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Chapter 1

Introduction

1.1 Control theory

1.1.1 Basic concepts

In control theory we are interested in the evolution of a dynamical system,
in which we exert some influence. Even though dynamical systems can be of
many types (difference equations, probabilistic, etc), here we are interested in
systems modeled by a differential equation, possibly (and mainly) in infinite
dimension. These systems can be written as

2(t) = f(x(t), u(t)),

2(0) = o, (1.1)

where z : [0,7] — A C X is the state of the system, that is, () represents
the state of the system at time ¢, taking values in a set A. The control
function u : [0, T] — U represents our influence over the system. For instance,
if we consider the driving of a car, f would represent the Newton’s laws that
govern the car, and u would be the acceleration, direction of the steering
wheel, etc. Normally the set U would represent some physical restriction
over the control, for instance a maximum acceleration. The aim of control
theory is to study the existence and characterization of control u satisfying
certain goals, for instance attain certain state at certain time, minimizing
certain cost along the trajectory, avoiding certain states, etc.

Some examples

In this part we present some example control systems.

Example 1.1.1 (Spring or linearized pendulum). As an easy concrete ex-
ample we can consider the controllability of a mass attached to a spring. In
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this case the dynamic is described by

T+ kr =u, (1.2)
x(0) = o, .
i(0) = . (1.4)

where k 1s the constant of elasticity of the spring. In this case the control u is
the acceleration that we apply to the system. The controllability in this case
is whether we can attain any final state xy, 2y in a given time T'. For this
system the answer to the controllability question is positive, independently on
the control time T'. In this simple case, this is easy to see, as we can choose
any reqular function x € C*([0,T]) satisfying the conditions

=

~— ~— — ~—

X

I
R

(
(0

(T
(T

xz

This can be done for instance by considering a degree 3 polynomial and choos-
ing the coefficients to satisfy the previous conditions, and then define the
control as

u =2+ kx,

so (z,u) satisfies the system by construction, and by uniqueness, this is the
solution.

Example 1.1.2 (Finite dimensional linear control system). The fact that
the previous example was controllable in any time is not an accident, this is
the case more generally for linear autonomous system,

& = Az + Bu, (1.5)

where x : [0,T] — R™, u : [0,T] — R™, and A, B are matrices of the
corresponding dimensions (A € My, ,, B € My .m).

This type of system are of great importance because often for a nonlinear
system we can study the local controllability properties around a equilibrium
point by studying the linearized system around said point. In section 1.1.7
we will provide a general result to study the controllability of this type of
systems, namely, the Kalman condition which gives sufficient and necessary

conditions for the controllability of system (1.5) in terms of the matrices A
and B.



Among the nonlinear control problems, an important family is the affine
control systems where f is affine with respect to u:

Example 1.1.3 (Affine system). Let us consider a control system of the form
9(t) = foly(®) + Y fily()wi(t), (1.6)

where f; are vector fields
fi: QCR" —R"

of class C*(Q). If we let u; = 0, that is, the uncontrolled case, then we are
only left with the term

fo(y),
which is known as the drift of the system.

Example 1.1.4 (Driftless affine system). Of particular importance is the
case where fo = 0 which is known as the driftless affine system

y(t) = Zfi(y(t))ui(t% (1.7)

which is one of the few general nonlinear problems where we have a general
global controllability result.

Now we present two particular cases of the previous type of system in
order to show how this type of system apears in practical problems.

Example 1.1.5 (Baby stroller). Let us consider a control system of a baby
stroller (see for instance [14]: The stroller moves at speed u and angle 0 (that
we control through the turning speed w ).

& = ucos(h), (1.8)
y = usin(f), (1.9)
i =w. (1.10)

In this case fi(z) = (cos(f),sin(#),0) and fo(x) = (0,0,1).

Example 1.1.6 (Non holonomic integrator). Let us consider the following
control system known as the non holonomic integrator:

T =u,
Y=, (1.11)
Z = 12U — Yu.

In this case fi(z) = (1,0,—xz) and fo(z) = (0,1,2). we will see later that
this system is globally controllable.



Finally, we show an example that does not fall in the previous categories.

Example 1.1.7 (Zermelo control system). As a fully nonlinear example, we
consider the Zermelo control system. We consider a boat that wants to cross
a river of width £. We describe the river bounded by the lines y = 0 and
y = ¥, the boat moves with constant speed v and we can control the angle u(t)
of the boat. Also the current has speed c(y).

& =wvcos(u) + c(y),

y = vsin(u).

Figure 1.1: Zermelo control system

1.1.2 Exact controllability

The simplest control problem that we can consider is the controllability prob-
lem: Given and initial state xy, and a target state z;, can we find u such
that the solution to (1.1) satisfies z(T") = xy. More generally, given sets Xy
of initial states, and X of final or target states, we say that system (1.1) is
exactly controllable from X, to Xy in time 7' if

Vg € Xo, 25 € Xy, Fu:[0,T] = U, s.t. 2,(T) = xy,

where z, is the solution of (1.1) with u as a control. In most cases, we
will ask some regularity of the control u, for instance u € L?((0,7),U) or
u € L>((0,7),U) depending on the problem.
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1.1.3 Approximate controllability

For some systems, we cannot expect to reach every final state (even if we
restrict ourselves to an open neighborhood of a given state). In this case,
we can ask for a weaker condition instead, that is, to only attain states in a
dense subset. Let us see some examples.

Example 1.1.8 (Interior controllability of the heat equation). We consider
interior controllability of the heat equation:
{&sy —Ay=ux, nQ,

1.12
y=0 in 082, (1.12)

Figure 1.2: Interior control of heat equation

where X, 1S the indicator function of the set w where w is a set contained
in Q. The classical theory of reqularity of the heat equation tells us that the
solutions will be regular outside of w, so we cannot hope to control to any
function in L*(Q2) for instance, but we can hope to attain a dense subset of
L3(Q). In fact, as pointed out in [27], the appropriate idea of controllability
is to control to final states that come from trajectories of (1.12) (but not
necessarily the same initial condition). Thanks to the linearity of the equation
this 1s equivalent to the null controllability described in the next section.

Example 1.1.9 (Boundary controllability of the heat equation). We con-
sider boundary controllability of the heat equation:

oy — Ay =0 in €,
y=0 moQ\T, (1.13)
y=u m I,

8



o0

Figure 1.3: Boundary control of the heat equation

where I' 1s a measurable subset of the boundary 0S). In this case, instead of a
distributed control inside the domain 2, the control acts only on (a part of)

the boundary of €.

1.1.4 Null local controllability

In particular in this thesis we will be concerned with the null controllability,
that is, given a particular state Z of interest (in general 0), we are interested
in knowing where we can reach that state from a set of initial states, more

precisely,
VeeZ,JueUux,(T) =2

In the particular case of local null controllability we only restrict ourselves
to initial conditions close enough to the state z, that is

T = B(z,¢),
for some € > 0 and an appropriate metric.

Remark 1.1.1. We should mention that the idea of local control also applies
to other types of control problem, for instance we can consider local exact
controllability, local approximate controllability etc. We focus on this one
because is the one that we study in the corresponding article.

1.1.5 Optimal control

Another problem in control theory is the optimal control problem: In the
typical case, when there is controllability, there is not one but many controls



u that satisfy the control problem. This gives the possibility to choose among
them the one best suited for our necessities. More concretely, we can consider
a cost functional

T(u,z) = / fol(®), u®)) dit + g(a(T)).

and minimize it:
min J(u, z,).
2o (T)=Z
Example 1.1.10. In the same spirit of the linear problem for controllability,
an tmportant problem in optimal control is the linear-quadratic problem:

& = Az + Bu,

T (1.14)
T(u,z) = /0 SO Wa(t) + u(t) Uu(t) dt + 2(T) G (T).

For more details on the subject of optimal control see for instance [64]
and [60], and for the infinite dimensional case, see [15].

1.1.6 Feedback stabilization problems

Another important problem in control theory is the problem of feedback
stabilization. Here, instead of reaching a target equilibrium point  exactly
in a given time, we are interested in converging towards it in the limit when
t — 00, (ideally at an exponential rate), with a control that only depends on
the state at a given time, that is

where K is a functional operator defined in appropriate spaces. This is equiv-
alent to say that z is a stable equilibrium point of the system

&= f(x,K(x)).

A generalization of this property that must be mention (although we will
not study this case in this thesis), is the feedback stabilization towards a
trajectory. Here, instead of taking an equilibrium point z, we consider a
whole trajectory of the system Z : [0, 00] — A, and ask ourselves whether we
can find a feedback function KC such that the solution stays close to x, more
precisely, the solution to

&= [z, K(x)).
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should satisfy

This kind of stabilization problem, is very important in the context of robust
control, where we want to design a control not only that satisfies the objec-
tive, but also its stable to perturbation of the system. In this case, Z(t) is
the controlled trajectory, and we wish to add a feedback to stabilized to the
controlled trajectory.

Example 1.1.11 (Pendulum system). Let us consider a pendulum of mass
m, length { in a constant gravitational field g:

b= —% sin() + u. (1.15)

Figure 1.4: Pendulum system

We have the equilibrium trajectories ¢ = 0 and ¢ = w. Classical stability
analysis shows that 0 is a stable equilibrium but w 1s unstable. The sta-
bilization problem then is to find a feedback law u = K(¢, ¢) to make the
equilibrium ¢ = 7 stable.

Now we will see two infinite dimensional stabilization problems.

Example 1.1.12 (Stabilization of parabolic systems). Let us consider the
problem of stabilizing the heat equation with an interior feedback that is

dy — Ay = x.K(y) in[0,00) x Q,
y(0) = yo in §, (1.16)
y=20 in 02,

11



where IC is a continuous (in an appropriate topology) function of the state y,
and we have a similar setup to the example 1.1.9, but in this case the control
takes the form u = K(y). We know that the solution to this system already
decay exponentially at a rate A1, the first eigenvalue of the Laplace operator,
that 1s

lullze < fluollzze™".

If we want to have exponential decay with an arbitrary decay rate p instead,
we can use spectral decomposition. We know that there exists an orthonormal
basis of L*(SY), such that

—Aek = )\kek m Q,
er =0 in 02,

where
0<)\1<)\2§)\3§)\4§

If we express our solution as
y(t,o) = yilt)er(x)
k=1

then the system (1.16) is written as the infinite system of ordinary differential
equations

Uk + Mk = (XK (), ex),

we see that for big enough k, the equation decay sufficiently fast, so we only
need to make sure that the first N components decay as fast as we want.
This is a linear finite dimensional control system, so we can apply the known
result of this theory to find conditions under which the system is stabilizable
with an arbitrary constant. For further details in this kind of technique see
for instance [2].

Example 1.1.13 (Stabilization of transport type equations). We consider
now the problem of stabilizing the transport equation with periodic boundary
conditions that is
Oy + cOpy = XK (y),

y(t,0) =y(t, L), (1.17)

y(07x) = yO(I)7
in this case we can prove directly that a feedback on the form K(y) = —vyy
stabilizes the equation, thanks to the fact that we can compute the solution
explicitedly as

y(t ) = yolx — ct)e 7 Joxulomelds,

12



where we consider the arguments modulo L. As long as w has positive mea-
sure, we will have

t
/ Xw(T —cs)ds > At — B,
0
for some positive constants A, B, hence we obtain the exponential decay

ly@IIF < Cliyoll2e™.

Output stabilization

In some cases, the don’t have access to the whole state  but to a part y of
it. More precisely,
#(t) = f(a(t), u(t)),
y(t) = g(x(t),u(t)), (1.18)
z(0) = .

In this case we wish to find a feedback law u = K(y) such that a certain
equilibrium point z becomes stable (or more generaly a trajectory).

1.1.7 Some results in control theory

In this section we present some results about the controllability of certain
problems described in the previous section, like the linear systems in infinity
and finite dimensions and the driftless affine system. We start with the linear
finite dimensional case.

Controlability of finite dimensional linear systems

Now we present some result that give us sufficient (and in some cases neces-
sary) condition for controllability for several systems. Regarding to systems
of the form (1.5), we have a general result to decide whether the system is
controllable, the Kalman condition: If we repeatedly apply the matrix A to
the matrix B, until A"~ and put the resulting columns together in a matrix

K = [A"'B|A"*B|---|AB|B],

then the system (1.5) is controllable if and only if K is of full rank. The
reason for considering only iterations until A"~! is due to Cayley-Hamilton’s
theorem, which allow us to express A™ as a linear combination of the previous
powers of A.

13



Example 1.1.14. Going back to the spring System (1.2), we have

()
o (7).

so in this case the Kalman matrix is

10
(o))

which is clearly invertible, hence of full rank. Thanks to the Kalman criterion,
we have that the system (1.2) is controllable for any initial state to any final
state i any time T

Now we present two result about controllability in the non linear case,
one is for the case where the linearized system is controllable (in which case
we have local controllability of the non linear system), and the second is the
driftless affine case where we have sufficient conditions for global (and local
with local controls).

Controlability of finite dimensional nonlinear systems

As we mentioned earlier, one of the main tools to study the controllability of
nonlinear systems, at least in the local case, is to study the linearized system,
so we have the following linear test:

Theorem 1.1.1. Let Z(t),u(t) a trajectory of the control system
T = f(x,u). (1.19)
If the linearized system around Z(t),
i = 0, f(F, W)z + O, f (&, W)u,
is controllable, then the system (1.19) is locally controllable around (&, @).

Example 1.1.15. Going back to system (1.15),

b= —% sin() + u. (1.20)
We have the equilibrium trajectory ¢ = 0. The linearized system around 0 s

which we saw that is controllable, hence we obtain that (1.15) is locally con-
trollable around 0.

14



Another important result for non linear systems is the Rashevski-Chow
theorem for driftless affine systems. In order to introduce it we need to
define the concepts of Lie bracket and Lie algebra: Given two functions f, g
we difine the lie bracket [f, g as

/> 9l(x) = Z 9i(x)0if () — Z [fi(x)Dig ().

The lie algebra generated by a set of functions F, denoted Lie,(F) is the
smallest linear space that contains F and is closed to the Lie bracket (this
is well defined because the set of all smooth functions is closed to the Lie
bracket).

Theorem 1.1.2. The system (1.7) is globally controllable if
Licy(fi, far- s fr) = R, Va € R™.
For a proof see for instance [15].
Example 1.1.16. For the system (1.8), we have that
[f1, f2] = (sinf, — cos 6, 2)",
hence f1, f2, [f1, f2] form an invertible matriz

cos(f) 0 sin(f)
sin(f) 0 —cos(d) |,
0 1 2

So we have at every point (x,y,0)
Lie,(f1, f2) = R®.
From Theorem 1.1.2, we have that system (1.11) is globally exact controllable.
Example 1.1.17. For the system (1.11), we have that
Lf1, f2] = (0,0,2),
hence f1, f2, [f1, f2] form an invertible matriz. So we have at every point x
Lie,(f1, f2) = R®.
From Theorem 1.1.2, we have that system (1.11) is globally exact controllable.

Now we see the case of infinity dimensions where the main difference is
that the linear operator are not necessarily bounded.

15



Controlability linear system in infinite dimensions

We are interested in the following type of systems
Oy — Ay = Bu, (1.21)

where in this case we do not ask A and B to be continuous (as differential
operators usually are not), but we only ask to be densely defined unbounded
operators. More presicely, we have

A: DA CX - X
and
B:DB)CU—-X

where X is the linear space of states of the system and U is the linear space
of possible values to the control. Because of this we cannot simply define
the exponential of the operator A as we would do in the finite dimensional
case, instead we use semigroup theory, where the Hille-Yosida theorem tells
us that if we assume tha A has dense range and for every A > 0,1 — \A is
invertible and satisfying

|l — AMz||x > ||z||x ,Vz € D(A),
Then there is a function S : [0,00) X X — X with the semigroup property
S(t+s)=5(t) oS(s)

S(0)=1
and such that if x € D(A), z(t) = S(t)x satisfies the uncontrolled differential
equation, that is
Oz(t) = Az(t),Vt € [0, 00).
For some references on semigroup theory and in particular, the Hille-Yosida
theorem, see for instance [3], [66] or [9].
In order to consider the controllability of such systems in infinite dimen-

sion, we recall the following result from functional analysis that generalizes
the null-rank theorem:

Theorem 1.1.3. Let T : X — Y be a linear continuous operator, then we
have the following:

o T is surjective if and only if the adjoint operator T* : Y* — X* is
injective and we have the inequality for some constant C' > 0:

|T*()||x+ > Cllz|y~ VzeY™

16



e T has dense range if and only if the adjoint operator T* is injective.

For a proof of this result see for instance [3]. To apply this to our system,
we consider the input to state operator

T:L*[0,T,U) =Y

u— y(T),

where y is the solution to the system (1.21) with initial condition y(0) = 0.

We see that controllability from zero of the system is equivalent to the
surjectivity of T" and that approximate controllability is equivalent to dense
range of T

Example 1.1.18. In the case of the controllability of the heat equation
(1.12), the adjoint system is given by

—0p—Ap=0  inQ,
¢=0 indQ, (1.22)
o(T)=v¢ inQ,

then the adjoint operator T*(v)) is given by v € L*(Q) — o¢(t,x)x(t,x) €
L3([0,T],w). Hence the approzimate controllability is equivalent to the injec-
twity of T* that is: if ¢ = 0 in [0,T] X w, then ¢ = 0 in all of [0,T] x .

For this system in fact we can prove null controllability which is equivalent

to the inequality
T
/¢(07$)2d$§(]/ /¢2(t,x)dx.
Q 0 w

The main tools to prove such result is the use of Carleman inequalities: the
vdea is to perform estimates with a carefully chosen weight function. This
idea was originally introduced by Fursikov and Imanuvilov [26]. See also the
article of Lebeau and Robbiano [40]

1.2 Some problems in fluid mechanics

Now we describe some models for the dynamics of fluid under different con-
ditions. We assume that the fluid occupies a fixed domain 2. When it comes
to modeling the evolution of fluids a very important and well known system
of equations is the Navier-Stokes equations

{ Op + div(up) = 0,

Oh(pu) + div(pu ® u) = div(0), (1.23)
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where p : [0,T] x Q — R is the density field of the fluid, « : [0,7] x Q@ — R"
is the velocity field and p : [0,7] x © — R is the pressure field. Here o is
the stress vector field which expresses how the fluid particles interact with
themselves. This field normally include the pressure and dissipative forces
(viscosity). The first equation expresses the conservation of mass while the
second one expresses the conservation of linear momentum. This equation
is in conservative form (or divergence form) because expresses the change in
the quantities involves in term of the div operator of some field. The second
equation is usually written in terms of u rather than the momentum pu, i.e,
in non conservative form as follows

{ Op + div(up) =0,

p(Owu + (u - V)u) = div(o). (1.24)

In most cases we can assume that o takes the following form
o= —pl + Xdiv(u)I + 2uD(u),

where p is the pressure and A, p are known as the Lamé constant of the fluid
and D(u) is the symmetrical gradient

~ Vu+ Vut

Du) =

In this case we say that the fluid is Newtonian. We restrict ourselves to
Newtonian fluids in the rest of the thesis. In this case the system reads

(1.25)

Op + div(up) = 0,
p(Ou~+ (u-Viu) — Nu — (p+ N)Vdivu = =Vp.

In the case where the fluid domain is no the entire space, we must provide
boundary conditions saying what happens there. In the case where we have
viscosity we normaly have the non slipping boudnary condition

u=0 in 09,
in the case where the boundary is fixed, and
u=wv in 0Q(t),

for a moving domain where v is the velocity of the boundary at the given
point. On the other hand, is there is not viscosity, the fluid is allow to move
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tangentially to the boundary so we have a condition only on the normal part
of the velocity, known as an impermeability condition:

u-n=0 in 09,

or
u-n=v-n in 0Q(t),

in the fixed or moving case respectively. In this general case, because we have
more unknowns that equations, we must supply an extra condition that re-
lates the different fields, a constituent equation. Here we make the difference
between to kinds of models, incompressible models where we assume that the
fluid flow preserves volume, in which case the pressure acts as a Lagrange
multiplier of this condition and compressible models, where we provide the
pressure in terms of the other quantities like the density and temperature
(alternatively we can use the internal energy or entropy as well). For a short
mathematical introduction to fluid systems see for instance [11] For a more
comprehensive mathematical study of the fluid equations see for instance
[63], [45], [44] and for the physical side, [38].

1.2.1 Incompressible models

Example 1.2.1 (Incompressible Navier-Stokes equations). One important
case of this equations the incompressible case, where we assume that the flow
of the fluid preserves volume locally, which is expressed in mathematical terms
as

divu =0,

in the fluid domain. In this case we obtain the so called, incompressible
Navier-Stokes equations:

1.26
divu = 0. ( )

{(&u + (u-V)u) — NAu = —Vp,
We notice that in this case, we do not need a constituent equation, instead
the unknown p acts as a Lagrange multiplier of the restriction divu = 0.
The existence for smooth solutions for this equations in the 2-dimensional
case was established by Leray in [41]. See also the article of Ladyzhenskaya
in [37] in the same topic. In the 3-dimensional case we only have local in
time existence of strong solutions by Kato in [36] and global in time existence
of some weak solutions by Leray in [{2]. In this case weak solutions means
in the sense of distribution with satisfying an energy inequality. The global
existence of strong solutions if one of the 7 millennium problems defined by
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the Clay Mathematics Institute (of which only one has been solve to this
date).

From this model, there are two limiting cases of importance:

Example 1.2.2 (Euler System for an ideal fluid). In the case where the
viscosity effects can be neglected, that is the contribution of the term AAuw,
we obtain the Fuler system:

ou+ (u-Viyu=-Vp inQ,
divu =0 in Q, (1.27)
u-n=>0 in OS.

The global existence of solutions for this system was establish by Yudovich in
[69] in the 2 dimensional case. See also [71] for the global existence of smooth
solutions. One important quantity in the study of fluid is the vorticity defined
as (for smooth enough flows)

w(t, ) = (curlu)(t, z).

If we take the curl at both sides of (1.27), remembering that the curl of a
gradient 1s always 0, we obtain

Oww + curl(w x u) = 0.

This equation can be simplified further depending on the dimension. In di-
mension 2, it 1s equivalent to

(9tw—i-u~Vw:0,

so the wvorticity is just transported by the fluid flow, in particular all the
LP norms of w remain constant (u is divergence free so its flow is volume
preserving). This plays a key roll in the proof and will also appear in our
study of the coupling of this equations with a deformable structure. In the 3
dimensional case we obtain the equation

Ow—+u-Vw—w-Vu=0,

instead, so w gets stretched by w as well as transported.

For the smooth solutions in dimension 3 is still an important open prob-
lem as the case of incompressible Navier-Stokes, although recently blow up of
solutions in an intermediate class of Holder continuous functions have been
proved in [22].
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Example 1.2.3 (Stokes system). In the case were the convection term is
considerably smaller than the diffusion term, we can approximate the Navier-
Stokes equations by the Stokes system

ou — NAu = —Vp in €2,
divu =0 in €, (1.28)
u=>0 in 0S).

One key difference with respect to the previous systems is that this system is
linear and can be studied in a similar way to the heat equation, but working in
the space of divergence free functions. We can accomplish this in the following
way: It can be prove that every function in L*()) can be decomposed as

f="P(u) + Vg,

where g € L*(Q2), P is divergence free and P(u)-n = 0 on the boundary. This
decomposition is unique up to an additive constant on q. The projection P is
called the Leray projection and has the following properties,

divP(u) =0

in the sense of distributions

Pu)-n=0

, in the trace sense. Even if in general we cannot define a trace operator
in L*(Q), we can define the normal trace in the space of L*(Q) functions
with divergence in L?(Q), so due to the free divergence condition we can
make sense of the trace.

e The Leray projector is orthogonal in L*(Q) to gradient fields, that is
/ P(u)Vqdr =0 Yq € H'(Q)
Q

. This is just a restatement of the first condition.

If we apply the Leray projector to (1.28)

O — ASu =0 in Q
divu =0 in Q2 (1.29)
u-n =20 in 0
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were the stokes operator S(u) = P(Au) ( even considering that Au is diver-
gence free, it doesn’t necessarily satisfy the condition Au-n = 0 on the bound-
ary, so the Leray projection doesn’t necessarily commute with the Laplace op-
erator). It can be proved that S is a dissipative linear (unbounded) operator
in the space L% () so from the classical semigroup theory we obtain the
existence of global solutions. For a more detailed exposition see for instance

[63].

1.2.2 Compressible models

Without the incompressibility hypothesis we must provide an expression for
the pressure in terms of other variables, typically, density and temperature.
Now we see some examples of this.

Example 1.2.4 (Compressible non-isentropic Navier-Stokes equations). The
most simple of this relations is the ideal gas law

p=Cop,

where 0 is the temperature of the fluid. In this case, we introduce another
unknown so we must provide an equation describing its evolution, in this case
1s the conservation of energy:

p(00 + (u-V)O) — kAO = —p(0, p) div(u) + Adiv(u)? + 2uD(u) : D(u),
where the product A : B is defined as
i=1 j=1
So the complete system in this case is
Op + div(up) =0,
p(Ou+ (u-V)u) = MAu+ (p+ N)Vdivu — Vp,

p(0:0 + (u - V)0) — kA = —pdiv(u) + Adiv(u)® + 2uD(u) : D(u).
(1.30)

Example 1.2.5 (Compressible isentropic Navier-Stokes equations). In some
cases, we can assume that the pressure depends only on the density. From
thermodynamics we know that this is equivalent to the dynamics being adi-
abatic, that is there is no heat transfer, which in turns is equivalent to the
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entropy being constant (hence the name isentropic). More over, in this case
the pressure necessarily has the form

p(p) = Cp”,

with C >0 and v € (1, g) is the heat capacity ratio or adiabatic index. Then
the density and velocity form a closed system as follows

Op + div(up) =0, (1.31)

p(Ou+ (u-V)u) = Au+ (p+A)Vdivu — V(Cp?). '

The existence of solutions for this system has been established for instance in

Tani [62] or Valli [70]. Also for local existence around an stationary solution
see the article of Nishida [49].

As we did in the incompressible case, we can also consider the situation
without viscosity or the limit of vanishing viscosity.

Example 1.2.6 (Compressible Euler equations). As a limit case of the pre-
vious example, we can consider the dynamics when there is no viscosity, that

is
{ Op + div(up) = 0,

p(Byu + (u- V)u) = =V(Cp?). (1.32)

In this case, we have a system of only hyperbolic equations, known as a sys-
tem of conservation laws, as opposed to having a parabolic part due to the
wscosity. One important feature of this type of equation is the development
of shock waves. Even if the start with a very smooth initial condition, and the
flows in the equation are smooth, at some finite time, the solutions can de-
velop jump discontinuities of jumps in the derivatives known as shock waves.

For some background on systems of conservation laws in general see for
instance [58] or [11]. Also for the controllability problems related to this
equations we can mention [17], [29], [30] for the one dimensional case and
[54].

1.3 Fluid-Structure Interaction Problems

An important family of problems in continuous mechanics is the interaction
between different continuous media (with different properties), in particular
when one is a fluid and other is a solid. As in the case of a fluid alone, we
have plenty of models to choose for the dynamics of the solid depending on
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the conditions of the particular problem (rigid, moving parts, elastic, plastic,
viscoelastic, etc ...).

St

Figure 1.5: Fluid-Structure interaction problem

In the following subsection we present two cases, the rigid case, and the
linear elastic case.

1.3.1 Rigid Solid

Now we describe as an example the case when a rigid solid is immersed in a
perfect fluid.

Example 1.3.1 (Rigid solid inside an ideal fluid). The simplest case is the
case of a rigid solid deformation. In this case we can describe the dynamics
by the movement of the center of mass £(t) and the angular velocity w(t). In
this case the total force over the solid produced by the fluid pressure is given
by

F = —/ p(t, z)n(t, ) dS,
aS(t)

where n is the outer normal to the solid S(t). Then Newtons law reads

ml(t) = — /(as(t)p(t,x)n(t,x) ds.
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Similarly, the total torque produced by the pressure over the solid is

S / p(t,2)( — £(1)) A nt,x) dS,
aS(t)

SO

(Jw) = — /8 o P68 C0) An,2) s,

where J is the moment matriz of the solid. In the case where the fluid is
viscous, the interaction with the fluid is described as the continuity of the
velocity across the boundary: The total speed (normal and tangential) must
be equal (no slipping condition).

w="0+wA (x—Lt) in dS(t).

For an wnviscid fluid, only the mnormal component must be continuous
(impermeability condition):

w-n=l+wA(x—L1)]- -nindS(t).

For some refence on the study of the Cauchy problem for this type of
system, see for instance [55],[56], [35], and for some other results [32] and
[33].

1.3.2 Deformable solid

On the other hand, we can consider a deformable solid, which could be either
a part of the boundary, for instance if we consider the flow of the blood in a
blood vessel. For an example of this case, see for instance [67] where a viscous
fluid is where the boundary obeys a damped Euler-Bernoulli beam equation.
Even if we restrict ourselves to the case where the deformable body is at
the interior of the fluid domain, still there is a variety of possible systems
depending on the modeling of the structure, the fluid, and the interaction
between them. We can mention for instance, in the case of a linear elastic
structure inside a viscous compressible fluid the work of Desjardins et al
[19]. Another example that we can mention the case of deformable bodies
in an irrotational perfect fluid studied by Munnier in [52]. In this case the
structures can modify their shape to attain certain goal, rather than just
passively evolve from the motion of the fluid. In this thesis we will only
focus on the linear elasticity equation:

Oé — MAE — (n+ NV dive =0, (1.33)
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where in this case £ is the displacement of the solid with respect to the initial
position, that is, the particle that starts at x in time ¢t = 0, is at position
£(t,x) + = at a given time t. We notice that this equation is similar to the
wave equation

O — Ap = 0, (1.34)

except that instead of the Laplacian, we have the so called Lamé operator
L(¢) = AA¢ + (u+ AV div ¢,

which is also an elliptic differential operator provided that > 0 and p+ X\ >
0. The difference is due to the fact that (1.34) only takes into account the
effects of compression, whereas the linear elasticity equation (1.33) takes into
account possible shear deformations.

1.3.3 Boundary conditions

Going back to system (1.33), we need to provide some boundary condition
that describe the interaction between the structure and the fluid. In this
case we generally have to provide to types of boundary conditions, the first
related to the continuity of the velocity as we cross the boundary as we saw
in the rigid solid case. The second one is the continuity of the stress tensor
across the boundary. For a Newtonian fluid as in (1.25) the stress tensor is
given by

Vu+ Viu

2

where [ is the identity tensor. In particular for a inviscid fluid we have

or =—pl+p + Adivul, (1.35)

or = —pl.

In the case of a deformable solid described by (1.33), we consider the first
Piola tensor as the stress tensor. To define it, we begin by considering the
flow X of the solid given by

X(t,x) =z + (L, ),

which gives the position at time ¢ that starts at x at time 0. The the first
Piola tensor is defined as

VE+ Vi : VX
= (p———+Adivll) — =
os = 5 HAVENGETR
If we compare this to the viscous part of (1.35), the factor % comes from

the fact that we are describing the solid in Lagrangian coordinates, that is,
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we follow the particles, as opposed to the case of (1.25) which describes the
fluid in Eulerian coordinates, that is, in a fixed reference frame. Then the
stress boundary condition is express as

OFrn = ogn.

where n is the normal to the solid. This means that the normal component
of the stress tensor is continuous across the boundary. It is important to
notice that, even though the equations for the dynamics (1.33) are linear,
the boundary conditions make it a highly non linear system which poses a
complication that we need to handle in the study of the equation.

An important concept in the study of this type of systems, and that
becomes important in the proof of our article on this subject, is the concept
of the added mass effect that we explain in the following subsection.

1.3.4 Added mass effect

As our experience with fluids would tell us, when we try to move a solid
object inside a fluid, we must displace the fluid around it. As a consequence,
the apparent mass of the object increases, which is known as the added mass
effect. The reason for this is that the forces over the solid in general are
related to the fluid pressure over the boundary which in turn depends on the
first derivative of the fluid velocity because we generally have an equation of
the form

ou—+...=—=Vp+...

Due to the impermeability boundary condition, part of u depends on the
velocity of the fluid, so in turn, part of the force over the fluid depends
on the acceleration of the solid. Rather than trying to explain the general
situation, let us consider a simple example to explain the ideas:

Example 1.3.2 (Added mass effect). Let us consider a rigid solid sphere in-
side a fluid which is only allowed to move in the horizontal (x-azis) direction,
and it is attached to a spring of elasticity constant k.
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Figure 1.6: Mass attached to a spring inside a perfect fluid

Then the dynamics are given by Newton’s law

i (t) = —kr(t) — / Dt 2)n(t, 7) - €1 da,

dB(r(t),R)

= —kr(t) — / p(t,x +r(t)er)zr dx.
dB(0,R)

As for the fluid, we consider the FEuler equations for perfect fluids as before.
Assuming that we know the vorticity w, we can recover u as

divu =0 in F(t)
curlu = w in F(t)
u-n=>0 in Of)
u-n=r7r(t)x in OS(t) (1.36)
/UTdZE:/U()TdIL‘
(7 o

In the last equation, v s a curve that encloses the solid. The reason we
add this condition s due to Kelvin theorem, the circulation over any closed
curve inside the fluid remains constant as the flow evolves and we need this
condition in order to have well-possedness of (1.36) because the fluid domain
s not simply connected. This is a linear system in u, so we can decompose
the solution as

u=r7rt)V® + Kw] + VU
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where ® is the Kirchhoff potential satisfying the system
A =0 in F(t),

0o .
0P .

As for the rest of the terms , K|w| is called the Biot-Savart operator (By
analogy to the Biot-Savart law in electromagnetism where the magnetic field
satisfies a similar system with the vorticity w replaced by the electric current
density) and satisfies the system

( div K[w] =0 in F(t),

curl Kjw] =w  in F(),

Klw]-n=0 indF(t), (1.38)
/K[w] -Tdl =0

and the function VU takes care of the circulation condition and satisfies

curl VAU = 0 in F(t)
=0 in OF(t)
(1.39)
/VL\I/'TdI = /uo-rdx.
v v

Here we only care about the fact that they do not depend on the velocity 7 or
higher derivatives at this point. Using this in the dynamics of the rigid solid,

mi(t) = —kr(t) — / ( Py dx

= —kr(t)+ / Vp-Vodz
F(t)

= —kr(t) — /f(t)(atu + (u-V)u) - Vo dx
— k() — /F OV 008) - VO i

- / (0, K[w] + O,V VU + (u-V)u) - Vo dr.
F(t)
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The important thing here is to notice that we have a second derivative on the
right hand side that we have to put on the left hand side.

(m + /F(t) IV®|? d)it(t) = —kr(t)
- / F)0® + O K[w] + O,VET + (u- V)u) - VL. (1.40)
F(t)

So we see that the system evolves with the apparent mass

m+/ |VO|? dz,
F(t)

me(t) = / |VCI>|2dx,
F(t)

15 known as the added mass matrix. In this one dimensional case we obtain
Just a scalar, but in a system with many degrees of freedom it is a matriz
and in infinite dimensional systems (such as deformable solids) it is a (po-
tentially unbounded) operator. It is important to notice that the added mass
is always positive in this case. In general it is a semi positive definite matrix.
The importance of identifying the added mass is of theoretical and practical
importance. In numerical methods, usually it is important to have all the
higher order derivatives at one side to have stability of the solutions. In the
case of the theoretical study of the systems, it is important to define properly
the fized point argument and have the appropriate reqularity of the solutions.

and the term

1.4 Results of the thesis

Now we present the main result that we prove in this thesis.

1.4.1 Controllability of Navier-Stokes equations

Our First results is about the controllability of the non-isentropic Navier-
Stokes system

(

O+ div(pu) =0 in (0,7) x €,

PO+ (u-Vyu) + V(p(p,0))
—pAu — (p+ A)V(div) =
Cop(0:0 + u - V) — Adiv(u)?

| —2uD(u) : D(u) — p(0, p) div(u) — kA8 =0 in (0,T) x Q.

0 (0,7)xQ,  (141)
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We control the equation on the boundary, that is, for the velocity and the
temperature, we prescribe the values on the boundary of the domain 0f2. In
the case of the density, due to the fact that satisfies a transport like equation,
we are only allow to prescribe its values on a subset of the boundary, in this
case, in the set where the flow enters the domain, which we can write as

I'={(t,x) € [0,T] x 0Qu(t,x) - n(t,z) <0}

where n is the outer normal to the fluid domain. We are interested in studying
the system around constant states p > 0, u € R" and # € R. For technical
reasons, we will add need to add the condition on the velocity u # 0.

Theorem 1.4.1. Let d € {1,2,3}, p > 0 and u € R*\ {0}. Let L > 0 be
larger than the thickness of ) in the direction u/|u|, and assume

T > L/[ql. (1.42)

Then there exists & > 0 such that for all (py,ug,0y) € H*(Q) x H*(Q) x
H?(Q) satisfying

[1(P0s w0, 00) | 20y x 2 () x 12 () < 6 (1.43)

there exists a solution (ps,us,0s) of (1.41) satisfying the initial condition

p(0,2) =p+ po(z), u(0,2) =u+u(x), 60(0,2)=0+0(zx) inQ,
(1.44)
and the final condition

o(T,2)=p, u(T,z)=u, OT,z)=0 inQ. (1.45)

Furthermore, we can choose the control so that for the controlled trajectory
(ps,us,Os) one has the following reqularity:

p € C([0,T); H*(Q))
u € L*0,T; H*(Q)) N C°([0,T]; H*(2)) (1.46)
0 € L*(0,T; H*(Q)) N C°([0, T); H*(Q)).

In this proof, we follow the ideas of 23], which deals with the same
controllability problem in the isentropic case (i.e. where the pressure depends
only on the density, hence there is no need to consider the temperature in the
model). The first part of the proof consists of proving that certain linearized
system is null controllable. For this we use a fixed point argument relying
on Carleman inequalities, using the same inequalities as in [23| and Banach
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fixed point theorem. Once we have established the null controllability of this
linearized system, we perform a second fixed point argument to include the
nonlinear terms, this time using Schauder fixed point theorem. In the study
of the controllability of the linear system, we use as is usual, the equivalence
between the controllability of the system and the observability of the adjoint
system. The linear system is

8tp+ﬂ-Vp+,5div(u):vpx+pr in (0,7) x Ty,
p(Owu +u - Vu) — pAu — (p+ N)Vdivu
+0,Vp+peVO = v, x + ]?u in (0,7) x Ty,

Cop(0,0 + - VO) — kAO + pdiv(u) = vex + fy  in (0,T) x Ty,

(1.47)

where f,, fu, fo are the non linear terms of the equations that for the study

of the linear system, we consider as a fixed function. Now the adjoint system

is given by
—(Owo +u-Vo)—p,div(z) =g, in (0,7) x Ty,
—p(Opz + (u-V)z) — uAz — (p+ A)V(div 2)

—pVo —pVn=g. in(0,T) x Ty,
—Cup(Om +u-Vn) — kAn — ppdiv(z) = ¢, in (0,7) x Ty,

(1.48)

where o, z, 77 are the adjoint variables associated with p, u, 6 respectively, and

Js» 9=, gy are dual functions in negative sobolev spaces associated to f,, fu, fo-
A key point in the study of the adjoint is the use of a quantity

q:=div(z) + Lo, (1.49)
v

This quantity is analogous to the effective flux introduced by Lions in [45],
except in this case we use it to study the adjoint system rather than the
primal system. An important property of this quantity is that allow us to
write a close system between z and o, but with a coupling of zero order, that
is, in the equation for z, ¢ only appears without derivatives. The system
written in terms of ¢ is

) _
— (0o +u-Vo)=p,(q— ga) + 5 in (0,7) x Ty,

— p(Oig +u-Vq) —vAg = pAn

P’ p P’
+—Dpla = So) +div(g:) + g, in (0,T) x Ty,

|- wp(Om +u-Vn) —mAn:ﬁg(q—§0)+gn in (0,7) x Ty.
(1.50)
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In comparison with (1.41), where we have the gradient of the density in
the equation for u, in (2.23) we have only a zeroth order coupling. This
difference allow us to get better estimates to perform the fixed point argu-
ment. The idea is that the weaker coupling allow us to use the controllability
of the diagonal system (that is the system without the coupling) to obtain
the controllability of the complete system choosing the parameters of the
Carleman weights appropriately. The diagonal system consists then on two
coupled parabolic equations (¢ and ) which we can control using the Carle-
man weight defined in [23|. Two important features of this weights are that,
unlike most Carleman weights for parabolic equations, this does not blow
up at the final time 7. The other important feature is that the weight is
transported in some same by the constant speed u.

Then, for the density equation we perform explicit estimates (in this
case we have a transport equation in which we can work with the solutions
directly) in order to obtain the appropriate Carleman estimates with the
same weight.

Open problems

An interesting generalization of this result would be to study what happens
around solutions of (1.41) other than the non zero constants, in particular,
what happens around zero solutions and around evolving solutions. On the
other hand we could study the same problem coupling the non isentropic
viscous fluid equations with other equations, for instance, with Maxwell
equations to study Magnetohydrodynamics (MHD) control problems of with
Newton’s Gravitational laws to study The effects of gravity on the system.

1.4.2 Stabilization of Navier-Stokes equations

Our second result is about the stabilization by state feedback for the isen-
tropic Navier-Stokes equations with a feedback only on the density equation

Oips + div(psus) = K,(ps — p,us — t,0) in Ry x T
ps(Owus + (us - Vus) + V(p(ps)) (1.51)
— pAus — (p+ N V(divus) =0 in R x T¢

Where again @ and p > 0 are constant velocity and density and we are
interested in the evolution of the system around this constant states. The
control K, is the state feedback supported in the control set w C T? and
depending on a one dimentional integrator ¢ depending on ps and us. We
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have the following assumptions on the geometry of the control domain w and
on the parameters of the equation:

Assumption 1 We assume the pressure function to be at least C2%7 on a
neighborhood of p. We will assume that all the characteristics of the
flow given by @ intersect w’, in particular, the interesting case is when
7 # 0 otherwise we would require w = T¢. Then we can choose w with
the same property and @ C w'.

Assumption 2 We also will assume that the quantity
PPe 50
v
is small enough. More specifically, we assume that it is smaller than
the first nonzero eigenvalue of laplacian in the torus.
0< ey
v

In order to quantify the exponential decay, we consider M such that,

0<M <) -2 (1.52)

v
where \; is the first non zero eigenvalue of the Laplacian on the torus and
Pp =7 (p), ¥ > 0is a constant related to the decay of the transport equation.

Then, we have the following result:

Theorem 1.4.2. Suppose that Assumption 1 and Assumption 2 are satisfied
and that M,p, and v satisfy (1.52), and take any € € ((3), %) Th5en there
are constants & > 0 and C' > 0 such that if (po,ug) € H2"2 x H2% and
(o, wo)ll ;5422 y542- < O, then the solution of (1.51) satisfies the following

exponential decay estimate
H (eMtp’ eMt(“’ - <U’>)7 eMtO-) ”LOO(O,T;H%+25XH%+2€XR) S CH (p07 uO) HH%-‘-?EXH%"’QE N

The basic idea of the proof is similar to the previous result. We try to
study the stabilization of a linearized system, and then we use the stabiliza-
tion of this system to prove the stabilization of the full non linear problem.
In the study of the linear system, for the density equation we needed to in-
clude a one dimensional integrator in order to stabilize the average value of
the velocity. This need of an integrator is not unusual in the context of sta-
bilization of this type of systems as explained by Coron in [18]. To put this
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result in perspective, we can mention the work of [12] for the stabilizability
(and controllability) of the Navier-Stokes System in the isentropic case with
control on the velocity, [50] for a study of the same system in a more regular
functional setting and [13] for a study of stabilizability on the zero velocity
case. The feedback of the system takes the following form

K,(p,u,0) = —yxwp+o(u+u) - V(p—l—a%(p—i—dgo. (1.53)

where ¢ is a one dimensional integrator satisfying

. . 0D ) . _ _
UZHﬂdwu$¢%—0€f¥&waﬁ+%vmxps—p»-—vws—ﬁ%

and the function ¢ is a function supported on the control zone that has the
property

supp ¢ Nsuppw’ = 0
and where w’ is an open set contained in w. To construct such feedback law
we begin by the simple feedback law of the transport equation

Ky1=—7xu(p),

which sufices to stabilize the transport equation but we still need to deal
with the average part of the velocity which does not decay in the torus (0
is a multiple eigenvalue of the Laplacian and Lamé operators). Hence we
modify the feedback in order to stabilize this average term. When we do
this, we obtain a system of the form
. _Dp PPp N

8tp+(U+U)-Vp—p7<p)+7p—Kp(p,u,0)+f. (1.54)
where (p) is the average of p over the torus. Hence this is a non local PDE.
In order to stabilize this equation we define

p=p—0p.

and we study it as an stabilization problem in p and (p).

Open Problems

We still do not know about stabilization with an arbitrary decay rate. Also,
of course, it would be of interest to lift the small parameter restriction. Even
if we consider (localized) controls on all the equations, it is still open to
find a state feedback in Eulerian coordinates that stabilizes the system at
an arbitrary decay rate. Yet another direction in which we could generalize
the result is to stabilize around other type of solutions, not only non-zero
constants, and in particular, around the zero velocity case.
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1.4.3 Cauchy problem for a fluid-structure interaction
model
Finally, we have a result about the existence of a Cauchy problem for a fluid-

structure system (see figure 1.3). It consists of a deformable body following
the system (1.33), but for a finite number of modes.

ps(0)0€ = div(r(€)) = pAE + (A + )V div e in )0, 7] x S(0)
Ou+ (u-V)u=—-Vp in [0, 7] x F(t)
divu =0 in [0,7] x S(¢)
u(t,z) -n(t,x) =0 in [0,7] x OF(t) \ 0S(t)
(u(t,z) — 0:&(t, X (¢, 2))) - n(t,r) =0 in [0,7] x 0S(t) N OF(t)
\(W(g)(t’X_l(t’x)))detv(é()((t&i()(—(ltéz)x)))))) +pl)-n=0 in [0,7] x 0S(t)

(1.55)
where as we said earlier, £ represent the displacement of the solid with respect
to the initial position (Lagrangian coordinates), X (¢,z) = = + (¢, x) is the
flow of the elastic solid, ;¢ and A\ are the Lamé constant that describe the
elasticity of the body. On the other hand u is the velocity of the fluid
and p it is pressure. We add also the incompressibility condition and an
impermeability condition with the wall of the fluid.

In order to couple the fluid and the elastic solid, we have two boundary
conditions, one the impermeability with the solid, expressed as the continuity
of the normal component of the velocity, as well as the continuity of the
stress tensor that for the fluid is given by the pressure and for the elastic
solid by the Piola tensor m(£) together with factor because of the mixture of
Lagrangian and Eulerian coordinates. With a finite modes solution we mean
that we express the displacement £ as a finite sum of some time independent

functions:
N+1

o) = 3 ailtm()

In this case we take 7n; as the first eigenvalues of the Lame operator with
homogeneous Neumann boundary conditions. The reason we take N + 1
modes is to take care of the incompressibility of the fluid. Because the fluid
preserves the volume, and the total volume is also preserved, this forces the
volume of the solid to remain constant as well, so we choose its coefficient
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any1(t) = 6(t) where

ot) = — Z ci(a;(t), 6(t))di(t)

(0.5) Joss i " Pian)dS
c;la, = » .
fE)S(a,,;) TIN+1 - n(a,d)ds

This ensures that & preserves volume. So we ask for the displacement to
satisfy the linear lame equation on the space span by this eigenvalues, that
is

Z/ G — cinn1) (1 — ¢nn4) — Z/ Gicinn41(N; — ¢ln+1)
— Js0) — Js0)

— ai)\i — )\N_H(SC
—/‘7W@IWMX*QJD—@@MmﬂX“@wDMS (1.56)
8s(t)

for every i € {1,---, N}. In order to explain our result we need to introduce
the following functional space: For a set 2 we denote by LL(€2) the set of
log-Lipschitz functions, that is, functions f : 2 — R"™ such that

[f(z) = f(y)|

fllze = sup < 0
I7llee = S0 T ol — o)

The importance of this space is that we can still ensure the uniqueness of the
flow of f for a log-Lipschitz function. Our result is the following:

Theorem 1.4.3. If the boundary of F(0) is of class C** and wy € L>=(F(0)),
ug € LL(F(0)) and fas(o) nni1(z) - ndS # 0, then there is T > 0 such that

there is a finite modes solution to the system (1.56) satisfying
a; € C*([0,T7),
we L>([0,T], LL(F (1)),

and
w e L>([0,T], L>=(F(t))).

Moreover T' satisfies
7> Ty(laoll X1, [ nviae) i)
85(0)

that is, the minimal time only depends uniformly on ag, X % and v = faS(o) N1 ()
nds.
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Also the added mass effect matrix discussed in 1.3.4 plays an important
role in the proof .The idea of the proof is to perform a fixed point argument
as well: Given a possible displacement

§(t, )

for the solid body, we can find the solution of the fluid around it considering
the movement of the solid as prescribed, obtaining

E—u

as the solution to the Euler equation with said movement. Then, from the
fluid solution, we can compute the action over the solid to compute a new
displacement. In general this displacement will not be equal to the initial
displacement, but if we manage to prove that this map has a fixed point, we
find a solution to our system.

E—u—E=¢

As it is common in fluid-structure problems, in order to study the system we
need to introduce an added mass matrix. The reason for this is that in the
equation for the displacement we have the pressure p at the right hand side.

Open Problems

The obvious open problem that we could not tackle is what happens in the
case for the complete linear elasticity equation, i.e. without considering the
finite number of modes approximation. In top of that, we can consider what
happens when we consider other equations for the deformable solid, after all,
the linear elasticity equation is just an approximation of more general non
linear equations.
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Chapter 2

Local exact boundary
controllability for the
compressible Navier-Stokes
equations

2.1 Introduction

We will consider the problem of controlling a viscous and compressible fluid
contained in a bounded domain  C R? where the dimension d € {1,2,3}
and the control will act on the whole boundary, that is, we prescribe the
velocity and the temperature of the fluid passing through the boundary,
and the density of the incoming fluid. The fluid is modeled here by the
compressible Navier-Stokes equations with temperature, and we assume that
the pressure is a function of the density and the temperature. Because of
this, we need to consider also the equation for the energy. More concretely,
we consider the following;:

¢

Ops + div(psus) =0 in (0,7) x Q
ps(Owus + (us - Vus) = =V (p(ps, bs))

+ pAus + (p+ N V(divus) in (0,7) x

Cvpg(dﬁg + us - V@g) - KAQS = p(937 pg) le(uS)
+Adiv(us)® + 2uD(us) : D(us) in (0,7) x Q,
(2.1)
where pg is the density, us the velocity, fs is the temperature, and p is the
pressure which is a function of ps and s obeying, for instance, the ideal gas

\
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law
p(6,p) = Rop. (2.2)
Here, for square matrices A and B, A : B denotes the Frobenius product

defined by
A:B:=tr(A'B),

and for any vector field f, D(f) is the symmetric gradient given by the

formula
_L(ofi Of;
D =3 (axj * (‘3xi> '

The parameters p and A correspond to constant viscosity parameters and
are assumed to satisfy g > 0 and d\ + 2u > 0 (the only condition required
for our result is p# > 0 and v = A+ 2u > 0). The constant C, is the heat
capacity which we assume C, > 0.

We will consider the local exact controllability around constant states
(p,u,0) € R%. x (R?\ {0}) x R. The controls applied to the system (2.1) in
velocity and temperature are the values of us and fs on the whole boundary

Oloa(t, x) = fo(t,z), (2.3)
u|69(t7 I) = fu(t,x)' (24)

For what concerns the density we control only on the part of the region where
the flow is inward I' = {(¢,2) € [0,T] x 09| wu(t,z) n(z) < 0} where 77 is
the exterior unit normal to 02

ple(t.a) = f,(t,2). (2.5)

Here the local exact controllability means that for every initial conditions
(po, uo, 0y) close enough to (p,%,0) (in the H? norm in this case) there are
controls such that the solution to (2.1) reaches the state (p,#, ) in certain
given final time 7" > 0. Because we are controlling in the whole boundary,
instead of considering the control explicitly, we may also consider (2.1) as an
under-determined system (without boundary condition) and we have to find
a trajectory satisfying certain initial and final conditions.

To state our main result we make the following definition, see [23|: Given e
an unit vector in the sphere S*! of R%, we define the thickness of a nonempty
set A C R? in the direction e as follows

sup{s >0 /3r e A v+ seec A}.

The principal result of this article is the following theorem.
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Theorem 2.1.1. Let d € {1,2,3}, p > 0 and u € R4\ {0}. Let L > 0 be
larger than the thickness of ) in the direction u/|al|, and assume

T > L/fal. (2.6)

Then there exists & > 0 such that for all (py,ug, 0y) € H*(Q2) x H*(Q) x
H?(Q) satisfying

H(pOaUOa90)HH2(Q)XH2(Q)XH2(Q) <0, (2.7)

there exists a solution (ps,us,0s) of (2.1) satisfying the initial condition

pS(Oaw) :ﬁ_‘_pO(x)v US(va) :ﬂ‘i_uo(x)v 95(0755) 29—1-6‘0(3?) in €1,
(2.8)

and the final condition
ps(T,z)=p, us(T,z)=1u, 6Os(T,2)=0 —inQ. (2.9)

Furthermore, we can choose the control so that for the controlled trajectory
(ps,us,Os) one has the following regqularity:

ps € C((0,T]; H*(2))
us € L*(0,T; H*(2)) N C°([0, T]; H*(Q)) (2.10)
0s € L*(0,T; H*(Q)) n C°([0, T]; H*(Q)).

Theorem 2.1.1 extends the results in [23| and [24] to the non isentropic
case, i.e. when the pressure also depends on the temperature. As in the
constant temperature case, our result proves local controllability to constant
states having non-zero velocity. This restriction appears explicitly in the
condition (2.6). As expected, this condition is remnant from the transport
equation satisfied by the density which allows the information to travel at a
velocity (close to) u. Recently [47] studied the controllability of the linearized
compressible Navier-Stokes equations in the case where u = 0 where it was
proved that in the one dimensional case, the system is not null-controllable in
the space L? x L2 x L? if we don’t control the density on the whole domain but
the system is null-controllable if we restrict the density to the H' function
with zero mean (and in fact, in this case there is no need of a control on the
density) if we control the speed and the temperature on the whole domain
(and controlling the velocity on the whole domain is a necessary condition).

This non-zero velocity condition for the controllability of compressible
Navier-Stokes equations has been studied in [68, 12| focusing on the linearized
equations in the case of zero-velocity. Concerning the closely related prob-
lem of stabilization of compressible Navier-Stokes equations, we can mention
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the work of Chowdhury, Ramswamy, Raymond [12] and Chowdhury, Maity,
Ramaswamy, Raymond [13].

Concerning the incompressible case of the Navier-Stokes equations, Fur-
sikov and Imanuvilov [26] provide a local exact controllability result. On the
other hand, for Euler equations, global exact controllability has been proved
in dimension 2 by Coron [16], and in dimension 3 by Glass [31].

Our strategy will be to treat (2.1) as a coupling of parabolic and trans-
port equations, hence we will adapt the techniques used in [23] to this case,
which uses Carleman estimates in negative Sobolev spaces to prove the con-
trollability of the parabolic and hyperbolic equations.

Remark 2.1.1. In dimension d = 1 the required reqularity on the initial can
be relazed as follows

Theorem 2.1.2. Let d =1, p > 0 and u € R\ {0}. Let L > 0 be larger
than the thickness of ) in the direction u/|u|, and assume
T > L/[ql. (2.11)
Then there exists & > 0 such that for all (py,ug, 0y) € H () x H'(Q) x
HY(Q) satisfying
1(p0, w0, 00) || i1 () x 111 () x 11 () < O (2.12)
there exists a solution (ps,us,0s) of (2.1) satisfying the initial condition
pS(va) :p—i_lo()(x)a ’LLS(O,I> :H+U0($), (93(0,.%‘) :g—i-eo(flf) in Qv

(2.13)
and the final condition

ps(T,z) =p, us(T,z)=1u, 0Os(T,2)=0 —inQ. (2.14)

Furthermore, we can choose the control so that for the controlled trajectory
(ps,us,bs) one has the following regularity:
ps € C([0,T); H'())
us € L2(0,T; HA(Q)) 1 C([0, T; H'(2)) (2.15)
Os € L*(0,T; H*(Q)) N C°([0,T; H (<))
For sake of simplicity, we will focus on the proof in the case d € {2,3}.
The proof in the case d =1 can be easily deduced from the general case. In
this regard, the reqularity obtained is the same as in the article of Ervedoza

and Savel [25], where they prove controllability to smooth trajectories for the
isentropic Navier-Stokes equations.
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Outline. This paper is organized as follows. Section 2.3 introduces the Carle-
man estimates that we will need to prove controllability. Sections 2.4 and 2.5
study the controllability of the linearized problem. Section 2.6 then explains
how to perform a fixed point argument using the controllability results de-
veloped before. Finally, in Section 2.7 we present the proof of Theorem 2.1.1.

2.2 Preliminary steps

First, as in [23], we reduce the boundary control problem to an interior
control problem in the torus. The domain 2 can be embedded into some
torus Ty, where Ty, is identified with [0, L]? with periodic conditions. In
order to construct the Carleman weight, we need to consider the length L
large enough and we may consider the control problem in the cube T with
controls appearing as source terms supported in Ty \ Q. The new control
system is the following:

(atpg + diV(pSUS) = Tv)p n (0, T) x Ty,
ps(Owus + (us - V)us) + V(p(ps, 0s))
g — pAus — (p+ \)Vdivus =9, in (0,7) x T
Cops(0i0s + us - VOs) — Mdiv(us)? — 2uD(us) : Vus
—p(bs, ps) div(us) — kAbs = vy in (0,7) x T,
(2.16)
with ¥,, ¥, and ¥y the control functions which are supported in [0, T x (T \

2). Because we intend to study the linearized system around (p,a, ), we
consider the following translation in order to consider the system around

(0,0,0),

\

pi=ps—p, U:=us—1u, 0 :=0s—0.

Accordingly, we extend the initial conditions (pg, ug,8) to the torus Ty in
such a way that

| (po, o, 00)HH2(TL)><H2('H‘L)><H2('H~L) < Cr [I(po, w0, 00) | 20y 12 () x 2Ty ) -
(2.17)
We introduce the following function to make explicit the support of the
controls v,, ¥, and vg. We take x € C*(Ty; [0, 1]) satistying

= <
{ x(x) =0 for all z such that d(z,Q) < e, (2.18)

x(xz) =1 for all z such that d(x,Q) > 2e,

where € > 0 is small enough. How small will be explained in section 2.3.1
when we introduce the weights for the Carleman estimates. We will look for
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Uy, Uy and ¥y in the form
Uy = VX, Uy = UyX and Uy = vgX.
We will start by studying the linearized system around (p, @, §) which is

Op+1u-Vp+ pdiv(u) = v,x + f, in (0,7) x T,
p(Ou + @ - Vu) — pAu — (pn+ \)Vdivu
+P,Vp+ PV = v,x + fu in (0,T) x Ty,
Cop(010 + u - VO) — kAG + pdiv(u) = vex + 2 in (0,7) x T,
(2.19)
where

p=p(p,0), p, = —=—(p,0), pg = —(p,0).
p p(p7 )7 Po ap(p7 )7 Yz ae(pa )
We will use the equivalence between the controllability of a linear system and

the observability property for the adjoint system. In this case, the adjoint
system of (2.19) is given by

— (0o +u-Vo)—p,div(z) = g, in (0,7) x T,

—p(Oz+ (u-V)z) — pAz — (u+ ANV (divz) — pVo — pVn =g, in (0,7) x Ty,

— Cup(Om+1u-Vn) — kAn — ppdiv(z) = g, in (0,7) x Ty.
(2.20)

We notice that ignoring the coupling between the equations, o satisfies a
transport equation and z and 7 satisfy a parabolic equation. The main idea
now is to use the controllability of those indual equations inside a fixed point
scheme, but first we need to reduce to a system in which the coupling does
not involve derivatives. If we take the divergence of the equation of z, we
obtain the following system.

— (0o +u-Vo)—p,div(z) = g, in (0,7) x Ty,

= PO div(z) + 7 Vdiv(2) - vAWiv() + 2o+ Ly) = div(g) i (0,7) x Ty,

— Cup(Om+1u-Vn) — kAn —ppdiv(z) = g, in (0,7) x Ty,
(2.21)

where

vi=A+2u>0.
Which is a closed system in o,divz,n. Now we introduce a new variable ¢
in order to eliminate the higher order coupling: AZc + ALy as follows:

q:=div(z) + Lo, (2.22)
v
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This variable ¢ was already introduced in [23] and was compared with the
effective viscous flux introduced in [45]. In the new unknown (o, q,n) the
system (2.21) is as follows:

(

— (B0 + 1 Vo) = pq — §U)+gg in (0,7) x T,
— p(Oq +u-Vq) — vAgq = pAn
~2 = =2

+ 50— Do) +div(g.) + T, i (0.7) x T,

|- wp(Om +u-Vn) —mAn:ﬁg(q—§0)+gn in (0,7) x Ty,
(2.23)
Now that we got rid of the higher order coupling we use again the du-
ality to obtain that the observability property of (2.23) is equivalent to the

controllability of the following system in (r,y, h), where the adjoint is taken
with respect to the new variables (o, ¢, 7).

/ = =2
O + 1 - Vi = —g(ﬁpr + %ppy + Beh) + fr + vrXo in (0,T) x Ty,

=2
p(Owy +u-Vy) —vAy = (p,r + %ppy +poh) + fy +vyx0 in (0,7) x Ty,

Cyp(Oth + u - Vh) — kAh = pAy + fr + vrXo in (0,7) x T,
(T<O")7y(0>')’h(0>') = (To,yo,hg) n TL;
\(T<T7)7y(T7)7h<T7)) - (07070> in TL,
(2.24)

where we have introduced a new smooth function xq in order to have some
margin. It satisfies

Supp xo CC {x = 1} and xo(z) =1 for all x € Ty, such that d(z,) > 3e.
(2.25)
Now in order to solve the controllability problem (2.24), we use a fixed point
argument, and begin by considering the following decoupled controllability
problem:

(atT‘—FfL-VT—f—%T:f;—I—UTXO in (0,7) x Ty,
ﬁaty - VAy = .fy + Uy Xo in (0, T) x Tg,
Cyﬁath — kAh = fh + VnXo in (O7 T) X TL, (226)
(T(07>7y(07)7h<07) = (To,yo,ho) n TL,
K(T(T’)7y(T7)7h(T7)) = (070,0) n TL-
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2.3 Carleman inequalities

In this section, we will present the Carleman estimates that we will use to
control in each equation of (2.26), and it is mainly borrowed from [1].

2.3.1 Construction of the weight function

Let us define the Carleman weight that we will use, which was introduced
in [1] and has the particularity that it does not blow up in the initial time
t = 0. Let us introduce a function ¢ = ¢(¢,z) € C*([0,T] x Ty, [6,7]) that
satisfies the transport equation

Op+u-V=0in (0,T) x Ty, (2.27)

and for which, there exists a subset w CC {xo = 1} such that ¢ does not
have critical points in [0,7] x (T, \ w). Now we choose Ty > 0, T} > 0 and
¢ > 0 small enough so that

LO + 12¢

T0—|—2T1<T— —
[l

(2.28)

Now for any real number o > 2, we introduce the weight function in time

¢(t) defined by

vVt e [0, 7o), ¢(t) =1+ (1 - i)a,

T
vt € [To, T —2T1], ¢(t) = 1,
= 1 .
¢ = ((t) such that e[l —T.,T) C(t):T—_t’ (2.29)
¢ is increasing on [T' — 27, T — T1],

[ ¢ €C%([0,T)).

Then we consider the following weight function ¢ = p(t, z):

p(t,x) = ((t) (hoe™* — exp(Aoto(t, ) , (2.30)

where s, \y are positive parameters with s > 1, A\g > 1. The parameter « is
chosen as
a = s\ge* > 2, (2.31)

We point out that we have the following bounds, for all (¢,z) € [0,T) x Ty,

(1) < olt, ) < (1), (2.32)
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where

B(t) == C(t)Ae'?. (2.33)

Notations. In order to simplify the notation we will consider in what follows
the following shortcuts

||'||L2(L2) = H'HLQ(O,T;LQ(’H‘L))v H’||L2(H2) = H'HLQ(O,T;HQ(’]I‘L))’

and similarly for other spaces.

2.3.2 Carleman estimates for the heat equation

In this paragraph we will present the Carleman estimates for the following
controllability problem: given y, and f,, find a control function v, such that
the solution y of

P ~ )
{ ;&y — Ay = fy+uvyxo, i (0,T)x Ty, (2.34)
y(07 .) = y[)’ IIl TL7
satisfies

The following inequality was proved in [1| and the extra regularity estimates
were proved in [23].

Theorem 2.3.1. There exist constants Cy > 0 and so > 1 and \g > 1 large
enough such that for all smooth functions w on [0,T] X T, and for all s > s,

e b3 €2V we e o

3
342
2

s )‘0‘ 0,T;L2(Ty))

L2(0,T;L3(Ty))

+sAge™ [[w(0)e O],

Tr)
p —s 242 3 —S$
<ol ==0 — A ) we™*% +C’082)\0’§2X0we v .
v L2(0,T;L2(Ty)) L2(0,75L2(Ty))
(2.36)
where we have set
(t,z) = ¢(t) exp(Aotp(t, 7). (2.37)

In the rest of the article, A\g will be fixed so that Theorem 2.3.1 holds.
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Theorem 2.3.2. There exist positive constants C > 0 and sg > 1 such that
for all s > sy, for all f, satisfying

HC_%fyew

< o0 (2.38)
L2(0,T5L3(T))

and yo € L*(Ty), there exists a solution (y,v,) of the control problem (2.34)-
(2.35) which furthermore satisfies the following estimate:

3 s -3 s
52 Hy€ gDHLQ(O,T;LQ('H‘L)) + HC QXOUye 7 L2(0,T;L2(Ty))

+ '/ ”C_lvyew||L2(0,T;L2(TL))

<C HC_%fNyew + Cst/? Hyoes‘p(O)HLQ(T (2.39)

L2(0,T;L2(Ty)) L)’

Besides, this solution (y,v,) can be obtained through a linear operator in

(y07.fy)'
If yo € HY(Ty), we also have

-1/2 || /—2w2, 5 37 s
s ¢V ye ¢“L2(0,T;L2(TL)) =0 HC $he L2(0,T;L2(Ty,))

+Cs'/? Hyoesw(O)Hm(h) +Cs12 ”Vyoewm) (2.40)

lzacr,y -

Furthermore we have the following extra regularity depending on the reg-
ularities of the initial condition and source term:

1. v, € L*(0,T; H*(Ty)) and

L2(0,T;L2(TL))

+ Hyoeyp(o) HLQ(TL)> .

HX Uy€ 68¢/7||L2(0TH2(11'L) (H< f e’

2. If furthermore yo € H2(Ty), f,e%%7 € L*(0,T; HY(TL)) and ("2 f,e** €
L*(0,T; L*(Ty)),

fy (0@ /7‘

1€ | 2o,y < € (\

etae

L2(0,T5H(Ty))

om0 s, )
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3. If furthermore yo € H3(Ty) and f,e5®7 € L*(0,T; H2(T.)), ("2 f,e% €
L*(0,T; L*(Ty)),

b /7’
Yy

H?JQGS@/7||L2(OTH4(TL) s¢ (‘ L2(0,T5H?(Ty,))

+ HC_%fyew

poray Hyoescb(O)”HS(TL)) .

The proof is done in [23|. Because of the presence of the higher order
coupling Ay on the equation for h in (2.24), we will require to have estimates
on ¢ *%Ay instead of (72Ay as in Theorem 2.3.2, hence we will need a shifted
version of the estimates as in the following theorem

Theorem 2.3.3. In the same context of Theorem 2.3.2, there exist positive
constants C' > 0 and sg > 1 such that for all s > sq, for all f, satisfying

Hgflfyew < 0 (2.41)

L2(0,T;L3(Ty))

and yo € H'(T}), then the solution (y,v,) of the control problem satisfies

3
S2

C ye*? + Hc_lxm)y@SSOHLQ(O,T;LQ(TL))

L2(0,T5L2(TL))

+ s1/2 HQ_%VyeS‘P 5712

(Eviyers

L2(0,T;L2(TL))

+Cs'/? Hyoes“’(o)

L2(0,T5L2(Ty))

<C Hgflfyes“’ +Os712 || Ve ©

lz2r,) -
(2.42)

L2(0,T;L2(Ty)) HL2(’]I‘L)

Besides, this solution (y,v,) can be obtained through a linear operator in

(%o, fy)

Furthermore we have the following extra regqularity depending on the reg-
ularities of the initial condition and source term:

1. v, € L*(0,T; H*(T}.)) and

HX Uy€ 6S¢’/7||L2(0TH2(TL) (HC lfy L2(0,T;L%(TL))

50" o, ) -
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2. If furthermore yo € H*(Ty,), f,e%®%7 € L*(0,T; H'(TL)) and (' f,e% €
L*(0,T; L*(Ty)),

F et /7’
y

|’y€68¢/7||L2(0TH3(TL) <C (’

s

L2(0,T5H'(TL))

. Hyoe@@wum) -

3. If furthermore yo € H3(Ty) and f,e%%7 € L*(0,T; H*(TL)), (" f,e*
L*(0,T; L*(Ty)),

|‘y€68¢/7||L2(O,T;H4(TL)) <C (nyefiseb/?‘

ez

L2(0,T;L2(Ty)

L2(0,T3H?(TL))

10 )

L2(0,T;L2(TL))

The proof is done by considering the equation satisfied by ¢ %y and ap-
plying the same estimates of Theorem 2.3.2. The only difference is the
appearance of the source term (( 'y which can be absorbed by the term

1
C2ye™?

I3 for s big enough.

L2(0,T5L2(Ty))

Remark 2.3.1. When v # &, we can consider instead of

q:=div(z) + Lo
v

the dependent variable

q :=div(z) + §U+ P —1).

Cy

In this case, we obtain a similar system, with the exception that the term
pAn does not appear. Without this higher order coupling, the previous shifted
Carleman inequality is not necessary, which simplifies the proof.

2.3.3 Controllability of the transport equation

In this paragraph, we will present Carleman Inequalities for the following
transport equation: Given f,. and r¢, find a control function v, such that the
solution r of

{ o +1-Vr+ 2P0 = Fbuxo, in (0.T) x Ty, (2.43)

v
r(0,-) = ro, in T,
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satisfies the controllability requirement
r(T,-) =01in Ty. (2.44)

The following Theorem is a minor modification of Theorem 3.5 in [23], the
only difference being the Carleman weight being (! instead of ¢ -3 ( 0=% in
the notation of [23])

Theorem 2.3.4. Let (7, T,¢) be as in (2.28). For all f, with

< o0 (2.45)
L2(0,T;L*(Ty))

¢t Frere

and ro € L*(T}), there exists a function v, € L*(0,T;L*(Ty)) such that
the solution r of (2.43) satisfies the control requirement (2.44). Besides, the
controlled trajectory r and the control function v, satisfy

167 el oo ripacryy + 167 0re ™ oo 2o,

<C (Hc_lf,,es"’ : + Hroewm)”m(m)) . (2.46)

L2(0,T5L3(Ty)

If ro € HY(TL) and f, satisfies (2.43) and f,e%®/7 € L2(0,T; H'(T})), then
r furthermore belongs to L*(0,T; H(Ty)) and satisfies

HTeGS(D/?HL2(0,T;H1(’]I‘L)) + H”7’668¢/7HL2(

<C (Hfreﬁsfbﬁ‘ ; I Hgflfresw

0,75H'(TL))

e, ) -

(2.47)

L2(0,T;H'(Ty, L2(0,T;L2(T1.))

If ro € H*(TL) and f, satisfies (2.43) and f.e%%/7 € L*(0,T; H*(T})), then
r belongs to L*(0,T; H*(Ty)) and satisfies

e T oo e,y + ore®™ 7l o

(2 P

0,73H(TL))

L 0T L2(T) + Hme%(m”m(m)) '

(2.48)

L2(0,T5H?(Ty

Besides, this solution (r,v,) can be obtained through a linear operator in

(r07f7")'

Proof. The proof of Theorem 2.3.4 consists in an explicit construction solving
the control problem (2.43)—(2.44) and then on suitable estimates on it.
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An explicit construction. Let no be a smooth cut-off function taking value 1
on {z € Ty, with d(z,) < 5e+ [u|Ty} and vanishing on {x € Ty, d(z,Q2) >
6e + |u|Th} with € as in section 2.3.1 . We then introduce 1 the solution of

{ om+u-Vn=0, in (0,T) x Ty,

1n(0,-) =no in Ty, (249)

and the solutions r; and 7, (here ‘f” stands for forward, ‘0’ for backward) of

Ory+u-Vry+ary = fr, in (0,7) x Ty, (2.50)

7¢(0,-) = 79 in Ty, .
and -

Ory +u-Vry+ary, = fr, in (0,7) x T, (2.51)

rb(T, ) = O n TL, '

where a denotes the constant

We then set

r=1pa(x) (nry + (L =n)r) + (L= na(2))m(t)ry, in (0,T) xTr,  (2.52)

where 7,(t) is a smooth cut-off function taking value 1 on [0,7},/2] and van-
ishing for ¢ > Ty and 1y = no(z) is a smooth cut-off function taking value 1
for  with d(z,Q) < 3¢ and vanishing for x with d(z,Q) > 4e. One easily
checks that r solves

O+ -1+ ar = 1afr + (1= ) fr +7 - Va(nrs + (1= n)ry)
—mu - Vnry + (1 —n2)0mry in (0,T) x Ty, (2.53)
thus corresponding to a control function

vp = (=) fot-(L=na)ny ot @ NVa (g p £+ (L=n)r) =mu-N g y+(1=n2) Oy,

(2.54)
localized in the support of xo due to the condition on the support of 7s.
Besides, r given by (2.52) satisfies

7’(0,') =To in TL, T(T,') =0in TL

due to the conditions on the support of 19, m1, 72 and the condition (2.28)
on the flow corresponding to .
Actually, thanks to the choice of € > 0,7 > 0 and 77 > 0 in (2.28) we have

ne(l1—n)=0 forall (t,z) € [0,Ty] x Ty, (2.55)
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and
nen =0 forall (t,z) € [T —2T,,T] x Ty. (2.56)

FEstimates on r. Let us start with estimates on 7. To get estimates on r¢, we
perform weighted energy estimates on (2.50) on the time interval (0,7 —277).
Multiplying (2.50) by ¢ ~?re***, we obtain

1 1
i (‘ e ) <5 [ Il (<2007 4 @4 D))
dt \2 Jp, 2 Jr,

1/2 3 1/2
([ ) ([ cubpe) L @
TL TL
But, for all ¢t € (0,7 — 2T}) and z € T,
(0, +71u-V)((2e*%) <0.
We thus conclude

HC_lrfew||Loo(0,T—2T1;L2) <C HC_lfrew

+C ||7“065“"(0)H 5
L2(0,7—2T1;L2) L

Similarly, one can show that r, satisfies

||C_1Tbes¢|‘Lw(To7T;L2) S C Hc—lfrescp

L2(Ty,T;L2)

To conclude that

Hc_lrewHLoo(o,T;L?) <C Hc—lfresw

L2(0,T;L2) e Hroes“"(o)”m ’

we use the explicit definition of r in (2.52) and identity (2.55), and notice
that 79, 71 and 7y belong to L™, and (n,u) to L>®(L>).

The estimate on v, in (2.46) is also a simple consequence of its explicit
form in (2.54) and of the fact that ny € Wh> n, € WhHe n e L®(L*®), n, €
L.

Regularity results. To obtain regularity results on r and v,., it is then sufficient
to get regularity estimates on 7 solution of (2.50) on the time interval (0,7 —
2T ) and on ry, solution of (2.51) on the time interval (7, 7). These estimates
are of the same nature, so we only focus on 7, the other case being completely
similar.
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To get weighted estimates in higher norms, we do higher order energy
estimates on (2.50). For instance, Vr; satisfies the equation

{ O,Vry+ (- V)Vry+aVr; =V, in (0,T) x Ty, (2.58)

V?”f(o, ) = VT‘() in TL,

Hence, using that 9,® < 0 on (0,7 — 27}), energy estimates directly provide

HVTf@

65®/7 H
Lo (0,T—2T; L2 L1(L2

< 8. <HVﬁ665¢/7) | I Hvroeﬁséﬁnm) .

(2.59)
This implies (2.47).
The equation of V?r; has the same form. For all (i,7) € {1,--- ,d}?,

{ 8t8i,jrf + (ﬂ . V)ai,jrf + aai,jrf = ai,jfra in (OaT) X TL’ (2 60)

GZ-J'r’f(O, ) = (9m7’0 in TL-

An energy estimate for V?r; on (0,7 — 277) directly yields

19201 iy < € ([T 1901 ),

thus concluding the proof of Theorem 2.3.4. [

2.4 The controllability problem (2.24)

Using the results of the previous section about the controllability of the
individual systems we will prove the controllability of system (2.24). More
precisely we have the following theorem:

Theorem 2.4.1. Let (u,T,¢) be as in (2.28).

Let us fiz an initial condition (1o, yo, ho) € L*(Tr) x L*(Tr) x L*(Ty). There
exist C' > 0 and sy > 1 large enough such that for all s > so, if f., f, and fj
satisfy the estimates

< o0,

— s — s _3 s
HC 1f7“e ¢"L2(O,T;L2(TL))+“C 1fye SOHLQ(O,T;LQ(TL))+HC 2 fne™ L2(0,T;L2(T1))
(2.61)

there exists a controlled trajectory (r,y, h) solving (2.24) and satisfying the
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following estimate:

55 HC_ITGWHB(O,T;L?(TL)) s ||h6w||L2(07T;L2(TL)) + HC_IVhewHLQ(O,T;L2(TL))

+ 5% ||C2ye + 50 ||CTTVye?

L2(0,75L2(Ty))

¢ -2 Aye®®

L2(0,T5L3(Ty))

_1
+s70

L2(0,T5L3(Ty))

<C (S% ”C_lfrewHL?(O,T;LQ(TL)) + 5% Hg_lfyewHLQ(O,T%H(TL))

5722 e

L2(07T§L2(TL)))
+C (S% HmeSSO(O)HLZ(TL) + s Hyoewm)HH(TL) + HhOQSW(O)”m(TL)) - (2.62)

Furthermore, if the initial condition is more regular, say (ro,yo,ho) €
H?*(Ty) x H3(Ty) x H*(Ty), and f,, f, and f, satisfy

fre® € L*(0,T; H*(Ty)), f,e*® € L*(0,T; H*(Ty)), fae*® € L*(0,T; H(T.)),
(2.63)

we furthermore have the following estimate:

e

+ HXOUT‘

01Ty T Hy668¢/7HL2( y T ”hequ)/?Hm(

65<I>/7H
e 12(

0,T;H4(Ty, 0,T;H3(Ty))

0,T;H?(TL)) T HXOU?/GGS(D/?HL2(O,T;H2(TL))
65® /7 ’ ‘ o

+ ”Xovhe 0,T;H2(TL))

<C (Hfres(I’HLQ(O,T;H%TL)) + ny€S¢HL2(O,T;H2(’]I‘L)) + HthS(DHL?(o,T;Hl(TL))

o™ g,y + 1906 sy + 106 O, ) - (264)

for some constant C' independent of s > sg.

Proof. We construct the controlled trajectory by using a fixed point argu-
ment.
Considering the Carleman estimates, we introduce the following sets:

€r ={re L*(0,T;L*(Ty)) s.t. ¢"lre?? € L*(0,T; L*(Ty))},
€Y ={y € L*0,T; H(T.)) s.t. C%yes“",C_%Vyew,
(2 Ayes? € L2(0,T; L*(T.))}.

€ = {h e L2(0,T; H(TL)) s.t. he*?, (" 'Vhe® € L2(0,T; L2(T.))}.
(2.65)
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For 7 € €7, j € €Y and h € €, we define
fr = fr(ga iL) = Jr— B(p_ﬁpg +ﬁ9h>7
fy = fy(fagjl) :fy—ﬁﬂ-Vg]—l—(ﬁpf—i-p—ﬁpZ}—l—ﬁeil),
fui= fu(F5.h) = fu— Copi- Vh+ pAj.

As f,, f, and f, satisfy (2.61), for (7,7, h) € € x €Y x €', f, satisfies (2.45),
f, satisfies (2.41) and f;, satisfies (2.38).

We then define a map A, on €7 x €Y x €" which to a data (7,7, h) €
Er x €Y x € associates (r,y, h), where r is the solution of the controlled
problem

or+u-Vr+ Vpr = fr +v.x0, in (0,7) x T, (2.66)
r(0,-) = ro(), r(T,-) =0, in T,
given by Theorem 2.3.4, y is the solution of the controlled problem
{ POy — vAy = fy + vy Xo, in (0,7) x Ty, (2.67)
y<0a ) = yO(')v y(T7 ) = 07 in TL?

given by Theorem 2.3.3, and h is the solution of the controlled problem

{ CupOrh — KAh = fi + vp X0, in (0,77) x T, (2.68)

y(oa ) = yO(')? y(T’ ) =0, inTy,
given by Theorem 2.3.2.

We notice that in Theorems 2.3.2, 2.3.3 and 2.3.4 the maps (yo,fy) —
(y,v,) and (ro, f,) = (r,v,) are linear. We now will prove that for a choice
of the parameter s large enough, A, is a contraction and then, by the Banach
fixed point theorem, it has a fixed point.

Let (Fa, o, ha) (n,, U, hy) be elements of €7 x €Y x € and consider their
image under As (Taayaaha) - A (Taaya;ha) and (Tb,yb,hb) = As(ﬁngbahb)'
Then we consider the differences R = r, — “Toy V= Yo — Yo, H = he — hy,

R — ra - Tb, :)Z - ya yb7 H — h - hb7 T fr(yaa a) _~f7‘(gb7ﬁb)vfy -
fy(raayaa ) fy(rbayln hb) and fh - fh(rmyaa a) fy(rb7yba hb)7 by Theorem
2.3.4 we have

(T Fe

2 _ 2
A Re <05

(0,T5L2(Ty)) L2(0,T;L3(TL))

“Lyes¢ “1H e (2.69)

L2(0,T5L3(Ty))

< Cs™3 (s )
L2(0,T;L2(Ty))
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while Theorem 2.3.3 applied to ) implies (after multiplying (2.42) by s%)

s (|C2 Ve + 50 (|CTEV Ve
L2(0,T;L%(T1)) L2(0,T;L%(Ty,))
+578 ||C P AYe
L2(0,T;L%(Ty))
< Css ||[CT1 e
L2(0,T;L2(Ty))
< Cs™3 <s§ (’17165“’ + 5% ’C’lj/es“"
L2(0,75L%(Ty)) L2(0,T;L%(Ty))
2 —2 ) _sp
3
I L2(0,T;L*(TL))
—i—sHC’l’?-N[eW + 56 ||V e ) (2.70)
L2(0,T;L*(TL)) L2(0,T5L%(Ty))
and applying the estimate (2.40) to H,
s -1 s
s || He (PHL?(O,T;L?(’]I‘L)) + HC ViHe SDHL2(0,T;L2(TL))
< Cs™2 C’%]:"hes“"
L2(0,T5L%(Ty))
< Cs™5 (s_é C_%Ajiew + HC_IV”;‘:[(BW ) )
L2(0,T;L2(Ty)) L2(0,T;L2(Ty))
(2.71)
In particular, we have
2 -1 s S -1 S
§? HC Re SOHL?(O,T;L?(?IL))—i_S [He SDHLQ((LT;LQ(TL))+HC Viie SDHL2(0,T;L2(TL))
+ 5% g%yew 56 g—%vyew
L2(0,T;L2(Ty)) L2(0,T;L2(Ty))
1576 g—%Ayes%’
L2(0,T;L*(TL))
< (Cs73 (s8 (T'Re™ + 5% C%J}ew
B L2(0,T5L2(T)) L2(0,T5L2(TL))
+5 H’}:les“’ + 56 (’%ijes“"
L2(0,T;L%(Ty)) L2(0,T5L%(Ty))
+ H§_1V’;’-[es“" 1578 ||CT2AYe ) (2.72)
L2(0,T;L*(TL)) L2(0,T;L%(Tr))
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We define the following norm in €7 x €Y x €

1(r, y, h)]

e 2|1, 80 sp
grxeyxeh = 5° HC re HLz(o,T;LQ(TL))JFSHhe 20722271

+ HC_1Vhe Q%yes“"

(Haye

11
+s¢

sp
HLQ(O,T;LQ(TL)) L2(0,T;L2(Ty))

1

+s 6
L2(0,T;L3(Ty))

+ 56 |[CT2Vye (2.73)

L2(0,T5L3(Ty))

for which the map A, satisfies

1&8 /‘aj a;ha 1&8 b b?hb
H ( y ) (r y ) Cg’rx%jyx%jh
<— CS / ||( a7ya7 ha) ( b7yb7hb)||(g; X%SJX%S}L : (2' 4)

So, if we take s > C® (and also s > sq) with C' as in (2.74), the map A, is a
contractive mapping and by Banach’s fixed point theorem, A, has a unique
fixed point (r,y, h) in €7 x €Y x €. It is clear now that (r,y, h) solves the
controllability problem (2.24). Finally, in order to prove the inequality, we

estimate f,(y,h), f,(r,y,h) and fr(r,y, h) by

|ty myes

< Cllyell ooyt C 1he*? |l ooy +C ¢ o] 1o oy »
(2.75)

L2(L2)

HC‘lfy(r,y, h)e® L2(12) <cC Hc_lfyeme(m)
+C (”CATGWHL%L?) +s Hcilyewnm(m) + HcilhestLQ(LQ)

+ ||(*1Vy68¢||L2(L2)) . (2.76)

and

I

< (JHg—%fhew

L2(L2)

+C (HCgAyew

L2(L?)

e tones

(207
L2(L2)) (2.77)

One gets with Theorems 2.3.2, 2.3.3 and 2.3.4 that (r,y, h) solution of (2.23)

L2(L2
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satisfies

55 HC_ITGWHB(O,T;L?(TL)) s ||hew||L2(07T;L2(TL)) + Hg_IVhewHL2(0,T;L2(TL))

C%yew C_%Vyes“”

5
+ s6

11
+ 56

L2(0,75L2(Ty))

1576 C’%Ayew

L2(0,T5L3(Ty))

L2(0,T5L3(Ty))

<C ( o P [ e Pl (S (e

LQ(LQ))

+C <5% HT’QGW(O)HH + S% yoesw(o)HLz + Hhoew(O)HH) ’

that is, the estimate (2.62).
Regularity estimates on the solution of the control problem. If we have the ex-
tra regularity for the initial condition (rg, yo, ho) € H*(Tr)x H3(Ty)x H*(Ty)
and the source terms f,, f,, fj satisfy (2.63) then using a typical bootstrap
argument together with the extra regularity estimates with Carleman weights
of Theorem 2.3.2 item 2 and 3, Theorem 2.3.3 item 2 and 3 and Theorem
2.3.4 estimates (2.47) and (2.48), we can obtain (2.64).

[

2.5 Controllability of system (2.19)

In this section, we recover the controllability of (2.19) from the controllability
of (2.24). This is given in the following statement.

Theorem 2.5.1. There exists so > 1, such that for all s > sq, for all
(Po Tio, o) € HA(T L)X H2(T,)XH2(TL), fo, fu, fo such that f,es® € L2(0, T; H*(T},))
and f,e7®/6, foes® € L2(0,T; HY(Ty)), there exist control functions v,, vy, Vg
and a corresponding controlled trajectory (p,u,0) solving (2.19) with initial
data (po, o, 50), satisfying the controllability requirement (2.96), and depend-
ing linearly on the data (po, Uo, é\g, f;, f;, ]/C;) Besides, we have the estimate:

H (p€65<1>/7, u€65<1>/7’ 6€6S(b/7

+ | (xvpe
<C H(ﬁ’GSCD’ ﬁ675¢/6’ﬁ68©)‘

) HLQ(O,T;HQ('H‘L)) x L2(0,T;H3(Ty,)) % L2(0,T;H3(T 1))

6s®/7 6s®/7 6sP/7
 XUu€ T, XUpE )HL2(O,T;H2('J1‘L))XLQ(O,T;Hl('ﬂ‘L))><L2(O,T;H1('J1‘L))

L2(0,T3H*(Ty))x L2(0,TH (T )) x L2(0,T;H (T, )

. H (Poe ) T s20)/6 ’e‘oescp(o)) (2.78)

H2(T)x H2(T,)x H2(TL)
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Proof. Our first step will be to recover observability estimates for the system
(2.23). In order to simplify the notation, let us introduce the following spaces
T = L*(H?*) x L*(H*) x L*(H")

J = H*x H* x H*

By definition of the dual norm

[(oe™*®, qe™** ne™*®)||, + [ (0(0)e™***, g(0)e™** @, n(0)e**)|| ,,
= sup <(fr7fyafh)7(o-7Q777)>Il,Z

[(fres®,fyes® fres®)[z<1

+ sup (10, Y0, ho), (0(0),¢(0),7(0))) 7.5

|| (Toes@(o)yoes@(o) ,hoeS‘I’<0>) ||j§1

NOW, for (7'0,?/0,h0) € HQ(TL) X Hs(TL) X HQ(TL) and frafyafh satisfying
the inclusion f,e*®, f,e5® € L*(0,T; H*(Ty)), fre’® € L*(0,T; H(Ty.)), we
consider the controlled trajectory of (2.24) in Theorem 2.4.1 in order to
obtain

<(fra fy> fh)’ (07 q, 77)>Z/,I + <<T07 Yo, hU)? (0<O)7 Q(O)v 77(0))>J,J’

~9
. P
= ((go, div g. + 790, gn)v (1,9, hf)>LQ(H*Q)><L2(H*4)><L2(H*3)7L2(H2)><L2(H4)><L2(H3)

+ (0, 4,m), X0(Vr, Uy, Vi) L2(H-2),22(12)
Using (2.64), we get:

s —sP

[(ce™*®, qe™*%, ne

) HLQ(H*Q)><L2(H*2)><L2(H*1)
+ [[(e(0)e™**@, q(0)e™** @ 5(0)e ™ * ||, s 1yos gy

—6s5P/7 —6s5P/7 —6s5P/7
S C (H(gae / » gz€ / 797]6 / )HLQ(H_Q)XL2(H_3)XLQ(H_3)

—6s®/7 —6sP/7 —6sP/7
/ . qe / . me /

2.79)

+ HXO(Ue )"L2(H*2)><L2(H*2)><L2(H*1)> -

n

The next step is to recover estimates for z in (2.20). In order to do that,
we notice that z satisfies the following equation in terms of (o, ¢, n)

—p(Oz+u-Vz)— pAz =g, + ﬁ%VU + A+ ) Vg+pVn, in (0,7) x Ty.
(2.80)
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Applying Theorem 2.3.3 items 1 & 2 to the dual system of (2.80) we get the
following Carleman inequality,

27T gy + (2007 O

< O ([x0ze ™ Loy + 10200 sy + 9265

—6sP/7 —6sP/7 —6sP/7
¢ <||(906 7, gse™ O, gye=o/ )"LQ(H*Q)XLQ(H*3)XL2(H*3)

—65®)7 , _—6s®/T . —65B/T
Y 3

+ HX()((TG qge

ne )||L2(H—2)xL2(H—2)xL2(H—1)

+ HXOZ@_@HH(H%)) :

As xy = 1 in Supp xo (recall (2.25)), we have xox = xo and and ydivz =
Yo div(xz). Now using that y is a multiplier on H 2 we get

”que_(s@/?HL?(Hﬂ) <C HXO div Ze_GS(I)ﬁHLQ(H*?) +C HX006_68¢/7HL2(H72)
< O lxze™® | gy + Cllxoe™™ | iy

and combining the above results, we obtain

o™l sy Fllo @) st llze™ ™ agyyay #2007

e gy + @O

—6s5®/7 —65® /7 —6s®/7
S C H(go'e / 792’6 / 7g776 / )||L2(H—2)XL2(H—3)XL2(H—3)

+ C ||X<0-7 Z? 77)6_68(1)/7HLQ(H—2)XL2(H—1)XL2(H—1) * (28]‘)
Using that (o, z,7n) satisfies Equation (2.20), we again argue by duality to

deduce that System (2.19) is controllable and the estimate (2.78) follows
immediately. [

From the previous theorem it follows that

5s5P/6
HCO([O»T};J‘P('H'L))"WHI(O,T;LQ('JTL))

a1

+ HQGE)SCD/G

e

0,T5H3(TL))NCO([0,T];H?(TL))NH (0,T;H (TL,))

HL2(07T§H3('JTL))QCO([O,T];HQ(TL))WHl(OvT;Hl(TL))
S C H (‘]?;68‘1)7 ]/0;675<I>/67 f;esfi’)‘

L2(0,T;H?(T))x L2(0,T5:H (T ))x L2(0,75H ' (T L))

+C H (I/5065<I>(0)7 iL\()e?sq)(O)/G, é\oesé(o)) (2.82>

H2(T,)x H2(T)x H2(TL)
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which can be obtained by applying directly the classical regularity esti-
mates at the equations satisfy by pe®®/¢, 1e®*®/¢ and 0e>®/6, ConsAldermg
this, we can define the following linear operator: Given py, U, 00 for fus fo in
the vector space

{(50730,50,ﬁ,ﬁuﬁ)) € H*(Ty) x H*(Ty) x H*(Ty)

x L*(0,T; H*(Tp)) x L*(0,T; H'(Ty)) x L*(0,T; H'(Ty))
with f;esq) € L*(0,T; H*(T;)) and Fa€™®0 foes® € L*(0,T; HI(TL))},

we consider (p,u,#) the controlled trajectory given by 2.5.1 solving (2.19)
with the initial condition (py, ug, ). Then we define G as

g(ﬁoﬁoﬁo,fp, Fur J?e) = (p,u,0).

2.6 Definition of the fixed point map

We recall that the control problem that we consider is: Given (,60,210,@0)
small in H*(Ty) x H*(Ty) x H?*(Ty), find control functions v,, o, and @
supported in [0,7] x (T, \ ©) such that the solution of

Oup + (u+ 1) - Vp+ pdiv(a) = 6, + f,(p,u,0) in (0,7) x Ty,
p(oi+ (u+a) - V) — pAt — (u+ A)Vdiva

+p,Vp+ peVO = 0, + fu(p,,0) in (0,7) x Tg,

Cop(0:0 + (u+ ) - VO) — kAD + pdiv(a) = v + fo(p,@,0) in (0,T) x Ty,

(2.83)

with initial data

p(0,x) = po(x), @(0,z) =ue(z), 6(0,2)="0(x) inTy, (2.84)

fp(ﬁ7ﬂ,é) = —ﬁle(ﬂ) (285)
)

fo(p,,0) = —Cyup(0,0 + (@ + @) - VO) + Ndiv(a)? + 2uD(u) : Vi
— (p(0+0,p+ p) — p)div(a) (2.87)

satisfies

p(T)=0, a(T)=0, 6(T)=0 inT;,. (2.88)



Now we will use a fixed point argument to prove controllability of (2.83)-
(2.88). We notice that the left hand side of (2.83) is linear in (p, i, §) except
for the convective terms

w-Vp, @-Va, u-Vo

which are quadratic. We could try to put them in the source terms, but the
problem is that the term - Vp in fp causes a loss of regularity in the fixed
point and we do not have a regularization effect in this equation. Instead,
we consider a change of coordinates close to the identity that will take care
of this term. The idea of this change of variables is similar to the Lagrangian
coordinates but instead of making disappear completely the convective term,
it will leave only the constant part. Concretely, we define the flow X; =
Xu(t, 7, z) corresponding to @ and defined for (¢,7,2) € [0,T] x [0,T] x T,
by the equation

dXy;
dt

In order to be well defined, we will assume that @ € L?(0,T; H3(Ty)), in
which case, because of the inclusion

L*(0,T; H*(TL)) € L*(0,T; Lip(Ty)),

(t,7,z) =u+a(t,Xy(t,7,z)), te€][0,T], Xu(r,7,2) = 2. (2.89)

the flow X is well-defined classically by Cauchy-Lipschitz’s theorem. We
then set, for (¢,z) € [0,T] x Ty,

Yi(t,2) = Xa(t, T, Xo(T,t,2)), Zalt,z) = Xo(t, T, Xo(T\t,z)), (2.90)

which are inverse one from another, i.e. Yy(t, Zy(t, x)) = Za(t, Ya(t, x)) =
for all (t,z) € [0,7] x Ty. For @ suitably small, both transformations Yy(¢, -)
and Zy(t,-), t € [0,T], are diffeomorphisms of T, which are close to the
identity map on the torus.
We thus set, for (¢,x) € [0,T] x Ty,
p(t,x) = p(t, Ya(t,x)), u(t,z)=a(t,Ya(t,z)), 6Ot z)=0(t Yt x)).
(2.91)

In these new coordinates, the problem is reduced to the controllability of
(See the appendix for the computations)

Op+u-Vp+pdiv(u) =v,x + f,(p,u,0) in (0,7) x T,
p(Ou~+ @ - Vu) — pAu — (p+ \)Vdivu
+0,Vp+poVO = vyx + fulp,u,0) in (0,T)x Tg,

Cvﬁ(ate +u- V&) — KAl + ﬁle(u) = VpX + f9(p7 U, 9) n (07 T) x T,
(2.92)
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where x as defined in (2.18), with initial data given by

p(0,2) = po(Ya(0,2)), u(0,2) = i(Ya(0,2)), 6(0,2) = 0(Ya(0,2)) in Ty,
(2.93)

and source terms f,(p, u) given by
[y(pr ) = —pDZL(t, Yalt, ) = Du— p(DZ4(t, Yalt, 2)) — I) : Du,

d
Fialpyu, 0) = —p(Oruitw-Vug)+ Y 0:.Z;u(t, Ya(t, 2))0; (p(p+p, 04+6)—D,p—pab)

j=1

d
+ 1% ( Z &Mui (ajZk,a(t, Ya(t, .Z')) — (Sch) (angﬂ(t, Ya(t, .Z')) — 6]'7@)

gk =1

d

k=1

+ A+ p) ( Y O (95 Zua(t, Ya(t, 2)) — 8;) (0:Zea(t, Ya(t, 2)) — 5@0)

j,k‘,Z:l

+(A+p) (Z ai,jka(t»Ya(t’il?))akuj) —Pp <Z(8,~Zj,a(t,Yﬁ(t,x)) — 0i5)0; )

J,k=1 Jj=1

d
— g (Z(aizjw, Ya(t, z)) — 52-,].)@.(9) . (2.94)
and f9<p7 u, 9) by
fo(p,u,0) = —Coup(0,0 +u - VO) — p(DZL(t, Yy(t,z)) —I) : Du
+ A (DZL(t, Ya(t, 2)) : Du)’

+ K ( Z ak,ée (ajZk,a(t, Ya(t, 5U)) - j,k) (ajZZ,a(ta Yﬂ<t7x)) o 5j7€)

Jrkl=1

n Zd: MONZy 4 (t, Yalt, x)))

k=1
d
+,U Z (8}6UJ81Z].“1(15, Ya(t, flf)) + 8ku,0jZk,a(t, Yu(t, Qf))) (8gui8ng,a(t, Ya(t, [lf)))
4,7,k 0=1

—(p(p+p,0+0)—p)DZL(t,Yy(t, ) : Du, (2.95)
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where 0, is the Kronecker symbol , and satisfying the final condition
p(T)=0, wT)=0, 6(T)=0 inT;,. (2.96)

The corresponding control functions in (2.92) will then be given for (¢,z) €
[Oa T] X P]FL by

Up(t, ) = X(Za(t, 2))v,(t, Za(t, x))
Uu(t, ) = X(Za(t, x))vu(t, Za(t, x)) (2.97)
Uo(t, ) = X(Za(t, z))vo(t, Zu(t, x)),

T] x (Ty, \ Q) provided that

which are supported in [0,

X(Zy(t,z)) = 0 for all (t,x) € [0,7] x Q. (2.98)

We notice that the change of coordinates satisfies the following transport
equation

O Yy(t,x) +u-VYu(t,x) =u+ u(t, ).

This has two advantages. First, it allows to obtain Y, directly from wu. Sec-
ond, it allows to find estimates for Y, in terms of u which will be helpful
when proving the convergence of the fixed point.

Now we introduce the map .# : (p,u, ) — (p,u, 0) that we will use in the
fixed point argument, defined on a convex subset of some weighted Sobolev
spaces, corresponding to some Carleman estimate described later. This map
is constructed as follows. Given (p,u,6) small in a suitable norm, we first
define Y = ?(t, x) as the solution of

oY +u-VY =u+a, in (0,T)xT,, Y(T,z)=x, inT,, (2.99)

Then we define Z = Z(t, x) as follows: for all ¢ € [0, 77, 2(75, -) is the inverse
of Y(t,) on Tr. In other words, for all (¢t,z) € [0,7] x T,

Zt,Y(tx)) =z, Yt Z(t x)) =z (2.100)

If % is small enough, f/(t, -) is invertible for all ¢t € [0,77], see Proposition
2.7.1.
Corresponding to the initial data, we introduce

polx) = oY (0,2)),  Tolw) = (Y (0,2)),  bo(z) = Go(¥ (0,)), in Ty,
and, corresponding to the source terms,
() = —pDZ'(t,Y (t,x)) : Di— p(DZ'(t,Y (t,)) — I): Di, (2.102)
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d
Jia(P,0,0) = —pOUATVU)+Y_ 0:Z;a(t, Ya(t, )0, (p(p+7, 0+6)—p,p—Pab)

J=1

d
+p ( > Ot (0 Znalt, Va(t,) = 035 (85 Z0alt, Vat. @) = 65, )

j?kVEZ]‘

d

k=1

d
+ (A +p) ( > Oueti (05 Zia(t, Yalt, x)) — 0;1)(0: Zea(t, Ya(t, x)) — m))

j7k7€:]‘

d d
+(A+p) (Z az‘,jz\kﬂl(t; Ya(t, $)>akaj> —Dp (Z(@‘Ej@(ta Yalt,z)) — 5z‘,j)ajﬁ>

Ji.k=1 j=1
d ~ ~ ~
— ]59 < (@Zm(t, Ya(t, {L')) — 5%])8]9> s (2103)
j=1
and
fo(5,1,6) = —C,p(0,0 +u - V) — p(DZL(t, Yalt,x)) — 1) : DU

+A(D@@iau@%lmy

d
+r < O (8 2t Va(t,2)) = 1) (9 Zoalt, Valt, 2) — 65 )

k=1
d ~ ~ o~
+> OO Zyalt, Yalt, x)))
k=1
d ~ A~ ~ o~ ~ A~
Y (akajaizk,a(t, Va(t, ) + 050, Zy.a(t, Yalt, x))> (agaiajzg,ﬂ@, a1, @))
i,k A=1

— (p(p+ 7,0+ 0) — pYDZL(t, Va(t,2)) - DT, (2.104)

We then look for (p,u, #) solving the controllability problem

-~

Op+u-Vp+pdiv(u) = v,x + f,(p,u,0) in (0,7) x T,

p(Ou+u-Vu) — pAu— (p+ \)Vdivu + p,Vp

+ 5aVO = vux + fu(P, 70, 0) in (0,7T) x Ty,

Cop(00 + 1 - VO) — kA + pdiv(u) = vex + fo(p,4,0) in (0,T) x Ty,
(2.105)

66



with initial data

p(0,2) = po(x), wu(0,x)="1up(x), 0(0,z)= 50(1:) in Ty, (2.106)

~

with source terms f,(p,u), fu(p,u, 0) fo(p,u,0) as in (2.102)-(2.104), and
satisfying the controllability objective (2.96).

2.7 Proof of Theorem 2.1.1

First of all, we now take s = sy so that theorem 2.5.1 applies. In order to
apply the fixed point, we consider the following spaces:

E = L>®0,T; H*(T.)) N H'(0,T; L*(Ty)) (2.107)

F = L*0,T; H*(T.)) N L®(0,T; H*(T.)) N H'(0,T; H(T.))  (2.108)

and we consider the set

C¢r={(p,u,0) withpe E,ue F,0 € F
559 /6 U658<I>/6 He

< R}.

559/6 ||
H<pe EXFxF —

Now we consider the map

-~ ~

y(ﬁ7a76) :g<p07U07907fP(p7 ) fu(ﬁa ) f@(ﬁ?a\?e))? (2109>

where & is the control map constructed in Theorem 2.5.1, (ﬁo,%?ao) is
defined in (2.101) and f,(5, %), fu(5,3,0), fo(p,7,0) are defined in (2.102)-
(2.104). As we noticed earlier, a fixed point of .# will be a solution to (2.92).
Now, we will prove that the map .# is in fact well-defined on from %5 to €.
This will involve having estimates for pyes®®, 2,e™®©)/6, é\oesq’(o fo(p,u)es®
, fu(5,0,0)e7%/6 and fy(p, 7, 0)e®. In particular we will need estimates for
Y and Z that we will borrow from [23)].

2.7.1 The map .# in (2.109) is well-defined on € and
taking values in %j

We start by presenting the results about ¥ and Z defined in (2.99)—(2.100)
and prove some of their properties, in particular that they are close to the
identity map. We can then define the source term f,(p, w), f.(p, u, 9) fo(p,, 9)

and the initial data (py, o, (9). Accordingly, we will deduce that the map .#
in (2.109) is well-defined on %% for R > 0 small enough.
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Estimates on Y and Z in (2.99)—(2.100)

The following result concerns to estimates of Y and Z, in particular that Y
is close to the identity henceforth Z is well defined.

Proposition 2.7.1. Let w € L*(0,T; H*(Tz)) N H*(0,T; H(T})) with

<R. (2.110)

e, (0,75 H3(T))NH (0,T;H (T1,))

Then the map Y defined in (2.99) satisfies, for some constant C' independent
of R > 0:

H(?@? 33) N x)65s<I>(t)/12‘

Co([0,T); H3(TL))
+ H(f/(t,x) - m)es¢(t)/3‘

< CR. (2.111)
C1([0,T;H2(TL))

Therefore, there exists Ry € (0,1) such that for all R € (0, Ry) the map Z
defined in (2.100) is well-defined and satisfies

DEL Tt _ [)eBse®)/12 < CR, 2.112
(DZ(t,Y(t, 1)) Je CO([0,T);H2(Ty)) ( )
DZ(t,Y(t,z)) — I)e**®/ = O P
( ( ) ( ,iL‘)) )6 W1/4,5(0,T;H7/4(TL)) ( )
D22tV (1)) 02| =Ch s

Lo=(0,T;HY(TL))
and ~ 0O
X(Z(t2) = 0 for all (t.2) € [0.7] x O 2115)

where x is defined by (2.18).
See [23] for the proof.

Estimates on f,(p, ), fu(p, «, 9) fo(p, u, 9)

Now we present estimates concerning the non linear terms in (2.105).

Lemma 2.7.1. Let (p,u, 5) € Cr for some s > so and R € (0, Ry), where
Ry is given by Proposition 2.7.1. Then we have the following estimate

| (5o e, £u(5. D)™, fo 5.7 0)e™)|

L2(H2(T1))x L2(HY(T1,)) X L*(H(Tp))
< COR? (2.116)

where f,(p,0), fu(p,4,0), fo(p,u,8) are defined in (2.102)(2.104).
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Proof. Now we will estimate each of the terms that appear in the non linear
part.

We start by considering f,(p,u). We perform the following estimates
term by term: as H?(T;) is an algebra in dimension d < 3,

H(ﬁDZt(t,?(t,a;)) . DU)es®

L2(H?)

< O[5 ey | D21,V (2, 2))

‘LOO H?) ||ue5sq>/6||L2(H3) < CR2

and

Hp(Dét(t, Y(t,z) —I): Die®

L2(H?)

< C|[(DZ@ Y (k) = D2 (Dt ) < CR2

L°(H?)

Now we continue with f,(7,,60). We estimate each term in (2.94). Using
that the product is continuous from H?(Ty) x H'(Ty) into H(Ty),

1P | a0y < (1P| o 112y |08€™ | oy < CR.
Using again that H?(Ty) is an algebra,
17 - VAT oy < CHPE N ey 1865 o ) < CRE.
For i,j, k.0 € {1,--- ,d}, we get
|00 208, 7 (1,2)) = 800D Ze(t, T (1)) = 81,)e™) o
~ 2
< C HDZ 58‘1>/6HL2(Hl) ‘(DZ(t,Y(t,I)) . [>e5s<1>/12 ) < CR3

Similarly, for i, 7,k € {1,--- ,d},

am-Zk (t, ?(t, x))akﬂje“q’/ﬁ‘

L2(H)
<C HD?Z(t, Y (t,z))edt/12

L) | Due®® /0| ey < CR*. (2.117)

In order to estimate the terms coming from the pressure, we write

-~

p(p+7.0+0) —p—p,p— o0 = P°F(5,0) + 029(p, 0) + pOh(7, 0)

69



where f, g, h are C! functions depending on the pressure law (here we use
that the pressure law p belongs to C? locally around p, ), so we have

V(p(p+ 5.0+ 0) — p,p— 5ab))
= (261 (5, 0) + 5°0,f (5, 0) + 0°0,9(5.0) + O (5, 0) + pOO,h(p,
+ (209(5.0) + 6°959(p, 0) + 5206 (5, 0) + P(D, 0) + pOOsh(

As 1Pl o 10y < OR < C, we thus obtain, for i,j € {1,---,d},

N
p,0)

) Vo

~

.26, Y (,2))05(p(p + 5,0+ 0) — pop — Pab))e™ /0

L2()
559 /6 -~ 55®/6
= CHDZt Y) HL"O(HQ pe / HL""(HQ) HVpe / HL2(H1)
—|—C’HDZ t’Y H ‘0658‘13/6“ ‘V§65s{>/6’ < CR2
Lee(H?) L>(H?) L2(HY)

Fori,j e {1,---,d},

b

(0:2;(t,Y (t,x)) — 6;;)0;pe™®/°

L2(H)
chDém?@w»—mé@m

. Hﬁ655’1>/6||LZ(H2 < CR2.

Hﬁ@(azé\](t, ?(Zf, ;p)) — 51.7].)8],5678@/6

L2(HY)
< CR?.

L2(H?) —

<0H tY@@)IW&mH

)0655<I>/6 ’

L>(H?2)

~

Finally we perform estimates in fy(p, u, §). Similarly to the first two estimates
for f,, we have

~0 7 sd ~ 550 /6 7 .55®/6 2
‘ Copabe®| ) S IPE™ oy ‘@96 ‘LQ(Hl) < CR”.
~ 70,5 ~ 5s59/6 2
Hpu Ve L2(H1) S ¢ ||p6 HLOO(H2 ‘LQ(H?’) S CR.
For 7,5, k, ¢ € {1,--- ,d}, we get
|00aB(0, 201, ¥ (. 2)) = 630) D, 21, ¥ (1 2)) = G0 |,
~ 2
gc”p%é@m MDZGJKL@)—DQ@AZ < CR®.
L2(HY) L>(H?)
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p(DZ'(t,Y (t,x)) — I) : Due®
|0z ¢ 70 00) = - DA,

<C H(Di(t, Y(t,2)) — 1)e5/1?

. HDU65S¢’/6||L2(H1 < CR2

~ ~ 2
H)\ (DZ;(t,Ya(t,:c)) : Da) e*®

L2(HY)

<c||pze. v, @)HLM o 1D ey [ DRy < O

Hakaja,ik,a(t, Ya(t, 2))0400;0; Zoa(t, Ya(t, 7))

L2(HY)

<C HD?(t,?(t,x))HQ

' o 1T [ DT ) < R

|07+ 5,0+ 8) — p)DZi(1, Ya(t,2) : Dite™®

L2(HY)

< P2t ¥ (t.2)| | Daes®/0

‘(p(p+p,€+9) D) 53‘1’/6(

Lo (H?) L2(H?) HLOO(HI)?

and using the fact that p is C3

‘(p(p+p,9+9) ple 5“’/6’

. <C HA SSCD/GHLQ(HQ) . ”565@/6‘

L2(H?)'

hence

< CR%.

5+ 75,0+0) — p)DZL(t,Yy(t, x)) : Dtie*®
H(p(pﬂ), +0) = p)DZy(t, Yu(t, x)) : Due L2

Combining all the above estimates yields Lemma 2.7.1. O]

Estimates on (py, U, /9\0)

We finally state the following estimates on (o, tip, 6o) defined in (2.101):

Lemma 2.7.2. Letu € L*(0,T; H*(T))NH'(0,T; H'(Ty)) satisfying (2.110)
for some R < Ry given by Proposition 2.7.1. Let 6 € (0,1) and (po, @, 0) €
HQ(TL) X H2(TL) X HQ(TL) with

Define (ﬁo,ﬂo,é\o) as in (2.101). Then there exists a constant C' > 0 inde-
pendent of R such that

< (0. (2.119)
H2(TL)><H2(TL)><H2(TL)

| o0, 0)
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Proof. 1t is a straightforward consequence of the estimate (2.111) derived in
Proposition 2.7.1. O

Conclusion

Gathering together all the estimates obtained in Proposition 2.7.1, Lemmas
2.7.1 and 2.7.2 and using Theorem 2.5.1, we get the following theorem, that
will be the key to apply the fixed point argument ( in particular that €5 is
invariant under .# for R small enough).

Proposition 2.7.2. Let (po, o, 0) in H*(Ty) x H*(T) x H*>(T}) satisfying
(2.118) for some 6 > 0, (p,1,0) € g for some R € (0, Ry) with Ry given
by Proposition 2.7.1. Then the map % in (2.109) is well-defined, and there
exist a constant C such that (p,u,0) = .F(p,4,0) satisfies

16> || o a2y 12 < CR® + C6. (2.120)
||ue5sq)/6HL2(H3)OL°°(H2)OH1(H1 < CR*+ O,
“6658@/6‘&2 (AL (H2)H (1) = CR* + C4.

Besides, the condition (2.115) is satisfied for x defined in (2.18).

2.7.2 The fixed point argument

Let’s consider an initial condition (po, ug, fp) in H*(Q) x H*(Q) x H*(2) small
enough in the sense of (2.7) with 6 > 0. Then we extend the initial condition
to (o, o, Oo) satisfying (2.17) and (2.118). Therefore, from Proposition 2.7.2,
the map .Z in (2.109) is well-defined for (5,4, 0) € €% for R € (0, Ry), with
Ry > 0 given by Proposition 2.7.1, and (p, u,0) = .Z (p, u, (/9\) satisfies (2.120)
with some constant C' > 0. We now choose R € (0, Ry) such that C’R <1/2
and 0 = R/(2C), so that as a consequence of Proposition 2.7.2, .# maps €r
into itself.

Now we intend to apply Schauder’s fixed point theorem to the map .%.
First, we notice that the set €% is convex and compact when endowed with
the (L?(0,7T;L*(T.)))® topology, as a simple consequence of Aubin-Lions’
Lemma, see e.g. [59].

Now the only hypothesis left of the Schauder’s fixed point theorem is
the continuity of the map .# on %% endowed with the (L?(0,T; L*(Ty)))?
topology. Let us consider a sequence (py,, Uy, @Z) in ¥ converging strongly
in (L2(0,T; L*(T})))? to some element (7,7, 0). The set € is closed under
the topology of (L2(0,T; L*(T})))? hence (p,4,0) € €. Also, because of
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Banach-Alaoglu’s Theorem we have the weak-* convergence of (ﬁn,ﬁn,é\n)
towards (p, u, f) in (L*°(H?*) N HY(L?)) x (L*(H*) n HY(HY)) x (L*(H?) N
H'(H"')). Furthermore, because of the compactness given by Aubin-Lions’
lemma, we also have the following strong convergences to (p, u, 9\)

Pn — p strongly in L>(0,T; L>(Ty)),

n—

pn — p strongly in L2(0,T; HY(Ty)),

n—oo

)
)
U, — u strongly in L*(0,T; H*(Ty.)), (2.121)
n—o0 .
0, — 0 strongly in L*(0,T; H*(T}))

)

n—o0
0, — 0 strongly in L>°(0,7; L>°(Ty)).
n—oo

To every term of the sequence u,, we associate the corresponding flow EA/n
solving the transport equation,

Y, +u-VY, =U+1, in (0,7)x Ty,  Yo(T,2)=2inT,, (2.122)

and the inverse Z,, as defined in (2.100). Using the estimate (2.111) we obtain
that the sequence Y}, is bounded in L (H3)NW*°(H2) therefore it converges
weakly-x in L>°(H3)NW1>(H?). Now we take the limit in Equation (2.122)
to obtain that the weak limit Y satisfies (2.99). Also, because of the com-
pactness given by Aubin-Lions’ lemma we also have the strong convergence
of Y, to Y in WY45(0, T; H**/*(T)) and in C°([0, T]; C*(T)). Now that we
have convergence in classical spaces, we use the inverse function theorem to
obtain that the sequence Z, strongly converges to Z in C°([0,T]; C*(Ty.)).
Furthermore

DZ,(t,Y,(t,x)) — DZtY(t,z)) in2(0,T)xTy),
A e . ,  (2123)
(Pon, Uon, bo,n)  — (Po, o, bo) in (2'((0,T) x Tyr))°,

n—0o0
where (7o, o, fon) = (Po(Va(0,2)), 0(Ya(0, 2)), 6o (Va
uniform bounds (2.112)—(2.113) on the quantity DZ,(t,
Aubin-Lions’ Lemma, we also deduce that

(0,2))). From the

1/7}(15 x)) — I and

DZ,(t,Y,(t,x)) =1 — DZ(t,Y(t,z)) — I strongly in L*(0,T; H'(T})).
n—oo
(2.124)
Using then the uniform bound (2.114), the identity

D?Z,(t,Yo(t,2)) = D(DZ,(t, Y, (t,2))) D Zn(t, Ya(t, 2)),
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and the convergence (2.124), we also conclude that

D*Z,(t,Y,(t,x)) — D?Z(t,Y (t,z)) weakly in L*(0,T; H'(T.)). (2.125)

n—oo

Considering all the previous convergences, we can prove that the functions

Fo(Pos Tn), Fu(Pns Ty 0) anid fo(Bn, Tin, 0,,) weakly converge to £, (7, 1), f. (7, 1, 0)
and fy(p, u, é\) in LY(0,7; H'(T)), and with Lemma 2.7.1, weakly in the
weighted Sobolev space described by (2.116). As the map ¢ in Theorem
2.5.1 is a linear continuous operator in (py, o, é\o, ]?p, ﬁ“ j/;), it is weakly con-
tinuous as well. Hence

~

()On7 Unp, 011) = rg.(ﬁm ana en)
= g(//O\O,m aO,m eo,m fp(;/o\ny an>7 fu(ﬁn7 an: 971)7 f&(ﬁm ana en)) (2126)

weakly converges to

~ ~

(pauae) = y(lfo\a a? 9) = g(ﬁ(ﬁa()aé\(bfp(ﬁ? ﬂ)?fu<ﬁ7 a? é\)af@(/\7 a? 9))

in D'((0,7) x Tr). But we know that é% is stable by the map .%, so that
(Pn, Un, 0,) all belong to the set €, which is compact for the (L?(0,T; L*(T1)))?

~

topology. Therefore, (py,, un, 0,) = F (Pn, Un, 0,,) strongly converges to (p, u, ) =
Z(5,1,0) in (L2(0,T; L2(T.)))>.

Now that we verified all the hypothesis of Schauder’s fixed point theo-
rem we obtain the existence of a fixed point (p,u,0) = % (p, u,d) which by
construction solves the control problem (2.92)—(2.93)—(2.96).

To go back to the original system (2.83), we define Y as the solution of
Y +u-VY =u+uin (0,7) x Ty, Y(T,z) =z in Ty,

and Z = Z(t,z) such that for all t € [0,T], Z(t,-) is the inverse of Y(¢,-),
which is well-defined according to Proposition 2.7.1. We then simply set, for
all (t,z) € [0,T] x Ty,

plt,x) = p(t, Z(t,x)), at,z) =u(t, Z(t,x)), Ot z)=0( Z(t x)).
(2.127)
By construction, (g, @, 0) solves (2.83)-(2.84) and the controllability require-
ment (2.88) with control functions (v,, 0y, Uy) defined for (¢,z) € [0,7] x Ty,
by

Up(t, ) = X(Z(t, 2))v,(t, Z(t, ), Tult,z) = X(Z(t, 2))vu(t, Z(t, x)),
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Og(t, x) = x(Z(t,x))ve(t, Z(t, x)).

These control functions are supported in [0, 7] x (T \ ) thanks to (2.115),
so that by restriction on €2, we get a solution (ps, us, fs) = (7,7, 0)+ (p, @, 0)
of (2.1) satisfying (2.8)—(2.9).

To get the regularity estimate in (2.10), we first show that the fixed point
(p,u,0) of .F satisfies

(p,u,0) € C°([0,T); H*(TL)) x (L*(0,T; H*(T1)) N C°([0, T]; H*(TL,)))
x (L2(0,T; H3(Ty)) N CO([0, T); H2(Ty))), (2.128)

which is a consequence of (2.82). From these regularity results on (p,u,0),
(2.127) and the regularity estimates obtained on Z in Proposition 2.7.1, we
deduce that

(P, 0) € CO([0, T); H*(T1)) x (L*(0,T5 H*(Ty)) N C°([0, T]; H*(Ty)))
x (L*(0,T; H*(T1)) n C°([0, T); H*(Ty)), (2.129)

from which (2.10) follows.
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Chapter 3

Asymptotic Stabilization of the
compressible Navier-Stokes
equations with an interior

feedback on the density

3.1 Introduction

The aim of this article is to study the asymptotic stabilization of the com-
pressible Navier-Stokes equations on the torus T¢ of dimension d < 3, namely
the following system

Oips + div(psus) = 0 in R, x T¢ (3.1)
ps(Owus + (us - Vus) + V(p(ps)) — pAus — (u+ NV (divus) = 0 in Ry x T¢
(3.2)

where pg is the density of the fluid, us the velocity and p is the pressure
which is a function of ps, typically p(ps) = kps.

We consider the problem of stabilizing the system around a constant
homogeneous state (i, p) with an interior feedback control supported inside
an open set w’ C T? and acting on the density only. This means finding a
feedback function K, such that the following system is exponentially stable
around (u, p):

Ops + div(psus) = K,(ps — p,us —4,0) in Ry x T¢
ps(Ous + (us - V)us) + V(p(ps)) (3.3)
— pAus — (p+ A)V(divus) =0 in R x T¢
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Where p, = p'(p), v > 0 is a constant related to the decay of the transport
equation.
Assumptions

Assumption 1 We assume the pressure function to be at least C2%2 on a
neighborhood of p. We will assume that all the characteristics of the
flow given by @ intersect w’, in particular, the interesting case is when
o # 0 otherwise we would require w = T¢. Then we can choose w with
the same property and @ C w’.

Assumption 2 We also will assume that the quantity
PPy
v

0

is small enough. More espefically, we assume that it is smaller than the
first nonzero eigenvalue of laplacian in the torus.
0< e o A
v
In order to construct the feedback operator we introduce a one dimen-
sional integrator o as the solution of the ODE:
We consider a function ¢ : T? — R supported in «' \ w and with (¢) =1
and a function o : [0,00] — R given by the differential equation:

6 = oldivuse) — o2 (divusp) + (1xu(ps — ) = 1ps - ).
where (-) denotes the average of a function on the torus
(f)=[ fl)de.
Td

Then we will consider the feedback operator:

PP

Ky(p,l,0) = —yxwp+o(u+a) Vo+ 07’)30 + 6. (3.4)
This way our system reads:
(0ips + div(psus) = K,(ps — p,us — 11, 0) in Ry x T
ps(Oius + (us - V)us) + V(p(ps))
— pAus — (p+ N V(divus) =0 in R, x T¢
. . PPp ;1. _ _ .
|0 = oldivusy) — o= {divusp) + (1xu(ps = P)) = v(ps = p) in Ry

(3.5)
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In [18], Coron explains the need of adding an integrator for the stabilization
of certain systems. In the topic of stabilization of Navier Stokes, we can
remark the work of [12| for the stabilizability (and controllability) of the
Navier-Stokes System in the isentropic case with control on the velocity, [50]
for a study of the same system in a more regular functional setting and [13] for
a study of stabilizability on the zero velocity case. For the related problem of
controllability we can mention [23], in the case of boundary controls in both
equations (but it is reduced to the internal controllability in the torus as in
this article).
The main result of this article is the following theorem:

Theorem 3.1.1. There is a constant & such that if (po,uo) € H3T% x
H2%% and ||(po, uo)|| < 6, then the solution of (3.5) satisfies the following
exponential decay estimate, for M satisfying (3.7)

|| (eMtp7 eMt(u - <u>)7 eMtJ) ”LOO(O7T;H%+2EXH%+25 XR) S CH (p07 uo) ||H%+25><H%+25

Theorem 3.1.2. If Assumption 1 and Assumption 2 are satisfied and M, p,
and v satisfy (3.7), then for any e € (0,3), there are constants 6 > 0 and

C > 0 such that if (po,uo) € H2% x H572 and ||(po, uo)| <4,

H%+26><H%+2‘5 >
then the solution of (3.3) satisfies the following exponential decay estimate

||(6Mtp7 eMt(“’_ <u>)7 eMto-)||Lm(07T;H%+2€XH%+2€XR) S CH(pO7 uO)HH%‘FQ«ExH%"!‘QE’

3.2 Linearized System around the steady state

We start by studying the stabilization of the linearized system:

dp+ (a+a) -Vp=—pdivu+ K,(p,u) + f, inR, x T
p(Ou+ (u+a) - Vu) — pAu — (pn+ NV (divu) (3.6)
=—p,Vp+ fu in R, x T¢
Here, f,, f, are source terms for the density and velocity respectively . We

assume that 4 satisfies y
‘|€7t’&|’Loo(H1) S R,

with R a constant that we will choose small enough later and where the
exponential decay constant M that we choose so that

PoP
M < )\1 — ﬁ (37)
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where A; is the first nonzero eigenvalue of the laplacian on the torus.
As it is done in the study of the controllability of the same system in [23|
and in the non-isentropic case in [51], we introduce the effective flux:

q:=divu — &p.
v

The idea of considering this quantity was introduced by Lions in [45]. With
this new variable the linear system becomes:

(@ﬂ+@+ﬁ%Vp:—mm+%m+49@m%hﬁ in R, x T
(Oug + (T + 2)Vq) — vAq = —pe(il) : e(u)! + 2P P+ &p)
me( )+myn—@2@ in Ry x T
1%
Lp(Ou + (0 + 0)Vu) — pAu — (u+ N)V(divu) — p,Vp+ f.  in R, xT¢

(3.8)
Here e(u) = W+TW is the symmetric gradient of the velocity, and for two
matrices we define the tensor scalar product

= AiiBi;
i

We notice that the equation for ¢ is not necessarily stable as the constant
part (¢) in principle could diverge exponentialy because we are on the torus
T? (0 is always an eigenvalue of the Laplace operator). To deal with this we
notice that the constant part of ¢ comes only from (p) as (divu) = 0, so we
use the fact that

to modify the equation for p as follows
(0 + @+ @) - Vo — p2(0) = —pla — (a) + 22p)
+ X K, (p, @) + £, in R x T¢
p(Og + (u+1)Vq) — vAgq
Pp

= —pe(a)  e(w) + (g + L2 p)
— PPN (p.q) + div £, — %fp in R x T
p(Oyu+ (u+ 0)Vu) — pAu — (p+ N)V(div u)
\ = —ppyVp+ fu in R, x T¢

(3.9)
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In the following sections, we will split the study of the asymptotic stability
of system (3.3) in the study of the stability of the uncoupled equations, that
is, the transport equations, the heat equations and the Lamé system.

3.3 Stabilization of Transport equation

In this section we study the estimates necessary for the transport equations.
We will begin by the H! estimates required for the study of the linear system
and later the estimates in the fractional exponent Sobolev space H*(T9), for
s e R,

3.3.1 H! estimates

For the stabilization of the transport equation we will show that we can take
a feedback of the form —~vpy,,, hence we consider the system

Op + (u+1) - Vp+ %p = —YXwp T - (3.10)

We will consider A : T? — R such that
VA(z) u <0,z gw
The following lemma stablishes that such function always exists.

Lemma 3.3.1. There is a C®(T?) function A : T¢ — R such that
VA(z)-u<0 ,zdw.

Proof. For every point p in the torus we can find an open neighborhood V' of p
that satisfies the property: if p € w we can take any neighborhood contained
in w and define A, = 0. If p € T?\ w, we consider the curve of slope u that
goes through p and starts and finishes at points i(p), f(p) € w then, in a
tubular neighborhood of the curve (a rotation of B(0,¢)4—1 % [0, L]), we can
define A, solving @ - VA, = —1 in T? \ w. By compactness of the torus, we
can cover it with finite many of these neighborhoods, V,,,,---V,, ..

Moreover, we can take a partition of unity ¢, with the property u-V,, =
0 in T\ w. To prove that this is possible, let us consider ¢y € C3(R¢™1!)
supported in B(0, 1). Let us consider the orthogonal projection P! orthogonal
to u. The we consider ¢; defined outside w by

%)),

Pi =w<Pé<€
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Finally we consider

which satisfies

Ve = L Ve it Ve
' Zj%oj (Zj‘ﬁj)z 7

in T¢\ w. With this we can define

A= Z Ap, Bp;
=1

which satisfies the property:

i VA= zn:u VA, Gy, + Zn:/\piu V@, = —1.

i=1 i=1
[

With this lemma we can prove the following stabilization result for the
transport equation:

Theorem 3.3.1. There exists 1 > 0 depending only on v and the geom-
etry and parameters of the equation such that if py € L*(T¢) and eM'f €
L>®(0,T; HY(T9)) then the solution p of (3.10) satisfies the following esti-
mates:

HeMteuApHLoo(Lz) S H@MApo”LZ + HeMte#Af”L"O([P% (311)

y—M

e e AV pll Loy < €4V poll 22 +

- Wi HeMt@'uAVf”Loo(LQ)
+ Cylle™ e pll oo 2y, (3.12)

Proof. In order to proof the stability estimates we use a technique introduce
by J.-M. Coron in [17]. Let us consider the Lyapunov function

1
Vi) = ; / G
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Then we compute
Vil = [ ppda= [ p(—(a+ i) Vp+ P2pt —xp+ f)da
T T

1 _
= —/ e p? (div i + %) dr + E/ eQ“ApQA(x) (a4 ) dx
2 Td 14 2 Td

— / Xwp® da + ("N p, et )

< / A (diva + &2 ppp + pA(z) - (u+a))de
Td\w

N | =

o 7/ 2ul le, + <€/1A75107 euAtf>

Because of the condition A -4 < 0 in T? \ w, we can always choose p large
enough and R small enough so that

pp

(diva 4+ == + pA(z) - (a+0)) < —,

so we obtain

VI[pl(t) < =V Ipl(t) + VI (O)lle" f ] 22,

from which we deduce the estimate (3.11). For estimate (3.12) we consider
the equation solved by the derivatives of p and proceed in similar fashion.
Differentiating with respect to the i-th variable:

010;p+ (u+1a)-Vp+ %@P = —YXw0ip+ Oi f — 0511;0;p — YO;xwp- (3.13)

and we use the previous estimate with p replaced by 0;p. [

3.3.2 Higher Order estimates

When dealing with the non-linear system we will need higher order estimates.
We begin with an H? estimate, given in the following statement.

Theorem 3.3.2. There exists C' > 0 depending on M and the parameters of
the equation, such that if py € H*(T?) and eM'f € L>(0,T; H*(T?)), then
the solution p of (3.10) satisfies the following estimates:

e e D20l g2y < [l D poll a-+C [0 D2 | e 12y 4 C e e pl] o -
(3.14)
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Proof. We begin by differentiating the equation (3.10) to obtain

&:Dijp + (”EL + ’EL) . VDsz + ppp Dl]p + D; ukajp

+ DjﬂkDm'P + Dijtur Dyp = —vXwDijp
— YDijxwp — YDixwDjp — vDjxwDip + Dy f. (3.15)

Consider the Lyapunov function

- Z/ "M (Dyp)? da.
i /T

With similar computations we obtain

Valol) < ~Vlpl(0) + VVEI@le Dl — [ DyiiVoDyp e
and consequently

Valpl(t) < =1Valp)(t) + v/ Valpl ()l Dij f | 22 + | Digll 5|V pll o oy v/ V()
(3. 16

Using the Sobolev embedding eM'V f € L>(0,T; H(T4)) C L>°(0,T; LG(Td))

we can obtain similar estimates to the ones in Theorem 3.3.1 for the Lya-

punov function
Vi e!A@) (D, de
Lelp Z /T . ip)

We obtain that
M1V pll s eray < IV pollpseray + Clle™ €V f | oo o, (ray)

+ C”@MtGMAfHLoo(QT;Hl(Td)). (317)

Applying this to (3.16) we obtain

Valp)(t) < =vValpl(t) + Cv/Valpl ()| £l 2 + B/ Va[p) (£) e ||V pol| o (ra)
C R/ Vap)( e_MtHeMte“AVfHLoo(o,T;LG(Td))
+ CR+\/Va[p] (t)efMtHeMteﬂAf”Loo(o,T;Hl(Trd)) (3.18)

from which, together with the Gronwall inequality, (3.14) follows. ]

Using interpolation theory (see for instance [65]) we obtain the following
estimate
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Theorem 3.3.3. if py € H2=(T%) and eM'f € L>(0,T; H2+(T%)) then we
have the estimate

M e ol ey < e pollz + ClleM e 1] e

Proof. Let us consider the linear operator
X : L®°(HY(TY) + H*(T%) — L™(H"(T%) + H*(T%))
eMteuAf N 6Mt p’

where p is the solution of (3.10) with zero initial conditions. Then this
operator is continuous in the spaces

X 1 L®(HNTY) — L®(HY(TY)),

and
X 1 L®(HX(TY) — L®(H2(TY)),

from the previous results. From interpolation theory we obtain that the
operator is continuous in the interpolation space

X L®(HY(TY) — L®(HY(T?)),
and
X+ (L(HY(TY), L(H*(TY)))ap — (L=(H'(T?)), L=(H?*(T?)))x 0,

as well.
So we have the inequality

Mt _uA 5 Mt _uA
He € XfHLoo( < He € -f||Loo H2+a)

Finally, we can write p as
Methp = X f + Mt S (t)po,

where S(t)po is the solution to the homogeneous equation. Combining (3.11),
(3.12) and (3.14), we have

e e Spl| < Clle* pol| a2,
and then

H Mte,U,ApHLOO g < HelLAPOHI’I2 + CHeMteMAfHLoo H2+€)
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3.4 Stabilization of Transport equation with av-
erage term

In this section we see how to stabilize the equation with the extra average
term:

. D op, .
Oup+ (@+1) - Vo= p2(p) + B2 = K (., 0) + f. (3.19)

We recall that ¢ : T¢ — R supported in '\ w and with (¢) = 1 and a
function o : [0,00] — R given by the differential equation:

. A D NN
o — o{divap) + 0% = —(divap) + (vxwp) — (P,

and we let
p=p—0p.
Moreover we consider the feedback

K,(p,i,0) = —yxwp +o(a+1u) - Vo + ap o+ op. (3.20)

We deduce that p satisfies

PPp

L N~ D ) P,
O+ (Ut@) Vp—p—=(p)+=Ep = —6p—o(u+it)-Vo—o—=

S vtK, (p, 0, 0)+f.

Hence it solves the equation

- ,p PDp ~ .
dp+ (u+a)-Vp— ;<p>+7”p=—7xwp+f,

where we used that —yx,p = —7vxw.p. We also consider the equation satisfied
by the average of p

d(p) + (0 - Vp) = (K,(p,0)) + (f)-

Therefore
A A oD, .
Ou{p) = {divitp) = (1xup) — oldiviig) + o2 46+ (f).

Consequently
Ou(p) = —v{p) + (f)-

So we end up with the system

ap+ (a+i) Vp—p o)+ 225 = —yxup+ f.
dp) = —{p) + (f)-

85



From the second equation of(3.21) is clear that

MU < —— ()] + )] pe) < —

M
T y—-M =M (el + 1€ fll Lo (z2y) -

Using this on the first equation we find

_D,
e f + €Mt/)7p<ﬂ>||L°°(L2)

1
vy—M

e Al e 2y < lle™ poll 2 + -

PD,
< |le"*poll 2+ ||€Mt7p<P>||L°°(L2)

(3.22)

1
o a7 oo il Fllzewa+

It follows that

1 PPy

1 ME £\ poocr2y.-
_M( +V(7_M))H€ fllpee(r2)

e pll o2y < lle*poll 2+ !<p0>\+7

vy—M

So we obtain finally for p

(1+2]ll| 2

e ol o2y = lle™ (5 ) z=(zy < lle* poll 2 —— | (po)l+

1
vy—M vy—M

Pp,
L HeMtfHLoo(LQ), (323)

+(1+ Hﬂ\m)m)

which proves the exponential decay.

3.5 Stability of Parabolic equations

For the following parabolic equation,
_ _ PpP
PO:g +uNVaq) = vAG = ==pq = fo,

we can prove the following stability estimates based on spectral decompo-
sition: given M < A\ — % where \; is the first non-zero eigenvalue of the

Laplacian on the torus.

HeMt(q - <(J>)HL°°(L2) < I(q0 — (go))lz> + CMHeMtquLOO(L?)a

3M

"3Vl (r2) < [[Vaollr2 + Curll€™ foll oo (r2).-

We have similar properties for the Lamé system.
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3.6 Stabilization of the linear system

Using the previous results we now prove that the linear system is exponen-
tially stable.

(

Oup+ (@ +1) - Vp = 5H2(p) = =pla = (a) +2p) + X (p,0) + f, in R x T
PO+ (1 -+ 8)Vg) — vAg = —pD(@) : D(w)' + (g + L2 p)
— Ky (pya.0) + div f, - %fp in R, x T
p(Ou + (u+ 0)Vu) — pAu — (p+ A)V(divu)
=—p,Vp+ fu in R, x T¢
|0 —oldivig) + 0% = (divap) — (vxwp) +7(p)

(3.24)
Let T* > 0 such that a solution to the system exists in [0,7*] for a given
initial condition (ug, pp and take A, B, D, E € R, fixed to be determined.
For a given T' < T™ let us consider the norm

SJW

(o g, u)|| xr = [l€" “pll Lo o,11,22) + Alle™ VP||L°° ([0,7],L2)
+ BH€Mtq - <Q>||L°°([0,T],L2) + DH€ i VC]HL<><>([0,T],L2)
M M
+ EH€ 2 tu — <u>||Loo([07T]7L2) + F“€ 2 tDUHLw(LQ). (325)

Let us consider T as

T = sup{T € [0, T/[|(p, ¢, w)| < K(ll(po, g0, wo) | + [1(f, F))I}-

Using the previous estimates we obtain that

€]l < ——11e¥"((a = (@)1= 2oy + Cloo) | + CILT ., (3.26)

and

3M

Cy
le™*Vpl| < S MH MVl L o.1,L2(vay) + Cll(Vpo)ll + CIIV foll - (3:27)

For ¢ we have the estimate

Mt SMy ppp(

DpP
—(@) | Lo (o,17,.2)Flle "V al| oo o), 02) < C £ )

e 1+=25 )y || e PHLO@(L2)

+C(B + D)Ry|le ¥ Dull =z + Cllaol| + C div £, - %mu (3.28)
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and similarly for u

M M 3M N _
le’= "u—(w) || o= o,11,02)+Hll € 2 Dul| oo 12y < Clle™s (—pteVutp,V ptfu) | o=o,11,2)+Clluo|

3M
< CR||Vullgeer2) + Clle # ' Vpl| o z2) + Clluoll + Cl full- - (3.29)

Multiplying with the respective constants and adding everything we ob-
tain the following inequality:

C
10, ¢, w)l|x.7 < - 77l (@ = (@)l qo.c2ee)

AC’}/ 3M
— M||€ TV q| oo (o.17,12(10)

PpP PP
+(B+ D)C%(l + %)7”eMtp”LOO([O,T],LQ(Td))
M 3M
+C(B+D+F+E)Ry|le2* Dul| o (jo,11,2(74)) + (E+F)Clle "V pl| oo (0,11, 22(7))
+ Cll(po; uo)ll + Cl[(fp, fu)ll- (3-30)

where the constant C' is independent of T" and it is bounded if we assume
that 222 belongs to a fixed interval. Now we choose A, B, D and E such that

(B + Dyl +22) <1,

(E+ F)C < A,

ACy
D
V.
C(B+D+E+F)Ry<F.

Bop
14

This can be achieved in the following way: first we take small enough so

C? Dby . DoP
21+ <1
’y—M’yy(+y) ’

This allow to choose B so that

and



Next we choose D > 0 small enough so that

C(B + D)Wl PPy < q.
v v
After that, we take A > 0 small enough so that

ACy
D
oM

E >0 and F' > 0 small enough so that

(E+F)C < A,
and finally R so that

C(B+D+E+F)Ry<F.

With this choice of A, B, D, E, F and R we will have that for some L < 1
1,0l < L, g ) |+CIFI+Clloo, woll < (EELCYU(Fyn Fu) 1+ 10, 0]
Because L < 1 we can always chose K large enough such that

LK +C<K.

So
(0, q, W)l xr < K[ (fo fu) | + Nl p0s wol]),

which implies that T was not the maximum so we conclude that

10, ¢, W)l x2 < Kll(po, wo)llm mz + K| (o, fu)| VT >0,

so we obtain the exponential decay by taking the supremum over 7' > 0,

I (p, q, U)Hx,oo < KH(po,u())HHl,m + KH(fp, fu)ll-

3.7 Extra Regularity

In order to perform the fixed point argument for studying the non linear
system, we will need higher regularity estimates of the solutions assuming
better regularity of the source terms. In this line we have the following result:
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Theorem 3.7.1. We assume that for e € (0, 3),

3
Po € H§+2£7

Uy € Hg+2s’
eMtfu c LOO(H%—H)’E),
eMtfp c LOO<H%+3E),

then the solutions satisfies

HeMtu_<u> |‘H%+€+H6Mtp|’H3/2+5 S CueMthHLOO(H%+3€)+CHeMtfPHLoo(H%wLiis)

+ lluo = (uo)ll 54 + llpollpraree. (3.31)

Proof. Using the following bootstrap type argument we can obtain higher
regularity estimates that we will need in order to study the complete non-
linear system:

o € H%—l—Zs,eMtp € L(L2), Mt div f, € Loo(H—%—His) — Mty ¢ Loo(H%—i-Qs),
00 c Hg+2s’€Mtq c LOO(H%+2€),6Mtfp c Loo(H%+3€) = BMtp c Loo([_[%+2€)7

Uy € H%+E,6Mtp c LOO(H%+25),6Mtfu c Loo(H%—i-Za) = eMt(u_<u>) c Loo(H%—i-a)_

we also have the corresponding estimates

gl o0 < Clloll e + 1M pllmezsy + 1M v Fll g
||€Mtp||Loo(H%+2s) < C”qOHH%+2£ + ||6Mtp||L°°(L2) + ||6Mtfp||Loo(H*%+3€)7

€M (D grver < Clltol gm0 Pl ey 1 Full e grhone

[]
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3.8 Non-linear system
In this part we set the following quantities:
p=ps =P
U =us — u,
We will consider the following functional setting. Let
X,(T) = {eM'p € L([0. 7). H=¥*), M'p, € L¥([0,T], HE*))},

Xu(T) = {e%tu € LOO([O,T],Hg‘i‘Qa)’e%tut e LOO([O,T], H%-&-Zfs)}’

with the obvious norms. And for given R > 0, K > 0 consider the set

CR,T = {<p7u70) S XP(T) X XU(T) X LOO([O’T]’eMt>7 Hp7u70-H S R}7

3.8.1 Estimates of the non-linear terms

In this part we estimate the non-linear terms to use in the continuous induc-
tion argument.

Theorem 3.8.1. If (p,u,0) € Crr then

| fos fur o]l < CR2.

Proof. The non-linear terms are given by:
fp = —ple(U),

fu=—=pou—p(u+u)-Vu—(p'(p+p) —p(p)Vp.
For f, we have:
using the fact that H 3¢ is an algebra

HeMtpdiV(u)HLoo(H%Jr&f) S CHeMtpHLoo(HngQS)HeMt dlv(u)HLoo(H%+6) S CR2

Similarly for f,: Using the fact that the products are continuous

H3te w [J3t2e _y pyatse

€000l gy w50y < CNE Pl sl Ol ey < CFE
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le™ (@ + ) - V| raey < Clle™p le*" Dul| < CR".

Loo(H? Loo(H3+%) Lo (H2+)

Since the product is also continuous
149¢ 24e Llise
H2>"* x H>™ — H>2

we have

[ (94 ) = 9PV gy
< CUMTpl, . oo |G P+ ) = P (DD ey < CRE (3:32)

]

3.8.2 Small time existence of solutions

In this section we will proof that of small enough 7" > 0, solutions of (3.1)-
(3.2) exist. In order to do that, we notice that we have the following version
of the previous inequalities for small 7" and without the exponential weight.

Theorem 3.8.2. Let T* > 0, then there exists Cp« > 0 such that for T < T*
3 5
and (po,ug) € H>T2¢ x Ha2t*

||<p7 u’ 0-)||LOO(O7T;H%+2EXH%+QE,R) S C||(p07 uO)HH%‘l’QEXH%Jr?E

—{—CT*T”fpa fU7 fO'H

Loo(0,T:H3 T2 x H3+25 xR)

with this inequality we can obtain the following theorem using a classical
Banach fixed point argument

Theorem 3.8.3. If (po, ug) € H2% x H3%% then system (3.1)-(3.2) has a
solution in [0,T] for some T with

1
T>C

[

Proof. We define the following fixed point map: To (p,u,d) we associate
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(p,u, o) € solution of

( . _p _ D, . ;o
Op + (@+1a)-Vp—p_=p) = =plg = (a) + p) + X By (p, @) + f, Ry x T
pl0hg + (i + @) Vq) = vAq = —pD(i) : D(u)' + 2L (g + )
_ PPy
14
p(Owu + (u+ 0)Vu) — pAu

Xpr(pa%O-)—i_dinu_%fp in R—i— XTd

—(p+ N V(divu) = —5,Vp + fu in Ry x T¢
. A op, A
| ool + o = —(divin) + () 100)
(3.33)

where fu, fp are the non-linear terms computed with (p,u,5). Then if we
consider to elements (p;, u;, 6;), with ¢ = 1,2 with solutions (p;, u;, 0;) then
the difference satisfies

”(Pz — pP1,U2 — UL, 02 — Ul)” < CT”(ﬁQ — p1, Uy — Uy, 09 — 61)”-

Taking T small enough, we have have a contraction, and we conclude by
Banach fixed point. O

3.8.3 Exponential decay of the complete system

We finally prove the exponential decay for the feedback system (3.1)-(3.2)
As we did for the linear system, we use continuous induction to provide the
exponential estimates. We define

A

T=sup{TeR | t>0,(p,u,0) €Crr}
Thanks to Theorem 3.8.3, we have that T > 0. Moreover, for T' < T
1(p, u, o) || < CR? + C||po, uol|

Let us assume by contradiction that 7' < co. Taking R and ||po, uo| small

enough
1

R<%,

< -
[P0, uo| °CR

we obtain
[(p;u,0)|| < R

contradicting the minimality of T, hence
(p,U, O) S CR,T7 VT >0

so we obtain the exponential decay for the solutions.
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Chapter 4

Cauchy problem for the
Fluid-Structure interaction for
the Euler and linear elasticity
equations in dimension 2

4.1 Introduction

The aim of this article is to study the Cauchy problem for a system that
models the interaction between an elastic solid contained in a fluid, which in
turns is also contained in a fixed domain €2 in dimension 2, that we will assume
simply connected. There are several results in the literature depending on
the specific model that it is used for the solid and the fluid. In our case,
we consider an incompressible inviscid fluid, that is, we consider the Euler
equations

O+ (u-V)u= —Vp,
divu =0,

that is, the conservation of momentum and incompressibility respectively. In
the case of the solid, we will consider a linear approximation of the elasticity
equation, namely

p5(0)0u§ = pAE + (A + )V div,

where £(t, ) is the displacement of the element that starts at x in time ¢ = 0.
Even though this equation is linear, when we consider the interaction with
the fluid, the boundary conditions depends non-linearly on £&. To express
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this interaction, we will impose the continuity of the normal component of
the velocity across the boundary of the solid. We can contrast this with the
viscous case, where we have continuity of the velocity, not only the normal
component. Finally we will require that the normal component of the stress
tensor is continuous across the boundary as well.

More precisely, we are interested in solutions for the following system of
equations

(05(0)04& = div(m(§)) = pAE+ (AN + p)Vdive in 0, 7] x S(0)
Ou+ (u-V)u=—-Vp in [0,7] x F(t)
divu =0 in [0, 7] x F(t)

qu(t,x) -n(t,z) =0 in [0,7] x 0F(t) \ 0S(t)
(u(t, ) — 0 &(t, X (t,z))) -n(t,z) =0 in [0,7] x dS(t) N OF(t)
\(W(g)(t’X_l(t’x)detv(é)(;&t),(X—(f&z)x)) +p(t,2)I) - n(t,z) =0 in [0,7] x 0S(t)

(4.1)
where S(t) denotes the domain of the elastic solid, F(t) = Q \ S(t) is the
domain of the fluid. Here and troughout the article, we use the abuse of
notation

[0,T] x A(t) = {(t,x) € [0,T] x R*, x € A(t)},

where A(t) is a set that depends on time.
The displacement of the solid with respect to rest is denoted (¢, z), and
X is its flow, that is, X (t,2) = « + (¢, ). The first equation describes the
elastic deformation of the solid. The operator 7 is the first Piola stress tensor
given by
m(€) = Atr(e) 4 2pe,

where £(§) = (V€ + V') is the symmetric gradient.

The second and third equations describe the evolution of the inviscid
incompressible fluid in F(¢) where u is the velocity of the fluid and p the
pressure.

Finally to describe the interaction between the fluid and the solid we
have the two boundary condition. The first one describes the continuity of
the normal component of the speed

ut,x) -n(t,z) = 0:E(t, X (¢, 1)) - n(t, x).

On the other hand we have the continuity of the normal component of the
Stress tensor
OfF N =0gs" N,
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where or is the Cauchy stress tensor given by

VX
Jgs = W(S) det(VX)’
and for the fluid
or = —pl.

For technical reasons, we will consider a finite number of modes approxi-
mation for the movement of the solid, that is, we will assume a solution on

the form
N+1

E(ta) = S aultyme),
i=1

for some fixed functions 7;. The reason to take N +1 modes is due to the fact
that we will need to ensure that the volume of the solid is constant, which
is a consequence from the fact that the volume of the fluid remains constant
(due to the incompressibility condition). So we will use the (N + 1)-th to
maintain this condition. We could consider any orthonormal family 7; but
in order to simplify the computations, we well take them as the eigenvalues
of the Lamé equations

Lni(x) = Ami(z) = € §(0),
7(n)n=0 =z € dS5(0),

where the Lamé operator £ is defined as
LE = pAE+ (A4 p)Vdivé.

Concerning previous related works, we have in the case for an linear elastic
solid in a viscous incompressible fluid, the work of Desjadins et al [19] and in
the compressible case [20], [21]. We also can mention the work of Boulakia
[4] in the viscous case with a regularized elasticity equation.

For incompressible Euler equations we have results for a rigid solid, for in-
stance, Glass and Sueur|32], [33] and the work of Glass, Sueur and Takahashi
[34] for a more regular result. We can also mentions the works of Ortega,
Rosier and Takahashi [55], [56] for a incompressible perfect fluid. Finally
we mention the works of Boulakia and Guerrero, [5], [6], [7]. We can also
mention the case of the Cauchy problem for rigid swimmers in a viscous fluid
the work of San Martin et al in [57] and also of Munnier in [53] and [10] as
a middle ground between rigid and elastic solids.

An interesting problem involving solid fluid interactions is the controlla-
bility of such systems, in which case we can mention for instance the work
of Boulakia and Osses [8] and the references within.
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Outline. In section 2 we will define exactly what do we mean by a solution
of the system (4.1). In section 3 we establish the main result of the article.
Then, in section 4 we introduce the concept of added mass which we will need
in order to properly define the fixed point scheme in section 5. In section 6
we prove all the technical results like regularity, continuity and compactness
necessary to apply Schauder fixed point theorem and finally in section 7 we
finish the proof of the main result.

4.2 Definition of solution

We will prove the existence of solution of (4.1) a la Yudovich, that is, if we
consider the vorticity of the fluid w, then it satisfies the transport equation

Ow+u-Vu=0 (t,x)€[0,T] xQ,

where we have extended the vorticity by O inside the solid. This does not
affect the solutions thanks to the condition u - n = 0 so the characteristic
curves of u never enter the solid.

If we consider that © the flow of u then

w(t,z) = we(O(t, x)).

Reciprocally, given w we can recover the velocity as the solution of the
System

divu =0 in F(t)

curlu = w in F(t)

u-n=0 in OF(t) \ 0S(t) (4.2)
u-n=0&(t, Xt x)) 0S(t) '

/T-udl:/T-uodl ie{l,---,m}
i i

so for the fluid a solution would be (u,w, V) satisfying where ~; are curves
around the holes of F(t). The last condition is due to the fact that the circu-
lation around a closed curve is preserved due to Kelvin circulation theorem,
and we need to impose it in order to have uniqueness of the solution due to
the fact that we are working in a non simply connected domain which is nec-
essary to have a solid inside the fluid in dimension 2. With this a equivalent
formulation is (at least for strong solutions):

divu =0,
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t
0= x—l—/ u(t, O(t, x))dz,
0

w = wyo 6.

Concerning the solid, we decompose the displacement in a finite number
of modes.

Let us take a; € C'([0,7]) and w € L>(Q). Then we associate the
displacement

where 0 is the solution to the ODE

N

5(8) = =3 culay (1), (1) 1),

%

and the function ¢ is given by

(a,0) fas(a«i) Wi M) 45
i\, = - )
Josis, INHL " e p)dS

and S(a,5) = (Id+ va a;n; + 6nn41)S(0).

£(t,z) = Z a;(t)ni(x) + 6(t)nn 41 (),
where

div(mi(n:)) = Aims,
and ¢ is the solution to the ODE

o(t) =~ Z cia;(t), 6(t))di(t),

and the function c is given by

(e, 9) fasw,s) M M) S
C;\ O, = ~ )
fag(w) NN+1* N(a,6)dS

and S(a5) = (Id + 3N ain; + 0ny41)S(0). With this the derivative of the
displacement is

N N
0§ = Z QM + 01 = Z &;(ni — einnt1),
i1

=1
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hence the second derivative is
Oué =Y di(n; — cinngr) — Gicinv 41,

We then project the equation of the solid over the space generated by the
n; — cinn+1, for i € {1,--- | N}.

5(773' — CjNN+1) — /s(o) m(E)V(n; — ¢jnni1)

S(0)

- / np(t, ) (0 (X1, 2)) — ca(t) e (XL (2, 2)))dS.
aS(t)

Then the equations for the solid are given by

Z/ O% ni — Can+1)<77 - 0377N+1 Z/ O‘zcanJrl - CjnNJrl)
—Oéj)\j — )\N+15Cj

— /aS(ﬂ np(t, ) (ni(X (¢, ) — ¢ (O)nn41 (X1t 2)))dS.

Due to the fact that the pressure depends in part on the acceleration of
the fluid wish in turn depends in part on the acceleration of the solid thanks
to the impermeability condition, we wish to extract from the last term the
part that depends on &. In oder to do that we will make some definitions.
We introduce the Kirchhoff potentials ®; defined as the solutions to

A% = (o) [ (X (60) - elOmwer(X 7 12) - (e 2) in (1),
a5(t)
aa% = (X7 (t,2)) — ci(t)nna (XNt 2))) - n(t, @) in OF(t) N IS(t),
83% =0 in OF (1) \ S (1).
(4.3)

where z : {2 = R is a fixed function such that

/zdx: 1,
Q

and such that the support of z never encounters the solid S(¢). The purpose
of this function is to satisfy the compatibility conditions of the Neumann
problem. When we consider the superposition of the Kirchhoff potentials,
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the influence of z will disappear thanks to the volume preserving condition.
Integrating by parts the boundary terms:

/ np(t, @) (i (X1t 2) =)y (XTH(E, 2)))dS = / VpV®;(t, z)dS,
dS(t) F(t)

Using Euler’s equation to remove the pressure we obtain:
(M)ad — Aa+T(t)& — Ayy16c = — / wVe(t,z)dS
F(t)

- / (u-V)uVe(t,x)dS, (4.4)
F(t)
where we introduced the proper mass matrix

M(t)ij :/S(O)(m CmN+1)(77 CJ77N+1)

the diagonal matrix of eigenvalues of the Lamé operator A given by

77

where 0;; is the Kronecker delta, and finally the auxiliary matrix

= Z/ i (1 — ¢nN4).
= Js()

In order to extract the term & from O,u, we will do the following decom-
position of the velocity noticing that is solves the linear system (provided
that we know w):

divu =0 in F(t)
curlu = w in F(t)
u-n = in OF(t) \ 0S(t)

u- n—Zal (XY — e (X)) n in OF(t) NOS(t),08(t)

/T-Udl:/T-uodl ie{l,--,m}
Vi Yi

which solution we can write as

u—Zal HVo(t,z) + Klw +Z”2 (VD (L, ), (4.6)
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where in addition to the Kirchhoff potentials, we consider the Biot-Savart
operator given by the solution to the system:

divKw]=0 , inQ,
curl Kjw] =w  in Q,
Kw]-n=0 in 0. (4.7)
/ 7 Klwldl =0
Vi
As well as functions ®; satisfying
Ad; =0 in F(t),
O, =1 in v, (4.8)
and the functions h; are |
hi(t) =
|, ude

which is well defined thanks to the maximum principle and the Hopf’s lemma.
Then the acceleration is given by

N

O =3 (@:(t)V,(t, 1) +i (1), V Dyt 2))+0, K +Zuz ()N (t, ) +hi(8) V- By(t, ),

i

(4.9)

With this we can rewrite the equation as
(M)a — Aa+T'(t)& — Ayy16c = — / O K[w|V®,;(t, )
F(t)
N
- Z/ (&,;0,V®; + i, V) V,(t, )
j=1 Y F @)
=) uihy(t) / VL, (t, x) - VO, (L, x)dS
st F(t)
= shy(t) / V4O, (t, x) - VO, (t, x)dS
j=1 F(t)

—/ (u-V)uVo(t,z)dS, (4.10)
F(t)
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So we will define a Yudovich solution of system (4.1) as functions a €
W2([0,T]), u € L®(LL(F(t)), w € L=(L*>),0 € C**([0,T] x F(t)) such
that

/ ~

(M)a — Aa+T(t)& — Ayy10c = fa, &, a,u) t €[0,7]

o(t) = _Zci(&j(t)7§<t))di(t)a t€[0,7]

divu =0 (t,x) € [0,T] x F(t)

curlu = w (t,x) € [0, T] x F(t)

/T'Udl:/T‘UOdl te[0,7]

O=x+ /tu(t,@(t, x))dx (t,z) € [0,T] x F(t)

w=wyoO (t,x) € [0, T] x F(t)

u-n=0oX-n (t,x) € [0,T] x OS(t)

\ u-n=0 (t,x) € [0,T] x OF(t) \ 0S(t)
(4.11)

where the components of f are given by

fila, &, 6, u) = —/ O Kw| - VO&,(t,x)
F(t)
N
— Z/ (&;0,V®; + i, V) V,(t, )
j=1 Y F®)
=) byt / VLD, (t, x) - VO,(t, )dS
= F(t)
= sy (t) / V4O, (t, x) - VO, (t, 2)dS
j=1 F(t)
- / (- V)uVd;(t, 2)dS. (4.12)
F(t)

4.3 Main result

The main result of this article is the following:

Theorem 4.3.1. If the boundary of F(0) is of class C** andwy € L>(F(0)),uq €
LL(F(0)) and faS(o) Nn+1(x) - ndS # 0, then there is T > 0 such that there
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is a solution (o, u,w, ) € W2([0,T]) x L>([0,T], LL(F(t))) x L>([0, T] x
>(Q)) x C*([0,T] x F(t)) to the system (4.11) and moreover T satisfies

T > Ty(Jlao, [ X710, / i (2) - 2dS)
85(0)

that is, the minimal time only depends uniformly on ag, X (0, ) and f(’)S(O) nNn+1(x)-
nds.

4.4 Added mass matrix

In order to remove the second time derivative from the right hand side of
(4.10) we introduce the added mass matrix

A(t)ij = /F(t) V(I)ZV(I)]dZL’,

which is semi-definite positive as it is a Gramian matrix, in effect

A€ = /f Y Zfivqn

With this we can write the term involving the second time derivate in
(4.10) as

2
dr >0

> d; / VO, VO;dr = At)d,
i F(1)

and system (4.10) reads as:

(M+A(t)a+T(t)a + Ao — Ayy16c = fla, d,u) (4.13)
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where the components of f are

fila, a6, u) = —/f(t)(atK[w]V@i(t,a:)

N
- / a; 0,V O,V ,(t, x)
j=1 F(t)

=) hy(t) / OV (t,x) - V,(t, x)dS
j=1 F(t)

=S () / VEdi(t x) - Vs (¢, 2)dS
j=1 F(t)

—/ (u-V)uVo;(t,z)dS, (4.14)
F(t)

where the main difference is that be put the second order time derivatives
in the left hand side. This will be important when we consider the fixed point
argument to have the appropriate regularity of the fixed point map.

In order to this equation to be well defined, we need that the "complete"
mass matrix (proper mass + added mass)

M(t) + A(t),

to be invertible and, in order to have good estimates, that the inverse is
bounded. This can be obtained from the fact that M is definite positive as
well because the functions &; are an orthonormal.

4.5 Fixed Point Argument

In this section we well provide the construction of the map which fixed points
would correspond to solutions to system (4.11). Later we will proof, using
Schauder’s fixed point theorem, that such fixed point exists indeed. Let us
consider the set
Cr ={(a,w) € C*([0, T],RY) x L=([0,T], L™(Q))|
lor = 2 (0)[lor < R, [lwl|zoe < [lwol[zoe},

with the topology of C*([0,T], RN*1) x L*°((0,T), L*(2)).

Let us take a; € C'([0,7]) and w € L>(Q). Then we associate the
displacement

§(t ) = Z a;(t)m:(x) + ()N (),
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where ¢ is the solution to the ODE

N

5) = =3 ey (1), 3(0)) i 1)

and the function c is given by

(0§) = o5t HandS
c;lQ, = ~ )
fag(aﬁ) TIN+1 * n(a,é)ds

and S(a5) = (Id + va a;n; + 0nn+1)S(0). With an abuse of notation we will
write

ci(t) = ci(a(t), 8(t)).
The flow of the solid is given by

X(t,2) = o+ €(t,2),
in particular

X € CY([0,T], H*(S(0))) € ([0, 771, C*(S(0))),
and for small enough times the inverse flow is defined and satisfies
X7H(t) € CH([0, T), H(S(0))).

With this we construct a solution to the Euler system
N m
u=>Y )Vt ) + Kw] + >V &i(t, x), (4.15)

as discussed earlier.
Provided that w is log-Lipschitz, we can define the flow ©(¢,z). With
log-Lipschitz we refer to bounded functions that satisfy the inequality

() — F()]
ey (It eyl

We denote the space of such functions by LL(F(t)) and we endow it with
then norm

lu(z) — uly)|
HUHLz:ft :HUHL‘X’]—'t + sup — .
o) o =yl +1n |z —y))
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Then we can define a new vorticity
O(t,r) = we(O(t, x)),
and finally we solve the elasticity equations with the added mass term
(M + At))a +T(t)a — Aa — Ayy16c = fla, &, u) (4.16)
with this we define the map
G:Cr— Cpg

(o, w) = (&, w).

In the next sections, our aim is to proof that this map has a fixed point, and
that such fixed point provides a solution to (4.11).

4.6 Estimates

In this section we provide all the estimates necessary to prove that the fixed
point map is well defined, continuous and that maps the set Cr into itself.
In what follows, we assume that T is bounded by a fixed T > 0, so when we
say that a constant does not depend on 7', we mean that it does not blow up
on [0,7%].

4.6.1 Estimates on the Kirchhoff potentials

Lemma 4.6.1. Let o, € Cg and the Kirchhoff potential ®; defined as in
(4.3), then ®; is of class C**(F(0)) and we have the uniform estimate

1@s][c20(F(0)) < Ch
with Cr independent of T'.

Proof. In order to obtain uniform estimates on the Kirchhoff potentials let
us consider a smooth function W(¢, ) such that

and
U(t,z) = X(t,x),x € dS(t),

U(t,z) =x,x € OF(t) \ 0S(t),
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we can achieve this by considering solutions to the equations

ei = atXia
Qi — O,
and then define ¥ as the flow of #;. Let ® the Kirchhoff potentials satisfying
AD(t, x) = f(t, ),
n(tv l’) Vo = g(t7 Y(ta :c))n(t, .’L’),

then if we define

O(t,x) = O(t, U(t,2))),

we have that @ satisfies the elliptic equation

— Z aklﬁklé + Z A(\I’_l)akci) = f(ta \Il(t7 ZE)),
k.l k

n(t, U(t,z))DY L. Vo = n(t, U(t, z)) - g(t, x),

where

ag = Z 0i(V 1) (v,

Using Holder regularity estimates (see for instance [28] page 127) we obtain
the estimates

[Pl c2a(F0) < CUIP[lcoF @) + 1S lcoazo) + gt In(t, YT, ))llcraFo)),
where the constant C' depends uniformly on
T oe,

and
”n(ta \Il(ta )D\Ilil)HCl’a
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4.6.2 Estimates on the fluid velocity

For the velocity we are interested in log-Lipschitz estimates in order to be
able to define the flow and to have holder estimates on the flow.

Lemma 4.6.2. Let u be as in (4.9), then, there is Cr independent of time
such that,
[ullze < Cllwol| + Ck.

Proof. By estimates each term separately we obtain:

[ullee < Cllwllze + flaller max [Vl e + max V-5l

where we used the fact that (see for instance [48])
[K[w]llee < Cllwl[e.
so we obtain

lullee < Cllwllz + flafler max [z + max IV 511,

and finally
< Cllwlz= + lldior max [[(n: — ci(€)im+1) - nt, 2)lore + max IV 5511

]

4.6.3 Spatial regularity of the flow and its inverse

If we have
HX(t,l’) — .%'“01(5(0)) <Il<1,Vte [O,T]

then we know, as a consequence of Banach fixed point argument that X is
invertible and its inverse, denoted Y, is C'*. We now study the Sobolev norm
of the inverse of the flow.

Lemma 4.6.3. If X € H3(S(0)) and the inverse flow is defined in [0,T], we

have the estimate

C
Ylisisin < ———————|| X || s 1+ |V Ytelo,T
1Y || 3 s 1)) inf|deth|%” 1350 (1 + 1Y [[E1(s(0))) [0, 7]
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Proof. Let us denote
J = det(DX).

From the inverse function theorem we have

DY(z) = (DX oY) =

(DX oY)

where adj is the adjugate matrix (which is a linear operator in dimension 2).

—1 : 1 :
0;DY = E m(@-JoY)(@Y})AdJ(DXOY)—l— v Adj(0; DX oY )(0;Y;),
Henceforth
1
o;DY| < 0;J oY ||0,Y;|| DX oY 0;DX o Y||0;Y;
DY 1 < 5 plond e VIGNIDX oY |+ lospX o v,

so for the L? norm we obtain

1
10: DY || 2(sqey < [[Yllen Z 1057 0 Y[ 2(s [ X [l e
J

nf |J|?
e} .
f|J| L2(S(t)) [
and using the fact that ||f o Y||L2(s¢)) < fJ% 1 llz2gs¢

1 1
I r2se) < 1Y le Z e 10571 22(s(0)) Nk 10; DX || r2(s(0))

Similarly if we compute the second derivatives of DY, we obtain

2 :
OmDY =Y ﬁ—oy(ajJ 0 Y)(Omd 0 Y)(0:Y;)(OkYy) Adj(DX oY)
5.k

+ Z Jz—oy(ﬁjmu’ 0 Y)(0kY;)(0:Y;) Adj(DX oY)
T Z J2 8 JoY)(0iY;)Adj(DX oY)
_'_22 J2 JOY)(8Y>AC1J(5’ DX oY)0,Yn,
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1 .
X Z T Adj(8;,n DX 0 Y)(8,Y;)(0kY;m)
7,m

1 .
n Z Sy Adi(9;DX 0 Y)(9u),
J

Due to the fact that H? is an algebra in dimension 2, and J is sum of product
of derivatives of X, we have

112 < ClIX s

4.6.4 Regularity of the flow X,; and Y, ;

Now we are concerned with the regularity with respect to «,d. For X, s we
have

05 Xas(t, ) = Ny (z),
On; Xas(t, x) = ni(z).
In the case of the inverse Y, ; we have the following result

Lemma 4.6.4. Given &, € Ri\”rl there is € > 0 such that Y, 5 is of class
C' in an e-neighbourhood of &, and

1Yiller(s. a5 < C.

Proof. From the implicit function theorem we obtain that Y, s is C' with
respect to a and ¢ and moreover,

O05Yas(t,x) = —DY, 5(t,2)05 X0 s(t, Y (t,x)) = —DY, 5(t, v)nn+1 (Y (¢, z)),
Ou; Yas(t,x) = —=DY, 5(t, )00, Xas(t,Y (t,x)) = —=DY4 5(t, x)ni(Y (¢, x)).
Indeed, if we consider the function for fixed ¢ and z,
F RV x R? - R?
F(a,6,y) = X(o,0,y) — x

then its Fréchet derivative with respect to y is given by DX, s which is
invertible in Cg, so applying the implicit function theorem to F, around a
fixed &, 9, we obtain that the solution to

F(a,6,y) =0= X(a,d,y) — z,

is C! in a, ¢ but by definition Y, s satisfies this equation, so we obtain the
desired regularity to justify the computations. O
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4.6.5 Regularity of ¢;(a, )

In this section we study the functions

(.6 — 05 M e dS
(AR = ~ )
fag(aya) TIN+1 * n(a,é)ds

where Sag = (Id + 3 i + 0nn+1)S(0).

Lemma 4.6.5. Given &,d € RN*! there is € > 0 such that ¢; is of class C"
in an e-neighborhood of &, 6 and

lciller(.(as)) < C-
Proof. Let us define

fila, 8) :/ ni(X(;:&)(t,x)) “Na,5)dS = / dive(ni(X(_oi(s)(t,x)))dx
98 (a,8) Sad)

= Dni(Yias)(t,2)) : DY(, 5(t,))dx
S(a,8)

_ / Diy(x) : DY}, 3)(t, X (1, 2)) det(D X 5)de
S(0)

So for the partial derivatives

Os fila,d) = s )Dm(z) : 85DY(7;75)(t,X(a,5) (t,x))det(DX,5)dx
0

+/S(O) Dnz($) : (DQYV(ta,(S)(tvX(a,&)(t,$))05X(a75)(t,1‘)) det(DXaﬁ)dx

—l—/ Dni(z) : DY, 5(t, X(a,5)(t, 7)) 05 det(D X 5)d
5(0)

Similarly for the derivative with respect to o

s fi(a,0) = s )Dm(m) : 85DY(2’5)(7§,X((175) (t,x))det(DX,5)dx
0

—|—/ Dn;(z) : (D2Y(ta’5)(t,X(a75)(t,x))85X(a75)(t,x)) det(DX, 5)dz
S(0)
n / Diy(x) : DYE g (1, X (1. 2))05 det( DX o )
5(0)
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Going back to the functions ¢; we have

_ Osfi  fiOsfnia

Osci(a, 0)

B fN+1 f]%url
Of. f.0sf
Bici(e9) = 7o = T

Thanks to the continuity of fy; and the fact that
fn11(a(0),6(0)) # 0
we have that there is eg such that if |a — a(0)| + |0 — 6(0)] < egr
| [y, )| = 0k

so we obtain that
|ciller < Cr

in an neighborhood of «(0), 6(0). O

4.6.6 Time derivative of the Kirchhoff potentials

Now we consider the terms involving the time derivative of the Kirchhoff
potentials. We have the following lemma:

Lemma 4.6.6. Let ®[w| defined as in (4.3) and assuming that (o, w) € Cg,

then we have: v
> / VO, ®; - VO;du
i=1 Y F ()

where Cg is independent of T'.

S CR7

Proof. In this section we study the Kirchhoff potentials satisfying
AD, = f; in F(t)
n-V& =n-g(t,Y(t,x)) in dS(¢)
where f; and g; satisfy the compatibility condition

fi(t,x)dx = / n-gi(t,Y(t,z))dS(x).

Ft) aS(t)

Let W(t,z) be such that



and
V(t,r) = X(t, ),

for x € 0S(t). Then
A (t,V(t,z)) = f(t,V(t,x)) in F(0),
n(t, W(t,x)) - VO, (t, U(t,z)) = n(t,U(t,z)) - g(t, ¥(t,x)) in S(0)
Differentiating with respect to ¢
AL (t, VU (t,x)) = 0 f(t,V(t,z)) in F(0),
n(t, U(t,x)) - VO,0(t, U (t, 7)) = —nD*®;(t, U(t,1))0, X,
+0,(n(t, U(t, 2)))(g(t, U(t, 2) =V, (¢, (¢, 2)))+n(t, U(t, z))Dg(t,z)  in HS(0)

In order to compute the derivative of the normal, we consider the tangent to
the boundary of S(t)

DX(t,Y(t,x))ro(Y (¢, x)

") = DX Y (o) oY (6 D)
and then
n(t,x) = T(t,CIZ)J',
() (DX (D))

IDX(t, )70 ()|

If F=DX(t,z)r(x) then

FF' O,F

Ot ) = = rpp)

Henceforth

2)10:DX (t, z) 70|
£ ’

and we notice that, because DX is invertible and 7 is unitary

[0un(t, W(t,x))|| <

IE] = [IDY[I,

SO
10 (t, U (¢, x))|| < 2| DY || DX (t, ).

In particular

/ V@t@i-vq)jdx:—/ (9tfi<1>j+/ nD*®;0, X ®;
F(t) F(t) aS(t)

+omn(g;i — VO,)P; + n(0rgi(t, z)). (4.18)
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Due to the condition ), f; = 0, we have

N N

Y| Vo Vedr=>" / nD?®,0,X ;+0m(g;—V ;) ®;+n(d,g:(t, 7)),
F(t) -

so we obtain

S CR;

/ VO,P; - Vbd

where Cp is independent of T'. O

4.6.7 Holder estimates on the flow of the velocity

Given that the velocity field is Log-Lipschitz, we have the following Holder
estimates on its flow:

Lemma 4.6.7. If u € L>([0,T], LL(F(t))) then its flow © is of class C**
and moreover there is C' > 0 independent of T" such that

1®llceoae) < Cexp(l = Tlullz=ce) + CT |l L=,
where o = exp(—T|ullzz)-

For a proof of this classical result, see for instance [36]

4.6.8 Time derivative of the Biot-Savart Operator

Similarly as for the Kirchhoff potentials, we have the following uniform esti-
mate on the time derivative of the Biot-Savart Operator:

Lemma 4.6.8. Let K[w)| defined as in (4.7) and assuming that (o, w) € Cg,,

the we have:
F(t)

where Cg is independent of T

< Cgr

Proof. For the Biot-savart operator we do similar computations to the Kirch-
hoff potentials:

(div K)(t, U (t,x)) = in F(t)
(curl K)(t, ¥(t,x)) = w(t, \If(t x)) in F(t)
n(t,U(t,x))  K(t,¥(t,z)) =0 in dS(0)

114



then
divo, K =0 in F(¢)

curl K = 0w = —u-Vw in F(t)

In particular

/ K [w] - Vb, = — / W (DE[W)AX®;dS — | dnK[w]®;dS
F(t) aS(t) aS(t)
so we obtain
O K|w]-V&,;| <Ckg
F(t)
where Cg is independent of T'. m

4.6.9 Time derivative of V<&,

Similarly as for the Kirchhoff potentials, we have the following uniform esti-
mate on the time derivative of the Biot-Savart Operator:

Lemma 4.6.9. Let ®; defined as in (4.8) and assuming that (o, w) € Cg,
the we have:

_|_

/ hi(t)0, V1D, - Vb,
F()

/ hi()V+; - VO,| < O
F(t)

where Cg is independent of T

Proof. By considering the shape derivative of the equation for ®; as we did
for the other equations before, we obtain

A(0,®;) = 0, in F(t)

8, d; = -V, X, in OF(1)

using classical estimates for the equations for (iDZ and 8,@)1», we can obtain the
inequality. ]
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4.6.10 Estimates on the solid displacement

Thanks to the fact that (M + A(¢))~! is uniformly bounded, we have the
following estimates

Lemma 4.6.10. Let o as in (4.16), then we have the following estimate
lal[weeeo,7y) < laol + TCk,
where Cr is uniform in Cg.

Proof. Using the differential equation for &, that is equation (4.16),

o < COll(u- V)uVey(t, )| oo
+ sz?X el o1 |0:V 2,V P, () || 110
J

+ )y max [|(hi 0 Vit x) + b V04t 2))VBi(t, )| 11 () + [Avs16c],
J

(4.19)
so we have
lellwze o7y < ol + T (u - V)uNV®;i(E, )| oo o7, 10)
+CT ||| |0,V ®; VD, (t, ) || oo jo,177,1.0)
+CT (0K [w]VP;(t, 2)VP;i(L, )| oo (o.17,01)
+OT Yy max || (hd, V4 &, (t, )+, V@it ) VOi(E, )| 1 (o) OT I Aw10¢ ] 1=

J
henceforth

H&|’W2,oo([07T]) S ‘Oéo’ —+ CTH(U . V)UHLDO([O7T]7L2)Hv(pi(t,x)‘|Loo([07TLL2)
+ C’T”Oéncl ||8tV¢>JV¢>Z(t, LL') ||Loc([07T]7Ll)
+ CTH (8tK[w]V<I>Z(t, .QI)V(I)Z (t, .CL’) ||Loo([07T]7Ll)

+> max (hiO V>, (t, )+ VHDi(t, )V O, (¢, )| 1) FOT | An10¢] 1o
J

(4.20)
finally, using lemmas 4.6.3, 4.6.6, 4.6.8 and 4.6.9, we obtain

|&llw2.e(jo.17) < Jao| +TCr.
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4.6.11 Compactness

In order to proof compactness of the set A(Cgr) we use the fact that
w2 ([0, T]) cc CY([0,7)),
To obtain compactness for the vorticity we use the following lemma

Lemma 4.6.11. Let C' > 0 and wy € L*(2). Then the set
A(wp) = {weo® for © € C"* such that ||©||co. < C and measure preserving}
is relatively compact in L ([0, T], L*()).

Proof. This follows from Arzela-Ascoli’s theorem after we replace wg with a
continuous L? approximation, that is, @ € C°(Q) such that ||w — @[z < ¢,
then we know that we can find an e cover in the continuous norm (as Holder
function are compact in the space of continuous functions), from which we
can construct a 2¢ cover in the L*>°([0, T, L?(2)) metric and thus is compact
as ¢ is arbitrary. O]

With this lemma is clear that
Q(CR) - BWQ,OO([OyT]) X A(wo) CcC CR.
proving that the fixed point map fixes the set Cg. In the following part we

will proof that it is continuous as well.

4.6.12 Continuity of the fixed point map G

Now we prove the continuity of the map G.

Lemma 4.6.12. The map G : Cp — C*RNTY) x L>((0,T), L>=()) is
continuous in the C*(RN*1) x L>=((0,T), L*(Q2)) topology.

Proof. Let (a™,w™) € Cg converging to (c, w) in the C1([0, T], RY) x L>=([0, T, L ()N
L1(€2)) topology. Evidently

N

Zay(t)m(x) S Z a;(t)mi(x), in C'(H?*(S(0)))

In order to proof the convergence of

§"(t) — &(t) in C*([0,T7),
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we consider
T
67 — o™ < Z/ (0, M)A — ex(a™, ™A™ dt
i 0
1
<Cn [ 10— 07|+l = 4" - alar (421)
0

So applying Gronwall’s lemma
0" = 0™ < Cexp(Ct)[Ja" —a™|[cr.

Henceforth
& — &, in CH([0,T], H(5(0))),

in particular, because of the embedding H3(S(0)) C C*(S(0)), we have
& = &, in C([0,T] x S(0)),

so the flow satisfies
X" — X, in C([0,T] x S(0)).

If T is small enough,

(XM — X Vin CY([0,T] x §(0)) N CH([0, T, H*(S(t)))
from this we obtain convergence of the Kirchhoff potentials
P — ®; in C**(Q),

which implies, together with the fact that the Biot-Savart operator is con-
tinuous, that
u" — u,

in the log-Lipschitz norm. With this, all the right hand side terms in (4.16)
converge in L>[0, 7], which implies that & converges in C'*([0,7T])
O

4.7 Proof of the main theorem

With the results of all the previous sections we have all the elements to
perform the proof to the main theorem: Lets consider the fixed point map
G. From the previous sections, we know that there is a time 7™ such that
G is well defined for T' < T™, and it is continuous and compact from Cgr to
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CLH([0,T],RN) x L*([0,T], L*(2)). In order to apply Schauder theorem it
only remains to proof that

G(Cr) C Cr.

Due to the fact that © is measure preserving, we have that
[@llzee L2y < [lwoll 2,
from the estimates for the solid displacement, we have
lev(t)[ler < [[e(0)]] + T'C,
where Cg is independent of 7. Taking 7" small enough we obtain
la(t)]ler < R.

So the map G has a fixed point. By construction, this fixed point will satisfy
the equations

M+ A)a+T(t)d — Aa — An1dc = f(a, &, u),

Zal WO, (t, x) + K[wl(t, z) +Zuu (VLD (t, z),

O(t,x) =z + /tu(t,@(t,x))dx,

w(t,z) = we(O(t,0)).
By design, u satisfies

divu =0 in F(t)

curlu = w in F(t)
/T-udl:/T-uodl ie{l,---,m} (4.22)
i Yi

u-n=0oX-n in 0S(t)

u-n=>0 in OF (t) \ 0S(t)

by removing the added mass term, we obtain existence of a solution for the
system (4.11).
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4.8 Conclusions

We manage to proof existence for the finite modes approximation of the
problem for small time. The more obvious open problems now are to extend
the proof to the general case, by obtaining uniform estimates on the finite
modes solutions, independent on the number of modes. Another possible
approach would be to work directly with a general solution, but our main
difficulty in this case was to proof the invertibility of the added mass operator
in this case.

Another open problem is to extend the local time result to a "global" in
time, that is, until a collision happens (either the solid hits the boundary
of the domain or the solid hits itself), or the flow of the solid becomes non-
invertible. In particular would be necessary to get rid of the condition of
the nonvanishing of the NV + 1 component of the flux through the boundary,

namely
/ n-nyy1dr # 0.
aS(t)
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RESUME

Dans cette thése, on étudie des problemes de cOntrole et des problémes de Cauchy dans la mécanique des milieux
continus, en particulier sur la mécanique de fluides. On montre un résultat de contrélabilité pour la equation de Navier-
Stokes non isentropique, ou la pression dépend de la température et de la densité, un résultat de stabilisation avec un
controle en boucle fermée dans la densité. Finalement, on montre un résultat d’existance pour le probléme de Cauchy
pour un solide elastique plongé dans un fluide Eulerien.
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ABSTRACT

In this thesis we study control related problems and Cauchy problems that appear in continuum mechanics, with an
emphasis in fluids. We present a local null controllability result for the non-isentropic Navier-Stokes equations where the
pressure depends on the temperature as well as the density, a local stabilization with state feedback law on the density
for the isentropic case of Navier-Stokes, and finally, we present an existence result for the Cauchy problem of a linear
elastic solid submerged on an Eulerian fluid in the case of a finite number of modes approximation.
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