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Summary (English)

This thesis focuses on the data-driven identification of dynamical representations of
upper ocean dynamics for forecasting, simulation and data assimilation applications. We
focus on practical considerations regarding the provided observations and tackle multiple
issues, ranging from the parametrization of the models, their time integration, the space in
which the models should be defined and their implementation in data assimilation schemes.

The core of our work resides in proposing a new data-driven embedding technique.
This framework optimises an augmented space as a solution of an optimization problem,
parametrised by a trainable Ordinary Differential Equation (ODE) that can be used for
several applications such as forecasting and data assimilation. We discuss the effectiveness
of the proposed framework within two different parametrizations of the trainable ODE.
Namely, the Linear-quadratic and Linear ones and show that both formulations lead to
interesting applications and most importantly, connect with interesting state-of-the-art
theory that helps understanding and constraining the proposed architecture. Regarding
data assimilation applications, we explore two distinct methodologies. The first technique
can be seen as an alternative to the ensemble Kalman filtering and the second one relates
to the proposed dynamical embedding technique and can be extended to match recent
advances of state-of-the-art filtering techniques.

Key words: Dynamical systems, Numerical integration, Embedding, Koopman, Data
assimilation, Data-driven identification, Deep learning, Upper ocean dynamics.





Résumé (Français)

Cette thèse se focalise sur l’identification de représentations dynamiques des couches
de surface de l’océan pour des applications de prévision, de simulation et d’assimilation
de données. Nous nous concentrons sur des considérations pratiques concernant les
observations fournies et abordons de multiples questions, allant de la paramétrisation des
modèles à leur mise en œuvre dans des schémas d’assimilation de données, en passant par
leur intégration temporelle et la définition de l’espace dans lequel ces modèles peuvent
évoluer.

Le cœur de notre travail réside dans la proposition d’une nouvelle technique d’enchâssement
pilotée par les données. Cette méthode optimise un espace augmenté, paramétré par une
Équation Différentielle Ordinaire (EDO). Cette EDO peut être utilisée pour plusieurs ap-
plications telles que la prévision et l’assimilation de données. Nous discutons de l’efficacité
de la méthode proposée dans le cadre de deux paramétrisations différentes de l’EDO. À
savoir, une paramétrisation linéaire et linéaire-quadratique, nous montrons que ces deux
formulations mènent à des applications pertinentes et, plus important encore, sont liées
à plusieurs travaux théoriques qui aident à comprendre et à contraindre l’architecture
proposée. En ce qui concerne les applications d’assimilation de données, nous explorons
deux méthodologies distinctes. La première technique peut être considérée comme une
alternative au filtrage de Kalman d’ensemble et la seconde se rapporte à la technique
d’enchâssement proposée et peut être étendue à plusieurs travaux dans le cadre du filtrage
séquentiel.

Mots clés: Systèmes dynamiques , Intégration numerique, enchâssement, Koopman,
Assimilation de données, Identification pilotée par les données, Apprentissage profond,
Dynamique des couches de surface de l’océan.

Introduction

Comprendre l’évolution temporelle de données d’observations s’écrit, scientifiquement,
dans le langage des systèmes dynamiques. Dans toutes les disciplines, de la physique à
l’économie, de la chimie à la biologie et même dans des domaines a priori sans rapport
comme l’histoire et la sociologie, les systèmes dynamiques apparaissent comme des représen-
tations puissantes qui ont le potentiel de relier de multiples quantités afin d’expliquer la
variabilité d’un phénomène. Dans le langage des mathématiques, et plus particulièrement
lorsqu’ils traitent de systèmes physique, les systèmes dynamiques sont généralement écrits



sous forme d’équations différentielles où, de manière générale, le taux de variation d’une
variable est modélisé au lieu de la variable elle-même, ce qui conduit à des représentations
déterministes ou stochastiques avec des dépendances finies ou infinies.

Lorsque l’on considère des modèles de taille finie, le nombre de variables d’un système
doit être traité par un expert afin de garantir la transcription déterministe de l’évolution
temporelle de certaines mesures en une équation mathématique (Kalman 1963) qui peut
prédire (à court terme) et simuler (à long terme) le phénomène observé. Il est intéressant
de noter que, jusqu’au travail monumental de Lorenz en 1963 (Edward N. Lorenz 1963),
les systèmes déterministes étaient étudiés du point de vue linéaire et supposés être
complètement prévisibles (étant donné bien sûr une condition initiale et des équations du
mouvement) (Thomas S Parker et al. 2012). Ce type de modèles était donc uniquement
considéré pour la modélisation de régimes de mouvement spécifiques tels que les régimes
périodiques et quasi-périodiques. Les régimes plus complexes, tels que ceux rencontrés
en turbulence et, plus généralement, dans le monde réel, ont été considérés comme
stochastiques, influencés par une sorte d’événements aléatoires ou par un bruit physique
(H. Abarbanel 2012). La découverte du chaos en tant que comportement déterministe non
périodique a radicalement changé l’orientation de la recherche en systèmes dynamiques,
car la caractérisation (non triviale) du chaos et de la stochasticité au sein d’un phénomène
nécessite des outils différents et adaptés. De ce point de vue, la modélisation fidèle d’un
processus observé nécessite, dans plusieurs applications, la construction d’un modèle
qui possède à la fois un comportement chaotique intrinsèque à la dynamique et une
composante stochastique due, par exemple, à des processus non résolus ou à des forces
externes aléatoires (Baker et al. 1996), de tels modèles sont généralement coûteux ou
difficiles à mettre en place.

Le chaos est devenu un domaine de recherche indépendant principalement en raison
de la disponibilité croissante de puissance de calcul (Thomas S Parker et al. 2012). Ceci
peut simplement s’expliquer par le fait que les systèmes chaotiques de dimension finie
évoluent nécessairement dans une équation différentielle non linéaire et que la majorité de
ces systèmes ne peuvent être intégrés analytiquement. La démocratisation des ordinateurs
au sein de la communauté scientifique a permis la résolution numérique de ces dynamiques
non-linéaires avec peu d’effort, faisant du chaos un des domaines de recherche les plus à la
mode au siècle dernier.

Il est intéressant de noter que, ces dernières années, la science a connu la même tendance
avec l’émergence de l’intelligence artificielle (IA). Le succès de ce domaine est dû en grande
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partie à une catégorie particulière de techniques, connues sous le nom de Deep Learning
(DL) et de réseaux neuronaux (NN). Ces deux outils ont fait l’objet d’études approfondies
en raison, comme pour le chaos, de la disponibilité croissante de puissance de calcul ainsi
que de la disponibilité toujours plus importante de données. L’intelligence artificielle, et en
particulier l’apprentissage profond, a révolutionné plusieurs domaines allant du traitement
du signal (Xu et al. 2014; Feng et al. 2014; Alamdari et al. 2021) au traitement des images
(Girshick et al. 2015; He et al. 2015b; Yang et al. 2019) en passant par la traduction (Wu
et al. 2016). Ce succès de l’apprentissage profond et des réseaux neuronaux a naturellement
motivé l’investigations de ces outils dans la résolutions de certains problèmes à l’intérface
des sciences des données et des systèmes dynamiques.

Les modèles issues des techniques d’identification pilotée par les données constituent
une alternative pertinente aux techniques de modélisation classiques et ce dans plusieurs
applications allant de l’identification à la prédiction en passant par la reconstruction et
le contrôle. Cependant, pour ce qui est des domaines complexes, telle que la science des
océans et de l’atmosphere, ni les collections de données, ni l’expertise du domaine au sein
des chercheurs en sciences fondamentales et en sciences des données n’étaient suffisamment
matures pour identifier le potentiel des représentations pilotées par les données. Il est
important de noter que ces deux ingrédients sont aujourd’hui réunis et que les travaux de
nombreux groupes de recherche témoignent d’un intérêt croissant vis-à-vis des techniques
d’identification pilotées par données en vue de comprendre, prévoir et simuler des systèmes
complexes.

Les systèmes dynamiques en géophysique sont considérés comme l’un des moteurs les
plus importants du développement de la vie humaine. En effet, l’exploitation des ressources
de notre planète via la compréhension de la variabilité terrestre, océanique, atmosphérique
et climatique a toujours été un ingrédient nécessaire à la survie et au développement de
l’humanité. Ces dernières années, une nouvelle série de problèmes est apparue dans le
domaine de la recherche en géosciences, concernant l’exploitation excessive des ressources
de notre planète. Des questions relatives au réchauffement de la planète, à l’élévation
du niveau de la mer et au changement climatique sont apparues comme des problèmes
sérieux concernant (et également résultant de) notre mode de vie individuel et collectif.
Ces questions ont fait l’objet d’une attention légitime car, si elles ne sont pas résolues,
elles peuvent menacer la vie des futures générations.

Dans ce context, la modélisation de la dynamique de notre planète passe inévitablement
par une exploitation des lois primitives de la physique, dans un contexte qui dépend de
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la nature du domaine d’intérêt. Par exemple, les modèles océaniques sont basés sur les
équations de Navier-Stocks (Team n.d.) et les modèles atmosphériques sont basés sur les
équations d’Euler (Termonia et al. 2018). Ces modèles représentent un outil formidable
pour les applications de prévision et de simulation, mais ils souffrent de multiples problèmes
concernant des applications spécifiques cruciales. Tout d’abord, et comme indiqué dans
(van Leeuwen P. J. 2010), la nature chaotique des modèles océaniques et atmosphériques
limite leur horizon de prédiction et augmenter cet horizon fait confronter ces modèles à leur
version propre de la malédiction de la dimensionnalité. Plus précisément l’augmentation
de la prévisibilité des modèles passe nécessairement par l’augmentation de leur résolution,
ce qui nécessite en retour de meilleures observations qui ne peuvent être liées de manière
simple aux variables du modèle.

L’augmentation de la résolution des modèles tend également à les rendre hautement
non linéaires, ce qui limite et parfois même interdit leur application dans des domaines tels
que l’assimilation de données et la reconstruction d’états (van Leeuwen P. J. 2010). Il est
intéressant de noter que ces applications d’assimilation de données et de reconstruction de
champs spatio-temporels à partir d’une collection d’observations partielles et bruitées sont
au cœur de nombreuses applications géophysiques. En effet, si l’on considère par exemple la
reconstruction de la dynamique de la surface de la mer, les missions actuelles et futures de
télédétection satellitaire fournissent des observations de la surface de l’océan échantillonnées
de manière irrégulière et la reconstruction de l’état de surface, à haute résolution, à partir
de ces observations a motivé une énorme quantité de travail méthodologique et applicatif.

Dans un tel scénario, les modèles numériques ne peuvent pas être (facilement) couplés
aux observations dans un cadre d’assimilation de données puisque les observations ne
concernent qu’un petit sous-ensemble des variables d’état du modèle. De ce point de vue,
les techniques d’assimilation de données basées sur des modèles sont susceptibles d’échouer
et plusieurs travaux ont visé à fournir des solutions au problème de reconstruction des
champs de surface des océans sans utiliser les modèles de circulation océanique (Lguensat
2017). Ces dernières années, la disponibilité croissante de bases de données issues des
différentes missions de télédétection satellitaire en plus du nombre de plus en plus large de
simulations numériques a motivé l’étude de techniques récentes basées sur l’intelligence
artificielle dans le contexte des géosciences. Ces représentations basées sur les données
peuvent être vues comme de potentielles alternatives, ou comme une collection de nouveaux
outils, complémentaires aux techniques de modélisation classiques, pour la mise en place
d’applications allant de la prévision et de la simulation à l’assimilation de données. Il est
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intéressant de noter que ce domaine d’étude est à la croisée de l’intelligence artificielle,
des systèmes dynamiques (en particulier les dynamiques chaotiques) et, surtout, des
géosciences, ce qui le rend très attrayant pour un scientifique sur tous les niveaux.

Plan du manuscrit et contribution
Cette thèse se focalise sur trois questions principales liées à la prédiction, la simulation

et l’assimilation de données géophysiques via des techniques pilotées par les données. Plus
précisément, la deuxième partie de ce manuscrit se concentre sur la transcription numérique
d’un modèle continu en utilisant des techniques d’intégration numérique. Nous mettons
en évidence que le choix d’un mauvais schéma d’intégration peut entraver l’identification
de modèle dynamique. La troisième partie de la thèse présente quelques considérations,
et des solutions potentielles, concernant l’identification de représentations déterministes
à partir de données qui proviennent de systèmes partiellement observés. La quatrième
partie discutera des stratégies d’assimilation de données pilotées par les données, en tant
qu’alternatives pertinentes des techniques d’interpolation classiques utilisées typiquement
dans la reconstruction des champs de la surface de la mer. Le manuscrit est organisé
comme suit:

— La deuxième partie du manuscrit commence par un chapitre d’introduction aux
systèmes dynamiques (Chapitre 2). Dans cette partie, nous nous concentrons sur
les Equations Différentielles Ordinaires (EDO) et proposons une classification des
techniques d’identification les plus récentes en fonction de la nature des observations
fournies. Nous discutons ensuite, dans le chapitre 3, l’importance du choix d’un
schéma d’intégration approprié lors des applications d’identification de modèle dy-
namique. Nous montrons que lorsqu’il est mal choisi, un schéma d’intégration peut
entraîner des problèmes d’identifiabilité et proposons un nouvel algorithme pour
apprendre conjointement une EDO ainsi que son schéma d’intégration correspon-
dant (qui imite une méthode Runge-Kutta d’ordre élevé) à partir d’une séquence
d’observations. Les propriétés des schémas d’intégration appris sont démontrées
sur des outils d’évaluation classiques et comparées aux techniques d’intégration
traditionnelles.

— La troisième partie traite un problème important, présent dans la plupart des prob-
lématiques d’identification de modèles à partir d’observations de systèmes réel et
particulièrement en géosciences. Dans une méthodologie basée sur l’apprentissage,
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les observations fournies peuvent provenir d’un espace de dimension supérieure, ce
qui peut rendre non pertinent toute représentation déterministe de la variabilité de
ces observations. À cet égard, nous soulignons cette question comme un problème de
plongement dans le chapitre 4 et proposons une nouvelle technique de plongement
des observations dans un espace de dimension supérieure paramétré par une EDO.
La technique présentée a été étendu pour permettre aux modèles apprit de satisfaire
certaines contraintes physiques dans le chapitre 5 afin d’éviter des potentielles explo-
sions du modèle. Enfin, la restriction de l’EDO à une représentation linéaires est
étudiée dans le chapitre 6 et présentée comme une nouvelle façon de trouver conjoin-
tement l’opérateur et les observables de Koopman (Koopman 1931). L’évaluation
des méthodes proposées a été effectuée sur une variété de systèmes dynamiques avec
différents régimes.

— La quatrième partie de ce manuscrit étudie l’exploitation de techniques basées appren-
tissage dans l’assimilation de données pour la reconstruction de champs de surface
des océans à partir de données partielles et/ou bruitées. Plus précisément, nous
commençons par introduire l’assimilation de données de télédétection satellitaires
dans le contexte de la reconstruction des variables océaniques de surface dans le
chapitre 7, nous présentons également les schémas d’assimilation de données, pilotés
par les données, comme des alternatives potentielles aux techniques d’interpolation
classiques. Nous explorons ensuite, dans le chapitre 8, un nouveau schéma de filtrage
basé sur une technique d’apprentissage dans l’espace des observations, ce schéma est
amélioré dans le chapitre 9 où le modèle d’apprentissage exploite les idées du chapitre
6 pour étendre la définition de la dynamique à un plongement des observations.

— La dernière partie du manuscrit conclut ce travail, nous soulignons rapidement les con-
tributions de cette thèse et finirons par les potentielles perspectives, méthodologiques
et applicatives des outils développés.

Enfin, ce manuscrit est conçu de manière à ce que chaque chapitre puisse être, rel-
ativement facilement, lu indépendamment. À cette fin, chaque chapitre contient une
introduction et discute de l’état de l’art des travaux connexes.

Conclusion
Tout au long de cette thèse, nous avons exploré différentes techniques d’apprentissage

pour la prédiction, la simulation et l’assimilation de données géophysiques. Au cœur de
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notre travail nous avons étudié l’exploitation des représentations du type EDO comme un
cadre pertinent pour aborder des problématiques de prédiction par l’apprentissage. La
pertinence de ces représentations réside dans le fait que ces modèles dérivent naturellement
des lois de la physique, telles que celles de Newton et de Lagrange, et, de ce fait, peuvent
facilement être interprétés (au moins dans l’espace des phases), contraintes (en utilisant
l’énorme travail de pointe sur les ODE) et possèdent plusieurs propriétés de régularisation
intéressantes (telles que la réversibilité).

Dans la première partie de cette thèse, nous avons commencé par traiter la prob-
lématique d’identification de représentations basées données à partir d’une séquence
d’observations sous l’angle du problème général d’intégration, au sens numérique, spéci-
fique au choix d’utiliser une représentation EDO. Nous affirmons que le choix d’un schéma
d’intégration numérique, dans un scénario d’apprentissage, ne peut pas être insignifiant
car le modèle entraîné sur nos ordinateurs n’est pas l’EDO continue en temps, mais une
de ses répliques, discrète, mappé à travers un schéma d’intégration. De ce point de vue,
le succès, ou l’échec, d’un modèle basé donné dépendra à la fois du schéma d’intégration
et de l’EDO approximée. Nous avons proposé d’apprendre, en fonction du problème,
des schémas d’intégration conjointement au modèle EDO. Nos expériences numériques
montrent que le schéma d’intégration appris peut s’adapter au problème d’apprentissage
en atteignant, le cas échéant, des schémas d’ordre élevé. Le cadre proposé est également
très efficace du point de vue du calcul par rapport aux solveurs à pas adaptatif.

Dans la deuxième partie de ce travail, nous nous sommes concentrés sur le problème
général de l’apprentissage de modèles EDO pour des dynamiques partiellement observées.
Ces systèmes sont typiquement décrits à partir de séries temporelles d’observations qui
sont issues de systèmes de plus grandes dimensions. Nous avons commencé par relier notre
travail à la théorie classique de plongement pour ensuite proposer une nouvelle méthode qui
résout le problème de modélisation, rencontré lors de l’utilisation des techniques classiques
de plogement géométrique. Plus précisément, nous avons proposé d’apprendre à la fois
l’EDO et un proxy des états cachés (tenant compte de la variabilité cachée) de façon jointe
comme solution d’un problème d’optimisation par rapport à un coût de prédiction des
observations. Notre méthode est alors capable à la fois de reconstruire l’espace de phase
cachée et de prédire / simuler la dynamique de cet espace. Nous montrons également
que lorsque l’on considère des dynamiques complexes, telles que celles que l’on rencontre
dans l’océan, il est obligatoire de contraindre le modèle afin d’éviter des problèmes de
divergence. Il est intéressant de noter que la restriction de la paramétrisation de l’EDO à

xi



une paramétrisation linéaire conduit à une nouvelle façon d’identifier les observables et
l’opérateur de Koopman.

Dans la dernière partie de cette thèse, nous avons porté notre attention sur le problème
d’interpolation de données de télédétection satellitaires. Deux algorithmes de filtrage
ont été proposés sur la base d’une formulation du type filtre de Kalman. Le premier
modèle "Neural Networks based Kalman Filter" (NNKF) repose sur une formulation simple
de la dynamique dans l’espace des observations. La seconde méthode, le "End-to-End
Kalman Filter" (E2EKF), est construite sur un plogement linéaire des observations et
implémenté de façon à optimiser les parameters du modèle dynamique à travers un cout de
reconstruction. Au-delà du gain en temps d’exécution, les deux méthodes proposées sont
plus performantes que les techniques d’interpolation classiques utilisées en océanographie,
comme l’interpolation optimale (OI) et les schémas basés DINEOF. La comparaison des
méthodes proposées avec le schéma d’assimilation de données basé sur les analogues "The
Analog Data-Assimilation" (AnDA) révèle les limites de l’utilisation d’une formulation
du modèle dynamique dans l’espace des observations, car lorsque cette formulation est
testée sur des observations très parcimonieuses (le cas des observations de la hauteur de
l’océan), la technique NNKF ne parvient pas à surpasser AnDA. En revanche, en écrivant
le modèle dynamique dans un plogement des observations, on arrive à obtenir de meilleures
performances de reconstruction.

Nous concluons cette thèse en rappelant aux lecteurs que l’aspect le plus important
révélé par ce travail est que les techniques basées apprentissage doivent être considérées
avec soin afin de tenir compte des spécifications appropriées des observations fournies.
Cette phrase a été répétée à plusieurs reprises tout au long de cette thèse, car nous pensons
que cet aspect est extrêmement pertinent, en particulier lorsque l’on considère les processus
du monde réel. Nous pensons qu’il n’est pas possible d’utiliser un modèle "suffisamment
compliqué" d’intelligence artificielle pour "percer" la physique, car au-delà des évaluations
subjectives des modèles d’intelligence artificielle, se prononcer sur la généralisabilité de ces
modèles reste bien compliqué. De ce point de vue, nous pensons que la régularisation des
modèles IA avec des connaissances a priori sur les contraintes physiques et mathématiques
régissant les dynamiques sous-jacentes est essentielle pour arriver à apprendre des modèles
performants.
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Introduction

1





A PhD is the greatest time of your life, that you
will never want to live again.

Somebody on a random Facebook group

Chapter 1

General Introduction

1.1 Motivation

Understanding the temporal evolution of some observations is written, scientifically,
in the language of dynamical systems. Across all disciplines, from physics to economy,
from chemistry to biology and interestingly, even in a priori unrelated fields such as
history and sociology, dynamical systems arise as powerful representations that have the
potential to link multiple quantities in order to explain the variability of some phenomenon.
In the language of mathematics, and specifically when treating physics related systems,
dynamical systems are usually written in the language of differential equations where,
broadly speaking, the rate of change of a variable is modeled instead of the variable itself
leading as a result to deterministic or stochastic representations with either finite or infinite
dependencies.

When considering finite size models, the number of variables of a system should be
addressed by an expert in order to guarantee the deterministic transcription of some
measurements into a mathematical equation (Kalman 1963) that can forecast (short-term)
and simulate (long-term) the observed phenomenon. Interestingly, until the monumental
work by Lorenz in (Edward N. Lorenz 1963), deterministic systems were studied from
a linear viewpoint (or bias I should say) and supposed to be completely predictable
(given of course an initial condition and the equations of motion) (Thomas S Parker et al.
2012) and thus, these type of models were considered only into specific regimes of motion
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such as periodic and quasi-periodic ones. More complex regimes such as encountered in
turbulence and generally in real world were agreed to be stochastic, influenced by some
sort of random events or physical noise (H. Abarbanel 2012). The discovery of chaos
as a form of deterministic nonperiodic behaviour changed drastically the research focus
in dynamical systems since the (non-trivial) characterization of chaos and stochasticity
within a phenomenon requires different respective adapted tools. From this point of view,
faithfully modeling an observed process requires, in several applications, building a model
that possesses both a chaotic behaviour that is intrinsic to the dynamics and a stochastic
component due for example to unresolved processes or to random external forces (Baker
et al. 1996), such models are generally expensive or hard to derive.

Chaos grew into an independent research fields mainly due to the increasing availability
of computational power (Thomas S Parker et al. 2012). The reason here is that finite
dimensional chaotic systems necessarily evolve in a non-linear differential equation and
the majority of those systems can not be integrated analytically. The democratization
of computers within the research community upgraded the simulation capabilities of non
linear dynamics with little to no effort making chaos one of the hottest research fields in
the last century. Far aside research, several unrelated businesses were inspired by chaos
(sometimes under the name of the butterfly effect) making it extremely appreciated within
the non researchers community as well. Interestingly, in the last few years, the world have
experienced the same trend with the emergence of Artificial Intelligence (AI). The success
of this field is manly due to a particular class of techniques within the AI brand known as
Deep Learning (DL) and Neural Networks (NN). These two frameworks were extensively
studied due to, similarly to chaos, the increasing availability of computational power as
well as the ever-increasing availability of data. Artificial intelligence, and especially deep
learning revolutionized several signal processing fields such as recognition (Girshick et al.
2015), classification (He et al. 2015b) and super-resolution (Yang et al. 2019) in image
processing, signal reconstruction (Xu et al. 2014; Feng et al. 2014), denoising (Alamdari
et al. 2021) and translation (Wu et al. 2016) in audio signal processing. The success of
deep learning and neural networks naturally motivated investigations within the dynamical
systems community from the door of data-driven identification.

Data-driven representations of dynamical systems arises as a relevant alternative
to model-driven strategies for several applications ranging from system identification,
forecasting, reconstruction and control. This field was actually investigated even before the
emergence of learning based methods in the sense of AI or DL. However, when considering
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observation data issued from complex fields as encountered in ocean and climate science,
neither the data collections nor the domain expertise or the agreed focus within the
identification community were mature enough to state about the potential of data-driven
representations. Importantly, these three ingredients are nowadays gathered together, and
an increased interest in data-driven representations for understanding, forecasting and
simulating complex systems is shown through the work of numerous research groups.

Geophysical dynamics are considered as one of the most important drivers of human
life. Exploiting our planets resources through the understanding of terrestrial, oceanic,
atmospheric and climatic variability have always been a necessary ingredient for the
survival and development of humankind. During the last years, an unfortunate new
set of problems emerged within the geoscience related research, regarding the excessive
exploitation of our planets resources. Questions regarding global warming, sea level rise
and climate change have arisen as serious issues concerning (and also resulting from) our
individual and collective life style. These questions acquired lots of legit attention since, if
unanswered, they may threaten future generations.

Modeling the dynamics of our planet passes inevitably through an exploitation of
primitive physical laws in a context that depends on the nature of the field of interest. For
example ocean models are based on the incompressible Navier-Stocks equation (Team n.d.)
and atmospheric wind models are based on the compressible Euler equations (Termonia et
al. 2018). These models represent a great tool for forecasting and simulation applications,
they however suffer from multiple issues regarding specific crucial applications. First
of all, and as stated in (van Leeuwen P. J. 2010), the chaotic nature of the oceanic
and atmospheric models limits their predictability to short-term forecast. Increasing
the predictability of such models confronts them to their proper version of the curse of
dimensionality. Specifically, and from both a forecasting and data assimilation perspectives,
increasing the models predictability necessarily requires increasing its resolution which will
require in return better observations that may be related non-linearly to the model states.

Increasing the models resolution also tends to make them highly non-linear which
limits and sometimes even prohibit their application in issues such as data assimilation
and states reconstruction (van Leeuwen P. J. 2010). Interestingly, the reconstruction of
gap-free spatio-temporal fields from a collection of partial and noisy observations is at the
heart of numerous geophysical applications. When considering for example sea surface
dynamics reconstruction, current and future satellite remote sensing missions provide
irregularly sampled observations of the ocean surface and deriving high resolution surface
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states from such observations motivated a tremendous amount of methodological and
applicative work. In such a scenario, numerical models, such as ocean circulation ones,
can not be (easily) coupled to the observations in a data assimilation setting since the
observations would relate to a small subset of the state variables of the model. From
this point of view, model based data assimilation techniques are likely to fail and several
works aimed to provide solutions to the sea surface reconstruction problem based on little
to no knowledge of the ocean circulation models (Lguensat 2017). In the last years, the
increasing availability of data collections issued from both numerical simulations and
satellite remote sensing missions motivated the investigation of recent artificial intelligence
based techniques in the context of geosciences. These data-driven representations show as
potential alternatives, or complementary tools to model-driven techniques in applications
ranging from forecasting and simulation to data assimilation. Interestingly, this area of
study is at the crossroads of artificial intelligence, dynamical systems (in particular chaotic
dynamics) and, most notably, geosciences, making it highly attractive for a scientist from
every single perspective.

Conducted under the supervision of Prof. Ronan Fablet from IMT-Atlantique within
the framework of ANR (French Agence Nationale de la Recherche) AI Chair OceaniX,
co-supervised by Prof. Ananda Pascual from Instituto Mediterráneo de Estudios Avanzados
(IMEDEA) and in collaboration with Dr. Fabrice Collard and Dr. Lucile Gaultier from
Ocean Data Lab (ODL) this thesis focuses on the exploration of data-driven representations
for the forecasting, simulation and data assimilation of geophysical fields. We specifically
focus on upper ocean dynamics and show that multiple considerations should be taken into
account regarding the derivation of a data-driven replicate of some provided observations.
Specifically, we discuss the derivation of dynamical representations from data in the first
two parts of this thesis. Using a learning-based approach, we concentrate on practical
concerns about the capacity to extract representations from a series of observations. The
third part of this thesis will focus on sea surface dynamics data assimilation issues from a
series of simulated remote sensing observations.

This thesis work is supported by public funds (Ministère de l’Education Nationale, de
l’Enseignement Supérieur et de la Recherche, FEDER, Région Bretagne, Conseil Général
du Finistère, Brest Métropole); by ANR (French Agence Nationale de la Recherche), under
grants Melody and OceaniX; and by Institut Mines Télécom, received in the framework
of the VIGISAT program managed by “Groupement Bretagne Télédétection” (BreTel).
It benefits from HPC and GPU resources from Azure (Microsoft EU Ocean awards) and
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from GENCI-IDRIS (Grant 2020-101030).

1.2 Outline and contributions
This thesis focuses on three main issues related to the forecasting, simulation and data

assimilation of geophysical dynamics. Specifically, the second part of this manuscript
focuses on the numerical transcription of a continuous model in a discrete setting based
on numerical integration techniques. We highlight that choosing a bad integration scheme
can hinder the data-driven representation of some observations. The third part of the
thesis presents some considerations, and potential solutions, regarding the derivation
of deterministic data-driven representations of real observations that stem from higher
dimensional, unobserved systems. The fourth part will discuss data-driven data assimilation
strategies, as relevant alternatives to classical interpolation techniques used typically in
sea surface reconstruction. Specifically, the manuscript is organized as follows:

— The second part of the manuscript starts with an introductory chapter to dynamical
systems (Chapter 2). We focus on Ordinary Differential Equations and propose
a classification of state-of-the-art identification techniques as a function of the
provided time varying observations. We then discuss in chapter 3 the importance
of choosing an appropriate integration scheme when considering the data-driven
derivation of a dynamical representation. We show that when poorly chosen, an
integration scheme can result in identifiability issues, that are implicit to the data-
driven approximate model. We also propose a new algorithm to learn jointly an
Ordinary Differential Equation (ODE) formulation as well as the corresponding
integration scheme (that mimics a high order Runge-Kutta method) from a sequence
of observations. Properties of the learned integration schemes are demonstrated on
classical evaluation tools and compared to state-of-the-art integration techniques.

— The third part treats an important problem, present in most of real world systems
and particularly in geosciences. In a learning based methodology, the provided
observations may come from a higher dimensional space making the deterministic
representation of such observations poor or irrelevant. In this respect, we highlight
this issue as an embedding problem in Chapter 4 and propose a new way to embed
the observations into a higher dimensional space parametrized by a trainable ODE.
The presented framework was extended to satisfy boundedness constraints in Chapter
5 in order to avoid potential blowups of the model. Finally, the restriction of the
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parametric ODE to linear systems is studied in Chapter 6 and presented as a new
way of jointly finding Koopman operators and observables. The evaluation of the
proposed methods was carried on a variety of dynamical systems with different
regimes, with an emphasis on chaotic dynamics.

— The fourth part of this manuscript investigates the exploitation of data-driven
strategies in the data assimilation of ocean surface dynamics. Specifically, we start
by introducing data assimilation of ocean surface remote sensing data in chapter
7, we also discuss data-driven data assimilation schemes as potential alternatives
to state-of-the-art interpolation techniques. We then explore, in chapter 8, a new
filtering scheme based on a data-driven representation in the observations space,
this scheme is upgraded in chapter 9 where the data-driven model exploits ideas
from chapter 6 to extend the definition of the dynamics to an embedding of the
observations.

— The final part of the manuscript concludes this manuscript, we quickly highlight the
contributions and focus on what to do next within the tools developed in this thesis.

Finally, this manuscript is designed such as every chapter (mainly the contribution
ones) can be, relatively easily, read independently. For this purpose, each chapter contains
an introduction and discusses state-of-the-art related work.
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You never really understand a person until you
consider things from his point of view... Until you
climb inside of his skin and walk around in it.

Harper Lee

Chapter 2

Data-Driven Inference of Dynamical
Systems

Data-driven inference of dynamical systems is at the intersection of data science
and dynamical systems theory, both taken in a broad sense. This field can be defined
as the development or exploitation of identification techniques to discover dynamical
models from data. Although this notion was widely studied in the literature from a
dynamical system perspective and especially in control theory, the increasing interest
in data-driven representations as well as the increasing availability of data motivated
numerous pioneering methodological and applicative researches in the last years. In the
light of these works, and with considerations regarding the application of the models in
deriving representations of geophysical dynamics, this thesis focuses, in its first two parts,
on dynamical systems identification from data. This section provides a brief review, from
a dynamical systems perspective, of dynamical systems identification. This review is given
after a small introduction to dynamical systems and is organized according to the nature
of provided observations with respect to an underlying governing model.

2.1 Dynamical Systems

Dynamical systems are systems that change over time according to a set of relations.
These relations describe how the system evolve from a state to an other. Studying
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dynamical systems is a complete mathematical field since it has the potential of making
us understand, exploit and preserve the evolution of our world from a microscopic to a
macroscopic scale.

Among other representations, a dynamical system is usually characterized by two
components, namely the state space 1 and the dynamical function. The state space consists
of all the possible states of the variables 2 of interest (i.e. the state vector) of the system
and the dynamical function describes the temporal evolution of these variables. The
behavior of a system usually depends on the nature of these two components and several
classes of models were formulated in the literature.

Throughout this work, we will not discuss every single possible formulation of a
dynamical system, we will rather focus on physics related systems. In this context,
governing equations of observed quantities are typically derived from primitive physical
laws and usually lead to a mathematical representation of functions and derivatives of the
observed and/or related quantities (i.e. the state vector) as an equation. The next sections
will give an overview of these equations, along with a naive classification of identification
schemes. Specifically we briefly introduce Ordinary Differential Equations (ODEs) in
section 2.2 as well as the properties of their solutions in the steady state. Section 2.3
presents Partial Differential Equations (PDEs) as a practical generalization of ODEs
when modeling real world phenomenons, we also link PDEs to ODEs in the context of
Reduced Order Models (ROMs). Following these introductions, we present the data-driven
derivation of governing equations in section 2.4. We rely on a state space model formulation
to write the identification problem as a function of the provided observations and thus, on
the properties of the observation operator and noise. We close the chapter with conclusions
and perspectives for future works in Section 2.5.

1. Throughout this work, we will confuse the use of state space and phase space.
2. The number of variables of interest is typically set to the minimum number of independent variables,

that can be used to (deterministically) predict the future.
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2.2. Ordinary Differential Equations

2.2 Ordinary Differential Equations

2.2.1 Generalities

A continuous, autonomous s-dimensional dynamical system, governing the state vector
zt can be described through an Ordinary Differential Equation (ODE) as follows:

żt = f(zt) (2.1)

where f is the dynamical function. This equation is stated as a differential equation since
it is written as an equation of functions and derivatives. The term ordinary means that
the functions and derivatives of the differential equation are given with respect to a single
independent variable (which is time in the context of dynamical systems). Furthermore,
the ODE is stated as autonomous since it explicitly depends on a single variable which is
the state vector. When given the dynamical equation (2.1), the solution at a given time t
only depends on the initial condition zt0 and can be written as

Φt(zt0) = zt0 +
∫ t

t0
f(zw)dw (2.2)

where Φt(zt0) ∈ L with L ⊂ Rs. The function f is called the vector field and its time
integration given an initial condition is the generated flow Φt. Additionally, the set of
points Φt(zt0),−∞ < t < +∞ is the trajectory through zt0 .

2.2.2 Limit-sets

Studying the asymptotic behaviour of dynamical systems for a set of initial conditions
is extremely important since it reveals the type of motion that the equations are modeling.
This study leads to a regime based classification of dynamical systems depending on the
asymptotic nature of the solutions. This asymptotic behavior is stated in the literature as
limit-sets, the state space equivalent of the steady state (Thomas S. Parker et al. 1989d).
We will introduce, in this section, several behaviors of dynamical systems from a state
space point of view. We briefly introduce some stability 3 criteria of these limit-sets.

Equilibrium points An equilibrium point zeq is a solution that cancels the vector
field i.e. f(zeq) = 0. Putting this condition in the flow equation (2.2) yields zeq = Φt(zeq).

3. Stability here is taken in the sense of reproducing the solution for small deviations of the initial
condition.
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The limit-set of an equilibrium point is simply the point itself on the phase space. Studying
the stability of such limit-sets is usually carried using linear (or linearized) stability criteria
based on eigenvalues (Hirsch et al. 1974). Global stability analysis of non-linear equations
can be carried using the direct Lyapunov method (Lyapunov 1992).

Periodic solutions A periodic solution verifies Φt(z) = Φt+T (z) with T > 0. The
limit-set of a periodic solution is a closed curve that is diffeomorphic to a circle (Thomas S.
Parker et al. 1989d).

Quasi-Periodic solutions A s-dimensional quasi-periodic solutions can be seen as a
sum of s periodic functions. Starting from an initial condition, the quasi-periodic trajectory
never closes on itself (which would reduce to a periodic one) forming a geometric object
that is diffeomorphic to a s-dimensional torus (Thomas S. Parker et al. 1989d).

The stability of periodic and quasi-periodic solutions is treated using the characteristic
multipliers which can be seen as a generalization of the eigenvalues stability method to
periodic and quasi-periodic limit-sets (Thomas S. Parker et al. 1989c).

Chaos Chaotic limit-sets or strange attractors are complex geometrical objects that
can not be reduced to simple geometrical objects such as points, circles or toruses. They
are, by definition, not stable, and exhibit a sensitive dependence on initial conditions. This
sensitive dependence can be however characterised by the computations of the average
rates of expansion i.e. Lyapunov exponents (Thomas S. Parker et al. 1989c) of the system.
Specifically, when computed over every single dimension of the system, a chaotic one will
necessarily have a positive divergence rate and an overall negative sum of divergences
making it unstable, but bounded. Such behaviour can be easily simulated on relatively
simple examples such as the Lorenz 63 (Edward N. Lorenz 1963) and 96 systems (Edward N
Lorenz 1996).

2.2.3 General comments

Based on these notions, this manuscript relies on the following additional comments.

— Through all this work, we will confuse the use of attractors and limit-sets;

— Non autonomous differential equations depend explicitly, in addition to the state
vector z, on additional independent variables. These additional variables are usually
reduced to time when treating dynamical systems.

żt = f(zt, t) (2.3)
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Any non-autonomous s-dimensional dynamical system can be converted into an
autonomous s+ 1-dimensional system. However, when the non-autonomous system
is not periodic, the resulting autonomous one is unbounded as t −→∞ making the
characterization of its asymptotic behaviour impossible. For these reasons, our work
only focuses on autonomous differential equations;

— As long as the limit-set is not a strange attractor, several techniques can be used
to locate the attractor, on the phase space, based on the differential equation (2.1)
(Thomas S. Parker et al. 1989b). For example, equilibrium points can be located
by estimating the zeros of the vector field (using for example the Newton-Raphson
(Ypma 1995) algorithm) and periodic solutions can also be characterized using the
shooting method (Dednam et al. 2014). Chaotic solutions on the other hand can
only be characterised using brute force simulation of the system.

2.3 Partial Differential Equations

2.3.1 A gentle and naive introduction

Ordinary differential equations express the rate of change of one or several variables
i.e. the state vector, with respect to a single independent quantity (time in the context
of dynamical systems). Real world phenomenons on the other hand may depend on
several independent variables. As an example, we may consider the temporal evolution
of the distribution of the temperature across a one dimensional line. Deriving an ODE
formulation of these phenomenons will intuitively lead us to i) discretize the line into a
finite number of variables that will form our state vector and ii) model each state variable
as a function of neighboring points, since the evolution of the temperature at a point of the
line depends on the neighboring points. Modeling this temporal variability in the spatial
limit, i.e. by considering a continuous infinite number of points instead of a discretized
finite one, leads to a differential equation that depends on two independent variables
which are time and space. Furthermore, this equation may (and actually does) involve
partial derivatives with respect to all the independent variables. This type of equation are
called Partial Differential Equations (PDEs) and can be considered as a generalization of
ordinary differential equations.

Given a number of independent variables y = (y1,y2, ...,yn) ∈ Ω ⊂ Rn, the general
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form of a partial differential equation can be given as

f
(

z(y), ∂z
∂y1

(y), ..., ∂
2z
∂y2

1
(y), ∂2z

∂y1∂y2
(y), ...

)
= 0 (2.4)

with z the phenomenon we aim to model. Although given in an infinite dimensional
setting, measurements and simulations of such a field is necessarily finite dimensional.
When relevant, we assume z ∈ Rs.

Depending on the form of the function f , several classes of PDEs can be defined. Each
with different properties regarding existence and uniqueness of solutions and the derivation
of analytical solutions. For example, if f is linear with respect to its arguments, the
equation above is also linear. Furthermore, if the PDE, in addition to be linear, is second
order 4, we can derive the well known coefficient based classification of linear second order
PDEs (parabolic, hyperbolic and elliptic equations). We recommend the readers to refer
to (Bitsadze A. V. et al. 1988), for a gentle introduction to PDEs.

In order to solve PDEs, it is mandatory to include to equation (2.4) a number of
auxiliary conditions (typically boundary and initial conditions). These conditions are of
importance since they dictate the form of the solutions and sometimes even the methods
to use in order to derive it.

2.3.2 Reduced Order Models

The resolution and exploitation of equation (2.4) in realistic applications such as
forecast, data assimilation control etc. is highly challenging due to the dimension of
the field z. From this point of view, a class of studies focus on finding low dimensional
representations of this equation either directly from data by coupling data-driven regression
techniques to dimensionality reduction algorithms (Steven L. Brunton et al. 2016c; K.
Champion et al. 2019; Guo et al. 2019) (Steven L. Brunton 2019), or based on the
exploitation of the equation in an eigen/data-driven basis (Sirovich 1987; D’adamo et al.
2007). The general aim of a model order reduction is to find an equation of the following
form

˙M(z)t = fθ(M(z)t)

subject to ∃ M−1 such asM−1(M(z)t) = zt
(2.5)

4. A second order PDE contains up to second order derivatives.
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whereM(z) ∈ Rk with k < s. The dynamical function fθ is discovered either from
an analytical reduction of the PDE (2.4) through an orthogonal basis of finite modes, or
derived from data through regression techniques.

2.4 Data-Driven Identification of Governing Equations

Model-driven strategies have long been the classic framework to address the derivation
of governing equations. However, the ever increasing availability of large-scale observation
and simulation datasets makes more and more appealing the development of data-driven
strategies especially when dealing with computationally-demanding models or phenomenons
with high modeling uncertainties.

The use of a given identification scheme is strongly conditioned by the nature of the
provided observations. In this context, let us start by introducing the following state space
model formulation  żt = f(zt, ηt)

xt = H(zt, εt)
(2.6)

where z ∈ Rs and x ∈ Rn represent the hidden state variables and the observations
respectively, f and H the dynamical and observation models. ηt and εt are random process
accounting for the uncertainties in the dynamical and observation models respectively.

In an identification scenario, neither the dynamical model fθ, nor the state variables
z are known. Instead, we are only provided with the observations x that are related
in some way to the hidden states through the observation operator H and the noise ε.
Furthermore, the dynamical model noise ηt can account for either i) errors in modeling a
deterministic real phenomenon or ii) stochastic variability of the data. In the latter case,
deterministic modeling techniques can only express the variability of the mean component
and stochastic identification techniques need to be used. In this work however, we mostly
focus on deterministic representations and we assume for the rest of this section that the
noise η can be neglected i.e. η = 0.

Depending on the nature of the observation operator H and the noise ε, several
data-driven schemes could be considered. From this point of view, we will introduce a
classification of data-driven identification schemes, this is not a quantitative review of all
state-of-the-art identification techniques and we will not dig into the specification of each
presented method, we rather aim to give a general picture of the issues faced throughout
this work from an identification perspective.
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2.4.1 Direct measurements of the state variables

When provided with direct measurements of the state vector z (typically when the
observation operator H is the identity matrix and the observation noise ε is zero), the
problem may be regarded as the identification of the most appropriate basis function that
will explain the temporal variability of the observations. Formally, the above state space
model can be rewritten as follows:  żt = f(zt)

xt = zt
(2.7)

In this scenario, and given an approximation fθ of the underlying dynamical function
f , a data driven representation typically aims at minimizing a forecasting cost of the
following form 5.

min
θ

N∑
n=1
‖ztn − Φθ,tn(ztn−1)‖ (2.8)

where Φθ,tn(ztn−1) = ztn−1 +
∫ tn
tn−1

fθ(zw)dw.

One may distinguish two main families of data-driven approaches. A first category
involves global parametric representations derived from physical principles (Steven L.
Brunton et al. 2016c) where polynomial representations are typical examples (Paduart
et al. 2010). The combination of such representations with sparse regression recently
opened new research avenues in the context of deriving interpretable dynamics, in the
term of governing equations.

A second category adopts a machine learning point of view and states the considered
issue as a regression problem for a predefined time step h. Beyond non-parametric
regression models such as the analog forecasting strategy (Edward N Lorenz 1996),
parametric formulations transform a given approximate model of the ODE in equation
(9.2) into a discretized version (based on a numerical integration scheme) and optimizes
the regression of the state at time t+h given the state at time t (Ronan Fablet et al. 2017).
The evaluation of such techniques is usually carried with respect to the reproduction of
the dynamics with respect to the true limit-set spanned by the observations.

5. The cost function is given here in an integral form, it can also be written in a differential form where
an estimate of the derivatives of the measured states z are matched to the outputs of fθ. We however
prefer the integral form since it allows us to bypass classical issues encountered when estimating the
derivatives of sparse measurements as shown in the next chapter.
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2.4.2 Noisy and partial observations of the state variables

When the observation operator H relates to all the states z of the system through
an irregular space time sampling Ω and the noise process ε is not zero, the derivation of
governing equations typically passes through an inversion step. This inversion means that
one should estimate the state variables z from the observations in order to perform the
identification. This scenario can be characterized through the following state space model.

 żt = f(zt)
xt = HΩ(zt, εt)

(2.9)

The optimization of the approximation fθ involves, similarly to equation (2.8), a minimiza-
tion of a cost related to the estimated states ẑ.

min
θ

N∑
n=1
‖ẑtn − Φθ,tn(ẑtn−1)‖ (2.10)

Beyond classical denoising (Lalley et al. 2006) and interpolation techniques, the
formulation of the identification problem in a data assimilation scheme provides a natural
framework to deal with irregularities in the observations. In this context, the equation
(2.10) is upgraded to take into account the reconstruction of the states ẑ from the provided
observations x. Two main categories of methods are considered in the literature. The
first one formulates the identification problem using classical inversion schemes such as
the Kalman filter (Marc Bocquet et al. 2019; Brajard et al. 2020), the optimization of the
dynamical model is carried iteratively with respect to the inversion of the state vector in
an Expectation Maximization like scheme. An other methodology consists in coupling
dynamical representations with neural generative models (Nguyen et al. 2020) in order to
provide a parametric inversion that reconstructs the states vector.

2.4.3 Partially observed systems

When the provided observation relates to some, but note all, states of the vector z,
the derivation of governing equations in the observation space is (as long as the true ODE
governing z cannot be decoupled) impossible. This statement relates to embedding theory
(Sauer et al. 1991), in other words, one cannot deterministically model the variability
of observations that does not form an embedding of the unknown governing state space.
Formally, the observation operator fails either to be one-to-one or an immersion of the
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hidden dynamics. We can define this identification scenario using the following state space
model.  żt = f(zt)

xt = H(zt, εt)
(2.11)

where H represents the observation operator that fails to be an embedding of the hidden
state z. For example, in the linear case, H relates only to some variables of the state vector
z. The remaining variables, which affect the variability of the observations are missing
and consequently, the deterministic transcription of the variability of the observations, in
the observations space, is impossible.

In such case, one should first look for a projection of the observation in a higher
dimensional space that forms an embedding of the hidden state space. The temporal
evolution of the variables of the embedding is then deterministic and can, in theory, be
modeled through an ODE formulation. From an embedding perspective, the most used
techniques is the Takens delay embedding method (Takens 1981) where one unfolds a
topologically similar phase space to the true hidden one simply by considering delayed
observations. Several identification techniques have been used on such representations,
including support vector regression (Kazem et al. 2013), non parametric models (Berry
et al. 2016) and neural networks (Frank et al. 2010).

2.5 Conclusion

Phenomenons that evolve in time, are known in the language of mathematics as
dynamical systems, they allow a remarkable understanding of the evolution of real world
systems and grant, as fundamental application, the understanding of causes and the
prediction of the future.

The mathematical formulation of such systems is usually written in the language of
differential equations. Differential equations express the rate of change of a variable instead
of the variable itself. Classical model based techniques exploit such a formulation, that
naturally steams from primitive physical laws.

Discovering governing equations from data, were initially considered as an applicative
shortcut to model based strategies. However, the increasing availability of data collections
as well as the impressive advances of artificial intelligence algorithms in various signal
processing fields upgraded the considerations regarding data-driven techniques within the
modeling community, with as result, several pioneering works showing that data-driven
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modelization can be used along side classical model based techniques reliably when the
latter is incomplete, unavailable or unusable.

Besides all the hype behind data-driven strategies, these tools should still be considered
with expertise in order to derive relevant replicates of the real world phenomenons. In this
chapter we discussed these techniques as a function of the provided observations. Based
on these considerations, we will provide, in the next chapters, new methodologies that we
believe relevant when considering the data-driven derivation of dynamical representations
from a sequence of observations. Specifically:

— We tackle in the next chapter (chapter 3), the selection of numerical integration
schemes from an identification perspective. We argue that the choice of a dis-
cretization technique is far from being straightforward when considering data-driven
formulations and propose a new way of jointly learning dynamical representations
and integration schemes in an identification scenario. We focus on case studies
resumed by the state space model (2.7) for which direct measurements of the state
space are provided with a scarce temporal sampling.

— The following three chapters (chapter 4, 5 and 6) treat a common problem of
real world systems presented in this chapter through the state space model (2.11).
When considering the derivation of data-driven dynamical representations of upper
ocean dynamics, the provided observations does not form an embedding of the
true underlying governing states. We propose to learn both the embedding of the
observations and the dynamical representation jointly with respect to a forecasting
cost. Multiple considerations regarding the boundedness and the parametrization of
the dynamical priors are treated throughout these chapters.
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La folie supreme est de voir la vie comme elle est
et non comme elle devrait être.

Jacques Brel

Chapter 3

Numerical Integration Schemes for
Data-Driven System Identification

As discussed throughout the previous chapter, ordinary differential equations provide
a practical framework to model time variability within a system 1. Deriving analytical
solutions of this type of equation is usually restricted to a small subset of problems
and generally, numerical techniques are inevitable. Importantly, and since a numerical
truncation of a continuous function inevitably implies errors, a numerical simulation of a
differential equation will always be distinct from a true analytical solution. From this point
of view, the aim of an integration scheme is not only to compute a trajectory throughout
a given state but also, and most importantly, to make sure that the generated simulation
is close to the analytical one. Consequently, several integration schemes were developed in
order to guarantee this constraint on different classes of differential equations. From an
identification perspective, and when considering discrete time identification techniques, the
choice of the integration scheme to use, in a data-driven identification scenario, is far from
being trivial. In this section we discuss this aspect and propose a novel architecture that
jointly learns dynamical representations as well as the corresponding integration schemes
that would minimize the forecast of a given sequence of observations.

1. This chapter is an extension of paper (S. Ouala et al. 2019)
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3.1 Introduction

Ordinary Differential Equations allow a remarkable understanding of physical phe-
nomenons derived from primitive physical laws. They also allow an easier understanding
of biological and economical phenomenons through the modeling of the rate of change of a
variable rather than the variable itself.

Solving ODEs is most of the time restricted to numerical integration algorithms and
the reason behind this is quite simple. Only linear equations and a restricted class of
non-linear equations have closed-form analytical solution. Regarding the wide majority of
the ODEs modeling our non-linear real world, numerical integration algorithms need to be
used in order to derive an approximate solution of the true solution of the equation.

From a mathematical point of view, applying a numerical integration scheme to a
differential equation corresponds to map a continuous time varying equation to a discrete
one (Thomas S. Parker et al. 1989a). This is an extremely important consideration since
it reminds that the equation simulated numerically is not the initial ODE but a discrete
version mapped through an integration scheme.

Given an ODE, the properties of the simulated solution on our computers depend on
the properties of the discretized one and thus, on the properties of both the continuous
equation and the integration scheme. From this point of view, the properties of the true
solution and the simulated one, although different (since the numerical solution is an
approximation), should remain close with respect to a given error and stability criteria.

Errors and stability criteria of numerical integration schemes were developed in order
to give some guarantees about the applicability of an integration scheme given a linear
differential equation, an integration time-step and an error tolerance. However, there is no
guarantees regarding the stability and accuracy of the method when integrating a non-
linear system (Thomas S. Parker et al. 1989a). The reason is that when considering a non
linear dynamical system, the integration error heavily depends on the state of the system
in the phase space which makes the prior characterization of the non linear dynamics
not as straightforward as in the linear case (since it becomes equation dependent). Some
works developed stability criteria for a specific class of non-linear equations (B-stability for
instance in the case of monotonic equations (Hairer et al. 1996)), however, these criteria
are usually restricted to a small class of equations.

Integration methods are, in practice, treated as black-box routines that simulate a
given equation to achieve a given performance criterion. Using an adaptive step-size
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algorithms to achieve a given error tolerance is for instance one of the most used techniques
since they provide an efficient framework for minimizing the number of integration steps
while ensuring a given error tolerance. These powerful tools are however avoided when
considering complex high dimensional systems, such as operational ocean numerical models
(Team n.d.; Juza et al. 2016), due to stability and convergence issues and classical fixed
step explicit/implicit methods are privileged.

When one can not derive analytically the ODE governing a given real world system,
the equations are usually reverse engineered, in a data-driven identification setting, given
a set of observations. From this viewpoint, discovering the governing equations that can
simulate the evolution of a given series directly from data is an important question subject
to numerous issues regarding for example the processing of the data as for instance in
(K. P. Champion et al. 2019), the estimation of the derivatives as in (Steven L. Brunton
et al. 2016c) and the intractability of the model as in (Bongard et al. 2007; Schmidt et al.
2009a). However, in addition to the parametric form of the approximate ODE, finding
the governing equations of a phenomenon directly from data rises the question of which
integration algorithm to use with our data-driven model.

This problem was partially answered in (H. Zhang et al. 2019) by using an adaptive
step-size solver. However, using an adaptive solver should be considered with care given
these considerations.

— An adaptive solver typically evaluates the approximate model using several inte-
gration techniques with different orders to deduce the step-size, if the step size is
reduced too much, computing the gradients of the ODE through backpropagation
requires storing all intermediate ODE solutions in time which can result in memory
blowups;

— Using as suggested in (H. Zhang et al. 2019) an adjoint method based on solving the
ODE backward in time results is a numerically ill conditioned problem (Gholami et al.
2019; T. Zhang et al. 2019), which, in practice, leads to an unstable optimization of
the approximate model.

From these considerations choosing an integration technique for an ODE identification
method is a task that should be considered with care in order to state about the identifia-
bility or not of an ODE from data. In this respect, we address, in this chapter, the joint
data-driven identification of the dynamical operator governing a process of interest and
the associated numerical integration scheme. We propose a Residual Integration Neural
Network (RINN) which jointly learns an ODE representation of the data and an explicit
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Runge-Kutta integration scheme with an arbitrary number of stages. From an insight on
high order numerical integration schemes, we demonstrate the relevance of the proposed
architecture for identification and forecasting purposes when considering large integration
time-steps. Overall, our key contributions are

— we propose a new neural network architecture for the joint identification of dynamical
systems and their corresponding integration scheme;

— we make explicit the link between the considered residual architecture and high-order
integration schemes in terms of truncation error;

— we show that the learnt integration scheme is comparable to classical state-of-the-
art integration techniques by studying its stability and generalizability for several
configurations that were never seen in the training procedure typically regarding the
integration time-step and the dynamical model.

The chapter is organized as follows. In Section 3.2, we briefly review state-of-the-art
integration techniques and the associated performance criteria. Section 3.3 presents the
proposed framework, followed by the experiments and results in Section 3.5. We close the
chapter with conclusions and perspectives for future works in Section 3.6.

3.2 Integration methods and performance criteria
Let us assume a continuous s-dimensional dynamical system zt governed by the following

non-autonomous 2 time varying ODE

żt = f(t, zt) (3.1)

Assuming that, given an initial condition zt0 , we aim to solve this equation for an interval
t ∈ [t0, tf ], the corresponding solution (or flow) can be written as

Φt(zt0) = zt0 +
∫ t

t0
f(w, zw)dw (3.2)

As stated in the introduction, solving the flow integral
∫ t
t0
f(w, zw)dw is only possible

for a small subset of non-linear ODEs. Simulating the differential equation is then done

2. In this chapter, and contrary to the majority of this thesis, we are considering non-autonomous
equations in the development of the method. We made this choice in order to match classical state-of-the-art
integration literature where a non-autonomous formulation is typically considered.
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using numerical integration methods. Formally, the interval t ∈ [t0, tf ] is discretized using
a time-step h > 0 as h = tf−t0

N
and tn = t0 + nh, where 0 < n < N an integer and N is

the number of grid points, the problem is then formulated as the approximation of the
values of variable zt at each grid point i.e ztn ≈ zTruetn = Φtn(zt0) (where zTrue corresponds
to the true, analytical, solution).

In this section we will briefly introduce state-of-the-art integration techniques and the
associated performance criteria. The goal of this section is to situate classical state-of-the-
art methods to the proposed approach that will be discussed in the next section.

3.2.1 Numerical Integration Types

Single-Step Explicit Algorithms

Single step algorithms use a single evaluation of the state of the system at a given grid
point to compute the approximation of the solution at the next grid point.

The general form of a single step explicit integration scheme can be written as follows:

ztn+1 = ztn + hΨ(tn, ztn , h) (3.3)

We may first remind the exact Taylor expansion of the solution of equation (3.2) given
the true state zTruetn

zTruetn+1 = zTruetn +
p=+∞∑
k=1

hk
1
k!f

k−1(tn, zTruetn ) (3.4)

— Forward Euler Algorithm The Forward Euler algorithm may be viewed as a
truncation of the Taylor series up to p = 1

ztn+1 = zTruetn + hf(tn, zTruetn ) +O(h2) (3.5)

— Runge-Kutta Algorithms Approximating the integral of equation (3.2) using a
low order truncation of its Taylor series as for instance shown in the Euler algorithm
is a quite simple and intuitive approach for approximating solutions of ODEs.
However, the acceptable integration time-step of such techniques is usually small
(especially when considering non-linear equations). This is the reason why the Euler
integration algorithm is rarely used in practice. Considering high order truncations
will lead to more accurate results and may allow using a reasonably high integration
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time-step. Unfortunately, evaluating high order derivatives of the equation (3.1) is
computationally intensive.
Runge-Kutta methods (Ixaru et al. 2004) were introduced with the aim of matching
a high order truncation of the Taylor series, without evaluating any high order
derivative of the ODE. They are considered as an efficient trade-off between high-
order approximations and computational complexity. They rely on the following
recurrent update:

ztn+1 = ztn +
q∑
i=1

βiki (3.6)

where q is the number of stages of the method, ki = f(tn + cih, ztn + h(∑i−1
j=1 αi,jkj))

with 0 < j < i ≤ q and ∑s
i=1 βi = 1 (consistency condition), 0 < ci < 1, ∑i−1

j=1 αi,j =
ci. When q = 1, it simply corresponds to the explicit Euler method. For a given
number of stages q, the Runge-Kutta method coefficients need to satisfy some extra
conditions (by matching it to the corresponding Taylor series) to reach a given order
p (Butcher 1963; Wanner et al. 1996). Formally, the Runge-Kutta method order p is
always inferior or equal to the number of stages q. For q = 4, we can retrieve the
well-known Runge-Kutta-4 method, when p > 4, we need more integration stages q
to truly reach a given error order p (Wanner et al. 1996).

A note on Implicit Algorithms

Explicit integration techniques approximate the solution ztn+1 using a forward Taylor
expansion, resulting in an equation of ztn+1 as a function of the previous steps (as illustrated
for instance by the equation (3.3)). Implicit schemes (Cooper et al. 1993) in the other
hand exploit a backward formulation, resulting in the following general formulation

ztn+1 = ztn + hΨ(tn+1, ztn+1 , h) (3.7)

note that now, the right hand side of the equation (3.7) also depends on ztn+1 . The solution
of this equation is not as straightforward as in the explicit case since, when considering a
non-linear ODE f , the equation (3.7) becomes non-linear and solving for ztn+1 requires
using a non-linear solver such as the Newton-Raphson method.

Although the framework we propose was built an explicit formulation, it can be
extended to an implicit one with including a non-linear differentiable solver, based for
instance on optimizer learning approaches (Andrychowicz et al. 2016b). We kept this point
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as a perspective and will be discussed in the conclusion.

Multi-Step Algorithms

Multi-Step algorithms use a sequence of grid points to compute the approximation of
the solution at a new grid point. An m-step integration algorithm for instance computes
the solution ztn+1 given the previous solutions up to tn−m.

A general formulation of an m-step integration algorithm is given by

ztn+1 = a1ztn + · · ·+ amztn−m + h(b0f(tn+1, ztn+1) + b1f(tn, ztn) + · · ·+ bmf(tn−m, ztn−m))
(3.8)

with ai, i = 1 · · ·m and bi, i = 0 · · ·m the integration scheme coefficients. They are
determined by matching the integration scheme to a polynomial solution more details
could be found in (Thomas S. Parker et al. 1989a).

Multi-step integration techniques are considered as computationally efficient since,
given a sequence of solutions zt0 , · · · , ztm−1 , only one new function evaluation is needed to
compute the solution at the next time-step. Single step high order methods in the other
hand, evaluate the differential equation at intermediate times which typically allows larger
integration time-steps. From this point of view, we will focus on single step Runge-Kutta
algorithms since they provide an efficient formulation for inferring high order numerical
schemes integration.

3.2.2 Performance of an Integration scheme

3.2.3 Integration Errors

Integration errors can be seen as the difference between the true analytical solution
and the output of the discrete equation at the same time-step (or steps, depending on
whether we are considering local or global errors).

Round-off Local and Global Errors

The Round-off error is simply the error resulting from using finite precision arithmetics.
Considering εr as the error associated to storing a single time-step, the global Round-
off error on a trajectory of N time-steps is Nεr = (tf − t0) εrh . This error is inversely
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proportional to the integration step as a larger integration step would mean a smaller
number of time-steps to be computed and stored (Thomas S. Parker et al. 1989a).

Local Truncation error

The local truncation error is the error proper to the numerical integration scheme on a
single prediction time-step (Thomas S. Parker et al. 1989a). This error streams from the
Taylor expansion as follows. Assuming that we are using a p−order integration algorithm,
the corresponding Taylor expansion can be written as

ztn+1 = zTruetn +
p∑

k=1
hk

1
k!f

k−1(tn, zTruetn ) + hp+1 1
(p+ 1)!f

p(tn, zTruetn ) +O(hp+2) (3.9)

by substracting the equation (3.4) to equation (3.9), we retrieve the integration error due
to using a discretized scheme i.e the truncation error εn

εn = hp+1 1
(p+ 1)!f

p(tn, zTruetn ) +O(hp+2) (3.10)

The global truncation error is the summation of all local truncation errors for the N grid
points. Supposing that the initial condition of each integration step is perfect, it can be
computed similarly to the global round-off error as εg = ∑N

n=0 εn.
We may discuss the truncation error equation. First of all, the truncation error is, for

a given numerical integration scheme with a given order, proportional to the integration
time-step h. This means that any integration algorithm will produce a larger error as h
grows. Furthermore, if the integration times-step is arbitrarily small, high order algorithms
(larger p) will achieve a smaller truncation error than low order algorithms. It is important
to note that this statement is only true for small enough integration time-steps as when h
is big enough high order methods will have higher integration errors due to the exponential
term hp+1. These considerations can be illustrated on a simple linear ODE. Supposing
that z ∈ R and f(tn, zTruetn ) = λzTruetn with λ < 0. The solution of this equation is a
stable equilibrium point at zero and the corresponding truncation error of a given p-order
numerical integration scheme becomes

εt = (hλ)p+1

(p+ 1)!z
True
tn +O(hp+2) (3.11)

Figure 3.1 is a graphical representation of equation (3.11). As stated above, for an
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Figure 3.1 – Truncation error of single-step integration schemes. The truncation error of an
integration scheme when integrating the linear equation żt = λzt. This error was computed using the
formula (3.11) for several orders of single-step integration schemes.

arbitrarily small integration time-step, the higher the order of the integration scheme, the
smaller its truncation error. However, and as counter-intuitive as it may sound, above a
certain integration time-step threshold, lower order integration schemes may perform better
than higher order ones. This is typically due to the term hp+1. These final considerations
suggest that choosing an adapted integration scheme for a given application is not an easy
task especially when constrained regarding the integration time-step. Finally, one may
notice that the truncation error equation, in the linear case, depends on the state zTruetn .
This is different from the non linear case where the error depends on the pth derivative of
the vector field f(tn, zTruetn ). Whereas in the linear case, and as long as the the ODE is
stable, the truncation error will decrease as time grows until it becomes zero when zTruetn

reaches the origin. In the non-linear case in the other hand, the impact of the vector field
on the integration error needs more investigations and will be equation dependent.
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3.2.4 Integration Stability

Local and global errors characterization constitute a great tool to state about the
performance of a numerical integration scheme. However, and since they assume perfect
knowledge of the initial condition at each time-step, they cannot be used to asses about
the convergence properties of an integration scheme when used to simulate a trajectory
of an ODE. In practice, local errors accumulate from a time-step to an other and may
become unbounded making the integration scheme unstable.

Analysing the stability of an integration technique is usually done by studying the
characteristics of the discrete equation corresponding to applying the integration method
to a first order linear equation

żt = λzt, zt0 = z0 (3.12)

with zt, λ ∈ C. Since the linear ODE has an equilibrium point at the origin, the corre-
sponding discrete equation will also have a fixed point at the same location. The stability
of the integration scheme is then determined by studying the stability of the fixed point
(Thomas S. Parker et al. 1989a). This requires writing the discrete system in the form

ztn+1 = R(hλ)ztn+1 (3.13)

where R represents the gain of the integration scheme. The region of stability of the
algorithm is then determined by finding the values hλ for which |R| < 1. We may point
that this widely used stability analysis is only valid for linear equations and does not
guarantee the applicability of a given integration scheme for a non linear ODE.

3.2.5 Order of the integration scheme

The solution of the equation (3.13) is exact when R(hλ) = exp((hλ)) (since the gain
will correspond to the analytical solution). A commonly used technique to find the order of
the integration algorithm is to match the gain R(hλ) to the Taylor expansion of the true
solution exp((hλ)). These two series match up to the order p of the integration scheme,
and they differ afterwords.
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3.2.6 Related considerations for the data-driven identification
of ODEs

Deriving an ODE representation that reproduces the variability of a given dataset is a
substantially different, and obviously harder, problem than the integration of a known
equation. Particularly, choosing an integration algorithm for a known ODE may look
hard (supposing that we can not decrease to infinity the integration time-step), choosing
an integration technique for learning an ODE appears even more impossible. Using
adaptive step size solvers is a practical solution of the integration issue, however, adaptive
step size solvers as proposed in (T. Q. Chen et al. 2018) may be subject to memory or
stability issues. Furthermore, nothing guarantees that classical state-of-the-art integration
techniques will work on unknown (to be discovered) ODEs in first place. This questions
motivated the following work on learning adapted integration schemes for data-driven
model identification.

3.3 Numerical Integration and Data-driven model
Identification (RINN)

We briefly discuss in this section the truncation error performance of numerical inte-
gration schemes and introduce the Runge-Kutta method that will provide the basis for
the definition and analysis of the proposed architecture.

As stated in the previous section, the truncation error of numerical integration scheme
provides a straightforward tool to state about the one step ahead integration performance
of a given integration technique as a function of its order p. The explicit Euler method
for instance corresponds to p = 1 and its truncation error is proportional to h2. To use
a first-order method like Euler, the integration time-step should be small enough which
is not always possible for complex systems due to computational issues. Higher-order
techniques are more robust to the integration time-step (Fried 1979) up to an unknown
and an equation dependent integration time-step threshold (as illustrated for instance in
Fig. 3.1). The computation of high-order derivatives in the other hand, becomes quickly
expensive which may limit their use in practice. Runge-Kutta integration schemes were
introduced as an efficient trade-off between high-order approximations and computational
complexity.

Let us now assume that we are provided with representative time series of a full state
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vector {z} with a given time sampling rate h. Let us also assume that this state vector
is governed by an unknown ODE. For the sake of simplicity, we consider below a single
time series of length N + 1, {z0, z2, . . . , zN}. The same applies for a dataset formed by
different time series possibly of varying lengths. We aim to identify the unknown dynamical
operator f (Equation (3.1)) from time series {z} when sampling rate h may be high, which
makes the choice of the integration scheme to use in the identification not straightforward.
As illustrated in the reported experiments, in such situations, Euler and Runge-Kutta-4
based learning schemes (Steven L. Brunton et al. 2016c; Ronan Fablet et al. 2017) may
fail in providing relevant forecasts and an overall identification of the dynamics.

We propose a novel architecture based on residual networks and Runge-Kutta schemes
to effectively identify dynamical systems when provided with observations with low time
sampling rates. The proposed architecture involves a residual neural network architecture.
A residual block fNN is shared upon all the residual layers up to the predefined integration
stage q. This residual block is the neural-network parameterization of the dynamical
operator f in Equation (3.1). Our architecture mimics a Runge-Kutta numerical integration
scheme with S stages, which imposes the following constraints on weighing parameters
{βi}i, {αi,j}i and {ci}i:

q̂∑
i=1

βi = 1, ∀i, 0 < ci < 1 and
i−1∑
j=1

αi,j = ci (3.14)

Overall, two main components need to be defined to specify a RINN:

— The parametrization chosen for the residual block fNN approximating the true
dynamical model f in terms of neural network structures. It may rely on physics-
informed parameterizations (Steven L. Brunton et al. 2016c; M. Raissi et al. 2018;
Ronan Fablet et al. 2017; Bezenac et al. 2017).;

— The number of stages q of our residual integration network i.e the number of stages
of the learnt integration scheme.

The learning procedure is stated as the minimization of the forecasting error subject to
(3.14):

min
θNN ,c,β,α

N∑
n=1
‖zTtn −Ψ(zTtn−1 , θNN , c, β, α)‖

subject to (3.14)

(3.15)

where Ψ is the output of the RINN obtained by applying the Runge-Kutta recursion
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(Equation (3.6)) based on the approximate model fNN and the weights c, α and β

introduced above. θNN are the parameters of operator fNN . The constrained optimization
is solved by clipping the integration algorithm weights after each training step.

3.4 Performance of the RINN
Assuming that the q-stage RINN corresponds to a p̂-order numerical integration scheme,

the loss function of the RINN relates to the truncation error of the learnt integration
scheme:

ε̂n
2 = (zTtn+1 − ẑtn+1)2 (3.16)

where ẑtn+1 is the output of our RINN.
Using the Taylor expansion given by equation (3.4) over the true state zTtn+1 up to the

order p+ 1, the training error of the learnt p̂-order numerical integration scheme is given
by 3:

ên
2 = (

p∑
k=1

hk
1
k!f

k−1(tn, zTtn)

+ hp+1 1
(p+ 1)!f

p(tn, zTtn)

−
p̂∑

k=1
hk

1
k! f̂

k−1(tn, zTtn))2

(3.17)

This squared truncation error depends on two adjustable parameters of θNN (i.e., the
parameters of dynamical operator fNN and p̂). It reaches a minimum for fNN = f and
p̂ = p. Hence, a theoretic lower bound of the training loss function of the RINN is given
by the truncation error of our true dynamical model:

ên
2 > (hp+1 1

(p+ 1)!f
p(tn, zTtn)))2 (3.18)

Equations (3.17) and (3.18) illustrate two main characteristics about learning data-driven
representations of dynamical models: (i) one cannot expect a training error lower than a
theoretical lower bound represented by the truncation error of the true dynamical model,

3. Equation (3.17) is computed assuming that f is a linear operator, so the order condition of the
integration scheme makes sense. It however allows for interesting hints regarding the learning of ODE
representations.
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(ii) we may jointly tune fNN and p̂ in the RINN architecture to lower the training loss
function. Assuming that the integration time-step h is set by the temporal sampling of
our training data, one may improve the approximation fNN of the true dynamical model
f as mostly studied in the data-driven community (Steven L. Brunton et al. 2016c; Ronan
Fablet et al. 2017). One may also decrease the training loss function through an adapted
order p̂ of the integration scheme reproduced by the RINN, parameterized through the
number of stages q. This clearly motivates the development of residual networks with
several residual layers, that mimics a consistent integration scheme. The latter condition
is crucial in finding data-driven representations since if we start our identification with a
fixed integration scheme or family that can not integrate properly the dynamics (which
is a fair enough claim since we are interested in non-linear system identification where
stability and precision criteria are not known a priori), will never find a good fit for our
data simply due to the choice of the integration method.

3.5 Experiments
In this section, we evaluate the proposed framework and demonstrate its relevance in

the identification and forecasting of dynamical systems governed by an unknown ODE. We
will first illustrate the proposed framework on a simple known linear ODE. We will then
show the relevance of the proposed framework in the identification of non-linear chaotic
ODEs when only provided with data with a low time sampling rate.

3.5.1 Introductive example

In order to illustrate the key principles of the proposed framework, we consider the
following linear ODE in the Real domain:

żt = λzt
zt0 = z0

(3.19)

with λ = −0.5 and z0 = 0.5. since α < 0 and z0 this equation admits a stable equilibrium
point at the origin.

Regarding this application, we will suppose known the ODE and we will optimize an
integration scheme in order to integrate the equation given a training dataset of 1000
time-steps with a sampling rate of h = 0.01.
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The first experiment consists in simply learning an integration scheme based on a short
term forecasting criterion. For this purpose, a 12 stage RINN model is used and since the
linear model is supposed to be known, the optimization algorithm of equation (3.15) is
only performed with respect to the integration scheme coefficients.
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Figure 3.2 – One dimensional stability region of the proposed RINN integra-
tion scheme with respect to classical state-of-the-art algorithms. We compare
the stability region of the proposed RINN 12 optimized on a short term forecasting cost
with respect to classical state-of-the-art Euler and Runge-Kutta-4 integration schemes.

Fig. 3.2 illustrates the stability region of the RINN with respect to state-of-the-art
techniques. The algorithms is stable for the integration time-step of the training data
that was used in the training procedure. Our integration scheme also generalises to a
range of integration time-steps even if they were never used in the training phase. This
is due to the integration scheme constraints that were forced during the training phase.
Furthermore, we may also compute the analytical form of the gain RRINN (hλ) in order to
deduce the order of the learnt integration scheme. We first remind the Taylor series of the
true solution exp(hλ)

exp(hλ) =
p=∞∑
p=0

(hλ)p
p! = 1 + hλ+ 1

2(hλ)2 + 1
6(hλ)3 + 1

24(hλ)4 + ... (3.20)

The gain of the trained RINN can be writen as

RRINN(hλ) = 1 + (hλ) + 0.5016(hλ2) + 0.0002(hλ3) + ... (3.21)

Deriving the order of an integration scheme is usually done by matching its gain
expression, derived on a linear equation, to the Taylor expansion of the true solution. The
equation of the gain of the RINN (3.21) matches the Taylor expansion of the true solution
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(3.20) up to p = 2 meaning that the trained RINN is a second order integration scheme.
An other interesting experiment is to optimize our RINN to be stable for a given range

of integration time-steps. This can be easily achieved by computing the gain of the RINN
RRINN and setting its absolute value (modulus in the two dimensional or complex case)
as close as possible to 1. The following cost function was used for this task

min
c,β,α

hK∑
h=h0

‖RRINN(hλ)− 1 + γ‖ (3.22)

where γ is a an error threshold set to 0.2.
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Figure 3.3 – One dimensional stability region of the proposed RINN integra-
tion scheme trained on a stability criterion. We compare the stability region of
the proposed RINN 12 optimized on the stability criterion of equation (3.22) with respect
to classical state-of-the-art integration schemes.

Optimizing the integration scheme with respect to a stability criterion leads to a large
stability region. Our algorithm remains stable for integration time-steps higher than the
Runge-Kutta-4 method.

The gain of the new integration scheme can be written as

RRINN(hλ) = 1 + hλ+ 0.4954(hλ)2 + 0.0859(hλ)3 + 0.0065(hλ4) + .... (3.23)

This new integration scheme is also second order, however, the parametrization of
higher order terms is different from the first RINN model. This new parametrization
guarantees a larger stability region as illustrated in Fig. 3.3.

We may also plot the gain of the RINN RRINN in the complex plan when considering
λ ∈ C (Fig. 3.4). Interestingly, even if the RINN integration scheme is not trained on a
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(a) (b) (c)

Figure 3.4 – Two dimensional stability region of the proposed RINN inte-
gration scheme with respect to classical state-of-the-art algorithms. Euler,
Runge-Kutta-4 and the RINN schemes stability region are illustrated for a complex linear
ODE in figures (a), (b) and (c) respectively.

two dimensional equation, it still depicts a similar behavior to classical integration schemes.
Furthermore, and since the stability region of the model was optimized for a wide range of
integration time-steps in the real domain, the RINN shows a larger stability region than
state-of-the-art techniques in the real domain. This figure illustrates the interest of such
approach in finding new integration algorithms for data-driven identification methods as
such numerical schemes, that are adapted for a given application, does not exist in the
classical literature.

The learned integration scheme, represented here for instance by the gain equation
(3.23) can also be used to discretize other ODEs. Fig. 3.5 shows the simulated trajectories
of the Lorenz 63 and Lorenz 96 systems using the RINN optimized on the linear equation
(3.19).

3.5.2 Lorenz-63 system Identification

The Lorenz 63 dynamical system is a 3-dimensional model governed by the following
ODE:


dzt,1
dt

= σ (zt,2 − zt,2)
dzt,2
dt

= ρzt,1 − zt,2 − zt,1zt,3
dzt,3
dt

= zt,1zt,2 − βzt,3
(3.24)
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(a) (b)

(c) (d)

Figure 3.5 – Application of the data-driven integration scheme on non-linear
dynamics. Integration of Lorenz 63 (a) and 96 (b) equations using our data-driven
integration scheme trained on a linear ODE. Figures (c) and (d) correspond to the
integration of the Lorenz 63 and 96 models respectively using the classical adaptive
step-size Adams technique.
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Under parameterization σ = 10, ρ = 28 and β = 8/3, this system involves chaotic dynamics
with a strange attractor (Edward N. Lorenz 1963).

We simulate Lorenz-63 state sequences using the LOSDA ODE solver (Hindmarsh
1983). The integrated time-series was then sub-sampled based on a low regular sampling
rate h1 = 0.2, h2 = 0.3 and h3 = 0.4. The Goal of this experiment is to try to discover
a model for the Lorenz system given temporally sparse data that can not be integrated
using classical integration schemes. Specifically, for benchmarking purpose, the following
models were tested:
— Sparse regression model (Steven L. Brunton et al. 2016c) (SR): This model

computes a sparse regression over an augmented states vector based on second order
polynomial representations of the Lorenz states. The learnt dynamical model is then
integrated to compute forecasts using the LOSDA ODE solver (Hindmarsh 1983).

— Residual Integration Neural Network 1 (RINN1): the proposed residual archi-
tecture with a number of stages equal to one. This corresponds to the first order
Euler integration method.

— Residual Integration Neural Network 4 (RINN4): the proposed residual ar-
chitecture with a number of stages equal to four. This comprises the fourth-order
Runge-Kutta-4 integration technique with integration parameters {βi}i, {αi,j}i and
{ci}i set to the true Runge-Kutta-4 parameters.

— Neural ODE (DOPRI8): The adaptive step size dopri8 solver. The backward pass
is computed here using the adjoint method, as proposed in (T. Q. Chen et al. 2018).

— Residual Integration Neural Network 11 (RINN11): Proposed residual archi-
tecture with a number of stages equal to 11. In this architecture, the weights of the
integration scheme are learnt as explained in section 3.3.

In all these reported experiments, the parameterization used for the neural-network
approximation fNN of the dynamical operation F is a bilinear architecture as proposed
in (Ronan Fablet et al. 2017). This bilinear architecture ensures that the true model lies
within the space of possible model parameterizations. Finally the data-driven integration
schemes are noted RINNh1 , RINNh2 and RINNh3 with each index (h1, h2 and h3)
corresponding to the time sampling oh the training time series of the data-driven model.

We report the forecasting performance in Tab. 3.1. Figures 3.6 and 3.7 illustrate
the trajectories generated using the trained RINN and Dopri8 models respectively on
the Lorenz-63 system with different integration time-steps corresponding to the sampling
rate of the time series. When compared to classical fixed stipe-size based models, the
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Model h = 0.2 h = 0.3 h = 0.4

SR t0 + h 9.06 > 10 9.34
t0 + 4h 6.02 5.81 6.97

RINN1 t0 + h 4.27 2.57 1.99
t0 + 4h > 10 > 10 7.89

RINN4 t0 + h 2.05 3.10 2.48
t0 + 4h 3.82 7.33 > 10

Dopri8 t0 + h 0.005 0.0001 3.1305
t0 + 4h 0.021 0.0003 >10

RINN11 t0 + h 0.012 0.21 0.15
t0 + 4h 0.015 0.19 2.21

Table 3.1 – Forecasting performance of data-driven models for Lorenz-63 dynamical model.
Mean Root Mean Squared Error (RMSE) for different forecasting time-steps of the tested models.

proposed RINN is the only model able to discover the hidden dynamics of the system.
The reason is that classical step-size solvers such as Euler and Runge-Kutta 4 lead to high
truncation errors making the identifiability impossible, the proposed model in the other
hand when deployed with 11 stages can mimic adapted, high order integration schemes,
that are able to unfold the true dynamics. The poor results of the sparse regression
method are in the other hand simply due to a wrong estimation of the derivatives. This
step is inevitable using such technique and when provided with temporally sparse data, a
decent estimation becomes impossible. Adaptive step-size based models in the other hand
lead to an overall better short term forecast and, similarly to the proposed framework,
are able to correctly identify the Lorenz 63 model when provided with data sampled at
h = 0.2 and h = 0.3. This method however is unable to derive a decent approximation
when provided with data sampled at h = 0.4. We believe that this is principally due to
the adjoint backward formulation proposed in (T. Q. Chen et al. 2018) which integrates
the approximate equation backward in time in the training phase to avoid heavy memory
usage due to classical backpropagation through residual network. These assumptions were
then verified on the same case study by computing the backward pass through storing
every evaluation of the adaptive solver. Within this configuration, the Dopri8 technique is
able to unfold the true structure of the attractor and achieves a decent short term forecast,
similar to the proposed RINN (0.18 at t0 + h and 0.94 at t0 + 4h). Figure 3.9 illustrates
a simulation example carried using both the RINN11 and the Dopri8 based models on
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the dataset sampled at h = 0.4 (the Dopri8 based model is trained without the use of the
adjoint method). The number of function evaluation of the adaptive solver varies between
19 and 14313 against only 11 for the proposed framework making our method highly
computationally efficient, especially when considering more complex systems. Furthermore,
storing all the integration steps of an adaptive solver in order to backpropagate the training
error is not guaranteed to work in first place on more complex, high dimensional systems
due to memory blowups.

Figure 3.6 – Training data and simulated attractors from the corresponding
data-driven RINN based models. First row, training sequence generated with different
regular time sampling; second row, simulated attractors of the data-driven models learnt
from the corresponding time sampling, third row; simulated attractors using a smaller
integration time-step. The columns correspond to the sampling rate of the training
series (ranging from 0.2 to 0.4.) which corresponds to the integration time-step h when
considering fixed step-size algorithms.

Another interesting experiment is illustrated in Fig. 3.8. The trained integration
scheme is dissociated from the data-driven model fNN and used to integrate another
differential equation. Since the Integration scheme is consistent, there is a range of
integration time-steps for which the integration scheme is stable given a new ODE and
thus, converges to give a correct simulation of the equation.

Figure 3.11 illustrates the stability region of the trained schemes for several integration
time-steps. The Euler and Runge-Kutta-4 schemes are shown as references. Interestingly,
the higher the integration time-step of the trained model, the larger the stability region
of the optimized scheme. Furthermore, equation (3.25) of the gain of the data-driven
integration schemes reveals that as the integration time-step of the data grows from 0.2 to
0.4, the order of the trained schemes increases from a 4th order for the RINNh1 up to a
8th order for the the RINNh3 . This conclusion is highlighted through the computation
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Figure 3.7 – Training data and simulated attractors from the corresponding
data-driven Dopri8 based models. First row, training sequence generated with
different regular time sampling; second row, simulated attractors of the data-driven models
learnt from the corresponding time sampling, third row; simulated attractors using a
smaller integration time-step. The columns correspond to the sampling rate of the training
series (ranging from 0.2 to 0.4.).

of the normalized coefficients error 4 given in figure 3.10, where the integration scheme
learned on the sparsest data (RINNh3) achieves the smallest error with respect to the
coefficient of the true Taylor expansion of the analytical solution, up to the order 8.

RRINNh1(hλ) = 1 + hλ+ 0.5016(hλ)2 + 0.1613(hλ)3 + 0.0429(hλ4)
+ 0.00909(hλ5) + 0.001613(hλ6) + ...

RRINNh2(hλ) = 1 + hλ+ 0.5020(hλ)2 + 0.1640(hλ)3 + 0.03952(hλ4)
+ 0.00731(hλ5) + 0.00104(hλ6) + ...

RRINNh3(hλ) = 1 + hλ+ 0.5057(hλ)2 + 0.1684(hλ)3 + 0.04296(hλ4)
+ 0.008299(hλ5) + 0.001342(hλ6) + 1.810−4(hλ7) + 2.035E−5(hλ8)...

Rexp(hλ) = 1 + hλ+ 0.5(hλ)2 + 0.16666(hλ)3 + 0.04166(hλ4)
+ 0.008333(hλ5) + 0.001388(hλ6) + 1.984−4(hλ7) + 2.480E−5(hλ8)...

(3.25)

4. This score is computed as the sum of the normalized root squared error of each coefficient of the
gain expression, given in equation (3.25), with respect to the true Taylor expansion of the analytical
solution up to a given order p.

44



3.5. Experiments

(a) (b) (c)

Figure 3.8 – Application of the learnt integration scheme on the Lorenz 96
equation. Integration of the Lorenz 96 model using the RINNh1 in (a), the RINNh2 in
(b) and the RINNh3 in (c).

(a) (b)

Figure 3.9 – Simulated time series of the Lorenz 63 dynamics from two data-
driven models. (a) Dopri8 based model trained without the adjoint technique proposed
in (T. Q. Chen et al. 2018). (b) Proposed RINN11. The training of both these models
was carried on the dataset sampled with h = 0.4. The red bars correspond, in the RINN11
figure (b) to the exact number of evaluations of the approximate function fθ for every
point within the simulated trajectory. In the DOPRI8 figure, the bars correspond to the
minimum number of evaluations, computed when considering each integration carried
within a single stage integration scheme.
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Figure 3.10 – Normalized coefficients error of the gain of the data-driven
integration schemes with respect to the Taylor expansion of the analytical
solution. Normalized cumulative error of the RINN gain coefficients up to the order p,
with respect to the Taylor expansion of the true solution. The Runge-Kutta-4 algorithm
is given as a reference.

Figure 3.11 – Stability region of the data-driven integration schemes.

3.6 Conclusion

Despite the great advances in data-driven derivation of governing equations, applications
to real time series modeling are still far from being straightforward. This chapter presents
a novel avenue, that we believe worth considering, for tackling data-driven derivation of
ODEs.

While state-of-the-art mainly focus on finding new parametrizations for the approximate
dynamical operator (Steven L. Brunton et al. 2016c; Ronan Fablet et al. 2017), we state
that finding new ODEs of some observed variables may be impossible simply due to the
problem formulation, that may involve an unsuitable numerical discretization, rather than
due to the representational power of the model.
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We start by introducing the advantages and limitations of classical integration schemes
and we point out that choosing a discretization scheme for a given equation is a hard task.
This problem is even harder in the context of data-driven identification, where the model
is unknown. From these considerations, we introduce a novel way of learning data-driven
ODEs in trainable integration schemes. Interestingly, and even though the optimized
integration schemes are found from data, they still carry elementary properties of ODE
discretization schemes which helps diagnosing and motivating the results.

Our experimental analysis motivates the relevance of the proposed framework as among
several classical state-of-the-art techniques, our architecture provides realistic, accurate
and generalizable dynamics. Interestingly, our results were not due to the form of the
dynamical model approximation fNN (which was shared upon the benchmark) but only
due to the fact that using classical integration schemes might not be appropriate for the
considered identification task. Our experiments, although considering only synthetic data,
raises, in our opinion, a relevant question regarding data-driven ODE identification of
experimental data.

Regarding the main application context of this PhD, future works will investigate the
potential of the proposed framework in the identification of data-driven representations of
upper ocean dynamics. Though we have not yet performed experiments, we believe the
RINN framework to be relevant to explore satellite-derived observation datasets, as they
typically involve a rather scarce time sampling of the surface dynamics with respect to
their characteristic space-time scales, typically from a few hours to a 10 days depending
on the considered sensors and geophysical tracers. We refer the reader to chapter 7 for a
short introduction to ocean remote sensing data.

Dynamical modeling of upper ocean dynamics gathers several other layers of complexity.
It is a non closed system that reacts to the influence of several other variables that, most
of the time, are not measured. Accounting for the variability due to unobserved processes
need to be addressed in order to find a relevant approximation of the overall dynamics of
the system. In this context, we will introduce an embedding techniques that we developed
in order to account for the variability of non observed phenomenons in the data-driven
identification of partially observed systems.
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You only live once, but if you do it right, once is
enough.

Mae West

Chapter 4

Neural Dynamical Embedding

Deriving data-driven representations from a sequence of observations should be consid-
ered with care to account for the proper specifications of the underlying dynamics 1. From
this point of view, the last chapter provided a new solution to deal with discretization
issues encountered in classical model based integration and thus, imminent to data-driven
representations. It is worth noting that the applications presented in the previous chapter
assume knowledge of the full state vector which greatly simplifies the identification issue.
Unfortunately, when moving to real world problems, such as observed geophysical fields,
the provided observations are far from representing a perfect state representation of the
dynamics. In fact, the observations typically relate to some, but not all, components of the
underlying state space, making the derivation of a deterministic model in the observation
space impossible. In this chapter, we address the data-driven identification of latent
dynamical representations of partially-observed systems, i.e. dynamical systems for which
some components are never observed. Whereas state-of-the-art data-driven approaches rely
on delay embeddings and linear decompositions of the underlying operators, we introduce
a framework based on the data-driven identification of an augmented state-space model
using a neural-network-based representation. For a given training dataset, it amounts to
jointly learn an ODE (Ordinary Differential Equation) representation in the latent space
and reconstructing latent states.

1. This chapter is a modified version of paper (Ouala et al. 2020)
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4.1 Introduction

Learning the underlying dynamical representation of observed variables xt ∈ Rn (where
t ∈ {t0, ..., T} is the temporal sampling time and n the dimension of the observations)
is a key challenge in various scientific fields, including control theory, geoscience, fluid
dynamics, economics; for applications ranging from system identification to forecasting and
assimilation issues (Koopmans 1949; Lai et al. 1982; Jeong et al. 1995; H. D. I. Abarbanel
et al. 1996).

For fully-observed systems, i.e. when the observed variables xt relate to some underlying
deterministic states zt, recent advances (Steven L. Brunton et al. 2016c; R. Fablet et al.
2018; T. Q. Chen et al. 2018; Nguyen et al. 2019; Marc Bocquet et al. 2019; Brajard et al.
2020) have shown that one can identify the governing equations of the dynamics of zt
from a representative dataset of observations {xti}i. Unfortunately, when the observed
variables xt only relate to some but not all the components of underlying states zt, these
approaches cannot apply since no ODE or, more generally, no one-to-one mapping defined
in the observation space can represent the time evolution of the observations. In this
context, Takens’ theorem states the conditions under which a delay embedding, formed by
lagged versions of the observed variables, guarantees the existence of governing equations
in the embedded space (Takens 1981).

Takens’ theorem has motivated a rich literature of machine learning schemes to identify
dynamical representations of partially-observed systems using a delay embedding. This
comprises both non-parametric schemes based on nearest-neighbors or analogs (H. D. I.
Abarbanel 1996c) as well as parametric schemes which include polynomial representations
(Paduart et al. 2010), neural network models (Frank et al. 2010), Support Vector Regression
(SVR) models (Kazem et al. 2013). For all these approaches, the identification of the
appropriate delay embedding is a critical issue (H. D. I. Abarbanel 1996b; H. D. I.
Abarbanel 1996a).

From a neural network and machine learning perspective, the inference of a latent
space, within a State Space Model (SSM) framework, for dynamical systems has motivated
a broad literature especially for time series forecasting (Ghahramani et al. 1999; J. Wang
et al. 2006; Mirowski et al. 2009; He et al. 2015a; Krishnan et al. 2016). Most of those
techniques were introduced in the context of reduced order modeling (ROM) to infer low-
dimensional manifolds, where the dynamics of the observations can be represented. When
considering partially-observed systems, these approaches state this issue as the inference
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of a (non-linear) projection of an input sequence in a latent space where the observations
can be modeled. This projection is usually computed in a probabilistic framework using
Bayesian filtering techniques. However, recovering the attractor’s dynamics using iterative
predictions is still an issue for such models since the explicit modeling of latent space as
a delay embedding of the observations may limit the expressiveness of the latent states,
especially when considering chaotic dynamics.

In this work, we show that we do not need to rely explicitly on a delay embedding.
We address the identification of an augmented space of higher dimension than that of the
manifold spanned by the observed variables, where the dynamics of the observations can be
fully described by an ODE. Using neural-network representations for the parametrization of
the dynamical model, it amounts to jointly learning the governing ODE and reconstructing
the augmented latent states for a given observation dataset. We report experiments on
linear and chaotic dynamics, which illustrate the relevance of the proposed framework
compared to state-of-the-art approaches.

4.2 Background and Related Work
This section introduces the learning of dynamical representations for partially-observed

systems and links this problem to recent advances in machine learning.
Let us consider an unobserved state variable z governed by an autonomous system

of s differential equations żt = f(zt). Let us also assume that this system generates a
flow Φti(zt0) =

∫ ti
t0
f(zw)dw ∈ Rs with trajectories that are asymptotic to a limit-set L of

dimension d contained in Rs. We further assume that we are provided with a measurement
function H that maps our state variables to our observations xt = H(zt) ∈ Rn.

When considering the data-driven identification of a dynamical mapping that governs
some observation data, we first need to evaluate whether the dynamics in the observation
space can be described using a smooth 2 ODE. Another way to tackle this question is to
find the conditions under which the deterministic properties of the unobserved limit-set L
are preserved in the observation space in Rn such that one can reliably perform forecasts
in the observation space. The general condition under which a mapping H preserves the
topological properties of the initial limit-set involves a differential structure. Assuming
that L is a smooth compact differential manifold, the topological properties of L are
preserved through a mapping H in Rn if H is one-to-one and is an immersion of L in

2. The word smooth here stands for continuously differentiable or C1.
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Rn. Under these conditions our observation mapping is called an embedding (Sauer et al.
1991).

The simplest example of an embedding involves an identity observation operator H.
With this embedding, we have direct access to the state variables which are governed
by a deterministic ODE. This particular case has been widely studied in the literature.
Parametric representations have been for decades the most popular models thanks to their
simplicity and interpretability (Schmidt et al. 2009b; Paduart et al. 2010; W.-X. Wang et al.
2011; Steven L. Brunton et al. 2016c; Yuan et al. 2019). Recently, these approaches have
been enriched by neural network and deep learning schemes (Wiewel et al. 2018; Maziar
Raissi et al. 2018). In particular, the link between residual networks (T. Q. Chen et al.
2018; S. Ouala et al. 2019) and numerical integration schemes have opened new research
avenues for learning extremely accurate dynamical models even from irregularly-sampled
training data. These schemes show greater interpretability and forecasting performance
for the data-driven representation of systems governed by an ODE, compared with other
state-of-the-art neural networks schemes, including Recurrent Neural Networks (RNN)
such as LSTM (Long-Short-Term Memory). Recent advances in model free representations
using for instance attention mechanisms as in (Shen et al. 2020) and reservoir learning
as in (Pathak et al. 2018) have recently shown meaningful improvements in forecasting
applications.

However, for a wide range of real-world systems, we are never provided with an
observation operator that forms an embedding of the unobserved dynamical system. In
such situations, we do not have any guarantee on the existence of a smooth ODE that
governs the temporal evolution of our observations. From this point of view, the question
of finding an appropriate dynamical representation of some observed data may not be
this straightforward. The fact that our data may come from some unobserved governing
equation may restrict the use of the above-mentioned state-of-the-art algorithms. The main
difficulty lies in the ability to map observation series to a latent space that provides at least
a one-to-one mapping between two successive states. From a geometrical point of view,
the time delay theorem (Takens 1981) provides a way to build a latent space that preserves
the topological properties of the true (unobserved) dynamics limit-set. A generalization
of this theorem (Sauer et al. 1991) shows that one can reconstruct topologically similar
limit-set using any appropriate smooth composition map of the observations. Recent works
have also investigated the use of deep learning models to find embedding representations
of time series. In the work of (Gilpin 2020), a general embedding technique is proposed
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based on an autoencoder architecture that successfully enfolded the hidden attractor
of several state-of-the-art time series. The derivation of a dynamical system from such
representations however encounters large disparities since no explicit relationships between
the defined phase space and an ODE formulation have been clearly made. Classical state-
of-the-art techniques such as polynomial representations (Steven L. Brunton et al. 2016c)
and K-Nearest Neighbors (KNN) (Lguensat et al. 2017b) algorithms were proposed but
they often fail to achieve both accurate short-term forecasting performance and long-term
topologically similar reconstructed limit-set (see experiments for an illustration). The
difficulty in finding such representations remains, in our opinion, in the fact that the
embedded attractor is defined independently from the data-driven model formulation and
learning.

We may also point out that the limitation of ODE-based representation in deep learning
architecture has also been pointed out recently in (Dupont et al. 2019; H. Zhang et al.
2019) for classification issues. As ODE-derived trajectories do not intersect, it may limit
the ability of neural ODE representations to reach relevant classification performance in a
given feature space. To address this issue, (Dupont et al. 2019) and (H. Zhang et al. 2019)
propose to consider an augmented state, simply by augmenting the observed state by a
number of zeros to create a high-dimensional space in which an ODE representation can be
identified. Such a strategy cannot apply to time series modeling as successive augmented
states cannot be forced to zero for some dimensions.

Advances in the inference of latent spaces in state space models was introduced
essentially, from a dynamical systems perspective, to retrieve low-dimensional manifolds,
where the dynamics of the system evolve. When applied to partially-observed systems, the
latent variables are typically inferred from a sequence of observations through a parametric
modeling of the posterior distribution as in (He et al. 2015a; Krishnan et al. 2016; T. Q.
Chen et al. 2018) or through marginalization with model constraints as in (Ghahramani
et al. 1999; J. Wang et al. 2006). However, such models often fail in accounting for
long-term patterns (as shown in the experiments). This is due to the fact that the latent
space is constrained to be a non-linear projection of a sequence of observations, which
limits the expressiveness of the dynamical model. Interestingly, (Mirowski et al. 2009) does
not involve the learning of an inference model as the reconstruction of the latent states is
solved as gradient-based minimization of the dynamical prior w.r.t. an observation series.
However, the dynamical prior relies on an explicit delay representation (not necessarily an
embedding) as the dynamics of the latent state depend both on the previous latent state
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and on a delay embedding of the observations.
In this work, we address the identification of a latent embedding, associated with an

ODE representation, for partially-observed systems. The core idea of this work is to infer
an augmented latent space, governed by an ODE, which fully explain the observed time
series and their dynamics. In contrast to previous work (Ghahramani et al. 1999; J. Wang
et al. 2006; He et al. 2015a; Krishnan et al. 2016; T. Q. Chen et al. 2018), we do not
exploit either a delay embedding or an explicit modeling of the inference model (i.e., the
reconstruction of the latent states given the observed time series). As such, our scheme
only involves the selection of the class of ODEs of interest. The expected benefits are
as follows: (i) our model ensures the existence of a latent embedding associated with
an ODE, which may not be guaranteed when considering a parametric inference model
and/or a delay embedding, (ii) our model reduces the complexity of the overall scheme to
the complexity of the ODE representation, (iii) our model guarantees the consistency of
the reconstructed latent states w.r.t. the learnt ODE.

4.3 Learning latent representations of
partially-observed dynamics

Augmented latent dynamics: Let us assume a continuous s-dimensional dynamical
system zt governed by an autonomous ODE żt = f(zt) with Φt the corresponding flow
Φt(zt0) = zt0 +

∫ t
t0
f(zw)dw with trajectories that are asymptotic to a limit-set L of

dimension d contained in Rs.
In many applications, one cannot fully access the state z and the observations only

relate to some components of this state. Formally, we can define an observation function
H : Rs −→ Rn such that the observations xt follow xt = H(zt). We can also define
a bijective map M that maps our observations xt to some low dimensional manifold
at =M(xt) ∈ Rk. The definition of this operator is crucial in the data-driven identification
of ROMs (K. Champion et al. 2019) of real data since in this case, the provided data
is usually mapped through H in a higher dimensional space. Besides, M is supposed
to be bijective so that the dynamics in Rn are fully determined by the dynamics in Rk.
From now on, and for the sake of simplicity, we will refer to both at ∈ Rk and xt ∈ Rn as
observations since they are equivalent up to a bijective mapM.

We aim to derive an ODE representation of xt ∈ Rn. However, the key question arising
here is the extent to which the dynamics expressed in the observations space, reflect the

56



4.3. Learning latent representations of
partially-observed dynamics

true underlying dynamics in Rs, and consequently, the conditions on H under which the
predictable deterministic dynamical behavior of the hidden states is still predictable in the
observations space. To illustrate this issue, we may consider a linear dynamical system in
the complex domain governed by the following linear ODE:

żt = αzt
zt0 = z0

(4.1)

with z ∈ C a state variable and α ∈ C a complex imaginary number. The solution of this
problem is

zt = z0e
αt (4.2)

Let us assume now that we are only provided with the real part as direct measurements
of the unobserved state i.e. H(.) = Real(.) : xt = Real(zt) so in this caseM = I1 and
k = n.

Proposition 1 : The flow of an ODE cannot represent the time evolution of xt.

The proof of the proposition is given in the appendix A and the intuition behind it is
as follows. Assuming that we are only provided with the real part as direct measurements
xt ∈ R of the true states zt, no smooth autonomous ODE model in the scalar observation
space can describe the trajectories of the observations as the mapping between two
observations is not one-to-one. For example, assuming that zt0 and zt1 correspond to two
states that have the same real part but distinct imaginary parts, the associated observed
states are equal xt0 = xt1 . However, the time evolution of the states zt0 and zt1 differ if
they have different imaginary parts, such that the observed states xt0+δ and xt1+δ after any
time increment δ are no longer equal. As a consequence, a given observation may have more
than one future state and this behavior can not be represented by a smooth ODE in the
observation space. Modeling such observations using a data-driven ODE model (R. Fablet
et al. 2018; T. Q. Chen et al. 2018) in the observation space will lead to poor forecasting
performance. From a naive neural networks point of view, fitting such a model will most
likely force the forecasting into an equilibrium point since we are iteratively matching the
same inputs with different output predictions. For a given observation operator H of a
deterministic underlying dynamical system that governs zt, Takens’ theorem guarantees
the existence of an augmented space, defined as a delay embedding of the observations,
in which a one-to-one mapping exists between successive time-steps of the observation
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series (Takens 1981). Rather than exploring such delay embedding, we aim to identify an
augmented latent space, where the latent dynamics are governed by a smooth ODE and
can be mapped to the observations. Let us define ut ∈ RdE a dE-dimensional augmented
latent state as follows:

utT = [M(xt)T ,yTt ] (4.3)

with yt ∈ Rl the unobserved component of latent state ut. The augmented latent space
evolves in time according to the following state space model:

u̇t = fθ(ut)
xt =M−1(G(ut))

(4.4)

where the dynamical operator fθ belongs to a family of smooth operators (in order to
guarantee uniqueness (Coddington et al. 1955)) parametrized by θ. We typically consider
a neural-network representation with Lipschitz nonlinearities and finite weights. G is
a projection matrix that satisfiesM(xt) = G(ut). As detailed in the next sections, we
address the identification of the operator fθ and of the associated latent space u from a
dataset of observations {xt0 , . . . ,xtf} as well as the exploitation of the identified latent
dynamics for the forecasting of the time evolution of the observed states, for instance
unobserved future states {xt1 , . . . ,xt2}.

Learning scheme: Given an observation time series {xt0 , . . . ,xtf} of size N sampled
at a regular rate h such as tf = Nh + t0 and the bijective map M, we aim to identify
the state-space model defined by (4.4), which amounts to learning the parameters θ of
the dynamical operator fθ. However, as the component yt of the latent state ut is never
observed, this identification requires the joint optimization of the model parameters θ
as well as of the hidden component yt. Formally, this problem is stated as the following
minimization of the forecasting error on the observed variables:

θ̂ = arg min
θ

min
{yt}t

tf∑
t=h+t0

‖xt −M−1(G (Φθ,t (ut−h))) ‖2

Subject to


ut = Φθ,t(ut−h)

M−1(G(ut)) = xt

(4.5)
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with Φθ,t the one-step-ahead diffeomorphic mapping associated with operator fθ such that:

Φθ,t(ut−1) = ut−h +
∫ t

t−h
fθ(uw)dw

In (4.5), the loss to be minimized involves the one-step-ahead forecasting error for the
observed variable xt. The constraints state that the augmented state ut is composed
of observed component and G(ut) should be a solution of the ODE (4.4). Here, we
numerically minimize the equivalent formulation:

min
θ

min
{yt}t

tf∑
t=h+t0

‖xt −M−1(G (Φθ,t (ut−h))) ‖2

+λ‖ut − Φθ,t(ut−h)‖2

(4.6)

where uTt = [M(xTt ),yTt ] and λ a weighting parameter. The term ‖ut − Φθ,t(ut−h)‖2 may
be regarded as a regularization term such that the inference of the unobserved component
yt−h of the augmented state ut−h is not solved independently for each time-step.

Using a neural-network parametrization for the ODE operator fθ, the corresponding
forecasting operator Φθ,t is also stated as a neural network based on a numerical integration
scheme formulation (typically a 4th-order Runge-Kutta scheme). This architecture, quite
similar to a ResNet (He et al. 2015a), allows very accurate identification of ODE models
(R. Fablet et al. 2018; S. Ouala et al. 2019). Hence, for a given observed state series
{x0, . . . ,xtf}, we minimize (4.6) jointly w.r.t. θ and unobserved variables {y0, . . . ,ytf}.
In the experiments reported in Section 4.4, we consider bilinear architectures (R. Fablet
et al. 2018). However, the proposed framework applies to any neural-network architecture.

Links to manifold embedding theorems: Whitney’s embedding theorem guaran-
tees that a generic map H : Rs −→ RdE is an embedding of the manifold in RdE as long as
dE > 2d+ 1 where d. However, from an experimentalist perspective, being able to observe
a large number of independent quantities (typically 2d + 1) is usually impossible. The
Takens delay embedding theorem overcomes this issue by using time delay coordinates
of a single generic variable (under some technical assumptions) as an embedding of the
manifold in RdE . However, and as stated above, modeling the delay embedding attractor
is not straightforward. In the proposed framework, the embedded attractor is learnt
jointly with the data-driven dynamical model which makes us find the most appropriate
embedding for a given architecture of the data-driven model. Furthermore, and supposing
that the model architecture is representative enough (typically non linear), the learnt
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latent space can be considered as a generic observation basis of the underlying dynamics
which, corresponding to Whitney’s theorem, and similarly to Takens embedding theorem,
forms an embedding of the unseen attractor.

Application to forecasting: We also apply the proposed framework to the forecasting
of the observed states xt. Given a trained latent dynamical model (4.4), forecasting future
states for xt relies on the forecasting of the entire augmented latent state ut. The latter
amounts to determining an initial condition of the unobserved component yt and performing
a numerical integration of the trained ODE (4.4).

Let us denote by xnt , t ∈ {t1, ..., t2} a new series of observed states. We aim to
forecast future states xnt , t ∈ {t2 + h, ..., t2 + nh}. Following (4.6), we infer the unobserved
component ŷt1 of xnt1 at time t1 from the following minimization:

ŷnt1 = arg min
ynt1

min
{ynt }t<t2

t2∑
t=t1+h

‖xnt −M−1(G
(
Φθ,t

(
unt−h)

))
‖2

+ λ‖unt − Φθ,t(unt−h)‖2

(4.7)

Here, we only minimize w.r.t. latent variables {ynt } given the trained forecasting operator
Φθ,t. This minimization relates to a variational assimilation issue with partially-observed
states and known dynamical and observation operators (Lynch et al. 2010). Similarly to
the learning step, we benefit from the neural-network parameterization of operator Φθ,t

and from the associated automatic differentiation tool to compute the solution of the
above minimization using a gradient descent.

We may consider different initialization strategies for this minimization problem.
Besides a simple random initialization, we may benefit from the information gained on the
manifold spanned by the unobserved components during the training stage. The basic idea
comes to assume that the training dataset is likely to comprise state trajectories which
are similar to the new one. As the training step embeds the inference of the whole latent
state sequence, we may pick as initialization for minimization (4.7) the inferred augmented
latent state in the training dataset which leads to the observed state trajectory that is the
most similar (in the sense of the L2 norm) to the new observed sequence xnt . The interest
of this initialization scheme is twofold: (i) speeding-up the convergence of minimization
(4.7) as we expect to be closer to the minimum; (ii) considering an initial condition which
is in the basin of attraction of the reconstructed limit-set. The latter may be critical as we
cannot guarantee that the learnt model does not involve other limit-sets than the ones truly
revealed by the training dataset, which may lead to a convergence to a local and poorly
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relevant minimum. Reaching the global minimum of the optimization problem of equation
(4.6) (which is the actual governing equations and attractor of the system) would cancel
this issue. However, reaching the global minimum only knowing partial observations of
the system is almost deterministically impossible since it depends on the parametrization
of the approximate dynamical model and the initialization of the latent states. In this
context, we may also argue that given partial observations of the system, several models
can reflect the variability of the observed variables while being diffeomorphic to the actual
governing dynamics in the attractor spanned by the observations (not necessarily away
from the attractor as the approximate model may involve several limit-sets other than the
one spanned by the observations). Given these considerations, we can retrieve most of
the time a relevant local minimum, which reflects the topological properties of the initial
model and attractor.

4.4 Numerical experiments
In this section, we report numerical experiments to illustrate the key features of

proposed framework. We consider three case-studies: a linear ODE case-study; a chaotic
system, namely Lorenz-63 dynamics, and real upper ocean data.

4.4.1 Application to a linear ODE

In order to illustrate the key principles of the proposed framework, we consider the
following linear ODE in the complex domain:

żt = αzt
zt0 = z0

(4.8)

with α = −0.1− 0.5j, j2 = −1 and z0 = 0.5. As α ∈ C with Real(α) < 0 and z0 6= 0, the
solution of this ODE is an ellipse in the complex plane (Fig. 4.1).

As observation, we consider the real part of the underlying state, i.e. the observation
function H : C −→ R is given by xt = Real(zt). This is a typical example, where the
mapping between two successive observations is not a one-to-one mapping since all the
states that have the same real part lead to the same observation. As explained in section
4.3, one cannot identify an autonomous ODE model that will reproduce the dynamical
behavior of the observations in the observations space.
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(a) Forecasted and true solu-
tion in the phase space.

(b) Real par forecasted and
true solution.

(c) Imaginary part infered
and true solution.

Figure 4.1 – Illustration for a 2-dimensional linear ODE: Forecasted augmented
latent space with respect to the true states given the same initial condition as the training
sequence. We illustrate both the prediction (forecast up to the end of the training time) of
the trained model and the extrapolation (forecast beyond the training time) performance
with respect to the true trajectory. The projection of the solutions in the real plane
illustrates the forecasting of the observations.

We apply the proposed framework to this toy example. We consider a 2-dimensional
augmented state ut = [xt,y1

t ] with M = I1. As neural-network parametrization for
operator fθ, we consider a neural network with a single linear fully-connected layer. We
use an observation series of 10000 time-steps as training data. As illustrated in Fig.4.1
and Fig.4.2, given the same initial condition over the observable state, the inferred latent
state dynamics, though different from the true ones, depicts a similar spiral pattern. This
result is in agreement with geometrical reconstruction techniques (Takens 1981) of the
latent dynamics up to a diffeomorphic mapping. Overall, our model learns a dynamical
behavior similar to the true model represented by an elliptic transient and an equilibrium
point limit-set. Furthermore, the projection of the augmented latent space and the true
solution of Eq. (4.8) in the real axis illustrate the relevance of the proposed framework in
forecasting the observations dynamics (mean square error < 1E − 6).

4.4.2 Lorenz-63 dynamics

Lorenz-63 dynamical system is a 3-dimensional model that involves, under some specific
parametrizations (Edward N. Lorenz 1963), chaotic dynamics with a strange attractor. We
simulate chaotic Lorenz-63 state sequences with the same model parameters as proposed
in (Edward N. Lorenz 1963) using the LOSDA ODE solver (Hindmarsh 1983) with a
sampling time-step of 0.01. We assume that only the first Lorenz-63 variable is observed
xt = zt,1 and we set M = I1. We apply the proposed framework to this experimental
setting using a training sequence of 4000 time-steps.
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(a) Forecasted and true solu-
tion in the phase space.

(b) Real part forecasted and
true solution.

(c) Imaginary part infered
and true solution.

Figure 4.2 – Illustration for a 2-dimensional linear ODE: Forecasted augmented
latent space with respect to the true states given a new initial condition. Similarly to
Fig. 4.1 given the initial condition we illustrate both the prediction and the extrapolation
performance with respect to the true trajectory.

For benchmarking purposes, we perform a quantitative comparison with state-of-the-art
approaches using delay embedding representations (Takens 1981). The parameters of the
delay embedding representation, namely the lag τ and the dimension dE of the augmented
space were computed using state-of-the-art techniques. Specifically, the lag parameter
was computed using both the mutual information and correlation techniques (H. D. I.
Abarbanel 1996b), respectively denoted as τMI and τCorr. Regarding the dimension of
the embedding representation, we used the Whitney’s embedding condition dE = 2d+ 1
with d the dimension of the hidden limit-set. The delay embedding dimension was also
computed using the False Nearest Neighbors (FNN) method (H. D. I. Abarbanel 1996a).
We also tested arbitrary parameters for the delay embedding dimension. Given the delay
embedding representation, we tested two state-of-the-art data-driven representations of
the dynamics. The Analog Forecasting technique (AF) which is based on the nearest
neighbours algorithm (Lguensat et al. 2017b) and the Sparse Regression (SR) method on
a second order polynomial representation of the delay embedding states.

Regarding deep learning models, we compare our method to a stacked Bidirectional
LSTM (RNN) and to the Latent-ODE model (T. Q. Chen et al. 2018). The proposed
framework, referred to as Neural embedding for Dynamical Systems (NbedDyn) was tested
for different dimensions of the augmented state space, namely from 3 to 6 (please refer to
the Appendix for details on the considered neural network architectures).

Fig. 4.3 illustrates the learning process for the latent space from the initialization
to the last training epoch. The optimization of the training criterion with respect to
both the model parameters and the latent states leads to a topologically similar spanned
manifold with respect to the true unobserved high dimensional one. We also illustrate
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Model t0 + h t0 + 4h λ1

AF

τMI =16 dE(FNN) = 3 5.6E − 3 1.3E − 2 0.85
τMI =16 dE(Takens) = 6 9.9E − 3 2.4E − 2 NaN
τCorr =27 dE(FNN) = 3 8.9E − 3 2.3E − 2 12.35
τCorr =27 dE(Takens) = 6 8.5E − 3 1.9E − 2 NaN
τ = 6 dE = 3 8.0E − 4 9.0E − 4 0.87
τ = 10 dE = 3 2.1E − 3 4.9E − 3 0.60

SR

τMI =16 dE(FNN) = 3 7.8E − 2 2.5E − 1 0.12
τMI =16 dE(Takens) = 6 4.5E − 2 1.7E − 1 NaN
τCorr =27 dE(FNN) = 3 1.4E − 1 4.6E − 1 NaN
τCorr =27 dE(Takens) = 6 2.1E − 1 8.4E − 1 NaN
τ = 6 dE = 3 7.6E − 3 7.4E − 3 NaN
τ = 10 dE = 3 2.5E − 2 5.7E − 2 0.2535

Latent-ODE 6.9E − 2± 2.9E − 2 1.5E − 1± 3E − 2 NaN

RNN 6.9E − 2± 4.6E − 2 1.5E − 1± 1.1E − 1 −6.79± 0.0

NbedDyn dE = 3 3.2E − 4± 1.3E − 4 1.7E − 3± 7.5E − 4 0.81± 0.09
dE = 4 1.3E − 4± 5.2E − 5 7.3E − 4± 2.2E − 4 0.82± 0.06
dE = 5 3.8E − 4± 7.4E − 4 2.0E − 3± 3.4E − 4 0.80± 0.02
dE = 6 3.7E − 4± 2.8E − 4 2.0E − 3± 1.7E − 3 0.92± 0.02
dE = 6 (Best) 9.1E-5 4.7E-4 0.92

Table 4.1 – Forecasting performance on the test set of data-driven models for
Lorenz-63 dynamics where only the first variable is observed: first two columns :
mean RMSE for different forecasting time-steps, third column : largest Lyapunov exponent
of a predicted series of length of 10000 time-steps (The true largest Lyapunov exponent of
the Lorenz 63 model is 0.91 (Sprott 2003)).
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Figure 4.3 –Evolution of the learnt latent space: starting from a random initialization
of the augmented states yi, the latent space is optimized according to thr minimization
of Eq. (4.6) to form a limit-set similar to the true Lorenz 63 attractor. We depict
3-dimensional projections of the learnt latent space for the proposed model with different
embedding dimensions from dE = 3 to dE = 6.
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(a) (b) (c)

Figure 4.4 – Convergence of the proposed NbedDyn architecture as a function
of the dimension of the augmented space: Evolution of the short-term forecast
performance (a) as well as the Lyapunov dimension (b) and largest Lyapunov exponent
(c) of the NbedDyn attractor as a function of the dimension of the embedding. Our
architecture is able to unfold the underlying Lorenz dynamics given a sufficient dimension
of the augmented state. We may note that the topological properties illustrated here were
estimated using itterative forecast of the trained model, only given an initial condition
inside the bassin of attraction of the spanned manifold. (The true Lyapunov dimension of
the Lorenz 63 model is 2.06 (Sprott 2003)).

the convergence of the training procedure in terms of short-term forecast and topological
invariants of the learnt embedding and model as shown in Fig. 4.4. Our method is able
to get similar results as classical attractor dimension unfolding algorithms such as FNN
using both short and long-term criteria since we show that 3 dimensions of the latent
state are enough to get a converged architecture. Regarding the quantitative analysis, we
report both the analysis of short-term forecasting performance as well as the long-term
asymptotic behavior characterized by the largest Lyapunov exponent of the benchmarked
models in Tab 4.1. The proposed model leads to significant improvements in terms of
short-term forecasting performance with respect to the other approaches. Surprisingly,
the Latent-ODE and RNN models lead to the poorest performance both in terms of
forecasting error and asymptotic behavior. This is mainly due, in the Latent-ODE case, to
the fact that the latent space is seen as a non linear projection of the observed variables
through the optimization of the ELBO loss (Krishnan et al. 2016). By contrast, our
latent embedding formulation optimizes the latent states to forecast the observed variables
which explicitly constrains the latent space to be an embedding of the true underlying
dynamics. The RNN model in the other hand converges to a periodic solution (please refer
to the appendix for forecasting figures) with still a poor short-term forcasting performance.
Overall, these results suggest that one should use such deep learning models with care to
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reach satisfying performance. The Sparse Regression (SR) model seems to lead to better
short-term forecast (using ad-hoc parameters (τ = 6, dE = 3), however, it does not capture
well the chaotic patterns, which are associated to a positive largest Lyapunov exponent.
This may suggest that the combination of the SR model and a delay embedding may
require additional investigation as a good geometrical reconstruction of the phase space as
stated in Takens’ theorem does not guarantee the existence of a parametric ODE model
based on the corresponding delay embedding variables. Better performance is reported
using an analog forecasting approach. The performance however greatly varies depending
on the considered definition of the delay embedding. Using ad-hoc parameters (τ = 6,
dE = 3), one may retrieve the expected long-term chaotic behavior (λ1 = 0.87) with a
relatively low short-term forecasting error (8.0E-4 for a one-step-ahead forecast). When
considering the proposed model, we report for all the parametrizations of the dimension
of the augmented space from 3 to 6, performance at least in the same range as the best
analog forecasting setting. Besides, when increasing the dimension of the augmented space,
we significantly decrease the short-term forecasting errors (<1.E-4 for a one-step-ahead
prediction when considering the best fit for dE = 6, i.e. one order of magnitude compared
to the best benchmark model) while keeping an appropriate chaotic long-term pattern
(λ1 = 0.92). Finally, since all the learnt attractors (as long as dE > 2) are diffeomorphic
to the actual Lorenz 63 model, we show in Fig. 4.5 that we can map them to the actual
Lorenz 63 Attractor only using an affine transformation (statistically, since some runs fail
to be mapped to the true Lorenz using an affine transformation. However, the proportion
of these runs is around 20% and they can be mapped to the true Lorenz using a linear
quadratic model instead). This result can be interpreted as follows. Given a single generic
observation, we only need 3 variables to model the Lorenz attractor (this result is shown
in the learning convergence figure above and can be easily verified using state-of-the-art
techniques such as the FNN), one may expect a strong relationship between the Latent
variables of different NbedDyn architectures with dE > 2. We show that this relationship
is linear (up to modeling errors) and more importantly, is also linear with respect to the
true unseen underlying dynamics.

4.4.3 Modeling Sea Level Anomaly (SLA)

The data-driven identification of dynamical representations of real data is an extremely
difficult task especially when the underlying processes involve non stable behaviors such as
chaotic attractors. This is mainly due to the fact that we do not have any exact knowledge
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(a) (b)

(c) (d)

Figure 4.5 – Mapping the NbedDyn attractors to the True Lorenz Attractor:
an affine transformation is trained to map the NbedDyn attractor to the true Lorenz
attractor. We show in figures (a) to (d) that the relationship between the embeddings
unfolded by our architecture for different dimensions of the augmented space ranging from
dE = 3 to dE = 6 respectively is linear (up to modeling errors) and more importantly, is
also linear to the true unseen dynamics.
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Model t0 + h t0 + 2h t0 + 4h

AF RMSE 0.036 0.049 0.067
Corr 98.93% 96.97% 93.99%

SR RMSE 0.014 0.021 0.037
Corr 99.42% 97.63% 90.91%

Latent-ODE RMSE 0.030± 0.05 0.031± 0.031 0.040± 0.040
Corr 98.20%± 0.39% 97.39%± 0.36% 93.42%± 0.55%

RNN RMSE 0.026± 0.003 0.038± 0.007 0.053± 0.016
Corr 98.36%± 0.40% 95.29%± 1.73% 74.97%± 5.75%

NbedDynZERO RMSE 0.016± 0.0 0.023± 0.0 0.038± 0.0
Corr 99.44%± 0.0% 97.71%± 0.0% 91.18%± 0.0%

NbedDyn RMSE 0.002± 0.0003 0.006± 0.001 0.020± 0.004
Corr 99.99%± 0.0017% % 99.91%± 0.01% 99.01%± 0.04%

Table 4.2 – SLA Forecasting performance on the test set of data-driven models:
RMSE and correlation coefficients for different forecasting time-steps.

of the closed form of the equations governing the temporal evolution of our variables.
Furthermore, the measured quantity may depend on other unobserved variables which
makes the exploitation of data-driven techniques highly challenging.

In this context, we report an application to SLA (Sea Level Anomaly) dynamics, which
relates to upper ocean dynamics and are monitored by satellite altimeters (Calmant et al.
2008). Sea surface dynamics are chaotic and clearly involve latent processes, typically
subsurface and atmospheric processes. The dataset used in our experiments is a SLA time
series obtained using the WMOP product (Juza et al. 2016). The spatial resolution of our
data is a 0.05° and the temporal resolution h = 1 day. We use the data from January 2009
to December 2014 as training data and we tested our approach on the last month of the
year 2014. The considered region is located on south Mallorca (2.5°E to 4.25°E, 37.25°N
to 39.5°N). Finally, and in order to identify a ROM, we mapped our data through a
projection defined offline using a PCA as follows: at =M(xt) ∈ Rk with k = 15 which
amounts to capture 92% of the total variance (hereM is simply a linear PCA projection).

We report forecasting performance for our model and include a comparison with
analog methods (AF), Sparse regression (SR), LSTM (RNN) and a neural ODE setting
(Latent-ODE) in Tab. 4.2 (The results of the neural networks based models were averaged
over 5 runs). Regarding the proposed NbedDyn model we consider an augmented latent
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space with dE = 60. Our model clearly outperforms the three benchmarked schemes with
a very significant gain for the forecasting performance at one day (relative gain greater
than 90 %) and two days (relative gain greater than 90 %). For a 4-day-ahead forecasting,
our model still outperforms the other ones though the gain is lower (relative gain of 40%).
In order to illustrate the influence of adding extra dimensions to define an augmented
latent space on real data, we show in Fig. 4.6 the convergence of the solution in terms of
forecasting performance as a function of the dimension of the embedding. We also tested
the proposed NbedDyn model directly on the PCA space (dE = k = 15) this model is
referred to as NbedDynZERO and the influence of the latent components is clear from the
results given in Tab. 4.2. We report a relative gain up to 90 % with respect to the same
model directly applied onto the PCA space. We let the reader refer to the Supplementary
Material for a more detailed analysis of these experiments, including visual comparisons of
the forecasts.

Unfortunately, the long-term reproduction of the dynamics of the Sea Level Anomaly
fails using the proposed and all the tested data-driven models. Specifically, the simulation of
the NBedDyn model diverges to infinity after around 200 days, this can be interpreted from
a dynamical systems perspective as the learnt model forecasts a transient of an unstable
limit-set. This transient is close in its first prediction times to the true state making the
model relevant for short-term prediction applications, the long-term reproduction of the
dynamics on the other hand is not achieved by the NBedDyn since the model shows a
different asymptotic behavior than the SLA observations. This blowup is mainly due
to the fact that the proposed framework is highly under-constrained when comparing
to identification schemes where the true state vector 3 is fully described. In this respect,
we will investigate in the next chapter the implementation of elementary conservation
constraints that i) are present in the true underlying dynamics and ii) will guarantee the
long-term boundedness of the approximate model.

4.5 Discussion
In this work, we address the data-driven identification of latent dynamics for systems

which are only partially observed, i.e. when some components of the system of interest
are never observed. The reported forecasting performance for Lorenz-63 dynamics is in
line with the forecasting performance of state-of-the-art learning-based approaches for a

3. Or, in general, a sufficient number of generic variables are provided as observations.
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Figure 4.6 – Convergence of the proposed NbedDyn architecture as a function
of the dimension of the augmented space in the SLA case study: Evolution of
the short-term forecast performance of the NbedDyn model as a function of the dimension
of the embedding.
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noise-free and fully-observed setting. This is of key interest for real-world applications,
where observing systems most often monitor only some components of the underlying
systems. As a typical example, the SLA forecasting experiment clearly motivates the
proposed framework in the context of ocean dynamics for which neither in-situ nor satellite
observing systems can provide direct observations for all state variables (e.g., subsurface
velocities, fine-scale sea surface currents).

We may also further discuss how the proposed framework relates to state-of-the-art
dynamical system theory approaches. Most of these approaches rely on delay embedding,
as Takens’ theorem states the existence of a delay embedding in which the topological
properties of the hidden dynamical system are equivalent to those of the true systems
up to a diffeomorphic mapping. Hence, state-of-the-art approaches typically combine
the selection of a delay embedding representation within classic regression models to
represent the one-step-ahead mapping in the considered embedding. Here, we consider
latent dynamics governed by an unknown ODE (4.4) but we do not explicitly state the
latent space. This is however implicit in our forecasting framework. By construction, the
considered forecasting model relies on the integration of the learnt ODE (4.4) from an
initial condition given as the solution of minimization (4.7). Let us consider the following
embedding ψ such that:

ψ ({xt}t0:T ) = arg min
uT

min
{ut}t<tf

tf∑
t=t0+h

‖xt −M−1(G (Φθ,t (ut−h))) ‖2

+ λ‖ut − Φθ,t(ut−h)‖2

(4.9)

Given this embedding, the resulting one-step-ahead forecasting for the observed variable
may written as:

xtf+h =M(G
(
Φθ,tf+h

(
ψ
(
{xt}t=t0:tf

)))
) (4.10)

Hence, ψ defines a delay embedding representation implicitly stated through minimization
(4.7). In this embedding, the dynamics of the observed system x is governed by the
composition of observation operator G and forecasting operator Φθ,t.

The proposed augmented ODE formulation does not suppose any prior knowledge
on the underlying dynamics responsible for the temporal evolution of the observations.
This can lead in some cases (especially when working on chaotic dynamics) to output a
dynamical representation that has several attracting regions in addition to the one leading
to the observations limit-set. This can lead to inappropriate results when trying to find
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an initial condition that forecasts a given observation sequence. The idea of using the
manifold spanned by the augmented training data allows to bypass this issue but we believe
that adding additional constraints (energy preserving constraints, known symmetries in
the models etc.) can significantly improve the quality of the learnt dynamical models.

From this viewpoint, further works will consider avoiding blowups of the proposed
NbedDyn model as discussed in the SLA experiment. Indeed, in order for the model to
be relevant in simulation and data assimilation of sea surface variables, guaranteeing a
faithful reproduction of the observations behaviour through the steady state of the learnt
model passes first through constraining the long-term boundedness of the system. In
the next chapter, we will discuss how to explore and implement such constraints on the
proposed model.

Additional further explorations can tackle methodological aspects, especially the
application to high-dimensional and stochastic systems. In the considered framework,
operatorM is stated as an identity operator on the observed component of state ut or as
a simple PCA projection. Although for the geosciences community, using PCA to reduce
the dimensionality is motivated by the Galerkin derivation of reduced order models from
complex high dimensional governing partial differential equations (Holmes et al. 2012),
using auto-encoders have shown promising results in discovering optimal coordinates when
trained jointly with a dynamical system. The combination of the proposed framework
with the variational setting considered in the Latent-ODE model (T. Q. Chen et al. 2018)
also appears as an interesting direction for future work.

The extension to stochastic systems through the identification of a Stochastic ODE
is also of key interest, for instance for future applications of the proposed framework to
geophysical random flows, especially to the simulation and forecasting of ocean-atmosphere
dynamics in which stochastic components naturally arise (Chapron et al. 2018).
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... if this intellect were also vast enough to submit these
data to analysis, it would embrace in a single formula the
movements of the greatest bodies of the universe and those
of the tiniest atom; for such an intellect nothing would be
uncertain and the future just like the past would be present
before its eyes.

Pierre Simon Laplace

Chapter 5

Constrained Neural Dynamical
Embedding

The complexity of real world systems lies, among others considerations, in the fact
that the variability present in the observations depends on several hidden variables 1. For
example, when considering upper ocean dynamics and as discussed in the previous chapter,
the variability of a given phenomenon at the surface of the sea depends on numerous states
evolving jointly in the context of global ocean variability. This variability may be even
coupled to the atmosphere which adds an other layer of complexity. In this context, the
identification of the dynamics of some given observations, without taking into account the
impact of these unobserved states, is usually limited to short-term forecasting applications.
The fact that the encountered trajectories are chaotic also makes the identification problem
extremely challenging since no prior characterization of the dynamics could be involved
in the design of the model. In the previous chapter, we introduced a new idea regarding
learning models and latent representations of partially observed systems. Unfortunately,
the proposed NbedDyn architecture seems under-constrained when considering chaotic
systems as learning both the latent states as well as the dynamical model based on a
short-term forecasting cost does not guarantee the model to satisfy elementary conservation
constraints, leading to energy blowups. In this chapter we will tackle this issue through
explicitly enforcing the boundedness of the NbedDyn.

1. This chapter is an extension of paper (Said Ouala et al. 2019)
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5.1 Background and Related Works

When considering the data-driven identification of dynamical systems given some obser-
vation data, and despite the fact that this domain has been widely studied in the literature,
recent advances in data-driven modeling, especially in optimization techniques, machine
learning and neural networks address the learning of data-driven representations of dynami-
cal systems as relevant alternatives to model driven strategies for applications ranging from
system identification (Steven L. Brunton et al. 2016c), forecasting (Braakmann-Folgmann
et al. 2017), reconstruction (Said Ouala et al. 2018a) and control (Steven L Brunton et al.
2016b).

When considering observation data issued from an a priori complex field as encountered
in ocean, atmosphere and climate science, these powerful tools should be considered with
care to account for the proper features of the underlying dynamics. For instance, when
considering the data-driven identification of an Ordinary Differential Equation (ODE)
from a set of observations xt ∈ Rn, where t ∈ {t0, ..., T} is the temporal sampling and
n the dimension of our observation space, the first question to answer is the existence
(or not) of an appropriate ODE mapping in the observation space. For fully-observed
systems, i.e. when the observed variables xt are governed by an ODE or are related to
some underlying states zt that are governed by an ODE according to a diffeomorphic
mapping, recent advances (Steven L. Brunton et al. 2016c; R. Fablet et al. 2018; Nguyen
et al. 2019) have shown that one can identify the governing equations of the dynamics
of z from a representative dataset of observations {xti}i. However, in the more general
cases, it is more likely that our observations depend (possibly in a non-linear fashion) on
unobserved latent variables that make the underlying dynamical model evolve in a higher
dimensional space Rs with s > n. Under the assumption that the relationship between
the observed and unobserved variables can not be decoupled, it is rigorously impossible to
find an appropriate one-to-one mapping governed by an ODE in the observation space Rn.
In the latter case, classical approaches do not apply since no ODE or, more generally, no
one-to-one mapping defined in the observation space can represent the time evolution of
the observations.

In this context, Takens theorem states the conditions under which a delay embedding
representation guarantees the existence of governing equations in the embedded space
(Takens 1981). This technique was initially used as a geometrical reconstruction technique
of the higher dimensional unobserved limit-set. The derivation of a dynamical system from
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such a representation, on the other hand, encountered large disparities since no explicit
relationships between the defined phase space and an ODE formulation have been clearly
identified.

The identification of an embedding of the observations parametrized by an ODE as pro-
posed in the previous chapter appears to be an interesting trade-off between reconstructing
the phase space of the unseen dynamical system and forecasting the observations through
the parametric ODE. However, this formulation is limited when considering generalization
issues above the limit-set described by the observations. From a topological point of view,
and without loss of generality, one can expect an ODE representation of a bounded observed
phenomenon to i) be bounded, ii) only include the limit-set describing the observations
in a higher dimensional space with a reasonable attracting region. Unfortunately, those
characteristics relate to some physical and mathematical constraints that define trapping
regions of limit-sets. The optimization criterion as proposed in the previous chapter does
not guarantee those elementary constraints which severely affects the generalization quality
of the models. In this context, we propose a new implementation of the learning algorithm
that allows to enforce prior knowledge such as physical constraints. We focus on chaotic
dynamics and propose to implement boundedness constraints based on a generalization of
the direct Lyapunov stability method. Specifically, we propose to learn an ODE-based
model in an embedding of the observations where the ODE is forced to be bounded using
a generalization of the direct Lyapunov method. We show on realistic case-studies that
once these constraints are satisfied, our architecture can reproduce realistic trajectories
with respect to the training data using a closed-loop prediction setting. The boundedness
of the model also guarantees that the trained model generalizes to any initial condition
even if given outside the attractor spanned by the training sequence. The later property
is extremely important since the generalization performance of data-driven models on
regression tasks is far from being a straightforward property. We illustrate the forecasting
of the trained models with respect to state-of-the-art forecasting techniques on several
case studies, namely the Lorenz 63, Lorenz 96 and the shallow water equation dynamics.
Regarding the data-driven identification of climate and ocean dynamics, we believe that
this work provides an initial playground for learning consistent models in terms of long-term
forecast through the implementation of physical constraints issued from prior knowledge
of the conservation laws governing the dynamics.
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5.2 From Stability to Boundedness, in the context of
identification

Recently, the idea of merging both machine learning techniques and white box modeling
has been discussed in several works (Maziar Raissi et al. 2019), the aim here is to force
data-driven models to satisfy some elementary constraints present in the underlying
system. These constraints usually have a positive impact on the long-term stability and
generalization performance of the trained models. This section introduces some usual
stability criteria used in the analysis of non-linear models. The implementation of these
criteria is briefly discussed. We finally focus on boundedness constraints as they can be
used to regularize the learning of chaotic dynamics.

5.2.1 stability of limit-sets

Let us assume a continuous s-dimensional dynamical system zt governed by an au-
tonomous ODE żt = f(zt) with Φt the corresponding flow Φt(zt0) = zt0 +

∫ t
t0
f(zw)dw with

trajectories that are asymptotic to a limit-set L of dimension d contained in Rs.
Stability theory addresses the characterization of the asymptotic behavior of a set

of solutions of a differential equation with respect to a given limit-set L. Formally, and
assuming for the sake of simplicity that L is an equilibrium point zeq, we may distinguish
the following stability definitions

— The equilibrium point zeq is globally (respectively locally) stable if ∀z0 ∈ Rs (respec-
tively z0 ∈ U ⊂ Rs), Φt(z0) −→ zeq + ε with |ε| > 0 and finite;

— The equilibrium point zeq is globally (respectively locally) asymptotically-stable if
∀z0 ∈ Rs (respectively z0 ∈ U ⊂ Rs), Φt(z0) −→ zeq;

— The equilibrium point zeq is globally (respectively locally) exponentially-stable if
∀z0 ∈ Rs (respectively z0 ∈ U ⊂ Rs), |Φt(z0)− zeq| ≤ C|z0 − zeq|e−αt.

Informally, we may state that a limit-set is i) stable if two nearby trajectories stay nearby
by the action of the vector field, ii) asymptotically stable if a sufficiently close trajectory
is attracted to the limit-set, and finally iii) exponentially stable if a trajectory converges
with an exponential decay rate.

Depending on the limit-set of a given ODE, several methods can be envisaged to
state about its stability. A great introduction of classical stability criteria is given in
(Thomas S. Parker et al. 1989c), starting from the classical eigenvalues of a linear (or
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linearised) system around an equilibrium point and finishing with the Lyapunov exponents.
From an identification perspective, and given some observation data, the above stability
criteria can be forced as constraints either to reproduce an observed asymptotic behaviour
or in order to avoid blowups, such as encountered in the previous chapter, as long as the
the attractor revealed by the observations is not strange i.e. chaotic. Chaotic solutions of
differential equation are only revealed through criteria that exploit long simulations of
the system such as Lyapunov exponents and thus, can not be characterized based on the
dynamical equation (such as the eigenvalues of an equilibrium point). Furthermore, using
Lyapunov exponents in the context of identification (as a loss function for instance) is
unfortunately almost impossible since one should estimate this exponent through a large
number of evaluations of the approximate ODE, making backpropagation intractable.

To summarise the above sentences, we may state that one can not constrain explicitly
a system to be chaotic, simply by looking or manipulating its differential equation. We
are emphasising this point since the main systems and behaviours encountered in this
thesis, and more generally in geosciences, are chaotic and utilizing a direct constraint to
force systems to have this type of behaviour would have been the dream. Alternatively,
we propose to relax the problem by moving from constraining chaos to constraining
the boundedness of a system. Such constraint although general to every single limit-
set mentioned above, will allow avoiding blowups encountered in the previous chapter.
Furthermore, and as highlighted by (Thomas S. Parker et al. 1989c), this constraint is
natural to every single observed system as from an experimentalist perspective, blowups
can not be observed in nature due to real world considerations. For this purpose, we start
by introducing the direct Lyapunov stability criterion since it provides global stability
properties on non-linear dynamics. A generalization of this approach to the boundedness
of linear quadratic ODEs as proposed in (Schlegel et al. 2015) is then presented.

5.2.2 Lyapunov stability of dynamical systems

The direct Lyapunov stability method (Lyapunov 1992) was introduced to study the
stability of any dynamical system that admits an equilibrium point at the origin. It uses a
scalar function of the state as follows:

V (z) = 0 if and only if z = 0
V (z) > 0 if and only if z 6= 0
V̇ (z) ≤ 0 ∀z 6= 0

(5.1)
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If V (z) satisfies the above conditions ∀z ∈ Rs (respectively ∀z ∈ U ⊂ Rs) the system is
globally (respectively locally) stable. Furthermore, if V̇ (z) < 0 ∀z 6= 0 the asymptotic
stability of the system is also guaranteed.

The power of such a criterion resides in the fact that it can be applied directly on
any non-linear model without resorting to any linearisation. Furthermore, this method
linked several types of stability. Finding an appropriate function is in the other hand far
from being straightforward and several works proposed candidate Lyapunov functions for
various types of problems.

5.2.3 Generalization to boundedness of LQM

The direct Lyapunov stability method is restricted to dynamical systems with an
equilibrium point at the origin. This property is restrictive since it does not apply to
other dynamical regimes such as periodic and chaotic orbits. Furthermore, the choice of
the Lyapunov function being non systematic, investigating data-driven representations
based on a direct Lyapunov constraint seems at first sight, reserved to a small class of
parametric models. Fortunately, (Schlegel et al. 2015) proposed a generalization of the
direct Lyapunov method on a class of parametric differential equations for which the
choice of the Lyapunov function is systematic and derived a condition for the existence of
a globally attracting trapping region in the phase space.

A trapping region is a domain in the phase space where each trajectory once entered
will remain forever. When this region is globally attractive, all trajectories in the phase
space will converge to the trapping region. Finally, a trapping region can contain a single
or multiple limit-sets. The class of models for which the proposed criterion in (Schlegel
et al. 2015) is valid are linear quadratic models (LQMs). They can be encountered for
instance by a spectral discretization of the Navier-Stokes equation and thus, are quite used
in the context of Reduced Order Modeling (ROM). Formally, as proposed in (Schlegel
et al. 2015), let us rewrite the dynamical system governing z as a linear quadratic model

żt = c+ Lzt + [zTt Q(1)zt, ..., zTt Q(s)zt]T (5.2)

where c ∈ Rs, L ∈ Rs×s and Q(n) = [qn,i,j]si,j=1, n = 1, ..., s, represents the n symmetric
quadratic matrices. These matrices are supposed to be energy preserving i.e.

qij,k + qji,k + qki,j = 0, i, j, k = 1, ..., s (5.3)
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Let us also consider a shifted variable z = z−m with m ∈ Rs an arbitrary state. The
dynamical equation of the shifted state can be written as

żt = d+ Azt + [zTt Q(1)zt, ..., z
T
t Q

(s)zt]T (5.4)

with
d = (ci +

s∑
j=1

lijmj +
s∑

j,k=1
qijkmjmk)si=0 (5.5)

and
A = (lij +

s∑
k=1

(qi,j,k + qi,k,j)mk) (5.6)

The evolution of the fluctuation energyK = 1
2
∑s
i=1 z

2
i of the shifted system is considered

as a Lyapunov function. The time derivative of this quantity can be written as:

K̇ = [∇zK]T ż = zTA∗z + dT z (5.7)

where A∗ = 1
2(A+AT ). The contribution of the quadratic terms to the fluctuation energy

K is zero due to the energy preserving condition. A sufficient condition for the existence
of a monotonically attracting trapping region is the existence of a finite m such that A∗

has only negative eigenvalues. In the next section we show how to enforce this condition
in order to learn long-term bounded dynamical models.

5.3 Bounded NbedDyn

This section briefly reviews the Neural Embedding of Dynamical Systems —NbedDyn—
as proposed in the previous chapter. We then introduce the constrained model.

5.3.1 Neural Embedding of Dynamical Systems

Let us consider a dynamical system governed by an autonomous ODE:

żt = f(zt) (5.8)
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For most applications, the true state zt ∈ Rs of the system is unknown and we are only
provided a series of observations {xt}:

xt = H(zt) (5.9)

where H : Rs → Rn is an observation operator that does not satisfy the conditions (Sauer
et al. 1991) under which the predictable deterministic dynamics expressed in the space of
z are still deterministic in the observation space.

The NbedDyn technique tackles this problem by searching an augmented space, where
the states are governed by diffeomorphic flows and can be mapped to the observations
xt. For any given operator H of a deterministic dynamical system, Takens theorem
(Takens 1981) guarantees that such augmented space exists. However, instead of using a
delay embedding, NbedDyn defines a dE-dimensional augmented latent space with states
ut ∈ RdE as follows:

uTt = [M(xTt ),yTt ] (5.10)

where yt ∈ RdE−n presents the information of the unobserved components of the true
latent state zt. Similarly to the previous chapter,M is an order reduction operator such
asM(xt) ∈ Rr with r ≤ n. The corresponding dynamics and observation operator are
defined as:

u̇t = fθ(ut) (5.11)

xt =M−1(G(ut)) (5.12)

where the dynamical operator fθ belongs to a family of operators parametrized by a
parameter vector θ. Using an integration scheme, we can associate fθ with a one-step-
ahead diffeomorphic mapping:

Φθ,t(ut−1) = ut−1 +
∫ t

t−1
fθ(ut−1) (5.13)

From Eqs. (5.11), (5.12) and (5.13), we define a state space model: ut = Φθ,t(ut−1)
xt = M−1(G(ut))

(5.14)

with G a projection matrix that satisfiesM(xt) = G(ut). Given an observation time series
{x0, . . . ,xT}, the Neural Embedding of Dynamical Systems model aim at minimizing
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the forecasting error of the observations with respect to the model parameters and the
augmented states as follows:

θ̂,y1:T = arg min
θ

min
{yt}t

T∑
t=1
‖xt −M−1(G (Φθ,t (ut−1))) ‖2

+ λ‖ut − Φθ,t(ut−1)‖2 (5.15)

with λ a trade-off parameter. The ODE operator fθ is stated as a linear quadratic neural
network and the corresponding flow map Φθ,t is a neural network based on a numerical
integration scheme formulation (typically a 4th-order Runge-Kutta scheme).

5.3.2 Constrained Dynamical Embedding

The linear quadratic form of the model fθ is suitable for the identification of reduced
order models of incompressible flows as it can be seen as a low dimensional approximation
of the Navier-Stokes equation. Furthermore, this architecture makes the application of the
attracting trapping region condition, introduced in the previous section, tractable since not
relying on long-term simulations. Formally, we can formulate the operator fθ as follows:

u̇t = c+ Lut + [uTt Q(1)ut, ...,uTt Q(s)ut]T (5.16)

The above approximate model is shifted according to u = u −m with m ∈ Rs. The
approximate dynamical equation of the shifted state can be written as

u̇t = d+ Aut + [uTt Q(1)ut, ..., u
T
t Q

(s)ut]T (5.17)

with
d = (ci +

s∑
j=1

lijmj +
s∑

j,k=1
qijkmjmk)si=0 (5.18)

and
A = (lij +

s∑
k=1

(qi,j,k + qi,k,j)mk) (5.19)
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The training setting comes to jointly learn the model parameters θ = {c, L,Q,m} and the
latent states y according to the following constrained optimization problem

θ̂,y1:T = arg min
θ

min
{yt}t

T∑
t=1
‖xt −M−1(G (Φθ,t (ut−1))) ‖2

+ λ‖ut − Φθ,t(ut−1)‖2

+ λ1C1

+ λ2C2

(5.20)

with

C1 =
s∑

i,j,k=1
‖qi,j,k + qi,k,j + bj,i,k + bj,k,i + bk,i,j + bk,j,i‖2

C2 =
s∑
i=1
‖Max(αi, 0)/Max(αi + 1, 0)‖2

(5.21)

with αi, i = 1, ..., s the eigenvalues of the matrix A∗ = 1
2(A + AT ). This loss function

corresponds to initial NbedDyn loss given by the equation (5.15) with two additional
constraints C1 and C2. The first constraint C1 steams from the energy preserving condition
given in equation (5.3). It encourages the contribution of the quadratic terms of fθ to the
fluctuation energy to sum up to zero. In this case, the quadratic coefficients are responsible
for redistributing the perturbation energy in directions of positive and negative energy
growth that are defined by the eigenvalues of the matrix L (Schlegel et al. 2015). The
second constraints, C2, when minimized to zero, ensures that the eigenvalues of A∗ are
negative. Satisfying these constraints guarantees that the model fθ is bounded through
the existence of an attracting trapping region that includes the limit-set revealed by the
minimization of the forecasting loss.
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5.4 Related works

Physics-informed data-driven dynamical representations In the context of
dynamical model identification, several works successfully showed that including physical
and mathematical considerations in the design and learning of data-driven representations
of dynamics have a positive impact on the data-driven models. (Steven L. Brunton
et al. 2016c) for instance proposed a sparse regression framework for the derivation of
interpretable dynamical representations from data. (Loiseau et al. 2018) upgraded this
framework to satisfy some a priori physical constraints such as known terms and energy
preserving terms. From a neural networks perspective, and after the huge effort in
understanding residual networks as numerical integration schemes of differential equations,
the neural ordinary differential equations work by (T. Q. Chen et al. 2018) has shown
great success in merging the representative power of neural networks and the intractability
of classical ODE identification techniques.

Stability of dynamical systems Some recent works also investigated learning Lya-
punov functions of dynamical system in the context of control such as in (Taylor et al.
2019) or to force the stability around a global equilibrium point such as in (Manek et al.
2020). The proposed work in the other hand differs fundamentally from such state-of-the-
art techniques since the design goal of this work is not stability but boundedness. The
latter property allows our framework to be applicable given any type of limit-set and not
restricted to equilibrium points.

5.5 Applications

We aim to learn both a dynamical representation of given time series, as well as the
corresponding embedding of the time series in a higher dimensional space. Since both
the dynamics and the full observable state are unknown, constraining the boundedness
of the model is essential in order to approach the dynamics. We show the interest of the
proposed framwork in several case studies. The identification of the Lorenz 63 model when
only the first component of the Lorenz state is known. We proceed similarly on the 40
dimensional state space Lorenz 96 dynamics, with the first 20 states as observations. We
also consider a patch of a simulation of the shallow water equation.
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5.5.1 Lorenz 63

The Lorenz-63 dynamical system is a 3-dimensional model governed by the following
ODE: 

dzt,1
dt = σ (zt,2 − zt,2)
dzt,2
dt = ρzt,1 − zt,2 − zt,1zt,3
dzt,3
dt = zt,1zt,2 − βzt,3

(5.22)

Under parametrization σ = 10, ρ = 28 and β = 8/3, this system involves chaotic dynamics
with a strange attractor (Edward N. Lorenz 1963).

We simulate Lorenz-63 state sequences using the LOSDA ODE solver (Hindmarsh
1983) with an integration step of 0.01. We assume that only the first Lorenz-63 variable is
observed xt = zt,1. We apply the proposed framework to this experimental setting using a
training sequence of 4000 time-steps.

Parametrization of the data-driven models : For benchmarking purposes, we
perform a quantitative comparison with state-of-the-art approaches using delay embedding
representations (Takens 1981). The parameters of the delay embedding representation,
namely the lag τ and the dimension dE of the augmented space were computed using
state-of-the-art techniques. Specifically, the lag parameter was computed using both the
mutual information and correlation techniques (H. D. I. Abarbanel 1996b), respectively
denoted as τMI and τCorr. Regarding the dimension of the embedding representation, we
used the Whitney’s embedding condition dE = 2d+ 1 with d the dimension of the hidden
limit-set. The delay embedding dimension was also computed using the False Nearest
Neighbors (FNN) method (H. D. I. Abarbanel 1996a). We also tested arbitrary parameters
for the delay embedding dimension. Given the delay embedding representation, we tested
the Sparse Regression (SR) method on a second order polynomial representation of the
delay embedding states. Regarding deep learning models, we compare our method to a
stacked Bidirectional LSTM (RNN) and to the Latent-ODE model (T. Q. Chen et al.
2018). The proposed framework, is tested with a dimension of the augmented state space
dE = 3 and is optimized based on i) the initial NbedDyn formulation presented in the last
chapter (i.e. using the optimization criterion represented by (5.15)) ii) the constrained
version introduced above illustrated by the equation (5.20).

Forecasting performance of the proposed data-driven models: We evaluate
in table 5.1 the performance of the learning criterion based on the comparison of the
short-term forecast, as well as the topological structure of the limit-sets illustrated for
instance through the largest Lyapunov exponent.
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Model t0 + h t0 + 4h λ1 λ1

SR

τMI =16, dE(FNN) = 3 2.8E − 2 1.4E − 1 NaN NaN
τMI =16, dE(Takens) = 6 1.3E − 1 3.0E − 1 NaN NaN
τCorr =27, dE(FNN) = 3 6.6E − 1 2.9 NaN NaN
τCorr =27, dE(Takens) = 6 1.9E − 1 9.0E − 1 NaN NaN
τ = 6, dE = 3 4.0E − 3 0.02.7E − 2 NaN NaN
τ = 10, dE = 3 0.01.3E − 2 0.07.3E − 2 NaN NaN

Latent-ODE 6.5E − 2± 4.4E − 2 1.5E − 1± 1.1E − 1 NaN NaN

RNN 2.7E − 1± 5.7E − 2 3.1E − 1± 1.4E − 1 −5.4± 0.0
NbedDyn dE = 3 8.8E-5 ± 2.9E-5 5.8E-4 ± 1.2E-4 0.88 ± 0.02 NaN
Constrained NbedDyn dE = 3 1.2E-4 ± 4.1 E-5 3.5E-4 ± 7.4 E-5 0.91 ± 0.02 0.90 ± 0.02

Table 5.1 – Forecasting performance on the test set of data-driven models for
Lorenz-63 dynamics where only the first variable is observed: first two columns :
mean RMSE for different forecasting time-steps, third column : largest Lyapunov exponent
of a predicted series of length of 10000 time-steps (The true largest Lyapunov exponent of
the Lorenz 63 model is 0.91 (Sprott 2003)).

Regarding the short-term forecast, both versions of the NbedDyn model outperform
classical state-of-the-art techniques in terms of RMSE. The constrained version is slightly
worst than the unconstrained one due to the additional boundedness terms in the opti-
mization criterion. Furthermore, when considering the attractor reconstruction based on a
long-term simulation of the data-driven models, when the initial condition is inside the
spanned manifold of the augmented states, the dynamical model optimized using criterion
(5.15) gives trajectories that are bounded and with similar topological characteristics to
the true Lorenz 63 model. However, when the initial condition is far from the spanned
manifold, the model optimized by the equation (5.15) diverges to infinity. From a machine
learning perspective, this is the direct consequence of a poor generalization performance
to states that are far from the attractor spanned by the training data. From a dynamical
systems point of view, our model contains several attracting regions of chaotic and unstable
solutions and when the initial condition is far from the spanned attractor, the state evolu-
tion is dominated by positive energy growth which makes our model diverge to infinity.
The constrained model in the other hand, satisfies elementary conservation constraints
that are present in the actual Lorenz 63 system and leads to a bounded behavior with a
larger attracting region of the chaotic limit-set.

Qualitative analysis of the proposed schemes: We also illustrate these conclu-
sions through a forecasting example in Figure 5.1. When starting from an initial condition
inside the attractor, both the NbedDyn and the Constrained NbedDyn models end up with
a forecasted limite-set that is similar to the true Lorenz attractor. When starting from
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NbedDyn model

True Lorenz 63 model

Scenario 1 (S1) :

Initial condition inside the attractor

Scenario 2 (S2) :

Initial condition outside the attractor

Constrained NbedDyn model

Figure 5.1 – Forecasting performance of the data-driven models under different
initial conditions: first row, NbedDyn model as proposed in the previous chapter; second
row, proposed constrained NbedDyn model; third row, True Lorenz 63 model.

an initial condition that is far from the the spanned attractor, the classical NbedDyn as
proposed the previous chapter diverges to infinity. By contrast, enforcing the boundedness
constraints to the model significantly improves the generalization performance to states
beyond the attractor spanned by the training data.

5.5.2 Lorenz 96

The Lorenz-96 system involves propagation-like dynamics governed by:

dzt,i
dt

= (zt,i+1 − zt,i−2)zt,i−1 + A (5.23)

with periodic boundary conditions (i.e. Xt,−1 = Xt,s and Xt,s+1 = Xt,1). The time-step h
is set to 0.01, the dimension of the true state s is set to 40 and A = 8.

The Lorenz-96 state sequences was also simulated using the LOSDA ODE solver
(Hindmarsh 1983) with an integration step of 0.01. We assume that only the first 20 states
of the Lorenz-96 variables are observed xi,t = zi,t, i = 1, ..., 20. We apply the proposed
framework to this experimental setting using a training sequence of 4000 time-steps.

Parametrization of the data-driven models : The proposed framework, is tested
with a dimension of the augmented state space dE = 40. Similarly to the Lorenz 63
experiment, both the constrained and unconstrained versions of the model are compared
to the sparse regression technique, to a stacked bidirectional LSTM (RNN) and to the
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Latent-ODE model (T. Q. Chen et al. 2018)).

Model t0 + h t0 + 4h λ1 λ1

SR( τMI ) > 10 > 10 NaN NaN
SR( τCorr ) > 10 > 10 NaN NaN

Latent-ODE 0.262 ± 2.08E-1 0.560 ± 3.7E-1 NaN NaN
RNN 0.186 ± 3.6E-2 0.231 ± 5.7E-2 5.091 ± 1.856 2.451 ± 2.092
NbedDyn 0.009 ± 2.4E-3 0.293 ± 6.4E-2 NaN NaN
Constrained NbedDyn 0.012 ± 2.3E-3 0.036 ± 6.9E-3 1.211 ± 1.32E-1 1.399 ± 6.6E-2

Table 5.2 – Forecasting performance on the test set of data-driven models for
Lorenz-96 dynamics where only the first 20 state variables are observed: first
two columns : mean RMSE for different forecasting time-steps, third column : largest
Lyapunov exponent of a predicted series of length of 10000 time-steps (The true largest
Lyapunov exponent of the Lorenz 96 model is 1.67 (Brajard et al. 2020)).

Forecasting performance of the proposed data-driven models: Similarly to
the Lorenz 63 experiment, both versions of the NbedDyn model outperform classical
state-of-the-art techniques in terms of short-term forecast RMSE. Furthermore, when
considering the attractor reconstruction based on long-term simulation of the data-driven
models, the constrained version of the NbedDyn model is the only model able to unfold the
Lorenz 96 attractor. The other data-driven models, including the unconstrained NbedDyn
either diverge to infinity or generate trajectories that does not match the the Lorenz 96
hidden attractor (illustrated through the largest Lyapunov exponent).

Qualitative analysis of the proposed schemes: We further illustrate the quanti-
tative analysis conclusions through the visual comparison of the power spectral density as
well as a forecasting example in figures 5.2 and 5.3 respectively. The proposed architecture
shows a better match to the true trajectory both in the temporal and spectral domains.
Specifically, the constrained NbedDyn trajectory, although diverging from the ground
truth (due to the chaotic nature of the attractor), keeps a similar spatio-temporal behavior
illustrated by the prediction example in Fig. 5.3 as well as the spectrum in Fig. 5.2.
Interestingly, this performance is mainly due to the boundedness constraints since the
unconstrained version, and even using the same model, diverges to infinity after a short
time. The RNN trajectories decently capture the frequencies of the true states but fail
spatially to reproduce the Lorenz 96 dynamics in the phase space.
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(a) (b)

Figure 5.2 – Mean Power Spectral Density (PSD) of the data-driven models
with respect to the ground truth. (a) Mean PSD of the constrained NbedDyn model;
(b) Mean PSD of the RNN model. The unconstrained NbedDyn trajectories diverge after
a short forecasting time thus, its PSD is omitted.

(a) (b) (c)

Figure 5.3 – Forecasting performance of the models with respect to the ground
truth. The forecasting performance of the constrained NbedDyn model, the unconstrained
NbedDyn model and the RNN are illustrated in (a), (b) and (c) respectively.
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5.5.3 Patch Shallow Water Equation (PSWE)

The direct numerical simulation of the two-dimensional shallow-water equation was
carried using a finite differences method. The length of the domain is set to 1000km×
1000km with a corresponding regular discretization of 80× 80. The temporal step size was
set to satisfy the Courant–Friedrichs–Lewy condition (h = 40.41 seconds). As training
data, we took a patch of size 250km× 250km in the center of the 2D domain. We use the
first 49701 time-steps as training data. The training data was projected onto an Empirical
Orthogonal Functions (EOF) basis with a dimension k = 8, which amounts to capture
80% of the total variance.

Parametrization of the data-driven models : We compare our framework (both
the constrained and unconstrained setting) with a dimension of the augmented state space
dE = 40 to a stacked Bidirectional LSTM (RNN).

Model t0 + h t0 + 4h

RNN 7.35E-4 ± 2.55E-4 1.28E-3 ± 3.71E-4
NbedDyn dE = 18 1.33E-3 ± 7.88E-5 3.66E-3 ± 1.92E-4
Constrained NbedDyn dE = 18 6.28E-4 ± 1.69E-4 1.76E-3 ± 4.7E-04

Table 5.3 – Forecasting performance on the test set of data-driven models for
PSW dynamics. Mean RMSE for different forecasting time-steps,

Forecasting performance of the proposed data-driven models: Regarding the
short-term forecasting performance, reported for instance in table 5.3, all the benchmark
models achieve similar errors. These results are also highlighted in the forecasting example
given in figure 5.5 where the data-driven states are similar in the first prediction times.
Analysing the long-term prediction states gives in the other hand a different conclusion.
While the proposed constrained NbedDyn model keeps simulating states of the PSWE,
both the unconstrained NbedDyn and RNN models get stuck either at equilibrium points,
or at very slow periodic or quasi-periodic orbits. These conclusions are also highlighted
through the mean PSD of the forecasted EOF modes as well as the mean radially averaged
PSD of the 2D fields in Figure 5.4. Regarding the temporal PSD, the constrained NbedDyn
model matches the spectrum of the ground truth both in the medium and high frequency
range. The low frequencies in the other hand are not decently captured by the model,
we think that this is due to the fact that low frequencies can be associated to a more
long-term learning criterion than the one used in this work. The spatial spectrum in the
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(a) (b) (c)

(d) (e) (f)

Figure 5.4 – Spectral analysis of the data-driven models with respect to the
ground truth PSWE dynamics. First row, Mean PSD of the constrained NbedDyn
model, the unconstrained NbedDyn model and the RNN are illustrated in (a), (b) and (c)
respectively; Second row, Radially averaged PSD of the constrained NbedDyn model, the
unconstrained NbedDyn model and the RNN are illustrated in (d), (e) and (f) respectively.

other hand matches perfectly the spectrum of the ground truth which shows that our
model is able to capture all the spatial scales of the dynamics. The Unconstrained version
of the NbedDYn model as well as the RNN fail at replicating both the spatio-temporal
spectrums.

5.6 Conclusion

In the recent years, the generalization properties and the global understanding of
data-driven strategies motivated the investigation of data-driven architectures guided by
physical and mathematical considerations. The work presented in this chapter supports
the relevance of such models. Overall, we show that combining a neural ODE formulation
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(a) (b) (c)

Figure 5.5 – Prediction example of the data-driven models with respect to the
ground truth PSWE dynamics. Predicted PSWE states of the Constrained NbedDyn,
unconstrained NbedDyn and RNN models at several time steps given a single initial
condition are shown in figures (a), (b) and (c) respectively.

and boundedness constrains, highly improves the data-driven identification and forecasting
of partially observed dynamics.

Several directions could be taken to improve the proposed framework. Applying
the proposed framework to other non-linear models, through the generalization of the
boundedness constraints appears particularly appealing. Polynomial models could be easily
considered by supposing, similarly to the quadratic terms of the proposed architecture,
an energy preserving higher polynomial non-linearity. Other non-linear architectures in
the other hand may need further investigations since the total kinetic energy may not be
the appropriate Lyaponov function to consider. In this context, generalizing the recent
works of (Manek et al. 2020) from finding Lyapunov functions that guarantee stability to
guaranteeing boundedness appears a relevant perspective.

Interestingly, considering a linear model instead of a non linear one can be relevant
depending on the application. In this context, the proposed NbedDyn framework can
be seen as a data-driven representation of a finite dimensional Koopman operator, with
observables that are solutions of an optimization problem. In the next chapter, we
investigate the restriction of the NbedDyn framework to linear models.
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Une seule certitude suffit à celui qui cherche.

Albert Camus

Chapter 6

From a Non-Linear Embedding to an
Augmented Koopman representation

From an architectural viewpoint, the parametrization of the NbedDyn model highly
constraints the variability of the augmented space and is considered as a crucial point of
the proposed architecture. The boundedness constraints in the other hand, as presented in
the last chapter restricts the class of approximate representations to linear quadratic ones
and the generalization of such criterion for arbitrary non linearity is not straightforward.
Interestingly, simplifying the model from a linear quadratic one to a linear representation,
relaxes the boundedness constraints and presents several theoretical motivations written in
the language of Koopman operator theory. The Koopman formalism states the (non-linear)
time evolution of some states as the linear propagation of observables of these states, this
operator is unfortunately usually infinite dimensional and a large interest in finding finite
dimensional approximations grew exponentially during the last few years. This aspect
will be discussed in this chapter where we show that the proposed framework, generalizes
naturally to derive finite dimensional Koopman representations of non-linear dynamics
where the observables and the Koopman modes are both learnt jointly as a solution of an
optimization problem.
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6.1 Introduction

As discussed through the previous chapters, data-driven representations may upgrade
modeling capabilities of physical and real world’s phenomenons. Leading for instance
to several applications of machine learning techniques in ocean sciences (Lguensat et al.
2017a), finance (Trippi et al. 1995), biology (Cartwright 2008) and numerous other related
and unrelated fields. Regarding time series forecasting, the ability to derive governing
equations of some observed phenomena through analytical classical modeling techniques
(from physical conservation laws in the context of physics for example) is highly limited
due to numerical complexity as well as the ability to better relate models and observation
data for poorly resolved/observed processes.

These questions motivate the exploration of data-driven representations as relevant
alternatives of model based ones in several domains where modeling and forecasting time
series is concerned. In the last years, the interest in data-driven representations grew
exponentially due to mind-blowing results shown by artificial intelligence algorithms in
various signal processing fields (recognition (Girshick et al. 2015), classification (He et al.
2015b), super-resolution (Yang et al. 2019) in image processing, signal reconstruction (Xu
et al. 2014; Feng et al. 2014), denoising (Alamdari et al. 2021), and translation (Wu et al.
2016) in audio signal processing).

The interest in machine learning techniques and especially in neural networks and deep
learning resides in the fact that they are considered as universal function approximators
(Hornik et al. 1989) which, in theory should overcome classical dictionary based literature.
The early exploitation of these tools in the context of forecasting was usually motivated by
the representativity capabilities of such models which gave birth to increasingly complex
architectures. Unfortunately, increasing the complexity of a model generally decreases
its interpretability and thus, its interest in applications beyond forecasting such as the
understanding of the underlying phenomenons. Furthermore, the quality of a model
in this context (of a deep learning model for instance) is usually subjective to some
criterion related to the optimized quantity making the research focus more directed to an
architectural point of view rather than a more fundamental one.

In this context, and in order to tackle the generalisation and global understanding of
data-driven strategies, the interest in data-driven architectures guided by physical and
mathematical considerations has been growing considerably (Steven L. Brunton et al. 2016c;
Maziar Raissi et al. 2019). From this point of view, the previous chapters introduced a
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new way of jointly finding embeddings and dynamical representations of partially observed
data. One would argue however, about the expressivity of the learned latent variables as a
function of i) the dimension of the embedding and most importantly ii) the form of the
data-driven dynamical prior. Choosing a bad representation of the dynamical model for
instance may poorly condition the latent states leading to an overall bad identification of
the dynamics. An interesting question to ask is, regardless of the form of the model, and
as long as it incorporates a non-linearity, can we guarantee that given a finite number of
latent states (which can be relatively high) we can reproduce the dynamics of a partially
observed system.

In a geometric perspective of dynamical systems, based for instance on the definition
and exploitation of a differential equation, this question is far from being straightforward to
answer as, considering for example finite dimensional linear quadratic differential equations
subset, one would need to prove that this subset of differential equations is dense in
the space of all possible finite dimensional differential equations. Interestingly, in the
linear case, the Koopman theorem (Koopman 1931) guarantees the existence of an infinite
dimensional linear operator that acts on a space of observables of the state in the limit-set
of the dynamics. The derivation of a finite Koopman invariant subspace of observables
is still an open question in dynamical systems since as far as a linear representation is
suitable for several applications such as control, data assimilation and prediction, selecting
several poorly chosen observables of the state typically leads to trading the non linear
complexity of the model for the high dimensional (and possibly inaccurate) complexity
of the linear representation which restricts the applicability of such framework in real
applications.

In this work, we explore the restriction of the NbedDyn model to linear dynamical
systems unlocking consequently a new way of finding relevant observables for Koopman
linear approximation of non-linear dynamical systems. We show on a variety of time
series of different regimes that the proposed framework is relevant and importantly, does
not require to make any assumption regarding the form of the observables. We compare
the derivation of our Koopman approximation with respect to classical state-of-the-art
schemes and demonstrate the relevance of the proposed architecture for the identification
of finite dimensional Koopman subspaces. Overall, our key contributions are three-fold

— we propose a new way of finding observables and Koopman operators based on the
minimization of the forecasting of the observations;

— we make explicit the link between the proposed architecture and classical state-of-
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the-art algorithms;

— we demonstrate the relevance of the proposed architecture for the forecasting of
several time series under different regimes (periodic, quasi-periodic, fixed points,
chaotic etc.).

The chapter is organized as follows. In Section 6.2, we briefly review state-of-the-art
techniques. Section 6.3 presents the proposed framework, followed by the experiments and
results in Section 6.4. We close the chapter with conclusions and perspectives for future
work in Section 6.5.

6.2 Background on Koopman analysis
This section introduces the Koopman operator theory and the state-of-the-art algo-

rithms for the derivation of finite dimensional approximations of this operator.

6.2.1 Formulation of Koopman Operator Theory

Let us assume a continuous, autonomous s-dimensional time varying ODE, governing
the state variable zt. This dynamical system also generates observations xt ∈ Rn in the
following state space model

żt = f(zt) (6.1)

xt = H(zt) (6.2)

When considering the dynamical equation (6.1) and given an initial condition zt0 , the
solution of this equation for an interval t ∈ [t0, tf ] can be written as

Φt(zt0) = zt0 +
∫ t

t0
f(zw)dw (6.3)

where Φt(zt0) ∈ L with L ⊂ Rs. We may also define a discretization of this solution as
follows:

zk = Φk=t0+kh(zt0) (6.4)

with h a given time-step and.
The geometric Poincare perspective based on the exploitation of equation (6.1) to

simulate the trajectories of the system and finding invariants of motion (such as limit-sets)
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has attracted for decades a lot of attention in dynamical systems theory and application.
Bernard Osgood Koopman introduced a new operator-based formalism in (Koopman
1931) where the evolution of a dynamical system can be determined by following a set of
measurements of the state variable zt. He also proved that when considering an infinite
dimensional Hilbert space of measurements, the time evolution of the dynamics is invariant
to a linear Koopman operator. Formally, we can write the Koopman operator Kt as:

Ktg = g ◦ Φt (6.5)

where g : L −→ R an element of the infinite dimensional Hilbert space that we will call an
observable (to be differentiated from the observations x that typically represent the data
collected during an experiment), and ◦ the composition operator. Equation (6.5) can be
written, in both discrete (given a discretization time step h) and continuous time form as:

Khg(zk) = g(Φk+1(zk)) = g(zk+1) (6.6)

d

dt
g(zt) = Kg(zt) (6.7)

As illustrated by the equations above, the Koopman operator K can be seen as a
linear operator that advances observables in time. From a modeling perspective, going
from an ODE to a Koopman operator formulation can be seen as trading the nonlinear
complexity of the dynamical operator f for a linear operator representation based on
an infinite dimensional and non-linear set of observables. The challenge in data-driven
Koopman derivation is to find a finite dimensional subspace of the infinite dimensional
Hilbert space of measurements, where the Koopman operator is invariant and represents a
decent temporal propagator of the dynamics.

6.2.2 Koopman Eigenfunctions PDE

Shifting from a non linear ODE formulation on the state space to a linear operator on
the observables space is usually considered through the definition of the eigenfunctions
ϕ(z) of the Koopman operator. These eigenfunctions verify

d

dt
ϕ(z) = λϕ(z) (6.8)
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with λ the corresponding eigenvalue. Using the chain rule and combining with equation
(6.7) reveals a PDE for the eigenfunction ϕ(z)

∇ϕ(z)f(z) = λϕ(z) (6.9)

Given the dynamical model, the Equation (6.9) can be used to solve for the eigenfunctions of
the Koopman operator. However, solving this PDE is usually restricted to low-dimensional
systems that admits finite dimensional subset of observables (Steven L. Brunton 2019).
The derivation of Koopman representations in practice usually involves searching an
approximate subset of observables g where the dynamics are approximately linear (Rowley
et al. 2009).

6.2.3 Observable subspace and linearisation
of non linear dynamics

The increasing availability of data motivated the development of several data-driven
approximations of Koopman representations. The most explored technique in the literature
is the Dynamic Mode Decomposition (DMD) (Schmid 2010). The DMD was first introduced
in (Schmid 2010) to find low rank spatio-temporal coherent structures of complex dynamics.
The link to Koopman operator theory was first pointed out by (Rowley et al. 2009).
Specifically, the DMD approximates the Koopman operator presented in the equation (6.6)
when considering the observations x as observables of the state space. The derivation of
the Koopman operator is then typically carried out by computing the pseudo-inverse of
time shifted data-sets. Despite the success of the DMD in bridging the mathematical and
computational aspects of the Koopman operator (K. K. Chen et al. 2012; Q. Li et al. 2017;
Proctor et al. 2018), this method suffers from important issues restricting the application
of this framework for complex real world problems.

Beyond the issues regarding the inversion of the data by pseudo-inverse to derive the
Koopman operator, which was treated in several works (K. K. Chen et al. 2012; Hemati
et al. 2017), the substantial limitation of this formalism lies in the fact that the observations
x represent the observables of the Koopman operator. Note that here the observations are
distinguished from the true states z since in real applications, we are neither guaranteed to
observe the full state or a diffeomorphic version of the full state nor a sufficient (typically
2L + 1) number of independent generic observations that would unfold the topological
structure of the dynamics limit-set. However, even when considering observations x that
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are diffeomorphic to the state variables z, there is no guarantee about the existence of a
decent approximation of the Koopman operator based on the state variables as observables.

The Extended Dynamical Mode Decomposition (EDMD) was introduced in this re-
spect to generalize the DMD algorithm to some non-linear functions of the observations.
However, and since finding an appropriate basis of non-linear functions is far from being
straightforward, the exploitation of the EDMD algorithm is usually restricted to simple
problems (Q. Li et al. 2017) and suffers from closure issues when considering complex
systems with no prior knowledge about the dynamics.

When considering partial observations of the system, the derivation of a DMD algorithm
based on partial knowledge of the dynamics is more subtle since one should find an
embedding of the observations and a subset of observables on this embedding. Considering
delay embedding coordinates offers a simple class of observables that is Koopman-invariant
(for instance when considering the Hankel matrix of the observations) and unfolds (under
some conditions on the parameters of the delay embedding) the structure of the unseen
dynamics. The application of such framework was particularly promising in treating
chaotic systems (Steven L Brunton et al. 2017) by considering an additional forcing of the
linear dynamics. The exploration of such methods in (Arbabi et al. 2017) leaded to some
interesting theoretical results on the convergence of such class of Koopman representations.

Regarding deep learning schemes, several works exploited deep architectures to define
non-linear observables of the state variables (Lusch et al. 2017; Rice et al. 2020). However,
The parametrization of the deep learning model, as well as the generalizability of such
frameworks to partially observed systems needs further investigation.

6.3 Koopman observable subspace as a solution of an
optimization problem

Deriving a finite dimensional Koopman approximation of a non linear dynamical system
requires i) the selection of a basis of observables and ii) the inversion from this basis to a
linear dynamical system of equations. While state-of-the-art techniques usually treats this
data-driven problem as two independent issues, we present in this section the restriction
of the NbedDyn model, presented in the precedents chapters, to linear models, where the
derivation of both the Koopman operator and the corresponding observables is carried
jointly as a solution of an optimization problem.
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6.3.1 Joint learning of Koopman observables and operators

Assuming that we are provided with a sequence of observations x ∈ Rn of a hidden
underlying state z ∈ Rs, illustrated for instance by state-space-model of equations (6.1)
and (6.2). Similarly to the previous chapters, let us also assume a projection operatorM
used for instance in the context of ROMs. The goal is to derive an approximation of the
Koopman operator, and its corresponding set of observables, through the minimization of
the forecast of the given observations.

Let us define an augmented state u such as

utT = [M(xt)T ,yTt ] (6.10)

with yt ∈ Rl the unobserved component of the augmented state ut andM(xt) ∈ Rr with
r ≤ n. The augmented state ut ∈ RdE with dE = l + r evolves in time according to the
following state space model: u̇t = Aθut

xt =M−1(G(ut))
(6.11)

where the approximate Koopman operator Aθ is a dE × dE matrix with the associated
linear dynamics given in a continuous time setting. G is a projection matrix that satisfies
M(xt) = G(ut). The learning of the linear operator Aθ and the latent variables yt is
carried jointly similarly to the NbedDyn model in chapter 4. Formally, given an observation
time series {x0, . . . ,xT} sampled, for the sake of simplicity, regularly with a sampling h
and a bijective mapM, this problem can be stated as the following minimization of the
forecasting error on the observations:

θ̂ = arg min
θ

min
{yt}t

T∑
t=1
‖xt −M−1(G

((
ut−1e

(hAθ))
))
‖2

subject to


ut = ut−1e

(hAθ)

M−1(G(ut)) = xt

(6.12)

In equation (6.12), the loss to be minimized involves the one-step-ahead forecasting error
of the observed variable xt, the same formulation can be retrieved considering several
time-steps. The constraints state that the augmented state ut is composed of an observed
component G(ut) and should be a solution of the ODE (6.11).
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In this work, we numerically minimize the equivalent formulation:

min
θ

min
{yt}t

T∑
t=1
‖xt −M−1(G

(
ut−1e

(hAθ))
)
‖2 + β‖ut − ut−1e

(hAθ)‖2 (6.13)

where uTt = [M(xTt ),yTt ] and β a weighting parameter. The term ‖ut − ut−1e
(hAθ)‖2 may

be regarded as a regularization term such that the inference of the unobserved component
yt−1 of the augmented state ut−1 is not solved independently for each time-step.

It is worth pointing that the above optimization problem is the same as the one
discussed in chapter 4 with, as the only difference, a linear dynamical model Aθ. The
latter property allows an analytic resolution of the differential equation in (6.11).

6.3.2 Constraining Eigenvalues

The ODE in the augmented space admits an analytical solution ut = ut−1e
(hAθ).

Exploiting the eigen decomposition of Aθ yields

ut =
dE∑
i=1

cie
λihvi (6.14)

where λi ∈ C, i = 1, ..., dE are the eigenvalues of Aθ with vi ∈ CdE , i = 1, ..., dE the
corresponding eigenvectors. The above equation is the leading discrete spectral decompo-
sition of the dynamics, given the optimized observables y and the corresponding matrix
Aθ. Considering finite dimensional approximations of the Koopman operator leads to
the following considerations. First of all, only dynamics that can be decomposed into a
sum of finite linear modes such as equilibrium points and periodic orbits can be perfectly
approximated. Furthermore, when considering periodic observations, the eigenvalues λi
should be purely imaginary (which is constrained in our framework simply by imposing
Aθ = 1

2(Bθ − BTθ )) in order to guarantee that our observations are expressed as a sum
of linear oscillations, with different frequencies. It is worth noting that this aspect is
similar to the work of (Lange et al. 2020) that considered the direct optimization of the
frequencies, which leads to imaginary eigenvalues of the Koopman operator. However, our
work is generalizable to non periodic systems, such as systems with dissipative eigenvalues
since our framework does not rely on this constraint to optimize the observables and the
Koopman operator.

We may point out that chaotic dynamics are impossible to model using a finite
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approximation of the Koopman operator since such dynamics have a continuous spectrum
and thus, can not be represented based on a finite discrete eigen decomposition. However,
and as illustrated in the experimental section, this formalism can be used to effectively
short-term forecast chaotic dynamics that have several periodic and quasi-periodic modes.

Finally, only a single limit-set can be modeled. Consequently, when considering
dynamical systems with several limit-sets, the ones not revealed by the observations are
sent to infinity.

6.3.3 Quasi-periodic Signals

In the language of differential equations and dynamical systems, a quasi-periodic
solution is usually defined as a countable sum of periodic functions (Thomas S. Parker et al.
1989d), with the particularity that the frequencies of this countable sum are generated based
on a linearly independent base of frequencies. Fortunately, modeling such a phenomenon is
straightforward using the proposed framework (as long as the eigenvalues are constrained
to be purely imaginary). Observed quasi-periodicity 1 on the other hand may be more
challenging to determine and thus to model since it depends on the provided observations.
For example, the variability of some given observations may be due to a slow frequency
that we never had the time to observe or may come from some source of non-periodic
variability. From this point of view, studies on time series forecasting proposed several
decompositions of observations into multiple modes that can be exploited here in the
context of forecasting observed quasi-periodicity.

Specifically, considering a periodic signal, composed with some source of non periodic
variability, the following model can be written

at+w = Q(t, at) (6.15)

with Q a function accounting for the non-periodic variability and w the quasi-period of the
signal. Several parameterizations can be considered regarding the function Q, for example,
it can be additive/multiplicative with respect to a periodic kernel to express different types
of trend variability (Hyndman et al. 2018) in both a linear/non-linear fashion.

Given a sequence of observations that we suppose to be quasi-periodic, we first define a
periodic kernel based on the augmented space Koopman formulation illustrated for instance

1. Observed quasi-periodicity can be defined simply as a trajectory generated from real observations
and not from a model simulation.
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by equation (6.11). The periodic behavior of the signal is replicated by constraining the
eigenvalues of the matrix Aθ to be purely imaginary (Aθ = 1

2(Bθ − BTθ )). The solution at
a given time ut is then concatenated to the time t and feed into a neural network QθNN
to compute the quasi-periodic solution at at time t. Formally, the derived quasi-periodic
model can be written as

at+h = QθNN (t+ h,ut+h) (6.16)
ut+h = ute(hAθ) (6.17)

The parametrization of QθNN follows the parametrization of Q and thus, depends on
the provided observations.

6.3.4 Applications to forecasting

We may also apply the proposed framework to the forecasting of the observed states xt.
Given a trained Koopman approximation (6.11), forecasting future states for xt relies on
the forecasting of the entire augmented latent state ut. The latter amounts to determining
an initial condition of the latent states yt and then computing the solution of the linear
equation.

Similarly to the NbedDyn model, given xnt , t ∈ {t0, ..., T} a new series of observed
states. We aim to forecast future states xnt , t ∈ {T + 1, ..., T + δT}. Following (6.13),
we infer the unobserved component ŷT of latent state unT at time T from the following
minimization:

ŷnT = arg min
ynT

min
{ynt }t<T

T+δT∑
t=T+1

‖xnt −M−1(G
(
ut−1e

(hAθ))
)
‖2 + λ‖unt − ut−1e

(hAθ)‖2 (6.18)

Here, we only minimize w.r.t. latent variables {ynt } given the trained forecasting operator
Aθ. This minimization relates to a variational assimilation issue with partially-observed
states and known dynamical and observation operators (Lynch et al. 2010). Similarly to
the learning step, we benefit from the associated automatic differentiation tool to compute
the solution of the above minimization using a gradient descent.
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6.4 Application to different dynamical regimes

In this section, we apply the proposed Koopman framework to several identification
problems with different dynamical regimes

6.4.1 Equilibrium points

Let us consider two different systems of differential equations

ż1,t = µz1,t

ż2,t = α(z2,t − z2
1,t)

(6.19a)
ż1,t = µz1,t

ż2,t = α(z2
2,t − z1,t)

(6.19b)

Equation (6.19a) and (6.19b) are both nonlinear ODEs with an equilibrium point at the
origin. Studying the derivation of linear conjugates of these equations is relevant since
the equation (6.19a), and as shown in (Steven L Brunton et al. 2016a), admits a three
dimensional closed form linear Koopman representation by choosing as a set of observables
the variables z1, z2 and z2

1. Formally, and considering z3 = z2
1 equation (6.19a) becomes


ż1,t = µz1,t

ż2,t = α(z2,t − z3,t)
ż3,t = 2µz3,t

(6.20)

Proceeding similarly with equation (6.19b) results the the following closure problem



ż1,t = µz1,t

ż2,t = α(z3,t − z1,t)
ż3,t = 2αz4,t − z5,t

ż4,t = · · ·
ż5,t = · · ·
...

(6.21a)



z1,t = z1,t

z2,t = z2,t

z3,t = z2
2,t

z4,t = z3
2,t

z5,t = z1,tz2,t

(6.21b)

Figure 6.1 sketches their vector field given µ = −1 and α = −10. Analysing the vector
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(a) (b)

Figure 6.1 – Sketch of the vector field of the non linear equations. (a) vector
field of the equation (6.19a); (b) vector field of the equation (6.19b).

fields reveals that the equilibrium point of equation (6.19a) have a larger attracting region
than the equation (6.19b). Further statements about the global stability of the equilibrium
point of equation (6.19a) can be carried for example by choosing an appropriate Lyapunov
function. Furthermore, equation (6.19b) diverges for negative values of z1, this remark is
in point with the closure problem stated above, as finite dimensional linear models can
not have both stable and unstable attracting regions.

Several trajectories of size 600 and 1000 were generated from the equations (6.19a)
and (6.19b) respectively starting from the attracting region of the equilibrium. The data
were then divided into training and testing trajectories. Here we consider as observations
the true states of the equations i.e. with H = M = I2. Figure 6.2 illustrates the
performance of the proposed Koopman framework in the identification of a linear model
that perfectly matches the non linear dynamics. The considered framework is tested here
with a dimension of the augmented space dE = 3 i.e a single latent variable is concatenated
to the observations. It is worth noting that neither the dynamical model, nor its non
linearities are known by the proposed framework as the observable y1 and Koopman
matrix Aθ are solution of an optimization problem, that minimises the forecasting of the
observations.
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(a) (b)

(c) (d)

(e)

Figure 6.2 – Linear simulation of the non linear dynamical model (6.19a). (a)
Three dimensional phase space of the proposed Koopman model with the corresponding
two dimensional non linear dynamics in the observables space; (b), (c), (d) Projection of the
propagated observables in the observation space using the proposed Koopman framework
in (b), the DMD algorithm in (c), the EDMD algorithm with z2

1 as an additional observable
in (d) and with z2

2 in (e). In each figure, the lines correspond to the non linear dynamics
and the dots represent the data-driven Koopman simulations.
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When considering a DMD scheme with the observations z1 and z2 as observables, one
fails at reproducing the dynamics since the resulting linear model misses an additional
information about the non-linearity. An EDMD algorithm with, in addition to the observed
states, an additional observable z2

1 leads to a closed form Koopman translation of the non
linear differential equation (6.19a) since, and as shown by equation (6.20), this ODE can
be analytically linearized with this set of observables. However, selecting a bad observable,
for instance z2

2, drastically changes the EDMD performance as illustrated in Fig. 6.2, this
is due to the fact that a matrix can not explain linearly the variability of such observables.
Choosing the right finite set of observables is key in data-driven Koopman representations
and this experiment highlights this aspect.

The equation (6.19b) in the other hand does not admit a finite linearisation based on
polynomial observables, the proposed framework however shows a good approximation
both in terms of overall prediction (RMSE 0.21) and transient reproduction (see Fig. 6.3).
Regarding the EDMD algorithm, polynomial observables up to the fifth degree show a
better forecasting forecasting performance (RMSE 0.07). The exponential transient of the
dynamics in the other hand, for negative values of z2 is completely lost and replaced by a
decaying oscillation (probably due to the presence of high order polynomial terms).

6.4.2 Periodic orbits

Fourier spectral decomposition states that one can decompose any periodic signal to
an infinite summation of linear oscillations with varying frequencies. From this point of
view, data-driven Koopman representations of periodic time series can be restricted for
smooth functions, without any loss of generality, to finding a finite composition of linear
oscillations that approximates the periodic signal. Finding this decomposition in the other
hand motivated several contributions. Hankel matrix EDMD based representations (Kamb
et al. 2020) show great performance in modeling linearly such dynamics. Considering
delay embeddings as observables appears to decompose the non-linear periodic signal into
a combination of linear oscillations, making the inversion of these sinusoidal modes to a
linear dynamical model trivial.

Our work in the other hand writes the non-linear oscillation as a composition of a finite
number of linear ones with trainable frequencies encoded for instance in the eigenvalues
of the Koopman matrix. The proposed framework, in the context of periodic signals,
closely relates to the Fourier forecast algorithm proposed in (Lange et al. 2020), where the
frequencies of the linear decomposition are explicitly optimized. Interestingly, the work of
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(a) (b)

(c) (d)

(e) (f)

Figure 6.3 – Linear simulation of the non linear dynamical model (6.19b).
Projection of the phase space of both the proposed Koopman model (a) and the EDMD
algorithm with fifth order polynomial observables (b) in the observations space, with
respect to the non linear dynamics; The pink trajectory, generated using both the proposed
model and the EDMD algorithm is highlighted in (c) ans (d) respectively; Similarly, the
black trajectory is also highlighted in (e) ans (f). In each figure, the lines correspond to
the non linear dynamics and the dots represent the data-driven Koopman simulations.
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(Lange et al. 2020) also proposed a Koopman forecast algorithm, that aims at finding a
finite decomposition of non-linear and non-smooth signals by combining their proposed
Fourier forecast algorithm with a non linear Neural-Network based kernel. Although
not treated here, our work can greatly benefit from such formulation simply through
composing the proposed Koopman model to a neural network (similarly to the proposed
quasi-periodic Koopman formulation).

In order to show the relevance of the proposed framework in finding Koopman rep-
resentations of dynamics that exhibit non-linear oscillations, the Van der Pol oscillator,
governed by the following equation, is considered.

ż1,t = z2,t

ż2,t = µ(1− z1,t)z2,t − z1,t
(6.22)

This dynamical system is widely used in state-of-the-art data-driven Koopman representa-
tions and can be translated into a Koopman linear model using several state-of-the-art
algorithms. We show in this experiment that our proposed framework is also relevant
in this context. Considering the true states as observations i.e. with H =M = I2, we
trained the proposed framework with dE = 100 on a simulated trajectory of size 5000
(the trajectory was computed using the LOSDA ODE solver (Hindmarsh 1983) with a
sampling rate h = 0.1). The Hankel-EDMD algorithm was tested with a embedding
dimension dE = 100. The forecasting performance of the proposed model is shown in
Fig. 6.4. similarly to (Lange et al. 2020), the Relative Cumulative Error (RCE) 2 of the
predicted trajectory with respect to the true state for three different prediction horizons
(prediction up to 1000, 2000 and 3000 time-steps) is evaluated. This metric does not exceed
0.12% for the three intervals when considering the proposed framework, which proves the
relevance of the proposed method in modeling and forecasting periodic time series. This
metric drops into the boundaries of numerical precision (1E-4%) when evaluated on the
Hankel-EDMD model. This is due to the fact that considering a relevant delay embedding
leads to a perfect decomposition of the non linear oscillations into a combination of linear
ones, resulting in a perfect linear model. In this context, investigating delay embedding
parameters (which is still an open problem (Kamb et al. 2020) that was faced here using
cross-validation) is crucial in order to unfold the linear structure of the dynamics.

2. The Relative Cumulative Error (RCE) is computed as RCE =
∑t=T

t=t0
(xt−M−1(G(ut)))2∑t=T

t=t0
x2

t

where t0 and

T correspond to a given initial and final times of an evaluation interval.
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(a) (b)

Figure 6.4 – Time series of the data-driven Koopman models with respect to
the true non-linear oscillator. (a) Proposed Koopman model; (b) Hankel-EDMD
model.

6.4.3 Quasi-periodic time series

Stating that a periodic signal is having a trend or, more generally, affected by a
non-periodic process depends on the observability of the latter. Specifically, the long-term
characteristics of a given periodic signal can be caused by a small frequency that was
not observed enough. From this point of view, the long-term forecast of a quasi-periodic
signal, in real applications, may not make sense since we are missing knowledge on what
should be forecasted at first place. The short-term forecasting of such processes is in the
other hand definitely relevant in several domains. In this experiments we will illustrate
the relevance of the proposed architecture in capturing quasi-periodic variability (in the
observed sense). We focus on simple arithmetic quasi-periodicity, through the following
signal

zt = t

2πsin(t) (6.23)

Equation (6.23) is arithmetic-quasi-periodic since it satisfies the equation ut+w = ut + C

where w is the quasi-period of the signal and C ∈ R a constant. We simulated this quasi-
periodic equation up to 1000 seconds with a sampling rate h = 0.1. The first 50 seconds
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(a) (b)

Figure 6.5 – Time series of the data-driven Koopman model with respect to
the true quasi-periodic signal. (a) Proposed Koopman model; (b) Hankel-EDMD
model.

were used as training data and we tested our quasi-periodic model (H =M = I, dE = 2
and QNN , a neural network with 1 layer) on the remaining signal. The benchmarked
EDMD model was optimized on a set of delay embedding observables (dE = 100).

Figure 6.5 illustrates the perfect extrapolation performance of both the proposed
and EDMD models with a relative cumulative error, computed every 50 seconds over
the test set, less than 1E − 4%. The underlying reason for which the Hankel-EDMD
algorithm shows a perfect reconstruction of the dynamics is due to the fact that the SVD
decomposition of the Hankel matrix dissociates the linear oscillation and the trend making
the inversion straightforward. The proposed architecture on the other hand captures the
linear trend through the model QNN and the oscillation using the periodic kernel.

6.4.4 Air passenger time series

The previous experiment motivated the evaluation of the proposed model in forecasting
real quasi-periodic signals. In this context, we consider the international Airline Passengers
prediction problem. The data range from January 1949 to December 1960 with 144
observations in units of 1000. The first 100 data points were used as training data and we
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(a) (b) (c) (d)

Figure 6.6 – Data-driven models forecasting performance of the international
air passenger time series. (a) Hankel-EDMD model; (b) Proposed quasi-periodic
Koopman model; (c) Relaxed Koopman model; (d) LSTM baseline.

RCE at first 22 days RCE at last 22 days
Relaxed formulation 1.21 % 2.89 %
Proposed QP model 1.31 % 0.98 %

Hankel-EDMD 0.88 % 2.29 %
LSTM 5.00 % 10.69 %

Table 6.1 – Data-driven models forecasting performance of the international
air passenger time series. (a) Hankel-EDMD model; (b) Proposed quasi-periodic
Koopman model; (c) Relaxed Koopman model; (d) LSTM baseline.

tested our approach on the remaining 44 observations. This time series have an oscillatory
behavior with a trend making it suitable for the evaluation of the quasi-periodic framework.

We tested the proposed quasi-periodic framework with dE = 2 and QNN a neural
network with two layers. Figure 6.6 illustrates the forecasting performance of the bench-
marked models. The relative cumulative error is also reported, every 22 days of forecast
in table 6.1. Although the proposed framework captures decently well the oscillatory
behavior of the signal, the overall prediction can be improved by revising the architecture
of the model. Specifically, the exponential growth of the amplitude of the series can be
improved through a deeper parametrization of QNN .

An exponential growth of the signal can be caused, in linear dynamics theory, by an
unstable eigenvalue of the matrix A. Relaxing the constraints over the eigenvalues of the
Koopman operator (i.e. A = 1

2(B − BT )), should then naturally model this exponential
growth, even without composing the periodic kernel with a non linear function QNN . Fig.
6.6c illustrates this experiment with dE = 10. Interestingly, the exponential growth of the
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amplitude of the time series, although looking qualitatively better when modeled with the
relaxed formulation as shown in figure 6.6, exhibits an over estimation of the growth when
compared to the quasi-periodic formulation, making the relative cumulative error of the of
the latter formulation smaller than the former one when considering the last 22 test days.
The short-term forecast in the other hand is improved using such a representation (given
by the relative cumulative error at the first 20 days).

These considerations are also highlighted by the Hankel-EDMD model (dE = 20), where
the short-term forecast is better than the quasi-periodic formulation but the long-term
error is worst than the proposed one due to the over estimation of the exponential growth.
A qualitative and quantitative comparison of the proposed model with respect to an LSTM
with 4 layers (used here in a closed loop setting in order to perform long-term forecast) is
provided. Our proposed framework outperforms this widely used model in both short-term
(first prediction points after the end of the training sequence) and long-term prediction
horizons.

6.4.5 Chaotic time series

Chaotic systems are typical examples where the observables space of the Koopman
operator is infinite dimensional. However, numerous chaotic systems admit, in addition to
a chaotic signature, several periodic and quasi-periodic modes, making suitably chosen
linear models relevant for short-term forecast applications.

For this purpose, the shallow water equation (SWE) is considered. The direct nu-
merical simulation of the two-dimensional shallow-water equation was carried using a
finite differences method. The length of the domain is set to 1000km× 1000km with a
corresponding regular discretization of 80× 80. The temporal step size was set to satisfy
the Courant–Friedrichs–Lewy condition (h = 40.41 seconds). The first 49701 time-steps
were considered as training data. In order to identify a ROM, our observations are mapped
to a low dimensional space using a projection matrix defined offline using an EOF as
follows: at =Mxt ∈ Rr with r = 100 which amounts to capture 90% of the total variance.

The proposed Koopman model is considered with dE = 700. Fig. 6.7 illustrates the
forecasting performance with respect to the true state, the projection of the true state
from the PCA basis and the Hankel-EDMD based algorithm trained on several embedding
dimensions ranging from 700 to 20000. The error time series of the tested models is shown
in Fig. 6.8.

The proposed architecture outperforms all Hankel-EDMD based models in terms of
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Figure 6.7 – Forecasted Shallow Water fields with respect to the projections
and true states. First row : Ground truth; Second row : Projection from the PCA
basis; Third, fourth and fifth rows : Hankel-EDMD based algorithms with the Hankel
matrix features dimension dE1 = 700, dE2 = 1000 and dE3 = 2000 respectively; Sixth row
: Proposed Koopman model with dE = dE1 = 700.

forecasting performance. Interestingly, even though increasing the embedding dimension
of the Hankel matrix improves the EDMD representations based on these observables, the
proposed architecture leads to better results based on a much smaller dimension of the
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Koopman approximation.

Figure 6.8 – Prediction RMSE time series of the Koopman data-driven models
with respect to the true states. The proposed Koopman model was tested with an
embedding dimension dE = 700. The embedding dimension of the Hankel-EDMD algorithm
was set to dE = 700, dE2 = 1000 and dE3 = 2000.

6.4.6 Stochastic Koopman representations

We can further benefit from automatic differentiation tools, embedded in deep learning
frameworks to investigate stochastic Koopman representations. More precisely, plugging
the proposed architecture in a differentiable Stochastic Differential Equation (SDE) solver
allows, similarly to the proposed architecture in the ordinary case, the learning of stochastic
differential equations when only provided with partial observations of the system. In order
to illustrate this aspect, let us consider the following stochastic differential equation.

dzt = Aztdt+Bzt � dWt (6.24)
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where � denotes element-wise multiplication, zt ∈ R2 the state variable and dWt ∈ R2

a Brownian motion, A and B two 2 × 2 matrices accounting for the drift and diffusion
components respectively.

(a) (b) (c)

Figure 6.9 – Ensemble forecasting and first and second order moments of
the approximate augmented SDE model with respect to the ground truth. (a)
Training and testing set with respect to the forecasted ensemble; (b) Forecasted ensemble
mean; (c) Forecasted ensemble variance.

Assuming that we are provided with an ensemble of N samples of measurements
xNt = zN1,t, illustrated for instance in Figure 6.9a, and we aim to model the temporal
evolution of the observations. Using classical Koopman representations such as DMD
and EDMD algorithms may lead to a decent representation of the mean component of
xt (represented by the ensemble mean of the collected data), the stochastic variability of
these observations in the other hand will be lost due to the deterministic formulation of
such approaches. Modeling stochastic variability of observations is crucial in several fields.
The proposed architecture can be plugged in a (differentiable) stochastic solver in order
to learn both the parameters of the drift, diffusion processes as well as an augmented
state (that would account for the variability of the unobserved z2) jointly. Formally, and
similarly to the formulation in Eq. (6.24), we consider the following model

dut = AθAutdt+BθBut � dWt (6.25)

where ut = [z1,t,y1,t] is the augmented state vector and AθA , BθB the parameters of the
approximate SDE. Learning the parameters of the approximate model (the latent state
and the drift and diffusion matrices) is then carried by matching the forecasted first and
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second order moments, computed from a forecasted ensemble of N members with the
moments estimated from the observations. Formally, it comes to minimize the following
loss function

min
θA,θB

min
{yt}t
‖µ(xNt0:tf )− µ(M−1(G

(
uNt0:tf )

)
‖2 + ‖σ2(xNt0:tf )− σ

2(M−1(G
(
uNt0:tf )

)
‖2 (6.26)

where t0, tf represent two time-steps of the observations including an ensemble batch of
observations xNt0,tf . M the ROM operator and G is a projection such asM(xt) = G(ut).
Finally, µ(.) and σ2(.) represent the ensemble mean and variance estimators respectively.

In order to highlight the relevance of the proposed Koopman framework, in a stochastic
differential equation setting, equation (6.24) was simulated with the eigenvalues of A =
[80j,−80j] with j2 = −1 and B = [1, 0.5]. We integrated numerically this SDE using the
stochastic Runge-Kutta 3 scheme in an interval [0, 0.5] with h = 0.0005. The first 800
time-steps where used as training data and we tested the performance of the framework
given in equation (6.25) on the remaining 200 time-steps.

Figure 6.9 illustrates a forecasted ensemble and its first and second order moments time
series with respect to the ground truth. The proposed augmented Koopman formulation
is directly exploitable in such formulation, leading for instance to a good reproduction of
this toy stochastic process. Specifically, the reproduction of the ensemble mean perfectly
reflects the underlying mean of the true ensemble, the variance vector in the other hand
is slightly worst due, in our opinion, to the optimization formulation which requires
backpropagation through stochastic layers. Classical discrete state-of-the-art techniques,
such as the Hankel-EDMD method, would need further investigations in order to derive
a similar formulation since they need to be defined on a continuous setting in order to
formulate the SDE (6.25).

6.5 Conclusion

Bernard Osgood Koopman, introduced, slightly less than a century ago, an operator
based formalism, where the evolution of a state sequence can be transposed into a linear
propagation of an infinite dimensional set of observables. Finding finite rank approximations
of this operator motivated tremendous amounts of works generally rounded around the

3. Both the data generation and the training of the stochastic model were carried using a differentiable
Pytorch SDE solver (X. Li et al. 2020).
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same question, what observables to use in order to avoid loosely trading the complexity of
a potentially non-linear system for a higher dimensional linear one.

Several dictionary-based families of observables have been investigated in this context
ranging from non-linear polynomial expansions, to deep learning based ones. We inves-
tigated in this work a different perspective. Instead of writing a parametric form of the
observables and solving for the Koopman eigenfunctions (and observation operator too
in the case of deep learning based approaches), we write the Koopman observables and
eigenfunctions as a solution of an optimization problem, avoiding in this manner, any
unnecessary constraint over the observables space other than the ones constrained by the
optimization of a forecasting cost of the observations.

Through different numerical experiments, the proposed framework proves relevant for
the data-driven derivation of a finite dimensional approximation of Koopman represen-
tations of dynamical systems. Whereas the state-of-the-art algorithms heavily rely on
the selection of a family of basis functions, the proposed architecture can tackle several
dynamical regimes with little to no prior over the Koopman operator (specifically its
eigenvalues) and most importantly its observables.

From an application perspective, investigating the relevance of the proposed framework
in applications beyond forecasting such as control and data assimilation is a promising
perspective. Building end-to-end trainable control/data assimilation algorithms based
on this architecture would allow learning dynamical priors and latent states, based on a
direct application-oriented cost (such as a data assimilation cost in states reconstruction,
an energy/performance based cost in the context of control etc.). We investigate this
approach in chapter 9, for the space-time interpolation of sea surface dynamics.

The stochastic differential equation identification problem treated in this chapter,
although simple, reveals an extremely important aspect implicit to the proposed represen-
tation. Learning an augmented Koopman model (or more generally an NbedDyn, with
a non linear dynamical equation) in a stochastic fashion allows for two distinct levels of
approximation within the SDE framework, namely the augmented state space parameters,
i.e. the latent variables and the drift component, and the stochastic diffusion component.
When learned jointly, those two components can trade the complexity of some given
measurements and may dissociate stochastic and deterministic behaviors within a signal.
This aspect closely relates to the location uncertainty principle investigated in several
related works (Mémin 2014; Chapron et al. 2018) where a stochastic component is taken
into account and relates, in the context of geosciences dynamics, to the influence of small
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unresolved scales on the dynamics of the large scales. However, investigating such aspects
on real world problems requires changing the learning formulation presented in equation
(6.26) to cases where an ensemble based estimation of the moments is irrelevant.
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You know you’re in love when you can’t fall asleep
because reality is finally better than your dreams.

Dr. Seuss

Chapter 7

Data Assimilation of Ocean Remote
Sensing Observations

In the previous chapters, we examined some aspects, that we believe relevant, regarding
the development and exploitation of data-driven dynamical modeling techniques in the
forecasting and simulation of the hidden dynamics of some given observations. We will
focus in the second part of this thesis on data assimilation applications based on data-
driven dynamical priors. Specifically, we aim to explore some aspects of the proposed
methodological work, presented in the previous chapters, to address the reconstruction of
sea surface fields from satellite remote sensing observations. In this respect, this chapter
presents an introduction to data assimilation of geophysical dynamics and the related
challenges when considering the restriction of this problem to the reconstruction of sea
surface variables. Especially, we discuss data-driven data assimilation as a relevant strategy
that may overcome the issues of classical reconstruction frameworks.

7.1 Geophysical Data Assimilation

Data assimilation can be defined broadly as using multiple sources of information to
estimate (the evolution of) a state of interest. The mathematical formulation of data
assimilation, in the context of geosciences, typically relies on a state space model (Verron
et al. 1999; Evensen 2009; Carrassi et al. 2018). A state space model is a mathematical
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framework that expresses the evolution of some observations x as outputs of a time varying
process z. Formally, this representation can be written as follows:

żt = f(zt) + ηt (7.1)
xt = H(zt) + εt (7.2)

where z ∈ Rs and x ∈ Rn represent the hidden state variables and the observations
respectively. The temporal evolution of the states is expressed through the dynamical
model f and H expresses the link between the states and the observations. ηt and εt are
random process accounting for the uncertainties in the dynamical and observation models
respectively, the noise is represented here as an additive term, which is a quite common
practice in data assimilation related literature.

Data assimilation problems in geosciences usually relate to the estimation of a high
dimensional state z (typically the atmosphere or the ocean), from a collection of lower
dimensional related measurements x. This estimation however suffers from multiple issues
such as the dimensionality of the problem, the ratio dimension of the observations to
dimension of the model state, as well as the chaotic behavior of the underlying dynamics.
From these considerations, the development of data assimilation techniques that can
faithfully relate the models and the observations is still a great multi-disciplinary challenge
and an active research topic (Carrassi et al. 2018).

From a methodological viewpoint, data assimilation techniques can be divided into
two main categories, namely variationnal and stochastic data assimilation. Variationnal
data assimilation expresses the estimation of the state z as a solution of an optimization
problem. This optimization problem is expressed based on a scalar cost function that
balances the model prediction and the observations at a given time (3DVar formulation)
or at a time window (4DVar).

Stochastic techniques on the other hand, formulate the estimation problem as a
Bayesian problem, where we aim at finding the posterior distribution of the state z given
the observations x and not only the most likely state sequence such as in variationnal
methods. In general, several techniques can be envisaged depending on the nature of
the dynamical and observation models, as well as the noise processes. In the simplest
case i.e. when the models are linear and associated with Gaussian uncertainties, the
Kalman Filter provides an optimal solution to the corresponding Bayesian problems. The
extended Kalman technique was proposed as a straightforward solution to non-linear
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systems through a linearization step. However, a linearization remains expensive when
considering high dimensional systems such as the ones adressed in geosciences. From
this point of view, ensemble based methods were developed and are considered as the
most efficient stochastic data assimilation strategies when dealing with high dimensional
systems (Carrassi et al. 2018).

In addition to the estimation of the state z given the state space model components,
several related issues can be stated as data assimilation problems. We may take as examples
the estimation of set of parameters of the dynamical model f , the derivation of the model
and observation errors statistics, the estimation of initial conditions etc. For a more in
depth review of data assimilation challenges and methods we let the readers refer to the
excellent paper by Alberto Carrassi et al. (Carrassi et al. 2018).

7.2 Applications and Challenges in Spatial Oceanog-
raphy

The high resolution monitoring of sea surface geophysical parameters is one of the
major challenges in oceanography. Producing high resolution gridded spatio-temporal
products of physical variables such as sea surface temperature, sea surface height and sea
surface salinity is of key interest for several scientific fields (Hardman-Mountford et al.
2003). Observations of these geophysical variables are mainly provided, on a global scale,
by satellite remote sensing observations. However, they usually involve irregular sampling
patterns due to the sensor’s characteristics and we are only given partial and possibly
noisy observations. As a result, no sensor can provide high-resolution (in space and time)
gap-free observations.

7.2.1 Sea surface satellite remote sensing measurements

Spatial oceanography is essential to the understanding of the surface variability of the
ocean and its consequences. From the late 70s until now, satellite remote sensing revealed
a tremendous amount of insights regarding the oceans variability and their interactions,
making spatial oceanography an unavoidable sensing strategy.

The success of spatial sensing strategies, in the context of the oceans, are due to
multiple factors such as the near immediate availability of the data, the global spatial
coverage of the satellites, their lifetime etc. These characteristics upgraded spatial sensing
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of the oceans to become a core ingredient of operational oceanography (Chapron et al.
2008; Le Traon et al. 2015). It is worth noting that along side remote sensing techniques,
and as mentioned in (Le Traon et al. 2015), in-situ networks are another indispensable
ingredient of operational oceanography since such measurements are primordial for the
validation and calibration of remote sensing data.

Numerous geophysical variables are captured using satellite remote sensing techniques,
table 7.1 highlights some of these variables as well as the sensing technologies and the
inversion schemes used to retrieve them. An overview of the spatio-temporal sampling
limitations of remote sensing techniques (mainly due to the spatio-temporal coverage of
the sensors as well as their sensibility to atmospheric conditions) is given in table 7.1, as
well as in figures 7.1 and 7.2. These limitations emphasis the investigation of sea surface
interpolation strategies in order to output gap-free, high resolution spatio-temporal fields.

7.2.2 Sea surface variables reconstruction

Providing gap-free, in space and time, products of ocean surface variables passes
inevitably through an interpolation procedure. This interpolation is usually formulated in
the language of data assimilation where the observations are supposed to be generated
from the dynamical process of equation (7.1) parametrized by a numerical model f .

Beyond issues related to the manipulation of a high dimensional chaotic numerical
model in a global, multi-sources, data assimilation scenario which was pointed and partially
treated in multiple works (Carrassi et al. 2018), realistic analytic parameterizations of
the dynamical model f , in the context of sea surface variables reconstruction, lead to
computationally demanding representations which, when associated to a small subset of
observations (as encountered for instance when assimilating sea surface variables with a
global ocean model), may result in modeling and inversion uncertainties. On the other hand,
the analytic derivation of computationally-efficient, low order models involves theoretical
assumptions, which may not be fulfilled by the real observations.

From these considerations, Optimal Interpolation (OI) became the state-of-the-art
technique used in multiple operational products (Craig J. Donlon et al. 2012). This
technique does not need an explicit formulation of the dynamical model and rather relies
on the modelization of the covariance of the spatio-temporal fields. In general, stationary
covariance hypotheses are considered which prove relevant for the reconstruction of
horizontal scales above 100km. Fine scale components on the other hand may hardly be
retrieved with such approach. In this respect, several works aim at unfolding smaller scale
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structures by improving the optimal interpolation (Ubelmann et al. 2015), or through
exploiting data-driven representations (Tandeo et al. 2015; Lguensat et al. 2017b; Lguensat
et al. 2017a; R. Fablet et al. 2017; Barth et al. 2020; Beauchamp et al. 2020) as investigated
in the next sections.

7.3 Data-Driven Data Assimilation

The reconstruction of sea surface geophysical tracers typically rely either on OI based
technique or on model-based approaches which explicitly exploit a dynamical model
(Gordon et al. 2000). While the optimal interpolation suffers from smoothing issues
making it unreliable in retrieving fine scale variability, the selection and parametrization
of a dynamical model, when considering model based data assimilation strategies, remains
a complex issue since several trade-off between the models complexity and its applicability
in sea surface data assimilation need to be carefully addressed.

In parallel, the success of artificial intelligence algorithms in various signal processing
fields as well as the increasing amounts of observations and simulation datasets, moti-
vated the exploration of these techniques for data assimilation issues, including spatial
oceanography. Interestingly, and beyond the classical forecasting, interpolation and data
assimilation issues which were rigorously written based on a solid physical and mathe-
matical background, artificial intelligence algorithms resulted in even new methodological
formulations within the geosciences community (Lguensat et al. 2018; Frezat et al. 2020)
for problems lacking a clean (tractable) mathematical formulation.

From this point of view, we may define the data-driven data assimilation as the use of
a data-driven strategy to do data assimilation, either in classical schemes such as proposed
in (Lguensat et al. 2017b; Ronan Fablet et al. 2020) or in a fully data-driven setup such
as in (Barth et al. 2020). For example, when considering classical model based data
assimilation schemes, fully (or partially) replacing the physics based numerical model
with a data-driven one leads to a data-driven data assimilation framework for which, the
dynamical model (or some of its parameters) is (are) learnt from data. It is also worth
pointing that the definition of the learning procedure can lead to distinct approaches within
the same data-driven data assimilation algorithm. For example, learning the data-driven
component (typically the data-driven dynamical prior) of the assimilation scheme based on
a forecasting cost yields plug-and-play , learning to forecast representations. Optimizing
the same framework based on a reconstruction cost relates to end-to-end formulations,
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and results in a different parametrization of the dynamical prior.
Finally, numerous other interpolation parameters can be written in the language of

data-driven data assimilation as long as some parameters of the data assimilation scheme
are identified from data.

7.4 Description of the case-studies

In the next chapters, we address two sea surface reconstruction problems using data-
driven data assimilation frameworks. Namely, the Sea Surface Temperature and Sea
Level Anomaly reconstruction from satellite remote sensing observations. We build upon
the recent success of data-driven strategies in unfolding smaller structures than classical
state-of-the-art interpolation schemes and complement these advances with ideas from the
previous chapters. We design an Observation System Simulation Experiment (OSSE) 1 for
each case study using realistic oceanography products.

7.4.1 SST interpolation case study

Sea surface temperature is a crucial geophysical parameter that plays an important
role in the understanding of the general circulation of the ocean (Donlon et al. 2002).
This variable also helps understanding the ocean-atmosphere interactions (Lee et al. 2018)
making it highly valuable from both the air/sea modeling perspectives. In this respect,
several satellite missions aim at providing measurements of the SST. The MetOp satellites
are based on an Advanced Very High Resolution Radiometer (AVHRR) instrument that
captures (post treatment) high resolution spatio-temporal SST data over the entire ocean.
The spatial resolution of the processed measurements is 0.05°× 0.05° and the temporal
resolution is 12 hours (Tandeo et al. 2014).

Figure 7.1 illustrates an example output of the MetOp product off south Africa. Among
other issues, the AVHRR instrument is sensitive to clouds coverage, making the derivation
of a smooth spatio-temporal field directly from the AVHRR data impossible.

The SST time series used here is delivered by the UK Met Office (Craig J. Donlon
et al. 2012) from January 2008 to December 2015. The spatial resolution of our SST field

1. An OSSE is an artificial (simulated) experimental setting where the ground truth is known (typically
from an operational product or a model simulation) and the observations are simulated on this ground
truth. An OSSE is helpful when studying satellite missions that are not deployed yet, or when evaluating
new methods as the ground truth is known and provided.
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Figure 7.1 – Illustration of the impact of the cloud coverage on the SST
AVHRR field. This figure was generated using a MetOp-AVHRR mask on the SST
OSTIA product on March 1, 2015.

is 0.05° and the temporal resolution h = 1 day. The data from 2008 to 2014 were used as
a training set. The 215 data were used as ground truth to provide a quantitative analysis,
observations used in the assimilation experiments were simulated from this ground truth
based on realistic SST clouds patterns provided by the MetOp-AVHRR mask. This sensor
is highly sensitive to the cloud cover. As case-study area, we select an area off South
Africa (from 2.5° E, 38.75° S to 32.5° E, 58.75° S). This region involves complex fine-scale
SST dynamics (e.g., fronts, filaments) making it relevant for the considered quantitative
and qualitative evaluation.

7.4.2 Sea Level Anomaly interpolation case study

Satellite altimetry missions provide measurements of the Sea Surface Height (SSH)
based a radar technique. Several other variables are derived, principally, from the SSH such
as the Sea Level Anomaly (SLA), the mean dynamic topography and the mean sea surface.
An example of an along track nadir altimeter data is given in figure 7.2. When compared to
the sea surface temperature data, illustrated for instance by the MetOp-AVHRR example
in Fig. 7.1, the main limitation of nadir altimetry is that it can only produce measurements
along the nadir of the satellite track resulting in very high missing data rates. From an
operational point of view, the reconstruction of gap-free sea level anomaly products is
typically done based on several altimeters using optimal interpolation. Specifically, two
altimeters should be used in order to resolve the global large spatio temporal processes
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Figure 7.2 – Example of an SLA altimeter field. SLA field of the Jason 3 satellite
on November 24, 2020. The figure was taken from the OceanVirtualLaboratory platform,
powered by OceanDataLab.

of the ocean (Koblinsky et al. 1992), three altimeters are needed in order to capture the
mesoscale variability (Morrow et al. 2012) and four can improve the description of these
small scales (Pascual et al. 2006). In practice, the effective spatial resolution of altimetry
based products ranges from 100/200 km and above. Small scale variability (typically
bellow 100 km), which is an important component in the understanding of ocean related
processes (Ruiz et al. 2019), is unfortunately hard/impossible to retrieve using such a
sensing technique. As an illustrative example, figure 7.3 highlights the Data Unification
and Altimeter Combination System (DUACS) global ocean product (Ballarotta et al. 2019)
where the effective resolution ranges from 100 to 700 km. This limitation motivated the
development of the Surface Water Ocean Topography (SWOT) mission as well as the
investigation of new interpolation strategies.

The SLA time series used in our experiments was obtained using the WMOP product
(Juza et al. 2016). The spatial resolution of the processed 2 data is a 0.05° and the temporal
resolution h = 1 day. We use the data from January 2009 to December 2014 as training
data and we tested our approach on the first 347 days of the year 2015. We also simulate
synthetic observations from real satellite track locations based on a realistic four-altimeters
sampling configuration in 2015. The region of interest is located on the Mediterranean
sea (2.5°E to 4.25°E, 37.25°N to 39.5°N). This region is extremely dynamic with smaller
structures when compared to other regions of the ocean (Malanotte-Rizzoli et al. 2014)

2. The initial WMOP resolution is 0.02°. It was interpolated in this work into a regular 0.05° grid.
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Figure 7.3 – Effective resolution of the DUACS global ocean product. Reprinted
from (Ballarotta et al. 2019) with permission.

making the reconstruction of mesoscale and sub-mesoscale flows particularly challenging.

7.5 Conclusion
In this chapter, we briefly introduced data assimilation and discussed its importance

and challenges in the context of spatial oceanography. We also introduced data-driven data
assimilation as data assimilation techniques that relate fully or partially on a data-driven
component to estimate a state of interest based on given observations.

Based on our works and several others, we believe that data-driven data assimilation
can and should help bridging the limits between models and data, leading to a better
understanding of unresolved spatio-temporal processes. From this point of view, we will
dig, in the next chapters, further into the details of data-driven data assimilation through
two major case studies. Specifically, We will start by tackling the issue of sea surface
temperature reconstruction based on MetOP-AVHRR like observations. In this respect,
We will consider naive data-driven representation of the dynamical model in a Kalman like
filtering scheme. We will discuss the limitation of such formulation and consider, in the
last chapter, an end-to-end data assimilation architecture based the augmented Koopman
model, presented in the chapter 6 as a dynamical prior.
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There is no unique picture of reality.

Stephen Hawking

Chapter 8

Neural Networks Based Kalman Filter
for the Spatio-Temporal Interpolation

of Satellite-Derived Sea Surface
Dynamics

In this chapter we address the reconstruction of gap-free Sea Surface Temperature
(SST) and Sea Level Anomaly (SLA) fields from irregularly-sampled satellite-derived
observations 1. We focus on sequential filtering techniques and propose to learn a dynamical
prior and a spatial variability component in the observation space. This model is then
implemented in a Kalman filtering scheme to perform reconstruction. The performance of
this framework, although theoretically suboptimal from both a filtering and a data-driven
dynamical modeling perspectives, allows an extremely good reconstruction quality when
compared to state-of-the-art techniques in the interpolation of fields with a relatively low
missing data rate (as illustrated for instance in the SST case study). The performance of
this method in the SLA case study on the other hand drops bellow the state-of-the-art
performance which motivated further investigations of filtering schemes, that will be
discussed in the next chapter.

1. This chapter is a modified version of paper (Said Ouala et al. 2018a)
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8.1 Introduction

The spatio-temporal high resolution monitoring of sea surface parameters (e.g., tem-
perature, salinity, ocean colour) is of key interest for a variety of scientific fields (Hardman-
Mountford et al. 2003; Pierre-Yves Le Traon 2011; Von Schuckmann et al. 2016). Observa-
tions of these variables are provided by satellite remote sensing observations and in-situ
networks. However, due to sensors characteristics (e.g., space-time sampling, sensor type)
and their sensitivity to the atmospheric conditions (e.g., rain, clouds), only partial, with
potentially high missing data rates, and possibly noisy observations are available. As a
consequence, providing high resolution gap-free spatio-temporal fields, in both space and
time, based on these observations have long been a crucial challenge that motivated the
development of several spatio-temporal interpolation tools.

Within the satellite ocean community, Optimal Interpolation (OI) is a standard
technique used in several operational products (P. Y. Le Traon et al. 1998; Ducet et al.
2000; Craig J. Donlon et al. 2012; Escudier et al. 2013a; Nardelli et al. 2015; Droghei et al.
2018). Given a covariance model of spatio-temporal dynamics, the interpolated field results
from a linear combination of the observations. In general, stationary covariance hypotheses
are considered, which prove relevant for the reconstruction of horizontal scales above 100
km from a collection of scarce observations of the field. Fine scale components on the
other hand may hardly be retrieved with such approaches and a variety of research studies
aim to improve the reconstruction of high-resolution components of spatio-temporal fields.

Data Interpolating Empirical Orthogonal Functions (DINEOF) based interpolation is
an other category widely used in geosciences (Ping et al. 2016; Alvera-Azcárate et al. 2016;
Olmedo et al. 2018). It relies on a Singular Value Decomposition (SVD) to compute an EOF
basis, the field is then reconstructed by projecting the observations on the EOF subspace
until a convergence criterion is reached (Beckers et al. 2003). Unfortunately, dealing with
high missing data rates decreases the encoded variability in the EOF components which
results in smoothing fine scale structures.

Data assimilation is the state-of-the-art framework for the reconstruction of dynamical
systems from partial observations based on a given numerical model (Lorenc et al. 2000;
Bertino et al. 2007). Statistical data assimilation schemes, especially ensemble Kalman
filters, have become particularly popular due to their trade-off between computational
efficiency and modeling flexibility. Unlike OI and EOF based techniques, these schemes
explicitly rely on dynamical priors to address interpolation issues resulting in better
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representation of fine scale components. However, When dealing with sea surface dynamics,
the analytical derivation of these priors involves simplifying assumptions which may
not be satisfied by real observations (Yablonsky et al. 2009). By contrast, realistic
analytical parameterizations may lead to highly computationally-demanding numerical
models associated with modeling and inversion uncertainties (van Leeuwen P. J. 2010),
which may limit their relevance for an application of the interpolation of a single sea
surface tracer.

Recently, data-driven approaches (Tandeo et al. 2015; Lguensat et al. 2017b; Lguensat
et al. 2017a; R. Fablet et al. 2017; Barth et al. 2020; Beauchamp et al. 2020) have emerged
as relevant alternatives to model-driven schemes. They take benefit from the increasing
availability of remote sensing observations and simulation data to derive computationally
efficient representations. Analog methods are one of the first data-driven techniques
developed within a data assimilation framework (Tandeo et al. 2015; Lguensat et al. 2017b;
Lguensat et al. 2017a; R. Fablet et al. 2017). Combining analog data assimilation (AnDA)
with a patch-based representation have shown great results with respect to the state-of-the-
art OI and EOF-based schemes. However, the parametrization of the proposed framework
involves tuning several parameters principally due to the data-driven formulation of the
dynamical prior based on analog forecasting.

Several works (O. Pannekoucke et al. 2013; Olivier Pannekoucke et al. 2016) tried
to formulate stochastic representations of dynamical operators for their optimal use in
sequential filtering schemes. Methods based on prior knowledge of the variability of
dynamical models have already been addressed to infer probabilistic representations.
However, such techniques are limited to systems with available dynamical priors. Complex
dynamical models on the other hand may require complex priors which may be unavailable
or hard to derive.

In this chapter, we investigate data-driven interpolation approaches within a statistical
data assimilation framework. We aim to derive stochastic data-driven representations of sea
surface ocean variables. Among other representations (Ronan Fablet et al. 2017) Neural
Networks (NN) are particularly appealing due to their efficient trad-off between modeling
abilities and interpretability of the learnt models. This models have rapidly become the
state-of-the-art in machine learning for a wide range of applications, including inverse
imaging issues (Egmont-Petersen et al. 2002). Recent applications to the assimilation of
low-dimensional dynamical systems (Ronan Fablet et al. 2017) and to the forecasting of
geophysical dynamics (Taormina et al. 2015; Braakmann-Folgmann et al. 2017) have been
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developed. However, to our knowledge, the design of neural-network-based assimilation
models for the spatio-temporal interpolation of geophysical dynamics remain an open
challenge, which may greatly benefit from the ability of deep learning models to capture
computationally-efficient representations from available ocean observations and simulation
datasets.

Inspired by the success of the analog data assimilation schemes, we chose to simply
model the variability of the observations in the observation space i.e in a space that does not
form an embedding of the underlying states governing the dynamics. This approximation,
although crude, may provide a decent short term forecast than can be exploited in a
data assimilation setting. Furthermore, we upgrade the data-driven dynamical model
with a covariance component, trained to emulate the ensemble forecast scheme present
in ensemble filtering techniques. This architecture conveys a probabilistic representation
through the prediction of a mean component and a covariance pattern. The latter may be
regarded as a NN-based representation of the covariance patterns issued from Monte Carlo
approximations in ensemble assimilation schemes (Evensen 2009). Our model may then be
directly exploited in sequential filtering schemes which allows us to overcome both issues
encountered in analog data assimilation and parametric stochastic representations based
on prior knowledge in terms of numerical complexity and availability of dynamical priors.

This chapter is organized as follows. Section 8.2 reviews data assimilation schemes.
Section 8.3 describes the proposed neural-network-based data assimilation framework.
Section 8.4 presents the case study experiments and discuss the relevance of the proposed
approach in the interpolation of sea surface tracers. We further discuss our contributions
in Section 8.5.

8.2 Problem Statement and Related Work

Regarding ocean remote sensing data, spatio-temporal interpolation issues can be
regarded as the reconstruction of some hidden states from partial and/or noisy observation
series (Evensen 2009). Data assimilation techniques usually involve a state-space evolution
model :

żt = f(zt) + ηt (8.1)
xt = H(zt) + εt (8.2)
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where t ∈ {0, ..., T} represents the temporal resolution of our time series and f the
dynamical model describing the temporal evolution of the physical variables z. The
observation model H links the observation x to the physical variable z. ηt and εt are
random processes accounting for the uncertainties in the dynamical and observation
models. They are usually defined as centered Gaussian processes with covariances Qt and
Rt respectively.

From a probabilistic point of view, the spatio-temporal interpolation problem can be
seen as a Bayesian filtering problem where the main goal is to evaluate the conditional
probabilities p(zt+1|x1, ...,xt) (prediction distribution of the state zt+1 given observations
up to time t) and p(zt+1|x1, ...,xt,xt+1) (posterior distribution of zt+1 given observations
up to time t+1). Under certain assumptions over the state space model (the dynamical and
observation models are linear with Gaussian uncertainties), the prediction and posterior
distributions are also Gaussian and can be written as :

p(zt+1|x1, ...,xt) = N (z−t+1,Σ−t+1) (8.3)
p(zt+1|x1, ...,xt+1) = N (z+

t+1,Σ+
t+1) (8.4)

with the means and covariances computed for each time t using the well known Kalman
recursion

z−t+1 = Fz+
t (8.5)

Σ−t+1 = FΣ+
t F

T +Qt (8.6)
z+
t+1 = z−t+1 +Kt+1[xt+1 −Ht+1z−t+1] (8.7)

Σ+
t+1 = Σ−t+1 −Kt+1Ht+1Σ−t+1 (8.8)

with

Kt+1 = Σ−t+1H
T
t+1[Ht+1Σ−t+1H

T
t+1 +Rt]−1. (8.9)

Here F and Ht+1 corresponds respectively to some linear dynamical and observation
models. The superscript (-) refers to the forecasting of the mean of the state variable z−t+1

and of its covariance matrix Σ−t+1 given observations up to time t but without the new
observation at time t+ 1. The superscript (+) refers on the other hand to the mean of the
state variable x+

t+1 and of the covariance matrix Σ+
t+1 given all observations up to time

t+ 1. They are referred to as the assimilated mean and covariance. Kt+1 is the Kalman
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gain. Kalman filters provide a sequential formulation of the Optimal Interpolation (OI)
(Bertino et al. 2007) which may also be solved directly knowing the space-time covariance
of processes z and z.

For non-linear and high-dimensional dynamical systems, the Probability Density
Functions (PDFs) are not Gaussian anymore and the above Kalman recursion does not
define their means and covariances. Ensemble Kalman methods have been proposed to
address these issues. The ensemble Kalman filter and smoother (Evensen 2009) are the
first sequential filtering techniques used reliably in the reconstruction of geophysical fields.
The key idea here is to approximate the forecasting mean z−t+1 and covariance Σ−t+1 by a
sample mean and covariance matrix computed by propagating an ensemble of M members,
{zi−t+1}Mi=1, using the dynamical model f .

zi−t+1 = F(zi+t , i ∈ {0, ..., N}) (8.10)

Σ−t+1 = 1
N − 1Dt+1D

t
t+1 (8.11)

Dt+1 = [z1−
t+1 − z−t+1, ...zN−t+1 − z−t+1] (8.12)

zi+t+1 = zi−t+1 +Kt+1[xt+1 −Ht+1zi−t+1] (8.13)
Kt+1 = Σ−t+1H

T
t+1[Ht+1Σ−t+1H

T
t+1 +Rt]−1 (8.14)

Σ+
t+1 = Σ−t+1 −Kt+1Ht+1Σ−t+1 (8.15)

Besides all its advantages, EnKF techniques do not escape the curse of dimensionality.
High-dimensional systems require using large ensemble sizesM which may lead to very high-
computational complexity. The use of small ensemble sizes on the other hand may result
in undersampling the covariance matrix (the considered ensemble is not representative
of the systems dynamics) which may in turn result in poor reconstruction performance,
including for instance filter divergence and spurious long-range correlations. Proposed
solutions such as inflation (Anderson et al. 1999), cross-validation (Houtekamer et al.
1998) and localization methods (Gaspari et al. 1999; Houtekamer et al. 2001; M. Bocquet
2016) may require thorough tuning experiments. An alternative strategy based on a
model-driven propagation of parametric covariance models (O. Pannekoucke et al. 2013;
Olivier Pannekoucke et al. 2016) seems appealing. Using advection priors (Cohn 1993),
it propagates parametric covariance structures, which leads to the implementation of
the classic Kalman recursion. Accounting for more complex dynamical priors for the
covariance structure is an open question, which may limit the applicability of this approach
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to complex geophysical systems.
Beyond filtering related issues, and from a data-driven perspective, deriving an approx-

imation of the dynamical model f is typically impossible when considering sea surface
reconstruction problems since one should account not only for the sea surface variability
but also for all the related ocean circulation variables in a 3d+t space. From this point of
view, considering a dynamical representation in the observation space, or in an embedding
of the observation space is inevitable.

In this chapter, we aim to design an efficient sequential filtering technique for the
reconstruction of sea surface fields. We investigate NN-based representations in the
observation space and upgrade the resulting approximate deterministic dynamical model
to account for the spatial variability of the observations through a neural modeling
of the ensemble covariance. The resulting NN-based Gaussian representations provide
computationally-efficient approximations of the dynamical priors that should prevent
undersampling issues encountered within the ensemble Kalman recursion.

8.3 Proposed Interpolation Model

8.3.1 Neural-Network Gaussian Dynamical Prior

Our key idea is to exploit neural-network (NN) representations for the time propagation
of a Gaussian approximation of the distribution of the observations x. Compared with
dynamical priors in the state space model (8.1), the fundamental difference of the proposed
framework is twofold, i) the dynamical model acts on the space of observations i.e. the
gap-free fields that we aim to reconstruct, ii) the observation model H is an identity matrix,
with a spatial sampling operator Ω accounting for the sensor irregularities. Formally, the
following data-driven state space model is considered

x−t+1 =F(x+
t ) (8.16)

Σ−t+1 =FΣ(x+
t ,Σ+

t ) (8.17)
xt,Ω =H(xt,Ω) + εt (8.18)

with x−t+1 and Σ−t+1 the predicted mean and covariance of the Gaussian approximation
of the state at time t + 1 given the assimilated mean x+

t and covariance Σ+
t at time t.

Functions F ,FΣ are neural networks to be defined with parameter vectors θ = (θµ, θΣ).
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It may be noted that our parameterization follows (8.5) and (8.6) such that the update
of the mean component in (8.16) only depends on the mean at the previous time-step
and the update of the covariance depends on the previous covariance and the linearized
dynamical matrix. The latter component is approximated in our covariance model by the
state x+

t . Given this NN-based representation of the prediction step of the Kalman filter,
we apply the classic Kalman-based filtering under the assumption that the observation
model is linear and Gaussian.

Although the proposed model can be seen as a crude approximation (mainly due to
the formulation of the dynamics in the observations space), the proposed architecture does
not require forecasting an ensemble to compute a sample covariance matrix. It results in a
significant reduction of the computational complexity. The same holds when compared to
the computational complexity of the analog data assimilation which involves an ensemble
forecasting step and a repeated nearest-neighbor search.

8.3.2 Patch-Based NN Architecture

When considering spatio-temporal fields, the application of the model defined by (8.16)
and (8.17) should be considered with care to account for the underlying dimensionality,
especially for the covariance model. For this reason, a global representation of the spatio-
temporal field is most likely to fail due to computational limitations. Following previous
works on analog data assimilation (Lguensat et al. 2017a; R. Fablet et al. 2017), we consider
a patch-based representation as sketched in Figure 8.1 2. This patch-based representation
is fully embedded in the considered NN architecture to make explicit both the extraction
of the patches from a 2D field and the reconstruction of a 2D field from the collection of
patches. The latter involves a reconstruction operator which is learnt from data.

Regarding model F , the proposed architecture proceeds as follows:

— At a given time t, the first block of the network, which is parameter-free in terms of
training, comes to decompose an input field xt into a collection of Np P × P patches
xPs,t, where P is the width and height of each patch and s the patch location in the
global field. Each patch is decomposed onto an EOF basisM according to :

aPs,t = xPs,tMT (8.19)

2. A patch is a P × P subregion of a 2D field with P the width and the height of the patch
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with aPs,t the EOF decomposition of the patch xPs,t. The EOF decomposition matrix
M is trained offline as preprocessing step;

— For each s ∈ [1, ..., Np], the second block of the architecture predicts aPs,t+1 using
an EOF-patch-based model FPs . This model is implemented based on a residual
architecture to mimic a numerical integration scheme (typically, an Euler or 4th-order
Runge-Kutta scheme) of an approximate Ordinary Differential Equation (ODE)
parametrized by the residual block of our residual network.

— The third block is a reconstruction network Fr. It combines the predicted patches
xPs,t = aPs,tM, s ∈ [1, ..., Np] to reconstruct the output field xt. This reconstruction
network Fr involves a convolution neural network (LeCun et al. 1999).

The details of the considered parameterizations for the second and third layers are
given in Section 8.4. To train the mean dynamical model F , we apply a two-step procedure.
We first learn the local dynamical models FPs , s ∈ [1, ..., Np] based on the minimization of
the EOF-patch based forecasting error. The reconstruction network Fr is then optimized
using the same criterion over the global field. This training procedure allows the patch
based models to be interpreted as local dynamical models and the reconstruction network
as a post-processing operator. Other training configurations could be envisaged, we can
for example train the all model according to a forecasting error over the global field.

Regarding the covariance model FΣ, we also consider a patch-based representation of
the spatial domain. More precisely, a block-diagonal parameterization of the covariance
model FΣ is addressed by training diagonal patch-level covariance models in the EOF
space. It may be noted that a diagonal parameterization of the covariance in the EOF
space forms a full covariance matrix in the original patch space.

Each patch based covariance model FPsΣ is learnt according to a Maximum Likelihood
(ML) criterion. The associated training dataset comprises patch-based EOF decompositions
of the forecasted states according to the mean model FPs from states of the training
dataset corrupted by an additive Gaussian perturbation with a covariance structure Σ0.
Here, Σ0 is given by the empirical covariance of the EOF patches for the entire training
dataset. Overall, for a given patch Ps, we parameterize FPsΣ the restriction of covariance
FΣ onto patch Ps as:

FPsΣ (xPs,t,ΣPs,t) =MTΨ(ΣPs,t,Σ0) · FPsD (aPs,t,Σ0) · M (8.20)

with FPsD (aPs,t,Σ0) the diagonal covariance model in the EOF space parametrized by a
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neural network and Ψ(ΣPs,t,Σ0) a scaling function. Among different parameterizations, a
constant scaling function Ψ(.) = 1 led to the best performance in our numerical experiments.
Regarding the diagonal covariance model, details on its parametrization are given in the
next section.

To illustrate the relevance of the proposed block diagonal covariance matrix parametriza-
tion (based on a patch based projection on the EOF space and illustrated for instance
by Equation (8.20)), we also investigate a diagonal covariance matrix model in the patch
space.

8.3.3 Data Assimilation Procedure

Given a trained patch-based NN representation as described in the previous sec-
tion, we derive the associated Kalman-like filtering procedure. As summarized in Algo-
rithm 1, at time-step t, given the Gaussian approximation of the posterior likelihood
P (xt−1|x0,Ω, . . . ,xt−1,Ω) with mean x+

t−1 and covariance Σ+
t−1, we first compute the fore-

casted Gaussian approximation at time t with mean field F(x+
t−1) and patch-based co-

variance FΣ(x+
t−1,Σ+

t−1). The assimilation of the new observation xt,Ω is performed at a
patch-level. For each patch Ps, we update the patch-level mean x+

Ps,t and covariance Σ+
Ps,t

using Kalman recursion (8.8) with observation xPs,t,Ω. We then combine these patch-level
updates to obtain global mean x+

t and covariance Σ+
t . Whereas we compute global mean

x+
t using trained reconstruction network Fr, Σ+

t just comes to store the collection of patch-
level covariances. This procedure is iterated up to the end of the observation sequence.

Compared with the patch-based analog data assimilation (R. Fablet et al. 2017), it
might be noted that we iterate patch-level assimilation steps and global reconstruction
steps thanks to the NN-based propagation of the patch-based covariance structure. This
procedure potentially allows information propagation from one patch to neighborhing ones
after each assimilation step. By contrast, in the patch-based analog data assimilation,
each patch is processed independently, such that no such information propagation can
occur. This is regarded as a key feature to account for the propagation of geophysical
structures (e.g., fronts, eddies, filaments,...).

We refer to the patch-based NNKF reconstruction model using the EOF block-diagonal
parameterization of the covariance model FΣ, as model PB-NNKF-EOF. The model using
the diagonal parameterization of the covariance model FΣ in the patch space is referred to
as PB-NNKF.
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Algorithm 1: Patch-based NNKF reconstruction
1: procedure PB-NNKF(F ,FΣ,y,R)
2: for t in [0, ..., T ]:
3: x−t ← F(x+

t−1)
4: [Σ−P0,t, ...,Σ

−
PNp ,t]← FΣ(x+

t−1,Σ+
t−1)

5: [x−P0,t, ...,x
−
PNp ,t]← ExtractPatches(x−t )

6: [xP0,t,Ω, ...,xPNp ,t,Ω]← ExtractPatches(xt,Ω)
7: for s in [1, ..., Np]:
8: KPs,t = Σ−Ps,tH t

Ps,t[HPs,tΣ
−
Ps,tH

t
Ps,t +Rt]−1

9: x+
Ps,t = x−Ps,t +KPs,t[xPs,t,Ω −HPs,tx−Ps,t]

10: Σ+
Ps,t = Σ−Ps,t −KPp,tHPp,tΣ

−
Pp,t

11: x+
t ← Reconstruct([x+

P0,t, ..., x
+
PNs ,t])

12: Σ+
t ← Reconstruct([Σ+

P0,t, ...,Σ
+
PNs ,t])

8.4 Data and Experimental Setting
As a case-study, we address the spatio-temporal interpolation of satellite-derived

Sea Surface Temperture (SST) and Sea Level Anomaly (SLA) fields. Regarding the SST
experiments, We first focus on patch-level performance as the patch-based representation at
the core of the proposed interpolation model. We then report the interpolation performance
for the whole case-study region. In the SLA experiments on the other hand, we highlight the
limitations of the proposed framework on a patch level, and discuss possible improvements
that will be treated in the next chapter.

8.4.1 Sea Surface Temperature Reconstruction

Dataset description : The SST time series used here is delivered by the UK Met
Office (Craig J. Donlon et al. 2012) from January 2008 to December 2015. The spatial
resolution of our SST field is 0.05° and the temporal resolution h = 1 day. The data from
2008 to 2014 were used as a training set. The 215 data were used as ground truth to
provide a quantitative analysis, observations used in the assimilation experiments were
simulated from this ground truth based on realistic SST clouds patterns provided by the
MetOp-AVHRR mask. This sensor is highly sensitive to the cloud cover. As case-study
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Figure 8.1 – Proposed neural-network-based representation of a spatio-
temporal dynamical system: The input xt is first decomposed into P×P patches, each
patch is then propagated using its associate local stochastic dynamical models (FPs ,FPsΣ ).
The mean component of the output xt+1 is reconstructed by injecting the forecasted
patches into the reconstruction model Fr. The block diagonal covariance matrix is formed
by the collection of the patch-level covariances.

area, we select an area off South Africa (from 2.5° E, 38.75° S to 32.5° E, 58.75° S).
This region involves complex fine-scale SST dynamics (e.g., fronts, filaments) making it
relevant for the considered quantitative and qualitative evaluation.
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Parametrization of the data-driven models : The proposed neural-network-based
Kalman scheme involves the following parameter setting. The proposed patch-based and
NN-based Kalman filter is applied to SST anomaly fields w.r.t. optimally-interpolated
SST fields (see below for the parameterization of the optimal interpolation). These
optimally-interpolated fields provide a relevant reconstruction of horizontal scales up to
≈100 km.

We exploit patch-level representations with non-overlapping 20×20 patches. This patch
size was particularly tuned for the resolution of fine scale structures for this particular
dataset (R. Fablet et al. 2017). For each patch Ps, we learn an EOF basis from the
training data. We keep the first 50 EOF components, which amount on average to 95% of
the total variance. For the patch-level NN model FPs , we use a bilinear residual neural
network architecture with 60 linear neurons, 100 bilinear neurons and 10 fully-connected
layers with a Relu activation. Among other parametrizations (Said Ouala et al. 2018b),
this architecture prove to outperform several othre data-driven models in the forecasting
of patch based SST (when considered in the observations space). The reconstruction
model Fr is a convolutional neural network with 3 convolutional layers. The first two
layers comprise 64 filters of size 3× 3 with a Relu activation and the last layer is a linear
convolutional layer with one filter. This parameters were tuned to give the best forecasting
performances at a low computational cost.

Regarding the diagonal covariance model FPsD , we consider a Multilayer Perceptron
(MLP) with 4 layers, 3 hidden layers with 200 neurones and Relu activations and an output
layer with a softplus activation. With a view to evaluating the EOF-based covariance
parameterization, we consider both PB-NNKF-EOF and PB-NNKF schemes.

We perform a quantitative analysis of the interpolation performance of the proposed
scheme with respect to an optimal interpolation, and the EOF based interpolation method
VE-DINEOF (Ping et al. 2016) which are two of the most popular techniques in spatio-
temporal fields interpolation. Furthermore, in order to provide a comparison to an other
data-driven data assimilation technique, we also tested the interpolation technique based
on analog forecasting. Overall, the considered parameter setting is as follows:

— Optimal interpolation (OI) : We use a Gaussian kernel with a spatial correlation
length of 100 km and a temporal resolution length of 3 days. These parameters were
empirically tuned for the considered dataset using a cross-validation experiment.

— Analog data assimilation (Local Analog Forecasting(LAF)-EnKF, Global Analog
Forecasting(GAF)-EnKF): We apply both the global and local analog data assimila-
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tion schemes, referred to as GAF-EnKF, LAF-EnKF (R. Fablet et al. 2017; Lguensat
et al. 2017b). Similarly to the proposed scheme, we consider 20 × 20 patches and
50-dimensional EOF decomposition with an overlapping of 10 pixels. We let the
reader refer to (R. Fablet et al. 2017; Lguensat et al. 2017b) for a detailed description
of this data-driven approach, which relies on nearest-neighbor regression techniques.

— EOF based reconstruction (PB-VE-DINEOF): We also compare our approach to the
state-of-the-art interpolation scheme based on the projection of our observations with
missing data on an EOF basis (Ping et al. 2016). The SST field is here decomposed
as described in the analog data assimilation application into a collection of 20× 20
patches with a 10 pixels overlapping. Each patch is then reconstructed using the
VE-DINEOF method.

Patch-Based Reconstruction performance: We first evaluate the patch-level
interpolation performance of the proposed scheme for four patches corresponding to
different dynamical modes as illustrated in Figure 8.2 located in the area (5° E to 75° E
and latitude 25° S to 55° S). In Table 8.1, we report the interpolation performance in terms
of root mean square error (RMSE) for the proposed EOF NN-based scheme (NNKF-EOF)
and include a comparison to the local analog data assimilation (LAF-EnKF). With a
view to specifically analyzing the relevance of NN-based parametric covariance model,
we also apply an ensemble Kalman filter with the trained dynamical model FPs . The
reported results clearly illustrate the relevance of the proposed NN-based scheme for
the assimilation of a single patch. The proposed NN-based scheme, which combines a
NN-based formulation of the mean forecasting operator and of the associated covariance
pattern, slightly outperforms the ensemble Kalman filters, while also significantly reducing
the computational complexity induced by the generation of ensembles of size 500.
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Figure 8.2 – Selected patches on the high resolution component of the SST
data. (The SST map corresponds to 19 July 2015).

Assimilation Method Considered Patch RMSE (°C)
Patch 1 Patch 2 Patch 3 Patch 4

LAF EnKF 0.50 0.25 0.22 0.39
Bi-NN-EnKF 0.55 0.23 0.22 0.30
Bi-NN-NNKF-EOF 0.46 0.20 0.19 0.27

Table 8.1 – Patch-level interpolation experiment: RMSE of the reconstructed
anomaly fields for the LAF EnKF (local analog forecasting based ensemble Kalman filter),
Bi-NN-EnKF (Bilinear residual neural net model (FPs) used in an ensemble Kalman filter),
Bi-NN-NNKF (Proposed NNKF based on a bilinear residual neural net dynamical mean
model).

Reconstructing performance of the proposed data-driven models: We report
the mean interpolation performance in Table 8.2 and the interpolation error time series
in figure 8.3. The proposed NN-based scheme (PB-NNKF-EOF) leads to very significant
improvements with respect to the optimal interpolation and PB-VE-DINEOF schemes in
terms of RMSE and correlation coefficients for both the SST and its gradient with a relative
improvement of the RMSE above 50% for missing data areas for the SST and its gradient
(resp. 40%). This important gain clearly emphasizes retrivement of fine scale structures
unresolved using OI and DINEOF techniques. From a methodological point of view,
this gain was clearly expected. The DINEOF scheme rely purely on data to interpolate
the SST field, OI technique on the other hand relates on a Gaussian spatio-temporal
covariance kernel which is known to smooth fine scale structures. Therefore when provided
with observations with a high missing data rate, these techniques are only able to retrive
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horizontal scales up to ≈100 km. In the opposite, our proposed framework combines both
the observations and the data-driven model outputs to reconstruct our SST field which
results in better representation of fine scale structures.

A clear gain is also exhibited w.r.t. analog data assimilation schemes with a relative
gain greater than 20% in terms of RMSE for both the SST and its gradient. The
same conclusion holds in terms of correlation coefficients close to 90% or above for all
parameters for PB-NNKF-EOF scheme, all the other ones depicting correlation coefficients
below 85% for SST gradient fields. These results reflect the patch based interpolation
performances in Table 8.1. Indeed, the PB-NNKF-EOF scheme outperforms both the
analog forecasting operators in terms of one step ahead predictions which suggest better
assimilation in a global scale especially for missing data areas. Although the considered
NN-based representation exploits non-overlapping patches, we still come up with significant
improvements w.r.t AnDA schemes which involve a 50% overlapping rate between patches.
This clearly illustrates the relevance of NN-based representation, which fully embeds the
direct and inverse mappings between the SST field and its patch-level representation.
Iterating patch-level assimilation steps and global reconstruction steps as illustrated
by the algorithm 1 allows information propagation of assimilated patches in a global
scale which helps outperforming AnDA schemes. Interestingly, Table 8.2 also reveals the
importance of the EOF-based parameterization of the NN-based covariance model (8.20)
in the improvement of interpolation results.

Figure 8.3 – Reconstruction and gradient RMSE times series for the selected
models.
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Model Entire Map Missing Data Areas
RMSE Correlation RMSE Correlation

SST(°C) ∇SST(°C/°) SST ∇SST SST(°C) ∇SST(°C/°) SST ∇SST

PB-NNKF-EOF 0.33 0.13 99.87% 89.30% 0.35 0.10 99.85% 93.49%
PB-NNKF 0.51 0.18 99.75% 81.24% 0.51 0.18 99.71% 81.50%
LAF-EnKF 0.43 0.16 99.79% 84.41% 0.42 0.15 99.77% 86.73%
GAF-EnKF 0.48 0.19 99.74% 79.12% 0.48 0.18 99.72% 80.74%
PB-VE-DINEOF 0.54 0.20 99.68% 75.30% 0.54 0.21 99.66% 74.71%
OI 0.76 0.25 99.37% 60.31% 0.75 0.27 99.37% 55.73%

Table 8.2 – SST interpolation experiment: Reconstruction correlation coefficient and
RMSE over the SST time series and their gradient.

Qualitative analysis of the proposed schemes: We further illustrate these conclu-
sions through interpolation examples in Figure 8.4. The visual analysis of the reconstructed
SST gradient fields emphasize the relevance of PB-NNKF-EOF scheme to reconstruct
fine-scale details. While OI and PB-VE-DINEOF schemes tend to smooth out fine-scale
patterns, the analog data assimilation may not account appropriately for patch boundaries.
This typically requires an empirical post-processing step (R. Fablet et al. 2017). By
contrast, the PB-NNKF-EOF scheme fully embeds this post-processing step through
reconstruction network Fr and learns its parameterization from data, which is shown here
to greatly improve patch-based interpolation performance. The analysis of the spectral
signatures in Figure 8.5 leads to similar conclusions with the PB-NNKF-EOF scheme
being the only one to recover significant energy level up to 50 km.

8.4.2 Sea Level Anomaly Reconstruction

Dataset description : The dataset used in our experiments is a gap-free SLA time
series obtained using the WMOP product (Juza et al. 2016). The spatial resolution of the
processed 3 data is a 0.05° and the temporal resolution h = 1 day. We use the data from
January 2009 to December 2014 as training data and we tested our approach on the first
347 days of the year 2015. We also implement an Observing system simulation experiment
(OSSE) to generate synthetic observations of satellite altimeter data from real satellite
track spatio-temporal locations from a four-altimeter sampling configuration in 2015. We
test our approach on two different patches located on south Mallorca (2.5°E to 4.25°E,
37.25°N to 39.5°N) and north Algeria (2.5°E to 4.25°E, 36.5°N to 38.25°N). These two

3. The initial WMOP resolution is 0.02°. It was interpolated in this work into a regular 0.05° grid.
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Figure 8.4 – Interpolation of the SST field on 19 July 2015: first row, the reference
SST, its gradient and the observation with missing data (here, 82% of missing data);
second row, interpolation results using respectively OI, PB-VE-DINEOF, GAF-EnKF,
LAF-EnKF, PB-NN-NNKF, PB-NN-NNKF-EOF; third row, gradient of the reconstructed
fields.

Figure 8.5 – Radially averaged power spectral: density of the interpolated SST fields
with respect to the reference SST.

patches were selected to be representative of different dynamical behaviors. The patch
size used in this work is P = 35 and the EOF space dimension NE = 18, which amounts
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to capture 95% of the total variance.
Parametrization of the data-driven models : Regarding the proposed Neural

Networks Kalman Filter (NNKF), and since this case study is achieved only on a patch
level, the patch index is dropped for simplicity and the reconstruction model Fr is irrelevant.
The NN model F (operating at a patch level), is based on a bilinear residual neural network
architecture with 16 linear neurons, 20 bilinear neurons and 6 fully-connected layers with
a Relu activation. Regarding the covariance model FΣ, we consider an MLP with 6 layers,
5 hidden layers with 100 neurones and Relu activations and an output layer with a softplus
activation.

We perform a quantitative analysis of the interpolation performance of the proposed
scheme with respect to an optimal interpolation, and the analog data assimilation. Overall,
the considered parameter setting is as follows:

— Optimal interpolation (OI) : We use a Gaussian kernel with a spatial correlation
length of 100 km and a temporal resolution length of 20 days. These parameters
were empirically tuned for the considered dataset using a cross-validation experiment.
The OI reconstruction was held into the Balearic region (1.5°E to 8.5°E, 36.5°N to
40°N) since patch based OI reconstruction leads to very poor reconstructions due to
the big rate of missing data.

— Analog data assimilation (LAF-EnKF, GAF-EnKF): We apply both the global
and local analog data assimilation schemes, referred to as GAF-EnKF, LAF-EnKF
respectively (R. Fablet et al. 2017; Lguensat et al. 2017b). This technique is based
on a locally linear analog forecasting operator in a classical Ensemble Kalman filter
with 100 particles.

Finally, regarding the assimilation experiment with the proposed model and the analog
data assimilation, we concatenate the observations given at day t with a half window size
of 3 days.

Patch-Based Reconstruction performance: The analysis of the assimilation re-
sults presented in the table 8.3 illustrates clearly the advantages and limitations of the
proposed framework. Specifically, when comparing the proposed model to the optimal
interpolation, and despite the fact that the OI reconstruction was performed through a
much larger region which provides more observations, especially in the patches boundaries,
Our method, and similarly to the SST case study, still gives better results.

Interestingly, and on the contrary to the SST case study, our interpolation technique,
although executing much faster due to the parametric formulation of the covariance matrix,
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performs worst than the AnDA method. This can be seen, in our opinion, to the fact that
the SLA case study involves much higher missing data rates than the SST one, leading
to more frequente divergence of the reanalysis x+ from the true sea surface state. This
divergence makes both the dynamical and covariance models F and FΣ irrelevant due
to the fact that the models are both leaving in the space of observations, which is note
necessary (and is not actually) an embedding of the true hidden states governing the
dynamics, making the generalizability of such models to (spatially) deviations from the
training observations and to (temporally) realistic successive predictions impossible( 4).
From this point of view, and exploiting recent advances in end-to-end inverse problems,
we will tackle in the next chapter a more adapted architecture for data assimilation of
sparse observations.

Model SLA Gradient Exec time

Patch 1

OI RMSE 0.031 0.0053
Correlation 82.66% 52.42%

GAF-EnKF RMSE 0.027 0.0048 ∼ 40secCorrelation 87.28% 63.58%

LAF-EnKF RMSE 0.025 0.0041 ∼ 390secCorrelation 89.21% 68.75%

NNKF RMSE 0.026 0.0041 ∼ 2 secCorrelation 88.35% 66.72%

Patch 2

OI RMSE 0.040 0.0072
Correlation 65.05% 30.21%

GAF-EnKF RMSE 0.036 0.0066 ∼ 40secCorrelation 82.07% 42.19%

LAF-EnKF RMSE 0.034 0.0060 ∼ 390secCorrelation 84.98% 45.94%

NNKF RMSE 0.036 0.0061 ∼ 2 secCorrelation 84.34% 45.71%

Table 8.3 – SLA interpolation experiment: Mean reconstruction correlation coefficient
and RMSE over the SLA time series and their gradients.

4. Typically since the dynamics in the observation space are not deterministic.
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8.5 Conclusion

In this work, we addressed neural-network-based models for the spatio-temporal
interpolation of satellite-derived SST and SLA fields. We introduced a novel probabilistic
NN-based representation of geophysical dynamics. This representation, which relies on
a patch-level and EOF-based decomposition, allows us to propagate in time a mean
component and the covariance of the sea surface fields.

Beyond the gain in execution time when compared to all state-of-the-art techniques,
the interpolation performance of the proposed framework is demonstrated in our numerical
experiments with respect to the state-of-the-art approaches. Our method clearly outper-
forms classical interpolation techniques such as the optimal interpolation and DINEOF
based schemes.

Comparing our data-driven data assimilation scheme to the analog data assimilation
framework reveals two important aspects. First of all, the proposed method leads to
significant improvements when tested on the SST case study and on the contrary, performs
worst on the SLA interpolation problem. As discussed earlier, this is principally due to
the fact that when going from the SST to the SLA case studies, the missing data rates
drops significantly making the assumption of modeling the dynamics on the observation
space penalizing the reconstruction.

We believe that this study opens a new research avenue for the design of stochastic
dynamical representations for spatio-temporal fields. When seeking for fast execution
times, the proposed neural networks based parametrization of the ensemble forecasting
seems relevant, however, improving the formulation and training of the covariance model
is an important issue since as shown in the experiments, learning our covariance model
based on one step ahead ensemble forecasting is most likely to fail in sequential assimila-
tion frameworks when provided with observations with highly irregular spatio-temporal
sampling. Optimizing our covariance model based on the spatio-temporal sampling of our
observations seems to be an interesting path to investigate as one of our further works.

Changing the state space model formulation to work on an embedding of the ob-
servations should however be one of our first concerns and will be treated in the next
chapter. Interestingly, Exploring the proposed Augmented Koopman formulation in data
assimilation issues allows the exploitation of simple linear filtering schemes such as the
classical Kalman recursion. Furthermore, and motivated by recent advances in end-to-end
solutions of inverse problems (Ronan Fablet et al. 2019; Ronan Fablet et al. 2020), the
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simplicity of such linear filtering methods favors their implementation in differentiable
frameworks in order to derive end-to-end data assimilation schemes.
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I have not failed. I’ve just found 10,000 ways that
won’t work.

Thomas A. Edison

Chapter 9

Augmented Koopman Kalman Filter in
an End-to-End Setting

The neural networks based Kalman filter presented in the previous chapter have a
significant problem. The formulation of the data-driven dynamical prior in the observation
space, limits the predictability of the dynamics to extremely short-term times. Conse-
quently, the deduced data assimilation algorithm suffers from generalizability issues, when
confronted to sparse observations. This chapter exploits the Augmented Koopman formula-
tion presented in chapter 6 in a classical Kalman filtering scheme to perform reconstruction.
Furthermore, and motivated by the success of recent works in reconstruction problem
through adopting an end-to-end methodology, we propose to implement the Kalman filter
in a differentiable fashion in order to learn the dynamical Koopman model with respect to
a reconstruction cost, instead of a forecasting one.

9.1 Introduction

The high resolution monitoring of sea surface variables is a major challenge in oceanog-
raphy (Pascual et al. 2017; Ruiz et al. 2019). Producing high resolution gridded spatio-
temporal products of physical variables (Dussurget et al. 2011; Escudier et al. 2013b) such
as sea surface temperature, sea surface height and sea surface salinity is of key interest for
several scientific fields such as the understanding of oceanic and atmospheric circulation
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(Donlon et al. 2002), the forecasting of tropical rainfalls and hurricanes (Nobre et al. 1996)
and the understanding and prediction of sea level changes (Nicholls et al. 2010).

Observations of these geophysical variables are provided by satellite remote sensing
observations and in-situ monitoring. However, they usually involve irregular sampling
patterns due to the sensor’s characteristics and we are only given partial and possibly
noisy observations. As a result, no sensor can provide high-resolution (in space and time)
gap-free observations. The percentage of missing data within a region of interest may
become very large which makes crucial the development of spatio-temporal interpolation
tools for end-users.

In this context, data assimilation based techniques are the state-of-the-art approaches
in the reconstruction of a spatio-temporal geophysical state such as the atmosphere or
the ocean (Carrassi et al. 2018). These methods rely on an explicitly given dynamical
model to compute several forward simulations. Unfortunately, the restriction of the data
assimilation problems to a small subset of observations, as encountered for instance in ocean
surface reconstruction, limits the applicability of model based data assimilation techniques.
These limitations motivated the exploration of interpolation techniques that do not require
an explicit dynamical representation. Among other methods, Optimal Interpolation
(OI) became the state-of-the-art framework. This technique does not need an explicit
formulation of the dynamical model and rather relies on the modelization of the covariance
of the spatio-temporal fields. Issues within this interpolation techniques were discussed in
chapter 7, with as a result, the increasing interest in data-driven representations.

Data-driven state-of-the-art reconstruction problems are usually formulated as inverse
problems where one searches to maximize the reconstruction performance of an inversion
model, given as an input an observed field. This learning-to-reconstruct strategy, differs
from classical inversion techniques used in geosciences where the models and the inversion
schemes are a priori unrelated. The recent exploration of data-driven representations in
the context of sea surface fields reconstruction was inspired by the latter methodological
viewpoint where a data-driven dynamical model is optimized based on the minimization
of a forecasting cost i.e. in a learning-to-forecast strategy. This data-driven prior is then
plugged into a data assimilation framework to perform reconstruction based on classical
(kalman based, variotional formulations) inversion schemes (Lguensat et al. 2017b; R.
Fablet et al. 2017).

In the previous chapter, we investigated deep learning models for prediction and
data assimilation issues in the context of a "learning-to-forecast senario". The derived
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architecture, although relevant when provided with observations with a reasonable spatio-
temporal coverage, fails in outperforming classical state-of-the-art data-driven techniques
such as the analog data assimilation when provided with extremely sparse data (such
as in the SLA case study). This is principally due to the learning formulation of the
mean and covariance components that involve a short-term forecast in the observation
space. As illustrated in chapter 4, since the observation space is not guaranteed to form
an embedding of the true underlying states governing the field, such formulation only
guarantees a reasonable short-term forecast, and when applied in reconstruction scenarios
with large missing data rates, the forecasted state diverges from the observations, resulting
in a poor data assimilation performance.

Furthermore, including the observation sampling in the training of an arbitrary re-
construction model appears to be the best bet when considering reconstruction issues.
Such architecture is stated elsewhere in the literature as an end-to-end reconstruction
methodology since it utilises the observations to optimise an inversion model in a learning-
to-reconstruct fashion. This framework was naturally explored in the context of image
denoising and inpainting principally due, when compared to classical state reconstruction
issues in geosciences, to the lack of methodological formulation. Recent works proposed
to formulate the data-driven data assimilation problem, in the context of sea surface
reconstruction, as a minimization of a variational cost problem in an end-to-end setting.
Specifically, (Ronan Fablet et al. 2019; Ronan Fablet et al. 2020) proposed to implement a
data-driven 4dVar assimilation scheme in a differentiable manner where the parameters of
a data-driven dynamical model are trained based on a reconstruction cost (rather than a
forecasting one) in an end-to-end methodology. Interestingly, they prove experimentally
that this formulation of the problem highly outperforms the state-of-the-art learning-to-
forecast one. They also show that they can even outperform data assimilation methods,
for toy examples where the true underlying dynamical representation of the dynamics is
known.

Motivated by these advances, we propose to implement an other classical data as-
similation scheme (the Kalman Filter) in an end-to-end differentiable setting. This
end-to-end Kalman Filter framework is based on an augmented Koopman linear model.
This parametrization ensures that one can use the linear prediction/update phases pro-
posed by Kalman in a differentiable framework in order to minimize a data assimilation
cost, instead of a forecasting one. Overall, our key contributions is twofold

— we propose a new end-to-end sequential data assimilation architecture where the
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dynamical model is trained based on a data assimilation cost;

— we demonstrate the relevance of the proposed architecture with respect to classical
state-of-the-art techniques in the reconstruction of spatio-temporal sea surface fields.

The chapter is organized as follows. In Section 9.2, we briefly review state-of-the-art
data-driven data assimilation techniques. Section 9.3 presents the proposed framework,
followed by the experiments and results in Section 9.4. We close the paper with conclusions
and perspectives for future work in Section 9.5.

9.2 Background and related works
Data assimilation in the broad sense can be considered as the inference of a hidden

state, based on several sources of information. When considering data assimilation in the
context of oceanography, these schemes exploit, in addition to some given observations,
a dynamical model to perform simulations from given ocean states (Gordon et al. 2000).
Unfortunately, when restricted to sea surface variables, the selection and parametrization
of a dynamical model remains complex since several trade-offs regarding the complexity of
the model and its ability to relate the observed processes need to be carefully addressed.

With the ever increasing amount of observation and simulation data, data-driven
approaches have emerged as appealing strategies. The first exploration of these tools
in the context of ocean data assimilation was mainly considered in the context of the
learning-to-forecast methodology where one optimizes a forecasting cost of a data-driven
dynamical prior. This dynamical prior is then plugged into a classical data assimilation
scheme to perform reconstruction based on incomplete/corrupted observations. We may
cite both analog schemes (Lguensat et al. 2017b) and neural network representations (Said
Ouala et al. 2018a) as relevant examples of data-driven approaches for the reconstruction
of sea surface dynamics.

These plug-and-play data-driven data assimilation schemes based on approximate
dynamical priors can be considered as versatile since they do not depend on a specific
observation sampling and thus can be, in theory, applied to any given observational
sampling. However, when an observation sampling is fixed and known (such as a satel-
lite constellation in the context of sea surface observations) exploring end-to-end data
assimilation framework, that can be optimized based on a reconstruction cost i.e. in a
learning-to-reconstruct setting should lead to a better performance than plug-and-play
methods on specific case studies. This gain is expected since an additional information,
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consisting in the configuration of the observing systems, is used in the optimization of the
models.

This assumption was experimentally shown in the work of Fablet et al. (Ronan Fablet
et al. 2020). Given a historical catalog of states and the corresponding observation sampling,
learning a data assimilation model based on a data assimilation cost outperforms classical
plug and play methods, even when the true dynamical representation of the underlying
dynamics is known. This result can be justified by the fact that even if the true model
is known, using it in a data assimilation scheme with noisy observations leads to some
reconstruction errors that can be minimized in an end-to-end setting with an approximate
model.

From a deep learning perspective, such a formulation is stated as an end-to-end, direct
(supervised) learning of inverse models. A variety of works proposed different formulations
of this problem. We may cite for instance projection based techniques (McCann et al.
2017; Lucas et al. 2018) and inversion methods based on optimizers learning formulation
(Andrychowicz et al. 2016a) as relevant examples.

In this work we explore end-to-end trainable sequential data assimilation schemes. We
exploit a Kalman filter architecture based on the augmented Koopman dynamical model
proposed in chapter 6. This architecture, when compared to the one presented in the
previous chapter present three main advantages. First of all, it formulates the problem in
a space of observables making the Koopman approximation close to an exact linearization
when considering periodic and quasi-periodic limit-sets and providing a decent (short-term)
forecast of chaotic ones. This formulation also allows a linear propagation of the mean
and covariance matrix, without resorting to an approximate non-linear model for both
the moments as proposed in the previous chapter. Finally, and since implemented in an
end-to-end fashion, it allows an optimization of the Koopman modes and observables
based on a reconstruction cost.

Interestingly, several other parameters of the filtering scheme such as the model and
observation errors can be supposed to be outputs of some parametric models and thus,
can be trained to minimize the reconstruction cost. Optimizing the errors statistics in the
other hand should be coupled with additional training regularizes (Tandeo et al. 2018), in
order to avoid overfitting. Although not addressed here, this work can exploit decades of
works in the context of Kalman filtering to properly learn dynamics and errors statistics
that would minimize a data assimilation cost.
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9.3 End-to-End Sequential Data-Assimilation

In this section we first start by reminding the well known Kalman filter recursion. We
discuss its implementation in a differentiable framework and introduce the Patch based
Augmented Koopman Kalman filter that will be applied to the space-time interpolation of
sea surface fields.

9.3.1 Kalman Filter

Let us assume the following state space model

żt = f(zt) + ηt (9.1)
xt+1 = H(zt+1) + εt (9.2)

where z ∈ Rs and x ∈ Rn represent the hidden state variables and the observations
respectively, f and h the dynamical and observation models. ηt and εt are random
processes accounting for the uncertainties in the dynamical and observation models.

As discussed in the previous chapter, spatio-temporal interpolation problems can
be formulated as a Bayesian filtering problem where the main goal is to evaluate the
conditional probabilities p(zt+1|x1, ...,xt) (prediction distribution of the state zt+1 given
observations up to time t) and p(zt+1|x1, ...,xt,xt+1) (posterior distribution of zt+1 given
observations up to time t+ 1). Furthermore, when the dynamical and observation models
are linear with Gaussian uncertainties, the optimal solution of this Bayesian filtering
problem is given by the well known Kalman recursion

z−t+1 = Fz+
t (9.3)

Σ−t+1 = FΣ+
t F

T +Qt (9.4)
z+
t+1 = z−t+1 +Kt+1[xt+1 −Ht+1z−t+1] (9.5)

Σ+
t+1 = Σ−t+1 −Kt+1Ht+1Σ−t+1 (9.6)

with

Kt+1 = Σ−t+1H
T
t+1[Ht+1Σ−t+1H

T
t+1 +Rt]−1. (9.7)

Here F and Ht+1 correspond respectively to the matrix representation of the dynamical and
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observation models f and h. The covariances Qt and Rt correspond to the Gaussian second
order statistics of the uncertainties in the dynamical and observation models respectively.

The superscript (-) refers to the forecasting of the mean of the state variable z−t+1

and of its covariance matrix Σ−t+1 given observations up to time t but without the new
observation at time t+ 1. The superscript (+) refers in the other hand to the mean of the
state variable z+

t+1 and of the covariance matrix Σ+
t+1 given all observations up to time

t+ 1. They are referred to as the assimilated mean and covariance. Kt+1 is the Kalman
gain.

9.3.2 End-to-end trainable Kalman filter

Proposed augmented Koopman Kalman Filter

When considering the data-driven resolution of data assimilation problems in the
context of ocean remote sensing, neither the dynamical representation f nor the true state
z are observed. We are only provided, in the context of an Observing System Simulation
Experiment (OSSE) with a historical spatio-temporal field of interest x as well as its
restriction on a sampling domain Ω possibly corrupted by some noise xΩ. In order to avoid
confusion, the variable z is called hidden state, x is the state of interest or observed state
and finally xΩ is stated as the observation.

Classical data-driven sequential data assimilation schemes assume a dynamical prior in
the space of observed states (Lguensat et al. 2017b; R. Fablet et al. 2017). However, as
seen in the previous chapter, this formulation can restrict the expressivity of the model
especially when the observed state x does not form an embedding of the true underlying
hidden state z. In this work we will consider the Augmented Koopman formulation
proposed in chapter 6.

We may state that when considering high-dimensional dynamical systems as encountered
for instance in ocean remote sensing data assimilation applications, the application of a
classical Kalman filter is difficult to be envisaged mainly due to the non-linear form of
the models. The proposed Koopman framework in the other hand takes advantage of the
formulation in a space of observables where the model is perfectly linear for a category of
dynamical regimes (typically periodic and quasi-periodic ones), and can provide a decent
short-term approximation of chaotic regimes. These considerations make the proposed
Koopman approximation suitable for data assimilation applications as long as the provided
observations regularize the state of interest.
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Formally, let us consider an augmented state u such as

utT = [M(xt)T ,yTt ] (9.8)

with xt ∈ Rn is the observed state, yt ∈ Rl the unobserved component of the augmented
state ut andM(xt) ∈ Rr with r ≤ n a linear projection operator (that can be used for
instance in the context of reduced order modeling). The augmented state ut ∈ RdE with
dE = l + r evolves in time according to the following state space model:

u̇t = Aθut
xt =M−1Gut

(9.9)

where the approximate Koopman operator Aθ is an dE × dE matrix with the associated
linear dynamics given in a continuous time setting. G is a projection matrix that satisfies
Mxt = Gut. We let the readers refer to chapter 6, for a more in depth presentation of
this model.

The above model was previously used in a forecasting setting and thus, optimized
based on the minimization of a prediction cost. This strategy can be used in this work
to derive a data-driven dynamical prior that can be plugged into classical assimilation
schemes. However, and as shown in (Ronan Fablet et al. 2019; Ronan Fablet et al.
2020), utilizing end-to-end learning-to-reconstruct strategies may outperform plug-and-play
methods when the observation sampling Ω is known. In this respect, we propose to
consider sequential data assimilation schemes, for which, the proposed formulation allows
to derive an analytical solution of the posterior distribution p(ut0:T |xΩ,t0:T ) based on the
Kalman recursion. Formally, the mean and covariance of the posterior distribution can be
computed as follows, for t = t0, ..., T and given the initial moments ut0 and Σt0 :

u−t+1 = ehAu+
t (9.10)

Σ−t+1 = ehAΣ+
t (ehA)T +Qt (9.11)

u+
t+1 = u−t+1 +Kt+1[xΩ,t+1 −M−1Gu−t+1] (9.12)

Σ+
t+1 = Σ−t+1 −Kt+1M−1GΣ−t+1 (9.13)

with

Kt+1 = Σ−t+1(M−1G)T [M−1GΣ−t+1(M−1G)T +Rt]−1. (9.14)
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Figure 9.1 – Training phase of the proposed end-to-end Kalman filter archi-
tecture. We illustrate the training phase of the reconstruction architecture associated
with a data-driven augmented Koopman model. Each training step involves computing the
reconstruction error of the proposed framework with respect to the true field, a gradient
decent algorithm is then used in order to update the model’s parameters.

Learning scheme

Classical plug and play data assimilation schemes typically utilise a pre-trained data-
driven model in a data assimilation scheme. In this context, the augmented Koopman
model given in equation (9.9) is optimized to minimize a forecasting cost as follows:

min
θ

min
{yt}t

T∑
t=t0
‖xt −M−1(G

(
ut−1e

(hAθ))
)
‖2 + β‖ut − ut−1e

(hAθ)‖2 (9.15)

where {xt0 . . . ,xT} are given time series of the observed state.
Given sampled observations xΩ,t, t = T + 1, ..., T +N , of unseen observed states xt the

above data-driven model, trained on a forecasting cost, is plugged in a Kalman filtering
scheme to estimate a reanalysis of the state x+

t . Here, we benefit from the end-to-end
architecture presented above to state the training stage of the the augmented Koopman
model as

θ̂ = arg min
θ

T∑
t=t0
‖xt −M−1(G

((
u+
t )
))
‖2

(9.16)

where u+
t is the output of the Kalman filter recursion given as observations xΩ,t0:t. Figure

9.1 highlights the training setup of the proposed end-to-end Kalman filter architecture.
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Given a batch (or a sequence) of observations {xΩ,t0 , . . . ,xΩ,T}, the Kalman filter com-
putes an estimate of the observed state {M−1(G

((
u+
t0)
))
, . . . ,M−1(G

((
u+
T )
))
}. This

estimate is then matched to the true {xt0 . . . ,xT} to compute the reconstruction error. A
backpropagation step is then applied to compute the gradient of the parameters θ with
respect to the reconstruction cost. Finally, a gradient based optimization step is carried in
order to update the model parameters.

Patch based extension and associated learning scheme

Similarly to the previous chapter, a patch based representations 1 is considered in
order to reduce the computational complexity of the model. Specifically, this patch based
representations allows a block-diagonal modelization of the covariance matrices which
significantly reduces the computational and memory complexity of the model. This patch-
based representation is fully embedded in the considered architecture to make explicit
both the extraction of the patches from a 2D field and the reconstruction of a 2D field
from the collection of patches. The latter involves a reconstruction operator which is learnt
from data. Formally, reconstruction model can be decomposed into three main blocks as
follows:

— At a given time t, the first block of the network comes to decompose the observations
xΩ,t into a collection of Np P × P patches xPs,Ω,t, where P is the width and height
of each patch and s the patch location in the global field.

— Each patch Ps is then independently reconstructed based on a Kalman filter recursion,
using as a dynamical model the augmented Koopman formulation in the EOF space 2

with the corresponding Koopman operator APs,t, the EOF basisMPs is computed
offline. The observation model of the Kalman recursion links the sampled observations
xPs,Ω,t to the forecasted EOF states of the augmented Koopman model throughM−1

PsG

to generate reconstructions x+
Ps,t.

— The third block is a reconstruction network Fr. It combines the reconstructed patches
x+
Ps,t to reconstruct the output field x+

t . This reconstruction network Fr involves a
convolution neural network (LeCun et al. 1999).

This end-to-end patch-based architecture is also trained according to the minimization
of the reconstruction error as in (9.16)

1. P × P subregion of a 2D field with P the width and the height of the patch
2. A preprocessing step consists in computing an EOF decomposition for each patch.
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9.4 Applications to the reconstruction of sea surface
fields from irregularly-sampled observations

9.4.1 Shallow Water equation (SWE) case-study

Dataset description : The direct numerical simulation of the two-dimensional shallow-
water equation was carried using a finite difference method. The size of the domain is set
to 1000km× 1000km with a corresponding regular discretization of 80× 80. The temporal
step size was set to satisfy the Courant–Friedrichs–Lewy condition (h = 40.41 seconds).
The data were subsampled to h = 40.41 × 10 and 500 time-steps were used as training
data. The models were validated on a series of length 100. Regarding the observations
sampling Ω, we randomly sampled 1% of the pixels were with a temporal coverage given
in figure 9.2.

Parametrization of the data-driven models : We exploit a patch-level represen-
tations with overlapping 20× 20 patches. For each patch Ps, we learn an EOF basisMPs

from the training data. We keep the first 20 EOF components, which amount on average to
95% of the total variance. This patch-based decomposition is shared among all the tested
models. Finally, and similarly to (R. Fablet et al. 2017), an EOF based post-processing
step is applied to all the reconstructions.

Regarding the end-to-end Kalman filter architecture (E2EKF), the patch level aug-
mented Koopman models are implemented with an embedding dimension dE = 60. Finally
the reconstruction model Fr is a residual, two blocks, convolutional neural network. The
first block of the network contains four layers with 6 filters of size k × k (with k ranging
from 3 to 17). The second block involves 5 layers, the first four containing 24 filters and
a similar kernel size distribution as the ones in the first block, the last layer is a linear
convolution with a single filter.

The proposed technique is compared in this work to the following schemes:

— Plug-and-play augmented Koopman formulation (KF): In order to show the relevance
of the proposed end-to-end architecture, its plug-and-play counterpart is also tested.
This model exploits the same patch based augmented Koopman formulation as
the end-to-end one, however, the parameters of the model are trained based on a
forecasting criterion and plugged into a Kalman filtering scheme.

— Analog data assimilation (AnDA): We apply the analog data assimilation framework
(R. Fablet et al. 2017; Lguensat et al. 2017b)with a locally linear dynamical kernel and

167



Part IV, Chapter 9 – Augmented Koopman Kalman Filter in an End-to-End Setting

an ensemble Kalman filter scheme. Please refer to (R. Fablet et al. 2017; Lguensat
et al. 2017b) for a detailed description of this data-driven approach, which relies on
nearest-neighbor regression techniques.

Model Entire map Missing data areas

RMSE Correlation RMSE Correlation

η(m) ∇η(m/°) η ∇η η(m) ∇η(m/°) η ∇η

Proposed, E2EKF 0.046 0.009 73.10% 41.89% 0.047 0.010 73.80% 41.90%
AnDA 0.058 0.011 52.74% 35.91% 0.060 0.011 52.82% 21.25%
KF 0.060 0.010 64.57% 21.21% 0.059 0.010 64.68% 36.06%

Table 9.1 – Surface elevation (η) interpolation experiment: Reconstruction corre-
lation coefficient and Root Mean Squared Error (RMSE) over the elevation time series
and their gradient.

Reconstructing performance of the proposed data-driven models: a quanti-
tative analysis of the benchmark is given in table 9.1 based on i) a mean RMSE criterion
and ii) a mean correlation coefficient criterion of the interpolated fields as well as their
gradients. The RMSE and correlation coefficient time series, as well as the spatial coverage
of the observations are also reported in figure 9.2. Overall, the proposed end-to-end
architecture leads to very significant improvements with respect to the state-of-the-art
AnDA technique, as well as to its plug-and-play counterpart both in terms of RMSE
and correlation coefficients. These results emphasise the importance of the end-to-end
methodology with respect to classical plug-and-play techniques since, when considering
data-assimilation applications, and as shown by (Ronan Fablet et al. 2019; Ronan Fablet
et al. 2020), the reconstruction performance depends on both the quality of the dynamical-
prior as well as the provided data. Classical plug-and-play techniques, in the opposite
to end-to-end strategies, ignore the latter source of information resulting in decent but
improvable reconstruction performance.

Qualitative analysis of the proposed schemes: the conclusions of the quantitative
analysis are also illustrated through the visual analysis of the reconstructed surface
elevation and its gradient in figure 9.3. Interestingly, this visual analysis reveals that the
AnDA technique tend to smooth out fine-scale patterns. By contrast, the Augmented
Koopman based schemes (in both its end-to-end and plug and play versions) achieve a
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(a) (b)

Figure 9.2 – Reconstruction and gradient RMSE times series with respect to
the true surface elevation.

Figure 9.3 – Interpolation example of the surface elevation field: first row, the
reference surface elevation, its gradient and the observation with missing data; second row,
interpolation results using respectively the plug-and-play Augmented Koopman Kalman
filter, AnDA, and the proposed E2EKF; third row, gradient of the reconstructed fields.
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(a) (b)

Figure 9.4 – Radially averaged power spectral density mean error : Mean error
PSD of the tested interpolation models with respect to the true surface elevation and its
gradient.

better reproduction of fine scale structures illustrated for instance by the gradients of the
field. The analysis of the spectral signatures in Figure 9.4 leads to similar conclusions
since, when compared to the state-of-the-art AnDA technique, as well as to its plug and
play counterpart, the proposed end-to-end architecture leads to significant improvements
especially regarding the reproduction of the gradient energy-level.

9.4.2 Sea Level Anomaly (SLA) case study

Dataset description Our second case study addresses the reconstruction of sea level
anomaly (SLA), from satellite altimetry data. For evaluation purpose, we consider an
OSSE using realistic high-resolution ocean simulation data in the Western Mediterranean
sea from WMOP configuration (Western Mediterranean Operational Forecasting System)
(Juza et al. 2016). This region is extremely dynamic with smaller structures when compared
to other regions of the ocean (Malanotte-Rizzoli et al. 2014) making the reconstruction of
mesoscale and sub-mesoscale flows particularly challenging. The considered simulation
dataset involves a spatial resolution of 0.05° and a temporal resolution h = 1 day. The data
from January 2009 to December 2014 were used as training and we tested our approach
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on the first 347 days of the year 2015. We also simulate synthetic observations of satellite
altimeter data from real satellite tracks from a four-altimeter sampling configuration in
2014. The region of interest is located on (2.5°E to 4.25°E, 37.25°N to 39.5°N).

Parametrization of the data-driven models : Similarly to the SWE experiment,
we exploit a patch-level representation with 35× 35 overlapping patches. For each patch
Ps, we learn an EOF basis from the training data. We keep the first 15 EOF components,
which amount on average to 95% of the total variance. This patch based decomposition is
shared among all the tested models. Finally, and similarly to (R. Fablet et al. 2017), an
EOF based post-processing step is applied to all the reconstructions.

Regarding the end-to-end Kalman filter architecture (E2EKF), the patch level aug-
mented Koopman models are implemented with an embedding dimension dE = 50. The
reconstruction model Fr shares the same architecture as the one described in the SWE
experiment.

We perform a quantitative analysis of the interpolation performance of the proposed
scheme with respect to an optimal interpolation and to the Analog Data Assimilation
technique (AnDA). Overall, the considered parameter setting is as follows:

— Optimal interpolation (OI) : We use a Gaussian kernel with a spatial correlation
length of 100 km and a temporal resolution length of 20 days. These parameters were
empirically tuned for the considered dataset using a cross-validation experiment.

— Analog data assimilation (AnDA): Similarly to the SWE experiment, we consider a
locally linear forecasting operator coupled to an ensemble Kalman filtering scheme.

Model Entire map Missing data areas

RMSE Correlation RMSE Correlation

SLA(m) ∇SLA(m°) SLA ∇SLA SLA(m) ∇SLA(m/°) SLA ∇SLA

Proposed, E2EKF 0.021 0.0041 96.22% 77.51% 0.022 0.0043 97.95% 79.59%
LAF-EnKF 0.023 0.0043 95.79% 75.78% 0.025 0.0044 97.51% 77.54%
OI 0.036 0.0062 90.84% 60.01% 0.037 0.0063 94.50% 62.98%

Table 9.2 – SLA interpolation experiment: Reconstruction correlation coefficient and
RMSE over the SLA time series and their gradient.

Reconstructing performance of the proposed data-driven models: Table 9.2
illustrates the reconstruction performance of the tested data-driven models in terms of
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(a) (b)

Figure 9.5 – Reconstruction and gradient RMSE times series with respect to
the true SLA.

RMSE and correlation coefficient. Figure 9.5 provides the time series of these criteria.
First of all, a clear improvement is noticed when comparing the proposed end-to-end
architecture and the AnDA technique with respect to the optimal interpolation. This gain
was expected and is mainly due to the fact that AnDA and the proposed method both rely
on a data-driven sequential filtering scheme that utilises a data-driven dynamical prior to
achieve the interpolation. The optimal interpolation in the other hand only relies on a
Gaussian spatio-temporal covariance model to interpolate the observations. Similarly to
the previous analysis with the SWE a gain is also exhibited with respect to the analog
data assimilation scheme 3. This improvement highlights the importance of the end-to-end
learning methodology.

Qualitative analysis of the proposed schemes: The findings of the quantitative
study are also demonstrated in the data assimilation example illustrated in figure 9.6. This
visual analysis reveals that that fine-scale patterns are better retrieved using the propsed
end-to-end scheme. Furthermore, the analysis of the PSD error of the SLA and especially

3. Although not treated here, the complexity of the model is significantly decreased when comparing
the proposed E2EKF to the AnDA method. This gain is mainly due to the linear formulation of the
dynamics leading for instance to a huge gain in the execution time of the model. The AnDA algorithm in
the other hand relies on an ensemble forecast setup based on a K nearest neighbours search.
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Figure 9.6 – Interpolation example of the SLA field on February 19, 2015: first
row, the reference SLA, its gradient and the observation with missing data; second row,
interpolation results using respectively OI, AnDA, and the proposed E2EKF; third row,
gradient of the reconstructed fields.

(a) (b)

Figure 9.7 – Radially averaged power spectral density mean error : Mean error
PSD of the tested interpolation models with respect to the true SLA and its gradient.
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its gradient in figure 9.7 leads to similar conclusion with the proposed architecture leads
to a significant gain in terms of energy level matching regarding 60 km structures.

9.5 Conclusion

Spatio-temporal interpolation applications are important in the context of ocean surface
modeling. For this reason, deriving new data-driven data assimilation architectures that
can perfectly exploit the observations and the current advances in signal processing,
modeling and artificial intelligence is crucial. In this chapter, we presented a new algorithm
that utilises an OSSE setting, in a supervised fashion, to interpolate spatio-temporal
fields. One of the main advantages of the proposed architecture is its simplicity since it
utilises a linear representation coupled with a differentiable Kalman filter. Interestingly,
the presented experiments show that exploiting a decent linear representations (such as
the augmented Koopman one) leads to better data assimilation results than non linear
based filtering techniques such as AnDA.

We believe that the proposed end-to-end architecture scales, better than classical
plug-and-play methods, with the amount of the assimilated observations as it explicitly
utilises them, in the training phase, to optimise the data-driven model. From this point of
view, investigating the potential of the proposed framework in the reconstruction of denser
SLA observations, that can be provided for instance by the upcoming Surface Water Ocean
Topography (SWOT) Mission, is an important applicative perspective since it can allow
the unfolding of high resolution variability, which is hard or impossible to retrieve using
either along track nadir data or classical state-of-the-art data-driven schemes.

Beyond filtering applications, we believe that the proposed framework provides an
initial playground for learning, far away from an OSSE setting, interpolation models of
real observations. This can be directly done for instance by restricting the loss function in
equation (9.16) to the sampling domain Ω. We believe however that such a case study
should be carefully addressed in order to correctly interpolate regions that were never seen.
From this point of view, upgrading the proposed framework to account for the estimation
of the model and observation errors statistics, typically based on classical techniques
(Tandeo et al. 2018), should at some point be considered since it will help assessing the
quality of a forecast/interpolation.

Finally, deriving a dynamical representation of an irregularly sampled, partially observed
system can be treated with the proposed framework through the implementation of a
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additive forecasting cost to equation (9.16). This perspective is off interest since it may
allow forecasting resolved dynamics (up to a given scale) based on incomplete knowledge
both in space and time.
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Il n’y a jamais de dernier mot, la parole est trop
précieuse.

Chawki Amari

Chapter 10

Conclusions

10.1 Conclusions

Over the last years, the geoscience community has shown a growing interest in artificial
intelligence algorithms as a new data-driven tool that may address complex inverse problems.
The variety of challenges within the community (Karpatne et al. 2019) resulted in a
tremendous amount of works, that will lead us a step further into a deeper understanding
of our planet. Our work during this thesis constitutes an insignificant brick in this direction,
that when upgraded with the interest, criticism and perspectives of the community will
hopefully result in a solid contribution to sciences.

Throughout this thesis, we intended to explore data-driven representations for the
forecasting, simulation and data-assimilation of ocean surface dynamics. At the core of
our work, and motivated by the concept of reduced order modeling, we investigated the
exploitation of ODE representations as a relevant framework to address such applications.
The relevance of ODE representations states in the fact that such models derive naturally
from primitive physical laws such as Newton’s and Lagrange and can be easily interpreted
(at least in the phase space), constrained (using the huge of state-of-the-art work on ODEs)
and possess several regularizing properties (such as reversibility).

When considering the data-driven derivation of ODE representations of unknown
dynamical systems from a sequence of observations, we started by tackling the general
integration problem, in a numerical sense, specific to the choice of using an ODE represen-
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tation. We state that the choice of a numerical integration scheme, in a learning scenario,
can not be insignificant as the model trained on our computers is not the continuous time
ODE representation, but one of its discrete time replicates, mapped through an integration
scheme. From this point of view, the success, or failure, of a data-driven model will depend
on both the integration scheme and the approximate ODE. We proposed to learn, problem
dependent, integration schemes in a Runge-Kutta setting jointly to the ODE model from
data. Our numerical experiments show that the learned integration scheme can adapt
to the training problem by reaching, when relevant, high order schemes. The proposed
framework is also highly computationally efficient when compared to adaptive step-size
solvers.

In the second part of this work, we focused on the general problem of learning ODE
models for partially observed dynamics. These systems are typically described from
observation time series that are issued from a higher dimensional governing system. We
elaborate on the importance of such considerations when treating real world systems, with
a special emphasis on upper ocean dynamics where the surface observations depend on
numerous unseen variables. We start by linking our work to classical embedding theory
and propose a new method that solves the modeling problem, encountered when using
state-of-the-art geometrical attractor unfolding techniques. Specifically, we propose to
learn both the ODE representation and a proxy of the hidden states (accounting for the
unseen variability) jointly as a solution of an optimization problem with respect to the
forecast of the provided observations. Our method is then able to both reconstruct the
phase space of the unseen dynamics and forecast/simulate the dynamics of this phase
space using the approximate ODE. We also show that when considering complex dynamics,
such as encountered in the ocean, constraining the boundedness of the model in mandatory
in order to avoid energy blowups. Interestingly, the restriction of the ODE representation
to linear systems leads to a new way of finding Koopman operators and observables, as
a solution of an optimization problem. Different tests were carried in order to highlight
the relevance of the proposed augmented Koopman formulation in the forecasting and
simulation of multiple dynamical regimes.

In the last part of this thesis, we shifted our attention towards the interpolation of
irregularly sampled sea surface data from satellite remote sensing observations, with the
aim of retrieving smaller scales structures than classical state-of-the-art techniques. Two
filtering algorithms were proposed based on a data-driven formulations of the Kalman filter.
Namely, the Neural Network based Kalman Filter (NNKF) which is based on a simple

180



10.2. Open questions and future work

formulation of the dynamics in the observations space, and the End-to-End Kalman Filter
(E2EKF), built on the proposed augmented Koopman formulation in an end-to-end setting.
Beyond the gain in execution time, both the proposed methods outperform state-of-the-art
interpolation techniques used in oceanography such as the optimal interpolation and
DINEOF based schemes.

Comparing the proposed frameworks to the data-driven data assimilation scheme
based on analog forecasting (AnDA) reveals the limitations of using a dynamical prior
formulation in the observation space as when tested on the sea level anomaly case study,
the NNKF technique fails to outperform the AnDA framework. The end-to-end Augmented
Koopman formulation on the other hand achieves a better reconstruction performance.
This comparison suggests the importance of appropriate embedding representations, as
well as, an application oriented, end-to-end settings when considering reconstruction
applications.

We close these conclusions by reminding the readers that the most important aspect
revealed by this work, is that data-driven techniques should be considered with care
to account for the proper specifications of the provided observations. This sentence
was repeated multiple times throughout this dissertation since we believe this aspect as
extremely relevant, especially when considering real world processes. There is no such
a thing as using a complicated enough artificial intelligence model to crack physics, as
beyond, subjective, cost related, evaluations of AI models, stating about the generalizability
of these models is far from being straightforward. From this point of view, we believe
that regularizing AI model with prior knowledge about known underlying physical and
mathematical constraints is key in order to approach consistency with such techniques.

10.2 Open questions and future work

Remembering my first PhD meeting with my supervisors, I was surprised hearing them
arguing about how tiny was 3 years of research, I was, back then, probably on top of
mount stupid. From my naive inexperienced perspective, I felt that 3 years were more than
enough to achieve great things. Ironically in the end of the journey this work probably
opened much more questions than it answered.

Residual Integration Neural Network Future works will investigate the exploita-
tion of the proposed RINN framework in the data-driven identification of sea surface
dynamics. We believe that the application of classical fixed step-size techniques is severely
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limited in such scenarios since one can not state about the minimum integration time step
that can be used in order to correctly integrate approximate model, making such models
inadequate when considering observations with a scarce time sampling. Adaptive solvers
in the other hand suffer from stability or memory issues. The proposed RINN framework
can lead to better explanation of such samplings withing an ODE representation since it
can mimic, when relevant, observation dependent, adapted high order schemes.

Investigating implicit integration schemes is another road to take within the proposed
RINN framework. Implicit integration schemes are numerically efficient when considering
stiff problems and an implicit RINN formulation can allow for the identification of ODE
representation of observed phenomenons that exhibit such a behaviour. Interestingly, and
following the definition of stiff equations as showing a high ratio between its fastest and
slowest time scales, coupling an implicit RINN formulation with the NbedDyn model can
allow for the explanation of a given observed signal as evolving in an augmented state
space along side, to be learned, slower/faster states.

Understanding the Neural Embedding of Dynamical Systems The proposed
augmented ODE (NbedDyn) formulation does not suppose any prior knowledge in the
optimization of the augmented states. Although such formulation is extremely relevant
when lacking additional information influencing the variability of an observed phenomenon,
linking the augmented states to some sort of rarely seen, related, variability can help
the regularization of the proposed framework. When considering upper ocean dynamics,
including, when provided, knowledge of high resolution observations or additional related
tracers has the potential of unfolding cross scale/tracers dependence and may lead to a
better representation of the observations.

Towards a consistent stochastic formulation The NbedDyn framework assumes
an ordinary differential equation in the augmented space. This model however (unless
shadowing the Laplace’s demon, which is certainly not the case) should fail when considering
time series, issued from a higher dimensional stochastic process. From this point of view,
the stochastic differential equation identification problem treated in chapter 6, can allow
for two distinct levels of approximation within the Augmented SDE framework where the
augmented states and the drift component will account for the deterministic variability
of the observations, and the stochastic diffusion component will explain the stochastic
one. When learned jointly, those two components can trade the complexity of some given
measurements and may dissociate stochastic and deterministic behaviors within a signal
leading to a consistent data-driven formulation of partially observed stochastic processes.
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When projected into the upper ocean dynamics identification problem, this aspect closely
relates to the location uncertainty principle investigated in several related works (Mémin
2014; Chapron et al. 2018) where a stochastic component is taken into account and relates,
in the context of geosciences, to the influence of small unresolved scales on the dynamics
of the large scales.

Chaos generator Explicitly constraining chaos within a data-driven formulation
is rigorously intractable since such a behaviour is only revealed, and thus potentially
constrained using long-term simulations. From this point of view, the proposed NbedDyn
model (in both its constrained and relaxed versions), is not guaranteed to reach a wanted
chaotic evolution since not explicitly constrained within the framework. For example, when
considering the bounded NbedDyn model the learning criterion allows for any bounded
limit-set, including stable ones, as long as the short-term forecast of the observations
is minimized. This criterion does not guarantee a chaotic replication of the provided
observations and long-term simulations of the model can lead to undesirable stable limit-
sets. Interestingly, stable limit-sets can be fully characterised by the dynamical equation
(without resorting to brute force long-term simulation of the model) and thus, can be
sent to infinity, leaving the approximate model with only chaotic attractors to work with.
However, does sending stable limit-sets to infinity generates new ones and in this case,
how does the observations regularise the learning of chaotic ones are questions that need
to be answered with further investigations.

Learning from direct ocean measurements All the experiments presented in this
work rely on smooth, gap-free model simulations. An important question to answer is how
to export the proposed NbedDyn and Koopman frameworks to real data that may be noisy
and irregularly sampled. The implementation of a forecasting cost within an end-to-end
Kalman like framework was investigated in related works on simple case studies (Nguyen
et al. 2020) and may provide a natural way to deal with irregularities in the observations
through exploiting a data assimilation algorithm.

Errors statistics in data assimilation Following several works on space time inter-
polation of sea surface dynamics, the errors statistics of the proposed Kalman filters of
chapters 8 and 9 involve an ad-hoc tuning which typically leads to a sub-optimal estimation
of the posterior covariance of the reconstructed states. From this point of view, upgrading
the proposed end-to-end Kalman filter framework to account for the estimation of the
model and observations errors, based on classical estimation state-of-the-art techniques
(Tandeo et al. 2018), should be considered in order to state about the uncertainty of the
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reconstruction fields.
Non linear end-to-end filtering schemes The linear Koopman representation

allows the proposed end-to-end Kalman scheme to benefit from a linear formulation that is
suitable for its implementation in an end-to-end setting. Unfortunately, when considering
i) highly chaotic systems (systems for which little to no periodic and/or quasi-periodic
modes are influencing the dynamics) and ii) low quality observations, that may be far
from the actual attractor of the dynamics, the proposed end-to-end filtering scheme will
suffer from the finite dimensional operator based formulation and can lead to inaccurate
reconstructions. From this viewpoint, investigating non linear end-to-end filtering schemes,
based for example on the NbedDyn model, can lead to a better reconstruction through a
better approximation of the dynamics and their transient
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People generally see what they look for, and hear
what they listen for.

Harper Lee

Appendix A

Neural Embedding of Dynamical
Systems

A.1 Proof of proposition 1
This proposition can be easily extended to any observation function that doesn’t form

an embedding of the initial unobserved ODE. However, for the sake of simplicity, we will
consider the example given in Eq. (4.1).

Lets suppose a a smooth ODE in the observation space that governs the time evolution
of x from Eq. (4.1).

ẋt = f(xt)
xt0 = x0

(A.1)

This ODE generates a flow xt = Ψt(x0).
Since our observation operator is not one-to-one, we can assume the existence of some

t̂, t1, t2 where Real(Φt̂(zt1)) = Real(Φt̂(zt2)) with Real(zt1) 6= Real(zt2) (Φ is the flow
generated by the unobserved ODE illustrated in Eq. (4.1)). Projecting this equality to
the observation space leads to : Ψt̂(xt1) = Ψt̂(xt2) with xt1 6= xt2 .

Since the above ODE is smooth (or continuously differentiable), we can show that
f is locally Lipschitz on any interval containing t0 (Sohrab 2003) which guarantees
by Picard’s Existence Theorem the existence of a unique solution (Coddington et al.
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(a) Eigenvalues real part. (b) Eigenvalues imaginary part. (c) Eigenvalues modulus.

Figure A.1 – Analysis of the eigenvalues of the NbedDyn model Jacobian ma-
trix.: Lorenz-63 case-study with dE = 6.

(a) Eigenvalues real part. (b) Eigenvalues imaginary part. (c) Eigenvalues modulus.

Figure A.2 – Analysis of the eigenvalues of the NbedDyn model Jacobian ma-
trix.: Sea Level Anomaly case-study with dE = 60.

1955). Formally, for the times t̂, t1, t2, Ψt̂(xt1) = Ψt̂(xt2) if and only if xt1 = xt2 . This
contradicts the assumption that xt1 6= xt2 and thus, there is no existence of a t̂ such that
Real(Φt̂(zt1)) = Real(Φt̂(zt2)) with Real(zt1) 6= Real(zt2).

A.2 Dimensionality analysis of the NbedDyn model
One of the Key parameters of the proposed model is the dimension of the latent space.

Despite the fact that it is extremely challenging to get a prior idea of the dimension of
the model in the case of real data experiments, and similarly to the performance analysis
of the NbedDyn model illustrated for instance by Fig. 4.4 and 4.6, one can analyze the
spanned manifold of the learnt latent states to get an idea of the true dimension of the
underlying model (true here stands for a sufficient dimension of the latent space). The
idea here is to compute the modulus of the eigenvalues of the Jacobian matrix for each
input of the training data. An eigenvalue does not influence the temporal evolution of the
latent state if it has a modulus that tends to zero. The number of non-zero eigenvalues
can then be seen as a sufficient dimension of the latent space.

Regarding the identification of an ODE model governing the first state variable of the
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Lorenz 63 model, Fig. A.1 illustrates the eigenvalues of the Jacobian matrix and their
modulus for a dimension of the latent space dE = 6. Interestingly, only 3 eigenvalues have
non-zero modulus and are effectively influencing the underlying dynamics. This result
shows that one can use a 3 dimensional latent-space as a sufficient dimension to identify an
ODE model governing the first state of the Lorenz 63 system which is the same dimension
as the true Lorenz 63 model.

The analysis of the eigenvalues of the Sea Level Anomaly model in the other hand
are not as straightforward as in the case of the Lorenz model since we do not have any
idea on the analytical form of the underlying dynamical model. Fig. A.2 illustrates that
using a 60 dimensional latent space for the NbedDyn model, only 50 eigenvalues have
non-zero modulus and thus, are effectively influencing the underlying dynamics. The
conclusion in this case is that the observed SLA data evolve in a 50 dimensional latent
space parametrised by the dynamical model fθ.

A.3 Additional figures of the Lorenz 63 experiment

We illustrate the forecasting performance of the tested models for the Lorenz-63
experiment through an example of forecasted trajectories in Fig. A.3. Our model with
dE = 6 leads to a trajectory similar to the true one up to 7 Lyapunov times, when the
best alternative approach diverge from the true trajectory beyond 4 Lyapunov times.

An other interesting experiment is to find the initial condition for new observation
data. This issue is addressed as presented in chapter 4 section 4.3 as follows. Given a
new noisy and partial observation sequence (Fig. A.4), we first look for a potential initial
condition in the inferred training latent state sequence. This initial condition is then
optimized using the cost function described by equation (7) to minimize the forecasting
error of the new observation sequence.

A.4 Additional figures of the Sea level Anomaly ex-
periment

Forecasted states of the Sea Level Anomaly are illustrated in Fig. A.5. The visual
analysis of the forecasted SLA states emphasize the relevance of the proposed NbedDyn
model. While state-of-the-art approaches generally overestimate the time evolution of
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(a) (b)

(c) (d)

(e)

Figure A.3 – Generated time series of the proposed models. Figures (a) to (e)
illustrate the simulation of the NbedDyn, AF, SR, Latent-ODE and RNN respectively
given the same initial condition.
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Figure A.4 – Forecasted Lorenz 63 state sequence given noisy and partial ob-
servations: Given noisy and partial observations, our model optimizes equation (7) to
infer an initial condition that minimize the forecasting of the observations.

some structures such as eddies, our model is the only one to give near perfect forecasting
up to 4 days.
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(a) Ground truth.

(b) Analogs forecasting.

(c) Sparse regression.

(d) Latent-ODE.

(e) RNN.

(f) NbedDynZERO.

(g) NbedDyn forecast.

Figure A.5 – Forecasted SLA states of the proposed models.
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Titre : Approches basées données et apprentissage pour la modélisation, la prévision et la
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Résumé : Cette thèse se focalise sur l’iden-
tification de représentations dynamiques des
couches de surface de l’océan pour des appli-
cations de prévision, de simulation et d’assi-
milation de données. Nous nous concentrons
sur des considérations pratiques concernant
les observations fournies et abordons de mul-
tiples questions, allant de la paramétrisation
des modèles à leur mise en œuvre dans des
schémas d’assimilation de données, en pas-
sant par leur intégration temporelle et la dé-
finition de l’espace dans lequel ces modèles
peuvent évoluer.

Le cœur de notre travail réside dans la pro-
position d’une nouvelle technique d’enchâsse-
ment pilotée par les données. Cette méthode
optimise un espace augmenté, paramétré par
une Équation Différentielle Ordinaire (EDO).
Cette EDO peut être utilisée pour plusieurs

applications telles que la prévision et l’assimi-
lation de données. Nous discutons de l’effica-
cité de la méthode proposée dans le cadre de
deux paramétrisations différentes de l’EDO. À
savoir, une paramétrisation linéaire et linéaire-
quadratique, nous montrons que ces deux
formulations mènent à des applications perti-
nentes et, plus important encore, sont liées à
plusieurs travaux théoriques qui aident à com-
prendre et à contraindre l’architecture propo-
sée. En ce qui concerne les applications d’as-
similation de données, nous explorons deux
méthodologies distinctes. La première tech-
nique peut être considérée comme une alter-
native au filtrage de Kalman d’ensemble et la
seconde se rapporte à la technique d’enchâs-
sement proposée et peut être étendue à plu-
sieurs travaux dans le cadre du filtrage sé-
quentiel.

Title: Data-driven and learning-based approaches for the modeling, forecasting and recon-
struction of geophysical dynamics: application to sea surface dynamics
Keywords: Dynamical systems, Numerical integration, Embedding, Koopman, data assimila-
tion, data-driven identification, deep learning, Ocean upper dynamics.

Abstract: This thesis focuses on the data-
driven identification of dynamical representa-
tions of upper ocean dynamics for forecasting,
simulation and data assimilation applications.
We focus on practical considerations regard-
ing the provided observations and tackle multi-
ple issues, ranging from the parametrization of
the models, their time integration, the space in
which the models should be defined and their
implementation in data assimilation schemes.

The core of our work resides in proposing
a new data-driven embedding technique. This
framework optimises an augmented space
as a solution of an optimization problem,
parametrised by a trainable Ordinary Differ-
ential Equation (ODE) that can be used for
several applications such as forecasting and

data assimilation. We discuss the effective-
ness of the proposed framework within two dif-
ferent parametrizations of the trainable ODE.
Namely, the Linear-quadratic and Linear ones
and show that both formulations lead to in-
teresting applications and most importantly,
connect with interesting state-of-the-art the-
ory that helps understanding and constrain-
ing the proposed architecture. Regarding data
assimilation applications, we explore two dis-
tinct methodologies. The first technique can
be seen as an alternative to the ensemble
Kalman filtering and the second one relates
to the proposed dynamical embedding tech-
nique and can be extended to match recent ad-
vances of state-of-the-art filtering techniques.
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