N
N

N

HAL

open science

Long time dynamics for nonlinear wave-type equations
with or without damping
Xu Yuan

» To cite this version:

Xu Yuan. Long time dynamics for nonlinear wave-type equations with or without damping. Analysis

of PDEs [math.AP]. Institut Polytechnique de Paris, 2021. English. NNT: 2021IPPAX028 .

03297223

HAL Id: tel-03297223
https://theses.hal.science/tel-03297223v1
Submitted on 23 Jul 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-03297223v1
https://hal.archives-ouvertes.fr

b eo® )
E ECOLE

INSTITUT POLYTECHNIQUE
POLYTECHNIQUE
DE PARIS

N2 1P PARIS

Dynamique en temps long pour des
équations non linéaires de type onde
avec ou sans amortissement

These de doctorat de I'Institut Polytechnique de Paris
préparée a I'Ecole polytechnique

2021IPPAX028

NNT

Ecole doctorale n°574 Ecole doctorale de mathématiques Hadamard (EDMH)
Spécialité de doctorat : Mathématiques fondamentales

Thése présentée et soutenue a Palaiseau, le 21 juin 2021, par

XU YUAN
Composition du Jury :
Frank Merle
Professeur, Université de Cergy-Pontoise & IHES (AGM & IHES) Président

André de Laire
Maitre de conférences, Université de Lille (Laboratoire Paul Painlevé)  Rapporteur

Kenji Nakanishi

Professeur, Kyoto University (RIMS) Rapporteur
Thomas Duyckaerts

Professeur, Université Sorbonne Paris Nord (LAGA) Examinateur
Monica Musso

Professeur, University of Bath (Department of Mathematical Sciences) Examinateur
Didier Smets

Professeur, Sorbonne Université (LJLL) Examinateur
Yvan Martel

Professeur, Ecole Polytechnique (CMLS) Directeur de thése

fo
-
ke,
O
O
e
O
e
©
(Vg
©
- -
I—







AR 23K, 0 S FF AP 9

To my parents and Yimeng.






Acknowledgements

First and foremost, I would like to express my deepest appreciation to my supervisor
Prof. Yvan Martel for being so insightful and encouraging. He always made himself available
for help and advice. It has always been a pleasure to work with and learn from him. He has
been a respectable role model and has inspired me greatly not only in the academic dimension.
I could not imagine having a better advisor. Sincerely, it is my honor to be his Ph.D. student.

I am also extremely grateful to Prof. Raphaél Cote for his collaboration since the early
stages of my Ph.D. T have learned so much from the discussions with him. It was a pleasure
working with him and I appreciate the time and patience that he invested in our collaboration.
The fruits of our work together make up the third part of this thesis.

I would like to thank Prof. Lifeng Zhao for our collaboration, for inviting me to the University
of Science and Technology of China and for our discussions there. The fruits of our work together
make up Chapter 6 of this thesis.

I would like to express my sincere gratitude to Prof. Kenji Nakanishi and Dr. André de Laire
for kindly agreeing to write reports for this thesis. I would also like to thank Prof. Thomas
Duyckaerts, Prof. Frank Merle, Prof. Monica Musso and Prof. Didier Smets for being a part of
the committee.

I would like to thank all the members of Centre de mathématiques Laurent Schwartz, in
particular the two successive directors Prof. Sébastien Boucksom and Prof. Charles Favre for
their support. I thank Marine Amier, Béatrice Fixois, Pascale Fuseau and Carole Juppin for
their kind help with all the various administrative matters.

I would like to thank all the colleagues who taught MAA207 with me for the last three years,
especially Allen Fang and Dr. Cécile Huneau for their kindness and many helpful discussions.

I would like to thank Prof. Xiaonan Ma and Prof. Wanke Yin for helping me apply for
the Master 1 program in Université Paris Diderot which was a starting point of my studies in
France. I would also like to thank Prof. David Gérard-Varet who advised me for my Master 1
thesis and influenced me to become an analyst.

I would like to thank Arthur Touati for helping me translate the introduction part of my
thesis into French. I would also like to thank Allen Fang for many helpful suggestions on English
writing.

I would like to thank my friends Allen Fang, Ning Guo, Zhuchao Ji, Yichen Qin, Yisheng
Tian, Juanyong Wang, Jiandi Zou with whom my Ph.D. life became considerably more delight-
ful and colorful. T would also like to thank Dr. Gong Chen, Dr. Chenmin Sun and Prof. Chenyun
Luo for many helpful discussions on mathematics and academic careers.

I would like to thank my parents for their love and support.

Lastly, I would like to thank my fiancée Yimeng for giving me the courage to believe in
myself. She showed up in my life like sunshine, and has made my life full of hope and much
happier than I ever expected. Yimeng, this is for you...






Contents

0 Introduction (version frangaise) 7
0.1 Généralités sur les équations de type onde non-linéaires . . . . . . ... .. ... ... 7
0.2 L’équation 1D NLKG avec double non-linéarité . . . . . . .. ... ... ... ..... 9

0.2.1 Contexte . . . . . . . . . e 9
0.2.2 Reésultat . . . . . . . 10
0.3 L’équation NLW avec non-linéarité critique . . . . . . . . . . .. .. ... ... 12
0.3.1 Contexte . . . . . . . . e 12
0.3.2 Reésultats . . . . . . . . L e 16
0.4 L’équation NLKG amortie avec non-linéarité sous-critique . . . . . . . . . . .. .. .. 18
0.4.1 Contexte . . . . . . . . . e 18
0.4.2 Résultats . . . . . . . L 21

1 Introduction (English version) 27
1.1 Generalities on nonlinear wave-type equations . . . . . . . . . . ... ... ... ... 27
1.2 The 1D NLKG equation with double power nonlinearity . . . . . . ... ... .. ... 29

1.2.1 Background . . . . ..o 29
1.22 Mainresult . . . . . . .. 30
1.3 The NLW equation with energy-critical nonlinearity . . . . . ... ... ... .. ... 32
1.3.1 Background . . . . . ... 32
1.3.2 Mainvresults . . . . . . ..o 35
1.4 The damped NLKG equation with energy sub-critical nonlinearity . . . . . ... ... 37
1.4.1 Background . . . . ..o 37
142 Mainresults . . . . . . . . L 40

I Stability of multi-solitons for the 1D NLKG equation 45

2 Conditional stability of multi-solitons for the 1D NLKG equation with double power
nonlinearity 47
2.1 Imtroduction . . . . . . . ..o 48

2.1.1 Mainresult . . . .. Lo 48
2.1.2 Notation . . . . . . . . L e 50
2.2 Preliminaries . . . . . . .. e e e 51
2.2.1 Spectral theory . . . . . . . 51
2.2.2  Decomposition of the solution around multi-solitary waves . . . . . . .. .. .. 52
2.3 Monotonicity property for the 1D Klein-Gordon equation . . . . .. ... ... .. .. 29
2.3.1 Bootstrap setting . . . . . . . ... Lo 29
2.3.2 Monotonicity property . . . . . . ..o e 60
2.4 Proof of Theorem 2.1 . . . . . . . . . . . . e 78



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

IT Construction of multi-solitons for the NLW equation

3 On multi-solitons for the energy-critical wave equation in dimension 5

3.1 Imtroduction . . . . . . . ...
3.1.1 Statement of the main result. . . . . . . . .. ... oL
3.1.2 Outline of the proof . . . . . . . . ..

3.2 Notation and preliminaries . . . . . . . . . .. Lo Lo
3.21 Notation . . . . .« . . e e e
3.2.2  Energy linearization around W' . . . . .. .. oL oo

3.2.3 Energy linearization around Wy . . . . . . . .. ..o o000
3.2.4  Approximate solution to a non-homogeneous linearized equation . . . . .. ..
3.3 Refined approximate solution of K-solitons problem . . . .. ... ... ... .....
3.3.1 Main interaction terms . . . . . . . . . .. e
3.3.2 The approximate solution W
3.4 Decomposition around refined approximate solution . . . . . . . ... ... ... ...
3.5 Proof of Theorem 3.1 . . . . . . . . . . . . . .. . .
3.5.1 Proof of Proposition 3.9, assuming Proposition 3.10. . . . . . . . ... ... ..

3.5.2 Bootstrap setting . . . . . . ... Lo
3.5.3 Enmergy functional . . . . . . ..o
3.5.4 Parameters and energy estimates . . . . . .. ... Lo
3.5.5 End of the proof of Proposition 3.10 . . . . . . . . .. ... oL

Construction of excited multi-solitons for the 5D energy-critical wave equation

4.1 Introduction . . . . . . . . . L
4.1.1 Mainresult . . . . . . L
4.1.2 Notation . . . . . . . . . e

4.2 Spectral theory for non-degenerate state . . . . . . .. ... L oL
4.2.1 Transforms of stationary solutions . . . . . .. ... ... ... ... ......
4.2.2 Spectral analysisof £ . . . . . . ... L
423 Coercivity of Hy . . . . . o

4.3 Decomposition around the sum of N solitons . . . . .. .. . ... ... L.

4.4 Proof of Theorem 4.1 . . . . . . . . . . . e
4.4.1 Proof of Theorem 4.3 from Proposition 4.17 . . . . . . . .. .. ... ... ...
4.4.2 Bootstrap setting . . . . . . . ..o

443 Energy functional . . . . . ... . L
4.4.4 End of the proof of Proposition 4.17 . . . . . . . ... ... ... L.

Construction of excited multi-solitons for the focusing 4D cubic wave equation
5.1 Introduction . . . . . . ...

5. 1.1 Mainresult . . . . . ... e
9.1.2 Notation . . . . . . . . . e e e
5.2 Preliminaries . . . . . . . . e e
5.2.1 Transforms and Asymptotic behavior . . . . . . ... ..o

5.2.2 Spectral theory . . . . . . . L
5.3 Dynamics close to the sum of N solitons . . . . . ... .. ... ... ... ... ...
5.3.1 Nonlinear interactions . . . . . . . . . ...
5.3.2 Decomposition of the solution around multi-solitary wave . . . .. ... .. ..
54 Proof of Theorem 5.1 . . . . . . . . . . . e
5.4.1 Bootstrap setting . . . . . . . .. Lo
54.2 Energy functional . . . . ... ..o
5.4.3 End of the proof of Propostion 524 . . . . . . . . ... ...

4

85



CONTENTS

5.4.4 Proof of Theorem 5.1 from Proposition 5.24 . . . . . . . ... . ... ... ... 187
ITT Long time dynamics for the damped NLKG equation 189
6 Description and classification of 2-solitary waves for nonlinear damped Klein-Gordon
equations 191
6.1 Introduction . . . . . . . . . L 192
6.1.1 Setting of the problem . . . . . . . . ... ..o 192
6.1.2 Mainresults. . . . . . . . L 192
6.1.3 Previousresults . . . . . . . .. 195
6.1.4 Recollection on the ground state . . . . . . ... .. ... ... ... 195
6.2 Dynamics of two solitary waves . . . . . . . . ... 196
6.2.1 Nonlinear interactions . . . . . . . . . . ... o 196
6.2.2 Decomposition around the sum of two solitary waves . . . . . ... ... .. .. 199
6.2.3 Energy estimates . . . . . ... L L 204
6.2.4 Trichotomy of evolution . . . . . . . . .. .. L o 206
6.2.5 Energy of a 2-solitary wave . . . . . . .. ..o 209
6.3 Proofs of Theorems 6.3 and 6.4 . . . . . . . . . ... . 209
6.3.1 General estimates . . . . . . .. 209
6.3.2 Proof of Theorem 6.3 . . . . . . . . . . .. .. 212
6.3.3 Proof of Theorem 6.4 . . . . . . . . . . . .. 212
6.4 Proof of Theorem 6.5 . . . . . . . . . . . . e 214
6.4.1 Preliminary result . . . . . ... L L 214
6.4.2 Construction of a family of 2-solitary waves . . . . . . . ... ... ... .... 215
6.4.3 Lipschitz estimate and uniqueness . . . . . . ... ..o 217
6.4.4 Modulation at initial time . . . . . . ... Lo oL 223
6.4.5 End of the proof of Theorem 6.5 . . . . . .. . ... ... ... ... ... 225
7 Long-time asymptotics of the one-dimensional damped nonlinear Klein-Gordon
equation 227
7.1 Introduction . . . . . . . . . L 228
7.1.1 Mainresults . . . . . . oL 228
7.1.2 Notation and basic results on the solitary wave . . . . . . . ... ... ... .. 229
7.2 General properties of finite energy solutions . . . . . . .. ... oL 230
7.2.1 Cauchy problem in the energy space . . . . . . . . .. ... ... 231
7.2.2 DBound on global solutions . . . . . . ... .. L Lo 231
7.2.3 Decomposition of any global solution along a subsequence . . . . . ... .. .. 234
7.3 Dynamics close to decoupled solitary waves . . . . . . . ... ... L. 235
7.3.1 Leading order of the nonlinear interactions . . . . . . . . ... . ... ... ... 236
7.3.2 Decomposition close to the sum of solitary waves . . . . . . ... ... .. ... 238
7.3.3 Energy estimates . . . . . ... L L 240
7.3.4 Time evolution analysis . . . . . . . . .. .o L 241
7.3.5 Long-time energy asymptotics . . . . . . . . .. ... 244
7.3.6  General estimates for global solutions . . . . . . .. .. ... ... ... 245
7.4 Alternate signs property for neighbor solitary waves . . . . .. ... ... ... ..., 2477
7.5 Description of long-time asymptotics . . . . . . . . ... Lo 248
7.5.1 Nosolitoncase . . . . . . . . . e 248
7.5.2 Single soliton case . . . ... 248
7.5.3 Multi-soliton case . . . . . ... L 249
7.6 Construction of multi-solitary waves . . . . . . . .. ... L 255



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

8 Asymptotics of solutions with a compactness property for the nonlinear damped

Klein-Gordon equation 259
8.1 Introduction . . . . . . . . . . 260
8.1.1 Setting of the problem . . . . . . . .. .. L o 260
8.1.2 Main results . . . . . . . . e 261
8.1.3 Comments . . . . . . . . . . e e 263
8.2 Preliminaries . . . . . . . . . 264
8.2.1 Proof of Proposition 8.2 . . . . . . . ... oL 264
8.2.2 Notation . . . . . . . . . . e e 264
8.2.3 Spectral theory of linearized operator . . . . . . . . . . ... ... 265
8.2.4 Modulation around a bound state . . . . . . . ... ... oL, 267
8.2.5 Energy estimates . . . . . .. .o 274
8.2.6 Time evolution analysis . . . . . . . . . ... L 280
8.3 Proof of Theorem 8.4 and Theorem 8.6 . . . . . . . . . . . . . . ... .. ... ..... 281
8.4 Proof of Theorem 8.7 . . . . . . . . . . . e 289



Chapter 0

Introduction (version frangaise)

0.1 Généralités sur les équations de type onde non-linéaires

Le but de cette thése est d’étudier les phénomeénes non linéaires dans le comportement dynamique des
solutions de type multi-solitons de certaines équations d’ondes non-linéaires focalisantes. Une équation
d’onde non-linéaire avec ou sans amortissement est de la forme:

afu(t,x) + 200uu(t, x) — Agu(t,x) + mu(t, z) = f(u(t,z)), (t,z) € R x R, (NW)

oum=0o0ul,a>0et f(-) est une non-linéarité focalisante avec f(0) = 0.

La question du probléme de Cauchy local ou global pour les différentes équations d’onde en fonction
de la dimension d et de la non-linéarité f est bien connue et n’est pas incluse dans cette thése. Nous
considérons des solutions d’énergie finie et nous nous renvoyons a [12, 59, 71] pour les équations de
Klein-Gordon sous-critiques avec ou sans amortissement et les équations d’onde critiques.

Lorsque o = 0 dans (NW), I’équation est une équation hamiltonienne mais avec un espace de phase
de dimension infinie, par exemple C§°(RY) x C5°(R%). Plus précisément, (NW) peut se réécrire sous

la forme: .
o (o) =71 (o) * ()

_ 0 Id _( -A+m 0
(S5 ) =)

De plus, si on note F(u) = [ f(s)ds, I'énergie E et le moment I sont conservés, oul

ou

I(t) = Vu(t, )Owu(t, x)dx,
R4

E(t) = /]Rd {|Vu(t,:c)|2 + mu(t, z) + (Opult, z))? — 2F (ul(t, :1:))} dz.

Une question centrale du domaine est la conjecture de résolution en solitons, énoncée dans les années
70 et 80 suite a des simulations numériques (voir Fermi—Pasta—Ulam [54], Zabusky—Kruskal [115])
et a la théorie intégrable de I'équation de Korteweg-de Vries (KdV) (voir [50, 51, 106]). De facon
informelle, la conjecture stipule que toute solution globale de I’équation non linéaire se comporte
asymptotiquement en temps long comme une somme de solitons découplés (i.e. multi-solitons) et
une partie dispersive (comportement linéaire). La conjecture est trés difficile, méme pour les modéles
complétement intégrables. A la connaissance de l'auteur la conjecture a été entiérement démontrée
pour les modéles complétement intégrables par Eckhaus-Schuur [51] pour KdV, par Schuur [106] et
Chen-Liu [19] pour mKdV, par Borghese-Jenkins-McLaughlin [9] pour ’équation NLS cubique en 1D
et aussi par Jenkins-Liu-Perry-Sulem [70] pour NLS dérivée, via la méthode du scattering inverse.

7
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Notons de plus que trés peu de résultats existent pour les modéles dispersifs non-linéaires et de type
onde qui ne sont pas complétement intégrables.

Introduisons maintenant I'un des modéles de type onde les plus importants de cette thése, I’équation
des ondes non linéaire (NLW) avec non-linéarité critique pour I’énergie en dimension d = 4,5 (il s’agit
d’un modéle non intégrable) :

Opu — Au — \u|d7i2u =0, (t,z) € RxR% (NLW)

Au cours des 15 derniéres années, des progrés remarquables ont été accomplis vers la compréhension
de la dynamique en temps long de I’équation NLW critique. Nous passons ici en revue plusieurs résultats
liés a la conjecture de résolution en solitons qui a été démontrée pour I’équation NLW critique. Tout
d’abord, un résultat complet de résolution en solitons pour I'équation NLW critique radiale 3D est
démontré dans Duyckaerts—Kenig-Merle [16] par la méthode des canauz d’énergie pour I’équation des
ondes linéaire. La conjecture a été prouvée plus tard dans le cas non radial pour une sous-suite
de temps pour 'équation NLW critique en dimensions 3,4 et 5 dans [43]. La décomposition obtenue
dans [46] a été étendue & tous les cas radiaux de dimension impaire d’espace dans [49]. Plus récemment,
Duyckaerts—Kenig-Martel-Merle [14] ont prouvé la conjecture pour le cas radial 4D. Voir [23, 24, 25]
pour les résultats liés & la conjecture dans le cas des wave maps. Notons qu’une résolution compléte de la
conjecture pour I’équation non linéaire de Klein-Gordon, une autre équation de type onde importante,
semble hors de portée pour le moment.

Un autre exemple d’équation de type onde non-linéaire que nous étudions dans cette thése est
I’équation non linéaire de Klein-Gordon (NLKG) avec double non-linéarité focalisante/défocalisante
en dimension d = 1:

Ou—Pu+u— |uf tut |uTu=0, (tz)eRXR, (IDNLKG)

o1l < p < q < oo. La double non-linéarité garantit que l'effet non linéaire est défocalisant pour les
petites valeurs de u et focalisant pour les grandes valeurs de wu.

Nous étudions également ’équation NLKG amortie avec une non-linéarité sous-critique en dimen-
sion 1 <d <5:

A 4 2000 — Au+u — [ufPL =0, (t,z) € R x RY, (dampedNLKG)

oua>0et2<p<oo.

Les principaux résultats de cette thése se concentrent sur la dynamique en temps long des multi-
solitons et fournissent des avancées solides et des exemples pour la conjecture de résolution de solitons
sous divers aspects. Plus précisément, nous divisons cette thése en trois thématiques :

(1) Stabilité des multi-solitons pour I’équation 1D NLKG (§0.2).
(2) Construction de multi-solitons pour I'équation NLW critique (§0.3).

(3) Dynamique en temps long pour NLKG amortie (§0.4). 1l s’agit d’un projet en collaboration avec
Raphaél Cote (IRMA, France), également en partie avec Yvan Martel (CMLS, France) et Lifeng
Zhao (USTC, China).

Cette thése est composée des articles suivants:

e R. Cote, Y. Martel and X. Yuan, Long-time Asymptotics of the One-dimensional Damped Non-
linear Klein-Gordon Equation. Arch. Ration. Mech. Anal. 239 (2021), no. 3, 1837-1874

e R. Cote, Y. Martel, X. Yuan and L. Zhao, Description and classification of 2-solitary waves for
nonlinear damped Klein-Gordon equations. Preprint, arXiv:1908.09527, soumis.



0.2. L’EQUATION 1D NLKG AVEC DOUBLE NON-LINEARITE

e R. Cote and X. Yuan, Asymptotics of solutions with a compactness property for the nonlinear
damped Klein-Gordon equation. Preprint, arXiv:2102.11178, soumis.

X. Yuan, Conditional stability of multi-solitons for the 1D NLKG equation with double power
nonlinearity. A paraitre dans Ann. Inst. H. Poincaré Anal. Non Linéaire.

X. Yuan, On multi-solitons for the energy-critical wave equation in dimension 5. Nonlinearity
32 (2019), no. 12, 5017-5048.

X. Yuan, Construction of excited multi-solitons for the 5D energy-critical wave equation. A
paraitre dans J. Hyperbolic Differ. Equ.

X. Yuan, Construction of excited multi-solitons for the focusing 4D cubic wave equation. Preprint,
arXiv:2103.04168, soumis.
0.2 L’équation 1D NLKG avec double non-linéarité

0.2.1 Contexte

Considérons ’équation 1D NLKG avec une double non-linéarité focalisante/défocalisante,

0P — Pu+u— [uPru4 [u)flu =0, (t,x)€[0,00) xR,
Ulg=0 = Up € H! (R), atU|t:0 =1uj € LQ(R),

ol 1 < g < p < oco. Pour exhiber la forme hamiltonienne, nous réécrivons cette équation comme un
systéme du premier ordre en temps pour la fonction 4 = (ug, ug),

(1) =71 () + () 0.1

0 1 -92+1 0 _ _
s=( %5 ) m= (D) s = Pl

ou

On définit F(u) = [ f(o)do = ﬁ]u\’”’l - qjll\u]qﬂ. Pour toute solution @ = (u1,ug) de (0.1) dans
H' x L?, I'énergie E(i) et le moment Z (i) sont conservés, ot

E(7) = /]R {(8$u1)2 4 ud +ud — 2F(u1)} dz, Z(u)= 2/R(8xu1)qu:c.

Une solution stationnaire, i.e. solution indépendante du temps @(t,x) = (q(x),0) de (0.1) est
caractérisée comme une solution faible dans H' de I'ODE du deuxiéme ordre suivante

" —q+f(@)=0 sur R. (0.2)

Grace a [7], nous savons qu’il existe une unique solution (a translation prés) dans H! de (0.2) qui est
positive et paire. Cette unique solution paire est appelée état fondamental, et nous la notons ). En
appliquant la transformation de Lorentz a @ = (Q,0), on obtient des ondes solitaires ou solitons : si
pour £ vérifiant —1 < £ < 1 on définit

_ z 3 _ Qe
alors @(t,z) = Qu(z — £t) est une solution de (0.1).

9
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Mentionnons que les solutions ci-dessus sont ¢nstables si 'on perturbe les données initiales et admet-
tent une direction d’instabilité exponentielle. Plus précisément, grace a la théorie de Sturm-Liouville,
I'opérateur

L=-0;+1-f(Q)

apparaissant apreés linéarisation de 1’équation (0.1) autour de Q= (Q,0) a une valeur propre négative
unique —1/3 (o > 0), a laquelle on peut associer une fonction propre lisse et paire Y. Posons

+_ ( S ) et @t (t,x) = exp(rol) Y (2).
0

Un calcul explicite montre que la fonction @ (¢, z) est solution du systéme linéarisé
8tu1 = U9
8tUQ = —£u1.

Puisque vy > 0, la solution @™ illustre 'instabilité exponentielle de I’'onde solitaire Cj en temps positif.
Plus généralement, pour —1 < ¢ < 1, il existe une direction instable autour de Qy donnée par

Ly

. Yo Vi’
Yz:Y< : ) et 7+ = [ Ot ZEY)eVt

/ Ly
1-£ }/’Ee\/1£)7aj

Concernant les multi-solitons (solutions contenant un nombre arbitraire de solitons), 1'une des
premiéres intrusions dans cette étude pour (0.1) est le travail de Cote-Muiloz |31] ot ils ont construit
un exemple de multi-solitons basé sur ’état fondamental pour (0.1). Plus précisément:

Théoréme 0.1 (Existence de multi-solitons, [31]). Soit £1,--- ,{n un ensemble de vitesses vérifiant
by # Lp pour tout n # n' et x1,--- ,xn des paramétres de décalage. Il existe un temps Ty > 0,
des constantes C' > 0, et v > 0 dépendant uniquement de (L), et (Tn)n et une solution u(t) =
(u1(t), ua(t)) € C ([Tp, 00) : H' x L?) de (0.1), définie sur [Ty, 00) et satisfaisant pour tout t > Ty

N
() = > Qo (x — bnt — 2| a2 < Ce %
n=1

Remarque 0.2. Cote-Munioz [31] ont étudié le cas plus général d’une dimension d’espace quelconque
d € N*' avec des non-linéarités plus générales, incluant le cas de la double non-linéarité. En paral-
lele, Bellazzini-Ghimenti-Le Coz [5] ont construit des multi-solitons stables & valeurs complexes pour
léquation NLKG. Plus tard, Cote-Martel [26] ont étendu le résultat d’existence de [31] & n’importe
quel état excité pour ’équation NLKG avec non-linéarité de puissance pure.

0.2.2 Résultat

Au paragraphe §0.2.1, nous avons observé que le soliton unique est instable, ce qui implique que
les multi-solitons construits dans [31] le sont également. Par conséquent, lorsque nous étudions la
stabilité de multi-solitons solutions de (0.1) avec des vitesses différentes, on ne peut obtenir mieux que
la stabilité conditionnelle : toute donnée initiale proche de celle d’un multi-soliton donné peut étre
modifiée le long de chaque direction exponentiellement instable de telle sorte que la solution associée
& ces données initiales modifiées soit finalement stable en temps longs et converge vers une solution
multi-soliton proche avec des vitesses distinctes.

Le résultat principal de cette section est la stabilité conditionnelle des multi-solitons pour (0.1),
comme mentionné ci-dessus. Plus précisément:

10



0.2. L’EQUATION 1D NLKG AVEC DOUBLE NON-LINEARITE

Théoréme 0.3 (Stabilité conditionnelle des multi-solitons, [113]). Soit N > 2. Pour tous n €
{1,...,N}, soit o0, = £1, £, € (—1,1) avec =1 < l; < by < --- < Uy < 1. 1l existe des con-
stantes Lo > 0, Co > 0, 70 > 0 et 69 > 0 telles que ce qui suit est vrai. Soit &€ € H' x L? et
y) <o <y tel quil existe L > Lo et 0 < § < &y avec

| frixre <6 et Yoy —yd>L pourtousn=1,...,N—1.

Alors, il existe hi, ..., h} € R satisfaisant

N
D It < Co(6 4 e ),

n=1
tels que la solution @ = (uy,uz) de (0.1) avec la donnée initiale
N
o =Y (onQu, + Wi Z7) (- —yp) +&

n=1

est définie globalement dans H' x L? pourt > 0 et, pour tout t > 0,

< Co(8+ 0k,
HxL?2

N —
i(t) =Y onQe, (- — yn(t))‘
n=1

ot y1(t),...,yn(t) sont des fonctions de classe C1 satisfaisant, pour tout n =1,...,N, t >0,
[yn(0) = 93] < Co(0+€708), [gn(t) — bl < CF(3+e7F).

Remarque 0.4. La non-linéarité double puissance est un choix typique pour les équations dispersives
ou d’onde, mais le Théoréme 0.3 peut étre étendu au cas plus général d’une fonction & valeurs réelles
f € CH (avec a > 0) satisfaisant :

(i) f est impaire et f(0) = f'(0) =0,
(ii) T’ensemble des s > 0 tels que F(s) — 15> =0 et f(s) — s > 0 admet un minimum sy > 0,
(iii) il existe 7o > 0 tel que pour tout s € (—rp,70), sf(s) — 2F(s) <0,

ou F(s) = [, f(o)do pour s € R. Les conditions (i)-(ii) sont liées & la condition nécessaire et suffisante
pour l'existence d’une onde stationnaire unique dans [7, Theorem 5]. Suivant |7, Example 2, p. 318],
si f représente la non-linéarité double puissance, alors l'existence d'un plus petit sg > 0 tel que

F(s0) — 353 = 0 est clair et de plus

1 p—q 1
sg) — s —sp—sq—3—< +1)F(sg) + —— g0t — &2
f(o) 0 0 0 0 S0 (P ) (0) q+1o 0

L (pP=qq+1 ,P—1,
=== > 0.
S0 <q—|—180 + 2 %0

Cela justifie I’existence d’une onde stationnaire () pour (0.2). La condition (iii) garantit que l’effet non
linéaire est défocalisant pour les petites valeurs de ug, ce qui est décisif dans notre argument du viriel.
Rappelons que ce probléme est déja présent dans [89, 104] pour ’équation NLS, ot une restriction plus
faible, mais similaire est imposée sur la non-linéarité.

11
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A la connaissance de l'auteur, ce résultat est le premier énoncé de stabilité (conditionnelle) des
sommes de solitons découplés pour une équation de type onde. La preuve est basée sur une stratégie
générale introduite dans Martel-Merle-Tsai [88, 89] pour ’équation de Korteweg-de Vries général-
isée (gKdV) et 'équation de Schrédinger non linéaire (NLS) dans un contexte similaire. Cependant,
I'adaptation de cette stratégie & une équation de type onde nécessite l'introduction d’une nouvelle
fonctionnelle d’énergie adaptée a la transformée de Lorentz. Plus précisément, par rapport a la méth-
ode d’énergie développée dans [89], nous utilisons une fonctionnelle basée sur des versions localisées
de l'impulsion et de l'énergie autour de chaque soliton. De plus, une combinaison spécifique de ces
grandeurs doit étre utilisée dans le cas I’équation des ondes.

Comme nous I'avons remarqué dans §0.2.1, chaque soliton @(t,2) = +Qy, (x — £,t) solution de
Péquation (0.1) posséde exactement une direction d’instabilité exponentielle en temps positif. Rap-
pelons qu’une telle instabilité a conduit & la construction d’une variété de codimension un centrée
stable pour des données initiales proches de celles d’un soliton simple pour NLKG ou les équations
d’onde dans [75, 100, 101]. Dans le cas d’une perturbation de la somme de N solitons découplés
Zi:[:l onQu, (- — yn), cela justifie la nécessité d’ajuster les parameétres libres (h:)ne{l,..‘,N} au moment
du choix des données initiales pour obtenir ’existence globale et la stabilité dans le Théoréme 0.3. De
telles difficultés n’apparaissent pas lorsque les solitons sont stables, comme pour les équations (gKdV)
et (NLS) dans les cas sous-critiques pour la masse.

L’étude de la stabilité conditionnelle des multi-solitons pour IDNLKG avec non-linéarité puissance
pure est toujours un probléme ouvert. Dans [113], c’est I'utilisation de l’argument du viriel qui nous
a conduit & choisir la non-linéarité de la double puissance. Cependant, la non-linéarité de puissance
pure f(u) = |u|P~'u aurait probablement plus d’intérét d’un point de vue physique. La preuve de
la propriété de monotonie n’est pas connue dans ce cas. Notons que le controle des effets des non-
linéarités focalisantes de faible puissance est une difficulté classique qui a déja été rencontré dans
des travaux antérieurs sur la stabilité asymptotique des solitons comme [13, 14]. Un autre probléme
ouvert lié au résultat de [113] est l’extension du résultat de stabilité conditionnelle o l’équation NLKG
en dimension supérieure. Il convient de mentionner que la difficulté d’étudier le cas d’une dimension
d’espace supérieure a 1 se situe dans configurations géométriques d’ondes solitaires. Cela conduit & une
modification de la fonctionnelle d’énergie pour ’argument du viriel. De plus, mentionnons que ’étude
de la stabilité des paires kink-antikink pour les champs scalaires 1 + 1 est un probléme ouvert. Plus
précisément, pour une autre famille d’équations de type ondes, a savoir les champs scalaires 1+ 1 (par
exemple, le modele ¢o, pour n € N1), des solutions spéciales, nommeées kinks, existent. La stabilité
d’un seul kink dans D'espace énergétique est prouvée et il est donc naturel d’étudier la stabilité des
paires kink-antikink découplées. Un point clé ici, similaire au cas de IDNLKG avec une non-linéarité de
puissance pure, sera de controler les non-linéarités de faible puissance (voir les problémes et hypothéses
associés dans [72, 73]).

0.3 L’équation NLW avec non-linéarité critique

0.3.1 Contexte

Considérons 1’équation NLW avec une non-linéarité critique pour I’énergie en dimension d = 4,5,

{aﬂu — Au — |u]d4f2u =0, (t,z)€0,00)xRY, 0.3)

Uft=0 = U0 S Hl(Rd), (9tu‘t:0 =u € L2(Rd).
2d .
Soit F(u) = %|u|ﬁ. Pour toute solution @ = (u,0;u) dans H' x L?, ’énergie E et le moment P
sont conservés le long du flot, ol

1

B, 0) = /R d (Vu|2 + (Ou)? — 2F(u)>dm, Pu, dyu) = % /R (0uvu)da.
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La recherche de solutions stationnaires u(t,z) = g(x) de (0.3) dans H*(R?) se réduit a I’équation
critique de Yamabe _
Ag+ f(g) =0, qeH'RY. (04)

On définit l’ensemble des solutions de (0.4) d’énergie finie non-nulle par
Y= {q € HY (R /0: Ag+ f(q) =0 sur Rd} .

Pour ¢ € ¥ et £ € RS tels que |€| < 1, soit

B 1 ) AL z) .
QZ(x) =4q ((m 1) ‘5’2 + > ) (05)

alors u(t, ) = qe(x — £t) est une solution globale et bornée de (0.3).

On sait, grace aux résultats de [3, 15, 102, 108] qu’au signe prés et a dilatation et translation pres,
la seule solution stationnaire positive de (0.3) est I’état fondamental W, ou W a la forme explicite
suivante :

O U W
(x) = < + d(d—2)) sur R
Les fonctions ¢ € 3 avec ¢ # W (au signe, a dilatation et translation prés) sont appelées états excités.
L’existence d’états excités non-radiaux qui changent de signe et avec une énergie arbitrairement grande
a été prouvée pour la premiére fois par Ding [412] en utilisant un argument variationnel. Plus tard,
des constructions plus explicites de solutions changeant de signe ont été développées par del Pino-
Musso-Pacard-Pistoia [36]. Plus spécifiquement, ils ont construit des solutions constituées d’un soliton
centré couronné par des pointes négatives (i.e des solitons redimensionnés) aux sommets d’un polygone
régulier de rayon 1. Puis dans [37], suivant une stratégie similaire a [36], ils ont construit des solutions
non-radiales et changeant de signe pour I’équation de type Yamabe sur la sphére S¢ (d > 4), I'énergie
de ces solutions étant concentrée le long de sous-variétés spéciales de S¢.

Nous étudions d’abord toutes les invariances de I’équation (0.4) en suivant la présentation de [18].
Elles sont au nombre de quatre :

(i) translation : Si ¢ € ¥ alors g(z + x0) € ¥ pour tout 2o € R%;
(ii) dilatation : Si g € ¥ alors )\%q(/\x) € ¥ pour tout A € (0,00);
(iii) transformation orthogonale: Si ¢ € 3 alors ¢ (Ox) € ¥ pour tout O € Oy;

(iv) transformation de Kelvin: Si ¢ € ¥ alors K¢g € ¥ ou Kg(x) = m%q ( a )

|=[*

On note M le groupe d’isométries de H? généré par les quatre transformations précédentes. En
suivant [48, Section 3|, nous voyons que M définit une famille & N; paramétres de transformations
dans un voisinage de l'identité, o la dimension N4 est donné par
dd—1
Nd:2d+1+(2>, for d = 4, 5.

Pour ¢ € X, on définit 'opérateur linéarisé autour de ¢ par

On définit le noyau de £,
z,={re M'®Y: £,/ =0}

13
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On note Z~q le sous-espace de Z, généré par les éléments de M, c’est-a-dire
~ d—2 .
Z, = Span —5 4 + - Vg (202, — 250,q),1 <1< j < d;
0,¢; (2 — d)xiq + [2[*0z,q — 2xi(x - V), 1 < i < d}-

Notons que la dimension de gq est au plus Ny, mais elle peut étre strictement inférieure & Ny si ¢ a
des symétries supplémentaires. Par exemple, dans le cas de la solution radiale positive ¢ = W, on a

~ -9 ~
Zw :Span{d2W+x-VW,8xiW,1 gz’gd} et dimZy =d+ 1.

Duyckaerts—Kenig-Merle [18] introduisent la définition suivante de la non-dégénérescence pour une
solution de (0.4) :

Définition 0.5. Soit ¢ € X, ¢ est un état non-dégénéré si Z, = }Eq.

Remarque 0.6. Le premier exemple non-trivial d’état non-dégénéré changeant de signe a été obtenu
dans Musso-Wei [99]. Plus précisément, ils ont prouvé que les états changeant de signe construits
dans [36] ne sont pas dégénérés. Plus tard, en adoptant une stratégie similaire, Medina-Musso-Wei [91]
ont construit I’état non-dégénéré avec un rang maximal, i.e dimZ, = Ny, pour le cas d = 4.

Remarque 0.7. L’hypothése de non-dégénérescence joue un réle important dans la preuve de la
conjecture de rigidité pour les solutions de (0.3) avec la propriété de compacité. De maniére informelle,
la conjecture de rigidité dit que les ondes solitaires gp avec ¢ € X et |[£| < 1 sont les seules solutions
de (0.3) possédant la propriété de compacité. Elle n’a été prouvée que sous ’hypothése de non-
dégénérescence dans [48].

Nous introduisons également la définition suivante liée au taux de décroissance de g € X..
Définition 0.8. Soit ¢ € ¥, ¢ est un état décroissant si |q(x)| < (z)~@1) sur R%.

Remarque 0.9. Comme remarqué dans [18, Remark 3.2], l'existence d’états décroissants se déduit
par 'application de translations et de transformations de Kelvin a ’état changeant de signe construit
dans [36].

Comme nous l’avons mentionné dans §0.1, la conjecture de résolution en solitons dans le cas
radial 3D a été entiérement résolue dans Duyckaerts-Kenig-Merle [16], et a également été prou-
vée pour une sous-suite de temps en 3, 4 et 5D dans Duyckaerts-Jia—Kenig-Merle [43]. Récem-
ment, Duyckaerts—Kenig—Martel-Merle [14] ont prouvé la conjecture pour le systéme wave-maps co-
rotationnel critique et ’équation d’onde cubique radiale en dimension 4. Puisque cette partie de la
thése étudie les dimensions d = 4,5 sans hypothése radiale, nous ne rappelons ici que le résultat de la
décomposition dans [43]. Plus précisément:

Théoréme 0.10 (Résolution en Solitons pour une sous-suite de temps, [13]). Soit d = 4,5 dans (0.3).

. a2 gd+2
Soit @ = (u,du) € C([0,00) : HY(R?) x L2(R?)), avec u € L Lz* > ([0,T) x R?) pour tout 0 < T <
0o, une solution globale de (0.3) qui satisfait

sup [[u(t)]| g1y 2 < 00
t€[0,00)

Alors il existe une solution d’énergie finie @ = (u”, Oyul) & Uéquation d’onde linéaire

Ouu—Au=0, dans R x RY,
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et un entier J, > 0; une suite de temps t, — 0o, de mises a [’échelle M, avee N, > 0 et limy, o ;‘—% = 0;

cl
de positions c}, € R? satisfaisant ¢}, € Bgt,, (0) pour un certain B € (0,1) avec £; = lim = bien défini,

n—o0 n

et Q7 € X pour 1 < j < Jy, tel que

3 e =1 _»jvkgz j —
nh_)rréo U(ty) — U (tn) — ZQZJ, (;U - cfl) =0,
J=1 H1x L2
ot
=i\ 1 j . 1 j .
SN A e e N P A )
Remarque 0.11. Si J, = 0 dans ’énoncé ci-dessus, il n’y a pas de soliton dans la décomposition et la
solution se comporte asymptotiquement comme une solution linéaire. La théorie de la diffusion de (0.3)

a été développe avec succés en utilisant la méthode de concentration-compacité. Voir Kenig-Merle [71]
et les références qui y figurent.

Une question naturelle, motivée par [13], est celle de la construction d’une solution globale de (0.3)
avec comportement en temps long de type multi-solitons. Une telle construction pour l’équation
d’onde & énergie critique est techniquement plus difficile que pour les autres modéles dispersifs et de
type ondulatoire, en raison de la faible décroissance algébrique des solitons. Cette construction a été
réalisée pour la premiere fois par Martel-Merle [85] pour le cas 5D. Plus précisément :

Théoréme 0.12 (Existence de multi-solitons pour NLW critique 5D, [85]). Soit d =5 dans (0.3) et
N >2. Pourn€{l,--- ,N}, s0it \°* >0, y>° € R®, 7, = 1 et £, € R avec |£] < 1, £, # £,/ pour
n #n'. Supposons que l'une des hypothéses suivantes soit vraie

(A) Deux solitons : N = 2.
(B) Vitesses colinéaires : Pour tout n € {1,...,N}, €, = lpe; ou b, € (—1,1).
Alors, il existe To > 0 et une solution @ = (u,Opu) de (0.3) sur [Ty, 00) dans lespace énergétique tel

que
N
Tn =Lt —y®
t) — W, - In
®) Z (A)2 b ( AP >

lim
t—o00

p— 07
H1

N
. n Jp— Ent _ yoo
i (o) + 3 T (e, v, (YR o
feo n=1 (A%O)i )\?Lo L2

Remarque 0.13. Nous nous attendons a ce que le Théoréme 0.12 soit toujours vrai pour ’équation
d’onde critique pour des dimensions d’espace d > 6. Comme mentionné dans I'introduction de [85]
tous les calculs importants de [85] peuvent étre formellement reproduits dans le cas d > 6. Cependant,
cette preuve ne fonctionne pas directement dans le cas d > 6 pour la principale raison que la dérivée de
la non-linéarité n’est dans ce cas plus C'. Rappelons que de telles difficultés ont déja été rencontrées
et surmontées pour le probléme de Cauchy dans 'espace énergétique H' x L? dans [10].

Remarque 0.14. Dans l'introduction de [85], les auteurs conjecturent que dans le cas 3D et 4D
il n’existe pas de solution N-soliton basée sur 1’état fondamental comme dans Théoréme 0.12, et
ce pour tout N > 2. Leur principal argument est qu’en raison de la lente décroissance de |’état
fondamental, I’interaction entre deux solitons de vitesses différentes est t2=¢, i.e. t~! dans la dimension
3 et t~2 dans la dimension 4. En suivant la stratégie générale de [35], ces interactions seraient trop
fortes et créeraient des termes divergents dans la construction envisagée. Cependant, pour prouver
rigoureusement 'inexistence de solutions multi-solitons, il faudrait d’avantage d’informations préalables
sur toute solution multi-soliton, ce qui constitue encore un probléme ouvert pour d > 3.
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0.3.2 Résultats

Dans ce domaine, mes deux premiers résultats concernent principalement la construction de deux types
différents de multi-solitons pour I'équation NLW critique 5D, dans diverses conditions sur les vitesses
de Lorentz, basées soit sur I’état fondamental, soit sur des états excités appropriés.

Le premier résultat est la construction de multi-solitons tels que chaque onde progressive est
générée par la transformée de Lorentz de 1'état fondamental, sous 'hypothése que les vitesses de
Lorentz satisfassent une condition de petitesse explicite, mais sans hypothése géométrique comme (B)
Théoréeme (0.12).

Théoréme 0.15 (Existence de multi-solitons pour le cas 5D, [111]). Soit d =5 dans (0.3) et N > 2.
Pour n € {1,...,N}, soit \* > 0, y*° € R?, ¢, € {£1}, £, = Z?:l lniei avec |€,| < 1 tels que

by # Ly sin#£n, et
5 3 5
2 —
(Zz: <neg1,z.l.}fN} 6m>> < (0.6)

=1

Alors, il existe Ty > 0 et une solution u de (0.3) sur [Ty, +00) dans l'espace d’énergie telle que

lim u(t)—iv:EnW At -y -0
RN PTG G |
lim |8 (t)+i€” (b, - VW) (= ¥a =0
o0+ 2 g (e e ()| =0

Remarque 0.16. La preuve du Théoréme (.15 est basée sur 'extension de la méthode de construction
de multi-solitons asymptotiques utilisée dans [85, 86]. La condition de petitesse (0.6) est probablement
une condition technique et nous conjecturons que le résultat d’existence est valable pour tout choix de
vitesses. Cependant, pour notre méthode, (0.6) semble étre la meilleure condition utilisant la solution
approchée raffinée de [86]. De plus, construire des solutions approchées améliorant celle de [36] semble
étre une tache difficile.

Ensuite, en nous inspirant de Cote-Martel |26], nous avons étudié la possibilité de construire des
multi-solitons & partir d’états excités, ce qui conduit au deuxiéme résultat de cette partie. Plus
précisément, nous avons construit des multi-solitons différents de ceux de |85, 111] : chaque onde
progressive est générée par la transformée de Lorentz d’un état excité non dégénéré et décroissant,
avec des vitesses de Lorentz distinctes mais colinéaires.

Théoréme 0.17 (Existence d’états multi-excités pour le cas 5D, [112]). Soit d =5 dans (0.3), N > 2
et soit e un vecteur unitaire de R®. Pourn € {1,..., N}, soit £, € R® tel que

£, =lhe ou —1 < {, <1 et pour tout n #n', by, # ly.

Soit q,...,qN des états décroissants non dégénérés de (0.4). Alors il existe Ty > 0 et une solution
i = (u,0pu) de (0.3) dans lespace d’énergie H' x L2, défini sur [Ty, +00) tel que

lim
t—400

H1xL?

N —
i) -3 Qn(t)'

n=1

ot pourn=1,..., N,

o1 _ qn,e,, (1‘ - ent)
Qn(t’ IE) N ( _‘gnaxl(Jn,en (33 - Ent) > )
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Enfin, nous considérons le cas plus difficile de la dimension 4. Comme nous 1’avons mentionné
dans §0.3.1, nous nous attendons a ce qu’il n’existe pas de multi-soliton pour le cas 4D basé sur ’état
fondamental. Ici, nous considérons un état non dégénéré spécifique plutot que 1’état fondamental. Plus
précisément:

Théoréme 0.18 (Existence de multi-solitons excités pour le cas 4D, [114]). Soit d = 4 dans (0.3)
et (0.4). Alors, il existe un état excité non dégénéré QQ € X tel que ce qui suit est vrai. Soit N > 2 et
e1 le premier vecteur de la base canonique de R*. Pourn=1,--- ,N, soit 7, = +1 et £, € R* tels que

L, =lher avec —1 < /{, <1 et pour tout n #n', £y, # .

Alors, il existe Ty > 0 et une solution @ = (u,0pu) de (0.3) sur [Tp,+00) dans lespace énergétique
H' x L? tel que

N
lim ||u(t) — Z Qe (z — £yt) — 0,
t——+o00 = . (O 7)
N .
tngrmoo atu(t) + ; Tnfnaxl an (QU — Ent) p =0.

Remarque 0.19. L’état non dégénéré spécifique @) impliqué dans le Théoréme 0.18 est obtenu a
partir de I’état changeant de signe non dégénéré construit dans [36, 99]. En particulier, par rotation,
translation et transformation de Kelvin sur un état changeant de signe non dégénéré, nous obtenons un
état excité non dégénéré qui décroit assez rapidement au moins le long de e;. L’interaction de deux telles
ondes progressives avec des vitesses différentes le long de ey, est formellement d’ordre t~* pour ¢ grand.
Ce taux nous permet de fermer les estimations d’énergie. Cependant, la lente décroissance algébrique
du noyau de 'opérateur linéarisé conduit & une autre difficulté technique. Pour la surmonter, nous
avons besoin d’une compréhension pointue du comportement asymptotique du noyau de I'opérateur
linéarisé.

Remarque 0.20. En effet, le Théoréme d’existence (.18 est également vrai pour le cas plus général
ot chaque onde progressive est basée sur ¢ non dégénéré avec le méme comportement asymptotique
que . En particulier, il n’est pas nécessaire que chaque onde progressive soit basée sur le méme état
non dégénéré.

Les preuves des deux résultats d’existence mentionnés ci-dessus reposent sur la stratégie générale
utilisant des estimations uniformes et la compacité introduite dans Merle [92] pour 'équation de
Schrédinger non-linéaire L? critique (NLS) et Martel [33] pour ’équation de Korteweg-de Vries général-
isé sous-critique et critique (gKdV). La stratégie de ces travaux a été étendue a d’autres modeéles
dispersifs et ondulatoires (voir par exemple [5, 26, 28, 31, 53, 84, 96]).

A la connaissance de I'auteur, le Théoréme 0.18 est le premier résultat de I'existence de solutions
multi-solitons pour I’équation des ondes critiques 4D. Comme nous I’avons mentionné dans §0.3.1, la
construction de telles solutions pour I’équation des ondes critiques est en particulier motivée par les
décompositions obtenues dans [44, 43, 46]. En effet, les résultats d’existence de |85, 111, 112, 114]
complétent les énonceés de [43] en présentant des exemples de solutions contenant N solitons a t —
400 pour tout N > 2. Dans la méme direction, rappelons que pour 1’équation d’onde critique 6D,
Jendrej [67] a prouvé 'existence de solutions deux bulles radiales. Plus tard, pour ’équation d’onde
critique 5D, Jendrej-Martel [69] ont prouvé l'existence de solutions N-bubble pour tout N > 2, en
des points différents. Rappelons également que, pour le cas 4D, Hillairet-Raphaél [62] ont prouvé
I’existence de solutions de type II contenant un seul soliton et explosant en temps fini.

On se réfere a 38, 39, 40] pour les résultats liés a 'existence de solutions de type II contenant une
ou plusieurs bulles et explosant en temps fini pour ’équation de la chaleur critique. En particulier le
profil d’explosion dans [40] est I’état changeant de signe non dégénéré construit dans [36, 99| plutot
que l’état fondamental W.
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Il est & noter que la question de la construction de solutions multi-bulles pour ’équation 4D NLW
est toujours un probléme ouvert. Dans [69], Jendrej et Martel ont construit des solutions globales
multi-bulles de 1’équation NLW 5D critique, explosant en un temps infini en toute famille finie donnée
de points (2x)1<k<i de R®. Dans le cas 4D, en raison de la faible décroissance de 1’état fondamental,
on g’attend & D'existence d’une solution globale explosant en un temps infini le long de lignes de
vitesses distinctes, plutét qu’en un ensemble fini de points donnés. Le systéme d’ODE auto-similaires,
généré par l'interaction de deux ondes progressives ayant des vitesses de Lorentz différentes admet
formellement des solutions qui explosent en un temps infini. La difficulté de ce probléme est de trouver
une solution approchée raffinée et appropriée, puis de construire une solution qui lui est proche, en
utilisant des estimations d’énergie et de la compacité. Un autre probléme ouvert lié aux résultats de
[69, 114] est la construction de solutions multi-solitons ou multi-bulles pour l’équation d’onde critique
3D. La principale difficulté est la décroissance algébrique lente des solitons, qui est encore plus faible
que dans le cas 4D.

0.4 L’équation NLKG amortie avec non-linéarité sous-critique

0.4.1 Contexte

Considérons 1’équation de Klein-Gordon amortie focalisante non linéaire
D+ 200 — Au+u — f(u) =0 (t,z) € [0,00) x RY, (0.8)
ott f(u) = |ulP~tu, @ > 0,1 < d <5 et I'exposant p satisfait

o sid=1,2,
2<p<p'(d) avec p*(d)={ d+?2

m Sid:374,5.

On définit F(u) = Iﬁm\p“ et
o1 2, ,2 2
E(u) = 3 {IVul|® + v* + (Opu)* — 2F (u) }dz.
Rd
Pour toute solution @ = (u,du) € H' x L? de (0.8), nous avons

Blt)) - E((t)) =20 [ 0u(t) adt. (0.9)

t1

Les restrictions 1 < d < bet 2 < p< % assurent une bonne théorie d’existence locale et une

régularité suffisante sur la non-linéarité pour que le développement de Taylor autour de 0 soit bien
défini jusqu’a l'ordre 2. Notre analyse inclut la situation la plus physiquement pertinente, i.e celle
d’une non-linéarité cubique en dimension d’espace 3.

Rappelons d’abord, en suivant [17] (voir aussi les références qui y figurent), quelques caractéristiques
de la solution stationnaire, & savoir une solution de I’équation elliptique

~Ag+q—fla)=0, geH'(RY. (0.10)
Nous appelons les solutions de (0.10) états stationnaires, et notons B 1’ensemble des états stationnaires:
B = {q : q est une solution non-triviale de (0.10)}.

La théorie elliptique standard (voir par exemple [58] ou [17, Théoréme 8.1.1]) montre que si ¢ € B,
alors q est de classe C2(R?) et a une décroissance exponentielle quand |x| — +oo, ainsi que ses dérivés
premiéres et secondes.
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Soit
W(v) = ;/ {|Vv]* +v* —2F(v)} dz, pourve H'.
Rd

Les solutions de (0.10) qui minimisent la fonctionnelle W sont appelés les états fondamentauz
I’ensemble des états fondamentaux est noté G

G={q €B:Vqe B, W(q) <W(q)}.

Les états fondamentaux sont des objets trés étudiés. Ils sont uniques a translation spatiale prés (pour
des non-linéarités assez générales). Autrement dit, il existe unique fonction radiale positive @ de classe
C?, qui décroit exponentiellement (ainsi que ses dérivées premiéres et secondes) telle que

G ={Q(z — x0) : o € RY}.

On référe a Berestycki-Lions [7], Gidas-Ni-Nirenberg [57], Kwong [77], Serrin-Tang [107]. Plus précisé-
ment, I’état fondamental ) peut se mettre sous la forme Q(z) = ¢ (|z|) ot ¢ > 0 satisfait

d—1
" +—-¢ —q+q¢ =0, ¢0)=0, lim q(r)=0. (0.11)

r r—00

Il est bien connu et facilement vérifiable que pour une certaine constante x > 0 et pour tout r > 1, on

da

+1
—r _arl _ .
5 2e N

q(r) + kT e

+

q(r) — ke

En particulier, en dimension d = 1, nous avons une formule explicite pour @ :

1

p+1 71
)= ———— sur R.
Q) <2cosh2 (pglx)>

Il est également bien connu (voir par exemple Grillakis-Shatah-Strauss [60]) que I'état fondamental
Q@ est instable dans l'espace d’énergie. Ce résultat est également connu en physique sous le nom de
Théoréme de Derrick [41]. Plus précisément, par un argument d’ODE, 'opérateur

L=-A+1-f(Q)

apparaissant aprés linéarisation de 1’équation (0.8) autour de Cj = (Q,0), a une valeur propre négative
unique —2 (v9 > 0). On note Y la fonction propre normalisée associée. En particulier, il résulte de

calculs explicites que si I'on définit

> Y
+ _ 2 2 :I::
v-=—ax/at+ty; et Y <in>’

alors la fonction £% (¢, z) = exp(v*t)Y*(z) est solution du probléme linéarisé

Oie —
e (0.12)
Oyn = —Le — 2am.

Puisque v > 0, la solution &7 illustre I'instabilité exponentielle de ’onde solitaire en temps positif.
En particulier, on voit que la présence du terme d’amortissement o > 0 dans 1’équation ne supprime
pas l'instabilité exponentielle de I'onde solitaire solution de Klein-Gordon.

En dimension d = 1, en raison d’arguments d’ODE standard, B = G. En revanche, d’apres |17,
Remark 8.1.16], pour tout d > 2, on a G C B. Les fonctions ¢ € B\ G sont appelés états excités.
Rappelons que, Berestycki-Lions [8] ont montré 'existence d’une infinité de solutions radiales nodales
(i.e. changeant de signe), voir aussi [61, 98] et leurs références. En réalité, on en sait assez peu sur les
états excités, exception faite de certaines constructions spécifiques.

Comme nous 'avons fait au paragraphe §0.3.1, nous introduisons toutes les invariances possibles
de (0.10):
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(i) translation : si g est une solution de (0.10), alors g(x + x¢) est aussi une solution de (0.10) pour
tout o € R%

(ii) transformation orthogonale : si ¢ est une solution de (0.10), alors ¢ (Oz) est aussi une solution
de (0.10) pour tout O € O,.

En raison des invariances de I’équation, 'opérateur £, a toujours un noyau : pour d > 1, notons
;5 les dérivées angulaires
Qij = 0z, — 20y, pour 1 <i<j<d, (0.13)
et considérons 'espace vectoriel Z, engendré par le générateur infinitésimal des invariances de I’équation
appliquées a q :
Zy=Span{0,,q,n=1,-- ,d;Qi;q,1 <i<j<d}. (0.14)

On a toujours Z, C KerL,. Nous définissons maintenant les états non dégénérés et dégénérés.
Définition 0.21. Soit g € B.

(1) ¢ est appelé un état non-dégénéré si Z, = KerL,,.

(ii) ¢ est appelé un état dégénéré si Z, C KerL,.

L’exemple le plus pertinent est bien str I'état fondamental @ qui est non-dégénéré. De plus,
les constructions de |2, 98] produisent également des états excités non-dégénérés. 1l faut garder a
I’esprit qu’on ne sait toujours pas si des états excités dégénérés existent. Pour l'instant, mentionnons
simplement une fagon de comprendre la dégénérescence (nous notons ' pour la différentielle de Gateaux).
La condition que g est un état stationnaires s’écrit E’(¢) = 0. Dans ce cas (Lqv,w) = E"(q) - (v, w), de
telle sorte que la condition que g soit dégénéré équivaut au fait que pour un certain ¢ ¢ 2, la forme
linéaire E”(q) - (¢, ) soit identiquement nulle.

Nous rappelons maintenant deux résultats liés & la dynamique en temps longs des solutions globales.
Premiérement, dans [12| en dimension d > 2, Burq, Raugel et Schlag ont prouvé la convergence de
toute solution radiale globale vers un état stationnaires radial, pour toute la séquence de temps.
Deuxiémement, sous certaines conditions sur d et p, les résultats de [53, 82] indiquent que pour toute
suite de temps, toute solution globale bornée de (0.8) converge vers une somme d’états stationnaires
découplés aprés extraction d’une sous-suite de temps. Plus précisément:

Théoréme 0.22 (|53, 82]). Soit 1 < d <4 avec 1 < p < p*(d) ou 5 < d <6 avec 1 < p < p**(d)
dans (0.8) ou

00 std=1,2,

“(d) = et p(d)=—— s 3<d<6.
p*(d) Z+; id—3.4 prd) = o

Alors pour toute solution globale bornée i = (u, yu) de (0.8) et toute suite de temps t,, — oo, il existe

J € NT, une suite de points x;,, € RN pour j =1,...,N, et des états stationnaires QI tels que pour
une sous-suite (ty, )

lim {[fu(tn,) = Q* (- = zjm) |1 + 1Bu(tn,)ll 2} =0,
k—o00
ot {xjn,} satisfait la propriété de séparation
im |2, — Tj' .| =00, pour tout j # j'.
k—oo ’

20



0.4. L’EQUATION NLKG AMORTIE AVEC NON-LINEARITE SOUS-CRITIQUE

Remarque 0.23. Le Théoréme 0.22 a d’abord été prouvé dans Feireisl [53] pour le cas 3 < d < 6 avec
1 < p < p**(d). Plus tard, Li-Zhao [32] ont étendu le résultat au cas 1 < d < 4 avec 1 < p < p*(d) par
la méthode compacité/concentration. Dans [53], Feireisl a également construit des solutions globales
qui se comportent comme la somme d’un nombre pair d’états fondamentaux (i.e multi-solitons).

Remarque 0.24. Comme cela est discuté dans [12], les résultats de [12, 53, 82| sont intimement liés
a la conjecture générale de résolution en solitons pour les solutions globales et bornées de probléemes
dispersifs.

0.4.2 Résultats

Le Théoréme 0.22, valable pour toute solution globale bornée et tout suite t, — oo, est remar-
quable. Cependant, il ne décrit pas complétement le comportement asymptotique des solutions glob-
ales générales. Par exemple, il ne spécifie pas le signe des solitons, le comportement des paramétres
de positions, si la convergence est valable pour tous les temps positifs, si le taux de convergence. Les
principaux résultats de cette section visent & compléter le Théoreme 0.22 en décrivant précisément
le comportement asymptotique quand ¢ — oo de solutions solitons ou multi-solitons de (0.8). Les
principaux résultats sont regroupés en trois parties.

Description et classification des 2-ondes solitaires

Dans cette partie, nous décrivons complétement les 2-ondes solitaires liées & 'état fondamental Q.
Nous commencons par donner leur définition.

Définition 0.25. Une solution @ € C([T,00), H! x L?) de (0.8), pour un certain T € R, est appelé
une 2-ondes solitaire sl existe 01,09 = %1, une suite ¢, — oo et une suite ({1.,,&2,n) € R24 tels que

lim {Hu(tn) - Z 0xQ(- — &kn)

n—oo
k=1,2

’Hl + ||atu(tn)||L2} =0

et hmn_>oo |§1,TL - 52,n| — 00.

Remarque 0.26. On observe que si u est une solution globale de (0.8) satisfaisant

tim [[u(t) = 3 @ —&@)| =0 (0.15)

t—00 H!
k=1,2

ou limy_,o0 |€1(t) — &2(t)| — o0, alors u est une 2-ondes solitaire. En effet, il résulte de (0.9) et (0.15)
que ¢ — FE(i(t)) est bornée inféricurement. Ainsi, (0.9) implique [;°[|0;u(t)]|32dt < oo et donc
|0cu(tn)|| 2 — O pour une suite ¢, — oo.

Notre premier résultat concerne la non-existence d’2-ondes solitaire avec les mémes signes.
Théoréme 0.27 ([29]). Il n’existe pas de 2-onde solitaire de (0.8) avec o1 = o3.

Dans le résultat suivant, nous montrons que les 2-ondes solitaires de signe opposé satisfont un
comportement asymptotique universel.

Théoréme 0.28 (Description des 2-ondes solitaires, [29]). Pour toute 2-ondes solitaires u de (0.8), il
eviste 01 = 1, 09 = —01, 2o € RY, woo € Spa(1), T > 0 et t € [T,00) > (21(t), 22(t)) tels que pour
tout t € [T, 00),
[u®) = 3 aQt = a®)| | + lou@ll 7 (0.16)
k=1,2

et pour une certaine constante cy = co(d, ), pour tout 6 < min(p — 1,2) et pour k = 1,2,

—1)* 1
2k = Zoo + ( 2) (logt - E(d — 1)loglogt + co) Woo + O(t179). (0.17)
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Enfin, nous décrivons la famille compléte des 2-ondes solitaires pour des données initiales proches
de la somme de deux ondes solitaires éloignées.

Théoréme 0.29 (Classification des 2-ondes solitaires, [29]). Il existe C,0 > 0 et une application
Lipschitzienne

H : (R?\ Bga(10]logd|)) x By, p2(8) = R%, (L, ¢) > H(L,$)

tels que
L
2

H(L,3)] < C (™% 4118 I mz2)
avec la propriété suivante. Etant donné L, gi_;, h1, ho tels que

IL| > 10]logd|, |6 ||l zrisrz <6, |hi| +|he| <0,

la solution @ de (0.8) avec les données initiales

#(0) = (G + V) <_§> (G +n ) (H;) L

est une onde 9-solitaire si et seulement si (hy, hy) = H(L, ).

Ce résultat signifie essentiellement que localement autour de la somme de deux solitons suffisamment
séparés de signes opposés, les données initiales des 2-ondes solitaires forment une variété Lipschitzienne
de codimension 2 (les directions instables étant dirigées par Y+ translatés autour de chaque soliton).

Il est & noter que 'étude de la description et classification des 2-ondes solitaires pour l'équation
NLKG amortie fractionnaire est un probléme intéressant lié au résultat de [29]. Pour étre plus précis,
nous considérons I’équation NLKG amortie fractionnaire,

w4 200iu + (—A)° u+u — [ul"u=0, (t,x)€R xR

ol 0 < s < 1 et ol 'exposant o satisfait

4s d
p— pour 0 < s < 5

0 <o <ou(s,d), o.s,d)= 48 d
+ 00 pour B <s< 1.

Dénotons I’¢tat fondamental par Qs, qui est I'unique solution radiale strictement positive dans H*(R%)

de

1
(—A)°Qs + Qs — |Qs°Qs =0, Qs(x) ~ e comme |z| = 0.

L’existence et les propriétés de cette solution sont étudiées dans [55, 56]. Pour I'équation NLKG
amortie fractionnaire, en raison de la lente décroissance de 1’état fondamental, nous nous attendons a
ce que les 2-ondes solitaires aient un comportement universel différent de celui de I’équation NLKG
amortie. Plus précisément, 'ODE formellement obtenue pour 'interaction de deux ondes progressives
a grande distance est 7 = +Cr~(@+25)  Dans le cas 7 = —Cr~(4+29) il n’y a pas de solution globale
telle que 7 > 1. En revanche, dans le cas 7 = Cr~(4+25) PODE admet une solution de la forme

1
r(t) = ct@ 2s¥1 comme t — 0.
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Asymptotiques en temps longs pour I’équation NLKG amortie 1D

L’objectif de cette partie est de compléter le Théoréme 0.22 en décrivant précisément le comportement
asymptotique quand t — oo de toute solution globale de (0.8) avec d = 1. Plus précisément:

Théoréme 0.30 ([30]). Pour toute solution globale @ € C ([0, 00), H' x L?) de (0.8) avec d =1, l'un
des trois scénarios suivants se produit:

Dissipation: (t) converge ezponentiellement vers 0 dans H' x L? lorsque t — oo.

Soliton unique: Il existe 0 = £1, ¢ € R tel que u(t) converge exponentiellement vers (cQ(- — ¢),0)
dans H' x L? lorsque t — oc.

Multi-soliton: [l existe K > 2, 0 = +1, £ € R et des fonctions zi, : [0,00) — R pour toutk =1,..., K
tels que pour tout t € (0, 00),

K
u(t) = Y (=1DFQ( —z(®)||  + Gtz St (0.18)
k=1 H
et pour tout 1 < § < min(p — 1,%), k=1,...,K,
K+1
zk(t) = <k; - ;) logt + 1 + £ + Ot~ 1), (0.19)

quand t — 0o, ol T, sont les constantes définies uniquement par

k(K — k)

5 (0.20)

2c
7 = 0, e~ (Tet1—7k) — ?,Yk on Y =

M=

k=1
et ot k > 0 ne dépend que de p.

Remarque 0.31. Le paramétre ¢ est lié & Uinvariance par translation. Dans les cas de dissipation
et de soliton simple, 'amortissement conduit & une convergence exponentielle quand ¢ — oco. Dans
le cas multi-soliton, du fait des interactions non linéaires entre les ondes solitaires, le comportement
asymptotique (0.19) des centres de masse zj est lié au systéme différentiel non linéaire suivant

. K (yo—

y1 = _%6 (v yl)a

R e (e ) —(Yr41—Yr) —

k=5 (¢ — e Wkt , pourk=2,--- ,K—1, (0.21)
o
K

e r—yx 1)

yK:za

Ce systéme est étudié dans [33, 93] dans le cadre de solutions explosant en temps fini de I’équation
d’onde non linéaire. Les interactions non linéaires & courte distance entre les ondes solitaires implique
également le taux de convergence plus lent t~1 dans (0.18). Voir [65, 90, 109, 110] pour d’autres
exemples d’interactions fortes conduisant a des ondes solitaires distantes de logt.

Le Théoréme 0.30 est une version de la résolution en soliton sour les solutions globales de I’équation
de Klein-Gordon non linéaire amortie unidimensionnelle (0.8), avec convergence pour toute la suite de
temps et une description des paramétres des ondes solitaires. Le cas de ’équation de Klein-Gordon
amortie sur un domaine borné pour des non-linéarités appropriées est traité dans [18, Theorem 9.5.3];
voir également les références qui y figurent.

Evidemment, i = (0,0) et i = (Q,0) sont des exemples des deux premiers scénarios du Théoréme 0.30.
Notre deuxiéme résultat donne des exemples du troisiéme scénario pour tout K > 2.
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Théoréme 0.32 ([30]). Pour tout K > 2, 0 = £1 et £ € R, il existe des solutions globales de (0.8)
avec d =1 satisfaisant (0.18) et (0.19).

Remarque 0.33. Noter que les résultats de [12, 29, 53, 82] s’appliquent également au cas multidi-
mensionnel, sous des restrictions appropriées sur I’exposant p de la non-linéarité, ou pour des solutions
radialement symétriques. Cependant, pour des dimensions d’espace supérieures & 1, D'existence de
solutions de Aw —w + f(w) = 0 distincts de 'état fondamental @, ainsi que la possibilité qu’il existe
des configurations géométriques d’ondes solitaires compliquent I'analyse. C’est pourquoi nous nous
limitons a la dimension 1 dans cette partie.

Asymptotique des solutions avec une propriété de compacité

Dans cette partie, nous nous intéressons a la compréhension du comportement des solutions de (0.8)
pour lesquelles un seul objet non linéaire apparait en temps long, au moins pour une suite de temps.
Plus précisément, nous définissons les solutions attirée comme suit.

Définition 0.34. Une solution maximale @ = (u, dyu) € C([0, Timax), H' x L?) de (0.8) avec 2 < d < 5
est appelé une solution attirée s'il existe (Wp, W1) € H' x L?, et une suite de temps t, — Tmax €t de
positions v, € RY tels que

lim {[|u(tn) = Wo(- = yn)llmr + 10ru(tn) = Wi(- = yn)ll 2} = 0. (0.22)

n—0o0
On dit alors que W = (Wo, W1) est un point d’attraction pour @ a (tn, Yn)n-

Observons que tout point d’attraction (Wp, W7) est en fait un état stationnaire (¢,0). Plus pré-
cisément, la proposition suivante est vraie.

Proposition 0.35. Soit i = (u, dyu) une solution attirée de (0.8). Alors i@ € C([0,+o0), H! x L?) est
défini globalement pour les temps positifs, et si (Wo, W1) € H' x L? est un point d’attraction pour i
(tns Yn)n, alors Wy = q est un état lié de (0.10) et Wy = 0. De plus, l’énergie est bornée inférieurement,
Oyu € L([0,4+00), L?) et pour tout t > 0,

+00
B(i(#)) — E(g,0) = 2a /t 18vu(s) | 22ds. (0.23)

Noter qu’il n’est pas clair si toute une solution attirée est globalement bornée dans H' x L2.
Rappelons que d’aprés les arguments de [16] — voir aussi [12] et [30] - si p < 7%, alors toute solution
globale de (0.8) est globalement bornée dans H' x L?, mais ceci n’est pas connu pour des puissances
supérieures de p.

Notre premier résultat est que si un point d’attraction d’une solution attirée est un état non
dégénéré, alors la convergence est vérifiée pour tout temps positif et se produit & un taux exponentiel.

Plus précisément,

Théoréme 0.36 ([32]). Soit @ = (u,0pu) une solution attirée de (0.8), avec le point d’attraction
q € H' G (tn,yn)n- Si q est un état non dégénéré, alors la convergence est valable pour tous les temps
et la décroissance est exponentielle, ¢’est-a-dire qu’il existe ;1 > 0 et zoo € R? tels que

Ve >0, Ju(t) = (- — zo0)ll i + 0u(®)|l 2 S e

Remarque 0.37. Observons tout d’abord que le Théoréme 0.36 (et sa preuve) est aussi valide en
dimension 1, mais bien siir, c’est une conséquence directe de la description compléte [30] des solutions
globales en 1D (comme mentionné dans §0.4.1, les états excités n’existent que pour d > 2). Cest la
raison pour laquelle nous nous limitons a la dimension d > 2 dans cette partie.
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Ensuite, nous considérons des états excités de degré 1 ou KerL, a une dimension supplémentaire
sans lien avec les invariances de ’équation (0.10) et qui implique également une condition sur les
différentiels de Gateau d’odre 3 de F, selon la définition suivante.

Définition 0.38. Soit ¢ un état excité dégénéré, q est appelé un état excité de degré 1 g’il existe
¢ € H' tel que
Kerl, = Z,® Span{¢} et E"(q)-(¢,¢,0) # 0. (0.24)

Notre deuxiéme résultat concerne les points d’attraction qui sont des états excités de degré 1.

Théoréme 0.39 ([32]). Soit @ = (u, yu) une solution de (0.8), avec le point de ¢ € H* & (tn,yn)n. Si
q est un état excité de degré 1, alors la convergence w(t) — (q,0) est valable pour tous les temps avec
un tauz algébrique, i.e. il existe zoo € R tel que

Ve >0, flu(t) = q(- = zoo) g + [Gpu(t)ll 2 S ¢

Enfin, nous montrons que le taux de convergence dans le Théoréme 0.39 peut étre atteint : nous
fournissons un exemple oil la solution converge exactement au taux ¢t~! vers 1’état excité de degré-1.

Théoréme 0.40 ([32]). Soit ¢ un état excité de degré 1. Alors, il existe une solution globale U =
(u, Opu) € C([0,+00), H x L?) de (0.8) tel que

lu(t) = qll g + 10u(t)]| 2 ~ ™1 comme t — +oo.

Remarque 0.41. Les états excités de degré 1 sont en quelque sorte les états bornés dégénérés les plus
simples. A ce point déja, on ne sait que trés peu de choses, et & notre connaissance, les théorémes 0.39
et 0.40 sont les premiers résultats décrivant précisément la dynamique dans un contexte dégénéré. De
ce point de vue, la condition que dim Kerl, = dim(Z,) + 1 est trés naturelle. Concernant la condition
supplémentaire E"'(q) - (¢, ¢, ) # 0, notons qu’elle est générique ; c’est équivalent au fait que E"(q)
n’est pas identiquement nulle sur (Kerﬁq)B. Notons que la construction de l’état excité de degré 1 est
toujours un probléme ouvert.

Remarque 0.42. Il est remarquable que I’on observe déja un changement drastique dans la dynamique
du & la dégénérescence de degré 1, par rapport & la non-dégénérescence. La convergence ici est en effet
simplement polynomiale en temps, ce qui est une surprise : un taux de convergence aussi lent est
généralement observé en raison de U'interaction avec un autre objet non linéaire (comme dans [29, 30]),
ce qui n’est pas le cas ici.

Il convient de mentionner que la description compléte de toutes les solutions attirées est un probléme
ouvert intéressant, mais qui semble hors de portée pour le moment. En effet, nous ne comprenons pas la
dynamique autour des états excités généraux, et le systéme des centres de masse des états stationnaires
impliqués pourrait avoir une dynamique trés complexe.
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Chapter 1

Introduction (English version)

1.1 Generalities on nonlinear wave-type equations

The aim of this thesis is to study nonlinear phenomena in the dynamical behavior of multi-soliton
solutions of some nonlinear focusing wave-type equations. The nonlinear wave-type equation with or
without damping is of the form:

OPu(t, x) + 200su(t, z) — Agu(t, z) + mu(t, z) = f(u(t, z)), (t,z) € R x RY, (NW)

where m =0 or 1, a > 0 and f(-) is a focusing nonlinearity with f(0) = 0.

The question of local or global well-posedness of the Cauchy problem for the various wave-type
equations under suitable restriction of dimension d and nonlinearity f is well-known and is not included
in this thesis. We mostly consider energy solutions and we refer to [12, 59, 71] for the sub-critical Klein-
Gordon with or without damping and energy-critical wave equations.

When a = 0 in (NW), the equation is a Hamiltonian equation. However with a infinite dimensional
phase space, it can be taken for instance as C3°(R?) x C§°(R?). More specifically, (NW) can be rewritten

in the form
U U 0
0 (o) =77 (o) * ()

(0 1d [ -A+m 0
r=( S0 5) = ()

Moreover, let F(u) = [;* f(s)ds. The energy E and momentum I are conserved, where

where

I(t) = Vu(t, z)0u(t, z)dx,
Rd

E(t) = /Rd {|Vu(t,1‘)]2 + mu2(t, x) + (Opu(t, J:))2 — 2F (u(t, x))} dz.

A core question in the area is the so-called soliton resolution conjecture which arose in 70’s and 80’s
from numerical simulations (see Fermi-Pasta-Ulam [54|, Zabusky-Kruskal [115]) and the integrable
theory of Korteweg—de Vries (KdV) equation (see [50, 51, 106]). Roughly speaking, the conjecture
states that any global solution of the nonlinear equation behaves asymptotically in large time as a
sum of decoupled solitons (7.e. multi-solitons) plus a dispersive part (linear behavior). The conjecture
is very challenging, even for the completely integrable models. To the author’s knowledge, for the
completely integrable models, so far the conjecture was fully established by Eckhaus-Schuur [51] for
KdV, by Schuur [106] and Chen-Liu [19] for mKdV, by Borghese-Jenkins-McLaughlin |9 for the 1D
cubic NLS and also by Jenkins-Liu-Perry-Sulem [70] for the derivative NLS, via the method of inverse
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scattering. It is worth mentioning that very few results exist for nonlinear dispersive and wave-type
models that are not completely integrable.

Let us introduce one of the most important wave-type models to be studied in this thesis: the
nonlinear wave equation (NLW) with the energy-critical power nonlinearity in dimension d = 4,5
which is a non-integrable model:

Ot — Au— [u|T2u =0, (t,z)cR x R (NLW)

In the last 15 years, there has been remarkable progress towards the understanding of long-time dy-
namics of the energy-critical NLW equation. Here, we review several results related to the soliton
resolution conjecture that was proved for the energy-critical NLW equation. First, a complete result
of soliton resolution for the 3D radial energy-critical NLW equation was proved in Duyckaerts—Kenig-
Merle [46] by the method of channels of energy for the linear wave equation. The conjecture was
later proved in the non-radial case for a subsequence of time for the 3,4 and 5D energy-critical NLW
equation in [43]. The decomposition result in [46] was extended to all odd space dimension radial
cases in [19]. More recently, Duyckaerts—Kenig—Martel-Merle [41] proved the conjecture for the 4D
radial case. See [23, 24, 25| for results related to the conjecture for the case of wave maps. Note
that a complete resolution of the conjecture for the nonlinear Klein-Gordon equation which is another
important wave-type equation, seems out of reach for now.

Another example of nonlinear wave-type equation that we study in this thesis is the nonlinear Klein-
Gordon equation (NLKG) with focusing-defocusing double power nonlinearity in dimension d = 1:

O*u—Pu+u— |uff tut [uu=0, (tz)cERXR, (IDNLKG)

where 1 < p < ¢ < co. The double power nonlinearity ensures that the nonlinear effect is defocusing
for small values of v and focusing for large values of w.
We also study the damped NLKG equation with the sub-critical power nonlinearity in dimension
1<d<h:
w4 2000 — Au+u — [ufPL =0, (t,z) € R x RY, (dampedNLKG)

where a > 0 and 2 < p < 0.

The main results of this thesis focus on the long-time dynamics of multi-solitons and provide strong
evidence and examples for the soliton resolution conjecture from various aspects. More precisely, we
split this set of works into the following three more precise thematics:

(1) Stability of multi-solitons for the 1D NLKG equation (§1.2).
(2) Construction of multi-solitons for the energy-critical NLW equation (§1.3).

(3) Long time dynamics of the damped NLKG equation (§1.4). This is a joint project with Raphaél
Cote (IRMA, France), also partly with Yvan Martel (CMLS, France) and Lifeng Zhao (USTC,
China).

This thesis is composed of the following articles:

e R. Cote, Y. Martel and X. Yuan, Long-time Asymptotics of the One-dimensional Damped Non-
linear Klein-Gordon Equation. Arch. Ration. Mech. Anal. 239 (2021), no. 3, 1837-1874

e R. Cote, Y. Martel, X. Yuan and L. Zhao, Description and classification of 2-solitary waves for
nonlinear damped Klein-Gordon equations. Preprint, arXiv:1908.09527, submitted.

e R. Coéte and X. Yuan, Asymptotics of solutions with a compactness property for the nonlinear
damped Klein-Gordon equation. Preprint, arXiv:2102.11178, submitted.

e X. Yuan, Conditional stability of multi-solitons for the 1D NLKG equation with double power
nonlinearity. To appear in Ann. Inst. H. Poincaré Anal. Non Linéaire.
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e X. Yuan, On multi-solitons for the energy-critical wave equation in dimension 5. Nonlinearity
32 (2019), no. 12, 5017-5048.

e X. Yuan, Construction of excited multi-solitons for the 5D energy-critical wave equation. To
appear in J. Hyperbolic Differ. Equ.

e X. Yuan, Construction of excited multi-solitons for the focusing 4D cubic wave equation. Preprint,
arXiw:2103.04168, submitted.

1.2 The 1D NLKG equation with double power nonlinearity

1.2.1 Background

Consider the 1D NLKG equation with a focusing-defocusing double power nonlinearity,

6152“ - 8%” +tu— ‘u|p—1u + ‘u|q_1u =0, (ta I’) € [07 OO) xR,
Up—o = uo € H'(R), Oyup—g =u1 € L*(R),

where 1 < ¢ < p < co. To express this equation in Hamiltonian form, we rewrite it as a first order
system in time for the function 4 = (u1,u2),

(i) =7 () + ) m

0 1 -92+1 0 _ _
s=( %5 ) m= (TR ) s = Pl

‘p+1 _

where

Let F(u) = [y f(o)do = Iﬁm ﬁ|u|q+1. For any solution @ = (u1,us) of (1.1) in H' x L2, the
energy E(@) and momentum Z(u) are conserved, where

E(d) = /[R {(8xu1)2 + u% + u% — 2F(u1)} dz, Z(u)= Q/R(axul)Ude.

A stationary solution, i.e. time-independent solution (¢, x) = (¢(z),0) of (1.1) is characterized as an
H' weak solution of the second-order ODE problem

" —q+ f(g)=0 on R. (1.2)

Following [7], we know that there exists a unique (up to translation) H' weak solution of (1.2) and
the solution is positive and even. The unique even solution is called the ground state, which we denote
by Q. Then, using the Lorentz transformation on @ = (Q,0), one obtains traveling solitary waves or
solitons: for £ € R, with —1 < ¢ < 1, let

Qe(z) =Q (\/196_7> , Qr= ( —fg:f@e ) ;

then @(t,z) = Qu(x — £t) is a solution of (1.1).

Let us mention that the above solutions are unstable with respect to perturbation of the initial
data with one direction of exponential instability. More specifically, from Sturm-Liouville theory, the
operator

L=-0;+1-f(Q)
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appearing after linearization of equation (1.1) around Q = (Q,0), has a unique negative eigenvalue
—12 (1 > 0), with corresponding smooth even eigenfunction Y. Set

0

From explicit computations, the function @™ (¢, ) is solution of the linearized system
Orur = ug
8tuQ = —ﬁul.

Since vy > 0, the solution @ illustrates the exponential instability of the solitary wave @ in positive
time. More generally, for —1 < ¢ < 1, there exists the following unstable direction around @y,

Lyg

. Yo Vi
and Zf = | (0¥t g Ye)eVi

X
vev( ) ;
Vi e Ve

Concerning multi-solitons (solutions containing an arbitrary number of solitons), one of the first
intrusions into this study for (1.1) is the work of Céte-Munoz [31] where they constructed the first
example of multi-solitons based on the ground state for (1.1). More precisely:

Theorem 1.1 (Existence of multi-solitons, [31]). Let ¢1,--- ,{n be a sel of different velocilies with
by # Ly for alln # n' and xq,--- ,xN shift parameters. Then there exist a time Ty > 0, constants
C > 0, and 0 > 0 only depending on the set (€y)n, (Tn)n and a solution u(t) = (ui(t),ua(t)) €
C ([To, o) : H x L2) of (1.1), globally defined for forward times and satisfying

N
@) = > Qe (@ — lnt — 2| a2 < Ce 0
n=1

Remark 1.2. Cote-Mufioz [31] studied the more general case, i.e. for any space dimension d € NT
and more general nonlinearities including double power nonlinearity. In parallel, Bellazzini-Ghimenti-
Le Coz [5] constructed the complex-valued, stable multi-solitons for NLKG equation. Later, Cote-
Martel [26] extended the existence result of [31] to any bound state for the NLKG equation with pure
power nonlinearity.

1.2.2 Main result

From §1.2.1, we have observed that the single soliton is unstable, which implies that the multi-solitons
constructed in [31] are also unstable. Therefore, when we study the stability property of multi-solitons
with different speeds for (1.1), only conditional stability can be obtained: any initial data close to the
initial data for a given multi-soliton solution can be appropriately adjusted along each exponentially
unstable direction so that the solution launched by the modified initial data is eventually stable in
time and converges to a nearby multi-soliton solution with different speeds.

The main result of this section is the conditional stability of multi-solitons for (1.1) as mentioned
above. More precisely:

Theorem 1.3 (Conditional stability of multi-solitons, [113]). Let N > 2. For alln € {1,...,N}, let
on ==+, b, € (=1,1) with —1 < {1 < ly < --- < Un < 1. There exist Lo > 0, Cyp > 0, 79 > 0 and
80 > 0 such that the following is true. Let &€ H' x L? and y? < --- < y% be such that there exist
L > Lo and 0 < <y with

1€l <2 <6 and y2+1—y2>L foralln=1,..., N —1.
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Then, there exist hf, e hE € R satisfying

D bt < Co(d 4 e,

such that the solution 4 = (ui,u2) of (1.1) with initial data

N
iy = Z (0@, +hEZ) (- —00) + €

n=1

is globally defined in H' x L? for t > 0 and, for allt >0,

< Co(6 +e70h),
H'xL?

N —
() =Y onQe, (- — yn(t))‘

where y1(t),...,yn(t) are C* functions satisfying, for alln=1,...,N, t >0,
(5 (0) =yl < Co(§+€E), [gn(t) — ba] < CF(6+e770F).

Remark 1.4. The double power nonlinearity is a typical choice for dispersive or wave equations, but
Theorem 1.3 can be extended to any general real-valued C1“ function f (with o > 0) satisfying the
following:

(i) The function f is odd and f(0) = f/(0) = 0.
(ii) There exists a smallest sy > 0 such that F(sg) — s =0, and f(so) — s9 > 0.
(iii) There exists r9 > 0 such that for all s € (—rg,r0), sf(s) —2F(s) < 0.

Here, F(s) = [; f(o)do for s € R. Conditions (i)-(ii) are related to the necessary and sufficient
condition for existence of a unique standing wave in [7, Theorem 5|. Following [7, Example 2, p. 318],
for the double power nonlinearity f, the existence of a smallest so > 0 such that F'(sg) — %8(2) =0is
clear and then

1 P—4q ¢+1 2
f(s0) — 50 = 505 — 505 — 50 5 ((IH‘ )F(s0) + P 150 50

L (p=qq+1, P 1,
=== >0,
- <q—|—180 + 5 S0

which justifies the existence of the standing wave @ for (1.2). Condition (iii) ensures that the nonlinear
effect is defocusing for small values of u;, which is decisive in our virial argument. Recall that this
issue is already present in [89, 104] for the NLS equation, where a weaker but similar restriction is
imposed on the nonlinearity.

To the author’s knowledge, this result is the first statement of (conditional) stability of the sums of
decoupled solitons for a wave-type equation. The proof is based on the general strategy introduced in
Martel-Merle-Tsai [88, 89] for the generalized Korteweg-de Vries (gKdV) and the nonlinear Schrédinger
equation (NLS) equation in a similar context. However, the adaptation of this strategy to a wave-type
equation requires the introduction of a new energy functional adapted to the Lorentz transform. More
specifically, compared to the energy method developed in [89], we use a similar functional based
on localized versions of the momentum and the energy around each soliton. Moreover, a specific
combination of these quantities has to be used in the wave-type case.

As we remarked in §1.2.1, each soliton solution @(t,z) = +Qy, (x — nt) of equation (1.1) has
exactly one exponential instability direction in positive time. Recall that such an instability has led
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to the construction of co-dimension one center-stable manifolds for initial data close to a single soliton
for the NLKG or the wave equations in [75, 100, 101]. In the case of a perturbation of the sum of
N decoupled solitons 27]2[21 onQp, (- — yn), this justifies the need of adjusting the N free parameters
(h;’z—)ne{l,‘..,N} in the choice of the initial data to obtain global existence and stability in Theorem 1.3.
Such difficulties do not appear when the solitons are stable, like for the (gKdV) and (NLS) equation
in the mass sub-critical cases.

The study of the conditional stability of multi-solitons for IDNLKG with pure power nonlinearity
is still open. In [113], we chose the double power nonlinearity for the technical reason of the virial
argument. However, pure power nonlinearities f(u) = |u|P~'u would probably make more sense in
physics. The proof of the monotonicity property is open in that case. Note that to control the effect of
low power focusing nonlinearities is a classical difficulty, and has already been encountered in earlier
works on soliton asymptotic stability like [13, 14]. Another open problem related to the result in [113]
is how to extend the conditional stability result to the higher dimensional NLKG equation. 1t is worth
mentioning the difficulty of studying the case where the space dimension is greater than 1, lies in
geometric configurations of solitary waves. It leads to adaptation of the energy functional for virial
argument. Also, we mention that the study of the stability of kink-antikink pairs for 1+ 1 scalar fields
is an open problem. To be more specific, for another family of wave-type equations, namely the 1 + 1
scalar fields (for example, the ¢o, model for n € NT), special solutions, named kinks, exist. The
stability of a single kink in the energy space is known and thus it is natural to study the stability
of decoupling kink-antikink pairs. A key point here, which is similar to that in the case of IDNLKG
with pure power nonlinearity, will be to control low power nonlinear effects (see related problems and
assumptions in [72, 73]).

1.3 The NLW equation with energy-critical nonlinearity

1.3.1 Background

Consider the NLW equation with energy-critical nonlinearity in dimension d = 4,5,

{Gttu — Au — |u]d4f2u =0, (t,z)e]0,00)xRY, (1.3)

Ulg=0 = Up € Hl(Rd), 6tu‘t:0 =1uj € L2(Rd).
d .
Let F(u) = %M%. For any H! x L? solution @ = (u, d;u), the energy E and the momentum P are
conserved along the flow, where

1

B, 0u) = /R d (Vu|2 + () — 2F(u))dx, Plu, ) = % /R (0uvu)dr.

Looking for stationary solutions u(t,z) = g(x) of (1.3) in H'(R?), we reduce to the critical Yamabe

equation '
Ag+f(q) =0, qeH'(RY). (1.4)

Denote the set of non-zero finite energy solutions to (1.4) by
5= {q e HYRY/0: Ag+ f(9) =0 on Rd} .

For ¢ € ¥ and £ € R® such that €| < 1, let

B 1 ) AL z) .
qK(.’L') =4q ((W 1) ‘£’2 + > ’ (15)

then u(t, ) = qe(x — £t) is a global, bounded solution of (1.3).
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It is known by the results developed in [3, 15, 102, 108] that up to sign, dilation and translation,
the only positive stationary solution of (1.3) is the ground state W, where W has the explicit form

W(z) = (1 - d<c’f‘_22)>2 on R%.

Functions ¢ € ¥ with ¢ # W (up to sign, dilation and translation) are called ezcited states. The exis-
tence of excited states that are nonradial sign-changing, and with arbitrary large energy was first proved
by Ding [42] using a variational argument. Later, more explicit constructions of sign changing solutions
have been obtained by del Pino-Musso-Pacard-Pistoia [36]. More specifically, they constructed solu-
tions with a centered soliton crowned by negative spikes (rescaled solitons) at the vertices of a regular
polygon of radius 1. Then, following a similar general strategy in [36], they constructed sign-changing,
non-radial solutions to Yamabe-type equation on the sphere S% (d > 4) whose energy is concentrated
along special submanifolds of S% in [37].

Following [18], we first discover all possible invariances of (1.4). More specifically, (1.4) is invariant
under the following four transformations:

(i) translation: If ¢ € ¥ then g(z + zg) € X for all 2y € R%
(i) dilation: If ¢ € ¥ then A*Z"g(Az) € 2 for all A € (0, 00);
(iii) orthogonal transformation: If ¢ € ¥ then ¢ (Oz) € ¥ for all O € Oy.

(iv) Kelvin transformation: If ¢ € ¥ then Kq € ¥ where Kq(z) = ‘:Cl%q (#)

We denote by M the group of isometries of H' generated by the previous four transformations.
From [48, Section 3], we see that M defines a Ng-parameter family of transformations in a neighborhood
of the identity, where the dimension Ny is given by

1
Nd:2d+1+d(d2), for d = 4, 5.

In other words, for ¢ € ¥, we denote the linearized operator around ¢ by

d+2, 4
Ly=-A~f(q) :_A_m\fﬂd‘z’-

Set the null space of £,
Z, = {feHl(Rd):gqf:o}.

We denote the subspace of Z, generated by the family of transformations M by
- d—2 .
Z, = Span —5 4 + 2 - Vq; (02,9 — 1;01,q), 1 <i < j<d;
Or,q; (2 — d)ziq + |2*00,q — 22i(x - V@), 1 < i < d}.

We note that the dimension of gq is at most Ny, but in principle it could be strictly less than Ny if ¢
has symmetries. For example, in the case of the positive radial solution ¢ = W,

_ d—29 _
ZW:Span{2W—|—J:-VI/V,8xiVV,1<i<d} and dimZy =d+ 1.
Duyckaerts—Kenig—Merle [418] introduced the following definition of nondegeneracy for a solution of (1.4).
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Definition 1.5. Let ¢ € X. ¢ is called a non-degenerate state if Z, = Z~q.

Remark 1.6. The first nontrivial example of non-degenerate sign-changing state was obtained in
Musso-Wei [99]. More specifically, they proved that the sign-changing states constructed in [36] are non-
degenerate. Later, following a similar strategy, Medina-Musso-Wei |91] constructed the non-degenerate
state with maximal rank, i.e. dimgq = Ny, for the case d = 4.

Remark 1.7. The nondegeneracy assumption plays an important role in the proof of the rigidity con-
jecture for solutions of (1.3) with the compactness property. Roughly speaking, the rigidity conjecture
says that the solitary waves Qg with @ € ¥ and |€| < 1 are the only solutions of (1.3) with the com-
pactness property. The rigidity conjecture has only been proven under the nondegeneracy assumption
in [48].

We also introduce the following definition related to the decay rate of ¢ € X for further reference.
Definition 1.8. Let ¢ € ¥. ¢ is called a decaying state if |g(x)| < (z)~(@1) on RY.

Remark 1.9. As noticed in [48, Remark 3.2|, the existence of decaying states follows by translation
and the Kelvin transformation for the sign-changing state constructed in [36].

As we mentioned in §1.1, the soliton resolution conjecture in the 3D radial case has been fully
solved in Duyckaerts, Kenig, Merle [46], and has also been proven for a subsequence of time in 3, 4
and 5D in Duyckaerts-Jia—Kenig-Merle [13]. Recently, Duyckaerts—Kenig-Martel-Merle [11] proved
the conjecture for critical co-rotational wave maps and 4D radial cubic wave equation. Since the
framework in this part of the thesis is d = 4,5 and is without radial assumption, here we only recall
the decomposition result in [43]. More precisely:

Theorem 1.10 (Soliton resolution for a subsequence of time, [43]). Let d = 4,5 in (1.3). Let 4 =

. d+2  gd+2
(u, Byu) € C([0,00) : HY(RY) x L*(R?)) with u € LtdﬂLid*Q([O,T) x RY) for any 0 < T < oo be a
global solution of (1.3) that satisfies

sup |a(t)|| g1y 2 < 00.
te[0,00)

Then there exist a finite energy solution @ = (u”, Oyul) to the linear wave equation

Opu —Au =0, in (t,r) € Rx R,

and an integer J, > 0; a time sequence t, — 00, scales X}, with Xj, > 0 and lim,,_« /t\—: = 0; positions

ch, € R? satisfying ¢, € Bg, (0) for some B € (0,1) with £; = li_>m é well defined; and Q7 € X for
1 <5 < Jyi, such that "

where

=i, 1 . . 1 ' )
s ((A%)%”% (57) ot (V) <w>> |

Remark 1.11. If J, = 0 in the above statement, there is no soliton in the decomposition result and
the solution scatters to a linear solution. The scattering theory of (1.3) was successfully developed
using the concentration-compactness method. See Kenig-Merle [71] and the references therein.
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A natural question, motivated by [13], is whether we can construct a global solution of (1.3)
with multi-solitons type long time behavior. Technically, such constructions for the energy-critical
wave equation are more challenging than other dispersive and wave-type models, because of the weak
algebraic decay of solitons. The construction is first successfully established by Martel-Merle [85] for
the 5D case. More precisely:

Theorem 1.12 (Existence of multi-solitons for 5D critical NLW, |85]). Let d =5 in (1.3) and N > 2.
Forn e {l,--- N}, let \°* >0, y° € R®, 7, = 1 and £, € R® with [£] < 1, £, # £, forn # n'.
Assume that one of the following assumptions holds

(A) Two-solitons (N = 2).

(B) Collinear speeds. For alln € {1,...,N}, £, = l,e; where £, € (—1,1).

Then, there exist Ty > 0 and a solution 4 = (u, ) of (1.3) on [Ty, 00) in the energy space such that

lim {|u(t) ZN: W, ( _E”t_y%o> 0
- E £, T Yoo =Y,
t=c0 = )2 AL .
N7 =Lt —y®
lim ||8yu(t) + " (£, - VWe,) (”n) =0.
t=00 Z (A2)3 A L

Remark 1.13. We expect that Theorem 1.12 still holds true for the energy-critical wave equation for
space dimensions d > 6. As mentioned in the introduction of [85], at the formal level, all the important
computations of [85] can be reproduced for d > 6. However, this proof does not carry over directly to
higher dimensions d > 6. The main reason for this is that for d > 6, the derivative of the nonlinearity
is no longer C'! continuous. Recall that such difficulties were overcome for the Cauchy problem in the
energy space H' x L? in [10].

Remark 1.14. In the Introduction of [85], the authors also conjecture that in the 3D and 4D case,
there exists no N-soliton solutions based on the ground state as in Theorem 1.12, for any N > 2. The
main reason for this is that, due to the slow decay of ground state, the interaction between two solitons
of different speeds is t>~%, i.e. t~! in dimension 3 and ¢~ 2 in dimension 4. Following the general strategy
in [85], these interactions are too strong and create diverging terms in the construction. However, to
prove the nonexistence of multi-soliton solutions rigorously, one would need enough prior information
on any multi-soliton, which is an open problem for any dimension d > 3.

1.3.2 Main results

In this area, my first two results are mainly about the construction of two different types of multi-
solitons for the 5D critical NLW equation, under various conditions on the Lorentz speeds, either based
on the ground state or on suitable excited states, respectively.

The first result is the construction of multi-solitons such that each traveling wave is generated by
the Lorentz transform from the ground state, given the assumption that the Lorentz speeds satisfy an
explicit smallness condition.

Theorem 1.15 (Existence of multi-solitons for 5D case, [I11]). Let d =5 in (1.3) and N > 2. For
ne{l,...,N}, let X >0,y € R%, ¢, € {1}, £, = 0 lnie; with |€,] < 1. Assume that

L, # £, forn#n', and
5 3 5
2 —
<ZZ: <n€g1’z.x.>.:;N} Em>> < 5 (1.6)
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Then, there exist Ty > 0 and a solution u of (1.3) on [Ty, +00) in the energy space such that

[ MO pec iy (ELUES 8 | [
t—+o0 — ()\%0 3/2 )\%O i o
lim ||& t+§:€ 0, W, ) (=t Ye —0

Remark 1.16. The proof of Theorem 1.15 is based on extending the method of construction of
asymptotic multi-solitons from [85, 86]. The smallness condition (1.6) is probably technical and we
conjecture that the existence result holds for any choice of speeds. However, by our method, (1.6)
seems to be the best condition using the refined approximate solution from [86]. Moreover, constructing
approximate solutions improving the one in [86] seems a difficult task.

Then, inspired by Cote-Martel [26], we investigated the possibility of constructing multi-solitons
based on excited states which leads to the second result of this part. More precisely, we constructed
multi-solitons that are different from the ones in [85, 111]: each traveling wave is generated by Lorentz
transform from a non-degenerate and decaying excited state, with different but collinear Lorentz speeds.

Theorem 1.17 (Existence of multi-excited states for 5D case, [112]). Let d =5 in (1.3), N > 2 and
let e be a unit vector of R5. Forn € {1,..., N}, let £, € R® be such that

£, = lpe where —1 < £, <1 and for alln #n', b, # Ly

Let q1,...,qn be non-degenerate decaying states of (1.4). Then there exist Ty > 0 and a solution
@ = (u,0pu) of (1.3) in the energy space H' x L?, defined on [Ty, +o0) such that

v
-3 G0

lim
t——4o00

= 07
HlxL2

where formn=1,...,N,
3 dn.e (.73 - ent) >
t,x) = o .
Qn( ) ( _Ena:m Qn,ln (33 - Ent)
Last, we consider the more challenging 4D case. As we mentioned in §1.3.1, we expect there exists

no multi-soliton for the 4D case based on the ground state. Here, we consider a specific non-degenerate
state rather than the ground state. More precisely:

Theorem 1.18 (Existence of excited multi-solitons for 4D case, [L114]). Let d =4 in (1.3) and (1.4).
Then, there exists a non-degenerate excited state Q) € X such that the following is true. Let N > 2 and
e be the first vector of the canonical basis of R*. Forn =1,--- N, let 7, = 1 and £,, € R* be such
that

£, =lhe; with —1 < /{, <1 and for alln #n', €, # l

Then, there exist Ty > 0 and a solution @ = (u, dyu) of (1.3) on [Ty, +00) in the energy space H' x L?
such that

N
- mQnl o bl =0
3 (1.7)
tllﬁ—noo 8tu(t) + Z Tnenaxl an(' - ent) . =0.
= L
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Remark 1.19. The specific non-degenerate state @) involved in Theorem 1.18 is obtained from the
non-degenerate sign-changing state constructed in [36, 99]. In particular, by rotation, translation and
Kelvin transformation on a non-degenerate sign-changing state, we obtain a non-degenerate excited
state that decays fast enough at least along e;. The interaction of two such traveling waves with
different speeds along ey, is formally of order ¢t~ for large time. This rate allows us to close the energy
estimates. However, the slow algebraic decay of the linearized operator’s kernel leads to another
technical difficulty. To overcome it, we need a sharp understanding of the asymptotic behavior of the
the kernel of linearized operator.

Remark 1.20. Indeed, the existence Theorem 1.18 is also true for the more general case where each
traveling wave is based on non-degenerate ¢ with the same asymptotic behavior as Q. In particular,
we don’t need each traveling wave to be based on the same non-degenerate state.

The proofs of the existence results mentioned above both rely on the general strategy using uniform
estimates and compactness introduced in Merle [92] for the L? critical nonlinear Schrédinger equation
(NLS) and Martel [83] for the subcritical and critical generalized Korteweg-de Vries equations (gKdV).
The strategy of these works has been extended to other dispersive and wave-type models (see for
example [5, 26, 28, 31, 53, 84, 96]).

To the author’s knowledge, Theorem 1.18 is the first result of existence of multi-soliton solutions for
the 4D energy-critical wave equation. As we mentioned in §1.3.1, the construction of such solutions for
the energy-critical wave equation is especially motivated by the decomposition results in [44, 43, 46].
Indeed, the existence results in [85, 111, 112, 114] complement the statements in [43] by exhibiting
examples of solutions containing IV solitons at t — 400 for any N > 2. In the same direction, recall
that for the 6D energy-critical wave equation, Jendrej [67] proved the existence of radial two-bubble
solutions. Later, for the 5D energy-critical wave equation, Jendrej-Martel [69] proved the existence of
N-bubble solutions for any N > 2. Recall also that, for the 4D case, Hillairet-Raphaél [62] proved the
existence of type-1I finite time blow-up solitons containing single soliton.

We refer to [38, 39, 40] for results related to the existence of type-II blow up solutions containing
single or multi-bubble of the energy-critical heat equation. Particularly related to [114], the blow up
profile in [10] is the non-degenerate sign-changing state constructed in [36, 99| rather than the ground
state WW.

It is worth mentioning that the question of the construction of multi-bubble solutions for the 4D
NLW equation is still an open problem. In [69], Jendrej and Martel have constructed global multi-
bubble solutions of the 5D energy-critical NLW equation, blowing up in infinite time at any K given
points z; of R®. In the 4D case, due to the weak decay of the ground state, we expect the existence
of global solution blowing up in infinite time along lines of different speeds, instead of at given points.
The self-similar ODE system, generated by the interaction of two traveling wave with different Lorentz
speeds formally admits solutions that blow up in infinite time. The difficulties of this problem are to
find a suitable refined approximate solution and then to construct a solution close to this approximate
solution, using energy estimates and compactness. Another open problem related to the results in [69,
114] is the construction of multi-soliton or multi-bubble solutions for 3D energy-critical wave equation.
The main difficulty there is the slow algebraic decay of solitons, which is even lower than that of the
4D case.

1.4 The damped NLKG equation with energy sub-critical nonlinear-
ity
1.4.1 Background

Consider the nonlinear focusing damped Klein-Gordon equation

Ot + 200 — Au+u— f(u) =0 (t,z) € [0,00) x RY, (1.8)
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where f(u) = |u|P~tu, @ > 0, 1 < d < 5 and the exponent p satisfies

oo ifd=1,2,
2<p<p'(d) with p*(d)=1qd+2

ﬁ lfd:374,5.

Setting F(u) = Iﬁ]uw“ and

B(@) = ;/R {1Vl + 4 + (Bu)? — 2F (u) Ve,

for any H'! x L? solution @ = (u, Ou) of (1.8), we have that

to
Bilt)) - E((t)) =20 [ 0u(t) adt. (19)
t1
The restrictions 1 < d < b5and 2 < p < % ensure a suitable local well-posedness theory and

sufficient smoothness on the non-linearity so that the Taylor expansion around 0 makes sense up to
the second order. Our analysis encompasses the most physically relevant nonlinearity, the 3D cubic
one.

Let us first recall from [17] (see also references therein) some features of stationary solution, namely
a solution to the elliptic equation

~Ag+q—fla)=0, geH'(RY). (1.10)
We call the solutions of (1.10) bound states, and denote B the set of bound states:
B = {q : ¢ is a nontrivial solution of (1.10)}.

Standard elliptic arguments (see e.g. [58] or [17, Theorem 8.1.1]) show that if ¢ € B, then ¢ is of class
C?(R?) and has exponential decay as |z| — 400, as well as its first and second-order derivatives.

Let
1
W(v) = 2/ {IVv]* +v* —2F(v)}dz, forve H.
R4
We call the solutions of (1.10) that minimize the functional W ground states; the set of ground states
is denoted by G

G={q € B:Vqe B, W) <W()}

Ground states are well-studied objects. They are unique up to space translation (for rather general
nonlinearities). That is, there exists a radial positive function @Q of class C?, exponentially decreasing,
along with its first and second-order derivatives, such that

g= {Q(.%’ — :Eo) 1 ITo € Rd}.

We refer to Berestycki-Lions |7], Gidas-Ni-Nirenberg [57], Kwong [77], Serrin-Tang [107]. More specif-
ically, the ground state @) can be rewritten as Q(x) = ¢ (|x|) where ¢ > 0 satisfies

d—1
¢"+——d —q+¢"=0, ¢(0)=0, lim q(r)=0. (1.11)

T—00

It is well-known and easily checked that for a constant £ > 0, for all r > 1,

q(r)—m’_%e Frer| < e

- d(r)+rr 2 e’ <Srze

_l’_
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In particular, in dimension d = 1, we have the explicit formula for Q:

1
p+1 p
)= ——— on R.
Q) (2 cosh? (pglx)>

It is also well-known (see e.g. Grillakis-Shatah-Strauss [60]) that the ground state @ is unstable in
the energy space. This result was also known in the physics literature as the Derrick’s Theorem [11].
More specifically, from ODE argument, the operator

L=-A+1-f(Q)

appearing after linearization of equation (1.8) around @ = (Q, 0) has a unique negative eigenvalue —13

(vp > 0). We denote by Y the corresponding normalized eigenfunction. In particular, it follows from
explicit computations that setting

= Y
+ +
vt =—axy/a?+1} and Y* = <1/iY> ,

the function &%(¢, 2) = exp(v=t)Y = (x) is solution of the linearized problem

9 —
= (1.12)
o = —Le — 2am.

Since v > 0, the solution &% illustrates the exponential instability of the solitary wave in positive
time. In particular, we see that the presence of the damping o > 0 in the equation does not remove
the exponential instability of the Klein-Gordon solitary wave.

In dimension d = 1, due to standard ODE arguments, B = G. In contrast, following [17, Re-
mark 8.1.16], for any d > 2, G C B. Functions ¢ € B\ G are referred to as ezcited states. Recall that,
Berestycki-Lions |8] showed the existence of infinitely many radial nodal (i.e. sign changing) solutions
(see also [61, 98] and the references therein). As a matter of fact, much less is known about excited
states except for specific constructions.

Similar as §1.3.1, we introduce all possible invariances of (1.10):

(i) translation: If ¢ is a solution of (1.10), then q(z + x¢) is also a solution of (1.10) for all zo € RY;

(ii) orthogonal transformation: If ¢ is a solution of (1.10), then ¢ (Oz) is also a solution of (1.10) for
all O € O,.

Due to the invariances of equations, £, always has a kernel: for d > 1, denote by €2;; the angular
derivatives
Qij = 20y, — w0, for 1 <i<j<d, (1.13)

and consider the vector space Z, spanned by the infinitesimal generator of the invariance of the equation
on g:
Z,=Span{0,,q,n=1,-- ,d;Qi;q,1 <i<j<d}. (1.14)

One always has Z; C KerL,. Then we define the non-degenerate and degenerate states.
Definition 1.21. Let g € B.
(i) ¢ is called a non-degenerate state if Z, = KerL,.

(i) g is called a degenerate state if Z; C KerL,.
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The most relevant example is of course the ground state @@ which is non-degenerate. But one
should keep in mind that degenerate excited states are not known to exist. As a matter of fact, the
constructions in [2, 98] yield non-degenerate excited states as well. For now, let us simply mention one
way to understand degeneracy (we denote ' for Gateaux differential). The condition that ¢ is a bound
state writes E’(¢) = 0. Then (L,v,w) = E"(q) - (v,w), so that the condition that ¢ is degenerate, is
equivalent to the fact that for some ¢ ¢ Z,, the linear form E"(q) - (¢,-) = 0.

We now recall two results related to the long time dynamics of global solutions. First, in [12], for
dimension d > 2, Burq, Raugel and Schlag proved the convergence of any global radial solution to one
radial bound state, for the whole sequence of time. Second, under some conditions on d and p, results
in [53, 82] state that for any sequence of time, any global bounded solution of (1.8) converges to a sum
of decoupled bound states after extraction of a subsequence of times. More precisely:

Theorem 1.22 ([53, 82]). Let 1 <d <4 withl <p<p*(d) or5<d<6 with1 <p < p™(d) in (1.8)

where
00 ifd=1,2,

d
p*(d)=< d+2 and p™(d)=—— if 3<d<6.
() ate if d = 3,4. (d) d—2
d—2
Then for any global bounded solution @ = (u,dyu) of (1.8) and time sequence t, — 0o, up to subse-
quence, there exist J € Nt a space sequence x;, € RYN for j =1,...,N, and bound states Q7 such

that '
Tim {Jultn) ~ @ ( — 2j0) i1 + |Bpu(ta) |12} = 0,

where {xjyn} satisfies the separation property:

lim |z, — xjon| =00, forall j#j'.
n—0o0

Remark 1.23. Theorem 1.22 was first proved in Feireisl [53] for the case 3 < d < 6 with 1 < p < p™(d).
Later, Li-Zhao [82] extended the result to the case 1 < d < 4 with 1 < p < p*(d) by concentration
compact method. In [53], Feireisl also constructed global solutions that behave as sum of an even
number of ground states (i.e. multi-solitons).

Remark 1.24. As discussed in [12], such results in [12, 53, 82] are closely related to the general soliton
resolution conjecture for global bounded solutions of dispersive problems.

1.4.2 Main results

Theorem 1.22, valid on any global bounded solution, is remarkable. However, it does not fully describe
the asymptotic behavior of general global solutions. For example, it does not specify the signs of
solitons, the behavior of the position parameters, whether the convergence holds for all positive time,
and the convergence rate. The main results of this section are to complement Theorem 1.22 by
describing precisely the asymptotic behavior as ¢ — oo of solitons or multi-soliton solutions of (1.8).
The main results are split into the following three parts.

Description and classification of 2-solitary waves

In this part, we describe completely 2-solitary waves related to the ground state Q). We start with the
definition of 2-solitary waves.

Definition 1.25. A solution @ € C([T,00), H! x L?) of (1.8), for some T € R, is called a 2-solitary
wave if there exist 01,09 = %1, a sequence t, — oo and a sequence (&1, 8&2n) € R24 such that

o o - 3 -

k=12

o+ o)} =0
and lim,, 0 |§1.50 — &2, — 00.
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Remark 1.26. We observe that if u is a global solution of (1.8) satisfying

tim u(t) = 3 @ - &) =0 (1.15)

t—o00 H!
k=12

where limy_, o [£1(t) — &2(t)| — oo, then w is a 2-solitary wave. Indeed, it follows from (1.9) and (1.15)
that ¢t — E(u(t)) is lower bounded. Thus, from (1.9), it holds [;° [|Osu(t) |3 ;dt < oo and so ||dyu(ty)|| 2 —
0 for some sequence t, — 00.

Our first result concerns the non-existence of 2-solitary waves with the same signs.
Theorem 1.27 ([29]). There exists no 2-solitary wave of (1.8) with o1 = o9.

In the next result, we show that 2-solitary waves with opposite sign satisfy a universal asymptotic
behavior.

Theorem 1.28 (Description of 2-solitary waves, [29]). For any 2-solitary wave u of (1.8), there exist
o1 = %1, 09 = —01, Zoo € RY, weo € Spa(1), T > 0 and t € [T,00) — (21(t), 22(t)) such that for all
te [T, 00),

[u®) = 3 aQC =2, + lou@ll 7 (1.16)

k=1,2

and for some constant ¢y = co(d, @), for any 0 < min(p — 1,2) and for k = 1,2,

(=DF
2

1
2k = Zoo + <logt - §(d — 1)loglogt + co) Weo + O(t179). (1.17)

Finally, we describe the full family of 2-solitary waves for initial data close to the sum of two remote
solitary waves.

Theorem 1.29 (Classification of 2-solitary waves, [29]). There exist C,0 > 0 and a Lipschitz map
H : (R*\ Bga(10[logd])) X Byrixz2(8) = R?, (L, ¢) = H(L,$)

such that
_L
2

H(L,) < C (75 + 16 llmxs2)
with the following property. Given any L, (E, h1, ho such that
L] > 100logd|, |6l ixzz <6, |ha|+[ha| <34,

the solution @ of (1.8) with initial data
. . L . . L .
Z(0) = ). -2 — ) (.4 =
u(O)—<Q+h1Y>< 2) (Q+h2Y)(+2)+c/5

is a 2-solitary wave if and only if (h1,he) = H(L, d_;)

This result essentially means that locally around the sum of two sufficiently separated solitons
with opposite signs, the initial data of 2-solitary waves form a codimension-2 Lipschitz manifold (the
unstable directions being directed by Y+ translated around each soliton).

It is worth mentioning that the study of description and classification of 2-solitary waves for
fractional damped NLKG equation is an interesting problem related to the result in [29]. To be more
specific, we consider the fractional damped NLKG equation,

O+ 200u + (—A) ¥ u—+u— |[ulu=0, (tz)eRxRY,
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where 0 < s < 1 and where the exponent o satisfies

4s
d—2s

d

for 0 < s < 5,
0 <o <ou(s,d), ou(s,d)=
+ 00 for

N

<s< 1.

Denote the ground state by @, which is the unique radial nonnegative solution in H*(R?) of

(“AY*Qs + Qs — |Qs°Qs = 0, Qs(ﬂ:)~|x|d1+28 as |z] = oc.

The existence and properties of this solution are studied in [55, 56]. For the fractional damped NLKG
equation, due to the slow decay of ground state, we expect 2-solitary waves to have a universal behavior
that is different from that of the damped NLKG equation. Specifically, the ODE formally observed
for the interaction of two traveling waves with large distance is 7 = +Cr—(@+25)  In the case 7 =
—Cr~(@+25) there is no global solution such that r > 1. In contrast, in the case 7 = Cr—(4t25) the

1
ODE admits a solution of the form r(t) = ct @251 as t — oo.

Long-time asymptotics of the 1D damped NLKG equation

The objective of the present part is to complement Theorem 1.22 by describing precisely the asymptotic
behavior as t — oo of any global solution of (1.8) with d = 1. More precisely:

Theorem 1.30 ([30]). For any global solution @ € C([0,00), H' x L?) of (1.8) with d =1, one of the
following three scenarios occurs:

Vanishing: i(t) converges exponentially to 0 in H' x L? ast — oc.

Single soliton: There exist 0 = £1, £ € R such that i(t) converges exponentially to (cQ(- —¢),0) in
H' x I? ast — oo,

Multi-soliton: There exist K > 2, 0 = +1, £ € R and functions zx : [0,00) = R, forallk=1,..., K
such that for all t € (0,00),

K
u(t) o> (=DFQ( —z(@®)||  +0u(®)] 2 St (1.18)
k=1 H1
and for any 1 <0<min(p—1,%), k=1,....K,
K+1
2k(t) = <k - ;) logt + 1 + £+ O(t~F1), (1.19)

as t — oo, where 1, are the constants uniquely defined by

k(K — k)

T (1.20)

2c
T = 0, e~ (Th1=Tk) — ?fyk where g =

M=

k=1
and k > 0 only depends on p.

Remark 1.31. The parameter ¢ is related to the translation invariance. In the vanishing and the
single soliton cases, the damping leads to exponential convergence as t — co. In the multi-soliton case,
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due to the nonlinear interactions between the solitary waves, the asymptotic behavior (1.19) of the
centers of mass z, is related to the following nonlinear differential system

. R _(yo—

Y1 = —%6 (2 yl)7

I = Qi (e*(yk*yH) - e*(yk+1*yk>) , fork=2 K1, (1.21)
«

?)K — ie_(yK_nyl)'
2c

This system is studied in [33, 93] in the context of blowup solutions of the nonlinear wave equation.
The nonlinear interactions at short distances between the solitary waves also yield the slower rate of
convervence t~* in (1.18). See [65, 90, 109, 110] for other examples of strong interactions leading to
logt distant solitary waves.

Theorem 1.30 is a version of the soliton resolution for global solutions of the one-dimensional
damped nonlinear Klein-Gordon equation (1.8), with convergence for the whole sequence of time and
a description of the parameters of the solitary waves. The case of the damped Klein-Gordon equation
on a bounded domain for suitable nonlinearities is addressed in |18, Theorem 9.5.3]; see also references
therein.

Obviously, @ = (0,0) and @ = (Q,0) are examples of the first two scenarios of Theorem 1.30. Our
second result gives examples of the third scenario for any K > 2.

Theorem 1.32 ([30]). For any K > 2, 0 = £1 and { € R, there exist global solutions of (1.8) with
d =1 satisfying (1.18) and (1.19).

Remark 1.33. Note that [12; 29, 53, 82] also apply to the multi-dimensional case, under suitable
restrictions on the exponent p of the nonlinearity, or for radially symmetric solutions. However, for
space dimensions greater than 1, the existence of bound states solutions of Aw — w + f(w) = 0 other
than the ground state @, together with the possibility of involved geometric configurations of solitary
waves, complicate the analysis. This is why we restrict to dimension 1 in the present part.

Asymptotics of solutions with a compactness property

In this part, we are instead interested in understanding the behavior of solutions to (1.8) for which
only one nonlinear object appears for large times, at least for a sequence of time. More precisely, we
define packed solutions as follows.

Definition 1.34. A maximal solution @ = (u, dyu) € C([0, Tmax), H' x L?) of (1.8) with 2 < d < 5
is called a packed solution if there exist (Wy, W1) € H' x L?, and a time sequence t, — Tinax and a
position sequence ¥, € R? such that

lim {[Ju(tn) = Wol(- = yn)llg + 0ru(tn) = Wi(- = yn)|12} = 0. (1.22)

n—o0

We say that W = (Wy, W1) is a cluster point for @ at (tn, Yn)n.

Observe that any cluster point (Wy, W) is actually a bound state (g,0). More precisely, the
following Proposition holds true.

Proposition 1.35. Let @ = (u,dwu) be a packed solution of (1.8). Then @ € C([0,+00), H' x L?)
is globally defined for positive times, and if (Wo, W) € H' x L? is a cluster point for i at (tn,Yn)n,
then Wy = q is a bound state of (1.10) and Wy = 0. Furthermore, the energy is bounded below,
Opu € L*([0,4+00), L?) and for all t > 0,

+00
E(d(t)) — E(q,0) = 204/t |0pu(s) |7 2ds. (1.23)
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Notice that it is unclear whether a packed solution is globally bounded in H! x L?. Recall that
from the arguments of [16] — see also [12] and [30] — if p < d%‘lz, then any global solution to (1.8) is
globally bounded in H' x L?, but this is not known for higher powers of p.

Our first result is that if one cluster point of a packed solution is a non-degenerate state, then the
convergence holds of all positive time, and occurs with an exponential rate. More precisely, we have

the following.

Theorem 1.36 ([32]). Let @ = (u,dyu) be a packed solution of (1.8), with cluster point ¢ € H' at
(tn,sYn)n- If q is a non-degenerate state, we have convergence holding for all time and exponential
decay, i.e. there exist p > 0 and zoo € R? such that

vt 20, lu(t) = q(- = zo0) [ + |0cu(t) 2 S e

Remark 1.37. Let us first observe that Theorem 1.36 (and its proof) holds also in dimension 1, but
of course, this is a direct consequence of the complete description [30] of global solutions in 1D (as
mentioned in §1.4.1, excited states only exist for d > 2). This is the reason why we restrict to dimension
d > 2 in this part.

Next, we consider degree-1 excited states where KerL, has one extra dimension not related to the
geometric invariances of the equation (1.10) and which also involves a condition on the third-order
Gateau differentials of E,| according to the next definition.

Definition 1.38. Let g be a degenerate excited state. ¢ is called a degree-1 excited state if there exists
¢ € H' such that
KerL, = 2, @ Span{o} and  E"(q) - (6, 6,6) # 0. (1.24)

Our second result is concerned with cluster points which are degree-1 excited states.

Theorem 1.39 ([32]). Let @ = (u,0su) be a packed solution of (1.8), with cluster point ¢ € H' at
(tn,sYn)n. If q is a degree-1 excited state, then the convergence u(t) — (q,0) holds for all time as
t — 400, and the rate of convergence has algebraic decay, i.e. there exists zoo € R? such that

V>0, lu(t) = a(- = zo0)ll g + 10cu(t) 2 St

Last, we show that the convergence rate in Theorem 1.39 can be sharp: we provide an example
where the solution converges exactly at the rate =1 to the degree-1 excited state.

Theorem 1.40 ([32]). Let q be a degree-1 excited state. Then, there exists a global solution @ =
(u, Opu) € C([0,+00), H' x L?) of (1.8) such that

lu(t) — qll g + [|O¢u(t)|| 2 ~ t71 as t— +oo.

Remark 1.41. Degree-1 excited states are somehow the simplest degenerate bound states. Already
here, very little is known, and to our knowledge, Theorem 1.39 and Theorem 1.40 are the first results
describing precisely the dynamics in a degenerate setting. From this point of view, the condition that
dimKer£, = dim(Z,) + 1 is very natural. Regarding the extra condition E"'(q) - (¢, ¢, ¢) # 0, let us
note that it is generic; it is equivalent with E””(g) being non-identically 0 on (KerZ,)?. Note that the
construction of degree-1 excited state is still an open problem.

Remark 1.42. It is remarkable that one already observes a drastic change in the dynamic in degree-1
degeneracy, when compared to non-degeneracy. The convergence here is indeed merely polynomial in
time, which is a surprise: such a slow rate of convergence is usually observed due to the interaction
with another nonlinear object (as in [29, 30]), but this is not the case here.

It is worth mentioning that the complete description of all packed solutions is an interesting open
problem, but it seems out of reach for now. This is because we lack the understanding of the dynamics
around general excited states, and the system of centers of mass of the involved bound states may have
very intricate dynamics.
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Part 1

Stability of multi-solitons for the 1D
NLKG equation
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Chapter 2

Conditional stability of multi-solitons for
the 1D NLKG equation with double
power nonlinearity

Abstract: We consider the one-dimensional nonlinear Klein-Gordon equation with a double power
focusing-defocusing nonlinearity

Ofu— Ogu+u —ulP"hu+ [ulT"u =0, on [0,00) x R,

where 1 < ¢ < p < co. The main result states the stability in the energy space H!(R) x L*(R) of the
sums of decoupled solitary waves with different speeds, up to the natural instabilities. The proof is
inspired by the techniques developed for the generalized Korteweg-de Vries equation and the nonlinear
Schrodinger equation in a similar context by Martel, Merle and Tsai [88, 89]. However, the adaptation
of this strategy to a wave-type equation requires the introduction of a new energy functional adapted
to the Lorentz transform.
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2.1 Introduction

2.1.1 Main result

We consider the one-dimensional nonlinear Klein-Gordon equation (NLKG) with a double power non-
linearity

{6t2u_82u+u_ ‘u’pilu—i_ |u’(Z71u:07 (tv x) € [0,00) X R, (2 1)

1 2
u‘tzo =ug € H R 8tu‘t:0 =uj € L ,

where 1 < g < p < oco. This equation also rewrites as a first order system in time for the function

U= (ul, ZLQ),
875U1 = U9 (2 2)
6‘tu2 = 6%71,1 —up + f(ul), ’

where
flur) = Jua [P~ g — Jun |7 g (2.3)

We recall that the Cauchy problem for equation (2.2) is locally well-posed in the energy space H' x L2
See e.g. [59]. Denote F(up) = ][ﬁ|u1|pJrl — qT11|u1\q+1. For any solution @ = (u1,u2) of (2.2) in
H' x L?, the energy E(i) and momentum Z(i) are conserved, where

E(u) = /}R {(8J;u1)2 + u% + u% — 2F(u1)} dz, Z(u)= 24(6$u1)u2dx.

Denote by @ the ground state, which is the unique positive even solution in H' of the equation

Q"-Q+f(Q)=0 on R. (2.4)

The existence and properties of this solution are studied in [7, Section 6] (see also Remark 2.4 and
§2.2.1). The ground state generates the standing wave solution @ = (@, 0) of (2.2). Moreover, using
the Lorentz transformation on @), one obtains traveling solitary waves or solitons: for £ € R, with

—1<fl<1,let
_ v 5 Qe
Qf(‘r) - Q <m> I Qf - ( _gaxQZ > 9

then @(t, ) = Qu(x — £t) is a solution of (2.2).
It is well-known (see precise statements and references in §2.2.1) that the operator

L=-0;+1-f(Q)

appearing after linearization of equation (2.2) around Q= (Q,0), has a unique negative eigenvalue
—vg (vo > 0), with corresponding smooth even eigenfunction Y. Set

~ Y = Y
+ +_ (W
Y _<V0Y> and Z —<Y>.

From explicit computations, the function @ (¢, z) = exp(vot)Y () is solution of the linearized system

{a”“ 2 (2.5)

atUQ = —[,ul .

Since vy > 0, the solution 4" illustrates the (one-dimensional) exponential instability of the solitary
wave () in positive time. An equivalent formulation of instability is obtained by observing that for any
solution @ of (2.5), it holds

d -
—at =1pat where aT(t) = (ﬁ(t),Z+)

dt Lz’
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More generally, for —1 < £ < 1, set

Ly =
Y=y (f” ) and 2t = | Ot EpYieVir
0]
Vi-£ YVyevi-a"

The main purpose of this article is to study the conditional stability of multi-solitons with different
speeds for (2.1). More precisely, the main result is the following.

Theorem 2.1. Let N > 2. Foralln € {1,...,N}, let o, = £1, £, € (—1,1) with —1 < {1 < {5 <
coo < Uy < 1. There exist Lo > 0, Cy > 0, v9 > 0 and dg > 0 such that the following is true. Let
g€ H' x L? and y) < --- < y% be such that there exist L > Lo and 0 < § < & with

1€l frixre <6 and Yo —y2>L foralln=1,...,N—1.

Then, there exist h;ﬂ cees h} € R satisfying

D_IhI < Co6+e7"),
such that the solution U = (u1,us2) of (2.2) with initial data

N
g = Z (0@, + Wi ZS ) (- —00) + €

n=1

is globally defined in H' x L? fort >0 and, for allt >0,

< Co(6 + e ),
HlxL2

N —
u(t) — Zaann(‘ - yn(t))‘
n=1

where y1(t), ..., yn(t) are C* functions satisfying, for alln =1,... N, t >0,
5 (0) =l < Co(§+€E), [gn(t) — ba] < CF(6+e770F).

Remark 2.2. As remarked before, each soliton solution @(t, z) = +Qy, (z — €ut) of equation (2.2) has
exactly one exponential instability direction in positive time. Recall that such instability has led to
the construction of co-dimension one center-stable manifolds for initial data close to a single soliton
for the NLKG or the wave equations in [75, 100, 101]. In the case of a perturbation of the sum of
N decoupled solitons 2521 onQp, (- — yn), this justifies the need of adjusting the N free parameters
(h:)ne{l,...,N} in the choice of the initial data to obtain global existence and stability in Theorem 2.1.
Such difficulty does not appear when the solitons are stable, like for the mass subcritical generalized
Korteweg-de Vries (gKdV) and nonlinear Schrédinger equation (NLS) discussed in the next remark.

Remark 2.3. Historically, multi-soliton solutions were first studied extensively for integrable equa-
tions, like the Korteweg-de Vries equation and the one-dimensional cubic Schrédinger equation. In the
non-integrable cases, for dispersive or wave equations, the first result concerning stability and asymp-
totic stability of multi-soliton solutions was given by Perelman [104] for some NLS equations, extending
the single soliton case treated by Buslaev and Perelman [11]|. The present work is inspired by [88, 89]
proving the stability of the sums of decoupled solitons for the mass subcritical gKdV equations and
some NLS equations. See also [105] and [6, 22, 79, 95] for other related models.

Such stability results are closely related to the existence of asymptotic pure multi-solitons, estab-
lished in the case of the NLKG equation by Cote and Munoz [31]. For gKdV, NLS, and the energy-
critical wave equation for both stable and unstable solitons, we refer to [20, 28, 83, 84, 85, 111, 112, 114].
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Remark 2.4. The double power nonlinearity (2.3) is a typical choice for dispersive or wave equations,
but Theorem 2.1 can be extended to any general real-valued C*% function f (with a > 0) satisfying
the following:

(i) The function f is odd and f(0) = f/(0) = 0.
(ii) There exists a smallest so > 0 such that F(sg) — 353 = 0, and f(sg) — so > 0.
(iii) There exists 19 > 0 such that for all s € (—rg,r9), sf(s) — 2F(s) < 0.

Here, F(s) = [; f(o)do for s € R. Conditions (i)-(ii) are related to the necessary and sufficient
condition for existence of a unique standing wave in |7, Theorem 5|. Note that for f defined in (2.3),
the existence of a smallest so > 0 such that F(sg) — 353 = 0 is clear and then

1 P—q g+1 2
so)—sg =8 —sl —s59=— + 1) F(sg) + ——=sI" — s
f(s0) 0 0 0 0 SO((p )F(s0) q 1% 0

1 (p—q g41 , P—1 9
= — | — >0,
80<Q+180 T

which justifies the existence of the standing wave @ for (2.1) (see also [7, Example 2, p. 318]).

Condition (iii) ensures that the nonlinear effect is defocusing for small values of u;, which is decisive
in our proof (more precisely, in the proof of the monotonicity result Lemma 2.20). Recall that this
issue is already present in [89, 104]| for the NLS equation, where a weaker but similar restriction is
imposed on the nonlinearity.

To our knowledge, this article proves the first statement of (conditional) stability of the sums
of decoupled solitons for a wave-type equation. Observe that the Lorentz transform involved in the
propagation of solitons has quite different properties than the Galilean transform for the NLS equation
or the natural propagation phenomenon related to the solitons of the gikKdV equation. Compared to
the energy method developed in [89], we use a similar functional based on localized versions of the
momentum and the energy around each soliton (respectively defined in (2.54) and (2.55)), but a specific
combination of these quantities has to be used in the wave case (see (2.57) and the definition of the
coefficients ¢, in (2.50)); moreover, the introduction of an additional lower order term F,, (see (2.56))
was necessary to remove diverging terms. See also Remark 2.16.

This paper is organized as follows. Section 2.2 introduces technical tools involved in a dynamical
approach to the N-soliton problem for (2.1): estimates of the nonlinear interactions between solitons,
decomposition by modulation and parameter estimates. Energy estimates and monotonicity properties
are proved in Section 2.3. Finally, Theorem 2.1 is proved in Section 2.4.

2.1.2 Notation

We denote (-, )2 the L? scalar product for real-valued functions u,v € L?,

(u,v) 2 ::/Ru(x)v(x)dx.

For
() =(0)
U = , U= ,
U9 V9
denote
o -2 2 2
(Uﬂ))L2 = Z (ukavk)LQa a7, == llua [z + [Juzll7.-
k=1,2

For f € L? and ¢ € (—1,1), set

Je(x) = f(xe), where x,=

T

1—02

50



2.2. PRELIMINARIES

2.2 Preliminaries

2.2.1 Spectral theory

It is well-known that the unique positive even solution @ of (2.4) is smooth and satisfies the following
estimate on R,
QW ()] < el for any a € N. (2.6)

In this section, we recall the spectral properties of the linearized operator around (). First, for
—1<l<1,let
Lo=—(1-£)+1~ f(Qu)

We recall the following standard spectral properties for £ and £, (see e.g. [31, Lemma 1 and Corollary
1]).

Lemma 2.5. (i) Spectral properties. The unbounded operator £ on L* with domain H? is self-adjoint,
its continuous spectrum is [1,400), its kernel is spanned by Q' and it has a unique negative eigenvalue
—1/02 (vp > 0), with corresponding smooth even eigenfunction Y. Moreover, on R,

‘Y(a) ()| £ e~ V1+4lel for any a € N. (2.7)
(ii) Coercivity property of L. There exists v > 0 such that, for all v € H',
(EU,U)LQ > v|v||3 — V_l((’t), Q3.+ (v,Y)%g).
(iii) Coercivity property of Ly. Let £ € (—1,1). There exists v > 0 such that, for all v € H',

(Low,v) 2 = vlvlip — v ((0,0:Q0) 7 + (v, Yo)72).

Second, we define

_ (B [(Q) LD, (01
H“( 0, 1 ) J‘<—1 o)’

. 9,Qp . YF

0 _ 'z + 01

7= < —L07Qy ) = < T
fug frg

14 + T + z
TZl = <€axYe:i: \/1i7Yg>e 1-2°  and ng = Yie Vi-¢",

The functions Z} are eigenfunctions of the linearized matrix operator HyJ and are explicitly deter-

and

where

mined by solving the eigenvalue problem H,J 7 =M.

Lemma 2.6 ([31]). Let £ € (—1,1).
(i) Decay properties of T;tl and T%. It holds, on R, for k =1,2,

dO{
@Tfi,k(x) <e ll for any o € N. (2.8)
(ii) Properties of H, and H,J. It holds
HeZ9 =0, (20,2F),,=0 and HJ(ZF) = Fwo(1 - )2 ZF. (2.9)

(iii) Coercivity property of H,. There exists v > 0 such that, for all ¥ € H' x L?,
(He0,9) 0 = 0 — v (3. 2003 + (8.2 Ve + (0. 27)2). (2.10)
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Proof. We prove (i) for a = 0; the estimates for @ > 1 are proved similarly. By (2.7), we have, for

k=1,2, on R,
1/1+Vg—‘£‘1/0

=l

Tou(@) Se VAo

But an elementary computation yields

2

2
<\/1+V8—|€]yo> =<!€\ 1+ug—yo> +1 -2,

and so \/1+ 18 — [flvg > V1 — €2, which implies | Y7, (z)| < e Il
For (ii) and (iii), we refer to Proposition 1 and the proofs of Lemma 2, Lemma 3 and Proposition
2 in [31]. 0

2.2.2 Decomposition of the solution around multi-solitary waves

We recall general results on solutions of (2.2) that are close to the sum of N > 2 decoupled solitary
waves. For any n € {1,...,N}, let 0, = £1 and ¢,, € (—1,1) satisfy

“1<bh<bp<- - <Uy<L
Let t — y,(t) € R be C! functions such that
Yntl —Yn >1 foranyn=1,...N —1. (2.11)

For n € {1,..., N}, define

Qn = Uann(' - yn)a Qn = ( _E'r%ZQn >
and N
70 ~0 7+ 7+ Tn 1
Zn = O-nZZn(' - yn)7 Zn = Zzn( - yn) = T£ .
n,2
We recall a decomposition result for solutions of (2.2).

Lemma 2.7. There exist Lo > 0 and 0 < §g < 1 such that if @ = (u1,u2) is a solution of (2.2) on
[0,To], where Ty > 0, such that for all t € [0, Tp)

N
inf  [Jid(t) — Y 0n@Qe, (- — 2n)ll2 < b0, (2.12)
n=1

Zn4+1—2n>Lo

then there exist C' functions y1(t),...,yn(t) on [0,Ty] such that, G being defined by

N
s5=<*"1), i=Y"Gut & (2.13)
P2
n=1
it satisfies
(8.2)),,=0, forn=1,...,N, (2.14)
and 3
NBlH < 00, Ynt1 — Yn = ZLO form=1,...,N —1. (2.15)
Proof. The proof of the decomposition lemma relies on a standard argument based on the Implicit
function Theorem (see e.g. Lemma 5 and Appendix B in [31]) and we omit it. O
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Set N N
. U -
U:(U;):Z@n and G = f(U1)— 3 £(Qu). (2.16)

Lemma 2.8 (Equation of @). The function @ satisfies

Oyp1 = p2 + Mody, (2.17)
rp2 = 0301 — o1 + [ (Ur + 1) = f (U1) + G + Mods, '
where
N N
Mody = (i = n)02@n,  Mody = —> (9 — £n)ln 02 Qn. (2.18)
n=1 n=1
Proof. First, from the definition of ¢ = (¢1,p2) in (2.13),
N
D1 = Oyuy — Uy = @a+ Uz — U1 = 02+ > (i — £n)02Qn-
n=1
Second, using (2.2),
N
Orpr = Opug — O Uz = Dpuy — s + f(ur) = > i (£n03Qn).
n=1
We observe from (2.13) and —(1 — £2)92Q,, + Qn — f(Qn) = 0,
N N
OFuy —uy + f(ur) = 021 — o1 + f(UL+¢1) = > f(Qn) + D L207Qn.
n=1 n=1
Therefore, from the definition of G and Mods, we obtain (2.17). O

For future reference, we present in Lemmas 2.9 and 2.10 some technical results. First, we give
several pointwise estimates concerning the nonlinearity f.

Lemma 2.9. For any (sp)n=1,..N € RN the following estimates hold.

(i) For 1 <q<p<3,

N N
—1 —1 —1 —1
f (an> - Zf,(sn) S Z ‘5n|q7|5n"qT + Z |5n‘p7‘3n’|p7' (2.19)
n=1

n=1 n#n’ n#n’
(ii) For1<g<3<p< oo,
N N N L
9—21 qa—2 _
y ( ) S | S S sl T sl + Y sl sl (220
n=1 n=1 n#n’ n#n’

(iii) For3 <q<p< o0,
N N

£ (Z sn> = ()| S D Isal P lswl 4+ > IsalP P sl (2.21)
n=1 n#n’ n#n'

n=1
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(iv) For1 <q<p< o,

N N
|f (z ) S e
n=1 n=1

S salT sl + > [sal? s, (2.22)

n#n’ n#n’
N N
SOOAED SRS ED SIMINESD pytane! 229
n=1 n=1 n#n’ n#n’
(v) For1<qg<p< oo,
(514 2) = F(51) — F/(s1)53] S Isaf? + [sal? + |3, (2.01)

1
‘F(Sl +59) — F(s1) — f(s1)s2 — §f'(51)8§ S Iso’ + [s2|™! + [saf T (2.25)

Proof. Proof of (i)-(ii)-(iii). Recall that f’(s) = p|s[P~! —q|s|?~! for p, g such that 1 < ¢ < p < co. Let
(8n)n=1....n € RN and let m € {1,..., N} be such that

|sm| = max |sp].
n= N

=1l,...

By the triangle inequality,

N, N
DIEIEED SN P S
n=1 n=1

= n#m
First, by the definition of m, we observe that

p—1
_ |sm|p—1 )

N
>
n=1

-1 -1
§ : B |p—1 < |Sm‘p2 Zn;ém ‘Sn’p2 if1<p<3
n ~ _ .
|Sm‘p QZn m|8n‘ 1f3 <p
#

n#m

Second, if |sp,| <2 Y [spn|, then
n#m

- |3m‘p_1

p—1 p—1 .
< lomP ' < [sm| 2 Y pmlsnl T if1<p<3
~ m ~ - .
‘Sm’p 2 Zn;ﬁm ’3n| if 3 <p.

Third, if |s;,| > 2 |sp| then by the inequality |(1 4 p)P~1 — 1| < |p| for any |u| < 3, we have

n#m

al p—1 1 1 1 ot 2
sl = lsml | = fsml (1+Sstn) —1|5\Sm\”‘ > sl
n=1 n#Em n#Em

Moreover, note that if 1 <p < 3 then p—2 < % and thus by the definition of m,

-1 -1
|3m|p_2 Z |sn| S |5m|pT Z |5n|pT'

Proceeding similarly for the term |s|9=! in f’(s), we obtain (i), (ii) and (iii).
The proofs of (iv) and (v) follow from the same technique. O
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Second, using the pointwise estimates of Lemma 2.9, we derive estimates related to the equation
of ¢ and the nonlinear interaction term G defined in (2.16). Denote

. L for1<q<3 . rl for1<p<3
q = and p* =
qg—2 for3<g<oo p—2 for3<p< o

and observe that 0 < ¢* < p*. Fix

N-1
1
% =g min (¢*,1) >0 andlet 6= Z e~ 40 Wn+1=yn) (2.26)

n=1

The introduction of vy and 6 will allow us to keep track of the exponent of exponential interactions
between solitons (for instance, see the next lemma). We will not keep track of this dependence in
multiplicative constants.

Lemma 2.10. Assume (2.11), we have

n#n'
Z / (|02@n Yo 1| + |02Qn Yo 2]) dz < 6, (2.28)
n#n’ R
N
JREGAED ST (2.29)
R n=1
N
1Gllz2 + Y I (@)Y 2llze + 1/ (U) =Y F1(Qu)ll2 S 0. (2.30)
n#n’ n=1

Remark 2.11. For convenience, all the terms above are bounded by the same error term 27]2[2_11 e~ 40Wn+1=yn)
Of course, in view of the definition of 5, these estimates are far from being optimal.

Proof of Lemma 2.10. Proof of (2.27). First, by change of variable, for any n # n/,

/ 1QnQu|de = Hy + Ha,
R

where
Hy = (1— %) (Yo — yor) + (1 — £2)22 .
1 (]‘ n) n Q(LU)Q ( (1 _EZ/)% x,
= (1— 023 (Yo — yr) + (1 = £2) 22 1
e fﬂm@( (1)} "
and

1 1
I = {xER: (1—£%)§|£B| < 2|yn_yn/|}7
2% 1
L=<z eR:(1-14:)2]x >§|yn*yn’| :
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From the decay properties of @ in (2.6) and then 7 < % < %(1 — 6%)_%, for any x € I, we have
1 lyn—y|

Q@I Se " VI et

~

and so

241
Hy < e 40lym=v| / Q (n = gv) + U1 - b2 dz < e~ Holvn=vwl < g,
I (1—122)2

Similarly, for any « € I,

1
‘ o ((yn “u) T A= B)2TN | )
(1—22)2

and so

Hy < e~ 40lun—yul Q(z)dz < e olyn—yn| < g,
I

This proves estimate (2.27) for @, Q.. Using (2.6), the rest of the proof of (2.27) is the same.
Proof of (2.28). From (2.6), (2.8) and (1 — E?L)*% > 1, we have

S 100@n Tt |+ |02Qu T o] S 3 e lrwmlelevl,
n#n n#n’

1

Arguing as in the proof of (2.27), using 7o = § min(¢*, 1) < §, we obtain (2.28).

Proof of (2.29). From (2.6), (2.23) and 1 < ¢ < p < 00, we infer

S 1QnlUQu ]+ D 1QulPIQu | S D 1QnlQurl-
n#n/ n#n’ n#n/

Thus, estimate (2.29) follows from (2.27).
Proof of (2.30). From (2.22), we have

‘G| 5 Z |Qn|q_1|Qn’| + Z |Qn|p_1|Qn’|'
n#n’ n#n’

N
F(U) ~ Y F(Qu)
n=1

By 1<g¢q<p,(2.6)and (2.8),
Z | F(Qu) Y 2| S Z Q|7 e lm=vw,
n#n’ n#n’

Moreover, from (2.19), (2.20), (2.21), we infer, for 1 < g < p < 3,

g=1 9=1 p=1 p=1
S Z |Qn| 2 |Qn’| 2+ Z ’Qn| 2 ‘Qn/| 2,
n#n’ n#n’

N
F1(U00) =Y F(Qn)

n=1

for 1 < ¢ <3< p,

g=1 a1 _
S Z ’Qn’ 2 ’Qn” 2+ Z ‘Qn‘p 2’Qn"7
n#n’ n#n’

N
£y -3 (@)
n=1

and last, for 3 < ¢ < p,

N

S0 = @) £ D 1Qal"21Qul + Y 1QnP 1@
n=1 n#n’ n#n’
Arguing as in the proof of (2.27), using 7o = 3 min(g*, 1), we obtain (2.30). O
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Third, we derive the control of ¢, from the orthogonality conditions (2.14).
Lemma 2.12 (Control of ¢,,). In the context of Lemma 2.7, we have
N
> im = | Sl + 0. (2.31)
n=1

Proof. First, we rewrite the equation of @ = (¢1,¢2) as

8@ = LG+ Mod + G + Ry + Ra, (2.32)
where
1 SO I MOdl
( LY Q) o > Mod = ( Mo )
0
:( > (Rl> <f(Ul+801)—f(U1)—f/(U1)901>’
and

, 0 ;
fa = ( Ry ) - ( (f,(Ul) Y f/(Q”)) s ) |

Second, from the orthogonality conditions (2.14),

d - .
0= ( ,ZO) (a 3, ZU) (ja ZO> :
dt SD 2 tQO n L2 + SO t n L2
Thus, using (2.32),

—(2g.28) ,+ (R 25) , + (ReuZ)) +(G.20)  + (Mod, Z8)
2 12 L2 12 L2
- 2 8 70 S 5 70
- (yn - fn) (907 a:cZn) 2 -, (Soa 896Zn) 12

By integration by parts and the decay properties of @ in (2.6), the first term is

(£e.20) = (6.220) , = Ollielhw.

L2

Next, by (2.24), we infer
|R1] S lerl + lenl” + ln P,

and by the Sobolev embedding theorem,
(B2 22) | = 1803 + 103, + 1215

Using the Cauchy-Schwarz inequality and (2.30), we obtain

()|

Then, using (2.30), we have

Z F1(@u)lle S 1815 + 6%

[(G.20) 1S lGle S 0.
Next, using the expression of MBd,
(Mod, Zg)p = (G — L) (ZQ,Z,?)L + %: - (zg,,zg)p.
n
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Moreover, from (2.27),

S i = 1) (22022) , = 08X I — ).

n’#n n'#n

Last, by the Cauchy-Schwarz inequality,

. - =0 - =0 .
(G — ) (2.0:20) |+t (60:20) | (14 g — La]) -
Gathering above estimates, we obtain
N
i = o] S 161 +0+ O (0 + 1601) D i — ).
n'=1

Summing over n, we find
N N
> lin — ta] 161+ 0+ O (0 + ll) X I =t ).
n=1 n'=1
which implies (2.31) for dy small enough and Ly large enough. O
Last, we consider the equation of the exponential directions.

Lemma 2.13 (Exponential directions). In the context of Lemma 2.7, let af = (np, ) for all
n=1,...,N. It holds

S I3 + 18113, + 6, (2.33)

’ a,, :Fana

where o, = vo(1 — E,%)%

Proof. First, using (2.32), we compute,

L= (00 Z) - (p0dt),,
= (£o.2t) , -0 (p.0:2F) ,+ (G ZF)
(B Z) 4 (B 2E) |+ (MO.28) ,— (i — ) (6.0.7)

LQ

Note that, from (2.9) and integration by parts,
(&5’ Zf[)ﬂ —4 ((ﬁ’ 8IZ;E>L2 T <(ﬁ’ (Hfl JZE&) (- y1)>L2
N
> (o1 (@QuTE)

= jE0416‘1 + Z (Sph Qn)T%)

L2
n=2

Using (2.30) and the Cauchy-Schwarz inequality,

i <‘P17 f (Qn)TliQ)

n=2

Z 17 (@) T a2 lleillze S lleall7z + 62,
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Next, using (2.30), (2.24) and the Sobolev embedding theorem

[(70.25) ] < [ Geal +loatt+ 1) do < 1B + 1915, + 1915

(Ao ZE) | 5 1) Zf Qn)llzzlleillze < 181, + 6%

and
N Z+
(6.2F) <.
Moreover, from (2.9), (2.28) and (2.31),
N
(Mod. ZE) | = D" — ) (20 2F) , = O (1413, +6%).
n=2

Last, from (2.31),
(1 — €0)(8, 0025 12| S I3, + 6°.
Gathering the above estimates and proceeding similarly for a; for n = 2,..., N, we obtain (2.33). [

2.3 Monotonicity property for the 1D Klein-Gordon equation
2.3.1 Bootstrap setting
Fix )
'ylzgmin(ﬁg—ﬁl,--- N —On—1) > 0. (2.34)
We introduce the following bootstrap estimates: for Cp > 1 to be chosen later,
1)l < Co (3 +e70),

i 9
min{(yn+1 — yn)(t); n=1,...,N} = —L + 2nt,

10
Z aH(t)? < O3 (82 + 20k | (2.35)
Z |la,, ( (52 + 6_270]:)
\ n=1

Recall that g is defined in (2.26). Let 1 satisfy (2.12) and (2.35) at t = 0, let @ be the corresponding
solution of (2.2) and define

T, (1) = sup{t € [0, 00) : @ satisfies (2.12) and (2.35) holds on [0, t]}, (2.36)
Note that, from (2.35), for all ¢ € [0, Tk ()],

o(t) = i e~ 40(Yn+1(H)—yn (1)) < o~ (B L+8mt) < e 3L, (2.37)

Note also that, for Cy large enough, from (2.31) and (2.35), for alln = 1,..., N and ¢ € [0, Ty ()],

G — ful < Co(||90lﬂ+9) 202 (6 + e~ E) < 1,

for L large enough and ¢ small enough (depending on Cp). Integrating on [0, ¢] for any ¢ € [0, T\ (tp)],
we obtain, for alln=1,..., N,

Y (t) = lnt — yn(0)] < Mt (2.38)
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2.3.2 Monotonicity property

First, we fix suitable cut-off functions. Let y be a C? function such that

0 forx<—1,
X' >0, yxeC', 1-xecC x(x)Z{ o

1 forz>1.
> [y (0) + 40 (0) but — 30
n—1 1 £€n 0 Yn—1(0) + yn(0 T — Pnt — U
= pr— t =
/871 2 9 yn 2 9 Xn( 71:) X (t+a)a 9
forn =2,..., N, where a and a are chosen so that
IN:
il = d B
<a< an a <10>

We also set
f1=0, xa=1, xn41=0.
Let
Un(t,x) = xn(t,x) — xny1(t,z) forn=1,... N.
Note that v, = 1 around the solitary wave @, and 1,, = 0 around the solitary waves Q,, for n’ # n.
Moreover,

N N
anzl and  x, = an/ for n=1,...,N. (2.39)
n=1 n'=n

Set
Q) ={z eR: |z — Bt —Jo| < (t+0a)*} for t € [0, Ti(d)].

From the definition of y, and €,, we have the following estimates (1; denotes the characteristic
function of the interval I)

|0zxn| S 1q,, (2.40)

(t+ a)>
1

— 19, . 2.41
(t+a)3a Qn ( )

‘83)(71’ + 10 xn| S ( 1q,, ’8§Xn’ N

t+a)2
We give technical estimates related to the cut-off functions.

Lemma 2.14. For alln=1,...,N and all t € [0, T, ()], the following holds.

(i) Estimates related to x,. We have

n—1
>, /R ((@:Qn/)z + Qi/) Xnda S ek, (2.42)
n/=1
n—1
3 (n@ullze + 1xn0eQull12) S e~ 20F. (2.43)
n’'=1

(ii) Estimates related to (1 — x,). We have

N
Z / ((a;ch/)2 + Q%) (1 — xp)dz < ek, (2.44)
— Jr

N

Y U0t = DQullze + 160 = 102 Q[ 22) S e > 0% (2.45)
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(iii) Estimates related to €2,,. We have

N
> (110,Qullz + 110,0:Qul 12) S e7200F+m0, (2.46)

n’/=1

(iv) Estimates related to 1,,. We have

ST @u)ow e S e 20k, (2.47)
n’#n
S M natw ez + D I Tnatw 2 S e 208, (2.48)
n’'#n n'#n
S 10 @utnlze + 3 102Quihllze < 0" (2.9
n'#n n'#n

Proof. Proof of (i). We prove (2.42); (2.43) is proved similarly. By the definition of x,, for any

T € Supp Xn,
T — Bt — 40 > —(t +a)?,

and so using (2.38), for any 1 <n' <n—1,
= Y () = (B = )t = 1t + (G — Y (0)) = (¢ + @)™
By the definition of v and (2.35) at ¢t = 0, we have 5, — £,y > %(ﬂn —lp—1) = 471,

1

B~ 50(0) = 3 (0n0) + y1(0)) — 9 (0) > -

and by the definition of a® = %, 0<a<l,

L L
(t+a)0‘§t“+a°‘§t"‘+1—0§w+g,

for L large enough. Therefore, from 7y < %, for any x € supp Xn,

9L L L
T — Y (t) = 4yt — it + 20 Yt — A 2 2t + 1 > 2(voL + mnt),

for L large enough. Based on the decay properties of @ in (2.6) and above estimate,

n—1 n—1 _ 2|z—y, ()]
Z / ((aan’)2 + Q721I> Xndx S Z / e V 1_831’ dzx
w=1"R =1 =Yt (£)>2(v0L+711)

—2x —4(vyoL+~1t
5/ e 2dr < e (oLAmt),
22(y0L+71t)

which implies (2.42).
The proof of (ii) is the same.
Proof of (iii). Let any 1 <n < N and 1 < n’ < N. For any x € Q,, by the triangle inequality,
Vi = & mily gy [0 — G|, (2.35) at t = 0 and (2.38),
& =y (0)] = (G = Br)t + Y (0) = G| — [y () = Lt = 4 (0)] = |z — Bt — )
9L
> [l — Bult + |y (0) — G| — 11t — (t+a)* = 3mt + 50 ~ Eta)%
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Thus, using similar arguments as in the proof of (2.42), we obtain (2.46).
Proof of (iv). We prove (2.47); from (2.6) and (2.8), we see that (2.48) and (2.49) are proved
similarly. Let 1 < n < N and 1 < n’ < n — 1. From the definition of 1,/, we have, for any

T € Supp Y,
xTr — Bn/+1t — g2/+1 < (t + a)a.
Thus, by 11 = éminn:;ﬁn |€n, — L], (2.35) at t = 0, (2.38) and a® = %, for any x € supp ¥,

T = yn(t) < (Bws1 = ln) b+ (Fw41(0) = yn(0)) + it + (£ + a)®

1 1
< *5(% — 1)t — Q(yn(o) — Yn—1(0)) + it +t* + a”
< =3yt 9L+t°‘+L< 31t 9L+ t+L< L
L) 10 S O Ty TET S T

for L large enough. Let 1 < n < N and n’ > n + 1. From the definition of 1),,, we have, for any

T € supp Y,
T — Bt — G = —(t +a)”.

Using again 1 < g ming/, |6, — 4], (2.35) at t =0, (2.38) and a* = %, for any = € supp ¥y,

1
B
z—yn(t) = Bu — L)t + (T — yn(0)) — Mt — (t + a)®

1
(Unt1 — L)t + 5(3/7L+1(0) = yn(0)) =t —t* —a”

>3 t+9L te L>3 t+9L t L>L
=Z oY1 20 10/ Y1 20 Y1 5/4

Thus, using similar arguments as in the proof of (2.42) and % < 270, we obtain (2.47). O

Second, let

n—1
o o by — 1 o by — lp1 1 — Bl 1
c=4l, c2= 1= Boly’ Cp = (1 = 5.0, > nl;lz <1 ~ Bl > , (2.50)

forn=3,..., N. Denote

n
&1=1 and G =14 cyfy forn=2,... N (2.51)

n/=2

Such specific choices are explained in Remark 2.16. By direct computation, one proves the following
lemma.

Lemma 2.15. Forn=2,..., N,
n n
~ ~ 1-—- Bn’gn’—l
E 1= Cpl d = || _— . 2.52
. Cp Cptn aN Cn L] ( 1_ Bnlgn/ ( )
n/=1 n/=2

Proof. We prove (2.52) by induction.
Step 1. For n = 2. By direct computation,

Bala — [2l1 _ 1= B2l1
1 — B2ty 1 — Baly’

EQ — 51 _ £2 - 526162
1 — Balo 1 — B2l
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which implies (2.52) for n = 2.
Step 2. Assuming that (2.52) is true for n = k with 2 < k < N — 1, we prove that it is also true
for n = k + 1. From the definition of ¢, for n > 3, we obtain

M= Bl Gt — )\ 1 (1= Bl
EkJrl _ H (11 _/Bg /72 /1) + <ﬁk+1( k+1 k)) H (11 _ﬁg /72 /1)

1 — Brt1lrt1

n'=2 n'=2
:O+mﬂwﬂ~m>ﬁ<kwwwv:TfC—%ml>
1- Bk-i—lék-&-l =2 L — Bl /=2 1L — Bl ’

and

k+1
E Cpl = 6k£k + Ck+1

n'=1
k
Bn’g ) ( gk—‘rl — Uy > <1 — /Bn/én’1>
) S e —— =t
kII(l—&M 1= Brali }l 1 — Bl
k1
n’g ~
= l41 H ( 1 _ﬂﬁ 0 ) = Ch1lptr,

which means that (2.52) is true for n = k + 1. By the induction argument, (2.52) is proved for any

n=2,...,N. O
Third, we introduce the following quantities, for n =2,..., N,
jﬂ(ﬁ> - In(ﬁ) + 6nEn(ﬁ) + 6nFn(ﬁ) (2.53)
where
B 1- 32
T, (@) = 2 XnOzt1 + 5 (DzXn) w1 ) ugda, (2.54)
R
E, (i) = / ((0pw1)? +uf +u3 — 2F (uq)) xndz, (2.55)
R
F, (1) = — @ / (:1: — Bt — gjg) ugug(OpXxn)de. (2.56)
t+a R

Last, we set
E(i0) = E(@) + a1 Z(@) + Z enTn (i (2.57)

where, as defined in the Introduction,

E(u) = /R ((axu1)2 +uf +uj —2F(u1))dz, Z(d@0) =2 /R(E)xul)mdaz.

Remark 2.16. (i) The quantity Z,(u) is a standard localized version of the momentum for a wave-type
equation, while E, (%) is a standard localized version of the energy.

(ii) The expression E(@) + c1Z(1) + ZnNzg cn (Zn(@) + BnEn(0)) should be the correct functional
for stability of the sum of N solitons. Indeed, due to the specific choices of ¢, in (2.50), locally
around each solitary wave @,, this functional is analogous to the quantity ¢, (E(@) + 2¢,Z(u)) (see
Lemma 2.17). The functional F(@)+ 2¢Z(%) is a usual quantity to prove stability of a soliton @ with
speed £ € (—1,1).

(iii) For technical reasons, we need to add the refined term F), (%) to the definition of 7,.
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By expanding @(t) = YN @,.(t) + F(t), we obtain the following formula.
Lemma 2.17. For all t € [0, T ()], we have

N N
_ ~ 1 = ~ o o
E(i) =) (1 —£)2E(Q) + Y enHu(F, P)
n=1 n=1 (2.58)
O ”SBH’%—[ =113 S1q+1 —3vL
+ + 16l + 1817 +e :

L

where
Hy(3,¢) = /]R ((0201)? + 1 + 5 + 200 (Ouip1) 02 — ['(Qn)#7) nd,
form=1,...,N.

Remark 2.18. Error terms are estimated by e~370% in this section. Observe that some loss is needed

with respect to Section 2: Lemmas 2.10, 2.12 and 2.13.

Proof. Step 1. Expansion of E(#). We prove the following estimate

N
E@ =Y (1-2):E(Q)

n=1

N
+2 Z/ (Ena:in) (gnaxQn + 0001 — 802) dx
n=1 R

N
+ / ((ax¢1)2 +ol 03— f’(Qn)sO?) da
R n=1

— — 1 —
+0 (Il + 1715 +e~0F).

(2.59)

Recall that U = 27]1\[:1 Q,. First, using the decomposition (2.13), the definition of G, the equation
—(1—=£2)02Q, + Qn — f(Qn) = 0 and integration by parts, we find

. N
E(i) = EU)+2) /R (0005 Qn) (£nBrip1 — p2)dz
n=1

N
+ /R ((Ow1)® + @7 + 05 = > /(Qn)et)da

n=1

+ El + Ez + E37
where

B = =2 [ (P + 1) = FO) = fW1 = 5 1)),

N

By=- /R (F0) = £(Qu) 3.

n=1

FEy = —2/ Goide,
R

By (2.25), 1 < ¢ < p < oo and the Sobolev embedding Theorem,
B S [ (o + 1o +lo1) da S lall + 57
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By (2.30), (2.37), the Cauchy-Schwarz inequality and the Young’s inequality, we have
. ) B
’Ez‘ SUGH 2 lleillze S llerll3s +02 < lgrll3s + e 270k,

and

N
|Bs| S 11700 = X F@ollallerlidn S llenlis +6% S 113 +eoF.

n=1

Second, by direct computation,

N L N
E(U)=>Y (1-6)2EQ) +QZ/ (£00,Qn) de
n=1 n=1
#3010+ ) (0:@0) 0:Qu) + QuQu]
n#n’ R
N
—2/R(F(U1)—;F(Qn))dm.
Moreover, using (2.27), (2.29) and (2.37),
N
02Qn02Q wQu|)d F(U) =) F(Q,)|dz <6 < e 30l
;//H%a Qu0:Qul + 1Qu@u )z + [ |F(U) IRCAEETES

We see that (2.59) follows from above estimates.
Step 2. Expansion of Z(%). We claim

N
(i) =—2%" / (020n) (b Qn + Lot — o) da
n=1 R

(2.60)
+ 2/ (0zp1) podz + O (6_370L) .
R
By direct computation and (2.13),
N
n=1"R
2 [ ue)eate =2 3t [ (0,00 (0:Qu) s
R ! R
Thus, from (2.27) and (2.37), we obtain (2.60).
Step 3. Expansion of Z,, (). We claim
N
In(ﬁ) =—-2 Z / (81’Qn’) (gn’axQn’ + En’ Pl — 802) dx
n'=n 'R (2.61)

2112
T 2/ Xn(Ozp1)padz + O <WLHH + 12l + 6‘370L> :
R

We decompose
To(@) = Z,,(@) + (1 = B2)Ta (@),
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where

Irlz(ﬂ) = 2/H{(Xn8:vu1)u2dx7 ITZL(J) _/R(axXn) uyuzde.

Estimate on T}. We claim

N
2@ = -2 Y [ (0:Qw) (6w0:Qur+ budipr — ) d
n'=n & (2.62)

2 AXn<0x¢1>wzdw +0 (|13, + e70%) .

By direct computation and (2.13),
N
1@ = =2 Y [ (0:Qu) (dipr + 60, Qur = ) ds
/R

+ 2/ Xn(Op1 ) poda + TH + 712 4 713
R
where

T =2 Y b [ X0 (0:Qu) (0:Qu) e,

nl¢nll

n—1
I%’Q = -2 Z / (XnaxQn’) (En/ e P1 + l 0rQur — 902) dz,
—1 YR

N
Irll’g =-2 Z / (Xn - 1) (a:th’) (gn’ rp1 + ‘én’axQn’ - 992) dz.
= Jr
From (2.27) and (2.37),
25 Y [ 10.0u0Quidr £ 05
nlin// R

By (2.42), (2.43), (2.44), (2.45), the Cauchy-Schwarz inequality and the Young’s inequality, we have

n—1

n—1
1722 S S (18I xnDa @) + S /R (02 Qu)*xndz
n'=1

n'=1
13 - s 2 13 —3voL
S+ D IxndeQullza + Y / (0:Qu)*xnda S |11 + e,
n’'=1 n’'=1 R
and

N

N
7231 S D Ul O = D2eQuellz2) + > /R (2 Qu)?(1 = Xn)dz

n’'=n
N 3
SIBIE+ D <||<xn ~1)0:Qu |2, + /R (0:Qnr) (1 — xn>dx) SN, + e k.
n’=n

We see that (2.62) follows from above estimates.
Estimate on Z2. We decompose

To(@) =TIy + I3 + 1%,

66
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where

Z b / Oz Xn) (02 Q) Qurrd,

n/ n'’"=1

122 Z/ a:Xn - aQn) 1+Qn’$02>dx

IT%’S = /(8an)<P1(P2dx
R
By (2.46), the Cauchy-Schwarz inequality and the Young’s inequality,
N
2SS [ (0.l +1Qul?) 1o, do s e H0r,
n=1"R

and

N
722 S 3 18l (10:Quta, 122 + Qe =)

n'=1

N 3 s
SIAI+ > (HaanflmH 2+ [ Qula, | L) < I3, + e 3oL,

n'=1
Moreover, from (2.40) and a® = 1%,
723| < / L de < NG 105
727 5 ey L Ierlleelte.de S GEEES S 57
From above estimates, we conclude that
2| < % 23 ~3y0L (2.63)
22 T g+ ek, .

We see that (2.61) follows from (2.62) and (2.63).
Step 4. Expansion of E,(u). We claim

N
6:21—@% E(Q)

+2Z/ (b 0sQur) (b P Qut + b Ouipr — 2) s

N
+/R (((%%)2 +ol+es— > f’(%)ﬁ) Xndz
+0 (I, + g™ + e %08

First, from (2.13), —(1 — £2,)82Q. + Quw — f(Qn) = 0, integration by parts and an elementary
computation,

B, (i) = ﬁ+22/ 0uQur) (Cuupt — p2)

n/_

< 0up1)” + 01 + 5 — Zf Qn ¢1>xndx

n’'=n

%

+E2+E3+E+ EP + ES,

3~
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where
)} 1 / 2
By =2 [ (PO + o) - FO) — F0)01 - 3100} ) xad
R
_ N
E, = —/R (f’(U1) -y f’(Qw)) Pixnde,
and

:—QZ 1—%2 / a Qn)( xXn)@ldxv
=2 Z / (00 Qu) (D1 — 02) Xl
=2 Z / ’a Qn n/OzP1 — 902)( 1)d

Using again (2.25), 1 < ¢ < p < oo and the Sobolev embedding Theorem, we obtain

1
LS [ (ol + Il + loal*) do 1591+ 1915

By (2.30), (2.37), the Cauchy-Schwarz inequality and the Young’s inequality,
. 3 _9
|Bo| S 1GIz2erlze S lrllde +6% S llgrllf + e 80F,
Recall that, for any x € suppx, and 1 <n' <n—1,

L
(En - gn_l)t + Z

=]

=

)

=~ =

|z —yw (1) >

for L large enough. Thus, from 1 < ¢ < p < 0o and 7 < pg%l, -
n—1 1

Z Hf/(Qn/)XnHLoo S 671(Q*1)L S e,Q,YOL.

n/=1

Therefore, using again (2.30), (2.37), the Sobolev embedding Theorem and the Young’s inequality,

E} < "(Uh) —
| n|N/R<!f< 0=

N n—1
< 1815 (Hf'(Ul) =D @)l + ) If'(an)anlLoo>

n/=1 n/=1

N
/

ow)wﬂxndx

n—1

S el +0°+ 30 17 @uxalle S I3+
'=1
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Next, by (2.43), (2.45), (2.46), the Cauchy-Schwarz inequality and the Young’s inequality, we have

N N
~ P 3 . :
Al S D 1@1nl10:Qula, NIz S 1815+ Y 18:Qula,llfs S 1413, + e 0k,

n/=1 n/=1
~ n—1 n—1 3
B S Y 813l xn0e@urlle SUAIG + D 1Xn0aQurll72 S 153 + e270F,
n/=1 n'=1

N N
~ 3
ERLS D 181wl (n = D3:Qullze S IEI3 + D 106 — D0:QullF> S N8I3 +e~0%

n'=n n'=n

Second, by direct computation,

E0) =Y (1= B)E@ +2 Y [ (000.Qu)*da
n Z?Z SE LB }(),n “n
where
5 N
E! = —2/ <F(U1) -y F(Qn,)>Xndx,
R n’/=1
~ n—1
By =) / (L + 2)(0:Qn)* + Q2 — 2F(Qy)) Xnda,
n/=1 R
and

N
B=Y /R (14 ) (0:Qu)? + Q% — 2F(Qu)) (xn — 1) da,

ES =% /R(“ + L lr) (00 Q) (02 Q) + Qv Q) X

n/#n//
By (2.29) and (2.37),

N

3 i |
\En|s/R»F<U1> S F(@Qu)

n/=1

de <6 < e 30l

From 1 < ¢ < p < 00, (2.42) and (2.44),
_ n—1
B3S S [ (0@ + Q2+ 1Qul ™ +1Qwi*™) xoe
n/=1

n—1
S Z /R ((896Qn’)2 + Qi/) Xndx S 67470[/)
n/=1

and

N
Bils 2 /R ((02Qu)? + Qpr + |Qu[PF +1Qu [71) (1 = xn)dar
n;n
S’ Z / ((87/‘6271’)2 + Q%/) (]. — Xn)dx 5 674'YOL'
n'=n R
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Last, using again (2.27) and (2.37), we have
EX1S Y [ (10:Qu)@:Qun] + 1Qu@u ) do 50 5 75
/#n//

We see that (2.64) follows from above estimates.
Step 5. Estimate of F,,(@). We claim

212
Fa(a)) 5 Py g 4 o, (2.65)

From (2.13), we decompose
Fo(i) = Fy + B+ F,

where

1‘ — Bnt — yn) (901902)(8xXn)d'777

5
gn - Pn _72 n’a n’’ xXn d
Z [ =t = 1) (Qua ) o)
N
e (:U — Pt — g?z) (02Qn — Ly p10: Q) (O Xn)da.

1
First, from (2.40) and a = (&)~ > &

12113,

[Fal 3

Next, using again (2.40), (2.46), the AM-GM inequality and the Young’s inequality,

Y [ 1ol a0

l N 1

7] <

N

S D (10:Quie, 172 + 1Qule,lI7:) S e °F,

n'/=1

and

B <

—~

N
1

n’ ag: n/ 1 d
t_|_a)n/z::1/R(|‘P2Q | + |¢10:Qm|) 1, d

IsOIIH 10:QnLa, 2 + [ Q@ula,ll2)

N
N
Z (na Quloylh + Qo |t + ||¢||H) < (@1 + 3L,

Gathering above estimates, we obtain (2.65).
Step 6. Conclusion. First, we claim

B(i) + ZCnﬁn =&+ &+ &+ 0 (Il + |85 +e08). (2.66)
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where

N
n=1 R

&= [ (0o +6t+ 3= £(Qued vt
n=1

Indeed, from (2.51), (2.59) and (2.64) and direct computation,

N
+ > enBn By (i)
n=2
N
= 51 + 52 +/ (1 + chﬂnxn) ((8:]0()01)2 + SO% + gO%)dx
R 1
N n
_ Z I:/R (1 + Z Cnlﬁn’Xn’)f (Qn)SO dx:| +0 (H(pHH + H‘P”q—ﬂ n 6—3’YOL> .
n=1 =1

Observe that, from (2.39) and the definition of ¢,,

/ (1 + Z CanXn) <( 1901) + 90% + @g)dl‘
= nzl 5"/]1@ <(<9x<m)2 + i + w%) Ynde,

and

i [/R (1+ zn_: Cnfﬁnfxn/)f’(Qn)tp?dx]

n=1
(n)*
= ch / F1(@n)¢itnde + Z > [(1 + > (m)) / f/(Qnm%wn/dx],
n=1n'#n k=1 R

where (n')™ = min(n/,n). Note that, by (2.47), the Cauchy-Schwarz inequality, the Young’s inequality
and the Sobolev embedding Theorem,

n'#n

2 —6v0L
SIS+ D 1 Qa3 S 18113, + e 6L,
n'#n

/ F(Qu)itwde| <

n'#n

We see that (2.66) follows from combining these identities and estimates.
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Second, we claim

N N n
al+ Z CnIn =-2 Z |:< Z Cn’) /(axQn) (€n8$Qn + gnazgpl - @2) dx
n=2 n/=1 R

n=1
ZN: [( Zn: Cm) /R (3x¢1)¢2wndx] (2.67)
= n/=1

o1

QOHH + ” —»HB + eB’ygL)

Indeed, from (2.60) and (2.61),

N
il + Z cnln,

212
/ ( : Z X) upr)iends+ 0 (L2 1 g, 4 o).

Using again (2.39), we have

n

2/R (Cl +i:zcnxn> (Ozp1)p2de = 22:1 [( X >/R(8x<p1)<pzwndx],

n'=1
which implies (2.67).
Combining (2.52), (2.53), (2.57), (2.65), (2.66) and (2.67), we obtain (2.58). O

Next, using the standard localized argument, we obtain the following coercivity result.

Lemma 2.19 (Coercivity). There exist 0 < u < 1 such that for all t € [0, Ty ()],

N N N
pll B3 <D enHn(G.3) + 17 | ) (an)? + ) (a))? | + e 208 (2.68)
n=1 n=1 n=1

Proof. First, we prove the localized coercivity of Hy, (g, ) from the coercivity property (2.10) around
one solitary wave with the orthogonality properties (2.14). By direct computation, the defintion of v,

and /X, V1 —x € ct,

/R ((021)? + 200,(0up1)p2) Ypda
_/R ((am (wl\/zfn))? +20, (895 (@1\/@)) 2 %) dz + O (bw%) ,

P, = ((Pl,na 902,71) = <901(' + yn) %( + yn)7 S02(' + yn) wn( + yn)) )
forallm=1,...,N. From (2.10), (2.69) and the translation z — x + yy, there exists v, > 0 such that

(2.69)

We define

o o R L.
o (619) = (He, s + O (115
" L.
> 1Bl — vy ((son, 2)+ 2 (n72) 2>+O<LH¢>H%>-
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By the definition of ¢, and the translation x — = — y,,

" L.
1905 = [ (@un)? + 6+ ) vida + 0 (L1615

Note that, from 0 < ¢, < 1, we have 1 — /1, < 1—1,. Thus, using (2.48), (2.49), and ij:l Py =1,

we have

”(1 - M)aan“LQ + ”(1 - M)aan"LQ
S = 90)02Qull L2 + [1(1 = ¢n)D2Qn ]l 2

S D 10:Quibw iz + Y 102 Qutbw e S e F,
n'#n n'#n

and
(1= vVhn) Trallze + (1 = VVon) T2l 2
SO ITntwlie + D 1Tnptow |2 S €728
n'#n n'#n

Based on above estimates, (2.14), the definition of a,, the translation z — = — y,, and the Young’s
inequality, we have

(7 22),,

(-2,

0 ( 13 + 111 = V)2 Qulf2 + (1 = V) 92Qull3: )
O ( ’SOHB +e 1270L)

and

(60 72), = (at+ (7.0 -V ZE) )
= (@2 + 0 (I8 + 10 = V) Tnals + 110 = V) T2
= (@;)* + O (I @Il +e~*F).

—

Gathering above estimates, we obtain the following localized coercivity of H,, (&, @),

Hy(@,¢) = Vn/ ((8r901)2 + 90% + 90%) Ypdz — Vgl ((a;)z + (a:)Z)
R (2.70)

1, . S _
+0 (LI + 16l + ot )

for all n = 1,...,N. Last, combining &, > 0, (2.70), Zivzl Y, = 1 and taking L large enough, we
obtain the coercivity property (2.68). O

Last, we prove the following almost monotonicity property for 7,.

Lemma 2.20. There exist C1 such that for anyn=1,...,N and t € [0, T.(dp)],

C
Tnlt) = Jnl0) < ey sup () e+ Cremer (2.71)
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Proof. Step 1. Time variation of Z,. We claim

d
—T = —2 / (D1 + Bruz)*dzxndx
dt R

+(1-3) [ (f) - 27 () dnde
R
+ 57%/ ((6mu1)2 +u? + u%)@mxndx
R

(2.72)
+2ﬂn/(axul)u28x>(ndx - QBTQL/ F(ul)axXndx
R R

. / (x — But — y3> (2(Dsu1)u2) Daxnd
R

(t+a)e (t+a)

1
+0 (Ggmllelh + e mien).

<(t +a)
First, using (2.2) and integrating by parts,

d

— 2(Xn8xu1)qux = —/ ((8$u1)2 — u% + u% + 2F(u1))8xxnda:

+2/(8txn)(8mu1)qum.
R

Observe that

B o x — Bt — 70
B Xn = —BnOaXn — T ( tar ) (e Xn) - (2.73)

Therefore,

% / Q(Xnﬁxul)mdx =— / ((8zu1)2 - u% + u% + 25n(axu1)UQ) Oz Xndx
R R

« x — Pppt — i70
o (t—|—CL)1_O‘ /]R < (tita)ayn> (2(82?“1)”2)8;5)(”(137 (274)

2/F(u1)axxndx.
R

Second, using again (2.2) and integrating by parts,

d
/ u1u28a:Xndx = / (_(a;tul)z - u% + u% =+ ulf(ul)) 6xXnd$

1
+/(u1uQ)6tmxndx—|—2/u%8§xndx.
R R

From (2.13), (2.41), (2.46) and the AM-GM inequality, we have

N

1 N
& (t+a)2a/R ( > @)+ nZl(aan/)Q + i+ w%)lgndx

n'/=1

/ (UIUQ)ata:Xndx
R

1

N
S m”@”g{ + Z (10:Qn1a, 172 + 1Qnla, [172)
n/=1

1 . _
S m”@”% + e 400ltmd),
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and
1 N N
293 2 2 2
wodde S e [ @+ 30000 + 6t | 10,da
[ o (@ e+
1 N
—p 2 2
N m”@”% + nZ:l (10:Qu 10, 7> + |Qn 10, [172)
1
< 312 —4(yoL+m1t)
~ (t+a)3a”s0||7-l+e :
It follows that
d
dt/ uu20y Xndr = / (—(81«’111)2 - u% + u% + ulf(ul)) Opxndx
R R ) (2.75)
0 31|12 —4(rL+mt) |
0 (Gl
Gathering (2.74) and (2.75), we obtain (2.72).
Step 2. Time variation of E,. We claim
d
aEn = _2/ ((axul)UQ)aande - /Bn/ ((axu1)2 + u% + ug)axXndl'
R R
+ Qﬂn/ F(u1)O0yxndx
R
_ 2.76
T / (’““ Ot = yg) F(u1)d; xnda -
t+a)— e\ (@t+a)
a & — Pt — 2, .2 2
- x x nd .
(t_l_a)lfa A < (t—}—a)a > ((8 ul) +u1 +u2)a XndX
First, from (2.2),
&5 [(&Eul)z + u% + U% — 2F(u1)] = Q(axuﬁax?u + 2(6323u1)uQ = 26$(UQ8$U1).
Therefore, by integration by parts,
/R (0 [(8xu1)2 +uf 4 us — 2F (u1)]) xndz = —2/R ((Opu1)u2)Opxnde.
Second, from (2.73),
/]R ((835111)2 + u% + u% — 2F(u1)) O xndx
= _Bn/ ((890“1)2 + u% + u% - 2F(u1)) OrXndx
R
a & — Pt — U 2, .2 2
- T —2F e Xndx.
(t + a)l—a A < (t + a)a > ((8 ul) + Uy + Uo (ul)) 0, XndX
Gathering these identities, we obtain (2.76).
Step 3. Time variation of F,. We claim
d —a z — Pt — 370> 2 2, .2
7Fn — L - a:v - + + a:p nd
dt (t +a)l-o /]R < (t +a)® [~ (Ga)” — w4 5 w1 ()] pxnd (2.77)

1 = p—
+0 <(t+a)1+a||90‘%-[ +e 4(“/0L+71t)> '
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First, from (2.2), ;(uiu2) = u3 — u? + uy f(u1) + u1(02uy). Therefore, by integration by parts,

840
! /(azﬁntyn> [0¢ (u1ug)] Dpxnda
R

(t+a)l— (t+a)>
1 x — Bnt — Yn
= e () (O = ) O
1 292 1 / T — Bnt - Qg 23
ti. T a /Rulax)(ndx + i rai e Jy < Gt ae uy 0, xndx.

Observe that, from (2.13), (2.41), (2.46) and the AM-GM inequality, we have

N
— Pypdz| < ——— 2, 2110 .d
't+a/R“1 i (t+a)1+2‘*/ﬂx<ﬂzl% )
) N
S ﬁ”@”%—[ + Z 1Qn1a, 17
(t+a)'t
n/=1
1 12 —4(yoL4mit)
SWH¢|’H+€ oy,

and

1 x*ﬁnt*gg 293
'2@ Fayla /R < (t +a) > U0 xndz

N
1 2 2
S (t+ a)1+20¢/]R <Z Qu + ‘P1> Lo, dz
n/=1

: WH@H% 4 oA Lnt)

It follows that

a0
L /(mﬁntyn> [0s (u1ug)] DpXnda
R

(t+a)l— (t+a)>

_ _ -0
N (t+c11)1a/R (W) [—(02u1)? = ui + u3 + w1 f(u1)] o xnda (2.78)

1 3 —
+0 (a9l + o)

Second, by direct computation and taking partial derivative of (2.73) with respect to z,

x_ﬂnt_gg, _ /Bn 1 x_ﬁnt_gg
8[( fta )‘%’X"]“<t+a>a’”‘”‘<t+a>2-a< (i +a) )8’5"”
_ ﬂn (x_ﬁnt_g2> 82

(t+ a)l—« (t+ a)> T
_ a (ﬁ—ﬁnt—y2>2a2x
(t+a)?—2 (t+a) PN
Therefore, from (2.40), (2.41) and % <a< %,
1

1q,.

x_ﬁnt_yg
| (ol

76
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~(t+ a)lte
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Based on (2.13), (2.46), the AM-GM inequality and above inequality, we have

_ _ 70
N
S (Ha t+a)ite / (Z Q2+ > (0:Qu)” + 7 +<p§) g, dz (2.79)
n’/=1

1 —_p
N WWPHH te

We see that (2.77) follows from (2.78) and (2.79).
Step 4. Conclusion. Note that from (2.72), (2.76), (2.77) and 3 < o < %,

- ('YOLJF"/lt)_

d d
= # 212 —4(voL+71t)
_f1+f2+0<(t+a)2augpu7_[+e ,
where
Fi1= /(a up + 571“2) :L‘Xnd:C
20 x — Bpt — gg
- (t—f—a)l_a /]R ( (t—i—a)o‘ > (uz(axul +Bn’UJ2))6andx,
and

Fom [ -8t e (B2 | ) — 280 et

Estimates of F1. We claim

1
Fi < g B3 4 200k, (2.80)

(t+a)
Indeed, by the AM-GM inequality and 1 — a = (1 — %a) +

&,

_ _ =0
‘m_/R (W) (u2(0pur + Brug)) Opxnda

AN

(t+a)l— (t+a
1 1

S 7@—&— )2—3°‘/Ru%8xxndx+(t—|—a)/(a uy + Bpuz)?dpxndz.
a

Moreover, using (2.13), (2.40), (2.46) and the AM-GM inequality,

N
1 / 1 | |
T / (0:Qn)” + 3 | 1g,dz
(t+a)?3 Jr 2 (t+a)> 2 (/21 2
1
S o,
a

1
Note that, from % <a< %, we have 2 — %a > 2a. Thus, from a = (%) « and taking L large enough,

1
Fi < /(a up + /Ban) GJXndm + — /(8 U + ﬁnu2> zXndl'
R L4 R

1 = —
* WHSOH%{ +e 3("/0L+’)’1t)7
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which implies (2.80).
Estimates of Fo. We claim
Fo < 0.

First, observe that, for L large enough, for any x € {2y,

1
afn T — Pt — yO 2 10|«
1- 32— n)>1-p82 - =
T v oy < (t+a) ) O = Lol |
Second, recall that, for any z € Q, and n’ =1,--- | N,

L
& =y (8)] = [l = Bult + Y (0) = G| =t — ¢ — -

10

for L large enough. Thus, from the decay properties of @ in (2.6), for any ¢ € [0, Ty (ip)],

—Je—y,/(t)]

N N
S Quita)le, $ Y e VT 19, Se T
n’/=1 n'=1

Based on above estimate, (2.35) and vy < %, we have, for any x € Q,,

N
ur(t,2)| S D 1Qu(t,2)1q, + |¢i(t, o)

n/=1

L
Se T+ @lu S Co (e +9).

Therefore, for L large enough and § small enough, we obtain for any = € ,,

q—1 1, p—1 1
ui f(u) — 2F(up) = ———|u |77 + —— | [P <0,
1f(u1) (u1) qul| 1] erl| 1

since 1 < g < p < co. We conclude (2.81) from above estimates.
Gathering estimates (2.80) and (2.81), we obtain

d 1

= 2 —3(yvoL+1t
&jn(t)g 2a|’90(t)HH+e (o 71)'

(t+a)

Integrating on [0,t] for any ¢ € [0, Ty ()], we obtain
1 S VI2 1 o—30L
In(t) = In(0) £ =y max ()l + 7,

which implies (2.71).

2.4 Proof of Theorem 2.1

> 0.

(2.81)

In this section, we prove Theorem 2.1 using a bootstrap argument. We start with a technical result

that will allow us to adjust the initial value with N free parameters.

Lemma 2.21 (The initial unstable mode). Let N > 2. Forn € {1,...,N}, let 0, = £1 and
1<V, <lwith —-1</¥l <ly<---<ly <1 There exist Lo > 1 and 0 < dg < 1 such that the

following is true. Let yf < --- < y]OV be such that

L:min(y2+1—yg,nzl,...,N—l)>L0,
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and €€ H* x L?, a™ = (a )peq1,.. Ny € RN be such that

_ 3 1
1€l <6 <6 and a’ € Bpn(r) where r=Cg (6% +e 20F)2,

Co is defined in the bootstrap (2.35) and to be taken large enough. Then, there ewist i) <

h,... ,h;\r, € R satisfying
N

13
> (IR + 155 = yo]) < Cg° (6 + e 0%,

n=1

such that the initial value defined by

N
o =Y (0aQe, +hiZ5) (=) +€

n=1

rewrites as:
iy = Z%Qen —Jn) + (0)
where G(0) satisfies for alln=1,...,N,

(20, 28, =30)) , =0, ai(0) = (&0). ZF (- —30) , = ai-

L2 L2

Moreover, the initial data (2.84) is modulated in the sense of Lemma 2.7 with y,(0) =

n=1,...,N.

Proof. Let
%= (0,4),....9%) e R*N, = (hf,....0h% 0, ...,9%) € R*V.

Consider the map
T: X -R¥Y

(& a™,T) — (Tf,..., 0%, 09,...,0Q),
WhereX:(HleQ) x RN xR*™ and forn=1,...,N

Y

v=3 o ((@e = 90) = Ge = 2) 25— 30)

From (2.84),
N N
20) =Y on (Gu (- = vB) = Qe (- = 30)) + Z EZE (=) + 8,
n=1 n=1

(2.82)

-<§]0V and

(2.83)

(2.84)

(2.85)

gjg, for all

(2.86)

and thus the set of conditions in (2.85) is equivalent to ¥ (&,a™,T') = 0 € RN, We solve this nonlinear

system by the Implicit Function Theorem. First, it is easy to check that
¥(0,0,1% = 0.
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Second, by direct computation and integration by parts, for any (£,a™,T") around (6, 0, FO),

DF\If(g,aJr,F): < g g )a

where
a=((25e-w. 28,0 -) ) (1€l + 7~ 1)
L2/ nn'e{l,..,N}
5= ((onh (- 2,0 ) ) (el + I -9
L2/ nn'e{l,..,N}
¢ = ((onZh 0200~ 1) ) +0 (Jell + T~ 19)),
L2/ nn'e{l,..,N}
D= (o2 (=0, =) ) +0 (|l + 7 - T7).
L2/ nn'€{l,..,N}
Moreover, from < _)(9 7 ; >L2 = 0 and similar argument as in the proof of (2.27), we obtain

A = diag ((ZZ,Z+)L2 .y (ZZ}'V7 ZZV)L2> +0 (”g‘”H + T — FO\ + e—?woL) ’
B =0 (|lln+IT =T + 720k,
C =0 (||&llp + T = T + e20F) |

. 70 7 30 7 —2yL
D = diag ((zgl,zgl)ﬂ (28 ZQN)L2) +0 (|83 + |0 = T + e~20L)
Thus, Dr¥(&,a™,T') is an invertible matrix for L > Ly large enough, with a lower bound uniform

around (6,0,F0). Therefore, by the uniform variant of the implicit function theorem, there exist

0 < &; < 1 (independent with the choose of y9 < -+ < 4%) and C* map
I: By r2(0,61) x Ban(0,61) = Bgan (1%,61),

such that for all €€ By, 2(0,61), a* € By (0,8;) and T’ € Bpan (I, 6}),
U (&a",T)=0 ifandonlyif T'=1II(5a").

Moreover, taking 0 < § < dp < 1 small enough, L > L large enough, for any (£, a™) satisfying (2.82),
we have

. 3 1
T =10 = |1 (&%) = T0(0,0)| S 18l cze + lla* | S 3+ CF (6% + e720F)?
which implies (2.83) for taking Cy large enough (independent with dg and Lg). The proof of Lemma 2.21
is complete. O
We are in a position to complete the proof of Theorem 2.1.

Proof of Theorem 2.1. Let € € H1_>< L? and y{ < --- < 9% as in the statement of Theorem 2.1. For
all at(0) =a’ = (af,...,a}) € Br(r), we consider the solution @ = (u1,us) with the initial data as
defined in Lemma 2.21

N
tip = Z (Un@n + hZZZL) (- Z 0@, (- — 79) + F(0). (2.87)
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Note that, for the proof of Theorem 2.1, we just need to prove the existence of iy such that Ty (uy) =
oco. We start by closing all bootstrap estimates except the one for the instable modes. Last, we
prove the existence of suitable parameters a* = (af, ey a}) using a topological argument. Denote
qo = min(3,q + 1).

Step 1. Closing the estimates in ¢. First, from (2.83) and (2.87),

N N
Z 1@, (- = 49) = Qe (- — T3 + D It Zf (- — w3 + €15
n=1 n=1 (2.88)
13
S ||5HH+Z (I 12+ 15n = ynl?) S Co* (82 + e72108).

n=1

Second, from (2.71), conservation of energy E(u(t)) and momentum Z(w(t)), for any ¢ € [0, T (uo(0))],

N
E(ii(t)) = E@(0) = 3 en (Tn(t) — Tu(0))
n=2
<o i L sup @) 2 4+ e ot
h =\ L oy

Note that, from (2.58),

VNP
— () - @) + 0 (I 4 gy + oo+ o))

Therefore, using (2.35), (2.68), (2.88) and 3 < a < 2,
- 2 < 1 - 2 L. . 2 - qo
Ll < 50— sup 18(s)ll3 + FEO15 + [18(0) I3
L s€0,t] L

3 7 13
+ <002 +Cf +Cff > (62 + 720k 4 =30l

C2 7
s (L2a01 + Cd*) (62 4 e=20L) 4 (0 (50 4 =MLY 4 =0,

This strictly improves the estimate on & in (2.35) for taking L, Cy large enough and § small enough.
Step 2. Closing the estimates in min, (yn+1—¥,). From (2.38), (2.83) and v, = § min, (ln+1 —Cn),
foranyn=1,...,N —1 and t € [0, T\(tp)],

Yni1(t) = Yn(t) = (o1 — L)t + (Yo gy — yo) — 271t — [Jo41 — Yo a| — 199 — yo
> 8yit+ L —2vt+ O <0016 (5 + CVOL)> ,

which strictly improves the estimate on ming, (yn+1 — yn) in (2.35) for taking L large enough and ¢
small enough.

Step 3. Closing the estimates in @™ = (a,, )neq1,..,n}- Note that, from (2.88),
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By direct computation, (2.33), (2.35) and (2.37), forn=1,..., N,

A vantr — 2y g o2ant — o (L - _

dt (6 (an (t)) ) - 26 a’n (t) dtan (t) + anan (t)
=10 (Jag | + |25 +0)
— e2ant() (Cgo (5qo + e—qovoL) + e_S'YOL) )

Integrating on [0, ¢], for any ¢ € [0, Ty (tp)] and any n = 1,..., N, we obtain
¢
(0, (07 S €7 (0 (0)) 7200t [ 2ons (fp (5 4 -0k o &8 s
0

< Co% (02 + e 208) + CJ0 (670 + e~00L) 4 =30k,

which strictly improves the estimate on @™ = (a,, )peq1,..., Ny in (2.35) for taking L large enough and §
small enough.
Step 4. Final argument on the unstable parameters. Let

b(t)=> (af(t)® and a= min .

n=1

3
We claim, for any time ¢ € [0, T%(d)] where it holds b(t) = CZ (6% + e~270F) the following transver-

sality property holds,

3
%b(t) > aCy (6% + e 20k > 0. (2.89)

From (2.33), (2.35) and (2.37), taking Cp large enough, for any time ¢ € [0, 7] where it holds b(t) =
3
Cg (02 + e~ 20k,

(1) =23 anlar (1)) +0

(ﬁ x(ol) (11 +6)

N
=2) an(a; ()’ +0 (Z | + (18113 + 63”°L>

n=1

> 2@003 (02 + e~ 20k) — Cgot! (510 4 e 100L) — Cpe0l
which implies (2.89) for taking § small enough and L large enough (depending on Cj). The transversal-
ity relation (2.89) is enough to justify the existence of at least a couple a*(0) = (a] (0),...,a}(0)) €

By (1) such that Ty (i) = oo where r = Co% (6% + e_QVOL)%.

The proof is by contradiction, we assume that for all a*(0) € By (r), it holds Ti(ip) < co. Then,
a contradiction follows from the following discussion (see for instance more details in [28] and [31,
Section 3.1]).

Continuity of Ty (ip). The above transversality condition (2.89) implies that the map

a+(0) S B_]RN(T) — Ty (i) € [0, 00)

is continuous and
T (ip) =0 for a™(0) € Sgn (7).

Construction of a retraction. We define

M: BRN (T) — SRN (7")
a™(0) = a” (Ti(do)).
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2.4. PROOF OF THEOREM 2.1

From what precedes, M is continuous. Moreover, M restricted to Sy~ (r) is the identity. The existence
of such a map is contradictory with the no retraction theorem for continuous maps from the ball to
the sphere.

We have proved the existence of a™(0) € Bgn(r), associated to a global solution @ = (u1,uz)
of (2.2) with initial data defined in Lemma 2.21, which also satisfies (2.12) and (2.35) for all ¢ € [0, c0).
The proof of Theorem 2.1 is thus complete. O
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Part 11

Construction of multi-solitons for the
NLW equation
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Chapter 3

On multi-solitons for the energy-critical
wave equation in dimension 5

Abstract: We construct K-solitons of the focusing energy-critical nonlinear wave equation in five-
dimensional space, i.e. solutions u of the equation such that

K
IVeat(t) = Vea (D Wi(t))llp2 >0 ast — oo,
k=1

where K > 2 and for any k € {1,..., K}, Wy is the Lorentz transform of the explicit standing soliton
W(z) = (1 + |z2/15)73/2) with any speed £, € R®, || < 1 satisfying £, # £ for k' # k, and
an explicit smallness condition. The proof extends the refined method of construction of asymptotic
multi-solitons from [85, 86].
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3.1 Introduction

3.1.1 Statement of the main result.

In this paper, we are interested in the construction of multi-soliton solutions for the focusing energy-
critical wave equation in five-dimensional space:

{é‘?u—Au— ultu =0, (t,7) €[0,00) x R, (1)

Ulg=0 = Up € H17 8tu|t:(] =y € L2
Recall that the Cauchy problem for equation (3.1) is locally well-posed in the energy space H' x L2,

using suitable Strichartz estimates. See e.g. [71] and references therein. In particular, for any initial
data (ug,u1) € H' x L?, there exists a maximal interval of existence (T_,Ty), —co < T_ <0 < T} <

. 7
+00, and a unique solution (u,du) € C ((T_,T+) cH' x L? (R5)) NL:. ((T_,TJF);L%(RE’)). For
H' x L? solution, the energy E(u(t),dyu(t)) and momentum M (u(t), dyu(t)) are conserved, where

E(u,v)—Q/v +2/\Vu| 10/|ui’>, M(u,v)—/vVu.

For a function u : R> = R and A > 0, we denote

A change of variables shows that

E((uo)x, A (u1)) = E(uo, u1).

Equation (3.1) is called energy-critical since it is invariant under the same scaling: if (u,0wu) is a
solution of (3.1) and A > 0, then

(t,x) — iu L i@u e
’ )\% )\7A 7)\%15 )\’A

is also a solution with initial data ((ug)x, A\™*(u1),) at time ¢ = 0.
Recall that the function W defined by

2]\ 72 ; ;

is a stationary solution of (3.1), called here ground state, or soliton. By scaling, translation invari-
ances and change of sign, we obtain a family of stationary solutions of (3.1) defined by W) 4, +(z) =
LA (A (z — 20)), where A > 0 and z( € R°.

Using the Lorentz transformation, we obtain traveling waves. For £ € R5, with [£] < 1, let

v (Gt 1) )

then u(t, z) = £Wp(z — £t) is solution of (3.1).

In this paper, we prove the existence of solutions of (3.1) which display non trivial asymptotic
behavior in the nonradial case. Indeed, multi-solitons are canonical objects behaving exactly as the
sum of decoupled traveling solitons as t — +oo.
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Theorem 3.1 (Existence of multi-solitons). Let K > 2. For k € {1,...,K}, let A\ > 0, y° € R®,
e € {£1}, € = Z?Zl Ui ie; with |€] < 1. Assume that £ # £y for k # k', and

5 Py
2
. =, 4
(Z (keglaXK} g’“)) <5 (3.4)

i=1

Then, there exist Ty > 0 and a solution u of (3.1) on [Ty, +00) in the energy space such that

K
. €k =Lt —yp°
lm (ju(t) — Y ———nWp <OO> =0, (3.5)
1o kzl (yz X »
K oo
lim {|9u(t) + Y —F (8, - VIV, LA 750 1 (3.6)
1o 2 (NF ¢ A p

The construction of multi-solitons for non integrable dispersive and wave equations has been the
subject of several previous works. First, the existence of multi-solitons for the nonlinear Schrédinger
(NLS) and the generalized Korteweg-de Vries (gKdV) equations was studied in the mass critical and
subcritical cases by Merle [92], Martel [83], and Martel and Merle [84]. The proofs are partly based
on standard stability properties of solitary waves (see references in these articles). A key point in [83]
and [84] is the introduction of localized versions of the energy and mass functionals to deal with
solutions containing several solitons. Such functionals are reminiscent of Martel, Merle and Tsai [88],
where the stability of the sum of several solitons was studied in the energy space. For (gKdV), the
technique also allows to prove the uniqueness of multi-solitons [83], property which is not available
for (NLS). Next, the strategy of these works was extended to the case of exponentially unstable
solitons: see Cote, Martel and Merle [28] for the construction of multi-solitons for supercritical (gKdV)
and (NLS), and Combet [20] for a classification result for supercritical (gKdV). In these papers, the
exponential instability of each soliton is controlled through a simple topological argument. For the
nonlinear Klein-Gordon equation, the strategy was adapted by Cote and Munioz [31] (for real-valued,
unstable solitons) and Bellazzini, Ghimenti and Le Coz [5] (for complex-valued, stable solitons). For
the water-wave system, see the work of Ming, Rousset and Tzvetkov [96].

Closely related to the present work, for the energy-critical wave equation in dimension 5, Martel
and Merle [85] proved the existence of K-solitons for any K > 2 but only in the case where the
speeds {£€y}re(i,.. ky are collinear. The Lorentz transform allows to remove this assumption in the
special case K = 2. Technically, such constructions for the energy critical wave equation are more
challenging than for (gKdV) and (NLS) (for which no limitation on the speeds appears) because of
the weak decay of the solitons (3.2). Specific localized energy-momentum functionals are introduced
to control solitons interactions in this context. In [85], the nature of the localization does not allow
non-collinear multi-solitons, even under a smallness condition. The main improvements in the present
work are the following: (1) the use of a refined approximate solution from [86]; (2) the introduction
of a new localized energy functional to deal with non-collinear solitons. The smallness condition (3.4)
is still probably technical and we conjecture that the result holds for any choice of speeds. However,
by our method, (3.4) seems to be the best condition using the refined approximate solution from [86].
Moreover, constructing approximate solutions improving the one in [86] seems a difficult task.

The construction of K-solitons for the energy critical wave equation is especially motivated by the
soliton resolution conjecture, fully solved in the 3D radial case by Duyckaerts, Kenig and Merle [46],
and for a subsequence of time in 3, 4 and 5D by Duyckaerts, Jia, Kenig and Merle [13]. Indeed,
the existence of such multi-solitons complements the statements in [43, 46] by exhibiting examples of
solutions containing K solitons as t — +oo for any K > 2. In the same direction, recall that for the
energy-critical wave equation in dimension 6, Jendrej [67] proved the existence of radial two-bubble
solutions.
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3.1.2 Outline of the proof

The strategy of the proof of Theorem 3.1 combines the use of a refined approximate solution for the
K-soliton problem from [86], with uniform estimates and compactness, as in [85]. See also references
in [85, 86] for earlier works.

First, we introduce the refined approximate solution of the form W = Zé(:l(l/f/k + ¢, 0)) for large
t > 0, where for any k € {1,..., K}, Wk is a soliton with two time-dependent parameters regarding
scaling and translation respectively, and vy is a correction term [36] improving the simpler approximate
solution used in [85]. These correction terms of size t~2 in the energy space are solutions of non-
homogeneous wave equations whose source terms are the main order of the nonlinear interactions of
size 3 between the K-solitons. In this way, W is an approximate solution of the K-solitons problem
at order t—%. This is decisive for the construction under the smallness condition (3.4).

Let S, — 400 as n — +o00 and, for each n, let u, be the backwards solution of (3.1) with initial
data at time S,

K
TSy ) ~ D (Wi (Sus2) + Vi (S ) ) (3.7)
k=1

(See (3.49) for a precise definition of u,(Sy,)). The goal is to prove that there exists a time Tp
independent of n, such that the following uniform estimates (3.8) hold on [T, S,],

S

~+ |

K . K .
n(t) = ) W) = D eV (1) (38)
k=1 k=1

HlxL2

The existence of a multi-soliton then follows easily from standard compactness arguments (note that
i, (Ty) converges strongly in the energy space H' x L2, see §5). Thus, we now focus on the proof

of (3.8).
n Osun

We introduce
where .

- \i4 -

W = ( ) Z:ji: (LVk—FCkﬁk>.

X k=1

By a standard procedure, we choose modulation parameters A, (t) and y(t) close to A° and y3°, and
obtain suitable orthogonality conditions on £ The equation of £ is thus coupled with equations of
Ai(t) and yg(t). See Lemma 3.7.

To prove (3.8), we introduce the following energy functional

W= [Vl P = 20 (W €)= F(W) — f(W))} 42 [ (3 Vel

where the bounded function X is equal to £ in a neighborhood of the soliton Wy and close to 7

“transition regions” between K solitons (see §5.3 for a precise definition). The specific choice of function
X is the main novelty of this paper compared to [85, 86].

The functional H(¢) has the following two important properties (see Lemma 3.12 for more precise
statements):
(1) H is coercive, in the sense that (up to unstable directions, to be controlled separately) it controls
the size of £ in the energy space

mn

H~ el + InllZe.

(2) The variation of H(t) is controlled on [Ty, Sy] in the following sense, for any § > 0 small enough,

() 5 9
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Therefore, integrating (3.9) on [¢, S,], from (3.7), we find the uniform bound, for any ¢ € [Ty, S,],
lell% + Il S 340 (3.10)

Using time integration of the equation of the parameters, we can obtain (3.11) from the above estimate

~ | =

o0 1 o0
MO =TS 50 Iyelt) — | S (3.11)

Then (3.8) follows from (3.10), (3.11).

3.2 Notation and preliminaries

3.2.1 Notation
We denote

(9,9) 12 =/g§, lgll72 =/\g\2, (9,9) =/V9-V§, 91171 =/!Vg!2-

)

-, ~

G0z = (9:9)p2 + (W W) 2y (§.9) e = (9.9 + (hh) .

Q

Il
7N
> Q
N—

Qy

Il
N
S

set

Set (z) = (1+ |z[2)z. Let

A:§+x-v, K:g—l—x-v, AV = VA, K:(A).

2 A
0 1
=% 5)

9.9y = [ (V995 (€-T9)(£-Va). iy = loly ~ - Tl

Let

For £ € R® with |£| < 1, denote

Note that if we define

B 1 B £(£-x) .
ge(:c)—g<<ﬁ_w2 1) 7 +>

~ 1 ~
(e, 90) 7y = (1= 1€1*)2(9,9) -

and similarly for g, gg, then

Set
1 £(£-x) £t
p=|—m—=-1)——— 4+ ———, Ap=0;+4£-V,
¢ (,/1_142 >\€\2 Ji—jep
Be=0f —(£-V) - (£-V) = A} = 2(£- V) Ay,
Agzg—i-(ﬂ?—et)'v, Apg=A—(L-V)(L-V).
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For o > 0 small to be fixed later, set

walr) = (1 +|z|*)~°. (3.12)

We recall standard Sobolev and Hélder inequalities

lullpros S lull gy Nullpo S llwll g2, (3.13)

< 4/3 3.14

ulfol|w]s < Hu||L10/3HU||L10/3Hw||L10/3 S ull g lloll g llwll (3.14)

luv|| pror S llull prossllull sz, Juvwl o S flull pross ||l pioss||wl] pio. (3.15)

Denote 5
Flu) = lulsu, F(u) = —|u|5.

3.2.2 Energy linearization around W

Let

7 7

(L0 L ) . (9
H=(§ W) D= teg+lk o g=( ).
For ¢ small in the energy space, we recall the expansion of the energy
|
E(W +g,h) = E(W,0) + 5 (H,§)12 + O(lg]3.)- (3.16)

We recall some technical properties of the operator L.

Lemma 3.2 ([85]). (i) Spectrum. The operator L on L? with domain H? is a self-adjoint operator
with essential spectrum [0, +00), no positive eigenvalue and only one negative eigenvalue —\g, with a
smooth radial positive eigenfunction Y € S(R®). Moreover,

LAW) = L(0;;W) =0, foranyj=1,...,5.

(ii) Localized coercivity. For a > 0 small enough, there exists p > 0 such that, for all g € H*, the
following holds.

5
1
/\VQWQ — f'(W)g* > u/ Vgl*e® — - (g AW)% + > (9,0,W)%, + (9.Y)7
J=1
3.2.3 Energy linearization around W,

For £ € R® with [£] < 1, W, defined in (3.3) solves

T
AWy —£-V(£-YWe) + W7 =0. (3.17)

so that u(t,z) = Wy (x — £t) is a solution of (3.1). Note that
E(We.—€-TWy) — [ le-TWef = (1~ ¢)LEOW,0). (3.18)
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The following operators are related to the linearization of the energy around Wp. Let

(Leg, 9)12 = / Vg Vg (£-Vg)- (€ V) — f'(We)g?,

—A—f'(Wp) —£-V ~
( e ) (Heg,§)12 = (Leg, 9)r2 + 1€+ Vg + hl[1:

L= ~A+8-V(£-9) — [(Wy),

He = £-v 1d

Indeed, proceeding as in (3.16), using (3.17) and (3.18), we obtain
E(We+g,—€-VWe+h) + /E “V(We +g)(—€-VWe + h)

1 S
—(1— |£\2)%E(VV, 0) + 5(Hgg,g)%z + O(”Q”?p)

Set
- AW, SV 0, W, - W,
A _ f; i iz We wo_ 2
7= (e ) 2= (oS ) 2= ().

N
Ve y£> St

. . £-VYy+ ==
Y=Y L )%, ), Zy = ( Vi-le?
V1- g2 12 1 Y0 g
1/26 Vi-|e?
We recall following several technical facts.
Lemma 3.3 ([36]). For £ € R with || < 1,
(i) Properties of Ly.
4 T
LeYe = —XoYe, LWy = —ng’-

Le(AWy) = Lg(0;We) = 0,

(ii) Properties of Hy and HpgJ.

= 4 Lo = 37
W) = [ W —HeI(ZE) ==V - 1P 7

—0, (Z]{‘,Z}t) - (Z“evj,z}t) —0.

Z“A W
£ ) 1o 72
HyxL? HyxL

(iii) Coercivity. For a > 0 small enough, there exists 1 > 0 such that, for all § € H* x L2,
2 2 7 % 2 2 2 2
Vglea = 3Wi'g™ +h7eq +2(8- V)he,

1 o 2 .

> u/ (IVgl* + 1?) 2 — p {(Q,AWe)i,l; + (g, YWe) i I + (9.2 )72 + (3
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3.2.4 Approximate solution to a non-homogeneous linearized equation
Let [£| < 1 and F, G be defined by

(W5, AW)

F=W3 + kAW, G =rke(l—|€2)72€- VAW, rp=—(1— 1€ :
[AW]Z.

> 0.
Set
’U)g(t, ZE) = W(l’g), Fg(t, l‘) = F(I’g), Gf(t,l‘) = G('TZ)
We recall following technical lemma in [36].

Lemma 3.4. There ezxists a smooth function vg such that, for all0 <6 <1 and all t > 1,

|(ve Bve) D)l 12 S 2 Noe(®llze ST, (€@l S 747,

where
4

7 a9 —_ —_—
E¢ = Ofve — Avg — gw@’w—fz—ge, foe=t7F, ge=t"Gq.
Moreover, for allm >0, |a| =1, |o/| >2,t>1, x € R?,

APve(t,2)] S (84 ()~ ) (g2,
AT gt )| S (¢ + we)) ™0™ (ag) 7349, (3.19)
PO ve(t, @) S (¢ + (we)) 1O (g) =+

AT Byoe] < AP+ o] + |AF Vo] S 173 ()5, (3.20)

8

4

Y

and
AP E(t, )| ST gy) 5 JAPOVEg(t, )| St ()T,

, 3.21
[AG O Eglt, )| S 7T ()7, (320

Proof. See proof of Lemma 3.1 in [86]. Although this lemma is proved only for £ = fe;, by rotation,
we see that it holds for any £ € R® with || < 1. O

3.3 Refined approximate solution of K-solitons problem

In this section, we construct a refined approximate solution to the K-soliton problem. Let K > 2 and
for any k € {1,..., K}, let

AP >0, yPER® ¢ =41, £ €R®  where |£] < 1.

Let Cy > 1 and Ty > 1 to be fixed and I C [Tp,+00) be an interval of R. We assume that these
functions satisfy, for all t € I,

Ak(t) = A2+ [yk(t) = yid| < Cot™t. (3.22)

For k € {1,..., K}, we consider C' functions A\ > 0, y € R® defined on I. For G= (G, H), define

QkG 9k
— Lt — yi(t Lo 2 G
0:C)(t2) = " (f” i (t)y’“( )) ChG=| e, | BG=| M
AL (t) g I O H
In particular, set
. Wi,
Wi =0We,, Xi=—L -VWy, Wi= X : (3.23)
k



3.3. REFINED APPROXIMATE SOLUTION OF K-SOLITONS PROBLEM

3.3.1 Main interaction terms

Expanding the nonlinearity |u]%u at u = Zszl Wy, we prove that the main order of the nonlinear

. . . . _ 4 .. . .
interactions is equivalent to the form t=3 Zszl cx|Wg|3. The remaining error term is of size ¢~4.

Lemma 3.5. Assume (3.22). For k, k' € {1,2,...,K}, k # K, let

UM_;( 1 :Qewwmw@—em>+%£%

/1= |fk/’2 B ‘ek’|2

and ¢, = %(15)3 Zk/?ék Ek’(/\z?)%‘o'k,k"ig- Then,

K

> wi

k=1

% K K . K .
(Z sz) =D IWi[sWi =t " ex|Wil® + Ry,
k=1

k=1 k=1

where, for allt € I,
Rl <t

Proof. The proof is similar to that of Lemma 3.1 in [86]. Let o0 = % ming, £, £k,
{z, [z — &t| < ot}, B(t) = UpBy(t).
First, we claim, Vk € {1,..., K} and k # &k’

[

7 4
7 4 4 _
Wi llzzsey S 677, IWillleme) St

and
9

1 _9 z _9
H|Wk’3’Wk”2HL2(Bk) Stz \|W/3\\L2(Bk) St

Note that, Vo € B, we have

(3.24)
— £k2’ and Bk(t) =

(3.25)

(3.26)

Wil5 S (w— ) T St e — )73, Wil5 S (o — ) St N — £8) 7P,

and from z — (z)~3 € L?*(R®), we obtain (3.25). Note that, Vo € By and k' # k

N

Wil 3| Wio > S t75(z — £3t),  [Wi|5 St

Integrating (3.27) on By(t), we obtain (3.26).
Second, we claim, V k € {1,..., K},

K K
4 4 7 4 _
Il Z Wk’|3(z Wir) — [Wi|3 W), — §|W/~<:|3 Z Wirllz2g) St

k'=1 k'=1 k'#k

From Taylor expansion, we have,

K
S

k'=1

5K
(D W)

k'=1

(3.27)

3 (3.28)

(3.29)

4 7 4 1 7
:‘Wk|3Wk+§‘Wk‘3 ZWk’+O ’Wk’?’Z’Wk’P +0 Z‘Wk”?’

k'#k k' #k k'#k

Using (3.26) and (3.29), we obtain (3.28).
Third, we claim, k" # k,

H|Wk|% (Wi (t,z) — Wk/(t,ﬂkt))HLQ st
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Indeed, for = € By,
|Wir (t, ) — Wi (¢, Lxt)| < Sllalp VWi (8)] - | — £t| < t74a — £yt
k
and so,
4
(Wil Wi (8, 2) — Wi (8, €58)| S ¢ — €xt) 72,

which implies (3.30).
Then, note that, from the explict expression (3.2) of W, we have,

W (z) — 152|273 < J2| 5, for |z > L. (3.31)
Thus, using the assumption on the parameters (3.22) and the definition (3.23) of Wy, and (3.31), we

obtain
Ly, — €y )t
W, <(koo’f)> +O(t™
AL

Ly — L)t — yi (t)> _
Ak (¢) ()\Z?)

/ /t
_a y <o—k,k ) F O™ = 1526 (AX) 2o | 33 + O(t™Y).

Wi (t, €it) = ng, (
A,ﬁ,( )

O\ W
Gathering above estimates, we obtain the L? estimate of Ry in (3.24).
Now, we observe for j € {1,---,5},
4
7| K 3 /K . XK ,
Oz; Ry = 3 ZWk (Zazjwk> _§Z(’Wk’§axjwk>
k=1 k=1 k=1

K
- %t_g ch (’Wk‘_% Wk> 82;].Wk.
k=1

From Taylor expansion and the decay of W and 0,,W, we have, for k € {1,---, K},

3 /K
(m)

k'=1

K
Z Wi

k'=1
{Wk‘da@Wk-i- ((‘Wk‘ 3 W 81;1Wk> ZWk/

k'#k
‘Wk‘ Z ‘Wk/ —l—O ‘Wk Z }O%Wk/ +O Z ‘Wk/
k' #k k' £k k' #k
And then, using similar arguments, we prove H' estimate of Ry in (3.24). O

3.3.2 The approximate solution A%

We recall a result on approximate solution W in 5D from [86]. To remove the main interaction terms
Zszl ckt_3|Wk|§ computed in Lemma 3.5, we define suitably rescaled versions of the function vy,
given by Lemma 3.4. Let

1 t T —Yg
t = — — 3.32
vk(t, ) )\%Wk <)\k’ " > ; (3.32)
1 t x— Kg, €
aalta) = 55 0 (0, 5V ) + AL w1 0) (3.33)
k k k 2/\2t2
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where Ay, = % + (z — €yt —yi) -V, and

4
Vk 3, A
ﬁk: ( ) , ka:7(1*|‘ek’2)M ak:—CkﬁzkEk-

2k AW, 2
Set «
- w -
W = = Z (Wk + Ckﬁk> . (3.34)
X k=1
Lemma 3.6. The function A" satisfies on I x R?

OfW = X — Modw — Mody (3.35)
X = AW + [W|3W — Modx — Modz — Rx '
where
K )\ a K
MOdW:Z )Tk_ lk Aka—FZ}"k-VWk
k=1 \"F AZt2 k=1
k
K )\k ap K
Modx = —» SV (- V)MWi = (Fk - V) (85 - V)W,
k=1 \ "k APt k=1
and
K Ak t T—yi A t t T—yi
Mody = A
o (e (132 e (5752
K
Mg (@ — Lt — ¥k t T =Yk Yk Lt x—yp
+;<Ai( e )v% ()\k’ M VR S ’

}\kt t r—Yk )\k m—ekt—yk t T —Yk
2k 2 Ag Oyvg, | — TR IR Vo, [ —
X Ay Bt <)\k’ M >+ Y < M Vowe {303,

K .

A :

+2 (wkek : < Aka+Aka> + Ly VAW |
)\ =

2N F 202N}

=]}

0 g g —
= ( R ) o IRl + VRl gy pe S0 (3.36)
X

Moreover, for all 0 < § < 1,

Mw

(W + (x — €:t)|[ VW] < (x—ﬂkt +t_1<x—£kt>_3+5),

k=1

. (3.37)
X<y ((x )t — Ekt)’?’*‘;) .
k=1

Proof. See proof of Lemma 4.3 in [86]. Although the original argument in this lemma only holds for
Ly, = lre; and K = 2, after using Lemma 2.3 and Lemma 3.1, we easily check that the argument still
holds for any K > 2 and any £, € R® with |€;] < 1. O
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3.4 Decomposition around refined approximate solution

We prove in this section a general decomposition around refined approximate solution. Let K > 2
and for any k € {1,..., K}, let A\p° > 0, y° € R®, £, € R, |€;] < 1 with £ # € for k' # k. For

—

G = (G,H), set

oot - oG
00 €k T — Ll — Yy e Vel
07G)(t,x) = G < = ) ) G= f° ,
' (A7)? A% ' =
k
0 oo 0 0 7700 W]?O oo 3 %
k

We also set
1 t x—yr
0 = osn3 % | v o ) s
(/\k ) A% AR

o 1 t x—yr K€k cotrroo - v’
2L = W(aﬂ]gk) )\?, )\ook + o]:; % 2Ak Wk (t,.%'), Vk = ZOO .
k k k 2(A°)2t "

Lemma 3.7 (Properties of the decomposition). There exist To > 1 and 0 < 09 < 1 such that if u(t)
is a solution of (3.1) which satisfies on I,

K
k=1

< b, (3.38)

HlxL2

then there exist C' functions A\, > 0, yi on I such that, £(t) being defined by

. (¢ N B TE NS
5—<77>7 u_<atu>—W+5, (3.39)

the following hold on I, for k € {1,...,K}.

(i) First properties of the decomposition. For j =1,...,5,

(87 Aka)Hl}k = (57 &cj Wk)Hl}k = 07 (340)
K
o= A+ Iy = ¥+ 1o S 17— D0 (W + Vi) (3.41)
k=1 H1xL2
(ii) Equation of €.
Ore = n+ Modw + Modv (3.42)
3.42
9 = Ae + |[W + 2| (W + &) — [W[EW + Modx + Modz + Rx.
(iii) Parameter estimates. For any 0 < 0 < 1,
M ag . 1
B S s+ 1 (3.43
A t?
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(iv) Unstable directions. Let zki = (&, 0y, _Z). Then, for any 0 < 6 < 1,

d Vo 1 _ _
yr F oA lad? V22| SNl nge + ¢ €l e +1747° (3.44)

Proof. Step 1. Decomposition. The existence of parameters A; and yj such that (3.40) and (3.41)
hold is proved similarly as (i) of Lemma 3.1 in [85].

Step 2. Equation of & We formally derive the equation of £(t), Ax(t) and y(¢) from (3.1)
and (3.35).
gt =0wu—0W =n+ X —0W =n+ Modw + Mody.

Second, since n = dyu — X, we have
O = 02u — 0,X = Au+ |u|3u — AW — [W[3W + Modx + Modz + Rx
= Ac + |W +¢[3 (W + ) — [W|3W + Modx + Modz + Rx.

We also denote

7
Ryt = (Wt el (W +e) = [WEW — £ 37 Wil e = Ry + Ro,
k

7 4 7
Ri =3 <|W|§ -3 |Wk|%) S Ry =[Wels (W)= [WHW - 2 [Wlie,
k

and

— 0 1 — MOdV
,C, — 9 M d bl
(agmomt o) o= () v = ()
= 0 = 0 0 = 0
() o= () o (a ) RZ—(RQ)
With this notation, the system (3.42) rewrites
8,8 = L&+ Mod; + Mods + R + Ry, = £&+ Mod; + Mods + R + R, + Ro. (3.45)
We claim the following estimates on Ry and Ra
— 1 7
Rl 10 St7llell a0 [Ra| S [WIse” +els, [Rall o Sllel? s S llelfn (3.46)

The estimate on Ry follows from (3.15). To prove the estimate on Ry, we first recall the inequality,
for p > 1, for any reals (rg),

I =D £ 3 el

k' #k
Therefore,
4
. K . . K 3 K 3 K .
Wiz = (Wil | S WL = D oWl |+ [DoWe| = Wil
k=1 k=1 k=1 k=1
K K 3 .
< (zw) (zuw N mn) © 3 Wil
k=1 k=1 k' £k
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and thus )
K K 3 )
Ril< K (me) (z Wel + o) ) S Wl
k=1 k=1 K £k
By (3.15), we obtain

K 1 1
Rall g S el 30 (vakn ) (Z (191} + W)) NE

k=1 k' 4k

Wl Wi

5
L2

By (3.19), we have ||vk||L% < t72. Moreover ||Wk.]Wk/]%|| < t71 is a consequence of the following

technical result.

L3
Claim 3.8 (Claim 2 in [85]). Let 0 < ro < r1 be such that ri + ro > g For t large, if r1 > 3 > then
[ WA | [Wa|™2 < ¢7372 ) whereas if 11 < % then [ |[Wh|"[Wa|™2 < d=3(r1+r2)

Step 3. Parameter estimates. Now, we derive the equations of Ay and yj from the orthogonality
conditions (3.40). First,

d

p (€>A1W1)Hl;l = (31;5,A1W1)H£11 + (¢, 04 (A1W1))H‘}1 =0.

Thus, using the first line of (3.42), and the expression of Modw in Lemma 3.6,

A .
0= (777A1W1)Hl}1 —(e,£1- V(AlVVl))lﬁQ1 -= (&A%Wl)@l —(&,y1- VA1W1)HL}1

A1
).\1 ai
ol B o (A1W1,A1W1)H1 + (1 VWL MW i
1 )\12t2
K )\k Qg = Y
> T | AW AW g + > (k- YW, MWL)+ (Mody, AiW) g
o\ M a2 a4 : "

By the decay properties of W, we obtain

‘(777 AIWI)Hl
£

+ (g, V(Alwl))Hl

£

+ (57A%W1)Hgl

+ (6, VAlWl)Hl}
1

S e g

Next, (MW, MW)ga = (1= |&1[2)3 [AW2
1

7 and by parity, (VW AlWl)Hj = 0. Using Claim 3.8,
1
we have, for k € {2,..., K},

‘(Aka, A W) i Sl
1

+ '(VWk,MWl)HL}
1

And then, using the expression of Mody and (3.19), we obtain

K .
)\k 1 )\k Qg . —4
Modv, MW7 +yel | £ = e |
( | < Z ae| T S kz_: M yzp2 ¥l
- k
In conclusion of the previous estimates, the orthogonality condition (g, A7) o= 0, gives the fol-
lowing '
A a (X a
1 1 — k k . —4
T | S e + (e +07) D |5~ |+ el | 7
L3¢ k=1 \|7F AZt?
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Using the other orthogonality conditions, we obtain similarly,

K .
Z Ae Gk + |yl
)\k )\%2 Yk
k=1 s
< s ([ : 4
S e gz + (el g +672)D — |+ vl |
S\ e

Therefore, for §p small enough and Tj large enough, we find (3.43).

Step 4. Equations of the unstable directions. We prove the case of zfr . The other case is similar.
Recall that Z; € S by their definition in §3.2.3. By (3.45), we have

%zf CZ (20:7;) = (0c.0.7;) + (z.0.(0. 7))

First, by direct computations, using (ii) of Lemma 3.3,
(207 - ill (2097 = All (201 (-He I Z5) ) + 3 (= F V) (0177)
b ECIEES S EVIUAZ)E
By the decay properties of Z_Z and Claim 3.8,

3| (= s z)| 5 ied

Next, by (3.43),

(E 91VZ+>‘ ,S ||€_’||§‘{1><L2 + 2 Hé’HHle2 :

Concerning the term with Mod;. From (i) of Lemma 3.3, we obtain
(01Zp,,0:Z)) = (Z3,, Z§) = 0, (elzgl,elzﬂ (Zy,. Z¢) = 0.
Moreover, by Claim 3.8, we have

K
> (028,007 ) |+ [ (A 75.0.2:)]) <o

k=2

and thus, by (3.43),

K .

A ak S oo 2 oo
> L ’<9kZek79lz+)‘ k. (szzvkﬁlZZ) SN e 7
Pt Mo e !

>\2t2
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Concerning the term with Mods. From (3.19), (3.43) and the definition of Mods, we obtain

K
= 2 1
‘(M0d2,01ZZ>‘ S tQZ<
k=1

A
Ak

+ |Yk!> St e 7
Finally, we claim
(R0 Z) |+ | (R B1Z8 )| S 6147 + 47 el + el
Indeed, from (3.36), we have ](ﬁ, 51 _‘Z)| < t74%9. Second, by (3.46) and the decay of Y, we have
(Ru017;) | S Rillw S 67 el and |(Rai8128)| < IRa a0 < el

Gathering these estimates, we obtain (3.44). The proof of Lemma 3.7 is complete. O

3.5 Proof of Theorem 3.1

To construct the K-soliton solution at +oo, we follow the strategy of [85] using the refined approximate
solution W defined in the previous section. We argue by compactness and obtain the solution u(t) as
the limit of a sequence of approximate multi-solitons uy,(t).

Proposition 3.9. There exist Ty > 0 and a solution u(t) of (3.1) on [Ty, +00) satisfying, for all
0<d<1, for all t € [Ty, +0),

IVu(t) = VW)l g2 + 9pu(t) = X(t)l| 2 S 57 (3.47)
where A\ (t), yr(t) are such that, for all t € [Ty, +00),
k() = N2| + lyn(t) =yl St (3.48)

This section is devoted to the proof of Proposition 3.9. Note that Proposition 3.9 implies Theo-
rem 3.1.

Let S, — +oo. Let C,;tn € R small to be determined later. These free parameters correspond
to two exponentially stable/unstable directions for each soliton - see statements of Proposition 3.10,
Claim 3.11 and Lemma 3.14. For any large n, we consider the solution u,, of

8t2un — Au,, — |un|§un =0
K

(un(Sn), atun(sn))T = Z <Wkoo(5n) + Ck‘?koo(sn) + Z C}in(gzozi)(sn)) .
+

k=1

(3.49)

Note that since (un(Sy), Osun(Sn)) € H' x L2, the solution i, is well-defined in H' x L? at least on a
small interval of time around .S,,.
Now, we state uniform estimates on u,, backwards in time up to some uniform Ty > 1.

Proposition 3.10. There exist ng > 0 and Ty > 0 such that, for any n > ng, there exist (Ckin>ke{1,...,K} €
RE x RE | with

K K
DG+ D 1Gel* S 557,
k=1 k=1

102



3.5. PROOF OF THEOREM 3.1

and such that the solution i, = (un,Osun)! of (3.49) is well-defined in H! x L? on the time interval
[To, Sn] and satisfies, for all t € [Ty, Sy,

O A0] It (3.50)

and for all v > 0, there exists M > 0 such that, for all n > ny,
Hﬁn(TO)H(Hlez)(‘xDM) <v, (3.51)

where Wi (t,2) = W (¢, ; M)} Ayen(t)}) is defined in §5.4, and
M (8) = N2+ Iy (t) =y S8 [ ®)] + [9rn (] S 72 (3.52)

Moreover, i, € C([Ty, Sn), H? x H) and satisfies, for all t € [Ty, Sp), ||in(t)|| oy S 1-

~

3.5.1 Proof of Proposition 3.9, assuming Proposition 3.10

In view of the estimates obtained in Proposition 3.10 on (4,(7p)) and (3.51), up to the extraction
of a subsequence, (@,(Tp)) converges strongly in H' x L? to some (ug,u1)" as n — 4oco. Consider
the solution u(t) of (3.1) associated to the initial data (ug,u1)" at ¢ = Tp. Then, by the uniform
bounds (3.50) and the continuous dependence of the solution of (3.1) with respect to its initial data
in the energy space H! x L? (see e.g. [71] and references therein), the solution u is well-defined in the
energy space on [T, 00).

Recall that we denote by Ay, and yy , the parameters of the decomposition of u, on [Ty, Sy]. By
the uniform estimates in (3.52), using Ascoli’s theorem and a diagonal argument, it follows that there
exist continuous functions A\ and yj such that up to the extraction of a subsequence, Ay, — A,
Ykn — Yk uniformly on compact sets of [Tp, +00). Moreover on [T, 4+00),

Me(t) = NZI Sty =yl St

Passing to the limit in (3.50) for any ¢ € [Ty, +00), we finish the proof of Proposition 3.9.
The rest of this section is devoted to the proof of Proposition 3.10.

3.5.2 Bootstrap setting

We denote by Bgx (1) (respectively, Sgx (1)) the open ball (respectively, the sphere) of R of center 0
and of radius r > 0, for the norm |(&)x| = (Zszl )2,

For t = S, and for t < S, as long as uy(t) is well-defined in H' x L? and satisfies (3.38), we
decompose uy,(t) as in Lemma 3.7. In particular, we denote by (¢,71), (Ax)k, (Y& )k, (z,:f)k the parameters
of the decomposition of u,,.

We start with a technical result similar to Lemma 3 in [28]. This claim will allow us to adjust the
initial values of (z,:gt(Sn))k from the choice of C,;En in (3.49).

Claim 3.11 (Choosing the initial unstable modes). There ezxist ng > 0 and C > 0 such that, for all

n > ng, for any (&)requ,.. k) € ERK(S;NQ), there ezists a unique (Clzt,n)ke{l,...,K} € BRQK(CSn_7/2)
such that the decomposition of u,(Sy) satisfies

2 (Sn) = &, 2 (Sn) =0, (3.53)
Ak (Sn) = AL+ Y2 (Sn) = ¥l + 168 | a2 + IESH g2 S S ™. (3.54)

Sketch of the proof of Claim 3.11. The proof of existence of (C,;tn)k in Claim 3.11 is similar to Lemma 3
in [28] and we omit it. Estimates in (3.54) are consequences of (3.41). O
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The proof of Proposition 3.10 is based on the following bootstrap estimates, for some 0 < § < 1
to be fixed later, k € {1,..., K} and Cj to be chosen,

Ae(t) = X < Cot ™, lyw(t) —y7°| < Cot ™,
+ 2 -7 — —346 (355)
2 O <75 (g |y g2 < Cot ™
Set
T =T, ((&)r) = inf{t € [To, Sn] ; u, satisfies (3.38) and (3.55) holds on [¢, S,]}. (3.56)

In what follows, we will prove that there exists Ty large enough and at least one choice of (§)r €
BRK(SJWQ) so that T* = Ty, which is enough to finish the proof of Proposition 3.10. For this, we
derive general estimates for any (&) € Brx (Sn 7/ 2) (see Lemma 3.13) and use a topological argument
(see Lemma 3.14) to control the unstable directions, in order to strictly improve (3.55) on [T, S,].

As a consequence of the bootstrap estimates (3.43) and (3.55), we have, for k € {1,..., K},

e . B - -
Y 1o | T S IEO e 1 440 < O3,
kN2

In particular, from the expression of Mody and Modyz in Lemma 3.6, (3.19), (3.20), (3.43) and (3.55),
we have

[Modv || r2q 1 < t=4 and IModz|| g1 < 40, (3.57)

From the expression of Modw and Modx in Lemma 3.6, for all a € N,

lo

K K
B ||
\agModW(t)ygt—3+5§ W15, \agModX(t)ygt—3+5§ kayHLs . (3.58)
k=1 k=1

3.5.3 Energy functional
Recall that f(u) = |u\%u and F(u) = %|u|1?70 Let

5
Vke{l,...,K}, Ly=> lre; where |£|<1, (3.59)
=1

and denote (see (3.4))
5

_ 13
(= z2)2 < = 3.60
(;(keﬁf?‘.}fx} ki))? <2 (3.60)
We fix § < ﬁ small enough, such that
oo ((2=49)(3—19) 2 oo (=499 —19) 2
h (6 — 46)2 T (5 —40)2 ’ (3.61)
1 1 :
_ (5—48) - [(4—40\T - [(3—40)(T—40)\2
< ; < , < .
¢ (6 — 49) s 6w ¢ (6 — 40)2

Moreover, we set,
Vi € {1, .. .,5} —1< 2171' <0 < ZKi,i <1 such that {gl,i, s ,(Kﬂ'} = {Zl,i s ,ZKM'}.
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We denote I = {i|i € {1,---,5} and K; > 2}. For
1 - _
O0<o< TO Ilnel}l(fk_i_u — Ek,i)

small enough to be fixed, we set

fork=1,...,K; — 1, E:ﬂ zﬁk,i+a(ik+1,i—?k,i),
for k::2,...,Ki, Zl;,z :Zkﬂ‘*(f@k’i*zk_l’i),
and for ¢ > 0, we denote,

M(t) = ((ziit,zgit) U...u (z}i_l,it,z;wt)), Qoi(t) =R\ Q(t) foriel

and
Qi) =0, Qoi(t)=R fori¢lI.

When i € I, we consider the continuous function x;(t, z) = x;(¢, ;) defined as follows, for all t > 0,

xi(t,x) = €1, for z; € (—oo,Ziit],
Xi(t,x) =l for x; € [?,;it,zzit], for ke {2,...,K; — 1},
_ __ 3.62
Xi(t, ) = L, i for x; € [, ;t, +00), ( )
€Ty o — — —t
o) = gy = T (Berns ) for € [t Tl b € { )
In particular, . '
dxi(t,x) =0, Vxi(t,z) =0, on R x Qg,(t) x R,
_ 1 i—1 , 5—i
6331)(1(75,3]) = m forx e R X Ql,z(t) x R s (363)
Oxilt,z) = ———"—— f R % Q4(¢) x R,
i (t, @) P =200 or x € X (t) x

When i ¢ I, we consider the continuous function x;(t,z) = xi(t,z;) = ¢1,4, for all ¢ > 0.
We denote

Q= U Qsl,lx--~><Qs575 and )Z:(Xl,-~-,X5).
> 8i#0

The choice of X in this paper is different from that in |85, 86] to take into account non-colinear speeds.
We define (see |88, 85, 86, 31] for similar energy functional)

Ho= [ {IVeP + o = 2(P(W +2) ~ FW) ~ (W)} +2 [ (2 Ve,

Lemma 3.12. There exists i > 0 such that, for t € [T*,S,], the following hold.
(i) Bound.

H(t)| < 3.64
7 ()] p (3.64)
(ii) Coercivity.
. e
HO = W00 — (5.69
(ili) Time variation. For all 0 < § < &5 small enough to satisfy (3.61),
d (,6-35 lo—1s
- < —Cpt . 3.66
dt ( H) W 0 ( )

105



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

Proof of Lemma 3.12. Proof of (3.64). Since
|F(W +¢) — F(W) = f(W)e| S |e] 3 + | W3,

estimate (3.64) on H follows from (3.13), (3.14) and ||&)| 1.2 + W S 1.
Proof of (3.65). Set

Nat) = /Q (IVE +12(t) + 2(3(0) - Ve@)n(B) . Noel(t) = /Q (V=P 7).

Note that, since || < /,

Noz [ (Vo) =20 [ (el > (1=0) [ (Ve +7). (3.67)
To obtain (3.65), we claim the following estimates, for some small a > 0
=7 e o 1, .3
H(O) = Na®) + iNoe®) = = = =2 16— Wl = [ (369

To prove (3.68), we decompose H = Hi + Ho + Hs, where

#o = [ 9eP —é/f’(Wk)eg+/n2+2/(>Z-V6)77

Ho= 2 [ (F(We) = F(W) - f(W)e = 37 (W) ).

K
Ha= | (Z 7w = <W>>
k=1

We claim the following estimates

t= 7 t74oc

H1 > Na + pNge — T (G (3.69)

[Hal + [Hs] S e + ¢ IEN G, Lo - (3.70)

which imply (3.68) for Ty large enough.
Proof of (3.69). For ¢, defined in (3.12), set

orlt ) = pa (M)

k(1)

We decompose H; as follows

K
H1 = Ng + (VQQ— "Wie+ [ Pt +2 [ (X-V 2)
1 =Na ;/! e} /f( 1)E /nm /(X )i
K
—I—/QC (|V6\2+?72+2()Z-V5)?7) <1—Z<p%>

k=1
K
—/Q(|V6|2+772+2(>Z'V6)77) (Z@i)
k=1
+22/ Ve nep =Na+Hig+ Hig +His + Hia
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By Lemma 3.3 (iii), the orthogonality conditions on £ and a change of variable, we have

| K
Hl,lZMO/ (IVel* + 1) (Z@k>_m2((zk)2+(zk+)2)'

k=1

Thus, using (3.55),

Hig > Mo/ (IVel® +17) (Z 90k> - *t T #0/ (IVel* + 1) (Z wk> - —t—7

Next, note that if « is such that ¢y (t,z) > +, then o7, (z) < ¢4 for k' # k. Thus, there exists ;1 the
estimate 1 — 2521 gpi > —% holds on R. By direct computations (with the notation v4 = max(0,v),

_ vV
7-[17225/ ‘Xe+n
ac| /4

1 M1

7 2 2 = 2 Ha‘l%lleQ —do
z(l—@/ﬂc(\w ) (1D k| - e
Jr

Last, by the definition of ¥, the decay property of ¢, and (3.55), we have

Rl o) St and  [[(X = Lr)eilloe St

Thus, [H13] <t
enough, we have

5_’||§-{le2. Therefore, for some p > 0, and T large

1

1
Hig+Hig+Higz+ Hia > pNge — ;177 — —t i I

6_1|129I1><L2'
Proof of (3.70). Using (3.13), (3.14), (3.37) and (3.55), we have
10 1
Hal 5 [ 1l + WIS S [l

Last, we observe that by (3.46), |[Hs| < ||R1HL$ ||5H2 10 S <t ! ||5_HHle2 )
Proof of (3.66). We decompose

M= [ AIVEP 4 10 = 2 (W 2~ POW) = F(W)e))
+ 2/)2' 9 ((Ve)n) + 2/(802) (Ve)n = g1 + ga.
We claim the following estimates

g1 = 2/5 (—~AModw — f'(W)Modw) + 2/77Modx

K
2/ (Z £, - vm) (F(W +¢) — f(W) — f(W)e) + O (Cot—7+25> ’

k=1
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5 5

g — / (=02 + [VeP)divy — 2 3 (2,8) (D€, Xk +2 > ()i
k=1 k=1

K
2/)2" (vak> (f(W +¢) = (W) = f(W)e)
k=1

12 /(;z. VModw )7 — 2/5(92. VModx) + O (Cof”%) .
Estimate on g1. From direct differentiation and integration by parts, we have
g1 =2 [ (32) (s = (F(W &)~ (W) +2 [ @y
—2 [(0W) (F(W +2) — F(W) — f/(W)e).
Using (3.35) and (3.42)
g1 = 2/ (—Ae — f'(W)e) Modw + Q/nModX

+ 2/ (—As — f’(W)s) Modv + Z/nRX + Z/nModz

=2 [ X(F(W )~ (W) = F(W)e) = g1+ 12+ g1
We integrate by parts terms in g3 1. Next, by (3.13), (3.14), (3.36), (3.37), (3.55) and (3.57), we obtain

812 S llell g [Modv [l g1 + [Inl] 2 [Modz]| .2

4
3 —7+425
+ izl Rxllzz + llell 10 [IWII7 1o [[Modv ] o < Cot .

Recall from (3.34) that X = Zszl (—£y, - VW, + ciz). Moreover, from (3.19) and the definition of zj
in (3.33), it follows that szHL% S|Vl g2 S t72. Thus,

K
g1,3 — 2/ (Z £y - VWk) (f(W+e)— f(W)— f(W)e)

k=1
K 7 1 . 7
S / (;Vﬂ) <|€!§ —1—52|W|§> S l2ill s Clell 3o + HEHi;ég) < Oyt~ T+,

k=1
Estimate on ga.

g2 = 2/()2 Voe)n + 2/()2’ Ve)om + +2/(8t>2) -(Ve)n
—o / (- Vo) +2 / (7~ V) [Ac + (F(W +2) — FW)] +2 [(07) - (Ve
+2 /()Z VModw)n + 2 /()Z Ve)Modx + 2 /()Z VMody)n

+2/()_{- VE)MOdZ —{—2/()2- V€)Rx.

Note that by integration by parts

2 / (T Vi) +2 / (T Ve)Ae +2 / (@%) - (Vo)

5 5
= (_772 + IV8’2)diV)_('— 2 Z (8ack€)(8xj8)8xj><k + 22(8;%8)77(%)(]{.
J.k=1 k=1

108
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Next, we observe

J @92 (W +2) = (W)
— [ VEW +2) = FOW) = f(W)e) = [ (VW) (W +2) = F(W) = 1/(W)e).

Integrating by parts and using (3.63),
= [ VW +2) = FOW) = (W) = | [ (@ivi) (P(W + 2) = F(W) = f(W)e)

S g || (FOW +6) = F(W) = f(W)e) |

Thus, by (3.55) and

K
_3

W, ) < ; (Wil 39 g + 1ol ) S 73,

we obtain

] [ VEW ) = FW) - (W)

10 4
St (|l K
Sl e el s | HL%](Q))
0

Moreover, again by (3.19) and (3.55)

K
‘/g (vw - VZWk> (F(W +¢) — f(W) = f(W)e)

k=1

K
- ‘/ Y (Z > (F(W +2) — (W) — f(W)e)
k=1

K K
1 7
S Z/ |V'Uk’ <|€|2W§ + |5’§> SJ (Z ||V’Uk||L%g) ||5”i% 5 (Co)zt_8+25 S Cot_7+26,
k=1 P
Next, integrating by parts,
2/()2' Ve)Modx = —2/(;2‘. VModx e + O (Cgt*”%) ’

since by (3.55), (3.58) and (3.63)

K

K
R —4+5 4 —446 4
‘/(dlvx)sModx‘ <t / le| Z\ka <At HgHL%? ZHWkHz% 0

Q k=1 k=1 @

We finish the estimate of ga by observing that (3.36), (3.55) and (3.57) yield

'/(y- VModv)n’ + '/(;z Ve)Modz| + '/(z Va)RX’

< [0l 2V Modv || 2 + [ Vel 2 [Modg|| 2 + [ Vel| 2 |Rx || 2 S Cot™ ™.
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Gathering the estimates on gy and go, we rewrite

d
ZH=hi+ha+hg+hy+0 (Cgt_7+25) ,

where

5 5

hy = [ (o 4 Veivg =2 Y (01,2)(02,2)05, 50 +2 3 (0n, 000

4. k=1 k=1

h2:2/ (Z(Ek—f)'VWk> (f(W +e) = (W) = ['(W)e),

k

hs = 2/77 (MOdX + X VMOdw) ,
hy = 2/8 (—AModw — X - VModx — f’(W)ModW) .
Estimate on hy. We claim the following estimate

— (1 - 20)thy < (6 — 45 + Co)Na(t).

5 5

I=—(1-20)t [ (—n*+|Ve’)divi — 2 > (95,8)(0,2)0, X0 + 2D _(Dr,&)10sxk

k=1 k=1
To obtain (3.71), we will actually prove the following stronger property
1< (6—40) (Ve + 02 +2(X - Ve)n) + Co(|Vel> +n?) Vo € Q).

Without loss of generality, we consider the following five cases,
Case 1: Let x € 9171 X Q()?Q X 90’3 X Q074 X 90’5. From (363), we obtain

(1—20)t t (1—20)t

' 1
{a:qu(ta :L') - o atXl(t,l') fr fﬂ

From direct computations and (3.73), we obtain
I=n—|Vel? + 20,6 4+ 2(6 — 46) (X - Ve)n — 2(5 — 40)(Dpy - X1)7
5
I
—2(6 —49) z;(@xia - Xxi)n + 2n0y, € (7 - Xl) .
Finally, using (3.60), (3.61), (3.62), (3.74) and Cauchy-Schwarz inequality, we obtain
I<n?+|Vel? +2(6 —40)(X - Ve)n + Co(|Ve|*> + 1)

—( 5—46 1€](6 — 40)
0= g 7o+ 55 )

< (6 —49) (!V@]Q + 1% 4+ 2(xX - Ve)n) + Co(|Vel® + ).
Case 2: Let . € Q11 x Q12 X Qo3 x Qo4 X Qo 5. From (3.63), we obtain

1 v 1
Dnill:w) = G55y dalba) = =350

Oxi(t,z) =0, Vyx(t,z) =0 forie€ {3,4,5}.

for i € {1,2},
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3.5. PROOF OF THEOREM 3.1

From direct computations and (3.75), we obtain

2 2
I=20" = 2[Vel> + 2 |0ne]* +2(6 — 40) (Y- Ve) n — 2(5 — 46) Y (Dr,e - xi) 1
i=1 =1

5 2

€T

—2(6 — 49) Z (Oz,e-xi)M+2 Zn@xie (7 — Xi) .
i=3 i=1

Finally, using (3.60), (3.61), (3.62), (3.76) and Cauchy-Schwarz inequality, we obtain

_ 1 _
1< 202 +2(6—46) (Y- Ve)n+ (6 — 40)|7| <|£||V€|2 + |£n2) +Co (|Ve]* +1?)

< (6 —46) (|Ve]* +n* + 2(X - Ve)n) + Co (|Vel* + 7).
Case 3: Let z € 9171 X QLQ X 9173 X Q0’4 X 9075. From (363), we obtain

1 xI; 1 .
{6&31)(1(15,%') = m, 6th(t, l') = —7m for ¢ € {1,2,3},

Oxi(t,x) =0, Vxi(t,z) =0 forie {4,5}.
From direct computations and (3.77), we obtain

3
I=3n" = 3|Vel> + 2> [0p,e]* +2(6 — 40) (Y- Ve) 1y
i=1

3 5 3
2(5— 4526 e-xi)n—2(6 — 4(5ZaiE-Xi)n+2Zn8mis(%—X¢).
i=4 =1

i=1
Finally, using (3.60), (3.61), (3.62), (3.78) and Cauchy-Schwarz inequality, we obtain

I<3n% —|Vel> +2(6 — 46) (¥ - Ve)n + Co(|Vel* +n?)
=), (6-10)]
+ (6 —49)¢| <(6—46)|£|WE| + 7= 10) >
< (6 —48) (Ve +0° + 2(X - Ve)n) + Co (|Ve|* + 7).

Case 4: Let . € Q11 x Q12 X Q13 X Q14 X Qo 5. From (3.63), we obtain

1 T 1

Opxilt ) = ———— Opxaltir) = — T

Xilhw) = g5 Oalbe) = —Fao
Oxi(t,x) =0, Vxi(t,z) =0 fori=>5.

From direct computations and (3.79), we obtain

4

4
I=4n> —4[Vel? +2) " [0n,e]* +2(6 — 46)(X - Ve)y — 2(5 —46) > (D2 - xi)n
=1 =1

4
—2(6 — 40)(Dus - X5)0 + 2> 10 (% - xz') :
=1

Finally, using (3.60), (3.61), (3.62), (3.80) and Cauchy-Schwarz inequality, we obtain
1< 4n? — 2|Vel]? +2(6 — 46) (Y - Ve)n + Co(|Vel]? +n?)

— [ (8—49) 1€](6 — 40)

< (6 —48) (|[Ve> + 1 +2(X - Ve)n) + Co (|Ve> +1%) .
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Case 5: Let z € Q11 X Q12 X Q13 X Q14 X Q5. From (3.63), we obtain
1 ZT; 1
e
Aoy 22 = =305

From direct computations and (3.81), we obtain

O, Xi(t, ) = for i € {1,2,3,4,5}. (3.81)

5
I=50" = 5|Vel> + 2 [0a,el* +2(6 — 46)(Y - Ve)n
=1

. (3.82)
~2(5-48) (Ve ) +2 Y ndne (5 — i) -
=1

t

Finally, using (3.60), (3.61), (3.62), (3.78) and Cauchy-Schwarz inequality, we obtain
I <50 —3|Vel? +2(6 — 46)(X - Ve)n + Co(|Vel? + n?)
o (_(9—49) 2, 10(5—49) 2)
+OB - =—=|Ve|" + ——=
6= 100 (= g1+ o =
< (6 —40) (Ve +n* + 2(X - Ve)n) + Co (|Ve* + %) .
Estimate on hy. We observe that by the definition of ¥ in (3.63) and the decay of VW and W,

5

1€k = X) - VW[l 10 S 172

N

Thus, by (3.14), [ha| S 72 |le]? 1y S Cot =720 < Cot~ 7+,
FEstimate on hg. Denote b
/.\k ak .
My=|+——— | AWk +yr- VW
A t2
so that Modw = >, M}, and Modx = — >, £;,- V.M. Using (3.37) and the definition of ¥ (see (3.63)),
we have ||(€r — X) - VMglr2 S =240 Tt follows from (3.43) that

Modx + X - VModwy||» <t 277,
and thus

h| = ‘/H(Modx + X - VModw)| < 15—%+<5||77”L2 < Cot 720
Estimate on hy. By (i) of Lemma 3.3, —AMy, + (bx - V) (8, - V) My, — f'(Wy) M, = 0. Thus,

| =AMy, + (X V) - (b - V) My, — f'(W) M|
SIX—2k) - V) - (8- V) M|+ | /(W) = f/(Wi) | | My.

As before, by (3.37), (X =€) - V) - (b - VM|l 30 S =349 Moreover, by (3.19)

4 4
LA
1
S Cot ™0 (Sl + 3 Joel ) | 0 Wil + D el | 1WA
k'#£k
< Cot™*° [ > (Wi |5 [Wi| + 259 > Wil
kl#kl! k/

RSN W[ Wi |+ 150N (W[ T,
k/#k// k/
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and from Claim 3.8,
[(f'(W) = f'(Wi)) M|, 10 S ¢,

Therefore, using (3.43),
|-AModw — ¥ - VModx — f/(W)Modw|| 19 < 7%,
It follows that by (3.55),
ha| < llell, 10 [[-AModw — ¥ - VModx — f'(W)Modw|| 10 S Cot ~™+2,
In conclusion, using (3.65), for o small, and Tp large,

(6 — 46 + Co) 6— 35
t

—%H < Na + O(Cot™™20) < TH + O(Cot™™2%)

and the proof of Lemma 3.12 is complete. O

3.5.4 Parameters and energy estimates

The following result, mainly based on Lemma 3.12; improves all the estimates in (3.55), except the
ones on (2 )x-

Lemma 3.13 (Closing estimates except (2, )r). For Cy > 0 large enough, for all t € [T*,S,],

C C
() = A2 < 227N () -y <
.2 o (3.83)
= OF < 577 18l < 577

Proof. Step 1. Estimate on (Ar(t),yk(t))re(1,.. .k} From (3.43) and (3.55), we have

77777

+ |yl < Ct72 (3.84)

Ak
Ak
where the constant C' depends on the parameters of the K solitons, but not on Cy. Using (3.54) and
(3.84) and taking Cj large enough, we obtain

k(1) = AL < [Ak(8) = A(Sn) [+ [A(Sn) = AF°|
Sn S C 1 _Go

. 1
< [ Ae(e)ds| + = </ Cas+ L <&
t S'r? t S Si 2t
Using again (3.54) and (3.84) and taking Cj large enough, we obtain

vie(®) =y | < lye(t) — y(Sn)| + [y(Sn) — y&|

1 Sn 1
]/ v (s ds\—l—— / gds—i— 7\@.

Step 2. Bound on the energy norm. From (3.514) and (3.64), we have
H(S,) < S, 7. (3.85)
Integrating (3.66) on [t,.S,], and using (3.85), we obtain,

Sn Cy Cy 1

n d
6—36 _ 6—30 6—30
15-974(1) = _/t SR+ ST < [ s < G+ o
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It follows that, H(t) < Cot 6+ Using (3.65), we conclude that [|£]| 1, ;2 < v/Cot 9. The estimate
follows for Cy large enough.

Step 3. Estimate on (z; () Let B = @(1 — €|>)"/? > 0. Then, from (3.44)

ke{l,..K}" X
and (3.55),
d
o7 (e_ﬁ’“tz,j) < Cpe Prtp=4+9, (3.86)
Integrating (3.86) on [t,S,], and using (3.53), we obtain —z; (t) < ¢, Using the same estimate
for —e‘ﬂktz,j, we obtain the conclusion for 7Ty large enough. O

As in [28, 31, 85, 86|, the parameters z,  require a specific argument.

Lemma 3.14 (Control of unstable directions in [86]). There ezist (&pn)k € BRK(S;WQ) such that,
for C* > 0 large enough, T*((€x.n)k) = To. In particular, let (¢F) be given by Claim 3.11 from such
(Ekn )k, then the solution u, of (3.49) satisfies (3.50).

Proof. See proof of Lemma 5.8 in [86]. O

Estimates (3.50) follow directly from the estimates (3.55) on e(t), Ax(t), y& (%)

3.5.5 End of the proof of Proposition 3.10
We refer to [36] for the proofs of the H? x H' bound and (3.51) (§5.4 and §5.5 of [85]).
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Chapter 4

Construction of excited multi-solitons for
the 5D energy-critical wave equation

Abstract: For the bD energy-critical wave equation, we construct excited N-solitons with collinear
speeds, i.e. solutions u of the equation such that

N
Lim Hvt,mu@) ~Via < > Qn(w) =0,
n=1 L
where forn =1,..., N, Qy(t,x) is the Lorentz transform of a non-degenerate and sufficiently decaying

excited state, each with different but collinear speeds. The existence proof follows the ideas of Martel-
Merle [85] and Cote-Martel [26] developed for the energy-critical wave and nonlinear Klein-Gordon
equations. In particular, we rely on an energy method and on a general coercivity property for the
linearized operator.
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4.1 Introduction

4.1.1 Main result

We consider the energy-critical focusing wave equation in dimension 5,

{%_Au— julsu=0, (t,2) € [0,00) x R, (4.1)

Ujg=0 = Up € Hl; atu|t:0 =uy € L2
Recall that the Cauchy problem for equation (4.1) is locally well-posed in the energy space H' x L2,

See e.g. [71] and references therein. Let f(u) = |u|%u and F(u) = 1%|u|1?0 For any H' x L? solution
U = (u, Opu), the energy E and the momentum P are conserved along the flow, where

1

1
E(u,0u) = 2/ (Vu|2 + |Opul? — 2F(u)>dx, P(u,0u) = 2/ (OpuVu)dz.
RS R5

Looking for stationary solutions u(t,z) = q(x) of (4.1) in H', we reduce to the Yamabe equation
Ag+ f(g) =0 inR®. (4.2)

Denote '
Y= {q € H*(R®)/0 : ¢ satisfies (4.2)} .

For ¢ € ¥ and £ € R® such that €| < 1, let

B 1 ) AL z) .

then u(t, z) = qe(x — £t) is a global, bounded solution of (4.1).
It is known (see e.g. [3, 108]) that the unique (up to scaling invariance and sign change) radially
symmetric element of X is the ground state W given explicitly by

wioy - (1 22)

The existence of non-radially symmetric, sign changing elements of 3 with arbitrary large energy was
first proved by Ding |42], using variational arguments. Functions ¢ € ¥ with ¢ # W (up to invariances)
are usually called excited states.

For any ¢ € 3, we denote the linearized operator around g by

L=-A~ f(q)

Set
Z, = {feHl such that L’f:()},

and
= 3 .
Z, = Span §q +z - Vg; (:cié)qu —205,9),1 <1< j <5
O, q; —315q + |2|?0p,q — 2zi(x - Vq),1 < i < 5}.
The function space qu C Z, is the null space of £ that is generated by a family of explicit transforma-

tions (see |48, Lemma 3.8] and §4.2.1).
We will need the following definitions.
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Definition 4.1. Let ¢ € 3.
(i) ¢ is called a non-degenerate state if Z, = Z~q.
(ii) q is called a decaying state if |q(x)| < (z)~* for all x € R5.

Remark 4.2. The existence of non-degenerate sign-changing states was proved in [36, 37, 99]. As
noticed in [48, Remark 3.2|, the existence of non-degenerate, decaying states then follows by translation
and the Kelvin transformation.

The main goal of this article is to construct N-excited states.

Theorem 4.3 (Existence of multi-excited states). Let N > 2 and let e be a unit vector of R>. For
ne€{l,...,N}, let £, € R® be such that

£, = lpe where —1 < £, <1 and for alln #n', b, # Ly.

Let q1,...,qn be non-degenerate decayz'ng states of (4.2). Then there exist Ty > 0 and a solution
i = (u,0pu) of (4.1) in the energy space H' x L?, defined on [Ty, +00) such that

lim
t—+4o0

N
i) — 3 Gult) ~0, (4.4)

n=1 HH1><L2

where formn=1,..., N,

3 _ dn.e, (CC - ent)
Qn(t’ x) N < _gnazl%z,ln (x - ent) > '

Remark 4.4. By invariance by rotation in R®, we assume without loss of generality that e is e, the
first vector of the canonical basis of R5.

Remark 4.5. The non-degeneracy condition ensures that the null space of £ is generated by 21-
parameter transformations, which is needed in our proof to obtain cancellation properties for the
linearized operator around the excited states. See more details in §4.2.1 and §4.2.2.

Remark 4.6. The decay condition ensures that the nonlinear interactions between two excited states
of different speeds is of order at most t=*. This rate allows us to close the energy estimates (see more
details in §4.4.2 and §4.4.3). At this point, we do not known how to prove Theorem 4.3 without this
condition. In particular, we do not construct multi-solitons partly based on non-degenerate decaying
state and ground state, since the interaction caused by the ground state would be ¢ 3.

Remark 4.7. Using the Lorentz transformation, the existence result extends to the case of 2-solitons
for any different, possibly noncollinear speeds €1 , £2. See [85, Section 5.

The constructions of asymptotic multi-solitons for dispersive and wave equations have been the
subject of several previous works, for both stable and unstable solitons. First results in non-integrable
contexts were given by Merle [92] for the L? critical nonlinear Schrédinger equation (NLS) and Mar-
tel |83] for the subcritical and critical generalized Korteweg-de Vries equations (gKdV). Next, the
strategy of these works was extended to the case of exponentially unstable solitons: see Cote, Martel
and Merle [28] for the construction of multi-solitons for supercritical (gKdV) and (NLS), and Com-
bet [20] for a classification result for supercritical (gKdV). We refer to [26, 85] for results on the existence
of multi-solitons for the nonlinear Klein-Gordon (NLKG) and 5D energy critical wave equation that
inspired the present work. See also [31, 84, 96, 111] for other existence results.

The article is organized as follows. Section 4.2 describes the spectral theory for any non-degenerate
decaying state q. Section 4.3 introduces technical tools involved in a dynamical approach to the N-
soliton problem for (4.1): estimates of the non-linear interactions between solitons, decomposition by
modulation and parameter estimates. Finally, Theorem 4.3 is proved in Section 4.4 by energy estimates
and a suitable compactness argument.
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4.1.2 Notation

We denote
(u,v) 2 —/ wvdz,  (u,v) g —/ (Vu - Vov)de.

R5 R5
For

()= ()

u = 5 v = )

u9 V2

denote

(ﬁv ﬁ)LQ = Z (Uk;,’Uk)[ﬁ, ”ZL)HL2 = (ﬁv E)L2 )
k=12

(@,0) 5 = (u1,v1) g + (ug,v2) g2, ||ty = (@, @)n.

When x; is seen as a specific coordinate, denote

v = (19,23,74,75), V = (Opy,005,00,,0:;), and A= o2 .

For —1 </ < 1, set

xp = (%,x’) for z = (x1,2') € RS,

Let X1(R%) = H?(R®) N H'(R%) and X = X;(R%) x H'(R®).
Denote by Os be the orthogonal group in dimension 5. Let SO5 be the special orthogonal group,
i.e. the subgroup of the elements of O5 with determinant 1.

4.2 Spectral theory for non-degenerate state

4.2.1 Transforms of stationary solutions

Following 48], we recall that (4.2) is invariant under the following four transformations:
(1) translations: If ¢ € ¥ then g(z + a) € X, for all a € R5;

)

(2) dilation: If ¢ € 3 then A2g(Az) € X for all A > 0;

(3) orthogonal transformation: If ¢ € ¥ then ¢(Px) € ¥ where P € Os;
)

(4) Kelvin transformation: If ¢ € ¥ then \$|_3q(ﬁ) €.

Let M be the group of one-to-one maps of R generated by the above four transformations. Then,
from [48, Section 3|, M generates a 21-parameter family of transformations in a neighborhood of the
identity. More precisely, we give explictly the formula for this 21-parameter family of transformations.
Set the one-to-one map

7 {(i,7) EN*:1<i<j<5} —{1,2,...,10},

with
e —=1D(-2)
7(%, ) :3z+]—#—4.
For ¢ = (¢1,¢2,...,c10), set
A & AP
_ c c — c
Ac = [ai7j]1<i<j<5 » €7 = Z ol € S0s,
n=0
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where af; = 0, a;j = ¢r(;5) if i < jand a;; = —cy(;) if j < i. Note that this definition provides a
parametrization of SO5 by R? in a neighborhood of the identity matrix.
For A= ()&, a,¢) € (0,00) x R® x R% x R we introduce the following transform 64 € M,

Cpfer 2okl Ny e
St e e ) P |

x
— —alz]

Oa(w) =A% |

Observe that for all ¢ € X, Z~q is generated by taking partial derivatives of #4(q) with respect to
A=(\¢&a,c)at A= (1,0,0,0) (see details in [18, Lemma 3.8]).
4.2.2 Spectral analysis of £

Following [48], we gather some spectral properties of the linearized operator. For ¢ be a non-degenerate
decaying state and collinear speeds £ = feq, let

@ =q(x) =q (\/ﬁj w’) . —(1—0)0%,q0— Agr + el 3 g0 = 0. (4.5)
Define the following operator,
L=-A—f(q), Li=-(1-0)0 —A=[(q), (4.6)
and
w— (510 <Y (0 1), W

Lemma 4.8 (Spectral properties of £). (i) Spectrum. The self-adjoint operator L has essential spec-
trum [0,4+00), a finite number J > 1 of negative eigenvalues (counted with multiplicity), and its kernel
is Zq. Let (Yj)jeq,....} be an L? orthogonal family of eigenvectors of L corresponding to the eigenvalues

(=A9)je(1,.ays @6 for §,j € {1,...,J}
LY; ==XY, X>0 and (Y;,Yj), = 0.
Let Uy, be an H'-orthogonal basis of KerL, i.e. for any k. k' € {1,..., K}
(Uh, Wpr) g = Oy and  Span(Vy,..., V) = qu.
It holds, for allk=1,...,K, j=1,...,J and a € N> with |a| <2, on R?,
02Y;(@)| S e M and (08T ()] S (@),
(ii) Nonnegativity under (Yj);=1,.. s orthogonality. It holds

(Lv,v)2 =0 forallve N*&,

where
NL:{UGHli(U,YVj)I;:O, forcmyjzl,...,J}.

(iii) Cancellation. It holds
/ (Y Vpnde =0 for all k, K K" =1,... K.
R
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Proof. Proof of (i). For the spectral properties of £, see the proof of [418, Claim 3.5]. The algebraic decay
of kernel functions ¥y directly follows from the non-degenerate decaying condition. The exponential
decay of eigenfunctions Y; follows from standard elliptic arguments. See e.g. [94] and [48, Proposition

3.9].

Proof of (ii). The proof relies on a standard argument based on the min-max principle (see e.g. [48,

Proposition 3.6]) and we omit it.
Proof of (iii). Without loss of generality, we consider

Upn = —3x5q + |2]?0p,q — 222 - V.

Forall ¥ =1,..., K, we have
—AV — f’(q)\l’k/ =0.

We consider the transformation T, = 04 with 6 4 = (1,0, a,0) for the above identity,
—AT, Wy — f(Taq)Ta ¥ = 0.
Taking the derivative of above identity with respect to a;, and then letting a = 0, we obtain
QU = =AWy — f(q) U = LUy,

where
U = =32,V + |2]20,, Upr — 22i(x - V).

Therefore, by integration by parts, for any k=1,..., K,

/Rs Uy, (f"(q) UpWp) da = /

v, (E\I/k) Az = / (LU,) Upda = 0.
RS R5

Using the non-degenerate condition and proceeding similarly for all the parameters in the transforma-

tion 0 4, we complete the proof of (iii).

4.2.3 Coercivity of H,

For —1 </ < 1, let

z Wi (ze) _
\I/kg_<—£ax1‘pk($e), fork=1,..., K,

and for j=1,...,J

Y

F—F—=T1
— . — Y—e 12
oo e () v [ e

Js 0 A F—L ¢
_(Earlyvj,g F \/1717)/},()6 V1—e2 1

Following [27], we define the function W, by

—»A O+ —
WJ’E - YLE + )/j7£’

forj=1,...,J.
First, we prove the following technical identities of Yﬁ and Wj,g.

Lemma 4.9. The functions ?ﬁ and Wj,g satisfy the following properties.

(i) Forj=1,...,J,
— l —
MY = FA(1 - £2)2JY
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(ii) Forj=1,...,J,
T 1
(M W50 W) L=~ O) (4.9)
(i) For j,7' =1,...,J with j # 7,
(’H(Wj,g, Wj@@) L2 =0. (4.10)

Proof. Proof of (i). On the one hand, from (i) of Lemma 4.8 and direct computation,

N Aj 0y
(~A = /() Yiee V2" 1t <<£8xlmq:\/—g2w) o )
:F&xl 2 1 q:&J?l
= (LeYje)e Vi- — )2 X\ (05, Y p)e Vi-
(LeYje)e V=2 01 —17)2 (0, Y0) 1-¢2
by 2y
= £)(1 - )2 (ﬁ%yﬂ ¥ \/_—EQYJO et
On the other hand, by direct computation,
( e Ny ) T
L0y, | Yjee Vit <€ax1 g0+ 71/3@ 1=t
V-2
Aj €2A N T ] T
B (i\/l : NG £2> Yige V2 = £0j(1— 12)3Yje Vi

Gathering above identities, we obtain (4.8).
Proof of (ii). To prove (4.9), we first show that for j,5' =1,...,J,

<’HgY£, ”) (Hg Y )L2 —0. (4.11)
On the one hand, by (4.8), for 5,7/ =1,...,J,
v+ (1 _ 2\s (1v+ v+
(%e 3,00 j/ e) —>\J(]. V4 )2 <JYj7£’}/j/’€)L2
On the other hand, using again (4.8), for 5,7 = 1,...,J,
1 ﬂ
(5 Y7,) = (Varedf,) = A -2 (8570 .

Since A;,A; > 0, this implies (w Y )L2 — 0. The proof of (4.11) for (HZY;,}@T@)B — 0
follows from similar arguments and it is omltted.
Now, we start to prove (4.9). From (4.11), we have

(10030 =2 (M 37)

Using (4.8) and the explicit expression of Y,, we compute

M’
(HgY ) M) —Aj(1— )2 (JY]‘;, ﬁﬁ) = —2X3(1 — %) (Y},Y))

Therefore, the identity (4.9) follows from the normalization (Y}, Y}) 2 = 1.
Proof of (iii). To prove (4.10), we first show that for j,j' =1,...,J with j # j',

(M5 ¥7,) , =0 when A # Ay, (4.12)
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and
(V5 ¥70) |, + (He¥ Vi) =0 when =y (4.13)

Let j # j'. In the case where A\j # Ajs. On the one hand, by (4.8), for j # j/,
(HEY.?,Y., K)Lz = M1 023 (JYM,Y ) g
On the other hand, using again (4.8),
- _ 24 L — —_
(He¥o Vi) o= (T oY) = A (0= 203 (37,77,
Since Aj # Aj/, this implies (4.12).

In the case where A\; = Aj. From (4.8) and the explicit expression of Y, M’ (Yj,Yj/)LQ = 0 and
integration by parts, we compute

2’

1 - 1
U0 T32) = L (T57) = -0 0,550,
Therefore, by (4.11) and integration by parts,
Sy ol S oo B
(Hfi/rj,g’ ij/}f) 12 + (HZYVJ'/’Z, )/j,f> 12 = 0,

which proves (4.13).
Now, we start to prove (4.10). Let j # j'. From (4.11),

<H€ i W E) I (Hf?j} ?j'_’g) L2 * (Hé?jté’ ?J_f) L2
Thus, the identity (4.10) directly follows from (4.12) and (4.13). O
Second, we prove the following coercivity property.
Proposition 4.10. There exist u > 0 such that, for all ¥ € H' x L?

K J
(He#,) 2 > pl|0]3, — pt Z(ﬁ,\ik,@)i+ 3 (Hﬁ,?ﬁ;) . (4.14)

k=1 +,j=1

Proof. By astandard argument, it suffices to prove that there exists u > 0 such that for any ¢ € H'x L2
with orthogonality conditions (Hﬁ, Vf/j,g> = (17, \i;k’z)?-t =0foralj=1,....,Jand k=1,...,K
there holds

(Het, D)2 = |13 (4.15)

Step 1. Negative direction. Note that, for 7 = (v,z) € H' x L?,

. —Av — f'(q))v — €0y, 2 S
T e e B R O (R A (416)

Therefore, from (ii) of Lemma 4.8, for any 7 € H' x L2,
(5, m)m —0forj=1,....J = (He, 7). > 0. (4.17)
We claim, for any ¢ € H' x L?,
(75, Wj,g)LZ —0forj=1,...,0 = (H¢?,5)p2 > 0. (4.18)
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For the sake of contradiction, assume that there exists a vector ¢ € H' x L? satisfying the orthogonality
conditions in (4.18) and (H,¥,7) < 0. For any (c;);j=0,...; € R7T1/0, set

J
h=coi+ Y ¢;Wjy € Span <17, Wi, ... ,Wu) :
j=1

By direct computation, (4.9), (4.10) and the orthogonality conditions in (4.18),

(Meh.F) , = b (et ) 12 + zJj & (KW Wie)
j=1

J
B (He¥,T) 2 — 41— £2)2 Y N2 < 0.
j=1

It follows that (H¢-,-);2 < 0 on Span <17, Wl,g, e WL@) and

dim Span (17, V_[}Lg, ey V_[’/(Lg) =J+1.

This is contradictory with (4.17) which says that (H,-,-);» is nonnegative under only J orthogonality
conditions. The proof of (4.18) is complete.
Step 2. Null direction. Note that, from (4.16), for any ¥ = (v, z) € KerHy,

—Av — f(qo)v — 0Dz, 2 =0, L0y, v+ 2=0,

which is equivalent to
—Av+ 2 v — flg)v=0, z=—L0yv.
Thus,
KerH = Span (xffu, k=1,... K) .

We claim, for all # = (v,z) € H' x L? with orthogonality conditions (H,7, Wj’g)LQ = (0, T 0)n =0
foryj=1,....,Jand k=1,... K,
7v=0 or (/Hﬂ_)', 17)L2 > 0. (4.19)

Denote .
_/\/'EL:{ﬁ:(U,z)EHleQ:(Hfﬁ,Wj7g)L2:0 fOI”j:L---vJ}-

Indeed, it suffices to prove that for any o € /\fgL
(Hg’l_f, 17)L2 =0 = v € KerHy.

Fix o € Nt with (H0, %) 2 = 0. From (H¢-,-)z2 > 0 on M and the Cauchy-Schwarz inequality for

(Hf" ')L27 o o
(HoO, f2 =0 forall f=(fg)eNt. (4.20)

For any © = (@, 2) € C§°(R%) x C3°(R?), we decompose

Sy

ol
/
X

~
st
=
.
o~
~—
h
(V)

J
> - - 1. _ B
=f+> a;W;, where f € Nj* and a]—:—zxﬂa—ﬁ)
j=1

Thus, from (4.20),
J
(Hﬁ’ 5> o <Hw’ f) L2 + —

J

o (HeB, Wi ) =0
1

123



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

It follows that H,' = 0 in the sense of distribution, i.e. ¥ € KerH,. The proof of (4.19) is complete.
Step 3. Conclusion. Now, we prove (4.15) by contradiction and using standard compactness
argument. For the sake of contradiction, assume that there exists a sequence

{Un = (Vn, 2n) }ren € H' x L2

such that
Uy ENG, (U, Upp)y =0 fork=1,..., K, (4.21)

and

1
0 < (HeUn, Un)p2 < ﬁ”ﬁnH%{’ / f'(qe)v2 =1 for any n € N. (4.22)
R5

From the above inequalities and (4.16), the sequence {i, },,c is bounded in H' x L?. Upon extracting
a subsequence, we can assume

Ty = (n, 2n) = 0= (v,2) € H' x L* asn — . (4.23)

On the one hand, by the Rellich theorem, we have

/R5 f'(gov*dz = lim f(g)vide =1,

(o0} R5

which implies ¥ # 0. On the other hand, from @, = (v, 2,) — ¥ = (v, 2) € H' x L?,

n—oo JRS

/ (00, v + 2)%dz < lim (£0, 00 + 2) dz,
R5

/ (1= )(00,0)? + [Vol2) dz < Lim [ ((1— €2)(Day0m)? + [Von|?) da.
R5

n—oo JRS

Combining the above inequalities with (4.16) and (4.22),

Lo . S R
(He¥,0) 2 < Hm (Heb, 0n) 2 < lim —||7,[|3, < 0.
n—00 n—oo 1

Using again (4.23) and taking limit in (4.21), we have
ﬁENL, (17,\17&@)%:0 fork=1,..., K,

Therefore, from (4.19), we obtain ¥ = 0 which is a contradiction. The proof of (4.15) is complete. [

4.3 Decomposition around the sum of N solitons

We prove in this section a general decomposition result around the sum of N solitons. Let V > 1 and
for any n € {1,...,N}, let £, = {,e; where —1 < ¢, < 1 and ¥,, # £,y for n # n'. Let q1,...,qn be
any non-degenerate decaying excited states. Denote by I and I the following two sets of indices

N
I°={(n,k):in=1,...,N, k=1,...,K,}, [I°/=CardI’ =) K,
n=1

N
I={(nj):in=1,...,N, j=1,.....J,}, [I|=Cardl =) .Jp.

n=1

We denote by (A j)n,j)er (Y(n’j)) (ng)el’ (\Il(n,k)) (nk)eT0 the negative eigenvalues, corresponding eigen-

functions and kernel functions for ¢, as defined in Lemma 4.8.
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Forn=1,...,N, set

Qn(t,z) = dn ¢, (z — £nt), Qn(tvx) = ( _Eng;%:()t,x) ) ’

Similarly, for (n,k) € I°,
Wk (t,2) = Uinpy (@ = Lnt),  Tnp(t, ) = T gy (@ — Lat),

and for (n,j) € I,
>+ >+ 7+ y +
Yn,j (ta :L‘) = }/(nvj)#n (l’ - ent)’ Zn,j = H”anj’

where
" 05,05, 1 '
Consider a time dependent C' function b of the form

b= (bok)mryero € RN with [b] < 1.

We introduce

N
U= Qu V=Y bus¥us,
n=1

(n,k)el0
N
G=1U+V)=Y [(Qu) = D buil (@Qn)Tns.
n=1 (n,k)ero

First, we start with a technical lemma.
Lemma 4.11. Let W1 and Wy be continuous functions such that,
(Wi (2)| + [Wa(z)] S &)™ on R,

Define
Wi, (t,x) = Wi (x — Ly t), Wy,(t,z) = Wa (x — £p,t) .

Let 0 < a1 < ag be such that aq + ap > % There ezists Ty > 1 such that, for all ny,ne € {1,...,N}
with n1 # no and t > Ty, the following hold.

(1) -[fa2 > %;

/ (W | [ Wiy |2 e < ¢, (4.24)
R5

(ii) If as < 3,
/R W [ W |2tz S g5, (4.25)
Proof. For k =1,2, we denote
pe =1 —Ln,t, U(t)={z € R : |p| < 10718, — Ly, |t}.
Let Ty > 1 large enough. For t > Ty, from the decay properties of Wy and W,
[Was (8 2) S (p2) ™" S ((pr) + )7, for w € O, (4.26)
Way (8 2) S (o)™ S ((p2) + )7, for € o, (4.27)

~
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(W, (t,2)| < ((p1) +8) "4 <74, for z € OF, (4.28)
(Wi, (t,2)| S ((p2) + )74 <74, for z € QF. (4.29)

Proof of (i). Case a1 > 2, a2 > 2. From (4.26) and (4.28), we obtain

S (
S (

/ Wi | [ W [02dr < ¢90 / W[ de < ¢4,
971

1971

[ Wl W oodn S eter [, e S 670
of af
which implies (4.24).

Case 0 < oy < 2,0 > 2. By (4.26) and change of variable,

/ |Wn1a1|ana2dx§/ <P1>74a1(<p1>+t)74a2dx
91 R5

—4ag T —4oo T
S [ @ @)+

< t5—4(a1+a2) < t—4a1.
Using again (4.28),

[ Wl Wanfoode S et [ fende S et
f Q

1

These estimates imply (4.24).
Proof of (ii). First, from (4.26), (4.27) and change of variable, as before,

/ ’Wn1|o‘1’Wn2|O‘2dx+/ |Wn1‘a1|Wn2‘a2d.’L‘

Q1 Q

< / (@)1 (@) + 6742 4 (@) 7402 (@) + 1) ) da S P7HorToa),
R5

Second, by (4.28), (4.29), the Holder’s inequality and change of variable,

D‘loj’“la2 alcfQQ
/ Wi, [ Wi [2d < / AN / Wiy o2
(21UQ2)¢ Qf v

2

RS

~

Gathering above estimates, we obtain (4.25). O
Second, we introduce some pointwise estimates following from Taylor expansion, and omit its proof.
Lemma 4.12. The following estimates hold.
(i) Forallm=1,...,N,

@) = @] S Y (10wll@nlt +1Qult) . (4:30)
n'#n
(ii) We have
N 1 4
FU+V)= O] S DIV + V5. (4.31)
n=1
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4.3. DECOMPOSITION AROUND THE SUM OF N SOLITONS

(iii) For all s € R,

yﬂU+v+@—fw+vy<ﬂU+mﬂ5QUﬁ+Wﬁyw+bﬁ (4.32)

10
3.

[F(U+V +8) = FU+V) = f(U+V)s| S (U3 + VI3 ) s + s (4.33)

Third, we state some preliminary estimates related to the nonlinear interaction. We decompose G
as
G=G1+G2=G11+ G2+ G113+ Gy,

where

Gra = fU+V) = fU) = O = L f OV,
Gro=Ff U)WV = Y burf (Qn) T,

(n,k)ero
al 1
Gra=f(U) =) _f(Qu) and Gy=_f"(U)V*
n=1

Forn=1,..., N, set
G—lKnbb " v, U dG—NG
3n = 2k%;1 nkbn i [ (Qn)Wn kg Wnp  an 3= ; 3
Lemma 4.13. There exists Ty > 1 such that the following estimates hold.

(i) Estimates on Gy. For t > Ty,

7 —
Gl S NGuallze + IGLalze + 1Gaslle S Y Ibukls +7 (4.34)
(n,k)elo

(ii) Expansion of Gy. Fort > Ty,

7 _
G2 — Gsll 2 < Z by |3 + . (4.35)
(n,k)eIo
(iii) Estimate on G. For t > Ty,
Gl S > sl +t7% (4.36)
(n,k)elO

Proof. Proof of (i). From Taylor formula, we have

1G11| S ‘V|% S Z \bn,k\g‘\l’n,k}%, |G13| S Z 1Qnl31Qu,

(n,k)eIO n'#n

Gials T |bn,k|{z|@n|%|@n/um+Z|Qn/|3|wn,k|]

(n,k)eIo n'#n n'#n

Based on above pointwise estimates, Lemma 4.11 (i), the Cauchy-Schwarz inequality and the Young’s
inequality, we obtain (4.34).
Proof of (ii). Observe that

N K, K, K.
2
Vo= Z Z bn,kbn,k/q’n,kan,k/ + Z Z Z bn,kbn,k’\pn,kq’n’,k’-
n=1kk'=1 n#n' k=1k'=1
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Thus, we can decompose
G2 = G3+ Ga + Gapg,

where
K, K,

Z > Z by kb o (U)W e W

n;én’k 1k'=1
N K,

Gao =5 Z > busbi (' (U) = £7(Qn) W o Wy -

n 1k k=1

By (i) of Lemma 4.11, we have

K, K,
1
G210z S DD 0D [bnsbur pe 1@nl3 Wk W e 2

n#n’ k=1 k'=1
K,
1 7
+ Y b pllQuls Y il S D fbuslr + 17
n#n’ k/'=1 (n,k)elf

From Taylor formula,

‘f”( ) — f( Qn Z]QMS foralln=1,...,N.
n'#n

Thus, using again (i) of Lemma 4.11,

7 _
1Gooliz s |bnkr2(Zr|Qn|sw2kuLz)N TR

(n,k)eIo n'#n (n,k)eI0
Gathering above estimates, we obtain (4.35).
Proof of (iii). Estimate (4.36) is a consequence of (4.34) and (4.35). O

Last we prove a standard decomposition result around the sum of NN solitons.

Proposition 4.14 (Properties of the decomposition). There exist To > 1 and 0 < §y < 1 such that
if U(t) = (u(t), du(t)) is a solution of (4.1) on [Ty, Ts], where Ty < Th < Ty < 400, such that for any
t e [Tl, TQ]

N
Z (®)[l3¢ < o, (4.37)
then there exists C* functions b = (bn,k)(n,k)elo on [T1,Ts] such that, £(t) being defined by
. N
=5 ) =i0-3 00~ X b (439
n = o
n= (n,k)el

the following hold on [Ty, T3],
(i) First properties of the decomposition. For all (n,k) € I and t € [T1, T3],

(50, U () =0, bk (t) Z () 13- (4.39)

(ii) Equation of . It holds

{&55 =n — Mody,

(4.40)
om=Ae+ fU+V+e)— f(U+V)—Mods + G
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where
Mody = Y bpa¥ni and Mody=— Y byplnds, Upp
(n,k)el0 (n,k)el”

(iii) Estiamtes for b. For t € [11, T3], we have

Yo @IS D+ D gl + 7% (4.41)

(n,k)el” (n,k)el”

(iv) Unstable directions. Let aij = (é’, Zi»m for all (n,j) € I. Then

d = —_
'ai;(t) ian,jai,-(t)’ SIEDIF A+ D s+t (4.42)
(n,k)ero

1
where ap j = Ay ;(1 —€2)% > 0.

Proof. Proof of (i). Let Tp > 1, fix t > Ty. Note that, the orthogonality conditions in (4.39) is
equivalent to the following matrix identity,

N
Mb = ((a_z@‘n,@n,k) ) ,
n=1 H

(n,k)eIo

where b = (b)) (n,k)cro Written in one row and

M= <<‘fln,k:a‘1_;n’,k’> > .
H/ (n,k),(n k")elO

Moreover, from (ii) of Lemma 4.11 and the decay property of \f’n,k,

M =diag (Mq,...,Mpy) + O(t_z) where M,, = ((‘I_}nk, ‘I_}nk/)H>k Wl

Note that for fixed n, the family (flnk)k Lk being linearly independent, the Gram matrix M,

is invertible. Hence, M is invertible, for T, large enough, and M™! has uniform norm in ¢t > Tp.

Therefore, we obtain
N
b=t (7 Gnts) )
n=1 H/ (n,k)elO

N
wepf((s $as))
n=1 H

Proof of (ii). First, by the definition of &'in (4.38)

and

S

v
i)~ Y- 30|

(n,k)eI®

N
Oie = Opu — Z 8th - Z bn,kat\lln,k - Z bn,kq]n,k

n=1 (n,k)eI® (n,k)eIO
=n- Z i)n,k \Ilmk .
(n,k)elo
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Second, using again (4.38) and (4.1),

N
atn = atQU + Z Oy (Knazvl Qn) + Z bn,kat(fnaxl ‘Ijn,k) + Z bn,k’ (znaam \Ijn,k)

=1 (n,k)elo (n,k)eI0
= Au + f Z 52 Z bn kﬁ n E+ Z i)n’k(fnaxl \I’n,k)‘
(n,k)eIo (n,k)eIO

From (4.38), —(1 = £2)92 Qn — AQn — f(Qn) =0, —(1 = £2)02 W, — AV, s — f/(Qn) ¥y = 0 and
the definition of G,

Au+ f(u Zeiaﬁl = Y baplio v

(n,k)eI0
=Ae+ fU+V+e)— fU+V)+G.

Therefore,
On=De+fU+V+e) = fU+V)+ > bpplnOs, Tny +G.
(n,k)eI®
Proof of (iii). First, we decompose
N
fFU+V+e)=fU+V)=> f(Qn)e+Ri+ Ry+ Ry,
n=1

where

Ri=fU+V+e)—fU+V)—f(U+V)e,
N
Ry=(J'(U+V)~(U)e, By= <f’(U) -y f’(%)) 3
Therefore, from (4.40), we obtain

9,8 = L&—Mod + G + R, + Ry + Rs, (4.43)

where

» 0 1 - ( Mod;
L_(A+25J%M @»M“‘<Mm)’

S (0 = 0 . 0 . 0
(&) A=(a ) m=(n) 2=(x)

We differentiate the orthogonality condition (& \ffnk)q{ = 01in (4.39) and using (4.43),

and

d -

0= &(5» U, 1)1 =(0s€, ‘f’n,k)ﬂ — (& at\fj”v’f)ﬂ
= S b G (6.50),

+@ﬂ%@-%&+&&m)—@%%%@
H H H

By integration by parts and the decay properties of \flmk, the first term is

—

LEV, )y = (I LIV, ) =0 .
(L2, By = (I8 L3801) = O (1E]l)
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4.3. DECOMPOSITION AROUND THE SUM OF N SOLITONS

From (4.36) and the Cauchy-Schwarz inequality,

(G Fk) | S1GI S S fbasl +17%

H’ (n,k)elO
Next, from (4.30), (4.31), (4.32), the Sobolev embedding theorem and the decay properties of \I7n7k,

(B ) | S (QUF + VI + 16,00 W) | < 03

L2

(Bt Bo i) |+ (5 00000 F), | S IRallz2 + 1 Rsllzz + 121 S el

Gathering above estimates and proceeding similarly for all (n, k) € 1Y,

Mb = o(uayﬂ + > bl t_4>,

(n,k)elo

where b = (bn k)
) (n,k)eI

we obtain (4.41).
Proof of (iv). Using (4.43), we compute

written in one row. Therefore, from the matrix M~! being uniformly bounded,

d +
gt

(@57 Zfa) 2 (5 02, )L2

—(£225) -t (20025, - (Mod. Z5)) |

+ (é’ Zi]’)ﬂ + (ﬁl’ Zij)L? + (ﬁz’Zij)L2 + <R3’Zij)L2 '
From (4.8), integration by parts and —J? is identity matrix, we have

(£2.25) , -t (0 75,) = - (EmIZE) + D (s @7
n'#n

= Fanjan; + ) (5’ f ,<Qn’)Z;TL,j)
n'#n

Y

L2

where
SN

:Fin’jxl
Zij = tan,; <Y(n,j),€ne Vi-i ) (- —£,1).
By Sobolev embedding theorem and (i) of Lemma 4.11,

> (e r@nzs) LS D lel,
n'#n n'#n

£ (@Qu)ZE;

2 —4
Lo S I+

Note that, for all (n,k) € I° and (n, j) € I, we have

(@n,k,ﬂnﬁfj)L = (HaWup. V), =0.

2 L2

Therefore, from (i) of Lemma 4.11, (4.41) and concerning the term with Mod,

K,
R e S) SUE (% BECI (E RN Sl e

n'#n k=1 (n,k)er®
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Next, from (4.36) and the Cauchy Schwarz inequality,

[CEAME

Z ‘bn,k|2 + ¢4,

(n,k)ero
Last, from (4.30), (4.31), (4.32), (i) of Lemma 4.11 and decay properties of Z n],
= 2 1 1 7
(i Zz) | < (B + V)P + 123, 2,) | < et

'U+V) = FOle2 SIEB+ D [basl®

(.22),.]

(n,k)elo
1 4 _
|(Bs.Z5) | Sl i | 3 (1Qull@ul® +1Qui?) 25|, S N3+
n’#n L7
Gathering above estimates and proceeding similarly for all (n,j) € I, we obtain (4.42). O

4.4 Proof of Theorem 4.1

In this section, we prove the existence of a solution () of (4.1) satisfying (4.4) in Theorem 4.3. We
argue by compactness and obtain (¢) as the limit of suitable approximate multi-solitons @, (t).

We start with a technical lemma which constructs well-prepared initial data at £ = T > 1 with
sufficient freedom related to unstable directions.

Lemma 4.15. Let T > 1 and C > 1. For any a = (a, ;)(njyer € R, there eists

A = (anj)(njer € R B= (En,k)(n,k)elo c RIol,

satisfying
Do langl+ D bakl <C D anyl, (4.44)
(n,g)el (n,k)el (nj)el
such that the function (T) defined by
(n,j)el (n,k)elo

satisfies for all (n,k) € I°, (n,j) € I,

(&), Bup(m)), =0, (AT), Z]5(T) |, = ans (4.46)

Moreover, the initial data defined by u(T') = Zn 1 Qn(T) + &(T) is modulated in the sense of Propo-
sition 4.1/ with b, 1 (T) = 0 for all (n,k) € I° and afw(T) = ayj forall (n,j) € 1.

Proof. Our goal is to solve for A = (Gnj)(n,j)er and B = (l;mk)(mk)efo in terms of a = (an ;) j)er-
From the relations, for alln =1,..., N,

(Fni Z255) , = (MW V), =0

and for all n # n/,

(B (1), T o (1))



4.4. PROOF OF THEOREM 4.1

(Z,m),55,(m) =0, (2,1, 25,m)) =0T,

the conditions in (4.46) are equivalent to a linear relation between A and B of the following form, for
all (n,k) € I° and (n,j) € I,

JIn

> (Bns(D). Z35(T)) g + Z (B (T), B (1)) e
- H
7=1 k'=1
o(z(zmnwzb/k/) )
In k=1
Jn J K,/
52 (210 222) s =ans + O 2 (X sl + 3. s )7
j'=1 n'#n =1 k'=1
Since the families <\I7n k) and (Z: ) are linear independent, the above linear system is
" (n,k)eIo 7/ (n,j)el
invertible for 7" large enough. We obtain the existence and desired properties of A = (@, j)(n, j)er and

B = <5n7k)(n7k)610 for T' large enough. O

To obtain weak convergence on any finite time interval, not just at initial time, we recall a propo-
sition from [67, 69] which associates with weak continuity of the flow.

Proposition 4.16. There exisis a constant € > 0 such that the following holds. Let K C H! x L2 be
a compact set and let @y, : [T1, T3] — H' x L? be a sequence of solutions of (4.1) such that

dist (@ (t),K) <€, for allm € N and t € [Ty, T3).

Suppose that iy, (Ty) — iy weakly in H' x L?. Then the solution (t) of (4.1) with the initial data
w(Ty) = to is defined for t € [T1,T5] and

U (T1) — U(t), weakly in H' x 1.2 for all t € [Ty, Ty].

Proof. The proof relies on a standard argument based on the result of profile decomposition stated
in |15, Proposition 2.8]. See more details in [67, Appendix A.2] and [69, Appendix]. O]

Let T,, = m for all m € N*. For a,, = (an'i)njer € Rl small to be determined later, we
consider the solution @, € C( T S H x L?) with the initial data @, (T;,) given by Lemma 4.15.
Since Uy (T),) € X, by persistence of regularity (see for instance [66, Appendix B]), we have i, €

C’(Tn’”{‘ax; ) Such regularity will allow energy computations without density argument, see §4.4.3.

The following Proposition is the main part of the proof of Theorem 4.3.

Proposition 4.17 (Uniform estimates). Under the assumptions of Theorem /.3, there exist mg € NT
and Ty > 1 such that, for any m > my, there exist a,, = (an"fj)(n,j)e] e R such that the solution iy,

of (4.1) with indtial data @ (Ty,) given by Lemma /.15 is well-defined in H* x L? on the time interval
[To, T)n] and satisfies
N

i (t) =Y Qnlt)

H <ts. (4.47)
n=1 H

vt S [T07 Tm]v
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4.4.1 Proof of Theorem 4.3 from Proposition 4.17

We follow the strategy by uniform estimates and compactness introduced in [69, 83, 84]. Consider the
solution ,,(t) given by Proposition 4.17. On the interval [Ty, T),], from (4.47), we know that, there
exists Tp > 1 such that

N —
i)~ 3 Gult)| <

n=1

vt S [T()u Tm]a

Y

where € > 0 is the constant of Proposition 4.16.
From the uniform estimates obtained in (4.47) at 7" = Ty, up to the extraction of a subsequence,
there exists @y = (ug,u1) € H' x L? such that

U (Tp) — iy in H' x L? —weak as m — oo.

Fix T > Ty. From Proposition 4.16 applied to the compact set

N
K= {Sd0 i e m ).
n=1

the solution w(t) of (4.1) corresponding to @(Tp) = o is well-defined and it holds @, (t) — (t) weakly
in H' x L? on [Ty, T]. By (4.47) and the properties of weak convergence, the solution i satisfies, for
all t € [T(],T],

N N
i)~ Y00 < 1w an0 -3 G0 <ot
n=1 H m—00 n=1 H

Since T" > Tj is arbitrary, the solution @ is defined and satisfies the conclusion of Theorem 4.3 on
[Ty, 00). The proof of Theorem 4.3 from Proposition 4.17 is complete.

The rest of this section is devoted to the proof of Proposition 4.17.

4.4.2 Bootstrap setting

For 0 < t < Tpy,, as long as @y, (t) is well defined in H' x L? and satisfies (4.37), we decompose @y, (t)
as in Proposition 4.14. In particular, we denote by € = (&,7), b = (bnx)mnk)er0 (aij)(n,j)el the
parameters of the decomposition of ,,.

To prove Proposition 4.17, we introduce the following bootstrap estimates:

9

. _29 _9
lEO I <t Y [ban(t) <73,

o (4.48)
6 _ 59 .
Z ‘a:,j(t”z <t 6; Z ]an,j(t)]Q <t 10,
(nvj)el (n}j)g[
For a,, € BR\I\ (Tﬂfbg), set
T.(an) = inf{t € [Ty, T)]; U, satisfies (4.37) and (4.48) holds on [t, T;,]}. (4.49)

Note that, for the proof of Proposition 4.17, it suffices to prove that there exists Tp > 1 (independent
with m) large enough and at least one choice of a,, € By (Tn_f’) such that Ty (a,) = Tp.
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4.4. PROOF OF THEOREM 4.1

4.4.3 Energy functional

Without loss of generality
1<l <<y <l

Denote
0" = max(|(,|) < 1.
n
For .
0< 1) < m Ir%in(ﬁn_,_l — €n>

small enough to be chosen later, we denote

14 (bpy1—Cy), forn=1,...,N—1,
L, =40y, =0y, —Llyp_1), form=2,...,N.

For t > 0, denote
Q(t) = (Ot Lot) U U (In—at, dyt)) x R, Q9 (1) =R\ Q(¢).

We define the continuous function xn(¢,z) = xn(¢,z1) as follow (see [85, 111] for a similar choice of
cut-off function), for ¢ > 0,

XN(t,x) = 61 for xr1 € (—oo,glt},
xn(t,z) = £, for x1 € [L,t,0nt], forn € {2,...,N — 1},
xn(t,z) =y for x1 € [{nt, +00), (4.50)
1 ) _
ta) = — it +0,) f Tt b 1], 1,... . N—1}.
xn (L, z) 1= 20 [ g5 bnt1 + o) for 21 € +it], ned }
Note that
. t,r) = — T Q(t),
Orn(t.0) = gz for @ € )
__1 = (4.51)
dxn(t,x) = L= 201 for z € Q(t),

oxn(t,z) =0, Vxn(t,z) =0, forzec QO(t).
We define (see |85, 88, 111] for similar energy functional)
K(t) = F@) - G(t) = @) + P(t) - G(t)
where

£(t) = / (IVeP 41— 2(F(U +V + &) — FU+ V) — (U + V)e)) da,

RS

P(t) = Q/RS (XN(t,w)@xle(t,m))n(t,x)dx and G(t) = Z/RS e(t,x)Gs(t, x)dw.
We start with the following technical lemma.
Lemma 4.18. Let W be a continuous function such that
W ()] < (@)~ for all 2 € R, (4.52)
where a« > 0. For alln=1,..., N, the following estimates hold.
(i) Estimate of L% norm.
[t = X)W (& = at)] g S 477, (4.53)
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(i) Estimate of L? norm.

(€ = X)W (& — £at) | 12 S ¢+, (4.54)
iii) Estimate of L% norm.
(iii)

(= X)W (= at)]] 0 S 4G5, (1.55)

Proof. From (4.52), the definition of x and change of variable,

R5

|z| =482t
o'} 4

S [, g SR,
o2t (1 + r2)7(4te)

which implies (4.53). The proof of (4.54) and (4.55) follows from similar arguments and it is omitted.

O
Under the bootstrap setting (4.48), we prove the following estimates.
Proposition 4.19. There exists 0 < v < 1 such that the following hold.
(i) Coercivity.
vl|E)|12 < K@) +v 1. (4.56)
(ii) Time variation of K.
o (4.57)
dt
Proof. Proof of (i). We set
Folt) = [ (el +47 + 20cn0nen) de, Foe(t) = [ (el +17)d
Q Q
First, from |yn| < £ < 1,
_ 2 2 _ _
Fo = e/ (XTNaxla + n) dz +/ 12N ) (9,,6)2 + (1 — D) + yvsP) dz
at ) @ ¢ (4.58)
> E/ (X—_Nazls - 77) de + (1 - é_)/ (IVel* +7?) dz.
o\t Q
Second, by (4.48) and Young’s inequality for product,
601 S (X Busl?) et 7%, (4.59)

(n,k)elo

Therefore the coercivity property for K is a consequence of the following stronger coercivity property,
for some a > 0,

1,59 1o _
F(t) = Fa(t) + nFac(t) — p~ 't 10 — p= el — n €15, (4.60)

The coercivity property (4.60) is a standard consequence of the localized coercivity property around
one excited solitary wave gy in Proposition 4.10 with the orthogonality relations (4.39), and an ele-
mentary localization argument. We refer to the proof of |85, Proposition 4.2 (ii)] and [111, Lemma 5.4
(ii)] for a similar proof.
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4.4. PROOF OF THEOREM 4.1

Proof of (ii). Step 1. Time variation of £. We claim

gé’ =2 [ Mod; (Ae + f'(U)e) dz — 2/ nModadz + 2/ nGsdx
dt R5 RS R5

N (4.61)
+2§_:1/R5 0000, Qn (FU+V ) — U+ V) — F(U +V)e) de + O ).

We decompose

d
aé’zll +To +13+ 1y,

where

Li==2[ QU(fU+V+e)— f(U+V) = f(U+V)e)da,
R5

Ty==2[ OV(fU+V+e)— fU+V) - f/(U+V)e)da,
R5

I3:2/ dhe(—De—fU+V +e)+ f(U+V))dz, 1'4:2/ nognda.
RS R5

FEstimate on 7;. We claim

N
I, = 22 /R5 00, Qu(f(U+V +2)— fU+V) = f(U+V)e)da. (4.62)
n=1

By direct computation, we obtain

N N
8tU - Z ath = - Zgnaqun?

which implies (4.62).
Fstimate on To. We claim
1Ty <t77. (4.63)

By direct computation,
atv = Z i)n,kan,k - Z bn,kgnazj \I’n,k-

(n,k)eIO (n,k)eI0

Thus, from (4.32), (4.41), (4.48), and the decay properties of ¥y, ,

LS 5[ (bnall ot + bnsl00 o
(n,k)el0

7
< ST (el agl H YIS ST 4T 4T ST,
(n,k)el0

) (U1 + VI + f5) d

which means (4.63).
Estimate on 3. We prove the following estimate

7 :_2/ N(Ae+ f(U+V +e)— f(U+V))da
R (4.64)
+2 [ Modi(Ae + f/(U)e)dz + Ot 7).
R5
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By direct computation and (4.40),

zgzz/Rsn(Ae+f<U+v+s)f(U+V))dx

+ 2 Mod; (Aé‘ + f/(U)E) dx + 1-371 + 1-372,
R5

where

I3y =2 [ Mody (f(U+V)-f(U))eds,
R5

Ty — 2/ Mod, (F(U +V +¢) — f(U+ V) — f(U +V)e) da.
RS
By the Cauchy-Schwarz inequality, (4.31), (4.32), (4.41) and (4.48),
Toal S IModal, 1T +V) = F@)], 3l o

S X sl (JEbet 3 a4 el
(n,k)eI0 (n',k")eI0

<73 (t_% rt +t‘4> =% <t

| Zs2| S [IModi| a0 If(U+V +e) = fF(U+V) = f(U+V)ell 20
S (R S e L e (o R R D T

(n,k)el0

We see that (4.64) follows from above estimates.
Fstimate on T,. We claim

I4:2/R577(A5+f(U+V+6)—f(U+V))d:n

B (4.65)
- 2/ nModadx + 2/ nGsdx + O(t_ﬁ).
R5 RS
We compute, using again (4.40),
1, :2/ N(Ae+ f(U+V +e)— f(U+V))da
R5
—2/ nModaodz + 2/ nGsdzx + 2/ nGrdx + 2/ n(Gay — Gs)dz.
RS RS RS RS
Indeed, from (4.34), (4.35) and (4.48), we obtain
[ nGsda| +| [ (G2 Gada) S Il (1Galls + G2 = Gl
z —4 _69
Slnllz( D (bagls +¢74) Sto,
(n,k)el®
which implies (4.65).
In conclusion of estimates (4.62), (4.63), (4.64) and (4.65), we obtain (4.61).
Step 2. Time variation of P. We claim
—P=— Oy 2— (0 — d
TP = T [, 0+ 00+ 22 0n e — (Vo)
N
9 Z/ X0 Qu(fU +V 1) — J(U +V) - f/(U +V)e)da (4.66)
n=1 R?

- 2/ XN (10z,Mod; + Mod20;,¢) dx + 2/ XN (0z,6)Gsdx + O(f%).
R5 R

5
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4.4. PROOF OF THEOREM 4.1

We decompose

d
difp = 2/ (8tXN)(ax1€>ndx + 2/ XNat((amg)n)dx = I5 +IG- (4'67)
t R5 RS
FEstimate on Is. From (4.51), we obtain
2 I
Is=———— [ —(0z¢)ndux. 4.
=~ Oneinda (4.65)

Estimate on Tg. We claim

1

T = =g | 07 + (0nie = [Te)aa

N
- QZ/RS XNO Qn(fU+V +e) = fF(U+V) = f{(U+V)e)dx (4.69)
n=1

- 2/ XN (102, Mod; + Mod20,,€) dx + 2/ XN (0z,€)Gsdz + O(t_%).
RS RS

By direct computation, we decompose

Zo=2 [ v (0 (@) o +2 | xx(00,2)0umds = Toa + oo
R R

From (4.40), (4.51), and integration by parts,

1
To1=—— 2dz — 2 9, Mod, ) dz. 4.70
1=~y [ =2 [ o (0 Moy (4.70)

Using again (4.40), (4.51), and integration by parts,

1 2 =2 .
Ts2 = (1—25)t/ﬂ((8x1€) |Vel )dm 2/]1{5 X~ (03, €)Modadx

+2/ XN((‘)le)ngx+2/ \8One (JU+V +&) = f(U+V))da (4.71)
R5 R5

5

P / (B €)CGrdz + 2 / (00, 8) (G — Gg)dlz.
R5

Note that, by integration by parts,

2/ XNOp e (f(U+V +¢e)— f(U+V))dx
RS

N
= — ZZ/RS XNO2, Qu(fF(U+V +e) — fF(U+V) = f(U+V)e)da + I§ + I§,
n=1

where
Ié:—(1225)15/9(F(U+V+5)—F(U+V)—f(U+V)s)dx,
F=-2 Y b [ 0V (SO 4V )~ fU+V) ~ F(U+V)e) da.
(n,k)eIO ¥

From (4.33), (4.48), the decay properties of @, and ¥,, ;, and Sobolev embedding theorem,
[z s [ (U1 + VD + %) aa
st (B el ) s F e ge
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From (4.32), (4.48) and Sobolev embedding theorem,

1 1 7
< > |bn,k|/Rs 10y il (U1 + [VID)IeP + €] ) da

(n,k)elo
z _9, 29 _20 _ 38
<y |bn,kr(||ar%+\|a|;)st R By <t
(n,k)elo

Next, by the Cauchy-Schwarz inequality, (4.34), (4.35) and (4.48),

‘ [ x@nGiae + ‘ [ @)@z - Grlas
R5 RS
< 9mellie (1l + G2 — Gl 2

)
< H%él!m( ST bl +t4) <tT (f%l +f4) <%

(n,k)eIO

Gathering above estimates, we obtain (4.69).
In conclusion of estimates (4.68) and (4.69), we obtain (4.66).
Step 3. Time variation of G. We claim

d
ag = 2/ nGadz + 2 Z E (0p,6)G3ndx +O(t7). (4.72)
By direct computation and integration by parts,

N
d
—g = 2/ 77G3d$ +2 E / én(8x15)037ndx +1I7 4+ 1g + 1o,
dt R5 — Jrs

where
N Kn
I7 — Z Z bn kbn k;’/ (fll(Qn)\I]n7k\I’n7k/)dx7
n=1k,k'=1
N K, K,
Z Z bnk / U, 1Gandr and Iy = Z Z bk / U, 1Gs d.
n=1k=1 n#n’ k=1

First, from (4.41), (4.48) and Sobolev embedding,

N K,
T S DD bnbn / el | £ (Qn) ¥ g Wi e | A
RS
n=1kk'=1
<y \bnknmm(uam S k+t—4)
(n,k) eI (n,k)€I0

<t75 (t 0 4¢7% +1 4)t 0 <t

Next, from (iii) of Lemma 4.8, we have for all (n, k) € I°,

/5 \Ijn,kG&ndl'* Z bnk’ nk”/ (f (Qn) n,k’ nk”) dx
R

k’ k"=1

Z bn,k/bn,kz”(l — E%)% f”(Q) (U W W) dz = 0.
K k=1 R
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It follows that Zg = 0. Last, from Lemma 4.11, (4.41) and (4.48),

|Zo| S Z Zﬂ Z | by 1D O

n'#n k=1k k"=1

<l Y bnk(uam S k+t—4)

(n,k)el® (n,k)el"

dx

/ ‘\I/n k // Qn n’ k’ n’ k”)

<t ! (t*ﬁ FtTE 4t ) 5 <t 7.

Gathering above estimates, we obtain (4.72).
Step 4. Conclusion. Combining estimates (4.61), (4.66) and (4.72), we obtain

d 69
5/C=‘71+t72+.73+‘74+\75+0(fﬁ).

where

1 _
T =— / (7]2 + (89015)2 + 2%(&”5)7] — |V5|2) dz

(1—28)t Jq

Jo = 2/ (Ae + f’(U)e) Moddz — 2/ XN (0z,€)Modadz,

5

N
Js = 22/@ (bn = XN) 00, Qu (f(U+V + &) = U+ V) = f/(U + V)e) da,
n=1 °

Js = —2/ 7 (MOdQ + XNaleOCh dx, Ts = 22/ XN — K axlE)Ggmdx.
R5
Estimate on J1. For 0 < § < 1 small enough and Tj large enough, we claim
— N <A+ Ot T). (4.73)

From (4.56), (4.58), (4.59) and (4.60), we have

2
(1 - 200 :e/ (XNﬁxlE—Fn)de—k/ << _ XN) (00,2)? — \v5|2> dz
Q 14 Q0 /

+(1— E)/ n?dx + 2/ <ﬂ — XN) (0z,€)ndx
0 o\t
o 59
<Fo+ 0 (0]8l3q)) < (1+0(6 + Ty ) +0(t™1%).

Letting § small enough and Tj large enough in above estimate, we obtain (4.73).
Estimate on J>. By integration by parts, (4.51) and —(1 — £2)02 W — AWy — f/(Qn) ¥y p = 0
for all (n,k) € I°, we have
Jo = T2+ T2+ J23,

where 9
j22—2 Z bnk/ E _XN)gnagl\Iln,kdxv
(n,k)eI0
Jo3 =2 Z bnk/ e (f'(U) = f1(Qn)) Wy pda.
(n,k)eIO
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From the Cauchy-Schwarz inequality, (4.41), (4.48), (4.53) and the decay properties of ¥,, 4,

(Tl S ell g Do onkll19 nill 0
(n,k)el®
Sl X sl ) S0
(n,k)el®
(Tool S lell i D Tongel [[(ln = x) 0, W] 10
(n,k)elo
Sl X sl et So
(n,k)er®
From (i) of Lemma 4.11 and (4.32),
H (f/(U) - f/(Qn)) \Iln,k: ‘Ll,79
1 4 _
5 Z H‘Qn‘g‘Qn”\Pn,k L% + Z H’in|§\pn’k LITO gt 2,

n'#n n'#n
Thus, by (4.41), (4.48) and Cauchy-Schwarz inequality,
Slelse Do il [[(FW) = £(Qn) Tk 20

(n,k)eIo

sr?nam(nmw S b

(n,k)elo

| J2,3

L) e

Gathering above estimates, we obtain

\Jo| S | Fan] + | ool + | Tosl St77 (4.74)

Estimate on J3. From (4.32), (4.48), (4.55), Cauchy-Schwarz inequality and the decay properties
of Qn,

N
1 5 3t = )20 @l 3

(1015 +1VI5) [l + e

10
L7

N (4.75)
S Hﬂl% Z (€ — XN)a:anHng S .

n=1

Estimate on J4. Note that,

Mody + xn 0z, Mody = = > by (bn = XN) Oy U
(n,k)elo

Therefore, by Cauchy-Schwarz inequality, (4.41), (4.48) and (4.54),

1Tl S nllze D bkl (bn = X&) Oy Uil 12
(n,k)elO

) (4.76)
srz||51|y(|a|%+ 3 \bn,k|2+t-4)5t—7.

(n,k)eIO

Estimate on J5. From (4.48), (4.54) and Cauchy-Schwarz inequality,

Tl S 10uiellze Y bkl — x) " (Qu) W7 kll 2 ST (4.77)
(n,k)el"
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4.4. PROOF OF THEOREM 4.1

In conclusion of estimates (4.73), (4.74), (4.75), (4.76) and (4.77), for ¢ small enough and T} large
enough, we obtain

d
- K <2aT KL O(), (4.78)
which implies (4.57). O
4.4.4 End of the proof of Proposition 4.17
We start by improving all the estimates in (4.48) except the ones for the unstable directions (a:; (ngel-

Lemma 4.20 (Closing estimates except (a:’j)(nwe]). For allt € [Ty, Ty,
= 1 2 1 o _ 2 1 59
le@la < 570, > bak@I< 75, Y lag (0P < 57, (4.79)

(n,k)er0 2 (n.j)el

[\

Proof. Step 1. Bound on the energy norm. First, from (4.44), (4.45) and a,, € By (T,;g), we have
K(Tn)| S |ETn)| + 1P(Tin) | + G (Ton)| S N1ET) 7, S T
Thus, integrating (4.57) on [t,T,,] for all ¢t € [Ty, T,],
K(t) < (t/T) 2K (Tn) + v S 10,

Using (4.56), we have
IE 13 S )+t 5 <5,

Letting Ty large enough, we conclude (4.79) on energy norm.
Step 2. Parameter estimates. Using again (4.44), (4.45) and a,, € By (ng),

D k(@) + Y lag (Tl S T (4.80)
(n,k)el® (n,g)el
Integrating (4.41) on [t,T,] for all t € [T, T},] and using (4.48), (4.80), we obtain
Tm 29 19
> sl X lbas@al+ [ s g E
(n,k)€I0 (n,k)€I0 t

Letting Tp large enough, we conclude (4.79) for (bn. k), k)ero-

Now we prove the bound on (a,, ;(t))(n,j)er- By direct computation, (4.42) and (4.48),

a;j
d —2aup, 4 — —2ap it — d _ -
= (€72 g (0)) = e 2nstar (1) (dtan,j —an,jan,j)

=e—“mm(|a;,j|(||a|%{+ 3 |bn,k|2+t—4))
(n,k)elo

Integrating on [t, T),] for all t € [T}, T;,] and using (4.80), we obtain
Tm
(a, (t)? < 672an‘j(Tm7t)(a;’j(Tm))2 + / e2omi(t=8) =635 < 476,
t

which implies the estimates on (a,, ;). )er in (4.79) for taking Tp large enough. O
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Last, we prove the existence of suitable parameters a,, = (azj)(n7j)€1 by contradiction, using a
topological argument.

Lemma 4.21 (Control of unstable directions). There exist an, = (ap’;) € Bpin(T,;2) such that, for
To large enough, Ti(ay,) = Ty. In particular, the solution i, with the initial data U, (T,,) given by
Lemma 4.15 satisfies (4.47).

Note that Lemma 4.21 completes the proof of Proposition 4.17.
Proof. Let
a(t) = Z (af (t))* and &= min ay,; > 0.

n?]
n,j)el
(n.j)el (rd)

We claim the following transversality property, for any t € [Tk, T;,,] where it holds a(t) = =%, we have

jt (t%(t)) < —a. (4.81)

Indeed, from (4.42) and (4.48), for any t € [T, T},] where it holds a(t) = t~%, we obtain

%a =2 Y anyla +o(||am(\am+ > 62k+f4>>

(n,g)el (n,k)eIO
=2 3 anylaf 02 +0 (08 (0F 4T 1Y)
(n,g)el
3
—2at 5+ O(t™ %) < —at.

which implies (4.81) for Tj large enough. T his transversality property is enough to justify the existence
of at least a couple am = (ay';) € Brin (T, 3) such that Ty (a.,) = To.

The proof is by contradlctlon we assume that for any a,, = (af{fj) € By (T,;2), it holds Ty <
T.(am) < Tp,. Then, a construction follows from the following discussion (see for instance more details
in [28, 31] and [85, Lemma 4.2]).

Continuity of Ty. The above transversality property (4.81) implies that the map

am € Brin(T,,,°) = Tu(am) € (To, T

is continuous and
T(an) =T, for am, € Spin(T,,?).

Construction of a retraction. We define

I: BR\I\(T )HSRIII( 3)

3
m (T*g:m)> (a5 i (T(am))) (n,j)er-

From what precedes, I is continuous. Moreover, T restricted to Spr(T},?) is the identity. The existence
of such a map is contradictory with the no retraction theorem for continuous maps from the ball to the
sphere. Therefore, the existence of a,, € By1(T,,®) have proved. Then, the uniform estimates (4.47)
is a consequence of Lemma 4.20. The proof of Lemma 4.21 is complete. Ul
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Chapter 5

Construction of excited multi-solitons for
the focusing 4D cubic wave equation

Abstract: Consider the focusing 4D cubic wave equation
dpu — Au—u® =0, on (t,z) € [0,00) x R:.

The main result states the existence in energy space H' x L? of multi-solitary waves where each
traveling wave is generated by Lorentz transform from a specific excited state, with different but
collinear Lorentz speeds. The specific excited state is deduced from the non-degenerate sign-changing
state constructed in Musso-Wei [99]. The proof is inspired by the techniques developed for the 5D
energy-critical wave equation and the nonlinear Klein-Gordon equation in a similar context by Martel-
Merle [85] and Cote-Martel [26].

The main difficulty originates from the strong interactions between solutions in the 4D case com-
pared to other dispersive and wave-type models. To overcome the difficulty, a sharp understanding of
the asymptotic behavior of the excited states involved and of the kernel of their linearized operator is
needed.
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5.1 Introduction

5.1.1 Main result

Consider the focusing 4D cubic wave equation,

Opu—Au—u® =0, (t,z)el0,00) x R,
{tt (t,z) € [0,00) (5.1)

(u, Opu) =g = (uo,u1) € H' x L2,
Recall that the Cauchy problem for equation (5.1) is locally well-posed in the energy space H' x L2

See e.g. [71] and references therein. For any H' x L? solution, the energy F and momentum P are
conserved, where

1

E(u,0u) = 3 /R4 <|Vu|2 + (Opu)? — leU4> dz, P(u,0u) = /R4 OuVudz.

Denote by X the set of non-zero stationary solutions of (5.1),
Ez{qEHl(R4)\O:—Aq—q3:O onR4}. (5.2)

For ¢ € ¥ and £ € R* with |€] < 1, let

B 1 ) AL z) .
qe(x)—q<< i 1) e + )

then u(t, z) = qe(z — £t) is a global, bounded solution of (5.1).

Standard elliptic arguments (see e.g. [58]) show that if ¢ € X, then ¢ is of class C*°. It is known by
the results developed in [3, 15, 102, 108] that up to dilation and translation, the only positive stationary
solution of (5.1) is the ground state W, where W has the explicit form

2\
W(z) = (1 + :E8> on R%.
Functions ¢ € ¥ with ¢ # W (up to sign, dilation and translation) are called excited states. The
existence of excited states that are nonradial, sign-changing and with arbitrary large energy was first
proved by Ding [12] using variational arguments. Later, more explicit constructions of sign-changing so-
lutions have been obtained by del Pino-Musso-Pacard-Pistoia [36]. More specifically, they constructed
solutions with a centered soliton crowned by negative spikes (rescaled solitons) at the vertices of a
regular polygon of radius 1. Then, following a similar general strategy in [36], they constructed in |37]
sign changing, non radial solutions to the Yamabe-type equation on the sphere S¢ (d > 4) whose energy
is concentrated along special submanifolds of S%.
For any ¢ € ¥, we denote the linearized operator around ¢ by

Ly=—-A— 3¢°.

Set .
Zq = {feHl such that L’qf:O},

and
2, = Span{q +2- Vg (2i0r;q — 7j00,9),1 <0 < j <4

Ou,q; —21:q + |2[20p,q — 274(x - Vg),1 < i < 4}.
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The function space gq C Z, is the null space of £, that is generated by a family of explicit trans-
formations (see [48, Lemma 3.8] and §5.2.1). Following Duyckaerts-Kenig-Merle [48], we call ¢ € ¥ a
non-degenerate state if Z, = gq. The first nontrivial example of non-degenerate sign-changing state
was obtained in Musso-Wei [99] who proved that the sign-changing states constructed in [36] are non-
degenerate. Later, following a similar strategy, Medina-Musso-Wei [91] constructed a non-degenerate

state with maximal rank, i.e. dimZ, = 15.

The main goal of this article is to construct multi-solitons of (5.1) based on a specific non-degenerate
excited state.

Theorem 5.1 (Existence of excited multi-solitons). There exists a non-degenerate excited state () € ¥
such that the following is true. Let N > 2 and e1 be the first vector of the canonical basis of R:. For
n=1,...,N, let 7, = +1 and £, € R* be such that

b, =Vther with —1</l1 </fly<---<ly<l1.

Then, there exist Ty > 0 and a solution @ = (u, dyu) of (5.1) on [Ty, +00) in the energy space H' x L?
such that

N
Jim () =Y Qe (= &at)| =0,
n=1 H1
. (5.3)
Jim | dpu(t) + ; TnlnOz, Qe (- — £nt) . =0.

Remark 5.2. The specific non-degenerate state  involved in Theorem 5.1 is obtained from the non-
degenerate sign-changing state constructed in [36, 99]. Indeed, by rotation, translation and Kelvin
transformation on a non-degenerate sign-changing state, we obtain a non-degenerate excited state that
decays fast enough at least along e; (see more details in §5.2.1). The interaction of two such traveling
waves with different speeds along ey, is formally of order ¢t~ for large time. This rate allows us to
close the energy estimates (see more details in §5.4.1 and §5.4.2). However, the slow algebraic decay of
the linearized operator’s kernel leads to another technical difficulty. To overcome it, we need to refine
the energy estimates (see more details in §5.3.2 and §5.4.2).

Remark 5.3. The Theorem 5.1 is also true for the more general case where each traveling wave is
based on non-degenerate ¢ with the same asymptotic behavior as @ (see Lemma 5.6 and Lemma 5.7).
In particular, we do not need each traveling wave to be based on the same non-degenerate state.

Remark 5.4. Following [85, §1.2], we conjecture that in the 4D case, there exists no multi-soliton
based on ground state W in the sence of Theorem 5.1, for any N > 2. Heuristically, from W (x) ~ |z|~2
as |z| — oo, the interaction between two solitons of different speeds is t 2. Following the modulation
and energy method, we find these interactions are too strong and formally that can create diverging
terms of the geometric parameters. However, such nonexistence result is open problem for any space
dimension d > 3.

Historically, the existence of multi-soliton solutions for non-integrable cases was first studied by
Merle [92] for the L? critical nonlinear Schrodinger equation (NLS) and Martel [83] for the subcritical
and critical generalized Korteweg-de Vries equations (gKdV). Later, the strategy of these works was
extended to other dispersive or wave-type models (see [5, 28, 31, 84, 96, 111, 112]). In particular,
the present work is inspired by the proof of the existence of multi-soliton solutions for the nonlinear
Klein-Gordon and 5D energy-critical wave equations in [26, 85]. Technically, such constructions of
multi-solitons of the energy-critical wave equation are more challenging than for other dispersive and
wave-type models, because of the weak algebraic decay of solitons.

To our knowledge, this article proves the first statement of the existence of multi-soliton solutions
for the 4D energy-critical wave equation. The construction of such solutions for the energy-critical
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wave equation is especially motivated by the soliton resolution conjecture, fully solved in the 3D radial
case by Duyckaerts-Kenig-Merle [46], and for a subsequence of time in 3, 4 and 5D by Duyckaerts-Jia-
Kenig-Merle [13]. Recently, the conjecture in the 4D radial case is proved by Duyckaerts-Kenig-Martel-
Merle [44]. Indeed, the existence of such multi-solitons complements the statements in [43] by exhibiting
examples of solutions containing N solitons at t — 400 for any NV > 2. In the same direction, recall
that for the 6D energy-critical wave equation, Jendrej [67] proved the existence of radial two-bubble
solutions. Later, for the 5D energy-critical wave equation, Jendrej-Martel [69] proved the existence of
N-bubble solutions for any N > 2. For the 3 and 5D cases, Krieger-Nakanishi-Schlag [75] constructed
a center-stable manifold of the ground state. Recall also that, for the 4D case, Hillairet-Raphaél [62]
proved the existence of type-1I finite time blow-up solutions containing single soliton.

We refer to [38, 39, 40] for results of the existence of type-1I blow up solutions containing single
or multi-bubble of the energy-critical heat equation. Particularly related to the present article, the
blow up profile in [40] is the non-degenerate sign-changing state constructed in |36, 99| rather than the
ground state W.

The article is organized as follows. Section 5.2 introduces the technical tools involved in the choice
of specific excited state @): the spectral theory of the linearized operator, the asymptotic behavior of
@ and of the kernel of its linearized operator. Section 5.3 introduces the technical tools involved in a
dynamical approach to the N-soliton problem for (5.1): estimates of the nonlinear interactions between
solitons, decomposition by modulation and parameter estimates. Finally, Theorem 5.1 is proved in
Section 5.4 by energy estimates and a suitable compactness argument.

5.1.2 Notation

We fix a smooth, even function £ : R — R satisfying:
E=1on0,1], £€=0on[2,00), and & <0<E<1on[0,00). (5.4)

For future reference, we state the first-order Taylor expansion involving C* function. Let f: R* - R
be a C'*° function,

4
f@) = £(0) + 3 0, f(0)z; + O(J2f) for all || < 1. (5.5)
=1

Recall that for two C™ functions fi, fo : R* = R, Leibniz’s formula writes:

03 (frf2) = > CE@21)(07f2), forall o € N*, (5.6)

B+y=a

We denote
(F)ie = [ f@aladde, (fo)y = [ Vi@ Volado

For

» 1 . (&%

=(h) (%)
denote

—

(fj ﬁ)LQ = 121:2 (fer9) 2> IIf]

When z7 is seen as the specific coordinate, denote

5= LAl + 12017

4
T = (v9,73,74), V = (04y,005,0z,) and A= Z@gl

=2
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For any —1 </ < 1and f:R*— R, set

fo(x) = f(ze) where 1z, = (\/%i) :

We set the €);; are the angular derivatives that are
Q; = xiazj — 10, forl<i<j<4.
We also set
A=Id+z-V and ;= —21‘i+|az|2812. —2x;x-V fori=1,..., 4.
Note that, for g € X,

Z, = Span {AQ;a:ci‘L g, 1 <i<4Q5q,1<i<j< 4} .

1
Denote (z) = (1 + |#|?)2 for 2 € R*. For some 0 < v < 1 to be fixed, set
C(z) = (z)™7 on RL (5.7)

For J € Nt and r > 0, we denote by Bgs(r) (respectively, Sps(r)) be the ball (respectively, the
sphere) of R/ of center 0 and of radius 7.
Recall the Sobolev and Hardy inequalities in dimension 4, for any f € H',

[flcaway S IV FllL2 ey, (5.8)

T < e, (5.9)
|| L2(R4)

5.2 Preliminaries

5.2.1 Transforms and Asymptotic behavior
Following 48], we first recall that ¥ is invariant under the following four transformations:
(i) translation: If ¢ € ¥ then g(z + z¢) € X for all 7y € R%;
(i) dilation: If ¢ € ¥ then A\g(Az) € ¥ for all A € (0, 0);
(iii) orthogonal transformation: If ¢ € ¥ then ¢ (Oz) € X for all O € Oa.

(iv) Kelvin transformation: If ¢ € ¥ then Kq € ¥ where Kq(z) = ﬁq (ﬁ)

We denote by M the group of isometries of H! generated by the preceding transformations. From [48,
Section 3], it is known M defines a 15-parameter family of transformations in a neighborhood of the
identity.

For 0 = (Qij)1<i<jg4 € RG, set

[ee] An
AG_ |:azej:| 3 RG_GAG :Zia
P11i<y<4 o n!
where a?, = 0, afj:&j iti <y, afl— ;5 if 1 < j
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For A = (A, 2,&,0) € (0,00) x R*xR* x RS, we introduce the following explicit formula of transform
T4 €M,

-2 ARy (x — z|x|?)

d (5 T 120z 2) + 2P

) for f e H'.

Recall that for all ¢ € X, gq is generated by taking partial derivatives of T4(g) with respect to
A= (\z2¢,0) at A= (1,0,0,0). Also, following [48, Page 734|, we see that if ¢ is non-degenerate
then 7T ¢ is also non-degenerate for any 7 € M, i.e. it Z, = qu then Z7, = A%Tq for any T € M.

We first recall the following existence result proved in [99].

Theorem 5.5 (|99]). There ezists g € ¥ which is a non-degenerate sign-changing state.

The non-degenerate sign-changing state ¢ plays a crucial role in our proof. Indeed, the specific
non-degenerate excited state () mentioned in Theorem 5.1 is constructed by ¢ via rotation, translation,
and Kelvin transformation. More precisely:

Lemma 5.6. There exists non-degenerate excited state Q) € X such that the following estimates hold.
(1) Asymptotic behavior of Q. For all |x| > 1,

1

T4
(ii) Bound of 09Q. For all a € N4,
102Q(2)| < ()~ G+ op R (5.11)

Proof. Let q € ¥ be the non-degenerate sign-changing state in Theorem 5.5. Without loss of generality,
we assume ¢(0) > 0. Set

r =sup{R > 0;¢(z) > 0 holds on Brs«(R)}.

Since q is sign-changing state, we know that r > 0 is well-defined finite, and there exists zo € Sga(r)
such that g(z¢) = 0. Moreover, by the Hopf’s Lemma (see for instance [58, Lemma 3.4]), we have
Vq(zo) # 0. Considering translation x — x + xo, dilation and rotating for ¢, we construct a non-
degenerate excited state ¢ € ¥ satisfying

G(0) = 05,G(0) = 02,4(0) = 04,G(0) =0 and 0,,q(0) = 1. (5.12)
Next, we consider the Kelvin transform K to ¢ and denote it by @Q, i.e.

X

Qz) = (Kq) (z) = wl|2<j <|5U|2> for x # 0.
Following |18, Section 3|, we know that @ is also a non-degenerate state, i.e.
~AQ-Q*=0 withQ e C®, and Zg=Zg.
Moreover, from [48, Lemma 3.8] and K2 = Id, we have, fori = 1,...,4,
5:0(0) = (K 0,0 (0) = 15 ((0n) (55 ) v 0. (5.13
Now we start to prove @ satisfying (i) and (ii).
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Proof of (i). Applied the Taylor expansion (5.5) of ¢ at = 0 and then using (5.12), we have

4
1(0) + Y 90,G(0)zi + O(|2*) = 24 + O(|z*) ¥ |af < 1.

Replace =z with # in the above identity,

{ x Ty 1
— ) =—4+0 | — A 1.
q<\w|2> FEA (W) >

Therefore, from the definition of Kelvin transform in §5.2.1, we have

1 - x X4 1
=g E )= ro(—) Vi>1
Q=) |x2q<|x\2> ot " <|x|4> = > 1,
which means (5.10).

Proof of (ii). On the one hand, from (5.14), we know that

1
() 5 2 0 () s 7 vt

Then, from ¢ € C*° and chain rule, for any i = 1,...,4 and |z| > 1, we have
x 1 T x;
e —5 || = Or,0) [ 5 ) ) O | =5 )| S (2) 72
i ()| §<( s () ) o (158) 5 @

Using a similar argument as above for all ¥ € N* and combining with (5.15),

g <| |2>' < ()" v ) > 1.

On the other hand, by direct computation and chain rule,

o <| 1|2>’ < (z)”CHB) v g e N* and |z| > 1.

Based on (5.16), (5.17) and Leibniz’s formula (5.6), for any o € N* and |z| > 1,

- 2 ot (#(5)) (% ()

Bt+y=a

=y o( )=+ ()~ (2+\6|)) :o<<x>—<3+\al>),

Bty=a

Combining above estimates with Q € C*°, we complete the proof of (ii).

(5.14)

(5.15)

(5.16)

(5.17)

O

Next, we introduce the following sharp understanding of the kernel of linearized operator around

Q.

Lemma 5.7 (Asymptotic behavior of kernel functions). There exist K € N* and linear independent

C™ functions ¥, ¢1,...,¢x € H' such that
ZVQ = Span{¢, ¢1,...,0K}.

Moreover, we have

Wx)— 2| 2] S )P Vx| =1

(@)oY (x |+Z|5“¢k (z)~C+) v o e N, z e R
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Remark 5.8. Indeed, whatever is the decay on @), its kernel contains the function v which has the
slow algebraic decay |z|~2. This is the main difficulty in our proof. Similar difficulty in [62] is due to
the function AW where W € X is the ground state. In [78], for the wave maps, such similar difficulty
is due to AQ where () is the harmonic map.

Proof. We choose 1 = 24Q and {¢1,...,PK} to be a basis of the function space
Span{AQa Q1<i<49,0,1<i<j<400,1 \3}.
Note that, from the definition of ¥ and {¢1,..., ¢k}, we have

ZVQ :Span{q/)aQSla"'?d)K}‘

It remains to show that the C*° functions {¢, ¢1, ..., ¢x} satisfy (5.18) and (5.19).
First, from (ii) of Lemma 5.6, for any kernel function

¢ € Span {AQ; 9,,Q,1 < i < 4,9;;Q,1 <i < j <4},

a € N* and 2 € R?*, we have

4
056(2)] S 100Q(@)] + () Y 1050,,Q(x)| S (x)~ B, (5.20)
=1
Second, we claim
24Q(@) = [o 2| S lal ™ ¥ lal > 1, (5.21)
and for any o € N4,
3
Z 820,Q(x ] ()L ag@g(x)] < (z)~BFlaD  on R, (5.22)

Applied the Taylor expansion (5.5) for 0;,¢ at x = 0 and using (5.12), we have, fori =1,...,4,

~ x
Moreover, for i = 1,...,4 and any v € N*, we have
a; <(8mzq~) <‘5’2>>‘ 5 <x>_(1+|7|)+5i4 v |.7}‘ > 1. (5.24)

Recall that, for e =1,...,4,

.00 = 1 (000 (52)) vlel > 1

Based on above identity and (5.23),
0Q(z) =22+ 0 (J2[%) V|2 > 1,

which means (5.21). Then, using (5.24) and Leibniz’s formula (5.6), for any o € N*, || > 1 and

i=1,...,4,
) - ¥ et () o ()

B+y=a
O ((a)=CH1BD () =(N+6ia ) — O ((z)=(B+a)+ia)
T - ) =0 (i)

Based on above estimates and Q € C°°, we obtain (5.22). Note that, the C* functions {¢, ¢1,...,dx}
satisfying (5.18) and (5.19) is consequence of (5.20), (5.21) and (5.22).
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5.2.2 Spectral theory

In this section, we introduce the spectral properties of the linearized operator around ) and Q. For
—1 < £ < 1, we define B
L=-A-3Q* L,=-(1-02 —A-30Q;

Lemma 5.9 (Spectral properties of £). (i) Spectrum. The self-adjoint operator L has essential spec-
trum [0,00), a finite number J > 1 of negative eigenvalues (counted with multiplicity), and its kernel is
Zqg. Let (Yj)j:1 g be an L? orthogonal family of eigenvectors of L corresponding to the eigenvalues

(=A2)j=t,, e for g gl =1,....J,

(Y;,Y5) 67 and LY;=-XY; X\ >0.

2= J

It holds, for all j =1,...,J and o € N*,
109Y;(z)| S el on R (5.25)
(ii) Cancellation. We have

(fifofs, Q)2 =0 for all fi, fo, f3 € Zo. (5.26)

Proof. Proof of (i). The spectral properties of £ are consequence of [48, Claim 3.5] and [34, Theorem
5.8.1]. The exponential decay of eigenfunctions Y; follows from standard elliptic arguments, see [I,
Theorem 3.2].

Proof of (ii). The cancellation properties (5.26) follows from taking twice partial derivatives of the
identity —74Q — (T4Q)? = 0 with respect to A = (A, 2,&,0) at A = (1,0,0,0). See details in the proof
of [112, Lemma 2.1 (iii)]. O

(A -3QF 0y, _ (0 1
H”‘( 00y, ) 7= 0 )

Similarly, for £k =,1..., K,

(i) 0 =)

For —1 < /£ < 1, let

and for j =1,...,J,

T
Yo =Yj(z), T;‘%ﬁ = Zé,z ) Zji,é = Hﬂji,ev
57
where
+.1 jFLij +2 /\j $[7L2m1
Yoo =Yjee V122, T30 =-— (zaij,g Tioe Yﬂ) YT
We recall the following spectral properties of H,.
Lemma 5.10. Let -1 < £ < 1.
(i) Decay properties of T;Elzl and T;Ef. We have, on R, for j=1,...,J,
1
Lo R pors P ) (5.27)
(ii) Kernel of Hy. We have
KerH, = Span (W, Gres---s ¢K75> . (5.28)
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(iii) Identities of Z_ﬁ and 17?; Forj=1,...,J, we have
ZE, = F(1 - )2 075, (5.29)

J

(iv) Coercivity of Hy. There exists ¢ > 0 such that, for all T € H' x L?,

(Mo, 0) g2 = |3 - | S (5,55)H+ 3 (a, z“j.;) . (5.30)

¢€§Q +,j=1

Proof. Proof of (i). We prove (i) for T;.tél; the estimate for T;Ef are proved similarly. From the
exponential decay property of Y; in (5.25) and the definition of T;.tt}l,

2 3
| (Tt ) = gl
41 1—¢ 1—¢2 4
‘Tjé ‘ <e on R*.

)

By an elementary computation, we have

1 2
l’% +|i“2 ? o ‘€| |l‘1|
1—¢2 V-2

1
1402 T 2 2
L S Ll ( L P

12 VI—2 \1-¢2
1—[¢])? _ 1
> L0 v - i > S0 - 1,

which implies (5.27) for T;%él.

Proof of (ii) and (iii). The proof of the identities directly follows from an elementary computation
(see e.g. [112, Lemma 2.4 (i)] and [85, Claim 1 (ii)]) and we omit it.

Proof of (iv). The proof of the coercivity property relies on an argument based on the spectral
theory of £ and compactness argument (see e.g. [27] and [112, Proposition 2.3|), and we omit it. [

Third, we introduce the following localized coercivity property of H,. The proof is similar to [85,
Lemma 2.2 (ii)], but it is given for the sake of completeness and the readers’ convenience.

Lemma 5.11 (Localized coercivity of Hy). For v > 0 small enough in (5.7), there exists p > 0 such
that for any ¥ = (v,z) € H' x L2,

/ (IVol*¢? — 3Q7v* + 22C* + 2(0y,v)2¢?) da
R4

) J 9 (5.31)
> u/4 (IVol?+22) e =t | 3 (0.60), + Y (9.2)
® ocZ, +j=1
Proof. First, we apply (5.30) on 0¢ = (v(, 2¢) € H' x L2,
_. = 12 1 L. 2 J . =y 2
(HA(50), 5) 2 > il — <= | 2 (56.0), + D (96.25) |- (5.32)
¢€§Q +,7=1
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Note that, from the definition of H; and integration by parts,

(Ho(0€),0C) 2 = / (IVo|*¢? — 3Q7v* + 2°C* + 2(05,v)2¢?) dz

(5.33)

/ VvECACdT + 20 / v2(0,,(dx + 3 / Qv (1 — ¢?)dz.
R4

Note also that, from the definition of ¢ in (5.7),

¢
(1+[z*)>

O, € = ¢ and A¢=-—v(2-7)|z[*+4)

71+\ 2

Therefore, by the Hardy inequality (5.9), we have
v()?
[ eacas| 5o [ V9 <l
R4 R

1 (z)?
/ v2(0y, (dx
R4

LS
Then, by the decay property of @ in Lemma 5.6 and the Hardy inequality (5.9),

R | ()
v 2
SIQHa 1= 1+ ) e [ O

C(y)lv¢l%,  where C(y) = 0 as v — 0.

<y |2¢|de < Y||5¢)1%,.

dx dx

Combining above three estimates, for v > 0 small enough, we have

C

< < [15¢3,- (5.34)

‘ /R4 2(A§dx+2£/ sz8$1Cdx+3/ Qv (1 — ¢*)dx| < 5

Using similar arguments to [|5¢]|3,, (3¢, czﬁg)H and (U¢, Z )LQ, we have

/ (IVof? + 22)¢da < 2C|,
(5.35)

(TC, $0)3 + (5, Z57)72 < 25,605 + 20, Z )7 + — Hm\%,

for v small enough. Combining (5.32), (5.33), (5.34) and (5.35), we obtain (5.31). O

5.3 Dynamics close to the sum of N solitons

Let @ be the non-degenerate state chosen in Lemma 5.6 and N > 2. Foranyn=1,..., N, let 7, = 1
and £, = l,e; where —1 < ¢,, < 1 and ¢,, # ¢, for any n # n’. Denote by I and I° the following two
sets of indices,
I—{( j):nzl,...,N,jzl,...,J}, |I| = Cardl = N J,
1°={(n ~.,K}, |I°| = CardI’ = NK.

3
I
—
=
ol
|
—

Define

Qn(t,a;) = TnQZn (.T - ent)’ Qn - < _Eng;l Qn > .

Similarly, we set, . .
U, (t, ) =g, (x — Lut), Wu(t,x) = by, (v — Lnt),
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for (n,k) € 1Y, B
Pk (t, @) = G, (T — Lnt), Pui(t,x) = drp,(x — Lnt),
and for (n,j) € I,
ZE (ta) = 75, (x — Lat) = FA(1 - 2)2ITE, (2 Lat).
Consider time dependent C! functions a and b of the forms,
a = (an)n=1,..n ERY, b= (bni)mper € RN with |a| + |b] < 1.

We introduce
N N
R= Z Qn, U= Z anVy, V= Z bn,kq)n,kv
n=1 n=1 (n,k)el®

and nonlinear interactions term

N N
G=R+U+V)’ =3 Q=3D anQi¥n—3 Y burQr®us. (5.36)
n=1 n=1 (n,k)el®

5.3.1 Nonlinear interactions

In this section, we introduce the estimates on the nonlinear interaction terms. In particular, due to
sufficient decay along with the direction e, the order of the main term of interactions is =% (see
Lemma 5.15).

First, we expand G of the components of the R, U and V by an elementary computation.

Lemma 5.12. We have

N 4
G=G1+G2+Gs3 :G1+ZG27”+ZG&“ (5.37)
n=1 =1
where
Gl - 3 Z Q%Qn/ + 6 Z inQnQQn37
n#n’ ni<nz<ng
K 2
Ga.n = 3Qn <an\Iln +) bmk@n,k) forn=1,...,N,
k=1
and

K 2
GS,I =3 Z Qn <an’\1/n’ + Z bn',kq)n’,k) ’
k=1

n#n’
Gso=(U+V)}=U+V3 4+ 3U%V +3UV?,

K
G3,3 =3 Z Q?L <an’\1’n’ + Z bn’,k;(l)n’,k> +3 Z QnQn’(U + V)?
n#n’ k=1 n#n’

K K
G374 =3R Z <an\11n + Z bn,kq)n,k> <an/\I/n/ + Z bn’,k’q)n/,k’> .

n#n/ k=1 k'=1

Remark 5.13. Note that (G; is a pure interaction term and (3 is a combination of the interaction
terms and cubic terms, while G2 is a pure non-interaction quadratic term and each component Go
satisfies the traveling equation 0;,Gs ), =~ —¢,,0,, G2, at the main order.
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Proof. First, we decompose

N
G=U+V)>+ <R3 - ZQE;) +3R(U +V)?

n=1

+3(R2 U+V)— ZanQ v, Z bkai@mk).

(n,k)eIO
For the first two terms, by an elementary computation,
(U+V)? =U3+V343U% 4 3UV?,
ZQ?’ =3 QQuw+6 > QuQnyQn,
nen’ ny<na<ng
For the third term, by the definition of U and V', we decompose

N

K 2
U+V)P=)_ (anwn + Z bn,kcbn,k)

n=1

K
+ Z (an\y + an kPn k) (an’\lln’ + Z bn’,k’q)n’,k’>-

n#n’ k'=1

Therefore,
N K 2
2
+3 Z Qn<an/w '+Zb P k>

n#n’

K
+ 3R Z (CLn n+ Z by, k(I)n k> <an/\lln/ + Z bn’,k:’q)n’,k’) .

n#n' k'=1
For the last term, we have
N
RU+V)=Y QaU+V)+ Y QuQu(U+V).
n=1 n#n’
Thus, from the definition of U and V,

<R2 U+ V ZanQ2 Z bn,inq)n,k)

(n,k)el®

—32@ <an/‘lf /+Zb 1, /k>+3ZQnQn (U+V).

Combining the above identities, we obtain the decomposition (5.37).

Second, we introduce a technical lemma for future reference.
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Lemma 5.14. Let f1 and fs be continuous functions such that
[fi@)] + |f2(2)] S (2)7% on R (5.38)

Define
fm(tvm):fl (x_emt)a fm(tvm):fQ (x_emt)'

Let 0 < a1 < ag be such that ay + as > 2. There exists Ty > 1 such that, for all ny,mo =1,..., N
with ny # no and t > Ty, the following hold.

(i) If ae > 2,
Ll il e S 75 (5.39)

(i) If ap <2,
L il e 2, (5.40)

(iii) If as = 2,
1 il de 75 gt (5.41)

Proof. For k =1,2, set
rp=a—4Ln,t and Qp (t,z)={z € RY: e <1071 £, — £, t}.

Let Tp > 1 large enough. For ¢t > Tp, from the decay property of fi in (5.38),

| fo, (8, 2)| < (r) "2 <872, for x € QF (t,2), (5.42)

oot @) S (re) 2 S 72 for z € QF, (t, ), (5.43)

a8, 2)] S (r1) 2 S ((ra) +8)72, for 2 € Quy(t, 2), (5.44)

| frn (8, 2)] S (r2) 2 < ((r) +8)72,  for z € Qp, (, x). (5.45)
Proof of (i). Case 0 < ay <2 < ay. From (5.42),

I e BT B
Q Q

nq ni

Next, by (5.38), (5.45) and change of variable,

/ hWWMWMS/ (r) 7 (1) +1) 7 da

nq ni

—2a1 T —2as T
S [ @7 (@) 0

< prAataz))gep < 200

Combining the above estimates, we obtain (5.39).
Case 2 < a1 < ap. By (5.42) and (5.45), we have

L italde st [ g e s 0
Qo c

ny n1

[ tmtesttedr s [ fppde g e g e,
Q

ny Q”1
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which implies (5.39).
Proof of (ii). First, by (5.38), (5.44) and (5.45), as before,

/ |fn1‘al|fn2|a2d$+/ | fra || fp | %2 de

1 Q'Q

S / ((@) 72 () +1)772 4+ (2) 722 ((2) + 1) 72) dw S ¢4 2ento2),
R4

Next, by the Holder inequality, we have

a2

S oy
aqtag o1 tas
‘fn1|a1|f”2|a2dx S/ |fn1‘a1+a2d$ |fn2|a1+a2d$
(in Uan )C (9]¢ OcC

ni n2

~

< / <x>72(a1+a2)dm 5 t472(a1+a2).
|x\>%|ﬂn1 —Lny |t

Combining the above estimates, we obtain (5.40).
Proof of (iii). Using (5.38), (5.44) and (5.45) again,

/ ‘fn1|a1’fn2‘2dx+/ ‘fn1|a1’fn2‘2d$

1 Q 2

5/ ({2) 721 ((2) + )7 + (@) T ((2) + )7%4) de S 7> logt.
R‘l

Using a similar argument as in the proof of (ii), we have

/ o ‘fn1|a1|fn2\2dx < / 1 <$>_2(a1+2)dx < ;201
(QnyUny) 2] 2 €y —Lny |t

Combining the above estimates, we obtain (5.41).

Now, we prove the following estimates on the nonlinear interaction terms.
Lemma 5.15. There exists Ty > 1, such that the following estimates hold for t > Ty.

(i) Estimate on Gy. We have
1G] St

(ii) Estimate on Ga. We have
1G22 < lal* + [b]*.

(iii) Estimate on G3. We have
IGsl 2 < lal* + [B]” + ¢~

(iv) Estimate on G. We have
G2 < lal® + [B] + 7%

(5.46)

(5.47)

(5.48)

(5.49)

Remark 5.16. As mentioned in Remark 5.13, G2 has a slow decay different from Gy and G3. This
leads us to introduce an additional technical quantity G in the refined energy functional later (see
also Remark 5.25). Since the algebraic decay of ¢ and ¢y are different in Lemma 5.7, the decay of
interaction terms related to a and b are different, which implies the power of a and b are different

in (5.48).
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Proof. Proof of (i). Let t > Ty > 1. We prove the following estimate,

> Q2@ St (5.50)
n#n’

Note that (5.46) is a consequence of (5.50) and the AM-GM inequality.
First, for any n # n’, we consider change of variable

l’l—ﬁnt _ _ 4
T tnl ) s (i, ) € R
(M > 1,9)

/]R4 Qi@%/dx = Hi + HQ,

It follows that

where
P2\ — (f, —
1—52%/ Q*(z1,7)Q? 1= t)2m = (b E”)t,f da,dz,
R3JI, _gi,
1—2)sgy — (b — 4y,
1-@25/ Q*(z1,7)Q? (1= )2 = (b wt,z dz,dz,
R3 I2 1_6721/
and

1
I = {xl eR:(1 —E%)%\xﬂ > §]€n —én/|t},
21 1
Iy =<z1€R: (1—£n)2‘$1’ < 5’&1—%“ .
Estimate on Hy. First, from (5.11), for any = = (z1,%) € I; x R3,

1Q(z1,2)| S (t+ |z)) 2 <73

Based on above estimate and @ € L?, we have

1— 222y — (by — L)t -
H151Q||§w(llxR3)Alez (1—£6)2a —( ) deydz < 22
1

V11—,

Estimate on Hy. Note that, for any z1 € I,

(1—2)2m,

2\ — (f, —
(1= 02)z2zy — (b — L)t . :
(1-12)2

(1 —f,%,)%

(b — )t

w — 4y |t
(1-2) |

21— 2)3

By (5.10), for any x = (x1,Z) € I x R?, we have

0 (1 B)a — (b )t _\| . _ 2l

—4 —4
) €2 NW"‘t SJt (‘I|+1)
n/

Based on above estimate and (5.11),
H; < t‘s/ /<x>—12(|x\2 + 1)dzdz < t78.
rR3 JR
Combining the estimates on H; and Ha, we obtain (5.50).
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Proof of (ii). First, from (5.11) and (5.19), we know that

K
QY” + ) |Qlé} € L.

k=1

Next, from the AM-GM inequality,

2| ®,, 12

N
|G2|§Z|an|2’Qn||\I’n|2+ Z |Qnlbn,k
n=1

(n,k)el
It follows that,
N K
1G2llz2 S <Zai + oy bi,k) (IICM)QHL2 +> ||Q¢i||L2> < lal? + b
n=1 (n.k)EI0 k=1
Proof of (iii). Step 1. Estimate on G3 ;. We claim
G312 S laf® + [Bf* + ¢ (5.51)
From the AM-GM inequality,
K
Gl 30 1Qul (a2 0+ o0 ).
n#n' k=1

Note that, by (5.11), (5.19), (5.39) and the Young’s inequality,

ST a2 02Qul 2 < lalt™? < af® + 74,
n#n'

K
3 ST @2 Qe S B S B
n#n' k=1

Combining above estimates, we find (5.51).
Step 2. Estimate on G32. We claim

G2l < lal® + [bF. (5.52)
First, from (5.20), we know that
K
¥+ 1okl € L.
k=1

Note that, from the AM-GM inequality,

N
SIWP+IVE S anlPlWalP + Y bl @n sl
n=1 (n,k)el®

|G'3.2

It follows that,

G52

K
|2 < (lal + [b]*) <||w||%e +> ||<l>k||?ie> < laf’ + b,

k=1
which means (5.52).
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Step 3. Estimate on G33. We claim
1Gs3l2 S laf? + [b|* + ¢ (5.53)

First, using the AM-GM inequality again,

’G3,3 S Z ‘an’Qi\Pn" + Z ‘anQnQn’\pn‘
n#n’ n#n’
K K
AN bk @iPrkl + DD [bn kQun QP
k=1 n#n' k=1 n#n/

Second, using (5.11), (5.19), (5.39) and the Young’s inequality again,

Z ||an’Q3L\I’n’HL2 + Z an@n@n¥nllr2 S ]a|(t_2 + t_g) S |a’2 +17,
n#n’ n#n’

K K
SN bk @iPrrnlize + D) 100k QnQu Prkllre S 10l < [b|* + 7%

k=1 n#n’ k=1 n#n'
Combining above estimates, we obtain (5.53).

Step 4. Estimate on G3 4. We claim

IG3allz2 < laf* + [b* + 7% (5.54)

By the AM-GM inequality and the definition of R,

K
Gsal £ 3 1Qul (w n zbzfﬂzl,k)
k=1

n#n’
K
1 SUICHTAI CHTRES SR
n#n/ k=1
K K
+ 2 Sl Qul sl Ja 1] + 3 sl ):
n#n' k=1 k=1

Arguing as in the Step 2 and Step 3, using (5.11), (5.19), (5.39) and the Young’s inequality, we
obtain (5.54).

We see that (5.48) follows from (5.51), (5.52), (5.53) and (5.54).

Proof of (iv). Estimate (5.49) is a consequence of (5.46), (5.47) and (5.48). O

5.3.2 Decomposition of the solution around multi-solitary wave

In this section, we recall general results on solutions of (5.1) that are close to sum of N > 2 decoupled
solitary waves.
First, we recall a decomposition result for solutions of (5.1).

Proposition 5.17. There exist To > 1 and 0 < v < 1 such that if @(t) = (u(t), Ou(t)) is a solution
of (5.1) on [Th,T5], where 1 < Ty < Ty < T < 00, such that

N
sup [|i(t) = > @n(t)]l <70, (5.55)
n=1

te[Th,Tz]
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then there exist C! functions a = (ay,...,an) and b = (bnk) (n,k)ero such that, & being defined by

N N
G = < 1 > =0-Y Gn—Y a¥n— > buiBug, (5.56)

n=1 n=1 (n,k)el®

1t satisfies
181l + lal + [b] < 70,

and ( ) ) 0
G, ) =0, V(n k)el
(2. @n): —0, Yn=1,..,N (5.57)

Proof. The proof of the decomposition proposition relies on a standard argument based on Lemma 5.7,
(ii) and (iii) of Lemma 5.14 and the invertibility of Gram matrix (see e.g. [26, Lemma 3| and [112,
Proposition 3.4]), and we omit it. O

Set
Mod; = Mod; 1 + Mod; 2,

Modsy = Moda 1 + Moda o,

where
N N
MOdl,l = Z an\I’ny M0d271 = - Z angnaxl \Ijnn
n=1 n=1
MOdl,Q = Z i)n,kq)n,kv M0d2,2 = - Z bn,k€n8x1 (I)n,k~
(n,k)eI? (n,k)eI0

We deduce the equation of ¢ from (5.1) and (5.56).

—
.

Lemma 5.18 (Equation of )

815801 = Y2 — M0d17
Orp2 = Ap1+ (R+ U +V +¢1)° = (R+U +V)? — Mods + G.

The function @ satisfies
(5.58)

Proof. First, from the definition of @,, ¥, and ®,, 1,
8th = —Enazl Qna
at(an‘:[/n) = _Enaml v, + an\Ijna
at(bn,k’q)n,k) = _gnam (I)n,k: + i)n,kq)n,k:a

forn=1,...,N and (n, k) € I. Therefore, by the definition of @ = (1, ¢2) in (5.56), we have

N N
at()Ol = 8tu - Z ath - Z at(anllln) - Z 8t(bn,kq)n,k)
n=1 n=1

(n,k)el®
N .
= P2 - Zanan - Z bn,kq)n,k-
n=1 (n,k)elo

Second, using the definition of @, ¥, and ®,, ;. again,

8t(£n8:v1 Qn) _6%831 an
Ot(an O, V) = —an 202 W, + 0l 0y, Vo,

nYx1

O (b jln Oy @ ge) = —bp 1 l202 @ 1 + by 1 0n O, i,

n“Yx1
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forn=1,...,N and (n,k) € I°. Thus, by (5.1) and the definition of Mods,

N N
Orpr = O+ > 04(ln0, Qn) + Y 0(anlnOa, Up) + > Oul(byplnOu, i)

n=1 n=1 (n,k)eI?
N N
= Au+u® — Zéiaglcgn =D anlb 2 Uy — D by pli07 O — Mods.
=1 n=1 (n,k)elo

Note that, from —(1 — ¢2)02 Q, — AQ, — Q3 = 0, —(1 — 2)02, ¥,, — AY,, — 3Q2¥,, = 0, —(1 —
02)02 @, 1 — AD,, j, — 3Q2®,, ;, = 0 and the definition of G in (5.36),

N N
Au+u =Y 002 Qu— anlid2 Uy — Y byilior @
n=1 n=1

(n,k)eIo
=Ap1+(R+U+V+¢1)’ = (R+U+ V)’ +G.

Based on the above identities, we obtain

dp2 = Ap1 + (R+U+V +¢1)> = (R+U +V)? — Mod, + G.

O
We decompose
N
(RAU+V+1)  —(R+U+V)?* =3 Q2p1 + R1 + Ry,
n=1
where
Ri =3(R+U+V)¢? + ¢,
Ry=3(U+V)Y?+2RU+V)) o143 > QnQuepr.
n#n’
Based on the above decomposition, the equation of @ in (5.58) can be rewritten as
0,3 = L& —Mod + G + Ry + Ro, (5.59)
where
> 0 1 - Mod;
= M =
= ((avoryig o) = (i )
and
= 0 = 0 = 0
i=(¢) m=(a) #-(n)
Now, we derive the control of @ and b from the orthogonality conditions (5.57).
Lemma 5.19. In the context of Proposition 5.17, we have
ja| + [b] S [|@llx + lal® + [b]* + 7+ (5.60)

Proof. From (5.59) and the orthogonality condition (
d . . .
0 4 (35), - (055) (7.
dt \* H e H BN H

:(_’@)\I_}n -

5.57), we have
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By integration by parts and the decay property of ¥ in (5.19), the first term is
(€2.0.),, (% (a+3 S e ) enamm) — (92, AW 12 = O (160).
n/=1 L2

Next, from the decay properties of ¢ and ¢ in (5.19), and Lemma 5.14 (ii) and (iii),
(Mo, %) =an (¥, Tn) + ank (B Ba), +0(£2(lal + (b))
Using (5.49), the decay property of ¢ and the Cauchy-Schwarz inequality,
(G8.), | S1GI100 Wallzs < laf? + (B2 + ¢

Then, from the expansion of Ry and Rz, and the Sobolev inequality (5.8),

[(R1,80). | < llealallon allza (leallze + 1R+ U +Viiza) S 1813

|(R20 ) | S lorllgsllOn Tallze (101 + IVIEs + QI < 1811

Last, using the Cauchy-Schwarz inequality again,

(£.008), | S (1V1llz2 + lpallz2) 100 Wallirs < 18]

Gathering the above estimates, we have

n (¥ Bn) +ank( nies )+ 0 (72(1a] + 18]))
=0 (I¢ln +t_4 +laf® + [bf) .

Proceeding similarly for all n = 1,..., N and (n,k) € I°, and then using the invertibility of Gram
matrix, we obtain (5.60). O
Fix

1
T Inll’l |ln — L] > 0. (5.61)

Forn=1,...,N, let

(gpl, \Ijngn)lﬁ

1
Oy = 27T2(1 — 6%)2, cn(t) = o Togt

(5.62)

where
— Ut
En(t,z) =€ <(at)1 (hﬁ D , forn=1,...,N. (5.63)
Forn=1,...,N, we also set

O (t,z) = {x = (21,%7) e R : 0t <

Note that, from the definition of &, and €, we have the following estimates (1x denotes the charac-
teristic function of the compact set K),

10060 (t, )| + |02, En(t, )| St 11, . (5.64)
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Note also that, from the decay property of ¢ in (5.19) and the definition of ¥,, and &,, we have the
following estimates,

1 1
1nénllre < / (@)t ) 5 / T ) Sloghe (5.65)
~ |z| <20t ~ 0 147t ~ 7
3 9 3
4 ot 3 1
el 5 ([ @) s ([T ) s (5.66)
L3 || <20t 0 1473
3 3
4 20t 3 1
1Tnlq, || 1+ < (x)"8dz | < " _ar) <t (5.67)
nllpz ~ ~ 8 ~
ot<|z|<20t ot 1473

We introduce the following technical lemma.

Lemma 5.20. Forn=1,...,N and n' # n, we have

(\Ian \I’ngn)[/? = O(l)a (5'68)
(\I/n, \I/ngn)L2 = o,logt + O(l) (5.69)

Proof. Proof of (5.68). For any n’ # n, we consider the change of variable,

Ty — gnt _ _
"z |~ (y1,9).
(m ) w9)
It follows that

|z]

(W) = (1= 0% [ vt (1) 0

(1= 2)2zy — (by — L)t i

11—, 7

From the definitions of &, o and &, respectively in (5.4), (5.61) and (5.63), for any = = (x1,%) €
Suppé((ot) 1] - |), we have

dx.
ot

(1= 8)bn — (t )] > (It — ol — 2001~ 2)}) 1 > %yen, Ot

Based on the above inequality and the decay property of ¥ in (5.19), for any = (z1,Z) € Suppé&((ot)~!|-

‘)7

— 2\ — ;-
Qb = (G =6t 2V o= 2y — (6 — )2 S 172

7$ ~
2
11— 22,

Therefore, using the decay property of ¥ again, we have

(U, ) pa] S 12 /

|z|<20t

(4

()| da < 2 / (x)2dr <1,

|z|<20t

which means (5.68).
Proof of (5.69). For n =1,..., N, we consider the change of variable again,

xl_gnt _ _
ﬁvx = (Y1, 9)-

(o) = (1= ) [ e (2]

It follows that

ot
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Using the definition of £ in (5.4) again, we decompose

|z
ot

R4¢2(ﬂf)f( >dx:H3+H4+H5+H63

where
|z

Hy = 2(z)de, Hy = 2 < >d ,
’ |:p\<1¢ (z)dz ! /<7t<|r<2at¢ (@) ot !

Ho= [ el Ho= [ () - el ) de
1<|z|<ot 1<|z|<ot

By the asymptotic and decay properties of ¢ in (5.18) and (5.19), we have

|H3|+|H4\+]H6]§/ (:c>4dx+/ <a:>4da:+/ (z) " dx
|z|<1 ot<|z|<20t 1<|z|<0ot

1 7“3 20t 7“3 ot 7‘3
< d d dr < 1.
N/o L H/Ut 1+ ”/1 T4~

Next, using the spherical coordinate transformation in dimension 4,

ot 1
Hs = 2#2/ —dr = 27%log(ot) = 2w2logt + O(1).
1 T

Combining above estimates and using the definition of o, in (5.62), we obtain (5.69).
Now, we derive a refined equation of @ from Lemma 5.19 and Lemma 5.20.
Lemma 5.21 (Refined equation of a). Forn=1,..., N, we have
@+ éal S [ @lladog™ 2t + [al® + B> + ¢

Proof. First, by (5.58) and direct computation,

d
— (1, ‘I’nfn)m = (Ogp1, ‘Ijnfn)]ﬂ + (1, ‘ljnatén)]ﬁ — L (1, énaa:lll’n)ﬂ

dt
= (@27 \Ijngn)[ﬁ - (MOdl,h \Ijngn)Lz - (M0d1,27 \Ilngn)LQ
+ (9017 \Ijnatgn)[/2 — Ay, (9017 fn&rl \I/n)Lz .

From the Cauchy-Schwarz inequality and (5.65),

N 1
(02, Un&n) 2] S 2l 2| ¥nénllr2 S [|llnlog=t.
Next, by (5.60), (5.68) and (5.69),

(Mody,1, Unén) 2 = an (T, Unn) 2 + Y dnr (U, Unn)
n'#n
= (onlogt) an + O (|@lln + laf + [b]> + 7).

Using (5.60), the Young’s inequality and the decay properties of ¥ and ¢y in (5.19),

|(Mody 2, Un&n) 2| S 1B D /(|q>n/,k|§+ywn|3)dx
(n' kyero VR

S (I +la + 108+ [ (@) 5do
< (Il + laf* +b* + 7).
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Note that, from (5.64), (5.67) and the Sobolev inequality (5.8),
(1, Undi&n) 2] St lpalle [ Wnle,ll, 4 < 1801

Then, by integration by parts,

(‘Plafnam\ljn)[,? = _( z1 P15 nfn) (‘Pl; \I’naazlfn)[ﬂ

Thus, using (5.64), (5.65), (5.67), the Sobolev inequality (5.8) and the Cauchy-Schwarz inequality
again,
’(50155718331 \Iln)L2| S ‘(axlsola \Ijnén)L2| + |(9017 Wnaﬂ?lé“)Lﬂ

— - 1
S IVl 21 Wnall 2 + el @ala, |l 4 < 1F]nlog=t.

Gathering above estimates, we have

d . 1 _
— (1, Un&n) 2| S | Bllnlog2t + |al® + b + %, (5.71)

(oplogt)ay, + g

Last, using (5.66),

. 1 d _
¢n = (onlogt) ! at (1, ¥nén)p2 — (Unt10g2t) ' (01, ¥nén) 2

1 d . _
= (oalogt) ™" 3 (P1 ¥na) 2 + O ([ Flladog ’t) . (5.72)
Dividing both sides of the inequality (5.71) by o,logt and then using (5.72), we obtain (5.70). O

Last, we consider the equation of the exponential directions.

Lemma 5.22 (Exponential directions). In the context of Proposition 5.17, for (n,j) € I, let zij =
i 1
((p, Zni,j>L2 and o j = \j(1 —£2)2 > 0. Then, we have

+ o,z ;| S I3 + lal? + b + 77 (5.73)

e

Proof. First, by (5.59), we compute

d s 7 ~ o
TR (£ ) b (*0’ Or, Z"’J'>L2
+ 37t R, 7+ od, Z*
+ (G’ Zn,j>L2 + <R1’ Z?W‘)Lz + (RQ’ Z”J)LQ a (MOCL Zn’j>L2 ‘

From (5.29) and integration by parts,

(ESB’ Zij)L? ~ b ( 8“2”73)L

() - 0) 9 Y (i),
n'#n

= :Fan,jzij +3 Z ((Plv Q’%’Tiﬂ')m )

n'#n

where

1
TE =001 = G)2T5 (- — £at).
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Note that, by Lemma 5.14 (i) and the decay property of @ and Tﬁ,l in (5.11) and (5.27),

Z ‘(@1, Qi'Tij)Lg

n’'#n

S D el @il s SISI3 + 6712
n’'#n
Next, from (5.27), (5.49) and the expression of Ry,
~ Z+
KG’ Z"’j)LQ
A
‘(Rl, Zn’j>L2

Using the decay property of @ in (5.11) and Lemma 5.14 again,

(72, 225)

S G2l 5l S lal? + (b + ¢4,

4+ —
S lenllzs (leallze + IR+ U + Vi) 175llze S 115

S leallzall Xy slize (10 + Vs + [RU + V)| 1)
+ ) lenllpall Yl e | Qe Qe s

nl¢n//

<@l (Jal + ] +¢72) S 1812 + laf® + [b]2 4 ¢76.

L2

Last, using (5.28), (5.29), change of variable and integration by parts,

- - 2 7ot

(\Ijna Zn .>L2 = (wﬁn’anTj,Zn>L2 = (H@n¢£n, Tj/n)LQ = 07
I > Rt T &

(@nJ{;g Zn,])L2 — (qbk,en,HgnT],Zn)[? — (Hén(rbk,@n? T]7€n>L2 - O'

Therefore, by (5.19), (5.27), (5.60) and the Lemma 5.14 (i),

K
<M0d7 Z*g;j)ﬂ =5 i (\yn Z@)Lz + 37 b (@n,,k,zij)m

n'#n n'#n k=1
= O ((| 8l + laf® +[b]” +t7H)t7%)
= O (|83 +lal* +[b]* +¢7%).

Gathering above estimates, we obtain (5.73). O

5.4 Proof of Theorem 5.1

In this section, we prove the existence of a solution @ = (u, dyu) of (5.1) satisfying (5.3) in Theorem 5.1.
We argue by compactness and obtain the solution 4 as the weak limit of a sequence of approximate
excited multi-solitons .

First, we recall a technical lemma which constructs well-prepared initial data at ¢t =T > 1 with
sufficient freedom related to unstable directions.

Lemma 5.23. There g:m‘sts To > 1 such that for any T > Ty the following is true. For any z =
(2n,5)(n.jyer € Brin (T~ 2), there erist

Z = (nj)njyers A= (an)n=1.N and B = (bpk)mnkero;

satisfying

N
> g+ lanl+ > ‘Bn,k‘ST_%a (5.74)
n=1

(n,j)el (n,k)eIo
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such that the function (T) = (p1(T), p2(T)) € H' x L? defined by

N
BT) = > ZnjZt (D) + Y anTn(T)+ Y bopPni(T) (5.75)
n.4) n=1

( (n,k)el®

satisfies for allm =1,... . K, (n,k) € IY and (n,j) € I,
(G T () = (). BT =0 and (BT).Z5,(T)) |, = 20,

Moreover, the initial data defined by u(T) = 227:1 Qn(T) + G(T) is modulated in the sense of Propo-
sition 5.17 with an(T) = by k(T) = 0 and z;;j(T) = 2y, for anyn = 1,...,N, (n,k) € I° and
(n,) € 1.

Proof. The proof of the technical lemma relies on a standard argument based on the Lemma 5.23 and
the invertibility of Gram matrix (see e.g. [L12, Lemma 4.1]), and we omit it. O

1
Let S, = m? for any m € N. For z,, = (2 € Bgiri(Sm?), we consider the backward solution

) (.5)
T € C ([ Tonin(m), Sp]; H' % L2) of (5.1) with the initial data @y (Sm) given by the Lemma 5.23.
Since @, (Sy,) € H? x H', by persistence of regularity (see for example [71, Remark 2.9]), we also have
Uy, € C ([ Tiin(m), Sm); H? x H1>. Such regularity will allow energy computations in §5.4.2 without

a density argument.
The following Proposition is the main part of the proof of Theorem 5.1.

Proposition 5.24 (Uniform estimates). Under the assumptions of Theorem 5.1, there exist mg € N,

_z
To > 0 and C > 0 such that the following is true. For any m > myg, there exists zy € By (Sm?) such
that the solution Uy of (5.1) with the initial data @y,(Sm) given by the Lemma 5.23 is well-defined
H' x L? on the time interval [Ty, Sy]. Moreover, the solution i, satisfies

|| (£) Z )l < Ct™2, for all t € [Ty, Sp)- (5.76)

The rest of the section is organized as follows. First, in §5.4.1-§5.4.3, we devote to the proof
of Proposition 5.24 based on the energy method. Last, in §5.4.4, we prove the Theorem 5.1 from
Proposition 5.24 by compactness argument.

5.4.1 Bootstrap setting

For 0 < t < Sy, as long as @, (t) is well-defined in H' x L? and satisfies (5.55), we decompose iy, (t)
as in Proposition 5.17. In particular, we denote by @(¢) and (an(t), bn k(t))(nk)ero the remainder term
and the parameters of the decomposition of w,, ().

The proof of Proposition 5.24 is based on the following bootstrap estimates: for Cy > 1 to be
chosen,

’a| < C(O 210g 2t7

t
13 <Cot %, HsoHH Cot 3,

> Ik D lediP <t
J)el

(n,j)el

(5.77)

(n,
_1
For any z,, € By (Sm?), set
T* =T (zm) = inf {t € [To, Sp]; U, satisfies (5.55) and (5.77) on [t, Sm]}-
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Note that, for the proof of Proposition 5.24, we just need to prove that there exist To > 1 (independent

with m) large enough and at least one choice of zm, = (27,);)(n.j)er € Bgi1/(Sm ) such that T = Ty.
In the rest of the section, the implied constants in < and O do not depend on the constant Cy
appearing in the bootstrap assumption (5.77).

5.4.2 Energy functional

Recall that, B B -
<l <ly<---<ly<l where {=max(|l1],|ln]) <1

Fix

1 = . 1
O<5:E(1—€)xmln(ﬁg—ﬁl,...,fN—EN_1)<2—0. (5.78)
We denote 3
by ="Ln+0(lpy1 — L), forn=1...,N—1,
L, =0y —0(lpy1 —Ly), form=2,...,N.
For t > 0, denote
Q) = ((0it, £ot) U...U (En_1t, £yt)) x R3, QC(1) = R*\ Q(1). (5.79)

We define the continuous function yn(¢,2) = xn(t,21) as follow (see [85, section 4.3] for a similar
choice of cut-off function), for ¢t > 0,

xn (t, ) = €y for z1 € (—o0, 1],
N (t, ) = €y, for 21 € [L,t,0nt], for n € {2,...,N — 1},
xn(t,x) = by for z1 € [Unt, +00), (5.80)
) _
xn(t,z) = (1_25) 1_25(€n+1 +£,) for @y € [Unt, £, 1t], ne{1,...,N — 1}
Note that -
( Vxn(t,x) =0, forx e Q(t),
1
a:L’lXN(ta x) = 7T o0 for z € Q(t)v
(1 Q‘Zf (5.81)
Oixn(t,z) = _¥7(1 ~ %)t for x € Q(t),
oxn(t,z) =0, Vxn(t,z) =0, forzc QC(t).
We define
K(t) = &(t) +P(t) +G(t) + T (),
where
6() = -2 [ er(t.)Galt,a)do
R
PO =2 [ (o (t.)0u,01(t,2))ea(t, 2)d
R
1
e0) = [ {ivel+ @ - g ey
R4
1
5(R+U+V) +2(R+U—|—V)3g01}dx,
and

N
T = Tn, with Jp = 2ay, / (Endry o1 = 2) (bn = XN) D, Y.
n=1 R
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Remark 5.25. The quantity £ and P are standard energy and momentum functionals for the remain-
der term . We introduce G here to remove the effect of G2 on the time variation of the quantity £+ P
(see Lemma 5.28 (iii)). Moreover, we introduce J to remove the effect of (¥y),_;  which is the
main difficulty in the energy estimate for the 4D case (see Lemma 5.28 (iv)).

Denote
Na = /Q (IVer* + 3 + 2xn (9, 1)p2) dz,  Nge = /QC (IVer|* + ¢3) da.
Forn=1,..., N, we set
9 gy 2\ 7Y
ot @) = (a1 — bt ) = (14 (@1 = tat)? +[22)7)
where + is introduced in Lemma 5.11.
Note that, from |yy| < £ < 1,
No > (1— z)/ (IVe1? + ¢3) da. (5.82)
Q

Note also that, from the definition of xn and (,,

N N N
S v = a)erllzee + D NG oo + (Z ¢ - 1) St (5.83)
n=1 n=1 n=1

First, we introduce a technical lemma for future reference.

Lemma 5.26. Let f be a continuous function such that

f(@)] S ()~ B+ on RY, (5.84)
where a > 0. For alln=1,...,N, we have
I fallZ2g) + 1(€n = xn) fullZ2 + /R e = x| frde S 7 EF2), (5.85)

where fp(t,x) = f(x1 — lut, T).

Proof. We prove the estimate (5.85) for || fn||2, () other estimates are proved same. First, from the
definition of § and €2 respectively in (5.78) and (5 79), we have

|y — ot > 6%, for any z = (z1,%) € Q.

Therefore, from the decay assumption of f in (5.84) and change of variables,

an”%z / / — Upt, T)dz1dT
|.’171 fnt|>52t

< / < > (6+2a)d$ < /OO 7”_(3+2a)d7“ < t—(2+2a)'
|>62t 52¢

The proof of (5.85) is complete. O
Second, we introduce the coercivity property of /.

Lemma 5.27. There exists v > 0 such that the following estimates hold.
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(i) Bound on G and J. We have

G| + 7| < C3¢~7 + C3¢Slog 3t (5.86)
(ii) Coercivity of €+ P. We have
E+P>No+vNoge — vt (t—ﬁ n c§r<6+27>) : (5.87)
(iii) Coercivity of K. We have
K>Ng+vNge —vt (t76 + Cgt*610g75t> . (5.88)

Proof. Proof of (i). Note that, from (5.77), (5.85), the definition of G5 in Lemma 5.12 and the Sobolev
inequality (5.8), we have

91 ||s01||L4||G2H |af® +1b*) |Gl < Cot T,

R

— _1
S Z lal (IVerllz2 + 2l z2) 1(€n = x5)0z, Pnll 2 S CGtClog™2t,

n=1

which implies (5.86).
Proof of (ii). We decompose
E4+P=F+ F+ Fs,

where

1
Fi = —2/ 03 (p1 +4(R+ U + V) dx,
R4

Fy=—3 /R go%( 3 QuQu + 2R+ V) + (U + V)2> da,
n#n’

N
F3 = / Vi =3 Qhgt + @5 + 2xn (Oay 012 | da,
R4 n=1
Estimate on Fi. From (5.77) and the Sobolev inequality (5.8),

IFil S lenllza (lenllze + IR+ U + Vilza) € Cot~°

Estimate on Fy. Note that, using (5.77), the Sobolev inequality (5.8), the Lemma 5.14 and the
decay property of @ in (5.11) again,

Bl < Hmm( S 1Qu@ule + IR + V] + U + vu%4)
n#n’

1
SN@3 (2 + la| + b)) S C5t° (t_3 + C2t 2log ™2t + Cgt—Q) < cjts.
Estimate on F3. We decompose
Fzs=No+ Fz1+ Fs2+ Fzz+ Fsu,

where

F31 =2 Z/ XN — £n) (0, 01)p2Cida,

VELES —/Q(\Vw1|2+902+2><1v 21 P1) P2 (Z%)
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and

F33 = /Q (IVe1]* + 93 + 2xN (Or, 1) 2 (1 - Z Cn> dz,

N
Faa=)Y /R4 (IVer1¢r = 3Qaet + 93¢ + 20n (82, 01)2€1) da
n=1

Note that, from (5.77) and (5.83),

N
Z I(xv — €n) Gl + 12| e () P13, S Cat =612,

Then, using (5.77) and (5.83) again,

N
1-Y ¢

n=1

Faz 2 /C (IVe1]? + ¢3 + 2xn 0z, 01)02) dz+ 0O ((jgt—(6+2v)> ]
)

Last, from (5.31), (5.57), (5.77) for F3 4 and |xn| < 1, we have

N
Fau > ”/sz (IVer]* + ¥3) (;cﬁ)dx—u !

>g/g (IVe1]* + 93 + 2xN (On, 1) 2 <ZCn>dfC

Combining above estimates and taking v > 0 small enough, we obtain (5.87).
Proof of (iii). Estimate (5.88) is a consequence of (5.86) and (5.87). O
Third, we derive the time variation of K.

Lemma 5.28. There exists Ty large enough such that the following estimates hold.

(i) Time variation of £. We have

N
d
—E=-2 .n nYzx - nx\I/n
T nzla /R4(€(91<,01 ©2) 008, U pda

+ 2/ ©1 (AMOdl’g + 3R2M0d1’2) dx — 2/ QDQMOdQ,de (5.89)
+ 2/ poGaodr 4+ 6 Z / 0 Qn0z, Qn) 1 2dz + O(Cot_7).

(ii) Time variation of P. We have

1

d 2 2 1 = 2
- PP - X 221 (a, _
dtp (1 _ 25)t /{; <(8 1901) +p3+ t (6 1301)902 ‘VWI‘ ) dx

N
—6 Z /11{4 ﬁn(Qnaan)gofdx +2 /R4 XN(@;lgol)ngx
n=1 (5.90)
-2 /4 XNMOdQQaml(pldw -2 /4 (XNaZ»IMOdLQ) (pgdw
R R

N
+ 2 Z Qp, /4 (Enarl Y1 — (pg) XN&Cl\I!ndx + O(Cgt_7).
- R
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(iii) Time variation of G. We have

%g = —2/R4 0o Godr — 2/]@4 XN (8, 01)Gaodz + O(t™7). (5.91)
(iv) Time variation of J,. Forn=1,..., N, we have
%jn = 2, /R (002101 = 92) (b = XN) Doy Undz + O 7). (5.92)
Proof. Proof of (i). We decompose
%5 =T + 1o + 13,

where

I, = 2/4 (V1 - Vo1 + @20p2) dz,
R
I = —2/ o1 (R+U+V +91)° = (R+U + V)’ )du,
R4
Ty = —2 / (DR + 0U +0,V) B(R+U + V)i + o} da.
R4

FEstimate on 7. We claim

N
Iy =-2 Z an (bn0y 01 — 92) £y, 0y, Vydx + 2 poGaodx
n=1 R4 R4

N
—6 Z dn/ Q%\Iln@ldx + 2/ 901AMOd1,2d$ — 2/ (ngon’de (5'93)
n=1 R* R4 R4
+ 2/ P2 (R+U+V+¢1)* = (R+U+V)*)dz +O(Cot™7).
R4

Indeed, from (5.58) and integration by parts,

Il :2/ ngAMOdl’ldSC — 2/ (pzMOdQde
R4 R4
+ 2/ (p1AMOd172dI — 2/ gOgMOdggdl’ + 2/ poGadx
R4 R4 R4

+2/ cpz((R+U+V+g01)3—(R+U+V)3)dx+2Z/ 0o Gida.
R* i—1,3 /R

By integration by parts, —(1 —E%)(?%l\l/n — AV, —3Q%¥,, = 0 and the definition of Mod; ; and Moda 1,
2/ gOlAMOdleJZ — 2/ QDQMOdQJdJ:
R4 R4

N N
. . . 2
= —Z;an /R4 (n0xy 01 — 92) 0y ¥ypdx — G;an /R4 Q: ¥, p1de.

Then, from (5.46), (5.48), (5.77) and the Cauchy-Schwarz inequality, for Tj large enough (depending

on Cp), we have
/ p2Gid
R4

2.

i=1,3

S lle2llz2 (1Gllze + 11Gall2)

S @l (laf* + (b +¢7%)
< Cot ™ (Cot Mog 't + Cit 0 +t71) S Cot 7.
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We see that (5.93) follows from above identities and estimate.

Estimate on Iy. We claim

12:—2/ 02 (R+U+V+@1) —(R+U+V)*)dz
R4

N (5.94)
+6 an /R4 Q>U,p1dz + 6 /R4 (R*Mod 2) prdz + Ot 7).
n=1

First, using (5.58) again, we decompose,

122—2/ P2 (R+U+V+¢1) = (R+U+V)?) da
R4

N
46 a0, [ @Unprde 46 [ (RModia) prde + Ty + Tz + Ta,
n=1 R4 R4

where

N
Ioy = 62%/ U, (R* — Q2%)pr1dz,
n=1 R4
Too = 2/ Mod;¢? (p1 +3(R+ U +V))dz,
R4

Tyg— 6/ Modi 1 (2U + V)R + (U +V)?) da.
R‘l

By an elementary computation,

N
Ton =6 Y in /4 (29,QnQu + ¥, Q%)) prdz.
R

n=1n'#n

Therefore, from (5.60), (5.77), the Lemma 5.14 (i), the Sobolev inequality (5.8) and the decay properties
of ¢ and @ respectively in (5.11) and (5.19), for Ty large enough,

Zoal S Y lallerllzs (19n@u@ull, 4 + 1%2Q%1, 4 )
n#n’
St 2Bl (1813 + [af® + (b +¢77)
S Cot P (Cot ™ + CytMog 't + Cat ™ +¢74) St
Then, using (5.60), (5.77) and the Sobolev inequality in (5.8) again,
1 Z22 < llrllFalModi | o ([lrll e + [R+U + V| a)

S N815; (1815 + lal® + b +¢74)
S O30 (Cot ™3 + Ot Mog ™t + Ot~ +t74) <t 77,

| Za,3 S llerllpa[Modu | pa [U + V[ s ([ R[4 + [|U + V| 14)
S l8l(lal + (b)) (18l + lal* + [b* +17%)
SOt (Cot 2 + CotMog Mt + CotH +t74) St
Combining above estimates, we obtain (5.94).

FEstimate on I3. We claim
N
T3=6) /4 (U Qs Qn) pidz + O(t™7). (5.95)
n=1 R
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From 0;R = — 27]2[21 0,05, @, and an elementary computation, we decompose

N
I3=6 Z /4 (6nQn02: Qn) p1dx + I3 1 + T3 2 + I35,
n=1 R

where

T =6 % [ (6:Qu0Qu) da.
n#n’

I3 = —6/ Ro? (O,U + 0,V dx,
R4

Ty = —2/ G2 (R + U + V) B(U + V) + p1)da
R4
By (5.77), the Lemma 5.14 (i) and the Sobolev inequality (5.8),

T2 S D 1Qw0e, Qullz2lln |74 S CGt°.
n#n’
Recall that,

oV = — Z bk ln Oy P e + Mod 2,
(n,k)eIo

N N
U = — Z anlnOz, ¥y + Mody 1, O R = — Z n0z, Qn-

n=1 n=1
Therefore, using (5.60), (5.77) and the Sobolev inequality (5.8) again,
[ Z3.2] SR Lalloal7all8T + 0V

S I@13 I8l + lal + 6] +7%)

SOt (Cot P+ Ct 2+t ) SOt 8,
S leallfs (10 + Viigs + lloillze) (10:R + 0:U + 0,V || 14)
S Il (al + (b + 1 &ll) < Cot=™.
Combining the above estimates, we obtain (5.95) for Tj large enough.

We see that (5.89) follows from (5.93), (5.94) and (5.95).
Proof of (ii). We decompose

d
Tl :2/ (Osxn) (6m1<P1)<P2dSU+2/ XN (02, Op1) pad
t ]R4 ]R4

|Z3 3

+ 2 /4 XN (8301@1) atQOde =174+ 15 + Is.
R
Estimate on Zy. By (5.81), we have

. 1 T1
T =~ | 250t (5.96)

Estimate on Zs. By (5.58), (5.81) and integration by parts,

I5 =2 /4 XN(axlgOQ)QOde -2 /4 XN®P2 (8x1M0d171 + 8x1M0d172) dz
R R

1

- - ) B
T (1—20)t /Q‘PZdl" + 2/R4 2 (—x N0z, Mod; 2) dx

N
—23 /[R 2 (v, W) dir (5.97)
n=1
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FEstimate on Tg. We claim

1 —
I6 = - (1_25)/ ((8x1901>2 - ‘vwl d(IZ—FZ/R XN xl(pl Gde

4

+2Zan/ (4n0z,01) (XN Oz, ¥r d$—2/R4 XN (02, 1)Mods odx (5.98)

—6 Z / (lnQnOz, Qn) pidz + O(Cot™7).
n=1 R#
First, using (5.58) again, we decompose,
1 =2 /4 XN(aﬂm(pl)A(Pld-T + 6/4 XNRQ(aml(pl)(pld:B
R R

+ 2 /4 XN (Ozy 1) Godx — 2 /4 XN (0, p1)Mods odx
R R

N
1 i ) )
+22an/4 (gnax 801> (XNaxlan)d$+Iﬁl+162+263a
R

where

161—2/ XN (O, p1)pidz,  Tgp =2 Z/ XN (02, 1) Gid,
R4 i=1,3

Zoa =6 [ xwer(@ner) (U + VP +2RU 4 V) + (R4 U+ V)pr) da,
R4
Note that, from (5.81) and integration by parts, we have

1 2 =12
2/R4 XN (02, 1) Aprda = (1—26)t/9((8x1(p1) [Vr] )d:r. (5.99)

Using integration by parts again,

6/ XN R (02, 01)p1da
]R4

— ¢ / v (RO, R)3dz — 3 / (9o xv) R23da
R4 RN

N
3
=63 [ (0000, Qu)de — —— | B2
6n:1/R4( Q81Q )QOI‘T (1_25)75/(;R301$

N
+ 67;1 /R4 (en - XN)(Qnaam Qn)qﬁdl‘ — 6;/ /R4 XN(inalen)(p%d_x.

From (5.77), (5.85), the Lemma 5.14 (i), the decay property of @ in (5.11) and the Sobolev inequal-
ity (5.8),
3
e R2 2d
‘(1—25)t/Q P

> [ xv(@uonQuetds| £ T el QuonQulee < G
n#n’ n#n’

N
SY ezl @allia) S GOt

n=1

N

N
> /W (b = XN)(@nO2, Qu)ide| S llerllFell(n — Xv)(@nde, Qn)ll 2 S Cot
n=1

n=1

178



54. PROOF OF THEOREM 5.1

Based on the above estimates, for Ty large enough, we have

N
6 / AR (O 1) prde = —63 / (UnQnDa, Q) P2da + O(T). (5.100)
R4 = Jrs

Then, using (5.77), (5.81), integration by parts and the Sobolev inequality (5.8) again,

1

- _ 43, _ 124 ) — 4,13
Tos =~ [, #hde = O (1) = 0 (™). (5.101

From (5.46), (5.48) and (5.77), for Ty large enough

Zo2l S 110m 01 22|1Gill 2
i=1,3

SISl (laf® + b +27%)
< Cot 3 (CotMog "t + Cot O +t74) < Ot ™.

(5.102)

Last, using (5.77) and the Sobolev inequality (5.8) again,

Zs sl < lleallzall Oz, o1l 21U + Vs (1U + Vs + [ Rl 2s)
+llell7a |0z el 2| R+ U + V| oo (5.103)
S I815 (lal + 6] + 12ll2) < Cot™>
Gathering estimates (5.99), (5.100), (5.101), (5.102) and (5.103), we obtain (5.98) for Tp large enough.

We see that (5.90) follows from (5.96), (5.97) and (5.98).
Proof of (iii). We decompose

gg = —2/ (8t<p1)G2dx — 2/ @18tG2dx = I7 +Ig. (5104)
dt R4 R4

Estimate on . We claim
17 = 2/ poGodx + O(t_7). (5105)
R4

Indeed, from (5.58),

I; = —2/ woGaodx + 2 Mod;Gaodx.
R4 R4

Note that, by (5.26) and change of variables, we have

K
2/]}@4 Mod{Gaodx = 2 Z Ay /R4 U, G pdx + 2 Z an/,k /R4 ®, .G pd.

n#n’ n#n' k=1

Therefore, using (5.60), (5.77), the Lemma 5.14 (i) and the decay property of ¢ and ¢y, in (5.19), for
anyn #n’ and k=1,..., K, we have

St (lal + [6]*) (|1l + laf® + b + %)

dnl / \I/n/ Gg’ndx
R4

SCot 0 (Cot 3 + CotHMog Mt + Cot* +t74) S Ot 7,

b /4 Cp 5 Gonda| S 73 (lal” + [b) (|l + lal* + [b]* + %)
R

SOt (Cot P + CotMog Mt + Cott + 1) S Ot .
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Combining above estimates and taking Tj large enough, we obtain (5.105).
Estimate on Ig. We claim

Ty = -2 / v Doy 1) Gad + O(T). (5.106)
R4

Note that, from the definition of G2, in Lemma 5.12,

K

atG'Z,n = - Enaan G2,n +6 Z(anbn,k + ani)n,k)Qn\I]nq)n,k
k=1
K

+ GQnGnQn\Pi +6 Z i)n,kbn,k’Qn(I)n,k(I)n,k’-
k,k'=1

Therefore, by integration by parts, we have
Ig = -2 /4 XN (On,01)Goda +Zg 1 + T3 2 + Ig 3 + Ig 4,
R

where

181—22/ XN — £n)(0z, 1) G2 ndz,

ZS,2 = —12Zdnan/ XNgol(Qn\I/n\I’n)dl',
R4

n=1

N K
Tss=—12> > bygbp /4XN801(Qn(1>n,k(I)n,k’)dxv
R

n=1k,k'=1
I8,4 =-—12 Z (anbn,k +ani)n,k)/ XN@l(Qn\an)n,k)dx'
(n,k)el® R
Using (5.77), (5.85), the definition of Ga, in Lemma 5.12 and the decay properties of @, ¢ and ¢
n (5.11) and (5.19), we have

N
1 Zs1l S D (laf® + [61%) IV orll2[| (v — £a) Qa2

n=1
+ > (lal +[BP) Verllz2ll(xn — £n)Qn®7 ] 2
(n,k)elo

< Cot 3 (CotHlog™ 't + Ot =) < Gt 2.

From (5.60), (5.77) and the Sobolev inequality (5.8),

K
< (1al+ 1]) (lal + [B]) o1+ (HQ%Z)QlILg +3° ||@¢z||Lg>
k=1
S Bl (Jal + [8]) (I Bll2 + af® + [B]* + %) S Cit ™.
Combining above estimates and taking Tj large enough, we obtain (5.106).

We see that (5.91) follows from (5.105) and (5.106).
Proof of (iv). We decompose

d )
&jn = 2a, /4 (£n0z,01 — 92) (b, — XN) Opy Yndx + Zg + Z1o + T11 + L2,
R
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where

Iy = 2ay (815902) (XN - gn)amlpndl%

4

T = 2ay (gna’pl 815801) (gn - XN)aml v, dz,

4

—

Ti1 = 2an [ (Lno1 — 02) (bn — XN)0t 0z, Vpde,

4

(gnSpl - 802) (@(ﬁn - XN)) azl U, dx.

4

Ti2 = 2ay

—

Estimate on Ig. We claim
To =0 ). (5.107)
Indeed, from (5.58), we have
Zyg=TZg1+Zoo+Zo3+ZLos+ZLos,
where

Ty = 2ay G(xN — £n)0y, V,du,
R4

Ty 2 = 2ay, \ Mods(4y, — XN)Os, ¥rdez,
R

Ty3 = 2ay, /4 (Ap1) (XN — £n) 0z, Vpda,
R

Tos = 6an/ (R+U+V)?p1) (Xn — £n) 0, Vpda,
R4

Iys = QGn/ (3(R +U + V)SO% + 80?) (xn — En)am\llndx'
R4

First, by (5.49), (5.77), (5.85), the decay property of ¥ in (5.19) and the Cauchy-Schwarz inequality,

1OXN = £n) 0, W[ 2
< CBr-Stog e (G- og e+ Gl ) £ o .

Second, from the expression of Mods, we decompose
Tgo =Tgo1 +Zgp2+1Log23+ Lo,

where

I9,2,1 :2anan/ En(XN - gn) (azl \Ijn)z d337

Zyopo =2 Z A gy / 1(XN — 0n) (02, V) (0, ¥y )de
n#n’

1923 —QZan nk/ E XN (8:101\1/ )(a’rlq}n,k’)dxv

Lo =253 anbus [ Ot = 00)(01 9201 )

n#n' k=1

Using (5.60), (5.77), (5.85), the Lemma 5.14 (i), (iii) and the decay properties of ¢ and ¢ in (5.19),
we have

Zoaal Slal (Ja] +161) [ o 6] (02, 0.)*do
R
< C3t~Mog ™2t (Cot ™3 + Cit og ™1t + Gt~ +171) < C§t Tog ™21,
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Tozol < lal (Jal+16) 32 [ 1000l 02 W] da
/#n

S Cgt%log*%t (Cot™® + Cat™Mog 't + Cit™* + t*4) S Cgtqlog*%t,

K
Zozal S lal (] + 1B1) 3 [ Tov = ol 02yl 02,8 d
k=1"R

S Cgtfslog*%t (Cot ™3 + CotMog ™t + Cot* +t74) < Cgt*8log*%t,

and

T2l < lal (la] + b)) 3 Z/ 00,0 01, @

n'#n k=1
S C’gt*E’log%t (Cot ™ + Cgt og 't + Cat ™ +t74) < Cgt*8log%t.
Third, by integration by parts and (5.81), we decompose

Tg3 =1g31 +Zgg32,

where

1'9’371 = —2a, /4 (8901901) (a$1XN)ax1\Ilnd$a
R

4
I9,3,2 =—2ay Z /4 (axigol) (XN - gn)axzam \Ijnd-r-
i=1 /R
From (5.77), (5.81), (5.85) and the Cauchy-Schwarz inequality,

1
St all Vel 22100, Unll2() S Cot~Tlog™2t,
4

Zlal\lvwl\lp\\ XN =€) 0, O Wl 2 S Cit~Tog ™21,
=1

Fourth, by an elementary computation, we decompose
Tos=7Zgua1+ Loz,

where

Zoan = 6an/ w1(xny — En)RQ&El\Pndx,
R4

Toao = 6an/ (2R(U +V)+(U+ V)Q) o1(xN — )0z, Upde.
R4
Note that, from (5.77), (5.85), the Lemma 5.14 (i) and the Sobolev inequality (5.8),

1Zo,41] S lalllerlla Qs | Nxn = €2)@ndy Wallzz + ) @0y Wall 2
n'#n

< Cg’t_slog_%t (t_4 + t_g) S Cg’t_8log_%t.
Note also that, using (5.77) and (5.85) again,

Zo.a2l S lalllon[allU + Viizsl[(Xy = €0) 0y Unl[ 2 (I R[5 + [|U + V| s)
o — _1
< lal(lal + [B]) 18]/l (xv — €2)0z, Wull 2 S CGt~Plogt ™2t
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Last, using (5.77) and the Sobolev inequality (5.8) again,

— _1
Zo5] < lalllel7allos, Callze (lerlls + R+ U + V|1e)  Cot~Plog™2t.

Combining above estimates and taking Tj large enough, we obtain (5.107).
FEstimates on I15. We claim
Ty = O(t77).

First, from (5.58) and integration by parts, we decompose
Ti0 = Z10,1 + L1022 + Z10,3,

where

Ti0,1 = 2anly /4 ©2(02; XN ) (O, Vi )d,
R

Tio2 = 2anty /4 P2(XN — ln)0z, Wpdz,
R

N
1.1073 :2an€n dn/ (XN — gn)(aml\l/n)(aml \I/n/)dl‘
]Rzl

n/=1

20t 37 b [ (06 = 0)(00y ) (00,

(n/ k)EI0 R

From (5.77), (5.81) and (5.85),

— — _1
| Zr01] <t alllp2ll 12110, Yallp2(0) S Cot ™ Tlog™ 2t

g1
Zioz2| < lalllezll2 | (xn = €a)02, Wall 2 < GGt~ "og™ 2t
Then, using the same arguments as the estimates of Zg o, we also have
|Z103| < Cgtqlog*%t + Cgt*BIOg%t.

Combining above estimates and taking Tj large enough, we obtain (5.108).
Estimate on Z71. Recall that

00p, Uy = —£,02 ¥, foralln=1,...,N.

Thus, using (5.77) and (5.85) again,

_ _1
IZu] S lal (IVerllzz + le2lz2) |(xw = £a) 05, Unll L2 S Cit~ Tlog™ 2t

Estimate on Zy5. From (5.77), (5.81) and (5.85), we have
g 1
Zia| S t7Hal (IVerllzz + lle2]l22) 182, ¥nll 2 () S Cot ™ log ™2t
We see that (5.92) follows from (5.107), (5.108), (5.109) and (5.110).

Last, we conclude the time variation of K from Lemma 5.28.

Lemma 5.29 (Time variation of ). There exists Ty large enough such that

d
— &(t%) < Cot™°.
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Proof. Combining the estimates (5.89), (5.90), (5.91) and (5.92), we decompose

d d d d N d
; n Z _7 N
dtlC dtg dt dtg nzl dtj 13 14 15 (Cot™)

where

Ti3 = —2 /4 @2 (Moda 2 + X N0z, Mod; 2) du,
R

T4 = 2/ ©1 (AMOdl,Q + 3R2M0d1,2) dx — 2/ XNMOdZQ@xlgOld.f,
R4 R

4

I 2 2 1 Y12
=g . (00 + e+ 251 0n 000~ [Vr ) da

Note that, from the definition of Mod; 2, Mods 2 and xn,

Iis =

T3 =2 Z bnk/ 02 (b, — XN) Oz, Py pde.
(n,k)elo R

Therefore, from (5.77), (5.85) and the decay property of ¢y in (5.19),

Tl S Y Blllgallzell (6n = X&) Oy @l 2
(n,k)el"

St Bl (1813 + [af® + (b +¢7) < Cgt.
Note also that, by —(1 — 62)82 P, p — AP, — 3Q2®,, , = 0 and integration by parts,

Tu=2 bnk/ £y 01 (XN — L) Oy Byl

(n,k)el®
+6 Z Z bn k/ 1Py ke (QQHQW + Qi,) dz
(n,k)eI0 n'#n

Therefore, using (5.60), (5.77), (5.85), the Lemma 5.14 and the decay property of ¢ in (5.19) again,
we have

Zul S D BllIVerllell (b — Xn) Oz, Pkl 2
(n,k)elo

+ 30 Y bllleilzs (1QnQu il g + Q2 Pkl 3)
(n,k)eld n'#n
S 2B (I8l + laf® + [b]* +¢74) < Cot .
From 0 < § < 2—10 and the definition of xy, we have, for all z = (z1,Z) € Q,

X 20 I 2@5
2 R I L L I T
PN ST T S

Thus, from (5.82), (5.88) and the definition of ¢ and Ng,

—tTi5 < % (NQ + 2/Q (% - XN) (8m1901)902) dx
< 190 (1+166(1 — ) ") Ng < 2K+ 207! (t‘ﬁ + ogt—%g—%t) :
Gathering above estimates we have,
—%(t%) < Cot ™5+ 38 + O3t Plog 2t
which implies (5.111) for T large enough. O
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5.4.3 End of the proof of Propostion 5.24

Recall that, for the proof of Proposition 5.24, we just need to prove the existence of z,, € Byr/(Sm?)
such that T%(z,,) = To. We start by closing all bootstrap estimates except the one for the unstable

modes. Last, we prove the existence of suitable parameters z,, = (Z%‘)(n,j)el € Bgin(Sm?) using a
topological argument.

_z
Proof of Proposition 5.24. For all zm = (2)(nj)e1 € Bgiri(Sm?), we consider the solution @ with the
initial data at T' = S, as defined in Lemma 5.23. From the definition of the initial data, we have

_I
1G(Sm)ll7 < Sm®  and  an(Sm) = bnj(Sm) =0, (5.112)

foralln=1,...,N and (n,k) € I°
Step 1. Closing the estimate in @. Integrating (5.111) on [t,Sy,] for any t € [T%,S,,] and
using (5.112), we have

2
ko) 5 Cor*+ (52) (sl 5 Gor™

Thus, from (5.82) and (5.88), for Ty large enough (depending on Cj),
1B, S K(t) + 76+ CitSlog~2t < Cot ¢ + C3t Clog 2t < Cot S,

This strictly improves the estimate on @ in (5.77) for Cj large enough.
Step 2. Closing the estimate in a. First, from (5.66) and (5.77), for all ¢ € [T*, Sy,],

N
> len(®)] S 1og™t (Ilell a1 Watall 4 ) S Cot~log™ . (5.113)

n=1

Then, from (5.70) and (5.77), we have

N
> Jn + én] S Cot~log™ 2t + C2t~ 1,

n=1

Integrating above estimate on [¢, Sy,] for any t € [T, S),] and then using (5.113),

N N
ST an®OI S D (leat)] + len(Sm)]) + Cot2log ™2t + CFt ™2
n=1 n=1

< Cot2log ™'t + Cot 2log™ 2t + C2¢™3 < Cot~2log 2t

for Ty large enough. This strictly improves the estimate on a in (5.77) for taking Cp large enough.
Step 3. Closing the estimate in b. From (5.60) and (5.77), we have

> bkl S Cot? + Cot .
(n,k)elo

Integrating above estimate on [¢, Sy,] for any t € [T*,S,,] and then using (5.112),

ST Ibak(t)] S Cot ™2+ Cit™ S Cot ™2,
(n,k)elo

for Ty large enough. This strictly improves the estimate on b in (5.77) for taking Cj large enough.
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Step 4. Closing the estimate in (2, ;)(njjer- By (5.73) and (5.77), for all (n, j) € I, we have
E -\ =9 5 2 O (@ 2|12 2 b2 —4
qp Bni) = 20nj (% +O (81 (14115 + lal® + [b* +t7))

= 200 (%, j)2 +0 (G + GRtT) = 20, ( )2 +0(C3tTY.

P
Integrating above estimate on [t,S,,] for any ¢ € [T*, Sp,] and then using (5.112)

2 2 Sm
<zf ) (t) < e 20 (Sm=) (27 > (Sm) + Cg/ e?oni(t=9) T4 < OBt~
t

n,J n,J

This strictly improves the estimate on (2, ;)(nj)er in (5.77) for taking Ty and Cy large enough.
Step 5. Final argument on the unstable parameters. Let

A(t) = Z (,z+ )2 and &= min a,; > 0.

n,j :
n,j)eIl
(ng)el 9

We claim, for any time ¢t € [T, S,,] where it holds A(t) = ¢t~7, the following transversality property

holds,

S (mam) < -a. (5.114)

Indeed, from (5.73) and (5.77), for any t € [T*, S,,] where it holds A(t) = ¢ 7,
d 2 . _
GA0 =2 5 any ()" +0( Il (90 + laf + 0+ )
(n.j)el (n.j)el
— T 2,19 4,15 — T 5,15
< —2at +O(Cot 2+ O z) < —2at™ T+ CiE,
which implies (5.114) for taking Ty large enough. The transversality relation (5.114) is enough to
_z
justify the existence of at least a couple zm = (2,";) (n.j)er € Briri (Sm2> such that T%(z,,) = To.

_1
The proof is by contradiction, we assume that for all 2, = (2';)(nj)er € Brin | Sm® |, it holds

To < T (zm). Then, a contradiction follows from the following discussion (see for instance more details
in [31, Section 3.1] and [85, Lemma 4.2]).
Continuity of T*(z.,,). The above transversality condition (5.114) implies that the map

7

is continuous and

T*(zm) = Sm  for zp, € Sgin <Sm > .

[SIE

Construction of a retraction. We define

_ _z -3
M : By (Sm2> = Sgirl <S 2)
7
zZm = (Znj)ng)er = (é)) <Z’tj T (zm))>(n per

_T
2

From what precedes, M is continuous. Moreover, M restricted to Sgir | Sm? | is the identity. The

existence of such a map is contradictory with the no retraction theorem for continuous maps from
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7

the ball to the sphere. Therefore, the existence of z,, € By <S 2> have proved. Then, the uni-

form estimate (5.76) is a consequence of bootstrap estimates (5.77). The proof of Proposition 5.24 is

complete.
O

5.4.4 Proof of Theorem 5.1 from Proposition 5.24

The proof is based on a standard compactness argument (see for example |26, 69, 112]). The main
point is the following proposition of weak continuity of the flow near a compact set.

Proposition 5.30. There exists a constant € > 0 such that the following holds. Let S C H' x L? be

a compact set and let Uy, : [T1,To] — H' x L2 be a sequence of solutions of (5.1) such that

su max dist (#,,(1),S) ) <e.
meIIiI <t€[T17}7(“2] (1) >>

Suppose that iy, (Ty) — @y weakly in H' x L. Then the solution @(t) of (5.1) with the initial data
(1) = up is well-defined on [Ty, Ts] and

U (t) — U(t), weakly in H' x L?  for all t € [Ty, T].

Proof. The proof relies on an argument based on the result of profile decomposition stated in [45,
Proposition 2.8]. See more details in [67, Appendix A.2] and [69, Appendix]. O]

We are in a position to complete the proof of Theorem 5.1.

Proof of Theorem 5.1. We consider the sequence of solutions (@, )men given by Proposition 5.24. On
the time interval [T, Sp,], the solution @, is well-defined. Moreover, for Tj large enough, we have

=2

ma. U Ct2<e
tG[To,)S(m] H m Z H’H SR

where € > 0 is the constant of Proposition 5.30.

Since the sequence (@, (To))men is bounded in H' x L2, up to the extraction of a subsequence,
there exists @y € H' x L? such that @,,(Ty) — @ weakly in H' x L?. Fix Sy = M? > Ty for M € N.
Applied the Proposition 5.30 to the following compact set

N
Sy = {Zén(t) S Hl X Lz,t S [To,SM]},

we have, the solution (t) of (5.1) with the initial data w(7p) = 1o is well-defined on [Ty, Sy and
iy (t) — () weakly in H' x L? for all t € [Tp, Sps]. From (5.76) and the properties of weak convergence,

we have
N
max u(t <Ot 2.
t€[To,S ] (H Z HH) =

Since Sy = M? > Ty is arbitrary, the solution #(t) is well-defined and satisfies the conclusion of
Theorem 5.1 on [Ty, 00). The proof of Theorem 5.1 is complete. O
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Chapter 6

Description and classification of 2-solitary
waves for nonlinear damped Klein-Gordon
equations

Abstract: We describe completely 2-solitary waves related to the ground state of the nonlinear damped
Klein-Gordon equation
Ot + 200w — Au+u — |ulPlu =0

on RN for 1 < N <5 and energy subcritical exponents p > 2. The description is twofold.

First, we prove that 2-solitary waves with same sign do not exist. Second, we construct and classify
the full family of 2-solitary waves in the case of opposite signs. Close to the sum of two remote solitary
waves, it turns out that only the components of the initial data in the unstable direction of each ground
state are relevant in the large time asymptotic behavior of the solution. In particular, we show that
2-solitary waves have a universal behavior: the distance between the solitary waves is asymptotic to
logt as t — oo. This behavior is due to damping of the initial data combined with strong interactions
between the solitary waves.
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6.1 Introduction

6.1.1 Setting of the problem

We consider the nonlinear focusing damped Klein-Gordon equation
Opu + 200 — Au+u— f(u) =0 (t,z) € Rx RY, (6.1)

where f(u) = [ulP7lu, @ > 0, 1 < N < 5, and the exponent p corresponds to the energy sub-critical

case, i.e.
N +2

N -2

2<p<oofor N=1,2and2<p< for N = 3,4,5. (6.2)

The restriction p > 2 is discussed in Remark 6.6.
This equation also rewrites as a first order system for @ = (u, du) = (u,v)

Ou = v
Ov = Au —u+ f(u) — 2aw.

It follows from [12, Theorem 2.3] that the Cauchy problem for (6.1) is locally well-posed in the energy
space: for any initial data (ug,vo) € H'(RY) x L?(RY), there exists a unique (in some class) maximal
solution u € C([0, Trax), H*(RY)) N CL([0, Tinax), L>(RY)) of (6.1). Moreover, if the maximal time of
existence Tax is finite, then limyg,, ||4(t)|| grxr2 = oo.
Setting F(u) = }$|u|p‘H and
N 2., 2 2
E(d) = = {IVul]® + u* + (Opu)* — 2F (u) } du,
2 RN
for any H' x L? solution @ of (6.1), it holds

to
B(ii(ty)) — E(i(h)) = 20 / |Bput)|2 dt. (6.3)
t1
In this paper, we are interested in the dynamics of 2-solitary waves related to the ground state @,
which is the unique positive, radial H' solution of

~AQ+Q—-f(Q) =0, zeR". (6.4)

(See [7, 77].) The ground state generates the stationary solution Q = (g) of (6.1). The function —Q
as well as any translate (- — zg) are also solutions of (6.1).

The question of the existence of multi-solitary waves for (6.1) was first addressed by Feireisl in [53,
Theorem 1.1], under suitable conditions on N and p, for an even number of solitary waves with
specific geometric and sign configurations. His construction is based on variational and symmetry
arguments to treat the instability direction of the solitary waves. The goal of the present paper is to
fully understand 2-solitary waves by proving non-existence, existence and classification results using
dynamical arguments.

6.1.2 Main results

First let us introduce a few basic notation. Let {ej,...,ey} denote the canonical basis of RY. We
denote by Bgn(p) (respectively, Sgn(p)) the open ball (respectively, the sphere) of RV of center the
origin and of radius p > 0, for the usual norm |{| = (Zjvzl sz)l/Q. We denote by By 2(p) the ball of

H' x L? of center the origin and of radius p > 0 for the norm || ()|l g1xz2 = (|lell3 + ||r]||2L2)1/2. We
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denote (-,-) the L? scalar product for real valued functions u; or vector-valued functions i@; = (u;, v;)
(i=1,2):

(uy,ug) := /ul(x)uQ(a;) dz, (u1,us) := /ul(:z:)uQ(m) dx+/v1(az)v2(az) dz.
It is well-known that the operator
L=-A+1-pQ"!

appearing after linearization of equation (6.1) around @, has a unique negative eigenvalue —13 (1 > 0).
We denote by Y the corresponding normalized eigenfunction (see Lemma 6.7 for details and references).
In particular, it follows from explicit computations that setting

= Y
+ +
vt =—atx/a?+1} and Y* = (in> ,

the function &%(¢t, ) = exp(v¥t)Y % (x) is solution of the linearized problem

8{/6 =n (6 5)
om = —Le — 2am. '

Since v > 0, the solution &% illustrates the exponential instability of the solitary wave in positive
time. In particular, we see that the presence of the damping o > 0 in the equation does not remove
the exponential instability of the Klein-Gordon solitary wave. An equivalent formulation of instability

is obtained by setting
+ / o _ (Y
("=axy/a?+13 and ZF = v

and observing that for any solution £ of (6.5),

- a
at = (&,Z%) satisfies o = vra®,

We start with the definition of 2-solitary waves.

Definition 6.1. A solution @ € C([T,00), H* x L?) of (6.1), for some T € R, is called a 2-solitary
wave if there exist 01,09 = £1, a sequence t, — co and a sequence (&1, &2,,) € R?Y such that

lim {Hu(tn) -3 Q&)

n—oo
k=1,2

o )z} =0

and limy, 0 |§1,0 — &2,n] — 00.

Remark 6.2. We observe that if u is a global solution of (6.1) satisfying

tim [u(t) — 3 @ - &) =0 (6.6)

t—o00 H1
k=12

where lim;_,o |1 () — &2(t)| — o0, then wu is a 2-solitary wave. Indeed, it follows from (6.3) and (6.6)
that ¢ ~— E(id(t)) is lower bounded. Thus, from (6.3), it holds [;° [|;u(t)||3.dt < oo and so
limy, o0 || O¢u(ty) || 12 = O for some sequence ¢, — co.

Our first result concerns the non-existence of 2-solitary waves with same signs.

Theorem 6.3. There exists no 2-solitary wave of (6.1) with o1 = o5.

193



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

In the next result, we show that 2-solitary waves with opposite sign satisfy a universal asymptotic
behavior.

Theorem 6.4 (Description of 2-solitary waves). For any 2-solitary wave u of (6.1), there exist o1 =
+1,00=—01, T >0and t € [T,o0) — (z1(t), 22(t)) such that for allt € [T, c0),

[u®) = 3 aQC = a®)| | + lou®ll 7 (6.7)

k=1,2

and for some constant cy = co(N),

Jim {|zl(t) ()] - <logt - %(N ~ 1)loglogt + c0>} ~0. (6.9)

Moreover, there exists w™ € Sgn (1) such that

t) — 22(t t t
lim z1(t) — (1) — 9 lim z1(t) — 9 lim 2(t) — >, (6.9)
t—o00 logt t—oo logt t—oo logt

Finally, we describe the full family of 2-solitary waves for initial data close to the sum of two remote
solitary waves.

Theorem 6.5 (Classification of 2-solitary waves). There exist C,0 > 0 and a Lipschitz map
H : (RN \ Bpw (10/logd|)) x By 12(8) = R, (L,é) = H(L,$)

such that
_L
2

H(L,G)| < C (75 + 11 lrier2)

with the following property. Given any L, (E, hi, ha such that
L] > 10[logd|, 6 [lmrxzz <6, [ha| + |ha| <34,

the solution @ of (6.1) with initial data

10 = (@+m7) (= 5) - (@+mv) (+5)+d

is a 2-solitary wave if and only if (h1,ha) = H(L,$).

This result essentially means that locally around the sum of two sufficiently separated solitons
with opposite signs, the initial data of 2-solitary waves form a codimension-2 Lipschitz manifold (the
unstable directions being directed by Yt translated around each soliton).

We refer to §6.2.4 for a formal discussion on the dynamics of 2-solitary waves of (6.1) justifying
the main results of Theorems 6.3, 6.4 and 6.5.

Remark 6.6. We discuss the condition on p in (6.2). The energy sub-criticality condition is necessary
for the existence of solitary waves and allows to work in the framework of finite energy solutions. The
condition p > 2 could be waived for some of the above results, but it would complicate the analysis
and weaken the results. Keeping in mind that the most relevant case is p = 3, we will not pursue
further here the question of lowering p.
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6.1.3 Previous results

The question of the long time asymptotic behavior of solutions of the damped Klein-Gordon equation
in relation with the bound states was addressed in several articles; see e.g. [12, 52, 53, 63, 82]. Notably,
under some conditions on N and p, results in [53, 82] state that for any sequence of time, any global
bounded solution of (6.1) converges to a sum of decoupled bound states after extraction of a subse-
quence of times. (Note that such result would allow us to weaken the definition of 2-solitary wave given
in Definition 6.1; however, we have preferred a stronger definition valid in any case.) In [12], for radial
solutions in dimension N > 2, the convergence of any global solution to one equilibrium is proved to
hold for the whole sequence of time. As discussed in [12], such results are closely related to the general
soliton resolution conjecture for global bounded solutions of dispersive problems; see [46, 43] for details
and results related to this conjecture for the undamped energy critical wave equation.

The existence and properties of multi-solitary waves is a classical question for integrable models (see
for instance [97] for the Korteweg-de Vries equation and [116] for the 1D cubic Schrodinger equation).
As mentioned above, [53] gave the first construction of such solutions for (6.1). Since then the same
question has been addressed for various non-integrable and undamped nonlinear dispersive and wave
equations. We refer to |20, 28, 31, 85] for the generalized Korteweg-de Vries equation, the nonlinear
Schrédinger equation, the Klein-Gordon equation and the wave equation, in situations where unstable
ground states are involved. See also references therein for previous works related to stable ground states.
In those works, the distance between two traveling waves is asymptotic to Ct for C' > 0, as t — oo.
The more delicate case of multi-solitary waves with logarithmic distance is treated in [65, 90, 109, 110]
for Korteweg-de Vries and Schrédinger type equations and systems, both in stable and unstable cases.
Note that the logarithmic distance in the latter works is non-generic while it is the universal behavior
for the damped equation (6.1). See also [64, 67, 68| for works on the non-existence, existence and
classification of radial two-bubble solutions for the energy critical wave equation in large dimensions.

The construction of (center-) stable manifolds in the neighborhood of unstable ground state was
addressed in several situations, see e.g. |4, 74, 76, 75, 87, 100].

While the initial motivation and several technical tools originate from some of the above mentioned
papers, we point out that the present article is self-contained except for the local Cauchy theory for (6.1)
(see [12]) and elliptic theory for (6.4) and its linearization (we refer to |7, 31, 77]).

This paper is organized as follows. Section 6.2 introduces all the technical tools involved in a
dynamical approach to the 2-solitary wave problem for (6.1): computation of the nonlinear interaction,
modulation, parameter estimates and energy estimates. Theorems 6.3 and 6.4 are proved in Section 6.3.
Finally, Theorem 6.5 is proved in Section 6.4.

6.1.4 Recollection on the ground state

The ground state @ rewrites Q(z) = ¢ (|z|) where ¢ > 0 satisfies

N -1
¢"+——d —g+¢" =0, ¢(0)=0, limq(r)=0. (6.10)
It is well-known and easily checked that for a constant £ > 0, for all r > 1,
q(r) — ke q(r) + ke T e T < P e (6.11)

Due to the radial symmetry, there hold the following cancellation (which we will use repetitively):

Vi, / 0, Q()0s, Q(z) d = 0. (6.12)

Let
L=—-A+1-pQPt (Lee)= / {IVel? +&* — pQP 1%} da.
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We recall standard properties of the operator L (see e.g. [31, Lemma 1]).

Lemma 6.7. (i) Spectral properties. The unbounded operator £ on L? with domain H? is self-
adjoint, its continuous spectrum is [1,00), its kernel is span{0,,Q : j = 1,...,N} and it has
a unique negative eigenvalue —vg, with corresponding smooth normalized radial eigenfunction Y
(IY ||z = 1) Moreover, on RY,

851/(35)‘ Se Vv L+l for any 8= (B1,...,0nN) € NV,

(ii) Coercivity property. There exists ¢ > 0 such that, for all e € H',

N
(Le,e) > el — ! (<e,Y>2 n Z<s,axj@>2).

Jj=1

6.2 Dynamics of two solitary waves

We prove in this section a general decomposition result close to the sum of two decoupled solitary
waves. Let any o1 = £1, 0o = +1 and denote ¢ = o102. Consider time dependent C! parameters
(21,20, 01,02) € R with |[61] < 1, 2] < 1 and |z| > 1 where

Z=21— 22 and Ezgl—ﬁg.

Define the modulated ground state solitary waves, for k = 1, 2,

Qr = 0xQ(- — 2;) and Qk = <—(€kaV)Qk> : (6.13)

Set
R = Q1+ Qq, R = Q1+ Qq,

and the nonlinear interaction term
G = f(Q1+Q2) — f(Q1) — f(Q2). (6.14)
The following functions are related to the exponential instabilities around each solitary wave:

Vi =onY (- —z), YE =0 VE(— z), Z;f = ok Z5(- — z1).

6.2.1 Nonlinear interactions

A key of the understanding of the dynamics of 2-solitary waves is the computation of the first order
of the projections of the nonlinear interaction term G on the directions VQ; and VQ2 (see e.g. [110,
Lemma 7]).

Lemma 6.8. The following estimates hold for |z| > 1.

(i) Bounds. For any 0 <m/ <m,
[ s e, (6.15)
I - FQ1) - FQ2) - £@)Q2 - FQQi| ST (6.16)
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(ii) Sharp bounds. For any m > 0,

[ 1Qul@al < ale (6.17)
G|l S 1QY ' Qallre + 11@1Q5 2 S all2)). (6.18)
(iii) Asymptotics. It holds
[(f(Q2), Q1) — ocrgoq(|z])| < |21~ q(|2]) (6.19)
where .
go = o QP (x)e *tdx >0, ¢ = H@leH%g. (6.20)

(iv) Sharp asymptotics. There exists a smooth function g : [0,00) — R such that, for any 0 < 6 <
min(p — 1,2) and r > 1

lg(r) — gog(r)] S r'q(r) (6.21)

and
'<G,VQ1> —Gclég(|z|) < el (6.22)
l(G,VQ2> —i—aclﬁg(\zb < e 0lA, (6.23)

Proof. (i) By (6.11), |Q(y)| < e 1!, and thus

/ 1010s|™ dy < / e=mlvlg=m'lv+2] gy < o=l / e—(m=m)lyl gy < =l
Then, we observe that using p > 2, by Taylor expansion:

|F(Q1+ Q2) — F(Q1) — F(Q2) — f(Q1)Q2 — f(Q2)Q1] S \QlQQ\%,

which reduces the proof of (6.16) to applying (6.15) with m = 3 and m’ = 2.
(ii) We estimate
[1@ul@l s = [ -2 @
Sallh [ M@ty [ Qi) dy £ o).
lyl<glal ly|> %zl
Next, using
|G| S Q1P Q2| + |Q1|Q2P~,
and (using p > 2)
[ @@l Vs = [ @y - 2@ D) ay
SlaeP [ M@ D)ay e [ @bty gy
lyl<$ =l ly1>5 =]
< la(l=))]
(iii) We claim the following estimate
‘/Qp Qy + 2)dy — c1gorlz| = e | < |27 2q(|2)). (6.24)
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Observe that (6.19) follows directly from (6.24) and (6.11).
Proof of (6.24). First, for |y| < 2|z| (and so [y + 2| > |2| — |y| = 1|z| > 1), we have using (6.11),

1

QU +2) — wly + 2|7 F | Sy 2T el 5 127 b,

In particular,
[ @@ ) =yt P gy o (6.25)
yl<ilel
Moreover, for |y| < 2|z|, we have the expansions
N1 _N-1 _N41
[y + 2175 = |75 | S 17 ),

\|y+z| o= 2] <

IZI

and so

ly+2| TR < T el (1 e,

N-1 N1
‘|y+z|_ 2 e — 2|77 e

Inserted into (6.25), this yields

‘ [, @waw+a) - T ] gy
lyl<§ |zl

Next, using (6.11), we observe

/ QPWQy +2)dy < e i7,
ly|> 32|

and
[, @@y g Qe dy < e 0P
>3 1> 21

Gathering these estimates, we have proved

Y-z

‘/ QWA+ 2)dy -zl T [ QP(y)e‘zdy‘ < o e,

‘Z

Last, the identity [QFP(y)e 1 dy = [QP(y)e ¥ dy (recall that @ is radially symmetric) and the
definition of g imply (6.24).

(iv) First, using the Taylor formula, it holds
|G = plQ1P~' Q2 S1Q11P72Q3 + Q271 |Qu.

Thus, using (6.15), we obtain for any 1 < < min(p — 1,2),
(G.VQ)) - 10:H ()] £ [ QP)Q o+ 2)dy e (6.26)

where we set H(z) = [ V(QP)(y)Q(y+2z) dy. Second, we claim that there exists a function g : [0, 00) —
R such that H( ) =0 |Z‘g(|z\) Indeed, remark by using the change of variable y = 2x1e; — = that
H(rey) (lyDa" " (lyDa(ly + re1]) dy

"(lyDa" (lyDa(ly + rea]) dy

=/ g
= [
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Thus, we set

-H
g(r) = w so that H(req) = cie1g(r).
C1

Let w € Sgn (1) be such that z = |z|w and let U be an orthogonal matrix of size N such that Ue; = w.
Then, using the change of variable y = Uz,

H(z) =p / L (e lwally + ) dy

= [ T ahe (elalle + [2fer dr = U (2ler) = er ro(c).

Together with (6.26), this proves (6.22). The proof of (6.23) is the same but it is important to notice
the change of sign due to H(—z) = —H(z).
Last, we observe that proceeding as in the proof of (6.24), it holds

e - H(rep) — ﬂr_]gle_r/ﬁxl(Qp)(y)e_yl dy| <r 2 e’

Moreover, by integration by parts, [0, (QP)(y)e ¥ dy = [ QP(y)e ¥* dy, which proves (6.21). O

6.2.2 Decomposition around the sum of two solitary waves

The following quantity measures the proximity of a function 4@ = (u,v) to the sum of two distant
solitary waves, for v > 0,

d(i;y) =

= inf
|§1—E2|>[log]

[n= 3 ot —&0],,, +lwloe

k=1,2
We state a decomposition result for solutions of (6.1).

Lemma 6.9. There exists yo > 0 such that for any 0 < v < v, Th < T, and any solution @ = (u, dyu)
of (6.1) on [Th,T5] satisfying
sup d(u(t);y) <7, (6.27)
te[Tl,TQ]
there exist unique C' functions

t e [Tl,TQ] — (21,22,51,52)(75) S R4N,

such that the solution i decomposes on [Ty, T5] as

U= (Ziu) = C_j1 +QQ+§, g = <;> (6.28)

with the following properties on [T1,T5].

(i) Orthogonality and smallness. For any k=1,2, j=1,..., N,

(€, 02, Qr) = (n,05;Qk) =0 (6.29)

and

I e + D Ml + e <oy (6.30)
k=1,2
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(ii) Equation of &.

Ore = n + Mod, (6.31)
on=~0Ac—ec+ f(R+¢)— f(R) — 2an+ Mod, + G '
where
Mod. = > (4 — lx) - VQx,
k=12
1\40d77 = Z (fk + 20&&;) -VQir — Z (Ek . V)(Zk . V)Qk
k=1,2 k=12
(iii) Equations of the geometric parameters. For k = 1,2,
26 = bl SIENTare + D 1l (6.32)
k=12
1+ 2006] S 1E Pz + 3 166 +a(lz]). (6.33)
k=12
(iv) Refined equation for ¢;. For any 1 < 0 < min(p — 1,2), k =1,2,
. z . _0l»
b+ 206 = (<)o ZalD| S Il + 3 64f2+e (6.34)
k=1,2
(v) Equations of the exponential directions. Let
af = (&, 7). (6.35)
Then,
d -
'dta;f — e | SIE N + D 1l + a(l2])- (6.36)

k=1,2

Remark 6.10. We see on estimate (6.33) the damping of the Lorentz parameters ¢;. The more precise
estimate (6.34) involves the nonlinear interactions which becomes preponderant for large time.

Proof. Proof of (i). The existence and uniqueness of the geometric parameters is proved for fixed time.
Let 0 < v < 1. First, for any u € H' such that

inf = 3wt -] <o (6.37)

— I
|€1—&2]>|log| =12

we consider zj(u) and z(u) achieving the infimum

[u= 3" st —a)|, = it =Y w0

2 - 3 2
k=1,2 L |§1_£2|>2“0g7| k=12 L

Let
£(x) = u(r) —n1Q(x — 21(u) — 2Q(x — 22(u)),  |ellz2 <.

By standard arguments since |z (u) — 22(u)| > 2|logv/, it holds
(€,00,Q( — 21(u))) = (€, 02, Q- — 22(u))) = 0. (6.38)
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6.2. DYNAMICS OF TWO SOLITARY WAVES

For u and @ as in (6.37), we compare the corresponding z, Zx and e, £. First, for (, CN € RV, setting

¢ = ¢ — (¢, we observe the following estimates

IN¢

QL =0 -Q(—¢) =~

V)Q( — ) + O (1%, (6.39)
VQ(-—¢)—VQ(—{) =—((-V?

VHQ( =) + O (I¢?). (6.40)

dN¢

Thus, denoting @ = v — u, 2y = zx — 2, € = € — €, we obtain

i=Y op(z V)Q( —z) + &+ Om (|4 + %))
=12

(In the Oy, there is no dependence in @ or ). Projecting on each VQ(- — zi), using (6.38) and the
above estimates, we obtain

_1 ~ y .
2]+ 122] S Nll 2 + (1Z0] + 122 (€2 4 (18] 2 + 1] + [ 22])
and thus, for ~, Z; and 29 small,
€l S Nl 120+ |22] S ]| 2. (6.41)

Therefore, for v small enough, this proves uniqueness and Lipschitz continuity of 21 and zy with respect
to u in L2
Now, let v € L? and z1, 2 be such that ||v][z2 <7 and |21 — 22| > 3[logy|. Set

n(z) =v(x)+ o1l - V)Q(z — z1) + 02(l2 - V)Q(z — 22).

Then, it is easy to check that the 2N conditions

(n,00,Q(- — 2)) = 0 (6.42)

for j =1,...,N, k = 1,2, are equivalent to a linear system in the components of ¢; and ¢ whose
matrix a perturbation of the identity (for 4 small) up to a multiplicative constant. In particular, it
is invertible and the existence and uniqueness of parameters £1(v, 21, 22), fa(v, 21, 22) € RY satisfying
(6.42) and |€1| + |l2| < ||v||z2 is clear. Moroever, with similar notation as before, it holds

9ill 2 + 01| + 1l2] S 110]| 22 + |21] + |22. (6.43)

Estimate (6.30) is now proved. In the rest of this proof, we formally derive the equations of £ and the
geometric parameters from the equation of u. This derivation can be justified rigorously and used to
prove by the Cauchy-Lipschitz theorem that the parameters are C' functions of time (see for instance
[21, Proof of Lemma 2.7]).

Proof of (ii). First, by the definition of € and 7,

Oie =Ou— Y 0Qr=n+ Y (=) VQ.

k=12 k=1,2

Second,

Om = Oyu+ Y O (b - VQi)

k=1,2

=Au—u+ f(u) —20u+ Y bp-VQr— > (l-V) (3 V)@

k=1,2 k=1,2
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By (6.28), AQkr — Qk + f(Qr) =0 (from (6.4)) and the definition of G,
Au—u+ f(u) —2a0u=Ae —e+ f(R+¢) — f(R) — 2an

+ 2« Z kaQk+G
k=12

Therefore,
Om=ADc—c+ f(R+e) = f(R) = 2am
+ D (e +20bk) - VQr— D (b V) (& V)Qk + G

k=1,2 k=1,2
Proof of (iii)-(iv). We derive (6.32) from (6.29). For any j =1,..., N, we have

d

0=—
a'

€,05;Q1) = (Ore, 05, Q1) + (€, 0¢(02,Q1)).
Thus (6.31) gives
<7778ij1> + <M0d67 833le> - <€7 251 : vanJQ1> == O

The first term is zero due to the orthogonality (6.29). Hence,
215 = (L1110, Q72 < |22 — 2] / VQ2(2)|[VQi(2)| dz + |21 [le] 22
Thus, also using (6.15) with m = 1 and m’ = , we obtain

. . _1 . = =
41 — 1] S |22 — Lole™ 2Vl 4 20 — 4| [|12 ]| ez + 100 18 | a2
Since [|€||gixrz < 7, this yields
. . _1 N
121 — 6] S |22 — Lole™ 21l 4 101] || €] e 2.
Similarly, it holds
. . _1 5
|29 — o] S |21 — Lale™ 21 + | 6a] 1€l g1 w2,

and thus, for large |z|,

S e — Gl S (1] + 1) 18] 2,
k=1,2

which implies (6.32).
Next, we derive (6.33)-(6.34). From (6.29), it holds

d
= a<n7 aij1> = <at777 8ij1> + <7778t(axJQ1)>

Thus, by (6.29) and (6.31), we have
0=(Ac—c+ f(Q1)e,0:,Q1) + (f(R+¢) — f(R) — f'(R)e, 02,Qu)

+((f'(R) = f(Q1))e, 0z, Q)
+ <M0dn, 8ij1> + (G, 8ij1> — <’I7, (;731 . V)ax]Q1>

Since 0,;Q1 satisfies Ad,, Q1 — 9:,Q1 + f'(Q1)0:,Q1 = 0, the first term is zero. Next, by Taylor
expansion (as f is C?), we have

0

f(R+e) = f(R) - f'(R)e = ¢ /01(1 —0)f"(R + 0=) o,
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and by the H' sub-criticality of the exponent p > 2, we infer
[(F(R+e) = F(R) = ['(R)e, 02, Qu)] < llel- (6.44)
Then, again by Taylor expansion and p > 2,
[f'(R) = f'(Qu)]10z,Q1] S Qal| Q1P + 1Qu1]|Q2f"~.

Thus, using also the Cauchy-Schwarz inequality and (6.18),

[{(f'(R) = f(Q1))e, 02, Qu)| S llell2 + la(l2)]*. (6.45)
Direct computations show that

(Mody;, 0, Q1) = (él,j + 2aly ;) ||3a:jQ1H%2 + ((fs + 2a3) - VQo, 0z, Q1)
= > (- V) (G - V) Qk, 0, Q).

k=1,2
Thus, using Lemma 6.8 and (6.12), for any m € (0, 1),
(Mody;, 0z;Q1) = (015 + 2ty ;) 102, Q1172

+0 (|é2 + 2a€2|e’m|z‘) +0 (|£2\|zgye*m‘zl) .

Using also (6.32), it follows that
(Mody, 0, Q1) = (15 +2at1;) 102, Q13
+0 (|l + 2062 + o( ) W) T+ O(IE 21 12).
k=12

By (6.22) and the definition of ¢; in (6.20), we have, for any 1 < # < min(p — 1, 2),

‘ <G,8ij].> Zj < e_e‘zl

~

—o—=¢g(|z
iz, ol

Finally, by (6.32) again, we have

(0, (21 - V)0, Q)| S (121 — Gl + 1 DIE e SNENFrre + D 1l

k=1,2
Combining the above estimates, we have obtained
. z . . _
’(£1 + 20461) + U‘Z‘g(]z)‘ S ‘62 + 20462‘6_m|2| —+ Z |£k’2 + H€ ”?prQ +e 9|z‘

k=1,2
Similarly, from (1, 0;;Q2) = 0, we check

(62 + 200) - oéng\)\ S 6+ 20t e b 37 2 181 e + e 0.
k=1,2

These estimates imply (6.34); (6.33) follows readily using (6.21).
Proof of (v). By (6.31), we have

d L = . -
aait = <8t87Zit> + <€7atZit>

= (¢F —20)(n, Y1) + (Ac —e + f(Qu)e, 1)
+(f(R+¢e) — f(R) — f'(R)e, Y1) + (f'(R) — f(Q1))e, Y1)
+ (G, Y1) + ¢ (Mod., Y1) + (Mod,, Y1) — (£, 2 - VZ5).
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Using ¢(* — 2a = v* and (6.35), LY = —12Y and 12 = vF(*, we observe that
(¢* = 20) (1, Y1) + (A — e + f(Qu)e, Y1) = v¥ay
Using the decay properties of Y in Lemma 6.7 and proceeding as before for (6.44) and (6.45),
_3,
(F(R+2) = F(B) ~ f'(R)e. Yol + [((F'(R) = 1'(Qu)e 11)| < lellZa + e 2.
Next, by (6.18), [{G,Y1)] < q(|z|). Last, by (6.32) and (6.33),

[(Mod., Y1)| + [(Mody, Y1) + (€', 21 - VZE) S E N w2 + Y 1> +a(]2]).
k=1,2

Gathering these estimates, and proceeding similarly for a2i, (6.36) is proved. O

6.2.3 Energy estimates

For y > 0 small to be chosen, we denote p = 2a¢ — p. Consider the nonlinear energy functional
£ = / {IVel* + (1 — pp)e® + (n + pe)® — 2[F(R+¢) — F(R) — f(R)e]}. (6.46)

Lemma 6.11. There exists p > 0 such that in the context of Lemma 6.9, the following hold.

(i) Coercivity and bound.

- 1 . 1,..
plE e = 5 D (@) +(a;)?) <€ < —[€]3n - (6.47)
’uk:L2 K
(ii) Time variation.
d 1., . ~112 2
& S 2HE+ L e 1€ e + 3 161 +allzD) | (6.48)

k=1,2

Remark 6.12. The above lemma is valid for any small enough g > 0. For future needs, we assume
further
w<min (1, a,lv_|). (6.49)

One checks that a usual linearized energy, corresponding to p = 0 in the definition of £, would only
gives damping for the component 7. This is the reason why we introduce the modified energy £. For
the simplicity of notation, the same small constant g > 0 is used in (6.47) and (6.48) though in the
former estimate the small constant is related to the coercivity constant ¢ of Lemma 6.7, while in the
latter it is related to the damping a.

Proof. Proof of (i). The upper bound on & in (6.47) easily follows from the energy subcriticality of p.
The coercivity is proved for fixed time and so we omit the time dependency. By translation invariance,
we assume without loss of generality that 21 = —29 = 5. Let x : R — R be a smooth function satisfying
the following properties

x=1on [0,1], x=0on][2,+x), x <0onR.

For A\ = % > 1, let

@ =x (“5M) e = - et
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We define e, = (- + z)xx (- + 2x) for k = 1,2, so that
[1val = [1vep - [ 2.

/ Vel? = / Vel + [Veal? + OO el 2a). (6.50)

and thus

Next, using (6.29),

_ Izl
(e, 0n; Q) = o{eXh, 0z, Qk) = onle, (X — 1)0u; Qi) = O(e™ 1 [g]|12),
and "
(e, Y) = onlexn, Yi) = orle, Yi) + O(e™ 7 |l]|2).
Thus, applying (ii) of Lemma 6.7 to €, one obtains

H
(Leg,er) > c||5k\|%11 —C(e, Yk>2 —C(e” 1 + )\72)”5"%2.

Using (6.50), we obtain for z large

(Lee) 2 Sleln - C 3 (e V)2
k=1,2

The estimate
/ {IVelP + &+ 7% = F(R)E*} > pllE | w2 — Caf)? = Clay)?

then follows from . .
<§',Zk+kaf) B agfa];

(F—¢ -

<6,Yk> =

Using
|F(R+¢) — F(R) — f(R)e — f'(R)e| S [ef’ + e[+,

and [|ef® + [e[PT! < lel|3,, + HEHerl by energy subcriticality of p, for v and u small, we have proved
(6.47).
Proof of (ii). From direct computations and integration by parts, we have

1d

3 dtg /(%5 —Ae+ (1 —pu)e — f(R+¢e)+ f(R)] + (Om + pde)(n + pe)

+ [ X G VQO AR+ )~ £(B) - F(B)E] = 1 + g

k=1,2

Using (6.31), integration by parts and 2ae = p + p, we compute

g1 =—u/{|V€!2 (1= pu)e® —e[f(R+e) - f(R)]} - p/nﬂw)z
—i—/Modg{ —Ae+ (1 —pp)e — [f(R—i—s)—f(R)]}

+ /(17 + pe)[Mod,, + pMod.] + /(77 + pe)G

=g11+812+813+81,4-
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Note that by 0 < p < @, one has p — = 2(av — ) > 0 and so
gra = €~ 2 [ [F(R+2)~ F(R) — f(R)e — L ()]
b [ elfRt )~ FB) = PR = (o= m) [0+ p2) <~ + Clely,
where we have estimated, using p > 2, Holder inequality, the sub-criticality of p and Sobolev embedding,
/ [F(R+e)— F(R) — f(R)e - Lf'(R)?|
4 [Ielf(R 2 = 5(R) = PR S [IPIRP? + 1P S el
Using the Cauchy-Schwarz inequality and (6.32)-(6.33), we also derive the following estimates

g1,2| S (121 — (] + [22 — &) [lel| g S (1€ 1< 22 [!5”%{1@2 + > Wk!z}y
k=12

and (also using the orthogonality conditions (6.29))

81,3

_ '/(nwg)( N (0 V)G V)Qu)

k=12
S (] + [2)) (|21 — ] + |22 — Lo| + 1] + [2]) (€]l 2 + In]|2)

<1 e [rsnzw - w]
k=1,2

Next, from (6.18) and the Cauchy-Schwarz inequality,

814l S 1Gllz2(llelle> + lInllz2) < a(l2DIE w2

Last, by (6.32), proceeding as before, we see that
82| S (121] + [22)llelFn S (121 = il + 22 = Lol + 2] + €D 111771« 12

<o [ngipm S m]
k=1,2

Gathering the above estimates, (6.48) is proved, taking u small enough. O

6.2.4 Trichotomy of evolution

Estimates (6.32), (6.33), (6.34), (6.36) and (6.48) give basic information on the evolution of the various
components of a solution in the framework of the decomposition introduced in Lemma 6.9.

We introduce notation related to modified parameters that allow us to justify the following tri-
chotomy in the evolution of the solution.

ODE behavior for |z| The distance z = z; — 23 formally satisfies

i) =

Note that for ¢ = —1, logt is an approximate solution of this ODE. This justifies the rigidity
results in Theorem 6.4. In contrast, when o = 1, there are no solution such that |z| — oo, which
explains the non-existence result in Theorem 6.3.
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6.2. DYNAMICS OF TWO SOLITARY WAVES

Exponential growth The parameters aﬁ are related to the forward exponential instability of the

solitary wave. They will require a specific approach, involving backward in time arguments. The
existence of exactly one direction of instability for each solitary wave justifies Theorem 6.5.

Damped evolution The parameters (j, a, and the remainder & (without its unstable components
az) enjoy exponential damping; they will be easily estimated provided that the other parameters
are locked, see Proposition 6.16.

First, we set

yzz—k%, r=ly|. (6.51)
Second, we define
= Y (@ (6.52)
k=1,2
Third, we introduce notation for the damped components:
2 1 —\2
F=£+6, ¢ k_Zm 10+ 3 k_Zm(ak) : (6.53)

and for all the components of the solution

1
2
— 1 s+ X 1| (6.5
k=1,2
Last, we define
1 b
M= 3 <F - W) (6.55)

In the following lemma, we rewrite the estimates of Lemmas 6.9 and 6.11 in terms of these new
parameters.

Lemma 6.13. In the context of Lemma 6.9, the following hold.

(i) Comparison with original variables.

=12l <ly =2l SN, 1g(l2]) — goa(r)] S q( YN 4771, (6.56)
PN <l + Y wk|2<f+ LN (6.57)
k=1,2

(ii) ODE behavior for the distance. For some K > 0,

d| 1 090 K 5
2 < s (WP (). (6.58)
edrel ek )
(iii) Exponential instability. .
b —2vTb] SN3 + q(r)N. (6.59)
(iv) Damped components.
d d
af+2u.7—"</\f3+q( )N, EQ—FQMQSNB—Fq(T)N. (6.60)
(v) Liapunov type functional.
d
M <N+ Cla(). (6.61)
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(vi) Refined estimates for the distance. Setting

1
T = exp (KM and R~
q(r) p(KM)

1
= ——exp(—KM),
/) ™ )
(K is given in (6.58)), it holds

d
—R" < ( TR0 4 oKy ) exp (K M), (6.62)
dt
d Ugo 1
el > — — . .
R ( L 2Ky ) exp (— KM) (6.63)
Proof. Proof of (6.56). It follows from the triangle inequality that
<l -2 < g
The second part of (6.56) then follows from (6.21).
Proof of (6.57). It follows readily from (6.47).
Proof of (6.58). First, from (6.32), (6.34) and (6.56), we note (6 is as in (6.34))
o f _
g= 24 oo =~ 2 Zg(lzl) + O + )
20 | | (6.64)
—U—gqu(r) + ON? + 77 q(r)).
ar
Hence, '
i =8 = TR () + O 417 ().

Using also |¢/(r) + q(r)| < r~1q(r) (from (6.11)), we find

i 1 _ ():_@ L 2 e lo(r
dt[qm]‘ WP~ o T OV )

9). Tt follows from (6.36) and |a; | < ||€]|gixpe < N.
Proof of (6.60). From the expression of F and then (6.48), (6.33) and (6.36)

Proof of (6.5

d
Ef_78+226k gk‘f‘ Zakak
k=1,2 k 1,2
< 2 —da Y 162+ 3 (ap)? + OV + g(r)N).
k=1,2 L —

Since 0 < p < aand 0 < pu < |v~| (see (6.419)) we obtain

(6.60) for F. The proof for G is the same.
Proof of (6.61). First, it follows from combining (6.59) and (6.60) that

b
H dtM < —2u <.F+ 2#) + ON? +q(r)N),
Thus, from (6.57), we observe that

1 b
2 _14d 3
N= < =% (.7:—}— 2#) < 3 dtM + ON” + q(r)N).
and (6.61) follows for N small enough.

Proof of (6.62)-(6.63). It follows from direct computation and (6.58) and (6.61) that (for r large
enough)

d d 1 K d ogo 1
K M < =T okt
exp (—KM) — dt =% [q(T)} + o) dtM = +2Kr
The computation for %R‘ is similar.
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6.2.5 Energy of a 2-solitary wave
We observe from the definition and the energy property (6.3) that a 2-solitary wave u of (6.1) satisfies

lim E(d(t)) = / IVQ|? + Q* — 2F(Q) = 2E(Q,0). (6.65)

t—o0
More precisely, we expand the energy for a solution close to a 2-solitary wave.

Lemma 6.14. In the context of Lemma 6.9, the following holds
E(i) = 2B(Q,0) — oc1goq(r) + O(r~'q(r)) + O(q(r)N) + O(N?). (6.66)

Proof. Expanding E(u, dyu) using the decomposition (6.28), integration by parts, the equation —AQx+
Qr — f(Qr) = 0 and the definition of G in (6.14), we find

2B (u, Dyu) = / Ol + 2 (R, 0) — Q/Gs
+ / (|Ve|* +e® —2F(R +¢) + 2F(R) + 2f(R)e) .
Thus, using (6.18), the subcriticality of p and Sobolev embedding, there hold
2B(u,000) = [ 100uf? + 2 (R,0) + O(a(r)|E L ze + 1€ o2

Note that dyu =n — >4 5(lk - V)Qy implies [|Opuf L2 S N. Next, by direct computation, —AQq +
Q1 — f(Q1) = 0 and then (6.19), (6.21) and (6.16)

E(Q1+ Q2,0) =2E(Q,0) + / (VQ1-VQ2+ Q1Q2 — f(Q1)Q2 — f(Q2)Q1)
- [ (PR - F(@Qi) - F(Qu) - (Q)Q: - £(@2)21)

—2B(Q.0) - [ 1(Qu)Qi +0(e )
= 2B(Q,0) — oeig(|z]) + O(l2| " g(|]))-
Using (6.56), g(|2]) = goq(r) + O(r~tq(r)) + O(q(r)N') and the proof is complete. O
As a consequence of (6.3), (6.65) and (6.66), we obtain the following estimate.

Corollary 6.15. Let @ be a 2-solitary wave solution of (6.1) satisfying the decomposition of Lemma 6.9
n [t,00), for some t € R. Then,

+o00
/t 18cu(s)||22 ds < a(r(t)) + N2(8). (6.67)

6.3 Proofs of Theorems 6.3 and 6.4

6.3.1 General estimates

Proposition 6.16. There exists C' > 0 and 61 > 0 such that the following hold. For any 0 < § < d;
and any 2-solitary wave 4 of (6.1), there exists Ts € R such that u(t) admits a decomposition as in
Lemma 6.9 in a neighborhood of Ty with

N(Ts) <6 and q(r(Ts)) < 62 (6.68)

Moreover, for any such Ty, it holds:
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Same sign case if ¢ = 1 then there exists T, > Tj5 such that 4 admits a decomposition as in
Lemma 6.9 on [Ts, Ty with

Vte [Ty, T.], N(t)<Cs5 and q(r(T.) =052, (6.69)
Opposite sign case if 0 = —1 then 4 admits a decomposition as in Lemma 6.9 for oll t > Ts and
satisfies
1 q0 t ~
Vt € [T5,00), N(t)<C§ and ’ —=t| < ——+C 6.70
To.00), N (@) o'~ flogd (010

for some C > 0.

Proof. Let i be a 2-solitary wave of (6.1). For ¢ to be taken small enough, the existence of T satisfying
(6.68) is a consequence of Definition 6.1 and Lemma 6.9.
For a constant C > 1 to be taken large enough, we introduce the following bootstrap estimate

N <C5, q(r) <62, b< O (6.71)

Set
T, = sup {t € [T}, 00) such that (6.71) holds on [Ts,¢]} > Ty.

In the remainder of the proof, the implied constants in < or O do not depend on the constant C
appearing in the bootstrap assumption (6.71). We start by improving the bootstrap assumption on A/
and b.

FEstimate on N'. We now improve the bootstrap assumption (6.71) on N.
From (6.60) and (6.71), it holds on [Ty, T%),

% [ F] < 3032t 4 03 2 < 526,

for § > 0 small enough. From (6.57) and (6.68), we have F(Tj) < 62. Thus, integrating the above
estimate on [T}, t], for any t € [Ts, Ty), it holds F < 62. In particular, by (6.57), we obtain

€151y p2 S F+b < Co% (6.72)

Arguing similarly for the quantity G, we have

Sl + ) (a)? G 56 (6.73)

k=1,2 k=12

Hence we obtain

Vvt € [T5,T.), N(t) < V.
For C large enough, this strictly improves the estimate (6.71) of N on [T, T%).

Estimate on b. We now prove that for C' large enough, it holds

vt € [T5,Ty), b(t) < %52.
From (6.67) in Corollary 6.15 , we have
—+oo
| 10 B2 ds S () + N2(T3) 5 6% (6.74)
Ts

By (6.68), we have b(Tj) < 62.
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For the sake of contradiction, take C' large and assume that there exists to € [Ty, Ty) such that

C

C
bta) = 50% b(t) < 50° on [T ta).

On the one hand, by continuity of b, there exists t; € [Ty, t2) such that

C

b(t) =+

6% and b(t) > %52 on (t1,1a].
Using (6.59) and (6.71), we have
Ly~ 20ty + 0(C%% + C6%)
dt
which implies (for 6 small enough with respect to 1/C')

log2 1
and thus .
2
/ b> C62. (6.76)
t1

On the other hand, by (6.13), (6.28), dyu = n — > ;1 o(fk - V)Qk and (6.73) we have ||77H%2 <
|0sul32 + 6% on [T, Ti]. Thus, using (6.74) and (6.75),

t2
/|wméasﬁ (6.77)

t1

By the definition of a,f, one has
CL; = C+<87 Yk> + <773 YkJ)’ a]; = C_ <€7Yk> + <777 Yk>

and thus N B N
af = Sap + = ),

t2
Combining (6.73), (6.75) and (6.77), we find / b < 6%, a contradiction with (6.76) for C' large enough.

t1

We can now prove the two statements of Proposition 6.16 themselves. First observe that (6.72)
and (6.73) gives on [T5,T%)
exp(£KM) =1+ O(C4?).

Same sign case. We use the quantity RT defined in Lemma 6.13. From (6.62), for r large,

d o 90 —-1 90
— < |[—F= 4+ 2K ) K < -,
dtR < ( . +2Kr exp (KM) < o

Therefore, for all t € [Ts,Ty], it holds

R*(t) < R*(T5) — 22(¢ - T).
2a
Assuming T, = oo, RT(t) becomes negative for some time, which is absurd. Since all the estimates

in (6.71) have been strictly improved on [Ty, T] except the one for ¢(r), it follows by a continuity
argument that ¢(r(7})) = 52.
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Opposite sign case. Here we use both RT and R~. First notice that on [T}, T}],

R(1+0(C8%) < (1) R*(1+0(C8?)). (6.78)
From (6.62),
o Ao <1 + O<K>> (1+0(05%) <L <1 + O(K)>
dt o [logd| e llogd| )’

for 6 > 0 small enough with respect to C. Thus, for any t € [Ts,T%), it holds by integration on [T, t]

g O(K)
RY(t) < RY(Ty) + EO (1 + ‘10g5’> (t — Ty). (6.79)

Similarly, we check that

O(K)> (t—T)). (6.80)

— _ go
t) > T, —(1—-—=
R0 = R(1)+ 2 (1 50

Note that (6.68), (6.78) and (6.80) imply that

YVt € [T(;,T*), q(?“l()) 5 (5 2 (t - T&))

In particular, the estimate on ¢(r) in (6.71) is strictly improved for § small enough, As a consequence
T, =00 -

Last, we observe that (6.78), (6.79) and (6.80) imply (6.70) where C can be written in terms of
R*(Ts), Ts and 4. O
6.3.2 Proof of Theorem 6.3

Let u be a 2-solitary wave of (6.1) with o1 = o9.
Let 6 > 0 to be fixed later, and let T and T, be as Proposition 6.16. Using (6.66) at t = Tk
and (6.69), we have

E(u(T.), u(T.)) = 2E(Q,0) — c1g06? + O([logs|~'62).
This allows to fix a 6 > 0 small enough so that

E(u(Ty), 8u(T.)) < 2E(Q,0).

This contradicts the fact that the energy is decreasing and converges to 2F(Q,0) as t — oo.

6.3.3 Proof of Theorem 6.4
Let i be a 2-solitary wave of (6.1) with o1 = —o.

Proposition 6.17. There exists T > 0 such that the decomposition of U satisfies
VST, q(r(®) St N St (6.81)

Proof. Let 0 < § < 47 in the framework of Proposition 6.16. From (6.70), there exists 7' > 0 large
enough such that
2
Ve>T/2, N <Co qlr(t) < 2.
In particular, from (6.59) and (6.60)

d
SN3+t7IN, —F+2uF SN? +t71N. (6.82)

— — 2wt
’ v at
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Our goal is to obtain the decay rate of N'. The above bounds are not quite enough for this, due to the
cubic term in N for which we have no decay yet, only smallness. In order to get around this, we will
work on a modification b of b. Recall (6.57):

b
0SN?SF+ —.
2u

For 0 < e < 1 to be fixed, we observe that

b
N34t IN S EN2 4272 < € <f+ 2) +e 272, (6.83)
7]

(Here and below the implied constants do not depend on ). Set b=b— eF and observe that

) 1
b=b—eF = <1+6>be<}"+b> < <1+6>b.
2u 2u 2u

Therefore, using (6.82),

do > 2t b 4 2epF — Ce® | F + LA Ce 272
dt 21

> (2vT — €)b+ (2eu — C€) (.7:+ ;;) — Ce 2
> yth— Ce 2t72,
where € > 0 is taken small enough so that
(2vt —¢) (1 + ;M)l > vt 2eu—Cé® > 0.
This bound is suitable for our purpose. Integrating on [t, 7] C [T'/2,+00), we obtain

-
b(t) — e TOh(7) < €2 / eV g2 qs < e 22,
t

Passing to the limit as 7 — oo, one obtains for all t > T'/2,
b(t) S e 272 b(t) < Ce 272+ eF(2).

Inserting this information into the equations (6.82) of F and b and using (6.83), it holds

d b vt 9 b 9,9
—(F+— ) < 2uF+—b+Ce (F+—)+Cc "t
dt 2u I 2u

2 b al —2,-2
—(2u—Ce)<f+>+<1+>b+C’e t
20 7

IN

IN

b
—p <]:+ > + Ce 272,
2u
by possibly choosing a smaller € > 0. Integrating on [T'/2,t], we obtain

b T b t
_ _ e h(t—73) _— < —u(t—s) ,—2
(f + 2M> (t)—e 2 (7— + 2#) (T/2) < [g e s “ds

and so

U
For t > T > 0, the last term is bounded by e #*/2 < ¢=2 and this proves (6.81). O

N3(t) < <f+ 217) (t) <t72 4 5%t T/2eHt
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We complete the proof of Theorem 6.4. By (6.28) and (6.81), estimate (6.7) is proved. Since (6.70)
holds for any ¢ > 0, it means that

lim ——— =%

tmoo tq(r(t))  «

and, using the expansion (6.11) of ¢, this is equivalent to

)

lim 17“(15) Atert) = B90.
t—oo t «

This implies

1
lim {r(t) - (logt - 5(]\7 — 1)loglogt + co>} =0,

t—o0

for cg = log®™2. As N'(t) — 0 (due to (6.81)) and in view of (6.56), we obtain (6.8).
Finally, we prove (6.9). Let 1 < # < min(p — 1,2). We observe from (6.64), |y — z| < N and (6.81)
that

y= | 9 9(l2) + OWN? + ¥l = | K g(l2l) +O(t™?).
Set y = rw, where w € Spn(1). We have ¢ = 7w + rw, and using w - w = 0, we find the estimate
r|lw| = O(t?). Thus, there exists w™ € Sgn (1) such that limy . w = w™. Since % = % +O(N),
og 0g
t
we have proved lim & = w™.
t—oo logt

From (6.32), (6.34) and (6.81), we also observe that
251 — 2| + 220+ 2] St°°,

which is sufficient to complete the proof of (6.9).

6.4 Proof of Theorem 6.5

6.4.1 Preliminary result

We use the notation from the beginning of Section 6.2. We also use the constant
1

2¢/a? + 12

Lemma 6.18. For any (21, 22, {1, £2) € R* with || large enough, there exist linear maps

B = =(Y*t,ZH ' >0 (6.84)

B:R? - R?* V;:R*—=R* forj=1,...,N,
smooth in (21, z2, 01, 02), satisfying
1B -81d] S e 2, vl S em2h,
and such that the function W(ay,az) : RN — R defined by

N
W(az,as) Z {Bk ai,az)Y +ZV1€J a17a2)ax7Qk}

7j=1
satisfies, for all k=1,2, j=1,..., N,
<W(a17a2)7anQk> =0, <W(a17a2)7Yk> = Bak~
In particular, setting

- W(ay, ' . .
W(a1,az2) = <1/+W(/a(;1?2)2)> it holds (W (a1,a2),Z,") = ay.
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Proof. Define

N
W(ay,a2) = ) {kak; + ka,jaa:ij}a

k=1,2 j=1
our goal is to solve for by, vy ; in function of aj, az. Using the relations (Y1, 0,;Q1) = 0, <8$j, Q1,0.;Q1) =

0 for j # j', and the estimate <8xj,Q2,8x~7.Q1> = O(efém) for any 7,7’ (see (6.15)), we observe that
the condition (W (a1,az),d:;Q1) = 0 is equivalent to a linear relation between the coefficients in the
definition of W (a1, a2) of the form

N
1 1
102, Q17 2v1,5 = O(e™ 2 )by + >~ O(e™ 2wy 1.
j'=1
Similarly, the condition (W (a1, a2),0,,Q2) = 0 is equivalent to
J
1 N 1
102, QI3 02,5 = O(e™2 )by + 3~ O3y .
j'=1

Moreover, since (Y,Y) = 1 (see Lemma 6.7) and (Y7, Y2) = O(e_%m), the conditions (W (a1, az2), i) =
Bay, write

N
b= par + Of (1] + 3 foayl ¥ .
j'=1
N
by = Bag + O{ <|61’ + Z |Ul7j">€%|z}-
j'=1

The existence and desired properties of by and vy ; for k = 1,2 and j = 1,..., N thus follow from
inverting a linear system for |z| large enough. O

6.4.2 Construction of a family of 2-solitary waves

Proposition 6.19. Assume o0 = —1. For 6 > 0 small enough, for any

(21(0), 22(0)) € R?N with |21(0) — 22(0)| > 5|logd|,
(41(0),£2(0)) € Bgan (6), (6.85)
£1(0) € By 12(8) with (6.29) and (£1(0), Z,(0)) =0 for k=1,2,

there exists (a] (0),a3 (0)) € BRQ((S%) such that the solution U of (6.1) with the initial data

is a 2-solitary wave.

Proof. Decomposition. For any t > 0 such that the solution w(¢) satisfies (6.27), we decompose it
according to Lemma 6.9. Note that by the properties of the function W in Lemma 6.18 and the
orthogonality properties (6.29) of £ (0) assumed in (6.85), the initial data #(0) is modulated, in the
sense that (z1(0), 22(0),41(0), ¢2(0)) and

£(0) = W(af (0),a3(0)) +1(0),
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are the parameters of the decomposition of #(0). In particular, it holds from (6.85)

N(0) <68, q(r(0) < 6% (6.86)

Moreover, by Lemma, 6.18, for k =1, 2,
(£(0). 2 (0)) = (W(ay (0),a3(0)), Z!) = aif (0),
which is consistent with the definition of a; in (v) of Lemma 6.9.
Bootstrap estimates. We introduce the following bootstrap estimates
N <&i, qr) <63, b<os. (6.87)
We set
T, = sup {t € [0, 00) such that (6.87) holds on [0,¢]} > 0.

FEstimates on the damped components. The estimate on N is strictly improved on [0, Ti] as in the
proof of Proposition 6.16. In particular, N < § on [0, T%].

Estimate on the distance. Note that r(t) 2 logé and thus, from (6.62),

dR™ _ qo C 2 90
—>=(1- 1- > =
dt ~ « < |log(5\> (1-08) 2

Thus, by integration on [0, t], for any t € [0,T}], it holds R~ (¢t) > R~(0) + 92%;. Using (6.78) and next

(6.86), we obtain ,
1 1—C8  got) /\ oo = o
) - <q<r<o>> * 2a> (=02

This strictly improves the estimate of ¢(r) in (6.71).

Transversality condition. From (6.59) and N < §, we observe that for any time ¢ € [0, Ti] where it
holds b(t) = 52, we have

%b(t) > 20 tb(t) — O8> 2005 — 0% > v et > 0,

for § > 0 small enough. This transversality condition is enough to justify the existence of at least a
couple (a;(0), a3 (0)) € Bgz(61) such that T, = oo.

Indeed, for the sake of contradiction assume that for all (a] (0), a3 (0)) € Bpe ((52), it holds T} < co.
Then, a contradiction follows from the following observations (see for instance more details in |28] or
in [31, Section 3.1|).

Continuity of 7T, the above transversality condition proves that the map
+ + z 3
(a7 (0), a5 (0)) € By (6%) = T2 € [0, +00)
is continuous and that T} = 0 when (a] (0), a5 (0)) € SRz(cS%).
Construction of a retraction As a consequence, the map
(af (0),a§ (0)) € By2(5%) = (] (1), a3 (T1)) € Spa(57)
is continuous and its restriction to the sphere Sg2(d %) is the identity.
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This is a contradiction with the no retraction theorem for continuous maps from the ball to the
sphere. O

Remark 6.20. The use of initial data similar to the ones in Proposition 6.19 allows to correct a flaw in
the articles [28, 31, 85] dealing with the construction of multi-solitons in several contexts. For example,
in [31], the initial data Uy chosen page 18 is not exactly modulated, and this is why Lemma 6 provides
the modulation keeping track of the free parameters necessary for the topological argument. However,
this modulation involves a translation parameter denoted by y in [31] (similar to (21, z2) in the present
paper) on which the topological argument finally depends. To close the choice of the free parameters
for initial data as chosen in [31], an extra argument would be needed (like a fixed point result). It is
simpler though to define an initial data already modulated as in Proposition 6.19, or in [67, Lemma
3.1].

6.4.3 Lipschitz estimate and uniqueness

The heart of Theorem 6.5 is the following proposition.

Proposition 6.21. For § > 0 small enough, let( 1(0), 22(0), £1(0), £2(0), £1.(0)) and (%1(0), 22(0), £1(0)),
(2(0),£1(0)) be as in (6.85), and let (a7 (0),a3(0)) € Bg2(0), (@ (0),a5 (0)) € Bgz(8) be such that the
solutions U(t) and u(t) of (6.1) with initial data

are 2-solitary waves. Then it holds

Y laf(0) —a(0)]

k=1,2

,_\

S 4<H5L( )= ELO) e+ Y {12(0) = 2 )|+|zk<0)—ék(0)|}>.

k=1,2

Proof. We will split the proof in several steps. For 6 > 0 small enough, from Proposition 6.16 and
the assumption on their initial data ﬁ(O) ﬁ(O) the 2—solitary waves @ and u decompose for any ¢ > 0

as in Lemma 6.9 @ = Ql + Qo+ 8,0 =0Q1+ Q2 + € and the parameters of their decompositions
(2K, Uk, N )g=1,2 and (Zios O, N ) e 1.2 respectlvely satisfy (6.70) for all ¢ > 0. Denote

o=k = =li—lr, Qr=Qr—Qr, E=c—¢& i=n—1, (6.88)
1
. - . 2
~ (19 + 3 i X 1] (6.89)
k=1,2 k=1,

(Notice the extra term in N).
I 4 5 |2 (0)] > 07, since (af (0),af
|

fied. Thus, we assume now >, _; 5 [Z(0)
is small (see (6.103)).

(0)), (af(0),as (0)) € Bg2(6), the desired estimate is satis-
< 61, and we work only for time ¢ such that dk=12|Z()]

Equation of €. By direct computation from (6.31) for & and £, we have

{atg =1+ Mods 1 + Mod; 2 (6.90)

o = NAE— &+ f/(R)g — 2am + Mody; 1 + Mod; 2 + G
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where
Modeq = > (3 — k) - VQr, Moden = ) (51« - gk) - VQr,
k=1,2 k=1,2
Modfhl = Z (Zk + Q(Iék) : VQk
k=1,2
- Z (O - V) (2 - V)Qk — Z (0 - V) 2k - V)Qx,
k=1,2 k=1,2
Modj 2 = Z (gk + 2agk) . VQk — Z (Zk . V)(ik : V)Qk
k=1,2 k=12
and

G=[f(R+e)— f(R)— f'(R)e] — [f(R+&) — f(R) — f'(R)E] + G — G.
Step 1. We claim the following estimate on the nonlinear term G.
Lemma 6.22. ) .
1Gll2 S NN + A7 +e3). (6.91)

Proof. We will in fact derive pointwise bounds. We decompose G = Z?:1 éj where

[f/(R) f'(R)E,
[f(R+¢e)— f(R) — f/(R)

[f(R+€) — f(R) - f(R)E

[f(Q1+ Q2) — £(Q2)] — [f(Q1 + Q2) — f(
[f(Q1 + Q2) — [(Q1)] — [f(Q1 + Q2) — f(

For Gy, using |f'(R) — f/(R)| < (@177 + |Q2[P~ DY 12 |2k], we have

[f(R+&)—f
[f(R+&)—f

el

]
(
(

Gil S 18 (1QuP " +1Q2P) D [zl

k=12
For G, by Taylor formular, we have
Gy=f(R+E+¢&)— f(R+8)— f(R)e
1 1 1
:é/ f'(R+£E+68) — f(R)do :g/ (5+05)/ f"(R+ p(g +60¢))dpdo
0
—5/ / (0 + (1 —0)8) f"(R + p(g + 02)) dpdb.
As [f"(@+y)l =pp — Dz +y[P~2 S a7 + [y[P72, we get
|Gl S [el(lel + [&]) (IRIP™2 + [EP~2 + [eP72) .
For G3: by Taylor formula,
[F(R+&) ~ F(R)] - [F(R+2) — F(R))| = |¢ / F(R+08) — f/(R+62)do

S (2] +1220)1E I(IRI” 2+\Rlp 2+ [EP7?)

and
[F'(R) — f(R)E] < (121] + 122 [E| (| RIP2 + | R[P2).
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It follows that
Gs| S (121] + |ZD)IEI(IRP + |RP> + P 2).

For Gy4: Taylor formula gives similarly

G| = ‘Ql /01 [£(Q2+6Q1) — f/(Q2 4 6Q1)] do
S1QuNIQ2 — Q2| (@117 +1Q2"7?) S 122] (|Q11P~" Q2] + [@1]|Q2P) -
For G5, a similar argument yields
1G5 S 121117 Q2| + |QulQ2P71).
Estimate (6.91) then follows from (6.18) and Sobolev embeddings. O

Step 2. Equations for the parameters.
Lemma 6.23.

(i) Equations of the geometric parameters. For k = 1,2,
12 — 0| SNV +N), (6.92)
10k + 2005| S NN + N + e 2P, (6.93)

(ii) Bquations of the exponential directions. Let a; = (2, Z,;t) Then,

SNWN + N 4 ez, (6.94)

7Gk — VvV

d -+ +-+
'dt Uk

Proof. (i) From the orthogonality conditions in (6.29), we derive the following relations: for all k = 1,2
and j=1,..., N,

We derive the equations of %, and ¢ from these relations.
First, from (6.95) for € with k =1and j=1,...,N,

0— % (6,00, Q1) + (2.0,,01))

== <8té7 aij1> + <é7 8ta$.7'Q1> + <atéa aij1> + <€7 ata.l’jQ1>‘
Thus, using (6.90) for ;¢ and (6.31) for 9;&,

0= <ﬁ, 6ij1> + (él,j - él,j)HanQlH%Q + <(5’2 - Z2) : VQQa 8ac]'Ql>
+ > Gk — k) - V@i, 02,Q1) — (&, (21 V) 00, Q1)

k=1,2

+ (7, 00,Q1) + D ((Br = l) - VQk, 0, Q1)

k=1,2
— (&, (% - V)0z,;Q1) — (&, (%1 - V)angQl).
Using (6.15), (6.32), (6.95) and the estimates
‘<8:Ej/Q178ij1>| + |<an/Q2aaij1>| + ‘<8€Ej/Q2aasz1>| 5 |él, + |’22|>
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it follows that
51 — Gyl S e 2z — B + (|51] + |2V + (6] + NN
F NG|+ 12— )+ Nz (V2 + 1))

By symmetry, an analogous estimate holds for |25 ; — g27]’|. Summing up both gives (6.92).
Second, using (6.95) for 7 with k =1 and j =1,..., N, we have

d -
0= — ((7,0,@1) + (i1, 0z, Q1))

= (041, 02, Q1) + (1, 002, Q1) + (4, D, Q1) + (71, 040z, Q1).
Using (6.90), one has
(041, 0, Q1)
= (A& — £+ f(Q1)&,02,Q1) — 21}, 0z, Q1)
+ ([f'(R) — f/(Q1)]E, 02;,Q1) + (G, 0, Q)
+ (01 5+ 2001 )10, Qa2 + (b2 + 20ds) - VQ2, 0, Q1)
= > Al V)G V)Qky 02, Q1) — D (G V) (i - V)@, 0, Q)

k=1,2 k=12
+ 37 (g +208) - VO, 00,Q1) = S (G- V) G- V) Q1 02, Q1).
k=12 k=12

Next,
(1, 0005,;Q1) = — (1, (21 - V)0, Q1)
=11, (21 = £1) - V)3,Q1) — (11, (1 - V)05, Q1) = ONN).
Then, using (6.31),
(00}, 0, Q1) = (AE — & + [/(Q1)E, 0, Q1) — 20(if, D, Q1)
+(f(R+8) = f(R) — [(Q1)&,0:,Qn)
+ 37 (0 + 20dy) - VO, 02,Q1)
k=1,2

= > Al V) (k- V)Qu: 0, Q) + (G, 0:,Q).

Last,

<7778taa:3Q1> — (1, (21 )8%@1) (71, (1 V)0q,Q1)
— (i, (31— £1) - V)0, Q1) — (i}, 01 - V)0a; Q1)
— (i1, (21 = £1) - V)0, Q1) — (i1, 1 - V)0e; Q1)
= ON|% — £1]) + O(NN).
By (6.91), we have |(G, VQ)| §N(N+/\~/'+ e‘%‘d).
Combining these estimates with Ad, Q1 — 0., Q1 + f'(Q1)02;Q1 = 0, (6.95) for 7, we obtain

br+ 2001, < (/\7+ > {l— i+ |ék+za@ky}>(/v+/\f+eéw).
k=12

We argue similarly to obtain the same bound on |éz,j + 2afy |. Summing up and using (6.92), we
obtain (6.93).
(ii) The proof of (6.94) is similar. See also the proof of (v) in Lemma 6.9. O

220



6.4. PROOF OF THEOREM 6.5

Step 3. Energy estimates. For p > 0 small to be chosen, denote p = 2o — p, and consider the
following energy functional

£ = /{|v5|2 (1= p)& + (1 + 1)® — f(R)). (6.96)

Lemma 6.24. There exists pu > 0 such that the following hold.

(i) Coercivity and bound.

20 Bz — o [N2N2+Z Pr@)) | <e < zg..  697)

k=1,2

(ii) Time variation.

Ao gy i/v?(mm )

dt
Proof. (i) The upper bound in (6.97) is clear. Next, adapting the proof of (i) of Lemma 6.11, one
checks
£ > 210~ [D 50, QU+ Y ()2 + @)?)
k=1,2

The estimate |(£, 0y, Qk)| = (&, 9x,Qr)| S NN from (6.95) then implies the lower bound in (6.97).
(ii) We follow the computation of the proof of (ii) of Lemma 6.11. First,

1d 4

ol = [ 0 (A (L= gz = F(R)E] + @un + 0i2) (1 + )

/Z 4 - VQr)f"(R)E = g1 + ga-

k=1,2

Second, using (6.90) and integration by parts,
g1 = —u/ [IVel? + (1 = pp)e® - f'(R)E*] — p/(ﬁ + pe)?

+ Z / AModg k+ (1 —pp)Mods, — f%R)MOdg’k]
k=12

+ Z/n—l—us [Mod;; 1, + pMod ] + /(77—1—,ué)@.
k=12

The first line in the expression of g; above is less than —ué€ (taking u < p). Next, using (6.32),
(6.33), (6.91), (6.92) and (6.93), we check that the remaining terms in g7 and go are estimated by

NN + N + ez, O
Define

0 .. ; 1 IV )
n :'é’ﬁi’ F=E+ ) |€k|2+@ S @) b= Y @) (6.98)
k=1,2

k=12 k=12

Lemma 6.25. For u > 0 defined in Lemma 6.24, it holds.

(i) Comparison.

. - y . b y
2 ~ 2 5 12 > 12 2
N Sulle!HleHk;mwk\ +k_§12zk! §f+2ﬂ+k_§12\zk\ < N2 (6.99)
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(ii) Positions.

d . . .
| SNV +N +e ally < 6. (6.100)
(iii) Damped components.
d . . - )
S F 4 2uF SNAN + N + e 217l < N2 (6.101)

dt

Proof. (i) follows from (6.97) (see also the proof of (6.57) in Lemma 6.13, (i)).
(ii) Estimate (6.100) follows from (6.92) and (6.93).
(iii) is a consequence of Lemmas 6.23 and 6.24 (see also Lemma 6.13), (iv)). O

Step 4. For the sake of contradiction, assume
52N2(0) < b(0). (6.102)
We introduce the following bootstrap estimate

SIN? <b (6.103)

and we define
T, =sup{t > 0 such that (6.103) holds on [0,t]} > 0.

By (6.94) and then (6.103), there holds on [0, T}]
d. . . .
P> 2w COSNVb > vth. (6.104)

In particular, b is positive, increasing on [0,7) and

+¢5

Vt € [0,T.), b(t) = e th(0). (6.105)

By (6.101) and next (6.103),

%[GQMt]}] < eSN? < 251,
Integrating on [0, ], for any ¢ € [0,7,) and using that b is increasing, we obtain
F(t) S e 2 F(0) + 670(t),
and thus using (6.102),
STFE(t) < 51F(0) + 6b(t) < 61(b(0) + b(t)) < 57b(t).
Using similar argument, we check that
5t|ex(t)|* < 67b(t) for k= 1,2. (6.106)

From (6.100), next (6.103) and then (6.104),

S ON? < 61b < o

d o
il
Integrating on [0, ¢], for any ¢ € [0,T}),
1y
907 S 19(0)[* + 07b(2).
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Thus, using (6.102) and (6.106),
532D S 63 gD + 0310(1) S 55 (0).

Using (6.99), we obtain
63/4/\7‘2 5 51/46

on [0,7}), and so we have strictly improved estimate (6.103) for ¢ small enough.
By a continuity argument it follows that T, = +oo. This is contradictory since the exponential
growth (6.105) would lead to unbounded b.

In conclusion, we have just proved that b(0) < (5%/\72(0). Observing

-

0 (0) — @ (0)] 5 [ (0)] +1(E(0), (Z7 (0) — Z7 (0)] £ 61A(0),

the proof of Proposition 6.21 is complete. O

6.4.4 Modulation at initial time
We introduce some notation related to initial data as written in the statement of Theorem 6.5
Q= (L&), |9 =ILI+|¢llaxrz h=(h1,ha),
and as written in Propositions 6.19 and 6.21
D= (21,20, 00,62,€1),  |IT] = [(z1, 22)[ + [(€1, )| + €Ll 12, @t = (af,a3).
For 6 > 0, we denote by 1/5L the set of Q = (L, 5) satisfying

L € RY with |L| > 10|logd],
5 € BHIXL2(5) with <$a2+( + %)> = 07

and by Wg- the set of I' = (21, 22, 41, {2, &) ) satisfying

(21,29) € R™Y with |21 — 2za| > 5logd],
(51,52) S BR2N(5),
& € By p2(8) with (6.29) and (£, Z,7) = 0 for k = 1,2.

In the statement of Theorem 6.5, we do not require the orthogonality conditions (¢, Z 1 (- + Ly=o
as in the definition of the set V5 . Those conditions are obtained by adjusting (hi, h2) in a second step,
see the proof of Theorem 6.5. We start with constructing the “manifold” for data in Val, which somehow
corresponds to the tangent space and where the discrepancy is superlinear in .

Lemma 6.26. Assume 01 =1 and 0o = —1. There exists C > 0 such that for all § > 0 small enough,
and for any (0, h) € Vi~ x Bg2(0), there exist unique T[Q2, h] € Wiy and a*t[Q, h] € Br2(C9) such that
@+mY N -L) =~ (@ +hYN)(+L)+¢ =01+ Q2+ W(ah) +£., (6.107)

|Ba™ — h| < 62 (6.108)

Moreover, for any (Q,h), (Q,h) € Vi x Bga(8), with |L — L| < 6, it holds

I, A] = T[Q, Al < (12 = Il + A — Al, (6.109)

~

|(Ba™ (92, 8] = h) — (Ba™ [, h] — )| S (/I — Q| + |k — h)). (6.110)

~
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Proof. First, (i) of Lemma 6.9 implies the existence of 21, 29, £1, {2, & such that
@+mV ) (=L = @+hV D) +L)+d =G+ G+ 7 (6.111)

1€ mwre + Y 1] +e 27720 <6

where
k=1,2
Using (6.39) and projecting (6.111) on 9,.Qy for

and £ satisfies the orthogonality relations (6.29)

k=1,2, we find
21— L+ [+ 5 S0

Hence |z| > L — 252 > 5|logd| for 6 > 0 small enough.
Moreover, (6.41) and (6.43) provide the Lipschitz estimates

> ek = Zl + 10 = G} + 118 = Ellmicze S 12— Qf + [ — Al (6.112)

k=1,2
Second, define

af =(,2) and £ =& —W(af,a3)=¢—-W(a"),
so that £ satisfies (£, Z ) =0 for k = 1,2. Using the definition of &) and (6.112), we obtain

D Alze = 2l + 1 — G} + 160 = 2Ll wee

k=1,2
S Y Alak = Zl+ 1 — Gl + 118 = Ellawre S 12— Q) + 1k — A
k=1,2
which is (6.109). Let us now project (6.111) on Zfr Using the expansion
QL= %) —Qi=(21-5)-VQ(- = §) +02(5%),
the fact that (9,,Q,Y) =0forall j=1,..., N, we get
Q=% — Q1. Z1) 5 6%
Similarly,
(G +5) = Go Z1) = (22 + %) - VQU+ 5), Z) + O(8%) S de™ 21+ 0(8%) 5 62,
-+ L)) =0, we infer

Using the assumption (¢, Z(
‘af (YT, 70| < 62

One can argue in the same way upon projecting (6.111) on Z;, and so derive (6.108)

It remains to prove (6.110). From (6.109), we have
o laf a1+ 1€ = En e S 19— Qll + b — .

k=1,2
Using (6.39)-(6.40), observe as above that the following relation holds
[~ 5 (VA +mVYh) + le*]< Ly 4 [L (VG + haeVY ) — V] (- + L)
-V Z V
( (519 (1-9) 4 s V)) ( (52-V) (62 V)4 (U V)>Q($ - 22)
+ VV( W@+ o+ 0L2<!Ll2 + Ihl2 +1(21, 22)/)
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Note that we use the notation from (6.88) and

W)=Y {Bk<a)Yk + in,j(a)aijk}, W(a) := (ﬁé}g» :

k=1,2 j=1

Projecting this relation on Z,j, using the orthogonality relations on & , g 1, 5, ¢ and the same argument
as in the proof of (6.108), we find

1B(af =) = (=Rl S8 (I = Qll+ [ = Bl)  for k=1,2,
which completes the proof of the lemma. O

6.4.5 End of the proof of Theorem 6.5
We first classify 2-solitary wave whose initial data is chosen so that Q = (L, gg ) € stl.

Proposition 6.27. For all § > 0 small enough, there exists a map H : V(;l — Bg2(9) such that, given
Q= (L,¢)e Vi and h = (hy, hs) € Bgs(0), the solution i with initial data

i(0) = (Q + h1}7+)<' - %) - (Q + h2}7+)(' + %) + Cg
is a 2-solitary wave if and only if h = H(Q). Moreover, for any Q, Q € Vit such that || — Q| <4,
[H(Q) — H(Q)| < 81]1Q - 9. (6.113)

Proof. First observe that from Propositions 6.19 and 6.21, for any I'(0) € Wg-, there exists a unique
A+(T(0)) € Bgz(C51) such that the solution & of (6.1) with initial data

7(0) = G1(0) + G2(0) + W (aF (0), ag (0)) + &1(0)

with (a] (0),a3 (0)) € Bgz(9) is a 2-solitary wave if and only if (a] (0), a3 (0)) = A*(I'(0)). Moreover,
the following estimate holds

~ l ~
|AT(T'(0)) — AT(I(0))] < 04[[T(0) — T(0)]]-
Using the notation of Lemma 6.26, this means that
il is a 2-solitary wave if and only if a™[Q, h] = AT(T[Q, A]).

Let us show that this condition can be written h = H(Q) for some function H.
For Q € V(SL fixed, and h € Bg2(9), define

Fo(h) =h—B{a®[Q,h] — AT(T[Q,A])}.

First, we observe that Fy : Bp2(d) — Bgz2(8) is a contraction for 6 > 0 small enough. Indeed, by
Lemma 6.26 and Proposition 6.19,

|Fo(h)| < |k — Ba* [, k]| + |A* (D[, )| S 61,
and

|Fa(h) — Fo(h)| < [(h — h) = B(a™[Q, h] — a™[Q, h])| + B|AT(T[Q, h]) — AT(T[Q, h])|
< §|h — B + 61 |T[Q, k] — T[Q, A]|| < 6|k — .
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Therefore, by the fixed point theorem, there exists a unique H = H(Q) in Bg2(§) such that Fo(H) = H,
which is equivalent to a*[Q, H] = AT (T, H]).
Second, for any 2, ) € V(SL,

[H(Q2) — H(Q)| = |Fa(H(2)) — Fo(H(Q))|
< [Fa(H()) = Fo(H(Q)| + | Fa(H(Q)) — Fo(H(Q)
< %IH(Q) — H(Q)| + |Fo(H(Q) — F5(H(Q)|

and so
|H(Q) — H(Q)| < 2|Fo(H(Q)) - Fo(H(2))].

By definition of F(h), Lemma 6.26 and Proposition 6.19, one has
(Fa(h) = Fo(h)| < 8 (Ja* [0, 8] = a* 2, h]] +|A*(T[Q, 2]) — AT (IO, b))
< O[1Q — Q| + 65 (|T[Q, h] — T, B S 6712 — O,

which yields [H(Q) — H(Q)| < 61| — Q. O

Proof of Theorem 6.5. The map H was constructed in Proposition 6.27 (locally) on a subspace. Our
goal is now to extend it to the full open set given in the statement of the Theorem. Let § > 0 to be
fixed later. Given (L, ¢) such that |L| > 10|logd| and ||¢|| g1y 12 < 6, we decompose

S=—h YT (=5 +h VY +5)+61, (b1, 27(+5) =0

—,

These conditions are a linear system on hy, | = hy (L, ¢) of the form
hi =B, ZH(-— £)) + O(e H%hy )
hay = B(6, ZT(- + §)) + O(e™L/2hy )
which can be inverted for § > 0 small enough, and furthermore, for any such §, one has
[Pl + hoy | + 161 1t xre < Cll @l w2, (6.114)

and the Lipschitz estimates

> by = bl + 161 — ¢l e < C (\L — L+ - GEHHleZ) , (6.115)
k=12

for some constant C independent of small 6 > 0. In particular, qg 1€ Vé(; and up to lowering §, we can
assume that Proposition 6.27 applies on that set. Observe that our initial data can be written

—

a(0) = (G+ (= b )¥H) (= 5) = (T+ (ha = by V) (-+ §) + 1.

Proposition 6.27 asserts that @ is a 2-solitary wave if and only if H(L, d_ﬁ_) = (h1 — hy |, ha — hy ) or
equivalently that (hy |, o) + H(L,$1) = (h1, ho).
We are therefore led to define the extension of H as

H(L7 (Z;) = (hl,Hv h2,||) + H(L7 (ZE’J_)

(where H(L,$,) is given in Proposition 6.27). Due to (6.113), (6.114) and (6.115), H(L, ) is a
Lipschitz map. In conclusion, H meets the requirements of Theorem 6.5. O
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Chapter 7

Long-time asymptotics of the
one-dimensional damped nonlinear
Klein-Gordon equation

Abstract: For the one-dimensional nonlinear damped Klein-Gordon equation
OPu + 200 — O*u+u — |[uP'u=0 on R xR,

with o > 0 and p > 2, we prove that any global finite energy solution either converges to 0 or behaves
asymptotically as ¢ — oo as the sum of K > 1 decoupled solitary waves. In the multi-soliton case
K > 2, the solitary waves have alternate signs and their distances are of order logt.
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7.1 Introduction

7.1.1 Main results

We consider the one-dimensional nonlinear focusing damped Klein-Gordon equation
Otu+ 200 — 2u+u— f(u) =0, (t,z) ERxR, flu)=|ulP v, (7.1)

with @ > 0 and p > 2. It follows from standard arguments that the Cauchy problem for (7.1) is locally
well-posed in the energy space H' x L? (see references in §7.2.1). Moreover, the existence of solutions
blowing up in finite time is well-known, [12]. Denote F(u) = ﬁ|u|p+1. Defining the energy of a
solution @ = (u, yu) by

E(d) = ;/{(5}@2 + (0pu)® + u® — 2F(u) } du, (7.2)

it holds formally
to
E(i(t)) — E(id(t1)) = —2a / Byu(t)| 22 dt. (73)
t1
It is also well-known that up to sign and translation, the only stationary solution of (7.1) is the solitary
wave (Q,0), where @ is the explicit ground state

1

p+1 P
Qz) = <_> : (7.4)
2 cosh? (%a})
which solves the equation
Q" —-Q+Q"=0 onR. (7.5)

Remarkable results and techniques developed in [12, 16, 53, 80, 81] provide information on the long-
time asymptotic behavior of global solutions of (7.1) and of higher dimensional variants of this model
for suitable nonlinearities. From techniques in |12, 16], all global solutions are proved to be bounded in
the energy space (see Theorem 7.6). From [53] and the concentration-compactness principle as stated
in [80, 81], any global solution either converges to zero in the energy space, or decomposes along a
subsequence of time into a sum of decoupled ground states (see Theorem 7.7 and Remark 7.9). For
space dimension 2 < N < 6, it is proved in [12]| that any global radially symmetric solution converges
either to 0 or to a single solitary wave as ¢ — oo. In [29], in space dimension 1 < N < 5 and for
energy subcritical nonlinearities, global solutions of the damped Klein-Gordon equation containing two
solitary waves are described and classified.

The objective of the present article is to complement those works by describing precisely the
asymptotic behavior as ¢ — oo of any global solution of (7.1). The choice of considering the one-
dimensional model is discussed in Remark 7.10.

Theorem 7.1. For any global solution @ € C([0,00), H' x L?) of (7.1), one of the following three
SCENarios occurs:

Vanishing i(t) converges exponentially to 0 in H' x L? as t — oc.

Single soliton There exist o = £1, £ € R such that u(t) converges exponentially to (cQ(- —¢),0) in
H' x L? as t — oo.

Multi-soliton There exist K > 2, 0 = +1, ¢ € R and functions zj, : [0,00) = R, forallk=1,..., K
such that for all t € (0, 00),

K

u(t) = oY (~1)"Q(- - z(t)

k=1

+l0wu)l 2 St (7.6)
H!
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cmdforany1<9<min(p—1,%),k:zl,...,K,

K+1
2i(t) = (k — ;) logt 4 73, + £ + Ot~ 0+1), (7.7)
as t — oo, where T, are the constants uniquely defined by
K
2 k(K —k
ZTk =0, e~ (Tey1—Tk) — ?afy,g where Y = 7( 5 >, (7.8)
k=1

and £ > 0 defined in (7.38) only depends on p.

Remark 7.2. The parameter /¢ is related to the translation invariance. In the vanishing and the single
soliton cases, the damping leads to exponential convergence as ¢t — oco. In the multi-soliton case, due
to the nonlinear interactions between the solitary waves, the asymptotic behavior (7.7) of the centers
of mass z; is related to the following nonlinear differential system

. R _(yo—

=g (y2—v1)

G = 2i (e*(yk*ykﬂ) - e*(yk+1*yk>) , fork=2 K1, (7.9)
(6%

Ug = B oo—lyx—yr-1).
2c

This system is studied in [33, 93] in the context of blowup solutions of the nonlinear wave equation.
The nonlinear interactions at short distances between the solitary waves also yield the slower rate of
convervence t~1 in (7.6). See [65, 109, 110] for other examples of strong interactions leading to logt
distant solitary waves.

Theorem 7.1 is a version of the soliton resolution for global solutions of the one-dimensional damped
nonlinear Klein-Gordon equation (7.1), with convergence for the whole sequence of time and a descrip-
tion of the parameters of the solitary waves. The case of the damped Klein-Gordon equation on a
bounded domain for suitable nonlinearities is addressed in [18, Theorem 9.5.3]; see also references
therein.

We refer to [23, 46, 43| for results related to the soliton resolution conjecture for the challenging
case of the undamped energy critical wave type equation.

Obviously, @ = (0,0) and 4 = (Q,0) are examples of the first two scenarios of Theorem 7.1. Our
second result gives examples of the third scenario for any K > 2.

Theorem 7.3. For any K > 2, 0 = 1 and { € R, there exist global solutions of (7.1) satisfying
(7.6) and (7.7).
7.1.2 Notation and basic results on the solitary wave

We denote (-, -) the L? scalar product for real-valued functions u; or vector-valued functions @; = (u;, v;)
(i=1,2)

(ug,ug) := /ul(x)uQ(a;) dz, (dy,s) := /ul(:r)uQ(m) dx+/v1(az)v2(az) dz.
We see from the explicit expression of @ in (7.4) that, as z — oo,
Q(x) = cge *+0(e™), Q'(z) = —cge ™+ O(e™**) (7.10)

where cg = (2p + 2)1’%1 Note that by (7.5), it holds [(8,Q)* + @* — Qf(Q) = 0 and so

1 1

E(Q,0) = <2 - p+1> /QPH > 0. (7.11)
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Linearizing equation (7.1) around the static solution @ and discarding nonlinear terms yields the
following linear equation

O%e + 2004 — D2c + e — pQP e = 0. (7.12)

This motivates the introduction of the undamped linearized operator £ and the associated quadratic
form:

L=-0?+1-pQr~t, (Lee)= / {|8gcz-:|2 +e2 - pr_152} dz.

With such notation, we rewrite (7.12) for the variable €= (g,7) as

9 —
e (7.13)
o = —Le — 2am.

We recall some standard properties of the operator £ (see e.g. [31, Lemma 1]).
Lemma 7.4. The following properties hold.

(i) Spectral properties. The unbounded operator L on L? with domain H? is self-adjoint, its con-

tinuous spectrum is [1,00), its kernel is span{Q'} and it has a unique negative eigenvalue —13,

with corresponding smooth normalized eigenfunction Y (||Y||r2 = 1). Moreover, on R,

Y™ (z)] < eV L5lel for any n € N.

(ii) Coercivity property. There exists ¢ > 0 such that, for all e € H',
(Lee) = cllellzn — ¢t (6, ) + (6,Q)?) -

Recall that the unique negative eigenvalue of L is related to an instability of the solitary wave for
the equation (7.1), described by the following functions:

= Y
+ +
vt =—at/a?+ 1}, Y= <in> . (7.14)

Indeed, the functions £%(t, 2) = exp(v*t)Y%(z) are solutions of the linearized problem (7.13). Since
vt > 0, the solution £7 illustrates the forward exponential instability of the solitary wave despite the
presence of the damping a > 0 in the equation. An equivalent formulation of instability is obtained

by setting
- ty
(F=at/a2+12, ZF= ( v - (7.15)

Then, for any solution & of (7.13), the time-dependent quantity a* = (&, ZF) satisfies

da® T
—— =vTa
dt

This formulation will be used for the nonlinear problem, see (iv) of Lemma 7.13.

7.2 General properties of finite energy solutions

In this section, we gather some known material on finite energy solutions of (7.1). We repeat some
proofs for the sake of completeness.
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7.2.1 Cauchy problem in the energy space
It is well-known (see for instance [18, Chapter 9.5]) that the linear problem
Otu+ 200 — 0*u+u=0 (t,r) € RxR

generates a strongly continuous semigroup of contractions (S (t))i>0 in H' x L? or L? x H~! satisfying,
for some C' > 1, v > 0,

1Sa®llcmxrzy < Ce™, 1Sa®llcrexn-1) < Ce™™, (7.16)

for all t+ > 0. Recall also that the map u ~— f(u) is Lipschitz continuous from bounded sets of H! to
L?. In particular, the standard theory of semilinear evolution equations (see for instance [18, Chapter
4.3] or [103]) yields the following result.

Proposition 7.5. For any initial data (ug,vo) € H* x L%, there exists a unique mazimal solution
i = (u,0u) € C([0, Trnax), H' x L*) N CYH([0, Tmax), L> x H™Y)

of (7.1) satisfying @W(0) = (uo,vo). If the mazimal time of existence Tiax is finite, then limyr,,  ||U(t)|| g1xp2 =
00.

Moreover, the map Tyax : (ug, vo) € H'xL? — (0, 00| is lower semicontinuous, and if (wo,m, V0.n) —n—oo
(ug,vo) in H' x L? then, for any 0 < T < Tyax,

(Un, Opun) — (u, Opu) in C([0,T], H* x L?),
where (up, Opuy) is the solution of (7.1) corresponding to (uon,von)-

In this paper, we systematically work in the framework of such maximal finite energy solutions, for
which it is standard to check that the relation (7.3) holds. We call global solution a solution for which
Timax = 00. We do not consider solutions of (7.1) backwards in time (i.e. for negative values of ¢).

7.2.2 Bound on global solutions

Gathering the arguments of [16] and [12, Proof of Lemma 2.7|, we recall the following bound on global
solutions of (7.1). Note that [16] is devoted to the undamped Klein-Gordon equation, but as suggested
in the Introduction of [12], the proof extends to the damped case.

Theorem 7.6 ([12, 16]). Any global solution of (7.1) is bounded in H' x L2.

Proof. Let i be a global solution of (7.1). Together with the energy functional E(t) := E(u(t)) defined
in (7.2) and satisfying (7.3), we will use the following quantities

M) = gl + o [ u(s)ads,
W(t) = 5 (1032 + 10u(t) 22 + [u()]2).

By direct computations using (7.1) and (7.2), we check the following relations

M(t) = / w(t)Opu(t) dz + allu(t)]|% (7.17)

_ / w(®)du(t) dz + 20 /O t / w(s)9pu(s) da ds + af[u(0)]%, (7.18)
() = PE2 003 + P (1000 + Iu0)IE:) — 0+ DB, (7.19)
W/(t) = =2l (t)| 3 + [ S(u(t)dru®)ds (7.20)
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In particular, from (7.17) and the Cauchy-Schwarz inequality,
|IM'(t)] < (14 2a)W(t). (7.21)
Moreover, by (7.3) and (7.19),
MY(t) > (p— DW(E) — (p+ 1) E(). (7.22)

The proof of the global bound now proceeds in three steps.
Step 1. We prove that
lim inf M'(t) < cc. (7.23)
t—o0

Proof of (7.23). We argue by contradiction, proving that lim., M’ = oo implies the following inequality,
for all ¢ large enough,

(1+e)[M'(t)]? < M"(t)M(t) where € > 0. (7.24)
Then, we reach a contradiction by a standard argument. Indeed, remark that (7.24) implies g—; [M~(t)] <
0, and lims, M’ = oo also implies lims, M ¢ = 0. Thus, there exists ¢; > 0 such that %[M*E(tl)] <0,
and for all ¢ > ¢4,

0< M~ (t) < M~(ty) + (t — tl)%[M_g(h)],

which is absurd for ¢t > ¢; large enough.
Thus, we only need to prove (7.24) assuming limy, M’ = co. On the one hand, by (7.18) and the
Cauchy-Schwarz inequality, it holds

1 1
t 3 t 3
M| < ull e 9l 12 + 20 ( / Hu(s)l!ist> ( / ratu<s>||izds) T affu(0) 2.

Let € > 0 to be chosen later, we estimate

t % n %
el 2 1Byl 2 + 20 ( /0 uu(s)uigds> < /0 lﬁtu(s)H%gds) ]

1
# (14 1) @l

2
IM'2 < (1+e€)

Thus,
M < 149 [l +a [ luias] (210 + 40 [ 10l ds
+ (14 1) @l
<(1+ M [2||6tu||%2 +da /Ot 180u(s) 125 ds} + <1 + 1) 2 [u(0)[4s.
On the other hand, by (7.3) and (7.19),
M= 200l + (= W + 200+ 1) [ [0(s) 1305~ 0+ DEO)
> (149 20l + ta [ o3 as| + LW (0 - 0+ DEO),
by fixing any € such that

1
7\ 3
0<6<<}?—8F> — 1.
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In particular, since lims W = oo by (7.21) and the assumption lim, M’ = oo, we have for ¢ large
enough,

t
M2 (149 210w + 1o [ oats)as]
0

Thus,
1
U+ PP < 207+ (141 ) @ uCO)

and using again lims, M’ = co we obtain (7.24) for any ¢ large enough.
Step 2. We prove that
sup |M'(t)] < . (7.25)
te[0,00)

Proof of (7.25). Combining (7.21) and (7.22), we obtain

—1
M"(t) > L= |\ ()| - (p+ 1)E(0).
()2 L1 M0)] - o+ DEO)
Let 1
p—- /
H(t) = M'(t) — 1)E(0).
()= L= LM (1) - (p+ DEO)
Then, H'(t) = 11?4:2104M”(t) > %H(t). If there exists ¢ > 0 such that H(t) > 0, then lim. H = oo,
contradicting (7.23). It follows that for all ¢ > 0,
142
M'(t) < =2 (p+ DE(0),
Similarly, let
p—1 .,
K(t)=— M(t 1)E(0).
(6) =~ L= M) + (p + DE©)
Then, K'(t) = — 5= M"(t) < —Z5L K (£). Tt follows that K () < e~ 172" K(0), for all ¢ > 0. Thus,
1+ 2«
M'(t) > - P ((p+DEQ) + [K(0)).

and (7.25) is proved.
Step 3. Last, we prove the global bound

sup |W(t)| < oo. (7.26)
te[0,00)
Proof of (7.26). We rewrite (7.22) as
1 p+1
t) < ——M"(t) + ——=E(0).
W(O) < M) + L E)

Integrating on (¢,¢+ 1) and using (7.25), we observe that

t+1
sup W(s)ds < oo. (7.27)

t>0 Jt
Moreover, by (7.20),
1 1 1
W< ~2aloul: + [ luPlowl <S03+ 5 [P <w g [
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For ¢t > 1 and 7 € (0,1), integrating on (¢t — 7,t), we find
t 1 t
W) <W(Et—71)+ W(s)ds + 2/ /\u(s)Zpdxds
t—1 t—1

t 1 t
<W({t—71)+ W(s)ds+ - / / u(s)|?P dz ds.
t—1 2 Ji—1

Using the Sobolev inequality (in space-time) for the last term, we obtain, for some constants C' > 0,

t
W(t) <W(t—71)+ . W(s)ds + c”uyﬁg((ﬁt)xm

<W(Et-71)+ t W(s)ds+C’<
t—1

t W (s) ds)p.

t—1

Integrating in 7 € (0,1) and using (7.27), we find (7.26). O

7.2.3 Decomposition of any global solution along a subsequence
Theorem 7.7 ([53, 80, 81]). Any global solution @ of (7.1)
o cither converges to 0, i.e. limy_oo ||U(¢)|| 152 = 0;

e or is asymptotically a (multi-)solitary wave along a subsequence of time: there exist K > 1, a
sequence t, — 00, a sequence (Skvn)ke{l K} € RX and signs o, = £1, for any k € {1,..., K},
such that

o o)} =0 (7.9

n—o0

K

lim {Hu(tn) =3 ahQ( — &)
k=1

and in the case K > 2,

lim i —&en =00 foranyl <k <K -1
n—oo

Remark 7.8. It is clear that if a global solution « satisfies (7.28) for two different sequences (¢,),
and (t]),, then the number K > 1 of solitary waves is the same for both sequences. Indeed, by
monotonicity of the energy (7.3) and (7.11), it holds
lim E(i(t)) = K B(Q,0) > 0. (7.29)
t—o0
Remark 7.9. The following stronger result holds in the framework of Theorem 7.7: for any sequence
(tn)n with t,, — oo, the multi-solitary wave behavior (7.28) is satisfied for a subsequence of (t,),. This

result, valid on any global solution of (7.1), is quite remarkable. However, it does not fully describe
the asymptotic behavior of global solutions as ¢ — oo, which is the objective of Theorem 7.1.

Remark 7.10. Note that [12, 16, 29, 53, 80, 81, 82] also apply to the multi-dimensional case, under
suitable restrictions on the exponent p of the nonlinearity, or for radially symmetric solutions. However,
for space dimensions greater than 1, the existence of bound states solutions of Aw — w + f(w) = 0
other than the ground state @, together with the possibility of involved geometric configurations of
solitary waves, complicate the analysis. This is why we restrict to dimension 1 in the present paper.

Proof. Let i be a global solution of (7.1); in particular, by Theorem 7.6, it is bounded in H' x L2
The proof proceeds in two steps.
Step 1. We prove that
tim {[19pu(t)| 2+ 107u(®)] -1} = 0. (7.30)

234



7.3. DYNAMICS CLOSE TO DECOUPLED SOLITARY WAVES

With the notation of §7.2.1, the function #(t) = (v(t), 9 (t)) = (Oyu(t), O?u(t)) satisfies

B(E) = Su(1)7(0) + /O Sa(t — 5)(0, plu(s)P~1v(s)) ds.

By the bound in H' x L? and (7.3), it follows that v € L2((0,0) x R). Moreover, using estimate (7.16),
-l S - [lz2 and [ [lzee S || - |1, we have, for all ¢ > 0,

t
- by = -1 o (—
1) L2xm—1 Se ’Yt””(O)HLZXHfl +HuHioo([07oo),H1)/o e S)Hv(s)”ﬂ ds.

Splitting the integral fot = Ot/ 24 ftt/Q in the last term and using the Cauchy-Schwarz inequality

t
/0 e 7 Ju(s) |2 ds S e 2| p2(0.00 xR) + 0]l L2((t/2.00) xR)

which implies lim;_, o ||(t)|| 25 -1 = 0 and thus (7.30).
Step 2. Let (t,)n be any sequence such that ¢, — oo and let u,(z) = u(t,,z). Then, by (7.30) and
equation (7.1), it follows that

lim [|02un — tn + [unlP M up| -1 = 0.

n—oo
Moreover, the sequence (uy,), is bounded in H!. Then, the alternative stated in the Theorem follows
directly from results from concentration-compactness arguments in |80, Appendix A| and [81, Theo-
rem IIL.4]. In the present framework, we use [81, Theorem III.4] in space dimension 1 and with the
constant coefficient elliptic operator —92 + 1, which simplifies the statement. Observe that in dimen-
sion 1, we enjoy the fact that the only non trivial solutions of ?w — w + f(w) = 0 are w = +Q, up to
space translation.

In the case where lim,, oo ||@(sn)||g1xr2 = 0, for some sequence of time (sp)n, s, — 00, then it
follows from (7.3) that lim;_,~ E(t(t)) = 0. Thus, by (7.11) and the previous arguments applied to any
sequence (t,)n, with ¢, — oo, there exists a subsequence (t,),s such that lim, o ||@(t,)||g1xr2 = 0.
This implies that lim; o [|U(2)]| 1«2 = 0 as stated in the first part of the alternative. O

7.3 Dynamics close to decoupled solitary waves

In this section, we prove general results on solutions of (7.1) close to the sum of K > 1 decoupled
solitary waves. For any k € {1,--- , K}, let op = &1 and let t — (z(¢),4x(t)) € R? be C! functions
such that

K
Z 0| <1 and,if K >2 forany k=1,..., K —1, zp11 —2zr > 1. (7.31)
k=1

For k € {1,--- , K}, define

Qr=0rQ(- — z), Q= (—&%;Ql) ; (7.32)

and similarly (see (7.14)-(7.15))
Yie = o1 Y (- — 21), ?ki = O'k?i(' — 2k), Z:f = UkZi(' — 2k).

Set

K K K K
R=Y Qw R=) 0k GZf(ZQk) > Q) (7.33)
k=1 k=1

k=1 =1

235



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

Remark 7.11. To study precisely the dynamics of a solution of (7.1) containing K solitons, it is of
course necessary to introduce a time-dependent position parameter, denoted by zx, for each soliton
Qr (k=1,...,K). As it appears clearly in (7.48), the additional parameter ¢ is related to the time
derivative of zj, i.e. the speed of the soliton Q. In the case where K > 2, the dynamics of /g
is mainly driven by the interactions between the various solitons, see (7.52), (7.53). This is a main
point of this paper. The parameters ({x); are thus introduced to track this nonlinear effect, and
then its consequences on the positions of the solitons. This strategy of introducing time-dependent
parameters related to orthogonality conditions (see (7.46)) to study the dynamics of solitons is often
called modulation.

Note that for wave-type equations, the displacement of solitons with speed /¢ is related to the

Lorentz transformation, which involves a space dilation by a factor 1_ R In the present paper,

limy o0 £ (t) = 0 for all k and thus the dilation in the formula of Qf is neglected. This will induce
error terms (like >, ¢2 in (7.48), (7.49)) that can be handled.

7.3.1 Leading order of the nonlinear interactions

Lemma 7.12. Assuming (7.31), for any k. k' € {1,..., K}, k' # k, it holds.

(i) Bounds. For any 0 <m/ <m,

/’Qk’Qk‘m S e—m’|zk/72k‘7 /‘Qk,HQk’1+m S ef\zk/fzk 7 (7_34)
K K-
/ ‘F(R) D ACHED DN (SIES Z 4 (k=) (7.35)
k=1 kK k=
K-1
1G> £ D Q% Qullz S D e =) (7.36)
k' #£k k=1

(ii) Asymptotics.

[(f(Qr), Qur) — orowerre 1 —2w]| S el (7.37)
where
K= Cc—cf /Qp(x)ex dz >0 and c:=|Q .. (7.38)
(iii) Leading order interactions. Let any 1 < 6 < min(p — 1, %)
o If K =1 then G=0;
o If K > 2 then
K-1
‘(G’, 0:Q1) + c1ko102€™ (z2—21) e 0zr1—2) (7.39)
=1
K-1
‘(G, 0:QK) — ClKOK_10K€" (2 —2K-1) e 0zr1—2) (7.40)

=1

o If K >3 then, for any k € {2,..., K — 1},

’(G, 0:Qk) — c1Ko [ak,le*(zkfzkfl) — Uk-+1€7(zk+lizk):| ’

K-1
E e~ Zl+1 21)

=1

(7.41)
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Proof. Proof of (i). These estimates are direct consequences of the decay properties of @ in (7.10) and
p > 2. See details in [29, proof of Lemma 2.1].
Proof of (ii). We claim the following estimate for z > 1.

3
-5z
Se 2%,

‘/Qp(y)Q(erZ) dy — crre™*

Observe that (7.37) follows directly from (7.42).
Now, we prove (7.42). First, for |y| < 3z, using (7.10), we have

and so

\Q(y +2) — ch*(y“)‘ < e 2 H2) < o222

‘ / QP (y)[Q(y + 2) — cge W] dy’ <e %
lyl<3=z

Second, using (7.10) and p > 2, it holds

/ QP (y)Qy + z)dy +/ QP(y)e~ W) dy < e~ 3.
ly|>3=

ly[>22

Gathering these estimates, we have proved (7.42).
Proof of (iii). We treat the case k € {2,..., K — 1} for K > 3. Other cases are similar. On the one
hand, using Taylor formula, it holds

‘G —plQ[P" ) Qw

K #k

SIQP2Y 1QelP+ D el Q.

K #k K/ £k £k

Thus, using (7.34), we have for any 1 < # < min(p — 1, 2),

'<G,axczk> Y Qi Qs Q1)

K £k

N Z/Qk’p1|Qz!2dx
12K
K-1

5 e—@(zl_,_l—zl)‘

=1

(7.42)

On the other hand, by direct computation, integrating by parts and using the proof of (7.42), we
obtain, for any 1 < < min(p — 1, %),

> plQkIP Qur, 0:Q)

k'#k
=-> UkUk'/Qp(y)azQ(y + 21, — z1) dy
k' £k
K-1
= Z Jklakcllﬁe_(zk_zk’) — Z ngk/cl,fe_(zk/—zk) 4 O( e—g(Zl-H—zl))
k'<k k' >k =1

K1
= oy_1opc1re” T —gpop g eqpe” (B TE) 4 O( e‘g(zlﬂ_zl)).
=1

Indeed, for example, if k£ > 3, one has

2k — 2h—2 = (26 — 2k—1) + (Zh—1 — 2K—2) > 2min(zg — 2k—1; 2k—1 — 2k—2),

(7.43)

which allows us to consider interactions between to non neighbor solitary waves as error terms. Gath-
ering the above estimates, we find (7.41).
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7.3.2 Decomposition close to the sum of solitary waves

Lemma 7.13. Let @ = (u, du) be a solution of (7.1) on the interval [Ty, Ts] and let K > 1. Assume

that
K
=) Q- — &)
k=1
for some small v > 0. Then, there exist unique C* functions

€ [T1,To) = (zk(t), k() peqr. iy € RPE,

such that the solution @ decomposes as

su { inf + ||8tu(t)]Lz} <7, (7.44)
te[T1,Ts] \ Ek+1—Ek>[logy] H1

K
€
7= () =20 =) =
with the following properties on [T1,T5].
(i) Orthogonality and smallness. For any k=1,..., K,
and
K-1
1€ sz + Dl + ) e 2= <y,
=1 =1
(ii) Equation of €.
Ot =1+ Mod
O (7.47)
O =05 —e+ f(R+¢)— f(R) —2an+Mod, + G
where
K
Mod. = > (4 — £4) 0:Qr,
k=1
K K
Mody, = > (b + 20x) 0Qp — > L2k 02 Q.
k=1 k=1
(iii) Control of the geometric parameters. For k=1,..., K,
K
|26 = Gl SNEWF 2 + D 10 (7.48)
=1
K—1
1y, + 200k S €N g2 + Z of? + ) e, (7.49)
=1 I=1
(iv) Control of the exponential directions. For k=1,--- , K, let
af = (&,ZF). (7.50)
Then,
d
’ % af —vEar| SNE e + Z 1012 + Z e~ Grri—a), (7.51)
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Remark 7.14. In the above estimates, if K =1 then the terms Z{i}l are 0.

Proof. See |29, proof of Lemma 2.2].

O

Lemma 7.15 (Refined equation for ¢x). In the context of Lemma 7.13, assume that K > 2. Let

1 <6 <min(p—1,3). Then,

{1 + 20l — koqoge” (72771)

+ ‘éK + 20l + Ko _oge” FKTFE-1)

< ”6HH1><L2 +Z|£l’2+ Ze G(ZH—I Zl

=1

Moreover, if K > 3 then for any k € {2,..., K — 1},

U1, + 2oLy, + Koy, |og_qe” FE#=1) Uk_s_le*(z’f*lfzk)} ‘

K K—1
S ||5H12qle2 + Z 1) + Z e~ 0(zI11—21)

=1 =1
Proof. We treat the case k € {2,..., K — 1} for K > 3. Other cases are similar. First,
d
dt
Thus, using (7.46) and (7.47),
=(0%e — e+ f'(Qu)e, 0:Qi) + (f(R+e) — f(R) — f'(R)e, 0:Qx)
+{((f'(R) — f(Qr))e, 0:Q1) + (G, 0,Qx) + (Mody, 0 Q1) — (1, 202Qy).

<77a aka> = <8t777 aka> + <77,8t8ka> =0.

(7.52)

(7.53)

Since 9,Qy, satisfies 020,Qr, — 0:Qr + f'(Qr)0:Qx = 0, by integration by parts, the first term is zero.

Next, by Taylor expansion (using p > 2), we have the pointwise estimate

K
|f(R+e)— f(R)— f'(R)e| S lelP + \€|2Z Qi
=1

and

F(R) = £'(Qu)| S1QklP2 D 1Qul+ Y JQu |

Kk k' £k

Thus, using || - ||z S| - || s

[(F(R+e) = F(R) — ['(R)e, 0:Qn)| < llelip
and by the Cauchy-Schwarz inequality and (7.36),

K-1

}<(f’(R) — [1(Qr))e, 8:Qu)| S lell2: + o~ 2(zkr1—2)

k=1
By direct computation, we obtain
(Mody, 0:Qr) = (€ + 206) |Q' |72 + > (b + 201) (0 Qe 02 Q)
k' #£k
- Z (w21 ) (02 Qi 02 Q).

Kk
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Thus, using the equation of @, (7.34), (7.38) and (7.48), we obtain

(Mody), 0,Qr) = c1 (fk + 204&;) + O< Z |gk, + 2a€k/|e_izk’_zk)
k' £k

K
+ O (I By + 3 1)
=1
Note that, by (7.48) and the Cauchy-Schwarz inequality, we obtain

K

|0, 2602Qk) | < (126 — €l + 1) 1€z SNE T2 + Z 2
=1

Gathering above estimates and using (7.39)-(7.40)-(7.41), we obtain

)ﬂk + 2aly, + Koy, {ak_lef(z’“fzkfl) - Uk+1ef(zk+1fz’“)} ‘

K : 5 o (7.54)
< HgH%{leZ + Z wl|2 + Z 10 + 2a€k/|e_1‘zk’_zk| + Z e~ 0(z1p1—21)
=1 k' £k 1=1
We obtain (7.53) by combining (7.54) for all k € {1,..., K}. O

7.3.3 Energy estimates

For p > 0 small to be chosen, we denote p = 2a¢ — p. Consider the nonlinear energy functional

&= / {(028)” + (1 = p)e® + (n + pe)* = 2[F(R + ) — F(R) - f(R)e]}.
We recall the following energy estimates.

Lemma 7.16. There exists p > 0 such that in the context of Lemma 7.13, the following hold.

(i) Coercivity and bound.

K

- 1 _ 1,

ulEWnze = 5 D (@) + (@)?) < € < €] Fnese- (7.55)
K 2
(ii) Time variation.

d 1 K K-1
6 S 2 1 e I Brnn + S I6P+ Y eenmm) (2s)

k=1 k=1

Remark 7.17. The above lemma is valid for any g > 0 small enough. For future needs, we fix such
a u > 0 satisyfing the following additional smallness condition

w<min (1, a,lv_|). (7.57)

Remark 7.18. In the case where K = 1, the term ZkK:_ll due to the nonlinear interactions does not
appear in (7.56).

Proof. See |29, proof of Lemma 2.4]. O
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7.3.4 Time evolution analysis
We introduce new parameters and functionals to analyse the time evolution of solutions in the frame-

work of Lemma 7.13. First, we set, for k =1,..., K,

Ly,
Yk :Zk+277
«

and for k=1,..., K — 1 (when K > 2),
Tk = Yp+1 — Yk > L.
Second, we define
Ky={k=1,..., K —1:0, =041}, Fi= Z e "k,
ek

K_o={k=1,..., K —1:01, = —0p+1}, F-= Z e "k,
kek_—

Third, we introduce notation for the damped components of the solution

K

K
_ _ 2 1 —\2
F=E+G, Q—kE_IMk! +f2u§ (ar, )

k=1

and for all the components except distances

K
N— [|5||§fle2 Py ekﬂ

k=1

1
2

Last, we define
- 1 b
— +)2 - -
We rewrite the estimates of Lemmas 7.13 and 7.16 using such notation.

Lemma 7.19. Assume K > 2. Let any 1 < 6 < min(p — 1, %) In the context of Lemma 7.13, the
following hold.

(i) Comparison with original variables. For k=1,..., K — 1,
|’I"k - (Zk—H - Zk)‘ S N, (7.58)
a b
2 =12 2 2
N < il + D10 S F 4 o0 SN (7.59)

=1

(ii) ODE for the distances between solitary waves. The equation for the evolution of yy is

. K _
y1:%0'10'26 T1+O(N2+Fz+FE),
K K
Yk = _%Uk—lake_rk_l + %Uka'k_,_le_rk + O(N2 + Fi + Ff), (760)
. K -
gi = 5 -oK-1ore” N+ OWN?+ F? + F?),

for 2 <k < K —1. Moreover, there exists A > 0 such that

d |1 1 2, g0 0
Sl < — FO 1 F), 61
= {FJ VA (V2 + P+ F2) (7.61)
art >A—L(N2+F9+F9). (7.62)
dt | F_ AF_ s
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(iii) Exponential instability.
lb—2vFb| SN3+N(FL +F). (7.63)
(iv) Damped components.

d
aJ‘f+2u}",§/\f3+/\/(F++F,),

| (7.64)
-9 29 SN3 4 N(Fy + F).
(v) Liapunov type functional.
d
TM< ~N?+C(F} + F?). (7.65)
(vi) Refined estimates for the distance. Setting
Ry = —exp (A M) and R_ = —exp (—3)\ /\/l) )
F. F
where A is given in (ii), it holds
dp < (42 (FL+F) ) exp (A" M) (7.66)
et = AU : '
dp s(hs 2 2 (F9 + F9> exp (=3A7'M) (7.67)
dt™ = AF_ PYAER ‘ '

Remark 7.20. When using the quantities F1 and R, we tacitly assume that i is not empty.
Otherwise, the respective quantities are ignored. For example, if the set K is empty, then (7.67)
rewrites:

d 2N? 2 . 1

—R_> —— ——F" =3\~ .

TR ()\+)\F Vi )exp( 3ITIM)

When K = 1, the quantities Fly and Ry are systematically 0 and the variables 7, are not defined. The

estimates (7.59), (7.63), (7.64) and (7.65) hold in this context.

Remark 7.21. Lemmas 7.13, 7.15 and 7.16 provide the main order of the time evolution of the
parameters zp, (g, af as well as a control on the energy-type quantity on & The new parameters
introduced above are variants of these quantities, whose equations are better suited to control error
terms. For example, the introduction of y; allows to simplify the system in (zg,#x) by discarding
the time derivative of £, which is of lower order in this context. The parameter b gathers the K
parameters related to the instability of the solitons, while the quantities F and G gather the damped
components of the solution. The evolution of the distances r; between the solitons is analysed through
the parameters Fy and F_. We see clearly from (7.61) and (7.62) that consecutive solitons with
same signs will essentially attract each other, while consecutive solitons with opposite signs will repel
each other. The quantities Ry are similar to 1/Fy, but their equations will be easier to handle.
Indeed, comparing (7.64) with (7.66), (7.67), we see that the introduction of M (similar to a Liapunov
functional for €) in a multiplicative exponential factor, removes the contribution of the quantity A in
the error terms. Such estimates will provide a good understanding of the evolution of the distances
between the solitons based on a weak information on the size of &, for example in the proof of the
alternate sign property Proposition 7.25.

Proof. Proof of (i): (7.58) follows from triangle inequality and the definition of N and (7.59) follows
directly from (7.55).

Proof of (ii). In this computation, we use the convention that terms involving yy or oy for £ <0
or k> K + 1 are zero, for example by setting 09 = ox 1 = 0. Similarly, when ¢~ and e™"¥ appears,
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the corresponding term has to be ignored. By direct computation and using (7.48), (7.52)-(7.53), we
obtain for k=1,..., K,

. . ék: K - K - 2 0 6
e = Fk 5 = — 5 Ok-10%e Th—1 4 25 OkTH+1€ "+ ON?+F{ +FY).

It follows that, for any k =1,..., K — 1,
) ) ) K _ K _ K 3
Tk = Ukl — Yk = — —OkOk41€  * + =—0pp10k42€ ¥+ + —op_qope” "+ 1
a 2 2a
+ON?+F! +F7).

On the right-hand side of the above expression, the first term is always present for k =1,..., K — 1,
while the second and third terms might be zero depending on the value of k. For k € K, it holds
ok = 0k+1 and one sees that

. K R —ry K T 2 0 0
T =——e k4 g Th+10k+2€ Thtl 4 25 Tk-10ke Tl 4 O(N? 4+ FL 4+ FY),

with the same observation concerning the second and third terms on the right-hand side. Thus,

> fre = =S+ OB (N? + FY + FY)). (7.68)
kek4 @

where S denotes

Sy = E [26—2% _ O-k+10k+26—(7"k+7"k+1) _ Uk—lo'ke_(Tk71+rk)] ]
kek4

We claim that there exists A > 0 such that S satisfies

Sy =AD e (7.69)
kel 4+

Indeed, first, recall that the symmetric matrix of size n

2 -1 0 0
-1 2 -1
An=10 -1 2 0

.
0 0 -1 2

is definite positive by the Sylvester criterion since for any j € {1,...n}, the jth leading principal minor
of this matrix, i.e. the determinant of its upper-left j x j sub-matrix, is positive (its value is j + 1).

Second, observe that in the sum defining S, for given k € K4, if k —1 € K, then 010, =1
(if k > 2) or 0 (if £ = 1) and thus the corresponding term is positive or zero and can be ignored in
establishing a lower bound for Sy. The same property is true for the term corresponding to og410%+2
if k+1 ¢ K. Letting n = card(K), this observation justifies that S is lower bounded by the
quadratic form associated to the matrix A,, taken at the vector of R” of components {e " : k € K}.
This shows that (7.69) holds for some X > 0.

It follows from (7.68) and (7.69) that there exists A > 0 such that

1
> e < —AFE 4+ LW+ F! + F?).
kek4
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Thus,

d |1 1 .y 1 2 6 0
dt[F} FQZrke + g W P+ D)
+ + kel +

The estimate (7.62) concerning -%[2] is proved similarly.

Proof of (iii). It follows from (7.51) and the bound |a}} | < ||€']|g1xze < N
Proof of (iv). By the definition of F and (7.49), (7.51), (7.56), we have

d d K 1 &
do_d. 1.
i dt5+ ;MHM;%%

K

K
<28 — 42 B+ TS "(0;)? + OWP + N (Fs + FL)).
k=1 k=1

Since 0 < p<aand 0 < pu < |v~| (see (7.57)), we obtain (7.64) for F. The proof for G is the same.
Proof of (v). From (7.63) and (7.64), we estimate

d 1 (d 1 d 2 b
dtM:MQ<]-'—b><—M <f+2u> ON3 + N (Fy + F_)).

Thus, from (7.59) and then for A small enough,
%M <2N?+ON? + N (Fy + F_)) < —N? + O(F? + F?).
Proof of (vi). From (7.61) and (7.65), we estimate
%R+ = <§t {F{r] + )Jllrc?tM> exp(A\"IM)
< <—)\ + Mla(Fﬁ +F0+CF} + CFE)) exp(AT'M),
which implies (7.66). The estimate for %R_ is proved similarly. Note that the coefficient 3 of the

factor exp(—3A~' M) in the definition R_ allows us to obtain a positive factor A2 in the right-hand
side of (7.67). O

7.3.5 Long-time energy asymptotics
Lemma 7.22. Let any 1 < § < min(p — 1, %) In the context of Lemmas 7.13 and 7.19, it holds

E(ii) = KE(Q,0) — cikFy + c1kF- + O(N? + F{ + F?). (7.70)

Proof. Expanding E(u, 0;u) using the decomposition (7.45), integration by parts, the equation —92Q+
Q@ — f(Q) =0 and the definition of G in (7.33), we find

2B (u, D) = / O’ + 2 (R, 0) — 2/05
+ / (10zel” +e* —2F(R + ) + 2F(R) + 2f(R)e) .
Thus, using (7.36), the Cauchy-Schwarz and Sobolev inequalities, it holds
2E (u, Opu) = / |0pu)® + 2E (R,0) + O(N? + F? + F?2).
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Note also that (7.45) implies

K
[1oa < [ (\n|2+2|ekaxc2k\2) <A,
k=1

Then, by direct computation, next —92Q + @ — f(Q) = 0 and (7.35),

E(R,0) = KE(Q,0)+ ) / [(0:Qr)(0:Qr) + QrQr — [(Qr)Qr — f(Qr) Q4]

k<k’
K
-/ (F(R) N FQ- Y f<czk)@k/)
k=1 k£K
= KE(Q,0) — Y _(f(Qr),Qu) + O(F! + F?).
k<k!

Last, from (7.37), (7.58) and the definition of F and F_, we observe that

Z (f(Qk), Qu) = c1kFy — 1k F_ + O(N? + F{ + F?)
k<k’

Indeed, in the above double sum ), _,, in k and &', the terms corresponding to k' = k + 1 contribute
to +c1kFy (depending on k € K1) and the other terms (i.e. k' > k + 2) only contribute to the error
term (see also (7.43)).

Gathering all the above estimates, we have proved (7.70). O

Combining (7.70) with (7.3) and (7.29), we obtain the following result.

Corollary 7.23. Let @ be a global solution of (7.1) satisfying the decomposition given by Lemma 7.13
on [t,00), for somet >0. Let 1 <0 < min(p —1,3). Then

20 /:O |0su(s)||22 ds = —c1kF4(t) + 1k F-(t) + ONZ(t) + F2(t) + FO(¢)). (7.71)

7.3.6 General estimates for global solutions

The following result is similar to Proposition 3.1 in [29]. We repeat the proof for the sake of complete-
ness.

Proposition 7.24. There exists a universal constant &1 > 0 such that the following holds. Let 0 <
0 < 61 and U be a global solution of (7.1) satisfying (7.28) with K > 1. Let Ty > 1 be such that 4
admits a decomposition as in Lemma 7.13 in a neighborhood of Ty, with

IN(T5))? + b(Ts) + Fy(Ts) + F_(Ts) < 62 (7.72)
Then, for all t > Ty, it holds
N ()] + b(t) + Fy(t) + F_(t) < 62, (7.73)

and
1

F_(t)<3(62+At—Tp) . (7.74)
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Proof. For a constant C' > 1 to be taken large enough, we introduce the following bootstrap estimates

N

N <05, b<O8?, F.<62, F_<oz, (7.75)
and we set
T. = sup {t € [T}, 00) such that (7.75) holds on [Ts,t]} > Tj.

We prove T, = oo by strictly improving the bootstrap estimate (7.75) on [Ty, Ty) for C > 1 large
enough. In the rest of the proof, the implicit constants in < or O(-) do not depend on the constant C
of the bootstrap estimate (7.75).
FEstimate on N'. From (7.64) and (7.75), it holds on [Ty, T%),
di [62’“5.7:] < 03532t 4 O3 21t < §2e2mt
t ~ — Y

for 6 > 0 small enough (depending on C). From (7.59) and (7.72), F(Ts) < 6. Thus, integrating the
above estimate on [T, ], for any t € [Tj,T.), F(t) < 62. In particular, by (7.59), we obtain

€N e S F+b S C6

Arguing similarly for the quantity G, we have

K K
SO+ () £ G <6 (7.76)
k=1 k=1
Hence we obtain, for all ¢ € [Ty, T%),
N(t) S V6. (7.77)

For C large enough, this strictly improves the bootstrap estimate (7.75) on N on the interval [Ty, T}).
Estimate on b. Now, we prove that for C' large enough, it holds for all ¢ € [Ts, T),

b(t) < %52. (7.78)
From (7.71) in Corollary 7.23 and (7.72), we have
103 ds S NPT) + BTy + F(T) S 6 (7.79)
Ts

By (7.72), we have b(Ts) < 62. For the sake of contradiction, take C' > 4 large and assume that there
exists ty € [T5,T) such that

C

= 5(52, b(t) < %(52 on [Ty,t2).

b(t2)
On the one hand, by continuity of b, there exists t; € [Ty, t2) such that
b(t)) = %52 and  b(t) > %52 on (t1,ts).
Using (7.63) and the bootstrap estimates (7.75), we have

%b = 2Th+ O(C38® + C53)

which implies (for ¢ small enough depending on C)

log2
ty —t) = ;V—i +0(63), (7.80)
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and thus .
2
/ b(s)ds > C5°. (7.81)
t1
On the other hand, by (7.32), (7.45), (7.76), (7.79) and (7.80),

to to K
/ In()1172 dt < / (I!atU(t)Hiz +Y H&c‘h%(ﬂ\\%z) dt < 6% (7.82)

t t k=1

By the definition of af, one has
CL; = C+<87 Yk> + <777 Yk>’ a]; = C_ <57Yk> + <777 Yk>

and thus o —
af = 2—a; + 21—
k é‘— k é‘—
Combining (7.76), (7.80) and (7.82), we find the estimate ttf b(s)ds < 6%, which contradicts (7.81) for
C' large enough. This proves (7.78).
Estimate on F_. Let 1 < 6 < min(p — 1,%). First, from (7.71) in Corollary 7.23 and (7.75), we
have

(1, Yg).

Fi <2F- +OWN?) and F% <2F% + N2 (7.83)
Second, from (7.67), (7.75) and (7.83), we have

dt

d 2 -
—R_ > <)\+ )\T <N2 - Fﬁ Ff)) exp (*3)\ IM)

> ()\ — ?\Ff_1> exp (—=3A7'M) > %

By integration on [Ty, t] for any t € [Tj,T%), it holds
A
R-(t) 2 R_(Ty) + 5t = Ty). (7.84)

By the definition of R_ and (7.72), we have R_(Ts) > 162 Thus, (7.84) implies that, for any
te {T(S?T*)

3 3(1_, A -1 )
()< — < Z (= —(t— < 30°.
F(t) < 5 <5 <25 + 5t T5)> 36

This is strictly improves the bootstrap estimate (7.75) of F_ on the interval [Ty, T.) and proves (7.74).
Estimate on Fy. From (7.77), (7.83) and (7.74), we observe that

F, <2F_ 4+ O(N?) < 0(C8%).
For § small enough (depending on (), this strictly improves the estimate (7.75) of Fy on [Ts,Ty).
The previous estimates prove that Ty = oo and that (7.73) holds on [T}, 00). O
7.4 Alternate signs property for neighbor solitary waves

In this Section, we prove the following property.

Proposition 7.25. Let 4 be a global solution of (7.1) such that K > 2 in (7.28) of Theorem 7.7.
Then,
op =—0ky1 forallke{l,..., K —1}. (7.85)
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Proof. We perform computations in the context of Proposition 7.24. Assuming that K is not empty,
we reach a contradiction. In this context, if X_ is empty, we have F_ = 0. Otherwise, we may use the
estimate (7.74) on F_ proved in Proposition 7.24. Using (7.66), (7.73) and (7.74), we obtain that for
any t € [Ty, 00),

d

3y 301
SR, <A+ 2F
glrs— s f

2
)

A 18
R.F? < -5+ 7(5*2 + At —Ts)°R,. (7.86)

Define the auxiliary function

18

fﬁ(t) = Ry (t)exp [)\2(0_1)

(62 + A\t — T(s))l_e] , fort e [Ts,00).
By direct computation and (7.86), we observe that

A 18
+
—RT < —§exp [)\2(

_ _ A
Tl)(a 2Nt —Ty))" 9] <-3

By integrating the above estimate on [T}, t], we obtain

RA () < A (Ty) — 56~ Ty),

which is contradictory with BT (¢) > 0 for large t. This means that K, = @ and so K_ = {1,..., K —1}:
the signs of the solitary waves alternate. O
7.5 Description of long-time asymptotics

We consider any global solution # of (7.1). We prove Theorem 7.1 by considering separately the no
soliton case, and then the cases K =1 and K > 2 in Theorem 7.7.

7.5.1 No soliton case

If @(t) converges to 0 as t — 00, as a consequence of (7) of Theorem 2.3 in [12], 4 converges exponentially
to 0in H' x L%, Alternatively, one can use the energy functional

[ 4@+ (1= g + (B + )
where p > 0 is small and p = 2o — p as in §7.3.3 to prove the exponential convergence.

7.5.2 Single soliton case

Assume that @ follows the solitary wave scenario in Theorem 7.7 with K = 1. Let § > 0 to be chosen
small enough. Following Lemma 7.13 and Proposition 7.24, there exists T5 > 0 such that estimates
(7.73)-(7.74) hold on [Ts,00). When K = 1, by convention

Fo(t)=F_(t)=0, fort>0,

and the estimates proved in the previous Sections simplify; see Remarks 7.14, 7.18 and 7.20. In
particular, from (7.63) and (7.64), it holds

|b—2v7b S NP, (7.87)
d 3 d 3
SFHUWF SN G +2uG SN, (7.88)
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and from (7.59) and (7.75),

N3 < CON? < C6 (]—“+ 22) . (7.89)

Set b=b— 5%}", observe that

1 1
~ 02 1 b 02
b=(14+—]b—92 — | <1+ —|b.
< +2M> 2<f+2u> < +2u>
Therefore, using (7.87), (7.88) and (7.89),

%b > 2+ 2u82 F — C61 (]—" + b)

24
b ~
> (2vF — 62)b+ (2ud2 — C61) <J—“+ 2) > v,
1
where § > 0 small enough such that
+ 51 B n 1 3
(2vT —42) 1+ﬂ >v", 2uéz —Cd1 > 0.
Integrating on [t, s] € [Ts, 00),
b(t) < e Dh(s). (7.90)

Let s — oo in (7.90) and using (7.75), we obtain

Thus, using (7.87), (7.88) and (7.89) again,

d b vt 5 b
_— )< = i 1 _
= <f+ 2M> <-F 4 b+054<}“+ 2u>

3 b vt b
<-2u—-Co)|F+— )+ (1+—)b<—pulF+—),
20 7 24
by possibly choosing 6 > 0 small enough. Integrating on [T}, t], we obtain
F + b (t) < e HerTs ( F 4 b (Ts) < e HterTs g2,
21 = 21 ~
Therefore, using again (7.59),

b

N2(t) < <J—“+ 2) (t) e M. (7.91)
1

From (7.48) and (7.91), we have || < e~ ¢, which proves that z|(t) converges exponentially to its

limit as ¢ — oo. In view of the decomposition of # in (7.45), the proof in the case K = 1 is complete.

7.5.3 Multi-soliton case

Assume that @ follows the multi-solitary wave scenario in Theorem 7.7 with K > 2. Let § > 0 to
be chosen small enough. Following Lemma 7.13 and Proposition 7.24, there exists T3 > 0 such that
estimates (7.73)-(7.74) hold on [T5,00). Recall that from Proposition 7.25, the set K is empty. In
particular, following Remark 7.20, we use the estimates of Lemma 7.19 ignoring the quantity F;. We
start by showing that the quantity A(¢) decays as ¢t~
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Proposition 7.26. There exists T > 0 such that the decomposition of U satisfies, for all t > T
F ()<t N(@) <th (7.92)

Proof. The proof is inspired by that of |29, Proposition 3.2]. Let 0 < 0 < d; in the context of
Proposition 7.24. From (7.73) and (7.74), there exists 7' > 0 large enough (fix any 7" > 47}) such that,
forallt > T/2,

N(t)<Cs, F_(t) < gfl.
In particular, from (7.63) and (7.64)
db d
T Wb SN3+17IN, 7 TS N3 +t7IN. (7.93)

Our goal is to obtain the decay rate of N. The above bounds are not quite enough because of the
term A2 for which only smallness is known at this point. This is the reason why we will work on a
modification b of b. Recall (7.59):
0<AN?<Fy L
2p
For 0 < w < 1 to be chosen later, observe that, for § small,

b
N34 t7IN SWN? 4w 272 < WP (]—" + 2) +w A2 (7.94)
W

(Here and below the implied constants do not depend on w). Set b=b— wF and observe that

b=b—wF = (1+°")b—w<f+1b> < <1+w>b.
21 21 21

Therefore, using (7.93) and (7.94),

db b
— > 24 2wpF — Cw? [ F4+ —— | — Cw™2t2
dt 21

> (2vt —w)b+ (2wp — C’w2) <f+ ;;) — Cw 272

> b — Cw™2t72,
where w > 0 is taken small enough such that
~1
vt —w) <1 + ;) > vt 2wp— Cw? > 0.
1
Integrating on [t,s] C [T'/2,00), we obtain

B(t) — e (5 Df(s) < Cuw? / 02 4 < =22 (7.95)
t

Let s — oo in (7.95) and using (7.75), we obtain for all t > T'/2,
b(t) Sw2t72, b(t) < Cw2t72 4+ wF(t).

Thus using (7.93) and (7.94) again, it holds

d b vt 2 b —2,-2
— |\ F+— )< -2uF+—b+Cw’ | F+ | +Cw "t
dt 2u W 2u
2 b al —2,-2
< —2u—-Cuw)(F+—|+(1+—|b+Cuw "t
21 2
<

b
— <F+ ) + Cw 272,
20
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by possibly choosing w > 0 small enough. Integrating on [T/2,t], we obtain

b T b t
_ _ e ht—73) —Z\(T/2) < / —u(t—s) ,—2
<]:+2,u)<t) e 2 (.7:4-2#)( /2) S L€ s ds

2
Therefore, using again (7.59),
N3(t) < <f+ 2b> (1) St72 4 52t T2e 1 L 472
1
which proves (7.92). O

We continue the proof of Theorem 7.1. In view of the alternate signs property (7.85) and the decay
estimate (7.92), the system (7.60) rewrites as, for k =2,--- K — 1, and any t > T,

R —(ga—u) —0

Y1 2a€ + O (t ) s

oo B (= k—yeo1) _ o~ (Uks1—uk) —0

= o (e ¢ ) o (t ) : (7.96)
. K _ _ _

I = 5 e (yr—yr—-1) 4 o(t 9)‘

This system of ODEs is studied in [93] and [33], where it appears naturally in a different context (the
description of characteristic blowup points of the semilinear wave equation), with slightly different
perturbation terms. For the convenience of the reader, we provide a study of the dynamics.

We introduce an explicit solution to the unperturbed ODE system (7.9)

K+1
Ui (t) == (k: - ;) logt + 7, fork=1,..., K, (7.97)

where (7j)k=1,.. K are constants uniquely defined by (7.8) (see also |33, p. 1549]).
From (7.96), we observe that Zszl Jr = O (t77). Since 6 > 1, there exist Joo € R such that

1 & _ B
= ;yk = o+ O (t 9“) . (7.98)

We introduce, for k =1,..., K,
Ek(t) = Yk — Uk — Uoo-
Observe that, for k=1,--- | K — 1,
Y+t — Yk = Skr1 — §k +1ogt + (Trp1 — 7o),
so that using (7.8),

ie*(ykal*yk) — ief(ﬁkﬂ*ék)*logt*(ﬂcﬂ*ﬂc) — ,yktfle*(ikﬂfﬁk)‘
2a 2

Therefore, from (7.96) and vx — -1 = 552 — k, it holds (2 < k < K — 1)
b= (@ 1) 10 (170,
fo=t (,Yk_l(ef(skfskfl) — 1) — (e ErrmE) 1)) 10 (fe) 7 (7.99)
fx = tilny_l(e*(fogK—l) —-1)+ O(tfe).
To complete the proof of Theorem 7.1, it suffices to show that for any k =1,..., K,
&(t) = O+, (7.100)

First, we prove a bound on &.
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Lemma 7.27. There exists M > 0 such that for oll k = 1,..., K and for all t > Ts, it holds
€ ()] < M.

Proof. Set
G=Ck =0 and G =E41—& fork=1-.- K—-1
From (7.99), it holds for k =1,..., K — 1 (with 79 = vk = 0)
& =t71 (—fka(e-Cw 1) 4 29 — 1) — g (et — 1)) +0 (t_e) . (7.101)

Claim 7.28. There exists My > 0 such that for all k = 1,..., K — 1, and for all t > Ty, it holds
Ce(t)] < M.

Proof Claim 7.28. First, we prove a lower bound (j(t) > —Mj, for some M; > 0. Fix ¥ = ITJFQ and for
D1 > 0 to be fixed later, denote for k =1,--- , K — 1,

pr=(e” =1)+ Dyt py = maxpy.

Let us prove that p, is non increasing for large enough times using a bootstrap argument. For C7 > 0
and T7 > Ty to be chosen later, let
T, = sup{t € [T1,00) such that py < C; on [T1,1]}.
Let t € [T1,Ty), and consider an index k such that pi(t) = p4(t). Observe that
e D L pr(t) + e < O + K2, (7.102)
29 (e_c’“(t) —1) = Y1 (e_c’f“(t) -1)+ yk_l(e_c’“—l(t) -1). (7.103)
Gathering (7.101), (7.102) and (7.103), there exist Cyp > 0 such that at ¢,
pr = —ke *G — Dy(9 — 1)t
= —ype Skt <—’yk+1(e_<’“+1 — 1) + 29 (e%k — 1) — yp_q (et — 1))
+ O(yee ™ Ot — Dy (9 — 1)t
< Coppe™* Dt~ — Dy (9 — 1)t
< ((01 + K?)Cy — Dy (0 — 1)T19"‘9) £,
Fix Ty > Ts and then Dy, C; such that
(0 — 1TV > Cy +1,
D1 > Colps(Th) + 1+ K?)+1, Cr=p(Th)+ D1+ 1.
Then, there holds
(C1 + K?)Cy — Dy(9 — )TV < (py(Th) + Dy + 1+ K*)Co — D1(Co + 1)
(p(Th) + 1+ K*)Co — Dy < —1.

NN

Since p4(T1) < C1, by continuity, Ty > T7. We also have pg(t) < 0, so that pg is decreasing at t;
note that this property holds for any index k such that pg(t) = p4(t). If j is an index such that
pi(t) < p4(t), then by continuity this inequality holds on a neighborhood of t. Thus py is decreasing
at t, for any t € [T1,T*). In particular, p4(t) < p4+(T1) < Ci. By continuity, we obtain T, = oo and
so for all t > T, p4(t) < Ch.

By continuity, there exists Cy such that for all t > Ts, p1(t) < Co, and so for all k =1,..., K — 1,
for all t > Ty, e=%(®) < 2C5 4 1, since Dy > 0 and 7, > 1/2. Therefore, for M; = log(2C, + 1), we
have proved the lower bound on (i ().

Arguing similarly using the minimum of py = (e~ — 1) — D1¢t~Y*1 one also proves an upper
bound on (. O
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By (7.98) and Zle Uk = Zszl 7 = 0, there exists My > 0 such that for all t > Ty,
M. By contradiction, assume that for some kg and ¢t > T

2521 fk(tﬂ <

2M. K-1
&ko(t) > M where M := M.
K 2
Then,
k—1
&) = &)+ Y G =M — |k —ko|M; for 1 <ko <k <K,
Jj=ko
ko—1
fk(t):&m(t)— Cj)M—‘k‘—kﬁdMl for 1 <k <ky <K,
j=k

so that (in view of the definition of M)
K K K_1
S &)= KM — MY |k —kol > K (M - 2M1> > 2Mo,
k=1 k=1

which is a contradiction. Therefore, for all k =1,..., K and t > Ty, £(t) < M. One argues similarly
to show that & (t) > —M. O

Now, we consider the unperturbed ODE system for the (§;)x=1,. x, that is
w =t"1®(w), (7.104)
where @ = (wy)g=1,.x and ® : RE — RF is defined by

&1 () = —mi(e” ™= — 1),
By () = Y1 (e @ 7Fe-1) _ 1) — yp (e 177K _ 1) for 2 < k< K — 1,
Py (w) = ryKil(e*(wK*wal) —-1).

This system is studied in [33]. Observe that setting e; = \/%(1, ..., DT it holds

K
1
for all ¢,ty > Ts, ?ij( T o, eq) ij to)-

Moreover, D®(0) is the K x K matrix with entries

mi1 = —", MKK=—YKk-1, Mkk=—(Vk—1+), fork=2..- K-1,
M k=1 = Vo1, Mijt1 = Ve, Mg =0, if [k —FK|>2

We recall the following properties.
Proposition 7.29 ([33]). It holds D®(0)e; = 0 and

forallx € ef, (D®(0)zx,x) < —|z|> (7.105)
Furthermore, for any M > 0, there exists C(M) > 0 such that for any to > 0, if |zo(to)| < M, then
forallt >tg, ||w(t) — (w(to), e1)er| < C(M)tot™. (7.106)

Proof. See |33, Lemma 2.8| for the coercivity (7.105) of D®(0) and |33, Proposition 2.5| for the con-
vergence (7.106) (written there in the variable 7 = logt). O
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Now, we complete the proof of Theorem 7.1 by showing the estimate (7.100).

Proof of (7.100). We summarise what was obtained so far. Let & := (§;)k=1,.. k. There exists Cp such
that for ¢t > Ty,

(i) &=t71®(&) +r(t) where |[r(t)]| < Gyt~
(i) |(€, e1)| < Cot ="+,
(i) ||€(t)|| < VKM, for t > Tj.
Moreover, by (7.105), there exist €, C' > 0 such that if ||z| < ¢, then
(®(x), 3) < —%HxHQ +C(w,er). (7.107)
Step 1. We claim that there exists T, > Ty such that
forall t > T., [€(t)] <e. (7.108)
Let L = 4e 'C(M) + 1, where C(M) given by Proposition 7.29. Set
A =3+ sup{ID8(@)]| : ]| < max(C(M), VEM)}.
By (i) and (i), we fix to large enough such that

€ _ _ €
sup (tsup||r(s)) < ZL A and tyf < 509 L
t>to s>t

For any t; > to, we denote ©o;, the solution of (7.104) with data zoy, (t1) = €(t1) at time ¢;. On the
one hand, by standard Gronwall estimates, it holds for any ¢ > ¢,

t
Hé@)-—tvn(tﬂ\$§f4]/ s Ar(s)ll ds < #4447 sup [ (s)]|-

t1 52>t

Let t = Lty, using the definition of ¢y, we obtain

€
Je(ze) - @ ()] < 2 swp [r(s)) < 5. (7.109)
s=zt1
On the other hand, using (7.106), (i) and the definition of ¢,
_ 3
| (L) < [[(§(t), ex)en ] + C(M)tr (Ltr)~F < e (7.110)
Let T. = Ltg, from (7.109) and (7.110), we obtain (7.108).
Step 2. Using (1), (1), (7.107) and (7.108), we infer that for ¢t > T,
d _
S lEl” =2671(2(8), €) +2(r.€)
< =t HEIP + o ) + o7 €l
1
< - <9 - 2> 1€ + o' ).
A direct integration and 1 < 6 < 3/2 yield, for some C' > 0,
T.\?2
ol < (5) " lep - crme s e
which is (7.100). 0
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7.6 Construction of multi-solitary waves

In this Section, we prove Theorem 7.3, adapting arguments from [29, Section 4|. Here, Bgi,12()
denotes the open ball of H! x L? of center 0 and radius § and Bgx (0) (respectively, Bgx (§)) denotes
the open ball (respectively, closed ball) of R¥ of center 0 and radius . Last, Sgx (d) denotes the sphere
of H' x L? of center 0 and radius §. We also use the notation from §7.3 and set

1
2¢/a? + 1

We recall the following preliminary result (for the proof, see [29, Lemma 4.1]).

B = =Y+, ZH "1 >0,

Lemma 7.30. Let (2, ly) k=1, K € R2K be such that
r=min(zp41 — 2k, k=1,..., K — 1)
1s large enough. There exist linear maps
B:RE 5 RE V. .RE 5 RE
smooth in (2, Uy )k=1,... K, Satisfying
|B-pg1dl| Se =", IVl Se?,

and such that the function W(a) : R — R defined by

K

Wia)) =3 {Bk<a>Yk<x> + vk<a>axc2k<x>},

k=1

for any a = (a1,...,ax), satisfies, for all k=1,... K,
<W(a)7 aﬁCQk> =0, <W(a)7yk> = Pag.

In particular, setting

W(“):<VKVM(/C€()1)> it holds (W (a), Z) = ay.

The next proposition and the invariance by translation of (7.1) imply Theorem 7.3.

Proposition 7.31. Let K > 2 and 0 = £1. For 6 > 0 small enough, let any

(r(0))k=1,...x € Brx(6),
(26(0))g=1,...x € R

satisfying min{zg41(0) — 2x(0), k= 1,..., K — 1} > 5|logd|, (7.111)
£1(0) € Byixz2(9)

satisfying (7.46) and (£ (0), Z,j(O)) =0fork=1,...,K.

There exists a;‘(O) = (a;k(O))k:LMK € BRK@%) such that the solution Uy of (7.1) with the initial
data

K
75(0) = o (1" (Q(- — 2(0)),0) + W(a; (0)) + £1.(0)
k=1

is global and satisfies (7.6) where, for k=1,... K, 2z = +ys + Ot=9*h), for some yy € R and i,
being defined in (7.97).

255



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

Remark 7.32. From the proof of Proposition 7.31, there exist even solutions of (7.1) with any odd
number K > 3 of solitary waves.

Proof. Given a™(0) = (a; (0))k=1,..k € Bgx (6%), we consider the solution @(t) of (7.1) with initial
data

K
i(0) =0 > (—1)FQ(- — 2(0)),0) + W(a™(0)) + £L(0).
k=1

Decomposition. For any t > 0 such that «(t) is defined and satisfies (7.44), we consider its decom-
position according to Lemma 7.13. Following §7.3.4, we introduce the notation y, (k=1,...,K), N,
M and

K—1 1
F = e~ Whmu) R = ya exp(—3A"IM)
k=1

(due to the choice of signs in the decomposition of #(0), F = F_ and F; = 0). Note that by the
properties of the function W in Lemma 7.30 and the orthogonality properties (7.46) of £, (0) assumed
n (7.111), the initial data @(0) is modulated. Indeed, (24(0), £5(0))k=1,. x and

£(0) = W(a™(0)) +£.(0),
are the parameters of the decomposition of #(0). In particular, it holds from (7.111)
N(0) <48, F(0) <62
Moreover, by Lemma 7.30, for k =1,--- , K, it holds
(€(0), Z£(0)) = (W(a*(0), Z{) = i (0),

which is consistent with the definition of a; in (v) of Lemma 7.13.
Bootstrap estimates. We introduce the following bootstrap estimates

N

N <51, F<62, b<é (7.112)
and we set Ty = sup {t € [0, 00) such that (7.112) holds on [0,¢]} > 0.

Estimates on the damped components. The estimate on A is strictly improved on [0, 7] as in the
proof of Proposition 7.24. In particular, A" < § on [0, T].

Estimate on the distance. Inequality (7.67) rewrites

dr 2 \2 0 -1
RN = _ _ )
a2 ()\—i- )\F(N F )> exp(—3A7"M)
Now for t € [0,7,], in view of (7.112), exp(=3A"'M) = 1 + O(N?) = 1 + O(5%?) and FO~! =
O(8%0-1/2) < 6}\2 so that
a2 Y
dt 3 2
Integrating on [0,t] C [O \], it holds R(t) > R(0) + 3t. Hence, as we also have exp(3A~'M) =
1+ 0(8%?) and R(0)~! < 2F(0) < 62,

A1 —C6%2) >

F=—exp(3\'M) < 115(1 + 0(8%%)) < 2.

(0
1.
R® R(0) + 3

This strictly improves the estimate of F' in (7.112), and as in the proof of Proposition 7.26, we also
obtain the decay FF <t~ 1
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Transversality condition. From (7.63) and N < §, we observe that for any time ¢ € [0, Ti] where it
holds b(t) = 62, we have

%b(t) > wtb(t) — C6° > 2wFss — 083 > 1vtes >0,

for § > 0 small enough. This transversality condition is enough to justify the existence of at least a
point agr(()) € Bgx (01) such that T}, = co.

Indeed, for the sake of contradiction assume that for all a*(0) € BRK(ég), it holds T\ < oo. Then,
a contradiction follows from the following observations (see for instance more details in [28] or in [31,
Section 3.1]).

Continuity of Tyx. The above transversality condition implies that the map

a™(0) € Bpx (51) — T, € [0, 00)

is continuous and that T, = 0 for a™(0) € SRK((S%).
Construction of a retraction. As a consequence, the map

a™(0) € Bpx (57) — a™(T,) € Spx (671)

is continuous and its restriction to the sphere Spx (9 3) is the identity.

This is a contradiction with the no retraction theorem for continuous maps from the ball to the
sphere.

At this point, we have proved the existence of a;(O) € Brx (0 %), associated with a global solution
iy € C([0,00), H') of (7.1), which also satisfies (7.112) for all t > 0 (and F = F_, F, = 0). Applying
the results of §7.5 to @y, we infer that A" < ¢! (so that (7.6) holds) and that there exists y; € R with,
fork=1,..., K,

Yi = G +yp + OO

As 2z =y — 5—(’; and |0;| <N S t71 wy has the requested properties and the proof is complete. [

~

257



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

258



Chapter 8

Asymptotics of solutions with a
compactness property for the nonlinear
damped Klein-Gordon equation

Abstract: We consider the nonlinear damped Klein-Gordon equation
Ot + 200 — Au+u— [ufPlu=0 on [0,00) x RN

with a > 0, 2 < N < 5 and energy subcritical exponents p > 2. We study the behavior of solutions
for which it is supposed that only one nonlinear object appears asymptotically for large times, at least
for a sequence of times.

We first prove that the nonlinear object is necessarily a bound state. Next, we show that when the
nonlinear object is a non-degenerate state or a degenerate excited state satisfying a simplicity condition,
the convergence holds for all positive times, with an exponential or algebraic rate respectively. Last,
we provide an example where the solution converges exactly at the rate ¢! to the excited state.
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8.1 Introduction

8.1.1 Setting of the problem

We consider the nonlinear focusing damped Klein-Gordon equation
Oppu 4 2000 — Au+u — f(u) =0 (t,x) € [0,00) x RY, (8.1)
where f(u) = |u|P~tu, a > 0, 2 < N < 5 and the exponent p satisfies

00 it N =2,
2<p<p"(N) with p*(N)=4{ N+2

—— if N=3,4,5.
N2 i 3,4,5

It follows from [12, Theorem 2.3| that the Cauchy problem for (8.1) is locally well-posed in the
energy space: for any initial data (ug,vo) € HY(RN) x L2(RY), there exists a unique (in some class)
maximal solution u € C([0, Tinax), H'(RY)) NC([0, Timax), L2(RY)) of (8.1). Moreover, if the maximal
time of existence Tax is finite, then limyug,  ||€(t)|| g1y 2 = oo.

Setting F'(u) = Iﬁ|u|p+1 and

o1 2, .2 2
E(i) = = {|Vu|® + u* + (Opu)? — 2F (u) }dz,
2 RN
for any H'! x L? solution @ = (u, dyu) of (8.1), it holds

B@lt) - E((t) = -2 | 0u(t) 2dt. (8.2)

1

One can eagily construct finite time blow-up solutions by adequately truncating a constant in space
solution, whose initial data lead to finite time blow-up for the inferred ODE y” + 2ay’ +y — f(y) =0
(and using finite speed of propagation). On the other hand, solutions to (8.1) which are globally defined
for positive time, that is for which Ty,.x = 400, are believed to possess much more structure, in the
spirit of a soliton resolution: it roughly asserts that any global solution (maybe under a genericity
condition) splits for large times into a sum of decoupled rigid nonlinear objects, which should be here
stationary solutions, especially in view of decay of energy (8.2).

Let us first recall from [17] (see also references therein) some features on stationary solution, namely
a solution to the elliptic equation

~Ag+q—flg)=0, geH'(RY). (8:3)
We call the solutions of (8.3) bound states, and denote B the set of bound states:
B = {q : ¢ is a nontrivial solution of (8.3)}.

Standard elliptic arguments (see e.g. [58] or [17, Theorem 8.1.1]) show that if ¢ € B, then ¢ is of class
C%(RY) and has exponential decay as |z| — 400, as well as its first and second-order derivatives.
Let

1
W(v) = 2/RN {|Vv\2 +v% — 2F(v)}dfc, for v € H.

We call the solutions of (8.3) which minimize the functional W by ground states; the set of ground
states is denoted by G
G ={q €B:Yq€B, W(q) <W()}
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Ground states are well studied objects. They are unique up to space translation (for rather general
nonlinearities): there exists a radial positive function qq of class C?, exponentially decreasing, along
with its first and second-order derivatives, such that

G = {qo(x — wp) : zp € RN},

We refer to Berestycki-Lions [7], Gidas-Ni-Nirenberg [57], Kwong [77], Serrin-Tang [107] (however, a
positive bound state may not be a ground state, see [35]). It is well-known (see e.g. Grillakis-Shatah-
Strauss |60]) that the ground state go is unstable in the energy space. This result was also known in
the physics literature as the Derrick’s Theorem [41].

In dimension 1, B = G (due to ODE arguments). In contrast, for any N > 2, G C B: see [17,
Remark 8.1.16|. Functions g € B\ G are referred to as ezcited states. As a matter of fact, much less is
known about excited states.

Here are some references on the construction of excited states. Berestycki-Lions [8] showed the ex-
istence of infinitely many radial nodal (i.e. sign changing) solutions (see also [61, 98] and the references
therein). For the massless version of equation (8.3), the existence of excited states that are nonradial
sign-changing and with arbitrary large energy was first proved in Ding [12] by variational argument.
Later, del Pino-Musso-Pacard-Pistoia [36] constructed more explicit solutions to the massless equation
(8.3) with a centered soliton crowned with negative spikes (rescaled solitons) at the vertices of a regular
polygon of radius 1. Then, following similar general strategy in [36], they constructed sign changing,
non radial solutions to (8.3) on the sphere SV (N > 4) whose energy is concentrated along special
submanifolds of SV in [37].

We can now go back to (8.1), and recall some previous results related to the long time dynamics
of global solutions.

Under some conditions on N and p, results in [53, 82| state that for any sequence of time, any
global bounded solution of (8.1) converges to a sum of decoupled bound states after extraction of a
subsequence of times. Also in [53], Feireisl constructed global solutions that behave as sum of an even
number of ground states (i.e. multi-solitons).

In [12], for dimension N > 2, Burq, Raugel and Schlag proved the convergence of any global radial
solution to one (radial) bound state, for the whole sequence of time.

In [29], it is given a complete description of 2-soliton solutions (that is, solutions which, on at least
a sequence of time, behave as the sum of two decoupled ground states), in dimension N < 5. Building
on the tools developed there, [30] gave a complete description of global solutions in dimension N = 1,
that is, the soliton resolution in that case.

We aim at considering the behavior of solution without conditions on symmetry (like radiality). A
complete description seems out of reach, because of the lack of understanding of the dynamics around
general excited states, and because the system of centers of mass of the involved bound states may
have itself a very intricate dynamics.

8.1.2 Main results

In this paper, we are instead interested in understanding the behavior of solutions to (8.1) for which
only one nonlinear object appears for large times, at least for a sequence of time. More precisely, we
define packed solutions as follows.

Definition 8.1. A maximal solution @ = (u,9u) € C([0, Tmax), H' x L?) of (8.1) is called a packed
solution if there exist (Wy, W1) € H' x L?, and a time sequence t, — Tmax and a position sequence
yn € RY such that

i {[Ju(tn) = Wol(- = yn)llgr + [0ru(tn) = Wi(- — yn)[12} = 0. (8.4)

n—oo

We say that W = (Wy, W1) is a cluster point for @ at (tn, Yn)n.

261



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

Observe that any cluster point (Wy, W7) is actually a bound state (q,0). More precisely, the
following Proposition holds true.

Proposition 8.2. Let @ = (u,dyu) be a packed solution of (8.1). Then @ € C([0,+o0), H' x L?) is
globally defined for positive times, and if (Wo, W) € H' x L? is a cluster point for @ at (tn,Yn)n,
then Wy = q is a bound state of (8.3) and Wi = 0. Furthermore, the energy is bounded below,
Opu € L*([0,4+00), L?) and for all t > 0,

+oo
B(t) ~ (0.0 =20 [ [0u(s)[ads (8.5)

Notice that it is unclear whether a packed solution is globally bounded in H' x L? (recall that from
arguments of [16] — see also [12] and [30] — if p < §~, then any global solution to (8.1) is globally
bounded in H' x L2, but this is not known for higher powers of p).

It turns out that the description of the convergence depends deeply on the bound state. More

specifically, consider the linearized operator £, of the energy around a bound state g¢:

Lo=—-A+1—-f(q), (Lo,v)= /RN {|Vv]? +0* = f'(q)v*} da. (8.6)

Due to the invariances of equations, £, always has a important kernel: denote the €;; are the angular
derivatives that are

Qij = 2i0z; — 10y, for 1<i<j <N, (8.7)
and consider the vector space Z, spanned by the infinitesimal generator of the invariance of the equation

on q:
Zy=S8pan{0z,¢,n=1,--- ,N;Qijq,1 <i<j<N}. (8.8)

One always has Z, C KerL,. Then we define non-degenerate and degenerate state.
Definition 8.3. Let ¢ € B.

(i) ¢ is called a non-degenerate state if Z, = KerL,.

(ii) g is called a degenerate state if Z, C KerL,.

The most relevant example is of course the ground state gg which is non-degenerate. We will
comment further on degenerate excited state in the comment paragraph below. For now, let us simply
mention one way to understant degeneracy (we denote ' for Gateau differentials). The condition that
q is a bound state writes E’(¢) = 0. Then (Lov,w) = E”(q) - (v,w), so that the condition that ¢ is
degenerate, is equivalent to the fact that for some ¢ ¢ Z,, the linear form E”(q) - (¢,-) = 0.

Our first result is that if one cluster point of a packed solution is a non-degenerate state, then the
convergence holds of all positive time, and occurs with an exponential rate. More precisely, we have
the following.

Theorem 8.4. Let it = (u, O;u) be a packed solution of (8.1), with cluster point ¢ € H' at (tn,yn)n. If
q 18 a non-degenerate state, we have convergence holding for all time and exponential decay, i.e. there
exist 1 > 0 and z0o € RN such that

vt 20, Ju(t) = q(- = zo0)ll e + 10u(®)|lr2 S e

Next, we consider degree-1 ezcited states where KerL, has one extra dimension not related to the
geometric invariances of the equation (8.1) and which also involves a condition on the third-order
Gateau differentials of E| according to the next definition.
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Definition 8.5. Let g be a degenerate excited state. ¢ is called a degree-1 excited state if there exists
¢ € H! such that

Kerl, = Z,® Span{¢} and E"(q)-(¢,¢,0) # 0. (8.9)

Again, we will comment on this definition in the paragraph below, the main point being that
degree-1 excited states are somehow the simplest degenerate bounds states.
Our second result is concerned with cluster points which are degree-1 excited states.

Theorem 8.6. Let i = (u,dyu) be a packed solution of (8.1), with cluster point ¢ € H* at (tn,Yn)n.
If q is a degree-1 excited state, then the convergence i(t) — (q,0) holds for all time as t — +o0, and
the rate of convergence has algebraic decay, i.e. there exists zoo € RN such that

¥t >0, Jlu(t) = q(- = zo0)lgn + [Opu(t)ll 2 St

Last, we show that the convergence rate in Theorem 8.6 can be sharp: we provide an example
where the solution converges exactly at the rate =1 to the degree-1 excited state.

Theorem 8.7. Let q be a degree-1 excited state. Then, there exists a global solution i = (u,Ou) €
C([0,+00), H x L?) of (8.1) such that

lu(t) — qll g + [|Ocu(t)|| 2 ~ t71 as t— +oo.

8.1.3 Comments

Let us first observe that Theorem 8.4 (and its proof) holds also in dimension 1, but of course, they are in
that case a direct consequence of the complete description [30] of global solutions in 1D (as mentioned
above, excited states only exist for N > 2). This is the only reason why we restrict to dimension
N > 2. The restrictions to N < 5 and 2 < p < % are to ensure a nice local well posedness theory,
and sufficient smoothness on the non-linearity so that Taylor expansion make sense up to order 2. In
this perspective let us remind that our analysis encompasses the most physically relevant nonlinearity,

the 3D cubic one.

Regarding Theorem 8.4: the ground state is of course non-degenerate, but one should keep in mind
that is not so easy to construct degenerate excited states. As a matter of fact, the constructions in
[2, 98] (see also [36, 99] for the massless case) yield non-degenerate excited states as well. This means
that the scope of Theorem 8.4 is rather large and does certainly not restrict to the ground state.

We now discuss degree-1 excited states: as we mentioned, they should be understood as the simplest
degenerate case. Already here, very little is known, and to our knowledge, our results are the first
describing precisely the dynamics in a degenerate setting. From this point of view, the condition that
dimKerL, = dim(Z,) + 1 is very natural. Regarding the extra condition E"'(q) - (¢, ¢, ¢) # 0, let us
note that it is generic; as we will see in Lemma 8.8, it is equivalent with E”’(q) being non identically
0 on (KerL,)3.

It is remarkable that one already observes a drastic change in the dynamic in degree-1 degeneracy,
when compared to non-degeneracy. The convergence here is indeed merely polynomial in time, which
is a surprise: such slow rate of convergence is usually observed due to the interaction with another
nonlinear object (as in [29, 30]), and this is not the case here. As it is seen in the proofs, the derivation
of the main bootstrap regime is noticeably more involved in degree-1 degeneracy, and relies on the very
specific algebra of the main ODE system at leading order (see §8.3).

One setting where excited states are better understood is the case of radial functions. Among
these, radial bound states g are either non-degenerate or satisfy the first condition in the degree-1
degeneracy definition (8.9): indeed, among radial functions, the geometric kernel Z, is trivial and
dim Kerpag Ly < 1, see for example [12, Section 2.3].
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All the arguments in the proofs below can taken word for word to the radial setting, and so our
results hold for any packed radial solution converging to a radial bound state g which is either non-
degenerate (Theorem 8.4) or such that E"(q)|(kerz,)s 7 0 (Theorems 8.6 and 8.7).

8.2 Preliminaries

8.2.1 Proof of Proposition 8.2

Proof of Proposition 8.2. Denote W (t) = (W (t), 9, W (t)) the solution to (8.1) with initial data W (0) =
(Wo, Wh) and i (t, ©) = U(tn + 1,2 +yp) the solution to (8.1) with initial data w0, (0, z) = U(tn, =+ yn).
We can assume that W e C([0,Tp], H! x L2) for some Tp > 0.

As the (8.1) flow is continuous in H! x L2 and @,(0) — W (0), we infer that i, is defined on [0, Tp]
for n large enough and that

iy, — W in C([0,To), H x L?). (8.10)

This immediately prove that u is globally defined for positive times. Indeed, if Tax < +00, then
for large enough n, Tax = tn + To — Tmax + 1o, a contradiction: hence T = +00.

As E(ii(t,)) — E(Wy, W1) we infer from the energy dissipation identity that d,u € L2([0, +0c), L2).
Assume that W is not a stationnary solution. Then we can furthermore assume that 0;W # 0 on
[0, Tp] x RN, so that [|8;W || 12(jo.1]),12) > 0- In particular, from the convergence (8.10), we conclude
that

10kl L2 ([t 0 +10),22) = [1OkunllL2(0.10)),22) = 10W [ L2(0,/70)),22) @8 n — Fo0.

Let #;, be a subsequence of ¢, such that for all n € N, ¢; | >t 4+ T and

0wl 2 (e 41 +1,22) *HatW”LQ [0,To]),L2)

n'n

There holds

1
||at“||L2(o+oo L?) Z ||atu||L2(tf 1+ To],L2) Z Z ZHatWH%Q([O,Tg}),LQ) = +oo,

n
which is a contradiction. As a consequence, Wis a stationary solution, which means that for all £ > 0,

W (t) =0 and W (t) = q for some bound state ¢. In particular, Wy = ¢ and W; = 0.
Furthermore, the energy dissipation identity writes for all 0 <t < ¢y

E(ii(t)) — E(ii(ts)) = 2a / " 0vu(s) 2.ds.

Letting n — 400, we see that the left-hand side has a limit E(u(t)) — E(q,0), and so dwu €
L?([t, +00), L?). This completes the proof of Proposition 8.2. O]

8.2.2 Notation

Let ¢ be a bound state. Let I, be a subset of {(i,7) : 1 <1 < j < N} such that
{02,9,1 <n < N;Q45q, (i,7) € I,} is a basis of Z,.
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For any (i,7) € I; and ¥ € R, we recall the Givens rotation:

1 ... 0 0 e 0
0 .-+ cosy --- —sind --- 0
Gij(¥) =] : : : E (8.11)
0O --- sin¢ --- costt --- O
0 --- 0 0 e 1

where cos® and sin appear at the intersections 7th and jth rows and columns. That is, the non-zero
elements of the Givens matrix G; j(¥) = (gnm)nm are given by:

gnn =1 forn#i,j, ¢4 =gj; =cosd, and g =—g;i =—sind.

For K € N* and r > 0, we denote by Brx (r) (respectively, Sgpx(r)) be the ball (respectively, the
sphere) of R¥ of center 0 and of radius 7.
We denote (-, -) the L? scalar product for real-valued functions u,v € L?,

For vector-valued functions

N U1 - U1
u = , U= s
u9 ()

the notation (-,-) is also the L? scalar product,
(@0 = > (uk,ve), @15 = w3 + lual 72

k=1,2

We also define p = min{3,p} > 2 (recall that the nonlinearity power p > 2).

8.2.3 Spectral theory of linearized operator

In this section, we introduce some spectral properties of the linearized operator for any bound state
q €B.
For 0 = (eij)(ij)elq € R#1a_ denote the rotation

Ry = Giyjy (0i5,) - Gi#ij#fq (‘9i#1qj#1(1)‘

For (z,0) € RV+#/a_we introduce the following transformation 7(-,9) linked to the symmetries of (8.1):
for f € L?,

T0)f = f(Ra(- — 2)).
Observe that for all ¢ € B, Z, is generated by taking partial derivatives of 7T, g)q with respect to (2,0)
at (z,0) = (0,0):

0 0
Oz,q = _gﬁzﬁ)qhzﬁ):(0,0)y Qijq = 8TijT(z,e)q|(,z,9):(o70)- (8.12)

n

First, we recall standard properties of the linearized operator £,.
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Lemma 8.8. (i) Spectral properties. The self-adjoint operator L, has essential spectrum [1,400), a
finite number K > 1 of negative eigenvalues and its kernel is of finite dimension M with M > N. Let
(Yi)k=1,.- k be an L? orthogonal family of eigenfunctions of L, with negative eigenvalues (—\2)g=1.... i,
i.€.

<Yk,Yk/> =0 and ,Cqu = —)\zYk, A > 0. (813)

(ii) Coercivity. Denote I1, the L*-orthogonal projection on KerL,. There exists ¢ > 0 such that for all
n€H',

K
(L) > clnlZ — ! (nnqnn%z n Z<n,Yk>2). (8.14)
k=1

(iii) Cancellation. We have, for all 11,12 € KerL, and 3 € Z,

(f"(q)11b2,b3) = 0. (8.15)

Proof. Proof of (i) and (ii). See the proof of [26, Lemma 1].
Proof of (iii). Without loss of generality, we first consider

3 = Qy;q  for (i,7) € I,.

For any 91 € KerL,, we have
— Aty + 41 = f'(q)1hr = 0.

Consider the transformation 7, gy with (z,6) = (0,0) for the above identity,
—A(T0W1) + Tieoytr — ' (T0 @) (T 0 %h1) = 0.

Note that, from p > 2, we can take the derivative of above identity with respect to 6;;, and then let
0 = 0. It follows that

F (@13 = —Ag + 1 — f'(q)d1 = Lgr where 1 = Q591

Thus, by integration by parts and 12 € KerZ,,

(F" (@) 12, s3) = (F" (@193, 1b2) = (L1, o) = (b1, Lgba) = 0.

Proceeding similarly for all the parameters in the transformation 7, g), we complete the proof of
(iii). O

As a consequence of the above Lemma, in the case when ¢ is furthermore assumed to be a degree-1
excited state, we now choose ¢ (introduced in Definition 8.5) with more rigid properties: namely we
claim that there exists (a unique) ¢ € H! such that for alln=1,--- , N, (4,5) € I,

(,00,9) = (¢,%q) =0 and Kerl, = Z,® Span{¢}, (8.16)

and such that
— (4al@)172) T E" (¢, ¢, 0) = 1. (8.17)

(8.16) essentially means that ¢ is the L?-orthogonal supplement of Z,. Moreover, due to (8.15) and the
fact that £ (q) is not identically 0 on £ (in view of (8.9)), for such a ¢ one has E"(q)(¢, ¢, ¢) # 0:
and so, by considering the transformations ¢ — —¢ and ¢ — A, the condition (8.17) can be met.
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8.2.4 Modulation around a bound state

Let ¢ € B be a degree-1 degenerate bound state. Given time dependent ¢! functions z,0,a, with
values in RV, R#la and R, we denote

Q=T.0na=aq(Ro(-—2), O(t,z)=T.0no¢=0Re(-—2)), (8.18)
V(t,z) = a)®(t,z), G=f(Q+V)—-f(Q)~-f(QV. (8.19)

It will convenient to encompass both non-degenerate and degree-1 degenerate cases at once by setting
a = 0 if ¢ is non-degenerate.
For all (,5) € I, and (¢/,j") € I;, we denote as follows the derivatives:

W, . D= — = . 2
J 00;; 700, E 00,151 (8.20)
Finally, we introduce the exponential directions. For £k =1,--. | K, we denote
0Ty
Ty = Y., Y7 =
k 7?2,9) k> k 60137

and
+
vi=—at/a2+ )N}, (F=at/a2+ )} and Zi = <C’“TTk> . (8.21)
k

The importance of Z ,ﬁc come from the following observation: if ¥ = (v1,v2) is a solution to the linearized

(8.1) equation
v\ V2
O <U2> o (—2@1}2 — Eqm) ’

then with o := (7, ZF), there hold daf =vFaf.
Observe that all the function introduced are at least of class €' and have pointwise exponential
decay.
By direct computation and the definition of Givens rotations in (8.11), we have, foralln =1,--- | N
and (,7) € Iy,
Wi; € Span {(Qi5q) (Ro(- — 2)) = (4,7) € Iq},

B, Q € Span {(94,q) (Ro(- — 2)) -+, (Bunq) (Ro(- — 2))} . (8.22)
Moreover, by the chain rule, we have, for all (i,j) € I, and k=1,--- | K,
0:Q =—-%2-VQ+ Z éij\I/ij’
(1.7)€lq
O =—2- VO + Z 0i;4;,
Y (8.23)
0y =—%-VYi+ Z 0,7
(i.3)€lq
OV = —2-VU;+ Y G0
(',3")€lq

As a consequence of (8.12), we have the following expansions for small § € R# /e,
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Lemma 8.9. For|0| < 1 small, we have, for all (i,j) € I, (V',5)) € I, k=1,...,Kandn=1,...,N,

Vij = (Qijq) (Ro(- — 2)) + O (101),
®ij = (Qijo) (Ro(- — 2)) + O (10]),
Ty = (V%) (Ro(- — 2)) + O (19]), (8.24)
02, Q = (0r,,0) (Ro(- = 2)) + O (6]),
U7 = (e Quiq) (Ro(- = 2)) + O 16)])-
If ¢ is a non-degenerate bound state, we use same notations as above for degree-1 degenerate bound
states, but with a =0 and ¢ = 0.

For future reference, we state the following Taylor formulas involving the functions F' and f, and
omit its proof.

Lemma 8.10. For all s € R, and x € RV, we have

1F(Q+5)— Q)| S Is| + s, (8.25)

1£(Q+5) — f(Q) = F(Q)s| < s*+slP, (8.26)

Q49 - 1(Q) - F(Q)s = 37"(Q| S IsF + P, (8.27)
fQ+V+3s)— FQ+V) = f(Q+V)s| S s +s], (8.28)
IF(Q+V+s)—FQ+V)—f(Q+V)s| <|Q+ V]p_132 + |5]p+1, (8.29)

‘F(Q +V45) = FQ+V) = f(Q+V)s - %f’(@ + V)| S s + [sPH, (8.30)

where all the implied constants in the < are uniform in the space variable of Q or V.

First, we introduce the standard modulation result around the non-degenerate state or degree-1
excited state q.

Proposition 8.11 (Properties of the modulation). There exists 0 < vo < 1 such that for any 0 < v <
Y0, T1 < T3, and any solution i = (u,Owu) of (8.1) on [T1,Ts] satisfying

sup { inf u(t) = - = )l -+ [Orato)]2 | <. (3.31)
te[T),Tn] L§€RN
there exist unique €' functions
[Ty, Ty RY x RN x R#la x R#la x R x R

| —
t o= (2(t),£(2),60(t), B(t), a(t), b(t))
such that, if we define &= (p1,p2) by

= (o )= (%) S wla, ) e (i) (0) oo

(i,5)€lq

where B = (Bij) (i jyer,, it satisfies, for all t € [Ty, T3],

1@ 12+ 10)] < Nlu(t) = qllzr + [10cu(®)l L2 < 7,

8.33
60)] + 18]+ lal®)] + O] < Jut) — gl + lB(®)] 2 < 7. (8.33)
and for alln=1,--- N and (i,7) € I,
(01,02,Q) = (p1,¥i5) = (p1,P) =0, (8.34)
<<702?8an> = <§02’ \II’LJ> = <9027(I)> =0. (835>
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Proof. The proof of the decomposition result relies on a standard argument based on the Implicit

function Theorem (See e.g. [31, Appendix B|) and we omit it.

Second, we derive the equation of ¢ from (8.1) and (8.32).

—
.

Lemma 8.12 (Equation of @). In the contex of Proposition 8.11, we have

8tg01 = 2 + Mod; +G1,
Orp2 = Apr — 1 —2ap + f(Q+V 4+ ¢1) — f(Q +V) + Mods +G2 + G,

where

M0d1 = (Z - ﬁ) . VQ - Z (9” - 51‘]’)\1]@']' - (d - b)(I),
(ivj)elq
Mody := (£ +2a0) -VQ — S (B + 208) ¥y — (l} n 2ab> o,
(i,j)EIq

and G = f(Q+V)— f(Q)— f(Q)V is defined in (8.19),

G1:=az-V® —a Z éijq)ijv

(ivj)elq
Goi= Y 05(0-VU;)+ > By (2-Vy) —(L-V)(2-V)Q
(4.4)€lq (i.9)€lq
- Z Z Hl/j/ﬁw\lfz;]/ +bz- Vo — Z bgwq)”
(¢,5")€lq (,5)€lq (4.9)€lq

Proof. First, from (8.23) and (8.32),

815@01 :atu - 8tQ — aa,@ —ad
=p2 + (2 — f) . VQ — Z (0” — 5@')\1’”‘ — ((i — b)(I)

(4,5)€lq
+az2-V® —a Z éij(I)ij = @9 + Mod; +G;.
(ivj)elq

Using (8.23) and (8.32) again,

8t§02 zﬁttu + f . VQ — Z B@]\PU — b‘b

(1,4)€lq
+0-VOQ— > B0y — bO,P
(4,4)€lq
=0yu + E -VQ@Q — Z ,Bij\I/ij — i)‘p + Gs.
(i,4)€lq

From (8.1), (8.32), —AQ + Q — f(Q) = 0 and —A® + & — f/(Q)® =0,
Opu =Au — u — 2a0u + f(u)
=Ap1 — 1 — 2002 + f(Q+V + 1) — f(R+V)
+200-VQ —2a > BTy — 200 + G.

(i7j)€[q

269

O

(8.36)



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

Therefore,

Orp2 = Apr — 1 =202 + f(Q+V + 1) = f(QR+V)+ G2+ G
+ (zf n 2az) ve- Y (ﬁ'ij + 2a5ij) Uy (15+ 2ab> ®. 0

(izj)elq

Third, we derive the control of geometric parameters from orthogonality conditions (8.34) and (8.35).
Our goal here is to get an ODE system on the modulations parameters, at leading order, with bounds
on the remainder terms as squares or higher powers of |a| and

N =@l + 161+ 18] + [b]. (8.37)
Recall that we defined p = min{3,p} > 2.
Lemma 8.13. In the context of Proposition 8.11, the following holds.
(i) Control of non-degenerate directions. We have

12— ]+ |0 = B| SN?+ [alN, (8.38)
10+ 20| + |8 + 208| S N? + [a|N + |afP. (8.39)

(ii) Control of extra direction. For q be a degree-1 excited state, we have

la — b SN? +alN, (8.40)
b+ 2ab 4 2aa?| < N? 4 |a|lN 4+ |alP. (8.41)

Proof. Proof of (i). First, we differentiate the orthogonality (1, 9., Q) = 0 in (8.34),

d

0 :a<@17 8an> = <8t()017 aInQ> + <9017 atax"Q>

Using (8.34) and (8.36),
<at9017 8an> = <M0d17 aach> + <G17 8an>

From (8.16), (8.22), (8.24), (8.33), the expression of Mod; and change of variables,
<M0d1, 8$WQ>
—((: =0 VQ 00, Q) = Y. (0~ By) (Wig, 02, Q) — (4~ 1)(®,0,,Q)

(3,5)€lq

— (=0 Va,0,0) = > (0 Bi) (2, 00,0) + O((12 — €] + 10 = B)).

(ivj)ejq
From the expression of G and (8.33),
(G100, QN S lal (12— €+ 1)+ 16— 8 +18])
S (15—l +10—8l) + |l

Next, using again (8.23),

002, Q = 05, 00Q = =% V0, Q + > 00, V5. (8.42)

(i,)€lq
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Thus, from (8.33) and the Sobolev embedding Theorem,

(o1, 0000, N S 18l (12 = 1+ 101+ 10— 81 +181)
Sy (12— +16-81) + N

Combining above estimates, we have

(3 =0) -V, 0n,0) — > (éz’j - 5ij) (Q4j¢, 0z,9)

(Z’,j)EIq

:O(’y(lé—€]+|9—ﬂ|> +N2+\a\N).

This gives N inequalities. Proceeding similarly for the #1, orthogonality conditions (¢1,;;Q) = 0
in (8.34), and using the fact that the family

102,01 <n < N;Qujq, (i,5) € 1}
is linearly independent, so that its Gram matrix is invertible, we obtain
=€+ 10— 8| Sy(12 =€+ 10— B|) + N? + |alN,

which implies (8.38), upon taking ~ small enough.
Second, we differentiate the orthogonality (¢, 0,, Q) = 0 in (8.35),

d

0= {p2,02,Q) = (912,00, Q) + (¢2,0:0,Q)-

From (8.36), we have

<at9027 8an> = <A301 — 1+ f,(Q)Sola aﬂﬁnQ> - 2O‘<§027 aﬂﬁnQ>
+(G2,0:,Q) + (R, 02,Q) + (G, 0,Q) + (Modz, 0,, Q).

where
R=f(Q+V+e¢1)—f(Q+V)—f(Q)er
Based on —Ad,, q + 9.,,q9 — f'(¢)0x, g = 0, integration by parts and (8.35),

<A301 —p1+ f/(Q)SOL 8$7LQ> - 2a<9027 8$nQ> =0.
Then, by the expression of G, (8.33) and (8.38),
(G2, 00, @)1 S (12— €14+ 16 = 81+ 11+ 181) (1] + 18] + [0])
SN2N +a] +1) SN2
Next, using (8.25), (8.28) and (8.33),

RIS [FQ+V +¢1) = FQ+V) = F(Q+V)er| + [(f(@Q+V) = f(Q) 1]
Sletl + e+ (VI+ VPl S lerl + il + lal (12] + [@F71) |-

It follows that
(R, 05, Q)] S /RN (ler* + o1 ? + o1 |[V]) dz S N? + |al V.
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For ¢ be a non-degenerate state, we have a = 0 which implies G = 0. For g be a degree-1 excited state,
from (8.27), we have

G @V SIVE+ VP S (1 + o) (2 + 12P).

It follows that

(6.0,Q) - (31"(@V.0.,0)

< (laf* + |al?) /RN (19 + 101) [0, Qldz S [af® + |al?.

Note that, by (8.15), (8.22) and change of variables,

1

(51(QV.0:,Q) = 0.

Then, from (8.16), (8.22), (8.24), (8.33), the expression of Mody and change of variables,
<M0d2, 835”@)
= ((£+200)-VQ,8,,Q) = > (B +208;) (Wi, 0,Q) — (b+20b)(@,,,Q)

(ivj)elq

= (((+200) - Vq,00,q) — Y (5” + 2a/3ij> (Q459, 0z,,9)
(’L',j)EIq

+0 (’y (\E + 20| + |8 + 2a5|)) .
Last, from (8.33), (8.38) and (8.42),
(92, 0102, Q) S 121 (12— €1+ 16+ 16— B +18]) SN W +1al +1) S N2

In conclusion of the previous estimates, the orthogonality condition (@2, 9, Q) = 0 gives the following,

(0+2al)-Vq,00,q) = > (Bij + 2045@']') (254, 02,.q)

(ivj)e[q

+0 (’y (|é + 20| + |8 + 2a6|>) = O (N2 + [alN + |a® + |a[?) .

Proceeding similarly for the orthogonality conditions (¢2,$2;;Q) = 0 in (8.35) and using again the

fact that family {0s,q,1 < n < N;Q45q, (i, j) € I,} is linearly independent, we find (8.39) for v small
enough.

Proof of (ii). We prove (8.41); the proof of (8.40) is same as (8.38). We differentiate the orthogo-
nality (@2, ®) = 0in (8.35),

d
0 :a@zﬂ’) = (Oipa, D) + (2, 0;®).

Using again (8.36),
(Orpa, @) = (Ap1 — @1 + f1(Q) 1, @) — 20(ip2, @)
+ (G2, @) + (R, ®) + (G + Mody, ®),

where

R=fQ+V+e1)—fQ+V)-f(Q)yp1.
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From —A® + & — f/(Q)® = 0, integration by parts and (8.35),
(Ap1 — o1+ f(Q)p1, @) — 2a(p2, ) = 0.
By the expression of Gg, (8.33) and (8.38),
(G, @) S (12— €1+ 18— B+ 1+ 18]) (1] + 18] + b]) S N2
Recall that, from (8.25), (8.28) and (8.33),
B S o1 ? +lorl” + lal (|12] + @771 1]

Based on above inequality and the Sobolev embedding Theorem,

(RIS [ (il +loal +lal (9] + 07 fgal) [Pz
< 191, + 191, + lalll@le S A + [l
Then, from (8.27) and p > 2,

L

; SIVEHIVE S (laf +lal?) (12 +[2}?).

-

It follows that
1
(G- 31" @28 S (P +lab) [ (10l +[87) o S Ja +[oP.
]RN

Note that, by our normalization choice for ¢ (8.17), and a change of variables,

1

2
(51" (QV?,@) = TE"(q)(6,6,9) = —2a0’|¢|*.

Thus, from (8.16), (8.22), the expression of Modg, the above estimates and change of variables,
(Mods +G, @)

= (b4 200) (@, 8) + (L (QV,®) + (G~ " (QV?,®)

= —(b+2ab+200%)(6,6) + O (Jal’ + [af?)

Last, from (8.23), (8.33), (8.38) and the Sobolev embedding Theorem,
(P2, B0 S 1@l (12— €1+ 16 = Bl + 1€+ 81) S N2 (N + Ja] + 1) SN
Combining the above estimates, we have
(b + 2ab + 2aa?)($,¢) = O (N2 + |a|N + |a|* + |a]?)
which means (8.41). O

Last, we derive the control of exponential directions.

Lemma 8.14. Let af = (g, Z,f> fork=1,--- K. Then

d
’af —vifaf| SN+ a2 (8.43)

dt
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Proof. By (8.36),

d - N —
—aif =(0u3, ZE) + (3,0, Z}F)

dt
=(Ap1 — @1+ (@)1, Ti) + (G — 2a) (pa, Ti) + (R+ G, T
+ (G Mody + Mods, Ti) + (GEG1 + G2, Ti) + (B, 0 ZF).
From )\z = V,f(,;t, LYy, = —)\iYk and integration by parts,

(Ap1 — 1+ (@)1, Ti) = (o1, (A — 1+ f(Q)) Ti) = viEGE (o1, Ti).-

Combining above identity with V]:Ct = C,;t — 2« and the definition of af,

(A1 — @1+ F(Q)pr1, Ti) + (GF — 20) (92, Ti)
= v (GE (1, Th) + (92, i) = viaf.

Recall that, from (8.25), (8.26) and (8.28),
BRI +1G| S o1l + ler” + [V* + VP
Therefore, by the Sobolev embedding Theorem, and as Ty, is exponentially localized, we have

(R+G,Tk)| S / (1 +lorl? + [V + [VIP) [Tk de S N? + a®.
RN

Note that, from (1, Y3) = 0 for any ¢ € KerL, and k =1,--- , K,
<C;;t Mod; + Modg, i) = 0.
Next, by the expression of G, Gz, (8.33), (8.38) and (8.39),

(GEG + G2, Y| S (12— €1 + 16 — Bl + 1€+ |8]) (€] + 18] + |a] + [b])
SNWN +la)) (N +a|+1) SN2+ a2

Last, from (8.23) (8.33), (8.38) and the Sobolev embedding Theorem,
(#0225 [ (el + lgal) 10Tulda
S 1@l (12 = €+ 10 = 81+ 11+ 18) SNV + lal +1) S N2,
Gathering these estimates, and proceeding similarly for all k = 1,--- , K, we obtain (8.43). O

8.2.5 Energy estimates

Let ¢ be a non-degenerate or degree-1 excited state. For y > 0 small to be chosen later, we denote
p = 2a — i, and consider the nonlinear energy functional

€ :/N {IVorl? + (1 = pp) ¢t + (02 + p1)*} da
: (8.44)

2 [ {FQ+V+0) = FQ+V) = 1@+ Vi) do

Analogous energy functionals were introduced in [29, 30], in order to take full advantage of the damping
of (8.1), as is shown in the Lemma below. Recall that in the previous paragraph, in (8.37), we set

N = 18ll2 + 1€l + 18] + [b].
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Lemma 8.15. In the context of Proposition 8.11, there exist 0 < y9 < 1 and 0 < p < ming +(1, o, u,;t)
such that the following hold, for all t € [Th,T5].

(i) Coercivity and bound.

K
ull Bl — 1Y (@) + (a)?) <€ <@l (8.45)
k=1
(ii) Time variation.
%5 +2uE < p (VP +dPN) . (8.46)

Proof. Proof of (i). First, from (8.29) and the Sobolev embedding Theorem,
L IPQ+V 400 = F@+V) = FQ+ V)l do
S [ 1@+ VI lorP + o e S 1915, + 1147

It follows that the right-hand side of (8.45).
Second, from the definition of £ in (8.44), we decompose

E=(=Ap1+ o1 — f(Q)p1,01) — pulpr, 1) + €1+ E2 + &3,

where

& = /Rmz +pp)?de, & = - /R (f(@+V) - f(Q)) pida,

fo==2 [ {FQ+V+p)-FQ+V)= 1@+ V)1~ 5@+ Vgt e,

By (8.14) and (8.34),

K
(—Ap1+ 1 = f( Q1. 01) = cllerlip — ¢ ((af)? + (a;,)?) -
k=1

From the AM-GM inequality, we have
1
&1 = / (02 + pepr)* da > / phdz — uz/ pida.
RN 2 RN RN
Then, using (8.25), (8.30), (8.33) and the Sobolev embedding Theorem, we have
a5 [ QVI+ VP erPde S (20957 191
€3] S /]RN (lp1l® + la”™) do S 118113, + 11115

Combining the above estimates, we have

K
1 _ —
€= (c—pu—1?) leallip + Sle2lto — 7' D (@) + (a)?)
k=1

1\ || = ~
+0 ((r0+87") Il + 121,
which implies the left-hand side of (8.45) for vy > 0 small enough and p > 0 small enough.
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Proof of (ii). By direct computation and integration by parts, we decompose,

de :2/RN dhor{ —Ap1+ (1 —pp)er — [f(Q+V +¢1) — f(Q+ V)] }dx

de
—Q/RN {(fQ+V+¢1) = f(Q+V) = f(Q+V)e1) (0,Q+8,V)} da
+2/]RN { (2 + pp1)(Orp2 + popp1)} do = Iy + Iy + Is.

Estimate on Z;. We claim

Ti==2 [ {Boi— e+ (@ +V+ 1)~ F(Q+V)])eada
RN
(8.47)
- Qp;L/N p1pedx + O (N3 + |a|./\/2) .
R

By (8.34), (8.36), —A Mod; + Mod; —f'(Q) Mod; = 0 and integration by parts,

Ty =2 /RN {=8p1+ (1= pp)er = [f(Q+V +¢1) = f(Q+V)]} pada
+Ihia+Tip+1i 3+ 1ia,

where

Ty =2 /RN [Apr = (1 = pu)pr] Grdz,
D=2 [ f@+V+1) - (Q+V)]Grde
Tias= =2 [ [(7(@+V) = 1'(Q) 1] Mods .
T =—2 /RN [F(@Q+V + 1) — £(Q+V) — £(Q +V)er] Mod; da.
Using (8.28), (8.33), (8.38) and integration by parts, we have
Tl 5 [ (AGI+1GiD lpalde
<l (12— 1+ 10— 81+ ) £ JalN? OV + la] + 1) 5 JalA,
Tial £ [ | 1G1l(or]+ i P)da
SIalV (12 = 0+ 16 = B+ N) S 1alN2 W + [a] + 1) S Jaln,
Then, using (8.25), (8.28), (8.33) and (8.38), we have
Tial £ [ (VI 1VP) il Mody do

< 180 (lal + lal=) (12 =0+ 16— 8l + o — b))
SN (Jal +[al”™") (N +lal) S N + JalA*,

and
\I1,4| < /N (cp% + |<p1|19) ’Modl \d:n
R

SN2 NP) ([2 = 410 = Bl +1a—b]) SN (N2 + A7) W + Jal) S A
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Gathering the above estimates, we obtain (8.47).

Estimate on Iy. We claim
1T S N3 (8.48)
By (8.23),
KQ+ 0V =—L-VQ+ > BiWij+bd —Mods — G1.
(i’j)elq

Based on above identity, we decompose
Iy =1oy +122+ T3+ Loy + 1o,

where

Tu=2 [ (FQ+V+e) = FQ+V) = f(Q+V)er) (~b0) o
To=2 [ (HQ+V+e) = FQ+V) = Q-+ Vi) G,

and
Iy = 2/]RN (f(Q +V+o1)—f(Q+V)— f(Q+ V)Lpl) Mod; dz,

Ta=2 [ (HQ+V+¢) = fQ+V) = /(Q+V)p1) (¢ TQ)da,
Tis==2 30 By | (HQ+V+e) = 1Q+V) = F(@+V)er) Wisde.
(i,5)€lq
From (8.28) and the Sobolev embedding Theorem,
Sl [ eteie s

Using (8.28), (8.33), (8.38), (8.40) and the Sobolev embedding Theorem, we have

|Z21

|Z2,2] S/ (o1 +[p1[P) |G1|dz
RN

< W7+ A7) (lalV + ol — €]+ Jal}d — 51)
< W2+ 7) (JalV + [alAT(Ja] + M) S A

Z2.3

S/ (1 + [@1]?) [ Mod, |da

RN

< (V2 +AP) (z‘—eyﬂé—ﬁyﬂa—b\)
S (NV?+NP) (la] + M)N SN,

1 Za4] < (o1 + e1l?) 1€ VQ|dz < N?,
]RN

and
Tosl S D /N (07 + lo1l?) |81 35| da S N
(id)€ly "
Combining above estimates with (8.33), we obtain (8.48).
Estimate on I3. We claim

T4 :_2“5+2/RN {Ap1 —p1 + [f(Q+V 4+ ¢1) — f(Q+V)]} podx
(8.49)

+2pu/Ns01<p2dfv—2(p—ﬂ)/N(¢2+u901)2d33+0(N3+a2/\/)'
R R
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By direct computation and (8.36), we decompose,

Ig,:—2u5+2/RN{A901—901+[f(Q+V+901)—f(QJrV)]}sonw

+ 2pu/ p1rpada — 2(p — u)/ (2 + pepr)?da
RN RN

+231+232 +133+ 134 +13p5,

where
I31 = 2/ (p2 + ppr) Gda,
RN
I32 =2 /N (p2 + up1) (Ga + pGh) de,
R
I33=2 /N (02 + pe1) (Modg +p Mod ) du,
R
and

Tos=2u [ @ +V+p0) = [Q+V) = £(Q+ V)] gade

Tos =~ | [F@+V +90) = FQ+V) = FQ+V)o1 = 5£(Q+ V)eide.

Using (8.26),
Zual 5 [ (ol +lirl) V2o S a2
R

Next, from (8.33), (8.38) and the AM-GM inequality,

Zs.2] S /RN (lpal + lpal) (1G] + |Gal) dz

SN (ol + 6] + 161+ 181) (12 = €1+ 16 = 81+ 161 +18])
SN2 (la] + N) (N + |a] +1) < a®N + N3,

Note that, from (8.34) and (8.35), we have
1373 = 2<(,02, M0d2 +u M0d1> + 2#(@1, M0d2 +u M0d1> =0.

Last, from (8.28), (8.30) and the Sobolev embedding Theorem,
Tl S [ (1 + leal) lonldo S 4% + AP,
R

Tosl S [, (loaf* +orP*1) do SN+ AP,
R

Gathering the above estimates, we obtain (8.49).
Last, combining (8.47), (8.48) and (8.49), we conclude (8.46). O

We observe from the definition and the energy property (8.2) that a packed solution @ with degree-1
excited state cluster point ¢ satisfies

lim E(i(t)) = 1/RN (IVa|* + ¢* — 2F(q)) dz = E(q,0). (8.50)

t—o00 2

More precisely, we expand the energy for a solution close to degree-1 excited state.
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Lemma 8.16. In the context of Proposition 8.11, for the case q be a degree-1 excited state, we have

E(q)

2 _
B(q,0) + Zallg|72a® + O (N + o) . (8.51)
Proof. By (8.32) and an elementary computation, we find

ul* = 1Q + [VI> + o1]* + 2Q(V + ¢1) + 2V,
|Vul> = [VQP* + [VV|? + |Vei|? +2VQ - V(V 4 ¢1) + 2VV - Vi,

and

F(u) =F(Q) + JQ)V +¢1) + 5 @V + 6 +2Vipr) + ¢ f(QV?

FEQ+V +¢1)~ FQ) ~ FQV + 1) ~ 3 QU + 1)

— SMQWV + )+ Q) (Ve - V).

Based on the above identities and change of variables, we have

1
E(©) = E(q,0) — = n " (@Q)V3dx + Ey + Ey + E3 + Ey + Fs + Eg,

6

where .

B = 2/sz (VVE +|V]? - F(QV?) da,

Es = /]RN (VV Vo1 + Ve — f(Q)Ver) du,

Ba=3 [ (¥l +1o1 = F(@gk + (0m)) do.

Bi= [ (VQ- 9V 400 + QU + 1)~ [QUV + 1)) do.
and )

Bi= g [ Qe -V

Bo=-2 [ (FQ+V+e)-F@- 1@+

— QY + 0 = QY +01) )

First, from (8.17) we have
E"(¢,6,¢) = —4a| |7

Therefore, by change of variables,

1

3
5 | 1@Vde =~ F"(6.6.0) = Sallol

Then, from —A® + & — f/(Q)® = 0, V = a® and integration by parts,

CL2

E, = > /RN (-A® + @ — f(Q)P) Pdz =0,
E, = a/RN (—A® + @ — f(Q)®P) prdz = 0.
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By the Sobolev embedding theorem and the AM-GM inequality,
|Es| S @3, + 1617 + 81> +6° S N2

Next, from integration by parts and —AQ + Q — f(Q) = 0, we have

By = /RN (~AQ +Q — £(Q)) (V + p1)dz = 0.

Last, from the Sobolev embedding Theorem and the AM-GM inequality, we have
25 [ 1@V + VI + 1) do S ol + N2
|Es| < /RN (IV+e|* + [V + @it de < a* + |a|P T + N+ NPHL
Gathering above estimates, we find (8.51). O

8.2.6 Time evolution analysis

We introduce new parameters and functionals to analyze the time evolution of solutions in the frame-
work of Proposition 8.11. It is convenient to consider together all the damped components, as follows:

K
S=P+ 8P+ (ap)*+b* and F=E+pu'S. (8.52)
k=1

We also define the unstable component:

K
A=) (af). (8.53)

1

Finally, for the analysis of the main ODE system in the degree-1 degenerate case, we will crucially relie
on the following quantities

_ b C2a 4 1 5,
Rl—a—kﬁ and Rg—?a +%ab + a“b. (8.54)

Indeed, Rq and Rs enjoy monotonicity related properties as it is made explicit in the following lemma,
in which we also rewrite the estimates of Lemma 8.13, 8.14 and 8.15, using our new notations.

Lemma 8.17. In the context of Proposition 8.11, there exist Cy > 1 such that the following hold.

(i) Coercivity and bound. We have

Cy'N2 < F+ P A< CoN2. (8.55)

(ii) Liapunov evolution of R;. We have

d 1, )

- “at < .

Rt 50" <GV, (8.56)
d

&RQ + aa’ < C()./\/g, (8.57)
d _

Rt a®| < Co (N? + [alN + |a]?) . (8.58)
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(iii) Damped evolution. There exists v1 > 2 such that

%S + 118 < Cy (V? +a®N), (8.59)
d
o T 2F <Co (N +a®N). (8.60)

(iv) Exponential growth. There exists vo > v > 24 such that

%A — 1 A< Cy (N3 + a2/\/) , (8.61)

%A — 13 A > —Cy (N3 + a2N) . (8.62)

Proof. Proof of (i). Due to the bound from below in (8.45),
F+n Az pll@llF +n (07 + 1817 +6%) 2 N2,
Now |ai| = [(, Z,f)] < ||Bllx < N, so that using the bound from above in (8.45),

K
Fu tASE+2+ 182+ 02+ 3 (a)? + (af )2 S N2
k=1

Proof of (ii). First, from (8.40) and (8.41), we have

d . i)_ 2 2 3 p
ER&—&—F%— a®+ OWN* + |a|N + |a|” + |a|P).

Based on (8.33), the above estimate and the AM-GM inequality, we obtain (8.56) and (8.58) for Cj
large enough. Second, using again (8.40), (8.41), we compute

%a?’ =3a’b + O (’N? + |a’N) % (ab®) = —daab® + O (N + [a’N)
d

a(azb) = —2aa + 2ab* — 2aa*b + O (N + [a’ N + |a| + |a[PT?).

Combining the above estimates, we infer
d 20d 5 1 .d, , d,
—Ro = —— — —(ab —(a®b
@23 a" T aa )T @Y
= —2aa’ + O (N? + [a’NV + [a]® + |a[PT?),

Using the AM-GM inequality (to see [a’N < N°/2 + |af*, a®?N? < N3 + |af®), and as p + 2 > 4, this
implies (8.57) for Cj large enough.

Proof of (iii) and (iv). The estimates (8.59), (8.60), (8.61) and (8.62) are consequences of (8.39), (8.41),
(8.43), (8.46) and taking 0 < p < ming +(1, @, v") in Lemma 8.15. O

8.3 Proof of Theorem 8.4 and Theorem 8.6

In this section, we prove Theorem 8.4 and Theorem 8.6. First, we prove the following trapping
Proposition for packed solution.
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Proposition 8.18. There exists 69 > 0 such that the following holds. Let 4 = (u,0pu) be a packed
solution of (8.1), with cluster point (q,0) where q is a non-degenerate state or degree-1 excited state.
Due to Proposition 8.2, for any 0 < § < &y, there exists Ts > 0 and &5 € RY such that

S 2
[u(T5) — q(- = &)l + [[Ocu(t) || 12 + [/T ||6tu(t)||%2dt} <. (8.63)
é
Then i admits a decomposition as in Proposition 8.11 for all t € [T5,00) and satisfies

Vi = Ts,  |u(t) — q(- — &)l + |0ru(t)]| 2 S 52 (8.64)

Proof. For § < v small enough, the existence of T is a direct consequence of Proposition 8.2: #(Ty)
admits a decomposition as in Proposition 8.11 and satisfies

|2(T5) = &l +10(Ts)| + [a(Ts)| + N (Ts) < 0. (8.65)
For a constant C' > 1 to be chosen later, we introduce the following bootstrap estimate
2 — &|+10) <62, |a| <C83, N <C5, A<2062 (8.66)

Set
T* = sup {t € [T5,00) such that (8.31) and (8.66) holds on [Ts,t]} .

We prove thqat T* = oo by strictly improving the bootstrap assumption (8.66) on [T5,7%) (upon
chosing C' large enough). In the remainder of the proof, the implied constants in < or O do not depend
on § nor on the constant C' appearing in the bootstrap assumption (8.66). Recall that, in the case
when ¢ is a non-degenerate state, we denote a = b = 0.

Step 1. Preliminary bounds. Let t € [T5,T,). Integrating (8.62) on [T},t], and using (8.65), we
have
t

/t A(s)ds < A(t) + t]\/3(s)d5 + [ afP(s)ds

Ts Ts Ts

t t
<C824+C5 | N2(s)ds+ C65 / a?(s)ds,
Ts Ts

Similarly, integrating(8.60), we get

t t

Flopds £ 1F0)+ 1T+ [ Mas+ [ jae)ds

Ts Ts

t t
<SC?2 406 | N%(s)ds + Cs3 / a’(s)ds,

Ts Ts
and integrating (8.56), there hold

1 t t
/ a*(s)ds — Cy [ N?(s)ds < Ry(Ts) — Ry(t) §C’(5§ + C.
2 Jry Ts

Now recall that due to the coercivity (8.55), F + u~'A > C; N2, hence

/ (N2(s) + a?(s)) ds
Ts

t t
< / 2(s)ds — Co [ AN2(s)ds + Co(Co+1) / (F(s) + p L A(s))ds
Ts Ts Ts
t t
< O3+ 05+ C%2+C5 | N%(s)ds + O3 / a?(s)ds.
Ts Ts
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Taking 0 < § < 1 small enough, we infer
t
/ (N2(s) + a%(s)) ds S €85 + C§ + C262 S 55 + C262.
Ts

Step 2. Estimate on z and 6. By (8.38) and (8.39), we have

(1) ((t)

2(t) = &l +10()] S

2a 2

SN@) +N(T5) + 12(T5) — &l + 10(T5)] + /T (N?(s) + a*(s)) ds

t
8

<05+ 055 + C22,

which strictly improves the estimate (8.66) of z and 6 on [Ty, T*) for ¢ small enough.

(0~ €+ 50| + 00 + 50+ 1660 +15()

Step 3. Estimate on a. Due to the energy dissipation (8.5) and the initial assumption (8.63), note

that we have
E(q,0) < E(@(t)) < E(q,0) + O(8°).

Using the expansion of the energy (8.51) (and the bootstrap bounds (8.66)), we deduce that

’a‘3§52+/\/‘2_’_a4+|a’p+1
< 252 4 OPTigi et

It follows that ) s 1 o
la| < 63 +C365 +C 5 55D,

which strictly improves the estimate (8.66) of a on [T5,7™) for C' large enough and § small enough.

Step 4. Estimate on N. Under the bootstrap assumption (8.66), estimate (8.60) writes

%f +2uF < 355 + 0383 < 0355,

Let t € [T5,T*). Integrating the above estimate on [Ty, t], using also the initial time assumption (8.65),

yields

t
Ft) < e—?#(t—Tg)]:(Té) + CS/ e—2,u(t—s)5%ds < 52 4 035%.
Ts

(8.67)

We now use once more the coercivity (8.55), the (8.66) on A so that the estimate (8.67) above gives,

for C' large enough
7
N2 () S F+ A<+ C%63 + C6* < 2062
This strictly improves the estimate (8.66) of N on [T, T*).

Step 5. Estimate on A. Let us first rewrite the estimates (8.59), (8.61), (8.62) in the context of

the bootstrap assumption (8.66): for all t € [T, T),

%3 e (035% n 0353) < CoC353,

%A — 1A < C (035% n 0353) < CpC36%,
%A — A > —Cp (035% n 0353) > —CyC365.

Then for t € [Ts,T™*), we have (integrating (8.68) on [T5,t])

t

~

St) < e =T g(Ty) + C3 / e 295345 < 62 4+ C353.

Ts

283

(8.68)
(8.69)

(8.70)

(8.71)



THESE DE DOCTORAT DE L’INSTITUT POLYTECHNIQUE DE PARIS

We now prove by contradiction that for C' large enough, it holds
vt € [T5,Ty), A(t) < 2082 (8.72)
For the sake of contradiction, assume that there exists to € [T5, T*) such that
Alts) =206% and for all t € [Ty, 1), A(t) < 2062
On the one hand, by continuity of A, there exists t; € [Ty, t2] such that
A(t1) = C6* and for all t € (t1,t2), C8% < A(t) < 2C5°. (8.73)

For t € [t1,t2], divide (8.69) and (8.70) by A (using (8.73)), and then integrate on [t1,t2]: it follows
that

log2 log2
82 L O(C%65) < ta — 1 < 8% 1 O(C?6%). (8.74)

120} v3
Therefore, using (8.73) again

t2 log?2

A)dt > C8%(ty — t1) > C5> ( 0(025§)> . (8.75)

t1 V2

On the other hand, by the definition of 2 in (8.32) and the bound on S (8.71), for any ¢ € [t1, t2]
7
le2(D)1172 S o7 +SE) S l0wu(t)l|72 + 6% + C65.
Thus, from (8.63) and (8.74),
to to 7 7
/t oo ()22t < /t (1932 + 82 + €55 ) dt < 8 + 5. (8.76)
1 1

By the definition of af, we have

af = GHer, Ti) + (92, T) a = (g (o1, Th) + (02, T)

and thus forall k =1,--- | K
PR 4

k Ck
from where we see that A < S+ |l¢2]|7,. Gathering estimates (8.71) and (8.76), we find

(¢2, Tk,

to to to 7
A s [ s+ [ eaade £ 67+ 071,

t1 t1 31

which is a contradiction with (8.75) for C large enough and 0 small enough. This proves (8.72), and
this strictly improves the estimate on A

Step 6. Conclusion. As a consequence of improving the bootstrap assumption (8.66) on z — &5, 0,
N and A, we conclude that T* = co.

Finally, from (8.66), we know that, for all ¢ € [Ts, +00),

[u(t) = (- = &) + [|0pu (@) 12
S lu(t) = Q) + [1Q() — q(- — &)l + |0ru(t) | 2
SN + [a(®)] + [2(t) — &| +10(8)] S 07 + €65 +C5,

which implies (8.64) for 6 small enough. The proof of Proposition 8.18 is complete. O
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Remark 8.19. Observe that the proof of Proposition 8.18 actually proves that
0(t),a(t),N(t), Alt) -0 as t— 4oo,
a fact that we will use in the proofs of Theorem 8.4 and 8.6.

End of the proof of Theorem 8./. We assume here that ¢ is a non-degenerate bound state, and prove
exponential convergence. Recall that, in this context, we have set a = b = 0.

First, from Proposition 8.18, we know that, for any 0 < § < 62, there exists Ty > 1and & € RN
such that, @ admits a decomposition as in Proposition 8.11 for all ¢ € [T, 00) and satisfies

lu(t) = q(- = &)l + [0vu(®)l| L2 + |2(t) — &5l + [0(8)] + N (2) < 6. (8.77)

Step 1. We claim that

vt > TY, % (F() + 1 AD) < — (F(1) + 1 AR)) .- (8.78)

This will implies exponential decay of F + ,u*%él. So as tolprove the above differential inequality, it is
convenient to introduce the auxiliary quantity A := A —§2F. First note that, from (8.55) and (8.77),

N3(t) < ON?(t) < 6Cy (F+ptA). (8.79)
As a consequence,
~ 1 1 1
A=1+0zp HA-02 (F+ptA) < (1452 A
Therefore, using the evolution equations (8.60) and (8.62) for F and A, and in view of (8.79),

d - d 1d 1 1 _ 1
A= A= 0T ST > (v =208 ) A+ 2005 (F 4 A) = (1+83)CoN?

1 ~
> (vs—20% ) A+ (200% = 6C3(1+0%)) (F+ 17" A) > Jusd,
where § > 0 is so small that
1
<y3 . 25%) > Sva(l+08u7h),  26% — 3~ Co(1+ %) > 0.

Integrating on [t, s] C [T}, 00), we get

A(t) < e2(=9) 4(s).

We now take the limit s — oo and using that A(s) is bounded due to (8.77), we obtain that A(t) < 0,
that is

1

Vi € [Tf,00), A(t) < 83 F(t) <62 (F(t) + p A1) . (8.80)
Combining (8.60), (8.61), (8.79) and (8.80), we have
Ay 4y ad
G (F+p'A) = dt}"+u th
< =2u(F+p YA + (e +2)A+ Co(1 4 p~HN?
< (=20 +62 (v +2) + 6C2(1+ V) (F+ 7L A),

which implies (8.78) for ¢ small enough.
Step 2. Integrating (8.78) on [T, t] and using (8.77), we have
(F+ptA) (1) < e T8 (F 4 pm ) (TF) < 6%em0T5),
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Recall once again (8.55): it follows that
N2(t) S(F+ptA)E) S et (8.81)

Now we can integrate (8.38), using (8.81) and recalling that a = 0: this proves that there exists
Zs0 € RY such that z(t) — 2z as t — 400, and

VES T, |2(t) — zeo] + 10(8)] < / N(s)2ds < e M. (8.82)
t

Gathering estimates (8.81) and (8.82), we obtain

Jut) = a(- = zo0) |1 + [ Oru(t)]| 2
Slu®) = QW + 1Q®) — q(- — 200) lar + [|0¢u(t) || 2
SN+ |2(t) — 2| + 0(t)] < e,

The proof of Theorem 8.4 is complete. Ul

End of the proof of Theorem 8.6. We here assume that ¢ is a degree-1 excited state, and prove algebraic
convergence of @ to (g,0).

As earlier, we know from Proposition 8.18, that for any 0 < § < 62, there exists Ty > 1 (we can
choose T§ = T52/2) and & € RY such that, @ admits a decomposition as in Proposition 8.11 for all
t € [T;,00) and satisfies

[u(t) —q(- = &)l + 10u(®)] L2 + |2(8) — & + la(®)] + [0()] + N(2) < 4. (8.83)
Step 1. We claim that there exists C; > 1 (independent of ¢) such that
VES Ty, A() < C161(a(t)? + N(t)?). (8.84)

Again, we consider an auxiliary quantity, which is here 4 := A —§ iF - 57%7%2. From the evolution
equations (8.57), (8.60) and (8.62) of A, F and Rz, we bound

d -~ d 1d _1d
aA—&A—(S‘laF—é 2&7?,2

> 2u1 (F+ptA) + (v3 — 25i)./4+ 52 aat
— Co(1+072 +61)N3 = C (1 + ﬁ) a’N.
> 226 1N? + (v — 261) A+ 6 2aat — 3Co0 2 N3 — 2Cha2 .
Notice that from the AM-GM inequality, we have
242N = 2(a26716)(N§16) < a*675 + N263, (8.85)
so that, rearranging the terms in the preceding inequality, we get
d < 91 1 3\ 2 1 _1 _3 4
TA> (2u 5T — 30,67 — 0058)1\/ + vy — 20T) A+ (0 3a — -3 Cy)a = 0,
where ¢ is so small that
9.1 1 3 1 _1 _3
2701 —3Ch62 — Cpds >0, 15—204 >0 and & 2a—0d sCy>0.
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Now, from Proposition 8.18, we know that A(t) — 0 as t — co. As we just showed that A is non

decreasing on [T}, 00), we hence conclude that for all ¢ > Ty, A(t) < 0, or equivalently (due to the
definition of A), that for all ¢t > TY,

1
< S1F(t) + 67 <2O‘+1> a2+;—2 (a* + N2,
[0

As F < N, this implies (8.84) for § small enough.
Step 2. We claim that there exists Cy > 1 (independent of §) such that,

V=T, la(t)| < Co((t—T5 +07 )T+ N (). (8.86)

We use yet another auxiliary quantity, namely Ry =R+ 20271 (F + /Fl.A). Note that, from the
AM-GM inequality and (8.83), there exists Co > 1 such that

R? < 2R2 4+ 0 (M) < Ca(a® + N?). (8.87)
Furthermore, using the evolution equation (8.60) and (8.61) for F and A, we have
d
g Frr A < =2p (F+p A + (i + 2 A+ Co (L4 p71) (VP +a7N)
< = (F+ 7 A) + O(67 (0% + N?))

where we also used (8.83) and (8.84). Therefore, using the evolution equation (8.56) for Ry, we deduce
that,

d~ _d o 1d -1
1
< —=a® + CoN? + 20217 (—(F + L A)) + O(57 (a® + N?))

2
< —%aQ — CoN? + 057 (a® + N2)).

(We used the coercivity estimate (8.55): F 4+ p~'A > Cy' N, and also that [b| < A). For § small
enough, we infer that
d ~ 1
—R1 < —=-a®—
at S T
for some universal constant ca > 0. Recall now that from Proposition 8.18, R1 (t) > 0ast — +o0,
and therefore, after dividing by R?, and integrating on [T ¥,t], we obtain

C ~
70./\/‘2 < _CQR%.

VE>TF, O<SRi(t)S(t—Tr+0H L
(Notice that Rq(Ty) < J, in view of (8.83)). It can be rewritten as

—2Cop % (F(t) + p L A®) < alt) + 1)2(2 <(t-TF+6HL

As |b], F + pu~tA < N, this implies (8.86) for Cy large enough.

Step 3. Conclusion. Now we prove the algebraic decay rate by a bootstrap argument. For C5 > 1
to be chosen later, we introduce the following bootstrap bounds

C3
(t—=T;+0671)

C3

la(t)] < m

N(t) < (8.88)
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Let
T** =sup {t € [T5,00) such that (8.88) holds on [T} ,?]}.

We will prove that T%* = 400 by strictly improving the bootstrap assumption (8.88) on [T}, T%*),
upon choosing ¢ small enough. In this bootstrap, the implied constants do not depend on § and Cj,
but can depend on Cy, C1, Cs.

As |a(Ty)] < 6 and N(T§) < ¢ due to (8.83), the bootstrap estimate (8.88) holds (strictly) at
t =Ty, and so T** > T5.

FEstimate on a. From (8.86) and the boostrap estimate (8.88) on N, we have

1
t— Ty +061

C2(Cs+1)

o) < Ca N < gt
which strictly improves the estimate (8.88) on a for taking Cs3 large enough (depended on Cy).

Estimate on N. First, we claim that

* *ok 1
vt e [T, T), F)< T (8.89)

Indeed, using (8.83) and the bootstrap bound (8.88), the evolution equation (8.60) on F writes

_ 0C3(C3+1)

d
T TR -~ 9 < 2 2 )
vt € [Ty, T*), F+2uF < CoN(a”+N?7) < (BT e

d¢

Let t € [Ty, T**), and integrate on [T}, t]: for § small enough (dependent on Cs), this gives
. t C3(C3 +1)ds
H < —2u(t=T5) T 5 —2u(t—s) _—3\-3
‘F()Ne ]:( §>+ Tg‘e (S—Té*—l-(s_l)Q
IC3(C3+1) _ 1
(t=T;+0671)2~ (t =Ty 4612

5 52672y(t7Tg‘) +

which means (8.89). Therefore, from the coercivity estimate (8.55), combining the bound (8.84)
and (8.89) on F and A that we just obtained and the boostrap bounds (8.88), we get

1 §iC2(C2 +1) 1

2 < -14< <
NNF+M A N(t7T§+571)27

~Y E — + * J—
(t—T5y+071)2 (t—-Tf+61)?

which strictly improves the estimate (8.88) of A/, upon § small enough.
As a consequence of improving the bootstrap assumption on a and A, we conclude that T** = co.
Finally, it suffices to bound the geometric parameters. First, recall the equation (8.39) on ¢ and 3:
proceeding as for F (using (8.88) for ¢ > Ty), we get that

1
Vi TE |t < —
Then we consider z and 6: using the above estimate and (8.88), the equation (8.38) now writes
1
(t—Tr +1)2

. . 1
0| <160 — < 2 S—.
O1<18 = B1+18 S 181+ A7 + ol S gy

E <2 =L+ S 1+ N +alN €

This proves that z(t) — 2. as t — 400, and that



8.4. PROOF OF THEOREM 8.7

From Proposition 8.18, we already know that 6(t) — 0 as ¢ — 400, and we obtain as for z the

convergence rate
1

VE=TE, |0()] < ————.
A

Finally, gathering the above estimates, we conclude that for all ¢ > Tp,

[ut) = q(- = 2o0)ll 1 + 10ru(®) ]l 2
<) = QW) + 1Q1) — ¢(- = zo0) 1 + [|Gru(t) | 2

SN +1a(O)] +12(0) = 2] + O] S gy

The proof of Theorem 8.6 is complete. OJ

8.4 Proof of Theorem 8.7

In this section, we prove Theorem 8.7. Let ¢ be a degree-1 excited state.

Proof of Theorem 8.7. Let 0 < § < 1 to be chosen later. Given a™ = (af)j—1,.. x € BRK((S%), we
consider the solution @ of (8.1) with initial data

@(0) = (q,0) + (6¢,0) + W (a}), (8.90)
where .

2 _ ay GY

W(at) = ; (C,;*),;Jr 1 ( kifk > . (8.91)

Step 1. Decomposition. For any t > 0 such that @ is defined and satisfies (8.31), we consider its
decomposition according to Proposition 8.11: this gives the functions z,¢,60,3,a,b and ¢. Note that
by the definition of W (a™), the initial data %(0) is modulated in the sense that

@(0) = W((a™), z(0) = £(0) = 0, 6(0) = B(0) = 0, b(0) =0, a(0) = 4. (8.92)
. +
Also, by. (8.13), and as Z;(0) = <C’%/kyk>, we have
Vk=1,....K, af(0)=(W((a"),Z(0)) = a;. (8.93)

We introduce the following bootstrap setting,

~1|00

—1\— —1\—
{]a(t)—(t+5 )<+ (8.94)

)
0(t)] <62, N(Et)<(t+61)71, AW <(t+o 175

Let T, = Ti(a™) be the supremum of times ¢ > 0 such that @ is defined on [0, ¢], satisfies the assumption
(8.31) of Proposition 8.11 on [0, ¢], and such that the bootstrap estimates (8.94) hold on [0, t].

Our goal is to prove that there exists at least one choice of a™ € BRK(dg) such that Ty (at) = oo.
For this, we start by closing all bootstrap estimates except the one for the instable modes, A, given
any a” € Bgx ((5%) Then we prove the existence of suitable parameters a™ = (a;)kzl,... & for which A
is controlled, using a topological argument. Before we proceed with the actual proof, let us emphasize
a major difference between the argument here and the previous boostraps. In Theorem 8.7 the goal
is to construct a solution, and our only choice is a good guess for the initial data as in (8.90); hence,
we do not have any long time a priori knowledge, in particular, we have no way to ensure a priori that
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Oy € L2([0,+0oc), L?) (a bound which plays a key role in controlling the unstable modes): it will be
consequence of our construction.

In the remainder of the proof, the implied constants in < or O do not depend on the small parameter
0 > 0 which appears in the definition of the initial data (8.90) and in the bootstrap assumptions (8.94),

nor on at € B_RK((S%).
Step 2. Closing the estimates in (8.94) except for A.

Fix at € Bgx (0 %) For simplicity of notations, we drop any references to a™ in this step.
FEstimate of a. From (8.94) and the definition of Ry, we have, for any ¢ € [0,T}),

IR1(6)2 — a(t)?] S Ja()N(E) + N (8)2 S (E+671) 7. (8.95)

Also,

[NiST]

IRu(t) = (t+6 ) < E+6Y) T+ (E+5) 2 +(t+51)1, (8.96)
and so Rq(t) > 0if 6 > 0 is small enough. By (8.58), (8.94) and (8.95),

d
—Ry +R?
q

S RI(®) — a® ()] + N2(2) + |a@®) N (B) + |a(t) P
S(t+6 T+t +5H)P
Therefore, from (8.96), we have

% (R (1) - 1’ S (t4+ 6775 4 (¢4 5P

Integrating above estimate on [0, ¢], and using (8.92), we obtain
IRTUE) = (t4+ 67| S (t 467 + (146717,
so that in particular Rq(t)~1 > (¢t +6~!) (for 6 small enough) and

1
t+o6-1

1 _ 1 ; i
B ‘7%1((1:5))1(?:561))‘ S+t +07) P

)

From there, we infer

la(t) = (t+ 6 ) S Rit) = (¢t + 0 H T+ N ()
SE+07Y)TE (1467,

which strictly improves the estimate (8.94) of a for ¢ small enough (recall that p > 2).
Estimate of 8. We use the evolution equations (8.38) and (8.39) for 6 and /3, under the bootstrap
assumption (8.94): this gives, for all ¢ € [0,T}),

d B 2 2 —1\-2
—(0+—) () < t ) S (t+6 .
i (04 o) 0 sv0+ 2w s o
Fix ¢t € [0,T}) and integrate the above estimate on [0, ], using (8.92) and (8.94): it yields

0(t)| < N(t) + ’0(t) + ﬁ(t)' <(t+6H 1+ /t(s +6 ) 2ds <61 +6 <6,
206 0

which strictly improves the estimate (8.94) of 6, for ¢ small enough.
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Estimate of N. We first derive a bound on F using its evolution equation (8.60): together with
the boostrap assumption (8.94), we have

d 1\_15
N <
dtf+2uf\co<(t+5 )4

Fix ¢t € [0,T,) and integrate this on [0,¢] and using the initial bounds (8.91) and (8.92) to infer that

+2(t+5-1)—%> <(t+0H %,

t

Ft) < e 2 F(0) 4 e 20t / 25t 4 6-1)~%ds
0
13

SBem L (t4 5T S+

To get a bound on N, we now recall the coercivity bound (8.55) again and the bootstrap assumption
(8.94) on A, and conclude that

N2(t) S F (1) +n M A®) S (E+67)7°

which strictly improves the boostrap estimate (8.94) of A for § small enough.

Step 3. Transversality and choice of a*. Observe that for any time ¢ where the bootstrap bounds
(8.94) holds together with the equality A(t) = (t + d~1)73, the evolution equation (8.62) on A yields
the following transversality property:

S+ AM) > (slt+ 57 + 8+ 57)2) AW
—Co(t+ 6712 (N3(t) + ()N (D))
>3+ 0 ((t FOY I+ (E+ 5*1)*1) > %Vg, (8.97)

for § > 0 small enough. Estimate (8.97) is enough to justify the existence of at least K-uple a™ €
BRK((S%) such that Ty (at) = oco.

The proof is by contradiction: assume for its sake that for all a™ € BRK((S%), it holds Ty (a™) < oco.
Then, a contradiction follows from the following discussion (see for instance more details in [28] and [31,
Section 3.1]).

Continuity of the map at — Ti(a™).

Let at € B]RK(ég): as Ti(at) < +oo, then as we improved all other estimates in (8.94) in the
previous step, necessarily, the equality A(¢) = (t + 1)~ holds for t = Ty (a™), and so (8.97) holds at
t =Ti(a™).

By continuity of the flow of (8.1) (and of the modulation technique), the above transversality
property implies that the map

Bgx (62) — [0, +00), at > Ti(ah)
is continuous and there is instantaneous exit for initial data on the boundary:
To(at) =0 forall a* € Sgx (53) .
Construction of a retraction. As a consequence, the map giving the exit point (on the boundary)

M : By (62) — Spr(62)
ot s 63 (Tu(at) +071) a* (Tu(a™))

3
2

is well defined, continuous, and moreover, the restriction of M to Sgx (d %) is the identity.
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The existence of such a map M contradicts Brouwer’s no retraction theorem for contgnuous maps
from the ball to the sphere. We conclude that there exists at least one at € Byx(d2) such that

Step 4. Conclusion. At this point, we have proved the existence of a™ € BRK(ég), associated with
a global solution @ € C([0,+00), H' x L?) of (8.1) with initial data defined in (8.90), which also can
be modulated (in the sense of (8.31)) and satisfies (8.94) for all ¢ € [0,00). Let us now control the
convergence of z and 6: using their evolution equations (8.82) (and (8.39)) under the (8.94) regime,
we see that there exist z(t) — zoo and 0(t) — 0 as t — +oo and moreover

2(t) + i(t) — zoo‘ + ‘G(t) + %(t) —Os| + i/\f(t)

2c
) ds

SN+ /too (N(s) + la(s)IN () + al”(s)) ds

|2(t) = 2] +16(t) — 67| <

b

‘+—é + 10+
z
2 2

SE+6Y) T+ (40 (t+ 0P (8.98)

We now use the invariance of the equation to get a solution to (8.1) where zo, = 0 and 0o = 0 by
setting

U (t,x) = ii(t, Ry (z + 200)) forall (t,z) € [0,00) x RY.

Then, from (8.94) and (8.98), i@\ € C(]0, +o0), H' x L?) is a solution of (8.1) which enjoys requested
properties in the conclusion of Theorem 8.7, and more precisely,

W20, [|E(t) ~ (¢,0) = (t+ 06770l mwre S (t4+67)7TF 4 (¢4 67T

The proof of Theorem 8.7 is complete. O
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Résumé : Dans cette thése, nous étudions le com-
portement qualitatif des solutions d’équations non
linéaires de type onde, avec ou sans amortissement,
en mettant un accent particulier sur la description
de la dynamique en temps long des solutions dans
'espace d’énergie. Sur les exemples typiques de
I'équation de Klein-Gordon non linéaire (NLKG), avec
ou sans amortissement, et de I'équation d’onde non
linéaire (NLW), nous étudions le comportement des
solutions qui se décomposent en un seul soliton ou
en une somme de solitons, quand le temps tend vers
Iinfini.

Titre : Dynamique en temps long pour des équations non linéaires de type onde avec ou sans amortissement
Mots clés : soliton, équations aux dérivées partielles, dynamique en temps long, équations d’ondes non-

Premierement, nous montrons la stabilité condition-
nelle des multi-solitons pour I'équation NLKG en di-
mension un d'espace et avec double non-linéarité
puissance. Ensuite, pour I'équation NLW énergie cri-
tique, nous prouvons I'existence de différents types
de multi-solitons basées soit sur I'état fondamental,
soit sur des états excités bien choisis, sous diverses
conditions sur la dimension spatiale et les vitesses de
Lorentz. Finalement, nous étudions la dynamique en
temps long des solitons et multi-solitons de I'équation
NLKG sous-critique pour I'énergie, avec amortisse-
ment.

damping

Abstract : In this thesis, we study the qualitative
behavior of solutions of nonlinear wave-type equa-
tions, with or without damping, putting a special em-
phasis on the description of the long-time dynamics
of solutions in the energy space. Through the typi-
cal examples of the nonlinear Klein-Gordon equation
(NLKG) with or without damping and the nonlinear
wave equation (NLW), we study the behavior of solu-
tions that decompose into a single soliton or into sums
of solitons, when time goes to infinity.

Title : Long time dynamics of nonlinear wave-type equations with or without damping

Keywords : soliton, partial differential equation, long time dynamics, nonlinear wave models, multi-soliton,

First, we show the conditional stability of multi-solitons
for the 1D NLKG equation with double power non-
linearity. Second, for the energy-critical NLW equa-
tion, we prove the existence of different types of multi-
solitons based on the ground state or on suitable ex-
cited states, under various conditions on the space
dimension and Lorentz speeds. Finally, we study the
long-time dynamics of solitons and multi-solitons of
the damped energy sub-critical NLKG equation.
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