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Resumé

La réglementation plus stricte sur les émissions des moteurs aéronautiques posée par l'OACI nécessite des outils de conception toujours plus prédictifs. La distribution des diamètres des gouttelettes produites pendant le processus de combustion est un paramètre clé pour prédire les émissions de polluants libérées pendant le processus de combustion. L'étude du phénomène d'atomisation avec son caractère multi-échelles est donc un défi pertinent et important. Pour cette raison, les objectifs de cette étude sont: tout d'abord de passer en revue les modèles existants dans la littérature, pour comprendre leurs caractéristiques clés, afin de définir une classification qui donne des lignes directrices sur les choix de modélisation; deuxièmement, d'appliquer des approches plus compatibles avec les problématiques industrielles du secteur sur une configuration aéronautique, afin de proposer une amélioration des outils de conception disponibles. Une classification systématique des modèles est effectuée par rapport à l'échelle de longueur considérée pour représenter les caractéristiques de l'interface. De ce point de vue, il est possible de distinguer deux types d'approches: la représentation des phases séparées et la représentation des phases mixtes. Les approches diffuse interface appartiennent à la seconde catégorie avec de nombreuses autres approches, compressibles et incompressibles, qui partagent la même caractéristique: elles considèrent un mélange qui contient les deux phases. Une configuration de nappe de liquide assistée par air a été conçue pour tester différents modèles afin de définir une mesure de comparaison. Deux représentations différentes de l'approche sharp interface (ARCHER et InterFoam ), deux représentations de l'approche diffuse interface (CEDRE et ELSA ) et un modèle hybride (ICMelsa ) ont été considérés dans cette étude. Une comparaison en deux parties basée sur des quantités statistiques a été proposée. Une première partie appelée "étude classique", compare les statistiques du premier ordre montrant que toutes les approches conduisent à des résultats très similaires dès qu'un certain niveau de résolution de maillage est atteint. Au contraire, les secondes statistiques présentent des différences notables. Ces résultats motivent une deuxième partie appelée «analyse de phase» pour étudier le lien entre la représentation à petite échelle de l'interface et la statique du second ordre. En particulier, la variance du marqueur de phase et le niveau de ségrégation associé se révèlent être des indicateurs sensibles de la description de l'interface. Une analyse de signal 1D montre qu'ils peuvent être utilisés pour détecter tout écart par rapport à la représentation des phases séparées, puis l'importance de la variance de l'indicateur de phase est démontrée sur d'autres statistiques de second ordre: les composantes de contrainte de Reynolds et le flux de liquide turbulent. Ainsi, les statistiques du second ordre sont partiellement décrites avec des représentations directes de phases mixtes et nécessitent un modèle complémentaire pour être entièrement récupérées. Une première tentative, basée sur une approche linéaire, est proposée pour modéliser le niveau de ségrégation de la représentation des phases mixtes, construit en filtrant un signal totalement ségrégé à une échelle donnée. Dans une seconde partie de cette thèse, un cas de test industriel (un injecteur à pression tourbillonnante) proposé par SAFRAN Aircraft Engines est étudié. Trois modèles à vocation
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x industrielle, parmi ceux étudiés dans la première partie, ont été appliqués pour simuler ce flux d'injecteur (InterFoam , ELSA , ICMelsa ). Leurs approches numériques actuelles sont capables de travailler avec des géométries complexes, avec un effort de calcul représentatif des normes industrielles actuelles. Les résultats des trois modèles (épaisseur du film liquide, longueur de rupture et Sauter Mean Diameter) ont été comparés par rapport aux données expérimentales disponibles. Enfin, une proposition d'amélioration du modèle multi-échelles ICMelsa a été testée avec succès sur la configuration de la nappe liquide et mise en oeuvre pour améliorer encore les résultats du cas industriel des moteurs aéronautiques Safran. Ces résultats ont montré que nous sommes très proches de prédire les caractéristiques d'un spray produit par un véritable système d'injection aéronautique. 2.1 Shadowgraph of the atomization process encountered with the Silvercrest injector studied in chapter 5. The typical reference length-scales are reported. λ 1 is the injector length-scale, λ 2 is the flow dynamic instability length-scale, λ 3 is the droplets length-scale. On the bottom part of the subdivision of the atomization domain is showed, following [START_REF] Lefebvre | Atomization and sprays[END_REF]. . . . . . . . . . . . . . . . . . 12 2.2 The thickness of the liquid-vapour interface versus the reduced liquid temperature as predicted from molecular dynamics simulation showed in [START_REF] Xie | Molecular dynamics study of the processes in the vicinity of the n-dodecane vapour/liquid interface[END_REF]. . . . 14 2.3 Figure represents schematically the part of the flow that is resolved, here all scales greater than the physical interface thickness. The different length-scales refer to fig. 2.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.4 Graphical explanation of the separated phases modeling approach. On the left an instantaneous of a simulation of an air-assisted liquid sheet, using the separated phases approach, on the right the plot of the phase marker function α across the interface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.5 Graphical explanation the mixed phases modeling approach. On the left an instantaneous of a simulation of an air-assisted liquid sheet, using the diffuse interface approach, on the right the plot of the phase marker α across the interface.18 0.250 at plane y * = 0. On the left the representation of the variance field, on the right the representation of the variance computed in the segregated way. . . . . 4.16 Phase marker variance for the ARCHER code using α LS . 0 0.250 at the y * = 0 plane. On the left the representation of the variance field, on the right the representation of the variance computed in the segregated way. . . . . 4.17 Phase marker variance computed using the α V OF along slices at x * = 1, 2, 3. α V OF (1 -α V OF ), α V OF α V OF , residual difference. . . . . . . . 4.18 Phase marker computed using the α LS along slices at x * = 1, 2, 3. tion among the primary injector and the outside environment. On the right representation of the throat and final part of the primary injector. . . . . . . . . 5.19 Side view of the computational domain, marked with numbers to define the different boundary patch. 2 : inlet, 0 : air, 1 : wall near the outlet and injector wall. For the boundary condition associated evaluate the table 5.6. . . . 5.20 Top view of the computational domain, marked with number to define the different boundary patch. On the left: top view of the primary injector. Given a jet engine, we can commonly divide it in 3 major macro parts (see fig. 1.1):

List of Symbols

• the fan ( 1 ) and the compressor group: low pressure stage ( 2 ) and high pressure stage ( 3 ); • the combustion chamber ( 4 ); • the turbine group: high pressure stage ( 5 ) and low pressure stage ( 6 ). The outlet ( 7 ). The part of the engine mostly involved in the production of pollutants is the combustion chamber. Designing and optimizing the fuel system and combustion chamber means optimizing the combustion process and hence:

• reduce pollutants: a homogeneous cloud of droplets allows a more efficient combustion, burning homogeneously the atomized fuel. A complete review of pollutants produced by the aircraft engine can be found in [START_REF] Fay | Jet aircraft air pollutant production and dispersion[END_REF]; • fuel savings: increase in the atomization efficiency brings to fuel savings, as far as the fuel injected is all used to create the enthalpy step. Hence increasing the atomization efficiency and the fuel savings means also to reduce the CO 2 production. Depending on the model of the engine, the structure of the fuel system can be different, but it is common to identify the parts reported in the scheme of the fig. 1.2. The main parts are:

• Pumps ( 1 ) : in each fuel system of a civil aircraft it is possible to identify a supply pump, centrifugal type, installed generally with a principal pump, of volumetric type. • Heat exchangers ( 2 ) : they pre-heat the fuel e.g thanks to the heat released by the oil on the return lines. • Filters ( 3 ) : There are many on the fuel system line and helps to clean it from impurity (like metal residuals coming from the natural use of the different part on the line). • Fuel Meltering Units (FMU)( 4 ) : the main tasks of this part are to assure the right amount of fuel following the electric command of the Full Authority Digital Engine Control (FADEC) and manage all the safety tasks on the fuel line. • Actuators ( 5 ) : they are needed to change the orientation of some stage of the compressor and they are actuated by the fuel of the HP line are, usually, linear actuators. • Injectors ( 6 ) : responsible for the atomization of the fuel inside the combustion chamber.

Figure 1.2 -Simplified scheme of the Sam 146 engine's fuel system, courtesy of SAFRAN Aircraft Engines . 1 Fuel pumps. The first one volumetric, the second one gear pump, 2 heat exchanger, 3 filter, 4 FMU, 5 actuators actuated by servo-valves, 6 lines to the injectors.

In the conception of a fuel system, it is important to take into account different parameters and as a consequence different studies are conducted:

• Thermal study of the whole engine: sizing of the different heat exchangers and different tests in extreme conditions, depending on the typical flight condition. • Study of the flow passing through the high pressure (HP) and low pressure (LP) lines.

• Fuel pressure and flow rate computations. In order to make the engine work properly, it is important to have a strong design synergy between the combustion chamber and the Injector.

The key parameters for the design of the combustor are:

• The performances: in this class we consider the efficiency of the combustion and the exit plane temperature. • The thermo-structural management: the lifetime of the product and vibrations analysis;

• The operability: the ignition, the ground, the start and the restart in-flight, the extinction limits (due to water or bird strike) and the stability in case of off-design condition. • Pollutant's production: as already mentioned, International Civil Aviation Organization (ICAO) regulations are very strict nowadays in NO x , CO 2 and soot productions. For all of these points, the design of the injector is concerned. In particular an interaction about the design volume and the dilution zone spray characteristics is required. The injector must satisfy the spray characteristics dictated by the combustor's design. So far, in most of the cases, injectors have been designed taking into account slight modifications of the previous configurations and trying to adapt them to the particular engine requests. New performances were verified through experimental campaigns. In the next section, we'll give a brief overview of the most used type of injectors inside the aeronautical world. Here the atomizer is of air-assisted type. Before the outlet, the air is mixed with the fuel to produce, through friction, instabilities that helps in the atomization process. On the right, atomization is performed through conversion of pressure in kinetic energy. These are called pressure atomizers and in that case there is not pre-mixing with the air. The needs to reduce the NO x imposed by the ICAO ([Ica]), brought to the development of new combustion chambers and new types of injectors. The actual field of research is the improvement of the fuel/air mixing in order to perform a better combustion. As said in [And+16], The Injector exploited in the GE-Twin Annular Premixing Swirler (TAPS) combustor ( [START_REF] Mongia | TAPS: A fourth generation propulsion combustor technology for low emissions[END_REF]), which currently represents the only lean burn combustion system employed on a certified aircraft engine (GEnX family), is particularly relevant. This is the typical multi-point injector. There is a pilot pressure atomizer surrounded by two co-rotating swirling injectors (fig. 1.4).

Atomizers in the Aeronautical world

Figure 1.4 -On the left:conceptual scheme of a TAPS atomizer took from [START_REF] Stickles | TAPS II Combustor Final Report[END_REF]. On the right:Scheme of a PERM atomizer took from [And+15].

A fuel film grows up in the inner part of the lip. As the film reaches the end of the lip, it goes through the primary atomization through the action of the gas flow. The two co-rotating swirled flows generated by the double swirler help the mixing. At low-pressure condition, a second hollow cone pressure atomizer (pilot) is activated. These two technologies are regarded as the technologies of the future for aeronautical engines, in which a design process that joins together the design of the injectors and of the combustion chamber is every day more necessary. Nowadays most used atomizers in middle-low engines sector are still pressure-swirl atomizers. The fluid feeds a swirling chamber it starts to rotate and is delivered through the outlet to the combustion chamber as a conical liquid sheet. Given that this technology is currently the most commonly used, it is interesting to detail the physics of atomization process and to study more in-depth the physics behind it.

Atomization problem for pressure-swirl atomizers

During the years, dimensionless parameters helped to classify the atomization problem. Here is a brief review of the most used parameters for the pressure-swirl atomizers.

Reynolds number

The Reynolds number is a dimensionless parameter that represents the ratio between the inertial forces and the viscous forces. Given v a characteristic velocity, l a characteristic length scale, ν kinematic viscosity of the fluid, it is possible to define the
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Reynolds number as:

Re = v l ν (1.1)
It is possible to define different flow regime starting from a laminar flow to a turbulent flow thanks to the Reynolds number. As it is possible to see in the definition of this parameter, different choices are possible for the velocity v , characteristic length scale l, and, in case of the multi-phase problem, also for the kinematic viscosity ν. An example of Reynolds number computed for swirling injectors is the Walzel Reynolds number defined as [START_REF] Walzel | Liquid atomization[END_REF]:

Re w = √ 2ρ l ∆P d 0 µ l (1.2)
Where d 0 is the diameter of the exit orifice, ρ l is the liquid density, µ l is the dynamic viscosity and ∆P is the pressure drop. Other choices have been to compute the Reynolds numbers: a. at the inlet of the injector. b. of the film thickness at the end of the swirling chamber. Through the present thesis, when a Reynolds number will be used, it will be properly defined.

Weber number

The Weber number is defined as the ratio between the inertial force and the surface area force. Given the phase density ρ, the characteristic speed v , the characteristic length-scale l and the surface tension σ, it is possible to define:

W e = ρv 2 l σ (1.3)
Thanks to the Weber number, it is possible to define different breakup mechanisms and behaviour of the liquid interface. Like the Reynolds number Re, different formulations of the Weber number W e are possible. One example is the gas Weber number. The gas Weber number is defined, as said in [START_REF] Jedelsky | Air-liquid interactions in a pressure-swirl spray[END_REF], as the ratio between the disrupting gas forces and the consolidating surface tension forces of the liquid film, and hence:

W e = ρ g v 2 l l σ (1.4)
A critical Weber number W e gc = 27 (studied in [START_REF] Senecal | Modeling high-speed viscous liquid sheet atomization[END_REF]) determines whether long-wave or short-wave growth dominates the process. Long waves prevail when W e < W e gc and short waves in the opposite case.

Ohnesorge number The Ohnesorge number ([MR11]

) relates the viscous, inertial, and surface tension forces. Starting from the definitions of Reynolds and Weber number it is possible to write:

Oh = √ W e l Re l = µ l √ ρ l σl (1.5)
Where µ is the dynamic viscosity, ρ is the density, l is a characteristic length-scale and σ is the surface tension.

Swirl number

The swirl number is defined as the ratio between the axial transport of the angular momentum and the product to the axial transport of momentum. Different definitions can be found in literature, where the swirl number takes into account secondary effects like the Reynolds stresses. Here we will consider the definition (refer to [START_REF] Falese | A study of the effects of bifurcations in swirling flows using Large Eddy Simulation and mesh adaptation[END_REF]):

Sw = A ρu θ (v • n)r dA R A ρ(v • n) 2 dA (1.6)
Where n is normal to the surface, u θ is the tangential velocity in polar coordinate, A is the area of a surface taken inside the domain and R is the radius of the slice considered. The physics of the atomization problems have been studied through the years. Different experiments, relying on the different adimensional numbers just cited. In this sense an interesting review can be found in [START_REF] Lefebvre | Atomization and sprays[END_REF], where the different breakup phases of the conical sheet are studied with respect to increasing pressure. In particular Lefebvre defined clearly the different phase that the flow passes when discharged from the orifice (fig. 1.5, fig. 1

.6).

A first stage where the liquid dribbles from the orifice. Increasing the pressure, we have the typical phase where the coherent liquid structures take the shape of a distorted pencil. Later we notice what is called the onion stage and the tulip phase, where the pressure approaches to the value where the atomization is finally fine and fully developed. The same study has been performed in [START_REF] Rhim | Breakup length of conical emulsion sheet discharged by pressure-swirl atomizer[END_REF], where the study is extended, taking into account different Ohnesorge numbers.

Once the injection pressure is sufficient to sustain the cone raising from the swirling chamber, the structure of the liquid sheet is constant Classically the liquid has been divided into three different zones. Near the nozzle outlet, coherent structures of liquid are separated from the gas phase and this region is commonly called separated phase zone. In a transition zone instabilities decompose the elongated structures in ligaments of liquid and downstream, they end up in a polydisperse spray [START_REF] Remigi | Exploring different approaches for the simulation of multi-scale atomization process[END_REF]. As it is possible to observe, we go through a strong multi-scale problem, where in each zone, the features of the flow studied are different. In the separated phase zone, the focus is mainly on the liquid film thickness and the cone angle and air core entering inside the swirling chamber (

[Tay50],[SL86],[NP00],[MASB10],[Mal+18],[Siv+15]
and more). In the transition zone, the focus is on the mechanism of transition and on the instability raising ([RN01], [START_REF] Dombrowski | The effect of ambient density on drop formation in sprays[END_REF], [START_REF] Sivakumar | Analysis on the atomization characteristics of aviation biofuel discharging from simplex swirl atomizer[END_REF]). In the dispersed region, the focus is on the droplet distribution ([LE92], [START_REF] Sahu | Droplet-turbulence interaction in a confined polydispersed spray: effect of turbulence on droplet dispersion[END_REF]). It is possible to observe, how for each zone, the lengthscale involved are strongly different. This creates different challenges from the experimental point of view ([Bac00], [START_REF] Bachalo | Experimental methods in multiphase flows[END_REF]) that we can try to overcome with numerical studies. 

Modeling the atomization problem

All along the last years different physical models have been developed to try to represent such a complex problem as the atomization phenomenon. It poses different deals, of which the most important is the multi-scale characterization. The researcher has to choose which effects to model in the problem and which effect to represent with the equations. Even if some innovative works are underway ([Cor20], [START_REF] Battista | Towards a unified eulerian modeling framework for two-phase flow: geometrical subscale phenomena and associated highly-scalable numerical methods[END_REF]), it is still not possible to represent all the scales. The first hypothesis posed is the continuum hypothesis, where the interface should be modeled, as far as the physical scale is too small to be directly resolved (for examples of length-scales related to the interface, refer to [START_REF] Xie | Molecular dynamics study of the processes in the vicinity of the n-dodecane vapour/liquid interface[END_REF]). It is possible to find in literature reviews about different interface modeling techniques ([MJD17], [START_REF] Anderson | Diffuse-interface methods in fluid mechanics[END_REF], [START_REF] Saurel | Diffuse-Interface Capturing Methods for Compressible Two-Phase Flows[END_REF]). The classification given in [START_REF] Mirjalili | Interface-capturing methods for two-phase flows: An overview and recent developments[END_REF] (fig. 1.7) is based on the structure of the equations representing the fluid system (two-fluid, one-fluid, following the notation given in [START_REF] Gretar Tryggvason | Direct Numerical Simulations of Gas-Liquid Multiphase Flow[END_REF]). Successively the review treats the classification by the interface modeling approach, distinguishing among diffuse interface approach and the sharp interface methods.

In [START_REF] Anderson | Diffuse-interface methods in fluid mechanics[END_REF] after an historical introduction of the way of considering the diffuse interface in history, focused on one component and two component fluid interface modeling.

In [START_REF] Saurel | Diffuse-Interface Capturing Methods for Compressible Two-Phase Flows[END_REF] the review is focused more on what Mirjalili would call the two-fluid models

([MJD17]
). This family of models have as a common starting point the Baer-Nunziato (B-N) model, introduced in [BN86], and are mostly based on the compressible flow formalism. In fact, the numerical method to solve the equations postulated in the models come from the compressible flow formalism ( [START_REF] Leveque | Numerical methods for conservation laws[END_REF]). From all these works and from literature it is possible to distinguish two families of models concerning the interface ([DB20]):

• Sharp interface model: the interface is a discontinuity among the properties of the two phases. There are models that consider it directly as a discontinuity and other models that try to obtain it by sharpening a thickened interface. • Diffuse interface model: the interface is an extended portion of space where the properties change gradually among the two phases. Other works in literature are more focused on higher length-scale modeling. Examples of other modeling length scales models are the classical kinetic approach ([Ess+17]), where, in
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1.4 Outline of the thesis the disperse zone, the droplets are modelled as separated bodies, or turbulence modeling, where part of the flow dynamic is relegated to the model ( [START_REF] Aniszewski | Large eddy simulation of turbulent two-phase flow[END_REF]).

Other papers are dedicated to these topics ([Che+11], [START_REF] Piscaglia | A scale adaptive filtering technique for turbulence modeling of unsteady flows in IC engines[END_REF], [START_REF] Vincent | A priori filtering and LES modeling of turbulent two-phase flows application to phase separation[END_REF]), They focus on higher length scales modeling, such as turbulence modeling aspects.

Figure 1.7 -Review of the possible multi-phase flow modeling approach it is possible to find in literature. Review done in [START_REF] Mirjalili | Interface-capturing methods for two-phase flows: An overview and recent developments[END_REF] 1

.4 Outline of the thesis

In this chapter we gave a general introduction to the atomization problem. We gave the context of the aeronautical engine's atomization and a general overview of the experimental and numerical studies it is possible to find in the literature. The present work is structured in the following way:

• CHAPTER 2: NUMERICAL MODELS: an improved numerical models classification, based on modeling length-scale is introduced. A wide review is presented and we will give two extended examples of models: ELSA and ICMelsa . • CHAPTER 3: NUMERICAL MODELS COMPARISON: THE AIR-ASSISTED LIQUID SHEET TEST CASE: after having introduced the different physical models in chapter 2, we chose three numerical models representative of the interface modeling techniques and two representatives of the flow dynamic instability modeling approaches.

A simple new testing configuration has been designed and proposed: an air assisted liquid sheet atomizer. The configuration has been optimized to be representative of an aeronautical configuration. The analysis of the results is divided in two different parts: a "classical analysis" part and a "phase analysis" part. In the classical analysis will go through classical statistics analysed in single-phase turbulence related works. • CHAPTER 4: PHASE ANALYSIS: in the phase analysis we highlight the importance of the phase marker variance and we add some statistical tools to study it. After having analysed the phase marker variance on the domain of the different simulation performed, we propose a one-dimensional model to represent the departure of the non segregated variance from the segregated one.

• CHAPTER 5: SILVERCREST: The primary injector of the atomizer installed on the Silvercrest engine is treated and studied starting on the conclusion of the models tested in chapter 2. First an analytical study of the swirling injectors is presented. The experimental setup and experience are introduced, before treating the numerical procedure. In this chapter it is possible to find a new way to extract the Sauter Mean Diameter from the simulations and a contribution to improve the accuracy in the surface area density approximation for the ICMelsa model. 

Chap. 2 | Numerical models

The atomization phenomenon has been widely studied during the last decades. It is possible to find the first analytical studies about immiscible flows in literature as soon as the 19th century ( [START_REF] Plateau | Statique expérimentale et théorique des liquides soumis aux seules forces moléculaires[END_REF]). Nowadays, regardless of the fact that a lot of models have been introduced, it is possible to find wide reviews on the modeling techniques used for a generic multi-phase flow ([SP18], [START_REF] Mirjalili | Interface-capturing methods for two-phase flows: An overview and recent developments[END_REF]) but also for the specific case of the atomization [START_REF] Essadki | High Order Moment Model for Polydisperse Evaporating Sprays Towards Interfacial Geometry[END_REF].

The atomization phenomenon can be defined as a fluid system composed of two immiscible phases, one gaseous and one liquid. Concerning the physical process, regardless of the atomization technique, it is not always possible to identify a carrying phase and a carried phase. The flow field has been classically divided in three different regions [START_REF] Lefebvre | Atomization and sprays[END_REF]). A first region where it is possible to identify coherent liquid structures (separated phase zone), a zone where it is possible to identify a polydisperse spray (disperse phase zone) and a transition zone between the two, where it is possible to identify the breakup of the coherent liquid structures. Mathematically speaking, is hard to address the challenge of the modeling, due to the multi-scale nature of the physical process itself. Due to the complexity of the phenomena, of the choice of the representation and of the associated numerical methods, it is not clear yet which is the most suitable model for each application. The complete and the direct description is mostly based at the lowest level on the Navier-Stokes (N-S) system, extended to liquid gas flows with an interface. It is possible to remark that does not exist a well established and unified model able to address the three zones cited above, at least for industrial related configuration cases. In this chapter, the objective is to review the numerical models and methods present in literature, highlighting the different modeling length-scales used within each approach. In this way it is possible to understand, for each model, the different representation of the atomization process. In the first part of the chapter we will go into the different modeling techniques for the liquid-gas interface, reviewing the principal numerical methods to deal with the models proposed.

In the second part of the chapter we will focus on the classical multi-phase approach and reduced order models.

In the final part of the chapter we will introduce the ELSA formalism and a multi-scale model (ICMelsa ) that aims to address the whole atomization process. 

Introduction

Numerical models and numerical methods

In this section we clarify the terminology used in this work to differentiate among numerical models and numerical methods. The numerical modeling refers to the description of a physical model through appropriate equations, together with the numerical method suitable to solve the problem. In this case, to build a model, we will refer to the physical laws and mathematical tools. With the term numerical methods we refer to the numerical approach used to solve the equations postulated in the physical model. An example of a strategy to build a numerical model can be found in [START_REF] Cordesse | Derivation of a two-phase flow model with two-scale kinematics, geometric variables and surface tension using variational calculus[END_REF]. Here the least-action principle is used to derive a hierarchy of multi-phase models. As we will see in the following section, there are cases in which numerical models are built and tuned considering, for example, the discretization of the equations. In the next sections we will try to clarify the difference between models and methods, even if in some cases they are extremely bounded together ([Cor20]).

Typical model length-scales

The atomization can be characterized by a wide range of length-scales. Taking as an example an atomized flow of aeronautical interest (typically we have Re l ∼ 10 4 -10 5 -W e l ∼ 10 -10 2 where the Re l and W e l are defined at the outlet of the injector, considering the liquid film sheet thickness as length-scale), then it is possible to define at least 4 typical length-scales (fig. 2.1):

• Injector length-scale (λ 1 ): typical injectors for aeronautical purpose deal with lengthscales between 10 -2 [m] and 10 -3 [m].

• Instability length-scale (λ 2 ): 10 -4 [m].

• Dimension of the different droplets (λ 3 ): 10 -5 [m].

• Interface (λ I ): 10 -8 [m]; When we approach the problem in order to propose the numerical model, we have to deal with a set of morphology of the interface among liquid and gas that ranges from the well separated phases, near the outlet of the injector, up to the polydisperse spray. In this process, as it is possible to see in fig. 2.1 the flow passes through a transition zone, where the morphology of the interface can be complex [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF]). In each of these zones we can identify different typical length-scales. When we decide to adopt a numerical model we choose a cutting/modelling length-scale. Every physical phenomenon (related either to the dynamic of the interface, either to the dynamic of the flow itself) happening below this cutting length-scale is relegated to the physical model, everything that is above is represented by the equations describing the fluid system. Nowadays the connection between the modelling length-scale and the part of atomization process is still a matter of study. New models are being conceived in order to describe the whole process ([Cor+20a], [START_REF] Essadki | High Order Moment Model for Polydisperse Evaporating Sprays Towards Interfacial Geometry[END_REF]), but a unified, comprehensive model has not been established yet.

Models classified by the length-scale analysis (LSA)

In this section, we propose a possible classification of the different approaches that are used to describe liquid-gas flows. We have in mind the application to atomization but we expect this classification to be applicable more generally to any liquid-gas flow. The point of view developed is based on the length-scale at which we would like to resolve the flow, this is why we will call it Length-Scale Analysis (LSA). The first part is dedicated to the equations representative of such flow and the second one to the related numerical method.

Flow description

We base our analysis on continuum, at the possible exception of the interface. As reported in [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF] and [START_REF] Gretar Tryggvason | Direct Numerical Simulations of Gas-Liquid Multiphase Flow[END_REF] the establishment of any conservation law or governing equation in fluid mechanics is based on the continuum hypothesis. The fluids that we are going to treat are composed of molecules and atoms. Considering a box of size l, for small l, the fluctuations of the density ρ (mass of the molecules with respect to the occupied volume) would be relevant, and the discrete property of matter would appear. As the length l becomes bigger and bigger, the density function becomes smoother. For dilute gases we can say that we can apply the continuum hypothesis for length-scales l such as: l l f p , where l f p is the mean free path length-scale that represents the distance among two molecules. As far as fluid mechanics is concerned, the typical LSA is taken larger than the inter-molecular distance between molecules. The main reason to consider LSA bigger than the molecular scale is the present impossibility to describe large system with a lower level of refinement. In addition, the physical representation of fluids at this scale requires molecular simulation that are based on very different physical description. Such simulations have been performed to access to very fine details of the interface characteristics, but they are restricted to very small portion of liquid-gas surface in simplified geometry. For instance in [START_REF] Yanagihara | A molecular dynamics simulation investigation of fuel droplet in evolving ambient conditions[END_REF] a "1-D" droplet with a radius of r = 10[nm] = 10 -2 [µm] is considered. Such sub-micron droplets are in general too small and with a vaporisation time scale too short to be captured in engine's simulations. At this scale, the interface can be considered at the zone of transition between the gas and the liquid phase with a non zero length-scale. In this zone, in average the respective concentration of the gas and liquid varies continuously from pure liquid to pure gas. Typically, the thickness of this transition, thus the interface thickness, is, in this case, of the order of few nanometers
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[nm]. Figure 2.2 from [START_REF] Xie | Molecular dynamics study of the processes in the vicinity of the n-dodecane vapour/liquid interface[END_REF] shows the liquid-gas interface thickness for different species as the function of the temperature to critical temperature ratio. Thus in most of the cases any numerical simulation of liquid-gas flow at the range of atomization system dedicated to gas-turbine engine will not be able to simulate continuously the actual physical phase transition, since the typical mesh resolution, characterized by a length-scale λ, is greater than the physical interface thickness. It follows that the mesh resolution, and hence the level of details we are observing, is much bigger than the molecular inter-distance allowing continuous description of fluids on both sides of the interface. Therefore, to represent the physical interface transition between phases two models exist: on the one hand, the interface can be represented as an infinitely thin interface or on the other hand it can be artificially thickened to be described as a smooth transition at the level of the resolution retained. This leads to two different formalisms, respectively a separated phases approach with jump conditions at the interface and a mixed phases approach with adapted equation of state (EOS) to describe the mixture of the thickened zone of transition. This will be matter of discussion in the next section.

Figure 2.2 -The thickness of the liquid-vapour interface versus the reduced liquid temperature as predicted from molecular dynamics simulation showed in [START_REF] Xie | Molecular dynamics study of the processes in the vicinity of the n-dodecane vapour/liquid interface[END_REF].

Interface length-scales

The main difference among the multi-phase flows and the single-phase flows is the presence of the interface. In the previous section we remarked how the liquid-gas interface can not be solved directly, hence we would need a model to deal with it. One model proposition is to consider the interface as a infinitely thin region which separates two different fluids. Writing the transport equations for each of the fluid, they are supplemented with Rankine-Hugoniot's like

Alberto Remigi

University of Rouen -CORIA May 10, 2021 jump relations, to treat the jump of the properties across the interface. This is the so-called separated phases approach. There is not yet general and definitive terminology adopted by all communities. Accordingly, the meaning of single-fluid, single-flow, multi-fluid, multi-phase flow, among other, has to be understood in the context of the scientific community for which the specific article has been written. This has been a difficulty all along this work and we have tried our best to define such terms properly. Another approach is to consider the interface as a thickened zone. The system is composed of a single fluid mixture with highly variable density and viscosity. Furthermore, it is supplemented with an adapted EOS to cover the thickened interface of transition. This is the so-called mixed phases approach. Along the thesis the terms Free Interface Thickness (FIT) and Controlled Interface Thickness (CIT) will be used. They will be used to describe two different kinds of mixed phases interface methods. The CIT term would describe the sharp transition of properties in case of mixed phases , where the thickness of the interface has a controlled thickness, while FIT term a gradual transition on an extended zone, where the interface of the mixed phases approach is left free to evolve. For general interface shape description we will use the terms diffuse interface and sharp interface , where diffuse interface term will describe the gradual transition of properties and sharp interface a net transition of the properties. It is important to remark that the two terms will not be used to define a model, but to describe the shape properties of the particular interface method used. An example it is the InterFoam model. It will be addressed as sharp interface , owning to the class of mixed phases models using a CIT method. In the next paragraph we will detail the different models formalism.

λ interf ace = 10 -8 λ 3 = λ droplet = 10 -4 λ 2 = λ instab = 10 -3 

Separated phases approach

Given the multi-phase flow system, from the local description of [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF], it is possible to write the transport equations of the flow system. Given v the velocity, ρ the density and p the pressure, we have on both sides of the interface the mass conservation equation:

∂ρ ∂t + ∇ ∇ ∇ • • • (v ρ) = 0 (2.1)
The momentum conservation equation:

∂ρv ∂t + ∇ ∇ ∇ • • • (ρv ⊗ v + pI) = ∇ ∇ ∇ • • • D (2.2)
The energy conservation equation:

∂ρE ∂t + ∇ ∇ ∇ • • • [(ρE + p)v ] = ∇ ∇ ∇ • • • (D • v -q) + q (2.3)
Where E is the total energy defined starting from the velocity v and the internal energy e as:

E = 1 2 v 2 + e (2.4)
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With D we define the viscous tensor D = µ ∇ ∇ ∇v + ∇ T v , with the Fourier Heat Flux defined as q = k∇ ∇ ∇T , q energy source per unit volume and I the identity matrix. The interface is modelled as infinitely thin. As already explained in the previous section, the physical interface actually has a thickness itself, but its length-scale is lower than the length-scale chosen for the modeling purpose. This approach leads to a discontinuity of fluid and flow properties, leading to undetermined space and time derivatives at the surface. A set of jump relations must be supplemented to deal with the interface, in order to recover the continuity of the first order derivative and close the system of equations. We can analyse the equations in the neighborhood of the discontinuity identifying with k = +, -the approaching from one phase or the other to the interface itself. Considering n k to be the outward normal vector with respect to the side k of a surface defined as S (x, t) = 0, with x ∈ R 3 , t ∈ R that separates the two phases, the jump conditions, can be written as:

k=-,+ (f (φ k ) -f I ) • n k dS = 0 (2.5)
Where f (φ k ) are the fluxes of each of the two phases, associated with the variable φ and f I are the fluxes associated with the interface. Hence for the system of conservative equation, it is possible to write:

k=-,+ [ρ k (v k -v I )] • n k = 0 (2.6) k=-,+ [ρ k v k ⊗ (v k -v I ) + p k I -D k ] • n k = 2σH (2.7) k=-,+ [ρ k E k (v k -v I ) + p k I • v k -D k • v k + q k ] • n k = 2σHv I • n k (2.8)
where:

• v -, v + , p -, p + , ρ -, ρ + ,E -,E + are the flow variable in the neighborhood of the interface approaching from one phase or the other phase. • The normal interface velocity v I is defined as the surface displacement velocity.

• σ is the surface tension.

• H is the local curvature of the interface with respect to the approaching side k = +.

• I is the identity matrix. In this case two different thermodynamics with two EOS are defined for the two phase flow. They are made compatible, thorough the discontinuity, thanks to Rankine-Hugoniot like jump relations. The proper derivation of the jump relations can be found in [START_REF] Kataoka | Local formulation and measurements of interfacial area concentration in two-phase flow[END_REF], [START_REF] Kataoka | Local instant formulation of two-phase flow[END_REF] or in [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF]. We want to highlight how in this case that the interface is modeled as a discontinuity (fig. 2.4), there is only one phase at a given position and time, and no mixture is present. This is the most important difference with the mixed phases approach presented hereafter.

x 1 x α Figure 2.4 -Graphical explanation of the separated phases modeling approach. On the left an instantaneous of a simulation of an air-assisted liquid sheet, using the separated phases approach, on the right the plot of the phase marker function α across the interface.

Mixed phases approach

In the mixed phases formalism, the system is considered composed of one fluid with highly variable density and viscosity ( [START_REF] Mirjalili | Interface-capturing methods for two-phase flows: An overview and recent developments[END_REF]). This approach considers the interface as a transition zone with a certain thickness, where the properties changes gradually. There a thickened interface would be defined, in which both phases coexist.

As it has been done before, it is possible to write the mass transport, momentum transport and energy transport equations:

∂ρ ∂t + ∇ ∇ ∇ • • • (v ρ) = 0
(2.9)

∂ρv ∂t + ∇ ∇ ∇ • • • (ρv ⊗ v + pI) = ∇ ∇ ∇ • • • D (2.10) ∂ρE ∂t + ∇ ∇ ∇ • • • (ρE + p)v = ∇ ∇ ∇ • • • (D • v -q) + q (2.11)
The difference with the separated phases approach is that, in each position of the flow domain, it is possible to define a mixture of p ĥases, and no discontinuity of properties is present (fig. 2.5).

In order to treat the mixture zone, it is necessary to supplement the conservation laws with an EOS able to describe the thermodynamics in the thickened interface. In the context of compressible flow, it is possible to find mainly two modeling approaches: a. A continuous EOS is defined, that takes into account the phase changes (e.g [START_REF] Van Der Waals | Thermodynamische Theorie der Kapillarität unter voraussetzung stetiger Dichteänderung[END_REF]). b. Two different EOSs are defined and coupled among them. An example can be found in [START_REF] Cordesse | Contribution à l'étude des instabilités de combustion dans les moteurs-fusées cryotechniques : couplage entre modèles à interfaces diffuses et modèles cinétiques pour la simulation de l'atomisation primaire[END_REF], in which the thermodynamic properties of the two fluid are coupled through a mixture entropy. The thickened interface approach has been formalized mostly in the context of compressible formalism under the name of diffuse interface approach. However, other incompressible approaches used this concept without stating they belong to the diffuse interface formalism. In the context of the incompressible flow it is possible, also, to define different EOS such as for the density:

     ρ l = constant ρ g = constant ρ = α l ρ l + α g ρ g
(2.12)

Where ρ l and ρ g are respectively the density of liquid and gas, while α l and α g are respectively the volume fraction of liquid and gas. This particular EOS, allows to extend the mixed phases formalism to the incompressible flow. Mixed phases formalism is illustrated on fig. 2.5, With respect to the fig. 2.4 the thickened interface seems do be a place where the phase have been diffused, thus the name of diffuse interface has been used to describe this kind of approach, even if we will see in the next section are possible mixed phases models that try to recover sharp interface profile and proper names will be defines (FIT and CIT approach).

x 1 x α Figure 2.5 -Graphical explanation the mixed phases modeling approach. On the left an instantaneous of a simulation of an air-assisted liquid sheet, using the diffuse interface approach, on the right the plot of the phase marker α across the interface.

Numerical methods

It is possible to find in literature different numerical methods to solve the previously described sets of the equation. Concerning the separated phases formalism, we can identify the interface tracking method, where the interface is identified by points that moves and evolves in a Lagrangian way. One of the most famous method is described in [START_REF] Tryggvason | A front-tracking method for the computations of multiphase flow[END_REF]. The second approach is represented by the interface capturing (IC) methods. The discontinuity is represented by a function, for which an unsteady transport equation is postulated. Mostly it is possible to identify two functions used in the literature:

• Volume of fluid (VOF): derived in [START_REF] Hirt | Volume of fluid (VOF) method for the dynamics of free boundaries[END_REF], it is still widely in use. A phase marker (α), that in case of incompressible formulation represents the volume occupied by one of the fluids (and hence it is called liquid volume fraction α l ), is advected using a first-order advection equation:

∂α l ∂t + ∇ ∇ ∇ • • • (v α l ) = 0 (2.13)
The liquid volume fraction α l ranges between: α l ∈ [0, 1]. This method guarantees the conservation of the liquid volume fraction mass. In the context of separated phases approach, it is necessary to apply the jump conditions on an actual discontinuity located at the interface, this holds in particular for the liquid volume flux. In general the
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VOF method requires the reconstruction of the interface. One possibility is to use the geometric VOF techniques. This methods contains also a way to reconstruct the interface. The simplest one are the simple line interface calculation (SLIC) [START_REF] Noh | SLIC (simple line interface calculation)[END_REF] that try to fit the interface with a 1st order function, keeping the interface parallel to one of the coordinate of the numerical domain. More accurate methods try to fit the interface with a piece-wise linear function (are representative the piecewise linear interface calculation (PLIC) methods reported in [START_REF] Li | Calcul d'interface affine par morceaux[END_REF], [START_REF] Skarysz | An iterative interface reconstruction method for PLIC in general convex grids as part of a Coupled Level Set Volume of Fluid solver[END_REF] among other works). • Level-set: introduced in [OS88], the interface is defined implicitly by a distance function φ, where the iso-values 0 (φ = 0) represents the interface boundary between the two fluids that is advected by an unsteady transport equation:

∂φ ∂t + v • ∇ ∇ ∇φ = 0 (2.14)
Resolving eq. (2.14), the level-set distance function does not preserve the distance feature of the field φ. Thus a re-distancing algorithm must be deployed in order to return to a mathematically valid distance function (|∇ ∇ ∇φ| = 1). Some examples can be found in [START_REF] Sussman | An efficient, interface-preserving level set redistancing algorithm and its application to interfacial incompressible fluid flow[END_REF], [START_REF] Sussman | A level set approach for computing solutions to incompressible two-phase flow[END_REF], [START_REF] Kimmel | Fast marching methods on triangulated domains[END_REF]. The advantage of the level-set method is that it allows to reconstruct in a more precise way the geometric evolution of the interface, while the main disadvantage is that it is not mass conservative. The interested readers are addressed to the review [START_REF] Sethian | Level set methods for fluid interfaces[END_REF]. In the recent years these two interface capturing methods have been joined together in order to take the advantage of both methods, and hence the mass conservation property of VOF and the accuracy in capturing the dynamic of the interface for the level-set method. The hybrid level-set / VOF , called Coupled Level Set/Volume of Fluid (CLSVOF), has been introduced in [SP00] and later improved in [START_REF] Ménard | Coupling level set VOF ghost fluid methods: Validation and application to 3D simulation of the primary break-up of a liquid jet[END_REF]. In addition a particular approach have been used to strictly apply the jump conditions (eq. (2.6)-eq. (2.8)): the Ghost Fluid Method (GFM), introduced in [Fed+99], [START_REF] Dianat | A Coupled Level Set and Volume of Fluid method for automotive exterior water management applications[END_REF]. For what it concerns the mixed phases models, it is possible to find in literature different kinds of approach to solve the equations and treat the interface. One possible approach it is possible to find in [START_REF] Rusche | Computational Fluid Dynamics of Dispersed Two-Phase Flows at High Phase Fractions[END_REF] and implemented in OpenFoam finite volume library, it is based on advecting the phase marker (α) as in the VOF method and try to sustain the sharp interface shape of the separated phases models through an empirical tuned sharpening term on the right hand side of the transport equation for the liquid volume fraction .

∂α l ∂t + ∇ ∇ ∇ • • • (v α l ) = -∇ ∇ ∇ • • • [C α U r α l (1 -α l )] (2.15)
Where U r is an empirical velocity used to modulate the compression, defined as:

U r = |v| • n (2.16)
where n is the normal to the liquid-gas interface directed toward it, C α is a parameter that in literature is always set to 1 (for an example where the value is varied, see [START_REF] Wardle | Hybrid multiphase CFD solver for coupled dispersed/segregated flows in liquid-liquid extraction[END_REF]). This method is called InterFoam ( [Wel]).

We called this approach of considering the interface mixed zone and try to regulate the thickness through a source term in the phase marker advection equation mixed phases CIT models. This approach has been used in another family of models, called phase-field models. The main idea, as described in [START_REF] Badalassi | Computation of multiphase systems with phase field models[END_REF], is to introduce a phase field that is constant in the two phases but varies gradually at the interface. The thickness of the interface will remain constant. The evolution of the phase-field is described by the Cahn-Hiliard equation ([CH58], [START_REF] Cahn | Free energy of a nonuniform system. II. Thermodynamic basis[END_REF]). Given φ, the phase-field variable, M(φ), a mobility variable, η the chemical potential, it is possible to write:

∂φ ∂t + v • ∇ ∇ ∇φ = ∇ ∇ ∇ • • • (M(φ)∇ ∇ ∇η) (2.17)
The Right Hand Side (RHS) term of the eq. (2.17) can vary with respect to the physical problem addressed (e.g [START_REF] Mirjalili | Comparison between the diffuse interface and volume of fluid methods for simulating two-phase flows[END_REF]). For the interested reader to the Cahn-Hiliard model and phase field it is possible to read a review in [START_REF] Elliott | The Cahn-Hilliard model for the kinetics of phase separation[END_REF].

In addition it exists a family of methods that derives from the compressible single-phase formalism, able to describe shock wave discontinuities. This kind of methods are referred in the text as FIT approach in the context of mixed phases formalism. One of them is the averaged approach ([Dre83]), in which a macroscopic method is used, averaging the conservation equations. In this case, following the averaging procedure described in [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF] many unclosed terms would be created. In literature there are many closure propositions ([SA99], [START_REF] Drew | Mathematical modeling of two-phase flow[END_REF]). In some cases, the mixture phase formalism is enriched by considering different separated state variables in liquid and gas phases, instead of single state variables. The conservation equations are postulated and later each of them is supplemented with mass, momentum and energy exchange ([LL59]). All the models based on this approach derives from the first implementation for multi-phase flow proposed in [START_REF] Baer | A two-phase mixture theory for the deflagrationto-detonation transition (ddt) in reactive granular materials[END_REF] as mentioned in [START_REF] Saurel | Diffuse-Interface Capturing Methods for Compressible Two-Phase Flows[END_REF]. The B-N system is also called seven equations model. It is a first-order non-linear non-conservative system of equations representing the transport equations in an enriched description of the flow: one equation for the conservation of mass for each phase, one equation of conservation of momentum for each phase, one equation for the conservation of energy for each phase and a seventh equation to describe the evolution of the phase marker α in order to identify the interface. Further transport equations can be added to model further physical effects. One extension can be found in [START_REF] Saurel | A multiphase Godunov method for compressible multifluid and multiphase flows[END_REF], where an interfacial pressure and velocity are added and needs to be closed. Starting from the 7 equation model, with the instantaneous relaxation of the pressure and velocity it is possible to find the 5-equation model ( [START_REF] Kapila | Two-phase modeling of deflagration-to-detonation transition in granular materials: Reduced equations[END_REF]) and by instantaneously relaxing the temperature it is also possible to find the compressible Navier-Stokes equations (4-equation model). A complete review about the hierarchy of these approaches based on the irreversible relaxation terms can be found in [START_REF] Drui | Modélisation et simulation Eulériennes des écoulements diphasiques à phases séparées et dispersées: développement d'une modélisation unifiée et de méthodes numériques adaptées au calcul massivement parallèle[END_REF] and [START_REF] Cordesse | Contribution à l'étude des instabilités de combustion dans les moteurs-fusées cryotechniques : couplage entre modèles à interfaces diffuses et modèles cinétiques pour la simulation de l'atomisation primaire[END_REF]. The modeling length-scale in this case is chosen to be larger than the droplet sizes. This level of description is suitable to describe the poly-disperse spray resulting of the atomization process, even if recent developments (e.g [START_REF] Essadki | High Order Moment Model for Polydisperse Evaporating Sprays Towards Interfacial Geometry[END_REF]) have opened the possibility to extend this approach to the separated-phase part of the atomization process.

Droplet length-scales

λ interf ace = 10 -8 λ 3 = λ droplet = 10 -4 λ 2 = λ instab = 10 -3
In the case of poly-disperse spray, the modeling of the interface is not enough. It is assumed that the spray is composed by a set of discrete droplets. Accordingly a carrier phase and a discrete phase can be identified : the gas and the droplets themselves that are supposed to behave like isolated elements. Thus a size distribution effect is more adapt. This approach is inspired by the Kinetic theory of gases.

Kinetic approach

An equation to model the evolution of a cloud of droplets, which is described by a Number Density Function (NDF) has been widely used. This equation is also called Williams-Boltzman Equation (WBE) and has been postulated for the first time in the case of spray in [START_REF] Williams | Spray combustion and atomization[END_REF]. The variables in this equation describe the evolution of the statistical quantities that characterize the population of droplets such as the diameter, the velocity or the temperature. In order to deal with industrial problems, and hence to try to reduce the phase space, different modelling strategies have been developed during the most recent years. When the dimension of this space is not too large the WBE can be solved directly (e.g the Vlasov equation in [START_REF] Grandgirard | Global full-f gyrokinetic simulations of plasma turbulence[END_REF]).

One of the most used approaches is the stochastic Lagrangian approach which is based on Monte-Carlo simulations. In this case the particles are represented by samples that are tracked using a Lagrangian description. The shortcomings are that a huge number of stochastic particles is required for statistical convergence. An approach that has been developed a lot during last decades is to derive an Eulerian moment model from the WBE. A differential system of a finite set of moments of the NDF has been developed requiring some assumption on the variables of the phase space or on the mathematical form of the distribution to be closed ( [START_REF] Fox | Numerical simulation of spray coalescence in an Eulerian framework: direct quadrature method of moments and multi-fluid method[END_REF], [START_REF] Kah | A high order moment method simulating evaporation and advection of a polydisperse liquid spray[END_REF], [START_REF] Essadki | High Order Moment Model for Polydisperse Evaporating Sprays Towards Interfacial Geometry[END_REF]).

Flow dynamic instability length-scales

λ interf ace = 10 -8 λ 3 = λ droplet = 10 -4 λ 2 = λ instab = 10 -3 Even in one-fluid flow the multi-scale nature of the dynamic can be important as soon as turbulent flows are concerned. The instabilities and the following hierarchy of length-scales in case of turbulence (integral length-scale, Taylor length-scale and Kolmogorov length-scale as referred in [START_REF] Frisch | Turbulence: the legacy of AN Kolmogorov[END_REF]) are also present in liquid-gas flows. With respect to the previous description of the interface representation this leads to an ever more complex problem. In addition those length-scales related phenomena, occurring in one-fluid flows, happen also on both side of the interface and even interact with it. There is not yet a clear theory to help us to describe the liquid-gas flow with turbulence. There are clearly cases where it is possible to identify a scale separation between turbulent scales and interface length scales, but this not the case in general. For the scope of this PhD, like in many works in the present literature, turbulence description and modeling is treated separately from the description of the interface. Here, for sake of clarity, we refer to the flow dynamic instability length-scales and set it on top of the droplet length-scale, even if we are aware that the reality is more complex. The modelling of the dynamic of the flow it is known as turbulence modelling and it is based on classical textbooks like [START_REF] Pope | Turbulent flows[END_REF] or [START_REF] Frisch | Turbulence: the legacy of AN Kolmogorov[END_REF]. In the following sections, starting from the turbulence modelling, we are giving a detailed example of one of the most used approaches developed in the recent years.

Turbulence modeling in spray and atomization problem

Disserting about dynamic of the flow we are referring to turbulence phenomena. The highly non linear phenomena dictated by turbulence have been firstly visualized by Reynolds ([Rey83]) and later studied by Richardson whom introduced the idea of energy cascade in his seminal work [START_REF] Richardson | Weather prediction by numerical process[END_REF]). The theory has been further developed mathematically by the Russian mathematician A.N Kolmogorov who, under the strong hypothesis of HIT (Homogeneous Isotropic Turbulence) with the K41 model, defined the first closed theory of turbulence ([Kol41b], [START_REF] Kolmogorov | Dissipation of energy in locally isotropic turbulence[END_REF]). Among other results it leads to an Energy spectra with the -5/3 scaling law for the inertial range ([Vee+93], [START_REF] Saddoughi | Local isotropy in turbulent boundary layers at high Reynolds number[END_REF]) and the definition of the smallest length-scale, the so-called Kolmogorov length-scale. Thanks to this model it is possible to define typical eddies length-scales related with the phenomena of the energy cascade. Practically, it is in general impossible to solve all the scales of a flow at large Reynolds number. Accordingly, a length-scale is retained, from which only all larger length-scales are resolved. In this case, a filter is applied to the quantities describing the flow. In this way a part of the dynamic is not resolved and requires a physical model, while the rest is directly resolved in term of filtered quantities. This approach is called Large Eddies Simulation (LES) since only the large eddies are resolved. Given that, the flow is turbulent, it is not fully predictable and only its statics can be predicted. The most important statistic is the mean. For instance, the mean can be obtained by averaging any flow quantity in time. It is even possible to average the set of equations describing the flow to define a new set of equations for the mean values, in the approach called Reynolds-Averaged Navier-Stokes (RANS). The non linearity of the N-S equations induce the presence of unclosed terms.

If only a filter is applied at a given length-scale, we obtain a set of equations for the filtered values that describe the LES approach. These equations contain also unclosed terms.

Space filter A space filter is applied to the system of equation describing the fluid domain. The filtering operation is described using spatial convolution filter G with a characteristic length-scale ∆. Therefore, given a generic quantity φ(x, y , z, t), where (x, y , z) are the three Cartesian coordinates of the domain and t is the time, it is possible to write:

φ(x, y , z, t) = +∞ -∞ G ∆ x -x , y -y , z -z , t φ(x , y , z )dx dy dz (2.18)
Where φ(x, y , z, t) is the filtered variable. It is possible to distinguish among the so-called implicit filters, also referred as grid is the filter approach ([Ani11]), where the filter is the cell of the computational grid, and the so-called explicit filters, where the approach is to use a specific kernel. In this thesis we will use the implicit filtering approach. For a full discussion about implicit and explicit filtering we suggest [START_REF] Pope | Turbulent flows[END_REF], [START_REF] Sagaut | Large eddy simulation for incompressible flows: an introduction[END_REF] and among the others [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF], [START_REF] Aniszewski | Large eddy simulation of turbulent two-phase flow[END_REF], [START_REF] Klein | Analysis and Modelling of the Commutation Error[END_REF]. Applying the filter to the single-phase incompressible (ρ = const., µ = const.) momentum conservation equation, it is possible to write the filtered equation:

∂ρ v ∂t + ∇ ∇ ∇ • • • ρv ⊗ v = -∇ ∇ ∇p + µ∇ 2 v -∇ ∇ ∇ • • • τ R (2.19)
In this case the equation requires to be closed with the modeling of the residual stress tensor term τ R . The residual stress tensor physically couples the small and big scales of turbulence.

Even if it is possible to see a similarity among the form of the RANS equation and the space filtered equation, it is important to underline that the nature of the Reynolds stress tensor (term that takes into account the turbulent momentum velocity fluctuations in the Reynolds averaging procedure of the N-S equations) is different from the nature of the residual stress tensor. The main difference stays on the fact that the residual stress tensor is a fluctuating quantity, and hence time dependent τ R (t, x). Multiple effort has been used to try to interpret this term. The best known decomposition was first done by Leonard in [START_REF] Leonard | Energy cascade in large-eddy simulations of turbulent fluid flows[END_REF]. It is possible to split the residual stress tensor τ R in the following parts:

τ R = v ⊗ v -v ⊗ v = L + C + R (2.20)
The different terms are representative of the following physical effects:

• L: called Leonard stress tensor, it is representative of the interaction among the resolved scales. • C: called Cross stress tensor, it is representative of the interaction among the not resolved and resolved scales. • R: called SGS Reynolds stress tensor it is representative of the interaction among the not resolved scales. As mentioned previously, the residual stress tensor represents the interaction term inside the momentum conservation equation among the small and big scales of the turbulence. One of the most important issue (as highlighted in [START_REF] Pope | Turbulent flows[END_REF]) is the energy transfer between the filtered and residual motions. We can define the averaged kinetic-energy field as:

E = 1 2 v • v (2.21)
This energy can be decomposed in:

E = E f + k r (2.22)
where the filtered energy E f is defined

E f = 1 2 v • v
and hence it is possible to define the residual kinetic energy as:

k r = 1 2 v • v - 1 2 v • v = 1 2 τ R ii (2.23)
To better understand how energy is distributed in the system it is possible to write the conservation equation for the filtered energy E f by pre-multiplying the eq. (2.19) by the filtered speed v . The resulting equation can be written as:

∂E f ∂t + v • ∇ ∇ ∇E f -∇ ∇ ∇v 2νS -τ R - p ρ • I = -f -P r (2.24)
where:

f = 2νS ij S ij (2.25) P r = -τ R ij S ij (2.26)
with:

S ij = 1 2 ∂u i ∂x j + ∂u j ∂x i (2.27)
On the left hand side of the equation we can identify the transport, while on the RHS we have the source and sink term. f is the dissipation due to the filtered field. The term P r is the rate of production of residual kinetic energy and appears both in the transport equation of the filtered (as a sink term) and residual energy (as a source term). Hence we can identify it as the rate transfer of energy from the filtered motions to the residual motions. In order to close the equation it is necessary a model for the residual stress tensor τ R . We consider at that level an implicit filtering technique, in which we consider a filter dimension (∆) of the width of the cells composing the computational mesh. The simplest model is a linear eddy-viscosity model introduced by Smagorinsky in [START_REF] Smagorinsky | General circulation experiments with the primitive equations: I. The basic experiment[END_REF]. The residual stress tensor is modelled as:

τ R ij = -2ν r S ij (2.28)
ν r is the eddy viscosity and it is taken proportional to the average stress tensor. It is modelled as:

ν r = (C S ∆) 2 S (2.29)
Eventually it is possible to compute the transfer rate as:

P r = 2ν r S 2 (2.30)
The advantage of using the Smagorinsky stress model relies on its simplicity and on the fact that it does not require additional computational effort. The main disadvantages are that it is not possible to represent the backscatter (P r is always positive) and the constant identified as (C S ∆) must be damped in some way near the wall. For an in-depth analysis about the other possible modelling alternatives (WALE [START_REF] Nicoud | Numerical study of a channel flow with variable properties[END_REF], Bardina [BFR80] and Germano [START_REF] Germano | A dynamic subgrid-scale eddy viscosity model[END_REF] among the others) and the issue related we suggest the reading of the LES chapter in [START_REF] Pope | Turbulent flows[END_REF]. However, since these models have been developed for single-phase flows, they have to be validated for turbulent liquid-gas flow applications. There is not yet a confirmation that this more advanced models are suitable for liquid-gas flows. Other than this it is possible to find recent studies in which different models have been tested in order to better understand the effect they have on the decomposition ( [START_REF] Vincent | A priori filtering and LES modeling of turbulent two-phase flows application to phase separation[END_REF]). This will be discussed in the next section.

Multi-phase flow case Pioneering work in the direction of modeling the flow dynamic of multi-phase flow problems have been done in [START_REF] Vallet | Modélisation eulerienne de l'atomisation d'un jet liquide[END_REF], [START_REF] Burluka | Development of a Eulerian model for the "atomization" of a liquid jet[END_REF], [START_REF] Demoulin | A new model for turbulent flows with large density fluctuations: Application to liquid atomization[END_REF] among others, but hereafter the focus is on the LES modeling and filter approach. Following the LES approach recalled in the previous section, we filter the incompressible mixed phases conservation equations, supplemented by the transport equation for the phase marker. We highlight how we add to the mixed phases interface modeling, a flow dynamic modeling approach. We'll use the formalism introduced for instance in [START_REF] Puggelli | Towards a unified approach for Large Eddy Simulation of turbulent spray flames[END_REF] and [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF]. Applying eq. (2.18), some filtered quantities, with respect to the single-phase case, appear. The filtered mixing velocity v the filtered mixing pressure p and the filtered liquid volume fraction α l induces further unclosed terms. The space filtering procedure of the transport equations leads to the mass transport equation:

∂ρ ∂t + ∇ ∇ ∇ • • • [ρv ] = 0 (2.31)
The momentum transport equation:

∂(ρ v + τ ρv ) ∂t + ∇ ∇ ∇ • • • (ρ v ⊗ v + τ ρv v ) = -∇ ∇ ∇p + µ∇ ∇ ∇ • • • (∇ ∇ ∇v + τ S ) -ρg -τ σ (2.32)
In addition, by using as an interface model the liquid volume fraction α l transport equation has to be filtered:

∂α l ∂t + ∇ ∇ ∇ • • • v α l + R α l = 0 (2.33)
Where the different non-closed terms can be identified with:

               R α l = v α l -v α l τ ρv = ρv -ρ v τ ρv v = ρv ⊗ v -ρ v ⊗ v τ S = µ∇ ∇ ∇v -µ ∇ ∇ ∇v τ σ = σknδ Γ (2.34)
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• R α l : represents the contribution of the under resolved interface to the liquid dispersion.

• τ ρv : represents the sub-grid contribution to the temporal term in the momentum equation and it has been shown its importance in [START_REF] Tavares | A priori study for the modeling of LES subgrid scale terms in resolved scale multiphase flows[END_REF] and [START_REF] Vincent | A priori filtering and LES modeling of turbulent two-phase flows application to phase separation[END_REF]. • τ ρv v : similar to the sub-grid stress term in the case of the single-phase flow. Of course it is expected to have a particular behaviour for turbulent liquid-gas flow due to the high density variation and because it includes the velocity fluctuations induced by the mean slip between phases. A definitive modeling of this term has not been produced yet, despite recent development (see [START_REF] Puggelli | Towards a unified approach for Large Eddy Simulation of turbulent spray flames[END_REF] and references therein). • τ S : sub-grid term of the laminar viscous forces.

• τ σ : term related to the surface tension. This term represents the effect of surface tension force on the mean momentum. It is expected to have a negligible direct effect on the largest scale if the Weber number is high. However, it depends on the surface representation. Thus, even if the force induced per the surface tension are often weak, an indirect role can be expected through the interface behaviour. For instance, the disintegration of the large liquid structures during the atomization process can enhance the liquid dispersion thus the slip phase velocity and then modified the Reynolds stresses.

Other discussions and approaches on this term have been proposed in [START_REF] Herrmann | A sub-grid surface dynamics model for sub-filter surface tension induced interface dynamics[END_REF] and [START_REF] Popinet | Numerical models of surface tension[END_REF]. An in-depth study of the contribution of the different terms can be found in [START_REF] Vincent | A priori filtering and LES modeling of turbulent two-phase flows application to phase separation[END_REF] and [START_REF] Tavares | A priori study for the modeling of LES subgrid scale terms in resolved scale multiphase flows[END_REF], where an a priori test is conducted on a 3D Direct Numerical Simulation (DNS) configuration. All these terms requires model in order to close the transport equations. Practical closure are still missing for multi-phase flows, so many one-fluid formalism closures have been tested by several authors ([Ane18], [START_REF] Ahmed | LES of atomization for diesel fuel injectors[END_REF] among the others, but also [START_REF] Lubin | Three-dimensional large eddy simulation of air entrainment under plunging breaking waves[END_REF], [START_REF] Christensen | Large eddy simulation of breaking waves[END_REF]). We have decoupled the description of flow dynamic to the surface representation. This is often the case in many applications in the literature: once an approach has been designed for the liquid-gas surface representation, it is attracting to complete the approach with classical modeling for the flow dynamic based mostly on one-fluid turbulence models. There are two main reasons. Firstly the turbulence in liquid-gas flows is very complex and not fully elucidated yet. Secondly there are plenty of cases where such separation gives good results. However, the coupling between the dynamic of the flow and of the interface is most probably a reality as suggested by the analysis of the unclosed terms. From the pionneerign work of Vallet and Borghi [START_REF] Vallet | Modélisation eulerienne de l'atomisation d'un jet liquide[END_REF], it is even possible to represent certain surface phenomena such as the liquid dispersion and the turbulent liquid flux. These approaches have also provided good results [START_REF] Chesnel | Large eddy simulation of liquid jet atomization[END_REF]). In the next section we will take advantage of the turbulence modeling framework to introduce an Eulerian model able to handle liquid-gas turbulent flows, at least in the case where the length-scale of resolution is greater than the droplet length-scale.

ELSA

This approach, first introduced in [VB99], is based on the mixed phases formulation supplemented by the liquid volume fraction α l as numerical method to represent the liquid and gas phase behaviour. The modeling of the interface with respect to the nomenclature developed here is a mixed phases (FIT ) coupled with the incompressible form. Thus density ρ is constant for each phase and the following relationship for the mixture is the equivalent EOS:

ρ = α l ρ l + (1 -α l )ρ g (2.35)
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This approach has been mostly used for iso-thermal flow, where the energy equation is not considered, but it is possible to include energy also, see [START_REF] Lebas | Numerical simulation of primary break-up and atomization: DNS and modelling study[END_REF].

Another transport equation for a new variable is added, namely the interface area density Σ. This variable considers the portion of interface area in a certain volume. The transport equations are averaged or filtered. We finally get the following system of equations ([Ane+19b]):

                   ∇ ∇ ∇ • • • v = 0 ∂(ρ v ) ∂t + ∇ ∇ ∇ • • • [ρv ⊗ v ] = -∇ ∇ ∇p + µ∇ 2 v -∇ ∇ ∇ • • • τ R ∂α l ∂t + ∇ ∇ ∇ • • • [v α l ] = -∇ ∇ ∇ • • • R α l ∂Σ ∂t + ∇ ∇ ∇ • • • v Σ = -∇ ∇ ∇ • • • R Σ + S Σ (2.36)
With respect to the filter applied, the modelling terms ( τ R , R α l , R Σ , S Σ ) have different formulations. In the RANS framework, considering the Boussinesq hypothesis, the Reynolds stress tensor is considered to be proportional to the mean gradient of velocity. The same formulation has been proposed for R α l in [START_REF] Demoulin | A new model for turbulent flows with large density fluctuations: Application to liquid atomization[END_REF]. Physically this can be seen mainly as the dispersion of liquid thanks to the turbulent motion. This formulation does not take into account the slip-velocity among the two phases. A different formulation taking into account this effect has been proposed in [And+16]. The typical way to model these two terms can be resumed as:

     τ R = v ⊗ v -v ⊗ v ≈ ν t Sc t ∇ ∇ ∇v + ∇ T v R α l = v α l -v α l ≈ ν t Sc t ∇ ∇ ∇α l (2.37)
Where ν t is representative of the turbulent viscosity in case of RANS framework, whereas is the eddy viscosity in the LES framework. Sc t is the turbulent Schmidt number and describes the ratio between the rates of turbulent transport of momentum and the turbulent transport of mass.

All the other term mentioned in eq. (2.32) are either neglected or can be considered as included in the modelling of τ R and R α l . This approach is of course oversimplified, but up to now it has provide acceptable results ([Leb+09], [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF] among others).

Concerning the surface density transport equation it is worth to study it more in depth. In literature it is possible to find different works about the transport equation of Σ. The first formulation proposed in [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF] has been recovered in further works, starting from combustion community (

[DVP93]), until multi-phase community ([VB99], [Dur+12], [Nin+09], [DHD15]): ∂Σ ∂t + ∇ ∇ ∇ • • • [v Σ] = S (2.38)
The research activity related to the closure terms have been subject of huge developments, we can identify three main branches as proposed in [START_REF] Puggelli | Towards a unified approach for Large Eddy Simulation of turbulent spray flames[END_REF] and [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF]:

• In the first approach, the exact geometric equation of the liquid-gas interface is established ( [START_REF] Pope | The evolution of surfaces in turbulence[END_REF]). The identification of the different terms is still under construction and not completely assessed. For the interested reader it is suggested [START_REF] Morel | On the surface equations in two-phase flows and reacting single-phase flows[END_REF]. This work inspired a 7-equation model presented in [START_REF] Chawki | Atomization modeling of liquid jets using an Eulerian-Eulerian model and a Surface Density Approach[END_REF]. • For dispersed flows where the spray is composed of droplet described by a droplet size distribution, it is possible to associate to each droplet an area. Then by integrating this area with the known distribution we can recover the surface density equation ( [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF] and [START_REF] Iyer | An evaluation of a two-fluid Eulerian-liquid Eulerian-gas model for diesel sprays[END_REF]). This approach is a modelling attempt based on the kinetic approach presented in the sections above.
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• Using the phenomenological approach used in the combustion and flame community for the flame surface-density ([CP90]) adapted by Vallet and Borghi [VB99] and Burluka, Vallet, Borghi in [START_REF] Burluka | Development of a Eulerian model for the "atomization" of a liquid jet[END_REF] for liquid-gas interfaces. All these approaches aims to represent a part of the information on the interface, lost with the mixed phases formulation, since the position of the interface is not set precisely. Among all the features of the interface that are lost, the approach based on Σ equation aims to recover the surface density or the probability to find an interface. The formulation presented in the eq. (2.47) has been filtered or averaged, modelled, and leads to:

R Σ = Σv -Σv ≈ ν t Sc t ∇ ∇ ∇Σ (2.39)
In addition, the source term is modelled following the restoration of equilibrium among the liquid and the gas subjected to turbulence motion as:

S Σ = Σ τ eq 1 - Σ Σ eq (2.40)
Where τ eq is a characteristic time-scale to reach the equilibrium. In turbulence dominated domains (high Weber W e and Reynolds Re numbers) this is taken as proportional to a turbulent time-scale τ t ( [START_REF] Duret | Improving primary atomization modeling through DNS of two-phase flows[END_REF]). Σ eq is estimated considering the equilibrium state where the surface tension force balances the break-up due to the Turbulent Kinetic Energy (TKE) k. To define this quantity it is necessary first to define an equilibrium Weber number W e * . A first attempt has been done by Lebas et al. in [Leb+09] and later improved in [START_REF] Duret | DNS analysis of turbulent mixing in two-phase flows[END_REF] to take into account the very dense part of the flow field:

W e * = 4 0.5(ρ l + ρ g )α l (1 -α l )k σΣ eq (2.41)
Setting the equilibrium Weber number W e * = 1.63 ([Dur+13]), it is possible to retrieve Σ eq . The source term of eq. (2.41) can be recasted in order to define a Σ → Σ eq .

S Σ = 1 τ eq Σ Σ eq Σ eq -Σ (2.42)
This model of the source term takes into account only the atomization in the near field region. Other effects can be accounted in the source term. For a complete overview of all the physical effects that it is possible to account, the reader can refer to [START_REF] Beau | Applying quasi-multiphase model to simulate atomization processes in Diesel engines: Modeling of the slip velocity[END_REF], [START_REF] Beau | Modélisation de l'atomisation d'un jet liquide: Application aux sprays Diesel[END_REF] and [START_REF] Lebas | Numerical simulation of primary break-up and atomization: DNS and modelling study[END_REF].

To finalize the model, considering the eq. (2.41) it is possible to observe that eq. (2.42) tends to 0 when the TKE tends to 0. In this case the Σ eq should be limited by the minimum interface area in an unit volume. As derived in [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF] for a typical length-scale sizing of ∆x of the control volume, it is possible to write:

Σ min = 2.4 α l (1 -α l ) ∆x (2.43)
A different formulation has been proposed in [START_REF] Palanti | On the modelling of liquid fuel ignition and atomization in aero engine combustors[END_REF] in connection with the direct definition of the interface area density. The minimum area interface density is defined as the magnitude of the gradient of the liquid volume fraction .

Σ min = |∇ ∇ ∇α l | (2.44)
Hence for the turbulent kinetic energy tends to 0 we can state Σ eq ≥ Σ min . Considering the LES formalism, it is possible to decompose Σ in two parts: the minimum area interface density Σ min and the sub-grid interface area density i.e the additional interface area density due to sub-filter turbulence Σ , hence:

Σ = Σ min + Σ (2.45)
Chesnel et al. in [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF] proposed, for numerical consistency with the whole LES framework, to substitute the evolution equation of the filtered surface area density Σ, eq. (2.47), by the transport equation of the sub-grid interface area density Σ .

∂Σ ∂t + ∇ ∇ ∇ • • • v Σ = -∇ ∇ ∇ • • • R Σ + S Σ (2.46)
The final system of equation for the ELSA model can be rewritten as:

                   ∇ ∇ ∇ • • • v = 0 ∂(ρ v ) ∂t + ∇ ∇ ∇ • • • [ρ v ⊗ v ] = -∇ ∇ ∇p + µ∇ 2 v -∇ ∇ ∇ • • • τ R ∂α l ∂t + ∇ ∇ ∇ • • • [v α l ] = -∇ ∇ ∇ • • • R α l ∂Σ ∂t + ∇ ∇ ∇ • • • v Σ = -∇ ∇ ∇ • • • R Σ + S Σ
(2.47)

Multi-scale modeling

The previous discussion shown that to different modeling length-scales correspond different physical effects to be taken into account. As mentioned at the beginning of the chapter, the atomization problem is characterized by a great range of length-scales. In order to simulate the whole atomization problem there are different alternatives:

• A unified modeling approach able to handle the length-scale related to the separated and to the disperse phase zone. Different works go in this direction. The interested reader can refer to [START_REF] Cordesse | Derivation of a two-phase flow model with two-scale kinematics, geometric variables and surface tension using variational calculus[END_REF] and to [START_REF] Di Battista | Post-processing of two-phase DNS simulations exploiting geometrical features and topological invariants to extract flow statistics: application to canonical objects and the collision of two droplets[END_REF]. • A coupling between different of the approaches just presented above, mainly through the source terms of the equations. • Clear separation of the physical domain in different zones (static or dynamic) where one or the other model is employed with respect to the level of modelling required. The typical case referring to the second point of the list it is what is called the coupling between different length-scales frameworks. A numerical model with a typical length-scale capable to model the interface and the flow dynamic is coupled with a kinematic model, where the modeling length-scale is set upper to the diameter of the droplets length-scale. The ELSA model presented above is coupled with a stochastic Lagrangian model in [START_REF] Beau | Modélisation de l'atomisation d'un jet liquide: Application aux sprays Diesel[END_REF] and in [START_REF] Anez | Modélisation de l'injection de pétrole pour les procédés FCC (Fluid Catalytic Cracking)[END_REF]. An interesting study based on how it is possible to switch to a kinetic approach has been done [START_REF] Canu | Where does the droplet size distribution come from?[END_REF], where curvature computation is exploited to gain geometrical information to better understand how droplet size distribution is generated. References [START_REF] Herrmann | A balanced force refined level set grid method for two-phase flows on unstructured flow solver grids[END_REF] and [START_REF] Herrmann | A parallel Eulerian interface tracking/Lagrangian point particle multi-scale coupling procedure[END_REF] present an approach where a CLSVOF interface treatment is coupled with a stochastic approach. Another similar approach is pursued in [START_REF] Zuzio | An improved multiscale Eulerian-Lagrangian method for simulation of atomization process[END_REF] and for VOF resolved interface approach to Lagrangian kinetic approach [START_REF] Fuster | Simulation of primary atomization with an octree adaptive mesh refinement and VOF method[END_REF]. In the recent years one of the most important focus in the coupling framework has been how to switch from the length-scale of the interface modeling to the length-scale of the Kinetic approach. For the interested reader it is suggested the review and improvements in [START_REF] Chéron | From droplets to particles: Transformation criteria[END_REF]. Somehow in the context of the ELSA approach the description of the liquid-gas flow is based only the dynamic (velocity), the liquid volume fraction and the amount of surface density. This formalism does not specify the morphology of the interface (assuming spherical droplet for instance) and since it is a mixed phases FIT approach it can be used for any resolution length-scale. Of course the unresolved part require physical modelling adapted to any situation. For instance it is expected for a resolution length-scale smaller than any length-scale of the flow that the sub-filter turbulent dispersion should vanish or, that the equilibrium surface has to be bigger than the minimum surface density. On top of that it is expected to recover the numerical method designed for tracking the interface whenever the resolution is sufficient. This is not the case for the ELSA approach. In [START_REF] Anez | Liquid Atomization Modeling in OpenFOAM[END_REF] the InterFoam model is coupled with the ELSA framework. To do this the transport equation for the liquid volume fraction presented in eq. (2.47) is modified. We have the liquid dispersion term in the ELSA model and a counter-flux part sharpening term for the InterFoam model. This two terms are incompatible and it has been proposed to switch the formulation to the other based on indicator of the interface resolution quality (IRQ). In the next section we will present in details this model.

ICM-ELSA

In the previous section we introduced the LES framework. Starting from the single-phase formulation we extended it to the multi-phase . We mentioned that we are going to use an implicit filtering technique, where the filter is directly the cell used during the discretization procedure. It is expected, as a characteristic of the LES modeling, that for increasing resolution the Sub-Grid Scale (SGS) model vanish and the LES simulation tends to the DNS. The perfect match would arise when we reach the so-called Kolmogorov scale. For multi-phase flows it is still not possible to define which is the smallest length-scale (the equivalent of the Kolmogorv scale), and for which length-scale the entire dynamic of the flow and of the interface is solved. The problems come from the presence of the interface. The phase indicator has no molecular diffusion since the phase are not miscible, then it is not possible to define the scalar Batchelor length-scale ( [START_REF] Batchelor | Small-scale variation of convected quantities like temperature in turbulent fluid Part 1. General discussion and the case of small conductivity[END_REF]). Other scales like the Hinze scales have been tested [START_REF] Ling | A two-phase mixing layer between parallel gas and liquid streams: multiphase turbulence statistics and influence of interfacial instability[END_REF] with poor results. As highlighted in [START_REF] Gorokhovski | Modeling primary atomization[END_REF], nowadays only few studies about mesh convergence allows to access to the minimum length-scale based on the resolution ([SU10]).

Interface Resolution Quality (IRQ) IRQ Σ

This parameter relies on the interface area resolved and it is defined as the ratio of the minimum interface area resolved (Σ min ) given a certain amount of liquid volume fraction to the actual interface area (Σ). The interface area is actually the interface area density and it is defined as the amount of interface area in the control volume. This criteria has been introduced in [START_REF] Anez | Eulerian-Lagrangian spray atomization model coupled with interface capturing method for diesel injectors[END_REF]. We can define a threshold corresponding to the proportion of interface resolved. This IRQ is close to unity where most of the interface is described at the mesh resolution (Σ min ) and goes to zero when most of the interface area is at the sub-grid level (Σ ), each part is illustrated on fig. 2.8.

IRQ Σ = Σ min Σ min + Σ = Σ min Σ (2.48) (a) Σ min (b) Σ Figure 2
.8 -Given the computational grid, on the left the interface reconstruction provides a certain Σ min , on the right the real interface Σ. The difference of area is Σ

IRQ K
An in-depth study about this parameter has been carried out in [Can]. It is based on a geometrical property of the interface: the curvature. We will not enter in the main text in details about the curvature, but for more information and for a possible implementation carried out during the development of the thesis of the Gaussian curvature in the OpenFoam library, we suggest the reading of the appendix A. In [Can] two possible formulation of the parameter IRQ K have been proposed, dependent on the two principal curvatures (k 1 , k 2 ). A first definition:

IRQ K = 1 ∆x|k 1 + k 2 | (2.49)
and a more restrictive one:

IRQ max K = 1 2∆x max (|k1, k2|) (2.50)
Considering the first definition it is possible to make an example to better understand this indicator. We consider a sphere of radius r = 1. The analytical solution of the curvature of the sphere is

k = k 1 + k 2 = 2
r and hence k = 2. We can compute the indicator as defined in eq. (2.49) as IRQ K = 1/(2∆x). The smaller is ∆x, the higher is IRQ K . The threshold between well resolved and not well resolved interface is dependent on the configuration chosen. Up to now a parametric study has been performed on a HIT configuration in [Can] and a value of IRQ K = 2 has been chosen, but it is worth to say that other studies are necessary to validate this value.

Connection between InterFoam and ELSA formalism

In the previous section we introduced two criteria to state if the interface is well resolved. For well resolved cases, the LES SGS model become less and less relevant and the solution tends to the solution of the direct simulation (DNS), where a sharp transition between the phases should be recovered. For this reason we keep inside the transport equation of the liquid volume fraction , the formulations of the InterFoam and ELSA model, using one of the IRQ criteria to switch among them. The resulting transport equation for the liquid volume fraction α l will be:

∂α l ∂t + ∇ ∇ ∇ • • • (v α l ) + ∇ ∇ ∇ • • • C α U r α l (1 -α l ) ICM = -(1 -C α )∇ ∇ ∇ • • • R α l ELSA (2.51)
The parameter C α takes the following possible values: C α = 0 or C α = 1. In case of C α = 0, the sharpening counter-flux is turned off and the turbulent liquid flux part is turned on. In this case the transport equation is equivalent to the liquid volume fraction transport equation of the ELSA model (eq. (2.37)).

∂α l ∂t + ∇ ∇ ∇ • • • (v α l ) + ∇ ∇ ∇ • • • R α l = 0 (2.52)
In case of C α = 1 the turbulent liquid flux term is turned off. In this case the transport equation is equivalent to the liquid volume fraction transport equation of the InterFoam model (eq. (2.15)).

∂α l ∂t + ∇ ∇ ∇ • • • (v α l ) + ∇ ∇ ∇ • • • U r α l (1 -α l ) = 0 (2.53)
Intermediate value of C α would not be possible, because it would mean to keep in the equation a sharpening term and a dispersion term that are in principle incompatible.

Complete model

                             ∇ ∇ ∇ • • • v = 0 ∂(ρ v ) ∂t + ∇ ∇ ∇ • • • [ρ v ⊗ v ] = -∇ ∇ ∇p + µ∇ 2 v -∇ ∇ ∇ • • • τ R ∂α l ∂t + ∇ ∇ ∇ • • • (v α l ) + ∇ ∇ ∇ • • • C α U r α l (1 -α l ) ICM = -(1 -C α )∇ ∇ ∇ • • • R α l ELSA ∂Σ ∂t + ∇ ∇ ∇ • • • v Σ = -∇ ∇ ∇ • • • R Σ + S Σ C α (IRQ)
(2.54)

Map of the models

In this chapter we presented different numerical models that is possible to deploy to simulate the atomization phenomenon, highlighting, for each model, the reference modeling lengthscale. In fig. 2.9 and table 2.1 it is possible to find a map of the different modeling techniques explored along the chapter, and the different specific methods classified for the modeling level chosen. In table 2.1 we report only some examples of methods, explained previously in the text, while it can be completed with the available literature. In fig. 2.9 it is possible, starting with compressible or incompressible formalism and set the model of interface we want to use (separated or mixed phases, differentiating among the FIT and CIT family of methods), to move the modeling length scale, choosing the physical effects we are willing to model.

It remains one open question: which is the metric to compare the different models just proposed? In the recent past rarely a metric has been proposed to compare different models with the same modelling length scale. In literature we can find an example in [START_REF] Mirjalili | Comparison between the diffuse interface and volume of fluid methods for simulating two-phase flows[END_REF], where a sharp interface model is compared with a diffuse interface model, based on their mathematical structure. In this work a deformable droplet ([TB00]), a standing wave [START_REF] Popinet | A front-tracking algorithm for accurate representation of surface tension[END_REF] and a Rayleigh-Taylor instability ([BM92]) have been taken into account and a test is performed, analysing deterministic parameters such as error on surface tension force representation. This comparison does not focus on the non deterministic nature of a turbulent flow, having as a reference classical test cases for assessing new numerical models or methods.

Our purpose is to assess the statistical behaviour of a test case of practical interest in order to evaluate the performance of the different modeling strategies, and to further understand the interaction among phases. This topic will be addressed in the next chapter. Chap. 3 | Numerical models comparison: the air-assisted liquid sheet test case

Interface

In the previous chapter we highlighted how important it is to define a metric to compare different numerical models. In this chapter we define this metric in order to compare different way to model the multi-scale atomization phenomenon. The plan of the work is to compare different interface treatment modeling approaches. For this purpose three different codes will be considered:

• ARCHER : will be the reference code. The code is developed at CORIA (https://www. coria-cfd.fr/index.php/Archer) and an incompressible model with separated phases representation (CLSVOF+PLIC reconstruction) is used ([MTB07], [START_REF] Vaudor | A consistent mass and momentum flux computation method for two phase flows. Application to atomization process[END_REF]). • CEDRE : in this code developed at ONERA (https://cedre.onera.fr/) the compressible mixed phases model in this code and the results of the simulations postprocessed and used in this thesis have been achieved by Pierre Cordesse in his PhD manuscript [START_REF] Cordesse | Contribution à l'étude des instabilités de combustion dans les moteurs-fusées cryotechniques : couplage entre modèles à interfaces diffuses et modèles cinétiques pour la simulation de l'atomisation primaire[END_REF]). The subsequent validation of the model have been achieved in [START_REF] Cordesse | Validation strategy of reduced-order two-fluid flow models based on a hierarchy of direct numerical simulations[END_REF]. • OpenFoam : in the multi-physics C++ library (https://cfd.direct/openfoam/) three different model will be tested: InterFoam solver where a mixed phases CIT approach is applied ( [Wel]); ELSA and ICMelsa that have in common to complement the approach by additional physical model, where the mesh resolution is not sufficient to capture properly all the interface. In both cases part of the dynamic of the flow is described with a LES turbulence modeling approach. The difference among ELSA and ICMelsa lies in the interface treatment. While ELSA implements a mixed phases FIT model, ICMelsa (as presented in the previous chapter) considers an hybrid interface treatment that switches from a mixed phases CIT model to a mixed phases FIT representation. In the first part of the chapter we introduce the different codes used for this comparison, presenting models implemented in the different codes and the numerical methods associated to them. In the second part we build a meaningful configuration for our tests. It should be representative of the atomization that can be encountered in an aeronautical industrial set-up but at the same time simple enough and flexible to allow the simulations with the different codes. In the third part we define the metrics and in the last part we present the post-processing results, pointing out how the different interface representation influences the statistics related to the different quantities characterizing the flow field. The work hereafter presented is part of the following publications: [START_REF] Remigi | Exploring different approaches for the simulation of multi-scale atomization process[END_REF], [START_REF] Cordesse | Validation strategy of reduced-order two-fluid flow models based on a hierarchy of direct numerical simulations[END_REF].

Modeling the interface

In the chapter 2 we introduced two main models for the interface treatment in flow: mixed phases model and separated phases model. In the second case we have highlighted that we can classify them as sharp interface approaches, due to the discontinuity among properties caused by the interface model. There are in literature also mixed phases models that aims to reproduce the sharp interface behaviour of the separated phases models, by implementing a numerical counter-flux ( [START_REF] Rusche | Computational Fluid Dynamics of Dispersed Two-Phase Flows at High Phase Fractions[END_REF]). In this thesis they will go under the family of mixed phases CIT approaches. In the next sections we will present the code used for the reference simulation (ARCHER ), the code implementing a FIT approach with the mixed phases formalism (CEDRE) and the code implementing a counter-flux interface sharpening CIT approach using the mixed phases formalism (InterFoam ). We'll go through the numerical models and methods used.

ARCHER

ARCHER is a DNS code developed in CORIA laboratory in Rouen. The equations that are discretized and solved inside the solver are the incompressible N-S system supplemented by a coupled level-set VOF approach (CLSVOF) with interface reconstruction through a PLIC strategy [START_REF] Ménard | Coupling level set VOF ghost fluid methods: Validation and application to 3D simulation of the primary break-up of a liquid jet[END_REF].

In ARCHER the equations are discretized through a finite difference approach ([QQ09], [START_REF] Ferziger | Computational methods for fluid dynamics[END_REF]) on a staggered grid, where the velocities are placed at the faces of the cells, while the other variables are placed at the center of the cells. In the ARCHER code structured grids are considered. The level-set function φ(x, y ) is a distance signed function. The interface Γ location is defined as φ(x, y ) = 0. Mathematically the properties of the distance function can be written as |∇ ∇ ∇φ(x, y )| = 1. The equation of the level-set (see chapter 2) is discretized with a Weighted Non-Oscillatory Scheme (WENO) [START_REF] Shu | Essentially non-oscillatory and weighted essentially non-oscillatory schemes for hyperbolic conservation laws[END_REF] scheme. This scheme has the advantage to combine accuracy and robustness and is of 5th order accurate.

After every iteration of transport, the level-set looses its distance function property |∇ ∇ ∇φ| = 1. This property is of critical importance for the computation of normals, and hence of the curvature, that has to be the most precise possible in the computation of surface tension force ( [START_REF] Vaudor | Atomisation assistée par un cisaillement de l'écoulement gazeux Développement et validation[END_REF]). A re-distancing algorithm is implemented:

∂d(x, y , τ ) ∂τ = sgn(φ(x, y , t))(1 -|∇ ∇ ∇d(x, y , τ )|) (3.1)
With the initial condition of:

d(x, y , τ = 0) = φ(x, y , t) (3.2)
The sign function is defined as:

si gn(φ(x, y , t)) = φ(x, y , t) φ(x, y , t) 2 + dx 2 (3.3)
τ is the fictitious time-scale used to reach the steady state and hence the distance function.

Eventually we obtain:

φ(x, y , t) = d(x, y , τ end ) (3.4)
The equation is discretized in space with a WENO scheme of order 5 and the temporal integration is performed with a Runge-Kutta scheme of order 2. The discretization of this equation can bring to a mass-loss more or less important. To try to contain this effect, the level-set method is coupled with the VOF method in the CLSVOF method.

The VOF transport equation, introduced in chapter 2 can be resolved in its discretized form using two different approaches: • Using high order numerical scheme for spatial and time resolution in order to limit the numerical diffusion; • reconstructing geometrically the interface. In the ARCHER code the approach used is the second one. The reconstruction of the interface has a crucial role in the computation of fluxes inside the finite volume method. The method used to reconstruct the interface is the PLIC method. This method allows to reconstruct the interface starting from the VOF function, considering the normal to the plane. The coupling between the VOF and level-set method is performed in two different steps:

• A level-set is determined in a cell and it is possible to reconstruct the corresponding volume of the liquid. • After the advection of the level-set and the re-distancing algorithm, the VOF function is used to adjust the interface position in order to assure that the liquid corresponding to the reconstructed level-set function is the same of the one defined by the VOF function (more details in [START_REF] Ménard | Coupling level set VOF ghost fluid methods: Validation and application to 3D simulation of the primary break-up of a liquid jet[END_REF] and [START_REF] Ménard | Développement d'une méthode level set pour le suivi d'interface. application de la rupture de jet liquide[END_REF]) To compute velocity and pressure, the momentum transport equation eq. (2.2) is solved using a standard projection method. This method allows to decouple velocity and pressure. An intermediate velocity is first calculated without the pressure term -∇ ∇ ∇p and the surface tension term

v * = ρ n v n ρ * -∆t ∇ ∇ ∇ • • • (ρv ) n ⊗ v n ρ * I + ∆t ∇ ∇ ∇ • • • (2µD) ρ * II , (3.5) 
where ρ * corresponds to the density calculated with the new value of α l obtained after the interface resolution,

ρ * = α n+1 l ρ l + (1 -α n+1 l
)ρ g , D is the strain rate tensor (D = µ ∇ ∇ ∇v + ∇ T v ). Regarding the convection term I, the method of Vaudor et al. [START_REF] Vaudor | A consistent mass and momentum flux computation method for two phase flows. Application to atomization process[END_REF] has been used ensuring consistent mass and momentum fluxes computation. The mesh is an Eulerian staggered grid so the velocity is computed on the faces of the cells and the other variables (pressure, density, liquid volume fraction, ...) are computed in the center of the cells. This method initially proposed in [START_REF] Rudman | A volume-tracking method for incompressible multifluid flows with large density variations[END_REF] consists in calculating the mass flux ρv in the center of the cell by using the continuity equation. The mass flux has to be known in the center of the cell in order to have a second order centered scheme for the divergence operator. This procedure allows mass and momentum to be transported in a consistent manner thereby enabling flows with large liquid/gas density ratios to be simulated accurately. A detailed explanation of the algorithm can be found in Vaudor et al. [START_REF] Vaudor | A consistent mass and momentum flux computation method for two phase flows. Application to atomization process[END_REF]. Following the procedure of Sussman et al. [START_REF] Sussman | A sharp interface method for incompressible two-phase flows[END_REF], The dynamic viscosity used in the viscous term II (µ l or µ g ) depends on the sign of the level-set function. In mixed cells, a specific treatment is performed to evaluate the dynamic viscosity. This method takes into account directly the viscous tensor jump across the interface. Then, the momentum equation is discretized in the following way by using the intermediate velocity obtained previously,

v n+1 = v * -∆t ∇P ρ * (3.6)
By applying the divergence operator to eq. (3.6), an Helmholtz equation for the pressure is obtained

∇ ∇ ∇ • • • ∇P n+1 ρ * = ∇.v * ∆t . (3.7)
Equation (3.7) is solved using a MultiGrid preconditioned Conjugate Gradient (MGCG) algorithm [START_REF] Zhang | Acceleration of five-point red-black Gauss-Seidel in multigrid for Poisson equation[END_REF]. The ∇ ∇ ∇ • • • v * term is solved with a second order centered scheme. A Ghost Fluid Method (GFM) [START_REF] Fedkiw | A non-oscillatory Eulerian approach to interfaces in multimaterial flows (the ghost fluid method)[END_REF] is used to apply the pressure jump due to the presence of surface tension [START_REF] Ménard | Coupling level set VOF ghost fluid methods: Validation and application to 3D simulation of the primary break-up of a liquid jet[END_REF]. The advantage of the GFM is a more realistic representation of the interface (sharp, infinitely thin): jump conditions are directly added at the interface position through a local modification of the numerical scheme. The distance of the interface is provided by the level-set function. The final velocity is computed by eq. (3.6) using a second order centered scheme for the pressure gradient. A second order predictor-corrector Runge Kutta scheme have been used for temporal integration. Concerning the time step calculation, a CF L condition similar to the one used by [START_REF] Kang | A boundary condition capturing method for multiphase incompressible flow[END_REF] is used. For CF L = 1, the CFL condition can be written as:

∆t   (C cf l + V cf l ) + (C cf l + V cf l ) 2 + 4 (S cf l ) 2 2   ≤ 1 (3.8a)
with:

C cf l = max (|u x |) ∆x + max (|u y |) ∆y + max (|u z |) ∆z , (3.8b) 
V cf l = 2 ∆x 2 + 2 ∆y 2 + 2 ∆z 2 × max µ l ρ l , µ g ρ g , (3.8c) 
S cf l = γ|H| min (ρ g , ρ l ) × min (∆x, ∆y , ∆z) 2 , (3.8d) 
H = k 1 + k 2 2 (3.8e)

CEDRE

The model

The mixed phases FIT model proposed by Baer-Nunziato and already presented in the previous chapter is implemented in the fluid dynamic software CEDRE working on general unstructured meshes and implementing a set of solvers developed at the french aerospace lab (ONERA). The solver SEQUOIA is in charge of the mixed phases FIT model. The model has been developed in [START_REF] Cordesse | Contribution à l'étude des instabilités de combustion dans les moteurs-fusées cryotechniques : couplage entre modèles à interfaces diffuses et modèles cinétiques pour la simulation de l'atomisation primaire[END_REF].

At the top of the hierarchy of diffuse interface models ([SP18]) stands the Baer-Nunziato model, also called the seven equation model, accounting for full disequilibrium of the phases. This first-order non-linear non-conservative system of partial differential equations is composed of a mass, momentum and energy equation for each phase and a seventh equation on the volume fraction α to reconstruct the interface. The extended form proposed in [START_REF] Saurel | A multiphase Godunov method for compressible multifluid and multiphase flows[END_REF] introduces an interfacial pressure, p I , and an interfacial velocity, v I , that need to be closed. The quasi-linear form of the system in the one-dimensional case takes the form

∂ t q + A(q)∂ x q = r(q), (3.9a) 
with A(q) = ∂ q f(q) + N (q) and

∂ q f(q) =   0 0 0 0 ∂ q 2 f 2 (q 2 ) 0 0 0 ∂ q 1 f 1 (q 1 )   , N (q) =   v I 0 0 n 2 0 0 n 1 0 0   , (3.9b) q k =   α k ρ k α k ρ k v k α k ρ k E k   , f k (q k ) =   α k ρ k v k α k (ρ k v 2 k + p k ) α k (ρ k E k + p k )v k   , n k (q) = k   0 p I p I v I   , (3.9c)
where the column vector q ∈ R 7 is defined by q t = α 2 , q t 2 , q t 1 , the conservative flux f : q ∈ Ω → R 7 reads f(q) t = (0, f 2 (q 2 ) t , f 1 (q 1 ) t ) and N : q ∈ Ω → R 7×7 is the matrix containing the non-conservative terms. Furthermore we have k = (-1) k+1 . Then, α k is the volume fraction of phase k ∈ [1, 2], ρ k the partial density, v k the phase velocity, p k the phase pressure, E k = e k + v 2 k /2 the total energy per unit of mass and e k the internal energy. Concerning the relaxation source term, r(q), it decomposes into

r = λr v + µr p , r v =   0 r v 2 r v 1   , r p =   p d r p 2 r p 1   , (3.10a) (r v k ) t = -k (0, v d , v I v d ) , (r p k ) t = -k (0, 0, p I p d ) , (3.10b) 
where we have introduced the pressure difference p d = p 2 -p 1 and the slip velocity

v d = v 2 -v 1 .
An expression for the relaxation parameters λ and µ have been derived for example using the DEM technic in [START_REF] Saurel | A multiphase model with internal degrees of freedom : application to shock-bubble interaction[END_REF]. Hereafter, we will consider the phase 1 to be the gaseous phase and the phase 2 to be the liquid phase. We will thus explicit the subscripts by using g and l. From this seven-equation model, the instantaneous relaxation of the pressures and the velocities leads to the five-equation model [START_REF] Kapila | Two-phase modeling of deflagration-to-detonation transition in granular materials: Reduced equations[END_REF] and relaxing also instantaneously the temperatures, one obtains the compressible multi-species N-S equations referred as the four-equation model. These three models define a hierarchy of diffuse interface model and each of them are hyperbolic and appropriate for reactive two-phase flow or interface problems. In cryogenic applications, the pressure of the phases may be considered to relax instantaneously, but due to the strong velocity and temperature gradients at the interface, it is unrealistic to assume hydrodynamic and thermal instantaneous relaxations. Whereas single velocity models are sufficient in the separated zone with an adapted resolution mesh, it is not the case in the mixed region and thus fail at predicting the atomization process. Therefore the B-N model (eq. (3.9)) appears as the best candidate for the present study. Nonetheless, stemming from rational thermodynamics, the macroscopic set of equations can not be derived from physics at small scale of interface dynamics and thus require closure of interfacial pressure and velocity as well as to postulate the thermodynamics. The theory on the existence of a supplementary conservative equation to first-order order system of partial differential equation including nonconservative terms [START_REF] Cordesse | Entropy supplementary conservation law for nonlinear systems of PDEs with non-conservative terms: application to the modelling and analysis of complex fluid flows using computer algebra[END_REF] has brought about supplementary conservative equations together with constraints on the interfacial quantities and the definition of the thermodynamics of the mixture. In the present work, we use a non-miscible fluid thermodynamics, where the mixture entropy is defined by the mass averaged sum of the phasic entropies with no mixing effect, together with a closure proposed in [START_REF] Furfaro | A simple HLLC-type Riemann solver for compressible non-equilibrium two-phase flows[END_REF] obtained through a discrete element method approach [START_REF] Saurel | A multiphase model with internal degrees of freedom : application to shock-bubble interaction[END_REF]. Only mechanical and hydrodynamic relaxations are accounted for in the present study. They are modeled as in [START_REF] Furfaro | A simple HLLC-type Riemann solver for compressible non-equilibrium two-phase flows[END_REF] through a pressure difference term and a drag term as in Equation (3.10). Each term is driven by a characteristic time, which can be finite to account for disequilibrium. In the limit of an instantaneous relaxation, any disequilibrium disappear. We have used an instantaneous pressure relaxation but a finite velocity relaxation.

The numerical method

The numerical methods employed to solve the Baer-Nunziato model eq. (3.9) are implemented in the multiphysics computational fluid dynamics software CEDRE [START_REF] Gaillard | Numerical Simulation of Cryogenic Injection in Rocket Engine Combustion Chambers[END_REF] working on general unstructured meshes and organized as a set of solver [START_REF] Gaillard | Numerical Simulation of Cryogenic Injection in Rocket Engine Combustion Chambers[END_REF] developed at the french aerospace lab ONERA. The solver SEQUOIA is in charge of the mixed phases FIT model. The implementation and the simulation have been done by Pierre Cordesse in the context of his PhD. For more information refer to [START_REF] Cordesse | Contribution à l'étude des instabilités de combustion dans les moteurs-fusées cryotechniques : couplage entre modèles à interfaces diffuses et modèles cinétiques pour la simulation de l'atomisation primaire[END_REF]. The Strang splitting technique applied on a HLLC solver proposed in [START_REF] Furfaro | A simple HLLC-type Riemann solver for compressible non-equilibrium two-phase flows[END_REF] has been successfully implemented in the solver SEQUOIA of the CEDRE CFD code. Second-order extension is achieved using a second-order Runge-Kutta scheme for the time discretization of each sub-system together with a multislope MUSCL second-order space discretization [START_REF] Le Touze | Multislope MUSCL method for general unstructured meshes[END_REF]. The technique consists in computing two dedicated slopes for each face of each mesh cell. It uses the vertex neighbors and ensures the L ∞ norm stability on the scalar advection. The issue encountered when discretizing the non-conservative terms is tackled in [START_REF] Furfaro | A simple HLLC-type Riemann solver for compressible non-equilibrium two-phase flows[END_REF] by assuming (1) the interfacial quantities p I and v I to be local constants in the Riemann problem, (2) the volume fraction to vary only across the interfacial contact discontinuity v I . As a result, the non-conservative terms vanish, v I and p I are determined locally by Discrete Equation Method (DEM) [START_REF] Saurel | A multiphase model with internal degrees of freedom : application to shock-bubble interaction[END_REF] at each time step and stay constant during the update. Thus, phases are decoupled, the system splits into two conservative sub-systems to which we apply the multi-slope HLLC with hybrid limiter solver. Depending on the application, the relaxations are assumed either instantaneous or finite in time. In the present test case, it is reasonable to assume a instantaneous pressure relaxation, µ → +∞, but one need to consider a finite velocity relaxation since the interface dynamic is mainly driven by the shear stress induced by a high velocity difference between the phases at the injection.

To obtain the relaxed pressure, since the characteristic time is taken to be infinitely small, the problem reduces to apply an iterative procedure as a Newton method to solve a second order ordinary differential equation (ODE). The iterative procedure returns a single equilibrium pressure. Detailed equations can be found in [START_REF] Furfaro | A simple HLLC-type Riemann solver for compressible non-equilibrium two-phase flows[END_REF]. As for the velocities, since we want to account for finite relaxation time, the associated ODE takes the form

∂ t v d - A o v v d = 0, with A o = ρ o α o l ρ o l α o g ρ o g , (3.11)
where v is the characteristic relaxation time, v = 1/λ, superscript o denotes the state before relaxation and ρ is the mixture density, ρ = α l ρ l + α g ρ g . A first numerical approach is to fix a remaining slip velocity ratio target at each computational time step ∆. It defines the characteristic relaxing time as

v A o = ln v d (∆t) v o d ∆t.
(3.12)

An instantaneous velocity relaxation is in practice also possible and manipulating the ODE leads to a unique relaxed velocity, which is the mass weighted average of the two velocities before relaxing. In the present simulation, we have however been using the finite velocity relaxation.

InterFoam

The InterFoam model is a mixed phases CIT model that point to reproduce the sharp interface shape of a separated phases formalism, through the use of a numerical sharpening flux in the liquid volume fraction transport equation. The discretization is performed through the finite volume method ([QQ09], [START_REF] Ferziger | Computational methods for fluid dynamics[END_REF]), considering the unstructured grid formalism. The algorithm to solve the incompressible N-S equations system is the well known Pressure-Implicit with Splitting of Operators (PISO) algorithm introduced in [START_REF] Issa | Solution of the implicitly discretised fluid flow equations by operatorsplitting[END_REF].

PISO algorithm

Representative of a segregated approach, the solution of the system is found by solving in an iterative manner the equations for velocity and for pressure. a. Velocity predictor: It is possible to find a first prediction of the velocity field based on the solution at the previous time step. This is not a compulsory step but helps in the convergence process. b. Compute pseudo-velocity:

Using either the predicted velocity or the previous time step velocity it is necessary to compute the new velocity, not considering the pressure term. This is the first step of the classical projection methods (e.g [START_REF] Chorin | Numerical solution of the Navier-Stokes equations[END_REF]). c. Pressure direct solution:

The pressure at the current time step is obtained by solving the Poisson equation obtained by taking the divergence of the correction equation (eq. (3.7)). d. Explicit velocity corrector:

The new pressure has been computed and the velocity can be corrected. e. Flux corrector:

The flux must be corrected taking into account the pressure computation: point from b. to e. must be re-iterated to get as close as possible to the solution.

Phase equation The classical VOF method requires an equation of transport for the liquid volume fraction α l :

∂α l ∂t + ∇ ∇ ∇ • • • (α l v ) = 0 (3.13)
In order to keep the interface sharp, a conservative version of the equation eq. (3.13) has been implemented, with an additional compression term weightened in a way that acts only at the interface (with the weight α l (1 -α l )). The implementation and more theoretical details can be found in ( [START_REF] Rusche | Computational Fluid Dynamics of Dispersed Two-Phase Flows at High Phase Fractions[END_REF]).

∂α l ∂t + ∇ ∇ ∇ • • • (α l v ) = -∇ ∇ ∇ • • • [U c α l (1 -α l )] (3.14)
Analysing the compression term:

• α l (1 -α l )
is the contribution that force the term to be activated only in the neighbourhood of the interface; • U c is the term that modulate the compression. It is defined as the relative velocity between two phases U r multiplied by C α , and it is usually defined in the code as:

U c = C α U r = C α |v| • n (3.15)
where n is the normal to the liquid-gas interface directed toward it, C α is a parameter that in literature is always set to 1 (for an example where the value is varied, see [START_REF] Wardle | Hybrid multiphase CFD solver for coupled dispersed/segregated flows in liquid-liquid extraction[END_REF]). In order to understand fully the resolution method used for the liquid volume fraction evolution equation, in the following paragraphs we will go through the whole discretization procedure.

Discretization of the phase indicator The eq. (3.14) for the evolution of the liquid volume fraction α l can be discretized in time, considering as α n+1 l = α l x, t n+1 , α n l = α l (x, t n ) the liquid volume fraction value evaluated respectively at time t n and t n+1 at the center of the computational volume, and ∆t = t n+1 -t n .

α n+1 l = α n l -∆t {∇ ∇ ∇ • • • [v α l + U c α l (1 -α l )]} (3.16)
The time discretization performed in eq. (3.16) is first order accurate in time and recover a typical forward Euler scheme ( [START_REF] Butcher | Numerical methods for ordinary differential equations[END_REF]). Following the discretization in time, it is possible to proceed to the discretization of the equation following the finite volume formalism, for a control volume V . We define with the notation α l,F the liquid volume fraction value evaluated at the control volume faces and we denote with f the sum operation over all the faces of the control volume.

α n+1 l = α n l - ∆t V f [F α l,f + F c α l,f (1 -α l,f )] (3.17)
For the sake of simplicity the flux terms are grouped together in the flux F α l as:

F α l = F α l,f + F C α l,f (1 -α l,f ) (3.18)
So finally it is possible to write the equation in the canonical discretized form ([LeV02]) as:

α n+1 l = α n l - ∆t V f F α l (3.19)
FCT and MULES for the solution of α equation The pressure-velocity coupling is solved using the PISO algorithm described previously, while it is necessary to add a method for solving the discretized equation of liquid volume fraction (eq. (3.17)). The one used in the OpenFoam implementation is the Multidimensional Universal Limiter for Explicit Solution (MULES) and it is an Flux-Corrected Transport (FCT) algorithm. This technique was first introduced by [BB73] and ameliorated by [START_REF] Zalesak | Fully multidimensional flux-corrected transport algorithms for fluids[END_REF], it guarantees the boundedness of the solution of hyperbolic problems. The principle of FCT is that given a transport equation for a variable φ:

∂φ ∂t + ∇ • F = 0 (3.20)
Considering a 1D case, given the index i that determines the cell and n the temporal step, the eq. (3.20) can be discretized as:

φ n+1 i -φ n i ∆t V + f (F n • S) f = 0 (3.21)
Isolating the center of a cell labelled as i , it is possible to write (as for a Godunov first order accurate scheme [START_REF] Leveque | Numerical methods for conservation laws[END_REF]):

φ n+1 i = φ n i - ∆t V F n i+1/2 -F n i-1/2 (3.22)
The boundedness of the temporal solution can be obtained via face value limiting, or limiting face fluxes. A classical Total Variation Diminishing (TVD) scheme algorithm is defined as following: a. Compute F L , flux computed with a low order scheme; b. compute F H , flux computed with an high order scheme; c. Define an anti diffusive flux A = F H -F L d. compute a corrected flux F C = F L + λ i A, with λ i is defined for each cell and we call it flux limiter [START_REF] Leveque | Finite volume methods for hyperbolic problems[END_REF]. e. solve the equation (in this case it has been chosen a particular time scheme):

φ n+1 i = φ n i - ∆t V F C i+1/2 -F C i-1/2 (3.23)
For the particular case of application to InterFoam the authors suggest the reading of [START_REF] Ahmed | LES of atomization for diesel fuel injectors[END_REF].

We recap the organization of the algorithm in fig. 3 

Physical model of sub-grid interface

In the previous section we introduced 3 different codes implementing two different interface modelling approaches. As already presented in chapter 2 it is possible to raise further the modeling length-scale, taking inside the model part of the effect of the dynamic of the flow. In the next sections the interface modeling will be supplemented by the LES modeling technique as was introduced previously in section 2.2.7. From the point of view of the interface treatment, two different models will be presented. A first mixed phases FIT approach (ELSA ) and an hybrid mixed phases CIT -FIT model (ICMelsa ) already discussed in section 2.2.7.

ELSAFoam

The ELSA approach was first developed by Borghi in [START_REF] Vallet | Modélisation eulerienne de l'atomisation d'un jet liquide[END_REF] following a time-averaging approach and later extended in [START_REF] Beau | Modélisation de l'atomisation d'un jet liquide: Application aux sprays Diesel[END_REF] to the LES formalism. The model itself was presented in chapter 2. It follows the mixed phases approach and adds to the filtered N-S incompressible equation system the filtered liquid volume fraction transport equation:

∂α l ∂t + ∇ ∇ ∇ • • • (α l v ) = -∇ ∇ ∇ • • • R α l (3.24)
where on the RHS we find the turbulent liquid flux R α l = U α l that must be modeled. As suggested in section 2.2.5, this term is modeled following the gradient hypothesis as:

R α l = ν t Sc t ∇ ∇ ∇α l (3.25)
Another equation is added to the set: the transport of the interface area density function.

For further details, it is suggested to the reader to refer to section 2.2.5. The ν t depends on the filter used to average equations (spatial or time) and on the turbulence modeling approach used. In our case an implicit LES filter is used and a Smagorinsky approach is deployed [START_REF] Smagorinsky | General circulation experiments with the primitive equations: I. The basic experiment[END_REF].

The algorithm to solve the system of the equations is the same used for the InterFoam approach previously introduced, the slight difference is in the solution procedure. A step is added after the transport of the liquid volume fraction to solve implicitly the RHS part. A further step is added at the end of the algorithm to solve the transport of the sub-grid interface area density Σ , along with the formulation for the minimum interface area density 

Σ min = |∇ ∇ ∇α l |. It is

ICMelsa Foam

The complete ICMelsa model was previously introduced and discussed in section 2.2.7. It is a multi-scale approach that unify the DNS like approach of the mixed phases CIT model InterFoam and the LES approach of the ELSA mixed phases FIT model, pointing to a full description of the evolution of the interface along all the atomization process. The equations are discretized using the finite volume formalism. The coupling among velocity and pressure is solved through the PISO algorithm, while the hybrid evolution equation for the liquid volume fraction is solved through the use of the MULES algorithm reported in the previous sections.

The liquid volume fraction equation can switch from InterFoam to ELSA mode with respect to the C α variable which depends on the IRQ (for the different definitions of IRQ the reader can refer to section 2.2.7). The IRQ is evaluated immediately after the resolution of the evolution equation for the interface area density. The IRQ chosen to determine if the dynamic of the interface is well resolved or not and hence to evaluate the C α is the IRQ Σ and the limit value has been chosen to IRQ Σ = 0.65. This value has been chosen in relation to a numerical parametric study on a simplified configuration (for the interested reader refer to appendix B). 

Configuration

Bibliography about the air assisted liquid sheets

In the industrial framework (e.g aeronautic and agricultural) are commonly used injectors in which the liquid is surrounded by moving air: the so-called air-blast atomizer. Even if most of the configurations are axis-symmetric, in the literature there is plenty of studies using the planar liquid sheet configuration. This is because of the relative experimental simplicity of such kind of geometry ( [START_REF] Lozano | Longitudinal instabilities in an air-blasted liquid sheet[END_REF]).

A first experimental study of a liquid sheet breaking into droplets was performed by Savart. He studied a simple process where a round liquid jet impacted on a flat circular surface ( [START_REF] Savart | Mémoire sur le choc d'une veine liquide lancée contre un plan circulaire[END_REF]).

A century later, Taylor in [START_REF] Taylor | The dynamics of thin-sheets of fluid. I. water bells[END_REF] and [START_REF] Taylor | The dynamics of thin sheets of fluid II. Waves on fluid sheets[END_REF] reproduced a similar configuration in the so-called water bell configuration. A complete review of all experiences and studies using this configuration has been done recently in [START_REF] Villermaux | Life of a flapping liquid sheet[END_REF].

After the experiences of Taylor, a wide number of experiments have been performed, mostly based on visual observations and, along with it, was studied the linear stability ( [START_REF] Squire | Investigation of the instability of a moving liquid film[END_REF]). The first linear stability analysis were conducted in quiescent air. In the following years, an interesting geometry was proposed by Dombrowski ([DHW60], [START_REF] Dombrowski | The aerodynamic instability and disintegration of viscous liquid sheets[END_REF]): namely the so-called water fans. The authors stated the importance of viscosity in the instability of the liquid jet.

Until that point the dynamic of the gas was completely ignored by imposing a non-shear boundary condition at the interface. A first attempt to model the viscosity of both fluids was performed in [START_REF] Crapper | Wave growth on thin sheets of non-Newtonian liquids[END_REF]. After that important achievements a long series of experiments with large aspects liquid sheets were carried out ([RL80], [START_REF] Arai | Disintegration of a Thin Liquid Sheet in a Cocurrent Air Stream[END_REF]) until the first case with an air-assisted sheet atomization that can be found in [START_REF] Stapper | An experimental study of the breakup of a two-dimensional liquid sheet in the presence of co-flow air shear[END_REF]. In these seminal works, a phenomenological observation of the flow field was performed, in order to predict the droplet size characteristics. In particular Strapper and Samuelsen described the breakup process, noticing that it is dependents more on the velocity ratio among the two jets U G /U L than of two fluids properties ([SSS92]). In particular they noticed two breakup regimes:

• at low U G /U L what they refer to as cellular breakup regime, where the sheet oscillates with low amplitude growth. The penetration of the core it's high and the angle is low. The instability of the coherent liquid structure is due to slowly growing spanwise and streamwise ligaments; • at higher U G /U L what they refer to as ligament breakup regime. The streamwise velocity becomes more important and the breakup is dominated by streamwise ligaments and sinusoidal lateral oscillations. While the breakup regimes are independent on the fluid's properties, it is not the case for the droplet dimension (as reported in [START_REF] Shavit | Fractal dimensions of liquid jet interface under breakup[END_REF]). Successively the different kind of jet destabilizations were further analysed in [START_REF] Chigier | Atomization of liquid sheets[END_REF] where it has been stated clearly that the breakup can be caused only by the sinusoidal or by non-symmetric perturbation, with the two parallel interfaces that oscillates in phase. For the interested reader a wide review about experimental work on liquid sheets atomization can be found in [START_REF] Dumouchel | On the experimental investigation on primary atomization of liquid streams[END_REF] and for an interesting guide on destabilization mechanisms at different regimes it can be referred to [START_REF] Carvalho | Liquid film disintegration regimes and proposed correlations[END_REF] (fig. 3.5). Starting from the work of Lozano ([Loz+96], [START_REF] Lozano | Longitudinal instabilities in an air-blasted liquid sheet[END_REF]) the attention of most of the works has been driven to a more precise identification of the breakup phenomena. This achievement was reached thanks to the use of numerical simulation. The final goal was to understand which of the instability phenomena just cited prevails with respect to the other, changing the fluid characteristics. The most recent work reported are from Zandian ([ZSH16], [START_REF] Zandian | Mechanisms of Liquid Stream Breakup: Vorticity and Time and Length Scales[END_REF], [START_REF] Zandian | Planar liquid jet: Early deformation and atomization cascades[END_REF], [START_REF] Zandian | Understanding liquid-jet atomization cascades via vortex dynamics[END_REF]). Through the vortex dynamics they identified three different breakup regimes that can occur at different density ratio, gas Weber number and liquid Reynolds number.
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Building a benchmark configuration

The present configuration has been set by adjusting flow parameters in order to promote a fast atomization, limit the liquid core penetration and having a density ratio realistic for aircraft engines. A reasonably high momentum M = ρgv 2 g ρ l v 2 l = 18.7 is obtained with a moderately high velocity ratio, v g /v l = 43 and a density ratio ρg ρ l = 1/100. To reduce the role played by the surface tension, since it is not solved by the mixed phases model CEDRE, we have chosen a high relative gaseous Weber number, W e R = 403.

Geometry and description of various meshes

The simulated domain described in fig. 3 typical for turbulent pipe flow [START_REF] Schlichting | Boundary-layer theory[END_REF].

v g = v av g g 7 6 2|z| -H g H g -H l 1 6 + v l . (3.26)
The average gas velocity v av g g is 65 m/s. An offset equal to v l = 1.5 m/s ensures the continuity of the velocity profile at the injection plan. The ARCHER simulations are performed on a Cartesian mesh 512 × 128 × 512 with a cell size equal to ∆x = 3.125 10 -5 m, so a total of 101M faces, 33.6M cells and 32 cells in the liquid slot. In terms of degrees of freedom, which is defined as the product of the number of variables solved and the number of cells, ARCHER solves 42.0M. CEDRE simulations have been performed on two meshes composed of tetrahedral cells. The first, referred later on as CEDRE (MR), proposes a medium refinement level with 148k faces, 71.7k cells and 788k degrees of freedom, and the second, referred later on as CEDRE (HR), a high refinement level with 1.11M faces, 546k cells, thus 6.01M degrees of freedom. CEDRE (MR) has only 10 cells in the slit, while CEDRE (HR) has 20 cells. The InterFoam simulation is performed on the same mesh as ARCHER . For the ELSA and ICMelsa solver it has been used a structured mesh with 24M faces, and hence 1/5 with respect of the number of faces of the ARCHER simulation. In the vicinity of the injection ELSA meshes have been built to have a mesh resolution comparable to the CEDRE (HR) one. The data are summarized in Table 3 simulation to the results obtained with CEDRE, one must consider the fact that the ARCHER , InterFoam , ELSA , ICMelsa solvers are incompressible, thus there is no acoustic impacting the liquid sheet and both gas and liquid densities are constant. To restrain the acoustic role in the CEDRE compressible solver, we have enlarged the computational domain by a factor 5 in the x and z direction.

Another important factor to take into account is the fact that the ELSA and ICMelsa solver have been used considering a LES approach for the modelling of the turbulence. As far as there is no solid wall in this configuation, a classical implicit filter with Smagorinsky approach has been used (for more details about Smagorinsky model refer to chapter 2). Considering the configuration designed and the ELSA model described in the previous section, it is interesting to notice that the turbulent liquid flux modeling term, present in the liquid volume fraction transport equation, has been developed with the assumption of high Weber and Reynolds numbers. Thus this model is somehow here applied out of his domain of application for the purpose to test it.

Metric of comparison

The comparison among the different interface treatment strategies is done taking into account that we are in a turbulent flow and hence it is necessary to give relevance to the non-deterministic description. In this sense it is necessary for the reader to introduce some glossary in order to avoid confusion about the terminology used inside the following sections.

In the analysis of the results we will follow a statistical approach. A very complete review about the averaging approaches used in multi-phase flow is given in [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF]. Here We will use different type of statistical operator for the different variables:

• Time averaging : given a field φ(x, t) the time average can be defined like

t φ(x) = 1 ∆t ∆t φ(x, t)dt (3.27)
where ∆t = t f -t i is the time-scale of the regularization kernel. In the temporal averaging case for stationary process the ∆t → ∞. In the real case it is not possible but we chose an averaging time ∆t that is sufficiently long to achieve a reasonable statistical convergence.

• Space averaging : given a field φ(x, t) the time average can be defined like

x φ(t) = 1 ∆x ∆x φ(x, t) dx (3.28)
where ∆x = x f -x i is the length of the regularization kernel. • Ensemble or statistical averaging : considering a set of N similar physical system, the statistical averaging is defined by considering the arithmetic averaging among them (for a discussion about what does it mean similar system, we rely on [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF]).

φ (x, t) = 1 N N i=0 φ i (x, t) (3.29)
When not specified, the symbol • would signal an averaged value and the type of averaging operation performed will be specified in the text. Once these elements have been defined, we can determine the different steps of the analysis:

• Time sequence of the dynamic of the interface, performing a comparison among the diffuse interface approach and the sharp interface approach. • First order statistics comparison: we compare how the time and space average of liquid volume fraction and velocities are reproduced by different modelling strategies. • Second order statistics comparison: we compare how Reynolds stress are captured by different strategies. This statistical analysis will be called classical analysis, because of it follows the classical path of a turbulent flow analysis ( [START_REF] Vinuesa | Convergence of numerical simulations of turbulent wall-bounded flows and mean cross-flow structure of rectangular ducts[END_REF]). We will call the second step phase analysis (chapter 4). In order to perform this kind of analysis, a new multi-purpose post-processing tool has been developed: REMODARCO. The time average is performed run-time from one relaunch to another of the simulation and successively, the different chunks of statistics are averaged together. The fact of having split chunks of statistics gives the advantage to choose which part of the flow history to use (and hence from which time to start the statistics collection) in order to perform the averaging.

Statistical convergence

An important concept in the study of statistics is the statistical convergence of the time series of a random variable ( [START_REF] Prokhorov | Convergence of random processes and limit theorems in probability theory[END_REF]). In turbulence literature guidelines for single-phase configurations has been described to reach convergence (for instance in case of wall-bounded flows ( [START_REF] Vinuesa | Convergence of numerical simulations of turbulent wall-bounded flows and mean cross-flow structure of rectangular ducts[END_REF]). In case of multi-phase flow it is hard to find a complete description of statistical convergence in case of coherent structures of one of the phases composing the system. We propose in this work a definition for the relative statistical convergence of flow variables. Let's consider the domain depicted in fig. 3 Following this idea, it is possible to determine a relative parameter that evaluates the percentage of unbalance of mass among the upper and the lower part. a value of 0.6% at 8.7[ms] and eventually drops to a value around 0.2% at 22 [ms]. As far as the simulation performed using ARCHER is the reference simulation, we will use it as a reference also for the convergence of the other simulations. In table 3.3 it is possible to find the value of the convergence parameter for the different simulation analysed in the next sections. It is possible to observe, how the parameter is around 3% for each simulation apart from the CEDRE(HR) case where the parameter is around 14%. 

Region of validity of the results

In order to perform the comparison among the different numerical models, we have to determine a region of validity in which make the comparison. We will perform the comparison where we can say that state that the resolution is sufficient for our case of reference, namely ARCHER simulation. The problem of under resolution is a real issue in general for simulation of turbulent gas-liquid interfacial flows. The resolution required to solve completely most of atomization processes, even with moderate Weber number, is often skyrocketing. Solving entirely a two-phase flow of an atomization process would require several mesh cell per diameter of any droplet, a condition that is hardly met in practice and leads to the question of mesh convergence. Even with the most intensive computational effort [START_REF] Shinjo | Simulation of liquid jet primary breakup: Dynamics of ligament and droplet formation[END_REF], the full resolution is not necessarily guaranteed and statistical analysis is often intractable. The strategy developed in the present work is to reduce the zone of analysis to a restricted area where the mesh resolution is high enough to accurately capture the two-phase flow. This is among the first attempts to determine which part of the flow is well-resolved based on numerical criterium characterizing the Interface Resolution Quality (IRQ). This approach is based on previous work performed, on a simplified problem [START_REF] Canu | Développement d'une méthode compressible avec évaporation pour la simulation d'interface résolue dans le cadre de l'atomisation[END_REF] where the statistical analysis of this IRQ criterium has been carried out by comparing several level of grid refinement leading up to mesh convergence. The main advantage of this criterion is to evaluate the quality of complex configuration simulations, such as the present one, without running the simulation with several levels of mesh resolution to achieve a proper mesh convergence study. This criterion is defined as

IRQ K = 1 (∆x 2 H)
, where ∆x is the grid size and H the mean curvature (for more details see section 2.2.7). This criterion highlights the under-resolved regions of the simulation where its value diminishes. For instance, a droplet described with 4 mesh cells along its radius has an IRQ K = 2, though with 2 mesh cells along the diameter means IRQ K = 1. Therefore, the lower the IRQ is, the lower is the resolution of the liquid (or gas) structure highlighted. Note that the threshold value of 2 chosen here is arbitrary and the user is expected to choose a value that is the most adequate to a given simulation. Instead of investigating the individual IRQ K for each structure, the IRQ K Probability Density Function (PDF) can be studied to obtain a better picture of the resolution level of the overall simulation. Since the ARCHER simulation is the reference one, IRQ K criterion is analysed with this code. The IRQ K is extracted from two specific regions of the jet: in the vicinity of the main liquid core, where the criterion should behave perfectly since most wrinkling of the interface are expected to be captured, and in the most critical secondary atomization region, where liquids structures encounter fragmentation/breakup processes that can lead to under-resolved liquids structures. The PDF of IRQ K , shown in Figures 3.7c, 3.7d, gives useful information about the quality of the interface resolution. In the first region of the liquid sheet, most of the IRQ values of the PDF (around 95%) are located beyond the critical zone of low IRQ, IRQ K ∈ [-2 : 2], as shown in Figure 3.7c. This range is indicated by two red dotted lines in the figure. Thus, in this zone, the interface resolution is high enough to capture the largest part of the curvature distribution. A residual of the distribution for absolute value of IRQ K less than 2 exist. This is an inherent behaviour of atomization process that can produce nearly an infinite curvature for instance at the pitching of a ligament just before the breakup. However the percentage of curvature that are less than 2 is small and, above all, there is no accumulation of low resolved surface. This behaviour would have been a marker, with this kind of approach, that mesh resolution is limiting the production of small length scale. Further discussion have been developed in [Can]. In the second region, Figure 3.7d, the PDF is compressed close to the critical IRQ K zone, hence only around 60% of the interface is well resolved, and there is an accumulation of weakly resolved interface. It indicates that the ARCHER results should be taken with caution for large x * . This can be explained by the production of droplets of small scale due to atomization of the flapping sheet. Note that this kind of simulations at high Weber and Reynolds numbers are quite challenging in term of computational costs, explaining the difficulty to reach higher IRQ in the most atomized or dispersed region. Besides, we specifically have chosen two different regions with opposite behavior to assess the pertinence of the criterion. Consequently, the ARCHER simulation appears sufficiently trustworthy until the jet become more dispersed, due to the presence of very small droplets. In addition, in the present work, CEDRE simulation has not been coupled with any specialized reduced-order model, relying on kinetic approach, to better describe the dispersed flow. The same can be said for the other model implemented in OpenFoam . It is unlikely that the mixed phases model or a reduced order model alone will capture properly the dispersed part of the flow. The following analysis will therefore be conducted in the zone x * ∈ [0, 4] along the streamwise axis where the ARCHER simulation can be considered as the reference simulation.

Even if in the confidence zone, we would expect a different level of error for each code tested. ARCHER is conserving sharp the interface thanks to the separated phases model and conserves the volume thanks to the CLSVOF method, thus it conserve the interface at the level of the mesh resolution. InterFoam that is a mixed phases model with a counter-flux that aims to mimic the sharp interface representation, will limit the curvature somehow due to the numerical diffusion above the level of resolution. The diffuse interface approaches (ELSA and CEDRE), where the interface is a mixture zone and the position is not well defined, will be affected by an higher error on the curvature.

Classical analysis

In the next paragraphs we'll analyse the flow field and the quantities that characterize it by doing a phenomenological observation of the phase marker evolution. Later we'll analyse first and second order statistics along with the Turbulent Kinetic Energy (TKE). The title of the section is "classical analysis" because it is an analysis that is common to different turbulent flow configuration, single-phase (e.g [START_REF] Nicoud | Numerical study of a channel flow with variable properties[END_REF]) and multi-phase and we want to distinguish it from the analysis that we'll do in the next section, more focused on the position of the interface and the interaction of the two phases.

In the next sections will be showed iso-surfaces and slices of the averaged quantities. While the iso-surfaces represent the time averaged quantities (denoted with t •), the slices have been also space-averaged in the statistically homogeneous direction (y ), and the procedure will be denoted with •. This choice has been made to gain statistical convergence and has not been done for the iso-surfaces to save computational time.

Phenomenological observation

The different simulations have been synchronized at an initial time value, identified with t 0 , observing where the flapping cycle was starting for each simulation. This time varies from simulation to simulation. One possible explanation for this phenomena is the difference in the processes that trigger instabilities due to the difference in the interaction among the two phases, as it is possible to see in the phase analysis (section 4.2).

From the initial time t 0 it has been considered a time step of δt ≈ 0.1[ms] for a total of 9 frames sequence, in order to observe the cyclic behaviour of the flapping jet. The macroscopic behaviour of the big features of the flow in the sequence proposed can be split in two different parts. A first part ranging from t 0 to t 0 + 4δt where the flapping of the liquid sheet prevails.

A second part ranging from t 0 + 4δt to t 0 + 8δt where the so-called dripping regime prevails ( [START_REF] Dumouchel | On the experimental investigation on primary atomization of liquid streams[END_REF]). It refers to a condition in which the ligaments are released from the nozzle without a continuity of the liquid column. In fig. 3.8 it is possible to observe a contour plot of the phase marker for the CEDRE code and ARCHER code. The difference among a mixed phases approach and a separated phases is demonstrated. While for the ARCHER liquid-gas interface plot it is possible to observe also the small scales of the liquid interface, in the CEDRE code small liquid structures are represented as a diffuse phase marker field. In fig. 3.9 it is possible to observe how the dynamic of the first part of the sequence is reproduced in the same way by the two different models. It is possible to recognise in the same time frames the flapping regime and the dripping regime as explained at the beginning of the paragraph. In CEDRE, the smaller features of the liquid are not represented due to the diffusion and the absence of the surface tension in the model (fig. 3.8). This phenomena is clearly shown in the frames from t 0 + 6δt to t 0 + 8δt. It is possible also to observe, through the convexity of the liquid leap how the dynamic of the flow is completely maintained. The phenomenological observation of the flow rising from the injector shows that in case of the separated phases model and mixed phases model the dynamic of the flow is well captured and in the nine time sequence analysed, the qualitative behaviour reproduced is the same. The comparison of the liquid film dynamic between ARCHER and InterFoam shows that the two phases behaviour (flapping and dripping) is represented following the same pattern. In case of InterFoam simulation the compression flux showed in eq. (3.14) tends to prevent the atomization and to cluster the particles in bigger structure with respect to what is happening in the ARCHER simulation. It is possible to observe in the InterFoam sequence that the phase transition, where α is changing from 0 to 1, requires a finite length-scale. Thus this representation rely on a mixed phases model with an interface thickness that is bounded to length related to the mesh size (∆x). For the smallest, most constrained interface, the interface tends to increase. The sharpening terms tends to maintain the interface sharp but does not prevent completely the diffusion. The interface is commonly spread among 2-3 cells. It is still possible to observe the difference with respect to the diffuse interface representation in fig. 3.9, where the smaller features of the flow are completely absent in all the time frames. In the comparison between ICMelsa model and ARCHER it is possible to observe that the two phases of flapping and dripping are maintained. The features of the flow that can be observed are a mix among the features that have been reported for the InterFoam and ELSA model. Near the outlet the structure of the liquid leap is maintained sharp by the numerical counter-flux, while after it is spread and the small features of the flow are not represented anymore. This is due to the switch of the model to the ELSA formalism. There the turbulent liquid flux plays an important role, with the physical model based on liquid sub-grid dispersion. The average liquid volume fraction is a key quantity to evaluate the penetration of the liquid inside the quiescent environment together with the liquid dispersion. Figure 3.14 and fig. 3.15 it is represent a slice of the fluid domain at y * = 0, representing contour lines of the liquid volume fraction from t α l = 0.1 until t α l = 1. In the different codes the t α l = 1 iso-line appears to follow the same behaviour. following the other iso-lines we notice a different trend for the different models tested. The sharp interface approaches (ARCHER and InterFoam ) shows less spreading of the liquid with respect to the diffuse interface ones (CEDRE and ELSA ) for which the iso-lines are smoother. We notice furthermore a tendency in the InterFoam model to cluster the liquid near the center-line z * = 0. The ICMelsa behaviour can be considered in between among InterFoam and ELSA . We can observe that the iso-lines near the inlet recover the behaviour of the sharp interface approaches and in particular of the InterFoam model, while farther away, for the iso-lines corresponding to a more dispersed liquid phase, the behaviour is very similar to the ELSA case. The fig. 3.16 shows the averaged liquid volume fraction trend along the streamwise axis z * = 0. it is possible to observe the characteristic behaviour of the different models. It is confirmed that the interface model of InterFoam , with the presence of the sharpening term, tends to cluster the liquid along the central axis, with respect to the CLSVOF model of ARCHER . At the contrary the diffuse interface models tends to disperse more the liquid, and so we will find less liquid at the central axis. The ICMelsa model line lies nearer to the InterFoam line for x * = [0, 2], while it tends to approach to the ELSA line for higher values of x * . This behaviour is in line with what has 3.2 shows the different mesh characteristics of the different simulation. In fig. 3.16 it is possible to observe how in the streamwise plane, the effect of the grid refinement for the CEDRE case, brings to reduce the liquid dispersion.

In fig. 3.15 and fig. 3.14 we observe that the CEDRE (MR) and ELSA simulations follow the same behaviour, enhancing the dispersion of the liquid in the upper and lower part of the domain and opening up the spray angle. The difference among the two is that one is due to numerical diffusion (CEDRE) and the other one is based on physical model that aims to represent sub-grid dispersion (ELSA ). The idea that numerical diffusion can be used to mimic the sub-grid dispersion have been studied by certain group, at least in single-phase flows ([Ege+14], [START_REF] Bensow | Implicit LES predictions of the cavitating flow on a propeller[END_REF]). It would be interesting in future works to test the different simulations with the same mesh at a different level of refinement. In Figure 3.17 represents the averaged profiles of the α l respectively at the locations x * = 1, 2, 3 of the domain. It is possible to draw the same conclusions of the previous analysis. The magnitude of the average liquid volume fraction α l near the centre-line is more accentuated for the InterFoam simulation with respect to the ARCHER simulation, while for the diffuse interface models it is less. This is due to the fact that in case of the interface model implemented in InterFoam , the sharpening counter-flux tends to cluster the liquid near the centre-line, while in case of the diffuse interface approaches, the diffusion, tends to spread the liquid more far away. The mesh refinement effect of CEDRE (MR) and ELSA is more evident for the x * = 3 slice. While for x * = 1 we can notice only a difference in the magnitude. With increasing x * we can notice the effect of the dispersion, due to the flapping and the dynamic of the configuration. ARCHER , CEDRE (HR), CEDRE (MR), InterFoam , ELSA ICMelsa . Reader must take care to the fact that the α l range is different for the three slices.

Averaged velocities

In this paragraph we compare the streamwise (v x ) and spanwise averaged velocities (v z ). Figure 3.18 and fig. 3.19 present the time averaged slice at the plane y * = 0 of the streamwise velocity t v x . The global behaviour appears to be the same for the different interface model tested. The same for the different velocity profiles in fig. 3.20 for the different location x * = 1, 2, 3. In the ELSA code we notice a different behaviour among the slice and the spaceaveraged lines. This difference can be justified by two effects. First is the space averaging procedure. The second is the color scale of the contour plot in fig. 3.19. This has been chosen to be more saturated near the low value of the streamwise velocity and hence it appears qualitatively different from the behaviour shown in fig. 3.20. Figure 3.21 and fig. 3.22 present the time averaged slice at the plane y * = 0 of the spanwise velocity t v z . More difference with respect to the streamwise velocity can be noticed. This is an effect mainly due to the numerical domain itself and its boundary conditions (fig. 3.5). The principal direction of the flow is the streamwise direction where at the patch inlet 2 in fig. 3.5 we impose a mean velocity profile. The injection of momentum at the inlet in the streamwise direction is mostly dominated by the boundary condition. The velocity in the spanwise direction is caused by the instabilities and liquid dispersion that produce relatively small transverse velocity and produce few differences on the axial velocity. The spreading of what we can call "the velocity cone" appears to be different in the different approaches (fig. 3.23). The averaged spanwise velocity profiles at location x * = 1, 2, 3 are shown in fig. 3.23. While for x * = 1 the profiles appears not to present huge differences, for bigger value of x * the differences accentuates. There is a tendency of the sharp interface models (ARCHER and InterFoam ) to spread the velocity more far away with respect to the central axis (z * = 0) with an increasing x * location. With the increasing x * location the peak tends also to decrease, apart for the ELSA model. A possible explanation can be the difference in the spreading of the liquid volume fraction (fig. 3.14 and fig. 3.15), as far as what we are observing here is the complete averaged transversal velocity, where the averaged component can be written as:

v z = α l v zl + (1 -α l )v zg (3.36)
Where with the subscript l we refer to the velocity associated to the liquid phase and with g the velocity associated to the gas phase. In case of CEDRE, as far it is taken into account the compressibility of the fluids, the average velocity can be written as:

v z = ρ l v zl α l + ρ g v zg α g ρ l α l + ρ g α g (3.37)
Where all these information can be retrieved, solving the equation of the model presented in the introduction of this chapter. The analysis of the different components of eq. (3.36) and eq. (3.37) to understand the differences in v z can represent an extension of the present work.

For more information about the decomposition refer to chapter 4. 
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Turbulent Kinetic Energy (TKE) and Reynolds stress components

Having a look at the TKE we can analyse more in-depth the statistics of the flow. Figure 3.24 and fig. 3.25 present the time averaged slice at the plane y * = 0 of the TKE 1/2v i v i = 0, where with i i we denote the Einstein notation that implies the summation over the components xx, y y and z z. It is not possible to see a huge difference among the sharp interface approach of InterFoam and the diffused one of ELSA as it is possible to observe in fig. 3.14. It is possible to notice the difference of magnitude between the diffuse interface representation and the sharp interface representation. The TKE values in case of the ARCHER code and

InterFoam model appear to be spread on a larger range over the z * axis. These statements are confirmed by the averaged slice of TKE at the locations x * = 1, 2, 3 represented in fig. 3.26. The global trend of the TKE is to have two peaks and a saddle in the middle of the z * domain. While the peaks magnitude is captured for all the codes at each location (in exception of CEDRE (MR) case, probably due to the under-refinement of the mesh), the saddle magnitude varies from code to code. The range of values around the center-line z * = 0 is less spread, but as it was shown in fig. 3.30 and fig. 3.31 it is possible to observe a difference among the maximum value of the models tested. In order to analyse more in-depth these results it is useful to proceed with the phase analysis (chapter 4. This kind of analysis will be performed in section 4.2.
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To conclude the analysis we observe the z x component of the Reynolds stress tensor. The fig. 3.33 and fig. 3.34 present the time averaged slices at y * = 0 of the xz Reynolds stress component. From these plot it is possible to observe no relevant difference among the different representations. Observing the averaged profiles at the locations x * = 1, 2, 3 in fig. 3.35 it is possible to conclude the same. The only difference that we observe can be seen for the slice x * = 1. Here the ELSA and ICMelsa model capture around z * = 0 a double variation of the value, not captured by the other models. 
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Conclusion

Observing the first order and second order statistics we notice that all the models represent in the same way the global dynamics of the flow. We can observe the first part of the flapping cycle, where the flapping phenomenon prevails, and a second part, where the so-called dripping regime is predominant. All the models represents similarly the liquid dispersion at large length-scale. However the different interface representations plays a role for the distribution of the phase marker. In particular we observe how the liquid volume fraction is spread farther away from the center-line in case of the diffuse interface representation, while it is kept near the center-line in case of sharp interface representation. In order to analyse the difference related to the smaller scales, we refer to the second order statistics and the TKE. There we can notice a significant difference between the approaches even quantitatively for the range of variation. As highlighted previously and in [START_REF] Cordesse | Validation strategy of reduced-order two-fluid flow models based on a hierarchy of direct numerical simulations[END_REF] the difference are due to the different representation of transition among phases and the way in which the mixture velocities are recovered in the models. Thus, it is worth to go more in-depth and analyse the second order statistics related to the phase marker. This is the motivation for the next chapter where an analysis of the different approaches is attempted, based on signal analysis, related to the structure of the phase marker.

Chap. 4 | Phase analysis

In the previous chapter we highlighted that for the different models tested we reached differences in terms of the second order statistics. Hereafter, we propose an analysis in order to understand the nature of these differences. This type of analysis is called "phase analysis", because it is related to the phases interaction and to the representation of interface.

It is already possible to find a great number of studies based on the phase analysis in literature (e.g see [START_REF] Ishii | Thermo-fluid dynamic theory of two-phase flow[END_REF]). In this chapter we will focus on the segregation of the flow field, by defining when a flow can be defined as segregated and when it is considered not segregated. Indeed, in the previous chapter we have studied an academic test representative of an air assisted atomization with different methods covering a wide scope of interface representation. Despite an expected dependency on the mesh resolution, overall the large scale features of the flow have been recovered by all the methods for statistical quantity up to first order. The first analysis of second order statistics (Reynolds Stress components and the TKE) have shown more pronounced differences. Thus it is expected that second order statistics are related to the interface representation. To understand this relation, in this chapter, we propose to analyse a 1D signal extracted from previous simulations. This simpler statistical analysis will provide us some guidelines to finally analyse the full 3D second order statistics obtained on the air-blast configuration.

The statistical tools

In order to proceed to the phase analysis, we must add two statistical tools to those introduced in the previous chapter. These tools take advantage of the formalism proposed in [Ish75]:

• Conditional averaging: the conditional averaging takes into account only a part of the signal that respect a certain condition. Given a field φ(x, t) it is possible to define a conditional averaging with a condition called test as:

t φ |test (4.1)
In the following paragraph the test will be related to signals with three possible states and hence three possible conditional averaging cases. In particular we will analyse the phase marker signal α and hence we will consider: the case in which α = 1 (pure liquid phase), the case in which α = 0 (pure gas phase), the case in which 0 < α < 1 (transition between gas and liquid phase : the interface zone). Given a variable φ(x, t), three conditional averages are defined:

t φ | α=0 , t φ | α=1 , t φ | 0<α<1 (4.2)
• Weighted averaging: regarding the weighted averaging operator we consider the statistics of any variable φ multiplied by the phase marker. In this sense we can introduce the weighted mean value of a variable φ(x, t) with the phase marker α as:

t φ(x) = t φα t α (4.3)
In the next sections we will use the notation t φ l and t φ g to refer to the weighted average with respect to t α and t 1 -α respectively.

Analysis on 1D signal

We can observe the temporal evolution of the phase marker at a specific location in the domain. In particular in case of the ARCHER simulation we will have two markers to track the evolution of the liquid phase:

• The level-set distance function: in this case the presence or not-presence of the liquid phase is determined by the sign of the level-set distance function and the interface is located by definition at the level-set 0 is a value of the distance function. • The liquid volume fraction : it represents the ratio of the liquid volume to the total cell volume. This quantity is obtained at the level of the mesh resolution on a control volume ∆x 3 . Thus, it depends on the mesh resolution. The values can be 1 in pure liquid, 0 in pure gas and any value in between, if the control volume is crossed by the interface. Consequently the precise localization of the interface is lost if we consider only the local value of the liquid volume fraction . Notice, that in numerical methods for liquid-gas flow, this local value is not considered alone and hence, a more precise reconstruction of the interface is achieved (see PLIC and SLIC in chapter 2). In the next paragraphs we will call the phase marker (either the level-set distance function, either the liquid volume fraction ) as α and we will focus on the case in which α is only time-dependent. A point is considered in the computational domain: x 0 = (x 0 , y 0 , z 0 ) with x 0 ∈ L X , y 0 ∈ L y , z 0 ∈ L z . The phase marker considered will have the following dependency α(x 0 , t). In the next sections x 0 = (L x /6, L y /2, L z /2) and the representation of the points with respect to the flapping liquid sheet is reported in fig. 4.1. We can define the Probability Density Function PDF f (α) to be in three different states:
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α = H(φ) = 1, α = H(φ) = 0, 0 < α = H(φ) < 1
, where H(φ) is the Heaviside function that has value 1 when the sign of the level-set distance function is positive (and hence we are in the liquid) and 0 when the sign of the level-set distance function is negative (and hence we are in the gas). In particular it is possible to associate a probability to be in each of the state. In case of this telegraphic signal we can join together the p(α = 0) and p(α = 1) to build the PDF f (α) through the use of the Dirac function δ, while the probability p(0 < α < 1) = 0 as far as it is possible for the signal to be only in two different states. Hence, having only a binary state possible, we can write the PDF f (α) for the phase marker α as:

f (α) = p(α = 0)δ(α) + p(α = 1)δ(α -1) (4.4)
In order to find the two probabilities we use the 0-order and first order statistical moments.

1 0 f (α)dα = 1 → p(α = 0) + p(α = 1) = 1 (4.5) 1 0 αf (α)dα = t α → p(α = 1) = t α (4.6)
Eventually we can re-write the f (α) defined in eq. (4.4) as: In this case the measured probability p(0 < α < 1) = 0 , thus, the flow field is said fully segregated. The p(α = 1) is exactly the probability for the signal to be in the liquid state and the p(α = 0) is exactly the probability for the signal to be in gas state. The interface has 0 thickness, its location can be determined with precision and the jump conditions are required to describe flow properties. This is exactly the case for the separated phase models we have introduced in chapter 2. In this particular case the conditional average process and the weighted average (for the definitions refer to eq. (4.3) and eq. (4.1)) gives the same results when applied on any field ψ(x, t). Considering for example ψ(x, t) = v (x, t), it is possible to write:

f (α) = t α -1 δ(α) + t αδ(α -1) (4.7)
t v | α=1 = t v l = t v α t α = The liquid velocity (4.8) t v | α=0 = t v g = t v (1 -α)
t (1 -α) = The gas velocity (4.9)

This happens because the p(0 < α < 1) = 0 for a segregated flow and the two averages give equivalent results. This will not be the case for the not segregated flow field, as will be better explained in the next section.

Not segregated flow field, diffuse interface

There are cases in which the phase marker can reach values between 0 and 1, leading to a certain uncertainty on interface position. This can be due either to the model itself (as it is for the mixed phase models introduced in chapter 2), either to the numerical method and the mesh resolution. In this case the flow is called not segregated or diffused. We can have an example of not segregated flow by observing the signal of the liquid volume fraction coming from the ARCHER simulation (probe placed at (L x /6, L y /2, L z /2)) represented in fig. 4.5. As it is possible to observe, values of the phase marker α that are between 0 and 1 are possible. Hence we will have a different distribution of PDF f (α). The signal can be in three different states:

• α = 1 and hence it is possible to associate to this particular event a probability p(α = 1).

• α = 0 and hence it is possible to associate to this particular event a probability p(α = 0).

• 0 < α < 1 and hence it is possible to associate to this particular event a probability p(0 < α < 1). Finally in case of not segregated flow it is possible to write the PDF f (α) as:

f (α) = p(α = 1)δ(α -1) + p(α = 0)δ(α) + p(0 < α < 1)f s (α) (4.10)
where f s (α) is the PDF of α in the transition zone. It is important to highlight, here that with respect to the segregated case, where it is possible to say that when the phase marker α = 1 corresponds to the presence of the liquid, while when α = 0 corresponds to the presence of gas, here it is not strictly the case. Neither it is possible to affirm that in case of 0 < α < 1 we are at the interface. The zone in which the phase marker fulfill the relation 0 < α < 1 is a region that includes a part of gas and a part of the liquid and where it is not possible to define precisely an interface.

a. The liquid weighted quantity does not correspond anymore to the conditional average. For instance, for the liquid velocity:

t v l = t v | α=1 (4.11)
This inequality is due to the liquid that is contained in the transition zone. Thus the probability p(α = 1) corresponds only to the part of the liquid that is completely segregated, but an additional part is now included in the transition zone. b. The transition zone does not correspond actually to an interface in the sense of the transition to one phase to the other. Indeed, some transition start from 0 to 1 but before to complete they decrease back to 0 (see fig. 4.5 around 10[ms]). At the contrary any transition is completed for the fully segregated signal (see fig. 4.2). The incomplete transition may be due to the passage of very small liquid structures that are not sufficient to fill up the control volume completely with liquid. There is also a 3D effect. On the liquid volume fraction signal the control volume may be filled partially by the edge of a liquid structure. Finally, it is important to support the idea that even if it is not fully segregated, the diffuse interface signal, still carry the essential information for the large liquids structures passing through the control volume (see the nine liquid inclusions observed in both fig. 4.5 and fig. 4.2). In this particular 1D analysis based on CLSVOF ARCHER simulation we have been able to analyse a fully segregated signal with respect to a diffuse interface signal based on the control volume used to reconstruct the liquid volume fraction . This allows to distinguish between resolved transition and unresolved transition, but the actual challenge is to establish this distinction on fully 3D results. To explore this possibility in the next section an analysis is conducted based on the variance of the phase marker. 

Probability of presence

An important parameter to characterize the signal, is the Probability Density Function of the time interval lasted in the gas or in the liquid phase. Figure 4.8 and fig. 4.9 show time duration PDF f (∆t) and CDF C(∆t) of these intervals respectively for the liquid and the gas phase. Time intervals are related to the size of liquid and gas inclusions trough the velocity field. The inversion process to recover a length-scale distribution is not straightforward since the velocity may vary at the probe location during the time interval. In addition, the shape of liquid or gas inclusion is not spherical (droplet or bubble) and even if it would have been the case the probe time lasted on one phase will depend on the trajectory of the probe in the liquid or gas structure. Thus these distributions are no directly related to the diameter distribution of the spray, but they have related features. The probe has been set at (L x /6, L y /2, L z /2) where the mean liquid volume fraction is equal about 4.8% . Thus the time intervals are much shorter in the liquid phase than in the gas phase. The overall sampling time is not yet sufficient to establish the mathematical form of such distribution, this would be a nice perspective of this work. A first attempt has been done in collaboration with Ludovic Goudenège (CentraleSupelec) that we would like to acknowledge for his help. This collaboration has started at the end of this PhD and it has not been possible to go further on the analysis of this signal. However, it has been possible to observe the impact of the interface representation when it is based on a non segregated phase representation. Thus, we have measured the time interval statistics at the same location but using a not fully segregated approach, similar to the one explained on the previous section, see fig. 4.10 and fig. 4.11. Despite the thickness of the diffuse interface approach that is relatively small (it is related to the mesh size ∆x of the most refined case done with ARCHER as explained on the previous section), there is a clear impact of the statistics. Table 4.1 shows the total percentage of time devoted to each zone of the flow: in the pure liquid phase, in the pure gaseous phase and in the transition zone. With respect to the fully segregated case and for this probe the time lasted in the transition becomes comparable to the time spent in the pure liquid phase. Accordingly it would have been necessary to account of the transition zone for any liquid statistic. Indeed the conditional mean for instance in the liquid phase (α = 1) will not be appropriate. Given the total time in liquid ∆t l and the time interval of the averaging window ∆t, the time average of the phase marker can be evaluated as:

t α ≈ t α | α=1 = ∆t l ∆t = 0.028 (4.12)
We can observe the value of the approximate time average underestimate the value computed using the definition given in eq. (3.27): t α = 0.048. Considering also the transition time ∆t t and using a weight of α t = 0.5 we obtain:

t α ≈ ∆t l + α t ∆t t ∆t = 0.05 (4.13)
On the contrary the mathematical shape of the both PDF and CDF seems preserved. This first glance at liquid and gas time distribution shows the possibility to explore this kind of signal to make it clear which features of the liquid-gas flow are preserved and lost by using mixed phases formulation. It is expected that the main structure of the flow is preserved until the interface thickness representation interact with the characteristic length-scale of liquid and gas elements, but it is observed also that even with a very thin diffuse interface approach some key statistics can be affected if the averaging process is not appropriate. 

The phase marker variance

A key quantity for the phase analysis is the phase marker variance. This quantity is very important to define the level of segregation of the flow field, given a certain marker and drives the evolution of each second order moment. Given a generic variable φ in a fully segregated flow, and the phase marker α, due to equivalence of the conditional averaging process and the weighted averaging process, it is possible to write:

t αφ = t α t φ | α=1 (4.14)
Following the same method it is possible to obtain statistics related to the gas phase:

t (1 -α)φ = 1 -t α t φ | α=0 (4.15)
It is possible to apply this concept to the derivation of the phase marker variance, namely t α α . This quantity can be obtained in two different ways:

• From the Reynold's decomposition definition as a computed variance:

t α α = t ααt α t α (4.16)

• Considering the f (α) for a segregated flow introduced in eq. (4.14):

t α α = t αα -t α t α = = t α t α | α=1 -t α t α = = t α 1 -t α (4.17)
Using these two definitions, it is possible to introduce the segregation factor S that can be defined as the level of segregation of the flow.

S = t αα -t α t α t α(1 -t α) (4.18)
In case of fully segregated flow field S = 1 otherwise S < 1.

We can go further in our analysis and try to see if it is possible to define relations for other second order statistics using the PDF f (α) of the segregated flow introduced in eq. (4.14).

First we can analyse the turbulent liquid flux t α v , fundamental term from the modeling point of view, since it describes the sub-grid dispersion.

t α v = t α t v | α=1 -t α t v = = t α t v | α=1 -t α t α t v | α=1 + 1 -t α t v | α=0 = = t α -t α 2 t v | α=1 -t α 1 -t α t v | α=0 = = t α 1 -t α t v | α=1 -t v | α=0 = t α α t v | α=1 -t v | α=0 (4.19)
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We can see how the variance of the flow drives the representation of the turbulent liquid flux as far as the phase marker variance is a factor of the difference of velocity among liquid and gas phase. We can perform a similar derivation for the Reynolds stress components. Notice that beyond the method used to represent the interface, the flow is actually segregated (except if the mesh is sufficient to resolve the physical interface thickness, see discussion of chapter 2)

t v v = t v v -t v t v = t αv v + t (1 -α)v v -t v t α t v | α=1 + 1 -t α t v | α=0 = t α t v v | α=1 + t 1 -α t v v | α=0 -t v t α t v | α=1 + t v 1 -t α t v | α=0 = t α t v v | α=1 + t 1 -α t v v | α=0 + t α t v | α=1 t v | α=1 + 1 -t α t v | α=0 t v | α=0 -t v t α t v | α=1 t v 1 -t α t v | α=0 = t α t v v | α=1 + t 1 -α t v v | α=0 + t α t v | α=1 t v | α=1 -t v + 1 -t α t v | α=0 t v | α=0 -t v (4.20)
From eq. (4.19) we derived the following relationships:

t α v = t α t v | α=1 -t v (4.21) t α v = 1 -t α t v | α=0 -t v (4.22)
Using this relationships inside eq. (4.20) it is possible to arrive to a decomposition of the Reynold's stresses by phases.

t v v = t α t v v | α=1 liquid + 1 -t α t v v | α=0 gas + t α 1 -t α t v | α=1 -t v | α=0 2 slip tke (4.23)
In eq. (4.23) we recognize clearly a contribution to the full Reynolds stresses of the liquid Reynolds stresses, of the gas Reynolds stresses and of the velocity differences. Also in this case we can observe the influence of the phase marker variance on the mixed terms of the Reynolds stress components. Since the variance of the phase marker is so important, it would be interesting to understand if it has a connection with the numerical method and model. In the next sections we will study it more in-depth. For the interested reader, other results regarding the different terms decomposition are reported in appendix D.

Results

Hereafter we analyse the phase marker variance computed on the whole computational domain.

In the following analysis, along this section, we consider as the phase marker the liquid volume fraction variable. Figure 4.12 and fig. 4.13 present on the plane y * = 0 the liquid volume fraction variance t α l α l . The repartition of this field is globally the same for all the different approaches but it is possible to observe a difference in the magnitude. We have the peak values around z * = 0 and x * = [0.5, 2] and then the fluctuations are dissipated for x * > 2. Since it is possible to observe a clear difference between the diffuse interface approaches and those with a sharp interface representation. A continuous progression in the intensity is observed as the approaches change from InterFoam to ICMelsa and the most diffuse ELSA approaches. The same effect was possible to observe for the 0-order statistics cases in the previous chapter.

The trend is confirmed with the profiles of the phase marker variance represented in fig. 4.14. The peak value is the same for ARCHER code and InterFoam . The two sharp interface representations and thickened interface representations match in pairs, while the ICMelsa line lies in between. The CEDRE (MR) simulation has a remarkably lower magnitude, probably due to the low resolution that enhance numerical diffusion. -4 -2 ARCHER In the ARCHER code a CLSVOF method is used. This means that we can compute the liquid dispersion using two different interface representation: the liquid volume fraction and the level-set distance function. Actually, both approaches are combined to compute the liquid flux when solving the liquid volume fraction transport equation, and both approaches are consistent by using the CLSVOF method. However, it is still possible to use one or the other field to analyse the results. By using the liquid volume fraction field integrated over a computational cell, the phase transition is spread over the cell, leading to an interface thickness of the order of the cell (∆x), this phase marker is called hereafter α V OF . At the contrary when the level-set 0 of the distance function is used, the interface thickness is reduced to zero, this phase marker is called hereafter α LS . Accordingly, in order to compute the statistics we assigned a value of 1 to the marker, where the sign of the distance function is positive and a value of 0 where it is negative. In the following analysis we compare the variance obtained with one phase marker field to the relation that holds exactly for a fully segregated liquid-gas flow (eq. (4.17)). 
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Figure 4.17 -Phase marker variance computed using the α V OF along slices at x * = 1, 2, 3. Figure 4.15 represents at plane y * = 0 the variance and the maximum variance represented by t α V OF 1 -t α V OF , using the liquid volume fraction α V OF . Figure 4.16 represents the same case but based on phase marker α LS . Looking at the contour plot, it is not possible to notice any relevant difference. On fig. 4.17 and fig. 4.18 the equivalent vertical profiles x * = 1, 2, 3 are drawn. It is possible to observe, some differences among the two methods used to compute the variance. With the fully segregated method based on the level-set distance function, the variance and the maximum variance are perfectly identical and no residual error is produced. This is coherent with this representation α LS that is fully segregated with a null interface thickness. The interface transition between the two phases is a true discontinuity with a well defined position. The liquid volume fraction describes a phase transition over a length-scale of the order of ∆x. It is interesting to see that even this relatively small interface thickness (of the order of ∆x) for the most refined test case has already a noticeable effect on the variance when compared to the maximum one. This can play a role on any second order statistic, since the variance is part, for instance, of any Reynolds stress component and of the turbulent liquid flux, as shown previously. If we consider that the transition between phase is actually sharp (i.e. the physical interface thickness is negligible with respect to all the other scales of the flow, see chapter 2), it follows that the evaluation of second order statistics by mean of diffuse interface approach have to account for an hidden part of the fluctuation below the interface thickness. In this case, even if we consider a separated phases model (CLSVOF in ARCHER), the not segragated flow behaviour is caused by the approximation of the phase marker α V OF , which is at the order of ∆x.
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InterFoam Figure 4.19 presents the plane y * = 0 of the liquid volume fraction variance field. Overall the behaviour of the variance based on the InterFoam description is very similar to the one obtained with ARCHER when the phase marker is α V OF . Remember that the representation of the interface with ARCHER is more precise since it is based on a coupled CLSVOF approach. Thus with InterFoam the sharpening term is quite able to sustain the interface transition to a thickness of the order of the mesh size (∆x) . In fig. 4.20 it is possible to observe that for the farthest (x * = 3) profile of the variance, a more important residual difference start to appear showing that the sharpening term becomes insufficient to preserve the interface transition at the order of the mesh resolution due to the production of very small structure at the interface, effect of the atomization process. It shows a departure from the fully segregated variance becoming more and more pronounced as we go down stream. This is related to the diffuse interface behaviour that increase during the atomization process. The IRQ sensor detects the under resolution of the interface, and activate the diffuse interface approach. Accordingly the ELSA model is used leading to a more important part of the interface described through sub-grid physical models: liquid dispersion through the presence of a sub-grid model for the turbulent liquid flux and sub-grid surface density. In fig. 4.20 it is interesting to notice that even for the first profile, where the ICMelsa approach rely mainly on the InterFoam representation, the departure to the fully segregated variance is more important than for the InterFoam approach. We believe this is an effect of the mesh resolution since in the test case of ICMelsa it is less, and we have demonstrated before that for a mixed phases model even if a sharp profile is sustained trough a sharpening term, the residual difference between the variance and the maximum variance is related to the mesh size ∆x. . This sub-grid effect is most probably overestimated showing that in one hand, the physical models may be not appropriate (they have been designed for high Weber and Reynolds number flows which is not the case here) and in the other hand, the numerical approach is most probably not able to maintain a sufficiently thin interface. Even in the vicinity to the injection plane the interface thickness is too large with respect to the mesh resolution to keep a variance in level and thus level of segregation comparable to the one produce with ICMelsa . Thus, there is a clear advantage to use the ICMelsa approach to benefit of the numerical representation of the interface developed in InterFoam for the well resolved zone. The diffuse interface approach and the numerical method associated brings the residual to be comparable with results obtained with the ELSA method. α l (1 -α l ), α l α l , residual difference.
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Conclusion about the phase marker variance analysis

In this section we highlighted the importance of the phase marker variance term and analysed this term for the simulation proposed in chapter 3. The variance has been compared for the various approaches that have various diffuse interface behaviour with respect to the variance corresponding to a fully segregated flow. The more or less pronounced effect of the diffuse interface approach has been related to the interface thickness (i.e. the size of the phase transition zone).

In case of the segregated flow there is no difference in computing the phase marker variance in one of the two ways proposed. On the contrary, in case of not fully segregated flow, it is possible to remark a residual difference. One of the main result is that using the liquid volume fraction as a phase marker even in the case of ARCHER still produces a residual, showing the interest of using the variance and the segregation level as a sensible analysis to evaluate the effect of the interface thickness. These results show that the effect on the variance is both related to the physical modelling of the sub-grid dispersion and to the numerical method used to characterize the interface.

In the InterFoam , ICMelsa , ELSA and CEDRE simulations we observed how mixed phases modeling approach coupled with the particular method chosen can create a different level of segregation of the flow field. One question rises from this analysis: how much the residual (and hence the segregation) is connected with the filtering related to the mesh resolution with respect to the length-scale of interface variation. In order to start answering this question a simple 1D model is developed and discussed in the next section.

1D model

Starting from the telegraphic signal given by the level-set distance function, we create a synthetic mixed phase signal by doing a convolution with a top-hat filter.

Given the discrete signal fig. 4.2, we have a time resolution based on the time step of the signal as ∆t. To generate the synthetic mixed phase signal we should define the kernel for the convolution. We start by using a top-hat filter as a regularization kernel. The width of the kernel is related to ∆t and will be assigned as λ = k∆t with k a multiplier. The designed top-hat filter will have the following shape:

H(t) = 0, |t| ≥ λ/2 1, |t| < λ/2 (4.24)
The convoluted synthetic mixed phase signal of fig. 4.2 is represented in fig. 4.27 with k = 20.

As we can observe in fig. 4.27 we obtain linear transitions between the states α = 0 that means absence of liquid and α = 1 that means presence of liquid. The transition thickness is, by definition of the convolution operator, equal to λ and so it can be identified as the mixed phases model interface thickness. In this 1D signal, it is possible to define an equivalent surface density Σ as the number of time the interface is crossed per unit of time over all the time interval considered.

Σ = n i t end -t star t (4.25)
Recalling the definition of the PDF given in eq. (4.10), it is possible to obtain the probability for the phase marker to be between 0 and 1 as: Since any value of α in the transition have the same probability, due to the fact that this simple model considers a linear transition, we can say that f s (α) = f s , so it is constant. Furthermore f s (α) is normalized such that 1 0 f s (α)dα = 1 and hence f s = 1. Thus the complete PDF f (α) for any value of α, becomes:

p(0 < α < 1) = n i t end -
f (α) = P 0 δ(α) + P 1 δ(α -1) + Σλ (4.27)
Where P 0 = p(α = 0) and P 1 = p(α = 1), in analogy with eq. (4.10). In order to find the coefficient P 0 , P 1 we consider the 0-order and first order statistical moments:

1 0 f (α)dα = 1 (4.28) 1 0 αf (α)dα = t α (4.29)
By solving the system of eq. (4.28) and eq. (4.29) we obtain:

P 0 = 1 -t α - Σλ 2 (4.30) P 1 = t α - Σλ 2 (4.31) f (α) = 1 -t α - Σλ 2 δ(α) + t α - Σλ 2 δ(α -1) + Σλ (4.32)
Built the model, it is possible at this point to evaluate the convoluted phase marker variance, and to compare it with the one computed for the fully segregated flow (and hence the telegraphic signal), reported in eq. (4.17).

t α α = 1 0 α -t α 2 f (α)dα = 1 0 α 2 -2α t α + t α 2 f (α)dα = t α 1 -t α - Σλ 6 (4.33)
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For a segregated flow, it is valid the following equation:

t α α = t α 1 -t α (4.34)
This linear model has been tested with different λ and the results are shown in fig. 4.28. This figure confirms the accuracy of the model that evaluate accurately the segregation directly computed on the convoluted signal, for relatively low value of λ. However if the regulation kernel becomes larger, a discrepancy starts to appear and continue to increase. The explanation of this effect relies on the relative kernel size with respect to the interface one between two transition. In fact whenever the transition zone becomes large enough to interact each other the reasoning behind the linear model does not hold anymore, since the PDF f (α) in the transition zone is not anymore constant. Thus it is interesting that this simple model comparison is able to reproduce the expected effect of the thickness of the interface with respect to the size of the interface fluctuations. Of course this simple model is based on a 1D time signal, but the mechanism should be essentially the same for a 3D interface simulation. The size of the kernel can be associated to the interface thickness and the interval between two transitions to the distance between two surfaces that can be the size of a droplet or the distance between two droplets. Indeed, the interface thickness of a diffuse interface approach play a role at two different levels. If it is small it simply damps the level of fluctuations (i.e. it reduces the segregation level) by adding a mixture layer around the surface. The structure of the surface is still essentially preserved. If the interface thickness is large enough to interact with the surface structure (for example drop size) then another effect takes place and additional features of the interface are lost. 

Conclusion and perspectives

In the present chapter we analysed the phase marker variance to understand the difference between a segregated and not segregated flow representations. We rely first on a simple 1D analysis obtained by a probe, set in the ARCHER simulation, to obtain a phase marker signal in time. The ARCHER simulation combines both liquid volume fraction and level-set of the distance function to localize the liquid-gas interface. It is still possible to use the level-set function only to recover a fully segregated representation and to integrate the liquid volume fraction on a computational cell to obtain a diffuse interface representation with an interface thickness of the order of the mesh resolution. This signal has been analysed in term of statistics of the phase marker and for the time interval distribution lasted in each phase. The appearance of a non negligible transition zone between pure liquid and gas phase has been shown for the non segregated representation. This analysis of the 1D signal is corroborated by the direct analysis of the phase marker variance used for the different methods studied in the previous chapter. It is remarkable that even a very thin interface results brings to a noticeable difference of the phase marker variance with respect to a fully segregated representation. This can be important since the phase marker variance play a role on all second order statistics: turbulent liquid flux and Reynolds stress components. For statistical analysis, the conditional mean to be in one phase is different from the phase marker weighted mean for a non fully segregated representation. Overall the non segregated representation has to be handled with care for second order statistics, but it is expected to carry the main structure of the flow as soon as the liquid-gas interface thickness remain smaller than any gas and liquid elements. To have a better understanding of this limitation, coming back to the 1D signal of the fully segregated representation a filter or regularisation kernel with different sizes is applied to produce a synthetic signal, representative of a non segregated form. Somehow in these cases we can play with the interface thickness. A linear model is built to recover the variance departure with respect to a fully segregated representation. This simple linear model match well the variance obtained for different kernel size up to a point where this size interact with the size of liquid and gas structures. This confirm the expected limitation of the non segregated representation that would require additional information to describe the under resolved scale. Overall, this chapter address only partially the dependency on the respective scales of the interface with respect to the scale of liquid and gas elements. It is mostly a starting point for further works, with several perspectives, among them:

• The segregation of the physical models and numerical methods is expected to change in with the localization of the probe used to measure the 1D signal. For this reason at the present time a simulation with 25 probes have been launched (fig. 4.29). The goal is to use the post processing developed here to define in different part of the flow the respective weight of the modeling and numerical method on the segregation measured by the variance. • The mathematical nature of the 1D signal could be analysed with respect to the signal theory to check if it is possible to put forward particular statistical properties. • The linear model could be used to determine if the thickness of the interface interacts with the length-scale of the liquid and gas element. • Since we have an access to the velocity field and even to the distance function, further studies may use this information to reconstruct a length-scale distribution for the time interval distribution. Thus we can study in the future the link with the drop size distribution. 
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Chap. 5 | Silvercrest

The previous analysis performed on the air assisted liquid sheet academic configuration presents the different numerical model available and a detailed description on their advantages and drawbacks. This chapter is devoted to going further toward the final application which is the numerical simulation of a realistic aeronautical injector. Numerical formalism used in this section will be similar to the ones used in the previous chapter, allowing to extend and benchmark their capabilities to a more complex configuration. The configuration studied here has been proposed by SAFRAN Aircraft Engines and is representative of an aeronautical injection system. This chapter is dedicated to the primary injector of the C42 configuration of the Silvercrest engine. Due to the requirements of European norms becoming more and more stringent over the years, aeronautic engine design needs to be optimized constantly to reduce their greenhouse gas emission. The pollutant emission are related to the combustion process occurring in aeronautical engines. In the combustion chamber the fuel injection system is expected to play a more crucial role in emissions since the chamber is becoming more compact to reduce the plane weight. Consequently, the flame is closer to the injector. This phenomena leads engineers and researchers to work further on this topic. The injectors are mostly designed in a continuous process of slight modifications of the previous geometries based on empirical considerations. The goal of this chapter is to evaluate the ability of numerical simulation to predict accurately the spray characteristics based on the internal design of the injector. Ultimately, it is expected to complete the classical design approaches by numerical simulation of the injectors to speed up the whole design process. Complementing the experiments results with predictive numerical studies would allow SAFRAN Aircraft Engines to optimize its design process and greatly reduce its experimental campaigns costs. In the first part of the chapter we will introduce the pressure swirl-atomizer and the related challenges. The analytical and empirical models present in literature that are mostly used in the design process of the injector will be reviewed. In the second part of the chapter we will present the available experimental results along with the related experimental setup. In the last part of the chapter we will present the results of the simulation performed. Due to the complex geometry that requires an adapted mesh, three models (InterFoam , ELSA , ICMelsa ) have been used for this configuration. In addition, this configuration lead us to propose an improvement of the ICMelsa framework, in order to take into account the effect of the different modeling and of the minimum interface density area term. Finally recent strategy developed in [START_REF] Ferrando | Modélisation numérique avancée du processus d'atomisation : application à un système d'injection aéronautique[END_REF] and [START_REF] Palanti | On the modelling of liquid fuel ignition and atomization in aero engine combustors[END_REF] will be used to predict the Sauter Mean Diameter.

The pressure-swirl atomizer

In a pressure-swirl atomizer, liquid is delivered in the swirling chamber through tangential ports. It starts to rotate and, under the action of the centrifugal forces, spreads out in the form of a conical sheet as it leaves the orifice. The liquid sheet experience instabilities that disintegrate it and generate a series of droplets (fig. 5.1). One advantage of this kind of configuration is to reach larger cone angles respect to common pressure atomizers, due to the action of the centrifugal forces. However the hydrodynamic processes happening inside a pressure-swirl atomizer are very complex. The single swirling atomizer is commonly called simplex injector. Another type of swirling injector is commonly called duplex. In this case the fuel is delivered to the combustion chamber through a set of two co-axial swirling injectors (a primary and a secondary), fed by two different circuits. At low flow rate requirements, all the fuel is delivered through the primary injector, while for high flow rate requirements also the secondary injector starts to work. Inside the jet engines it has been common practice to install pressure-swirling injectors. With respect to internal combustion engines, where the combustion chamber is closed and the mixture is done through the piston motion, in the case of Jet engines we have an annular, constant volume combustion chamber, and hence the atomizer must:

• Provide a fine atomization;

• Provide the mixing without the help of any mechanical component. Though the pressure swirling atomizer is the common solution, new technologies have been developed. The interested reader can refer to the chapter 1 for more details. 

Performance and Physical phenomena of a Pressure-Swirl atomizer

In the following section we will exploit the different parameters that are useful to characterize the performance of a pressure-swirl atomizers, highlighting the physical process happening inside and outside the swirling chamber.
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Inside the swirling chamber

The liquid is fed into the swirling chamber by tangential ports and discharged in the combustion chamber through the outlet orifice. The swirling movement causes the creation of an air-core vortex at the center of the swirling chamber.

The most important feature of the flow inside the swirling chamber is the formation of the air core because it determines the most important performance parameters of the injector. During the recent years different studies about the air-core dimension and dynamic have been conducted. The pioneering work about treatment of the potential flow (inviscid theory) in a simplified cylindrical swirling chamber has been conducted by Taylor in [START_REF] Taylor | The mechanics of swirl atomizers[END_REF], where he predicted the air core diameter and atomizer performances. In [START_REF] Taylor | The boundary layer in the converging nozzle of a swirl atomizer[END_REF] a new study extended the validity to a viscous case and predicted the boundary layer growth in a convergent nozzle. During this period a wide range of studies based on Taylor's theory and boundary layer analysis have been performed (among the others [START_REF] Binnie | The application of boundary-layer theory to swirling liquid flow through a nozzle[END_REF]). The experimental work of Kutty in [KNN78] allowed a wide number of theoretical studies. Furthermore, the two main experimental techniques for the measurements of the liquid film thickness have appeared in this period. The first one (e.g used in [START_REF] Kutty | Design and prediction of discharge rate, cone angle and air core diameter of swirl chamber atomizers[END_REF]) uses a photographic technique, with optical access to the injector, by tacking photos upstream through the nozzle outlet. The optical access poses mainly two issues. First of all the dimension of the injector must be increased, and second, the material for the model must be chosen carefully in order to take into account the refraction index ([TY07]). The second technique was introduced in [START_REF] Suyari | Film thickness measurements in a simplex swirl atomizer[END_REF]. Water is injected and the electrical conductance between two electrodes located at the discharge orifice is measured. Since water conductance is known, it is possible to directly determine the average liquid film thickness among the two electrodes. The theoretical works produced during these years provided to be the most relevant and are still today widely used to evaluate the performance of an injector. The evaluation of the air core dimensions and non viscous empirical framework was built by Lefebvre, Rizk in [START_REF] Rizk | Internal flow characteristics of simplex swirl atomizers[END_REF], [START_REF] Rizk | Prediction of velocity coefficient and spray cone angle for simplex swirl atomizers[END_REF] and by Suyari in [START_REF] Suyari | Film thickness measurements in a simplex swirl atomizer[END_REF] covering the most of industrial injection pressure (from 1 to 3 [atm]) using water as discharged liquid, to allow the measurement. These results have been verified and discussed in [START_REF] Datta | Numerical prediction of air core diameter, coefficient of discharge and spray cone angle of a swirl spray pressure nozzle[END_REF] where they computed the air core diameter in a two-dimensional axis-symmetric conical swirl spray nozzle, with the help of least resistance theory. The analysis with pressure injection up to 1 [bar ] and typical length-scales of l = 10 -3 [m] performed considering injectors of industrial interest, showed how the theoretical predictions are not capable to represent an uniform and steady air core diameter at the nozzle. In [START_REF] Halder | Initiation of air core in a simplex nozzle and the effects of operating and geometrical parameters on its shape and size[END_REF] the evolution of the formation of liquid core has been shown, performing an experimental campaign on injector of different dimension (typical length scale of the order of 10 -3 [m]).

One of the first characterization using numerical method can be found in [START_REF] Dash | Formation of air core in nozzles with tangential entry[END_REF]. During the most recent years further experimental studies have been performed in order to better understand the air-core formation process. One of the most relevant work has been [START_REF] Moon | Liquid film thickness inside the high pressure swirl injectors: Real scale measurement and evaluation of analytical equations[END_REF].

Here different relationships from literature have been tested, with a varying injection pressure (up to 7 [bar ]). In the last decade a huge focus has been given to the dynamic of the inner air core (in [START_REF] Chinn | Stationary rotary force waves on the liquid-air core interface of a swirl atomizer[END_REF] for instance).

In the following paragraphs we will present the main parameters characterizing the performance of the atomizer. Flow number The effective flow area of a pressure atomizer (swirl and non swirl) is defined by a flow number (F N). The definition is given by:

F N = ṁL (∆P ) 0.5 (ρ L ) 0.5 (5.1)
where ṁL is the liquid mass flow rate, ∆P is the injection pressure differential and ρ L is the liquid density. the empirical relation for the pressure-swirl atomizers is given in [START_REF] Rizk | Internal flow characteristics of simplex swirl atomizers[END_REF]:

F N = 0.395 A 0.5 p d 1.25 0 D 0.25 s (5.2)
where, referring to fig.

from [RL85],

A p is the total inlet ports area, d 0 is the outlet orifice diameter and D s is the swirling chamber sky diameter.

Discharge coefficient

The discharge coefficient (C D ) is defined as the ratio of the actual discharge flow rate to the maximum discharge flow rate, neglecting the viscous effects. It can be related to the mass flow rate injected into the swirling chamber as:

C D = ṁL A 0 √ 2ρ L ∆P (5.3)
Where, referring to fig. 5.2 from [RL85], A 0 is the area of the outlet orifice of diameter d 0 , ṁL is the liquid mass flow rate, ρ L is the liquid density, ∆P is the injection pressure differential.

For the pressure-swirl injectors, it is influenced by the presence of the air core and hence the value will be very low with respect to the one of the simple pressure atomization, with no swirling. In [START_REF] Rizk | Internal flow characteristics of simplex swirl atomizers[END_REF] the following relationship for the C D was derived. Following the non
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C D = 0.35 A p D s d 0 0.5 D s d 0 0.25 (5.4)
Where, referring to fig. 5.2 from [RL85], A p is the total inlet ports area, D s is the diameter of the swirling chamber sky, d 0 is the diameter of the outlet orifice. The discharge coefficient (C D ) is usually defined as a value between 0.60 and 0.62 and is characteristic of the atomizer geometry (independent from the flow condition but dependent only on the atomizer geometry). For understanding better the influence of different geometrical and fluid parameters, Jones conducted a wide experimental campaign in [START_REF] Jones | Design optimization of a large pressure-jet atomizer for power plant[END_REF]. For the interested reader it is recommended to have a look at [START_REF] Lefebvre | Atomization and sprays[END_REF].

Starting from the non viscous theory of [START_REF] Giffen | Report 1950/5[END_REF], we report here the derivation of an empirical law that bounds the discharge coefficient with the injector's geometry and will be useful for the derivation of the liquid film thickness empirical law. Considering a simplex swirl-pressure atomizer as in fig. 5.2 (a simply convergent pressureswirl atomizer), it is possible to write the conservation of angular momentum considering non-viscous conditions. Considering the tangential velocity v , a radius r inside the swirling chamber, and assuming a solid spin or solid body rotation, it is possible to write:

v r = v i R s (5.5)
R s is the diameter of the swirling chamber in correspondence of the inlet. v i is the inlet velocity and hence, knowing the mass flow rate ṁL , the total injection surface A p , we have:

v i = ṁL ρ L A p (5.6)
Where A p = i A i , with i iterating on the total number of inlet tangential inlet ports (usually are from 1 to 4). Considering to be in a constant total enthalpy condition ([QA13]), the total pressure P 0 is conserved throughout all the swirling chamber, and so, for the liquid, it is possible to write the following equation:

P 0 = p + 1 2 ρ L u 2 x + 1 2 ρ L u 2 y = constant (5.7)
Considering to be in the condition of having a free vortex with an air core, two statements can be asserted: a. the axial velocity u x is constant for every point inside the swirling chamber; b. the pressure of the air core is the back pressure of the ambient, and hence p = 0; A relation for the total pressure of a particle of liquid on the interface with the air core can be derived as:

P 0 = 0.5ρ L v 2 ra + u 2 x (5.8)
Where v ra is the velocity of a point on the external radius of the air core.

Respectively the two components of the velocity are:

u x = ṁL ρ L (A 0 -A a )
(5.9)

Where ρ L is the liquid velocity, A 0 is the area of the outlet orifice with diameter d 0 and A a is the area of the gas core.

v ra = ṁL R s ρ L A p r a
(5.10)
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Where ṁL is the liquid mass flow rate, R s is the radius of the swirling chamber sky, ρ L is the liquid density, A p is the inlet ports area and r a is the radius of the gas core. Substituting the two formulations in eq. (5.7), we obtain:

P 0 = 1 2 ρ L ṁL ρ L (A 0 -A a ) 2 + ṁL R s ρ L A p r a 2 (5.11)
From the definition of the discharge coefficient given in eq. (5.3), and using the hypothesis we have just described, it is possible to rewrite:

ṁL = C D A 0 2ρ L P 0
(5.12)

We can substitute eq. (5.12) in eq. (5.11). Calling X = A a /A 0 , and K 1 = Ap πraRs it is possible to define the discharge coefficient C D as:

1 C 2 D = 1 K 2 1 X + 1 (1 -X) 2 (5.13)
It is useful to express the discharge coefficient as dependent only from one characteristic of the injector, i.e we would like to get rid of one parameter among X and K 1 . We can apply the condition that for any given value of K 1 , the size of the air core will give always the maximum flow, and hence

d dX 1 C 2 D = 0. By considering the system:    1 C 2 D = 1 K 2 1 X + 1 (1-X) 2 d dX 1 C 2 D = 0
(5.14) the following relation is obtained:

C D = (1 -X) 3 1 + X 0.5
(5.15)

Velocity coefficient The velocity coefficient (K v ) is defined as the ratio of the actual discharge velocity to the theoretical one generated thanks to the injection pressure differential ∆P .

K v = u √ ρ L √ 2∆P (5.16)
where u is the real discharge velocity in a geometry of the type shown in fig. 5.2, ρ L is the liquid density and ∆P is the injection pressure drop. In [START_REF] Rizk | Prediction of velocity coefficient and spray cone angle for simplex swirl atomizers[END_REF] it has been checked that K v is related to the geometry of the atomizer and hence:

K v = C D (1 -X) cos θ (5.17)
where θ is the semi-angle of the cone generated by the discharged liquid sheet. The value of this coefficient is heavily influenced by: • the geometry;

• the pressure differential;

• the liquid properties.
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t = 3.6 d 0 F Nµ (ρ∆P ) 0.5 0.25
(5.34)

As mentioned in [START_REF] Lefebvre | Atomization and sprays[END_REF] and [START_REF] Suyari | Film thickness measurements in a simplex swirl atomizer[END_REF] through experimental and dimensional analysis it is possible to modify the 3.6 constant to the value of 2.7:

t = 2.7 d 0 F Nµ (ρ∆P ) 0.5 0.25 (5.35)
This relation is still used nowadays in the industry to predict the liquid sheet thickness at the outlet of the atomizers.

Outside the swirling chamber

When a sheet of liquid emerges from a nozzle, its subsequent development is influenced mainly by:

• Its initial velocity • the physical properties of the liquid and the ambient gas To expand the sheet against the tension-forces, a minimum sheet velocity is required and, in this case, it is given by the centrifugal motion induced by the swirling chamber. Increasing the initial velocity expands and lengthens the sheet until a leading edge is formed where the equilibrium exists between surface tension and inertial forces. Fraser and Eisenklam defined in [START_REF] Fraser | Research into the performance of atomizers for liquids[END_REF] three main modes of sheet disintegration:

• Rim (fig. 5.3): forces created by surface tension cause the free edge of a liquid sheet to contract into a thick rim, which then breaks up by a mechanism corresponding to the disintegration of a free liquid jet. When this occurs, the resulting drops continue to move in the original flow direction, but they remain attached to the receding surface by thin threads that also rapidly break up into rows of drops. This mode of disintegration is most prominent where both the viscosity and surface tension of the liquid are high. • Perforated-hole (fig. 5.5): holes appear in the sheet and are delineated by rims formed from the liquid that was initially included inside. These holes grow rapidly in size until the rims of adjacent holes coalesce to produce ligaments of irregular shape that finally break up into drops of varying size. Atomizers that discharge the liquid in the form of a sheet are usually capable of exhibiting all three modes of sheet disintegration. Sometimes two different modes occur simultaneously, and their relative importance can greatly influence both mean drop size and the drop size distribution.

Further study about the instabilities that brings to liquid film disintegration in free swirling flows, have been carried out in [START_REF] Henry Faler | Disrupted states of vortex flow and vortex breakdown[END_REF] and later recalled in [START_REF] Falese | A study of the effects of bifurcations in swirling flows using Large Eddy Simulation and mesh adaptation[END_REF]. They identified the classical mechanism of vortex breakdown that takes place when a reverse flow happens at the central
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University of Rouen -CORIA May 10, 2021 axis of the injector ([BCH98]). In [START_REF] Henry Faler | Disrupted states of vortex flow and vortex breakdown[END_REF] have been identified 23 different modes of vortex breakdown. The most common gives origin to a flow topology of bubble and spirals. The different modes are really dependent on the pressure and velocity field as well on the geometry of the orifice (if we have or not a divergent and the diameter of the outlet). The orderliness of the disintegration process and the uniformity of production of threads have a large influence on the drop size distribution ( [START_REF] Fraser | Liquid fuel atomization[END_REF]).

The breakup of a liquid sheet Considering a liquid sheet, at the interface separating the liquid and the air, the jump of pressure due to surface tension force, can be described by:

p L -p A = -σ d 2 h dx 2 (5.36)
Where h is the amplitude of the disturbance with respect to a perfectly flat interface. Surface tension forces try to return the protuberance back to its original position, but the air experiences a local decrease in static pressure (corresponding to a local increment of the velocity) that tends to expand the protuberance (positive h) farther outward. This corresponds to the normal pattern of wind-induced instability, where surface tension forces oppose any movement of the interface from its initial planar state and attempt to restore equilibrium, while the aerodynamic forces increase any deviation from the interface and thereby promote instability. Considering a 2 dimensional liquid sheet an exponential increase in wave amplitude occurs under certain conditions. The amplitude increase is given by:

h t = Ae βt (5.37)
This is called Kelvin-Helmoltz (K-H) instability and has been widely described in literature, since the first work of Lord Kelvin in [START_REF] Thomson | XLVI. Hydrokinetic solutions and observations[END_REF] and of Helmoltz in [START_REF] Helmholtz | über discontinuirliche Flüssigkeits-Bewegungen[END_REF].

Lefebvre and Rizk examined the mechanism of sheet disruption and drop formation using very high-speed flash photography 0.2 µs of exposure ([RL80]). It is observed that liquid air interaction produces unstable waves that disintegrates into fragments. These fragments become ligaments that eventually brake into droplets. From this analysis a clear dependence of the length-scale of the instability have been observed with respect to the shear that is due to the difference between gas and liquid velocity. The higher is the difference, the smaller is the length-scale, thus the ligament, and then the droplets eventually formed. With liquids of high viscosity, the wavy-surface mechanism is dissipated before significant deformation of the interface occurs. Instead, the liquid is drawn out from the atomizing lip in the form of long ligaments. Thicker liquid film thickness produces bigger droplets. This explains the importance of having a thin liquid sheet for a controlled droplets distribution.

The breakup length Breakup length decreases with the increase in the relative velocity between the liquid and the air. An empirical relation that relates the film thickness and the Reynolds number to the breakup length in planar liquid sheet is reported in [START_REF] Takakage | Disintegration of Thin Liquid Sheet in Cocurrent Gas Stream : Wave Motion of Thin Liquid Sheet and Breakup Patterns[END_REF] and a lot of other relations can be found in different studies (a classical example is [START_REF] Dombrowski | The effect of ambient density on drop formation in sprays[END_REF]). These empirical relation are valid mostly for planar liquid sheet. A lot of other specific case can be found but a general relation for different liquid sheet shape (conical or planar) is still missing in literature to the author's knowledge. In this work we will follow the guidelines of [START_REF] Rhim | Breakup length of conical emulsion sheet discharged by pressure-swirl atomizer[END_REF] where the breakup length is identified with the distance where the liquid sheet is first seen with perforations.

Mean diameter In many calculations of mass transfer and flow processes, it is convenient to simplify the spray description by working only with mean or average diameters instead of the complete drop size distribution. The concept has been presented for the first time in [START_REF] Mugele | Droplet size distribution in sprays[END_REF]. In general we have:

D ab = Dm D 0 D a dN dD dD Dm D 0 D b dN dD dD 1 a-b (5.38)
Where D 0 is the minimum diameter considered and D m is the maximum diameter considered. From this general definition any combination of a and b (except a = b) can be used to define a mean diameter. Among them the most used are the mean diameter D 10 based on the number of droplet, the D 30 is base on the volume of droplet, the D 20 is base on droplet surface area, D 32 , also called Sauter Mean Diameter (SMD), is the diameter of the drop whose ratio of volume to surface area is the same as that of the entire spray. 
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Figure 5.7 -Silvercrest's front view of the combustion chamber with the highlight on the injectors and on the spark plugs.

In the case of the Silvercrest engine the duplex injector is deployed as a simplex injector in the most of the cases, while it is deployed as duplex only when the maximum power is required.

It is for this reason, and for matter of simplicity, that our study will be focused only on the primary injector.

Experimental Campaign

The experimental campaign for the visualization of the flow was conducted considering 4 different test cases at rising injection pressures. For all the four different cases has been used JP5 (table 5.1) fuel is injected in still air at T = 293[K]. The same fuel properties have been used for the experimental campaign conducted successively for the determination of the spray characteristics. The experimental campaign was conducted at the CORIA laboratory. Two different setups have been mounted for the shadowgraphy visualization and for the granulometry.

ν[m 2 /s] ρ[kg/m 3 ] σ[kg/s 2 ] T [K] JP5 2.
The shadowgraphy as reported in [START_REF] Tropea | Springer handbook of experimental fluid mechanics[END_REF] is a particular experimental technique that does not need a special optical component. The light coming from a point source is transmitted through the test object and a shadow map due to difference in density of the medium can be collected by a camera. In the experimental campaign for the C42 injector a Phantom V2512 camera (sensor CMOS 12 bits with a pixel of 28 [µm]) has been used. The setup of the camera is to use a frequency of 99000 fps and 4 [µs] of exposure time. Finally, we want to remark that part of the outflow is covered by the presence of the injector cap. All the analysis of the images we will do, will consider the origin of the axis at the tip of the injector cap (fig. 5.9). The granulometry is done using the Phase Doppler Analysis (PDA) technique. For the interested reader, we suggest the dedicated monography [START_REF] Albrecht | Laser Doppler and phase Doppler measurement techniques[END_REF]. For this experimental campaign a Dantec Dynamic P800 apparatus has been used. It is a system with a continuous argon laser with a power of 0. Re in = l 1 u in ν ke (5.39)

Re 0 = tu 0 ν ke (5.40) W e 0 = ρ a u 2 0 t σ ke (5.41)
Considering u in the inlet velocity, u 0 the velocity at the outlet orifice, t the film thickness, ρ a the air density, ν ke the fuel kinematic viscosity and σ ke the fuel surface tension, referring to table 5.1. The different conditions and results can be found in table 5.2. The film thickness predicted by the Lefebvre empirical relation decreases with the increasing flow rate, while the cone angle increases. Table 5.3 presents the SMD results with increasing injection pressure. The results have been obtained through the PDA technique previously introduced. In Figure 5.10 presents the trend of the SMD with increasing injection flow rate. In table 5.2, we observe that the film thickness decreases with the increasing injection flow rate. In the introduction of this chapter we have shown that to decreasing film thickness corresponds decreasing values of droplets' diameter.

In fig. 5.10 this trend is verified.

Figure 5.9 -Slice of the Silvercrest C42 injector. In is possible to observe the primary injector covered by the injector cap. 
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Design conditions

The condition studied in this work and to which it is posed the main focus during the design process are the critical ones for the engine. It is possible to identify mainly two critical conditions along the admissible flight path:

• Re-light point: In case of In-Flight Shut-Down (IFSD) occurrence, the injector must be capable to deliver the right amount of fuel so that the combustion can be performed in a way in which it is possible to re-light the engine. This condition is verified at a certain range of altitudes and speeds (fig. 5.11). For the Silvercrest injector this condition corresponds in table 5.2 to the flow rate ṁL = 2.98[kg/h]. The re-light point differentiate from the re-start point from the fact that,at the re-light point windmill restart can be attempted, at the re-start point a starter-assisted relight is required. • low temperature behaviour: at high altitudes with low temperature, the properties of fuel can change. It is interesting to study how the atomization process changes accordingly to the change of properties like viscosity, density etc.

Re-start

Re-light

Start

Speed [kts] Altitude [kf t]
Figure 5.11 -Critical condition graph for the aircraft's engine during the admissible flight path, defined by analysing the aerodynamic performance, the engine performances, the structure performances and the load factor.

Flow pattern in the visualization

Once studied the quantitative parameters characterizing the swirling atomization, it is worth to have a look at the flow topology to understand better which one of the mechanism just recalled take place. Observing the shadowgraphy of the flow at the re-light point, it is possible to observe the basic mechanism of destabilization described in [START_REF] Billant | Experimental study of vortex breakdown in swirling jets[END_REF]. In fig. 5.12 it is possible to observe a picture took from the seminal work of Billant [START_REF] Billant | Experimental study of vortex breakdown in swirling jets[END_REF] and a snapshot of the side view of the Silvercrest injector's atomization process at the re-light point. It is possible to observe at the breakup point the typical two modes of vortex breakdown:

• The Kelvin-Helmoltz (K-H) instability that triggers the actual vortex breakdown.

• The spiral mode. The flow field at the re-light point appears to be at the tulip-stage ([LM88]) It is not possible to go further in the analysis due to the fact that we don't have data about the velocity at the exit of the injector, so it is not possible for us to reconstruct the swirl number and to reconstruct the Reynolds number, even if for this last an attempt has been made in the table 5.2, starting from the analytical study proposed at the beginning of this chapter. These two numbers are fundamental to pursue the analysis proposed in [START_REF] Billant | Experimental study of vortex breakdown in swirling jets[END_REF] and [START_REF] Rhim | Breakup length of conical emulsion sheet discharged by pressure-swirl atomizer[END_REF]. 

The numerical process

In the previous sections we introduced the pressure swirl atomizers and their use inside the aeronautical engines. Starting from the experimental results from the Silvercrest case, the goal is to simulate the primary injector with an industrial oriented model that allows for a relatively fast simulation. With industrial model we address the numerical approaches available without or with very light development at the present time, able to work with a complex geometry and with a numerical simulation cost that remains affordable in term of computational resources and time consumed.

In the previous chapter we analyzed different numerical models able to handle the atomization problem, focusing on the different features of each technique. The ARCHER code with the CLSVOF approach and the reconstruction of the interface appear to be the most appealing, as we have observed in chapter 3. Even if the CLSVOF is the most accurate way for the interface dynamic's tracking (we used this model as the reference in chapter 3), the computational cost of a DNS is not affordable for an industrial configuration, because all the scales have to be computed to avoid any inaccuracy. The number of cells required to fully resolve the dynamic of the flow is too large and the computational time required would be not affordable (for a reference about the computational time see [START_REF] Pope | Turbulent flows[END_REF]). The choice must be done among the different reduced order model that allows to reduce the number of degree of freedom of the problem and hence the number of computational cells. In the previous chapter we analyzed the 7 equations model implemented in the CEDRE code in [START_REF] Cordesse | Contribution à l'étude des instabilités de combustion dans les moteurs-fusées cryotechniques : couplage entre modèles à interfaces diffuses et modèles cinétiques pour la simulation de l'atomisation primaire[END_REF]. Even if this approach seems promising, it is still far from the possible use for the industrial application, and is still under development ( [START_REF] Battista | Towards a unified eulerian modeling framework for two-phase flow: geometrical subscale phenomena and associated highly-scalable numerical methods[END_REF]). Furthermore the computations performed in chapter 3, have been run with the help of Pierre Cordesse ([Cor+20b]). Due to the deadlines given by the PhD contract, he is not available for this part of the thesis. It would be interesting in future works to observe how this model is able to handle this type of geometry. In chapter 3 we analysed other three reduced order approaches based on OpenFoam library. Among them InterFoam demonstrated its ability to produce results that in terms of dynamic of the interface are comparable to the one of the DNS. The drawback is that the sharpening counter-flux tends to cluster structures of liquid when the resolution of the mesh does not allow to resolve completely the flow field. As already mentioned a mesh of DNS order of magnitude it is not affordable. Hence, the InterFoam model should be adapted with the use of the LES formalism (chapter 2) in order to reduce the number of cells required for the computation. Nevertheless the drawback remains and, due to the reduced mesh resolution, it will be used slightly out of its range of application. The ELSA model tends to diffuse the interface, even if with a lower mesh resolution the approach is supplemented using a sub-grid liquid dispersion model combined with a sub-grid interface representation. However this approach is not able to recover a fully IC method (InterFoam ). The model that unify the good features of both the models is the ICMelsa model. Even if it is still under development, in chapter 3 it showed great capability to reproduce the flow dynamic with an affordable computational cost.

The goal of the present study is to reproduce the most accurately possible the dynamic of the breakup that it is possible to observe in the shadowgraphy of the re-light point and to validate the film-thickness results obtained using the Lefebvre relation (eq. (5.35)). Finally it is interesting to give a prediction of the droplet size estimation, with a new technique developed in [START_REF] Palanti | On the modelling of liquid fuel ignition and atomization in aero engine combustors[END_REF]. After introducing all the steps necessary to define the computational domain, we will test the different models and we will analyse how the experimental results are recovered.

Solving strategy

The problem has been divided in work packages: a. Meshing process: the primary atomizer of the Silvercrest 's injector has been extrapolated from the CAD sketch. An external volume has been added at the outlet, in order to simulate the outside environment. A process of mesh optimization started, in order to arrive to a final and optimal mesh. b. Simulation through IC method (InterFoam ): The first run of the simulation has been carried out using the IC method implemented in OpenFoam , InterFoam . This can be considered optimal choice to simulate the swirling chamber of the injector and to capture the first instability of the liquid sheet, but not to determine the droplet distribution. Several tests have shown that most of the interface length-scales are solved up to the injector exit. Thus this approach is suitable to determine the liquid film thickness, the global swirl motion among other characteristic feature of the internal flow. c. Simulation through ELSA : we use ELSA formalism ([VB99], [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF]) in order to gather more information to describe the poly-disperse spray. d. Simulation through the multi-scale model: ICMelsa : with this approach the ELSA formalism is improved through the coupling with the interface capturing model. The details of the numerical model are explained in the section 2.2.7. 

Meshing

Meshing process

Geometry overview

In order to build the mesh it is necessary first of all to define the geometry in which we are interested. SAFRAN Aircraft Engines provided the geometry of the full Silvercrest injector named C42 (fig. 5.14). We are interested in testing the re-light conditions and hence a condition in which only the primary injector is working. We want to extract only the primary injector from the entire geometry, in order to avoid useless mesh cells and hence further computational time required. In order to extract the primary injector we need to analyse further the geometry around the injector and hence, to identify in particular the inlet and the outlet. Taking a slice of the geometry at the inlet (fig. 5.15), we notice that the JP5 fuel is supplied to the primary injector through a circular crown. We decide to extract the primary injector with straight entrance duct (fig. 5.16). With this choice the liquid has been supposed to enter normally to the swirling chamber and to have a simple and regular inlet patch. Even if this choice has been made, it would be interesting to make a study of the flow near the inlet's entrance in order to find the real distribution of velocity at the inlet patch. The numerical domain to simulate the external environment must be defined. A truncated cone of quiescent air is defined at the outlet of the primary injector, in order to have the environment where the liquid sheet issued from the injector will be atomized. A scheme of the numerical domain is defined at fig. 5.19.

Generation of the mesh and Numerical setup of the domain

The tool used to set up a structured mesh for the Silvercrest's injector is BlockMesh. It is integrated in OpenFoam C++ library and it allows to create a structured mesh by blocks. The philosophy of creation of the structured mesh for the Silvercrest case is to divide the geometry in blocks generating the circular shape with a square in the central part of the numerical domain. The goal of the present study is to address the film thickness raising from the swirling chamber. As we have already seen in the previous chapters, the scales involved in the atomization process are very different and a different mesh resolution should be set to solve the different constraints arising from the multi-scale problem. This will be one of the main matter of discussion in this chapter. An analysis through 3 meshes, tested with the InterFoam solver has been performed. Starting from a highly refined mesh and unbalanced blocks (mesh A) we passed to a largely less refined mesh (mesh B) ending up to a mesh C which can be seen as a compromise between meshes A and B. The main improvement between the different meshes has been done in managing a more regular mesh resolution between the cone blocks and the outside environment through a grading strategy and in trying to avoid the merging of the different blocks. In fact the the merging procedure in BlockMesh would bring to a hybrid structured/unstructured mesh and to a depreciation of the mesh quality. This value can be computed through the percentage of polyhedra with respect to the number of hexahedra. A qualitative comparison between the 3 meshes is represented in fig. 5.17. In table 5.4 it is possible to have a look to the number of cells of the different meshes in million (mln), the maximum and average wall distance of the first point of the mesh (y + = v τ y /ν, where y is the wall normal coordinate, v τ is the velocity and ν is the local mixture kinematic viscosity) at the inlet patch and at the end of the swirling chamber (denoted with outlet in the table). On the last line we have the CPU time to reach 1[ms] of physical time. The CPU time is computed by multiplying the number of core used by the time elapsed to complete 1[ms] of simulation.
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University The mesh C still shows some lack of resolution in the environment patch. Furthermore we would like to simulate the injector starting from the inner flow up to the poly-disperse spray.

To get a more regular mesh, the optimized mesh has been obtained by bounding the grading and the refinement of the different blocks composing the mesh (fig. 5.18). This is the mesh D and its characteristics are reported in table 5.5. This would bring to a more accurate results in terms of film thickness and of flow development in the quiescent environment. The huger number of mesh cells is given by the mesh refinement -grading connection, and to the heavily more refined outside environment. In the final mesh, the refinement level at the outlet allows to reach an y + = 1 thanks to the moderate Reynolds number involved in this type of configuration (with respect to the not swirling atomizers, see e.g [START_REF] Anez | Eulerian-Lagrangian spray atomization model coupled with interface capturing method for diesel injectors[END_REF]). The minimum cell dimension in this region is far below the Taylor scale limit ([Pop00]), allowing for a good capturing of the boundary layer profile and of the film thickness. The Taylor length-scale is defined (values from table 5.2) as follow:

λ g = D 0 √ 10Re -1/2 0 ≈ 9.8 • 10 -5 [m]
(5.42)

Once defined the refinement level and the unbalance among the the injector and the 

Mesh

Simulation with interface capturing model

In the previous section we dealt with the geometry identification, mesh definition, boundary conditions. In this section we will recall the features of the industrial oriented model InterFoam and we will present the main results of the simulation.

The InterFoam model and the numerical method

In the previous chapter we introduced the InterFoam IC model, based on the OpenFoam library. We have explained the finite volume method along with the PISO algorithm to solve the incompressible N-S system and MULES algorithm for the liquid volume fraction transport equation. For more details on the theoretical and numerical methods, the reader is invited to address to the previous chapters (chapter 2, chapter 3). We start by using this model as far as possible near to the IC method limits, with results mainly obtained at high resolution. The use of mesh D, with cells at the outlet that are verified to be in the range of y + = 1 and lower than Taylor scale allows to consider the resolution big enough to capture the liquid film thickness, and to understand better the flow development inside the injector.

In order to perform the simulation, try to capture better the dynamic of the flow and match better the experimental condition and pressure loss we use the InterFoam model in the LES formalism. In fig. 5.21 we observe the eddy viscosity (ν t ) in the domain. It is an identifier of Figure 5.21 -Snapshot of the eddy viscosity ν t in the computational domain.

ν t = 0[m 2 /S] 1.1 • 10 -5 [m 2 /s].
where the LES model is actually playing a role, and gives information comparing with the kinematic viscosity (ν) of the liquid and gas. We observe that, while the mesh refinement inside the injector is actually good enough to not let the model play a role, in the quiescent environment, the value of ν t are comparable with the one of the liquid kinematic viscosity ν l .

A filter is applied to the momentum equation, while the liquid volume fraction transport equation is not filtered (a nice review about the implication of this choice can be found in [START_REF] Chesnel | Large eddy simulation of liquid jet atomization[END_REF] and on the section 2.2.7). An implicit LES method is applied with the use of a classical Smagorinsky model ([Sma63]) as explained in section 2.2.7. An interesting research point of view can be to test different LES models as has been done in [START_REF] Ahmed | LES of atomization for diesel fuel injectors[END_REF] for pressure Diesel atomizers. Nevertheless the Smagorinsky model is a classical one and has been considered a good starting point and sufficient for the present analysis (for details about the Smagorinsky model, refer to chapter 2).

As far as the OpenFoam library has been designed to be easily used for industrial application, and as construction to be easy for the user to add new schemes without re-building the base elements, the order of the schemes implemented is maximum third order in space and second

In the previous paragraph we reported the numerical model and method used in the simulation.

In order to perform the simulation to study the film thickness, the breakup point and to save computational time, two choices are made from the setup point of view:

• The simulation start with all the cell inside the injector with α l = 1, hence with the injector full of liquid. We are not interested in the present study, to the initial unsteady process in which the injector is filled with liquid. Nevertheless it could be interesting to study this process in future works. • The simulation starts with mesh C up to the development of the liquid film is completed. This allows to save computational time with a coarser mesh before using a finer mesh The amplitude of the waves appear less prominent, this is probably due partly to the mesh resolution that is not fine enough to capture fully the dynamic of the instability (other LES models could have been tested also but this has not been possible in the schedule of the present thesis). The effect of the numerical procedure used to keep the interface sharp in InterFoam has been studied in the previous chapter. It has been shown that a possible effect can be to limit the liquid dispersion and thus may be to decrease the amplitude of the instabilities. As already we mention in chapter 3, it tends to keep the liquid near the center line core, limiting the spreading and clustering the liquid structures. Interpreting the results it is possible to observe that the tulip behaviour of the liquid sheet possibly seen in the experimental results, is partially recovered. This again it could be due to the effect of the sharpening counter-flux present in the liquid volume fraction transport equation. We proceed with the validation of the formulation presented in eq. (5.35). This equation is used for design purpose inside the SAFRAN Aircraft Engines offices. In order to compare between analytical and numerical values, we average the liquid volume fraction in time at the exit plane of the injector for ∆t av g = 2[ms] starting from the t 0 = 12[ms]. The assessment time, has been previously defined as 8[ms] of simulation on the mesh C plus 4[ms] of simulation on the mesh D. The choice of time averaging the liquid volume fraction has been done in order to perform the comparison of the liquid film thickness raising from a strongly unsteady process, and hence subject to temporal variation. The comparison is performed with the analytical formulation that is representative of a steady process and for this reason is a fixed value. Two perpendicular lines are used to extract the liquid volume fraction profiles (fig. 5.27). It is possible to weakly validate the axis-simmetry of the problem through the liquid volume fraction profiles that are nearly identical (see fig. 5.28). Despite the sharpening counter-flux, due to numerical diffusion, the transition of the liquid volume fraction at the interface is larger than one cell, we will consider the liquid film thickness as the position in which the liquid volume fraction reaches the value of 0.1. In fig. 5.27 it is possible to observe the contour of the time averaged liquid volume fraction and the profile of the time averaged liquid volume fraction in fig. 5.28. In both cases the liquid film thickness measured is of t/D = 0.077, where the coordinate t along the slice has been adimensionalized by the outlet diameter D. The difference with respect to the correlation value (eq. (5.35): t an /D = 0.12) is of |t -t an |/t an ≈ 35%. This value can be considered acceptable with respect to the design team objectives. In the future, it could be interesting to evaluate the opportunity to carry out film thickness measurements for the Silvercrest injector or for any swirling injector of aeronautical interest, in order to validate both the correlation model and the numerical model. The criteria to define breakup point is defined in section 5.3.1 as the first place where it is possible to see the first perforation holes in the liquid sheet. In the numerical case, the breakup point is strongly dependent on the value of the contour line chosen (e.g iso-line α l = 0.3 in fig. 5.29), but in all the cases we can visualize a breakup happening around y * ≈ 2 -2.5 which is less with respect to the experimental value (fig. 5.30). The difference with the experimental and numerical case can be due mainly to two different causes:

• The shadowgraphy obtained has been taken from a previous work and dimensions have been recovered starting from the resolution of the CMOS sensor of the camera. The resolution 256 × 512 pixels does not allow to recover the small features of the flow, neither to be precise on the big features. A more accurate experimental campaign should be planned, focused on the visualization of the flow near the exit of the injector, in order to validate the breakup point and the spray angle. Furthermore it is fundamental that the cap that covers the first part of the atomized flow (the interval y * ∈ [-1.2, 0]) is uncovered, in order to really understand the flow pattern in this region; • As already stated along all the present work, the atomization problem is characterized by the strong multi-scale features. The InterFoam model with the sharpening term in the liquid volume fraction transport equation tends to cluster the structures where the resolution is not sufficient to recover all the interface dynamic. Hence, the coherent liquid film tends to go through a numerical breakup due to the resolution of the mesh. At a certain point it is possible to observe that in the width of the film there are less than 2 mesh cells. We can finally state that the mesh resolution is not enough to capture the physical breakup point with this approach. This is due mainly to the fact that in the mesh D, to maintain the coherence among the inner and outer environment as well as to have a regular mesh at the outlet, the mesh resolution is graded, having an high resolution at the outlet and less and less cells approaching to the outlet of the patch 2 . Another possibility to obtain the right breakup point, and considering the multi-scale characterization of the problem, would be to decouple the problem. By running a first simulation of the entire injector we can recover the film thickness and later we can try to capture the breakup point by running a simulation on a more refined outside environment. Other than the breakup point it is possible to observe in fig. 5.30 also that the predicted cone angle is slightly higher, and sharp, not typical of the re-light point condition reported by the experimental results (tulip stage). This could be always the effect of the sharpening term, already noticed in chapter 3. The further collapsing of the liquid sheet is due to its coherence. In one hand because it allows the large scale effect of surface tension force and in the other hand because the coherent liquid surface separate the gas flow in two zone that can have different pressure that can bend the liquid sheet. When holes occur on the liquid sheet the pressure re-balance and this last effect disappear. The compression flux that maintains the liquid sheet coherent prevent this effect. 

Sauter Mean Diameter prediction

The Sauter Mean Diameter (SMD or D 32 ) is defined as the ratio of liquid volume to the liquid surface in a certain region of the domain. Where the flow is considered dispersed (see chapter 2) the following formulation based on droplet diameter can be used:

D 32 = i D 3 p,i i D 2 p,i
(5.43)

Where D p,i is the the diameter of the particles present in the considered volume and with i the sum over all the particles. This method to evaluate the SMD is mostly used into switching modeling length-scale simulations simulation, and in interface modeling length-scale simulation coupled with droplet identification algorithm (see for example [START_REF] Asuri Mukundan | A comparative study of DNS of airblast atomization using CLSMOF and CLSVOF methods[END_REF]). In case of the InterFoam model a more generalized approach should be set up. If we look in details the eq. (5.43) we can recast the ratio between the total volume of liquid in a control volume (V l ) and the total area of the interface (A l ) of the liquid features:

D 32 = 6 V l A l (5.44)
We can hence obtain the total volume of liquid in the control volume using the liquid volume fraction variable as:

V l = V α l dV (5.45)
For the total area, we have introduced in the ELSA framework, the surface area density Σ.

In case of the InterFoam model, the interface area, can be defined as the magnitude of the gradient of the liquid volume fraction .

Σ = |∇ ∇ ∇α l | (5.46)
Hence it is possible to write the total liquid area as:

A l = V |∇ ∇ ∇α l | dV (5.47)
It is possible to rewrite eq. (5.44) as follows:

D 32 = 6 V l A l = 6 V α l dV V |∇ ∇ ∇α l | dV (5.48)
As stated in [START_REF] Palanti | On the modelling of liquid fuel ignition and atomization in aero engine combustors[END_REF] it is more convenient for a simulation point of view to measure flow passing through a surface A. The eq. (5.48) can be recast in term of fluxes:

D 32 = 6 ∆t A (α l v • n dA) dt ∆t A (|∇ ∇ ∇α l |v • n dA) dt (5.49)
Where A is the surface across which the average SMD is computed, ∆t is the averaging time, and n is the normal to the surface A. This output can be very similar to the value available from experiments, where the experiment aims to measure all the droplet at some distance of the injector. Then the experimental measure can be seen as the measurement of all droplet characteristics going through a cross sectional surface. It can be noticed that experimental measurement, to consider the drop size distribution, should have converged to the final state. In this work we set 5 different sampling planes and we compute there the SMD with the formulation proposed in eq. (5.48). In fig. 5.31 we can observe on the picture (a) the location where we evaluate the D 32 and on part (b) the corresponding values of the SMD. We can notice first an increase of the SMD moving along the y * axis. The purpose to extract from the simulation the SMD is to compare with the reference obtained experimentally far downstream at y * = 33. The experimental SMD is for this case D 32 = 62 [µm]. Of course the values obtained by simulation are not directly comparable, but it can be observed that even at this early stage of atomization, the ratio of the volume to surface for the spray is already in range of the experimental data. This means that most of the surface has been created in the initial stage of atomization. Following the work of [START_REF] Palanti | On the modelling of liquid fuel ignition and atomization in aero engine combustors[END_REF] it can be expected to extract from the simulation this ratio. However, in the simulation, the mesh resolution was fine enough to see a decrease of the SMD and then a plateau where it is proposed to measure it. In the present simulation, despite we are in the good range, the behaviour of the diameter with the distance from the injector is mostly increasing. This is surprising since a break up can be observed leading to more surface flux for the same liquid flux, thus it should decrease. This is where the method to determine the surface discussed all along this PhD is important. We use an IC method and the surface is directly obtained by the integration of the gradient of the liquid volume fraction. This last quantity is strongly affected by the numerical model (mixed phases , separated phases and in this context sharp interface , diffuse interface ) and by the mesh resolution. In the present case we believe the mesh resolution is fine enough to capture the correct range of the interface area but not enough to obtain the correct value. It is expected that few additional mesh refinement will be sufficient, but this has not been possible to do in the present PhD. In addition the SMD most probably increases with the distance to the injector because of the mesh resolution is decreasing (due to the given grading). To go further the additional amount of surface that is not captured by the numerical method should be obtained by implementing an additional physical model, this is the purpose of the ELSA model described in the following section. 

Simulation with ELSA model

By using the InterFoam model we tried to obtain results like the ARCHER CLSVOF model, following the methods developed on the academical testing configuration in chapter 3. On this industrial configuration the mesh resolution we can achieve has limited the accuracy of IC method: we lose information about the interface when the grid resolution is not sufficient to capture the interface dynamic. Hence, it is possible that the computational cell acts as a filter that is bigger than the actual liquid structure, or that the clustering induced by the sharpening counter-flux gives a false information about the surface evolution and makes impossible to retrieve further information, for example about the droplets distribution, or to capture correctly the breakup point. In order to continue to follow the interface and its evolution, also in case of insufficient resolution, we use the ELSA model that allows to recover more information about the different liquid structures thanks to an additional physical model for the surface density variable and for the liquid volume fraction transport equation sub-grid dispersion model. The advantage of introducing this model (we are using the Euler single phase mixture formulation of ELSA, without the Lagrangian dispersed phase) instead a coupled length-scale framework (such as the coupling of an interface modeling length-scale model with a kinetic approach), resides on the interface area density equation that allows to follow the interface dynamic of structures with different shapes, not only droplets. At the contrary a coupling the IC framework with a kinetic approach allows to transform any liquid structure into spherical droplets follow their evolution ( [START_REF] Anez | Liquid Atomization Modeling in OpenFOAM[END_REF]). Other than this we can find an advantage from the point of view of computational time, where the single modeling length scale models are in general less expensive than coupled length-scales modeling approaches ( [START_REF] Doisneau | Eulerian versus Lagrangian simulation of unsteady two-way coupled coalescing two-phase flows in solid propellant combustion[END_REF]).

The ELSA model and the numerical method

In the previous chapters we introduced the ELSA model, implemented in the OpenFoam library [START_REF] Anez | Modélisation de l'injection de pétrole pour les procédés FCC (Fluid Catalytic Cracking)[END_REF]. The model consists in a set of equations composed by the mass conservation and momentum conservation equations, along with the liquid volume fraction evolution equation and a supplementary equation that describes the evolution of the interface area density. The first implementation of the model was in the RANS framework ([VB99]). Hereafter, we will use the LES framework, introduced in [Che10] (details can be found in chapter 2). We remind to the reader that in case of ELSA framework, the implicit LES filtering procedure is applied also to the liquid volume fraction evolution equation and the turbulent liquid flux is modelled through a sub-grid dispersion term (other modeling strategies can be found in [START_REF] Puggelli | Towards a unified approach for Large Eddy Simulation of turbulent spray flames[END_REF]). Regarding the surface area density variable (Σ) we consider the formulation with the minimum interface density area (Σ min ) and the sub-grid interface area density (Σ ) and hence we consider the transport equation only for Σ . The minimum interface area density Σ min is approximated through the magnitude of the gradient of the liquid volume fraction

Σ min = |∇ ∇ ∇α l |.
As for the InterFoam model, the equations are discretized using the finite volume method and PISO algorithm is used to solve the incompressible N-S system. The liquid volume fraction transport equation is solved using the MULES scheme to avoid overshoots or to underestimate the phase marker (for details see chapter 3).

Simulation strategy and phenomenological analysis

As for the InterFoam case, the simulation is restarted after 8[ms] of simulation performed using the InterFoam model on the mesh C. In order to analyse the results the simulation is run during 4[ms].

The dynamic of the flow in the external domain, appears to be similar to the experimental observations. It is possible to observe both the K-H instability and the spiral mode inside the cone (fig. 5.32). The difference with respect to the InterFoam simulation is that the destabilization of the liquid film appears to happen earlier and the amplitude of waves are more prominent. The tulip shape observed in the experimental results appears to be recovered. Most probably it is due to the diffusive nature of the ELSA that induce a more efficient air entertainment and liquid dispersion, as it has been already seen and highlighted in the chapter 3. 

Liquid film thickness

To analyse the liquid film thickness at the exit of the injector, we adopt the same strategy used for InterFoam simulations. We average the liquid volume fraction in time for a ∆t av g = 2[ms] starting from t 0 = 12[ms]. We take two perpendicular lines and we evaluate the film thickness on the two profiles ( line A and line B reported in fig. 5.33). It is possible to arrive to the same conclusion that has been drawn in the chapter 3. The diffuse interface approach, brings to a smoother transition between the liquid film and the gas core, with respect to the sharp interface approach. The value of of the film thickness is of t/D = 0.083 for both line A and line B. The difference with respect to the correlation value (with eq. (5.35): t/D = 0.12) is of |t -t an |/t an ≈ 30%. As a support of the previous observation we can state that the film thickness results to be 7% larger with respect to the value found in the InterFoam simulation. As for the InterFoam case, we consider the breakup point where it is possible to observe the first perforation holes in the liquid sheet. Having a look at the liquid volume fraction iso-lines (e.g α l = 0.3 in fig. 5.35) the breakup seems to happen earlier with respect to what it was possible to observe in the InterFoam case. In fig. 5.35 (b) it appears to happen even before the end of the cover cap of the injector. This is due to the breakup point dependence on the iso-line value chosen. This effect is even more pronounced in case of diffuse interface model. For this reason we analyse the liquid volume fraction field volume rendering in fig. 5.36. It is possible to observe that the breakup point appears to be around y * ≈ 2.5 -3, recovering the results we have obtained with the InterFoam simulation. The cone angle appears to be closer to the experimental observation with respect to the one observed with the InterFoam simulation. The particular tulip shape of the re-light point appears to be recovered. 
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Sauter Mean Diameter prediction

With respect to the InterFoam case, the ELSA approach solves the equation for the sub-grid interface area density Σ . As already stated before, it is possible to reconstruct the interface area density as Σ = Σ min + Σ . Recalling the eq. (5.49) used for the InterFoam case, and knowing the availability of the interface area density, it is possible to find the SMD through a surface A as: 

D 32 = 6 ∆t A (α l v • n dA) dt ∆t A (Σv • n dA) dt ( 

Simulation with ICMelsa model

In order to connect the positive aspects of both the models just introduced, we decided to apply the ICMelsa model. The main feature of this approach is its ability to switch for the InterFoam model when it is possible to preserve a sharp representation of the interface to a diffuse interface approach with additional physical model. To determine which model has to be used, different IRQ (Interface Resolution Quality) sensors have been designed (for more details see chapter 2). For the first part of the flow at the exit of the outlet, it is expected the IRQ to state that the flow is well resolved. Thus the InterFoam model should be activated with the compression term. Farther away, where the resolution of the mesh does not allow to capture the liquid film, the ELSA approach is activated and the sharpening counter-flux is turned off. This should give the information about the evolution of the interface and mean diameter where the resolution is too low to use only the InterFoam model.

ICMelsa model and its improvements

We introduced the ICMelsa model in the chapter 2 of the present manuscript. It is composed of the momentum conservation equation, mass conservation equation, liquid volume fraction hybrid conservation equation (hybrid because can switch between the ELSA formalism and InterFoam formalism) and eventually the sub-grid interface area density transport equation.

The system has been coupled with an Interface Resolution Quality (IRQ) sensor in order to switch among the ELSA formalism and InterFoam formalism. In this work (as we have already seen in chapter 3) it has been chosen to use the IRQ Σ as interface resolution quality (for a parametric study see appendix B). Another choice should be done for what concerns the evaluation of the minimum interface area density (Σ min ). One possibility has been presented and adopted in [START_REF] Palanti | On the modelling of liquid fuel ignition and atomization in aero engine combustors[END_REF], and in chapter 3 of this work, it has set the minimum interface area density Σ min equal to the magnitude of the gradient of the liquid volume fraction (Σ min = |∇ ∇ ∇α l |). This approximation of the minimum interface area density fails when the interface is spread to include several phase inclusions. In this case the prediction of the minimum interface area density performed in [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF] is more accurate than the prediction done by the magnitude of the gradient of the liquid volume fraction . Hence we decided to add to our model the capability to switch the method to evaluate Σ min depending on the gradient of the liquid volume fraction with respect to the mesh resolution. When the α l is spread on less than 10 mesh cells (|∇ ∇ ∇α l | < 1/(10∆x), where ∆x is the characteristic dimension of one mesh cell), we can use the method to compute Σ min proposed in [START_REF] Palanti | On the modelling of liquid fuel ignition and atomization in aero engine combustors[END_REF] and hence, Σ min = |∇ ∇ ∇α l | else we use the definition of [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF], and hence Σ min = 2.4

√ α l (1-α l ) ∆x
. Here we want to point out that, while the definition as interface area density given in [START_REF] Palanti | On the modelling of liquid fuel ignition and atomization in aero engine combustors[END_REF] is a direct definition, the minimum interface area proposed in [START_REF] Chesnel | Simulation aux Grandes Échelles de l'Atomisation, Application à l'Injection Automobile[END_REF] is a model proposition. An example of comparison of the two definition can be found in fig. 5.39. Another possible solution could be to set the minimum interface area density to 0 when liquid volume fraction is spread over more than 10 mesh cells. In connection with what we discussed in chapter 4, for diffuse interface approaches, when we have an extended interface we lose all the information about interface positioning and all the dynamic is given to the sub-grid contribution i.e Σ . This is the approach used in this work. Another change has been done to the ICMelsa introduced in chapter 2. When the liquid volume fraction is spread among more than 10 mesh cells, automatically the transport equation switches to he ELSA formalism, which in the model means that the parameter C α is set to 0. The effect of this modification has been tested on the configuration we have used for models comparison in chapter 3. The results are reported in fig. 5.38-(b) where we can observe C α is set to unity (InterFoam mode) even also where the structure are not well refined and in clearly dispersed flow at the contrary after the modifications, in fig. 5.38-(c), the parameter C α is equal to unity only where the interface is well captured. 

Liquid film thickness

Like for the previous simulations, the liquid film thickness is evaluated averaging the liquid volume fraction field for ∆t av g = 2[ms] starting at 12[ms], over two lines ( line A and line B, represented in fig. 5.41). As already stated in chapter 3, the ICMelsa model leads to a transition between liquid and gas that is in between the ELSA model and InterFoam one. Following the ICMelsa model presentation, we would expect the behaviour of the InterFoam model close to the injector exit, since it is a well resolved region. While for the InterFoam model, C α = 1 in all the computational domain, with the ICMelsa model C α is varying between 0 and 1 but it brings to the small differences it is possible to observe in the region where the interface is well captured. The film thickness measured at t α l = 0.1 is t/D = 0.086 for both line A and line B. The difference with the correlation value of t an /D = 0.12 is |t -t an |/t an ≈ 28%. We measure the breakup point as the first point where appears perforation holes in the liquid sheet. We saw in the previous cases that this value is strongly dependent on the iso-value of the liquid volume fraction (see also for ICMelsa the iso-value of α l = 0.3 in fig. 5.43) hence we consider the volume rendering of the liquid volume fraction field in fig. 5.44. It is possible to observe that the breakup point is placed about at y * ≈ 3.5. Hence we can state that is in the range of the breakup point observed in the experimental results. Furthermore, as for the ELSA model, the spray tulip shape and angle is well recovered, due to the fact that after y * = 0, the liquid volume fraction transport equation uses mostly the ELSA formalism, including diffuse interface approach and sub-grid liquid dispersion. (obtained by interpolating the data of table 5.3). The mesh resolution is the same as the previous simulation and not sufficient to catch the SMD with an SMD method. Clearly the physical models introduced with the ELSA approach are not sufficient to describe properly the correct amount of additional surface produced at the sub-grid scale. The ICMelsa formalism is nevertheless able to benefit of the first part of the well resolved simulation (InterFoam part) to provide a more appropriate value of the SMD (about at y * = 2) before to rely on the sub-grid ELSA model. Here the post processing method applied is still the one proposed in the ELSA simulation, i.e eq. (5.50), but the method to evaluate the Sauter Mean Diameter for the ICMelsa simulation is still not clear. The liquid volume fraction transport equation can switch between two different formalism, hence it is still not clear if to rely on the Σ evaluated as the gradient of the liquid volume fraction and then to apply the post-processing method of eq. (5.49), or to rely on the information got through the Σ transport equation, then evaluate the interface area density as Σ = Σ min + Σ and finally apply the post-processing method of eq. (5.50). This is still under development and a complete study will be pursued in [START_REF] Ferrando | Modélisation numérique avancée du processus d'atomisation : application à un système d'injection aéronautique[END_REF].

At the present time, the best option, if it is affordable, is to increase the mesh resolution to base the spray analysis mostly on the InterFoam model. However it seems that the sub-grid dispersion term used for the liquid volume fraction transport equation is improving the global shape of the spray. Thus the main focus of further study would be to build physical models for the surface density equation compatible with the sub-grid atomization of the liquid sheet.

The importance of the nature of the source term Σ equation can be assessed by running a simulation with the ICMelsa framework, putting the source term of the equation to 0, and hence:

∂Σ ∂t + ∇ ∇ ∇ • • • v Σ = ∇ ∇ ∇ • • • R Σ (5.51)
A first test has been run and the values of the SMD obtained, after a first increase along y * different locations, falls to a value around D 32 = 30µm at y * = 7.6. This is an indication to the fact that a new source term for the equation should be studied to adapt the model to low Reynolds and Weber number conditions. 

Conclusion

With this chapter, we have tried to simulate an actual injection system based on the different methods that can be used for liquid-gas flow with a complex interface morphology and that have been studied extensively in the first part of this thesis. The main purpose is to understand the behaviour of the two main classes of approaches used: the diffuse interface and the sharp interface representations. From the previous chapter it has been possible to show that these approaches can lead to equivalent results when the thickness of the interface remains lower than the length-scale of liquid and gas inclusion (droplets or bubbles). However, when the mesh resolution is not sufficient some information on the position of the interface and thus on the morphology of the interface are lost. Though the sharp interface approach even with low resolution conserve still an interface morphology, this is not the real one. The diffuse interface approach rely on some interface thickness that may be used to define probability of presence of the interface. However, if the length-scale of liquid-gas inclusion is too small, then a part of the information is missing and additional physical model are required to describe the unresolved part (chapter 4). On the actual application (a real configuration provide by SAFRAN Aircraft Engines and referred as Silvercrest ) the mesh resolution that we have been able to set up is high enough for the flow inside the injector and at the injector exit but then, it becomes insufficient to capture all the interface characteristics for the final spray. This situation is typical of the present status of the injector simulations in industry and many applications. Another characteristic concerns the complex geometry of the configuration, that requires a mesh strategy that excludes for the moment the possibility to use most advanced code like ARCHER . Thus for this study we rely on the free library OpenFoam with the built-in available solver. The first one aims to represent a sharp interface (InterFoam ), the second one is based on diffuse interface through the ELSA solver. This latest solver includes also additional physical models to describe the sub-grid spray where the resolution is not high enough. However, when the resolution is sufficient to capture the interface the ELSA solver is not able to recover a completely sharp interface approach thus a hybrid solver is used called ICMelsa . Like for many industrial systems the experimental characterisation of the injector flow gives only partial information. It relies mainly on the shadowgraphy pictures and on the spray Sauter Mean Diameter measurements far away from the injector, where the spray is dispersed. In complement, a correlation can be used for comparison of the liquid film thickness at the exit of the injector. Testing the three models: InterFoam , ELSA and ICMelsa it has been possible draw several conclusions:

• Within the well-resolved area, all models lead to equivalent results that are in line with the correlation that determine the liquid film thickness (fig. 5.46). We retrieve here the result of the first chapters, for high resolution simulations. All the approaches are able to describe the main features of the liquid-gas flow and the interface characteristics. • On the low-resolution zone, all models failed to represent accurately the flow, and in particular, the small-scale features like droplet size (fig. 5.48). Indeed, the computed SMD seems far away of the experimental one, even if they are not measured at the same distance of the injector. • Regarding the large feature of the flow, spray angle, global shape of the liquid sheet and position of the liquid sheet break-up (fig. 5.47), InterFoam is the most affected by the low-resolution. By trying to preserve the sharp interface representation it produces artefacts even at large scales by triggering the break-up of the liquid sheet prematurely.

The ELSA approach avoid this bias by its ability to carry a diffuse interface that does not need to specify exactly the interface position. However, this advantage in the low-resolution zone is counterbalanced by the diffuse description of the interface where sharp variation of variable occurs at the phase transition. More accurate diffuse interface approaches, such the one used in chapter 3 (CEDRE), may reduce this effect, though it has not been possible to test it in this thesis. Instead, a hybrid approach ICMelsa has been used. It seems able to benefit of each description by switching from sharp to diffuse interface approach thanks to IRQ criteria. • The optimisation of the ICMelsa approach has been achieved through an improved description of the minimum/resolved interface. This development is an original development of the present PhD that can have other applications regarding the ICMelsa model. • Finally, these results have shown the limitation of the present source terms used for the transport of the sub-grid interface density area. This quantity aims to complete the flow description by physical models where the resolution is not fine enough to describe all the scales of the interface. However, at this stage these models have been developed for liquid-gas interfacial flow characterised by high Weber and Reynolds number. The present application deals with liquid sheet break-up that are clearly less dominated by turbulence. It has not been possible to address this problem for this thesis, but modelling of such terms could certainly be improved. For this topic, the air-blast configuration developed in chapter 3 could be a good candidate to test new modelling proposals. 

Chap. 6 | Conclusion and perspectives

Conclusion

The aim of this research is to study the atomization phenomena rising from an aeronautical injector. Due to the requirements of ICAO norms becoming more and more stringent over the years, aeronautic engine design needs to be optimized constantly to reduce their green house gas emission and require a predictive way to study the different flow characteristic. Different experimental studies have been conducted during the years, with very useful and considerable results. The development of numerical simulations can be very helpful to complete our knowledge and understanding of the atomization process. In this PhD we address numerical modelling through one of the atomization process: its multi-scale nature. Indeed we started this research with an alternative review and classification of the models available, noticing that the works already present in literature ([MJD17], [START_REF] Saurel | Diffuse-Interface Capturing Methods for Compressible Two-Phase Flows[END_REF]) are frequently focused on one aspect of the multi-scale nature of the atomization phenomenon, being very specific and exhaustive on it. The classification we proposed is firstly based on the modeling length-scale chosen for the representation of the interface. The physical features under the modeling length-scale considered are represented by physical models, everything above is described by the transport equations of the variables. The models found in literature have been re-ordered by considering three representative length scales: interface length-scale, droplet length-scale, flow dynamic instability length-scale. For each modeling length-scale we have highlighted the models and methods present in literature, focusing on the interface representations and turbulence modeling techniques. The interface length-scale models can be split in the mixed phases and the separated phases models. At the droplet length scales most important approaches rely on the kinetic WBE. The flow dynamic instability length-scale represents the characteristics length scales related to the flow dynamic. This embodies in particular the turbulent nature of the flow that requires particular modelling treatment (RANS, LES, DNS). Most of the approaches consider these modelling techniques independent of the interface representation. For the sake of simplicity we keep this point of view by separating the dynamic length-scales from the other length-scales. We are well aware that, in reality, turbulent length-scale spectrum interact in many situation with the interface related length-scales but very few modelling approaches handle both phenomena. One attempt to progress in this direction is also presented based on the ELSA formalism (introduced in [VB99] and [START_REF] Chesnel | Large eddy simulation of liquid jet atomization[END_REF]), and the ICMelsa model ([Ane+19a]) as practical examples. A contribution of this thesis is the map which gathers all the modeling propositions and that allows to re-cast the methods available in literature. A comparison between the different test cases has been defined in [START_REF] Mirjalili | Interface-capturing methods for two-phase flows: An overview and recent developments[END_REF] where diffuse interface approaches have been compared to the sharp interface approaches on some classical test cases examples. Most of the flows treated in atomization problems are turbulent flows, hence it is necessary to define a metric of comparison that takes into account the nondeterministic nature of the turbulent flows. A simple test case configuration has been designed to test 5 methods, representative of the different models we have introduced in the previous classification: InterFoam [START_REF] Rusche | Computational Fluid Dynamics of Dispersed Two-Phase Flows at High Phase Fractions[END_REF]) and ARCHER ([MTB07]) representative of the sharp interface approach, but with two different interface models (mixed phases for InterFoam , separated phases for ARCHER ), CEDRE ([Cor20]) representative of the diffuse interface approach, ELSA ([Che+11]) representative of the turbulence modeling approach coupled with a mixed phases model and ICMelsa ([Ane18]) representative of the multi-scale approach, able to switch dynamically from a diffuse interface to sharp interface approach. The test case configuration is an air assisted liquid sheet with Reynolds and Weber numbers representative of the atomization for aeronautical engines. The comparison is restricted in a confidence zone of the domain assessed through the use of the IRQ K criterion ( [Can]), to understand how each model represents the different characteristics of the atomization problem. By comparing the synchronized instantaneous liquid volume fraction fields of the different simulations, the large length-scales of the interface dynamic are well reproduced by all the numerical simulations. We can clearly distinguish 2 phases in the atomization process of the present configuration. A first phase in which it is possible to observe the oscillation of the liquid sheet and a second phase in which it is possible to observe the so called dripping regime ( [START_REF] Dumouchel | On the experimental investigation on primary atomization of liquid streams[END_REF]). The first order statistics appear to be reproduced mostly identically by the different models tested as soon as certain level of resolution are reached. A slight difference is visible in the liquid volume fraction time average t α l , where the characteristics of the different approaches show more or less liquid dispersion with respect to the center-line of the liquid sheet. The second order statistics and the Turbulent Kinetic Energy (TKE) are more sensible to the approaches used to represent the interface. This sensibility of the TKE to the small scale representation of the interface is initially surprising. The difference appears in terms of TKE spatial distribution but mostly on the magnitude of the TKE. we find, among others, differences in the magnitude and in the spreading around the central axis of the Reynolds stress components. To investigate this difference more in-depth we consider the analysis of the liquid-gas flow by phase. For this purpose we extracted the transient signal from the ARCHER phase markers with a probe located in the computational domain. As far as it relies on a CLSVOF method, it is possible to extract two different phase markers: the liquid volume fraction integrated over a computational cell to build a very thin diffuse interface signal and the level-set distance function, used to reconstruct a fully segregated representation. With the help of the introduction of the weighted average and the conditional average, we have highlighted the different representations between a segregated (level-set distance function) and a diffused (liquid volume fraction ) flow field, showing the different Probability Density Functions (PDFs) of the phase markers. Then coming back to the 3D results, it is shown that The differences on the second order statistics are deeply bounded to the phase marker variance, thus it is important to study it for the different flow representations. Even with the well resolved ARCHER simulation, by computing the variance and comparing it with a segregated formulation we have found a noticeable residual difference. This is not the case of course when using the fully segregated representation based on the level-set distance function field. Computing the variance and hence the level of segregation with the different approaches, we have found more and more important residual difference with respect to the fully segregated representation. These results have shown the necessity to complete the diffuse interface representation by appropriate models to predict the second order statistics accurately. It is expected these models to be of different nature: reconstruction of the interface position if the diffuse interface thickness remains small with respect to the liquid-gas structures or physical modelling including sub-grid srpay modelling when the interface thickness becomes larger than liquid size (droplets diameter for instance).

To better understand at which size this transition occurs, we introduced a simple linear model based on a 1D representation. A filter or regularisation kernel is applied on a segregated field to produce a synthetic diffuse signal, representative of not segregated flow field. The linear model is built to recover the variance departure from the fully segregated representation. Once the differences in the modelling approaches have been explored, we test them for an industrial test case. One of the goals of this work was to test (and improve) the industrial oriented numerical models available in literature. Industrial oriented means: able to address complex geometries with an adapted computational cost. Among the different models tested on the air blast configuration, ARCHER represents a reference but requires a high number of computational nodes (and hence an high computational effort) to simulate a complex geometry. CEDRE model is a reduced order approach developed by Pierre Cordesse in his PhD work, still under development and not available at the final phase of the present work. InterFoam , ELSA , ICMelsa included physical models to represent sub-grid contributions and are based on the OpenFoam library that handles complex meshes. Thus this approaches can be tested on the swirl injector (the Silvercrest configuration provided by SAFRAN Aircraft Engines ). The condition simulated is the re-light point of the flight path, most critical condition as far the compressor is rotating at a reduced rate, the combustion chamber is turned off and needs to be restarted. This particular condition has been experimentally tested in previous works, showing the typical tulip shape of a low injection pressure condition. This particular shape is well recovered with ELSA and ICMelsa model, while it is not for InterFoam with the same mesh resolution. The sharpening flux present in the liquid volume fraction transport equation plays the same role we have observed in the simple air-assisted liquid sheet configuration maintaining the liquid near the center axis of the sheet and preventing the liquid dispersion. The behaviour of the ELSA and ICMelsa model is different, where the liquid dispersion implied by the model increases the closure of the cone. The liquid film thickness at the injector exit has been shown to match the Lefebvre correlation with an uncertainty between 20 -30%. In all the models we notice that the breakup length of the liquid sheet is primarily a matter of mesh resolution, even if the ELSA and ICMelsa show a better behaviour with respect to the InterFoam one (the most affected method by the low-resolution but all models) fail to retrieve the experimental SMD. In ELSA and ICMelsa the area density transport equation should complete the interface resolution with physical model. The present results showed the limitation of the source term. Indeed, this models have been developed for high Reynolds and Weber numbers and require further adaptation. The optimisation of the ICMelsa approach has been achieved through an improved description of the minimum/resolved interface. This development is an original development of the present PhD that can have other applications regarding the ICMelsa model.

Perspectives

The limited time a researcher have during its PhD does not allow to conclude all the topics opened and to solve all the issues. Here are some suggestions to pursue with this research work:

• The academical liquid sheet test case is really useful to perform an analysis on the first order and second order statistics and to pursue the phase analysis. All methods, even those using physical modelling for sub-grid resolution, are up to now dependent on the mesh resolution. This dependency on the resolution has been only partly explored during this PhD due to the important times required for such simulations. Thus other mesh resolutions test are expected to provide additional information. In particular, for ARCHER simulation, it would be interesting to double the resolution, to see if we would manage to extend the analysis zone. For the ELSA and ICMelsa models it would be interesting to lower the mesh resolution, to have a better look to the sub-grid fluxes represented (an analysis of the turbulent liquid flux is proposed in appendix D). • The phase analysis has brought new information and part of the work have been presented in [START_REF] Cordesse | Validation strategy of reduced-order two-fluid flow models based on a hierarchy of direct numerical simulations[END_REF]. The amount of data produced is large and there has not been the time to post process the whole database. Other than the phase marker variance we have showed the decomposition of the Reynolds stress components. A proposal for a research activity could be to have a deeper look into this decomposition to understand from the phase analysis, the nature of the differences of the second order statistics. • The segregation of the physical model is expected to change with the change in the position of the probe we use to retrieve the 1D signal. For this reason we have launched a simulation with 25 probes. Future objective will be to use the post processing developed in this work, to analyze the signal in different position. • The 1D signal is a time signal, though the interface thickness is related to a spatial length scale. An idea could be to consider the velocity of the interface, and to use it to pass from a time signal to a spatial signal. • Ludovic Goudenège helped in the identification of the important stochastic parameters to study. An example of this post processing has been set-up in the python notebook https://gitlab.com/albiremo/1d-test. The goal is to enlarge the study with more probe points and with the analysis of the signal coming from the simulation performed with the other methods (CEDRE, ELSA , ICMelsa , InterFoam ). Furthermore an interesting research direction would be to use the machine learning python library SciKit [START_REF] Pedregosa | Scikit-learn: Machine learning in Python[END_REF] and the Bayesian unsupervised learning algorithms to deconvolve the liquid volume fraction diffuse signal in order to recover a fully segregated one. • We simulated the Silvercrest injector with the InterFoam , ELSA , ICMelsa models.

We have noticed the breaking length is not yet well reproduced. It would be interesting to further improve the resolution, to see if InterFoam and the other models are able to provide better results. It would be interesting to pursue the study of the breakup distance and the spray characteristic by simulating only the external environment, using as boundary the injection exit plan. This would allow less expensive simulation with an improved mesh refinement. • The SMD post processing has shown the limitation of the present source terms used in the transport of sub-grid interface density area. It needs to be improved in order to take into account the physical phenomena happening in the transition and primary atomization zone, mainly for low Reynolds and low Weber number configurations. Some proposition have been already made in [START_REF] Beau | Modélisation de l'atomisation d'un jet liquide: Application aux sprays Diesel[END_REF], and needs to be tested and improved. • The post processing of the spray characteristic can be understood more deeply and tested with the two formulation of the minimum interface area density Σ min (the interface area density and the gradient of liquid volume fraction ). The air blast configuration proposed in chapter 3 can be a good candidate to test the improvements in the future. Advancements from this point of view will be proposed by Ferrando in [START_REF] Ferrando | Modélisation numérique avancée du processus d'atomisation : application à un système d'injection aéronautique[END_REF].

Chap. A | Computation of Gaussian curvature through an analytical method

A.1 Introduction

One of the most advanced method to compute the curvature can be found in [START_REF] Kindlmann | Curvature-based transfer functions for direct volume rendering: Methods and applications[END_REF],

where the authors reconstruct it starting from an implicit formulation. The proposed approach (already implemented in the DNS code ARCHER [START_REF] Ménard | Coupling level set VOF ghost fluid methods: Validation and application to 3D simulation of the primary break-up of a liquid jet[END_REF]) is hereafter implemented in the multi purpose C++ library OpenFoam , with the objective to use it coupled with different Level-Set reconstruction algorithms ([DB21]).

A.2 Theoretical framework

The curvature of a surface is defined by the relationship between positional changes in the neighborhood of a point placed on the surface and the change in the surface normal. Given a level-set Φ(x), we consider that the value of the level-set is positive inside the object, negative outside. Hence, we define the normal unit vector:

n = - ∇Φ |∇Φ| (A.1)
The curvature information is contained in the 3x3 matrix ∇ ∇ ∇n T . Considering the Hessian matrix:

H =     ∂ 2 Φ ∂x 2 ∂ 2 Φ ∂x∂y ∂ 2 Φ ∂x∂z ∂ 2 Φ ∂x∂y ∂ 2 Φ ∂y 2 ∂ 2 Φ ∂y ∂z ∂ 2 Φ ∂x∂z ∂ 2 Φ ∂y ∂z ∂ 2 Φ ∂z 2     (A.
2)

The projection matrix, defined as P = Inn T , projects the matrix on the tangent plane to the surface described by the function Φ(x) = 0. As described in [START_REF] Kindlmann | Curvature-based transfer functions for direct volume rendering: Methods and applications[END_REF] and in [START_REF] Mitchell | Illumination from curved reflectors[END_REF] it is possible to write the relationship:

∇ ∇ ∇n T = - 1 |∇Φ| (PH) (A.
3)

The Hessian matrix describes how the gradient changes around the neighborhood of the points placed on an iso-surface of the function Φ(x) [START_REF] Marsden | Vector calculus[END_REF]. In order to describe the curvature we are interested only in changes of direction of the gradient. Hence we project H on the tangent plane, as in eq. (A.3). The restriction of the Hessian to the tangent plane is a symmetric

A.3.2 Ellipsis

The distance function of an ellipsis is: 

Φ(x) = -(x -x C ) 2 /

Chap. B | IRQ Σ parametric study

In the last years, different works studied the influence of the sensibility and the tune of the IRQ parameters. In [Can] and [START_REF] Canu | Développement d'une méthode compressible avec évaporation pour la simulation d'interface résolue dans le cadre de l'atomisation[END_REF] the sensibility of the parameter IRQ K has been studied, by setting the value of IRQ K,lim = 2 as the most suitable to determine if the interface is well resolved or not well resolved. In [START_REF] Anez | Eulerian-Lagrangian spray atomization model coupled with interface capturing method for diesel injectors[END_REF] and [START_REF] Ahmed | LES of atomization for diesel fuel injectors[END_REF] the IRQ K criteria has been applied together with the IRQ Σ criteria, even if in the conclusion and perspective, the suggestion of the author was to go more in-depth in the IRQ computation, and to understand better the problematic. No details about the threshold used has been given. In the present manuscript we go more in deep in the problem, trying to optimize the IRQ Σ sensor on the two numerical domain presented. It is possible to state that when Σ = 2Σ min , physically it could mean that two interfaces are present in the same cells and hence we are going through a breakup. It means that the breakup is not well captured and as a consequence it is suggested to set our IRQ value to IRQ Σ,lim > 0.5. Starting from this point, in order to set-up the IRQ Σ,lim value, we evaluate the surface field of IRQ Σ on a clipped field of α l ∈ [0. B.2b we observe that for the respective IRQ Σ,lim the sharpening term seems activated also for some small structures of the flow that are not well resolved. For this reason, the choice has been to set the IRQ Σ,lim = 0.65. This value conserves the sharpening flux activated for large structures of the flow and ignores the not resolved structures, as it is expected to be for the ICMelsa model. 

Chap. C | Weak ergodicity

In order to prove the weak ergodicity of the signal, we have to compute the statistics on two uncorrelated part of the signal and verify that the results are similar.Thus we have to chose two uncorrelated part of the signal, and hence a correlation time. We consider the temporal history of the ARCHER level-set signal, took at the location of (L x /6, L y /2, L z /2). First we do a moving average to watch how it evolves with a varying average window. ] with t 0 = 20[ms]; For the window A, the average results to be t α A = 0.047, while for the window B results to be t α B = 0.049. The small residual gives proof of weak ergodicity of the signal. To further verify it, it is possible to draw the correlation function for the entire interval [3.8[ms], 30 [ms]] and for the two different time window A and B with the respective starting time at the lower limit of the time window. two time windows autocorrelation it is possible to see that the frequency and topology is recovered and hence we can, another time, state the weak ergodicity of the process. As it is possible to see, as far as the process is unsteady, we recognize small and large fluctuations. It can be interesting to study these fluctuations in order to give a spectral characterization of the process. We have to remember that the process is strongly dependent on the location of the domain in which we consider the probe and on the type of the inclusions, hence small and big frequencies are expected to change in changing the location of the probe. For all the models the shape of the contour is the same. Furthermore it is possible to see a slight magnitude difference among the sharp interface approaches and the diffuse interface approaches. Looking at this term we would attend to see a huge difference among the case in which the turbulent liquid flux is modelled (ELSA and ICMelsa ) and the case in which it is not (CEDRE, ARCHER , InterFoam ). This difference is not noticed. This is probably due to the high resolution of the meshes used. It is enough to resolve well the liquid dispersion also without the turbulent liquid flux model. 
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  2 : inlet, 1 : wall of the primary injector. On the right: top view of the external domain simulating the external environment. 0 : air, 1 : wall near the outlet of the injector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.21 Snapshot of the eddy viscosity ν t in the computational domain. ν t = 0[m 2 /S] 1.1• 10 -5 [m 2 /s]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.22 Contour plot of the iso-surface defined by liquid volume fraction α l = 0.3 of the Silvercrest primary injector. Startup phase on the mesh C. On the bottom left we can see the shadow of the liquid volume fraction . . . . . . . . . . . . . . 5.23 Contour plot of the iso-surface defined by liquid volume fraction α l = 0.3 of the Silvercrest primary injector. Startup phase on the mesh C. On the bottom left we can see the shadow of the liquid volume fraction . . . . . . . . . . . . . . 5.24 Maximum pressure at the patch 2 , with mesh C. . . . . . . . . . . . . . . . . 5.25 On the left: Contour plot of the iso-surface defined by liquid volume fraction α l = 0.3 of the Silvercrest primary injector.On the right: Contour plot of the iso-surface defined by liquid volume fraction α l = 0.8 of the Silvercrest primary injector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.26 On the left: Volume rendering of the liquid volume fraction field at t = 14.5[ms], α l = 0 1. The arrows point to the two main instabilities features. On the right: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.27 On the left: side view of the time averaged liquid volume fraction , t α l = 0 1. On the right: view of the time averaged liquid volume fraction at the injector exit plane t α l = 0 1. Line A, line B. . . . . . . . . . 5.28 Plot of the time averaged liquid volume fraction t α l along the two lines defined in fig. 5.27. line A, line B, the empirical value. Distance are adimensionalized by the diameter of the injector D . . . . . . . . . . . . . . On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: Contour plot of the liquid volume fraction iso-surface defined by α l = 0.3 of the Silvercrest simulation. . . . . . . . . . . . 5.30 On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: volume rendering plot of the Silvercrest . Liquid volume fraction field.α l = 0 1. . . . . . . . . . . . . . . . . . . . . . . . . 5.31 On the left: rendering of the InterFoam liquid volume fraction field, and in dashed blue the location in which we collect the D 32 values.α l = 0 1. On the right: plot of the D 32 value post processed following the formulation proposed in eq. (5.48).In the experimental value at y * ≈ 33. . . . . . . . . 5.32 Volume rendering of the liquid volume fraction field at t = 14.5[ms], α l = 0 1.133 5.33 On the left: side view of the time averaged liquid volume fraction , t α l = 0 1. On the right: view of the time averaged liquid volume fraction at the outlet t α l = 0 1 and lines of where the liquid film thickness is evaluated. The averaging time is ∆t av g = 2[ms] starting from t 0 = 12[ms]. Line A, line B. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.34 Plot of the time averaged liquid volume fraction t α l for the two lines defined on fig. 5.27. line A, line B, the empirical value Length scale are adimensionalized by the diameter of the injector D . . . . . . . . . . . . . . 5.35 On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: Contour plot of the α l = 0.3 of the Silvercrest primary injector. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.36 On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: volume rendering plot of the liquid volume fraction field of the Silvercrest primary injector.α l = 0 1. . . . . . . . . . . . . . . 5.37 On the left:rendering of the ELSA liquid volume fraction field, and in dashed blue the location in which we collect the D 32 values.α l = 0 1. On the right: On the right: plot of the D 32 value post processed following the formulation proposed in eq. (5.50). In the experimental value at y * ≈ 33. . 5.38 On the left: slice of the domain presented in chapter 3, liquid volume fraction field.α l = 0 1. On the center: Field of C α before the modification proposed. C α = 0 1. On the right: Field of C α after the modification proposed.C α = 0 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.39 On the left: slice of the minimum interface area computed as the magnitude of the gradient of the liquid volume fraction ([Pal21]). On the right: slice of the minimum interface area computed as defined in [Che10].Σ min = 0[1/m] 7 • 10 3 [1/m] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.40 Volume rendering of the liquid volume fraction field at t = 14.5[ms], α l = 0 1.139 5.41 On the left: side view of the time averaged liquid volume fraction , t α l = 0 1. On the right: view of the time averaged liquid volume fraction at the outlet t α l = 0 1 and lines where the liquid film thickness is evaluated. Line A, line B. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.42 Plot of the time averaged liquid volume fraction t α l along lines defined in fig. 5.27. line A, line B, the empirical value. The length are adimensionalized by the diameter of the injector D . . . . . . . . . . . . . . . . 5.43 On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: Contour plot of the liquid volume fraction field α l = 0.3 of the Silvercrest primary injector. . . . . . . . . . . . . . . . . . . . . 5.44 On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: volume rendering plot of the liquid volume fraction field α l . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.45 On the left:rendering of the ICMelsa liquid volume fraction field, and in dashed blue the location in which we collect the D 32 values. α l = 0 1. On the right: On the right: plot of the D 32 value post processed following the formulation proposed in eq. (5.50). In the experimental value at y * ≈ 33. . 5.46 Plot of the time averaged liquid volume fraction t α l for the different models presented in the chapter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5.47 Volume rendering of the liquid volume fraction field. . . . . . . . . . . . . . . . 5.48 Plot of the D 32 value post processed following the formulation proposed in eq. (5.50) and eq. (5.49). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A.1 Domain of computation for the test of the curvature algorithm on a sphere. On the left the 0 iso-surface of the level-set function, on the right a slice of the field with the shadow of the level-set distance function 0 iso-surface. . . . . A.2 Relative error trend for the two Gaussian curvature on the surface of the sphere ( H, G). The L1 relative error has been computed with the formulation in eq. (A.14) and eq. (A.13). . . . . . . . . . . . . . . . . . . . . . A.3 Slice of the domain for the ellipsis test case with distance function iso-contour and shaded 0 iso-surface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A.4 Relative error changing for the two Gaussian curvature on the surface of the ellipsis ( H, G). The L1 relative error has been computed with the formulation in eq. (A.14) and eq. (A.13). . . . . . . . . . . . . . . . . . . . . . B.1 On the left: liquid volume fraction surface plot of a snapshot of the box configuration defined along the thesis.α l = 0 1. On the right: IRQ Σ surface plot, on the clipped field of liquid volume fraction α l ∈ [0.1, 1]. . . . . . B.2 The C α field with varying IRQ limit IRQ Σ,lim . In black C α = 1, in white C α = 0. On the left: IRQ Σ,lim = 0.5. On the right: IRQ Σ,lim = 0.55. For the α l field, refer to fig. B.1a. . . . . . . . . . . . . . . . . . . . . . . . . . . . B.3 The C α field with varying IRQ limit IRQ Σ,lim . In black C α = 1, in white C α = 0. On the left: IRQ Σ,lim = 0.65. On the right: IRQ Σ,lim = 0.75. For the α l field, refer to fig. B.1a. . . . . . . . . . . . . . . . . . . . . . . . . . . . C.1 Moving average t α taking as a phase marker the level-set distance function. t is the dimension of the averaging window starting from t 0 = 3.8[ms]. . . . . . C.2 Autocorrelation function for the time interval [3.8[ms], 30[ms]] with t 0 = 3.8[ms].178 C.3 Autocorrelation function for the time window A. Time interval [10[ms], 20[ms]], t 0 = 10[ms]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . C.4 Autocorrelation function for the time window B. Time interval [20[ms], 30[ms]], t 0 = 20[ms]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . D.1 Liquid volume fraction contour with over imposed the liquid volume fraction dispersion. In red the scaled v α l and in green the scaled v α l . . . . . . . . . . . D.2 z * component of the turbulent liquid flux t v z α l = -1.5 1.5[m/s] at the y * = 0 plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . D.3 z * component of the turbulent liquid flux t v z α l = -1.5[m/s] 1.5[m/s] at the y * = 0 plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . z * component of the turbulent liquid flux v z α l along x * = 1, 2, 3. ARCHER, CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . D.5 Streamwise turbulent liquid flux t v x α l = -2 2[m/s] at the y * = 0 plane. . D.6 Streamwise turbulent liquid flux t v x α l = -2[m/s] 2[m/s] at the y * = 0 plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . D.7 Streamwise turbulent liquid flux v x α l along fig. 3.14 and fig. 3.15 dashed lines. ARCHER, CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

  Aviation changed the world in the early 1900s and brought the development of different technologies in order to make it possible. To produce the lift to make an airplane fly it is necessary to produce a relative movement between the body and the fluid in which it is immersed ([START_REF] Anderson | Introduction to Flight[END_REF]). This concept was already studied by the scientist and philanthropist Leonardo da Vinci with his studies on the ornithopters ([Hag12]). In the codex he sketched a flying machine in which the flapping of the wings would create at the same time propulsion and lift. Since the first flight of Wright's brothers in 1905, such a relative movement has been created by generating thrust through engines. Aeronautical engines have had a huge evolution through aviation's history. Starting from the earliest propeller mechanically actuated, passing through piston engines, after the Second World War the technology allowed to develop jet engines that became standard for modern airplanes. With the growth of the air traffic, nowadays the goal of most of the aeronautical engines' manufacturers is to reduce the pollution through improvements in the efficiency of the different part of the engine (Advisory Council for Aeronautics Research in Europe (ACARE) 2050 objectives set a reduction of 75% in production of CO 2 and of 90% of NO x ).

Figure 1 . 1 -

 11 Figure 1.1 -Scheme of a jet engine, courtesy of SAFRAN Aircraft Engines . 1 the fan, 2 low pressure compressor stages, 3 high pressure compressor stages, 4 combustion chamber, 5 high pressure turbine stages, 6 low pressure turbine stages, 7 outlet.

Figure 1 . 3 -

 13 Figure 1.3 -Example of two different injection technologies in aeronautical engines. On the left an air-assisted injector, on the right an aero-mechanic injector With the courtesy of SAFRAN Aircraft Engines .
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 15 Figure 1.5 -Graphical representation of the progression of the different atomization phases with respect to the injection pressure. [LM88]

Figure 2

 2 Figure 2.1 -Shadowgraph of the atomization process encountered with the Silvercrest injector studied in chapter 5. The typical reference length-scales are reported. λ 1 is the injector lengthscale, λ 2 is the flow dynamic instability length-scale, λ 3 is the droplets length-scale. On the bottom part of the subdivision of the atomization domain is showed, following [LM88].
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 23 Figure 2.3 -Figure represents schematically the part of the flow that is resolved, here all scales greater than the physical interface thickness. The different length-scales refer to fig. 2.1.

Figure 2 . 6 -

 26 Figure 2.6 -The figure represent schematically the part of the flow that is resolved, here all scales greater than the droplet dimension. The different length-scales refer to fig. 2.1.

Figure 2 . 7 -

 27 Figure 2.7 -The figure represent schematically the part of the flow that is resolved, here all scales greater than the flow dynamic instability length-scale. The different length-scales refer to fig. 2.1.
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 29 Figure2.9 -Map of the modeling possibilities for the atomization problem. The 2 dimensional modeling space couples the modeling length scales chosen and the type of interface modeling chosen. . represents the compressible flow models and the . the incompressible flow ones. In table 2.1 the reference to the different point represented in the modeling space.

  Figure 3.1 -Flow chart of the step for the solution of the incompressible multiphase system issued by an interface compression model inside the InterFoam solver.

  Figure 3.2 -Flow chart of the step for the solution of the incompressible multiphase system issued by the ELSA model inside the ElsaFoam solver.

  Figure 3.3 -Flow chart of the step for the solution of the incompressible multiphase system issued by the ICM model inside the ICMElsaFoam solver.
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 34 Figure 3.4 -Instabilities that brings to the film disintegration in an air assisted liquid sheet configuration [CHS02].

Figure 3

 3 Figure 3.5 -Geometry of the configuration. 1 is the liquid injection plane. 2 is the gas injection plane. 4 5 6 are the outlet planes. 3 are the periodic planes.

  .5. It is possible to compute the liquid mass through the layer placed at L y /2 of width ∆y as the integral of the liquid volume fraction multiplied by the layer width. is possible to compute the time average of this quantity as it follows.t m tot = Lz 0 Lx 0 t α l dxdz ∆y (3.31)The configuration presented is a plane-symmetric configuration the domain is cut in half along the y direction, and the average liquid mass unbalance t m up -t m low , where: up -t m low = 0 (3.34)

=Figure 3

 3 Figure 3.6 -Evolution of the parameter for the ARCHER simulation.

  x * ∈ [4, 8] region. IRQ K PDF in the x * ∈ [0, 4] region. IRQ K PDF in the x * ∈ [4, 8] region.
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 37 Figure 3.7 -IRQ k PDF analysis at time t = 12 ms (bottom), in two regions identified by the red dashed rectangles drawn on the plan y * = 0 showing liquid volume fraction α l (top).
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 38 Figure 3.8 -Istantaneous picture of the flapping liquid sheet. On the left CEDRE(HR) simulation. The colorscale goes from low levels of α l (blue) to high levels (red). On the right ARCHER simulation. The iso-contour represents the 0 iso-value of the level-set distance function.

Figure 3

 3 Figure 3.9 -Transient evolution of the plane y * = 0 of liquid volume fraction near the injector, α l = 0 1. Left: ARCHER , right: CEDRE. We define t 0 as the starting time and δt as the progression time step. The window showed is in the range x * = [0, 5.5].

Figure 3 .

 3 Figure 3.10 -Transient evolution of the plane y * = 0 liquid volume fraction near the injector, α l = 0 1. Left: ARCHER , right: InterFoam . We define t 0 as the starting time and δt as the progression time step. The window showed is in the range x * = [0, 5.5].

Figure 3 .

 3 Figure 3.11 -Transient evolution of the plane y * = 0 liquid volume fraction near the injector, α l = 0 1. Left: ARCHER , right: ELSA . We define t 0 as the starting time and δt as the time step. The window showed is in the range x * = [0, 5.5].

Figure 3 .

 3 Figure 3.12 -Transient evolution of the plane y * = 0 of liquid volume fraction near the injector, α l = 0 1. Left: ARCHER , right: ICMelsa . We define t 0 as the starting time and δt as the time step. The window showed is in the range x * = [0, 5.5].

Figure 3 .Figure 3 Figure 3

 333 Figure 3.13 -Transient evolution of the plane y * = 0 of liquid volume fraction near the injector, α l = 0 1. Left: InterFoam , center: ICMelsa , right: ELSA . We define t 0 as the starting time and δt as the time step. The window showed is in the range x * = [0, 5.5].

Figure 3

 3 Figure 3.16 -Averaged liquid volume fraction α l along streamwise axis. ARCHER , CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa .

Figure 3 .

 3 Figure 3.17 -Averaged liquid volume fraction α l along fig. 3.14 and fig. 3.15 dashed lines.ARCHER , CEDRE (HR), CEDRE (MR), InterFoam , ELSA ICMelsa . Reader must take care to the fact that the α l range is different for the three slices.
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 33 Figure 3.18 -Averaged axial velocity t v x = 0 70 m/s at the y * = 0 plane.

Figure 3 .

 3 Figure 3.20 -Averaged axial velocity v x along fig. 3.14 and fig. 3.15 dashed lines. ARCHER , CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa .

Figure 3

 3 Figure 3.21 -Averaged transversal velocity t v z = -3 3 m/s at the y * = 0 plane.

Figure 3 .

 3 Figure 3.22 -Averaged transversal velocity t v z = -3 3 m/s at the y * = 0 plane.

Figure 3 .

 3 Figure 3.23 -Averaged transversal velocity v z along Figure fig. 3.14 and fig. 3.15 dashed lines. ARCHER , CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa .
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 33 Figure 3.24 -Turbulent Kinetic Energy (TKE) 1/2v i v i = 0 380 m 2 /s 2 at the y * = 0 plane.

Figure 3 .

 3 Figure 3.26 -Turbulent Kinetic Energy (TKE) (1/2)v i v i along Figure fig. 3.14 and fig. 3.15 dashed lines. ARCHER , CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa .

Figure 3 .

 3 Figure3.27 and fig.3.28 present the time averaged slices at the plane y * = 0 of the xx Reynolds stress component v x v x . The differences observed among the different interface models are more evident with respect to the previous comparisons. While the contour shape of the results is similar, the magnitude is different, mainly if we compare the sharp interface and diffuse interface representations. This difference is even more significant in fig.3.30 and fig.3.31 that present the time average slices at the plane y * = 0 of the zz component of the Reynolds stress t v z v z . The fig.3.29 present the averaged profiles of the xx Reynolds stress respectively at the locations x * = 1, 2, 3. By increasing the x * location the maximum values of the diffuse interface approaches are reduced with respect to the maximum values of the sharp interface approaches. Another effect it is possible to notice with the increasing x * for the ARCHER simulation, the range is less close to the center-line z * = 0. The fig.3.32 presents the averaged of z z component of the Reynolds stress respectively at the locations x * = 1, 2, 3. The range of values around the center-line z * = 0 is less spread, but as it was shown in fig.3.30 and fig.3.31 it is possible to observe a difference among the maximum value of the models tested. In order to analyse more in-depth these results it is useful to proceed with the phase analysis (chapter 4. This kind of analysis will be performed in section 4.2.To conclude the analysis we observe the z x component of the Reynolds stress tensor. The fig.3.33 and fig.3.34 present the time averaged slices at y * = 0 of the xz Reynolds stress component. From these plot it is possible to observe no relevant difference among the different representations. Observing the averaged profiles at the locations x * = 1, 2, 3 in fig.3.35 it is possible to conclude the same. The only difference that we observe can be seen for the slice x * = 1. Here the ELSA and ICMelsa model capture around z * = 0 a double variation of the value, not captured by the other models.

Figure 3

 3 Figure 3.27 -Reynolds stress tensor component t v x v x = 0 350 m 2 /s 2 at the y * = 0 plane.

Figure 3 .

 3 Figure 3.28 -Reynolds stress tensor component t v x v x = 0 350 m 2 /s 2 at the y * = 0 plane.
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 33 Figure 3.29 -Reynolds stress tensor component v x v x along fig. 3.14 and fig. 3.15 dashed lines. ARCHER , CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa .

Figure 3 .

 3 Figure 3.31 -Reynolds stress tensor component t v z v z = 0 350 m 2 /s 2 at the y * = 0 plane.

Figure 3 .Figure 3

 33 Figure 3.32 -Reynolds stress tensor component v z v z along fig. 3.14 and fig. 3.15 dashed lines. ARCHER , CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa .

Figure 3 .

 3 Figure 3.34 -Reynolds stress tensor component t v z v x = -150 150 m 2 /s 2 at the y * = 0 plane.

Figure 3 .

 3 Figure 3.35 -Reynolds stress tensor component v z v x along fig. 3.14 and fig. 3.15 dashed lines. ARCHER , CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa .
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 41 Figure 4.1 -Localisation of the point ( ) used to extract the 1D signal of the phase marker α. Here, the phase marker field is extracted from the level-set distance function.

Figure 4 .

 4 Figure 4.3 shows the PDF f (α) for the signal captured from 3.8[ms] to 30[ms]. The data in the range [0[ms], 3.8[ms]] has been discarded, to avoid the transitory period corresponding to the flow establishment.Figure 4.4 presents the Cumulative Density Function (CDF) C(α).
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 424 Figure 4.2 -Signal of the level-set distance function sign at a probe placed at (L x /6, L y /2, L z /2) in the domain. The interval taken is from 8[ms] to 11[ms].

Figure 4

 4 Figure 4.4 -CDF (C(α)) of the level-set distance function Heaviside function H(φ) at a probe placed at (L x /6, L y /2, L z /2) in the domain. The time range extends from 3.8 to 30[ms]. Bins interval is of ∆α bins = 0.02. , and hence n.bi ns = 50.

  Figure 4.6 shows the PDF f (α) for the signal captured from 3.8[ms] to 30[ms]. The level of the PDF between 0 and 1 is not null anymore (see also the zoom on fig. 4.7).

Figure 4

 4 Figure 4.5 -Signal of the liquid volume fraction at a probe placed at (L x /6, L y /2, L z /2) in the domain. The time interval is taken from 8[ms] to 11[ms].

Figure 4 Figure 4

 44 Figure 4.6 -PDF (f (α)) of the liquid volume fraction at a probe placed at (L x /6, L y /2, L z /2) in the domain. The time interval is taken from 3.8 to 30[ms]. Bins interval is of ∆α bins = 0.02.
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 44944 Figure 4.8 -Liquid time interval PDF (f (∆t)) on the left and CDF (C(∆t)) on the right for a segregated signal similar to fig. 4.2.

Figure 4 .

 4 Figure 4.12 -Liquid volume fraction variance t α l α l = 0 0.250 at the y * = 0 plane.

Figure 4 .

 4 Figure 4.13 -Liquid volume fraction variance t α l α l = 0 0.250 at the y * = 0 plane.

Figure 4 .

 4 Figure 4.14 -Liquid vomume fraction variance α l α l along Figure fig. 3.14 and fig. 3.15 dashed lines. ARCHER , CEDRE (HR), CEDRE (MR), interFoam, ELSA , ICMelsa .

Figure 4 .

 4 Figure 4.15 -Phase marker variance for the ARCHER code using α V OF . 0 0.250 at plane y * = 0. On the left the representation of the variance field, on the right the representation of the variance computed in the segregated way.

  0

Figure 4 .

 4 Figure 4.16 -Phase marker variance for the ARCHER code using α LS . 0 0.250 at the y * = 0 plane. On the left the representation of the variance field, on the right the representation of the variance computed in the segregated way.

Figure 4 .

 4 Figure 4.18 -Phase marker computed using the α LS along slices at x * = 1, 2, 3. α LS (1 -α LS ), α LS α LS , residual difference.

Figure 4 .

 4 Figure 4.19 -Liquid volume fraction variance for the InterFoam model. 0 0.250 at plane y * = 0. On the left the representation of the variance field, on the right the representation of the variance computed in the segregated way.

Figure 4 .

 4 Figure 4.20 -Liquid volume fraction variance for the interFoam model along slices at x * = 1, 2, 3.α l (1 -α l ), α l α l , residual difference.

Figure 4 .

 4 Figure 4.21 -Liquid volume fraction variance for the ICMelsa model. 0 0.250 at plane y * = 0. On the left the representation of the variance field, on the right the representation of the variance computed in the segregated way.
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Figure 4 .

 4 Figure 4.22 -Liquid volume fraction variance for the ICMelsa model along slices at x * = 1, 2, 3.α l (1 -α l ), α l α l , residual difference.

Figure 4 .

 4 Figure 4.23 -Liquid volume fraction variance for the ELSA model. 0 0.250 at plane y * = 0. On the left the representation of the variance field, on the right the representation of the variance computed in the segregated way.

Figure 4 .

 4 Figure 4.24 -Liquid volume fraction variance for the ELSA model along slices at x * = 1, 2, 3.α l (1 -α l ), α l α l , residual difference.

Figure 4 .

 4 Figure 4.25 -Liquid volume fraction variance for the CEDRE model with the HR mesh. 0 0.250 at plane y * = 0. On the left the representation of the variance field, on the right the representation of the variance computed in the segregated way.

  x * = 3.

Figure 4 .

 4 Figure 4.26 -Liquid volume fraction variance for the CEDRE model along slices at x * = 1, 2, 3 with the HR mesh.α l (1 -α l ), α l α l , residual difference.

Figure 4 .

 4 Figure 4.27 -The convoluted signal using the kernel represented in eq. (4.24) of the level-set distance function signal in fig. 4.2 at a probe placed at (L x /6, L y /2, L z /2) in the domain. On the left: interval taken is from 8[ms] to 11[ms]. On the right: zoom on one transition.

Figure 4 .

 4 Figure 4.28 -Results of the segregation (S) of the convoluted phase marker with respect to the linear model for different λ. Completely segregated signal, Ideal linear model, convoluted signal values.

Figure 4 .

 4 Figure 4.29 -Snapshot of the sign level-set distance function for the ARCHER simulation. The red cross indicates the point in which the 1D signal has been extracted for the analysis proposed in this chapter, the blue crosses represent the location of the probes for the future analysis.
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 51 Figure 5.1 -Important quantities characterizing the flow field outside the pressure-swirl atomizer from [LM88]

Figure 5

 5 Figure 5.2 -Schematic representation of the simplex swirl atomizer ([RL85]). D p represents the diameter of a single circular inlet port, L p represents the length of the inlet port, L s represents the width of the swirling chamber sky, D s represents the diameter of the swirling chamber sky, d 0 represents the diameter of the outlet orifice, l 0 represents the length of the outlet orifice throat, 2θ represents the double of the cone angle created by the discharged liquid sheet.
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 5 Figure 5.3 -Shadowgraphy of a jet with the rim disintegration mode ([ARA11]).

Figure 5

 5 Figure 5.4 -Shadowgraphy of a jet with the wave disintegration mode ([Dum05]).
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 55 Figure 5.5 -Shadowgraphy of a jet with the perforated hole disintegration mode ([MD01]).

Figure 5

 5 Figure 5.6 -picture of the Silvercrest engine.

Figure 5

 5 Figure 5.8 -Slice of the Silvercrest injector with reference names. With l 1 we denote the diameter of the inlet, with d 0 the diameter of the throat of the swirling chamber, with t the liquid film thickness.

  6 [W ] and it is possible to measure droplets in the range of 1 -280 [µm]. The measuring point has been placed at 20[mm] and 30[mm] from the injector cap exit. The choices of this plane, far away from the injector's outlet is common in PDA measurements. The spray should be completely developed in order to have a relatively low level of noise in the results. The granulometry results can be found in table 5.3. The experimental campaign was conducted considering different test cases at different injection pressure (∆P ) conditions and hence different flow rate conditions ( ṁL ). Other 4 conditions have been tested to extrapolate a visualization of the flow at different regimes. It is possible to compute the following dimensionless parameters, used to characterize the flow field (consider fig. 5.8):

Figure 5

 5 Figure 5.12 -On the left: illustration of the Kelvin-Helmoltz instability and spiral mode happening in the swirling injection by [BCH98]. On the right: Shadowgaphy of the Silvercrest at the re-light point.

Figure 5

 5 Figure 5.13 -Flow chart of the plan of the numerical study.

Figure 5 .

 5 Figure 5.14 -Clip of the entire C42 duplex injector of the Silvercrest engine produced by SAFRAN Aircraft Engines .

Figure 5 .

 5 Figure 5.15 -Slice of the geometry at the level of the primary injector entrance. It is possible to observe the crown that brings to the inlet of the injector. The arrows indicates the direction of the flow of JP5 fuel.

Figure 5 .

 5 Figure 5.16 -Slice of the Silvercrest's primary injector's domain at the level of the inlet.

Figure 5 .

 5 Figure 5.17 -Zoom of the outlet patch of the injector. A clear improvement is observed in the C configuration.

  cells in the domain (in million, mln), the wall distance of the first point of the mesh in wall units, at the inlet and at the outlet patch (end of the swirling chamber), the number of hexaedra and polyedra and the CPU time elapsed to perform 1[ms] of physical time of simulation. The CPU time is computed by multiplying the number of cores used for the simulation by the time elapsed to perform it.

Figure 5

 5 Figure 5.18 -z-normal slice of the mesh D. On the left representation of the connection among the primary injector and the outside environment. On the right representation of the throat and final part of the primary injector.

Figure 5

 5 Figure5.19 -Side view of the computational domain, marked with numbers to define the different boundary patch. 2 : inlet, 0 : air, 1 : wall near the outlet and injector wall. For the boundary condition associated evaluate the table 5.6.

Figure 5 v

 5 Figure 5.20 -Top view of the computational domain, marked with number to define the different boundary patch. On the left: top view of the primary injector. 2 : inlet, 1 : wall of the primary injector. On the right: top view of the external domain simulating the external environment. 0 : air, 1 : wall near the outlet of the injector.

  (mesh D) to obtain the proper results. The stabilization time has been chosen to 8[ms]. The flow development is reported on fig. 5.22 and fig. 5.23. Furthermore, we observe in fig. 5.24 the maximum pressure at the inlet 2 .The plot shows the stabilization of the simulation and justifies our choice.

  (a) t = 0.7[ms] (b) t = 1.1[ms]

Figure 5 .

 5 Figure 5.22 -Contour plot of the iso-surface defined by liquid volume fraction α l = 0.3 of the Silvercrest primary injector. Startup phase on the mesh C. On the bottom left we can see the shadow of the liquid volume fraction .

  (a) t = 1.6[ms] (b) t = 2.6[ms]
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 55 Figure 5.23 -Contour plot of the iso-surface defined by liquid volume fraction α l = 0.3 of the Silvercrest primary injector. Startup phase on the mesh C. On the bottom left we can see the shadow of the liquid volume fraction .

  Figure 5.25 -On the left: Contour plot of the iso-surface defined by liquid volume fraction α l = 0.3 of the Silvercrest primary injector.On the right: Contour plot of the iso-surface defined by liquid volume fraction α l = 0.8 of the Silvercrest primary injector.

Figure 5

 5 Figure 5.26 -On the left: Volume rendering of the liquid volume fraction field at t = 14.5[ms], α l = 0 1. The arrows point to the two main instabilities features. On the right: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point

Figure 5 .

 5 Figure 5.27 -On the left: side view of the time averaged liquid volume fraction , t α l = 0 1. On the right: view of the time averaged liquid volume fraction at the injector exit plane t α l = 0 1. Line A, line B.

Figure 5 .

 5 Figure 5.28 -Plot of the time averaged liquid volume fraction t α l along the two lines defined in fig. 5.27. line A, line B, the empirical value. Distance are adimensionalized by the diameter of the injector D

Figure 5 Figure 5

 55 Figure 5.29 -On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: Contour plot of the liquid volume fraction iso-surface defined by α l = 0.3 of the Silvercrest simulation.

Figure 5

 5 Figure 5.31 -On the left: rendering of the InterFoam liquid volume fraction field, and in dashed blue the location in which we collect the D 32 values.α l = 0 1. On the right: plot of the D 32 value post processed following the formulation proposed in eq. (5.48).In the experimental value at y * ≈ 33.

Figure 5 .

 5 Figure 5.32 -Volume rendering of the liquid volume fraction field at t = 14.5[ms], α l = 0 1.

Figure 5 .Figure 5

 55 Figure 5.33 -On the left: side view of the time averaged liquid volume fraction , t α l = 0 1. On the right: view of the time averaged liquid volume fraction at the outlet t α l = 0 1 and lines of where the liquid film thickness is evaluated. The averaging time is ∆t av g = 2[ms] starting from t 0 = 12[ms]. Line A, line B.

Figure 5 Figure 5

 55 Figure 5.35 -On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: Contour plot of the α l = 0.3 of the Silvercrest primary injector.

Figure 5

 5 Figure 5.37 -On the left:rendering of the ELSA liquid volume fraction field, and in dashed blue the location in which we collect the D 32 values.α l = 0 1. On the right: On the right: plot of the D 32 value post processed following the formulation proposed in eq. (5.50). In the experimental value at y * ≈ 33.

  (a) α l . (b) Cα before. (c) Cα after.

Figure 5 .

 5 Figure 5.38 -On the left: slice of the domain presented in chapter 3, liquid volume fraction field.α l = 0 1. On the center: Field of C α before the modification proposed. C α = 0 1. On the right: Field of C α after the modification proposed.C α = 0 1.

Figure 5 .

 5 Figure 5.40 -Volume rendering of the liquid volume fraction field at t = 14.5[ms], α l = 0 1.

Figure 5 .Figure 5

 55 Figure 5.41 -On the left: side view of the time averaged liquid volume fraction , t α l = 0 1. On the right: view of the time averaged liquid volume fraction at the outlet t α l = 0 1 and lines where the liquid film thickness is evaluated. Line A, line B.

Figure 5 .

 5 Figure 5.43 -On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: Contour plot of the liquid volume fraction field α l = 0.3 of the Silvercrest primary injector.

Figure 5 .

 5 Figure 5.44 -On the left: snapshot of the shadowgraphy of the Silvercrest injector at the re-light point. On the right: volume rendering plot of the liquid volume fraction field α l .

Figure 5

 5 Figure 5.45 -On the left:rendering of the ICMelsa liquid volume fraction field, and in dashed blue the location in which we collect the D 32 values. α l = 0 1. On the right: On the right: plot of the D 32 value post processed following the formulation proposed in eq. (5.50). In the experimental value at y * ≈ 33.

Figure 5 .Figure 5

 55 Figure 5.46 -Plot of the time averaged liquid volume fraction t α l for the different models presented in the chapter. InterFoam , ELSA , ICMelsa . The length adimensionalized by the diameter of the injector D. In the empirical value.

Figure 5 .

 5 Figure 5.48 -Plot of the D 32 value post processed following the formulation proposed in eq. (5.50) and eq. (5.49).InterFoam , ELSA , ICMelsa , the experimental value at y * ≈ 33.

  a 2 + (yy C ) 2 /b 2 + (zz C ) 2 /c 2 + 1 (A.15)where (x C , y C , z C ) are the coordinates of the center of the ellipsis and (a, b, c) are the value of the semi-axis. The curvature is an analytical function of the semi-axis ([Bek17]).x 2 + y 2 + z 2 -a 2 -b 2 -c 2 2(abc) 2 x 2 a 4 + y 2 b 4 + z 2 ourtest case we consider an ellipsis with semi-axis a, b, c = 1e -5, 2e -5, 3e -5[m] in a cubic domain of L = 1.8e -4[m] we define the distance function as in the definition given in eq. (A.15) and we vary the number of elements in the domain, considering the unitary length-scale of 1e -4[m] from 30 to 90 elements. We compute the L1 relative errors as defined in eq. (A.13) and eq. (A.14).The results of the errors are reported in fig. A.4. We observe the results found on the sphere are confirmed.

Figure A. 3 -

 3 Figure A.3 -Slice of the domain for the ellipsis test case with distance function iso-contour and shaded 0 iso-surface.

  1, 1] (fig. B.1). At the interface IRQ Σ assumes value that are between IRQ Σ = 0.5 and IRQ Σ = 0.8. Thus we test different limits in this range, to understand which is the most suitable value of IRQ Σ,lim for the academical test case (and as a consequence for the industrial configuration) studied in the manuscript. The field of C α for 4 different value of IRQ Σ,lim is showed in fig. B.2 and fig. B.3. As it is possible to observe in fig. B.3b, for IRQ Σ,lim = 0.75, the sharpening flux starts not to act properly on the big structure of the flow. On the contrary in fig. B.2a and fig.

  Figure B.3 -The C α field with varying IRQ limit IRQ Σ,lim . In black C α = 1, in white C α = 0. On the left: IRQ Σ,lim = 0.65. On the right: IRQ Σ,lim = 0.75. For the α l field, refer to fig. B.1a.

α

  Figure C.1 -Moving average t α taking as a phase marker the level-set distance function. t is the dimension of the averaging window starting from t 0 = 3.8[ms].

  stabilizes. Hence we chose t = 10[ms] as a correlation time and we compute the average on two different time windows, with different t 0 : • A: window positioned at [10[ms] -20[ms]] with t 0 = 10[ms]; • B: window positioned at [20[ms] -30[ms]

r

  (∆t) = t α(t)α(t + ∆t) t α 2 (C.2) In fig. C.2 are represented the autocorrelation for the complete signal, and in fig. C.4 and fig. C.3 the autocorrelation function for the two different time window. Over imposing the

Figure C. 2 -

 2 Figure C.2 -Autocorrelation function for the time interval [3.8[ms], 30[ms]] with t 0 = 3.8[ms].

Figure C. 3 -

 3 Figure C.3 -Autocorrelation function for the time window A. Time interval [10[ms], 20[ms]], t 0 = 10[ms].

Figure C. 4 -

 4 Figure C.4 -Autocorrelation function for the time window B. Time interval [20[ms], 30[ms]], t 0 = 20[ms].

Figure D. 1 -

 1 Figure D.1 -Liquid volume fraction contour with over imposed the liquid volume fraction dispersion. In red the scaled v α l and in green the scaled v α l .

Figure

  Figure D.2 and fig. D.3 presents the turbulent liquid flux in z * direction t v z α l at y * = 0 plane For all the models the shape of the contour is the same. Furthermore it is possible to see a slight magnitude difference among the sharp interface approaches and the diffuse interface

  Figure D.4 shows the profiles of turbulent liquid flux in z * direction at x * = 1, 2, 3 location. The profiles nearly over impose and no differences among them is noticed. These results are confirmed by the results of the axial turbulent liquid flux. Surface plots and profiles are reported in fig. D.5, fig. D.6, fig. D.7.

  Figure D.2 -z * component of the turbulent liquid flux t v z α l = -1.5 1.5[m/s] at the y * = 0 plane.

  x * = 1.

  x * = 2.

  x * = 3.

Figure

  Figure D.4 -z * component of the turbulent liquid flux v z α l along x * = 1, 2, 3. ARCHER, CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa .

Figure D. 7 -

 7 Figure D.7 -Streamwise turbulent liquid flux v x α l along fig. 3.14 and fig. 3.15 dashed lines. ARCHER, CEDRE (HR), CEDRE (MR), InterFoam , ELSA , ICMelsa .
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Table 2 .

 2 1 -Table with the resume of the map of the models referred to fig.2.9. Are represented some examples of models relative to the classification discussed along the chapter.

Table 3 .

 3 1 -Dimensions and physical properties of the configuration.

Table 3 .

 3 .2. In order to compare the results of the ARCHER 2 -Mesh statistics of the simulations.

		Face number Cell number d l / min (∆x)
	CEDRE (MR)	0.148M	71.7k	10
	CEDRE (HR)	1.11M	546k	20
	ARCHER	101M	33.6M	32
	InterFoam	101M	33.6M	32
	ELSA	24M	8M	20
	ICMelsa	24M	8M	20

  It has not been possible to add further averaging time to the CEDRE simulations because the simulations have been run by Pierre Cordesse in the context of his PhD work ([Cor20]).Table 3.3 -Average time and convergence results for the database of simulations we have built

		Average Time	∆t av g	CPU cost for 9[ms] in hours	(%) d l / min (∆x)
	CEDRE (MR)	2[ms] -11[ms]	9[ms]	8.54 • 10 3	2.0
	CEDRE (HR) 2.3[ms] -10.5[ms]	8[ms]	69.3 • 10 3	14.8
	ARCHER	3.8[ms] -21.2[ms] 17.4[ms]	98.3 • 10 3	0.2
	InterFoam	3.8[ms] -19[ms]	15.2[ms]	86.0 • 10 3	2.4
	ELSA	3.8[ms] -19[ms]	15.2[ms]	10.7 • 10 3	3.5
	ICMelsa	3.8[ms] -19[ms]	15.2[ms]	10.7 • 10 3	3.7

Table 4 .

 4 1 -Percentage of the total time for which the signal is in one of the three states.

		time gas % time liquid % time transition %
	segregated	95.26	4.74	0
	diffused	92.74	2.87	4.39

Table 5

 5 

	1 • 10 -6	801	0.026	293.15
	Air 1.53 • 10 -5	1.2		293.15

.1 -Properties of the Fuel and air used during the experimental campaign.

Table 5

 5 Table 5.3 -Sauter Mean Diameter (D 32 ) data at different flow rate inlet conditions ṁL . The tests are made at the same condition of the table 5.1.

	s]

.2 -Different condition tested during the experimental campaign with the different performance indexes.

Figure 5.10 -Representation of the variation of the Sauter mean diameter (D 32 ) with respect to to the mass flow rate ( ṁL ) for the Silvercrest engine's atomizer with the fuel properties reported in table 5.1. The detection point is placed at 20[mm].

Table 5 .

 5 4 -Characteristics of the meshes A, B, C. Respectively in the table are reported the number of cells in the domain (in million, mln), the wall distance of the first point of the mesh in wall units, at the inlet and at the outlet patch (end of the swirling chamber), the number of hexaedra and polyedra and the CPU time elapsed to perform 1[ms] of physical time of simulation. The CPU time is computed by multiplying the number of cores used for the simulation by the time elapsed to perform it.
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Table 5 .

 5 5 -Characteristics of the mesh D. Respectively in the table are reported the number of
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The liquid film thickness Different formulations for the liquid film thickness estimation exist in literature. Here after we propose the derivation of the most used mathematical relation in the design process of the injectors ( [START_REF] Rizk | Internal flow characteristics of simplex swirl atomizers[END_REF]). Referring to fig. 5.2, we can consider an element of the liquid film flowing in the nozzle. This element will have length dx, depth dy and unit value in the direction tangential to the motion. Only pressure and viscous forces are considered to act to the element. These two forces should balance each others.

where τ is the shear stress that, given µ the dynamic viscosity of the liquid, can be defined as:

while dp is the local pressure gradient acting in the x direction.

Considering the pressure gradient constant across the film thickness, it is possible to integrate the eq. (5.18), and it would give:

With the constant C 1 and C 2 determined by the two boundary conditions and t the liquid film thickness:

U s being the maximum flow velocity attained at the liquid interface, obtained by differentiating the equation of the velocity and equating to zero:

Averaging the eq. (5.21) in the y direction through the liquid film (u = t 0 udy /t) it is possible to obtain:

Substituting the eq. (5.22), it is possible to obtain:

Now, referring again to fig. 5.2, the single liquid element, will be aligned with the streamlines, hence, considering l a typical length scale of the geometry, it is possible to write:

Where we identify ∆p the pressure drop along the path l/ cos θ and θ the cone angle. To identify a value for the length scale l we should consider that proportional, through a constant A to the outlet orifice d 0 (fig. 5.2), i.e. l = Ad 0 . Furthermore the pressure drop ∆p along the path direction l/ cos θ is considered proportional to the injection pressure drop along Silvercrest the whole injector through a constant B, i.e. ∆p = B∆P . Substituting the relationships in eq. (5.25), we obtain:

Since the pressure drop is proportional to the length scale l considered, we assume that the ratio A/B remain fairly constant and around the value of A/B = 400 from the experimental values ([RL85]).

Recalling the axial velocity at the outlet orifice, defined in eq. (5.9), substituting inside X = A a /A 0 , with A a the gas core area, A 0 the orifice area, and considering the relationship among the averaged velocity in the flow path direction and the axial velocity as cos θ = ux u , the following relation is obtained:

To find a general equation for the semi cone angle θ it is necessary to recall the relationship we have found previously for the discharge coefficient C D in eq. (5.15). The flow was considered to be inviscid. To take into account the viscosity effect we correct it using the velocity coefficient K V as:

(5.28)

Along with this mathematical expression we have the y-averaged velocity u defined starting from the velocity coefficient definition in eq. (5.16):

where ∆P is the total pressure jump, K V is the velocity coefficient and ρ L is the liquid density. The mass flow rate, defined through the volume flow rate Q as ṁL = ρ L Q, can be hence expressed as:

Now it is matter of combining the different relation we have found going through the following path: a. using the relationship cos θ = ux u and substituting eq. (5.30) in eq. (5.9), we obtain eq. (5.17); b. from eq. (5.28) and eq. (5.17) we obtain:

Finally equalizing eq. (5.31) and eq. (5.27) it is possible to arrive firstly to:

and by substituting:

(5.33)

Silvercrest

Alberto Remigi

University of Rouen -CORIA May 10, 2021 matrix and it is possible to find an orthonormal basis {p 1 , p 2 , n} able to diagonalize the matrix.

In this basis we will obtain:

p 1 and p 2 are the two eigenvectors associated to the principal curvatures, with eigenvalues k 1 and k 2 . The other two values σ 1 and σ 2 describe how the normal tilts. This aspect is called flowline curvature. Further details can be found in [START_REF] Kindlmann | Curvature-based transfer functions for direct volume rendering: Methods and applications[END_REF]. In this case the goal is to isolate k 1 and k 2 , and as proposed by [START_REF] Rumpf | A level set method for anisotropic geometric diffusion in 3D image processing[END_REF], we multiply ∇ ∇ ∇n T by the projection matrix P, obtaining the Geometry tensor :

The algorithm to compute the two Gaussian curvature can be summarized in the following steps: a. Compute the normal n and the projection matrix P. b. Compute the Hessian H and the geometric tensor G. c. Analitically compute k 1 and k 2 . Defining as T the trace of G and F the Euclidean norm of G the two eigenvalues (and hence the two curvatures) of the geometric vector can be computed as:

from this it is possible to define the two Gaussian principal curvatures as follows:

A.3 Validation

For the validation of the algorithm inside OpenFOAM, we take the distance function of objects with known geometrical properties and we evaluate the difference in the distribution of the two L1 relative error for the mean H and Gauss G curvature with increasing domain refinement.

A.3.1 Sphere

We start considering a sphere. The distance function of a sphere is:

where (x C , y C , z C ) are the coordinates of the center of the sphere and R its radius. In the case of a sphere the curvature is an analytical function of the radius.