N
N

N

HAL

open science

Limite de grande échelle de systemes de particules en
interaction avec sauts simultanés en régime diffusif

Xavier Erny

» To cite this version:

Xavier Erny. Limite de grande échelle de systemes de particules en interaction avec sauts simultanés
en régime diffusif. Topologie générale [math.GN]. Université Paris-Saclay, 2021. Frangais.

2021UPASMO012 . tel-03284421

HAL Id: tel-03284421
https://theses.hal.science/tel-03284421

Submitted on 12 Jul 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

NNT:


https://theses.hal.science/tel-03284421
https://hal.archives-ouvertes.fr

3
(1]
—
(@)
)
® )
(@)
©
()]
ge
Q
(7))
QD
i -
-

o~
—
o
=
<
[an
>
—
o
)
o~
|_
=
=

universite

PARIS-SACLAY

Limite de grande échelle de
systemes de particules en
Interaction avec sauts
simultanés en régime diffusif
Large scale limits for interacting particle
systems with simultaneous jumps in
diffusive regime

Theéese de doctorat de I’Université Paris-Saclay

Ecole Doctorale de Mathématique Hadamard (EDMH) n° 574

Spécialité de doctorat : Mathématiques appliquées

Unité de recherche : Laboratoire de mathématiques et modélisation
d'Evry (UEVE), UMR 8071 CNRS-INRA

Référent : Université d’Evry-Val d’'Essonne

Thése présentée et soutenue a Evry, le 30 juin 2021, par

Xavier ERNY

Composition du jury :

Stéphane Menozzi Président du jury
Professeur, Université d’Evry

Francois Delarue Rapporteur & Examinateur
Professeur, Université Nice Sophia-Antipolis

Alexander Veretennikov Rapporteur & Examinateur
Professeur, Kharkevich Institute

Emmanuelle Clément Examinatrice

Maitre de conférences, Université Gustave Eiffel

Nicolas Fournier Examinateur

Professeur, Sorbonne Université

Sylvie Méléard Examinatrice

Professeure, Ecole Polytechnique

Membres non délibérants :

Dasha Loukianova Directrice
Mafltre de conférences, Université d’Evry

Eva Lécherbach Codirectrice
Professeure, Université Paris 1 Panthéon-Sorbonne

Carl Graham Invité

Chargé de recherche, Ecole Polytechnique




vrq université

val-d’essonne ! PARIS-SACLAY

= = Laboratoire de
= = Mathématiques
- = 6t Modslisation

LaMME ¢Evy

Fondation mathématique

FMJH

Jacquea Hadamard




Contents

[1 Introduction (en frangais)| 4
¢ <) S 4

1.2 Processus ponctuel et mesure ponctuelle aléatoire]. . . . . . ... ... ... ... .. 6
1.3 Echangeabilitd] . . . . . . . . . . . .. ... 8
.4 _Processus de Hawkesl . . . . . . . . . . .. .. 9
1.5 Applications des processus de Hawkes| . . . . . . . . ... ... . oL, 10
Lol Modélisation d'un réseau de neurones| . . . . . . . . . . .. ... L. 10
[1.5.2  Modélisation en génomique| . . . . . . ... ... 11

1.6 imite de grande échelle de processus de Hawkes| . . . . . . . .. .. ... 13
[L6.1 Normalisation finéairel . . . . . . . . .. .. ... ... . 14
11.6.2 Normalisation diffusivel. . . . . . .. . ... ... o 14

I1.7 Organisation] . . . . . . . . o i e e e e e e e 16

|I1.7.1  Chapitres [2[ et |3] : Processus de Hawkes avec noyaux exponentiels et d’Erlang] 17

[1.7.2  Chapitre 4] : Processus de Hawkes a mémoire variable] . . . .. ... ... .. 18

1.7.3 apitre o : Limite diffusive de systémes McKkean-Vlasov|] . . . .. . . .. .. 20

I1.7.4  Chapitre [6] : Existence, unicité et limite linéaire de sytéemes McKean-Vlasov |

| avec des coefficients localement lipschitziens| . . . . . . . . ... ... ... .. 21
LR Nofafiond . . . . . . .ot 23
[1.9 Notation (in English)|. . . . . . . .. ... o 24

Propagation of chaos for mean field models of Hawkes processes in |

a diffusive regime]| 26
2 Exponential kernell 29
2.1 Assumptions on the model|. . . . . . . .. ... o0 oo o 30

2.2 Convergence of (X N ) v in distribution in Skorohod topology| . . . .. ... ... .. 32
2.2.1 Convergence of XV . . . . . . ... ... 32

2.2.2  Rate of convergence of X . . . . . ... ... 32

2.3 Convergence of the Markovian kernel| . . . . . .. ... ... ... ... ... 42
2.4 Convergence of the system of point processes| . . . . ... ... .. .. ........ 44




[ Generalized Erlang kernel in a multipopulation frame] 49

3.1 Assumptions| . . . . ... e e e 51

3.2 Convergence of (Y"*")y in distribution|. . . . . . ... ... ... ... .. 52
3.2.1 The convergence of YNFT| 0 0 o000 o 52

3.2.2  Rate of convergence of YVFr| . L oo L 52

4 Model with reset jumps : Hawkes processes with variable length memory]| 55
4.1 Heuristics for the limit system|. . . . . . .. ... ..o o oo 56
4.2 Assumptions on the model|. . . . . . . . ... Lo o o 57
4.3 Properties of themodel] . . . . . ... ... . oo 58
4.3.1 A priori estimates for X! . . ... 58

4.3.2  Well-posedness of the limit system (X*);>q| . . .. ... ... .. ... .... 60

4.3.3  Properties of the imit system|. . . . . . ... ... ... 0o oL 64

K4.3.4  Another version of the limit system|. . . . . . . .. ... ... ... ... ... 66

|4.4 Convergence of (XV'");<;<x in distribution in Skorohod topology| .......... 69
4.4.1  Tightness of (u™)n] - - - o o oo 69

4.4.2  Martingale problem| . . . .. ..o oo oo o 70

(II  Propagation of chaos for McKean-Vlasov systems| 79
|5 White-noise driven conditional McKean-Vlasov limits for systems of particles |
with simultaneous and random jumps 82
5.1 ssumptions and main results.| . . . . . ... Lo 87
P2 Auxiliary results| . . . .. oL 89
5.3 Well-posedness of the Imit equation] . . . . v v 2 v v v v v v v e e e e e 90
[.3.1  Construction of a strong solution of (5.3 - proof of Theorem[5.3.1] . . . . . . 91

|5.3.2 Trajectorial uniqueness| . . . . ... .. ... ... ... 96
5.4 Conditional propagation of Chaos| - . . . . . .« o i i i 96

.4.1  Tightness of (u™)n| - . . - . . .. 97
B-42 Martingale problem| . . . . . . ... . ... ... ... ... 97
.5 Model of inferacting populations] . . . . . . . . . . . i it e 110

16 Well-posedness and propagation of chaos for McKean-Vlasov systems with lo- |

| cally Lipschitz coefficients in linear regime| 114
6.1  Well-posedness of McKean-Vlasov equations|. . . . . . .. ... ... ... ...... 116
6.1.1 A priori estimates for equation (6.1)] . . . . . ... ... oo oL 118

6.1.2 Pathwise uniqueness for equation (6.1)]. . . . . . . . ... ... ... ... 119

6.1.3 Existence of a weak solution of equation (6.1)| . . . . . . . ... ... ... .. 122

614 Proofof TheoremI6. T4l . . . . . . . . . . ..ot 127

6.2 Propagation of chaos| . . . . . . . . ... o 127




[7_Conclusion (en francais)|
M1 Bilanl . . - . o oo o e
[7.1.1  Techniques markoviennes| . . . . . . . ... ... ... L oL
[7.1.2  Lien entre les Chapitres[2let |4 . . . .. .. ... ... ... ... ..
[7.1.3  Probleme martingale| . . . . . . . ... ... .. o oo
[7.1.4 Techniques analytiques|. . . . . . ... ... ... .. ... ... ... .. ..
[2 Perspectives] . . . . . . o o
[7.2.1  Processus de Hawkes avec avec un noyau général| . . . . . .. ... ... ...
[(.2.2 Milieu aléatoirel . . . . . ..o
|A" Extended generators|
[IB_Convergence of point processes|
.1 Some basic properties of Poisson measures| . . . . . . . ... ..o
B2 Proofd . . . . . .
IC Standard results|
IC. 1 Gronwall’s lemmal. . . . . . . . o .
IC.2 Osgood’s lemma] . . . . . . .. . e
IC.3  Lemmas about Skorohod topologyl . . . . . ... .. ... L oo,

|C.4  Analytical lemmas|

134
134
134
135
136
137
138
138
140

143

148
150
151

155
155
156
156
159

161



Chapitre 1

Introduction (en frangais)

1.1 Résumé

Cette thése est consacrée a ’étude de systémes de particules en interaction dans différents modéles,
ou les particules interagissent, entre autre, a travers leurs sauts. Nous nous intéressons principale-
ment & la question de la limite en grande échelle.

Plus précisément, dans chaque modéle, nous considérons pour chaque entier N, un systéme de N
particules, ot la dynamique de chaque particule est donnée par un processus stochastique solution
d’une équation différentielle stochastique dirigée par des mouvements browniens et des mesures de
Poisson. Dans un méme systéme, les N équations ont les mémes coefficients, de telle sorte que
les interactions entre les particules d’un méme systéme sont symétriques. On dit d’un tel systéme
qu’il est échangeable. La question principale de la thése est la convergence de ces systémes quand
le nombre de particules IV tend vers 'infini. Nous détaillons dans chaque modéle le sens de cette
convergence : il s’agit a la fois de la convergence des processus et de la convergence de la mesure
empirique des systémes. Pour un systéme échangeable, ces deux convergences sont équivalentes.

Pour décrire les interactions des systémes que nous étudions nous avons besoin de la notion de
processus ponctuel. En effet, pour chaque systéme de particules, nous associons & chaque processus
stochastique un processus ponctuel dont 'intensité des sauts dépend du processus stochastique. Les
équations différentielles stochastiques sont dirigées par ces processus ponctuels. Lorsqu’un processus
ponctuel crée un point, cela modifie les valeurs de tous les processus stochastiques du systéme en
les faisant "sauter" simultanément. C’est en ce sens que les particules interagissent.

Dans les équations, il y a donc un terme de saut d’interaction. Dans un systéme & N particules,
ce terme s’écrit comme une somme de N processus ponctuels. Pour forcer ce terme & converger, il
faut le normaliser. La normalisation que nous étudions principalement dans cette thése est la nor-
malisation en N~'/2 que nous appelons normalisation diffusive. La question de la convergence de
systéme de particules en normalisation diffusive a été peu étudiée dans la littérature, comparée a la
normalisation en N1 (que nous appelons normalisation linéaire). En normalisation linéaire, il est
habituel d’observer une propagation du chaos : les particules du systéme limite sont indépendantes.
Dans les cadres classiques, les résultats de ce type reposent sur des calculs sur les processus ponc-
tuels, et leurs preuves montrent des convergences L'. En normalisation diffusive, nous démontrons
des convergences en loi. Pour démontrer ces convergence en loi, nous pouvons regrouper les tech-
niques utilisées en deux catégories : celles liées a la théorie des processus de Markov, et celles liées &



un nouveau type de probléme martingale. Contrairement a la situation de la normalisation linéaire,
les particules du systéme limite ne sont pas, en général, indépendantes. En effet, en normalisation
diffusive, le terme d’interaction limite est stochastique. Ce terme crée un bruit commun dans le
systéme limite. Nous observons que les particules limites sont indépendantes conditionnellement &
ce bruit commun. Nous appelons cette propriété la propagation du chaos conditionnelle.

Dans les Chapitres [2] et [3] la dynamique de chaque systéme & N particules est caractérisée par
un processus de Markov de dimension finie indépendante de N. Nous démontrons la convergence de
cette suite de processus et obtenons une vitesse de convergence explicite pour leurs semi-groupes.
Pour cela, nous utilisons la notion de générateur infinitésimal et une formule de type Trotter-Kato.
En notant, PV (resp. P) le semi-groupe du processus du systéme & N particules (resp. processus
limite) et A (resp. A) son générateur, nous utilisons et démontrons la formule suivante dans notre
cadre

(P, — PN) g(a) = /0 PN, (A— AN) Pyg(x)ds.

Dans les Chapitres [4 et [f] le processus qui caractérise le systéme a N particules est de dimen-
sion V. Ceci rend I’étude directe de ces processus plus compliquée, car I'espace de travail dépend
de N. Pour étudier ces modéles, nous utilisons le fait que les systémes de particules que nous ma-
nipulons sont échangeables (i.e. la loi du systéme est invariante par permutations a support finie).
Pour montrer la convergence en loi de systémes échangeables finis vers un systéme échangeable
infini, il suffit de montrer que les mesures empiriques des systémes finis convergent vers ce qu’on
appelle la mesure directrice du systéme infini. Pour montrer cette convergence, nous utilisons un
nouveau type de probléme martingale. Cette nouveauté vient du fait que les solutions du probléme
sont des lois de mesures aléatoires et non des lois de processus. Notre approche repose sur deux
propriétés fondamentales : n’importe quelle limite en loi de la suite des mesures empiriques est
solution du probléme, et la loi de la mesure directrice du systéme infini est 'unique solution du
probléme.

La différence principale entre les Chapitres [] et [5] est que dans le Chapitre [5 le modeéle est
énoncé dans un cadre McKean-Vlasov plus général et surtout qu’il y a une dépendance spatiale
dans les interactions des systémes. Dans le Chapitre le terme d’interaction (qui est le méme que
celui des chapitres précédents) donne naissance & un bruit commun sous la forme d’un mouvement
brownien. Dans le Chapitre 5] la dépendance spatiale des interactions donne naissance & un bruit
commun sous la forme d’un bruit blanc.

Dans le Chapitre[6 nous nous intéressons a la normalisation linéaire dans le cadre des équations
et des limites de type McKean-Vlasov. Nous montrons que ces équations sont bien posées (au sens
fort) et la propagation du chaos. Ces questions sont classiques quand on considére des coefficients
lipschitziens. Dans ce chapitre, nous considérons des coefficients localement lipschitziens. Contrai-
rement au cadre Lipschitz, ot les preuves reposent principalement sur le lemme de Gronwall, dans
notre cadre, nous utilisons a la place le lemme d’Osgood avec un argument de troncature pour gérer
la constante de Lipschitz locale. Ces deux arguments suffisent pour montrer I'unicité trajectorielle
des équations différentielles stochastiques et la propagation du chaos, mais des difficultés techniques
apparaissent pour montrer ’existence d’une solution forte des équations, ce que nous faisons via un
schéma d’itération de Picard. Dans un premier temps, ce schéma d’itération ne nous permet que de
construire une solution faible. Nous construisons une solution forte en utilisant une généralisation
des résultats de Yamada et Watanabe.

Dans la premiére partie de cette thése, les systémes de particules que nous étudions sont des
systémes de processus de Hawkes. Ce sont des systémes de processus ponctuels, dont les intensités



sont solutions d’équations différentielles stochastiques de type convolution dirigées par ces processus
ponctuels. Dans la seconde partie, nous étudions certaines questions introduites dans le Chapitre []
dans un cadre plus général : les équations de type McKean-Vlasov. En effet, bien que les systémes
de particules finis introduits dans le Chapitre [d] ne soient pas liés a priori aux équations McKean-
Vlasov, les équations différentielles stochastiques qui caractérisent le systéme limite sont du type
McKean-Vlasov.

Un résumé plus détaillé de chaque chapitre se trouve a la Section[I.7] Commengons par rappeler
certaines notions utiles sur les processus ponctuels et 1’échangeabilité.

1.2 Processus ponctuel et mesure ponctuelle aléatoire

Dans cette section, nous rappelons quelques propriétés connues sur les processus ponctuels, qui nous
seront, utiles dans la suite. Les lecteurs peuvent trouver des études complétes de certains aspects
des processus ponctuels dans les livres Daley and Vere-Jones| (2003) et Ikeda and Watanabe| (1989)).

Définition 1.2.1. Un processus ponctuel est un processus stochastique cadlag, défini sur R,
constant par morceaux, dont les amplitudes de sauts sont toujours égales a un.

Dans la littérature, la définition ci-dessus correspond & un processus ponctuel simple. Comme
nous n’étudions que ce type de processus ponctuel, nous ne faisons pas la distinction.

Remarque 1.2.2. Si Z = (Z,),~, est un processus ponctuel, alors il existe une famille de variables
aléatoires (T),),,cn- @ valeurs dans Ry U {+oo} telle que :

o pour tout n € N*, T,, < Tp41,

e pour tout t > 0,

Zy = E nlir, <t<T, 1}
neN*

Ainsi, on peut toujours identifier un processus ponctuel avec un ensemble aléatoire de points
sur R, ce que ’on verra aussi comme une mesure ponctuelle aléatoire sur R,. Définissons formel-
lement, cette derniére notion.

La notion de mesure aléatoire n’est pas spécifique & R, et dans la suite nous aurons besoin de
cette notion sur des espaces plus généraux. Dans la suite, E désignera toujours un espace polonais
muni de sa tribu borélienne.

Définition 1.2.3. On note M(E) l’ensemble des mesures sur E muni de la tribu qui rend mesurable
les applications m € M (E) — m(B) € Ry U{+oc} (B borélien de E). On note M (E) le sous-
ensemble des mesures de comptage sur E (i.e. les mesures qui s’écrivent comme une somme au plus
dénombrable de masses de Dirac)

Une mesure (resp. mesure ponctuelle) aléatoire sur E est une variable aléatoire & valeurs dans

M(E) (resp. M .(E)).

Dans la suite, nous identifierons parfois processus ponctuel et mesure ponctuelle aléatoire définie
sur R, . En effet, nous avons déja vu comment définir un ensemble aléatoire de points & partir d’un
processus ponctuel Z (voir Remarque , il suffit alors de considérer la mesure qui compte
ces points. Réciproquement, si m est une mesure ponctuelle aléatoire, alors Z; := m([0,t]) est un
processus ponctuel.



Nous allons maintenant définir une classe importante de mesure ponctuelle aléatoire : les mesures
de Poisson.

Définition 1.2.4. Une mesure ponctuelle m sur E est une mesure de Poisson si :
e pour tout B borélien de E, w(B) suit une loi de Poisson,
e pour tout By, ..., B, boréliens disjoints, (n(B1),...,7(Bn)) est une famille indépendante.
Dans ce cas, on appelle intensité de 7 la mesure (déterministe) m définie par m(B) := E [w(B)].

Comme l'intensité d’une mesure de Poisson caractérise sa loi, nous introduirons toujours les
mesures de Poisson par leur intensité.

Nous allons maintenant définir ’intensité stochastique d’un processus ponctuel, qui est une
notion centrale pour définir et manipuler les processus de Hawkes.

Définition 1.2.5. On dit qu’un processus progressivement mesurable A : t € Ry — Ay € Ry est
intensité stochastique d’un processus ponctuel Z si, pour tout processus positif et prévisible (Cy),~.,

+oo
/ CidZs| =E {/ CS)\Sds} .
Ry 0

Les mesures de Poisson sont fondamentales pour définir des processus ponctuels & partir de leur
intensité stochastique. En effet, dans la suite, nous utiliserons souvent implicitement I’exemple et
le lemme suivants.

E

Exemple 1.2.6. Une mesure de Poisson sur Ry d’intensité A\(t)dt (o A est une fonction positive
mesurable (déterministe)) admet comme intensité stochastique Ay = A(¢).

Lemme 1.2.7. Soit m une mesure de Poisson sur Ry x E d’intensité dt-dv(v), ot v est une mesure
sur E o—finie. Alors, pour tout processus positif et prévisible (Cm)(t v)eR, xEr 0T @

El /R | Cunin(t) =IE{ /0 o /E ct,vdy(v)dt]

Une conséquence immeédiate de ce lemme est la suivante : si (\;),~, est un processus prévisible po-
sitif, et  une mesure de Poisson sur R, x R, d’intensité dt-dz, alors Z; := f[o xR, Ti.<n,ydm(s, 2)

est un processus ponctuel d’intensité stochastique (A¢),~ -

Cette construction de processus ponctuels est fondamentale, car on peut toujours écrire un
processus ponctuel admettant une intensité stochastique prévisible sous cette forme (voir Lemme 4
de Brémaud and Massoulié (1996)).

Lemme 1.2.8. Soit Z un processus ponctuel admettant une intensité stochastique prévisible (A¢),~ -
Alors, il existe une mesure de Poisson m sur Ry x Ry d’intensité dt - dz telle que, pour tout t > 0,

Zy = / Ti.<nydm(s, 2). (1.1)
[0,¢t] xR



Dans la suite, nous aurons besoin d’introduire des processus ponctuels sous une forme similaire
a (L), car nous utiliserons un paramétre de bruit, donné par la mesure de Poisson.

La notion d’intensité stochastique repose sur celle de prévisibilité, elle dépend donc de la filtra-
tion sur laquelle on se place. Dans toute la suite, quand nous étudierons un modéle, nous utiliserons
toujours, implicitement, la filtration générée par tous les processus du modeéle. La cohérence de
ce choix de filtration avec la notion d’intensité stochastique et de prévisibilité est garantie par le
lemme suivant (voir Proposition I11.2 de |Chevallier| (2013))).

Lemme 1.2.9. Soit Z = (Z;),~, un processus ponctuel admettant (\),~, comme (F;), —intensité.
Soit (Gi),~o une filtration telle que, pour tout t > 0, G, est indépendante de F,. Alors Z admet
(At)i>q comme (Fy V Gy), —intensité.

Terminons cette section avec un lemme important qui est souvent utilisé de maniére plus ou
moins implicite.

Lemme 1.2.10. Soit (Z;); un processus ponctuel qui admet une intensité stochastique (). Alors

le processus
t
Zt_/ )\st
0

est une martingale locale appelée processus ponctuel compensé.

1.3 Echangeabilité

Dans les Chapitres [ et [5 nous utilisons beaucoup les propriétés des systémes dits échangeables.
Dans la suite, nous appelons mesure de probabilité aléatoire (ou loi aléatoire) sur un espace me-
surable F, une mesure aléatoire m (au sens de la Définition [1.2.3) tel que m(E) = 1 presque
stirement.

Définition 1.3.1. Soient E un espace mesurable et (X;);cr un systéme de v.a. sur E (fini ou
infini). On dit que (X;);cs est échangeable si pour toute permutation o de I a support fini,

L((Xi)ier) = LU(Xo@))ier)-

Nous pouvons déja remarquer qu’un systéme i.i.d. est 'exemple le plus simple de systéme échan-
geable.
Cette notion est étroitement liée a la notion de mélange.

Définition 1.3.2. Soient E un espace mesurable, (X;);c; un systéme de v.a. sur E, et m une
mesure de probabilité aléatoire sur E. On dit que le systéme (X;);c1 est un mélange dirigé par m si,
conditionnellement a m, les variables X; (i € I) sont i.i.d. de loi m. Cette mesure aléatoire m est
unique si elle existe (voir Lemme (2.15) de|Aldous (1985)), et elle est appelée la mesure directrice
du systéme.

Si X = (X;)ier est un mélange dirigé par une mesure m de loi @, alors on peut formellement
écrire

£(X)() = /P L, 10de)

Le lien entre la notion de mélange et la notion d’échangeabilité est donné par le théoréme de de
Finetti (Théoréme (3.1) de|[Aldous| (1983)) :



Théoréme 1.3.3. Soient E un espace polonais et (X;);c; un systéme infini de v.a. sur E. Alors
le systéeme (X;)icr est échangeable si et seulement s’il s’écrit comme un mélange dirigé par une
certaine mesure aléatoire.

Décrivons maintenant deux méthodes pour déterminer en pratique la mesure directrice m d’un
systéme infini échangeable (X;);>1. La premiére est une application conditionnelle du théoréme de
Glivenko-Cantelli. En effet, en rappelant que conditionnellement & m, les variables X; (i > 1) sont
i.i.d. de loi m, on sait que m doit étre la limite presque stre de la suite des mesures empiriques

1 N
m = — X,
N P

La deuxiéme méthode s’appuie sur le Lemme (2.12) de |Aldous (1983). D’aprés ce lemme, §’il
existe une tribu F telle que, conditionnellement & F, les variables X; (¢ > 1) sont i.i.d., alors le
systéme (X;);>1 est un mélange dirigé par £(X;|F). Autrement dit, si on arrive & identifier le bruit
commun d’un systéme échangeable, alors la mesure directrice s’écrit comme la loi conditionnelle de
n’importe laquelle des coordonnées sachant ce bruit commun.

Terminons cette section avec un résultat central dans ’étude de la convergence de grande échelle
de systémes échangeables (il s’agit de la Proposition (7.20) de |Aldous| (1983)).

Théoréme 1.3.4. Soit E un espace polonais. Soient (X )1<k<n et (Xp)p>1 (N € N*) des sys-
temes échangeables sur E, m~ la mesure empirique de XN (N € N*) et m la mesure directrice
de X . Les assertions suivantes sont équivalentes :

° (X,év)lngN converge en loi vers (Xj)p>1 sur EN" muni de la topologie produit.

o m converge en loi vers m sur P(E) muni de la topologie de la convergence faible.

Nous invitons les lecteurs qui cherchent un cours complet sur la notion d’échangeabilité a lire le
cours d’Aldous donné & Saint-Flour |Aldous| (1983).

Nous venons de faire des rappels sur deux notions générales : les processus ponctuels et I’échan-
geabilité. Passons maintenant & une notion plus spécifique & cette thése : les processus de Hawkes.

1.4 Processus de Hawkes

Dans la littérature, il existe des variantes dans la définition des processus de Hawkes. Informellement,
nous pouvons définir un processus de Hawkes comme un systéme de processus ponctuels dont les
intensités stochastiques sont solution d’équations de type convolution dirigées par les processus
ponctuels du systéme.

Dans cette thése, nous appelons systéme de processus de Hawkes, tout systéme de processus
ponctuels (Z%);c; dont les intensités \' (i € I) vérifient une équation similaire & ci-dessous.
Nous ne donnons pas de définition générale de tels systémes, car nous étudions différents modéles
qui ne vérifieraient pas une méme définition.

X=f> Wit —s)dz? | . (1.2)
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Dans la suite, quand nous manipulons des processus de Hawkes, nous utilisons les formules du
méme type que . Signalons qu’il peut aussi étre utile d’écrire cette formule différemment : en
notant, pour chaque i € I, T} (k > 1) les instants de sauts du processus ponctuel Z?, il est possible
de définir \* comme

M= DD N M- T
jerk>1

L’avantage de cette formule est que ’on voit bien que chaque point des processus ponctuels ap-
portent une contribution aux intensités stochastiques. En particulier, quand on étudie des proces-
sus de Hawkes linéaires (i.e. quand les fonctions fi (i € I) sont affines et que les fonctions h7*
(1,7 € I) sont positives), on peut interpréter ces processus commes des processus de branchements :
si fi(x) = ax + b (avec a,b > 0), quand le processus ponctuel Z¢ crée un point, soit ce point est
créé par le taux de base b (un tel point est un "migrant"), soit il est créé par la contribution d’un
autre point (un tel point est un "descendant"). Nous n’étudierons pas cet aspect des processus de
Hawkes dans cette thése.

1.5 Applications des processus de Hawkes

Les processus de Hawkes ont été introduits par pour modéliser les tremblements
de terre au Japon. Récemment, les processus de Hawkes ont connu un regain de popularité, car
ils ont permis de modéliser de maniére pertinente des phénoménes dans des domaines variés. Nous
pouvons citer des applications en séisméologie (Helmstetter and Sornette| (2002), [Y. Kagan| (2009),
\Ogatal (1999)), en finance (Ait-Sahalia et al.| (2015)), Lu and Abergel| (2018), Bauwens and Hautsch|
2009), Hewlett| (2006)), en génomique (Reynaud-Bouret and Schbath| (2010)), en réseaux sociaux
Zhou et al.| (2013)) et en neurosciences (Grin et al| (2010), [Pillow et al.| (2008), Reynaud-Bouret|
et al.[(2014)).

L’idée derriére les modélisations dans ces différents domaines est toujours la méme : on modélise
un réseau de particules (ou une seule particule) qui effectuent chacune une action avec un certain
taux. Quand une particule effectue une action, cette action modifie les taux auquels les autres
particules effectuent les leurs. Autrement dit, les particules s’excitent et /ou s’inhibent mutuellement.
Détaillons deux de ces applications.

1.5.1 Modélisation d’un réseau de neurones

Considérons un réseau de N neurones numérotés de 1 & N. Le fonctionnement d’un réseau de
neurones repose sur le fait que les neurones s’envoient des décharges les uns aux autres. On considére
souvent que lactivité d’un tel réseau est caractérisé par les instants auxquels ces décharges ont lieu.

Pour chaque 1 < i < N, notons Z° le processus ponctuel qui compte les instants de décharge du
neurone i (i.e. Z%([0,t]) est le nombre de décharges que le neurone i a envoyées avant le temps t).
Dans ce modeéle, chaque neurone i envoie ses décharges au taux aléatoire \i = f/(X; ) défini

par (L), ot
N ..
X/ = Z/ R (t — s)dZ?
=04

représente le potentiel de membrane du neurone ¢ a l'instant ¢.
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La formule ci-dessus s’interpréte de la maniére suivante : quand un neurone j envoie une décharge
a un instant s, cette décharge modifie les valeurs des potentiels X} (¢ > s) pour tous les neurones i
pour lesquels h/% n’est pas la fonction nulle. Plus précisément, & I’instant s de la décharge, chaque
X fait un saut d’amplitude h7*(0), puis l'effet de la décharge évolue au cours du temps, et cette
évolution est décrite par la fonction h7°.

Autrement dit, quand un neurone envoie une décharge a un autre neurone, le potentiel de
membrane de cet autre neurone est modifié, et donc son taux de décharge aussi. C’est ce qui
correspond & une excitation ou & une inhibition, selon si le taux augmente ou diminue. Dans le
cas ot les fonctions f* sont croissantes, dire que la fonction h7¢ est positive (resp. négative) signifie
que les décharges du neurone j excitent (resp. inhibent) le neurone i. On peut aussi imaginer des
fonctions h7? ni positives, ni négatives. Dans ce cas, 'effet des décharges du neurone j sur le neurone 4
(i.e. excitatrice ou inhibitrice) dépend du moment ou elles ont eues lieu. Ce type de dynamique est
impossible en pratique en neurosciences si i # j : étant donné une relation entre deux neurones,
cette relation est soit excitatrice soit inhibitrice. Toutefois, il peut étre intéressant de considérer une
fonction h* trés négative au voisinage de zéro puis égale & zéro pour modéliser la période réfractaire
du neurone aprés ses décharges.

En pratique, les fonctions f? et h/% (1 < i,5 < N) ont quelques propriétés remarquables. En
effet, il est naturel de considérer des fonctions h7* qui tendent vite vers zéros en ’infini (par exemple,
des fonctions exponentielles négatives) car les potentiels de membrane des neurones retournent &
leurs valeurs de repos (que ’on suppose égales a zéro) relativement vite. En ce qui concerne les
fonctions f?, on s’intéresse & des fonctions qui "alternent" entre deux états. Expliquons ce qu’on
entend par 1a sur des exemples :

flx)=0 siz<x f(z)=0 siz <0 o
{f(x)—l sia:ng ’ {f(a:)—(x/xo)lo siz>0 " f(fc)—§+arctan(x—x0),

La propriété commune aux exemples de fonctions f ci-dessus, est une transition de phase rapide
entre deux états. En effet, pour = < g, la valeur de f(z) est proche de 0, et pour = > xg, f(x) est
proche de sa borne supérieure. On peut interpréter cette propriété du point de vue de la modélisation
en neurosciences de la maniére suivante : si le potentiel X} du neurone i est inférieur a x¢, son taux
de décharge est presque nul, donc la probabilité que le neurone i n’envoie aucune décharge est
élevée. Le neurone i est alors considéré comme étant inactif. Inversement, si X; > mo, le taux de
décharge est presque optimal, et donc le neurone i est dans I’état actif. C’est cette dualité entre
I’état actif et ’état inactif qui est intéressante du point de vue des neurosciences.

Cette modélisation est bien entendu trés simplifiée par rapport a la réalité. Au Chapitre [4 nous
verrons un modéle proche de celui-l1a, dans lequel nous prendrons en compte une autre propriété
des neurones : quand un neurone envoie une décharge, son potentiel de membrane retourne presque
immédiatement & sa valeur de repos.

1.5.2 Modélisation en génomique

Dans cette modélisation en génomique, la notion d’excitation et d’inhibittion intervient dans le
processus de régulation des génes. Avant d’expliquer ou interviennent les processus de Hawkes,
détaillons ce processus de régulation. Il faut d’abord savoir ce qu’est un géne et ce qu’est ’ADN.
L’ADN est une molécule formée de deux séquences complémentaires de bases nucléiques. Il existe
quatre bases nucléiques : adénine (A), thymine (T), cytosine (C) et guanine (G). Pour simplifier
I’explication, nous ferons comme s’il n’y avait qu’une seule séquence.
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Les génes sont des fragments d’ADN (ce sont donc des séquences de bases nucléiques) qui ont un
site promoteur situé sur 'ADN (ce site est aussi une séquence de bases nucléiques). Un géne peut
produire des protéines (on dit alors qu’il est actif) qui vont ensuite exciter ou inhiber la production
de protéines d’autres génes. Pour qu’un géne soit actif, il faut qu'une ARN polymérase s’accroche
au site promoteur du géne pour initier les phases de transcription et de traduction (ce qui résulte
en la production de protéines).

Il faut savoir que les protéines sont aussi capables de s’accrocher & ’ADN, comme le fait ’ARN
polymeérase. Chaque protéine aura une certaine affinité avec chaque séquence de bases nucléiques.
Il y a donc, pour chaque protéine, des sites sur ’ADN o la protéine peut se fixer. Ce sont des
sites opérateurs. Si une protéine a un site opérateur proche du site promoteur d’un géne, alors
cette protéine peut influencer I’activation de ce géne de deux maniéres : une protéine peut étre un
inhibiteur ou un excitateur d’'un géne.

L’inhibition est un processus simple : il suffit d’imaginer une configuration dans laquelle un site
opérateur et un site promoteur se chevauchent, de telle sorte qu’il soit impossible que la protéine
inhibitrice et ’ARN polymeérase associées a ces sites soient liées en méme temps. Autrement dit, la
protéine associée a ce site opérateur peut empécher ’ARN polymérase de se lier au site promoteur
du géne, et ainsi empécher le géne de s’activer. Ceci est illustré sur la figure [[.I] ou deux sites ont
une base nucléique en commun.

site inhibiteur Slte promoteur

T T A G T G A C

FI1GURE 1.1 : Exemple de fragment d’ADN avec un site inhibiteur d’un site promoteur

Pour comprendre 'excitation, il faut savoir que les génes peuvent se lier entre eux, en plus de se
lier 4 ’ADN. Ainsi, si un site excitateur est trés proche d’un site promoteur, alors quand la protéine
et ’ARN polymérase vont se lier sur les deux sites, elles vont aussi se lier entre elles. Par conséquent,
la protéine associée au site excitateur peut aider le géne & produire des protéines, puisque si elle
se lie au site opérateur, alors 'ARN polymérase aura une meilleure affinité avec le site promoteur
car, en plus des liaisons avec ’ADN, elle aura des liaisons avec la protéine. Le site excitateur doit
donc étre suffisamment proche du site promoteur pour que les protéines puissent se lier & ”ARN
polymérase.

On vient de décrire I'excitation et ’inhibition du site promoteur, mais il est aussi possible de
d’exciter ou d’inhiber des sites opérateurs de la méme fagon, ce qui peut conduire & des régulations
complexes.

Les fragments d’ADN qui interviennent dans ces processus d’activation des génes s’appellent
des Transcription Regulatory Elements (TRE). Par exemple, les séquences de bases nucléiques qui
correspondent & des sites promoteurs, excitateurs ou inhibiteurs sont des TRE. Le méme TRE peut
apparaitre & différents endroits de ’ADN.

Nous pouvons maintenant expliquer comment modéliser ces phénoménes avec les processus de
Hawkes. Contrairement aux autres modélisations, les variables ¢ et s qui apparaissent dans la
formule ne représentent pas des variables de temps, mais des variables d’espace. Chaque
élément ¢ € Ry est une position sur la séquence d’ADN. Supposons que 'on s’intéresse & un
nombre fini de TRE différents que I’on numérote de 1 & N. Alors nous considérons un systéme de
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processus de Hawkes (Zi)lgigN de dimension N. Pour chaque 1 < i < N, les atomes de Z° sont
les positions de ’ADN ou le TRE numéro 4 est actif (i.e. pour un site promoteur, avec une ARN
polymérase, et pour un site opérateurs, avec une protéine).

Nous pouvons donc interpréter la formule dans ce contexte de la maniére suivante : dire
que I'un des processus ponctuels Z% (1 < i < N) charge un point & un instant ¢ € R, signifie qu’il
y aun TRE i actif a la position t. Ce TRE peut donc influencer les probabilités que d’autres TRE
arrivent aprés t. Donnons un exemple concret d’application. Pour faire simple, nous considérerons
trois TRE : TRE1 qui correspond & un site promoteur, TRE2 (resp. TRE3) un site excitateur (resp.
inhibiteur) de TRE1 tels que TRE2 et TRE3 ont une sous-séquence de nuclétoides en commun (voir
ﬁgure. Fixons des fonctions f? croissantes qui tendent vers 0 en —oo. Dans cet exemple, il serait
cohérent de choisir la fonction nulle pour Al k3% et h% (1 < i < 3), des fonctions "trés négatives"
pour h?3 et h3! (voir figure , et une fonction positive pour h2!.

TRE2 TRE1

T T A G T G A C G G T C A

TRE3
FIGURE 1.2 : Exemple d’application des processus de Hawkes & la génomique

Dans ce contexte, il est naturel de considérer des fonctions h7* : Ry — R & support compact.
En effet, un TRE n’aura d’effet qu’a une distance relativement courte.

L’un des désavantages de cette modélisation est que ADN est orienté dans un seul sens. Sur
Pexemple précédent (qui correspond a la figure , I’ADN est orientée de gauche a droite. Cela
vient de la formule ou chaque atome t des processus ponctuels modifie les intensités apreés t,
mais pas avant. Par exemple, sur la figure on peut modéliser le fait que TRE2 inhibe TRE3,
et que TRE3 inhibe TRE1 (de gauche a droite), mais pas que TRE3 inhibe TRE2 et que TRE1
inhibe TRE3 (de droite a gauche).

1.6 Limite de grande échelle de processus de Hawkes

La question & laquelle nous allons nous intéresser dans la premiére partie cette thése est la conver-
gence des systémes de processus de Hawkes quand la dimension du systéme tend vers linfini.
Plus précisément, pour chaque N € N*  nous considérons un systéme de processus de Hawkes

(ZN’l, ceey ZN’N) tel que chaque Z™* admet une intensité stochastique de la forme
N
AM=r1> WY (t — s)dzN7 | . (1.3)
j=1 [0,¢]

Pour que ’expression dans converge, il faut normaliser la somme pour la forcer & converger.
La normalisation la plus naturelle pour forcer cette somme a converger est la normalisation linéaire
en N1, pour se ramener & une sorte de loi des grands nombres. Ce modéle a été étudié par Delattre
et al| (2016)), et la convergence du systéme a été démontrée dans leur Théoréme 8. L’autre
normalisation qui nous intéressera plus dans cette thése est la normalisation diffusive en N—1/2
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La question de la convergence de systémes de N particules quand N tend vers l'infini intervient
naturellement dans le cadre de la modélisation des réseaux de neurones (voir Section. En effet,
bien que la taille d’un réseau de neurones est finie, elle est quand méme trés grande. Il est donc
logique d’approcher un systéme de taille N >> 1 par un systéme de taille infinie. L’intérét d’une telle
approximation repose sur le fait qu’un systéme de taille infinie peut étre plus simple & étudier. Ceci
vient du fait que simuler NV processus ponctuels quand N est grand peut s’avérer algorithmiquement
coliteux. Mais dans le modéle limite, ces processus ponctuels vont soit se moyenniser (dans le cadre
de la modélisation linéaire) soit se "transformer" en mouvement brownien. Dans les deux cas, il
existe des techniques pour modéliser ces termes limites.

Expliquons comment comprendre la forme possible des systémes de processus ponctuels limites.
Pour chaque entier naturel NV, considérons le systéme de processus ponctuels (ZV1, ..., ZV:N) défini
par . Supposons que ce systéme converge quand N tend vers l'infini vers un systéme de processus
que nous notons (Zi)izl. Expliquons comment fonctionne cette convergence dans les cadres des
deux normalisations mentionnées plus tot (i.e. la normalisation linéaire en N1 et la normalisation
diffusive en N~/ 2), et quelle est la dynamique du systéme limite associé.

1.6.1 Normalisation linéaire

Le type de dynamique considérée dans le cadre de la normalisation linéaire est la suivante :
1N
MN=rl=> h(t —s)dzNa ] . (1.4)
N = Jiou

Si nous la comparons avec (1.3)), nous avons juste écrit hY = N~'h ot h est une fonction qui ne
dépend pas de N. De maniére informelle, d’apres les résultats de type "loi des grands nombres"
(bien que les termes de la somme ne sont pas indépendants) U'intensité limite A devrait exister et

s’écrire comme
N=Ff ]E/ h(t —s)dZ!| |,
[0,¢]

avec Z' un processus ponctuel d’intensité (\;);>0. En particulier, A est une fonction déterministe
qui vérifie I’équation fonctionnelle suivante

= f (/Oth(t—s))\sds> .

Notons que I’équation ci-dessus est ’équivalent de I’équation (8) de [Delattre et al.| (2016)).

En rappelant que les interactions des systémes a N particules (ZNvi)lgiSN viennent de I'intensité
AN nous pouvons remarquer que le systéme limite (Z%);>1 est un systéme i.i.d. caractérisé par une
intensité déterministe. C’est pour cette raison que 'on qualifie cette convergence de propagation du
chaos.

1.6.2 Normalisation diffusive

En normalisation diffusive, il faut prendre plus de précautions pour définir les modéles correctement.
En effet, si on reconnait une application de pseudo-loi des grands nombres dans le cadre linéaire,
le résultat correspondant a la normalisation diffusive est le théoréme central limite. Pour utiliser ce
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résultat, il ne suffit pas de normaliser la somme de (I.3) en N~1/2, il faut aussi centrer les termes
de la somme. Une premiére idée pour définir un tel modéle serait de se donner une collection de
variables aléatoires i.i.d. U(t) (i € N*,t € R, ), et de définir 'intensité AV par

AN f 1§5/ U9 (s)h(t — s)dz | . (1.5)
VN = Jiou ’

Il y a toutefois un probléme dans la formulation : intégrande n’est pas prévisible, puisque,
pour chaque j > 1 fixé, le processus s — U (s) ne peut pas étre prévisible. Cela se comprend bien
intuitivement car dire qu’un processus X est prévisible revient & dire que pour tout instant ¢, la
valeur de X; peut étre déduite de la trajectoire de X sur [0,¢[. Or, par construction, la variable
UJ(t) est indépendante de toutes les variables U7(s) avec s < t. C’est pour cela que le processus
U7 n’est pas prévisible.

Remarque 1.6.1. Le fait que l’intégrande de n’est pas prévisible n’empéche pas de définir
Vintégrale : ¢ w fixé, les processus ponctuels ZN- sont des vraies mesures ponctuelles, donc les
intégrales ont bien un sens presque strement. Le probléme de la non-prévisibilité, c’est qu’il est
compliqué, voir impossible de faire des calculs sur ce genre d’intégrale, car le Lemme [1.2.7 ne
s’applique pas. Ce qui implique notamment que l’intégrale n’a pas les bonnes propriétés des intégrales
stochastiques, c’est-a-dire que l’intégrale compensée n’est pas, a priori, une martingale locale.

L’idée pour bien définir 'intensité AV consiste & écrire directement les processus ponctuels ZNJ
comme des amincissements de mesures de Poisson (i.e. sous la forme ) L’intérét de cette
écriture est de pouvoir introduire des variables centrées en tant que variables de ces mesures de
Poisson plutot qu’en tant que variables U7 (s) introduites & part. Plus précisément, nous considérons
des intensités AN définies par

1 N

N =f—=
t \/szl [0,t[xRy xR

uh(t — s)ﬂ{zgkg}dﬁj(s, z,u) |, (1.6)

oit les 7/ (j > 1) sont des mesures de Poissons i.i.d. d’intensité dt - dz - du(u), avec p une loi sur R
centrée. Le paramétre ¢t représente le temps, le paramétre z permet de faire 'amincissement pour
retrouver la bonne intensité de saut A\, et le paramétre u correspond aux variables U7 (s) de la
formule ([L.5)). Informellement, les deux formules et définissent la méme dynamique. Dans
la suite nous ne manipulerons que les expressions du second type, car, comme nous 1’avons expliqué
plus tot, la premiére formule est mal posée.

Expliquons maintenant comment doit se comporter I'intensité limite. Contrairement & la nor-
malisation linéaire ou lintensité limite est déterministe (par une "loi des grands nombres"), ici
lintensité limite est aléatoire. D’aprés un "théoréme central limite", I'intensité limite A devrait étre
dirigé par un processus gaussien, et ce processus devrait étre & accroissements indépendants : ce
processus devrait donc étre un mouvement brownien W. Ainsi, 'intégrale de devrait tendre
vers une intégrale stochastique dirigée par W dont 'intégrande est la racine carrée de 'intégrande
de la limite des variations quadratiques de 'intégrale de (|1.6)). Donc, en remarquant que

N t
1 .

—g wh(t — )1y, < vrdm? (s, z,u :az/hthQ)\ivds,

<\/Nj_1 [0,t[xR4 xR ( Mzarydr’( )> 0 ( yx

15



otl 02 est la variance de la loi p, l'intensité limite A devrait vérifier
t
j\t = f (0’/ h(t — S) V )\des> .
0

Ce genre de processus, solution d’équation de convolution dirigée par un mouvement brownien
s’appelle un processus de Volterra. L’étude des processus de Volterra est une question délicate que
nous ne traiterons pas. Dans la suite de la thése, nous étudierons des processus de Hawkes avec
des noyaux de convolutions particuliers qui nous permettront de nous ramener a des équations
différentielles stochastiques classiques. Les lecteurs qui s’intéressent aux noyaux de convolutions
généraux peuvent se reporter & la Section pour trouver des pistes de réflexion.

1.7 Organisation

Dans la premiére partie de cette thése, nous étudierons des limites de grande échelle de processus
de Hawkes en normalisation diffusive. Le premier modéle que nous verrons sera un systéme de
processus de Hawkes de dimension N oil tous les processus ponctuels d’un méme systéme auront
la méme intensité stochastique. Ce premier modéle sera donc relativement classique, car il consiste
& étudier la convergence d’une suite de processus réels de dimension un. Le deuxiéme modéle sera
une généralisation du premier & un cadre multi-populations. Les techniques de preuves seront les
mémes. Dans le troisiéme modéle, nous ajouterons des éléments aux modéles qui sont naturels du
point de vue de la modélisation des réseaux de neurones. Ces éléments nous éloigneront du cadre
de travail des équations différentielles stochastiques classiques, en faisant naturellement intervenir
des équations de type McKean-Vlasov conditionnel (i.e. des équations différentielles stochastiques
ou les coefficients dépendent de la loi conditionnelle de la solution) dans le systéme limite.

La deuxiéme partie de la thése généralisera naturellement la premiére. En effet, elle sera consa-
crée a ’étude de la limite de grande échelle de systémes de N particules de type McKean-Vlasov (i.e.
des systémes d’équations différentielles stochastiques dont les coefficients dépendent de la mesure
empirique du systéme). Nous étudierons deux modeéles : le premier sera en normalisation diffu-
sive N~1/2 comme ceux de la premiére partie, et le second en normalisation linéaire N~!. Les
équations de McKean-Vlasov sont naturelles dans le cadre de travail des systémes de particules en
champ moyen : ce phénoméne peut étre interprété comme une loi des grands nombres. En effet,
dans les exemples ot la dynamique du systéme & N particules est dirigée par une équation différen-
tielle stochastique, les interactions en champ moyen peuvent s’exprimer comme une dépendance des
coefficients par rapport & la mesure empirique du systéme. Et quand N tend l’infini, cette mesure
empirique converge vers la loi de n’importe quelle particule du systéme limite. Par conséquent,
les coefficients de ’équation différentielle stochastique du systéme limite dépendent naturellement
de la loi de la solution de cette équation. On peut trouver des exemples illustrant ce phénoméne
en modélisation de systémes de neurones dans [De Masi et al.|(2015) et Fournier and Locherbach
(2016), en modélisation de portfolio dans |[Fischer and Livieri (2016)), et en jeux en champ moyen
dans |Carmona et al|(2016).

Détaillons rapidement le contenu de chacun des chapitres de ces deux parties.
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1.7.1 Chapitres 2| et |3 : Processus de Hawkes avec noyaux exponentiels
et d’Erlang

Dans ces deux chapitres, nous manipulons des systémes de processus de Hawkes de la forme sui-
vante :

Z = / Ip.cavydn'(s,z,u) (1<i<N),
[0, t]xR+xR -
(1.7)
AN = Z/ Ch(t = s)Lpzcavydn? (s, 2,u) |
t[><]R+><]R

avec (Wi)ieN* une famille i.i.d. de mesures de Poisson sur Ry x Ry x R d’intensité dt - dz - du(u),
et © une mesure de probabilité sur R centrée.

La convergence des processus ponctuels repose principalement sur la convergence de leur inten-
sité stochastique. Dans notre cas, cette intensité est de la forme A\ = f (X7Y), avec

N
XN::7 / u-h(t—s)1 N dﬂjS,Z,u_
t \/NZ [0,t] xRy xR ( ) {z<r(xM)} ( )

Jj=1

La plupart des résultats de ces chapitres concernent le processus (X}V) Dans chaque modéle

t>0°
que nous étudions, ces résultats viendront du fait que X% est solution d’une équation différentielle
stochastique dirigée par les mesures de Poisson (7?1) 1<;<x - Laraison pour laquelle dans nos modeles
XN est solution d’une équation différentielle stochastique, est que I’on considére des noyaux de
convolution h particuliers. En effet, dans le Chapitre [2] nous prenons une fonction h exponentielle

h(t) := e~ ce qui implique que X ¥ est solution de

dxN = —aXN + / ul dm? (s, z,u). 1.8
! ! Z [0,t] xR xR ESEE) ( ) 18

Dans le Chapitre [3] la fonction h est plus générale car elle s’écrit comme produit d’une fonction
exponentielle et d’un polynéme. Dans ce cas, XV n’est pas directement solution d’une équation
différentielle stochastique, mais nous pouvons écrire XV comme une coordonnée d’un processus
multi-dimensionnel qui est solution d’une équation différentielle stochastique. Notons que la dimen-
sion de ce processus ne dépend pas de N, et que c’est pour cela que les techniques de preuve du
Chapitre [2] s’adaptent aisément au Chapitre [3

Le but du Chapitre l est de montrer quatre résultats : la convergence en loi du processus XV
vers un processus limite X, expliciter la vitesse de convergence associée & I'erreur faible, la conver-
gence du noyau markovien de X* vers la mesure invariante de X et la convergence des processus
ponctuels ZN+¢.

D’aprés le raisonnement de la Section X devrait a priori étre solution de

dXt = —O[Xtdt +o f(Xt)th,
avec W un mouvement brownien. Ce mouvement brownien W correspond & la limite de la contribu-

tion des mesures de Poisson de (|1.8). Cette limite peut étre interprétée comme un théoréme central
limite.
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FIGURE 1.3 : Simulations de trajectoires de (X{¥)o<i<10 avec X = 0, a = 1, p = N(0,1),
f(z) =1+ 22 N =100 (image de gauche) et N = 500 (image de droite).

Nous montrons la convergence de XV vers X en utilisant des résultats généraux sur les semi-
martingales : nous montrons que le triplet caractéristique de XV converge vers celui de X. Ensuite,
nous obtenons une vitesse de convergence du semi-groupe PV de XV vers le semi-groupe P de X.
Pour cela, nous utilisons la vitesse de convergence de leurs générateurs, notés respectivement AN
et A, ainsi que la formule suivante, que nous démontrons dans notre cadre

(P, — P) g(a) = /0 PN, (A— AN) B.g(a)ds.

Puis nous montrons que P converge faiblement vers la mesure invariante de X quand N et ¢
tendent conjointement vers 'infini. Pour montrer ce résultat, nous utilisons, la vitesse de convergence
explicite de PN vers P.

Finalement, nous montrons la convergence des processus ponctuels ZV>? en proposant deux
preuves. L’une est une application du Théoréme 1X.4.15 of |Jacod and Shiryaev| (2003 qui exploite
le fait que (X, ZN+%) est une semi-martingale. L’autre est une application de notre Théoréme:B.O.l
qui permet de montrer la convergence de processus ponctuels via la convergence de leurs intensités
stochastiques.

1.7.2 Chapitre 4| : Processus de Hawkes & mémoire variable

Le modéle de ce chapitre, proche de celui du Chapitre 2] est plus adapté a la modélisation des
réseaux de neurones. En effet, nous modélisons le phénomeéne biologique de la repolarisation du
potentiel de membrane des neurones : lorsqu’un neurone envoie une décharge, son potentiel de
membrane retourne rapidement vers sa valeur de repos, que nous supposerons égale & zéro.

Au lieu d’étudier un processus X de dimension un solution de , nous étudions un systéme
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(XN7i)1§i§N solution de

. ] t - | |
XtNal — XéVﬂ — Oz/o Xév"‘ds — /0 X;V_ l{ZSf(XéV_’i)}ﬂ_Z(dS,dZ,du)
1 [0,t] xRy xR (1.9)
+—= / ul,, N.,j wj(ds,d;;’du)_
\/N ; [O’t]XR+XR { Sf()(s— )}

Nous interprétons X;"* comme le potentiel de membrane du i—iéme neurone d’un réseau de N
neurones a l'instant ¢.

C’est le troisiéme terme du membre droit de 1’équation ci-dessus qui correspond a la repolari-
sation. Les sauts de ce terme correspondent & des sauts de réinitialisation, car lorque le neurone i
émet une décharge, ce terme de saut force son potentiel XV+* 4 sauter vers zéro immédiatement.

Dans ces équations, il y a un systéme de processus de Hawkes sous-jacent (ZV V1<i<n défini
par

ZNai :/ 1 N,i d,n_’b s, z,u).
t I Gl b)) ( )

En effet, le systéme (X%);<;<n posséde la dynamique de type Hawkes suivante

Z / Tl A (s, 2,0) + e MXG L,
Li ] xRy xR e

oit Lt = sup{0 < s <t : AZN? = 1} est le dernier instant de décharge du neurone i avant le
temps t, avec la convention sup @ := 0. Autrement dit, I'intégrale sur le passé, qui part de zéro
avec la dynamique classique des processus de Hawkes, est remplacée par une intégrale qui part du
dernier instant de saut. On dit que ce sont des processus & mémoire variable.

Le but du chapitre est d’étudier la convergence en loi du systéme (X™);<;<y quand N tend
vers l'infini. Le systéme limite (X?);>1 est de la forme suivante :

X; = X —a/ des—/ Xsf]‘{z<f(Xl )}7T (dS dZ du)
[0,8] x R4 xR

—|—a/1/ (X7)|w]dws,

ou W est encore un mouvement brownien standard de dimension un, et W la tribu engendrée par
ce brownien.

Notons que ce mouvement brownien est commun & toutes les particules du systéme limite, et
donc ce systéme n’est pas i.i.d., mais seulement conditionnellement i.i.d. étant donné W. C’est pour
cela que la mesure directrice du systéme est la loi conditionnelle sachant ce mouvement brownien.
Cette mesure directrice apparait dans I’équation sous forme d’espérance conditionnelle (cette
espérance est la fonction f intégrée par rapport a la mesure directrice), car la variation quadratique
du terme de saut de ([1.9) s’écrit comme la fonction f intégrée par rapport a la mesure empirique
du systéme

< Z/O - 1{z<f(X,§V’j)}ﬂ-j(d57dZvdU)> = = IS = Y () = ),

J#'L ¢ J#i

(1.10)
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FIGURE 1.4 : Simulations de trajectoires de (X;') <10 avec Xév’i =0(1<i<N),a=1,

0<
v =N(0,1), f(z) = 2.2+ 1.4arctan(10z — 2), N = 10 (image de gauche) et N = 1000 (image de
droite).

avec ply = N1 Zjvzl 5XtN‘j. Voir la Section pour plus détails sur I'intuition de la forme de

I’équation différentielle stochastique (1.10).

Les équations ci-dessus n’étant pas classiques, nous montrons d’abord que ce systéme d’équations
est bien posé, en introduisant une distance appropriée en nous inspirant des preuves de |[Fournier and
Locherbach| (2016) et de |Graham)| (1992)). En effet, comme dans [Fournier and Locherbach| (2016), le
compensateur du terme de saut fait intervenir la fonction = — z f(z) qui n’est pas lipschitzienne,
et comme dans (Graham| (1992), nous travaillons & la fois avec un terme brownien et un terme
de saut. Notons que des difficultés techniques apparaissent dans notre cadre par rapport & ces
deux références a cause du fait que ’espérance de ’équation est conditionnelle et que cette
espérance est 'intégrande d’une intégrale brownienne.

Puis, pour montrer la convergence du systéme X vers le systéme X, nous ne pouvons pas
appliquer les techniques du chapitre précédent, & cause de difficultés techniques. C’est pour cela que
nous démontrons la convergence de la mesure empirique de X vers la mesure directrice de X. Nous
pouvons remarquer que ces deux convergences sont équivalentes car nous manipulons des systémes
échangeables. Pour montrer la convergence en loi des mesures empiriques, nous introduisons un
nouveau type de probléme martingale dont la loi de la mesure directrice du systéme limite est la
seule solution.

1.7.3 Chapitre [5|: Limite diffusive de systémes McKean-Vlasov

Dans le chapitre [} nous étudions I’équation différentielle stochastique suivante

dXt = —OéXtdt —+ o4/ ,Ltt(f)th — thth
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avec i (f) = E [f()_(t)| W] et Z un processus ponctuel d’intensité f(X,_). Cette équation n’est
pas classique. Elle peut étre appelée "équation de McKean-Vlasov conditionnelle". Dans le cadre
classique des équations de McKean-Vlasov, les coefficients dépendent & la fois de la solution de
I’équation et aussi de la loi de cette solution. Ici, nous parlons d’équation de McKean-Vlasov condi-
tionnelle parce que p; est la loi conditionnelle de la solution.

Le but du chapitre |5| est de généraliser les résultats de la partie précédente & ce cadre. Nous
étudions des limites de grande échelle de systémes de particules de type McKean-Vlasov en régime
diffusif. Plus précisément, nous étudions le systéme suivant.

N, N,i N,i i
dX;" = b(X, " )dt+ o (X, py )dB;
N
1 N,k N,i 1 3
+ Vi > /R XE\I/(Xt, XN ,Mﬁ,u’ﬂuz)n{zg(xﬁ.kw_)}dw’f(t,z,u),1 <i<N, (1.11)
k=1,k#i 7 R+

ot ul¥ = N~! Zjvzl Oynvi, B = RN" ) avec 3% (i > 1) des mouvements browniens i.i.d. standards de
t

dimension un et 7% (k > 1) des mesures de Poisson i.i.d. d’intensité ds-dz-v(du), avec v une mesure

produit sur £ = RY". Pour manipuler ce type d’équation, nous supposons que les coefficients sont

lipschitziens ot ’espace des variables d’espace est R muni de sa topologie habituelle et ’espace des

variables mesures est muni de la distance de Wasserstein d’ordre un.

Remarque 1.7.1. Dans ce modéle, nous ne considérons plus le terme de saut de réinitialisation
du Chapitre [§] pour simplifier le modéle.

Remarquons que le systéme est caractérisé par des équations McKean-Vlasov conditionnelles
(ce conditionnement apparait a cause de la normalisation diffusive).

Pour prouver la convergence des systémes ci-dessus, nous utilisons des techniques similaires &
celles du Chapitre [ : argument principal de la preuve est un probléme martingale. Cependant
il y a plusieurs difficultés supplémentaires dans ce modéle comparé au précédent. La différence
principale est la forme du systéme limite ou des bruits blancs apparaissent a la place du mouvement
brownien. La raison pour laquelle les mouvements browniens ne sont pas suffisants dans ce modéle
c’est la dépendance spatiale de la fonction d’amplitude des sauts ¥ (i.e. la dépendance en X™F
et XN dans . En effet, si la fonction ¥ ne dépendait que des deux derniéres variables u* et
u?, le systéme d’équations limites serait encore dirigé par des mouvement browniens, comme c’est
expliqué dans ’Exemple [5.0.3 du Chapitre [5]

Il y a une autre difficulté technique dans ce modéle comparé a celui du Chapitre[]: la convergence
faible d’une suite de mesures (u¥)y implique la convergence de (u (f))n (pour n’importe quelle
fonction f continue bornée), mais elle n’implique pas en général la convergence plus forte de (ul¥)y
au sens de la distance de Wasserstein. Ce dernier point est problématique car la régularité des
coefficients de nos équations est exprimée par rapport a la distance de Wasserstein et non par
rapport a la distance de Prokhorov.

1.7.4 Chapitre[6]: Existence, unicité et limite linéaire de sytémes McKean-
Vlasov avec des coefficients localement lipschitziens

Le but de ce chapitre est d’étudier des équations et des systémes de type McKean-Vlasov. Contrai-
rement au Chapitre [5] nous travaillons en régime linéaire : la force des interaction d’un systéme &
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N particules est de ordre de N~'. L’intérét des résultats de ce chapitre est de travailler avec des
coefficients non-lipschitziens.

Nous avons déja rencontré ce type de coefficients dans ’équation . En effet, le compensateur
du terme de saut fait intervenir la fonction x — xf(x), qui n’est a priori pas lipschitzienne (& notre
connaissance, il n’existe pas d’hypothése "naturelle" sur la fonction f qui rende cette fonction
lipschitzienne). Dans le Chapitre @ nous contournons cette difficulté en introduisant une distance
appropriée et une hypothése particuliére. Dans le Chapitre [6] nous travaillons avec une hypothése
générique sur la régularité des coefficients des équations différentielles stochastiques : nous supposons
que ces coefficients sont localement lipschitziens et nous nous donnons une condition sur la croissance
de la constante de Lipschitz locale par rapport aux variables des fonctions concernées. Nous ne
montrons ces résultats qu’en normalisation linéaire et que pour des "vraies" équations de McKean-
Vlasov (i.e. non conditionnelle), car il y a plusieurs difficultés techniques supplémentaires liées aux
mesures aléatoires.

Les questions d’existence et d’unicité des solutions d’équations McKean-Vlasov et la question
de propagation du chaos de systémes McKean-Vlasov sont classiques dans la littérature. Dans
le cas ou 'on s’intéresse a des équations sans terme de saut (i.e. uniquement avec un terme de
dérive et un terme brownien) il existe beaucoup de résultats avec peu d’hypothéses sur la régularité
des coefficients : |Gartner| (1988) et [Lacker| (2018]) sur les questions d’existence, d’unicité et de
propagation du chaos, et Mishura and Veretennikov| (2020) et [Chaudru de Raynall (2020) sur les
questions d’existence et d’unicité sous différentes hypothéses. Remarquons que dans le cadre ou
les coefficients des équations différentielles stochastiques ne sont pas lipschitziens, ’existence et
I’unicité des solutions ne sont montrées que dans un sens faible.

Dans le Chapitre [6] nous étudions des équations McKean-Vlasov avec un terme de saut. Les
questions mentionnées avant ont aussi été étudiées dans ce cadre par (Graham| (1992) et |Andreis
et al.| (2018) dans le cas ou les coefficients sont lipschitziens. La nouveauté de nos résultats repose
sur le fait que nous travaillons avec des coefficients localement lipschitziens.

Nous montrons d’abord que, dans ce cadre, I’équation de McKean-Vlasov suivante est bien posée
au sens fort :

dXt = b(Xt, /,Lt)dt + O'(Xt, ,LLt)th + / (I)(Xt,, Ht—, ’U,)]].{ng(Xt_#Lt_)}d’]T(t, z, ’LL),
R+><E

ou u: est la loi de X, W un mouvement brownien, 7 une mesure de Poisson sur E un espace
mesurable (voir la Section pour plus de détails sur les notations). Pour montrer ce résultat
avec des coefficients localement lipschitziens, nous adaptons les preuves du cas ou les coefficients
sont globalement lipschitziens. Nous utilisons un argument de troncature pour gérer la dépendance
des constantes de Lipschitz locales par rapport aux variables. Contrairement au cas globalement
Lipschitz, le lemme de Gronwall ne permet pas de conclure immédiatement. Dans le cas localement
Lipschitz, il faut utiliser une généralisation de ce lemme : le lemme d’Osgood. L’unicité des solutions
vient rapidement a partir de ce lemme, mais il y a d’autres difficultés pour montrer I'existence des
solutions. Nous contruisons une solution faible en utilisant un schéma d’itération de Picard, mais
le fait que les coefficients sont seulement localement lipschitziens ne nous permet pas de montrer
que ce schéma converge dans un sens L'. A la place, nous prouvons qu’il existe une sous-suite
qui converge en loi vers une certaine limite qui est solution de I’équation. Certaines difficultés
techniques apparaissent pour deux raisons. La premiére est que le schéma de Picard ne converge pas
directement, mais admet seulement une sous-suite convergeante. Ce qui implique qu’il faut controler
la variation entre deux étapes successives du schéma. La deuxiéme est que nous ne montrons qu’une
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convergence en loi, ce n’est donc pas évident que la limite est bien solution de 1’équation. Nous le
montrons en exploitant ses caractéristiques de semi-martingale.

Le deuxiéme résultat de ce chapitre est la propagation du chaos des sytémes McKean-Vlasov
dans ce cadre localement Lipschitz. Plus précisément, il s’agit de la convergence de ce systéme de
particules :

dXtN’i :b(XtN’iv Niv)dt + U(XtNJ7 :uiv)thi + /]R N \I,<Xt]\2i’ Mﬁ’ Ui)]l{zﬁf(va!i#ﬁ)}dﬂ-i(t’ %)
+ X
1 N

. @XNJ XN,i N i o)1 y dmd (¢
F 2 [ O X I iy 55,0,

Jj=1

N ._ y-1yV . Ame i ;
avec py' = N"1 370 (SXf{v,], vers le systéme infini

dth :b(Xz7ﬁt)dt+ U(X27ﬁt)dwti +\/ \II(Xz—aﬁt—avi)]l{zgf(_f{tii,p,tf)}dwi(tvZav)

R+ XFN*
+/ e(angaﬂtaU17’Ug)f(x7ﬂt)dy(v)dlat(‘r)a
R J o
ot iy := L£(X;), quand N tend vers l'infini (voir la Sectionpour plus de détails sur les notations).

La preuve de ce résultat repose sur des arguments similaires & ceux utilisés pour montrer 'unicité
des solutions de ’équations McKean-Vlasov : un argument de troncature et le lemme d’Osgood.

1.8 Notations

Dans la thése, nous utilisons les notations suivantes :

e Si E est un espace métrique, nous notons P(E) l'espace des lois sur £ muni de la topologie
de la convergence faible (i.e. muni de la distance de Prokhorov).

e Nous notons P,(R) Iespace des lois sur R avec un moment d’ordre p fini. Sauf mention
contraire, cet espace est muni de la distance de Wasserstein d’ordre p, notée W), et définie
par : quelque soit my, ms € Pp(R),

Wp(m17m2) = inf E[|X; — XQ‘p]l/p.

Xi~my, Xo~vma

Le théoréme 6.9 et la définition 6.8 de [Villani| (2008) donnent plusieurs caractérisations de la
convergence de cette distance. Remarquons qu’il existe une autre caractérisation de la distance
W1, appelée "dualité de Kantorovich-Rubinstein" (voir Remarque 6.5 de [Villani| (2008])) :

Wi(my,me) = sup /Rf(x)dml(x)—/Rf(x)dmg(x),

fE€Lipy

avec Lip, 'espace des fonctions lipschitziennes réelles dont la constante de Lipschitz est infé-
rieure a un.

e Si X est une variable aléatoire, nous notons £(X) sa loi.
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1.9

Si X et X,, (n € N) sont des variables aléatoires, nous écrivons X, % X pour dire "(X,,)n
n—-+00

converge en loi vers X".
Si g :RP — R est une fonction n fois dérivable, nous notons [|g||n,cc = 3|4 <p [10agllc-

Si g : R — R est une fonction mesurable et A une mesure sur (R, B(R)) telle que g est
intégrable par rapport & A, nous notons A(g) pour fR gdA.

Nous notons Cf' (R?”) I’ensemble des fonctions g : R” — R de classe C™ telles que ||g]|n,00 < +00,
et nous écrivons C,(RP) au lieu de Cp(RP). Finalement, C™(R?) est I’ensemble des fonctions
de classes C" non-nécessairement bornées.

Si g est une fonction réelle et I est un intervalle, nous notons ||g||sc,r = sup,¢;|g()|.
Nous notons C”(RP) le sous-espace de C"(RP) restreint aux fonctions & support compact.
Dans la suite, || - ||, désigne la norme p sur R? (d € N*).

Soient T > 0 et (G, d) un espace polonais, alors D([0,T],G) (resp. D(R, G)) désigne ’espace
des fonctions cadlag a valeurs dans G définies sur [0,7] (resp. R;) muni de la topologie
de Skorokhod. C’est un espace polonais. Rappelons que la convergence d’une suite (x, ), de
D([0,T],G) vers une certaine fonction x pour cette topologie est équivalente a I’éxistence de
fonctions continues et strictement croissantes A, (n € N) telles que A\, (0) =0, A, (T) =T et
chacune des suites
sup |An(t) —tl et sup d(x(An(t)),zn(t))
0<t<T 0<t<T

tendent vers zéro quand n tend vers U'infini. Dans la suite, nous appellons une telle suite (A,),
une suite de changement de temps (en anglais, "a sequence of time-changes").

Nous notons M(FE) l'espace des mesures localement finies sur l’espace mesurable E, muni
de la topologie de la convergence vague. Et N (F) est le sous-espace contenant les mesures
ponctuelles simples. Dans la suite, nous omettons le E dans les notations. Nous nous reportons
a la section A2.6 de|Daley and Vere-Jones| (2003) pour une étude de cet espace.

Nous notons C' les constantes arbitraires qui apparaissent dans les calculs. Ainsi la valeur de
C peut changer d’une ligne & l'autre dans une méme équation. De plus, si la constante C
dépend d’un autre paramétre 6 (qui n’est pas un parameétre du modéle), nous écrivons Cy.

Notation (in English)

If E is a metric space, we note P(FE) the space of distributions on E endowed with the topology
of the weak convergence (i.e. endowed with Prohorov metric).

We note P,(R) the space of distributions on R with a finite p—order moment. This space is
always endowed with Wasserstein metric of order p, denoted by W, and defined as follows:
for all my, mg € Pp(R),

Wp(m17m2) = inf E HXI _ XQ‘p]l/p.

Xi~my, Xo~ma
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Theorem 6.9 and Definition 6.8 of |Villani| (2008) give some characterizations of the convergence
for this metric. Note that there exists another characterization of the metric Wy, called
"Kantorovich-Rubinstein’s duality" (see Remark 6.5 of [Villani| (2008)):

Wi(my, ma) = sup /f Ydmg (z /f Ydma(x

feLipy

where Lip; is the space of real valued Lipschitz functions with Lipschitz constant nongreater
than one.

If X is a random variable (r.v.), we note £(X) its distribution.

If X and X,, (n € N) are r.v., we write X, —> X for "(X,,), converges in distribution

n—-4o0o
to X"
If g : R” — R is a function that is n times differentiable, we note [|g[[n,c0 = 32| )<n [10adlloc-

If g : R — R is a measurable function and A a measure on (R, B(R)) such that g is integrable
w.r.t. A, we note A(g) for [, gd.

We note CJ'(RP) the set of functions g : R? — R that are n times continuously differentiable
such that ||g||n,cc < 400, and we write C,(RP) instead of CP(RP). Finally, C™(RP) is the set
of functions that are n times continuously differentiable.

If g is a real function and I an interval, we note ||g||oo,r = sup,¢;lg(x)].

We note C”'(RP) the subset of C"(RP) restricted to the functions that are compactly sup-
ported.

In the following, || - ||, denotes the p—norm on R (d € N*).

Let T > 0 and (G,d) a Polish space, then D([0,T],G) (resp. D(Ry,G)) denotes the space
of cadlag G—valued functions defined on [0,T] (resp. R;) endowed with Skorohod topology.
This is a Polish space. Recall that the convergence of a sequence (z,,), of D([0,T],G) to
some function x for this topology is equivalent to the existence of continuous and increasing
functions A, (n € N) such that A,,(0) =0, \,(T) = T and both sequences

sup [An(t) —t] and sup d(x(An(t)),zn(t))
0<t< 0<t<T

vanish as n goes to infinity. In the following, we call such a sequence (\,), a sequence of
time-changes.

We note M(E) the space of locally finite measures on the measurable space E endowed with
the topology of the vague convergence. We note A(E) the subspace that contains only the
simple point measures. In the following, we omit the F in te notation. We refer to section A2.6
of [Daley and Vere-Jones| (2003 for a survey on this space.

We note C' any arbitrary constant in the computations. So the value of C' can change in an
equation. In addition, if the constant C' depends on a parameter 6 (which is not a model
parameter), we write Cy.
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Part 1

Propagation of chaos for mean field
models of Hawkes processes in a
diffusive regime

26



Introduction of the part

In this part, we prove the convergence of sequences of systems of Hawkes processes in different
models, in a mean field framework. Namely, for each N € N* | we consider a system of point
processes (ZN’I, ceey ZN’N) such that each Z™* has intensity of the form

_sydzNi | . .
Z/m[ (t — s)dZ} (1.12)

In order to make the expression in converge, the most natural way would be to scale the
sum in N1, to reduce the problem to a kind of law of large numbers. This point of view has e.g.
been adopted by Delattre et al.| (2016). Here, instead of reducing the problem to a law of large
numbers, we reduce it to a central limit theorem. This means that we scale the sum of -
in N~/ 2, and that we center the terms of the sum. To this end, we consider intensities with
stochastic jump heights of the form

ANV = \FZ h(t — s)U;(s)dzN9 | (1.13)

(0,¢]

where (Uj(s)) oy« 4>0 18 an iid. family of centered random variables.

The problem with the formulation of is that the processes (Uj(s)),s, cannot be pre-
dictable, and so the integrand cannot be manipulated. So, we formulate differently the stochastic
jump heights, replacing the variables U;(s) by noise parameters of Poisson measures. In the follow-
ing, we use systems of Hawkes processes in the following form:

zNit = / ]l{z<)\N}d7Ti(8,Z,U) (1<i<N),
[0fxRy xR

N (1.14)

1 .
u-h(t — s)L<canydr (s, z,u) |,

W=
Z [0,¢[xR4 xR
where (ﬂ'i)ieN* is an i.i.d. family of Poisson measures on Ry x Ry x R having intensity dt - dz -
dp(u), and p is a centred probability measure on R.
The convergence of the point processes relies mainly on the convergence of their stochastic
intensity. In our case, this intensity is of the form A} = f (X{¥), with

N

X' = — / u-h(t—s)1 N dﬂjs,z,u_
t ‘/N; [0,t] xR+ xR ( ) {z<r(xM)} ( )

In the following, the majority of the results concern the process (X;¥), . In every model that

we study, these results will be based on the fact that X% is solution of a stochastic differential

equation driven by the Poisson measures (wi)l <N

In particular, we prove the convergence of X* in distribution in Skorohod space. Contrarily to
the situation considered in [Delattre et al.| (2016), the limit of X* is stochastic.
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In Chapter for each N the process XV is a 1—dimensional process. In Chapter this process
XN is multi-dimensional, but the dimension does not depend on N. For these two chapters, the
proofs rely on analytical technics based on the convergence of the infinitesimal generators of the
processes, and a convergence speed is given. In Chapter 4l X is a N—dimensional process. Its
convergence is proven using a new kind of martingale problem.
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Chapter 2

Exponential kernel

This chapter is based on [Erny et al.| (2019).
We start studying the model given by (1.14) with exponential kernel, that is h(t) := e~ for
some « > 0. The explicit model is given by the following system of Hawkes processes :

7N = /MXR R (s, z,0) (L<i<N),

N
1 .
XN = XNe-oat L _—_ / foz(tfs)]l dWJ(S7Z,u)7
t ’ N ; [0,¢[ ><]R+><R {z<r(xX)}

X(])VN l/év7

(2.1)

where 1) is a probability measure on R and the 7' (i € N*) are i.i.d. Poisson measures on

Ry x Ry x R having intensity dt - dz - du(u), and p is a centred probability measure on R.
We point out that the form of the function h(t) = e~ is extremely important, since it guaran-
tees X to be a Markov process. Actually, we can even prove that any strong solution of (2.1)) is

solution of ([2.2).

Lemma 2.0.1. XV satisfies

dxN = Xth—i—— / ul ydml (s, z,u 2.2
t VF 2 e n e e 0200 22

Proof. Applying the formula of integration by parts to

1 N

XN et x | XN + u-e™1 dr? (s, z,u) |,
: AP B NI )

we obtain exactly the result. O

It is possible to prove the strong well-posedness of (2.1)) using a reasoning similar as in the proof
of Theorem 6 in [Delattre et al.| (2016). For the sake of simplicity, in this chapter, we consider that
the process X*V is directly defined by (2.2).
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The aim of this chapter is to study, under appropriate conditions on f, the convergence in
distribution in Skorohod space of X to a diffusion X that is solution of the stochastic differential

equation:

XON o

where o2 is the variance of p1, (By),s is a one-dimensional standard Brownian motion, and 7y is a
probability measure on R. This result is formally stated at Theorem [2.2.1

Apart from proving the aforementioned convergence, we prove a rate of convergence at The-
orem and deduce from it the convergence of the Markovian kernel of XV to the invariant
measure of X (see Theorem . Besides, we also prove in Theorem the convergence of
the system of Hawkes processes (ZN’l, R ZN’N) in distribution in D (R, R)N* endowed with the
product topology.

In Section we formally state the assumptions we use throughout the chapter. Section [2.2]is
devoted to prove the convergence of X” in Skorohod space, as well as the rate of convergence of its
semigroup and of its Markovian kernel. In Section 2.3, we prove the convergence of the Markovian
kernel of X7 to the invariant measure of X. Finally we prove the convergence of the systems of
Hawkes processes, that is the convergence of the point processes in Section

2.1 Assumptions on the model

Firstly, we need an assumption that guarantees the process X to exist.
Assumption 2.1. /f is a positive and Lipschitz continuous function, having Lipschitz constant L.

Under Assumption it is classical that the equation (2.3) admits a unique non-exploding
strong solution (see remark IV.2.1, Theorems IV.2.3, IV.2.4 and IV.3.1 of Tkeda and Watanabe|

(1989)).-

Assumption 2.2.

o [patdig(z) < oo and sup [, ztdvll (z) < oc.
NeEN*

o /1 is a centered probability measure having a fourth moment, we note o its variance.

Assumption [2.2] allows us to control the moments up to order four of the processes (X/V), and

(X:), (see Lemma [2.2.5) and to prove the convergence of the generators of the processes (X}V),
(see Proposition [2.2.6]).

Assumption 2.3. We assume that f is C* and for each 1 < k < 4, (\/f)(k) s bounded by some
constant my,.

Assumption guarantees that the stochastic flow associated to (2.3) has regularity properties
with respect to the initial condition Xy = x. This will be the main tool to obtain uniform in time
estimates of the limit semigroup, see Proposition [2.2.

Example 2.1.1. The functions f(z) = 1+22, f(x) = V1 + 22 and f(z) = (/2 +arctan x)? satisfy
Assumptions and [223,
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Assumption 2.4. X}V converges in distribution to Xo.

Obviously, Assumption is a necessary condition for the convergence in distribution of X%
to X.
Let us prove that our model is well-defined.

Proposition 2.1.2. If Assumptions and hold, the equation (2.2) admits a unique non-
exploding strong solution.

Proof. Tt is well known that if f is bounded, there is a unique strong solution of (2.2) (see Theo-
rem IV.9.1 of Tkeda and Watanabe (1989)). In the general case we reason in a similar way as in
the proof of Proposition 2 in |Fournier and Lécherbach| (]2016[). Consider the solution (X"),cr N

of the equation (2.2) where f is replaced by fx : @ € R — f(z) A sup f(y) for some K € N*.
lyl<K

Introduce moreover the stopping time
™ :inf{tZO : ‘XtN’K‘ zK}.

Since for all ¢t € [0, 7R AT{ 4], XNVE = xVE e know that 78 (w) < T +1(w) for all w. Then
we can define 7V as the non-decreasing limit of 7&. With a classical reasoning relying on Ito’s

formula and Gronwall’s lemma (see the proof of Lemma [2.2.5|(iv)), we can prove that

sup E {(XN’K )2] <G (1427, (2.4)

N
0<s<t SATe

where C; > 0 does not depend on K. As a consequence, we know that almost surely, 7%V = +o0.
Indeed,

N N,k -2 2
P(rl <t) <P (|XMT¥| > K) <K2C(1+3%) — 0,
then

IP’(TNgt)g}P’< N {ﬁ}’gt}) lim P (7{ <t) =0.

K—o0
KeN*

Consequently

P(TN<oo)g1P><U{TN§t}>:0.

teN*

So we can simply define X as the limit of XV"* as K goes to infinity. Now we show that X~
satisfies equation (2.2). Consider some w € Q and ¢ > 0, and choose K such that 77 (w) > t. Then
we know that for all s € [0,¢], XN(w) = XNK(w) and f(XN (w)) = fx(X"(w)). Moreover,
as XN (w) satisfies the equation with f replaced by fr, we know that XV (w) verifies the
equation (2.2) on [0,¢]. This holds for all £+ > 0. As a consequence, we know that XV satisfies the
equation (2.2). This proves the existence of strong solution. The uniqueness is a consequence of
the uniqueness of strong solutions of , if we replace f by fx in , and of the fact that any
strong solution (YY), equals necessarily (X;""'), on [0, 7}]. O
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2.2 Convergence of (X N ) in distribution in Skorohod topol-
ogy

The goal of this section is to prove two results: the convergence of XV to X and the rate of this
convergence.

N

2.2.1 Convergence of X%

Let us begin with the most classical proof.

Theorem 2.2.1. Under Assumptions and XN converges to X in distribution in
D(R4,R).

Proof. This proof relies on the fact that X~ (N € N*) and X are semimartingales. We use a semi-
martingale convergence theorem stating that, the convergence of the characteristics of semimartin-
gales implies the convergence of the semimartingales: Theorem IX.4.15 of [Jacod and Shiryaev
(2003]).

Using the notation therein, with the truncation function h = Id, we have KV (z,dy) =
Nf(z)u(v/Ndy), N (z) = —az, and &V (z) = [ KN (z,dy)y? = 0% f(x). One can note that '™ and
@™ do not depend on N, and that, for any function g € Cy(R) null around zero, [; g(y)K™ (-, dy)
vanishes as N goes to infinity.

Then, Theorem IX.4.15 of |[Jacod and Shiryaev| (2003) implies the result. O

2.2.2 Rate of convergence of XV

In this section we provide a rate of convergence for Theorem More precisely, we prove the
convergence speed of the semigroups of the processes. This convergence speed is expressed in terms
of the following parameters

1
B := max <202L2 —,20%L% — 2, gUQL2 — 3a> (2.5)
and, for any T' > 0 and any fixed € > 0,
g 212 T
Kr:=(1+ 1/5)/ (14 s2)efs (1 + (o7 L7 —2ate)( 75)) ds. (2.6)
0
Remark 2.2.2. Ifa > 7/602L?, then 3 < 0, and one can choose ¢ > 0 such that 02L? —2a+¢ < 0,

implying that supp o Kr < 00.

Theorem 2.2.3. Under Assumptions and for all T > 0, for each g € C3(R) and
rz eR,

2 1
su pN z) — Palx SC1+x2K e
oS |PNg(x) — Pg(a)] < C( VErlgl]s. Vi

In particular, if a > %0’2L2, then

1

sup |PNg(z) — Pg(z)] < C(1 + 22 oo .
tzlg\tg() rg(x)| < C( )glls, NI
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We prove Theorem m studying the convergence of the infinitesimal generator of XV to that
of X.

Throughout this chapter, we consider extended generators similar to those used in
and in , because the classical notion of generator does not suit to our
framework. We introduce and study such a kind of generator at Appendix [A]

Indeed, in the general theory of semigroups, one defines the generators on some Banach space.
In the frame of semigroups related to Markov processes, one generally considers (Cp(R), || @ ||oo)-
In this context, the generator A of a semigroup (P;); is defined on the set of functions D(A) =

{g € Cy(R) : 3h € Gy(R),

as Ag. If A is the generator of a diffusion, we can only guarantee that D(A) contains the functions
that have a compact support, but to prove Proposition we need to apply the generators of
the processes (X}V), and (X;), to functions of the type P,g, and we cannot guarantee that P,g has
compact support even if we assume g to be in C°(R).

As this definition slightly differs from one reference to another, we define explicitly the extended
generator in Definition and we prove the results on extended generators that we need in
Appendix [A| We note AV the extended generator of X~ and A that of X. Before proving the
convergence of these generators, we state a lemma which characterizes the generators for some test
functions. This lemma is a straightforward consequence of Ito’s formula and Lemma [2.2.5

Lemma 2.2.4. CZ(R) C D' (A), and for all g € CZ(R) and x € R, we have

%(Ptg —g) — hHm t—> O}. Then one denotes the previous function h
—0

gle) = ~aug (@) + 50 ()9 ().

Moreover, Ci(R) C D' (AN), and for all g € C}(R) and z € R, we have

Ag(w) = ~az () + 57) [ [o (o + i) = )] auto)

Let us prove useful a priori bounds on the moments of X~ and X.
Lemma 2.2.5. Under Assumptions[2.1] and[2.3, the following holds.

(i) For alle >0, t >0 and x € R, E, [(X})?] < C(1+1/e)(1 +a2?)(1 + (P LE=20te)t) - for
some C' > 0 independent of N,t,x and €.

(ii) Foralle >0, t >0 andz € R, E, [(X;)?] < C(1+1/e)(1+2)(1 + (0P L*=20+0)t)  for some
C > 0 independent of t,x and ¢.

(iii) For all N € N*,T >0, E [(supg<;<r |X{])?] < 400 and E [(supg<,<p | X¢])?] < +o0.

(iv) For allT >0,N € N*, sup E, [(X})*] <Cr(1+2*) and sup E, [(X;)*] < Cr(1+a?).
0<t<T 0<t<T

Proof. We begin with the proof of (i). Let ®(z) = 2% and AY be the extended generator of
(X7¥)i>0. One can note that, applying Fatou’s lemma to the inequality (2.4), one obtains for all
t > 0,sup,, B [(X2)?] is finite. As a consequence ® € D'(AY) (in the sense of Definition .
And, recalling that y is centered and that o2 := fR u?dp(u), we have for all z € R,

AN®(z) = — 2a®(z) + 0% f(2) < —2a®(z) + o° (L\x| + \/]‘?(0))2
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<(0?L?* — 20)®(z) + 20° L|z|\/ f(0) + o> £(0).
Let € > 0 be fixed, and 7. = 202L+/f(0)/e. Using that, for every z € R, || < 2%/n. + 7., we have
AN®(z) < . ®(x) + d., (2.7)

with ¢. = 02L? — 2a + € and d. = O(1/¢). Let us assume that c. # 0, possibly by reducing ¢ > 0.
Considering Y}V := e~ *®(X}V), by Ito’s formula,

dYN = — coe ' O(XN)dt + e tdd (X))
= —ce O XN)dt + et ANS(X NVt + et d M,

where (My)¢>0 is a Py—martingale. Using (2.7)), we obtain

t t
d
YtN < YON + dg/ e “ds +/ e %dM, = YON 4+ = (1 _ efcst) 7
0 0

Ce
implying
d
E, [V] <E. [Yo"] + == (7' +1).
(3
One deduces
E, [(XN)] < ael?Fi-2atar 4 g (ele™s? 2ot 1), (2.8)

for some constant C' > 0 independent of ¢,&, V.
The proof of (i) is analogous and therefore omitted.
Now we prove (iii). From

t N
1
XN:XN—a/ XNds+—=Y / ull dr;(s, 2, ),
‘ 0 0 v N =1 /10,8 xRy xR {z=rx O™

we deduce
2 9 t
(Sup |X§V|) <3(x{") +3a2t/ (XN)2ds
0

0<s<t
N
+ 32 ( sup
J

— \0<s<t

) . (29)

Applying Burkholder-Davis-Gundy inequality to the last term above in (2.9), we can bound its
expectation by

\/]0 S]XR+XRU]l{zgf(Xi\L)}dﬂ-j(ra Z,’LL)

3NE

t
/ u2]l{2§f(X{v)}d7rj(s,z7u)] §3N<72/ E[f(Xé\i)] ds
10,t] xRy xR ° 0

< 3N020/t (L+E[(XN)?]) ds. (2.10)
0
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Now, bounding the expectation of by , and using point (¢) of the lemma we conclude
the proof of (7ii).

Finally, (iv) can be proved in classical way, applying Ito’s formula and Gronwall’s lemma. Let
us explain how to prove this property for the process X*V. The proof for X is similar. According
to Ito’s formula, for every ¢ > 0,

() = ()~ da | (X2yhds
0

N
+Z/
j=1710:4]

u
0.t]xXR4 XR |:(X£V + ﬁ)4 — (Xév)4:| ]l{zﬁf(Xﬁ)}dﬂJ(&Z’u)
xRy

N

§<X5V>4+Z/

0,¢] xRy xR
[ +

= {(Xév +\/N)4—(Xév)4] ﬂ{zgf(X;\i)}dﬂ-j(s7z’u)'

Let us recall that u is centered and has a finite fourth moment, and that f is subquadratic. In-
troducing the stopping times 7§ := inf{t > 0: | X}N| > K} for K > 0, and u¥(t) :=E {(Xg\TN)‘l} ,
K
it follows from the above that for all t > 0,

t
uR(t) < C+ Ct+ C/ uR-(s)ds,
0

where C' is a constant independent of ¢, N and K. This implies that for all ¢ > 0,

sup sup sup un(s) < oo.

NeN* K>0 0<s<t

Consequently, the stopping times 75 tend to infinity as K goes to infinity, and Fatou’s lemma
allows to conclude. O

Before establishing the rate of convergence for the semigroups, we do it for their generators.

Proposition 2.2.6. If Assumptions and hold, then for all g € C3(R),

A m ]‘
[Ag(z) — AVg(x)| < |f(2)].llg IImm/RIUI?’dM(W

Proof. For g € C3(R), if we note U a random variable having distribution p, we have

[4¥9(0) = Ag(o)] <1 [VE g (5 + =) = g(0)] - 0% 0
”

@IV [ ]g (o4 T2 - oto) - (@) - o]

U U U?
<|f(z)|NE T+ — | —glz 'x—”x].
<UINE |o (24 T ) ~9(0) - =i/ (0) = a0
Using Taylor-Lagrange’s inequality, we obtain the result. O
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We prove in Appendix [A] in Proposition that
t
(P, — PN g(a) = / PN, (A~ AN) Pyg(x)ds. (2.11)
0

This formula allows to obtain a speed of convergence of P to P;.

Obviously, to be able to apply the above formula, we need to ensure the regularity of  + Pyg(x),
together with a control of the associated norms Hpsg| |k7oo, for suitable k. This is done in the next
proposition.

Proposition 2.2.7. If Assumptwns 2 and- hold, then for all t > 0 and for all g € C3(R),
the function x v+ Pig(x) belongs to Cy( and satisfies

= "
H<Pt9> .

with § = max(1 212 — a,20%L? — 2a, %O'QLQ — 3a). Moreover, for all T > 0,

< Ollgll3,00 (1 + t2)e™, (2.12)

SupogthHptgHS,oo < Qrllgll3,00 (2.13)

for some Qr > 0, and for all i € {0,1,2} and z € R, s — (Psg) V) (z) = Z; (Psg( )) is continuous.

Proof. To begin with, we use Theorem 1.4.1 of (1986) to prove that the flow associated
to the stochastic differential equation (2.3) admits a modification which is C3 with respect to the
initial condition z (see also Theorem 4.6.5 of (1990)). Indeed the local characteristics of the
flow are given by

b((E,t) = —ar and a(xvyvt) = 02 f(x)f(y)v
and, under Assumptionsand they satisfy the conditions of Theorem 1.4.1 of (1986):

e 30 Va,y.t, [b(z,t)] < C(1 + |z]) and [a(z, y, 1) < C(1 + [z[)(1 + [y])-
i Elcavxayvtv |b(l’,t) - b( 7t)| < C|$ - y| and |U,($,£,t) + a(yay7t) - 2a(x,y,t)| < C‘Jf - y|2

e V1<k<41<1<4-—k, 8‘9 zb(x,t) and amkayla(ac y,t) are bounded.

In the following, we consider the process ()_(t(x))t, solution of the equation (2.3) and satisfying
X" = 2. Then we can consider a modification of the flow X\™) which is C3 with the respect to

the initial condition z = Xéw). It is then sufficient to control the moment of the derivatives of Xt(w)
with respect to x, since with those controls we will have

ox™ | > (z) ]
— 9 |X ;
ox ( ¢ )
~ _82)_((1) . aX(m) 2  (
(o)) | (x0) () o (x07) |

3 v (2) 29 (@) 55 o(2)\ 3
(R )= [ 22 () o2 O (1) + (550) o ()

Pg(@) =E |g (X{)]. (Pg) (@) =E
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We start with the representation

t
Xt(w) =ze ot 4 a/ e~ (t=5) f (X§$)>dBS.
0

This implies

A o o B (5

o (@)
t

Writing U, = et 2%

ox

and

Mtz/ota(\/f)

we obtain U; =1 + fot U,dM,, whence
1
Ut—exp<Mt—2<M>t).

¢ (@)
Notice that this implies U; > 0 almost surely, whence 8)8(; > 0 almost surely. Hence

Uf = eth7%<M>t = exp (th _ lpZ <M >t> e%p(p*1)<M>t — 5(M)te%P(P*1)<M>t'

2

(2.15)

(2.16)

Since (v/f) is bounded, M, is a martingale, thus £(M) is an exponential martingale with expec-

tation 1, implying that
EU? < e%P(P—l)U%ﬁt’

where m; is the bound of (v/f)" introduced in Assumption In particular we have

> (z) 2 3
<8Xt > < e(asz—Za)t and E

ox
ox

< e(3d2m?—3o¢)t

ox -

Differentiating (2.15) with respect to x, we obtain

X
Ox?

vimo [ [ (vI) (30) + o0z (vE)® (39)] am

which can be rewritten as

We introduce V; = e and deduce from this that

AV, = VidM; + YidBy, Vo = 0.Y; = o202 (/F) (%)

37

P o [ | B () (1) « () () (109) |

(2.17)

(2.18)

(2.19)



with My as in (2.16). Applying Ito’s formula to Z; := V;/U; (recall that U; > 0), we obtain

Y, Y,
= Y4B, — “Ld < M, B >,
Ut ¢

such that, by the precise form of Y; and since Zy = 0,

zi=o [ v, (V) (30) an, o2 [ e, (V1) (10 (V) (16) as

0 0

dZ,

Using Jensen’s inequality, and Burkholder-Davis-Gundy inequality, for all ¢ > 0,
(/Ot e, (\/})(2) (X.S(x)) dBS>
([ (1) () ()" () )

t
SC(t+t3)/ e(6o%mi—da)s g
0

4

E[z}]<C (E

+E

<C(t+ ) (14t e miztor) - (2.20)

We deduce that
1/2

E V2] <E[z}]E[U}]"? < O@/2 + )37 mit,

2x\’
Ox?
Finally, differentiating (2.19)), we get

e e | () () o O () (5

_ 3
ax ® /o
(5 ()" )
o (@)
Introducing W; = e“! 833);’; , we obtain

W, =0 A t {Ws (\/f) (%) +3e-0,v, (VF) ® (X)) +em20u? (V/7) @ (ngﬂ dB,.

Once again we can rewrite this as

whence

E < C(tY2 4 2)eBo"mi 200t (2.21)

dBs;.

AW, = WydM, + Y{dB,, Wy = 0,

where

Y/ =0 (3e—antVt (V7) v (%) + 207 (V) ® ()‘(t(x))) ,
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whence, introducing 7, = W«

U’
t v/ t ys1
Y. Y.
Zl = —Sst—/—Sd<M,B>S.
o Us o Us

As previously, we obtain,
v/\?
= d
(Us> ’

<C(1+1) / t (e E [V2] + e **E [U}]) ds
0

E[(z)*] <c+1) /OtE

t
SC(l—‘rt)/ (<81/2+82)e(302mf—2a)s_~_e(602m§—4a)s) ds
0

t
§0(1+t3)/ (e(302m%72a)s+6(602m%74a)s> ds
0

t
<C(1+13) / (1 + e<602m?—4a)8) ds < C(1+1t% (1 + e(ﬁazm?—“aﬂ) L (2.22)
0

As a consequence,

1.2 .2

1/2 < O(l +t2) (1 + 6(302mf72o¢)t) e20 mit

1/2

E[[W.[] <E[(2))*] ""E[U}]

<O+ 82) (ed'mit 4 ehetmi-2on)

E [
Finally, using Cauchy-Schwarz inequality, and inserting (2.18), (2:21) and (2:23) in (2.14),
’ ) (Ptg)m

which proves the first assertion of the proposition. The proof of the second assertion, equation
(2.13), follows similarly. Finally to prove the third assertion, we first study the regularity of the

5 (@)
first derivative. Notice that ¢ — 8)3(; is almost surely continuous by equation ([2.15). Now take any

implying o
X
3z

<C(1+1?) (e%“%f—@)t + e(%”2m3—3a)t) . (2.23)

< C||g||3 oo(l —+ t2) (e(%dsz—a)t + 62(G2m?—a)t +e %02mf—3a)t) ’
9

@
sequence t,, — t. By (2.18]), the family of random variables {(”;;C"g'(Xt(:))m > 1} is uniformly

integrable. As a consequence, the second formula in (2.14) implies that (P;, g)'(x) — (P:g)'(z)
as n — oo, whence the desired continuity. The argument is similar for the second derivative,
using (2.19) and (2.21). That concludes the proof. O

Now we can compute a rate of convergence of the semigroups.

Proof of Theorem[2.2.3 Step 1. The main part of the proof will be to check that the conditions
stated in Proposition below allowing to obtain formula (2.11) are satisfied. This will be
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done in Step 2 below. Indeed, once this is shown, the rest of the proof will be a straightforward
consequence of Proposition [2.2.6] since, applying formula (2.11)),

|amw—wwuﬂ{/f$4A—mwam@@

<[ 1) (%) =4 () (K)o

///

<C— _Ef (x[N,)] ds

<CT||gH3 m/ (0 + e (14 B, [(x2,)7])) ds
<C (1 + i) T llollace( +2?) /t(l + 2)e (14 el E 2t g,
0

where we have used respectively Proposition and Lemma [2.2.5](i) to obtain the two last
inequalities above, and ¢ is any positive constant.

Step 2. Now we show that X"V and X satisfy the hypotheses of Proposition To begin
with we know that X and XV satisfy hypotheses (i) and (i), using Lemma

We now show how hypothesis (iii) can be proved for the processes X and X solving the

equations (2.2) and (2.3), based on Lemma Indeed, by Lemma It6’s isometry and
Jensen’s inequality, for all 0 < s <,

N

EY [(x) - X]N)?] =E, / XNdr + \FZ ull e pien s (r, 2,u)

S t]XR+><]R

<202t —s) [ BY [N P]ar 4 20* [ B[00

S

<20%CH (1 4 2?)(t — 8)? + 2020 (1 + 2°)(t — ).

This proves that X satisfies hypothesis (iii). A similar computation holds true for X.
P satisfies hypothesis (iv) thanks to Proposition m
We now show that P satisfies hypothesis (v) using the calculations of the proof of Proposi-

¢ (@)
tion [2.2.7] We first study the regularity of the first derivative. Notice that t — 8)5; is almost
surely continuous by equations (2.15). Now take any sequence ¢, — t. By (2.18), the family of

X > . . .
random variables {aa;"g/ (Xt(f)),n > 17 is uniformly integrable. As a consequence, the second

formula in (2.14) implies that (P;,g)'(z) — (P;g)'(z) as n — oo, whence the desired continuity.
The argument is similar for the second derivative, using (2.19) and (2.21).

Using Lemma [2.2.4 n we see directly that A and A satlsfy hypotheses (vi) and (viii). In
addition (vii) is straightforward for A, and it is a consequence of Lemma [2 below for AN. The
only remaining hypothesis (iz) is a stralghtforward consequence of Lemma below. O

Lemma 2.2.8. For all g € C2(R) such that Supp g C [-M, M|, we have

[(4%9)'|| _ < Cllgllae (14222,
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for some constant C > 0.

Proof. We have
(4Vg)' (z) = - ag'(z) — azg”(z) - Nf'(x)g(z) = N f(x)g ()
+ Nf'(z)E [g (:c + \/UN)] + Nf(z)E [g’ <x + \ZV)} .

Then it is clear that for all x € R, we have
|(49)' (@)] < Cwllgllzoo (1+ M) + ‘Nf’(x)E [g <x + \/UN)] ‘ + ’Nf(m)ﬂi [g’ (sc + fﬁ(ﬂ ' -)
2.24

We bound the jump terms using the subquadraticty of f and f’ (indeed with Assumptions
and we know that f’ is sublinear, and consequently subquadratic). We can write:

e
=[lg'l| P { —M}ﬁ{x—i— <M}>
e 0

=|lg'[|ccP { M+a:)} {\U| x—M)}).

Then for > M + 1, using that f(z) < C(1 + 2?), and for a constant C that may change from
line to line,

g <x + \/UN) H <[lg'llooE [1{|m+U/\/N\§M}]

q%\q
A |
i~

él

N

v

—~

1@ o (o4 o2 )]| <l @+ (|U| > VNG~ M)
<Ol (1082

<C% E[UZ]IIQIIOO

The last inequality comes from the fact that the function = € [M + 1, +o0o[— % is bounded
by 1+ (M + 1)2. With the same reasoning, we know that for all z < —M — 1, we have

U

2)E |¢ m—i—)H<C "o (14 M?).

e o (o o) | < Ol (14 007

This concludes the proof. O

Lemma 2.2.9. Let (gi), be a sequence of CL(R) satisfying sup [|g |, < oo, and for all x <
k

R, gr(z) = 0 as k — oo.
Then for all bounded sequences of real numbers (xy)k, gr(xr) — 0 as k — oo.

Proof. Let (z1)x be a bounded sequence. In a first time, we suppose that (xy), converges to some
x € R. Then we have |gi(zx)| < ||g}.||co|Z — k| +|gxk(x)| which converges to zero as k goes to infinity.
In the general case, we show that for all subsequence of (gx(x)), there exists a subsequence of the
first one that converges to 0 (the second subsequence has to be chosen such that zj; converges). O
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2.3 Convergence of the Markovian kernel

The main result of this section is the convergence of the Markovian kernel of X N to the invariant
measure of X.

Theorem 2.3.1. Under Assumptions and X is recurrent in the sense of Harris, having
invariant probability measure 7w(dx) = p(x)dx with density

1 200 [* gy
p(x) = C——exp <—/ dy) .
D= )y T
Besides, if Assumption holds, then for all g € C3(R) and x € R,

K _
|PNg(x) —mg| < Cllglls.o (1 + ) (W e ) ,

where C and 7y are positive constants independent of N and t, and where K; is defined in . In
particular, PN (x,-) converges weakly to © as (N,t) — (00, 00), provided K; = o(v/N).

If we assume, in addition, that o > %02L2, then PN (x,-) converges weakly to m as (N,t) —
(00, 00) without any condition on the joint convergence of (t,N), and we have, for any g € C3(R)
and x € R,

1 _
1PN g(x) — mg| < Cllgllao(l +2%) (\/N Lo vt) .

We begin by proving some properties of the invariant measure of P;. In what follows we use the
total variation distance between two probability measures vy and v, defined by

1
||V1 - 1/2||TV = ) sup ‘Vl(g) - V2(9)|~
g:llglleo <1

Proposition 2.3.2. If Assumptions and hold, then the invariant measure 7 of (P;); exists
and is unique. Its density is given, up to multiplication with a constant, by

1 200 [Ty
p(x) = C——exp (—/ dy) .
W= P\ )y Tw)
In addition, if Assumption holds, then for every 0 < q < 1/2, there exists some v > 0 such that,

for allt >0, )
1Pi(z,) = 7llpy < C (14 2%) e

Proof. In a first time, let us prove the positive Harris recurrence of X implying the existence and
uniqueness of 7. According to Example 3.10 of [Khasminskii (2012) it is sufficient to show that
S(z) == [ s(y)dy goes to +oo (resp. —o0) as = goes to +oo (resp. —oc), where

s(x) = exp (i(j /Oy fzjv)dv> .

For x > 0, and using that f is subquadratic,

vo2
s(x) > exp (C/ HUUde) =exp (Cln(1+3%) = (1+y*)° > 1,
0
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implying that S(z) goes to 400 as z goes to +oo. With the same reasoning, we obtain that S(z)
goes to —oo as = goes to —oo. Finally, the associated invariant density is given, up to a constant,
by

C

p(x) = ——.
= s
For the second part of the proof, take V(x) = (1 4 22)?, for some g < 1/2, then

V/(2) = 2q2(1 + 2271, V" (@) = 2q(1 + 22)72[22%(q — 1) + (1 +2)].

As ¢ < 3, V"(z) <0 for 2? sufficiently large, say, for [z| > K. In this case, for |z| > K,

2 2
i 2 2yg—1 _
AV (z) < —2aqz*(1+2°)9 " < —QQqWV(x) < —QQOLWV(T,) = —cV(x).
So we obtain all in all for suitable constants ¢ and d that, for any x € R,
AV (z) < —cV(x) +d. (2.25)

For any fixed T > 0, the sampled chain (Xj7),>0 is Feller and w—irreducible. The support of
being R, Theorem 3.4 of Meyn and Tweedie| (1992)) implies that every compact set is petite for the
sampled chain. Then, as (2.25) implies the condition (C'D3) of Theorem 6.1 of Meyn and Tweedie|
(1993), we have the following bound: introducing for any probability measure p the weighted norm

lullv == sup  |u(g)l,
g:1g1<14+V

there exist C,y > 0 such that
1P:(2, ) = wllv < C(1+V(2))e™ "
This implies the result, since || - ||y < || - ||v. O

Now the proof of Theorem [2:3.1]is straightforward.

Proof of Theorem[2.3.1 The first part of the theorem has been proved in Proposition 2:3.2] For
the second part, for any g € C3(R),

|PNg(x) — mg| <|PNg(x) — Pig(x)| + | Prg(x) — mg|

K _
Sﬁ(l +2?)|lglls.00 + l9llocl | Pe(2, ) = llzy

K
<Ilglls.0eC (tu L) et >) ,

vN
where we have used Theorem and Proposition Since (1+2?)? < 1+ 22, g being smaller
than 1/2, this implies the result. O
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2.4 Convergence of the system of point processes

In this section, we show the convergence of the point processes ZV:* defined in to some limit
point processes Z° having stochastic intensity f(X;) at time ¢. To define the processes Z¢ (i € N*),
we fix a Brownian motion (B;);>¢ on some probability space different from the one where the
processes XV (N € N*) and the Poisson random measures 7; (i € N*) are defined. Then we fix a
family of i.i.d. Poisson random measures 7; (i € N*) on the same space as (Bi)i>o, independent
of (B;)i>0- This independence property is natural (see Proposition [2.4.4] below), and it allows us
to consider the joint distributions (X, 7, ..., 7, ..), where X is deﬁned as the solution of (2.3)
driven by (Bj)¢>0- The limit point processes Zi are then defined by

2; = / I — d] (S z 'LL) ( 26)
T [Oat XR+><R { <7J (Xb)} ? 9~y
he maln resu ' 0[ lhlS SeCtl(n .S

Theorem 2.4.1. Under Assumptwns and the sequence (ZN LgN2 Nk .)N

converges to (Z',Z2,...,Z% .. .) in dzstrzbutwn in D (R+,R)

Let us give a brief interpretation of the above result. Conditionally on X, Z',..., Z* are in-
dependent. Therefore, the above result can be interpreted as a conditional propagation of chaos
property (compare to/Carmona et al.[(2016)) dealing with the situation where all interacting compo-
nents are subject to common noise). In our case, the common noise, that is, the Brownian motion
B driving the dynamic of X, emerges in the limit as a consequence of the central limit theorem.

Remark 2.4.2. In Theorem we implicitly define ZN* := 0 for each i > N + 1.

To prove the convergence of ZV¥ to Z' (i € N*), we start by proving the convergence of their
stochastic intensities. This is a straightforward consequence of Theorem and the following
lemma.

Lemma 2.4.3. Let f : R — R be a continuous function. Then the function ¥ : x € D(R4,R) —
fox € DRy, R) is continuous.

Proof. Let us consider a sequence (x,, ), of D(R,R) that converges to some x. We fix a T > 0 such
that (x,), converges to z in D([0,T],R). Then we can consider increasing functions Ay defined
on [0,T] such that Ax(0) = 0, AN(T) = T, |[[Id — AN||co,jo,r7 Vanishes and [[zn — 2 0 An|[oo,j0,7]
vanishes as N — oo.

For N big enough, we know that ||zn|[sc 0,71 < ||2]|oc,0,7] + 1. Introducing the modulus of
continuity w of f restricted to [0,2|z||so,0.77 + 1], w: [0,2]|%||c0 j0,7] + 1] = R4, we have

|[foxn — foxoAnloopr <w(|[tny — 20 AN]|oo,0,77) = O
as N — oo. O

To prove the convergence of ZV+* to Z?, the convergence of their respective intensities (that is,
the convergence of f(X}), to f(X;),.,) is not sufficient, since we also manipulate the Pois-
son random measure ;. So we need to prove the convergence of the pair (XN, 771-) to (X,fri) in
distribution in order to apply Theorem This theorem roughly states that, under appropri-
ate conditions, the convergence in distribution in D(R4,R) of the stochastic intensities of points
processes implies the convergence the point processes in distribution in D(R4, R).
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Proposition 2.4.4. Under Assumptions and for each k > 1, the sequence
L (XN, my,...,m) converges weakly to L (X) @ L (m1) @ ... ® L ().

Proof. We just prove the proposition for k£ = 1 to simplify the proof, but the general case is almost
the same.

Recall that D(Ry,R) is separable and complete (see Theorem 16.3 of Billingsley| (1999)), and
M, the space of locally finite measures endowed with the topology of the vague convergence, is
also separable and complete (Theorem A2.6.111.(i) of Daley and Vere-Jones| (2003)). Hence the
product of the metric spaces (D(R4,R) x M) is also separable and complete. Since the sequence
(Xn)n is tight on D(R4,R) and ! is tight on M, (see Theorem 1.3 of Billingsley| (1999)), the
couple (X, 7t) is tight on (D(R,,R) x M).

Thus it suffices to show that any weakly convergent subsequence of D (X%, ) converges to
D(X) ® D(r!) (see Corollary of Theorem 5.1 of [Billingsley (1999)). To simplify the notations we
assume that D(X, 7!) is already a weakly-converging subsequence, converging to some limit P.

Let (Y, 7) € (D(R4,R) x M) such that (Y, 7) ~ P. It is easy to see that

Y~ X and 7~ 7,

but we do not know yet if both are independent.

In the sequel we suppose that (Y, 7) is defined on a filtered probability space (', A’, (Fi)}>0, P’)s
where B

F = (Fp. 7" = o(Ye,n([0, 5] x A), A€ BRy xR), s <1).
T>t

Step 1. We show that 7 is a (P’, (F:")+>0)—Poisson random measure on [0, +oo[xR; x R , with
non-random compensator measure dt X v where v = dz x p(du).

For that sake, it is sufficient to show that for all s < ¢, disjoint sets Uy, ..., Uy € B(Ry x R),
and A\, ..., A\ >0,

(2.27)

i=1 i=1

k k
E (exp (= Xim(]s, 1] x Uz')]lf?) = exp l(t — )Y (e = 1)w(Uy)
To prove ([2.27)), it suffices to show that for all s; < ... < s, < s, all bounded 1, ... p,, disjoint
sets Uy,...,Ux € B(Ry x R), and sets V1,...,V,, € B(R; x R),

k
IE (exp [—Z)\m(]s,t] X U)|e1(Zs,) % ... x %(zsyl)) = (2.28)

k
exp [(t —8) > (e = Ww(U) | E(p1(Zs,) X .. X on(Zs,))

i=1

where Z,, = (Ys,, 7([0, 8;[x V)

The previous equality holds if we replace Y by X~ and m by m;, because 7!(]s,¢] x U;) and
Zé\lf, .. .,Zévn are independent, where Zé\if = (Xg,m([o,si[xvi).

This implies that 7 is a (P, (F7);) —Poisson random measure. By right continuity of s
exp [(t —s) 31t (e7* — 1)v(U;)], this implies that 7 is also a Poisson random measure with respect

o (P, (F)t)-
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Step 2. Fix a test function ¢ € C7. Now we show that

02

(Y1) — o(Yo) + a/o ¢ (Yy)Yodv — 7/0 " (Yy) f(Yy)dv (2.29)

is a (F7), —martingale. Fix s; < sy <...<s, < s < together with continuous and bounded test
functions t; and disjoint sets Uy, ..., U, € B(R4, xR). Denote Z,, = (Ys,,7([0, s;[xU;). It suffices
to show that

E K@(Yt) —cp(Ys)—Fa/ & (V) Yodv — %/ @"(Yv)f(Yv)dv> Hwi(z&‘) —0. (2.30)

To prove (2.30)), we shall use that

WtN—cp(X,fv)-i—a/Otcp' (X,ﬁV)Xngv—N/Otdv/Rdu(u) {go (X{,V+\/%> —ga(Xf)V)} F(xh

is a (F7), — martingale.
As a consequence, for all N > 1,

E l(WtN -wh) ﬁwk (zX)| =o.

Using the integral form of the remainder in Taylor’s formula applied to the expression in the
jump term of W2, we can write WN — WX as

¢ o2 [t 1
SD(XtN)f‘P(X‘iv)+O‘/S w'(Xf,V)Xf;Vdvfj/s o (X0 £ (X do+ =,

where ® is a random variable whose expectation is bounded uniformly in N. Thus,

B [(wzv ) T 2

=E [F,, (XN,M)] +—=E lq) ﬁ Vi (Zﬁi)

EH

where
Fusleum) = (pte0) = o) +a [ oo = G [ o) fw)an )
H Yk (m5k7m([07 Sk[XUk))
k=1

is a continuous function on D(R4,R) x M. If F,; was bounded we could make N go to infinity in
the previous expression (since (X™, 1) converge in distribution to (Y, 7)). So we have to truncate

and consider F2 (z,m) := Fy (z,m) - &y | sup |z, ), where £y : R — [0,1] is C*° and verifies
0<r<t

Lgj<ny < Em(@) < Lyjgj<miny-
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Recall that we want to show (2.30), that is, E[F; . (Y, 7)] = 0. We start from

E(Foe (V)| = [E[Fye (V)] — [(W#V W) [T (22) |
k=1
<[ ot (1= (g, ) )| a3
o[ (g ) [ ) (g b 2
+ ’JE {Fs)t (XN, m) (1 —€u (Os;% \X,{V\)ﬂ ‘ . (2.33)

Using the fact that 1 — &a(x) < 1gjp >y, Cauchy-Schwarz’s inequality, Markov’s inequality

and Lemma [2.2.5] we can bound (2.31)) and (2.33) by C/v/M for some C' > 0 that is independent
of N.

Now, fix some € > 0 and consider a constant M. > 0 such that (2.31) and are smaller
than e. In a next step, we choose an integer N, big enough such that is smaller than . As
a consequence, |E [F; (Y, m)]| < 3¢ for all € > 0, whence E [F, (Y, 7)] = 0 which means that for all
¢ € C3(R), the expression is a (F?);—martingale.

In the following we need to prove that for all ¢ € C3 (not necessarily bounded), the ex-
pression is a (F7);—local martingale. So we introduce the stopping times 7x = inf{t >
0 : Y} > K}, and for ¢ € C3(R), we define px € C2(R) by pr(z) = ¢(x)éx(z). Now
if F;f . denotes the function Fj; we used previously, by definition of F,7x and ¢, we know
that E [F& o iare (YV.m)] = E[FS5, i are (Y, m)] which equals 0, since the expression with
¢or € C3(R) is a martingale.

Hence we have shown that the expression in is a (F);—martingale if p € C3(R), and
that it is a (F});—local martingale if ¢ € C3(R). By right-continuity of s — Yj, this implies that
the expression in is martingale (resp. local martingale) with respect to (F;); for ¢ € C3(R)
(resp. ¢ € C3(R)).

Step 3. Now we show that Y and 7 are independent. By Theorem II.2.42 of
, Step 2 implies that Y is a (P’, (F;')t>0)—semi-martingale with characteristics
B; = —« ftsts, v(ds,dz) = 0, C; = fot o2 f(Y,)ds. Moreover, Theorem III1.2.26 of
implies that there exists a Brownian motion B’ defined on (¥, A", (G¢)¢>0, P’),
such that Y is solution of

t t
Ytzyo—a/ sts+o—/ VIV)dB,.
0 0

So B’ is defined on the same space, but for the moment we do not know that this Brownian motion
is indeed a Brownian with respect to the filtration we are interested in, that is, with respect to
(]-'t/)tzo. To understand this last point we use the Lamperti transform. To do so, we need to
introduce

o
h(z) ::/O Wdt.

Note that the function h above is well-defined since the function f is positive and continuous.
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Using Ito’s formula, one gets that Y; := h(Y3) solves

2
dY; = —al'(Y)Yedt + oh' (Y:)y/F (YD) dB] + T-h" (V) f (Vi)

In other words,
t 0_2 t
oB; = h(Y;) — h(Yy) + a/ N (Ys)Ysds — ?/ R (Yy) f(Ys)ds
0 0

is exactly of the form as in (2:29), for the test-function ¢ = h that is C3. Thus we know that (Bj});
is a (P, (F')t>0)—local martingale.

By Theorem II.6.3 of Tkeda and Watanabe| (1989) we can then conclude that B’ and the Poisson
random measure 7 - which are defined with respect to the same filtration, living on the same space
- are independent, and thus also Y and . O

Proof of Theorem [2.].1, We know that, for any k > 1, (f o XV, 7', .., 7%) converges to (f o
X, mt ..., 7%) in distribution in D(R,,R) x M* where at the limit, X is independent of the Poisson
measures (indeed Theorem gives the convergence of X% to X, Lemma allows to deduce
the convergence of fo X% to fo X, and Proposition proves the independance between X and
the Poisson measures). Then, Theorem implies the result. O

An alternative proof of Theorem [2.:4.1] consists in applying Theorem IX.4.15 of

to the semimartingale (X, ZN:1 ... ZN’k). This theorem gives in particular the
convergence of (ZN:1 ... ZN#) to (Z',...,Z%) in D(R,,R¥) for any k € N*. Thus, it implies the
convergence in D(Ry,R)* for any k& € N*, whence the convergence in D(R,R)Y". This proof is
more classical and easier to apply than the previous one. However we chosed to show the first proof
because it can be used to case where the stochastic intensities are not semimartingales.
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Chapter 3

Generalized Erlang kernel in a
multipopulation frame

In this chapter, let us generalize the previous model in two directions: we consider a more general
convolution kernel of the form of a polynomial function multiplied by an exponential factor, and
we consider a multipopulation framework in a similar way as in [Ditlevsen and Locherbach| (2017)).

More precisely, we consider a finite number d € N* of populations, where each population is
a meanfield system, and the interactions between the particles are interaction between the popu-
lations: for each 1 < k < d, let I(k) be the set of the populations 1 < [ < k that send spikes
to the neurons of the population k. Let us note Ny (1 < k < d) the number of particles in the
population k. As before, let N = Zle N; the total number of particles. Let hy (1 < k < d) be the
convolution kernel of the population k:

Nk ;
—a Z t*

hk(t) =e Kt ak’iﬁ7 (31)
=0 :

where ar; € Rand o > 0 (1 <k <d,0 <1i < ng). The convolution kernel (3.1) is a generalization
of the so-called Erlang kernel. This kind of kernel has been studied in |Duarte et al.| (2018]).
We consider the following system of Hawkes processes:

N,k,i R :
ZNk = / 1{ngk(xgv,k)}d7rk (s,2z,u), 1<k<d1<i<Ng,
[0,t] xRy xR i

N,k —a N
Xt = € ktak,oXO ’
N;

1 / Li

+ i u-hi(t—s)l Nandm (s, z,u), 1<k<d

1621(;) A ; [0,t] xRy xR ( ) {z=n(h} (s 2,u), ’

(3.2)

where 7% (1 < k < d,i > 1) are independent Poisson measures on Ri_ xR with respective intensities
dt - dz - dpy,(u), with u* (1 < k < d) are centred probability measures on R.

This system seems more complicated than the previous one with exponential kernels, because
here, the process (X™¥);<j<4 is not Markovian nor a semimartingale. But we show that we can
reason in a similar way as in the previous chapter since (XV:* )i<k<d is a coordinate of a Markovian
semimartingale.
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Let us introduce, for 1 <k < d,0 < r < ng,

Nk o= t}: yNok.j
Y, =e” k,J Yo !
(j—r)

ng t— S _r 4
+ / U - A j e —(Xk(t—s)]l . NI d?Tl’l(S,Z,u).
Z \ﬁz [0,¢] xRy xR Z TG =) {z<n(xThH}

1e1(k) j=r

One can note that, for all 1 < k < d, YNK0 — XNF (provided that (Y] " )ocjcn, =
(Xév’k,O,...,O)), and that

Lemma 3.0.1.
Ay = — YRt + YN”“””“dt (3.3)
+ ag.r Z \/— /R RU ]l{z<f(YN10}d7r (t,z,u), 0<r<ng,
leI(k) x
dY VR — o y Nk gy (3.4)

+ ap.n / u-Tg, N0y dmb t,z,u).
PR PN AR CE

lel(k)
Proof. Let us just prove the case r < ng. Note

N iy N
}/t k7 — eakt}/t ,k,r’

and remark that

YNk: r 2 :a’k,j 0N k,J
j-'l"

K
t—S - as 1,3
p> \ﬁ /[Ot]xﬂhxkuzak’] '—r! L e vprtoyy dm (s, 2 w).
IGI J=r

As a consequence

Nk, N,k,r+1 t

dy; T yNkr dt+ak7 Ok Z \/ﬁl A+XRu 1{Z<f(YNIO}d7T (tZU)

lel(k i=1

On the other hand, the integration by parts formula gives

dYVFT = e YN At + entdy, o
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The limit system is given by the following stochastic differential equations

AV = — ap YT dt+ YR At ap, Y o/ (Y )dB], 0 < < ny, (3.5)
)

lel(k
d?;k’nk = — akzk’nkdt + ak n, Z o/ fl(ﬁl’o)ng,
1e1(k)

where (Bl)lglgd is a d—dimensional Brownian motion and (TZQ is the variance of ul. Consistently to
the previous notation, we note X* := Y*.0,

As these equations are similar to (2.2)), we prove similar results as in Chapter [2] using very
similar arguments. As a consequence, we juste write the main steps of the proofs. The only result
that we omit in this chapter compared to the previous one is the convergence of the Markovian
kernel of the N—particle system to the invariant measure of the limit process (i.e. the result of
Section . This kind of question about invariant measures is known to be more complicated in
a multi-dimensional framework, and we do not investigate it in this thesis.

3.1 Assumptions
In this model, we need to assume that each population satisfies the assumptions of Section We
also need another assumption stating that, in the limit system, each population survives.

Assumption 3.1. For each 1 < k < N, we assume that Ny /N converges as N goes to infinity to
some Ay, €]0,1[.

Then, as in the previous model, we need an assumption on the functions f; (1 < k < d) to
guarantee the well-posedness of the stochastic differential equations.

Assumption 3.2. for all 1 < k < d, \/fx is a positive and Lipschitz continuous function, having
Lipschitz constant L.

We also need to control the moments of the processes (YtN’k’T) and (Y;’”) , and to assume
t t
that the measures py (1 < k < d) are centered because of the normalization in N—1/2,
Assumption 3.3. For each 1 <k <d,

o [patdio(x) < oo and sup [, xtdu(z) < oo.
NeN* ’

o Ly is a centered probability measure having a fourth moment, we note O']% its variance.

Assumption 3.4. We assume that the functions fr (1 < k < d) are C* and for each 1 < <
4, (\/7)(5) is bounded.

Assumption guarantees that the stochastic flow associated to (3.9) has regularity properties
with respect to the initial condition Xy = z.

Assumption 3.5. Xév’k converges in distribution to XJ.

An adaptation of the proof of Proposition 2.1.2] allows to prove
Proposition 3.1.1. If Assumptions and hold, the equations (3.3) and (3.4) admit unique

non-exploding strong solutions.
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3.2 Convergence of (Y"*")y in distribution

The goal of this section is to prove two results: the convergence of XV to X and the rate of this
convergence.

3.2.1 The convergence of YV:&"

As in the previous chapter, the convergence of (Y™57) 1<« as N goes to infinity can be proven
1<r<ng

using convergence martingale theorem (Theorem IX.4.15 of |Jacod and Shiryaev| (2003)).

Theorem 3.2.1. Under Assumptwnsl,ﬂ.and., (Y Nk ) 1<k<d converges to (YT 1<k<d

1<r<ng 1<r<ng

in distribution in D(R+,Rnk 17k )

Proof. Using the notation of Theorem IX.4.15 of Jacod and Shiryaev]| (2003)), with the truncation
function h = Id, we have

b/N,k,r(y) :—Oékyk’r+yk’r+l, r < ng,
blN,k,nk - _ akyk,r
Nk
s .dv) lefl O [ol e T Saua | dut),
R

keI-1(1) =0

kg o> dpy ()

i [y 1
00— [l (Y, ) = Nist) [
> e N

leI(k)NI(k")

=0k, rQk’ r Z fl(yl O)Ul )

leI(k)NI(k')

where ey, denotes the unit vector related to the coordinate (k, 7).

The function 'N-*" and &@N-(*:)-( ") o not depend on N. And for any continuous and bounded
function g null around zero, fg (y) KN (-, dy) vanishes as N goes to infinity. So Theorem [X.4.15
of Jacod and Shiryaev| (]2003[) implies the result. O

Theorem 3.2.2. Under AssmnptwnsEv . . and. Nk)) ck<a converges to (X*)1<p<a
in distribution in D(R,,R%).

Proof. Recalling that XV-* = YNF0 and X*¥ = Y0 the results is a straightforward consequence
of Theorem B.2.11 0

3.2.2 Rate of convergence of Y/V:F"

In this section we provide a rate of convergence for Theorem [3.2.1

Theorem 3.2.3. Under Assumptions and for all' T > 0, for each g € C’g(]RHizlnk)
and y € RITis ™k

d

sup | PN g(y) — Pig(y)] < Ci (1 +11yl13) llgll3.00 Z
0<t<T
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To begin with, we can prove bounds for the processes YV57 and Y*" in the exact same way
as in Lemma Hence, we omit the proof.

Lemma 3.2.4. Under Assumptions[3.4 and[3.3, the following holds.

(i) For allt >0 and y € RITiz e, U Ml } (1+||y||3)Cr, for some Cr > 0 independent
of N and y.

(i) For allt > 0 and y € RITi-1me, E, [HYtHﬂ < (1 +||yll3)Cr, for some Cr > 0 independent
of N and y.

(iii) For all N € N*,T > 0, E [supy<;<7 |[Y][3] < +00 and E [supgc,<r [|V¢|3] < +o0.

(iv) For allT >0,N € N*, sup E, [[[VV|[1] < Cr(1+y*) and sup E, [||Y;|]1] < Cr(1+y*).
0<t<T 0<t<T

We begin by establishing a rate of convergence for the (extended) generators of the processes.
Let us note AN the generator of YV, and A that of Y.

Lemma 3.2.5. C2(RITi-1nx C D' (A), and for all g € C? RITi-1 %) and y € anﬂnk, we have
b b

d Nk d nip—1
- Z Ak Z "k 9y Z Z v 00 9(y)
k=1 r=0 k=1 r=0

+ Z A Qk! ! Z U?fl(yl’o) a(zk,r),(k/,w)g(y)-

(k,r), (k1) leI(k)NI(K')

Moreover, C} (anzlnk) cD (AN), and for all g € CZ}(anzl ") and y € anzlnk, we have

ANg(y) Zaka e gW) + YD YT 9 (y)

k=1 r=0 k=1 r=0

1
1,0 " "y - o
+;szz(y )/]R ga\vt 5 > z; kot err | —9(y) | du(u)

Now we can give the convergence speed of the generators, using once again Taylor-Lagrange’s
inequality.

Proposition 3.2.6. If Assumptions and hold, then for all g € Cg(anzl e,

[Ag(y) - AV g(y) 216 [ el da

where the constant C' depends on the functions hy (1 < k < d) defined in (3.1)).
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As in the previous model, we obtain a convergence speed for the semigroups from that of the
generators using Proposition stating that

(Pt - PtN) g(l‘) = /0 PtJXs (A - AN) Psg(x)dsa (36)

under suitable assumptions on the processes.
In order to apply Proposition in this model, the only result whose proof is not the same
as in the previous model (i.e. the model of Chapter [2)) is the regularity of the limit semigroup (i.e.

Proposition [2.2.7]).
Proposition 3.2.7. If Assumptions and [3.4) hold, then for all t > 0 and for all g €
C’E(Rnizl k), the function y — Pig(y) belongs to Cg(anzlnk) and satisfies

= n
sup H(Ptg) H < QT1C|9l13,00,
0<t<T oo

with Q1 some constant that depends on T'.

Remark 3.2.8. Contrarily to Proposition[2.2.7], in Proposition[3.2.7, we do not provide an explicit
expression for Qr, because the computations are far more tedious.

Proof. The idea of the proof is very similar to the proof of Proposition The main part of the
proof consists in obtaining controls on the moments of the derivatives of the stochastic flow of YV,
to control the derivatives of its semigroup. These controls can be obtained in classical way applying
Ito’s formula and Gronwall’s Lemma. O

Now we can compute a rate of convergence of the semigroups.

Proof of Theorem[3.2.3 We can prove with the same arguments as in the previous chapter that
the semigroups PV and P satisfy the hypothesis of Proposition Then, thanks to (3.6), we
have

|Prg(y) — PN gly)| = ’/0 PN, (A— AN) Pyg(y)ds

</ BN [JA (Pag) (Y,) — AV (Pag) (V.)|] ds

1
VN,

U

<Ce (1+Iyli3 Z

=1

)

which proves the result. O
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Chapter 4

Model with reset jumps : Hawkes
processes with variable length
memory

This chapter is based on [Erny et al.| (2020).

In this chapter, we study a particle system close to the one studied in Chapter 2} This system
is designed to model neural systems. More precisely, it models the biological fact that, right after
a neuron emits a spike, its membrane potential is reset to zero, interpreted as resting potential.

More precisely, we consider, for each N > 1, a family of i.i.d. Poisson measures (7’ (ds, dz,du));=1,..

on Ry x Ry x R having intensity measure ds - dz - v(du) where v is a centred probability measure
on R, as well as an i.i.d. family (Xév’i)i:17,,,,N of R-valued random variables independent of the
Poisson measures. The object of this chapter is to study the convergence of the Markov process
XN = (XtN’l, . ,XtN’N) taking values in RV and solving, for i = 1,..., N, for t > 0,

t
XtN’Z = Xév’l—oz/ Xiv’ldS—/

0 [0,t] xRy xR
1

_ ) J
+\/N;/[o t]x&xRUI{ZSf(Xi’J)}W (ds, dz, du),
g#i 9

N
XO T~ 0-

Xﬁil{zgf(xii)}ﬂi(ds, dz, du)
(4.1)

In these equations, there is an underlying system of Hawkes processes (ZV+?);<;<y that can be
defined as

Zin :/ 1 N,i dﬂﬂ;(S,Z,u)_
' [0,t] xR xR {ZSf(XSi )}

Indeed, the system (X% "“Y1<i<n satisfies the following Hawkes-type dynamics

N
; 1 ) )
p GAL— E / e (t=9)y1 v dml (s, z,u) + e XN,
bVN S axe e {esreemn} oo

35

N



where L! = sup{0 < s <t : AZN* = 1} is the last spiking time of neuron i before time ¢, with
the convention sup @ := 0. Thus the integral over the past, starting from 0 in classical Hawkes-type
dynamics, is replaced by an integral starting at the last jump time before the present time. Such
processes are termed being of variable length memory.

The goal of this chapter is to study the convergence of (X™'!);<;<y as N goes to infinity, in
distribution in D(R,, R)Y" endowed with the product topology, where D(R,R) is endowed with
Skorohod topology. The associated limit system (given in below) is not classical and not
obvious. The next section is dedicated to explain informally how the limit particle system should
a priori look like. Let us note (X%);>1 the limit system of (X™¥);<;<ny as N goes to infinity.

4.1 Heuristics for the limit system
Let us remark that in (4.1)), the only term that does depend on N is the jump term of the second
line which is approximately given by

1 N

MN = ul N dm (s, 2, u).
! \/7 Z [0,t]xR4 xR {ng(X57 )}

Then in the infinite neuron model, each process X* should solve the equation (4.1I)), where the

term of the second line is replaced by M; := ]\}im M} . Because of the scaling in N-1/2_ the limit
—

o0
martingale M; will be a stochastic integral with respect to some Brownian motion, and its variance

the limit of
tq N )
= ot [ 53 pe s
o NV

where o2 is the variance of v. Therefore, the limit martingale (if it exists) must be of the form

_ 2 J _
oo [\ e 3o (52) v o [T 7T

where ziY is the empirical measure of the system (X7), _j<y and W is a one-dimensional standard

Brownian motion.
Then, admitting that the sequence of empirical measures (fi
the limit system (X*);>1 should satisty

N)n converges to some measure /i,

t
. 0 [0,t] xRy xR T
+ [ ovumaw.,
. 0
Xy ~ .
As iV (N € N*) are empirical measures of infinite exchangeable systems, their limit y, if it exists,
is necessarily the directing measure of the exchangeable system (X%);>; (see Proposition (7.20) of

Aldous| (1983)). Moreover, as conditionally on W, the variables X’ (i > 1) are i.i.d., Lemma (2.12)
of |Aldous| (1983) implies that u = L(X|W) = L(X|W).
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As a consequence, the limit system (X?);>1 should satisfy
X = —a/ X! ds—/ X571{2<f(X1 9T “(ds, dz, du)
[0,6] x R4 xR

+a/ E £ (X)) [ w]aw., (42)

In the above equation, (W});> is a standard one-dimensional Brownian motion which is independent
of the Poisson random measures, and W = a{W;,t > 0}. Moreover, the initial positions X§,i > 1,
are i.i.d., independent of W and of the Poisson random measures, distributed according to vy Wthh
is the same probability measure as in . The common jumps of the particles in the finite system,
due to their scaling in 1/ V/N and the fact that they are centred, by the Central Limit Theorem,
create this single Brownian motion W; which is underlying each particle’s motion and which induces
the common noise factor for all particles in the limit.

The limit equation is not clearly well-posed and requires more conditions on the rate
function f. Let us briefly comment on the type of difficulties that one encounters when prov-
ing trajectorial uniqueness of (£.2). Roughly speaking, the jump terms demand to work in an

—framework, while the diffusive terms demand to work in an L?—framework. (Graham| (1992)
proposes a unified approach to deal both with jump and with diffusion terms in a non-linear frame-
work, and we shall rely on his ideas in the sequel. The presence of the random volatility term which
involves conditional expectation causes however additional technical difficulties. Finally, another
difficulty comes from the fact that the jumps induce non-Lipschitz terms of the form X! f(X!). For
this reason a classical Wasserstein-1—coupling is not appropriate for the jump terms. Therefore we
propose a different distance which is inspired by the one already used in |[Fournier and Locherbach
(2016).

To simplify the notation, we just prove the well-posedness of each coordinate of the system .
That is

X§ ~

Xt = XO—OZ-/ X dS—/ Xsfl{zgf()’(si)}’ﬂ'(ds,dZ,d’U,)
[0,t] x R4 xR

+a/ VE [f(Xs) | W]dws, (*3)

4.2 Assumptions on the model

In order to guarantee existence and uniqueness of a strong solution of , we introduce the
following hypothesis.

Assumption 4.1. The function f is Lipschitz continuous.

In addition, we also need the following condition to obtain a priori bounds on some moments of
the process (XN’i)1<i<N .
Assumption 4.2. We assume that [, xdv(z) =0, [, 2*dv(z) < 400, and [, #*dvy(x) < +oo.

Under Assumptions[4.1]and[4.2] existence and uniqueness of strong solutions of (4.1)) follow from
Theorem 1V.9.1 of [Tkeda and Watanabe| (1989)), exactly in the same way as in Proposition m
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The limit system (4.2) being less classical than (4.1), we need less standard Assumptions to
prove its well-posedness.

Assumption 4.3. 1. We suppose that inf f > 0.
2. There exists a function a € C*(R,R,), strictly increasing and bounded, such that, for a suitable
constant C, for all x,y € R,

|a"(x) — a”(y)| + |a'(x) = d'(y)| + |za’(x) — ya'(y)| + |f(x) = f(Y)| < Cla(z) - a(y)].

Note that Assumption implies Assumption as well as the boundedness of the rate func-
tion f. Let us give some examples of functions f that satisfy Assumption

Example 4.2.1. Any positive bounded and lowerbounded function f € C}(R,Ry) with

C

|f'(@)| < A5 apie

for all x € R, where C and £ are some positive constants, satisfies Assumption [{.3 with

_[" dy
ale) = /,oo TERTm)E=

where 1 is any smooth non-negative function satisfying ¥(y) = ly| for |y| > 1. If holds with
e =1, then we may choose simply a(x) = arctan(x) + /2.

Finally, fix some —o0o < a < b < co. Then any function f € C}(R,Ry) which is constant below
a and above b satisfies Assumption .

Let us note that this kind of function is interesting from a neuroscience point of view, if it is
in addition non decreasing. Indeed, when the potential of a neuron is below a (resp. above b), its
spiking rate is minimal (resp. mazimal), such that the neuron can be considered as inactive (resp.
active).

In order to prove the convergence of the finite particle system to the limit system, we need to
assume that the measure v has a finite third moment.

Assumption 4.4.

/R|u|3dy(u) < .

4.3 Properties of the model

4.3.1 A priori estimates for X"

In this subsection, we prove useful a priori upper bounds on some moments of the solutions of the
stochastic differential equations (4.1).

Lemma 4.3.1. Assume that[{.4 holds and that f is bounded:

(i) for allt >0, sup sup E [(Xév’l)Q] < +o00,

S
NeN+0<s<t
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(i) for allt >0, sup E { sup ’XNl‘] < 400,
NeN+  lo<s<t

Proof. Step 1: Let us prove (7).
2 2 t

XN = (xM! —2a/ XNt 2ds—/ XNt 1 N drd (s, z,u

( ! ) ( ‘ ) 0 ( ) [0,t]xR+xR( ) {e=s (20} ( )

2
x Vo1 u N1)2 i
+ 87’ 4+ — — Xs; 1 ~\ d J IS
Z/ xR [( /TV) ( ) ] {e<p(xN9)}AT (s,2,u)

2 N w \2 2
< (xM1)" L / (Xév’l + > —(xM1) |1 g dmi (s, z,u).
= ( 0 ) Z [0,4] xR xR VN ( ) s )

j=2

As f is bounded,

E {(X,f“)? <E {(X()N’lf] + ‘]’VQZN;/;E [f (XN9)]ds <R [(X{]“)Z} + 02| |f][ ot

Step 2: Now we prove (i7).

t
‘XtN’l’ S’X§,1‘+a/o |X;V,1|ds+/ ’X ‘]1 (z<p(xN }dwl(s,z,u) MY,

0,t] xRy xR
[ +

\/7 ‘

where M} is the martingale M} = Z;v:2 Lf[o,t]xR+xR“]l{zgf(XiVj)}dﬂ'j(S’ z,u). Then

t
sup !Xé\/',1| S ‘Xév’l‘ —|—Oé/ |X;Vvl|ds+/ ‘X ‘1 <f(XN‘1 }dwl(s,z,U)
0<s<t 0 [0,t] xRy xR o

1
+ —— sup |MY|.
\/NogsI;J |

To conclude the proof, it is now sufficient to notice that
1 N 1 12
gt L] <2 e
is uniformly bounded in N, since f is bounded, and to use the point (i) of the lemma. O
Let us end this section by proving some a priori estimates for the limit system.

Lemma 4.3.2. Suppose that f is bounded and that [, x*dvo(xz) < co. Then any solution (X})i>o
of {.3) a priori satisfies E {supsgt ()_(81)2} < oo forallt > 0.

Proof. We first prove the weaker result

supE [()_(81)2} < 00. (4.5)

s<t
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By Ito6’s formula,
, . - .
(th)QZ(X&)tQa/(X;)stwa/ X2V us(Faw.
0 0
t
0 o [O,t]xR+< Ve pxiyydn(s, 2)
i t
< (X2 20 [ XD+ [ (a4
0 0

Introducing, for any M > 0, 7a7 := inf{t > 0 : [X}| > M} and up(t) := E [(X}

tary )] 5 we have,
for all ¢ > 0,

un(t) < E[(Xg)?] + 0| flloct-
Then Gronwall’s lemma implies that for all T > 0,

sup sup up(t) < oo. (4.7
M>0 0<t<T

This implies that the stopping times 7j; tend to infinity as M goes to infinity. Then (4.5)) is
a consequence of (4.7) and Fatou’s lemma. Then, using Burkholder-Davis-Gundy inequality to

control the martingale part in (4.6)), we have, for all ¢t > 0,
t 1/2
([
0

<E[(X)?] + 0?1 loet + 20|l (1 = [z ds) ds.

E [ sup <X;>2} <E[(X2)7] + 02 flloct + 20| || cE

0<s<t

Then the result follows from point (4.5). O

4.3.2 Well-posedness of the limit system (X?);>;

In this section, we prove that the limit system is well-posed. More precisely, we prove the trajectorial
uniqueness for the equations of the system (4.2]), and the existence of a (unique) strong solution.

Theorem 4.3.3. Grant Assumption [].3

1. Pathwise uniqueness holds for the nonlinear stochastic differential equation .

2. If additionally, [, 2?dvg(z) < +oo, then there exists a unique strong solution (X;);>o of the
nonlinear stochastic differential equation .

Proof. Proof of Item 1. Consider two solutions (Xt)t>0 and (Xt)t>0, (Fi):—adapted, defined on the
same probability space and driven by the same Poisson random measure 7 and the same Brownian
motion W, and with Xo = Xo. We consider Z; := a(X;) — a(X;). Denote i,(f) = E[f(X)|Ws]
and fis(f) = E[f(Xs)Ws].

Using Ito’s formula, we can write
t R R . . 1 t . .
7y = —a/ (Xsa’(Xs) — Xsal(Xs)> ds + 5/ (a" (X)) s (f) — a” (X)) as (f))o?ds
0 0
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+ / (@ (X)) — d (X)) odW,
0
_/[O t]XRMR[a(Xg_) — (X pxonpex,ym(ds, dz, du)

+ / [@(0) — a(Xs )Ly yeucrix. py(ds,dz, du)
[0, xR xR {F(Xs-)<z<f(Xso)}

+ / [0(Xs) = a(OL 5. )ene i,y 7S dzydu) = A, + My + Ay,
[0,t] xR+ xR -

where A; denotes the bounded variation part of the evolution, M; the martingale part and A; the
sum of the three jump terms. Notice that

M, = / (@ (X)) — (X Fa(F)od WV,
0

is a square integrable martingale since f and a’ are bounded.
We wish to obtain a control on [ Z]| := sup,<, | Z,|. We first take care of the jumps of |Z;|. Notice
first that, since f and a are bounded,

Az, y) = (f(@) A f(y)la(z) = aly)| + [f(2) = f(y)] ‘IG(O) — a(y)] + |a(0) - a(z)|

< Cla(z) —a(y)],

implying that
t

Esup|A,| < CIE |a( s) —a(X,)|ds < CtIE|Z}).

s<t

Moreover, for a constant C' depending on 02, [1flloos [lalloos 10" ]| oos la”[|oe and «,
t A~ A ~ ~
Esup|As| < C | Eld(Xs)Xs —ad'(Xs)Xs|ds
s<t 0
t A
+C {/ la” (Xs) — \ds+/ |fvs(f (f)lds| .

0

We know that |a/ (X)X, — a/ (X)X, + |0 (X.) — a”(X,)| < Cla(X,) — a(X,)| = C|Z,|. Therefore,

FEsup|A;| < CE [/ |Zs |ds—|—/ s (f) — )|ds]

s<t

Moreover,

s(F) = (D = | B (F(X0) = FX)W) | < B (I£(X,) = FEDIW) < B(Z| W),

JE/ e (f) — fis )|ds<E/ \Z4\ds < tIE| Z7).
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Putting all these upper bounds together we conclude that for a constant C' not depending on ¢,

Esup |A| < CtIE|Z]|.
s<t
Finally, we treat the martingale part using the Burkholder-Davis-Gundy inequality, and we obtain

FEsup |M;| < CE

s<t

</Ot(a'(f(s) fis(f) — a’ (Xs) ;zs(f))st)l/T _
But

(@ (X)) = @' (X)Vis(F)? < € (0 (X0) = /(X)) + (Vo) = Vi (D)?]
< CIZi P+ C(Vis(f) = V(). (48)
where we have used that |a’(z) — a'(y)| < Cla(x) — a(y)| and that f and o’ are bounded.
Finally, since inf f > 0,
Vis(f) = Virs(DP < Cliss(f) = oI < C B ZL|W3)°
We use that |Z}| < |Zf|, implying that IE(|Z*||W) < IE(|Z{||W). Therefore we obtain the upper

bound
Wits(f) — Vis(F)? < C(B(|Z W)

for all s < t, which implies the control of

IEsup |M,| < CVLIE|Z}|.

s<t
The above upper bounds imply that, for a constant C not depending on ¢ nor on the initial condition,
B|Z;| < Ot + VO E|Z{],

and therefore, for ¢, sufficiently small, | Z}, | = 0. We can repeat this argument on intervals [t1, 2¢,],
with initial condition th, and iterate it up to any finite T" because t; does only depend on the
coefficients of the system but not on the initial condition. This implies the assertion.

Proof of Item 2. The proof is done using a classical Picard-iteration. For that sake we introduce
the sequence of processes Xt[o] = X, and construct the process X [ from X[ and ne = P(Xs[n] €
-[W) in the following way:

e let 0 <7 <7 < ... be the jump times of

t>0— }w(ds,dz),

]]- v
oAxk,  LSTEED

e set X"" = 0 (4 > 1) and define, X"} between the jump times: for all i > 1, for all
t €], Tital,

t
Xi[n-i-l] :O'/ efoz(tfs) /ug(f)de
0
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One can note, using the integration by parts formula, that X"+ satisfies the following stochastic
differential equation:

¢ ¢
)_(t[n+1] = Xo — a/ X+gs - / )_(S[iﬂ]l{Kf(X[n])}?r(ds, dz, du) + 0'/  un(f)dWs.
0 [0,t] xRy xR - ST 0

Using the same proof as the one of Lemma [£.3.2] we can show that for all ¢ > 0,

N2
sup sup E {(XS["]) } < 400. (4.9)
neN 0<s<t

Now, we prove the convergence of )_(t[”]. The same strategy as the one of the proof of Item 1. of
Theorem [4.3.3] allows to show that

6 == Esup |a(X[M) — o(X["~1)| satisfies 67 < C(t +V1)or L,

s<t
for all n > 1, for a constant C' only depending on the parameters of the model, but not on n, neither
on t. Choose ¢; such that

C(t1 +vt) <

N | =

Since sup,<;, 1a(X)| = a(Xo) < ||a]|o, we deduce from this that
0 < 27"|a| oo

This implies the almost sure convergence of a ()_(t[”]> to some random variable Z; for all ¢ € [0, t1].
n

As a is an increasing function, the almost sure convergence of X't[n] to some (possibly infinite)
random variable X, follows from this. The almost sure finiteness of X; is then guaranteed by
Fatou’s lemma and (£.9).

Now let us prove that X is solution of the limit equation which follows by standard
arguments (note that the jump term does not cause troubles because it is of finite activity). The
most important point is to notice that

W) = BFXMIW) = B(f(X)W)

almost surely, which follows from the almost sure convergence of f ()_(t["}) — f(X;), using dominated
convergerce.

Once the convergence is proven on the time interval [0,¢;], we can proceed iteratively over
successive intervals [kt1, (k + 1)t1] to conclude that X is solution of on R,.

Note that, thanks to this construction, we can show that p(f) is measurable w.r.t. o(W,. : r < s)
and that

ps(f) =E [f(Xs)’W] =E [f(Xs)’Wa] .

Indeed, we can prove by induction that, for any n, u?(s) and X " are measurable w.r.t. a(Xo)V
Ws V a(mjo,s))- For n = 0, it is clear since XLLO] = X, and u[so] = L(Xy). If we assume that the
result holds true for some n € N, then, thanks to the definition of X"+ we know that Xt[nﬂ]
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is measurable w.r.t. to o(Ws : 0 < s < t)Vo(r(Ju,v]) : 0 < u < v < t)Vo(Xp). Then, since
pm ) = B[ (XY W), and because we can write

W=cWs:0<s<t)Vo(W, =Wy :r>1t),

we know that 1" ™(f) = E[f(X"™))|o(W, : 0 < s < t)] (recalling that o(W, : 0 < s < t) is
independent of o(W,, — Wy :r > 1t) Vo(m) V o(Xo)). O

4.3.3 Properties of the limit system

In the sequel, we shall also use an important property of the limit system (4.2), which is the
conditional independence of the processes X ¢ (i > 1) given the Brownian motion W. This property
implies that u = L£L(X*|W) is the directing measure of the limit system (4.2).

Proposition 4.3.4. If Assumption@ holds then, X',..., X" are i.i.d. conditionally to W.

Proof. The construction of the proof of Item 2. of Theorem [4.3.3] together with the proof of
Theorem 1.1 of Chapter IV.1 and of Theorem 9.1 in Chapter IV.9 of Tkeda and Watanabe, (1989),
imply the existence of a measurable function ® that does not depend on k = 1,..., N, and that
satisfies, for each 1 < k < N,

X5 = ®(XE, 7k, W)

and for all ¢ > 0, B _
Xﬁox] = @t(Xé“, 7T|k[07t]><R+><R’ (Ws)s<t); (4.10)

in other words, our process is non-anticipative and does only depend on the underlying noise up to
time t.
Then we can write, for all continuous bounded functions g, h,

E [g(X)h(X9)| W] = E [g(@(X5, ', W)(@(XF, w0, W) W] = w(w),

where ¥(w) = E [g(@(f(é,wﬂw))h(@()_(g,ﬂj,w))} = E [g(®(X{, m',w))| E {h(q)()zg,wj,w))} =:
¥i(w);(w). With the same reasoning, we show that E [ g(X")| W] l/fg‘(W) and E [h(X7)| W] =
1;(W). The same arguments prove the mutual 1ndependence of X',... X" conditionally to W. [

Let us also mention that the random limit measure p satisfies a nonlinear stochastic PDE in
weak form. More precisely,

Corollary 4.3.5. Grant Assumption and suppose that fR 2%dvg(x) < +o00. Then the measure
p = P((Xy)i>0 € -|W) satisfies the following nonlinear stochastic PDE in weak form: for any
¢ € CZ(R), for anyt >0,

/RQO(JJ)Mt(dm) :/R x)vo(dx) + /0 (/ Z) s da:)) ws(f)odWy

# [ (160 = o) - e + 0% @) ).
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Proof. Applying Ito’s formula, we have

o060 = ol%0) + [~ (XX 3 (Xl ) s+ [ /00 VilPiaW.
+/ Licix,y (0(0) — o(Xo) m(ds, dz,du). (4.11)
[0,4] xRy xR

Since ¢’ ¢"” and f are bounded, it follows from Lemma and Fubini’s theorem that
t N ! _ 1
B ([ (- ap(R)%, 4 5o CanN)asii ) = [ £ (=ag! (X)X, + 5o (X (W ) ds

//( o' ( H;so () s (f)) 1s(dz)ds.

Moreover, by independence of Xo and W, IE(o(Xo)|W) = [5 o(x)vo(dx).
To deal with the martingale part in (4.11)), we use an Euler scheme to approximate the stochastic
integral I; := f(f ¢’ (Xs)\/ps(f)dWs. For that sake, let t7 := k27,0 < k < 2", n > 1, and define

2" —1

Itn = Z @I(th 7 / vV K dW87

k=0
then IE(|I; — I'|?) — 0 as n — oo, and therefore IE(I]*|W) — IE(I;|W) in L?(P), as n — oo. But

2" —1

EINW) = ZZE (X)) —>/IE (X)) iia (F)dWs

in L?(P), since the sequence of processes Y := ilgl Lpan, 1(s $)IE(¢' (X )W),0 < s
converges in L?(2 x [0,]) to (¢’ (X,)|W).

We finally deal with the jump part in ([{.1I). Since f is bounded, and by independence of
W and w, we can rewrite this part in terms of an underlying Poisson process V;, independent of
W and having rate || f||oc, and in terms of i.i.d. variables (V},),>1 uniformly distributed on [0, 1],
independent of W and of N as follows.

< t,

Ny
/[O S Licpxa_y (9(0) = (Koo ) m(ds, dz,du) = >~ Loy py v <p(xn, 3 (#(0) = o( X, ).
.

n=1

Taking conditional expectation E(-|W), we obtain

Ny
E (Z Ly Vi< (X, 3 (0(0) — sa(XTn_))|W>

n=1
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where we have used the independence properties of (V},),, Ny and W and the fact that conditionally
on {N; = n}, the jump times (71,...,T,) are distributed as the order statistics of n i.i.d. times
which are uniformly distributed on [0,¢]. This concludes our proof. O

4.3.4 Another version of the limit system

We have already stated the existence of a unique strong solution (X%);>1 of the system ([@.2). In the
sequel we also need to show the well-posedness of the following exchangeable system of stochastic
differential equations:

t
thi = Ya’ —a/ Ysids—/ Ysiil{z<f(yi )}Wl(ds,dZ)
. 0 [0,t] xR e ( )
4.12
+O'/ vV /.Lt(f)dwé,
_ 0
(Yg)i>1 are i.i.d., distributed ~ vy,

where 1 is the directing measure of the exchangeable system (Y%);>1 and ju its projection onto
the t—th time coordinate. According to our previous reasoning, any strong solution of is also
solution of . But the converse is not obvious, because it is not a priori clear whether the
Brownian motion is the only common noise of the system . We claim it in the next result.
Let us note that the notion of strong solution for is not clear since the form of the directing
measure is not stated. So the solutions of have to be understood in a weak sense.

Theorem 4.3.6. Gmpi_ﬁ Assumption and suppose that fR 2?dvg(x) < oo. Then there exists a
unique weak solution (Y*);>1 of (4.12)). This solution is given by the unique strong solution of (4.2).

Proof. Step 1: Let us begin by proving that any solution (X?);>1 of is solution of (£.12).

By Proposition (ii), conditionally to W, the variables X! are i.i.d. This implies that the
directing measure of (X});>1 is £(X}|W) (see Lemma (2.12) of [Aldous| (1983))).

Step 2. Tt is now sufficient to prove that (X?);>1 is the only solution of defined w.r.t.
the same Brownian motion, Poisson random measures and initial conditions. For that sake, let us
consider (Y?);>1 any solution of (4.12)), and prove that (X%);>1 = (Y?);>; almost surely. In the
rest of the proof, y; denotes only the directing measure of the system (Y});>1. So we want to prove
that 1,(f) := E [ (V)| 1] = E [ F(T1)| W] as.

To begin with, Lemma (2.15) of |Aldous| (1983)) implies that u.(f) is the almost sure limit of
N1 Z;\f:l f(¥7). We now prove that this sequence converges to E [ f(Y})| W] . For this purpose, we
introduce an auxiliary system (X'N’i)lgiSN, driven by the same Brownian motion W and the same

Poisson random measures 7!, with Y = f(év " (i > 1), replacing the term pu.(f) by the empirical
measure:

N
s ot 1 ~ s ) ~ AT _
dXN = —axMNidt + NZf(XtN’J)th - Xﬁ’Z/R Licpxroy (dt dz), XM=y
+

Jj=1

Notice that (X%);>1, (Y?);>1 and (XN’i)lgiSN are all defined on the same probability space, driven
by the same Brownian motion W and the same Poisson random measures 7*.
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It is now sufficient to prove that both for (Y?);>; and for (X%);>1,

E [|a(¥) - a(X)

| + B [|a(xh) - a(£)

} < O,N~1/2, (4.13)

Indeed, suppose we have already proven the above control (4.13). Then
| X N
iy _ ~N.j
5 2 () ~E[F(XN|W] Z [177) = ()]
Jj=1 j=1

le§ [1£(XN9) ~ (x| + }@f@ ~E[£(X1)|W]

Then, and Assumption imply that the first and the second term of the sum above are
smaller than C;N~'/2 for some C; > 0. In addition, by item (ii) of Proposition the variables
(Xj)lngN are i.i.d., conditionally on W. Consequently, and since f is bounded, the third term is
smaller than C;N—1/2. 4

The above implies that, as N — oo, + Z;V:1 f(Y) converges in L'(P) to E [ f(X})|W]. On
the other hand, we know this sequence converges almost surely to p;(f). Thus,

E[£(F)| 1] = () = E[F(X)| W] =E[£(X)| W] as.

As a consequence, (Y?);>1 is solution of the infinite system

dYy = —aY/dt + o\ /E [ f(X})| W]dW, — Yj_/ Lecsws )}wi(dt,dz),
Ry s

while (X*);>1 in ([.2) is solution of

dX! = faXZdt+m/E[f(Xti)|W]thfX’f_/ Licpix )}ﬂi(dt,dz),
Ry T

with X§ = Y{, for all i > 1.

Step 3. In the previous step, we have proved that E [f(f/;)‘ ,u] =E [f(X;)\ W] . So, we still
have not proved that Y satisfies the equation (£.2)), which would have allowed to conclude that
Y = X almost surely (by Theorem [£.3.3](i)). We prove it in this step.

For that sake, consider 7p; = inf{t > 0 : |X}| A |Y}}| > M} for M > 0. We prove that

[|XMTM Y?,\TM\] = 0 for all M > 0. Recalling Lemma and the fact that we can prove
a similar control for Y this implies, by Fatou’s lemma, that E [| X} — Y;H =0.
Let up(t) == E [|X/r,,, — Yinr,,|]. To see that up(t) = 0, it is sufficient to apply Gronwall’s
lemma to the following inequality

/[O,t/\TM] xRy

upm(t) < a/ot up(s)ds + E

X;‘*]l{zgf()_(gi)} - ?Vsifll{zgf(f/st)}‘ 7Ti<d8, dz)]

implying that
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up(t) < a/o up(s)ds + E

1 2 i i X;i _Y;i Wl(d&dz)
/[O,t/\TM]XRJr { e[o7f(XS*)/\f(YS*)]} | ‘ ‘|

+E

1 z X @ y ¢ X @ y @ ‘X;—| \ |}7si—|7ri(dsadz) 5
/[O)WM]X]R+ {=€1F (RIS SRV}

whence .
wunr(t) < C(1 + M) / g (5)ds
0

and thus uy(¢) = 0.

Hence (Y?);>1 is solution of the infinite system and p = L(Y|W), its directing measure,
is uniquely determined.

Step 4. Finally, let us show . We only prove it for Y?, the proof for X is similar.
By exchangeability, it is sufficient to work with Y''. We decompose the evolution of a(Y,!) in the
following way.

t
o(F) = alT) ~a [ @(TOVMs+ [ (a(0) = oV ) Lgpryrildsds) (414)
0 [0,8] xR T

2 ot 1 N o N t
+ T @y A5 v [ o

where

2t

B =% [

2 Jo
and

t —

MY =0 [ @)

0

Clearly,

<MY >, <o? (sup|a’(x)2|
rz€R

Recalling that the variables YJ (1 < j < N) are i.i.d. conditionally to yu, taking conditional
expectation IF(-|x) and using the fact that f is lower bounded such that

2 2

N N
S0 - B D] | <o a0 -EFEHI |

we deduce that
E[<MN >]<CN'andE[BY] <C,N~Y2
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Then, applying It6’s formula on a(XN’l), we obtain the same equation as (4.14]), but without the
terms By¥ and M} . Introducing

u(t) ;= sup E Ha(Ysl) - a(Xle)H ,

0<s<t
we can prove with the same reasoning as in the proof of Theorem [.3.3] that
Cy
/N K
where C' and C; are independent of N. Finally, using the arguments of the proof of Theorem [£33]
this implies (4.13)). To prove it for X1 instead of Y!, one has to use the fact that the X7 are i.i.d.

conditionally to W, so one has to replace in Step 4, us(f) by E [ f(X?)|W], and by W in the
conditionings. O

u(t) < Ot + Vt)u(t) +

4.4 Convergence of (XV),.,.n in distribution in Skorohod
topology

The main result of this chapter is

Theorem 4.4.1. Grant Assumptions and . (XN 1<;<n converges to (X);>1 in dis-
tribution in D(Ry,R)N endowed with the product topology.
According to Proposition (7.20) of Aldous (1983), as the systems (X™V'');<;<n and (X?);>;

are exchangeable, and the directing measure of (X');>; is given by £(X!|W), Theorem is
equivalent to

Theorem 4.4.2. Suppose that Assumptions [4-3 and [{.3 hold. Then the empirical mea-
sure pV = ﬁvazl dxn.i of the N—particle system (XN 1<;<n converges in distribution in
P(D(R4,R)) to p:=L(X W), where (X*);>1 is solution of ([4.2)).

In fact, Theorem [.4.2]is easier to prove than Theorem [.:4.1] since the trajectories of the system
(XN 1<;<n belong to D(Ry,R)" that depends on N.

We will prove Theorem [:4.2] in a two step procedure. Firstly we prove the tightness of the
sequence of empirical measures, and then in a second step we identify all possible limits as solutions
of a martingale problem, whose solution will be shown to be unique.

4.4.1 Tightness of (u")y

Proposition 4.4.3. Grant Assumptions and [{-3, and assume that f is bounded. For each
N > 1, consider the unique solution (X{")i>o to (1) starting from some i.i.d. vo-distributed
initial conditions X}

(i) The sequence of processes (XtN’l)tZO is tight in D(R4, R).

(ii) The sequence of empirical measures p’¥ = N~1 Zi\; 5(thv,i)t20 is tight in P(D(R4,R)).
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Proof. First, it is well-known that point (ii) follows from point (i) and the exchangeability of the
system, see (Sznitman| 1989, Proposition 2.2-(ii)). We thus only prove (i). To show that the family
(XN1)y50) N1 is tight in D(R,, R), we use the criterion of Aldous, see Theorem 4.5 of Jacod and
Shiryaev| (2003)). It is sufficient to prove that

(a) for all T > 0, all ¢ > 0, lims o limsupy_, sup(s S’)eA(;TP(|Xg1 XN1| > ¢) = 0, where
As r is the set of all pairs of stopping times (5, 5’) such that 0 < .S < 8" < S+§<T as.,

(b) for all T' > 0, lim g 1o SUP P (SUPcpo, 77 x> K)=o.
To check (a), consider (S,S’) € A5 and write

s’ oo s’
Xé\f’l - Xév’l = —/ / / XSN_’ll{z<f(XN,1)}7rl(ds,du,dz) - a/ XNds
S RJO - o S

1 N S, oo .
+ —= / // uly, Ny (ds, du, dz),
\/]V]; s JrJo =f (X270

implying that

(x5t - x 7t (ds, du, dz)|

{z<f Thy

0<s<T

s’ oo
N, . j
+da sup | X 1|+|\/7N g /S /R/o ul{zgf(xiv_,y)}ﬂj(ds,du,dz)|
j=2

=:|Igs/| + da sup ’X;V’l‘ +|Js,s1|-
0<s<T

We first note that |Iss/| > 0 implies that Is g/ := f: ! 7'(ds, du,dz) > 1, whence

f=<f(x Ny

5 B S+6
P(|IS,S’| > 0) < P(IS,S’ > 1) < E[I&S/] < E|:/S f(XSN’l)dS:| < ||f||oo6,

since f is bounded. We proceed similarly to check that

N

1 S+6
P(Js.s'| 2 €) < 5 El(Js.s)] < v Z [ f(XN’J)ds] < —|\f||oo
€ j=2
The term supg< <7 |X2"!| can be handled using Lemma (ii).
Finally (b) is a straightforward consequence of Lemma (ii) and Markov’s inequality.

O

4.4.2 Martingale problem

We now introduce a new martingale problem, whose solutions are the limits of any converging
subsequence of pV = Z;\[:l dx~.s. In this martingale problem, we are interested in couples of
trajectories to be able to put hands on the correlations between the particles. In particular, this will
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allow us to show that, in the limit system , the processes X° (i > 1) share the same Brownian
motion, but are driven by Poisson measures 7’ (i > 1) which are independent. The reason why
we only need to study the correlation between two particles is the exchangeability of the infinite
system.

Let @ be a distribution on P(D(R1,R)). Define a probability measure P on P(D(R4,R)) x
D(R+, R)2 by

P(Ax B) := / La(m)m @ m(B)Q(dm). (4.15)
P(D(R+,R))

We write any atomic event w € Q = P(D(R,R)) x D(R;,R)? as w = (u,Y), with ¥ =

(Y1,Y?). Thus, the law of the canonical variable p is Q, and that of (Y;)¢>0 is

Py — / Q(dm)m @ m(-).
P(D(R4,R))
Moreover we have P— almost surely
p= LY ) = LY?|p) and L(Y |p) = p @ p.

Writing p; == fD(Hh ®) u(dvy)d., for the projection onto the t—th time coordinate, we introduce the
filtration

gt = O'(}/SVS < t) \ U(/Ls(f)vs < t)
Definition 4.4.4. We say that Q € P(P(D(R4,R))) is a solution to the martingale problem (M)
if the following holds.

(i) Q—almost surely, up = vp.
(ii) For all g € CZ(R?), M{ = g(V3) — g(Yo) — fg Lg(ps,Ys)ds is a (P, (G¢):)—martingale, where

2 2
Ly(p,x) = = az',1g(x) — aa®Dpag(x) + p(f) Y 0% gla)

+ f(@)(9(0,2%) = g(2)) + f(2®)(g(",0) - g(x)).

Let (X%);>1 be the solution of the limit system and g = L(X'W). Then Proposi-
tion [£.3.4](ii) and Lemma (2.12).(a) of [Aldous| (1983) imply that x is the directing measure of
(X%)i>1. Thus the law of (1, X', X?) is P given in (4.15). And, by It6’s formula, (X', X?) satisfies
the martingale property of Definition In other words, £(u) is a solution of (M).

Let us now characterize any possible solution of (M), which is the first step to prove uniqueness
of the solution of (M).

Lemma 4.4.5. Let Q@ € P(P(D(R4,R))). Assume that Q is a solution of (M) and that f is
bounded. Let (u,Y) be the canonical variable defined above, and write Y = (Y1,Y?). Then there
exists a standard (G,);— Brownian motion W and on an extension (Q, (G)¢, P) of (2, (G)s, P) there
exist (Gy)¢— Poisson random measures 7,72 on Ry x Ry having Lebesgue intensity such that W, !

and 7% are independent and

dY;' = — aY'dt + o/ p(f)dW; — Y.L /R Uesyoyym (A d2),
+

AY? == a¥Pdi+ o m(DaWe = Y2 [ 1 yie ).
+
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Proof. Ttem (ii) of of (M) together with Theorem I1.2.42 of |Jacod and Shiryaev| (2003)) imply that
Y is a semimartingale with characteristics (B, C,v) given by

t t
Bl = —a/ Kjds—/ Yif(Yhds, 1<i<2,
0 0
t

CZ’]':/ ps(f)ds, 1<i,j<2,
0

v(dt,dy) = dt(f(VL)0 v oy(dy) + F(Y2)80, vz (dy)).

Then we can use the canonical representation of Y (see Theorem II.2.34 of Jacod and Shiryaev|
(2003)) with the truncation function h(y) = y for every y: Y; — Yy — By = Mf + M, where M¢
is a continuous local martingale and M fi a purely discontinuous local martingale. By definition
of the characteristics, (M!, M), = C}”. In particular, (M%), = fg ps(f)ds (i = 1,2). Conse-
quently, applying Theorem II.7.1° of [Tkeda and Watanabe| (1989)) to the 2-dimensional martingale
(M1, M%), we know that there exists a Brownian motion W such that

) t
wpt = [P, =12
0

We now prove the existence of the independent Poisson measures 7', 72. We know that M9 =
hx (u¥ — v), where p¥ = > o Liay,#019(s,v,) is the jump measure of Y and v is its compensator.
We rely on Theorem I1.7.4 of Tkeda and Watanabe| (1989). Using the notation therein, we introduce
Z =Ry, m Lebesgue measure on Z and

. 1 2
0(t,2) == (=Y, 001 piyvp )y + (0 =Ygy gy oyt 702 )}

According to Theorem II.7.4 of Tkeda and Watanabe, (1989)), there exists a Poisson measure m on
R, x R, having intensity dt - dz such that, for all E € B(R?),

t o0
:U’Y([Oat] X E) = / / ]l{e(s,z)GE'}ﬂ—(d&dZ)' (416)
0 JoO

In what follows we show how to construct two independent Poisson random measures 7' and
72 from 7 with the desired representation property, using two disjoint parts of . For 7! we use
TR, [0,)1f]|o0]> ad for 72 we use TR, (||| 2l|f|l] Such that the Poisson measures 7' and 72 will
be independent.

To construct 7, and 7o, we also consider two independent Poisson measures 7!, 72 (independent
of everything else) on [|| f||s, oo[ having Lebesgue intensity. We then define 7! in the following way:
for any A € B(R4 x [0,]|f||oc]), 7' (A) = 7(A), and for A € B(Ry X]||f||00, 00[), T (A) = 71 (A).
We define 72 in a similar way: For A € B(R4 x [0, ||f]|oo])s T2(A) = 7({(t, ||f||oc + 2) : (£, 2) € A}),
and for A € B(Ry X]||f]||oo,00]), m2(A) = 7%(A). By definition of Poisson measures, 7! and 72 are
independent Poisson measures on Rﬁ_ having Lebesgue intensity, and together with , we have

t
M& = _/ 3;1'_]1{Z<f(yi )}wi(ds,dz)Jr/ Yif(YHds, 1<i<2.
[0,8] xR 4 e 0
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In the next step we prove that there exists at most one (and thus exactly one) solution for the
martingale problem (M) using Lemma [i.4.5 and Theorem

Theorem 4.4.6. Grant Assumptions [{.3, [{.3 and[[J, Then there is a unique solution Q of the
martingale problem (M). This solution can be written as Q@ = L(p), with p = L(X|W), where X is
the unique strong solution of (4.3).

The main idea of the proof is to apply Lemma, to recover the system of equations (#.12)
and then to rely on Theorem

Proof. Let Q € P(P(D(R+,R))) be a solution of (M) and write @ = L(i). The proof consists in
showing that p is the distribution of the directing measure of the system , which is unique by
Theorem [4.3.6]

To begin with, we can assume that g is the directing measure of some exchangeable system
(Y%);>1. Indeed, it is sufficient to work on the canonical space

Q' = P(D(Ry,R)) x D(Ry,R)"

endowed with the probability measure P’ defined as follows. For all A € B(P(D(R4,R))), B; €
B(D(R4,R)) (k > 1) where at most a finite number of sets By (k > 1) are different from D(R,,R),

P (AX By X ...Bp x ...) = / La(m)m®N (By x ... x By x ...)Q(dm).
P(D(R4,R))
Then, noting (p, Y*,Y2,...,Y* ) the canonical random variables on €, we know that s is the
directing measure of the exchangeable system (Y*);>1. In particular, for all i # j,

‘C(N’a (sz Y])) =P,

where P is given by (4.15)), with Q = L(u).

Thanks to Lemm we know that there exist Brownian motions W) (i, > 1) and Poisson
random measures 7(*7)1 772 (i 5 > 1) such that for all pairs (i,5),i # j, 77! is independent
of (#7):2 and such that

dY}' = = a¥dt + o/p ()W - YL /R s yy™ 0 (dt dz),
+

dY{ = — oY dt + ax/ut(f)th(i’j) -Y. /R ﬂ{zéfo—,tj;)}ﬁ(i’jm(dt, dz).
+

The exchangeability of the system (Y*);>; implies that for all distinct i, > 1, j > 1, £(X*, X?) =
L(XY, XT) = £(X? X7). Thus W := W2 = Wi = W) for all i # j. Besides, as for
all distinct 4,7,k > 1, £(X?, X7) = £(X*, X*) = £(X7,X?), we also know that 7¢ := 7(59):1 =
n(k) b = 702 Ag a consequence, the Poisson measures 7 (i > 1) are pairwise independent,
and so they are also mutually independent, since the independence between Poisson measures is
characterized by the fact that their supports (i.e. the sets {t > 0 : 7*({t} x R;) # 0}) are disjoint
(see Theorem I1.6.3 of Ikeda and Watanabe| (1989)).

We resume the above step. We have just shown that there exist a Brownian motion W and
independent Poisson random measures 7 (i > 1) with Lebesgue intensity, independent of W, such
that, for all 4 > 1,

AV} = —a¥ide+ o/l NaW, - Vi [ gy iz,
R4 - =
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As a consequence, (Y?);>; is solution to (£.12), and Theorem allows to conclude. O
The last missing point to prove our main result, Theorem is the following

Theorem 4.4.7. Assume that Assumptions 2 andAﬂ hold, and that f is bounded. Then

the distribution of any limit u of the sequence u’ := % j=10xn.5 is solution of item (ii) of (M).

Proof. Step 1. We first check that for any ¢t > 0, a.s., p({y : Avy(t) # 0}) = 0, where Ay(t) :=
~(t) —v(t—). We assume by contradiction that there exists ¢ > 0 such that p({y: Ay(t) #0}) >0
with positive probability. Hence there are a,b > 0 such that the event E := {u({y : |Av(t)| >
a}) > b} has a positive probability. For every ¢ > 0, we have E C {u(B%) > b}, where BS := {v:
SUDge(t—e t+e) [AY(8)| > a}, which is an open subset of D(R,R). Thus P} , := {u € P(D(R{,R)) :
w(BS) > b} is an open subset of P(D(R,R)). The Portmanteau theorem implies then that for any
e >0,

liminf P(u™ € PS,) > P(u € P2,) > P(E) > 0. (4.17)
N—o0 ’ ’
Firstly, we can write , 4 ‘
JNet = sup ’AX;V”‘ =Gy VvV Sy,
t—e<s<t+e

where G := max, ¢ pe i X" is the maximal height of the big jumps of XN+, with DY = {t-¢e<
s <tte:mi({s}x [0, (XY xRy) # 0}. Moreover, S5 := max{|U7(s)|/VN : s € Uy<;<n DF}
is the maximal height of the small jumps of XN, where U7 (s) is defined for s € D3, almost surely,
as the only real number that satisfies 7/ ({s} x [0, fF(XN7)] x {U7(s)}) = 1.

We have that

N
1
{MN(BZ) >b} = NZIL{JN,E,j>a} >b
j=1
Consequently, by exchangeability and Markov’s inequality,

P(uN(BS) > b) < E[Lnveasg] = %p (N1 s 6) < % (IP’ (ijvl > a) FP(SS > a)) . (4.18)

S| =

The number of big jumps of X! in |t — ¢,¢ + ¢[ is smaller than a random variable ¢ having
Poisson distribution with parameter 2¢||f||.. Hence

P (G >a) <P(E>1)=1— ™o <o | f] . (4.19)

The small jumps that occur in |t — €,t + [ are included in {U;/vV'N,...,Ux /v N} where K
is a N—valued random variable having Poisson distribution with parameter 2eN||f||s, which is
independent of the variables U; (¢ > 1) that are i.i.d. with distribution v. Hence,

1<i<K /N 1<i<K /N

where 9 (k) = P (maxlggk U;| > a\/N) < kP <|U1| > a\/ﬁ) < ka"2N~'E [U?] . Hence

p<s;>a)§ﬂ»(max i >a> gE[P( ma 1% >a‘K)] —E[$(K),

E [UF]

P(Sy >a) < Va2

E[K] < 2I|fl|oE [U7] -e. (4.20)
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Inserting the bounds ([#.19) and (4.20) in (4.18)), we have

P (u™ (B > b)) < Ce,

where C' does not depend on N nor e. This last inequality is in contradiction with (4.17)) since P(E)
does not depend on .

Step 2. In the following, we note 0%¢p = Z” 102 5. Forany 0 < s1 < ... < s, <s<t,any
Ol vy Pk V1, -, 0k € Cy(R), any ¢ € C2(R?), we introduce

F(p) =1 (ps, (f)) - - wk(usk(f))/ p @ p(dy)er(vs,) - - pr(vsy)

D(Ry R)?
t 2

t t
(1) — ©(7s) +a/ Viamup(%-)dﬂra/ V2 0p20(7y)dr — %/ 1 ()00 (7 )dr

- / FOD(0(0.42) — () dr — / FO2) (94, 0) — () dr

Let us note that F' is bounded, because we have chosen a compactly supported test function .
To show that £(u) is solution of item (ii) of the martingale problem (M), by a classical density
argument, it is sufficient to prove that E [F(u)] = 0. We have

N N
PNy = b1 (W () . () (f NLZZ (XN, XNG) (XN, X ).

X X)X X)X 0 X XN
t _ _ _ o2 g _ _
ba [ X000 XN r = G [ (10PN XN ar
t t
—/ FEG) (0, X17) — (X, X1))dr —/ FXT) (@(X,0) — (X0, X)) dr
But recalling (4.1) and using It6’s formula, for any i # j, we have
N,i N,j
e(X X))
t t
= (XN XNIy - a/ XN9 (XN XN dr — a/ XNIG (XN X NGy

N.j u N,i N, i
" /]s t] xR XR]I{ZSf(XiV—’i)} [90 (O’XT_] + \/N) — (X, 25X, J)] " (dr,dz, du)

) N,i L N.,i N,j i
i /]s t]xR; xR ]l{zgf(Xiv;])} |:<10 (XT_ - \/N’ 0) (XT_ 7X ):| m (dr’ dz’ dU)

N
7 u N.i U
+ Z / 1 Nk [gp (X,N_’ —|—’X7‘_7J_|_)
el O Gl VN VN
kg{i,j}

— (XN XNJ)] 7k (dr, dz, du).
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We use the notation 7 (dr, dz,du) = 77 (dr, dz, du) — drdzv(du) and set

N,ij,1 . _ Ngj U N, vN,jy\ | ~i
Mg = /]S t]xR+xR]l{ZSf(X’{Vj)} [cp (O,XT,_ + \/N) (X, X, )] 7t (dr,dz, du),

A N2 ::/ 1 N {‘p <X]\Qi + “,0) (X]\’_l’XNJ)] #(dr dz, du),
N JotlxRy xm ST} M o :

N
W§N>iJ = / 1 N,k |:§0 (XT{\Qi+U7X]\Ej+u)
T 2 e M) ViR
J&{i.j}

(XN XN’J)] 7 (dr, dz, du),

r—

ANt [ e o (009 4 2 ) = 0,329 | avtur
t
[ [ o (x5 22.0) - x4, 0)| vy,

N t
= // XNk { (XN”#“ XN )— XN XN
s,t ; s ]Rf( T ) 2 T \/ﬁ T \/N (/7( T T )

N,1,5,2 |
ANI2

kg{i,j}
———0n (XN XN — —=0, X,{Vﬂ,X;VvJ]duudr
i 1p( ) Wi 2¢0( )| dv(u)
N
1
//—82 (XN XNy Z FXN®Ydy(u)dr,
ke T}
N N
N,i,j .__ 2 N,i N,J 1 Nk 1 Nk
RN = a (XN X! — ZfX ZfX dr,
k:l
k%{w}

where the two terms of the second line in the expression of Fgf can be artificially introduced since
Jg udv(u) = 0.
Finally, for i = j, we have

QP(XtN’i»XtNJ) = @(Xév’ivX;VJ)
t t
—a/ X,{V’iawlgp(XfV’i,X,{v’i)dr—a/ XNig(XNE XN dr

+/] ] xR R]I{ZSf(Xfyf)} [@(O’O) (XTN—Z’XNz)} 7' (dr, dz, du)
s,t| xR x

N

Z i u N, u Nji vNiv| &
/ ' - Lp (X’{V_ T Xt ) P(X,2 X2 )} 7" (dr, dz, du).
k=17 1s:t]xR xR {z<r(x20} VN VN

k#1
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The associated martingales and error terms are given by

MSIYI;i ::/ IL{sz(XTNJ)} |:30 (Oa 0) - @(Xﬁz7 Xﬁz)} ﬁi(dn dZ,d’U/),
s, t] xRy xR

N
I/VéNz = / 1 ) l: (va_v't 4 L,Xﬁz + U)
! k2:21 Js,t] xRy xR {e<rx X} | NI o

ki
(XN XN’)} 7 (dr, dz, du),

rT—

t
AN = [ 106 [(0.0) = 00, X = (X400 4 (XN, X dofuyar,
s JR

Nt
T = // XNk [ (X,5V7i+“ XN )— XN XN
,t kz::l s ]Rf( ) ¥ \/N \/N 90( )
k#i

———= 0 (XN XN — ——= (X, XN ] dv(u)dr
iy 1o( ) N0y 20( )| dv(u)

¢ u? : 1 N
=[] F O X Y SO dv(ayar
s k=1

ki

Then, since [, udv(u) = 0, we obtain

N
Py = o (1) el (g D0 ea (X5 X9) . oe(X, X29)
ij=1,i#j

|:MNZ,j1+MN2j2+WNlj+AN£i,jl ANl,j2+FNZ,]+RN’L,ji|
s

+ ’(/Jl(llzé\i (f)) wk Msk N2 Z(pl X;\IM’XN z>. (Xé\l/: z7XN z)

[+ Wi+ AN+ T+ R

Using exchangeability and the boundedness of the ¢;,v; (1 < j < k) and the fact that
MNAL W are martingales, this implies
AN+ T+ R
N

B [F(u™)] | < CE |JAY7Y 4+ [AN 92|+ [N + [RY] +

Since f is bounded and ¢ € C3(R?), Taylor-Lagrange’s inequality implies then that

E[F(u™)]| <

Bk
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Finally, using that F' is bounded and almost surely continuous at u (see Step 1), we have

E[F(u)] = lim E[F(u")] =0,

N—o0
concluding our proof. O
Now we have all elements to give the

Proof of Theorem[{.4.2 According to Proposition the sequence (uV)y is tight. Besides,
thanks to Theorem |4.4.7) any limit @ of a converging subsequence of (£(uY))y is solution to the
martingale problem.

By Theorem there is a unique such distribution ¢ which can be written as Q = L(p),
with o = L(X*|W), where (X7);> is solution of (4.2). This implies the result. O
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Part 11

Propagation of chaos for
McKean-Vlasov systems
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Introduction of the part

In the previous chapter, we have studied the following nonlinear stochastic differential equation

dXt = —OéXtdt + o4/ ,Ltt(f)th — thth

where u:(f) = E [f(X't)| W] and Z is point process with intensity f(X; ). This equation is
not a classical stochastic differential equation. Such an equation can be qualified of conditional
McKean-Vlasov equation. In the classical framework of McKean-Vlasov equation, the coefficients
of the equation depend both on the solution of the equation and on the law of this solution.
Here we talk about conditional McKean-Vlasov equations since pu; is the conditional law of the
solution. McKean-Vlasov equations arise naturally in the framework of N —particle systems where
the particles interact in a mean field way: this phenomenon can be seen as a generalization of the
law of large numbers. Indeed, in examples where the dynamic of the N —particle system is described
by a stochastic differential equation, the mean field interactions can be expressed as a dependency
of the coefficients on the empirical measure of the system. And as N goes to infinity, this empirical
measure pN = N1 Zjvzl dxn.; converges to the law of any particle of the limit system £(X1).
This entails natural dependencies of the coefficients on the law of the solution of the limit equation.
For instance, see De Masi et al.| (2015]) and |[Fournier and Locherbach| (2016]) for examples in neural
network modeling, [Fischer and Livieri| (2016) for an example in portfolio modeling, and |Carmona
et al|(2016) for an application in mean field games.

The aim of this part is to generalize this type of question. We study the large scale limit
of McKean-Vlasov particle systems (i.e. particle systems directed by some stochastic differential
equations whose coefficients depend on the empirical measure of the system). In Chapter [5, we
study McKean-Vlasov systems in a diffusive regime. The model studied is a generalization of the
one studied in Chapter [l More precisely, we study the large scale limit of the following particle
systems.

N,i N,i N,i i
dX; = b(X ) )dt + o (X, ) dBy
N
1 Nk vNi N ki . _
+ / 140 G, RN TASE TAN | B Nk dr”(t,z,u),1 <i < N,
VNk:lzk;éi RyxE o {esr(2hui}

where p¥y = N7t Zjvzl (5XtN,j; E = RV, with 8° (i > 1) are ii.d. one-dimensional standard
Brownian motions and 7% (k > 1) are i.i.d. Poisson measures with intensity ds - dz - v(du), with v
a product probability measure on E = RV,

To prove the convergence of the systems above, we use similar technics as the ones used in
Chapter @} the main argument of the proof is a particular martingale problem. However there are
many additional difficulties in this model compared to the previous one. The major difference is the
form of the limit system, where some white noises appear instead of one Brownian motion. Note
that, as in Chapter {] the limit system is characterized by conditional McKean-Vlasov equations
(this conditioning appears because of the diffusive scaling).

The last chapter of this part concerns the large scale limit of McKean-Vlasov system, but in the
linear scaling (the difference with the equation above is that the scaling N —1/2 is replaced by N -1
for coefficients that are only locally Lipschitz. In this case, the limit equation is a classical McKean-
Vlasov equation. The technics used in the proofs are very different from the technics of the other
chapters, since in this last chapter, we prove a L' convergence and not a convergence in distribution.
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We deal with the fact that the coefficients are only locally Lipschitz using Osgood’s lemma instead
of Gronwall’s lemma. The other difficulties that appear in this framework are explained at the
beginning of Chapter [6]

Note that the question of propagation of chaos in this model has already been studied by
\Andreis et al.| (2018). The novelty of our results is that we do not work with globally Lipschitz
coefficients. The differences between [Andreis et al| (2018) and Chapter [6] are explained in details
at the beginning of the chapter. In Chapter [} we already manipulated locally Lipschitz coefficients
of the form © — —z f(x) in the compensator of the reset jump term. We overcomed this difficulty
using an appropriate metric and an appropriate assumption on the function f. In Chapter [6] we
work with generic assumptions.
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Chapter 5

White-noise driven conditional
McKean-Vlasov limits for systems of
particles with simultaneous and
random jumps

This chapter is based on [Erny et al.| (2021]).
In this chapter, we prove the conditional propagation of chaos of the following system

AXN = bOXN Yyt + o (X, )5

N
1 Nk vNi N ki k ,
+ﬁk 1Ek;ﬁ/‘RJrXE\IJ()(t 7Xt—la/1t77u 7u1)]1{z§f(XtN_'k7uiv_)}dﬂ- (t,Z,u),lSZSN,

et

(5.1)

starting from the initial condition

(Xo h<isn ~vEN,

where ¥ = N~! Eévzl (SXtN,j, E=RY withN* = {1,2,3,...}, " (i > 1) arei.i.d. one-dimensional
standard Brownian motions and 7% (k > 1) are i.i.d. Poisson measures with intensity ds-dz-v(du),
with v a product probability measure on E = RY" | and 1 a distribution on R having a finite second
moment. We assume that the Poisson measures, the Brownian motions and the initial conditions
are independent. Since the jumps are scaled in N2, an important assumption of our model
(see Assumption below) is that the height of the jump term above is centered. That is, for all
x,y € R, for all probability measures m on R,

/ U(z,y,m,u, u?)dv(u) = 0.
E

So, in this model, the heights of the jumps depend on the states of both the giving and the
receiving particles, on the average state of the system and also on their "noise" parameters.
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Notice that contrarily to our previous model studied in Chapter [4 we do only consider small
jumps affecting the other particles; that is, we decided not to include auto-interactions induced by
jumps, i.e. terms of the type

10 ANTAIRTON | dr'(t
/]R+><E ( t— 7,ut—7u) {zgf(xﬁ ,#i\i)} ™ ( 7Z,U)

in (5.1). Indeed, such terms would survive in the large population limit leading to discontinuous
trajectories, and the presence of the indicator ]l{z<f(XN,i )} requires to work both in L' and in
<P

L? (see (1992)) or Chapter . In the present chapter, we decided to disregard these big
jumps to focus on the very specific form of the limit process given in ((5.3) below.

It has already been observed that this diffusive scaling gives rise to the conditional propagation
of chaos (see Chapter , where the limit of the empirical measures is shown to be the conditional
distribution of any coordinate of the limit system. It turns out that to describe the precise dynamic
of the limit, we need to rely on martingale measures and white noises instead of Brownian motions
(see and [El Karoui and Méléard (1990)) as driving measures. More precisely, the
limit system will be shown to be solution of a nonlinear stochastic differential equation driven by a
white noise having an intensity that depends on the conditional law of the system itself.

Such processes have already appeared in the literature related to particle approximations of
Boltzmann’s equation, starting with the classical article by [Tanaka (1978)) that gave rise to a huge
literature (to cite juste a few, see |Graham and Méléard (1997), [Méléard (1998), [Fournier and|
Meleard (2002), Fournier and Mischler| (2016)). In these papers, the underlying random measure is
Poisson, and the dependence on the law arises at the level of the particle system that is designed
to approximate Boltzmann’s equation. In our work, the underlying random measure is white noise
since jumps disappear in the limit, and the dependence on the (conditional) law of the process does
only appear in the limit, as an effect of the conditional propagation of chaos.

To understand the form of the limit system, we start investigating the possible form of the
limits of the correlations of the finite systems, that is, of the predictable quadratic covariation of
the particles. In , the only term that we have to study is the jump term. Hence, in the
following heuristics, we only consider the predictable quadratic covariation of this jump term in
order to explain the form of the limit system. Let us note this term JtN *_ it is given by

N

) 1 A |
gNi E / O QI G TLE TN | Nk dr® (s, z,u).
t \/N k=1,k#i [0,t] xRy xE {ZSf(X57 a#ﬁl)}

In what follows we consider some examples to have a better understanding of the limit system.
We shall always assume that the jump rate function f is bounded. Let us begin with a situation
close to that of Chapter 4 where in the limit system each coordinate shares a common Brownian
motion W.

Example 5.0.1. Suppose that ¥(z,y,m,u*,u?) = U(u'). Then we have, for all 1 <i,j < N,

N t
NI = S [ i (s

k=1,k#i,j

t t
:§2/O /Rf(I,Miv)/liv(dx)derO(N)’

83



since f is bounded, with > fR ul)2dvy (u') and vy the projection of v on the first coordinate.
These angle brackets should converge as N goes to infinity to

2 / t [ #enmasyas

where p is the limit of the empirical measures u~. As the quadratic variations are non-null, there
should be, in the limit system, a common Brownian motion W underlying each particle’s motion.
Thus, the limit system is given by

dXti = b(XZ7Nt)dt + U(Xg7ﬂt)dﬁz + C\// S, ) e (de)dWr,
R

where W is a standard one-dimensional Brownian motion. We will also show that p = LX W),
since p is necessarily the directing measure of (X*);>1. In particular, the conditioning in p reflects
the presence of some common noise, which is W here.

Now, let us consider an opposite situation where, in the limit system, each coordinate has its
own Brownian motion W*, and where these Brownian motions are independent.

Example 5.0.2. In this ezample, we assume that V(z,y, m,u',u?) = U(u?). As in the previous
example, we begin by computing the angle brackets of the jump terms between particles i and j.
Here we distinguish two cases: i # j and i = j. If i # j, since v is of product form and since jumps
are centered,

(JN N, :% Z / / VFXNE uNYdy(u)ds = 0.

k=1,k#i,j

Moreover, if i = j,

= [ s anis = [ [ s @i ol

klk;é

As the quadratic variation between different particles is null, there will be no common noise
in the limit system. So, instead of having one common Brownian motion W as in the previous
example, here, each particle is driven by its own Brownian motion. More precisely, in this ezample
the limit system is

dX} = b(X], pe)dt + o (X}, pue)dB; + <\/ / F@, ) p (da) AW,
R

where W' (i > 1) are independent standard one-dimensional Brownian motions, independent of B
(i > 1), and where p = L(X?') is deterministic in this particular case.

Finally let us show an example where, as in Example [5.0.1} each particle shares a common
Brownian motion W, and, as in Example [5.0.2, each particle has also its own Brownian motion W?,
and where both W and W* are produced by the small jumps.
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Example 5.0.3. Here we assume that V(x,y,m,u',u?) = W(u',u?). The angle brackets of the
jump terms of the particles i and j are, if i # j,

(I, Ny, / [ ) O s

k 1,k#i,j
t
t
K2 / / f, g (d)ds + O(%),
0 R N

where we know that k* := [, U(u',u?)W(u', u)dv(u) > 0 since it is the covariance of the infinite
exchangeable sequence (V(U',U*))k>2, where (UF)k>1 ~ v. And if i = j,

TOE. [ [ etz avtads =2 [ [ s anas + o0,

k 1, ki

where 2 = [, U(u',u?)?dv(u).

As in Ezample[5.0.1], there must be a common Brownian motion since the quadratic variation
between different particles is not zero. But, here (JN-1, JN:3), £ (JN4), if j #i. That is why there
must be additional Brownian motions. Formally, the limit system in this ezample is

dX} =b(X}, pa)dt + o(X], 1) dB; (5.2)

+ H\//]R [ (@, pe) e (de)dWy + \/(<2 - /iz)/Rf(x,ut)ut(dx)thi,

where we know that <> > k% by Cauchy-Schwarz’s inequality. As before, W,W* (i > 1) are inde-
pendent standard one-dimensional Brownian motions.

Before defining the limit system in the general case, let us explain the main difficulty that arises.
If we apply the same reasoning as in Examples [5.0.1] [5.0.2] and [5.0.3] to the general model given
in (5.1)), we obtain a compensator of the jump terms between different particles ¢ and j of the form

1

N Z /fXNk7us /\Il(Xé’V’k7X;V’i,,uév,uk7ui)\II(X;V’k,X;V’j,uiv,uk,uj)u(du)ds
k=1,k#1,j

_ / / Fla, 1) / Wi, Xt )0, XN Yl ) (d)ds + O(),
0 R E

under appropriate conditions on v, see Assumption below, and for the same particle

t
//f(a:,uiv)/ Uz, XN 0V ul u?)u(du)p (dx)ds,
o Jr E

still up to an error term of order 1/N.

Contrarily to the situation of the previous examples, the quadratic variations depend on the
positions of the particles ¢ and j and cannot be written as products, but as integrals of products.
This integration involves, among others, the empirical measure of the process. This is the reason why
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we need to use martingale measures and white noises instead of Brownian motions, as introduced
in (1986)), confer also to [EI Karoui and Méléard| (1990).

Let us briefly explain why using martingale measures is well adapted to our problem. If M is a
martingale measure on Ry x F (with (F,F) some measurable space), having intensity dt - m:(dy),

then for all A, B € F,
t
(M.(A), M.(B)), = / /F Lans(y)ms(dy)ds.
0

Having this remark in mind, it is natural to write the limit system in a similar way as (5.2),
but replacing the Brownian motions by martingale measures. More precisely, under appropriate

conditions on the coefficients, the limit system (X%);>; of this chapter will be shown to be of the
form

dX} b(X], g )dt 4 o(X7E, pe)dBi + //\/ (2, 1)V (, X}, g, 0)dM (L, z,0),  (5.3)

+ [ VT (e, X p)dM ). 2 1
(X)is1 ~ vV,
In the above formula,
e =L(X[ W), (5.4)

\I/(x,y,m,v) IZAW($,y,m,U,U2)dV1(U2), (55)
w(z,y,m)> ::/E\Il(x y,m,ut, u?) dv(u) — /R\i/(x,y,m, v)2dvy (v)
:/E\Il(x y,m,ut, u?) dv(u) — /E\Il(x,y,m, ut, u?)U (2, y, m,ut, u®)dv(u).  (5.6)

Notice that the expression is positive by Cauchy-Schwarz’s inequality.

In the above equations, M (dt,dz,dv) and M®(dt,dx) are orthogonal martingale measures on
Ry x R x R (R4 x R respectively) with respective intensities dt - p;(dx) - v1(dv) and dt - py(dz),
defined as

Mi(A) = /OnA( L(p))dW(s,p) and My(A x B) = /0nA(FS—1<p))nB(U)dW(s,p,v), (5.7)

with W a white noise on R? xR with intensity d¢-dp-diy (v), and W* (i > 1) independent white noises
on R?, also independent from W, with intensity d¢-dp. In the above formula, Fy(z) := P (X; < x|W)
and F; ! is the generalized inverse of Fy. As in , we assume that the Brownian motions, the
white noises and the initial conditions are independent.

Let us give some comments on the above system of equations. We have already argued that, in
general, 1, is a random measure because of the scaling N /2. We shall prove that s is actually
the law of X! conditionally on the common noise of the system. This common noise is the white
noise W underlying the martingale measure M. Therefore, it is not obvious that the definition of
the martingale measures M and M* in and the limit system are well-posed. In what
follows, we shall give conditions ensuring that equation admits a unique strong solution. This
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is the content of our first main theorem, Theorem [5.3.1] To prove this theorem, we propose a Picard
iteration in which we construct a sequence of martingale measures whose intensities depend on the
conditional law of the instance of the process within the preceding step. One main ingredient of the
proof is the well-known fact that the Wasserstein-2—distance of the laws of two real-valued random
variables is given by the L?— distance of their inverse distribution functions - we apply this fact
here to the conditional distribution functions.

Using arguments that are close to those of Chapter ] we then show in our second main theorem,
Theorem that the finite particle system converges to the limit system, that is, (X™)1<;<n
converges to (X');>1 in distribution in D(Ry,R)N". This convergence is the consequence of the
well-posedness of an associated martingale problem.

5.1 Assumptions and main results.

We start imposing a hypothesis under which equation (5.1) admits a unique strong solution and
which grants a Lipschitz condition on the coefficients of the stochastic differential equation.

Assumption 5.1.
i) For all x,y € R,m,m' € P1(R),
b(z, m) — by, m")| +|o(z,m) — oy, m)| < C(|z — y| + Wi(m,m')).
ii) f is bounded and strictly positive, and \/f is Lipschitz, that is, for all z,y € R,m,m’ € P1(R),
IV F(@w,m) = /Fy,m')| < Clx = y| + Wi(m,m)).
i) For all x, 2" y,y',u,v € R,m,m’ € P;(R),
|\II($, Yy, m,u, U) - ‘I’(xlv ylv m/a u, U)| < M(’U,, U)(|:U - .1?/| + ‘y - yl| + Wl(m) m/))a
where M : R? — Ry satisfies [, M (u*,u?)*dv(u) < oc.
iv)
sup / |U (x,y,m,ut, u?)|dv(u) < cc.
w’y)m E
Notice that f bounded together with /f Lipschitz implies that f is Lipschitz as well. As a
consequence, relying on Theorem 2.1 of (Graham)| (1992), Assumptionimplies that equation (5.1))
admits a unique strong solution.

In order to prove the well-posedness of the limit equation (5.3), we need additional assumptions.
Recall that k2 has been introduced in (5.6) above.

Assumption 5.2.
i)

inf k(z,y,m) >0,

z,y,m
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i)
sup / (z,y,m,u',u?)dv(u) < co.
E

z,Y,m

Remark 5.1.1. Using the third point of Assumption we can prove that k2 is Lipschitz contin-
wous with Lipschitz constant proportional to

</E M?(u, v)dv(u,v) X sup /E\IJZ(I’%m,U,U)dV(u,U)) 1/2'

xT,y,m

Assumption z) allows then to prove that x is Lipschitz continuous. Assumption i1) gives
that ||kl oo := SUDP, , ,, K(2,y,m) < 00.

To prove the convergence of the particle system (X™);<;<y to the limit system, we need
further assumptions on the function V.

Assumption 5.3.
i) For all x,y € R,m € P (R),
/ U(x,y,m,u',u?)dv(u) =0,
E

i)
/ sup |¥(x,y, m,u, u?)Pdv(u) < cc.
E

z,y,m

ii1) b and o are bounded.

Remark 5.1.2. We assume the functions b and o to be bounded to simplify the proofs of Lem-
mas[5.2.9 and[5]. 4 However the result of these lemmas still hold true under the following weaker
assumption: there exists C > 0 such that, for all x € R,m € P(R),

[b(z, m)| + |o(z,m)| < C(1+ |z]|).

In other words, b and o are bounded w.r.t. the measure variable and sublinear w.r.t. the space
variable.

Let us give an example of a function ¥ that satisfies all our assumptions and where the random
quantity ¥ depends on the difference of the states of the jumping and the receiving particle as well
as on the average state of the system as follows

U(z,y,m,u,v) = uv (e + g + arctan(z — y + / zdm(z))) ,
R

with v = R®N" and R = 4(6_; + d11) the Rademacher distribution. In the formula above, the
variables u and v can be seen as spins such that the receiving particle is excited if the orientation
of its spin is the same as the spin of the sending particle, and inhibited otherwise. W satisfies the
Lipschitz condition of Assumption [5.1] because arctan is Lipschitz continuous. The hypothesis on
the moments of U are also satisfied since R has finite third moments and is centered. Finally, the
first point of Assumption holds true, because
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w(z,y, m)? :/E\I/(x y,m,ut, u?) dv(u) — /E\IJ(x,y,m,ul,uQ)\Il(x y,m,ut, u)dv(u)

- <€ + g + arctan(z — y + /dem(z))>2 ( /E(u1u2)2d1/(u) - /E u u2u1u3du(u)>

- (g + g + arctan(z — y + / zdm(z))>2 .

R

5.2 Auxiliary results

Let us begin with a result that we use implicitly in the computations. The following Lemma shows
that the definition (5.7) indeed defines the right martingale measures.

Lemma 5.2.1. Let vy be a probability measure on R. Moreover, let (0, A, P) be a probability space,
(Gi)¢ be a filtration on it, (F;); be a sub-filtration of (G¢): and W (resp. W*) be a (G;):—white noise
on Ry x[0,1] xR (resp. Ry x[0,1]) of intensity dt-dp-v1(dv) (resp. dt-dp). Let X be a continuous
R—valued process which is (G;)¢-adapted and Fy(x) = P(X,s < x|Fs). Moreover, we suppose that
for all s > 0, P(X, < z|F,) = P(X, < 2| F), where Foo = o{Fz, t > 0}.

Define for any A, B € B(R),

//]IA (p))dW?(s,p), M;(AxDB) ///]IA p))Lp(v)dW (s, p,v)

Then M and M are martingale measures with respective intensities dt- s (dz) and dt-py(dz)-v1 (dv),
where g = L(X¢|F).

Proof. We only show the result for the martingale measure M'. The main part of the proof consists
in showing that the process (w,s,p) € Q x Ry x [0,1] = (Fs)~(p) is P ® B([0, 1])—measurable,
with P the predictable sigma field related to the filtration (G;);.

To begin with, let us prove that (w, s, ) — Fs(z) is P ® B(R)—measurable. We write

Fs(z) = P(Xs < 2|F5) = E [p(z, Xs)| Fs] ,

where ¢(z,y) := l{z<y). As ¢ is product measurable and bounded, it is the limit of functions of

the form N
> eron(z)nly
k=1

where the functions @i, 1 (1 < k < n) are Borel measurable and bounded. This limit can be taken
to be increasing such that, by monotone convergence,

E [ip(x, X,)|Fs] = lim ) crpp (2)E [Yr (X F]

k=1

Then, as 9y is a bounded and Borel function, it can be approximated by an increasing sequence of
bounded and continuous functions v, ,,. Then, as for every n,m, the process

(W,S,.’E) = chSOk( ) [wkm chgok djk m( s)‘foo]

k=1
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is continuous in s and (Fs)s—, whence (G,)s—adapted, it is P @ B(R)—measurable.
Let x € R be fixed. It is sufficient to show that {(w,s,p) : (F5)~!(p) > x} is measurable. Let
us write

{(UJ,S,p) : (Fs)_l(p) > x} = {(W,S,p) 1 Fy(z) < p} = {(stvp) tp(Fs(z),p) > 0}7

where ¢(x,p) := 1{;<;) is product measurable.

Then, the measurability of {(w,s,p) : (Fs)~'(p) > x} is a consequence of that of (w,s,p) —
©(Fs(z),p) wrt. P® B([0,1]).

As a consequence, the process (w, s,p) € QxR x[0,1] — (Fy)~1(p) is P@B([0, 1])—measurable.
The rest of the proof consists in writing

t—/ / 1a(( ))dpds—/otus(A)ds.

The last inequality above is a classical property of the generalized inverse of the distribution function
(see e.g. Fact 1 in Section 8 of [Major| (1978)). O

Now we prove some a priori estimates for our model.

Lemma 5.2.2. Grant Assumptions[5.1} and[5.3 For all T > 0,

Nil?
sup E {sup‘Xt ’ ‘ ] < 00.
NeN*  [t<T

Proof. Notice that

sup [ XN < (X0°1) +bl|oot + sup
0<s<t 0<s<t

S
| o as:
0

1
+ — sup |MN
Nogf;' s |y

where M is the local martingale
N
N,k
MmN ::Z/[ot]xRerE\P(XS D AT TL )]l{ <pXNE )}dﬂ' (s,2,u).

s— Hs—

Consequently, by Burkholder-Davis-Gundy’s inequality and Assumption [5.3]

sup ¥ (z,y, m,ut, u?)?dv(u).

N —
E [ sup XW] < O+ CIIEE + ot + tl o~
E z,y,m

0<s<t

This proves the result. O

5.3 Well-posedness of the limit equation

The aim of this section is to prove

Theorem 5.3.1. Under Assumptions and equation (5.3 admits a unique strong solution
X' that possesses finite second moments. This solution also has finite fourth moments.

We prove Theorem in the two following sections. In the first one, we construct a strong
solution of (5.3)), and in the second one, we prove the pathwise uniqueness property for this equation.
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5.3.1 Construction of a strong solution of (5.3 - proof of Theorem

We construct a strong solution of using a Picard iteration. Let $°,i € N*, be independent
one-dimensional Brownian motions. Let W, W, i € N*, be independent white noises on respectively
Ry x [0,1] x R and R4 x [0, 1] with respective intensities dt - dp - v1(dv) and dt - dp, independent
of the 3?. We suppose that all these processes are defined on the same probability space (2, F, P)
carrying also i.i.d. random variables X{¢, i € N*, which are independent of the 3!, W, W?. Define
for all ¢ > 0,

G = o{ B W(u,v] x Ax B); Wi(Ju,v] x A); 0 <u <v <t; Ac B(R); B € B([0,1]); i € N*};

W, = o{W(u,v] x Ax B)yu<v<t; AeBR),B e B([0,1]) };
W :=o{W;; t > 0}.
Step 1. Fix an i € N*, and introduce

xP = xi
Vi=r(xy), FNx) =P (Xo < 2W),

t ol
MO0 axB)= [ / La((FP) ™ ()15 (0)dTV (5, p,v)
MEO([0,1] x A) / / Ta(( (p))dW' (s, p).
Assuming everything is defined at order n € N, we introduce

Xz,[nJrl] — / (Xz [n] [n])ds + / (Xz [n )dﬁz (58)

///\/ £ (e, g8 (e, X5, f) ) a7 (5, 7, )
+ / /IR V F (@, iy, X0 urhanr v (s, z),
0

pln 1= o (X py) Rl () = pXERY < W),
M ([0,4] x A x B) / / / FIM )= (p)1p(0)dW (s, p, v),
M. A) = [ A ) )
0 Jo
Note that vVt > 0,

W= U(Wt§ Vv]t;oo[)

where

Witiool := o {]W (Ju,v] x A); ;t <u <wv; A€ B(R)}.
Remember also that white noises are processes with independent increments, more precisely, for all
A, A’ in B([0,1]), for all B, B’ in B(R), W (Ju,v] x A x B) and W (Ju’,v'] x A’ x B’) are independent
if Ju; v]N)u’; '] = 0.
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Using this last remark, we see that by construction X,’ lnt 4 independent from W[, and as

a consequence, P(Xj Bl < (E|W) = IP’(XZ il < z|Ws). Taking Fy = W, and Foo = W we see
that all assumptions of Lemma are satisfied. Hence, for each n € N; i € N* the martingale
measures M ("] and M are well deﬁned and have respectively the intensities df - 1™ (dz) - v1 (dv)
and dt - pl" (dz), where " = £(xMpw) = cx M w,)

, N2
In what follows, we shall consider ul" := E {(XZ’["H} - XZ’["]) } . Let us introduce

h(x7 y’ m’ v) = V f(x’ m)qj(x’y7 m? U) a’nd g(z7y7 m) = V f(x7 m)li(a:‘? y’ m)'

Note that the assumptions of the theorem guarantee that i and g are Lipschitz continuous. Indeed,
using Assumption (#4) and (ii7), for all z,y,2',y ;v € R,m,m’ € P;(R),

(@, y,m, v) = h(a',y',m’ 0)] < C)(Je — 2’| + |y — | + Wi(m, m")),

where

C(v) ::/EM(u,v)Vl(du)—l—/E|\I/(x,y,m,v,u)\1/1(du).

Using Jensen s inequality together with Assumptions (i4i) and [5.2] (ii) we see that C
satisfies fR v)?2dv < oo. Moreover, using Assumption [5.1| (i) together with Remark -
for all z,2',y,y’ € R,m,m' € P1(R),

|g(a:,y,m) - g(l‘/,y/,m,” < K(|.Z‘ - $/| + |y - y/‘ + Wl(m7m/))7
whete K < C(|liloo + /TflT)-

Step 2. We now prove that our Picard scheme converges. Classical arguments imply the existence
of a constant C' > 0 such that

(Xz,mu N Xti,[n])z <

Qlr-

2 2

/t(b(X”"] ul) — b(X”””,u["”))dS) +</t( (X0, ) — o (X0, [””))dﬁi>

</// (z, X0 pl0 0)anl (s, 0) — /// h(x, XP=1 =1 ) dprin- 11(3961)))
(/ / z, Xl [n] [n])sz n] 8 .13 / / z, Xl n— 1] n 1])sz n— 1](8 J?))

<o [ (oo o) s+ ([ e b — o s,

t 1 2
+ (/ / / {h((FS["])_l(p)aXsi’["],u[sn],U) _ h((Fs["_l])_l(p),Xﬁ’[n_l],/JLn_l]vv)} dW(s,p,U))
2

b ([ ot 00, X — () ), K ) 69

VR

2
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Using Burkholder-Davis-Gundy’s inequality to control the expectation of the stochastic integrals
above, and using the fact that for all p,v € P2(R),

Wi, v) < Wa(p,v),

we have that

t t
G <o+ t)/ E [(X;’»["] - X;}["—”)ﬂ ds +C(1+ t)/ E [WQ(ML"],M[S"_H)Q] ds
0 0

vo [B] [0 - Eora) e 6o

A classical result (see e.g. Theorem 8.1 of Major| (1978)) states that, if F, G are two distribution
functions with associated probability measure p and v, respectively, then

1
[0 -6 W= int E[0X- 1)) = W)
0 Y ~v

where the infimum is taken over all possible couplings (X,Y") of u and v.
This implies that

/1((@“])1@) — (FI) 7)) dp = Wa(pl, ul )%,
0

Since X[ and X"~ conditionally on W, are respectively realizations of F["l and F&[n—1]

have that, for every s > 0, almost surely,

, we

Wa(ul), ulr =12 < B () — X012 ]
Integrating with respect to W implies that
1
| [ () ) - () 0P| < 8 [t - xe2).
0

Consequently, we have shown that there exists some constant C' > 0 such that, for all ¢ > 0,

t
uw <C(1+ t)/ ulnYds. (5.11)
0
Classical computations then give
(n] n n "
Now, introducing vﬁ"] = 2”u£n], we have that
S o <00
i .
n>0
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Hence, using that for all z € R,e > 0, |z| < max(e,2?/e) < ¢ + 22 /¢, and applying this with
e=1/2" and v = X" _ x " e have

; : 1
i,[n+1 i,[n n

S E[x - x] <30 Yl <o

n>0 n>0 n>0

As a consequence, we can define, almost surely,

Xi= X0+ ) (xp - X)) < e,
n>0

and we know that E {|X§ — Xti’[n] \] vanishes as n goes to infinity, and that Xti’[n] converges almost
surely to X}.

Step 3. Let us prove that X' has finite fourth moments. Let w)™ := E [(X,f’[n])‘*} :

By equation (5.8), we have

é Pes (/ b(X LIl pln 1])d) +</t (o, "1])d5§>
(/ // (a, Xolr=1_ =11 ) anrin=1l(s o v)>
(s s)

=: A1 + Ay + Az + Ay (5.12)

4

First of all, let us note that our Lipschitz assumptions allow to consider the following control:
for any « € R, m € P1(R),

)] < o) = 80,80+ 600, 60)| < 1+ ol + WaGueb0) = € (1 fal + [ lami)).
R
and similar controls for the functions o, h, g. Using this control and Jensen’s inequality, we have

t
E[A] <t® / E [b( Xbl=1], Mgn—l])zx} ds
0

¢ 4
§0t3/ <1+wL"‘”+E (/ Iylu[s"‘”(dy)) Dds
0 R
' 1)
§0t3/ 1+ w ) ds.
; ( )

We can obtain a similar control for the expressions As, A3 and A, using Burkholder-Davis-
Gundy’s inequality noticing that the stochastic integrals involved are local martingales. We just

give the details for A,.
t 2
([ otz pleyas) ]
0
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t t
<E [t / a(X:i’{””,uL"”)‘*ds] <Ct / (14 wl1) s,
0 0

where the last inequality can be obtained with the same reasoning as the one used to control E [A;].
With the same reasoning, we have the following controls for A3 and Ay :

t
E[As] +E[A4] < Ct/ (1 + wgnfll) ds.
0
Using the previous control in the inequality (5.12)), we have that for all ¢ > 0,

t
w <o+ +on +t3)/ wlrlds,
0

whence .
n DL gkt 3
w < kz = 1)!0’6(1 T+ 3 < C(1 4 13)eCt0+)
=1
Consequently
sup sup E [(X;"["])ﬂ < 00, (5.13)
neN 0<s<t

for some constant C' > 0. Then Fatou’s lemma implies the result: for all ¢ > 0,

sup E [(X))!] < . (5.14)
0<s<t

Step 4. Finally, we conclude the proof showing that X? is solution to the limit equation. Roughly
speaking, this step consists in letting n tend to infinity in (5.8]).
We want to prove that, for all ¢ > 0,

Xi = Gy(X", ), (5.15)
where
GIOX ) = [ WXhp)ds + [ o(Xh )5,
0 0
t 1 o
s [ [ ) X o) aW (s 0)
0 0 R
t 1 o )
T / / 9(F N (p), X ) dWi (s, ),
0 0

where the functions h and g have been introduced in Step 1, u; := L(X}|W), and F ! is the
generalized inverse of -
Fy(z) =P (X} <z|W).

Let us note that G has to be understood as a notation, we do not use its functional properties.
By construction, we have

Xti’[n+1] = Gi(x>l plndy, (5.16)
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We have proved in Step 2 that X" ™" converges to X7 in L'. In other words, the LHS of
converges to the LHS of in L'. Now, it is sufficient to prove that the RHS converges in L.
This will prove that the equation holds true.

With the same computations as the ones used to obtain (5.11)) (recalling that this inequality

relies on and - we have
L L 2 t . ) 2
E [(Gi(xam ~Gieer Y| < ca v [e](x - xi) as
0

This proves that G%(X "7, ul"]) converges to G%(X?, 1) in L? by dominated convergence: indeed,
we know that for all s < ¢, Xs[n]’l converges to X! almost surely thanks to Step 2., and (5.13)
and (5.14) give the uniform integrability.
5.3.2 Trajectorial uniqueness

We continue the proof of Theorem [5.3.1] by proving the uniqueness of the solution. For that sake,
let X? and X’ be two strong solutions defined with respect to the same initial condition X and
the same white noises W and W*. Let

up:=FE [(XZ - XZ)Q} .

According to the computation of the previous subsection, there exists a constant C' > 0 such
that for all ¢ > 0,

¢
Ut SC(l—i—t)/ usds.
0

Then Gronwall’s lemma implies that u; = 0 for all ¢ > 0, implying the uniqueness.

5.4 Conditional propagation of chaos

In this section, we prove the conditional propagation of chaos property of the particle systems (5.1)):

Theorem 5.4.1. Under Assumptwnsn - and- XN Ji<i<n converges to ()_(i)izl in dis-
tribution in D(R,,R)N

In the above statement, we implicitly define X" := 0 if i > N.
As the systems (XV%)1<;<n (N € N*) and (X?);>; are exchangeable, Theorem is equiva-
lent to

Theorem 5.4.2. Under Assumptions |5. ] n and 5.5 the system (X');>1 is exchangeable with
directing measure p = L(X'|W), where W is as in I Moreover, the sequence of empirical

measures
N
=N"1 E OxNi
i=1

converges in law, as P(D(Ry,R))- valued random variables, to p.
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Remark 5.4.3. In Theorem 5.4.9, it is easy to prove that L(X'|W) is the directing measure of the
system (X")i>1. Indeed, it is sufficient to notice that conditionally on W, the variables X' (i > 1)
are i.i.d. and to apply Lemma (2.12) of |Aldous (1983).

The proof of Theorem [5.4.2]is similar to the proof of Theorem It consists in showing that
(™) is tight on P(D(R,,R)), and that each converging subsequence converges to the same limit,
using a convenient martingale problem. For this reason, in what follows we just give the proofs
that substantially change compared to our previous chapter. For the other proofs, we just give the
main ideas and cite precisely the corresponding statement of Chapter [ that allows to conclude.

5.4.1 Tightness of (uV)y

The proof that the sequence (uV)y is tight on P(D(R,,R)), is almost the same as that of Proposi-
tion As the systems (X™¥)1<;<ny (N € N*) are exchangeable, it is equivalent to the tightness
of the sequence (X™V'1)x on D(R,,R) (see Proposition 2.2-(ii) of |Sznitman| (1989)).

The tightness of (X™'!)y is straightforward using Aldous’ criterion (see Theorem 4.5 of |Ja-
cod and Shiryaev| (2003)), observing that, under our conditions, supy E [sup,, |[X2![] < oo (see
Lemma [5.2.2]).

5.4.2 Martingale problem
To identify the structure of any possible limit of the sequence (u’¥)y, we introduce a convenient
martingale problem. We have already used such a kind of martingale problem in a similar context in
Section Since our limit system is necessarily an infinite exchangeable system, the martingale
problem is constructed such that it reflects the correlations between the particles. It is therefore
stated in terms of couples of particles.

Consider a probability measure @ € P(P(D(R4+,R))). In what follows the role of @ will be to

be the law of any possible limit p of 4. Our martingale problem is stated on the canonical space
Q= P(D(R,R)) x DRy, R)2.

We endow (2 with the product of the associated Borel sigma-fields and with the probability measure

defined for all A € B(P(D(R4,R))), B € B(D(R4,R)?) by

Po(A x B) = / 14(m)m @ m(B)Q(dm). (5.17)
P1(D(R4,R))

We write an atomic event w € Q as w = (m,y) with y = (y)i>0 = (¥, y?)i>0. We write u and
Y = (Y'1,Y?) for the random variables p(w) = m and Y (w) = y. The definition implies that
Q is the distribution of i, and that conditionally on p, Y! and Y?2 are i.i.d. with distribution pu.
More precisely, 4 ® u is a regular conditional distribution of (Y'!,Y?) given p.

For t > 0 we write m; for the t-th marginal of m : m;(C) = m(Y € D?*(R,R); y, € C); C €
B(R). We denote p; the r.v. p;(w) = my and consider the filtration (G;):>o given by

Gi=0(Ys,s <t)Vo(us,s <t).
For all g € CZ(R?), define

Lg(y,m,z,v) :=b(y",m)d, g(y) + b(y*,m)d,29(y) (5.18)
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+ %U(yl,m)zailg(y) + %U(y2 m)232zg( )

b S f G m)s(a ' m PO gy) + 5 e m)n(e, o m)0Rag(y)
2

+ %f(a:,m) Z (z,y',m,v)¥(z,y7,m )0y, 9(y)

and put for all £ > 0

ME = M) =9 =900 = [ [ [ LotV om(@oyde)ds.

Definition 5.4.4. Q is solution to the martingale problem (M) if

o Q—almost surely, uy = vy,

e for all g € CZ(R?), (M7)>0 is a (Pg,(Gt):)—martingale.

(5.19)

Let us state a Lemma that allows us to partially recover our limit equation (5.3) from the
martingale problem (M). It is the equivalent of Lemma [.4.5|in the framework of white noises.

Lemma 5.4.5. Grant Assumptions and. Let Q be a solution of (M). Using the notation
above, there exist on an extension of (O, F,(Gi)i>0, Po) two Brownian motions 5, 3% and three
white noises W, W2 W ; defined on (R3, B(RZ), dt ®@ dp) for W, i = 1,2; and on (R% X
R, B(R2) ® B(R), dt @ dp ® v1(dv)) for W, such that B*, 3%, W, W2 W are all independent and

such that (Y;) admits the representation

dYt1 :b( tlvlut)dt + U( tlvut)dﬂtl

/ / ﬁ U(E (p), Y, e, 0)dW (L, p, 0)
/ \/7/” Y, ) dW(t, p),

dYy =b(Y; 2 u)dt + o(Y, f ,,ut)d,@t

/ /\/7’“‘“1’ Y2, e, v)dW (¢, p,v)
/\/7/“ Y; aﬂt)dWQ(t D),

where Fy is the distribution function related to s, and F; 1 its generalized inverse.

Proof. Theorem 11.2.42 of |Jacod and Shiryaev]| (2003) implies that Y is a continuous semimartingale

with characteristics (B, C) given by

t
B} :/ WY ps)ds, 1<i<2,
0

o t ) t
Cit = [Coin s+ [ [ fopnte Vi) u(dn)ds
0 0 R
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t
—|—/ //f(x,us)\i'(x,Ysi,us,v)2ul(dv)us(da:)ds, 1<i<2,
0o JrJR

t
o = / / / P 1)U, Y2 g, 0) B, Y2, 10 (do) s (d) s,
0 R JR

As we are interested in finding five white noises, we need to have five local martingales. This
is why we introduce artificially Y;’ := 0 for 3 < i < 5. The rest of the proof is then an immediate
consequence of Theorem III-10 and Theorem III-6 of |El Karoui and Méléard, (1990). More precisely,
Theorem III-10 implies the existence of five orthogonal martingale measures M i (1 <i<5)on
Ry x R x R with intensity d¢ - p;(dx) - v1(dv) such that

dYtl :b(y;:lv Mt>dt + / / 0(1/;517 Mt)dMl(t7 z,v)
R JR
+/ / V f(x,ut)\i/(x,Y'tl7ut7v)dM5(t,gc,v)
R JR
+ [ [ VI Y ) a o),
dyy? :b(Ytz,ut)dt—l—//U(Ytz,ut)dMZ(t,x,v)
R JR

+// V f(.%',/,dt)\il(x,}QQ,Mt,U)dM5(t,.T,’U)

RJR

+// \/f(xvﬂt)ﬁ(xvyfaHt)dM4(t7$7’U)~
RJR

Then, Bi := M*([0,#] x R x R) (i = 1,2) are standard one-dimensional Brownian motions, and
Theorem I11-6 of [El Karoui and Méléard| (1990) allows us to write M? (3 <i < 5) as

MO([0,1] x A x B) = / 1A (F (p) L (0)dV (5, p, )
M3([0,1] x A x B) = / La(ES L (p))dW (5, )

M*([0,t] x A x B) =/Ot La(F7 (p))dW? (s, p),

where W1, W?2 W are white noises with respective intensities dt - dp, dt - dp and dt - dp - vy (dv). O

We now prove a key result for the proof of our main results. Recall that the martingale problem
(M) is given by definition (5.4.4).
Theorem 5.4.6. Grant Assumptions[5.]] and[5.3. Then the law of every limit in distribution
of the sequence (u'V) is solution of the martingale problem (M).

Proof. Let p be the limit in distribution of some subsequence of (V) and let Q = Q,, be its law.
In the following, we still note this subsequence (u). Firstly, we clearly have that u® = v°. For
0< 51 <o <8 <85 Y1y, ¥ € Co(P(R)); 1, -y 01 € Cp(R?); o € CP(R?) define the following
functional on P(D(R4,R)) :

Pl = nGe o) [ p) )b ) I ()~ ME )
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where (M (p,7v))¢ is given by (5.19). To show that (M7 (11,7))¢>0 is a (Pg,, (G¢):) martingale, we
have to show that

/ F(m)Qu(dm) = E[F(u)] = 0,
P(D(R1,R))

where the expectation [E [-] is taken with respect to Py, = Pq. Note that the first equality is just the

transfert formula, and hence the expectation is taken on the probability space where p is defined.
Step 1. We show that

E [F(p™)] = E[F(n)] (5.20)

as N — oo. This statement is not immediately clear since the functional F' is not continuous. The
main difficulty comes from the fact that u converges to u in distribution for the topology of the
weak convergence, but the terms appearing in the function F require the convergence of ul¥ to u
for the topology of the metric Wj.

The proof is actually quite technical, therefore we prove it in Lemma [5.4.7] below.

Step 2. In this step we show that E [F(u)] is equal to 0. Applying F to u” gives

F(u) = 1 ()3, 7z Zsol (XN XN on (X X0

1,j=1

[P0, XN0) = (XN, XV

t t
= [ B X 5 — [N, )0 X

1 [t A A , 1 [t , , A
— g [ o PO XN = 5 [ (X g (X XN

1 t 1 N i i |
5 | SO N RO X 20 (X, XN
t 1 N ‘ | |
/ = D PN RN XN 20 o (X, XN dr

2
S7 R XN 0BV X o),
k=1 h,l=1

_—
M) =
=

>

>
3:
=]~

aﬁhxl<p(x,{“,XTNJ)yl(du)dr}, (5.21)

with 4; = i and iy = j. Denote 7*(dr,dz,du) := w(dr,dz,du) — dr - dz - v(du) the compensated
version of 7. For (i,7) € [1,...,N]?, s <t let us define

t t
M;Yt’z’J ::/ U(XTN’i,uiv)@up(X,{V’i,X,{v’j)d,Bf;+/ (XN M0, (XN XNYapl;  (5.22)

WN’i’j = / 1 N,k
st Z o] xRy X {z<p(x 08 )}

k=1,k#i,j
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N,k N, N k i N,j
U(X20 X0 e u®ut), X0+

WO XN N ok, )

r—

x Vi
[@( T VN
—o(xNt x] vﬂ)] 7*(dr, dz, du); (5.23)

r— 2

L
VN

NCIS [ s

k=1,k#i,j

) ) : 1
[@(Xiv’z + ﬁw(er\ik’Xr]\il’Mr ) ,uz), XTN!J + ﬁ‘p(Xﬁk’er nur 7“ u]))

—o(XNE XN v(du)dr  (5.24)

r—

2 N t
1 ) ) )
—Z //Ef(XﬁV’k,pfnv)ﬁ\Il(XiV_k,XN“,M{V_,uk,u“)axch(XﬁV”,Xﬂvﬂ)y(du)dr
I=1 k=1,k#ij "%
2 t 1 N
- / & 2 TR RIS X b )BT X )
hil=1""% k=1,k#i,j

P (XN XNV (du)dr,  (5.25)

with again iy = ¢ and i = j.
Applying Ito’s formula, we have

(X XY = (X, XNG) + MO + W 4 Al
t
[ BO0S 0 o0 X+ [ o )0, X X

1/t . . 1 , .
+ 5/ o (XN, w22 (XN, XN dr + */ o (XN, 1Y V2 2ap(XN, XN )dr. (5.26)

(\}

Note that thanks to Assumption (5.3)) ), the term in the second line of (5.25) is zero. Again, if
i # j, using the definitions (5.5) and (5.6)

/ WOV XN N b Y (XNF XN N Y (du)
E
- / GO XN N (XN, XN N v (do),
R

and

[ RO XN o) = OGN 4 [ BN o ),
E R
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This implies that the last line of (5.25)) is equal to the sum of three last lines of (5.21)), up to
an error term which is of order O(¢/N) if we include the terms k =4, j in (5.25).

As a consequence, plugging (5.26) in (5.21)), using the definitions (5.23)), (5.22)), (5.25) and the
previous remark we obtain

N
1 hy hy iy
F(uN) = ¢1(Nﬁ)wk(/‘g€)ﬁ Z (X;\f%’XN,J) (X£17XN7J) {Msltfty J oy WSJTQ J +Fé\f,§ ]i| )
ij=1

Using (5.26) we see that (Mévt” + WSAQ”), t > s, is a martingale with respect to the filtration
(FX™)i0 with FX = o(X N, XNd; s < u < t) on the space where X» is defined. Hence, using
that o, and s, are bounded, and that p!V is (]—'tXN)tZO adapted,

E[F(u")] =E [E[F)FX"]] =

N

1 i K ,J
U1 ()b (i) s D Pr (XN XN (XN, XN )E [P0 7]
i,j=1

N
Z [rgvtm } . (5.27)

Z‘Q

implying that
E[F(u™)] | < CE

N,1,1
N2 T
|Fs,t |+ SN ] .

Taylor-Lagrange’s inequality gives for all i # j,

s

C—— // Xf,v’k,Xf,V’i, ,J,V,uk,ui " Xﬁv’k,Xﬁv’j, iv,uk,uj 3= y(du)dr
N\F Z Z 1 )" ( 7 )> "] v(du)

k= 1k7£zgn 0

e [ IO X O X ]l
k 1,k#4,j

and a similar result holds for th’l’l. Consequently,
B [F(u™)]| < ONTV2,
implying together with that
E [F(u)] = limE [F(:V)] = 0.
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Now we prove (5.20) with the following lemma.

Lemma 5.4.7. Grant Assumptions [5.1], and[5.3. With the notation introduced in the proof of

Theorem [5.4-6, we have
E[F(u")] — E[F(u)].
— 00

Proof. Let us recall that uN denotes the empirical measure of (XN’i)lgiSN and that p is the limit
in distribution of (a subsequence of) ™.

Step 1. We first show that almost surely, u is supported by continuous trajectories. For that
sake, we start showing that P := E [u"] = £L(X™!) is C—tight. This follows from Prop VI. 3.26
in [Jacod and Shiryaev] (2003), observing that

lim E {sup |AX£V’1|3] =0,
N—o0 s<T
which follows from our conditions on . Indeed, writing *(u!,u?) := SUpP, 4 Pz, y, m,ut,u?),
we can stochastically upper bound
sup [AX | < sup [ (USUR2))P /NP,
s<T k<K
where K ~ Poiss(NT)|| f||«) is Poisson distributed with parameter NT'|| ||, and where (U®!, U*2),
is an i.i.d. sequence of v; ® v —distributed random variables, independent of K. The conclusion

then follows from the fact that due to our Assumption E [[¢*(U**, U*?)[*] < oo such that we
can upper bound

K
1
w(77k,1 77k,2\13 /AT3/2 « 77kl 77k,2Y|3
E | sup ¢ (U™ U/N }<1E —NS/ZkZ:llzb (Ut Ut
E "IZJ*(Uk’l,Uk’2)|3 E |w*(Uk’17Uk’2)|3
< El 7 ]E[K]: [ NI ]NT\|f||OO—>0

as N — 0.

As a consequence of the above arguments, we know that E [u(-)] is supported by continuous
trajectories. In particular, almost surely, p is also supported by continuous trajectories. Indeed,
p(C(R4,R)) is a r.v. taking values in [0, 1], and its expectation equals one. Thus pu(C(Ry,R))
equals one a.s.

We now turn to the heart of this proof and show that E [F(1™)] — E [F(u]. The latter expres-
sion contains terms like

t
[ om0y Y ar

for some bounded smooth function . However, by our assumptions, the continuity of m — b(xz, m)
is expressed with respect to the Wasserstein 1—distance. Yet, we only have information on the
convergence of uY to u, for the topology of the weak convergence.

In what follows we make use of Skorohod’s representation theorem and realize all random mea-
sures u and p on an appropriate probability space such that we have almost sure convergence of
these realizations (we do not change notation), that is, we know that almost surely,

pN = p
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as N — oo. (Recall that we have already chosen a subsequence in the beginning of the proof of
Theorem . Since p is almost surely supported by continuous trajectories, we also know that
almost surely, ul¥ — p; weakly for all ¢ (this is a consequence of Theorem 12.5.(i) of Billingsley
(1999)).

Step 2. In a first time, let us prove that, a.s., for all 7, u¥ converges to u,. for the metric Wj.
Thus we need to show additionally that almost surely, for all ¢ > 0, [ |z|dul (z) — [ |z]|du(z).

To prove this last fact, it will be helpful to consider rather the convergence of the triplets
(uN, XN N (|x])). Since the sequence of laws of these triplets is tight as well (the tightness of
(V) n and (XN1)y have been stated in Section and the tightness of (u(|z|)y) is classical
from Aldous’ criterion since Y (Jz|) = N1 Zszl |XV¥]), we may assume that, after having chosen
another subsequence and then a convenient realization of this subsequence, we dispose of a sequence
of random triplets such that almost surely, as N — oo,

(N, XN N (|2]) = (1, Y, A),

where A = (A;); is some process having cadlag trajectories. In addition, it can be proven that
the sequence (uV(|]z]))n is C—tight (for similar reasons as (X™!)y), hence A has continuous
trajectories.

Taking a bounded and continuous function ® : D(R;,R) — R, we observe that, as N — oo,

/ ®dy| + E / ddp™N
D(R4,R) D(R,,R)

such that E [u] = L(Y).
Notice that from the above follows that Y is necessarily a continuous process, since E [u] is
supported by continuous trajectories. Notice also that for the moment we do not know if A = u(|z|).

E =E[e(X™)] - E[e(Y)],

Using that supy E [SUpth |XtN’1|2} < 00 (see our a priori estimates Lemma |5.2.2)), we deduce

that the sequence (sup,<r |XV13/2) v is uniformly integrable. Therefore, E [SUPth |XtN’1|3/2} —

E [sup,<7 [Yi[*?] < cc. In particular, we also have that
E [sup ut(x|3/2)} <oo and thus supu(|z[>?) < oo almost surely,
t<T t<T

for all T, since

E {suput(wIB/z)} =E lsup/ %I?’/Qu(dv)] <E V sup [ve|*2u(dv)
t<T t<T JD(R, R) D(Ry4 R) t<T

=E {sup Yt|3/2} < 0.
t<T

We know that, a.s., u converges weakly to u and p(C(R4,R)) = 1. Let us fix some w € ) for

which the two previous properties hold. In the following, we omit this w in the notation. Let € > 0,
t < T and choose M such that [ |z| A Mdus > [ |z|dpus — €. Then, as N — oo, almost surely,

[lalaut = [l Mau¥ ~ [12]n Mas

104



Thus
lin}vinf/|x| duN 2/\x|d,ut—5,

such that
limNinf/\:U| dulN 2/|x|dut. (5.28)

Fatou’s lemma implies that
E [1imNinf/|x| duf’} < liminf E U|x| dui"} — limnf E {|X§V’1|} —E[Y)]|=E Uudut} .

Together with (5.28) this implies that, almost surely,

lin}vinf/|x| duly :/\x|d,ut.

Finally, since [ |z|du™ — A and since A is continuous, for all ¢,

limNinf/|:v| duN zlimsup/m duly :/|:v|d,ut.
N

This implies that almost surely, for all ¢ > 0, [|z|dul(z) — [|z|du(z) = A; < oco. In
particular, almost surely, for all ¢ > 0,

W1 (:uiv7 ,ut) —0
(see e.g. Theorem 6.9 of |Villani| (2008])).
Step 3. Now we prove that E [F(u)] converges to E [F(u)], where we recall that

F(u)=¢1(u51)-----wk(u5k)/D(R R)2u®u(dv)<ﬂ1(%1)---sok(%k)

[@(%)—w(%)— / t | [ et o tayar|

where 1; € Cy(P(R)), i € Cp(R?) (1 < i < k) and ¢ € C3(R?). Let us recall some facts: by the
boundedness of the functions ¥; (1 < ¢ < k) and our boundedness Assumption it is sufficient
to prove the two following convergence:

E [Wl(ﬂg) e ’(/)k(/.tii) - ¢1(M51) et wk(/%k)” N:Zo 07 (529)
E[I6WY) ~ Gwl] — 0. (5.30)

with
G(n) :=/ 1@ p(dy)er(Vs,) - - - r(Vsi)
D(R4 ,R)?

[@(%)—w(%)— / t [ [ otz omtaon @]
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Indeed, since the functions ; (1 < ¢ < k) and G are bounded, we have
E [[F(u™) = F(u)|] < CE [[a(ud) - ) = valpsy) - Ynlus, )]
T CE[I6(™) ~ G(u)]
The convergence ([5.29) follows from dominated convergence and the fact that the function
m € P(D(R4,R)) — ¢ (ms,)... 0k (ms, ) €R

is bounded and continuous at u, since p is supported by continuous trajectories.
To prove the convergence (5.30), let us recall that we have already shown that

1. sup sup E [u§(|x|3/2)] < 00,
N 0<s<t

N

up B [ (|2]*2)] < oo,
3. u(C(R4,R)) =1 a.s.
4. a.s. Vr, u¥ converges to ju, for the metric Wiy,
5. for all x,2" € R,y,y’ € R?2,m,m' € P1(R),v € R,
|1 L(y, m, z,0) = Lo(y',m', 2, )| < Co)(lly = ¥'llx + |2 — 2| + Wi(m, m")),
such that [, C'(v)v1(dv) < oo,

/ sup Lp(y, m,x,v)v1(dv) < co.
R

z,y,m

In order to simplify the presentation, let us assume that the function G is of the form

G = [ neuta) [ t [ [ et v ol o)

Now, let us show that E [|G(4") — G(u)|] vanishes as N goes to infinity.

) - G(u™)| < 1G<u) - [ e ([ t [ [ etz @olar) ]

+ '/m uN @ pN (dv) <LtAALCP(VT,MT,Z’,U)Vl(dy),ur(dx)dr)
_/D2 N @ pN (dy) </:/R/RL@(’Ymﬂr,a:,v)yl(dv)uf)’(dx)dT)

tlaw - [ ot ([ [ [ ot om @ )]
= Ay + Ay + As. )
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We first show that A; vanishes a.s. (this implies that E [A;] vanishes by dominated convergence).
Aq is of the form

Ay = ‘/}32u®u(d7)H(7)/DQMN®;AN(dv)H(V) ,
with ,
H:veD*— / / / Lo(Yr, pir, x,v)v1 (dv) pr (dz)dr € R.
s JRJR

We just have to prove that H is continuous and bounded. The boundedness is obvious, so let
us verify the continuity.
Let (y™), converge to v in D(R,,R)2. We have

H(y) — HO™)| < / / / (st 0,0) — H3 i, 0, 0) s (o) (dr)

t
< / / / CW)lle — A2l (dv)ar (d)dr
s RJR
t
sc/ [T

which vanishes by dominated convergence: the integrand vanishes at every continuity point 7 of 7
(whence for a.e. r), and, for n big enough, sup, <, |7, [[1 < 2sup,.<; |[7|]1-
Now we show that E [A3] vanishes. We have

A, S/ uN @ p™ (dy)
D2

(/ ")

Since the function z € R — [ Lo(yr, fir, &, v)v1 (dv) is Lipschitz continuous (with Lipschitz con-
stant independent of v, and pu,-), we have, by Kantorovich-Rubinstein duality (see e.g. Remark 6.5
of |Villani| (2008)),

Lo (Vs i, @, )11 (dv) . (d) — Lo (Vs i, , )01 (do) Y (da)
L L

t t
Ay < C/ uN®uN(dv)/ Wl(uiv,ur)dr:C/ Wi (' ) dr.
D2 s s

Hence .
B(4s) £ C [ B [Wi(u, )] dr

which vanishes by dominated convergence: the integrand vanishes thanks to Step 2, and the uniform
integrability follows from the fact that

t
sup/ E {Wl(uiv,/h)wq dr < C(t — s)sup sup E [u§(|x|)3/2} +C(t—s) sup E [us(|x\)3/2} .
N Js N 0<s<t 0<s<t

We finally show that E[A3] vanishes.
t
tas [ o ([ [ [ metnnd a0 - Lot mtaon @)
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< [ wrowan ([ [ [comidmmnaar).

Then,
t
E[A;] < C / E (W) (2, )] dr,

which vanishes for the same reasons as in the previous step where we have shown that E[As]
vanishes. O

Finally, we give the

Proof of Theorem[5.4.2 The beginning of the proof is similar to the proof of Theorem It
mainly consists in applying Lemma [5.4.5] and Theorem [5.4.6]

Let 4 be the limit in distribution of some converging subsequence of (V) (that we still note
(V). Then, by Proposition (7.20) of Aldous, u is the directing measure of an exchangeable system
(Y)i>1, and (XM)1<icn converges in distribution to (Y?);>1.

According to Theorem [5.:4.6] and Lemma [5.4.5] for every i # j, there exist, on an extension,
Brownian motions 547!, Bi’j’z and white noises W71, W72 1¥/%J with respective intensities dt - dp,
dt - dp and dt - dp - v1(dv) all independent such that

AV =b(Yy, pe)dt + o (V¢ pe)dpy™!

/ / ﬁ V(7 (p), Ve, 0)dWH (1, p,v)
/ VHE )P () V)V 2.,

dY7 =b(Y7, po)dt + o(V, ) B>

/ / \/i“t V(E (), Y7 0, 0)AW ™ (1, p, 0)
I s ), ¥ 52, p),

where Fj is the distribution function related to ps, and F; ! its generalized inverse. We can construct
this extension in a global way such that it works for all couples (¢, j) simultaneously.

As the system (Y?);>; is exchangeable, we know that Wil = Wi Whi2 = Wi, Wi = W,
B3l = Bt and 92 =: 7.

It remains to identify the structure of u; appearing above as the one prescribed in as
conditional law. This is what we are going to do now. To do so, we introduce the following
auxiliary system

Azt =b(ZN pP Nt + o (2N pP NV ds:
FZNY-1(p), tZ,N ¥ FZN)-1 ’thv,i7 tZ,N’ AW (t. .
b [ VI ) 0,2 o

1
4 / VFEZN) 1), 1N Ya((FZN) 7 (p), 2N, uf N )aw' (8, p),
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where %N = N1 Zf;l dyn.i, FZN is the distribution function related to p%Y. In addition, in
the rest of the proof, let u* := L(X!|W) and p¥ be the directing measure of (Y?);>; that was
denoted by p so far in this proof.

With similar computations as in Theorem [5.3.1] one can prove that, for all ¢ > 0,

]E[(ZtN’i—)_(ti)Q] <C(1+1) /OtE[(Z;V»i—X;‘)Q] ds+C(1+1) /OtE[Wl(uf,uva)Q] ds.

Besides, introducing y*" ;= N~1 Zf\il d%i, we have
E [Wi(pd, p™)?) <2E [Wi(nd, nd )] + 2B [Wa (Y, ud™)?)

<2 W (X VY?] + 2B |12 - X
<O [W (s )] + 2B (2 — K1)

As a consequence, we obtain the following inequality, for all ¢ > 0,

t t
E |z - X0)?| < C(1+t)/0 E[(Z - X)) ds+Ct/0 E [Wa(ud, uioN)?] ds,

with C} a constant depending on ¢t. Gronwall’s lemma now implies that, for all ¢ > 0,
t
B2 - X)P] <0 [ B Wi, iV ds. (5.31)
0

Now, let us prove that the expression above vanishes by dominated convergence. Note that pX"
converges weakly to uX a.s. by Glivenko-Cantelli’s theorem (applying the theorem conditionally on
o(W)) recalling that the variables X7 are conditionally i.i.d. given o(W). And puXV(|x|) converges
to X (|z|) a.s. as a consequence of the strong law of large numbers applied conditionally on o (W)
(once again because of the conditional independence property). Hence the characterization (i) of
Definition 6.8 and Theorem 6.9 of |Villani| (2008) implies that Wy (uX", uX) vanishes a.s. as N
goes to infinity for every s > 0.
We also have, by Jensen’s inequality and the definition of W, for all ¢t > 0,

N
E [Wi(u s ™M) < CE [ (a*)] + CE [uN (2*)] = CE [(X . v (X!

J:1

< CE[(X1)1].

Consequently _
sup E [ (i, pN)4] < € sup B [(X1)*] < o,
0<s<t 0<s<t
recalling (5.14).

So we just have just proven that, the sequence of variables Wy (uZX, uX*")? vanishes a.s. and for

every s > 0, and that this sequence is uniformly integrable on € x [0, ¢] for any ¢ > 0. This implies,
by dominated convergence that

t
[ EM X X ds o
0

N —o00
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Recalling (5.31), we have that

]E[(Z{V’i—X;')Z] — 0. (5.32)

N—o0

With the same reasoning, we can prove that for all ¢ > 0,

E[(va’i—ﬁi)ﬂ — 0. (5.33)

N—o0

Finally, using (5.32)) and (5.33)), we have that, for all ¢ > 0,
E[(¥; - X)?] —0.
This proves that the systems (X);>1 and (Y?);>, are equal. Hence, recalling that p =: p* is a
limit of ™ and also the directing measure of (Y*);>1, it is also the directing measure of (X*);>1,
which is p*X = L(X1|W). O
5.5 Model of interacting populations

The aim of this section is to generalize the previous model, considering n populations instead of
one. Within each population, the particles interact as in the previous model, and, in addition, there
are interactions at the level of the populations. The chaoticity properties of this kind of model have
been studied by |Graham| (2008). Two examples of such systems are given in Figure

Figure 5.1: Two examples of interacting populations.

If we consider a number of N particles, we note, for each 1 < k < n, N the number of particles
of the k—th population. In particular N = Ny + ... + N,,. We assume that, for all 1 < k < n, Ny/N
converges to some positive number, such that each population survives in the limit system.

For all 1 < k < m,let I(k) C [1,n] be the set of populations that are “inputs" of the population k,
that is, such that particles within these populations have a direct influence on those in population

k. The dynamic of the N—particle system (XV*) 1<, is governed by the following equations.
1<i< Ny,

AxNoksi — gk (th\/,k,i,ui\f,k> dt + oF (th\f,k,i,ﬂi\i,k) g
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1
\Ijlk XNl,j XNkz N,l 1,j 1 S d 1,j "
+ Z /Nl Z /R+XE” ( t— t— :U’t— 7/~Lt7 , U ’LL ) { <fl(XNl m f_ )} T ( z u)
(lJ)#(k i)

In the above equation,
Ny,
-1
= N, ZaXtN,k,j?
j=1

7bd (1 <1 < n,j > 1) are independent Poisson measures of intensity dtdzv(du), where v is a
probability measure on (RN")™ which is of the form

v=@""" o) g . e @mh)EN.

The associated limit system (X*?);<,<, is given by
i>1

Xt =ph (X‘“ i) dt+ ot (XE ) agtt

// Vflx'u \Ijlk szv/itvﬂtv )dM (tacv)

le](k)
+ Z /\/fl lk sza/‘t»/lt)dMlkl(t ),

with
\ijlk(x7y7mlam27v) = / \Ijlk(x7y7m1>m27vﬂw)dyk,1(w)7
R

Hlk(xayamlamQ)Q ::/ \Ijlk(xvyamhm%ul’laukz)le/(U)*/\i/lk(x,y7m;’l})2dl/l’1(v)
" R

:/ \Illk(:n,y,ml,mz,ul’l,uk’Q)de(u)7/ TR (2, y, m, ubt, uP2) U (2, g, m, ubt w3 dv(u),

n

and
MR (A) = / La((F) ™ () dW(s, p) and MY(A x B) = / La((F) ™~ (p)) L5 (0)dW (5, p,v).

In the above formulas, uf := £ (X'tk’l|a (Ulel(k) Wl)) and (F!)~!is the generalized inverse of the

function F!(z) := P(X!\! < z). Finally, W'*% and W' (1 <1 < n,k € I(l),i > 1) are independent
white noises of respective intensities dsdp and dsdpv!!(dv).

Both previous systems are “multi-exchangeable" in the sense that each population is “inter-
nally exchangeable" as in Corollary (3.9) of |Aldous (1983). With the same reasoning as in the

proof of Theorem [5.3.1} we can prove the existence of unique strong solutions (X~:F%) 1<k<n and
1<i<Ng

(X’“’i)lgkgn as well as the convergence of the N —particle system to the limit system:
i>1
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Theorem 5.5.1. The following convergence in distribution in P(D(Ry,R))™ holds true:

N,1  N,2

(ﬂ s b 7"'7/’11N,n) — (ﬂlaﬂZa'"aﬁn)a
as N — oo.
Before giving a sketch of the proof of Theorem we quickly state the following result.

Proposition 5.5.2. Letr <n and 1 <k < .. <k, <n. If the sets I(k;) (1 <i <) are disjoint,
then the random variables ,u’“i (1 <i<r) are independent.

Proof. For any 1 < k < n, the system (X*?);>; is conditionally i.i.d. given o (Ulel(k) Wl) . So, by
Lemma (2.12) of |Aldous| (1983), u* is o (Ulel(k) Wl) —measurable. O

Remark 5.5.3. In the two examples of Figure all the variables u* (1 < k < n) are independent.

Coming back to Theorem [5.5.1} its proof is similar to the proof of Theorem [5.4.2l The main
argument relies on a generalization of the martingale problem discussed in Section Let us

formulate it. Consider
n

O = P(D(R+,R))" x (D(R+,R))",
and write any atomic event w’ € Q' as
w, = (M17/’L2’ ""/”Ln’Y1717Y1727Y2,17Y2’2’ ""Yn’l’Yn72) = (”’ Y)’

H= (Mlv"'vﬂ’n)vyz (Yla”'vyn)'
For Q € P(P(D(R,,R))"), consider the law P’ on Q' defined by

P(Ax By x ... x By) = / La(m)m' @ m*(By)...m™ @ m™(B,)Q(dm),
P(D(R4+,R))™

with A a Borel set of P(D(R,,R))" and By, ..., B,, Borel sets of D(R,,R)?.
Then, we say that Q is solution to our martingale problem if, for all g € CZ((R?)"),

t
9(Ys) — g(Yo) - / / / Lg(Yar pras 2, 0k ® . ® p2 (d2)r @ ... @ 0™ ()
0 n n

is a martingale, where
n

2 n 2
Ly(y,mow,u) =y > W (" m)0,g(w) + 5 YD oty m*) 0 a()

k=1 i=1 k=1 i=1
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Sketch of proof of Theorem[5.5.1 To prove the convergence in distribution of (u™'!, ..., u™'") n, we
begin by proving its tightness. Following the same reasoning as in the section [5.4.1] we can prove
that, for each 1 < k < n, the sequence (u™*)y is tight on P(D(R,,R)). Hence, the sequence
(N, oty on P(D(R S, R))".

Then a generalization of Lemma allows to prove that the distribution of (ji!, ..., i") is the
unique solution of the martingale problem defined above.

Finally, we can conclude the proof showing that the law of any limit of a converging subsequence
of (u™N1, ..., V™) y is solution to the martingale problem using similar computations as the one in
the proof of Theorem [5.4.6 O
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Chapter 6

Well-posedness and propagation of
chaos for McKean-Vlasov systems
with locally Lipschitz coefficients in
linear regime

This chapter is based on [Erny| (2021)).

The aim of this chapter is to prove the strong well-posedness and a propagation of chaos property
for Mckean-Vlasov equations. Contrary to the other models studied previously, in this chapter the
strength of the interactions of the particle systems is linear: the interaction strength of a N —particle
system is of order N1,

In this framework, the weak well-posedness and the propagation of chaos are classical for the
McKean-Vlasov equations without jump term, even without assuming that the coefficients are
Lipschitz continuous. |Gértner| (1988) treats both questions in this frame. We can also mention more
recent work on the well-posedness of McKean-Vlasov equations without jump terms asMishura and
Veretennikov| (2020) and |(Chaudru de Raynal| (2020), with different assumptions on the smoothness
of the coefficients, and [Lacker| (2018]) that investigates the well-posedness and the propagation of
chaos.

Here we consider McKean-Vlasov equations with jumps. The questions about the strong well-
posedness and the propagation of chaos have also been studied in this framework under globally
Lipschitz assumptions on the coefficients: see [Graham| (1992) for the well-posedness and |Andreis
et al.| (2018)) for the propagation of chaos. Note that in Section 4 of |Andreis et al.|(2018]), these
questions are treated in a multi-dimensional case, where the drift coefficient is of the form —Vb, (z)+
ba(x,m), where by is C! and convex, and b, as well as the jump coefficient and the volatility
coefficient, are globally Lipschitz.

The novelty of our results is to work on McKean-Vlasov equations with jumps and with generic
locally Lipschitz assumptions (see Assumption for a precise and complete statement of the
hypothesis).

The first main result is the strong well-posedness, under this locally Lipschitz assumption, of
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the following McKean-Vlasov equation

dXt = b(Xt, ‘Ll,t)dt + O'(Xt, ,U,t)th + / (D(Xt_, Ht—, u)ﬂ{zgf(Xt,,ut,)}dﬂ-(tv zZ, U),
R+><E

where p; is the distribution of X;, W a Brownian motion, 7 a Poisson measure and E some
measurable space (see the beginning of Section for details on the notation). To prove the
well-posedness when the coefficients are locally Lipschitz continuous, we adapt the computations of
the proofs in the globally Lipschitz continuous case. We use a truncation argument to handle the
dependency of the local Lipschitz constant w.r.t. to the variables. On the contrary of the globally
Lipschitz case, Gronwall’s lemma does not allow to conclude immediately. In the locally Lipschitz
case, we have to use a generalization of this lemma: Osgood’s lemma (see Lemma . The
uniqueness of solution of the McKean-Vlasov equation follows rather quickly from Osgood’s lemma
and the truncation argument, but other difficulties emerge in the proof of the existence of solution.
We construct a weak solution of the equation using a Picard iteration scheme, but the fact that the
coefficients are only locally Lipschitz continuous does not allow to prove that this scheme converges
in an L'—sense. Instead, we prove that a subsequence converges in distribution to some limit that
is shown to be a solution of the equation. Some technical difficulties emerge in this part of the
proof for two reasons. The first one is that the Picard scheme is not shown to converge but only
to have a converging subsequence. This implies that we need to control the difference between two
consecutive steps of the scheme. The second one is that we only prove a convergence in distribution,
thus it is not straightforward that the limit of the Picard scheme is solution to the equation. It is
shown studying its semimartingale characteristics.

The second main result is a propagation of chaos property of McKean-Vlasov particle systems
under the same locally Lipschitz assumptions. More precisely, it is the convergence of the following
N —particle system

X b6 )t o (6w + [

Ry x FN*

@(Xﬁ’i,uﬁ,wi)]l{zgf(xw,i uﬁ)}dﬂi(h%y)

N
1 E N,j N,i i p
+ N /R e @(th’jath’ 7“1&7’0]’” )]l{zgf(XtAL’j,ui\i)}de(t?z7v)7
j=1"7R+X

where pN (= N~! Z;\;l dy~.j, to the infinite system
t

dX} =b(X}, m)dt + o (X}, fi)dW} + /

Ry x FN*

[ e X et ) o o) o),
R J FN*

VXL Ay g ey} (8 2:0)

where fi; := L£(X;), as N goes to infinity. The W* (i > 1) are independent standard Brownian
motions, the ¢ (i > 1) are independent Poisson measures, F is some measurable space and N*
denotes the set of the positive integers (see Section for details on the notation). The proof of
this second main result relies on a similar reasoning as the one used to prove the uniqueness of the
McKean-Vlasov equation: a truncation argument and Osgood’s lemma.

Let us note that this propagation of chaos property has already been proven under different
hypothesis. Indeed, the N—particle system and the limit system above are the same as in
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. Note also that in this model, for each N € N*, the particles ng’i (1 <i< N)donot
only interact through the empirical measure pl¥, but also through the simultaneous jumps term.

Let us mention the other conditions that we state in Assumption We assume that some
boundedness conditions on the coefficients hold true. To the best of our knowledge, in order to
prove a priori estimates for solutions of Mckean-Vlasov equations, one needs to assume that the
coefficients are bounded w.r.t. the measure variable. In this chapter, we need the coefficients to be
bounded w.r.t. to both variables, because for the truncation arguments mentioned above, we need
a priori estimates on the exponential moments of the solutions of the McKean-Vlasov equation.
This is also the reason why we need conditions on exponential moments.

In Section [6.1] we state and prove our first main result: the well-posedness of the McKean-
Vlasov equation with locally Lipschitz coefficients. Section is devoted to our second main
result, the propagation of chaos in the same framework.

6.1 Well-posedness of McKean-Vlasov equations
This section is dedicated to prove the well-posedness of the following McKean-Vlasov equation.

dXy = b(Xy, pe)dt + o ( Xy, py ) AW + / (X, ,u‘t77u)]l{sz(Xt—yﬂt—)}dﬂ-(t’ Z,u), (6.1)
R+><E

with u; = £(X:), W a standard one-dimensional Brownian motion, 7 a Poisson measure on R X
R x E having intensity dt-dz-dp(u), where (E, &, p) is a c—finite measure space. The assumptions
on the coefficients are specified in Assumption [6.1] below. Let us note here that f is assumed to be
non-negative.

Assumption 6.1.

1. Locally Lipschitz conditions: there exists a > 0, such that for all 1,z € R, m1, ma € P1(R),
\b(xl,ml)—b(xg,mgﬂ—i—/E/R B2, 10, 1)L o s ey — B2, 712, U)o g0y [d2clp10)
+
<L (1 + |z1| + |22 —|—/Reallldm1(x) —|—/Re“”|dm2(x)> (|lx1 — 22| + Wi(mq,m2)).
2. Globally Lipschitz condition for o : for all 1,22 € R,m1,ms € P1(R),

lo(z1,m1) — o(z2,m2)| < L (|21 — 22| + Wi(my, ma)).

3. Boundedness conditions: the functions b,o and [ are bounded (uniformly w.r.t. all the vari-
ables), and for the same constant a > 0 as in Item 1.,

sup / e!®@m Wl (u) < oo.
z€R,meP1(R) JE

4. Initial condition: for the same a > 0 as in Items 1. and 3.,

E [e“|X°|] < 0.
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Remark 6.1.1. If we consider equation (6.1) without the jump term (that is ® =0), then, we can
adapt the proof of Theorem [6.1.4 to the case where o is also locally Lipschitz continuous. More
precisely, we can replace the two first Items of Assumption [6.1] by: for all x1,22 € R,my,ms €

Pl (]R)7

|b(x1,m1) — b(x2, ma)| + |o(x1,m1) — o(x2, M2

)|
<L (1 + V1| + V|wa| + \//]R e?l*ldmy (z) + \//]R e“|$|dmg(x)> (|z1 — 22| + Wi(mi,m2)).

See Remark[6.1.7 for more details on the adaptation of the proof.
Note that Item 3 of Assumption implies that, for all n € N,

sup / |® (2, m,u)|" dp(u) < oo

zeR,meP1(R) JE

Remark 6.1.2. Under the boundedness conditions of Assumption a sufficient condition to
obtain the locally Lipschitz condition of the jump term in Assumption is given by the following
direct conditions on the functions f and @ : for all x1,x5 € R, m1, ms € P1(R),

F(@r,ma) — F(wa,mo)| +[E|¢<x1,m1,u) — ®(az, ma, w)|dp(u)

L (1 + |z | + |z2| + / ealzldml(:ﬁ) + / e“’”ldmg(x)> (|lx1 — 22| + Wi(mq,m2)).
R R

Example 6.1.3. A natural form of the coefficient of a McKean-Viasov equation is given by the
so-called "true McKean-Viasov" case. For simplicity, we only give the form for b, but a similar
form can be considered for the other coefficient.

b(z,m) = / bz, y)dm(y),

with b : R? — R.
_ For b to satisfy the conditions of Assumption [6.1) in this example, it is sufficient to assume that
b is bounded and that: for all x,2',y,y € R,

[b(@,y) = b(a’, )| < C(L+ [a] + |2/} (lx — ' + |y — /).
Indeed, for any z,2’ € R,m,m’ € P1(R),
|b(z,m) — b(x',m")| <|b(z,m) — b(x’,m)| + |b(z',m) — b(z',m")]|

/|bxy b(z',y)|dm(y) ‘/bx y)dm(y /bx y)dm/( )'

<C(1+ |z| + |2|)|x — 2’| + C(1 + 2|2'|)W1(m, m’),

where the second quantzt of the last line has been obtained using Kantorovich-Rubinstein duality
(see Remark 6.5 of |Villani ) and the fact that, for a fized o', the function y — b(a',y) is
Lipschitz continuous with szschztz constant C(1 + 2|z’|).

Theorem 6.1.4. Under Assumption there exists a unique strong solution of (6.1)).
The rest of this section is dedicated to prove Theorem
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6.1.1 A priori estimates for equation (6.1

In this section, we prove the following a priori estimates for the solutions of the stochastic differential
equation (|6.1).

Lemma 6.1.5. Grant the boundedness conditions and the initial condition of Assumption[6.1 Any
solution (X¢)i>0 of (6.1) satisfies for all t > 0,

(i) sup E [e“|X5|] < oo, with a > 0 the same as constant as in Assumption
0<s<t

(i) E [ sup |Xs|} < 0.

0<s<t

Proof. Let us prove (7). It is sufficient to prove

sup E [eaXs] < 00, (6.2)
0<s<t
and
sup E [e7***] < oo, (6.3)
0<s<t

To prove (6.2)), let us apply Ito’s formula
2

t t t
X ey o [N s+ [ e o(Xau)aWe + G [ e o (X s
0 0 0

+ /[0 . B I:ea(Xs—+<I>(Xs—7/LS—7u)) — eaXs—i| Il{zgf(XS,“u,S,)}dﬂ-(S7 Z, u)
S XIR4 X

Introducing, for M > 0, the stopping time 77 := inf{t > 0: |X;| > M}, we have

t t
B [et¥inmr] <E [e*%0] + af bl / B e ds + ool / E [en¥enmm] ds
0 0

t
+ / / e Xsnmar |:6<D(XSATM’#MTM’U) - 1] f(Xs/\TMaMs/\TM)dp(u)ds'
0o JE

Then, introducing v := E [¢****7a | | and using the boundedness condition of ® from Assump-
tion [6.1) we obtain, for all ¢ > 0,

¢
uM <E [e“XO] +K/ uMds,
0

with

1 a T, m,u
K=l + 5a?llol% + 1l sup [ etl®emolap) < oo,
z€R,MeP1(R) J E

Consequently, Gronwall’s lemma, implies

sup v <E [e“XO] et
0<s<t
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As the bound above does not depend on M, it implies that 7, goes to infinity almost surely as
M goes to infinity. Fatou’s lemma then implies

sup E [e“Xt] <E [e“XO] Kt
0<s<t

This proves (6.2)), and with the same reasoning we can prove

sup E [e_“Xt] <E [e_“XO] ekt
0<s<t

which proves (6.3), whence the point (¢) of the lemma.
To prove the point (i), let us use the following bound, which is a direct consequence of the form

of the equation (6.1)),

+||f||oo/0t1a[/E@(xs,us,u)up(u) és

E { sup |Xs|:| <E[|Xol] + |b]|cct + E { sup

0<s<t 0<s<t

/ o (X, ) AW,
0

Then the result follows from Burkholder-Davis-Gundy’s inequality and the boundedness condi-
tions of ¢ and ® from Assumption [6.1 O

6.1.2 Pathwise uniqueness for equation (6.1)
Proposition 6.1.6. Grant Assumption The pathwise uniqueness property holds true for (6.1)).

Proof. Let (Xt)tgo and (Xt)tzo be two solutions of (6.1)) defined w.r.t. the same initial condition X,
the same Brownian motion W and the same Poisson measure 7. The proof consists in showing that
the function
u(t) :=E [ sup | X, — )V(S@
0<s<t

is zero. This choice of function w is inspired of the proof of Theorem 2.1 of |Graham| (1992). It
allows to treat equations with both a jump term and a Brownian term.

We know that, for all # > 0, u; < oo by Lemma [6.1.5} (i4).

Writing fi; := L£(X;) and fi; := £(X}), we have

]Xs ~ X,

< / (s fir) — By fr)dr +
0

/O (0(Zr i) — (X i)V,

" /[o,s]xR+xR i ETE T S C SRR St LGS

This implies that

</ot (lXS - X+ Wl(ﬂS?ﬁs))2 ds> 1/2]

u(t) < LE
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+2L/OtIE [(1+|Xs|+Xs|+/R€almdﬂs($)+/R€alx|d/ls(l‘)> (le—XsHWl(ﬂs,ﬂs))] ds
(6.4)

where we have used Burkholder-Davis-Gundy’s inequality to deal with the Brownian term that
corresponds to the term at the first line above. The term at the first line corresponds to the
controls of the drift term and the jump term.

By Lemma (), we have for all t > 0,

sup /ea‘mldﬂs(x)—i— sup /eallldﬂs(;ﬁ) <y < o0.
R R

0<s<t 0<s<t

And, from the definition of Wy, we have the following bound
] < u(s).

Then, and Lemma imply that, for all 0 <¢ < T,

Wl(ﬂmﬂs) S E HXS - Xs

u(t) s/otna (1 %l + 150+ ) (1% — Kl 4 u())] ds

([ (1%~ %l ue) " as)

<Cr /OtE [(1 1R+ |Xs|) (\XS ~ X+ u(s))} ds + 2LV/Tu(t)

1/2
+ LE

<C’T/OtE[<1+|XS+|XS|) (XS—XSD]ds+cT/Otu(s)ds+2L\/iu(t),

where we have bounded the second integral of the RHS of the first inequality above by t times the
supremum of the integrand. Note that the value of Cr changes from line to line.

Now, to end the proof, we have to control a term of the type (1 + |z| + |y|)|z — y|. To do so, we
use a truncation argument based on the following inequality: for all z,y € R, R > 0,

(1+ [z + |y))|z =yl < (1+2R)|z —y|+ (1 + || + [yD]z — y| (Ljz)>r + Lyi>ry) -

Let R : s — Ry > 0 be the truncation function whose values will be chosen later. By

Lemma [6.1.5] for any 0 < s < T,
} < (14 2R,)u(s) + Cry [P (|Xs| > Rs) +CryJP (X > R.).

The exponential moments proven in Lemma (4) are used to control the two last term above.
Indeed, by Markov’s inequality

E[(1+1%]+1%) | % - X,

P <|Xs| > Rs) +P (|Xs| > Rs) < Cpeofts,

Consequently, defining r¢ := aR;/2, for any 0 < ¢ < T,

u(t) < Cr /Ot (1 + r)u(s) + e "] ds + 2Lv/tu(t).

120



Now, let T' = 1/(16L?) such that 2LVT < 1/2. Then, we can rewrite the above inequality as,
for all ¢ € [0, 7],

u(t) < C’T/O [(1+7s)u(s) +e "] ds.

Let us prove by contradiction that, for all ¢ < T, u(t) = 0. To do so, let t¢ := inf{t > 0 : u(t) > 0}
and assume that ¢y < 7. Notice that, as u is non-decreasing, this implies that, for all ¢ € [0, o],
u(t) = 0. In particular, for all ¢ € [to,T],

u(t) < CT/ [(1+75)u(s) +e "] ds.

to

Besides wu(t) is finite and bounded (see Lemma (#4)) on [0,T1], say by a constant D > 1.
Let v(t) := u(t)/(De?) < e~2. Obviously v satisfies the same inequality as u above. Now we define
rs := —Inw(s), so that, for all tx <t < T,

t

v(t) < CT/ (2 —Inwv(s))v(s)ds < 72C’T/ v(s)Inwv(s)ds,

to to

where we have used that 2 — Inv(s) < —2Inwv(s) since —Inwv(s) > 2.
In particular, for any ¢ €]0,e~2[, for all to <t < T,

v(t) <e—2Cr /t v(s)Inwv(s)ds.

to

—2
Then, introducing M : x €]0,e~2[— f; L ds, we may apply Osgood’s lemma (see Lemmal|C.2.1

with v = 2CT and p(v) = (—Inw)v to obtain that

—slns

T
—M(U(T)) + M(C) < / 2CTrds = QCT(T — to)

to

or equivalently,

M(c) < M(v(T)) + 2C7T.

Recalling that we assumed v(T") > 0 such that the right hand side of the above equality is finite, if
we let ¢ tend to 0, we obtain

—2 —2

€ 1 ¢ 1
M(O)z/ dsg/ ds +2C7T < o0,
o —slns o(r) —SIns

which is absurd since M (0) = oo.

A consequence of the above considerations is that for all ¢ € [0,T], u(t) = 0. Recalling the
definition of u, we have proven that the processes X and X are equal on [0, T7.

We can repeat this argument on the interval [T, 2T] and iterate up to any finite time interval
[0, Tp) since T = 1/(16L?) does only depend on the coefficients of the system but not on the initial
condition. This proves the pathwise-uniqueness property for the McKean-Vlasov equation . O

Let us complete our previous Remark
Remark 6.1.7. The adaptation suggested in Remark is the following: in the proof of Propo-

sition

6.1.6

above, one has to replace the distance E [supsgt |X, — )V(sﬂ by E {()A(t - )V(t)Q} , and one

has to do similar changes in the proof of Proposition [6.1.8 below.
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6.1.3 Existence of a weak solution of equation (/6.1

The aim of this section is to construct a weak solution of the McKean-Vlasov equation , using
a Picard iteration. However, because of our locally Lipschitz conditions, we cannot prove it directly.
Instead, we prove that a subsequence converges in distribution by tightness. That is why, in a first
time, we only construct a weak solution.

Proposition 6.1.8. Grant Assumption[6.1 There ezists a weak solution of (6.1) on [0,T], with
T =1/(16L?).
Proof. As in the proof of the pathwise uniqueness of Section we work on a time interval [0, T

where T > 0 is a number whose value can be fixed at 1/(16L?).
Step 1. In this first step, we introduce the iteration scheme, and state its basic properties

at (6.5). Let Xt[o] := Xy, and define the process X"+ from X[ and /‘:[sn] = C(Xgn]) by
. ¢
X1 x, 4 / b(x[, plrlyds + / o (X" plrhyaw,
0 0

s Lt (s )
[0,] xRy xR {ZSf(XLJ,uLJ)}

Note that, thanks to the boundedness conditions of Assumption [6.1} using the same computa-
tions as in the proof of Lemma [6.1.5) we can prove that, for all £ > 0,

sup sup E {e“‘xﬁn]l] < oo and sup E { sup |XS[”]|] < 00. (6.5)
neN 0<s<t neN  [0<s<t

Step 2. Now let us show that (X[, X["+1)  has a converging subsequence in distribution
in D([0,T],R?), by showing that it satisfies Aldous’ tightness criterion:

(a) for all € > 0, lims o imsup y_, o SUP (5 5)ca, 1 P(|Xgﬂ - Xg"]| + |ng+1] - Xgn]| >¢) =0,
where As 7 is the set of all pairs of stopping times (5, S5") such that 0 < S <S8 <S40 <T
a.s.,

(b) limpoc sup,, Blsuprepo 7 | X1 + X > 1) = 0.

Assertion (b) is a straightforward consequence of (6.5) and Markov’s inequality. To check asser-
tion (a), notice that, for any (S, S") € Asr, by BDG inequality,

B [[x5 = XE] < 11blloc + [[0]100V/E + 611 fl]oc_sup E[ / @1, Wl w)ldp(u) | . (6.6)
0<s<T E

Then, by tightness, there exists a subsequence of (X!, X["+1]) that converges in distribution
to some (X,Y) in D([0,7],R?). In the rest of the proof, we work on this subsequence without
writing it explicitly for the sake of notation.

Step 3. In this step, we show that X = Y almost surely. Note that, since we work on a
subsequence, this is not obvious. It is for this part of the proof that we need to restrict our
processes to a time interval of the form [0, T]. We show in Lemma [C.3.1] that it is sufficient to prove
that, for a subsequence,

E { sup )X["'H] —xW
0<s<T # #

] — 0. (6.7)

n—oo
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Indeed, (6.7) implies that, for another subsequence, sup, < | X £n+1] - X s[”}| converges to zero almost
surely. Then, we can apply Skorohod representation theorem (see Theorem 6.7 of Billingsley] (1999))
to the following sequence

(XW,X[““])
that converges in distribution in D([0,7],R?) to (X,Y). Thus we can consider, for n € N, random
variables (X[, X["*+1) (resp. (X,Y)) having the same distribution as (X[, X"+ (resp. (X,Y))

for which the previous convergence is almost sure. In particular, we also know that sup, |X' s[nH] —

XL”H vanishes almost surely. Hence, by Lemma:C.Z&.lI7 the representing r.v. (X [f] X [”+1]) converges
a.s. to the representing r.v. (X, X) in D([0,7],R?). As a consequence X = Y almost surely, and
so X =Y almost surely.

Now let us prove (6.7). Let

u(t) :=E [ sup | XM+ — x|l

0<s<t

By (6.3),

sup u™(t) < co.
neN
Let us fix some n € N* and consider a truncation function rgn] > 0 whose values will be
fixed later. The same truncation argument used in Section allows to prove that, for all
0<k<n-—-1t<T,

n

t
uF () <Oy / [(1+r‘[9”])u[k](s)Jre*’“[s/]] ds + 2LVTul) (1)
0

t
n 1
<Cp [0t s )
0

where Cr > 0 does not depend on n thanks to (6.5). The second inequality above comes from the
fact that we fix the value of T' > 0 such that LvT < 1/4.

Now, introducing S, (t) := > 1_, ugk] and summing the above inequality from £k = 0to k =n—1,
we have, for all t < T,

S.(t) < Cp + Cp /0 t (14 7)S,(5)ds +me=r"]) ds + 50 (0),
where we have used that uLO] < Cr and S,—1(t) < S, (t). This implies
Sn(t) < Cr+Cr /Ot [(1 + ) S, (s)ds + ne_rgn]} ds.
Let D := max(sup sup|u[sk]|7 Cr,1) < 00, and introduce

k>0 s<T

S (1) <2

R, (1) = (nF )Dre? = e
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Consequently, for all t < T,

1 ¢ [n)
< (n] s .
Rolt) € g+ Cr [ [0t R )+ as
Finally we choose 7‘£n] ;= —InR,(t) > 2 and obtain for all t < T,
1 ! 1 !
Ra(t) S — 5+ CT/O (2~ 10 Ra(5)) Ra(5)ds < = — CT/O Ro(s)In R (s)ds.

As before we apply Osgood’s lemma. Let M(x) := ffz —1_ds =1In(—Inx) — In2. Then

T —slns

“M(Rn(T)) + M(1/(n +1)) < C7T

or equivalently
—CrT —CpT
R.(T) < (n+1)"¢ " such that S,(T)<Crn'=¢ " .
Lemma then implies that there exists a subsequence of (u[{f])n that converges to 0 as n
goes to infinity. This proves (6.7).
Step 4. Let us prove that a subsequence of (u["), converges to some limit u : ¢ +— p; in the
following sense
sup Wl(:ugn]ﬁit) — 0,
0<t<T n— oo
where p; := L(X;) for a.e. t <T.
We prove this point by proving that the sequence of functions ul™ : t — ,u,[:L] = ﬁ(Xt[n]) e Pi(R)
is relatively compact, using Arzela-Ascoli’s theorem.
To begin with, the definition of T/, and the same computation as the one used to obtain
allows to prove that, for all s,¢ < T, for all n € N,

Wil ul) <E [|x]" - X

} < C’(|t—s|—|—\/|t—s|), (6.8)

for a constant C' > 0 independent of n.

This implies that the sequence pl™ : ¢ — ;LL"} is equicontinuous. In addition, by we know
that, for every ¢ < T, the set (;LL"])n is tight, and whence relatively compact (in the topology
of the weak convergence, but not in P;(R) a priori). Indeed, for any ¢ > 0, considering M. :=

sup,, E [\Xt["ﬂ /€, we have, for all n,

W\ M M) = B (X)) > M) < B3] < e
€
In particular, for every ¢ < T, we can consider a subsequence of (u,[fn])n that converges weakly.
To prove that this convergence holds for the metric W7, we rely on the characterization (iii) of Wy
given in Definition 6.8, and Theorem 6.9 of |Villani| (2008)). According to this result, the convergence
of the same subsequence of (,u)[fn])n for W follows from , Markov’s inequality, Cauchy-Schwarz’s
inequality and the fact that,

n 1 & 6lo11/2
[ ] < g 2 [ (o] 0
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We can then conclude that, for all ¢ < T, the sequence (,ul[tn])n is also relatively compact on Py (R).

Then, thanks to (6.8), Arzela-Ascoli’s theorem implies that the sequence (ul™),, is relatively
compact. As a consequence, there exists a subsequence of (,u[”])n (as previously, we do not write
this subsequence explicitly in the notation) that converges to some p : t — p; € P1(R) in the
following sense

(n]

sup Wi(p; ', pue) — 0.
0<t<T n—oo

The last thing to show in this step is that u; = L(X}) for a.e. ¢ < T. By construction, p; is the

limit of u&"} = [,(X,Fn]). Recalling that X[ converges to X in distribution in Skorohod topology,
we know that for all continuity point t of s — L(Xy), ur = L(X3).

Step 5. Recall that, for a subsequence, (X[, X[+ converges to (X, X) in distribution in
D([0,T],R?), and (u[™),, (which is a sequence of deterministic and continuous functions from R to
P1(R)) converges uniformly to g on [0, T]. The aim of this step is to prove that (X X+1 )
converges to (X, X,p) in distribution in D([0,T],R? x P;(R)). We consider ul" in the previous
distribution even though it is deterministic, because the important point in the convergence we
want to prove is that p[™ must converge w.r.t. the same sequence of time-changes as the one
of (X[ x["+1]) to be able to apply Lemma almost surely. In particular, it is important
to have convergence in the topology of D(]0,T],R? x P;(R)) rather than in the weaker topology
D([Ov T]v Rz) X Pl(R)

As p is continuous, we have that, for any sequence of time-changes (), ), the convergence

sup Wi(ui"™, s, ) — 0. (6.9)
0<t<T n—oo

By Skorohod’s representation theorem, we can assume that some representative r.v. ()~( [l X [”‘H])
of (X", XIn*11) converges a.s. to representative r.v. (X, X) of (X, X) in D([0, T],R?). This implies
that, almost surely, there exists a sequence of time-changes (\,), such that

sup ’Xt[n] *X)\n(t)‘ and sup ’Xt[n+1] *an(t)‘
0<t<T 0<t<T

vanish as n goes to infinity. So, by , almost surely, there exists a sequence of time-changes
(An)n such that

sup d [(Xt[n],)?t[nﬂ]v#["]]t) ; (Xxn(t)vfﬁn(t)?m"(t))} — 0,
0<t<T n— 00

with d[(z,y,m), (', y',m")] = |x — 2'| + |y — ¥'| + Wi(m,m'). In particular, we know that the
sequence (X!, X1 ) - converges to (X, X, u) almost surely in D([0, T}, R? x P;(R)). This
implies that (XM, X1 47 converges to (X, X, y) in distribution in D([0, 7], R? x P;(R)).

Step 6. This step concludes the proof, showing that X is solution to . In order to prove that
X is solution to (6.1)), we use the fact that, using the notation of Definitions I1.2.6 and 1I.2.16 of
Jacod and Shiryaev| (2003), X[**1 is a semimartingale with characteristics (B*+1] Clr+1] plnt1l)
given by

t
B = / b1, ul))ds,
0
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t
anJrl] :/ O'(Xs[n],lulgn])2d8,
0

VIt (dt, da) = F(X, )t /E Ol ul) y (@) dp(w).

Let us note that, above, we have chosen as truncation function h = 0, hence the modified second
characteristics C"*1 is the same as "+,

Recall that, in Step 5, we have shown that, for a subsequence, (X[”],X["+1]7ﬂ["])n converges
in distribution in D([0,T],R? x P1(R)) to (X, X, u). Using once again Skorohod’s representation
theorem, we can consider representative r.v. for which the previous convergence is almost sure.
Whence, by Lemma and Remark for all g € Cy(R), the following convergences hold
almost surely for the representative r.v. and hence in distribution:

(X[n-i—l]’B[n-‘rﬂ,C[n-H]) i> (X7/ b(Xsalis)dS,/ U(XS,MS)2d8>,

n—-+oo 0 0

(X, [ g(@(Xs,us,u»f(Xs,us)dp(u)ds),

X["+1],/ g(x)v" Y (ds, dx) £,
( [0,]xR e
where the convergences hold respectively in the spaces D(R,,R?) and D(R,,RR?).

Then, Theorem IX.2.4 of Jacod and Shiryaev| (2003) implies that X is a semimartingale with
characteristics (B, C,v) given by

t
B, :/ b(Xsnus)ds»
0
t
Ct :/ O-(XSHU/S)QdS)
0

v(dt, dz) =f(Xy, jo)dt /E 5o .y (d2)dp(1):

Then, we can use the canonical representation of X (see Theorem I1.2.34 of |Jacod and Shiryaev|
(2003)): X = Xo + B + M¢ + Id * X, where M€ is a continuous locale martingale, u* =
> s Liay,#0}0(s,x,) is the jump measure of X (let us recall that we chose the truncation func-
tion h = 0) and (Id * pX); := fg Jw xdp (s, x). By definition of the characteristics, (M), = C;.
Whence, by Theorem I1.7.1 of Tkeda and Watanabe, (1989), there exists a Brownian motion W such
that

t
Mf:/ o (X, ps)dWs. (6.10)
0

In addition, we know that v is the compensator of ;. We rely on Theorem I1.7.4 of [Tkeda and
|Watanabe| (1989). Using the notation therein, we introduce Z = Ry x E, m(dz, du) = dzp(du) and

G(t, Z,u) = ‘I)(Xt—,Ht—>U)]l{z§f(Xt,,m,)}-

According to Theorem I1.7.4 of Tkeda and Watanabe| (1989), there exists a Poisson measure 7 on
R, x Ry x E having intensity dt - dz - dp(u) such that, for all A € B(R),

t o]
,LLX([(),t} X A) :/ / / 1{9(s,z,u)€A}d7T(57Zau)'
0 JO E
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This implies that

(1 1¥), = /[ g PO Ty, (6.11)
I XRE X

Finally, recalling that X = X+ B + M¢ + Id * ;*, (6.10) and (6.11)), we have just shown that
X is a weak solution to (6.1) on [0, 7. O

6.1.4 Proof of Theorem [6.1.4]

In Section [6.1.2) we have proven the (global) pathwise uniqueness of solutions of (6.1), and, in
Section [6.1.3] the existence of a weak solution of (6.1) on [0,7], with 7' = 1/(16L?).

Then, generalizations of Yamada-Watanabe results allow to construct a strong solution on [0, T'):
it is a consequence of Theorem 1.5 and Lemma 2.10 of Kurtz (2014) (see the discussion before
Lemma 2.10 or Example 2.14 for more details).

More precisely, given a Brownian motion W, a Poisson random measure 7 and an initial condi-
tion Xy, there exists a strong solution (X;)o<i<7 defined w.r.t. these W, m, Xo. Then, one can con-
struct a strong solution (X;)r<i<or on [T, 2T defined w.r.t. the Brownian motion (Wpi,—Wr)i>o,
the Poisson measure mp defined by

mr(AXx B)=n({T +x:x € A} X B),

and the initial condition Xp. Iterating this reasoning, we can construct a strong solution of (6.1))
on [0,kT] for any k € N*, with T = 1/(16L?) > 0. Hence, there exists a (global) strong solution

of (6.1). This proves Theorem

6.2 Propagation of chaos

In this section, we prove a propagation of chaos for McKean-Vlasov systems: Theorem This
property has been proven in the globally Lipschitz case in Proposition 3.1 of |Andreis et al.| (2018]).
Let us introduce the N —particle system (X™V'');;<n

X b it (X gy + [

Ry x FN*

\II(Xt]\Li7 :U’i\i7 ”i)ﬂ{zgf(xﬁi’ux)}dﬂi(t7 Z, ’U)

N
1 ‘ ; o .
+ N E /R . oxMN xN 7/1,{\:7v],v’)ﬂ{zgf(xﬁg7uﬁ)}dw3(t,z,v)7 (6.12)
j=1"7R+X

with & := N71 Zjvzl dxn., Wi (i > 1) independent standard one-dimensional Brownian motions,
and 7 (i > 1) independent Poisson measures on R2 x FN" with intensity dt - dz - dv(v), where F is
a measurable space, and v is a o—finite symmetric measure on FN’ (i.e. v is invariant under finite
permutations).

In the following, we assume that b,o and f satisfy the same conditions as in Assumption [6.1]
and that ¥ satisfies the same as ® for some constant a > 0, with £ = FN and p = v. We also
assume that © satisfies similar conditions: for all x1, ], 2o, 4 € R, my,my € P1(R),
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/FN*/]R 1©(21, 2, m1, 0", 0*) L < paymy )y — ©(@2, T, Mo, 01, V) L, < (g ma )y [d2dy (v)
+

<L<1+xl|+x;+|x2|+|m'2|+/eawldml(x)+/ealwdm2(x)>
R R
(|z1 — o| + |2} — 5] + Wi(m1,m2)),

and

’ 1,2
sup / el®@@’mum Dl gy (1) < oo.
z,x' ER,meP; (R) J FN*

In addition, we assume that each Xév’i (i > 1, N > 1) satisfies the initial condition of Assump-
tion and that, for every N € N*, the system (X{")1<i<n is i.i.d.

We prove that these N—particles systems converge as N goes to infinity to the following limit
system.

dXtZ :b(XZ7ﬂt)dt +U(vaﬂt)th7 +/ \I/(thfaﬂt—aUl)ﬂ{zgf()_(éi,ﬁf_)}dﬂ-l(tvZ)”)

]R+ x FN*

+// O(x, X}, fig, v, v?) f(, fig)dv(v)dfiy (), (6.13)
R J

where fi; = L£(X;). We assume that the variables X} (i > 1) are i.i.d. and satisfy the initial
condition of Assumption [6.1

Let us remark that the (strong) well-posedness of equation is a consequence of Theo-
rem [6.1.4] for the same o, ¥ = ® and for the drift

b(x,m) +/R - O(y, z, m, v, v?) f(y, m)dv(v)dm(y).

One can also prove the (strong) well-posedness of equation using a similar reasoning as
the one used in the proof of Theorem [6.1.4] The only difference is for the Step 4 of the proof
of Proposition since, for the measure ¥ is not deterministic. Instead of proving
that the sequence of measures (u™), constructed in the Picard scheme is relatively compact by
Arzela-Ascoli’s theorem, we rely exclusively on the following lemma.

Lemma 6.2.1. Let N € N*,T > 0, and (2*)1<r<n and (2%)1<x<n (n € N) be cadlag functions.
Define

N N
pn(t) := N1 Zéwﬁ(t) and pu(t) == Z(ka(t).
k=1 k=1

Let A\, (n € N) be continuous, increasing functions satisfying A,(0) = 0, \,(T) = T, and that,
forany 1 <k <N,

sup |xﬁ(t)—mk(/\n(t))| and sup |t — A\, (t)]
0<t<T 0<t<T

vanish as n goes to infinity. Then,

sup Wi (pn (1), p(An(t))) — 0.

0<t<T n—oo
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Proof. For all t <T,

)

N
Wi (6 10 (1)) € D [ 8) — 20 (0)
k=1

which proves the result. O

Remark 6.2.2. This lemma allows to prove that, if (x,,, yn)n converges to (z,y) in D([0,T], (RN)?),
then, the sequence (Tp,Yn, tin)n converges to (z,y, ) in D([0,T], (RV)2 x P;(R)).

In the following, we assume that (X™);,<n and (X?);>; are strong solutions of respec-
tively and defined w.r.t. the same Brownian motions W% (i > 1) and the same
Poisson measures 7* (i > 1) such that all the systems are defined on the same space. In addition,
we assume that the following condition holds true

N =E HXéV’l - X&H — 0. (6.14)
N —o00
Now let us state the main result of this section: the propagation of chaos of the N—particle
systems, that is, the convergence of the systems (X"¢);<;<n to the ii.d. system (X?);>; as N
goes to infinity. We comment the convergence speed in Remark

Theorem 6.2.3. Recall (6.14) and the assumptions given at the beginning of Section. We have,
for all Ty > 0,

E [ sup
0<t<To

Xthl—XgH — 0.

N —oco

Consequently, for all k > 1, the following weak convergence holds true:

LXNL xN2 XNV (XY e LX) ® ... @ L(XP),

N —o0
in the product topology of the topology of the uniform convergence on every compact set.

Remark 6.2.4. We just state the result of Theorem for the first coordinate because both
systems (X™N")1<i<ny and (X%);>1 are exchangeable.

Remark 6.2.5. In the proof of Theorem[6.2.3, we obtain a convergence speed for

E { sup
0<t<Ty

XtN’lthu — 0

N—oc0

that depends on Ty. Indeed, if T := 1/(16L?), the formula (6.16) below gives a convergence speed
for

E[ sup ‘XtN’l —thu
0<t<T

of the form

2

sy = 0 (e 4 12
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for some positive constants C*, C?, where &l is given at (6.14). And, for all k € N*, the convergence
speed SY of

E sup ‘XtN’l - X}
kT<t<(k+1)T

can be obtained inductively by
C2
SN = ¢! (S,iv_l n N*l/Q)
for the same constants C*,C? for all k.

Before proving Theorem [6.2.3] let us state a lemma about some a priori estimates of the pro-
N1
cess (X; " )i>o0-

Lemma 6.2.6. For every N € N*, let (X™:)1<;<n be the solution of (6.12). For anyt >0,

. N, >
(i) sup sup E [e“‘xs 1‘} < o0 and sup E [ea|xg|] < o0,
NeN*0<s<t 0<s<t

(i) sup E [ sup |XSNl|] < oo and E [ sup )_(Sl|] < 0.
NeN+  |o<s<t 0<s<t

Sketch of proof of Lemma[6.2.6. We only give the main steps of the proof of the first part of the
point (i) since the main part of the proof relies on the same computations as in the proof of
Lemma[6.1.5] The only new property of the lemma is the fact that the bounds has to be uniform
in N. This property is easy to prove for the point (ii) of the lemma in this model because of
the normalization in N~! of the jump term © of (6.12). For the point (i), as in the proof of
Lemma we apply Ito’s formula to both functions z +— e** and = — e~ %", and then, one has
to note that, by exchangeability,

¢ ¢

1 : : 1 :

E [eaXfN ] <E [eX(JNl} —|—a|\b|\oo/ E [eaxi“] ds + §a2||o|\go/ E [e“XiVl] ds
0 0

t
+\|f||oo/ E{e“XsN’l/ (ea&”<Xs”’lvﬂiV~“1>—1) dv(v)] ds
0 FN*
t N,1 —1 N,2 N,1 N 1 2
+(N—1)||f||OO/E[eaXs / (e OO e XY e ’“)—1>dy(v)} ds.
0 FN*

So, the only term that does depend on N is the one of the last line that is bounded by

t
||f||oo/ ]E[eaXi“/ N(eaN’lI®(X§'27X£V’1,uiv7v1,v2)l _1> d,/(v)] ds
0 FN*
t
Sl B as o [ ot ),
0 z,z’ ER,meP; (R) J FN*

where we have used the fact that, for all = > 0,n € N*, n(e®/™ — 1) < ¢®.

Finally, Gronwall’s lemma allows to obtain a bound of E {e“xév ’1} that is uniform in N. With
the same reasoning, we can obtain the same bound for E [e’“Xi\]'l} . This allows to have a bound

for E [e“‘xiv'lq uniform in N. O
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Remark 6.2.7. For the previous proof to be formal, we should have introduce stopping times as
in the proof of Lemma[6.1.5, do the computations above for the stopped processes, and then apply
Fatou’s lemma to prove that the control obtained for the stopped processes still hold for the real
Process.

Proof of Theorem[6.2.3 We follow the ideas of Proposition 3.1 of [Andreis et al|(2018). Instead of
introducing an auxiliary system, we rewrite artificially the equation (6.12)) as

@ b )+ o 6y + [

N,i N 7 v i
Ry x FN* ‘I/(Xt— y Hy—, U )]l{zgf(Xf\’_’l,u{V_)}dﬂ' (t,z,v)

+ / O, XN ¥ 0t o?) s ¥ Y (w)dpa () + dGY,
R J FN*

where

N

1 ) . o )
GN N / @(Xvﬁ]?Xﬁz’ﬂéV—’vJ?vz)]l N,j d/]r](s’ Z7v)
t Nj; [ [0,¢] xRy x FN™ {==F (700}

t
_/O . G(Xiv’jvst’i,,ui,v,vl,vz)f(Xév’j,uﬁV)du(v)ds .

Let us define

uN(t) =K [ sup | X! —)_(51@ .
0<s<t

Let us note i)Y := N~1 Zjvzl d ¢, By triangle inequality and since for all m, m’ € P;(R), Wy (m,m') <
Wa(m,m'), we have for all ¢t > 0,

+ Wa(ny, i)

N
_ _ B B 1 . .
LLH(LdVaﬁH) ngva(u?a/lfj +_LLH<A4V7AH) S;jvsz:‘}KfVJ __}(g
j=1

Besides, using Theorem 1 of [Fournier and Guillin| (2015) with d = 1, p = 2 and any ¢ > 4 (and

using Lemma [6.2.6)), we have

E[Wa(i, )] < CE[IX)1)"" N2 < C (14 [ea')@‘])p/qN—“2 <NV,

As a consequence, and thanks to Lemma [6.2.6] for all ¢ > 0,

E [ sup Wl(uév,us)] <ul(t) 4+ C, N2,

0<s<t
Whence the same truncation arguments as the ones used in Sections and allows to
prove that, for all t < T,

t
uN (1) < u¥(0) + CT/ {(1 +rMul (s) + e‘rf} ds + 2LVTuN (t) + E [ sup |Gi,v] +CpN~V2,
0 0<s<T

where C'p does not depend on N thanks to Lemma [6.2.6
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Now, fixing T = 1/(16L?) (such that 2L+/T < 1/2), we obtain

t
u () < 2uN(0) + C’T/ {(1 +rMu (s) + e*TéV} ds + 2 [ sup |G£V] + C,N7V2, (6.15)
0 0<s<T

To control the term G¥, we use Burkﬁolder—Davis—Gundy’s inequality,

N t
B[ o 16 < SR ][ [ ewx xR0 havionas] < S,
0<t<T = Lo Jpw

where we have used the boundedness conditions of the functions f and ©, and the fact that the
Poisson measures 77 (1 < j < N) are independent.
Hence, by Cauchy-Schwarz’s inequality,

E[ sup |G§V|} < CrNV2
0<t<T

Then we can rewrite (6.15) as
t
u™N (t) < 2u™(0) + CT/ {(1 + rMuN (s) + e_rév] ds + CpN~Y/2,
0

Now, let Dy := max(Cr, supy sup,<p u’ (s), 1) which is finite by Lemma (it), and define

N
N u™ (t) -2
t) := < .
v ( ) DT€2 — €

Choosing 7V := —Inv™(t), we have for all 0 <t < T,

N N t —Ino™N (s))oN (s)ds &
V() <2080 +0r [ - (@) (s + L

t
Cr

<20N(0) — 2C /st lnstder—,
0) =207 | v (@)oY (s +

and Osgood’s lemma allows to conclude that

—M(v(T)) + M (20" (0) + CrN~1/?) < 207 T,

where M (z) = ff2 —1_ds =In(—Inz) — In2. This implies that

T —slns
In(—In(20™(0) + CEN~Y2)) — In(— In o™ (t)) < C2,

for some constants Ck., C2 > 0, where we distinguish C} and C2 for clarity. This implies that, for
all0<t<T,
exp(—C2.)
oV (t) < (2UN(0) + C%N’W) o (6.16)
Hence

E{ sup ’XtN’l _th‘] — 0,
0<t<T N—o0
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for a T > 0 sufficiently small that does not depend on the initial conditions (recalling that we have
taken T = 1/(16L?)). Then, iterating this reasoning on [T, 27T, we can prove

— 0,

IE[ sup ‘XtN’l - X! ] e

T<t<2T

noticing that the "initial conditions" on [T, 2T satisfy the same condition as (6.14]):

ey ::EHX%“—X}H — 0.

N—o00
Finally, by induction, we can prove that for all £ € N*,
E { sup ’Xiv’l th‘] — 0,
0<t<kT N—o0

which proves the result. O
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Chapitre 7

Conclusion (en frangais)

7.1 Bilan

Dans cette thése nous avons étudié une question nouvelle : des limites de grandes échelles en régime
diffusif (i.e. quand la force d’interaction d’un systéme & N particules est de l'ordre de N*I/Q) pour
des systémes de processus de Hawkes et des systémes McKean-Vlasov. En effet, dans la littérature,
les questions de limites de grande échelle ont surtout été traitées en régime linéaire (avec des
interactions en N~!), mais peu de travaux existent pour le régime diffusif.

Notons aussi que, bien que les modéles étudiés semblaient similaires, ils nécessitaient des tech-
niques de preuves trés différentes. Passons briévement en revue ces techniques, qu’on peut caté-
goriser en trois parties : les techniques du cadre markovien des Chapitres [2] et 3] les problémes
martingales dans les Chapitres [ et [5] et enfin des techniques analytiques plus directes dans le
Chapitre [6] Les deux premiéres techniques ont un point commun : la notion de générateur.

7.1.1 Techniques markoviennes

Dans la premiére partie de cette thése, nous avons étudié des limites de grande échelle de processus
de Hawkes. Le premier modéle (Chapitre était classique, car nos systémes & N —particules étaient
caractérisés par un processus XV de dimension un, solution de ’équation différentielle stochastique

suivante :
N

1 .
N _ _ N J
dX; aX, dt + Wi E /[o,t]xRerRU]l{ZSf(XtN)}dﬂ (t,z,u).

J=1

Il est important de remarquer que nous avons pu nous ramener a une telle équation parce que nous
avons considéré des noyaux de convolutions exponentiels. En général, 'intensité des processus de
Hawkes n’est ni un processus de Markov, ni une semi-martingale.

Cette structure particuliére nous a permis d’utiliser des outils puissants, notamment ceux liés
aux semi-groupes et aux générateurs infinitésimaux. Notons AV (resp. PV) le générateur (resp. le
semi-groupe) de X7, et A (resp. P) celui de sa limite X. La convergence en loi de X" était une
conséquence plus ou moins directe de celle de son semi-groupe, qui était elle-méme une conséquence
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de la convergence de son générateur via la formule suivante

(P, — PY) gla) = /0 PN, (A~ AN) Pog(a)ds. (7.1)

7.1.2 Lien entre les Chapitres [2] et

Nous avons déja évoqué le fait que ’approche du Chapitre [2| ne fonctionne plus dans le cadre du
Chapitre [d Dans cette section, nous en expliquons la raison.

Tout d’abord, il n’est pas clair que les processus limites X* du modéle du Chapitre @ sont
markoviens. Rappelons que chaque X est solution de

dXZ = — OéXZdt - / th_].{z<f()’(z )}Wl(dt, dZ,d’LL)
xRy xR - -

+oy/E [ f (X)) W]aw,.

Rappelons aussi que nous avons introduit un systéme auxiliaire (f( N:#)1<i<n qui lui est marko-
vien, et que nous avons montré la convergence de ce systéme auxiliaire vers le systéme limite dans
un sens L' avec une vitesse de convergence en N —1/2_ Donc, nous pourrions espérer obtenir une
convergence avec une vitesse entre les générateurs des systémes initiaux (X N ’i)lgig N et ceux des
systémes auxiliaires (XN’i)lgiSN. Le générateur du systéme XN gécrit

N N
ANg(x) = —a ) 2’ dig(z) + Y f(a") / glz-atet = > el | —g(@)| dv(u),
i=1 i=1 R N i
avec e; le vecteur unité de la i—iéme coordonnée. Dans la suite de cette section, pour simplifier,
nous supposerons que la somme ci-dessus porte sur tous les 1 < j < N (i.e. sans exclure 7). Et le
générateur de XN s’écrit
N 2

N N N
AVg(z) = —a Z 2'0ig(x) + > f@') [g (x —2'e;) — gla)] + 207\, Z flai) Y 05 9(x).

i=1 i=1 jk=1

En rappelant que v est une loi centrée, nous pourrions écrire

N
ANg(ﬂﬂ)ANg(ﬂU)’S;f(%i)/lR 9 ﬂf*miei+ﬁzej —g(x —a'e;)

J#i
——= > Ojg(z —z'e;)) — — 05 x9(x) | dv(u).
VN 2N k,j=1

Le probléme, c’est que pour appliquer l'inégalité de Taylor-Lagrange, il faudrait que le terme
8?7 x9(x) ci-dessus soit remplacé par 8?7 w9(x — z'¢;). Et méme si c’était le cas, cela signifierait que
ce terme devrait apparaitre dans l’expression des générateurs. Et il ne semble pas clair ce que ce
terme af’kg(:r — x'e;) représenterait en pratique pour les processus concernés.
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Remarquons que, si le terme de saut de réinitialisation n’était pas présent dans ce modéle, alors
la différence des générateurs s’écrirait

N
Aga) = o] <3056 [ o | e 23 | ot

i

N 9 N
e 2 0i() g D Bl | dv(w),

k,j=1

L’inégalité de Taylor-Lagrange donnerait alors que, pour tout & > 1, pour toute fonction test
g € C3(RF) (que l'on peut interpréter artificiellement comme g € CZ(RY) pour N > k),

|AN g(z) — Ag(z)] < CK3N—/2,

Nous pourrions ensuite essayer d’utiliser la formule pour obtenir une vitesse de convergence
des semi-groupes pour de tels fonctions tests g € C3(R”) a k fixé quand N tend vers I'infini. Mais
nous serions confrontés au probléme suivant : méme si la fonction test g n’est défini que sur R”,
la fonction = +— 155\' g(z) sera défini sur RV, et donc I'expression que 1’on obtiendrait exploserait
quand N tendrait vers 'infini.

Terminons cette section en soulignant le fait que, bien que le terme de saut de réinitialisation ne
soit pas présent dans le modéle du Chapitre[5] il y aurait une difficulté en plus dans ce cadre. En effet,
pour utiliser la formule (7.1)), il est important de pouvoir contréler la régularité du flot stochastique
du systéme auxiliaire. Dans le modeéle du Chapitre [5] nous manipulons des systémes McKean-Vlasov
généraux, et donc les coefficients des équations différentielles stochastiques dépendent des mesures
empiriques des systémes. Cette dépendance pourrait engendrer des difficultés techniques dans le
controle du flot stochastique.

7.1.3 Probléme martingale

Dans les Chapitres et [f] les techniques de preuves précédentes ne s’appliquaient plus. Toutefois les
arguments principaux des preuves de ces chapitres reposaient aussi sur la notion de générateur, via
des problémes martingales. Les problémes martingales que nous avons étudiés sont d’un nouveau
type.

En effet, habituellement, on dit que la loi d’un processus X est solution d’un probléme martingale
caractérisé par un générateur A (A est donc un opérateur sur un espace de fonctions) si pour toute
fonction g suffisament réguliére, le processus

9(X1) — 9(Xo) —/0 Ag(Xs)ds (7.2)

est une martingale locale. Remarquons que dans les cadres classiques, il existe des résultats géné-
raux permettant d’établir ’équivalence entre une équation différentielle stochastique et son probléme
martingale associé (équivalence dans le sens ou ’équation et le probléme martingale ont exacte-
ment les mémes solutions), et qu’il est possible de reconstruire I’équation associée & un probléme
martingale en examinant la forme du générateur A.

Dans nos modéles il y avait plusieurs difficultés :
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e La premiére était que notre cadre n’était pas classique & cause de la mesure aléatoire présente
dans les équations différentielles stochastiques. Donc il a fallu démontrer ’équivalence entre
I’équation et le probléme martingale utilisé.

e Une autre difficulté venait du fait que nous ne manipulions une équation, mais un systéme
d’équations dont les solutions n’étaient pas indépendantes, mais seulement condionnellement,
indépendantes.

e Dans la formule (7.2), la générateur A dépend aussi d’une mesure aléatoire en plus du pro-
cessus.

e La derniére difficulté venait du fait que nous nous intéressions a la convergence de mesures
aléatoires, et non de processus.

C’est pour ces raisons que nous avons di formuler le probléme martingale dont la solution est
la loi d’'une mesure aléatoire et non celle d’un processus. Pour cela nous avons considéré un espace
canonique ou la variable canonique était un triplet composé de la mesure aléatoire limite et deux
coordonnées distinctes du systéme d’équations limite. La loi du triplet a été choisie de telle sorte
que les deux coordonnées était un mélange d’i.i.d. dirigé par la mesure aléatoire. En particulier cette
loi était caractérisée par la loi de la mesure aléatoire, et donc le probléme martingale aussi. Notons
finalement que nous avions besoin de considérer deux coordonnées pour retrouver les corrélations
du systéme d’équations, et donc pour identifier le bruit commun du systéme. Une solution classique
pour gérer le bruit commun dans les jeux en champ moyen consiste & ajouter le bruit commun
dans le probléme martingale. Mais cette solution ne fonctionnerait pas dans notre cadre car le bruit
commun n’est pas présent dans les systémes initiaux, mais seulement dans le systéme limite.

Notons que dans le Chapitre[f] il y avait une autre difficulté technique importante. Contrairement
au Chapitre @ otl la convergence faible de mesures (1Y)y implique clairement la convergence de
(ulN (f))n, cette méme convergence n’implique pas en général la convergence de (ul¥)y au sens de
la distance W;. C’est pourquoi nous avons eu besoin du Lemme [5.4.7]

7.1.4 Techniques analytiques

Finalement, dans le Chapitre [6] nous avons travaillé en normalisation linéaire sur des équations
McKean-Vlasov avec des sauts. Contrairement aux cadres classiques étudiés dans la littérature, nous
avons travaillé avec des coefficients qui n’étaient pas globalement lipschitziens. Plus précisément, nos
coefficients étaient localement lipschitziens, et leurs constantes de Lipschitz étaient sous-linéaires
par rapport a la variable d’espace et sous-exponentielles par rapport & la variable de mesure. Nous
avons démontré que ces équations étaient bien posées et une propriété de propagation du chaos.

Quand on travaille avec des coefficients lipschitziens, le lemme de Gronwall est un argument
essentiel pour prouver ces résultats. Dans notre cadre, nous ne pouvions pas appliquer ce lemme,
donc nous avons utilisé une de ces généralisation : le lemme d’Osgood. Les techniques classiques
utilisées conjointement avec ce lemme nous ont permis de démontrer la propagation du chaos de
nos systémes ainsi que 'unicité trajectorielle de nos équations.

Toutefois, nous avons rencontré des difficultés supplémentaires pour démontrer l’existence de
solutions. Pour construire une solution de nos équations, nous sommes partis d’une technique clas-
sique : un schéma d’itération & la Banach-Picard. Mais, le fait que nous considérions des coefficients
seulement localement lipschitziens nous a empéché de montrer directement la convergence de ce
schéma dans un sens L'. Dans le cadre classique ot les coefficients sont globalement lipschitziens,
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on montre que la suite construite dans le schéma d’itération est la somme d’une série téléscopique
convergeante de la forme :

+oo
Xp 1= Xo+ Y E ||x[" - x[M|]
n=0

avec X" le processus construit au n—iéme pas d’itération du schéma. Cette convergence est vraie
a la fois p.s. et dans L'.

Dans notre cadre, nous avons di démontrer deux propriétés pour arriver & une conclusion plus
faible (car la série n’était a priori pas convergente) :

e Nous n’avons pas montré la convergence de la suite X", mais uniquement la convergence (en
loi) d’une sous-suite par un argument de tension.

e Pour montrer que la limite de cette sous-suite était bien solution, nous avons démontré que si
la suite (X[#(™]), convergeait vers un processus X (oil ¢ est une extractrice), alors la suite
(Xl xletm)+1]) - convergeait aussi vers (X, X). C’est pour cette raison que nous avons
introduis un lemme général sur les séries.

Ces deux propriétés nous ont permis de construire une solution de notre équation McKean-
Vlasov. Mais, comme la solution construite n’était qu’une limite en loi du schéma d’itération, ce
n’était qu’une solution au sens faible. Il a donc fallu utiliser une généralisation des résultats de
Yamada et Watanabe pour obtenir une solution forte.

7.2 Perspectives

Dans cette section, nous discutons de perspectives de recherche sur des sujets liés aux résultats de
cette thése.

7.2.1 Processus de Hawkes avec avec un noyau général

Une question naturelle que ’on pourrait se poser est : est-il possible de généraliser les résultats sur
les processus de Hawkes des Chapitres [2] et [3] aux cas o le noyau de convolution n’est ni sous forme
exponentielle ni sous forme Erlang.

L’intérét des noyaux exponentiels réside dans le fait que l’intensité du processus de Hawkes
associé satisfait une équation différentielle stochastique classique d’Ito (pour les noyaux d’Erlang,
l'intensité est une coordonnée d’une solution d’une équation multi-dimensionnelle). En particulier,
une telle intensité est & la fois un processus de Markov et une semi-martingale, ce qui n’est pas le
cas quand on considére un noyau de convolution général.

Rappelons briévement le modele du Chapitre 2} Ce chapitre était consacré a I’étude des systémes
de processus de Hawkes (ZV'");<;<n (N € N*) ot1, pour chaque N € N*, tous les processus ponctuels
ZN:i (1 <4 < N) avaient la méme intensité

A= (XY,

avec

N
1 )
XN = / ue~ (=91 dm (s, z,u).
t vV IN ; [0,t] xRy xR (=720}
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Rappelons que la convergence des systémes de processus de Hawkes était une conséquence de
la convergence des processus XV. Pour démontrer cette convergence, nous avions exploité une
formule de type Trotter-Kato pour nous ramener & la convergence des générateurs infinitésimaux
des processus X7.

Sile processus XV n’est pas un processus de Markov, le schéma de preuve utilisé au Chapitrene
peut plus étre utilisé. Nous pouvons aussi remarquer que le Théoréme I.X.4.15 de|[Jacod and Shiryaev]
(2003) ne permet plus de montrer que la convergence de X implique celle des processus ponctuels
ZNT puisque le processus (X, ZV) n’est plus une semi-martingale. Mais notre Théoréme [B.0.1]
peut encore s’appliquer dans ce cadre. D’aprés ce théoréme, pour montrer la convergence en loi
sur l'espace de Skorokhod de processus ponctuels, il suffit de montrer la convergence de leurs
intensités stochastiques en loi sur ’espace de Skorokhod, sous la condition que l'intensité limite est
indépendante de la mesure de Poisson amincie.

Il est donc naturel de s’intéresser & la question suivante : étant donné une fonction générique h,
est-ce que le processus X" défini par

N
Xthzi / uh(t —s)1 N, dmd 8,2, u "3
t \/NZ [0,t] xRy xR ( ) {zgf(Xk } ( ) ( )

j=1

converge vers le processus limite X" solution de
t
Xt = [ e s)/r(xaw, (7.4)
0

ot les 77 (j > 1) sont des mesures de Poisson indépendantes sur R% x R d’intensité d¢-dz-du(u) avec
p une loi centrée sur R de variance o2 et W un mouvement brownien standard de dimension un. Les
processus X" de ce type (i.e. les solutions d’équations différentielles stochastiques de convolution
avec un terme brownien) s’appellent des processus de Volterra.

La question de la convergence de X" vers X" est délicate dans le cas général. A notre connais-
sance, le résultat qui s’approche le plus de cette convergence est le Théoréme 7.2 de|Abi Jaber et al.
(2019) qui implique entre autre que, si la fonction h est localement LP et localement lipschitzienne,
alors la suite (X?)y est tendue (dans la topologie L7 ) et n’importe quelle limite (au sens LY ) de
sous-suite de X" est solution de (7.4). Remarquons que la seule chose qui manque pour conclure
sur la convergence de X ™" est 1'unicité des solutions de (7.4).

Dans |Abi Jaber et al. (2019), les auteurs travaillent avec la topologie L] = plutot qu’avec la
topologie de Skorokhod, car ils considérent des noyaux de convolution h qui explosent en zéro. Avec
de tels noyaux, les processus X™V" et X" ne sont pas cadlag. Ceci est une difficulté supplémentaire.

Nous pourrions envisager un cadre plus simple avec une fonction de convolution générale mais
qui n’explose pas. Dans ce cadre, nous pourrions chercher & démontrer une vraie convergence et
donner une vitesse de convergence. Pour cela une idée pourrait étre de considérer une fonction h
continue, et de approcher par une suite de fonctions polynomiales h,,. L’intérét de se ramener a
des fonctions polynomiales, c¢’est que nous avons déja démontré que, pour chaque n € N, la suite
(XN:hn) converge vers X" (voir Théoréme et méme obtenu une vitesse de convergence
explicite (voir Théoréme . Nous pourrions ensuite trouver une vitesse de convergence (et
donc prouver la convergence) de X" vers X" en écrivant pour n’importe quelle fonction test g
suffisament réguliére

B Lo (1)) B [o (x| <[Elo (XB)] - o (3] 3)
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En supposant que la suite de fonctions (h,, ), converge vers h au sens d’une certaine distance (par
exemple, si h est continue, (h, ), est une suite de polynome, et si nous nous intéressons a la conver-
gence sur [0, 7], nous pouvons prendre la norme infinie), nous savons que le terme converge
vers zéro quand n tend vers U'infini (indépendamment de N) : si la fonction g est lipschitzienne, il

suffit de controler (7.5 par

£l (X))~ [g (x0)]| < B[]t - Xl

} < Cyd(h, hy).

Le terme ([7.7) est plus dur a controler, car il dépend aussi de N. Nous pouvons facilement obtenir
le controle suivant (par le lemme de Gronwall)

Blo ()] -2 o ()] < contze dh ).
Finalement, le Théoréme nous permet de controler le terme (7.6 :

o (32)] -2l (3] < iau -+

ou M(hy) est une constante qui dépend de h,,. Nous pouvons alors "controler" la convergence de
XN:h vers X" de la maniére suivante

g (X)) ~E[g ()] | < € [ath ha) (14 N2eN77) 4 M(h)N 2]

Dans ’expression ci-dessus, il y a deux paramétres n et N. Le paramétre N est un paramétre
du modeéle, et le n est un paramétre que ’on peut controler. Nous pouvons remarquer que chaque
terme de la somme dans les crochets ci-dessus tend vers zéro quand ’un des deux paramétres tend
vers 'infini (et que l’autre est fixé), mais explose quand l'autre paramétre tend vers U'infini. Donc
pour obtenir la convergence de X™" vers X" il faut trouver un compromis entre la vitesse de
convergence de ces deux parameétres (i.e. choisir n = v(N) pour une fonction v bien choisie) pour
que 'expression au-dessus tende vers zéro. Cela donnerait méme une vitesse de convergence.

Toutefois, il y a plusieurs problémes qui empéchent de conclure :

e Il faut calculer la constante M (h,) explicitement. Cette constante fera naturellement appa-
raitre la norme infinie locale des dérivées de h,,. Il faudra donc réussir & garantir un controle
de ces dérivées, en choisissant un schéma d’approximation fonctionnelle convenable.

e Dans le controle de la convergence de XN vers X", le terme en eVN est problématique.
En effet, ce terme va forcer le parameétre n & tendre vers l'infini beaucoup plus vite que le
parameétre N pour compenser cette exponentielle. Ce qui peut étre problématique pour trouver
un compromis entre les deux paramétres.

7.2.2 Milieu aléatoire

Dans les Chapitres [ et [5} nous avons étudié des limites de grande échelle de systémes de
particules en interaction en régime diffusif (i.e. la force des interactions d’un systéme & N particules
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est de 'ordre de N~/ 2). Pour avoir une convergence dans ce cadre, nous avons déja expliqué qu’il
fallait centrer les termes d’interactions pour se ramener & un résultat du type "théoréme central
limite". C’est pour cela que dans les équations de nos modéles, le terme de saut avait la forme
suivante

1

SN = — / ul nydml (s, z,u), (7.8)
! \/NZ [0,¢] xRy xR {e2X}

avec m/ (j > 1) des mesures de Poisson indépendantes sur R? x R d’intensité d¢ - dz - du(u) avec p
une loi centrée sur R.

Nous pouvons définir ce processus SV d’une maniére équivalente a : pour chaque 1 <
1 < N, soit T,iv’i (k > 1) les instants de sauts de Z™? (i.e. ces points forment un processus

j=1

ponctuel d’intensité AV), et pour chaque 4,k > 1, soit U,iv " une variable aléatoire centrée de loi 1,
indépendantes des variables TlN 7 (1> 1,7 >1). Alors on peut écrire

N
S{v = \/% Z Z Uliv,i]l{Tlf\’*igt}' (7.9)

i=1k>1

Autrement dit, a chaque fois que 'un des processus ponctuels crée un saut & un instant T,iv ’i,
une nouvelle variable aléatoire U,iv " est créée pour faire une amplitude de saut N—1/ 2U,iv .

Une alternative a ce modéle serait de considérer un modéle similaire en milieu aléatoire. Au
lieu de créer une nouvelle variable U,iv " a chaque saut, on choisirait au départ des variables U’
(i > 1) ii.d. de loi u, de telle sorte qu’a chaque fois que 'un des processus Z™V:¢ saute, on lui associe
toujours la variable U?. Nous pourrions alors définir un terme de saut de maniére similaire & :

N
StN: %ZUiZH{T,jV'iSt}' (7.10)

i=1  k>1

Ce modeéle est relativement facile & définir : il faut d’abord se donner ces variables U® (i > 1)
i.i.d. puis construire les processus que ’on veut étudier conditionnellement & ces variables. Mais
il est plus difficile a étudier que les modéles de cette thése. Ce type de modéle a été étudié par
Guionnet| (1997) & la différence prés que dans ce dernier article, le terme d’interaction renormalisé
est la dérive et qu’il n’y a pas de saut. Pour se rapprocher de , donnons une version plus
simple du modéle étudié dans |Guionnet| (1997) :

N
1 _
dXN = b(XN)dt + dW, + — g U’dt,
t ( t) t /ijz1

avec W un mouvement brownien standard de dimension un, et des variables i.i.d. centrées U? (i > 1)
indépendantes de W,
Dans |Guionnet| (1997)), un autre processus YV est introduit, comme solution de

dYN = b(YN)dt + dW;.

Les preuves de cet article reposent sur le fait que ce processus YV est plus simple & étudier
que le processus XV, et que le théoréme de Girsanov donne la densité de Radon-Nikodym explicite
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entre les lois de ces deux processus. Une autre difficulté de cet article est que les processus ne sont
pas de dimension un, mais de dimension .

L’idée importante & retenir est que le théoréme de Girsanov permet de se ramener & un processus
(ou un systéme) plus simple en "enlevant" le terme d’interaction. Dans notre cadre de travail, une
version du théoréme de Girsanov a saut ne permettrait pas de retirer le terme d’interaction (qui
est le terme de saut), mais cela permettrait de modifier l'intensité des sauts. En particulier, nous
pourrions nous ramener & une intensité constante, et donc le terme de saut ne serait plus un terme
d’interaction (puisque l'interaction vient du fait que I'intensité stochastique est la méme pour chacun
des processus ponctuels du systéme & N particules).
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Appendix A

Extended generators

In this appendix, we define precisely the notion of generators we use in Chapter [2| and we prove
that classical results still hold with this notion. In the general theory of semigroups, one defines
the generators on some Banach space. In the frame of semigroups related to Markov processes,
one generally considers (Cy(R?), || ®|[o). In this context, the generator A of a semigroup (P,);

is defined on the set of functions D(A) = {g € Cy(R) : 3h € Cy(RY), ||3(Pig — 9) = ]|, — 0}.
—

Then one denotes the previous function h as Ag. If A is the generator of a diffusion, we can only
guarantee that D(A) contains the functions that have a compact support. But the main result of
the appendix is to prove Proposition under suitable assumptions on the processes X and
XN having semigroups P, PN and generators A, AN,

t

(B, — PN g(z) = / PN (A — AN Bg(a)ds.
0

In this formula, we need to apply the generators of the processes (XtN)t and (Xt)t to functions of

the type P,g, and we cannot guarantee that P,g has compact support even if we assume g to be in

C(R?).

That is why we consider extended generators (see for instance Meyn and Tweedie| (1993)) or [Davis
(1993)) defined by the point-wise convergence on R? instead of the uniform convergence that allows
us to define the generator on Cj'(RY) for suitable n € N* and to prove that some properties of the
classical theory of semigroups still hold for this larger class of functions.

Definition A.0.1. Let (X;); be a Markov process on RY. We define Pig(x) = E, [g(X;)] for all
functions g such that the previous expression is well-defined and finite for v € R%. Then we define
D'(A) to be the set of functions g € Cy(RY) such that for each x € R, +(P,g(z) — g(z)) converge to
some limit that we note Ag(x) and such that:

e forallt>0, fot |Ag(Xs)|ds is almost surely finite and (0, P, )—integrable,
o g(X;) —g(Xo) — fg Ag(X)ds is a Py—martingale for all x.

We note D’'(A) the domain of the extended generator to avoid confusions with D(A) which is
reserved for the domain of A for the uniform convergence.
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Now we generalize a classical result for generators defined with respect to the uniform conver-
gence to extended generators.

Lemma A.0.2. Let (X;), be a Markov process with semigroup (P;); and extended generator A.

(1) Let g € D'(A) and x € R? such that for allt > 0, E, | sup |PsAg (X;)|| is finite. Then the

0<s<t
function t — Pyg(x) is right differentiable at every t > 0, and we have
d+
dat (Prg(z)) = P Ag().

In addition, if P,g € D'(A), then AP,g(x) = P,Ag(z).

(2) Let g € D'(A) and x € R? such that there exists some non-negative function M : R? — R,

such that for all t > 0, sup E, [M(X;)] is finite and such that for all0 <t <1 and y € R,
0<s<t

we have |P,Ag(y) — Ag(y)| < CM(y)e(t) for some constant C that is allowed to depend on g,
where &(t) vanishes when t goes to 0. Then the function t — Pig(z) is left differentiable at
every t > 0, and we have

a-
dt (Prg(x)) = P Ag(z).
Proof. For the point (1), we know that for all A > 0, we have:
1 1
§ (Prange) = Ple) = Pegle)| < B || (Pra60) = 900) — Ag(x,)|.

As the expression appearing within the expectation above vanishes almost surely when h goes to 0
(since g € D'(A)), and as we can bound it by sup |PsAg(X:)| + |Ag(X:)| (using the fact that
0<s<t

Prg(y) —g(y) = foh P, Ag(y)ds since we take g € D’'(A)), we know that this expectation vanishes as

h goes to 0 by dominated convergence. This means exactly that %(Ptg(x)) exists and is P, Ag(x).
If we suppose in addition that P,g € D’(A), then AP,g(z) is the limit of h=! (P g(x) — Pig(w)),
which is %Ptg(x) = P Ag(z).
Now we prove the point (2) of the lemma. Let h be some positive number. We know that

'_1h (Pi—ng(x) — Pig(x)) — PyAg(x)

is upper bounded by

B || (Paaio) = a06i) - Aa(xi0)

} +E, [|Ag(Xs—1) — PuAg(Xo_n)]]

<E, [ sup |4g(Xin) - PsAg<Xt_h)|} By [[Ag(Xe_n) — PrAg(Xen)].
0<s<

Then we just have to show that E, { sup |Ag(Xi—p) — PsAg(Xt_h)] vanishes when h goes to 0.
0<s<h
But this follows from the fact that it is upper bounded by C ( sup s(s)> < sup E, [M(Xr)]) . O

0<s<h 0<r<t
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The goal of the next proposition is to obtain a control of the difference between the semigroups
of two Markov processes, provided we dispose already of a control of the distance between the two
generators. This proposition is an adaptation of Lemma 1.6.2 from [Ethier and Kurtz] (2005) to the
notion of extended generators defined by the point-wise convergence.

Proposition A.0.3. Let (YtN)te]R+ and (Yt)teﬂh

and (extended) generators are respectively PN, AN and P, A. We assume that there exist ny,ny, o €
N* such that:

be R —valued Markov processes whose semigroups

(i) forallz € R? and T > 0, sup E, [HYtHZm] < Cr (1 + ||$||2n1) and sup EY [HYN||2n1]
0<t<T

Cr (1+ Il
(i) for allT >0, E [ sup ||YtN||m} < +o0.
0<t<T m
(iii) for all 0 < 5,t < T and x € RY,
E, |V = Ya|[22] < Cr (14 lllli) e(lt—sl) and EY || = YN|[2] < O (1+ llallz2) e(lt—s).

(iv) for all g € C (RY), Pg € C (R?),

(v) forallge Cy (RY),0<i<a-1,1<j<dandz R’ s— dapfg(x) is continuous.

(vi) C (Rd) C D'(A)ND'(AN). Forall g € cy (Rd) and z € R?, |flg(x)| <C ||g\|a,OO (1 + ||9:||Zi)
and ’AN { <C||g\| (1+||x||Zi)

(vii) for all g € C2(R?) such that Supp g C [—M,M]%, %‘ig

Clgllayoe (1 + M) and || %572 < O llgl o (14 ).

<

o0

(viii) For all g € cg (RY) and z,y € RY, |Ag(x) — Ag(y)| < C (1 +[Je|™ +|lyllm) ||z — y|[22/?
and | AN g(z) — ANg(y)| < C (1 + ]| + |lyl[2*) [l — yll22">.

(iz) we assume that lim Agy(zr) = lim AN g (zx) = 0, for any bounded sequence of real numbers
k—o0 k—o0

(xk)k, and for any sequence (gi)r of C (Rd) satisfying

(1) V0<i<a—1V1<j<dVeeRd, L%(z) — 0

) 1
6IJ’ k—o0

(2) Sl;pllgklla,oo <o

Then we have for each g € C} (Rd) ,x€R? and t € Ry

(P, — P) g(a) = /0 PN, (A— AN) Pyg(x)ds.
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Remark A.0.4. One can _remark that under usual hypothesis, any diffusion process satisfies the
conditions of Proposition[A.0.9. For example, this is the case if the processes YN and Y satisfy a
classical stochastic differential equation of the form:

dY, = b(Y)dt + o (Y;)dW,

with W a Brownian motion and b and o sublinear finite-dimensional valued functions. In addition,
it is possible to add a jump term in the stochastic differential equation of Y. Whereas for Y, the
Jump term could lead the conditions (iv) and (v) to be false.

Remark A.0.5. Notice that the conditions of Proposition[A.0.3 are not all symmetric with respect
to the processes Y and YN. Indeed, the reqularity hypothesis of the semigroup with respect to the
initial condition only concerns P (see hypothesis (v) and (vi)). Moreover, hypothesis (iii) provides
a stronger control on YN than what is needed for Y.

Proof. To begin with, let us emphasize the fact that hypothesis (i) implies that, for all z € R?, T > 0,

sup E, [HY}HM} < Cr (1—|—||x|\n1) and bup EY [HYNH ] < Cr (1—|—||x|\21) (A1)

0<t<T
o | |1 2n1 1/2 2n1 ni
B 170 <EIBIE"] T < o1+ 1102 < o+ llall).

We fix t > 0,g € C¢(R%), 2 € R? in the proof. We note u(s) = PN Psg(x). Firstly we
show that s + P,g(z) and s + PNh(z) are dlfferentlable for all h € C2(R?), by showing that
P and PV satisfy the hypothesis of Lemma The condition of the point (1) of the lemma
is a straightforward consequence of hypothesis (vi), and the conditions of the point (2) are

since

satisfied for M(z) = /1 4 ||z||27* using hypothesis (i), (iii) and (viii).

Then, write u = ® o ¥ with ® : R? — R; ®(v,v2) = PNP,,g(z) and ¥ : R — R?; W¥(s) =
(t — s,5). We have just proven that & is differentiable w.r.t. to v; and vy (for v; we have to
use condition (iv) to guarantee that P,,g belongs to C{(R?)). As a consequence, and thanks to
hypothesis (iv), u is differentiable and

d _ d _
u/(s) = ar (nyvpeg(x)) |r:t—s + ar (Pt]XSPTg(I)) |T:5
== PtZXsANpsg(z) + Ptjzspsleg(x)
=PN (A- AN) P.g(x).

The second equality comes from the fact that P satisfy the additional assumption of the point (1)
of Lemma (see hypothesis (iv) and (vi)).

Now we show that u' is continuous. Indeed if it is the case, then we will have

u(t) — u(0) = /0 o (5)ds,

which is exactly the assertion. In order to prove the continuity of u’, we consider a sequence (si)x
that converges to some s € [0,¢], and we write

|PtJXs (A_AN) I:)Sg(l‘) t Sk (A A ) Skg ’ < |(Pth t sk) (A AN) 99( )| (AQ)
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+ |PtJXsk (‘A - AN) (Ps - Psk)g(m)

C(A3)
where g5 = Pyg € C2(RY).

To show that the term (A.2]) vanishes when & goes to infinity, we introduce, for all M > 0 the
function ¢ar(gs)(y) = gs(y) - Ear(y) where &yr @ RT — [0 1] is €, and V||y[lc < M,&m(y) =1

and V||y|loo > M + 1,&0(y) = 0. We note that the term is bounded by
|(PtN5 PtN.sk) (A AN) YM gs x)’ + |(Pt]X5 t ék) (A AN) ( —YM gs } - Al + A2
If we consider the function hps s = (A — AN) @pr(gs), using hypothesis (iii), (iv) and (vii), we have

Av <EY [[hars (V) = hars (V)]

< Oha

<<Z “or; )EN [V, = ¥2, ]
i=1 o 8]

<C(1+Mm™) (Is — skt

Choosing M = M), = (|s — s3|)~*/(+m72) it follows that hm A; = 0. To see that the term A,

k— o0
vanishes, it is sufficient to notice that A, is bounded by

]Eiv H (‘Z1 - AN) (gs — PMy (gs)) (Y;]Xs) H + ]Eiv H (‘Zl - AN) (gs — ©My (gs)) (Yt]l]sk) H :

We know that the expressions in the expectations vanish almost surely (using hypothesis (i¢)
and (iz)), and then we can apply dominated convergence (using hypothesis (i7) and (vi)).

We just proved that the term vanishes. To finish the proof, we need to show that the
term vanishes. We note that the term is bounded by:

B [[Age (V2 )] +E2 (1A% (V)1

where g, = (P; — P;,) g € C5'(RY).

We have to show that the terms in the sum above vanish as k goes to infinity. Firstly we
know that Agy (V;¥, ) and AN g, (Y,Y,) vanish almost surely when k goes to infinity (see hypoth-
esis (i), (iv), (v) and (iz)). Dominated convergence, using and the hypothesis (ii), (iv)
and (vi), then implies the result. O

147



Appendix B

Convergence of point processes

This appendix is based on [Erny| (2020).

This appendix is dedicated to prove a result interesting on its own: under some hypothesis, the
convergence of point processes that admit stochastic intensities is implied by the convergence of
their stochastic intensities. The result is stated formally in Theorem below. This result has
been used to prove Theorem Let us recall that it was also possible to prove Theorem [2.4.1
with Theorem IX.4.15 of |Jacod and Shiryaev| (2003)). One advantage of Theorem is that it
can be used in some frameworks where Theorem IX.4.15 of |Jacod and Shiryaev]| (2003) cannot (e.g.
in Example [B.0.4), as it is explained below.

Theorem B.0.1. Let Y* and YN* (N,k € N*) be D(R,,R,)-valued random variables. Let
(Trk)keN* and (ﬁk)keN* be i.i.d. families of Poisson measures on Ry xR having Lebesgue intensity.

Let ZNE and ZF be point processes defined as follows
ZtN’k = / ]l{zgyz\i,k}dﬂ'k(s,z), Zf = / 1{ZSYk_}d7?k(s,z), k > 1.
[0,t] xRy ° [0,¢]x R4 s

Assume that, for everyn > 1, (YN 7t YN’",_W”) converges in distribution to (Y1, 71, ... Y™ 7")
in (D(Ry,R) x N)", and that, for each k > 1, Y* is independent of 7k,

Then, for any n > 1, (ZN*k) converges to (Zk)1<k<n in distribution in D(R_,R™). In
particular, (ZN’k) in distribution in D(R,, R)N* endowed with the product
topology.

1<k<n

p>q converges to (Zk)

k>1
Remark B.0.2. In the statement of Theorem[B.0.1] we need to guarantee the following property:

Poisson random measures are N —valued random variables. This is a direct consequence of The-
orem 2.6.111.(ii) of |Daley and Vere-Jones (2003) and of the definition of Poisson measures (see

Definition .

Remark B.0.3. According to Lemma 4 of Brémaud and Massoulié (1996), a point process Z having
stochastic intensity (st)szo (where Y is a cadlag process) can always be written in the form of

Theorem [B-0.11

Let us explain a bit more Theorem and how it can be applied. Let us note that, in
Theorem [B.0.1] the processes Y V-* are not assumed to be independent of the Poisson measures 7*.
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Otherwise, the proof would be straightforward by conditioning by YV, Let us also note that the
condition of independence of the limiting intensities Y'* from Poisson measures ¥ is often satisfied
and natural in many examples of application. It holds for example when the limiting intensities are
deterministic, or when they are functionals of Brownian motions with respect to the same filtration
as 7",

If the processes YVF are semimartingales, the result of Theorem can follow from Theo-
rem IX.4.15 of [Jacod and Shiryaev| (2003), provided the convergence of the characteristics of the
corresponding semimartingales holds. But we do not assume the semimartingale structure for the
intensities YV* in Theorem This is the case in the model considered in Chapter [2]

When the limiting intensities are deterministic, Theorem [B.0.1] can be compared to Theorem 1
of that states that the convergence of point processes is implied by the pointwise
convergence in distribution of their compensators (i.e. for each ¢ > 0, the compensator at time ¢
converges in distribution in R). In (1978), Theorem 1 holds when the compensator of the
limit point process is a deterministic function, whereas in Theorem the limit point processes
have stochastic intensities. Let us give an example of application in this framework.

Example B.0.4. Consider any locally bounded K : Ry — R and any Lipschitz continuous func-
tion f:R — Ry. Define XV as solution of

N
1 .
XN =_ E / K(t—s)1 dm (s, z),
t =N 0] xR, {z<r(xX)}

j=1

where 7 (j > 1) are independent Poisson measures on Ri with Lebesgue intensity, and X as the
deterministic solution of

X = /0 K(t—s)f(Xs)ds.

Z :/ L dr'(s,z) and Z} :/ 1 ¢ ndmi(s,2).
' [0,t] xR+ {e=fxiD} (5:2) ! [0,t] xRy {e<f(x0)} (s.2)

Then, Theorem 8 of |Delattre et al.| (2016|) states that, for i > 1, for all T > 0,

E[ sup ’Zf” - Z;’] < OpN~V2,
0<t<T

for some constant Cr. In other words, ZN'" converges to Z in a L' —sense. As X is a deterministic

function, Theorem 1 of [Brown , and a fortiori Theorem |B.0.1, can be used to show the

(weaker) convergence in distribution in D(Ry,R) of ZN* to Z, provided X~ converges to X.

Theorem allows us to consider processes that are not semimartingales, such as Hawkes
processes and Volterra processes. Since the stochastic intensities of Hawkes processes are not, in
general, semimartingales, Theorem can be interesting to show the convergence of Hawkes
processes, provided that one can show the convergence of their stochastic intensities. Let us give
an example of application of Theorem [B.0.1]in this case. The example is based on Examples 7.3
and 7.4 of |Abi Jaber et al. (2019).
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Example B.0.5. Let us consider K(t) :=t7 for somey > 0, KV (t) := K(t/N) and some Poisson
random measure T On Ri having Lebesque intensity. Let XN satisfies

t
[0,¢] xR ° 0

Theorem 7.2 of |Abi Jaber et al| (2019) implies that the sequence of processes (XN )i>0 = (N"1XL,)i>0
has converging subsequences (in distribution in the topology L? ), and that every limit process
(X1)e>0 satisfies

t
th/ K(t — s)y/|X,|dBs, (B.1)
0

for some standard Brownian motion B. Besides, one can prove with standard arguments, the
tightness of (XN)n in Skorohod topology. Then, we can consider a subsequence of (XN)y that
converges in distribution in the topology of L . and in Skorohod topology. The limit for both
topologies is necessarily the same on Skorohod space. Indeed, let T be the limit for leOC topology and
@ be the limit for Skorohod topology of a sequence of cadlag functions (z™),. The L} . convergence
implies that xi' converges to T; for Lebesque-a.e. t > 0, whence, the convergence for all continuity
point t of . Besides, the convergence in Skorohod topology implies the convergence x3 to & for
every continuity point t of &. This implies that & and & have the same continuity points, and that
T=1z.

This implies the convergence of (a subsequence of) YN := |XN| to Y := |X| in Skorohod
topology. Moreover, the Brownian motion can be shown to be necessarily independent of the Poisson
measure 7 (using Theorem I1.6.3 of [Tkeda and Watanabe (1989)). Then, Theorem[B.0.1) implies the
convergence in distribution in Skorohod topology of Z} = f[O,t]x]R+ ]l{zgyﬁ}dﬂ'(s,z) to the point
process Zy = f[o,t]leJr ]l{zéni}dﬁ(s, 2), where 7 is independent of Y. To the best of our knowledge,

there is no classical way to prove this convergence.

Befor giving the proof of Theorem[B.0.1] let us recall some useful results about Poisson measures.

B.1 Some basic properties of Poisson measures

Let us recall the usual definition of random measures and Poisson measures. We restrict this
definition to the space Ri since we only need this space in the section, but Definition can be
generalized to any measurable space.

Definition B.1.1. A locally finite random measure on R2 is a M—valued random variable, where
M is endowed with the o—algebra generated by the functions T € N'— w(B) (B € B(R%)).
A Poisson measure on Ri is a locally finite random measure 7w satisfying:

e for all B € B(R%), 7(B) follows a Poisson distribution,

o for every n € N*, for all disjoint sets By, ..., B, € B(R%), the variables m(B;) (1 <i < n)
are independent.

The function p: B € B(R%) — E [r(B)] is a measure on R% that is called the intensity of .

Remark B.1.2. In Definition[B-1.1], we can consider Poisson distribution with parameter infinity.
A Poisson variable with parameter infinity is a random variable X satisfying X = +00 a.s.
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Let us begin with an elementary lemma.

Lemma B.1.3. Let D € B(R%), p be a (deterministic) measure on R? | and w be a Poisson measure
on R2 with intensity p. If p(D) = 0, then, a.s. ©(D) = 0.

Proof. By definition, (D) is a Poisson variable with parameter (D) = 0. O
Now, we state and prove another classical property of Poisson measures.
Lemma B.1.4. Let 7w be a Poisson measure on Ri with Lebesgue intensity. Then,
PVt >0,7({t} xR;y) <1)=1.

Proof. Let us write

Pt n({t} xRy) 22) <P > L=,y 21| <E > | TR
(t1,21),(t2,x2)ET (t1,21),(t2,z2)ET
(t1,21)#(t2,22) (t1,21)#(t2,22)

Then, introducing the random measure 7(?) (called the second factorial measure of 7) defined

as
72 .= Z 5(t1,w1,tz,wz)’

(t1,x1),(t2,x2)€E™
(t1,1)#(t2,22)

we can write
Z ]l{t1:t2} = /4 1{t1:t2}d7{(2)(t1,$17t27x2)-
R

(thwl),(tz,iﬂz)eﬂ' +
(t1,@1)#(t2,22)

According to the multivariate Mecke equation (see Theorem 4.4 of [Last and Penrose| (2017))
and Fubini-Tonelli’s theorem, the expectation of the integral above is

/ / / / ]l{tl:t2}dt1dt2d.’£1d.’£2 =0.
Ry JRy JRy JR4

This allows to conclude that P (3¢, 7({t} x Ry) > 2) = 0. O

B.2 Proofs

In a first time, let us the following result: the vague convergence of locally finite point measures
implies the convergence of their atoms.

Proposition B.2.1. Let P* (k € N) and P be locally finite simple point measures on R? such that
P* converges vaguely to P. Let T, M be positive real numbers such that P(3[0,T] x [0, M]) = 0.
Denote ny, := P*([0,T] x [0, M]),n := P([0,t] x [0, M]) and (t¥, 25)1<i<n, (resp. (ti,zi)1<i<n) the
atoms of P|]f0,T]x[0,M] (resp. Pijo,1)x[0,M])-

Then, for k large enough, n, = n, and there exists a sequence of permutation (o*)y of [1,n]
such that, for all 1 < i < n, t’;k(i) (resp. zik(i)) converges to t; (resp. z;) as k goes to infinity.
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Proof. To begin with, Proposition A2.6.I1.(iv) of Daley and Vere-Jones| (2003)) implies that 7y
converges to n as k goes to infinity. As ng (k € N) and n are integers, this implies that ng = n for
k large enough.

To show the convergence of t¥ and 2¥, (1 < i < n) let us fix some € > 0. Then, for each
1 <4 < n, consider an open ball B; centered on (¢;, z;) of radius smaller than e (for the supremum
norm) such that, for all ¢ # j, B; N B; = @.

Thanks to Proposition A2.6.IL.(iv) of [Daley and Vere-Jones (2003), we know that P*(B;) con-
verges to P(B;) =1 (1 <i < n). Since P* are point measures, this implies that for all 1 <i < n,
P¥(B;) = 1 for k large enough. As the sets B; (1 < i < n) are disjoint, there exists a permutation
o® such that (tﬁk(i)’ ng(i)) € B;. Hence, for k large enough, for all 1 <i < n, |t’;k(i) —t;] <e and
|z§k(i) —zi| <e. O

Now, let us state and prove the main step to prove Theorem
Theorem B.2.2. Let ® : D(Ry, R )™ x N™ — D(R4,R™) be defined as

D(x,m) = (/[O’t]X]RJr ]l{zgzi_}dﬂj (s, Z))

Let (z,m) € D(Ry,R.)™ x N™. A sufficient condition for ® to be continuous at (x,7) is:

1<j<m

(a) for each 1 < j <m, for everyt >0, 7/ ({t} x Ry) <1,
(b) for each 1 < j < m, for everyt >0, if 7/ ({t} x Ry) = 1, then, for all i # j, 7' ({t} xRy ) =0,

(c) for each 1 < j < m, for every t > 0 such that 7/ ({t} x R.) =1, 27 is continuous at t,
(d) for each 1 <j<m, 7/ ({(t,:z:{_) D> O}) =0.

Before proving Theorem [B:2.2] let us point out that, in general, ® is not continuous at every
point of D(R;,R ;)™ x N™. This is shown in Example [B.2.3] where hypothesis (d) is not satisfied.

Example B.2.3. Let us consider the point measure ™ = 61 1) and the constant function x : t €
Ry +— 1. In addition, we consider the functions z" defined as in Figure below. Obviously,
[z — 2" || = 1/n, but ®(x,7); = L1y and (2", ) = 0. In other words, x™ converges uniformly
to x, but ®(z", ) does not converge to ®(x, ) for non-trivial topologies.

1 7 ]
1—1/nN

Figure B.1: Graph of 2"
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Proof of Theorem[B.2.3 Let (2%, 7%) = (abVk,... a™F bk . 7™Hk); be asequence of D(Ry,R)™x
N™ converging to (z,7) = (z!,..., 2™, 7!,...,7™). Let Z := ®(z,7) and ZF := ®(z*, 7%).

Let us consider T > 0 such that for all 1 < j < m, 7/({T} x Ry) = 0 and for all k €
N*, w3k ({T} x R} ) = 0. In particular T is a point of continuity of Z and of each Z*, and, as the
set of all the atoms of the measures 7/ and 7/* (1 < j < m, k > 1) is countable, the set of points T
satisfying the previous conditions is dense.

According to the proof of Theorem 16.2 of Billingsley| (1999), in order to prove the convergence
of Z¥ to Z in D(R,,R™), it is sufficient to prove this convergence in D([0, 7], R™) for the points T
satisfying the conditions of the previous paragraph. Indeed, these points T are continuity points of
Z and there exists an increasing sequence of such points 7' going to infinity. Then, by Lemma[C.3.5|
(whose hypothesis is satisfied thanks to hypothesis (a) and (b)), the convergence of Z* to Z in
D([0,T],R™) will follow from the convergence of ZF to Z; for every point t satisfying the same
conditions as T". Let us show the convergence of Zg’k to ZJ for every 1 < j < m. In the rest of the
proof, we work with fixed j,¢,7T.

To show this, fix some M > max(ijHoo,[QT] ,supy, ||$j’k||oo,[o,T]) (where we know that the

supremum over k of HQ?JkHOO [ is finite since (27°*); converges in Skorohod topology) such that

0,7 4
(R x [0,M]) = 0, and write {(Ti,Ci) : 1<i < N} the set of the atoms of i, . 1, and
{(7F.¢k) + 1<i < Ny} that of 75y 00

Then, Proposition implies that Ny = N for all k (large enough), and that, for each
1 < i < N, 7F and ¢F converge respectively to 7; and ¢; (we can assume that o* = Id in the
statement of Proposition [B.2.1] possibly reordering the indexes of the atoms of every P¥).

Notice that

N
Zgyk — Z ]l{chxj’:_}ﬂ{ﬂkgt}.

i=1

To end the proof, one has to note that ﬂ{CfSwi’k,} converges to ]]'{Cifmii,}’ and that ]].{Tikgt}

7

converges to 1, <4 = 1. By hypothesis (d), ¢; # xii_, whence there are two cases, either (; < xii_
or (; > mii_. In the first case, we consider ¢ > 0 such that {; + ¢ < .Z’g_l_ Then, noticing that
hypothesis (¢) guarantees that =7 is continuous at 7;, Lemma and the convergence of 7% and
CF respectively to 7; and ¢; imply that, for k large enough, (¥ < (; +¢/3 < :c% —e/3< xifﬁ, what

implies the convergence of ]I{Ck<$j,k } to ]l{<v<wj 3 The second case is handled in the same way,
P ="k _ =Y —
as well as the convergence of 1y x<y to 1y, <}, recalling that w({t} xRy)=0,andso7; <t. O
Now, we can prove the main result of this section.

Proof of Theorem [B.0.1} Step 1. Let us show that (ZV'*);<,<, converges to (Z¥)1<x<, as N goes
to infinity in D(R4,R™).

Since (D(R4,R) x M)™ is a separable metric space (see Theorem 16.3 of Billingsley| (1999)
for D(R4,R), and Theorem A2.6.IIL.(i) of [Daley and Vere-Jones| (2003) for M), we can apply
Skorohod representation theorem (see e.g. Theorem 6.7 of Billingsley| (1999))) to show the al-
most sure convergence of a sequence ((YN1, 7M1 (YN 7N to (Y1, 7h),..., (Y™, 7)) in
(D(R4,R)xN)™as N goes to infinity, where these variables have respectively the same distribution
as (YL rh), o (YN 7)) and (Y, #Y),..., (Y™, 7).
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_ Then Theorem implies the almost_sure convergence of the multivariate point processes
(ZN M) 1<han = (Y NFTVF) 1 chen) t0 (ZF)1<hen = ®((YF, T )1<k<n) in DRy, R™). Let us
show that the hypothesis of Theorem are satisfied almost surely. Hypothesis (a) is a classical
property of Poisson measures (see Lemma . Hypothesis (b) is satisfied since the Poisson
measures 7' (i > 1) are independent, whence, considering i # j, denoting A(77) the set of points
t > 0 such that 7/ ({t} x R} ) = 0, we have that Useagri{tt x Ry is a null set (since A(77) is finite
or countable) independent of 7%, and consequently

Pl |J @ xR)#0|=E|P|=( |J {8 xRy #07 || =0,

teA(md) teA(wd)

by Lemma

Hypothesis (¢) and (d) are satisfied for a similar reason. For (c), one has to observe that

P (3t > 0,7/ ({t} x Ry) =1 and Y7 is not continuous at t) = P | 7/( U {t} xRy)>1],
teD(Y7)

where D(Y7) is the set of discontinuity points of Y7. As D(Y7) is a.s. finite or countable (see e.g.
the discussion after Lemma 1 of Section 12 of Billingsley| (1999)), whence UteD(w){t} x Ry is a

null set independent of 77, and Lemma gives the result:

Pla( |J xRy =1 |=E|P|#( |J {&xR)=1Y7||=0.
teD(Y9) teD(Y7)

And hypothesis (d) holds true, because the set {(t,Y/ ) : t > 0} is also a null set independent of 77.

Then, the almost sure convergence of (ZN’k)lngn to (Zk)lgkgn implies the convergence in
distribution of (ZVF)1 <<, to (ZF)1<k<n in D(R,,R™).

Step 2. We have shown that, for every n € N*, (ZN'*); <1<, converges to (Z*)1<p<n in dis-
tribution in D(Ry,R™). This implies the convergence in the weaker topology D(R,R)". Then,
the convergence of (ZV*);>; to (Z¥)1>1 as N goes to infinity in D(R,,R)Y" is classical (see e.g.
Theorem 3.29 of [Kallenberg (1997)). O
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Appendix C

Standard results

C.1 Gronwall’s lemma

The version of Gronwall’s lemma we use in the thesis is a particular case of |(Gronwall’s inequality’
(2019). We state it below.

Lemma C.1.1. Let v and u be non-negative measurable functions defined on R, and let a be a
non-negative constant. Assume that v € L}, .(dt), and that for all t > 0,

loc

t
u(t) <~(t) + a/ u(s)ds, (C.1)
0
then for all t > 0, we have
t
u(t) < ~(t) + a/ v(s)et=5) ds.
0
Moreover, if v is nondecreasing then, for all t > 0, we have:
u(t) < y(t)e™.

An interesting point of Lemma [C.1.1is that it does not require any continuity hypothesis on w,
contrarily to more common versions of Gronwall’s lemma. We reproduce the proof of [Gronwall’s
inequality| (2019)) for self-containedness.

Proof. We note p the measure p(dt) = adt. Firstly we prove by induction on n that for all n € N

n—1

u(t) < (1) + / 2(5) S W (Ax(s,0))pu(ds) + Ra(t), (C.2)

k=0

where R, (t) = / u(s)pu®" (A (s, t))pu(ds) and A, (s,t) = {(s1,.--,8n) €]5,t[" 1 s <51 <...< s, <1)}.

0
The case n = 0 is inequality (C.1)). To show the induction step, we replace the assumed inequality
in the expression of R, (t) and obtain

R (t) < / ()1 (An(s, 1)) lds) + Bon(),
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with R, ( fo (fy uls)u(ds)) p®™(An(r, t))p(dr).

Usmg Fub1n1 Tonelh s theorem, we have R, (t) = R,+1(t). As a consequence, equality is
proved for all n € N.

A straightforward induction gives

‘Lt®n(An(57t)) = ﬁ(t - S)na
implying that, for all n € N

t n—1 Oék
u®) <90+ [ 263 Gt 9)a(ds) + Ra(t). (©3)

0 k=0
As R,(t) = & fo Yt — s)"ds < rt fo s)ds, we know that R, (t) vanishes when n goes
to 1nﬁn1ty, since u is locally integrable. Lettlng n go to infinity in equation (C.3), we obtain the
assertion. O

C.2 Osgood’s lemma

We have used many times in Chapter [6] a generalization of Gronwall’s lemma, which is Osgood’s
lemma (see e.g. Lemma 3.4 of [Bahouri et al.| (2011))).

Lemma C.2.1. Let o be a measurable function from [to,T] to [0,b], v a locally integrable function
from [to,T] to Ry, and p a continuous and non-decreasing function from [0,b] to R,. Suppose that
for all t € [to,T] and for some c €]0, ],

9®SC+/7@me®'

to

Then, with M(z) := fb ds

—M(o(t)) + M(c) < / ~v(s)ds.

to

C.3 Lemmas about Skorohod topology

In this section, we state and prove some results of Skorohod space that we use in the proofs in the
other chapters. They rely strongly on Chapters 1 and 3 of Billingsley| (1999).

Let us recall that if (E,d) is a Polish space and T > 0, D([0,T], E) denotes the set of cadlag
E—valued functions defined on [0, 7], endowed with Skorohod topology. This space is Polish, and
the convergence of a sequence (z,,), to some z in this space is equivalent to: there exists a sequence
of increasing continuous functions (Ay), such that A,(0) =0, A,(T) = T and both

[[An — Id”oo,[O,T] and ||z, —zo /\n||oo,[0,T]

vanish as n goes to infinity. One can also consider the space D(R, F) with similar properties. This
space is studied in detail in the section 16 of Billingsley| (1999).
These two first lemmas are used in the proof of Proposition [6.1.8
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Lemma C.3.1. Let T > 0, and (x,), be a sequence of cadlag functions converging to some cadlag
function x in D([0,T],R). In addition, if (yn)n is a sequence of cadlag functions that satisfies

sup |, (t) — yn(t)] — 0,
0<t<T n—oo

then, the sequence (T, Yn)n converges to (x,z) in D([0,T],R?).

Proof. By hypothesis, there exists a sequence of increasing and continuous functions A,, such that
A (0) =0, A (T) = T, and that both

sup [ (t) = 2(Aa(t)] and sup [t — A ()]
0<t<T 0<t<T

vanish as n goes to infinity.

To prove the lemma, it is sufficient to prove that (y,), converges to x in the same sense as
above with the same sequence of time-changes (A,,),. It is a direct consequence of the fact that, for
all0 <t <T,

yn(t) = 2(An(®)] < |yn(t) = 2a (O] + |20 () — 2(An(D))]-
O

Lemma C.3.2. Let T > 0, and = and x, (n E ) be cadlag functions. Let A\, (n € N) be
continuous, increasing functions satisfying A, (0) = (T) =T, and that both
)

sup |zn(t) — x(An(t))| and sup |t — A, (2)]
0<t<T 0<t<T

/Ot Zn(s)ds — /O/\n(t) x(s)ds

Proof. The proof relies on the following inequalities: for any 0 <¢ < T

/Ot Tn(s) — //\n(t) x(s)ds
/ |z (5) — z(An(s))|ds +/ |z(A —z(s)|ds + /Otm(s)ds — /()/\n(t) x(s)ds

<T sup [zn(s) —2(An(s ))I+/ [2(An(5)) = z(s)|ds + sup [z(s)[- sup s — An(s)].
0<s<T 0 0<s<T 0<s<T

vanish as n goes to infinity. Then,

— 0.

n—oo

sup
0<t<T

To conclude the proof, one has to notice that the three terms above do not depend on ¢t and
vanish as n goes to infinity. O

Remark C.3.3. An interesting consequence of the previous lemma is that if (T, Yn)n converges to
(z,y) in D([0,T],R?), then (zn, [, yn(s)ds)n converges to (z, [, y( in D([0,T],R?). Note that
it is important to have convergence in D([0,T],R?) instead that in D([O7T]7R)2. The difference
between these two topologies is that, the convergence in D([0,T],R?) means that the two coordinates
have to share the same sequence of time-changes, whereas for the convergence in D([0,T],R)? each
of the coordinates has its own sequence.
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The two following lemmas are used to prove Theorem

Lemma C.3.4. Let (xny)n be a sequence of D(Ry,R) converging to some x € D(R;,R), and
(tn)n be a sequence converging to somet > 0. If x is continuous at t, then zn(ty—) — x(t).

Proof. Let T > t such that x is continuous at 7. By Theorem 16.2 of Billingsley| (1999), zn
converges to x in D([0,T],R). Consequently, there exists a sequence of continuous increasing
bijective functions Ay : [0,T] — [0, T] such that |[Ax — Id||, o 7 and [[2n — 2 0 An|| o, 77 Vanish
as N goes to infinity. Then, as Ay is continuous,
lz(t) —zn(tn—)] <|z(t) —x2(AN(EN))| + 2N (Env—)) — zn(Ev—)]
< l2(t) = x(An(En))] + |l 0 An = 2n || 0,7

vanishes as N goes to infinity since
AN (tn) =t < [An(En) — tn| + [tn =t < [|An = Id]| g (o 7y + [t — 1] -
O

Lemma C.3.5. Let T > 0, k € N*, n; € N*, and consider increasing sequences 0 = t; 9 < t;1 <
v b1 <tin, =T, 0 =1 <ty <... <t} v  <tN =T (1<i<k). We define the

functions g, gy € D([0,T],R*) by

’I’Lifl .
{ 0 = (S35 L9, _, Jor t € 0.7
9(T) = (n; — 1)1§i§k )
and
nN—1 .
gn(t) = (756 ey o ((0)
gn(T) = (n]¥ - 1)1§i§k'
We assume that there exists a dense subset A C [0,T] containing T and such that, for all

t € A, gn(t) converges to g(t). Moreover, we assume that for all iy # is, for all j; € [1,n;,-1] and
j2 € [1,mi,-1], tiy j, # tinjo- Then gn converges to g in D ([0,T],R¥).

fort €[0,T7],
1<i<k

Proof. Since gy (T) = (n)Y — 1)1<;<x converges to g(T) = (n; — 1)1<i<k, we know that n)Y = n; for
all N (large enough) and all 1 < < k.

Now, we show that for each 1 < i < k,1 < j < n; —1, £}
(thj)N is bounded, it is sufficient to show that ¢; ; is its only limit point. Let s be a limit of a
175N

converges to ¢; ;. As the sequence

subsequence (t; .

We show that s = t; ;. If s > t; ; there would exist some r € ANJt; ;, 5[ satisfying that g, n)(7)
converges to g(r). This is not possible because, as r < s = limy t:ng), Gony(r)i < j—1for N
large enough, and as r > t; ;, g(r); > j. For the same reason, it is not possible to have s < t; ;.
As a consequence, t; ; is the only limit point of the bounded sequence (t};) - This implies the
convergence of tfvj to t; ;. In the rest of the proof, let us re-index the set {t; ; : 1 <i < k,1<j <
n; — 1} as {s;: 1 <i <n} where n = Zle(ni — 1), such that s; < sg < ... < s,. And we consider
the same indexes for the points ¢}, (1 <i<k,1<j<n;—1).
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To prove the convergence of gy to g in D([0,T],R), we just have to define the sequence of
functions (Ay)n such that each Ay is the function that is linear on each interval [s), s ;] and that
satisfies Ay (s2Y) = s;. These functions verify gy = g o Ay and

— = N = N
[IAw = Tdlloc,jo.ry = max |s; — 57| = max - [ti; —t5] — 0.
1<j<ni—1
This proves the result. O

C.4 Analytical lemmas

The first lemma of this section states that if a series of non-negative terms has a growth of order n' ¢,
then a subsequence of its general term vanishes. This property is used to prove Proposition

Lemma C.4.1. Let (u,)n>0 be a sequence of mon-negative real numbers, and S, = > ;_oux
(n € N). If there exists 0 < € < 1, such that for all n € N, S,, < Cn'=¢, then there exists a
subsequence of (u,)n>o0 that converges to 0.

Proof. We construct an increasing sequence of positive integers (nj)r>1 such that for all k € N*,
Up, < C’n;E/Q. (C.4)

Let n; = 1. By hypothesis, u; = 51 < C. Let &k € N*, assume that the k first terms of the
sequence nq, ...,nj are defined such that holds. Then we put ngy1 := min{n > ny : u, <
Cn~¢/2}. We only have to prove that the above set is not empty. This is shown by contradiction. If
the set was empty, this would imply that for all n > ny, u, > Cn~¢/2. Consequently, for all n > ny,

n n n+1
dt
Sp="Sn+ Y ui>Sy +C Y iP>8,, +c/

te/2
i=ng+1 i=ng+1 nk+1

=S, + (n+1)175/2 — (ng +1)175/2.

1—¢/2 1—¢/2

Letting n — oo in the above inequality we see that it is in contradiction with the hypothesis that
for all n € N*, S, < Cn'—e. O

These two following lemmas were used to prove Theorem in a previous version. Although
they are not used in the thesis, we still state and prove them because they are technical but not
complicated, and even if they seem classical, we have not found their equivalent in the literature.

Lemma C.4.2. For each n € N, let E,, be a topological space, and X,, be an E,—wvalued random

variable that is tight on E,. Then (X,), oy is tight on [] E, (endowed with the product topology,).
neN

Proof. For all € > 0 and for each n € N, let K¢ be a compact set of E,, such that

P(X, ¢ K5) < e.
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Considering L. = [] Kfl/ 2n, which is a compact set of [ E, (see Tykhonoff’s theorem), we have
neN neN

P((X)pe & Le) =B (I € N, X, g K5/7") < 3B (X, ¢ K/ < 2e.
neN
This proves the tightness of (X,,), O
Lemma C.4.3. For each n € N, let (E,,d,) be a separable metric space. Then [| E, (endowed
neN

with the product topology) is a separable metric space.

Proof. Firstly, we can assume that for each n € N, for all x,y € E,,d,(z,y) < 1, since d, is

topology equivalent to the metric Jn(x,y) = 11’&(7%. As a classical result, we know that the
metric J
T
d(%y) _ Z n( 21:; yn)
neN

defines the product topology on [] E,.
neN
For each n € N, let A,, be a dense countable subset of (E,,,d,). We define the set

B=|J (A x Ay x...x Ay x {0} x {0} x ...},

neN

which is a countable subset of [][ E,.
neN
Now we prove that B is dense. Let = (z,,)nen € [[ En and € > 0. We consider n. € N such
neN
that 1/2" < ¢, and for each 0 < n < n., we choose some y,, € A, such that d,(z,,y,) < €. For

each n > n., we define y,, = 0. We have

o~ dn rINn d ) 1
dlw.y) = 3 limtn) s dnlnn) oy 1<y
n=0

n>ne
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