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Abstract

Marcin NOWICKI

Feedback Linearization of Mechanical Control Systems

This thesis is devoted to a study of mechanical control systems, which are defined
in local coordinates z = (z?,...,2™) on a smooth configuration manifold Q. They

take the form of second-order differential equations’
. . . . m .
= —F;k(m)dc]:isk +e'(z) + Zgﬁ(x)ur, 1<i<nmn,
r=1

where F;k(x) are the Christoffel symbols corresponding to Coriolis and centrifugal
terms, e(x) is an uncontrolled vector field on @ representing the influence of external
positional forces acting on the system (e.g. gravitational or elasticity), and g¢,(z)
are controlled vector fields in (). Equivalently, a mechanical control system can be
described by a first-order system on the tangent bundle T'(Q which is the state space

of the system using coordinates (z,y) = («!,...,2", 4y, ..., y")

=y

MS : ) . . . m .
(MS) ' = Tl (@)y’y" + '(x) + Y gi(x)ur
r=1

1 <1< n.

The main problem considered in this thesis is mechanical feedback linearization
(shortly MF-linearization) by applying to the mechanical system the following trans-
formations:

(i) changes of coordinates given by diffeomorphisms

d: TQ—TQ
(x,y) = (£7§) = (¢($),D¢(£L’)y),

(ii) mechanical feedback transformations, denoted (c, 3,7), of the form
Upr = 'Y;k(x)yjyk +a'(z) + Z Be ()i,
s=1

where 75 = 71

'Throughout we use Einstein summation convention.
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such that the transformed system is linear and mechanical

LMS): .. L
(LMS) g’:Eﬁj+Zb’sts-

s=1

Here, we briefly overview main results of the thesis.

In Chapter 5 we present two new results concerning mechanical state space lin-
earization (shortly MS-linearization) by means acting on (MS) by a change of coor-
dinates ® : Q — Q only. For the controllable case we have

Theorem. A mechanical control system (MS) is, locally around xy € Q, MS-
linearizable to a linear controllable mechanical control system (LMS) if and only
if it satisfies, in a neighbourhood of xq, the following conditions:

(MS1)’ dimspan{adlg,, 0<g<n-—-1, 1<r<m}=n,
(MS2)’ [adPg,,adlgs] =0 for0<p,g<n, 1<rs<m,

(MS3)’ <adggr : adlggs> =0 for0<jk<n, 1<rs<m,

where adlg, = e, adg_lgr} is the iterative Lie bracket of the vector fields e and g,
and <ad£gr - adk gs> is the symmetric bracket of them.

It is somehow remarkable, that the problem of MS-linearization can be solved with
no controllability assumption. It turns out, the crucial operator is the total covariant
derivative V and the Riemann curvature tensor R of the configuration manifold Q.

Theorem. A mechanical control system (MS) is, locally around zy € @, MS-
linearizable to a linear, possibly non-controllable, mechanical control system (LMS)
if and only if it satisfies, in a neighbourhood of xq, the following conditions:

(MNS1) R =0,
(MNS2) Vg, =0 for 1 <r <m,
(MNS3) V?e = 0.

In Chapter 6, which is the heart of the thesis, we develop a theory of MF-
linearization of (MS). Again, first we consider (MS) with the controllability as-
sumption. Define a sequence of nested distributions &7

E% =span{g,,1 <r <m}
&l = span{adégr,l <r<m,0<i §j}.
For systems with a single control (m = 1) we have

Theorem. Assume n > 3; a mechanical control system (MS) with a single control
m =1, locally around xo € Q, M F-linearizable to a controllable (LMS) if and only
if it satisfies, in a neighbourhood of xq, the following conditions:

(MC1) rank "1 = n,
(MC2) &’ is involutive and of constant rank, for 0 < j <n — 2,

(MC3) Vadéggeé'o for 0<i<n-—1,
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(MC4) Vzd ec&r for0<k,j<n-1.

kg,adlg

Another formulation of MF-linearization can be done using the concept of lin-
earizing outputs.

Definition. The mechanical control system (MS) with m configuration (output)
functions hi(z),..., hp(x) € C®(Q) has a vector relative half-degree (U1, ..., Upm,)
around xq if

(i) Ly LEh; =0,

for1<i,r<mand0<k <y —2,
(ii) the m x m decoupling matriz
D(x) = (L, LZ'hi) ()
s of full rank equal to m, around xg.

The following result applies to the multi-input case.

Theorem. The mechanical control system (MS) is, locally around xo, MF-linearizable
if and only if there exist m functions hi(x), ..., hyn(x) € C®(Q) satisfying in a neigh-
bourhood of xg

(MR1) the vector relative half-degree (v1, ..., Up) with > v; = n.
i=1

(MR2) the functions h;(x) and their successive v; — 2 Lie derivatives with respect to
e are covariantly linear, i.e.

V(dLEh;) =0 for 0 <k < —2.
Finally, we have the following result to the case of (MS) without the controlla-
bility assumption.

Theorem. A mechanical system (MS)(n’m) 1, locally around xg € QQ, MF-linearizable
if and only if it satisfies, in a neighbourhood of xq, the following conditions:

(MLO) E° and E' are of constant rank,
(ML1) E° is involutive,
(ML2) ann &Y C ann R,
(ML3) ann &Y C ann Vg,  for 1 <r < m,
(ML4) ann E' C ann Ve,
where annihilators of the following objects are defines as
e ann &' ={w e A(Q): w(g,) =0, 1<r<m}
e ann R ={w e A(Q): w(R)=0}
o ann Vg, = {w € A(Q): w(Vg,) =0, 1<r<m}
e ann VZe = {w € A(Q) : w(V?)=0}.
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Our study of (MS) would not be possible without investigations of (LMS). In
Chapter 4, we classify controllable linear mechanical systems under linear changes of
coordinates and feedback. This work is analogous to celebrated Brunovsky classifica-
tion. Consider two controllable linear mechanical systems

T =1y

(LMS) : )
y = Ez + Bu,

(2A55) -

E 0 B

We say that (LMS) and (E//\\/l/8> are linear mechanical feedback equivalent, shortly
LMF-equivalent, if there exists a linear change of coordinates & = Tz, § = Ty and
an invertible feedback u = Fx 4+ G, such that

WhereE,EERnX",B,BER”XWL,A:(0 In>7B:<0>

I

Ty=1y
§=T(FE+BF)T ' + TBGu = Fi + Bu.

Attach to the system (LMS) an n-tuple of indices 7;

7o = rank (B),
7 = rank (B, EB, ..., B'B) — rank (B, EB, .., B' ' B),

for 1 <7 <n — 1. Furthermore define the dual indices
pj=card(r; > j:0<i<n—-1) for 1 <j<m.

These integers are mechanical analogues of controllability (Brunovsky, Kronecker)
indices p;, and we call them mechanical half-indices. We denote the sequences as

R (B, B) = (7o, 7n1), P (B, B) = (1, pm), and P (A, B) = (p1-.., pm)-

Theorem. Consider two controllable linear mechanical systems (LMS) and (m),

represented by pairs (E,B) and (E,B), respectively. The following conditions are
equivalent:

(i) The systems (LMS) and (m) are LM F -equivalent,

(ii) R(E,B) = R(E, B),
(iii)) P(E,B) = P(E, B), i.e. the mechanical half-indices coincide,
(iv) P(A,B) = 73(;1, é), i.e. the controllability indices coincide,

The thesis ends up with extensive simulation studies of three mechanical systems
that are MF-linearizable, namely the Inertia Wheel Pendulum, the TORA system,
and the single link manipulator with joint elasticity. We show how our theoretical
results applies in the engineering practise to solve several control problems. In total
we presented results of 13 simulation control scenarios.
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Streszczenie

Marcin NOWICKI

Linearyzacja przez sprzezenie zwrotne mechanicznych systemow sterowania

Praca jest poSwiecona analizie mechanicznych systeméw sterowania, ktére w lokalnych
wspétrzednych z = (z1,...,2") na gladkiej rozmaitosci konfiguracyjnej Q, maja
forme réwnan rézniczkowych drugiego rzedu!

m
it = —F;k(m)ij:)&k +é'(z) + Zgi(x)ur, 1<i<n,
r=1

gdzie F;k(az) sa symbolami Christoffela odpowiadajacymi sitom Coriolisa i odsrod-
kowym, e(x) jest niesterowanym polem wektorowym na @) opisujacym wplyw zewne-
trznych sit pozycyjnych dziatajacych na system (np., grawitacyjne lub sprezystosci),
a gr(r) sa sterowanymi polami wektorowymi na ). Réwnowaznie, mechaniczny
uklad sterowania mozna opisa¢ za pomoca réwnan rézniczkowych pierwszego rzedu
na wiazce stycznej T(@Q) bedacej przestrzenig stanu systemu, uzywajac wspotrzednych
(z,y) = (2!, ...,2" ¥}, ..., y")

=y

. . . . mo 1<i<n.
g = —Th @)y +e'(x) + > gi(z)ur
r=1

(MS) :

Gléwnym problemem rozwazanym w pracy jest mechaniczna linearyzacja przez
sprzezenie zwrotne (MF-linearyzacja), ktéra polega na zastosowaniu do ukladu me-
chanicznego nastepujacych przeksztalcen:

(i) zmian ukladu wspélrzednych danych przez dyfeomorfizm

d: TQ—TQ
(z,y) = (2,9) = (¢(x), Do(2)y)

(ii) mechanicznego sprzezenia zwrotnego («, 8,7) w postaci
) m
Up = *y;-"k(x)yjyk +a"(z) + Z B (x)ts,
s=1

gdzie 77 = Vi

W catej pracy zastosowano konwencje sumacyjna Einsteina.



tak, ze przeksztatcony uktad jest liniowy i mechaniczny

LMS): .. L
(LMS) g’:Eﬁj+Zb’sts-

s=1

Ponizej podsumowano gtéwne wyniki pracy. W rozdziale 5 sformutowano dwa
nowe wyniki dotyczace mechanicznej linearyzacji w przestrzeni stanu (w skrécie MS-
linearyzacji) poprzez zmiane wspélrzednych & : @Q — Q. Zakladajac przypadek
sterowalny, mamy nastepujace

Twierdzenie. Mechaniczny system sterowania (MS) jest, lokalanie wokdl xy €
Q, MS-linearyzowalny do liniowego sterowalnego mechanicznego systemu sterowania
(LMS) wtedy i tylko wtedy, gdy spelnia, wokdl xo nastepujoce warunki:

(MS1)’ dimspan{adlg,, 0<g¢<n—-1,1<r<m}=n,
(MS2)’ [adfgr,adlgs) =0 dla0<p,q<n, 1<r,s<m,

(MS3)’ <ad£gr : adggs> =0 dla0<jk<n, 1<r,s<m,

gdzie adlg, = [e, add=! gr] jest iterowanymi nawiesem Liego pél e i g, oraz <adggr : adlggs>
jest ich nawiasem symetrycznym.

Zaskakujacym jest, ze problem MS-linearyzacji mozna rozwiazaé bez zalozenia
sterowalnoéci. Okazuje sie, ze kluczowa operacja jest pochodna kowariantna V, za$
kluczowym narzedziem tensor krzywizny Riemanna R.

Twierdzenie. Mechaniczny system sterowania (MS) jest, loklanie wokél xo € Q,
MS-linearyzowalny do liniowego, mozliwie niesterowalnego, mechanicznego systemu
sterowania (LMS) wtedy i tylko wtedy, gdy spelnia, wokél x¢ nastepujoce warunki:

(MNS1) R =0,
(MNS2) Vg, =0 dlal<r<m,
(MNS3) V?e = 0.

W rozdziale 6, ktory stanowi trzon pracy, przedstawiono teorie MF-linearyzacji
systeméw mechanicznych (MS). Ponownie, najpierw rozpatrzono wariant sterowalny.
Zdefiniowano sekwencje dystrybucji zagniezdzonych &7

&V = span{g,,1 <r <m}

&l :span{adégr,l <r<m,0<i §j}.
Dla systeméw mechanicznych z jednym sterowaniem (m = 1) sformutowano twierdze-
nie

Twierdzenie. Zaldimy n > 3. Mechaniczny system sterowania (MS) z jednym
sterowaniem m = 1 jest, lokalanie wokol xg € QQ, MF-linearyzowalny do sterowalnego
(LMS) wtedy i tylko wtedy, gdy spelnia, wokdl xq, nastepujoce warunki:

(MC1) rank E"1 = n,
(MC2) & sq inwolutywne i stalego rzedu, dla 0 < j <n —2,
(MC3) Vagigg € E0 dla0<i<n-—1,
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(MC4) Vzd ec& dla0<k,j<n-—1.

kg,adlg

Alternatywne sformulowanie MF-linearyzacji mozna dokonaé stosujac koncepcje
wyjs¢ linearyzujacych.

Definicja. Mechaniczny system sterowania (MS) z m konfiguracyjnymi wyjsciami
hi(z),...,hm(x) € C®(Q) ma wektorowy pdl-rzqad wzgledny (v1,. .., Unm) wokdél xg
jesli

(i) Ly LEh; =0,
dlal<i,r<m oraz0<k<rp;—2,

(ii) m X m macierz odsprzegania

D(x) = (L, LZ'hi) ()
jest pelnego rzedu réwnego m, wokdl xg.
Nastepujace twierdzenie zachodzi dla systemu wielowej$ciowego.

Twierdzenie. Mechaniczny system sterowania (MS) jest, lokalnie wokdl z¢ € Q,
MF-linearyzowalny wtedy i tylko wtedy, gdy istnieje m funkcji hy(z),..., hy(z) €
C>*(Q) spelniajgcych, wokdl xo, nastepujoce warunki:

m
(MR1) wektorowy pot-rzqd wzgledny jest rowny (v1,...,Um) oraz . v; =n.
i=1

(MR2) funkcje hi(z) oraz ich kolejne v; — 2 pochodne Liego wzdluz e sq kowariantnie
lintowe, tzn.

V(dLFh) =0, dla 0<k<up—2.
Nastepne twierdzenie charakteryzuje MF-linearyzowalno$¢ bez zalozenia doty-

czacego sterowalnosci systemu.

Twierdzenie. Mechaniczny system sterowania (./\/lS)(n,m) jest, lokalnie wokdl xy € @Q,
MF-linearyzowalny wtedy i tylko wtedy, gdy speinia, wokdl xg, nastepujgce warunki:

(ML0) E° oraz E' sq stalego rzedu,
(ML1) E° jest inwolutywna,
(ML2) ann £ C ann R,
(ML3) ann&° C ann Vg, for 1 <r <m,
(ML4) ann £' C ann Ve,
gdzie anihilatory danych obiektow zdefiniowane sa nastepujaco
e ann E0 = {w e A(Q): w(g,) =0, 1<r<m}
e ann R={w e A(Q): w(R)=0}
e ann Vg, = {w e A(Q) : w(Vg,) =0, 1<r <m}
e ann VZe = {w e A(Q): w(VZ)=0}.
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Przeprowadzone badania systeméw mechanicznych (MS) nie bylyby mozliwe bez
analizy liniowych systeméw mechanicznych (LMS). W rozdziale 4 sklasyfikowano
sterowalne liniowe systemy mechaniczne za pomoca liniowej zmiany wspolrzednych
i sprzezenia. Wynik ten jest analogiczny do klasycznego wyniku Brunovskyiego.
Rozwazmy dwa liniowe mechaniczne systemy

T=y

(EMS): (£MmS)

. K
Il

<

Il

oy =
N

+

el

\.:I

E 0 B

Powiemy, ze (LMS) oraz (E_/\\/IT‘S) sa liniowo mechanicznie réwnowazne, krotko

gdzie E, E € R, B,Beﬂwm,fl=< 0 In ),B:( 0 )

LMF-réwnowazne, jezeli istnieje liniowa zmiana wspétrzednych & = Tz, § = Ty oraz
odwracalne sprzezenie zwrotne u = Fx + G, takie ze

y
=T (E+BF)T 'z + TBGu = Ei + Ba.
Dla systemu (LMS) definiujemy n-tke indekséw 7;
7o = rank (B),
7 = rank (B, EB, ...,EiB) — rank (B, EB, .., EHB) :
dla 1 <4 <n — 1. Nastepnie definiujemy dualne indeksy
pj=card(r; >j:0<i<n-—1) for 1 <j<m.

Indeksy te sa mechanicznymi analogami indekséw sterowalnosci (Brunovskyego, Kro-
neckera) p;, zatem nazwane zostaly mechanicznymi pél-indeksami. Oznaczmy

R (E,B) = (Fo,...,Fn-1), P(E,B) = (p1,. .., pm) oraz P (A,B) =(P1--- s pm)-

Twierdzenie. Rozwaimy dwa sterowalne liniowe mechaniczne systemy (LMS) oraz

(EMS), zdefiniowane przez, odpowiednio, pary (E,B) oraz (E,B). Nastepujgce
warunki s¢ rownowazne:

(i) systemy (LMS) oraz (EMS’) sq¢ LM F-réwnowazne,

(ii) R(E,B) = R(E, B),
(iii) P(E,B) = P(E, B), tzn. mechaniczne pél-indeksy sq identyczne,
(w) P(A,B) = P(fl, é), tzn. indeksy sterowalnosci sq identyczne.

Praca konczy sie szeroko zakrojonymi badaniami symulacyjnymi przeprowad-
zonymi dla trzech ukladéw mechanicznych, ktére sa MF-linearyzowalne, tj. wa-
hadlo z kotem bezwladnosciowym, system TORA oraz manipulator z pojedynczym
ogniwem z elastycznoscia w zlaczu. Pokazujemy, w jaki sposéb nasze wyniki teo-
retyczne maja zastosowanie w praktyce inzynierskiej do rozwigzywania konkretnych
probleméw sterowania. Przedstawiono wyniki 13 scenariuszy omawiajacych rézne
aspekty sterowania.
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Résumé

Marcin NOWICKI

Linéarisation par bouclage des systemes mécaniques de controle

Cette these est consacrée a 1’étude des systémes mécaniques de controle qui sont
définis sur une variété différentielle de configuration () munie des coordonnées locales
T = (3:1, ...,x™). Dans ces coordonnées, ils prennent la forme d’équation différentielle

d’ordre deux!:
m
i = T (x)ild" +e'(x) + ) gh(@)ur,  1<i<n,
r=1

ot les coeflicients F;k(a:) sont les symboles de Christoffel correspondant aux forces de
Coriolois et centrifuges, e(z) est un champ de vecteurs représentant l'influence des
forces externes (par exemple, la gravité ou l’élasticité) et les g,(x) sont des champs
de vecteurs controlés.

De maniere équivalente nous pouvons décrire les trajectoires d’un systeme mé-
canique de controle par un systéme d’équations différentielles ordinaires sur le fibré
tangent TQ muni des coordonnées (z,y) = (z!,...,2",y!, ..., y"):

r =19y

MS : ) . . . m .
(MS) ' = Tl (@)y’y" + ' (x) + Y gi(x)ur
r=1

1 <1< n.

Le probleme central étudié dans cette these est la linéarisation mécanique par
bouclage des systémes mécaniques de controle (MF-linéarisation) en appliquant les
transformations suivantes:

(i) le changement de coordonnées par difféomorphisme

d: TQ—TQ
(z,y) = (2,9) = (¢(x), Do(2)y) ;

(ii) la transformation par bouclage mécanique (o, 3,7) de la forme
) m
ur = Y (2)y'y" + o’ () + D B (x)ds,
s=1

ol Vi = Vi

de sorte que le systeme transformé soit linéaire et mécanique

'Nous utilisons tout au long de la convention de sommation d’Einstein.
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xZ:g’L

LMS): O
( ) J' =B+ blis.
s=1

Ici, nous présentons brievement les principaux résultats de la these.

Dans le Chapitre 5, nous présentons deux nouveaux résultats concernant la linéari-
sation mécanique dans l’espace d’état (MS-linéarisation) en agissant sur (MS) unique-
ment par un changement de coordonnées. En supposant que le systéme est controlable
nous avons :

Théoréme. Le systéme mécanique de controle (MS) est localement MS-linéarisable,
autour de o € Q, si et seulement si dans un voisinage de xq il satisfait les conditions:

(MS1)’ dimspan{adlg,, 0<g<n-—-1, 1 <r<m}=n,
(M82)7 [adggﬁadggs] =0 ngaqgna 1 <r,s<m,

(MS3)’ <adggr : ad'ggs> =0 0<jk<n, 1<rs<m,

ol adlg, = [e,ad? 'g,] est le crochet de Lie itéré des champs de vecteurs e et g, et
<adggr : ad];gs> est le produit symétrique.

Il est remarquable que le probleme de MS-linéarisation puisse étre résolu sans
I’hypothese de controlabilité. Il se trouve que 'opérateur crucial est la dérivée covari-
ante V et le tenseur de courbure de Riemann R de I’espace de configuration Q.

Théoréme. Le systéme mécanique de controle (MS) est localement MS-linéarisable
(LMS) éventuellement incontrolable), autour de xo € Q, si et seulement si dans un
voisinage de xg il satisfait les conditions:

(MNS1) R =0,
(MNS2) Vg, =0, 1<r<m,
(MNS3) V?e = 0.

Dans le Chapitre 6, qui est au coeur de la these, nous développons une théorie de
la MF-linéarisation pour les systéemes mécaniques de controle.

Supposons que (MS) est contrdlable. Soit la séquence de distributions £7 donnée
par

E% =span{g,,1 <r <m}
Sj:span{adigr,l§r§m,0§i§j}.

Pour le systéme avec un seul contrdle (m = 1) nous avons

Théoréme. Supposons que n > 3; le systéme mécanique de controle (MS) avec un
controle (m = 1) est localement MF-linéarisable, autour de xo € Q, si et seulement
si dans un voisinage de xg il satisfait les conditions:

(MC1) rank E"1 = n,
(MC2) & est involutif et de rang constant, 0<j<n —2,

(MC3) Vagigg €&, 0<i<n-—1,
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(MC4) Vid ecé&l, 0<k,j<n-—1.

kg,adlg

Nous formulons une autre version de MF-linéarisation a ’aide du conept des
"sorties linéarisantes".

Définition. Nous disons que le systéme mécanique de controle (MS) avec m fonc-

tions de configuration (sorties) hi(x),...,hm(x) € C®(Q) posséde le vecteur des
demi-degrés relatifs (1, ..., Vm) dans un voisinage de xq si
(i) Ly, L¥h; =0,

1<i,r<met0<k<py —2,
(i) la matrice de découplage de taille m
D(x) = (L, LZ'hi) ()
est tnversible en xg.

Le résultat suivant s’applique aux systémes a entrées multiples.

Théoréme. Le systéme mécanique de controle (MS) est localement MF-linéarisable,

autour de xg € Q, si et seulement si il existe m fonctions hi(z),...,hp(z) € C(Q)
satisfaisant

m
(MR1) le vecteur des demi-degrés relatifs (v1,...,Um) avec Y. U; = n.

i=1

(MR2) les fonctions hi(x) et leurs v; — 2 dérivées de Lie successives le long de e sont
covariantement linéaires, c’est-a-dire

V(dLFh) =0 for0 <k <y —2.

Enfin, nous avons le résultat suivant le cas sans I’hypotheése de controlabilité.

Théoréme. Le systéme mécanique de controle (MS) est localement MF-linéarisable,
autour de xog € Q, st et seulement si dans un voisinage de xq il satisfait les conditions:

(ML0) E° et E' sont de rang constant,
(ML1) E° est involutive,
(ML2) ann £ C ann R,
(ML3) annE° C annVg, pour 1 <r <m,
(ML4) ann E' C ann Ve,
ol les annulateurs précédents sont définis par
e ann &' ={w e A(Q): w(g,) =0, 1<r<m}
e ann R ={w e A(Q): w(R)=0}
o ann Vg, = {w € A(Q): w(Vg,) =0, 1<r<m}
e ann VZe = {w € A(Q) : w(V?)=0}.
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Notre étude des systemes (MS) ne serait pas possible sans analyse des sys-
témes linéaires (LMS). Dans le Chapitre 4, nous classifions les systémes mécaniques
linéaires contrélables sous l'action des changements de coordonnées linéaires et du
bouclage linéaire. Ce résultat est analogue a la classification de Brunovsky.

Considérons deux systémes mécaniques linéaires contrdlables

.
Il

cms) . Y (LMs) :

<
Il
oy =&

E 0

bouclage linéaire mécanique (LMF-équivalence) entre (LMS) et (E./\/IS) est définie
par le changement linéaire de coordonnées & = Tz, § = Ty et le bouclage linéaire
u = Fz + G, tel que

ol E,E e R™" B BeR™m A= ( 0 In ), B= < 103 ) L’équivalence par

g
§=T(F+BF)T'# + TBGu = FEi + Bi.

Nous attachons au systéme (LMS) le n-uplet d’indices 7; donné par

ro = rank (B),
7; = rank (B, EB, .., E'B) — rank (B, EB, .., E"'B)

pour 1 < ¢ <n — 1. De plus, nous définissons les indices duals

pj=card(r; >j:0<i<n-—1) for 1 <j<m.

Ces entiers sont des analogues mécaniques aux indices de contrdlabilité p; (Brunovsky,
Kronecker). Nous les appelons des demi-indices mécaniques. Soit les séquences

R(E,B) = (7o, 7n-1), P (B, B) = (1., pm), and P (4, B) = (p1..., pm)-

Théoréme. Considérons deur systémes mécaniques linéaires controlables (LMS) et
(EMS), représentés par les paires (E,B) et (E,B). Les conditions suivantes sont

équivalentes:

(i) Les systémes (LMS) et (m) sont LMF-équivalents,

(ii) R(E,B) = R(E, B),
(iii) P(E,B) = P(E,B), c’est a dire les demi-indices mécaniques coincident,
(iv) P(A,B) = P(fl, é), c’est a dire les indices controlables coincident.

La these se termine par une études de simulation numérique des systemes mé-
caniques de controle, a savoir le pendule inversé stabilisé par volant d’inertie, le sys-
téme TORA, et le manipulateur avec articulation flexible. Nous montrons comment
nos résultats théoriques s’appliquent dans des problématiques d’ingénierie. Au total,
nous présentons les résultats de la simulation de 13 scénarios.
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Chapter 1

Introduction

1.1 Preface

A problem that is considered in this thesis, at its core, reveals a dual nature. The
dualism is manifested in several ways.

The subject of our study are mechanical control systems. As the name suggests,
it constitutes an interplay of mechanics and control theory. The history of the former
dates back to Newton, Euler, Lagrange, Laplace, Hamilton and many others, and is
inseparably connected with the development of mathematics. Then, at the turn of the
20th century, it was Poincaré who brought a new insight into mechanics by introducing
a geometric point of view. His works connected mechanics with differential geometry
and thus enabled to benefit from the works of Gauss, Riemann, Ricci, Levi-Civita in
order to study mechanics.

The history of geometric control theory is a newer subject beginning in the 1970’s
with pioneering works of Brockett, Hermann, Hermes, Lobry, Sussmann, Isidori,
Krener and many others. Together they introduced geometric control theory into
the "golden ages" in the 1980’s and 1990’s when it proved its power by both a mathe-
matical elegance and countless applications in engineering problems. As an example
of a product of this era may serve the classical theory of feedback linearization of
control systems (by Jakubczyk, Respondek and Hunt, Su), whose fruitful results are
consumed to this days.

Then, at the turn of 21th century this two fields (i.e. mechanics and geomet-
ric control theory) collide by the crucial impulse carried out by Brockett, Marsden,
Crouch, Bloch, van der Schaft, Bullo, Lewis that constitutes the field of geometric
control of mechanical control systems. Finally, we would like to mention Respondek
and his collaborators who study equivalence problems of mechanical control systems.
This thesis is a natural continuation of their previous works.

Another duality of this thesis is more subtle. It concerns the second subject of
interest in this thesis, namely the concept of feedback linearization. Firstly, feedback
is the most natural tool of control engineering, often identified with the very idea of
the control itself. Secondly, from the geometric control theory standpoint, the notion
of feedback is that of a group of transformations that act on the system. While the
transformations of the state space are somehow embedded (by the word geometric)
in this field, the transformations of the input space, i.e. feedback, are the very core
that distinguishes the study of control systems from the study of dynamical systems.

Finally, the linearization itself exhibits a certain duality. From a practical point
of view, it is a control technique that enables (whenever applicable) a systematic
synthesis of control. Its constructive solution enables to transform a control task for
a nonlinear system into a relatively easy task for a linear one. The usefulness of
this approach cannot be overestimated and it has proved its importance in numerous
engineering applications. From a theoretical point of view, however, the linearization
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constitutes a part of the classification problem for nonlinear control systems. Apart
from the obvious pure cognitive ideal, i.e. understanding how the universe around us
works, it serves also as an indicator whenever the control problem is easy (it can be
brought to a linear problem) or not.

All these dualities described above are both very rewarding and challenging at
the same time. Rewarding in the sense that the obtained results have always physical
interpretation (due to the subject of the research, i.e. mechanical systems). The
process of translating mathematical results into physical phenomena is very inspiring
and motivating. At the same time, the process is challenging since it often requires
a multidisciplinary knowledge. Moreover, the challenge that we face comes from,
possibly, various scientific backgrounds of the reader since the presented results may
potentially interest scientist from both (theoretical and practical) areas. Aware of this,
we put an effort to present our results so that both communities could completely
follow our presentation.

1.2 Motivation and statement of contribution

Consider a mechanical control system that can be represented as a control system
using coordinates (z,y) = (z!,...,2", y!,...,y"), where 2’ are configurations and y’
are the corresponding velocities,

x’:y'

. . . . mo 1<1<n. 1.1
J = D@yt + i@+ g, S (1)
r=1

We consider the problem of mechanical feedback linearization by applying to system
(1.1) the following transformations:

(i) changes of coordinates given by

d: TQ —TQ
(z,y) = (L,7) = (¢(z), Do(x)y)
where ¢ : Q — Q is a diffeomorphism,

(ii) mechanical feedback transformations, denoted («, 3,7), of the form
ur = Y(@)y'y" + o () + ) B (2)ds,
s=1

where 7, = 1.

such that the transformed system is linear and mechanical

m
J = Eji 4+ bl
s=1

The research hypothesis is formulated as follows:

It is possible to formulate a theory of mechanical feedback linearization of me-
chanical control systems using techniques of geometric control theory and differential
geometry.
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1.3 Applicability and technical comments

In this section, we formulate several remarks that apply to the whole thesis.

1. A class of mechanical control systems that we study is quite broad and needs to
be specified. Asequation (1.1) indicates, the controls enter the system in an affine way,
multiplying terms that depend on z-only. This corresponds to an action of positional
forces on a mechanical system. Moreover there are no terms linear with respect to
velocities that represent dissipative-type forces. On the other hand, we do not assume
that the connection is a metric connection. This allows to precompensate (if possible)
the dissipative terms in the system by a preliminary feedback. In Conclusions we
discuss this topic further.

2. The classical linearization theorems give conditions for equivalence to linear
controllable systems. The controllability assumption is important because it refers
to constructing a canonical frame, given by iterative Lie brackets, consisting of n
independent vector fields that ensure that the linearized system is controllable. One of
the main contribution of the thesis is a formulation of results for mechanical feedback
linearization in two cases: one devoted to controllable systems (as in the classical
results) and another for which the controllability assumption can be dropped. The
latter can be applied to both, controllable and noncontrollable systems, although we
will call it, shortly, the non-controllable case.

3. The results obtained in this thesis are local in the sense that linearizing dif-
feomorphisms are defined on local neighbourhoods of the points around which are
applied. This is quite standard in the classical linearization theory, as the global
results are known in a few limited cases. Thus all diffeomorphisms ¢ : Q — Q are
assumed to be local, and map open sets of @ into open sets of Q. Therefore, when-
ever we give a local result around zg, by C*(Q), X(Q), etc. we will mean smooth
functions, vector fields, etc. on a neighbourhood of xy. However, we will present in a
forthcoming paper the global version of our mechanical state-space linearization.

4. Throughout this thesis we assume that all objects are always C°°-smooth.
Most theory and results work under weaker assumptions but we will not precise the
actual regularity class C! needed in each particular argument.

5. The Einstein summation convention is assumed throughout, i.e. any expression
containing a repeated index (upper and lower) implies summation over that index up
to n:

n
wiX’ = Z wiX’.
i=1

Whenever the summation is taken over another indexing set, we will use the summa-

m
tion symbol, e.g. in terms involving controls and control vector fields, Y. g,(z)u,.
r=1
6. It was brought to our attention that there exist some ambiguity in terms of

the concepts of degrees of freedom and underactuation. While we appreciate the
usefulness of those other definitions in terms of nonholonomic systems, here we define
those as follows

(i) the number of degrees of freedom - the dimension of the configuration space @,
ie. dim(Q) = n,

(ii) underactuation - the property of the system that it has less controls than degrees
of freedom, i.e. m < n.
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1.4 Outline of the thesis

A brief outline of the following chapters is as follows:

Chapter 2 The chapter presents necessary mathematical preliminaries and tools
that we use in the thesis.

Chapter 3 There we define a mechanical control systems and study some of their
geometrical properties.

Chapter 4 In that chapter we study a class of linear mechanical control systems
and formulate a classification theorem.

Chapter 5 The chapter formulates the problem of mechanical state-space lineariza-
tion and presents our new results in this field.

Chapter 6 The chapter contains main results of the thesis. Here we formulate and
solve the problem of mechanical feedback linearization in three main cases,
namely controllable, non-controllable and for the mechanical input-output lin-
earization.

Chapter 7 In that chapter we use our results to solve control problems for sev-
eral examples of mechanical control systems and discuss the applicability and
practicality of our theoretical results.

Chapter 8 There we conclude our research and point some directions for future
research.



Chapter 2

Preliminaries

In this chapter, we review some mathematical tools from differential geometry,
tensor analysis, and Riemannian geometry that are necessary to formulate our results.
Together with mathematical definitions we give some intuitions and interpretations
in the language of mechanics and robotics. Therefore, some remarks may lack a
mathematical rigour and use terminology that has not been precisely introduced
earlier, however is commonly used in the field of mechanics and robotics.

2.1 Differential geometry

2.1.1 Manifolds and tensor fields

A basic object is a smooth differentiable manifold, which is the arena of events.
A definition of a manifold can be found e.g. in [21]. Instead, we give alternate
definition that follows from Whitney embedding theorem [21]. In our investigations,
all manifolds are, actually, smooth submanifolds of R? formalized as follows.

Definition 2.1. A subset Q@ C RY is called a (differentiable) submanifold of R?
if for any point of Q there exists a neighbourhood U C R%, such that, Q N U =
{peU: ¢(p) =0}, where ¢ : U — RF is a C®-differentiable map that satis-
fies rank Do(x) = k, for any x € Q NU. The dimension of the manifold @Q is
dmQ =n=d—k.

Since @ N U locally resembles R™, it can be parametrized by a local coordinate
system z = (x!,...,2") and we will identify points of @ with their coordinates x.

In other words, a manifold is embedded in R?, with a sufficiently large d, and we
define it by imposing k£ independent constraints. Whenever we think of a manifold we
can visualize an n-dimensional continuous space where our system lives. Points of @)
are configurations (positions) of the investigated system. Trajectories of the system
are time parametrized curves z(t) € ). This definition resembles the concept of a
configuration space with generalized coordinates and that is exactly what we mean by
a configuration manifold in the case of mechanical systems with n degrees of freedom.

To formalize the concept of wvelocities as the rate of change of positions, take
all trajectories z(t) passing at typ = 0 through a point z € @, that is, z(0) = =z.
All velocities ©(0) form the tangent space T,Q at the point x, whose elements are
tangent vectors x(0), that is, velocity vectors at the point x. We introduce natural

coordinates on TQ, defined as y = (y',...,y") := (¢',...,4"). The union over all
x € @ of all tangent spaces (tangent spaces at all points) is called the tangent bundle
TQ = Uzeq TaQ-

Let X € X(Q) be a vector field on ), that is a map that assigns to each point x € @
a tangent vector X (x) € T,Q. Note that, vector fields evaluated at a point are simply
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column vectors, that is, vector fields are contravariant tensors. In coordinates x,
a vector field X = (X!(),... ,X”(x))T will also be denoted

0
oxt’

X = X%(z)

where the components X?(x) € C°°(Q) are smooth functions. The i-th component of
a contravariant vector X is denoted with an upper index X*.

By the natural duality we can introduce the concept of the cotangent space T () =
(T.Q)", i.e. the set of all linear functionals on T,Q. Accordingly, we define the
cotangent bundle T*Q = U,eq T7@ as the union of cotangent spaces. If @ is the
configuration space of a mechanical system then the elements of the cotangent bundle
T*@ can be interpreted as momenta of the system.

The dual objects to vector fields are one-forms w € A(Q), i.e. maps that associate
to each z € @ a cotangent vector w(x) € T;Q, which pointwise is covariant (i.e. a

row) vector. In the natural dual basis (dz!,...,dz"), where dz (%) = 0%, the

Kronecker delta, a one-form w reads
w = w;(x)da’,

where w;(z) € C*°(Q) are smooth functions. The i-th component of the covariant
vector w is denoted with a lower index as w;. An important class of one-forms are
differentials of functions, called ezact differentials. Given a function a € C*®(Q)
we define its differential da = %dl‘i 1. In mechanics, differential forms can be
interpreted as forces: potential forces, those that are exact differentials, and those
that are not, as non-potential forces.

The canonical paring (sometimes called the contraction) of one-forms and vector
fields is simply the scalar multiplication of row and column vectors

w(X) = widz' X7 8. = win(;;» =w X' ¢ C=(Q).

dxi
We can generalize the above considerations to multi-linear maps and introduce
the concept of a tensor field.

Definition 2.2. A (r,s)-tensor field T € T] (Q) assigns to each point x € Q a multi-
linear map 7: T*Q x ... x T*Q x TQ x ... x TQ — R (with r copies of T*Q and s
copies of TQ).

Pointwise these are multidimensional matrices with r contravariant and s covari-
ant indices, that in coordinates read

0
®

jl js
(‘)xh@'” 8xir®dx ® ... dx’".

= Tj1jo o ()

Therefore, vector fields are examples of (1,0)-tensor fields, one-forms are (0, 1)-
tensor fields, and scalars are (0,0)-tensor fields. Another example that will be dis-
cussed later in detail is a mass matrix (i.e. a Riemannian metric tensor), which is a
(0,2)-tensor field.

Up to this point, we considered one set of coordinates on ), namely x = (:1;1, coa).
It is common in mechanics to work with different coordinate systems, therefore we
formalize the concept of a change of coordinates.

LQuite often, this object is called the gradient of . It is, however, the gradient corresponding to
the euclidean metric and, in general, the geometric gradient depends on the metric tensor [4].
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Let Q and Q be smooth manifolds of dimension n and consider a diffeomorphism,
i.e. a differentiable map that is bijective and has a differentiable inverse

p: Q—Q

x = T =¢(x).

If Q = Q then & = (501, ...,@") = ¢(x) introduces a change of coordinates on Q
(local, if ¢ is a local diffeomorphism).

The corresponding change of coordinates in tensor bundles is straightforward since
tensor fields are multi-linear maps. Consider a vector field X on ) and its image under
¢ that is

0.X(7) = Do (¢71(@)) X (671(3)),

where D¢ (also denoted as %, ( gjﬁ}), or (%)) is the Jacobian matrix of the dif-
feomorphism ¢. The vector field ¢, X is called the push-forward of the vector field
X. Therefore the components X* of the vector field X transform according to the

following transformation law

0

i X
oxJ

Somehow inverse operation is the pull-back. Take a one-form w and its image
under ¢

¢'w(@) = Do~ (@) (67'(3)),

oz’
components w; transform by

where D¢p~! = (D¢)~! = (817.) is the inverse of the Jacobian matrix. Therefore the

. Ox?
Loop Y

It is immediate to see how arbitrary tensor fields are transformed. Consider a
(r, s)-tensor and evaluate it on r one-forms wy,...,w, and s vector fields X7, ..., X;
to get a scalar. Now apply the diffeomorphism ¢

O T(Wiy ey wry, X1y, Xs) = T(Q Wi, W, 0k X, 04 X)

therefore it is apparent that the components of the transformed tensor 7 = ¢*71 are
obtained by multiplying r-times by the Jacobian matrix and s-times by its inverse

%11“‘ _ 5‘@“ 8.%“ (%Ull al’ls Tkl-nkr
P = Qg gk 9 T 9ads el

2.1.2 Differential operations on vector fields

The canonical paring of vector fields and exact differential one-forms can be viewed as
a differentiation of the corresponding function. Namely, given a function a € C*°(Q)
and its exact differential da, we define the Lie derivative Lxa of « along a vector
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field X by
Lya = da(X),
with the following properties:
o Lgx1my)®=P1Lxa+ faLlya,
o Lx (aff) = BLxa+ aLxp,

where «, 3, 1, B2 € C™(Q).

Throughout the thesis we will repeatedly use the fact that the Lie derivative is
a geometric object, i.e. it is invariant under diffeomorphisms. It is worth showing
this elementary calculation. Consider a change of coordinates & = ¢(z) and calculate
L x«a in the new coordinates

0dg 000wty 00y .o

Lyt =528 = 5o o50:° ~ oz

Often we will use the following notation for the iterative Lie derivatives

L%a = LxLxa

’Hla=Lxlea, j>0.

Given a pair of vector fields X,Y € X(Q), we define the Lie bracket of X and Y
as a new vector field [X, Y] such that

Lixyja = LxLya— LyLxa, Yaec C®(Q). (2.1)
In coordinates, the Lie bracket reads

[X.Y](2) = DY (&)X (2) — DX(2)Y (z),

oxJ Bz

and Y, respectively. For XY, Z € X(Q) and «, 8 € C*°(Q), we have the following
properties

where DX (z) = (8X-i) (z) and DY (z) = ((Wi) (z) denote the Jacobi matrix of X

o [X.Y]=-[V,X] (skew-symmetry),

o (X+Y Z]=[X,Z]+[Y,Z] (additivity),

o [aX,BY] = aB[X,Y]+a(LxB)Y — B(Lya) X,

o [ X,[V,Z||+[V,|Z,X]]+[Z,[X,Y]]=0 (Jacobi identity),

e 0. [X,Y] =[0.X,0.Y] (compatible with a diffeomorphism ¢).
Often we will use the following notation for the iterative Lie bracket

ad%Y =Y
adxY = [X,Y]
oY = [X,adiY], j>0.
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2.1.3 Distributions and Integrable Manifolds

A distribution D on @ is a subbundle of the tangent bundle TQ), that is a map that
to each point x € @) associates a linear subspace D(x) of the tangent space T,Q. We
say that D is of constant rank m if dimD(xz) = m for all x € Q. Locally, given a
family of m independent vector fields {X,..., X;,} (called generators of D), we can
define a distribution that is spanned by them

D =span{Xy,... X;n},

i.e. D(x) = vectg {X1(z),..., Xm(z)}. Hence, we assume that span is taken over the
set of all smooth functions C*°(Q), i.e. elements X of D are

X(z) = o1(z)X1(z) + 02(2) Xo(z) + ... + o () Xin(2), 7 €Q,

where 0, € C®(Q), for 1 < i < m. We say that a vector field X belongs to a
distribution D, and denote it by X € D, if X (z) € D(z).

We say that a distribution D = span { X1, ..., X, } is involutive if for all X;, X; € D
their Lie bracket also belongs to D, i.e.

[Xi, X;] €D, or equivalently, [X;, X;] =) 0,,X),
=1

that is, D is closed under the Lie bracket. The functions Jﬁj € C>(Q) are called
structural functions.

An integral manifold of D is an m-dimensional submanifold N C @ such that its
tangent space T,N = D(p) for all p € N. In general, N is an immersed submanifold
only, not necessary embedded, meaning that the topology of N is not inherited from
Q. A distribution D is called integrable if for each x € @, there exist an integral
manifold N of D passing through x. For a given distribution D we can define its
annihilator annD as a set of one forms w such that

annD = {w € A(Q) : w(X)=0, VX € D}.

Theorem 2.3 (Frobenius Theorem). Let D be a smooth distribution of constant
rank m. Then, the following statements are equivalent:

(i) D is integrable,

(ii) D is involutive,

(iii) Locally, there exists a coordinate system x = (xl, ..., &™) in which D is rectified,
i.e.
o 0 0
D=span{ —, ——,..., ——
pn{@xl’ﬁaﬂ’ ’amm}

(iv) Locally, there exist n —m functions i, ..., Qn—m, whose exact differentials do;
are linearly independent and belong to the annihilator of D, i.e.

do;(X)=0, VXeD, 1<i<n—m.

Analogously to the notion of a distribution, we can define a codistribution 2 as
a subbundle of the cotangent bundle T*(@), i.e. a map that to each point z € @
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associates a linear subspace §2(x) of the cotangent space T:Q. If rank Q = [, then,
locally, €2 is spaned by a set of [ one-forms {w1,...,w;}

Q = span{wi,...,w;}.
The vector fields that annihilate €2 form the kernel of the codistribution 2, that is,
kerQ:={X € ¥(Q) : w(X)=0, Ywe Q}.

Given a distribution D = span{gi,...,gm}, ¢ € X(Q), we consider actions of
diffeomorphisms ¢ : Q — @ and matrix valued functions § = (B); :Q — Gl (m,R)
on the m—tuples of generators g = (g1,...,9m) by

m

gj = bx (Z B}m) = gj
i=1

or, using the vector notation, § = ¢« (gf), where § = (g1,...,Gm). Notice that

rectifying D means applying a pair (¢, 5), where £ = ¢(x), such that g; = % for

1 < j < m. Below we present a proof of the implication (iv) = (ii) of Theorem

2.3 that gives a constructive rectification of D.

Constructive rectification An integrable distribution D = span{gi,...,gm} of
rank m has an annihilator ann D, which is locally spanned by n — m smooth exact
differentials, that is, there exist n — m exact differentials doy;, satisfying:

da; (gj) =0 forl1<i<nm—mand1l<j<m. (2.2)
Given ay, . .., ap—m, whose differentials are independent, and they satisfy (2.2) we can
complete them to a local coordinate system by choosing m functions oy, —my1,- .-, Qn
such that day, . .., day, are independent. Applying the diffeomorphism ¢ = (o, ..., an)T

tog=(g1,-.,9m) we get

day Oaq. 1 1

1 o .. " gl e gm
8$ . . . . G'm)(m
dap day n n
dzt T 9xn 91 9m
where Gy,xm = G(z) is an invertible matrix (because g, ..., g are independent).

Therefore, in order to rectify the distribution D, set  := G~!(z). Then in the
coordinates & = ¢(x), we have

0 —mxm — n—mxm
Ff(:ﬂ)-g(m) B(x) = ( O&me ) (G 1) = ( OIme > :
implying . ( £ o) = % for 1< <m.
=1

2.2 Riemannian Geometry

We start our considerations with a definition of an additional structure, fundamental
in Riemannian geometry, namely a Riemannian metric.
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Definition 2.4. A Riemannian metric (a metric tensor) m € T3(Q) is a (0,2)-tensor
field on @, that associates to each tangent space T,Q an inner product, i.e. m(X,Y)
for X, Y € T,Q), that is

o symmetric, i.e. m(X,Y) =n(Y, X),
e positive definite, i.e. m(X,X) >0 if X #0.

In a coordinate system x = (z1,...,2"), m reads

m= mijdwz X dZL‘],
which, since m is symmetric (mij = mji), is denoted by m = mijdwidacj.

From a mechanical point of view a Riemannian metric is nothing more than an
inertia tensor (or a mass matrix). In order to see that the latter is indeed a (0, 2)-
tensor field let us evaluate it at a point and apply it to a velocity vector y = 1.
The result is well known and yields the (doubled) kinetic energy 2K E = y'm(z)y =
#Tm(z)4, which is a scalar.

A pair (Q,m) consisting of a manifold @) together with a Riemannian metric m is
called a Riemannian manifold.

Example Euclidean space. The simplest example of a Riemannian manifold is the
Euclidean space (R™, ), which is a flat n-dimensional space with the natural iden-
tification T,R™ = R", that induces usual inner product, the so called the Fuclidean
metric, which in coordinates reads

n
0 = dj;dx'da’ = E dx'dz’.
i=1
Using a metric tensor we can convert vectors into covectors and vice versa. We

define two mutually inverse maps called musical isomorphisms.

Definition 2.5. Let X € X(Q) be a vector field and w € A(Q) be a one-form. Define
two maps:

o flat (lowering an indez)
b:TQ —T7Q

X’ = m(Xi(;;, N =miX'dx? € A(Q)

or, equivalently using matriz notation, X° = X'm,
e sharp (raising an index)
£:7T"°Q — TQ

. 9
B L. drt N\ — mid,,,.
W' =m" (widat, )—mjwlax]. € X(Q),

where mJ = (mij)fl is the inverse of the metric tensor m. Equivalently, using matriz

notation, we have wh=m 1w,

From the definition we conclude that the conversion between vectors and covectors
is done with the help of the metric tensor m. Indeed, multiplying a metric tensor by a
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vector results in a covector and conversely. The canonical example is the equation for
momenta p; = m;;i7 that transforms velocities (vectors) into momenta (covectors) or
Newton’s Second Law, i.e. m;j#/ = F;, that relates forces (covectors) and accelerations
(vectors).

Actually, the musical isomorphisms work for arbitrary tensors. Indeed, consider
a (r,s)-tensor 7 € T7(Q). Then, 7% is a (1 + 1,5 — 1)-tensor and 7° is a (r — 1,5 + 1)-
tensor. Note that, there is no a canonical way of rising and lowering indices for
tensors, where r, s > 1, since we choose which indices are to be contracted.

There is no a canonical way to compare tangent vectors (that is, velocities) be-
longing to different tangent spaces. In order to understand what it means in practice
let us consider the following example.

Example Polar coordinates. Consider a unit mass particle moving on a plane
along a circle with a constant angular velocity. Its configuration manifold is @ = R?
with Cartesian coordinates x = (xl,xQ). Now consider a circular trajectory x(t) of

this system given in coordinates by

z!(t) = cost
z%(t) = sint.
We want to calculate its velocity and acceleration, therefore we differentiate x(t) twice.

' = —sint @
% = cost 2

L= _cost

= —gint.

The results are easy to interpret. The velocity vector & = (a'vl,:)':z)T is tangent to the
trajectory at each point x(t) (it is an element of the tangent space Ty ;)@Q). And the

acceleration vector & = (il,:iQ)T is pointing to the origin (which is interpreted as
a centripetal acceleration). Now we change the coordinates to the polar coordinates
(r,0) e Ry xS by

2t =rcosf

2% = rsind.

The trajectory in new coordinates is given by

r(t) = Vcos?t +sin’t = 1

t
0(t) = arctan MY _ ¢ mod 2r.
cost
Now we differentiate it in new coordinates
=20 #=0
f=1 6=0.

We see that the velocity vector (i-,0)T = (0,1)T is still tangent, however the second
derivatives (7",0) equal to zero. Therefore, we see a contradiction in the description
of the same physical motion in different coordinates. Moreover, it can be concluded
that the acceleration defined as the second derivative of a position is not a vector (or
any tensor) since it is zero in one coordinate system and non-zero in another.
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Therefore, we realize that there is a need for another structure in order to be
able to compare vectors (for instance, velocities) at different tangent spaces or, so
to speak, to connect the nearby tangent spaces. More precisely, for a vector field
Y (z(t)) € T @ along a curve z(t) we will introduce the (covariant) derivative %,
with the help of an additional structure, namely that of a connection. Thus it will
allow us to define intrinsically the acceleration as %. Finally, we will present the
equation of geodesics, which are zero-acceleration curves, or intuitively, curves that

are the straightest and that turn out to be also the shortest on the manifold Q.

Definition 2.6. An affine connection on Q) is a smooth map that assigns to a pair
of vector fields X,Y € X(Q) a third smooth vector field VxY, called the covariant
derivative of the vector field Y in the direction of X, i.e.

Vi X(Q) x X(Q) — X(Q)
(X,Y) — VyY,

that satisfies the following conditions:
(i) linearity over C*°(Q) in X:

va1X1+a2X2Y = alely + OéQVXQY

(i) linearity over R in Y:

VX(aY1 + bYQ) =aVxY, +bVxYs

(iii) the product rule:

Vx(aY)=aVxY + (Lxa)y,

for X;,Y; € X(Q), a,a; € C°(Q), and a,b € R.

In local coordinates on (), an affine connection is determined by its Christoffel
symbols of the second kind, namely

o 0

8 — = L —
507 Oxk — IF gy

\V4 (2.3)

Using (2.3) and the properties from Definition 2.6, we obtain the covariant derivative

of Y =Y? 8?;1' with respect to X = X7 % in coordinates

)& L 0
V==X +T4,Xvh) —. 2.4
VX <8mﬂ ik ) oz’ (24)
Next, we define the covariant derivative of a vector field Y (z(t)) € T, @ along
a curve x(t) : I C R — @ in the following way

DY

therefore the resultant vector field measures the rate of change of Y along a curve
x(t). Now it is apparent how to define geometric accelerations, i.e. vector fields that
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measure the rate of change of the velocity vectors

Dz

oz’

We say that Y is parallel along a curve x(t) if Vi)Y = 0. Further natural
question is how to describe a vector field that is parallel along any curve on (). Using
the first properties of Definition 2.6, we can construct a (1,1)-tensor field called
the total covariant derivative. This object can be viewed as a matrix of covariant
derivative in the directions of

ozt "

Definition 2.7. Let V be an affine connection andY € X(Q) be a vector field on Q.
The total covariant derivative of Y is the (1,1)-tensor field given by

! .
Y = V.V J
VY = VY o @ did,

where

7 8Yi 7
VY=ot I y". (2.6)

The total covariant derivative satisfies the following properties:
(i) linearity:

V(X +Y)=VX +VY

(ii) product rule:

V(aX)=aVX +da® X, (2.7)

for X,Y € X(Q) and o € C*°(Q). We say that a vector field Y is parallel on @ if
and only if VY = 0.
A geodesic of V on @ is a smooth curve z(t) satisfying the geodesic equation

Vima(t) =0,

which can be represented in coordinates using (2.4) as a system of second-order
differential equations

i+ T alih =0, (2.8)

whose solutions z(t) are zero acceleration curves (see (2.5)). By introducing 2n co-
ordinates (x,y) := (x,4) on the tangent bundle TQ), system (2.8) is equivalent to a
system of first-order differential equations on TQ

# =y

I I
that defines a vector field S on T(Q called the geodesic spray, which in coordinates
reads

i 0 i gk O
S=y'55 — T’y oy
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The integral curves of S are curves on TQ and can be projected onto the geodesics
on () under the canonical projection

m:TQ — Q

m(x,y) =z,

which simply assigns to the pair v, = (x,y) the point x at which v, is attached.

At first sight, vector fields on T(@ might seem unusual, however their existence is
straightforward since TQ has a structure of a differential manifold, that is S € X(TQ).
Moreover, there is an operation of lifting vector fields on @ to vector fields on TQ.
Let g € X(Q), we define its vertical lift G = g""I* € X(TQ) by

; d
G(va) = g"!(v2) = = (v +19(2) im0, 2 € TaQ-

This operation is straightforward in coordinates, for g(x) = gi(x)%, we have

0
oyt

G(z,y) = g"""'(z) = ¢'(x)

We say that G € X(TQ) is vertical if it has zero horizontal part, i.e. G = 082;1' +
o)

g'(z,v) BT It is clear that not every vertical vector field on TQ come from vector

fields on @ via the vertical lift, but only those of the form G = 0 6?01» +g'(x) 82“ that

is, those whose components ¢* depend on z only.

The tangent bundle of the manifold TQ is called the double (second) tangent
bundle TTQ = Uy y)erqg L(wy T Q-

The vertical distribution V' consists of vector fields tangent to T;Q). Recall 7 :
TQ — @ denotes the canonical projection. Then we have 7, : TTQ — TQ and the
vertical distribution can be defined by V = 7! (0). Locally, in (x,y)-coordinates, it
is given by

0 0
V—Span{ayl,...,ayn}

implying that V is an involutive distribution of rank n on TQ.

Using the vertical distribution V), we can geometrically characterize vector fields
on TQ that are vertical lifts. Indeed, G € X(TQ) is a vertical lift of g € X(Q) if and
only if G € V and for a geodesic spray S (one and thus any) it satisfies

v, 16,8y,

where [V, [G, S]] ={[V;,[G, S]] : Vi eV}

Having an affine connection V on @, the symmetric bracket (X :Y) assigns to
vector fields X, Y € X(Q) the vector field (X :Y) =VxY + Vy X.

The symmetric bracket was introduced by Crouch in [10] and since then has been
used in nonlinear control to study local controllability [6], [38], geodesic invariance
[24], gradient control system [10] and more.

Now, we introduce a special kind of a affine connection, that agrees with a Rieman-
nian metric on a Riemannian manifold. This compatibility can be viewed as follows.
Given any two vector fields X (¢) and Y (¢) that are parallel along a curve x(t), i.e.
Vi X = Vi)Y = 0, their scalar product given by m should be preserved, that is,
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m (X (¢),Y (t)) = const. Such connections play important role in geometric mechanics
and we will use them in the next chapter to study mechanical control systems.

Theorem 2.8 (Fundamental theorem of Riemannian Geometry). Let (Q,m) be a
Riemannian manifold. Then there exists a unique affine connection V called the
Levi-Civita conmection that agrees with the Riemannian metric m and it is symmetric
(i.e. F;k) — ;f])'

The proof of above theorem is quite technical and is omitted here; it can be
found in [22]. An important corollary of the proof is the representation of Christoffel
symbols of the compatible connection V, in terms of the metric tensor

i 1 il (8mlk Bmlj amj )

ik =™ \ i T sk T ol

(2.9)

Now, let us return to geodesic equation (2.8). We remind that geodesics are zero
acceleration curves. Moreover if an affine connection is a Levi-Civita connection, then
geodesics are also the shortest paths between two points on Q. Mechanically, we can
think of a mass particle that moves along a curve on ) which is not subject to any
external forces. In this context, we see geodesics as a generalization of stright lines.

Example FEuclidean space cont’d. For the Fuclidean space (R™,0) we have the

noo

following metric tensor 6 = Y dx'dx’. It is straightforward to calculate, using (2.9),
i=1

that the Levi-Civita connection is given by the Christoffel symbols I‘;k = 0. There-

fore the geodesic equation (2.8) simply reads &' = 0, which describes straight lines.

Moreover, let Y be a vector field on (R™,0). The total covariant derivative of Y is

which is the Jacobian matriz of Y. The parallel vector fields on (R™,d) are given by

g—Y; = 0, which describes constant vector fields.
g

Finally, we formulate the celebrated Riemann theorem and define its crucial ob-
ject, namely the Riemann curvature tensor.

Definition 2.9. The Riemann curvature (1,3)-tensor is a map

R: X(Q) x X(Q) x X(Q) — X(Q)
R(X,Y) Z — VXVYZ - VYVXZ - V[X7y]Z

It can be written in local coordinates as

9 )
R: R;kl % ®dﬂ:"7 ®d$k ®dﬂ?l,

where: A ‘ A ‘ ‘
Theorem 2.10. A Riemannian manifold (Q,m) is locally euclidean if and only if its

Riemann curvature tensor vanishes identically.

The theorem states that the Riemann tensor vanishes, i.e. R = 0, if and only if
there exists a (local) isometry (i.e. a diffeomorphism ¢ that preserves the Riemannian
metric, i.e. ¢*m = J) between (@Q,m) and the Euclidean space (R™,d). Such mani-
fold is called locally flat. The above theorem can be generalized to any symmetric
connection.
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Theorem 2.11. For any symmetric connection V (not necessarily compatible with
a metric) there exists a coordinate system such that Christoffel symbols vanish if and
only if the Riemann curvature tensor R is zero.

This theorem serves as a starting point in our later considerations about the
problem of a mechanical linearization of mechanical control systems.

In Definition 2.6, we gave the covariant derivative of a vector field. More generally,
an affine connection allows to compute the covariant derivative of any tensor field, for
details see [22]. Below, we give formulae for the total covariant derivatives of some
tensor fields, which will use later.

For a (0, 0)-tensor, i.e. a scalar function o € C*°(Q), the total covariant derivative
Va is the exact differential da € A(Q), that is a (0, 1)-tensor

B dz'.

For a (1,0)-tensor field, i.e. a vector field Y, we have Definition 2.7,
ie. VY is a (1,1)-tensor field.

For a (0,1)-tensor field, i.e. a one-form w € A(Q), Vw = V,wdz’ @ da’,
i.e. a (0,2) -tensor field with

Vo =do =

ow;

k:
gu

ijl'

For a (2,0)-tensor field 7 € TZ(Q), we have V7 = V7% aii ® % ® da¥,
i.e. a (2,1)-tensor field with

al
ak

For a (0, 2)-tensor field 7 € T2(Q), we have V7 = Vy7;;dr’ @ da? ® da*,
i.e. a (0,3)-tensor field with

Vit + Tyyr + T,

0T

l
8(1:' Fk’LTlJ ij’ril.

Vk;'rzj

For a (1,1)-tensor field 7 € 77'(Q), we have V7 = V7 0

557 ® dz? @ da*,
i.e. a (1,2)-tensor field with

V i a ] 1—\ Fl 7
k:Tj O k + le ijl .

In general, for (r, s)-tensor field 7 € 7 (Q), the total covariant derivative V7
is a (r,s + 1)-tensor field.

The second covariant derivative of a vector field is the derivative of its derivative
with respect to another two vector fields

Definition 2.12. The second covariant derivative of a vector field Z on Q in the
directions (X,Y) is a mapping

V2 x(Q) x 2(Q) x X(Q) — X(Q)
ViyZ=VxVyZ—Vy,vZ

satisfying the following properties:
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(1) linearity over C*°(Q) in X and Y:

2 2 2
v(ochl-i-aQXQ),YZ = Oélel’YZ + OZQVX%YZ

2 2 2
VX,(OqYl-&-OczYz)Z = ale,le + azvX,Y1Z

(ii) linearity over R in Z:

Viy(aZi +bZy) = aVi y Z1 + bV% y Zs

(7ii) the product rule:

Vi y(82) = BV y Z + LxBVyZ + Ly fVxZ + (ViyB) Z,

where V%CY’B = LXLyﬁ — vayﬁ € COO(Q), Xi,Y%,Zi € %(Q), Oéi,,B c COO(Q), and
a,beR.

Definition 2.13. The second total covariant derivative of a wector field Z is a

(1,2)—tensor field

) 4
V2Z =V (VZ)= vkvjzﬁ ® da? @ da*.

The following proposition gives an expression of V2Z in terms of Christoffel sym-
bols and a relation between the notion of the second covariant derivative V%QYZ and
the total one V2Z.

Proposition 2.14. For any affine connection V, we have
(i) ViV Z' = 040, 2"+ 04T 25+ 1% 0, Z°+ Ty 0; 2 + T U 25 —T 0,2 =T ;T4 Z°
(ii) ViV;Z' =V}, 2",

where V%jZi = Vc%k,@j Z' is the i-th component of the second covariant derivative of
the vector field Z in the directions (O, 0;).

Proof. (i). We will calculate the second total covariant derivative as the total co-
variant derivative of the total covariant derivative of Z (a (1,1)—tensor field) in
coordinates.
ViV Z' =0, (V;2') + T}, (V,2') = T}, (Vi2') =

=0 (0,2 +10,2°) + Ty (9,2' + T0,2°) — T}, (2" + T}, 2°) =

= W0; 2"+ Oy(TL,Z°) + T4,0; 2 + T} T, Z2° —T1,0, 2" — T}, T}, 2° =

= 0k0; 2" + OWT5,2° + 10,0, 2° + T4y0; 2 + T\ I, 2% = 1,02" — 1,17, 2°.

(ii). First, using Definition 2.12, properties of the covariant derivative, and for-
mula (2.3), we calculate

V305 = V30,05 = Vo, V,0s = Vv, 0,05 = Vo, (T,01) = ¥ ()0 =

kj
=T, (Vo 0) + (Lakl“é-s) O =Ty (Vo,0s) =
= T} Tids + (9T} 9 = TiyTi,0; = (9L, + T,y — Ty 1) 0



2.3. Control-affine systems 19

Then, using properties of the second covariant derivative, we calculate
Vi Z =Vi;2°0s =
= Z°V3,05 + (Lo, Z°) Vo, 05 + (Laj Zs) Vo, 0s + (LakLaj 2° = Lig, aj)ZS> 0, =
= Z°V3;0, + (0 Z2°) T4,0; + (0, 2") Tiy0s + 040, 2°0; — T}y 01210 =
— (akajzi + 78 (akr;ls + T4 Thy — T, ;’s) +T8,0,2° + Tiy0, 7 — rgjalzi) 0; =

— (akajzi + O, 25 + 15,00 2° + T30, 2" + Ty TS 2% — 1,0 2" — T} ;?SZS) s,

whose i-th component is equal to (i). O

2.3 Control-affine systems

In this section, we will define a class of control systems that we are studying, namely
those with controls entering in an affine way.

Definition 2.15. A control-affine system X is a triple (M, g, f) where
e M is an N-dimensional configuration manifold,
e g=1(91,...,9m) is an m-tuple control vector fields, where g; € X(M),
o f e X(M) is a drift vector field on M.

Definition 2.16. A trajectory of ¥ is a piecewise C'-function of time z(t) : I — M,
where I is an open interval in R, and that z(t) satisfies the following differential
equation

m

z":f(z)+ZgT(z)ur, (2.11)

r=1

where z € M denotes the state of the system and v = (uy,...,uy) € U C R™ are
control inputs that belong to a class of admissible controls U/ for the system. We
choose U to be the set of piecewise continuous functions of time t € RY.

Among all control systems > we distinguish a particular class, namely linear
control systems LY of the following form

Z = AZ + Bu, (2.12)

where the state 2 € RV, the state matrix A is an N x N constant real matrix, the

input matrix B is an N X m constant real matrix consisting of m constant input
m

vector fields b, and u = (uq, ... ,um)T, that is Bu = > byu,.

r=1
The motivation to distinguish the class of linear systems is that those are some-

what the simplest possible. For example, control problems (e.g. stabilization or
trajectory tracking) are solvable for linear systems using systematic, algebraic meth-
ods. However, the property of a control system to be in the linear form (2.12) can
be easily unnoticed by choosing improper? set of coordinates or control variables to

2By "improper" we mean nonlinear. In many cases, often dealing with mechanical systems, coordi-
nates (states) and controls (inputs) have clear physical interpretation. However, as will be apparent
latter, often those "physical" states and control variables lead to high nonlinearities in the dynamics
(2.11) of a control system.
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describe the system. Therefore, the premise that it is possible to transform the sys-
tem into a linear one (and thus recover its linear behaviour) is "raison d’étre" of a
branch of control theory called linearization of control systems (as well as of this the-
sis). A potential of applications in the control engineering is straightforward, since
the constructive solution of a linearization problem leads to extension of linear tech-
niques to nonlinear systems. What is more, the linearization gives a geometrical (thus
invariant) characterization of linear control systems by describing their equivalence
classes.

In order to formulate the first problem of linearization of nonlinear systems X to
the linear form LY using coordinates transformations, we have to define state-space
equivalence of control systems. Consider two IN-dimensional control-affine systems
with the same control space Y C R™

IE Z:f(z)—i-Zgr(z)ur, I 5:f(2)+2§r(2)ur,
r=1

r=1

we say that ¥ and X are state-space equivalent, shortly S-equivalent, if there exists a
diffeomorphism (a change of coordinates) ¢ : M — M, such that

LI =f6E) a0 (:) =5 (60),
z 0z
for 1 < r < m, that is, using compact notation of Section 2.1.1, ¢,f = f and
¢+gr = Gr. The above definition is natural because a diffeomorphism ¢ that establishes
S-equivalence preservers trajectories corresponding to the same controls u € U, i.e.
¢ (2(t,2%u)) = 2(t, 2% u), where 2° and 2° = ¢(2°) denote initial points in M and
M respectively.

We can formulate the linearization problem by asking that ¥ is equivalent to the

linear system (2.12).

Definition 2.17. X is state-space linearizable (shortly, S-linearizable) if it is
S-equivalent to a linear control system LY of the form (2.12).

That is to say, there exists a local diffeomorphism ¢ : M — RY that simulta-
neously linearize the drift vector field f and maps the control vector fields g, into
constant ones b,, i.e.

99
0z

() =47  and 9 (g () =br

therefore the system in the new coordinates Z = ¢(z) reads

Z= O f + Z Gugruy = AZ + Z brtty.

r=1 r=1

If ¢ is a local diffeomorphisms between open neighbourhoods of zy and Zy = ¢ (29),
respectively, then we speak about local S-equivalence.

Remark 2.18. All linearization results in this thesis are considered locally around a
given zy, moreover we will assume that the point zy, around which the linearization
is performed, is an equilibrium of the system f(z9) = 0 and ¢(zp) = 0. Without these
technical assumptions all results still hold however the resultant linear dynamics is
modified by adding constant vector d, i.e. 2 = Ax + Bu +d.
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Theorem 2.19. [32], [42] A nonlinear system ¥ is locally S-linearizable into a con-
trollable linear system if and only if the following conditions hold, around xg

(S1) dimspan{adifgr, 0<i<n-1,1 Srﬁm} (z) =N

(S2) [ad’]}gr,adgcgs] =0, for0<i,j <N, 1<r,s<m.

One could deduce from the above theorem that the property of a system to be
S-linearizable is rare since the conditions are very restrictive, i.e. we need all Lie
brackets of condition (S2) to be identically zero.

In order to enlarge the class of systems that can be linearizable we can use a
bigger class of transformations than just coordinate changes. This class is natural
from the engineering point of view, namely to apply feedback. Therefore we allow for
transformations in the state-space as well as in the control space of ¥. To formalize
this concept, we define feedback equivalence of control systems. Consider two V-
dimensional control-affine systems

m m

¥ z':f(z)+ng,~(z)ur, I z*:f(z)Jngs(,z)as,

r=1 s=1

where z € M, 2 € M, u,i € R™. We say that ¥ and ¥ are feedback equivalent,
shortly F-equivalent, if there exist a diffeomorphism ¢ : M — M and an invertible
feedback of the form u, = o”(2) + >.7r, B (2)us, such that

% <f+zgra’“> () =FeE)  amd 22 (zw) () = 3 (9(2)).
r=1 r=1

In this case, the systems are related by a diffeomorphism and a feedback transforma-
tion that preserves the set of all trajectories, that is, the image of trajectory of X is a
trajectory of ¥ corresponding to a transformed control, i.e. ¢ (2(t, 2%, u)) = 2(t,2°, @).

The feedback linearization problem that is considered in this thesis has been solved
by Jakubczyk and Respondek [18], and independently, by Hunt and Su [16].

Definition 2.20. ¥ is feedback linearizable (F-linearizable) if it is F-equivalent to a
linear control system of the form 2 = A% + Ba.

In other words, there exist a diffeomorphism ¢ : M — RY, and an invertible

m
feedback of the form u, = o’ (z) + Y 8%(2)us, such that the control system (2.11),
s=1

in the new coordinates Z = ¢(z) with the new controls U, reads

. m m m m
Z = <f + Zgrar> + Z P (Z 6?97") us = Az + stﬂs-
r=1 s=1 r=1 s=1
In order to formulate the result, we associate with ¥ the following sequence of
nested distributions
D'cp'cpP’*c...cD'c...c TM,

where

DY = span {g,,1 <r <m}

Di:span{adjcgr,lgrgm,Ogjgi}.
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If the distributions D! are involutive, then they are invariant under feedback trans-

m
formations of the form u, = a”(2) + > 5%(2)us, i.e. they remain unchanged if we
s=1

m m
replaced f and g, by, respectively, f + > gra” and ) Slg,. For the proof of that
r=1 r=1

property see [32].
If the dimensions of D'(z), equivalently ranks of D*, are constant, we define inte-
gers r; attributed to them

rog = rank DO

, - (2.13)
r; = rank D' — rank D'~
for 1 <i < N — 1 and integers
pj =card(r; > j:1>0). (2.14)

The integers p; are called controllability (Brunovsky, Kronecker) indices and form a
complete set of invariants of feedback equivalence of control-affine systems.

Theorem 2.21. A nonlinear system X is, locally around zy, F-linearizable if and
only if the following conditions hold

(F1) rank DN~ = N,
(F2) D' are involutive and of constant rank, for 0 <i < N — 2.

A proof can be found in [18], [32] or [17]. Moreover, an important corollary follows.
It is true both, locally and globally.

Corollary 2.22. The following statements are equivalent:
(i) ¥ is F-linearizable to a controllable linear system LY,

(i) ¥ is F-equivalent to the Brunovsky canonical form, i.e. m chains of integrators
of length pj;, for 1 < j <m.

Proof. (i) = (ii). By Definition 2.20, the system ¥ is feedback equivalent to
a controllable linear system LY of the form (2.12). Then, by the Brunovsky clas-
sification of controllable linear systems [5], we show that LY is (linear) feedback
equivalent to the Brunovsky canonical form. Therefore the composition of these two
feedback transformations transforms Y to the Brunovsky canonical form. The inverse
is trivial, since the Brunovsky canonical form is, indeed, a controllable linear system,
thus the feedback equivalence to the form, defines a linearizing diffeomorphism and
feedback. O

Conditions (F'1) — (F2) from the above theorem give an answer whether the
control system X is F-linearizable. They do not, however, tell how to linearize such
a system, that is, do not give linearizing transformations. The problem of feedback
linearization of control systems can be rephrased as an input-output linearization of
a control system with artificial ("dummy") outputs, whose relative degrees sum up
to the dimension n of the system X. This point of view brings a new insight to the
F-linearization problem and leads to a set of first order partial differential equations,
whose solution defines the linearizing diffeomorphism and feedback.

For simplicity, we present this approach for a control system with scalar control,
i.e. m = 1. The generalization to multi-input case is straightforward, yet it is more
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complicated, since it involves the controllability indices. We formulate it later, at the
end of this section.
Consider a control system with a scalar control

2= f(z)+g(2)u (2.15)

together with an (output) function h(z) € C*°(M).
Definition 2.23. System (2.15) has relative degree v around zy if

Lgh=0
LyLih =0

: (2.16)
Lyl ?h =0

LgL;—lh(zo) £ 0.

Proposition 2.24. A scalar control system (2.15) is locally F-linearizable if and only
if there exists a function h(z) whose relative degree v around zy is equal to N.
The linearizing diffeomorphism and feedback read
Lﬁcv h N 1 5
T N1 N-1,
LoLy h LgLy h

6(2) = (b, Lgh, Ljh, ..., L}V‘lh)T, u=a(z)+f(z)a =

The relative degree v is equal to the number of times that one has to differentiate
the function h(z) in order to the control u appears explicitly. By asking that v = N,
we enforce the control to appear in the last equation only. What is more, N-functions
(h,th, R Lﬁcv_lh> = (21, . ZN) are of special importance, namely they define
a local coordinate system 2, in which N — 1 first components of the drift f are
linear and, moreover, N — 1 first components of the control vector field g vanish, i.e.
g=ag" (2)8%. Thus, by applying an appropriate feedback that normalizes §¥ to 1
and compensates the last component of the drift, the system is linearized.

The multi-input case is the following straightforward generalization of the above
result.

Definition 2.25. Consider a control system of the form (2.11) with m (output) func-
tions hi(z2),...,hm(2) € C°(M). The system has a vector relative degree (v1, . .., V)
around zg if

. k
(7,) LgrthZ = O
for1<ir<mand0<k<vy —2
(ii) the m x m decoupling matriz
I/i—l
D(2) = (Lo, LY 'hi) (2)

1s of full rank equal to m.

Theorem 2.26. Control system (2.11) is locally, around zy, F-linearizable to a con-

trollable linear system if and only if there exist m functions hi(z),..., hm(z) around
m

2o whose vector relative degree (v1,...,vy) satisfies Y v; = N.
i=1

Proofs of the above results can be found in e.g. [17] and [32].
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Chapter 3

Mechanical control systems and
their structure

In this chapter we introduce the concept of mechanical control systems and their rep-
resentations. We derive equations of a mechanical control system (MS) from geodesic
equations (2.8) on a Riemannian manifold by introducing external actions (controlled
or uncontrolled) on the system. Such mathematical approach lacks, however, a phys-
ical interpretation, therefore later we recall the classical Lagrangian formalism and
draw the equivalence between these two methodologies. Henceforth, it will be appar-
ent why we call such extended geodesic equation a mechanical control system, as well
as we will connect two realms: Riemannian geometry and Lagrangian mechanics. The
geometrical approach to mechanical control system has been intensively studied at
the turn of the 21th century. For further introduction and topics beyond the interest
of this thesis we refer to [1], [4], [6], [26], [36], and [38].

3.1 Mechanical Control Systems

We define a mechanical control system as an extension of the geodesic equation (2.8)
on a Riemannian manifold, that is, the equations of motion are considered under an
external action (controlled of not) added to the system.

Definition 3.1. A mechanical control system (MS), .,
and m controls is defined by a 4-tuple (Q,V,g,e), where:

) with n degrees of freedom

e () is an n-dimensional configuration manifold,

o V is a symmetric affine connection on Q,

e g={g1,...,9m} is an m-tuple of control vector fields on Q,
e e is an uncontrolled vector field on Q).

A mechanical system (MS)(mm) can be represented by the differential equation

Vi =e(x) + Z gr(T)up, (3.1)
r=1

which can be viewed as an equation that balances accelerations of the system, where
the left hand side represents geometric accelerations (i.e. accelerations caused by the
geometry of the system) and the right hand side represents accelerations caused by
external actions on the system (controlled or not). Equation (3.1) in local coordinates
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T = (ml, ..., z™) on @ takes the form of a second-order system of differential equations:
. . . . m .
= —I‘}k(x):tjdvk +e'(z) + Zgﬁ(:r)ur, 1<i<n, (3.2)
r=1
or, equivalently, a first-order system on the tangent bundle T(Q with coordinates
(J}, y) = ($1> teey xn, yla ceey yn):
T = yA

. , . , LI 1<i<n, 3.3
Jh = —Th(@)yy" + ' (x) + > gi(x)ur, - (3.3)
r=1

or as a control system on the manifold M = T(Q of dimension N = 2n with coordinates
z=(z,y):

z=F(z)+ Z Gr(2)ur, (3.4)
r=1
with
Fogtelitt=yi Oy (~Ti@)yiyt + €' (@) o
oxt Jk ayz
; ; 0
_ qulift _ 1
GT 9r gr(gj) 8yi’

where S is the geodesic spray and e/t g}f“f ¢ are the vertical lifts of e and g, respec-
tively.

Note that the state-space trajectories of (3.4) (equivalently (3.3)), denoted by
2(t, 2°,u), where 20 = (2%, 4") is the initial point in TQ, are examples of phase space
trajectories in classical mechanics. They can be projected on @) via the canonical
projection 7(z) = m(z,y) = z, such that

T (z(t, zo,u)) = x(t, 2% u),

where z¥ is the corresponding initial point in (). Those are configuration trajectories
on ) and have a clear mechanical interpretation, being geometrical paths that a
mechanical system follows in the configuration space as functions of time.

Notice that in (3.3) we deal with objects on @ (like e and g,) and, in (3.4), objects
on TQ (like e/t and G,). To discuss relations of them observe that for the control
system (3.4) on TQ, we can associate a sequence of nested distribution D’ (see Section
2.3)

DY = span {G,,1 <r < m}
Di:span{ad{mGr,l <r<m,0<j §i}.

The state space of the system (3.4) is M = TQ and therefore the above distributions
are subbundles of TM = TTQ, the double tangent bundle, and ad%G, is the Lie
bracket of vector fields on TQ, i.e. F,G,ad%Gr € X(TQ). We will also attach to
(MS), represented in any of the equivalent forms (3.1)-(3.4), distributions on @,
vector fields on @), and their Lie brackets. Those are defined using equation (3.1),
where e and g, are "usual" vector fields on @, therefore their Lie bracket adlg, € X(Q),
gives a vector field on (). And this matches the standard definition given in Chapter
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2. Hence, we can define another sequence of nested distributions £° as:

E% = span{g,,1 <r <m}

Eizspan{ad‘ggr,lgrgm,OSjgi}.

If the dimensions of £ (x), equivalently ranks of £, are constant we can associate the
following coefficients

7o = rank £°,

7 = rank & — rank &1,
for 1 <7 <n— 1. Now define indices
pj=card(r; >j:0<i<n—1) for 1 <j<m.

We call these indices mechanical half-indices. They play analogous role to the control-
lability (Brunovsky, Kronecker) indices. We will investigate them in detail in Chap-
ter 4.

A natural question arises, namely: is there any relation between small and big
objects? The full answer is quite elaborate, therefore we show this relation partially,
where it is relevant in our study.

The simplest relation can be drawn between D° and £°. Indeed, the control vector
fields G, = g () a(zi that span DY are the vertical lifts of g, € X(Q) that span the
distribution &Y.

The next observation is the following,

gr = —Tx (adFGr) )

where 7 : TQ — @ is the canonical projection. To show it, calculate

. dg' o
= g’ - - 21", 47 _
gr(x)amz + (axjy + jky g > 6:[/1’
and thus
—7s (adpG,) = g'(x) 0
* F T _gr a(l}z

Therefore we can formulate the following relation between D' and &£°

e (’Dl) =&,

3.2 Lagrange formalism

In this section, we present the classical Lagrangian formalism for deriving equations
of motion, i.e. the Euler-Lagrange equations with external forces. Our purpose here
is to show that formalism (commonly used among engineers) and to identify a class
of Lagrangian mechanical systems which form a subclass of mechanical systems.
Consider a (local) coordinate system = = (z!,...,2") € Q describing configura-
tions of the system and let (t) € Ty @ be its velocity. We define its Lagrangian
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being equal to the kinetic minus the potential energy, i.e. £ := jm;(z)2'd7 — V(z),
where m;; are the elements of the inertia matrix (equivalently, elements of the metric
tensor, see its geometric interpretation in Section 2.2) and V(x) is the potential en-
ergy of the system (e.g. gravitational, elastic, or electric). Furthermore, we assume
that the system is subject to m external (control) forces that are positional (depend
on configurations only). Geometrically, these are differential forms f;(z) on Q. The
forced Euler-Lagrange equations of the system on the cotangent bundle T*Q are:

d (0L oL &

where u; are controls of the system. Direct calculations yield

oL lomy ;. OV
ort 2 Ot v ozt

oL g
oii T

d (0L o Omy

dt (aﬂ) =myd + Gk

and implies that the left hand side of (3.5) reads

d (0L oL . Omgi 10m;p .. ov
o R dy i gk L gk 5.k
it (83’;’) P R U W Wt
av
:mijxj—f—l_‘ijkl‘JIk—{—axi,

1 [ aml] 1 amjk 1 Bmik 8m7;j ijk
with Tijk = 32t — 3550 = 2 (97 + 3t — 307 )-

Therefore in the local coordinates equations (3.5) are

..j .j .k 8V m
mi; &7 + Uypd? 2% + Bl Zfirur, (3.6)
r=1

where:

e m;; - elements of the inertia matrix (the metric tensor),

o I';j;, - Christoffel symbols of the first kind representing centrifugal forces (j = k)
and Coriolis forces (j # k) (see [28]),

° g;/i - the i-th component of the differential form representing the potential force

in the system.

Note that, the above equations are also called equations of motions, equation of robot
dynamics or manipulator equation of dynamics, depending on the context and are
commonly written as

M(z)i + C(x, %)t + G(x) = F(z)u (3.7)

where M (z) = (mjj(z)) is the inertia matrix, C(z, &) = (Fijk(a:)jsk) is the Coriolis

i(
matrix, G(z) = g;/;) is the gravity (potential) co-vector, and F(z) = (£;,) is called

the input matrix!.

n the sequel, we will not use the notation of (3.7) and the symbols M, G, F will denote other
objects.
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Multiplying equation (3.6) by the inverse of m yields

T il gk a v i
m m;; ) +m" L2/ 2% +m @:m 2firur

m
it Fg-kﬁv]:'ck +el = Z g,

r=1

which can be seen as a mechanical system (MS) in local coordinates (see (3.2)),

where Fé-k = iml (%";f + g’;ﬁf - d;;f) are the Christoffel symbols of the second kind

for the Levi-Civita connection, e/ = mil%, and gL = m'f;,.
Recall that the multiplication by the inverse of m, converts differential forms into
vector fields and can be written using musical isomorphism f : T*Q — TQ (see

Definition 2.5). So we have

e =dV?, gT:fﬁ, for 1 <r <m.

It is apparent now what constitutes the Lagrangian subclass of (MS).

Proposition 3.2. A Lagrangian mechanical control system with n degrees of freedom
and m controls, called Lagrangian (MS)( is defined by a 4-tuple (Q,V,g,e),
where:

n,m)’

e () is an n-dimensional Riemannian manifold with a Riemannian metric m (de-
fined by the kinetic energy) ,

o V is the Levi-Civita connection of m,

e g= (fﬁ for1<r< m) is an m-tuple of control vector fields arising from the
controlled forces.

e ¢ = dV*¥ is a vector field arising from the uncontrolled potential force of the
system.

3.3 Examples of models of mechanical control systems

In this section, we introduce some examples of mechanical control systems. The
process of derivation the equations of (MS), called modelling, is treated here briefly,
without systematic approach. In some cases we use relations deduced using basic
physics, otherwise we use Lagrangian formalism.

3.3.1 Robotic manipulators

We start our considerations with an example of arguably the most common robotic
system, namely a robotic manipulator, which is widely used in the industry, e.g. in
automated factories for assembling, welding, palletizing and many other manipula-
tions that require high accuracy and repeatability. Although, they vary in size, shape
and even number of degrees of freedom, they share a distinctive feature, namely they
are fully-actuated, i.e. the number of controls (actuators) is equal to the number
of degrees of freedom. There are numerous books devoted to systematic modelling
robotic manipulators including examples of industrial robots with 5, 6 or even 7 axes.
The interested reader is referred to [9], [43], [28], to name a few examples. In our
considerations, we will use the Lagrangian formalism, however since the modelling
process is quite elaborate we just briefly sketch it.
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The links of a robotic manipulator are connected by joints allowing rotational
or translational displacement, each giving rise to one degree of freedom. Therefore
configurations can be described by introducing n = r 4t generalized coordinates, r of
them are joint angles 6 (whenever a joint is rotational) and ¢ are linear distances ¢*
(for translational joints). Hence, (z!,...,2") := (0%,...,0",q¢',...,¢"). The configu-
ration manifold is Q = S” x R’. The kinetic energy is given by the inertia matrix m (a
metric tensor) and the m := n control forces act directly on the joints, i.e. f; = da’,
for 1 <7 < n. Finally, the potential energy V is the sum of a gravitational energy of
each link. Therefore the system in local coordinates reads, see (3.6),

ov

m;; @0 + Tyjpad i +
We use the calculation presented in the previous section to derive equation of (MS)
) l

r =1

L ok o a9V =
g = -Ti(2)y’y" +n %Jer Uy
r=1

3.3.2 The two-link manipulator

Ficure 3.1: The two-link manipulator

An interesting (yet quite simple) example is a robotic manipulator with two rota-
tional joints, as depicted in Figure 3.1. For i = 1,2, let # denote the angle of the i-th
joint, L; - the distance from the i-th center of mass (which is also geometric center)
to the axis, m; - the mass of the i-th link, J; - the moment of inertia of the i-th link
about its center of mass. The gravitational acceleration is denoted a. The position
of the center of mass of the i-th link in the global frame is denoted by (z',3") and
can be calculated as follows

' = L; cos6', 2 = 2L cos 0! + Lo cos (91 + 492)
gl = Ly sin 491, 172 = 2L sin ' + Lysin (01 + 02> .

The kinetic energy is T' = T} + T, where T; = %Ji (23:1 93) + %mz ()% + (¥%)?)
and the potential energy is V = Vi + Vi, where V; = m;ay’. By a direct calculation
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we obtain equations of the form (3.8) as

. . OV
m1191 —|—m1292 + Fljkejek + ﬁ = U
) ) oy (3.9)
m2101 + m2292 + ngkgjgk + ﬁ = U9,
where:
myy = 1 + Co + 23 cos 62
myy =my; = (o + (3 cos 6>
moo = (2
11 =T212 =T991 =T'220 =0
Ty12 = D121 = Tiog = —To11 = —(3sin 62
ov
201 = Cacos 0 + G5 cos(0' + 67)
ov
907 = (5 cos(B' + 6%).
with constant parameters listed below
C1=J1+ L¥my +4L%my G = (mi1Ly +2maoLy)a
(o =moL3 + J (5 = maloa

(3 =2L1Loms

The equations of (MS) can be obtained by introducing coordinates (x!, z%) := (6!, 6?)

P
#2 = 2
gt = —Tha/y* + e + glur + ghus
7 = —Thy'y" + & + giur + gius,
where:
Il — T2 — T2 — _T2 — CaCysina? + (3 sin 22 cos 22
HeooRe e oE e 162 — (3 cos? a2
(2(3 sin

1 _ 1 _pl
1—‘12_F21_F22_

GG — (3 cos? 2
re, _ Cssina? (G + Co + 2¢3 cos 2?)
(162 — (5 cos? z?
1 —GaCacos x! + (3¢5 cos 22 cos(x! + 2?)
B 1Ga — (3 cos? x2
s GGicosa! — (1G5 cos(a! + a?) 4 (3 cosx? (¢ cosxt — (5 cos(z! + 2?))
‘- (1o — (3 cos? x?
gt = % R R S (2 + (3 cos 2 ’ g§:<1+C2+2<3COS$2
1€ — (3 cos? x? C1G2 — (3 cos? x2 1o — (§ cos? x2

There are several interesting modifications of (3.9) that have been extensively
studied in the literature. By setting u; = 0, the equations describe the dynamics of
the Acrobot (see e.g. [45], [46], [35]), while the dynamics of the Pendubot (e.g. [47],
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[45]) can be obtain by ug = 0. Another modification can be considered by eliminating

the influence of the gravitation g;/; = 0, i.e. the manipulator lies on the horizontal

plane. An underactuated version of this, i.e. ug = 0, was considered in [37].

3.3.3 The Inertia Wheel Pendulum

Another example of a mechanical system with two degrees of freedom is the Inertia
Wheel Pendulum [48], which is shown in Figure 3.2. It is an inverted pendulum with
a rotating wheel attached. Let ' denote the angle of the pendulum measured from
the vertical position, and 62 is the angle of the wheel. The masses and the momenta
of inertia of the pendulum and the wheel are my, ms and Ji, Jo, respectively. The
distance to the center of the pendulum is denoted L;. The only control applied to
the system is a torque applied to the wheel so that the system is underactuated.

FIGURE 3.2: The inertia wheel pendulum
Similarly to the previous example we drive the equations of dynamics as

i} Y ve
my1 6! + mi06% + 201 = 0

m2191 + m2202 =u,

where:

mi| = mg+ Jo
mip =mp) = Mmoo = Jo
my = L%(ml + 4m2) + J1

mo = aLl(ml + 2m2)

—— = —mysinf’.

The equations of (MS) can be obtained by introducing coordinates (z!, z?) := (6, 6?)
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where
0 . 1
el = —sinz!, gt =——,
mq mgqg
m . mq + J2
e? = ———ginz!, g =2 "=
mq Jamg

F1GURE 3.3: The TORA system

The TORA (Translational Oscillator with Rotational Actuator) system (see Fig-
ure 3.3) is a nonlinear benchmark system studied in the literature, e.g. [49]. It consists
of a spring-mass system, with mass m; and spring constant k1, and a pendulum of
length Lo, mass mo and moment of inertia Jo. The linear displacement of the system
is denoted x and the angle of the pendulum is #. The control u is the torque applied
to the pendulum. The kinetic energy is

1 1 . )
T = §(m1 + m2)9t2 + §(J2 =+ m2L%)92 + mo L9 cos 010

and the potential energy is V = —molLoacosf + %kle. The equations of dynamics
in (z,0) coordinates read
(my 4+ mg)& + moLs cos 00 — moLysin 06% + kix =0
mo Lo cos 0 + (maL3 + J2)0 + moLoasind = u.

The equations of (MS) can be obtain by introducing coordinates (z!, 22) := (x, 0)

=y
i =y
1 1,22 1 1
g =-Tynyy +e +gu
-2 2.2 2 2 2
y° =Ty y" +e” +g7u,
where
Il (o sin 22 | Casina?cosa? — (32t 1 —myg cos 7
= — [ = g = —
27 — Geos?x?] ¢ —Cacos?a? (1 — (o cos? 2’
C 2 2 C 2 1 2
2 (o sinx” cosx o —(ssinz® + (g’ cosw 9 mi
22 e = g

(1 — (gcos?a? 1 — (o cos? 2 (1 —Gacos?a?’
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with some constant parameters listed below

mi11 = my + ma, mig = maLo, Mmoo = maL3 + Jo,

Go = —mi2maa, C1 = mi1mag, Co = mi,,

G = k1(maL3 + Ja), ¢4 = miL3a, ¢ = maLa(my +ma)a,
G6 = kimaLa.

3.3.5 The single link manipulator with joint elasticity

The single link manipulator with joint elasticity (see Figure 3.4 and [11]) consists of
a revolute joint actuated by a motor with the elasticity modeled as a torsional spring
with a linear characteristic k. Let 6! denote the link angle and #? the motor shaft
angle. The mass of the link is m, the distance from the joint to the center of mass
of the link is L, the inertia of the motor shaft is J; and Js is the inertia of the link
about the axis of rotation. The kinetic energy is 7' = %Jl(él)Q + %J2(92)2 and the
potential energy V = 1k (6! — 92)2 +maL (1 — cos0'). The dynamics of the system
reads

J10' + maLsin 6" + k (01 - 92) =0

b&—k@hwﬂ:u

FI1GURE 3.4: The single link manipulator with joint elasticity

The equations of (MS) can be obtained by introducing coordinates (z*, 22) := (81, 6?)

il — ot
2 = o2
y-lzel
1
2 2
=e + —u,
where
1 mal . k 1 2
e = — sinz® — — (27 —x°),
J]_ J]_( )
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Chapter 4

Linear mechanical control
systems

In this chapter, we consider a particular subclass of mechanical control systems,
namely linear control systems denoted (LMS). The reason for investigating this
class separately is threefold. Firstly, the class of (LMS) is the goal of linearization,
in the sense that, by definition, (MS) after a linearization procedure is (LMS).
Therefore it is worth to gain some understanding of those systems. Secondly, the
theory of (LMS) in many aspects reminds the theory of linear control systems LY
and many results of classical linear control theory have their mechanical analogues.
Finally, the matrix notation commonly used in the classical linear control theory
is also convenient to use in the case of (LMS). Similarly to Chapter 3, we define
the class of (LMS) and then its subclass consisting of Lagrangian linear mechanical
systems.

Most of the content of this chapter is based on classical results concerning linear
systems. The controllability result for Lagrangian linear mechanical systems is known
in the literature [15],[6] , we just slightly generalize it and adopt it to (LMS). The
main result of this chapter namely the classification of controllable (LMS) and the
introduction of invariants of (LMS) is analogous to the work of Brunovsky [5]. We
refer to the above-mentioned literature for further information on linear mechanical
systems.

4.1 Linear Mechanical Control Systems (LMS)

We define the class of linear mechanical control systems by their differential equations,
since (LMS) systems are distinguished among all nonlinear (MS) systems by a choice
of coordinates in which differential equations describing the system are linear. Later
on, we introduce a class transformations that preserve linearity and thus classify linear
mechanical systems.

Definition 4.1. A linear mechanical system (LMS),, ..,y can be represented by

a second-order differential equation of the following form
& = Fx + Bu, (4.1)

where x € R", u € R™, the matriz ¥ is an n xn real matriz, the input matriz B is an

n X m real matriz consisting of constant input vector fields b,, and u = (uq, ... ,um)T
m

that is, Bu = Y byu,.

r=1

7
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Equivalently, (LMS )(n,m) can be represented as a first-order system on the tan-
gent bundle TR™ = R™ x R™ with coordinates (x,y)

T =y
) = FEzx+ Bu, (4.2)

or as a linear control system of dimension 2n with coordinates z = (z,y)

¢ = Az + Bu, (4.3)

R 0 I, . 0
i (2n) e (). "

Notice that, similarly to the case of nonlinear mechanical control systems, we do
not consider in (4.2) dissipative terms of the form Dy, linear in velocities. A lin-
ear mechanical control system (LMS) is controllable if for any ty, any initial state
(z0,y0) = (x(to),y(to)) and any final state (zf,ys) there exist t; > ¢y and a con-
trol u : [to,tf] — R™, such that (zy,ys) = (x(tf),y(ts)). The following result is a
straightforward generalization of [15].

where:

Lemma 4.2 (Controllability of (LMS)). For (LMS) the following statements are
equivalent

(1) (LMS) is controllable

(iv) rank (B,EB,...,E"*B) =n  (Mechanical Kalman Rank Condition)

(ii) rank (B, AB, ... ,fl%_lB) =2n  (Kalman Rank Condition)

(iii) rank A%B:Ogign—l):n

Proof. From the Kalman controllability result we have (i) <= (i¢). The rest of the
proof follows from a direct computation of the Kalman controllability matrix

A ~ AN ~ Kay 0 B 0 EB 0 EnilB
2n—1
(B’AB""’A B) (B 0 EB 0 ... E"'B 0 ) (4.5)

Therefore we see that we can take only even powers A% B in (7i7) or the lower part
of the matrix (4.5) as in (iv). O

4.2 Classification of controllable (LMS)

A classification of general controllable linear systems under general linear transfor-
mations and general linear feedback has been solved in the celebrated Brunovsky
classification [5]. In this section, we consider the problem of classification of linear
controllable mechanical systems, under linear extended point transformations and
linear mechanical feedback.

A linear extended point transformation is given by a linear transformation of the
following form

T

R
I
8

(4.6)

<
Il
~

=
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where T' is an invertible n x n real matrix. This transformation preserves configura-

tions, i.e. it is a linear transformation from z-coordinates to -coordinates. Moreover,

since the derivatives of configurations are velocities, it induces the same linear trans-

formations on velocities because we want to map the equation ¢ = y into 2 = 7.
The linear mechanical feedback is

u=Fz + Gi, (4.7)

where F' is an n X n matrix and G is an n X m invertible matrix. The linear mechanical
system (LMS) transformed by the transformations (4.6) and (4.7) reads

Y o (4.8)
j=T(E+ BF)T 'i+TBGu = Ei + Ba.
Systems (4.2) and (4.8) are called linear mechanical feedback equivalent, shortly LMF-
equivalent.
For better readability, we start with the problem of classification of controllable
linear mechanical control systems with a scalar control (LMS),, ;) under a change
of coordinates (4.6) only. Consider a class of systems of the form

T =1y

4.9
1y = Ex + bu, (4.9)

where £ € R”, 4 € R and b is an input vector. The transformed system reads

Kee
Il

Ty=y
§=TET ‘% + Thu.

We say that two controllable systems (E/\/IS)(nJ), represented by the pairs (F,b)

and (E, Z~)), respectively, are linear mechanical state-space equivalent, shortly LM S-
equivalent, if there exists an invertible n x n matrix T that transforms one system
into the other by the change of coordinates (4.6). Since E = TET~' and b = Tb, it
is clear that the solution of the classification problem is equivalent to classify pairs
(E,b) under the linear transformations 7" and we can adopt the classical result from
linear control theory.

Proposition 4.3. Two controllable systems (EMS)(H’I), are LM S-equivalent if and

only if the characteristic polynomials of E and E coincide.

Proof. First we show that the characteristic polynomials are invariant under LM S-
equivalence

det(AL,, — B) = det(TALT~! = TET ') = det (T(AL, — B)T™") =
= det(T) det(Ml,, — E) det(T~ 1) = det(\I, — E).

Now, assume that the characteristic polynomials of E and E coincide. In order to
construct a matrix 1" establishing transformation (4.6) that maps (LMS), ;) into

(EMS )( )’ we bring both systems into their Frobenius normal form. First, we solve
n

)
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the following system of linear equations for a nontrivial ¢ € R*"

ch=cEb=...=cE" %h=0
cE" ' =1.

In other words, we search for a co-vector ¢ that is orthogonal to the subspace spaned
by n— 1 independent vectors b, Eb, ..., E"2b. By the controllability assumption, the
above system is solvable. We introduce new linear coordinates (¢, v), where ¢ = Sz
and v = Sy are new configurations and velocities, where the transformation

c
ck
S = . , (4.10)
CE;’Z—l
that is,
ql = Ccx Ul =Ccy
¢* = cEx v? = cEy
n __ n—1 n __ n—1
q"' =ckE" «x v =ckE" My
We have
ql = cT = cy = ol
i* = cEi = cky = v
n n—1. _ n—1 _ n
q" = cE" "t = cE" 'y = v
ot = ¢y = cBEx + cbu = ¢ (4.11)
v’ = cEy = c¢E%*z + cEbu = ¢ '

" = ¢E"?%) = cE" a4+ cE" = ¢
n

0" = cE" Yy = cE"v +cE" by = Zeiqi—i—u.
i=1

Therefore the pair (Ep,bp) = (SES™!,Sb) is now in the Frobenius form.
Now, we apply an analogous procedure to bring the second (LMS), given by the
pair (E,b), into its Frobenius form. That is, we solve

th=¢Eb=...=¢E" %h=0
GE"1h = 1.

and construct the transformation

U
I
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such that the pair (EF, i)F) = (S’ES_I, S’b) is in the Frobenius normal form (with
the elements of the last row denoted é;, compare (4.11)). )
Now, we calculate the characteristic polynomials for both Er and Er which are

P(Ep) = A" —e A" — . —exd — e
p(Ep) = N" — g\ L — . — &\ —éy,

and coincide by our assumption, implying e; = é;. Hence Er = EF and by = BF.
Therefore, the composition of the transformations S and S~! maps one system into
the other, i.e.

T=5"'S
transforms system (4.9), defined by the pair (E,b), into the system

Ty =
EZ +bu

8
Il
S X

<
Il

with £ = TET ! and b = Tb. O

Due the above result and its proof we classify linear systems (LMS), ;) under
transformations (4.6). Hence, the coefficients of the characteristic polynomial fully
characterize all systems. Now, apply to the system (4.11) a feedback of the form (4.7)
given by

n
u=— Z eiq’ + 1, (4.12)
i=1

and we result in the mechanical canonical form, consisting of a chain of double inte-

grators
1 2 ~2 sn—1 ~n—1 in ~n
) x = y Y et € = y Y x = y

<1 =2 <2 =3 ‘n—1 _ ~n n o~
y =T, Yy =xr, ..., Y = T, Yy = u.

T

<)

(4.13)

By the presented construction, any controllable (ﬁMS)(nJ) is LMF-equivalent by
an appropriate change of coordinates (4.10) and feedback (4.12), to the mechanical
canonical form (4.13). Thus, there exists a unique mechanical canonical form, which
we summarize in the following corollary.

Corollary 4.4. For any two controllable (EMS)(n,l) and (E//\\/l/S) 3 the following

(n,
P

holds: (LMS),, 1y is LMF-equivalent to (EMS) D and they are LMF-equivalent
to the mechanical canonical form (4.13). 7

The above observation can be generalized to multi-input systems (LMS) (n,m)>
which we will present below. To start with, attach to system (4.2) an n-tuple of
indices 7;

7o = rank (B),

7 = rank (B, EB, .., E’B) — rank (B,EB, EHB) , (4.14)

for 1 <7 <mn —1. Furthermore define the dual indices

pj=card(r; >j:0<i<n-—1) for 1 <j <m. (4.15)
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These integers are mechanical analogues of the controllability (Brunovsky, Kronecker)
indices p; (cf. (2.14)), and we call them the mechanical half-indices. Note that
the indices p; are invariant under (4.6) and (4.7), therefore form a set of invariants
of (LMS). Actually, they form a set of complete invariant, as we will show in
Theorem 4.6 below. We denote the above sequences as R (E, B) = (7, ...,7,_1) and

P(E,B) = (p1,---,pm)-
Proposition 4.5. Consider (LMS)

(i) the sequence of indices R (/Al, B’) = (r0,71,-..,72n—1) is the doubled sequence of

R (E, B), i.€. (T’(), T1yeey 7’2n_1) = (7:0, 7_’0, 7:1, 7_’1, Ce. 77:71—17 fn—l);
(it) the mechanical half-indices are half of the controllability indices, i.e. p; = 2p;.

Proof. Let us invoke controllability matrix of (£LMS) given by (4.5) and calculate r;
(using (2.13)) and compare them with #; given by (4.14). The crucial observation is
that we can calculate the ranks of the lower and upper submatrices separately and
then add them.

ro = rank B = rank B = 70

r1 = rank (é, flé) — rank B = (rank B + rank B) — rank B = 7y

ro = rank (B,AB,AQB) — rank (f?,/ié) = rank (FEB, B) 4+ rank B—
— 2 rank B =rank (EB,B) —rank B =7

r3 = rank (E,AE,AZE,A3B> — rank (B,AE,AQE) =2rank (EB,B) —
— (rank (EB, B) +rank B) =7,

Top—o = rank (E"ilB, .. ,B) + rank (E”*2B7 .. ,B) —
— 9 rank (E"_ZB, . .,B) —
Fon_1 = 2 rank (E"—lB, - ,B) -
- (rank (E”*lB,...,B) + rank (En*QB,...,B)) .
To summarize, we have the sequence of n integers
R (E,B) = (70,71, .- ,Tn—1)
and the sequence of 2n integers r;
R (21, B) = (Foy 70, 15 P, - + + s et Pri_1)
thus they satisfy the desired relation (). Using (4.15) and (2.14), and (i), calculate
pj=card(r; > j:0<i<n—1),
and
pj=card(r; >j:0<i<2n—1)=2card(r; > j:0<i<n-—1)=2pj,

thus we proved (ii). O
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Now we can formulate the following theorem.

Theorem 4.6. The following are equivalent:

(i) Two controllable systems (LMS) and (Z_./\\/ITS), represented by pairs (E, B) and
(E, B), respectively, are LM F -equivalent,

(i) R(E,B) = R(E, B),
(iii) P(E,B) = P(E, B), i.e. the mechanical half-indices coincide,

N

,B), i.e. the controllability indices coincide,

(iv) P(A, B) = P(
where A, B and zfl,é are of the form (4.4).

Proof. Equivalence of (ii) and (ii7) follows from the definition.
(1) < (7). We associate with (LMS), given by the pair (E, B), a virtual linear
(first-order) control system L3

& = Fx + B, (4.16)
and similarly with (L'//\\/ITS’>, given by (E, B), we associate LY.
i = Ei + Bo. (4.17)

Now we directly use the Brunovsky classification theorem [5] to prove that (4.16)
and (4.17) are equivalent under a transformation & = Tz and feedback v = Fz +
G, if and only if their controllability indices coincide. Note that the controllability
indices of (4.16) (or (4.17)) coincide with the mechanical half-indices of associated
(LMS) (or (ZTMTS’)) Now notice that & = Tx and v = Fz + G0 establish feedback
equivalence between (4.16) and (4.17) if and only if = Tz, § = Ty and u = Fx+Ga
establish LMF-equivalence between (4.2) and (4.8). Therefore (i) is equivalent to (ii7).
Equivalence of (ii¢) and (iv) follows immediately from Proposition 4.5. O

Remark 4.7. Notice that the general feedback group acting on systems of the form
(4.3) by A~ S<A+3ﬁ) S=1. B +— SBG is much bigger than the mechanical
feedback group (4.6)-(4.7). Newvertheless both groups action have exactly the same

invariants implying that if two linear mechanical systems are feedback equivalent they
are also mechanical feedback equivalent.

Similarly to the scalar control case, we can formulate the following important
corollary. Define auxiliary indices

o =20 and ,ujzz,él-, for1 <j<m.

Corollary 4.8. For any two controllable (LMS) ,,
R(E,B) (or P(E,B) = P(E, B)) the following statements hold

and (Z.;\\/ITS) with R(E, B) =

n,m

(i) (LMS)(y, py is LMF-equivalent to (EMS)

(n,m)
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(ii) Both (LMS) y and (Z/\\/lTS) are LMF'-equivalent to the mechanical canon-

(n,m n,m
ical form
it =y 1<i<n
g =zt pi+1<i<pj—-1, 0<j<m-—1 (4.18)
g = u;. 1<j<m

4.3 Lagrangian Linear Mechanical Systems

Consider a subclass of (LMS) whose configuration space is the real vector space
@ = R"™ equipped with an inner product given by a real valued quadratic form
%x’TM @, where M is a constant metric tensor (M1 = M > 0). The tangent bundle
is TQ = R™ x R™. Moreover, consider a potential energy given by a quadratic form
V= %xTNx, where N is a symmetric potential matrix (N7 = N).

The corresponding linear Lagrangian reads £ = %x'TM T— %xTN x. The derivation
of (LMS) using the Euler-Lagrange formulation yields the second-order equation:

Mi+ Nz = Ku, (4.19)

where K is n xm real matrix whose columns are vectors corresponding to the external
controlled forces. Denoting z = (z, y)T it can be expressed in the form of a classical
linear system: z = Az + Bu, where:

. 0 I . 0
(Lt ) i (W) am

Therefore for Lagrangian class of (LMS) the matrices E = —M !N and B = M~ 'K.

Following [15], we establish a normal form for Lagrangian (LMS) systems and
formulate an alternative controllability condition for these systems. In order to do
that we need the following result

Lemma 4.9. Consider Lagrangian (CMS) given by (4.19), with MT = M > 0 and
NT = N. Then there exists a transformation & = Tz such that the system reads

i+ Ni = Ku, (4.21)
where N = diag(\1,... \p) and K = TK.

For a proof see [14], page 263.

Therefore, for Lagrangian (LMS) systems the metric tensor M can be trans-
formed into an identity matrix and, simultaneously, the potential matrix N can be
diagonalized. Now permute #!,..., %" such that the rows of matrices N and K are
partitioned according to the multiplicity of \;’s, that is

)\1]d1 0 te 0 1521 d1 TOWS

- 0 Aalg, e 0 - ko do TOWS
N = ) ) ) and K = ) .

0 0 s )\lIdl /;ZZ dl Trows,

where N is block diagonal matrix, with i-th block Ailg, is diagonal matrix of dimension
d;, the multiplicity of A;, such that di +...4d; = n, where [ is the number of distinct



4.4. Examples of Linear Mechanical Control System 43

eigenvalues. Using the partition given above, we calculate the Kalman mechanical
rank condition for system (4.21)

];’1 )\1/;'1 )\%%1 e )\?71]2:1
rank (K,NK,...,N"_1K>:rank :
ifl )\liﬁ )\%iﬂl e )\?_ll::l
therefore it is clear that the above matrix is of rank n if and only if the following
condition is satisfied.

Lemma 4.10. The system (4.21) is controllable if and only if
ranklzji =d; 1<i<l.

It is worth to note that in order to check the condition, one has to bring the
system into the form (4.21). This procedure could be hard in many cases or even
nonconstructive.

4.4 Examples of Linear Mechanical Control System

Classical examples of linear mechanical control systems are spring-mass systems. We
present the equations of motions of n-coupled spring-mass system, which consists of
n bodies, where the position of i-th body is denoted z’, and m, is the mass of i-th
body. The bodies are connected by n + 1 springs with k; being the spring constant
of i-th spring, as depicted in Figure 4.1. The external forces (controls) u; are applied
to each body.

FIGURE 4.1: The n-coupled spring-mass system

The dynamics of i-th body is given by the balance of forces acting on the body
mle = —ki (332 - .TZ;l) + ki+1 (xiJrl - .’L‘Z) + u;, (4.22)

where 29 = 2""! = 0. The equations can be formulated in the form of (4.19), where

m; O 0 0 k1 + ko —ko 0 . 0
0 me O 0 —ko ko + k3 —ks e 0
M = 0 0 ms 0 N = 0 —k3 ks+ ks ... 0
0 0 0 0 0 0 0 —kn
0 0 0 My, 0 0 e —kn kn+ kot
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or as a (LMS) of the form (4.2), where

—k1—ko ko 0 0

1
L 0 o0 0
E *kgniks k3 0 77(1)1 1 0 0
TR ki o
0 0 O 0 0 0 0
0 0 R 0 0 0 -
(4.23)

If all n controls are present the system is fully actuated. However, it is enough to
apply one control u,, in order to the system be controllable.

Example The spring-mass system with one control. Consider the n-spring-
mass system (4.22) with only one control u := uy,, i.e u; =0 for 1 <i<n—1. The
system reads

T =1y
y = Ex + bu,
T
where E is given by (4.23) and b = (O, ey %n) . It is straightforward to show that

rank (b, Eb, ..., E""1b) = n. What is more, introduce

n .
=1
n )
=2 kl

c=( 0,0,...,0)

and calculate the transformation T as in (4.10). The transformed system is in the
Frobenius form (4.11), and by applying the feedback (4.12), we obtain the mechanical
canonical form (4.13).
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Chapter 5

Mechanical state-space
linearization

In this chapter we introduce a problem of mechanical state-space linearization (MS-
linearization) of mechanical control systems (MJS). That is, the problem whether
(MS) is equivalent to (LMS) via a change of coordinates that preserves config-
urations and velocities. We consider that class of transformations since they are
natural and have physical interpretation. In order to specify this problem, first,
we describe MS-equivalence of two (MS) systems. Then, we state the problem of
MS-linearization, i.e. MS-equivalence to a special form of (MS), namely a linear me-
chanical control system (LMS). This problem is a mechanical version of state-space
linearization (S-linearization) of classical control systems ¥, that was mentioned in
Chapter 2.

The problem of MS-equivalence and MS-linearization has been extensively stud-
ied by Respondek and Ricardo [39], [40], [41]. They considered a broader class of
mechanical systems by including also dissipative forces acting on the system. They
also studied several other variants of equivalence via diffeomorphisms. For lineariza-
tion of mechanical systems along controlled trajectories see [7]. For a problem of
quasi-linearization of mechanical systems see pioneering works of Bedrossian [2] and
Spong [44], and also [8].

We present two new result in this field. The first one is a new set of conditions
(equivalent to those in [40]) for MS-linearization to controllable (LMS), however we
formulate it entirely in terms of the objects on (). The second one gives conditions
for (MS) to be MS-linearizable without controllability assumption.

5.1 Mechanical state-space equivalence

Consider a mechanical control system as described in Chapter 3. Recall that it can
be defined by a 4-tuple (MS), .., = (@, V, g, €) yielding the control system on TQ

=y
o | m (5.1)
' = T (@)yy" + (@) + > gi(@)ur
r=1
or, equivalently, using coordinates z = (x,y)
m
E=F(2)+ Y Gp(2)ur, (5.2)
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where:

0

— vlift _ 1 Tt _ qulift _ i
F=S+etll =y on+ (CTuyy' +e@) 5o G =gl = g(e)5 5

with S = 7 8‘32 — F;k( x)ylyF 8‘9, being the geodesic spray, and e/t = ¢i(z) 8‘; and
gl = gi(x ) 7 vertical lifts (see Chapter 3).

It is well known [1] (and straightforward to show) how Christoffel symbols of an
affine connection transform under a change of coordinates. Consider a diffeomorphism
# = ¢(x), an affine connection V on @ and its image under ¢, namely ¢(V) = V.
The Christoffel symbols of V are given by

9%xi  OF 4 o= Ox? 9zt Ot ( )
T 03P0Fs x| OFP 07 Oxd ql\?

(5.3)

that is, they do not change tensor-like.

Definition 5.1. Two mechanical control systems (./\/lS)(n,m) =(Q,V,g,e)
and (/\759)( ) = (Q,@,Q,é) are mechanical state-space equivalent, shortly MS-

)

equivalent, if there exists a diffeomorphism ¢ : Q — Q such that

Pp(z) =2

o(V) =V (5.4)
Gugr =Gr for1<r<m '
pse =€,

The diffeomorphism ¢ maps the 4—tuple (Q,V,g,e), that defines (MS), into
the one that defines (MS) If (MS) and (./\/18) are MS-equivalent, then their

corresponding control systems (5.1) are equivalent via a mechanical diffeomorphism
on tangent bundles induced by ¢ namely

d: TQ— TQ
(@,y) = (¢(z), Do(x)y) ,

which is called an extended point transformation. In other words, ® preserves the
structure of mechanical equations (5.1). Computations of (5.1) transformed via @
are straightforward:

oz’
- Oxd
82 7 ) 8~i )
= Foiat VY + gV =

82 7 8 7
T’ J _
8x38xky ' OxI ( ¥’ Y te +rz:1gr“T>
0?5t 81‘] 8;1: oF Ozt Oxt AU
= 5 v P 7S J J _
= 0wk ozr” 83:8 i ori ( T oz’ 97 te + z:lgr“r> =
r=

S

y’—y

m
=D P07 + & + > Giur,
=1
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where:
S 9%t 0a) 92F 0% 929 92!
') = = 50100k 07 05 T 0w 070 07 1Y) 55)
i 0T
e'(z) = D e’ (x)
o'

5.(0) = S gl(a).
Therefore we see that e, g, transform accordingly to (5.4). In order to show that (5.5)
agrees with (5.3), we need to consider the following identity

0% 97

ki
Oz OFP P

and we differentiate both sides with respect to 8%,“ which yields

it 0x7  0F' 9 <0xj>_0

dxkdxi Oz ' dad dxk \ OFP
hence
0?3 % _ 0z' 0?7 oz"
Oxkoxi 0z Oxd OFTOFP Oxk’
; ; for
and we multiply both sides by 3%

0%zt Oxd OxF ozt 9%z 0z OxF

0xk0xi 0zr x5 Oxd 03" 0P Ox* 0’

92zt Oxd OxF OFt 9%xd

— T

0xk0zi 0zp 035 Oz 07T 0P

P 0ud st 07 0P
Oxidxk Oxr 075 Oxd OFPOTS

Note that MS-equivalence, and thus the mechanical diffeomorphism &, being a
subclass of S-equivalence, preserves state-space trajectories of (5.2) (or (5.1)) corre-
sponding to the same controls u (see Section 2.3), i.e.

) (z(t, zo,u)) = 2(t,2°% u),
where 20 = (2°,9°) and 20 = (20, ") are the initial points in TQ and TQ, respectively.

Moreover, via ¢, it establishes the equivalence between trajectories in Q and Q (see
Chapter 3), i.e.

10) (x(t, 20, u)) = Z(t, 50, u), (5.6)

making the following diagram commutative (notice, however, 7 (z(t, 2o, u)) = x(t, 20, u)
depends on zy = (x0,yo) consisting of initial configurations and velocities):
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2(t, 2%, u) 2 2(t, 20, u)
0 ¢ ~(s =0
x(t,x”, u) Z(t,2°,u)

5.2 MS-linearization of controllable mechanical systems

A natural question arises, namely when a mechanical system (MS) is MS-equivalent
to a linear mechanical system (LMS). We formalize that question as follows.

Definition 5.2. A mechanical control systems (MS), ., = (Q,V,g,€) is called
MS-linearizable if it is MS-equivalent to a linear mechanical system (CMS)(mm) =

(R™, V,b, Ez), where V is an affine connection whose all Christoffel symbols are zero

(that is, V is a flat connection), and b = (by, ..., by) is an m-tuple of constant vector
elds. at 18, there exists a linearizing diffeomorphism ¢ : () — such that
fields. Th h [ diff h ¢:Q — R h th
p(x) =17
(V) =V
Gugr =0y for1<r<m
¢«e = ET.

The linearizing diffeomorphism ¢ that maps the 4-tuples, induces the mechani-
cal diffeomorphism ® : T@Q — TR" that maps corresponding control system (5.1)
(equivalently, (5.2)) into the linear control system of the form

IS
Il
<)

y

m
Ex + Z by,
r=1

or equivalently (4.3). That is, the mechanical diffeomorphism ® = (¢(z), Do(x)y)
transforms ®,F = (y, EZ)", (i.e. Fék =0, and é(Z) is a linear vector field EZ), and

oG, = (0, b,,)T, for 1 <r < m, are constant vector fields.

Remark 5.3. All mechanical linearization problems in this thesis (formulated in this
and the next chapter) are considered locally around (xg,yo). Moreover we assume
that the point (xg, o), around which the linearization is performed, is an equilibrium
of the system F(xg,y0) = 0 and ¢(xg) = 0. Without these technical assumptions all
results still hold however the resultant linear mechanical system (LMS) is modified
by adding a constant vector d, i.e. & = Ex + Bu + d.

An answer to the mechanical state-space linearization problem was formulated
in [40] for mechanical systems with dissipative forces that are MS-linearizable to
controllable mechanical systems. A natural slight modification for (MS) can be
formulated as follows.

Recall that the vertical distribution of (5.1) is V = span {8%1’ e %}, see Sec-
tion 2.2.

Theorem 5.4. A mechanical control system (MS) is, locally around (z¢,yo) € TQ,
MS-linearizable to a linear controllable mechanical control system (LMS) if and only
if it satisfies, in a neighbourhood of (xg,yo), the following conditions
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(MS1) dimspan{ad}.G,, 0<g<2n-1, 1<r<m}=2n
(MS2) [adb.Gr,adhGs| =0 for0<p,q<2n, 1<r,s<m
(MS3) V = span {ad%G,, 0<i<n—1,1<7r<m}

The first two conditions describe S-linearizable control systems ¥ (with no a priori
mechanical structure). The third one is a compatibility condition that assures that,
first, the linear equivalent system has a mechanical structure and, second, that the
linearizing transformation is mechanical. Those conditions are expressed in terms of
the second order vector fields on TQ, i.e. F,G, ad%Gr € X(TQ). Moreover, in order
to verify those conditions one needs to compute brackets up to 2n. Therefore it would
be convenient to use object on ) only, as suggested in Chapter 3.

Recall that given a connection V, we denote by (X :Y') the symmetric bracket of
vector fields X,Y € X(Q) given by (X :Y) = VxY + Vy X, see Section 2.2.

Theorem 5.5. A mechanical control system (MS) is, locally around xoy € Q, MS-
linearizable to a linear controllable mechanical control system (LMS) if and only if
it satisfies, in a neighbourhood of xg, the following conditions:

(MS1)’ dimspan {adlg,, 0 <g<n—-1,1<r<m}=n,
(MS2)" [adbg,,adlg] =0 for0<pq<n, 1<rs<m,
(MS3)’ <adggr :adf,fgs>:O for0<j,k<n, 1<r,s<m.

Proof. Necessity. For any controllable (EMS)(n’m), with € = EZ and g, = b,, we
have (MS1)’ is satisfied by Lemma 4.2. The vector fields are constant

adlg, = (—1)1E%,,

and the Christoffel symbols are zero, therefore (M S2)" and (M S3)" are satisfied for the

linear system (LMS). Conditions are defined geometrically, thus are invariant by the

diffeomorphism ¢, proving that (MS1)’ — (M S3)’ are necessary for MS-linearization.
Sufficiency. Consider the set of vector fields

adlg,, 0<g<n—-1,1<r<m

By (MS1) and (M S2)" we can select n vector fields vy, ..., v, independent around
xo, that satisfy

[Uiv ’Uj] =0.

Therefore we can locally simultaneously rectify them by a diffeomorphism z = ¢(x)

0
qﬁ*vi:@ for1 <i<mn,

([5* - — (5* (b*?} — (5* r v, — ()
g7 Y a~l g7 Y K3 g Y bl

therefore ¢,.g, = b, is constant.

H;ﬂ,(ﬁ*e} ’88573] = [[@xvi, p€] , duvj] = ¢ [[vi €] ,v5] = 0,
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so ¢«e = ET + c is affine. Since F(xo,y0) = 0 (see Remark 5.3) it follows that
e(zg) = 0 and, by ¢(z¢) = 0, we have ¢.e = EZ.
Next, we calculate the symmetric product

o 8 -9 B G
s\ = Y I-\z F _
<a;zﬂ aazk> Voo 5k 25 07 ( gk T ) 57 =0

thergfore in Z-coordinates the Christoffel symbols vanish (recall that V is symmetric,
ie. Fé‘k = I‘};j). Hence, by Definition 5.1 we result with controllable (CMS),, ). O

5.3 MS-linearization of non-controllable mechanical sys-
tems

In this section, we present a new result concerning MS-linearization of (MS) without
controllability assumption. We motivate our result by the following example

Example Non-controllable (MS). Consider the following (MS) on TQ = R?xR?

il =y
-2 2

X :y

. (5.7)
yl _ —2y1y x1y2y2 +2' — 2l

7 =,

where F =y 50 + % gl + (=2y"y? — o'y?y? +2) 5oy and G = —a' 50 + 507
Calculate

adeg =0
o 8 .0
adFG—xal—@—i-yafyl

ad%G = ad3G =

and therefore neither (M S1) of Theorem 5.4 nor (MS1) of Theorem 5.5 is satisfied.
Actually, the system (5.7) is not accessible (all reachable sets have empty interior)
because the dimension of the accessibility Lie algebra evaluated at (x,y) € TQ does
not exceed 3 (see [17], [32]).

We can introduce, however, the following mechanical diffeomorphism

1 2

z

texp(a?) g = exp(a®)y’ + 2! exp(z?)y

2

) (5.8)
x 7=y '

2

T
that transforms the system into the following (LMS)

it =g

y
32 = 2
§' = exp(a?) 29y + ' + 2! (P +37)| = 2l exp(a®) = &
P —u

Note that the resultant (LMS) system is linear although clearly non-controllable.
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It is somehow remarkable, that the problem of mechanical linearization can be
solved with no controllability assumption, as formulated by the following theorem. As
it turn out that the crucial operator is the total covariant derivative V, the notion of
parallel vector fields on @), and the Riemann tensor R. The importance of vanishing
of the Riemann tensor has been already noticed by Bedrossian and Spong [2], [3],
[44]. However, in their version of the linearization problem, only Christoffel symbols
Fék are required to vanished (while e and g, are arbitrary, possibly nonlinear). We
present the conditions that result in linearization of the whole mechanical system
(MS). In Section 7.1, we present examples that show the difference between these
two approaches.

Theorem 5.6. A mechanical control system (MS) is, locally around xoy € Q, MS-
linearizable to a linear, possibly non-controllable, mechanical control system (LMS)
if and only if it satisfies, around xq, the following conditions:

(MNS1) R =0,
(MNS2) Vg, =0 for1<r<m,
(MNS3) Ve = 0.

Proof. Necessity. Assume that there exist a diffeomorphism & = ¢(z) that maps
(MS) into (LMS), that is ¢e = é = EZ, ¢.gr = §r = b, and the connection

V = ¢(V) is flat, i.e. f;k = 0. Therefore we have

R=0
- 0g.  ob!
v~,'n = T’ = 7’ =
90 = 9%~ 0i
_ 2 5i 2 iz
o2 o0-e _ 0“E'z _ o

~ 0%oTk  OiIoF

All objects are defined geometrically therefore are invariant by the diffeomorphism
T = ¢(z). It follows that (M NS1) — (MNS3), being satisfied for (LMS), are also
satisfied for (MS).

Sufficiency. By (M NS1) there exists a local coordinate system & = ¢(z), such that
Christoffel symbols vanish, i.e. f‘é-k = 0, see Theorem 2.11. In this coordinate system

the total covariant derivative simplifies to the Jacobian matrix of partial derivatives.
By (MNS2) and (M NS3) we thus have

- _ 90gi _
Vg, = 957 0
_ %e
2_ = —
V= dmiom ~

therefore the control vector fields g, are constant and the uncontrolled vector field e
is linear. Hence, we obtain (LMS),, ). O

Example Non-controllable (MS) cont’d. Using the formula for Riemannian ten-
sor (2.10) we calculate R = 0. Then, using (2.6), we calculate Vg = 0 and using
formula from Definition 2.13, we calculate Ve = 0. We thus conclude that the
system is MS-linearizable which explains the existence of the mechanical linearizing
transformation (5.8).
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Chapter 6

Mechanical Feedback
linearization

6.1 MF-equivalence of Mechanical Systems

In this chapter, we formulate and solve the main problem considered in the the-
sis, i.e. when a mechanical control system can be brought into a linear mechanical
form by a mechanical change of coordinates and mechanical feedback. We name this
problem mechanical feedback linearization, shortly M F-linearization, of mechanical
control systems (MS). In other words, we ask when the mechanical system (MS)
is mechanical feedback equivalent (MF-equivalent) to the linear mechanical system
(LMS) preserving the structure of the tangent bundle TQ.
Recall that, a mechanical control system (MS )(m,n) in local coordinates reads

=y
y , . , moo (6.1)
' = —Th(@)y’y" +e'(2) + D gr(@)uy.
r=1
or, equivalently, using coordinates z = (x,y)
m
2=F(z)+ Z G (2)ur, (6.2)
r=1
where:
4 9 . . . 9 . 9
F=5+e"" = Vog T (_ @)y’ + 61(50)) oy’ G =gt = gfn(l“)ayi,
whgre S = Y a?ci — F;k(w)yjyk 827; is the geodesic spray, and e”!/t = ¢i(x) Bzi and
gt = gi(z) 8?;1' are vertical lifts (see Chapter 3).
Definition 6.1. Let M F be a group of transformations generated by:
(i) changes of coordinates given by diffeomorphisms
¢: Q — Q
x = T=0¢(z), (6.3)

(i) mechanical feedback transformations, denoted (o, B,7), of the form

Uy = (@)Y + ol (@) + > BL(a)is, (6.4)
s=1
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where ’)/;-"k = fy,’;j.

Sometimes, whenever it is convenient, we use the vector notation u = y?~yy +
o + Bi, where v = (u1,...,un)’, @ = (1,....%9m)", y = (',..., 9™, a =
(al,...,a™7T B =(Br), and v = (Vik)-

Proposition 6.2. Consider a feedback in form (6.4). Each term 4" is a symmetric
(0,2)—tensor field.

Proof. By definition, u, is scalar and y € T,,Q). It is immediate to see that
Y(x): T,QxT,Q— R

Now, take the diffeomorphism (6.3) that induces the following transformation on 7'Q)
and its inverse given by

T= ¢($) T = ¢_1(fi‘)
,.,i 8 y and J 01‘]
y 8x7 y 61‘1

The feedback transformation (6.4) expressed in the new coordinates, given by trans-
formations (6.3), reads as

wr = .1) = 2 (67@) 2 O (67 )+Zﬂs( (@) s =

=35(@) 77 +a" (2 +Zﬁ" ()@

5 Ox’ OxF
Vit = B @7}%7 (6.5)
which is the transformation rule of a (0, 2)—tensor. The purpose of the term Vik (z)yly*

is to change Christoffel symbols which are symmetric, i.e. F;k = chj, hence we as-
sumed symmetric tensor fy;-'k = fy};j. O

Now we introduce a notion of the mechanical feedback equivalence (MF-equivalence)
of two (MS) and their equations (6.1).

Definition 6.3. Two mechanical control systems (MS)(mm) =(Q,V,g,e)
and (./\71?9)( ) = (Q, V.38, €) are mechanical feedback equivalent, shortly MF-equivalent,

n,

if there exists a mechanical transformation (¢, «, 8,v) € MF that maps (MS) into
(MS) according to the following transformations

$:Q—Q ¢lx)=1
$(V — Zgr@w )=V
r=1

(6.6)

(Z&%) for1<s<m
Dx <e+ZgT ) =
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m
The second transformation rule shows that the modified connection V. — %~ g, @ 4"

r=1

is mapped via ¢ into V. Equivalently, the Christoffel symbols of the former are
. mo .
changed via (5.3) into those of latter, i.e. ¢ <F3k - > e 7;k> = I'%;. Moreover,
r=1
note that

m m
OV =D g @7)=8(V) = Y dugr @ ™",

r=1 r=1

where ¢*y" = 7}, di' @ di', and 7}, are given by (6.5).
Notice that Definition 6.3 formalizes how a mechanical feedback transformations

(¢, a0, B,v) € MF acts on a 4-tuple (Q,V,g,e). It is crucial to understand how
this action prolongs to a transformation of the equations of the mechanical control
system (6.1). Any transformation (¢, «, 3,7) € M F induces the transformations on
the equations (6.1) as follows:

® = (¢, Dgy) : TQ - TQ
ot TQ - R™

BUHE S TQ — Gl (m,R)
AV TQ — R™.

¢: Q—Q
a: Q—R™
B: Q— Gl(m,R)
7:Q = T'Q x TQ

I

In other words, the diffeomorphism on ) induces the mechanical diffeomorphism
on TQ (the extended point transformation) given by (Z,7) = (¢(z), Dp(x)y) and the

mechanical feedback transformation (v, 3, 7y) gives rise to a triple (a”“f t pelift olif t)

whose elements are defined using the pull-back of the canonical projection 7(z,y) =
(see Chapter 2) for ¥/t ¥lift and using an evaluation at (y,y) for the tensor 4"

ol (2, y) = m*a(z,y) = ()
B, y) = 7*B(z,y) = B(z)
7 @y) = yTy(@)y.

Therefore the drift F' and the control vector fields G, of system (6.1), equivalently
(6.2), changes under the mechanical feedback as follows

Fis F+Y G (r*a" +9"(y,y))

r=1

m
Gr— Z B Gs,
r=1
where 7" (y,y) = y*v"y is the symmetric (0, 2)—tensor applied to the pair of vectors
(y,y). Since we have just shown that, in coordinates, (a”“f t gulift viif t) have the

same components as (a,3,7), doing calculations we drop the above notation and
use (a, B,7) in both cases, namely applying («a, 3,7) to the 4-tuple (@, V,g,e) or to
equations (6.1), depending on the context.

Proposition 6.4. The action of the group MF preserves the mechanical structure

of (MS)(m)
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Proof. We show how M F' transforms a mechanical system of the form (6.1):

. ozt

x :6 ]y _y

. 82 7 ) ai.z )
g k bl
4 0x38xkyy +8xjy N

82 % ) 8~i
prrrrad v * 9w < py'y" +6]+Zglul) =

=1
923 8:1:3 Bx 0F' . Oz 81:
= ~S _1TJ ] _
dzidzk 9z 8msy + xJ < Fq’”ajpy 075 e +Zglul>
0%t 33:3 8$ s
Y+

= Daidak 9z 8 s
o1 81“1 »0z” 7 s [ 02 0x” 7 _
+8xj (F " 9P 6* +e]+Zgl <7‘7T8P p(y +a +Zﬁtm>>—

=1 t=1

=T + & +thut,
t=1

iy 0%% Qxd 9xF 0% 0z dx” [ UK
AN bl YL Y J _ J !
Fps(x) - axjaxk a‘%p 8&:‘5 + 8$J 851’ ajs (qu(x) Zgl (‘/E)’qu(‘r)>

ozt

&E) =5 (ej(:c)+z glj(:r:)ozl(x)> (6.7)
' =1
G1(7) = gi; (Z 9 (x)ﬁé(w)) -

Therefore we obtain a system in the mechanical form (6.1), defined in coordinates
(Z,9) on TQ. O

We have just shown that the mechanical structure of (MS) is preserved under
MF. Now we want to take a second look at that fact and investigate it further.
From (6.6), we see that e and g, change under MF as vector fields on ). For the
system (6.1) defined by (MS) they give rise to e?’/t, gPlift ¢ X(TQ), respectively (see
Chapter 3). A natural question is: how are the lifts of MF-equivalent vector fields

) m vlift
related? That is, What is the relation between e/t and (gb* (e + > gmf)) ,

=1
m vlift '
as well as, g?"/* and (¢* (Z 5?93)) :
s=1

Proposition 6.5. We have

(i) Two control vector fields g, and g, are related by an MF-transformation, i.e.
m
Gr = O« <Z 55%)
s=1
if and only if their vertical lifts G, = g*f* and G, = Guiitt satisfy

G’r‘ ~Ulzft <Z ) ’
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that is, the following diagram commutes

(¢.8)

gr Gr = Qx (ﬁﬁ%)
Jvlift J{vlift
& r* ) ~
G, = gtift — T, gist — g, (x*83G,) = Gy,

(ii) Two uncontrolled vector fields e and € are related by an MF-transformation, i.e.
m
€ = Oy <e + Zgra’)
r=1
if and only if their vertical lifts e = e/t and é = &/t satisfy

évlift o, ( vlift + nglzft * r>

that is the following diagram commutes

e 0] €= ¢x(e+gra)
‘/vlift J{vlift
evlift (®,ma) évlift =P, ( vlift =+ gvlzftﬂ.*ar)

(i) Two connections V and NV are related by an MF-transformation, i.e.

V=9¢(V-> g:®7")
r=1

if and only if their geodesic sprays S and S satisfy
; 0
S P, 8 i k + Z GTPY] )
Proof. (i) By direct calculations in coordinates we have

~ — s a‘;ﬁ s
Gr = O« (;6r95> 8 7 g ra~-

and then

s 0
~vlzft
Zﬁxﬁ s Tay



58 Chapter 6. Mechanical Feedback linearization

%)

On the other hand, for g5 = g% 8:037 we have G5 = gUlift = gg(a:)w, and since
(x*B2) () = B(x), we conclude
: 0 ozt . .0
vl ft J s _ J S
®. (52 w°51) = 0. (@B 57 ) = GrsoiBigr
which is gvl’f t
Proofs of (ii) and (éi7) follow exactly the same line. O

6.2 MF-equivalence of mechanical distributions

According to Definition 6.3, MF-transformations act on the vector fields g, and e via
the triple (¢, a, B) (the tensor v does not act on them) and thus we can analyse how
MF-transformations act on their iterative Lie brackets ad’g, and the distributions

E% =span{g,, 1 <r <m}
Ej:Span{adégr,lgrgm,OgiSj}. (6.8)

In particular, we are interested in MF-invariant properties of these distributions. It
turns out that involutivity is an MF-invariant property.

Lemma 6.6. If the distributions £ are involutive, then they are invariant under any
triple (¢, o, B) = (Id, o, B).

Proof. The proof is analogous to the classical one that assures involutivity of lineariz-
ability distributions D7 (see [32]) but for completeness of exposition we will present
it below. The distributions £ are invariant under (Id, o, 3) if &7 = £, where

&7 = span {adijs,1 < s <m,0<i<j} and é,§s are given by (6.6). The invariance
under identity map is trivial. Therefore we need to prove that they are also invariant
under the feedback (a, 3). The equality £0 = £V it is straightforward

m
E% = span {g,,1 < s < m} = span {Z,ngr, 1<r< m} = &9,
r=1
To prove by the induction, assume that it holds for certain k, i.e. ¥ = £¥. Then,

e—i—igrar’ad’ggsl = {e,adlggs} +§:of [gr,adlggs} i( Lygeg,0 ) r.

r=1 r=1

k+1~
adé Js

Since, by the induction assumption, ad%js € £¥, the bracket {e, ad® gs} € EF1 by the
definition of E¥T1. Moreover, since £F = EF is assumed involutive, o [gr, ad® f]s} c &k

and (Lad;ggsoﬂ") gr € Y C EF. Therefore, aditlg, € €1 thus EFF1 c 1. To
prove the converse inclusion, calculate

m m m
ad§+lgs = [é — Z grO[T7 (ldl;gs‘| = |:é, (Idl;gsi| — Z O[T |:g7,,’ adl;gsi| + Z (Lad]ggsar> gr.
r=1

r=1 r=1

~ m
Again, by definition [é, ad’égs] € EktL qr {gr,adkgs} € &k and Z ( adkg ozT) gr €
=1 e
£°. So we have, adt*tlg, € EFF1 = gh+1, O

Corollary 6.7. The involutivity of £ is preserved under MF.
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Proof. The above Lemma shows that the involutivity of £/ is preserved by (Id, a, 3).
The property is also preserved under any diffeomorphism ¢ (and thus preserved by the
whole transformation MF) since Lie brackets are compatible with diffeomorphisms
(see Section 2.1.2). O

What directly follows from the above Lemma, is a formula that links generators
of the involutive distribution £/ with generators of £/, namely

m k
adfg, = >N "0k adigs, (6.9)
s=11=0

i.e. they are linear combinations of adégs, for 0 < i< kand 1 < s < m, with
structural functions 7k € C*(Q) satisfying nf,f, = (7. In a compact form, we can
formulate it as

m
adlg, = Bradlgs + &, (6.10)
s=1

. . , m . .
where d/~1 € £771 or, equivalently, ad’g, = > Biadlgs mod gi—1,
s=1
Finally, we formulate a result that describes simultaneous rectification of suitably

chosen generators of the distribution £° and those of their lifts.

Lemma 6.8. Let £° be an involutive distribution of constant rank on Q. There
exists a (local) diffeomorphism & = ¢(z) and an invertible change of controls u = [,

m
such that g, = %, where G, = ¢ (Z Brgs | and the corresponding extended point
s=1

transformation ® : TQ — TQ and the same change of controls u = Bt yields G, =

~ m .

8%“ where G, = P, (Z B;fGS> and G, = golift,
s=1

Proof. By Rectification Procedure (see Chapter 2), there exist (¢, 3) that rectifies

EV ie. g = %. Then, by Proposition 6.5, the transformation (®, ) is such that

0
Gr = 2 O

6.3 MF-linearization of controllable Mechanical Systems

6.3.1 Normalization of (MS)

We start our considerations by establishing a normal form for mechanical control
systems. We state conditions under which the system is M F-equivalent to a nonlinear
system, where the (m + 1)-tuple (e, g,) is controllable, whose control vector fields

G, = g""* are constant, e""/? is linear and the system is in the following special
form
i = gl
) o . for1 <l<p;—1
-, i, k il+1 ==
b — _]__‘ J —+ x”
S (6.11)
il’Pi — y'hpi
§oP =,

for 1 <14 < m, where p; > ... > p, are mechanical half-indices.
The conditions under which (MS) is MF-equivalent to (6.11) are formulated in
the following lemma.
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Lemma 6.9. A mechanical system (MS)
mal form (6.11) if and only if

) is (locally) MF-equivalent to the nor-

(n7m

(MN1) dim E"Y(xg) = n,
(MN2) &7 (z) are involutive and of constant rank, for 0 <j<mn —2.

Proof. Consider a mechanical system (MJS) and its corresponding equations (6.1). In
order to transform it into normal form (6.11), we attach to (MJS) the virtual control
system X

m

i=e(x)+ > gr(x)vr,

r=1
with ¢ € (). Notice that by (M N1)—(MN2), the virtual system is F-linearizable, see
Theorem 2.21, and e.g. [32]. Therefore there exists a local diffeomorphism ¢ : Q@ — Q
m
and feedback v, = a"(x) + > (% (x)vs brings ¥ into
s=1

L (6.12)

for 1 <1< p;—1and 1 <i<m. Then the mechanical diffeomorphism ® = (¢, Doy),
m

together with u, = " (x)+ Y B (x)us (with the same (v, 3) as above) bringing (MS)
s=1

into

= pidypy g PPISIS A
g = Iyt

We use supplementary feedback @; = u,;—l—F;’,f “y7y¥ to get normal form (6.11). To show
necessity of (M N1) — (M N2) consider the normal form (6.11). Its virtual system is
given by (6.12), for which the distributions £/ = span {axﬁ%} for 0 < k < j and
1 <i < m, satisfy (MN1) — (MN2) (£7 are involutive and of constant rank because
the system is linear and dim E"~! = n since it is controllable). Since involutivity of
&7 is MF-invariant the conditions are necessary. O

Note that, in (6.11) the controls affect the last variables, i.e. §? = u;. However,
by a simple transformation #%! = 2% and #»/t! = 2877 for 1 < j < p; — 1, we can
obtain an equivalent normal form where the controls affect the first variables, i.e.

0
9i = o7l

adi~'g; = (—1)"

0

OFi’
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which reads

.'%:',’L,l — 9171

7.1

Yo = u

o (6.13)
gt = —f;’/igjgk + 257 for2 <1< p—1

for 1 < i < m. We will use this last normal form in our considerations in the following
sections.

6.3.2 MF-Linearization to controllable (LMS)

Now, we define the problem of MF-linearization and formulate one of the main the-
orems of the thesis.

Definition 6.10. A mechanical control system (MS), ., = (Q,V,g,¢€) is called
MF-linearizable if it is MF-equivalent to a linear mechanical system (LMS)(

_ _ n,m) —
(R™,V, bLE.f), where V is an affine connection whose all Christoffel symbols are zero
(that is, V is a flat connection), and b = {b1,...,by} is an m-tuple of constant vector
fields. That is, there exist (¢, 3,7) € MF such that

¢:Q—R" ¢(x)

(V- g®9)=V

r=1

Ox <§:B;gr> =bs for1<s<m
r=1
o (e + i g,naT) = E7.
r=1

Equivalently, the corresponding mechanical control system (6.1) (or (6.2)) is trans-
formed into a linear mechanical system (LMS), .,y of the form

z

N
I
<

m
ﬂ Ex + Z bsus.
s=1

That is, there exist a mechanical transformation (®,«, 3,7) such that
m m

o, <F+ S GrlyTyy + of)) = (§, Ez)" is linear, and ®,(3. G,87) = (0,b,)", for
r=1 r=1

1 < s < m, are constant vector fields.

Theorem 6.11. Assume n > 3. A mechanical control system (MS), 1) is, locally
around xo € Q, M F-linearizable to a controllable (LMS)y, 1) if and only if it satisfies,
in a neighbourhood of xg, the following conditions:

(MC1) rank "1 =n,
(MC2) &7 is involutive and of constant rank, for 0 < j <n — 2,
(MC3) Vagigg € E% for0<i<n-—1,

(MC4) Vzd ec& for0<k,j<n-1,

kg,adlg
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Proof. Necessity.
For (LMS) .1, given by (4.9), we have F’k =0, e = Fx and g = b. It follows that
adig = (—1)*E'b and therefore, using (2.4) and Definition 2.12, we calculate

vadégadgg =0

2 _
vadég,adige =0 (6.14)
Vg4e = Eb.

All conditions (M C1)— (M C4) are expressed in a geometrical way, therefore they are
invariant under diffeomorphisms. (M C1), (M C2) are mechanical feedback invariant
by Lemma 6.6. It remains to show that (MC3) and (M (C4) are invariant under the
mechanical feedback u = ;i (x)y’ y* + a(x) + B(z)a. For the closed-loop system, we
have

€=e+ ga (6.15)

hence
@XYZVXY_’Y(X’Y)QZVXY mod 507 X,YG%(Q), V(XaY)GCOO(Q)’

therefore

Veiig = Vadigh — v(adig,§)g = Vadigy mod 0.
By
Vxg§=Vx(98)=Vxg+ (LxB)yg

it follows that instead of calculating V59 it is enough to calculate V;i.g, since
the second term (Lxf3) g € £°. By induction, for i=0,

V39 = Vg =BV € E.

Assume V5159 € EY for 0 <1 <i— 1. Then, by formula (6.10),

Vadégg = V,Badéngdi—lg = /Bvadfigg + Vgi-1g € 80’

where the first term is in £° by the (M C3) and the second by the induction assump-
tion. We have thus proved necessity of (MC3).
To show necessity of (MC4) calculate
VivZ=VxVyZ—-V¢ vZ=Vx(VyZ =1(Y,2)9) = V(o y-r(xy)Z =
= VxVyZ —7(X,VyZ)g - (v(Y, 2)Vxg + Lxy(Y, Z) g) -
— Vv Z +9(VxY, Z)g + (X, Y )V Z =

= v_2X,YZ —vY,Z)Vxg+~v(X,Y)VyZ mod &v.
(6.16)
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Using the above formula, we get

ﬁZd’gﬁadggé = Vidég,adggé —(ad}g, &)V 459 + v(ad%§,adly)Vzé mod E°.

The second term, on the right hand side, is a sum of elements in £Y (by (MC3) and
its invariance), while the third term is a smooth combination of

Vg€ =V (gg) (e +ga) = BV e + BV, (ga) =
= BVye+ B(aVyg+ Lya g) € EL,
since for (LMS) we have Vg e = —ad.g € EL.
The first term V2 ;€ 1is, by (6.9) and Definition 2.12 (7), a linear combination

,adzgd
with smooth coefﬁments of \% . €, with 0 <4 < kand 0 <! < j. Thus we

adig,adlg
calculate

2 I 2
vadég,adége - vadég,adége + Vadigﬁad’eg(ga)'

The first term vanishes since for (LMS) we have (6.14). We calculate the second
term using Definition 2.12 (7i7)

2
vadég,adleg(ga) = avadlg adigd + Lagi gV agt g9 + Laqt @V agi g9 + Vadlgadl ag € &°.

Clearly, the first three terms vanish since (6.14), and the last one is in £°. Summa-
rizing the above calculation, we conclude that

52 s ool _ &1
vad’g~,adé§e e& =¢& y
which proves neccesity of (MC4).
Sufficiency.
By (MC1) — (MC2), see Lemma 6.9, the system (MJS) is locally MF-eqivalent to

it =yt

-1

y =u

oy (6.17)

for which Flk =0and adf1g = (-1)k 186 and the distributions are

£% = span {g} = span {68351}

0 0
. B 9 o
& =span{g, ad.g} = span { Oxl’ Ox2 } '

Since adt~lg = (— l)k_laak, we will calculate conditions (MC3) — (MC4) using
ViX = VaX (— )klvdk1X

By (MCS) we have, for 1 <k <n,

"o
vkgzz< %“1895’) 650’

1=2
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implying I'}, = T't; = 0 (since the connection defining (MS) is assumed symmetric).
Next we express (MC4) for the vector fields of (6.17), for which we have ad*~1g =

(—1)]“_1% and e = ¢ 821- = g1 8 (by definition, #° = 0). It follows (recall the

notation Jye’ =

0
nd

i 1 i=k+1
8ke =
0 otherwise

and 8k0jei =0.

By Proposition 2.14 (ii), we have V%jei = ViV, e and by (MC4) we conclude
V aﬂ = (- )kﬂVQdk L adi1g¢ € &l = span {%, %}, and finally, using Propo-
s1t10n 2.14 (i) the condltlon (MC4) reads

Vi’ = (007, € + Ty + Dy + (ThThy =TT ) e =T =0, (6.18)

for3<i<n,and 1<j,k<n.

Now we will repeatedly use (6.18), successively, for j = 1,2,...,n, and all 1 <
k<n.

For j = 1, we employ that from (MC3) we already concluded I'};, =T'i; = 0, and
thus (6.18) gives

Vige' =Thy =0
implying ng = F}'ﬂ =0, for 3<i<n.
For j = 2 and 3 < i < n we conclude, using (6.18) and I'}, = T'%, = 0, for
3<i1<n
Vige' =Tz + (F}&F%S - Fiﬂﬂés) e’ —Tp' =Ty — T}’ =0
implying F}'ﬁ = Fgl, which yields

3 2
Iz =iy
i5=0 4<i<n.

To perform the induction step, assume that, for a fixed j,

FJ‘H _I'\J
A , , (6.19)
s=0 j+2<i<n, 1<s<j+1

For j replaced by j + 1, equation (6.18) becomes (for all i satisfying j +2 < i < n)
Ve = (Oliy,) € + T 4T +(Pr ~Thylh) € = Tt
j+1 j+1s JH+1k+1 kj+2 kIt j4+1s kj+1+1s kj+1 —
J+1 Jj+1
! ' 1 i 1
kj+2 + Z Fle]+18 Z Lhisalls | e F}er kj2 — F7<;]+1 =0.
=1

Therefore we have

j+2 +1 L
Fgc]+2 F{WH fori=j+2

kj+2:0 for j+3<i<n (since i—1>j+2)
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and thus, by the induction assumption
te=0 j+3<i<n, 1<s<j+2

Therefore by the induction argument, (6.19) holds for any 2 < j < n — 1. After
performing the recurrence for 2 < j < n — 1 we conclude that I'}, = Fzg_ll and by
previous steps we have

Fﬁnzfﬁﬁil :FZ;% :"':F?’LQ =: A(z),
p=Tpl =T 2, =, =T, =0 1<k<n-1

It follows that for each 1 < k < n — 1 the matrices of Christoffel symbols (Ck); =
(I‘;k), for 2 < i,j5 < n are strictly upper triangular, and the last one, k = n, is upper

triangular with all diagonal elements equal to each other, which we denoted by A(x).
The matrices read

0 T%, r§4 . anq rén_l an
0 0 Fk4 ce Fk:n—2 I‘kn—l Fkn
(Cr)j = .. ’
-2 -2
0 O 0o ... 0 PZn—l an )
.
0 O 0o ... 0 0 Fkn
0 O 0o ... 0 0 0
for1<k<mn-—1,and
A F1213 1—214 lean Fszl Fzm
0 A Fn4 . an—? an—l an
(Cn)j = :
0o 0 0 ... X Iz Fg,;i
0 O 0o ... 0 A rn-
0 O 0o ... 0 0 A

Note that, in the above matrices we skip the first row F,lcj and the first column
F};l. This is due the fact that Fjlk = 0 (which can always be achieved by a suitable

feedback transformation, see Lemma 6.9) and T'; = 0 by (MC3).
Next, we calculate formula (6.18) for ¢ = j = n only

Via€" = (T, € + Ty + (ThThy = i T ) e = Tyt =
= (0eN) €" + Dy + (DRI, — TR € — Tt = (6:20)
= (O "+ T — Tt =0,
for which, we will further distinguish two cases. First, if 1 < k <n — 1, then

Vi = (N 2" =0
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implying that A is a function of the last variable ™ only, i.e. A = A(z"). Then,
calculating (6.20) for k = n gives

V?me" = (Op\) " — I‘Z;l =0,

implying that T, ! = L.\, since %x”_l =LA )
Transform system (6.17) via the local mechanical diffeomorphism ® : TQ — TQ

L 1h

&
Il
=
8
S~—

where o(z) = Lzh , (6.21)

h

<
Il
-
PSS
2
<

with
h(z") = / A(s2)dss
0

. (6.22)
2
A(s2) = exp (/ )\(sl)dsl> .
0
Denote by f‘é»k, €,q obj(Nects pf the system expressed in the coordinates & = ¢(x).
Applying feedback 4 = —Fjl-k,g]] g* + L'h + LgL’g_lhu and thus transformed system
becomes

—
—

IS
I
<)

N
—
Il
=g

(6.23)

B
I
<

< S ok aiel 2 SEST
= -Tuy'y +2

and it is in the normal form (6.11) with "tildas". That is, the vector fields are

~_ ~i—1 0
e=x 5

5 v (6.24)
9= ozt

Now calculate explicitly the evolution of the pair of n-th transformed coordinates
(™, "), we get

d

i = Sh(") = A" = Ay = 5
" = A (A" = AGTAEE A = AN+ A =

= A@AE"Y"Y" + A@") (<T@ y" + 2 71) = A@™)a" ! = 3",

since 2"~ ! = L.h = A(z™)2" ! It follows that f?k =0,foralll1 <k,j<n.

Since formula (6.18) applies to (6.17), we can adopt it to the system (6.23) (which
is a special case of the normal form with f;-‘k = 0) with e replaced by € and F;k are
replaced by f; > and 0; denoting now %. Thus the formula (6.18) becomes

Vijé = <8kf§'s) & + Tjyr + Dl + (Ezﬂs - ﬂff;s) & — le =0, (6.25)
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for3<i<n,and 1 <75,k <n.
We will analyse (6.25) for i =nand 1 < j, k <n

= —fzjfl =0

therefore f‘Zj_l = 0. Assume f‘;k =0 for 1 < j,k <n. Then (6.25) implies fé;l = 0.
Therefore we prove that all Christoffel symbols of (6.23) vanish. Therefore the system
is a linear controllable (LMS), since the vector field € is linear and § is constant and
they are given by (6.24). O

The above theorem does not work in the planar case, i.e. for n=2. The reason for
that is the fact that 2-dimensional case is "too narrow" for involutivity. That is to say,
any two independent vector fields on R? span the involutive distribution D = TR? of
rank 2. Therefore we state a proposition for MF-linearization of planar (MS). Also,
see [34], for a classification of feedback linearizable (MS) 1.

Proposition 6.12. A planar mechanical system (MS)(271) is, locally at x¢9 € @,
MF-linearizable to a controllable linear (LMS) 21y if and only if it satisfies, in a
neighbourhood of xq, the following conditions:

(MD1) g, ad.g are independent
(MD2) V,g € E® and Vaa.49 € E°,

(MD3) Vg’adeg adeg — vgdeg,g adeg € E°.

Proof. Necessity. Note that (M D1) is equivalent to (MC1) and (M D2) is (MC3)
from Theorem 6.11. Since the necessity part of the proof of Theorem 6.11 works for
any n > 2, it shows necessity of (M D1)— (M D2). Therefore we need to show necessity
of (M D3). For a controllable (LMS) we have I’;k =0, g =b and ad.g = —Eb are
independent, and

vadégadgg =0
deég,ad]ggadég =0 (626)
ladlg, adfg) = 0,

for 0 <4,j,k < 1. We will use formula (6.16) to show that (M D3) is invariant under
mechanical feedback. Denote V,¢é, g, as in (6.15). Then we calculate

V2 0d:50ded = V3 4q.50de5 — V(adzg, adeg) V3§ + v(7, adzg)Vgadeg mod E°

Viies.300ed = Vg5 50ded — V(9 ade)Vaa.53 + v(adeg, §)Vgadeg mod E°

The second terms of both equations are in £ due to the invariance of (M D2), while
the third terms are equal since y(X,Y) = (Y, X) is symmetric. Therefore we con-
clude

V2 0d:50ded — Vog.5.500:5 = V3 04.50de§ — Vig 5 sadzg  mod E°.
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Denoting adzj = Bad.g + ng (hereafter n := ng, see (6.9)) and using Definition 2.12
(i), we have

\-
\Y%

g,ads gadeg V%gﬁadngrdOgadég = 62v§,adegadé§ + anigadég
2d:5.590e0 = Viaq. 910954006 = BV g, 4. 40ded + BV} jadeg,

where the last terms are equal, implying

vg adzg0ded — vadeg gadeg = Ch (vg adeg@ded — BQV?Ldegyadég)

and it remains to prove that

v2

6.adeg1ded — Vi

=~ o0
ad.g,g0deg € E7,

which we show using Definition 2.12 (i7i), where X, Y stands for either g or ad.g

Vi yadsj = Vi y (Badeg +ng) =
BV yadeg + LxBVyadeg + Ly BV xadeg + (Vv 8) adeg+
+ 0y + LxnVyg+ LynVxg + (Viyn) g = (ViyB) adeg mod £,

since all V?X’YX =0and VxY =0, see (6.26). Therefore we have

Vg adog@deg — Vad vg,90deg = ( gadeg,é’ Vadeg 9,6’) adeg mod E°.

Finally, we calculate

V204,68 = VidgsP = LoLadeoB = L9 adeqB — (LadegLoB = L9,4,468) = Ligad.qB =0

which shows necessity of (M D3).

Sufficiency. By (M D1), i.e. rank ! = 2, and £° = span {g} is of constant rank 1
and thus always involutive, the system is locally MF-equivalent to the following form
(see Lemma 6.9)

il =yt
g = —Thyy" + 27
i = ¢
g =u
We have g = %, adeg = —% and now we calculate
0
1
Vg9 = 1ﬂ22ﬁ
0

vawlpgg Fma 10
which by (M D2) are in £ = span {8%2}7 implying I's, = I'l, = T'}; = 0. Tt follows
V49 =Vad.g9 = Vgadeg =0

0
vadegadeg = Fh @a
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and thus
Vz’adeg adeg — V2 adeg =V 4V 44,90deg — vaadegadeg — Vad.gVgadeg + Vvadeggadeg =

adeg,g
0 ort, o
=Vv,V =V 1 _ 11
7 adegadeg 322 Flli@xl N 02 78331

implying, by (M D3), %2}21 =0, ie Tz = A=h).

_Now, we transform the system via the local mechanical diffeomorphism ® : TQ —
TQ (compare (6.21) and (6.22))

7 = Do(x)y where )= ( Leh ) ’

with
1

h(z!) = /0 " As)dss
A(s2) = exp (/082 )\(sl)dsl) .

We calculate the evolution of the pair of transformed coordinates (&', '), using
Lh(2(1) = A (2 (1) #(1) and £A (21 (6) = A (2! (1) A (2 (1)) (0

i = Shat) = Ay =7
J' = A@HAE Y'Y + AT = A + A (<A@l +2?) = A)e? =
i? = 2

iJ? =T340 9" + L2h + LyLchu,

where we denote by f’?k the new Christoffel symbols in the second equation of the
transformed system. Applying feedback @ = —f‘?kﬂj 7* + L2h + LyLchu, we get a
controllable linear mechanical system in the canonical form

1 1

T =9
il — 72
2 = 2
=1

6.3.3 Linearization outputs and Input-Output Linearization

As we explained in Section 2.3, the problem of feedback linearization of control sys-
tems can be rephrased as the input-output linearization of control systems with the
relative degrees of virtual output functions that sum up to the dimension of the
system. This point of view brings new insight to the problem and leads to the for-
mulation of a set of partial differential equations, whose solutions define linearizing
diffeomorphisms (see Section 2.3). In this section, we present a mechanical version of
that problem.

For simplicity, we present this problem for (MS),1) with scalar controls, i.e.
m = 1. Before we formulate results we need the following technical lemmata.
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Lemma 6.13. Let e,g € X(Q) and h € C®(Q). The following statements are
equivalent, for a fized j,

(i) LyLkh =0, for 0<k<j-2.
(i) Lagrgh =0, for 0 <k <j-—2,
(i) Loge,Lih =0, for 0<p+q<j—2,
Moreover each of the above equivalent items implies
(i) Lygn-1gh = (=1)* L jn-1k Lth, for 0<k <j—1.

Proof. The above Lemma is analogous to Lemma 6.15 (p. 179) from [32], although
for completeness sake we will prove it anyway.

For ¢ =0, (iii) = (ii) and, for p =0, (iit) = (4).

(1i) = (iii). We adopt equation (2.1), for X, Y € X(Q) and ¢ € C*(Q),

LxLyy=LyLxy+ Laayyp-

Therefore, for 1 <k +1 < j — 2 we have L,gr,h = 0 and thus
0= LeLygegh = LogrgLeh + Lygis h.

The term Lad§+1gh = 0 since k +1 < j — 2, so it implies Lygr,Leh = 0. Hence we
showed that (i1) = (iii) for ¢ = 1. Now assume that (i7i) holds for 0 < ¢ < j —3
and we use induction to prove it for ¢+ 1. Let 2 < k+¢+1 < j—2, then by induction
assumption

Lad’gngh =0= Ladk+1ngh.
Therefore

0= LeLogrg Ll = Logrg LI h+ Ly gpr LD

adfg
The term L e1 Lgh = 0 since 2 < k + ¢+ 1 < j — 2, so it implies Lad;;ngHh =0.
Therefore, indeed, (ii7) holds for g + 1.

(i) = (iii). For p =0, clearly (7i7) holds. Now assume (7i7) holds for 0 < p <
j—3. Let 1 <k+p+1<j—2 then by the induction assumption

LogrgLEh =0 = Lo, Lt 'h.
Therefore

0= LeLogpgLth = LogrgLET'h + Ly LER.

ad®g

The term Ladze;gL’th =0since 1 <k+qg+1<j—2, soit implies Ladg’“ngéh =0.
Therefore, indeed, (iii) holds for p + 1.

Finally, we will prove that (i) = (iv). For k = 0, the identity (iv) holds
trivially. Assume that it holds for £ — 1. Then, by (i), Ladg—l—kngg_lh = 0 and thus

0= LeLadje-_l_knggflh = Ladi_l_knggh + Ladg—kng;flh.

Hence Ladj_k_1gL’§h = —Ladj_kngf*lh = —(—1)’“*1Ladj_1gh, so we proved for k. [
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Lemma 6.14. Suppose there exists a function h(x) € C*>(Q) such that

LyLfh=0  for0<k<n-2

LyL2 (o) £ 0. (627

Then the functions h, Lch, ..., L2 'h are independent around xg

Proof. Consider the following product of two n X n matrices

dh
dL.h
. (g adeg ... adZ_Qg adg_lg) (xg) =
dL"'h
Lgh e Lad'g—lgh
= : : (zo)
LyLg™'h oo Lygn1 L'

which by (6.27) and a repetitive application of Lemma 6.13 with j = n reads

0 0 ... 0

0 0o ... — *

: . 1/1 .| (o),
(1)L ...k

where ¢ = L, dl}*lgh' Thus the matrix is lower triangular and of rank n, implying

that dh, ..., dL" 'h are linearly independent and the functions h, Lch, ..., L2~ 'h are
independent around xg. ]

Consider a mechanical control system (MS), 1) that reads

jj’L:yZ

i i ik i i (6.28)
¥ = —T5(2)y’y" + e'(z) + g'(2)u.
We introduce a concept of a relative half-degree of the above system. We say that,
mechanical system (6.28) with an (output) function h(z) € C*°(Q) has relative half-
degree v around xg if

Lylfh=0  for0<k<wv-2
LgLY th(wg) # 0.

That is to say, the relative half-degree of h with respect to the mechanical system
(6.28) is equal to the (usual) relative degree of h with respect to the virtual system
& =e(x) + g(x)u (the latter, as well as the relative degree of its outputs, being well-
defined Proposition 6.5).

Proposition 6.15. The mechanical control system (6.28) is, locally around xo, MF-
linearizable to a linear controllable (LMS) if and only if there exists a function h(zx) €
C*(Q) that satisfies
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(MP1) the relative half-degree v, around xq, is equal to n, i.e.
LyLfh=0  for0<k<n-2
LyL2  h(xo) # 0

(MP2) the differentials of the output function h and its successive n—2 Lie derivatives
with respect to e are covariantly constant, i.e.

V(dLERh) =0 for0<k<n-2.

Proof. Necessity. First we will prove that the conditions are invariant under me-
chanical diffeomorphisms and feedback, then we will show that they hold for MF-
linearizable mechanical control system (MS). The invariance under diffeomorphism
is obvious since both the Lie derivative and the covariant derivative are geometrical
operations. Now, we prove the invariance under feedback

g=Bg
€=e+ga
\E f}k = F;‘k - gi’ij-
Note that

Lgh = Lggh = BLgh =0
Leh = Loy goh = Loh + aLgh = Loh.

Now assume that LE¥h = L¥h is true for some 0 < k < n — 2. Then
LEH = L) h = LeygaLih = LET h + aLyLEh = LEH
which implies L*h = LER, for 0 < k <n — 1. Thus we calculate
LiLEh = Lg,LFh = BL,LER = 0,
for 0 <k <n—2. Then
Lyl 'h = L Lt h = BL,LY 'h # 0,

which proves the invariance of (M P1).
A direct calculation shows that the covariant derivative of a one-form changes
under the mechanical feedback as follows

Vw = Vw +w(g) 7,
where w € A(Q) and v = (v;x). Thus, for w = dLER, we have
VdLEh = VdLEh + LyLEh -y = VdLEh,
for 0 <k <n— 2, since (MP1) is invariant. Now we calculate

Vdh =0
VdLeigoh = VdLch + Vd (aLgh) = VdLch,
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since Lyh = 0 from (M P1). Assume that Vde,;gah = VdLkh, for 0 < k <n —2.
By induction we have

VALY h = VdLsLEh = VdLey yoLFh = VdLE h + Vd (aLgL’;h) _ wdrih,

since (M P1). Therefore (M P2) is invariant.

Now, we have to show that conditions (M P1) — (M P2) hold for a linear control-
lable mechanical control system (LMS )(n’l). Since we just showed that the conditions
are invariant under mechanical diffeomorphisms and feedback, without loss of gen-
erality, we can take any controllable linear mechanical system (LMS )(ml)’ thus we
choose the mechanical canonical form

T
yi:mi‘” forl1<i<n-1
y" = u,

and we set h(z) = 2!. A direct calculations show that

Lkh — (L’k+1
LyLFh =0

Lyl 'th=1#0
VdLFh =0

for0<k<n-—2.

Sufficiency. Consider a mechanical control system of the form (6.28) and take
h(z) that satisfies (M P1) — (M P2) for it. For better readability we rewrite the Lie
derivative and the covariant derivative involved in (M P1) — (M P2) in coordinates

oLk 1p
Lkh — e 7
€ oxt €
OLkh
L,LFh = 224
g7e ozt
and
O*L5h OLSh . .
sy e . e i J k
VdLh = <8xj8xk B ij> dr? @ dz”.

Note that by Lemma 6.14, the map & = ¢(z) = (h, Leh, ..., L2 th) is a local
diffeomorphism ¢ : X € Q@ — X C Q, where X and X are open neighbourhoods of
xg and 0 € R™, respectively. The diffeomorphism ¢ on X induces a diffeomorphism
on TX, ie. the extended point transformation, ® : TX — TX such that (Z,7) =
(¢(x), Do(x)y). Hence we have

= h(x) gt =dhy
2 = L.h 3> =dLc.h y

i =L"1h gv =dL" hy.
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We represent the mechanical control system (6.28) in the new coordinates (Z, ):

‘w = Leh = 32,

G P b (P b\ Oh
a 8xj8xky y 8xiy T\ oziozk ot IF vy oxt c%zig

since, by (M P2), az-zaf;k — gﬁf?k =0 and gﬁ-gi =0, by (M P1). Now assume that
for a certain 1 <s<n—2
s _ 6L§’1hyj _
Oz (6.29)

J* = Lih = 211

Then we have
Al _ OLeh ;  oh1

oxJ
. O2L5h . OLh . O2Lh  OLSh_. OL*h . OLSh .
Zsl _ k i & B
V= Gaioa Y T i V= <axa'aexk " o Fz”“) VYT g T gt S

= L5 h =32

Thus, by induction, (6.29) holds for any 1 < s < n — 1. Finally, we calculate

) 8[’?71}1 7 ~n
= O y =y
o, OPLY'hog o OLPT'ho,
= vk Y + oxt N
C(oPLrth 9Lr e\ o OLMMh , OLM U,
“\0wiark T agi k) Y'Y * oxt et or YT

We result in the mechanical canonical form, i.e. a chain of double integrators, proving
that the system is MF-linearizable. O

The linearizing mechanical diffeomorphism is ® = (¢(z), Dp(x)y), with
T
o(z) = (h, Leh, L2h, ..., Lgflh) .
The mechanical feedback reads

u= vjk(x)yjyk + a(z) + B(z)a,

where

(@) = — 1 Ly th ALY h,

TR = Lyl h \ 9x70a® ot I*
L’h

=T
gtie
1

B(x) =

Lyl 'h
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It is worth to interpret the linearizability conditions. The first condition, (M P1)
ensures that in the Z-coordinates the control appears in the last equation only. The
second condition ensures that by introducing the new coordinates we compensate the
Christoffel symbols.

The generalization of the above result to the multi-input case is quite straight-
forward. In this case, one should find m linearizing functions h;(x), each of the
relative half-degree v;, that sum up to the dimension of the configuration manifold n.
Moreover the differentials dL’ghi, for 0 < k < y; — 2, have to be covariantly constant.

Definition 6.16. The mechanical control system (MS)(n,m) with m configuration
(virtual output) functions hi(x), ..., hyn(x) € C*(Q) has a vector relative half-degree
(U1, .., Um) around xq if

(i)
L, LFh; =0,

gr—e
for1<i,r<mand 0 <k <y —2,
(ii) the m x m decoupling matriz
D(z) = (Lg, L& hi) (x)
s of full rank equal to m, around xg.

Before we formulate our theorem we need a lemma analogous to Lemma 6.14.

Lemma 6.17. Suppose there exist m functions hi(z),..., hyn(x) € C®(Q) has a

m
vector relative half-degree (U1, . .., Un) around xo, with Y. v; =n. Then the functions
i=1

hi, Lehy, ..., L2 " hy,

h27 Leh27 ce 7L5271h27
(6.30)

Bons Lehom, - . LE™ L hy,
are independent around xg

Proof. The proof is analogous to the proof of Lemma 6.14 and follows the proof of
Lemma 5.1.1. from [17]. Reorder v; such that vy > s > ... > 1y,
Consider the following product of two matrices

dhy
dLchy

LZlflhl
: (91 o Gm 0degr ... adeGm ... ad?lgy ... adgrlgm) (z0).
dhp,
dLe¢hy,

L7,
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Using Lemma 6.13 with h replaced by h;, g replaced by g, and j = v;, and
Definition 6.16, it is easy to see that the product consists a block triangular structure
in which the diagonal blocks are rows of the mechanical decoupling matrix D(x),
implying that the differentials (i.e. rows of the first matrix) are linearly independent
and thus the functions (6.30) are independent around xy. O

Theorem 6.18. The mechanical control system (MS)(mm) given by (6.1) is, locally
around xg € Q, MF-linearizable if and only if there exist m functions hy(z), ..., hp(x) €

C>(Q) satisfying

(MR1) the vector relative half-degree (U1, . .., Uy) with i v; =mn.
i=1

(MR2) the differentials of the output functions h; and its successive v; —2 Lie deriva-
tives with respect to e are covariantly constant, i.e.

V(dLEh;) =0 for0<k<up—2.

Proof. Necessity. First we will prove that the conditions are invariant under me-
chanical diffeomorphisms and feedback, then we will show that they hold for MF-
linearizable mechanical control system (MS). The invariance under diffeomorphism
is obvious since both the Lie derivative and the covariant derivative are geometric
operations. Now, we prove invariance under feedback

m
Vi T =Th = givi
r=1
m

é:e—i—Zgrof

r=1
m
gs = Z ngra
r=1
Note that, for 1 <7 <m

m
Lihi=L/ hi = BiLgh; =0

(Z B§9r> r—1

r=1
m

Lzh; =L m h; = L.h; + Z OéTLgThZ' = Loh;.

()T

r=1

Now assume that L’ghi = Lle“hz- is true for some 0 < k < y; — 2. Then

r=1

m
LEh = L5 hi=L, . LEhi = LM hi +3 " o" Ly, LEh; = LET'hy,
<6+Z gra7'> (e-i-z g,-oﬂ)
r=1 r=1

which implies L’ghi = L’ghi, for 0 < k < p; — 1. Thus we calculate

Ls Lih; = L<i - >L’;h,~ =Y BiLg Lih; =0,
r=1

r=1
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for 0 <k <p; —2. Then

m
Lo L8 i = Ly LD W= 30 BLLy L
( Z:l 5.;'!%) r=1
thus the decoupling matrix D = (LgSL'gi*lhi) is of full rank, since matrix (5%) is
invertible, which proves invariance of (M R1).
Direct calculations shows that the covariant derivative of a one-form changes under
feedback as follows

Vw = Vuw + Zw(gr) ",

r=1
where w € A(Q) and " = (’ﬁk) Thus, for w = dLzh;, we have
VdLEh; = VdLEh; + > Ly LEh; - 4" = VdLEh;,
r=1

for 0 < k < v; — 2, since (M R1) is invariant. Now we calculate

Vdh; =0

e+ Z gra”
r=1

r=1

VdLsh; = VdL ( m )hi = VdL.h; + Vd (Z o/"Lgrhi> = VdL.hi,
since Ly h; = 0 from (M R1). Assume that

e+ Z gra”

r=1

VdLEh; = Vde< " >hi = VdLFh;,

for a certain 0 < k < ; — 2. By induction we have

e+ Z gra”
r=1

VdLE Y h; = VdL:LEh; = VdL ( . )nghi =

m
= VdL}h; +Vd (Z o/LgTL’c?hi) = VdL¥h,
r=1

since (M R1). Therefore (M R2) is invariant.

Now, we will show that conditions (M R1)— (M R2) hold for the controllable linear
mechanical control system (LMS). Since we have just shown that the conditions are
invariant under mechanical diffeomorphisms and feedback, without loss of generality,
we can take any controllable linear mechanical system (LMS), thus we choose the
mechanical canonical form with the mechanical half-indices p1, ..., pm. Denote

o =0
J

M]:Zﬁ’u forlgjgma
=1
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and the system reads

i = 1<i<n
g =zt pi+1<i<piyr—1, 0<j<m-—1
yH = u 1<j<m

We set hi(x) = 2171 for 1 <i < m. A direct calculation shows that

ngh@' — phi-1t1+k

Ly LEhi =0
Ly LB hy = {0 s
1 r=2
and
VdLFh; =0 (6.31)

for 0 < k < p;—2. Therefore the relative half-degree ; of h; is equal to the mechanical

half-index p;. Since, by definition, g pi = n, the condition (M R1) holds. By (6.31)
i=1
(M R2) holds as well.

Sufficiency. Fix a mechanical system (6.1) and take hq(x),..., hy(x) € C*(Q)
that satisfy (M R1) — (M R2). Note that by Lemma 6.17, the map & = ¢(x) =
(hi, Lehy, ..., L%~ h;), for 1 < i < m, is a local diffeomorphism ¢ : X € @ — X C
Q, where X and X are open neighbourhoods of zy and 0 € R™, respectively. The
diffeomorphism ¢ on X induces a diffeomorphism on TX, i.e. the extended point
transformation, ® : TX — TX such that (Z,7) = (¢(z), Do(z)y). Denote auxiliary
integers

szzl% for 1 <j<m,

and we have

7' = hy(z) gt =dhi -y

B = Lo J* = dLehy -y
=Ly § = dLy " hy -y
gHitl hz(l’) gm—&-l =dhy -y
i = L hy J** =dLP? hy -y
GHm—1+1 B, gﬂmfl'f'l =dhy, -y

it = Lo hy, g = dLo -y,
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We represent the mechanical control system (6.1) in the new

where y = y zl‘
coordinates (Z,7)

. ohi
1 L g _ sl
x 8xjy Yy
. 0%h ~ ohy ., 0%h oh1 - h oh
1 gk 900 e '1 _ 1Fz 11 11 —
oY gt <83336:Uk oo J’ﬂ) +Z g I
= Lhy = 72
since, by (MR2), 20y — 9t = Vdhy = 0 and 244! = Ly, hy = 0, by (MR1).
Assume that for a certain 1 < s <p; —2
. 0L8_1h1 ;
S e J _— 8
v om0 Y (6.32)
j° = Lihy = &

Then we have

. OL3hy

Ls+1 el ~s54+1
T e Y

st OPLih 0L

ook VY + ox?

0?Lshy 0Lk o L h1 OLShy
_ e 1-\2 z z Uy = Ls—l—lh _ ~s+2
<axJ8xk ozt +Z ozt I -
since, by (MR2), 25l 9Lihpi — gqrsh, = 0 and 2%l = L, Lihy = 0, by

oxJ Bxk axl

(M R1). Thus, by an induction argument (6.32) holds for all 1 § s <1y — 1. Next,

we calculate

_ OL"1hy . _
Sz - e J — o
Z O Yy Yy
i o BLZI‘lhlyi _(9PLE T 9Ly 1h1 ot
OxIOxk ox' OxI0zk oxt
OLM = 1hy . oL~ 1h
_|_371 l‘i‘Zilg;Ur—Ul

—e
ox’ = oxt

Thus, the equations are linear for the first 2u; state variables (i.e. 7; positions Z* and
vy velocities ¢, for 1 <14 < ;) using the first function h;. We repeat this procedure

for the remaining m — 1 positions and velocities. For 2 < p < m,

. oh.,, .
spp—1+l _ TP G sppo1+l
o T ol T ’
0%h, Oh,
Spp—1+1 ONp i
Y ﬁmﬂ(?xky F+ ozt
thp 6hp i . k ahp Z 6hp ; T
~ (gt~ G it Gt 3 St = by =

. 9%hy Ohp i Ohp _
since g2y — 5001, = Vdhy = 0 and 527 g = Lg, hp = 0.
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Assume that for a certain 1 < s <, —2

oL hy 145
om V=T (6.33)
g1t = Lih, = Fhp—1ts+l1

FHp—1ts —

Then we have

FHp—1ts+l agi?pyj - gﬂp—1+3+1
O?Lsh, ; .  OL:h,
e 7.k e''p i
dzioek Y or Y =
PLthy 0Ly \ ok, aL hp r OLzhy
:<8xj8xk Oxt L > vy +Z gzt I T
— Ls+1hp — j;up_lJrerQ’

y‘:’,u‘pfl +s+1 —

since gifggi - 85;” I k= = VdLih, = 0 and aL h” gl = Lg.Lih, = 0. Thus, by an
induction argument, (6 33) holds for 1<s< Vz — 1 Next we calculate

vp—1
OLc" hpyj _

FHr = 527 gﬂp

: 2Ly 'h, ., oL 'h, . (02LZ 'h, OLZ 'h, .\
- P, g,k € P i € P € P i 3.k
v = dziozk 7Y + ozt 0xI Oxk ozt Uiw ) v’y

oL 'h, . L o> 'h
+ 7(;%1 Pe' + Z —or P giu, = i,
r=1

We result in the mechanical canonical form, i.e. a chains of double integrators, thus
proving that the system is MF-linearizable. O

The linearizing mechanical diffeomorphism is given by

(%,9) = (z,y) = (¢(x), Dp(x)y)  with (6.34)
_ _ . T
o(x) = (h1, Lehn, -, LD o, b, Leha, -, L2 o,y o, Db, - LI )

and the new control is

217v;—1 vi—1
_ (a LV—'h;  OLY hr>

U = y? y + L”Zh + ZLQTLZZ_lhiuT,

OxI xk o'
r=1
or using matrix notation
i =C(z,y) + Az) + B(z)u,
where u = (uq, ..., um)T, = (a, ,ﬂm)T,
L7 hy LglLZ“lhl Lgngl Ihy
Alz) = , Bl@)= : :

Lgm b, Lg L/ Vhy, ... Lgngm—lhm
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OxJ Oz oxt
Clz,y) = ;

L™ hm QLI Than i ) .k
( dxidzF oz’ ij vy

0 —1 o1—1 . )
<8 L2 oLy F;,}g) iy

hence the linearizing mechanical feedback reads
u=B"Y(z)(~C(z,y) — A(z) + ). (6.35)

Corollary 6.19. If the mechanical control system (MS),, ., given by (6.1) is, lo-
cally around xo, MF-linearizable, that is, there exist m functions hi(x),..., hp(z) €
C*(Q) satisfying conditions (M R1)—(M R2) of Theorem 6.18, then the states (z,y) =
(x',... 2™yl ..., y") and the controls u = (uq,...,un) can be represented with the

help of h = (hi,...,hm) and their derivatives

xz(o(h,h,...,h(s))
y = (1 (h,h,...,h(s))
u:C2<h,h,...,h(s)),

where s = (81, ...,8m) = (201, ...,2Un), and s; stand for the highest time-derivatives
of h;, thus h(®) = (hgsl), ... ,h},im)), and (V1,...,Vm) is the vector relative half-degree.

Remark 6.20. Note that the linearizing outputs hi(x),..., hy(x) define a set of
coordinates, for which the evolution of the state (x(t),y(t)) can be determined using
the minimal possible number (i.e. m+n) of differentiations only (of h; (x(t))), instead
of integrations. For mechanical systems (MS) such a choice of linearizing outputs is
unique up to a linear transformations.

The above corollary and remark refer to the property of the differential flatness
[12], [23], [27], [33] and the differential weight [30], [31]. It is well known that all
feedback linearizable control systems are differentially flat. We use that corollary in
Chapter 7 to solve the motion planning problem.

6.4 MPF-linearization of non-controllable Mechanical Sys-
tems

In this section we will formulate and prove one of our main result describing MF-
linearizable mechanical control systems. Contrary to the previous section we will
consider MF-equivalence to any linear mechanical system (LMS), without assuming
its controllability. We refer the reader to Chapter 2 for the definition of the Riemann
tensor R, the total covariant derivative Vg,, and the second total covariant derivative
V2e. For the definition of distributions £/, see Chapter 3 and Section 6.2 of this
chapter. Moreover, we define annihilators of the following objects

e ann £ ={w e A(Q): w(g,) =0, 1<r<m}

e ann R = {w € A(Q) : w(R) =0}

e amn Vg, ={w € AQ) : w(Vg,) =0, 1 <r <mj
e ann VZe = {w e A(Q) : w(V?)=0}.
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Note that, while the above object are tensors of different types, all have one con-
travariant component, i.e. g, is a (1,0)—tensor field, R is a (1,3)—tensor field, Vg,
is a (1,1)—tensor field, and V2e is a (1,2)—tensor field. Thus the definitions of the
annihilators are unambiguous.

Now, we formulate a theorem describing MF-linearizability.

Theorem 6.21. A mechanical system (./\/lS)(n’m), is locally around xo € Q, MF-
linearizable if and only ifit satisfies, in a neighbourhood of xg, the following conditions:

(ML0) £° and E' are of constant rank
(ML1) E° is involutive

(ML2) ann £° C ann R

(ML3) ann&° C annVg, for1<r<m

(ML4) ann E' C ann VZe

Proof. Necessity. Consider a linear mechanical system (E./\/lS)(n’m) of the following
form

X = Y
J o= Ead 4+ blu. (6.36)

r=1
For system (6.36), we have F;k =0, g = by, e(x) = Ex and
[br, bs] = 0.
It follows that ann R = ann Vg, = ann V2e = T*R”. Compute the Lie bracket
adegr = [Ex,b,] = —Eb, (6.37)

and thus
E' =span{by,... by, Eby,...,Eby,}.

Therefore we conclude that (ML0)-(ML4) hold for (LMS),, .-

All objects involved in (MLO)-(ML4) are defined in a coordinate-free way (i.e. are
defined geometrically), so the conditions are invariant under diffeomorphisms. Now,
we will show that they are also invariant under (Id, «, 5,v) € M F.

Consider M F-feedback of the form (6.4). The transformed connection V, and the
components of vector fields € and g, are given by

m
Voo T =Tl — ng«’ﬁk

r=1

e =e+ Z gra” (6.38)

r=1
. m .
7e =Y g8
r=1

The distribution £Y is feedback invariant since the matrix (87) is invertible and
thus

go = Span{gla s 7§m} = Span{gl’ o ’gm} = 507
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therefore it is involutive and of constant rank implying that condition (ML1)is M F-
invariant.
Now, we calculate

adé gr =

m m m
e+ Z a’gs, Z Bfgp] = Z Bradeg, mod 9.
s=1 p=1 p=1

Since the matrix (8P) is invertible, rank €' = rank £!. Therefore (ML0) is invariant.

The 7-part of the mechanical feedback transformation (6.4) modifies the Christof-
fel symbols according to first formula of (6.38) and thus the Riemann tensor of the
closed loop system reads

e TS
]kl akr alF]k+st gl = Hst gk

and we calculate its terms

m m
oLy = ( Z%%z) = 0L = Vaokgt — > 910k
t=1 t=1
. m . m .
oLy, = 0, ( Z%%k) = O, — > Vgt — Y g0y,
t=1 t=1

m m

~. o~ . 4 )

;cs jl = (Fi:s - § ghks) ( E ngJZ) Fk:s gl = F}cs § :gﬁ7§l_
t=1

r=1
. m m .
- Z GVesT5+ DD 99 s
t=1r=1
;s jk = (F;s - Zng)/lts> ( Zgr7]k> I_\ls jk — F;s ng"’}/;k_
t=1 r=1
- Z 9Tk + Z Z GEI LV
t=1r=1

Therefore we have (below V stands for the covariant derivative defined with the help
of F;-k and V for that defined via I‘;k)

m m
Ripy =Ry = viVigi + > v Vigi—
=1 =1 (6.39)

m m m
-> <3w§z — O+ VL5t — L5k — Vhs D 9V + Vs D gﬁﬁk) :
t=1 r=1 r=1

Clearly, for (LMS)
reads

we have R;kl = 0, and Vigi = Vibi = 0 and thus (6.39)

(n,m)

jkl th@kl,

where C;kl =— (&wﬁ-l - (")w;-k Aty 95+ AT gﬁ'y;k) are functions. Since
ann £° = ann £°, it follows that

ann go C annf%
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and (ML2) is, indeed, M F-invariant. .
To prove that (ML3) is invariant we will calculate Vg,, for 1 <r < m. Since

m
Vigi = 0591 + Lipgl = 095 + (Fék - ngﬁfk) 9y =V,gi - Zg;ﬁkgff :
p=1
and denoting VP (g,) = vfkgf , we have
~ m
Var=Vgr—> 9p®"(9r),
p=1

and

S5 =¥ (z ﬂﬁgs> N e+ Y @ g
s=1 s=1 s=1

Therefore we have:

6577«:Zﬁf@gs—FZdﬁf@gs:Zﬁﬁv% ZZBSQP®7 gs Zdﬂs(@gs:
s=1 s=1 s=1

s=1p=1
and since Vg, = Vb, = 0, it follows
ann £° C ann Vg,
implying that (ML3) is M F-invariant.

The second total covariant derivative V2, see Definition 2.13, is given by

e =V3(e+> alg) =V e+Za ®V29t—|—22doz ®Vgt+ZVdOé ®gt, (6.40)
=1 t=1 t=1

where VZe = @?ke" 0; @ dzd @ dz¥ and
@?kei = @j <@ke") = @-@kei + (I‘é-l — Zgé7§l> Viel — <I‘é Zg,{yjk> Vet =
t=1

m
Vke Zg ’yglvkel + Zgi’y;kvlez =
r=1

vy, (z oot St + 33 e

t=1r=1
- Z GV Vet — Z Zgwjkgms ;
r=1t=1
it ot X i t it
where V; (Z gi’ykse“*) = Z Vi€ Vg + t; g:e’Vvis + tzl 9i Vs Ve’
A linear system satlsﬁes F]k = 0 (thus V;(-) = 9;(-)), Vg = 0 and VZe = 0.
Therefore we have

m m m
Vie = g (—esé’ﬂ}is — Vs05€° — ViiOke + Y Vgiagse’ Z e >+Z Vjsghore'.
t=1 r=1



6.4. MF-linearization of non-controllable Mechanical Systems 85

The last term is
m m m
Y Vgt = Y Vg, 0Byt = A5 B
r=1 r=1 r=1
that is, the i-th component of ad.g, = —FEb, multiplied by —Vjk-
Therefore, we conclude that ann £' C ann V2¢, where

El =& =span{by,...,b,, Eby,... Eb.}

and therefore (ML/) is invariant.

Sufficiency. By (MLO0)-(ML0) and Lemma 6.8, we may assume that after appling a
preliminary diffeomorphism ¢ : Q — @Q and u — Su, the vector fields g, are rectified,
that is, g, = % Then we apply a feedback of the form (6.4) with Vi = L0 =
0, 5% = 6% (the Kronecker delta), for 1 < r < m.

Using (6.39), we calculate the Riemann tensor ]:2; i Of the closed-loop system

m m
Ry =Rl = T5Vigh +> T Vigi—
r=1 r=1

m m m
-> g <3kF§l — O + Ty 5 — T3 — Tl ngrﬁ'l + 175 ngF§k> =
t=1

r=1
m
:R; Z Fjlvkgr + Z ry kvlgr Z gr ( st Z gts 3l + F;s Z gfrzk> :
t=1
We will prove that f%;-kl =0. For m+1 <i <mn, we have R;kl =0 (by (ML2)) and
gt =0, for 1 <r < m (since g, = %), implying that
For 1 < i < m, we have g¢ = 0’ and thus

. ag :
vkngﬂ = axz + stgr = ;cra

for all 1 < k <n. Therefore we have

m m
]kl Z F]l kr + ngkr%r - (R;kl - Z F?cs 4l + Z Fls ]k) =0,
r=1 s=1

forl<i<m.
By Riemann theorem, see Theorem 2.11, (R = 0 and V is assumed symmetric),

there exists a local change of coordinates £ = ¢(x), such that fzk(az) = 0. Note
that in this coordinate system, the control vector fields are not rectified any longer,

. , N —1
ie. g = g;agi. Then we apply feedback u — Su, such that (6;) = (g;) , for
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1 <14,7 < m. To simplify notation we drop "tildas" and we thus have

F;k - 0,
= + Xn: o(x) 9 1<r<
g"' 8xr - gr 81'87 r m7
s=m+1
» 0
e =e'(x) ek
The annihilator of £2 = span {g1,...,gm} is given by n — m one-forms

m
wk:dxk—z:gfdxs, form+1<k<n.
s=1

By (MLS3), these forms annihilate the covariant derivative of g, and thus, since

I;k 07
k L k ]
ingrl = 7 ajgrz = 07

which forms sets of PDEs of the following form

89’?—%9’“89;:0 form+1<k<n 1<j<n, 1<r<m.
Ozl = 7° Oxd - T
Since gii =0, for 1 < s < m, it follows that
09y .
8xj:0 form+1<k<n, 1<j<n,1<r<m.

and therefore g% = b¥ are constant. Thus the control vector fields are

0 "0
- S
Oz k=m+1 Ox

Now, consider a linear change of coordinates & = T'x, which is defined as follows
~i i

T =x fOI‘lSZSm

m
x:x’—Zb}xj form+1<i<n.
7=1

Note that linear transformations do not produce new Christoffel symbols, since afj g”;k
(see (6.7)). Therefore we have

0
I B
_ i O
e—e(x)aﬂ..

m
Using feedback € — € 4+ > a” g, we can reject the first m components of € to get
r=1

=0
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Denote rank &' = m + p, where 0 < p < m. We have
gl = span {gl) CIEaE a§m>adé§17 o 7a’d€§m} )

n ~i =i
where g, = % and adsg, = — > 135,. 8‘;. It follows that, if rank (gg,. (:U)) =p,
i=m-+

form+1<i<nand 1l <r < m then there exists a permutation of coordinates
#',...,3" (i.e. a linear transformation preserving I = 0), such that

a~z’
rank <8i(x)>:p form+1<i<m+p, 1<r<p.
iy

It follows that the following change of coordinates

= é'(z) for1<i<p
=7 otherwise
is a local diffeomorphism ¢ in which € = ¢,é = & 6‘;, where
gmtit — i form+1<i<m-+p.
e =eé'(z) (any functions) otherwise.

Again, we apply the mechanical feedback, such that

m
e ety a’gs
s=1

m
gr =Y Bigs
s=1
—_ pe— m .
s=1

since the diffeomorphism ¢ is nonlinear only in first p coordinates, it induces Christof-

fel symbols f;k(i), for 1 <4 < p, that can be compensated by the above feedback.

Moreover, the feedback compensate the first m components of e and rectifies g, = %.
Finally, for notational sake, we drop "bars" and we obtain

e = %P xi_maii + z”: ei(:v)aii
i=m+1 i=m+p+1
0
?T a7
Now, we calculate
0 “ de' 0
adeg; = S Pt Z Oxd Oz’

i=m-+p+1

for 1 <j <p.
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Annihilators of £! are given by

dl’ o Z o m-‘,—s,

form+p+1<k<n.
By (ML/), these forms annihilate the second total covariant derivative of e

VfV el = vF9;0e' = 0,
which forms a set of PDEs
ek B P p2emts Biek’ B
OxI Ox! ot Oxidxl Oxs

a2em+s

form+p+1<k<n 1<jl<n Theterm 35+

1 < s < p. Therefore we have

ek

W:(), f0rm+p+1§kz§n,
T/ O0x

implying that e* = E]’?a:j + c¥ are linear components and e reads
m+p

= > i > (B ) o

1=m+1 i=m-+p+1

Finally the linear mechanical system (LMS), possibly non-controllable, reads

i 1<i<n

it =y
y:u 1<1<m

yzzm m+1<i<m+p
7" :sz]—l-c m+p+1<i<n.

There are several remarks that can be concluded from the proof.

= 0, since e = z*

, for

Remark 6.22. For (MS) with scalar control, i.e. m = 1, the distribution £° =

span {g} is always involutive, therefore (M L1) can be dropped out.
Remark 6.23. If a mechanical system (MS)

(n,m)

1s maximally non-controllable, i.e.

rank &' = rank £° = m, or equivalently p = 0, condition (M L4) is more restrictive

and reads

ann £ C ann VZe.

Moreover, for the two-dimensional case, the conditions can be simplified. If the
mechanical system (MS)(2 1) is maximally non-controllable then the above remark

applies. In other cases, we have £' = 2 = n, thus the condition (ML4) is always

satisfied and can be dropped out. Therefore the three remaining conditions are
(MLO)’ g, adeg are independent at xg
(ML2)” anng C ann R
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(ML3)” anng C ann Vg

In this case g,ad.g are independent and form a frame. Therefore we can express
tensors R and Vg in this frame, as the covariant derivatives of g, ad.g in the direction
of g and ad.g. Note that, this directly corresponds to Proposition 6.12.

6.4.1 Potential-free (MS)

Consider (MS) without uncontrolled vector field, i.e. e = 0. This corresponds to
the case, where the potential energy of the system is zero (or constant), for example,
the gravity is non-existent (e.g. satellites) or the direction of the gravitational field is
orthogonal to the plane of the motion (e.g. planar manipulators). What is more, there
are no additional devices that store energy in the system (e.g. springs). Members of
that class of mechanical control systems will be called the potential-free (MS). They
are also known as affine connection control systems and has been studied by Lewis
[25].
The equations of the potential-free (MS) read

:)'::y‘

m
J = -Ti@)y’y" + Y gi(@)u,.
r=1

In this section, we consider MF-linearization of such systems. First, we consider their
linear form, i.e. a potential-free (LMS). For simplicity, we use the matrix notation,
as introduced in Chapter 4. The system reads

T =1y
y = Bu.

By Lemma 4.2, the potential-free (LMS) is controllable if and only if rank B = m =
n, i.e. the system is fully-actuated. Since for fully-actuated case, the conditions for
MF-linearization are always satisfied, we call this situation trivial (e.g. for fully-
actuated manipulators this is known as the computed torques method). On the other
hand, the underactuated case can be summarized with the following corollary.

Corollary 6.24. There are no controllable, underactuated (i.e. m < n), potential-
free (MS) that are MF-linearizable.

Note that, this corresponds to the classical case of F-linearization of driftless
systems, where there do not exist controllable, underactuated (i.e. m < n) driftless
control systems that are F-linearizable.

Now we can consider the non-controllable case. We invoke conditions (M L0O) —
(M L4) of Theorem 6.21 and investigate them in this case. Note that condition (M L0)
is simplified and condition (M L4) is trivially satisfied, therefore can be omitted. The
rest conditions remain. Thus we have

Proposition 6.25. A potential-free mechanical control system (MS)(mm) is locally
around xog MF-linearizable if and only if it satisfies

(MP0) E° is involutive and of constant rank
(MP1) ann&° C ann R

(MP2) annE° C ann Vg, for1<r<m
The proof follows directly from the proof of Theorem 6.21.
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Chapter 7

Examples and control problems
solved using linearization

In this chapter, we present several examples of mechanical systems and investigate
their linearizability. Then, we use our theory to solve some control problems in more
involved cases.

7.1 Examples

Example Robot cart propelled by a blower. Consider a simplified model of a cart
on rails (as considered in [19]) propelled by a horizontal blower whose angle of thrust
(denoted x') can be controlled and the thrust T is fized (therefore it is a constant
parameter). The system is depicted in Figure 7.1. The position of the cart is .
Denoting by m the mass of the cart and the moment of inertia of the blower by J, we

can write stimple dynamics of the system:

Jit=u

mi? = 7 cos xl,

thus the corresponding equations of (MS) read (with b= % and a = Z)

1

2

"
?
bu

T
T
-1
Y
y'2 =acosz!.

FIGURE 7.1: Robot cart propelled by a blower.

We will illustrate with this system several questions related to our results. No-
tice that all Christoffel symbols I =0 and therefore the Riemann tensor R = 0,
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see (2.10). It is obvious because the mass matrix (the metric tensor) m = (m;;) is
Euclidean, with m11 = J, mgo = m, mq2 = mg; = 0.
The first question is whether (7.1) is MS-linearizable, that is, can we find a (local)

diffeomorphism ¢ that keeps Fék = 0 and g constant and simultaneously linearizes

the drift a cos 3318%2. Theorem 5.6 gives a negative answer to that question. Indeed,

R =0 (giving (MNS1)) and Vg = (%) = 0 (giving (MNS2)) but (MNS3) fails since

Oz
Vie = (axafig;k) = (0 because (%) = —acosz!.

The second natural question is whether allowing for MF-transformations (me-
chanical feedback) improves the situation. The positive answer is given by Theo-
rem 6.21 (see also Remark 6.22). Indeed, £° = span{g} is involutive, (ML2) and
(ML3) are trivially satisfied since R = 0, Vg = 0 and, finally, (ML4) holds since
&' = span{g,ad.g} = TS x TR and thus ann &' = 0.

The third question is what are MF-linearizing functions (outputs) of system (7.1).
The answer is given by Proposition 6.15. All functions h satisfying (MP1) are of the
form h = h(z?), h'(z?) # 0. Since '} = 0, we see that for h = 2% we have V (dz?) = 0
and thus it is, indeed, an MF-linearizing output. However, if we take an arbitrary
h = h(z?), then dh = h/(x?)dz? and V (h/(2?)dz?) = h"(2%)dx?® ® dz?, which vanishes
if and only if A” = 0. It follows that all MF-linearizing outputs (satisfying h(0) = 0)
are of the form h(z?) = cx?, ¢ # 0, ¢ € R and so they are very particular among all
F-linearizing outputs that are of the form h = h(z?), h'(2?) # 0.

In the above example we discussed F-linearizable system that is MF-linearizable.
One of the crucial questions for the whole thesis is the following: are there F-
linearizable systems that are not MF-linearizable? An answer is given by the following
example.

Example Linearization of the two-link manipulator with joint elasticity.
Consider a two-link manipulator with joint elasticity. It can be viewed as a combina-
tion of the two-link manipulator (see 3.53.2) and the single link manipulator with joint
elasticity (see 3.3.5). For a modelling and analysis see [20] (and equations (13-14)
there). However, we neglect friction terms as irrelevant in our study. Moreover we
assume unit gear ratios in both motors. We invoke equations of (MS) and do not
focus on their physical interpretation as it has been done in the previous examples.
All parameters below are constant for a given construction.

Let ', 2% denote the angles of the first and the second link respectively and x>, x
denote the angles of the first and the second motor shaft. It is a mechanical control
system with 4 degrees of freedom, v = (2,22, 23,21) € Q =SxSxSxS=T4, and
two controls (u1,uz) € U C R%. The equation of (MS) on TQ read

4

it =y
i2 = o2

i3 =48

i1 = gt

gt = -Tj/y* + e
9= —Thy/y" + €
y3 =e3 + Jllul

y4 =l iug
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where only non-zero Christoffel symbols are:

2(3sinz sin x“ cosx
2 4 g 2 2

162 — (5 cos? a?

F%l = *F% = *F F22 =

CQCS sin .’E2

(1Ga — (5 cos? z?
_ Gsina? (G + G + 2¢3 cos z?)
a 1Ga — (5 cos? x2 ’

and components of the uncontrolled vector field e(x) are

1 _ 1 _p1 _
I‘12_]‘_‘21_F22__

2
F11

ol —Coky (2t — ) + ko (22 — 2%) (G2 + (3 cos 2?)
B 12 — (3 cos? x2

2 ki (2! — 23) (G + (3 cosa?) — ko (22 — 2%) (¢ + G2 + 2¢3 cos 2?2)
B C1G2 — (3 cos? 2

5 _ k(2! =2

e’ = 7
A ko (2% — 2%)
Jo ’

and the control vector fields are g1 = Jl 623 and go = ii

5 Oxt
Equivalently, it is a control system on the mamfol M TQ equipped with coor-
dinates z = (z,y)

z2=F(2) 4+ G1(z)ur + Ga(2)uz
where F,G1,Ga € X(M),

4

FeXi;
1

Ji

9 ' 9 0 ?
I S T2 ik L 2 3 !
-+ (—Thy'y +e)ay1+( 'y +e)ay+ a7t 5

19
J2 8y4‘

0
G = a— and Gy =
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A direct calculation of the iterative Lie brackets gives

1 0
adrGh = J, 0x3
1 0
adFGQ = —72@
adiC — k1Co ki ( §2+§3cosx) 0 k0
Fel J1 (C1¢e — (2 cos? 22) Ji ( Cng —(2cos?a?) ) 0y?  JEOy3

WGl — — ko (¢2 + (3 cosz?) i §1+C2+2§3cosx) 0 kO
e J2 (Ci1¢e — (F cos? z?) | Oyt 9 (C1¢e — Bcos?a?) ) Oy?  J3 Oyt
3 . k1Co 0 CQ 4+ (3cosx ) 0 ki 0O
adpGh = - 222) Oxl 2.2Y | 9.2 " 1293
J1 (C1¢2 — (3 cos?x Ox! Cng — (3 cos?2?) ) Oz Jt Oz
0 0
+ al( )a 1 + U’Q( )ayg

a3 — ko (C2 + (3 cos z?) 0 ko (C1 4 G2 + 23 cos 2?) ijL@i
A, (C1¢2 — 3 cos? 2?) | Ot Jo (C1¢2 — (B cos?a?) ) Oz JZ Oxt

0

+ a3( )

+a’4( )ayQ?

0
Ayl
where a1(2),a2(z),as(z),a4(z) are functions whose explicit form is irrelevant here.
What is more, all Lie brackets of the following form are zero, i.e.

lad; Gy, ad},G,| =0,
forr,s =1,2,¢=0,1,2, and 5 = 0,1, 2,3. However, we calculate
{ad%Gr,ad‘}Gs] £0,

thus the system is not S-linearizable (see Theorem 2.19). The linearizability distribu-
tions DY, D!, D? are involutive and of constant rank 2, 4, and 6, respectively. Finally,
D3 is of rank 8. Therefore, by Theorem 2.21 the system is F-linearizable.

Set hy = 2! and hy = 2 and calculate the vector relative degree. For r,i = 1,2
and k£ =0,1,2 we have

La, L =0,
and
k1¢o
Lo, L3hy =
G T (GG — G eos?a?)
k1 (G + (3 cos z?)
Lo, Lihy = —
Cripte Ji (G1éa — €5 cos? 22)
ko (Co + (3 cos z?)
Lo, Lih, = —
SER Ja (C1¢a — (5 cos? x?)
k + (o + 2¢5 cos 2
Loy Lihs = 92 (G + G +2G )

J2 (G162 — (§ cos? z?)

thus the decoupling matrix D(z) = (Lgr Lj'ﬁi_lhi> (z) is of full rank 2. Therefore we

conclude that the vector relative degree is (4,4) and the system is F-linearizable with



7.1. Examples 95

the linearization outputs h; = 2°, for i = 1,2 (see Theorem 2.26).

At this point, we could expect that, similarly to the cases presented before, the
system is also MF-linearizable. However that is not the case here. Indeed, the lineariz-
ing diffeomorphism is not mechanical since L%hi = 4" do depend on velocities, which
is an obstruction for MF-linearizability. To show that there are no MF-linearizing
outputs defining a mechanical diffeomorphism, we will prove that the system does not
satisfy the condition (M L2) of Theorem 6.21. Calculate the non-zero components of
Riemann tensor

Rijg = —Riy = —R315 = R3y = — (=G + G5) Gy cosa” (Ga + Gy cosa?)
(162 — (3 cos? 22)?
(i1¢2 — () GoG cos z®
R%u = _R%m = ( 3)

(¢1¢2 — €3 cos? x2)2
(—CiG + C:%) (3 cos z* (C1 + C2 + 2¢3 cos xz)

(¢1¢a — ¢ cos? 902)2

2 _ 2
R112 - - _R121

and

2
det Ry Rbyy | _ (GG +(3)” (5 cos®a?
¢ R2 R2 o 2 2 2\3
112 1212 (C1¢2 — 5 cos? a?)

is non-zero at regular points. We see that the system is not MF-linearizable since
E° = span {g1, g2} = span {%, %} and its annihilator @ = span {dx!, dz?} clearly
is not contained in ann R = span {dz?, dz*}.

In conclusion, we showed that the system is F-linearizable and even the lineariza-
tion outputs depend on the configurations only, i.e. h; = 2, for i = 1,2. Although,
the linearizing diffeomorphism is not mechanical, which results in the transformed
system is linear but not mechanical. That shows the distinction between the MF-
linearization and F-linearization.

a

FI1GURE 7.2: Cart-pole system.

Example Cart-pole system. Consider a pole on a cart (also known as a P-R
manipulator or an inverted pendulum on a cart) as shown in Figure 7.2. The pole
is a uniform density beam of length 21 and mass m with center of mass at the pole
center. The angle of the pole is denoted x> and the position of the cart is x'. The
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mass of the cart is M. The kinetic energy of the system is
1 2142 2.1.2 L (4 9\ o0
T:E(m—i—M)(x) +mlcosz i & +3 gml (%)%,

and the potential energy is V = mal cos 2%, thus the equations of dynamics read

2
(M +m) &' + ml cos %% — m sin 2 (:n2> =F

1251

.. 4 .
ml cos z%i + gm ! — malsinz? = F5.

We will consider two types of actuation, namely the only control force is applied
to the cart, i.e. u := Fy, Fy = 0, or the control torque is applied to the pole, i.e.
u = Fg, F1 =0.

First, we will consider the case with the control force applied to the cart, i.e.
u:= Fy, F» = 0. By inverting the mass matrix, the equations of (MS) read

Pl =y
P2 =

gt = —F%Q?fyz +e! +g'u
) = —T50%y° + € + g*u,

where, for n = 3/ (ml? (4(m + M) — 3m cos? 2?)),
1 4 93 2 1 L 29 2 1 2
Iy = —3m IPsinz”|n, e = —gm [“asin(2z®) |n, g = gfml 7,
I3, = <m212 sin(2x2)) n, € = ((M + m)mal sin xz) n, 9> = (—ml cos :c2> n.

By a direct calculation, see (2.10), the Riemann tensor is R = 0, so the system
belongs to a class studied in a series of papers by Bedrossian and Spong, see [2],
[3], [44]. In order to linearize this system, annihilating non-zero Christoffel symbols
requires applying a non-trivial mechanical diffeomorphism, contrary to (7.1), where
Fi-k are zero in original coordinates. A natural question is whether the cart pole
system (7.2) is MF-linearizable? By (2.7), we have Vg = nVg + dn ® g, where
g= <§ml2) 8%1 + (—ml cos x2) %. Hence, we calculate

_ [ Vig' Va3t
vg_<v192 Vag? |’

where, denoting ¢; = —%mgl?’ sinz? and ¢y = —%mQZ?’ sin 22, we have

Vig' =V o g' =0
X

V1> =V 0 g°=0
ozl

9g' 1 -2 -
Vol =V 2.9 =53 +I'599° = cing
_ dg* 5 07
Vag® = Vai2 = 5.2 +13,5% = =352 + cang?.
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Since % = 0, we obtain

In
1 _ =1 -1 _
Vig —nva%g + 519 =0
Vig? =0V 0 P+ g2 =0
19 n Tilg Ozl 19
0 2 .
Vag' =0V o g+ 55" = —=m3 sin(20%)?
ox2 8 3
0
Vag? :nv%g%ra—ng 3m213(m—|—M) sin 227>
ox

Clearly ann g = span {w} where w = cos z?dx! + %ldm2, therefore

w; Vigt =0
8 sin 22

—5m — 8M + 3m cos(2x2)

) 4
w; Vog' = cosx2V291 + §ZV292 = —

so the condition (MLS3) of Theorem 6.21 is not satisfied and therefore the system is not
MF-linearizable. This example shows that the class of systems satisfying R = 0 (the
class of Bedrossian and Spong) does not coincide with the class of MF-linearizable
Systems.

Example Cart-pole with the control applied to the pole. Consider the cart-
pole system of the previous example, but now the control torque is applied to the pole,
i.e. u:= Fy, F1 = 0. The equations of (MS) are the same as in (7.2) except for
gt = (=mlcosz?)n and g*> = (M +m)n

We perform analogous calculations, for g = (—ml cos 22) -2 g1 T (M +m) 8@

Vig' =V 0. g =0
Ers

Vig>=V 2 g°=0
Ers

gt 5 0g!
= 02 +Tg09° = 922 + c1ng?

2 07 2 -2 9
Vaog~ = Va%g =02 +1'329" = cang”.

Vag' = Va%gl

Again, since 59 I = (0 we have

on _

Vigt=nV o gt + =gt =0
19 =nV o9 +8x19
on
2 _ - 2
Vig —nva%g + 5,19 =0
0 1
Vag! :nv%gl + 8772§1 2m?’l3 cos 2 sin(2z%)n?
on =2 _ L 99 2
Vag* —nVag +(‘) g 5ml(m+M)sm(2:c)

The annihilator ann g = span {w}, where w = (m + M)dz' + ml cos 22dz?, therefore

w; Vig' =0
wi Vag' = w1 Vagh + waVag? = 0
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and thus the condition (ML3) of Theorem 6.21 is satisfied. Since R = 0 and £° =
span{g}, both (ML1) and (ML2) are satisfied. Now we calculate

adeg = (m2l2a(M + m) cos? :1;2772) 8(331 - (mla(M +m)? cos m2n2) 8?2
and g and ad.g are linearly dependent (in fact, so are g and e). Therefore £ =
&' are of constant rank 1 ((ML0) is satisfied) and the system is maximally non-
controllable. Thus, we apply Remark 6.23 and calculate more restrictive (ML),
namely ann £° C ann VZe. We calculate the components of VZe = Vijei 821- ®
do? @ da*

ViViel = ViVae! = VaVie! =0

for i =1,2 and
1
VyVael = %m4l6a(4M +m) (17m +8M +9Im Cos(2x)) sin(22%)n?

1
VoVae? = —Em3l5a(m2 + 5mM + 4M?) (17m +8M +9m cos(2x2)) sin 2%

and we see that (ML/) is satisfied since, for j, k = 1,2,
wlvj'vkel + w2VijeQ = 0.

To summarize, the system is MF-linearizable to a linear mechanical system (LMS).
Notice that, first, a nontrivial mechanical diffeomorphism and mechanical feedback
are needed for linearization and, second, the linear system (£LMS) is non-controllable
(the controllable and non-controllable subsystems are decoupled by linearizing trans-
formations).

Finally, assume that there is no gravitational force acting on the system, that is,
a = 0 implying e = 0. The same effect can be obtained by applying a suitable me-
chanical feedback to the previous example (since e and g linearly dependent). This is
an example of a potential-free mechanical systems (MS), the class that is considered
in Section 6.4.1. As we have just seen, the system satisfies conditions (MP0)-(MP2)
of Proposition 6.25 and therefore the system is MF-linearizable to a linear mechani-
cal system (LMS) that is non-controllable which is perfectly conform with Corollary
6.24 stating that there are no potential-free (recall e = 0) underactuated systems that
are MF-linearizable.

7.2 Control Problems

Now, we show several practical applications of the established theory, that is a direct
utilization of MF-linearization in the control synthesis. Based on the considerations
outlined in Chapter 6, we design a controller in systematic and relatively simple man-
ner for any controllable (MS) that is MF-linearizable. The control scheme consists
of a cascade control approach, where an inner controller is the linearization feedback,
that brings the (MS) to (LMS) and then, an outer loop is designed to preform a
particular control task. This approach is summarized with the following scheme.
The great advantage of this approach is the fact that the task controller is designed
for a linear system. Therefore, the (simple) linear control techniques can be used,
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Mechanical System

MF-linearization
Controller
(6.33)

T ( MF-diffeomorphism
| (6.34)

d: TQ—TO
(2,9) = (6(2), Dp(z)y)

Linear
Task
Controller

Mechanical cannonical form

W (4.18)

Linear
Task
Controller

FIGURE 7.3: The cascade controller for MF-linearizable (MS).

such as root locus or linear stability analysis (e.g. Hurwitz stability criterion), which
is almost immediate in contrary to generally challenging nonlinear case.

We illustrate our considerations with numerical simulations for three mechanical
control systems presented in Chapter 3, namely the Inertia Wheel Pendulum, the
TORA system, and the single link manipulator with joint elasticity. Therefore we
refer there for the modeling part and here, we invoke the final equations of these
systems in the form of (MS). The presented control tasks are arbitrary and focused
on exemplifying a particular feature of the system that is discussed, rather than
being of strict engineering practice. Our goal is to separate the impacts of various
phenomena and investigate them one by one. Therefore, some assumptions that have
been made might seem impractical (e.g. mnon-zero initial conditions or availability
of the whole state). However, we claim that it is quite simple to satisfy them (e.g.
observers design), even if the practical implementations of these solutions are beyond
the scope of this thesis.

First, we define 3 types of control problems for which we present solutions using
our results. We assume that the linearized system is controllable, i.e. rank £~ ! = n.
Moreover, we do not define the actual regularity class of the designed controllers, as
it can be easily done in each particular implementation.

Consider a mechanical control system (MS), 1y, with 2 degrees of freedom and
one control, that is MF-linearizable

i_Z:yl

. . . . . 7.
§ = T ()y’y" + €' (z) + g (z)u. 73
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and the corresponding linear mechanical canonical form, obtained from (7.3) via
(Z,5) = (¢(x), Do()y) and u = v (x)y'y" + a(z) + B(2)a,

21 1

2
Il
<

—
[

- <
)
Il
=

(7.4)

S
|
<
o

Il
=4

)

for which the outer loop controller is designed.

As mentioned earlier and summarized in the Figure 7.3, each solution uses the
cascade controller. The inner controller is a mechanical feedback controller (6.35)
that linearizes the original system (7.3) by transforming it into the corresponding
mechanical canonical form (4.18). The outer controller is a simple linear feedback
that solves the control problem for the linearized system.

Since our simulation examples present systems that belong to the class of me-
chanical systems with 2 degrees of freedom and a single control, i.e. (MS) (2,1)> We
limit our considerations to that case. All problems and proposed solutions presented
in this Chapter are defined for (MS)(M), however they can be simply generalized.

7.2.1 Stabilization

Definition 7.1 (Stabilization problem (set-point control)). For system (7.3), find a
feedback control law of the form

U = w(% Y, Te, H)?

where K is a set of constant parameters, such that the desired point r. € Q is an
asymptotically stable equilibrium of the closed-loop system given by

r =9y
yi = —F;k($)yjyk + el(w) + Qz(x)d’(l’a Y, Le, H)’

For the linearized system (i.e. equivalent to (7.4)) we propose a simple state
feedback

1 1

i =~k (3 = L) — kag" — e — ral (7.5)
where (1,0) = ¢ (zl,22) is the image of the desired point (z!,22) € Q under the
linearizing diffeomorphism & = ¢(z) given by (6.34). The control gains k; are chosen
so that the characteristic polynomial of the closed-loop p(\) = A\ +kg A3+ kg 2 +ro A+
k1 is a Hurwitz polynomial. By Definition 7.1, the problem is solvable at equilibria
of the closed-loop system. In order to characterize them for the original mechanical
system (7.3), i.e. to define a set of stabilizable points, we equate the right hand side
of (7.3) to zero. The first equality y° = 0 restricts the state space to the zero section
of the tangent bundle, i.e. the set of zero-velocity points (z,0), which can be further
identified with the configuration manifold ). Therefore the second equality can be
simplified into e(x) + g(x)u = 0, or equivalently, e(z) = 0 mod £°. Thus, it is one
dimensional submanifold of @ defined by {z € Q: LIh =0,1 < j <n}, that is, a
curve which defines the set of all stabilizable points.

Note that for the linear system (7.4) the asymptotic stability implies the expo-
nential stability. This implication also holds locally for the original system (7.3).
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The global problem can be addressed if the configuration manifold @ is R™ (or it is
globally diffeomorphic to R™) and moreover under two conditions:

(i) Both the linearizing diffeomorphism ® = (¢(z), D¢(x)y) and the cascade feed-
back (consisting of (6.35) and (7.5)) are globally defined,

(ii) 3 ¢ € R, such that ||¢(z)|| < ¢||x||, where || - || denotes the norm.

Notice, that is not the case in our examples where at least one of configuration
variables denotes an angle in S.

7.2.2 Point-to-point controllability (a motion planning)

Definition 7.2 (Point-to-point controllability (motion planning problem)). For sys-
tem (7.3), given initial conditions

z'(to), y'(to), and wu(ty), (7.6)

where tg is the initial time, and final conditions

a'(tp), y'(ty), and u(ty), (7.7)

where ty is the final time, find a trajectory t — (x*(t),y'(t), ur(t)), for t € [to, /]
that satisfies (7.3) with (7.6) and (7.7), that is, a feasible phase space trajectory
t— (2%(t),y'(t)) and the control that generates it t — u(t).

Taking into account a direct consequence of Corollary 6.19, a reference trajectory
hq(t) in the space of linearizing outputs can be designed. We state the problem of
point-to-point controllability as that of generating a reference trajectory hy(t) by
finding a solution of the system

which is a reference system for (7.4). In other words, we find the reference trajec-
tory hg(t) starting, at the initial time ¢g, from a given value h(ty), together with
given values of the successive time-derivatives hq(to), hq(to), hg’) (to) as well as that
of the reference control u4(to) and arriving, at the final time t¢, at a given final
configuration hg(ts) (with given values hg(tr), ha(ty), hglg) (tf)), and @q(ty). We thus,
fix 5 initial conditions (hd(to), ha(to), ha(to), hég) (to), hff) (to)) and 5 final conditions

(Ralts)shats), halts), hG) (t5), b (1) ), where BSY(to) = @a(to), by (ty) = alty).
We will design each reference trajectory hg(t) in the space of polynomials of degree
9, with 10 coefficients a; for 0 < k < 9 calculated based on the initial and final
conditions.

The polynomial hy(t) is chosen as

9 t—to \"
t) = Zak< > , (7.8)

=0 tr —to

and its derivatives are given by

9 t—to \' 7"
W (1) = kzz— ‘ <_°> . (7.9)

tf—to & tr —to
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The coeflicients a; are computed by equating the successive derivatives of hy at tg
and ty with the initial and final conditions, respectively. In order to simplify these

calculations, note that, the first 5 coefficients (ao, ..., as) can be calculated directly
tr—to)
a; = Mh&”(to), for 0<j< 4, (7.10)
4!

and the remaining as, ..., ag are given by the system of linear equation

r Pt ) ! 29: & for 0<k<4 (7.11)
te) = ay, for 0 <k < 4. .
ST =) & =R

To summarize, there are 10 coefficients aj in total, 5 to be calculated from (7.10)
and the remaining 5 can be calculated by solving the linear systems given by (7.11).
Now, putting the calculated reference control @(t) := @4(t) into (6.35) results in the
open-loop control that solves the point-to-point controllability problem.

7.2.3 Trajectory tracking

Given that the motion planning problem has been solved previously and consequently
hq(t) and their derivatives are known, the trajectory tracking problem can be tackled.
In order to define tracking on manifolds, we fix a metric on the tangent bundle TQ and
the most natural choice is the Sasaki metric @ [13], corresponding to the Riemannian
metric m on (), that preserves lifting vector fields both horizontally and vertically.
Denote by gz the Riemannian distance defined by i on TQ).

Definition 7.3 (Trajectory tracking). For the system (7.3), find a feasible (reference)
phase space trajectory t — (x4(t),yq(t)) and find a control law u = (x,y,t), such
that

Jim 0a ((za(t), ya(t)), (2(2), (1)) ) = 0.

Choosing an arbitrary function of time hq(t) being at least class C*" we can create
a phase space trajectory of (7.4) by setting

2y = ha(t)
74 = ha(t)
5 = ha(t)
Yg = hgzg) (t)

and the corresponding control @4 = h((f). Then (z4(t),ya(t)) = &1 (~ (t),9a(t)) is a
feasible trajectory of (7.3) corresponding to the control u = ;(z)y/y* +a(z)+8(z),
where @ is a trajectory tracking controller for (7.4) designed as follows

a=r (g =) +n (G —9") +rs (8- 32) +ka (B3 - 7%) +a (712)

where x;, with j = 1,2, 3,4, are control gains. By plugging (7.12) into (7.4), the error
dynamics of the closed-loop system is obtained as

e 4+ K46(3) + ko€ + kg + k1e = 0,
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where e = :E}l — &1, Appropriately chosen gains (for example using the pole placement
method) ensure that the error dynamics is asymptotically stable.

Note that, if the reference trajectories are defined on a finite time interval [to, t ]
(as it is done in the point-to-point controllability) then the solution requires the
system to start "sufficiently close" to the reference trajectories, in order to be able to
almost approach them before the experiment ends, that is, before ¢;. Although this
assumption is theoretically limiting, we claim that from practical point of view, it is
relatively easy to be satisfied.

7.3 The Inertia Wheel Pendulum

Recall the equation of the Inertia Wheel Pendulum, see Section 3.3.3,

T =y
.2 2
=y
. (7.13)
gl = el + glu
7 = e + g*u,
where:
m 1
elz—osinxl, gt = ——,
mq mq
mg . mg+ J
62:——Osm:r1, gQ:M.
mq Jomyg

We will consider control problems where the number of revolutions of the wheel are
important therefore we will consider the configuration manifold to be Q = S x R,
that is, 22 € R. In the subsequent simulations we use the following parameters taken
from [48]:

L1 = 0.063 [m],
my = 0.02 [kg],
ma = 0.3 [kg],

Jy =47-107° [kg - m?],
Jo =32-1075 [kg - m?], (7.14)

m

kg - m?
mo = aLi(m + 2my) = 0.3832 [ g-m ]

52

mg = L3(m1 +4mg) + J; =49 - 107 [kg - m?).

7.3.1 MPF-linearization

We will verify whether conditions (M D1) — (M D3) of Proposition 6.12 are satisfied.
First, we calculate



104 Chapter 7. Examples and control problems solved using linearization

m 1
M cogxl 0 -1 M0 cos
adeg =0 — " 1 T, | = " 1
— % coszt 0 mytJa — % cos T
d

Jomg

It can be checked that g and ad.g are independent for z! # +Z 5, which denotes the
horizontal position of the pendulum, therefore (M D1) is satlsﬁed everywhere except
z' = +£Z. Next, we need to verify condition (M D2).

g’
Vyg = (a 779 + D gg)

Vad,gg =0 € &,

82.:0650
X

hence (M D2) is satisfied. Finally we calculate

LS
Vyadeg = M
ge — Mg gin gt
my

2
m .

— 20 sin ! cos !

m

Vad.gdeg = m2* . 1 1
—%sinz cosx
my

2
Z—% cos(2z1)

V¢Viad.gadeg = m2 )
——2 cos(2z")
mg
2
— 20 sin? !
\Y% deg = "
Vgadeg@Qed = m2 .9 4
—5 SIN~ T
d
2
0 cos? !
— d
Vad.gVgadeg = m: o
——2cos*x
d
Vvadeggadeg =0
2
g cos? x!
Vg adeg adeg = VgV, gadeg — Vv ad,g0deg = d 5 1
—gcosTw
d
2
9 mg cos? !
= — — d
Viad.g.gded = Vad.gVgadeg — Vv, , ,q0deg = m2 5 1
——2 cos*x
d
V2 deg — V2 deg=0¢&°
gyadeg ¥@ed — Vad.g,g Weg = .

Therefore (M D3) is satisfied. Since all conditions (M D1) — (M D3) are satisfied the
system is MF-linearizable.
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Next, in order to find a linearizing output h, we need to solve the following set of
equations, see Proposition 6.15,

Lyh =0
LyLch #0
V(dh) =0,
and a solution is h(z) = mdjij;‘]?xl + 22 (all other are of the form ch(x), where

¢ # 0, ¢ € R). The linearizing diffeomorphism (z,9) is ®(z,y) = (¢(x), Do(x)y) with
¢(x) = (h, Lch)T. Therefore, the system in new coordinates reads

21 md+J2 1

2 _ -1
€T = ——— + =
T Y Y Y
21 Mg+ Jo (mo .1 1 ) mo . 1 Mg+ J2
Yy =———|—snr ——u|— —snr +———u=
Jo mg mg mq maJa
= M ging! = Loh = 72 (7.15)
Jo
T Mo CcoS xlyl = gj2
Jo
2
+9 mo . 111 mp . 1 1 -
= ——sinx + sin(2x”) — cos X U = Uu.
y J2 vy 2de2 ( ) de2

7.3.2 Stabilization

The simulations concerning stabilization task were performed on the basis of the
overall block diagram presented in Figure 7.4. All blocks are discussed briefly. The
block IWP consists of the equation of dynamics of the Inertia Wheel Pendulum (7.13),
the block MF-feedback is the linearization controller, calculated based on (7.15),
which reads

mgqJ:
u=mpsinz' — —22Z sec i — mg tana'y'y'. (7.16)

mo

The linear stabilization task controller (denoted as Lin-controller in Figure
7.4) is of the form (7.5), and finally the block Diffeomorphism contains the change
of coordinates, i.e.

=T +x
- mq + J:
1_"d 2t 4 Y
J2 (7.17)
2 = M0 sin 2!
J2
2= cosar:ly1
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L {—Vﬂ x1b
x1 ‘

MFlin

1
s

-Gk

x2

x2b

MF-feedback
Lin-controller Diffeomorphism
X1 ¢ X1 x1 4
- 1 §1 y1
! LI‘; %2 |« X2 $ X2
y2 [« y2 y2 <

A

FIGURE 7.4: The simulation scheme for stabilization of the Inertia
‘Wheel Pendulum.

Scenario 1. Tuning In this scenario we analyze the impact of the tuning of the
gain parameters x; on the dynamics of the closed-loop system, and thus, the quality
of the control. We compare three tuning methods, namely the natural frequency
method, the pole placement method and the LQR optimal control.

In all simulations in this scenario the initial conditions are chosen to be equal to

and the desired stabilization point is the origin, i.e. ! = 22 = y! = y2 = 0.
The first method of choosing gains of the characteristic polynomial is based on
designing double critically dumped (i.e. ¢ = 1) oscillators with a natural frequency

Wn,
PN = (A2 4 2¢wnd + w?)? = X 4 4w, A + 6w A% + 4w\ + w!,

which results in the following gains of the controller (7.5)

K1 = wﬁ, Ko = 4w3, K3 = 6w?, Ka = 4w,
In the following simulations the natural frequency w, = 2 [s] is chosen to limit the

gain values to a decent extent. Simulation results are shown in Figure 7.5.
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FIGURE 7.5: Sla. The simulation results for the Inertia Wheel Pen-

dulum with the natural frequency tuning.

The second tuning method is the classical pole placement method. We choose to
place the poles of the closed loop system to be equal to

A\ = —10,

Ao = —20,

A3 = —30,

Ay = —40.

We assume no overshoot in the linearized system, since the poles are chosen to be

real. The corresponding gains are

k1 = 240000,

ko = 50000,

K3 = 3500,

kg = 100.

Simulation results for the pole placement tuning method are shown in Figure 7.6.
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FIGURE 7.6: S1b. The simulation results for the Inertia Wheel Pen-
dulum with pole placement tuning.
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Finally, we use the linear—quadratic regulator (LQR) to solve an optimal control
problem. We choose the following quadratic cost function

J(@) = /OOO (ZTRZ + a2) dt,

where Z = (,%)7 and R = 103 - I; where I is an 4 x 4 identity matrix. The gains
that minimize the chosen cost are calculated as

K1 = 31.6228, Ko = 77.3255, K3 = 78.7287, ke = 34.0214.

Simulation results with LQR tuning are shown in Figure 7.7.

Pendulum
Angualar velocity [rad/s]

Pendulum
Angle [rad]
o
Ny

-1000

Wheel
Angualar velocity [rad/s]

Angle [rad]

-2000

-3000
0

o
R

o
i

Control signal [Nm]

FIGURE 7.7: Slc. The simulation results for the Inertia Wheel Pen-
dulum with LQR tuning.

All three tuning methods resulted in the exponential stabilization of the linearized
system which implies local exponential stabilization of the Inertia Wheel Pendulum.
This behavior is expected since we have assumed no uncertainties in the control sys-
tem. The dynamic performance can be easily designed for the linearized system (e.g.
setting all poles to be real ensures no overshoot). The performance propagates into
the original system via the inverse of diffeomorphism @, which is not highly nonlinear.
We have examined the dynamic performance of the system in the case of choosing
gains of different values, i.e. small for the natural frequency method in comparison
to large of the pole placement method. What is worth mentioning, in the pole place-
ment method, choosing the poles to be placed far from the imaginary axis results in
high-gains which increases the speed of the convergence (under 1[s], see Figure 7.6)
without unwanted effects (e.g. peeking phenomenon). The natural frequency method
resulted in longer convergence time (approx. 6[s|) but with favourable control signal
values and lower angular velocity of pendulum. It is worth noting that the optimal
LQR method shows similar effect to the natural frequency method in terms of the
overshoot in both angles, angular velocities, as well as in the control signal. Admit-
tedly, several measures of controlled system performance could be used to quantify
the performance for all three methods but this is beyond of the scope of this the-
sis. Our goal was to study the dynamic behaviour of the system for different tuning
techniques and for large scale of gain values chosen.
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Scenario 2. Parametric robustness In the following simulations we test the
influence of parametric uncertainty to the overall performance of the proposed control
system. In this scenario we assume that all of the system parameters are not precisely
known for the control synthesis. Thus, we changed the parameters used to design
control system in the block MF-feedback and Diffeomorphism (see Figure 7.4) to be

L1 =10L; = 0.63 [m)]

m1 = 10m; = 0.2 [kg]

mo = 10me = 3 [k¢]

Jy =10J; = 47-107° [kg - m?]

Jo =10Jy = 32-107° [kg - m?]
i=a=981 {m}

52

Thus the level of uncertainty for all parameters (except the gravitational acceleration)
is assumed to be as high as 1000%. We use the same initial conditions as previously,
i.e.

the desired stabilization point is again equal to z} = 22 = y! = 32 = 0. The control
gains are the same as in the first simulation, i.e. for w, =2 [s],

K1 = wf; Ko = 4w K3 = 6w?2 K4 = dwn,.

Simulation results are shown in Figure 7.8.
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FIGURE 7.8: S2. The simulation results for the Inertia Wheel Pendu-
lum with the parametric uncertainties of 1000%.

The stabilization problem is solved despite uncertainties. One could claim that
conducted simulations show robustness of the control system. Note that in this sce-
nario the evolution of the reference and the linearized systems differ since the lin-
earization controller is imperfect. We observe that the convergence time is several
times longer than in the nominal case (approx. 40[s] in comparison to approx. 6[s]).
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This increase in time may seem overwhelming but considering the large paramet-
ric uncertainty introduced in this simulation, the decrease in performance could be
considered acceptable. Moreover there is a significant peek in the control signal.

Note that, we do not develop analytic methods to calculate the bound of the
uncertainties as well we do not analyze structural uncertainties, as it is beyond the
scope of this thesis.

Scenario 3. Stabilization outside the origin In this scenario we examine the
performance of the system in case of choosing the desired point z. that is outside the
origin. As pointed out in Section 7.2.1, the set of all stabilizable points is given by
72 = ¢! = 0 (implying y' = y? = 0) and ’3—20 sinz! = 0. Thus the set of all stabilizable
points is given by {(0,22)} and {(7,22)} which are the lines (in cylinder @ = R x S)
{0} x R and {7} x R, corresponding, respectively, to the upright (or downright)
position of the pendulum with the freely chosen angle of the wheel. We chose the
desired point z, = (0, 1007), which corresponds to 50 revolutions of the wheel. The
initial conditions remain the same as in the previous scenario, i.e. z!(0) = F, z*(0) =
y*(0) = y%(0) = 0, as well as the gain parameters, for w, = 2 [s], i.e.

K1 = Wi Ko = 4wl Ky = 6w’ K4 = 4w,

Simulation results with are shown in Figure 7.9.
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FIGURE 7.9: S3. The simulation results for the Inertia Wheel Pendu-
lum outside the origin.

It can be concluded, that the proposed control system is able to stabilize the
position of the Inertia Wheel Pendulum at a point outside the origin.

7.3.3 Motion planning and trajectory tracking

In this subsection we show combined simulations concerning the two remaining con-
trol problems that we stated previously, namely the motion planing and trajectory
tracking. The reference trajectory, that is tracked by the system, is designed as a
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polynomial of time h4(t), as stated in (7.8). The reason for this approach is to ro-
bustify the control loop that is influenced by numerical inaccuracies in the simulation
environment. The simulation scheme is shown in Figure 7.10.

en Y 5.2 ‘
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FiGure 7.10: The simulation scheme for trajectory tracking of the
Inertia Wheel Pendulum.

As previously, the block IWP consists of the equation of dynamics of the Inertia
Wheel Pendulum, the block MF-feedback is the linearization controller (7.16). The
block Diffeomorphism consist of the change of coordinates, as in (7.17). The linear
trajectory tracking controller (denoted TT-control on the scheme) is of the form
(7.12) and a reference signal generator (denoted RSG) is a block, where reference
trajectories (and their derivatives) are generated according to (7.8) and (7.9). The
actual parameters of the trajectory are calculated numerically using (7.10) and (7.11).

Scenario 4. Rest-to-rest trajectory In the following scenario we show simula-
tion results of a reference trajectory tracking. The designed trajectory is a rest-to-rest
trajectory, i.e. it starts and ends at the equilibria of the system. In all of the sim-
ulations presented in this scenario we use the same gains, as in Scenario 1 (pole
placement method for w, = 2)

3

K1 = wﬁ, Ko = 4w, K3 = 6wi, K4 = dwy,.

For the desired trajectory, the initial conditions (top = 0) are
1 _ 1 _ 2 _ 2 _ _
x(to) =0, y (to) =0, x*(tg) = 0, y=(to) = 0, u(to) = 0,
and the final conditions ¢y = 10 are
xl(tf) =0, yl(tf> =0, xz(tf) =, y2(tf) =0, u(tf) = 0.

The simulation results are presented in Figure 7.11. The evolution of the system
(blue lines) overlaps with the reference trajectory (red dashed lines) transformed into
(x,y)-coordinates as there are no uncertainties or disturbances in the control system.
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Pendulum
Angualar velocity [rad/s]

Wheel
Angualar velocity [rad/s]

FIGURE 7.11: S4. Rest-to-rest trajectory tracking for Inertia Wheel
Pendulum.

The simulation starts and finishes at rest, therefore, all velocities are equal to zero
after reaching the final configuration. One can conclude, that the presented control
scheme is a decent solution for trajectory tracking, given the start and final points
are equilibrium points.

Scenario 5. Mismatched initial conditions. In the following simulations we
analyze the influence of different initial conditions on the convergence and the dy-
namic performance. The desired trajectory starts at the initial condition (ty = 0),
given by

T

2! (to) = 3 y' () =0  2*(t0) =0  y*(to) =0  u(t) =0

and ends at the final condition, for ¢; = 10,
1 _ 1 _ 2 _ 2 _ _
x(ty) =0 y (ty) =0 x(ty) =7 Yy (ty) =0 u(ty) = 0.

Note that in this scenario at the beginning of the simulation the pendulum is not
at rest. Figure 7.12 shows results with matching initial conditions in the reference
trajectory and the system, while Figure 7.13 presents results where the initial condi-
tions of the system differ from the initial conditions of the reference trajectory, and
they are z'(to) = 5 + 0.5, y'(to) = 0.5, 2(t) = 0.5, y*(to) = 0.5. Setting differ-
ent initial conditions does not influence the overall performance of the system. In
the second case, the trajectory tracking controller is able to lead the system to the
reference trajectory relatively fast. The presented scenario shows robustness of the
control design to the mismatched initial conditions, as well as the convergence to the
reference trajectory given by the asymptotically stable error dynamics.
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Control signal [Nm]

FIGURE 7.12: Sbha. Trajectory tracking for matched initial conditions
of the Inertia Wheel Pendulum.

F1GURE 7.13: S5b. Trajectory tracking for mismatched initial condi-
tions of the Inertia Wheel Pendulum.

Scenario 6. Passing through the singular locus The following scenario presents
the solution to the problem of trajectory tracking which passes through the singularity
in the control space. As we investigated in Section 7.3.1 the Inertia Wheel Pendulum
is not first-order controllable at the point z! = +35. Therefore a rest-to-rest trajec-
tory starting at the equilibrium given by #! = 7 (denoting the downright position of
the pendulum) and ending at the equilibrium 2! = 0 (i.e. the upright position) has
to pass through the singularity. The proposed solution consists of three steps. First,
the system tracks a reference trajectory hi4(t) that arrives close to the singularity
with non-zero velocity. Then, the control signal is switched off as the system drifts
through the singularity. Finally, at a calculated time, the control signal is switched

Control signal [Nm]
T T
s 1 =L
§ .
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on and the system tracks a new trajectory hog(t) that ends at the upright position.
Thus, we propose a discontinuous control law that can be summarized as follows

ur(t) 0<t<4
u(t) =140 41<t<4l
up(t) 4.1<t<8.1

where uy(t) is the control corresponding to the reference trajectory hy4(t) from the
initial conditions (ty = 0) and ends at an intermediate final condition, for ¢t; = 4,
close to the singular locus, and wg(t) is the control corresponding to the reference
trajectory hog(t) from the initial condition (¢y = 4.1), which has been reached (at
to = 4.1) after having crossed the singular locus, and ends at the final condition, for
ty = 8.1. Therefore, the singularity is out of both trajectories hi4(t) and hag(t).

The initial and final conditions for hi4(t) are given by

and the initial and final conditions for hog4(t) are given by
x(to) = 0.9073  yl(to) = —3.942  2%(tg) = 19.79  ¢%(to) = 169  wu(te) =0,
T
Tt =14  Yt)=0 2?(ty) =0 v (tr) =0 ulty) =0.

The results are presented in Figure 7.14.

Pendulum
Angualar velocity [rad/s]

FIGURE 7.14: S6. Tracking the trajectory that passes through the
singularity of the Inertia Wheel Pendulum.

It can be observed that there is a peek in the control signal. It is due to the rapid
acceleration of the pendulum at the end of the trajectory hi4(t). One could limit this
effect by generating a different, smoother trajectory.
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Scenario 7. Sinusoidal trajectory The last scenario for the Inertia Wheel Pen-
dulum presents tracking of a sinusoidal reference trajectory which is given by

Eh(t) = Asin(wt)

gL (t) = Aw cos(wt)
F3(t) = —Aw? sin(wt)
§a(t) = —Aw? cos(wt),

where A = 7500 and w = 1, and a reference control 7i4(t) = Aw?sin(wt). The initial
conditions (¢p = 0) of the system are

.Tl(to) =0 yl(to) =0 ZCz(to) =0 y2(t0) =0 u(to) =0.

The simulation results are shown in Figure 7.15. Note that the initial condition of
the system does not match the initial conditions of the reference trajectory. Despite
that, the evolution of the system converges to the reference values after approx. 5 [s].

FiGure 7.15: S7. Sinusoidal trajectory tracking of the Inertia Wheel
Pendulum.

7.4 The TORA system

As derived in Section 3.3.4, the equations of the TORA system read

il =y
2 = g2

§' = —Toyy’ + e +g'u
7= -Thy’y’ + € + gu,
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where
rLo_ Cosin 2 1_ Cysina? cosx? — (3! 1_ _—Mmiacos 22
27 (G — (cos?a?’ ‘ (1 —Cocos?a? g (1 — Cacos? 22’
r2 _ (o sin 22 cos x? s —Cssina? + (ga! cosa? 9 mi1
27 () — (pcos? a2’ - ¢ — (acos? a2 9= (1 — (o cos? x?’

see Section 3.3.4, for definition of constants (;. We use the following parameters in
simulations:

my = 2 [kg], Ly = 0.5 [m], a =9.81 [m} :

ms = 0.5 [kg], Jy = 0.1 [kg : mﬂ : ki = 3.

7.4.1 MF-linearization

First, we need to verify if conditions (M L0)" — (M L3)" formulated in Chapter 6 are
satisfied. In order to do it, we calculate ad.g as follows

fa!2?)
4(G1—Ca cos? 22)°
Cemi2 cos? x2+m11(§5 cosx2+C6:p1 sinzz) ’

(¢1—C2 cos? x2)?

adeg =

where f(x!, 22) = & + &1 cos® 22 + & cos(222) + &3 cos 22 + €4 sin? 22 + &5l sin(222) +
€6 cos(22?) sin? 22 + &7l sin(42?) and &; are constant parameters listed below

§o = 2CCama1, & = 4C(3ma2, & = 2¢ma1 (G2 — 2¢1),
£ = —4GGmiz, &= —2Gm12(2G + (), & = Gmi2(2¢ + () — 4G(3mar,
&6 = —2(Csmiz, &7 = (Cemas.

We can conclude that the vector fields g and ad.g are independent everywhere, there-
fore (M LO0)’ is satisfied. Second, we need to examine condition (M L2)’

Ww=anng = mlldl'l + mio COS x2 de,
—mipcosz?
2 — )
@(9) = (mun mizeosa®) { S =0
¢1—Ca cos? x2

The only non-trivial elements of the Riemann tensor are equal to zero, i.e.

ord

R%12 - 87212 - —Rém =0
or?

R%m = 87212 = _R§21 =0,

therefore R;kl =0 and (ML2) is satisfied. Next we calculate

[ Vigt Va4
vy—(v192 v292 )
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where
Vigt=V o g' =0
ozl
Vig® =V o g° =0
ozl
Og* 1 2 mi22 cos? z2 sin 2
Vag' =V o g' = 255 +Thhg” =
8a2 Ox? = ({1 — (s cos? x2)2
892 —’I’)’LHCQ Sin(2$2)
Vag? =V o g> = =5 +T59° = :
827 Ox? 2 2(¢1 — ¢ cos? 22)?
Therefore
w Vig' =
2,2 i 2 : 2
. m cos“ xr“sinx —-m sin(2x
w Vng =m1 12{2 5 -+ M9 COS 1?2 HCQ ( )2 =
(¢1 — (o cos? 22) 2 (¢ — Cacos? 2?)

mi1miaCo (COS2 x?sina? — % cos a2 sin(2x2)>
= - 0
(G1 = Gacos? a?)”
and condition (M L3)" is satisfied. Since all conditions (M L0)" - (M L3)’ are satisfied,
we can conclude that the system is MF-linearizable.
We choose new coordinates of the system, ®(z,y) = (¢(z), Dop(x)y), where T =
¢(x) is given by

. T
T = mnxl + mq9 sin 22 for z? #* :I:§

532 = —k‘ll‘l.

Thus, the system described in those coordinates is linear, i.e.

it = muy' + migcosz?y? =
gjl = mng)l + mi9 (— sinx

= —ky' =’

292y* + cos :c2y2) =kt =7

J' =k (—F%2y2y2 +e' + glu) =a.

7.4.2 Stabilization

Similarly to the Inertia Wheel Pendulum we have performed simulations concerning
the stabilization task of the TORA system. The simulation scheme is shown in Figure
7.16. The block TORA contains the equations of dynamics of the TORA system, the
block MF-feedback is the linearization controller which reads

T3 50 € L

u=—2y‘y" — — — ——1.

gt gt kgt
The linear stabilization task controller (denoted as Lin-controller on the scheme)
is of the form (7.5), and finally the block Diffeomorphism consists of the change of
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coordinates

- . 77
#' = myzt + mygsinz®  for 22 #£ :|:§
gjl = mllyl + mq9 cos x2y2

.ZE'Q = —]{711'1

7 = —ky.

L

x1b

o)==

tora ©2b

1v2 MFlin

&

=
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FIGURE 7.16: The simulation scheme for stabilization of the TORA
system.

Scenario 8. Tuning We analyze the dynamics of the closed-loop system in case
of different values of gain parameters ;. We choose two tuning methods, namely the
natural frequency and the pole placement method.

In both methods we set the same initial conditions

#10)=0 y0)=0 2*0)=07 *0)=0,
and the task is to asymptotically stabilize the system around the origin, i.e. z! =
2 _ .1 _ 2 _
Te =Ye = Ye = 0.
In the first method, we design the characteristic polynomial to be of double criti-
cally dumped (i.e. ¢ = 1) oscillators with a natural frequency w, = 2, i.e.

PO = (A2 4 20w + w2)? = M+ 4w, A2+ 602\ + 4w A+ wi

which results in the following gains k1 = wi, ko = 4w, k3 = 6w?2, Ky = dwy,.

ns
Simulation results with w,, = 2 [s] are shown in Figure 7.17.
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FIGURE 7.17: S8a. The simulation results for the TORA system with
the natural frequency tuning.

In the second method, i.e. the pole placement, we place the poles to be equal to

Ap=-—-1

Ap=-2  A3=-3

A =—4

so the corresponding gains are k1 = 24, k3 = 50, k3 = 35, kg = 10.
Simulation results for the pole placement tuning method are shown in Figure 7.18.
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F1GURE 7.18: S8b. The simulation results for the TORA system with

the pole placement tuning.

Both methods give comparable results in terms of convergence time, control sig-
nal value, velocities and positions of the pendulum and the body. The simulations
conducted in this scenario showed that the nonlinear TORA system can be efficiently
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controlled with a linear controller, while it is properly linearized. This feature sim-
plifies the synthesis of the nonlinear control system to a basic linear control assuring
the decent closed-loop dynamics of the overall system.

7.4.3 Motion planning and trajectory tracking

Here, we present simulations concerning the motion planing and the trajectory track-
ing. The simulation scheme is shown in Figure 7.19.

L 7 NG %J

4 S :
1 cnt ‘ ]—’" MFlin TORA 2 2

MF-feedback

FIGURE 7.19: The simulation scheme for trajectory tracking of the
TORA system.

The blocks TORA, MF-feedback, Lin-controller and Diffeomorphism are anal-
ogous to the ones in Figure 7.16. Additionally, two blocks are introduced, that are
dedicated to trajectory tracking tasks, i.e. TT-control and RSG.

The block TT-control on the scheme is a linear controller of the form (7.12)
whereas RSG is a reference signal generator.

Scenario 9. Sinusoidal trajectory Similarly to Scenario 7 we present the results
for tracking of a sinusoidal reference trajectory with mismatching initial conditions.
The reference trajectory is given by

Zh(t) = Asin(wt)

7L (t) = Aw cos(wt)
(t) = — Aw? sin(wt)
75(t) = — Aw? cos(wt),

where A = 0.5 and w = 1. A reference control is equal to @g(t) = Aw®sin(wt).
Importantly, the initial conditions (top = 0) of the system

.’L‘l(to) =0 yl(to) =0 $2(t0) =0 yQ(to) =0 u(to) = O,

do not match the initial conditions of the reference trajectory.

We choose gains using the pole placement method. We place the poles to be equal
to A1 = =3, Ao = —1.5, \3 = =3, Ay = —1 and the corresponding gains are x; = 9,
ko = 22.5, kg = 20, kg = T7.5.

Simulation results are shown in Figure 7.20. Notably, the evolution of the system
converges to the reference values after approx. 8 [s]. Not only the proposed linear
controller is able to track the sinusoidal trajectory, but handle the difference in the
initial conditions of the reference trajectory and the TORA system.
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Control sign:

FIGURE 7.20: S9. Sinusoidal trajectory tracking of the TORA system.

We can observe that in the beginning of the simulation the displacement of the
body occurs in the opposite direction to the reference signal. This feature is connected
with the dynamics of original TORA system. Additionally, there is a peek in control
signal equal to approx. 6 [Nm].

7.5 The single link manipulator with joint elasticity

Recall from Section 3.3.5, the equations of the single link manipulator with joint
elasticity (hereafter called the FLEX system)

il = yl
2 = yz
y-1 — !
1
.2 2
=€+ —u,
Yy T
where:

1 mal . 4 1 2
e = — sinez' — — (2 — 2
2 k(zt — 2?)

Ja

In this subsection we assume the following parameters of the FLEX system:

m = 0.5 [kg], Ji=4-107" [kg-m?], o =981 m ,

L=05[m], Jy=3-1073 [kg-mﬂ, k=3.
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7.5.1 MF-linearization

The first step of MF-linearization is to verify if conditions (M L0)" — (M L3)" formu-
lated in Chapter 6 are satisfied. Once again we begin with calculating

k mal 1 k k
- = cosT 0 Tl
oo (FUF ) (5)-(F)
Jo Jo J2 J22

We see that g, ad.g are independent everywhere, therefore (M L0)’ is satisfied. The
second condition (M L2)" can be verified by taking w = ann g = dz!, i.e.

w@ﬁ%ﬂb<?>=&

)

Since the Christoffel symbols are zero, the Riemann tensor is trivially zero, i.e. R; ol =
0. We can conclude that (M L2)" is satisfied. Finally,

Vg =0,

thus (M L3)’ is satisfied. All three conditions (M L0)" - (M L3)" are fulfilled therefore
it follows that the FLEX system is MF-linearizable.
Finally, we perform the linearization by choosing new coordinates, ®(z,y) =

(¢(z), Do(x)y), where T = ¢(x) is given by

L k
=l = - ginat - — (2t — 2?)

J1 J1

and calculate the linear representation of the system in new coordinates

A
S 1 =2
2= M osalyl - Kty =
Ji Ji

j? = 2z ((k + maL cos zt)(maLsin z' + k(z! — :c2))) + k—Q(azl — )+

J? JiJ2

malL Ll 4 k .

sin —u=1a
T YT

In the following subsections we will describe the simulations showing the perfor-
mance of the closed-loop linearized FLEX system with linear controller. Once again
we will distinguish two main control problems, i.e. stabilization and jointly motion
planing and trajectory tracking.

7.5.2 Stabilization

The simulation scheme, presented in Figure 7.21, consist of analogous blocks to the
scheme used for simulations of two previous systems (see Figure 7.4 and 7.16). The
block FLEX consists of the equation of dynamics of the FLEX system, whereas the
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block MF-feedback is the linearization controller which reads
" J1J9 i JomLa
ok k

_ ]{;{]21 (k: + mLa cos 1:1) (mLasin zh+ k(' — x2)) '

sinztytyt — k (:Jc1 — x2> +

The linear stabilization task controller (denoted Lin-controller on the scheme) is
of the form (7.5), and finally the block Diffeomorphism consist of the change of
coordinates, as described previously, i.e.

#t =zt
j=y

L k
72 — _mJla sinz! — 7 (wl — ac2)
~2__mL 1 1_£ 1.2
gt = 7 CoST Y 7 (y y)

L LM X
s s
X Lk 4
e
»[x2
. y2 x2

MFlin
FLEX

i
MF-feedback
Lin-controller Diffeomorphism
X1 X1 x1
- ‘ g1 51 ‘ yile } .

u
Lin Dyf x2

2 2 yz<—1

2

A

FIGURE 7.21: The simulation scheme for the FLEX system.

Scenario 10. Tuning Similarly to Scenario 8, we analyze the dynamic performance
of the closed-loop system for various tuning methods. Once again, a linear controller
parameters x; are tuned via the natural frequency or the pole placement methods.
In both methods we set the same initial conditions

and the task is to asymptotically stabilize the system around the origin, i.e. z! =

e
x?=ye =y; = 0.
We have chosen the natural frequency of double critically dumped oscillators to
be equal to w, = 15 [s], which imposed the following gain values: k; = 50625,
ko = 13500, r3 = 1350, x4 = 60.
Simulation results are shown in Figure 7.22.
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FIGURE 7.22: S10a. The simulation results for the FLEX system with
the natural frequency tuning.

In the classical pole placement method, we place the poles to be A\; = —10,
Ao = =20, A3 = =30, Ay = —40, so the corresponding gains are x; = 240000,
ko = 50000, k3 = 3500, k4 = 100. Simulation results for pole placement tuning are
shown in Figure 7.23.
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T
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7
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FIGURE 7.23: S10b. The simulation results for the FLEX system with
pole placement tuning.

We can observe, that the pole placement method resulted in a lower overshoot in
both, motor and shaft positions and velocities, but at the expense of higher controller
gains. No matter which tuning method is concerned, in both cases, the motors shaft
and link position passed through the reference stabilization value and exceeded it,
before stabilizing at a zero error. Nevertheless, the stabilization task is accomplished
in less than 1 [s], which is a satisfying result, considering highly oscillatory nature
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of the FLEX system. Interestingly, we can observe the peek in the control signal
value in the beginning of the simulation, for the pole placement method, which is a
direct influence of high values of x;. From the engineering point of view, this feature
may be considered unenforceable, due to the hardware limits. Nevertheless, as stated
before, the goal of simulations conducted in the presented scenarios is to examine
each feature independently, and saturation of control signal is beyond the scope of
this particular scenario.

Scenario 11. Stabilization outside the origin Similarly to scenario 3, in this
simulation he have examined the ability to stabilize the system at a point different
that z. = (0,0). The set of all stabilizable points is given by #? = 7' = 0 (implying

y! =y =0) and —mJ—‘iL sin z! — Jﬁl(xl —2?) = 0. In summary, the set of all stabilizable
points is given by (!, "fﬁL sinz! + zl). We can conclude that the motor shaft angle

can be freely chosen, whereas the link position is restricted. In this scenario, we chose
the desired point x, = (5,2.3883). The gains remain equal to those used in the pole
placement method of Scenario 9, i.e. k1 = 240000, ko = 50000, k3 = 3500, k4 = 100.
Additionally, we assume zero initial conditions for the given scenario, i.e.
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FIGURE 7.24: S11. The simulation results for the FLEX system out-
side the origin.

The convergence of the system is achieved in approx. 1 [s]. No overshoot is
observed, in shaft as well as link position. Control signal is limited to an acceptable
extent. The system is stabilized at the zero-velocity point, thus all velocities are
approximately equal to zero after arriving close to x..

7.5.3 Motion planning and trajectory tracking

Here, we present simulations concerning the motion planing and trajectory tracking.
The simulation scheme is shown in Figure 7.25.
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FIGURE 7.25: The simulation scheme for trajectory tracking for the
FLEX system.

The block "FLEX" contains the equation of dynamics of the FLEX system, the
block "MF-feedback" is the linearization controller that reads

= J1J2ﬂ _ JQmLa
-k k
-— (k + mLa cos a:l) (mLa sinaz! + k(2! — x2)) .

sinzlyly! — k (:1/:1 — x2> +

The linear trajectory tracking controller (denoted "T'T-control" on the scheme) is of
the form (7.12), the block "Diffeomorphism" consist of the change of coordinates

=2t
g =1y

L k
72 = _mJla sinz! — J—l (:L‘l — x2)
~2__mLa 11_£ 1.2
g° = 7, cosx Yy 7, (y y).

and a reference signal generator (denoted "RSG") is a block, where reference trajec-
tories (and their derivatives) are generated.

Scenario 12. Rest-to-rest trajectory In the following scenario we show sim-
ulations of the tracking of a reference trajectory that is a rest-to-rest trajectory, i.e.
the trajectory that starts and ends at the equilibria of the system. In the following
simulation we use the following gains, for w, = 15

K1 = wfl Ko = 4w K3 = 6w? Ka = 4wy,
For the desired trajectory, the initial conditions (tp = 0) are
Ty — Ty 201y — 201y — —
z(to)=m y(t)=0 a"(to)=7 y(t)=0 wulte)=0

and the final conditions ¢ty = 5 are

zlt) =0 ylty)=0 2®(t;)=0  *(ty) =0  ulty) =0
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The simulation results are presented in Figure 7.26. Plots of the evolution of the sys-
tem (blue lines) overlap with the reference trajectory (red dashed lines) transformed
into (z,y)-coordinates as there are no uncertainties or disturbances in the control
system.

FIGURE 7.26: S12. Rest-to-rest trajectory tracking for the FLEX
system.

Scenario 13. Tracking sinusoidal trajectory The second scenario presents
tracking of a sinusoidal reference trajectory. It is given by, for A = § and w =5,

Zh(t) = Asin(wt)
7h(t) = Aw cos(wt)
3(t) = — Aw? sin(wt)
72 (t) = — Aw? cos(wt)

and a reference control @iy(t) = Aw?sin(wt). The initial conditions (t; = 0) of the
system

(lZl(to) =0 yl(t()) =0 x2(t0) =0 yQ(to) =0 u(t()) = 0,

do not match the initial conditions of the reference trajectory. Despite that, the
evolution of the system converges to the reference values after approx. 0.8 [s]. The
control gains are, for w, = 15,

K1 = wﬁ Ko = 4w2 K3 = 6WT2L kg = 4dwy,.

The simulation results are shown in Figure 7.27.
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FIGURE 7.27: S13. Sinusoidal trajectory tracking of the FLEX sys-
tem.

7.6 Construction the underactuated two-link manipula-
tor

In the previous examples we show systems that are MF-linearizable. In the fol-
lowing one, we ask the question whenever we can design a system that can be
MF-linearizable. We realized that the mechanical construction (moments of iner-
tia, masses, lengths of the links, etc.) determine the inertia matrix of the system,
which determines the Christoffel symbols in consequence. However by designing ac-
tuation on the system we are able to shape control vector fields g,, and by designing
the influence of gravitational field on the system and introducing elements that stores
energy (like springs), we are able to shape uncontrolled vector field e. By this process,
and using the conditions for (MS) to be MF-linearizable, we can answer whenever
there exists a particular design of the (MS) that can be MF-linearizable.

It is well known[29], that arguably the most famous constructions of the un-
deractuated two-link manipulator, namely the Acrobot and the Pendubot are not
F-linearizable (hence not MF-linearizable). However there is an ongoing debate when-
ever there a is possibility to change the placement of the motor (e.g. using a trans-
mission belt), change the influence of the gravitational field (e.g. by placing it on
a horizontal plane as mentioned in Chapter 3) or introducing some springs to the
system in order to make the system linearizable. By the following consideration we
claim that the answer is negative (at least in case of MF-linearization) and we explore
the reason why is that. The answer lies in the Riemannian tensor which is of full
rank.

Consider a construction of the underactuated two-link manipulator, presented in
Section 3.3.2.
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The equations of (MS) can be obtain by introducing coordinates (z!,2?) :=

(6',6%)
il =y
.fif2 — y2
gt = -Th'y* +e' + gju
7= -T%y'y" + € + giu

where:

2(3sinz sin x“ cos x
2 4 % 2 2

1 2 2 2
Ipyp=-Ti=-I% =-T5H=- C1Ca — C2 cos? 22
3

<2C3 sin .’E2

GG — G eos?a?
2 — (3sina? (G + (o + 2¢3 cos 2?)
e C1G2 — €3 cos? 2

The components of Riemann tensor are

1 _ 1 _pl
F12_1_‘21_F22_

e = 0
Rijy = —Rly = —R3)5 = R3y = — (=G + ¢3) ¢ cos 22 ((o + (3 cos x?)
(C1Co — (B cos? 22)?
GG — C3) (a3 cos a2
Rbyy = —Rly, = (8 = G) G coss
(Ci¢2 — 5 cos? a?)
R2. — (=G + () Ggeosx? (C1 + (2 + 2¢3cosz?) .
112 = = —Hiy

(C1¢ — CZcos? a2)?

Therefore we see that Ri19 = —Ri121 and Rajo = —R991. However Ri12 and Raoio
are independent since

det Riy Ryp \ _ (GG + C§)2 (2 cos?
¢ R2 R2 B 2 2 ..2\3
112 f212 (Ci1¢2 — 5 cos? a?)

is non zero at regular points.

Therefore we conclude that ann R = 0 so there exists no g satisfying (M L2) of
Theorem 6.21. And we claim that there is no possible construction such that the
system is MF-linearizable.
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Chapter 8

Conclusions and further research

In this thesis we have studied a particular class of mechanical control systems and their
various mechanical linearizations. Instead of defining a mechanical control system by
its differential equations of motion, we define a mechanical control system (MS)
as a 4-tuple (Q,V,g,e), where @ is an n-dimensional configuration manifold, V is
a symmetric affine connection on (), g is an m-tuple of control vector fields on @,
and e is an uncontrolled vector field on ) representing potential force in the system.
Therefore our class of mechanical control systems can be physically interpreted as
those that are not subjected to dissipative-type forces acting on the system (or they
have been pre-compensated). We will undertake a short discussion of practicality of
this assumption in a paragraph below, where we will outline future research directions.

We would like to emphasize that the purpose of the above abstract definition of
(MS) (inspired by the founding fathers of geometric control theory of mechanical
systems) is not to make this work intentionally cryptic and detached from the en-
gineering practice. On the contrary, it has been shown numerous of times that this
approach can bring a new insight into the problem and leads to fruitful theoretical
results followed by practical engineering solutions. And it was our intention to embed
our work into that trend.

In our work, we used tools that come from differential (especially Riemannian)
geometry and tensor calculus to formulate a theory of linearization of (MS). The geo-
metric approach turned out to be profitable and gave rise to a mechanical linearization
theory that is somehow analogous to the classical theory of a linearization of control
systems. We want to underline that developing results that relate to classical ones
was deeply intentional and a very challenging task. The purpose of this analogy was
to increase the affordability and bring some systematization for the reader.

In Chapter 3, we have developed a geometric framework for mechanical control
systems and presented a new sequence of nested distributions £’ to study them. Also
a connection to Lagrangian formalism has been drawn to establish a bridge between
geometry and mechanics. This has been followed by several examples of models of
(MS) that come from robotics.

Inspired by one of the most beautiful results of the classical linear control the-
ory, namely the Brunovsky classification, in Chapter 4, we have classified controllable
linear mechanical systems (LMS), established the mechanical canonical form, and
found analogous invariants that we called mechanical half-indices. Later on we char-
acterise Lagrangian linear mechanical systems and consider their canonical form.

In Chapter 5, we have investigated the mechanical state-space linearization (MS-
linearization). We have formulated the problem of MS-equivalence (and MS-linearization)
using transformations on the 4-tuple (Q,V,g,e) that defines (MS). Later on, we
have interpreted it by transformations on the corresponding differential equations of
the mechanical control system. A new theorem of MS-linearization in the control-
lable case is presented, where the conditions are expressed entirely in terms of objects
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on Q. Then, we solve the problem of MS-linearization of (MJS) without controllability
assumption, which opens a new area of research in the linearization techniques.

The Chapter 6 is the heart of the thesis. A problem of mechanical feedback lin-
earization (MF-linearization) is stated and defined in terms of the 4-tuple (Q, V, g, ¢€)
and the corresponding equations of mechanical control system. Then, the role of dis-
tributions &7 is explained. Finally, we have formulated three main theorems of this
thesis. The first one solves the MF-linearization problem under the controllability
assumption. The conditions that are stated make a connection with the classical
result for F-linearization. Then, the problem of MF-linearization is rephrased using
linearization outputs, and we have formulated mechanical input-output linearization
with newly defined mechanical relative half-degree. Finally, similarly to the previous
chapter, we have solved the problem of MF-linearization without the controllability
assumption.

The role of Chapter 7 is invaluable. In the first part, we have illustrated results
of Chapter 5 and 6 via examples of mechanical control systems that are subject (or
not) to various forms of linearization. In the second part, we have stated several
control problems with an application to robotic mechanical control systems. We have
presented a systematic and relatively simple process of designing a control law, based
on the established theory. Then, results of numerical simulations are presented to
visualize usefulness and practicality of the presented solution.

Our study of linearization of mechanical control systems has opened many direc-
tions for a future research. As we mentioned, it was our intention to introduce a theory
analogous to that of linearization in the case of classical control systems. Therefore,
similarly to the classical case, our results give rise to a selection of problems that
are related to the problem of linearization, i.e. partial linearization, input-output
decoupling, decomposition of systems, disturbance decoupling and more. We have
obtained preliminary results in some of these topics that did not fit in this thesis and
will be published in the future.

Another set of problems comes from changing the class of used transformations
by enlarging that of given by mechanical transformations. Here, a natural problem is
to give a complete classification of feedback linearizable mechanical control systems
under that larger class of transformations.

A natural (and most desired) extension of our work is by introducing dissipative-
type terms in the system. Lacking them in our theory, however, could not be as
limiting as can be seen at the first sight. From a practical point of view we propose
two solutions: neglect them in the modelling, as one does with numerous phenomena
that do not fit into the assumed description or precompasete them (if possible) by a
preliminary feedback. From a theoretical viewpoint the problem is much complicated
than it looks like. A linearization of controllable systems is connected with a classifi-
cation of controllable linear systems. And this problem (including dissipative-terms)
is known to be hard. In particular, an analogous to the mechanical Kalman rank
condition (see Chapter 4) could be a good starting point. And even this is still an
open problem (not due to lack of efforts).

We hope that new ideas will come up at the least expected moment, as they have
done so far.



133

Bibliography

1]
2]

3]

R. Abraham and J.E. Marsden, Foundations of Mechanics, Addison-Wesley, 1978

N. S. Bedrossian, Linearizing coordinate transformation and Riemannian curva-
ture, Proc. IEEE Conf. Dec. Control, pp. 80-85, 1992

N. S. Bedrossian and M. W. Spong, Feedback Linearization of Robot Manipulators
and Riemannian Curvature, Journal of Robotic Systems, vol. 12, issue 8, pp. 541-
552, 1995

A. M. Bloch, Nonholonomic Mechanics and Control, Springer, 2003

P. Brunovsky, A classification of linear controllable systems, Kybernetika, vol.
6, issue: 3, pp. (173)-188, 1970

F. Bullo and A.D. Lewis, Geometric Control of Mechanical Systems. Modeling,
Analysis and Design for Simple Mechanical Control Systems, Springer-Verlag,
2004

F. Bullo and A.D. Lewis, Reduction, linearization, and stability of relative equi-
libria for mechanical systems on riemannian manifolds, Acta Applicandae Math-
ematicae, 99 (1), pp. 53-95, 2007

D. E. Chang and R. G. McLenaghan, Geometric Criteria for the Quasi-
Linearization of the Equations of Motion of Mechanical Systems, in IEEE Trans-
actions on Automatic Control, vol. 58, no. 4, pp. 1046-1050, 2013.

J. J. Craig, Introduction to Robotics: Mechanics and Control, 2nd Ed., Addison-
Weasley Publishing Company, 1989

P. E. Crouch, Geometric structures in systems theory, in IEE Proceedings D -
Control Theory and Applications, vol. 128, no. 5, pp. 242-252, 1981

R. B. Doelman, Feedback linearization control of a single link manipulator with
joint elasticity, DCT rapporten; Vol. 1991.068, Eindhoven: Technische Univer-
siteit Eindhoven, 1991

M. Fliess, J. Lévine, P. Martin and P. Rouchon, A Lie-Bdcklund approach to
equivalence and flatness of nonlinear systems, IEEE Trans. Automat. Control,
44(5), 922-937, 1999

S. Gudmundsson and E. Kappos, On the geometry of tangent bundles, Exposi-
tiones Mathematicae, Vol. 20, Issue 1, pp. 1-41, 2002

G. Hadley, Linear Algebra, Addison-Wesley, 1961.

P. C. Hughes, R. E. Skelton, Controllability and Observability of Linear Matriz-
Second-Order Systems, Journal of Applied Mechanics, vol. 47, issue 2, pp. 415,
1980



134

BIBLIOGRAPHY

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

L. R. Hunt and R. Su, Linear equivalents of nonlinear time varying systems,
Proc. of the MTNS, Santa Monica, 119-123, 1981

A. Isidori Nonlinear Control Systems (3rd ed.), Springer-Verlag, Berlin, Heidel-
berg, 1995

B. Jakubczyk and W. Respondek, On Linearization of Control Systems, Bull.
Acad. Polonaise Sci., Ser. Sci. Math., 28, 517-522, 1980

L. Jaulin, Mobile Robotics, ISTE Press-Elsevier, 2015

K. Kozlowski, P. Sauer, The Adaptive Control Algorithm for Manipulators with
Joint Flexibility, in Adaptive Control for Robotic Manipulators, eds. Zhang, Wei,
CRC Press, 2016, pp. 264-297

J. M. Lee, Introduction to smooth manifolds, Graduate Texts in Mathematics,
Springer New York, ISBN: 978-0-387-21752-9, 2000

J. M. Lee, Riemannian Manifolds: An Introduction to Curvature, Graduate Texts
in Mathematics, Springer New York, ISBN: 978-0-387-22726-9, 1997

J. Lévine, Analysis and Control of Nonlinear Systems: A Flatness-Based Ap-
proach, Springer, 2009

A. D. Lewis, Affine connections and distributions with applications to nonholo-
nomic mechanics, Rep. Math. Phys., 42, pp. 135-164, 1998

A. D. Lewis, Affine Connection Control Systems, IFAC Proceedings Volumes,
33(2), pp. 123-128, 2000

J.E. Marsden and T. Ratiu, Introdution to Mechanics and Symmetry, Springer-
Verlag, 1994

P. Martin, P. Rouchon and R. M. Murray, Flat systems, equivalence and trajec-
tory generation, CDS Tech. Report, Caltech, 2003

R. M. Murray, Z. X. Li, and S. S. Sastry, A Mathematical Introduction to Robotic
Manipulation, CRC Press, 1994

R. M. Murray, and J. Hauser, A Case Study in Approzimate Linearization: The
Acrobot Example, Tech. Rep. UCB/ERL M91/46, Electronics Research Labora-
tory, College of Engineering, University of California, Berkeley, 1991

F. Nicolau and W. Respondek, Flatness of Mechanical Systems with 3 Degrees
of Freedom, Proc. 5th IFAC Workshop on Lagrangian and Hamiltonian Methods
for Nonlinear Control, Lyon, 2015

F. Nicolau and W. Respondek, Flatness of multi-input control-affine systems
linearizable via one-fold prolongation, SIAM J. Control, 55, pp. 3171-3203, 2017

H. Nijmeijer and A. J. van der Schaft, Nonlinear Dynamical Control Systems,
Springer-Verlag, New York, ISBN 978-0-387-97234-3, 1990

M. Nowicki, et al., Geometry and flatness of m-crane systems, Bulletin of the
Polish Academy of Sciences: Technical Sciences, Vol. 67, nr 5, pp. 893-903, 2019



BIBLIOGRAPHY 135

[34]

M. Nowicki and W. Respondek, A Classification of Feedback Linearizable Me-
chanical Systems with 2 Degrees of Freedom. In: Bartoszewicz A., Kabzinski
J., Kacprzyk J. (eds) Advanced, Contemporary Control. Advances in Intelligent
Systems and Computing, vol 1196., pp 638-650. Springer, Cham., 2020

R. Olfati-Saber, Normal forms for underactuated mechanical systems with sym-
metry, IEEE Trans. on Automatic Control, 47:305-308, 2002

W.M. Oliva, Geometric Mechanics, Lecture Notes in Mathematics, Springer Sci-
ence and Business Media, 2002

G. Oriolo, Y. Nakamura, Control of mechanical systems with second-order non-
holonomic constraints: Underactuated manipulators, In Proc. of the 30th IEEE
Conf. on Decision and Control, 2398-2403, 1991

S. Ricardo and W Respondek, When is a control system mechanical?, Journal of
Geometric Mechanics, 2(3),265-302, 2010

W. Respondek and S. Ricardo, Equivalence and equivariants of mechanical con-
trol systems, 50th IEEE Conference on Decision and Control and European Con-
trol Conference, Orlando, FL, 2011, pp. 7129-7134, 2011

W. Respondek and S. Ricardo, On Linearization of Mechanical Control Systems,
IFAC Proceedings Volumes, Vol. 45, Issue 19, pp. 102-107, 2012

W. Respondek and S. Ricardo, Fquivariants of Mechanical Control Systems,
SIAM Journal on Control and Optimization 51:4, 3027-3055, 2013

W. Respondek, Introduction to geometric nonlinear control; linearization, ob-
servability and decoupling. In Mathematical Control Theory No.1, Lecture Notes
Series of the Abdus Salam, ICTP, vol. 8, Trieste, 2001

B. Siciliano, et al., Robotics Modelling, Planning and Control, Springer-Verlag
London, 2009

M. W. Spong, Remark on robot dynamics: Canonical transformations and Rie-
mannian geometry, Proc. IEEE Int. Conf. Robot. Autom., pp. 554-559, 1992.

M.W. Spong, Underactuated mechanical systems, Control Problems in Robotics
and Automation. Lecture Notes in Control and Information Sciences, vol 230,
Springer, Berlin, Heidelberg, 1998

M.W. Spong, The swing up control problem for the acrobot, IEEE Control Sys-
tems Magazine, 15, Issue: 1:49-55, 1995

M. W. Spong and D. J. Block, The Pendubot: a mechatronic system for control
research and education, Proceedings of 1995 34th IEEE Conference on Decision
and Control, New Orleans, LA, USA, pp. 555-556, vol 1, 1995

M. W. Spong, P. Corke, R. Lozano, Nonlinear control of the reaction wheel
pendulum, Automatica, vol. 37, no. 11, pp. 1845-1851, 2001

C. Wan, D. Bernstein, V. Coppola, Global Stabilization of the Oscillating Eccen-
tric Rotor, Nonlinear Dynamics, 10: 49-62, 1995



	Abstract
	Streszczenie
	Résumé 
	Introduction
	Preface
	Motivation and statement of contribution
	Applicability and technical comments
	Outline of the thesis

	Preliminaries
	Differential geometry
	Manifolds and tensor fields
	Differential operations on vector fields
	Distributions and Integrable Manifolds

	Riemannian Geometry
	Control-affine systems

	Mechanical control systems and their structure
	Mechanical Control Systems
	Lagrange formalism
	Examples of models of mechanical control systems
	Robotic manipulators
	The two-link manipulator
	The Inertia Wheel Pendulum
	The TORA system
	The single link manipulator with joint elasticity


	Linear mechanical control systems
	Linear Mechanical Control Systems (LMS)
	Classification of controllable (LMS)
	Lagrangian Linear Mechanical Systems
	Examples of Linear Mechanical Control System

	Mechanical state-space linearization
	Mechanical state-space equivalence
	MS-linearization of controllable mechanical systems
	MS-linearization of non-controllable mechanical systems

	Mechanical Feedback linearization
	MF-equivalence of Mechanical Systems
	MF-equivalence of mechanical distributions
	MF-linearization of controllable Mechanical Systems
	 Normalization of ms
	 MF-Linearization to controllable (LMS)
	 Linearization outputs and Input-Output Linearization

	MF-linearization of non-controllable Mechanical Systems
	 Potential-free ms


	Examples and control problems solved using linearization
	Examples
	Control Problems
	Stabilization
	Point-to-point controllability (a motion planning)
	Trajectory tracking 

	The Inertia Wheel Pendulum
	MF-linearization
	Stabilization
	Motion planning and trajectory tracking

	 The TORA system
	MF-linearization
	Stabilization
	Motion planning and trajectory tracking

	The single link manipulator with joint elasticity
	MF-linearization
	Stabilization
	Motion planning and trajectory tracking

	Construction the underactuated two-link manipulator

	Conclusions and further research

