a;0; fi(u, 0)vo(s)(du, doy ... dayr), B as

On the other hand, using that go f € C;’2(jT), we know that

(g0 sts.x0) =g 6 x00)- 3 [ Je o)y 0010005000
302 0, K)aalg © ) () i () K ) () ) s )
_,ZI: /t /A @;0(g o f:)(u, 0)vo(s)(du, da . . . day) >t§s§T’

(z,1)

is a (Vy);<s<r continuous martingale under the probability measure P,". Simple com-

putations allows to get that, at each vertex, for all x € Jf and for all s € [¢, T

0 © (s )+ bils, 7, k)ulg © Flo, ) + 5075, k)l 0 i(s,2) =
O fi(s,2)0:g © fi(s,x) + bi(s,z, k)0, fi(s,2)0zg © fi(s, ) +
502(5,2, ) (0ua fi(s,2)02g © Fils,) + D fi(s,2)Duag © Fils,) ).
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Identifying the martingale and finite variation terms, we get that
Vs>t d< f(,,X()>s =

( Z;: /fgl{(x(u),i(u))ej;}( 0: fi(s, 2(3))oi(s, x(s), ki) )ZVi,s(s)(dki) )ds, PO g,

Considering the special case when f(x) = z, if z € Jf, after an argument of localization

with stopping times, and (using the ellipticity assumption (i) (H)), if we set

® 1

vzt W - | f (u, X(w), P& as,

| ( Zzl /KZ 1{ (z(U),i(u)> GJZ}Oi<x(U)’ ki)2yi’“(8) (dkz) >§

we get that
d<W()>,=ds, P as.

Therefore using Paul Levy’s Theorem characterization of the Brownian motion, W (-) is
a standard one dimensional Brownian motion, (Wy);<s<r measurable and that completes

the proof. 0

Next, we get upper bounds of the modulus of continuity of both processes z(-) and
[(+), which are useful for the proof of the compactness of the admissible rules A(t, (x, @))
for the weak topology.

Proposition 4.3.3. Let Pt(x’i) € A(t, (x,i)), and s € [t,T]. There exists a constant C,

depending only on the data (T, (||bs]| £oo ([0,11x [0,4-00) x K1) ||| Loo (0,77 x[0,400) x ;) )1<i<1)» Such

that

< C(1+2?
(t,s)] - (+$)’

< C(1+2?
(m)] < C(1+4?),

EPf””’”[ W(X(-),0)? ] < C@ln(%),
(,4) 2T
EX | wlln (1,0 | < C8n(=),
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where we have defined the following modulus of continuity

w(X,H):sup{ A7 (X(s), X(u), (u,s)€[t.T), |lu—s| <0, 0€l0,T] }

w(l,@):sup{ () — U(s)], (u,s)€[t.T), |u—s| <0, 0€l0,T] }

Proof. Let s > t. We define the following map f € C**(J7), by f(z,i) = 22, if x € J;.
After an argument of localization with stopping times, and using condition (Sp) (iii), we
get

5 x(s)* — xQ‘ <

’ Z / / x i) GJ*} (bi(u,x(u), ki)x(u) 4 o5(u, v(u), ki))%(é‘)(d% dk;)

+|M]| <

ST | MY |1.5)-

‘Z / / I(u « GJ }(bz(u,x(u),kz)x(u) —|—O'Z-(U,J](u),ki>>yi(.)(du’dki) »

From Burkholder-Davis-Gundy inequality, and Proposition we have

(,1)
Ef [ | M |5) }

]EPW)[ < i /K {(w(u),i(u))el*}< 22(u)oi(u, x(u), ki) ) “Vin(3)(dhi) >%dW(u) ) }
< 4E" t“) / Z / xU)Z(u eJ-*}< 2z (u)oi(u, z(u), k;) >2VW( )(dki) )du }
< l6maxieqr.n HUi\|%oo([o,T}x[0,+oo)xKi) Ept(zy”[ /ts m(')2 (t,u)du }

On the other hand it is easy to see that there exists a constant C', depending only on the
data

(T, (113 || oo (10,77 x [0,4-00) x K2 ) » 1T | oo (10,77 % [0, 400) x ) ) 1<i<1) 5

such that

| i / | /K B (m),i(u))g;}( b 2(u). ki) + oon () k) () k) |
< ¢ 1+/t ol ).
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Therefore there exists a constant C', depending only on the data
(T, (||bil] oo (j0,17x [0,4-00) x ) » |07 || 2o (10,77 x 0, 400) x K1) )1<i< )
such that

Esz’i)[ ‘ ()2

— a? } < C( 1+/ ]Ept(zyi)[ ‘ z(-)
(tvs) t

Applying Gronwall’s Lemma to the following measurable function

2
du } ) .
(tyu)

[t,T] - R
= pld) 2
s+ B [ ’ x(+)

(t,9) i|

we get that there exists a constant C', depending only on the data

(T, (||b3]] oo (jo,17x [0,4-00) x ) » |07 || oo (0,77 x [0, 400) x K) )1<i< 1)

such that

(,7)

| ‘ ()2 < C(1+22).

(t,9) i|

On the other hand, using (4.7)), it is easy to see that there exists a constant C, depending
only on the data

(T, (164]] Lo (j0,71x [0, +00) x K} |7l oo (0,71 x [0, 400y x K1) )1 <i<1 )

such that

(@,3)
E": [ ‘ Lno(y ()

< C(1 2).
(t,s)] <O +a?)

We turn now to prove the required upper bounds for the modulus of continuity of the

process (x(s)) , and (ll,o(s)(s)) . For this end, let ¢ > 0, we introduce the
t<s<T t<s<T
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following sequence of stopping times

05 =1 ; nginf{ t<u<T; z(u)=0 } ; Hizinf{ 5 <u<T; z(u)=c¢ }

TfL:iIlf{ 0 <u<T; x(u):()} : H:fLH:inf{ E<u<T; z(u)=c¢ },
and for each u € [t, T
0, ::inf{ 0., 07 >u } ,and 6, :zsup{ 0., 0; <u }

Let (u,s) € [t,T]* such that s < u, and u — s < 6, § € (0,T], we have (assuming that
the process X (-) has reached the junction point between time [s, u], else inequality (4.8)

is still available)
¢ (X(u), X(s) < a7 (X(u), X(0,)) +d?(X(8,), X (@) + &7 (X(D,), X(5)), P& as.
We get therefore for any ¢ > 0

w(X,0) < 2w(M,0)+2, P& as, (4.8)

where we have defined the process <M (s) by

>t<s<T

Vs € [, T], M(s) :Zil /t s /K 1 {(I(u)d(u))ey}b@-(u,x(u),ki)yi(s)(du,dki)

i
1

gAP> /Ki1{(ﬂu),i(m)@;}""(“’“"*‘fi>2w7u<s><dki> ) aww, P as

i=1

The process (M (s) satisfies assumptions of Theorem 3.1 of [13], therefore we know

)tgng
that there exists a constant C, depending only on the data

(T, (Hbi|‘L°°([0,T]X[0,+oo)xKi)7 Ho'i”LN([O,T]X[0,+oo)><Ki))1§i§I>7
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such that

ves 0, B w(x().0? | < C@h(%ﬂze,
and then
EPEI’“[ W(X(-),0)2 ] < cem(%).

We conclude finally using that

O

Lemma 4.3.4. Let PajZ € A( (x, )), and M > 0. There ezists a constant C > 0,
depending only on the data

T M b oo [e'e) 9 ) e [e'e] 9 >7
( er?laX 1031l oo ((0,7) x (0, +00) x K1) T?la}g} i | Lo ((0,1) % (0,4 00)x K1) »

introduced in assumption (H), such that

ER | exp(Mz(T))] < C. (4.9)
Proof. We define the following map ¢ by

0, +00) = R

x> exp(Mz) — Mz — 1

Let £ > 0, we introduce the following stopping time

Op :=inf{s € [t,T], z(s) > k}.
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Hence, using conditions (Sp) (iii) with ¢ and Proposition we get

EF [exp(Ma:(T A ek))} = exp(Mz) — Ma +EP™ [M 2(T A 91@)} +

EP<“) Z /T/\9k/ xu)z(u eﬁ}< ; l(u 513'( ) 1) xm¢( ( ))
b ), )2 () )w(s)(du,dk»} < o vt [ [ epnaal ),

where C' is a constant depending only on

(T Mzer?ax 163l Loo (0.1 x (0,+00)x K1) nax i Lo ((0,1) % (o+oo>xK¢>>vl“>-

Hence sending £ — +o00, we get using monotone convergence’'s Theorem and Fubini’s

Theorem

EA exp(Mx(T))] < c( 1+ / TEPt<z’i)[exp(M;1:(u))]du )

t

We conclude finally using Gronwall’s Lemma to the following measurable map

_ [t,T] - R
a s ERTY [exp(Mq:(s))]

U

Proposition 4.3.5. Let Pt(x’i) € A(t, (:c,z)) There exists a constant C' > 0, depending

only on the data <T7 maX;e{i...1} ||bi||L°°((0,T)><(0,+<>o)><K¢))a max;e{1...1} ||Ui||L°°((0,T)><(O,+oo)><K¢))a C, JT);

introduced in assumption (M), such that
(49) T
Ve > 0, EP [ / 1{$(s)§e}d5 ] < C(Ce. (4.10)
¢
Proof. Let € > 0, and ¢ € C([0, +00), R, ) satisfying
Vo > 2, B(x) =0, Vo >0, li<g <B(x) <1 (4.11)

We define u¢ € C*([0, +00)) as the unique solution of the following ordinary second order
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differential equation

Op ot (2) — MOt (z) = 28°(x)/c?, if z € (0, +00),
d,uf(0) =0, (4.12)

u®(0) = 0.
where ¢ is the constant of ellipticty defined in assumption (#)(z), and M is given by

bi|| L 00) X K
M= max Nillz (O1)x(0o0) <)
ie{l..I} 5C?

For each i € {1...I}, the solution is given by

W (2) = /0 " exp (a2) /0 T2 (- Mu)dud,

c

By the assumption on f., and assumption (H), we get

 (exp(Mz) —1). (4.13)

Vo >0, 0<0,u(r) <de/c?exp(Mzx), 0<u(z) < 2

Hence applying condition (Sp) (iii) (with f = u®, after an argument of localization with
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stopping times), we get using (4.11)), (4.12)) and (4.13))

EPEI’”[ w(z(T)) — u(2) ] -

ER [ ; /tT /K 1{ (m(U),z’(u)> eJZ‘} ( %0’?(/@7 z(u), ki)Op zu (x(u)) +

bi(u, x(u), k) Oy (x(u)) )ui(T)(du,dki)} _
B EZ /"u/ ﬂ}%aﬂuﬁdu%kﬂ( Or g (1)) +

x(u i(u)

bz(u, x(u), kz)
507 (u, 2(u), ki)

W”Z//{< wﬁmmmmewmmmmmmm}

By (z(u)) )yi(T)(du,dki)] >

0
2 1L L3 (i) i

> EPtW)[ /tTﬁs(x(u))du} > EPt(m’i)[ /0 1{o(u<cydu }

Hence we get using (4.13)

) T de _ pl)
EV ] lpsads | < ——E" |exp(Ma(T) —1].
0

We conclude using Lemma [£.3.4] O

We are able now to prove the main result of this section, namely the compactness of

A(t, (z, z')).

Theorem 4.3.6. The set of probability measures A(t, (93,2')), endowed with the weak
topology is non empty, convex and compact. Moreover, the value function v(-,-) attains

its minimum. Finally the set of optimal rules is non empty convex and compact.

Proof. We recall that the fact that A(t, (x, Z)) is non empty is a consequence of Remark

4.2.3. Let us show first that .A(t, (, z)) is precompact for the weak topology.
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It is enough to show that all the following projections

{ P\ eaom, Pt(””’i)eA(t, (:c,z')) }
( {Pt(x’i)|V([o,T]xKi)a Pt(gc’i)eA(t’ (x’i>> } )ie{l 1y

{ Pt(zji)‘V([O,T]on% Pt(Li) S A(ta (fL’, Z)) }7

are precompact. The precompactness of { Rg(x’i)|cy[07T], Pt(w’i) € .A(t, (x,z)) } is a
consequence of the upper bounds obtained in Proposition [£.3.3] and Ascoli’s Theorem.

We focus on the precompactness of { Pt(x’i)|v([0,T}XA0), Pt(x’i) € A(t, (:L‘,Z)) } Let
e > 0. It follows from Proposition that there exists a constant C' > 0, depending

only on the data

(T, (“bi”Loo([O,T]><[0,+oo)><Ki)7 ||0i||L°°([0,T]><[0,+OO)XK1'))1SZ'§I>7

such that
e ‘ 2 < 1 2
EN ] o |, ] = oo,
pled) 9 2T
Vo € (0,T), EP [w(zyo(.)(.),e) } < Oln(5).
Let r. € R such that
C(1+ 22 CHIn(ZE
Vo € (0,71, w + # < g
7’5 r&'
and let us set
C(1+ 2%

CO1n(2L
, V0 € (0,T), w(e,zm)gw }

Te Te

K. .= { vo € V([0,T] x Ay), 1, (T) <

Using Propositionf4.2.1) we know that K. is compact for the weak topology *o (Lﬁc([[), T)x
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Ao)', Le2.([0,T] x AO)). Moreover, using Tchebychev’s inequality, we get that

(,1)
P, |V([0,T]><Ao)< <VO(S)>tgng¢K5> <

2]t o |, ] YORao 0.0 ]

2 2
re re

&

and that proves the precompactness of { Pt(x’i)‘cj[Q,T], Pt(z’i) € A(t, (z, z)) } Finally,
knowing that all (V ([0, T x K;)1<;<r are compact, we can show that ( {Pt(x’i) v (jo,1)x &) P e
A(t, (m,z)) } >i€{17..j} are precompact.

We turn now to prove that A(t, (x, Z)> is closed, and for this let Pt(flz) converging weakly

to P{"". We are going to show that P\™" satisfies condition (S;).

Let f, € Cy(®, R), uniformly bounded in p, converging t0 1(x (u)oe,co=((w,i) w1 (t)..01(8)wo(t)) I

the pointwise sense, and from above. We have

(z,1) . (z,t)
w20, BV (X() | = dm BR| g(x() | 2
Jbm e [ Lxosuse=(@iwa(0-vr () w0 (1)) } =1
Therefore we get
(z,9)
lim EYU)(X() | =1
Jm Fr(X()) :

and using Lebesgue’s Theorem we have

P;Li) o
E [1(X(“)Oguth((I:i)Jﬂ(t)~--VI(t)vV0(t))] = 1

which means that (i) of conditions (Sp) holds true.

Recall that from Proposition [£.3.1] the following map

CI10,T] x V([0,T] x Ap) — R

: ((:c(.),z'(.))?uo)H/tT/A La@oo(du, das ... day)
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is lower semi continuous. Consequently, the following set O defined by

T
0:={ (@()il)).m) €C7[0.7) x V([0,7] x Ay) / /A Lstwsopvoldus den .. dog) > 0},
t 0
is open in C7[0,T] x V([0,T] x Agy). We get then
(i) (2,7) _
(o) < tmpri( o) = o

which means that (ii) of condition (Sy) holds true.
Now let us show that (iii) of condition (Sp) holds true. For this let ¢ € Cp(P,R), ¥y
measurable, and f € C,*(Jr), we have using Lemmam

P T Pl T
E*t [ t 1{x(s):0}d8] = [E* [ ) l{z(s)zo}ds] = 0.

Hence

0 = EP“[ g(M — M) ]MEPEM[ (M — M) }

S

which means that the process

(Msf—Mtf = f(s,X(s) - Z//
2 (u), k) i, () + by, (), K ﬁ(u fv< ) Jte) i)
—Z/ /A 10, i1, 0)w () (du dovy . dar) ) |

}( Ouf(u.x(u))

(u z(u) eJ;

is a (V,)i<s<r continuous martingale under the probability measure 1’:’15("’3’11)7 after time t,
and that finally proves that .A(t, (z, z)) is closed for the weak topology.
We end the proof by showing that the value function v(-,-) attains its minimum, and the

set of optimal rules is convex and compact. Using Proposition [4.3.1} it is easy to check
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that the reward function A

;

A<t (z, ')) SR
A P(“ — EP(T ) Z / / et )eﬁ}hi(u,x(u),ki)Vi(T)(dU,dkfi)

+ Z/ Ahoual anvy(T)(du,doy .. .doy) +  g(X7) ]7

is lower semi continuous for the weak topology. Therefore the value function v(-, -) attains

its minimum on the compact set A(t, (:L’,Z)) Finally, the fact that the set of optimal

rules is convex and compact, is a consequence of the compactness of .A(t, (x, z)), the lower

semi continuity of A, and the linearity of Pt(x’i) — A(Pt(x’i)). O
Proposition 4.3.7. The following map

0,T] x J — P(®, (D))

(4.14)
(t, (2,1)) A(t, (z, z’))

(where P(®, (P)) is the set of probability measures definded on ®), is upper semi contin-

uous.

Proof. We endow P(®, (®)) with the Haussdorf metric defined over all its compact sets.
Since we have shown that A(t, (z, z)) is compact for the weak topology, we follow then
the same arguments of the proof of Proposition 5.10 in [25]. O

Therefore as a consequence of the Proposition {.3.7] Proposition and Theorem
5.11 in [25], the value function defined in (4.6]) by

0,7] x 7 — R
(t,(x,7)) — vi(t, z)

is lower semi continuous.
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4.4 Dynamic Programming Principle

The following section is dedicated to the proof of the dynamic programming principle.
Both stability of the set A(t, (x, z)) by conditioning and concatenation are proved.
We recall first a lemma of measurable selection, that will be useful in the sequel, (see for

instance Corollary 5.4 in [25]).

Proposition 4.4.1. Let G, H be two separable metric spaces. Let w a lower semi contin-
uous real function on G x H and h — K} a measurable map from H into comp(G), (the
set of compacts sets of G, endowed with the Haussdorf metric). Then

-the map : v(h) := inf {w(g, h),g € Kh} is a Borel function and h — M), = {g,v(h) =
w(h,g),g € Kh} is a measurable map of H into comp(G).

-for each probability measure P on H

/v(h)dP(h) - /mf{ w(g,h), g€ K, }dp(h)
= inf{ /w(ﬁ(h),h)dp(h), B :H — G, measurable, S(h) € K}, }

Proposition 4.4.2. Let 7 a (V;)o<i<r a stopping time, then ¥, = o(X(s AT),s < T)

15 countably generated.

Proof. Recall that
v, = {B €Wy, BN{r<tlel, Vte [o,T]},

and the space where is defined our canonical process X (-)

@ = ¢7[0,7)x (TTU(0, 7] x K) x V([0,7] x Ag),

=1

is Polish.
We can use then the same arguments of the proof of Lemma 1.3.3 in [37], to get the result.

O

We start first by showing the stability of the set .A(t, (x, z)) by conditioning.
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Proposition 4.4.3. A(t, (x, z)) 15 stable under conditioning. More precisely, let Pt(m) €
A(t, (x,z')), and 7 a (Vs)s>¢ stopping time, then there exists a r.c.p.d (regular condi-
tional probability distribution) of Pt(m’i) conditionally to V.., denoted by PT(xT’iT), such that
plin) ¢ A(T, (2., z‘T)>, PED g,

Proof. Let 7 : ® — [t,T], Z(-) — 7(Z(-)) be a (Vy)<s<r stopping time, and let P ¢
A(t, (x, z)> Since the canonical space ® is Polish, we know from Theorem 1.3.4 of [37],
that there exist a r.c.p.d of Pt(x’i) respectively to the sub algebra W., that we denote
_(ZT)i‘F)
P .

T

We define the following map

® — B(®),

200 K(20) = { Y e, X(5Y() = X(r(Z(), Y (), ¥s€Lr(Z())] }.

K=

On the other hand we set

VB € B(®), PEri(B) — / 1 dPE (v (), PO as.
{Y(‘)EBWC( ('))}

P

We are going to prove that PT(mT’iT) € A(T, (2, iT)), Pt(x’i) a.s.
From the definition of /C(-), it is easy to get that (i) of condition (Sp) holds true. On the

other hand writing

EP;IJ) |: 1 ] g

T
{/ 1{x(u)>0}l1/0(s) (du> - O}
7(Z(-))

EPt(z,i)[ EPT(IT,iT)[ 1 .
{ / (2() Liswopho(r)(du) = O}

we get

T .
P { voee, / Laturpsala@ry () =0 | ) =0, B as,

and (i) of condition (S;) holds true. Finally, let f € Cp*(Jr). Using Theorem 1.2.10 of
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[37], we get

(M = X)) - Z / / GJ}( 00, 2(u)

—1—10 (u, x(u), k;)Or o fi(u, x(w)) + b;(u, x(u), ki)ﬁwfi(u, z(u)) >Vi(s)(du, dk;)

57
_Z/ /A ;0 fi(u, 0)vg(s)(du, day . . . day) >T§s§T’

is a (Us),<s<r continuous martingale under the probability measure PT(wT’iT)7 after the
stopping time T, Rt(x7i) a.s, but on a negligible set depending on f, that we denote by
N(H).

Assume then first that f € Cy*(Jr): the class of continuous functions defined on [0, 7] x 7,
having a regularity of class C*?([0, T] x [0, +00)) on each edge, and vanishing at each edge
at +-00. We get then that Cy*(Jr) is separable with the following norm ||-|| c12(7p)> defined
by

1,2
Vf ey (Ir), Hf“Cé’Q(JT) = Z Hfi‘|0172([0,T]X[0,+oo)),
1<i<I
with [ filler2zy = SUP@a)efor)x(0.+00) il )] + SUD (¢ ayefo 110,400y [O0fi(E, )| +

SUD (¢,2)€[0,T]x[0,+00) |0, fit, 2)| + SUP (¢,2)€[0,T]x[0,+00) |0 fi(t, ).

Hence, let f, a sequence of Cy(Jr), dense in Cy”*(Jr), we set

N =JN(f).

n>0

Thereafter, using that following functional

Cé’z(jT) — R

por (16 Z / / ()t 2t

; o (u, z(u), ki) Oy fi(u, z(u)) —|—bi(u,x(u),ki)ﬁxfi(u,x(u)) >Vi(s)(du,dki)

\ - ;/”: [40 aiazfi<u7 0)1/0(8)(6['&, dal cee de[) )TSSST’
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is continuous for any

1

( <m(-),¢(-)),y1 R ) e 710, 7] x (HU([O,T] X K,-)) x V([0,T] % Ao),

i=1

it is easy to check using Lebesgue’s Theorem that (M), <s<r is a (Vy),<s<7 continuous
martingale under the probability measure PT(IT’iT), after the stopping time 7, Pt(m) a.s, on

the negligible set A/, using once again that from Lemma [£.3.5]
(zr,i7) T .
Efr [ / 1{x(3):0}d8 } = 0, Pt(“)a.s.

To conclude, let n > 0, f € C,*(Jr), and f, € Cy*(Jr) a sequence converging in the
pointwise sens to f, and equal to f on each edge J; N [0, n].

Let then 6 a W, stopping time, using Proposition Tchebychev’s inequality and
assumption (H), it is easy to get that there exists a constant C' > 0 independent of n

such that
) Epf(xf,if)[ Msf"l{x(s)zn} ] ‘<—, (4.15)

We write then

]EP-,(-ZT,i‘r) [ Méfn \I]e ] — Epﬁz-r,i‘r) |: Méfn 1{$(S)Sn} ‘119 ] +
EPT(IT,iT) [ Msfn]-{x(s)Zn} U, ] — ]\40fn7 Pt(x,i) a.s,
and we conclude using Lebesgue’s Theorem and (4.15)). 0

The second step is to prove the stability by concatenation.

Proposition 4.4.4. A(t, (x, z)) is stable under concatenation. Namely, let 7 a (Vs)i<s<r

stopping time, ng) € A(t, (x,z)) and Q') ¢ A(T, (xT,iT)>, Q,EM) a.s. Suppose that

(arir)

> 7 is a transition probability kernel from (P, W) to (®,¥r). We can then compute
a concatenated probability with Q" and QY™ denoted by P\™”, such that

P = Q) @, Qi) € A1 (1))

Proof. Let 7 : ® — [t,T], Z(-) = 7(Z(-)) be a (U, );<s<r stopping time, and Q" and
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(x-r,ir)

T satisfying the required assumptions of Proposition M
We define the following map

d — B(D),
20y N(2()) = { Y(yea, X(r(2()),v() = X(7(2()).20)) }.

Consider now < Y()= <<y(~),j(-)>,y1 v VO),Y(-) - ((g(-),j(-)),ﬁl T 1]0> ) €
2 -

IC(Z ()) . We define the following concatenated (Y D, Y) (+) variable of ®, whose pro-

jection on C7([0,T)) is given by

(v @ V) Oleo o = (v0),50)) @ (50),3()
(v(s).3(s)), it s <7(2()
(#s).3(5)). i 7(2() <s<T

On the other, for each i € {1...I}, the projections of (Y ®, ff) () on each V([0,T] x K;)

are given by
(Y ®- 57) Oviomixe = Vi @ Ui = Lpcrzny (vilds, dki) -+ Lorzey()vi(ds, dks).
Finally, the projection of (Y D, )N/') (1) on V([0,T] x Ap) is given by
<Y D }7> (vomxa0) == Yo ®7 Do = Li<rz()Huo() (ds) 0. (doy ... day) +
1{.27(2(.))}[50(.)(d3)1907.(da1 ...day).

where we have defined for each s > 7(Z(-))

Lio(s)(8) = lig(s)(8) Ls>r(z())) T+ <ll/0(8) (T(Z(-)) — iﬁo(s)(S)(T(Z('))D1{ssT(Z(-))}-

We define then the following concatenated Borel probability measure Pt(x’i) = ,Ex’i) D
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i) on (0, B(P)) by
VB e B(®), PN(B) = QY& QY (B) =

/ ( / ( / 1 ((Y @T )( ))dQ T<Z( )) ZT(Z( ))) )1{K(Z())}dQ§x’Z) )dQExvl)
Z(-)ed Y()ed V()ed

Let us show now that P € A(t, (x, z)), and that conditions (Sp) holds true.
We have

P}fﬂ')( { (Y Dz ff)(-) cdNK(Z()), Vs<

X(s, (Y Dr(z()) f/) (-)> = X(t, (Y Dr(z()) f/) () )} )

- Qf’“( { Y()ed, Vs<t, X s,Y(-)) _ X(t,Y(-) }) _

which means that (i) of (Sp) holds true.
On the other hand, we get

T
(z,i)
= |: /t 1{x(u’y®"(z(-))}7('))>0}l’/0@7—(z(‘))l70(u)(T)(du) ]
(z,1) T(Z())
= EQt [ /; 1{I(U7Y())>O}ZV0(U)(T(Z()))(du) :| +

(20) () @rz(yyirzey) [T
EQ [EQt [EQM.» [ / o 1, (sl (1) (du) } } }: 0.

Therefore

T .
/ 1iow>0ylvpe, 5o (W) (T)(du) = 0, P as, (4.16)
t

which means that (ii) of conditions (Sp) is true. We finish with the martingale conditions
(iii) of (Sp). For this, we use once again as in the proof of Proposition the reverse
of Theorem 1.2.10 of [37], Lemma and the argument of separability of Cy*(Jr). We
can conclude that (iii) conditions of (Sp) holds true and that completes the proof. O

Now we have the necessary tools in order prove the main result of this Section, namely

the dynamic programming principle.

Theorem 4.4.5. Dynamic Programming equation : let T be a (V)s>; stopping time, we
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have

vi(t,x) =

inf ped g s o { PW Z / / “Z(u Eﬁ}h@-(u,x(u),k:i)yi(T)(du,dk’i)
+ Z/ /A ho(u, oy ... ap)ve(T)(du, day . .. day)  + viT(T,xT)] } (4.17)

Proof. Let 7 be a (Vy)s>; stopping time, and Pt(m’i) € A(t, (, 2)), we have

Epw Z / / “Z(u) GJ;}hi(u,x(u),/{;i)yi(T)(dU,dk’i)-I—
Zl/t /AOho(a1...aI)yo(T)(du,dal...doq) v | =
]Ep;z,n[ Ep;z,n[ zf: /tT /K | 1{<x(u),i(u)>eﬂ}hi(u,x(u),k:z-)Vi(T)(du,dk‘i)—|—

Z/ /Ahoual anv(T)(du,day ...day) + g(Xr) )\I{T ] ]

Using Proposition 4.4.3] namely the stability by conditioning, we know that there exists
ar.c.p.d P& of Pt(x’i), conditionally to W,, such that P"") ¢ A(T, (:cT,iT)>, Pt(x’i)

a.s, which means therefore

=
i)
(]
S
—

A 1{ (x( >,z'(u>> el } e R R

Z /Aho(Oél---OZI)VO(T)(du,doq...doq) + Q(XT)} >

B [ zj: /t T /K 1{ <x(u),i(u>> eJ; } hi(u, x(w), ki)vi(T)(du, dk;) +

k3

i[/tho(u,al. cap)vo(r)(du, dey .. day) + v (7, 2) }

i=1

Taking the infinimum over all the Pt(x’i) € A(t, (x,i)), we get then the following first
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inequality

vi(t,x) >

. (fm)
i0F 0 4 o) { P! Z / / MM) eﬁ}hi(u,x(w,ki)uz-@)(du,dki)
+ Z/ / ho(u, an . . . o) () (du, day ... dag) + viT@,xT)} }
Ao

Let Pt(x’i) € A(t, (, 2)) . We focus now on the reverse inequality. For this we use Proposi-
tion|4.4.1} with G = P(®,B(®)), H = (2, B(?)), Z() = Kz() = A(T(Z('))7 (%(z@));%(z@))))

and

;

P(P,B(P)) x (¢,B(P)) - R

w (PY >'_>EP Z// y(u)a(u)y;‘}hi(u’y(u)’ki)yi(T)(du’dkiH

Z/ /Ahoual an)w(T)(du, doy . .. dag) + g(XT>]

\ =1

From Proposition [£.3.1], we know that w is lower semi continuous. On the other hand, we

know from Theorem {4.3.6, that for each Z(-) € ®, Kz = A(T(Z(-)), (xT(Z(.)),iT(Z(.)))>

is compact for the weak topology. We get then
]EPt(z,i) [ v, (7_’ SCT) :| _
mf{ EP" Z>[ EPT ZT) Z / / hi(u, x(u), ki)vi(T)(du, dk;) +
Jer)

/ /AO ho(u, oy ... ap)ve(T)(du,day ... day) +  g(Xr) ] ],

Z(-) Pf((;é))()))”(z( " measurable, P2GAZON ¢ A(T(Z(-)),(:E(T(Z(-))),i(T(Z(-)))) }

Using Theorem we know that last infimum is reached for a certain PT(IT’“)*, Pt(m)
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a.s, which means

et | Z [ TRIRUCEE L NS
N i// ho(u0n ..oyl (du da .. day) + v (ra) | =
B | z | / o EJ}m<u,x<u>,k»wm(du,dm
N Z/ /A o(u, o1 . )oo () (du,dovr .davy) | +
B[ T Z / / (e EJ;}hi(u,x(u),ki)u,;(T)(du,dki)+

Z/T /Aho(a1...ozI)VO(T)(du,dozl...doq) + g(X7) ] ] > vt x),

where we have used to conclude the stability by concatenation Proposition [£.4.4] namely

P @, I ¢ A( (x, )> Taking the infimum over all the P{*" € A(t, (x, 2)), we

conclude for the reverse inequality, and that completes the proof. (]
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Appendix C

Some analysis tools

We recall here some definitions and functional analysis tools. Let

(X,T) be a topological space and ¥ a o algebra on X,
(E, £) be a measurable space,

(F,d) be a Polish space, endowed with its metric d, and B(F') its Borel algebra.

Definition C.0.1. (E,&) is said to be countably generated, if there exists a countable
base generating £. Namely there exists a sequence O,, of €, such that € = o(O,,n € N).

Since F' is Polish, the measurable space (F,B(F')) is countably generated, (see for

instance Proposition 3.1 in [35]).

Definition C.0.2. Let P be a measure on (X,%). We say that P is regular if for any

measurable subset B € X
P(B) = sup {P(K), K closed K € ¥, K C B} — inf {P(O), O open,0 € %, B C O}.

We recall that any Borel probability measure, or in other terms any probability mea-
sure on a metric space endowed with its o-Borel algebra, is regular. (see for instance
Proposition 2.3 in [35]).

We denote by :
-L>(E) the set consisting of all measurable real bounded maps on (E, ).
-C(F), (resp. Cu(F)), are the set of continuous (resp. uniformly continuous) bounded

functions on F'.
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-L°(E x F) is the set of measurable bounded real functions defined on (E X F, 5®B(F)> .
-M(FE) the set consisting of non negative finite measures on (F,£).

-M(F) the set consisting of non negative finite measures on (F,B(F)).

-M(E x F) the set consisting of non negative finite measures on (E X F,E® IB%(F))

We set furthermore

LX(Ex F) = { FeLYEXF), x f(s,2) €C(F), Vs E }
LiNExF) = { feLz(ExF), 3Ace, geCuF), f(r2)=1a@)g(2). |,
L2XE x F)) = { feLx(ExF), 3(A,) a partition of &,

and a sequence (g,) of € C,(F), f(z,z2)= Z 14, (2)gn(2). }

On the other hand M(E) (resp. M(F), M(ExF)) are denoted by M,,,(E), (resp.M_.(F),
M o(E x F)) when they are endowed with the finest topology making continuous the
following family of linear forms (0f) ez (r), defined by

; M(E) =R
a V»—>y(f):/Efdu .

(resp. (0f)rec(r)

M(F)—=R
KR P [sar
1% 1% = 1%

<9f)f€L$,?c(E><F)7

M(E x F) > R

O )
v—=u(f) = fdv

ExXF

We identify M,,.(E x F) (resp. M,,(E), M.(F)), as subsets of the dual spaces L:°.(E x
F) (resp. LX(E), C(F)"), endowed with the weak topologies *o (Lﬁc(E x ), L2 (E x
F)) (resp. *a<L;>n°(E)’,L;O(E)), *U(C(F)’,C(F))).

We recall that a sequence v, of L2 (E x F)" (resp. L2(E)', C(F)'), converges to v €
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L2 (E x F)', (resp. L2(E), C(F)') for the weak topology #, and we denote v, — v, if
and only if

Vf € L (E X F), va(f) === w(f),
(resp. VS € LE(E). wlf) 25 u(f), Vf€CE), mlf) ZE5u(h) ).

For any v € M(E x F), we denote by v¥ (resp. v''), the marginal of v on E (resp. on
F), defined by

vE(dz) = /ZEFV(dz), vi(dz) = /ery(dx).

Proposition C.0.3. Suppose that E is countably generated, then M,.(E x F) is metriz-
able. (See for instance Proposition 2.10 in [23].)

Theorem C.0.4. Let N be a subset of My,o(E X F). Then N is relatively compact if
and only if

(i) {I/F, Ve N} is relatively compact in M,,(E),

(ii) {VE, Ve N} is relatively compact in M.(F).

(See for instance Proposition 2.10 in [23].)

Theorem C.0.5. Let ¢ be a positive linear form defined on the vectorial space generated
by LN (E x F) satisfying
()

&E—R

A= d(1a®1)

is a measure on (E,&), where we define for each (r,z) € E X F, 1, ® 1(x,z) = 1, if
r€Aand 1y ®1(r,2) =0, ifx ¢ A.

(11) for each € > 0, there exist a compact set K. of F such that ¢(1) — ¢(1 ®@ f) < ¢,
for any f € C,(F), satisfying 1x. < f < 1, where we define for each (x,z) € E X F,
Hz,z) =1, and 1 ® f(x,z) = f(2).

Then there exists v € M,,.(E x F) such that

VfEL(EXF), o(f) = fdv.

ExXF
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(See for instance Theorem 2.6 in [23]).

Lemma C.0.6. Let K be a compact set of F, and f € L®°(E x F). Then there exist
a sequence f, of L°2(E x F) converging to f uniformly on E x K. (See for instance

Lemma 2.5 in [23]).
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Résumé

Cette thése se décompose en trois grandes
parties, qui traitent des EDP quasi linéaires
paraboliques sur une jonction, des diffusions
stochastiques sur une jonction, et du contréle
optimal également sur une jonction, avec
contréle au point de jonction. Nous commencons
au premier Chapitre par introduire une nouvelle
classe d'EDP non dégénérée et quasi linéaire,
satisfaisant une condition de Neumann (ou de
Kirchoff) non linéaire et non dynamique au point
de jonction. Nous prouvons I'existence d'une
solution classique, ainsi que son unicité. L'une
des motivations portant sur I'étude de ce type
d'EDP, est de faire le lien avec la théorie du
contrdle optimale sur les jonctions, et de
caractériser la fonction valeur de ce type de
probléeme a l'aide des équations d'Hamilton
Jacobi Bellman. Ainsi, au Chapitre suivant, nous
formulons une preuve donnant I'existence d'une
diffusion sur une Junction. Ce processus admet
un temps local, dont I'existence et la variation
quadratique dépendent essentiellement de
I'hypothése d'ellipticité des termes du second
ordre au point de jonction. Nous formulerons une
formule d'lté pour ce processus. Ainsi, grace aux
résultats de ces deux Chapitres, nous
formulerons dont le dernier Chapitre un
probléme de contréle stochastique sur les
jonctions, avec contréle au point de jonction.
L'espace des controles est celui des mesures de
Probabilités résolvant un probleme martingale.
Nous prouvons la compacité de I'espace des
controles admissibles, ainsi que le principe de la
programmation dynamique.

Mots Clés

Equations aux dérivées partiels paraboliques
non linéaires, conditions aux bords de Neumann,
Junction, équations d’Hamilton Jacobi Bellman,
diffusion stochastique, temps local, controle
stochastique, probléme martingale, principe de
la programmation dynamique.

Abstract

This thesis consists of three parts which deal
with quasi linear parabolic PDE on a junction,
stochastic diffusion on a junction and stochastic
control on a junction with control at the junction
point. We begin in the first Chapter by
introducing and studying a new class of non
degenerate quasi linear parabolic PDE on a
junction, satisfying a Neumann (or Kirchoff) non
linear and non dynamical condition at the
junction point. We prove the existence and the
uniqueness of a classical solution. The main
motivation of studying this new mathematical
object is the analysis of stochastic control
problems with control at the junction point, and
the characterization of the value function of the
problem in terms of Hamilton Jacobi Bellman
equations. For this end, in the second Chapter
we give a proof of the existence of a diffusion on
a junction.

The process is characterized by its local time at
the junction point, whose quadratic
approximation is centrally related to the ellipticty
assumption of the second order terms around
the junction point. We then provide an Ité's
formula for this process. Thanks to the previous
results, in the last Chapter we study a problem o
stochastic control on a junction, with control at
the junction point. The set of controls is the set
of the probability measures (admissible rules)
satisfying a martingale problem. We prove the
compactness of

the admissible rules and the dynamic

programming principle.

Keywords

Non linear parabolic partial differential equations g ——
Neumann boundary condition, Junction,

Hamilton Jacobi Bellman equations, stochastic

diffusion, local time, stochastic control,

martingale problem, dynamic programming

principle
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