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Notations

N the set of natural numbers

R field of real numbers

C field of complex numbers

D open unit disc

IT open right half plane

B the set of analytic functions from II* into D

H*>(IT*)  the space of bounded holomorphic functions in the right half plane
H?(ITT)  the Hardy space of exponent 2 of the right half plane

L>*(jR)  the space of essentially bounded functions on the imaginary axis

+

L?(jR) the space of square integrable functions on the imaginary axis
d(a,b) pseudo-hyperbolic distance between a and b, where a,b € D
P the orthogonal projection from L2 onto H2 % 1.2 & H?

Hg the Hankel operator with symbol ®

Py polynomials of degree at most N

Py non-negative polynomials of degree at most 2NV

SB n polynomials of degree at most N, having no zeros inside II"
I finite union of disjoint compact intervals over the frequencies
Sm the set of (m x m) Hermitian matrices

St the set of (m x m) positive semi-definite Hermitian matrices
S, the set of (m x m) negative semi-definite Hermitian matrices
Re(2) real part of complex number z

FolL chaining of two-port scattering matrices F' and L

F*(s) para-hermitian conjugate of matrix valued function F'(s)
det(M)  determinant of matrix M

tr(M) trace of matrix M

deg(p) degree of polynomial p

S scattering matrix in belevitch form associated with a 2x2 system

Tz (5) the set of transmission zeros associated with 2x2 system S

A(P) the Pick matrix associated with the sequence of interpolation data ({"k, ?;T(g:)))
I identity matrix of order &

B,«,(II*) the set of p X ¢ matrix valued functions F'(s) which are analytic in II*

and contractive, (F(jw))'F(jw) < I,, w € R
HP(IT")  the space of k x 1 matrix valued functions, each entry of which belongs to H?(IT*)

13



Notations

14

Gibin Bose



Abstract

The thesis makes an in-depth study of one of the classical problems in RF' circuit design,
the problem of impedance matching. Matching problem addresses the issue of transmitting
the maximum available power from a source to a load within a frequency band. Antennas
are one of the classical devices in which impedance matching plays an important role. The
design of a matching circuit for a given load primarily amounts to find a lossless scattering
matrix which when chained to the load minimize the reflection of power in the total system.

In this work, both the theoretical aspects of the broadband matching problem and the
practical applicability of the developed approaches are given due importance. Part I of the
thesis covers two different yet closely related approaches to the matching problem. These
are based on the classical approaches developed by Helton and Fano-Youla to study the
broadband matching problems. The framework established in the first approach entails
in finding the best H* approximation to an L*> function, ® via Nehari’s theory. This
amounts to reduce the problem to a generalized eigen value problem based on an operator
defined on H?, the Hankel operator, Hg. The realizability of a given gain is provided by
the constraint, operator norm of Hg less than or equal to one. The second approach formu-
lates the matching problem as a convex optimisation problem where in further flexibility
is provided to the gain profiles compared to the previous approach. It is based on two rich
theories, namely Fano-Youla matching theory and analytic interpolation. The realizabilty
of a given gain is based on the Fano-Youla de-embedding conditions which reduces to the
positivity of a classical matrix in analytic interpolation theory, the Pick matrix. The con-
cavity of the concerned Pick matrix allows finding the solution to the problem by means
of implementing a non-linear semi-definite programming problem. Most importantly, we
estimate sharp lower bounds to the matching criterion for finite degree matching circuits
and furnish circuits attaining those bounds.

Part II of the thesis aims at realizing the matching circuits as ladder networks consisting
of inductors and capacitors and discusses some important realizability constraints as well.
Matching circuits are designed for several mismatched antennas, testing the robustness of
the developed approach. The theory developed in the first part of the thesis provides an
efficient way of comparing the matching criterion obtained to the theoretical limits.

Keywords: Broadband matching, Scattering parameters, Antennas, LC filters, Belevitch

representation, Nehari theorem, Hankel Operator, Analytic interpolation, Convex optimi-
sation, Positive polynomials, Schur functions, Nevanlinna-Pick.
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Résumé

La these étudie en profondeur 'un des problemes classiques de la conception de circuits RF,
le probleme de 'adaptation d’impédance. L’adaptation d’'impédance consiste a maximiser
le transfert de puissance d’une source a une charge dans une bande de fréquences. Les
antennes sont 'un des dispositifs classiques dans lesquels 'adaptation d’impédance joue un
role important. La conception d’un circuit d’adaptation pour une charge donnée revient
principalement a trouver une matrice de diffusion sans perte qui, lorsqu’elle est enchainée
a la charge, minimise la réflexion de la puissance dans I’ensemble du systeme.

Dans ce travail, les aspects théoriques du probleme de 'adaptation et ’applicabilité pra-
tique des approches développées sont diiment pris en compte. La partie I de la these couvre
deux approches différentes mais étroitement liées du probleme de ’adaptation large bande.
Le cadre développe dans la premiere approche consiste a trouver la meilleure approximation
H* d’une fonction L, ¢ via la théorie de Nehari. Cela revient a réduire le probleme a un
probleéme généralisé de valeurs propres basé sur un opérateur défini sur H?, 'opérateur de
Hankel, Hg. La réalisabilité d’'un gain donné est fournie par la contrainte, opérateur norme
de Hg inférieure ou égale a un. La seconde approche formule le probleme de I'adaptation
comme un probléeme d’optimisation convexe ou une plus grande flexibilité est fournie aux
profils de gain par rapport a 'approche précédente. Il est basé sur deux théories riches, a
savoir la théorie de I’adaptation de Fano-Youla et I'interpolation analytique. La réalisabilité
d’un gain donné est basée sur les conditions de dé-chainage de Fano-Youla qui se réduisent
a la positivité d’une matrice classique en théorie d’interpolation analytique, la matrice
de Pick. La concavité de la matrice de Pick concernée permet de trouver la solution au
probléeme au moyen de I'implémentation d’'un probleme de programmation semi-défini non
linéaire. Ainsi, nous estimons des limites inférieures nettes au niveau d’adaptation pour les
circuits d’adaptation de degré fini et fournissons des circuits atteignant ces limites.

La partie II de la these vise a réaliser les circuits d’adaptation sous forme de réseaux
en échelle constitués d’inductances et de condensateurs et aborde également certaines con-
traintes importantes de réalisabilité. Les circuits d’adaptation sont concus pour plusieurs
antennes non-adaptées, testant la robustesse de ’approche développée. La théorie développée
dans la premiere partie de la these offre un moyen efficace de comparer le niveau d’adaptation
atteint aux limites théoriques.

Mots clés: Adaptation large bande, Parametres de diffusion, Antennes, Filtres LC,

Représentation Belevitch, Théoreme de Nehari, Opérateur de Hankel, Interpolation analy-
tique, Optimisation convexe, Polynomes positifs, Fonctions Schur, Nevanlinna-Pick.
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Contribution of the Thesis

In this chapter, we will give a brief overview of the important contributions and the main
results of the work presented in the thesis. The thesis has made a substantial contribution
to the problem of impedance matching - both the theoretical aspects and the practical
applicability of the developed approaches.

The main contribution of chapter 2 constitute an approach to furnish lower bounds for
matching criterion in the case of finite degree matching networks. It is based on the original
idea by Helton which utilizes Nehari theory and non-Euclidean geometry to find optimal
matching criterion in the case of no degree constraint on the matching circuit. In this chap-
ter, the set of possible reflection coefficients of the total system (matching network together
with the load) are restricted to certain subclass of the class of Schur functions (named
reference functions) helping to gain control over the degree of the matching network to be
synthesized. A numerical implementation scheme to find the optimal finite degree matching
network with respect to the family of rational reference functions is provided. The degree
bound of the matching network obtained using the developed approach is estimated and
the computation of the best finite dimensional matching filter response obtained using this
approach on some concrete antenna examples and analytic antenna examples are presented
as well. A comparitive study of the results obtained on analytic antenna examples with the
matching bound obtained by the classical matching theory of Fano is also made.

The main contribution of chapter 3 is to provide a general formulation of the finite degree
matching problem by allowing further flexibility to the gain functions compared to chapter
2. The possible set of responses of the global system is generalized to a set of “realizable”
rational Schur functions of fixed maximal degree and having fixed transmission polynomial.
In this approach, we are able to estimate sharp lower bounds to the matching criterion for
finite degree matching circuits and furnish circuits attaining those bounds. The realizability
constraint is imposed using the Fano-Youla de-embedding conditions which reduces to a
constraint on the positivity of Pick matrix. The chapter presents the formulation of the
matching problem as a convex optimisation problem over a subset of positive polynomials of
fixed maximal degree and discusses various theoretical results concerning the problem like
existence and uniqueness results, convexity of the problem, necessary optimality conditions
and critical point equation. The concavity of the concerned pick matrix over the subset
of positive polynomials involved in the problem is also proved. This allows the numerical
implementation of the problem as a non-linear semi-definite programming problem. The
details of numerical implementation is not provided in the thesis since an elaborate descrip-
tion is present in the PhD thesis of David Martinez Martinez [64]. Finally some illustrations
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Contribution of the Thesis

of the numerical implementation of the developed approach on some antenna examples are
presented. A comparison of the results obtained with the results from chapter 2 and also
the classical matching bounds derived by Fano is made. At the end of this chapter, a section
is also devoted to illustrate the connection between two approaches discussed in part I of
the thesis, serving to provide an in depth understanding of the core of these two approaches
in solving the matching problem.

Chapter 4 contributes to the development of matching techniques by considering various
practical constraints regarding the realization of the matching circuits in the case of PCB
antennas. In general, in this chapter the transmission zeros of the matching circuit to be
synthesized are fixed at either zero or infinity (or both) but a series of different problems
are solved in order to better describe the realizable circuits. The realization of the matching
circuits as ladder networks consisting of inductors and capacitors is presented. The main
contribution of the chapter constitute of describing well formulated optimisation problems
to take into consideration different practical constraints in matching circuit synthesis and
numerical implementation schemes to solve these problems as well. This includes a match-
ing circuit synthesis scheme allowing transformerless synthesis, including microstrip lines
in between the lumped elements and bounding the element values of lumped inductors and
capacitors to any desirable range as required by the user.

Chapter 5 provides a contribution of various illustrations of the results obtained by solv-
ing different problems in the thesis and their comparisons by considering different antenna
prototypes. The theoretical bounds obtained in part I of the thesis helps in providing an
idea of how far the matching criterion of the realized matching circuits is from the theoret-
ical limits. The illustrations of various PCB antennas designed together with the matching
circuits obtained from the developed approach are also made, contributing to the validation
of developed schemes in the thesis.

Chapter 6 provides a practical contribution by indicating some of the important possible
directions in which the work presented in the thesis can be carried on in the future.
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Structure of the Manuscript

In this chapter we will give a brief overview of the organization of the manuscript and
a short summary of all the chapters presented. The manuscript is based on the tem-
plate available at https://bu.univ-cotedazur.fr/fr/utiliser-nos-services /deposer-sa-these-ou-
son-memoire/deposer-sa-these-de-doctorat. The LaTeX editor Texmaker [15] is used for
writing and formatting the document. The numerical implementation of approaches dis-
cussed in the thesis have been performed in MATLAB 2018b [65] and the plots displayed in
the document have been converted to tikz format using MATLAB2TikZ toolbox [43]. Fig-
ures containing electric circuits and block diagrams are generated using the LaTeX package
circuitikz [35].

The main contents of the thesis are divided into two parts where each part consists
of three chapters. Part one covers the introductory chapter to the thesis along with two
chapters of a detailed study of the broadband impedance matching problem. In part two
of the thesis, two chapters discussing the realization of the matching circuits as ladder
networks and a study of some of the important practical constraints in the realization are
presented. Along with these two chapters, a chapter concluding the thesis and providing
future perspectives is also provided in part two.

e In chapter 1, a brief introduction to the thesis is made, providing necessary details
about the concepts and tools that would be required during the development of the
manuscript. In particular, the necessary mathematical preliminaries in the field of
functional analysis are provided along with a general introduction to the description
of RF circuits using power waves and scattering matrix. Finally some important
concepts related to the rational form of the scattering matrix of any finite lossless two
port and an introduction to the broadband impedance matching problem are provided
as well.

e Chapter 2 begins with the first formal formulation of the matching problem in the
thesis and discusses an operator theoretic approach developed by Helton to solve
it. A brief description of the Helton’s approach based on Nehari theory is provided.
Later on in the chapter, a formulation of the finite degree matching problem and
finding solution to it using Helton’s approach is presented. The realizability of gain
functions which are fixed to be specific type is characterized by the operator norm
of the Hankel operator of specific symbol being less than or equal to one. Finding
the optimal matching circuit by solving an eigen value problem based on the Hankel
operator and the degree bounds of the matching circuit obtained are discussed. The
chapter is concluded by providing some illustrations of the numerical implementation
of the developed approach on some concrete antenna examples.
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e The idea of chapter 3 is to provide a more general formulation of the finite degree

matching problem by allowing further flexibility to the gain functions. The possible
set of responses of the global system is generalized to a set of “realizable” rational
Schur functions of fixed maximal degree and having fixed transmission polynomial.
The realizability constraint is imposed using the Fano-Youla de-embedding conditions
which reduces to a constraint on the positivity of Pick matrix. This allows the for-
mulation of the matching problem as a convex optimisation problem over a subset of
positive polynomials of fixed maximal degree. The chapter presents various theoreti-
cal results concerning the problem like existence and uniqueness results, convexity of
the problem, necessary optimality conditions and critical point equation. The concav-
ity of the concerned pick matrix over the subset of positive polynomials involved in
the problem is also proved. This allows the numerical implementation of the problem
as a non-linear semi-definite programming problem. In this approach, we are able
to estimate sharp lower bounds to the matching criterion for finite degree matching
circuits and furnish circuits attaining those bounds. Finally some illustrations of the
numerical implementation of the developed approach on some antenna examples are
presented. At the end of this chapter, a section is devoted to illustrate the connection
between approaches discussed in part I of the thesis to solve the matching problem
as well.

In chapter 4, various practical constraints regarding the realization of the matching
circuits in the case of PCB antennas are taken into consideration. In general, in this
chapter the transmission zeros of the matching circuit to be synthesized are fixed at
either zero or infinity (or both) but a series of different problems are solved in order
to better describe the realizable circuits. The realization of the matching circuits
as ladder networks consisting of inductors and capacitors is presented. A matching
circuit synthesis scheme allowing transformerless synthesis, including microstrip lines
in between the lumped elements and bounding the element values of lumped inductors
and capacitors to any desirable range as required by the user is also presented.

In chapter 5, various illustrations of the results obtained by solving different prob-
lems in the thesis and their comparisons are made by considering different antenna
prototypes. The theoretical bounds obtained in part I of the thesis helps in providing
an idea of how far the matching criterion of the realized matching circuits is from the
theoretical limits. The illustrations of some PCB antennas designed together with
the matching circuits obtained from the developed approach are also made.

Chapter 6 provides a conclusion to the manuscript by providing a summary of all the
work that has been carried out as a part of the thesis. It also provides an overview
of some of the possible directions in which the work presented in the thesis can be
carried on in the future.
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CHAPTER 1

Introduction

One of the important components in the design of an RF circuit is an impedance matching
network which performs the task of minimising reflection of the power that is supposed to
be transmitted from a source to a load within a frequency band. The design of impedance
matching circuit plays a crucial role in many applications like antennas, multiplexers, am-
plifiers and other RF devices. The techniques for matching the impedance of a microwave
device over a broadband has been evolving starting from around 1940’s. The development of
scattering techniques in network theory has played a crucial role in the design of broadband
impedance matching networks.

A linear electrical network having n accessible terminal pairs (an n-port) may be ana-
lyzed in a variety of ways, for instance using impedance, admittance or transmission matrix
depending upon the type of problem dealt with. The scattering parameters form a matrix
of transformations between variables which are linear combinations of the voltages and cur-
rents in a network. The close association of scattering parameters with the power transfer
properties of a network make them useful in problems involving insertion loss and match-
ing networks. Moreover, at microwave frequencies, since the direct measurements usually
involve the magnitude and phase of a wave travelling in a given direction or of a standing
wave, scattering matrix is a representation in accordance with the direct measurements and
the ideas of incident, reflected and transmitted waves.

1.1 Power Waves

In 1960’s, K.Kurokawa introduced a new concept of waves known as incident and reflected
power waves, a; and b; respectively for the ith port of any electrical network [55]. The
main motivation behind the introduction of power waves was to replace the independent
variables, current and voltage in a circuit by these variables in order to simplify the power
calculations in circuits.

Let us consider the equivalent circuit of a generator connected to a load as shown in
figure 1.1. In figure 1.1, E, is the open circuit voltage of the generator and Z its internal
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\ A

E,

Figure 1.1: A generator connected to a load impedance Z,

impedance. From basic circuit theory, the voltage V' across the load and the current [
flowing into the load are

Z E,
V=E_—"t  [=_"°_ 1.1
71+ Za 71+ Za (1.1)

The power transferred from the generator to the load is (Section 4.3, [77]),
1 _
Py = 5Re{VI}, (1.2)

where ‘Re’ represent the real part and [ is the complex conjugate of I. Substituting for V
and [ in equation (1.2) from equations in (1.1), we have

|EO|2 Re(Zp) |Eo|2 Ry,
P = S = 5 5 (1.3)
2 |Zp+ Zg| 2 (Rp+ Rg)*+ (X + X¢)
E,|? 1
- | 2| (RL—Rg)? | (Xp+Xe)?’ (1.4)
4Rq + Rr + RL

where Z; = Ry + j X and Zg = Rg + jX¢. For a given source voltage E, and internal
impedance Zg with Rg > 0, it can be easily verified from equation (1.4) that the power P,
attains the maximum value when

RL = RG and XL = —Xg, (15)

that is Z, = Zg. It is known as the maximum power transfer theorem (Section 1.4.1, [75]).

Thus, we have the following expression for the maximal power that can be delivered to the
load,

b _IBE_IEP

" 8Rg S8Ry

Now, in order to describe the power waves, it should be noted that in the analysis of

electric circuits, even though voltage and current at the terminals are generally chosen as

the independent variables, any linear transformation of them can be chosen as well, as long

as the inverse transformation exists. The incident and reflected power wave amplitudes, a

and b respectively, are defined as the following linear transformations of voltage and current

(Section 4.3, [77]),

(1.6)

V4 Zd o V=2l
- 2VR, VR,
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1.1. POWER WAVES

where Zy = Ry + jXo is known as the reference impedance. In practice, the reference
impedance is usually the characteristic impedance of transmission line used between network
analyzer and network under test and for each port, it can differ (say for the n-th port it is
denoted by Z,). By convention, reference impedance is chosen to be 50 ohm for most of
the commercial test equipments. That being said, we keep the possibility of the reference
impedance being complex in the discussion.

It is also common in literature to find the definition of power waves in (1.7) made with
reference impedance Z; equal to the generator impedance Zg (for example, Kurokawa's
definition of power waves, section 1.4, [56]). In this case, referring to figure 1.1, it can be
noticed that since V + Z5I = E,, we have

1 2 |EO’2
—la]? = =2 = Puw- 1.8
2|a| 8Rq (1.8)

So, %|a!2 can be identified as the maximum power that the generator can supply to the
load in this definition of power waves. We will keep the definition of power waves using
reference impedance Z; since this can be more useful in general (will be reasoned at the
end of the section). Inverting the transformation in (1.7), the voltage and current in terms
of the power waves follows,

_a70+bZ0 [_a—b

VR VR

Then the power transferred from the generator to the load can be calculated using this as

(1.9)

1 - 1 > T
Py = 5ReAVI} = 5o-Re{laf*Zy — abZy + abZ — V7o) (1.10)
1 1
= Slal* = S IbP (1.11)

The last equality follows since the quantity abZ, — abZ, is pure imaginary. So, we have the
power transferred to the load to be equal to the difference between the powers of incident
and reflected power waves. The reflection coefficient I' of the power waves a and b is defined
to be the ratio,

b
I'=-. 1.12
: (112)
Making use of (1.7) and the fact that V = Z,I, we have,
— 2ol Zp—Zy
_ VoAl Zi=Z (1.13)

CV+Zd  Zo+Z

This implies, when the reference impedance Z; is equal to the conjugate of the load
impedance,
Zy =21, (1.14)

we have the reflected power wave amplitude, b equal to zero. So, under the condition (1.14),
using the equations of V' and I mentioned in (1.1), the power wave amplitudes can be found
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as
Zol E Z 7 V
o — V+ 0 _ o ( L + L ) _ EO RL (115)
2v/ Ry WR\Zp+Zac  Zp+ Zg AN e

- V -2, E, Zr Zr, B (1.16)

T 2VRy VR \ZL+Za Zi+Zg) ‘

It follows from equation (1.11) that

P 1| |2 ’EOP RL (1 17)

= —|a _= .

L 2 | ZL+ Za|?

which agrees with equation (1.3). The equations (1.11) and (1.17) leads us to the following
interpretation and the physical meaning of power waves : the generator sends the power
% towards a load irrespective of the load impedance and if the load impedance doesn’t
satisfy equation (1.14), a part of the incident power is reflected back. This reflected power

is given by @ and so the net power delivered to the load is % — @.

It should be noted that the condition, Z, = Z; doesn’t necessarily mean that the
maximal power is delivered to the load, which happens only if the conjugate matching
condition, Z; = Zg is satisfied (Maximum power transfer theorem). Referring back to the
definition of power waves using Zy = Z, we can see that the condition equivalent to (1.14)
will be Z; = Z;, and so, in this case, not only the reflected wave amplitude is zero but
maximal power is delivered to the load as well. Following the definition 1.7, the condition
Zy = Zp results in a zero reflected wave even when the conjugate matching condition
between generator and load impedance is not satisfied and hence can be more useful in
general.

1.2 Scattering Parameters and Chain Parameters

1.2.1 Scattering Matrix (.5)

The scattering parameters for a two-port network is one of the most commonly studied and
mainly serves to quantify how energy propagates through microwave devices.

In order to describe the scattering parameters, let us consider a two-port network con-
nected to a generator and a load as shown in figure 1.2. In figure 1.2, E, is the open circuit
voltage of the generator and Zg its internal impedance, V; and V5, the voltages across ports
1 and 2 respectively, Iy and I, the currents entering port 1 and port 2 respectively. For
this two-port network, the incident and reflected power waves, a1, b; at port 1 and ao, by at
port 2 respectively, follows the definition as described in the previous section,

:‘/1—1‘201[1 :Vl—Z_()l[l

, b , 1.18

RN 'S VR (113)
Va + ZgoI. Vo — Zool.

gy = 21 Zo2t O (1.19)

2\/ R02 ’ 2 V R02 ’
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I I
+ +

Za § Two-port

Vi network Vi § 2L,

S

“O - —

CL1 — -+ a/2

b1 I - b2

Figure 1.2: A two-port network connected to generator and load

where Zy, = Ro1 + jXo1 and Zpo, = Rgo + j X2 are the reference impedances for port 1 and
port 2 respectively.

The scattering matrix relates the reflected power waves by, by to the incident power

waves a1, as on the two port,
b1 S Siz| |aa
= . 1.20
lbz} {521 522] {GQ} ( )

The matrix elements Si1,S12, 991, S92 are known as the scattering parameters or the S-
parameters.

The measurements of scattering parameters, S;; and Sy; are made by connecting the
port one to a generator whereas port two is terminated in a load that satisfies Z;, = Zps.
As mentioned in (1.14), it is the condition to ensure that there will be no reflected wave
from the load, i.e az = 0. So, (1.20) gives,

b1 = Siia; + Sipae = Snay, (1.21)
b2 = 521a1 + SQQCLQ = Sglal. (122)

This provides the definition of input reflection coefficient, S;; and forward transmission
coefficient, Sy as follows,

811 = — s 521 = — . (123)

a1 Z1ry=Zo2 a1 Z14y=Z02

Similarly, for S1o and Sso, reversing the roles of generator and load and denoting the load
impedance as Z;,, under the condition Zy, = Zy;, there will be no reflected wave from the
load, i.e a1 = 0. This provides the definition of reverse transmission coefficient, S5 and
output reflection coefficient, S as follows,

(1.24)
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The scattering matrix (S-matrix) for the two-port network S consisting of these scattering
parameters,

S Sz
S = 1.25
[521 522} ’ ( )

completely describes the response of network to incident signals on all its ports.

1.2.2 Chain Matrix (7)

The two-port can be represented by means of chain parameters (also known as scattering
transfer parameters or T-parameters) as well, which are closely related to the corresponding
S-parameters. Following figure 1.2, chain parameters (7-parameters) relates the incident
and reflected power waves at each of the two ports by,

by Ty Tiz| |a2
= . 1.26
LLJ {Tm T22] {52} ( )
The matrix 7', consisting of these chain parameters,
Ty Tio
T = , 1.27
{Tm TQJ (1.27)

is known as the Chain matrix (also known as T-parameter matrix).

Sometimes it is convenient to use the chain matrix over scattering matrix since it pro-
vides the utility of calculating the effect of cascading two or more 2-port networks just
by means of matrix multiplication of associated individual T-parameter matrices. If the
T-parameter matrices of N two-ports are represented by 17,75, ..., Ty, the chain matrix,
T of the cascade of these N two-ports (from left to right), can be easily calculated using
the matrix multiplication (Section 1.5, [7]),

T - T1T2T3 e TN- (128)

Even though the direct measurement of T-parameters is difficult physically, there exists
classic conversion formulas between S-matrix and 7T-matrix (Section 2.2.4, [34]),

T11 T12 1 —det(S) 511:|
- 1.29
lT21 Tzi So1 { —Sa Ly’ (1.29)

where, det(S) = 511520 — S1259; indicates the determinant of matrix S. For the conversion
from T-matrix to S-matrix, we have,

{511 512} 1 [Tm det(T)}, (1.30)

So1 Sa _T_22 1 —T

where, det(T') = T11T5 — T12T5; indicates the determinant of matrix 7.
It should be noted that the scattering parameters and chain parameters are complex-
valued functions of frequency.
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1.2.3 Mathematical Preliminaries

In this section, we introduce some of the functional analysis preliminaries which are relevant
to the thesis. Throughout the thesis, the imaginary axis, jR will be the frequency axis,
unless specified differently and as usual in electronics or control theory, the frequency vari-
able is jw, where w € R. In order to describe the stability of systems under consideration,
it is necessary to define the domain of analyticity in the complex plane. We use,

It ={z+jweC:z> 0}, (1.31)

as the domain of analyticity, unless specified otherwise. An analytic function defined on
any open set, function which can be locally expressed as a convergent power series around
any point in the domain, corresponds to a stable function in the electronics terminology.
It is a classical result in complex analysis that a function is analytic in an open set U iff it
is holomorphic in U (i.e complex differentiable at every point in U) (Chapter II, Theorem
5.1 and Chapter III, Theorem 7.2, [57]). In this framework, a stable filter is one whose
scattering parameters belong to the following space, H*(II*) (Definition 1.2.4, [70]),

Definition 1.2.1. (Hardy space, H*(I1")). The space of functions, f, such that f is
holomorphic in II™ and such that,

/1| = sup [f(2)] < o0.

zellt
Generally, for 1 < p < oo, we have the definition,

Definition 1.2.2. (Hardy space, HP(II*)). The space of functions, f, such that f is
holomorphic in IIT and such that,

[ fl|ze = (Sg}g/lf(:v+jw)|pdw) < 0.

In particular, the closed unit ball of H°°(IT), Schur functions, will be of great interest
in the thesis as well.

Definition 1.2.3. (Schur function). The holomorphic function, f in IIT, satisfying,

sup [f(z)] < 1.

z€ll+
From here on, we use, B, to denote the set of Schur functions on IIT.

It can be shown that for p > 0, functions in HP(II") have nontangential limits at
almost every point of jR (Theorem 2.2, [32]). This allows to speak of their boundary values

fljw) = lim+ f(z + jw) a.e and the boundary function, f lies in the space LP(jR). This
z—0

leads us to the following definition (Definition 3.6, [83]),

Definition 1.2.4. ( L™ space). The Banach space of essentially bounded (bounded on the

complement of a set of measure zero) Lebesque measurable complex valued functions on jR
equipped with essential supremum norm,

[ flzee = ess sup [f(jw)].

W€ (—00,00)
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Generally, for 1 < p < oo, we have the L¥ norm of f to be defined as,

I61e = 7 |f(jw)|”dw);

and LP(jR) consists of all f for which ||f||z» < co. For f € HP(IT*), we have its H? norm
to be equal to that of the L” norm of its boundary function, i.e ||f||z» = ||f||z» (Theorem
17.11, [83]). We can identify f and f and thus H?(IT*) can be naturally regarded as
a closed subspace of LP(jR) (chapter 8, [49] and chapter II, section 3, [42]). Another
important property to note is that, knowing the boundary values on an arbitrary subset of
positive measure of jR determines the function, f(z) € HP(II") uniquely (Ch. II, Corollary
4.2, [42)).

The basic structure of H*® functions is also going to play an important role later on
in the thesis. It is a classical topic in functional analysis with a wide literature available
( [70], [32], [83], [49]). We introduce the two important types of functions to which every
function in H°°(IT") can be factored into.

Definition 1.2.5. (Inner Function). An inner function is any function g(z) holomorphic
in IIT and satisfying,

lg(2)| <1, ze ™ and |g(jw)| =1 a.e, w €R.

Definition 1.2.6. (Outer Function). An outer function for the class H**(II") is a function
of the form,

1 [e.9]
h(z + jw) = aexp (— / P.(w—1) log(@b(t))dt),
T
where |af = 1, ¢(t) € L™ satisfies (t) > 0, log(i(t)) € L' and P,(w) = i is the
Poisson Kernel for right half plane.

It should be noted in particular that outer functions do not vanish in II*. Now, we
state below the factorisation theorem (Theorem 2.5, [32]) by F.Riesz in particular for the
H*> function.

Theorem 1.2.7. (Factorisation Theorem). Every function f(z) Z 0 of the class H*®(ITT)
can be factored into the form,

f(2) = g(2)h(2),

where g is an inner function and h is an outer function in H>°(IT1).

Finally, it is useful to recollect the Maximum Modulus Principle (Chapter 4, Theorem
12, [5]) and Cauchy’s intergral formula (Chapter 4, Theorem 6, [5]) in complex analysis,

Theorem 1.2.8. (Mazimum Modulus Principle). Suppose f is a holomorphic function in
an open set U of C. If f is not a constant function, then |f| does not attain a mazimum

on U.
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Theorem 1.2.9. (Cauchy’s Intergral Formula). Suppose that f is analytic in an open disk
A\ and 7y be a closed curve in /N oriented counterclockwise. For any point, “a” not on v,
1 [ fz)
=— | —=d
n(v.a)f(a) oni | 7 a®
g

where n(7y, a) is the index (winding number) of “a” with respect to .

Having discussed the necessary mathematical prerequisites we are in a position to con-
tinue the discussion about two-port.

1.2.4 Properties of Two-port

A detailed construction of a rigorous theory of the physical realizability postulates of an
n-port can be found in [94]. In the work presented in [94], the connection between the
physical realizabilty of n-ports and its scattering matrix being Bounded Real was made and
it laid the foundations of linear passive network theory.

Definition 1.2.10. (Bounded Real). An n X n scattering matriz, S = S(s) is Bounded
Real if it satisfies:

e (Stability). S is analytic in TIT.
e (Passivity). I, — (S(jw))'S(jw) = 0, where I, represent the identity matriz of size n.
o (Reality). Each element of S(s) is real when s is real.

The reader can refer to chapters 1 and 4 of [20] for a detailed literature about the linear
circuits and systems and physical properties of n-ports. In particular, theorem 4.5.1 in [20)]
provides a detailed proof of the fact that the necessary and sufficient condition for an n-port
to be physically realizable is that its scattering matrix S is bounded real.

The utility of power waves and scattering matrix in calculating the quantities like power
flow into and out of the two-port and in defining the important characteristics of two-port
becomes evident with the following calculations. For any point on the frequency axis, say
Cbl(iw)]

jw, denoting the vector of input and output power waves in figure (1.2) as a(jw) = as(jw)
2

and b(jw) = [Z;E%ﬂ we have,

b(jw) = S(jw)a(jw). (1.32)

Fixing the reference impedances at port 1 and port 2 as Zy = Ry + j X, and inverting the
linear transformations in (1.18) and (1.19), we get the voltage and current in terms of power
waves and reference impedance as follows,

a1 (jw) Zo + bi(jw) Zo az(jw) — ba(jw)

Vi(jw) = VT, , I (jw) = NG , o (1.33)
‘é(]a)) _ a2(jw>ZU + bQ(jw)ZO IQ(]M) _ a2(jw) — bQ(jw) (134)

VvV Ry ’
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Then the power entering the two-port, P;(jw) and power leaving the two-port, P(jw) can
be calculated as done in (1.11),

Pi(je) = gRe(Vi@) BTN} = 5(lai () = [b1(je) ) (1.35)
Py(je) = SRe{Va(j) (BTN} = 50l — ). (130

So, we have the difference in power entering and leaving the two-port,

5P(jw) = Pi(j) = Pa(je) = 5 (G)l? +laa(io)P) = 5 (bu(io) P + o)) (1.3)
j— 1 —

= 5 (ajw))'a(jw) = 5 (0(w))'b(jw), (1.38)

where superscript “ ' 7 represents the transpose. Since we have b(jw) = S(jw)a(jw), as
mentioned in (1.32), it follows that,

1

(a(jw))'a(jw) = 5(a(jw)) (S(jw))"S (jw)a(jw) (1.39)

(a(jw)){I2 — (S(jw))"S (jw) }a(jw), (1.40)

0P (jw) =

N — DN —

where Iy represent the identity matrix of size two. If the two port is passive, dP(jw)

has to be positive, which implies that the matrix (I — (S(jw))!S(jw))) must be positive
semi-definite. Hence we have the following definition,

Definition 1.2.11. (Passivity). A (2 X 2) scattering matriz S is said to be passive, if,
(SGw)'S(jw) 2T, weER, (1.41)
i.e, the matriz Iy — (S(jw))'S(jw) must be positive semi-definite.

Hence, one of the important characteristics of scattering parameters in the case of passive
two-ports is the fact that,

1Sii(jw) <1, 1<4,j<2, wek (1.42)
It easily follows from Mazimum Modulus Principle mentioned in theorem 1.2.8 that,
1Si(8)] <1, 1<4,j<2, sell’. (1.43)

This together with the fact that S;; € H*°(II") implies that scattering parameters of any
passive two-port are Schur functions. So we have the scattering matrix S of a passive two-
port to be a Schur matriz, i.e the entries of matrix are Schur functions. We will be mostly
dealing with passive systems in the thesis, unless specified otherwise.

Going further ahead, if the two port is lossless, we have, 6 P(jw) = 0 and it follows from
(1.40) that the S-matrix should satisfy,

(S(jw))'S(jw) =1, and S(jw)(S(jw))' =1, weR. (1.44)

This leads us to the definition,
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Definition 1.2.12. (Losslessness). A (2 X 2) scattering matriz S is said to be lossless if it
satisfies,

(S(jw))'S(jw) = S(jw)(S(jw))! =1y, w € R. (1.45)

Remark 1.2.13. [t should be noted that a lossless matriz is a Schur matriz (passive). Also,
definition 1.2.12 of losslessness is the matrix case of definition 1.2.5 of inner function in
the scalar case. So, equivalently, the scattering matrix satisfying equation (1.45) can be
called inner in H*(IIT) as well.

Expanding the first matrix equality in (1.44), we get the following equations,
Sn(jw)Sn(jw) + 521<jw)521(jw> = 1, (146)
SQQ(jCU)SQQ(jCU) + Sm(jw)slg( ) = 1 (147)
Sn(jbd)Su(de) + 521 (]M)SQQ(]W) =0. (148)

Similarly, expanding the second matrix equality in (1.44), we get the following equations,

S11(jw) 511 (jw) + S12(jw) Sr2(jw) = 1, (1.49)
S92 (jw) Saa(jw) + a1 (jw) S (jw) = 1, (1.50)
S11(jw)Sa1 (jw) + S12(jw)Sae(jw) = 0. (1.51)
Equation (1.48) gives, |S11(jw)[?|S12(jw)[* = |Sa91(jw)[?|Se2(jw)|* and this together with

(1.46) and (1.47) gives,
|S11(jw) (1 = [Sa2(jw)|?) = (1 = [S11(jw)|*)| G2 (jw) [*, w € R.

This yields,
|S11(jw)| = [S22(jw)|, w € R. (1.52)

So, for a lossless two-port network network, power reflection coefficients at one port is equal
to that at the other port. Inserting (1.52) into (1.46) and comparing with (1.47), we also
have,

[S12(jw)| = [S21(jw)], w € R (1.53)

a kind of power reciprocal theorem, which is satisfied when the two-port is lossless.
Finally, we can define the notion of reciprocity, i.e the transmission of signal between
any two ports does not depend upon the direction of propogation.

Definition 1.2.14. (Reciprocity). A (2 X 2) scattering matriz S is said to be reciprocal if
it satisfies,
S12(jw) = S91(jw), w € R. (1.54)

Most of the passive electrical components like resistors, inductors and capacitors are
reciprocal even though exceptions exist such as devices based on ferrites, plasmas etc. This
completes the description of properties of two-ports. Throughout the thesis, we assume
losslessness for the two-port networks which ensures that we deal with lossless scattering
matrices. Even though it is not entirely true in practice, it is a reasonable approximation
to systems where losses are not very high.
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1.3 Rational Form of Scattering Matrices

In this section, we discuss about the rational form of the scattering matrix of a finite lossless
two port. It was around the 1960’s that V. Belevitch described the scattering matrix of
any finite lossless two port as a rational (2 x 2)-matrix function of the complex variable
s = jw (Chapter 9, [12]). Before describing the Belevitch representation, it is important to
introduce some further notions about rational matrix functions.

Definition 1.3.1. (McMillan Degree). The McMillan degree of an (m x n) rational matric
function, S(s), is the smallest non-negative integer N for which one can write,

S(s)=D+C(sly — A)'B, se€C, (1.55)

where A, B,C and D are complex matrices of size (N x N), (N xn), (mx N) and (m X n)
and Iy is the identity matriz of size (N x N). The representation in (1.55) is called the
realisation of S(s).

Remark 1.3.2. [t should be noted that every rational (n X n) matriz function S(s) which
is finite at infinity (proper rational matriz function) admits a realisation as mentioned in
equation 1.55 (Theorem 4.1.1, [8]). More detailed literature about the linear systems, in
particular about the realisation theory can be found in [53].

Definition 1.3.3. (Para-Conjugate). For a matriz valued function S(s), the para-conjugate,
denoted by S*(s), is defined as

S*(s) = (S(=3))", seC. (1.56)
Similarly, for a polynomial, p(s), the para-conjugate is defined as,
p*(s) =p(—5), s e C. (1.57)

It should be noted that on the imaginary axis, S* agrees with the conjugate transpose
of S and for polynomials, we have,

P (jw)p(jw) = p(jw)p*(jw) = |p(jw)?, w € R. (1.58)

Definition 1.3.4. (Stable Polynomials or Strictly Hurwitz Polynomials). A polynomial
is called “stable” (or strictly Hurwitz) if it has no roots in IIt, the closure of analyticity
domain and it will be called “stable in the broad sense” (or Hurwitz) if it has no roots in
IT*, the analyticity domain. We use SBy to denote the polynomials of degree at most N
which are “stable in the broad sense”.

Definition 1.3.5. (Blaschke Product). A function of the form e%, where d is a stable

polynomial of degree N and € is a uni-modular constant is called a Blaschke product of
degree N.

Definition 1.3.6. (Degree of rational function). The degree of a rational function, f = ’5’,
denoted by deg(f), where polynomials p and q are co-prime (no common factors) is,

deg(f) = max(deg(p), deg(q)).
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1.3.1 Belevitch Representation

Lemma 1.3.7. (Determinant of Rational Lossless Matriz). The determinant of a rational
lossless matrix with McMillan degree N is a Blaschke product of degree N.

Proof. Let us denote the rational lossless matrix, S with McMillan degree N as,

Sll Sl2
= [ , (1.59)

-

where S;;, 1 <4, j < 2 are rational Schur functions. We have the expression for determinant
of S at any frequency point as,

det(;S)(jW) = Sll(jLL))SQQ<jW) - Slz(jCL))SQl(jW), w € R. (160)

Since the scattering matrix S is lossless, substituting for Si2(jw) in the above expression
from equation (1.48), we have,

det(S)(jw) = S11(jw)San(jw) + 521(%jw)521(jw)7 LeRm
_ Sal) Sh1(jw) jw) 4 So1 (jw) W w
=5 (o) (511(J )S11(jw) + Sa1(jw)Sar (j >>’ cR
Sz (jw)

T SuGw) ey

~—

The last equality follows using equation (1.46). From equation (1.52), we have, |S1;(jw)| =
|Sa(jw)| and this yields the fact that det(S) is uni-modular on the imaginary axis. From
equation (1.60), we also have det(S) is rational and det(S) € H>°(II") and thus det(S) is
a Blaschke product. The degree of det(S) in the lowest form (numerator and denominator
co-prime) being equal to the McMillan degree can be referred to Chapter 1, Theorem 10-
3, [41]. O

Remark 1.3.8. A similar calculation for determinant of rational lossless scattering matriz,
S can be done by starting from equation 1.60. Substituting for Sis(jw) from equation (1.51)
and later using equation (1.50) will yield,

det(S) (jw) = 2109) - e g (1.62)

- Soa(jw)

So, we have the following expression for det(S) at any frequency point,

= S S

, weR (1.63)

Remark 1.3.9. The fact that det(S) is uni-modular on the imaginary axis when S is a
rational lossless matrixz can be proved more directly as well but the above calculation is useful
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to express det(S) just in terms of the reflection coefficients, S11 and Sas. In the direct way,
from (S(jw)) S(jw) = I, we have,

1 =det((S(jw))'S(jw)), w € R
= det(S(jw))det(S(jw)), w € R
= |det(S(jw))|?, w € R.

This yields the result.

Theorem 1.3.10. (Belevitch representation). The rational scattering matriz, S, with
McMillan degree N, of a lossless two port, can be represented as

1 >k _ *
S == {q’ °r } , (1.64)
glr p

where, p,r € Py, polynomials of degree at most N, q is stable polynomial of degree N,
satisfying the Feldtkeller equation,

qq" = pp* + 11, (1.65)

and € is a uni-modular constant. We refer equation (1.65) as spectral equation and q as the
stable spectral factor of pp* + rr*.

Proof. Let us denote the rational matrix, S, of the lossless two port as

pi1 pi2
q11 q12
S = (1.66)
P21 pa2 |’
q21 q22

where p;; and ¢;;, 1 <4,j < 2, are polynomials and ¢;;’s in particular are stable (strictly
Hurwitz) polynomials. Let us denote the least common denominator of the polynomials g;;
as ¢., which will be stable as well. So let us put the above rational matrix over ¢., where
the numerators are again denoted by p;; for the sake of simplicity,

1 (P p
s=— """ (1.67)
P21 P22

Since the two-port is lossless, from definition 1.2.12 of losslessness, we have,

(S(jw))"S(jw) = S(jw)(S(jw))' =L, w € R.

t

By definition 1.3.3 of para-conjugate, S*(jw) and (S(jw))" are equal and hence on the

imaginary axis, we have,

S*S = 12 and SS* = IQ. (168)
Expanding the first matrix equality, we get the following equations,
pLipi1 + Pyipa1 = o4, (1.69)
PiiPi2 + Pyp22 = 0, (1.70)
PiaP12 + P3oP22 = e (1.71)
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Similarly, expanding the second matrix equality, we get,

puiPiy + P12Pis = 4eq,., (1.72)
P11P51 + P12pas = 0, (1.73)
P22P3s + P21Py = 4cq,.- (1.74)

It follows from (1.69) and (1.74) that,

PLiP11 = P22P3, (1.75)
and similarly from (1.69) and (1.72), we have,

P31P21 = P12P1a; (1.76)

So, (1.75) and (1.76) implies that 2% and 22 are uni-modular on the imaginary axis. It

20 P31
follows from (1.73),
bu P12

P32 a P
on the imaginary axis. It should be noted that p“ is equal to g}} and hence it represents
2 22

det(S) which is a Blaschke product using lemma (1.3.7). This means that we have the
following representation,

(1.77)

o* o*
DPag 0 Po1 0

where @ is a stable polynomial and € is a uni-modular constant. If we use hg to represent the
polynomials consisting of the common factors of p;; and p}, and similarly f, to represent
the polynomials consisting of the common factors of pi2 and p3;, we have,

p11 = ehod” P12 = —€fol"
P21 = f(w* P22 = hSH*

It is evident from equation (1.69) that ¢.¢® must contain the factor #*6 and hence it is
possible to represent the stable polynomial g. as,

Gc = q007

where ¢ is again a stable polynomial. This means that we have the following representation
for the scattering matrix S,

1 [6}100* —Gfoe*]7 (179)

Coad | fror mor
where, from equation (1.69), we have,
hohg + fofo = qoqp- (1.80)

For simplicity of representation, if we multiply all entries of matrix S by g, and use the
following notations,

P = h89*97 r= f(}ke*a q= QO6)27
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we have the following representation for .S,
1 |ep* —er”®
S =- , (1.81)
qa|r D
where ¢ is stable polynomial and again from equation (1.69), we have,
qq¢" =pp" +rr’. (1.82)

Even though the above representation is in a reducible form (including cancellations in
equation (1.79)), it is important to note that, we have,
det(s) = LT A1 _ 4 (1.83)
q q q
Thus, from lemma (1.3.7) it follows that ¢ is a stable polynomial of degree N after possible
cancellations in the above representation of S and then using spectral equation, we also
have p,r € Py. This completes the proof. O

Another important notion associated with two-port that needs to be defined is the
transmission zero. It represents the frequencies at which no signal is transmitted through
the system. We define it as follows,

Definition 1.3.11. (Transmission Zeros). The set of transmission zeros (possibly at o)
associated to a lossless two port with scattering matriz S is defined as follows:

TZ(S) = {S € I+ : 512(8)521(8) = O}, (184)
where the zeros on the imaginary axis are counted for half their multiplicity.

Remark 1.3.12. [t should be noted that in Belevitch form, the zeros of the expression
S12521 in the closed right half plane are the same as the zeros of the expression, ”qL; mn
the closed right half plane. We will refer to the non-negative polynomial, R = rr* as the
transmission polynomial of scattering matriz S. We will use P} to denote non-negative

polynomials of degree at most n on the imaginary axis and we have R € Py

1.3.2 Darlington’s Theorem

Now, we introduce another classical result related to two-ports which will be useful in the
thesis. It was around the late 1930’s that Darlington developed a synthesis procedure based
on the observaton that any given rational reflection coefficient S;; € B can be realised as
a lossless two-port having as input reflection coefficient S;; and terminated on port two
by a constant impedance [27]. Darlington’s synthesis is a widely studied topic with lots of
literature available ( [12], [20] ).

To begin with, we will present the result by Darlington which states that any reflection
coefficient S7; = § € B can be extended to a lossless two port having as input reflection
coefficient S7;. We do not suppose that p and ¢ are co-prime. The set of finite transmission
zeros of this pair (p, q) can be defined as

{scIlt : R(s)=0, R © g —pp*}. (1.85)
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If R = rr* denote the spectral factorisation of R with r* having roots only in II*, the finite
transmission zeros of the pair (p,q) are the roots of r*, which is called the transmission
zero polynomial. The multiplicity of the transmission zeros are defined as the multiplicity
of the zeros of r* and if deg(q) = n and deg(p) = k, the pair (p, q) by definition is said to
have n — k transmission zeros at infinity. A Darlington extension S of such a pair (p, q) is a
lossless scattering matrix satsisfying Si1 = £ and such that T'z(5) defined in (1.84) is equal
to the set of transmission zeros of the pair (p,q). The result by Darlington states that, if
R # 0, any such extension of McMillan degree at most n takes the form

1 —eu*
g1 [p ] (1.86)
U epr

where € is a uni-modular constant and w is any polynomial satisfying uu* = R. This can
be seen to be following immediately from Belevitch theorem : without loss of generality, let
us assume ¢ is monic and Belevitch theorem states that there exist polynomials u, v and w
in P, such that any extension sought for the pair (p, q) can be expressed as

1 |w —eu®
S=-
UVlu  ew*
where v is the unique monic polynomial satisfying vo* = ww* + uu*. By hypothesis, § =%

and because of the degree constraint, we have uu* = aR for some « > 0. It follows from
the spectral equation that

ww*  uu* _1
vU* VU*
which implies that
pp*  aR _q
qq*  vv*
This leads to the equality
qq¢" —pp" =R = aqu:

(Y

Since ¢ and v are monic and stable and R # 0, we have v = ¢ and so w = p and o = 1.
Thus we have the (2 x 2) extension of the pair (p, q) to be in the form mentioned in (1.86).
It should be noted that if R = 0, then this extension still holds true if p and g are co-prime.

An important point to be noted is that the extension in (1.86) is not necessarily recip-
rocal. To obtain reciprocity in (1.86), we must have u = —eu* that is euu* = —u?, that is
the zeros of uu* must be of even order and paired. In general this may not be the case, but
we can always obtain so as follows: decompose uu* as

uu”® = ujupo” (1.87)

where w;uj includes all jw-axis zeros and are of even order, ¢* and ¢ includes the right half
plane and left half plane zeros respectively. After multiplying (1.87) by ¢¢*, we have the
modified uu* to be

Ut = uyui ¢’ o™ (1.88)
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This modification implies that we have to multiply ¢¢* to both q¢* and pp* because of

the spectral equation g¢* — pp* = uu*. Now, it can be seen that that reciprocal scattering

matrix can be accomplished as

1| ¢op  woo
S 19 (1.89)
P4 |urpg* Forp*
where the sign in Sy, is minus if vy = u] and plus if u; = —wuj. It should be noted that

because of the surplus factor, there is an augmentation in the McMillan degree of the
scattering matrix compared to (1.86) unless we are in the case where all the transmission
zeros are on the imaginary axis. The reader can refer to theorem 5.7.1 in [20] for a more
detailed description.

Now, we are in a position to state the main result of Darlington which states that it is
always possible to realise the Darlington (2 x 2) extension by a cascade of lossless circuital
sections terminated on a unit resistor (Theorem 5.7.1, [20]).

Theorem 1.3.13. (Darlington’s Theorem). Any rational reflection coefficient S11 € B can
be seen as the input reflection coefficient of a lossless two-port, terminated at port two by a
constant impedance.

The lossless two-port in theorem 1.3.13 can be always chosen to be reciprocal as well.
A detailed survey of the Darlington’s procedure of synthesis including the necessary details
of realising different types of transmission zeros using the appropriate elementary sections
(Type A and B section, Brune’s section, Darlington’s C and D section) is available in
chapter 5 in [20]. One of the main utility of Darlington’s theorem in the thesis would be
to extend the measured reflection coefficient, S;; € B of any given antenna to a lossless
scattering matrix S. A rational approximation can be done for the given scattering param-
eter measurements as %’, where p,q € Py, N is any fixed positive integer and ¢ is a stable
polynomial. Darlington’s theorem and Belevitch representation can be utilized to extend
the measured reflection coefficient of the given antenna to a lossless scattering matrix S. It
will have as Si1, the rational approximation of measurement data,

2 512
S = [q ] (1.90)

p
6_
521 q

The rational Schur functions S5 and Ss; in the above equation satisfy the following equality
on imaginary axis,
* *

Sy — 2 q2pp ).
with e arbitrarily chosen uni-modular constant. Most part of the thesis where the theory of
broadband matching is developed, we do not necessarily consider a reciprocal Darlington
extension as mentioned in (1.89) but a general Darlington extension mentioned in (1.86).
The reader should note that it is always possible to consider the reciprocal Darlington
extension as discussed in this section as well at the cost of a possible augmentation in the
McMillan degree of the scattering matrix of the load.

(1.91)

Remark 1.3.14. It should be noted that throughout the thesis wherever we mention the
degree of a lossless two-port (say degree of the load or degree of the matching network), we
imply the McMillan degree of the scattering matrix of the lossless two-port.
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1.4 Impedance Matching Problem

Finally, in the last section of this chapter, we introduce the impedance matching problem
in circuit design which is the main topic of interest in the thesis. The problem of impedance
matching in communication systems is to minimize the power reflection that is to be trans-
mitted by a generator to a given load within a frequency band. Consider figure 1.3 in

Za

Figure 1.3: A generator connected to a load

which Zg represents the internal impedance of generator and Z(jw), the impedance of
load, which is frequency dependent. It is a simple transmitting circuit intended to deliver
maximum power available from the generator to the load. It follows from the maximum
power transfer theorem stated in (1.5) that for a given source impedance, maximum power
transfer to the load happens when the load impedance is equal to the complex conjugate
of the source impedance in the frequency band of interest (say I), i.e,

Viwel, Zp(jw) = Zg. (1.92)

Equation (1.92) is called the conjugate matching condition. The practical way of achieving
this is to introduce a matching network between load and generator so that the new load
impedance (load together with matching network) is as close as possible to the conjugate
of generator impedance in the frequency band of interest. This is depicted in figure 1.4,
where we say the load is “matched”.

Zg' | Matching | ' 2L
Network

=
I—
N

Figure 1.4: A generator connected to a matched load

Antennas are one of the classical devices in which matching plays a crucial role. When
feeding the antenna with a signal, it is not desirable that power is reflected back to the
input because it results in a loss of usable power. In addition, the unwanted reflected power
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affecting devices like generators and amplifiers can also happen. In this problem, the main
difficulty arises due the fact that antenna impedance being frequency dependent, we need
to design a matching network such that 7 (jw) is matched in the entire frequency band of
interest (one or more disjoint bands). The classical matching techniques where matching
is done at the central frequency of the band might be good enough for some applications if
the targeted band is narrow and the specifications are not so hard. This approach won’t be
sufficient most of the time when the interest is in broadband or with stringent specifications.
The applications of impedance matching are not limited to antennas but include various
other RF components such as multiplexers, filters and amplifiers as well.

The wide range of applications together with the in-depth theory that needs to mastered
in different domains have attracted many researchers to broadband matching starting from
around the 1940’s. The foundational work in matching theory goes back to the fifties where
Fano and Youla developed a synthesis procedure for matching networks ( [36], [96]). It is
based on the use of Darlington’s two-port equivalent networks and yields the necessary and
sufficient conditions to be satisfied by the functions representing the reflection coefficient
of the total system. These interpolations conditions, however, compromise the convexity
of the associated optimization problem and led to practical applications only for loads of
limited complexity and for reflection coefficients belonging to restricted classes, namely
Chebyshev or Butterworth. This method was therefore progressively replaced by a non-
convex optimization method called real frequency technique introduced by Carlin [19].
Even though this method yields reasonable results in practice, no results are known about
the global optimality of the obtained matching network. More recently, in the eighties,
J.W Helton proposed a more general approach using non-Euclidean functional analysis
( [48], [47]). In the latter, the broadband impedance matching problem is formulated as
a minimization problem of a pseudo hyperbolic distance in the supremum norm over H.
The optimal point, if it exists, is obtained thanks to Nehari’s theory which computes the
supremum norm distance of an L> function to H* [97]. This H> approach guarantees
the global optimality of the obtained response but at the cost of the absence of a degree
constraint on the circuital response. The relative mathematical complexity of this approach
together with the impossibility to realize in practice an infinite degree matching network
limited its impact in electronics.

The main contribution of this thesis is to further enhance the theory of broadband
impedance matching and at the same time take into account the practical applicability of
the developed techniques as well. We have made use of some of the classical approaches
existing in the topic like Helton’s operator theoretic approach and Fano-Youla’s global sys-
tem approach to study the broadband impedance matching problem. Together with the
theoretical study of different formulations of the matching problem developed during the
thesis, practical realization of the optimal matching networks have been given due impor-
tance as well. This has lead to the division of the thesis into two main parts, where in the
first part a detailed study of the broadband impedance matching problem is done to yield
many interesting theoretical results regarding the formulated problems, including existence
and uniqueness results, optimality conditions and critical point theory. The practical im-
plementation of developed approaches and several examples of matching filter synthesis
are illustrated as well. Furnishing lower bounds for matching criterion related to the com-
putation of finite degree matching networks is one of the important results obtained. In
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the second part of the thesis, different practical constraints for the implementation of the
matching network as per the requirements of the application are taken into consideration
as well. This has lead to the development of an approach which is able to take care of these
requirements and at the same time provide an estimate of how far the obtained matching
criterion in reality is to the theoretical lower bounds obtained in part I.

1.5 Conclusion

In this chapter, we have made a brief introduction to the thesis, giving details about
broadband impedance matching and most important tools that would be required during
the development of the manuscript. The other necessary references and results required
during the course of the thesis will be discussed as and when required. Now, we are in
a position to dive into chapter two, where we start with the first formal formulation of
impedance matching problem and then discuss an operator theoretic approach to solve
it. This approach was first introduced by J.W Helton and provides hard bounds to the
matching criterion for any given load and a specified pass band. We will make use of this
approach to solve the matching problem in the case of the finite degree matching networks.
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CHAPTER 2

Matching Problem : An Operator Theoretic Approach

2.1 Introduction

As mentioned in the previous chapter, it was J.W Helton who introduced an H* approach
to solve the impedance matching problem around the 1980’s. The matching problem is
casted as a quasi-convex optimization problem involving the minimization of a pseudo-
hyperbolic distance. The absence of any degree constraint on the circuital response is
here traded for the guaranteed global optimality of the obtained response. The method
developed by Helton is mainly based on a clever application of Nehari’s theorem (Theorem
15.16, [97]) : finding best H* approximation to any given L function in the L*°-norm.
The implementation of Nehari’s theorem depends largely on an operator defined on H?,
namely the Hankel operator and Helton’s H*> method reduces the broadband impedance
matching problem to finding singular values and singular vectors of the Hankel matrix.
In this chapter, we will give an overview of the optimisation problem solved by Helton
and subsequently illustrate the reason why its impact in the electronics world was limited,
despite its undeniable elegance. In brief terms, the relative mathematical complexity of
this procedure coupled to the impossibility to realize in practice an infinite dimensional
H* response have severely contributed to its limited impact in electronics.

The main contribution of this chapter would be to describe how Helton’s approach
can be utilized to furnish lower bounds for matching criterion in the case of finite degree
matching networks. The idea is to limit the set of possible reflection coefficients of the
total system (matching network together with the load) to certain subclass of the class of
Schur functions. This will help to gain control over the degree of the matching network to
be synthesized. Then the original idea of Helton’s approach based on the resolution of a
bounded extremal problem in H* will be used for the practical implementation. The degree
bound of the optimal matching network obtained using this approach will be estimated.
The computation and behaviour of the best finite dimensional matching filter response
obtained using this approach on some concrete antenna examples will be presented at the
end of the chapter as well.
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Lll - by k)
Matching
Network Z |::|
F
’ a1 — ~— Ay
b1 - e bg

Figure 2.1: Scalar chaining of F' and Ly,

2.2 Matching Problem

The problem of interest is the synthesis of a matching network for a given frequency varying
load. Given the measured reflection coefficient of the load under consideration in the
frequency band of interest, say I (a finite union of disjoint compact intervals), the goal is to
design a matching network so as to minimize, when plugged on the load, the power reflected
by the load in the frequency band I. We suppose that we possess sufficiently enough values
of the load’s reflection parameter L;; in the frequency band of interest I. This is usually
obtained in practice directly from the data taken from a vector network analyzer while
measuring the scattering parameter of the load. Before stating the problem formally, it
is necessary to detail the chaining operation, so as to understand the effect of chaining a
two-port to a rational schur f, in our case, to the reflection coefficient of the load, denoted
by Li;. It should be noted that from here on, whenever we speak of scattering parameters,
they will be the ones normalized to generator internal impedance. In most of the practical
scenarios, this would be 50 €2 and hence the given reflection coefficient of the load would be
the one normalised to 50 €2. We assume the same reference impedance for the scattering
matrix of the matching circuit to be synthesized. As mentioned in equation (1.13), the
reflection coefficient of the load normalised to the reference impedance is obtained from the
frequency varying impedance of the load as follows,

Z(jw) — Zo

Li(jw) = 22 — 20
11(]W) ZL(jW)+207 .

eR, (2.1)
where Z; is the fixed reference impedance.

In order to describe the chaining operation, let us consider figure 2.1 in which a two-port
with scattering matrix

Fii Fio
F= ,
{Fm F22]

is connected to a one-port load with reflection coefficient Li;. We suppose that all the
scattering parameters are given with respect to the same reference impedance. The scalar
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chaining of F' with Ly, denoted by F'oL; produces the overall reflection coefficient S1; = Z—i
The overall reflection coefficient S7; with respect to the same reference impedance can be
easily expressed in terms of the scattering parameters of I’ and the reflection coefficient Lq;
with the help of power waves. From the definition of the scattering matrix of F', we have

bl = F11(L1 + F12a2 (22
by = Fna1 + Fyas. (2.3)

It should be noted from the figure (2.1) that the input power wave and output power wave
at the second port of the matching network is equal to the output power wave and input
power wave respectively of the load Z;. This implies that as = by L1;. Substituting this for
as in (2.3) and calculating bs, we obtain

Fyay

by — 20
71— Fply

(2.4)

Now, substituting as = by L1 = lFleLZ#?I in (2.2), we get

FioFy Lyiay

by = I, —_— =
1 11a1 + 1~ Foylys

by

This yields the input reflection coefficient of the overall system 51 = o+ as

F12F21L11

Sy = F —_—
11 11 + 1~ Foplys

The reader can also refer to section 2.6 in [45] for a proof of the chaining equation based
on signal flow graphs.

Definition 2.2.1. (Scalar Chaining). Let us consider a two-port scattering matriz, say,

Fii Fio
F = ,
{le F22:|

and a rational Schur function Ly € B representing a one-port reflection coefficient, where
all scattering parameters are given with respect to the same reference impedance. The scalar
chaining of F with L1y represents the one-port reflection coefficient Sy = F'oLyy with respect
to the same reference impedance, satisfying for any given frequency,

Fip(jw) Far (jw) L1 (Jw)
1-— F22 (jW)LH(jW)

Si(jw) = Fiu(jw) + (2.5)

Now, in order to describe the crux of the matching problem, let us consider figure 2.2
in which the system consisting of the matching network together with the load is depicted.
It should be duly noted that throughout the thesis, the matrix,

Fin Fip
F= , 2.6
{Fm F22:| (2:6)
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ZG ZL

St = } Matching %
| P < | Network Fy

Eo

Figure 2.2: Matching Network Connected to One-Port Load

will represent the lossless scattering matrix (definition 1.2.12 in chapter 1) of the matching
network that needs to be synthesized, L;; the reflection coefficient of the given load and
S11, the reflection coefficient of the overall system. The lossless character of F' allows us
to obtain another expression for Sy; starting from the expression in (2.5). This expression
described below will play the central role in this chapter. As mentioned in equation (2.5),
we have the reflection coefficient of the system produced as a result of chaining F' with Lq;
to be,

Fra(jw) Fo (jw) L (jw)

S11(Jjw) = Fii(jw) + . . 2.7
u(jw) = Fuljw) 1 — Fo(jw) L1 (jw) 27
_ Fi1(jw) — Ly (jw)det(F(jw)) (2.8)
1 — Fy(jw) L (jw)

. Fy(jw) — L (jw)
= det(F(jw - . 2.9
() {2 (29
The last equality follows, since from equation (1.62), we have det(F(jw)) = %, when F'

is a lossless scattering matrix. Now, again using the same fact, we have |det(F(jw))| = 1,
for any w € R and hence it follows that,

F22(jw) - Lll(jw)
1 — Fy(jw)Li(jw)

So, we have obtained an expression for the modulus of the reflection coefficient of the system
obtained by chaining the lossless scattering matrix F' to the load with reflection coefficient
Lqq. Tt is the quantity of interest which we would like to make lower or equal to a prescribed
value in the entire passband of interest as required by the application specifications.

|Sn(ju))| = , weR. (210)

2.2.1 Pseudo-Hyperbolic Distance

The expression for |S1;| on the imaginary axis as mentioned in equation (2.10) is having a
form which is peculiar to non-Euclidean geometry, namely the pseudo-hyperbolic distance.

Definition 2.2.2. (Pseudo-Hyperbolic Distance). The pseudo-hyperbolic distance is defined
on the unit disk, D = {s € C: |s| < 1}, by,
a—>b

1—ab

d(a,b) = , a,beD. (2.11)
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It should be noted that being a distance, it satisfies all the properties of a metric on I :
e Non-negativity : d(a,b) > 0, Moreover §(a,b) =0 <= a=0.

e Symmetry : d(a,b) = (b, a).

e Sub-additivity or Triangle inequality : d(a,b) < d6(a,c) + d(c, b).

Moreover, an additional point which follows from the definition of the pseudo-hyperbolic
distance is

0<6(a,b) <1. (2.12)

Next, we state a result which will be of importance in this chapter as we go ahead : any
pseudo-hyperbolic disk is a Euclidean disk contained in the unit Euclidean disk, . To be
precise,

Theorem 2.2.3. Any pseudo-hyperbolic disk, denoted by,

Dy(c,r) ={z€D:d(zc) <r}, (2.13)
18 an Fuclidean disk,
Dp(C,R)={2€C:|z—-C| < R}, (2.14)
where,
1—17? 1—|cf?
_ S b B 2.1
¢ 1—7’2|c]20’ R 1_T2|C|2T (2.15)

A proof to theorem 2.2.3 can be found in Chapter I, [42]. Now, we are in a position to
introduce the matching problem that was solved by J.W Helton using an operator theoretic
approach.

2.2.2 Helton’s Optimization Problem

We will continue to use the notation F', as mentioned in equation 2.6, to denote the lossless
scattering matrix of the matching circuit to be synthesized. In the infinite dimensional
setting, where the output reflection coefficient of matching network, Fso, is sought for in
the set of Schur functions, B (i.e Foe € H®(II") and Vw € R, |Fy(jw)| < 1), the matching
problem can be formulated as,

Problem. P; : Given a passband, I and the reflection coefficient, L1y € B of the load,

Find : lny = }gller]lB %%%<5(F22(jw),l}11(jw)),

where I is a finite union of disjoint compact intervals on the imaginary axis.

Theorem 2.2.4. Problem P; is quasi-conver.

PhD Thesis 51



CHAPTER 2. MATCHING PROBLEM : AN OPERATOR THEORETIC APPROACH

Proof. The set of Schur functions, B, is clearly a convex set. For a given passband I and
the reflection coefficient L;; € B of the load, let us denote the objective function by,

T:B >R
U(f) = %%§5(f(jw)7L11(jW)) (2.16)

The aim is to prove that ¥ defined on the convex set B is quasi-convex, that is, to prove

the set C,.(V) defined by,
Co(U) ={f €B:U(f) <r},

is a convex set for any fixed » € R. Let fi, fo denote two functions in C,(¥). From the
definition of C,.(V), we have,

Viw e, §(fi(jw), L1 (jw))

<r
ij el 5(f2<]w)v Lll(jw)) <,
that is,
ij € ]I, fl(]LU) € CI(DH(Lll(jCU)7 7“)) (217)
‘v’jw € ]I, fQ(ju}) € CI(DH(L11<jCU)7 T)), (218)

where ‘cl’ represents the closure. Making use of theorem 2.2.3, we have, for any jw € I,

fecd(Dy(Ly(jw),r)) < f€c(Dp(C(jw), R(jw))), where,
1-— T2 1-— |L11(jW)|2 ”
1—r2]L11(jw 1_T2|L11<jw)|2 .

Cjw) = )|2L11(jw) and R(jw) =

This implies, from (2.17) and (2.18) we have,

Viw € I, fi(jw) € cl(Dp(C(jw), R(jw))) and fo(jw) € cl(Dp(C(jw), R(jw))),
Le Viw el [fi(jw) — C(jw)| < R(jw) and |[f2(jw) — C(jw)| < R(jw).  (2.19)

So, for any jw € I, we have for a € (0,1),
afi(jw) + (1= a) f2(jw) = C(jw)| < ol fi(jw) = C(w)| + (1 = @)[f2(jw) = C(jw)]
< aR(jw) + (1 — a)R(jw).
= R(jw)
This implies, for any jw € I, we have, af;(jw) + (1 — a)fo(jw) € cl(Dg(C(jw), R(jw))),

equivalently, af(jw) + (1 — @) fo(jw) € cl(Dp(L11(jw),r)). This yields us the fact that for
any fixed o € (0,1), the function af; + (1 — a) fo € B satisfies,

max d(afi(jw) + (1 — a) fo(jw), L1 (jw)) = ¥(afi + (1 —a)fy) <7

jwel

This shows the convexity of set C,.(¥) and hence the proof. [
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Helton’s approach to solve broadband matching problem is mainly based on a theo-
rem by Nehari to calculate the sup norm distance to H*. A detailed literature about a
non-Euclidean functional analysis approach by Helton for solving different problems in elec-
tronics like broadband impedance matching problem and optimizing the gain of amplifiers
can be found in [48]. In order to tackle the problem of broadband matching introduced in
problem Py, Helton developed a powerful method of gain equalization. We will give below
a brief outline of Helton’s approach to broadband matching and the associated techniques
to find theoretical bounds for the gain in the passband. The transducer power gain, G is
the ratio of the power delivered to the load to the power available from the source. Given
a desired gain profile G(jw), Helton’s approach find the largest multiple aG of it which
is realizable. Throughout the original work, Helton consider the case where the reflection
coefficient of the load, L1 (jw) are known within a tolerance for jw in some band I which
contains the passband I or the function Li; is given exactly as a rational function. Also,
for the simplicity of the exposition and the fact that it is the common industrial case, it is
assumed that |L;| does not take the value 1 on I*. The problem of gain equalization can
be stated as follows.

Problem. Pgp. (Gain Equalization Problem). Given L1y € B (reflection coefficient of the
load) satisfying |L11(jw)| < r <1 on the frequency band I and given a function G(jw) (the
transducer gain) on I satisfying 0 < G(jw) < 1, does there exist a lossless scattering matrix
F(s) such that

Gjw) =1 — (0(Fay(jw), L1 (jw)))?, wel? (2.20)

If yes, find the F(s) which realizes this gain.

The method proposed by Helton provides a test based on Nehari theory and Hankel
operator to check the realizability of a given gain G. The idea then is to use this test to
find the biggest realizable gain aGG where G is given and o > 0 is the constant to be found.
The key starting point of Helton approach is to consider the realizability of a given gain
G(jw) on the frequency band I for a given Li; € B by replacing the equality in equation
(2.20) with an inequality <. The gain is completed on the imaginary axis by defining

g(jw) = { g;@w) ;Z Z % (2.21)

So the problem can be stated as does there exist a lossless scattering matrix F'(s) such that

(§(Fas(jw), L11(jw)))* < 1 — g(jw), w € R. (2.22)

From theorem 2.2.3, the problem translates to finding Fyy € H*°(IT) such that,

| Foo(jw) — Cjw)” < R(jw)?, w € R, (2.23)
where we have,
: 9(jw) L (jw)
CU) = T, Gl — g (224

1 — |Lyy (jw)|?
I —|Li(jw)* (1 —g

Rl = ( o) (1), (229
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It should be noted that C' = 0 and R = 1 outside the passband I. Dividing equation
(2.23) by |V (jw)|?, where V is the outer function in H>(IT") satisfying, VV* = R? on the
imaginary axis, we are interested in finding Fhy € H*(II") such that,

|Foo(jw)V ™ (jw) = C(jw)V ' (jw)| <1, w €R, (2.26)

if it exists. Let us define ® = CV~! and ¥ = F»,V 1. It should be noted that the modulus
of the given load, |L1;(jw)| and the gain function G(jw) fixed by the user are assumed to
be strictly less than one. This implies that the outer function V' is invertible in H>(IT*)
and we have ® € L*(jR). Now, we are interested in solving the following classical problem
of approximation by analytic functions:

Problem. (Nehari). Given ® € L*(jR),

min ||V — ®||; = (2.27)

GeH>
and find a ¥ at which the infimum is attained if the minimum is less than or equal to one.

A detailed literature about these approximation problems can be found in Chapter
15, [97]. The solution to (2.27) and a ¥ € H*(II*) at which the infimum in (2.27) is
attained can be obtained with the help of Hankel operators.

Definition 2.2.5. (Hankel Operator). Let ¢ € L®(jR) and H> o © H?, the orthogonal
complement of H? in L?. The Hankel operator with symbol ¢, denoted by H, : H*(ITT) —
H?(IT) is the operator defined by

Hy(f) = P(of),
where P represents the orthogonal projection from L*(jR) to H2(IIT).
We have the following solution to Nehari’s problem (Theorem 15.16, [97]).

Theorem 2.2.6. Let ¢ € L*(jR) and suppose that the Hankel operator, Hy : H*(IIT) —
H2(ITY) has a mazimizing vector f (vector at which Hy attains its norm). There is a unique
best approximation of g € H*(IIT) to ¢ in the L>®-norm. It is given by,

g=g¢— o) (2.28)

S

Furthermore, we have, mlgn lg — @llL~ is equal to ||Hg||, the operator norm of Hankel
geH>

operator with symbol ¢.

So, using theorem 2.2.6, we have a solution to problem stated in (2.22) if and only if
||Hg|| is less than or equal to one and in this case, we have the minimiser,

B Hg(W)
e (2.29)

where Hg is the Hankel operator with symbol ® and W one of its maximizing vectors. We
remind the reader that ® = CV ! is known by construction from the gain ¢g and reflection
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coefficient of the load, Ly;. It should be noted from theorem 1.1.4 in [71] that as long as ® is
the sum of an H* function and a continuous function on the imaginary axis, Hg is compact
and have maximizing vectors. The reader can refer to section II in [47] for a methodology
proposed to find a maximizing vector from a truncation of the matrix of He that is close
to the maximizing vector of infinite dimensional matrix of Hg. The idea presented is based
on the notion of approximate realizability of a gain G for a given load L;;, which means
that there is a sequence of F, of lossless matching circuits such that the resulting gains G,
converge uniformly to GG on each closed set in the interior of I. One smooths the functions
C and R at the end points of the passband and then after truncating the matrix of Hg, the
approximate realizabilty of the gain G can be tested using the test ||Hg|| < 1. If it holds,
there exists a lossless matching network F' achieving the gain GG for the load.

The solution to (2.22), namely Fyy € H*(IIT) can be obtained by multiplying the outer
function V to W, that is Fy = VW¥. We remind the reader that the outer function V is
known by construction from the Euclidean radius R defined in (2.25). So, the problem
of finding the biggest realizable gain of the form aG for a given gain G' can be solved by
performing the above test of checking ||Hg|| < 1 on a grid of a’s where G is replaced by
aG. Beginning with a small value of @ > 0, we can iterate on the gain g(jw) mentioned
in equation (2.21) by increasing the value of o until the operator norm of Hankel operator
is equal to one (say it is achieved at &). This provides us Fyy which achieves the biggest
realizable gain &G in I, that is

GG (jw) =1 — (0(Fp(jw), Ly (jw)))?, we L (2.30)

The idea proposed in [47] concerning the smoothing of the functions C' and R in (2.24),
(2.25) and then using the approximate realizability test can be interpreted more practically
by starting off the procedure with a smooth gain function G(jw), say it vanishes at the
end points of the passband I and its derivative with repsect to the frequency variable,
denoted by G’ is Lipschitz continuous in I. This implies that the function g(jw) defined
on the imaginary axis in (2.21) is in C'. This together with the fact that |Li;| < r < 1
implies that the Euclidean center, C'(jw) and radius, R(jw) defined in (2.24) is C'-smooth.
In addition, it should be noted that R’ is in fact Lipschitz continuous in this setting. It
also follows from (2.25) that R is a strictly positive function and so V' is non-vanishing on
the imaginary axis. Theorem 1.3 in chapter III, [42] implies that for such a smooth R as
described here, its outer factor V build so using the Hilbert transform is C'-smooth. This
together with the fact that the derivative of Hilbert transform is the Hilbert transform of
the derivative (chapter 3, theorem 3, [68]) yields the symbol ® build on the imaginary axis
as CV~! to be C'-smooth as well. Now, it follows from theorem 2.1, chap IV in [42] that
the approximant function W € H* of such a ® is continuous on the imaginary axis and
hence belongs to the half-plane algebra, A(IT*). In this case, theorem 1.3.9 in [69] ensures
that the harmonic extension of the approximant W(jw) converges to ¥ in the sup-norm.
Thus, Runges theorem (theorem 13.6, [83]) guarantees that a rational approximation of
the optimal Fhy can be obtained and finally Darlington’s construction (Theorem 1.3.13)
can be used to form the lossless scattering matrix F (s) realizing the biggest gain aG. It
should be noted that in general there is no control in the final degree of the matching circuit
obtained by this scheme. With this, we conclude this short description of Helton’s approach
to broadband matching and theoretical gain-bandwidth limitations. For a given load, if we
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consider the uniform gain profile in I, say
Gw) =1, 0<l<1, (2.31)

Helton’s method provides hard upper bound of &l for the realizable gain. Correspondingly
it provides a hard lower bound, v/1 — &l on the power mismatch for the same load. The
first implementation of this wide-band impedance matching technique can be found in [88].
Thus, we have the solution Iy € B to problem P; which achieves the optimal matching
criterion l;,y = /1 —al. It should be noted that the solution Fyy to Helton’s approach
which realizes the biggest gain &G will be infinite dimensional. This limits the practical
usefulness of Helton’s method in providing optimal finite degree matching networks. It is
with this purpose in mind, we move to the next section, where we formulate the matching
problem in such a way that if there exists a solution to the problem, it will be guaranteed
to be realisable by finite degree matching networks.

2.3 Finite Degree Matching Problem

In this section, Helton’s approach of solving gain equalization problem will be used to solve
finite degree broadband matching problem. If there exists a solution to this problem, it
will be ensured to be a finite degree rational Schur function. Throughout the section, we
suppose that we possess a passive rational model of antenna’s reflection parameter Lq;
obtained via rational approximation techniques at hand of scattering measurements [1]. In
comparison to the setting described in the last section where a rational approximation of
the reflection parameter of the load is not done at the beginning but an approximation of
the matching filter response is done at the end, the current setting will be practically more
useful. In most of the practical scenarios, the measured reflection parameter of the load can
be approached very closely by a rational approximation in the frequency band of interest.
For example, a single resonance antenna can be approximated by a degree one rational
function in most of the cases. If a more accurate model is required, it is always possible
to increase the degree of the approximation and then perform the optimisation scheme to
be discussed in this section. In the practical world, degree bound on the matching circuit
is one of the major constraint concerning its realization and in the previous setting, once
the optimisation procedure is completed, it is highly likely that a response close to the
optimal response cannot be achieved with the prescribed degree bound. We will be able to
overcome this problem in the setting described in this section since the optimisation scheme
ensures the desired degree bound on the matching circuits. Before moving to the problem
formulation, it is necessary to describe rational “reference functions” which will play an
important role in the problem to guarantee finite degree for the solution, if it exists. They
will form a special class of Schur functions which will help to parameterise the modulus of
the total system formed by the chaining of matching network and the load. It is important
to note that if the McMillan degree of the load is M and that of the matching network
is Ny, then the degree of the overall system is at most N,,. + M and so it is natural to

consider the reference functions (whose construction is explained in the next subsection) to
be of degree N = N,,,. + M.
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2.3.1 Reference Functions

As already mentioned, the idea of introducing reference functions is to gain control over
the degree of the matching network to be synthesized. It is done at the cost of limiting
the set of possible reflection coefficients of the total system (obtained by chaining the
scattering matrix of the matching network and the reflection coefficient of the load) to
certain subclasses of the class of Schur functions. We will form a family of rational outer
reference functions {k,} parametrized by o € R*, the modulus of which mimic an ideal
step function kyp:

i) ={ § g 05 (282
There are multiple ways to approach rationally a step function. We choose here to follow
the classical Darlington insertion loss synthesis for filters. Considering the Belevitch form
of a general loss-less rational scattering matrix (Theorem 1.3.10), modulus square of the
reflection coefficient of the total system can be expressed on the imaginary axis as :

pp* 1
qq- ppr+rrt 14 0%

1S l* = (2.33)
As mentioned at the beginning of the section, we suppose that we possess a passive rational
model of the loads reflection parameter L;; denoted by Z_f € B. Using Darlington’s theorem
(Theorem 1.3.13), we can represent the lossless scattering matrix of McMillan degree M of
the given load as

A { PL. TL*] : (2.34)

qr [—€"L €Pr

where, pr,r, € Py and qp is a stable polynomial of degree M satisfying the Feldtkeller
equation, qrq; = prp; + rrr;. Throughout this chapter, we will assume that all the
transmission zeros of the load are strictly inside the right half plane and in the spectral
factorisation r;r} of the transmission polynomial of the load, we choose r;, to be Hurwitz.
Now, we build the reference functions by considering two cases, (i). r = rp and (ii).
r = rprr, where rg represent the transmission polynomial associated to the scattering
matrix of the matching circuit to be synthesized. For simplicity, in both cases we will
consider 7p is a non-zero constant and denote o« = rpry > 0. This corresponds to a

classical low pass network topology for the matching circuit to be synthesized (equation
9.22, [92]).

e Case (i). 7 = rp : In this case, we have the modulus of the input reflection coefficient
of the total system satisfying

1

1Sul’ = ——3

(2.35)
on the imaginary axis. So, for any fixed p, the modulus of S1; can be varied monotonously
using the parameter . Thus it is possible to form a family of rational Schur func-
tions {#} where g is a solution of spectral factorisation and the modulus of the Schur
function can be parametrised using a. We will make use of Chebyshev polynomials,
one of the classical tools in Filter design in order to build these family of reference
functions.
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Definition 2.3.1. (Chebyshev Polynomials). The Chebyshev polynomial of degree N,
denoted by Ty is defined on [—17,1j] by the recurrence relation,

TN(S) = —2jSTN_1(S) — TN_Q(S), N Z 2,

where Ty(s) =1 and T\ (s) = —js.

It should be noted that in contrast to the usual setting of Chebyshev polynomials
on [—1,1], we have transformed it to [—17, 1j] since in our problem, the passband I
is normalized to [—17,1j]. For a fixed positive constant ¢, we fix py as the Hurwitz
polynomial satisfying

pepy =TTy + ¢ (2.36)

on the imaginary axis and g, the strict Hurwitz polynomial satisfying

qkq, = PPy, + . (2.37)

Thus, we have a family {k, = ’;—:} of rational outer functions of degree N satisfying,

2
PR . S (2.38)
|qx| 1+ el 1+ T [ +e

on the imaginary axis. It should be noted that {k,} form a family of equi-oscillating
rational reference functions and |k, |* equi-oscillate on I between the values 1/(1+a/c)
and 1/(1+ a/(¢+1)). The reader should not confuse the subscript k& in polynomials
pr and g to be associated with degree but it is named so to mark its association with
reference function named k,. They are in fact degree N polynomials.

Case (ii). r = rprp : In this case, we have the modulus of the input reflection
coefficient of the total system satisfying

1

1+oz\%|2

|Sul* = (2.39)

on the imaginary axis. Similar to the previous case, we will make use of Chebyshev
approximation, but this time a weighted approximation because of the factor r in
equation 2.39. We are interested in solving the problem

p(jw) |°
7rL(jw)

(2.40)

Find : {g = min max
pERMPy jwel

where RMIPy represent the monic polynomials of degree N which are real-valued on
the imaginary axis and the polynomial r, associated with the given load is normalized
to be monic, denoted by 7;. This problem can be solved using the classical Remez
algorithm for the weighted Chebyshev approximation [60]. It can also be solved by
defining an extra variable I' € R satisfying for all jw € I,

o8
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Figure 2.3: Reference Functions

and then using matlab solvers like fmincon to solve

min r
(p.T)ERMP y xR

S\ 2
p(jw)
rL(jw)
The solution to problem 2.40 provides the weighted Chebyshev polynomial of degree
N. After de-normalizing the leading coefficient of the solution to be the leading
coefficient of r7, we denote it by T. Now, in order to build the family of reference
functions, for a fixed positive constant ¢, we define p, as the Hurwitz polynomial

sub :

~T<0, jwel

satisfying
pepk = TNTN +erory (241)
and ¢ the strict Hurwitz polynomial satisfying
Ky = PrP), + Qrpry. (2.42)
Thus, we have the family {k, = 2—:} of rational outer functions of degree N satisfying,
2 1 1
‘ka‘z — |I)I€|2 — A — - (243)
|qx| 1+ o | 1+ L7
TL
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on the imaginary axis. Similar to case (i), {k,} form a a family of equi-oscillating
rational reference functions and |k, |* equi-oscillate on I between the values 1/(1+a/c)
and 1/(1+a/(c+to)). Fig. 2.3 shows a representation of some of the reference functions
in the described family {k,}. Ref 1 and Ref 2 represent two reference functions of
degree N equal to 2 and 3 respectively build by following case (i). The value of «
and ¢ were set to @« = 8, ¢ = 2 and a = 10, ¢ = 1 respectively in Ref 1 and Ref
2. Similarly, Ref 3 and Ref 4 represent two reference functions of degree N equal to
4 and 6 respectively build by following case (ii) where the polynomial 7, was fixed,
rp(s) = —1.2s% — (5.1+1.25)s — (3.1425). The value of a and ¢ were set to o = 0.02,
¢ =0.02 and a = 0.03, ¢ = 0.02 respectively in Ref 3 and Ref 4.

In summary, we have considered two cases of reference functions representing the modulus of
the input reflection coefficient of the total system, one in which transmission zeros of the load
are not included in the reference function (case (i)) and other one in which they are included
(case (ii)). At the end of this section (subsection 2.3.4), we will illustrate the main difference
in the results obtained using these two types of reference functions in the optimisation
scheme that will be described for solving the matching problem in the next subsection. It
will become clear that there is an increase in the degree of the optimal matching circuit that
we will have to pay if we do not include the transmission zeros of the load in the reference
functions (case (i)). The reader should also note that choosing rprj = « in the construction
of reference functions was done just for the purpose of simplicity of explanation, instead
we can consider rr to be any fixed transmission polynomial of the matching circuit to be
synthesized with no zeros inside passband I. It can be handled the same way as case (ii) in
which we can consider « to be a positive multiplicative factor for r and replace ry with rprg
in equation (2.39). Then the same construction scheme of reference functions discussed in
case (ii) can be utilized for handling this case.

2.3.2 Bound for the Reflection Level Using H>* Approach

Having described the family of reference functions, we move to the important part of this
chapter, that is to describe the finite degree matching problem and use Helton’s approach
to solve it. We will continue to use the notation F' to denote the lossless scattering matrix
of matching circuit to be synthesized and its parameterisation using the output reflection
coefficient, Fyy € H>®(IT1). Following the Helton’s approach of gain equalization problem,
we are interested in finding the smallest power mismatch of the form |k,|. In the finite
dimensional setting, the problem can be formulated as,

Problem. P, : Given a passband 1, the reflection coefficient Li; € B of the load and a
reference function k, of degree N as described in subsection 2.3.1, does there exist a lossless
scattering matriz F(s) such that,

Vw € R, §(Fa(jw), L11(jw)) = |ka(jw)| ? (2.44)
If yes, find the F(s) which achieves this.

We will make use of Nehari theory to provide the test based on Hankel operator to answer
problem P,. It easily follows from equations (2.38) and (2.43) that |k,| is a decreasing
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function of v on the imaginary axis for any fixed polynomial p in both the cases of reference
functions. So, the idea is to use this test to find the smallest possible power mismatch of
the form |k,|. This is done by iterating on |k,| by increasing the value of a. The first step
of solving problem Ps is to relax the equality in equation (2.44) with an inequality <. So
the problem reduces to finding a lossless scattering matrix F'(s) such that

0(F22(jw), L11(jw)) < |ka(jw)], w € R. (2.45)

The pseudo-hyperbolic disk, 6(Fa, L11) < |ko| with centre L;; and radius |k,| translates to
the following Euclidean disk using theorem 2.2.3 :

(1 —[kal?) +— (1—|Lul?)

L] <
1= [kl Lu? ] = 1= kol Lu?

Fyy — |kal (2.46)

Now, following the same approach of solving gain equalization problem described in sub-
section 2.2.2, the problem can be casted as the following

Problem.

min ||V — ®||z (2.47)
WeH>

and find a ¥ at which the infimum is attained if the minimum is less than or equal to one,

where ® = (%)L_n and V' is the outer function satisfying |V | =

(1—|Lu1]?) |k‘
1—lkal?|L11]? |ITe

on the imaginary aris.

It should be noted that since we assume the load has no transmission zeros on the
imaginary axis and the function k, by construction has no zeros on the imaginary axis, the
outer function V' is invertible in H*(II*). So, we have ® € L*(jR) and we are interested
in finding an H* function in problem 2.47 whose L*-distance to ® is less than or equal to
one. So, using theorem 2.2.6, we have a solution to the problem described in (2.45) if and
only if ||Hs|| < 1.

Nehari Test I : The problem in (2.45) is solvable if and only if ||He|| < 1 where ®
is described in the Nehari problem in (2.47).

In this case, we have the minimiser,

He(W)

R (2.48)
where Hg is the Hankel operator with symbol ® and W one of its maximizing vectors. The
solution to problem in (2.45), namely Fyy € H*®(IIT) can be obtained by multiplying the
outer function V' to W, that is Fyy = VW,

Before answering the problem of finding the smallest possible power mismatch of the
form k., we will show that the symbol ® in the Nehari problem (2.47) is in a peculiar
rational form bg, where b is a finite Blaschke product and g is a rational H* function. The
importance of this form lies in the fact that it provides direct information about the the
kernel and range of the Hankel operator with this symbol. Theorem 2.4 in [71] states the
following.
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Theorem 2.3.2. Let g € H*® and b be an inner function such that b and g are coprime
(no common nonconstant inner divisors). Then

Ker Hy, = bH? and clos Range Hyy = H? o bH?,

where H2 ¥ 12 0 H?, the orthogonal complement of H? in L?

We had two cases of reference functions, k, = 2’—:, described in subsection 2.3.1,
e Case (i).
2 |pk‘2 . . .
|kal® = et on the imaginary axis.
Pk «Q

In this case, first of all, we do some elementary calculations to provide a rational
expression for the outer function V' and the symbol & mentioned in problem 2.47.

(1-1L1:1]?)

W ’kal on the imaginary axis and
«

V' is the outer function satisfying |V| =

V\ 1—|kal|?|L11]?

o =1 (i>L_11 We have,

pL * * *
Ly = =—, where qrq}, — pLpp, =717,
qr (2.49)
Pk * *
ko = —, where qrq; — prp;, = o

dk
Now, we will express the terms, 1 — |Ly1|?, 1 — |kq|? and 1 — |k, || L11]? present in the
expressions of |V| and ® in a rational form using (2.49). We have

* *
PLpy, rLr

1_|L11|2:1 L — L
qrqr  qr4p
x o
W Ky
1-— |ka|2|L11|2 —1_ PkPrPLPI, _ T

QRdiqrq;,  GaLd;
where x is used to denote the Hurwitz polynomial of degree N + M satisfying
Tx" = QuarqLdy, — PrPRPLPL- (2.51)

Substituting the required expressions from (2.50) in the expression of |V|, we have,

TLTT QkQRqL4],
qrq;  xx*

Pk

V]=
qk

2
This provides the rational expression of the outer function V, V = Z2% Now, using

this rational expression of V' and the required expressions from (2.50), we have

o — 1( 1 — |ka? )j: T O Qiqgipp _ T DL
VA1 — |ko|?| L11)? TIDRGE Gdp TT* G T 73 Prq
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So, we have,

2 *
T x

Lpg% and ® = a— ];LQL .

T T T PRk

V=

(2.52)

It should be noted that the unstable poles of ® are the roots of z* since rp, p; and
qr are Hurwitz polynomials. If we denote the roots of x* by B, Ba, ..., Bn+u, each
B; € II'T, we have ® = bg where

apiq w*(s) 7 s 8
LYL — Mi
= and b(s) = = = 2.53
"3 Dl (s) z(s) g s+ B (2:53)
e Case (ii). ,

kao|? = __ I on the imaginary axis. (2.54)

pi|? + are[?
Similar to the previous case, we can derive the following expressions in this case of
reference functions,

T *
v =Bk g 0PI (2.55)
Lo Lo P4k
where z is the Hurwitz polynomial of degree N satisfying
Toxy = aqrq; + PEDy- (2.56)

The unstable poles of ® are the roots of z since py and g, are Hurwitz polynomials.
If we denote the roots of zf by 1, 52, ..., Oy, each 3; € I, we have ® = bg where

j o(5) _ T b
g =PI g sy = 200 T (2.57)

Prak To(s) St B

So, the rational symbol ® € L* in the Nehari problem (2.47) has the following expression
in both cases of reference functions,

® = by,

where b and ¢ follow the equations mentioned in (2.53) and (2.57) in cases (i) and (ii)
respectively. So, it follows from theorem 2.3.2 that

Ker Hy = bH? and Range Hy = H2 6 bH?.

So, the spaces, orthogonal complement of kernel of Hankel operator Hg in H? and the
image of Hankel operator are finite dimensional and are explicitly

e 1
(Ker Ho)' = H? © bH* < H(b) = span <gi = > (2.58)
s+ /81
e - 1
Range Hy = H? ©bH? © (D) = span <hz- = _—5> (2.59)
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A detailed literature about the collection of analytic functions that are in the image of an
operator can be found in [38] and [39]. In particular, corollary 14.8 in [38] provides the
result, span(g;) = H(b). The bases {g;} and {h;} of (Ker Hg)* and Range Hg respectively
will be useful in the numerical implementation of the Nehari problem 2.47 as described in
the next subsection.

So, the problem of finding the smallest possible power mismatch of the form k, can be
solved by performing the Nehari test I of ||Hg|| < 1 by iterating |k,|. This can be done
by performing the test on a grid of a’s and finding the a at which ||Hs|| = 1 (say it is
achieved at &). It should be noted that when L;; is a non-constant rational Schur function,
the existence of such an & which is unique is guaranteed. This can be seen by the fact that
perfect matching on interval I would imply Fos(jw) = Lq1(jw) for all w € I and this is not
possible since Lj;(s) corresponds to the evaluation of Lj;(s) on the imaginary axis, which
is an anti-analytic function. So, for any a > &, the answer to the problem in (2.45) is that
there doesn’t exist Fyy € B satisfying (2.45). The optimal & provides us Fyy which achieves
the smallest possible power mismatch |kg/, that is

A

0(Fn(jw), Lu(jw)) = [ka(jw)|, w € R. (2.60)

Finally Belevitch theorem (Theorem 1.3.10) can be used to form the lossless scattering
matrix F (s) realizing the smallest power mismatch |ks|. In the next subsection, we will
briefly explain the important steps in the numerical implementation of the above mentioned
approach in finding FQQ, the solution to problem P, which realizes the smallest possible
power mismatch of the form |k,|.

2.3.3 Numerical Implementation : Generalized EVP

Even though it is more common to find Nehari theory described in the framework of Hardy
spaces of the unit disc D, H>(D), we choose to continue in the setting of right half plane,
H°(II"). It should be noted that the implementation described below of the Nehari’s
solution to the extremal problem (2.47) can be easily shifted to the setting of H*(D) using
the map, s — (s — 1)/(s + 1) sending the right half plane to the unit disk. It should
be evident from the last subsection that solving problem P, for a reference function k,
essentially reduces to solving Nehari problem for ® = bg € L™ in (2.47). For a rational
function ® of this form, in order to find the maximizing vector of the Hankel operator, Hg
: Hy — H,, we follow the steps below:

(i) Let {8;}&, be the poles of ® inside the right half plane. When the reference functions
are build as in case (i), we have d = N + M and in case (ii), we have d = N.

(ii) Fori=1,2,....d, {g:} = {5} form a basis of (Ker(Hs))" and {h;} = {;=Z5-} form
a basis of the image of Hg as mentioned in equations (2.58) and (2.59).
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(iii) Let the Gram matrix of the {g;}'s be denoted by G;. We have

+00
1 1 1
G, = [amm] = <gmagn> = % / (3 — 5m) (S +Bn)dw
L hGs)
S
- 271'] / 3_6md87

where h(s) = ﬁé‘ Since 3, € II*, h is analytic in IIT and hence Cauchy’s integral
formula (Theorem 1.2.9) applies to give

d
Gy = h(By) = [ﬂ 1”3 } | (2.61)
m niImmn=1

Similarly, the Gram matrix of the {h;}’'s can be calculated as,

“+oo

G = lbusl = o) =5 | e

—00

:{ ! r (2.62)

Bm + 6” m,n:l'

(iv) Denote the matrix of the Hankel operator, Hy by A in the chosen bases {g;} and {h;}
for (Ker(Hg))* and the image of Hg in H? respectively. If we represent the rational
function ® by :

N(s)

B T SO P R | PRy R PR Y

(2.63)

where 3;’s are in IT*, 7,’s are in II~ and N (s) a polynomial, the matrix A of dimension
(d x d) can be calculated as follows. We can use f(s) € H*(II") to denote

f(s) = ﬂ (2.64)
(s =)

t
i=1

Now, we can compute the application of the Hankel operator Hg on some element
u = (uy, Uy, ..., uq) in (Ker Hg)t. From equation 2.58, we have

u(s) = Z u;gi(s),
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where g;(s) = s+IB-‘ The application of Hankel operator Hge on g, for 1 < n < d
produces the following:
S 1
Halan) = P(og) = 21— L) (2.65)
s+ fn

d
=> J () - - 3 (2.66)
i;@%

d
=y / (i”” B, (2.67)
m=1 (ﬁm + Bn) 1:[ (Bm - 61)
z‘;Zr}z

where h,, = ﬁ It should be noted that (2.66) is obtained from (2.65) after doing a
partial fraction decomposition of the function ®g,. Now, (2.67) implies that we have
the (m,n)™ element (1 < m,n < d) of the matrix of Hankel operator,

a £ () _ N (Bn) |
(5m + Bn) 1:[ (ﬁm - Bz) (ﬂm + Bn) H (6m - 51) ] (/Bm - ’7]’)
z‘;an@ 117?71n 7=l

The last equality follows from equation (2.64). Thus, we have the matrix A of the
Hankel operator Hg,

i N(B1) N(B1) o N(B1)
(B1+51) iljl(ﬁl —Bi) jli[l(ﬂ1 —v5)  (Bi+hBe) iﬁll(ﬁl —Bi) jli[l(ﬁl —75) (B1+Ba) ZE[l(ﬁl —Bi) jlj1('81 —;)
i£1 i#1 i#1
N (B2) N(B2) N(B2)
(BotB) 11 (Bo—b) 11 (Bary)  (BatBo) 11 (Ba—8) T1(Bors)  (BatBa) 11 (Ba—82) 11 (Ba—ny)
A= ot = 2 = 2 =
N(Ba) N (Ba) o N(Ba)
(BatB1) iillwd—m) jljlwd—w) (Bat B2) iljlwd—ﬁi) jrjl(ﬁd—w) (BatBa) iljl(ﬁrﬁi) jrill(ﬁd—w
i i2d i2d i2d

So, in order to find the operator norm of Hankel operator and the maximizing vector,
we are interested in solving the following problem,

A
Find : 72 = max || u||2

. 2.68
e e Tl (2.68)

This gives ||Hg|| = 7. We have ||Aul|y = u*A*GoAu and ||ul|z = ©*G1u, where G and G
are Gram matrices as described in equations (2.61) and (2.62) respectively. Thus, we solve
the generalized eigenvalue problem: A*GyAu = A\G1u.
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The eigenvector corresponding to the largest eigenvalue will provide the maximizing
vector, W of the Hankel operator and the square root of largest eigenvalue will provide the
value of the minimum in (2.47). This directly provides us the solution, ¥ € H>(II") to
Nehari problem in (2.47),

Hy(W)

V=0
W

The solution Fs; to problem 2.45 is obtained by multiplying back the outer factor V', that
is Fyy = V'W. The process is continued by iterating over a until we obtain ||Hs|| = 1 (say
it is achieved at &). This provides us the solution FQQ to problem P, realizing the smallest
possible power mismatch of the form |k,|.

2.3.4 Degree of the Optimal Matching Circuit

In this subsection, we will provide an important result which states a bound for the degree of
rational Schur function Fyy which is obtained as a solution of problem (2.45). This provides
information about the degree of optimal matching circuit obtained as a result of solving
problem Ps. It should be noted that we had two cases of building the rational reference
functions k, described in subsection 2.3.1, where, in one case the transmission zeros of the
load was included in the reference and one in which it was not done. The proposition stated
below provides the estimate of degree of the matching circuit obtained in both cases.

Proposition 2.3.3. The scattering matriz of the matching circuit obtained by solving prob-
lems (2.45) and Py satisfies the following degree bounds on its McMillan degree :

(1). In the case of reference function, ko, = Z—: satisfying riry = Qqp — pePy = « (case
(i) in subsection 2.3.1), if there exists a solution F(s) to problem 2.45, the degree of the
rational Schur function Fys(s) is bounded by 2(N + M) — 1, where N s the degree of ky/(s)
and M s the McMillan degree of the scattering matrixz of the load. In this case, the degree
of the solution Fyy(s) to problem Py is bounded by N + M — 1.

(2). If the reference function, ko, = L satisfy ryry = qrqy — pepy = arpry (case (i)
in subsection 2.5.1),the degree of the solution Fsy(s) to problem 2.45 is bounded by 2N — 1,

where N is the degree of ko(s). In this case, the degree of the solution Fyy(s) to problem Py
18 bounded by N — 1.

Proof. We will do the proof separately for both cases of reference functions.

(1). In the first case, reference function, k, = 2—: satisfy

* * *
TETy = k4 — PPy — Q.

In this case, as per equations in 2.52, we have the following expressions for the symbol ®
of the Hankel operator and the outer function V,

T PRaL oy, _ TLPEG

(I>:0z*2 , 5
T* 7] PR T
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As mentioned in equation (2.48), we have a solution to the problem 2.45 if and only if
||Hs|| < 1 and in this case, we have the minimiser,

Hg(W)
W )

where Hg is the Hankel operator with symbol ® and W one of its maximizing vectors. The

solution to problem 2.45, Fpy € H*(II") is obtained by multiplying the outer function V' to

W, that is Fhy = VW. We have W € H(b) and He(W) € H(b), where b(s) is the following
Blaschke product of degree (N + M) as per equation in (2.53)

U=0— (2.69)

N+M

o) = = 5

It should be noted that from equations (2.58) and (2.59) , we have

H(b) = XML gy = ML (2.70)

T x*

This implies that the maximizing vector W and the Hankel operator acted upon W can be
expressed as

b
W=2 " HyW)=2

— 2.71
x x*’ (2.71)

where ay and by are polynomials of at most degree N + M — 1. In addition, in this case,
from theorem 1.4 in [71] it follows that the error function, ® — ¥ = % has constant
modulus on the imaginary axis and we have

by = Ta;, T € C satistying |7| = ||Ho|| (2.72)
and ag is Hurwitz polynomial. So, we have

Ho(W) _ 3(@?2% b ) @ <ap*LqLao — bor%pqu)
x* 77 Dero

x*

U=0— (2.73)

2
T Prqk Qo

It should be noted that since ¥ € H*(II*), 2* should divide the polynomial (ap}qrag —
bor? prqr) which is of maximal degree 3(N + M) — 1. This follows from equation 2.71,
Hp(%2) = P(®%) = & e, we have

a aptqra b c
0 _ pLQLO__0+ 0

2 - 2 ?
T TrIPRQr T TIDRGk

where ¢y € Py(y4ar)—1. This implies that we have
apyqrao — boriprgr = cot™. (2.74)

Substituting this in equation 2.73, we have,
TCo

T1PEqLao
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So, when ||Hg|| < 1, we have the solution Fyy € H>(IIT) taking the following rational
expression,

Foo =VV = s (2.75)

Tag

Thus, we have the degree of the solution Fps(s) to problem (2.45) bounded by 2(N + M) —1.
The solution to problem P, is obtained when ||Hs|| = 1 and when this happen, we
claim that in the expression for Fsy, the polynomial z divides ¢q and hence giving a degree
bound of N + M — 1 for Fy. In order to prove this claim, following equation 2.74, we will
prove that the polynomial (ap}qrag — bor?prqr) which vanish at the roots of z* vanish at
the roots of = as well when ||Hg|| = 1. From equation 2.74, for 1 <i < N 4 M, we have

alpyaraol(B;) = [boriprar] (B, (2.76)

where 3; € IIT are the roots of z*. Conjugating equation 2.76, we have

olprazagl(=Bi) = [05(r) prail (—5),

Multiplying this equation by [rp.p}pi](—05:), we get

alprairepiprag)(=B:) = [b5(rL) *ropippidil (= 5:). (2.77)
Recall from equation 2.51 that the Hurwitz polynomial = satisfy
Tx" = QrqrqLdy — PkPRPLDL- (2.78)
It follows form equation (2.78) that
laxararar)(=B:) = [pepiprpi)(=5:)-

This equation along with the spectral equations, qrq; = prp) + « and qrq; = prp; + 7]
provides

alpipr)(=6) = ~lreriaai)(—5),  [reripwi) (=8:) = —algwar)(=5). (2.79)
Substituting these values of a[prp;](—f5;) and [rpriprpi](—B;) in equation 2.77, we get
[GST%CIZTE%C]ZPIC](—BO = @[P*LTEQLQZQZZ’S](—@)-

Simplifying the factor [r}q}q;](—3;) (note that it does not vanish since r,q;, and g, are
Hurwitz polynomials), we get

lagrEosar) (—B:) = alplarbi) (—5:)-
When ||Hg|| = 1, we have af = 7*by and bf = 7%a, from equation 2.72 and thus we have,
[borprar] (—5:) = alpiqracl(—B5). (2.80)

It should be noted that if the multiplier [r.p}pk)(— ;) in equation 2.77 is zero, then we have
the above result trivially since [rppg](—05;) = 0 implies ¢.(—f;) = 0 and when p} (—5;) =0,
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[r1.qi](—Bi) = 0 from equations in (2.79). So, equation 2.80 proves our claim that the poly-
nomial (ap}qr.ao — borsprqx) vanish at the roots of = as well when ||Hg|| = 1 and hence the
maximal degree of solution Fyy to problem Ps is N + M — 1. This completes the proof in
the first case.

(2). In the second case of reference function, ko = &, we have

* * * *
TETy = k4 — PkPy, =— QTpTp.

In this case, as per equations in (2.55), we have the following expressions for the symbol ¢
of the Hankel operator and the outer function V,

v = Dk (2.81)

*
To PLaL
2

¢ =a— ,
Ty Prqk Ty

We will follow the same approach of previous case in order to calculate the degree bounds of
the solution in this case and hence will only present the important steps. We have a solution
to the problem 2.45 if and only if ||He|| < 1 and in this case, we have the minimiser,

v HeW)

, (2.82)

We have W € H(b) and Hy(W) € H(b), where b(s) is the following Blaschke product of
degree N as per equation in (2.57),

N N
be) = B[
i=1 ¢

The maximizing vector W and the Hankel operator acted upon W can be expressed as

a b
- :72 Hy(W) = x—‘; (2.83)
where ag and by are polynomials of at most degree N — 1. In addition, we have
by = Tagy, T € C satisfying |7| = ||Ho (2.84)
and ag is Hurwitz polynomial. So, we have
U He(W) _ m (@ B @) _ T (apzqwo - bokaIk)‘ (2.85)
w 5\ PeGr Qo g Prqko

Since ¥ € H*®(II"), xj should divide the polynomial (ap} qr.ao—boprgr) which is of maximal
degree 3N — 1. This implies that we have

aprqrao — bopkqr = coZy, (2.86)

where ¢g € Poy_1. Substituting this in equation 2.85, we have,
ToCo

U = .
Prqrao
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So, when ||Hg|| < 1, we have the solution Fyy € H>(IIT) taking the following rational
expression,

Co

ﬁoaol

Thus, we have the degree of the solution Fyy(s) to problem (2.45) bounded by 2N — 1.

The solution to problem P, is obtained when ||Hg|| = 1 and when this happen, we
claim that the polynomial (ap}qrao — boprqr) which vanish at the roots of zj vanish at the
roots of xg as well. From equation 2.86, for 1 < i < N, we have

alprqracl(Bi) = [bopkar) (B:), (2.88)

where 3; € IIT are the roots of xj. Conjugating equation 2.88, we have
alpragag)(=5:) = [beprarl (—5:),
Multiplying this equation by [p%pi](—5;), we get
alprazpiprag)(=5;) = [boprorpidil (= 5:)- (2.89)
Recall from equation (2.56) that the Hurwitz polynomial z, satisfy
Tory = aqrqr + PrPr- (2.90)
Substituting pyp; = qxq; — arpry, we also have,

Ty = Qrqr, + QPLD].- (2.91)
Equations (2.90) and (2.91) provides

a[prE](—Bi) = —[QkQZ](—Bi)a [pk:pZ](—ﬂi) = _O‘[QLQZ](_Bi)- (2‘92)

Substituting these values of a[prp;](—3:) and [prp}](—f3;) in equation 2.89, we get

g7 prawaras)(—5:) = alboardrprai)(—Bi) (2.93)

Simplifying the factor [¢}q;](—/3;) (note that it does not vanish since q;, and g, are Hurwitz
polynomials), we get

lagprar)(=5:) = alpracby)(—B).
When ||Hg|| = 1, we have af = 7%by and b§ = 7*a, from equation 2.84 and thus we have,
[Doprar](—5i) = alpraraol(—=Bi). (2.94)

If the multiplier [p% pi](—3;) in equation 2.89 is zero, then we have the above result trivially
since pi(—p;) = 0 implies qz,(—3;) = 0 and when p} (—3;) = 0, qx(—f5;) = 0 from equations
in (2.92). So, equation (2.94) proves our claim that the polynomial (ap}qrao — boprqr)
vanish at the roots of xy as well when ||Hg|| = 1 and hence the maximal degree of solution
F55 to problem P, is N — 1. This completes the proof. O
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Proposition 2.3.3 provides some interesting insights into the maximal degree of optimal
matching circuit obtained by the approach used in this chapter. If the reference function
is considered to have the degree N equal to the sum of the desired degree of the matching
circuit and the load (N = N,,.+M), then in case (i), the resulting optimal matching circuit
can have an extra degree of 2M — 1 and in case (ii) it can have an extra degree of M — 1
compared to the desired degree N,,. in the proposed scheme. However, the knowledge of
degree bounds of the optimal matching circuit from proposition 2.3.3 allows us to perform
the following : if the targeted McMillan degree of the scattering matrix of the matching
circuit to be synthesized is constrained to be less than or equal to N,,. as per the application
requirement,

(i). in the case of reference functions k, = £ build such that rr}; = a, the maximal degree
of k, should be constrained in the optimisation to be N,,.+ 1 — M,

(ii). in the case of reference functions k, = 2- build such that ryr; = arpr;, the maximal
degree of k, should be constrained in the optimisation to be N,,. + 1.

The extra freedom of degree (which is equal to the degree of the load) in case (ii)
compared to that in case (i) provides an advantage to the reference functions in which
transmission zeros of the load are included in them (rr; = arpr}) in providing a better
optimal criterion compared to the ones in which they are not included. It is also more
natural to include the transmission zeros of the load in the total system to be synthesized
from the start and so it is always better to consider the reference functions described in case
(ii) in the optimisation scheme. In the next section, we provide some illustrations of the
results obtained via the numerical implementation of the optimisation scheme described in
this chapter.

2.4 Results

For a given reflection coefficient, L1; € B of the load, the solution to Problem P,, when
one exists, provides the output reflection coefficient Fyy of the optimal matching circuit for
reference functions of the form k.. As we have discussed, there exists a solution to Problem
P, if and only if the operator norm of Hg is equal to one (say it is achieved at &). We
call the so obtained reflection coefficient Fyy of matching circuit an approximate solution to
Problem P; with respect to the family of rational references {k,}. A remarkable property
of the latter is that its degree is comparable to that of the reference ks as described in
proposition 2.3.3. For a = &, the modulus of the total system’s reflection parameter equals
that of ks. We will present in this section some examples of the matching results obtained
by the implementation of problem P, using reference functions build as in case (i) and case
(ii) of subsection 2.3.1.

2.4.1 Example : Superdirective Antenna

In this example, we consider matching a superdirective antenna presented in [52] with
scattering matrix of McMillan degree, M = 2. The targeted passband for matching is 870
MHz - 900 MHz. The reflection coefficient of the this antenna, Li; is depicted in figure 2.4.
The shaded rectangle in the figure represent the targeted passband.
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Figure 2.4: Scattering parameter of load with McMillan Degree 2.

For this antenna, we will be presenting the results obtained with a matching circuit of
degree, Ny;c = 5 in both cases of the reference functions as described in subsection 2.3.1.

Case (i) : 7y =«
In this case, we did the implementation of problem Py with degree of the reference function
N=Nyc+1—-—M=4

and the fixed positive constant ¢ = 2 in equation 2.36. The iterations on a provided
& = 26.1 at which ||Hg|| = 1. The result of solving the Nehari problem mentioned in 2.47
is shown in figure 2.5 . It shows the function ®4 to be approximated in the problem and
the optimal Hankel approximant W, that is obtained when ||Hg|| = 1. The error function
in the Nehari approximation, ®; — Wy is plotted in the normalized passband [—1j, 1j] in
figure 2.6. It can be noticed that the modulus of the error function is constant and equal
to one. The scattering parameter of the matching circuit of McMillan degree 5 obtained
by solving P, is depicted in figure 2.7. The result of chaining this matching circuit to the
load is shown in figure 2.8. It can be noticed in figure 2.8 that |ks| and |S;1| are equal and
so we have the solution to the gain equalization problem in the finite setting, problem Ps.
The optimisation scheme produced a significant reduction in the maximal mismatch value
of the load in the targeted passband from -1.37 dB (L;; at 870 MHz) to -7.94 dB.

Case (ii) : rprf = arpry
In this case, we did the implementation of problem P, with degree of the reference function
N=Nyc+1=6

and the fixed positive constant ¢ = 0.02 in equation 2.41. The iterations on « provided
& = 0.00282 at which ||Hg|| = 1. The scattering parameter of the matching circuit of
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McMillan degree 5 obtained by solving P, is depicted in figure 2.9. The result of chaining
this matching circuit to the load is shown in figure 2.10. In this case, the optimisation

scheme produced a reduction in the maximal mismatch value of the load in the targeted
passband from -1.37 dB (L;; at 870 MHz) to -8.42 dB.

It should be noted that fixed value of positive constant ¢ in problem P, can have an
effect on the optimal criterion obtained. The best possible matching criterion (lowest value
of maximal mismatch in the passband) with the described family of reference functions can
be always obtained by solving the problem P, on a grid of ¢’s and choosing the best ¢. The
possible variation in the optimal matching criterion obtained for different values of fixed
¢ in the example provided in case (i) is shown in figure 2.11. In the examples depicted,
the ¢ providing the best matching criterion for the given load using the described family
of reference functions is chosen. As mentioned at the end of the last section, it can be
observed that the reference function in which transmission zeros of the load are included in
them (case (ii)) provides a better criterion compared to the family in which they are not
included.

—— L*° function, &4
=== H®° approximation, ¥4

Figure 2.5: H* approximation result.
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Figure 2.6: H* approximation error, E(jw) = |P4(jw) — Y4 (jw)].
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Figure 2.7: Scattering parameter of the optimal matching circuit in Case (i) (Nyc = 5).
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Figure 2.8: Optimal System reflection Sj; obtained by solving Py in Case (i) (N = 4).
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Figure 2.9: Scattering parameter of the optimal matching circuit in Case (ii) (Nyc = 5).
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Figure 2.10: Optimal System reflection Sj; obtained by solving P, in Case (ii) (IV = 6).
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Figure 2.11: Variation of optimal matching criterion with value of fixed ¢ in Case (i)

2.4.2 Analytic Examples

In this subsection, we will consider two analytic examples of antenna, meaning the polyno-
mials representing the Belevitch representation of the scattering matrix of the antenna will
be explicitly provided. In these cases, we will discuss the results obtained by the imple-
mentation of problem P, for different degrees of matching circuits and also its comparison
to the classical matching criterion bound obtained by Fano in [36].

(i). Degree 1 Antenna

In this example, we will consider matching an antenna with scattering matrix of McMillan

degree, M = 1. The polynomials p;, ¢, and r;, and uni-modular constant € in the Belevitch
representation of the scattering matrix of the load in (2.34) were fixed to be

pr(s)=s, rp(s) = —1, qr(s) =s+1and e = —1.

So, we have a load of degree 1 with Lj1(s) = Laa(s) = —7 and a transmission zero at
infinity. The targeted passband for matching is [—1j, 1j]. The reflection coefficient of the
this antenna, L1y is depicted in figure 2.12. The shaded rectangle in the figure represent
the targeted passband and Im(.) is used to denote the imaginary part.

Before presenting the results obtained by solving problem P, we estimate the Fano

bound for this antenna. For this purpose, we initially provide the general expression of
angular derivative, ang[Lqs](00) for a given reflection coefficient,

pnsY + py_1sN T 4 L pis 4 po
LQQ(S) =

gnsN +qr_1sV M+ s+ qo

(2.95)
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Figure 2.12: Scattering parameter of load with McMillan Degree 1.

satisfying |Lga(00)| = 1. We have the angular derivative of Ly at infinity as follows (detailed
in the derivation of (4.71)):

)

A detailed summary of angular derivatives is provided later in subsection 4.1.1 in chapter
4. Now, we will provide a brief outline of the optimal matching criterion bound that was
provided by Fano [36] for an antenna consisting of atleast a transmission zero at infinity.
This will serve the purpose of comparison of results obtained on the analytic antenna
examples with the Fano bound. Denoting the output reflection coefficient of the overall
system (matching circuit together with load) by Sgs, we have the angular derivative of Sy
greater than or equal to the angular derivative of Lo at infinity (proposition B.1.1), that is

%(LQ? (3%)) PN gN-1

L] =

1
Loa(55 weo PN qn

(2.96)

w=0

ang[Sas](00) > ang|[Lag](00).

By denoting the overall reflection coefficient Sy; € B by S5 = SQOQb, where 5202 is outer and
b is Blaschke product (theorem 1.2.7), it follows from the fact that the angular derivative of
the product of two functions is the sum of angular derivative of these two functions (4.3),

ang[S5,](00) + ang[b](c0) > ang[Lss](00).
That is
ang[S](00) > ang[Lyy](00) — ang[b](c0) > ang[Lss](co) (2.97)

since the angular derivative of b is non-positive (proposition 4.1.3). It follows from Riesz-
Herglotz representation [22] that the angular derivative of an outer function has an integral
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expression as described below. For z € IIT, from Riesz-Herglotz representation, the evalu-
ation of logarithm of outer function S$ is given in terms of its real part on the boundary
(equation 5, [9] and page 133, [49]),

hmagwnzziLfﬁnos%@wn>(zfﬁw——1ijﬂ)dw.

The representation is unique upto a purely imaginary constant. By a change of variable
from z — %,

1

In (5202(_)

_loo O . gw
D) =1 [ msgion (= - 12 )

—0o0

and then by differentiating with respect to z, we have

o0

(o)) -

Taking the limit z — 0, we obtain

oo

1 ‘
ong[S)(00) = + [ In|S§ i)l
This together with (2.97) provides
1 [ o
- In |S% (jw)|dw > ang[Las](00). (2.98)
For the optimal Sy which minimize |Sa(jw)| in an interval I = [—17, 1j], Fano considered

S whose modulus is constant (denoted by FB) within the passband I and zero outside,

) FB jwel
opt o ]
sl ={ o0 S5t (299

Thus it follows from (2.98) that
2 In(FB)

> ang|Lao|(00)

and it provides the following expression of Fano Bound in dB

L0mang|Las](00)

FB(in dB) = 20log(FB) = 10
n

(2.100)
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In this example, from (2.96), we have the angular derivative of Los(s)

the given antenna evaluated at the transmission zero, infinity,

ang[Lag](00) =0—1=—1

and so the Fano bound (FB) can be evaluated from the expression,

FB(in dB) = mmnlg[fé?](oo) — —13.64 dB.
n

_ epy (s) __ s
= e =1 of
(2.101)

Now, we present the result obtained by solving problem P,. We did the implementation
with degree of reference function, N = 5. The optimisation scheme provided the optimal
¢ =0.09 and & = 0.166 at which ||Hs|| = 1. The result obtained is depicted in figure 2.13
together with the Fano bound. The green shaded rectangle inside the passband is used to
denote the difference in the optimal criterion obtained and the Fano bound. The reference

=)
=
<]
gs!
=
=
=]
0
z
=
_14 :............................‘:......?...........l ----- Lll
I F22
Sll
~16 | === ka
Level =-11.71 dB
LN FB = -13.64 dB
_18 | . | T
-2 —-1.5 -1 —0.5 0 0.5 1 1.5 2
Im(Normalized Frequency)
Figure 2.13: Optimal System reflection Sj; obtained by solving P, in Case (ii) (IV = 5).
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function which provided ||Hg|| = 1 was

s° +0.765* + 1.55% 4 0.755% + 0.48s + 0.09
8% +1.85% +2.853 +2.452 + 1.55 + 0.42

ka(s) =
The optimal reflection coefficient of the overall system was obtained to be

—s° +0.765* — 1.58% + 0.75s% — 0.48s + 0.09
5% 4+ 1.85% +2.853 +2.452 4+ 1.55 4+ 0.42

511(8) =

and the reflection coefficient of the optimal matching filter of degree 4,

—s* —0.28¢% — 0.44s% + 0.31s + 0.18

E —
2(s) 51 192923 129521+ 23s+0.83

It can be noted that the optimal level attained using degree 4 matching filter, —11.71
dB is only 1.91 dB higher than the Fano bound for this antenna, —13.64 dB. Since the
antenna under consideration in this example is of degree 1 which has a transmission zero at
infinity, the Fano bound in this case coincides with the Helton’s bound for infinite degree
matching network (solution to problem P;). So the difference of 1.91 dB we have from
the Fano bound essentially comes from the finite degree constraint of the matching circuit
and the fixed equi-oscillating shape of reference function in problem Ps. In figure 2.14, we
present the optimal level obtained by solving problem P, using different degrees of reference
functions (V) in a tabular form. It can be noticed that as the degree of the matching circuit
(M.C) increases, we are getting closer to the Fano bound, —13.64 dB.

Degree of ref fn (V) Degree of M.C (N —1) | Optimal level
2 1 -7.75 dB

3 2 -9.90 dB

4 3 -11.15 dB

o 4 -11.71 dB

6 D -12.13 dB

7 6 -12.27 dB

8 7 -12.40 dB

9 8 -12.52 dB

10 9 -12.75 dB

Figure 2.14: Optimal level obtained by solving P, for different N.

(ii). Degree 3 Antenna
In this example, we will consider matching an antenna with scattering matrix of McMillan
degree, M = 3. The polynomials p;, q;, and r;, and uni-modular constant € in the Belevitch
representation of the scattering matrix of the load in (2.34) were fixed to be

pL(s

) = —s® + (0.1 +0.25)s + (0.09 + 0.35;)s + (0.046 + 0.27),
rr(s)

)

€

s>+ (0.8 +0.65)s + (0.42 + 0.125),
4 (2,022 — 0.25)s* + (1.449 + 0.255)s + (0.483 — 0.023;) and
1.

(2.102)

qr(s
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So, we have a load of degree 3 with transmission zeros at (0.5—0.95), (0.340.35), co. The
targeted passband for matching is [—17, 15]. The reflection coefficient of the this antenna,
Ly, is depicted in figure 2.15. The shaded rectangle in the figure represent the targeted
passband and Im(.) is used to denote the imaginary part.
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Figure 2.15: Scattering parameter of load with McMillan Degree 3.

Similar to the previous example, initially, we estimate the Fano bound for this antenna.
We have

Lon(s) = epp(s) 24+ (0.1—-0.25)s* — (0.09 — 0.355)s + (0.046 — 0.2)
P L(s) T 8+ (2,022 = 0.25)s2 + (1.449 + 0.255)s + (0.483 — 0.023;)

and from (2.96), we have the angular derivative of Loy evaluated at infinity of this antenna,
ang[Las](00) = (0.1 — 0.25) — (2.022 — 0.2j) = —1.922.
This provides the Fano bound for this antenna,

10mang| Lo (00)
In 10

Now, we present the result obtained by solving problem P,. We did the implementation
with degree of reference function, N = 5. The optimisation scheme provided the optimal
¢ =0.19 and & = 0.285 at which ||Hg|| = 1. The result obtained is depicted in figure 2.16
together with the Fano bound. The green shaded rectangle inside the passband is used to
denote the difference in the optimal criterion obtained and the Fano bound. The reference
function which provided ||Hg|| = 1 was

FB(in dB) = — —26.22 dB. (2.103)

s° 4+ (0.97 + 0.165)s* + (1.6 + 0.175) s> + (0.89 + 0.215)s* + (0.45 + 0.0885)s + (0.083 + 0.0048;)

ka(s) =
a(s) 5+ (1.7 4 0.165)s% 4 (2.6 + 0.315)s3 + (2.1 + 0.43;)s2 + (1 + 0.27)s + (0.25 + 0.0175)

The optimal reflection coefficient of the overall system was obtained to be

(1.8 4 0.645)s” — (0.92 — 0.345)s% + (2.1 + 0.545)s® — (0.31 — 0.45;)s* + (0.15 4 0.225)s> + (0.14 — 0.0845)s2 + (0.0033 + 0.0825)s — (0.011 + 0.0267)

S s) =
11(s) (1.8 — 0.645)s7 + (4.3 — 0.895)s6 + (7.2 — 0.895)s5 + (7.5 — 0.0445)s% + (5.2 + 0.735)s3 + (2.2 + 0.615)s2 + (0.54 + 0.275)s + (0.071 + 0.0484)
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Figure 2.16: Optimal System reflection Sj; obtained by solving P, in Case (ii) (IV = 5).

and the reflection coefficient of the optimal matching filter of degree 4,

(0.77 — 0.647)s* 4+ (0.7 — 0.595)s3 4 (0.57 — 0.545)s% + (0.18 — 0.085)s + (0.042 + 0.00457)

J3 -
2(s) 514 (1.8 — 0.00885)s% + (2 4 0.073;)s% + (0.81 + 0.245)s + (0.14 + 0.125)

In contrast to the previous analytic example in which the optimal level attained was rela-
tively close to the Fano bound, it can be observed in this example that the optimal level
attained using degree 4 matching circuit is 17.56 dB higher than the Fano bound. The con-
straint of finite degree for matching circuit and fixed equi-oscillating shape of the overall
response is still present in this example but the dominant factor contributing to the big dif-
ference in the optimal level from the Fano bound is essentially arising due to the presence of
two transmission zeros of the antenna which are at finite complex frequencies, (0.5 — 0.95)
and (0.3 4+ 0.37). It can be noted that in the estimation of Fano bound in (2.100), the
restriction on the bound of |Sys| in the passband is dependent of only the transmission zero
at infinity of the load, not the ones at finite frequencies. This leads to the fact that Fano
bound in (2.100) is not very tight in the kind of antenna depicted in this example which
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have transmission zeros at finite frequencies. In the first analytic example, the antenna had
only one transmission zero and it was located at infinity. In figure 2.17, we present the
optimal level obtained by solving problem P, using different degrees of reference functions
(N) in a tabular form. It can be observed that even with high degrees of matching circuit,
we are still far from the Fano bound of —26.22 dB. So, essentially by solving problem P,, we
are able to provide a matching circuit synthesis scheme for finite degree circuits irrespective
of the location of transmission zeros of the load and in general, having optimal levels for
matching criterion which are more realistic than the Fano bound.

Degree of ref fn (V) Degree of M.C (N —1) | Optimal level
-7.57 dB
-8.66 dB
-9.42 dB
-10.13 dB
-10.36 dB
-10.49 dB
-10.66 dB

O| 00| | O T U~

O 00| | O O =~ | W

10

Figure 2.17: Optimal level obtained by solving P for different N for degree 3 antenna.

Flip Zeroes of p;, in II™ to II" in degree 3 example

The limitation of Fano bound in estimating realistic matching criterion bounds becomes
more clear by making a flip of the zeros of pr(s) which are present in the left half plane
to right half plane in the degree 3 antenna example we have just discussed. The zeros of
the polynomial py(s) in (2.102) are (0.7 + 0.55), (—0.2 —0.55), (—0.440.25). We flip the
two zeros, (—0.2 —0.57) and (—0.4+ 0.25) to (0.2 —0.5j5) and (0.4 4 0.2j) respectively, and
hence have the new polynomial py,

pr(s) = —s* + (1.3 4 0.2§)s% — (0.75 — 0.075)s + (0.21 — 0.0225),

replacing py, in (2.102). It should be noted that we have polynomials 7, ¢ and € same as
in (2.102) and the modulus of L;; remains same as in (2.102), only the phase changes. The
reflection coefficient of the this antenna, Ly is depicted in figure 2.18. We have

s 4+ (1.3 — 0.25)s* + (0.75 + 0.075)s + (0.21 + 0.0225)

L =
2(8) = G (2.022 — 0.25)s2 + (1.449 + 0.255)s + (0.483 — 0.023;)

and from (2.96), we have the angular derivative of Loy evaluated at infinity of this antenna,
ang[Lao](0c0) = (1.3 — 0.25) — (2.022 — 0.25) = —0.722.

It should be noted that zeros of pj, (—0.2 —0.55), (—0.740.55), (—0.44 0.25) are now in
I~ making Lgy = 6’% outer. The angular derivative of Lyy is now different from the case
when Ly, was not outer and we have the new Fano bound,

_ 10mang|Las] (o)

FB
In 10

= —9.85 dB.
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Figure 2.18: Scattering parameter of load with McMillan Degree 3.
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Figure 2.19: Optimal System reflection S1; obtained by solving P, in Case (ii) (IV = 5).
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The flipping of zeros inside 11~ of p;, has increased the Fano bound significantly from
-26.22 dB to -9.85 dB. The reader can notice that after flipping the zeros of pp, Loo is
outer and it is only when when Lo, is outer itself than one can “compare” the surface
above the curve of the In(|Las|) of the load with the surface above the In(]|Ss|) following
from (2.98). When Loy has zeros in IIT its angular derivatives decreases (because of the
angular derivative of the Blaschke) which can be observed in degree 3 example by comparing
the cases : before flipping zeros (ang[Los|(00) = —1.922) and after flipping zeros of py,
(ang[Lgg](00) = —0.722). This explains why different Fano bounds are obtained in each
case and the reason why Fano bound is comparatively more optimistic in the case when Lo
has zeros inside II™. In terms of the reflection coefficient of antenna measured in practical
scenarios, which is the input reflection coefficient, L;;, it means Fano bound relative to
minimum phase (outer) L;; are “more optimistic” than other cases. One can say that
minimum phase load Lq;’s are usually easier to match than others. After flipping the zeros
in our example, L;; has all zeros inside the analyticity domain IIT and it is more difficult
to match. The Fano bound becomes more restrictive and corresponds in this case to the
surface above the curve of In(|Lgs|).

Now, we present the result obtained by solving problem Ps in this case. We did the im-
plementation with degree of reference function, N = 5. The optimisation scheme provided
the optimal ¢ = 0.2 and & = 0.0945 at which ||Hg|| = 1. The result obtained is depicted in
figure 2.19 together with the Fano bound. The green shaded rectangle inside the passband
is used to denote the difference in the optimal criterion obtained and the Fano bound. The
reference function which provided ||Hs|| = 1 was

8% + (14 0.165)s* 4 (1.6 + 0.175)s3 + (0.93 4 0.225)s% + (0.46 + 0.0935)s + (0.087 4 0.0055)
s+ (1.4 +0.165)s* + (2.1 4+ 0.255)s% + (1.5 + 0.315)s2 + (0.73 + 0.175)s + (0.16 + 0.0098;) -

ka(s) =

The optimal reflection coefficient of the overall system was obtained to be

—(1.2 — 0.985)s7 4+ (3.7 + 1.65)s% — (8.1 — 0.155)s% + (8.8 4+ 1.75)s? — (8.7 — 0.265)s> + (4.4 — 0.45)s% — (1.7 — 0.395)s + (0.28 — 0.0765)
(1.2 + 0.985)s7 4 (4.4 — 0.935)s5 + (10 + 0.225)s5 + (13 — 0.965)s% + (12 4 0.815)s3 + (7.3 + 1.25)s2 + (2.7 + 0.855)s + (0.5 + 0.185)

S11(s) =

and the reflection coefficient of the optimal matching filter of degree 4,

(0.18 + 0.985)s% + (0.73 + 0.295)s® + (0.6 + 0.335)s? + (0.3 — 0.135)s + (0.036 — 0.057)
54+ (2 —0.675)s3 + (2.3 — 1.15)s2 + (1.3 — 0.935)s + (0.099 — 0.0157)

FQQ(S) =

In figure 2.20, we present the optimal level obtained by solving problem P, using different
degrees of reference functions (N) in a tabular form.

Degree of ref fn (N) Degree of M.C (N —1) | Optimal level
4 3 -4.14 dB
3 4 -4.66 dB
6 5 -4.80 dB
7 6 -4.92 dB
8 7 -5.12 dB
9 8 -5.21 dB
10 9 -5.29 dB

Figure 2.20: Optimal level obtained by solving P, for different N for degree 3 antenna.
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We will conclude this section here. In the final section, we will provide a short summary
of the chapter along with the main objectives of next chapter.

2.5 Conclusion

In this chapter, we have showed that Helton’s H* approach to matching theory, supposed to
yield a guaranteed optimal response at the cost of an infinite degree matching network can
be successfully adapted to yield finite degree matching networks by using families of rational
reference functions as described in the chapter. The McMillan degree of the scattering
matrix of the optimal matching circuit obtained using this approach is comparable to the
degree of the reference function as explained in proposition 2.3.3. This is an important
property with respect to the practical applications and the procedure can therefore be
put into practice to derive matching networks for mismatched antennas. In practice the
constraints that need to be imposed on the scattering matrix of the matching network can
be more complicated than just the McMillan degree but the degree constraint is the first
requirement. As mentioned in the structure of the manuscript, we will be addressing more
constraints regarding the practical realization of the matching circuit in the second part of
the thesis.

Another important point to note regarding the finite degree degree matching problem
described in this chapter in comparison to Helton’s original problem is the variation of gain
with respect to the parameter a. In case (i) and case (ii) of reference functions k,, we have
the following gains G (jw) and G(jw) respectively,

a alry(jw)]®

Gy(jw) =

Gh(jw) = k(W) + alro(jw)?

PP+ o

which do not vary linearly with the parameter o contrary to the original Helton approach
where in for a fixed gain G, aG is used to perform the test on a grid of o’s. In this
approach we have limited the possible set of responses of the matching circuit chained to
the load by fixing the polynomial p; of the reference function with the help of Chebyshev
approximation. This fixes the shape of the system response and allows the parameterisation
of its modulus using a.

The optimal matching criterion possible with a finite degree matching circuit for a given
load can be limited when we have parametrised the modulus of the system response using
the one dimensional parameter o as discussed in the chapter. The natural question to
address is allowing further flexibility in the choice of reference functions. It is with this
purpose in mind we move to the next chapter. In this chapter we will generalize the set of
responses of the system to a set of “realizable” rational Schur functions of fixed maximal
degree and having a fixed transmission polynomial. The realizability constraint will be
included in the optimisation scheme using Fano and Youla’s matching theory rather than
the one proposed by Helton. This will allow the formulation of the matching problem as
a convex optimisation approach based on the theory of analytic interpolation. A detailed
description of the theory of the developed approach along with some practical examples of
matching circuit synthesis will be presented.

At the end of the next chapter, we will also provide a comparison of the approach
presented in this chapter to solve the finite degree matching problem and the one that will
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be discussed in the next chapter. Furthermore, the connection between these approaches
will be presented as well. An additional point to be noted in this chapter : it follows from
the formulas in (2.24) that when we move to the Euclidean setting, the gain appears non-
linearly in the test provided. So, in [47], Helton propose a similar kind of second test with
the help of a linear fractional coordinate change applied to the pseudo-hyperbolic disk in
(2.22). In this test, he gets the gain to appear linearly. Even though we have not described
it in this chapter, we will describe a direct way of arriving at a similar test starting from
the chaining equation at the end of the next chapter and discuss the details.
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CHAPTER 3

Matching Problem : A Convex Optimisation
Approach

3.1 Introduction

In this chapter, the impedance matching problem in communication systems is formulated
as a convex optimisation problem using two rich theories, namely Youla’s matching theory
and analytic interpolation. In comparison to the previous chapter, this chapter will provide
further flexibility to the set of responses of the system formed by chaining the matching
circuit and the load. Some close comparisons and the connection of the approaches devel-
oped in both chapters will be done at the end of this chapter. In this chapter, the set of
possible responses of the global system will be defined to be a set of “realizable” rational
Schur functions of fixed maximal degree and having a fixed transmission polynomial. The
de-embedding theory of Fano-Youla’s approach to the matching problems will be used to
include the constraints on the realizability of the system response. These de-embedding
conditions are based on the characterisation of the global system containing the Darlington
equivalent of the load. It consists of the reflection coefficient of the global system satisfying
certain conditions at the transmission zeros of the Darlington equivalent of the load.

The matching problem formulation in the chapter will provide accurate lower hard
bounds for the best feasible matching level, as well as the practical synthesis of matching
filters approaching those bounds. The much celebrated Nevanlinna-Pick theorem is utilized
to characterize the convex set of constraints of the problem and thereby essential properties
of the problem, including feasibility, existence and uniqueness of solution are studied. An
interesting result about a necessary condition for the optimality of the solution and critical
point equation of the problem under consideration is studied as well. The concavity of the
Pick matrix as a matrix-valued function with respect to the set of positive polynomials plays
a crucial role in solving the problem as a non-linear semi-definite programming problem.
Finally, the chapter will be concluded by providing some practical examples of matching
filter synthesis using the presented approach.
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Matching } Load {
Filter
} S (F) { () 6

Sll Fll F22 Lll L22 522

Figure 3.1: Global system (Matching Filter + Load) and Scattering Parameters

3.2 Formulation of the Problem

The matching problem is formulated as a convex optimization problem based on Youla’s
matching theory and the existence of finite degree matching networks that can achieve
the optimal reflection level in the desired frequency band when plugged on to the given
load is discussed. Given measured frequency data of the reflection coefficient of the load
on the frequency band of interest I, the first step is to obtain a rational approximation.
Darlington’s representation is utilized to construct an equivalent lossless two port, with the
same input reflection. Thus, we have a load characterized by its (2 x 2) scattering matrix, L,
while the matching filter to be synthesized is determined by its output reflection coefficient
Fy. Following the Fano-Youla matching theory, physical realizability of the global system
(S), composed of the matching filter (F') chained to the Darlington equivalent of load (L), is
first considered. The global system is characterised here by its reflection coefficient at port 2,
denoted S9. Fig. 3.1 represents the cascade operation between F' and L to form S = FolL.
The problem of interest, namely the minimization, over the passband, of the reflection
coefficient associated with the global system, is cast to a convex optimization problem
involving Nevanlinna-Pick interpolation theory. Finally, the matching filter providing the
optimal reflection level is afterwards obtained by de-embedding the load from the “optimal”
global system.

We continue to use the setting from the last chapters, where, 1Tt = {x+jw € C: 2 > 0}
is considered as the domain of analyticity and I denote the normalized passband of interest
on the imaginary axis. Recall from definition 1.3.3 that for a rational matrix valued function

5(s),

S*(s) = (S(—3)), se€C, (3.1)

represent the para-conjugate. The load (L) is supposed to be a system which does not
completely reflect all frequencies, i.e |L11| is not uniformly equal to one for all frequencies.
Before getting to the de-embeddding approach, it is necessary to introduce the chaining of
two-ports, a generalisation of chaining of one-port introduced in Chapter 2.

Definition 3.2.1. (Chaining of two-ports). The chaining of a two-port scattering matriz,
say,

Fin Fip
F =
{Fm F22:| ’
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to a two-port scattering matriz,

Lyy Ly
I —
|:L21 Lzz} ’

which represents the load (where (1,1)th element is the given reflection coefficient measure-
ment Ly1, which follows by Darlington extension, Theorem 1.3.13), the global scattering
matriz, say,

S Sio
S =
{521 522} ’

produced as the result of chaining F with L, denoted by F o L is

FiofoL1y FiaLi2
F+ 1—Fa2L11 1—-Fo L1
5= . (3.2)
Fo1 Loy Lio Loy Fao
1—FooL11 L22 + 1-FoaL11

In particular, we should note that in the above definition, the output reflection coefficient
Soo of the global system at each frequency is

LaalaFy _ det(L) (M) . (3.3)
1-— F22L11 1— F22L11

3.2.1 De-embedding Approach

Sog = Loo +

In this section, we will introduce the concept of de-chaining and state and prove a theorem
describing the necessary and sufficient condition for a lossless two-port two be de-chainable
from a given reflection coefficient. This will play a crucial role in the formulation of the
matching problem in the next subsection.

Definition 3.2.2. (De-chaining). A lossless two-port, L is said to be de-chainable from a
function, Soo € B iff there exists Fos € B, such that Soy = Fog o L. Fxpression for Fuy is
obtained by inverting (3.3),

B S

N SQQLH — det(L) ’

Fyy (3.4)

Before stating the de-embedding theorem, it would be useful to recall the Rouches’s
theorem from complex analysis (Theorem 10.43, [83]), which will be used in the proof of
the same.

Theorem 3.2.3. (Rouche’s Theorem). Let f and g be two complex valued holomorphic
functions defined on an open connected subset G of C with simple closed contour 0G. If for
z € 0G,

()| < [f(2)],

then f and f + g have the same number of zeros inside G, counting multiplicity.
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For simplicity, throughout this chapter unless specified otherwise we will consider the
case of rational loads having only M > 1 simple transmission zeros inside the analyticity
domain (IT), say {&1, &2, ..., &m - So, we will be dealing with the case of strictly contractive
load (|L11(jw)| < 1, w € R) and the trivial case of the input reflection coefficient of the
load, Li; being a constant is avoided as well. It should be noted that under the given
conditions on the input reflection coefficient Li; of the load, the transmission polynomial
of the load, R, # 0 and the Ly build in the Darlington extension of the load (1.86 in
chapter 1) cannot be zero at all the transmission zeros, &, 1 < k < M. Now, we are in a
position to introduce the de-embedding theorem which will help to characterize the set of
all reflection coefficients from which the matrix L can be de-chained.

Theorem 3.2.4. (De-embedding Theorem). Let L represent the (2 x 2) rational lossless
scattering matriz of McMillan degree M of a strictly contractive mon-constant load and
£1,&, ..., & € 11T represent the M simple transmission zeros of L. The matrixz L is de-
chainable of any given Sso € B iff at each transmission zero &, the following conditions are
satisfied:

Soa(&) = Lan(&x), 1 < k < M. (3.5)

Proof. Let us suppose that L is de-chainable from Ss;. Using definition 3.2.2, there exists
Fyy € B, such that,

Lo Loy Foo

1 — Fylyy

Since, at each transmission zero of L, &, 1 < k < M, L12(&;)L21(&) = 0 and the load L
being strictly contractive, we have,

S29(&k) = Loa(&k), 1 <k < M.

Sgg = Fyp 0 L = Loy +

Now, in order to prove sufficiency, let us assume that at each transmission zero of L, &,
1 <k < M we have,

S22(&k) = L2a(&r), 1 <k < M. (3.6)
Then consider,
Sz — Loy
Fy = )

22 SQQLH — det(L) <3 7)

1 Soz — Lo
= ) 3.8
det(L) (SQQLZQ — 1) ( )

Equation (3.8) indicates that Vw € R, |F(jw)| < 1, since on the imaginary axis, |det(L)| =
1 and §(Sa2, L%,) is bounded by one. Now, we can prove that Fy, is analytic in ITT. At each
&k, 1 < k < M, both the numerator and denominator of (3.7) vanishes,

S92(§k) L1 (&) — det(L) (&) = S2(&k) L1 (k) — La1(&k) Loz (k) = La1(&k)(S22(Er) — Laa(&k))

Thus, M zeros in the denominator of expression (3.7) gets cancelled with the M zeros of
numerator. Now, we will prove the fact that the denominator has no other zeros in IIT.
Since Szp € B and |L11(jw)| < 1, w € R (all transmission zeros being in II1), we have,

|S22(jw) L11 (Jw)| < 1, |det(L)(jw)| =1, w € R (3.9)
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It follows from Rouche’s theorem (Theorem 3.2.3) that SgsL1; —det(L) has the same number
of zeros in IT* as that of det(L), which is M. This shows that Fy, is analytic in IIT. Thus,
we have a rational Schur function F5y, such that S,y = Fy o L and hence proving the
de-chainability of L from Ss5. This completes the proof. m

If we use F to denote the set of all functions, S € B such that the matrix L is de-
chainable from Sy9, we have the following characterisation of F from theorem 3.2.4,

F= {522 eB: Sgg(gk) = L22(§]€)7 1<k < M} (310)

We are now in a position to introduce the classical Nevanlinna-Pick theorem which will play
a crucial role in this chapter. For a given load, it will provide a necessary and sufficient
condition for the existence of schur function Sy, in F. Nevanlinna-Pick theorem (Section
18.1, [8] and Theorem 2.2, Chap. I, [42]) can be stated as the following.

Theorem 3.2.5. (Nevanlinna-Pick Theorem). Given a collection of points sy, Sa,...,Sq €
IT* and v1,7s, ...,74 € C, there exists, b € B, satisfying the interpolation,

b(s)) =7, i=1,2,....d (3.11)

if and only if the Pick matriz, A(s;, ;) = [ﬂ is positive semi-definite.

Si+s; :|
1<i,j<d
Also, when A(s;,7;) = 0, there is a Blaschke product of degree at most d which solves
the interpolation problem. About the uniqueness of solution, if A(s;,7;) >= 0, then the
problem has a unique solution iff det(A(s;,v;)) = 0. If det(A(s;, 7)) = 0 and dy < d is
the rank of A(s;,~;), then the interpolating function is a Blaschke product of degree dy. A

brief review of the Nevanlinna-Pick theorem is provided in section A.2 in Appendix A.

3.2.2 The Global Matching Problem

As mentioned in Theorem 1.3.10 in Chapter 1, any general lossless rational scattering matrix
can be expressed in Belevitch form as follows :

511 512 1 ep* —er*

S—(sm 522>_q<r ‘ ) (3.12)
where € is a unimodular complex constant and p, ¢, r are complex polynomials of degree at
most N (hereinafter denoted by Py) satisfying the Feldtkeller equation g¢* = pp* + rr*.
In particular, the scattering matrix of the global system, S, can be put in Belevitch form.
Its transmission polynomial r is r = rprg, the product of the transmission polynomials
associated to the load, v, # 0 and the matching filter, rr. We suppose that rp Z 0 is
fixed by the user and let N > deg(rfr%) be the target degree of the global system G. This
provides the characterisation of the global system by its output reflection coefficient, Sy, = §
with the associated transmission polynomial R # 0 such that R = rr* = q¢* — pp*. Note
that R is a fixed non-negative polynomial of degree at most 2N, i.e R € PJ,. Following
the Fano-Youla theory of de-embedding, we define the following set of functions S of
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degree atmost N associated to a fix transmission polynomial R € P}, with the necessary
constraint that L is de-chainable from Sso,

FY = {SzzzgeF!p,qelP’N, qq*—pp*zR} (3.13)

As in previous chapters, let I be the desired passband, a finite union of disjoint compact
intervals over the frequencies. We assume that RY = v is fixed and has no zeros inside
I. It should be noted that if Rr has zeros inside I, this means that R vanishes at these
points as well and yields |S92(s)| to be 1 at these points. That is, in this case, we will have
points inside the passband where there is no transmission through the global system. Now,
we state the problem as,

Problem. P : Find [,y = min max |[Sy(jw).
Sop€FN jwel

Problem ‘B is clearly not convex since F% is not a convex set. Nevertheless, note that
the modulus of Sss can be expressed in function of the polynomials p and r only. With the
change of variable P = pp* and R = rr*, we have on the imaginary axis:

*

pp* pp P

|522|2 - x * v :
qq pp* +rr P+ R

(3.14)

It should be noted that now we will be moving towards a formulation of the problem 3 in
terms of the positive polynomial P € P}, and the fixed transmission polynomial R € P5
of the global system.

3.2.3 Convex Formulation

The main aim of this section is to derive a convex relaxation of problem . Let us denote
by X, the finite set of at most 2N points on the imaginary axis where the fixed transmission
polynomial R # 0 of the global system vanishes,

X = {jwe jR: R(jw)=0}. (3.15)
Now, for the given load L, we define the following subset of Py,

Definition 3.2.6.

P(jw)
jw) + R(jw)

Hg:{PeP;N;HpeF:|p(jw)\§\/P( ,jwejR\X}. (3.16)

The reader can verify that under the given assumptions on the load for this chapter,
that is the load is strictly contractive and non-constant, P = 0 is not in HY. This follows
from the fact that if 0 € HY, then it means p = 0 is in F which is not possible since
Lo (&), 1 <k < M cannot be all zero.

It should be noted that given the non-zero polynomials P, R € P}, an outer function
Up in H°°(IT*) with prescribed modulus on the imaginary axis except the finite number of
elements in the set X can be build,

P(jw)

‘Up(j&))’Q: P(]W)—FR(jw)’

jw € R\ X. (3.17)
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To be more precise about the formation of this outer function, consider the following propo-
sition, whose proof can be found in proposition 2, [10].

Proposition 3.2.7. Let SBy represent the set of polynomials of degree at most N which
are stable in the broad sense (no zeros inside 1I7). To any non-zero P € PJy, one can
associate q € SBy, such that,

P(jw) = |q(jw)|* = ¢(jw)q*(jw), w € R. (3.18)

The polynomial q is unique up to a multiplicative unimodular constant and if P has exact
degree 2N then q has exact degree N. For fized zy € 11T, define the map @, : P35y — SBy,
with ®.,(P) the unique solution to (3.18), satisfying q(z0) > 0. The map ®,, is continuous.

Now, for any non-zero P € PJy;, the outer function Up in H>*(II") can be defined as

. 9,(P)
Ur = 5 b T (3.19)

where the function @, is defined in proposition 3.2.7. The normalization at the point z,
inside the right half plane allows to avoid the ambiguity in determining the phase of the
outer function formed from a given modulus on the imaginary axis. It should be noted
that Up is a continuous function in P since @, is continuous in P (Proposition 3.2.7) and
the denominator does not vanish inside II". Moreover Up is a rational outer function of
degree at most N satisfying |Up|? = % on the imaginary axis except the finite set X as
mentioned in (3.17). The dependence of Up on R is not indicated in the notation since in
our scheme, the polynomial R which represent the transmission polynomial of the global
system is fixed.

The reader can refer to chapter 8, [49] for a general exposition of HP spaces in half
plane. In general, given the non-zero polynomials P, R € Pj,, the modulus of any outer

function U in H*°(IT") inside the right half plane satisfying

U] = \/ B s d € TRAX

can be calculated irrespective of a normalization on its phase. For x > 0,

\U(x + jw)| = exp (% /_Z Py(w —t)log \/%dt) (3.20)

where P,(w) = 717 represents the Poisson Kernel for the right half plane.
For a polynomial P € HY, by definition there exists p € B satisfying the de-embeddding
conditions for the given load and satisfying

[p(jw)] < |Up(jw)l, jw € jRAX.

Next, we claim that for such a polynomial, it is always possible to find a corresponding
p € F which is rational with degree at most N + M.
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Proposition 3.2.8. (Bound on the degree of p). Consider P € HY. Then there exists
p € F that is rational with degree at most N + M satisfying,

()| < J o (f;(jw), jo € JRA\X

Proof. Let P € HY and Up be the outer function in H>(II*) of at most degree N defined
in (3.19) with prescribed modulus on jR\ X, |Up| = \/%. Since P € HY, there exists
p € B satisfying
pl&k) = Loa(&k), 1<k <M
()] < [Up(jw)], jw € jRAX,
It should be noted that the function b = £ is holomorphic in II* since p, Up € H*(II")

and Up has no zeroes inside II*. Since p € H*(II"), it follows from result (ii), page 133, [49]
that if P,(w) = —+= represents the Poisson Kernel for right half plane, we have, for x > 0,

ol gl <o (2 [ P oo lotinier)

o0

<o (1 [ n-oneluagnia)

= [Up(z + jw)|.
The second inequality follows because |p(jt)| < %, gt € jR\ X for P € HY

(Definition 3.2.6), log and exp are monotonically increasing functions and P, (w) is a positive
kernel. The last equality follows from (3.20). This yields, [|{£||s = Sup |5 (@ +iw)| <1,

implying b = £ € B. It should be noted that b({x) = L” 5’“ follows from the fact that
p(&k) = Lao(&) and Up(&) # 0. This implies that usmg Nevanhnna—Plck theorem, the

Pick matrix A(&g, L”(g’“)) >~ 0 and hence there exists a Blaschke product, by (depending on

Up(&k)
P) of at most degree M solving the interpolation problem, f € B, f(&) = L”((g’“)

have p = by - Up € F which is rational of at most degree N + M.

So, we

It is evident from proposition 3.2.8 that for p € F corresponding to P € HY, the
constraint, degree of p to be less than or equal to N (as in FY) has been relaxed, but we do
gain the important property, convexity of HY as proved below along with other properties.

Theorem 3.2.9. HY is a non-empty, closed, convex subset of 3.
Proof. By definition, HY is a subset of PJ,. The proof of each property follows.
e HY is non-empty.
The fact that HY is nonempty can be proved by showing the existence of a Py € Pjy,
such that there exist a py € F which satisfies for all jw € jR\ X

Py(jw)
Po(jw) + R(jw)

|po(jw)|* < (3.21)
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Let us represent the lossless scattering matrix of the given load (McMillan degree M)

by

L= 1|~ (3.22)
qr |0 pr |’ '

where Qp, o qrq; = prp} + rrry. In the inequality (3.21), we have R = RpRy,
where Rp = rprjy € Piy_ oy and Ry, = rpr; € P3,, as mentioned at the beginning
of the subsection 3.2.2. If we denote P, = prp} € P4,,, it can be easily verified that
Py = RpP, € Pj is in HY since we have pg = Loy = "L € IF satisfying for all w € R,

Prijw) Pr(jw) _ Po(jw)
Qr(jw)  Prjw)+ Rr(jw)  FPo(jw) + R(jw)

[po(jw)|* =

e HY is closed.

In order to prove that the set HY is closed, we consider any sequence (P,) in HY
converging to a polynomial P (convergence in any of the equivalent norms defined on
the finite dimensional vector space of polynomials, Psy) and prove that Pe HY. 1f
we consider such a sequence, using the definition of HY, we have Pe Py, since PJ,
is a closed set. We have a sequence of rational functions, ( Pf - R) and since (P,) € HY,
corresponding to each P,, there exist p, € F satisfying the inequality in the definition
of HY. The sequence (p,) € F having uniform degree bound of (M + N) (proposition
3.2.8), satisfy,

P,(jw) . 4
|on(j0)]? < , Jjw € JR\X. (3.23)
Po(jw) + R(jw)
The sequence, ( Pfi R) converges pointwise to ﬁ everywhere on the imaginary axis

except the finite set of zeros of (P + R) on the imaginary axis (denote this set by X1 ).
Proposition A.1.2 in Appendix guarantees that a subsequence (pg@)) of (pn) can be
extracted such that it converges (in sup norm) to a rational Schur function p (in lowest
form) on every compact set inside the right half plane and the pointwise convergence
holds everywhere on the imaginary axis except the finite set of limit points of poles of
(Pg(n)), say set Xy, Since pg(n)(§x) = La2(&k), where &;'s are inside the right half plane,
pointwise convergence hold at any point in the right half plane, implying we have the
equality holding at the limit, i.e p(&) = L2o(&), hence p € F. The inequality,
Po(n) (Jw)

Py (s)]> < Pony G 7RG O1 the imaginary axis and the fact that (%) and

(pg(ny) converges pointwise to % and p on the imaginary axis except finite sets X;

and X, respectively yields |p(jw)|? < ﬁ for all jw € jR\ (X3 UX,). After

cancelling the common zeros of (P + R) and P on the 1mag1nary axis (elements of

finite set, X, if it is non-empty), the continuity of |p|? and 5 — on the imaginary

R - .
axis and the fact that (X; UXy) is a finite set ensures ]p(]w)|2 < % on the
whole imaginary axis. So, we have p € F, satisfying, |p(jw)| < %, weR

(since square root function is continuous in [0, 00)), implying P € HY, proving that
the set HY is closed.
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o HY is convex.

Let Py, P, be distinct polynomials in HY. By (3.16), there exists Schur functions

P (jw)
P1(jw)+R(jw)

W . def P
W%- We need to verify, for any v € (0,1), Ps = yP, + (1 — 7) P, is in HY.

To begin with, we show that at every jw € jR\ X, % is a concave function

of P. For jw € jR\ X, note z = P(jw) > 0, @ = R(jw) > 0 and define,

Pljw)  _govae [7
\/P(Jw) +R(jw) W) \/; (3.24)

The first and second derivative of h with respect to the non-negative real variable z

p1,p2 € I, satisfying at any jw € jR\ X, |p1(jw)| < and [py(jw)| <

are,
d a T
~(h -
dx( (z)) 2 (:U—l—oz)%
d? E E

) = = (325

showing that h is a concave function in z > 0. It follows that at any point on the
imaginary axis except X,

P(jw) Py (jw) - Pyl je)
\/P3(jw) + R(jw) 2 7\/p1(jw) + R(jw) + (1 7)\/132(]'@) RO (3.26)

> v]p1(Gw)| + (1 —7)]p2(jw)]
> |yp1(jw) + (1 —7)p2(jw)l.

It should be noted that at the finite set of at most 2N points where the evaluation of

Py and P, are equal, we have equality in (3.26). So, we have, p3 o vp1 + (1 —5)pa,

P3(jw)
Ps(jw)+R(jw)
combination of p; and ps, it satisfies the de-embedding conditions in Theorem 3.2.4

as well i.e p3 € F. Thus, P; € HY.

satisfying, |p3(jw)| < , jw € jR\ X. Additionally, since p3 is a linear

m
Remark 3.2.10. For every jw € jR\ X, we proved in the last part of the above theorem
that the function % is concave in P. It means that we have the function |Up|

concave in P on the imaginary axis except X. It should also be noted that we in fact have
|Up|? concave in P on the imaginary azis except X as well.

Now, we are in position to formulate the problem which will be central to this chapter.
In comparison to problem 3 which was casted in the setting of Schur functions, we will
now move to the setting of positive polynomials in this problem.
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Problem. B¢ : Find : Loy = ;rel]%{r]l}g Iﬁﬁc ;83 )

The constraint P in HY in problem B guarantees that there exists S € B which satisfy
the de-embedding conditions for the given load (i.e Sao € F) and satisfying |Sss| < |Up| on
the imaginary axis. However, in comparison to problem 3 where Sos € [ was restricted
to be of degree N, it should be noted that the degree bound on Sy, € F in problem P is
relaxed to N + M (proposition 3.2.8). Nevertheless, in this new setting we have a convex
feasible set HY (theorem 3.2.9) in problem B¢, obtained at the cost of a higher degree
bound on the global system. In addition, in problem ‘B, the objective function to be

minimized, ¥ : P}, — R, U(P) = max 1;85; is convex and so problem ¢ is convex. Also,
Jwe

with respect to problem *J3, we have

L
v FY iw)| > | =Pt
Sop € Fy, max S (jw)| > Lo+ 1

Lopt
Lopt +1°

the optimal matching criterion in problem B and it is this convex relaxation of problem &
which will be studied in the remaining part of the chapter.

which implies that [, > Hence, problem B provides a hard lower bound for

3.3 Analysis and Resolution of the Problem

In this section, we will do a detailed analysis of the convex optimisation problem PB¢.

Theorem 3.3.1. (Solution to Bc). There exist P,y € HY which solves problem P .

Proof. Denoting the cost function as ¥(P) = max ZEJ:M),
jwel Jw)

Lopy = min U(P). It can be easily verified that the cost function W(P) is a continuous
PeH

R
function in P in the compact interval I. Since HY is a non-empty set as proved in The-

orem 3.2.9, we have, {¥(P) : P € HY} to be a non-empty set of real numbers that is
bounded below by zero and hence it has an infimum, which is a finite real number. Let us

denote, my = ian U(P). Now, HY being non-empty, we can always consider a sequence,
PeHY

(P,) € HY such that, (U(P,)) form a decreasing sequence of real numbers, satisfying,
lim (W(P,)) = my, say, Vn € N, U(P,) < mg+ % Now, we can prove that such a sequence
n—oo

we have the problem P, find :

of positive polynomials, (P, ), itself is a bounded sequence. For any jw € I, we have the
following for all n € N,

Po(jw) _ Po(jw)

; — < U(P,) <mp+ 1. 3.27
RGw) |~ RGw) = V= 320
The first equality follows since P,, R € PJ,. If we denote kg = ma)]I(R( jw), from equation
Jwe
(3.27), for any jw € I and for all n € N|
P,(jw) < ko(mo + 1). (3.28)
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Using Definition A.1.1 in Appendix for the norm of polynomials of degree at most N, we
have,

1

2N 2
1P| = (Z\anj)r?) g el
=0

1

2N 2
< (Zkg(mo + 1)2) = ko(mo +1)V2N + 1.
j=0

The inequality followed from equation (3.28). So, the sequence of positive polynomials (P,)
is bounded. Since the set Hj is closed (Theorem 3.2.9), we have a subsequence of (P,)
in HY, converging to an element P in HY and ¥ being a continuous function in P yields

U(P) = myg. Since my is the infimum of {ma>ﬂ<
Jwe

\11(15) = Loy This verifies the existence of a P, € HY at which L,, is attained. O

Note that we have not mentioned anything about the uniqueness of P, which solves
problem B¢, but it will be proved later to be unique. In the next section, we move to a
characterisation of the constraint set, HY of problem .

3.3.1 Characterisation of HY

In this subsection, we will describe how a characterisation of the set HY is obtained using
Nevanlinna-Pick interpolation theory ( [8], [42]). Recall from equation (3.19) that Up is a
rational outer function in H°°(IT") of degree at most N with the prescribed modulus

P(jw)
P(jw) + R(jw)’

Up(jw)|* = jw € jR\ X,

where X = {jw € jR : R(jw) = 0}. A practical way of the characterisation of the set

HY = {P €Ply:IpeF:|p(jw)| < |Up(jw)|, jw ejR\X}

is provided in the following proposition.
Proposition 3.3.2. The set HY defined in (3.16) is characterised by
HY = {P € Pj, : A(P) = 0}, (3.29)
where the Pick matriv A(P) = [Aijli<ij<m is defined by,
1— <L22(€i)> (L22(§j)>
A, = Url&) ) \Ur&) ) (3.30)
! & +&
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Proof. The set HY consists of positive polynomials P € P for which there exists a function
p € B, satisfying,

VEk={1,2,... M}, p(&) = La22(&), (3.31)
Viw € JRAX, [p(jw)| < [Up(jw)l. (3-32)

As explained in the proof of proposition 3.2.8, this implies that for P € HY, there exists
b= U—’; € B satisfying,

Loz (&)

V= {12, M}, &) = 2

(3.33)

Using classical Nevanlinna-Pick theorem, there exist a Schur function, b : I — D satisfying
(3.33) if and only if the Pick matrix, A(P) = [A;;]1<ij<m defined by,

1 — <L22(fi)> (Lzz(ﬁj)>
A — Up (&) Up(&5)

Y g‘i‘fj

Y

is positive semidefinite. Thus H C {P € P3y : A(P) = 0} T HY. To prove the converse

inclusion, HY C HY, consider a P € HY. We have, A(P) = 0 and hence there exists a
Schur function b : II" — D such that :

Lo (&)
Up(&k)

If we define, p = Up - b, we have, |p| < |Up| on the imaginary axis except X. Also, p € F,
since Up and b are Schur functions and using equation (3.34),

Vi ={1,2,... M}, b(&) =

(3.34)

p(&k) = L2a(&k), 1 <k < M. (3.35)

This implies that P € HY, implying HY C HY and hence HY = HY. O

Remark 3.3.3. The above mentioned characterisation of HY = {P € Piy : A(P) » 0},
L& \ ( L22(&))

where A;; = _(UP{Q&]( Up(sj)), 1 <i,5 < M directly provides the fact that HY is closed.

We have the outer function Up to be continuous in P (Proposition 3.2.7) and since the
pointwise evaluation is continuous as well, we have A(P) to be continuous in P and hence
the set HY is closed.

3.3.2 Optimal Characteristics and Uniqueness of P,

Proposition 3.3.4. Let A(P) represent the pick matriz as defined in (3.30) and P,y the
optimal solution to problem Peo. Then, A(Pyy) is singular.

Proof. Let us suppose that at P,,, € Hg at which L, is attained, the pick matrix is strictly
positive definite, A(F,,) > 0. It should be noted that |Uap,, (s)| is a strictly monotonous
function in a > 0 and for 0 < a < 1, |Uap,,.| < |Up,,,| on the imaginary axis. We also
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have A(P) continuous in P (remark 3.3.3) and therefore all its principal minors. Under the
assumption that A(P,,) is strictly positive definite, there exists 0 < & < 1 such that all the
principal minors of A(&P,,) including det(A(&F,,)) are non-negative and by Sylvester’s
criterion (Theorem 7.2.5, [50]), we have A(&FP,,) = 0. This implies that we are able to find

A~ : N G Lopt (Jw) - : Popt(jw)
an &P,y in Hy such that 1;%%}])1( oy~ s strictly lower than rjr:)aéli R0

optimality of P,;. O

contradicting the

Proposition 3.3.5. If p € H*>(I") satisfy the interpolation conditions, p(§x) = Loz (&)
and for ju € R\ X, [p(jw)| < U, (jw)l, then,

(W)l = Uk, (jw)|, jw € JRAX. (3.36)

Proof. Suppose there exists a set of non-zero measure such that, |p(jw)| < |Up,,, (jw)| on
JR\ X. Since, p € H®(II") satisfy the interpolation conditions, p(§x) = Loa(&x), there

. . P L
exists a Schur function, by, = FPLt’ satisfying, bop(&k) = % and |byp:| < 1 on the

imaginary axis. Using Nevanlinna-Pick theorem, this implies A(P,,;) > 0. This contradicts
Proposition 3.3.4 that A(P,,) is singular. Hence, |p| = |Up,,,| on jR\ X. O

Theorem 3.3.6. The P, € Hg at which Loy is attained for Problem Be is unique.

Proof. For any P € HY, there exist p € F such that, for jw € jR\ X, |p(jw)| < |Up(jw)|.
At the optimum, using Proposition 3.3.5, we have,

|Popt (Jw)| = Uk, (Jw)|, jw € jR\ X, (3.37)

Let us suppose that there are two distinct polynomials, P; and P in HY at which L, is
attained. We have,

_ Pi(jw) Py(jw)
Lo = max Ry = B Rijw) (3:38)

Let Y denote the finite set of at most 2N points on the imaginary axis where the evaluation
of P, and P, are equal. It should be noted from (3.26) that |Up| is strictly concave on the
imaginary axis except the finite set XUY. That is, for any v € (0, 1), if Ps = yPi+(1—7) P,
we have

NUp, ()| + (1 = |Up,(jw)| < [Up,(jw)|, jw € JR\ (XUY). (3.39)
Using (3.37), we have py, po € F, corresponding to P; and P, respectively, satisfying,

lp1(jw)l = [Up, (jw), jw € TR\ X, (3.40)
|p2(jw)| = [Up, (jw)|, jw € JR\X. (3.41)

Now, if we consider the convex combination of p; and py, we have, for all jw € jR\ (XUY),

o1 (Jw) + (1 = 7)p2(jw)| < vlpr(jw)] + (1 =) |p2(jw)|
= /Y|UP1| + (1 - ’7)|UP2’
< |Up,(jw)|-
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The first inequality follows from triangle inequality, the second equality from (3.40) and
(3.41) and the last strict inequality from (3.39). So, we have,

[vo1(Gw) + (1 =7)pa(jw)| < [Upy(jw)l, jw € JRA\ (XUY). (3.42)
This contradicts (3.37) since if P, and P are optimal, we have, for Py = yP; + (1 — vF,),

Ps(jw)
SIS~ Lopt.
uel R(jw)

3.3.3 Necessary Condition for Optimality

Popt

In this subsection, a useful result regarding the minimal number of times attains Loy
in the passband I in problem P will be discussed, equivalently the minimal number of
zeroes of the polynomial, P, — L, in I. Before getting to the details of the result, it
should be duly noted that the counting of zeros for the polynomial will be defined in a
specific manner as follows:

Definition 3.3.7. (Counting function). Let P € Poy and jwy’s, k = 1,2,... N, where
N < 2N be its’ zeroes in the passband I with corresponding multiplicities my. for each jwy.
Define the count ny for each jwy as follows,

e ) S , My even _ -
”’“‘[21 {mk;l s odd , k=1,2...,N (3.43)

where, [.] represents the ceiling function. Now, we define the counting function, N'(P) for
P € Pyn as follows,

N
NP =Y. (3.44)
k=1
Theorem 3.3.8. If N represent the counting function defined in (3.44), in problem Bc,
we have,
N (Pt — LoptR) > N + 1,

Popt
R

that is we have,
definition 3.3.7.

equal to the value Loy at least (N + 1) times in I if counted as per the

Proof. Let us denote the zeros of Pyt — Lo R in I as jwy’s, k =1,2,.. ., N, where N < 2N
and my, their corresponding multiplicity. We follow proof by contradiction, i.e by assuming,
N (P,pt — LoptR) < N + 1, we show that there exists P # P, in Pj, satisfying,

Yw € R, P(jw) > Py (jw), (3.45)
Vjw €1, P(jw) — LopR(jw) < 0. (3.46)

PhD Thesis 105



CHAPTER 3. MATCHING PROBLEM : A CONVEX OPTIMISATION APPROACH

Once we show this, we have Pe HY as well, since, from equation (3.45) and proposition
3.3.5, we have almost everywhere on the imaginary axis,

Up(Gw)| 2 [Up,,, (jw)| = |popt (jw)|- (3.47)

This together with (3.46) contradicts the uniqueness of P,,; € HY for problem B¢ (Theorem
3.3.6) and hence the result follows.

So, in order to prove (3.45) and (3.46), assume the optimal polynomial for problem ¢,
namely, P, € Py, satisfy,

N{(Pyy — LopR) < N +1. (3.48)
Consider the polynomial,
Pe(jw) = Popt(jw) + €@(jw), (3.49)
N N
where € is a positive constant and ®(jw) = [[(=1)™(jw — jwr)*™ = J](w — wy)?™*.
k=1 k=1

It should be noted that ®(jw) has 2ny roots at each point jwy and so, using (3.48),
deg(®(jw)) < 2N. Thus we have, ®(jw) € Pjy. This implies P. € Py and we also
have,

Vw € R, P.(jw) > Pyu(jw). (3.50)

Now, we are interested in finding a strictly positive € such that for jw € I, P.(jw) <
LoptR(.jw)a Le
Viw € 1, (Pt — Lo R)(jw) + €@ (jw) < 0. (3.51)

Defining ) = (Pt — Lopt R), we have for jw € I, Q(jw) < 0 and we need,

Viw €1, Q(jw) + eP(jw) < 0. (3.52)

Let ¢ be any positive natural number. For P(jw) € Pay, let P® (jwy,) denote the value

of t-th derivative of P with respect to jw at jwy and py (jwi) denote the value of ¢-th
derivative of P with respect to w at jwg. Using chain rule it can be verified that,

O (jwr) = j' O (jwy), (3.53)
QY (jwr) = 5'QY (jer). (3.54)

Let jw € I be any point in the open neighbourhood of given point jwy. Consider the Taylor
development of ® and @) at jw. Since ®(jw) has 2ny, zeros at jwy, we have the first (2n,—1)
derivatives with respect to w vanishing at jwy, and so,

o™ (juy,)

P(j) =

(w — wWi)®™ + o|w — wi*™). (3.55)

If my, is even, we have my, = 2n;, and since Q(jw) has 2ny zeros at jwy, we have,

QE™ (juwy)

)l (W — wWi)®™ + o|w — wi|®™). (3.56)

QUw) =
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If my, is odd, we have my, = 2n;, — 1 and since Q(jw) has 2n; — 1 zeros at jwy, we have,

5D (o) 5™ (o)

(@ — 1] (W — we)?™ 1 4 )] (W — i)™ + of|w — we?™).  (3.57)

Qjw) =

Since we have ®(jw) > 0 for w € R, (w — wy)?*"* being non-negative yields (IDEUZHk)(jwk) > 0.
We have Q(jw) < 0 for jw € I. If my is even, (w — wy)?™ being non-negative yields

L(f"’“)(jw ) < 0. If my is odd, we have two cases : when (w — wg) > 0, we have,

&Q"kfl)(]wk) < 0 and when (w — wy) < 0, we have, Q- 1)(ﬂuk) > 0.
Now, we can evaluate Q(jw) + eP(jw) using the above equations. If my is even,

(2ng) " EJQW) "
Qi) + c(juw) = ( “mg! Dy 2 mfj)! ’“))w—wk)?”k Foflw—wl?™)  (3.59)

Denote, |M| = ¢f. Choose ¢, € (0,1), such that,

5™ (juwr) _ qf @)

Then fix an open neighbourhood in T around jwy, name it Ve, in which |o(|w—wg[*™)| <
is satisfied. This will ensure that if € < ¢,

Vijw € Vi, Q(jw) + e®(jw) < 0. (3.60)
If my, is odd, we have the following,

W(M — Cdk)anil + 0(‘&) - (A}k|2nk71). (361)

Qjw) + ed(jw) =

)

Denote, ]Q“J(an—lm] = ¢7. Fix an open neighbourhood in I around jwy, name it Vo,

in which |o(Jw — w|*™™1)] < q2’“ is satisfied. This will ensure that, if € < e,

Vjw € Vso, Q(jw) + e®(jw) < 0. (3.62)

Defining, U{j:lV&}: =V, where f is used to denote e or o depending upon the multiplicity

my is even or odd respectively and by fixing ¢, = min ¢ (clearly ¢, € (0,1)), we have,
—— ke{1,2,..,N}

Viw eV, Q(jw) + eP(jw) <0 (3.63)

ie, Vjw eV, P(jw) — LopR(jw) + €@ (jw) < 0. (3.64

~—

Now, let us consider the compact interval I\ V. We have for all jw € T\ V, P,,;(jw) <
Lo R(jw) and ®(jw) > 0. Let us denote k; = m%lr\lv(LoptR(jw) — P(jw)) > 0 and ke =
Jwe

mzK(V(I)(jw) > 0. By choosing €. = 71, it can be ensured that if € < e,
JwE

Viw € I\ V, Ppi(jw) — Lo R(jw) + €@ (jw) < 0. (3.65)

PhD Thesis 107



CHAPTER 3. MATCHING PROBLEM : A CONVEX OPTIMISATION APPROACH

Finally, by choosing, ¢ = min(e,,€.) (clearly ¢ € (0,1)), it can be ensured that (3.52) is
satisfied for all jw in V and I\ V as well, i.e, we have,

Viw €I, Py(jw) — LoptR(jw) + €P(jw) < 0. (3.66)
So, by defining, P(jw) = Py (jw) + é®(jw), we have P € P}, and,
Vjw €1, P(jw) < LowR(jw). (3.67)
It satisfies, P # P since ¢ # 0. Also, since d(jw) € P and é > 0, we have,
Vw € R, P(jw) > Pop(jw). (3.68)

This completes the proof of the theorem. n

3.3.4 Concavity of Pick Matrix and Non-Linear SDP

In this subsection, the implementation of problem B as a non-linear semi-definite pro-
gramming problem (SDP) is discussed. The concavity of Pick matrix which appears in the
characterisation of constraint set HY of problem 3¢ will be proved first. It plays an im-
portant role in solving problem P+ using non-linear semi-definite programming techniques.
Let us recall problem B¢,

Pl
Find: L, = min <max Ow)).

penl \ jwel R(jw)
According to proposition 3.3.2, the set HY is characterised as,
HY = {P € Pj, : A(P) = 0}.

Theorem 3.3.9. Let Sy and Sy, denote the set of (M x M), Hermitian matrices and
negative semi-definite Hermitian matrices respectively. The matrix valued function, A :
PSy — Sy, defined as,

A(P) := —A(P), (3.69)

maps an element in HY to an element in Sy;, and is convez, i.e , Vo € (0,1),
OéA(Pl) + (1 — O./)A(Pg) - A(aP1 + (1 — Oé)PQ) t 0, Pl, P2 € ]P);_N (370)

Proof. The matrix valued function .4 maps an element in the convex set HY to an element
in the set S;; since VP € HY, we have A(P) = 0. In order to prove that the function A is
convex, let us consider the element (i, 7) of A(P), where 1 <1i,j < M,

1 <L22(Ei)> <L22(5j)>

A — UPEi) Up (&) (3.71)
’ §i+&;

Consider a € (0,1) and Py, P, € PJ. Let us denote P = aP; + (1 — )P, and Loy (&) = 7.

We need to prove that the matrix, 70 & A(P) — aA(P) — (1 — a)A(Py) is positive
semi-definite. Evaluating,

T = Aj(P) — aly(P) — (1 — a)A;(P),
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using (3.71) yields,
70 — _%%‘ ( a 1 (1-a) _ 1 )
VGG \UR(E)UR (&) Up(&)Up)(&)  Up(&)Up(E))

Applying a change of basis to T by using an (M x M) diagonal transition matrix, C' with
Cii = Up(&), 1 <i < M, we obtain the base changed matrix, TP, where,

0B _ i (@Up(fi)UP(fj) L = )Up(&)UPE) _ 1)‘ (3.72)
Y (& + &) \Up,(&)Up, (&) Ur, (&)Up, (§5)

Let us denote by F' € H*(II"), the following vector,

U Up, 1"
F= Va2 VT—a-2|. (3.73)
Up Up

Evaluating F*(s)F'(s), on the imaginary axis, we have,

alUp [ + (1 — a)|Up,|”

F*F =
|Up|?

<1

The inequality follows from the concavity of |Up|? (Remark 3.2.10). So, by maximum

modulus theorem we have F' € By, (IT7). If we denote x; = Qulel&) A 2UpE)
UPl (gz) UP2 (51)

and y; = v for all i = 1,2,.... M, F € By, introduced in (3.73) satisfies the following
left-interpolation conditions,

rF (&) = yi (3.74)

It follows from the Nevanlinna-Pick theorem for left interpolation problem (Theorem A.2.2
in Appendix) that A(F) > 0, where,

L xTt =y
Ng(F) = S (3.75)
_ G (OéUP(&)UP(ﬁj) L = o)URE)UP(E) 1)
(& + &) \Up (&)Up, (&) Up,(&:)Up, (&)
= TﬁB-

The last equality follows from equation (3.72). So, we have (T9)! = 0, implying T°% = 0,
and hence 7° > 0, that is,

A(P) —aA(P) — (1 — a)A(P) = 0,
showing that A(P) is concave in P. This proves the convexity of A,

QA(P) + (1 — ) A(P,) — A(P) > 0.
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Now, the fact that A = —A is convex can be utilized to cast problem B¢ in the form
of a semi-definite programming problem. Let us denote the cost function as ¥ : Py — R,

where, ¥(P) = max ;8:’; Then, we have the following minimisation problem,
Jwe

Problem. SDP

Find: min ¥(P)

PePly

subjgect to: A(P) =< 0.

We have put problem B¢ in the standard form of a semi-definite programming problem,
problem SDP for which algorithms exist to solve the problem. Non-linear semidefinite
programming techniques can be used to solve the problem SDP. Polynomials in P;, can
be characterized by means of (N 4 1) x (N + 1) positive semi-definite matrices, denoted
by S§.; (Theorem 2.5, [30]), i.e. the polynomial P € P,y is positive iff there exist a Gram
matrix ©p parametrising P that is positive semi-definite.

PeP;y <= 30pc Sk, |v(s)Opv'(s)=P(s), s€C, (3.76)

where v(s) = [V, sV ... 1] is the vector of standard basis of set of polynomials Py.

The admissibility of P € P, is ensured by the non-linear constraint A(P) < 0. Positivity
and admissibility constraints are implemented using the standard logarithmic barrier and
a special penalty function used in section 8.2, [89] respectively. The reader can refer to
chapter 7 and 8, [64] for a detailed description of the numerical implementation of the
SDP problem and the final product MATLAB toolbox named PUMA in [62].

3.3.5 Critical Point Equation

In this section, we will discuss about the dual problem associated to problem B and
thereby the critical point equation for problem B¢ . From Theorem 3.3.9 in the previous
section, we have, A : PJy, — Sy to be concave in P. We have the following problem for
which we are interested to write down the critical point equation,

Problem. P

Pl

Find: I, = min max Ow)
PePyy jwel R(jw)

subject to: P(jw) >0, w e R

A(P) = 0.

We remind the reader that in problem ¢, the polynomial R € Py, is fixed, it doesn’t
vanish in I and A(P) represent the Pick matrix defined in (3.30). A(P) as proved in the
previous subsections is a continuous concave function in P. The first step is to restate
problem B+ by introducing an extra variable, I' € R, which becomes the criterium to be

minimized. It is defined by the inequality I" > 1;82;, Vjw € 1. Now, we have
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Problem. P

Find: oy = min I
(P,F)EPQNXR
P
subject to: ' — (]w) >0, jwel
R(jw)
P(jw) >0, weR
A(P) = 0.
It should be noted that for P € Pyy, we can always estimate I' € R as I' = max ;8:;
Jwe

The main result of this subsection is the following theorem which states that the optimal
solution to problem Pe, (Popr, lopt) can be obtained as the solution to an unconstrained
optimization problem as well.

Theorem 3.3.10. There exists non-negative real numbers vy, Vo, ... Uk, Ay A2y .oy Aky,

k1 .
ky < 2N,ky < 2N where Y. v; = 1, matriz U € S}, points jwy, jws, ..., jwg, in I and
=1
POINES jY1, G2, - - -5 JVky 0 R such that the solution to problem Be, Poy € Pyy satisfies

P0pt (]Wz)

=12k
R(jwi) oo ! !

and it coincides with the solution to the following unconstrained optimization problem

o (SRS S NS pis :
min (Z R(jWi)Vl ;P(j%)ksz(A(P),U}), (3.77)

where
—A(P), PePjy,
+o0lys, otherwise,

(A(P),T) = (A(P)T),  A(P)= {

“tr” represent the trace, Ip; denote the identity matriz of size M. Moreover, if there are
no common zeros for Py, and R on the imaginary axis and if the coefficients of P,y are
denoted by [pan, Pan—1,- - -, P1,Po] in the standard basis {s*N,s*N=1 ... s 1}, then for m =
0,1,...,2N,

1 apotjm N P (%) ¢, [ OAPopt) -
ZR P Vi_zp—)\i+ 27 U =0. (3.78)

~  Opm Ipm

The case when P,,; and R have some common zeros on the imaginary axis, the Pick
matrix A(F,,) is non-differentiable and this special case is discussed separately at the
end of this subsection. A proof of the above theorem is provided in the following main
steps : (i) writing down the Lagrange dual problem of problem B¢ and verifying weak
duality, (ii) proving strong duality under a constraint qualification and hence verifying
complementary slackness conditions, (iii) complementary slackness conditions providing
the optimality condition. So, the proof of theorem 3.3.10 is divided into three subsections
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and a brief introduction and prerequisite to each section is provided at the beginning of
corresponding sections.

Theorem 3.3.10 is essentially stating a typical Karush-Kuhn-Tucker (KKT) condition
for problem P¢. The main idea of the proof of theorem 3.3.10 is to show that strong duality
holds in the convex optimisaton problem ‘Be (i.e the primal and dual optimal are equal,
leading to an optimal duality gap equal to zero). It will help to prove that the solution
to problem P+ coincides with the solution to an unconstrained optimization problem and
thus provide the KKT conditions associated with problem P.. This is precisely presented
in the remaining part of this subsection.

(i). Dual Problem and Weak Duality

In order to introduce the Lagrange dual problem of problem B¢, let us introduce positive
linear functionals, Riesz representation theorems for bounded linear functionals in the space
of continuous functions and trace operator for Sy, the set of (M x M) Hermitian matrices.

Definition 3.3.11. (Positive Linear Functional). A positive linear functional on a real
vector space V' is a mapping ® of V' to R such that

O(af + Bg) = a®(f) + 6P(g), f,geV, o, BFER

and also satisfying
O(f) > 0 whenever f > 0.

Definition 3.3.12. (Bounded Linear Functional). Let (X,||.||) be a normed vector space.
A bounded linear functional on X is a linear functional ® such that

@] < sup{|® ()| : x € X, []2]| <1} < o0,

We remind the reader that a linear functional is bounded if and only if it is continuous
on X (Theorem 5.4, [83]). The reader can refer to chapter 2 and 6 in [83] or chapter 14, [6]
for a detailed literature about the Riesz representation theorems, an integral representation
of bounded linear functionals.

Theorem 3.3.13. Let X be a compact Hausdorff space and C(X) the vector space of
continuous real-valued functions on X. Then to each bounded linear functional ® : C(X) —
R, there corresponds a unique finite signed Baire measure v on X such that

Vf e O(X /f@ (3.79)

Theorem 3.3.14. Let X be a locally compact Hausdorff space, Co(X) the space of con-
tinuous real-valued functions on X wvanishing at infinity and ® : Co(X) — R a bounded
linear functional. Then there exists a unique bounded regular signed Borel measure A which
represents ® in the sense that

Vf € Co(X /jw (3.80)
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A general version of theorem 3.3.13 and 3.3.14 and its proof can be found in theorem
2.14 and theorem 6.19 respectively in [83]. For theorem 3.3.13, see chapter 13, theorem
25, [82]. In the case of Hermitian matrices, say for A, B € Sy, we define the inner product,

(A, B) = tr(A'B), (3.81)

where “tr” represent the trace. Let us put the primal problem B¢ in the standard form,

Problem. P
Find: lop = min I
(PT)ePan xR
o Pw) |
subject to: — —1'<0, jwel

R(jw)
—P(jw) <0, weR
— A(P) <0,

where, —A(P) is continuous and convex in P. It should be noted that the fixed poly-
nomial R doesn’t vanish in I and since polynomials are continuous functions and for poly-
nomial p of degree less than or equal to n, Hﬁ—sgﬂ is a continuous function vanishing at
infinity, theorem 3.3.13 and theorem 3.3.14 implies that there exist integral representation
of linear forms associated to the first two constraint functions in problem Po. Also, the
inner product defined in (3.81) can be used to define the linear form associated to the ma-
trix constraint function. Now, for measures v on I, A on jR and matrix U € S,;, we define

the Lagrangian dual function,

) P —-P
(P,F)IG%ENXR (F —|- /]1 (E — F) dl/ —|- /jR (W) d)\ —|— <A(P), U>>, (382)

aef [ —A(P), P €y,
A= { +ooly, otherwise, (3.83)

where

I denote the identity matrix of size M. The definition of A(P) ensures that in the dual
function in (3.82) the subset of polynomials in Pyy which are not positive is rendered not
feasible. Since the pick matrix, A(P) defined for P € Pj, is concave in P (theorem 3.3.9),
we have the matrix A(P) defined in (3.83) convex in P € Pyy, that is Va € (0,1),

adA(P) + (1 —a)A(R) — AP+ (1 —a)P) = 0, P, Py € Poy. (3.84)

If P, and P, are both in PJy, (3.84) follows from the concavity of pick matrix A(P) and
in the case when atleast one of the polynomials is not positive, it follows trivially as well
since we have atleast one of A(P;) or A(P,) equal to +00ly. It should be noted that the
objective function in (3.82) has the equivalent form

F(l—/ﬂdu) Jr/ﬂgdwréR (#ﬂ%)dAJF(A(P),U))
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and if j;l dv # 1, the objective function is not bounded from below. So, we will only consider
v satisfying, v(I) = fﬂ dv =1 and we have the Lagrangian associated with problem P as

L(P,v,\,U) / du+/ ( ’w’2N+1)d)\+ (A(P),U). (3.85)
So, we have the Lagrangian dual function,
g, \,U) = PrgglN L(P,v,\,U) (3.86)

:prél%?,v(/ d”*/( |w|2N+1)dA+<A<P),U>). (3.87)

This leads to the following optimization problem, which is the Lagrange dual problem
associated with the problem B¢,

Problem. 3,

Find: dp = maxg(v,\,U)
subject to: v(I)=1,vr>0,A>0,U =0

Let us suppose that v(I) =1, v > 0, > 0,U = 0. Then, clearly, for (P,I") € Py x R,
I' <0, —P|;r <0 and A(P) < 0 we have,

P>F+/<%—P>du+/ (#ﬁ%)dAJF(A(P),U)
/ du+/ ( WNH)dH(A(P),U).

This follows from the facts that (I" — %) and P being non-negative on I and jR respectively,
using Riesz theorem, the linear forms represented using positive measures v and \ as h(F —
£)dv and f W)d)‘ are non-negative and also for matrices A, B € S};, we have,

(A, B) = tr(At ) > 0. So, we have,

if £y —

. P
lopt:mln{F’A(P)jo,—PljRSO,E’H—FSO}

) P -P P
Zmln{/ﬂﬁdy+lR (W)d)\—i_(A(P)’U) | E‘H_FSO’
— Plr <0, A(P) < 0}

=g, \,U).

This implies that we have weak duality, that is, dopy < lop. It follows since dp; = g(7, \NU )
for some #(I) = 1, # > 0,A > 0,U > 0 which is less than or equal to lopt as shown above.
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(ii). Strong Duality and Complementary Slackness Condition

Now, in order to prove strong duality, we will follow an epigraph variation approach similar
to the one presented in section 5.3, [14]. This method is based on the idea of defining
two non-empty disjoint convex sets and making use of Hahn Banach separation theorem
to find Lagrange multipliers which will be proved to be non-negative. Slater’s constraint
qualification will play the important role of ensuring strong duality. We suppose that we
have the Slater condition,

P
=], =To <0, —Pyljz <0, A(P) < 0. (3.88)

A(Py,Ty) € Poy x R, satisfying, I

It should be noted that in problem B¢, the existence of such a (Fy, I'g) is guaranteed, since
for example, if we fix Py € Py, Po= P+ 1, where P;, = prp} is the reflection polynomial

associated with the given load and I'j satisfying Iy > max %(g?;v))
Jwe

(3.88) satisfied. This follows, since for this P,, we have,

, we have the conditions in

Fy Pr+1 1

P0+R:PL+1+R:1+%

|UP0|2 =

on jw

Pr, — 1
Pr+R 1+P—RL‘

and so, |Lgp|? = < |Up,|? on jw. This implies that we have P, in the interior

of set HY (the same idea as in we prove the set HY is non-empty in theorem 3.2.9). So we
have the pick matrix A(F,) > 0 implying A(Fy) < 0. Before getting to the details of this
section, we introduce the separating hyperplane theorem by Eidelheit (Theorem 1.13, [98])
which will be used in the proof,

Theorem 3.3.15. (Separating Hyperplane Theorem). Let A and B be two non-empty
convex subsets of a topological vector space X over R and X* denote the topological dual of
X. If int(A) # 0 and int(A) N B = 0, where ‘int’” represents the interior, then there exist
¢ € X*\ {0} and o € R such that

Vae A, Ybe B:®(a) <a< P(b).

To begin the main proof of this section, we define the set B; which can be geometrically
interpreted as a sort of epigraph of the set of values taken on by the objective and constraint
functions of problem P,

B, = {(l,f,g, V)eR x C(I) x Co(jR) x Spy | I(P,T) € Poy x R :

P —P
r<i,=-T<f—""—<

A(P) < V}.
It can be easily verified that B; is a convex set since the underlying problem P is convex.
It should also be noted that the interior of B; is non-empty since for example, for any
[ > Ty, (1,0,0,0) is in the interior of B;. We define the second non-empty convex set By,
as follows,

By ={(1,0,0,0) € R x C(I) x Co(jR) X Sps | I < lopt}- (3.89)
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We claim B; N By = (). Let us suppose that the claim is not true, say (I, f,g,V) € By N Bs.
Since (I, f,g,V) € By, we have,

| <lo, f=0€C(), g=0€ Cy(jR), V =0€Sy. (3.90)

Now, since (1,0,0,0) € By, using definition of By, I(P,T") € Poy x R, satisfying,
P
D <l <lpp, —Pljr <0, E‘H ~-T' <0, AP) <0. (3.91)

This contradicts the optimality of P, at which [, is attained. So, we have By N By = ()
as claimed. Now, using the separating hyperplane theorem for disjoint convex sets B; and
By (Theorem 3.3.15), there exist i € R, measures 19,5\ and matrix U € Sy satisfying
(1,2, X\, U) # (0,0,0,0) (all cannot be zero simultancously) and a € R, such that,

(I, f,g,V) € By :>/ll+/fdﬁ+/ gdi—k(V,U) > a, (3.92)
i iR

(I, f,9,V) € By :>/ll+/fdﬁ+/ gd5\+<‘/,U) < a. (3.93)
i TR

(3.93) implies that 4l < « for all | < l,,. This together with the fact that l,,; < oo in
problem P provides

flop < av. (3.94)

Now, from (3.92) and (3.94), it follows that
YV, f,g,V)€e Bl + /fdﬁ+/ gd\ + (V,U) > o (3.95)
I JR

Now, we make certain claims regarding fi, 7, A and U.

e Claim 1 : g € R satisfies, i > 0. Let us suppose i < 0. Fix any [ € R, satisfying,
[ > l,pt. It should be noted that (1,0,0,0) € By. So, from (3.95), we have, il > iy,
which implies, [ < [, (since we assume /i < 0). This contradicts [ > [,,; and hence,
we have, i1 > 0 as claimed.

e Claim 2 : Measure » satisfies, 7| > 0. Using Riesz theorem, in order to prove the
claim it is sufficient to prove that for all f € C(I) satisfying f > 0, we have, [, fdi > 0.
If, f >0, we have, (I, f,0,0) € By, and so using (3.95), we have, [, fd > 0. Thus,
vl > 0.

e Claim 3 : Measure \ satisfies, 5\| jr > 0. It follows similarly as Claim 2.

e Claim 4 : Matrix U € Sy, satisfies, U = 0. Using the fact that the positive semi-
definite cone S}, is self-dual (Example 2.24, [14]), in order to prove the claim, it
is sufficient to prove, for all V € S};, we have (V, U> > 0. If, V = 0, we have,
(lopt, 0,0, V) € By, and so using (3.95), we have, (V, U> > (. Thus, U = 0.
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P(jw)

It should be noted that for any P € Py, denoting I' = max RUw) We have,
Jwel
T, £-T, H@%’A(P)) € B; and so (3.95) implies
T+/ P r dA+/ P d\+ (A(P),U) > il (3.96)
—_— V o . .
SV i L [PV =

Now, let us suppose the non-negative real i is strictly positive, it > 0. The positive measure
v on I can be normalized to satisfy (1) = i and for simplicity, we call this measure again
by 0. So, it follows from (3.96),

P -P . .
—dv _— > [l .
/HRdV+/jR T ’w’2N+1d)‘+ (A(P),U) > [ilopt (3.97)

Dividing (3.97) by i, we have the Lagrangian,

v

N 5\ A
L(P,— - 9) > lopt, VP € Pyy.

A A

il

Minimizing the Lagrangian over P € Pyy, we obtain,

A=2,U= (3.98)

7;>I S>>
:>| )

97,2\, U) > Ly, where i = Z
Q’

The results of claims 2,3 and 4, the fact that ©(I) = { and the assumption that 4 > 0
implies 7(I) =1, 7 > 0, A > 0and U > 0. By weak duality, we also have g(#7, X\, U) < lop.
So, g(7, A, U) = lopt, when i > 0.

Next, we claim : i # 0. Let us suppose i = 0. From (3.96),

P _p . X
— —I')dp - A p >0
/H(R > V+/jR1+|w|2N+1 +(A(P),U) 20

Applying this to (Py,T'o) that satisfies the Slater condition, 22|, — Ty < 0, =Py|z < 0,
A(Py) < 0, we have,
PO ~ _PO S ~
- — Lo |d —————d\ P, > 0. _
/]I<R 0> V+/jR1+|w|2N+1 + (A1), U) 20 (3.99)

~

From the results of claims 2, 3 and 4, 7 > 0, A\| > 0, U = 0 and so we also have,

/ (@—ro)dym | o <0, (AR D) <0 (3.100)
I J

R R 1 + |(.U|2N+1

The inequalities in (3.99) and (3.100) leads us to the conclusion that 7, A and U has to be
zero. This contradicts the fact that (@, 2, A\,U) # (0,0,0,0) which was announced by the
hyperplane separating theorem. Thus, i # 0 as claimed.
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So, we have P,, and (7, U ) to be the points where primal and dual optimal are
attained with zero duality gap, i.e,

lopt = dopt = g l/ )\ U (3101)
— min (/ dz/—l—/ (1+ |w|2N+1)d)\+( (P), U>> (3.102)
< lopt + /R (TTQPE\]H) dX\ + <A(P0pt) U> (3.103)
J
< Alopt- (3.104)

(3.103) follows since the minimum of Lagrangian over P € P,y is less than or equal to

its value at P, and the facts that for all jw € I, PE’&%”) < oyt and v(I) = 1. (3.104)

follows since —P,p|r < 0, A >0, A(P,,) 20, U > 0. This implies that we have equality
throughout and hence we have the complementary slackness condition, i.e there exists
positive measures 7, A on I and jR respectively, U € S}, satisfying,

Popt ~
P = 1, 3.105
A R Dt ( )

— 4 opt Y
(A(P,,,),U) = 0. (3.107)

(iii). Optimality Condition

The remaining section explains the fact that integrals in equation (3.105) and (3.106) can
be replaced by finite sums. Let us denote by jwi, jwa,. .., jwy,, the zeros of Py, — o R
in I. Assuming that we are not at the special case when P, = l,R, we have k; < 2N
(this special case is included in the discussion to follow in the next page : ‘Simplification at
the optimum’). Then (3.105) clearly implies that the positive measure  can have positive

ki
mass only at these points, 7(jw;) = 7; and we have ) ; = 1. So, we have
i=1
Popt(jwi) .
T ) 12,k
R(jwi) " '

and equation (3.105) can be replaced as follows,

k1 ,
2 %ﬁi = lopt, k1 <2N. (3.108)

If the optimal P,,; > 0 on jR, i.e, the constraint, P > 0 is not active at the optimum,
then (3.106) clearly implies the measure A = 0. The case when P, is identically equal
to zero cannot occur since 0 ¢ HY as discussed immediately after definition 3.2.6 of HY.
So, if we say P, has ky zeros on jR (ky < 2N), denote them as jy1, jyo, .- -, jYk,, (3.106)

clearly implies that the positive measure A can have positive mass only at these points.
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After multiplying the positive weight W to the measure \, we name it again as A and

1+|w
denote A(j7;) = Ai. So, equation (3.106) can be replaced as follows,

ko
> —Pou(j1i)Ai =0, ky < 2N, (3.109)
i=1
Thus, to sum up, it follows from (3.107), (3.108) and (3.109) that the solution to the
following unconstrained optimization problem

/i — Z P(j7:)Ai + (A(P), 0>), (3.110)

min U
%%N(ilROw)

coincides with the solution to problem Bo. We have P, and (7, )\ U ) to be the primal
and dual optimal with zero duality gap. Since P,, minimizes L(P, D, AU ) over P € Py,
if we assume that P, has no common zeros with R on the imaginary axis, the Lagrangian
is differentiable and its gradient must vanish at P,,, that is,

k1

L OPyliw) R 0Pl ¢ (24
- V; — — 2\, + ,U)Y=0 3.111
Z R(jw)  Opm Z O O (3:.111)

for m = 0,1,...,2N, where [pan,pan_1,---,P1,P0] denote the coefficients of P, € Pjy
in the standard basis {s*V, s*¥=1 ... s, 1}. In summary, the Karush-Kuhn-Tucker (KKT)
conditions are satisfied and this completes the proof of theorem 3.3.10. The reader can
note that the derivative of the matrix A(P,,;) = —A(P,,) in (3.111) with respect to the
coefficients of F,,; can be calculated once we know the derivative of the outer function Up,,
with respect to the coefficients of F,,. This in fact can be calculated once we know the
Jacobian of the maps providing the spectral factor g of P,y + R and pope of P,,. The
calculation of this Jacobian is explained in the next chapter in (4.38).

Simplification at the optimum

In theorem 3.3.10, now let us consider the case when F,,, and R have some common zeros
on the imaginary axis, denoted by joq, jas, ..., joy, where k£ < 2N. These common zeros
can occur only outside the passband since the fixed transmission polynomial R of the global
system is assumed not to have any zeros in the passband I. It should be noted that in this
case, the Pick matrix A(P,,) as defined in (3.30) is non-differentiable. The common zeros
of P, and R, represented by jo;’s are not assumed to be distinct and it should be noted
that since P,,; and R are positive polynomials, these zeros on the imaginary axis necessarily
have even multiplicity. If we denote, C(s) = (s — jai)(s — jaa) ... (s — jou), then C(s)
is a positive polynomial of degree k. Let us denote, R(s) = 28 € PJy_,. It should be

noted that Popt = P“”t € P;y_, is the optimal solution for lower order version of problem
PBe with opt1m1sat10n space Pon replaced by Pay_j and R replaced by R. This can be
seen by the fact, if this is not the case, say if P e @ in PJ,,_, solves the lower order
problem with a better criterion, then P(s)C(s) in Py Wthh is not identically equal to P,
solves the primal problem P with a better criterion, contradicting the optimality of the
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solution P, to ‘B¢. So, it follows from the previous proof that there exists non-negative
. - - k1
real numbers 7y, 0o, ..., Vg, A1, Ag, o, A, ki < 2N — ko ky < 2N — K, where )7 = 1,
i=1
matrix U € S}, points jwi, jws, . . . , Jwg, in [and points jvy1, 770, . - ., J7;, in JR, such that,
Popt = P"’” € PJ_, satisfies

po 7 7
M:zm, i=1,2,... 0

R Jwi)

and it solves the following unconstrained optimization problem

plnin <H ZP Jvi) A + (A(P), U>> (3.112)

where 3
oy | —A(P), PePiy,,
A(P) = { +oolys, otherwise,

A(P) represent the Pick matrix defined in (3.30) with R replaced by R in the definition of
Up in (3.19). Now, as in the previous case, we have the KKT condition satisfied,

l~€ /;JQ =~ .
1 8Popt ]Wz) ~ aPopt(]’Yi) \ <6A( opt) ~>
_ Al LACRLYE WS U)Y=0 3.113
Z R(jw;)  Opm 8 z; Opm Opm ( )

for m =0,1,...,2N — k, where [pan_r, ..., P1, o] denote the coefficients of Popt € Py s
So, we have written down the KKT condition for problem ‘B¢ in the cases when P,,; and
R have common zeros or not. In this subsection, ‘Simplifications at the optimum’, we
have tackled the case, the Pick matrix A(P,,) as defined in (3.30) is non-differentiable by
formulating the unconstrained dual problem in a lower dimension. We will conclude this
section here and in the next section, we move to the illustration of some results of the
numerical implementation of problem - on some antenna prototypes.

3.4 Results

In this section, we will present some numerical illustrations of the matching results obtained
on some concrete antenna examples. Before this illustration, we will provide a brief descrip-
tion of the synthesis of the optimal global reflection for a given load of McMillan degree
M starting from the optimal solution P, € HY to problem 3¢ and then the extraction of
the matching filter from this global response as well.

As discussed in proposition 3.3.2 about the characterisation of HY, if P € HY i.e the
Pick matrix A(P) > 0, there exist a Schur function bp(s) of at most degree M such
that the global reflection coefficient S,y = bpUp of degree at most N + M satisfy the de-
embedding conditions for the given load, Sy (&) = Loo(&;), 1 <4 < M. For any P € HY,
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the corresponding function bp(s) can be computed by the Schur recursion described in
appendix C. Let us define

EP = {b eB : b(g) = Lal&) ) < M}. (3.114)

Up(&) =~

As stated in theorem C.1.1 in appendix C, the recursion procedure provides the interpolant
function bp(s) € EL; of at most degree M. In the case of non-optimal feasible solution
for problem P, i.e for P € PJ, at which A(P) = 0, EY; contains more than one Schur
function and is parametrised by theorem C.1.1 as

_ Aum(s) + Bu(s)fuls)
Cu(s) + Dur(s) far(s)’
for some fy; € B and the polynomials Ay, By, Car, Dy € Py are computed by means

of Schur recursion from the interpolation data. If we choose fi/(s) = ¢, a uni-modular
constant, then the Schur interpolant takes the form

bp(s) (3.115)

Apn(s) + Bu(s)e

bP(S) - OM(S> + DM(S>C7

(3.116)

and as discussed in remark C.1.2 in appendix C, b(s) is a blaschke product of degree M.
This provides the global reflection Sy; = bpUp of degree N + M which satisfy the de-
embedding conditions for the given load. Furthermore, at the optimal solution P, of
problem HY (Pick matrix A(P,,) is singular), Eﬂpj”t contains only a blaschke product bp,,
of degree equal to the rank of the Pick matrix. Let us denote this degree by d < M — 1.
So, we have the optimal global reflection Sy, = bp, ,Up,,, of degree N + d which satisfy the
de-embedding conditions for the given load.

3.4.1 Extraction of the Matching Filter

Once we obtain the optimal global reflection Sss, it is important in practice to compute
the matching filter which provides this Ss. Following the Fano-Youla approach of the
global system synthesis, throughout this chapter, we have discussed the optimsation scheme
focused on the minimisation of the magnitude of the output reflection coefficient of the
global system, [Seo(jw)| within a given passband I. It should be noted that this also
provides the optimal input reflection coefficient for the global system since we are dealing
with lossless systems (for all w € R, |S1;(jw)| = |S22(jw)|). The classical matching problem
is to minimise the input reflection coefficient of the total system (matching circuit + load)
in the passband of interest.

The matching filter providing the optimal global reflection can be computed directly by
de-embedding the load from the global system. Let us denote the optimal global reflection
coefficient

p a’ pu
Spy == =bp, Up,, = ——, (3.117)

q a qu
where bp,,, = % is a blaschke product of degree d < M — 1 (a € Py is a stable polynomial)
and Up,,, = EU is an outer function which satisfies py,qu € Py and quq; — pupj; = R,

PhD Thesis 121



CHAPTER 3. MATCHING PROBLEM : A CONVEX OPTIMISATION APPROACH

the fixed transmission polynomial stated at the beginning of subsection 3.2.2. It should be
noted that, because of the additional degree introduced by the Blaschke, with respect to
the constraint set of problem B defined in equation (3.13), the optimal global reflection Say
obtained by solving problem B¢ only satisfies Sy € Fi\;f% since q¢* — pp* = aa*R. This
means that compared to the initial fixed transmission polynomial R for the global system,
now it is aa* R and d additional transmission zeros are introduced in the global system at
the points where the polynomial a* vanishes. In general, once we have the optimal global
reflection, the output reflection coefficient of the matching filter 5 can be computed by
equation (3.4) :

Sy — Ly

B SQQLH - det(L) i

If we denote the Darlington extension of the load by

oL (o
g\ "L pL )’

such that rpr} def R1 = qrq; — pLp}, the de-chaining formula for Fy; in (3.118) reduces to

F22

(3.118)

(3.119)

In the above rational expression of Fyy, it can be noted that the numerator and the de-
nominator are of degree N + d + M. Since we have Sa(&;) = L22(&;), 1 < i < M and all
&’s in IT* belonging to the set of transmission zeros of the global system as well, it can be
easily verified that in the above expression for Fyy there are pole-zero cancellations at &;

and —&;, 1 < i < M (see section C.1 in appendix C) leading to 20 simplification. Thus,

£ . . .
we have Fh def p—?, where pr, qr € Py_pr1q and so, we have the following scattering matrix

of McMillan degree N — M + d for the optimal matching filter,
oL ( Pr Tk ) |
qr \ "F Pr

where the polynomial rp € Py_j/4q satisfies rpry dof Rr = qrqy — prpy and RpRp, = R.
So there is an additional degree d to the desired McMillan degree N — M for the matching
filter. This increase in the degree of the matching filter is the price to pay for the convex
relaxation of the problem. It should be noted that since d < M — 1, the maximal degree of
the optimal matching filter is N — 1. Nevertheless, it should also be noted that if the load
is of degree M = 1, there occurs no increase in the degree, Ssy belongs to FX¥ and it solves
problem P as well. So, in practice for most of the antennas which feature single resonance,
the approach provides sharp lower bounds for the matching criterion and a procedure to
extract the matching circuit of desired degree which achieves this optimal global reflection.
When the load is of higher degree, the approach provides optimal global reflections level
that can be achieved using matching circuits of degree d more than the initial desired degree.

In addition, it should be noted that, in problem B¢, for any P € HY where P # P,
we are able to furnish a global reflection coefficient Spo of degree N + M as well,

Sy = bpUp, (3.120)
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where bp is a blaschke product of degree M and Up is an outer function of degree N which
satisfies |Up| > |Up,,,| on the imaginary axis. So, following the same explanation above,
we can furnish a matching filter of degree N which provides this global reflection. It means
there is an increase of degree M compared to the desired McMillan degree N — M for
the matching filter. We conclude here this brief description about the extraction of the
matching filter providing the synthesized global response. In the next subsection, we will
provide a couple of examples to demonstrate the optimisation scheme discussed in this

chapter.

3.4.2 Example 1 : Superdirective Antenna

In the first example, we present the same antenna example that was illustrated in subsection
2.4.1 in chapter 2. The scattering parameter of the load with McMillan degree M = 2 is
depicted in figure 3.2. The passband I of interest represented by the shaded rectangle
extends from 870MHz to 900MHz.

0 3
.................. Ly, .. seeee Ly
2L .
Yy 2 | N
I I s
=
<5} = 11 |
ER . =
H 3
=
¥ 8| . = 0| .
= o A
~10 - |
. _1 [ '...' |
_12 | | | | | |
850 900 950 850 900 950
Frequency (MHz) Frequency (MHz)

Figure 3.2: Scattering parameter of load with McMillan Degree 2.

The result of solving problem B with N = 6 is presented in figure 3.3. The transmission
zeros of the matching circuit were all fixed at infinity (Rp = 1). The solution to problem
Lo provided the optimal matching circuit of McMillan degree 5 which provided a reflection

level iopt = 20log<, / %) = —8.53 dB. It can be observed in figure 3.3 that the global

reflection Si; attains ﬁopt at (N + 1) = 7 times in the passband I characterizing the
optimality of the obtained response as mentioned in theorem 3.3.8. By using the matching
circuit, it can be noted that the value of the maximal mismatch of the load in the passband
has been improved from -1.37 dB (Ly; at 870 MHz) to -8.53 dB. The scattering parameter
of the matching circuit Fy that provides this optimal criterion is shown in figure 3.4.
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Figure 3.3: Result of problem P with N = 6.
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Figure 3.4: Scattering parameter of the optimal matching circuit with McMillan Degree 5.
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3.4.3 Example 2 : Dual Band Antenna
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Figure 3.5: Scattering parameter of load with McMillan Degree 3.

In the second example, we present the matching results obtained for a dual band antenna
presented in [37]. The scattering parameter of the load with McMillan degree M = 3 is
depicted in figure 3.5. In this example, the targeted passband in the matching problem was
fixed to be 1.21 GHz - 1.24 GHZ (GPS L2 band), 1.26 GHz - 1.3 GHZ (Galileo E6 band)
and 1.55 GHz - 1.6 GHZ (GPS L2 band). The result of solving problem Bo with N = 10
is presented in figure 3.6. The transmission zeros of the matching circuit were all fixed at
infinity (Rp = 1). The solution to problem B¢ provided the optimal matching circuit of

McMillan degree 9 which provided a reflection level f)opt = 20log (, / ﬂ) = —11.46 dB.

Lopt+1

It can be observed in figure 3.6 that the global reflection S; attains [:Opt at (N +1) =11
times in the passband I characterizing the optimality of the obtained response as mentioned
in theorem 3.3.8. By using the matching circuit, it can be noted that the value of the
maximal mismatch of the load in the passband has improved significantly from -1.9 dB
(L1 at 1.3 GHz) to -11.46 dB.
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Figure 3.6: Result of problem P with N = 10.

3.4.4 Analytic Examples

In this subsection, we will consider the two analytic examples of antenna that was pre-
sented in subsection 2.4.2 in chapter 2. In these cases, we will discuss the results obtained
by the implementation of problem B¢ for different degrees of matching circuits and also its
comparison to the classical matching criterion bound obtained by Fano in [36].

(i). Degree 1 Antenna
In this example, the polynomials py, q;, and r;, and uni-modular constant € in the Belevitch
representation of the scattering matrix of the load in (2.34) were fixed to be

pr(s)=s, rp(s) = —1, qr(s) =s+1and e = —1.

So, we have a load of degree 1 with Ly1(s) = Laa(s) = ;5 and a transmission zero at

infinity. The targeted passband for matching is [—1j, 1j]. The reflection coefficient of the
this antenna, Li; is depicted in figure 3.7. The shaded rectangle in the figure represent the
targeted passband and Im(.) is used to denote the imaginary part.

For this antenna, as detailed in (2.101) in chapter 2, we have the Fano bound,

FB = —13.64 dB.

Now, we present the result obtained by solving problem P with N = 5 for this antenna.
We remind the reader that throughout this chapter, in the discussion of problem P, for

126 Gibin Bose



3.4. RESULTS

00— T PPTEEEERRALL 4
_____ I ceer Ly
—10 i
a = 7 |
= H E :
¢ 1 S A
= =0 5 a
B = PO ST :
= —30| : | 2 .
¥ : g g
= : = ol |
—40 |- : 8
—50 ‘ . ‘ —4 \ | \
-4 -2 0 2 4 -4 -2 0 2 4
Im(Normalized Frequency) Im(Normalized Frequency)

Figure 3.7: Scattering parameter of load with McMillan Degree 1.

simplicity we considered the transmission zeros of the given load, &, 1 <7< M in IIT. In
this example, for the purpose of comparing the obtained results with the Fano bound, we
consider the load with transmission zero at co. To handle such cases of transmission zero
on the boundary of the analyticity domain, jR, it should be noted that we can compute the
Pick matrix as the limit of the classical Pick matrix defined in (3.30) when the interpolation
points tend non-tangentially to the boundary. The reader can find a detailed description
of boundary Nevanlinna-Pick interpolation in chapter 21, [8]. In the analytic examples we
consider in this section, the given load has one transmission zero at infinity with the value
of Loy at infinity equal to 1. In order to handle this case, we can obtain the new Pick matrix
as the limit of the Pick matrix [A]i<; <,

_ Laa(&) L22(&5)

N U :
Ay = —ZC &) (3.121)

&+ &
defined in (3.30) when the interpolation point, say & tends non-tangentially to infinity. In
order to detail this, let us consider the interpolation problem : Let £ =00, &, 2<m < M
be distinct points in IIT and let v,,, 2 < m < M be complex numbers such that |7y,,| <
1, 2<m < M and 7 = 1; under which conditions, there exists a function f € H>°(IT")
such that

f&m) =Ym, 1<m <M, ||fllg= < 1. (3.122)

For the problem with all the interpolation points in IT*, i.e &,, 1 < m < M in II" and
Ym : complex numbers such that |y,,| < 1, 1 < m < M, it follows from Nevanlinna-Pick
theorem that the interpolation problem is solvable if and only if the matrix

a - [Tl
gm + fn 1<m,n<M

is positive semi-definite. To deal the case when §; = oo and f(o0) = 11 = 1, we will
multiply the first line and column in matrix in (3.123) by & and & respectively and then

(3.123)
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take the limit of the Pick matrix [A]i<;j<ym when & tends non-tangentially to infinity.
Denoting d; = 1, we obtain the first element of the modified Pick matrix, A as

R O S e
51—0 ’51|2 (% —+ é) 61—0 (5_1+ 51) '

Applying L’Hopital’s rule and from the assumption that f(co) = 1, we have
Ay = —f'(00) = —ang[f](c0).

We can obtain the non-diagonal elements in the first row of A as, for 2 <n < M,

510 3, F & =1 7).

Similarly, the non-diagonal elements in the first column of A can be obtained as, for 2 <
m< M,

Am = 5111£>n0 5, Em + %

= 1_f(£m)'

Thus, for problem in (3.122), we have the (M x M) Pick matrix as follows :

[—ang[f](c0) 1—f(&) 1—f(&) - 1= f(Em)]
1— f(&) Ay Aoz ... Doy
A _ 1— m Agg Agg . A3M ’ (3124)

where A is the classical Pick matrix defined in (3.123). Now, in the analytic examples we
consider, in problem in (3.122), we have f = [Lj—f, where the given load satisfies, Las(0c0) = 1
and in the construction of Up in (3.19), we assume Up(co) = 1. Thus, by the calculation
described above, in problem B¢ if one interpolation point is at infinity (£ = oo0) and
Loys(00) = 1, the theory described in this chapter can be used with the modification in the
Pick matrix as shown in (3.124), where we have,

—ang[f](o0) = ang[Up](c0) — ang[Las](0), (3.125)
1—f(&) =1— LUQ;((E)) 2 <i< M, (3.126)

L22(£i) .
1—f&)=1— ,2<i< M, 3.127
f(&) U6 i ( )

1 — Le2(&) L22(&5)
Ay = T UPE) o i< (3.128)
&+ &
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The positive semi definite character of the Pick matrix imposed the non negativity of its
diagonal terms. As shown by equation (3.125) the condition at infinity translates as,

ang[Up](o0) > ang[La](00)

which is exactly the Fano condition applied to the exterior factor Up. It is therefore readily
seen than when the load is of degree one with a transmission zero at infinity the condi-
tion imposed by the Pick matrix positivity is equivalent to the restriction that yields the
Fano bound. For more complex loads with additional transmission zeros, Fano’s condition
appears only as one of many scalar conditions weighing on Up. A complete set of such
conditions can be derived by Sylvester’s criterion that asks for the non negativity of all
principal minors of the Pick matrix.

The numerical result obtained by considering this modification in the Pick matrix and
solving problem B¢ is depicted in figure 3.8 together with the Fano bound. The green
shaded rectangle inside the passband is used to denote the difference in the optimal criterion
obtained and the Fano bound. The optimal system reflection was obtained to be

Ul — \ / .......
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‘.‘ :' SQQ
Ll \" ’ Level = -11.95dB | |
\\ : JJ eee 'B =-13.64 dB
\ [
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=
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—12 | |
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Im(Normalized Frequency)

Figure 3.8: Optimal System reflection Sss obtained by solving Be for N = 5.

Spa(s) = bp,,,(5)Up,,,(5), (3.129)
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where

s+ 1.1s* + 1.7s* + 1.1s2 + 0.58s + 0.13

b —1, U -
P(8) =1 Ur(8) = — o s 5 39 1 185 7 0.5

The output reflection coefficient of the degree 4 matching filter providing this optimal
response was found be to

—0.55* — 0.27s* — 0.1852 + 0.16s + 0.13
—0.55% —1.3s3 —1.8s2 — 1.45 — 0.55

Fa(s) =

As expected, the optimal level attained using degree 4 matching circuit by solving convex
problem B, —11.95 dB for this example is better (lower) than the one obtained using
equi-oscillating response in chapter 2 (—11.71 dB). This is in agreement with the theory
developed in chapter 2 and 3 since we haven’t fixed the shape of global response in problem
B compared to the global response in problem P,. In figure 3.9, we present the optimal
level obtained by solving problem B¢ using different degrees of reference functions, Up in a
tabular form. Similar to the equi-oscillating optimal response in chapter 2, it can be noticed
that the optimal level attained is close to the Fano bound (difference of 1.69 dB) and as the
degree of the matching circuit (M.C) increases, the optimal level attained is getting closer
to the Fano bound. Since this antenna is of degree one with the only transmission zero at
infinity, the difference of the optimal level attained from the Fano bound comes only from
the finite degree constraint of matching circuit we have in problem B¢. In problem Ps in
chapter 2, we had the additional constraint of fixed equi-oscillating shape as well for the
global response.

Degree of Up (N) Degree of M.C (N —1) | Optimal level
-8.36 dB
-10.28 dB
-11.32 dB
-11.95 dB
-12.36 dB
-12.63 dB
-12.83 dB
-12.97 dB
-13.08 dB

= OO0 | O T x| W N
QOO | O T =] W| DN —

Figure 3.9: Optimal level obtained by solving B¢ for different N.

We also present a table of comparison of the optimal matching criterion obtained by
solving problem Py (chapter 2) and problem B¢ (chapter 3) in figure 3.10. As expected, the
optimal level attained in problem Bs is better (lower) than the one obtained in problem
P, for each degree of matching circuit.
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Degree of M.C Optimal level in Ps Optimal level in Pe
1 -7.76 dB -8.36 dB

2 -9.90 dB -10.28 dB

3 -11.15 dB -11.32 dB

4 -11.71 dB -11.95 dB

5 -12.13 dB -12.36 dB

6 -12.27 dB -12.63 dB

7 -12.40 dB -12.83 dB

8 -12.52 dB -12.97 dB

8 -12.75 dB -13.08 dB

Figure 3.10: Comparison of optimal level obtained by solving Py and P¢.

(ii). Degree 3 Antenna
In this example, we consider the same degree 3 antenna that was presented in subsection
2.4.2 in chapter 2. The polynomials py,q; and r; and uni-modular constant € in the
Belevitch representation of the scattering matrix of the load in (2.34) were fixed to be

pr(s) = —s° + (0.1 +0.2)s2 + (0.09 + 0.35j)s + (0.046 + 0.25),
rr(s) = s+ (0.8 4 0.65)s + (0.42 + 0.12j),
)
€

qr(s) = s° + (2.022 — 0.25)s* + (1.449 + 0.255)s + (0.483 — 0.0235) and
1

as in (2.102). So, we have a load of degree 3 with transmission zeros at (0.5 —0.95), (0.3 +
0.37), oo. The targeted passband for matching is [—17, 1j]. The reflection coefficient of the
this antenna, L1y is depicted in figure 3.11. The shaded rectangle in the figure represent
the targeted passband and Im(.) is used to denote the imaginary part. For this antenna,
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Figure 3.11: Scattering parameter of load with McMillan Degree 3.
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as detailed in (2.103) in chapter 2, we have the Fano bound,

g _ 10m(~1922)

10 = —26.22 dB.
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Figure 3.12: Optimal System reflection S35 obtained by solving P for N = 5.

Similar to the previous example, we present the result obtained by solving problem
LB using modified Pick matrix as detailed in last example with N = 5 for this antenna.
The result obtained is depicted in figure 3.12 together with the Fano bound. The green
shaded rectangle inside the passband is used to denote the difference in the optimal criterion
obtained and the Fano bound. The optimal system reflection was obtained to be

S22(8) = bp, . ($)Up, . ($), (3.130)
where
b, (5) = 52— (0.55 — 0.17j:)s + (0.1 — 0.15]:)
v 52+ (0.55 + 0.17j)s + (0.1 + 0.155)
Up, ,(s) = 894+ (0.71 4+ 0.0795)s* + (1.4 + 0.145)s> + (0.6 + 0.15)s% + (0.33 + 0.0815)s + (0.055 + 0.000915)

5 4 (1.5 + 0.0797)s% + (2.3 + 0.215)s3 + (1.7 4 0.255)s2 + (0.81 + 0.175)s + (0.18 + 0.0035)
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The output reflection coefficient of the degree 4 matching filter providing this optimal
response was found be to

Fons) —(0.5—0.175)s* — (0.35 — 0.145)s® — (0.33 — 0.115)s? — (0.084 — 0.0025)s — (0.02 + 0.00835)
22\S) =

—(0.5 + 0.175)s* — (0.76 + 0.24)s3 — (0.76 + 0.35)s% — (0.26 + 0.25)s — (0.033 + 0.0687)

In figure 3.13, we present the optimal level obtained by solving problem B¢ using different
degrees of reference functions, Up in a tabular form.

Degree of Up (N) Degree of M.C (N —1) | Optimal level
-7.79 dB
-9.07 dB
-9.85 dB
-10.35 dB
-10.67 dB
-10.87 dB

-11.01 dB

=1 O 00| | O O i~
O| 0| || T x| W

0

Figure 3.13: Optimal level obtained by solving B¢ for different V.

As expected, the optimal level attained using degree 4 matching circuit by solving convex
problem B¢, —9.07 dB for this example is better (lower) than the one obtained using equi-
oscillating response in chapter 2 (—8.66 dB). We also present a table of comparison of the
optimal matching criterion obtained by solving problem P, (chapter 2) and problem P
(chapter 3) for different degrees of matching circuit (M.C) in figure 3.14.

Degree of M.C Optimal level in Ps Optimal level in Pe
3 -7.57 dB -7.79 dB

4 -8.66 dB -9.07 dB

5 -9.42 dB -9.85 dB

6 -10.13 dB -10.35 dB

7 -10.36 dB -10.67 dB

8 -10.49 dB -10.87 dB

9 -10.66 dB -11.01 dB

Figure 3.14: Comparison of optimal level obtained by solving Py and L.

Similar to the equi-oscillating response in chapter 2, the optimal levels obtained by
solving problem P for different degrees of matching circuit are relatively far from the
Fano bound in this example (—26.22 dB). As explained in last chapter, this is due to the
fact that the antenna under consideration has two transmission zeros at finite complex
frequencies which are not taken into account in the derivation of Fano bound in (2.100).

Flip Zero of p; in degree 3 example - making Ly outer
Now, we consider the same degree 3 antenna example with zeros of p; in II™ flipped to
IT* as did in chapter 2. The polynomials py,qr and r; and uni-modular constant € in the
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Belevitch representation of the scattering matrix of the load in (2.34) were now fixed to be

pr(s) = —s® + (1.3 4 0.25)s* — (0.75 — 0.075)s + (0.21 — 0.022;),

rr(s) = s+ (0.8 4 0.65)s + (0.42 + 0.12j),

qr(s) +(2.022 — 0.25)s* + (1.449 + 0.255)s + (0.483 — 0.0235) and
€

53
1.

It should be noted that zeros of pj, (—0.2 —0.55), (=0.740.55), (—0.44 0.2j) are now

in IT~ making Loy = %2 outer. The angular derivative of Loy is now ang|Lgs](o0) = —0.722
which is different from the case when Loy was not outer and we have the new Fano bound,

10mang|Las](00)

FB =
In 10

= —9.85 dB.

As we mentioned in chapter 2, the flipping of zeros inside I1~ of p; has increased the Fano
bound significantly from -26.22 dB to -9.85 dB. Now, we present the result obtained by
solving problem B+ using modified Pick matrix using degree of reference function, N =5
in this case. The optimal system reflection was obtained to be

S92(8) = bp,,, (5)Up,,,.(s), (3.131)
where,

b (5) 52— (0.14 + 3.25)s + (0.19 + 0.0757)
S) =
Fopt s2 + (0.14 — 3.2j)s + (0.19 — 0.0755)’
s° 4+ (0.84 + 0.25)s* + (1.5 + 0.155)s> + (0.72 + 0.215) s> + (0.39 4 0.0745)s + (0.052 + 0.00515)

U —
Popt (5) 5+ (1.3 4 0.25)s% + (1.9 4 0.255)s% + (1.3 + 0.315)s2 + (0.62 + 0.155)s + (0.12 + 0.0115)

The output reflection coefficient of the degree 4 matching filter providing this optimal
response was found be to

—(0.5 4 0.46)s* — (0.39 — 0.165)s® — (0.4 — 0.0185)s% — (0.068 — 0.175)s — (0.0022 — 0.016;)

I -
22(s) —(0.5 — 0.46)s% — (0.67 — 1.1j)s® — (0.7 — 1.45)s% — (0.27 — 0.865)s — (0.052 — 0.019;)

134 Gibin Bose



3.4. RESULTS

Magnitude (dB)
|
D

_10L.......................... eé00000000000 00 0000000000000 0060000000

—11

—12 S

.................
......
LT
------

ans
wus
_____
ast®
.t
.
.
.

Level = -4.76 dB
eee 'B =-9.85 dB

Figure 3.15: Optimal S5 obtained by solving B¢ for N = 5 for outer Los.
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In figure 3.16, we present the optimal level obtained by solving problem P for this
antenna using different degrees of reference functions, Up in a tabular form.

Degree of Up (N)

Degree of M.C (N —1)

Optimal level

-4.25 dB

-4.76 dB

-5.05 dB

-5.26 dB

-5.40 dB

-5.51 dB

=] O 00| 3| O O &~

0

O 00| J| | O b= W

-5.509 dB

Figure 3.16: Optimal level obtained by solving B¢ for different NV for outer Los.

We also present a table of comparison of the optimal matching criterion obtained by
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solving problem P, (chapter 2) and problem B¢ (chapter 3) for different degrees of matching
circuit (M.C) in figure 3.17 for this antenna with outer Las.

Degree of M.C Optimal level in P Optimal level in P
3 -4.14 dB -4.25 dB
4 -4.66 dB -4.76 dB
5 -4.80 dB -5.05 dB
6 -4.92 dB -5.26 dB
7 -5.12 dB -5.40 dB
8 -5.21 dB -5.51 dB
9 -5.29 dB -5.59 dB

Figure 3.17: Comparison of optimal level obtained by solving Py and P¢.

Before concluding the chapter, we will devote a section to make a comparison of the
approaches discussed in chapter 2 and chapter 3 to solve the matching problem and present
the connection between these approaches.

3.5 Nehari Theory and Nevanlinna-Pick Theory

In chapter 2, we have used Nehari theory and the realizability test based on the Hankel
operator to solve the matching problem, whereas in this chapter, it is based on the interpo-
lation theory and positivity of Nevanlinna-Pick matrix. We will make a brief comparison
of these approaches and then present the connection between two approaches. This will
be done by demonstrating an elegant way of arriving at the Pick matrix positivity con-
straint presented in this chapter starting from the norm constraint on the Hankel operator
discussed in chapter 2.

In comparison to the approach presented in chapter 2, it should be noted that in this
chapter we have provided further flexibility to the modulus of realizable global response
by parameterizing it using the set of positive polynomials in ;. A brief summary of the
important points in the presented approaches in both chapters is given below for the sake of
comparison. In chapter 2, we had the following important steps in the presented approach.

o Relaxed Problem : Does there exist Fyy € B such that

0(Fo2(jw), L11(jw))| < [ka(jw)], w € R 7 (3.132)

e Optimisation over a class of reference functions k, whose modulus on the imaginary
axis is parametrised by the real parameter «,

2 2
Case (i). |ka|* = %, Case (ii). |ka|* = |]?2;]
|Pel? + alri] pel? + @

e k, is realizable if and only if ||Hg|| < 1, where the symbol ® of the Hankel operator is

(1—]L11?) Ko
1—[ka|?|L11|? |17

o = % (% Ly, and V is the outer function satisfying |V| =

on the imaginary axis.
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e At the optimal &, we have ||Hg|| = 1 and hence |S1;(jw)| = |ka(jw)|.
In the current chapter, we have the following main steps in the presented approach.

e Relaxed Problem : Does there exist 5y € B such that

|(Faz 0 L)(jw)| < [Up(jw)], w € R ?

e Optimisation over a class of reference functions Up whose modulus on the imaginary
axis is parametrised by P € P}y,

P
Up|* = :
Url =57 R
1_(%2(61))(@22(@"))
e Up isrealizable if and only if A(P) > 0, where A;; = UP(%_)%V r&) 1<, 5 < M.

o At the optimal P, we have A(F,,) singular and hence |Sy(jw)| = |Up,,, (jw)|.

In both chapters, we are able to furnish optimal matching circuits of maximal McMillan
degree N — 1 by using reference functions of degree N.

3.5.1 Pick Matrix Positivity from Nehari Test

In this subsection we will give a brief overview of the classical connection between Hankel
operators and Nevanlinna-Pick matrix to an analytic interpolation problem. Then, we will
illustrate this connection in our setting with respect to the approaches discussed in chapter
2 and 3 for solving the matching problem.

Hankel Operator and Nevanlinna-Pick Matrix

The connection of Hankel operators and Nevanlinna-Pick matrix to analytic interpolation
problems are quite classic (Chapter 1, Section 4, [71]). In order to briefly describe this
connection, we consider the following problem: Let &,,, 1 < m < M be distinct points in
[T and let 7,,, 1 < m < M be complex numbers such that |v,,| <1, 1 < m < M; under
which conditions, there exists a function f € H*(II*) such that

fEm)=Ym, 1<m <M, ||fllae <1. (3.133)

The problem (3.133) can be easily reduced to a problem about the Hankel operators. Let
g be an arbitrary function in H*(II") for which g(&,) = Ym, 1 < m < M. For example,
g can be constructed as the Lagrange interpolating polynomial that assumes at each value
&m, the corresponding value 7,,. If b is the Blaschke product with zeros at &,,,

M

bs) = [ 2=z

s—i—ﬁ_m’

m=1
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then a function f € H>°(II") interpolates the values ~,, at &, if and only if f has the form
f=g—0h, h € H*. So, it follows from Nehari theorem (Theorem 2.2.6) that the problem
in (3.133) is solvable if and only if

inf —bhl|e = inf ||bg — hlle = ||H: || < 1
Jnf [lg —bhlle = inf_[lbg — hlloc = || Hyqll < 1,

where Hj, is the Hankel operator with symbol bg. The condition ||Hz,|| < 1 can be easily
reformulated in terms of the interpolation data as well (Chapter 1, Theorem 4.1, [71]):

Theorem 3.5.1. The interpolation problem in (3.133) is solvable if and only if the matriz

|:1 B 7_m7n1
£m + fn 1<mn<M

1S positive semi-definite.

The matrix in theorem 3.5.1 is the Nevanlinna-Pick matrix associated with the interpo-
lation data in problem (3.133). Having described this classical connection between Hankel
operators and Nevanlinna-Pick matrix to analytic interpolation problem in (3.133), we are
in a position to connect the approaches discussed in chapter 2 and chapter 3.

Nehari Test and Pick Matrix Test for Matching Problem

In order to easily depict the connection between approaches discussed in chapter 2 and
chapter 3, we consider the following setting : we are given a passband I, reflection coef-
ficient L1; € B and a reference function ko = 2t of degree N as described in case (ii) in
subsection 2.3.1 in chapter 2 which satisfies q,q; — prp; = arpr;. We will consider the Dar-
lington extension L of the load with transmission zeros &;,&,,...,&y in IIT and consider

the problem: does there exist Fy(s) € H*°(IT") such that
(Far 0 L)(jo)| < [kalje)], w € R ? (3134

If yes, find the F55 which achieves this. It should be noted that this problem is equivalent
to the problem (2.45) stated in chapter 2, but after considering the Darlington extension of
the load and then using port 2 of the global system to state the problem. By the definition
of chaining operation in (3.3), the inequality in (3.134) implies that on the imaginary axis,

L12L21F22

L e A As
2 TR,

< |kal. (3.135)

We define the Blaschke product b(s) with zeros &,,, 1 <m < M,

7”2 - 8_€m
b(s) = = H1 T (3.136)

So, problem (3.134) is equivalent to finding Fyy € H*(IIT) such that

BL12L21F22

< |k 3.137
= Fuln < |kal (3.137)

‘EL22 +
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on the imaginary axis. That is,
|P(jw) — ¥Y(jw)| <1, w eR, (3.138)

where
1~ 1 bLyg Loy Fay
b= — DLy, W= _—omi2baln
ko D ko1 — Fylyy

It should be noted that k,, bL1sLsy and 1 — Fyy Ly are invertible outer functions in H>(ITT)
and so if Fypy € H™(IT") satisfy (3.134), ¥ belongs to H*(IT") as well. Furthermore, we

can also prove that, if ¥ € H>(II") satisfies (3.138), then Fy, is in H°°(IT") and satisfies
bL12L21

(3.139)

|Fo2| < 1 on the imaginary axis. This can be seen as follows, let us denote V' =
which is an invertible outer function in H*°(II"). From the equation for ¥ in (3. 139)
follows that

v

Foo= ———. 3.140
2V ULy (3.140)

We have ¥ = % and

V Fy L4y V
V4+YL,,=V = . 3.141

T T Rl T 1 ko (314
We have 1_F‘2/ﬁ an invertible outer function in H*°(II") and hence equation (3.141) implies

that m is in H*(IT*) as well. This implies that Fpy € H*°(IIT). Moreover, if ¥ €
H*>(IT") satisfies (3.138), we have Fpy € H*(II") of the form in (3.140) satisfying (3.135).
This implies that §(Fo(jw), L11(jw)) < |ko(jw)| for all w € R and hence |Fy| < 1 on the
imaginary axis. So, the problem reduces to the classical Nehari problem:

Problem. Given ® € L>*(jR),

min ||® — U||z (3.142)
VeH>

and find a ¥ at which the infimum is attained if the minimum is less than or equal to one.

Let us denote g = L22 € H>. So, similar to the Nehari Test I that was discussed in
chapter 2 to solve the problem in (2.45), we are able to propose the following test using the
Nehari theorem for solving the problem in (3.134).

Nehari Test II : The problem in (3.134) is solvable if and only if |[Hy,|| < 1, where
Hy, is the Hankel operator with symbol byg.

It should be noted that unlike in chapter 2, we are able to arrive at this test without
passing through the non-Euclidean setting. This condition can be equivalently expressed
as the positivity of Nevanlinna Pick matrix as follows. Since b and g are coprime (no com-
mon nonconstant inner divisors), it follows from Theorem 2.4 in [71] that Ker H;, = bH*
and we have the orthogonal complement of kernel of Hankel operator Hg in H?,

(Ker Hy)* = H> © bH? = span <fm(s) o Sb_(sg > (3.143)
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The condition ||Hg,|| < 1 holds if and only if
H; Hy, < Iy, (3.144)

where Hg‘g represents the adjoint of Hy, and Ijs the identity matrix of size M x M. So, we
have for any complex numbers ¢,,, 1 <m < M,

M M
S cnlnlHypfos Hypfo) <5 ol fons fi)- (3.145)
m,n=1 m,n=1
We have,
Hyy fm P<3_5m>—£( pa— +S_§m)_s_€m. (3.146)
So,
— 1 1 1
(g, Hi) = 96 0E) (g s ) = &)= (314)

The last equality follows using Cauchy’s integral theorem. We also have,

(fm,fn>=< ’ , b£n>:_1 : (3.148)

S fm S fm + én
Thus, it follows from (3.145) that
M

> en =Y 9(n)9 ()~ g, (3.149)

m,n=1 gm + 5" B

That is the problem in (3.142) is solvable if and only if the matrix

_ Los(Em) L22(&n)
{ ko (&m) Fa(én)

Em + &n } 1<mn<M

is positive semi-definite. Thus, we have arrived at the Pick matrix positivity constraint as
stated in proposition 3.3.2 with reference function Up replaced by the reference function
k.

Remark 3.5.2. [t should be noted that solving the Nehari problem in (3.142) with L

function to be approximated, ® = Ll_)ng s a possible alternative to the Nehari problem in
(2.47) in chapter 2 which had ® = (%)L_H The reference function k. enters

the formulas in (3.139) in the Nehari test linearly in this new setting (this was not the case
in (2.47)).
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3.5.2 Nehari Test II for Finite Degree Matching Probelm

Before concluding this section, we will discuss some more important details of solving the
problem in (3.134) using the Nehari test II discussed in the previous subsection. As done
in chapter 2, the idea is to find the smallest possible power mismatch of the form k.. That
is to solve the problem : does there exist Fyy(s) € H*(IIT) such that

[(Fas 0 L)(jw)] = [kaljw)], w € R ? (3.150)

If yes, find the F5, which achieves this. This can be done by performing the Nehari test
IT of ||Hs|| < 1 by iterating |k,|. The test can be performed on a grid of a’s and the
solution to problem in (3.150) can be obtained once we find the & at which ||Hs|| =1 (a
possible update rule for « is suggested at the end of this subsection). The same numerical
implementation scheme discussed in subsection 2.3.3 in chapter 2 can be used to solve the
Nehari problem in (3.134).

Now, we will provide an important result about the estimate of the degree of the rational
Schur function Fhy and Fyy obtained as the solution of problems in (3.134) and (3.150)
respectively. As discussed in the proof of the proposition (2.3.3) in chapter 2, if we denote
the maximizing vector of the Hankel operator in Nehari problem in (3.142) by W, we have

b
W = @7 HCD(W) = _O

= 3.151
= (3.151)

where ag and by are polynomials of at most degree M — 1. In addition, it from theorem 1.4
in [71] that

bo = Ta;, 7€ C satisfying |7] = ||Ho|| (3.152)

and ag is Hurwitz polynomial. So, the error function in Nehari approximation,

_ He(W) _ _agre

o — v = . 3.153
14 Tag Ty ( )
It follows from the equations in (3.139) that
b Sao 1L
O -V =—(Fpol)=—"— 3.154
ka( 22 © ) ka rE’ ( )

where Sos = Fiyy o L is the output reflection coefficient of the global system. Comparing
equations in (3.153) and (3.154), we have the ouput reflection coefficient of the global
system,

Sop L L0 Tl (3.155)
q Qo @oqk
It should be noted that Sy is of at most degree N + M — 1 and we have,
qq" = pp" = aoag(ardi — |TI*Prp})- (3.156)
At the optimal a, namely & at which |[Hg|| = 1, we have |7| = 1 and hence we have,

S22 (jw)| = |ka(jw)|, w € R,
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the smallest possible power mismatch of the form k.. Also, Spo = % satisfies,

4q" — pp" = aoay(qrqy, — PrD)) = GaoagrLry (3.157)

which implies that the global system contains the transmission zeros of the load. The
reflection coefficient of the matching filter providing the optimal global reflection can be
obtained by de-chaining the load from Sss,

F22 = = . (3158)

As explained in subsection 3.4.1, since the optimal global system contains the transmission
zeros of the load, the de-chaining gives Fyy = 2—‘?, where ps,qp € Py—; and thus we have
the optimal matching filter of McMillan degreeFN — 1. In the non-optimal feasible case,
i.e when ||Hg|| < 1, it follows from equation (3.156) that the global system synthesized
doesn’t contain the transmission zeros of the load. This implies that the matching filter
obtained in this case by de-chaining the load from Ss; will be of degree N + M — 1.

An important point to note, comparing the global reflection coefficient obtained in two
approaches (3.117 and 3.155) is that among all the possible H* functions, Nehari test
IT provides the minimal norm solution Sss = F5 o L to the problem in 3.134. When it
comes to the degree of the matching filter, considering the non-optimal feasible situations
in the described approaches (pick matrix strictly positive definite and operator norm of
Hankel operator strictly less than one), it follows from the explanation in this section and
subsection 3.4.1 that the extraction of matching filter from S,y synthesized in (3.117 : Pick
matrix approach) provides a better degree (lower) than the Sss synthesized in (3.155: Nehari
approach). Before concluding this section, we will provide a couple of remarks concerning
the Nehari test II and its implementation.

Remark 3.5.3. (Monotonocity of Hankel Operator Norm). Let us consider the problem
in (3.134) using reference functions ko, and ke, where a; < agy < &. It should be noted
that for any w € R, |kq, (Jw)| > |kay(jw)|. For the reference functions ke, and k,,, let us
denote the Hankel symbol defined in (3.139) as @, and @, and the the global reflection
coefficients obtained via Nehari test II as S53 = Fyy' o L and S55 = Fy3 o L respectively.
We have,

|955 (Jw)| < [Ka, (jw)| < [ka, (jw)], weR (3.159)

and so Fy} is a solution to the problem in (3.134) with reference function k,, as well. From
Nehart theorem, we have
S22

Ko,

Qs
522

L B Hkal

Qg
522

Lo ‘ ’ kaz

= [[Ha,, |-
Lo°

| Ho || = H

The first inequality follows since Sgy is build from the best H* approximant ¥,, to ®,,
in the L>-norm and the second strict inequality follows since for any w € R, |k, (jw)| >

Koy (Jw).
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Remark 3.5.4. (Update Rule for o). In order to solve the problem in (3.150) using Nehari
test 11, a possible update rule for o is described in this remark. Let a; denote an o at which
|Hs, || < 1. From equation (5.155), on the imaginary aris we have

| ai2:|7'~|2|k’ |2:| A|2 |p/€’2
22 1 (&%) 7 |pk|2 +O[i|TL|2’
where |7;| = ||Ha,,||. At the neat iteration, imposing the following condition on the nor-

malized passband [—17,17],
|53 (J)I* < [Kaqs (),
we have the following upper bound on o1 in the passband,

— 7|7 | Pk QG| TL
(1 = |7llpsl?) + cilre|?

Qi1 <
* |73l |rL?
Thus,
1—|n2 D! i D
v = L EIRUP) + ol Go)
jwel-15,17] 732l (jw)

is a possible update for o;. Starting from an ag at which ||Hg, || < 1, this update can be
used to find the & at which the operator norm of ||Hg|| become equal to one.

We conclude here this section about the brief description of the comparisons and the
connection between approaches discussed in chapter 2 and chapter 3 to solve the matching
problem.

3.6 Conclusion

In this chapter, we have presented a convex optimisation approach for broadband impedance
matching problem mainly based on Youla’s matching theory and theory of analytic interpo-
lation. Most of the important theoretical aspects regarding the developed approach along
with some illustrations of practical implementation have been done. As it is usual in classi-
cal filter synthesis, the transmission polynomial of the global system to be synthesized was
supposed to be fixed. Then the positivity of the Pick matrix based on the de-embedding
conditions was used to test the realizability criterion. As we have discussed, the solution
to convex formulation of the global matching problem (problem B¢ ) gives us P, € HEY
and bp, ,Up,,, provides the optimal global system of maximal McMillan degree N + M — 1.
Hence, this provides an efficient method of finding optimal matching circuits of maximal
McMillan degree N — 1 for a given load and a class of realizable Schur functions with fixed
transmission polynomial. We have also provided a brief overview of the comparisons and
the connection of approaches discussed in part I of the thesis to solve the matching prob-
lem. This study has made a clear link between the Nehari approach and Nevanlinna-Pick
approach with reference to the broadband matching problem.

With this chapter, we conclude part I of the thesis. We have made a theoretical study
of the broadband matching problem in this part along with the illustration of the methods
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developed on some antenna examples. The second part of the thesis will move further
ahead in the practical direction. In this part, the matching problems will be formulated
in such a way as to easily take into account more practical considerations concerning the
realization of the matching circuit. We will formulate the matching problems in the real
setting and present results obtained by using the matching circuits obtained on some an-
tenna prototypes. A direct formulation of the matching problem where it is casted over the
set of reflection polynomials of the matching circuit (of finite degree) which we are seek-
ing will be made. The practical constructability of matching circuits as ladder networks
consisting of inductors and capacitors and methods to ensure transformerless synthesis of
circuits, bounding element values of capacitors and inductors and including microstrip lines
in between the elements will be presented as well.
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CHAPTER 4

Matching Problem in Real Setting and Ladder
Network Synthesis

4.1 Introduction

In this chapter, we will do a detailed study of the different realizability constraints that
need to be taken into account in the case of matching circuit synthesis using L, C' compo-
nents. The problem of impedance matching circuit synthesis has been evolving for around
past 80 years and the reader can find a a good amount of literature related to the topic
(some of these are [73], [95], [58], [93], [90], [3], [51]). In comparison to the approaches
developed in chapter 2 and 3 of the thesis, the problems studied in this chapter will impose
additional constraints on the matching circuit to be synthesized in order to meet different
specifications as required by the application. We will introduce the matching problem in
the real setting where broadband matching problem is casted directly over the set of reflec-
tion polynomials of matching network (p in Pg y, polynomials of degree at most N with
real coefficients). The importance of this problem lies in the fact that it is the simplest
formulation of the matching problem in such a way that the optimal matching circuit can
be realized using finite number of inductors and capacitors. As the chapter progress, it
will also be clear that in this setting many practical constraints concerning the realization
of the matching circuit can be easily incorporated and implemented as well. Some of the
important theoretical results like existence of the solution for this optimisation problem and
a result about the characterisation of the optimal solution will be done. Later on in the
chapter, a series of different, yet closely related problems are introduced in order to tackle
the problems of transformerless synthesis of the matching circuit, bounding the values of
the lumped elements in the matching circuit to desired ranges as required by the user and
presence of microstrip lines in between the lumped elements. A description about the nu-
merical implementation of different problems considered in the chapter will be provided.
An example of the numerical illustration of each problem introduced and the realization
of the optimal matching circuit obtained using ladder networks will be done as well. For
any given load, the matching criterion provided in this chapter will be inferior to the one
in chapter 3 of the thesis for a fixed McMillan degree of the matching circuit but the op-
timal scattering matrix is ensured to meet the additional specifications of realizability as
discussed.
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Throughout the numerical implementations discussed in this chapter, the transmission
zeros of the scattering matrix of the matching circuit to be synthesized will be fixed at either
zero or infinity (or both) in order to ensure the realizability of the matching circuit using
series or parallel inductors or capacitors. In the scattering matrix of the matching circuit
to be synthesized, this corresponds to fixing r = s™, 0 < n < N and it is a choice made
for the practical ease of realization of the circuit. The angular derivative of the reflection
coefficient at the transmission zero on the imaginary axis will play an important role in
parameterising the S-matrix of these elementary L, C-sections. In the next subsection, we
will provide a brief description of angular derivatives.

4.1.1 Angular Derivatives

Definition 4.1.1. (Angular Derivative). Let S represent the (2 X 2) scattering matriz of
a lossless system having oy = jwy, wy € R as a transmission zero on the imaginary azis
(possibly ag = oo as well). Then the angular derivative of Sy at o is defined as the
quantity,

ang[ Sy () = Sa2(0) S35 (o),
where Sy, (a) represent the quantity = (Sx(s))|

s=ag - %%<522(]w)) |w:wo ’

It should be noted that in definition 4.1.1, since «q is a transmission zero of a lossless
scattering matrix S on the imaginary axis, we have,

|Sa2(co)| = [S11(ao)| = 1. (4.1)

Remark 4.1.2. The angular derivative of Sso is the derivative of phase of Sy with respect
to the frequency. It easily follows from the equalities,

(st
% <1H(522(jw)))

= j ang[Sa](jwo),

w=wo

3
w=wp

- j% <Im(ln(522(jw))))

w=wo

where Im(.) represents the imaginary part. Thus, we have the following equalities for the
angular derivative of Soo at cg = jwy,

ang[Sx](ao) = —j% <1H(522(jw))>

U (4.2)

Sy

_ % (Im( ln(Szz(jw)))>

W=wo W=wo

A useful property of the angular derivatives easily follows from the first equality in (4.2),

ang[SHSQQ](on) = ang[Sn](ozg) + ang[Sgg}(ozg). (43)
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From Cauchy-Riemann equations, we also have,

di (Im(ln(Sn(W)))) = di (Re(ln(sﬂ@ T ij)))>

W T

)
=0

w=wq

where Re(.) represents the real part. Thus we have the following equation for angular
derivative of Syo at ay = jwy as well,

ang[Sas|(ap) = dix (Re(ln(Sgg(x —i—jwo)))>

_ % <ln (1S (x + jwo)l))

Now, we will state and prove an important property of angular derivatives. For a detailed
review about the angular derivatives we refer the reader to Chapter 21, [8].

=0 =0

Proposition 4.1.3. The angular derivative of reflection coefficient of a lossless system at
a stmple transmission zero, ag = jwy on the tmaginary axis,

ang[Saa] () = Sa2()Shs (o),

is a non-positive real quantity (i.e ang[Sas](ag) < 0). Moreover, if Sae is not a uni-modular
constant function, it satisfies,

ang[Sas|(ap) < 0.

Proof. Let us denote m(w) = |So2(jw)|? = Sa2(jw)Se2(jw), where w is real. Since by
assumption, ag = jwp is a transmission zero of S on the imaginary axis, m(w) attains a
maximum at w = wy. S0, we have,

dm

0= %(Wo)

= —J S5y (jwo)Sa2(jwo) + 7S22(jwo) S5 (jwo)
= (522(J'W0)S§2(jw0) — S§2(jw0)522(jw0)>
= —2 Im(Sa(jwo) Sy (jwo))-

This implies Saa(v)Shy () = ang[Saea](ayp) is a real quantity. Now, in order to prove that
ang[ S| (ap) is non-positive, let us define, for r > 0,

_ [S22(jwo + )P — 1
2r '
By definition M (r) < 0 for any r > 0. We can compute the limit as » — 0 to get,

M(r)

0 > lim M (r)
r—0
. 2 _
— lim |SQQ(]LUO+T'>| 1

r—0 2r

iy Sl + 1) S5y + 1) + S (o + 1) Sl + 1)
r—0 2

= Re(Sa2(jwo) S (jwo))

= Sz (jwo)Sae(jwo)-
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The last equality follows since we have already proved Saa(ay)Shy(an) = ang[Sas](ayp) is a
real quantity. So, we have,

ang|[Sa|(ag) < 0.

Now, let us assume that S5 is not a uni-modular constant function. We claim that
ang[Sas|(ap) = Saa(ap)Shy(cg) < 0. Suppose that Sh,(cp) = 0. Since we assume that
Soo is not a uni-modular constant, there should exist atleast one non-vanishing derivative
of Sy at . Let us say Ség), where k > 1 is the first non-vanishing derivative. For any
point in an open neighbourhood of ay, it follows from the Taylor series expansion,

Soa(g + 5) = San(ag) + S (ag)s* + o(s¥)
= Sas(10) (1 + Saa(a0) S5 (ag)s*) + o(sh).
Since |Sg| < 1 in IIT, it follows that,
Vr >0 and V0 € [—7/2,7/2], |1 —l-mSég)(ozo)rkejke‘ <1.

This is a contradiction since the argument kf ranges over [0, 2] in this case. This yields
Sho(a) # 0 and hence, ang[Sas](ap) < 0 when Sy is not a uni-modular constant. O

Remark 4.1.4. The angular derivative of Sao can be related to the derivative of modulus
square of Soo in the x-direction. We have,

d

@ (SQQ(deO -+ .I')SQQ(jUJO -+ :IZ'))

= 2 Re( S22 (jwo) S (iw))
=0

= 2 Re(ang[S22](x))
= 2 ang[Sas](ayp).

The last equality follows from proposition 4.1.35.

4.2 Matching Problem in Real Setting

We will use the same setting of matching circuit chained to the given load as introduced
in chapter 2 (figure 4.1) to formulate the matching problem in the real setting. Let the
given passband of interest be denoted by the union of frequency ranges a;Hz to b;Hz,
asHz to byHz,..., a,,Hz to b,,Hz, where 0 < a1 < b1 < as < by < ... < @, < by,
It will be normalized to be between 0 and 17 on the imaginary axis and we denote I =
[33, ;—;j] U [324, ;)—ij] U...U[3=4, 1j]. The reflection coefficient of the load is denoted by
a non-constant Schur function, L;; € B and we assume its modulus to be not uniformly
equal to one for all frequencies in the passband. Throughout the chapter, we also assume

Ly (—jw) = L11(jw), weR. (4.4)

It guarantees that the time domain impedance of the load is real (Equation 4.22, [77]). We
are interested in finding the scattering matrix of the matching network, F' which minimize
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ZG ZL

St = } Matching %
| P < | Network oy =2

dp

Eo

Figure 4.1: Matching Network Connected to One-Port Load

in T the modulus of input reflection coefficient of the system obtained by chaining the
matching network to the load. Belevitch theorem will be used to represent the scattering
matrix I’ of the matching network to be synthesized. Let us denote,

FH F12 1 Ep* —er*
F = B

(A R)=(7 )
where € is a unimodular constant and p, ¢, are polynomials of degree at most N with real
coefficients (hereinafter denoted by Pg ) satisfying the Feldtkeller equation, gg* = pp*+rr*.
It should be noted that we restrict to this subspace of Py since we are interested in realizing
the matching circuit with real L, C' components. Furthermore, we assume the transmission
polynomial R = rr* of the matching circuit is fixed and r # 0 has no zeroes inside the
passband I. As mentioned in chapter 2, we have the modulus of the input reflection of
the chained system equal to the pseudo-hyperbolic distance between Fy, and Li; on the
imaginary axis,
% — Lll(s)

— K La(s)

Fao(s) — L1 (s)
1 — Fyo(s)Li1(s)

1S11(s)| =

Let us denote by SBg n the polynomials of degree at most N with real coefficients which
are stable in the broad sense (no zeros in II*). It should be noted that in figure 4.1,
we have used the notation, Fyy = ﬁ. The subscript in ¢ is used to denote that for any
given polynomial p € Py y, the polynomial ¢ € SBy y satisfying the spectral equation can
be determined from p. To be precise, this follows from the following proposition proved
in [10],

Proposition 4.2.1. To any non zero QQ € P}y, one can associate ¢ € SBy such that for
any s = jw, w € R, we have,

Q(s) = lg(s)]* = q(s)q*(s). (4.5)

The polynomial q(s) is unique upto a unimodular constant and if Q) has exact degree 2N
then q has exact degree N. Moreover, for fized zy > 0, the map

fZO : P;_N {0} — SBN

with f,,(Q) the unique solution to (4.5) meeting q(zy) > 0 is continuous.
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So, when the polynomial r # 0 in Py y is fixed, it follows from proposition 4.2.1 that
for any p € Pr x one can associate ¢, € SBg n as follows

% « de f=
pi>pp +rr d:fQ—O>qp.

The map f., 0 g : Py — SBrn is continuous. From here on we will use g, instead of
g to mark the above association of ¢ with p. Now, we are in a position to formulate the
matching problem in the real setting,

Problem. P. Given a passband 1, non-constant reflection coefficient L1y € B of the load
which is strictly contractive in I and satisfying equation (4.4) and a polynomial r € Pg y
which doesn’t vanish in I, where N 1is the target degree of the matching circuit,

25— Iul)

1— p(s) Lll(S)

ap(s)
where: qyq, =pp* +rr* and q, € SBg y.

Find: | = min max
pE]P]R,N sel

It should be noted that [ # 0 since Ly, (s) corresponds to the evaluation on the imaginary
axis of Lf;(s) which is an anti-analytic function and hence it is not possible to find Fyy =
+ € B satisfying, for all s €I, Fyo(s) = Li1(s).

4.2.1 Existence of Solution

Theorem 4.2.2. (Solution to P). There ezist p € Pr n which solves problem P.

2y —Luls)
Proof. Let us denote the cost function in problem P as ¥(p) = maﬂx 1qp(;)(5) Ll 1 (S 1k
s€ _qP(S) 1118

continuity of the cost function 9 : P y — R follows from the following facts. The map
[, © g associating ¢, to a given p is continuous (proposition 4.2.1) and the evaluation map

The

P — (Z ((Z)) for s € T is continuous since the polynomial r doesn’t vanish in I. This implies

L)

hence the cost function ¥(p) = max o(p, s) is continuous (Corollary 5.4.2; [74]). We have
se

that the function ¢ : Pr y x I — R defined as ¢(p,s) = is continuous and

{U(p) : p € Prn} to be a non-empty set of real numbers that is bounded below by zero

and hence it has an infimum, which is a finite real number. Let us denote m = i%Plf U(p).
pelPR N

We can consider a sequence, (p,) € Pg v such that (U(p,)) form a decreasing sequence of
real numbers satisfying lim (¥ (p,)) = m, say,
n—oo

1
Vn e N,V (p,) <m+ - (4.6)

Now, we can prove that such a sequence of polynomials, (p,), itself is a bounded sequence.
If (p,) is unbounded (norm defined in A.1.1 in Appendix), it follows that for all s € I,

lim |225012 = lim (1 + |pr(—fs))|2)71 =1 and hence lim ¥(p,) = 1. This contradicts the fact
n— 00 n n—oo

n—oo Qpn(S)
that (p,) is a minimizing sequence since for p = 0, we have, ¥ (p) = max |L11(s)| < 1. So,
sE
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we have the sequence (p,,) to be bounded. The set Pg y being closed, we have a subsequence
of (p,) in Pg y converging to an element p in Pr x and the continuity of the function ¥
ensures U(p) = m. Since 7 is the infimum of {¥(p) : p € Pry}, we have 1 = [ and so
U(p) = [. This verifies the existence of p € P y at which [ is attained. O

4.2.2 Minimal Number of Critical Points

In this section, we will provide an interesting result characterising the optimal solution

in problem P. It states that if the solution to problem P is denoted by p € Pg y, then
5(;2(8),1111(5)) — [ atleast [§7 + 1 times in I, where [.] represent the ceiling function. A
formal statement of the result and its proof will be given after some preparatory work. We
will introduce a theorem discussing about the directional directive of max functions and a
lemma concerning the pseudo-hyperbolic distance. We will also state a problem discussed
in [10] concerning pointwise matching which will be useful in the proof of the main result
of this section. Theorem 5.4.7 in [74] states the directional differentiability properties of

max functions involving continua.

Theorem 4.2.3. Consider the function

U(x) = max ¢(z,y). (4.7)

yey
Suppose that
o ¢:R" X R™ — R is continuous,
o V.o(.,.) exists and is continuous, and
o Y C R™ 15 compact.

Then the directional derivative dV(x;h) exist for all z,h € R™ and is given by,

AV (z; h) = ylglg};(vxcb(x, y), h), (4.8)
where A
V(z)={yeY: U() = d(z.y)}. (4.9)

A more complete version of theorem 4.2.3 and its proof can be found in Theorem 5.4.7,
[74]. Now we will state and prove a lemma concerning the pseudo-hyperbolic distance
function.

Lemma 4.2.4. For any a € D, if we consider the function, f: D — R,

2
z—Q

f(z) =

Y

1—az

unless z = a, there exists a strict descent direction for f at z.
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Proof. Let us denote the differential dz = h. The differential of f at z € D can be calculated
as follows

o () () () (e 22)
—oref (22) (s + )]
=GR =)l
:ﬁf{e[(i—éﬁ- Z‘“2(1_a5)>h}. (4.10)

So, if we take hg = (a — z) + }f_‘aaz |2(&z — 1), using (4.10), we have the differential of f for
this particular hg, denoted as dfy to be

1—az

2

zZ—a 2
dfo = ————|(z — 1—a <0. 4.11
o = a2~ ) + [P < (4.11)
If we assume dfy = 0, we have
zZ—a _
(z—a)(1+‘1_—az|2(1—az)) =0
ie. (z—a)(l—az)(l1—az+z—a)=0.
This gives z = a, z = + or z = 9=1. Since || > 1 and [¢=2] = 1, we have dfy < 0 for all
z € D\ {a} and hence the result. O

Now, we will introduce a special version of problem P discussed in [10]. In [10], it is
discussed in the lower half plane setting, but we will continue in the right half plane setting
as done throughout the thesis. The discussion that is following will play an important role
in parameterising the set of polynomials p € Pr 5 in problem P in the main theorem of
this subsection.

2
conditions (c1, ca, . . . c[%1) in D21 and a polynomial r £ 0 in }P’R’Q(%]_l, find (p, q,) a couple

|

Problem. Py. Given (57 distinct points (51,32,...3(%1) each in jR, [X] interpolation
of polynomials of degree at most 2[5] — 1 such that,

£(Sk):C].C, ]{?:1,2,...,’7

N
dp 2
P _ _ N
—\Sk) = Ckg, k‘Zl,Q,...,’V——‘
C]p( ) 2

4pq, =pp"+ 17"

where g, is stable in the broad sense and for fized zo > 0, g,(20) > 0.
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The reader can refer to [10] for a general version of problem Pr and a proof about the
existence and uniqueness of a solution to problem Pr. Since we are interested in the real
setting, we have considered this special case of problem P where the interpolation conditions
are conjugate at the conjugate points. In this setting, we can show that the couple of
polynomials (p,g,) have real coefficients. If we assume that the solution to problem Pr
is (p,gp), a pair of complex polynomials of degree at most 2[%1 — 1, it follows from the

|
|

where p represent the polynomial obtained by conjugating the coefficients of p. It should be
noted that gz = g, is stable in the broad sense and satisfy gz(z9) > 0. If the coefficients of
the polynomial p are not real, this contradicts the uniqueness of solution (p, g3) to problem
Pr. Remark 4.1 applied to Theorem 10 in [10] states this result. This implies that the
polynomial p is in PR,z( Ny and so the polynomial g; associated to p following proposition
4.2.1is in Pp o Ny as well. The key result upon which the existence and uniqueness of the

conditions in the problem Pg that

i |)B>|

(Sk) = Cg, k= 1,2,..., [

=

SN
| = )3

(Sk) = &, k:l,Q,...,[
9p

4q; = pp + 11

solution to problem Py is proved in [10] is the following (Theorem 10, [10]).

Theorem 4.2.5. The evaluation map E defined from Py rxq_; to D251

p(s1)
ap(s1)

1s a homeomorphism from Proryy_y onto D231 and the restriction of E to those p in
’ 2
IP’RQ[%]_l having no common imaginary zero with v is a diffeomorphism onto its image.

Now, we are in a position to state and prove the important result of this section con-
cerning the number of critical points of problem P. Let p € P x denote the optimum for
problem P at which [ # 0 is attained. We define the set of critical points for problem P as

he following,
t g I(p) = {s el: 5(%@) = Z}. (4.12)
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Theorem 4.2.6. Let p € Pg v denote the solution to problem P and ﬁ(ﬁ) represent the set

of critical points of problem P as defined in (4.12). The number of elements in the set f[(ﬁ)
is atleast [57] + 1, where [.] represent the ceiling function.

Proof. We follow proof by contradiction by assuming the cardinality of set ﬁ(ﬁ) is strictly
less than [%1 + 1. In this case, we will show that there exists py € Pr n such that

po(s) = 7
Vs € I, (5<qu (S) , L11(8)> <. (413)
This will contradict the optimality of p for problem P and hence the result follows. In
order to prove (4.13), let us assume the set f[(ﬁ) has only [%} elements and denote them
as 51,89, -+, SN in I. Since the polynomial » € Pg 5 doesn’t vanish in I, it follows from

theorem 4.2.5 that the map E defined from Pgorx_y to D21,

C p(s1) - -
4p(51) @
qP(sr%") ; 2
p S e (4.14)
ey MEI
p(EI%W) CQ[E—|
_QP(S[%")_ L 2 _

is a diffeomorphism from Pgopyq_y onto its image. It should be noted that, for i =
1,2... [%], g = G and if we define ¢ = (Cl,CQ,...,C2’—%-|>t, we have E71(c) = p.
For the ease of notation, we denote
siy 1<i<[F]
U; =

s, F1+1<i<2[d.

If the normalized pass band on the imaginary axisis [ = [%j, If—;j]u[;—ij, If—ij]u. . .U[‘g—:j, 14],
U

where 0 < a3 < by < ay < by < ... < a, < by, we denote by I* = [—17, —Z—:j]
[—b%lj, —==lilu... U [—f—;j, —3j]. For p € Proryy_q, we define,
Au(p) = 5<M, L11(U))7 uwelul. (4.15)
qp(u)
If we denote ¢; = %, 1<i < 2[%1 where p is the solution to problem P, then we have,
p\We

-1

6= (1,65, ., rx7) Zp (4.16)

and also since Ly1(w;) = Ly (u;),

Ay, (D) = 6(é5, Ly (w)) =1, 1<i<2 ww (4.17)

We have the following results,
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o &:D2M21 x (IUT) — RF, defined by

O(c,u) LA, 0 E7'c) = Au(p) = 5(%, Ln(u)), uwelul”. (4.18)

is continuous. Since the evaluation map E is a homeomorphism, E~!, the map ¢
giving p is continuous in D*/21. A, is continuous at E~'(c) = p as well since p giving
p(u)

ap(w)
u € TUI* is continuous since the polynomial 7 doesn’t vanish in I and §( q’; ((“u)) , L1y (u))
()

is the pseudo-hyperbolic distance between % and Ly1(u). So, we have ® to be the

composition of two continuous maps and hence continuous.

gp 1s continuous in PR,Z(%]—l (proposition 4.2.1), the evaluation map p — for

e V.®(.,.) exists and is continuous. Given any (¢, u) € D221 x (IUT*), from definition
4.18, we have, ®(c,u) = A,0E~1(c). Since we assume the polynomial r doesn’t vanish
in I, we have E~! to be differentiable at ¢ with respect to ¢ and for any u € (TUT*),
A, is also differentiable at p with respect to the coefficients of p. This yields for any
(c,u) € D221 x (IUTY),

V. ®(c,u) = V,Au(p)V.E(c). (4.19)

We have V.® to be continuous at (¢, u) because we have E to be C* smooth around p
(Corollary 3, [10]) and E is a diffeomorphism as well. This implies V.E~! is continuous
at ¢ and we also have V,A, continuous at p as well.

e (IUTI*) C jR is compact.

If we define

U(c) = nax D (c,u), (4.20)
according to theorem 4.2.3, we have the directional derivative d¥(c;h) existing for all
¢, h € D221 and is given by

d¥(c; h) = max V.®(c,u) - h, (4.21)

u€lp(c)

where, To(c) = {u € TUT*) : U(c) = ®(c,u)}. For u;, i =1,2,... , 2[4, since [ #0, ie,

¢ # Lyi(u;) , it follows from lemma 4.2.4 that there exists a direction at wu;,

- N
such that
R . N
Ve, ®(¢,u;)de; <0, i=1,2,...,2 [5—‘ : (4.23)
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where V., denote the derivative with respect to c¢;. So, if we take the direction hy =
(dey, des, . . . ,dcgfg)t, then we have,
2

AU (é; ho) = max V.®(é,u) - ho

u€lp(é)
= max V. (¢, u) - (dey, dey, . .. ,ch(%)t
u€lp(é)
. . N
= max {VCZ.(I)(C, wi)dey, i=1,2,...,2 {5—‘ }
<0. (4.24)

The last inequality follows from equation (4.23). It shows that there exists c¢o = ¢ + €hg €
D237 such that Co 2) Po € IP’RQ(%}_l which satisfies for sufficiently small positive e,

U(co) = W(¢E) + dU(¢ehg) + o(||eh]]) < T(¢é). (4.25)
It follows from the definition 4.20 of W(c) that

max ®(co, u) < 1.
uelull*

The definition 4.18 of ®(c,u) implies that the polynomial py € Pg y satisfy
maxé(po(s) ,LH(S)) <l
sel QPO(S)

This contradicts the optimality of p and hence completes the proof.

4.2.3 Numerical Implementation of Problem P

In this section, we will describe the numerical implementation of problem P. Some of
the matlab notations will be used throughout this chapter for the purpose of simplified
explanation: .x for element-wise multiplication, ./ for element-wise right division, * for
matrix multiplication and ones(m,n) for matrix of size m x n whose entries are all one.
We recall the matching problem in the real setting,

Problem. P. Given a passband 1, non-constant reflection coefficient L1, € B of the load
which is strictly contractive in 1 and satisfying equation (4.4) and a polynomial r € Pg y
which doesn’t vanish in I, where N 1is the target degree of the matching circuit,

ay — Iuls)

1 — p(s) LH(S)

ap(s)
where: qyq, = pp* +rr* and q, € SBg n.

Find: | = min max
pGIP’R’N s€l

We will be using a simplified criterion to implement the problem numerically. The
square of the pseudo-hyperbolic distance in the criterion of problem P can be written as,
2 Tals)

1 — p(s) L11(8>

ap(s)

2 T /N2

_ |p(s) = gp(s) L (s)
qp(s) — p(s)L11(s)

(4.26)
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The numerator of the expression in the right side of the equality can be expressed as the
following at any s € I,

Ip — qu_ll|2 = |p|2 + |QpL11|2 — pqplai — I_?QpL_n
= |]9|2 + |pL11‘2 + |7’Ln’2 - pq_an - ﬁQpL_n
= |C_Ip —pL11|2 - |7‘|2(1 - |L11|2)-

The last equality follows since |g,|* = [p|>+|r|* on jR. Substituting this in equation (4.26),
we have,

2

2 = Lu(s) '

ap(s)

1-— ;;((SS)) L11 (S)

r(s) ’

4p(s) — p(s)L11(s) (1= |Lu(s)[%). (4.27)

Making use of equation (4.27), we can write down problem P with simplified criterion as
follows,

Problem. P,.. Given a passband I, non-constant reflection coefficient L1 € B of the load
which is strictly contractive in I and satisfying equation (4.4) and a polynomial r € Pg y
which doesn’t vanish in 1, where N s the target degree of the matching circuit,

2 1

1 — [L1(s)[?

qp(s) — p(s)L11(s)
7(s)

where: qyq, = pp* +rr* and g, € SBg y.

Find: l,, = min max
pE]P’R,N sel

The solution to problem P;. provides the optimal p € Pg y for problem P and it can be

easily deduced that,
[=1/1— (L) (4.28)

So, we will be discussing the numerical implementation of problem P,.. Throughout the
numerical implementations discussed in this chapter, we will consider the polynomial r to be
fixed of the form r = s, 0 < n < N, where N is the target degree of the matching network
to be synthesized. We consider transmission polynomial of this form since it corresponds to
some of the fundamental topologies of LC' circuits that can be realized easily for practical
applications. Let us denote the points in the passband of interest (after normalization)
where the reflection coefficient measurement of the load, Ly is given as {s1, 2, ..., Sx}. We
assume that the measurement data of L, is available at sufficiently enough points in the
passband I and problem P, is implemented numerically using this set of discrete points in
I. A rational approximation of the scattering parameter of the load Lq; is not necessary
in the numerical implementation. Nevertheless, it should be noted that the problem is
not convex and what we are discussing below is the implementation scheme to find a local
minima. The problem P,. can be solved practically by defining an extra variable I' € R,
satisfying,

ap(s:) — p(s:) L1 (s4) 2 1
b= r(si) 1— Ly (si) 2

i=1,2,... .k (4.29)
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and then solving the following problem,

min I’
(p.,T) €PN xR
i) — p(si)Lui(s) |” 1
sub ;|25 = P(s:)En(si) S -T<0,i=1,2,... .k
r(s:) 1= [L11(sy)]
Derivatives of Criterion and Constraint
The polynomial p € Pg y can be parametrised using its coefficients, say ¢, = [pn, ..., p1,00]" €
RN+ in the standard basis {sV,sV71 ... s? 5,1}, i.e, we have,
Vs € jR, p(s) = pns™ + pn_18" "t ... 4 pas® 4 pis + po. (4.30)
Thus, the gradient of the criterion with respect to the optimisation variable, [py, ..., po, '] €
RYN*2 is trivial and is equal to [0,0,...,0, 1]t € R¥*2. To evaluate the gradient of the con-

straint with respect to the optimisation variable, let us denote the constraint function as,
for s € JR,

G(s)[?

SR <(C)]

“ e (4.31)

where, G(s) = W. The polynomial g, is obtained as the minimum phase spectral

factor of the positive polynomial ) & pp* +rr*. A Newton-Raphson iterative algorithm as
proposed in [66] is used to calculate this. It should be noted that the factorisation Q = ¢,q;
is unique upto a uni-modular constant and so for g, to be uniquely defined, we impose the
constraint g,(1) > 0 as well. In order to express the gradient of constraint at the data
points, let us define the following vectors,

Lval = [L11(s1), L11(82), . . ., L11(sp)]" (4.32)
rval = [r(s1),7(s2),...,r(sk)]" (4.33)
Gual = [G(s1),G(s2),...,G(sp)]". (4.34)

The vectors Lval and rval are available directly from the given data and fixed r respectively
and the vector Gval can be obtained after the polynomial g, is obtained. It should be noted
that the objective I' can be obtained as max(|Gval|®./(1 — | Lval|?)) and the evaluation of
the constraint C(s) at the data points as |Gval|?./(1 — |Lval|*) — T'. The derivative of
polynomial p with respect to its coefficients at the data points is denoted by dp and it is
equal to the following Vandermonde matrix of size k x (N + 1),

sV s 1
N N-1
sy S .. S 1
dp= |72 72 2 (4.35)
sff sfcv_l R T |

So, we have the gradient of constraint with respect to optimisation variable evaluated at
the data points,
VC = [der, —ones(k,1)]",

160 Gibin Bose



4.2. MATCHING PROBLEM IN REAL SETTING

(N +2) x k matrix, where, der = 2.%Re(dG.xGuval)./(1— Lval. x Lval) is of size k x (N +1)
and
dG = (dg, — dp. x Lval)./rval,

derivative with respect to coefficients of p evaluated at the data points. So, it remains to
calculate the derivative of polynomial ¢ with respect to the coefficients of p at the given
data points. In order to calculate this, denote the positive polynomial pp* as P € Pj,. Tt
can be noted that the coefficients of odd powers of P in the standard basis are zero and so,
let us denote the coefficients of even powers as cp = [Py, Py_1,. .., Pi, Py] € R¥TL That
is, we have,

P = Pys® + Py_ 182+ . 4+ P + P, (4.36)

Let us define a map between the vector ¢, € RV and cp € RV as,
F RV S RV F(e,) = cp. (4.37)

The Jacobian matrix of the map F for a given polynomial p € Pg 5 can be computed to
have the following structure,

e If N is even,

PN
PN—2 —PN-1 PN
PN-4 —PN-3 PN-2 —PN-1 PN
D2 —P3 D4 —Ps5 bpe ... ... DN
J]—'(p) = Po —P1 D2 —P3 Ps ... ... PN—2 —DPN-1 DN
Po —h1 p2 ... ... DN—4 —DPN-3 PN-2
Po --- ... DN-6 —DPN-5 PN-—4
Do —P1 b2
B Po
e If N is odd,
C _
—PN-2 PN-1 —DPN
—PN-4 PN-3 —PN—2 PN-1 —PN
—P3 P4 —DPs Pe —pr ... —DPN
J]—'(p) = —D1 D2 —P3 P4 -ps ... ... PN-1 —PN
Po —D1 P2 -p3 ... ... PN-3 —PN-2 PN-1
Do -pr ... ... PN-5 —PN-4 DPN-3
Po —P1 P2
L bo
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It should be noted that the Jacobian matrix of the map F for polynomial g,, Jr(g,) follows
the same equation as described above in odd and even degree cases where we have the
corresponding coefficients of polynomial g, instead of that of p. Let us denote the Jacobian
matrix of the function p giving g, by J. We have the spectral equation, g,q, = pp*+rr* and
the polynomial r is fixed in our optimisation problem. Considering the maps p — ¢, = ¢,q;
and the one which directly computes p — pp* + rr*, we have,

Jr(qp) * J = Jr(p) (4.38)

and hence J = (Jx(qy)) ™" * Jx(p). This yields, dg, = dp * J, where dp is defined in (4.35)
and we have the complete calculation of derivatives of the criterion and constraint C(s).
In addition, we impose constraints to fix the sign of ﬁ at infinity or zero depending on the
fixed transmission polynomial r as well. The objective gradient and constraint gradient is
then provided to the matlab non-linear programming solver fmincon to find the solution
for problem Pi..

Example : Superdirective Antenna

We present in figure 4.2 the same example of superdirective antenna presented in chapter 2
and 3 with reflection coefficient denoted by Lq; to illustrate the result obtained by solving
problem P,.. The passband of interest is 870 MHz - 900 MHz, the target degree N of
matching circuit was fixed to be equal to 5 and all the transmission zeros were fixed at zero
(r = s%).

Magnitude (dB)
|
D
|

_8 |
..... L1; : -
—10 || —— Fao :
St Ll
Level = -7.47 dB
_12 | | | | |
820 840 860 880 900 920 940

Frequency (MHz)

Figure 4.2: Result of solving problem P,. with N =5 and r = s°
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It should be noted that we were able to significantly reduce the maximal mismatch
value of the load in the given passband from around -1.37 dB (Ly; at 870 MHz) to -7.47
dB. The 4 critical points ([2] + 1) at which S}, attains -7.47 dB which is clear from the
figure certifies the optimality of the obtained response according to theorem 4.2.6. So, the
obtained Fy, provides a characterisation of the matching circuit to be synthesized and the
next important step is to obtain the electronic circuit realizing the scattering matrix F.

4.3 Synthesis of LC Matching Circuits

In this section, we will discuss the realization of optimal matching network by circuits
consisting of inductors, capacitors and possibly an impedance transformer. Initially, we will
derive the scattering matrix of basic L, sections that will be useful in our optimisation
schemes.

4.3.1 Elementary L,C Sections

In this subsection we will derive the scattering matrix of two sections : a series impedance Z
and a parallel admittance Y. In particular, this will provide us the scattering matrix of an
inductor or capacitor connected in series or parallel. Initially, we will derive the scattering
matrix of a series impedance Z by considering the figure 4.3.

Zo

Vin C_D v

Figure 4.3: Series Impedance Z connected to a Voltage Source

From the circuit in figure 4.3, we have the following equations,

i = —iy (4.39)
V1 — Uy = Z’ll = —ZZQ (440)

We can derive the scattering matrix of a series impedance Z with positive real reference
impedance Z; by making use of the above equations and the definition of power waves.
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From the definition of power waves in chapter 1 (equations 1.18 and 1.19), we have,

v + Zoiy v — Zot
=) b= ———, 4.41
“ 7 PN (4.41)

(%) + Zoig Vo — Zoig
_ | by = =2 °¢ 4.42
=7 2= 07, (4.42)

It follows from these equations that

ay — bl = il Z(), (443)
Qa9 — bg = ig Z(). (444)

v1—Zoi1

2V Zo

Considering by and substituting for v; and 4; from equations (4.39) and (4.40),

we have,

B Vg + ZZl + Zoig

b —
! SN
Ziy

N 7o

The second equality follows from the definition of as in equation (4.42). Now, substituting
for i; from equation (4.43) and rearranging, we have,

:a2+

A 27

bhh=(——— —_— . 4.45
! (220+2)‘“Jr (220+Z)a2 (4.45)
Similarly, considering by = ”22’—\/ZZ£012 and substituting for ve and iy from equations (4.39) and

(4.40) respectively, we have,

vy + Zig + Zoty
by =

The second equality follows from the definition of a; in equation (4.41). Now, substituting
for iy from equation (4.44) and rearranging, we have,

27, Z
by = | ————= - S—— . 4.46
2 (220+Z>a1+(220+z)“2 (4.46)
So, from equations (4.45) and (4.46), we have,
by QZZ+Z QZQZ—&?Z a
- [eh s ). .
by 220+2 2Zo+Z) |2
and thus the S-matrix of a series impedance Z is
z 27,
2Z0+72 2Z0+7
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It can be expressed as the S-matrix of a series admittance Y with reference admittance Y

as

Yo

2Y

|

2Y+Yo

2Y+Yy

2Y
2Y+Yo

Yo
2Y+Yo

(4.49)

] |

Thus, using (4.48) and (4.49), we have the S-matrix of a series inductor having impedance,
Z = Ls and that of series capacitor having admittance, Y = C's, to be :

Ls 270 ]
SserL | 2%Zo+Ls 2Zp+Ls | 1 S KserL (4 50)
o 2Z¢ Ls s+ K > .
| 2Zo+Ls  2Zo+Ls ] T Bserr | Kserr S
[ Yo 2Cs ] r
Sserc | 2Cs+Yp 20s+Yo | 1 KserC S (4 51)
- 2Cs Yy T+ K ) .
| 2Cs+Yy  2Cs+Y) | T Lserc L S KserC
def 27, def y; . .. . .
where, Ky, = 7% and Krc = 3¢. Now, in a similar manner we can derive the scattering

matrix of a parallel admittance Y by considering figure 4.4.

“@®

Figure 4.4: Parallel Admittance Y connected to a Voltage Source

From the circuit in figure 4.4, we have the following equations,

V1 = U9

il + iz = ’01Y = UQY.

(4.52)
(4.53)
We can derive the scattering matrix of a parallel admittance Y with reference admittance

Yy by making use of the above equations and the definition of power waves. From the
definition of power waves, we have,

v Yy + 11 v1Yy — 1y
_ by = —— 4.54
RN R 459

V2 Yy + iz v2Yy — iy
— , by = —— = 4.55
RN T o (45

It follows from these equations that

a + b1 = V1 Yb 456)
as + bg = V2 }/0 457)
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v1Yp—11

Considering by = T and substituting for v; and ¢; from equations (4.52) and (4.53)
respectively, we have,

vaYp + i — 1Y

2vYo
U1Y
=ay — ——.
N7
The second equality follows from the definition of as in equation (4.55). Now, substituting
for vy from equation (4.56) and rearranging, we have,

blz

-Y 2Yy
by = ——— — | as. 4.58
1 <2Yb+y)al+(2yo+y)a2 ( )
Similarly, considering by = ”2;/0#0’2 and substituting for vy and iy from equations (4.52) and

(4.53) respectively, we have,
N U1YE) + 7;1 — ’U2Y

by =
2 T
’UQY
=0 — —=.
L vY,
The second equality follows from the definition of a; in equation (4.54). Now, substituting
for vy from equation (4.57) and rearranging, we have,

2Y, -Y
= = - ) 4.
bg <2Yb—|—Y>a1+(2Yb+Y)a2 ( 59)

So, we have,

b -Y 2Yo
1 |2ty 2oty | |31 4,60
b - 2Yp -Y ) ( ’ )

2 Wory 2oty ] [@2

and thus the S-matrix of a parallel admittance Y is

-y 2Yg
S = [2‘/20;‘“ QYO;Y] _ (4.61)

Wot+Y  2Vo+Y

It can be expressed as the S-matrix of a parallel impedance Z with reference impedance
Zo as,

—Z 27

| 22+Zy  2Z+7Z

S= |7 T (4.62)
2%+Z0 22+7

Thus, using equations (4.62) and (4.61), we have the S-matrix of a parallel inductor having
impedance Z = Ls and that of parallel capacitor having admittance Y = C's to be :

r —Zo 2Ls ] r
gparl _ | 2LstZo sty | _ 1 —Kpart o (4.63)
| _2Ls ~Zy | s+ K, s K ’ :
L 2Ls+Zy 2Ls+Zy | part [ parL
r —Cs 2Yp ] r
GparC _ 2Yp+Cs  2Yo+Cs | 1 —S KparC ( 46 4)
- 2Yo —Cs - s+ K c | K —s ) :
L2Yp+Cs  2Yo+Cs part | D parC
def 7 def 9y,
where Ky, = 5 and Kporo = 5
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4.3.2 Circuit with Impedance Transformer

The solution to problem P,. obtained via the numerical implementation discussed in the
previous subsection provides us the optimal reflection polynomial p,, for the matching
problem in the real setting. In this subsection we discuss the realization of the optimal
matching network as an LC' circuit having the reflection coefficient Fyy = ;O—p‘. Elementary

Popt

sections of inductor or capacitor having S-matrix as discussed in subsection 4.3.1 can be
de-chained from Fy, sequentially (refer definition 3.2.2 for de-chaining). From subsection
4.3.1 it should be clear that a transmission zero at zero can be realized by a series capacitor
or a parallel inductor and they have the S-matrices as follows respectively,

Yo 2Cs T r
SserC’ _ | 2Cs+Yo  2Cs+Yo | _ 1 Kserc s (4 65)
| _2Cs Yo s+ K ’ ‘
| 2Cs+Yy 2Cs+Yy + Kserc L S KserC’
T —Z 2Ls T r
grarl _ | 2st70 stz | _ 1 KparL § (4.66)
o 2Ls ~Zo | s+ K, s K ’ :
L2Ls+Zy 2Ls+Zp ] part [ parL
where K .o = ;—g and Ky, = 22_2 Similarly a transmission zero at infinity can be

realized by a series inductor or a parallel capacitor and they have the S-matrices as follows
respectively,

r Ls 270
SserL | 2Zo+Ls 2Zo+Ls| 1 S Kserr (4 67)
_ A Ls T s+ K K ) :
| 5Z0+Ls 2Zo+1Ls. serL | Bgerl, s
r —Cs 2y ]
GparC _ | ot Cs  Wo+Cs | _ 1 =5 Kparc (4.68)
- 2Yy —Cs - s+ K K ’ '
| 2Yo+Cs  2Yp+Cs | parC parC —S

where, K,.,p = % and Kpqrc = % In order to explain the de-chaining of a transmission

zero at zero or infinity from the optimal Fys, let us denote,

7 Pont _ pnsY 4+ pyo1sN T4+ pis 4 po
22 — -

. 4.69
Qpopt qNSN+QN_1SN_1 +...+t¢@ns+qo ( )

Let us initially consider the case when Fiyy has a transmission zero at zero (we have,
|F52(0)| = 1). Following the definition of angular derivative in definition 4.1.1, we have

Fp(0) 1 (qopt(o)pépt(o)—pom(O)CJépt(O))

ang|Fy](0)

~ Fp(0)  F(0) (¢opt (0))?
_ 9 (p:)pt<0) _ @q/opt(o))
B Do do do 9o
_bh_ @
- P Qo

In the case of transmission zero at infinity, after doing a change of variable from s — % and
then doing the calculation similar to the above yields

ang[Fgg](oo) _ PN-1 i QNfll

PN qn
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So, we have the angular derivative of Fh, at zero and infinity as follows:

_ q1

ang[[5»](0) = . (4.70)
ang| Fs](00) = pg; - ‘I;V;. (4.71)

Now, depending on the value of Fy, at the transmission zero, we can realize the transmission
zero using a series or parallel L or C.

e Transmission zero at zero and Fy(0) = 1, i.e po = qo.
In this case, a series capacitor with S-matrix as shown in equation (4.65) can be used
to de-chain the transmission zero at zero from Fy. A simple calculation yields the
angular derivative of Sgy of the series capacitor at zero as

-1
KserC '

ang[S357)(0) = (4.72)

The value of K.,¢ is thus chosen by equating ang[S;s™“] to the angular derivative of
Fyy at zero mentioned in equation (4.70). So, we have,

—1 D1 q1 ) -
Kser = T = o~ —\— — .
© 7 ang[Fy)(0) (PO o

It also gives the value of capacitance of the capacitor in Farad after de-normalising
(the factor b,, Hz, highest frequency of the passband) the frequency,

-Y; Fy](0 -Y;

C = 0ang|F2.)(0) Farad = o (P _ 4 Farad.
4y, Thm \Po Qo

e Transmission zero at zero and Fy(0) = —1, i.e pg = —qo.

In this case, a parallel inductor with S-matrix as shown in equation (4.66) can be
used to de-chain the transmission zero at zero from Fs,. The angular derivative of
Soo of a parallel inductor at zero can be calculated to be

-1

ang[555"")(0) = T (4.73)
par

The value of K, is thus chosen by equating ang[S%s"](0) to the angular derivative

of Fy at zero mentioned in equation (4.70). So, we have,

-1 b1 Ch)l
K. arL — 19+ 1 — |\ — — — .
Pt T ang[Fa)(0) (Po Qo

It gives the value of inductor in Henry as

I — Zpang[F5](0) Henry — —Zo (1 @
47,
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e Transmission zero at infinity and Fyy(00) = 1, i.e py = qn.
In this case, a series inductor with S-matrix as shown in equation (4.67) can be used
to de-chain the transmission zero at infinity from Fby. The angular derivative of Sao
of a series inductor at infinity can be calculated to be

serL

ang[Ss5""](00) = —Kerr- (4.74)

The value of K, is thus chosen by equating ang[S5s7*](c0) to the angular derivative

of Fy at infinity mentioned in equation (4.71). So, we have,

KserL — —ang[FQQ] (OO) _ gN-1 . PN-1 .

4N PN
It gives the value of inductor in Henry as
—Z ~Zo [ p— N\
L= 0 Henry = 0 (pN LN 1) Henry.
Thmang|Fys)(00) Tom \ PN qN
e Transmission zero at infinity and Fhy(oc0) = —1, i.e py = —qn.

In this case, a parallel capacitor with S-matrix as shown in equation (4.68) can be
used to de-chain the transmission zero at infinity from Fy,. The angular derivative of
S of a parallel capacitor at infinity can be calculated to be

ang[Sggrc](oo) = —Kpurc- (4.75)

The value of K¢ is thus chosen by equating ang[S25"“](c0) to the angular derivative

of Fy at infinity as mentioned in equation (4.71). So, we have,

Kpm«c — —ang[FQQ](OO) — gN-1 _ DPN-1 .
an PN
It gives the value of inductor in Henry as
~Y, ~Yy (- N\
C= 0 Farad = —— (pN LIy 1) Farad.
Thmang|Fa,](00) Tom \ PN qN

So, we have the complete S-matrix description of sections that can be used to realize a
transmission zero of the optimal matching network with scattering matrix F'. We can make
use of the de-chaining formula mentioned in equation 3.4 to de-chain elementary sections
from F5,. Let us denote the S-matrix of first elementary section to be de-chained from Fy
by E (E represent one of the scattering matrices S*¢, Sparl — gserl op Grar®)  We can
calculate the new reflection coefficient which is denoted by Fz[g obtained after de-chaining
this elementary section from Fyy as follows,

F22 - E22
F22E11 — det(E) '

1
F2[2] =
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We can do a sequential de-chaining of the remaining (N — 1) transmission zeros using ele-

mentary sections with scattering matrices denoted by EWM, EZ EIN-1 The reflection
coefficient at each stage after de-chaining elementary section can be calculated as,
[i] [i]
oG P - Bk i=1,2,...,N—1.

2 T i —
Fy By} — det(E)

This yields us N sections of inductors or capacitors each in series or parallel depending upon

the fixed transmission zeros of the matching circuit and a final resistor. The terminating

resistor value Z can be evaluated from the reflection coefficient FQ[]QV} which is obtained after

de-chaining all N transmission zeros. We have,

1+ Fyy
Z:ZO<—2[2M).

1—Fy
In the practical applications where it is desirable to be terminating with the reference
impedance Z,, we would require an impedance transformer. The value of scalar FQ[]zv} unless
equal to zero, an impedance transformer at the end of LC circuit converting the terminating
impedance Z to Z; can satisfy this requirement. In the next subsection, we will discuss
about the possibilities to avoid this impedance transformer at the end of the LC' matching
circuit since it can be undesirable in some practical applications. Along with the increased
total cost of the matching circuit, the presence of impedance transformer can also sometimes
lead to other practical difficulties in the realisation of the matching circuit especially when
designing matching circuits for small sized PCB antennas.

Example : Superdirective Antenna

The matching circuit providing the response in figure 4.2 is shown in figure 4.5. The element
values of the components in the matching circuit are calculated using the de-chaining process
described in subsection 4.3.2. It should be noted that the circuit is terminating in 166.6.2
and hence for the antenna to be matched to 5052, we require an impedance transformer at
the end of the matching circuit with impedance ratio, 167 * 107¢ : 50 (equivalently turn

ratio of 1:547).

1.3pF 59.4pF 48.8nF 166.6,16)

K K .
| | | Vv
533.1pH 662.3fH

Figure 4.5: Matching circuit providing the result in fig 4.2

4.3.3 Transformerless Synthesis

In this subsection, we will derive the necessary and sufficient conditions to be imposed on
the coefficients of the reflection polynomial p of the matching network in order to ensure
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a circuit with no transformer at the end. These conditions depend on the chosen topology
of the matching circuit, which in turn is determined by the location of transmission zeros
of the filter. We will show that these conditions are straightforward and easily derivable
in the case when all transmission zeros of the matching circuit are chosen at zero or at
infinity. Let us consider a degree N matching circuit with transmission zeros possible at
infinity and zero. We will discuss the transformerless conditions by dividing the possible
combinations of location of transmission zeros into three general types : matching circuit
with IV transmission zeros at infinity, /N transmission zeros at zero, matching circuit having
atleast one transmission zero at both zero and infinity.

(i) All Transmission zeros of the S-matrix of matching circuit at infinity

Ll L3 LN
— YYNM Y'Y Y Y Y'Y

Vin @) Oy —_— — Oy 10

Figure 4.6: Degree N low pass ladder mid-series

L2 LNfl

Vi @) Gy —__ (s —— Cn-o _

Figure 4.7: Degree N low pass ladder mid-shunt

Figure 4.6 and figure 4.7 represent the two possible realization circuits of a matching
circuit with degree N scattering matrix having all transmission zeros at infinity. These
are known as low pass ladder circuits since all the transmission zeros of the scattering
matrix of the circuit are at infinity. The terminating resistance unlike the previous
section, now is imposed to be fixed to a given value (usually the reference impedance
50 ohm in practical applications). This allows the realization of matching networks
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only using inductors and capacitors, avoiding the requirement of an impedance trans-
former. Throughout this subsection, we will use the normalized impedance value of
1 ohm for the terminating resistance. The transformerless condition in this case is
discussed in the next theorem. The theorem describes the condition that ensures that
an impedance transformer is not required in the realization of the matching circuit.

* *

ep* —er
Theorem 4.3.1. Let S = é ] denote the scattering matriz of a degree N
r p
lossless two port in the Belevitch form. The polynomials p(s) and q(s) are assumed
to have real coefficients and the polynomial r(s) is assumed to be equal to 1. The
necessary and sufficient condition for the two-port to be realizable as a lossless low

pass ladder circuit terminating at a unit resistor is

p(0) =0, (4.76)
i.e, if, p(s) = anys™ +an_1sV 1 + ...+ a5 + ag, we have ay = 0.
Proof. In order to prove the necessity, let us consider de-chaining /N transmission zeros

at infinity from the given scattering matrix, S. From equations (4.50) and (4.64), we
have the general form of scattering matrix of a low pass element to be :

s p
] | (w17)
p s

1
s+ p

S =

where, p = %, ~ = 1 in the case of series inductor with inductance L Henry and
p= %, v = —1 in the case of parallel capacitor with capacitance C' Farad. Let us
denote by p;, ¢; and r;, the polynomials of S matrix at the ith stage of de-chaining.
i.e after de-chaining ¢ transmission zeros at infinity from the given S matrix, where
1 <i < N. Using de-chaining formula, after first extraction of transmission zero at

infinity, we have,

b a (4.78)
q1 g;p — det Slp)
p__ s
_ q STP
= (4.79)
gstp  stp
_ (p=19)s+pp (4.80)
(py —q)s + pq
So, we have,
10 _ p(0) (4.81)
¢1(0)  ¢(0)
and it easily follows that,
q(0)  @(0)  g(0) an-1(0)  qn(0)
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Since we assume there is no transformer at the end of the circuit, we have Z—Z =0and

hence from (4.82), we have 2% = 0, where ¢(0) < oo implying p(0) = ag = 0 proving
the necessity. The sufficiency also follows easily from the equalities in (4.82). Under
the assumption ag = 0, we have from (4.82) the last section at the end of de-chaining

N transmission zeros at infinity to satisfy

pn(0)
qn(0)
Since the last section is composed of constant real polynomials, we immediately have,

pny = 0. Since 7y = 1, using spectral equation qngy = pypi + TNy and normalisa-
tion, gy (1) > 0, we have, gy = 1. This implies the S-matrix at the end of de-chaining

(4.83)

0 1
N transmission zeros at infinity is, [1 O] , completing the proof. O

Example : Superdirective Antenna

The result of solving problem P,. with N = 5 when all the transmission zeros of
the matching circuit were fixed at infinity (r = 1) and the transformerless condition
ap = 0 was imposed is presented in figure 4.8. The matching circuit providing the
response in figure 4.8 is shown in figure 4.9. We have provided the value of elements
using reference impedance 50 ohm, instead of the normalized reference impedance 1
ohm as discussed in the above theorem.

m
=
)
e}
=
=
=)
=10}
=
= =8| s
..... L1y L
—10| | — F22 F i
Sll . .
Level = -6.41 dB
_12 | | | | |
820 840 860 880 900 920 940

Frequency (MHz)

Figure 4.8: Result of solving problem P, with N =5, r(s) =1 and ap = 0
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1.8pH 235.0nH 138.9nH 50.0Q2
o T T o) AN,
—_— 1.7pF —— 371.7MF

Figure 4.9: Matching circuit providing the result in fig 4.8

It should be noted that the matching criterion provides a significant reduction in the
maximal mismatch value of the load in the given passband which was around -1.37
dB (L4 at 870 MHz) before matching to -6.41 dB. Also, the additional constraint has
ensured that the matching circuit is now terminating in 50 ohm and hence we have
avoided the use of an impedance transformer. Now, we will discuss the transformerless
condition when all the transmission zeros of the matching circuit are fixed at zero.

(ii) All Transmission zeros of the S-matrix of matching circuit at zero

_l’_
_/

&
&

“C

Figure 4.11: Degree N high pass ladder mid-shunt
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Figure 4.10 and figure 4.11 represent the two possible realization circuits of a matching
circuit with degree N scattering matrix having all transmission zeros at zero. These
are known as high pass ladder circuits since all the transmission zeros of the scattering
matrix of the circuit are at zero. The transformerless condition in this case is described
in the next theorem. It provides the necessary and sufficient condition for a matching
circuit with all transmission zeros at zero to be realizable without using an impedance
transformer.
ep* —er®

Theorem 4.3.2. Let S = % . . ] denote the scattering matrix of a degree N
lossless two port in the Belevitch form. The polynomials p(s) and q(s) are assumed
to have real coefficients and the polynomial r(s) is assumed to be equal to sV. The
necessary and sufficient condition for the two-port to be realizable as a lossless high

pass ladder terminating at a unit resistor is :

anN = 0, (484)
where, p(s) = ays™ +an_15N 1+ ...+ ais + ag.
Proof. In order to prove the necessity, let us consider de-chaining N transmission

zeros at zero from the given scattering matrix S. From equations (4.51) and (4.63),
we have the general form of scattering matrix of a high pass element to be :

S
P ] , (4.85)
s P

hp __ 1
s+p

where, p = ;/—g, v = 1 in the case of series capacitor with capacitance C' Farad and
p = QZ—E, v = —1 in the case of parallel inductor with inductance L Henry. Let us
denote by p;, ¢; and r;, the polynomials of S matrix at the ith stage of de-chaining.
i.e after de-chaining ¢ transmission zeros at zero from the given S matrix, where
1 <7 < N. Using de-chaining formula, after first extraction of transmission zero at
zero, we have,

b1 il
== 4__tp (4.86)
¢ B2 — det(S™)
p__ ap
_ _qa stp
= s (4.87)
qs+p s+p
qs + p(yp — q)
So, we have,
b1 p
—(00) = =(00), 4.89
ql( ) q( ) (4.89)
and it easily follows that,
p P1 P2 PN PN
—(00) = —(0) = —=(0) =...= 00) = —(00). 4.90
2(00) = B{oo) = Z(o0) = ... = P o) = P (o0) (4.90)
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Since we assume there is no transformer at the end, we have, Z—z = 0, and hence from

(4.90), we have, £(c0) =0, i.e,
ay =0, (4.91)

proving the necessity. The sufficiency also follows easily from the equality (4.90).
Under the assumption ay = 0, we have from (4.90), the last section at the end of
de-chaining N transmission zeros at infinity to satisfy

PN (o0) = 0. (4.92)
an
Since the last section is composed of constant real polynomials, we immediately have
pn = 0. Since ry = 1, using spectral equation, gngy = pypy + 7n7x and normalisa-
tion, gy (1) > 0, we have, gy = 1. This implies the S-matrix at the end of de-chaining

0 1
N transmission zeros at infinity is [1 0] , completing the proof. O]

Example : Superdirective Antenna

The result of solving problem P,. with N =5 when all the transmission zeros of the
matching circuit were fixed at zero (r = s°) and the transformerless condition as = 0
was imposed is presented in figure 4.12. The matching circuit providing the response
in figure 4.12 is shown in figure 4.13. The reference impedance used is 50 ohm.

Magnitude (dB)
|
D
|

—8 |
..... L1y : :
—10 | | — Fa g i
511 P
Level = -6.58 dB
_12 | | | | |
820 840 860 880 900 920 940

Frequency (MHz)

Figure 4.12: Result of solving problem P, with N =5, r(s) = s° and a5 = 0
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1.4 F 3.7 F 1.3 F 50.00

(i)

NNN—
4%2 6nH 4%4 9nH

Figure 4.13: Matching circuit providing the result in fig 4.12

It should be noted that the optimal criterion obtained, -6.58 dB is lesser than the one
in figure 4.2 (-7.47 dB) which was obtained by solving problem P, with N = 5 and
r(s) = s°. This was expected because of the additional transformerless constraint we
have imposed but it still provides significant reduction in the power mismatch. The
matching circuit is now terminating in 50 ohm and we do not require an impedance
transformer in the circuit. Now, we will discuss the transformerless condition when
the transmission zeros of the matching circuit are present at both zero and infinity.

Transmission zeros of the S-matrix of matching circuit at zero and infinity
The case when there are transmission zeros present at both zero and infinity, the
constraint to be imposed on the coefficients of p becomes less straightforward since it
depends upon the order of extraction of transmission zeros. The number of possible
combinations increase rapidly with each increasing degree. The case when there are
only two transmission zeros; one at infinity and one at zero is presented below. A
general condition on the coefficients of p in the case when there are N transmission
zeros where there is atleast one at zero and one at infinity even though possible is
not done here since its numerical implementation can be less straight forward as well.
An alternative synthesis scheme based on the chaining of elementary L,C' sections
will be provided in the next section where in the problem of transformerless synthesis
is solved out more naturally. We will conclude this subsection by describing the
transformerless condition for a degree 2 matching circuit with one transmission zero
at infinity and one at zero.

Degree 2 matching circuit : 1 transmission zero at infinity and 1 at zero

As mentioned, since the transformerless condition depends upon the order of extrac-
tion of transmission zeros and also the sign of the value of the reflection coefficient at
each transmission zero, we can subdivide the degree 2 case into four main types. This
includes LC resonator in series, LC' resonator in parallel, circuit with only inductors
and circuit with only capacitors. It should be clear at the end of this subsection
that even in this case there are two different constraints depending upon the chosen
topology of the matching circuit.

(a) Series LC resonator
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Let us denote the polynomials in the Belevitch form of degree 2 scattering matrix by

p(s) = ass® + a1 s + ap,
Q(S> = b2$2 + b18 + bo,
r(s) =s.

Ly

Vin @) 10

Figure 4.14: Series LC Resonator connected to a Voltage Source

Since we consider the transmission zeros at infinity and zero to be realised by a series
inductor and series capacitor respectively as shown in figure 4.14, we have :

[ bg, ap = bo. (493)

The driving point input impedance of the loss-less two port when the output port is
terminated in 1¢2 can be calculated as follows,

,=3FP (4.94)
q—p

_ (b2t az)s® + (by + a1)s + (bo + ao) (4.95)

(bl — CL1)8 ’

by + as by +ay bo +ap\ 1

_ - 4.

(bl—a1)8+(b1—a1)+(b1—a1 S ( 96)
This implies, we have,
by + as by —a; by +a

L, = = =1. 4.97
! bl—al’ 2 bo—i‘ao’ bl—al ( )

So, the necessary condition for the circuit to be transformerless is,
bi +a; = by —ay,

that is,
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(b) Parallel LC resonator

Let us denote the polynomials in the Belevitch form of degree 2 scattering matrix by

p(s) = ass® + a1s + ay,
Q(S> = b2$2 + b18 + bo,

r(s) = s.

Vi @) —__ O Lo 10

Figure 4.15: Parallel LC Resonator connected to a Voltage Source

Since we consider the transmission zeros at infinity and zero to be realised by a parallel
capacitor and parallel inductor respectively as shown in figure 4.15, we have :

A9 = —bz, ag = —bo. (499)

The input admittance of the two port when the output port is terminated in a unit
resistor can be calculated as follows,

q—p
y= 9P 4.100
q+p ( |
_ by — az)s® + (b — a1)s + (b — ao) (4.101)
(bl + CL1>8
by — az b —a bo— a1
_ I + Z 4.102
<b1+a1)8 (b1+a1) (b1+a1>3 ( )
This implies, we have,
by — as by +ar by —a
o L= | _ 4.103
Ybhita” T b —a bt | )

So, the necessary condition for the circuit to be transformerless is,
by —ay = b + ay,

that is,
a; = 0. (4.104)

(c) Circuit with only inductors
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Let us denote the polynomials in the Belevitch form of degree 2 scattering matrix by

p(s) = ass® + ais + ay,
q(s) = b282 + b18 + b(),

r(s) =s.

Ly

Figure 4.16: Inductor only circuit

Since we consider the transmission zeros at infinity and zero to be realised by a series
inductor and parallel inductor respectively as shown in figure 4.16, we have :

A9 — bQ, ag = —bo. (4105)

The input impedance of the two port when the output port is terminated in a unit
resistor can be calculated as follows,

L, _4tp (4.106)
qa—p
2
_ (bg + CLQ)S -+ (bl -+ CL1>S. (4107)
(bl — CL1>S + (b() — CLo)

We have the partial fraction expansion of the above expression to be,

by + a2) s v
z= s+ + , 4.108
(b1 — ay b1 — a (bl — (11)8 + (bg — CL()) ( )

where,

= (b +a)— <2Tt2i) (bo — ao), (4.109)

vz—ﬁ(bo_ao). (4.110)

by —a;

So, we can extract the transmission zero at infinity using series inductor with induc-

tance, L1 = Zifif Henry and we have the impedance

1) _ B Y
L) — i , 4.111
bl — a1 (bl — a1)8 + (b[) - CLO) ( )
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the remainder after extraction. The corresponding admittance, y") = Z(—11> can be
calculated to be,

y(l) _ (bl - a1)25 + (bl - CL1)<b0 - ao)
B(br — a1)s + B(bo — ao) +v(br — a1)
(bl — al)Qs + (bl — al)(bo — ao)
B(bl — al)s

. bl—al bo—ao 1
-(7)+ (5)s

The second equality follows from equation (4.110). We can extract the transmission
zero at zero using parallel inductor with inductance, Ly = & 8 - Henry and the re-
mainder after extraction is %=%. So, the necessary condition for the circuit to be

terminating in a unit resistor with no transformer is,

bl —ay = 6 (4112)

by +a
= (b1 + CL1) — (b2 2) (bo — Clo). (4113)
The second equality follows from equation (4.109). If we make use of the spectral
equation qq* = pp* + rr* as well, the condition can be expressed just in terms of
coeflicients of p. After some basic calculation it can be shown that the condition
simplifies to

1 —

a? — 4aka3 =0,
that is,
a) = ZEQCL(]CLQ. (4114)

(d) Circuit with only capacitors
Let us denote the polynomials in the Belevitch form of degree 2 scattering matrix by

p(s) = azs® + ars + ay,

q(s) = bys® + bys + by,

r(s) =s.

Vi @) —__ O 19

Figure 4.17: Capacitor only circuit
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Since we consider the transmission zeros at infinity and zero to be realised by a parallel
capacitor and series capacitor respectively as shown above, we have :

a9 = —bg, apg = bo. (4115)

The input admittance of the two port when the output port is terminated in a unit
resistor can be calculated as follows,

q—Dp
Y = 4.116
pa (4.116)
_ 2 _
_ (bg (12)8 + (bl CL1)8 (4117)
(by 4+ a1)s + (bo + ao)

We have the partial fraction expansion of the above expression to be,

y = <b2_a2)8+ 6 + v (4.118)

b1 + ap b1 + ap (b1 +a1)s+(b0+a0)’
where,
B = (b —a) — (222 by + ap) (4.119)
— —Qa — a .
1 1 b ta, )\ 0T
by + ao)
= — 4.120
e (1.120)
So, we can extract the transmission zero at infinity using parallel capacitor with
capacitance, ', = Zf;g"l’ Farad and we have the admittance,
m__B 2 4121
y b1 —f- aq (bl —I— al)s —f- (bg —|— CL())7 ( )
the remainder after extraction. The corresponding impedance, z(1) = ﬁ can be
calculated to be,
(b +a1)?s+ (b4 a1)(bo + ao)

B(b1 + ar)s + B(bo + ag) + v(by + a1)
(bl + a1)28 + (bl + Cbl)(bo + CL())
B(bl + (11)8

. b1+a1 b0—|—CL0 1
- () ()

The second equality follows from equation (4.120). We can extract the transmission
zero at zero using series capacitor with capacitance, Cy = WT“O Farad and the re-

mainder is MT‘” So, the necessary condition for the circuit to be terminating in a
unit resistor with no transformer is,

bl +a; = B (4122)
bg — a9
= (b — — b ) 4.12
= a) = (P2 ) o+ (4123
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The second equality follows from equation (4.119). If we make use of the spectral
equation qq* = pp* + rr* as well, the condition can be expressed just in terms of
coefficients of p. After some basic calculation it can be shown that the condition
simplifies to

a? —4aja3 =0,

that is,
a) = :|:2a0a2. (4124)

We conclude this section with the remark that in the degree two case, even if we change
the order of extraction (element 1 becomes the second element and element 2 becomes
the first element), a calculation similar to done above will yield the same condition for
transformerless synthesis in each case. In the case of series and parallel LC' resonators
(iii.a and iii.b), even if we change the order of extraction, we have the same circuit and
the condition for no impedance transformer in the realisation of the circuit is a; = 0. In
the case of other two circuits (iii.c and iii.d), if we change the order of extraction (in iii.c,
parallel inductor becomes the first element followed by series inductor and similarly in iii.d,
now series capacitor becomes first element followed by parallel capacitor), the condition
for no impedance transformer in the realisation of the circuit is same as iii.c and iii.d :
a1 = £2apas. It should also be noted that all the conditions mentioned for degree 2 case
are not only necessary for transformerless synthesis but sufficient as well. Even though
it has not been described explicitly, it can seen that under the respective conditions for
each circuit, the element values of inductors and capacitors as mentioned in each case
will allow a transformerless synthesis, proving the sufficiency. The number of equivalent
circuit topologies increase rapidly with the increase in the number of components allowed
in the matching network (degree N in problem P). Due to this reason rather than deriving
a general trasformerless condition on the coefficients of p for any degree, we introduce
in the next section an approach based on the chaining of elementary sections allowing
transformerless synthesis more directly.

4.4 Synthesis of L, Matching Circuits : Elementary
Chaining Approach

In this section, we will discuss the formulation of the matching problem in the real setting
using an elementary chaining approach. We will make use of the angular derivatives of
the reflection coefficients of the basic LC sections at the transmission zeros in order to
parametrise the polynomials involved in the problem; namely p and ¢. In order to describe
this, let us recall the scattering matrix of basic LC' sections realizing the transmission zeros
at zero and infinity and the angular derivatives of the reflection coefficient at the transmis-
sion zeros. As explained in subsection 4.3.2, we have the scattering matrix of elementary
sections as follows. Let us denote the S-matrix of a low pass section (transmission zero at
infinity) which can be realised using a series inductor or parallel capacitor by S” and the
S-matrix of a high pass section (transmission zero at zero) which can be realised using a
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series capacitor or parallel inductor by S™. We have,

1
pPs +1

lp _

L s sHA s

,yplps 1 ] Shp 1

hp
P S
hp] , (4.125)

where, in the case of low pass section (transmission zero at infinity),

e series inductor with inductance L Henry : p'? = ﬁ = —(ang[SB](c0)) "L, v =1

e parallel capacitor with capacitance C' Farad : p'? = ;& = —(ang[SB](c0)) !, v = —1

and in the case of high pass section (transmission zero at zero),

e series capacitor with capacitance C' Farad : p"" = 22 = —(ang[S™2)(0))"t, v =1
e parallel inductor with inductance L Henry : p"" = 22 = —(ang[S521(0)) 7, v = —1.

In this approach, we will be following a method of chaining of elementary sections, each
of which is characterised by their respective p’s to build the matching network. The topol-
ogy of the matching network will be fixed by fixing the sequence of chaining of elementary
sections. The formulation of the matching problem remains the same as problem P imple-
mented in subsection 4.2.3, except that now polynomials p € Pg y and ¢ € SBg y will be
parametrised using p = [p1, p2, ..., pn]" € RY and also the fact that the underlying set of
reflection coefficients of the matching circuit, Z—;’ € B is built by the chaining of elementary
LC' sections. So, compared to problem P, the possible set of responses of the matching
circuit in this approach is more restrictive but provides the advantage of transformerless
matching circuit directly. Each p;, 1 < i < N represent p'? or p™” described above of the
elementary sections. The chosen topology of matching circuit determines the formula of
each p;. Now, the matching problem can be formulated over the set of these vectors of
strictly positive elements.

Problem. B. Given a passband I, non-constant reflection coefficient L1y € B of the load
which is strictly contractive in 1 and satisfying equation (4.4) and a polynomial v = s,
0 <n < N, where N 1is the target degree of the matching circuit,

’;5—8 — Lyi(s)

1— p”(s)LH(s)

ap(s)
where: q,q, = pyp, + 17", p, € Pr N, ¢, € SBr N

Find: | = min max
pGRﬁ sel

and 2—” 1s the output reflection coefficient of the matching circuit consisting of N elementary
P
L, C' sections chained in a given fized order.

4.4.1 Numerical Implementation of Problem B

Similar to what was done in the numerical implementation of problem P described in
subsection 4.2.3, we will be solving problem B numerically using a simplified criterion. We
can write down problem B with simplified criterion as,
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Problem. B,..Given a passband 1, non-constant reflection coefficient L1, € B of the load
which is strictly contractive in 1 and satisfying equation (4.4) and a polynomial v = s,
0 <n < N, where N is the target degree of the matching circuit,

2
Find: l,, = min max qp(8) = Pp(5) L1 (s) 1
peRY sl r(s) 1— L (s)]2

where : qpq, = ppp, + 177, pp € Prn, ¢, € SBr N

and fl’—;’ is the output reflection coefficient of the matching circuit consisting of N elementary
L, C sections chained in a given fized order.

The solution to problem By, provides the optimal p € RY for problem B and it can be
easily deduced that

[=1/1—(I0) " (4.126)

Similar to problem P, we assume the reflection coefficient measurement of the load, Li; is
given at sufficiently many points {sy, s2,..., st} € I and the problem B, is implemented
on these discrete set of points. The problem B,. can be solved practically by defining an
extra variable I' € R, satisfying,

2
) EAC R ACHIANC) L -2k
r(s:) 1 —[L11(sy)]
and then solving the following problem,
min I
(pD)eRY T
D)= pp(s)Lu(s)| 1
sub - |%2(5) = Po(s0) Lua(s:) S —T<0,i=12,...,k (4.127)
r(s:) 1 —|L11(sy)]

The algorithm to solve problem B,. will be developed based on an iterative scheme on
the polynomials p,q and r of the scattering matrix obtained by chaining elementary LC'
sections. We will make use of the chain matrices of elementary sections to derive the
iterations of these polynomials. From the correspondance relationship between S-matrix
and T-matrix (equation 1.29 in chapter 1), the chain matrices of S and S" denoted by
T and T" respectively can be easily shown to be the following :

1—p%s  ypPs
—Vplps 1 +plps

T? = (4.128)

Y

S

pio_ 1 [ A

=P s+

The iteration formulas of the polynomials can be derived by considering the general scat-
tering matrix of a lossless two-port,

[Gp * _er*] . (4.129)
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The corresponding chain matrix 7" of S is

1|—€q" ep*
T="= . (4.130)
Tl -p q

The iteration formulas for the chaining of elementary sections to S can be developed by
the multiplication of chain matrix of the chained elementary section (T or T"?) on the
right to T'. Then the scattering matrix of the chained system can be obtained using the
correspondance relationship from 7T to S-matrix. This gives us the polynomials in the
Belevitch form of chained system as follows:

e Chaining a low pass section (transmission zero at infinity)

Ty=Tx*T" (4.131)
pr = p(=p"s + 1) +7p"sq (4.132)
g = —p"sp+ q(ps + 1) (4.133)
re— (4.134)
e Chaining a high pass section (transmission zero at zero)
Ty =TT (4.135)
py = p(s — p"") +7p"q (4.136)
g = —0""'p +q(s + p") (4.137)
Ty = ST (4.138)

So, once the sequence of chaining of N elementary sections is fixed (in the direction such
that last section will be chained to the load), we can make use of the above iteration
formulas to calculate the polynomials p, and g, in the Belevitch form of degree NV scattering
matrix formed by chaining these elementary sections. If we denote the chain matrix of fixed
elementary sections in the order of chaining as %1, TF2, ..., T®~ where each T represent
T or T" depending upon the chosen topology of matching network, we can define the
iterations,

Ty =T™

Ty, =T, T

Ty =ToT5
Ty =Ty TEN

The chain matrices 7T;, 1 <7 < N are represented by

1 |—€q; ep;
T, = — . (4.139)
i | —pi g
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At each stage of iteration of the elementary chain matrix multiplication, the iterations of
polynomials follow the set of formulas (4.132),(4.133), (4.134) or (4.136), (4.137), (4.138)
depending upon the chaining section at each stage. At the end of chaining of N sections,
the polynomials py = p, and gy = ¢, of the degree N scattering matrix in the Belevitch
form is obtained. The polynomial ry will be equal to the fixed polynomial r.

Derivatives of Criterion and Constraint

After deriving the polynomials p, and ¢, using the iterations formulas mentioned above, we
are in a position to calculate the gradient of criterion and constraint of problem 4.127 at the
data points {s1, sg,...,Sk}. The gradient of the criterion with respect to the optimisation
variable (p,T') = [p1, pa; - - -, pn_1, pn, |t € RYT is trivial and is equal to [0,0,...,0,1]* €
RN+ To evaluate the gradient of the constraint with respect to the optimisation variable,
let us denote the constraint function as, for s € jR,

RN <[

S s G2l R 4.140
T Zu()P (4.140)

where, G(s) = W. In order to express the gradient of constraint at the data

points, let us define the following vectors,

Lval = [Ly1(s1), L11(82), - . ., L11(sp)]" (4.141)
rval = [r(sy),r(s2),...,7(sk)] (4.142)
Gual = [G(s1),G(s2),...,G(sp)]". (4.143)

It should be noted that the vectors Lval and rval are available directly from the given data
and fixed r respectively and the vector Gval can be obtained after the polynomials p, and
q, are obtained using the iterations as described before. The objective I' can be obtained as
max(|Gual|?./(1 —|Lval]?)) and the evaluation of the constraint C'(s) at the data points as
|Gual|?./(1 —|Lval|*) — T'. We have the gradient of constraint with respect to optimisation
variable, evaluated at the data points,

VC = [der, —ones(k,1)]",

(N 4 1) x k matrix, where, der = 2. x Re(dG. * Gval)./(1 — Lval. * Lval) is of size k x N.
The derivative of G with respect to p evaluated at the data points, denoted by dG is

dG = (dg, — dp,. * Lval)./rval,

where dg, and dp, denote the derivative of ¢, and p, with respect to p respectively evaluated
at the data points. The matrices dq,, dp, and dG are of size kx N. So, it remains to calculate
the matrices dp, and dg, to complete the derivative calculations. The derivatives dp, and
dg, can be evaluated iteratively by taking the derivative with respect to p of the chaining
equations mentioned in (4.132),(4.133), (4.136) and (4.137). Let us denote by U,(s), the
upper triangle matrix with (¢, j)-th element, j > i, representing the derivative of p; with
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respect to p; at a data point s € {s1, 82,..., 8k} :
() (s) L () d(s) )
0 2(s) ... TE(s) ()
Up(s) = : :
00 @) )
0 0o ... 0 o (5)

Similarly, U, (s) denote the upper triangle matrix with (¢, j)-th element, j > i, representing

the derivative of ¢; with respect to p; at a data point s € {s1,$2,..., 5%} :
[98(s) g2(s) ... T(s)  GE(s) ]
0 %(s) . dquT*l(s) CSJT];’(S)
Uy(s) = : ,
0 0 ... FEL(s) H(s)
0 0o ... 0 ()

The matrices U, (s) and U,(s) can be calculated at any data point {s1, s, ..., s;} using the
following iterations:

e Chaining a low pass section (transmission zero at infinity)

dpy dg,
——(8) =78, —(s)=s. 4.144
fori=2: N,
dp;
di' (s) = —spi—1(8) + Yi—15¢i-1(s) ; (4.145)
dg;
dz- (8) = =yi15pi-1(8) + 5¢i-1(s) ; (4.146)
end
fori=1: N-1
for j=i+1: N
dp dp dq;_
dp]~ (5) = (=pjs+1) d]p-l (8) + vj—1p;s djp'l (s); (4.147)
dq dp'—l dQ‘_l
dpji (s) = =vj-1p58 d;)i () + (pjs +1) djpi (s); (4.148)
end
end
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e Chaining a high pass section (transmission zero at zero)

dp dqy
—(s)=1 —(s)=1. 4.149
fori=2: N,
dp;
d]p?» (s) = —pi—1(8) + Vi—1qi-1(s) ; (4.150)
dg;
dp-(s) = —%—1pi—1(8) + ¢i—1(s) ; (4.151)
end
fori=1: N-1
for j=i4+1: N
dp dp;_ dq;_
dpj.<3)—( = pj) d;)'l(s) Vj-1P; d’f(s); (4.152)
dg; dpj—1 dq; 1
= —j-1Pj j ; 4.1
dpi<5) Yi—1Pj dp; (5) + (s + p;) dp; (s) ; (4.153)
end
end

The last column of matrices U, (s) and U, (s) evaluated at s; provides the i-th row of matrices
dp, and dg,. So, we have the derivatives of p, and ¢, with respect to p at the data points,

(D(s) Bx(s) o e (s) B ()]

o) Brle) ) B )
dpp: )

(k) P (k) T (k) X (s)

(o) G (s) i (s1) G (s1)]

ole) W) () W)
dg, =

Grsn) () ) (e |

Thus, we have the complete calculation of derivatives of the criterion and constraint
C'(s) of problem in 4.127. In addition, we impose the constraint p; > 0 fori =1,2,..., N
as well. The objective gradient and constraint gradient is then provided to the matlab
non-linear programming solver fmincon to find the solution for problem B. This completes
the description of implementation of problem B using iterations of polynomials p and ¢
parametrised using the angular derivatives. The solution to problem B yields the optimal
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p € ]Rf denoted by p = [p1,p2,...,pn|". This directly provides the optimal matching
network terminating with reference impedance Z,. The values of inductors or capacitors of
the matching network can be obtained from p depending upon the chosen topology of the
circuit. After de-normalising the frequency (factor b,, Hz : highest frequency of passband),
we have the following equations which follow from the equations in 4.125 . In the case of
low pass section (transmission zero at infinity) at the i-th position (1 <1i < N),

. . Z 3.
e series inductor : L = 222 Henry

Thm,
e parallel capacitor : C' = Z:‘)Tp Farad

and in the case of high pass section (transmission zero at zero) at the i-th position,

e series capacitor: C' = —2— Farad
47Tbmpi
e parallel inductor : L = 4wa % Henry.
mHM

Example : Superdirective Antenna

The result of solving problem B,. with N = 5 when 3 transmission zeros of the matching
circuit were fixed at zero and the remaining 2 at infinity (r = s%) is presented in figure 4.18.
The order of chaining of transmission zeros of the matching circuit (starting from the load)
were fixed to be 00,0, 00,0,0 and the elementary sections realising the transmission zeros:
parallel C', series (', series L, parallel L and series C' respectively. The matching circuit
providing the response in figure 4.18 is shown in figure 4.19.

m
=
)
e}
=
=
=)
=10}
=
= =8| s
..... L
—10} | — F22 |
S11
Level = -6.5 dB
_12 | | | | |
820 840 860 880 900 920 940

Frequency (MHz)

Figure 4.18: Result of solving problem B, with N =5 and r(s) = s*
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17i7|nF 373 sni 148 QfF 50.00

| NNN—
— — 1l.6pF 533.8nH

Figure 4.19: Matching circuit providing the result in fig 4.18

The matching circuit provides a significant reduction in the maximal mismatch value
of the load in the given passband from around -1.37 dB (L;; at 870 MHz) to -6.5 dB and
also the elementary chaining approach has ensured matching circuit with no impedance
transformer as shown in figure 4.19. An iteration scheme to solve problem B,. for all
the possible combinations of chaining of elementary sections for a fixed degree N was
implemented as well. Some other matching circuits providing response very close to Si; in

figure 4.18 for superdirective antenna is shown below. Matching circuits 2, 3 and 4 shown

in figures 4.20, 4.21 and 4.22 have r(s) fixed to be equal to s?, s* and s* respectively.

X 8 OnH 50.0€2

—_ 48.4pF 677.0pH —____707.4aF

Figure 4.20: Matching circuit 2 providing response close to Si; in fig 4.18

14. 8pF 50 00

4%44 2puH 4%1 2nH 4%921 .OpH

Figure 4.21: Matching circuit 3 providing response close to Si; in fig 4.18
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1.5pF 5.2pF 50.0
. | | | | \ .
791.8pH —— 31.1pF 2.8nH

Figure 4.22: Matching circuit 4 providing response close to Si; in fig 4.18

It should be noted that alternative to the way the iterations and derivatives are de-
fined in this section, they can be defined directly using chain matrix as well. Motivated by
the requirement of implementing microstrip lines in between the LC sections, the imple-
mentation directly using chain matrix is discussed in the next section. The chain matrix
formalism is important since the scattering matrix of microstrip lines does not have a ratio-
nal form and we no longer have a scheme of iterating polynomials as described in equations
(4.132),(4.133), (4.134), (4.136), (4.137) and (4.138).

4.5 Synthesis of L,C Matching Circuits with Fixed
Microstrip Lines

In this section, we will discuss the formulation and implementation of the matching problem
in the real setting in such a way as to include in the optimisation fixed microstrip lines in
between the L, C' sections of matching circuit. In the realization of matching networks using
lumped elements on PCB, microstrip lines between the lumped inductors and capacitors can
have an effect on the expected results of matching. This signifies the practical importance
of this section. The effective dielectric constant € of a microstrip line is given approximately
by (equation 3.195, [77])

1 e -1 1
=t c (4.154)

2 2 Ji+124

where w is the width of the microstrip line, d is the thickness of the dielectric substrate
having relative permittivity €,.. The characteristic impedance, Z,. of the microstrip line can
be calculated as (equation 3.196, [77])

%ln(8%+ﬁ> for & <1
o (4.155)
1207 w
Ve(Z+1.393+0.667 In(Z +1.444)) for & > 1.

Let us consider a microstrip line with charactersitic impedance equal to the fixed ref-
erence impedance Zy. The scattering matrix of this microstrip line with effective dielectric
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constant € and length [ for the reference impedance 7 is

0 exp(— ey
SML — (=757) : (4.156)
2ml\/e
exp(— =) 0
where ¢y denote the speed of light. The corresponding chain matrix is
2ml/€
exp(—=_s 0
™ML = (=75) (4.157)
0 exp(Ze),

co

We will continue to use the elementary chaining approach discussed in the last section
with the difference that we have to take care of the chaining of microstrip lines in between
each elementary section. The parameterisation of the reflection coefficient of the matching
circuit will be done using p = [p1,p2,- .., pn|", the angular derivatives of the reflection
coefficient of elementary L, C' sections that was introduced in the last section. The matching
problem can be formulated as:

Problem. H. Given a passband I, non-constant reflection coefficient Li; € B of the load
which is strictly contractive in I and satisfying equation (4.4),
- S¥ —L
Find: | = min max 22(82 u(s) ,
peRY  s€l 1-— 822(8)1/11(8)

where S5, is the output reflection coefficient of matching network consisting of N elementary
L,C sections chained in a given fixed order and having microstrip lines of fixed electrical
and physical properties in between each sections.

For simplicity of derivative calculations, we solve problem H after squaring (5%, (s), L11(s))
in the criterion. As in the previous section, let us denote the points in the passband of
interest where the measured reflection coefficient of the load Ly is given as {si, Sa, ..., Sk}
The problem H can be solved practically by defining an extra variable I' € R, satisfying,

Sha(si) = Lu(si) |*
r> | =22 Yl i=1,2,...k 4.158
B ’1 — Shy(si)La1(si) ( )
and then solving the following problem,
min T
(pD)ERYH!
S5y(si) = Lu(s:) | .
sub : -I'<0,:=1,2,...,k. 4.159
STt T (4159

4.5.1 Numerical Implementation of Problem H

For a fixed topology of the matching circuit, the evaluation of S%, at the data points can
be easily done with the help of chain matrices of elementary L,C sections and microstrip
line. If we denote the chain matrices of NV elementary sections in the matching circuit by
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TP, TP ... TPN (in the order of chaining) and the chain matrix of microstrip line of fixed
length and width present between the sections by T}, the overall chain matrix of the
matching circuit, denoted by T can be evaluated at any frequency as,

TP = TP« TML s TP2 5 TML o TP3 5 TPN-1 5 TML TN (4.160)

Each T*i represent the chain matrix of elementary L, C sections. The value of p; in each
case depend upon the fixed sequence of chaining of sections. We have the chain matrix of
elementary sections

1—p%s  ypPs hp

—yp'Ps 1+ p'Ps

" = (4.161)

g _ L[5
S| =" s+

where p'?, p"? and ~ satisfy the equations mentioned in (4.125). Then the scattering matrix
of matching circuit denoted by S” can be evaluated using the conversion,

oo L

, (4.162)
%,

So, once we have the chain matrix 7%, we have the evaluation of S5, at any data point,

T3 (s)
Shy(s) = =2 4.163
L) =~ (1163)
Now, we are in a position to calculate the gradient of criterion and constraint of problem
4.159 at the data points {s1, sg,..., Sk}

Derivatives of Criterion and Constraint

The gradient of the criterion with respect to the optimisation variable,

(p,T) = [p1, p2s -+, pn—1, pv, IJt € RYT is trivial and is equal to [0,0,...,0,1]" € RN+,
To evaluate the gradient of constraint with respect to the optimisation variable, let us
denote the constraint function as, for s € jR,

C(s) = |G(s)]* - T, (4.164)

where, G(s) = % In order to express the gradient of constraint at the data

points, let us define the following vectors,

Lval = [Ly1(s1), L11(82), . . ., L11(sp)]’ (4.165)
Sval = [S8,(s1), S5(52), - - ., Shy(sk)] (4.166)
Gual = [G(s1),G(s2),...,G(sp)]". (4.167)

It should be noted that the vector Lwal is available directly from the given data and
the vectors Sval and Gual can be obtained after calculating S5, at the data points using
equation 4.163. The objective I' can be obtained as max(|Gval|*./(1 — |Lval|?)) and the
evaluation of the constraint C(s) at the data points as |Gval|?./(1 — |Lval|*) — T'. We have
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the gradient of the constraint with respect to optimisation variable evaluated at the data
points,

VC = [der, —ones(k,1)]",

(N 4 1) x k matrix, where, der = 2. * Re(dG. * Guval) is of size k x N. the derivative of G
with respect to p evaluated at the data points, denoted by dG is

dG = ((1 — Sval. * Lval). * dS5, + (Sval — Lval). * Lval. x dS%,)./(1 — Sval. * Lval).”

where dS%, denote the derivative of S5, with respect to p evaluated at the data points and
is of size k x N. So, it remains to calculate the matrix dS5,. From equation (4.163), we
have

Thwval. x dTs, — Thyval.  dT3,
(Thwval).?

where Té)lval = [TQ/)1<81>7 T2pl(52)v s 7T2pl (Sk>]t and TQPQUCLZ = [T;2(51)7 TZPQ(S2)’ S >T2;)2(Sk)]t
can be obtained directly from equation (4.160) of T”. In order to calculate the matrices
dT%, and dT%,, it should be noted that we have the derivatives of elementary chain matrices

T' and T with respect to p'? and p"P respectively at any data point s € {s1,8,..., 8%} :
dT'” —5 s drhe (-1
T (s) = : T (s) =— . (4.168)
P -8 s 4 Sl—y 1
So, the derivative of matrix T” with respect to p = [p1,p2,...,pn] at any point s €
{s1, 82, ..., Sk} can be calculated using the following derivative calculations:
dre AT
- (8)=— (8) % TME s TP2 5 TME 5 TP 5 | 5 TPN-1 5 TME PN
P1 P1
?(s) = TP % TME & ?(3) s« TME 5 TP 5 5 TPN-1 5 TME 4 PN
P2 P2
dre dTPN
——(8) = TP« TME s TPz TML y TPs 5 5 TPV x TME 7 (s)
dpn dpn

d;":: (s), 1 < i < N follow either of the equations mentioned in (4.168) depending

upon the elementary section at i-th position. So, we have the matrices dT%, and dTy, from
the above calculations:

where

[ dTY dT? AT" JT? _
i2(s1) GE(s1) . () T2(s1)
) 2—2{2 (s2) 27;2’;2 (s2) ... %(32) Cclzf% (5)
dez = ’
T3 dry; dT?, JT?
a2 (se) GR(sk) oo 2 (sk) T2 (sk)
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[ dTY, dT? aT" JT? _
i(s1) G(s1) .. p(s1) TE(s1)
) R ) )
dT21 =
a5 dT3, dT%, JT?
dp211 (Sk) dp221 (Sk) R dmv—Q_ll(Sk) dp?\;l (Sk)

Thus, we have the complete calculation of derivatives of the criterion and constraint C(s) of
problem 4.159. Just as in the last section, we impose the constraint p; > Ofori=1,2,..., N
as well and then the matlab non-linear programming solver fmincon is used to find the
solution for problem . This completes the description of implementation of problem H.
Once the optimal p of problem H is obtained, the computation of inductance and capacitor
values of the optimal matching network follows the same equations mentioned at the end
of section 4.4.

Example : Superdirective Antenna

The result of solving problem H with N = 5 when all the transmission zeors of the ele-
mentary sections in the matching circuit were fixed at zero is presented in figure 4.23. The
elementary sections in the order of chaining to the load were fixed to be series C, parallel L,
series C', parallel L and series C' and microstrip lines of length equal to 1.5 mm were fixed
to be present between the elementary sections. For the purpose of illustration, the width
of the microstrip line was fixed to be 1.5 mm and dielectric substrate thickness of 0.8 mm
with relative permittivity €, = 4.4. This provides effective dielectric constant, ¢ = 3.39 and
characteristic impedance of the microstrip line equal to 50 € according to the equations
in 4.154 and 4.155. The matching circuit providing the response in figure 4.23 is shown in
figure 4.24.
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Figure 4.23: Result of solving problem H with N =5 and r(s) = s°

17.7F 1 50 528 2fF 1.50mm 720 i

o || | |
|
44.2uH 19.1nH

Figure 4.24: Matching circuit providing the result in fig 4.23

50 02

The optimal criterion obtained, -5.16 dB can be noticed to be not as good as the one in
figure 4.12 (-6.58 dB) which was obtained by solving problem P, with N = 5 and r(s) = s°
and transformerless condition a5 = 0. The topology of the circuits in both cases (figure
4.13 and figure 4.24) are the same except the addition of fixed microstrip lines in between
the L,C elements in the circuit in figure 4.24. The provided example clearly illustrates
the impact of introducing microstrip lines on the element values of the optimal matching
circuit and the optimal matching criterion and hence signifies the practical importance of
problem H.

In figure 4.25, we have provided a comparison of the results obtained on superdirective
antenna example by solving different problems discussed in the thesis using degree 5 match-
ing circuit : problem B¢ in chapter 3 (convex optimistion approach) and problems P, B
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(matching circuit with real components having impedance transformer and constrained to
have no impedance transformer respectively) and problem H (where microstrip lines are

included between the LC' components). The figures are placed in the order :

top left, top

right, bottom left, bottom right respectively.

0 0g I
& &= A
o -5 ' g - =
E 2
c ; o
&0 &0
(1] T
= | = —10
| 1
860 880 900 920 860 880 900 920
Frequency (MHz) Frequency (MHz)
d e | ] 0 | ,
z fak e S
v 5 S o —gl. Y.
=] : - T S
5 . - 5
E= g 2 ®
gg Eﬂ % \\ o
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= =10 = _10 ;
1 : | b L
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Figure 4.25: Result of problems B¢, P, B and H : -8.5 dB,-7.5 dB,-6.6 dB,-5.2 dB.

We conclude this section by stating that the elementary chaining approach (where

parametrisation is done using angular derivatives) for the matching problem described in
sections 4.4 and 4.5 provides a number of advantages compared to the parametrisation over
coefficients of p described in subsection 4.2.3 :

e The computation of ¢ € SBg x from p € Pg y, which involves the spectral factorisation

can be avoided.

It avoids the impedance transformer at the end of the matching circuit without impos-
ing any extra constraints since the construction of the circuit is done by elementary
chaining of L,C sections.

It facilitates the option of adding fixed microstrip lines in between the L,C components
in the optimisation and provide the optimal L,C values taking into consideration these
transmission lines.

If required, it provides an easy and efficient way to bound the values of L,C com-
ponents in the optimisation to any range required as per the application or user re-
quirements. This can be done by adding extra constraints of upper bound and lower
bound on p in the optimisation. If we denote the lower bound and upper bound of
inductance values as Ly, and L,; Henry and that of capacitance values as Cj, and C,
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Farad respectively, we can add the following additional constraint on p;, 1 < i < N
in the optimisation. In the case of low pass section (transmission zero at infinity) at
the i-th position,

3 : . Thm Ly ) Thm Layp
(a) series inductor : Mt < p; < Topiub

(b) parallel capacitor :w'}'}—oc”’ <p < %f“b

and in the case of high pass section (transmission zero at zero) at the i-th position,

: : . Yo . Yo
(a) series capacitor: s <P S e

. P Z
(b) parallel inductor : T2 < pi <

We would like to make the remark that all the problems discussed in this chapter are non-
convex and so the numerical implementation schemes discussed do not guarantee a unique
optimum. This is the main difference in comparison to the chapter 3 convex optimisation
approach, but nevertheless the problems discussed in this chapter allows us to find local
optima that satisfy the necessary practical constraints. Finally, before concluding this
chapter, we will provide an interesting remark concerning the possible number of equivalent
circuit topologies that can realize a given scattering matrix of lossless two-port. It should
be noted that even though in this chapter, we have not discussed the realization of a
transmission zero of an S-matrix at a finite non-zero point on the imaginary axis, this can
be easily included in the optimisation schemes discussed as well. This will provide matching
circuits consisting of LC' series resonators connected in parallel and LC' parallel resonators
connected in series. In the remark provided below, we consider circuits consisting of only
elementary L, C' sections that was described in section 4.3, that is series or parallel inductor
or capacitor.

Remark 4.5.1. There exist 4 x 3N~ (with some circuit repetitions for N > 2) possible
number of equivalent circuit topologies that can realize a given degree N lossless scattering
matrix whose transmission zeros are allowed to be at zero or infinity.

The proof of remark 4.5.1 easily follows since the first element of N element circuit has
4 possibilities (series or parallel inductor/capacitor) and all the remaining N — 1 positions
have 3 options each. It should be noted that in the above count, for example with N = 2,
there are 2 circuit repetitions : one circuit with a series inductor and a series capacitor and
another circuit with a parallel inductor and a parallel capacitor. This repetition increases
with IV and for a general N > 2, to have the exact number of equivalent circuit topologies
with no repetition of circuits within them, we have to subtract this repetition count from
4 % 3N~1. This is not presented here since the main interest of remark 4.5.1 was to provide
an insight into the exponential increase of equivalent circuit topologies with the number of
components N. We conclude this section here and in the next section, we will provide a
conclusion to the chapter.

4.6 Conclusion

In this chapter, we initially introduced the matching problem in the real setting and its
numerical implementation. The natural parameterisation based on the coefficients of the
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polynomial variable, p € Pg y in the optimisation problem was used for the implementa-
tion of the problem. Some important theoretical results including the existence of solution
and characterisation of the solution based on the number of critical points were also made.
A study of the constraints that need to imposed on the coefficients of polynomial p was
done in order to ensure a transformerless synthesis of the matching circuit. A section was
also devoted to an elementary chaining approach based on the angular derivatives of the
reflection coefficients of the basic L, C sections. This provided a more direct way of trans-
formerless synthesis of the matching circuit possible, along with the option to bound the
element values of L, C' elements to specific ranges required by the user if required. Finally,
motivated by the requirement to include microstrip lines in between the elementary L, C
sections, a section devoted to the formulation of the problem based on chain matrices was
also made. In general, in this chapter, we have discussed some of the practical constraints
that are important in the matching network synthesis like transformerless circuit, bounding
the L, C' values as per the user requirement, taking into consideration the microstrip lines
between lumped inductors and capacitors in the matching circuit and showed that they can
be easily included in the optimisation schemes.

In the next chapter, we will give an illustration of the numerical implementations of the
different optimisation schemes developed throughout the thesis on some concrete antenna
examples. The results obtained from part I of the thesis and the current chapter will
provide an idea of the theoretical bounds of the matching criterion for the given load in
the desired passband and the criterion obtained after considering the necessary practical
constraints. The realization of the optimal response using matching circuit consisting of
lumped inductors and capacitors will be done. The illustrations of some basic prototypes
of antenna designed together with these matching circuits and their reflection coefficient
measured in the Vector network Analyzer will be provided as well.
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CHAPTER 5

Realisation : Lumped Element Matching Networks

5.1 Introduction

In this chapter we will present different prototypes of PCB antennas designed together
with the matching circuit obtained from the optimisation schemes developed in the thesis.
Matching of antenna prototypes at different ranges in the frequency band are chosen to
test the robustness of the developed matching techniques. A dual band matching example
will also be provided. The results of the numerical implementation of different optimisation
schemes introduced in the thesis will be illustrated for the presented prototypes. This will
provide a comparison of the matching criterion obtained by solving the generalised matching
problem in chapter 3 with the matching problems in real setting introduced in chapter 4.
For a given degree of the matching circuit, the first part of the thesis provides hard bounds
on the possible matching level obtainable. The solution to the matching problems in the real
setting in the second part of the thesis take into consideration different practical necessities
of the realization of the circuits and hence provides the optimum under these constraints.

The combined results obtained from both parts of the thesis provides a complete descrip-
tion of the matching criterion possible for the antenna prototype in the targeted passband.
The theoretical bounds obtained from the global system approach in chapter 3 helps to
give an estimate of the level of drop in the matching criterion after imposing the necessary
practical constraints. The electromagnetic simulation software High Frequency Structure
Simulator (Ansys HFSS [2]) will be used to validate the matching circuit responses and also
to simulate the scattering measurement of antenna prototypes together with the matching
circuits calculated. The S;; measurement obtained from the Vector Network Analyzer will
be illustrated for all the prototypes presented. The measurements before and after adding a
matching circuit to the antenna will be presented, certifying the robustness of the developed
matching procedures.

5.2 Prototype 1 : 169 MHz Antenna

In the first example, we present a prototype of a simple monopole antenna targeted to be
matched at 169 MHz ISM band. This ISM band is ideal for sensors or devices that are
located in hard to reach places since it provides good RF performance in terms of coverage
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and building penetrations. The S;; measurement of the antenna without any matching
circuit obtained using a network analyzer (reference impedance = 50 ohm) is depicted
in figure 5.1. The targeted passband for matching, 167 MHz to 171 MHz is represented
using the rectangle in the figure. It can be noticed that the antenna is very reflective in
the prescribed passband and to be precise, the S;; measurement at the end points of the
passband are -0.077 dB and -0.084 dB.
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Figure 5.1: Scattering parameter of the load

In accordance with the spirit of the thesis, we will solve this matching problem initially
using the global system approach developed in chapter 3 and then present the results
obtained in the case of matching problem formulation in the real setting described in chapter
4. This will provide a description about the bounds for the matching criterion possible for
any chosen degree of the matching circuit and also the effect of the practical constraints
imposed.

In figure 5.2 the result of solving matching problem formulated using the global system
approach (problem B¢ in chapter 3) is presented. The rational approximation of given
load data was done using a degree one system in the frequency band of interest. The target
degree of the global system was fixed to be three (N = 3) and all the transmission zeros of
the matching circuit were fixed at infinity, in particular R = 1. It can be noted that we
were able to significantly reduce the maximal mismatch value of the load in the passband
from -0.077 dB to -6.86 dB. The 4 critical points (N+1) in the passband at which Sj; attains
—6.86 dB characterize the optimality of the obtained response. Since the McMillan degree
of the load is 1, the matching criterion obtained corresponds to the theoretical matching
limit possible with degree 2 matching circuit.
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Figure 5.2: Result of global system approach (problem B¢) with N =3
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Figure 5.3: Result of matching problem in real setting (problem P) with N = 2

The result of solving matching problem in the real setting (problem P in chapter 4) is
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presented in figure 5.3. We did not impose the transformerless condition and the target
degree of the matching circuit was fixed to be two (N = 2) with transmission zeros one
at zero and one at infinity (r(s) = s). The optimal matching criterion obtained, -4.19
dB is lesser than the one obtained by solving problem B¢ as expected but still provides
a significant improvement compared to L;;. The 2 critical points ([§] + 1) at which Sy
attains -4.19 dB in the passband characterize the optimality of the obtained response. In
order to calculate the element values of the optimal matching circuit, the de-chaining of the
transmission zeros were performed in the order: one at zero and then the one at infinity.
The matching circuit thus obtained, providing the result in figure 5.3 is depicted in figure
5.4. It should be noted that the circuit is not terminating in 50 ohm since we have not

imposed any transformerless condition in problem P.

26.492

—— 30.9pF

Figure 5.4: Matching circuit providing the result in fig 5.3

Now, the result of solving matching problem using the elementary chaining approach,
where parametrisation of Fys is done using the angular derivatives is depicted in figure 5.5.
The problem under consideration is problem H where fixed microstrip lines are included
between the elementary sections as well. Again the target degree of the matching circuit
is fixed to be two but with microstrip lines of length 1.5 mm and effective dielectric con-
stant 3.3 included between the elements. The elementary sections in the order of chaining
were fixed to be series capacitor (transmission zero at zero) and then parallel capacitor
(transmission zero at infinity) to be in accordance with the circuit topology in figure 5.4.
It can be noticed in figure 5.5 that we are able to attain almost the same criterion, -4.18
dB compared to the solution of problem P in figure 5.3.

A validation of the matching response obtained was performed using Ansys Designer for
circuit simulation in HFSS. It was done by connecting a port containing antenna Lq; data
at the left of the circuit in figure 5.7 and simulating the response at a 50 ) port connected
after the last element. The response obtained, denoted by S;; HFSS CS is plotted in figure
5.5 and can be observed to be exactly agreeing with Si;.
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Magnitude (dB)

Figure 5.5: Result of matching problem in real setting (problem H) with N = 2

The Smith chart representation of Si; in figure 5.5 is depicted in figure 5.6.
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Figure 5.6: Smith chart representation of Si; in figure 5.5

The matching circuit providing the result in figure 5.5 is depicted below. It should be
noted that now the circuit is terminating in 50 ohm and microstrip line is included between
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the elements as well.

1.50mm 50.012

—— 28.4pF

Figure 5.7: Matching circuit providing the result in fig 5.5

Before realizing the matching circuit on the pch, a monte carlo kind of analysis was
performed as well to test the sensitivity of the circuit in figure 5.7. The LC' element values
and transmission line length was sampled uniformly in a range of original values (values
in the circuit in figure 5.7) plus or minus a small percentage of variation and the resulting
response of circuit chained to the antenna was obtained for each sample. The result of this
analysis using a maximum of 3 percent variation on the L, C element values of the above
circuit and transmission line length with 20 samples is presented below.

Magnitude (dB)
L
T

| | L | | | | | |

100 120 140 160 180 200 220 240 260 280 300
Frequency (MHz)

Figure 5.8: Monte Carlo analysis of global response in fig 5.5

It can be noted from the sensitivity analysis that the circuit in figure 5.7 is not very
sensitive to small variations in the component values and transmission line length. We
would like to point out to the reader that this need not be the case in general, some circuits
can be extremely sensitive as well. From the different possible combinations of matching
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5.2. PROTOTYPE 1: 169 MHZ ANTENNA

circuit topologies, in this chapter, we have chosen to consider only the circuits that are
not very sensitive since they are supposed to be realized practically. Realizing extremely
sensitive circuits can be practically very challenging.

Now, we are in a position to include the matching circuit in the pcb design of the
antenna. The nearest element values available in the Johanson capacitor kit 0603 0.3pF-
82pF was chosen (3.9pF, 28pF). The pcb antenna with 2 component matching circuit
soldered is shown in figure 5.9. The dimensions are length = 255 mm, width = 155 mm
and FR-4 epoxy substrate thickness of 1.6 mm.

. 169 MHz

UNIVERSITE {reeda—
COTED'AZUR

< DR I SIS

Figure 5.9: 169 MHz PCB Antenna with 2 component matching circuit

The result of S7; measurement of the antenna measured using a VNA anlayzer after
adding the 2 component matching circuit shown in figure 5.7 is presented in figure 5.10.
The corresponding Smith Chart representation is provided in figure 5.11. It can be noticed
that even though the matching criterion obtained is not in exact agreement that to the
simulated result in figure 5.5, we are able to provide matching in the target band. The
main reason behind the deviation in the obtained response compared to simulation is the
fact that we have considered lossless matching circuit throughout the theory developed,
whereas in reality in the practical realisation, there are losses in the LC' components and in
the matching circuit. When plotting the reflection coefficient of the antenna together with
the matching circuit, these losses contribute to the fact that matching criterion is better
than the simulated ones using lossless circuit.
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Figure 5.10: S7; measurement of the designed antenna with 2 component matching circuit

Sll
—e— 167 MHz
+j1 171 MHz

Figure 5.11: S parameter chart of the designed antenna with 2 component matching circuit

Nevertheless, compared to the initial S;; measurement of the antenna depicted in fig-
ure 5.1, we have been able to remarkably improve the matching criterion in the targeted
passband. This concludes the study of degree 2 matching circuit.
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Figure 5.12: Result of global system approach (problem B¢) with N = 6

Next, the result of matching using a circuit with 5 components is presented for the same
antenna in the same target passband, 167 MHz-171 MHz. Initially we present in figure
5.12 the result of solving matching problem formulated using the global system approach
(problem PB¢). The target degree of the global system was fixed to be six (N = 6) and all
the transmission zeros of the matching circuit were fixed at infinity, in particular Rp = 1.
It can be noted that we are able to significantly reduce the maximal mismatch value of
the load in the passband from -0.077 dB to -11.54 dB. The 7 critical points (N + 1) in
the passband at which Si; attains —11.54 dB characterize the optimality of the obtained
response. Since the McMillan degree of the load is 1, the matching criterion obtained
corresponds to the theoretical matching limit possible with degree 5 matching circuit.

The result of solving matching problem H where parametrisation of Fys is done using
the angular derivatives is depicted in figure 5.13. The capacitor and inductor values in
the matching circuit were bounded to be in the ranges 0.3pF-82pF and 1.5nH-220nH by
fixing bounds on the angular derivatives and fixed microstrip lines of length 1.5 mm and
effective dielectric constant 3.3 were included between the elements as well. The target
degree of the matching circuit was fixed to be five (N = 5) and the elementary sections in
the order of chaining were fixed to be series capacitor, parallel inductor, series inductor,
parallel capacitor and series capacitor.
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Figure 5.13: Result of matching problem in real setting (problem H) with N =5

The Smith chart representation of Si; in figure 5.13 is depicted in figure 5.14.

S11
--- 8511 HFSS CS
—e— 167 MHz

171 MHz

Figure 5.14: Smith chart representation of Sy; in figure 5.13

The matching circuit providing the result in 5.13 is depicted in figure 5.15. A validation
of the matching response obtained was performed using Ansys Designer for circuit simula-
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tion. The response obtained, denoted by S;; HFSS CS is plotted in figure 5.13 and can be
observed to be agreeing with Si;.

3.5pF 1 50mm 1.50mm 7.1nH 1.50mm 1.50mm 9PF 50,00
| CowC 0 C 0} W\
4%1.QHH —— 82.0pF

Figure 5.15: Matching circuit providing the result in fig 5.13

A monte carlo kind of analysis to test the sensitivity of the circuit on transmission
length was done. It was done using a maximum of 5 percent variation on the transmission
line length with 20 samples of transmission line length considered uniformly in this range.
The result is presented below and it can be observed that the circuit response is not very
sensitive to small variation in the transmission line length.
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Figure 5.16: Monte Carlo analysis of global response (511) in fig 5.13

Now the matching circuit in figure 5.15 was included in the pcb design of antenna by
element wise soldering. The nearest element values available in the Johanson capacitor
kit 0603 0.3pF-82pF and TDK chip inductors kit 0603 1.5nH-220nH was chosen. The pcb

antenna after soldering these elements is shown below.
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169 MHz
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Figure 5.17: 169 MHz PCB Antenna with 5 component matching circuit

The result of S;; measurement of the antenna measured using a VNA anlayzer after

adding the 5 element matching circuit is presented in figure 5.18. The corresponding Smith
Chart representation is provided in figure 5.19.
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Figure 5.18: S7; measurement of the designed antenna with 5 component matching circuit
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S11
—e— 167 MHz
171 MHz

Figure 5.19: S parameter chart of the designed antenna with 5 component matching circuit

As mentioned in the degree 2 matching circuit case, the losses in the components of the
matching circuit contributes to the deviation in the response obtained in reality compared
to the simulation. Nevertheless, compared to the initial S;; measurement of the antenna
depicted in figure 5.1, we have been able to improve the matching criterion significantly.
Also, it provides a better result than the one compared to matching circuit with 2 compo-
nents as well (figure 5.10). This concludes the study of matching of 169 MHz antenna and
now we move to the second example of matching 433 MHz antenna.

5.3 Prototype 2 : 433 MHz Antenna

In the second example, we present a prototype of a simple monopole antenna targeted to
be matched at 433 MHz ISM band. The S;; measurement of this antenna obtained using a
network analyzer is depicted in figure 5.20. The targeted pass band 427 MHz to 439 MHz
is represented using the rectangle in the figure. The S;; measurement at the end points of
the passband are -0.110 dB and -0.116 dB.

Similar to the example studied in the previous section, we will solve the matching
problem initially using the global system approach developed in chapter 3 and then present
the results obtained in the case of matching problem formulation in the real setting described
in chapter 4. In figure 5.21 the result of solving matching problem formulated using the
global system approach (problem B¢) is presented. The rational approximation of the given
load data was done using a degree one system in the frequency band of interest. The target
degree of the global system was fixed to be three (N = 3) and all the transmission zeros
of the matching circuit were fixed at infinity (Rr = 1). It can be noted that we are able
to significantly reduce the maximal mismatch value of the load in the passband from -0.11
dB to -7.47 dB. Since the McMillan degree of the load is 1, the matching criterion obtained
corresponds to the theoretical matching limit possible with degree 2 matching circuit.
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Figure 5.20: Scattering parameter of the load
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Figure 5.21: Result of global system approach (problem B¢) with N = 3
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Figure 5.22: Result of matching problem in real setting (problem P) with N = 2

The result of solving matching problem in the real setting (problem P) is presented
in figure 5.22. We did not impose the transformerless condition and the target degree of
the matching circuit was fixed to be two (N = 2) with transmission zeros one at zero and
one at infinity (r(s) = s). The optimal matching criterion obtained, -4.82 dB provides a
significant improvement compared to Ly;. The 2 critical points ([4] + 1) at which Sy
attains -4.82 dB in the passband characterize the optimality of the obtained response. In
order to calculate the element values of the optimal matching circuit, the de-chaining of the
transmission zeros were performed in the order: one at zero and then the one at infinity.
The matching circuit thus obtained, providing the result in figure 5.22 is depicted in figure
5.23. It should be noted that the circuit is not terminating in 50 ohm since we have not
imposed any transformerless condition in problem P.

| | 51.39)
© | | /\/\/\/—O

—___ 5.7pF

Figure 5.23: Matching circuit providing the result in fig 5.22

Now, the result of solving the matching problem in the real setting using the elemen-
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tary chaining approach where parametrisation of Fyy is done using the angular derivatives
is depicted in figure 5.24. The problem under consideration is problem H where fixed mi-
crostrip lines are included between the elementary sections as well. The target degree of
the matching circuit was fixed to be two but with microstrip lines of length 1.5 mm and
effective dielectric constant 3.23 included between the elements. The elementary sections
in the order of chaining were fixed to be series capacitor (transmission zero at zero) and
then parallel capacitor (transmission zero at infinity) to be in accordance with the circuit
topology in figure 5.23. It can be noticed in figure 5.5 that we are able to attain almost the
same criterion, -4.82 dB compared to the solution of problem P in figure 5.23.

A validation of the matching response obtained was performed using Ansys Designer
for circuit simulation and is represented by S;; HFSS CS in figure 5.24. It was obtained
by connecting a port containing antenna L,; data at the left of the circuit in figure 5.26
and simulating the response at a 50 {2 port connected after the last element. The response
obtained can be observed to be exactly agreeing with Sq;.
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Figure 5.24: Result of matching problem in real setting (problem H) with N = 2

The Smith chart representation of S; in figure 5.24 is depicted in figure 5.25.
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S11
--- S1; HFSS CS
+jl —e— 427 MHz
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Figure 5.25: Smith chart representation of Si; in figure 5.24

The matching circuit providing the above result is depicted below. It should be noted

that now the circuit is terminating in 50 ohm and microstrip line is included between the
elements as well.

X 1.50mm 50.012

—___ 5.5pF

Figure 5.26: Matching circuit providing the result in fig 5.24

Before realizing the matching circuit on the pcb, a monte carlo analysis was performed
as well. The result of this analysis using a maximum of 3 percent variation on the L,C

element values of the above circuit and transmission line length with 20 samples is presented
below.
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Figure 5.27: Monte Carlo analysis of global response in fig 5.24

The nearest element values available in the Johanson capacitor kit 0603, 0.3pF-82pF
was chosen to solder the matching circuit components into the pcb antenna (1.2pF, 5.6pF).
The pcb antenna with 2 component matching circuit soldered is shown in figure 5.28. The
dimensions are length = 100 mm, width = 60 mm and FR-4 epoxy substrate thickness of
0.8 mm.

433 MHz

r 4
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UNIVERSITE

Figure 5.28: 433 MHz PCB Antenna with 2 component matching circuit
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The result of S7; measurement of the antenna measured using a VNA anlayzer after
adding the 2 component matching circuit in figure 5.26 is presented in figure 5.29. The
corresponding Smith Chart representation of figure 5.29 is provided in figure 5.30.
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Figure 5.29: S7; measurement of the designed antenna with 2 component matching circuit
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Figure 5.30: S parameter chart of the designed antenna with 2 component matching circuit

As mentioned in prototype 1 realization, the losses in the matching circuit components
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has lead to the matching criterion in realization being better than the simulation. However,
it can be noticed that the matching criterion obtained is close to the simulated result in
figure 5.24 and compared to the initial S;; measurement of the antenna depicted in figure
5.20, we have been able to remarkably improve the matching criterion in the targeted
passband. This concludes the study of matching of 433 MHz antenna.

5.4 Prototype 3 : 433 MHz and 868 MHZ Dual Band
Antenna

In this section, we present dual band matching example for the monopole antenna prototype
described in section 5.3. The S7; measurement of this antenna obtained using a network
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Figure 5.31: Scattering parameter of the load

analyzer is depicted in figure 5.31. The targeted pass band 427 MHz to 439 MHz and 860
MHz to 876 MHZ is represented using the rectangle in the figure. The S;; measurement at
the end points of the passband are -0.110 dB, -0.116 dB and -0.356 dB, -0.321 dB.

In figure 5.32 the result of solving matching problem formulated using the global system
approach (problem B¢ ) is presented. The rational approximation of the given load data
was done using a degree two system in the frequency band of interest. The target degree of
the global system was fixed to be five (N = 5) and all the transmission zeros of the matching
circuit were fixed at infinity (Rr = 1). It can be noted that we are able to significantly
reduce the maximal mismatch value of the load in the passband from -0.11 dB to -8.8 dB.
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Figure 5.32: Result of global system approach (problem B¢) with N =5
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Figure 5.33: Result of matching problem in real setting (problem H) with N = 4
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Figure 5.34: Smith chart representation of Si; in figure 5.33

The result of solving matching problem in the real setting using the elementary chaining
approach where parametrisation of Fy is done using the angular derivatives is depicted in
figure 5.33. The Smith chart representation of Si; in figure 5.33 is depicted in figure 5.34.
The problem under consideration is problem H where fixed microstrip lines are included
between the elementary sections as well. The target degree of the matching circuit was fixed
to be four (N = 4) with microstrip lines of length 1.5 mm and effective dielectric constant
3.23 included between the elements. The elementary sections in the order of chaining were
fixed to be series capacitor, parallel capacitor, series inductor and parallel inductor. The
capacitor and inductor values in the matching circuit were bounded to be in the ranges
0.3pF-82pF and 1.5nH-220nH by fixing bounds on the angular derivatives. The matching
circuit providing the result in figure 5.33 is depicted in figure 5.35. S;; HFSS CS in figure
5.33 represent the response obtained in Ansys Designer in HFSS for circuit simulation of
circuit in figure 5.35 connected to load L.

974.0(F 1.50mm 1.50mm 1.5nH 1.50mm 50.0€2

(=

—__ 3.6pF 12.4nH

Figure 5.35: Matching circuit providing the result in fig 5.33
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Figure 5.36: Monte Carlo analysis of global response in fig 5.33

The result of monte carlo analysis using a maximum of 3 percent variation on the L, C'
element values of the matching circuit and transmission line length with 20 samples is
presented in figure 5.36. The nearest element values available in the Johanson capacitor
kit 0603, 0.3pF-82pF was chosen to solder the matching circuit components into the pchb
antenna. The pcb antenna with 4 component matching circuit soldered is shown in figure
5.37.

-

UNIVERSITE (neia—

t
COTE DAZUR

Figure 5.37: 433 MHz and 868 MHZ Dual band Antenna with 4 component matching circuit
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Figure 5.38: S1; measurement of the designed antenna with matching circuit
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Figure 5.39: S parameter chart of the designed antenna with matching circuit

The result of S;; measurement of the antenna measured using a VNA anlayzer after
adding the matching circuit in figure 5.35 is presented in figure 5.38. The corresponding
Smith Chart representation of figure 5.38 is provided in figure 5.39. As mentioned in
other prototype realizations, the losses in the matching circuit components has lead to the
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matching criterion in realization being better than the simulation. However, the matching
criterion obtained is close to the simulated result in figure 5.33 and compared to the initial
S11 measurement of the antenna depicted in figure 5.31, we have been able to remarkably
improve the matching criterion in the targeted passband. This concludes the study of dual
band matching example.

5.5 Conclusion

In this chapter, different optimisation schemes introduced in the thesis have been tested
on concrete antenna examples. We have presented two PCB antennas designed to be
matched in single bands around 169 MHz and 433 MHz and also a dual band antenna to
be matched around 433 MHz and 868 MHz. A systematic study of the implementation of
the matching problems described in part I and part II of the thesis have been done. The
implementation of global system approach discussed in chapter 3 (problem B¢) provided
theoretical matching bounds for each antenna in the specific passband when considering
finite degree matching circuits. The implementation of the matching problems in the real
setting (problems considered in chapter 4) provided optimal matching criterion after taking
into account various practical constraints necessary for the realization of the matching
circuit. The presentation of the results obtained after taking into consideration the practical
necessities along with the results of global system approach provided an idea of how far
the performance of realized matching circuits are from the hard bounds of matching level
possible for the given degree.

The next chapter, which is the final chapter of the thesis provides a brief conclusion to
the thesis along with some future perspectives of the work presented.
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CHAPTER 0

Conclusion and Future Perspectives

In this chapter, we will give a brief conclusion to the thesis along with a discussion about
some of the possible directions of future work related to the topic. The thesis has made
a detailed study of one of the classical problems in RF circuit design, the problem of
impedance matching. Along with the theoretical aspects of broadband matching problem,
practical applicability of the developed approaches to solve the problem were given due
importance in the thesis. Part I of the thesis included an introductory chapter to the thesis
along with two other chapters which studied the broadband matching problem using two
different yet closely related approaches.

e In chapter 1 of the thesis a brief introduction to the broadband matching problem was
made along with the necessary prerequisites of functional analysis and the concepts
of RF engineering necessary for the problem.

e In chapter 2, a formulation of the finite degree matching problem was provided and an
approach to solve the problem using Nehari theory was described. The gain functions
were fixed to be from a specific family and its modulus parametrised using a one
dimensional real parameter. The degree bounds of the matching circuit obtained using
the approach were discussed and some illustrations of the numerical implementation
of the developed approach on concrete antenna examples were provided as well.

e In chapter 3, a generalized formulation of the finite degree matching problem was
provided based on the de-embedding theory of Fano-Youla. The possible set of re-
sponses of the global system were generalized to a set of “realizable” rational Schur
functions of fixed maximal degree and having fixed transmission polynomial and the
realizability constraint was imposed using the positivity of Pick matrix. The chapter
formulated the matching problem as a convex optimisation problem over a subset of
positive polynomials of fixed maximal degree and discussed various theoretical results
concerning the problem. The numerical implementation of the problem as a non-linear
semi-definite programming problem and some illustrations of the implementation of
the developed approach on antenna examples were presented as well. A section was
devoted at the end of this chapter to study the connection between two approaches
discussed in part I of the thesis to solve the matching problem. A possible future
direction of this work is to discuss the case of loads having transmission zeros on the
imaginary axis and possibly generalize the theory presented in the chapter with the
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help of boundary Nevanlinna Pick interpolation. An important step in this direction,
generalizing the de-chaining conditions and de-embedding theorem when there are
transmission zeros of the load present on the imaginary axis is presented in theorem
B.2.1 in Appendix.

Part II of the thesis included two chapters which discussed the realization of the matching
circuits as ladder networks and the current chapter concluding the thesis.

e Chapter 4 of the thesis discussed various practical constraints concerning the realiza-

tion of the matching circuits. The transmission zeros of the matching circuit to be
synthesized were fixed at either zero or infinity (or both) and a series of different prob-
lems were solved in order to better describe the realizable circuits. The realization of
the matching circuits as ladder networks consisting of inductors and capacitors was
presented. A matching circuit synthesis scheme allowing transformerless synthesis,
including microstrip lines in between the lumped elements and bounding the element
values of lumped inductors and capacitors to any desirable range as required by the
user were also presented. A possible future direction of the work presented in the
chapter is to study the implementation of matching circuit having transmission zero
at finite non-zero frequency. This kind of transmission zero can be realized using
series LC resonator in parallel or parallel LC resonator in series. Especially in the
case of matching antennas in the frequency range where it is highly reflective, opti-
mal placement of some transmission zeros which are finite and non-zero outside the
targeted passband could provide better matching criterion compared to the case of
transmission zeros located at zero or infinity. Some numerical implementations in this
direction were carried out by optimizing the location of this kind of a transmission
zero and the remaining transmission zeros of the matching circuit fixed at zero or
infinity. The problem was formulated as follows:

Problem. Prr.. Given a passband 1, non-constant reflection coefficient L1 € B of
the load which is strictly contractive in 1 and satisfying equation (4.4) and a polynomial
ro = s* where 0 < k < N —2, where N > 2 is the target degree of the matching circuit

Find: Z: min
(p,0) EPR, N X (JR\I) s€I

1— %LH(S)

where: r = (s — a)(s + a)ro,

qq" =pp* +rr* and q € SBg v.

The numerical implementation of this problem can be carried out similar to problem
P in chapter 4. The derivative calculation of the constraint with respect to the non-
fixed part of the polynomial r can be performed similarly to that of with respect to
polynomial p.

(1). In the first example, we consider the 169 MHz antenna (passband : 167 MHz-171
MHz) presented in section 5.2 in chapter 5 and solve problem Ppr, with N = 3 and
ro = s. The optimisation places the transmission zero at finite non-zero frequency at
a = 0.855 which corresponds to a transmission zero at 145 MHz and produces the
result as depicted in figure 6.1.
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Figure 6.1: Result of solving Pprr, with N =3 and o = s
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Figure 6.2: Smith chart representation of Sj; in figure 6.1

The Smith chart representation of Sj; in figure 6.1 is depicted in figure 6.2.
(2). In the second example, we consider the 433 MHz antenna presented in section
5.3 in chapter 5.
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Figure 6.4: Smith chart representation of Si; in figure 6.3

In this example, we solve problem Pgr, for passband 430 MHz - 440 MHz and 790
MHz- 862 MHz, N = 3 and ry = s. The optimisation places the transmission zero
at finite non-zero frequency at o = 1.0125 which corresponds to a transmission zero
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at 872 MHz and produces the result as depicted in figure 6.3. The Smith chart
representation of Si; in figure 6.3 is depicted in figure 6.4. So, the results presented in
the case of matching circuits including some finite transmission zeros on the imaginary
axis are promising and can be specifically useful in the case of matching antennas in
the frequency bands where it is highly reflective. A further study in this direction
by testing more examples and realizing the matching circuits can be practically very
useful.

e Chapter 5 of the thesis provided illustrations of the results obtained by solving dif-
ferent matching problems formulated in the thesis and made a comparison between
them. The illustrations of some prototypes of PCB antennas designed together with
the matching circuits obtained from the developed approach were also made.

e The current chapter has provided a brief conclusion to the thesis along with some
possible future perspectives related to the work presented.
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APPENDIX A

Schur Functions and Nevanlinna-Pick Theorem

A.1 Polynomial Norm and Convergence of Rational
Schur Functions

Definition A.1.1. Given a set of (N + 1) data points, {(ag, bo), (a1,b1),...(an,bn)}, P(s)
defined as follows is the unique polynomial of degree N which interpolates the given data,

N
P(s) = b;Li(s) (A1)
i=0
where,
Yos—a
Li(s) := i .
CE =" o
7=0,k#1
The set of Lagrange polynomials,
L ={Lo(s),L1(s),...Ln(s)} (A.3)

form a basis for the set of all polynomials of degree at most equal to N. So for any polynomial
P(s) of degree less than or equal to N, we have,

P(s) =Y bLi(s),b € R (A.4)

and the norm can be defined as,

N =

1Pl = (Z\bf) = <Z‘P(ai)|2> : (A.5)

1=0

We consider the interpolation points a; on the imaginary axis (a; = jw;, w; € R,0<i < N),
in particular in the interval I (passband of interest).
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Proposition A.1.2. For every sequence of rational Schur functions having a uniform de-
gree bound, there exists a subsequence which converges to a rational Schur function on every
compact set inside the right half plane and the convergence holds pointwise on the imaginary
axis as well except a set of finite points.

Proof. Let (f,) = ( =) be a sequence of rational Schur functions with uniform degree
bound. Now, using Deﬁmtlon A.1.1 for the norm, let us normalize the sequence (f,) as

follows,
P
() = (1) (A6)

Since <H8”H> is a sequence of polynomials with unit norm, we have a subsequence (—Ilgndl\>
n nd

which converges to a polynomial Q on every compact set inside the right half plane and

the convergence holds pointwise on the imaginary axis as well. The zeros of <H o |I> being

in the open left half plane implies Q can have finite number of zeros on the imaginary axis
and the rest in the open left half plane. Let,

E, = {s € jR:Q(s) =0} (A7)

Since (f,,) forms a sequence of Schur functions, we have,

Vs € jR, ( )| <1 (A.8)
= Vs € jR, |P( )| < [@n(w)] (A.9)
o [Pa(s)] _ [@n(s)]
v R, < A10
TR R = e A0
Now, we can prove that o QnH is bounded in the defined norm. Using (A.10), we have,
o [Pa(s)] _ |Qn(s)] _ |@n(s)]
\ R = A1l
"SIl =Rl T ; A
(;I%%)P)
So, we have,
vs e jr, 2Bl @n()l (A12)
0 =75 N
(5 utiel)
()]
Vs = jwi, <1 A13
Y= T S A

This yields the boundedness of sequence o in the defined norm, since we have,

\Q I

1) () -
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The inequality follows from (A.13). So, we have a subsequence (Hg: II) of (HSZH) which

converges to a polynomial P on every compact set inside the right half plane and converging
pointwise on the imaginary axis as well. Let,

E, ={s € jR: P(s) =0} (A.14)

From (A.10), it follows that E; C [E; and so after cancelling the common zeros of P and
@ on the imaginary axis (if it exists), and renaming them as P and () respectively, (A.8)
yields,

P
Vs € jR, ’—(s) <1 (A.15)

Q

So, we have the function g to be Schur. Now for any compact set K inside the right half
plane, we have,

P, P
lim sup nds——s‘zo A.16
This proves the existence of a subsequence (gﬁ) of (f,) which converges to Schur
nd
function g on every compact set inside the right half plane. We also have,
P, P .
lim L(s) ——=(s)| =0, s jR\E, (A.17)
n—o0 | Qn, Q
So, we have the convergence holding pointwise on the imaginary axis as well, except the
set E;. This completes the proof. O]

A.2 Nevanlinna-Pick Theorem

The importance of Nevanlinna-Pick theorem (stated in 3.2.5) in characterising the con-
straint set HE of problem 3¢ should have been clear from subsection 3.3.1 in chapter 3.
We devote this section to give a proof to the necessity part of Nevanlinna-Pick theorem for
matrix valued functions. We switch to the more general version of Nevanlinna-Pick theo-
rem which deals with matrix valued functions since it was useful in proving the concavity
of Pick matrix in chapter 3. Before getting into the details, we recall some already used
notations and also define some new notations.

e For any given k € N, I represent the identity matrix of order k.

o Let B, ,(II") denote the set of p x ¢ matrix valued functions F'(w) which are analytic
in IT™ and contractive, (F(jw))'F(jw) = I,, w € R.

e Tor all z € IT*, let us denote p,(z) =75 + 2. We have, [I* = {y € C: p,(y) > 0} and
JR={y € C:py(y) =0}. Also, (p,(2)) =v+7Z = p.(7).

e HP(IT*) denotes the space of scalar valued Hardy functions of class p over I, where,
1 <p< oo
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HY(IT™) denotes the space of (k x 1) matrix valued functions, each entry of which
belongs to HP(IT").

L7 (jR) denotes the space of (k x 1) matrix valued functions, each entry of which
belongs to LP(jR).

The symbol p is used to denote the orthogonal projection of L?(jR) onto HZ(ITT).

For f,g € L2(jR), (f, g) denote the inner product,

o =5 [ GG G

:% N

Before stating the Nevanlinna-Pick theorem for matricial case, we prove a lemma which
will be useful in the proof of Nevanlinna-Pick theorem.

Lemma A.2.1. If F € B, (II"), then,

g(?%) _FG)E A18

P~y P~

for every choice of v € II'™ and & € CP.

Proof. Let us denote f = Q(I;—tf). For any n € C? and « € TI", we have,

Since p,(jw) = @ + jw, we get,

n\ 7 [T fjw)
<f’,o_a>_%/oo o= o™

=t +o00

_ f(u) du (where u = jw)
2] J_ o a—u

=7'f().

The last equality follows from Cauchy’s formula for H 3 (TT*). So, we have,

7o) = (f, )

«

—t

F

<—€, £> < L e H2(ITY) for a € H+>
Py Pa Po

(& 2)- (=)
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From the definition of inner product, we have,

(Fn £ _ 1 /- & Fuen,

o’ P~ T o - (py(jw)) Pa(jw)

Since p,(jw) =7 + jw, we get,

Fn ¢ 1 [ € F(jw)
&\ _ 1 d
<w’m> 2W1m(7—%0m0w .

—L Zt F(u)n u (where u = jw

= om b w) pa) (VRO =)

EF(y)

() (4.20)

The last equality follows from Cauchy’s formula for H}(II*). Substituting (A.20) in (A.19),
we obtain,

oy = TEM)E T (F())E
=0 T )
So, we have, -
(F(v))'€ N
o)== "€l

Hence,

(-
O]

Now, we are in a position to state and prove the Nevanlinna-Pick theorem for matrix
valued functions. We will be proving only the necessity part of the theorem, that is the
positivity of Pick matrix under the given conditions. For the proof of sufficiency and also
to have a detailed review of matricial Nevanlinna-Pick interpolation and generalizations,
we refer the reader to chapter 18, [8]. We are more interested in the necessity part of
the theorem since it plays the crucial role in the characterisation of the constraint set in
problem Pe.

Theorem A.2.2. (Nevanlinna-Pick Theorem for Left-Interpolation Problem). Given n
poInts, V1,%a - .. Yn, each in I, direction vectors 1, ..., x,, each in C>*P and yi,. .., Yn,
each in C'*4, there exists F' € B,x,(II"), satisfying the interpolation problem,

iff the Pick matriz A(F) = {Ai;(F)}},=,, defined by,
..t — y.g,t
Aj(F) = L2 (A.22)
! pa; (Vi)

18 positive semi-definite.
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Proof. Let us assume there exists F' € B, (II7), satisfying the interpolation problem
(A.21). Denote & = z;' for i = 1,2,...,n. We have &,&...,&, € CP. Tt follows from
Lemma A.2.1 that, if F' € B, (II"), then, for i = 1,2,...n, we have,

vr(£) défg(m) _ (Fly = 2 (A.23)

p%‘ p%‘ 10%' p%'

Let us define g € H}(II") as,

n

gzzck&, c, € C.

=1 P
Using Lemma A.2.1, we have,
— " (F te
Wilg) = p(Flg) = 3 O as (A24)
- k=1 p’Yk
We have,
—t
lgl1* = 11®r(9)lI* = llgl* — Ip(F g)II*
> 0. (A.25)

The last inequality follows because, \\1_9(th)]|2 < HthH2 since orthogonal projection is a

contraction and ||F g||> < ||g||? follows since F € By, (IT+). Now, for any i, j € {1,2...n},
let us evaluate the quadratic form associated to ¥p,

o )-(2.9)-(o(£) o (2)
Pri Pr; Pri Pr; Pri Pr;
-5
Pi P = Pvi/) = P;

8)-reirs)
Pri P Pvi =X\ Py

—> (From Lemma A.2.1)

& - FF() & €_>>t (A.26)

From the definition of inner product, we have,

¢ N —

t

<gj_FF(fyj) gj’§> :i/+°° & (éj—F(Jw)F(%) &)dw

P Pri 2m J (py: (Jw)) P (Jw)
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Since p., (jw) = 7 + jw, we get,

<§j—FWt@’ﬁ>zf__@'t/+m( L )(éj_F(jw)FW)g)dw

Pry; Pr; 27 Yi — JwW Pr; (jw)
L (fj - F(U)F(vj)t&)
" 27 /oo (i —u) P, (1) u
¢ (@- - F<%>'F<‘w>t£j)

' p’Yj (%)

(T

Substituting this in (A.26), we obtain,

o &5 :g—jt(fp—ij)Wt)@

Pryi P Pri (’Yj)

So, for g = 1,;

ol = Il = 3 8 (=270 e,

ig—1 Pryi (’YJ’)
n —t
I, — F(w;)F(w;
= cjxj( P () F(w:) >£EitCz‘
= p:(75)
Y. (u)c
ij=1 pwz w.])
= Z G Aji(F)ci.
ij=1
It follows from equation (A.25) that,
Z G A;i(F)e; 2 0, (A.27)
ij=1
which is valid for every choice of complex constants ¢y, co,...,c,. This establishes the
necessity, Pick matrix, A(F") > 0. O

It should be noted that we can have a transposed version of Theorem A.2.2 which gives
us the following result (Example 18.5.2, [8]).

Theorem A.2.3. (Nevanlinna-Pick Theorem for Right-Interpolation Problem). Given n
poInts, Y1,%a - . . Yn, each in IIt, direction vectors uy, ..., u,, each in CP andvy,...,v,, each
in C9, there exists F' € B,y ,(IIT), satisfying the interpolation problem,

F(viu; =v;, i=1,2,...,n, (A.28)
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if and only if the Pick matriz A(F) = {A;;(F) defined by,

n
ij=17

. Uz‘t’u]' — ’UitUj

BulF) = P (75) (A.29)

1S positive semi-definite.
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APPENDIX B

General Chaining Conditions and De-embedding

B.1 General Chaining Conditions

In this section, we will describe the general chaining conditions that are satisfied when
we allow the scattering matrix L of the load to have transmission zeros on the imaginary
axis (in addition to the transmission zeros in II1). At the end of the section, we will also
introduce the general de-embedding theorem, a generalisation of Theorem 3.2.4. This is a
first step towards the possible generalisation of the matching theory presented in chapter
3 based on the Nevanlinna-Pick interpolation on the boundary. Initially we will prove a
proposition stating the necessary conditions that will be satisfied by the reflection coefficient
of a system obtained by chaining a lossless scattering matrix L together with a reflection
coefficient F5y € B. The conditions will be specified at the transmission zeros of the lossless
scattering matrix representing the given load, L. In the case of a simple transmission zero
on the imaginary axis, we will prove that the angular derivative at the transmission zero
can only increase or remain the same during the chaining operation.

Proposition B.1.1. (Chaining Conditions). Let L represent the (2 X 2) lossless scattering
matriz of a given system and Fsy € B be any given reflection coefficient of a lossless system.
We assume that the reflection coefficient Ly, is strictly contractive at some point on the
imaginary axis. Let & and oy = jwy represent simple transmission zeros of L in IIT and
on the imaginary axis respectively. The reflection coefficient Sos = Fyy o L obtained by
chaining Fyo and L satisfies the following,

S22(&0) = La22(&o),
522(040) = L22(040)>
ang[Sa](an) > ang[Las](ap).

Proof. From the chaining equation, we have,

L9 Loy Fo
Sog = L —s = B.1
22 22 + | — Foly, (B.1)

By definition, at the transmission zero & of L in IIT, we have,

L12(&0) La1 (o) = 0. (B.2)
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From equation B.2 and the fact that 1 — Fy,Lq; doesn’t vanish at & € IIT under the srict
contractive nature of L;; at some point on the imaginary axis, it follows,

L12(80) La1 (§0) Fa2(6o)
1 — Fy2(80)L11(&o)

) = 0.

Thus, we have,

522(50) = L22(£0)-

Now, let us consider the simple transmission zero ay = jwy of L on the imaginary axis. It
should be noted that from equations 1.47 and 1.53 in Chapter 1, for the lossless scattering
matrix L, at the transmission zero agy on the imaginary axis, we have,

Lis(c) = Lai(ag) = 0.

We claim that the term 1 — Fy3Lq; in the denominator of second term in the chaining
equation B.1 if zero at g can only have a simple zero. This is possible only if Fps(ag) =
Li1(ap). In this case, Fyy Ly is a a non-constant Schur function with uni-modular value at
ap. By proposition 4.1.3, we have ang[FaL11|(ap) < 0 and hence derivative of 1 — FyyLq;
is non-vanishing at ag. This implies only one pole-zero cancellation in the second term in
equation B.1 is possible. This yields,

S22 (040) = L22(a0) .

Let us denote the second term in chaining equation by ¢ = {, where g = LipLy Fo and
h =1 — Fy L. Under the condition Fyy () # L11(p), ¢ has double zero at ay and hence
ang|Saz|(an) = ang|Las](c) follows from chaining equation B.1. Now, let us consider the
case, Fay(ag) = Li1(ap). In this case, the derivative of ¢ can be calculated at ag with the
help of L’Hospital’s rule to yield,

g//(ao)

P00 = i)

After calculating the second derivative of ¢ and first derivative of h at «g, we get,

Ly () Ly (a0) L ()
—(ang[Fa](an)) + ang[Lu] (o))

¢'(ao) =
Thus, from chaining equation B.1, we have,

Liy(c) Ly (o) Lia ()

Spa(a0) = Lyy(ao) + —(ang[Fas](a)) + ang[Li1](ao))

Multiplying this equation throughout by Sas(c) and using the second chaining condition
522(050) = LQQ(O&(J) yields,

Lio(o) Ly () L () Laa(cvo)
—(ang[Fa](an)) + ang[Lu](ao))

ang|Sas](ag) = ang|Las](ap) + (B.3)
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For the lossless scattering matrix L, from equation 1.51, we have,

Ly1 (jw) L1 (jw) + Li2(jw) Lz (jw) = 0.
The above equation upon differentiation with respect to w and evaluated at «q yields,
Ly () = Liy(cw) Laz(co) L (axo).

Substituting this for L}, (ap) in equation B.3, we have,

| Lp()|?
—(ang[Fy)(ao)) + ang[Lii](ao))

ang[Sa](ao) = ang[Las](ao) +
The second term is non-negative from proposition 4.1.3 and hence we have,

ang|Sa](ao) = ang[Las](ao).

This completes the proof. n

B.2 General De-embedding

Now, we are in a position to introduce the general de-embedding theorem. It states that
the conditions mentioned in proposition 4.1.3 is necessary and sufficient for the matrix L
to be de-chainable from Sss.

Theorem B.2.1. (General De-embedding Theorem). Let L represent the (2 x 2) loss-
less scattering matrix of a given load having a reflection coefficient Liy which is strictly
contractive at some point on the imaginary axis . Let £1,&s, ..., &, represent the m trans-
mission zeros of L in I with corresponding multiplicities M (&) and oy, o, ..., o be the
[ transmission zeros of L on the imaginary azis (possibly at infinity) with corresponding
multiplicities M (o). The matriz L is de-chainable of any given So € B iff :

Vi€ {0,1,... . M(&)—1}, 8(&) = Ly (&), 1<k <m,
Vie {0,1,...,2M(ay) — 2}, S () = LY (), 1<k <1,
For i =2M(ay) — 1, Lag(ov) (ng(ak) - sg;(ak)) <0, 1<k<L
Even though we are not providing a complete proof of the above theorem, it should be
noted that the proof of necessity is a consequence of Proposition B.1.1 in the case of higher

order transmission zeros. The proof of sufficiency, after some elementary calculations can
be obtained based on Rouches theorem.
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APPENDIX C

Schur Recursion with Interpolation Conditions Inside
the Right Half Plane

C.1 Schur Recursion

In this section, we will discuss the classical approach of Nevanlinna to describe all the
functions f € B that solve the following interpolation problem :

Problem 1. Let &, &, ..., &y be distinct points in IIT and V1,72, ...,y €D. Find f € B
such that

f&)=m, 1<i< M. (C.1)
For m < M, let us define

It should be noted that E,, C E,,_;... C E; C E; and E; is non-empty if and only if
|71] < 1. In addition, if |y, | = 1, it follows from maximum modulus theorem that f(s) =
is the only function in [E;. We are interested in finding a parametrisation of E;;. In the case
when there are infinite number of interpolation conditions, the reader can refer to chapter
IV, section 6 in [42] for a detailed review of Nevanlinna’s parametrisation of

Ew:ﬂEm

and a proof showing that E., contains inner functions. We will restrict the discussion to
the case of finite number of interpolation conditions.
Let us initially consider the case with one interpolation condition. If f € [,

S —m :5—61
1L-7f s+&

for some f; € B. This can be easily verified, if we invert (C.3), we have

fi (C.3)

s+& f—m

fl:S—ﬁll—Wf

(C.4)
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which implies that |f;(jw)| < 1 for all w € R because |;:+§H =1 and 6(f(jw),m) <1

for all w € R. Furthermore, it can be noted that 1f llf is in B when f € E; and in the
expression for fi in (C.4), there occurs a pole-zero cancellation at s = &;. This implies that
fi1 € B. Conversely, whenever f; € B, the expression in (C.3) defines an f € E;. This can

be verified by rewriting (C.3) as

_ " - i—gﬁ

— (C.5)
L -2 f

Slnce fl is in B, it follows that f € B and we also have f(&;) = ;. So, we have f € E;.
We can rewrlte (C.3) as

f(s) = (C.6)
where

A(s) =m(s+ &),  Bi(s)=(s—&),

Cl(S> :S—FE, Dl(S) :%(8—51)
So, (C.6) is the parametrisation in the case of simple interpolation problem f(&) = 71,
f eB.

Now let us suppose further that f € E;. Then (C.3) helps to determine the value of
f1(&2) such that this happens. We have,

— 71 &+ &L et (1)
fi = = : C.7
(&) = 1 —7Meé—& 2 (C7)
Now E, is described by just (C.7) instead of the original two conditions. Repeating the
previous reasoning, Es is non-empty if and only if |fy§1)| < 1. Furthermore, if |fy§1)| =1,
then the only function f; satisfying (C.7) is fi(s) = fyél) and in this case, Ey contains only
the Blaschke product,

s (D)
fs) = Ai(s)+ Bils)yy) _ M~ S
Ci(s) + Da(s)s? 182yl

Now, let us suppose |721 | <1, ieE contains more than one element. Following the same
argument as before, f € Ey iff fi(&) = 72 ) and this happens if and only if
_ A~ _
hs _s5-&, (C.8)

— — J2
- ’Yél)fl s+ &

for some f; € B. Rewriting the above expression, we get

W) (s + &) + (s §2>f2. (C.9)

fi= =
(s+&)+7 (s —&)f2
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Substituting the above expression of f; in (C.6) and doing an elementary calculation yields,

Ag(s) + Ba(s) fals)
1) = G T Dals) fals)

(C.10)
where

126 = (4 @) (A B ), Bale) = (5 - &) (Fuls) + i)

Cu(s) =5+ 8 (i) + 28D ). Dale) = (5= &) (257Cu(0) + D))

So, (C.10) provides the parametrisation in the case of interpolation problem f(&) = 71,

f(&2) =2, [ €B.

We can proceed by induction, always assuming E,, contain more than one function.
Then, for 1 <k <m, f € E,, if and only if there are fy, f1,..., fr in B where fy = f such
that

Jr—1(&) = %-(k_l), E<i<m,
=~ and for [ =2,3,...,m,

(=1 _ (=1 &
7’51_1)(1:ef<71 Tt ><§z—|—fl—1>7 i=0L1+1,...,m

I N EVACEL

where %(0)

satisfy \fyi(l*l)] < 1 and such that

(k-1)
1 — S —

i % _ 5Tk (C.11)

L= oy S8

Rewriting (C.11), we obtain

fk_l _ f)/likfl)(s —+ f_ki(s — gk)fk ‘ (012)
(s+ &)+ 7 (s — &) f

Now, by induction (C.12) and (C.6) gives

)= G + DI ) 1)
where
Am(s) = (5 + g_m> Am—l(s) + %(nmil)Bm—l(S) )
Bm(3> = (S - gm) 'V?glm_l)Am—l(S) + Bm—l(s) )
(C.14)

Cm(S) = (S + f_m> Cm—l(s) + ’77(nm_1)Dm—1(3)

)

Dy (s) = (s = &m) V&m_l)cm—l(s) + Din-1(5)

are polynomials of degree at most m. So we have the following result (Lemma 6.1, Chap
IV, [42]),

T NN N N
N~ N N~
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Theorem C.1.1. (Nevanlinna Characterisation of By, ). Let &,&, ..., & be distinct points
in ITY and v1,72,...,7ymu € D. Form < M, if

E,={feB : f(&)=m 1<i<m} (C.15)

and the polynomials A, By, Cr, Dy are defined by (C.14), then f(s) € E,, if and only if
f(s) satisfies (C.13) for some f,, € B. Furthermore, if the set E,, is a singleton, the unique
interpolating function is a Blaschke product of degree m < m.

Remark C.1.2. By setting fn,(s) = c in (C.13) where |c| = 1,

Apn(8) + Bu(s)e
Cn(s) + Dp(s)c’

fs) =

is in E,, and f(s) is a rational function of degree at most m. In fact the reader can refer
to Lemma 6.2 and Exercise 20 in chapter 1V, [42] for a proof which shows that f(s) is a
Blaschke product of degree m in this case.

C.2 Fano-Youla Characterisation

In this section, we will give a brief outline of the physical interpretation of Schur recursion
in terms of chaining of lossless scattering matrices to Schur functions. We will continue to
use the notations as in the previous section.

feB Lo

T L e

Figure C.1: Fano-Youla Characterisation of f € [£;

Let us consider the set E;, the case with one interpolation condition. The equation (C.4)
represents an elementary Schur reduction step. In terms of Fano-Youla characterisation,
as shown below, this is equivalent to the notion that a lossless scattering matrix can be
de-chained from f. Let us consider the chaining diagram in figure C.1 where L is a lossless
(2 x 2) scattering matrix. From the de-chaining formula mentioned in (3.4), we have

f_L22

fl B Lllf — det(L) )

(C.16)

In order to interpret it with respect to Schur reduction in (C.4), we can rewrite (C.4) as

£ = J—m
e =&
,yls—i-ﬁ%f_l_ s+§%
and identify
_5s—=& 5 =&
Los = Ly =— = det(L) = — . C.17
22 = 71, 11 %5+§1’ e( ) s+ & ( )
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C.2. FANO-YOULA CHARACTERISATION

From (C.17) and since L is lossless, we have

S - * %
LisLyy = (1= [m]?) é, LipLiy = Loy Ly =1 — |y ]
s+&

1

So, a possible choice of L, if we impose Lyi (&) = 0 is

b= | e 8 VI i) (18)
s+& V1=l —&) m(s+&)
Thus if f € Eq, a (2 x 2) matrix of the form (C.18) can be de-chained from f. Conversely,

if the matrix L in (C.18) is de-chainable from f € B, from the chaining equation in (3.3),
we have

Lo Lo fu ( Ly, —h )
R et(L) | L) | C.19
1_flLll ( ) 1_f1L11 ( )

where f; € B and it implies that f(&;) = 71 and hence f € E;. So, we have the Fano-Youla’s
characterisation of E;: f € E; if and only if there exists a lossless scattering matrix L of
the form in (C.18) such that f = f; o L, where f; € B. It should be noted that computing
from (C.19), the expression for f, we obtain

_ Lhy-hY)_  (s—& —m%—ﬁ)
f—det(L) (1—f1L11) a (5+g>(1+%;—rgﬁ
_nmB+&) + (- &)h
(s+&) +7(s = &) h

which is the same as equation (C.6) obtained in Nevanlinna parametrisation of E;.

f=fioL=Ly+

fmeEB  fu_1=fuoLM Ji=faoL? Ly,

o] |<5 o e VA 2 L 1 (5
L \» L \» L {feEM

L%(fM) =0 Lg1(52) =0 L%1(§1) =0

Figure C.2: Fano Youla Characterisatio of f € Ey,

In general, the Schur recursion with M interpolation condition can be physically inter-
preted as the chaining of elementary blocks L', L2, ..., L™ in the form (C.18), where each
block L' has transmission zero at &, 1 < i < M. Tt is represented in figure (C.2). In
addition, at each step of elementary chaining, we have

L%g(&) =N
(ffo LM (&) = 7
(fPo L?o L')(&) = s

(fMoLMo.. .0 L?o LY (&) = Y.

PhD Thesis 249



APPENDIX C. SCHUR RECURSION WITH INTERPOLATION CONDITIONS
INSIDE THE RIGHT HALF PLANE

It should be noted that if we denote L = LM o LM~1 o .. L', then the matrix L has
transmission zeros at & and Lgo(§;) = ; for 1 < i < M. So, for f € Ey;, we have the
characterisation f = fy; o L, where fy; € B. As mentioned in the Nevanlinna characterisa-
tion, it should be noted that, if at the m-th stage of recursion, the reflection coefficient L3}
becomes uni-modular, then the recursion stops and provides a unique interpolating function
f of degree m — 1.
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