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❈❤❛♣t❡r ✵

■♥tr♦❞✉❝t✐♦♥ ✭✈❡rs✐♦♥ ❢r❛♥ç❛✐s❡✮

✵✳✶ ●é♥ér❛❧✐tés s✉r ❧❡s éq✉❛t✐♦♥s ❞❡ t②♣❡ ♦♥❞❡ ♥♦♥✲❧✐♥é❛✐r❡s

▲❡ ❜✉t ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❞✬ét✉❞✐❡r ❧❡s ♣❤é♥♦♠è♥❡s ♥♦♥ ❧✐♥é❛✐r❡s ❞❛♥s ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞②♥❛♠✐q✉❡ ❞❡s
s♦❧✉t✐♦♥s ❞❡ t②♣❡ ♠✉❧t✐✲s♦❧✐t♦♥s ❞❡ ❝❡rt❛✐♥❡s éq✉❛t✐♦♥s ❞✬♦♥❞❡s ♥♦♥✲❧✐♥é❛✐r❡s ❢♦❝❛❧✐s❛♥t❡s✳ ❯♥❡ éq✉❛t✐♦♥
❞✬♦♥❞❡ ♥♦♥✲❧✐♥é❛✐r❡ ❛✈❡❝ ♦✉ s❛♥s ❛♠♦rt✐ss❡♠❡♥t ❡st ❞❡ ❧❛ ❢♦r♠❡✿

∂2t u(t, x) + 2α∂tu(t, x)−∆xu(t, x) +mu(t, x) = f(u(t, x)), (t, x) ∈ R× Rd, ✭◆❲✮

♦ù m = 0 ♦✉ 1✱ α > 0 ❡t f(·) ❡st ✉♥❡ ♥♦♥✲❧✐♥é❛r✐té ❢♦❝❛❧✐s❛♥t❡ ❛✈❡❝ f(0) = 0✳
▲❛ q✉❡st✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ❧♦❝❛❧ ♦✉ ❣❧♦❜❛❧ ♣♦✉r ❧❡s ❞✐✛ér❡♥t❡s éq✉❛t✐♦♥s ❞✬♦♥❞❡ ❡♥ ❢♦♥❝t✐♦♥

❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ d ❡t ❞❡ ❧❛ ♥♦♥✲❧✐♥é❛r✐té f ❡st ❜✐❡♥ ❝♦♥♥✉❡ ❡t ♥✬❡st ♣❛s ✐♥❝❧✉s❡ ❞❛♥s ❝❡tt❡ t❤ès❡✳ ◆♦✉s
❝♦♥s✐❞ér♦♥s ❞❡s s♦❧✉t✐♦♥s ❞✬é♥❡r❣✐❡ ✜♥✐❡ ❡t ♥♦✉s ♥♦✉s r❡♥✈♦②♦♥s à ❬✶✷✱ ✺✾✱ ✼✶❪ ♣♦✉r ❧❡s éq✉❛t✐♦♥s ❞❡
❑❧❡✐♥✲●♦r❞♦♥ s♦✉s✲❝r✐t✐q✉❡s ❛✈❡❝ ♦✉ s❛♥s ❛♠♦rt✐ss❡♠❡♥t ❡t ❧❡s éq✉❛t✐♦♥s ❞✬♦♥❞❡ ❝r✐t✐q✉❡s✳

▲♦rsq✉❡ α = 0 ❞❛♥s ✭◆❲✮✱ ❧✬éq✉❛t✐♦♥ ❡st ✉♥❡ éq✉❛t✐♦♥ ❤❛♠✐❧t♦♥✐❡♥♥❡ ♠❛✐s ❛✈❡❝ ✉♥ ❡s♣❛❝❡ ❞❡ ♣❤❛s❡
❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡✱ ♣❛r ❡①❡♠♣❧❡ C∞

0 (Rd) × C∞
0 (Rd)✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ✭◆❲✮ ♣❡✉t s❡ réé❝r✐r❡ s♦✉s

❧❛ ❢♦r♠❡✿

∂t

(
u
∂tu

)
= JH

(
u
∂tu

)
+

(
0

f(u)

)
,

♦ù

J =

(
0 Id

−Id 0

)
, H =

(
−∆+m 0

0 1

)
.

❉❡ ♣❧✉s✱ s✐ ♦♥ ♥♦t❡ F (u) =
∫ u
0 f(s)ds✱ ❧✬é♥❡r❣✐❡ E ❡t ❧❡ ♠♦♠❡♥t I s♦♥t ❝♦♥s❡r✈és✱ ♦ù

I(t) =

∫

Rd

∇u(t, x)∂tu(t, x)dx,

E(t) =

∫

Rd

{
|∇u(t, x)|2 +mu2(t, x) + (∂tu(t, x))

2 − 2F (u(t, x))
}
dx.

❯♥❡ q✉❡st✐♦♥ ❝❡♥tr❛❧❡ ❞✉ ❞♦♠❛✐♥❡ ❡st ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ rés♦❧✉t✐♦♥ ❡♥ s♦❧✐t♦♥s✱ é♥♦♥❝é❡ ❞❛♥s ❧❡s ❛♥♥é❡s
✼✵ ❡t ✽✵ s✉✐t❡ à ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✭✈♦✐r ❋❡r♠✐✕P❛st❛✕❯❧❛♠ ❬✺✹❪✱ ❩❛❜✉s❦②✕❑r✉s❦❛❧ ❬✶✶✺❪✮
❡t à ❧❛ t❤é♦r✐❡ ✐♥té❣r❛❜❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❑♦rt❡✇❡❣✕❞❡ ❱r✐❡s ✭❑❞❱✮ ✭✈♦✐r ❬✺✵✱ ✺✶✱ ✶✵✻❪✮✳ ❉❡ ❢❛ç♦♥
✐♥❢♦r♠❡❧❧❡✱ ❧❛ ❝♦♥❥❡❝t✉r❡ st✐♣✉❧❡ q✉❡ t♦✉t❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ♥♦♥ ❧✐♥é❛✐r❡ s❡ ❝♦♠♣♦rt❡
❛s②♠♣t♦t✐q✉❡♠❡♥t ❡♥ t❡♠♣s ❧♦♥❣ ❝♦♠♠❡ ✉♥❡ s♦♠♠❡ ❞❡ s♦❧✐t♦♥s ❞é❝♦✉♣❧és ✭✐✳❡✳ ♠✉❧t✐✲s♦❧✐t♦♥s✮ ❡t
✉♥❡ ♣❛rt✐❡ ❞✐s♣❡rs✐✈❡ ✭❝♦♠♣♦rt❡♠❡♥t ❧✐♥é❛✐r❡✮✳ ▲❛ ❝♦♥❥❡❝t✉r❡ ❡st très ❞✐✣❝✐❧❡✱ ♠ê♠❡ ♣♦✉r ❧❡s ♠♦❞è❧❡s
❝♦♠♣❧èt❡♠❡♥t ✐♥té❣r❛❜❧❡s✳ ➚ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧✬❛✉t❡✉r ❧❛ ❝♦♥❥❡❝t✉r❡ ❛ été ❡♥t✐èr❡♠❡♥t ❞é♠♦♥tré❡
♣♦✉r ❧❡s ♠♦❞è❧❡s ❝♦♠♣❧èt❡♠❡♥t ✐♥té❣r❛❜❧❡s ♣❛r ❊❝❦❤❛✉s✲❙❝❤✉✉r ❬✺✶❪ ♣♦✉r ❑❞❱✱ ♣❛r ❙❝❤✉✉r ❬✶✵✻❪ ❡t
❈❤❡♥✲▲✐✉ ❬✶✾❪ ♣♦✉r ♠❑❞❱✱ ♣❛r ❇♦r❣❤❡s❡✲❏❡♥❦✐♥s✲▼❝▲❛✉❣❤❧✐♥ ❬✾❪ ♣♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❙ ❝✉❜✐q✉❡ ❡♥ ✶❉
❡t ❛✉ss✐ ♣❛r ❏❡♥❦✐♥s✲▲✐✉✲P❡rr②✲❙✉❧❡♠ ❬✼✵❪ ♣♦✉r ◆▲❙ ❞ér✐✈é❡✱ ✈✐❛ ❧❛ ♠ét❤♦❞❡ ❞✉ s❝❛tt❡r✐♥❣ ✐♥✈❡rs❡✳

✼



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

◆♦t♦♥s ❞❡ ♣❧✉s q✉❡ très ♣❡✉ ❞❡ rés✉❧t❛ts ❡①✐st❡♥t ♣♦✉r ❧❡s ♠♦❞è❧❡s ❞✐s♣❡rs✐❢s ♥♦♥✲❧✐♥é❛✐r❡s ❡t ❞❡ t②♣❡
♦♥❞❡ q✉✐ ♥❡ s♦♥t ♣❛s ❝♦♠♣❧èt❡♠❡♥t ✐♥té❣r❛❜❧❡s✳

■♥tr♦❞✉✐s♦♥s ♠❛✐♥t❡♥❛♥t ❧✬✉♥ ❞❡s ♠♦❞è❧❡s ❞❡ t②♣❡ ♦♥❞❡ ❧❡s ♣❧✉s ✐♠♣♦rt❛♥ts ❞❡ ❝❡tt❡ t❤ès❡✱ ❧✬éq✉❛t✐♦♥
❞❡s ♦♥❞❡s ♥♦♥ ❧✐♥é❛✐r❡ ✭◆▲❲✮ ❛✈❡❝ ♥♦♥✲❧✐♥é❛r✐té ❝r✐t✐q✉❡ ♣♦✉r ❧✬é♥❡r❣✐❡ ❡♥ ❞✐♠❡♥s✐♦♥ d = 4, 5 ✭✐❧ s✬❛❣✐t
❞✬✉♥ ♠♦❞è❧❡ ♥♦♥ ✐♥té❣r❛❜❧❡✮ ✿

∂ttu−∆u− |u| d
d−2u = 0, (t, x) ∈ R× Rd. ✭◆▲❲✮

❆✉ ❝♦✉rs ❞❡s ✶✺ ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ❞❡s ♣r♦❣rès r❡♠❛rq✉❛❜❧❡s ♦♥t été ❛❝❝♦♠♣❧✐s ✈❡rs ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥
❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❡♥ t❡♠♣s ❧♦♥❣ ❞❡ ❧✬éq✉❛t✐♦♥ ◆▲❲ ❝r✐t✐q✉❡✳ ◆♦✉s ♣❛ss♦♥s ✐❝✐ ❡♥ r❡✈✉❡ ♣❧✉s✐❡✉rs rés✉❧t❛ts
❧✐és à ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ rés♦❧✉t✐♦♥ ❡♥ s♦❧✐t♦♥s q✉✐ ❛ été ❞é♠♦♥tré❡ ♣♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❲ ❝r✐t✐q✉❡✳ ❚♦✉t
❞✬❛❜♦r❞✱ ✉♥ rés✉❧t❛t ❝♦♠♣❧❡t ❞❡ rés♦❧✉t✐♦♥ ❡♥ s♦❧✐t♦♥s ♣♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❲ ❝r✐t✐q✉❡ r❛❞✐❛❧❡ ✸❉ ❡st
❞é♠♦♥tré ❞❛♥s ❉✉②❝❦❛❡rts✕❑❡♥✐❣✲▼❡r❧❡ ❬✹✻❪ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡s ❝❛♥❛✉① ❞✬é♥❡r❣✐❡ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡s
♦♥❞❡s ❧✐♥é❛✐r❡✳ ▲❛ ❝♦♥❥❡❝t✉r❡ ❛ été ♣r♦✉✈é❡ ♣❧✉s t❛r❞ ❞❛♥s ❧❡ ❝❛s ♥♦♥ r❛❞✐❛❧ ♣♦✉r ✉♥❡ s♦✉s✲s✉✐t❡
❞❡ t❡♠♣s ♣♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❲ ❝r✐t✐q✉❡ ❡♥ ❞✐♠❡♥s✐♦♥s ✸✱✹ ❡t ✺ ❞❛♥s ❬✹✸❪✳ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ♦❜t❡♥✉❡
❞❛♥s ❬✹✻❪ ❛ été ét❡♥❞✉❡ à t♦✉s ❧❡s ❝❛s r❛❞✐❛✉① ❞❡ ❞✐♠❡♥s✐♦♥ ✐♠♣❛✐r❡ ❞✬❡s♣❛❝❡ ❞❛♥s ❬✹✾❪✳ P❧✉s ré❝❡♠♠❡♥t✱
❉✉②❝❦❛❡rts✕❑❡♥✐❣✲▼❛rt❡❧✲▼❡r❧❡ ❬✹✹❪ ♦♥t ♣r♦✉✈é ❧❛ ❝♦♥❥❡❝t✉r❡ ♣♦✉r ❧❡ ❝❛s r❛❞✐❛❧ ✹❉✳ ❱♦✐r ❬✷✸✱ ✷✹✱ ✷✺❪
♣♦✉r ❧❡s rés✉❧t❛ts ❧✐és à ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ✇❛✈❡ ♠❛♣s✳ ◆♦t♦♥s q✉✬✉♥❡ rés♦❧✉t✐♦♥ ❝♦♠♣❧èt❡ ❞❡ ❧❛
❝♦♥❥❡❝t✉r❡ ♣♦✉r ❧✬éq✉❛t✐♦♥ ♥♦♥ ❧✐♥é❛✐r❡ ❞❡ ❑❧❡✐♥✲●♦r❞♦♥✱ ✉♥❡ ❛✉tr❡ éq✉❛t✐♦♥ ❞❡ t②♣❡ ♦♥❞❡ ✐♠♣♦rt❛♥t❡✱
s❡♠❜❧❡ ❤♦rs ❞❡ ♣♦rté❡ ♣♦✉r ❧❡ ♠♦♠❡♥t✳

❯♥ ❛✉tr❡ ❡①❡♠♣❧❡ ❞✬éq✉❛t✐♦♥ ❞❡ t②♣❡ ♦♥❞❡ ♥♦♥✲❧✐♥é❛✐r❡ q✉❡ ♥♦✉s ét✉❞✐♦♥s ❞❛♥s ❝❡tt❡ t❤ès❡ ❡st
❧✬éq✉❛t✐♦♥ ♥♦♥ ❧✐♥é❛✐r❡ ❞❡ ❑❧❡✐♥✲●♦r❞♦♥ ✭◆▲❑●✮ ❛✈❡❝ ❞♦✉❜❧❡ ♥♦♥✲❧✐♥é❛r✐té ❢♦❝❛❧✐s❛♥t❡✴❞é❢♦❝❛❧✐s❛♥t❡
❡♥ ❞✐♠❡♥s✐♦♥ d = 1✿

∂2t u− ∂2xu+ u− |u|p−1u+ |u|q−1u = 0, (t, x) ∈ R× R, ✭✶❉◆▲❑●✮

♦ù 1 < p < q < ∞✳ ▲❛ ❞♦✉❜❧❡ ♥♦♥✲❧✐♥é❛r✐té ❣❛r❛♥t✐t q✉❡ ❧✬❡✛❡t ♥♦♥ ❧✐♥é❛✐r❡ ❡st ❞é❢♦❝❛❧✐s❛♥t ♣♦✉r ❧❡s
♣❡t✐t❡s ✈❛❧❡✉rs ❞❡ u ❡t ❢♦❝❛❧✐s❛♥t ♣♦✉r ❧❡s ❣r❛♥❞❡s ✈❛❧❡✉rs ❞❡ u✳

◆♦✉s ét✉❞✐♦♥s é❣❛❧❡♠❡♥t ❧✬éq✉❛t✐♦♥ ◆▲❑● ❛♠♦rt✐❡ ❛✈❡❝ ✉♥❡ ♥♦♥✲❧✐♥é❛r✐té s♦✉s✲❝r✐t✐q✉❡ ❡♥ ❞✐♠❡♥✲
s✐♦♥ 1 6 d 6 5✿

∂ttu+ 2α∂tu−∆u+ u− |u|p−1 = 0, (t, x) ∈ R× Rd, ✭❞❛♠♣❡❞◆▲❑●✮

♦ù α > 0 ❡t 2 < p <∞✳
▲❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ❞❡ ❝❡tt❡ t❤ès❡ s❡ ❝♦♥❝❡♥tr❡♥t s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❡♥ t❡♠♣s ❧♦♥❣ ❞❡s ♠✉❧t✐✲

s♦❧✐t♦♥s ❡t ❢♦✉r♥✐ss❡♥t ❞❡s ❛✈❛♥❝é❡s s♦❧✐❞❡s ❡t ❞❡s ❡①❡♠♣❧❡s ♣♦✉r ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ rés♦❧✉t✐♦♥ ❞❡ s♦❧✐t♦♥s
s♦✉s ❞✐✈❡rs ❛s♣❡❝ts✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❞✐✈✐s♦♥s ❝❡tt❡ t❤ès❡ ❡♥ tr♦✐s t❤é♠❛t✐q✉❡s ✿

(1) ❙t❛❜✐❧✐té ❞❡s ♠✉❧t✐✲s♦❧✐t♦♥s ♣♦✉r ❧✬éq✉❛t✐♦♥ ✶❉ ◆▲❑● ✭➓✵✳✷✮✳

(2) ❈♦♥str✉❝t✐♦♥ ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s ♣♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❲ ❝r✐t✐q✉❡ ✭➓✵✳✸✮✳

(3) ❉②♥❛♠✐q✉❡ ❡♥ t❡♠♣s ❧♦♥❣ ♣♦✉r ◆▲❑● ❛♠♦rt✐❡ ✭➓✵✳✹✮✳ ■❧ s✬❛❣✐t ❞✬✉♥ ♣r♦❥❡t ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝
❘❛♣❤❛ë❧ ❈ôt❡ ✭■❘▼❆✱ ❋r❛♥❝❡✮✱ é❣❛❧❡♠❡♥t ❡♥ ♣❛rt✐❡ ❛✈❡❝ ❨✈❛♥ ▼❛rt❡❧ ✭❈▼▲❙✱ ❋r❛♥❝❡✮ ❡t ▲✐❢❡♥❣
❩❤❛♦ ✭❯❙❚❈✱ ❈❤✐♥❛✮✳

❈❡tt❡ t❤ès❡ ❡st ❝♦♠♣♦sé❡ ❞❡s ❛rt✐❝❧❡s s✉✐✈❛♥ts✿

• ❘✳ ❈ôt❡✱ ❨✳ ▼❛rt❡❧ ❛♥❞ ❳✳ ❨✉❛♥✱ ▲♦♥❣✲t✐♠❡ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❖♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❉❛♠♣❡❞ ◆♦♥✲
❧✐♥❡❛r ❑❧❡✐♥✕●♦r❞♦♥ ❊q✉❛t✐♦♥✳ ❆r❝❤✳ ❘❛t✐♦♥✳ ▼❡❝❤✳ ❆♥❛❧✳ ✷✸✾ ✭✷✵✷✶✮✱ ♥♦✳ ✸✱ ✶✽✸✼✲✶✽✼✹

• ❘✳ ❈ôt❡✱ ❨✳ ▼❛rt❡❧✱ ❳✳ ❨✉❛♥ ❛♥❞ ▲✳ ❩❤❛♦✱ ❉❡s❝r✐♣t✐♦♥ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✷✲s♦❧✐t❛r② ✇❛✈❡s ❢♦r
♥♦♥❧✐♥❡❛r ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥s✳ Pr❡♣r✐♥t✱ ❛r❳✐✈✿✶✾✵✽✳✵✾✺✷✼✱ s♦✉♠✐s✳

✽
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• ❘✳ ❈ôt❡ ❛♥❞ ❳✳ ❨✉❛♥✱ ❆s②♠♣t♦t✐❝s ♦❢ s♦❧✉t✐♦♥s ✇✐t❤ ❛ ❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt② ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r
❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥✳ Pr❡♣r✐♥t✱ ❛r❳✐✈ ✿✷✶✵✷✳✶✶✶✼✽✱ s♦✉♠✐s✳

• ❳✳ ❨✉❛♥✱ ❈♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ✶❉ ◆▲❑● ❡q✉❛t✐♦♥ ✇✐t❤ ❞♦✉❜❧❡ ♣♦✇❡r
♥♦♥❧✐♥❡❛r✐t②✳ ❆ ♣❛r❛îtr❡ ❞❛♥s ❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛ré ❆♥❛❧✳ ◆♦♥ ▲✐♥é❛✐r❡✳

• ❳✳ ❨✉❛♥✱ ❖♥ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥ ✺✳ ◆♦♥❧✐♥❡❛r✐t②
✸✷ ✭✷✵✶✾✮✱ ♥♦✳ ✶✷✱ ✺✵✶✼✕✺✵✹✽✳

• ❳✳ ❨✉❛♥✱ ❈♦♥str✉❝t✐♦♥ ♦❢ ❡①❝✐t❡❞ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ✺❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❆
♣❛r❛îtr❡ ❞❛♥s ❏✳ ❍②♣❡r❜♦❧✐❝ ❉✐✛❡r✳ ❊q✉✳

• ❳✳ ❨✉❛♥✱ ❈♦♥str✉❝t✐♦♥ ♦❢ ❡①❝✐t❡❞ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ❢♦❝✉s✐♥❣ ✹❉ ❝✉❜✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥✳ Pr❡♣r✐♥t✱
❛r❳✐✈ ✿✷✶✵✸✳✵✹✶✻✽✱ s♦✉♠✐s✳

✵✳✷ ▲✬éq✉❛t✐♦♥ ✶❉ ◆▲❑● ❛✈❡❝ ❞♦✉❜❧❡ ♥♦♥✲❧✐♥é❛r✐té

✵✳✷✳✶ ❈♦♥t❡①t❡

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ✶❉ ◆▲❑● ❛✈❡❝ ✉♥❡ ❞♦✉❜❧❡ ♥♦♥✲❧✐♥é❛r✐té ❢♦❝❛❧✐s❛♥t❡✴❞é❢♦❝❛❧✐s❛♥t❡✱

{
∂2t u− ∂2xu+ u− |u|p−1u+ |u|q−1u = 0, (t, x) ∈ [0,∞)× R,

u|t=0 = u0 ∈ H1(R), ∂tu|t=0 = u1 ∈ L2(R),

♦ù 1 < q < p < ∞✳ P♦✉r ❡①❤✐❜❡r ❧❛ ❢♦r♠❡ ❤❛♠✐❧t♦♥✐❡♥♥❡✱ ♥♦✉s réé❝r✐✈♦♥s ❝❡tt❡ éq✉❛t✐♦♥ ❝♦♠♠❡ ✉♥
s②stè♠❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ t❡♠♣s ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥ ~u = (u1, u2)✱

∂t

(
u1
u2

)
= JH

(
u1
u2

)
+

(
0

f(u1)

)
, ✭✵✳✶✮

♦ù

J =

(
0 1
−1 0

)
, H =

(
−∂2x + 1 0

0 1

)
, f(u1) = |u1|p−1u1 − |u1|q−1u1.

❖♥ ❞é✜♥✐t F (u) =
∫ u
0 f(σ)dσ = 1

p+1 |u|p+1 − 1
q+1 |u|q+1✳ P♦✉r t♦✉t❡ s♦❧✉t✐♦♥ ~u = (u1, u2) ❞❡ ✭✵✳✶✮ ❞❛♥s

H1 × L2✱ ❧✬é♥❡r❣✐❡ E(~u) ❡t ❧❡ ♠♦♠❡♥t I(~u) s♦♥t ❝♦♥s❡r✈és✱ ♦ù

E(~u) =

∫

R

{
(∂xu1)

2 + u21 + u22 − 2F (u1)
}
dx, I(~u) = 2

∫

R

(∂xu1)u2dx.

❯♥❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡✱ ✐✳❡✳ s♦❧✉t✐♦♥ ✐♥❞é♣❡♥❞❛♥t❡ ❞✉ t❡♠♣s ~u(t, x) = (q(x), 0) ❞❡ ✭✵✳✶✮ ❡st
❝❛r❛❝tér✐sé❡ ❝♦♠♠❡ ✉♥❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❞❛♥s H1 ❞❡ ❧✬❖❉❊ ❞✉ ❞❡✉①✐è♠❡ ♦r❞r❡ s✉✐✈❛♥t❡

q′′ − q + f(q) = 0 s✉r R. ✭✵✳✷✮

●râ❝❡ à ❬✼❪✱ ♥♦✉s s❛✈♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✭à tr❛♥s❧❛t✐♦♥ ♣rès✮ ❞❛♥s H1 ❞❡ ✭✵✳✷✮ q✉✐ ❡st
♣♦s✐t✐✈❡ ❡t ♣❛✐r❡✳ ❈❡tt❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣❛✐r❡ ❡st ❛♣♣❡❧é❡ ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❡t ♥♦✉s ❧❛ ♥♦t♦♥s Q✳ ❊♥
❛♣♣❧✐q✉❛♥t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ▲♦r❡♥t③ à ~Q = (Q, 0)✱ ♦♥ ♦❜t✐❡♥t ❞❡s ♦♥❞❡s s♦❧✐t❛✐r❡s ♦✉ s♦❧✐t♦♥s ✿ s✐
♣♦✉r ℓ ✈ér✐✜❛♥t −1 < ℓ < 1 ♦♥ ❞é✜♥✐t

Qℓ(x) = Q

(
x√

1− ℓ2

)
, ~Qℓ =

(
Qℓ

−ℓ∂xQℓ

)
,

❛❧♦rs ~u(t, x) = ~Qℓ(x− ℓt) ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭✵✳✶✮✳

✾



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

▼❡♥t✐♦♥♥♦♥s q✉❡ ❧❡s s♦❧✉t✐♦♥s ❝✐✲❞❡ss✉s s♦♥t ✐♥st❛❜❧❡s s✐ ❧✬♦♥ ♣❡rt✉r❜❡ ❧❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ❡t ❛❞♠❡t✲
t❡♥t ✉♥❡ ❞✐r❡❝t✐♦♥ ❞✬✐♥st❛❜✐❧✐té ❡①♣♦♥❡♥t✐❡❧❧❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❣râ❝❡ à ❧❛ t❤é♦r✐❡ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡✱
❧✬♦♣ér❛t❡✉r

L = −∂2x + 1− f ′(Q)

❛♣♣❛r❛✐ss❛♥t ❛♣rès ❧✐♥é❛r✐s❛t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✵✳✶✮ ❛✉t♦✉r ❞❡ ~Q = (Q, 0) ❛ ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ ♥é❣❛t✐✈❡
✉♥✐q✉❡ −ν20 (ν0 > 0)✱ à ❧❛q✉❡❧❧❡ ♦♥ ♣❡✉t ❛ss♦❝✐❡r ✉♥❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ❧✐ss❡ ❡t ♣❛✐r❡ Y ✳ P♦s♦♥s

~Y + =

(
Y
ν0Y

)
❡t ~u+(t, x) = exp(ν0t)~Y

+(x).

❯♥ ❝❛❧❝✉❧ ❡①♣❧✐❝✐t❡ ♠♦♥tr❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ~u+(t, x) ❡st s♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❧✐♥é❛r✐sé

{
∂tu1 = u2

∂tu2 = −Lu1.

P✉✐sq✉❡ ν0 > 0✱ ❧❛ s♦❧✉t✐♦♥ ~u+ ✐❧❧✉str❡ ❧✬✐♥st❛❜✐❧✐té ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ ❧✬♦♥❞❡ s♦❧✐t❛✐r❡ ~Q ❡♥ t❡♠♣s ♣♦s✐t✐❢✳
P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ♣♦✉r −1 < ℓ < 1✱ ✐❧ ❡①✐st❡ ✉♥❡ ❞✐r❡❝t✐♦♥ ✐♥st❛❜❧❡ ❛✉t♦✉r ❞❡ ~Qℓ ❞♦♥♥é❡ ♣❛r

Yℓ = Y

(
x√

1− ℓ2

)
❡t ~Z+

ℓ =


 (ℓ∂xYℓ +

ν0√
1−ℓ2

Yℓ)e
ℓν0√
1−ℓ2

x

Yℓe
ℓν0√
1−ℓ2

x


 .

❈♦♥❝❡r♥❛♥t ❧❡s ♠✉❧t✐✲s♦❧✐t♦♥s ✭s♦❧✉t✐♦♥s ❝♦♥t❡♥❛♥t ✉♥ ♥♦♠❜r❡ ❛r❜✐tr❛✐r❡ ❞❡ s♦❧✐t♦♥s✮✱ ❧✬✉♥❡ ❞❡s
♣r❡♠✐èr❡s ✐♥tr✉s✐♦♥s ❞❛♥s ❝❡tt❡ ét✉❞❡ ♣♦✉r ✭✵✳✶✮ ❡st ❧❡ tr❛✈❛✐❧ ❞❡ ❈ôt❡✲▼✉ñ♦③ ❬✸✶❪ ♦ù ✐❧s ♦♥t ❝♦♥str✉✐t
✉♥ ❡①❡♠♣❧❡ ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s ❜❛sé s✉r ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ✭✵✳✶✮✳ P❧✉s ♣ré❝✐sé♠❡♥t✿

❚❤é♦rè♠❡ ✵✳✶ ✭❊①✐st❡♥❝❡ ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s✱ ❬✸✶❪✮✳ ❙♦✐t ℓ1, · · · , ℓN ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ✈✐t❡ss❡s ✈ér✐✜❛♥t
ℓn 6= ℓn′ ♣♦✉r t♦✉t n 6= n′ ❡t x1, · · · , xN ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❞é❝❛❧❛❣❡✳ ■❧ ❡①✐st❡ ✉♥ t❡♠♣s T0 > 0✱
❞❡s ❝♦♥st❛♥t❡s C > 0✱ ❡t γ0 > 0 ❞é♣❡♥❞❛♥t ✉♥✐q✉❡♠❡♥t ❞❡ (ℓn)n ❡t (xn)n ❡t ✉♥❡ s♦❧✉t✐♦♥ ~u(t) =
(u1(t), u2(t)) ∈ C

(
[T0,∞) : H1 × L2

)
❞❡ ✭✵✳✶✮✱ ❞é✜♥✐❡ s✉r [T0,∞) ❡t s❛t✐s❢❛✐s❛♥t ♣♦✉r t♦✉t t > T0

∥∥~u(t)−
N∑

n=1

~Qℓn(x− ℓnt− xn)
∥∥
H1×L2 6 Ce−γ0t.

❘❡♠❛rq✉❡ ✵✳✷✳ ❈ôt❡✲▼✉ñ♦③ ❬✸✶❪ ♦♥t ét✉❞✐é ❧❡ ❝❛s ♣❧✉s ❣é♥ér❛❧ ❞✬✉♥❡ ❞✐♠❡♥s✐♦♥ ❞✬❡s♣❛❝❡ q✉❡❧❝♦♥q✉❡
d ∈ N+ ❛✈❡❝ ❞❡s ♥♦♥✲❧✐♥é❛r✐tés ♣❧✉s ❣é♥ér❛❧❡s✱ ✐♥❝❧✉❛♥t ❧❡ ❝❛s ❞❡ ❧❛ ❞♦✉❜❧❡ ♥♦♥✲❧✐♥é❛r✐té✳ ❊♥ ♣❛r❛❧✲
❧è❧❡✱ ❇❡❧❧❛③③✐♥✐✲●❤✐♠❡♥t✐✲▲❡ ❈♦③ ❬✺❪ ♦♥t ❝♦♥str✉✐t ❞❡s ♠✉❧t✐✲s♦❧✐t♦♥s st❛❜❧❡s à ✈❛❧❡✉rs ❝♦♠♣❧❡①❡s ♣♦✉r
❧✬éq✉❛t✐♦♥ ◆▲❑●✳ P❧✉s t❛r❞✱ ❈ôt❡✲▼❛rt❡❧ ❬✷✻❪ ♦♥t ét❡♥❞✉ ❧❡ rés✉❧t❛t ❞✬❡①✐st❡♥❝❡ ❞❡ ❬✸✶❪ à ♥✬✐♠♣♦rt❡
q✉❡❧ ét❛t ❡①❝✐té ♣♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❑● ❛✈❡❝ ♥♦♥✲❧✐♥é❛r✐té ❞❡ ♣✉✐ss❛♥❝❡ ♣✉r❡✳

✵✳✷✳✷ ❘és✉❧t❛t

❆✉ ♣❛r❛❣r❛♣❤❡ ➓✵✳✷✳✶✱ ♥♦✉s ❛✈♦♥s ♦❜s❡r✈é q✉❡ ❧❡ s♦❧✐t♦♥ ✉♥✐q✉❡ ❡st ✐♥st❛❜❧❡✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡
❧❡s ♠✉❧t✐✲s♦❧✐t♦♥s ❝♦♥str✉✐ts ❞❛♥s ❬✸✶❪ ❧❡ s♦♥t é❣❛❧❡♠❡♥t✳ P❛r ❝♦♥séq✉❡♥t✱ ❧♦rsq✉❡ ♥♦✉s ét✉❞✐♦♥s ❧❛
st❛❜✐❧✐té ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s s♦❧✉t✐♦♥s ❞❡ ✭✵✳✶✮ ❛✈❡❝ ❞❡s ✈✐t❡ss❡s ❞✐✛ér❡♥t❡s✱ ♦♥ ♥❡ ♣❡✉t ♦❜t❡♥✐r ♠✐❡✉① q✉❡
❧❛ st❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ✿ t♦✉t❡ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡ ♣r♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞✬✉♥ ♠✉❧t✐✲s♦❧✐t♦♥ ❞♦♥♥é ♣❡✉t êtr❡
♠♦❞✐✜é❡ ❧❡ ❧♦♥❣ ❞❡ ❝❤❛q✉❡ ❞✐r❡❝t✐♦♥ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ✐♥st❛❜❧❡ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧❛ s♦❧✉t✐♦♥ ❛ss♦❝✐é❡
à ❝❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ♠♦❞✐✜é❡s s♦✐t ✜♥❛❧❡♠❡♥t st❛❜❧❡ ❡♥ t❡♠♣s ❧♦♥❣s ❡t ❝♦♥✈❡r❣❡ ✈❡rs ✉♥❡ s♦❧✉t✐♦♥
♠✉❧t✐✲s♦❧✐t♦♥ ♣r♦❝❤❡ ❛✈❡❝ ❞❡s ✈✐t❡ss❡s ❞✐st✐♥❝t❡s✳

▲❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❧❛ st❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞❡s ♠✉❧t✐✲s♦❧✐t♦♥s ♣♦✉r ✭✵✳✶✮✱
❝♦♠♠❡ ♠❡♥t✐♦♥♥é ❝✐✲❞❡ss✉s✳ P❧✉s ♣ré❝✐sé♠❡♥t✿

✶✵
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❚❤é♦rè♠❡ ✵✳✸ ✭❙t❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞❡s ♠✉❧t✐✲s♦❧✐t♦♥s✱ ❬✶✶✸❪✮✳ ❙♦✐t N > 2✳ P♦✉r t♦✉s n ∈
{1, . . . , N}✱ s♦✐t σn = ±1✱ ℓn ∈ (−1, 1) ❛✈❡❝ −1 < ℓ1 < ℓ2 < · · · < ℓN < 1✳ ■❧ ❡①✐st❡ ❞❡s ❝♦♥✲
st❛♥t❡s L0 > 0✱ C0 > 0✱ γ0 > 0 ❡t δ0 > 0 t❡❧❧❡s q✉❡ ❝❡ q✉✐ s✉✐t ❡st ✈r❛✐✳ ❙♦✐t ~ε ∈ H1 × L2 ❡t
y01 < · · · < y0N t❡❧ q✉✬✐❧ ❡①✐st❡ L > L0 ❡t 0 < δ < δ0 ❛✈❡❝

‖~ε‖H1×L2 < δ ❡t y0n+1 − y0n > L ♣♦✉r t♦✉s n = 1, . . . , N − 1.

❆❧♦rs✱ ✐❧ ❡①✐st❡ h+1 , . . . , h
+
N ∈ R s❛t✐s❢❛✐s❛♥t

N∑

n=1

|h+n | 6 C0

(
δ + e−γ0L

)
,

t❡❧s q✉❡ ❧❛ s♦❧✉t✐♦♥ ~u = (u1, u2) ❞❡ ✭✵✳✶✮ ❛✈❡❝ ❧❛ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡

~u0 =

N∑

n=1

(
σn ~Qℓn + h+n

~Z+
ℓn

)
(· − y0n) + ~ε

❡st ❞é✜♥✐❡ ❣❧♦❜❛❧❡♠❡♥t ❞❛♥s H1 × L2 ♣♦✉r t > 0 ❡t✱ ♣♦✉r t♦✉t t > 0✱

∥∥∥∥~u(t)−
N∑

n=1

σn ~Qℓn(· − yn(t))

∥∥∥∥
H1×L2

6 C0

(
δ + e−γ0L

)
,

♦ù y1(t), . . . , yN (t) s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❝❧❛ss❡ C1 s❛t✐s❢❛✐s❛♥t✱ ♣♦✉r t♦✉t n = 1, . . . , N ✱ t > 0✱

|yn(0)− y0n| 6 C0

(
δ + e−γ0L

)
, |ẏn(t)− ℓn| 6 C2

0

(
δ + e−γ0L

)
.

❘❡♠❛rq✉❡ ✵✳✹✳ ▲❛ ♥♦♥✲❧✐♥é❛r✐té ❞♦✉❜❧❡ ♣✉✐ss❛♥❝❡ ❡st ✉♥ ❝❤♦✐① t②♣✐q✉❡ ♣♦✉r ❧❡s éq✉❛t✐♦♥s ❞✐s♣❡rs✐✈❡s
♦✉ ❞✬♦♥❞❡✱ ♠❛✐s ❧❡ ❚❤é♦rè♠❡ ✵✳✸ ♣❡✉t êtr❡ ét❡♥❞✉ ❛✉ ❝❛s ♣❧✉s ❣é♥ér❛❧ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ à ✈❛❧❡✉rs ré❡❧❧❡s
f ∈ C1,α ✭❛✈❡❝ α > 0✮ s❛t✐s❢❛✐s❛♥t ✿

(i) f ❡st ✐♠♣❛✐r❡ ❡t f(0) = f ′(0) = 0✱

(ii) ❧✬❡♥s❡♠❜❧❡ ❞❡s s > 0 t❡❧s q✉❡ F (s)− 1
2s

2 = 0 ❡t f(s)− s > 0 ❛❞♠❡t ✉♥ ♠✐♥✐♠✉♠ s0 > 0✱

(iii) ✐❧ ❡①✐st❡ r0 > 0 t❡❧ q✉❡ ♣♦✉r t♦✉t s ∈ (−r0, r0)✱ sf(s)− 2F (s) 6 0✱

♦ù F (s) =
∫ s
0 f(σ)dσ ♣♦✉r s ∈ R✳ ▲❡s ❝♦♥❞✐t✐♦♥s ✭✐✮✲✭✐✐✮ s♦♥t ❧✐é❡s à ❧❛ ❝♦♥❞✐t✐♦♥ ♥é❝❡ss❛✐r❡ ❡t s✉✣s❛♥t❡

♣♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ♦♥❞❡ st❛t✐♦♥♥❛✐r❡ ✉♥✐q✉❡ ❞❛♥s ❬✼✱ ❚❤❡♦r❡♠ ✺❪✳ ❙✉✐✈❛♥t ❬✼✱ ❊①❛♠♣❧❡ ✷✱ ♣✳ ✸✶✽❪✱
s✐ f r❡♣rés❡♥t❡ ❧❛ ♥♦♥✲❧✐♥é❛r✐té ❞♦✉❜❧❡ ♣✉✐ss❛♥❝❡✱ ❛❧♦rs ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♣❧✉s ♣❡t✐t s0 > 0 t❡❧ q✉❡
F (s0)− 1

2s
2
0 = 0 ❡st ❝❧❛✐r ❡t ❞❡ ♣❧✉s

f(s0)− s0 = sp0 − sq0 − s0 =
1

s0

(
(p+ 1)F (s0) +

p− q

q + 1
sq+1
0 − s20

)

=
1

s0

(
p− q

q + 1
sq+1
0 +

p− 1

2
s20

)
> 0.

❈❡❧❛ ❥✉st✐✜❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ♦♥❞❡ st❛t✐♦♥♥❛✐r❡ Q ♣♦✉r ✭✵✳✷✮✳ ▲❛ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❣❛r❛♥t✐t q✉❡ ❧✬❡✛❡t ♥♦♥
❧✐♥é❛✐r❡ ❡st ❞é❢♦❝❛❧✐s❛♥t ♣♦✉r ❧❡s ♣❡t✐t❡s ✈❛❧❡✉rs ❞❡ u1✱ ❝❡ q✉✐ ❡st ❞é❝✐s✐❢ ❞❛♥s ♥♦tr❡ ❛r❣✉♠❡♥t ❞✉ ✈✐r✐❡❧✳
❘❛♣♣❡❧♦♥s q✉❡ ❝❡ ♣r♦❜❧è♠❡ ❡st ❞é❥à ♣rés❡♥t ❞❛♥s ❬✽✾✱ ✶✵✹❪ ♣♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❙✱ ♦ù ✉♥❡ r❡str✐❝t✐♦♥ ♣❧✉s
❢❛✐❜❧❡✱ ♠❛✐s s✐♠✐❧❛✐r❡ ❡st ✐♠♣♦sé❡ s✉r ❧❛ ♥♦♥✲❧✐♥é❛r✐té✳

✶✶
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➚ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧✬❛✉t❡✉r✱ ❝❡ rés✉❧t❛t ❡st ❧❡ ♣r❡♠✐❡r é♥♦♥❝é ❞❡ st❛❜✐❧✐té ✭❝♦♥❞✐t✐♦♥♥❡❧❧❡✮ ❞❡s
s♦♠♠❡s ❞❡ s♦❧✐t♦♥s ❞é❝♦✉♣❧és ♣♦✉r ✉♥❡ éq✉❛t✐♦♥ ❞❡ t②♣❡ ♦♥❞❡✳ ▲❛ ♣r❡✉✈❡ ❡st ❜❛sé❡ s✉r ✉♥❡ str❛té❣✐❡
❣é♥ér❛❧❡ ✐♥tr♦❞✉✐t❡ ❞❛♥s ▼❛rt❡❧✲▼❡r❧❡✲❚s❛✐ ❬✽✽✱ ✽✾❪ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❣é♥ér❛❧✲
✐sé❡ ✭❣❑❞❱✮ ❡t ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ♥♦♥ ❧✐♥é❛✐r❡ ✭◆▲❙✮ ❞❛♥s ✉♥ ❝♦♥t❡①t❡ s✐♠✐❧❛✐r❡✳ ❈❡♣❡♥❞❛♥t✱
❧✬❛❞❛♣t❛t✐♦♥ ❞❡ ❝❡tt❡ str❛té❣✐❡ à ✉♥❡ éq✉❛t✐♦♥ ❞❡ t②♣❡ ♦♥❞❡ ♥é❝❡ss✐t❡ ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥❡ ♥♦✉✈❡❧❧❡
❢♦♥❝t✐♦♥♥❡❧❧❡ ❞✬é♥❡r❣✐❡ ❛❞❛♣té❡ à ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ▲♦r❡♥t③✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♣❛r r❛♣♣♦rt à ❧❛ ♠ét❤✲
♦❞❡ ❞✬é♥❡r❣✐❡ ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❬✽✾❪✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❜❛sé❡ s✉r ❞❡s ✈❡rs✐♦♥s ❧♦❝❛❧✐sé❡s
❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❡t ❞❡ ❧✬é♥❡r❣✐❡ ❛✉t♦✉r ❞❡ ❝❤❛q✉❡ s♦❧✐t♦♥✳ ❉❡ ♣❧✉s✱ ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ s♣é❝✐✜q✉❡ ❞❡ ❝❡s
❣r❛♥❞❡✉rs ❞♦✐t êtr❡ ✉t✐❧✐sé❡ ❞❛♥s ❧❡ ❝❛s ❧✬éq✉❛t✐♦♥ ❞❡s ♦♥❞❡s✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s r❡♠❛rq✉é ❞❛♥s ➓✵✳✷✳✶✱ ❝❤❛q✉❡ s♦❧✐t♦♥ ~u(t, x) = ± ~Qℓn(x − ℓnt) s♦❧✉t✐♦♥ ❞❡
❧✬éq✉❛t✐♦♥ ✭✵✳✶✮ ♣♦ssè❞❡ ❡①❛❝t❡♠❡♥t ✉♥❡ ❞✐r❡❝t✐♦♥ ❞✬✐♥st❛❜✐❧✐té ❡①♣♦♥❡♥t✐❡❧❧❡ ❡♥ t❡♠♣s ♣♦s✐t✐❢✳ ❘❛♣✲
♣❡❧♦♥s q✉✬✉♥❡ t❡❧❧❡ ✐♥st❛❜✐❧✐té ❛ ❝♦♥❞✉✐t à ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥❡ ✈❛r✐été ❞❡ ❝♦❞✐♠❡♥s✐♦♥ ✉♥ ❝❡♥tré❡
st❛❜❧❡ ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ♣r♦❝❤❡s ❞❡ ❝❡❧❧❡s ❞✬✉♥ s♦❧✐t♦♥ s✐♠♣❧❡ ♣♦✉r ◆▲❑● ♦✉ ❧❡s éq✉❛t✐♦♥s
❞✬♦♥❞❡ ❞❛♥s ❬✼✺✱ ✶✵✵✱ ✶✵✶❪✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ❞❡ ❧❛ s♦♠♠❡ ❞❡ N s♦❧✐t♦♥s ❞é❝♦✉♣❧és∑N

n=1 σnQℓn(· − yn)✱ ❝❡❧❛ ❥✉st✐✜❡ ❧❛ ♥é❝❡ss✐té ❞✬❛❥✉st❡r ❧❡s ♣❛r❛♠ètr❡s ❧✐❜r❡s (h+n )n∈{1,...,N} ❛✉ ♠♦♠❡♥t
❞✉ ❝❤♦✐① ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ♣♦✉r ♦❜t❡♥✐r ❧✬❡①✐st❡♥❝❡ ❣❧♦❜❛❧❡ ❡t ❧❛ st❛❜✐❧✐té ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✵✳✸✳ ❉❡
t❡❧❧❡s ❞✐✣❝✉❧tés ♥✬❛♣♣❛r❛✐ss❡♥t ♣❛s ❧♦rsq✉❡ ❧❡s s♦❧✐t♦♥s s♦♥t st❛❜❧❡s✱ ❝♦♠♠❡ ♣♦✉r ❧❡s éq✉❛t✐♦♥s ✭❣❑❞❱✮
❡t ✭◆▲❙✮ ❞❛♥s ❧❡s ❝❛s s♦✉s✲❝r✐t✐q✉❡s ♣♦✉r ❧❛ ♠❛ss❡✳

▲✬ét✉❞❡ ❞❡ ❧❛ st❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ ❞❡s ♠✉❧t✐✲s♦❧✐t♦♥s ♣♦✉r ✶❉◆▲❑● ❛✈❡❝ ♥♦♥✲❧✐♥é❛r✐té ♣✉✐ss❛♥❝❡
♣✉r❡ ❡st t♦✉❥♦✉rs ✉♥ ♣r♦❜❧è♠❡ ♦✉✈❡rt✳ ❉❛♥s ❬✶✶✸❪✱ ❝✬❡st ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬❛r❣✉♠❡♥t ❞✉ ✈✐r✐❡❧ q✉✐ ♥♦✉s
❛ ❝♦♥❞✉✐t à ❝❤♦✐s✐r ❧❛ ♥♦♥✲❧✐♥é❛r✐té ❞❡ ❧❛ ❞♦✉❜❧❡ ♣✉✐ss❛♥❝❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ ♥♦♥✲❧✐♥é❛r✐té ❞❡ ♣✉✐ss❛♥❝❡
♣✉r❡ f(u) = |u|p−1u ❛✉r❛✐t ♣r♦❜❛❜❧❡♠❡♥t ♣❧✉s ❞✬✐♥térêt ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♣❤②s✐q✉❡✳ ▲❛ ♣r❡✉✈❡ ❞❡
❧❛ ♣r♦♣r✐été ❞❡ ♠♦♥♦t♦♥✐❡ ♥✬❡st ♣❛s ❝♦♥♥✉❡ ❞❛♥s ❝❡ ❝❛s✳ ◆♦t♦♥s q✉❡ ❧❡ ❝♦♥trô❧❡ ❞❡s ❡✛❡ts ❞❡s ♥♦♥✲
❧✐♥é❛r✐tés ❢♦❝❛❧✐s❛♥t❡s ❞❡ ❢❛✐❜❧❡ ♣✉✐ss❛♥❝❡ ❡st ✉♥❡ ❞✐✣❝✉❧té ❝❧❛ss✐q✉❡ q✉✐ ❛ ❞é❥à été r❡♥❝♦♥tré ❞❛♥s
❞❡s tr❛✈❛✉① ❛♥tér✐❡✉rs s✉r ❧❛ st❛❜✐❧✐té ❛s②♠♣t♦t✐q✉❡ ❞❡s s♦❧✐t♦♥s ❝♦♠♠❡ ❬✶✸✱ ✶✹❪✳ ❯♥ ❛✉tr❡ ♣r♦❜❧è♠❡
♦✉✈❡rt ❧✐é ❛✉ rés✉❧t❛t ❞❡ ❬✶✶✸❪ ❡st ❧✬❡①t❡♥s✐♦♥ ❞✉ rés✉❧t❛t ❞❡ st❛❜✐❧✐té ❝♦♥❞✐t✐♦♥♥❡❧❧❡ à ❧✬éq✉❛t✐♦♥ ◆▲❑●
❡♥ ❞✐♠❡♥s✐♦♥ s✉♣ér✐❡✉r❡✳ ■❧ ❝♦♥✈✐❡♥t ❞❡ ♠❡♥t✐♦♥♥❡r q✉❡ ❧❛ ❞✐✣❝✉❧té ❞✬ét✉❞✐❡r ❧❡ ❝❛s ❞✬✉♥❡ ❞✐♠❡♥s✐♦♥
❞✬❡s♣❛❝❡ s✉♣ér✐❡✉r❡ à ✶ s❡ s✐t✉❡ ❞❛♥s ❝♦♥✜❣✉r❛t✐♦♥s ❣é♦♠étr✐q✉❡s ❞✬♦♥❞❡s s♦❧✐t❛✐r❡s✳ ❈❡❧❛ ❝♦♥❞✉✐t à ✉♥❡
♠♦❞✐✜❝❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞✬é♥❡r❣✐❡ ♣♦✉r ❧✬❛r❣✉♠❡♥t ❞✉ ✈✐r✐❡❧✳ ❉❡ ♣❧✉s✱ ♠❡♥t✐♦♥♥♦♥s q✉❡ ❧✬ét✉❞❡
❞❡ ❧❛ st❛❜✐❧✐té ❞❡s ♣❛✐r❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣♦✉r ❧❡s ❝❤❛♠♣s s❝❛❧❛✐r❡s 1 + 1 ❡st ✉♥ ♣r♦❜❧è♠❡ ♦✉✈❡rt✳ P❧✉s
♣ré❝✐sé♠❡♥t✱ ♣♦✉r ✉♥❡ ❛✉tr❡ ❢❛♠✐❧❧❡ ❞✬éq✉❛t✐♦♥s ❞❡ t②♣❡ ♦♥❞❡s✱ à s❛✈♦✐r ❧❡s ❝❤❛♠♣s s❝❛❧❛✐r❡s 1+1 ✭♣❛r
❡①❡♠♣❧❡✱ ❧❡ ♠♦❞è❧❡ φ2n ♣♦✉r n ∈ N+✮✱ ❞❡s s♦❧✉t✐♦♥s s♣é❝✐❛❧❡s✱ ♥♦♠♠é❡s ❦✐♥❦s✱ ❡①✐st❡♥t✳ ▲❛ st❛❜✐❧✐té
❞✬✉♥ s❡✉❧ ❦✐♥❦ ❞❛♥s ❧✬❡s♣❛❝❡ é♥❡r❣ét✐q✉❡ ❡st ♣r♦✉✈é❡ ❡t ✐❧ ❡st ❞♦♥❝ ♥❛t✉r❡❧ ❞✬ét✉❞✐❡r ❧❛ st❛❜✐❧✐té ❞❡s
♣❛✐r❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ❞é❝♦✉♣❧é❡s✳ ❯♥ ♣♦✐♥t ❝❧é ✐❝✐✱ s✐♠✐❧❛✐r❡ ❛✉ ❝❛s ❞❡ ✶❉◆▲❑● ❛✈❡❝ ✉♥❡ ♥♦♥✲❧✐♥é❛r✐té ❞❡
♣✉✐ss❛♥❝❡ ♣✉r❡✱ s❡r❛ ❞❡ ❝♦♥trô❧❡r ❧❡s ♥♦♥✲❧✐♥é❛r✐tés ❞❡ ❢❛✐❜❧❡ ♣✉✐ss❛♥❝❡ ✭✈♦✐r ❧❡s ♣r♦❜❧è♠❡s ❡t ❤②♣♦t❤ès❡s
❛ss♦❝✐és ❞❛♥s ❬✼✷✱ ✼✸❪✮✳

✵✳✸ ▲✬éq✉❛t✐♦♥ ◆▲❲ ❛✈❡❝ ♥♦♥✲❧✐♥é❛r✐té ❝r✐t✐q✉❡

✵✳✸✳✶ ❈♦♥t❡①t❡

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ◆▲❲ ❛✈❡❝ ✉♥❡ ♥♦♥✲❧✐♥é❛r✐té ❝r✐t✐q✉❡ ♣♦✉r ❧✬é♥❡r❣✐❡ ❡♥ ❞✐♠❡♥s✐♦♥ d = 4, 5✱

{
∂ttu−∆u− |u| 4

d−2u = 0, (t, x) ∈ [0,∞)× Rd,

u|t=0 = u0 ∈ Ḣ1(Rd), ∂tu|t=0 = u1 ∈ L2(Rd).
✭✵✳✸✮

❙♦✐t F (u) = d−2
2d |u| 2d

d−2 ✳ P♦✉r t♦✉t❡ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ❞❛♥s Ḣ1 × L2✱ ❧✬é♥❡r❣✐❡ E ❡t ❧❡ ♠♦♠❡♥t P
s♦♥t ❝♦♥s❡r✈és ❧❡ ❧♦♥❣ ❞✉ ✢♦t✱ ♦ù

E(u, ∂tu) =
1

2

∫

Rd

(
|∇u|2 + (∂tu)

2 − 2F (u)

)
dx, P (u, ∂tu) =

1

2

∫

Rd

(
∂tu∇u

)
dx.

✶✷



✵✳✸✳ ▲✬➱◗❯❆❚■❖◆ ◆▲❲ ❆❱❊❈ ◆❖◆✲▲■◆➱❆❘■❚➱ ❈❘■❚■◗❯❊

▲❛ r❡❝❤❡r❝❤❡ ❞❡ s♦❧✉t✐♦♥s st❛t✐♦♥♥❛✐r❡s u(t, x) = q(x) ❞❡ ✭✵✳✸✮ ❞❛♥s Ḣ1(Rd) s❡ ré❞✉✐t à ❧✬éq✉❛t✐♦♥
❝r✐t✐q✉❡ ❞❡ ❨❛♠❛❜❡

∆q + f(q) = 0, q ∈ Ḣ1(Rd). ✭✵✳✹✮

❖♥ ❞é✜♥✐t ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ✭✵✳✹✮ ❞✬é♥❡r❣✐❡ ✜♥✐❡ ♥♦♥✲♥✉❧❧❡ ♣❛r

Σ =
{
q ∈ Ḣ1(Rd)/0 : ∆q + f(q) = 0 s✉r Rd

}
.

P♦✉r q ∈ Σ ❡t ℓ ∈ R5 t❡❧s q✉❡ |ℓ| < 1✱ s♦✐t

qℓ(x) = q

((
1√

1− |ℓ|2
− 1

)
ℓ(ℓ · x)
|ℓ|2 + x

)
, ✭✵✳✺✮

❛❧♦rs u(t, x) = qℓ(x− ℓt) ❡st ✉♥❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❡t ❜♦r♥é❡ ❞❡ ✭✵✳✸✮✳
❖♥ s❛✐t✱ ❣râ❝❡ ❛✉① rés✉❧t❛ts ❞❡ ❬✸✱ ✶✺✱ ✶✵✷✱ ✶✵✽❪ q✉✬❛✉ s✐❣♥❡ ♣rès ❡t à ❞✐❧❛t❛t✐♦♥ ❡t tr❛♥s❧❛t✐♦♥ ♣rès✱

❧❛ s❡✉❧❡ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡ ♣♦s✐t✐✈❡ ❞❡ ✭✵✳✸✮ ❡st ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ W ✱ ♦ù W ❛ ❧❛ ❢♦r♠❡ ❡①♣❧✐❝✐t❡
s✉✐✈❛♥t❡ ✿

W (x) =

(
1 +

|x|2
d(d− 2)

)− d−2
2

s✉r Rd.

▲❡s ❢♦♥❝t✐♦♥s q ∈ Σ ❛✈❡❝ q 6=W ✭❛✉ s✐❣♥❡✱ à ❞✐❧❛t❛t✐♦♥ ❡t tr❛♥s❧❛t✐♦♥ ♣rès✮ s♦♥t ❛♣♣❡❧é❡s ét❛ts ❡①❝✐tés✳
▲✬❡①✐st❡♥❝❡ ❞✬ét❛ts ❡①❝✐tés ♥♦♥✲r❛❞✐❛✉① q✉✐ ❝❤❛♥❣❡♥t ❞❡ s✐❣♥❡ ❡t ❛✈❡❝ ✉♥❡ é♥❡r❣✐❡ ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞❡
❛ été ♣r♦✉✈é❡ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ♣❛r ❉✐♥❣ ❬✹✷❪ ❡♥ ✉t✐❧✐s❛♥t ✉♥ ❛r❣✉♠❡♥t ✈❛r✐❛t✐♦♥♥❡❧✳ P❧✉s t❛r❞✱
❞❡s ❝♦♥str✉❝t✐♦♥s ♣❧✉s ❡①♣❧✐❝✐t❡s ❞❡ s♦❧✉t✐♦♥s ❝❤❛♥❣❡❛♥t ❞❡ s✐❣♥❡ ♦♥t été ❞é✈❡❧♦♣♣é❡s ♣❛r ❞❡❧ P✐♥♦✲
▼✉ss♦✲P❛❝❛r❞✲P✐st♦✐❛ ❬✸✻❪✳ P❧✉s s♣é❝✐✜q✉❡♠❡♥t✱ ✐❧s ♦♥t ❝♦♥str✉✐t ❞❡s s♦❧✉t✐♦♥s ❝♦♥st✐t✉é❡s ❞✬✉♥ s♦❧✐t♦♥
❝❡♥tré ❝♦✉r♦♥♥é ♣❛r ❞❡s ♣♦✐♥t❡s ♥é❣❛t✐✈❡s ✭✐✳❡ ❞❡s s♦❧✐t♦♥s r❡❞✐♠❡♥s✐♦♥♥és✮ ❛✉① s♦♠♠❡ts ❞✬✉♥ ♣♦❧②❣♦♥❡
ré❣✉❧✐❡r ❞❡ r❛②♦♥ ✶✳ P✉✐s ❞❛♥s ❬✸✼❪✱ s✉✐✈❛♥t ✉♥❡ str❛té❣✐❡ s✐♠✐❧❛✐r❡ à ❬✸✻❪✱ ✐❧s ♦♥t ❝♦♥str✉✐t ❞❡s s♦❧✉t✐♦♥s
♥♦♥✲r❛❞✐❛❧❡s ❡t ❝❤❛♥❣❡❛♥t ❞❡ s✐❣♥❡ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡ t②♣❡ ❨❛♠❛❜❡ s✉r ❧❛ s♣❤èr❡ Sd ✭d > 4✮✱ ❧✬é♥❡r❣✐❡
❞❡ ❝❡s s♦❧✉t✐♦♥s ét❛♥t ❝♦♥❝❡♥tré❡ ❧❡ ❧♦♥❣ ❞❡ s♦✉s✲✈❛r✐étés s♣é❝✐❛❧❡s ❞❡ Sd✳

◆♦✉s ét✉❞✐♦♥s ❞✬❛❜♦r❞ t♦✉t❡s ❧❡s ✐♥✈❛r✐❛♥❝❡s ❞❡ ❧✬éq✉❛t✐♦♥ ✭✵✳✹✮ ❡♥ s✉✐✈❛♥t ❧❛ ♣rés❡♥t❛t✐♦♥ ❞❡ ❬✹✽❪✳
❊❧❧❡s s♦♥t ❛✉ ♥♦♠❜r❡ ❞❡ q✉❛tr❡ ✿

(i) tr❛♥s❧❛t✐♦♥ ✿ ❙✐ q ∈ Σ ❛❧♦rs q(x+ x0) ∈ Σ ♣♦✉r t♦✉t x0 ∈ Rd❀

(ii) ❞✐❧❛t❛t✐♦♥ ✿ ❙✐ q ∈ Σ ❛❧♦rs λ
d−2
2 q(λx) ∈ Σ ♣♦✉r t♦✉t λ ∈ (0,∞)❀

(iii) tr❛♥s❢♦r♠❛t✐♦♥ ♦rt❤♦❣♦♥❛❧❡✿ ❙✐ q ∈ Σ ❛❧♦rs q (Ox) ∈ Σ ♣♦✉r t♦✉t O ∈ Od❀

(iv) tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❑❡❧✈✐♥✿ ❙✐ q ∈ Σ ❛❧♦rs Kq ∈ Σ ♦ù Kq(x) = 1
|x|d−2 q

(
x

|x|2
)
✳

❖♥ ♥♦t❡ M ❧❡ ❣r♦✉♣❡ ❞✬✐s♦♠étr✐❡s ❞❡ Ḣ1 ❣é♥éré ♣❛r ❧❡s q✉❛tr❡ tr❛♥s❢♦r♠❛t✐♦♥s ♣ré❝é❞❡♥t❡s✳ ❊♥
s✉✐✈❛♥t ❬✹✽✱ ❙❡❝t✐♦♥ ✸❪✱ ♥♦✉s ✈♦②♦♥s q✉❡ M ❞é✜♥✐t ✉♥❡ ❢❛♠✐❧❧❡ à Nd ♣❛r❛♠ètr❡s ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s
❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ ❧✬✐❞❡♥t✐té✱ ♦ù ❧❛ ❞✐♠❡♥s✐♦♥ Nd ❡st ❞♦♥♥é ♣❛r

Nd = 2d+ 1 +
d(d− 1)

2
, ❢♦r d = 4, 5.

P♦✉r q ∈ Σ✱ ♦♥ ❞é✜♥✐t ❧✬♦♣ér❛t❡✉r ❧✐♥é❛r✐sé ❛✉t♦✉r ❞❡ q ♣❛r

Lq = −∆− f ′(q) = −∆− d+ 2

d− 2
|q| 4

d−2 .

❖♥ ❞é✜♥✐t ❧❡ ♥♦②❛✉ ❞❡ Lq

Zq =
{
f ∈ Ḣ1(Rd) : Lqf = 0

}
.

✶✸



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

❖♥ ♥♦t❡ Z̃q ❧❡ s♦✉s✲❡s♣❛❝❡ ❞❡ Zq ❣é♥éré ♣❛r ❧❡s é❧é♠❡♥ts ❞❡ M✱ ❝✬❡st✲à✲❞✐r❡

Z̃q = Span

{
d− 2

2
q + x · ∇q; (xi∂xjq − xj∂xiq), 1 6 i < j 6 d;

∂xiq; (2− d)xiq + |x|2∂xiq − 2xi(x · ∇q), 1 6 i 6 d

}
.

◆♦t♦♥s q✉❡ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ Z̃q ❡st ❛✉ ♣❧✉s Nd✱ ♠❛✐s ❡❧❧❡ ♣❡✉t êtr❡ str✐❝t❡♠❡♥t ✐♥❢ér✐❡✉r❡ à Nd s✐ q ❛
❞❡s s②♠étr✐❡s s✉♣♣❧é♠❡♥t❛✐r❡s✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ s♦❧✉t✐♦♥ r❛❞✐❛❧❡ ♣♦s✐t✐✈❡ q =W ✱ ♦♥ ❛

Z̃W = Span

{
d− 2

2
W + x · ∇W,∂xiW, 1 6 i 6 d

}
❡t dimZ̃W = d+ 1.

❉✉②❝❦❛❡rts✕❑❡♥✐❣✕▼❡r❧❡ ❬✹✽❪ ✐♥tr♦❞✉✐s❡♥t ❧❛ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡ ❞❡ ❧❛ ♥♦♥✲❞é❣é♥ér❡s❝❡♥❝❡ ♣♦✉r ✉♥❡
s♦❧✉t✐♦♥ ❞❡ ✭✵✳✹✮ ✿

❉é✜♥✐t✐♦♥ ✵✳✺✳ ❙♦✐t q ∈ Σ✱ q ❡st ✉♥ ét❛t ♥♦♥✲❞é❣é♥éré s✐ Zq = Z̃q✳

❘❡♠❛rq✉❡ ✵✳✻✳ ▲❡ ♣r❡♠✐❡r ❡①❡♠♣❧❡ ♥♦♥✲tr✐✈✐❛❧ ❞✬ét❛t ♥♦♥✲❞é❣é♥éré ❝❤❛♥❣❡❛♥t ❞❡ s✐❣♥❡ ❛ été ♦❜t❡♥✉
❞❛♥s ▼✉ss♦✲❲❡✐ ❬✾✾❪✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ✐❧s ♦♥t ♣r♦✉✈é q✉❡ ❧❡s ét❛ts ❝❤❛♥❣❡❛♥t ❞❡ s✐❣♥❡ ❝♦♥str✉✐ts
❞❛♥s ❬✸✻❪ ♥❡ s♦♥t ♣❛s ❞é❣é♥érés✳ P❧✉s t❛r❞✱ ❡♥ ❛❞♦♣t❛♥t ✉♥❡ str❛té❣✐❡ s✐♠✐❧❛✐r❡✱ ▼❡❞✐♥❛✲▼✉ss♦✲❲❡✐ ❬✾✶❪
♦♥t ❝♦♥str✉✐t ❧✬ét❛t ♥♦♥✲❞é❣é♥éré ❛✈❡❝ ✉♥ r❛♥❣ ♠❛①✐♠❛❧✱ ✐✳❡ dimZ̃q = Nd✱ ♣♦✉r ❧❡ ❝❛s d = 4✳

❘❡♠❛rq✉❡ ✵✳✼✳ ▲✬❤②♣♦t❤ès❡ ❞❡ ♥♦♥✲❞é❣é♥ér❡s❝❡♥❝❡ ❥♦✉❡ ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞❡ ❧❛
❝♦♥❥❡❝t✉r❡ ❞❡ r✐❣✐❞✐té ♣♦✉r ❧❡s s♦❧✉t✐♦♥s ❞❡ ✭✵✳✸✮ ❛✈❡❝ ❧❛ ♣r♦♣r✐été ❞❡ ❝♦♠♣❛❝✐té✳ ❉❡ ♠❛♥✐èr❡ ✐♥❢♦r♠❡❧❧❡✱
❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ r✐❣✐❞✐té ❞✐t q✉❡ ❧❡s ♦♥❞❡s s♦❧✐t❛✐r❡s qℓ ❛✈❡❝ q ∈ Σ ❡t |ℓ| < 1 s♦♥t ❧❡s s❡✉❧❡s s♦❧✉t✐♦♥s
❞❡ ✭✵✳✸✮ ♣♦ssé❞❛♥t ❧❛ ♣r♦♣r✐été ❞❡ ❝♦♠♣❛❝✐té✳ ❊❧❧❡ ♥✬❛ été ♣r♦✉✈é❡ q✉❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞❡ ♥♦♥✲
❞é❣é♥ér❡s❝❡♥❝❡ ❞❛♥s ❬✹✽❪✳

◆♦✉s ✐♥tr♦❞✉✐s♦♥s é❣❛❧❡♠❡♥t ❧❛ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡ ❧✐é❡ ❛✉ t❛✉① ❞❡ ❞é❝r♦✐ss❛♥❝❡ ❞❡ q ∈ Σ✳

❉é✜♥✐t✐♦♥ ✵✳✽✳ ❙♦✐t q ∈ Σ✱ q ❡st ✉♥ ét❛t ❞é❝r♦✐ss❛♥t s✐ |q(x)| . 〈x〉−(d−1) s✉r Rd✳

❘❡♠❛rq✉❡ ✵✳✾✳ ❈♦♠♠❡ r❡♠❛rq✉é ❞❛♥s ❬✹✽✱ ❘❡♠❛r❦ ✸✳✷❪✱ ❧✬❡①✐st❡♥❝❡ ❞✬ét❛ts ❞é❝r♦✐ss❛♥ts s❡ ❞é❞✉✐t
♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ tr❛♥s❧❛t✐♦♥s ❡t ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❑❡❧✈✐♥ à ❧✬ét❛t ❝❤❛♥❣❡❛♥t ❞❡ s✐❣♥❡ ❝♦♥str✉✐t
❞❛♥s ❬✸✻❪✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ♠❡♥t✐♦♥♥é ❞❛♥s ➓✵✳✶✱ ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ rés♦❧✉t✐♦♥ ❡♥ s♦❧✐t♦♥s ❞❛♥s ❧❡ ❝❛s
r❛❞✐❛❧ ✸❉ ❛ été ❡♥t✐èr❡♠❡♥t rés♦❧✉❡ ❞❛♥s ❉✉②❝❦❛❡rts✲❑❡♥✐❣✲▼❡r❧❡ ❬✹✻❪✱ ❡t ❛ é❣❛❧❡♠❡♥t été ♣r♦✉✲
✈é❡ ♣♦✉r ✉♥❡ s♦✉s✲s✉✐t❡ ❞❡ t❡♠♣s ❡♥ ✸✱ ✹ ❡t ✺❉ ❞❛♥s ❉✉②❝❦❛❡rts✲❏✐❛✕❑❡♥✐❣✕▼❡r❧❡ ❬✹✸❪✳ ❘é❝❡♠✲
♠❡♥t✱ ❉✉②❝❦❛❡rts✕❑❡♥✐❣✕▼❛rt❡❧✲▼❡r❧❡ ❬✹✹❪ ♦♥t ♣r♦✉✈é ❧❛ ❝♦♥❥❡❝t✉r❡ ♣♦✉r ❧❡ s②stè♠❡ ✇❛✈❡✲♠❛♣s ❝♦✲
r♦t❛t✐♦♥♥❡❧ ❝r✐t✐q✉❡ ❡t ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❝✉❜✐q✉❡ r❛❞✐❛❧❡ ❡♥ ❞✐♠❡♥s✐♦♥ ✹✳ P✉✐sq✉❡ ❝❡tt❡ ♣❛rt✐❡ ❞❡ ❧❛
t❤ès❡ ét✉❞✐❡ ❧❡s ❞✐♠❡♥s✐♦♥s d = 4, 5 s❛♥s ❤②♣♦t❤ès❡ r❛❞✐❛❧❡✱ ♥♦✉s ♥❡ r❛♣♣❡❧♦♥s ✐❝✐ q✉❡ ❧❡ rés✉❧t❛t ❞❡ ❧❛
❞é❝♦♠♣♦s✐t✐♦♥ ❞❛♥s ❬✹✸❪✳ P❧✉s ♣ré❝✐sé♠❡♥t✿

❚❤é♦rè♠❡ ✵✳✶✵ ✭❘és♦❧✉t✐♦♥ ❡♥ ❙♦❧✐t♦♥s ♣♦✉r ✉♥❡ s♦✉s✲s✉✐t❡ ❞❡ t❡♠♣s✱ ❬✹✸❪✮✳ ❙♦✐t d = 4, 5 ❞❛♥s ✭✵✳✸✮✳

❙♦✐t ~u = (u, ∂tu) ∈ C
(
[0,∞) : Ḣ1(Rd)× L2(Rd)

)
✱ ❛✈❡❝ u ∈ L

d+2
d−2

t L
2 d+2
d−2

x ([0, T )×Rd) ♣♦✉r t♦✉t 0 < T <
∞✱ ✉♥❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ✭✵✳✸✮ q✉✐ s❛t✐s❢❛✐t

sup
t∈[0,∞)

‖~u(t)‖Ḣ1×L2 <∞.

❆❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ❞✬é♥❡r❣✐❡ ✜♥✐❡ ~uL = (uL, ∂tu
L) à ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❧✐♥é❛✐r❡

∂ttu−∆u = 0, ❞❛♥s R× Rd,

✶✹
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❡t ✉♥ ❡♥t✐❡r J∗ > 0❀ ✉♥❡ s✉✐t❡ ❞❡ t❡♠♣s tn → ∞✱ ❞❡ ♠✐s❡s à ❧✬é❝❤❡❧❧❡ λjn ❛✈❡❝ λjn > 0 ❡t limn→∞
λj
n

tn
= 0❀

❞❡ ♣♦s✐t✐♦♥s cjn ∈ Rd s❛t✐s❢❛✐s❛♥t cjn ∈ Bβtn(0) ♣♦✉r ✉♥ ❝❡rt❛✐♥ β ∈ (0, 1) ❛✈❡❝ ℓj = lim
n→∞

c
j
n

tn
❜✐❡♥ ❞é✜♥✐❀

❡t Qj ∈ Σ ♣♦✉r 1 6 j 6 J∗✱ t❡❧ q✉❡

lim
n→∞

∥∥∥∥∥∥
~u(tn)− ~uL(tn)−

J∗∑

j=1

~Qj,λj
n

ℓj

(
x− cjn

)
∥∥∥∥∥∥
Ḣ1×L2

= 0,

♦ù

~Qj,λj
n

ℓj
=

(
1

(λjn)
d
2
−1
Qj

ℓj

( ·
λjn

)
,− 1

(λjn)
d
2

(
ℓn · ∇Qj

ℓj

)( ·
λjn

))
.

❘❡♠❛rq✉❡ ✵✳✶✶✳ ❙✐ J∗ = 0 ❞❛♥s ❧✬é♥♦♥❝é ❝✐✲❞❡ss✉s✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ s♦❧✐t♦♥ ❞❛♥s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡t ❧❛
s♦❧✉t✐♦♥ s❡ ❝♦♠♣♦rt❡ ❛s②♠♣t♦t✐q✉❡♠❡♥t ❝♦♠♠❡ ✉♥❡ s♦❧✉t✐♦♥ ❧✐♥é❛✐r❡✳ ▲❛ t❤é♦r✐❡ ❞❡ ❧❛ ❞✐✛✉s✐♦♥ ❞❡ ✭✵✳✸✮
❛ été ❞é✈❡❧♦♣♣❡ ❛✈❡❝ s✉❝❝ès ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦♥❝❡♥tr❛t✐♦♥✲❝♦♠♣❛❝✐té✳ ❱♦✐r ❑❡♥✐❣✲▼❡r❧❡ ❬✼✶❪
❡t ❧❡s ré❢ér❡♥❝❡s q✉✐ ② ✜❣✉r❡♥t✳

❯♥❡ q✉❡st✐♦♥ ♥❛t✉r❡❧❧❡✱ ♠♦t✐✈é❡ ♣❛r ❬✹✸❪✱ ❡st ❝❡❧❧❡ ❞❡ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ✭✵✳✸✮
❛✈❡❝ ❝♦♠♣♦rt❡♠❡♥t ❡♥ t❡♠♣s ❧♦♥❣ ❞❡ t②♣❡ ♠✉❧t✐✲s♦❧✐t♦♥s✳ ❯♥❡ t❡❧❧❡ ❝♦♥str✉❝t✐♦♥ ♣♦✉r ❧✬éq✉❛t✐♦♥
❞✬♦♥❞❡ à é♥❡r❣✐❡ ❝r✐t✐q✉❡ ❡st t❡❝❤♥✐q✉❡♠❡♥t ♣❧✉s ❞✐✣❝✐❧❡ q✉❡ ♣♦✉r ❧❡s ❛✉tr❡s ♠♦❞è❧❡s ❞✐s♣❡rs✐❢s ❡t ❞❡
t②♣❡ ♦♥❞✉❧❛t♦✐r❡✱ ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❢❛✐❜❧❡ ❞é❝r♦✐ss❛♥❝❡ ❛❧❣é❜r✐q✉❡ ❞❡s s♦❧✐t♦♥s✳ ❈❡tt❡ ❝♦♥str✉❝t✐♦♥ ❛ été
ré❛❧✐sé❡ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ♣❛r ▼❛rt❡❧✲▼❡r❧❡ ❬✽✺❪ ♣♦✉r ❧❡ ❝❛s ✺❉✳ P❧✉s ♣ré❝✐sé♠❡♥t ✿

❚❤é♦rè♠❡ ✵✳✶✷ ✭❊①✐st❡♥❝❡ ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s ♣♦✉r ◆▲❲ ❝r✐t✐q✉❡ ✺❉✱ ❬✽✺❪✮✳ ❙♦✐t d = 5 ❞❛♥s ✭✵✳✸✮ ❡t
N > 2✳ P♦✉r n ∈ {1, · · · , N}✱ s♦✐t λ∞n > 0✱ y∞

n ∈ R5✱ τn = ±1 ❡t ℓn ∈ R5 ❛✈❡❝ |ℓ| < 1✱ ℓn 6= ℓn′ ♣♦✉r
n 6= n′✳ ❙✉♣♣♦s♦♥s q✉❡ ❧✬✉♥❡ ❞❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s s♦✐t ✈r❛✐❡

✭❆✮ ❉❡✉① s♦❧✐t♦♥s ✿ N = 2✳

✭❇✮ ❱✐t❡ss❡s ❝♦❧✐♥é❛✐r❡s ✿ P♦✉r t♦✉t n ∈ {1, . . . , N}✱ ℓn = ℓne1 ♦ù ℓn ∈ (−1, 1)✳

❆❧♦rs✱ ✐❧ ❡①✐st❡ T0 > 0 ❡t ✉♥❡ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ❞❡ ✭✵✳✸✮ s✉r [T0,∞) ❞❛♥s ❧✬❡s♣❛❝❡ é♥❡r❣ét✐q✉❡ t❡❧
q✉❡

lim
t→∞

∥∥∥∥∥u(t)−
N∑

n=1

τn

(λ∞n )
3
2

Wℓn

( · − ℓnt− y∞
n

λ∞n

)∥∥∥∥∥
Ḣ1

= 0,

lim
t→∞

∥∥∥∥∥∂tu(t) +
N∑

n=1

τn

(λ∞n )
5
2

(ℓn · ∇Wℓn)

( · − ℓnt− y∞
n

λ∞n

)∥∥∥∥∥
L2

= 0.

❘❡♠❛rq✉❡ ✵✳✶✸✳ ◆♦✉s ♥♦✉s ❛tt❡♥❞♦♥s à ❝❡ q✉❡ ❧❡ ❚❤é♦rè♠❡ ✵✳✶✷ s♦✐t t♦✉❥♦✉rs ✈r❛✐ ♣♦✉r ❧✬éq✉❛t✐♦♥
❞✬♦♥❞❡ ❝r✐t✐q✉❡ ♣♦✉r ❞❡s ❞✐♠❡♥s✐♦♥s ❞✬❡s♣❛❝❡ d > 6✳ ❈♦♠♠❡ ♠❡♥t✐♦♥♥é ❞❛♥s ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❬✽✺❪
t♦✉s ❧❡s ❝❛❧❝✉❧s ✐♠♣♦rt❛♥ts ❞❡ ❬✽✺❪ ♣❡✉✈❡♥t êtr❡ ❢♦r♠❡❧❧❡♠❡♥t r❡♣r♦❞✉✐ts ❞❛♥s ❧❡ ❝❛s d > 6✳ ❈❡♣❡♥❞❛♥t✱
❝❡tt❡ ♣r❡✉✈❡ ♥❡ ❢♦♥❝t✐♦♥♥❡ ♣❛s ❞✐r❡❝t❡♠❡♥t ❞❛♥s ❧❡ ❝❛s d > 6 ♣♦✉r ❧❛ ♣r✐♥❝✐♣❛❧❡ r❛✐s♦♥ q✉❡ ❧❛ ❞ér✐✈é❡ ❞❡
❧❛ ♥♦♥✲❧✐♥é❛r✐té ♥✬❡st ❞❛♥s ❝❡ ❝❛s ♣❧✉s C1✳ ❘❛♣♣❡❧♦♥s q✉❡ ❞❡ t❡❧❧❡s ❞✐✣❝✉❧tés ♦♥t ❞é❥à été r❡♥❝♦♥tré❡s
❡t s✉r♠♦♥té❡s ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ❞❛♥s ❧✬❡s♣❛❝❡ é♥❡r❣ét✐q✉❡ Ḣ1 × L2 ❞❛♥s ❬✶✵❪✳

❘❡♠❛rq✉❡ ✵✳✶✹✳ ❉❛♥s ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❬✽✺❪✱ ❧❡s ❛✉t❡✉rs ❝♦♥❥❡❝t✉r❡♥t q✉❡ ❞❛♥s ❧❡ ❝❛s ✸❉ ❡t ✹❉
✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ s♦❧✉t✐♦♥ N ✲s♦❧✐t♦♥ ❜❛sé❡ s✉r ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❝♦♠♠❡ ❞❛♥s ❚❤é♦rè♠❡ ✵✳✶✷✱ ❡t
❝❡ ♣♦✉r t♦✉t N > 2✳ ▲❡✉r ♣r✐♥❝✐♣❛❧ ❛r❣✉♠❡♥t ❡st q✉✬❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❧❡♥t❡ ❞é❝r♦✐ss❛♥❝❡ ❞❡ ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧✱ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❞❡✉① s♦❧✐t♦♥s ❞❡ ✈✐t❡ss❡s ❞✐✛ér❡♥t❡s ❡st t2−d✱ ✐✳❡✳ t−1 ❞❛♥s ❧❛ ❞✐♠❡♥s✐♦♥
✸ ❡t t−2 ❞❛♥s ❧❛ ❞✐♠❡♥s✐♦♥ ✹✳ ❊♥ s✉✐✈❛♥t ❧❛ str❛té❣✐❡ ❣é♥ér❛❧❡ ❞❡ ❬✽✺❪✱ ❝❡s ✐♥t❡r❛❝t✐♦♥s s❡r❛✐❡♥t tr♦♣
❢♦rt❡s ❡t ❝ré❡r❛✐❡♥t ❞❡s t❡r♠❡s ❞✐✈❡r❣❡♥ts ❞❛♥s ❧❛ ❝♦♥str✉❝t✐♦♥ ❡♥✈✐s❛❣é❡✳ ❈❡♣❡♥❞❛♥t✱ ♣♦✉r ♣r♦✉✈❡r
r✐❣♦✉r❡✉s❡♠❡♥t ❧✬✐♥❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ♠✉❧t✐✲s♦❧✐t♦♥s✱ ✐❧ ❢❛✉❞r❛✐t ❞✬❛✈❛♥t❛❣❡ ❞✬✐♥❢♦r♠❛t✐♦♥s ♣ré❛❧❛❜❧❡s
s✉r t♦✉t❡ s♦❧✉t✐♦♥ ♠✉❧t✐✲s♦❧✐t♦♥✱ ❝❡ q✉✐ ❝♦♥st✐t✉❡ ❡♥❝♦r❡ ✉♥ ♣r♦❜❧è♠❡ ♦✉✈❡rt ♣♦✉r d > 3✳

✶✺
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✵✳✸✳✷ ❘és✉❧t❛ts

❉❛♥s ❝❡ ❞♦♠❛✐♥❡✱ ♠❡s ❞❡✉① ♣r❡♠✐❡rs rés✉❧t❛ts ❝♦♥❝❡r♥❡♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❞❡✉① t②♣❡s
❞✐✛ér❡♥ts ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s ♣♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❲ ❝r✐t✐q✉❡ ✺❉✱ ❞❛♥s ❞✐✈❡rs❡s ❝♦♥❞✐t✐♦♥s s✉r ❧❡s ✈✐t❡ss❡s
❞❡ ▲♦r❡♥t③✱ ❜❛sé❡s s♦✐t s✉r ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ s♦✐t s✉r ❞❡s ét❛ts ❡①❝✐tés ❛♣♣r♦♣r✐és✳

▲❡ ♣r❡♠✐❡r rés✉❧t❛t ❡st ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s t❡❧s q✉❡ ❝❤❛q✉❡ ♦♥❞❡ ♣r♦❣r❡ss✐✈❡ ❡st
❣é♥éré❡ ♣❛r ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ▲♦r❡♥t③ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ s♦✉s ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s ✈✐t❡ss❡s ❞❡
▲♦r❡♥t③ s❛t✐s❢❛ss❡♥t ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ ♣❡t✐t❡ss❡ ❡①♣❧✐❝✐t❡✱ ♠❛✐s s❛♥s ❤②♣♦t❤ès❡ ❣é♦♠étr✐q✉❡ ❝♦♠♠❡ ✭❇✮
❚❤é♦rè♠❡ ✭✵✳✶✷✮✳

❚❤é♦rè♠❡ ✵✳✶✺ ✭❊①✐st❡♥❝❡ ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s ♣♦✉r ❧❡ ❝❛s ✺❉✱ ❬✶✶✶❪✮✳ ❙♦✐t d = 5 ❞❛♥s ✭✵✳✸✮ ❡t N > 2✳
P♦✉r n ∈ {1, . . . , N}✱ s♦✐t λ∞n > 0, y∞

n ∈ R5✱ ǫn ∈ {±1}✱ ℓn =
∑5

i=1 ℓn,iei ❛✈❡❝ |ℓn| < 1 t❡❧s q✉❡
ℓn 6= ℓn′ s✐ n 6= n′✱ ❡t

(
5∑

i=1

(
max

n∈{1,...,N}
ℓ2n,i

)) 1
2

<
3

5
. ✭✵✳✻✮

❆❧♦rs✱ ✐❧ ❡①✐st❡ T0 > 0 ❡t ✉♥❡ s♦❧✉t✐♦♥ u ❞❡ ✭✵✳✸✮ s✉r [T0,+∞) ❞❛♥s ❧✬❡s♣❛❝❡ ❞✬é♥❡r❣✐❡ t❡❧❧❡ q✉❡

lim
t→+∞

∥∥∥∥∥u(t)−
N∑

n=1

ǫn

(λ∞n )3/2
Wℓn

( · − ℓnt− y∞
n

λ∞n

)∥∥∥∥∥
Ḣ1

= 0,

lim
t→+∞

∥∥∥∥∥∂tu(t) +
N∑

n=1

ǫn

(λ∞n )5/2
(ℓn · ∇Wℓn)

( · − ℓnt− y∞
n

λ∞n

)∥∥∥∥∥
L2

= 0.

❘❡♠❛rq✉❡ ✵✳✶✻✳ ▲❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✵✳✶✺ ❡st ❜❛sé❡ s✉r ❧✬❡①t❡♥s✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦♥str✉❝t✐♦♥
❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s ❛s②♠♣t♦t✐q✉❡s ✉t✐❧✐sé❡ ❞❛♥s ❬✽✺✱ ✽✻❪✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ ♣❡t✐t❡ss❡ ✭✵✳✻✮ ❡st ♣r♦❜❛❜❧❡♠❡♥t
✉♥❡ ❝♦♥❞✐t✐♦♥ t❡❝❤♥✐q✉❡ ❡t ♥♦✉s ❝♦♥❥❡❝t✉r♦♥s q✉❡ ❧❡ rés✉❧t❛t ❞✬❡①✐st❡♥❝❡ ❡st ✈❛❧❛❜❧❡ ♣♦✉r t♦✉t ❝❤♦✐① ❞❡
✈✐t❡ss❡s✳ ❈❡♣❡♥❞❛♥t✱ ♣♦✉r ♥♦tr❡ ♠ét❤♦❞❡✱ ✭✵✳✻✮ s❡♠❜❧❡ êtr❡ ❧❛ ♠❡✐❧❧❡✉r❡ ❝♦♥❞✐t✐♦♥ ✉t✐❧✐s❛♥t ❧❛ s♦❧✉t✐♦♥
❛♣♣r♦❝❤é❡ r❛✣♥é❡ ❞❡ ❬✽✻❪✳ ❉❡ ♣❧✉s✱ ❝♦♥str✉✐r❡ ❞❡s s♦❧✉t✐♦♥s ❛♣♣r♦❝❤é❡s ❛♠é❧✐♦r❛♥t ❝❡❧❧❡ ❞❡ ❬✽✻❪ s❡♠❜❧❡
êtr❡ ✉♥❡ tâ❝❤❡ ❞✐✣❝✐❧❡✳

❊♥s✉✐t❡✱ ❡♥ ♥♦✉s ✐♥s♣✐r❛♥t ❞❡ ❈ôt❡✲▼❛rt❡❧ ❬✷✻❪✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❝♦♥str✉✐r❡ ❞❡s
♠✉❧t✐✲s♦❧✐t♦♥s à ♣❛rt✐r ❞✬ét❛ts ❡①❝✐tés✱ ❝❡ q✉✐ ❝♦♥❞✉✐t ❛✉ ❞❡✉①✐è♠❡ rés✉❧t❛t ❞❡ ❝❡tt❡ ♣❛rt✐❡✳ P❧✉s
♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❛✈♦♥s ❝♦♥str✉✐t ❞❡s ♠✉❧t✐✲s♦❧✐t♦♥s ❞✐✛ér❡♥ts ❞❡ ❝❡✉① ❞❡ ❬✽✺✱ ✶✶✶❪ ✿ ❝❤❛q✉❡ ♦♥❞❡
♣r♦❣r❡ss✐✈❡ ❡st ❣é♥éré❡ ♣❛r ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ▲♦r❡♥t③ ❞✬✉♥ ét❛t ❡①❝✐té ♥♦♥ ❞é❣é♥éré ❡t ❞é❝r♦✐ss❛♥t✱
❛✈❡❝ ❞❡s ✈✐t❡ss❡s ❞❡ ▲♦r❡♥t③ ❞✐st✐♥❝t❡s ♠❛✐s ❝♦❧✐♥é❛✐r❡s✳

❚❤é♦rè♠❡ ✵✳✶✼ ✭❊①✐st❡♥❝❡ ❞✬ét❛ts ♠✉❧t✐✲❡①❝✐tés ♣♦✉r ❧❡ ❝❛s ✺❉✱ ❬✶✶✷❪✮✳ ❙♦✐t d = 5 ❞❛♥s ✭✵✳✸✮✱ N > 2
❡t s♦✐t e ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ❞❡ R5✳ P♦✉r n ∈ {1, . . . , N}✱ s♦✐t ℓn ∈ R5 t❡❧ q✉❡

ℓn = ℓne ♦ù −1 < ℓn < 1 ❡t ♣♦✉r t♦✉t n 6= n′✱ ℓn 6= ℓn′ ✳

❙♦✐t q1, . . . , qN ❞❡s ét❛ts ❞é❝r♦✐ss❛♥ts ♥♦♥ ❞é❣é♥érés ❞❡ ✭✵✳✹✮✳ ❆❧♦rs ✐❧ ❡①✐st❡ T0 > 0 ❡t ✉♥❡ s♦❧✉t✐♦♥
~u = (u, ∂tu) ❞❡ ✭✵✳✸✮ ❞❛♥s ❧✬❡s♣❛❝❡ ❞✬é♥❡r❣✐❡ Ḣ1 × L2✱ ❞é✜♥✐ s✉r [T0,+∞) t❡❧ q✉❡

lim
t→+∞

∥∥∥∥~u(t)−
N∑

n=1

~Qn(t)

∥∥∥∥
Ḣ1×L2

= 0,

♦ù ♣♦✉r n = 1, . . . , N ✱

~Qn(t, x) =

(
qn,ℓn (x− ℓnt)

−ℓn∂x1qn,ℓn (x− ℓnt)

)
.

✶✻
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❊♥✜♥✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ❝❛s ♣❧✉s ❞✐✣❝✐❧❡ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥ ✹✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ♠❡♥t✐♦♥♥é
❞❛♥s ➓✵✳✸✳✶✱ ♥♦✉s ♥♦✉s ❛tt❡♥❞♦♥s à ❝❡ q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥ ♣♦✉r ❧❡ ❝❛s ✹❉ ❜❛sé s✉r ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧✳ ■❝✐✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ ét❛t ♥♦♥ ❞é❣é♥éré s♣é❝✐✜q✉❡ ♣❧✉tôt q✉❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ P❧✉s
♣ré❝✐sé♠❡♥t✿

❚❤é♦rè♠❡ ✵✳✶✽ ✭❊①✐st❡♥❝❡ ❞❡ ♠✉❧t✐✲s♦❧✐t♦♥s ❡①❝✐tés ♣♦✉r ❧❡ ❝❛s ✹❉✱ ❬✶✶✹❪✮✳ ❙♦✐t d = 4 ❞❛♥s ✭✵✳✸✮
❡t ✭✵✳✹✮✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ ✉♥ ét❛t ❡①❝✐té ♥♦♥ ❞é❣é♥éré Q ∈ Σ t❡❧ q✉❡ ❝❡ q✉✐ s✉✐t ❡st ✈r❛✐✳ ❙♦✐t N > 2 ❡t
e1 ❧❡ ♣r❡♠✐❡r ✈❡❝t❡✉r ❞❡ ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ ❞❡ R4✳ P♦✉r n = 1, · · · , N ✱ s♦✐t τn = ±1 ❡t ℓn ∈ R4 t❡❧s q✉❡

ℓn = ℓne1 ❛✈❡❝ − 1 < ℓn < 1 ❡t ♣♦✉r t♦✉t n 6= n′, ℓn 6= ℓn′ .

❆❧♦rs✱ ✐❧ ❡①✐st❡ T0 > 0 ❡t ✉♥❡ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ❞❡ ✭✵✳✸✮ s✉r [T0,+∞) ❞❛♥s ❧✬❡s♣❛❝❡ é♥❡r❣ét✐q✉❡
Ḣ1 × L2 t❡❧ q✉❡

lim
t→+∞

∥∥∥∥∥u(t)−
N∑

n=1

τnQℓn(x− ℓnt)

∥∥∥∥∥
Ḣ1

= 0,

lim
t→+∞

∥∥∥∥∥∂tu(t) +
N∑

n=1

τnℓn∂x1Qℓn(x− ℓnt)

∥∥∥∥∥
L2

= 0.

✭✵✳✼✮

❘❡♠❛rq✉❡ ✵✳✶✾✳ ▲✬ét❛t ♥♦♥ ❞é❣é♥éré s♣é❝✐✜q✉❡ Q ✐♠♣❧✐q✉é ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✵✳✶✽ ❡st ♦❜t❡♥✉ à
♣❛rt✐r ❞❡ ❧✬ét❛t ❝❤❛♥❣❡❛♥t ❞❡ s✐❣♥❡ ♥♦♥ ❞é❣é♥éré ❝♦♥str✉✐t ❞❛♥s ❬✸✻✱ ✾✾❪✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣❛r r♦t❛t✐♦♥✱
tr❛♥s❧❛t✐♦♥ ❡t tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❑❡❧✈✐♥ s✉r ✉♥ ét❛t ❝❤❛♥❣❡❛♥t ❞❡ s✐❣♥❡ ♥♦♥ ❞é❣é♥éré✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥
ét❛t ❡①❝✐té ♥♦♥ ❞é❣é♥éré q✉✐ ❞é❝r♦ît ❛ss❡③ r❛♣✐❞❡♠❡♥t ❛✉ ♠♦✐♥s ❧❡ ❧♦♥❣ ❞❡ e1✳ ▲✬✐♥t❡r❛❝t✐♦♥ ❞❡ ❞❡✉① t❡❧❧❡s
♦♥❞❡s ♣r♦❣r❡ss✐✈❡s ❛✈❡❝ ❞❡s ✈✐t❡ss❡s ❞✐✛ér❡♥t❡s ❧❡ ❧♦♥❣ ❞❡ e1✱ ❡st ❢♦r♠❡❧❧❡♠❡♥t ❞✬♦r❞r❡ t−4 ♣♦✉r t ❣r❛♥❞✳
❈❡ t❛✉① ♥♦✉s ♣❡r♠❡t ❞❡ ❢❡r♠❡r ❧❡s ❡st✐♠❛t✐♦♥s ❞✬é♥❡r❣✐❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ ❧❡♥t❡ ❞é❝r♦✐ss❛♥❝❡ ❛❧❣é❜r✐q✉❡
❞✉ ♥♦②❛✉ ❞❡ ❧✬♦♣ér❛t❡✉r ❧✐♥é❛r✐sé ❝♦♥❞✉✐t à ✉♥❡ ❛✉tr❡ ❞✐✣❝✉❧té t❡❝❤♥✐q✉❡✳ P♦✉r ❧❛ s✉r♠♦♥t❡r✱ ♥♦✉s
❛✈♦♥s ❜❡s♦✐♥ ❞✬✉♥❡ ❝♦♠♣ré❤❡♥s✐♦♥ ♣♦✐♥t✉❡ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞✉ ♥♦②❛✉ ❞❡ ❧✬♦♣ér❛t❡✉r
❧✐♥é❛r✐sé✳

❘❡♠❛rq✉❡ ✵✳✷✵✳ ❊♥ ❡✛❡t✱ ❧❡ ❚❤é♦rè♠❡ ❞✬❡①✐st❡♥❝❡ ✵✳✶✽ ❡st é❣❛❧❡♠❡♥t ✈r❛✐ ♣♦✉r ❧❡ ❝❛s ♣❧✉s ❣é♥ér❛❧
♦ù ❝❤❛q✉❡ ♦♥❞❡ ♣r♦❣r❡ss✐✈❡ ❡st ❜❛sé❡ s✉r q ♥♦♥ ❞é❣é♥éré ❛✈❡❝ ❧❡ ♠ê♠❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡
q✉❡ Q✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡ q✉❡ ❝❤❛q✉❡ ♦♥❞❡ ♣r♦❣r❡ss✐✈❡ s♦✐t ❜❛sé❡ s✉r ❧❡ ♠ê♠❡ ét❛t
♥♦♥ ❞é❣é♥éré✳

▲❡s ♣r❡✉✈❡s ❞❡s ❞❡✉① rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡ ♠❡♥t✐♦♥♥és ❝✐✲❞❡ss✉s r❡♣♦s❡♥t s✉r ❧❛ str❛té❣✐❡ ❣é♥ér❛❧❡
✉t✐❧✐s❛♥t ❞❡s ❡st✐♠❛t✐♦♥s ✉♥✐❢♦r♠❡s ❡t ❧❛ ❝♦♠♣❛❝✐té ✐♥tr♦❞✉✐t❡ ❞❛♥s ▼❡r❧❡ ❬✾✷❪ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡
❙❝❤rö❞✐♥❣❡r ♥♦♥✲❧✐♥é❛✐r❡ L2 ❝r✐t✐q✉❡ ✭◆▲❙✮ ❡t ▼❛rt❡❧ ❬✽✸❪ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❣é♥ér❛❧✲
✐sé s♦✉s✲❝r✐t✐q✉❡ ❡t ❝r✐t✐q✉❡ ✭❣❑❞❱✮✳ ▲❛ str❛té❣✐❡ ❞❡ ❝❡s tr❛✈❛✉① ❛ été ét❡♥❞✉❡ à ❞✬❛✉tr❡s ♠♦❞è❧❡s
❞✐s♣❡rs✐❢s ❡t ♦♥❞✉❧❛t♦✐r❡s ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✺✱ ✷✻✱ ✷✽✱ ✸✶✱ ✺✸✱ ✽✹✱ ✾✻❪✮✳

➚ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧✬❛✉t❡✉r✱ ❧❡ ❚❤é♦rè♠❡ ✵✳✶✽ ❡st ❧❡ ♣r❡♠✐❡r rés✉❧t❛t ❞❡ ❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s
♠✉❧t✐✲s♦❧✐t♦♥s ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡s ♦♥❞❡s ❝r✐t✐q✉❡s ✹❉✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ♠❡♥t✐♦♥♥é ❞❛♥s ➓✵✳✸✳✶✱ ❧❛
❝♦♥str✉❝t✐♦♥ ❞❡ t❡❧❧❡s s♦❧✉t✐♦♥s ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡s ♦♥❞❡s ❝r✐t✐q✉❡s ❡st ❡♥ ♣❛rt✐❝✉❧✐❡r ♠♦t✐✈é❡ ♣❛r ❧❡s
❞é❝♦♠♣♦s✐t✐♦♥s ♦❜t❡♥✉❡s ❞❛♥s ❬✹✹✱ ✹✸✱ ✹✻❪✳ ❊♥ ❡✛❡t✱ ❧❡s rés✉❧t❛ts ❞✬❡①✐st❡♥❝❡ ❞❡ ❬✽✺✱ ✶✶✶✱ ✶✶✷✱ ✶✶✹❪
❝♦♠♣❧èt❡♥t ❧❡s é♥♦♥❝és ❞❡ ❬✹✸❪ ❡♥ ♣rés❡♥t❛♥t ❞❡s ❡①❡♠♣❧❡s ❞❡ s♦❧✉t✐♦♥s ❝♦♥t❡♥❛♥t N s♦❧✐t♦♥s à t →
+∞ ♣♦✉r t♦✉t N > 2✳ ❉❛♥s ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥✱ r❛♣♣❡❧♦♥s q✉❡ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❝r✐t✐q✉❡ ✻❉✱
❏❡♥❞r❡❥ ❬✻✼❪ ❛ ♣r♦✉✈é ❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❞❡✉① ❜✉❧❧❡s r❛❞✐❛❧❡s✳ P❧✉s t❛r❞✱ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡
❝r✐t✐q✉❡ ✺❉✱ ❏❡♥❞r❡❥✲▼❛rt❡❧ ❬✻✾❪ ♦♥t ♣r♦✉✈é ❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s N ✲❜✉❜❜❧❡ ♣♦✉r t♦✉t N > 2✱ ❡♥
❞❡s ♣♦✐♥ts ❞✐✛ér❡♥ts✳ ❘❛♣♣❡❧♦♥s é❣❛❧❡♠❡♥t q✉❡✱ ♣♦✉r ❧❡ ❝❛s ✹❉✱ ❍✐❧❧❛✐r❡t✲❘❛♣❤❛ë❧ ❬✻✷❪ ♦♥t ♣r♦✉✈é
❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❞❡ t②♣❡ ■■ ❝♦♥t❡♥❛♥t ✉♥ s❡✉❧ s♦❧✐t♦♥ ❡t ❡①♣❧♦s❛♥t ❡♥ t❡♠♣s ✜♥✐✳

❖♥ s❡ ré❢èr❡ à ❬✸✽✱ ✸✾✱ ✹✵❪ ♣♦✉r ❧❡s rés✉❧t❛ts ❧✐és à ❧✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ❞❡ t②♣❡ ■■ ❝♦♥t❡♥❛♥t ✉♥❡
♦✉ ♣❧✉s✐❡✉rs ❜✉❧❧❡s ❡t ❡①♣❧♦s❛♥t ❡♥ t❡♠♣s ✜♥✐ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ❝r✐t✐q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ❧❡
♣r♦✜❧ ❞✬❡①♣❧♦s✐♦♥ ❞❛♥s ❬✹✵❪ ❡st ❧✬ét❛t ❝❤❛♥❣❡❛♥t ❞❡ s✐❣♥❡ ♥♦♥ ❞é❣é♥éré ❝♦♥str✉✐t ❞❛♥s ❬✸✻✱ ✾✾❪ ♣❧✉tôt
q✉❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ W ✳

✶✼



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

■❧ ❡st à ♥♦t❡r q✉❡ ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ s♦❧✉t✐♦♥s ♠✉❧t✐✲❜✉❧❧❡s ♣♦✉r ❧✬éq✉❛t✐♦♥ ✹❉ ◆▲❲
❡st t♦✉❥♦✉rs ✉♥ ♣r♦❜❧è♠❡ ♦✉✈❡rt✳ ❉❛♥s ❬✻✾❪✱ ❏❡♥❞r❡❥ ❡t ▼❛rt❡❧ ♦♥t ❝♦♥str✉✐t ❞❡s s♦❧✉t✐♦♥s ❣❧♦❜❛❧❡s
♠✉❧t✐✲❜✉❧❧❡s ❞❡ ❧✬éq✉❛t✐♦♥ ◆▲❲ ✺❉ ❝r✐t✐q✉❡✱ ❡①♣❧♦s❛♥t ❡♥ ✉♥ t❡♠♣s ✐♥✜♥✐ ❡♥ t♦✉t❡ ❢❛♠✐❧❧❡ ✜♥✐❡ ❞♦♥♥é❡
❞❡ ♣♦✐♥ts (zk)1≤k≤K ❞❡ R5✳ ❉❛♥s ❧❡ ❝❛s ✹❉✱ ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❢❛✐❜❧❡ ❞é❝r♦✐ss❛♥❝❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱
♦♥ s✬❛tt❡♥❞ à ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❡①♣❧♦s❛♥t ❡♥ ✉♥ t❡♠♣s ✐♥✜♥✐ ❧❡ ❧♦♥❣ ❞❡ ❧✐❣♥❡s ❞❡
✈✐t❡ss❡s ❞✐st✐♥❝t❡s✱ ♣❧✉tôt q✉✬❡♥ ✉♥ ❡♥s❡♠❜❧❡ ✜♥✐ ❞❡ ♣♦✐♥ts ❞♦♥♥és✳ ▲❡ s②stè♠❡ ❞✬❖❉❊ ❛✉t♦✲s✐♠✐❧❛✐r❡s✱
❣é♥éré ♣❛r ❧✬✐♥t❡r❛❝t✐♦♥ ❞❡ ❞❡✉① ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s ❛②❛♥t ❞❡s ✈✐t❡ss❡s ❞❡ ▲♦r❡♥t③ ❞✐✛ér❡♥t❡s ❛❞♠❡t
❢♦r♠❡❧❧❡♠❡♥t ❞❡s s♦❧✉t✐♦♥s q✉✐ ❡①♣❧♦s❡♥t ❡♥ ✉♥ t❡♠♣s ✐♥✜♥✐✳ ▲❛ ❞✐✣❝✉❧té ❞❡ ❝❡ ♣r♦❜❧è♠❡ ❡st ❞❡ tr♦✉✈❡r
✉♥❡ s♦❧✉t✐♦♥ ❛♣♣r♦❝❤é❡ r❛✣♥é❡ ❡t ❛♣♣r♦♣r✐é❡✱ ♣✉✐s ❞❡ ❝♦♥str✉✐r❡ ✉♥❡ s♦❧✉t✐♦♥ q✉✐ ❧✉✐ ❡st ♣r♦❝❤❡✱ ❡♥
✉t✐❧✐s❛♥t ❞❡s ❡st✐♠❛t✐♦♥s ❞✬é♥❡r❣✐❡ ❡t ❞❡ ❧❛ ❝♦♠♣❛❝✐té✳ ❯♥ ❛✉tr❡ ♣r♦❜❧è♠❡ ♦✉✈❡rt ❧✐é ❛✉① rés✉❧t❛ts ❞❡
❬✻✾✱ ✶✶✹❪ ❡st ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ s♦❧✉t✐♦♥s ♠✉❧t✐✲s♦❧✐t♦♥s ♦✉ ♠✉❧t✐✲❜✉❧❧❡s ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞✬♦♥❞❡ ❝r✐t✐q✉❡
✸❉✳ ▲❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✣❝✉❧té ❡st ❧❛ ❞é❝r♦✐ss❛♥❝❡ ❛❧❣é❜r✐q✉❡ ❧❡♥t❡ ❞❡s s♦❧✐t♦♥s✱ q✉✐ ❡st ❡♥❝♦r❡ ♣❧✉s ❢❛✐❜❧❡
q✉❡ ❞❛♥s ❧❡ ❝❛s ✹❉✳

✵✳✹ ▲✬éq✉❛t✐♦♥ ◆▲❑● ❛♠♦rt✐❡ ❛✈❡❝ ♥♦♥✲❧✐♥é❛r✐té s♦✉s✲❝r✐t✐q✉❡

✵✳✹✳✶ ❈♦♥t❡①t❡

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❞❡ ❑❧❡✐♥✲●♦r❞♦♥ ❛♠♦rt✐❡ ❢♦❝❛❧✐s❛♥t❡ ♥♦♥ ❧✐♥é❛✐r❡

∂ttu+ 2α∂tu−∆u+ u− f(u) = 0 (t, x) ∈ [0,∞)× Rd, ✭✵✳✽✮

♦ù f(u) = |u|p−1u✱ α > 0✱ 1 6 d 6 5 ❡t ❧✬❡①♣♦s❛♥t p s❛t✐s❢❛✐t

2 < p < p∗(d) ❛✈❡❝ p∗(d) =





∞ s✐ d = 1, 2,

d+ 2

d− 2
s✐ d = 3, 4, 5.

❖♥ ❞é✜♥✐t F (u) = 1
p+1 |u|p+1 ❡t

E(~u) =
1

2

∫

Rd

{
|∇u|2 + u2 + (∂tu)

2 − 2F (u)
}
dx.

P♦✉r t♦✉t❡ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ∈ H1 × L2 ❞❡ ✭✵✳✽✮✱ ♥♦✉s ❛✈♦♥s

E(~u(t2))− E(~u(t1)) = −2α

∫ t2

t1

‖∂tu(t)‖2L2dt. ✭✵✳✾✮

▲❡s r❡str✐❝t✐♦♥s 1 6 d 6 5 ❡t 2 < p < d+2
d−2 ❛ss✉r❡♥t ✉♥❡ ❜♦♥♥❡ t❤é♦r✐❡ ❞✬❡①✐st❡♥❝❡ ❧♦❝❛❧❡ ❡t ✉♥❡

ré❣✉❧❛r✐té s✉✣s❛♥t❡ s✉r ❧❛ ♥♦♥✲❧✐♥é❛r✐té ♣♦✉r q✉❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r ❛✉t♦✉r ❞❡ 0 s♦✐t ❜✐❡♥
❞é✜♥✐ ❥✉sq✉✬à ❧✬♦r❞r❡ ✷✳ ◆♦tr❡ ❛♥❛❧②s❡ ✐♥❝❧✉t ❧❛ s✐t✉❛t✐♦♥ ❧❛ ♣❧✉s ♣❤②s✐q✉❡♠❡♥t ♣❡rt✐♥❡♥t❡✱ ✐✳❡ ❝❡❧❧❡
❞✬✉♥❡ ♥♦♥✲❧✐♥é❛r✐té ❝✉❜✐q✉❡ ❡♥ ❞✐♠❡♥s✐♦♥ ❞✬❡s♣❛❝❡ ✸✳

❘❛♣♣❡❧♦♥s ❞✬❛❜♦r❞✱ ❡♥ s✉✐✈❛♥t ❬✶✼❪ ✭✈♦✐r ❛✉ss✐ ❧❡s ré❢ér❡♥❝❡s q✉✐ ② ✜❣✉r❡♥t✮✱ q✉❡❧q✉❡s ❝❛r❛❝tér✐st✐q✉❡s
❞❡ ❧❛ s♦❧✉t✐♦♥ st❛t✐♦♥♥❛✐r❡✱ à s❛✈♦✐r ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❡❧❧✐♣t✐q✉❡

−∆q + q − f(q) = 0, q ∈ H1(Rd). ✭✵✳✶✵✮

◆♦✉s ❛♣♣❡❧♦♥s ❧❡s s♦❧✉t✐♦♥s ❞❡ ✭✵✳✶✵✮ ét❛ts st❛t✐♦♥♥❛✐r❡s✱ ❡t ♥♦t♦♥s B ❧✬❡♥s❡♠❜❧❡ ❞❡s ét❛ts st❛t✐♦♥♥❛✐r❡s✿

B = {q : q ❡st ✉♥❡ s♦❧✉t✐♦♥ ♥♦♥✲tr✐✈✐❛❧❡ ❞❡ ✭✵✳✶✵✮}.

▲❛ t❤é♦r✐❡ ❡❧❧✐♣t✐q✉❡ st❛♥❞❛r❞ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✺✽❪ ♦✉ ❬✶✼✱ ❚❤é♦rè♠❡ ✽✳✶✳✶❪✮ ♠♦♥tr❡ q✉❡ s✐ q ∈ B✱
❛❧♦rs q ❡st ❞❡ ❝❧❛ss❡ C2(Rd) ❡t ❛ ✉♥❡ ❞é❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ q✉❛♥❞ |x| → +∞✱ ❛✐♥s✐ q✉❡ s❡s ❞ér✐✈és
♣r❡♠✐èr❡s ❡t s❡❝♦♥❞❡s✳

✶✽
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❙♦✐t

W(v) =
1

2

∫

Rd

{
|∇v|2 + v2 − 2F (v)

}
dx, ♣♦✉r v ∈ H1.

▲❡s s♦❧✉t✐♦♥s ❞❡ ✭✵✳✶✵✮ q✉✐ ♠✐♥✐♠✐s❡♥t ❧❛ ❢♦♥❝t✐♦♥♥❡❧❧❡ W s♦♥t ❛♣♣❡❧és ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❀
❧✬❡♥s❡♠❜❧❡ ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❡st ♥♦té G

G = {q0 ∈ B : ∀q ∈ B, W(q0) 6 W(q)}.
▲❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① s♦♥t ❞❡s ♦❜❥❡ts très ét✉❞✐és✳ ■❧s s♦♥t ✉♥✐q✉❡s à tr❛♥s❧❛t✐♦♥ s♣❛t✐❛❧❡ ♣rès ✭♣♦✉r
❞❡s ♥♦♥✲❧✐♥é❛r✐tés ❛ss❡③ ❣é♥ér❛❧❡s✮✳ ❆✉tr❡♠❡♥t ❞✐t✱ ✐❧ ❡①✐st❡ ✉♥✐q✉❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡ ♣♦s✐t✐✈❡ Q ❞❡ ❝❧❛ss❡
C2✱ q✉✐ ❞é❝r♦ît ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ✭❛✐♥s✐ q✉❡ s❡s ❞ér✐✈é❡s ♣r❡♠✐èr❡s ❡t s❡❝♦♥❞❡s✮ t❡❧❧❡ q✉❡

G = {Q(x− x0) : x0 ∈ Rd}.
❖♥ ré❢èr❡ à ❇❡r❡st②❝❦✐✲▲✐♦♥s ❬✼❪✱ ●✐❞❛s✲◆✐✲◆✐r❡♥❜❡r❣ ❬✺✼❪✱ ❑✇♦♥❣ ❬✼✼❪✱ ❙❡rr✐♥✲❚❛♥❣ ❬✶✵✼❪✳ P❧✉s ♣ré❝✐sé✲
♠❡♥t✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ Q ♣❡✉t s❡ ♠❡ttr❡ s♦✉s ❧❛ ❢♦r♠❡ Q(x) = q (|x|) ♦ù q > 0 s❛t✐s❢❛✐t

q′′ +
d− 1

r
q′ − q + qp = 0, q′(0) = 0, lim

r→∞
q(r) = 0. ✭✵✳✶✶✮

■❧ ❡st ❜✐❡♥ ❝♦♥♥✉ ❡t ❢❛❝✐❧❡♠❡♥t ✈ér✐✜❛❜❧❡ q✉❡ ♣♦✉r ✉♥❡ ❝❡rt❛✐♥❡ ❝♦♥st❛♥t❡ κ > 0 ❡t ♣♦✉r t♦✉t r > 1✱ ♦♥
❛ ∣∣∣q(r)− κr−

d−1
2 e−r

∣∣∣+
∣∣∣q′(r) + κr−

d−1
2 e−r

∣∣∣ . r−
d+1
2 e−r.

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❡♥ ❞✐♠❡♥s✐♦♥ d = 1✱ ♥♦✉s ❛✈♦♥s ✉♥❡ ❢♦r♠✉❧❡ ❡①♣❧✐❝✐t❡ ♣♦✉r Q ✿

Q(x) =

(
p+ 1

2 cosh2
(p−1

2 x
)
) 1

p−1

s✉r R.

■❧ ❡st é❣❛❧❡♠❡♥t ❜✐❡♥ ❝♦♥♥✉ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ●r✐❧❧❛❦✐s✲❙❤❛t❛❤✲❙tr❛✉ss ❬✻✵❪✮ q✉❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧
Q ❡st ✐♥st❛❜❧❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞✬é♥❡r❣✐❡✳ ❈❡ rés✉❧t❛t ❡st é❣❛❧❡♠❡♥t ❝♦♥♥✉ ❡♥ ♣❤②s✐q✉❡ s♦✉s ❧❡ ♥♦♠ ❞❡
❚❤é♦rè♠❡ ❞❡ ❉❡rr✐❝❦ ❬✹✶❪✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♣❛r ✉♥ ❛r❣✉♠❡♥t ❞✬❖❉❊✱ ❧✬♦♣ér❛t❡✉r

L = −∆+ 1− f ′(Q)

❛♣♣❛r❛✐ss❛♥t ❛♣rès ❧✐♥é❛r✐s❛t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✵✳✽✮ ❛✉t♦✉r ❞❡ ~Q = (Q, 0)✱ ❛ ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ ♥é❣❛t✐✈❡
✉♥✐q✉❡ −ν20 ✭ν0 > 0✮✳ ❖♥ ♥♦t❡ Y ❧❛ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ♥♦r♠❛❧✐sé❡ ❛ss♦❝✐é❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ rés✉❧t❡ ❞❡
❝❛❧❝✉❧s ❡①♣❧✐❝✐t❡s q✉❡ s✐ ❧✬♦♥ ❞é✜♥✐t

ν± = −α±
√
α2 + ν20 ❡t ~Y ± =

(
Y
ν±Y

)
,

❛❧♦rs ❧❛ ❢♦♥❝t✐♦♥ ~ε±(t, x) = exp(ν±t)~Y ±(x) ❡st s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❧✐♥é❛r✐sé
{
∂tε = η

∂tη = −Lε− 2αη.
✭✵✳✶✷✮

P✉✐sq✉❡ ν+ > 0✱ ❧❛ s♦❧✉t✐♦♥ ~ε+ ✐❧❧✉str❡ ❧✬✐♥st❛❜✐❧✐té ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ ❧✬♦♥❞❡ s♦❧✐t❛✐r❡ ❡♥ t❡♠♣s ♣♦s✐t✐❢✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ✈♦✐t q✉❡ ❧❛ ♣rés❡♥❝❡ ❞✉ t❡r♠❡ ❞✬❛♠♦rt✐ss❡♠❡♥t α > 0 ❞❛♥s ❧✬éq✉❛t✐♦♥ ♥❡ s✉♣♣r✐♠❡
♣❛s ❧✬✐♥st❛❜✐❧✐té ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ ❧✬♦♥❞❡ s♦❧✐t❛✐r❡ s♦❧✉t✐♦♥ ❞❡ ❑❧❡✐♥✲●♦r❞♦♥✳

❊♥ ❞✐♠❡♥s✐♦♥ d = 1✱ ❡♥ r❛✐s♦♥ ❞✬❛r❣✉♠❡♥ts ❞✬❖❉❊ st❛♥❞❛r❞✱ B = G✳ ❊♥ r❡✈❛♥❝❤❡✱ ❞✬❛♣rès ❬✶✼✱
❘❡♠❛r❦ ✽✳✶✳✶✻❪✱ ♣♦✉r t♦✉t d > 2✱ ♦♥ ❛ G ( B✳ ▲❡s ❢♦♥❝t✐♦♥s q ∈ B \ G s♦♥t ❛♣♣❡❧és ét❛ts ❡①❝✐tés✳
❘❛♣♣❡❧♦♥s q✉❡✱ ❇❡r❡st②❝❦✐✲▲✐♦♥s ❬✽❪ ♦♥t ♠♦♥tré ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ✐♥✜♥✐té ❞❡ s♦❧✉t✐♦♥s r❛❞✐❛❧❡s ♥♦❞❛❧❡s
✭✐✳❡✳ ❝❤❛♥❣❡❛♥t ❞❡ s✐❣♥❡✮✱ ✈♦✐r ❛✉ss✐ ❬✻✶✱ ✾✽❪ ❡t ❧❡✉rs ré❢ér❡♥❝❡s✳ ❊♥ ré❛❧✐té✱ ♦♥ ❡♥ s❛✐t ❛ss❡③ ♣❡✉ s✉r ❧❡s
ét❛ts ❡①❝✐tés✱ ❡①❝❡♣t✐♦♥ ❢❛✐t❡ ❞❡ ❝❡rt❛✐♥❡s ❝♦♥str✉❝t✐♦♥s s♣é❝✐✜q✉❡s✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❢❛✐t ❛✉ ♣❛r❛❣r❛♣❤❡ ➓✵✳✸✳✶✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s t♦✉t❡s ❧❡s ✐♥✈❛r✐❛♥❝❡s ♣♦ss✐❜❧❡s
❞❡ ✭✵✳✶✵✮✿

✶✾



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

(i) tr❛♥s❧❛t✐♦♥ ✿ s✐ q ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭✵✳✶✵✮✱ ❛❧♦rs q(x+ x0) ❡st ❛✉ss✐ ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭✵✳✶✵✮ ♣♦✉r
t♦✉t x0 ∈ Rd❀

(ii) tr❛♥s❢♦r♠❛t✐♦♥ ♦rt❤♦❣♦♥❛❧❡ ✿ s✐ q ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭✵✳✶✵✮✱ ❛❧♦rs q (Ox) ❡st ❛✉ss✐ ✉♥❡ s♦❧✉t✐♦♥
❞❡ ✭✵✳✶✵✮ ♣♦✉r t♦✉t O ∈ Od✳

❊♥ r❛✐s♦♥ ❞❡s ✐♥✈❛r✐❛♥❝❡s ❞❡ ❧✬éq✉❛t✐♦♥✱ ❧✬♦♣ér❛t❡✉r Lq ❛ t♦✉❥♦✉rs ✉♥ ♥♦②❛✉ ✿ ♣♦✉r d > 1✱ ♥♦t♦♥s
Ωij ❧❡s ❞ér✐✈é❡s ❛♥❣✉❧❛✐r❡s

Ωij = xi∂xj − xj∂xi ♣♦✉r 1 6 i < j 6 d, ✭✵✳✶✸✮

❡t ❝♦♥s✐❞ér♦♥s ❧✬❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ Zq ❡♥❣❡♥❞ré ♣❛r ❧❡ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❞❡s ✐♥✈❛r✐❛♥❝❡s ❞❡ ❧✬éq✉❛t✐♦♥
❛♣♣❧✐q✉é❡s à q ✿

Zq = Span {∂xnq, n = 1, · · · , d; Ωijq, 1 6 i < j 6 d} . ✭✵✳✶✹✮

❖♥ ❛ t♦✉❥♦✉rs Zq ⊂ KerLq✳ ◆♦✉s ❞é✜♥✐ss♦♥s ♠❛✐♥t❡♥❛♥t ❧❡s ét❛ts ♥♦♥ ❞é❣é♥érés ❡t ❞é❣é♥érés✳

❉é✜♥✐t✐♦♥ ✵✳✷✶✳ ❙♦✐t q ∈ B✳

(i) q ❡st ❛♣♣❡❧é ✉♥ ét❛t ♥♦♥✲❞é❣é♥éré s✐ Zq = KerLq✳

(ii) q ❡st ❛♣♣❡❧é ✉♥ ét❛t ❞é❣é♥éré s✐ Zq ( KerLq✳

▲✬❡①❡♠♣❧❡ ❧❡ ♣❧✉s ♣❡rt✐♥❡♥t ❡st ❜✐❡♥ sûr ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ Q q✉✐ ❡st ♥♦♥✲❞é❣é♥éré✳ ❉❡ ♣❧✉s✱
❧❡s ❝♦♥str✉❝t✐♦♥s ❞❡ ❬✷✱ ✾✽❪ ♣r♦❞✉✐s❡♥t é❣❛❧❡♠❡♥t ❞❡s ét❛ts ❡①❝✐tés ♥♦♥✲❞é❣é♥érés✳ ■❧ ❢❛✉t ❣❛r❞❡r à
❧✬❡s♣r✐t q✉✬♦♥ ♥❡ s❛✐t t♦✉❥♦✉rs ♣❛s s✐ ❞❡s ét❛ts ❡①❝✐tés ❞é❣é♥érés ❡①✐st❡♥t✳ P♦✉r ❧✬✐♥st❛♥t✱ ♠❡♥t✐♦♥♥♦♥s
s✐♠♣❧❡♠❡♥t ✉♥❡ ❢❛ç♦♥ ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ✭♥♦✉s ♥♦t♦♥s ′ ♣♦✉r ❧❛ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡ ●❛t❡❛✉①✮✳
▲❛ ❝♦♥❞✐t✐♦♥ q✉❡ q ❡st ✉♥ ét❛t st❛t✐♦♥♥❛✐r❡s s✬é❝r✐t E′(q) = 0✳ ❉❛♥s ❝❡ ❝❛s 〈Lqv, w〉 = E′′(q) · (v, w)✱ ❞❡
t❡❧❧❡ s♦rt❡ q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ q✉❡ q s♦✐t ❞é❣é♥éré éq✉✐✈❛✉t ❛✉ ❢❛✐t q✉❡ ♣♦✉r ✉♥ ❝❡rt❛✐♥ φ /∈ Zq✱ ❧❛ ❢♦r♠❡
❧✐♥é❛✐r❡ E′′(q) · (φ, ·) s♦✐t ✐❞❡♥t✐q✉❡♠❡♥t ♥✉❧❧❡✳

◆♦✉s r❛♣♣❡❧♦♥s ♠❛✐♥t❡♥❛♥t ❞❡✉① rés✉❧t❛ts ❧✐és à ❧❛ ❞②♥❛♠✐q✉❡ ❡♥ t❡♠♣s ❧♦♥❣s ❞❡s s♦❧✉t✐♦♥s ❣❧♦❜❛❧❡s✳
Pr❡♠✐èr❡♠❡♥t✱ ❞❛♥s ❬✶✷❪ ❡♥ ❞✐♠❡♥s✐♦♥ d ≥ 2✱ ❇✉rq✱ ❘❛✉❣❡❧ ❡t ❙❝❤❧❛❣ ♦♥t ♣r♦✉✈é ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡
t♦✉t❡ s♦❧✉t✐♦♥ r❛❞✐❛❧❡ ❣❧♦❜❛❧❡ ✈❡rs ✉♥ ét❛t st❛t✐♦♥♥❛✐r❡s r❛❞✐❛❧✱ ♣♦✉r t♦✉t❡ ❧❛ séq✉❡♥❝❡ ❞❡ t❡♠♣s✳
❉❡✉①✐è♠❡♠❡♥t✱ s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s s✉r d ❡t p✱ ❧❡s rés✉❧t❛ts ❞❡ ❬✺✸✱ ✽✷❪ ✐♥❞✐q✉❡♥t q✉❡ ♣♦✉r t♦✉t❡
s✉✐t❡ ❞❡ t❡♠♣s✱ t♦✉t❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❜♦r♥é❡ ❞❡ ✭✵✳✽✮ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥❡ s♦♠♠❡ ❞✬ét❛ts st❛t✐♦♥♥❛✐r❡s
❞é❝♦✉♣❧és ❛♣rès ❡①tr❛❝t✐♦♥ ❞✬✉♥❡ s♦✉s✲s✉✐t❡ ❞❡ t❡♠♣s✳ P❧✉s ♣ré❝✐sé♠❡♥t✿

❚❤é♦rè♠❡ ✵✳✷✷ ✭❬✺✸✱ ✽✷❪✮✳ ❙♦✐t 1 6 d 6 4 ❛✈❡❝ 1 < p < p∗(d) ♦✉ 5 6 d 6 6 ❛✈❡❝ 1 < p < p∗∗(d)
❞❛♥s ✭✵✳✽✮ ♦ù

p∗(d) =





∞ s✐ d = 1, 2,

d+ 2

d− 2
s✐ d = 3, 4.

❡t p∗∗(d) =
d

d− 2
s✐ 3 6 d 6 6.

❆❧♦rs ♣♦✉r t♦✉t❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❜♦r♥é❡ ~u = (u, ∂tu) ❞❡ ✭✵✳✽✮ ❡t t♦✉t❡ s✉✐t❡ ❞❡ t❡♠♣s tn → ∞✱ ✐❧ ❡①✐st❡
J ∈ N+✱ ✉♥❡ s✉✐t❡ ❞❡ ♣♦✐♥ts xj,nk

∈ RN ♣♦✉r j = 1, . . . , N ✱ ❡t ❞❡s ét❛ts st❛t✐♦♥♥❛✐r❡s Qj t❡❧s q✉❡ ♣♦✉r
✉♥❡ s♦✉s✲s✉✐t❡ (tnk

)

lim
k→∞

{
‖u(tnk

)−Qj(· − xj,nk
)‖H1 + ‖∂tu(tnk

)‖L2

}
= 0,

♦ù {xj,nk
} s❛t✐s❢❛✐t ❧❛ ♣r♦♣r✐été ❞❡ sé♣❛r❛t✐♦♥

lim
k→∞

|xj,nk
− xj′,nk

| = ∞, ♣♦✉r t♦✉t j 6= j′.

✷✵
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❘❡♠❛rq✉❡ ✵✳✷✸✳ ▲❡ ❚❤é♦rè♠❡ ✵✳✷✷ ❛ ❞✬❛❜♦r❞ été ♣r♦✉✈é ❞❛♥s ❋❡✐r❡✐s❧ ❬✺✸❪ ♣♦✉r ❧❡ ❝❛s 3 6 d 6 6 ❛✈❡❝
1 < p < p∗∗(d)✳ P❧✉s t❛r❞✱ ▲✐✲❩❤❛♦ ❬✽✷❪ ♦♥t ét❡♥❞✉ ❧❡ rés✉❧t❛t ❛✉ ❝❛s 1 6 d 6 4 ❛✈❡❝ 1 < p < p∗(d) ♣❛r
❧❛ ♠ét❤♦❞❡ ❝♦♠♣❛❝✐té✴❝♦♥❝❡♥tr❛t✐♦♥✳ ❉❛♥s ❬✺✸❪✱ ❋❡✐r❡✐s❧ ❛ é❣❛❧❡♠❡♥t ❝♦♥str✉✐t ❞❡s s♦❧✉t✐♦♥s ❣❧♦❜❛❧❡s
q✉✐ s❡ ❝♦♠♣♦rt❡♥t ❝♦♠♠❡ ❧❛ s♦♠♠❡ ❞✬✉♥ ♥♦♠❜r❡ ♣❛✐r ❞✬ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ✭✐✳❡ ♠✉❧t✐✲s♦❧✐t♦♥s✮✳

❘❡♠❛rq✉❡ ✵✳✷✹✳ ❈♦♠♠❡ ❝❡❧❛ ❡st ❞✐s❝✉té ❞❛♥s ❬✶✷❪✱ ❧❡s rés✉❧t❛ts ❞❡ ❬✶✷✱ ✺✸✱ ✽✷❪ s♦♥t ✐♥t✐♠❡♠❡♥t ❧✐és
à ❧❛ ❝♦♥❥❡❝t✉r❡ ❣é♥ér❛❧❡ ❞❡ rés♦❧✉t✐♦♥ ❡♥ s♦❧✐t♦♥s ♣♦✉r ❧❡s s♦❧✉t✐♦♥s ❣❧♦❜❛❧❡s ❡t ❜♦r♥é❡s ❞❡ ♣r♦❜❧è♠❡s
❞✐s♣❡rs✐❢s✳

✵✳✹✳✷ ❘és✉❧t❛ts

▲❡ ❚❤é♦rè♠❡ ✵✳✷✷✱ ✈❛❧❛❜❧❡ ♣♦✉r t♦✉t❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❜♦r♥é❡ ❡t t♦✉t s✉✐t❡ tn → ∞✱ ❡st r❡♠❛r✲
q✉❛❜❧❡✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ♥❡ ❞é❝r✐t ♣❛s ❝♦♠♣❧èt❡♠❡♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡s s♦❧✉t✐♦♥s ❣❧♦❜✲
❛❧❡s ❣é♥ér❛❧❡s✳ P❛r ❡①❡♠♣❧❡✱ ✐❧ ♥❡ s♣é❝✐✜❡ ♣❛s ❧❡ s✐❣♥❡ ❞❡s s♦❧✐t♦♥s✱ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ♣❛r❛♠ètr❡s
❞❡ ♣♦s✐t✐♦♥s✱ s✐ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡st ✈❛❧❛❜❧❡ ♣♦✉r t♦✉s ❧❡s t❡♠♣s ♣♦s✐t✐❢s✱ s✐ ❧❡ t❛✉① ❞❡ ❝♦♥✈❡r❣❡♥❝❡✳ ▲❡s
♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ✈✐s❡♥t à ❝♦♠♣❧ét❡r ❧❡ ❚❤é♦rè♠❡ ✵✳✷✷ ❡♥ ❞é❝r✐✈❛♥t ♣ré❝✐sé♠❡♥t
❧❡ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ q✉❛♥❞ t → ∞ ❞❡ s♦❧✉t✐♦♥s s♦❧✐t♦♥s ♦✉ ♠✉❧t✐✲s♦❧✐t♦♥s ❞❡ ✭✵✳✽✮✳ ▲❡s
♣r✐♥❝✐♣❛✉① rés✉❧t❛ts s♦♥t r❡❣r♦✉♣és ❡♥ tr♦✐s ♣❛rt✐❡s✳

❉❡s❝r✐♣t✐♦♥ ❡t ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ❞é❝r✐✈♦♥s ❝♦♠♣❧èt❡♠❡♥t ❧❡s ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s ❧✐é❡s à ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ Q✳
◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ❞♦♥♥❡r ❧❡✉r ❞é✜♥✐t✐♦♥✳

❉é✜♥✐t✐♦♥ ✵✳✷✺✳ ❯♥❡ s♦❧✉t✐♦♥ ~u ∈ C([T,∞), H1 × L2) ❞❡ ✭✵✳✽✮✱ ♣♦✉r ✉♥ ❝❡rt❛✐♥ T ∈ R✱ ❡st ❛♣♣❡❧é
✉♥❡ ✷✲♦♥❞❡s s♦❧✐t❛✐r❡ s✬✐❧ ❡①✐st❡ σ1, σ2 = ±1✱ ✉♥❡ s✉✐t❡ tn → ∞ ❡t ✉♥❡ s✉✐t❡ (ξ1,n, ξ2,n) ∈ R2d t❡❧s q✉❡

lim
n→∞

{∥∥∥u(tn)−
∑

k=1,2

σkQ(· − ξk,n)
∥∥∥
H1

+ ‖∂tu(tn)‖L2

}
= 0

❡t limn→∞ |ξ1,n − ξ2,n| → ∞✳

❘❡♠❛rq✉❡ ✵✳✷✻✳ ❖♥ ♦❜s❡r✈❡ q✉❡ s✐ u ❡st ✉♥❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ✭✵✳✽✮ s❛t✐s❢❛✐s❛♥t

lim
t→∞

∥∥∥u(t)−
∑

k=1,2

σkQ(· − ξk(t))
∥∥∥
H1

= 0 ✭✵✳✶✺✮

♦ù limt→∞ |ξ1(t) − ξ2(t)| → ∞✱ ❛❧♦rs u ❡st ✉♥❡ ✷✲♦♥❞❡s s♦❧✐t❛✐r❡✳ ❊♥ ❡✛❡t✱ ✐❧ rés✉❧t❡ ❞❡ ✭✵✳✾✮ ❡t ✭✵✳✶✺✮
q✉❡ t 7→ E(~u(t)) ❡st ❜♦r♥é❡ ✐♥❢ér✐❡✉r❡♠❡♥t✳ ❆✐♥s✐✱ ✭✵✳✾✮ ✐♠♣❧✐q✉❡

∫∞
0 ‖∂tu(t)‖2L2dt < ∞ ❡t ❞♦♥❝

‖∂tu(tn)‖L2 → 0 ♣♦✉r ✉♥❡ s✉✐t❡ tn → ∞✳

◆♦tr❡ ♣r❡♠✐❡r rés✉❧t❛t ❝♦♥❝❡r♥❡ ❧❛ ♥♦♥✲❡①✐st❡♥❝❡ ❞✬✷✲♦♥❞❡s s♦❧✐t❛✐r❡ ❛✈❡❝ ❧❡s ♠ê♠❡s s✐❣♥❡s✳

❚❤é♦rè♠❡ ✵✳✷✼ ✭❬✷✾❪✮✳ ■❧ ♥✬❡①✐st❡ ♣❛s ❞❡ 2✲♦♥❞❡ s♦❧✐t❛✐r❡ ❞❡ ✭✵✳✽✮ ❛✈❡❝ σ1 = σ2✳

❉❛♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡s ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s ❞❡ s✐❣♥❡ ♦♣♣♦sé s❛t✐s❢♦♥t ✉♥
❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ✉♥✐✈❡rs❡❧✳

❚❤é♦rè♠❡ ✵✳✷✽ ✭❉❡s❝r✐♣t✐♦♥ ❞❡s ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s✱ ❬✷✾❪✮✳ P♦✉r t♦✉t❡ ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s u ❞❡ ✭✵✳✽✮✱ ✐❧
❡①✐st❡ σ1 = ±1✱ σ2 = −σ1✱ z∞ ∈ Rd✱ ω∞ ∈ SRd(1)✱ T > 0 ❡t t ∈ [T,∞) 7→ (z1(t), z2(t)) t❡❧s q✉❡ ♣♦✉r
t♦✉t t ∈ [T,∞)✱ ∥∥∥u(t)−

∑

k=1,2

σkQ(· − zk(t))
∥∥∥
H1

+ ‖∂tu(t)‖L2 . t−1, ✭✵✳✶✻✮

❡t ♣♦✉r ✉♥❡ ❝❡rt❛✐♥❡ ❝♦♥st❛♥t❡ c0 = c0(d, α)✱ ♣♦✉r t♦✉t θ < min(p− 1, 2) ❡t ♣♦✉r k = 1, 2✱

zk = z∞ +
(−1)k

2

(
logt− 1

2
(d− 1)loglogt+ c0

)
ω∞ +O(t1−θ). ✭✵✳✶✼✮

✷✶
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❊♥✜♥✱ ♥♦✉s ❞é❝r✐✈♦♥s ❧❛ ❢❛♠✐❧❧❡ ❝♦♠♣❧èt❡ ❞❡s ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ♣r♦❝❤❡s
❞❡ ❧❛ s♦♠♠❡ ❞❡ ❞❡✉① ♦♥❞❡s s♦❧✐t❛✐r❡s é❧♦✐❣♥é❡s✳

❚❤é♦rè♠❡ ✵✳✷✾ ✭❈❧❛ss✐✜❝❛t✐♦♥ ❞❡s ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s✱ ❬✷✾❪✮✳ ■❧ ❡①✐st❡ C, δ > 0 ❡t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥
▲✐♣s❝❤✐t③✐❡♥♥❡

H : (Rd \ B̄Rd(10|logδ|))× BH1×L2(δ) → R2, (L, ~φ ) 7→ H(L, ~φ )

t❡❧s q✉❡

|H(L, ~φ )| < C
(
e−

L
2 + ‖~φ ‖H1×L2

)
,

❛✈❡❝ ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡✳ ❊t❛♥t ❞♦♥♥é L, ~φ , h1, h2 t❡❧s q✉❡

|L| > 10|logδ|, ‖~φ ‖H1×L2 < δ, |h1|+ |h2| < δ,

❧❛ s♦❧✉t✐♦♥ ~u ❞❡ ✭✵✳✽✮ ❛✈❡❝ ❧❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s

~u(0) =
(
~Q+ h1 ~Y

+
)(

· − L

2

)
−
(
~Q+ h2 ~Y

+
)(

·+ L

2

)
+ ~φ

❡st ✉♥❡ ♦♥❞❡ ✷✲s♦❧✐t❛✐r❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ (h1, h2) = H(L, ~φ )✳

❈❡ rés✉❧t❛t s✐❣♥✐✜❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t q✉❡ ❧♦❝❛❧❡♠❡♥t ❛✉t♦✉r ❞❡ ❧❛ s♦♠♠❡ ❞❡ ❞❡✉① s♦❧✐t♦♥s s✉✣s❛♠♠❡♥t
sé♣❛rés ❞❡ s✐❣♥❡s ♦♣♣♦sés✱ ❧❡s ❞♦♥♥é❡s ✐♥✐t✐❛❧❡s ❞❡s ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s ❢♦r♠❡♥t ✉♥❡ ✈❛r✐été ▲✐♣s❝❤✐t③✐❡♥♥❡
❞❡ ❝♦❞✐♠❡♥s✐♦♥ ✷ ✭❧❡s ❞✐r❡❝t✐♦♥s ✐♥st❛❜❧❡s ét❛♥t ❞✐r✐❣é❡s ♣❛r ~Y + tr❛♥s❧❛tés ❛✉t♦✉r ❞❡ ❝❤❛q✉❡ s♦❧✐t♦♥✮✳

■❧ ❡st à ♥♦t❡r q✉❡ ❧✬ét✉❞❡ ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❡t ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s ♣♦✉r ❧✬éq✉❛t✐♦♥
◆▲❑● ❛♠♦rt✐❡ ❢r❛❝t✐♦♥♥❛✐r❡ ❡st ✉♥ ♣r♦❜❧è♠❡ ✐♥tér❡ss❛♥t ❧✐é ❛✉ rés✉❧t❛t ❞❡ ❬✷✾❪✳ P♦✉r êtr❡ ♣❧✉s ♣ré❝✐s✱
♥♦✉s ❝♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ◆▲❑● ❛♠♦rt✐❡ ❢r❛❝t✐♦♥♥❛✐r❡✱

∂ttu+ 2α∂tu+ (−∆)s u+ u− |u|σu = 0, (t, x) ∈ R× Rd,

♦ù 0 < s < 1 ❡t ♦ù ❧✬❡①♣♦s❛♥t σ s❛t✐s❢❛✐t

0 < σ < σ∗(s, d), σ∗(s, d) =





4s

d− 2s
♣♦✉r 0 < s <

d

2
,

+∞ ♣♦✉r
d

2
6 s < 1.

❉é♥♦t♦♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♣❛r Qs✱ q✉✐ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ r❛❞✐❛❧❡ str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡ ❞❛♥s Hs(Rd)
❞❡

(−∆)sQs +Qs − |Qs|σQs = 0, Qs(x) ∼
1

|x|d+2s
❝♦♠♠❡ |x| → ∞.

▲✬❡①✐st❡♥❝❡ ❡t ❧❡s ♣r♦♣r✐étés ❞❡ ❝❡tt❡ s♦❧✉t✐♦♥ s♦♥t ét✉❞✐é❡s ❞❛♥s ❬✺✺✱ ✺✻❪✳ P♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❑●
❛♠♦rt✐❡ ❢r❛❝t✐♦♥♥❛✐r❡✱ ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❧❡♥t❡ ❞é❝r♦✐ss❛♥❝❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ♥♦✉s ♥♦✉s ❛tt❡♥❞♦♥s à
❝❡ q✉❡ ❧❡s ✷✲♦♥❞❡s s♦❧✐t❛✐r❡s ❛✐❡♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ✉♥✐✈❡rs❡❧ ❞✐✛ér❡♥t ❞❡ ❝❡❧✉✐ ❞❡ ❧✬éq✉❛t✐♦♥ ◆▲❑●
❛♠♦rt✐❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧✬❖❉❊ ❢♦r♠❡❧❧❡♠❡♥t ♦❜t❡♥✉❡ ♣♦✉r ❧✬✐♥t❡r❛❝t✐♦♥ ❞❡ ❞❡✉① ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s
à ❣r❛♥❞❡ ❞✐st❛♥❝❡ ❡st ṙ = ±Cr−(d+2s)✳ ❉❛♥s ❧❡ ❝❛s ṙ = −Cr−(d+2s)✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡
t❡❧❧❡ q✉❡ r ≫ 1✳ ❊♥ r❡✈❛♥❝❤❡✱ ❞❛♥s ❧❡ ❝❛s ṙ = Cr−(d+2s)✱ ❧✬❖❉❊ ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❧❛ ❢♦r♠❡

r(t) = ct
1

d+2s+1 ❝♦♠♠❡ t→ ∞✳

✷✷
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❆s②♠♣t♦t✐q✉❡s ❡♥ t❡♠♣s ❧♦♥❣s ♣♦✉r ❧✬éq✉❛t✐♦♥ ◆▲❑● ❛♠♦rt✐❡ ✶❉

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡tt❡ ♣❛rt✐❡ ❡st ❞❡ ❝♦♠♣❧ét❡r ❧❡ ❚❤é♦rè♠❡ ✵✳✷✷ ❡♥ ❞é❝r✐✈❛♥t ♣ré❝✐sé♠❡♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t
❛s②♠♣t♦t✐q✉❡ q✉❛♥❞ t→ ∞ ❞❡ t♦✉t❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ✭✵✳✽✮ ❛✈❡❝ d = 1✳ P❧✉s ♣ré❝✐sé♠❡♥t✿

❚❤é♦rè♠❡ ✵✳✸✵ ✭❬✸✵❪✮✳ P♦✉r t♦✉t❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ~u ∈ C
(
[0,∞), H1 × L2

)
❞❡ ✭✵✳✽✮ ❛✈❡❝ d = 1✱ ❧✬✉♥

❞❡s tr♦✐s s❝é♥❛r✐♦s s✉✐✈❛♥ts s❡ ♣r♦❞✉✐t✿

❉✐ss✐♣❛t✐♦♥✿ ~u(t) ❝♦♥✈❡r❣❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ✈❡rs 0 ❞❛♥s H1 × L2 ❧♦rsq✉❡ t→ ∞✳

❙♦❧✐t♦♥ ✉♥✐q✉❡✿ ■❧ ❡①✐st❡ σ = ±1✱ ℓ ∈ R t❡❧ q✉❡ ~u(t) ❝♦♥✈❡r❣❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ✈❡rs (σQ(· − ℓ), 0)
❞❛♥s H1 × L2 ❧♦rsq✉❡ t→ ∞✳

▼✉❧t✐✲s♦❧✐t♦♥✿ ■❧ ❡①✐st❡ K ≥ 2✱ σ = ±1✱ ℓ ∈ R ❡t ❞❡s ❢♦♥❝t✐♦♥s zk : [0,∞) → R ♣♦✉r t♦✉t k = 1, . . . ,K
t❡❧s q✉❡ ♣♦✉r t♦✉t t ∈ (0,∞)✱

∥∥∥∥∥u(t)− σ

K∑

k=1

(−1)kQ(· − zk(t))

∥∥∥∥∥
H1

+ ‖∂tu(t)‖L2 . t−1, ✭✵✳✶✽✮

❡t ♣♦✉r t♦✉t 1 < θ < min(p− 1, 54)✱ k = 1, . . . ,K✱

zk(t) =

(
k − K + 1

2

)
logt+ τk + ℓ+O(t−θ+1), ✭✵✳✶✾✮

q✉❛♥❞ t→ ∞✱ ♦ù τk s♦♥t ❧❡s ❝♦♥st❛♥t❡s ❞é✜♥✐❡s ✉♥✐q✉❡♠❡♥t ♣❛r

K∑

k=1

τk = 0, e−(τk+1−τk) =
2α

κ
γk ♦ù γk =

k(K − k)

2
, ✭✵✳✷✵✮

❡t ♦ù κ > 0 ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ p✳

❘❡♠❛rq✉❡ ✵✳✸✶✳ ▲❡ ♣❛r❛♠ètr❡ ℓ ❡st ❧✐é à ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r tr❛♥s❧❛t✐♦♥✳ ❉❛♥s ❧❡s ❝❛s ❞❡ ❞✐ss✐♣❛t✐♦♥
❡t ❞❡ s♦❧✐t♦♥ s✐♠♣❧❡✱ ❧✬❛♠♦rt✐ss❡♠❡♥t ❝♦♥❞✉✐t à ✉♥❡ ❝♦♥✈❡r❣❡♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ q✉❛♥❞ t → ∞✳ ❉❛♥s
❧❡ ❝❛s ♠✉❧t✐✲s♦❧✐t♦♥✱ ❞✉ ❢❛✐t ❞❡s ✐♥t❡r❛❝t✐♦♥s ♥♦♥ ❧✐♥é❛✐r❡s ❡♥tr❡ ❧❡s ♦♥❞❡s s♦❧✐t❛✐r❡s✱ ❧❡ ❝♦♠♣♦rt❡♠❡♥t
❛s②♠♣t♦t✐q✉❡ ✭✵✳✶✾✮ ❞❡s ❝❡♥tr❡s ❞❡ ♠❛ss❡ zk ❡st ❧✐é ❛✉ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ ♥♦♥ ❧✐♥é❛✐r❡ s✉✐✈❛♥t





ẏ1 = − κ

2α
e−(y2−y1),

ẏk =
κ

2α

(
e−(yk−yk−1) − e−(yk+1−yk)

)
, ♣♦✉r k = 2, · · · ,K − 1,

ẏK =
κ

2α
e−(yK−yK−1).

✭✵✳✷✶✮

❈❡ s②stè♠❡ ❡st ét✉❞✐é ❞❛♥s ❬✸✸✱ ✾✸❪ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ s♦❧✉t✐♦♥s ❡①♣❧♦s❛♥t ❡♥ t❡♠♣s ✜♥✐ ❞❡ ❧✬éq✉❛t✐♦♥
❞✬♦♥❞❡ ♥♦♥ ❧✐♥é❛✐r❡✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ♥♦♥ ❧✐♥é❛✐r❡s à ❝♦✉rt❡ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ♦♥❞❡s s♦❧✐t❛✐r❡s ✐♠♣❧✐q✉❡
é❣❛❧❡♠❡♥t ❧❡ t❛✉① ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ♣❧✉s ❧❡♥t t−1 ❞❛♥s ✭✵✳✶✽✮✳ ❱♦✐r ❬✻✺✱ ✾✵✱ ✶✵✾✱ ✶✶✵❪ ♣♦✉r ❞✬❛✉tr❡s
❡①❡♠♣❧❡s ❞✬✐♥t❡r❛❝t✐♦♥s ❢♦rt❡s ❝♦♥❞✉✐s❛♥t à ❞❡s ♦♥❞❡s s♦❧✐t❛✐r❡s ❞✐st❛♥t❡s ❞❡ logt✳

▲❡ ❚❤é♦rè♠❡ ✵✳✸✵ ❡st ✉♥❡ ✈❡rs✐♦♥ ❞❡ ❧❛ rés♦❧✉t✐♦♥ ❡♥ s♦❧✐t♦♥ s♦✉r ❧❡s s♦❧✉t✐♦♥s ❣❧♦❜❛❧❡s ❞❡ ❧✬éq✉❛t✐♦♥
❞❡ ❑❧❡✐♥✲●♦r❞♦♥ ♥♦♥ ❧✐♥é❛✐r❡ ❛♠♦rt✐❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ ✭✵✳✽✮✱ ❛✈❡❝ ❝♦♥✈❡r❣❡♥❝❡ ♣♦✉r t♦✉t❡ ❧❛ s✉✐t❡ ❞❡
t❡♠♣s ❡t ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡s ♦♥❞❡s s♦❧✐t❛✐r❡s✳ ▲❡ ❝❛s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❑❧❡✐♥✲●♦r❞♦♥
❛♠♦rt✐❡ s✉r ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ♣♦✉r ❞❡s ♥♦♥✲❧✐♥é❛r✐tés ❛♣♣r♦♣r✐é❡s ❡st tr❛✐té ❞❛♥s ❬✶✽✱ ❚❤❡♦r❡♠ ✾✳✺✳✸❪❀
✈♦✐r é❣❛❧❡♠❡♥t ❧❡s ré❢ér❡♥❝❡s q✉✐ ② ✜❣✉r❡♥t✳

➱✈✐❞❡♠♠❡♥t✱ ~u = (0, 0) ❡t ~u = (Q, 0) s♦♥t ❞❡s ❡①❡♠♣❧❡s ❞❡s ❞❡✉① ♣r❡♠✐❡rs s❝é♥❛r✐♦s ❞✉ ❚❤é♦rè♠❡ ✵✳✸✵✳
◆♦tr❡ ❞❡✉①✐è♠❡ rés✉❧t❛t ❞♦♥♥❡ ❞❡s ❡①❡♠♣❧❡s ❞✉ tr♦✐s✐è♠❡ s❝é♥❛r✐♦ ♣♦✉r t♦✉t K ≥ 2✳

✷✸
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❚❤é♦rè♠❡ ✵✳✸✷ ✭❬✸✵❪✮✳ P♦✉r t♦✉t K ≥ 2✱ σ = ±1 ❡t ℓ ∈ R✱ ✐❧ ❡①✐st❡ ❞❡s s♦❧✉t✐♦♥s ❣❧♦❜❛❧❡s ❞❡ ✭✵✳✽✮
❛✈❡❝ d = 1 s❛t✐s❢❛✐s❛♥t ✭✵✳✶✽✮ ❡t ✭✵✳✶✾✮✳

❘❡♠❛rq✉❡ ✵✳✸✸✳ ◆♦t❡r q✉❡ ❧❡s rés✉❧t❛ts ❞❡ ❬✶✷✱ ✷✾✱ ✺✸✱ ✽✷❪ s✬❛♣♣❧✐q✉❡♥t é❣❛❧❡♠❡♥t ❛✉ ❝❛s ♠✉❧t✐❞✐✲
♠❡♥s✐♦♥♥❡❧✱ s♦✉s ❞❡s r❡str✐❝t✐♦♥s ❛♣♣r♦♣r✐é❡s s✉r ❧✬❡①♣♦s❛♥t p ❞❡ ❧❛ ♥♦♥✲❧✐♥é❛r✐té✱ ♦✉ ♣♦✉r ❞❡s s♦❧✉t✐♦♥s
r❛❞✐❛❧❡♠❡♥t s②♠étr✐q✉❡s✳ ❈❡♣❡♥❞❛♥t✱ ♣♦✉r ❞❡s ❞✐♠❡♥s✐♦♥s ❞✬❡s♣❛❝❡ s✉♣ér✐❡✉r❡s à 1✱ ❧✬❡①✐st❡♥❝❡ ❞❡
s♦❧✉t✐♦♥s ❞❡ ∆w − w + f(w) = 0 ❞✐st✐♥❝ts ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ Q✱ ❛✐♥s✐ q✉❡ ❧❛ ♣♦ss✐❜✐❧✐té q✉✬✐❧ ❡①✐st❡
❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❣é♦♠étr✐q✉❡s ❞✬♦♥❞❡s s♦❧✐t❛✐r❡s ❝♦♠♣❧✐q✉❡♥t ❧✬❛♥❛❧②s❡✳ ❈✬❡st ♣♦✉rq✉♦✐ ♥♦✉s ♥♦✉s
❧✐♠✐t♦♥s à ❧❛ ❞✐♠❡♥s✐♦♥ 1 ❞❛♥s ❝❡tt❡ ♣❛rt✐❡✳

❆s②♠♣t♦t✐q✉❡ ❞❡s s♦❧✉t✐♦♥s ❛✈❡❝ ✉♥❡ ♣r♦♣r✐été ❞❡ ❝♦♠♣❛❝✐té

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞❡s s♦❧✉t✐♦♥s ❞❡ ✭✵✳✽✮
♣♦✉r ❧❡sq✉❡❧❧❡s ✉♥ s❡✉❧ ♦❜❥❡t ♥♦♥ ❧✐♥é❛✐r❡ ❛♣♣❛r❛ît ❡♥ t❡♠♣s ❧♦♥❣✱ ❛✉ ♠♦✐♥s ♣♦✉r ✉♥❡ s✉✐t❡ ❞❡ t❡♠♣s✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡s s♦❧✉t✐♦♥s ❛tt✐ré❡ ❝♦♠♠❡ s✉✐t✳

❉é✜♥✐t✐♦♥ ✵✳✸✹✳ ❯♥❡ s♦❧✉t✐♦♥ ♠❛①✐♠❛❧❡ ~u = (u, ∂tu) ∈ C([0, Tmax), H
1 ×L2) ❞❡ ✭✵✳✽✮ ❛✈❡❝ 2 6 d 6 5

❡st ❛♣♣❡❧é ✉♥❡ s♦❧✉t✐♦♥ ❛tt✐ré❡ s✬✐❧ ❡①✐st❡ (W0,W1) ∈ H1 × L2✱ ❡t ✉♥❡ s✉✐t❡ ❞❡ t❡♠♣s tn → Tmax ❡t ❞❡
♣♦s✐t✐♦♥s yn ∈ Rd t❡❧s q✉❡

lim
n→∞

{‖u(tn)−W0(· − yn)‖H1 + ‖∂tu(tn)−W1(· − yn)‖L2} = 0. ✭✵✳✷✷✮

❖♥ ❞✐t ❛❧♦rs q✉❡ ~W = (W0,W1) ❡st ✉♥ ♣♦✐♥t ❞✬❛ttr❛❝t✐♦♥ ♣♦✉r ~u à (tn, yn)n✳

❖❜s❡r✈♦♥s q✉❡ t♦✉t ♣♦✐♥t ❞✬❛ttr❛❝t✐♦♥ (W0,W1) ❡st ❡♥ ❢❛✐t ✉♥ ét❛t st❛t✐♦♥♥❛✐r❡ (q, 0)✳ P❧✉s ♣ré✲
❝✐sé♠❡♥t✱ ❧❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡ ❡st ✈r❛✐❡✳

Pr♦♣♦s✐t✐♦♥ ✵✳✸✺✳ ❙♦✐t ~u = (u, ∂tu) ✉♥❡ s♦❧✉t✐♦♥ ❛tt✐ré❡ ❞❡ ✭✵✳✽✮✳ ❆❧♦rs ~u ∈ C([0,+∞), H1 × L2) ❡st
❞é✜♥✐ ❣❧♦❜❛❧❡♠❡♥t ♣♦✉r ❧❡s t❡♠♣s ♣♦s✐t✐❢s✱ ❡t s✐ (W0,W1) ∈ H1 ×L2 ❡st ✉♥ ♣♦✐♥t ❞✬❛ttr❛❝t✐♦♥ ♣♦✉r ~u à
(tn, yn)n✱ ❛❧♦rs W0 = q ❡st ✉♥ ét❛t ❧✐é ❞❡ ✭✵✳✶✵✮ ❡t W1 = 0✳ ❉❡ ♣❧✉s✱ ❧✬é♥❡r❣✐❡ ❡st ❜♦r♥é❡ ✐♥❢ér✐❡✉r❡♠❡♥t✱
∂tu ∈ L2([0,+∞), L2) ❡t ♣♦✉r t♦✉t t > 0✱

E(~u(t))− E(q, 0) = 2α

∫ +∞

t
‖∂tu(s)‖2L2ds. ✭✵✳✷✸✮

◆♦t❡r q✉✬✐❧ ♥✬❡st ♣❛s ❝❧❛✐r s✐ t♦✉t❡ ✉♥❡ s♦❧✉t✐♦♥ ❛tt✐ré❡ ❡st ❣❧♦❜❛❧❡♠❡♥t ❜♦r♥é❡ ❞❛♥s H1 × L2✳
❘❛♣♣❡❧♦♥s q✉❡ ❞✬❛♣rès ❧❡s ❛r❣✉♠❡♥ts ❞❡ ❬✶✻❪ ✕ ✈♦✐r ❛✉ss✐ ❬✶✷❪ ❡t ❬✸✵❪ ✕ s✐ p 6 d

d−2 ✱ ❛❧♦rs t♦✉t❡ s♦❧✉t✐♦♥
❣❧♦❜❛❧❡ ❞❡ ✭✵✳✽✮ ❡st ❣❧♦❜❛❧❡♠❡♥t ❜♦r♥é❡ ❞❛♥s H1 × L2✱ ♠❛✐s ❝❡❝✐ ♥✬❡st ♣❛s ❝♦♥♥✉ ♣♦✉r ❞❡s ♣✉✐ss❛♥❝❡s
s✉♣ér✐❡✉r❡s ❞❡ p✳

◆♦tr❡ ♣r❡♠✐❡r rés✉❧t❛t ❡st q✉❡ s✐ ✉♥ ♣♦✐♥t ❞✬❛ttr❛❝t✐♦♥ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❛tt✐ré❡ ❡st ✉♥ ét❛t ♥♦♥
❞é❣é♥éré✱ ❛❧♦rs ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡st ✈ér✐✜é❡ ♣♦✉r t♦✉t t❡♠♣s ♣♦s✐t✐❢ ❡t s❡ ♣r♦❞✉✐t à ✉♥ t❛✉① ❡①♣♦♥❡♥t✐❡❧✳
P❧✉s ♣ré❝✐sé♠❡♥t✱

❚❤é♦rè♠❡ ✵✳✸✻ ✭❬✸✷❪✮✳ ❙♦✐t ~u = (u, ∂tu) ✉♥❡ s♦❧✉t✐♦♥ ❛tt✐ré❡ ❞❡ ✭✵✳✽✮✱ ❛✈❡❝ ❧❡ ♣♦✐♥t ❞✬❛ttr❛❝t✐♦♥
q ∈ H1 à (tn, yn)n✳ ❙✐ q ❡st ✉♥ ét❛t ♥♦♥ ❞é❣é♥éré✱ ❛❧♦rs ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡st ✈❛❧❛❜❧❡ ♣♦✉r t♦✉s ❧❡s t❡♠♣s
❡t ❧❛ ❞é❝r♦✐ss❛♥❝❡ ❡st ❡①♣♦♥❡♥t✐❡❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✐❧ ❡①✐st❡ µ > 0 ❡t z∞ ∈ Rd t❡❧s q✉❡

∀t > 0, ‖u(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2 . e−µt.

❘❡♠❛rq✉❡ ✵✳✸✼✳ ❖❜s❡r✈♦♥s t♦✉t ❞✬❛❜♦r❞ q✉❡ ❧❡ ❚❤é♦rè♠❡ ✵✳✸✻ ✭❡t s❛ ♣r❡✉✈❡✮ ❡st ❛✉ss✐ ✈❛❧✐❞❡ ❡♥
❞✐♠❡♥s✐♦♥ ✶✱ ♠❛✐s ❜✐❡♥ sûr✱ ❝✬❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞✐r❡❝t❡ ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❝♦♠♣❧èt❡ ❬✸✵❪ ❞❡s s♦❧✉t✐♦♥s
❣❧♦❜❛❧❡s ❡♥ ✶❉ ✭❝♦♠♠❡ ♠❡♥t✐♦♥♥é ❞❛♥s ➓✵✳✹✳✶✱ ❧❡s ét❛ts ❡①❝✐tés ♥✬❡①✐st❡♥t q✉❡ ♣♦✉r d > 2✮✳ ❈✬❡st ❧❛
r❛✐s♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ♥♦✉s ♥♦✉s ❧✐♠✐t♦♥s à ❧❛ ❞✐♠❡♥s✐♦♥ d > 2 ❞❛♥s ❝❡tt❡ ♣❛rt✐❡✳

✷✹
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❊♥s✉✐t❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❞❡s ét❛ts ❡①❝✐tés ❞❡ ❞❡❣ré ✶ ♦ù KerLq ❛ ✉♥❡ ❞✐♠❡♥s✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡
s❛♥s ❧✐❡♥ ❛✈❡❝ ❧❡s ✐♥✈❛r✐❛♥❝❡s ❞❡ ❧✬éq✉❛t✐♦♥ ✭✵✳✶✵✮ ❡t q✉✐ ✐♠♣❧✐q✉❡ é❣❛❧❡♠❡♥t ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉r ❧❡s
❞✐✛ér❡♥t✐❡❧s ❞❡ ●❛t❡❛✉ ❞✬♦❞r❡ ✸ ❞❡ E✱ s❡❧♦♥ ❧❛ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡✳

❉é✜♥✐t✐♦♥ ✵✳✸✽✳ ❙♦✐t q ✉♥ ét❛t ❡①❝✐té ❞é❣é♥éré✱ q ❡st ❛♣♣❡❧é ✉♥ ét❛t ❡①❝✐té ❞❡ ❞❡❣ré ✶ s✬✐❧ ❡①✐st❡
φ ∈ H1 t❡❧ q✉❡

KerLq = Zq ⊕ Span{φ} ❡t E′′′(q) · (φ, φ, φ) 6= 0. ✭✵✳✷✹✮

◆♦tr❡ ❞❡✉①✐è♠❡ rés✉❧t❛t ❝♦♥❝❡r♥❡ ❧❡s ♣♦✐♥ts ❞✬❛ttr❛❝t✐♦♥ q✉✐ s♦♥t ❞❡s ét❛ts ❡①❝✐tés ❞❡ ❞❡❣ré ✶✳

❚❤é♦rè♠❡ ✵✳✸✾ ✭❬✸✷❪✮✳ ❙♦✐t ~u = (u, ∂tu) ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭✵✳✽✮✱ ❛✈❡❝ ❧❡ ♣♦✐♥t ❞❡ q ∈ H1 à (tn, yn)n✳ ❙✐
q ❡st ✉♥ ét❛t ❡①❝✐té ❞❡ ❞❡❣ré ✶✱ ❛❧♦rs ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ~u(t) → (q, 0) ❡st ✈❛❧❛❜❧❡ ♣♦✉r t♦✉s ❧❡s t❡♠♣s ❛✈❡❝
✉♥ t❛✉① ❛❧❣é❜r✐q✉❡✱ ✐✳❡✳ ✐❧ ❡①✐st❡ z∞ ∈ Rd t❡❧ q✉❡

∀t > 0, ‖u(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2 . t−1.

❊♥✜♥✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ t❛✉① ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❛♥s ❧❡ ❚❤é♦rè♠❡ ✵✳✸✾ ♣❡✉t êtr❡ ❛tt❡✐♥t ✿ ♥♦✉s
❢♦✉r♥✐ss♦♥s ✉♥ ❡①❡♠♣❧❡ ♦ù ❧❛ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡ ❡①❛❝t❡♠❡♥t ❛✉ t❛✉① t−1 ✈❡rs ❧✬ét❛t ❡①❝✐té ❞❡ ❞❡❣ré✲✶✳

❚❤é♦rè♠❡ ✵✳✹✵ ✭❬✸✷❪✮✳ ❙♦✐t q ✉♥ ét❛t ❡①❝✐té ❞❡ ❞❡❣ré ✶✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ❣❧♦❜❛❧❡ ~u =
(u, ∂tu) ∈ C([0,+∞), H1 × L2) ❞❡ ✭✵✳✽✮ t❡❧ q✉❡

‖u(t)− q‖H1 + ‖∂tu(t)‖L2 ∼ t−1 ❝♦♠♠❡ t→ +∞.

❘❡♠❛rq✉❡ ✵✳✹✶✳ ▲❡s ét❛ts ❡①❝✐tés ❞❡ ❞❡❣ré ✶ s♦♥t ❡♥ q✉❡❧q✉❡ s♦rt❡ ❧❡s ét❛ts ❜♦r♥és ❞é❣é♥érés ❧❡s ♣❧✉s
s✐♠♣❧❡s✳ ❆ ❝❡ ♣♦✐♥t ❞é❥à✱ ♦♥ ♥❡ s❛✐t q✉❡ très ♣❡✉ ❞❡ ❝❤♦s❡s✱ ❡t à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ❧❡s t❤é♦rè♠❡s ✵✳✸✾
❡t ✵✳✹✵ s♦♥t ❧❡s ♣r❡♠✐❡rs rés✉❧t❛ts ❞é❝r✐✈❛♥t ♣ré❝✐sé♠❡♥t ❧❛ ❞②♥❛♠✐q✉❡ ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❞é❣é♥éré✳ ❉❡
❝❡ ♣♦✐♥t ❞❡ ✈✉❡✱ ❧❛ ❝♦♥❞✐t✐♦♥ q✉❡ dimKerLq = dim(Zq)+ 1 ❡st très ♥❛t✉r❡❧❧❡✳ ❈♦♥❝❡r♥❛♥t ❧❛ ❝♦♥❞✐t✐♦♥
s✉♣♣❧é♠❡♥t❛✐r❡ E′′′(q) · (φ, φ, φ) 6= 0✱ ♥♦t♦♥s q✉✬❡❧❧❡ ❡st ❣é♥ér✐q✉❡ ❀ ❝✬❡st éq✉✐✈❛❧❡♥t ❛✉ ❢❛✐t q✉❡ E′′′(q)
♥✬❡st ♣❛s ✐❞❡♥t✐q✉❡♠❡♥t ♥✉❧❧❡ s✉r (KerLq)

3✳ ◆♦t♦♥s q✉❡ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧✬ét❛t ❡①❝✐té ❞❡ ❞❡❣ré ✶ ❡st
t♦✉❥♦✉rs ✉♥ ♣r♦❜❧è♠❡ ♦✉✈❡rt✳

❘❡♠❛rq✉❡ ✵✳✹✷✳ ■❧ ❡st r❡♠❛rq✉❛❜❧❡ q✉❡ ❧✬♦♥ ♦❜s❡r✈❡ ❞é❥à ✉♥ ❝❤❛♥❣❡♠❡♥t ❞r❛st✐q✉❡ ❞❛♥s ❧❛ ❞②♥❛♠✐q✉❡
❞ù à ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡ ❞❡❣ré ✶✱ ♣❛r r❛♣♣♦rt à ❧❛ ♥♦♥✲❞é❣é♥ér❡s❝❡♥❝❡✳ ▲❛ ❝♦♥✈❡r❣❡♥❝❡ ✐❝✐ ❡st ❡♥ ❡✛❡t
s✐♠♣❧❡♠❡♥t ♣♦❧②♥♦♠✐❛❧❡ ❡♥ t❡♠♣s✱ ❝❡ q✉✐ ❡st ✉♥❡ s✉r♣r✐s❡ ✿ ✉♥ t❛✉① ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❛✉ss✐ ❧❡♥t ❡st
❣é♥ér❛❧❡♠❡♥t ♦❜s❡r✈é ❡♥ r❛✐s♦♥ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ✉♥ ❛✉tr❡ ♦❜❥❡t ♥♦♥ ❧✐♥é❛✐r❡ ✭❝♦♠♠❡ ❞❛♥s ❬✷✾✱ ✸✵❪✮✱
❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ✐❝✐✳

■❧ ❝♦♥✈✐❡♥t ❞❡ ♠❡♥t✐♦♥♥❡r q✉❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❝♦♠♣❧èt❡ ❞❡ t♦✉t❡s ❧❡s s♦❧✉t✐♦♥s ❛tt✐ré❡s ❡st ✉♥ ♣r♦❜❧è♠❡
♦✉✈❡rt ✐♥tér❡ss❛♥t✱ ♠❛✐s q✉✐ s❡♠❜❧❡ ❤♦rs ❞❡ ♣♦rté❡ ♣♦✉r ❧❡ ♠♦♠❡♥t✳ ❊♥ ❡✛❡t✱ ♥♦✉s ♥❡ ❝♦♠♣r❡♥♦♥s ♣❛s ❧❛
❞②♥❛♠✐q✉❡ ❛✉t♦✉r ❞❡s ét❛ts ❡①❝✐tés ❣é♥ér❛✉①✱ ❡t ❧❡ s②stè♠❡ ❞❡s ❝❡♥tr❡s ❞❡ ♠❛ss❡ ❞❡s ét❛ts st❛t✐♦♥♥❛✐r❡s
✐♠♣❧✐q✉és ♣♦✉rr❛✐t ❛✈♦✐r ✉♥❡ ❞②♥❛♠✐q✉❡ très ❝♦♠♣❧❡①❡✳
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥ ✭❊♥❣❧✐s❤ ✈❡rs✐♦♥✮

✶✳✶ ●❡♥❡r❛❧✐t✐❡s ♦♥ ♥♦♥❧✐♥❡❛r ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥s

❚❤❡ ❛✐♠ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ st✉❞② ♥♦♥❧✐♥❡❛r ♣❤❡♥♦♠❡♥❛ ✐♥ t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥
s♦❧✉t✐♦♥s ♦❢ s♦♠❡ ♥♦♥❧✐♥❡❛r ❢♦❝✉s✐♥❣ ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥s✳ ❚❤❡ ♥♦♥❧✐♥❡❛r ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥ ✇✐t❤ ♦r
✇✐t❤♦✉t ❞❛♠♣✐♥❣ ✐s ♦❢ t❤❡ ❢♦r♠✿

∂2t u(t, x) + 2α∂tu(t, x)−∆xu(t, x) +mu(t, x) = f(u(t, x)), (t, x) ∈ R× Rd, ✭◆❲✮

✇❤❡r❡ m = 0 ♦r 1✱ α > 0 ❛♥❞ f(·) ✐s ❛ ❢♦❝✉s✐♥❣ ♥♦♥❧✐♥❡❛r✐t② ✇✐t❤ f(0) = 0✳
❚❤❡ q✉❡st✐♦♥ ♦❢ ❧♦❝❛❧ ♦r ❣❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r t❤❡ ✈❛r✐♦✉s ✇❛✈❡✲t②♣❡

❡q✉❛t✐♦♥s ✉♥❞❡r s✉✐t❛❜❧❡ r❡str✐❝t✐♦♥ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ♥♦♥❧✐♥❡❛r✐t② f ✐s ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ✐s ♥♦t ✐♥❝❧✉❞❡❞
✐♥ t❤✐s t❤❡s✐s✳ ❲❡ ♠♦st❧② ❝♦♥s✐❞❡r ❡♥❡r❣② s♦❧✉t✐♦♥s ❛♥❞ ✇❡ r❡❢❡r t♦ ❬✶✷✱ ✺✾✱ ✼✶❪ ❢♦r t❤❡ s✉❜✲❝r✐t✐❝❛❧ ❑❧❡✐♥✲
●♦r❞♦♥ ✇✐t❤ ♦r ✇✐t❤♦✉t ❞❛♠♣✐♥❣ ❛♥❞ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥s✳

❲❤❡♥ α = 0 ✐♥ ✭◆❲✮✱ t❤❡ ❡q✉❛t✐♦♥ ✐s ❛ ❍❛♠✐❧t♦♥✐❛♥ ❡q✉❛t✐♦♥✳ ❍♦✇❡✈❡r ✇✐t❤ ❛ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
♣❤❛s❡ s♣❛❝❡✱ ✐t ❝❛♥ ❜❡ t❛❦❡♥ ❢♦r ✐♥st❛♥❝❡ ❛s C∞

0 (Rd)×C∞
0 (Rd)✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✭◆❲✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥

✐♥ t❤❡ ❢♦r♠

∂t

(
u
∂tu

)
= JH

(
u
∂tu

)
+

(
0

f(u)

)
,

✇❤❡r❡

J =

(
0 Id

−Id 0

)
, H =

(
−∆+m 0

0 1

)
.

▼♦r❡♦✈❡r✱ ❧❡t F (u) =
∫ u
0 f(s)ds✳ ❚❤❡ ❡♥❡r❣② E ❛♥❞ ♠♦♠❡♥t✉♠ I ❛r❡ ❝♦♥s❡r✈❡❞✱ ✇❤❡r❡

I(t) =

∫

Rd

∇u(t, x)∂tu(t, x)dx,

E(t) =

∫

Rd

{
|∇u(t, x)|2 +mu2(t, x) + (∂tu(t, x))

2 − 2F (u(t, x))
}
dx.

❆ ❝♦r❡ q✉❡st✐♦♥ ✐♥ t❤❡ ❛r❡❛ ✐s t❤❡ s♦✲❝❛❧❧❡❞ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❝♦♥❥❡❝t✉r❡ ✇❤✐❝❤ ❛r♦s❡ ✐♥ ✼✵✬s ❛♥❞ ✽✵✬s
❢r♦♠ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✭s❡❡ ❋❡r♠✐✕P❛st❛✕❯❧❛♠ ❬✺✹❪✱ ❩❛❜✉s❦②✕❑r✉s❦❛❧ ❬✶✶✺❪✮ ❛♥❞ t❤❡ ✐♥t❡❣r❛❜❧❡
t❤❡♦r② ♦❢ ❑♦rt❡✇❡❣✕❞❡ ❱r✐❡s ✭❑❞❱✮ ❡q✉❛t✐♦♥ ✭s❡❡ ❬✺✵✱ ✺✶✱ ✶✵✻❪✮✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡ ❝♦♥❥❡❝t✉r❡
st❛t❡s t❤❛t ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥ ❜❡❤❛✈❡s ❛s②♠♣t♦t✐❝❛❧❧② ✐♥ ❧❛r❣❡ t✐♠❡ ❛s ❛
s✉♠ ♦❢ ❞❡❝♦✉♣❧❡❞ s♦❧✐t♦♥s ✭✐✳❡✳ ♠✉❧t✐✲s♦❧✐t♦♥s✮ ♣❧✉s ❛ ❞✐s♣❡rs✐✈❡ ♣❛rt ✭❧✐♥❡❛r ❜❡❤❛✈✐♦r✮✳ ❚❤❡ ❝♦♥❥❡❝t✉r❡
✐s ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣✱ ❡✈❡♥ ❢♦r t❤❡ ❝♦♠♣❧❡t❡❧② ✐♥t❡❣r❛❜❧❡ ♠♦❞❡❧s✳ ❚♦ t❤❡ ❛✉t❤♦r✬s ❦♥♦✇❧❡❞❣❡✱ ❢♦r t❤❡
❝♦♠♣❧❡t❡❧② ✐♥t❡❣r❛❜❧❡ ♠♦❞❡❧s✱ s♦ ❢❛r t❤❡ ❝♦♥❥❡❝t✉r❡ ✇❛s ❢✉❧❧② ❡st❛❜❧✐s❤❡❞ ❜② ❊❝❦❤❛✉s✲❙❝❤✉✉r ❬✺✶❪ ❢♦r
❑❞❱✱ ❜② ❙❝❤✉✉r ❬✶✵✻❪ ❛♥❞ ❈❤❡♥✲▲✐✉ ❬✶✾❪ ❢♦r ♠❑❞❱✱ ❜② ❇♦r❣❤❡s❡✲❏❡♥❦✐♥s✲▼❝▲❛✉❣❤❧✐♥ ❬✾❪ ❢♦r t❤❡ ✶❉
❝✉❜✐❝ ◆▲❙ ❛♥❞ ❛❧s♦ ❜② ❏❡♥❦✐♥s✲▲✐✉✲P❡rr②✲❙✉❧❡♠ ❬✼✵❪ ❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡ ◆▲❙✱ ✈✐❛ t❤❡ ♠❡t❤♦❞ ♦❢ ✐♥✈❡rs❡
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s❝❛tt❡r✐♥❣✳ ■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t ✈❡r② ❢❡✇ r❡s✉❧ts ❡①✐st ❢♦r ♥♦♥❧✐♥❡❛r ❞✐s♣❡rs✐✈❡ ❛♥❞ ✇❛✈❡✲t②♣❡
♠♦❞❡❧s t❤❛t ❛r❡ ♥♦t ❝♦♠♣❧❡t❡❧② ✐♥t❡❣r❛❜❧❡✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✇❛✈❡✲t②♣❡ ♠♦❞❡❧s t♦ ❜❡ st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s✿ t❤❡
♥♦♥❧✐♥❡❛r ✇❛✈❡ ❡q✉❛t✐♦♥ ✭◆▲❲✮ ✇✐t❤ t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② ✐♥ ❞✐♠❡♥s✐♦♥ d = 4, 5
✇❤✐❝❤ ✐s ❛ ♥♦♥✲✐♥t❡❣r❛❜❧❡ ♠♦❞❡❧✿

∂ttu−∆u− |u| d
d−2u = 0, (t, x) ∈ R× Rd. ✭◆▲❲✮

■♥ t❤❡ ❧❛st ✶✺ ②❡❛rs✱ t❤❡r❡ ❤❛s ❜❡❡♥ r❡♠❛r❦❛❜❧❡ ♣r♦❣r❡ss t♦✇❛r❞s t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❧♦♥❣✲t✐♠❡ ❞②✲
♥❛♠✐❝s ♦❢ t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ◆▲❲ ❡q✉❛t✐♦♥✳ ❍❡r❡✱ ✇❡ r❡✈✐❡✇ s❡✈❡r❛❧ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ s♦❧✐t♦♥
r❡s♦❧✉t✐♦♥ ❝♦♥❥❡❝t✉r❡ t❤❛t ✇❛s ♣r♦✈❡❞ ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ◆▲❲ ❡q✉❛t✐♦♥✳ ❋✐rst✱ ❛ ❝♦♠♣❧❡t❡ r❡s✉❧t
♦❢ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❢♦r t❤❡ ✸❉ r❛❞✐❛❧ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ◆▲❲ ❡q✉❛t✐♦♥ ✇❛s ♣r♦✈❡❞ ✐♥ ❉✉②❝❦❛❡rts✕❑❡♥✐❣✲
▼❡r❧❡ ❬✹✻❪ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ❝❤❛♥♥❡❧s ♦❢ ❡♥❡r❣② ❢♦r t❤❡ ❧✐♥❡❛r ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ❝♦♥❥❡❝t✉r❡ ✇❛s
❧❛t❡r ♣r♦✈❡❞ ✐♥ t❤❡ ♥♦♥✲r❛❞✐❛❧ ❝❛s❡ ❢♦r ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ❢♦r t❤❡ ✸✱✹ ❛♥❞ ✺❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ◆▲❲
❡q✉❛t✐♦♥ ✐♥ ❬✹✸❪✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ✐♥ ❬✹✻❪ ✇❛s ❡①t❡♥❞❡❞ t♦ ❛❧❧ ♦❞❞ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ r❛❞✐❛❧
❝❛s❡s ✐♥ ❬✹✾❪✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❉✉②❝❦❛❡rts✕❑❡♥✐❣✕▼❛rt❡❧✲▼❡r❧❡ ❬✹✹❪ ♣r♦✈❡❞ t❤❡ ❝♦♥❥❡❝t✉r❡ ❢♦r t❤❡ ✹❉
r❛❞✐❛❧ ❝❛s❡✳ ❙❡❡ ❬✷✸✱ ✷✹✱ ✷✺❪ ❢♦r r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥❥❡❝t✉r❡ ❢♦r t❤❡ ❝❛s❡ ♦❢ ✇❛✈❡ ♠❛♣s✳ ◆♦t❡
t❤❛t ❛ ❝♦♠♣❧❡t❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥❥❡❝t✉r❡ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ✐s ❛♥♦t❤❡r
✐♠♣♦rt❛♥t ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥✱ s❡❡♠s ♦✉t ♦❢ r❡❛❝❤ ❢♦r ♥♦✇✳

❆♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ ♥♦♥❧✐♥❡❛r ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥ t❤❛t ✇❡ st✉❞② ✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ ♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲
●♦r❞♦♥ ❡q✉❛t✐♦♥ ✭◆▲❑●✮ ✇✐t❤ ❢♦❝✉s✐♥❣✲❞❡❢♦❝✉s✐♥❣ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② ✐♥ ❞✐♠❡♥s✐♦♥ d = 1✿

∂2t u− ∂2xu+ u− |u|p−1u+ |u|q−1u = 0, (t, x) ∈ R× R, ✭✶❉◆▲❑●✮

✇❤❡r❡ 1 < p < q < ∞✳ ❚❤❡ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② ❡♥s✉r❡s t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r ❡✛❡❝t ✐s ❞❡❢♦❝✉s✐♥❣
❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ u ❛♥❞ ❢♦❝✉s✐♥❣ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ u✳

❲❡ ❛❧s♦ st✉❞② t❤❡ ❞❛♠♣❡❞ ◆▲❑● ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ s✉❜✲❝r✐t✐❝❛❧ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② ✐♥ ❞✐♠❡♥s✐♦♥
1 6 d 6 5✿

∂ttu+ 2α∂tu−∆u+ u− |u|p−1 = 0, (t, x) ∈ R× Rd, ✭❞❛♠♣❡❞◆▲❑●✮

✇❤❡r❡ α > 0 ❛♥❞ 2 < p <∞✳
❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s t❤❡s✐s ❢♦❝✉s ♦♥ t❤❡ ❧♦♥❣✲t✐♠❡ ❞②♥❛♠✐❝s ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❛♥❞ ♣r♦✈✐❞❡ str♦♥❣

❡✈✐❞❡♥❝❡ ❛♥❞ ❡①❛♠♣❧❡s ❢♦r t❤❡ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❝♦♥❥❡❝t✉r❡ ❢r♦♠ ✈❛r✐♦✉s ❛s♣❡❝ts✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡
s♣❧✐t t❤✐s s❡t ♦❢ ✇♦r❦s ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ♠♦r❡ ♣r❡❝✐s❡ t❤❡♠❛t✐❝s✿

(1) ❙t❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ✶❉ ◆▲❑● ❡q✉❛t✐♦♥ ✭➓✶✳✷✮✳

(2) ❈♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ◆▲❲ ❡q✉❛t✐♦♥ ✭➓✶✳✸✮✳

(3) ▲♦♥❣ t✐♠❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞❛♠♣❡❞ ◆▲❑● ❡q✉❛t✐♦♥ ✭➓✶✳✹✮✳ ❚❤✐s ✐s ❛ ❥♦✐♥t ♣r♦❥❡❝t ✇✐t❤ ❘❛♣❤❛ë❧
❈ôt❡ ✭■❘▼❆✱ ❋r❛♥❝❡✮✱ ❛❧s♦ ♣❛rt❧② ✇✐t❤ ❨✈❛♥ ▼❛rt❡❧ ✭❈▼▲❙✱ ❋r❛♥❝❡✮ ❛♥❞ ▲✐❢❡♥❣ ❩❤❛♦ ✭❯❙❚❈✱
❈❤✐♥❛✮✳

❚❤✐s t❤❡s✐s ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛rt✐❝❧❡s✿

• ❘✳ ❈ôt❡✱ ❨✳ ▼❛rt❡❧ ❛♥❞ ❳✳ ❨✉❛♥✱ ▲♦♥❣✲t✐♠❡ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❖♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❉❛♠♣❡❞ ◆♦♥✲
❧✐♥❡❛r ❑❧❡✐♥✕●♦r❞♦♥ ❊q✉❛t✐♦♥✳ ❆r❝❤✳ ❘❛t✐♦♥✳ ▼❡❝❤✳ ❆♥❛❧✳ ✷✸✾ ✭✷✵✷✶✮✱ ♥♦✳ ✸✱ ✶✽✸✼✲✶✽✼✹

• ❘✳ ❈ôt❡✱ ❨✳ ▼❛rt❡❧✱ ❳✳ ❨✉❛♥ ❛♥❞ ▲✳ ❩❤❛♦✱ ❉❡s❝r✐♣t✐♦♥ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✷✲s♦❧✐t❛r② ✇❛✈❡s ❢♦r
♥♦♥❧✐♥❡❛r ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥s✳ Pr❡♣r✐♥t✱ ❛r❳✐✈✿✶✾✵✽✳✵✾✺✷✼✱ s✉❜♠✐tt❡❞✳

• ❘✳ ❈ôt❡ ❛♥❞ ❳✳ ❨✉❛♥✱ ❆s②♠♣t♦t✐❝s ♦❢ s♦❧✉t✐♦♥s ✇✐t❤ ❛ ❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt② ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r
❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥✳ Pr❡♣r✐♥t✱ ❛r❳✐✈ ✿✷✶✵✷✳✶✶✶✼✽✱ s✉❜♠✐tt❡❞✳

• ❳✳ ❨✉❛♥✱ ❈♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ✶❉ ◆▲❑● ❡q✉❛t✐♦♥ ✇✐t❤ ❞♦✉❜❧❡ ♣♦✇❡r
♥♦♥❧✐♥❡❛r✐t②✳ ❚♦ ❛♣♣❡❛r ✐♥ ❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛ré ❆♥❛❧✳ ◆♦♥ ▲✐♥é❛✐r❡✳

✷✽
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• ❳✳ ❨✉❛♥✱ ❖♥ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥ ✺✳ ◆♦♥❧✐♥❡❛r✐t②
✸✷ ✭✷✵✶✾✮✱ ♥♦✳ ✶✷✱ ✺✵✶✼✕✺✵✹✽✳

• ❳✳ ❨✉❛♥✱ ❈♦♥str✉❝t✐♦♥ ♦❢ ❡①❝✐t❡❞ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ✺❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❚♦
❛♣♣❡❛r ✐♥ ❏✳ ❍②♣❡r❜♦❧✐❝ ❉✐✛❡r✳ ❊q✉✳

• ❳✳ ❨✉❛♥✱ ❈♦♥str✉❝t✐♦♥ ♦❢ ❡①❝✐t❡❞ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ❢♦❝✉s✐♥❣ ✹❉ ❝✉❜✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥✳ Pr❡♣r✐♥t✱
❛r❳✐✈ ✿✷✶✵✸✳✵✹✶✻✽✱ s✉❜♠✐tt❡❞✳

✶✳✷ ❚❤❡ ✶❉ ◆▲❑● ❡q✉❛t✐♦♥ ✇✐t❤ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t②

✶✳✷✳✶ ❇❛❝❦❣r♦✉♥❞

❈♦♥s✐❞❡r t❤❡ ✶❉ ◆▲❑● ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ❢♦❝✉s✐♥❣✲❞❡❢♦❝✉s✐♥❣ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t②✱

{
∂2t u− ∂2xu+ u− |u|p−1u+ |u|q−1u = 0, (t, x) ∈ [0,∞)× R,

u|t=0 = u0 ∈ H1(R), ∂tu|t=0 = u1 ∈ L2(R),

✇❤❡r❡ 1 < q < p < ∞✳ ❚♦ ❡①♣r❡ss t❤✐s ❡q✉❛t✐♦♥ ✐♥ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r♠✱ ✇❡ r❡✇r✐t❡ ✐t ❛s ❛ ✜rst ♦r❞❡r
s②st❡♠ ✐♥ t✐♠❡ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ ~u = (u1, u2)✱

∂t

(
u1
u2

)
= JH

(
u1
u2

)
+

(
0

f(u1)

)
, ✭✶✳✶✮

✇❤❡r❡

J =

(
0 1
−1 0

)
, H =

(
−∂2x + 1 0

0 1

)
, f(u1) = |u1|p−1u1 − |u1|q−1u1.

▲❡t F (u) =
∫ u
0 f(σ)dσ = 1

p+1 |u|p+1 − 1
q+1 |u|q+1✳ ❋♦r ❛♥② s♦❧✉t✐♦♥ ~u = (u1, u2) ♦❢ ✭✶✳✶✮ ✐♥ H1 ×L2✱ t❤❡

❡♥❡r❣② E(~u) ❛♥❞ ♠♦♠❡♥t✉♠ I(~u) ❛r❡ ❝♦♥s❡r✈❡❞✱ ✇❤❡r❡

E(~u) =

∫

R

{
(∂xu1)

2 + u21 + u22 − 2F (u1)
}
dx, I(~u) = 2

∫

R

(∂xu1)u2dx.

❆ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✱ ✐✳❡✳ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥ ~u(t, x) = (q(x), 0) ♦❢ ✭✶✳✶✮ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❛♥
H1 ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❖❉❊ ♣r♦❜❧❡♠

q′′ − q + f(q) = 0 ♦♥ R. ✭✶✳✷✮

❋♦❧❧♦✇✐♥❣ ❬✼❪✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✭✉♣ t♦ tr❛♥s❧❛t✐♦♥✮ H1 ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✮ ❛♥❞
t❤❡ s♦❧✉t✐♦♥ ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❡✈❡♥✳ ❚❤❡ ✉♥✐q✉❡ ❡✈❡♥ s♦❧✉t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❣r♦✉♥❞ st❛t❡✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡
❜② Q✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ ~Q = (Q, 0)✱ ♦♥❡ ♦❜t❛✐♥s tr❛✈❡❧✐♥❣ s♦❧✐t❛r② ✇❛✈❡s ♦r
s♦❧✐t♦♥s✿ ❢♦r ℓ ∈ R✱ ✇✐t❤ −1 < ℓ < 1✱ ❧❡t

Qℓ(x) = Q

(
x√

1− ℓ2

)
, ~Qℓ =

(
Qℓ

−ℓ∂xQℓ

)
,

t❤❡♥ ~u(t, x) = ~Qℓ(x− ℓt) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮✳
▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t t❤❡ ❛❜♦✈❡ s♦❧✉t✐♦♥s ❛r❡ ✉♥st❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧

❞❛t❛ ✇✐t❤ ♦♥❡ ❞✐r❡❝t✐♦♥ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t②✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❢r♦♠ ❙t✉r♠✕▲✐♦✉✈✐❧❧❡ t❤❡♦r②✱ t❤❡
♦♣❡r❛t♦r

L = −∂2x + 1− f ′(Q)

✷✾
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❛♣♣❡❛r✐♥❣ ❛❢t❡r ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❛r♦✉♥❞ ~Q = (Q, 0)✱ ❤❛s ❛ ✉♥✐q✉❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡
−ν20 (ν0 > 0)✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ s♠♦♦t❤ ❡✈❡♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ Y ✳ ❙❡t

~Y + =

(
Y
ν0Y

)
❛♥❞ ~u+(t, x) = exp(ν0t)~Y

+(x).

❋r♦♠ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ ❢✉♥❝t✐♦♥ ~u+(t, x) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ s②st❡♠
{
∂tu1 = u2

∂tu2 = −Lu1.

❙✐♥❝❡ ν0 > 0✱ t❤❡ s♦❧✉t✐♦♥ ~u+ ✐❧❧✉str❛t❡s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡ ~Q ✐♥ ♣♦s✐t✐✈❡
t✐♠❡✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r −1 < ℓ < 1✱ t❤❡r❡ ❡①✐sts t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥ ❛r♦✉♥❞ ~Qℓ✱

Yℓ = Y

(
x√

1− ℓ2

)
❛♥❞ ~Z+

ℓ =


 (ℓ∂xYℓ +

ν0√
1−ℓ2

Yℓ)e
ℓν0√
1−ℓ2

x

Yℓe
ℓν0√
1−ℓ2

x


 .

❈♦♥❝❡r♥✐♥❣ ♠✉❧t✐✲s♦❧✐t♦♥s ✭s♦❧✉t✐♦♥s ❝♦♥t❛✐♥✐♥❣ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ s♦❧✐t♦♥s✮✱ ♦♥❡ ♦❢ t❤❡ ✜rst
✐♥tr✉s✐♦♥s ✐♥t♦ t❤✐s st✉❞② ❢♦r ✭✶✳✶✮ ✐s t❤❡ ✇♦r❦ ♦❢ ❈ôt❡✲▼✉ñ♦③ ❬✸✶❪ ✇❤❡r❡ t❤❡② ❝♦♥str✉❝t❡❞ t❤❡ ✜rst
❡①❛♠♣❧❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❜❛s❡❞ ♦♥ t❤❡ ❣r♦✉♥❞ st❛t❡ ❢♦r ✭✶✳✶✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

❚❤❡♦r❡♠ ✶✳✶ ✭❊①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s✱ ❬✸✶❪✮✳ ▲❡t ℓ1, · · · , ℓN ❜❡ ❛ s❡t ♦❢ ❞✐✛❡r❡♥t ✈❡❧♦❝✐t✐❡s ✇✐t❤
ℓn 6= ℓn′ ❢♦r ❛❧❧ n 6= n′ ❛♥❞ x1, · · · , xN s❤✐❢t ♣❛r❛♠❡t❡rs✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❛ t✐♠❡ T0 > 0✱ ❝♦♥st❛♥ts
C > 0✱ ❛♥❞ γ0 > 0 ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❡t (ℓn)n✱ (xn)n ❛♥❞ ❛ s♦❧✉t✐♦♥ ~u(t) = (u1(t), u2(t)) ∈
C
(
[T0,∞) : H1 × L2

)
♦❢ ✭✶✳✶✮✱ ❣❧♦❜❛❧❧② ❞❡✜♥❡❞ ❢♦r ❢♦r✇❛r❞ t✐♠❡s ❛♥❞ s❛t✐s❢②✐♥❣

∥∥~u(t)−
N∑

n=1

~Qℓn(x− ℓnt− xn)
∥∥
H1×L2 6 Ce−γ0t.

❘❡♠❛r❦ ✶✳✷✳ ❈ôt❡✲▼✉ñ♦③ ❬✸✶❪ st✉❞✐❡❞ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ✐✳❡✳ ❢♦r ❛♥② s♣❛❝❡ ❞✐♠❡♥s✐♦♥ d ∈ N+

❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r✐t✐❡s ✐♥❝❧✉❞✐♥❣ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t②✳ ■♥ ♣❛r❛❧❧❡❧✱ ❇❡❧❧❛③③✐♥✐✲●❤✐♠❡♥t✐✲
▲❡ ❈♦③ ❬✺❪ ❝♦♥str✉❝t❡❞ t❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞✱ st❛❜❧❡ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r ◆▲❑● ❡q✉❛t✐♦♥✳ ▲❛t❡r✱ ❈ôt❡✲
▼❛rt❡❧ ❬✷✻❪ ❡①t❡♥❞❡❞ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t ♦❢ ❬✸✶❪ t♦ ❛♥② ❜♦✉♥❞ st❛t❡ ❢♦r t❤❡ ◆▲❑● ❡q✉❛t✐♦♥ ✇✐t❤ ♣✉r❡
♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t②✳

✶✳✷✳✷ ▼❛✐♥ r❡s✉❧t

❋r♦♠ ➓✶✳✷✳✶✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ s✐♥❣❧❡ s♦❧✐t♦♥ ✐s ✉♥st❛❜❧❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠✉❧t✐✲s♦❧✐t♦♥s
❝♦♥str✉❝t❡❞ ✐♥ ❬✸✶❪ ❛r❡ ❛❧s♦ ✉♥st❛❜❧❡✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s
✇✐t❤ ❞✐✛❡r❡♥t s♣❡❡❞s ❢♦r ✭✶✳✶✮✱ ♦♥❧② ❝♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✿ ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ ❝❧♦s❡ t♦ t❤❡
✐♥✐t✐❛❧ ❞❛t❛ ❢♦r ❛ ❣✐✈❡♥ ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❛♣♣r♦♣r✐❛t❡❧② ❛❞❥✉st❡❞ ❛❧♦♥❣ ❡❛❝❤ ❡①♣♦♥❡♥t✐❛❧❧②
✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥ s♦ t❤❛t t❤❡ s♦❧✉t✐♦♥ ❧❛✉♥❝❤❡❞ ❜② t❤❡ ♠♦❞✐✜❡❞ ✐♥✐t✐❛❧ ❞❛t❛ ✐s ❡✈❡♥t✉❛❧❧② st❛❜❧❡ ✐♥
t✐♠❡ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ ❛ ♥❡❛r❜② ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥t s♣❡❡❞s✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r ✭✶✳✶✮ ❛s ♠❡♥t✐♦♥❡❞
❛❜♦✈❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

❚❤❡♦r❡♠ ✶✳✸ ✭❈♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s✱ ❬✶✶✸❪✮✳ ▲❡t N > 2✳ ❋♦r ❛❧❧ n ∈ {1, . . . , N}✱ ❧❡t
σn = ±1✱ ℓn ∈ (−1, 1) ✇✐t❤ −1 < ℓ1 < ℓ2 < · · · < ℓN < 1✳ ❚❤❡r❡ ❡①✐st L0 > 0✱ C0 > 0✱ γ0 > 0 ❛♥❞
δ0 > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s tr✉❡✳ ▲❡t ~ε ∈ H1 × L2 ❛♥❞ y01 < · · · < y0N ❜❡ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐st
L > L0 ❛♥❞ 0 < δ < δ0 ✇✐t❤

‖~ε‖H1×L2 < δ ❛♥❞ y0n+1 − y0n > L ❢♦r ❛❧❧ n = 1, . . . , N − 1.

✸✵
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❚❤❡♥✱ t❤❡r❡ ❡①✐st h+1 , . . . , h
+
N ∈ R s❛t✐s❢②✐♥❣

N∑

n=1

|h+n | 6 C0

(
δ + e−γ0L

)
,

s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~u = (u1, u2) ♦❢ ✭✶✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

~u0 =

N∑

n=1

(
σn ~Qℓn + h+n ~Z

+
ℓn

)
(· − y0n) + ~ε

✐s ❣❧♦❜❛❧❧② ❞❡✜♥❡❞ ✐♥ H1 × L2 ❢♦r t > 0 ❛♥❞✱ ❢♦r ❛❧❧ t > 0✱

∥∥∥∥~u(t)−
N∑

n=1

σn ~Qℓn(· − yn(t))

∥∥∥∥
H1×L2

6 C0

(
δ + e−γ0L

)
,

✇❤❡r❡ y1(t), . . . , yN (t) ❛r❡ C1 ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣✱ ❢♦r ❛❧❧ n = 1, . . . , N ✱ t > 0✱

|yn(0)− y0n| 6 C0

(
δ + e−γ0L

)
, |ẏn(t)− ℓn| 6 C2

0

(
δ + e−γ0L

)
.

❘❡♠❛r❦ ✶✳✹✳ ❚❤❡ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② ✐s ❛ t②♣✐❝❛❧ ❝❤♦✐❝❡ ❢♦r ❞✐s♣❡rs✐✈❡ ♦r ✇❛✈❡ ❡q✉❛t✐♦♥s✱ ❜✉t
❚❤❡♦r❡♠ ✶✳✸ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥② ❣❡♥❡r❛❧ r❡❛❧✲✈❛❧✉❡❞ C1,α ❢✉♥❝t✐♦♥ f ✭✇✐t❤ α > 0✮ s❛t✐s❢②✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣✿

(i) ❚❤❡ ❢✉♥❝t✐♦♥ f ✐s ♦❞❞ ❛♥❞ f(0) = f ′(0) = 0✳

(ii) ❚❤❡r❡ ❡①✐sts ❛ s♠❛❧❧❡st s0 > 0 s✉❝❤ t❤❛t F (s0)− 1
2s

2
0 = 0✱ ❛♥❞ f(s0)− s0 > 0✳

(iii) ❚❤❡r❡ ❡①✐sts r0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ s ∈ (−r0, r0)✱ sf(s)− 2F (s) 6 0✳

❍❡r❡✱ F (s) =
∫ s
0 f(σ)dσ ❢♦r s ∈ R✳ ❈♦♥❞✐t✐♦♥s ✭✐✮✲✭✐✐✮ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❢♦r ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ st❛♥❞✐♥❣ ✇❛✈❡ ✐♥ ❬✼✱ ❚❤❡♦r❡♠ ✺❪✳ ❋♦❧❧♦✇✐♥❣ ❬✼✱ ❊①❛♠♣❧❡ ✷✱ ♣✳ ✸✶✽❪✱
❢♦r t❤❡ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② f ✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♠❛❧❧❡st s0 > 0 s✉❝❤ t❤❛t F (s0) − 1

2s
2
0 = 0 ✐s

❝❧❡❛r ❛♥❞ t❤❡♥

f(s0)− s0 = sp0 − sq0 − s0 =
1

s0

(
(p+ 1)F (s0) +

p− q

q + 1
sq+1
0 − s20

)

=
1

s0

(
p− q

q + 1
sq+1
0 +

p− 1

2
s20

)
> 0,

✇❤✐❝❤ ❥✉st✐✜❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ st❛♥❞✐♥❣ ✇❛✈❡ Q ❢♦r ✭✶✳✷✮✳ ❈♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❡♥s✉r❡s t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r
❡✛❡❝t ✐s ❞❡❢♦❝✉s✐♥❣ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ u1✱ ✇❤✐❝❤ ✐s ❞❡❝✐s✐✈❡ ✐♥ ♦✉r ✈✐r✐❛❧ ❛r❣✉♠❡♥t✳ ❘❡❝❛❧❧ t❤❛t t❤✐s
✐ss✉❡ ✐s ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ ❬✽✾✱ ✶✵✹❪ ❢♦r t❤❡ ◆▲❙ ❡q✉❛t✐♦♥✱ ✇❤❡r❡ ❛ ✇❡❛❦❡r ❜✉t s✐♠✐❧❛r r❡str✐❝t✐♦♥ ✐s
✐♠♣♦s❡❞ ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✳

❚♦ t❤❡ ❛✉t❤♦r✬s ❦♥♦✇❧❡❞❣❡✱ t❤✐s r❡s✉❧t ✐s t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ ✭❝♦♥❞✐t✐♦♥❛❧✮ st❛❜✐❧✐t② ♦❢ t❤❡ s✉♠s ♦❢
❞❡❝♦✉♣❧❡❞ s♦❧✐t♦♥s ❢♦r ❛ ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ str❛t❡❣② ✐♥tr♦❞✉❝❡❞ ✐♥
▼❛rt❡❧✲▼❡r❧❡✲❚s❛✐ ❬✽✽✱ ✽✾❪ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ✭❣❑❞❱✮ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥ ✭◆▲❙✮ ❡q✉❛t✐♦♥ ✐♥ ❛ s✐♠✐❧❛r ❝♦♥t❡①t✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤✐s str❛t❡❣② t♦ ❛ ✇❛✈❡✲t②♣❡
❡q✉❛t✐♦♥ r❡q✉✐r❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ♥❡✇ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❛❞❛♣t❡❞ t♦ t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠✳ ▼♦r❡
s♣❡❝✐✜❝❛❧❧②✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡♥❡r❣② ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✽✾❪✱ ✇❡ ✉s❡ ❛ s✐♠✐❧❛r ❢✉♥❝t✐♦♥❛❧ ❜❛s❡❞
♦♥ ❧♦❝❛❧✐③❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ❛♥❞ t❤❡ ❡♥❡r❣② ❛r♦✉♥❞ ❡❛❝❤ s♦❧✐t♦♥✳ ▼♦r❡♦✈❡r✱ ❛ s♣❡❝✐✜❝
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s ❤❛s t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ ✇❛✈❡✲t②♣❡ ❝❛s❡✳

❆s ✇❡ r❡♠❛r❦❡❞ ✐♥ ➓✶✳✷✳✶✱ ❡❛❝❤ s♦❧✐t♦♥ s♦❧✉t✐♦♥ ~u(t, x) = ± ~Qℓn(x − ℓnt) ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ❤❛s
❡①❛❝t❧② ♦♥❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ❞✐r❡❝t✐♦♥ ✐♥ ♣♦s✐t✐✈❡ t✐♠❡✳ ❘❡❝❛❧❧ t❤❛t s✉❝❤ ❛♥ ✐♥st❛❜✐❧✐t② ❤❛s ❧❡❞

✸✶
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t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❝♦✲❞✐♠❡♥s✐♦♥ ♦♥❡ ❝❡♥t❡r✲st❛❜❧❡ ♠❛♥✐❢♦❧❞s ❢♦r ✐♥✐t✐❛❧ ❞❛t❛ ❝❧♦s❡ t♦ ❛ s✐♥❣❧❡ s♦❧✐t♦♥
❢♦r t❤❡ ◆▲❑● ♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥s ✐♥ ❬✼✺✱ ✶✵✵✱ ✶✵✶❪✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ s✉♠ ♦❢
N ❞❡❝♦✉♣❧❡❞ s♦❧✐t♦♥s

∑N
n=1 σnQℓn(· − yn)✱ t❤✐s ❥✉st✐✜❡s t❤❡ ♥❡❡❞ ♦❢ ❛❞❥✉st✐♥❣ t❤❡ N ❢r❡❡ ♣❛r❛♠❡t❡rs

(h+n )n∈{1,...,N} ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ t♦ ♦❜t❛✐♥ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ✐♥ ❚❤❡♦r❡♠ ✶✳✸✳
❙✉❝❤ ❞✐✣❝✉❧t✐❡s ❞♦ ♥♦t ❛♣♣❡❛r ✇❤❡♥ t❤❡ s♦❧✐t♦♥s ❛r❡ st❛❜❧❡✱ ❧✐❦❡ ❢♦r t❤❡ ✭❣❑❞❱✮ ❛♥❞ ✭◆▲❙✮ ❡q✉❛t✐♦♥
✐♥ t❤❡ ♠❛ss s✉❜✲❝r✐t✐❝❛❧ ❝❛s❡s✳

❚❤❡ st✉❞② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r ✶❉◆▲❑● ✇✐t❤ ♣✉r❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t②
✐s st✐❧❧ ♦♣❡♥✳ ■♥ ❬✶✶✸❪✱ ✇❡ ❝❤♦s❡ t❤❡ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② ❢♦r t❤❡ t❡❝❤♥✐❝❛❧ r❡❛s♦♥ ♦❢ t❤❡ ✈✐r✐❛❧
❛r❣✉♠❡♥t✳ ❍♦✇❡✈❡r✱ ♣✉r❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t✐❡s f(u) = |u|p−1u ✇♦✉❧❞ ♣r♦❜❛❜❧② ♠❛❦❡ ♠♦r❡ s❡♥s❡ ✐♥
♣❤②s✐❝s✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ✐s ♦♣❡♥ ✐♥ t❤❛t ❝❛s❡✳ ◆♦t❡ t❤❛t t♦ ❝♦♥tr♦❧ t❤❡ ❡✛❡❝t ♦❢
❧♦✇ ♣♦✇❡r ❢♦❝✉s✐♥❣ ♥♦♥❧✐♥❡❛r✐t✐❡s ✐s ❛ ❝❧❛ss✐❝❛❧ ❞✐✣❝✉❧t②✱ ❛♥❞ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❡❛r❧✐❡r
✇♦r❦s ♦♥ s♦❧✐t♦♥ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ❧✐❦❡ ❬✶✸✱ ✶✹❪✳ ❆♥♦t❤❡r ♦♣❡♥ ♣r♦❜❧❡♠ r❡❧❛t❡❞ t♦ t❤❡ r❡s✉❧t ✐♥ ❬✶✶✸❪
✐s ❤♦✇ t♦ ❡①t❡♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② r❡s✉❧t t♦ t❤❡ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ◆▲❑● ❡q✉❛t✐♦♥✳ ■t ✐s ✇♦rt❤
♠❡♥t✐♦♥✐♥❣ t❤❡ ❞✐✣❝✉❧t② ♦❢ st✉❞②✐♥❣ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ ✐s ❣r❡❛t❡r t❤❛♥ ✶✱ ❧✐❡s ✐♥
❣❡♦♠❡tr✐❝ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ s♦❧✐t❛r② ✇❛✈❡s✳ ■t ❧❡❛❞s t♦ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❢♦r ✈✐r✐❛❧
❛r❣✉♠❡♥t✳ ❆❧s♦✱ ✇❡ ♠❡♥t✐♦♥ t❤❛t t❤❡ st✉❞② ♦❢ t❤❡ st❛❜✐❧✐t② ♦❢ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛✐rs ❢♦r 1+ 1 s❝❛❧❛r ✜❡❧❞s
✐s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❚♦ ❜❡ ♠♦r❡ s♣❡❝✐✜❝✱ ❢♦r ❛♥♦t❤❡r ❢❛♠✐❧② ♦❢ ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥s✱ ♥❛♠❡❧② t❤❡ 1 + 1
s❝❛❧❛r ✜❡❧❞s ✭❢♦r ❡①❛♠♣❧❡✱ t❤❡ φ2n ♠♦❞❡❧ ❢♦r n ∈ N+✮✱ s♣❡❝✐❛❧ s♦❧✉t✐♦♥s✱ ♥❛♠❡❞ ❦✐♥❦s✱ ❡①✐st✳ ❚❤❡
st❛❜✐❧✐t② ♦❢ ❛ s✐♥❣❧❡ ❦✐♥❦ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ ✐s ❦♥♦✇♥ ❛♥❞ t❤✉s ✐t ✐s ♥❛t✉r❛❧ t♦ st✉❞② t❤❡ st❛❜✐❧✐t②
♦❢ ❞❡❝♦✉♣❧✐♥❣ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛✐rs✳ ❆ ❦❡② ♣♦✐♥t ❤❡r❡✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ✶❉◆▲❑●
✇✐t❤ ♣✉r❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t②✱ ✇✐❧❧ ❜❡ t♦ ❝♦♥tr♦❧ ❧♦✇ ♣♦✇❡r ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ✭s❡❡ r❡❧❛t❡❞ ♣r♦❜❧❡♠s ❛♥❞
❛ss✉♠♣t✐♦♥s ✐♥ ❬✼✷✱ ✼✸❪✮✳

✶✳✸ ❚❤❡ ◆▲❲ ❡q✉❛t✐♦♥ ✇✐t❤ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r✐t②

✶✳✸✳✶ ❇❛❝❦❣r♦✉♥❞

❈♦♥s✐❞❡r t❤❡ ◆▲❲ ❡q✉❛t✐♦♥ ✇✐t❤ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r✐t② ✐♥ ❞✐♠❡♥s✐♦♥ d = 4, 5✱
{
∂ttu−∆u− |u| 4

d−2u = 0, (t, x) ∈ [0,∞)× Rd,

u|t=0 = u0 ∈ Ḣ1(Rd), ∂tu|t=0 = u1 ∈ L2(Rd).
✭✶✳✸✮

▲❡t F (u) = d−2
2d |u| 2d

d−2 ✳ ❋♦r ❛♥② Ḣ1×L2 s♦❧✉t✐♦♥ ~u = (u, ∂tu)✱ t❤❡ ❡♥❡r❣② E ❛♥❞ t❤❡ ♠♦♠❡♥t✉♠ P ❛r❡
❝♦♥s❡r✈❡❞ ❛❧♦♥❣ t❤❡ ✢♦✇✱ ✇❤❡r❡

E(u, ∂tu) =
1

2

∫

Rd

(
|∇u|2 + (∂tu)

2 − 2F (u)

)
dx, P (u, ∂tu) =

1

2

∫

Rd

(
∂tu∇u

)
dx.

▲♦♦❦✐♥❣ ❢♦r st❛t✐♦♥❛r② s♦❧✉t✐♦♥s u(t, x) = q(x) ♦❢ ✭✶✳✸✮ ✐♥ Ḣ1(Rd)✱ ✇❡ r❡❞✉❝❡ t♦ t❤❡ ❝r✐t✐❝❛❧ ❨❛♠❛❜❡
❡q✉❛t✐♦♥

∆q + f(q) = 0, q ∈ Ḣ1(Rd). ✭✶✳✹✮

❉❡♥♦t❡ t❤❡ s❡t ♦❢ ♥♦♥✲③❡r♦ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥s t♦ ✭✶✳✹✮ ❜②

Σ =
{
q ∈ Ḣ1(Rd)/0 : ∆q + f(q) = 0 ♦♥ Rd

}
.

❋♦r q ∈ Σ ❛♥❞ ℓ ∈ R5 s✉❝❤ t❤❛t |ℓ| < 1✱ ❧❡t

qℓ(x) = q

((
1√

1− |ℓ|2
− 1

)
ℓ(ℓ · x)
|ℓ|2 + x

)
, ✭✶✳✺✮

t❤❡♥ u(t, x) = qℓ(x− ℓt) ✐s ❛ ❣❧♦❜❛❧✱ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✮✳

✸✷
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■t ✐s ❦♥♦✇♥ ❜② t❤❡ r❡s✉❧ts ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✸✱ ✶✺✱ ✶✵✷✱ ✶✵✽❪ t❤❛t ✉♣ t♦ s✐❣♥✱ ❞✐❧❛t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥✱
t❤❡ ♦♥❧② ♣♦s✐t✐✈❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✮ ✐s t❤❡ ❣r♦✉♥❞ st❛t❡ W ✱ ✇❤❡r❡ W ❤❛s t❤❡ ❡①♣❧✐❝✐t ❢♦r♠

W (x) =

(
1 +

|x|2
d(d− 2)

)− d−2
2

♦♥ Rd.

❋✉♥❝t✐♦♥s q ∈ Σ ✇✐t❤ q 6= W ✭✉♣ t♦ s✐❣♥✱ ❞✐❧❛t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥✮ ❛r❡ ❝❛❧❧❡❞ ❡①❝✐t❡❞ st❛t❡s✳ ❚❤❡ ❡①✐s✲
t❡♥❝❡ ♦❢ ❡①❝✐t❡❞ st❛t❡s t❤❛t ❛r❡ ♥♦♥r❛❞✐❛❧ s✐❣♥✲❝❤❛♥❣✐♥❣✱ ❛♥❞ ✇✐t❤ ❛r❜✐tr❛r② ❧❛r❣❡ ❡♥❡r❣② ✇❛s ✜rst ♣r♦✈❡❞
❜② ❉✐♥❣ ❬✹✷❪ ✉s✐♥❣ ❛ ✈❛r✐❛t✐♦♥❛❧ ❛r❣✉♠❡♥t✳ ▲❛t❡r✱ ♠♦r❡ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥s ♦❢ s✐❣♥ ❝❤❛♥❣✐♥❣ s♦❧✉t✐♦♥s
❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❞❡❧ P✐♥♦✲▼✉ss♦✲P❛❝❛r❞✲P✐st♦✐❛ ❬✸✻❪✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡② ❝♦♥str✉❝t❡❞ s♦❧✉✲
t✐♦♥s ✇✐t❤ ❛ ❝❡♥t❡r❡❞ s♦❧✐t♦♥ ❝r♦✇♥❡❞ ❜② ♥❡❣❛t✐✈❡ s♣✐❦❡s ✭r❡s❝❛❧❡❞ s♦❧✐t♦♥s✮ ❛t t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ r❡❣✉❧❛r
♣♦❧②❣♦♥ ♦❢ r❛❞✐✉s ✶✳ ❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r ❣❡♥❡r❛❧ str❛t❡❣② ✐♥ ❬✸✻❪✱ t❤❡② ❝♦♥str✉❝t❡❞ s✐❣♥✲❝❤❛♥❣✐♥❣✱
♥♦♥✲r❛❞✐❛❧ s♦❧✉t✐♦♥s t♦ ❨❛♠❛❜❡✲t②♣❡ ❡q✉❛t✐♦♥ ♦♥ t❤❡ s♣❤❡r❡ Sd ✭d > 4✮ ✇❤♦s❡ ❡♥❡r❣② ✐s ❝♦♥❝❡♥tr❛t❡❞
❛❧♦♥❣ s♣❡❝✐❛❧ s✉❜♠❛♥✐❢♦❧❞s ♦❢ Sd ✐♥ ❬✸✼❪✳

❋♦❧❧♦✇✐♥❣ ❬✹✽❪✱ ✇❡ ✜rst ❞✐s❝♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ✐♥✈❛r✐❛♥❝❡s ♦❢ ✭✶✳✹✮✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✭✶✳✹✮ ✐s ✐♥✈❛r✐❛♥t
✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r tr❛♥s❢♦r♠❛t✐♦♥s✿

(i) tr❛♥s❧❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ q(x+ x0) ∈ Σ ❢♦r ❛❧❧ x0 ∈ Rd❀

(ii) ❞✐❧❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ λ
d−2
2 q(λx) ∈ Σ ❢♦r ❛❧❧ λ ∈ (0,∞)❀

(iii) ♦rt❤♦❣♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ q (Ox) ∈ Σ ❢♦r ❛❧❧ O ∈ Od✳

(iv) ❑❡❧✈✐♥ tr❛♥s❢♦r♠❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ Kq ∈ Σ ✇❤❡r❡ Kq(x) = 1
|x|d−2 q

(
x

|x|2
)
✳

❲❡ ❞❡♥♦t❡ ❜② M t❤❡ ❣r♦✉♣ ♦❢ ✐s♦♠❡tr✐❡s ♦❢ Ḣ1 ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ❢♦✉r tr❛♥s❢♦r♠❛t✐♦♥s✳
❋r♦♠ ❬✹✽✱ ❙❡❝t✐♦♥ ✸❪✱ ✇❡ s❡❡ t❤❛tM ❞❡✜♥❡s ❛Nd✲♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞
♦❢ t❤❡ ✐❞❡♥t✐t②✱ ✇❤❡r❡ t❤❡ ❞✐♠❡♥s✐♦♥ Nd ✐s ❣✐✈❡♥ ❜②

Nd = 2d+ 1 +
d(d− 1)

2
, ❢♦r d = 4, 5.

■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r q ∈ Σ✱ ✇❡ ❞❡♥♦t❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r ❛r♦✉♥❞ q ❜②

Lq = −∆− f ′(q) = −∆− d+ 2

d− 2
|q| 4

d−2 .

❙❡t t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ Lq

Zq =
{
f ∈ Ḣ1(Rd) : Lqf = 0

}
.

❲❡ ❞❡♥♦t❡ t❤❡ s✉❜s♣❛❝❡ ♦❢ Zq ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❢❛♠✐❧② ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s M ❜②

Z̃q = Span

{
d− 2

2
q + x · ∇q; (xi∂xjq − xj∂xiq), 1 6 i < j 6 d;

∂xiq; (2− d)xiq + |x|2∂xiq − 2xi(x · ∇q), 1 6 i 6 d

}
.

❲❡ ♥♦t❡ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Z̃q ✐s ❛t ♠♦st Nd✱ ❜✉t ✐♥ ♣r✐♥❝✐♣❧❡ ✐t ❝♦✉❧❞ ❜❡ str✐❝t❧② ❧❡ss t❤❛♥ Nd ✐❢ q
❤❛s s②♠♠❡tr✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣♦s✐t✐✈❡ r❛❞✐❛❧ s♦❧✉t✐♦♥ q =W ✱

Z̃W = Span

{
d− 2

2
W + x · ∇W,∂xiW, 1 6 i 6 d

}
❛♥❞ dimZ̃W = d+ 1.

❉✉②❝❦❛❡rts✕❑❡♥✐❣✕▼❡r❧❡ ❬✹✽❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ ♥♦♥❞❡❣❡♥❡r❛❝② ❢♦r ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✹✮✳

✸✸
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❉❡✜♥✐t✐♦♥ ✶✳✺✳ ▲❡t q ∈ Σ✳ q ✐s ❝❛❧❧❡❞ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ ✐❢ Zq = Z̃q✳

❘❡♠❛r❦ ✶✳✻✳ ❚❤❡ ✜rst ♥♦♥tr✐✈✐❛❧ ❡①❛♠♣❧❡ ♦❢ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡ ✇❛s ♦❜t❛✐♥❡❞ ✐♥
▼✉ss♦✲❲❡✐ ❬✾✾❪✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡② ♣r♦✈❡❞ t❤❛t t❤❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡s ❝♦♥str✉❝t❡❞ ✐♥ ❬✸✻❪ ❛r❡ ♥♦♥✲
❞❡❣❡♥❡r❛t❡✳ ▲❛t❡r✱ ❢♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r str❛t❡❣②✱ ▼❡❞✐♥❛✲▼✉ss♦✲❲❡✐ ❬✾✶❪ ❝♦♥str✉❝t❡❞ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡
st❛t❡ ✇✐t❤ ♠❛①✐♠❛❧ r❛♥❦✱ ✐✳❡✳ dimZ̃q = Nd✱ ❢♦r t❤❡ ❝❛s❡ d = 4✳

❘❡♠❛r❦ ✶✳✼✳ ❚❤❡ ♥♦♥❞❡❣❡♥❡r❛❝② ❛ss✉♠♣t✐♦♥ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r✐❣✐❞✐t② ❝♦♥✲
❥❡❝t✉r❡ ❢♦r s♦❧✉t✐♦♥s ♦❢ ✭✶✳✸✮ ✇✐t❤ t❤❡ ❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt②✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡ r✐❣✐❞✐t② ❝♦♥❥❡❝t✉r❡
s❛②s t❤❛t t❤❡ s♦❧✐t❛r② ✇❛✈❡s Qℓ ✇✐t❤ Q ∈ Σ ❛♥❞ |ℓ| < 1 ❛r❡ t❤❡ ♦♥❧② s♦❧✉t✐♦♥s ♦❢ ✭✶✳✸✮ ✇✐t❤ t❤❡ ❝♦♠✲
♣❛❝t♥❡ss ♣r♦♣❡rt②✳ ❚❤❡ r✐❣✐❞✐t② ❝♦♥❥❡❝t✉r❡ ❤❛s ♦♥❧② ❜❡❡♥ ♣r♦✈❡♥ ✉♥❞❡r t❤❡ ♥♦♥❞❡❣❡♥❡r❛❝② ❛ss✉♠♣t✐♦♥
✐♥ ❬✹✽❪✳

❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ r❡❧❛t❡❞ t♦ t❤❡ ❞❡❝❛② r❛t❡ ♦❢ q ∈ Σ ❢♦r ❢✉rt❤❡r r❡❢❡r❡♥❝❡✳

❉❡✜♥✐t✐♦♥ ✶✳✽✳ ▲❡t q ∈ Σ✳ q ✐s ❝❛❧❧❡❞ ❛ ❞❡❝❛②✐♥❣ st❛t❡ ✐❢ |q(x)| . 〈x〉−(d−1) ♦♥ Rd✳

❘❡♠❛r❦ ✶✳✾✳ ❆s ♥♦t✐❝❡❞ ✐♥ ❬✹✽✱ ❘❡♠❛r❦ ✸✳✷❪✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❞❡❝❛②✐♥❣ st❛t❡s ❢♦❧❧♦✇s ❜② tr❛♥s❧❛t✐♦♥
❛♥❞ t❤❡ ❑❡❧✈✐♥ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r t❤❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡ ❝♦♥str✉❝t❡❞ ✐♥ ❬✸✻❪✳

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ➓✶✳✶✱ t❤❡ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❝♦♥❥❡❝t✉r❡ ✐♥ t❤❡ ✸❉ r❛❞✐❛❧ ❝❛s❡ ❤❛s ❜❡❡♥ ❢✉❧❧②
s♦❧✈❡❞ ✐♥ ❉✉②❝❦❛❡rts✱ ❑❡♥✐❣✱ ▼❡r❧❡ ❬✹✻❪✱ ❛♥❞ ❤❛s ❛❧s♦ ❜❡❡♥ ♣r♦✈❡♥ ❢♦r ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ✐♥ ✸✱ ✹
❛♥❞ ✺❉ ✐♥ ❉✉②❝❦❛❡rts✲❏✐❛✕❑❡♥✐❣✕▼❡r❧❡ ❬✹✸❪✳ ❘❡❝❡♥t❧②✱ ❉✉②❝❦❛❡rts✕❑❡♥✐❣✕▼❛rt❡❧✲▼❡r❧❡ ❬✹✹❪ ♣r♦✈❡❞
t❤❡ ❝♦♥❥❡❝t✉r❡ ❢♦r ❝r✐t✐❝❛❧ ❝♦✲r♦t❛t✐♦♥❛❧ ✇❛✈❡ ♠❛♣s ❛♥❞ ✹❉ r❛❞✐❛❧ ❝✉❜✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❙✐♥❝❡ t❤❡
❢r❛♠❡✇♦r❦ ✐♥ t❤✐s ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐s d = 4, 5 ❛♥❞ ✐s ✇✐t❤♦✉t r❛❞✐❛❧ ❛ss✉♠♣t✐♦♥✱ ❤❡r❡ ✇❡ ♦♥❧② r❡❝❛❧❧
t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ✐♥ ❬✹✸❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

❚❤❡♦r❡♠ ✶✳✶✵ ✭❙♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❢♦r ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t✐♠❡✱ ❬✹✸❪✮✳ ▲❡t d = 4, 5 ✐♥ ✭✶✳✸✮✳ ▲❡t ~u =

(u, ∂tu) ∈ C
(
[0,∞) : Ḣ1(Rd) × L2(Rd)

)
✇✐t❤ u ∈ L

d+2
d−2

t L
2 d+2
d−2

x ([0, T ) × Rd) ❢♦r ❛♥② 0 < T < ∞ ❜❡ ❛
❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✮ t❤❛t s❛t✐s✜❡s

sup
t∈[0,∞)

‖~u(t)‖Ḣ1×L2 <∞.

❚❤❡♥ t❤❡r❡ ❡①✐st ❛ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥ ~uL = (uL, ∂tu
L) t♦ t❤❡ ❧✐♥❡❛r ✇❛✈❡ ❡q✉❛t✐♦♥

∂ttu−∆u = 0, ✐♥ (t, x) ∈ R× Rd,

❛♥❞ ❛♥ ✐♥t❡❣❡r J∗ > 0❀ ❛ t✐♠❡ s❡q✉❡♥❝❡ tn → ∞✱ s❝❛❧❡s λjn ✇✐t❤ λjn > 0 ❛♥❞ limn→∞
λj
n

tn
= 0❀ ♣♦s✐t✐♦♥s

c
j
n ∈ Rd s❛t✐s❢②✐♥❣ c

j
n ∈ Bβtn(0) ❢♦r s♦♠❡ β ∈ (0, 1) ✇✐t❤ ℓj = lim

n→∞
c
j
n

tn
✇❡❧❧ ❞❡✜♥❡❞❀ ❛♥❞ Qj ∈ Σ ❢♦r

1 6 j 6 J∗✱ s✉❝❤ t❤❛t

lim
n→∞

∥∥∥∥∥∥
~u(tn)− ~uL(tn)−

J∗∑

j=1

~Qj,λj
n

ℓj

(
x− cjn

)
∥∥∥∥∥∥
Ḣ1×L2

= 0,

✇❤❡r❡

~Qj,λj
n

ℓj
=

(
1

(λjn)
d
2
−1
Qj

ℓj

( ·
λjn

)
,− 1

(λjn)
d
2

(
ℓn · ∇Qj

ℓj

)( ·
λjn

))
.

❘❡♠❛r❦ ✶✳✶✶✳ ■❢ J∗ = 0 ✐♥ t❤❡ ❛❜♦✈❡ st❛t❡♠❡♥t✱ t❤❡r❡ ✐s ♥♦ s♦❧✐t♦♥ ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ❛♥❞
t❤❡ s♦❧✉t✐♦♥ s❝❛tt❡rs t♦ ❛ ❧✐♥❡❛r s♦❧✉t✐♦♥✳ ❚❤❡ s❝❛tt❡r✐♥❣ t❤❡♦r② ♦❢ ✭✶✳✸✮ ✇❛s s✉❝❝❡ss❢✉❧❧② ❞❡✈❡❧♦♣❡❞
✉s✐♥❣ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥✲❝♦♠♣❛❝t♥❡ss ♠❡t❤♦❞✳ ❙❡❡ ❑❡♥✐❣✲▼❡r❧❡ ❬✼✶❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳

✸✹
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❆ ♥❛t✉r❛❧ q✉❡st✐♦♥✱ ♠♦t✐✈❛t❡❞ ❜② ❬✹✸❪✱ ✐s ✇❤❡t❤❡r ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✮
✇✐t❤ ♠✉❧t✐✲s♦❧✐t♦♥s t②♣❡ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r✳ ❚❡❝❤♥✐❝❛❧❧②✱ s✉❝❤ ❝♦♥str✉❝t✐♦♥s ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧
✇❛✈❡ ❡q✉❛t✐♦♥ ❛r❡ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ t❤❛♥ ♦t❤❡r ❞✐s♣❡rs✐✈❡ ❛♥❞ ✇❛✈❡✲t②♣❡ ♠♦❞❡❧s✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✇❡❛❦
❛❧❣❡❜r❛✐❝ ❞❡❝❛② ♦❢ s♦❧✐t♦♥s✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ✜rst s✉❝❝❡ss❢✉❧❧② ❡st❛❜❧✐s❤❡❞ ❜② ▼❛rt❡❧✲▼❡r❧❡ ❬✽✺❪ ❢♦r
t❤❡ ✺❉ ❝❛s❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

❚❤❡♦r❡♠ ✶✳✶✷ ✭❊①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r ✺❉ ❝r✐t✐❝❛❧ ◆▲❲✱ ❬✽✺❪✮✳ ▲❡t d = 5 ✐♥ ✭✶✳✸✮ ❛♥❞ N > 2✳
❋♦r n ∈ {1, · · · , N}✱ ❧❡t λ∞n > 0✱ y∞

n ∈ R5✱ τn = ±1 ❛♥❞ ℓn ∈ R5 ✇✐t❤ |ℓ| < 1✱ ℓn 6= ℓn′ ❢♦r n 6= n′✳
❆ss✉♠❡ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ❤♦❧❞s

✭❆✮ ❚✇♦✲s♦❧✐t♦♥s ✭N = 2✮✳

✭❇✮ ❈♦❧❧✐♥❡❛r s♣❡❡❞s✳ ❋♦r ❛❧❧ n ∈ {1, . . . , N}✱ ℓn = ℓne1 ✇❤❡r❡ ℓn ∈ (−1, 1)✳

❚❤❡♥✱ t❤❡r❡ ❡①✐st T0 > 0 ❛♥❞ ❛ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ♦❢ ✭✶✳✸✮ ♦♥ [T0,∞) ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ s✉❝❤ t❤❛t

lim
t→∞

∥∥∥∥∥u(t)−
N∑

n=1

τn

(λ∞n )
3
2

Wℓn

( · − ℓnt− y∞
n

λ∞n

)∥∥∥∥∥
Ḣ1

= 0,

lim
t→∞

∥∥∥∥∥∂tu(t) +
N∑

n=1

τn

(λ∞n )
5
2

(ℓn · ∇Wℓn)

( · − ℓnt− y∞
n

λ∞n

)∥∥∥∥∥
L2

= 0.

❘❡♠❛r❦ ✶✳✶✸✳ ❲❡ ❡①♣❡❝t t❤❛t ❚❤❡♦r❡♠ ✶✳✶✷ st✐❧❧ ❤♦❧❞s tr✉❡ ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ❢♦r
s♣❛❝❡ ❞✐♠❡♥s✐♦♥s d > 6✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❬✽✺❪✱ ❛t t❤❡ ❢♦r♠❛❧ ❧❡✈❡❧✱ ❛❧❧ t❤❡ ✐♠♣♦rt❛♥t
❝♦♠♣✉t❛t✐♦♥s ♦❢ ❬✽✺❪ ❝❛♥ ❜❡ r❡♣r♦❞✉❝❡❞ ❢♦r d > 6✳ ❍♦✇❡✈❡r✱ t❤✐s ♣r♦♦❢ ❞♦❡s ♥♦t ❝❛rr② ♦✈❡r ❞✐r❡❝t❧② t♦
❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s d > 6✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❛t ❢♦r d > 6✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t②
✐s ♥♦ ❧♦♥❣❡r C1 ❝♦♥t✐♥✉♦✉s✳ ❘❡❝❛❧❧ t❤❛t s✉❝❤ ❞✐✣❝✉❧t✐❡s ✇❡r❡ ♦✈❡r❝♦♠❡ ❢♦r t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✐♥ t❤❡
❡♥❡r❣② s♣❛❝❡ Ḣ1 × L2 ✐♥ ❬✶✵❪✳

❘❡♠❛r❦ ✶✳✶✹✳ ■♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥ ♦❢ ❬✽✺❪✱ t❤❡ ❛✉t❤♦rs ❛❧s♦ ❝♦♥❥❡❝t✉r❡ t❤❛t ✐♥ t❤❡ ✸❉ ❛♥❞ ✹❉ ❝❛s❡✱
t❤❡r❡ ❡①✐sts ♥♦ N ✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ❜❛s❡❞ ♦♥ t❤❡ ❣r♦✉♥❞ st❛t❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✶✳✶✷✱ ❢♦r ❛♥② N > 2✳ ❚❤❡
♠❛✐♥ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❛t✱ ❞✉❡ t♦ t❤❡ s❧♦✇ ❞❡❝❛② ♦❢ ❣r♦✉♥❞ st❛t❡✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ s♦❧✐t♦♥s
♦❢ ❞✐✛❡r❡♥t s♣❡❡❞s ✐s t2−d✱ ✐✳❡✳ t−1 ✐♥ ❞✐♠❡♥s✐♦♥ ✸ ❛♥❞ t−2 ✐♥ ❞✐♠❡♥s✐♦♥ ✹✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❣❡♥❡r❛❧ str❛t❡❣②
✐♥ ❬✽✺❪✱ t❤❡s❡ ✐♥t❡r❛❝t✐♦♥s ❛r❡ t♦♦ str♦♥❣ ❛♥❞ ❝r❡❛t❡ ❞✐✈❡r❣✐♥❣ t❡r♠s ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t♦
♣r♦✈❡ t❤❡ ♥♦♥❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s r✐❣♦r♦✉s❧②✱ ♦♥❡ ✇♦✉❧❞ ♥❡❡❞ ❡♥♦✉❣❤ ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥
♦♥ ❛♥② ♠✉❧t✐✲s♦❧✐t♦♥✱ ✇❤✐❝❤ ✐s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ❢♦r ❛♥② ❞✐♠❡♥s✐♦♥ d > 3✳

✶✳✸✳✷ ▼❛✐♥ r❡s✉❧ts

■♥ t❤✐s ❛r❡❛✱ ♠② ✜rst t✇♦ r❡s✉❧ts ❛r❡ ♠❛✐♥❧② ❛❜♦✉t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♠✉❧t✐✲
s♦❧✐t♦♥s ❢♦r t❤❡ ✺❉ ❝r✐t✐❝❛❧ ◆▲❲ ❡q✉❛t✐♦♥✱ ✉♥❞❡r ✈❛r✐♦✉s ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ▲♦r❡♥t③ s♣❡❡❞s✱ ❡✐t❤❡r ❜❛s❡❞
♦♥ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦r ♦♥ s✉✐t❛❜❧❡ ❡①❝✐t❡❞ st❛t❡s✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ✜rst r❡s✉❧t ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s s✉❝❤ t❤❛t ❡❛❝❤ tr❛✈❡❧✐♥❣ ✇❛✈❡ ✐s ❣❡♥❡r❛t❡❞ ❜②
t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠ ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡✱ ❣✐✈❡♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ▲♦r❡♥t③ s♣❡❡❞s s❛t✐s❢② ❛♥
❡①♣❧✐❝✐t s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥✳

❚❤❡♦r❡♠ ✶✳✶✺ ✭❊①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r ✺❉ ❝❛s❡✱ ❬✶✶✶❪✮✳ ▲❡t d = 5 ✐♥ ✭✶✳✸✮ ❛♥❞ N > 2✳ ❋♦r
n ∈ {1, . . . , N}✱ ❧❡t λ∞n > 0, y∞

n ∈ R5✱ ǫn ∈ {±1}✱ ℓn =
∑5

i=1 ℓn,iei ✇✐t❤ |ℓn| < 1✳ ❆ss✉♠❡ t❤❛t
ℓn 6= ℓn′ ❢♦r n 6= n′✱ ❛♥❞

(
5∑

i=1

(
max

n∈{1,...,N}
ℓ2n,i

)) 1
2

<
3

5
. ✭✶✳✻✮

✸✺
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❚❤❡♥✱ t❤❡r❡ ❡①✐st T0 > 0 ❛♥❞ ❛ s♦❧✉t✐♦♥ u ♦❢ ✭✶✳✸✮ ♦♥ [T0,+∞) ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ s✉❝❤ t❤❛t

lim
t→+∞

∥∥∥∥∥u(t)−
N∑

n=1

ǫn

(λ∞n )3/2
Wℓn

( · − ℓnt− y∞
n

λ∞n

)∥∥∥∥∥
Ḣ1

= 0,

lim
t→+∞

∥∥∥∥∥∂tu(t) +
N∑

n=1

ǫn

(λ∞n )5/2
(ℓn · ∇Wℓn)

( · − ℓnt− y∞
n

λ∞n

)∥∥∥∥∥
L2

= 0.

❘❡♠❛r❦ ✶✳✶✻✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✺ ✐s ❜❛s❡❞ ♦♥ ❡①t❡♥❞✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❝♦♥str✉❝t✐♦♥ ♦❢
❛s②♠♣t♦t✐❝ ♠✉❧t✐✲s♦❧✐t♦♥s ❢r♦♠ ❬✽✺✱ ✽✻❪✳ ❚❤❡ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ✭✶✳✻✮ ✐s ♣r♦❜❛❜❧② t❡❝❤♥✐❝❛❧ ❛♥❞ ✇❡
❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t ❤♦❧❞s ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ s♣❡❡❞s✳ ❍♦✇❡✈❡r✱ ❜② ♦✉r ♠❡t❤♦❞✱ ✭✶✳✻✮
s❡❡♠s t♦ ❜❡ t❤❡ ❜❡st ❝♦♥❞✐t✐♦♥ ✉s✐♥❣ t❤❡ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❢r♦♠ ❬✽✻❪✳ ▼♦r❡♦✈❡r✱ ❝♦♥str✉❝t✐♥❣
❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ✐♠♣r♦✈✐♥❣ t❤❡ ♦♥❡ ✐♥ ❬✽✻❪ s❡❡♠s ❛ ❞✐✣❝✉❧t t❛s❦✳

❚❤❡♥✱ ✐♥s♣✐r❡❞ ❜② ❈ôt❡✲▼❛rt❡❧ ❬✷✻❪✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♥str✉❝t✐♥❣ ♠✉❧t✐✲s♦❧✐t♦♥s
❜❛s❡❞ ♦♥ ❡①❝✐t❡❞ st❛t❡s ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ s❡❝♦♥❞ r❡s✉❧t ♦❢ t❤✐s ♣❛rt✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝♦♥str✉❝t❡❞
♠✉❧t✐✲s♦❧✐t♦♥s t❤❛t ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡s ✐♥ ❬✽✺✱ ✶✶✶❪✿ ❡❛❝❤ tr❛✈❡❧✐♥❣ ✇❛✈❡ ✐s ❣❡♥❡r❛t❡❞ ❜② ▲♦r❡♥t③
tr❛♥s❢♦r♠ ❢r♦♠ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❛♥❞ ❞❡❝❛②✐♥❣ ❡①❝✐t❡❞ st❛t❡✱ ✇✐t❤ ❞✐✛❡r❡♥t ❜✉t ❝♦❧❧✐♥❡❛r ▲♦r❡♥t③ s♣❡❡❞s✳

❚❤❡♦r❡♠ ✶✳✶✼ ✭❊①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲❡①❝✐t❡❞ st❛t❡s ❢♦r ✺❉ ❝❛s❡✱ ❬✶✶✷❪✮✳ ▲❡t d = 5 ✐♥ ✭✶✳✸✮✱ N > 2 ❛♥❞
❧❡t e ❜❡ ❛ ✉♥✐t ✈❡❝t♦r ♦❢ R5✳ ❋♦r n ∈ {1, . . . , N}✱ ❧❡t ℓn ∈ R5 ❜❡ s✉❝❤ t❤❛t

ℓn = ℓne ✇❤❡r❡ −1 < ℓn < 1 ❛♥❞ ❢♦r ❛❧❧ n 6= n′✱ ℓn 6= ℓn′ ✳

▲❡t q1, . . . , qN ❜❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❞❡❝❛②✐♥❣ st❛t❡s ♦❢ ✭✶✳✹✮✳ ❚❤❡♥ t❤❡r❡ ❡①✐st T0 > 0 ❛♥❞ ❛ s♦❧✉t✐♦♥
~u = (u, ∂tu) ♦❢ ✭✶✳✸✮ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ Ḣ1 × L2✱ ❞❡✜♥❡❞ ♦♥ [T0,+∞) s✉❝❤ t❤❛t

lim
t→+∞

∥∥∥∥~u(t)−
N∑

n=1

~Qn(t)

∥∥∥∥
Ḣ1×L2

= 0,

✇❤❡r❡ ❢♦r n = 1, . . . , N ✱

~Qn(t, x) =

(
qn,ℓn (x− ℓnt)

−ℓn∂x1qn,ℓn (x− ℓnt)

)
.

▲❛st✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ✹❉ ❝❛s❡✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ➓✶✳✸✳✶✱ ✇❡ ❡①♣❡❝t t❤❡r❡ ❡①✐sts
♥♦ ♠✉❧t✐✲s♦❧✐t♦♥ ❢♦r t❤❡ ✹❉ ❝❛s❡ ❜❛s❡❞ ♦♥ t❤❡ ❣r♦✉♥❞ st❛t❡✳ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ s♣❡❝✐✜❝ ♥♦♥✲❞❡❣❡♥❡r❛t❡
st❛t❡ r❛t❤❡r t❤❛♥ t❤❡ ❣r♦✉♥❞ st❛t❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

❚❤❡♦r❡♠ ✶✳✶✽ ✭❊①✐st❡♥❝❡ ♦❢ ❡①❝✐t❡❞ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r ✹❉ ❝❛s❡✱ ❬✶✶✹❪✮✳ ▲❡t d = 4 ✐♥ ✭✶✳✸✮ ❛♥❞ ✭✶✳✹✮✳
❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡ Q ∈ Σ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s tr✉❡✳ ▲❡t N > 2 ❛♥❞
e1 ❜❡ t❤❡ ✜rst ✈❡❝t♦r ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ R4✳ ❋♦r n = 1, · · · , N ✱ ❧❡t τn = ±1 ❛♥❞ ℓn ∈ R4 ❜❡ s✉❝❤
t❤❛t

ℓn = ℓne1 ✇✐t❤ − 1 < ℓn < 1 ❛♥❞ ❢♦r ❛❧❧ n 6= n′, ℓn 6= ℓn′ .

❚❤❡♥✱ t❤❡r❡ ❡①✐st T0 > 0 ❛♥❞ ❛ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ♦❢ ✭✶✳✸✮ ♦♥ [T0,+∞) ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ Ḣ1 ×L2

s✉❝❤ t❤❛t

lim
t→+∞

∥∥∥∥∥u(t)−
N∑

n=1

τnQℓn(· − ℓnt)

∥∥∥∥∥
Ḣ1

= 0,

lim
t→+∞

∥∥∥∥∥∂tu(t) +
N∑

n=1

τnℓn∂x1Qℓn(· − ℓnt)

∥∥∥∥∥
L2

= 0.

✭✶✳✼✮

✸✻
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❘❡♠❛r❦ ✶✳✶✾✳ ❚❤❡ s♣❡❝✐✜❝ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ Q ✐♥✈♦❧✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✶✽ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡
♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡ ❝♦♥str✉❝t❡❞ ✐♥ ❬✸✻✱ ✾✾❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜② r♦t❛t✐♦♥✱ tr❛♥s❧❛t✐♦♥ ❛♥❞
❑❡❧✈✐♥ tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡✱ ✇❡ ♦❜t❛✐♥ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞
st❛t❡ t❤❛t ❞❡❝❛②s ❢❛st ❡♥♦✉❣❤ ❛t ❧❡❛st ❛❧♦♥❣ e1✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t✇♦ s✉❝❤ tr❛✈❡❧✐♥❣ ✇❛✈❡s ✇✐t❤
❞✐✛❡r❡♥t s♣❡❡❞s ❛❧♦♥❣ e1✱ ✐s ❢♦r♠❛❧❧② ♦❢ ♦r❞❡r t−4 ❢♦r ❧❛r❣❡ t✐♠❡✳ ❚❤✐s r❛t❡ ❛❧❧♦✇s ✉s t♦ ❝❧♦s❡ t❤❡ ❡♥❡r❣②
❡st✐♠❛t❡s✳ ❍♦✇❡✈❡r✱ t❤❡ s❧♦✇ ❛❧❣❡❜r❛✐❝ ❞❡❝❛② ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r✬s ❦❡r♥❡❧ ❧❡❛❞s t♦ ❛♥♦t❤❡r
t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t②✳ ❚♦ ♦✈❡r❝♦♠❡ ✐t✱ ✇❡ ♥❡❡❞ ❛ s❤❛r♣ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡
t❤❡ ❦❡r♥❡❧ ♦❢ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r✳

❘❡♠❛r❦ ✶✳✷✵✳ ■♥❞❡❡❞✱ t❤❡ ❡①✐st❡♥❝❡ ❚❤❡♦r❡♠ ✶✳✶✽ ✐s ❛❧s♦ tr✉❡ ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ ❡❛❝❤
tr❛✈❡❧✐♥❣ ✇❛✈❡ ✐s ❜❛s❡❞ ♦♥ ♥♦♥✲❞❡❣❡♥❡r❛t❡ q ✇✐t❤ t❤❡ s❛♠❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ❛s Q✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ❞♦♥✬t ♥❡❡❞ ❡❛❝❤ tr❛✈❡❧✐♥❣ ✇❛✈❡ t♦ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡✳

❚❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧ts ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❜♦t❤ r❡❧② ♦♥ t❤❡ ❣❡♥❡r❛❧ str❛t❡❣② ✉s✐♥❣ ✉♥✐❢♦r♠
❡st✐♠❛t❡s ❛♥❞ ❝♦♠♣❛❝t♥❡ss ✐♥tr♦❞✉❝❡❞ ✐♥ ▼❡r❧❡ ❬✾✷❪ ❢♦r t❤❡ L2 ❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥
✭◆▲❙✮ ❛♥❞ ▼❛rt❡❧ ❬✽✸❪ ❢♦r t❤❡ s✉❜❝r✐t✐❝❛❧ ❛♥❞ ❝r✐t✐❝❛❧ ❣❡♥❡r❛❧✐③❡❞ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥s ✭❣❑❞❱✮✳
❚❤❡ str❛t❡❣② ♦❢ t❤❡s❡ ✇♦r❦s ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ ♦t❤❡r ❞✐s♣❡rs✐✈❡ ❛♥❞ ✇❛✈❡✲t②♣❡ ♠♦❞❡❧s ✭s❡❡ ❢♦r
❡①❛♠♣❧❡ ❬✺✱ ✷✻✱ ✷✽✱ ✸✶✱ ✺✸✱ ✽✹✱ ✾✻❪✮✳

❚♦ t❤❡ ❛✉t❤♦r✬s ❦♥♦✇❧❡❞❣❡✱ ❚❤❡♦r❡♠ ✶✳✶✽ ✐s t❤❡ ✜rst r❡s✉❧t ♦❢ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ❢♦r
t❤❡ ✹❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ➓✶✳✸✳✶✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ s♦❧✉t✐♦♥s ❢♦r
t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐s ❡s♣❡❝✐❛❧❧② ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧ts ✐♥ ❬✹✹✱ ✹✸✱ ✹✻❪✳
■♥❞❡❡❞✱ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧ts ✐♥ ❬✽✺✱ ✶✶✶✱ ✶✶✷✱ ✶✶✹❪ ❝♦♠♣❧❡♠❡♥t t❤❡ st❛t❡♠❡♥ts ✐♥ ❬✹✸❪ ❜② ❡①❤✐❜✐t✐♥❣
❡①❛♠♣❧❡s ♦❢ s♦❧✉t✐♦♥s ❝♦♥t❛✐♥✐♥❣ N s♦❧✐t♦♥s ❛t t → +∞ ❢♦r ❛♥② N > 2✳ ■♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱ r❡❝❛❧❧
t❤❛t ❢♦r t❤❡ ✻❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ❏❡♥❞r❡❥ ❬✻✼❪ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ r❛❞✐❛❧ t✇♦✲❜✉❜❜❧❡
s♦❧✉t✐♦♥s✳ ▲❛t❡r✱ ❢♦r t❤❡ ✺❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ❏❡♥❞r❡❥✲▼❛rt❡❧ ❬✻✾❪ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢
N ✲❜✉❜❜❧❡ s♦❧✉t✐♦♥s ❢♦r ❛♥② N > 2✳ ❘❡❝❛❧❧ ❛❧s♦ t❤❛t✱ ❢♦r t❤❡ ✹❉ ❝❛s❡✱ ❍✐❧❧❛✐r❡t✲❘❛♣❤❛ë❧ ❬✻✷❪ ♣r♦✈❡❞ t❤❡
❡①✐st❡♥❝❡ ♦❢ t②♣❡✲■■ ✜♥✐t❡ t✐♠❡ ❜❧♦✇✲✉♣ s♦❧✐t♦♥s ❝♦♥t❛✐♥✐♥❣ s✐♥❣❧❡ s♦❧✐t♦♥✳

❲❡ r❡❢❡r t♦ ❬✸✽✱ ✸✾✱ ✹✵❪ ❢♦r r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t②♣❡✲■■ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥s ❝♦♥t❛✐♥✐♥❣
s✐♥❣❧❡ ♦r ♠✉❧t✐✲❜✉❜❜❧❡ ♦❢ t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ❤❡❛t ❡q✉❛t✐♦♥✳ P❛rt✐❝✉❧❛r❧② r❡❧❛t❡❞ t♦ ❬✶✶✹❪✱ t❤❡ ❜❧♦✇ ✉♣
♣r♦✜❧❡ ✐♥ ❬✹✵❪ ✐s t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡ ❝♦♥str✉❝t❡❞ ✐♥ ❬✸✻✱ ✾✾❪ r❛t❤❡r t❤❛♥ t❤❡ ❣r♦✉♥❞
st❛t❡ W ✳

■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲❜✉❜❜❧❡ s♦❧✉t✐♦♥s ❢♦r t❤❡ ✹❉
◆▲❲ ❡q✉❛t✐♦♥ ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ■♥ ❬✻✾❪✱ ❏❡♥❞r❡❥ ❛♥❞ ▼❛rt❡❧ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❣❧♦❜❛❧ ♠✉❧t✐✲
❜✉❜❜❧❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✺❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ◆▲❲ ❡q✉❛t✐♦♥✱ ❜❧♦✇✐♥❣ ✉♣ ✐♥ ✐♥✜♥✐t❡ t✐♠❡ ❛t ❛♥② K ❣✐✈❡♥
♣♦✐♥ts zk ♦❢ R5✳ ■♥ t❤❡ ✹❉ ❝❛s❡✱ ❞✉❡ t♦ t❤❡ ✇❡❛❦ ❞❡❝❛② ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡✱ ✇❡ ❡①♣❡❝t t❤❡ ❡①✐st❡♥❝❡
♦❢ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ❜❧♦✇✐♥❣ ✉♣ ✐♥ ✐♥✜♥✐t❡ t✐♠❡ ❛❧♦♥❣ ❧✐♥❡s ♦❢ ❞✐✛❡r❡♥t s♣❡❡❞s✱ ✐♥st❡❛❞ ♦❢ ❛t ❣✐✈❡♥ ♣♦✐♥ts✳
❚❤❡ s❡❧❢✲s✐♠✐❧❛r ❖❉❊ s②st❡♠✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t✇♦ tr❛✈❡❧✐♥❣ ✇❛✈❡ ✇✐t❤ ❞✐✛❡r❡♥t ▲♦r❡♥t③
s♣❡❡❞s ❢♦r♠❛❧❧② ❛❞♠✐ts s♦❧✉t✐♦♥s t❤❛t ❜❧♦✇ ✉♣ ✐♥ ✐♥✜♥✐t❡ t✐♠❡✳ ❚❤❡ ❞✐✣❝✉❧t✐❡s ♦❢ t❤✐s ♣r♦❜❧❡♠ ❛r❡ t♦
✜♥❞ ❛ s✉✐t❛❜❧❡ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❛♥❞ t❤❡♥ t♦ ❝♦♥str✉❝t ❛ s♦❧✉t✐♦♥ ❝❧♦s❡ t♦ t❤✐s ❛♣♣r♦①✐♠❛t❡
s♦❧✉t✐♦♥✱ ✉s✐♥❣ ❡♥❡r❣② ❡st✐♠❛t❡s ❛♥❞ ❝♦♠♣❛❝t♥❡ss✳ ❆♥♦t❤❡r ♦♣❡♥ ♣r♦❜❧❡♠ r❡❧❛t❡❞ t♦ t❤❡ r❡s✉❧ts ✐♥ ❬✻✾✱
✶✶✹❪ ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥ ♦r ♠✉❧t✐✲❜✉❜❜❧❡ s♦❧✉t✐♦♥s ❢♦r ✸❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✳
❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② t❤❡r❡ ✐s t❤❡ s❧♦✇ ❛❧❣❡❜r❛✐❝ ❞❡❝❛② ♦❢ s♦❧✐t♦♥s✱ ✇❤✐❝❤ ✐s ❡✈❡♥ ❧♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡
✹❉ ❝❛s❡✳

✶✳✹ ❚❤❡ ❞❛♠♣❡❞ ◆▲❑● ❡q✉❛t✐♦♥ ✇✐t❤ ❡♥❡r❣② s✉❜✲❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r✲

✐t②

✶✳✹✳✶ ❇❛❝❦❣r♦✉♥❞

❈♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ❢♦❝✉s✐♥❣ ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

∂ttu+ 2α∂tu−∆u+ u− f(u) = 0 (t, x) ∈ [0,∞)× Rd, ✭✶✳✽✮

✸✼
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✇❤❡r❡ f(u) = |u|p−1u✱ α > 0✱ 1 6 d 6 5 ❛♥❞ t❤❡ ❡①♣♦♥❡♥t p s❛t✐s✜❡s

2 < p < p∗(d) ✇✐t❤ p∗(d) =





∞ ✐❢ d = 1, 2,

d+ 2

d− 2
✐❢ d = 3, 4, 5.

❙❡tt✐♥❣ F (u) = 1
p+1 |u|p+1 ❛♥❞

E(~u) =
1

2

∫

Rd

{
|∇u|2 + u2 + (∂tu)

2 − 2F (u)
}
dx,

❢♦r ❛♥② H1 × L2 s♦❧✉t✐♦♥ ~u = (u, ∂tu) ♦❢ ✭✶✳✽✮✱ ✇❡ ❤❛✈❡ t❤❛t

E(~u(t2))− E(~u(t1)) = −2α

∫ t2

t1

‖∂tu(t)‖2L2dt. ✭✶✳✾✮

❚❤❡ r❡str✐❝t✐♦♥s 1 6 d 6 5 ❛♥❞ 2 < p < d+2
d−2 ❡♥s✉r❡ ❛ s✉✐t❛❜❧❡ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss t❤❡♦r② ❛♥❞

s✉✣❝✐❡♥t s♠♦♦t❤♥❡ss ♦♥ t❤❡ ♥♦♥✲❧✐♥❡❛r✐t② s♦ t❤❛t t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛r♦✉♥❞ 0 ♠❛❦❡s s❡♥s❡ ✉♣ t♦
t❤❡ s❡❝♦♥❞ ♦r❞❡r✳ ❖✉r ❛♥❛❧②s✐s ❡♥❝♦♠♣❛ss❡s t❤❡ ♠♦st ♣❤②s✐❝❛❧❧② r❡❧❡✈❛♥t ♥♦♥❧✐♥❡❛r✐t②✱ t❤❡ ✸❉ ❝✉❜✐❝
♦♥❡✳

▲❡t ✉s ✜rst r❡❝❛❧❧ ❢r♦♠ ❬✶✼❪ ✭s❡❡ ❛❧s♦ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮ s♦♠❡ ❢❡❛t✉r❡s ♦❢ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✱ ♥❛♠❡❧②
❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥

−∆q + q − f(q) = 0, q ∈ H1(Rd). ✭✶✳✶✵✮

❲❡ ❝❛❧❧ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✶✵✮ ❜♦✉♥❞ st❛t❡s✱ ❛♥❞ ❞❡♥♦t❡ B t❤❡ s❡t ♦❢ ❜♦✉♥❞ st❛t❡s✿

B = {q : q ✐s ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✵✮}.

❙t❛♥❞❛r❞ ❡❧❧✐♣t✐❝ ❛r❣✉♠❡♥ts ✭s❡❡ ❡✳❣✳ ❬✺✽❪ ♦r ❬✶✼✱ ❚❤❡♦r❡♠ ✽✳✶✳✶❪✮ s❤♦✇ t❤❛t ✐❢ q ∈ B✱ t❤❡♥ q ✐s ♦❢ ❝❧❛ss
C2(Rd) ❛♥❞ ❤❛s ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❛s |x| → +∞✱ ❛s ✇❡❧❧ ❛s ✐ts ✜rst ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳

▲❡t

W(v) =
1

2

∫

Rd

{
|∇v|2 + v2 − 2F (v)

}
dx, ❢♦r v ∈ H1.

❲❡ ❝❛❧❧ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✶✵✮ t❤❛t ♠✐♥✐♠✐③❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ W ❣r♦✉♥❞ st❛t❡s❀ t❤❡ s❡t ♦❢ ❣r♦✉♥❞ st❛t❡s
✐s ❞❡♥♦t❡❞ ❜② G

G = {q0 ∈ B : ∀q ∈ B, W(q0) 6 W(q)}.
●r♦✉♥❞ st❛t❡s ❛r❡ ✇❡❧❧✲st✉❞✐❡❞ ♦❜❥❡❝ts✳ ❚❤❡② ❛r❡ ✉♥✐q✉❡ ✉♣ t♦ s♣❛❝❡ tr❛♥s❧❛t✐♦♥ ✭❢♦r r❛t❤❡r ❣❡♥❡r❛❧
♥♦♥❧✐♥❡❛r✐t✐❡s✮✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐sts ❛ r❛❞✐❛❧ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ Q ♦❢ ❝❧❛ss C2✱ ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝r❡❛s✐♥❣✱
❛❧♦♥❣ ✇✐t❤ ✐ts ✜rst ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s✱ s✉❝❤ t❤❛t

G = {Q(x− x0) : x0 ∈ Rd}.

❲❡ r❡❢❡r t♦ ❇❡r❡st②❝❦✐✲▲✐♦♥s ❬✼❪✱ ●✐❞❛s✲◆✐✲◆✐r❡♥❜❡r❣ ❬✺✼❪✱ ❑✇♦♥❣ ❬✼✼❪✱ ❙❡rr✐♥✲❚❛♥❣ ❬✶✵✼❪✳ ▼♦r❡ s♣❡❝✐❢✲
✐❝❛❧❧②✱ t❤❡ ❣r♦✉♥❞ st❛t❡ Q ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s Q(x) = q (|x|) ✇❤❡r❡ q > 0 s❛t✐s✜❡s

q′′ +
d− 1

r
q′ − q + qp = 0, q′(0) = 0, lim

r→∞
q(r) = 0. ✭✶✳✶✶✮

■t ✐s ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t ❢♦r ❛ ❝♦♥st❛♥t κ > 0✱ ❢♦r ❛❧❧ r > 1✱
∣∣∣q(r)− κr−

d−1
2 e−r

∣∣∣+
∣∣∣q′(r) + κr−

d−1
2 e−r

∣∣∣ . r−
d+1
2 e−r.

✸✽
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■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❞✐♠❡♥s✐♦♥ d = 1✱ ✇❡ ❤❛✈❡ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r Q✿

Q(x) =

(
p+ 1

2 cosh2
(p−1

2 x
)
) 1

p−1

♦♥ R.

■t ✐s ❛❧s♦ ✇❡❧❧✲❦♥♦✇♥ ✭s❡❡ ❡✳❣✳ ●r✐❧❧❛❦✐s✲❙❤❛t❛❤✲❙tr❛✉ss ❬✻✵❪✮ t❤❛t t❤❡ ❣r♦✉♥❞ st❛t❡ Q ✐s ✉♥st❛❜❧❡ ✐♥
t❤❡ ❡♥❡r❣② s♣❛❝❡✳ ❚❤✐s r❡s✉❧t ✇❛s ❛❧s♦ ❦♥♦✇♥ ✐♥ t❤❡ ♣❤②s✐❝s ❧✐t❡r❛t✉r❡ ❛s t❤❡ ❉❡rr✐❝❦✬s ❚❤❡♦r❡♠ ❬✹✶❪✳
▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❢r♦♠ ❖❉❊ ❛r❣✉♠❡♥t✱ t❤❡ ♦♣❡r❛t♦r

L = −∆+ 1− f ′(Q)

❛♣♣❡❛r✐♥❣ ❛❢t❡r ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✽✮ ❛r♦✉♥❞ ~Q = (Q, 0) ❤❛s ❛ ✉♥✐q✉❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ −ν20
✭ν0 > 0✮✳ ❲❡ ❞❡♥♦t❡ ❜② Y t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❢♦❧❧♦✇s ❢r♦♠
❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥s t❤❛t s❡tt✐♥❣

ν± = −α±
√
α2 + ν20 ❛♥❞ ~Y ± =

(
Y
ν±Y

)
,

t❤❡ ❢✉♥❝t✐♦♥ ~ε±(t, x) = exp(ν±t)~Y ±(x) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠

{
∂tε = η

∂tη = −Lε− 2αη.
✭✶✳✶✷✮

❙✐♥❝❡ ν+ > 0✱ t❤❡ s♦❧✉t✐♦♥ ~ε+ ✐❧❧✉str❛t❡s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡ ✐♥ ♣♦s✐t✐✈❡
t✐♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❡❡ t❤❛t t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞❛♠♣✐♥❣ α > 0 ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t r❡♠♦✈❡
t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❑❧❡✐♥✲●♦r❞♦♥ s♦❧✐t❛r② ✇❛✈❡✳

■♥ ❞✐♠❡♥s✐♦♥ d = 1✱ ❞✉❡ t♦ st❛♥❞❛r❞ ❖❉❊ ❛r❣✉♠❡♥ts✱ B = G✳ ■♥ ❝♦♥tr❛st✱ ❢♦❧❧♦✇✐♥❣ ❬✶✼✱ ❘❡✲
♠❛r❦ ✽✳✶✳✶✻❪✱ ❢♦r ❛♥② d > 2✱ G ( B✳ ❋✉♥❝t✐♦♥s q ∈ B \ G ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ❡①❝✐t❡❞ st❛t❡s✳ ❘❡❝❛❧❧ t❤❛t✱
❇❡r❡st②❝❦✐✲▲✐♦♥s ❬✽❪ s❤♦✇❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✐♥✜♥✐t❡❧② ♠❛♥② r❛❞✐❛❧ ♥♦❞❛❧ ✭✐✳❡✳ s✐❣♥ ❝❤❛♥❣✐♥❣✮ s♦❧✉t✐♦♥s
✭s❡❡ ❛❧s♦ ❬✻✶✱ ✾✽❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ♠✉❝❤ ❧❡ss ✐s ❦♥♦✇♥ ❛❜♦✉t ❡①❝✐t❡❞
st❛t❡s ❡①❝❡♣t ❢♦r s♣❡❝✐✜❝ ❝♦♥str✉❝t✐♦♥s✳

❙✐♠✐❧❛r ❛s ➓✶✳✸✳✶✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥✈❛r✐❛♥❝❡s ♦❢ ✭✶✳✶✵✮✿

(i) tr❛♥s❧❛t✐♦♥✿ ■❢ q ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✵✮✱ t❤❡♥ q(x+ x0) ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✵✮ ❢♦r ❛❧❧ x0 ∈ Rd❀

(ii) ♦rt❤♦❣♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥✿ ■❢ q ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✵✮✱ t❤❡♥ q (Ox) ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✵✮ ❢♦r
❛❧❧ O ∈ Od✳

❉✉❡ t♦ t❤❡ ✐♥✈❛r✐❛♥❝❡s ♦❢ ❡q✉❛t✐♦♥s✱ Lq ❛❧✇❛②s ❤❛s ❛ ❦❡r♥❡❧✿ ❢♦r d > 1✱ ❞❡♥♦t❡ ❜② Ωij t❤❡ ❛♥❣✉❧❛r
❞❡r✐✈❛t✐✈❡s

Ωij = xi∂xj − xj∂xi ❢♦r 1 6 i < j 6 d, ✭✶✳✶✸✮

❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r s♣❛❝❡ Zq s♣❛♥♥❡❞ ❜② t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥
♦♥ q✿

Zq = Span {∂xnq, n = 1, · · · , d; Ωijq, 1 6 i < j 6 d} . ✭✶✳✶✹✮

❖♥❡ ❛❧✇❛②s ❤❛s Zq ⊂ KerLq✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❛♥❞ ❞❡❣❡♥❡r❛t❡ st❛t❡s✳

❉❡✜♥✐t✐♦♥ ✶✳✷✶✳ ▲❡t q ∈ B✳

(i) q ✐s ❝❛❧❧❡❞ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ ✐❢ Zq = KerLq✳

(ii) q ✐s ❝❛❧❧❡❞ ❛ ❞❡❣❡♥❡r❛t❡ st❛t❡ ✐❢ Zq ( KerLq✳

✸✾



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

❚❤❡ ♠♦st r❡❧❡✈❛♥t ❡①❛♠♣❧❡ ✐s ♦❢ ❝♦✉rs❡ t❤❡ ❣r♦✉♥❞ st❛t❡ Q ✇❤✐❝❤ ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳ ❇✉t ♦♥❡
s❤♦✉❧❞ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t ❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡s ❛r❡ ♥♦t ❦♥♦✇♥ t♦ ❡①✐st✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ t❤❡
❝♦♥str✉❝t✐♦♥s ✐♥ ❬✷✱ ✾✽❪ ②✐❡❧❞ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡s ❛s ✇❡❧❧✳ ❋♦r ♥♦✇✱ ❧❡t ✉s s✐♠♣❧② ♠❡♥t✐♦♥ ♦♥❡
✇❛② t♦ ✉♥❞❡rst❛♥❞ ❞❡❣❡♥❡r❛❝② ✭✇❡ ❞❡♥♦t❡ ′ ❢♦r ●❛t❡❛✉① ❞✐✛❡r❡♥t✐❛❧✮✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t q ✐s ❛ ❜♦✉♥❞
st❛t❡ ✇r✐t❡s E′(q) = 0✳ ❚❤❡♥ 〈Lqv, w〉 = E′′(q) · (v, w)✱ s♦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t q ✐s ❞❡❣❡♥❡r❛t❡✱ ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t ❢♦r s♦♠❡ φ /∈ Zq✱ t❤❡ ❧✐♥❡❛r ❢♦r♠ E′′(q) · (φ, ·) = 0✳

❲❡ ♥♦✇ r❡❝❛❧❧ t✇♦ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❧♦♥❣ t✐♠❡ ❞②♥❛♠✐❝s ♦❢ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s✳ ❋✐rst✱ ✐♥ ❬✶✷❪✱ ❢♦r
❞✐♠❡♥s✐♦♥ d ≥ 2✱ ❇✉rq✱ ❘❛✉❣❡❧ ❛♥❞ ❙❝❤❧❛❣ ♣r♦✈❡❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛♥② ❣❧♦❜❛❧ r❛❞✐❛❧ s♦❧✉t✐♦♥ t♦ ♦♥❡
r❛❞✐❛❧ ❜♦✉♥❞ st❛t❡✱ ❢♦r t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ♦❢ t✐♠❡✳ ❙❡❝♦♥❞✱ ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ d ❛♥❞ p✱ r❡s✉❧ts
✐♥ ❬✺✸✱ ✽✷❪ st❛t❡ t❤❛t ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ t✐♠❡✱ ❛♥② ❣❧♦❜❛❧ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✽✮ ❝♦♥✈❡r❣❡s t♦ ❛ s✉♠
♦❢ ❞❡❝♦✉♣❧❡❞ ❜♦✉♥❞ st❛t❡s ❛❢t❡r ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t✐♠❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

❚❤❡♦r❡♠ ✶✳✷✷ ✭❬✺✸✱ ✽✷❪✮✳ ▲❡t 1 6 d 6 4 ✇✐t❤ 1 < p < p∗(d) ♦r 5 6 d 6 6 ✇✐t❤ 1 < p < p∗∗(d) ✐♥ ✭✶✳✽✮
✇❤❡r❡

p∗(d) =





∞ ✐❢ d = 1, 2,

d+ 2

d− 2
✐❢ d = 3, 4.

❛♥❞ p∗∗(d) =
d

d− 2
✐❢ 3 6 d 6 6.

❚❤❡♥ ❢♦r ❛♥② ❣❧♦❜❛❧ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ♦❢ ✭✶✳✽✮ ❛♥❞ t✐♠❡ s❡q✉❡♥❝❡ tn → ∞✱ ✉♣ t♦ s✉❜s❡✲
q✉❡♥❝❡✱ t❤❡r❡ ❡①✐st J ∈ N+✱ ❛ s♣❛❝❡ s❡q✉❡♥❝❡ xj,n ∈ RN ❢♦r j = 1, . . . , N ✱ ❛♥❞ ❜♦✉♥❞ st❛t❡s Qj s✉❝❤
t❤❛t

lim
n→∞

{
‖u(tn)−Qj(· − xj,n)‖H1 + ‖∂tu(tn)‖L2

}
= 0,

✇❤❡r❡ {xj,n} s❛t✐s✜❡s t❤❡ s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt②✿

lim
n→∞

|xj,n − xj′,n| = ∞, ❢♦r ❛❧❧ j 6= j′.

❘❡♠❛r❦ ✶✳✷✸✳ ❚❤❡♦r❡♠ ✶✳✷✷ ✇❛s ✜rst ♣r♦✈❡❞ ✐♥ ❋❡✐r❡✐s❧ ❬✺✸❪ ❢♦r t❤❡ ❝❛s❡ 3 6 d 6 6 ✇✐t❤ 1 < p < p∗∗(d)✳
▲❛t❡r✱ ▲✐✲❩❤❛♦ ❬✽✷❪ ❡①t❡♥❞❡❞ t❤❡ r❡s✉❧t t♦ t❤❡ ❝❛s❡ 1 6 d 6 4 ✇✐t❤ 1 < p < p∗(d) ❜② ❝♦♥❝❡♥tr❛t✐♦♥
❝♦♠♣❛❝t ♠❡t❤♦❞✳ ■♥ ❬✺✸❪✱ ❋❡✐r❡✐s❧ ❛❧s♦ ❝♦♥str✉❝t❡❞ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s t❤❛t ❜❡❤❛✈❡ ❛s s✉♠ ♦❢ ❛♥ ❡✈❡♥
♥✉♠❜❡r ♦❢ ❣r♦✉♥❞ st❛t❡s ✭✐✳❡✳ ♠✉❧t✐✲s♦❧✐t♦♥s✮✳

❘❡♠❛r❦ ✶✳✷✹✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❬✶✷❪✱ s✉❝❤ r❡s✉❧ts ✐♥ ❬✶✷✱ ✺✸✱ ✽✷❪ ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❣❡♥❡r❛❧ s♦❧✐t♦♥
r❡s♦❧✉t✐♦♥ ❝♦♥❥❡❝t✉r❡ ❢♦r ❣❧♦❜❛❧ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥s ♦❢ ❞✐s♣❡rs✐✈❡ ♣r♦❜❧❡♠s✳

✶✳✹✳✷ ▼❛✐♥ r❡s✉❧ts

❚❤❡♦r❡♠ ✶✳✷✷✱ ✈❛❧✐❞ ♦♥ ❛♥② ❣❧♦❜❛❧ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥✱ ✐s r❡♠❛r❦❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐t ❞♦❡s ♥♦t ❢✉❧❧② ❞❡s❝r✐❜❡
t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❣❡♥❡r❛❧ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ❞♦❡s ♥♦t s♣❡❝✐❢② t❤❡ s✐❣♥s ♦❢
s♦❧✐t♦♥s✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♣❛r❛♠❡t❡rs✱ ✇❤❡t❤❡r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ t✐♠❡✱
❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✳ ❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥ ❛r❡ t♦ ❝♦♠♣❧❡♠❡♥t ❚❤❡♦r❡♠ ✶✳✷✷ ❜②
❞❡s❝r✐❜✐♥❣ ♣r❡❝✐s❡❧② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ❛s t → ∞ ♦❢ s♦❧✐t♦♥s ♦r ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✽✮✳
❚❤❡ ♠❛✐♥ r❡s✉❧ts ❛r❡ s♣❧✐t ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ♣❛rts✳

❉❡s❝r✐♣t✐♦♥ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✷✲s♦❧✐t❛r② ✇❛✈❡s

■♥ t❤✐s ♣❛rt✱ ✇❡ ❞❡s❝r✐❜❡ ❝♦♠♣❧❡t❡❧② ✷✲s♦❧✐t❛r② ✇❛✈❡s r❡❧❛t❡❞ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ Q✳ ❲❡ st❛rt ✇✐t❤ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s✳

❉❡✜♥✐t✐♦♥ ✶✳✷✺✳ ❆ s♦❧✉t✐♦♥ ~u ∈ C([T,∞), H1 × L2) ♦❢ ✭✶✳✽✮✱ ❢♦r s♦♠❡ T ∈ R✱ ✐s ❝❛❧❧❡❞ ❛ 2✲s♦❧✐t❛r②
✇❛✈❡ ✐❢ t❤❡r❡ ❡①✐st σ1, σ2 = ±1✱ ❛ s❡q✉❡♥❝❡ tn → ∞ ❛♥❞ ❛ s❡q✉❡♥❝❡ (ξ1,n, ξ2,n) ∈ R2d s✉❝❤ t❤❛t

lim
n→∞

{∥∥∥u(tn)−
∑

k=1,2

σkQ(· − ξk,n)
∥∥∥
H1

+ ‖∂tu(tn)‖L2

}
= 0

❛♥❞ limn→∞ |ξ1,n − ξ2,n| → ∞✳

✹✵



✶✳✹✳ ❚❍❊ ❉❆▼P❊❉ ◆▲❑● ❊◗❯❆❚■❖◆ ❲■❚❍ ❊◆❊❘●❨ ❙❯❇✲❈❘■❚■❈❆▲ ◆❖◆▲■◆❊❆❘■❚❨

❘❡♠❛r❦ ✶✳✷✻✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✐❢ u ✐s ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✽✮ s❛t✐s❢②✐♥❣

lim
t→∞

∥∥∥u(t)−
∑

k=1,2

σkQ(· − ξk(t))
∥∥∥
H1

= 0 ✭✶✳✶✺✮

✇❤❡r❡ limt→∞ |ξ1(t)− ξ2(t)| → ∞✱ t❤❡♥ u ✐s ❛ 2✲s♦❧✐t❛r② ✇❛✈❡✳ ■♥❞❡❡❞✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✾✮ ❛♥❞ ✭✶✳✶✺✮
t❤❛t t 7→ E(~u(t)) ✐s ❧♦✇❡r ❜♦✉♥❞❡❞✳ ❚❤✉s✱ ❢r♦♠ ✭✶✳✾✮✱ ✐t ❤♦❧❞s

∫∞
0 ‖∂tu(t)‖2L2dt <∞ ❛♥❞ s♦ ‖∂tu(tn)‖L2 →

0 ❢♦r s♦♠❡ s❡q✉❡♥❝❡ tn → ∞✳

❖✉r ✜rst r❡s✉❧t ❝♦♥❝❡r♥s t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s ✇✐t❤ t❤❡ s❛♠❡ s✐❣♥s✳

❚❤❡♦r❡♠ ✶✳✷✼ ✭❬✷✾❪✮✳ ❚❤❡r❡ ❡①✐sts ♥♦ 2✲s♦❧✐t❛r② ✇❛✈❡ ♦❢ ✭✶✳✽✮ ✇✐t❤ σ1 = σ2✳

■♥ t❤❡ ♥❡①t r❡s✉❧t✱ ✇❡ s❤♦✇ t❤❛t 2✲s♦❧✐t❛r② ✇❛✈❡s ✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥ s❛t✐s❢② ❛ ✉♥✐✈❡rs❛❧ ❛s②♠♣t♦t✐❝
❜❡❤❛✈✐♦r✳

❚❤❡♦r❡♠ ✶✳✷✽ ✭❉❡s❝r✐♣t✐♦♥ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s✱ ❬✷✾❪✮✳ ❋♦r ❛♥② 2✲s♦❧✐t❛r② ✇❛✈❡ u ♦❢ ✭✶✳✽✮✱ t❤❡r❡ ❡①✐st
σ1 = ±1✱ σ2 = −σ1✱ z∞ ∈ Rd✱ ω∞ ∈ SRd(1)✱ T > 0 ❛♥❞ t ∈ [T,∞) 7→ (z1(t), z2(t)) s✉❝❤ t❤❛t ❢♦r ❛❧❧
t ∈ [T,∞)✱ ∥∥∥u(t)−

∑

k=1,2

σkQ(· − zk(t))
∥∥∥
H1

+ ‖∂tu(t)‖L2 . t−1, ✭✶✳✶✻✮

❛♥❞ ❢♦r s♦♠❡ ❝♦♥st❛♥t c0 = c0(d, α)✱ ❢♦r ❛♥② θ < min(p− 1, 2) ❛♥❞ ❢♦r k = 1, 2✱

zk = z∞ +
(−1)k

2

(
logt− 1

2
(d− 1)loglogt+ c0

)
ω∞ +O(t1−θ). ✭✶✳✶✼✮

❋✐♥❛❧❧②✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢✉❧❧ ❢❛♠✐❧② ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s ❢♦r ✐♥✐t✐❛❧ ❞❛t❛ ❝❧♦s❡ t♦ t❤❡ s✉♠ ♦❢ t✇♦ r❡♠♦t❡
s♦❧✐t❛r② ✇❛✈❡s✳

❚❤❡♦r❡♠ ✶✳✷✾ ✭❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s✱ ❬✷✾❪✮✳ ❚❤❡r❡ ❡①✐st C, δ > 0 ❛♥❞ ❛ ▲✐♣s❝❤✐t③ ♠❛♣

H : (Rd \ B̄Rd(10|logδ|))× BH1×L2(δ) → R2, (L, ~φ ) 7→ H(L, ~φ )

s✉❝❤ t❤❛t
|H(L, ~φ )| < C

(
e−

L
2 + ‖~φ ‖H1×L2

)
,

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳ ●✐✈❡♥ ❛♥② L, ~φ , h1, h2 s✉❝❤ t❤❛t

|L| > 10|logδ|, ‖~φ ‖H1×L2 < δ, |h1|+ |h2| < δ,

t❤❡ s♦❧✉t✐♦♥ ~u ♦❢ ✭✶✳✽✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

~u(0) =
(
~Q+ h1 ~Y

+
)(

· − L

2

)
−
(
~Q+ h2 ~Y

+
)(

·+ L

2

)
+ ~φ

✐s ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (h1, h2) = H(L, ~φ )✳

❚❤✐s r❡s✉❧t ❡ss❡♥t✐❛❧❧② ♠❡❛♥s t❤❛t ❧♦❝❛❧❧② ❛r♦✉♥❞ t❤❡ s✉♠ ♦❢ t✇♦ s✉✣❝✐❡♥t❧② s❡♣❛r❛t❡❞ s♦❧✐t♦♥s
✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥s✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s ❢♦r♠ ❛ ❝♦❞✐♠❡♥s✐♦♥✲✷ ▲✐♣s❝❤✐t③ ♠❛♥✐❢♦❧❞ ✭t❤❡
✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s ❜❡✐♥❣ ❞✐r❡❝t❡❞ ❜② ~Y + tr❛♥s❧❛t❡❞ ❛r♦✉♥❞ ❡❛❝❤ s♦❧✐t♦♥✮✳

■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡ st✉❞② ♦❢ ❞❡s❝r✐♣t✐♦♥ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✷✲s♦❧✐t❛r② ✇❛✈❡s ❢♦r
❢r❛❝t✐♦♥❛❧ ❞❛♠♣❡❞ ◆▲❑● ❡q✉❛t✐♦♥ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ♣r♦❜❧❡♠ r❡❧❛t❡❞ t♦ t❤❡ r❡s✉❧t ✐♥ ❬✷✾❪✳ ❚♦ ❜❡ ♠♦r❡
s♣❡❝✐✜❝✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢r❛❝t✐♦♥❛❧ ❞❛♠♣❡❞ ◆▲❑● ❡q✉❛t✐♦♥✱

∂ttu+ 2α∂tu+ (−∆)s u+ u− |u|σu = 0, (t, x) ∈ R× Rd,

✹✶
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✇❤❡r❡ 0 < s < 1 ❛♥❞ ✇❤❡r❡ t❤❡ ❡①♣♦♥❡♥t σ s❛t✐s✜❡s

0 < σ < σ∗(s, d), σ∗(s, d) =





4s

d− 2s
❢♦r 0 < s <

d

2
,

+∞ ❢♦r
d

2
6 s < 1.

❉❡♥♦t❡ t❤❡ ❣r♦✉♥❞ st❛t❡ ❜② Qs✱ ✇❤✐❝❤ ✐s t❤❡ ✉♥✐q✉❡ r❛❞✐❛❧ ♥♦♥♥❡❣❛t✐✈❡ s♦❧✉t✐♦♥ ✐♥ Hs(Rd) ♦❢

(−∆)sQs +Qs − |Qs|σQs = 0, Qs(x) ∼
1

|x|d+2s
❛s |x| → ∞.

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s s♦❧✉t✐♦♥ ❛r❡ st✉❞✐❡❞ ✐♥ ❬✺✺✱ ✺✻❪✳ ❋♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ❞❛♠♣❡❞ ◆▲❑●
❡q✉❛t✐♦♥✱ ❞✉❡ t♦ t❤❡ s❧♦✇ ❞❡❝❛② ♦❢ ❣r♦✉♥❞ st❛t❡✱ ✇❡ ❡①♣❡❝t ✷✲s♦❧✐t❛r② ✇❛✈❡s t♦ ❤❛✈❡ ❛ ✉♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦r
t❤❛t ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❛t ♦❢ t❤❡ ❞❛♠♣❡❞ ◆▲❑● ❡q✉❛t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❖❉❊ ❢♦r♠❛❧❧② ♦❜s❡r✈❡❞
❢♦r t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t✇♦ tr❛✈❡❧✐♥❣ ✇❛✈❡s ✇✐t❤ ❧❛r❣❡ ❞✐st❛♥❝❡ ✐s ṙ = ±Cr−(d+2s)✳ ■♥ t❤❡ ❝❛s❡ ṙ =
−Cr−(d+2s)✱ t❤❡r❡ ✐s ♥♦ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ s✉❝❤ t❤❛t r ≫ 1✳ ■♥ ❝♦♥tr❛st✱ ✐♥ t❤❡ ❝❛s❡ ṙ = Cr−(d+2s)✱ t❤❡

❖❉❊ ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠ r(t) = ct
1

d+2s+1 ❛s t→ ∞✳

▲♦♥❣✲t✐♠❡ ❛s②♠♣t♦t✐❝s ♦❢ t❤❡ ✶❉ ❞❛♠♣❡❞ ◆▲❑● ❡q✉❛t✐♦♥

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛rt ✐s t♦ ❝♦♠♣❧❡♠❡♥t ❚❤❡♦r❡♠ ✶✳✷✷ ❜② ❞❡s❝r✐❜✐♥❣ ♣r❡❝✐s❡❧② t❤❡ ❛s②♠♣t♦t✐❝
❜❡❤❛✈✐♦r ❛s t→ ∞ ♦❢ ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✽✮ ✇✐t❤ d = 1✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

❚❤❡♦r❡♠ ✶✳✸✵ ✭❬✸✵❪✮✳ ❋♦r ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ~u ∈ C
(
[0,∞), H1 ×L2

)
♦❢ ✭✶✳✽✮ ✇✐t❤ d = 1✱ ♦♥❡ ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ t❤r❡❡ s❝❡♥❛r✐♦s ♦❝❝✉rs✿

❱❛♥✐s❤✐♥❣✿ ~u(t) ❝♦♥✈❡r❣❡s ❡①♣♦♥❡♥t✐❛❧❧② t♦ 0 ✐♥ H1 × L2 ❛s t→ ∞✳

❙✐♥❣❧❡ s♦❧✐t♦♥✿ ❚❤❡r❡ ❡①✐st σ = ±1✱ ℓ ∈ R s✉❝❤ t❤❛t ~u(t) ❝♦♥✈❡r❣❡s ❡①♣♦♥❡♥t✐❛❧❧② t♦ (σQ(· − ℓ), 0) ✐♥
H1 × L2 ❛s t→ ∞✳

▼✉❧t✐✲s♦❧✐t♦♥✿ ❚❤❡r❡ ❡①✐st K ≥ 2✱ σ = ±1✱ ℓ ∈ R ❛♥❞ ❢✉♥❝t✐♦♥s zk : [0,∞) → R✱ ❢♦r ❛❧❧ k = 1, . . . ,K
s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ (0,∞)✱

∥∥∥∥∥u(t)− σ
K∑

k=1

(−1)kQ(· − zk(t))

∥∥∥∥∥
H1

+ ‖∂tu(t)‖L2 . t−1, ✭✶✳✶✽✮

❛♥❞ ❢♦r ❛♥② 1 < θ < min(p− 1, 54)✱ k = 1, . . . ,K✱

zk(t) =

(
k − K + 1

2

)
logt+ τk + ℓ+O(t−θ+1), ✭✶✳✶✾✮

❛s t→ ∞✱ ✇❤❡r❡ τk ❛r❡ t❤❡ ❝♦♥st❛♥ts ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜②

K∑

k=1

τk = 0, e−(τk+1−τk) =
2α

κ
γk ✇❤❡r❡ γk =

k(K − k)

2
, ✭✶✳✷✵✮

❛♥❞ κ > 0 ♦♥❧② ❞❡♣❡♥❞s ♦♥ p✳

❘❡♠❛r❦ ✶✳✸✶✳ ❚❤❡ ♣❛r❛♠❡t❡r ℓ ✐s r❡❧❛t❡❞ t♦ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡✳ ■♥ t❤❡ ✈❛♥✐s❤✐♥❣ ❛♥❞ t❤❡
s✐♥❣❧❡ s♦❧✐t♦♥ ❝❛s❡s✱ t❤❡ ❞❛♠♣✐♥❣ ❧❡❛❞s t♦ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛s t→ ∞✳ ■♥ t❤❡ ♠✉❧t✐✲s♦❧✐t♦♥ ❝❛s❡✱

✹✷
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❞✉❡ t♦ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s♦❧✐t❛r② ✇❛✈❡s✱ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✭✶✳✶✾✮ ♦❢ t❤❡
❝❡♥t❡rs ♦❢ ♠❛ss zk ✐s r❡❧❛t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ s②st❡♠





ẏ1 = − κ

2α
e−(y2−y1),

ẏk =
κ

2α

(
e−(yk−yk−1) − e−(yk+1−yk)

)
, ❢♦r k = 2, · · · ,K − 1,

ẏK =
κ

2α
e−(yK−yK−1).

✭✶✳✷✶✮

❚❤✐s s②st❡♠ ✐s st✉❞✐❡❞ ✐♥ ❬✸✸✱ ✾✸❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❜❧♦✇✉♣ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✇❛✈❡ ❡q✉❛t✐♦♥✳
❚❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❛t s❤♦rt ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ s♦❧✐t❛r② ✇❛✈❡s ❛❧s♦ ②✐❡❧❞ t❤❡ s❧♦✇❡r r❛t❡ ♦❢
❝♦♥✈❡r✈❡♥❝❡ t−1 ✐♥ ✭✶✳✶✽✮✳ ❙❡❡ ❬✻✺✱ ✾✵✱ ✶✵✾✱ ✶✶✵❪ ❢♦r ♦t❤❡r ❡①❛♠♣❧❡s ♦❢ str♦♥❣ ✐♥t❡r❛❝t✐♦♥s ❧❡❛❞✐♥❣ t♦
logt ❞✐st❛♥t s♦❧✐t❛r② ✇❛✈❡s✳

❚❤❡♦r❡♠ ✶✳✸✵ ✐s ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❢♦r ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
❞❛♠♣❡❞ ♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥ ✭✶✳✽✮✱ ✇✐t❤ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ❛♥❞
❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡s✳ ❚❤❡ ❝❛s❡ ♦❢ t❤❡ ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥
♦♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❢♦r s✉✐t❛❜❧❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✐s ❛❞❞r❡ss❡❞ ✐♥ ❬✶✽✱ ❚❤❡♦r❡♠ ✾✳✺✳✸❪❀ s❡❡ ❛❧s♦ r❡❢❡r❡♥❝❡s
t❤❡r❡✐♥✳

❖❜✈✐♦✉s❧②✱ ~u = (0, 0) ❛♥❞ ~u = (Q, 0) ❛r❡ ❡①❛♠♣❧❡s ♦❢ t❤❡ ✜rst t✇♦ s❝❡♥❛r✐♦s ♦❢ ❚❤❡♦r❡♠ ✶✳✸✵✳ ❖✉r
s❡❝♦♥❞ r❡s✉❧t ❣✐✈❡s ❡①❛♠♣❧❡s ♦❢ t❤❡ t❤✐r❞ s❝❡♥❛r✐♦ ❢♦r ❛♥② K ≥ 2✳

❚❤❡♦r❡♠ ✶✳✸✷ ✭❬✸✵❪✮✳ ❋♦r ❛♥② K ≥ 2✱ σ = ±1 ❛♥❞ ℓ ∈ R✱ t❤❡r❡ ❡①✐st ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✽✮ ✇✐t❤
d = 1 s❛t✐s❢②✐♥❣ ✭✶✳✶✽✮ ❛♥❞ ✭✶✳✶✾✮✳

❘❡♠❛r❦ ✶✳✸✸✳ ◆♦t❡ t❤❛t ❬✶✷✱ ✷✾✱ ✺✸✱ ✽✷❪ ❛❧s♦ ❛♣♣❧② t♦ t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✉♥❞❡r s✉✐t❛❜❧❡
r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❡①♣♦♥❡♥t p ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✱ ♦r ❢♦r r❛❞✐❛❧❧② s②♠♠❡tr✐❝ s♦❧✉t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❢♦r
s♣❛❝❡ ❞✐♠❡♥s✐♦♥s ❣r❡❛t❡r t❤❛♥ 1✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❜♦✉♥❞ st❛t❡s s♦❧✉t✐♦♥s ♦❢ ∆w − w + f(w) = 0 ♦t❤❡r
t❤❛♥ t❤❡ ❣r♦✉♥❞ st❛t❡ Q✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✐♥✈♦❧✈❡❞ ❣❡♦♠❡tr✐❝ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ s♦❧✐t❛r②
✇❛✈❡s✱ ❝♦♠♣❧✐❝❛t❡ t❤❡ ❛♥❛❧②s✐s✳ ❚❤✐s ✐s ✇❤② ✇❡ r❡str✐❝t t♦ ❞✐♠❡♥s✐♦♥ 1 ✐♥ t❤❡ ♣r❡s❡♥t ♣❛rt✳

❆s②♠♣t♦t✐❝s ♦❢ s♦❧✉t✐♦♥s ✇✐t❤ ❛ ❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt②

■♥ t❤✐s ♣❛rt✱ ✇❡ ❛r❡ ✐♥st❡❛❞ ✐♥t❡r❡st❡❞ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s t♦ ✭✶✳✽✮ ❢♦r ✇❤✐❝❤
♦♥❧② ♦♥❡ ♥♦♥❧✐♥❡❛r ♦❜❥❡❝t ❛♣♣❡❛rs ❢♦r ❧❛r❣❡ t✐♠❡s✱ ❛t ❧❡❛st ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡
❞❡✜♥❡ ♣❛❝❦❡❞ s♦❧✉t✐♦♥s ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✶✳✸✹✳ ❆ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ∈ C([0, Tmax), H
1 × L2) ♦❢ ✭✶✳✽✮ ✇✐t❤ 2 6 d 6 5

✐s ❝❛❧❧❡❞ ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ✐❢ t❤❡r❡ ❡①✐st (W0,W1) ∈ H1 × L2✱ ❛♥❞ ❛ t✐♠❡ s❡q✉❡♥❝❡ tn → Tmax ❛♥❞ ❛
♣♦s✐t✐♦♥ s❡q✉❡♥❝❡ yn ∈ Rd s✉❝❤ t❤❛t

lim
n→∞

{‖u(tn)−W0(· − yn)‖H1 + ‖∂tu(tn)−W1(· − yn)‖L2} = 0. ✭✶✳✷✷✮

❲❡ s❛② t❤❛t ~W = (W0,W1) ✐s ❛ ❝❧✉st❡r ♣♦✐♥t ❢♦r ~u ❛t (tn, yn)n✳

❖❜s❡r✈❡ t❤❛t ❛♥② ❝❧✉st❡r ♣♦✐♥t (W0,W1) ✐s ❛❝t✉❛❧❧② ❛ ❜♦✉♥❞ st❛t❡ (q, 0)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡
❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ❤♦❧❞s tr✉❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✺✳ ▲❡t ~u = (u, ∂tu) ❜❡ ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✽✮✳ ❚❤❡♥ ~u ∈ C([0,+∞), H1 × L2)
✐s ❣❧♦❜❛❧❧② ❞❡✜♥❡❞ ❢♦r ♣♦s✐t✐✈❡ t✐♠❡s✱ ❛♥❞ ✐❢ (W0,W1) ∈ H1 × L2 ✐s ❛ ❝❧✉st❡r ♣♦✐♥t ❢♦r ~u ❛t (tn, yn)n✱
t❤❡♥ W0 = q ✐s ❛ ❜♦✉♥❞ st❛t❡ ♦❢ ✭✶✳✶✵✮ ❛♥❞ W1 = 0✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡♥❡r❣② ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇✱
∂tu ∈ L2([0,+∞), L2) ❛♥❞ ❢♦r ❛❧❧ t > 0✱

E(~u(t))− E(q, 0) = 2α

∫ +∞

t
‖∂tu(s)‖2L2ds. ✭✶✳✷✸✮

✹✸
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◆♦t✐❝❡ t❤❛t ✐t ✐s ✉♥❝❧❡❛r ✇❤❡t❤❡r ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ✐s ❣❧♦❜❛❧❧② ❜♦✉♥❞❡❞ ✐♥ H1 × L2✳ ❘❡❝❛❧❧ t❤❛t
❢r♦♠ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❬✶✻❪ ✕ s❡❡ ❛❧s♦ ❬✶✷❪ ❛♥❞ ❬✸✵❪ ✕ ✐❢ p 6 d

d−2 ✱ t❤❡♥ ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ t♦ ✭✶✳✽✮ ✐s
❣❧♦❜❛❧❧② ❜♦✉♥❞❡❞ ✐♥ H1 × L2✱ ❜✉t t❤✐s ✐s ♥♦t ❦♥♦✇♥ ❢♦r ❤✐❣❤❡r ♣♦✇❡rs ♦❢ p✳

❖✉r ✜rst r❡s✉❧t ✐s t❤❛t ✐❢ ♦♥❡ ❝❧✉st❡r ♣♦✐♥t ♦❢ ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡✱ t❤❡♥ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s ♦❢ ❛❧❧ ♣♦s✐t✐✈❡ t✐♠❡✱ ❛♥❞ ♦❝❝✉rs ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛t❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✶✳✸✻ ✭❬✸✷❪✮✳ ▲❡t ~u = (u, ∂tu) ❜❡ ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✽✮✱ ✇✐t❤ ❝❧✉st❡r ♣♦✐♥t q ∈ H1 ❛t
(tn, yn)n✳ ■❢ q ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡✱ ✇❡ ❤❛✈❡ ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞✐♥❣ ❢♦r ❛❧❧ t✐♠❡ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧
❞❡❝❛②✱ ✐✳❡✳ t❤❡r❡ ❡①✐st µ > 0 ❛♥❞ z∞ ∈ Rd s✉❝❤ t❤❛t

∀t > 0, ‖u(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2 . e−µt.

❘❡♠❛r❦ ✶✳✸✼✳ ▲❡t ✉s ✜rst ♦❜s❡r✈❡ t❤❛t ❚❤❡♦r❡♠ ✶✳✸✻ ✭❛♥❞ ✐ts ♣r♦♦❢✮ ❤♦❧❞s ❛❧s♦ ✐♥ ❞✐♠❡♥s✐♦♥ ✶✱ ❜✉t
♦❢ ❝♦✉rs❡✱ t❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ❬✸✵❪ ♦❢ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ✐♥ ✶❉ ✭❛s
♠❡♥t✐♦♥❡❞ ✐♥ ➓✶✳✹✳✶✱ ❡①❝✐t❡❞ st❛t❡s ♦♥❧② ❡①✐st ❢♦r d > 2✮✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ r❡str✐❝t t♦ ❞✐♠❡♥s✐♦♥
d > 2 ✐♥ t❤✐s ♣❛rt✳

◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡s ✇❤❡r❡ KerLq ❤❛s ♦♥❡ ❡①tr❛ ❞✐♠❡♥s✐♦♥ ♥♦t r❡❧❛t❡❞ t♦ t❤❡
❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥❝❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✶✳✶✵✮ ❛♥❞ ✇❤✐❝❤ ❛❧s♦ ✐♥✈♦❧✈❡s ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ t❤✐r❞✲♦r❞❡r
●❛t❡❛✉ ❞✐✛❡r❡♥t✐❛❧s ♦❢ E✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✸✽✳ ▲❡t q ❜❡ ❛ ❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡✳ q ✐s ❝❛❧❧❡❞ ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡ ✐❢ t❤❡r❡ ❡①✐sts
φ ∈ H1 s✉❝❤ t❤❛t

KerLq = Zq ⊕ Span{φ} ❛♥❞ E′′′(q) · (φ, φ, φ) 6= 0. ✭✶✳✷✹✮

❖✉r s❡❝♦♥❞ r❡s✉❧t ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❝❧✉st❡r ♣♦✐♥ts ✇❤✐❝❤ ❛r❡ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡s✳

❚❤❡♦r❡♠ ✶✳✸✾ ✭❬✸✷❪✮✳ ▲❡t ~u = (u, ∂tu) ❜❡ ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✽✮✱ ✇✐t❤ ❝❧✉st❡r ♣♦✐♥t q ∈ H1 ❛t
(tn, yn)n✳ ■❢ q ✐s ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✱ t❤❡♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ~u(t) → (q, 0) ❤♦❧❞s ❢♦r ❛❧❧ t✐♠❡ ❛s
t→ +∞✱ ❛♥❞ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❤❛s ❛❧❣❡❜r❛✐❝ ❞❡❝❛②✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts z∞ ∈ Rd s✉❝❤ t❤❛t

∀t > 0, ‖u(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2 . t−1.

▲❛st✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐♥ ❚❤❡♦r❡♠ ✶✳✸✾ ❝❛♥ ❜❡ s❤❛r♣✿ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❡①❛♠♣❧❡
✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s ❡①❛❝t❧② ❛t t❤❡ r❛t❡ t−1 t♦ t❤❡ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✳

❚❤❡♦r❡♠ ✶✳✹✵ ✭❬✸✷❪✮✳ ▲❡t q ❜❡ ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ~u =
(u, ∂tu) ∈ C([0,+∞), H1 × L2) ♦❢ ✭✶✳✽✮ s✉❝❤ t❤❛t

‖u(t)− q‖H1 + ‖∂tu(t)‖L2 ∼ t−1 ❛s t→ +∞.

❘❡♠❛r❦ ✶✳✹✶✳ ❉❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡s ❛r❡ s♦♠❡❤♦✇ t❤❡ s✐♠♣❧❡st ❞❡❣❡♥❡r❛t❡ ❜♦✉♥❞ st❛t❡s✳ ❆❧r❡❛❞②
❤❡r❡✱ ✈❡r② ❧✐tt❧❡ ✐s ❦♥♦✇♥✱ ❛♥❞ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❚❤❡♦r❡♠ ✶✳✸✾ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✹✵ ❛r❡ t❤❡ ✜rst r❡s✉❧ts
❞❡s❝r✐❜✐♥❣ ♣r❡❝✐s❡❧② t❤❡ ❞②♥❛♠✐❝s ✐♥ ❛ ❞❡❣❡♥❡r❛t❡ s❡tt✐♥❣✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t
dimKerLq = dim(Zq) + 1 ✐s ✈❡r② ♥❛t✉r❛❧✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❡①tr❛ ❝♦♥❞✐t✐♦♥ E′′′(q) · (φ, φ, φ) 6= 0✱ ❧❡t ✉s
♥♦t❡ t❤❛t ✐t ✐s ❣❡♥❡r✐❝❀ ✐t ✐s ❡q✉✐✈❛❧❡♥t ✇✐t❤ E′′′(q) ❜❡✐♥❣ ♥♦♥✲✐❞❡♥t✐❝❛❧❧② 0 ♦♥ (KerLq)

3✳ ◆♦t❡ t❤❛t t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡ ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳

❘❡♠❛r❦ ✶✳✹✷✳ ■t ✐s r❡♠❛r❦❛❜❧❡ t❤❛t ♦♥❡ ❛❧r❡❛❞② ♦❜s❡r✈❡s ❛ ❞r❛st✐❝ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞②♥❛♠✐❝ ✐♥ ❞❡❣r❡❡✲✶
❞❡❣❡♥❡r❛❝②✱ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ♥♦♥✲❞❡❣❡♥❡r❛❝②✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❤❡r❡ ✐s ✐♥❞❡❡❞ ♠❡r❡❧② ♣♦❧②♥♦♠✐❛❧ ✐♥
t✐♠❡✱ ✇❤✐❝❤ ✐s ❛ s✉r♣r✐s❡✿ s✉❝❤ ❛ s❧♦✇ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✉s✉❛❧❧② ♦❜s❡r✈❡❞ ❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥
✇✐t❤ ❛♥♦t❤❡r ♥♦♥❧✐♥❡❛r ♦❜❥❡❝t ✭❛s ✐♥ ❬✷✾✱ ✸✵❪✮✱ ❜✉t t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❤❡r❡✳

■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛❧❧ ♣❛❝❦❡❞ s♦❧✉t✐♦♥s ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ♦♣❡♥
♣r♦❜❧❡♠✱ ❜✉t ✐t s❡❡♠s ♦✉t ♦❢ r❡❛❝❤ ❢♦r ♥♦✇✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✇❡ ❧❛❝❦ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞②♥❛♠✐❝s
❛r♦✉♥❞ ❣❡♥❡r❛❧ ❡①❝✐t❡❞ st❛t❡s✱ ❛♥❞ t❤❡ s②st❡♠ ♦❢ ❝❡♥t❡rs ♦❢ ♠❛ss ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ ❜♦✉♥❞ st❛t❡s ♠❛② ❤❛✈❡
✈❡r② ✐♥tr✐❝❛t❡ ❞②♥❛♠✐❝s✳

✹✹



P❛rt ■

❙t❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ✶❉
◆▲❑● ❡q✉❛t✐♦♥

✹✺





❈❤❛♣t❡r ✷

❈♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r
t❤❡ ✶❉ ◆▲❑● ❡q✉❛t✐♦♥ ✇✐t❤ ❞♦✉❜❧❡
♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t②

❆❜str❛❝t✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ❞♦✉❜❧❡ ♣♦✇❡r
❢♦❝✉s✐♥❣✲❞❡❢♦❝✉s✐♥❣ ♥♦♥❧✐♥❡❛r✐t②

∂2t u− ∂2xu+ u− |u|p−1u+ |u|q−1u = 0, ♦♥ [0,∞)× R,

✇❤❡r❡ 1 < q < p <∞✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t st❛t❡s t❤❡ st❛❜✐❧✐t② ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ H1(R)× L2(R) ♦❢ t❤❡
s✉♠s ♦❢ ❞❡❝♦✉♣❧❡❞ s♦❧✐t❛r② ✇❛✈❡s ✇✐t❤ ❞✐✛❡r❡♥t s♣❡❡❞s✱ ✉♣ t♦ t❤❡ ♥❛t✉r❛❧ ✐♥st❛❜✐❧✐t✐❡s✳ ❚❤❡ ♣r♦♦❢ ✐s
✐♥s♣✐r❡❞ ❜② t❤❡ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐♥ ❛ s✐♠✐❧❛r ❝♦♥t❡①t ❜② ▼❛rt❡❧✱ ▼❡r❧❡ ❛♥❞ ❚s❛✐ ❬✽✽✱ ✽✾❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❞❛♣t❛t✐♦♥
♦❢ t❤✐s str❛t❡❣② t♦ ❛ ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥ r❡q✉✐r❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ♥❡✇ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❛❞❛♣t❡❞
t♦ t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠✳

✹✼
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✷✳✶ ■♥tr♦❞✉❝t✐♦♥

✷✳✶✳✶ ▼❛✐♥ r❡s✉❧t

❲❡ ❝♦♥s✐❞❡r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥ ✭◆▲❑●✮ ✇✐t❤ ❛ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥✲
❧✐♥❡❛r✐t② {

∂2t u− ∂2xu+ u− |u|p−1u+ |u|q−1u = 0, (t, x) ∈ [0,∞)× R,

u|t=0 = u0 ∈ H1, ∂tu|t=0 = u1 ∈ L2,
✭✷✳✶✮

✇❤❡r❡ 1 < q < p < ∞✳ ❚❤✐s ❡q✉❛t✐♦♥ ❛❧s♦ r❡✇r✐t❡s ❛s ❛ ✜rst ♦r❞❡r s②st❡♠ ✐♥ t✐♠❡ ❢♦r t❤❡ ❢✉♥❝t✐♦♥
~u = (u1, u2)✱ {

∂tu1 = u2

∂tu2 = ∂2xu1 − u1 + f(u1),
✭✷✳✷✮

✇❤❡r❡
f(u1) = |u1|p−1u1 − |u1|q−1u1. ✭✷✳✸✮

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ❡q✉❛t✐♦♥ ✭✷✳✷✮ ✐s ❧♦❝❛❧❧② ✇❡❧❧✲♣♦s❡❞ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ H1×L2✳
❙❡❡ ❡✳❣✳ ❬✺✾❪✳ ❉❡♥♦t❡ F (u1) = 1

p+1 |u1|p+1 − 1
q+1 |u1|q+1✳ ❋♦r ❛♥② s♦❧✉t✐♦♥ ~u = (u1, u2) ♦❢ ✭✷✳✷✮ ✐♥

H1 × L2✱ t❤❡ ❡♥❡r❣② E(~u) ❛♥❞ ♠♦♠❡♥t✉♠ I(~u) ❛r❡ ❝♦♥s❡r✈❡❞✱ ✇❤❡r❡

E(~u) =

∫

R

{
(∂xu1)

2 + u21 + u22 − 2F (u1)
}
dx, I(~u) = 2

∫

R

(∂xu1)u2dx.

❉❡♥♦t❡ ❜② Q t❤❡ ❣r♦✉♥❞ st❛t❡✱ ✇❤✐❝❤ ✐s t❤❡ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ ❡✈❡♥ s♦❧✉t✐♦♥ ✐♥ H1 ♦❢ t❤❡ ❡q✉❛t✐♦♥

Q′′ −Q+ f(Q) = 0 ♦♥ R. ✭✷✳✹✮

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s s♦❧✉t✐♦♥ ❛r❡ st✉❞✐❡❞ ✐♥ ❬✼✱ ❙❡❝t✐♦♥ ✻❪ ✭s❡❡ ❛❧s♦ ❘❡♠❛r❦ ✷✳✹ ❛♥❞
➓✷✳✷✳✶✮✳ ❚❤❡ ❣r♦✉♥❞ st❛t❡ ❣❡♥❡r❛t❡s t❤❡ st❛♥❞✐♥❣ ✇❛✈❡ s♦❧✉t✐♦♥ ~Q = (Q, 0) ♦❢ ✭✷✳✷✮✳ ▼♦r❡♦✈❡r✱ ✉s✐♥❣
t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ ~Q✱ ♦♥❡ ♦❜t❛✐♥s tr❛✈❡❧✐♥❣ s♦❧✐t❛r② ✇❛✈❡s ♦r s♦❧✐t♦♥s✿ ❢♦r ℓ ∈ R✱ ✇✐t❤
−1 < ℓ < 1✱ ❧❡t

Qℓ(x) = Q

(
x√

1− ℓ2

)
, ~Qℓ =

(
Qℓ

−ℓ∂xQℓ

)
,

t❤❡♥ ~u(t, x) = ~Qℓ(x− ℓt) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✮✳
■t ✐s ✇❡❧❧✲❦♥♦✇♥ ✭s❡❡ ♣r❡❝✐s❡ st❛t❡♠❡♥ts ❛♥❞ r❡❢❡r❡♥❝❡s ✐♥ ➓✷✳✷✳✶✮ t❤❛t t❤❡ ♦♣❡r❛t♦r

L = −∂2x + 1− f ′(Q)

❛♣♣❡❛r✐♥❣ ❛❢t❡r ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✷✮ ❛r♦✉♥❞ ~Q = (Q, 0)✱ ❤❛s ❛ ✉♥✐q✉❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡
−ν20 (ν0 > 0)✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ s♠♦♦t❤ ❡✈❡♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ Y ✳ ❙❡t

~Y + =

(
Y
ν0Y

)
❛♥❞ ~Z+ =

(
ν0Y
Y

)
.

❋r♦♠ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ ❢✉♥❝t✐♦♥ ~u+(t, x) = exp(ν0t)~Y
+(x) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ s②st❡♠

{
∂tu1 = u2

∂tu2 = −Lu1.
✭✷✳✺✮

❙✐♥❝❡ ν0 > 0✱ t❤❡ s♦❧✉t✐♦♥ ~u+ ✐❧❧✉str❛t❡s t❤❡ ✭♦♥❡✲❞✐♠❡♥s✐♦♥❛❧✮ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✐t❛r②
✇❛✈❡ ~Q ✐♥ ♣♦s✐t✐✈❡ t✐♠❡✳ ❆♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✐♥st❛❜✐❧✐t② ✐s ♦❜t❛✐♥❡❞ ❜② ♦❜s❡r✈✐♥❣ t❤❛t ❢♦r ❛♥②
s♦❧✉t✐♦♥ ~u ♦❢ ✭✷✳✺✮✱ ✐t ❤♦❧❞s

d

dt
a+ = ν0a

+ ✇❤❡r❡ a+(t) =
(
~u(t), ~Z+

)

L2
.

✹✽



✷✳✶✳ ■◆❚❘❖❉❯❈❚■❖◆

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r −1 < ℓ < 1✱ s❡t

Yℓ = Y

(
x√

1− ℓ2

)
❛♥❞ ~Z+

ℓ =


 (ℓ∂xYℓ +

ν0√
1−ℓ2

Yℓ)e
ℓν0√
1−ℓ2

x

Yℓe
ℓν0√
1−ℓ2

x


 .

❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ st✉❞② t❤❡ ❝♦♥❞✐t✐♦♥❛❧ st❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ✇✐t❤ ❞✐✛❡r❡♥t
s♣❡❡❞s ❢♦r ✭✷✳✶✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✷✳✶✳ ▲❡t N > 2✳ ❋♦r ❛❧❧ n ∈ {1, . . . , N}✱ ❧❡t σn = ±1✱ ℓn ∈ (−1, 1) ✇✐t❤ −1 < ℓ1 < ℓ2 <
· · · < ℓN < 1✳ ❚❤❡r❡ ❡①✐st L0 > 0✱ C0 > 0✱ γ0 > 0 ❛♥❞ δ0 > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s tr✉❡✳ ▲❡t
~ε ∈ H1 × L2 ❛♥❞ y01 < · · · < y0N ❜❡ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐st L > L0 ❛♥❞ 0 < δ < δ0 ✇✐t❤

‖~ε‖H1×L2 < δ ❛♥❞ y0n+1 − y0n > L ❢♦r ❛❧❧ n = 1, . . . , N − 1.

❚❤❡♥✱ t❤❡r❡ ❡①✐st h+1 , . . . , h
+
N ∈ R s❛t✐s❢②✐♥❣

N∑

n=1

|h+n | 6 C0

(
δ + e−γ0L

)
,

s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~u = (u1, u2) ♦❢ ✭✷✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

~u0 =

N∑

n=1

(
σn ~Qℓn + h+n

~Z+
ℓn

)
(· − y0n) + ~ε

✐s ❣❧♦❜❛❧❧② ❞❡✜♥❡❞ ✐♥ H1 × L2 ❢♦r t > 0 ❛♥❞✱ ❢♦r ❛❧❧ t > 0✱

∥∥∥∥~u(t)−
N∑

n=1

σn ~Qℓn(· − yn(t))

∥∥∥∥
H1×L2

6 C0

(
δ + e−γ0L

)
,

✇❤❡r❡ y1(t), . . . , yN (t) ❛r❡ C1 ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣✱ ❢♦r ❛❧❧ n = 1, . . . , N ✱ t > 0✱

|yn(0)− y0n| 6 C0

(
δ + e−γ0L

)
, |ẏn(t)− ℓn| 6 C2

0

(
δ + e−γ0L

)
.

❘❡♠❛r❦ ✷✳✷✳ ❆s r❡♠❛r❦❡❞ ❜❡❢♦r❡✱ ❡❛❝❤ s♦❧✐t♦♥ s♦❧✉t✐♦♥ ~u(t, x) = ± ~Qℓn(x− ℓnt) ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✷✮ ❤❛s
❡①❛❝t❧② ♦♥❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ❞✐r❡❝t✐♦♥ ✐♥ ♣♦s✐t✐✈❡ t✐♠❡✳ ❘❡❝❛❧❧ t❤❛t s✉❝❤ ✐♥st❛❜✐❧✐t② ❤❛s ❧❡❞ t♦
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❝♦✲❞✐♠❡♥s✐♦♥ ♦♥❡ ❝❡♥t❡r✲st❛❜❧❡ ♠❛♥✐❢♦❧❞s ❢♦r ✐♥✐t✐❛❧ ❞❛t❛ ❝❧♦s❡ t♦ ❛ s✐♥❣❧❡ s♦❧✐t♦♥
❢♦r t❤❡ ◆▲❑● ♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥s ✐♥ ❬✼✺✱ ✶✵✵✱ ✶✵✶❪✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ s✉♠ ♦❢
N ❞❡❝♦✉♣❧❡❞ s♦❧✐t♦♥s

∑N
n=1 σnQℓn(· − yn)✱ t❤✐s ❥✉st✐✜❡s t❤❡ ♥❡❡❞ ♦❢ ❛❞❥✉st✐♥❣ t❤❡ N ❢r❡❡ ♣❛r❛♠❡t❡rs

(h+n )n∈{1,...,N} ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ t♦ ♦❜t❛✐♥ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ✐♥ ❚❤❡♦r❡♠ ✷✳✶✳
❙✉❝❤ ❞✐✣❝✉❧t② ❞♦❡s ♥♦t ❛♣♣❡❛r ✇❤❡♥ t❤❡ s♦❧✐t♦♥s ❛r❡ st❛❜❧❡✱ ❧✐❦❡ ❢♦r t❤❡ ♠❛ss s✉❜❝r✐t✐❝❛❧ ❣❡♥❡r❛❧✐③❡❞
❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ✭❣❑❞❱✮ ❛♥❞ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭◆▲❙✮ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t r❡♠❛r❦✳

❘❡♠❛r❦ ✷✳✸✳ ❍✐st♦r✐❝❛❧❧②✱ ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ✇❡r❡ ✜rst st✉❞✐❡❞ ❡①t❡♥s✐✈❡❧② ❢♦r ✐♥t❡❣r❛❜❧❡ ❡q✉❛✲
t✐♦♥s✱ ❧✐❦❡ t❤❡ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜✐❝ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ■♥ t❤❡
♥♦♥✲✐♥t❡❣r❛❜❧❡ ❝❛s❡s✱ ❢♦r ❞✐s♣❡rs✐✈❡ ♦r ✇❛✈❡ ❡q✉❛t✐♦♥s✱ t❤❡ ✜rst r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ st❛❜✐❧✐t② ❛♥❞ ❛s②♠♣✲
t♦t✐❝ st❛❜✐❧✐t② ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ✇❛s ❣✐✈❡♥ ❜② P❡r❡❧♠❛♥ ❬✶✵✹❪ ❢♦r s♦♠❡ ◆▲❙ ❡q✉❛t✐♦♥s✱ ❡①t❡♥❞✐♥❣
t❤❡ s✐♥❣❧❡ s♦❧✐t♦♥ ❝❛s❡ tr❡❛t❡❞ ❜② ❇✉s❧❛❡✈ ❛♥❞ P❡r❡❧♠❛♥ ❬✶✶❪✳ ❚❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s ✐♥s♣✐r❡❞ ❜② ❬✽✽✱ ✽✾❪
♣r♦✈✐♥❣ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s✉♠s ♦❢ ❞❡❝♦✉♣❧❡❞ s♦❧✐t♦♥s ❢♦r t❤❡ ♠❛ss s✉❜❝r✐t✐❝❛❧ ❣❑❞❱ ❡q✉❛t✐♦♥s ❛♥❞
s♦♠❡ ◆▲❙ ❡q✉❛t✐♦♥s✳ ❙❡❡ ❛❧s♦ ❬✶✵✺❪ ❛♥❞ ❬✻✱ ✷✷✱ ✼✾✱ ✾✺❪ ❢♦r ♦t❤❡r r❡❧❛t❡❞ ♠♦❞❡❧s✳

❙✉❝❤ st❛❜✐❧✐t② r❡s✉❧ts ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛s②♠♣t♦t✐❝ ♣✉r❡ ♠✉❧t✐✲s♦❧✐t♦♥s✱ ❡st❛❜✲
❧✐s❤❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ◆▲❑● ❡q✉❛t✐♦♥ ❜② ❈ôt❡ ❛♥❞ ▼✉ñ♦③ ❬✸✶❪✳ ❋♦r ❣❑❞❱✱ ◆▲❙✱ ❛♥❞ t❤❡ ❡♥❡r❣②✲
❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ❢♦r ❜♦t❤ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ s♦❧✐t♦♥s✱ ✇❡ r❡❢❡r t♦ ❬✷✵✱ ✷✽✱ ✽✸✱ ✽✹✱ ✽✺✱ ✶✶✶✱ ✶✶✷✱ ✶✶✹❪✳

✹✾
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❘❡♠❛r❦ ✷✳✹✳ ❚❤❡ ❞♦✉❜❧❡ ♣♦✇❡r ♥♦♥❧✐♥❡❛r✐t② ✭✷✳✸✮ ✐s ❛ t②♣✐❝❛❧ ❝❤♦✐❝❡ ❢♦r ❞✐s♣❡rs✐✈❡ ♦r ✇❛✈❡ ❡q✉❛t✐♦♥s✱
❜✉t ❚❤❡♦r❡♠ ✷✳✶ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥② ❣❡♥❡r❛❧ r❡❛❧✲✈❛❧✉❡❞ C1,α ❢✉♥❝t✐♦♥ f ✭✇✐t❤ α > 0✮ s❛t✐s❢②✐♥❣
t❤❡ ❢♦❧❧♦✇✐♥❣✿

(i) ❚❤❡ ❢✉♥❝t✐♦♥ f ✐s ♦❞❞ ❛♥❞ f(0) = f ′(0) = 0✳

(ii) ❚❤❡r❡ ❡①✐sts ❛ s♠❛❧❧❡st s0 > 0 s✉❝❤ t❤❛t F (s0)− 1
2s

2
0 = 0✱ ❛♥❞ f(s0)− s0 > 0✳

(iii) ❚❤❡r❡ ❡①✐sts r0 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ s ∈ (−r0, r0)✱ sf(s)− 2F (s) 6 0✳

❍❡r❡✱ F (s) =
∫ s
0 f(σ)dσ ❢♦r s ∈ R✳ ❈♦♥❞✐t✐♦♥s ✭✐✮✲✭✐✐✮ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❢♦r ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ st❛♥❞✐♥❣ ✇❛✈❡ ✐♥ ❬✼✱ ❚❤❡♦r❡♠ ✺❪✳ ◆♦t❡ t❤❛t ❢♦r f ❞❡✜♥❡❞ ✐♥ ✭✷✳✸✮✱
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♠❛❧❧❡st s0 > 0 s✉❝❤ t❤❛t F (s0)− 1

2s
2
0 = 0 ✐s ❝❧❡❛r ❛♥❞ t❤❡♥

f(s0)− s0 = sp0 − sq0 − s0 =
1

s0

(
(p+ 1)F (s0) +

p− q

q + 1
sq+1
0 − s20

)

=
1

s0

(
p− q

q + 1
sq+1
0 +

p− 1

2
s20

)
> 0,

✇❤✐❝❤ ❥✉st✐✜❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ st❛♥❞✐♥❣ ✇❛✈❡ Q ❢♦r ✭✷✳✶✮ ✭s❡❡ ❛❧s♦ ❬✼✱ ❊①❛♠♣❧❡ ✷✱ ♣✳ ✸✶✽❪✮✳
❈♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❡♥s✉r❡s t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r ❡✛❡❝t ✐s ❞❡❢♦❝✉s✐♥❣ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ u1✱ ✇❤✐❝❤ ✐s ❞❡❝✐s✐✈❡

✐♥ ♦✉r ♣r♦♦❢ ✭♠♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② r❡s✉❧t ▲❡♠♠❛ ✷✳✷✵✮✳ ❘❡❝❛❧❧ t❤❛t t❤✐s
✐ss✉❡ ✐s ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ ❬✽✾✱ ✶✵✹❪ ❢♦r t❤❡ ◆▲❙ ❡q✉❛t✐♦♥✱ ✇❤❡r❡ ❛ ✇❡❛❦❡r ❜✉t s✐♠✐❧❛r r❡str✐❝t✐♦♥ ✐s
✐♠♣♦s❡❞ ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ❛rt✐❝❧❡ ♣r♦✈❡s t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ ✭❝♦♥❞✐t✐♦♥❛❧✮ st❛❜✐❧✐t② ♦❢ t❤❡ s✉♠s
♦❢ ❞❡❝♦✉♣❧❡❞ s♦❧✐t♦♥s ❢♦r ❛ ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡
♣r♦♣❛❣❛t✐♦♥ ♦❢ s♦❧✐t♦♥s ❤❛s q✉✐t❡ ❞✐✛❡r❡♥t ♣r♦♣❡rt✐❡s t❤❛♥ t❤❡ ●❛❧✐❧❡❛♥ tr❛♥s❢♦r♠ ❢♦r t❤❡ ◆▲❙ ❡q✉❛t✐♦♥
♦r t❤❡ ♥❛t✉r❛❧ ♣r♦♣❛❣❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥ r❡❧❛t❡❞ t♦ t❤❡ s♦❧✐t♦♥s ♦❢ t❤❡ ❣❑❞❱ ❡q✉❛t✐♦♥✳ ❈♦♠♣❛r❡❞ t♦
t❤❡ ❡♥❡r❣② ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✽✾❪✱ ✇❡ ✉s❡ ❛ s✐♠✐❧❛r ❢✉♥❝t✐♦♥❛❧ ❜❛s❡❞ ♦♥ ❧♦❝❛❧✐③❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡
♠♦♠❡♥t✉♠ ❛♥❞ t❤❡ ❡♥❡r❣② ❛r♦✉♥❞ ❡❛❝❤ s♦❧✐t♦♥ ✭r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ✐♥ ✭✷✳✺✹✮ ❛♥❞ ✭✷✳✺✺✮✮✱ ❜✉t ❛ s♣❡❝✐✜❝
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s ❤❛s t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ ✇❛✈❡ ❝❛s❡ ✭s❡❡ ✭✷✳✺✼✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
❝♦❡✣❝✐❡♥ts cn ✐♥ ✭✷✳✺✵✮✮❀ ♠♦r❡♦✈❡r✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❧♦✇❡r ♦r❞❡r t❡r♠ Fn ✭s❡❡ ✭✷✳✺✻✮✮
✇❛s ♥❡❝❡ss❛r② t♦ r❡♠♦✈❡ ❞✐✈❡r❣✐♥❣ t❡r♠s✳ ❙❡❡ ❛❧s♦ ❘❡♠❛r❦ ✷✳✶✻✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷✳✷ ✐♥tr♦❞✉❝❡s t❡❝❤♥✐❝❛❧ t♦♦❧s ✐♥✈♦❧✈❡❞ ✐♥ ❛ ❞②♥❛♠✐❝❛❧
❛♣♣r♦❛❝❤ t♦ t❤❡ N ✲s♦❧✐t♦♥ ♣r♦❜❧❡♠ ❢♦r ✭✷✳✶✮✿ ❡st✐♠❛t❡s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ s♦❧✐t♦♥s✱
❞❡❝♦♠♣♦s✐t✐♦♥ ❜② ♠♦❞✉❧❛t✐♦♥ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✳ ❊♥❡r❣② ❡st✐♠❛t❡s ❛♥❞ ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s
❛r❡ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳ ❋✐♥❛❧❧②✱ ❚❤❡♦r❡♠ ✷✳✶ ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳

✷✳✶✳✷ ◆♦t❛t✐♦♥

❲❡ ❞❡♥♦t❡ (·, ·)L2 t❤❡ L2 s❝❛❧❛r ♣r♦❞✉❝t ❢♦r r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s u, v ∈ L2✱

(u, v)L2 :=

∫

R

u(x)v(x)dx.

❋♦r

~u =

(
u1
u2

)
, ~v =

(
v1
v2

)
,

❞❡♥♦t❡ (
~u,~v)L2 :=

∑

k=1,2

(
uk, vk)L2 , ‖~u‖2H := ‖u1‖2H1 + ‖u2‖2L2 .

❋♦r f ∈ L2 ❛♥❞ ℓ ∈ (−1, 1)✱ s❡t

fℓ(x) = f (xℓ) , ✇❤❡r❡ xℓ =
x√

1− ℓ2
.

✺✵
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✷✳✷ Pr❡❧✐♠✐♥❛r✐❡s

✷✳✷✳✶ ❙♣❡❝tr❛❧ t❤❡♦r②

■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ ❡✈❡♥ s♦❧✉t✐♦♥ Q ♦❢ ✭✷✳✹✮ ✐s s♠♦♦t❤ ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣
❡st✐♠❛t❡ ♦♥ R✱

|Q(α)(x)| . e−|x| ❢♦r ❛♥② α ∈ N. ✭✷✳✻✮

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r ❛r♦✉♥❞ Qℓ✳ ❋✐rst✱ ❢♦r
−1 < ℓ < 1✱ ❧❡t

Lℓ = −(1− ℓ2)∂2x + 1− f ′(Qℓ).

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ❢♦r L ❛♥❞ Lℓ ✭s❡❡ e.g. ❬✸✶✱ ▲❡♠♠❛ ✶ ❛♥❞ ❈♦r♦❧❧❛r②
✶❪✮✳

▲❡♠♠❛ ✷✳✺✳ ✭✐✮ ❙♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ✉♥❜♦✉♥❞❡❞ ♦♣❡r❛t♦r L ♦♥ L2 ✇✐t❤ ❞♦♠❛✐♥ H2 ✐s s❡❧❢✲❛❞❥♦✐♥t✱
✐ts ❝♦♥t✐♥✉♦✉s s♣❡❝tr✉♠ ✐s [1,+∞)✱ ✐ts ❦❡r♥❡❧ ✐s s♣❛♥♥❡❞ ❜② Q′ ❛♥❞ ✐t ❤❛s ❛ ✉♥✐q✉❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡
−ν20 (ν0 > 0)✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ s♠♦♦t❤ ❡✈❡♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ Y ✳ ▼♦r❡♦✈❡r✱ ♦♥ R✱

∣∣Y (α)(x)
∣∣ . e−

√
1+ν20 |x| ❢♦r ❛♥② α ∈ N. ✭✷✳✼✮

✭✐✐✮ ❈♦❡r❝✐✈✐t② ♣r♦♣❡rt② ♦❢ L✳ ❚❤❡r❡ ❡①✐sts ν > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ v ∈ H1✱
(
Lv, v

)
L2 > ν‖v‖2H1 − ν−1

(
(v,Q′)2L2 + (v, Y )2L2

)
.

✭✐✐✐✮ ❈♦❡r❝✐✈✐t② ♣r♦♣❡rt② ♦❢ Lℓ✳ ▲❡t ℓ ∈ (−1, 1)✳ ❚❤❡r❡ ❡①✐sts ν > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ v ∈ H1✱
(
Lℓv, v

)
L2 > ν‖v‖2H1 − ν−1

(
(v, ∂xQℓ)

2
L2 + (v, Yℓ)

2
L2

)
.

❙❡❝♦♥❞✱ ✇❡ ❞❡✜♥❡

Hℓ =

(
−∂2x + 1− f ′(Qℓ) −ℓ∂x

ℓ∂x 1

)
, J =

(
0 1
−1 0

)
,

❛♥❞

~Z0
ℓ =

(
∂xQℓ

−ℓ∂2xQℓ

)
, ~Z±

ℓ =

(
Υ±

ℓ,1

Υ±
ℓ,2

)

✇❤❡r❡

Υ±
ℓ,1 =

(
ℓ∂xYℓ ±

ν0√
1− ℓ2

Yℓ

)
e
± ℓν0√

1−ℓ2
x

❛♥❞ Υ±
ℓ,2 = Yℓe

± ℓν0√
1−ℓ2

x
.

❚❤❡ ❢✉♥❝t✐♦♥s ~Z±
ℓ ❛r❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♠❛tr✐① ♦♣❡r❛t♦r HℓJ ❛♥❞ ❛r❡ ❡①♣❧✐❝✐t❧② ❞❡t❡r✲

♠✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ HℓJ ~Z = λ~Z✳

▲❡♠♠❛ ✷✳✻ ✭❬✸✶❪✮✳ ▲❡t ℓ ∈ (−1, 1)✳
✭✐✮ ❉❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Υ±

ℓ,1 ❛♥❞ Υ±
ℓ,2✳ ■t ❤♦❧❞s✱ ♦♥ R✱ ❢♦r k = 1, 2✱

∣∣∣∣
dα

dxα
Υ±

ℓ,k(x)

∣∣∣∣ . e−|x| ❢♦r ❛♥② α ∈ N. ✭✷✳✽✮

✭✐✐✮ Pr♦♣❡rt✐❡s ♦❢ Hℓ ❛♥❞ HℓJ ✳ ■t ❤♦❧❞s

Hℓ
~Z0
ℓ = 0,

(
~Z0
ℓ ,
~Z±
ℓ

)
L2 = 0 ❛♥❞ HℓJ

(
~Z±
ℓ

)
= ∓ν0(1− ℓ2)

1
2 ~Z±

ℓ . ✭✷✳✾✮

✭✐✐✐✮ ❈♦❡r❝✐✈✐t② ♣r♦♣❡rt② ♦❢ Hℓ✳ ❚❤❡r❡ ❡①✐sts ν > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ~v ∈ H1 × L2✱
(
Hℓ~v,~v

)
L2 > ν‖~v‖2H − ν−1

(
(~v, ~Z0

ℓ )
2
L2 + (~v, ~Z+

ℓ )2L2 + (~v, ~Z−
ℓ )2L2

)
. ✭✷✳✶✵✮

✺✶
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Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ✭✐✮ ❢♦r α = 0❀ t❤❡ ❡st✐♠❛t❡s ❢♦r α ≥ 1 ❛r❡ ♣r♦✈❡❞ s✐♠✐❧❛r❧②✳ ❇② ✭✷✳✼✮✱ ✇❡ ❤❛✈❡✱ ❢♦r
k = 1, 2✱ ♦♥ R✱

|Υ±
ℓ,k(x)| . e

−
√

1+ν20−|ℓ|ν0√
1−ℓ2

|x|
.

❇✉t ❛♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥ ②✐❡❧❞s

(√
1 + ν20 − |ℓ|ν0

)2

=

(
|ℓ|
√
1 + ν20 − ν0

)2

+ 1− ℓ2,

❛♥❞ s♦
√
1 + ν20 − |ℓ|ν0 ≥

√
1− ℓ2✱ ✇❤✐❝❤ ✐♠♣❧✐❡s |Υ±

ℓ,k(x)| . e−|x|✳
❋♦r ✭✐✐✮ ❛♥❞ ✭✐✐✐✮✱ ✇❡ r❡❢❡r t♦ Pr♦♣♦s✐t✐♦♥ ✶ ❛♥❞ t❤❡ ♣r♦♦❢s ♦❢ ▲❡♠♠❛ ✷✱ ▲❡♠♠❛ ✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥

✷ ✐♥ ❬✸✶❪✳

✷✳✷✳✷ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛r♦✉♥❞ ♠✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡s

❲❡ r❡❝❛❧❧ ❣❡♥❡r❛❧ r❡s✉❧ts ♦♥ s♦❧✉t✐♦♥s ♦❢ ✭✷✳✷✮ t❤❛t ❛r❡ ❝❧♦s❡ t♦ t❤❡ s✉♠ ♦❢ N > 2 ❞❡❝♦✉♣❧❡❞ s♦❧✐t❛r②
✇❛✈❡s✳ ❋♦r ❛♥② n ∈ {1, . . . , N}✱ ❧❡t σn = ±1 ❛♥❞ ℓn ∈ (−1, 1) s❛t✐s❢②

−1 < ℓ1 < ℓ2 < · · · < ℓN < 1.

▲❡t t 7→ yn(t) ∈ R ❜❡ C1 ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t

yn+1 − yn ≫ 1 ❢♦r ❛♥② n = 1, . . . N − 1. ✭✷✳✶✶✮

❋♦r n ∈ {1, . . . , N}✱ ❞❡✜♥❡

Qn = σnQℓn(· − yn), ~Qn =

(
Qn

−ℓn∂xQn

)

❛♥❞
~Z0
n = σn ~Z

0
ℓn(· − yn), ~Z±

n = ~Z±
ℓn
(· − yn) =

(
Υ±

n,1

Υ±
n,2

)
.

❲❡ r❡❝❛❧❧ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ❢♦r s♦❧✉t✐♦♥s ♦❢ ✭✷✳✷✮✳

▲❡♠♠❛ ✷✳✼✳ ❚❤❡r❡ ❡①✐st L0 > 0 ❛♥❞ 0 < δ0 ≪ 1 s✉❝❤ t❤❛t ✐❢ ~u = (u1, u2) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✮ ♦♥
[0, T0]✱ ✇❤❡r❡ T0 > 0✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ [0, T0]

inf
zn+1−zn>L0

‖~u(t)−
N∑

n=1

σn ~Qℓn(· − zn)‖H < δ0, ✭✷✳✶✷✮

t❤❡♥ t❤❡r❡ ❡①✐st C1 ❢✉♥❝t✐♦♥s y1(t), . . . , yN (t) ♦♥ [0, T0] s✉❝❤ t❤❛t✱ ~ϕ ❜❡✐♥❣ ❞❡✜♥❡❞ ❜②

~ϕ =

(
ϕ1

ϕ2

)
, ~u =

N∑

n=1

~Qn + ~ϕ, ✭✷✳✶✸✮

✐t s❛t✐s✜❡s (
~ϕ, ~Z0

n

)
L2 = 0, ❢♦r n = 1, . . . , N ✱ ✭✷✳✶✹✮

❛♥❞

‖~ϕ‖H . δ0, yn+1 − yn >
3

4
L0 ❢♦r n = 1, . . . , N − 1. ✭✷✳✶✺✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❧❡♠♠❛ r❡❧✐❡s ♦♥ ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ ■♠♣❧✐❝✐t
❢✉♥❝t✐♦♥ ❚❤❡♦r❡♠ ✭s❡❡ ❡✳❣✳ ▲❡♠♠❛ ✺ ❛♥❞ ❆♣♣❡♥❞✐① ❇ ✐♥ ❬✸✶❪✮ ❛♥❞ ✇❡ ♦♠✐t ✐t✳

✺✷
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❙❡t

~U =

(
U1

U2

)
=

N∑

n=1

~Qn ❛♥❞ G = f(U1)−
N∑

n=1

f(Qn). ✭✷✳✶✻✮

▲❡♠♠❛ ✷✳✽ ✭❊q✉❛t✐♦♥ ♦❢ ~ϕ✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ ~ϕ s❛t✐s✜❡s

{
∂tϕ1 = ϕ2 +Mod1,

∂tϕ2 = ∂2xϕ1 − ϕ1 + f (U1 + ϕ1)− f (U1) +G+Mod2,
✭✷✳✶✼✮

✇❤❡r❡

Mod1 =
N∑

n=1

(ẏn − ℓn)∂xQn, Mod2 = −
N∑

n=1

(ẏn − ℓn)ℓn∂
2
xQn. ✭✷✳✶✽✮

Pr♦♦❢✳ ❋✐rst✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~ϕ = (ϕ1, ϕ2) ✐♥ ✭✷✳✶✸✮✱

∂tϕ1 = ∂tu1 − ∂tU1 = ϕ2 + U2 − ∂tU1 = ϕ2 +
N∑

n=1

(ẏn − ℓn)∂xQn.

❙❡❝♦♥❞✱ ✉s✐♥❣ ✭✷✳✷✮✱

∂tϕ2 = ∂tu2 − ∂tU2 = ∂2xu1 − u1 + f(u1)−
N∑

n=1

ẏn
(
ℓn∂

2
xQn

)
.

❲❡ ♦❜s❡r✈❡ ❢r♦♠ ✭✷✳✶✸✮ ❛♥❞ −(1− ℓ2n)∂
2
xQn +Qn − f(Qn) = 0✱

∂2xu1 − u1 + f(u1) = ∂2xϕ1 − ϕ1 + f(U1 + ϕ1)−
N∑

n=1

f(Qn) +
N∑

n=1

ℓ2n∂
2
xQn.

❚❤❡r❡❢♦r❡✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G ❛♥❞ Mod2✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✶✼✮✳

❋♦r ❢✉t✉r❡ r❡❢❡r❡♥❝❡✱ ✇❡ ♣r❡s❡♥t ✐♥ ▲❡♠♠❛s ✷✳✾ ❛♥❞ ✷✳✶✵ s♦♠❡ t❡❝❤♥✐❝❛❧ r❡s✉❧ts✳ ❋✐rst✱ ✇❡ ❣✐✈❡
s❡✈❡r❛❧ ♣♦✐♥t✇✐s❡ ❡st✐♠❛t❡s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r✐t② f ✳

▲❡♠♠❛ ✷✳✾✳ ❋♦r ❛♥② (sn)n=1,...,N ∈ RN ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✳

✭✐✮ ❋♦r 1 < q < p 6 3✱

∣∣∣∣∣f
′
(

N∑

n=1

sn

)
−

N∑

n=1

f ′(sn)

∣∣∣∣∣ .
∑

n 6=n′

|sn|
q−1
2 |sn′ | q−1

2 +
∑

n 6=n′

|sn|
p−1
2 |sn′ | p−1

2 . ✭✷✳✶✾✮

✭✐✐✮ ❋♦r 1 < q 6 3 < p <∞✱

∣∣∣∣∣f
′
(

N∑

n=1

sn

)
−

N∑

n=1

f ′(sn)

∣∣∣∣∣ .
∑

n 6=n′

|sn|
q−1
2 |sn′ | q−1

2 +
∑

n 6=n′

|sn|p−2|sn′ |. ✭✷✳✷✵✮

✭✐✐✐✮ ❋♦r 3 < q < p <∞✱

∣∣∣∣∣f
′
(

N∑

n=1

sn

)
−

N∑

n=1

f ′(sn)

∣∣∣∣∣ .
∑

n 6=n′

|sn|q−2|sn′ |+
∑

n 6=n′

|sn|p−2|sn′ |. ✭✷✳✷✶✮

✺✸



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

✭✐✈✮ ❋♦r 1 < q < p <∞✱

∣∣∣∣∣f
(

N∑

n=1

sn

)
−

N∑

n=1

f(sn)

∣∣∣∣∣ .
∑

n 6=n′

|sn|q−1|sn′ |+
∑

n 6=n′

|sn|p−1|sn′ |, ✭✷✳✷✷✮

∣∣∣∣∣F
(

N∑

n=1

sn

)
−

N∑

n=1

F (sn)

∣∣∣∣∣ .
∑

n 6=n′

|sn|q|sn′ |+
∑

n 6=n′

|sn|p|sn′ |. ✭✷✳✷✸✮

✭✈✮ ❋♦r 1 < q < p <∞✱

∣∣f(s1 + s2)− f(s1)− f ′(s1)s2
∣∣ . |s2|2 + |s2|q + |s2|p, ✭✷✳✷✹✮

∣∣∣∣F (s1 + s2)− F (s1)− f(s1)s2 −
1

2
f ′(s1)s

2
2

∣∣∣∣ . |s2|3 + |s2|q+1 + |s2|p+1. ✭✷✳✷✺✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✲✭✐✐✮✲✭✐✐✐✮✳ ❘❡❝❛❧❧ t❤❛t f ′(s) = p|s|p−1− q|s|q−1 ❢♦r p, q s✉❝❤ t❤❛t 1 < q < p <∞✳ ▲❡t
(sn)n=1,...,N ∈ RN ❛♥❞ ❧❡t m ∈ {1, . . . , N} ❜❡ s✉❝❤ t❤❛t

|sm| = max
n=1,...,N

|sn|.

❇② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱

∣∣∣∣
∣∣∣

N∑

n=1

sn

∣∣∣
p−1

−
N∑

n=1

|sn|p−1

∣∣∣∣ .
∑

n 6=m

|sn|p−1 +

∣∣∣∣
∣∣∣

N∑

n=1

sn

∣∣∣
p−1

− |sm|p−1

∣∣∣∣.

❋✐rst✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ m✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

∑

n 6=m

|sn|p−1 .

{
|sm| p−1

2
∑

n 6=m |sn|
p−1
2 ✐❢ 1 < p 6 3

|sm|p−2
∑

n 6=m |sn| ✐❢ 3 < p.

❙❡❝♦♥❞✱ ✐❢ |sm| 6 2
∑
n 6=m

|sn|✱ t❤❡♥

∣∣∣∣
∣∣∣

N∑

n=1

sn

∣∣∣
p−1

− |sm|p−1

∣∣∣∣ . |sm|p−1 .

{
|sm| p−1

2
∑

n 6=m |sn|
p−1
2 ✐❢ 1 < p 6 3

|sm|p−2
∑

n 6=m |sn| ✐❢ 3 < p.

❚❤✐r❞✱ ✐❢ |sm| > 2
∑

n 6=m |sn| t❤❡♥ ❜② t❤❡ ✐♥❡q✉❛❧✐t② |(1 + µ)p−1 − 1| . |µ| ❢♦r ❛♥② |µ| ≤ 1
2 ✱ ✇❡ ❤❛✈❡

∣∣∣∣
∣∣∣

N∑

n=1

sn

∣∣∣
p−1

− |sm|p−1

∣∣∣∣ = |sm|p−1

∣∣∣∣
(
1 +

1

sm

∑

n 6=m

sn

)p−1

− 1

∣∣∣∣ . |sm|p−2
∑

n 6=m

|sn|.

▼♦r❡♦✈❡r✱ ♥♦t❡ t❤❛t ✐❢ 1 ≤ p ≤ 3 t❤❡♥ p− 2 ≤ p−1
2 ❛♥❞ t❤✉s ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ m✱

|sm|p−2
∑

n 6=m

|sn| . |sm| p−1
2

∑

n 6=m

|sn|
p−1
2 .

Pr♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r t❤❡ t❡r♠ |s|q−1 ✐♥ f ′(s)✱ ✇❡ ♦❜t❛✐♥ ✭✐✮✱ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮✳
❚❤❡ ♣r♦♦❢s ♦❢ ✭✐✈✮ ❛♥❞ ✭✈✮ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡✳

✺✹
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❙❡❝♦♥❞✱ ✉s✐♥❣ t❤❡ ♣♦✐♥t✇✐s❡ ❡st✐♠❛t❡s ♦❢ ▲❡♠♠❛ ✷✳✾✱ ✇❡ ❞❡r✐✈❡ ❡st✐♠❛t❡s r❡❧❛t❡❞ t♦ t❤❡ ❡q✉❛t✐♦♥
♦❢ ~ϕ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥ t❡r♠ G ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✻✮✳ ❉❡♥♦t❡

q∗ =

{
q−1
2 ❢♦r 1 < q 6 3

q − 2 ❢♦r 3 < q <∞
❛♥❞ p∗ =

{
p−1
2 ❢♦r 1 < p 6 3

p− 2 ❢♦r 3 < p <∞

❛♥❞ ♦❜s❡r✈❡ t❤❛t 0 < q∗ < p∗✳ ❋✐①

γ0 =
1

8
min (q∗, 1) > 0 ❛♥❞ ❧❡t θ =

N−1∑

n=1

e−4γ0(yn+1−yn). ✭✷✳✷✻✮

❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ γ0 ❛♥❞ θ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ ❡①♣♦♥❡♥t ♦❢ ❡①♣♦♥❡♥t✐❛❧ ✐♥t❡r❛❝t✐♦♥s
❜❡t✇❡❡♥ s♦❧✐t♦♥s ✭❢♦r ✐♥st❛♥❝❡✱ s❡❡ t❤❡ ♥❡①t ❧❡♠♠❛✮✳ ❲❡ ✇✐❧❧ ♥♦t ❦❡❡♣ tr❛❝❦ ♦❢ t❤✐s ❞❡♣❡♥❞❡♥❝❡ ✐♥
♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥ts✳

▲❡♠♠❛ ✷✳✶✵✳ ❆ss✉♠❡ ✭✷✳✶✶✮✱ ✇❡ ❤❛✈❡

∑

n 6=n′

∫

R

(
|QnQn′ |+ |∂xQn∂xQn′ |+

∣∣∂2xQn∂
2
xQn′

∣∣) dx . θ, ✭✷✳✷✼✮

∑

n 6=n′

∫

R

(∣∣∂xQnΥn′,1

∣∣+
∣∣∂2xQnΥn′,2

∣∣) dx . θ, ✭✷✳✷✽✮

∫

R

∣∣∣∣F (U1)−
N∑

n=1

F (Qn)

∣∣∣∣dx . θ, ✭✷✳✷✾✮

‖G‖L2 +
∑

n 6=n′

‖f ′(Qn)Υn′,2‖L2 + ‖f ′(U1)−
N∑

n=1

f ′(Qn)‖L2 . θ. ✭✷✳✸✵✮

❘❡♠❛r❦ ✷✳✶✶✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ❛❧❧ t❤❡ t❡r♠s ❛❜♦✈❡ ❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡ s❛♠❡ ❡rr♦r t❡r♠
∑N−1

n=1 e
−4γ0(yn+1−yn)✳

❖❢ ❝♦✉rs❡✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ γ0✱ t❤❡s❡ ❡st✐♠❛t❡s ❛r❡ ❢❛r ❢r♦♠ ❜❡✐♥❣ ♦♣t✐♠❛❧✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✵✳ Pr♦♦❢ ♦❢ ✭✷✳✷✼✮✳ ❋✐rst✱ ❜② ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱ ❢♦r ❛♥② n 6= n′✱

∫

R

|QnQn′ |dx = H1 +H2,

✇❤❡r❡

H1 = (1− ℓ2n)
1
2

∫

I1

Q(x)Q

(
(yn − yn′) + (1− ℓ2n)

1
2x

(1− ℓ2n′)
1
2

)
dx,

H2 = (1− ℓ2n)
1
2

∫

I2

Q(x)Q

(
(yn − yn′) + (1− ℓ2n)

1
2x

(1− ℓ2n′)
1
2

)
dx,

❛♥❞

I1 =

{
x ∈ R : (1− ℓ2n)

1
2 |x| < 1

2
|yn − yn′ |

}
,

I2 =

{
x ∈ R : (1− ℓ2n)

1
2 |x| > 1

2
|yn − yn′ |

}
.

✺✺
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❋r♦♠ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Q ✐♥ ✭✷✳✻✮ ❛♥❞ t❤❡♥ γ0 6 1
8 6 1

8(1− ℓ2n)
− 1

2 ✱ ❢♦r ❛♥② x ∈ I2✱ ✇❡ ❤❛✈❡

|Q (x)| . e
− 1

2

|yn−yn′ |√
1−ℓ2n . e−4γ0|yn−yn′ |,

❛♥❞ s♦

H2 . e−4γ0|yn−yn′ |
∫

I2

Q

(
(yn − yn′) + (1− ℓ2n)

1
2x

(1− ℓ2n′)
1
2

)
dx . e−4γ0|yn−yn′ | . θ.

❙✐♠✐❧❛r❧②✱ ❢♦r ❛♥② x ∈ I1✱
∣∣∣∣∣Q
(
(yn − yn′) + (1− ℓ2n)

1
2x

(1− ℓ2n′)
1
2

)∣∣∣∣∣ . e−4γ0|yn−yn′ |,

❛♥❞ s♦

H1 . e−4γ0|yn−yn′ |
∫

I1

Q(x)dx . e−4γ0|yn−yn′ | . θ.

❚❤✐s ♣r♦✈❡s ❡st✐♠❛t❡ ✭✷✳✷✼✮ ❢♦r QnQn′ ✳ ❯s✐♥❣ ✭✷✳✻✮✱ t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✷✼✮ ✐s t❤❡ s❛♠❡✳
Pr♦♦❢ ♦❢ ✭✷✳✷✽✮✳ ❋r♦♠ ✭✷✳✻✮✱ ✭✷✳✽✮ ❛♥❞ (1− ℓ2n)

− 1
2 > 1✱ ✇❡ ❤❛✈❡

∑

n 6=n′

∣∣∂xQnΥn′,1

∣∣+
∣∣∂2xQnΥn′,2

∣∣ .
∑

n 6=n′

e−|x−yn|e−|x−yn′ |.

❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✷✼✮✱ ✉s✐♥❣ γ0 = 1
8 min(q∗, 1) 6 1

8 ✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✷✽✮✳
Pr♦♦❢ ♦❢ ✭✷✳✷✾✮✳ ❋r♦♠ ✭✷✳✻✮✱ ✭✷✳✷✸✮ ❛♥❞ 1 < q < p <∞✱ ✇❡ ✐♥❢❡r

∣∣∣∣∣F (U1)−
N∑

n=1

F (Qn)

∣∣∣∣∣ .
∑

n 6=n′

|Qn|q|Qn′ |+
∑

n 6=n′

|Qn|p|Qn′ | .
∑

n 6=n′

|Qn||Qn′ |.

❚❤✉s✱ ❡st✐♠❛t❡ ✭✷✳✷✾✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✷✼✮✳
Pr♦♦❢ ♦❢ ✭✷✳✸✵✮✳ ❋r♦♠ ✭✷✳✷✷✮✱ ✇❡ ❤❛✈❡

|G| .
∑

n 6=n′

|Qn|q−1|Qn′ |+
∑

n 6=n′

|Qn|p−1|Qn′ |.

❇② 1 < q < p✱ ✭✷✳✻✮ ❛♥❞ ✭✷✳✽✮✱
∑

n 6=n′

∣∣f ′(Qn)Υn′,2

∣∣ .
∑

n 6=n′

|Qn|q−1e−|x−yn′ |.

▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✷✳✶✾✮✱ ✭✷✳✷✵✮✱ ✭✷✳✷✶✮✱ ✇❡ ✐♥❢❡r✱ ❢♦r 1 < q < p ≤ 3✱

∣∣∣∣f
′(U1)−

N∑

n=1

f ′(Qn)

∣∣∣∣ .
∑

n 6=n′

|Qn|
q−1
2 |Qn′ | q−1

2 +
∑

n 6=n′

|Qn|
p−1
2 |Qn′ | p−1

2 ,

❢♦r 1 < q ≤ 3 < p✱

∣∣∣∣f
′(U1)−

N∑

n=1

f ′(Qn)

∣∣∣∣ .
∑

n 6=n′

|Qn|
q−1
2 |Qn′ | q−1

2 +
∑

n 6=n′

|Qn|p−2|Qn′ |,

❛♥❞ ❧❛st✱ ❢♦r 3 < q < p✱

∣∣∣∣f
′(U1)−

N∑

n=1

f ′(Qn)

∣∣∣∣ .
∑

n 6=n′

|Qn|q−2|Qn′ |+
∑

n 6=n′

|Qn|p−2|Qn′ |.

❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✷✼✮✱ ✉s✐♥❣ γ0 = 1
8 min(q∗, 1)✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✸✵✮✳

✺✻
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❚❤✐r❞✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❝♦♥tr♦❧ ♦❢ ẏn ❢r♦♠ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✶✹✮✳

▲❡♠♠❛ ✷✳✶✷ ✭❈♦♥tr♦❧ ♦❢ ẏn✮✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲❡♠♠❛ ✷✳✼✱ ✇❡ ❤❛✈❡

N∑

n=1

∣∣ẏn − ℓn
∣∣ . ‖~ϕ‖H + θ. ✭✷✳✸✶✮

Pr♦♦❢✳ ❋✐rst✱ ✇❡ r❡✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ~ϕ = (ϕ1, ϕ2) ❛s

∂t~ϕ = ~L~ϕ+ ~Mod + ~G+ ~R1 + ~R2, ✭✷✳✸✷✮

✇❤❡r❡
~L =

(
0 1

∂2x − 1 +
∑N

n=1 f
′(Qn) 0

)
, ~Mod =

(
Mod1
Mod2

)
,

~G =

(
0
G

)
, ~R1 =

(
0
R1

)
=

(
0

f(U1 + ϕ1)− f(U1)− f ′(U1)ϕ1

)
,

❛♥❞

~R2 =

(
0
R2

)
=

(
0(

f ′(U1)−
∑N

n=1 f
′(Qn)

)
ϕ1

)
.

❙❡❝♦♥❞✱ ❢r♦♠ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✶✹✮✱

0 =
d

dt

(
~ϕ, ~Z0

n

)

L2
=
(
∂t~ϕ, ~Z

0
n

)

L2
+
(
~ϕ, ∂t ~Z

0
n

)

L2
.

❚❤✉s✱ ✉s✐♥❣ ✭✷✳✸✷✮✱

0 =
(
~L~ϕ, ~Z0

n

)

L2
+
(
~R1, ~Z

0
n

)

L2
+
(
~R2, ~Z

0
n

)

L2
+
(
~G, ~Z0

n

)

L2
+
(
~Mod, ~Z0

n

)

L2

− (ẏn − ℓn)
(
~ϕ, ∂x ~Z

0
n

)

L2
− ℓn

(
~ϕ, ∂x ~Z

0
n

)

L2
.

❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Q ✐♥ ✭✷✳✻✮✱ t❤❡ ✜rst t❡r♠ ✐s
(
~L~ϕ, ~Z0

n

)

L2
=
(
~ϕ, ~Lt ~Z0

n

)

L2
= O(‖~ϕ‖H).

◆❡①t✱ ❜② ✭✷✳✷✹✮✱ ✇❡ ✐♥❢❡r
|R1| . |ϕ1|2 + |ϕ1|q + |ϕ1|p,

❛♥❞ ❜② t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠✱
∣∣∣
(
~R1, ~Z

0
n

)

L2

∣∣∣ . ‖~ϕ‖2H + ‖~ϕ‖qH + ‖~ϕ‖pH.

❯s✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✷✳✸✵✮✱ ✇❡ ♦❜t❛✐♥

∣∣∣
(
~R2, ~Z

0
n

)

L2

∣∣∣ . ‖~ϕ‖H‖f ′(U1)−
N∑

n′=1

f ′(Qn′)‖L2 . ‖~ϕ‖2H + θ2.

❚❤❡♥✱ ✉s✐♥❣ ✭✷✳✸✵✮✱ ✇❡ ❤❛✈❡ ∣∣
(
~G, ~Z0

n

)

L2

∣∣ . ‖G‖L2 . θ.

◆❡①t✱ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ~Mod✱
(
~Mod, ~Z0

n

)

L2
= (ẏn − ℓn)

(
~Z0
n,
~Z0
n

)

L2
+
∑

n′ 6=n

(ẏn′ − ℓn′)
(
~Z0
n′ , ~Z0

n

)

L2
.

✺✼
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▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✷✳✷✼✮✱

∑

n′ 6=n

(ẏn′ − ℓn′)
(
~Z0
n′ , ~Z0

n

)

L2
= O

(
θ
∑

n′ 6=n

|ẏn′ − ℓn′ |
)
.

▲❛st✱ ❜② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱
∣∣∣(ẏn − ℓn)

(
~ϕ, ∂x ~Z

0
n

)

L2

∣∣∣+
∣∣∣ℓn
(
~ϕ, ∂x ~Z

0
n

)

L2

∣∣∣ . ‖~ϕ‖H (1 + |ẏn − ℓn|) .

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥

∣∣ẏn − ℓn
∣∣ . ‖~ϕ‖H + θ +O

(
(θ + ‖~ϕ‖H)

N∑

n′=1

|ẏn′ − ℓn′ |
)
.

❙✉♠♠✐♥❣ ♦✈❡r n✱ ✇❡ ✜♥❞

N∑

n=1

∣∣ẏn − ℓn
∣∣ . ‖~ϕ‖H + θ +O

(
(θ + ‖~ϕ‖H)

N∑

n′=1

|ẏn′ − ℓn′ |
)
,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✸✶✮ ❢♦r δ0 s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ L0 ❧❛r❣❡ ❡♥♦✉❣❤✳

▲❛st✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s✳

▲❡♠♠❛ ✷✳✶✸ ✭❊①♣♦♥❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s✮✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲❡♠♠❛ ✷✳✼✱ ❧❡t a±n =
(
~ϕ, ~Z±

n

)
L2 ❢♦r ❛❧❧

n = 1, . . . , N ✳ ■t ❤♦❧❞s ∣∣∣∣
d

dt
a±n ∓ αna

±
n

∣∣∣∣ . ‖~ϕ‖2H + ‖~ϕ‖qH + θ, ✭✷✳✸✸✮

✇❤❡r❡ αn = ν0(1− ℓ2n)
1
2 ✳

Pr♦♦❢✳ ❋✐rst✱ ✉s✐♥❣ ✭✷✳✸✷✮✱ ✇❡ ❝♦♠♣✉t❡✱

d

dt
a±1 =

(
∂t~ϕ, ~Z

±
1

)

L2
+
(
~ϕ, ∂t ~Z

±
1

)

L2

=
(
~L~ϕ, ~Z±

1

)

L2
− ℓ1

(
~ϕ, ∂x ~Z

±
1

)

L2
+
(
~G, ~Z±

1

)

L2

+
(
~R1, ~Z

±
1

)

L2
+
(
~R2, ~Z

±
1

)

L2
+
(
~Mod, ~Z±

1

)

L2
− (ẏ1 − ℓ1)

(
~ϕ, ∂x ~Z

±
1

)

L2
.

◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✷✳✾✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

(
~L~ϕ, ~Z±

1

)

L2
− ℓ1

(
~ϕ, ∂x ~Z

±
1

)

L2
= −

(
~ϕ,
(
Hℓ1J

~Z±
ℓ1

)
(· − y1)

)

L2

+

N∑

n=2

(
ϕ1, f

′(Qn)Υ
±
1,2

)

L2

= ±α1a
±
1 +

N∑

n=2

(
ϕ1, f

′(Qn)Υ
±
1,2

)

L2
.

❯s✐♥❣ ✭✷✳✸✵✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱

∣∣∣∣
N∑

n=2

(
ϕ1, f

′(Qn)Υ
±
1,2

)

L2

∣∣∣∣ .
N∑

n=2

‖f ′(Qn)Υ
±
1,2‖L2‖ϕ1‖L2 . ‖ϕ1‖2L2 + θ2.

✺✽
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◆❡①t✱ ✉s✐♥❣ ✭✷✳✸✵✮✱ ✭✷✳✷✹✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠
∣∣∣
(
~R1, ~Z

±
1

)

L2

∣∣∣ .
∫

R

(
|ϕ1|2 + |ϕ1|q + |ϕ1|p

)
dx . ‖~ϕ‖2H + ‖~ϕ‖qH + ‖~ϕ‖pH,

∣∣∣
(
~R2, ~Z

±
1

)

L2

∣∣∣ . ‖f ′(U1)−
N∑

n=1

f ′(Qn)‖L2‖ϕ1‖L2 6 ‖~ϕ‖2H + θ2,

❛♥❞ ∣∣∣
(
~G, ~Z±

1

)

L2

∣∣∣ . ‖G‖L2 . θ.

▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✷✳✾✮✱ ✭✷✳✷✽✮ ❛♥❞ ✭✷✳✸✶✮✱

(
~Mod, ~Z±

1

)

L2
=

N∑

n=2

(ẏn − ℓn)
(
~Z0
n,
~Z±
1

)

L2
= O

(
‖~ϕ‖2H + θ2

)
.

▲❛st✱ ❢r♦♠ ✭✷✳✸✶✮✱ ∣∣(ẏ1 − ℓ1)(~ϕ, ∂x ~Z
±
1 )L2

∣∣ . ‖~ϕ‖2H + θ2.

●❛t❤❡r✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ ♣r♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r a±n ❢♦r n = 2, . . . , N ✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✸✸✮✳

✷✳✸ ▼♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ❢♦r t❤❡ ✶❉ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

✷✳✸✳✶ ❇♦♦tstr❛♣ s❡tt✐♥❣

❋✐①

γ1 =
1

8
min (ℓ2 − ℓ1, · · · , ℓN − ℓN−1) > 0. ✭✷✳✸✹✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s✿ ❢♦r C0 ≫ 1 t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱




‖~ϕ(t)‖H 6 C0

(
δ + e−γ0L

)
,

min{(yn+1 − yn)(t); n = 1, . . . , N} >
9

10
L+ 2γ1t,

N∑

n=1

|a+n (t)|2 6 C
3
2
0

(
δ2 + e−2γ0L

)
,

N∑

n=1

|a−n (t)|2 6 C
7
4
0

(
δ2 + e−2γ0L

)
.

✭✷✳✸✺✮

❘❡❝❛❧❧ t❤❛t γ0 ✐s ❞❡✜♥❡❞ ✐♥ ✭✷✳✷✻✮✳ ▲❡t ~u0 s❛t✐s❢② ✭✷✳✶✷✮ ❛♥❞ ✭✷✳✸✺✮ ❛t t = 0✱ ❧❡t ~u ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✮ ❛♥❞ ❞❡✜♥❡

T∗(~u0) = sup{t ∈ [0,∞) : ~u s❛t✐s✜❡s ✭✷✳✶✷✮ ❛♥❞ ✭✷✳✸✺✮ ❤♦❧❞s ♦♥ [0, t]}, ✭✷✳✸✻✮

◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✷✳✸✺✮✱ ❢♦r ❛❧❧ t ∈ [0, T∗(~u0)]✱

θ(t) =

N−1∑

n=1

e−4γ0(yn+1(t)−yn(t)) . e−(
18
5
L+8γ1t) . e−3γ0L. ✭✷✳✸✼✮

◆♦t❡ ❛❧s♦ t❤❛t✱ ❢♦r C0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ❢r♦♠ ✭✷✳✸✶✮ ❛♥❞ ✭✷✳✸✺✮✱ ❢♦r ❛❧❧ n = 1, . . . , N ❛♥❞ t ∈ [0, T∗(~u0)]✱

|ẏn − ℓn| 6 C0

(
‖~ϕ‖H + θ

)
6 2C2

0

(
δ + e−γ0L

)
6 γ1,

❢♦r L ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ δ s♠❛❧❧ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ C0✮✳ ■♥t❡❣r❛t✐♥❣ ♦♥ [0, t] ❢♦r ❛♥② t ∈ [0, T∗(~u0)]✱
✇❡ ♦❜t❛✐♥✱ ❢♦r ❛❧❧ n = 1, . . . , N ✱

|yn(t)− ℓnt− yn(0)| 6 γ1t. ✭✷✳✸✽✮

✺✾
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✷✳✸✳✷ ▼♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt②

❋✐rst✱ ✇❡ ✜① s✉✐t❛❜❧❡ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥s✳ ▲❡t χ ❜❡ ❛ C3 ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

χ′ > 0,
√
χ ∈ C1,

√
1− χ ∈ C1, χ(x) =

{
0 ❢♦r x 6 −1,

1 ❢♦r x > 1.

❙❡t

βn =
ℓn−1 + ℓn

2
, ȳ0n =

yn−1(0) + yn(0)

2
, χn(t, x) = χ

(
x− βnt− ȳ0n

(t+ a)α

)
,

❢♦r n = 2, . . . , N ✱ ✇❤❡r❡ α ❛♥❞ a ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t

1

2
< α <

4

7
❛♥❞ a =

(
L

10

) 1
α

.

❲❡ ❛❧s♦ s❡t
β1 = 0, χ1 = 1, χN+1 = 0.

▲❡t
ψn(t, x) = χn(t, x)− χn+1(t, x) ❢♦r n = 1, . . . , N.

◆♦t❡ t❤❛t ψn ≡ 1 ❛r♦✉♥❞ t❤❡ s♦❧✐t❛r② ✇❛✈❡ Qn✱ ❛♥❞ ψn ≡ 0 ❛r♦✉♥❞ t❤❡ s♦❧✐t❛r② ✇❛✈❡s Qn′ ❢♦r n′ 6= n✳
▼♦r❡♦✈❡r✱

N∑

n=1

ψn = 1 ❛♥❞ χn =

N∑

n′=n

ψn′ ❢♦r n = 1, . . . , N. ✭✷✳✸✾✮

❙❡t
Ωn(t) =

{
x ∈ R : |x− βnt− ȳ0n| 6 (t+ a)α

}
❢♦r t ∈ [0, T∗(~u0)].

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ χn ❛♥❞ Ωn✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ✭✶I ❞❡♥♦t❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ I✮

|∂xχn| .
1

(t+ a)α
✶Ωn , ✭✷✳✹✵✮

|∂2xχn|+ |∂txχn| .
1

(t+ a)2α
✶Ωn , |∂3xχn| .

1

(t+ a)3α
✶Ωn . ✭✷✳✹✶✮

❲❡ ❣✐✈❡ t❡❝❤♥✐❝❛❧ ❡st✐♠❛t❡s r❡❧❛t❡❞ t♦ t❤❡ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥s✳

▲❡♠♠❛ ✷✳✶✹✳ ❋♦r ❛❧❧ n = 1, . . . , N ❛♥❞ ❛❧❧ t ∈ [0, T∗(~u0)]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳

✭✐✮ ❊st✐♠❛t❡s r❡❧❛t❡❞ t♦ χn✳ ❲❡ ❤❛✈❡

n−1∑

n′=1

∫

R

(
(∂xQn′)2 +Q2

n′

)
χndx . e−4γ0L, ✭✷✳✹✷✮

n−1∑

n′=1

(‖χnQn′‖L2 + ‖χn∂xQn′‖L2) . e−2γ0L. ✭✷✳✹✸✮

✭✐✐✮ ❊st✐♠❛t❡s r❡❧❛t❡❞ t♦ (1− χn)✳ ❲❡ ❤❛✈❡

N∑

n′=n

∫

R

(
(∂xQn′)2 +Q2

n′

)
(1− χn)dx . e−4γ0L, ✭✷✳✹✹✮

N∑

n′=n

(‖(χn − 1)Qn′‖L2 + ‖(χn − 1)∂xQn′‖L2) . e−2γ0L. ✭✷✳✹✺✮

✻✵
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✭✐✐✐✮ ❊st✐♠❛t❡s r❡❧❛t❡❞ t♦ Ωn✳ ❲❡ ❤❛✈❡

N∑

n′=1

(‖1ΩnQn′‖L2 + ‖1Ωn∂xQn′‖L2) . e−2(γ0L+γ1t). ✭✷✳✹✻✮

✭✐✈✮ ❊st✐♠❛t❡s r❡❧❛t❡❞ t♦ ψn′ ✳ ❲❡ ❤❛✈❡

∑

n′ 6=n

‖f ′(Qn)ψn′‖L2 . e−2γ0L, ✭✷✳✹✼✮

∑

n′ 6=n

‖Υn,1ψn′‖L2 +
∑

n′ 6=n

‖Υn,2ψn′‖L2 . e−2γ0L, ✭✷✳✹✽✮

∑

n′ 6=n

‖∂xQnψn′‖L2 +
∑

n′ 6=n

‖∂2xQnψn′‖L2 . e−2γ0L. ✭✷✳✹✾✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❲❡ ♣r♦✈❡ ✭✷✳✹✷✮❀ ✭✷✳✹✸✮ ✐s ♣r♦✈❡❞ s✐♠✐❧❛r❧②✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ χn✱ ❢♦r ❛♥②
x ∈ suppχn✱

x− βnt− ȳ0n ≥ −(t+ a)α,

❛♥❞ s♦ ✉s✐♥❣ ✭✷✳✸✽✮✱ ❢♦r ❛♥② 1 6 n′ 6 n− 1✱

x− yn′(t) > (βn − ℓn′)t− γ1t+ (ȳ0n − yn′(0))− (t+ a)α.

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ γ1 ❛♥❞ ✭✷✳✸✺✮ ❛t t = 0✱ ✇❡ ❤❛✈❡ βn − ℓn′ ≥ 1
2(ℓn − ℓn−1) > 4γ1✱

ȳ0n − yn′(0) =
1

2
(yn(0) + yn−1(0))− yn′(0) ≥ 1

2
(yn(0)− yn−1(0)) ≥

9L

20
,

❛♥❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ aα = L
10 ✱ 0 < α < 1✱

(t+ a)α ≤ tα + aα ≤ tα +
L

10
≤ γ1t+

L

5
,

❢♦r L ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ γ0 6
1
8 ✱ ❢♦r ❛♥② x ∈ supp χn✱

x− yn′(t) > 4γ1t− γ1t+
9L

20
− γ1t−

L

5
> 2γ1t+

L

4
> 2(γ0L+ γ1t),

❢♦r L ❧❛r❣❡ ❡♥♦✉❣❤✳ ❇❛s❡❞ ♦♥ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Q ✐♥ ✭✷✳✻✮ ❛♥❞ ❛❜♦✈❡ ❡st✐♠❛t❡✱

n−1∑

n′=1

∫

R

(
(∂xQn′)2 +Q2

n′

)
χndx .

n−1∑

n′=1

∫

x−yn′ (t)>2(γ0L+γ1t)
e
− 2|x−yn′ (t)|√

1−ℓ2
n′ dx

.

∫

x>2(γ0L+γ1t)
e−2xdx . e−4(γ0L+γ1t),

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✹✷✮✳
❚❤❡ ♣r♦♦❢ ♦❢ ✭✐✐✮ ✐s t❤❡ s❛♠❡✳
Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ▲❡t ❛♥② 1 6 n 6 N ❛♥❞ 1 6 n′ 6 N ✳ ❋♦r ❛♥② x ∈ Ωn✱ ❜② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱

γ1 =
1
8 minn′ 6=n |ℓn − ℓn′ |✱ ✭✷✳✸✺✮ ❛t t = 0 ❛♥❞ ✭✷✳✸✽✮✱

|x− yn′(t)| > |(ℓn′ − βn)t+ yn′(0)− ȳ0n| − |yn′(t)− ℓn′t− yn′(0)| − |x− βnt− ȳ0n|

> |ℓn′ − βn|t+
∣∣yn′(0)− ȳ0n

∣∣− γ1t− (t+ a)α > 3γ1t+
9L

20
− (t+ a)α.

✻✶
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❚❤✉s✱ ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✹✷✮✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✹✻✮✳
Pr♦♦❢ ♦❢ ✭✐✈✮✳ ❲❡ ♣r♦✈❡ ✭✷✳✹✼✮❀ ❢r♦♠ ✭✷✳✻✮ ❛♥❞ ✭✷✳✽✮✱ ✇❡ s❡❡ t❤❛t ✭✷✳✹✽✮ ❛♥❞ ✭✷✳✹✾✮ ❛r❡ ♣r♦✈❡❞

s✐♠✐❧❛r❧②✳ ▲❡t 1 6 n 6 N ❛♥❞ 1 6 n′ 6 n − 1✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ψn′ ✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥②
x ∈ supp ψn′ ✱

x− βn′+1t− ȳ0n′+1 6 (t+ a)α.

❚❤✉s✱ ❜② γ1 = 1
8 minn′ 6=n |ℓn − ℓn′ |✱ ✭✷✳✸✺✮ ❛t t = 0✱ ✭✷✳✸✽✮ ❛♥❞ aα = L

10 ✱ ❢♦r ❛♥② x ∈ supp ψn′

x− yn(t) 6 (βn′+1 − ℓn) t+ (ȳn′+1(0)− yn(0)) + γ1t+ (t+ a)α

6 −1

2
(ℓn − ℓn−1)t−

1

2
(yn(0)− yn−1(0)) + γ1t+ tα + aα

6 −3γ1t−
9L

20
+ tα +

L

10
6 −3γ1t−

9L

20
+ γ1t+

L

5
6 −L

4
,

❢♦r L ❧❛r❣❡ ❡♥♦✉❣❤✳ ▲❡t 1 6 n 6 N ❛♥❞ n′ > n + 1✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ψn′ ✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥②
x ∈ supp ψn′ ✱

x− βn′t− ȳ0n′ > −(t+ a)α.

❯s✐♥❣ ❛❣❛✐♥ γ1 6 1
8 minn′ 6=n |ℓn − ℓn′ |✱ ✭✷✳✸✺✮ ❛t t = 0✱ ✭✷✳✸✽✮ ❛♥❞ aα = L

10 ✱ ❢♦r ❛♥② x ∈ supp ψn′ ✱

x− yn(t) > (βn′ − ℓn)t+ (ȳ0n′ − yn(0))− γ1t− (t+ a)α

>
1

2
(ℓn+1 − ℓn)t+

1

2
(yn+1(0)− yn(0))− γ1t− tα − aα

> 3γ1t+
9L

20
− tα − L

10
> 3γ1t+

9L

20
− γ1t−

L

5
>
L

4
.

❚❤✉s✱ ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✹✷✮ ❛♥❞ p−1
4 6 2γ0✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✹✼✮✳

❙❡❝♦♥❞✱ ❧❡t

c1 = ℓ1, c2 =
ℓ2 − ℓ1
1− β2ℓ2

, cn =

(
ℓn − ℓn−1

1− βnℓn

) n−1∏

n′=2

(
1− βn′ℓn′−1

1− βn′ℓn′

)
, ✭✷✳✺✵✮

❢♦r n = 3, . . . , N ✳ ❉❡♥♦t❡

c̃1 = 1 ❛♥❞ c̃n = 1 +
n∑

n′=2

cn′βn′ ❢♦r n = 2, . . . , N. ✭✷✳✺✶✮

❙✉❝❤ s♣❡❝✐✜❝ ❝❤♦✐❝❡s ❛r❡ ❡①♣❧❛✐♥❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✶✻✳ ❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ♦♥❡ ♣r♦✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✶✺✳ ❋♦r n = 2, . . . , N ✱

n∑

n′=1

cn′ = c̃nℓn ❛♥❞ c̃n =

n∏

n′=2

(
1− βn′ℓn′−1

1− βn′ℓn′

)
. ✭✷✳✺✷✮

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ✭✷✳✺✷✮ ❜② ✐♥❞✉❝t✐♦♥✳
❙t❡♣ ✶✳ ❋♦r n = 2✳ ❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱

c̃2 = 1 + c2β2 = 1 +
β2ℓ2 − β2ℓ1
1− β2ℓ2

=
1− β2ℓ1
1− β2ℓ2

,

c1 + c2 = ℓ1 +
ℓ2 − ℓ1
1− β2ℓ2

=
ℓ2 − β2ℓ1ℓ2
1− β2ℓ2

= c̃2ℓ2,

✻✷
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✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✺✷✮ ❢♦r n = 2✳
❙t❡♣ ✷✳ ❆ss✉♠✐♥❣ t❤❛t ✭✷✳✺✷✮ ✐s tr✉❡ ❢♦r n = k ✇✐t❤ 2 ≤ k ≤ N − 1✱ ✇❡ ♣r♦✈❡ t❤❛t ✐t ✐s ❛❧s♦ tr✉❡

❢♦r n = k + 1✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ cn ❢♦r n > 3✱ ✇❡ ♦❜t❛✐♥

c̃k+1 =

k∏

n′=2

(
1− βn′ℓn′−1

1− βn′ℓn′

)
+

(
βk+1(ℓk+1 − ℓk)

1− βk+1ℓk+1

) k∏

n′=2

(
1− βn′ℓn′−1

1− βn′ℓn′

)

=

(
1 +

βk+1(ℓk+1 − ℓk)

1− βk+1ℓk+1

) k∏

n′=2

(
1− βn′ℓn′−1

1− βn′ℓn′

)
=

k+1∏

n′=2

(
1− βn′ℓn′−1

1− βn′ℓn′

)
,

❛♥❞

k+1∑

n′=1

cn′ = c̃kℓk + ck+1

= ℓk

k∏

n′=2

(
1− βn′ℓn′−1

1− βn′ℓn′

)
+

(
ℓk+1 − ℓk

1− βk+1ℓk+1

) k∏

n′=2

(
1− βn′ℓn′−1

1− βn′ℓn′

)

= ℓk+1

k+1∏

n′=2

(
1− βn′ℓn′−1

1− βn′ℓn′

)
= c̃k+1ℓk+1,

✇❤✐❝❤ ♠❡❛♥s t❤❛t ✭✷✳✺✷✮ ✐s tr✉❡ ❢♦r n = k + 1✳ ❇② t❤❡ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t✱ ✭✷✳✺✷✮ ✐s ♣r♦✈❡❞ ❢♦r ❛♥②
n = 2, . . . , N ✳

❚❤✐r❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s✱ ❢♦r n = 2, . . . , N ✱

Jn(~u) = In(~u) + βnEn(~u) + βnFn(~u) ✭✷✳✺✸✮

✇❤❡r❡

In(~u) = 2

∫

R

(
χn∂xu1 +

1− β2n
2

(
∂xχn

)
u1

)
u2dx, ✭✷✳✺✹✮

En(~u) =

∫

R

(
(∂xu1)

2 + u21 + u22 − 2F (u1)
)
χndx, ✭✷✳✺✺✮

Fn(~u) = − α

t+ a

∫

R

(
x− βnt− ȳ0n

)
u1u2(∂xχn)dx. ✭✷✳✺✻✮

▲❛st✱ ✇❡ s❡t

E(~u) = E(~u) + c1I(~u) +
N∑

n=2

cnJn(~u) ✭✷✳✺✼✮

✇❤❡r❡✱ ❛s ❞❡✜♥❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱

E(~u) =

∫

R

(
(∂xu1)

2 + u21 + u22 − 2F (u1)
)
dx, I(~u) = 2

∫

R

(∂xu1)u2dx.

❘❡♠❛r❦ ✷✳✶✻✳ ✭✐✮ ❚❤❡ q✉❛♥t✐t② In(~u) ✐s ❛ st❛♥❞❛r❞ ❧♦❝❛❧✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ❢♦r ❛ ✇❛✈❡✲t②♣❡
❡q✉❛t✐♦♥✱ ✇❤✐❧❡ En(~u) ✐s ❛ st❛♥❞❛r❞ ❧♦❝❛❧✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡♥❡r❣②✳

✭✐✐✮ ❚❤❡ ❡①♣r❡ss✐♦♥ E(~u) + c1I(~u) +
∑N

n=2 cn (In(~u) + βnEn(~u)) s❤♦✉❧❞ ❜❡ t❤❡ ❝♦rr❡❝t ❢✉♥❝t✐♦♥❛❧
❢♦r st❛❜✐❧✐t② ♦❢ t❤❡ s✉♠ ♦❢ N s♦❧✐t♦♥s✳ ■♥❞❡❡❞✱ ❞✉❡ t♦ t❤❡ s♣❡❝✐✜❝ ❝❤♦✐❝❡s ♦❢ cn ✐♥ ✭✷✳✺✵✮✱ ❧♦❝❛❧❧②
❛r♦✉♥❞ ❡❛❝❤ s♦❧✐t❛r② ✇❛✈❡ Qn t❤✐s ❢✉♥❝t✐♦♥❛❧ ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ q✉❛♥t✐t② c̃n (E(~u) + 2ℓnI(~u)) ✭s❡❡
▲❡♠♠❛ ✷✳✶✼✮✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ E(~u)+ 2ℓ I(~u) ✐s ❛ ✉s✉❛❧ q✉❛♥t✐t② t♦ ♣r♦✈❡ st❛❜✐❧✐t② ♦❢ ❛ s♦❧✐t♦♥ Qℓ ✇✐t❤
s♣❡❡❞ ℓ ∈ (−1, 1)✳

✭✐✐✐✮ ❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ ✇❡ ♥❡❡❞ t♦ ❛❞❞ t❤❡ r❡✜♥❡❞ t❡r♠ Fn(~u) t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Jn✳

✻✸
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❇② ❡①♣❛♥❞✐♥❣ ~u(t) =
∑N

n=1
~Qn(t) + ~ϕ(t)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✳

▲❡♠♠❛ ✷✳✶✼✳ ❋♦r ❛❧❧ t ∈ [0, T∗(~u0)]✱ ✇❡ ❤❛✈❡

E(~u) =
N∑

n=1

c̃n(1− ℓ2n)
1
2E( ~Q) +

N∑

n=1

c̃nHn(~ϕ, ~ϕ)

+O

(‖~ϕ‖2H
L

+ ‖~ϕ‖3H + ‖~ϕ‖q+1
H + e−3γ0L

)
,

✭✷✳✺✽✮

✇❤❡r❡

Hn(~ϕ, ~ϕ) =

∫

R

(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2 + 2ℓn(∂xϕ1)ϕ2 − f ′(Qn)ϕ
2
1

)
ψndx,

❢♦r n = 1, . . . , N ✳

❘❡♠❛r❦ ✷✳✶✽✳ ❊rr♦r t❡r♠s ❛r❡ ❡st✐♠❛t❡❞ ❜② e−3γ0L ✐♥ t❤✐s s❡❝t✐♦♥✳ ❖❜s❡r✈❡ t❤❛t s♦♠❡ ❧♦ss ✐s ♥❡❡❞❡❞
✇✐t❤ r❡s♣❡❝t t♦ ❙❡❝t✐♦♥ ✷✿ ▲❡♠♠❛s ✷✳✶✵✱ ✷✳✶✷ ❛♥❞ ✷✳✶✸✳

Pr♦♦❢✳ ❙t❡♣ ✶✳ ❊①♣❛♥s✐♦♥ ♦❢ E(~u)✳ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡

E(~u) =

N∑

n=1

(1− ℓ2n)
1
2E( ~Q)

+ 2
N∑

n=1

∫

R

(ℓn∂xQn) (ℓn∂xQn + ℓn∂xϕ1 − ϕ2) dx

+

∫

R

(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2 −
N∑

n=1

f ′(Qn)ϕ
2
1

)
dx

+O
(
‖~ϕ‖3H + ‖~ϕ‖q+1

H + e−3γ0L
)
.

✭✷✳✺✾✮

❘❡❝❛❧❧ t❤❛t ~U =
∑N

n=1
~Qn✳ ❋✐rst✱ ✉s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✷✳✶✸✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G✱ t❤❡ ❡q✉❛t✐♦♥

−(1− ℓ2n)∂
2
xQn +Qn − f(Qn) = 0 ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ✜♥❞

E(~u) = E(~U) + 2
N∑

n=1

∫

R

(ℓn∂xQn)
(
ℓn∂xϕ1 − ϕ2

)
dx

+

∫

R

(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2 −
N∑

n=1

f ′(Qn)ϕ
2
1

)
dx

+ Ẽ1 + Ẽ2 + Ẽ3,

✇❤❡r❡

Ẽ1 = −2

∫

R

(
F (U1 + ϕ1)− F (U1)− f(U1)ϕ1 −

1

2
f ′(U1)ϕ

2
1

)
dx,

Ẽ2 = −2

∫

R

Gϕ1dx,

Ẽ3 = −
∫

R

(
f ′(U1)−

N∑

n=1

f ′(Qn)
)
ϕ2
1dx.

❇② ✭✷✳✷✺✮✱ 1 < q < p <∞ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱

∣∣∣Ẽ1

∣∣∣ .
∫

R

(
|ϕ1|p+1 + |ϕ1|q+1 + |ϕ1|3

)
dx . ‖ϕ1‖3H1 + ‖ϕ1‖q+1

H1 .

✻✹
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❇② ✭✷✳✸✵✮✱ ✭✷✳✸✼✮✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡
∣∣∣Ẽ2

∣∣∣ . ‖G‖L2‖ϕ1‖L2 . ‖ϕ1‖3L2 + θ
3
2 . ‖ϕ1‖3L2 + e−

9
2
γ0L,

❛♥❞

∣∣∣Ẽ3

∣∣∣ .
∥∥f ′(U1)−

N∑

n=1

f ′(Qn)
∥∥
L2‖ϕ1‖2H1 . ‖ϕ1‖3H1 + θ3 . ‖~ϕ‖3H + e−9γ0L.

❙❡❝♦♥❞✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱

E(~U) =

N∑

n=1

(1− ℓ2n)
1
2E( ~Q) + 2

N∑

n=1

∫

R

(
ℓn∂xQn

)2
dx

+
∑

n 6=n′

∫

R

[
(1 + ℓnℓn′)(∂xQn)(∂xQn′) +QnQn′

]
dx

− 2

∫

R

(
F (U1)−

N∑

n=1

F (Qn)
)
dx.

▼♦r❡♦✈❡r✱ ✉s✐♥❣ ✭✷✳✷✼✮✱ ✭✷✳✷✾✮ ❛♥❞ ✭✷✳✸✼✮✱

∑

n 6=n′

∫

R

(
|∂xQn∂xQn′ |+ |QnQn′ |

)
dx+

∫

R

∣∣F (U1)−
N∑

n=1

F (Qn)
∣∣dx . θ . e−3γ0L.

❲❡ s❡❡ t❤❛t ✭✷✳✺✾✮ ❢♦❧❧♦✇s ❢r♦♠ ❛❜♦✈❡ ❡st✐♠❛t❡s✳
❙t❡♣ ✷✳ ❊①♣❛♥s✐♦♥ ♦❢ I(~u)✳ ❲❡ ❝❧❛✐♠

I(~u) =− 2

N∑

n=1

∫

R

(∂xQn) (ℓn∂xQn + ℓn∂xϕ1 − ϕ2) dx

+ 2

∫

R

(∂xϕ1)ϕ2dx+O
(
e−3γ0L

)
.

✭✷✳✻✵✮

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✭✷✳✶✸✮✱

I(~u) =− 2
N∑

n=1

∫

R

(∂xQn) (ℓn∂xQn + ℓn∂xϕ1 − ϕ2) dx

+ 2

∫

R

(∂xϕ1)ϕ2dx− 2
∑

n 6=n′

ℓn′

∫

R

(∂xQn) (∂xQn′) dx.

❚❤✉s✱ ❢r♦♠ ✭✷✳✷✼✮ ❛♥❞ ✭✷✳✸✼✮✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✻✵✮✳
❙t❡♣ ✸✳ ❊①♣❛♥s✐♦♥ ♦❢ In(~u)✳ ❲❡ ❝❧❛✐♠

In(~u) =− 2

N∑

n′=n

∫

R

(∂xQn′) (ℓn′∂xQn′ + ℓn′∂xϕ1 − ϕ2) dx

+ 2

∫

R

χn(∂xϕ1)ϕ2dx+O

(‖~ϕ‖2H
L

+ ‖~ϕ‖3H + e−3γ0L

)
.

✭✷✳✻✶✮

❲❡ ❞❡❝♦♠♣♦s❡
In(~u) = I1

n(~u) + (1− β2n)I2
n(~u),

✻✺
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✇❤❡r❡

I1
n(~u) = 2

∫

R

(χn∂xu1)u2dx, I2
n(~u) =

∫

R

(∂xχn)u1u2dx.

❊st✐♠❛t❡ ♦♥ I1
n✳ ❲❡ ❝❧❛✐♠

I1
n(~u) = −2

N∑

n′=n

∫

R

(∂xQn′) (ℓn′∂xQn′ + ℓn′∂xϕ1 − ϕ2) dx

+ 2

∫

R

χn(∂xϕ1)ϕ2dx+O
(
‖~ϕ‖3H + e−3γ0L

)
.

✭✷✳✻✷✮

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✭✷✳✶✸✮✱

I1
n(~u) = −2

N∑

n′=n

∫

R

(∂xQn′) (ℓn′∂xϕ1 + ℓn′∂xQn′ − ϕ2) dx

+ 2

∫

R

χn(∂xϕ1)ϕ2dx+ I1,1
n + I1,2

n + I1,3
n ,

✇❤❡r❡

I1,1
n = −2

∑

n′ 6=n′′

ℓn′

∫

R

χn (∂xQn′) (∂xQn′′) dx,

I1,2
n = −2

n−1∑

n′=1

∫

R

(χn∂xQn′) (ℓn′∂xϕ1 + ℓn′∂xQn′ − ϕ2) dx,

I1,3
n = −2

N∑

n′=n

∫

R

(χn − 1) (∂xQn′) (ℓn′∂xϕ1 + ℓn′∂xQn′ − ϕ2) dx.

❋r♦♠ ✭✷✳✷✼✮ ❛♥❞ ✭✷✳✸✼✮✱

∣∣I1,1
n

∣∣ .
∑

n′ 6=n′′

∫

R

|∂xQn′ ||∂xQn′′ |dx . θ . e−3γ0L.

❇② ✭✷✳✹✷✮✱ ✭✷✳✹✸✮✱ ✭✷✳✹✹✮✱ ✭✷✳✹✺✮✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

∣∣I1,2
n

∣∣ .
n−1∑

n′=1

(‖~ϕ‖H‖χn∂xQn′‖L2) +

n−1∑

n′=1

∫

R

(∂xQn′)2χndx

. ‖~ϕ‖3H +

n−1∑

n′=1

‖χn∂xQn′‖
3
2

L2 +
n−1∑

n′=1

∫

R

(∂xQn′)2χndx . ‖~ϕ‖3H + e−3γ0L,

❛♥❞

∣∣I1,3
n

∣∣ .
N∑

n′=n

(‖~ϕ‖H‖(χn − 1)∂xQn′‖L2) +
N∑

n′=n

∫

R

(∂xQn′)2(1− χn)dx

. ‖~ϕ‖3H +
N∑

n′=n

(
‖(χn − 1)∂xQn′‖

3
2

L2 +

∫

R

(∂xQn′)2(1− χn)dx

)
. ‖~ϕ‖3H + e−3γ0L.

❲❡ s❡❡ t❤❛t ✭✷✳✻✷✮ ❢♦❧❧♦✇s ❢r♦♠ ❛❜♦✈❡ ❡st✐♠❛t❡s✳
❊st✐♠❛t❡ ♦♥ I2

n✳ ❲❡ ❞❡❝♦♠♣♦s❡

I2
n(~u) = I2,1

n + I2,2
n + I2,3

n ,

✻✻
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✇❤❡r❡

I2,1
n = −

N∑

n′,n′′=1

ℓn′

∫

R

(∂xχn)(∂xQn′)Qn′′dx,

I2,2
n =

N∑

n′=1

∫

R

(∂xχn) (−ℓn′(∂xQn′)ϕ1 +Qn′ϕ2) dx,

I2,3
n =

∫

R

(∂xχn)ϕ1ϕ2dx.

❇② ✭✷✳✹✻✮✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱

∣∣I2,1
n

∣∣ .
N∑

n′=1

∫

R

(
|∂xQn′ |2 + |Qn′ |2

)
✶Ωndx . e−4γ0L,

❛♥❞

∣∣I2,2
n

∣∣ .
N∑

n′=1

‖~ϕ‖H (‖∂xQn′✶Ωn‖L2 + ‖Qn′✶Ωn‖L2)

. ‖~ϕ‖3H +
N∑

n′=1

(
‖∂xQn′✶Ωn‖

3
2

L2 + ‖Qn′✶Ωn‖
3
2

L2

)
. ‖~ϕ‖3H + e−3γ0L.

▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✷✳✹✵✮ ❛♥❞ aα = L
10 ✱

∣∣I2,3
n

∣∣ . 1

(t+ a)α

∫

R

|ϕ1||ϕ2|✶Ωndx .
‖~ϕ‖2H

(t+ a)α
.

‖~ϕ‖2H
L

.

❋r♦♠ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∣∣I2
n

∣∣ . ‖~ϕ‖2H
L

+ ‖~ϕ‖3H + e−3γ0L. ✭✷✳✻✸✮

❲❡ s❡❡ t❤❛t ✭✷✳✻✶✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✻✷✮ ❛♥❞ ✭✷✳✻✸✮✳
❙t❡♣ ✹✳ ❊①♣❛♥s✐♦♥ ♦❢ En(~u)✳ ❲❡ ❝❧❛✐♠

En(~u) =
N∑

n′=n

(1− ℓ2n′)
1
2E( ~Q)

+ 2

N∑

n′=n

∫

R

(ℓn′∂xQn′) (ℓn′∂xQn′ + ℓn′∂xϕ1 − ϕ2) dx

+

∫

R

(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2 −
N∑

n′=n

f ′(Qn′)ϕ2
1

)
χndx

+O
(
‖~ϕ‖3H + ‖~ϕ‖q+1

H + e−3γ0L
)
.

✭✷✳✻✹✮

❋✐rst✱ ❢r♦♠ ✭✷✳✶✸✮✱ −(1 − ℓ2n′)∂2xQn′ + Qn′ − f(Qn′) = 0✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ ❛♥ ❡❧❡♠❡♥t❛r②
❝♦♠♣✉t❛t✐♦♥✱

En(~u) =En(~U) + 2
N∑

n′=n

∫

R

(ℓn′∂xQn′) (ℓn′∂xϕ1 − ϕ2) dx

+

∫

R

(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2 −
N∑

n′=n

f ′(Qn′)ϕ2
1

)
χndx

+ Ẽ1
n + Ẽ2

n + Ẽ3
n + Ẽ4

n + Ẽ5
n + Ẽ6

n,

✻✼
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✇❤❡r❡

Ẽ1
n = −2

∫

R

(
F (U1 + ϕ1)− F (U1)− f(U1)ϕ1 −

1

2
f ′(U1)ϕ

2
1

)
χndx,

Ẽ2
n = −2

∫

R

Gϕ1χndx,

Ẽ3
n = −

∫

R

(
f ′(U1)−

N∑

n′=n

f ′(Qn′)

)
ϕ2
1χndx,

❛♥❞

Ẽ4
n = −2

N∑

n′=1

(1− ℓ2n′)

∫

R

(
∂xQn′

)(
∂xχn

)
ϕ1dx,

Ẽ5
n = 2

n−1∑

n′=1

∫

R

(
ℓn′∂xQn′

)(
ℓn′∂xϕ1 − ϕ2

)
χndx,

Ẽ6
n = 2

N∑

n′=n

∫

R

(
ℓn′∂xQn′

)(
ℓn′∂xϕ1 − ϕ2

)
(χn − 1)dx.

❯s✐♥❣ ❛❣❛✐♥ ✭✷✳✷✺✮✱ 1 < q < p <∞ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱ ✇❡ ♦❜t❛✐♥

∣∣Ẽ1
n

∣∣ .
∫

R

(
|ϕ1|3 + |ϕ1|q+1 + |ϕ1|p+1

)
dx . ‖~ϕ‖3H + ‖~ϕ‖q+1

H .

❇② ✭✷✳✸✵✮✱ ✭✷✳✸✼✮✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱

∣∣∣Ẽ2

∣∣∣ . ‖G‖L2‖ϕ1‖L2 . ‖ϕ1‖3L2 + θ
3
2 . ‖ϕ1‖3L2 + e−

9
2
γ0L,

❘❡❝❛❧❧ t❤❛t✱ ❢♦r ❛♥② x ∈ suppχn ❛♥❞ 1 6 n′ 6 n− 1✱

|x− yn′(t)| > 1

4
(ℓn − ℓn−1)t+

L

4
>
L

4
,

❢♦r L ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤✉s✱ ❢r♦♠ 1 < q < p <∞ ❛♥❞ γ0 6
p−1
8 ✱ ✇❡ ❤❛✈❡

n−1∑

n′=1

‖f ′(Qn′)χn‖L∞ . e−
1
4
(q−1)L . e−2γ0L.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✷✳✸✵✮✱ ✭✷✳✸✼✮✱ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠ ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱

|Ẽ3
n| .

∫

R

(∣∣f ′(U1)−
N∑

n′=1

f ′(Qn′)
∣∣+

n−1∑

n′=1

|f ′(Qn′)|
)
ϕ2
1|χn|dx

. ‖~ϕ‖2H

(
‖f ′(U1)−

N∑

n′=1

f ′(Qn′)‖L2 +
n−1∑

n′=1

‖f ′(Qn′)χn‖L∞

)

. ‖~ϕ‖3H + θ3 +
n−1∑

n′=1

‖f ′(Qn′)χn‖3L∞ . ‖~ϕ‖3H + e−6γ0L.

✻✽
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◆❡①t✱ ❜② ✭✷✳✹✸✮✱ ✭✷✳✹✺✮✱ ✭✷✳✹✻✮✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

|Ẽ4
n| .

N∑

n′=1

‖~ϕ‖H‖∂xQn′✶Ωn‖L2 . ‖~ϕ‖3H +
N∑

n′=1

‖∂xQn′✶Ωn‖
3
2

L2 . ‖~ϕ‖3H + e−3γ0L,

|Ẽ5
n| .

n−1∑

n′=1

‖~ϕ‖H‖χn∂xQn′‖L2 . ‖~ϕ‖3H +
n−1∑

n′=1

‖χn∂xQn′‖
3
2

L2 . ‖~ϕ‖3H + e−3γ0L,

|Ẽ6
n| .

N∑

n′=n

‖~ϕ‖H‖(χn − 1)∂xQn′‖L2 . ‖~ϕ‖3H +

N∑

n′=n

‖(χn − 1)∂xQn′‖
3
2

L2 . ‖~ϕ‖3H + e−3γ0L.

❙❡❝♦♥❞✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱

En(~U) =
N∑

n′=n

(1− ℓ2n′)
1
2E( ~Q) + 2

N∑

n′=n

∫

R

(ℓn′∂xQn′)2 dx

+ Ẽ7
n + Ẽ8

n + Ẽ9
n + Ẽ10

n ,

✇❤❡r❡

Ẽ7
n = −2

∫

R

(
F (U1)−

N∑

n′=1

F (Qn′)

)
χndx,

Ẽ8
n =

n−1∑

n′=1

∫

R

(
(1 + ℓ2n′)(∂xQn′)2 +Q2

n′ − 2F (Qn′)
)
χndx,

❛♥❞

Ẽ9
n =

N∑

n′=n

∫

R

(
(1 + ℓ2n′)(∂xQn′)2 +Q2

n′ − 2F (Qn′)
)
(χn − 1) dx,

Ẽ10
n =

∑

n′ 6=n′′

∫

R

((1 + ℓn′ℓn′′)(∂xQn′)(∂xQn′′) +Qn′Qn′′)χndx.

❇② ✭✷✳✷✾✮ ❛♥❞ ✭✷✳✸✼✮✱

|Ẽ7
n| .

∫

R

∣∣F (U1)−
N∑

n′=1

F (Qn′)
∣∣dx . θ . e−3γ0L.

❋r♦♠ 1 < q < p <∞✱ ✭✷✳✹✷✮ ❛♥❞ ✭✷✳✹✹✮✱

|Ẽ8
n| .

n−1∑

n′=1

∫

R

(
(∂xQn′)2 +Q2

n′ + |Qn′ |p+1 + |Qn′ |q+1
)
χndx

.

n−1∑

n′=1

∫

R

(
(∂xQn′)2 +Q2

n′

)
χndx . e−4γ0L,

❛♥❞

|Ẽ9
n| .

N∑

n′=n

∫

R

(
(∂xQn′)2 +Q2

n′ + |Qn′ |p+1 + |Qn′ |q+1
)
(1− χn)dx

.

N∑

n′=n

∫

R

(
(∂xQn′)2 +Q2

n′

)
(1− χn)dx . e−4γ0L.

✻✾
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▲❛st✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✷✳✷✼✮ ❛♥❞ ✭✷✳✸✼✮✱ ✇❡ ❤❛✈❡

|Ẽ10
n | .

∑

n′ 6=n′′

∫

R

(|(∂xQn′)(∂xQn′′)|+ |Qn′Qn′′ |) dx . θ . e−3γ0L.

❲❡ s❡❡ t❤❛t ✭✷✳✻✹✮ ❢♦❧❧♦✇s ❢r♦♠ ❛❜♦✈❡ ❡st✐♠❛t❡s✳
❙t❡♣ ✺✳ ❊st✐♠❛t❡ ♦❢ Fn(~u)✳ ❲❡ ❝❧❛✐♠

|Fn(~u)| .
‖~ϕ‖2H
L

+ ‖~ϕ‖3H + e−3γ0L. ✭✷✳✻✺✮

❋r♦♠ ✭✷✳✶✸✮✱ ✇❡ ❞❡❝♦♠♣♦s❡
Fn(~u) = F 1

n + F 2
n + F 3

n ,

✇❤❡r❡

F 1
n = − α

t+ a

∫

R

(
x− βnt− ȳ0n

)
(ϕ1ϕ2)(∂xχn)dx,

F 2
n =

α

t+ a

N∑

n′,n′′=1

ℓn′′

∫

R

(
x− βnt− ȳ0n

)
(Qn′∂xQn′′) (∂xχn)dx,

F 3
n = − α

t+ a

N∑

n′=1

∫

R

(
x− βnt− ȳ0n

)
(ϕ2Qn′ − ℓn′ϕ1∂xQn′) (∂xχn)dx.

❋✐rst✱ ❢r♦♠ ✭✷✳✹✵✮ ❛♥❞ a =
(
L
10

) 1
α > L

10 ✱

∣∣F 1
n

∣∣ . 1

(t+ a)

∫

R

|ϕ1||ϕ2|dx .
‖~ϕ‖2H
L

.

◆❡①t✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✷✳✹✵✮✱ ✭✷✳✹✻✮✱ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱

∣∣F 2
n

∣∣ . 1

(t+ a)

N∑

n′,n′′=1

∫

R

|Qn′ | |∂xQn′′ |✶Ωndx

.

N∑

n′=1

(
‖∂xQn′✶Ωn‖2L2 + ‖Qn′✶Ωn‖2L2

)
. e−4γ0L,

❛♥❞

∣∣F 3
n

∣∣ . 1

(t+ a)

N∑

n′=1

∫

R

(|ϕ2Qn′ |+ |ϕ1∂xQn′ |)✶Ωndx

.

N∑

n′=1

‖~ϕ‖H (‖∂xQn′✶Ωn‖L2 + ‖Qn′✶Ωn‖L2)

.

N∑

n′=1

(
‖∂xQn′✶Ωn‖

3
2

L2 + ‖Qn′✶Ωn‖
3
2

L2 + ‖~ϕ‖3H
)

. ‖~ϕ‖3H + e−3γ0L.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✻✺✮✳
❙t❡♣ ✻✳ ❈♦♥❝❧✉s✐♦♥✳ ❋✐rst✱ ✇❡ ❝❧❛✐♠

E(~u) +

N∑

n=2

cnβnEn(~u) = E1 + E2 + E3 +O
(
‖~ϕ‖3H + ‖~ϕ‖q+1

H + e−3γ0L
)
. ✭✷✳✻✻✮

✼✵
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✇❤❡r❡

E1 =
N∑

n=1

c̃n(1− ℓ2n)
1
2E( ~Q),

E2 = 2

N∑

n=1

c̃nℓn

∫

R

(∂xQn) (ℓn∂xQn + ℓn∂xϕ1 − ϕ2) dx,

E3 =
N∑

n=1

c̃n

∫

R

(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2 − f ′(Qn)ϕ
2
1

)
ψndx.

■♥❞❡❡❞✱ ❢r♦♠ ✭✷✳✺✶✮✱ ✭✷✳✺✾✮ ❛♥❞ ✭✷✳✻✹✮ ❛♥❞ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱

E(~u) +
N∑

n=2

cnβnEn(~u)

= E1 + E2 +
∫

R

(
1 +

N∑

n=1

cnβnχn

)(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2

)
dx

−
N∑

n=1

[ ∫

R

(
1 +

n∑

n′=1

cn′βn′χn′

)
f ′(Qn)ϕ

2
1dx

]
+O

(
‖~ϕ‖3H + ‖~ϕ‖q+1

H + e−3γ0L
)
.

❖❜s❡r✈❡ t❤❛t✱ ❢r♦♠ ✭✷✳✸✾✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ c̃n✱

∫

R

(
1 +

N∑

n=1

cnβnχn

)(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2

)
dx

=
N∑

n=1

c̃n

∫

R

(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2

)
ψndx,

❛♥❞

N∑

n=1

[ ∫

R

(
1 +

n∑

n′=2

cn′βn′χn′

)
f ′(Qn)ϕ

2
1dx

]

=

N∑

n=1

c̃n

∫

R

f ′(Qn)ϕ
2
1ψndx+

N∑

n=1

∑

n′ 6=n

[(
1 +

(n′)+∑

k=1

(ckβk)

)∫

R

f ′(Qn)ϕ
2
1ψn′dx

]
,

✇❤❡r❡ (n′)+ = min(n′, n)✳ ◆♦t❡ t❤❛t✱ ❜② ✭✷✳✹✼✮✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②
❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱

∑

n′ 6=n

∣∣∣∣
∫

R

f ′(Qn)ϕ
2
1ψn′dx

∣∣∣∣ .
∑

n′ 6=n

‖~ϕ‖2H‖f ′(Qn)ψn′‖L2

. ‖~ϕ‖3H +
∑

n′ 6=n

‖f ′(Qn)ψn′‖3L2 . ‖~ϕ‖3H + e−6γ0L.

❲❡ s❡❡ t❤❛t ✭✷✳✻✻✮ ❢♦❧❧♦✇s ❢r♦♠ ❝♦♠❜✐♥✐♥❣ t❤❡s❡ ✐❞❡♥t✐t✐❡s ❛♥❞ ❡st✐♠❛t❡s✳

✼✶
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❙❡❝♦♥❞✱ ✇❡ ❝❧❛✐♠

c1I +
N∑

n=2

cnIn = −2
N∑

n=1

[( n∑

n′=1

cn′

)∫

R

(∂xQn) (ℓn∂xQn + ℓn∂xϕ1 − ϕ2) dx

]

+ 2
N∑

n=1

[( n∑

n′=1

cn′

)∫

R

(∂xϕ1)ϕ2ψndx

]

+O

(‖~ϕ‖2H
L

+ ‖~ϕ‖3H + e−3γ0L

)
.

✭✷✳✻✼✮

■♥❞❡❡❞✱ ❢r♦♠ ✭✷✳✻✵✮ ❛♥❞ ✭✷✳✻✶✮✱

c1I +
N∑

n=2

cnIn

= −2

N∑

n=1

∫

R

( n∑

n′=1

cn′

)
(∂xQn)(ℓn∂xQn + ℓn∂xϕ1 − ϕ2)dx

+ 2

∫

R

(
c1 +

N∑

n=2

cnχn

)
(∂xϕ1)ϕ2dx+O

(‖~ϕ‖2H
L

+ ‖~ϕ‖3H + e−3γ0L

)
.

❯s✐♥❣ ❛❣❛✐♥ ✭✷✳✸✾✮✱ ✇❡ ❤❛✈❡

2

∫

R

(
c1 +

N∑

n=2

cnχn

)
(∂xϕ1)ϕ2dx = 2

N∑

n=1

[( n∑

n′=1

cn′

)∫

R

(∂xϕ1)ϕ2ψndx

]
,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✻✼✮✳
❈♦♠❜✐♥✐♥❣ ✭✷✳✺✷✮✱ ✭✷✳✺✸✮✱ ✭✷✳✺✼✮✱ ✭✷✳✻✺✮✱ ✭✷✳✻✻✮ ❛♥❞ ✭✷✳✻✼✮✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✺✽✮✳

◆❡①t✱ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ❧♦❝❛❧✐③❡❞ ❛r❣✉♠❡♥t✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❡r❝✐✈✐t② r❡s✉❧t✳

▲❡♠♠❛ ✷✳✶✾ ✭❈♦❡r❝✐✈✐t②✮✳ ❚❤❡r❡ ❡①✐st 0 < µ≪ 1 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ [0, T∗(~u0)]✱

µ‖~ϕ‖2H 6

N∑

n=1

c̃nHn(~ϕ, ~ϕ) + µ−1

[
N∑

n=1

(a−n )
2 +

N∑

n=1

(a+n )
2

]
+ e−3γ0L. ✭✷✳✻✽✮

Pr♦♦❢✳ ❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❡ ❧♦❝❛❧✐③❡❞ ❝♦❡r❝✐✈✐t② ♦❢ Hn(~ϕ, ~ϕ) ❢r♦♠ t❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ✭✷✳✶✵✮ ❛r♦✉♥❞
♦♥❡ s♦❧✐t❛r② ✇❛✈❡ ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt✐❡s ✭✷✳✶✹✮✳ ❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ t❤❡ ❞❡✜♥t✐♦♥ ♦❢ ψn

❛♥❞
√
χ,

√
1− χ ∈ C1✱

∫

R

(
(∂xϕ1)

2 + 2ℓn(∂xϕ1)ϕ2

)
ψndx

=

∫

R

((
∂x

(
ϕ1

√
ψn

))2
+ 2ℓn

(
∂x

(
ϕ1

√
ψn

))
ϕ2

√
ψn

)
dx+O

(
1

L
‖~ϕ‖2H

)
.

✭✷✳✻✾✮

❲❡ ❞❡✜♥❡
~ϕn = (ϕ1,n, ϕ2,n) =

(
ϕ1(·+ yn)

√
ψn(·+ yn), ϕ2(·+ yn)

√
ψn(·+ yn)

)
,

❢♦r ❛❧❧ n = 1, . . . , N ✳ ❋r♦♠ ✭✷✳✶✵✮✱ ✭✷✳✻✾✮ ❛♥❞ t❤❡ tr❛♥s❧❛t✐♦♥ x→ x+ yn✱ t❤❡r❡ ❡①✐sts νn > 0 s✉❝❤ t❤❛t

Hn (~ϕ, ~ϕ) = (Hℓn ~ϕn, ~ϕn)L2 +O

(
1

L
‖~ϕ‖2H

)

> νn‖~ϕn‖2H − ν−1
n

((
~ϕn, ~Z

0
ℓn

)2
L2

+
∑

±

(
~ϕn, ~Z

±
ℓn

)2
L2

)
+O

(
1

L
‖~ϕ‖2H

)
.

✼✷
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❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ψn ❛♥❞ t❤❡ tr❛♥s❧❛t✐♦♥ x→ x− yn✱

‖~ϕn‖2H =

∫

R

(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2

)
ψndx+O

(
1

L
‖~ϕ‖2H

)
.

◆♦t❡ t❤❛t✱ ❢r♦♠ 0 6 ψn 6 1✱ ✇❡ ❤❛✈❡ 1−√
ψn 6 1−ψn✳ ❚❤✉s✱ ✉s✐♥❣ ✭✷✳✹✽✮✱ ✭✷✳✹✾✮✱ ❛♥❞

∑N
n=1 ψn = 1✱

✇❡ ❤❛✈❡

‖(1−
√
ψn)∂xQn‖L2 + ‖(1−

√
ψn)∂

2
xQn‖L2

.‖(1− ψn)∂xQn‖L2 + ‖(1− ψn)∂
2
xQn‖L2

.
∑

n′ 6=n

‖∂xQnψn′‖L2 +
∑

n′ 6=n

‖∂2xQnψn′‖L2 . e−2γ0L,

❛♥❞

‖(1−
√
ψn)Υn,1‖L2 + ‖(1−

√
ψn)Υn,2‖L2

.
∑

n′ 6=n

‖Υn,1ψn′‖L2 +
∑

n′ 6=n

‖Υn,2ψn′‖L2 . e−2γ0L.

❇❛s❡❞ ♦♥ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✭✷✳✶✹✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ an✱ t❤❡ tr❛♥s❧❛t✐♦♥ x → x − yn ❛♥❞ t❤❡ ❨♦✉♥❣✬s
✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

(
~ϕn, ~Z

0
ℓn

)2
L2

=
(
~ϕ, (1−

√
ψn)~Z

0
n

)2
L2

= O
(
‖~ϕ‖3H + ‖(1−

√
ψn)∂xQn‖6L2 + ‖(1−

√
ψn)∂

2
xQn‖6L2

)

= O
(
‖~ϕ‖3H + e−12γ0L

)
,

❛♥❞

(
~ϕn, ~Z

±
ℓn

)2
L2

=
(
a±n +

(
~ϕ, (1−

√
ψn)~Z

±
n

)

L2

)2

= (a±n )
2 +O

(
‖~ϕ‖3H + ‖(1−

√
ψn)Υn,1‖3L2 + ‖(1−

√
ψn)Υn,2‖3L2

)

= (a±n )
2 +O

(
‖~ϕ‖3H + e−6γ0L

)
.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❝❛❧✐③❡❞ ❝♦❡r❝✐✈✐t② ♦❢ Hn(~ϕ, ~ϕ)✱

Hn(~ϕ, ~ϕ) > νn

∫

R

(
(∂xϕ1)

2 + ϕ2
1 + ϕ2

2

)
ψndx− ν−1

n

(
(a−n )

2 + (a+n )
2
)

+O

(
1

L
‖~ϕ‖2H + ‖~ϕ‖3H + e−6γ0L

)
,

✭✷✳✼✵✮

❢♦r ❛❧❧ n = 1, . . . , N ✳ ▲❛st✱ ❝♦♠❜✐♥✐♥❣ c̃n > 0✱ ✭✷✳✼✵✮✱
∑N

n=1 ψn = 1 ❛♥❞ t❛❦✐♥❣ L ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡
♦❜t❛✐♥ t❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ✭✷✳✻✽✮✳

▲❛st✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧♠♦st ♠♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt② ❢♦r Jn✳

▲❡♠♠❛ ✷✳✷✵✳ ❚❤❡r❡ ❡①✐st C1 s✉❝❤ t❤❛t ❢♦r ❛♥② n = 1, . . . , N ❛♥❞ t ∈ [0, T∗(~u0)]✱

Jn(t)− Jn(0) 6
C1

L2α−1
sup
s∈[0,t]

‖~ϕ(s)‖2H + C1e
−3γ0L. ✭✷✳✼✶✮

✼✸
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Pr♦♦❢✳ ❙t❡♣ ✶✳ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ In✳ ❲❡ ❝❧❛✐♠

d

dt
In = −2

∫

R

(∂xu1 + βnu2)
2∂xχndx

+ (1− β2n)

∫

R

(
u1f(u1)− 2F (u1)

)
∂xχndx

+ β2n

∫

R

(
(∂xu1)

2 + u21 + u22
)
∂xχndx

+ 2βn

∫

R

(∂xu1)u2∂xχndx− 2β2n

∫

R

F (u1)∂xχndx

− α

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)(
2(∂xu1)u2

)
∂xχndx

+O

(
1

(t+ a)2α
‖~ϕ‖2H + e−4(γ0L+γ1t)

)
.

✭✷✳✼✷✮

❋✐rst✱ ✉s✐♥❣ ✭✷✳✷✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱

d

dt

∫

R

2
(
χn∂xu1

)
u2dx = −

∫

R

(
(∂xu1)

2 − u21 + u22 + 2F (u1)
)
∂xχndx

+ 2

∫

R

(∂tχn)(∂xu1)u2dx.

❖❜s❡r✈❡ t❤❛t

∂tχn = −βn∂xχn − α

(t+ a)1−α

(
x− βnt− ȳ0n

(t+ a)α

)
(∂xχn) . ✭✷✳✼✸✮

❚❤❡r❡❢♦r❡✱

d

dt

∫

R

2
(
χn∂xu1

)
u2dx =−

∫

R

(
(∂xu1)

2 − u21 + u22 + 2βn(∂xu1)u2
)
∂xχndx

− α

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)(
2(∂xu1)u2

)
∂xχndx

− 2

∫

R

F (u1)∂xχndx.

✭✷✳✼✹✮

❙❡❝♦♥❞✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✷✳✷✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱

d

dt

∫

R

u1u2∂xχndx =

∫

R

(
−(∂xu1)

2 − u21 + u22 + u1f(u1)
)
∂xχndx

+

∫

R

(u1u2)∂txχndx+
1

2

∫

R

u21∂
3
xχndx.

❋r♦♠ ✭✷✳✶✸✮✱ ✭✷✳✹✶✮✱ ✭✷✳✹✻✮ ❛♥❞ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

∣∣∣∣
∫

R

(u1u2)∂txχndx

∣∣∣∣ .
1

(t+ a)2α

∫

R

( N∑

n′=1

(Qn′)2 +

N∑

n′=1

(∂xQn′)2 + ϕ2
1 + ϕ2

2

)
✶Ωndx

.
1

(t+ a)2α
‖~ϕ‖2H +

N∑

n′=1

(
‖∂xQn′✶Ωn‖2L2 + ‖Qn′✶Ωn‖2L2

)

.
1

(t+ a)2α
‖~ϕ‖2H + e−4(γ0L+γ1t),

✼✹



✷✳✸✳ ▼❖◆❖❚❖◆■❈■❚❨ P❘❖P❊❘❚❨ ❋❖❘ ❚❍❊ ✶❉ ❑▲❊■◆✲●❖❘❉❖◆ ❊◗❯❆❚■❖◆

❛♥❞

∣∣∣∣
∫

R

u21∂
3
xχndx

∣∣∣∣ .
1

(t+ a)3α

∫

R

(
N∑

n′=1

(Qn′)2 +
N∑

n′=1

(∂xQn′)2 + ϕ2
1

)
✶Ωndx

.
1

(t+ a)3α
‖~ϕ‖2H +

N∑

n′=1

(
‖∂xQn′✶Ωn‖2L2 + ‖Qn′✶Ωn‖2L2

)

.
1

(t+ a)3α
‖~ϕ‖2H + e−4(γ0L+γ1t).

■t ❢♦❧❧♦✇s t❤❛t

d

dt

∫

R

u1u2∂xχndx =

∫

R

(
−(∂xu1)

2 − u21 + u22 + u1f(u1)
)
∂xχndx

+O

(
1

(t+ a)2α
‖~ϕ‖2H + e−4(γ0L+γ1t)

)
.

✭✷✳✼✺✮

●❛t❤❡r✐♥❣ ✭✷✳✼✹✮ ❛♥❞ ✭✷✳✼✺✮✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✼✷✮✳
❙t❡♣ ✷✳ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ En✳ ❲❡ ❝❧❛✐♠

d

dt
En = −2

∫

R

(
(∂xu1)u2

)
∂xχndx− βn

∫

R

(
(∂xu1)

2 + u21 + u22
)
∂xχndx

+ 2βn

∫

R

F (u1)∂xχndx

+
2α

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)
F (u1)∂xχndx

− α

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)(
(∂xu1)

2 + u21 + u22
)
∂xχndx.

✭✷✳✼✻✮

❋✐rst✱ ❢r♦♠ ✭✷✳✷✮✱

∂t
[
(∂xu1)

2 + u21 + u22 − 2F (u1)
]
= 2(∂xu1)∂xu2 + 2(∂2xu1)u2 = 2∂x(u2∂xu1).

❚❤❡r❡❢♦r❡✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱
∫

R

(
∂t
[
(∂xu1)

2 + u21 + u22 − 2F (u1)
])
χndx = −2

∫

R

(
(∂xu1)u2

)
∂xχndx.

❙❡❝♦♥❞✱ ❢r♦♠ ✭✷✳✼✸✮✱
∫

R

(
(∂xu1)

2 + u21 + u22 − 2F (u1)
)
∂tχndx

= −βn
∫

R

(
(∂xu1)

2 + u21 + u22 − 2F (u1)
)
∂xχndx

− α

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)(
(∂xu1)

2 + u21 + u22 − 2F (u1)
)
∂xχndx.

●❛t❤❡r✐♥❣ t❤❡s❡ ✐❞❡♥t✐t✐❡s✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✼✻✮✳
❙t❡♣ ✸✳ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ Fn✳ ❲❡ ❝❧❛✐♠

d

dt
Fn =

−α
(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)[
−(∂xu1)

2 − u21 + u22 + u1f(u1)
]
∂xχndx

+O

(
1

(t+ a)1+α
‖~ϕ‖2H + e−4(γ0L+γ1t)

)
.

✭✷✳✼✼✮

✼✺
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❋✐rst✱ ❢r♦♠ ✭✷✳✷✮✱ ∂t(u1u2) = u22 − u21 + u1f(u1) + u1(∂
2
xu1). ❚❤❡r❡❢♦r❡✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

1

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)[
∂t(u1u2)

]
∂xχndx

=
1

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)(
−(∂xu1)

2 − u21 + u22 + u1f(u1)
)
∂xχndx

+
1

t+ a

∫

R

u21∂
2
xχndx+

1

2(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)
u21∂

3
xχndx.

❖❜s❡r✈❡ t❤❛t✱ ❢r♦♠ ✭✷✳✶✸✮✱ ✭✷✳✹✶✮✱ ✭✷✳✹✻✮ ❛♥❞ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

∣∣∣∣
1

t+ a

∫

R

u21∂
2
xχndx

∣∣∣∣ .
1

(t+ a)1+2α

∫

R

(
N∑

n′=1

Q2
n′ + ϕ2

1

)
✶Ωndx

.
1

(t+ a)1+2α
‖~ϕ‖2H +

N∑

n′=1

‖Qn′✶Ωn‖2L2

.
1

(t+ a)1+2α
‖~ϕ‖2H + e−4(γ0L+γ1t),

❛♥❞
∣∣∣∣

1

2(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)
u21∂

3
xχndx

∣∣∣∣

.
1

(t+ a)1+2α

∫

R

(
N∑

n′=1

Q2
n′ + ϕ2

1

)
✶Ωndx

.
1

(t+ a)1+2α
‖~ϕ‖2H + e−4(γ0L+γ1t).

■t ❢♦❧❧♦✇s t❤❛t

1

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)[
∂t(u1u2)

]
∂xχndx

=
1

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)[
−(∂xu1)

2 − u21 + u22 + u1f(u1)
]
∂xχndx

+O

(
1

(t+ a)1+2α
‖~ϕ‖2H + e−4(γ0L+γ1t)

)
.

✭✷✳✼✽✮

❙❡❝♦♥❞✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ t❛❦✐♥❣ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ ✭✷✳✼✸✮ ✇✐t❤ r❡s♣❡❝t t♦ x✱

∂t

[(
x− βnt− ȳ0n

t+ a

)
∂xχn

]
=− βn

(t+ a)
∂xχn − 1

(t+ a)2−α

(
x− βnt− ȳ0n

(t+ a)α

)
∂xχn

− βn
(t+ a)1−α

(
x− βnt− ȳ0n

(t+ a)α

)
∂2xχn

− α

(t+ a)2−2α

(
x− βnt− ȳ0n

(t+ a)α

)2

∂2xχn.

❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✷✳✹✵✮✱ ✭✷✳✹✶✮ ❛♥❞ 1
2 < α < 4

7 ✱

∣∣∣∣∂t
[(

x− βnt− y0n
t+ a

)
∂xχn

]∣∣∣∣ .
1

(t+ a)1+α
✶Ωn .

✼✻
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❇❛s❡❞ ♦♥ ✭✷✳✶✸✮✱ ✭✷✳✹✻✮✱ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t② ❛♥❞ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡
∣∣∣∣
∫

R

(u1u2)∂t

[(
x− βnt− ȳ0n

t+ a

)
∂xχn

]
dx

∣∣∣∣

.
1

(t+ a)1+α

∫

R

(
N∑

n′=1

Q2
n′ +

N∑

n′=1

(∂xQn′)2 + ϕ2
1 + ϕ2

2

)
✶Ωndx

.
1

(t+ a)1+α
‖~ϕ‖2H + e−4(γ0L+γ1t).

✭✷✳✼✾✮

❲❡ s❡❡ t❤❛t ✭✷✳✼✼✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✼✽✮ ❛♥❞ ✭✷✳✼✾✮✳
❙t❡♣ ✹✳ ❈♦♥❝❧✉s✐♦♥✳ ◆♦t❡ t❤❛t ❢r♦♠ ✭✷✳✼✷✮✱ ✭✷✳✼✻✮✱ ✭✷✳✼✼✮ ❛♥❞ 1

2 < α < 4
7 ✱

d

dt
Jn =

d

dt
In + βn

d

dt
En + βn

d

dt
Fn

= F1 + F2 +O

(
1

(t+ a)2α
‖~ϕ‖2H + e−4(γ0L+γ1t)

)
,

✇❤❡r❡

F1 =− 2

∫

R

(∂xu1 + βnu2)
2∂xχndx

− 2α

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)
(u2(∂xu1 + βnu2)) ∂xχndx,

❛♥❞

F2 =

∫

R

[
1− β2n − αβn

(t+ a)1−α

(
x− βnt− ȳ0n

(t+ a)α

)]
(u1f(u1)− 2F (u1)) ∂xχndx.

❊st✐♠❛t❡s ♦❢ F1✳ ❲❡ ❝❧❛✐♠

F1 6
1

(t+ a)2α
‖~ϕ‖2H + e−3(γ0L+γ1t). ✭✷✳✽✵✮

■♥❞❡❡❞✱ ❜② t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t② ❛♥❞ 1− α = (1− 5
4α) +

1
4α✱

∣∣∣∣
2α

(t+ a)1−α

∫

R

(
x− βnt− ȳ0n

(t+ a)α

)
(u2(∂xu1 + βnu2)) ∂xχndx

∣∣∣∣

.
1

(t+ a)2−
5
2
α

∫

R

u22∂xχndx+
1

(t+ a)
α
2

∫

R

(∂xu1 + βnu2)
2∂xχndx.

▼♦r❡♦✈❡r✱ ✉s✐♥❣ ✭✷✳✶✸✮✱ ✭✷✳✹✵✮✱ ✭✷✳✹✻✮ ❛♥❞ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱
∣∣∣∣∣

1

(t+ a)2−
5
2
α

∫

R

u22∂xχndx

∣∣∣∣∣ .
1

(t+ a)2−
3
2
α

∫

R

(
N∑

n′=1

(∂xQn′)2 + ϕ2
2

)
✶Ωndx

.
1

(t+ a)2−
3
2
α
‖~ϕ‖2H + e−4(γ0L+γ1t).

◆♦t❡ t❤❛t✱ ❢r♦♠ 1
2 < α < 4

7 ✱ ✇❡ ❤❛✈❡ 2− 3
2α > 2α✳ ❚❤✉s✱ ❢r♦♠ a =

(
L
10

) 1
α ❛♥❞ t❛❦✐♥❣ L ❧❛r❣❡ ❡♥♦✉❣❤✱

F1 6− 2

∫

R

(∂xu1 + βnu2)
2∂xχndx+

1

L
1
4

∫

R

(∂xu1 + βnu2)
2∂xχndx

+
1

(t+ a)2α
‖~ϕ‖2H + e−3(γ0L+γ1t),

✼✼
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✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✽✵✮✳
❊st✐♠❛t❡s ♦❢ F2✳ ❲❡ ❝❧❛✐♠

F2 6 0. ✭✷✳✽✶✮

❋✐rst✱ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r L ❧❛r❣❡ ❡♥♦✉❣❤✱ ❢♦r ❛♥② x ∈ Ωn✱

1− β2n − αβn
(t+ a)1−α

(
x− βnt− y0n

(t+ a)α

)
> 1− β2n − |αβn|

∣∣∣∣
10

L

∣∣∣∣

1
α
−1

> 0.

❙❡❝♦♥❞✱ r❡❝❛❧❧ t❤❛t✱ ❢♦r ❛♥② x ∈ Ωn ❛♥❞ n′ = 1, · · · , N ✱

|x− yn′(t)| > |ℓn′ − βn|t+ |yn′(0)− ȳ0n| − γ1t− tα − L

10

> 8γ1t+
9L

20
−
(
2γ1t+

L

5

)
>
L

4
,

❢♦r L ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤✉s✱ ❢r♦♠ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Q ✐♥ ✭✷✳✻✮✱ ❢♦r ❛♥② t ∈ [0, T∗(~u0)]✱

N∑

n′=1

|Qn′(t, x)|✶Ωn .

N∑

n′=1

e

−|x−yn′ (t)|√
1−ℓ2

n′ ✶Ωn . e−
L
4 .

❇❛s❡❞ ♦♥ ❛❜♦✈❡ ❡st✐♠❛t❡✱ ✭✷✳✸✺✮ ❛♥❞ γ0 6 1
8 ✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② x ∈ Ωn✱

|u1(t, x)| .
N∑

n′=1

|Qn′(t, x)|✶Ωn + |ϕ1(t, x)|

. e−
L
4 + ‖~ϕ‖H . C0

(
e−γ0L + δ

)
.

❚❤❡r❡❢♦r❡✱ ❢♦r L ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ δ s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛♥② x ∈ Ωn✱

u1f(u1)− 2F (u1) = −q − 1

q + 1
|u1|q+1 +

p− 1

p+ 1
|u1|p+1 6 0,

s✐♥❝❡ 1 < q < p <∞✳ ❲❡ ❝♦♥❝❧✉❞❡ ✭✷✳✽✶✮ ❢r♦♠ ❛❜♦✈❡ ❡st✐♠❛t❡s✳
●❛t❤❡r✐♥❣ ❡st✐♠❛t❡s ✭✷✳✽✵✮ ❛♥❞ ✭✷✳✽✶✮✱ ✇❡ ♦❜t❛✐♥

d

dt
Jn(t) .

1

(t+ a)2α
‖~ϕ(t)‖2H + e−3(γ0L+γ1t).

■♥t❡❣r❛t✐♥❣ ♦♥ [0, t] ❢♦r ❛♥② t ∈ [0, T∗(~u0)]✱ ✇❡ ♦❜t❛✐♥

Jn(t)− Jn(0) .
1

L2α−1
max
s∈[0,t]

‖~ϕ(s)‖2H + e−3γ0L,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✼✶✮✳

✷✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✶ ✉s✐♥❣ ❛ ❜♦♦tstr❛♣ ❛r❣✉♠❡♥t✳ ❲❡ st❛rt ✇✐t❤ ❛ t❡❝❤♥✐❝❛❧ r❡s✉❧t
t❤❛t ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❛❞❥✉st t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ✇✐t❤ N ❢r❡❡ ♣❛r❛♠❡t❡rs✳

▲❡♠♠❛ ✷✳✷✶ ✭❚❤❡ ✐♥✐t✐❛❧ ✉♥st❛❜❧❡ ♠♦❞❡✮✳ ▲❡t N > 2✳ ❋♦r n ∈ {1, . . . , N}✱ ❧❡t σn = ±1 ❛♥❞
−1 < ℓn < 1 ✇✐t❤ −1 < ℓ1 < ℓ2 < · · · < ℓN < 1✳ ❚❤❡r❡ ❡①✐st L0 ≫ 1 ❛♥❞ 0 < δ0 ≪ 1 s✉❝❤ t❤❛t t❤❡
❢♦❧❧♦✇✐♥❣ ✐s tr✉❡✳ ▲❡t y01 < · · · < y0N ❜❡ s✉❝❤ t❤❛t

L = min(y0n+1 − y0n, n = 1, . . . , N − 1) > L0,

✼✽
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❛♥❞ ~ε ∈ H1 × L2✱ a+ = (a+n )n∈{1,...,N} ∈ RN ❜❡ s✉❝❤ t❤❛t

‖~ε‖H < δ < δ0 ❛♥❞ a+ ∈ B̄RN (r) ✇❤❡r❡ r = C
3
4
0

(
δ2 + e−2γ0L

) 1
2 , ✭✷✳✽✷✮

C0 ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❜♦♦tstr❛♣ ✭✷✳✸✺✮ ❛♥❞ t♦ ❜❡ t❛❦❡♥ ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st ỹ01 < · · · < ỹ0N ❛♥❞
h+1 , . . . , h

+
N ∈ R s❛t✐s❢②✐♥❣

N∑

n=1

(
|h+n |+ |ỹ0n − y0n|

)
6 C

13
16
0 (δ + e−γ0L), ✭✷✳✽✸✮

s✉❝❤ t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❞❡✜♥❡❞ ❜②

~u0 =
N∑

n=1

(
σn ~Qℓn + h+n ~Z

+
ℓn

)
(· − y0n) + ~ε

r❡✇r✐t❡s ❛s✿

~u0 =

N∑

n=1

σn ~Qℓn(· − ỹ0n) + ~ϕ(0) ✭✷✳✽✹✮

✇❤❡r❡ ~ϕ(0) s❛t✐s✜❡s ❢♦r ❛❧❧ n = 1, . . . , N ✱
(
~ϕ(0), ~Z0

ℓn(· − ỹ0n)
)

L2
= 0, a+n (0) =

(
~ϕ(0), ~Z+

ℓn
(· − ỹ0n)

)

L2
= a+n . ✭✷✳✽✺✮

▼♦r❡♦✈❡r✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✭✷✳✽✹✮ ✐s ♠♦❞✉❧❛t❡❞ ✐♥ t❤❡ s❡♥s❡ ♦❢ ▲❡♠♠❛ ✷✳✼ ✇✐t❤ yn(0) = ỹ0n✱ ❢♦r ❛❧❧
n = 1, . . . , N ✳

Pr♦♦❢✳ ▲❡t
Γ0 =

(
0, y01, . . . , y

0
N

)
∈ R2N , Γ =

(
h+1 , . . . , h

+
N , ỹ

0
1, . . . , ỹ

0
N

)
∈ R2N .

❈♦♥s✐❞❡r t❤❡ ♠❛♣
Ψ : X → R2N

(
~ε,a+,Γ

)
7→
(
Ψa

1, . . . ,Ψ
a
N ,Ψ

0
1, . . . ,Ψ

0
N

)
,

✇❤❡r❡ X =
(
H1 × L2

)
× RN × R2N ✱ ❛♥❞ ❢♦r n = 1, . . . , N ✱

Ψa
n =

N∑

n′=1

σn′

((
~Qℓn′ (· − y0n′)− ~Qℓn′ (· − ỹ0n′)

)
, ~Z+

ℓn
(· − ỹ0n)

)

L2

+

N∑

n′=1

h+n′

(
~Z+
ℓn′

(· − y0n′), ~Z+
ℓn
(· − ỹ0n)

)

L2
+
(
~ε, ~Z+

ℓn
(· − ỹ0n)

)

L2
− a+n ,

Ψ0
n =

N∑

n′=1

σn′

((
~Qℓn′ (· − y0n′)− ~Qℓn′ (· − ỹ0n′)

)
, ~Z0

ℓn(· − ỹ0n)
)

L2

+

N∑

n′=1

h+n′

(
~Z+
ℓn′

(· − y0n′), ~Z0
ℓn(· − ỹ0n)

)

L2
+
(
~ε, ~Z0

ℓn(· − ỹ0n)
)

L2
.

❋r♦♠ ✭✷✳✽✹✮✱

~ϕ(0) =
N∑

n=1

σn

(
~Qℓn(· − y0n)− ~Qℓn(· − ỹ0n)

)
+

N∑

n=1

h+n ~Z
+
ℓn
(· − y0n) + ~ε, ✭✷✳✽✻✮

❛♥❞ t❤✉s t❤❡ s❡t ♦❢ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✷✳✽✺✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ Ψ(~ε,a+,Γ) = 0 ∈ R2N ✳ ❲❡ s♦❧✈❡ t❤✐s ♥♦♥❧✐♥❡❛r
s②st❡♠ ❜② t❤❡ ■♠♣❧✐❝✐t ❋✉♥❝t✐♦♥ ❚❤❡♦r❡♠✳ ❋✐rst✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t

Ψ(~0,0,Γ0) = 0.

✼✾
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❙❡❝♦♥❞✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ❢♦r ❛♥② (~ε,a+,Γ) ❛r♦✉♥❞
(
~0,0,Γ0

)
✱

DΓΨ(~ε,a+,Γ) =

(
A C
B D

)
,

✇❤❡r❡

A =

((
~Z+
ℓn
(· − y0n), ~Z

+
ℓn′

(· − y0n′)

)

L2

)

n,n′∈{1,...,N}
+O

(
‖~ε‖H + |Γ− Γ0|

)
,

B =

((
σn ~Z

0
ℓn(· − y0n),

~Z+
ℓn′

(· − y0n′)

)

L2

)

n,n′∈{1,...,N}
+O

(
‖~ε‖H + |Γ− Γ0|

)
,

C =

((
σn ~Z

0
ℓn(· − y0n),

~Z+
ℓn′

(· − y0n′)

)

L2

)

n,n′∈{1,...,N}
+O

(
‖~ε‖H + |Γ− Γ0|

)
,

D =

((
σn ~Z

0
ℓn(· − y0n), σn′ ~Z0

ℓn′
(· − y0n′)

)

L2

)

n,n′∈{1,...,N}
+O

(
‖~ε‖H + |Γ− Γ0|

)
.

▼♦r❡♦✈❡r✱ ❢r♦♠
(
~Z0
ℓ ,
~Z+
ℓ

)

L2
= 0 ❛♥❞ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✷✼✮✱ ✇❡ ♦❜t❛✐♥

A = diag
((

~Z+
ℓ1
, ~Z+

ℓ1

)

L2
, . . . ,

(
~Z+
ℓN
, ~Z+

ℓN

)

L2

)
+O

(
‖~ε‖H + |Γ− Γ0|+ e−2γ0L

)
,

B = O
(
‖~ε‖H + |Γ− Γ0|+ e−2γ0L

)
,

C = O
(
‖~ε‖H + |Γ− Γ0|+ e−2γ0L

)
,

D = diag
((

~Z0
ℓ1 ,

~Z0
ℓ1

)

L2
, . . . ,

(
~Z0
ℓN
, ~Z0

ℓN

)

L2

)
+O

(
‖~ε‖H + |Γ− Γ0|+ e−2γ0L

)
.

❚❤✉s✱ DΓΨ(~ε,a+,Γ) ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ ♠❛tr✐① ❢♦r L > L0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇✐t❤ ❛ ❧♦✇❡r ❜♦✉♥❞ ✉♥✐❢♦r♠

❛r♦✉♥❞
(
~0,0,Γ0

)
✳ ❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ✉♥✐❢♦r♠ ✈❛r✐❛♥t ♦❢ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐st

0 < δ1 ≪ 1 ✭✐♥❞❡♣❡♥❞❡♥t ✇✐t❤ t❤❡ ❝❤♦♦s❡ ♦❢ y01 < · · · < y0N ✮ ❛♥❞ C
1 ♠❛♣

Π : BH1×L2(~0, δ1)×BRN (0, δ1) → BR2N (Γ0, δ1),

s✉❝❤ t❤❛t ❢♦r ❛❧❧ ~ε ∈ BH1×L2(~0, δ1)✱ a+ ∈ BRN (0, δ1) ❛♥❞ Γ ∈ BR2N (Γ0, δ1)✱

Ψ
(
~ε,a+,Γ

)
= 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ Γ = Π

(
~ε,a+

)
.

▼♦r❡♦✈❡r✱ t❛❦✐♥❣ 0 < δ < δ0 ≪ 1 s♠❛❧❧ ❡♥♦✉❣❤✱ L > L0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ❢♦r ❛♥② (~ε,a+) s❛t✐s❢②✐♥❣ ✭✷✳✽✷✮✱
✇❡ ❤❛✈❡

∣∣Γ− Γ0
∣∣ =

∣∣∣Π
(
~ε,a+

)
−Π

(
~0,0

)∣∣∣ . ‖~ε‖H1×L2 + ‖a+‖ . δ + C
3
4
0

(
δ2 + e−2γ0L

) 1
2 ,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✽✸✮ ❢♦r t❛❦✐♥❣ C0 ❧❛r❣❡ ❡♥♦✉❣❤ ✭✐♥❞❡♣❡♥❞❡♥t ✇✐t❤ δ0 ❛♥❞ L0✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✶
✐s ❝♦♠♣❧❡t❡✳

❲❡ ❛r❡ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳ ▲❡t ~ε ∈ H1 × L2 ❛♥❞ y01 < · · · < y0N ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳ ❋♦r
❛❧❧ a+(0) = a+ = (a+1 , . . . , a

+
N ) ∈ B̄R(r)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ~u = (u1, u2) ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛s

❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✷✶

~u0 =
N∑

n=1

(
σn ~Qℓn + h+n ~Z

+
ℓn

)
(· − y0n) + ~ε =

N∑

n=1

σn ~Qℓn(· − ỹ0n) + ~ϕ(0). ✭✷✳✽✼✮

✽✵
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◆♦t❡ t❤❛t✱ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ~u0 s✉❝❤ t❤❛t T∗(~u0) =
∞✳ ❲❡ st❛rt ❜② ❝❧♦s✐♥❣ ❛❧❧ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s ❡①❝❡♣t t❤❡ ♦♥❡ ❢♦r t❤❡ ✐♥st❛❜❧❡ ♠♦❞❡s✳ ▲❛st✱ ✇❡
♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉✐t❛❜❧❡ ♣❛r❛♠❡t❡rs a+ = (a+1 , . . . , a

+
N ) ✉s✐♥❣ ❛ t♦♣♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t✳ ❉❡♥♦t❡

q0 = min(3, q + 1)✳
❙t❡♣ ✶✳ ❈❧♦s✐♥❣ t❤❡ ❡st✐♠❛t❡s ✐♥ ~ϕ✳ ❋✐rst✱ ❢r♦♠ ✭✷✳✽✸✮ ❛♥❞ ✭✷✳✽✼✮✱

‖~ϕ(0)‖2H .

N∑

n=1

‖ ~Qℓn(· − y0n)− ~Qℓn(· − ỹ0n)‖2H +
N∑

n=1

‖h+n ~Z+
ℓn
(· − y0n)‖2H + ‖~ε‖2H

. ‖~ε‖2H +
N∑

n=1

(
|h+n |2 + |ỹ0n − y0n|2

)
. C

13
8
0 (δ2 + e−2γ0L).

✭✷✳✽✽✮

❙❡❝♦♥❞✱ ❢r♦♠ ✭✷✳✼✶✮✱ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❡♥❡r❣② E(~u(t)) ❛♥❞ ♠♦♠❡♥t✉♠ I(~u(t))✱ ❢♦r ❛♥② t ∈ [0, T∗(~u0(0))]✱

E(~u(t))− E(~u(0)) =
N∑

n=2

cn (Jn(t)− Jn(0))

6 C1

(
N∑

n=2

cn

)(
1

L2α−1
sup
s∈[0,t]

‖~ϕ(s)‖2H + e−3γ0L

)
.

◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✷✳✺✽✮✱

N∑

n=1

c̃nHn(~ϕ(t), ~ϕ(t))

= E(~u(t))− E(~u(0)) +O

(‖~ϕ(t)‖2H
L

+ ‖~ϕ(t)‖q0H + e−3γ0L + ‖~ϕ(0)‖2H
)
.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✷✳✸✺✮✱ ✭✷✳✻✽✮✱ ✭✷✳✽✽✮ ❛♥❞ 1
2 < α < 4

7 ✱

µ‖~ϕ(t)‖2H .
1

L2α−1
sup
s∈[0,t]

‖~ϕ(s)‖2H +
1

L
‖~ϕ(t)‖2H + ‖~ϕ(t)‖q0H

+

(
C

3
2
0 + C

7
4
0 + C

13
8
0

)
(δ2 + e−2γ0L) + e−3γ0L

.

(
C2
0

L2α−1
+ C

7
4
0

)(
δ2 + e−2γ0L

)
+ Cq0

0

(
δq0 + e−q0γ0L

)
+ e−3γ0L.

❚❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦♥ ~ϕ ✐♥ ✭✷✳✸✺✮ ❢♦r t❛❦✐♥❣ L✱ C0 ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ δ s♠❛❧❧ ❡♥♦✉❣❤✳
❙t❡♣ ✷✳ ❈❧♦s✐♥❣ t❤❡ ❡st✐♠❛t❡s ✐♥ minn(yn+1−yn)✳ ❋r♦♠ ✭✷✳✸✽✮✱ ✭✷✳✽✸✮ ❛♥❞ γ1 = 1

8 minn(ℓn+1−ℓn)✱
❢♦r ❛♥② n = 1, . . . , N − 1 ❛♥❞ t ∈ [0, T∗(~u0)]✱

yn+1(t)− yn(t) > (ℓn+1 − ℓn)t+ (y0n+1 − y0n)− 2γ1t− |ỹ0n+1 − y0n+1| − |ỹ0n − y0n|

> 8γ1t+ L− 2γ1t+O

(
C

13
16
0 (δ + e−γ0L)

)
,

✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦♥ minn(yn+1 − yn) ✐♥ ✭✷✳✸✺✮ ❢♦r t❛❦✐♥❣ L ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ δ
s♠❛❧❧ ❡♥♦✉❣❤✳

❙t❡♣ ✸✳ ❈❧♦s✐♥❣ t❤❡ ❡st✐♠❛t❡s ✐♥ a− = (a−n )n∈{1,...,N}✳ ◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✷✳✽✽✮✱

N∑

n=1

(a−n (0))
2 . ‖~ϕ(0)‖2H . C

13
8
0 (δ2 + e−2γ0L).

✽✶
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❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ✭✷✳✸✸✮✱ ✭✷✳✸✺✮ ❛♥❞ ✭✷✳✸✼✮✱ ❢♦r n = 1, . . . , N ✱

d

dt

(
e2αnt(a−n (t))

2
)
= 2e2αnta−n (t)

(
d

dt
a−n (t) + αna

−
n (t)

)

= e2αntO
(
|a−n |q0 + ‖~ϕ‖q0H + θ

)

= e2αntO
(
Cq0
0

(
δq0 + e−q0γ0L

)
+ e−3γ0L

)
.

■♥t❡❣r❛t✐♥❣ ♦♥ [0, t]✱ ❢♦r ❛♥② t ∈ [0, T∗(~u0)] ❛♥❞ ❛♥② n = 1, . . . , N ✱ ✇❡ ♦❜t❛✐♥

(a−n (t))
2 . e−2αnt(a−n (0))

2 + e−2αnt

∫ t

0
e2αns

(
Cq0
0

(
δq0 + e−q0γ0L

)
+ e−3γ0L

)
ds

. C
13
8
0 (δ2 + e−2γ0L) + Cq0

0

(
δq0 + e−q0γ0L

)
+ e−3γ0L,

✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦♥ a− = (a−n )n∈{1,...,N} ✐♥ ✭✷✳✸✺✮ ❢♦r t❛❦✐♥❣ L ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ δ
s♠❛❧❧ ❡♥♦✉❣❤✳

❙t❡♣ ✹✳ ❋✐♥❛❧ ❛r❣✉♠❡♥t ♦♥ t❤❡ ✉♥st❛❜❧❡ ♣❛r❛♠❡t❡rs✳ ▲❡t

b(t) =

N∑

n=1

(a+n (t))
2 ❛♥❞ ᾱ = min

n
αn.

❲❡ ❝❧❛✐♠✱ ❢♦r ❛♥② t✐♠❡ t ∈ [0, T∗(~u0)] ✇❤❡r❡ ✐t ❤♦❧❞s b(t) = C
3
2
0

(
δ2 + e−2γ0L

)
✱ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✈❡r✲

s❛❧✐t② ♣r♦♣❡rt② ❤♦❧❞s✱
d

dt
b(t) > ᾱC

3
2
0

(
δ2 + e−2γ0L

)
> 0. ✭✷✳✽✾✮

❋r♦♠ ✭✷✳✸✸✮✱ ✭✷✳✸✺✮ ❛♥❞ ✭✷✳✸✼✮✱ t❛❦✐♥❣ C0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ❢♦r ❛♥② t✐♠❡ t ∈ [0, T∗] ✇❤❡r❡ ✐t ❤♦❧❞s b(t) =

C
3
2
0

(
δ2 + e−2γ0L

)
✱

d

dt
b(t) = 2

N∑

n=1

αn(a
+
n (t))

2 +O

[( N∑

n=1

|a+n (t)|
)(

‖~ϕ‖q0−1
H + θ

)]

= 2

N∑

n=1

αn(a
+
n (t))

2 +O

(
N∑

n=1

|a+n |q0 + ‖~ϕ‖q0H + e−3γ0L

)

> 2ᾱC
3
2
0

(
δ2 + e−2γ0L

)
− Cq0+1

0

(
δq0 + e−q0γ0L

)
− C0e

−3γ0L,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✽✾✮ ❢♦r t❛❦✐♥❣ δ s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ L ❧❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ C0✮✳ ❚❤❡ tr❛♥s✈❡rs❛❧✲
✐t② r❡❧❛t✐♦♥ ✭✷✳✽✾✮ ✐s ❡♥♦✉❣❤ t♦ ❥✉st✐❢② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ❛ ❝♦✉♣❧❡ a+(0) = (a+1 (0), . . . , a

+
N (0)) ∈

B̄RN (r) s✉❝❤ t❤❛t T∗(~u0) = ∞ ✇❤❡r❡ r = C
3
4
0

(
δ2 + e−2γ0L

) 1
2 ✳

❚❤❡ ♣r♦♦❢ ✐s ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛❧❧ a+(0) ∈ B̄RN (r)✱ ✐t ❤♦❧❞s T∗(~u0) <∞✳ ❚❤❡♥✱
❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬✷✽❪ ❛♥❞ ❬✸✶✱
❙❡❝t✐♦♥ ✸✳✶❪✮✳

❈♦♥t✐♥✉✐t② ♦❢ T∗(~u0)✳ ❚❤❡ ❛❜♦✈❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✽✾✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛♣

a+(0) ∈ B̄RN (r) 7→ T∗(~u0) ∈ [0,∞)

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞
T∗(~u0) = 0 ❢♦r a+(0) ∈ SRN (r) .

❈♦♥str✉❝t✐♦♥ ♦❢ ❛ r❡tr❛❝t✐♦♥✳ ❲❡ ❞❡✜♥❡

M : B̄RN (r) 7→ SRN (r)

a+(0) 7→ a+(T∗(~u0)).

✽✷
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❋r♦♠ ✇❤❛t ♣r❡❝❡❞❡s✱ M ✐s ❝♦♥t✐♥✉♦✉s✳ ▼♦r❡♦✈❡r✱ M r❡str✐❝t❡❞ t♦ SRN (r) ✐s t❤❡ ✐❞❡♥t✐t②✳ ❚❤❡ ❡①✐st❡♥❝❡
♦❢ s✉❝❤ ❛ ♠❛♣ ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ t❤❡ ♥♦ r❡tr❛❝t✐♦♥ t❤❡♦r❡♠ ❢♦r ❝♦♥t✐♥✉♦✉s ♠❛♣s ❢r♦♠ t❤❡ ❜❛❧❧ t♦
t❤❡ s♣❤❡r❡✳

❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ a+(0) ∈ B̄RN (r)✱ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ~u = (u1, u2)
♦❢ ✭✷✳✷✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✷✶✱ ✇❤✐❝❤ ❛❧s♦ s❛t✐s✜❡s ✭✷✳✶✷✮ ❛♥❞ ✭✷✳✸✺✮ ❢♦r ❛❧❧ t ∈ [0,∞)✳
❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ✐s t❤✉s ❝♦♠♣❧❡t❡✳

✽✸
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✽✹



P❛rt ■■

❈♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡
◆▲❲ ❡q✉❛t✐♦♥

✽✺





❈❤❛♣t❡r ✸

❖♥ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧
✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥ ✺

❆❜str❛❝t✿ ❲❡ ❝♦♥str✉❝t K✲s♦❧✐t♦♥s ♦❢ t❤❡ ❢♦❝✉s✐♥❣ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ✜✈❡✲
❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ✐✳❡✳ s♦❧✉t✐♦♥s u ♦❢ t❤❡ ❡q✉❛t✐♦♥ s✉❝❤ t❤❛t

‖∇t,xu(t)−∇t,x

( K∑

k=1

Wk(t)
)
‖L2 → 0 as t→ ∞,

✇❤❡r❡ K ≥ 2 ❛♥❞ ❢♦r ❛♥② k ∈ {1, . . . ,K}✱ Wk ✐s t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❡①♣❧✐❝✐t st❛♥❞✐♥❣ s♦❧✐t♦♥
W (x) = (1 + |x|2/15)−3/2✱ ✇✐t❤ ❛♥② s♣❡❡❞ ℓk ∈ R5✱ |ℓk| < 1 s❛t✐s❢②✐♥❣ ℓk′ 6= ℓk ❢♦r k′ 6= k✱ ❛♥❞
❛♥ ❡①♣❧✐❝✐t s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ❡①t❡♥❞s t❤❡ r❡✜♥❡❞ ♠❡t❤♦❞ ♦❢ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛s②♠♣t♦t✐❝
♠✉❧t✐✲s♦❧✐t♦♥s ❢r♦♠ ❬✽✺✱ ✽✻❪✳

✽✼
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✸✳✶ ■♥tr♦❞✉❝t✐♦♥

✸✳✶✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❢♦❝✉s✐♥❣ ❡♥❡r❣②✲
❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ✜✈❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✿

{
∂2t u−∆u− |u| 43u = 0, (t, x) ∈ [0,∞)× R5,

u|t=0 = u0 ∈ Ḣ1, ∂tu|t=0 = u1 ∈ L2.
✭✸✳✶✮

❘❡❝❛❧❧ t❤❛t t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ❡q✉❛t✐♦♥ ✭✸✳✶✮ ✐s ❧♦❝❛❧❧② ✇❡❧❧✲♣♦s❡❞ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ Ḣ1 × L2✱
✉s✐♥❣ s✉✐t❛❜❧❡ ❙tr✐❝❤❛rt③ ❡st✐♠❛t❡s✳ ❙❡❡ ❡✳❣✳ ❬✼✶❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② ✐♥✐t✐❛❧
❞❛t❛ (u0, u1) ∈ Ḣ1 × L2✱ t❤❡r❡ ❡①✐sts ❛ ♠❛①✐♠❛❧ ✐♥t❡r✈❛❧ ♦❢ ❡①✐st❡♥❝❡ (T−, T+)✱ −∞ 6 T− < 0 < T+ 6

+∞✱ ❛♥❞ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, ∂tu) ∈ C
(
(T−, T+) ; Ḣ1 × L2

(
R5
))

∩ L
7
3
loc

(
(T−, T+);L

14
3 (R5)

)
✳ ❋♦r

Ḣ1 × L2 s♦❧✉t✐♦♥✱ t❤❡ ❡♥❡r❣② E(u(t), ∂tu(t)) ❛♥❞ ♠♦♠❡♥t✉♠ M(u(t), ∂tu(t)) ❛r❡ ❝♦♥s❡r✈❡❞✱ ✇❤❡r❡

E(u, v) =
1

2

∫
v2 +

1

2

∫
|∇u|2 − 3

10

∫
|u| 103 , M(u, v) =

∫
v∇u.

❋♦r ❛ ❢✉♥❝t✐♦♥ u : R5 → R ❛♥❞ λ > 0✱ ✇❡ ❞❡♥♦t❡

uλ(x) =
1

λ
3
2

u(
x

λ
).

❆ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s s❤♦✇s t❤❛t

E((u0)λ, λ
−1(u1)λ) = E(u0, u1).

❊q✉❛t✐♦♥ ✭✸✳✶✮ ✐s ❝❛❧❧❡❞ ❡♥❡r❣②✲❝r✐t✐❝❛❧ s✐♥❝❡ ✐t ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ s❛♠❡ s❝❛❧✐♥❣✿ ✐❢ (u, ∂tu) ✐s ❛
s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮ ❛♥❞ λ > 0✱ t❤❡♥

(t, x) →
(

1

λ
3
2

u

(
t

λ
,
x

λ

)
,
1

λ
5
2

∂tu

(
t

λ
,
x

λ

))

✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛
(
(u0)λ, λ

−1(u1)λ
)
❛t t✐♠❡ t = 0✳

❘❡❝❛❧❧ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ W ❞❡✜♥❡❞ ❜②

W (x) =

(
1 +

|x|2
15

)− 3
2

, ∆W +W
7
3 = 0, x ∈ R5, ✭✸✳✷✮

✐s ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮✱ ❝❛❧❧❡❞ ❤❡r❡ ❣r♦✉♥❞ st❛t❡✱ ♦r s♦❧✐t♦♥✳ ❇② s❝❛❧✐♥❣✱ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐✲
❛♥❝❡s ❛♥❞ ❝❤❛♥❣❡ ♦❢ s✐❣♥✱ ✇❡ ♦❜t❛✐♥ ❛ ❢❛♠✐❧② ♦❢ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ ✭✸✳✶✮ ❞❡✜♥❡❞ ❜② Wλ,x0,±(x) =

±λ− 3
2W

(
λ−1(x− x0)

)
✱ ✇❤❡r❡ λ > 0 ❛♥❞ x0 ∈ R5✳

❯s✐♥❣ t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥ tr❛✈❡❧✐♥❣ ✇❛✈❡s✳ ❋♦r ℓ ∈ R5✱ ✇✐t❤ |ℓ| < 1✱ ❧❡t

Wℓ(x) =W

((
1√

1− |ℓ|2
− 1

)
ℓ(ℓ · x)
|ℓ|2 + x

)
; ✭✸✳✸✮

t❤❡♥ u(t, x) = ±Wℓ(x− ℓt) ✐s s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ ✭✸✳✶✮ ✇❤✐❝❤ ❞✐s♣❧❛② ♥♦♥ tr✐✈✐❛❧ ❛s②♠♣t♦t✐❝

❜❡❤❛✈✐♦r ✐♥ t❤❡ ♥♦♥r❛❞✐❛❧ ❝❛s❡✳ ■♥❞❡❡❞✱ ♠✉❧t✐✲s♦❧✐t♦♥s ❛r❡ ❝❛♥♦♥✐❝❛❧ ♦❜❥❡❝ts ❜❡❤❛✈✐♥❣ ❡①❛❝t❧② ❛s t❤❡
s✉♠ ♦❢ ❞❡❝♦✉♣❧❡❞ tr❛✈❡❧✐♥❣ s♦❧✐t♦♥s ❛s t→ +∞✳

✽✽
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❚❤❡♦r❡♠ ✸✳✶ ✭❊①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s✮✳ ▲❡t K > 2✳ ❋♦r k ∈ {1, . . . ,K}✱ ❧❡t λ∞k > 0, y∞
k ∈ R5✱

ǫk ∈ {±1}✱ ℓk =
∑5

i=1 ℓk,iei ✇✐t❤ |ℓk| < 1✳ ❆ss✉♠❡ t❤❛t ℓk 6= ℓk′ ❢♦r k 6= k′✱ ❛♥❞

(
5∑

i=1

(
max

k∈{1,...,K}
ℓ2k,i

)) 1
2

<
3

5
. ✭✸✳✹✮

❚❤❡♥✱ t❤❡r❡ ❡①✐st T0 > 0 ❛♥❞ ❛ s♦❧✉t✐♦♥ u ♦❢ ✭✸✳✶✮ ♦♥ [T0,+∞) ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ s✉❝❤ t❤❛t

lim
t→+∞

∥∥∥∥∥u(t)−
K∑

k=1

ǫk
(λ∞k )3/2

Wℓk

( · − ℓkt− y∞
k

λ∞k

)∥∥∥∥∥
Ḣ1

= 0, ✭✸✳✺✮

lim
t→+∞

∥∥∥∥∥∂tu(t) +
K∑

k=1

ǫk
(λ∞k )5/2

(ℓk · ∇Wℓk
)

( · − ℓkt− y∞
k

λ∞k

)∥∥∥∥∥
L2

= 0. ✭✸✳✻✮

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r ♥♦♥ ✐♥t❡❣r❛❜❧❡ ❞✐s♣❡rs✐✈❡ ❛♥❞ ✇❛✈❡ ❡q✉❛t✐♦♥s ❤❛s ❜❡❡♥ t❤❡
s✉❜❥❡❝t ♦❢ s❡✈❡r❛❧ ♣r❡✈✐♦✉s ✇♦r❦s✳ ❋✐rst✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r
✭◆▲❙✮ ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ✭❣❑❞❱✮ ❡q✉❛t✐♦♥s ✇❛s st✉❞✐❡❞ ✐♥ t❤❡ ♠❛ss ❝r✐t✐❝❛❧ ❛♥❞
s✉❜❝r✐t✐❝❛❧ ❝❛s❡s ❜② ▼❡r❧❡ ❬✾✷❪✱ ▼❛rt❡❧ ❬✽✸❪✱ ❛♥❞ ▼❛rt❡❧ ❛♥❞ ▼❡r❧❡ ❬✽✹❪✳ ❚❤❡ ♣r♦♦❢s ❛r❡ ♣❛rt❧② ❜❛s❡❞
♦♥ st❛♥❞❛r❞ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ s♦❧✐t❛r② ✇❛✈❡s ✭s❡❡ r❡❢❡r❡♥❝❡s ✐♥ t❤❡s❡ ❛rt✐❝❧❡s✮✳ ❆ ❦❡② ♣♦✐♥t ✐♥ ❬✽✸❪
❛♥❞ ❬✽✹❪ ✐s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❧♦❝❛❧✐③❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ❡♥❡r❣② ❛♥❞ ♠❛ss ❢✉♥❝t✐♦♥❛❧s t♦ ❞❡❛❧ ✇✐t❤
s♦❧✉t✐♦♥s ❝♦♥t❛✐♥✐♥❣ s❡✈❡r❛❧ s♦❧✐t♦♥s✳ ❙✉❝❤ ❢✉♥❝t✐♦♥❛❧s ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢ ▼❛rt❡❧✱ ▼❡r❧❡ ❛♥❞ ❚s❛✐ ❬✽✽❪✱
✇❤❡r❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s✉♠ ♦❢ s❡✈❡r❛❧ s♦❧✐t♦♥s ✇❛s st✉❞✐❡❞ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡✳ ❋♦r ✭❣❑❞❱✮✱ t❤❡
t❡❝❤♥✐q✉❡ ❛❧s♦ ❛❧❧♦✇s t♦ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❬✽✸❪✱ ♣r♦♣❡rt② ✇❤✐❝❤ ✐s ♥♦t ❛✈❛✐❧❛❜❧❡
❢♦r ✭◆▲❙✮✳ ◆❡①t✱ t❤❡ str❛t❡❣② ♦❢ t❤❡s❡ ✇♦r❦s ✇❛s ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧❧② ✉♥st❛❜❧❡
s♦❧✐t♦♥s✿ s❡❡ ❈ôt❡✱ ▼❛rt❡❧ ❛♥❞ ▼❡r❧❡ ❬✷✽❪ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r s✉♣❡r❝r✐t✐❝❛❧ ✭❣❑❞❱✮
❛♥❞ ✭◆▲❙✮✱ ❛♥❞ ❈♦♠❜❡t ❬✷✵❪ ❢♦r ❛ ❝❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧t ❢♦r s✉♣❡r❝r✐t✐❝❛❧ ✭❣❑❞❱✮✳ ■♥ t❤❡s❡ ♣❛♣❡rs✱ t❤❡
❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ♦❢ ❡❛❝❤ s♦❧✐t♦♥ ✐s ❝♦♥tr♦❧❧❡❞ t❤r♦✉❣❤ ❛ s✐♠♣❧❡ t♦♣♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t✳ ❋♦r t❤❡
♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥✱ t❤❡ str❛t❡❣② ✇❛s ❛❞❛♣t❡❞ ❜② ❈ôt❡ ❛♥❞ ▼✉ñ♦③ ❬✸✶❪ ✭❢♦r r❡❛❧✲✈❛❧✉❡❞✱
✉♥st❛❜❧❡ s♦❧✐t♦♥s✮ ❛♥❞ ❇❡❧❧❛③③✐♥✐✱ ●❤✐♠❡♥t✐ ❛♥❞ ▲❡ ❈♦③ ❬✺❪ ✭❢♦r ❝♦♠♣❧❡①✲✈❛❧✉❡❞✱ st❛❜❧❡ s♦❧✐t♦♥s✮✳ ❋♦r
t❤❡ ✇❛t❡r✲✇❛✈❡ s②st❡♠✱ s❡❡ t❤❡ ✇♦r❦ ♦❢ ▼✐♥❣✱ ❘♦✉ss❡t ❛♥❞ ❚③✈❡t❦♦✈ ❬✾✻❪✳

❈❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥ 5✱ ▼❛rt❡❧
❛♥❞ ▼❡r❧❡ ❬✽✺❪ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ K✲s♦❧✐t♦♥s ❢♦r ❛♥② K > 2 ❜✉t ♦♥❧② ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡
s♣❡❡❞s {ℓk}k∈{1,··· ,k} ❛r❡ ❝♦❧❧✐♥❡❛r✳ ❚❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠ ❛❧❧♦✇s t♦ r❡♠♦✈❡ t❤✐s ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡
s♣❡❝✐❛❧ ❝❛s❡ K = 2✳ ❚❡❝❤♥✐❝❛❧❧②✱ s✉❝❤ ❝♦♥str✉❝t✐♦♥s ❢♦r t❤❡ ❡♥❡r❣② ❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ❛r❡ ♠♦r❡
❝❤❛❧❧❡♥❣✐♥❣ t❤❛♥ ❢♦r ✭❣❑❞❱✮ ❛♥❞ ✭◆▲❙✮ ✭❢♦r ✇❤✐❝❤ ♥♦ ❧✐♠✐t❛t✐♦♥ ♦♥ t❤❡ s♣❡❡❞s ❛♣♣❡❛rs✮ ❜❡❝❛✉s❡ ♦❢
t❤❡ ✇❡❛❦ ❞❡❝❛② ♦❢ t❤❡ s♦❧✐t♦♥s ✭✸✳✷✮✳ ❙♣❡❝✐✜❝ ❧♦❝❛❧✐③❡❞ ❡♥❡r❣②✲♠♦♠❡♥t✉♠ ❢✉♥❝t✐♦♥❛❧s ❛r❡ ✐♥tr♦❞✉❝❡❞
t♦ ❝♦♥tr♦❧ s♦❧✐t♦♥s ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤✐s ❝♦♥t❡①t✳ ■♥ ❬✽✺❪✱ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❞♦❡s ♥♦t ❛❧❧♦✇
♥♦♥✲❝♦❧❧✐♥❡❛r ♠✉❧t✐✲s♦❧✐t♦♥s✱ ❡✈❡♥ ✉♥❞❡r ❛ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ♠❛✐♥ ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❤❡ ♣r❡s❡♥t
✇♦r❦ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✭✶✮ t❤❡ ✉s❡ ♦❢ ❛ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❢r♦♠ ❬✽✻❪❀ ✭✷✮ t❤❡ ✐♥tr♦❞✉❝t✐♦♥
♦❢ ❛ ♥❡✇ ❧♦❝❛❧✐③❡❞ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ t♦ ❞❡❛❧ ✇✐t❤ ♥♦♥✲❝♦❧❧✐♥❡❛r s♦❧✐t♦♥s✳ ❚❤❡ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ✭✸✳✹✮
✐s st✐❧❧ ♣r♦❜❛❜❧② t❡❝❤♥✐❝❛❧ ❛♥❞ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ r❡s✉❧t ❤♦❧❞s ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ s♣❡❡❞s✳ ❍♦✇❡✈❡r✱
❜② ♦✉r ♠❡t❤♦❞✱ ✭✸✳✹✮ s❡❡♠s t♦ ❜❡ t❤❡ ❜❡st ❝♦♥❞✐t✐♦♥ ✉s✐♥❣ t❤❡ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❢r♦♠ ❬✽✻❪✳
▼♦r❡♦✈❡r✱ ❝♦♥str✉❝t✐♥❣ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ✐♠♣r♦✈✐♥❣ t❤❡ ♦♥❡ ✐♥ ❬✽✻❪ s❡❡♠s ❛ ❞✐✣❝✉❧t t❛s❦✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ K✲s♦❧✐t♦♥s ❢♦r t❤❡ ❡♥❡r❣② ❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐s ❡s♣❡❝✐❛❧❧② ♠♦t✐✈❛t❡❞ ❜② t❤❡
s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❝♦♥❥❡❝t✉r❡✱ ❢✉❧❧② s♦❧✈❡❞ ✐♥ t❤❡ 3❉ r❛❞✐❛❧ ❝❛s❡ ❜② ❉✉②❝❦❛❡rts✱ ❑❡♥✐❣ ❛♥❞ ▼❡r❧❡ ❬✹✻❪✱
❛♥❞ ❢♦r ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ✐♥ ✸✱ ✹ ❛♥❞ ✺❉ ❜② ❉✉②❝❦❛❡rts✱ ❏✐❛✱ ❑❡♥✐❣ ❛♥❞ ▼❡r❧❡ ❬✹✸❪✳ ■♥❞❡❡❞✱
t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ♠✉❧t✐✲s♦❧✐t♦♥s ❝♦♠♣❧❡♠❡♥ts t❤❡ st❛t❡♠❡♥ts ✐♥ ❬✹✸✱ ✹✻❪ ❜② ❡①❤✐❜✐t✐♥❣ ❡①❛♠♣❧❡s ♦❢
s♦❧✉t✐♦♥s ❝♦♥t❛✐♥✐♥❣ K s♦❧✐t♦♥s ❛s t → +∞ ❢♦r ❛♥② K > 2✳ ■♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱ r❡❝❛❧❧ t❤❛t ❢♦r t❤❡
❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥ 6✱ ❏❡♥❞r❡❥ ❬✻✼❪ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ r❛❞✐❛❧ t✇♦✲❜✉❜❜❧❡
s♦❧✉t✐♦♥s✳

✽✾
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✸✳✶✳✷ ❖✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢

❚❤❡ str❛t❡❣② ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ❝♦♠❜✐♥❡s t❤❡ ✉s❡ ♦❢ ❛ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❢♦r t❤❡
K✲s♦❧✐t♦♥ ♣r♦❜❧❡♠ ❢r♦♠ ❬✽✻❪✱ ✇✐t❤ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ❛♥❞ ❝♦♠♣❛❝t♥❡ss✱ ❛s ✐♥ ❬✽✺❪✳ ❙❡❡ ❛❧s♦ r❡❢❡r❡♥❝❡s
✐♥ ❬✽✺✱ ✽✻❪ ❢♦r ❡❛r❧✐❡r ✇♦r❦s✳

❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ~W =
∑K

k=1(
~Wk + ck~vk) ❢♦r ❧❛r❣❡

t > 0✱ ✇❤❡r❡ ❢♦r ❛♥② k ∈ {1, . . . ,K}✱ ~Wk ✐s ❛ s♦❧✐t♦♥ ✇✐t❤ t✇♦ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs r❡❣❛r❞✐♥❣
s❝❛❧✐♥❣ ❛♥❞ tr❛♥s❧❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ~vk ✐s ❛ ❝♦rr❡❝t✐♦♥ t❡r♠ ❬✽✻❪ ✐♠♣r♦✈✐♥❣ t❤❡ s✐♠♣❧❡r ❛♣♣r♦①✐♠❛t❡
s♦❧✉t✐♦♥ ✉s❡❞ ✐♥ ❬✽✺❪✳ ❚❤❡s❡ ❝♦rr❡❝t✐♦♥ t❡r♠s ♦❢ s✐③❡ t−2 ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ ❛r❡ s♦❧✉t✐♦♥s ♦❢ ♥♦♥✲
❤♦♠♦❣❡♥❡♦✉s ✇❛✈❡ ❡q✉❛t✐♦♥s ✇❤♦s❡ s♦✉r❝❡ t❡r♠s ❛r❡ t❤❡ ♠❛✐♥ ♦r❞❡r ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ♦❢
s✐③❡ t−3 ❜❡t✇❡❡♥ t❤❡ K✲s♦❧✐t♦♥s✳ ■♥ t❤✐s ✇❛②✱ ~W ✐s ❛♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ K✲s♦❧✐t♦♥s ♣r♦❜❧❡♠
❛t ♦r❞❡r t−4✳ ❚❤✐s ✐s ❞❡❝✐s✐✈❡ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ✉♥❞❡r t❤❡ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ✭✸✳✹✮✳

▲❡t Sn → +∞ ❛s n → +∞ ❛♥❞✱ ❢♦r ❡❛❝❤ n✱ ❧❡t un ❜❡ t❤❡ ❜❛❝❦✇❛r❞s s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧
❞❛t❛ ❛t t✐♠❡ Sn

~un(Sn, x) ∼
K∑

k=1

(
~W∞
k (Sn, x) + ck~V

∞
k (Sn, x)

)
✭✸✳✼✮

✭❙❡❡ ✭✸✳✹✾✮ ❢♦r ❛ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~un(Sn)✮✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ t✐♠❡ T0
✐♥❞❡♣❡♥❞❡♥t ♦❢ n✱ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ✭✸✳✽✮ ❤♦❧❞ ♦♥ [T0, Sn]✱

∥∥∥∥∥~un(t)−
K∑

k=1

~W∞
k (t)−

K∑

k=1

ck~V
∞
k (t)

∥∥∥∥∥
Ḣ1×L2

.
1

t
. ✭✸✳✽✮

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✉❧t✐✲s♦❧✐t♦♥ t❤❡♥ ❢♦❧❧♦✇s ❡❛s✐❧② ❢r♦♠ st❛♥❞❛r❞ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥ts ✭♥♦t❡ t❤❛t
~un(T0) ❝♦♥✈❡r❣❡s str♦♥❣❧② ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ Ḣ1 × L2✱ s❡❡ ➓✺✮✳ ❚❤✉s✱ ✇❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ♣r♦♦❢
♦❢ ✭✸✳✽✮✳

❲❡ ✐♥tr♦❞✉❝❡

~ε =

(
ε
η

)
, ~un =

(
un
∂tun

)
= ~W + ~ε,

✇❤❡r❡

~W =

(
W

X

)
=

K∑

k=1

(
~Wk + ck~vk

)
.

❇② ❛ st❛♥❞❛r❞ ♣r♦❝❡❞✉r❡✱ ✇❡ ❝❤♦♦s❡ ♠♦❞✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs λk(t) ❛♥❞ yk(t) ❝❧♦s❡ t♦ λ∞k ❛♥❞ y∞
k ✱ ❛♥❞

♦❜t❛✐♥ s✉✐t❛❜❧❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ♦♥ ~ε✳ ❚❤❡ ❡q✉❛t✐♦♥ ♦❢ ~ε ✐s t❤✉s ❝♦✉♣❧❡❞ ✇✐t❤ ❡q✉❛t✐♦♥s ♦❢
λk(t) ❛♥❞ yk(t)✳ ❙❡❡ ▲❡♠♠❛ ✸✳✼✳

❚♦ ♣r♦✈❡ ✭✸✳✽✮✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧

H =

∫ {
|∇ε|2 + |η|2 − 2(F (W + ε)− F (W)− f(W)ε)

}
+ 2

∫
(~χ · ∇ε)η

✇❤❡r❡ t❤❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ~χ ✐s ❡q✉❛❧ t♦ ℓk ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ s♦❧✐t♦♥ Wk ❛♥❞ ❝❧♦s❡ t♦ x
t ✐♥

✏tr❛♥s✐t✐♦♥ r❡❣✐♦♥s✑ ❜❡t✇❡❡♥K s♦❧✐t♦♥s ✭s❡❡ ➓5.3 ❢♦r ❛ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥✮✳ ❚❤❡ s♣❡❝✐✜❝ ❝❤♦✐❝❡ ♦❢ ❢✉♥❝t✐♦♥
~χ ✐s t❤❡ ♠❛✐♥ ♥♦✈❡❧t② ♦❢ t❤✐s ♣❛♣❡r ❝♦♠♣❛r❡❞ t♦ ❬✽✺✱ ✽✻❪✳

❚❤❡ ❢✉♥❝t✐♦♥❛❧ H(t) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ✭s❡❡ ▲❡♠♠❛ ✸✳✶✷ ❢♦r ♠♦r❡ ♣r❡❝✐s❡
st❛t❡♠❡♥ts✮✿
✭✶✮ H ✐s ❝♦❡r❝✐✈❡✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✭✉♣ t♦ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s✱ t♦ ❜❡ ❝♦♥tr♦❧❧❡❞ s❡♣❛r❛t❡❧②✮ ✐t ❝♦♥tr♦❧s
t❤❡ s✐③❡ ♦❢ ~ε ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡

H ∼ ‖ε‖2
Ḣ1 + ‖η‖2L2 .

✭✷✮ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ H(t) ✐s ❝♦♥tr♦❧❧❡❞ ♦♥ [T0, Sn] ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✱ ❢♦r ❛♥② δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱

− d

dt

(
t6−3δH

)
.

1

t1+δ
. ✭✸✳✾✮

✾✵
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❚❤❡r❡❢♦r❡✱ ✐♥t❡❣r❛t✐♥❣ ✭✸✳✾✮ ♦♥ [t, Sn]✱ ❢r♦♠ ✭✸✳✼✮✱ ✇❡ ✜♥❞ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞✱ ❢♦r ❛♥② t ∈ [T0, Sn]✱

‖ε‖2
Ḣ1 + ‖η‖2L2 . t−3+δ. ✭✸✳✶✵✮

❯s✐♥❣ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ✭✸✳✶✶✮ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡

|λk(t)− λ∞k | . 1

t
, |yk(t)− y∞

k | . 1

t
. ✭✸✳✶✶✮

❚❤❡♥ ✭✸✳✽✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✵✮✱ ✭✸✳✶✶✮✳

✸✳✷ ◆♦t❛t✐♦♥ ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

✸✳✷✳✶ ◆♦t❛t✐♦♥

❲❡ ❞❡♥♦t❡

(g, g̃)L2 =

∫
gg̃, ‖g‖2L2 =

∫
|g|2, (g, g̃)Ḣ1 =

∫
∇g · ∇g̃, ‖g‖2

Ḣ1 =

∫
|∇g|2.

❋♦r

~g =

(
g
h

)
, ~̃g =

(
g̃

h̃

)
,

s❡t

(~g, ~̃g)L2 = (g, g̃)L2 + (h, h̃)L2 , (~g, ~̃g)Ḣ1×L2 = (g, g̃)Ḣ1 + (h, h̃)L2 .

❙❡t 〈x〉 = (1 + |x|2) 1
2 ✳ ▲❡t

Λ =
3

2
+ x · ∇, Λ̃ =

5

2
+ x · ∇, Λ̃∇ = ∇Λ, ~Λ =

(
Λ̃
Λ

)
.

▲❡t

J =

(
0 1
−1 0

)
.

❋♦r ℓ ∈ R5 ✇✐t❤ |ℓ| < 1✱ ❞❡♥♦t❡

(g, g̃)Ḣ1
ℓ

=

∫ (
∇g · ∇g̃ − (ℓ · ∇g)(ℓ · ∇g̃), ‖g‖Ḣ1

ℓ

= ‖g‖2
Ḣ1 − ‖ℓ · ∇g‖L2

◆♦t❡ t❤❛t ✐❢ ✇❡ ❞❡✜♥❡

gℓ(x) = g

((
1√

1− |ℓ|2
− 1

)
ℓ(ℓ · x)
|ℓ|2 + x

)

❛♥❞ s✐♠✐❧❛r❧② ❢♦r g̃✱ g̃ℓ✱ t❤❡♥
(gℓ, g̃ℓ)Ḣ1

ℓ

= (1− |ℓ|2) 1
2 (g, g̃)Ḣ1 .

❙❡t

xℓ =

(
1√

1− |ℓ|2
− 1

)
ℓ(ℓ · x)
|ℓ|2 + x− ℓt√

1− |ℓ|2
, Aℓ = ∂t + ℓ · ∇,

Bℓ = ∂2t − (ℓ · ∇) · (ℓ · ∇) = A2
ℓ − 2(ℓ · ∇)Aℓ,

Λℓ =
3

2
+ (x− ℓt) · ∇, ∆ℓ = ∆− (ℓ · ∇)(ℓ · ∇).

✾✶
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❋♦r α > 0 s♠❛❧❧ t♦ ❜❡ ✜①❡❞ ❧❛t❡r✱ s❡t

ϕα(x) = (1 + |x|2)−α. ✭✸✳✶✷✮

❲❡ r❡❝❛❧❧ st❛♥❞❛r❞ ❙♦❜♦❧❡✈ ❛♥❞ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t✐❡s

‖u‖L10/3 . ‖u‖Ḣ1 , ‖u‖L10 . ‖u‖Ḣ2 , ✭✸✳✶✸✮

∫
|u||v||w| 43 . ‖u‖L10/3‖v‖L10/3‖w‖4/3

L10/3 . ‖u‖Ḣ1‖v‖Ḣ1‖w‖4/3
Ḣ1
, ✭✸✳✶✹✮

‖uv‖L10/7 . ‖u‖L10/3‖u‖L5/2 , ‖uvw‖L10/7 . ‖u‖L10/3‖v‖L10/3‖w‖L10 . ✭✸✳✶✺✮

❉❡♥♦t❡

f(u) = |u| 43u, F (u) =
3

10
|u| 103 .

✸✳✷✳✷ ❊♥❡r❣② ❧✐♥❡❛r✐③❛t✐♦♥ ❛r♦✉♥❞ W

▲❡t

L = −∆− 7

3
W

4
3 , (Lg, g) =

∫ (
|∇g|2 − 7

3
W

4
3 g2
)
,

H =

(
L 0
0 Id

)
, (H~g,~g) = (Lg, g) + ‖h‖2L2 ❢♦r ~g =

(
g
h

)
.

❋♦r ~g s♠❛❧❧ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡✱ ✇❡ r❡❝❛❧❧ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❡♥❡r❣②

E(W + g, h) = E(W, 0) +
1

2
(H~g,~g)L2 +O(‖g‖3

Ḣ1). ✭✸✳✶✻✮

❲❡ r❡❝❛❧❧ s♦♠❡ t❡❝❤♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r L✳

▲❡♠♠❛ ✸✳✷ ✭❬✽✺❪✮✳ ✭✐✮ ❙♣❡❝tr✉♠✳ ❚❤❡ ♦♣❡r❛t♦r L ♦♥ L2 ✇✐t❤ ❞♦♠❛✐♥ H2 ✐s ❛ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r
✇✐t❤ ❡ss❡♥t✐❛❧ s♣❡❝tr✉♠ [0,+∞)✱ ♥♦ ♣♦s✐t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ ♦♥❧② ♦♥❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ −λ0✱ ✇✐t❤ ❛
s♠♦♦t❤ r❛❞✐❛❧ ♣♦s✐t✐✈❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ Y ∈ S(R5)✳ ▼♦r❡♦✈❡r✱

L(ΛW ) = L(∂xjW ) = 0, ❢♦r ❛♥② j = 1, . . . , 5✳

✭✐✐✮ ▲♦❝❛❧✐③❡❞ ❝♦❡r❝✐✈✐t②✳ ❋♦r α > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts µ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ g ∈ Ḣ1✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳

∫
|∇g|2ϕ2 − f ′(W )g2 ≥ µ

∫
|∇g|2ϕ2 − 1

µ


(g,ΛW )2

Ḣ1 +
5∑

j=1

(g, ∂xjW )2
Ḣ1 + (g, Y )2L2


 .

✸✳✷✳✸ ❊♥❡r❣② ❧✐♥❡❛r✐③❛t✐♦♥ ❛r♦✉♥❞ Wℓ

❋♦r ℓ ∈ R5 ✇✐t❤ |ℓ| < 1✱ Wℓ ❞❡✜♥❡❞ ✐♥ ✭✸✳✸✮ s♦❧✈❡s

∆Wℓ − ℓ · ∇(ℓ · ∇Wℓ) +W
7
3
ℓ

= 0. ✭✸✳✶✼✮

s♦ t❤❛t u(t, x) =Wℓ (x− ℓt) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮✳ ◆♦t❡ t❤❛t

E(Wℓ,−ℓ · ∇Wℓ)−
∫

|ℓ · ∇Wℓ|2 = (1− |ℓ|2) 1
2E(W, 0). ✭✸✳✶✽✮

✾✷
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❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦rs ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ❛r♦✉♥❞ Wℓ✳ ▲❡t

Lℓ = −∆+ ℓ · ∇(ℓ · ∇)− f ′(Wℓ),

(Lℓg, g)L2 =

∫
∇g · ∇g − (ℓ · ∇g) · (ℓ · ∇g)− f ′(Wℓ)g

2,

Hℓ =

(
−∆− f ′(Wℓ) −ℓ · ∇

ℓ · ∇ Id

)
, (Hℓ~g,~g)L2 = (Lℓg, g)L2 + ‖ℓ · ∇g + h‖2L2

■♥❞❡❡❞✱ ♣r♦❝❡❡❞✐♥❣ ❛s ✐♥ ✭✸✳✶✻✮✱ ✉s✐♥❣ ✭✸✳✶✼✮ ❛♥❞ ✭✸✳✶✽✮✱ ✇❡ ♦❜t❛✐♥

E(Wℓ + g,−ℓ · ∇Wℓ + h) +

∫
ℓ · ∇(Wℓ + g)(−ℓ · ∇Wℓ + h)

= (1− |ℓ|2) 1
2E(W, 0) +

1

2
(Hℓ~g,~g)

2
L2 +O(‖g‖3

Ḣ1).

❙❡t

~ZΛ
ℓ =

(
ΛWℓ

−ℓ · ∇(ΛWℓ)

)
, ~Z

∇j

ℓ
=

(
∂xjWℓ

−ℓ · ∇(∂xjWℓ)

)
, ~ZW

ℓ =

(
Wℓ

−ℓ · ∇Wℓ

)
,

Yℓ = Y

((
1√

1− |ℓ|2
− 1

)
ℓ(ℓ · x)
|ℓ|2 + x

)
, ~Z±

ℓ
=




(
ℓ · ∇Yℓ ±

√
λ0√

1−|ℓ|2
Yℓ

)
e
±

√
λ0√

1−|ℓ|2
ℓ·x

Yℓe
±

√
λ0√

1−|ℓ|2
ℓ·x


 .

❲❡ r❡❝❛❧❧ ❢♦❧❧♦✇✐♥❣ s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ ❢❛❝ts✳

▲❡♠♠❛ ✸✳✸ ✭❬✽✻❪✮✳ ❋♦r ℓ ∈ R5 ✇✐t❤ |ℓ| < 1✱

✭✐✮ Pr♦♣❡rt✐❡s ♦❢ Lℓ✳

Lℓ(ΛWℓ) = Lℓ(∂xjWℓ) = 0, LℓYℓ = −λ0Yℓ, LℓWℓ = −4

3
W

7
3
ℓ
.

✭✐✐✮ Pr♦♣❡rt✐❡s ♦❢ Hℓ ❛♥❞ HℓJ ✳

Hℓ
~ZΛ
ℓ = Hℓ

~Z
∇j

ℓ
= 0, Hℓ

~ZW
ℓ = −4

3

(
W

7
3
ℓ

0

)
,

(
Hℓ

~ZW
ℓ , ~ZW

ℓ

)
= −4

3

∫
W

10
3

ℓ
, −HℓJ(~Z

±
ℓ
) = ±

√
λ0(1− |ℓ|2) 1

2 ~Z±
ℓ
,

(
~ZΛ
ℓ ,
~ZW
ℓ

)

Ḣ1
ℓ
×L2

=
(
~Z
∇j

ℓ
, ~ZW

ℓ

)

Ḣ1
ℓ
×L2

= 0,
(
~ZΛ
ℓ ,
~Z±
ℓ

)
=
(
~Z
∇j

ℓ
, ~Z±

ℓ

)
= 0.

✭✐✐✐✮ ❈♦❡r❝✐✈✐t②✳ ❋♦r α > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts µ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ~g ∈ Ḣ1 × L2✱

∫ (
|∇g|2ϕ2

α − 7

3
W

4
3
ℓ
g2 + h2ϕ2

α + 2(ℓ · ∇g)hϕ2
α

)

≥ µ

∫ (
|∇g|2 + h2

)
ϕ2
α − 1

µ

{
(g,ΛWℓ)

2
Ḣ1

ℓ

+ |(g,∇Wℓ)Ḣ1
ℓ

|2 + (~g, ~Z+
ℓ
)2L2 + (~g, ~Z−

ℓ
)2L2

}
.

✾✸
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✸✳✷✳✹ ❆♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ t♦ ❛ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥

▲❡t |ℓ| < 1 ❛♥❞ F ✱ G ❜❡ ❞❡✜♥❡❞ ❜②

F =W
4
3 + κℓΛW, G = κℓ(1− |ℓ|2)− 1

2 ℓ · ∇ΛW, κℓ = −(1− |ℓ|2)(W
4
3 ,ΛW )

‖ΛW‖2
L2

> 0.

❙❡t
wℓ(t, x) =W (xℓ), Fℓ(t, x) = F (xℓ), Gℓ(t, x) = G(xℓ).

❲❡ r❡❝❛❧❧ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✐♥ ❬✽✻❪✳

▲❡♠♠❛ ✸✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ vℓ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ 0 < δ < 1 ❛♥❞ ❛❧❧ t ≥ 1✱

‖(vℓ, ∂tvℓ)(t)‖Ḣ1×L2 . t−2, ‖vℓ(t)‖L2 . t−
3
2
+δ, ‖Eℓ(t)‖H1 . t−4+δ,

✇❤❡r❡

Eℓ = ∂2t vℓ −∆vℓ −
7

3
w

4
3
ℓ
vℓ − fℓ − gℓ, fℓ = t−3Fℓ, gℓ = t−2Gℓ.

▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ m ≥ 0✱ |α| = 1✱ |α′| ≥ 2✱ t ≥ 1✱ x ∈ R5✱

|Am
ℓ vℓ(t, x)| . (t+ 〈xℓ〉)−1t−(1+m)〈xℓ〉−2+δ,

|Am
ℓ ∂

αvℓ(t, x)| . (t+ 〈xℓ〉)−1t−(1+m)〈xℓ〉−3+δ,

|Am
ℓ ∂

α′
vℓ(t, x)| . (t+ 〈xℓ〉)−1t−(1+m)〈xℓ〉−4+δ,

✭✸✳✶✾✮

|Am
ℓ ∂tvℓ| . |Am+1

ℓ
vℓ|+ |Am

ℓ ∇vℓ| . t−(2+m)〈xℓ〉−3+δ, ✭✸✳✷✵✮

❛♥❞
|Am

ℓ Eℓ(t, x)| . t−(4+m)+δ〈xℓ〉−3, |Am
ℓ ∂

αEℓ(t, x)| . t−(4+m)+δ〈xℓ〉−4,

|Am
ℓ ∂

α′Eℓ(t, x)| . t−(4+m)+δ〈xℓ〉−5.
✭✸✳✷✶✮

Pr♦♦❢✳ ❙❡❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶ ✐♥ ❬✽✻❪✳ ❆❧t❤♦✉❣❤ t❤✐s ❧❡♠♠❛ ✐s ♣r♦✈❡❞ ♦♥❧② ❢♦r ℓ = ℓe1✱ ❜② r♦t❛t✐♦♥✱
✇❡ s❡❡ t❤❛t ✐t ❤♦❧❞s ❢♦r ❛♥② ℓ ∈ R5 ✇✐t❤ |ℓ| < 1✳

✸✳✸ ❘❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ♦❢ K✲s♦❧✐t♦♥s ♣r♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥str✉❝t ❛ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ t♦ t❤❡ K✲s♦❧✐t♦♥ ♣r♦❜❧❡♠✳ ▲❡t K > 2 ❛♥❞
❢♦r ❛♥② k ∈ {1, . . . ,K}✱ ❧❡t

λ∞k > 0, y∞
k ∈ R5, ǫk = ±1, ℓk ∈ R5, ✇❤❡r❡ |ℓk| < 1.

▲❡t C0 ≫ 1 ❛♥❞ T0 ≫ 1 t♦ ❜❡ ✜①❡❞ ❛♥❞ I ⊂ [T0,+∞) ❜❡ ❛♥ ✐♥t❡r✈❛❧ ♦❢ R✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡s❡
❢✉♥❝t✐♦♥s s❛t✐s❢②✱ ❢♦r ❛❧❧ t ∈ I✱

|λk(t)− λ∞k |+ |yk(t)− y∞
k | ≤ C0t

−1. ✭✸✳✷✷✮

❋♦r k ∈ {1, . . . ,K}✱ ✇❡ ❝♦♥s✐❞❡r C1 ❢✉♥❝t✐♦♥s λk > 0✱ yk ∈ R5 ❞❡✜♥❡❞ ♦♥ I✳ ❋♦r ~G = (G,H)✱ ❞❡✜♥❡

(θkG)(t, x) =
ǫk

λ
3
2
k (t)

G

(
x− ℓkt− yk(t)

λk(t)

)
, ~θk ~G =




θkG

θk
λk
H


 ,

~̃
θk ~G =




θk
λk
G

θkH


 .

■♥ ♣❛rt✐❝✉❧❛r✱ s❡t

Wk = θkWℓk
, Xk = −ℓk · ∇Wk, ~Wk =

(
Wk

Xk

)
. ✭✸✳✷✸✮

✾✹
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✸✳✸✳✶ ▼❛✐♥ ✐♥t❡r❛❝t✐♦♥ t❡r♠s

❊①♣❛♥❞✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r✐t② |u| 43u ❛t u =
∑K

k=1Wk✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ♠❛✐♥ ♦r❞❡r ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r

✐♥t❡r❛❝t✐♦♥s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦r♠ t−3
∑K

k=1 ck|Wk|
4
3 ✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❡rr♦r t❡r♠ ✐s ♦❢ s✐③❡ t−4✳

▲❡♠♠❛ ✸✳✺✳ ❆ss✉♠❡ ✭✸✳✷✷✮✳ ❋♦r k, k′ ∈ {1, 2, . . . ,K}✱ k 6= k′✱ ❧❡t

σk,k′ =

(
1√

1− |ℓk′ |2
− 1

)
ℓk′(ℓk′ · (ℓk − ℓk′))

|ℓk′ |2
+ ℓk − ℓk′ ,

❛♥❞ ck = 7
3(15)

3
2
∑

k′ 6=k ǫk′(λ
∞
k′ )

3
2 |σk,k′ |−3. ❚❤❡♥✱

∣∣∣∣∣

K∑

k=1

Wk

∣∣∣∣∣

4
3
(

K∑

k=1

Wk

)
−

K∑

k=1

|Wk|
4
3Wk = t−3

K∑

k=1

ck|Wk|
4
3 +RΣ,

✇❤❡r❡✱ ❢♦r ❛❧❧ t ∈ I✱
‖RΣ‖H1 . t−4. ✭✸✳✷✹✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✸✳✶ ✐♥ ❬✽✻❪✳ ▲❡t σ = 1
10 mink1 6=k2 |ℓk1 − ℓk2 | ❛♥❞ Bk(t) =

{x, |x− ℓkt| ≤ σt}✱ B(t) = ∪kBk(t)✳
❋✐rst✱ ✇❡ ❝❧❛✐♠✱ ∀k ∈ {1, . . . ,K} ❛♥❞ k 6= k′

‖W
7
3
k ‖L2(Bc

k)
. t−4, ‖W

4
3
k ‖L2(Bc

k)
. t−

9
2 ✭✸✳✷✺✮

❛♥❞
‖|Wk|

1
3 |Wk′ |2‖L2(Bk) . t−

9
2 , ‖W

7
3
k′‖L2(Bk) . t−

9
2 ✭✸✳✷✻✮

◆♦t❡ t❤❛t✱ ∀x ∈ Bc
k✱ ✇❡ ❤❛✈❡

|Wk|
7
3 . 〈x− ℓkt〉−7 . t−4〈x− ℓkt〉−3, |Wk|

4
3 . 〈x− ℓkt〉−4 . t−1〈x− ℓkt〉−3,

❛♥❞ ❢r♦♠ x 7→ 〈x〉−3 ∈ L2(R5)✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✷✺✮✳ ◆♦t❡ t❤❛t✱ ∀x ∈ Bk ❛♥❞ k′ 6= k

|Wk|
1
3 |Wk′ |2 . t−6〈x− ℓkt〉, |Wk′ |

7
3 . t−

9
2 ✭✸✳✷✼✮

■♥t❡❣r❛t✐♥❣ ✭✸✳✷✼✮ ♦♥ Bk(t)✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✷✻✮✳
❙❡❝♦♥❞✱ ✇❡ ❝❧❛✐♠✱ ∀ k ∈ {1, . . . ,K}✱

‖|
K∑

k′=1

Wk′ |
4
3 (

K∑

k′=1

Wk′)− |Wk|
4
3Wk −

7

3
|Wk|

4
3

∑

k′ 6=k

Wk′‖L2(Bk) . t−
9
2 ✭✸✳✷✽✮

❋r♦♠ ❚❛②❧♦r ❡①♣❛♥s✐♦♥✱ ✇❡ ❤❛✈❡✱

∣∣∣∣∣

K∑

k′=1

Wk′

∣∣∣∣∣

4
3

(

K∑

k′=1

Wk′)

= |Wk|
4
3Wk +

7

3
|Wk|

4
3

∑

k′ 6=k

Wk′ +O


|Wk|

1
3

∑

k′ 6=k

|Wk′ |2

+O



∑

k′ 6=k

|Wk′ |
7
3


 .

✭✸✳✷✾✮

❯s✐♥❣ ✭✸✳✷✻✮ ❛♥❞ ✭✸✳✷✾✮✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✷✽✮✳
❚❤✐r❞✱ ✇❡ ❝❧❛✐♠✱ k′ 6= k✱

∥∥∥|Wk|
4
3 (Wk′(t, x)−Wk′(t, ℓkt))

∥∥∥
L2(Bk)

. t−4. ✭✸✳✸✵✮

✾✺
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■♥❞❡❡❞✱ ❢♦r x ∈ Bk✱

|Wk′(t, x)−Wk′(t, ℓkt)| . sup
Bk

|∇Wk′(t)| · |x− ℓkt| . t−4|x− ℓkt|,

❛♥❞ s♦✱
|Wk|

4
3 |Wk′(t, x)−Wk′(t, ℓkt)| . t−4〈x− ℓkt〉−3,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✸✳✸✵✮✳
❚❤❡♥✱ ♥♦t❡ t❤❛t✱ ❢r♦♠ t❤❡ ❡①♣❧✐❝t ❡①♣r❡ss✐♦♥ ✭✸✳✷✮ ♦❢ W ✱ ✇❡ ❤❛✈❡✱

|W (x)− 15
3
2 |x|−3| . |x|−5, for |x| ≫ 1. ✭✸✳✸✶✮

❚❤✉s✱ ✉s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ✭✸✳✷✷✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✸✳✷✸✮ ♦❢ Wk′ ❛♥❞ ✭✸✳✸✶✮✱ ✇❡
♦❜t❛✐♥

Wk′(t, ℓkt) =
ǫk′

λ
3
2
k′(t)

Wℓk′

(
(ℓk − ℓk′)t− yk′(t)

λk′(t)

)
=

ǫk′

(λ∞k′ )
3
2

Wℓk′

(
(ℓk − ℓk′)t

λ∞k′

)
+O(t−4)

=
ǫk′

(λ∞k′ )
3
2

W

(
σk,k′t

λ∞k′

)
+O(t−4) = 15

3
2 ǫk′(λ

∞
k′ )

3
2 |σk,k′ |−3t−3 +O(t−4).

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ L2 ❡st✐♠❛t❡ ♦❢ RΣ ✐♥ ✭✸✳✷✹✮✳
◆♦✇✱ ✇❡ ♦❜s❡r✈❡ ❢♦r j ∈ {1, · · · , 5}✱

∂xjRΣ =
7

3

∣∣∣∣∣

K∑

k=1

Wk

∣∣∣∣∣

4
3
(

K∑

k=1

∂xjWk

)
− 7

3

K∑

k=1

(
|Wk|

4
3 ∂xjWk

)

− 4

3
t−3

K∑

k=1

ck

(
|Wk|−

2
3 Wk

)
∂xjWk.

❋r♦♠ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛♥❞ t❤❡ ❞❡❝❛② ♦❢ W ❛♥❞ ∂xjW ✱ ✇❡ ❤❛✈❡✱ ❢♦r k ∈ {1, · · · ,K}✱
∣∣∣∣∣

K∑

k′=1

Wk′

∣∣∣∣∣

4
3
(

K∑

k′=1

∂xjWk′

)

=
∣∣Wk

∣∣ 43∂xjWk +
4

3

((∣∣Wk

∣∣− 2
3Wk

)
∂xjWk

) (∑

k′ 6=k

Wk′
)

+O
(∣∣Wk

∣∣ ∑

k′ 6=k

∣∣Wk′
∣∣ 43 )+O

(∣∣Wk

∣∣ 43 ∑

k′ 6=k

∣∣∂xjWk′
∣∣)+O

( ∑

k′ 6=k

∣∣Wk′
∣∣ 73 ).

❆♥❞ t❤❡♥✱ ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ✇❡ ♣r♦✈❡ Ḣ1 ❡st✐♠❛t❡ ♦❢ RΣ ✐♥ ✭✸✳✷✹✮✳

✸✳✸✳✷ ❚❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ~W

❲❡ r❡❝❛❧❧ ❛ r❡s✉❧t ♦♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ~W ✐♥ ✺❉ ❢r♦♠ ❬✽✻❪✳ ❚♦ r❡♠♦✈❡ t❤❡ ♠❛✐♥ ✐♥t❡r❛❝t✐♦♥ t❡r♠s∑K
k=1 ckt

−3|Wk|
4
3 ❝♦♠♣✉t❡❞ ✐♥ ▲❡♠♠❛ ✸✳✺✱ ✇❡ ❞❡✜♥❡ s✉✐t❛❜❧② r❡s❝❛❧❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ vℓk

❣✐✈❡♥ ❜② ▲❡♠♠❛ ✸✳✹✳ ▲❡t

vk(t, x) =
1

λ3k
vℓk

(
t

λk
,
x− yk

λk

)
, ✭✸✳✸✷✮

zk(t, x) =
1

λ4k
(∂tvℓk)

(
t

λk
,
x− yk

λk

)
+
κℓkǫk

2λ
1
2
k t

2
ΛkWk(t, x) ✭✸✳✸✸✮

✾✻
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✇❤❡r❡ Λk = 3
2 + (x− ℓkt− yk) · ∇✱ ❛♥❞

~vk =

(
vk

zk

)
, κℓk = −(1− |ℓk|2)

(W
4
3 ,ΛW )

‖ΛW‖2
L2

, ak = −ckκℓkǫk
2

.

❙❡t

~W =

(
W

X

)
=

K∑

k=1

(
~Wk + ck~vk

)
. ✭✸✳✸✹✮

▲❡♠♠❛ ✸✳✻✳ ❚❤❡ ❢✉♥❝t✐♦♥ ~W s❛t✐s✜❡s ♦♥ I × R5

{
∂tW = X−ModW −ModV

∂tX = ∆W + |W| 43W −ModX −ModZ −RX

✭✸✳✸✺✮

✇❤❡r❡

ModW =
K∑

k=1


 λ̇k
λk

− ak

λ
1
2
k t

2


ΛkWk +

K∑

k=1

ẏk · ∇Wk

ModX = −
K∑

k=1


 λ̇k
λk

− ak

λ
1
2
k t

2


 (ℓk · ∇)ΛkWk −

K∑

k=1

(ẏk · ∇)(ℓk · ∇)Wk,

❛♥❞

ModV =

K∑

k=1

(
3
λ̇k
λ4k
vℓk

(
t

λk
,
x− yk

λk

)
+
λ̇k
λ4k

t

λk
Aℓk

vℓk

(
t

λk
,
x− yk

λk

))

+
K∑

k=1

(
λ̇k
λ4k

(
x− ℓkt− yk

λk

)
· ∇vℓk

(
t

λk
,
x− yk

λk

)
+

ẏk

λ4k
· ∇vℓk

(
t

λk
,
x− yk

λk

))
,

ModZ =

K∑

k=1

(
ẏk

λ5k
· ∇∂tvℓk

(
t

λk
,
x− yk

λk

)
+ 4

λ̇k
λ5k
∂tvℓk

(
t

λk
,
x− yk

λk

))

+
K∑

k=1

(
λ̇k
λ5k

t

λk
Aℓk

∂tvℓk

(
t

λk
,
x− yk

λk

)
+
λ̇k
λ5k

(
x− ℓkt− yk

λk

)
· ∇∂tvℓk

(
t

λk
,
x− yk

λk

))

+

K∑

k=1


 κℓkǫk

2t2λ
1
2
k

λ̇k
λk

(
1

2
ΛkWk + Λ2

kWk

)
+
κℓkǫk

2t2λ
1
2
k

ẏk · ∇ΛkWk


 ,

~R =

(
0

RX

)
, ‖~R‖Ḣ1×L2 + ‖∇~R‖Ḣ1×L2 . t−4+δ. ✭✸✳✸✻✮

▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ 0 < δ < 1✱

|W|+ 〈x− ℓkt〉|∇W| .
K∑

k=1

(
〈x− ℓkt〉−3 + t−1〈x− ℓkt〉−3+δ

)
,

|X| .
K∑

k=1

(
〈x− ℓkt〉−4 + t−2〈x− ℓkt〉−3+δ

)
.

✭✸✳✸✼✮

Pr♦♦❢✳ ❙❡❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸ ✐♥ ❬✽✻❪✳ ❆❧t❤♦✉❣❤ t❤❡ ♦r✐❣✐♥❛❧ ❛r❣✉♠❡♥t ✐♥ t❤✐s ❧❡♠♠❛ ♦♥❧② ❤♦❧❞s ❢♦r
ℓk = ℓke1 ❛♥❞ K = 2✱ ❛❢t❡r ✉s✐♥❣ ▲❡♠♠❛ ✷✳✸ ❛♥❞ ▲❡♠♠❛ ✸✳✶✱ ✇❡ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤❡ ❛r❣✉♠❡♥t st✐❧❧
❤♦❧❞s ❢♦r ❛♥② K > 2 ❛♥❞ ❛♥② ℓk ∈ R5 ✇✐t❤ |ℓk| < 1✳

✾✼
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✸✳✹ ❉❡❝♦♠♣♦s✐t✐♦♥ ❛r♦✉♥❞ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥

❲❡ ♣r♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❛ ❣❡♥❡r❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛r♦✉♥❞ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥✳ ▲❡t K > 2
❛♥❞ ❢♦r ❛♥② k ∈ {1, . . . ,K}✱ ❧❡t λ∞k > 0✱ y∞

k ∈ R5✱ ℓk ∈ R5✱ |ℓk| < 1 ✇✐t❤ ℓk 6= ℓk′ ❢♦r k′ 6= k✳ ❋♦r
~G = (G,H)✱ s❡t

(θ∞k G)(t, x) =
ǫk

(λ∞k )
3
2

G

(
x− ℓkt− y∞

k

λ∞k

)
, ~θ∞k ~G =




θ∞k G

θ∞k
λ∞k

H


 ,

W∞
k = θ∞k Wℓk

, X∞
k = −ℓk · ∇W∞

k , ~W∞
k =

(
W∞

k

X∞
k

)
, Λ∞

k =
3

2
+ (x− ℓkt− y∞

k ).

❲❡ ❛❧s♦ s❡t

v∞k =
1

(λ∞k )3
vℓk

(
t

λ∞k
,
x− y∞

k

λ∞k

)
,

z∞k =
1

(λ∞k )4
(∂tvℓk)

(
t

λ∞k
,
x− y∞

k

λ∞k

)
+

κℓkǫk

2(λ∞k )
1
2 t2

Λ∞
k W

∞
k (t, x), ~V∞

k =

(
v∞k

z∞k

)
.

▲❡♠♠❛ ✸✳✼ ✭Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✮✳ ❚❤❡r❡ ❡①✐st T0 ≫ 1 ❛♥❞ 0 < δ0 ≪ 1 s✉❝❤ t❤❛t ✐❢ u(t)
✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮ ✇❤✐❝❤ s❛t✐s✜❡s ♦♥ I✱

∥∥∥∥∥~u−
K∑

k=1

(
~W∞
k + ck~V

∞
k

)∥∥∥∥∥
Ḣ1×L2

< δ0, ✭✸✳✸✽✮

t❤❡♥ t❤❡r❡ ❡①✐st C1 ❢✉♥❝t✐♦♥s λk > 0✱ yk ♦♥ I s✉❝❤ t❤❛t✱ ~ε(t) ❜❡✐♥❣ ❞❡✜♥❡❞ ❜②

~ε =

(
ε
η

)
, ~u =

(
u
∂tu

)
= ~W + ~ε, ✭✸✳✸✾✮

t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞ ♦♥ I✱ ❢♦r k ∈ {1, . . . ,K}✳

✭✐✮ ❋✐rst ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❋♦r j = 1, . . . , 5✱

(ε,ΛkWk)Ḣ1
ℓk

=
(
ε, ∂xjWk

)
Ḣ1

ℓk

= 0, ✭✸✳✹✵✮

|λk − λ∞k |+ |yk − y∞
k |+ ‖~ε‖Ḣ1×L2 .

∥∥∥∥∥~u−
K∑

k=1

(
~W∞
k + ck~V

∞
k

)∥∥∥∥∥
Ḣ1×L2

✭✸✳✹✶✮

✭✐✐✮ ❊q✉❛t✐♦♥ ♦❢ ~ε✳

{
∂tε = η +ModW +ModV

∂tη = ∆ε+ |W + ε| 43 (W + ε)− |W| 43W +ModX +ModZ +RX.
✭✸✳✹✷✮

✭✐✐✐✮ P❛r❛♠❡t❡r ❡st✐♠❛t❡s✳ ❋♦r ❛♥② 0 < δ < 1✱

∣∣∣∣∣∣
λ̇k
λk

− ak

λ
1
2
k t

2

∣∣∣∣∣∣
+ |ẏk| . ‖~ε‖Ḣ1×L2 +

1

t4
. ✭✸✳✹✸✮

✾✽
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✭✐✈✮ ❯♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s✳ ▲❡t z±k = (~ε,
~̃
θk ~Z

±
ℓk
)✳ ❚❤❡♥✱ ❢♦r ❛♥② 0 < δ < 1✱

∣∣∣∣
d

dt
z±k ∓

√
λ0
λk

(1− |ℓk|2)
1
2 z±k

∣∣∣∣ . ‖~ε‖2
Ḣ1×L2 + t−1 ‖~ε‖Ḣ1×L2 + t−4+δ ✭✸✳✹✹✮

Pr♦♦❢✳ ❙t❡♣ ✶✳ ❉❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣❛r❛♠❡t❡rs λk ❛♥❞ yk s✉❝❤ t❤❛t ✭✸✳✹✵✮ ❛♥❞ ✭✸✳✹✶✮
❤♦❧❞ ✐s ♣r♦✈❡❞ s✐♠✐❧❛r❧② ❛s ✭✐✮ ♦❢ ▲❡♠♠❛ ✸✳✶ ✐♥ ❬✽✺❪✳

❙t❡♣ ✷✳ ❊q✉❛t✐♦♥ ♦❢ ~ε✳ ❲❡ ❢♦r♠❛❧❧② ❞❡r✐✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ~ε(t)✱ λk(t) ❛♥❞ yk(t) ❢r♦♠ ✭✸✳✶✮
❛♥❞ ✭✸✳✸✺✮✳

εt = ∂tu− ∂tW = η +X− ∂tW = η +ModW +ModV.

❙❡❝♦♥❞✱ s✐♥❝❡ η = ∂tu−X✱ ✇❡ ❤❛✈❡

∂tη = ∂2t u− ∂tX = ∆u+ |u| 43u−∆W − |W| 43W +ModX +ModZ +RX

= ∆ε+ |W + ε| 43 (W + ε)− |W| 43W +ModX +ModZ +RX.

❲❡ ❛❧s♦ ❞❡♥♦t❡

RNL = |W + ε| 43 (W + ε)− |W| 43W − 7

3

∑

k

|Wk|
4
3 ε = R1 +R2,

R1 =
7

3

(
|W| 43 −

∑

k

|Wk|
4
3

)
ε, R2 = |W + ε| 43 (W + ε)− |W| 43W − 7

3
|W| 43 ε,

❛♥❞

~L =

(
0 1

∆ + 7
3

∑
k |Wk|

4
3 0

)
, ~Mod1 =

(
ModW
ModX

)
, ~Mod2 =

(
ModV
ModZ

)
,

~R =

(
0

RX

)
, ~RNL =

(
0

RNL

)
, ~R1 =

(
0
R1

)
, ~R2 =

(
0
R2

)
.

❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ t❤❡ s②st❡♠ ✭✸✳✹✷✮ r❡✇r✐t❡s

∂t~ε = ~L~ε+ ~Mod1 + ~Mod2 + ~R+ ~RNL = ~L~ε+ ~Mod1 + ~Mod2 + ~R+ ~R1 + ~R2. ✭✸✳✹✺✮

❲❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ♦♥ R1 ❛♥❞ R2

‖R1‖
L

10
7
. t−1‖ε‖

L
10
3
, |R2| . |W| 13 ε2 + |ε| 73 , ‖R2‖

L
10
7
. ‖ε‖2

L
10
3
. ‖ε‖2

Ḣ1 . ✭✸✳✹✻✮

❚❤❡ ❡st✐♠❛t❡ ♦♥ R2 ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✺✮✳ ❚♦ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ♦♥ R1✱ ✇❡ ✜rst r❡❝❛❧❧ t❤❡ ✐♥❡q✉❛❧✐t②✱
❢♦r p > 1✱ ❢♦r ❛♥② r❡❛❧s (rk)✱

∣∣∣
∣∣∣
∑

rk

∣∣∣
p
−
∑

|rk|p
∣∣∣ .

∑

k′ 6=k

|rk′ ||rk|p−1.

❚❤❡r❡❢♦r❡✱

∣∣∣∣∣|W| 43 −
K∑

k=1

|Wk|
4
3

∣∣∣∣∣ .

∣∣∣∣∣∣
|W| 43 −

∣∣∣∣∣

K∑

k=1

Wk

∣∣∣∣∣

4
3

∣∣∣∣∣∣
+

∣∣∣∣∣∣

∣∣∣∣∣

K∑

k=1

Wk

∣∣∣∣∣

4
3

−
K∑

k=1

|Wk|
4
3

∣∣∣∣∣∣

.

(
K∑

k=1

|vk|
)(

K∑

k=1

(|Wk|+ |vk|)
) 1

3

+
∑

k′ 6=k

|Wk||Wk′ |
1
3 ,

✾✾
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❛♥❞ t❤✉s

|R1| . |ε|
(

K∑

k=1

|vk|
)(

K∑

k=1

(|Wk|+ |vk|)
) 1

3

+ |ε|
∑

k′ 6=k

|Wk||Wk′ |
1
3 .

❇② ✭✸✳✶✺✮✱ ✇❡ ♦❜t❛✐♥

‖R1‖
L

10
7
. ‖ε‖

L
10
3

(
K∑

k=1

‖vk‖
L

10
3

)(
K∑

k=1

(
‖Wk‖

1
3

L
10
3
+ ‖vk‖

1
3

L
10
3

))
+ ‖ε‖

L
10
3

∑

k′ 6=k

∥∥∥Wk|Wk′ |
1
3

∥∥∥
L

5
2
.

❇② ✭✸✳✶✾✮✱ ✇❡ ❤❛✈❡ ‖vk‖
L

10
3

. t−2✳ ▼♦r❡♦✈❡r ‖Wk|Wk′ |
1
3 ‖

L
5
2
. t−1 ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣

t❡❝❤♥✐❝❛❧ r❡s✉❧t✳

❈❧❛✐♠ ✸✳✽ ✭❈❧❛✐♠ ✷ ✐♥ ❬✽✺❪✮✳ ▲❡t 0 < r2 ≤ r1 ❜❡ s✉❝❤ t❤❛t r1 + r2 >
5
3 ✳ ❋♦r t ❧❛r❣❡✱ ✐❢ r1 > 5

3 t❤❡♥∫
|W1|r1 |W2|r2 . t−3r2✱ ✇❤❡r❡❛s ✐❢ r1 ≤ 5

3 t❤❡♥
∫
|W1|r1 |W2|r2 . t5−3(r1+r2)✳

❙t❡♣ ✸✳ P❛r❛♠❡t❡r ❡st✐♠❛t❡s✳ ◆♦✇✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❡q✉❛t✐♦♥s ♦❢ λk ❛♥❞ yk ❢r♦♠ t❤❡ ♦rt❤♦❣♦♥❛❧✐t②
❝♦♥❞✐t✐♦♥s ✭✸✳✹✵✮✳ ❋✐rst✱

d

dt
(ε,Λ1W1)Ḣ1

ℓ1

= (∂tε,Λ1W1)Ḣ1
ℓ1

+ (ε, ∂t (Λ1W1))Ḣ1
ℓ1

= 0.

❚❤✉s✱ ✉s✐♥❣ t❤❡ ✜rst ❧✐♥❡ ♦❢ ✭✸✳✹✷✮✱ ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ModW ✐♥ ▲❡♠♠❛ ✸✳✻✱

0 = (η,Λ1W1)Ḣ1
ℓ1

− (ε, ℓ1 · ∇(Λ1W1))Ḣ1
ℓ1

− λ̇1
λ1

(
ε,Λ2

1W1

)
Ḣ1

ℓ1

− (ε, ẏ1 · ∇Λ1W1)Ḣ1
ℓ1

+


 λ̇1
λ1

− a1

λ
1
2
1 t

2


 (Λ1W1,Λ1W1)Ḣ1

ℓ1

+ (ẏ1 · ∇W1,Λ1W1)Ḣ1
ℓ1

+

K∑

k=2


 λ̇k
λk

− ak

λ
1
2
k t

2


 (ΛkWk,Λ1W1)Ḣ1

ℓ1

+
K∑

k=2

(ẏk · ∇Wk,Λ1W1)Ḣ1
ℓ1

+ (ModV,Λ1W1)Ḣ1
ℓ1

.

❇② t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ W ✱ ✇❡ ♦❜t❛✐♥
∣∣∣∣(η,Λ1W1)Ḣ1

ℓ1

∣∣∣∣+
∣∣∣∣(ε,∇(Λ1W1))Ḣ1

ℓ1

∣∣∣∣+
∣∣∣∣
(
ε,Λ2

1W1

)
Ḣ1

ℓ1

∣∣∣∣+
∣∣∣∣(ε,∇Λ1W1)Ḣ1

ℓ1

∣∣∣∣ . ‖~ε‖Ḣ1×L2 .

◆❡①t✱ (Λ1W1,Λ1W1)Ḣ1
ℓ1

= (1−|ℓ1|2)
1
2 ‖ΛW‖2

Ḣ1 ❛♥❞ ❜② ♣❛r✐t②✱ (∇W1,Λ1W1)Ḣ1
ℓ1

= 0✳ ❯s✐♥❣ ❈❧❛✐♠ ✸✳✽✱

✇❡ ❤❛✈❡✱ ❢♦r k ∈ {2, . . . ,K}✱
∣∣∣∣(ΛkWk,Λ1W1)Ḣ1

ℓ1

∣∣∣∣+
∣∣∣∣(∇Wk,Λ1W1)Ḣ1

ℓ1

∣∣∣∣ . t−3.

❆♥❞ t❤❡♥✱ ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ModV ❛♥❞ ✭✸✳✶✾✮✱ ✇❡ ♦❜t❛✐♥

∣∣∣(ModV,Λ1W1)Ḣ1
ℓ

∣∣∣ .
1

t2

K∑

k=1

(∣∣∣∣∣
λ̇k
λk

∣∣∣∣∣+ |ẏk|
)

.
1

t2

K∑

k=1




∣∣∣∣∣∣
λ̇k
λk

− ak

λ
1
2
k t

2

∣∣∣∣∣∣
+ |ẏk|


+ t−4.

■♥ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ (ε,Λ1W1)Ḣ1
ℓ1

= 0✱ ❣✐✈❡s t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ∣∣∣∣∣∣
λ̇1
λ1

− a1

λ
1
2
2 t

2

∣∣∣∣∣∣
. ‖~ε‖Ḣ1×L2 +

(
‖~ε‖Ḣ1×L2 + t−2

) K∑

k=1




∣∣∣∣∣∣
λ̇k
λk

− ak

λ
1
2
k t

2

∣∣∣∣∣∣
+ |ẏk|


+ t−4.

✶✵✵
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❯s✐♥❣ t❤❡ ♦t❤❡r ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ s✐♠✐❧❛r❧②✱

K∑

k=1




∣∣∣∣∣∣
λ̇k
λk

− ak

λ
1
2
k t

2

∣∣∣∣∣∣
+ |ẏk|




. ‖~ε‖Ḣ1×L2 +
(
‖~ε‖Ḣ1×L2 + t−2

) K∑

k=1




∣∣∣∣∣∣
λ̇k
λk

− ak

λ
1
2
k t

2

∣∣∣∣∣∣
+ |ẏk|


+ t−4.

❚❤❡r❡❢♦r❡✱ ❢♦r δ0 s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ✜♥❞ ✭✸✳✹✸✮✳

❙t❡♣ ✹✳ ❊q✉❛t✐♦♥s ♦❢ t❤❡ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s✳ ❲❡ ♣r♦✈❡ t❤❡ ❝❛s❡ ♦❢ z+1 ✳ ❚❤❡ ♦t❤❡r ❝❛s❡ ✐s s✐♠✐❧❛r✳
❘❡❝❛❧❧ t❤❛t ~Z±

ℓk
∈ S ❜② t❤❡✐r ❞❡✜♥✐t✐♦♥ ✐♥ ➓✸✳✷✳✸✳ ❇② ✭✸✳✹✺✮✱ ✇❡ ❤❛✈❡

d

dt
z+1 =

d

dt

(
~ε,
~̃
θ1 ~Z

+
ℓ1

)
=
(
∂t~ε,

~̃
θ1 ~Z

+
ℓ1

)
+
(
~ε, ∂t

(
~̃
θ1 ~Z

+
ℓ1

))

=
(
~L~ε, ~̃θ1 ~Z+

ℓ1

)
− ℓ1

λ1
·
(
~ε,
~̃
θ1∇~Z+

ℓ1

)
− λ̇1
λ1

(
~ε,
~̃
θ1~Λ~Z

+
ℓ1

)
− ẏ1

λ1
·
(
~ε,
~̃
θ1∇~Z+

ℓ1

)

+
(

~Mod1,
~̃
θ1 ~Z

+
ℓ1

)
+
(

~Mod2,
~̃
θ1 ~Z

+
ℓ1

)
+
(
~R,
~̃
θ1 ~Z

+
ℓ1

)
+
(
~RNL,

~̃
θ1 ~Z

+
ℓ1

)
.

❋✐rst✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s✱ ✉s✐♥❣ ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✸✳✸✱

(
~L~ε, ~̃θ1 ~Z+

ℓ1

)
− ℓ1

λ1
·
(
~ε,
~̃
θ1∇~Z+

ℓ1

)
=

1

λ1

(
~ε,
~̃
θ1

(
−Hℓ1J

~Z+
ℓ1

))
+
∑

k>2

(
ε, f ′(Wk)(θ1Z

+
ℓ1
)
)

=

√
λ0
λ1

(1− |ℓ1|2)
1
2 z+1 +

∑

k>2

(
ε, f ′(Wk)(θ1Z

+
ℓ1
)
)
.

❇② t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ ~Z+
ℓ1

❛♥❞ ❈❧❛✐♠ ✸✳✽✱

∑

k>2

∣∣∣
(
ε, f ′(Wk)(θ1Z

±
ℓ1
)
)∣∣∣ . t−4‖ε‖Ḣ1 .

◆❡①t✱ ❜② ✭✸✳✹✸✮✱
∣∣∣∣∣
λ̇1
λ1

∣∣∣∣∣
∣∣∣
(
~ε,
~̃
θ1~Λ~Z

+
ℓ1

)∣∣∣+
∣∣∣∣
ẏ1

λ1
·
(
~ε,
~̃
θ1∇~Z+

ℓ1

)∣∣∣∣ . ‖~ε‖2
Ḣ1×L2 + t−2 ‖~ε‖Ḣ1×L2 .

❈♦♥❝❡r♥✐♥❣ t❤❡ t❡r♠ ✇✐t❤ ~Mod1✳ ❋r♦♠ ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✸✳✸✱ ✇❡ ♦❜t❛✐♥

(~θ1 ~Z
Λ
ℓ1
,
~̃
θ1 ~Z

+
ℓ1
) = (~ZΛ

ℓ1
, ~Z+

ℓ1
) = 0, (~θ1 ~Z

∇
ℓ1
,
~̃
θ1 ~Z

+
ℓ1
) = (~Z∇

ℓ1
, ~Z+

ℓ1
) = 0.

▼♦r❡♦✈❡r✱ ❜② ❈❧❛✐♠ ✸✳✽✱ ✇❡ ❤❛✈❡

K∑

k=2

(∣∣∣
(
~θk ~Z

Λ
ℓk
,
~̃
θ1 ~Z

+
ℓ1

)∣∣∣+
∣∣∣
(
~θk ~Z

∇
ℓk
,
~̃
θ1 ~Z

+
ℓ1

)∣∣∣
)
. t−3,

❛♥❞ t❤✉s✱ ❜② ✭✸✳✹✸✮✱

K∑

k=2




∣∣∣∣∣∣
λ̇k
λk

− ak

λ
1
2
k t

2

∣∣∣∣∣∣

∣∣∣
(
~θk ~Z

Λ
ℓk
,
~̃
θ1 ~Z

+
ℓ1

)∣∣∣+
∣∣∣∣
ẏk

λk
·
(
~θk ~Z

∇
ℓk
,
~̃
θ1 ~Z

+
ℓ1

)∣∣∣∣


 . t−3 ‖~ε‖Ḣ1×L2 + t−7.

✶✵✶
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❈♦♥❝❡r♥✐♥❣ t❤❡ t❡r♠ ✇✐t❤ ~Mod2✳ ❋r♦♠ ✭✸✳✶✾✮✱ ✭✸✳✹✸✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~Mod2✱ ✇❡ ♦❜t❛✐♥

∣∣∣
(

~Mod2,
~̃
θ1 ~Z

+
ℓ1

)∣∣∣ .
1

t2

K∑

k=1

(∣∣∣∣∣
λ̇k
λk

∣∣∣∣∣+ |ẏk|
)

. t−2 ‖~ε‖Ḣ1×L2 + t−4

❋✐♥❛❧❧②✱ ✇❡ ❝❧❛✐♠

∣∣∣
(
~R,
~̃
θ1 ~Z

+
ℓ1

)∣∣∣+
∣∣∣
(
~RNL,

~̃
θ1 ~Z

+
ℓ1

)∣∣∣ . t−4+δ + t−1‖ε‖Ḣ1 + ‖ε‖2
Ḣ1 .

■♥❞❡❡❞✱ ❢r♦♠ ✭✸✳✸✻✮✱ ✇❡ ❤❛✈❡ |(~R, ~̃θ1 ~Z+
ℓ1
)| . t−4+δ✳ ❙❡❝♦♥❞✱ ❜② ✭✸✳✹✻✮ ❛♥❞ t❤❡ ❞❡❝❛② ♦❢ Y ✱ ✇❡ ❤❛✈❡

∣∣∣
(
~R1,

~̃
θ1 ~Z

+
ℓ1

)∣∣∣ . ‖R1‖ 10
7
. t−1‖ε‖Ḣ1 and

∣∣∣
(
~R2,

~̃
θ1 ~Z

+
ℓ1

)∣∣∣ . ‖R2‖ 10
7
. ‖ε‖2

Ḣ1

●❛t❤❡r✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✹✹✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✼ ✐s ❝♦♠♣❧❡t❡✳

✸✳✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶

❚♦ ❝♦♥str✉❝t t❤❡ K✲s♦❧✐t♦♥ s♦❧✉t✐♦♥ ❛t +∞✱ ✇❡ ❢♦❧❧♦✇ t❤❡ str❛t❡❣② ♦❢ ❬✽✺❪ ✉s✐♥❣ t❤❡ r❡✜♥❡❞ ❛♣♣r♦①✐♠❛t❡
s♦❧✉t✐♦♥ ~W ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❡ ❛r❣✉❡ ❜② ❝♦♠♣❛❝t♥❡ss ❛♥❞ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥ u(t) ❛s
t❤❡ ❧✐♠✐t ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡ ♠✉❧t✐✲s♦❧✐t♦♥s un(t)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✾✳ ❚❤❡r❡ ❡①✐st T0 > 0 ❛♥❞ ❛ s♦❧✉t✐♦♥ u(t) ♦❢ ✭✸✳✶✮ ♦♥ [T0,+∞) s❛t✐s❢②✐♥❣✱ ❢♦r ❛❧❧
0 < δ < 1✱ ❢♦r ❛❧❧ t ∈ [T0,+∞)✱

‖∇u(t)−∇W(t)‖L2 + ‖∂tu(t)−X(t)‖L2 . t−3+δ ✭✸✳✹✼✮

✇❤❡r❡ λk(t)✱ yk(t) ❛r❡ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t ∈ [T0,+∞)✱

|λk(t)− λ∞k |+ |yk(t)− y∞
k | . t−1. ✭✸✳✹✽✮

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✾✳ ◆♦t❡ t❤❛t Pr♦♣♦s✐t✐♦♥ ✸✳✾ ✐♠♣❧✐❡s ❚❤❡♦✲
r❡♠ ✸✳✶✳

▲❡t Sn → +∞✳ ▲❡t ζ±k,n ∈ R s♠❛❧❧ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❧❛t❡r✳ ❚❤❡s❡ ❢r❡❡ ♣❛r❛♠❡t❡rs ❝♦rr❡s♣♦♥❞
t♦ t✇♦ ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡✴✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s ❢♦r ❡❛❝❤ s♦❧✐t♦♥ ✲ s❡❡ st❛t❡♠❡♥ts ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵✱
❈❧❛✐♠ ✸✳✶✶ ❛♥❞ ▲❡♠♠❛ ✸✳✶✹✳ ❋♦r ❛♥② ❧❛r❣❡ n✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ un ♦❢





∂2t un −∆un − |un|
4
3un = 0

(un(Sn), ∂tun(Sn))
T =

K∑

k=1

(
~W∞
k (Sn) + ck~V

∞
k (Sn) +

∑

±
ζ±k,n(

~θ∞k ~Z±
ℓk
)(Sn)

)
.

✭✸✳✹✾✮

◆♦t❡ t❤❛t s✐♥❝❡ (un(Sn), ∂tun(Sn)) ∈ Ḣ1 ×L2✱ t❤❡ s♦❧✉t✐♦♥ ~un ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✐♥ Ḣ1 ×L2 ❛t ❧❡❛st ♦♥ ❛
s♠❛❧❧ ✐♥t❡r✈❛❧ ♦❢ t✐♠❡ ❛r♦✉♥❞ Sn✳

◆♦✇✱ ✇❡ st❛t❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ♦♥ un ❜❛❝❦✇❛r❞s ✐♥ t✐♠❡ ✉♣ t♦ s♦♠❡ ✉♥✐❢♦r♠ T0 ≫ 1✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✵✳ ❚❤❡r❡ ❡①✐st n0 > 0 ❛♥❞ T0 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② n ≥ n0✱ t❤❡r❡ ❡①✐st (ζ±k,n)k∈{1,...,K} ∈
RK × RK ✱ ✇✐t❤

K∑

k=1

|ζ+k,n|2 +
K∑

k=1

|ζ−k,n|2 . S−7
n ,

✶✵✷
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❛♥❞ s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~un = (un, ∂tun)
T ♦❢ ✭✸✳✹✾✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✐♥ Ḣ1 × L2 ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧

[T0, Sn] ❛♥❞ s❛t✐s✜❡s✱ ❢♦r ❛❧❧ t ∈ [T0, Sn]✱
∥∥∥~un(t)− ~Wn(t)

∥∥∥
Ḣ1×L2

. t−3+δ ✭✸✳✺✵✮

❛♥❞ ❢♦r ❛❧❧ ν > 0✱ t❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ n ≥ n0✱

‖~un(T0)‖(Ḣ1×L2)(|x|>M) < ν, ✭✸✳✺✶✮

✇❤❡r❡ ~Wn(t, x) = ~W (t, x; {λk,n(t)}, {yk,n(t)}) ✐s ❞❡✜♥❡❞ ✐♥ ➓✸✳✹✱ ❛♥❞

|λk,n(t)− λ∞k |+ |yk,n(t)− y∞
k | . t−1,

∣∣∣λ̇k,n(t)
∣∣∣+ |ẏk,n(t)| . t−2. ✭✸✳✺✷✮

▼♦r❡♦✈❡r✱ ~un ∈ C([T0, Sn], Ḣ2 × Ḣ1) ❛♥❞ s❛t✐s✜❡s✱ ❢♦r ❛❧❧ t ∈ [T0, Sn]✱ ‖~un(t)‖Ḣ2×Ḣ1 . 1✳

✸✳✺✳✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✾✱ ❛ss✉♠✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵

■♥ ✈✐❡✇ ♦❢ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ ♦♥ (~un(T0)) ❛♥❞ ✭✸✳✺✶✮✱ ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥
♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱ (~un(T0)) ❝♦♥✈❡r❣❡s str♦♥❣❧② ✐♥ Ḣ1 × L2 t♦ s♦♠❡ (u0, u1)

T ❛s n → +∞✳ ❈♦♥s✐❞❡r
t❤❡ s♦❧✉t✐♦♥ u(t) ♦❢ ✭✸✳✶✮ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ (u0, u1)

T ❛t t = T0✳ ❚❤❡♥✱ ❜② t❤❡ ✉♥✐❢♦r♠
❜♦✉♥❞s ✭✸✳✺✵✮ ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ✐♥✐t✐❛❧ ❞❛t❛
✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ Ḣ1 × L2 ✭s❡❡ ❡✳❣✳ ❬✼✶❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✱ t❤❡ s♦❧✉t✐♦♥ u ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✐♥ t❤❡
❡♥❡r❣② s♣❛❝❡ ♦♥ [T0,∞)✳

❘❡❝❛❧❧ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② λk,n ❛♥❞ yk,n t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ un ♦♥ [T0, Sn]✳ ❇②
t❤❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ✐♥ ✭✸✳✺✷✮✱ ✉s✐♥❣ ❆s❝♦❧✐✬s t❤❡♦r❡♠ ❛♥❞ ❛ ❞✐❛❣♦♥❛❧ ❛r❣✉♠❡♥t✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡
❡①✐st ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s λk ❛♥❞ yk s✉❝❤ t❤❛t ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱ λk,n → λk✱
yk,n → yk ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝t s❡ts ♦❢ [T0,+∞)✳ ▼♦r❡♦✈❡r ♦♥ [T0,+∞)✱

|λk(t)− λ∞k | . t−1, |yk(t)− y∞
k | . t−1.

P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✸✳✺✵✮ ❢♦r ❛♥② t ∈ [T0,+∞)✱ ✇❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✾✳
❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵✳

✸✳✺✳✷ ❇♦♦tstr❛♣ s❡tt✐♥❣

❲❡ ❞❡♥♦t❡ ❜② BRK (r) ✭r❡s♣❡❝t✐✈❡❧②✱ SRK (r)✮ t❤❡ ♦♣❡♥ ❜❛❧❧ ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡ s♣❤❡r❡✮ ♦❢ RK ♦❢ ❝❡♥t❡r 0
❛♥❞ ♦❢ r❛❞✐✉s r > 0✱ ❢♦r t❤❡ ♥♦r♠ |(ξk)k| = (

∑K
k=1 ξ

2
k)

1/2✳
❋♦r t = Sn ❛♥❞ ❢♦r t < Sn ❛s ❧♦♥❣ ❛s un(t) ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✐♥ Ḣ1 × L2 ❛♥❞ s❛t✐s✜❡s ✭✸✳✸✽✮✱ ✇❡

❞❡❝♦♠♣♦s❡ un(t) ❛s ✐♥ ▲❡♠♠❛ ✸✳✼✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡♥♦t❡ ❜② (ε, η)✱ (λk)k✱ (yk)k✱ (z
±
k )k t❤❡ ♣❛r❛♠❡t❡rs

♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ un✳
❲❡ st❛rt ✇✐t❤ ❛ t❡❝❤♥✐❝❛❧ r❡s✉❧t s✐♠✐❧❛r t♦ ▲❡♠♠❛ ✸ ✐♥ ❬✷✽❪✳ ❚❤✐s ❝❧❛✐♠ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❛❞❥✉st t❤❡

✐♥✐t✐❛❧ ✈❛❧✉❡s ♦❢ (z±k (Sn))k ❢r♦♠ t❤❡ ❝❤♦✐❝❡ ♦❢ ζ±k,n ✐♥ ✭✸✳✹✾✮✳

❈❧❛✐♠ ✸✳✶✶ ✭❈❤♦♦s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ✉♥st❛❜❧❡ ♠♦❞❡s✮✳ ❚❤❡r❡ ❡①✐st n0 > 0 ❛♥❞ C > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧

n ≥ n0✱ ❢♦r ❛♥② (ξk)k∈{1,...,K} ∈ BRK (S
−7/2
n )✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ (ζ±k,n)k∈{1,...,K} ∈ BR2K (CS

−7/2
n )

s✉❝❤ t❤❛t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ un(Sn) s❛t✐s✜❡s

z−k (Sn) = ξk, z+k (Sn) = 0, ✭✸✳✺✸✮

|λk(Sn)− λ∞k |+ |yk(Sn)− y∞
k |+ ‖~ε(Sn)‖Ḣ1×L2 + ‖~ε(Sn)‖Ḣ2×Ḣ1 . S−7/2

n . ✭✸✳✺✹✮

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✸✳✶✶✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❡①✐st❡♥❝❡ ♦❢ (ζ±k,n)k ✐♥ ❈❧❛✐♠ ✸✳✶✶ ✐s s✐♠✐❧❛r t♦ ▲❡♠♠❛ ✸
✐♥ ❬✷✽❪ ❛♥❞ ✇❡ ♦♠✐t ✐t✳ ❊st✐♠❛t❡s ✐♥ ✭✸✳✺✹✮ ❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ✭✸✳✹✶✮✳

✶✵✸
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❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s✱ ❢♦r s♦♠❡ 0 < δ ≪ 1
t♦ ❜❡ ✜①❡❞ ❧❛t❡r✱ k ∈ {1, . . . ,K} ❛♥❞ C0 t♦ ❜❡ ❝❤♦s❡♥✱

{
|λk(t)− λ∞k | ≤ C0t

−1, |yk(t)− y∞
k | ≤ C0t

−1,

|z±k (t)|2 ≤ t−7, ‖~ε(t)‖Ḣ1×L2 ≤ C0t
−3+δ.

✭✸✳✺✺✮

❙❡t

T ∗ = T ∗
n((ξk)k) = inf{t ∈ [T0, Sn] ; un s❛t✐s✜❡s ✭✸✳✸✽✮ ❛♥❞ ✭✸✳✺✺✮ ❤♦❧❞s ♦♥ [t, Sn]}. ✭✸✳✺✻✮

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts T0 ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ❛t ❧❡❛st ♦♥❡ ❝❤♦✐❝❡ ♦❢ (ξk)k ∈
BRK (S

−7/2
n ) s♦ t❤❛t T ∗ = T0✱ ✇❤✐❝❤ ✐s ❡♥♦✉❣❤ t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵✳ ❋♦r t❤✐s✱ ✇❡

❞❡r✐✈❡ ❣❡♥❡r❛❧ ❡st✐♠❛t❡s ❢♦r ❛♥② (ξk)k ∈ BRK (S
−7/2
n ) ✭s❡❡ ▲❡♠♠❛ ✸✳✶✸✮ ❛♥❞ ✉s❡ ❛ t♦♣♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t

✭s❡❡ ▲❡♠♠❛ ✸✳✶✹✮ t♦ ❝♦♥tr♦❧ t❤❡ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ str✐❝t❧② ✐♠♣r♦✈❡ ✭✸✳✺✺✮ ♦♥ [T ∗, Sn]✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s ✭✸✳✹✸✮ ❛♥❞ ✭✸✳✺✺✮✱ ✇❡ ❤❛✈❡✱ ❢♦r k ∈ {1, . . . ,K}✱
∣∣∣∣∣∣
λ̇k
λk

− ak

λ
1
2
k t

2

∣∣∣∣∣∣
+ |ẏk| . ‖~ε(t)‖Ḣ1×L2 + t−4+δ . C0t

−3+δ.

■♥ ♣❛rt✐❝✉❧❛r✱ ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ModV ❛♥❞ ModZ ✐♥ ▲❡♠♠❛ ✸✳✻✱ ✭✸✳✶✾✮✱ ✭✸✳✷✵✮✱ ✭✸✳✹✸✮ ❛♥❞ ✭✸✳✺✺✮✱
✇❡ ❤❛✈❡

‖ModV‖Ḣ2∩Ḣ1 6 t−4 and ‖ModZ‖H1 6 t−4+δ. ✭✸✳✺✼✮

❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ModW ❛♥❞ ModX ✐♥ ▲❡♠♠❛ ✸✳✻✱ ❢♦r ❛❧❧ α ∈ N5✱

|∂αxModW(t)| . t−3+δ
K∑

k=1

|Wk|1+
|α|
3 , |∂αxModX(t)| . t−3+δ

K∑

k=1

|Wk|1+
1+|α|

3 . ✭✸✳✺✽✮

✸✳✺✳✸ ❊♥❡r❣② ❢✉♥❝t✐♦♥❛❧

❘❡❝❛❧❧ t❤❛t f(u) = |u| 43u ❛♥❞ F (u) = 3
10 |u|

10
3 ✳ ▲❡t

∀k ∈ {1, . . . ,K}, ℓk =
5∑

i=1

ℓk,iei ✇❤❡r❡ |ℓk| < 1, ✭✸✳✺✾✮

❛♥❞ ❞❡♥♦t❡ ✭s❡❡ ✭✸✳✹✮✮

ℓ =
( 5∑

i=1

( max
k∈{1,··· ,K}

ℓ2k,i)
) 1

2 <
3

5
. ✭✸✳✻✵✮

❲❡ ✜① δ < 1
100 s♠❛❧❧ ❡♥♦✉❣❤✱ s✉❝❤ t❤❛t

ℓ 6

(
(2− 4δ)(8− 4δ)

(6− 4δ)2

) 1
2

, ℓ 6

(
(1− 4δ)(9− 4δ)

(5− 4δ)2

) 1
2

,

ℓ 6
(5− 4δ)

(6− 4δ)
, ℓ 6

(
4− 4δ

6− 4δ

) 1
2

, ℓ 6

(
(3− 4δ)(7− 4δ)

(6− 4δ)2

) 1
2

.

✭✸✳✻✶✮

▼♦r❡♦✈❡r✱ ✇❡ s❡t✱

∀i ∈ {1, . . . , 5} − 1 < ℓ1,i < · · · < ℓKi,i < 1 such that {ℓ1,i, · · · , ℓK,i} = {ℓ1,i · · · , ℓKi,i}.

✶✵✹
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❲❡ ❞❡♥♦t❡ I = {i|i ∈ {1, · · · , 5} and Ki > 2}✳ ❋♦r

0 < σ <
1

10
min
i∈I

(ℓk+1,i − ℓk,i)

s♠❛❧❧ ❡♥♦✉❣❤ t♦ ❜❡ ✜①❡❞✱ ✇❡ s❡t

❢♦r k = 1, . . . ,Ki − 1, ℓ
+
k,i = ℓk,i + σ(ℓk+1,i − ℓk,i),

❢♦r k = 2, . . . ,Ki, ℓ
−
k,i = ℓk,i − σ(ℓk,i − ℓk−1,i),

❛♥❞ ❢♦r t > 0✱ ✇❡ ❞❡♥♦t❡✱

Ω1,i(t) = ((ℓ
+
1,it, ℓ

−
2,it) ∪ . . . ∪ (ℓ

+
Ki−1,it, ℓ

−
Ki,it)), Ω0,i(t) = R \ Ω1,i(t) for i ∈ I.

❛♥❞
Ω1,i(t) = ∅, Ω0,i(t) = R for i /∈ I.

❲❤❡♥ i ∈ I✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ χi(t, x) = χi(t, xi) ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✱ ❢♦r ❛❧❧ t > 0✱




χi(t, x) = ℓ1,i ❢♦r xi ∈ (−∞, ℓ
+
1,it],

χi(t, x) = ℓk,i ❢♦r xi ∈ [ℓ
−
k,it, ℓ

+
k,it]✱ ❢♦r k ∈ {2, . . . ,Ki − 1}✱

χi(t, x) = ℓKi,i ❢♦r xi ∈ [ℓ
−
Ki,it,+∞),

χi(t, x) =
xi

(1− 2σ)t
− σ

1− 2σ
(ℓk+1,i + ℓk,i) ❢♦r xi ∈ [ℓ

+
k,it, ℓ

−
k+1,it]✱ k ∈ {1, . . . ,Ki − 1}.

✭✸✳✻✷✮

■♥ ♣❛rt✐❝✉❧❛r✱ 



∂tχi(t, x) = 0, ∇χi(t, x) = 0, on Ri−1 × Ω0,i(t)× R5−i,

∂xiχi(t, x) =
1

(1− 2σ)t
for x ∈ Ri−1 × Ω1,i(t)× R5−i,

∂tχi(t, x) = −1

t

xi
(1− 2σ)t

for x ∈ Ri−1 × Ω1,i(t)× R5−i.

✭✸✳✻✸✮

❲❤❡♥ i /∈ I✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ χi(t, x) = χi(t, xi) = ℓ1,i✱ ❢♦r ❛❧❧ t > 0✳
❲❡ ❞❡♥♦t❡

Ω =
⋃

∑
i si 6=0

Ωs1,1 × · · · × Ωs5,5 and ~χ = (χ1, · · · , χ5).

❚❤❡ ❝❤♦✐❝❡ ♦❢ ~χ ✐♥ t❤✐s ♣❛♣❡r ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❛t ✐♥ ❬✽✺✱ ✽✻❪ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♥♦♥✲❝♦❧✐♥❡❛r s♣❡❡❞s✳
❲❡ ❞❡✜♥❡ ✭s❡❡ ❬✽✽✱ ✽✺✱ ✽✻✱ ✸✶❪ ❢♦r s✐♠✐❧❛r ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧✮

H =

∫ {
|∇ε|2 + |η|2 − 2(F (W + ε)− F (W)− f(W)ε)

}
+ 2

∫
(~χ · ∇ε)η.

▲❡♠♠❛ ✸✳✶✷✳ ❚❤❡r❡ ❡①✐sts µ > 0 s✉❝❤ t❤❛t✱ ❢♦r t ∈ [T ∗, Sn]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ❇♦✉♥❞✳

|H(t)| ≤
‖~ε(t)‖2

Ḣ1×L2

µ
. ✭✸✳✻✹✮

✭✐✐✮ ❈♦❡r❝✐✈✐t②✳

H(t) ≥ µ‖~ε(t)‖2
Ḣ1×L2 −

t−7

µ
. ✭✸✳✻✺✮

✭✐✐✐✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥✳ ❋♦r ❛❧❧ 0 < δ < 1
100 s♠❛❧❧ ❡♥♦✉❣❤ t♦ s❛t✐s❢② ✭✸✳✻✶✮✱

− d

dt

(
t6−3δH

)
6

1

µ
C0t

−1−δ. ✭✸✳✻✻✮

✶✵✺
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Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✷✳ Pr♦♦❢ ♦❢ ✭✸✳✻✹✮✳ ❙✐♥❝❡

|F (W + ε)− F (W)− f(W)ε| . |ε| 103 + |ε|2|W| 43 ,

❡st✐♠❛t❡ ✭✸✳✻✹✮ ♦♥ H ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✸✮✱ ✭✸✳✶✹✮ ❛♥❞ ‖~ε‖Ḣ1×L2 + ‖W‖Ḣ1 . 1✳

Pr♦♦❢ ♦❢ ✭✸✳✻✺✮✳ ❙❡t

NΩ(t) =

∫

Ω

(
|∇ε(t)|2 + η2(t) + 2(~χ(t) · ∇ε(t))η(t)

)
, NΩC (t) =

∫

ΩC

(
|∇ε(t)|2 + η2(t)

)
.

◆♦t❡ t❤❛t✱ s✐♥❝❡ |~χ| < ℓ✱

NΩ >

∫

Ω

(
|∇ε|2 + η2

)
− 2ℓ

∫

Ω
|∇ε||η| > (1− ℓ)

∫

Ω

(
|∇ε|2 + η2

)
. ✭✸✳✻✼✮

❚♦ ♦❜t❛✐♥ ✭✸✳✻✺✮✱ ✇❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✱ ❢♦r s♦♠❡ s♠❛❧❧ α > 0

H(t) ≥ NΩ(t) + µNΩC (t)− t−7

µ
− t−4α

µ
‖~ε‖2

Ḣ1×L2 −
t−1

µ
‖~ε‖2

Ḣ1×L2 −
1

µ
‖~ε‖3

Ḣ1×L2 . ✭✸✳✻✽✮

❚♦ ♣r♦✈❡ ✭✸✳✻✽✮✱ ✇❡ ❞❡❝♦♠♣♦s❡ H = H1 +H2 +H3, ✇❤❡r❡

H1 =

∫
|∇ε|2 −

K∑

k=1

∫
f ′(Wk)ε

2 +

∫
η2 + 2

∫
(~χ · ∇ε)η,

H2 = −2

∫ (
F (W + ε)− F (W)− f (W) ε− 1

2
f ′ (W) ε2

)
,

H3 =

∫ ( K∑

k=1

f ′(Wk)− f ′ (W)

)
ε2.

❲❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s

H1 ≥ NΩ + µNΩC − t−7

µ
− t−4α

µ
‖~ε‖2

Ḣ1×L2 , ✭✸✳✻✾✮

|H2|+ |H3| . ‖~ε‖3
Ḣ1×L2 + t−1 ‖~ε‖2

Ḣ1×L2 . ✭✸✳✼✵✮

✇❤✐❝❤ ✐♠♣❧② ✭✸✳✻✽✮ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✳

Pr♦♦❢ ♦❢ ✭✸✳✻✾✮✳ ❋♦r ϕα ❞❡✜♥❡❞ ✐♥ ✭✸✳✶✷✮✱ s❡t

ϕk(t, x) = ϕα

(
x− ℓkt− yk(t)

λk(t)

)
.

❲❡ ❞❡❝♦♠♣♦s❡ H1 ❛s ❢♦❧❧♦✇s

H1 = NΩ +

K∑

k=1

(∫
|∇ε|2ϕ2

k −
∫
f ′(Wk)ε

2 +

∫
η2ϕ2

k + 2

∫
(~χ · ∇ε)ηϕ2

k

)

+

∫

ΩC

(
|∇ε|2 + η2 + 2(~χ · ∇ε)η

)
(
1−

K∑

k=1

ϕ2
k

)

−
∫

Ω

(
|∇ε|2 + η2 + 2(~χ · ∇ε)η

)
(

K∑

k=1

ϕ2
k

)

+ 2

K∑

k=1

∫
((~χ− ℓk) · ∇ε) ηϕ2

k = NΩ +H1,1 +H1,2 +H1,3 +H1,4.

✶✵✻
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❇② ▲❡♠♠❛ ✸✳✸ ✭✐✐✐✮✱ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ♦♥ ~ε ❛♥❞ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱ ✇❡ ❤❛✈❡

H1,1 ≥ µ0

∫ (
|∇ε|2 + η2

)
(

K∑

k=1

ϕ2
k

)
− 1

µ0

K∑

k=1

(
(z−k )

2 + (z+k )
2
)
.

❚❤✉s✱ ✉s✐♥❣ ✭✸✳✺✺✮✱

H1,1 ≥ µ0

∫ (
|∇ε|2 + η2

)
(

K∑

k=1

ϕ2
k

)
− 1

µ0
t−7 ≥ µ0

∫

ΩC

(
|∇ε|2 + η2

)
(

K∑

k=1

ϕ2
k

)
− 1

µ0
t−7.

◆❡①t✱ ♥♦t❡ t❤❛t ✐❢ x ✐s s✉❝❤ t❤❛t ϕk(t, x) >
1
K ✱ t❤❡♥ ϕ2

k′(x) . t−4α ❢♦r k′ 6= k✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts µ1 t❤❡

❡st✐♠❛t❡ 1−∑K
k=1 ϕ

2
k > − t−4α

µ1
❤♦❧❞s ♦♥ R✳ ❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ✭✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ v+ = max(0, v)✱

H1,2 = ℓ

∫

ΩC

∣∣∣∣
~χ · ∇ε
ℓ

+ η

∣∣∣∣
2
(
1−

K∑

k=1

ϕ2
k

)
+ (1− ℓ)

∫

ΩC

η2

(
1−

K∑

k=1

ϕ2
k

)

+

∫

ΩC

(
|∇ε|2 − |~χ · ε|2

ℓ

)(
1−

K∑

k=1

ϕ2
k

)

≥ (1− ℓ)

∫

ΩC

(
|∇ε|2 + η2

)
(
1−

K∑

k=1

ϕ2
k

)

+

−
‖~ε‖2

Ḣ1×L2

µ1
t−4α.

▲❛st✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~χ✱ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ ϕα ❛♥❞ ✭✸✳✺✺✮✱ ✇❡ ❤❛✈❡

‖ϕ2
k‖L∞(Ω) . t−4α and ‖(~χ− ℓk)ϕ

2
k‖L∞ . t−4α.

❚❤✉s✱ |H1,3| . t−4α ‖~ε‖2
Ḣ1×L2 ❛♥❞ |H1,4| . t−4α ‖~ε‖2

Ḣ1×L2 ✳ ❚❤❡r❡❢♦r❡✱ ❢♦r s♦♠❡ µ > 0✱ ❛♥❞ T0 ❧❛r❣❡
❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

H1,1 +H1,2 +H1,3 +H1,4 ≥ µNΩC − 1

µ
t−7 − 1

µ
t−4α ‖~ε‖2

Ḣ1×L2 .

Pr♦♦❢ ♦❢ ✭✸✳✼✵✮✳ ❯s✐♥❣ ✭✸✳✶✸✮✱ ✭✸✳✶✹✮✱ ✭✸✳✸✼✮ ❛♥❞ ✭✸✳✺✺✮✱ ✇❡ ❤❛✈❡

|H2| .
∫

|ε| 103 + |ε|3|W| 13 . ‖~ε‖3
Ḣ1×L2 .

▲❛st✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❜② ✭✸✳✹✻✮✱ |H3| . ‖R1‖
L

10
7
‖ε‖2

L
10
3
. t−1 ‖~ε‖2

Ḣ1×L2 .

Pr♦♦❢ ♦❢ ✭✸✳✻✻✮✳ ❲❡ ❞❡❝♦♠♣♦s❡

d

dt
H =

∫
∂t
{
|∇ε|2 + |η|2 − 2(F (W + ε)− F (W)− f(W)ε)

}

+ 2

∫
~χ · ∂t ((∇ε)η) + 2

∫
(∂t~χ) · (∇ε)η = g1 + g2.

❲❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s

g1 = 2

∫
ε
(
−∆ModW − f ′(W)ModW

)
+ 2

∫
ηModX

+ 2

∫ ( K∑

k=1

ℓk · ∇Wk

)
(
f(W + ε)− f(W)− f ′(W)ε

)
+O

(
C0t

−7+2δ
)
,

✶✵✼
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g2 =

∫
(−η2 + |∇ε|2)div~χ− 2

5∑

j,k=1

(∂xk
ε)(∂xjε)∂xjχk + 2

5∑

k=1

(∂xk
ε)η∂tχk

− 2

∫
~χ ·
(

K∑

k=1

∇Wk

)
(
f(W + ε)− f(W)− f ′(W)ε

)

+ 2

∫
(~χ · ∇ModW)η − 2

∫
ε(~χ · ∇ModX) +O

(
C0t

−7+2δ
)
.

❊st✐♠❛t❡ ♦♥ g1✳ ❋r♦♠ ❞✐r❡❝t ❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡

g1 = 2

∫
(∂tε) (−∆ε− (f(W + ε)− f(W))) + 2

∫
(∂tη)η

− 2

∫
(∂tW)

(
f(W + ε)− f(W)− f ′(W)ε

)
.

❯s✐♥❣ ✭✸✳✸✺✮ ❛♥❞ ✭✸✳✹✷✮

g1 = 2

∫ (
−∆ε− f ′(W)ε

)
ModW + 2

∫
ηModX

+ 2

∫ (
−∆ε− f ′(W)ε

)
ModV + 2

∫
ηRX + 2

∫
ηModZ

− 2

∫
X
(
f(W + ε)− f(W)− f ′(W)ε

)
= g1,1 + g1,2 + g1,3.

❲❡ ✐♥t❡❣r❛t❡ ❜② ♣❛rts t❡r♠s ✐♥ g1,1✳ ◆❡①t✱ ❜② ✭✸✳✶✸✮✱ ✭✸✳✶✹✮✱ ✭✸✳✸✻✮✱ ✭✸✳✸✼✮✱ ✭✸✳✺✺✮ ❛♥❞ ✭✸✳✺✼✮✱ ✇❡ ♦❜t❛✐♥

|g1,2| . ‖ε‖Ḣ1‖ModV‖Ḣ1 + ‖η‖L2‖ModZ‖L2

+ ‖η‖L2‖RX‖L2 + ‖ε‖
L

10
3
‖W‖

4
3

L
10
3
‖ModV‖

L
10
3
. C0t

−7+2δ.

❘❡❝❛❧❧ ❢r♦♠ ✭✸✳✸✹✮ t❤❛t X =
∑K

k=1 (−ℓk · ∇Wk + ckzk)✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✸✳✶✾✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ zk
✐♥ ✭✸✳✸✸✮✱ ✐t ❢♦❧❧♦✇s t❤❛t ‖zk‖

L
10
3
. ‖∇zk‖L2 . t−2. ❚❤✉s✱

∣∣∣∣∣g1,3 − 2

∫ ( K∑

k=1

ℓk · ∇Wk

)
(
f(W + ε)− f(W)− f ′(W)ε

)
∣∣∣∣∣

.

∫ ( K∑

k=1

|zk|
)(

|ε| 73 + ε2|W| 13
)
.

K∑

k=1

‖zk‖
L

10
3
(‖ε‖

7
3

L
10
3
+ ‖ε‖2

L
10
3
) . C0t

−7+2δ.

❊st✐♠❛t❡ ♦♥ g2✳

g2 = 2

∫
(~χ · ∇∂tε)η + 2

∫
(~χ · ∇ε)∂tη ++2

∫
(∂t~χ) · (∇ε)η

= 2

∫
(~χ · ∇η)η + 2

∫
(~χ · ∇ε) [∆ε+ (f(W + ε)− f(W))] + 2

∫
(∂t~χ) · (∇ε)η

+ 2

∫
(~χ · ∇ModW)η + 2

∫
(~χ · ∇ε)ModX + 2

∫
(~χ · ∇ModV)η

+ 2

∫
(~χ · ∇ε)ModZ + 2

∫
(~χ · ∇ε)RX.

◆♦t❡ t❤❛t ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts

2

∫
(~χ · ∇η)η + 2

∫
(~χ · ∇ε)∆ε+ 2

∫
(∂t~χ) · (∇ε)η

= (−η2 + |∇ε|2)div~χ− 2

5∑

j,k=1

(∂xk
ε)(∂xjε)∂xjχk + 2

5∑

k=1

(∂xk
ε)η∂tχk.

✶✵✽



✸✳✺✳ P❘❖❖❋ ❖❋ ❚❍❊❖❘❊▼ ✸✳✶

◆❡①t✱ ✇❡ ♦❜s❡r✈❡

∫
(~χ · ∇ε) (f(W + ε)− f(W)ε)

=

∫
~χ · ∇(F (W + ε)− F (W)− f(W)ε)−

∫
~χ · (∇W)

(
f(W + ε)− f(W)− f ′(W)ε

)
.

■♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ ✉s✐♥❣ ✭✸✳✻✸✮✱

| −
∫
~χ · ∇(F (W + ε)− F (W)− f(W)ε)| = |

∫

Ω
(div~χ) (F (W + ε)− F (W)− f(W)ε) |

.
1

(1− 2σ)t

∫

Ω
| (F (W + ε)− F (W)− f(W)ε) |.

❚❤✉s✱ ❜② ✭✸✳✺✺✮ ❛♥❞

‖W‖
L

10
3 (Ω)

.

K∑

k=1

(
‖Wk‖

L
10
3 (Ω)

+ ‖vk‖Ḣ1

)
. t−

3
2 ,

✇❡ ♦❜t❛✐♥
∣∣∣∣
∫
~χ · ∇(F (W + ε)− F (W)− f(W)ε)

∣∣∣∣ . t−1

∫

Ω

(
|ε| 103 +W

4
3 |ε|2

)

. t−1(‖ε‖
10
3

L
10
3
+ ‖ε‖2

L
10
3
‖W‖

4
3

L
10
3 (Ω)

)

. t−1
(
(C0)

10
3 t−10+ 10

3
δ + (C2

0 t
−8+2δ

)
. C0t

−7+2δ.

▼♦r❡♦✈❡r✱ ❛❣❛✐♥ ❜② ✭✸✳✶✾✮ ❛♥❞ ✭✸✳✺✺✮
∣∣∣∣∣

∫
~χ ·
(
∇W −∇

K∑

k=1

Wk

)
(
f(W + ε)− f(W)− f ′(W)ε

)
∣∣∣∣∣

=

∣∣∣∣∣

∫
~χ · ∇

(
K∑

k=1

ckvk

)
(
f(W + ε)− f(W)− f ′(W)ε

)
∣∣∣∣∣

.

K∑

k=1

∫
|∇vk|

(
|ε|2W 1

3 + |ε| 73
)
.

(
K∑

k=1

‖∇vk‖
L

10
3

)
‖ε‖2

L
10
3
. (C0)

2t−8+2δ . C0t
−7+2δ.

◆❡①t✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱

2

∫
(~χ · ∇ε)ModX = −2

∫
(~χ · ∇ModX)ε+O

(
C0t

−7+2δ
)
,

s✐♥❝❡ ❜② ✭✸✳✺✺✮✱ ✭✸✳✺✽✮ ❛♥❞ ✭✸✳✻✸✮

∣∣∣∣
∫

(div~χ)εModX

∣∣∣∣ . t−4+δ

∫

Ω
|ε|
(

K∑

k=1

|Wk|
4
3

)
. t−4+δ‖ε‖

L
10
3

K∑

k=1

‖Wk‖
4
3

L
40
21 (Ω)

. C0t
−7+2δ.

❲❡ ✜♥✐s❤ t❤❡ ❡st✐♠❛t❡ ♦❢ g2 ❜② ♦❜s❡r✈✐♥❣ t❤❛t ✭✸✳✸✻✮✱ ✭✸✳✺✺✮ ❛♥❞ ✭✸✳✺✼✮ ②✐❡❧❞
∣∣∣∣
∫
(~χ · ∇ModV)η

∣∣∣∣+
∣∣∣∣
∫
(~χ · ∇ε)ModZ

∣∣∣∣+
∣∣∣∣
∫
(~χ · ∇ε)RX

∣∣∣∣

. ‖η‖L2‖∇ModV‖L2 + ‖∇ε‖L2‖ModZ‖L2 + ‖∇ε‖L2‖RX‖L2 . C0t
−7+2δ.

✶✵✾
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●❛t❤❡r✐♥❣ t❤❡ ❡st✐♠❛t❡s ♦♥ g1 ❛♥❞ g2✱ ✇❡ r❡✇r✐t❡

d

dt
H = h1 + h2 + h3 + h4 +O

(
C0t

−7+2δ
)
,

✇❤❡r❡

h1 =

∫
(−η2 + |∇ε|2)div~χ− 2

5∑

j,k=1

(∂xk
ε)(∂xjε)∂xjχk + 2

5∑

k=1

(∂xk
ε)η∂tχk,

h2 = 2

∫ (∑

k

(ℓk − ~χ) · ∇Wk

)
(
f(W + ε)− f(W)− f ′(W)ε

)
,

h3 = 2

∫
η (ModX + ~χ · ∇ModW) ,

h4 = 2

∫
ε
(
−∆ModW − ~χ · ∇ModX − f ′(W)ModW

)
.

❊st✐♠❛t❡ ♦♥ h1✳ ❲❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡

− (1− 2σ)th1 6 (6− 4δ + Cσ)NΩ(t). ✭✸✳✼✶✮

▲❡t

I = −(1− 2σ)t


(−η2 + |∇ε|2)div~χ− 2

5∑

j,k=1

(∂xk
ε)(∂xjε)∂xjχk + 2

5∑

k=1

(∂xk
ε)η∂tχk


 .

❚♦ ♦❜t❛✐♥ ✭✸✳✼✶✮✱ ✇❡ ✇✐❧❧ ❛❝t✉❛❧❧② ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣❡r ♣r♦♣❡rt②

I 6 (6− 4δ)
(
|∇ε|2 + η2 + 2(~χ · ∇ε)η

)
+ Cσ(|∇ε|2 + η2) ∀x ∈ Ω(t). ✭✸✳✼✷✮

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✜✈❡ ❝❛s❡s✱
❈❛s❡ ✶✿ ▲❡t x ∈ Ω1,1 × Ω0,2 × Ω0,3 × Ω0,4 × Ω0,5✳ ❋r♦♠ ✭✸✳✻✸✮✱ ✇❡ ♦❜t❛✐♥




∂x1χ1(t, x) =

1

(1− 2σ)t
, ∂tχ1(t, x) = −x1

t

1

(1− 2σ)t
,

∂tχi(t, x) = 0, ∇χi(t, x) = 0 ∀i 6= 1.

✭✸✳✼✸✮

❋r♦♠ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✭✸✳✼✸✮✱ ✇❡ ♦❜t❛✐♥

I = η2 − |∇ε|2 + 2|∂x1ε|2 + 2(6− 4δ)(~χ · ∇ε)η − 2(5− 4δ)(∂x1ε · χ1)η

− 2(6− 4δ)

5∑

i=2

(∂xiε · χi)η + 2η∂x1ε
(x1
t

− χ1

)
.

✭✸✳✼✹✮

❋✐♥❛❧❧②✱ ✉s✐♥❣ ✭✸✳✻✵✮✱ ✭✸✳✻✶✮✱ ✭✸✳✻✷✮✱ ✭✸✳✼✹✮ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

I 6 η2 + |∇ε|2 + 2(6− 4δ)(~χ · ∇ε)η + Cσ(|∇ε|2 + η2)

+ (6− 4δ)|ℓ|
(

5− 4δ

|ℓ|(6− 4δ)
|∇ε|2 + |ℓ|(6− 4δ)

(5− 4δ)
η2
)

6 (6− 4δ)
(
|∇ε|2 + η2 + 2(~χ · ∇ε)η

)
+ Cσ(|∇ε|2 + η2).

❈❛s❡ ✷✿ ▲❡t x ∈ Ω1,1 × Ω1,2 × Ω0,3 × Ω0,4 × Ω0,5✳ ❋r♦♠ ✭✸✳✻✸✮✱ ✇❡ ♦❜t❛✐♥



∂xiχi(t, x) =

1

(1− 2σ)t
, ∂tχi(t, x) = −xi

t

1

(1− 2σ)t
for i ∈ {1, 2},

∂tχi(t, x) = 0, ∇χi(t, x) = 0 for i ∈ {3, 4, 5}.
✭✸✳✼✺✮

✶✶✵



✸✳✺✳ P❘❖❖❋ ❖❋ ❚❍❊❖❘❊▼ ✸✳✶

❋r♦♠ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✭✸✳✼✺✮✱ ✇❡ ♦❜t❛✐♥

I = 2η2 − 2|∇ε|2 + 2

2∑

i=1

|∂xiε|2 + 2(6− 4δ) (~χ · ∇ε) η − 2(5− 4δ)

2∑

i=1

(∂xiε · χi) η

− 2(6− 4δ)
5∑

i=3

(∂xiε · χi) η + 2
2∑

i=1

η∂xiε
(xi
t
− χi

)
.

✭✸✳✼✻✮

❋✐♥❛❧❧②✱ ✉s✐♥❣ ✭✸✳✻✵✮✱ ✭✸✳✻✶✮✱ ✭✸✳✻✷✮✱ ✭✸✳✼✻✮ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

I 6 2η2 + 2(6− 4δ) (~χ · ∇ε) η + (6− 4δ)|ℓ|
(

1

|ℓ|
|∇ε|2 + |ℓ|η2

)
+ Cσ

(
|∇ε|2 + η2

)

6 (6− 4δ)
(
|∇ε|2 + η2 + 2(~χ · ∇ε)η

)
+ Cσ

(
|∇ε|2 + η2

)
.

❈❛s❡ ✸✿ ▲❡t x ∈ Ω1,1 × Ω1,2 × Ω1,3 × Ω0,4 × Ω0,5✳ ❋r♦♠ ✭✸✳✻✸✮✱ ✇❡ ♦❜t❛✐♥



∂xiχi(t, x) =

1

(1− 2σ)t
, ∂tχi(t, x) = −xi

t

1

(1− 2σ)t
for i ∈ {1, 2, 3},

∂tχi(t, x) = 0, ∇χi(t, x) = 0 for i ∈ {4, 5}.
✭✸✳✼✼✮

❋r♦♠ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✭✸✳✼✼✮✱ ✇❡ ♦❜t❛✐♥

I = 3η2 − 3|∇ε|2 + 2

3∑

i=1

|∂xiε|2 + 2(6− 4δ) (~χ · ∇ε) η

− 2(5− 4δ)
3∑

i=1

(∂xiε · χi) η − 2(6− 4δ)
5∑

i=4

(∂xiε · χi) η + 2
3∑

i=1

η∂xiε
(xi
t
− χi

)
.

✭✸✳✼✽✮

❋✐♥❛❧❧②✱ ✉s✐♥❣ ✭✸✳✻✵✮✱ ✭✸✳✻✶✮✱ ✭✸✳✻✷✮✱ ✭✸✳✼✽✮ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

I 6 3η2 − |∇ε|2 + 2(6− 4δ)(~χ · ∇ε)η + Cσ(|∇ε|2 + η2)

+ (6− 4δ)|ℓ|
(

(7− 4δ)

(6− 4δ)|ℓ|
|∇ε|2 + (6− 4δ)|ℓ|

(7− 4δ)
η2
)

6 (6− 4δ)
(
|∇ε|2 + η2 + 2(~χ · ∇ε)η

)
+ Cσ

(
|∇ε|2 + η2

)
.

❈❛s❡ ✹✿ ▲❡t x ∈ Ω1,1 × Ω1,2 × Ω1,3 × Ω1,4 × Ω0,5✳ ❋r♦♠ ✭✸✳✻✸✮✱ ✇❡ ♦❜t❛✐♥



∂xiχi(t, x) =

1

(1− 2σ)t
, ∂tχi(t, x) = −xi

t

1

(1− 2σ)t
for i ∈ {1, 2, 3, 4},

∂tχi(t, x) = 0, ∇χi(t, x) = 0 for i = 5.

✭✸✳✼✾✮

❋r♦♠ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✭✸✳✼✾✮✱ ✇❡ ♦❜t❛✐♥

I = 4η2 − 4|∇ε|2 + 2

4∑

i=1

|∂xiε|2 + 2(6− 4δ)(~χ · ∇ε)η − 2(5− 4δ)

4∑

i=1

(∂xiε · χi)η

− 2(6− 4δ)(∂x5ε · χ5)η + 2

4∑

i=1

η∂xiε
(xi
t
− χi

)
.

✭✸✳✽✵✮

❋✐♥❛❧❧②✱ ✉s✐♥❣ ✭✸✳✻✵✮✱ ✭✸✳✻✶✮✱ ✭✸✳✻✷✮✱ ✭✸✳✽✵✮ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

I 6 4η2 − 2|∇ε|2 + 2(6− 4δ)(~χ · ∇ε)η + Cσ(|∇ε|2 + η2)

+ (6− 4δ)|ℓ|
(

(8− 4δ)

(6− 4δ)|ℓ|
|∇ε|2 + |ℓ|(6− 4δ)

(8− 4δ)
η2
)

6 (6− 4δ)
(
|∇ε|2 + η2 + 2(~χ · ∇ε)η

)
+ Cσ

(
|∇ε|2 + η2

)
.

✶✶✶



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

❈❛s❡ ✺✿ ▲❡t x ∈ Ω1,1 × Ω1,2 × Ω1,3 × Ω1,4 × Ω1,5✳ ❋r♦♠ ✭✸✳✻✸✮✱ ✇❡ ♦❜t❛✐♥

∂xiχi(t, x) =
1

(1− 2σ)t
, ∂tχi(t, x) = −xi

t

1

(1− 2σ)t
for i ∈ {1, 2, 3, 4, 5}. ✭✸✳✽✶✮

❋r♦♠ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✭✸✳✽✶✮✱ ✇❡ ♦❜t❛✐♥

I = 5η2 − 5|∇ε|2 + 2

5∑

i=1

|∂xiε|2 + 2(6− 4δ)(~χ · ∇ε)η

− 2(5− 4δ) (∇ε · ~χ) η + 2
5∑

i=1

η∂xiε
(xi
t
− χi

)
.

✭✸✳✽✷✮

❋✐♥❛❧❧②✱ ✉s✐♥❣ ✭✸✳✻✵✮✱ ✭✸✳✻✶✮✱ ✭✸✳✻✷✮✱ ✭✸✳✼✽✮ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

I 6 5η2 − 3|∇ε|2 + 2(6− 4δ)(~χ · ∇ε)η + Cσ(|∇ε|2 + η2)

+ (5− 4δ)|ℓ|
(

(9− 4δ)

|ℓ|(5− 4δ)
|∇ε|2 + |ℓ|(5− 4δ)

(9− 4δ)
η2
)

6 (6− 4δ)
(
|∇ε|2 + η2 + 2(~χ · ∇ε)η

)
+ Cσ

(
|∇ε|2 + η2

)
.

❊st✐♠❛t❡ ♦♥ h2✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~χ ✐♥ ✭✸✳✻✸✮ ❛♥❞ t❤❡ ❞❡❝❛② ♦❢ ∇W ❛♥❞ W ✱

‖(ℓk − ~χ) · ∇Wk‖
L

10
3
. t−

5
2 .

❚❤✉s✱ ❜② ✭✸✳✶✹✮✱ |h2| . t−
5
2 ‖ε‖2

L
10
3
. C0t

− 17
2
+2δ . C0t

−7+2δ.

❊st✐♠❛t❡ ♦♥ h3✳ ❉❡♥♦t❡

Mk =


 λ̇k
λk

− ak

λ
1
2
k t

2


ΛWk + ẏk · ∇Wk

s♦ t❤❛tModW =
∑

kMk ❛♥❞ModX = −∑k ℓk ·∇Mk✳ ❯s✐♥❣ ✭✸✳✸✼✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~χ ✭s❡❡ ✭✸✳✻✸✮✮✱

✇❡ ❤❛✈❡ ‖(ℓk − ~χ) · ∇Mk‖L2 . t−
9
2
+δ✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✹✸✮ t❤❛t

‖ModX + ~χ · ∇ModW‖L2 . t−
9
2
+δ,

❛♥❞ t❤✉s

|h3| =
∣∣∣∣
∫
η (ModX + ~χ · ∇ModW)

∣∣∣∣ . t−
9
2
+δ‖η‖L2 . C0t

−7+2δ.

❊st✐♠❛t❡ ♦♥ h4✳ ❇② ✭✐✮ ♦❢ ▲❡♠♠❛ ✸✳✸✱ −∆Mk + (ℓk · ∇)(ℓk · ∇)Mk − f ′(Wk)Mk = 0. ❚❤✉s✱
∣∣−∆Mk + (~χ · ∇) · (ℓk · ∇)Mk − f ′(W)Mk

∣∣
. |((~χ− ℓk) · ∇) · (ℓk · ∇)Mk|+

∣∣f ′(W)− f ′(Wk)
∣∣ |Mk|.

❆s ❜❡❢♦r❡✱ ❜② ✭✸✳✸✼✮✱ ‖((~χ− ℓk) · ∇) · (ℓk · ∇)Mk‖
L

10
7
. t−

9
2
+δ✳ ▼♦r❡♦✈❡r✱ ❜② ✭✸✳✶✾✮

∣∣∣|W| 43 − |Wk|
4
3

∣∣∣ |Mk|

. C0t
−3+δ

(∑
|Wk|+

∑
|vk|
) 1

3



∑

k′ 6=k

|Wk′ |+
∑

|vk|


 |Wk|

. C0t
−3+δ

[
∑

k′ 6=k′′

|Wk′ |
4
3 |Wk′′ |+ t−2+δ

∑

k′

|Wk′ |2

+ t−
2
3
+ δ

3

∑

k′ 6=k′′

|Wk′ |1+
2
9 |Wk′′ |+ t−

8
3
+ 4

3
δ
∑

k′

|Wk′ |
17
9

]
,

✶✶✷
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❛♥❞ ❢r♦♠ ❈❧❛✐♠ ✸✳✽✱ ∥∥(f ′(W)− f ′(Wk)
)
Mk

∥∥
L

10
7
. t−5+2δ.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✸✳✹✸✮✱

∥∥−∆ModW − ~χ · ∇ModX − f ′(W)ModW
∥∥
L

10
7
. t−

9
2
+δ.

■t ❢♦❧❧♦✇s t❤❛t ❜② ✭✸✳✺✺✮✱

|h4| . ‖ε‖
L

10
3

∥∥−∆ModW − ~χ · ∇ModX − f ′(W)ModW
∥∥
L

10
7
. C0t

−7+2δ.

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✉s✐♥❣ ✭✸✳✻✺✮✱ ❢♦r σ s♠❛❧❧✱ ❛♥❞ T0 ❧❛r❣❡✱

− d

dt
H ≤ (6− 4δ + Cσ)

t
NΩ +O(C0t

−7+2δ) ≤ 6− 3δ

t
H+O(C0t

−7+2δ)

❛♥❞ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✷ ✐s ❝♦♠♣❧❡t❡✳

✸✳✺✳✹ P❛r❛♠❡t❡rs ❛♥❞ ❡♥❡r❣② ❡st✐♠❛t❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ♠❛✐♥❧② ❜❛s❡❞ ♦♥ ▲❡♠♠❛ ✸✳✶✷✱ ✐♠♣r♦✈❡s ❛❧❧ t❤❡ ❡st✐♠❛t❡s ✐♥ ✭✸✳✺✺✮✱ ❡①❝❡♣t t❤❡
♦♥❡s ♦♥ (z−k )k✳

▲❡♠♠❛ ✸✳✶✸ ✭❈❧♦s✐♥❣ ❡st✐♠❛t❡s ❡①❝❡♣t (z−k )k✮✳ ❋♦r C0 > 0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ❢♦r ❛❧❧ t ∈ [T ∗, Sn]✱




|λk(t)− λ∞k | ≤ C0

2
t−1, |yk(t)− y∞

k | ≤ C0

2
t−1,

|z+k (t)|2 ≤
1

2
t−7, ‖~ε(t)‖Ḣ1×L2 ≤ C0

2
t−3+δ.

✭✸✳✽✸✮

Pr♦♦❢✳ ❙t❡♣ ✶✳ ❊st✐♠❛t❡ ♦♥ (λk(t),yk(t))k∈{1,...,K}✳ ❋r♦♠ ✭✸✳✹✸✮ ❛♥❞ ✭✸✳✺✺✮✱ ✇❡ ❤❛✈❡
∣∣∣∣∣
λ̇k
λk

∣∣∣∣∣+ |ẏk| ≤ Ct−2 ✭✸✳✽✹✮

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t C ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ K s♦❧✐t♦♥s✱ ❜✉t ♥♦t ♦♥ C0✳ ❯s✐♥❣ ✭✸✳✺✹✮ ❛♥❞
✭✸✳✽✹✮ ❛♥❞ t❛❦✐♥❣ C0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥

|λk(t)− λ∞k | 6 |λk(t)− λ(Sn)|+ |λ(Sn)− λ∞k |

6 |
∫ Sn

t
λ̇k(s)ds|+

1

S
7
2
n

6

∫ Sn

t

C

s2
ds+

1

S
7
2
n

6
C0

2t
.

❯s✐♥❣ ❛❣❛✐♥ ✭✸✳✺✹✮ ❛♥❞ ✭✸✳✽✹✮ ❛♥❞ t❛❦✐♥❣ C0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥

|yk(t)− y∞
k | 6 |yk(t)− y(Sn)|+ |y(Sn)− y∞

k |

6 |
∫ Sn

t
ẏk(s)ds|+

1

S
7
2
n

6

∫ Sn

t

C

s2
ds+

1

S
7
2
n

6
C0

2t
.

❙t❡♣ ✷✳ ❇♦✉♥❞ ♦♥ t❤❡ ❡♥❡r❣② ♥♦r♠✳ ❋r♦♠ ✭✸✳✺✹✮ ❛♥❞ ✭✸✳✻✹✮✱ ✇❡ ❤❛✈❡

H(Sn) . S−7
n . ✭✸✳✽✺✮

■♥t❡❣r❛t✐♥❣ ✭✸✳✻✻✮ ♦♥ [t, Sn]✱ ❛♥❞ ✉s✐♥❣ ✭✸✳✽✺✮✱ ✇❡ ♦❜t❛✐♥✱

t6−3δH(t) = −
∫ Sn

t

d

ds
(s6−3δH(s))ds+ S6−3δ

n H(Sn) .

∫ Sn

t

C0

s1+δ
ds .

C0

tδ
+

1

S1+3δ
n

.

✶✶✸
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■t ❢♦❧❧♦✇s t❤❛t✱ H(t) . C0t
−6+2δ✳ ❯s✐♥❣ ✭✸✳✻✺✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ‖~ε‖Ḣ1×L2 .

√
C0t

−3+δ✳ ❚❤❡ ❡st✐♠❛t❡
❢♦❧❧♦✇s ❢♦r C0 ❧❛r❣❡ ❡♥♦✉❣❤✳

❙t❡♣ ✸✳ ❊st✐♠❛t❡ ♦♥
(
z+k (t)

)
k∈{1,...,K}✳ ▲❡t βk =

√
λ0

λ∞
k
(1 − |ℓk|2)1/2 > 0✳ ❚❤❡♥✱ ❢r♦♠ ✭✸✳✹✹✮

❛♥❞ ✭✸✳✺✺✮✱
d

dt

(
e−βktz+k

)
. C0e

−βktt−4+δ. ✭✸✳✽✻✮

■♥t❡❣r❛t✐♥❣ ✭✸✳✽✻✮ ♦♥ [t, Sn]✱ ❛♥❞ ✉s✐♥❣ ✭✸✳✺✸✮✱ ✇❡ ♦❜t❛✐♥ −z+k (t) . t−4+δ✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❡st✐♠❛t❡
❢♦r −e−βktz+k ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✳

❆s ✐♥ ❬✷✽✱ ✸✶✱ ✽✺✱ ✽✻❪✱ t❤❡ ♣❛r❛♠❡t❡rs z−k r❡q✉✐r❡ ❛ s♣❡❝✐✜❝ ❛r❣✉♠❡♥t✳

▲❡♠♠❛ ✸✳✶✹ ✭❈♦♥tr♦❧ ♦❢ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s ✐♥ ❬✽✻❪✮✳ ❚❤❡r❡ ❡①✐st (ξk,n)k ∈ BRK (S
−7/2
n ) s✉❝❤ t❤❛t✱

❢♦r C∗ > 0 ❧❛r❣❡ ❡♥♦✉❣❤✱ T ∗((ξk,n)k) = T0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❧❡t (ζ±n ) ❜❡ ❣✐✈❡♥ ❜② ❈❧❛✐♠ ✸✳✶✶ ❢r♦♠ s✉❝❤
(ξk,n)k✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ un ♦❢ ✭✸✳✹✾✮ s❛t✐s✜❡s ✭✸✳✺✵✮✳

Pr♦♦❢✳ ❙❡❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✽ ✐♥ ❬✽✻❪✳

❊st✐♠❛t❡s ✭✸✳✺✵✮ ❢♦❧❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❡st✐♠❛t❡s ✭✸✳✺✺✮ ♦♥ ε(t)✱ λk(t)✱ yk(t)✳

✸✳✺✳✺ ❊♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵

❲❡ r❡❢❡r t♦ ❬✽✻❪ ❢♦r t❤❡ ♣r♦♦❢s ♦❢ t❤❡ Ḣ2 × Ḣ1 ❜♦✉♥❞ ❛♥❞ ✭✸✳✺✶✮ ✭➓✺✳✹ ❛♥❞ ➓✺✳✺ ♦❢ ❬✽✺❪✮✳

✶✶✹



❈❤❛♣t❡r ✹

❈♦♥str✉❝t✐♦♥ ♦❢ ❡①❝✐t❡❞ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r
t❤❡ ✺❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥

❆❜str❛❝t✿ ❋♦r t❤❡ ✺❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ✇❡ ❝♦♥str✉❝t ❡①❝✐t❡❞ N ✲s♦❧✐t♦♥s ✇✐t❤ ❝♦❧❧✐♥❡❛r
s♣❡❡❞s✱ ✐✳❡✳ s♦❧✉t✐♦♥s u ♦❢ t❤❡ ❡q✉❛t✐♦♥ s✉❝❤ t❤❛t

lim
t→+∞

∥∥∥∥∇t,xu(t)−∇t,x

( N∑

n=1

Qn(t)

)∥∥∥∥
L2

= 0,

✇❤❡r❡ ❢♦r n = 1, . . . , N ✱ Qn(t, x) ✐s t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠ ♦❢ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❛♥❞ s✉✣❝✐❡♥t❧② ❞❡❝❛②✐♥❣
❡①❝✐t❡❞ st❛t❡✱ ❡❛❝❤ ✇✐t❤ ❞✐✛❡r❡♥t ❜✉t ❝♦❧❧✐♥❡❛r s♣❡❡❞s✳ ❚❤❡ ❡①✐st❡♥❝❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ ✐❞❡❛s ♦❢ ▼❛rt❡❧✲
▼❡r❧❡ ❬✽✺❪ ❛♥❞ ❈ôt❡✲▼❛rt❡❧ ❬✷✻❪ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❛♥❞ ♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥
❡q✉❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ r❡❧② ♦♥ ❛♥ ❡♥❡r❣② ♠❡t❤♦❞ ❛♥❞ ♦♥ ❛ ❣❡♥❡r❛❧ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ❢♦r t❤❡
❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r✳

✶✶✺
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✹✳✶ ■♥tr♦❞✉❝t✐♦♥

✹✳✶✳✶ ▼❛✐♥ r❡s✉❧t

❲❡ ❝♦♥s✐❞❡r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ❢♦❝✉s✐♥❣ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥ ✺✱
{
∂2t u−∆u− |u| 43u = 0, (t, x) ∈ [0,∞)× R5,

u|t=0 = u0 ∈ Ḣ1, ∂tu|t=0 = u1 ∈ L2.
✭✹✳✶✮

❘❡❝❛❧❧ t❤❛t t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ❡q✉❛t✐♦♥ ✭✹✳✶✮ ✐s ❧♦❝❛❧❧② ✇❡❧❧✲♣♦s❡❞ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ Ḣ1 × L2✳
❙❡❡ ❡✳❣✳ ❬✼✶❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ▲❡t f(u) = |u| 43u ❛♥❞ F (u) = 3

10 |u|
10
3 ✳ ❋♦r ❛♥② Ḣ1 × L2 s♦❧✉t✐♦♥

~u = (u, ∂tu)✱ t❤❡ ❡♥❡r❣② E ❛♥❞ t❤❡ ♠♦♠❡♥t✉♠ P ❛r❡ ❝♦♥s❡r✈❡❞ ❛❧♦♥❣ t❤❡ ✢♦✇✱ ✇❤❡r❡

E(u, ∂tu) =
1

2

∫

R5

(
|∇u|2 + |∂tu|2 − 2F (u)

)
dx, P (u, ∂tu) =

1

2

∫

R5

(
∂tu∇u

)
dx.

▲♦♦❦✐♥❣ ❢♦r st❛t✐♦♥❛r② s♦❧✉t✐♦♥s u(t, x) = q(x) ♦❢ ✭✹✳✶✮ ✐♥ Ḣ1✱ ✇❡ r❡❞✉❝❡ t♦ t❤❡ ❨❛♠❛❜❡ ❡q✉❛t✐♦♥

∆q + f(q) = 0 ✐♥ R5. ✭✹✳✷✮

❉❡♥♦t❡
Σ =

{
q ∈ Ḣ1(R5)/0 : q s❛t✐s✜❡s ✭✹✳✷✮

}
.

❋♦r q ∈ Σ ❛♥❞ ℓ ∈ R5 s✉❝❤ t❤❛t |ℓ| < 1✱ ❧❡t

qℓ(x) = q

((
1√

1− |ℓ|2
− 1

)
ℓ(ℓ · x)
|ℓ|2 + x

)
, ✭✹✳✸✮

t❤❡♥ u(t, x) = qℓ(x− ℓt) ✐s ❛ ❣❧♦❜❛❧✱ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✮✳
■t ✐s ❦♥♦✇♥ ✭s❡❡ ❡✳❣✳ ❬✸✱ ✶✵✽❪✮ t❤❛t t❤❡ ✉♥✐q✉❡ ✭✉♣ t♦ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥❝❡ ❛♥❞ s✐❣♥ ❝❤❛♥❣❡✮ r❛❞✐❛❧❧②

s②♠♠❡tr✐❝ ❡❧❡♠❡♥t ♦❢ Σ ✐s t❤❡ ❣r♦✉♥❞ st❛t❡ W ❣✐✈❡♥ ❡①♣❧✐❝✐t❧② ❜②

W (x) =

(
1 +

|x|2
15

)− 3
2

.

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥✲r❛❞✐❛❧❧② s②♠♠❡tr✐❝✱ s✐❣♥ ❝❤❛♥❣✐♥❣ ❡❧❡♠❡♥ts ♦❢ Σ ✇✐t❤ ❛r❜✐tr❛r② ❧❛r❣❡ ❡♥❡r❣② ✇❛s
✜rst ♣r♦✈❡❞ ❜② ❉✐♥❣ ❬✹✷❪✱ ✉s✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❛r❣✉♠❡♥ts✳ ❋✉♥❝t✐♦♥s q ∈ Σ ✇✐t❤ q 6=W ✭✉♣ t♦ ✐♥✈❛r✐❛♥❝❡s✮
❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ ❡①❝✐t❡❞ st❛t❡s✳

❋♦r ❛♥② q ∈ Σ✱ ✇❡ ❞❡♥♦t❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r ❛r♦✉♥❞ q ❜②

L = −∆− f ′(q).

❙❡t
Zq =

{
f ∈ Ḣ1 s✉❝❤ t❤❛t Lf = 0

}
,

❛♥❞

Z̃q = Span

{
3

2
q + x · ∇q; (xi∂xjq − xj∂xiq), 1 6 i < j 6 5;

∂xiq;−3xiq + |x|2∂xiq − 2xi(x · ∇q), 1 6 i 6 5

}
.

❚❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡ Z̃q ⊂ Zq ✐s t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ L t❤❛t ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❢❛♠✐❧② ♦❢ ❡①♣❧✐❝✐t tr❛♥s❢♦r♠❛✲
t✐♦♥s ✭s❡❡ ❬✹✽✱ ▲❡♠♠❛ ✸✳✽❪ ❛♥❞ ➓✹✳✷✳✶✮✳

❲❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✳

✶✶✻
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❉❡✜♥✐t✐♦♥ ✹✳✶✳ ▲❡t q ∈ Σ✳

(i) q ✐s ❝❛❧❧❡❞ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ ✐❢ Zq = Z̃q✳

(ii) q ✐s ❝❛❧❧❡❞ ❛ ❞❡❝❛②✐♥❣ st❛t❡ ✐❢ |q(x)| . 〈x〉−4 ❢♦r ❛❧❧ x ∈ R5✳

❘❡♠❛r❦ ✹✳✷✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡s ✇❛s ♣r♦✈❡❞ ✐♥ ❬✸✻✱ ✸✼✱ ✾✾❪✳ ❆s
♥♦t✐❝❡❞ ✐♥ ❬✹✽✱ ❘❡♠❛r❦ ✸✳✷❪✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥✲❞❡❣❡♥❡r❛t❡✱ ❞❡❝❛②✐♥❣ st❛t❡s t❤❡♥ ❢♦❧❧♦✇s ❜② tr❛♥s❧❛t✐♦♥
❛♥❞ t❤❡ ❑❡❧✈✐♥ tr❛♥s❢♦r♠❛t✐♦♥✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ❝♦♥str✉❝t N ✲❡①❝✐t❡❞ st❛t❡s✳

❚❤❡♦r❡♠ ✹✳✸ ✭❊①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲❡①❝✐t❡❞ st❛t❡s✮✳ ▲❡t N > 2 ❛♥❞ ❧❡t e ❜❡ ❛ ✉♥✐t ✈❡❝t♦r ♦❢ R5✳ ❋♦r
n ∈ {1, . . . , N}✱ ❧❡t ℓn ∈ R5 ❜❡ s✉❝❤ t❤❛t

ℓn = ℓne ✇❤❡r❡ −1 < ℓn < 1 ❛♥❞ ❢♦r ❛❧❧ n 6= n′✱ ℓn 6= ℓn′ ✳

▲❡t q1, . . . , qN ❜❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❞❡❝❛②✐♥❣ st❛t❡s ♦❢ ✭✹✳✷✮✳ ❚❤❡♥ t❤❡r❡ ❡①✐st T0 > 0 ❛♥❞ ❛ s♦❧✉t✐♦♥
~u = (u, ∂tu) ♦❢ ✭✹✳✶✮ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ Ḣ1 × L2✱ ❞❡✜♥❡❞ ♦♥ [T0,+∞) s✉❝❤ t❤❛t

lim
t→+∞

∥∥∥∥~u(t)−
N∑

n=1

~Qn(t)

∥∥∥∥
Ḣ1×L2

= 0, ✭✹✳✹✮

✇❤❡r❡ ❢♦r n = 1, . . . , N ✱

~Qn(t, x) =

(
qn,ℓn (x− ℓnt)

−ℓn∂x1qn,ℓn (x− ℓnt)

)
.

❘❡♠❛r❦ ✹✳✹✳ ❇② ✐♥✈❛r✐❛♥❝❡ ❜② r♦t❛t✐♦♥ ✐♥ R5✱ ✇❡ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t e ✐s e1✱ t❤❡
✜rst ✈❡❝t♦r ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ R5✳

❘❡♠❛r❦ ✹✳✺✳ ❚❤❡ ♥♦♥✲❞❡❣❡♥❡r❛❝② ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ L ✐s ❣❡♥❡r❛t❡❞ ❜② ✷✶✲
♣❛r❛♠❡t❡r tr❛♥s❢♦r♠❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ♥❡❡❞❡❞ ✐♥ ♦✉r ♣r♦♦❢ t♦ ♦❜t❛✐♥ ❝❛♥❝❡❧❧❛t✐♦♥ ♣r♦♣❡rt✐❡s ❢♦r t❤❡
❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r ❛r♦✉♥❞ t❤❡ ❡①❝✐t❡❞ st❛t❡s✳ ❙❡❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ➓✹✳✷✳✶ ❛♥❞ ➓✹✳✷✳✷✳

❘❡♠❛r❦ ✹✳✻✳ ❚❤❡ ❞❡❝❛② ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t✇♦ ❡①❝✐t❡❞ st❛t❡s
♦❢ ❞✐✛❡r❡♥t s♣❡❡❞s ✐s ♦❢ ♦r❞❡r ❛t ♠♦st t−4✳ ❚❤✐s r❛t❡ ❛❧❧♦✇s ✉s t♦ ❝❧♦s❡ t❤❡ ❡♥❡r❣② ❡st✐♠❛t❡s ✭s❡❡ ♠♦r❡
❞❡t❛✐❧s ✐♥ ➓✹✳✹✳✷ ❛♥❞ ➓✹✳✹✳✸✮✳ ❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇♥ ❤♦✇ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✸ ✇✐t❤♦✉t t❤✐s
❝♦♥❞✐t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞♦ ♥♦t ❝♦♥str✉❝t ♠✉❧t✐✲s♦❧✐t♦♥s ♣❛rt❧② ❜❛s❡❞ ♦♥ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❞❡❝❛②✐♥❣
st❛t❡ ❛♥❞ ❣r♦✉♥❞ st❛t❡✱ s✐♥❝❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❝❛✉s❡❞ ❜② t❤❡ ❣r♦✉♥❞ st❛t❡ ✇♦✉❧❞ ❜❡ t−3✳

❘❡♠❛r❦ ✹✳✼✳ ❯s✐♥❣ t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥✱ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t ❡①t❡♥❞s t♦ t❤❡ ❝❛s❡ ♦❢ 2✲s♦❧✐t♦♥s
❢♦r ❛♥② ❞✐✛❡r❡♥t✱ ♣♦ss✐❜❧② ♥♦♥❝♦❧❧✐♥❡❛r s♣❡❡❞s ℓ1 ✱ ℓ2✳ ❙❡❡ ❬✽✺✱ ❙❡❝t✐♦♥ ✺❪✳

❚❤❡ ❝♦♥str✉❝t✐♦♥s ♦❢ ❛s②♠♣t♦t✐❝ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r ❞✐s♣❡rs✐✈❡ ❛♥❞ ✇❛✈❡ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ t❤❡
s✉❜❥❡❝t ♦❢ s❡✈❡r❛❧ ♣r❡✈✐♦✉s ✇♦r❦s✱ ❢♦r ❜♦t❤ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ s♦❧✐t♦♥s✳ ❋✐rst r❡s✉❧ts ✐♥ ♥♦♥✲✐♥t❡❣r❛❜❧❡
❝♦♥t❡①ts ✇❡r❡ ❣✐✈❡♥ ❜② ▼❡r❧❡ ❬✾✷❪ ❢♦r t❤❡ L2 ❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭◆▲❙✮ ❛♥❞ ▼❛r✲
t❡❧ ❬✽✸❪ ❢♦r t❤❡ s✉❜❝r✐t✐❝❛❧ ❛♥❞ ❝r✐t✐❝❛❧ ❣❡♥❡r❛❧✐③❡❞ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥s ✭❣❑❞❱✮✳ ◆❡①t✱ t❤❡
str❛t❡❣② ♦❢ t❤❡s❡ ✇♦r❦s ✇❛s ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧❧② ✉♥st❛❜❧❡ s♦❧✐t♦♥s✿ s❡❡ ❈ôt❡✱ ▼❛rt❡❧
❛♥❞ ▼❡r❧❡ ❬✷✽❪ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r s✉♣❡r❝r✐t✐❝❛❧ ✭❣❑❞❱✮ ❛♥❞ ✭◆▲❙✮✱ ❛♥❞ ❈♦♠✲
❜❡t ❬✷✵❪ ❢♦r ❛ ❝❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧t ❢♦r s✉♣❡r❝r✐t✐❝❛❧ ✭❣❑❞❱✮✳ ❲❡ r❡❢❡r t♦ ❬✷✻✱ ✽✺❪ ❢♦r r❡s✉❧ts ♦♥ t❤❡ ❡①✐st❡♥❝❡
♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥ ✭◆▲❑●✮ ❛♥❞ ✺❉ ❡♥❡r❣② ❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ t❤❛t
✐♥s♣✐r❡❞ t❤❡ ♣r❡s❡♥t ✇♦r❦✳ ❙❡❡ ❛❧s♦ ❬✸✶✱ ✽✹✱ ✾✻✱ ✶✶✶❪ ❢♦r ♦t❤❡r ❡①✐st❡♥❝❡ r❡s✉❧ts✳

❚❤❡ ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✹✳✷ ❞❡s❝r✐❜❡s t❤❡ s♣❡❝tr❛❧ t❤❡♦r② ❢♦r ❛♥② ♥♦♥✲❞❡❣❡♥❡r❛t❡
❞❡❝❛②✐♥❣ st❛t❡ q✳ ❙❡❝t✐♦♥ ✹✳✸ ✐♥tr♦❞✉❝❡s t❡❝❤♥✐❝❛❧ t♦♦❧s ✐♥✈♦❧✈❡❞ ✐♥ ❛ ❞②♥❛♠✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ N ✲
s♦❧✐t♦♥ ♣r♦❜❧❡♠ ❢♦r ✭✹✳✶✮✿ ❡st✐♠❛t❡s ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ s♦❧✐t♦♥s✱ ❞❡❝♦♠♣♦s✐t✐♦♥ ❜②
♠♦❞✉❧❛t✐♦♥ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✳ ❋✐♥❛❧❧②✱ ❚❤❡♦r❡♠ ✹✳✸ ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹ ❜② ❡♥❡r❣② ❡st✐♠❛t❡s
❛♥❞ ❛ s✉✐t❛❜❧❡ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t✳

✶✶✼
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✹✳✶✳✷ ◆♦t❛t✐♦♥

❲❡ ❞❡♥♦t❡

(u, v)L2 =

∫

R5

uvdx, (u, v)Ḣ1 =

∫

R5

(∇u · ∇v)dx.

❋♦r

~u =

(
u1
u2

)
, ~v =

(
v1
v2

)
,

❞❡♥♦t❡ (
~u,~v)L2 =

∑

k=1,2

(
uk, vk)L2 , ‖~u‖L2 = (~u, ~u)L2 ,

(
~u,~v)H =

(
u1, v1)Ḣ1 + (u2, v2)L2 , ‖~u‖H =

(
~u, ~u)H.

❲❤❡♥ x1 ✐s s❡❡♥ ❛s ❛ s♣❡❝✐✜❝ ❝♦♦r❞✐♥❛t❡✱ ❞❡♥♦t❡

x′ = (x2, x3, x4, x5), ∇ = (∂x2 , ∂x3 , ∂x4 , ∂x5) , ❛♥❞ ∆̄ =

5∑

i=2

∂2xi
.

❋♦r −1 < ℓ < 1✱ s❡t

xℓ =

(
x1√
1− ℓ2

, x′
)

❢♦r x = (x1, x
′) ∈ R5.

▲❡t X1(R
5) = Ḣ2(R5) ∩ Ḣ1(R5) ❛♥❞ X = X1(R

5)×H1(R5)✳
❉❡♥♦t❡ ❜② O5 ❜❡ t❤❡ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣ ✐♥ ❞✐♠❡♥s✐♦♥ ✺✳ ▲❡t SO5 ❜❡ t❤❡ s♣❡❝✐❛❧ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣✱

✐✳❡✳ t❤❡ s✉❜❣r♦✉♣ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ O5 ✇✐t❤ ❞❡t❡r♠✐♥❛♥t ✶✳

✹✳✷ ❙♣❡❝tr❛❧ t❤❡♦r② ❢♦r ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡

✹✳✷✳✶ ❚r❛♥s❢♦r♠s ♦❢ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s

❋♦❧❧♦✇✐♥❣ ❬✹✽❪✱ ✇❡ r❡❝❛❧❧ t❤❛t ✭✹✳✷✮ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r tr❛♥s❢♦r♠❛t✐♦♥s✿

(1) tr❛♥s❧❛t✐♦♥s✿ ■❢ q ∈ Σ t❤❡♥ q(x+ a) ∈ Σ✱ ❢♦r ❛❧❧ a ∈ R5❀

(2) ❞✐❧❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ λ
3
2 q(λx) ∈ Σ ❢♦r ❛❧❧ λ > 0❀

(3) ♦rt❤♦❣♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ q(Px) ∈ Σ ✇❤❡r❡ P ∈ O5❀

(4) ❑❡❧✈✐♥ tr❛♥s❢♦r♠❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ |x|−3q
(

x
|x|2
)
∈ Σ✳

▲❡t M ❜❡ t❤❡ ❣r♦✉♣ ♦❢ ♦♥❡✲t♦✲♦♥❡ ♠❛♣s ♦❢ R5 ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❛❜♦✈❡ ❢♦✉r tr❛♥s❢♦r♠❛t✐♦♥s✳ ❚❤❡♥✱
❢r♦♠ ❬✹✽✱ ❙❡❝t✐♦♥ ✸❪✱ M ❣❡♥❡r❛t❡s ❛ 21✲♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡
✐❞❡♥t✐t②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❣✐✈❡ ❡①♣❧✐❝t❧② t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤✐s 21✲♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s✳
❙❡t t❤❡ ♦♥❡✲t♦✲♦♥❡ ♠❛♣

τ :
{
(i, j) ∈ N2 : 1 6 i < j 6 5

}
→ {1, 2, . . . , 10} ,

✇✐t❤

τ(i, j) = 3i+ j − (i− 1)(i− 2)

2
− 4.

❋♦r c = (c1, c2, . . . , c10)✱ s❡t

Ac =
[
aci,j
]
16i6j65

, eAc =

∞∑

n=0

An
c

n!
∈ SO5,

✶✶✽
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✇❤❡r❡ aci,i = 0✱ ai,j = cτ(i,j) ✐❢ i < j ❛♥❞ ai,j = −cτ(j,i) ✐❢ j < i✳ ◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ♣r♦✈✐❞❡s ❛
♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ SO5 ❜② R10 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✳

❋♦r A = (λ, ξ, a, c) ∈ (0,∞)× R5 × R5 × R10✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s❢♦r♠ θA ∈M ✱

θA(f)(x) = λ
3
2

∣∣∣∣
x

|x| − a|x|
∣∣∣∣
−3

f

(
ξ +

λeAc
(
x− a|x|2

)

1− 2〈a, x〉+ |a|2|x|2

)
❢♦r ❛❧❧ f ∈ Ḣ1.

❖❜s❡r✈❡ t❤❛t ❢♦r ❛❧❧ q ∈ Σ✱ Z̃q ✐s ❣❡♥❡r❛t❡❞ ❜② t❛❦✐♥❣ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ θA(q) ✇✐t❤ r❡s♣❡❝t t♦
A = (λ, ξ, a, c) ❛t A = (1, 0, 0, 0) ✭s❡❡ ❞❡t❛✐❧s ✐♥ ❬✹✽✱ ▲❡♠♠❛ ✸✳✽❪✮✳

✹✳✷✳✷ ❙♣❡❝tr❛❧ ❛♥❛❧②s✐s ♦❢ L
❋♦❧❧♦✇✐♥❣ ❬✹✽❪✱ ✇❡ ❣❛t❤❡r s♦♠❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r✳ ❋♦r q ❜❡ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡
❞❡❝❛②✐♥❣ st❛t❡ ❛♥❞ ❝♦❧❧✐♥❡❛r s♣❡❡❞s ℓ = ℓe1✱ ❧❡t

qℓ = q(xℓ) = q

(
x1√
1− ℓ2

, x′
)
, −(1− ℓ2)∂2x1

qℓ − ∆̄qℓ + |qℓ|
4
3 qℓ = 0. ✭✹✳✺✮

❉❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r✱

L = −∆− f ′(q), Lℓ = −(1− ℓ2)∂2x1
− ∆̄− f ′(qℓ), ✭✹✳✻✮

❛♥❞

Hℓ =

(
−∆− f ′(qℓ) −ℓ∂x1

ℓ∂x1 1

)
, J =

(
0 1
−1 0

)
. ✭✹✳✼✮

▲❡♠♠❛ ✹✳✽ ✭❙♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ L✮✳ ✭✐✮ ❙♣❡❝tr✉♠✳ ❚❤❡ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r L ❤❛s ❡ss❡♥t✐❛❧ s♣❡❝✲
tr✉♠ [0,+∞)✱ ❛ ✜♥✐t❡ ♥✉♠❜❡r J > 1 ♦❢ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s (❝♦✉♥t❡❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t②)✱ ❛♥❞ ✐ts ❦❡r♥❡❧
✐s Z̃q✳ ▲❡t (Yj)j∈{1,...,J} ❜❡ ❛♥ L2 ♦rt❤♦❣♦♥❛❧ ❢❛♠✐❧② ♦❢ ❡✐❣❡♥✈❡❝t♦rs ♦❢ L ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s
(−λ2j )j∈{1,...,J}✱ i.e. ❢♦r j, j′ ∈ {1, . . . , J}

LYj = −λ2jYj , λj > 0 ❛♥❞
(
Yj , Yj′

)
L2 = δjj′ .

▲❡t Ψk ❜❡ ❛♥ Ḣ1✲♦rt❤♦❣♦♥❛❧ ❜❛s✐s ♦❢ KerL✱ i.e. ❢♦r ❛♥② k, k′ ∈ {1, . . . ,K}

(Ψk,Ψk′)Ḣ1 = δkk′ ❛♥❞ Span(Ψ1, . . . ,ΨK) = Z̃q.

■t ❤♦❧❞s✱ ❢♦r ❛❧❧ k = 1, . . . ,K✱ j = 1, . . . , J ❛♥❞ α ∈ N5 ✇✐t❤ |α| 6 2✱ ♦♥ R5✱

|∂αxYj(x)| . e−λj |x| ❛♥❞ |∂αxΨk(x)| . 〈x〉−(3+α).

✭✐✐✮ ◆♦♥♥❡❣❛t✐✈✐t② ✉♥❞❡r (Yj)j=1,...,J ♦rt❤♦❣♦♥❛❧✐t②✳ ■t ❤♦❧❞s

(Lv, v)L2 > 0 ❢♦r ❛❧❧ v ∈ N⊥✱

✇❤❡r❡
N⊥ =

{
v ∈ Ḣ1 : (v, Yj)L2 = 0, ❢♦r ❛♥② j = 1, . . . , J

}
.

✭✐✐✐✮ ❈❛♥❝❡❧❧❛t✐♦♥✳ ■t ❤♦❧❞s

∫

R

f ′′(q)ΨkΨk′Ψk′′dx = 0 ❢♦r ❛❧❧ k, k′, k′′ = 1, . . . ,K.

✶✶✾
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Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❋♦r t❤❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ L✱ s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❬✹✽✱ ❈❧❛✐♠ ✸✳✺❪✳ ❚❤❡ ❛❧❣❡❜r❛✐❝ ❞❡❝❛②
♦❢ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s Ψk ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❞❡❝❛②✐♥❣ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧
❞❡❝❛② ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s Yj ❢♦❧❧♦✇s ❢r♦♠ st❛♥❞❛r❞ ❡❧❧✐♣t✐❝ ❛r❣✉♠❡♥ts✳ ❙❡❡ ❡✳❣✳ ❬✾✹❪ ❛♥❞ ❬✹✽✱ Pr♦♣♦s✐t✐♦♥
✸✳✾❪✳

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ ♠✐♥✲♠❛① ♣r✐♥❝✐♣❧❡ ✭s❡❡ ❡✳❣✳ ❬✹✽✱
Pr♦♣♦s✐t✐♦♥ ✸✳✻❪✮ ❛♥❞ ✇❡ ♦♠✐t ✐t✳

Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝♦♥s✐❞❡r

Ψk′′ = −3xiq + |x|2∂xiq − 2xix · ∇q.

❋♦r ❛❧❧ k′ = 1, . . . ,K✱ ✇❡ ❤❛✈❡
−∆Ψk′ − f ′(q)Ψk′ = 0.

❲❡ ❝♦♥s✐❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ Ta = θA ✇✐t❤ θA = (1, 0, a, 0) ❢♦r t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t②✱

−∆TaΨk′ − f ′(Taq)TaΨk′ = 0.

❚❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛❜♦✈❡ ✐❞❡♥t✐t② ✇✐t❤ r❡s♣❡❝t t♦ ai✱ ❛♥❞ t❤❡♥ ❧❡tt✐♥❣ a = 0✱ ✇❡ ♦❜t❛✐♥

f ′′(q)Ψk′Ψk′′ = −∆Ψ̃k′ − f ′(q)Ψ̃k′ = LΨ̃k′ ,

✇❤❡r❡
Ψ̃k′ = −3xiΨk′ + |x|2∂xiΨk′ − 2xi(x · ∇Ψk′).

❚❤❡r❡❢♦r❡✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ❢♦r ❛♥② k = 1, . . . ,K✱
∫

R5

Ψk

(
f ′′(q)Ψk′Ψk′′

)
dx =

∫

R5

Ψk

(
LΨ̃k′

)
dx =

∫

R5

(LΨk) Ψ̃k′dx = 0.

❯s✐♥❣ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❝♦♥❞✐t✐♦♥ ❛♥❞ ♣r♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r ❛❧❧ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ tr❛♥s❢♦r♠❛✲
t✐♦♥ θA✱ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✐✐✮✳

✹✳✷✳✸ ❈♦❡r❝✐✈✐t② ♦❢ Hℓ

❋♦r −1 < ℓ < 1✱ ❧❡t

~Ψk,ℓ =

(
Ψk(xℓ)

−ℓ∂x1Ψk(xℓ),

)
❢♦r k = 1, . . . ,K,

❛♥❞ ❢♦r j = 1, . . . , J

Yj,ℓ = Yj(xℓ), ~Y 0
j,ℓ =

(
Yj,ℓ
0

)
, ~Y ±

j,ℓ =




Yj,ℓe
∓ ℓλj√

1−ℓ2
x1

−(ℓ∂x1Yj,ℓ ∓
λj√
1−ℓ2

Yj,ℓ)e
∓ ℓλj√

1−ℓ2
x1


 .

❋♦❧❧♦✇✐♥❣ ❬✷✼❪✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ~Wj,ℓ ❜②

~Wj,ℓ = ~Y +
j,ℓ +

~Y −
j,ℓ, ❢♦r j = 1, . . . , J.

❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ✐❞❡♥t✐t✐❡s ♦❢ ~Y ±
j,ℓ ❛♥❞

~Wj,ℓ✳

▲❡♠♠❛ ✹✳✾✳ ❚❤❡ ❢✉♥❝t✐♦♥s ~Y ±
j,ℓ ❛♥❞ ~Wj,ℓ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

✭✐✮ ❋♦r j = 1, . . . , J ✱

Hℓ
~Y ±
j,ℓ = ∓λj(1− ℓ2)

1
2 J~Y ±

j,ℓ. ✭✹✳✽✮

✶✷✵
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✭✐✐✮ ❋♦r j = 1, . . . , J ✱ (
Hℓ

~Wj,ℓ, ~Wj,ℓ

)

L2
= −4λ2j (1− ℓ2)

1
2 . ✭✹✳✾✮

✭✐✐✐✮ ❋♦r j, j′ = 1, . . . , J ✇✐t❤ j 6= j′✱ (
Hℓ

~Wj,ℓ, ~Wj′,ℓ

)

L2
= 0. ✭✹✳✶✵✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❢r♦♠ ✭✐✮ ♦❢ ▲❡♠♠❛ ✹✳✽ ❛♥❞ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱

(
−∆− f ′(qℓ)

)
Yj,ℓe

∓ ℓλj√
1−ℓ2

x1
+ ℓ∂x1

((
ℓ∂x1Yj,ℓ ∓

λj√
1− ℓ2

Yj,ℓ

)
e
∓ ℓλj√

1−ℓ2
x1

)

= (LℓYj,ℓ) e
∓ ℓλj√

1−ℓ2
x1 ± ℓ(1− ℓ2)

1
2λj(∂x1Yj,ℓ)e

∓ ℓλj√
1−ℓ2

x1

= ±λj(1− ℓ2)
1
2

(
ℓ∂x1Yj,ℓ ∓

λj√
1− ℓ2

Yj,ℓ

)
e
∓ ℓλj√

1−ℓ2
x1
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱

ℓ∂x1

(
Yj,ℓe

∓ ℓλj√
1−ℓ2

x1

)
−
(
ℓ∂x1Yj,ℓ ∓

λj√
1− ℓ2

Yj,ℓ

)
e
∓ ℓλj√

1−ℓ2
x1

=

(
± λj√

1− ℓ2
∓ ℓ2λj√

1− ℓ2

)
Yj,ℓe

∓ ℓλj√
1−ℓ2

x1
= ±λj(1− ℓ2)

1
2Yj,ℓe

∓ ℓλj√
1−ℓ2

x1
.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ✐❞❡♥t✐t✐❡s✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✽✮✳
Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❚♦ ♣r♦✈❡ ✭✹✳✾✮✱ ✇❡ ✜rst s❤♦✇ t❤❛t ❢♦r j, j′ = 1, . . . , J ✱

(
Hℓ
~Y +
j,ℓ,

~Y +
j′,ℓ

)

L2
=
(
Hℓ
~Y −
j,ℓ,

~Y −
j′,ℓ

)

L2
= 0. ✭✹✳✶✶✮

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜② ✭✹✳✽✮✱ ❢♦r j, j′ = 1, . . . , J ✱
(
Hℓ
~Y +
j,ℓ,

~Y +
j′,ℓ

)

L2
= −λj(1− ℓ2)

1
2

(
J~Y +

j,ℓ,
~Y +
j′,ℓ

)

L2
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✹✳✽✮✱ ❢♦r j, j′ = 1, . . . , J ✱
(
Hℓ
~Y +
j,ℓ,

~Y +
j′,ℓ

)

L2
=
(
~Y +
j,ℓ,Hℓ

~Y +
j′,ℓ

)

L2
= λj′(1− ℓ2)

1
2

(
J~Y +

j,ℓ,
~Y +
j′,ℓ

)

L2
.

❙✐♥❝❡ λj , λj′ > 0✱ t❤✐s ✐♠♣❧✐❡s
(
Hℓ
~Y +
j,ℓ,

~Y +
j′,ℓ

)

L2
= 0✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✹✳✶✶✮ ❢♦r

(
Hℓ
~Y −
j,ℓ,

~Y −
j′,ℓ

)

L2
= 0

❢♦❧❧♦✇s ❢r♦♠ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛♥❞ ✐t ✐s ♦♠✐tt❡❞✳
◆♦✇✱ ✇❡ st❛rt t♦ ♣r♦✈❡ ✭✹✳✾✮✳ ❋r♦♠ ✭✹✳✶✶✮✱ ✇❡ ❤❛✈❡

(
Hℓ

~Wj,ℓ, ~Wj,ℓ

)

L2
= 2

(
Hℓ
~Y +
j,ℓ,

~Y −
j,ℓ

)

L2
.

❯s✐♥❣ ✭✹✳✽✮ ❛♥❞ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ ~Y ±
j,ℓ✱ ✇❡ ❝♦♠♣✉t❡

(
Hℓ
~Y +
j,ℓ,

~Y −
j,ℓ

)

L2
= −λj(1− ℓ2)

1
2

(
J~Y +

j,ℓ,
~Y −
j,ℓ

)

L2
= −2λ2j (1− ℓ2)

1
2 (Yj , Yj)L2 .

❚❤❡r❡❢♦r❡✱ t❤❡ ✐❞❡♥t✐t② ✭✹✳✾✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ (Yj , Yj)L2 = 1✳
Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❚♦ ♣r♦✈❡ ✭✹✳✶✵✮✱ ✇❡ ✜rst s❤♦✇ t❤❛t ❢♦r j, j′ = 1, . . . , J ✇✐t❤ j 6= j′✱

(
Hℓ
~Y +
j,ℓ,

~Y −
j′,ℓ

)

L2
= 0 ✇❤❡♥ λj 6= λj′ , ✭✹✳✶✷✮

✶✷✶
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❛♥❞ (
Hℓ
~Y +
j,ℓ,

~Y −
j′,ℓ

)

L2
+
(
Hℓ
~Y +
j′,ℓ,

~Y −
j,ℓ

)

L2
= 0 ✇❤❡♥ λj = λj′ . ✭✹✳✶✸✮

▲❡t j 6= j′✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ λj 6= λj′ ✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜② ✭✹✳✽✮✱ ❢♦r j 6= j′✱
(
Hℓ
~Y +
j,ℓ,

~Y −
j′,ℓ

)

L2
= −λj(1− ℓ2)

1
2

(
J~Y +

j,ℓ,
~Y −
j′,ℓ

)

L2
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✹✳✽✮✱
(
Hℓ
~Y +
j,ℓ,

~Y −
j′,ℓ

)

L2
=
(
~Y +
j,ℓ,Hℓ

~Y −
j′,ℓ

)

L2
= −λj′(1− ℓ2)

1
2

(
J~Y +

j,ℓ,
~Y −
j′,ℓ

)

L2
.

❙✐♥❝❡ λj 6= λj′ ✱ t❤✐s ✐♠♣❧✐❡s ✭✹✳✶✷✮✳
■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ λj = λj′ ✳ ❋r♦♠ ✭✹✳✽✮ ❛♥❞ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ ~Y ±

j,ℓ✱
(
Yj , Yj′

)
L2 = 0 ❛♥❞

✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❝♦♠♣✉t❡
(
Hℓ
~Y +
j,ℓ,

~Y −
j′,ℓ

)

L2
= −λj(1− ℓ2)

1
2

(
J~Y +

j,ℓ,
~Y −
j′,ℓ

)

L2
= −2ℓλj(1− ℓ2)

1
2
(
∂x1Yj , Yj′

)
L2 .

❚❤❡r❡❢♦r❡✱ ❜② ✭✹✳✶✶✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱
(
Hℓ
~Y +
j,ℓ,

~Y −
j′,ℓ

)

L2
+
(
Hℓ
~Y +
j′,ℓ,

~Y −
j,ℓ

)

L2
= 0,

✇❤✐❝❤ ♣r♦✈❡s ✭✹✳✶✸✮✳
◆♦✇✱ ✇❡ st❛rt t♦ ♣r♦✈❡ ✭✹✳✶✵✮✳ ▲❡t j 6= j′✳ ❋r♦♠ ✭✹✳✶✶✮✱

(
Hℓ

~Wj,ℓ, ~Wj′,ℓ

)

L2
=
(
Hℓ
~Y +
j,ℓ,

~Y −
j′,ℓ

)

L2
+
(
Hℓ
~Y +
j′,ℓ,

~Y −
j,ℓ

)

L2
.

❚❤✉s✱ t❤❡ ✐❞❡♥t✐t② ✭✹✳✶✵✮ ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮✳

❙❡❝♦♥❞✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✵✳ ❚❤❡r❡ ❡①✐st µ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ~v ∈ Ḣ1 × L2

(Hℓ~v,~v)L2 > µ‖~v‖2H − µ−1




K∑

k=1

(
~v, ~Ψk,ℓ

)2
H
+

J∑

±,j=1

(
Hℓ~v, ~Y

±
j,ℓ

)2
L2


 . ✭✹✳✶✹✮

Pr♦♦❢✳ ❇② ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts µ > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ~v ∈ Ḣ1×L2

✇✐t❤ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s
(
Hℓ~v, ~Wj,ℓ

)

L2
=
(
~v, ~Ψk,ℓ

)

H
= 0 ❢♦r ❛❧❧ j = 1, . . . , J ❛♥❞ k = 1, . . . ,K

t❤❡r❡ ❤♦❧❞s
(Hℓ~v,~v)L2 > µ‖~v‖2H. ✭✹✳✶✺✮

❙t❡♣ ✶✳ ◆❡❣❛t✐✈❡ ❞✐r❡❝t✐♦♥✳ ◆♦t❡ t❤❛t✱ ❢♦r ~v = (v, z) ∈ Ḣ1 × L2✱

Hℓ~v =

(
−∆v − f ′(qℓ)v − ℓ∂x1z

ℓ∂x1v + z

)
, (Hℓ~v,~v)L2 = (Lℓv, v)L2 + ‖ℓ∂x1v + z‖2L2 . ✭✹✳✶✻✮

❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✹✳✽✱ ❢♦r ❛♥② ~v ∈ Ḣ1 × L2✱
(
~v, ~Y 0

j,ℓ

)

L2
= 0 ❢♦r j = 1, . . . , J =⇒ (Hℓ~v,~v)L2 > 0. ✭✹✳✶✼✮

❲❡ ❝❧❛✐♠✱ ❢♦r ❛♥② ~v ∈ Ḣ1 × L2✱
(
Hℓ~v, ~Wj,ℓ

)

L2
= 0 ❢♦r j = 1, . . . , J =⇒ (Hℓ~v,~v)L2 > 0. ✭✹✳✶✽✮

✶✷✷
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❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✈❡❝t♦r ~v ∈ Ḣ1×L2 s❛t✐s❢②✐♥❣ t❤❡ ♦rt❤♦❣♦♥❛❧✐t②
❝♦♥❞✐t✐♦♥s ✐♥ ✭✹✳✶✽✮ ❛♥❞ (Hℓ~v,~v) < 0✳ ❋♦r ❛♥② (cj)j=0,...,J ∈ RJ+1/0✱ s❡t

~h = c0~v +
J∑

j=1

cj ~Wj,ℓ ∈ Span
(
~v, ~W1,ℓ, . . . , ~WJ,ℓ

)
.

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ✭✹✳✾✮✱ ✭✹✳✶✵✮ ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ ✭✹✳✶✽✮✱

(
Hℓ
~h,~h

)

L2
= c20 (Hℓ~v,~v)L2 +

J∑

j=1

c2j

(
Hℓ

~Wj,ℓ, ~Wj,ℓ

)

L2

= c20 (Hℓ~v,~v)L2 − 4(1− ℓ2)
1
2

J∑

j=1

c2jλ
2
j < 0.

■t ❢♦❧❧♦✇s t❤❛t (Hℓ·, ·)L2 < 0 ♦♥ Span
(
~v, ~W1,ℓ, . . . , ~WJ,ℓ

)
❛♥❞

dimSpan
(
~v, ~W1,ℓ, . . . , ~WJ,ℓ

)
= J + 1.

❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ ✭✹✳✶✼✮ ✇❤✐❝❤ s❛②s t❤❛t (Hℓ·, ·)L2 ✐s ♥♦♥♥❡❣❛t✐✈❡ ✉♥❞❡r ♦♥❧② J ♦rt❤♦❣♦♥❛❧✐t②
❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✹✳✶✽✮ ✐s ❝♦♠♣❧❡t❡✳

❙t❡♣ ✷✳ ◆✉❧❧ ❞✐r❡❝t✐♦♥✳ ◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✹✳✶✻✮✱ ❢♦r ❛♥② ~v = (v, z) ∈ KerHℓ✱

−∆v − f ′(qℓ)v − ℓ∂x1z = 0, ℓ∂x1v + z = 0,

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦
−∆v + ℓ2∂2x1

v − f ′(qℓ)v = 0, z = −ℓ∂x1v.

❚❤✉s✱

KerHℓ = Span
(
~Ψk,ℓ, k = 1, . . . ,K

)
.

❲❡ ❝❧❛✐♠✱ ❢♦r ❛❧❧ ~v = (v, z) ∈ Ḣ1 × L2 ✇✐t❤ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s (Hℓ~v, ~Wj,ℓ)L2 = (~v, ~Ψk,ℓ)H = 0
❢♦r j = 1, . . . , J ❛♥❞ k = 1, . . . ,K✱

~v = 0 ♦r (Hℓ~v,~v)L2 > 0. ✭✹✳✶✾✮

❉❡♥♦t❡
N⊥

ℓ =
{
~v = (v, z) ∈ Ḣ1 × L2 :

(
Hℓ~v, ~Wj,ℓ

)

L2
= 0 ❢♦r j = 1, . . . , J

}
.

■♥❞❡❡❞✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛♥② ~v ∈ N⊥
ℓ

(Hℓ~v,~v)L2 = 0 =⇒ ~v ∈ KerHℓ.

❋✐① ~v ∈ N⊥
ℓ ✇✐t❤ (Hℓ~v,~v)L2 = 0✳ ❋r♦♠ (Hℓ·, ·)L2 > 0 ♦♥ N⊥

ℓ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❢♦r
(Hℓ·, ·)L2 ✱

(Hℓ~v, ~f)L2 = 0 ❢♦r ❛❧❧ ~f = (f, g) ∈ N⊥
ℓ . ✭✹✳✷✵✮

❋♦r ❛♥② ~̃v = (ṽ, z̃) ∈ C∞
0 (R5)× C∞

0 (R5)✱ ✇❡ ❞❡❝♦♠♣♦s❡

~̃v = ~f +

J∑

j=1

αj
~Wj,ℓ ✇❤❡r❡ ~f ∈ N⊥

ℓ ❛♥❞ αj = −1

4
λ−2
j (1− ℓ2)−

1
2

(
Hℓ
~̃v, ~Wj,ℓ

)

L2
.

❚❤✉s✱ ❢r♦♠ ✭✹✳✷✵✮✱
(
Hℓ~v, ~̃v

)

L2
=
(
Hℓ~v, ~f

)

L2
+

J∑

j=1

αj

(
Hℓ~v, ~Wj,ℓ

)

L2
= 0.

✶✷✸
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■t ❢♦❧❧♦✇s t❤❛t Hℓ~v = 0 ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥✱ ✐✳❡✳ ~v ∈ KerHℓ✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✹✳✶✾✮ ✐s ❝♦♠♣❧❡t❡✳
❙t❡♣ ✸✳ ❈♦♥❝❧✉s✐♦♥✳ ◆♦✇✱ ✇❡ ♣r♦✈❡ ✭✹✳✶✺✮ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ ❛♥❞ ✉s✐♥❣ st❛♥❞❛r❞ ❝♦♠♣❛❝t♥❡ss

❛r❣✉♠❡♥t✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡

{~vn = (vn, zn)}n∈N ∈ Ḣ1 × L2

s✉❝❤ t❤❛t
~vn ∈ N⊥

ℓ , (~vn, ~Ψk,ℓ)H = 0 ❢♦r k = 1, . . . ,K, ✭✹✳✷✶✮

❛♥❞

0 < (Hℓ~vn, ~vn)L2 <
1

n
‖~vn‖2H,

∫

R5

f ′(qℓ)v
2
n = 1 ❢♦r ❛♥② n ∈ N. ✭✹✳✷✷✮

❋r♦♠ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ✭✹✳✶✻✮✱ t❤❡ s❡q✉❡♥❝❡ {~vn}n∈N ✐s ❜♦✉♥❞❡❞ ✐♥ Ḣ1×L2✳ ❯♣♦♥ ❡①tr❛❝t✐♥❣
❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡

~vn = (vn, zn)⇀ ~v = (v, z) ∈ Ḣ1 × L2 ❛s n→ ∞. ✭✹✳✷✸✮

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜② t❤❡ ❘❡❧❧✐❝❤ t❤❡♦r❡♠✱ ✇❡ ❤❛✈❡
∫

R5

f ′(qℓ)v
2dx = lim

n→∞

∫

R5

f ′(qℓ)v
2
ndx = 1,

✇❤✐❝❤ ✐♠♣❧✐❡s ~v 6= 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ~vn = (vn, zn)⇀ ~v = (v, z) ∈ Ḣ1 × L2✱
∫

R5

(ℓ∂x1v + z)2dx 6 lim
n→∞

∫

R5

(ℓ∂x1vn + zn)
2dx,

∫

R5

(
(1− ℓ2)(∂x1v)

2 + |∇v|2
)
dx 6 lim

n→∞

∫

R5

(
(1− ℓ2)(∂x1vn)

2 + |∇vn|2
)
dx.

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t✐❡s ✇✐t❤ ✭✹✳✶✻✮ ❛♥❞ ✭✹✳✷✷✮✱

(Hℓ~v,~v)L2 6 lim
n→∞

(Hℓ~vn, ~vn)L2 6 lim
n→∞

1

n
‖~vn‖2H 6 0.

❯s✐♥❣ ❛❣❛✐♥ ✭✹✳✷✸✮ ❛♥❞ t❛❦✐♥❣ ❧✐♠✐t ✐♥ ✭✹✳✷✶✮✱ ✇❡ ❤❛✈❡

~v ∈ N⊥, (~v, ~Ψk,ℓ)H = 0 ❢♦r k = 1, . . . ,K,

❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✹✳✶✾✮✱ ✇❡ ♦❜t❛✐♥ ~v = 0 ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✹✳✶✺✮ ✐s ❝♦♠♣❧❡t❡✳

✹✳✸ ❉❡❝♦♠♣♦s✐t✐♦♥ ❛r♦✉♥❞ t❤❡ s✉♠ ♦❢ N s♦❧✐t♦♥s

❲❡ ♣r♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❛ ❣❡♥❡r❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ❛r♦✉♥❞ t❤❡ s✉♠ ♦❢ N s♦❧✐t♦♥s✳ ▲❡t N > 1 ❛♥❞
❢♦r ❛♥② n ∈ {1, . . . , N}✱ ❧❡t ℓn = ℓne1 ✇❤❡r❡ −1 < ℓn < 1 ❛♥❞ ℓn 6= ℓn′ ❢♦r n 6= n′✳ ▲❡t q1, . . . , qN ❜❡
❛♥② ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❞❡❝❛②✐♥❣ ❡①❝✐t❡❞ st❛t❡s✳ ❉❡♥♦t❡ ❜② I ❛♥❞ I0 t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s❡ts ♦❢ ✐♥❞✐❝❡s

I0 = {(n, k) : n = 1, . . . , N, k = 1, . . . ,Kn}, |I0| = Card I0 =
N∑

n=1

Kn,

I = {(n, j) : n = 1, . . . , N, j = 1, . . . , Jn}, |I| = Card I =
N∑

n=1

Jn.

❲❡ ❞❡♥♦t❡ ❜② (λn,j)(n,j)∈I ✱
(
Y(n,j)

)
(n,j)∈I ✱

(
Ψ(n,k)

)
(n,k)∈I0 t❤❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✲

❢✉♥❝t✐♦♥s ❛♥❞ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s ❢♦r qn ❛s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✹✳✽✳

✶✷✹
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❋♦r n = 1, . . . , N ✱ s❡t

Qn(t, x) = qn,ℓn(x− ℓnt), ~Qn(t, x) =

(
Qn(t, x)

−ℓn∂x1Qn(t, x)

)
.

❙✐♠✐❧❛r❧②✱ ❢♦r (n, k) ∈ I0✱

Ψn,k(t, x) = Ψ(n,k),ℓn(x− ℓnt), ~Ψn,k(t, x) = ~Ψ(n,k),ℓn(x− ℓnt),

❛♥❞ ❢♦r (n, j) ∈ I✱
~Y ±
n,j(t, x) =

~Y ±
(n,j),ℓn

(x− ℓnt), ~Z±
n,j = Hn

~Y ±
n,j ,

✇❤❡r❡

Hn =

(
−∆− f ′(Qn) −ℓn∂x1

ℓn∂x1 1

)
.

❈♦♥s✐❞❡r ❛ t✐♠❡ ❞❡♣❡♥❞❡♥t C1 ❢✉♥❝t✐♦♥ b ♦❢ t❤❡ ❢♦r♠

b = (bn,k)(n,k)∈I0 ∈ R|I0| ✇✐t❤ |b| ≪ 1.

❲❡ ✐♥tr♦❞✉❝❡

U =
N∑

n=1

Qn, V =
∑

(n,k)∈I0
bn,kΨn,k,

G = f(U + V )−
N∑

n=1

f(Qn)−
∑

(n,k)∈I0
bn,kf

′(Qn)Ψn,k.

❋✐rst✱ ✇❡ st❛rt ✇✐t❤ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✶✶✳ ▲❡t W1 ❛♥❞ W2 ❜❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t✱

|W1(x)|+ |W2(x)| . 〈x〉−4 ♦♥ R5.

❉❡✜♥❡
Wn1(t, x) =W1 (x− ℓn1t) , Wn2(t, x) =W2 (x− ℓn2t) .

▲❡t 0 < α1 6 α2 ❜❡ s✉❝❤ t❤❛t α1 + α2 >
5
4 ✳ ❚❤❡r❡ ❡①✐sts T0 ≫ 1 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ n1, n2 ∈ {1, . . . , N}

✇✐t❤ n1 6= n2 ❛♥❞ t > T0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ■❢ α2 >
5
4 ✱ ∫

R5

∣∣Wn1

∣∣α1
∣∣Wn2

∣∣α2dx . t−4α1 . ✭✹✳✷✹✮

✭✐✐✮ ■❢ α2 6
5
4 ✱ ∫

R5

∣∣Wn1

∣∣α1
∣∣Wn2

∣∣α2dx . t5−4(α1+α2). ✭✹✳✷✺✮

Pr♦♦❢✳ ❋♦r k = 1, 2✱ ✇❡ ❞❡♥♦t❡

ρk = x− ℓnk
t, Ωk(t) =

{
x ∈ R5 : |ρk| 6 10−1|ℓn1 − ℓn2 |t

}
.

▲❡t T0 ≫ 1 ❧❛r❣❡ ❡♥♦✉❣❤✳ ❋♦r t > T0✱ ❢r♦♠ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ W1 ❛♥❞ W2✱

|Wn2(t, x)| . 〈ρ2〉−4 . (〈ρ1〉+ t)−4, ❢♦r x ∈ Ω1, ✭✹✳✷✻✮

|Wn1(t, x)| . 〈ρ1〉−4 . (〈ρ2〉+ t)−4, ❢♦r x ∈ Ω2, ✭✹✳✷✼✮

✶✷✺
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|Wn1(t, x)| . (〈ρ1〉+ t)−4 . t−4, ❢♦r x ∈ ΩC
1 , ✭✹✳✷✽✮

|Wn2(t, x)| . (〈ρ2〉+ t)−4 . t−4, ❢♦r x ∈ ΩC
2 . ✭✹✳✷✾✮

Pr♦♦❢ ♦❢ ✭✐✮✳ ❈❛s❡ α1 >
5
4 , α2 >

5
4 ✳ ❋r♦♠ ✭✹✳✷✻✮ ❛♥❞ ✭✹✳✷✽✮✱ ✇❡ ♦❜t❛✐♥

∫

Ω1

|Wn1 |α1 |Wn2 |α2dx . t−4α2

∫

Ω1

|Wn1 |α1dx . t−4α2 ,

∫

ΩC
1

|Wn1 |α1 |Wn2 |α2dx . t−4α1

∫

ΩC
1

|Wn2 |α2dx . t−4α1 ,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✹✳✷✹✮✳
❈❛s❡ 0 < α1 6

5
4 , α2 >

5
4 ✳ ❇② ✭✹✳✷✻✮ ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱

∫

Ω1

|Wn1 |α1 |Wn2 |α2dx .

∫

R5

〈ρ1〉−4α1(〈ρ1〉+ t)−4α2dx

.

∫

R5

〈x〉−4α1 (〈x〉+ t)−4α2 dx

. t5−4(α1+α2) . t−4α1 .

❯s✐♥❣ ❛❣❛✐♥ ✭✹✳✷✽✮✱
∫

ΩC
1

|Wn1 |α1 |Wn2 |α2dx . t−4α1

∫

ΩC
1

|Wn2 |α2dx . t−4α1 .

❚❤❡s❡ ❡st✐♠❛t❡s ✐♠♣❧② ✭✹✳✷✹✮✳
Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❋✐rst✱ ❢r♦♠ ✭✹✳✷✻✮✱ ✭✹✳✷✼✮ ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱ ❛s ❜❡❢♦r❡✱

∫

Ω1

|Wn1 |α1 |Wn2 |α2dx+

∫

Ω2

|Wn1 |α1 |Wn2 |α2dx

.

∫

R5

(
〈x〉−4α1 (〈x〉+ t)−4α2 + 〈x〉−4α2 (〈x〉+ t)−4α1

)
dx . t5−4(α1+α2).

❙❡❝♦♥❞✱ ❜② ✭✹✳✷✽✮✱ ✭✹✳✷✾✮✱ t❤❡ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱

∫

(Ω1∪Ω2)
C
|Wn1 |α1 |Wn2 |α2dx .

(∫

ΩC
1

|Wn1 |α1+α2

) α1
α1+α2

(∫

ΩC
2

|Wn2 |α1+α2

) α2
α1+α2

.

∫

R5

(〈x〉+ t)−4(α1+α2) dx . t5−4(α1+α2).

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✷✺✮✳

❙❡❝♦♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♣♦✐♥t✇✐s❡ ❡st✐♠❛t❡s ❢♦❧❧♦✇✐♥❣ ❢r♦♠ ❚❛②❧♦r ❡①♣❛♥s✐♦♥✱ ❛♥❞ ♦♠✐t ✐ts ♣r♦♦❢✳

▲❡♠♠❛ ✹✳✶✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✳

✭✐✮ ❋♦r ❛❧❧ n = 1, . . . , N ✱

∣∣f ′(U)− f ′(Qn)
∣∣ .

∑

n′ 6=n

(
|Qn′ ||Qn|

1
3 + |Qn′ | 43

)
. ✭✹✳✸✵✮

✭✐✐✮ ❲❡ ❤❛✈❡
∣∣f ′(U + V )− f ′(U)

∣∣ .
N∑

n=1

|V | |Qn|
1
3 + |V | 43 . ✭✹✳✸✶✮

✶✷✻
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✭✐✐✐✮ ❋♦r ❛❧❧ s ∈ R✱

∣∣f(U + V + s)− f(U + V )− f ′(U + V )s
∣∣ .

(
|U | 13 + |V | 13

)
|s|2 + |s| 73 , ✭✹✳✸✷✮

|F (U + V + s)− F (U + V )− f(U + V )s| .
(
|U | 43 + |V | 43

)
|s|2 + |s| 103 . ✭✹✳✸✸✮

❚❤✐r❞✱ ✇❡ st❛t❡ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❡st✐♠❛t❡s r❡❧❛t❡❞ t♦ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥✳ ❲❡ ❞❡❝♦♠♣♦s❡ G
❛s

G = G1 +G2 = G1,1 +G1,2 +G1,3 +G2,

✇❤❡r❡

G1,1 = f(U + V )− f(U)− f ′(U)V − 1

2
f ′′(U)V 2,

G1,2 = f ′(U)V −
∑

(n,k)∈I0
bn,kf

′(Qn)Ψn,k,

G1,3 = f(U)−
N∑

n=1

f(Qn) ❛♥❞ G2 =
1

2
f ′′(U)V 2.

❋♦r n = 1, . . . , N ✱ s❡t

G3,n =
1

2

Kn∑

k,k′=1

bn,kbn,k′f
′′(Qn)Ψn,kΨn,k′ ❛♥❞ G3 =

N∑

n=1

G3,n.

▲❡♠♠❛ ✹✳✶✸✳ ❚❤❡r❡ ❡①✐sts T0 ≫ 1 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✳

✭✐✮ ❊st✐♠❛t❡s ♦♥ G1✳ ❋♦r t > T0✱

‖G1‖L2 . ‖G1,1‖L2 + ‖G1,2‖L2 + ‖G1,3‖L2 .
∑

(n,k)∈I0
|bn,k|

7
3 + t−4. ✭✹✳✸✹✮

✭✐✐✮ ❊①♣❛♥s✐♦♥ ♦❢ G2✳ ❋♦r t > T0✱

‖G2 −G3‖L2 .
∑

(n,k)∈I0
|bn,k|

7
3 + t−4. ✭✹✳✸✺✮

✭✐✐✐✮ ❊st✐♠❛t❡ ♦♥ G✳ ❋♦r t > T0✱

‖G‖L2 .
∑

(n,k)∈I0
|bn,k|2 + t−4. ✭✹✳✸✻✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❋r♦♠ ❚❛②❧♦r ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

∣∣G1,1

∣∣ .
∣∣V
∣∣ 73 .

∑

(n,k)∈I0
|bn,k|

7
3

∣∣Ψn,k

∣∣ 73 ,
∣∣G1,3

∣∣ .
∑

n′ 6=n

|Qn|
4
3 |Qn′ |,

∣∣G1,2

∣∣ .
∑

(n,k)∈I0
|bn,k|

[ ∑

n′ 6=n

|Qn|
1
3 |Qn′ ||Ψn,k|+

∑

n′ 6=n

|Qn′ | 43 |Ψn,k|
]
.

❇❛s❡❞ ♦♥ ❛❜♦✈❡ ♣♦✐♥t✇✐s❡ ❡st✐♠❛t❡s✱ ▲❡♠♠❛ ✹✳✶✶ ✭✐✮✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❨♦✉♥❣✬s
✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✸✹✮✳

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❖❜s❡r✈❡ t❤❛t

V 2 =
N∑

n=1

Kn∑

k,k′=1

bn,kbn,k′Ψn,kΨn,k′ +
∑

n 6=n′

Kn∑

k=1

Kn′∑

k′=1

bn,kbn,k′Ψn,kΨn′,k′ .

✶✷✼
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❚❤✉s✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡
G2 = G3 +G2,1 +G2,2,

✇❤❡r❡

G2,1 =
1

2

∑

n 6=n′

Kn∑

k=1

Kn′∑

k′=1

bn,kbn′,k′f
′′(U)Ψn,kΨn′,k′ ,

G2,2 =
1

2

N∑

n=1

Kn∑

k,k′=1

bn,kbn,k′
(
f ′′(U)− f ′′(Qn)

)
Ψn,kΨn,k′ .

❇② ✭✐✮ ♦❢ ▲❡♠♠❛ ✹✳✶✶✱ ✇❡ ❤❛✈❡

‖G2,1‖L2 .
∑

n 6=n′

Kn∑

k=1

Kn′∑

k′=1

|bn,kbn′,k′ |‖|Qn|
1
3Ψn,kΨn′,k′‖L2

+
∑

n 6=n′

Kn′∑

k′=1

b2n′,k′‖|Qn|
1
3Ψ2

n′,k′‖L2 .
∑

(n,k)∈I0
|bn,k|

7
3 + t−4.

❋r♦♠ ❚❛②❧♦r ❢♦r♠✉❧❛✱
∣∣f ′′(U)− f ′′(Qn)

∣∣ .
∑

n′ 6=n

|Qn′ | 13 ❢♦r ❛❧❧ n = 1, . . . , N.

❚❤✉s✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✐✮ ♦❢ ▲❡♠♠❛ ✹✳✶✶✱

‖G2,2‖L2 .
∑

(n,k)∈I0
|bn,k|2

( ∑

n′ 6=n

‖|Qn′ | 13Ψ2
n,k‖L2

)
.

∑

(n,k)∈I0
|bn,k|

7
3 + t−4.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✸✺✮✳
Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❊st✐♠❛t❡ ✭✹✳✸✻✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✹✳✸✹✮ ❛♥❞ ✭✹✳✸✺✮✳

▲❛st ✇❡ ♣r♦✈❡ ❛ st❛♥❞❛r❞ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ❛r♦✉♥❞ t❤❡ s✉♠ ♦❢ N s♦❧✐t♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✹ ✭Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✮✳ ❚❤❡r❡ ❡①✐st T0 ≫ 1 ❛♥❞ 0 < δ0 ≪ 1 s✉❝❤ t❤❛t
✐❢ ~u(t) = (u(t), ∂tu(t)) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✮ ♦♥ [T1, T2]✱ ✇❤❡r❡ T0 6 T1 < T2 < +∞✱ s✉❝❤ t❤❛t ❢♦r ❛♥②
t ∈ [T1, T2]

‖~u(t)−
N∑

n=1

~Qn(t)‖H 6 δ0, ✭✹✳✸✼✮

t❤❡♥ t❤❡r❡ ❡①✐sts C1 ❢✉♥❝t✐♦♥s b = (bn,k)(n,k)∈I0 ♦♥ [T1, T2] s✉❝❤ t❤❛t✱ ~ε(t) ❜❡✐♥❣ ❞❡✜♥❡❞ ❜②

~ε(t) =

(
ε
η

)
= ~u(t)−

N∑

n=1

~Qn(t)−
∑

(n,k)∈I0
bn,k~Ψn,k ✭✹✳✸✽✮

t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞ ♦♥ [T1, T2]✱
✭✐✮ ❋✐rst ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❋♦r ❛❧❧ (n, k) ∈ I0 ❛♥❞ t ∈ [T1, T2]✱

(
~ε(t), ~Ψn,k(t))H = 0, |bn,k(t)| . ‖~u(t)−

N∑

n=1

~Qn(t)‖H. ✭✹✳✸✾✮

✭✐✐✮ ❊q✉❛t✐♦♥ ♦❢ ~ε✳ ■t ❤♦❧❞s
{
∂tε = η −Mod1,

∂tη = ∆ε+ f(U + V + ε)− f(U + V )−Mod2 +G
✭✹✳✹✵✮

✶✷✽



✹✳✸✳ ❉❊❈❖▼P❖❙■❚■❖◆ ❆❘❖❯◆❉ ❚❍❊ ❙❯▼ ❖❋ N ❙❖▲■❚❖◆❙

✇❤❡r❡
Mod1 =

∑

(n,k)∈I0
ḃn,kΨn,k ❛♥❞ Mod2 = −

∑

(n,k)∈I0
ḃn,kℓn∂x1Ψn,k.

✭✐✐✐✮ ❊st✐❛♠t❡s ❢♦r b✳ ❋♦r t ∈ [T1, T2]✱ ✇❡ ❤❛✈❡

∑

(n,k)∈I0
|ḃn,k(t)| . ‖~ε(t)‖H +

∑

(n,k)∈I0
|bn,k|2 + t−4. ✭✹✳✹✶✮

✭✐✈✮ ❯♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s✳ ▲❡t a±n,j =
(
~ε, ~Z±

n,j

)

L2
❢♦r ❛❧❧ (n, j) ∈ I✳ ❚❤❡♥

∣∣∣∣
d

dt
a±n,j(t)± αn,ja

±
n,j(t)

∣∣∣∣ . ‖~ε(t)‖2H +
∑

(n,k)∈I0
|bn,k|2 + t−4. ✭✹✳✹✷✮

✇❤❡r❡ αn,j = λn,j(1− ℓ2n)
1
2 > 0✳

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ▲❡t T0 ≫ 1✱ ✜① t > T0✳ ◆♦t❡ t❤❛t✱ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ ✭✹✳✸✾✮ ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ✐❞❡♥t✐t②✱

Mb =

((
~u−

N∑

n=1

~Qn, ~Ψn,k

)

H

)

(n,k)∈I0
,

✇❤❡r❡ b = (bn,k)(n,k)∈I0 ✇r✐tt❡♥ ✐♥ ♦♥❡ r♦✇ ❛♥❞

M =

((
~Ψn,k, ~Ψn′,k′

)

H

)

(n,k),(n′,k′)∈I0
.

▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✹✳✶✶ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ ~Ψn,k✱

M = diag (M1, . . . ,MN ) +O(t−2) ✇❤❡r❡ Mn =
(
(~Ψn,k, ~Ψn,k′)H

)

k,k′=1,...,Kn

.

◆♦t❡ t❤❛t ❢♦r ✜①❡❞ n✱ t❤❡ ❢❛♠✐❧②
(
~Ψn,k

)

k=1,...,Kn

❜❡✐♥❣ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ t❤❡ ●r❛♠ ♠❛tr✐① Mn

✐s ✐♥✈❡rt✐❜❧❡✳ ❍❡♥❝❡✱ M ✐s ✐♥✈❡rt✐❜❧❡✱ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ❛♥❞ M−1 ❤❛s ✉♥✐❢♦r♠ ♥♦r♠ ✐♥ t > T0✳
❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥

b = M−1

((
~u−

N∑

n=1

~Qn, ~Ψn,k

)

H

)

(n,k)∈I0

❛♥❞

|b| 6
∥∥M−1

∥∥
∥∥∥∥
((

~u−
N∑

n=1

~Qn, ~Ψn,k

)

H

)

(n,k)∈I0

∥∥∥∥ .

∥∥∥∥~u(t)−
N∑

n=1

~Qn(t)

∥∥∥∥
H
.

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❋✐rst✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~ε ✐♥ ✭✹✳✸✽✮

∂tε = ∂tu−
N∑

n=1

∂tQn −
∑

(n,k)∈I0
bn,k∂tΨn,k −

∑

(n,k)∈I0
ḃn,kΨn,k

= η −
∑

(n,k)∈I0
ḃn,kΨn,k.

✶✷✾
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❙❡❝♦♥❞✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✹✳✸✽✮ ❛♥❞ ✭✹✳✶✮✱

∂tη = ∂2t u+
N∑

n=1

∂t
(
ℓn∂x1Qn) +

∑

(n,k)∈I0
bn,k∂t(ℓn∂x1Ψn,k) +

∑

(n,k)∈I0
ḃn,k

(
ℓn∂x1Ψn,k

)

= ∆u+ f(u)−
N∑

n=1

ℓ2n∂
2
x1
Qn −

∑

(n,k)∈I0
bn,kℓ

2
n∂

2
x1
Ψn,k +

∑

(n,k)∈I0
ḃn,k(ℓn∂x1Ψn,k).

❋r♦♠ ✭✹✳✸✽✮✱ −(1 − ℓ2n)∂
2
x1
Qn − ∆̄Qn − f(Qn) = 0✱ −(1 − ℓ2n)∂

2
x1
Ψn,k − ∆̄Ψn,k − f ′(Qn)Ψn,k = 0 ❛♥❞

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G✱

∆u+ f(u)−
N∑

n=1

ℓ2n∂
2
x1
Qn −

∑

(n,k)∈I0
bn,kℓ

2
n∂

2
x1
Ψn,k

= ∆ε+ f(U + V + ε)− f(U + V ) +G.

❚❤❡r❡❢♦r❡✱
∂tη = ∆ε+ f(U + V + ε)− f(U + V ) +

∑

(n,k)∈I0
ḃn,kℓn∂x1Ψn,k +G.

Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❋✐rst✱ ✇❡ ❞❡❝♦♠♣♦s❡

f(U + V + ε)− f(U + V ) =

N∑

n=1

f ′(Qn)ε+R1 +R2 +R3,

✇❤❡r❡
R1 = f(U + V + ε)− f(U + V )− f ′(U + V )ε,

R2 =
(
f ′(U + V )− f ′(U)

)
ε, R3 =

(
f ′(U)−

N∑

n=1

f ′(Qn)

)
ε.

❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✹✳✹✵✮✱ ✇❡ ♦❜t❛✐♥

∂t~ε = ~L~ε− ~Mod + ~G+ ~R1 + ~R2 + ~R3, ✭✹✳✹✸✮

✇❤❡r❡
~L =

(
0 1

∆ +
∑N

n=1 f
′(Qn) 0

)
, ~Mod =

(
Mod1
Mod2

)
,

❛♥❞
~G =

(
0
G

)
, ~R1 =

(
0
R1

)
, ~R2 =

(
0
R2

)
, ~R3 =

(
0
R3

)
.

❲❡ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ (~ε, ~Ψn,k)H = 0 ✐♥ ✭✹✳✸✾✮ ❛♥❞ ✉s✐♥❣ ✭✹✳✹✸✮✱

0 =
d

dt
(~ε, ~Ψn,k)H =(∂t~ε, ~Ψn,k)H − (~ε, ∂t~Ψn,k)H

=( ~L~ε, ~Ψn,k)H −
∑

(n′,k′)∈I0
ḃn′,k′(~Ψn,k, ~Ψn′,k′)H +

(
~G, ~Ψn,k

)

H

+
(
~R1, ~Ψn,k

)

H
+
(
~R2 + ~R3, ~Ψn,k

)

H
−
(
~ε, ℓn∂x1

~Ψn,k

)

H
.

❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ ~Ψn,k✱ t❤❡ ✜rst t❡r♠ ✐s

( ~L~ε, ~Ψn,k)H =
(
J~ε, ~LJ~Ψn,k

)

H
= O (‖~ε‖H) .

✶✸✵
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❋r♦♠ ✭✹✳✸✻✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱
∣∣∣
(
~G, ~Ψn,k

)

H

∣∣∣ . ‖G‖L2 .
∑

(n,k)∈I0
|bn,k|2 + t−4.

◆❡①t✱ ❢r♦♠ ✭✹✳✸✵✮✱ ✭✹✳✸✶✮✱ ✭✹✳✸✷✮✱ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ ~Ψn,k✱
∣∣∣
(
~R1, ~Ψn,k

)

H

∣∣∣ .
∣∣∣
(
(|U | 13 + |V | 13 )ε2 + |ε| 73 , ∂x1Ψn,k

)

L2

∣∣∣ . ‖~ε‖2H,
∣∣∣
(
~R2 + ~R3, ~Ψn,k

)

H

∣∣∣+
∣∣∣
(
~ε, ℓn∂x1

~Ψn,k

)

H

∣∣∣ . ‖R2‖L2 + ‖R3‖L2 + ‖~ε‖H . ‖~ε‖H.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ ♣r♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r ❛❧❧ (n, k) ∈ I0✱

Mḃ = O

(
‖~ε‖H +

∑

(n,k)∈I0
|bn,k|2 + t−4

)
,

✇❤❡r❡ ḃ =
(
ḃn,k

)

(n,k)∈I0
✇r✐tt❡♥ ✐♥ ♦♥❡ r♦✇✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ t❤❡ ♠❛tr✐①M−1 ❜❡✐♥❣ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱

✇❡ ♦❜t❛✐♥ ✭✹✳✹✶✮✳
Pr♦♦❢ ♦❢ ✭✐✈✮✳ ❯s✐♥❣ ✭✹✳✹✸✮✱ ✇❡ ❝♦♠♣✉t❡

d

dt
a±n,j =

(
∂t~ε, ~Z

±
n,j

)

L2
+
(
~ε, ∂t ~Z

±
n,j

)

L2

=
(
~L~ε, ~Z±

n,j

)

L2
− ℓn

(
~ε, ∂x1

~Z±
n,j

)

L2
−
(
~Mod, ~Z±

n,j

)

L2

+
(
~G, ~Z±

n,j

)

L2
+
(
~R1, ~Z

±
n,j

)

L2
+
(
~R2, ~Z

±
n,j

)

L2
+
(
~R3, ~Z

±
n,j

)

L2
.

❋r♦♠ ✭✹✳✽✮✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ −J2 ✐s ✐❞❡♥t✐t② ♠❛tr✐①✱ ✇❡ ❤❛✈❡
(
~L~ε, ~Z±

n,j

)

L2
− ℓn

(
~ε, ∂x1

~Z±
n,j

)

L2
= −

(
~ε,HnJ~Z

±
n,j

)

L2
+
∑

n′ 6=n

(
ε, f ′(Qn′)Z±

n,j

)

L2

= ∓αn,ja
±
n,j +

∑

n′ 6=n

(
ε, f ′(Qn′)Z±

n,j

)

L2
,

✇❤❡r❡

Z±
n,j = ±αn,j

(
Y(n,j),ℓne

∓ ℓnλn,j√
1−ℓ2n

x1

)
(· − ℓnt) .

❇② ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠ ❛♥❞ ✭✐✮ ♦❢ ▲❡♠♠❛ ✹✳✶✶✱

∑

n′ 6=n

∣∣∣
(
ε, f ′(Qn′)Z±

n,j

)

L2

∣∣∣ .
∑

n′ 6=n

‖ε‖
L

10
3

∥∥∥f ′(Qn′)Z±
n,j

∥∥∥
L

10
7
. ‖~ε‖2H + t−4.

◆♦t❡ t❤❛t✱ ❢♦r ❛❧❧ (n, k) ∈ I0 ❛♥❞ (n, j) ∈ I✱ ✇❡ ❤❛✈❡
(
~Ψn,k,Hn

~Y ±
n,j

)

L2
=
(
Hn

~Ψn,k, ~Y
±
n,j

)

L2
= 0.

❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✐✮ ♦❢ ▲❡♠♠❛ ✹✳✶✶✱ ✭✹✳✹✶✮ ❛♥❞ ❝♦♥❝❡r♥✐♥❣ t❤❡ t❡r♠ ✇✐t❤ ~Mod✱

(
~Mod, ~Z±

n,j

)

L2
= −

∑

n′ 6=n

Kn′∑

k=1

ḃn′,k

(
~Ψn′,k, ~Z

±
n,j

)

L2
= O

(
‖~ε‖2H +

∑

(n,k)∈I0
|bn,k|2 + t−4

)
.

✶✸✶
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◆❡①t✱ ❢r♦♠ ✭✹✳✸✻✮ ❛♥❞ t❤❡ ❈❛✉❝❤② ❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱
∣∣∣
(
~G, ~Z±

n,j

)

L2

∣∣∣ . ‖G‖L2 .
∑

(n,k)∈I0
|bn,k|2 + t−4.

▲❛st✱ ❢r♦♠ ✭✹✳✸✵✮✱ ✭✹✳✸✶✮✱ ✭✹✳✸✷✮✱ ✭✐✮ ♦❢ ▲❡♠♠❛ ✹✳✶✶ ❛♥❞ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Z±
n,j ✱

∣∣∣
(
~R1, ~Z

±
n,j

)

L2

∣∣∣ .
∣∣∣
((

|U | 13 + |V | 13
)
|ε|2 + |ε| 73 , Z±

n,j

)

L2

∣∣∣ . ‖~ε‖2H,
∣∣∣
(
~R2, ~Z

±
n,j

)

L2

∣∣∣ . ‖ε‖
L

10
3
‖f ′(U + V )− f ′(U)‖L2 . ‖~ε‖2H +

∑

(n,k)∈I0
|bn,k|2,

∣∣∣
(
~R3, ~Z

±
n,j

)

L2

∣∣∣ . ‖ε‖
L

10
3

∥∥∥∥
∑

n′ 6=n

(
|Qn′ ||Qn|

1
3 + |Qn′ | 43

)
Z±
n,j

∥∥∥∥
L

10
7

. ‖~ε‖2H + t−4.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ ♣r♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r ❛❧❧ (n, j) ∈ I✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✹✷✮✳

✹✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ~u(t) ♦❢ ✭✹✳✶✮ s❛t✐s❢②✐♥❣ ✭✹✳✹✮ ✐♥ ❚❤❡♦r❡♠ ✹✳✸✳ ❲❡
❛r❣✉❡ ❜② ❝♦♠♣❛❝t♥❡ss ❛♥❞ ♦❜t❛✐♥ ~u(t) ❛s t❤❡ ❧✐♠✐t ♦❢ s✉✐t❛❜❧❡ ❛♣♣r♦①✐♠❛t❡ ♠✉❧t✐✲s♦❧✐t♦♥s ~um(t)✳

❲❡ st❛rt ✇✐t❤ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✇❤✐❝❤ ❝♦♥str✉❝ts ✇❡❧❧✲♣r❡♣❛r❡❞ ✐♥✐t✐❛❧ ❞❛t❛ ❛t t = T ≫ 1 ✇✐t❤
s✉✣❝✐❡♥t ❢r❡❡❞♦♠ r❡❧❛t❡❞ t♦ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s✳

▲❡♠♠❛ ✹✳✶✺✳ ▲❡t T ≫ 1 ❛♥❞ C ≫ 1✳ ❋♦r ❛♥② a = (an,j)(n,j)∈I ∈ R|I|✱ t❤❡r❡ ❡①✐sts

A = (ãn,j)(n,j)∈I ∈ R|I|, B = (b̃n,k)(n,k)∈I0 ∈ R|I0|,

s❛t✐s❢②✐♥❣ ∑

(n,j)∈I
|ãn,j |+

∑

(n,k)∈I
|b̃n,k| 6 C

∑

(n,j)∈I
|an,j |, ✭✹✳✹✹✮

s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ~ε(T ) ❞❡✜♥❡❞ ❜②

~ε(T ) =
∑

(n,j)∈I
ãn,j(a)~Z

+
n,j(T ) +

∑

(n,k)∈I0
b̃n,k(a)~Ψn,k(T ), ✭✹✳✹✺✮

s❛t✐s✜❡s ❢♦r ❛❧❧ (n, k) ∈ I0✱ (n, j) ∈ I✱
(
~ε(T ), ~Ψn,k(T )

)

H
= 0,

(
~ε(T ), ~Z+

n,j(T )
)

L2
= an,j . ✭✹✳✹✻✮

▼♦r❡♦✈❡r✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❞❡✜♥❡❞ ❜② ~u(T ) =
∑N

n=1
~Qn(T ) + ~ε(T ) ✐s ♠♦❞✉❧❛t❡❞ ✐♥ t❤❡ s❡♥s❡ ♦❢ Pr♦♣♦✲

s✐t✐♦♥ ✹✳✶✹ ✇✐t❤ bn,k(T ) = 0 ❢♦r ❛❧❧ (n, k) ∈ I0 ❛♥❞ a+n,j(T ) = an,j ❢♦r ❛❧❧ (n, j) ∈ I✳

Pr♦♦❢✳ ❖✉r ❣♦❛❧ ✐s t♦ s♦❧✈❡ ❢♦r A = (ãn,j)(n,j)∈I ❛♥❞ B = (b̃n,k)(n,k)∈I0 ✐♥ t❡r♠s ♦❢ a = (an,j)(n,j)∈I ✳
❋r♦♠ t❤❡ r❡❧❛t✐♦♥s✱ ❢♦r ❛❧❧ n = 1, . . . , N ✱

(
~Ψn,k, ~Z

+
n,j

)

L2
=
(
Hn

~Ψn,k, ~Y
+
n,j

)

L2
= 0

❛♥❞ ❢♦r ❛❧❧ n 6= n′✱
(
~Ψn,k(T ), ~Ψn′,k′(T )

)

H
= O(T−1),

(
~Ψn,k(T ), ~Z

+
n′,j(T )

)

H
= O(T−1),

✶✸✷
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(
~Z+
n,j(T ),

~Ψ+
n′,k(T )

)

L2
= O(T−1),

(
~Z+
n,j(T ),

~Z+
n′,j(T )

)

L2
= O(T−1),

t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✹✳✹✻✮ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ A ❛♥❞ B ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✱ ❢♦r
❛❧❧ (n, k) ∈ I0 ❛♥❞ (n, j) ∈ I✱

Jn∑

j=1

(
~Ψn,k(T ), ~Z

+
n,j(T )

)

H
ãn,j +

Kn∑

k′=1

(
~Ψn,k(T ), ~Ψn,k′(T )

)

H
b̃n,k′

=O

( ∑

n′ 6=n

( Jn′∑

j′=1

|ãn′,j′ |+
Kn′∑

k′=1

|b̃n′,k′ |
)
T−1

)
,

Jn∑

j′=1

(
~Z+
n,j′ ,

~Z+
n,j

)

L2
ãn,j′ = an,j +O

( ∑

n′ 6=n

( Jn′∑

j′=1

|ãn′,j′ |+
Kn′∑

k′=1

|b̃n′,k′ |
)
T−1

)
.

❙✐♥❝❡ t❤❡ ❢❛♠✐❧✐❡s
(
~Ψn,k

)

(n,k)∈I0
❛♥❞

(
~Z+
n,j

)

(n,j)∈I
❛r❡ ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥t✱ t❤❡ ❛❜♦✈❡ ❧✐♥❡❛r s②st❡♠ ✐s

✐♥✈❡rt✐❜❧❡ ❢♦r T ❧❛r❣❡ ❡♥♦✉❣❤✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s ♦❢ A = (ãn,j)(n,j)∈I ❛♥❞

B =
(
b̃n,k

)

(n,k)∈I0
❢♦r T ❧❛r❣❡ ❡♥♦✉❣❤✳

❚♦ ♦❜t❛✐♥ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❛♥② ✜♥✐t❡ t✐♠❡ ✐♥t❡r✈❛❧✱ ♥♦t ❥✉st ❛t ✐♥✐t✐❛❧ t✐♠❡✱ ✇❡ r❡❝❛❧❧ ❛ ♣r♦♣♦✲
s✐t✐♦♥ ❢r♦♠ ❬✻✼✱ ✻✾❪ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s ✇✐t❤ ✇❡❛❦ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✢♦✇✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✻✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t ǫ > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ▲❡t K ⊂ Ḣ1 × L2 ❜❡
❛ ❝♦♠♣❛❝t s❡t ❛♥❞ ❧❡t ~um : [T1, T2] → Ḣ1 × L2 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ ✭✹✳✶✮ s✉❝❤ t❤❛t

dist (~um(t),K) 6 ǫ, ❢♦r ❛❧❧ m ∈ N+ ❛♥❞ t ∈ [T1, T2].

❙✉♣♣♦s❡ t❤❛t ~um(T1) ⇀ ~u0 ✇❡❛❦❧② ✐♥ Ḣ1 × L2✳ ❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ ~u(t) ♦❢ ✭✹✳✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛
~u(T1) = ~u0 ✐s ❞❡✜♥❡❞ ❢♦r t ∈ [T1, T2] ❛♥❞

~um(T1)⇀ ~u(t), ✇❡❛❦❧② ✐♥ Ḣ1 × L2 ❢♦r ❛❧❧ t ∈ [T1, T2].

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ r❡s✉❧t ♦❢ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ st❛t❡❞
✐♥ ❬✹✺✱ Pr♦♣♦s✐t✐♦♥ ✷✳✽❪✳ ❙❡❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬✻✼✱ ❆♣♣❡♥❞✐① ❆✳✷❪ ❛♥❞ ❬✻✾✱ ❆♣♣❡♥❞✐①❪✳

▲❡t Tm = m ❢♦r ❛❧❧ m ∈ N+✳ ❋♦r am = (amn,j)(n,j)∈I ∈ R|I| s♠❛❧❧ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❧❛t❡r✱ ✇❡

❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ~um ∈ C
(
Tm
max; Ḣ

1 × L2
)
✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ~um(Tm) ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✹✳✶✺✳

❙✐♥❝❡ ~um(Tm) ∈ X✱ ❜② ♣❡rs✐st❡♥❝❡ ♦❢ r❡❣✉❧❛r✐t② ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✻✻✱ ❆♣♣❡♥❞✐① ❇❪✮✱ ✇❡ ❤❛✈❡ ~um ∈
C
(
Tm
max;X

)
✳ ❙✉❝❤ r❡❣✉❧❛r✐t② ✇✐❧❧ ❛❧❧♦✇ ❡♥❡r❣② ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤♦✉t ❞❡♥s✐t② ❛r❣✉♠❡♥t✱ s❡❡ ➓✹✳✹✳✸✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ✐s t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✼ ✭❯♥✐❢♦r♠ ❡st✐♠❛t❡s✮✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹✳✸✱ t❤❡r❡ ❡①✐st m0 ∈ N+

❛♥❞ T0 ≫ 1 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② m > m0✱ t❤❡r❡ ❡①✐st am = (amn,j)(n,j)∈I ∈ R|I| s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~um
♦❢ ✭✹✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ~um(Tm) ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✹✳✶✺ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✐♥ Ḣ1×L2 ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧
[T0, Tm] ❛♥❞ s❛t✐s✜❡s

∀t ∈ [T0, Tm],

∥∥∥∥~um(t)−
N∑

n=1

~Qn(t)

∥∥∥∥
H
6 t−

8
5 . ✭✹✳✹✼✮

✶✸✸
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✹✳✹✳✶ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✶✼

❲❡ ❢♦❧❧♦✇ t❤❡ str❛t❡❣② ❜② ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ❛♥❞ ❝♦♠♣❛❝t♥❡ss ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✻✾✱ ✽✸✱ ✽✹❪✳ ❈♦♥s✐❞❡r t❤❡
s♦❧✉t✐♦♥ ~um(t) ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✼✳ ❖♥ t❤❡ ✐♥t❡r✈❛❧ [T0, Tm]✱ ❢r♦♠ ✭✹✳✹✼✮✱ ✇❡ ❦♥♦✇ t❤❛t✱ t❤❡r❡
❡①✐sts T0 ≫ 1 s✉❝❤ t❤❛t

∀t ∈ [T0, Tm],

∥∥∥∥~um(t)−
N∑

n=1

~Qn(t)

∥∥∥∥
H
6 ǫ,

✇❤❡r❡ ǫ > 0 ✐s t❤❡ ❝♦♥st❛♥t ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✻✳
❋r♦♠ t❤❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ✐♥ ✭✹✳✹✼✮ ❛t T = T0✱ ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱

t❤❡r❡ ❡①✐sts ~u0 = (u0, u1) ∈ Ḣ1 × L2 s✉❝❤ t❤❛t

~um(T0)⇀ ~u0 ✐♥ Ḣ1 × L2 − weak ❛s m→ ∞.

❋✐① T > T0✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✶✻ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝♦♠♣❛❝t s❡t

K =

{
N∑

n=1

~Qn(t) ∈ Ḣ1 × L2, t ∈ [T0, T ]

}
,

t❤❡ s♦❧✉t✐♦♥ ~u(t) ♦❢ ✭✹✳✶✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ~u(T0) = ~u0 ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ✐t ❤♦❧❞s ~um(t)⇀ ~u(t) ✇❡❛❦❧②
✐♥ Ḣ1 × L2 ♦♥ [T0, T ]✳ ❇② ✭✹✳✹✼✮ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡✱ t❤❡ s♦❧✉t✐♦♥ ~u s❛t✐s✜❡s✱ ❢♦r
❛❧❧ t ∈ [T0, T ]✱

∥∥∥∥~u(t)−
N∑

n=1

~Qn(t)

∥∥∥∥
H
6 lim

m→∞

∥∥∥∥~um(t)−
N∑

n=1

~Qn(t)

∥∥∥∥
H
6 t−

8
5 .

❙✐♥❝❡ T > T0 ✐s ❛r❜✐tr❛r②✱ t❤❡ s♦❧✉t✐♦♥ ~u ✐s ❞❡✜♥❡❞ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✸ ♦♥
[T0,∞)✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✶✼ ✐s ❝♦♠♣❧❡t❡✳

❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✼✳

✹✳✹✳✷ ❇♦♦tstr❛♣ s❡tt✐♥❣

❋♦r 0 < t 6 Tm✱ ❛s ❧♦♥❣ ❛s ~um(t) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ Ḣ1 × L2 ❛♥❞ s❛t✐s✜❡s ✭✹✳✸✼✮✱ ✇❡ ❞❡❝♦♠♣♦s❡ ~um(t)
❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡♥♦t❡ ❜② ~ε = (ε, η)✱ b = (bn,k)(n,k)∈I0 ✱ (a

±
n,j)(n,j)∈I t❤❡

♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ~um✳

❚♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✳✶✼✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s✿

‖~ε(t)‖H 6 t−
29
10 ,

∑

(n,k)∈I0
|bn,k(t)| 6 t−

9
5 ,

∑

(n,j)∈I
|a+n,j(t)|2 6 t−6,

∑

(n,j)∈I
|a−n,j(t)|2 6 t−

59
10 .

✭✹✳✹✽✮

❋♦r am ∈ BR|I|

(
T−3
m

)
✱ s❡t

T∗(am) = inf{t ∈ [T0, Tm]; ~um s❛t✐s✜❡s ✭✹✳✸✼✮ ❛♥❞ ✭✹✳✹✽✮ ❤♦❧❞s ♦♥ [t, Tm]}. ✭✹✳✹✾✮

◆♦t❡ t❤❛t✱ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✼✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts T0 ≫ 1 ✭✐♥❞❡♣❡♥❞❡♥t
✇✐t❤ m✮ ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ❛t ❧❡❛st ♦♥❡ ❝❤♦✐❝❡ ♦❢ am ∈ BR|I|

(
T−3
m

)
s✉❝❤ t❤❛t T∗(am) = T0✳

✶✸✹
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✹✳✹✳✸ ❊♥❡r❣② ❢✉♥❝t✐♦♥❛❧

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②
−1 < ℓ1 < · · · < ℓN < 1.

❉❡♥♦t❡
ℓ∗ = max

n
(|ℓn|) < 1.

❋♦r

0 < δ <
1

100
min
n

(ℓn+1 − ℓn)

s♠❛❧❧ ❡♥♦✉❣❤ t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ ✇❡ ❞❡♥♦t❡

ℓ̄n = ℓn + δ(ℓn+1 − ℓn), ❢♦r n = 1, . . . , N − 1,

ℓn = ℓn − δ(ℓn − ℓn−1), ❢♦r n = 2, . . . , N.

❋♦r t > 0✱ ❞❡♥♦t❡

Ω(t) =
((
ℓ̄1t, ℓ2t

)
∪ . . . ∪

(
ℓ̄N−1t, ℓN t

))
× R4, ΩC(t) = R5 \ Ω(t).

❲❡ ❞❡✜♥❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ χN (t, x) = χN (t, x1) ❛s ❢♦❧❧♦✇ ✭s❡❡ ❬✽✺✱ ✶✶✶❪ ❢♦r ❛ s✐♠✐❧❛r ❝❤♦✐❝❡ ♦❢
❝✉t✲♦✛ ❢✉♥❝t✐♦♥✮✱ ❢♦r t > 0✱





χN (t, x) = ℓ1 ❢♦r x1 ∈ (−∞, ℓ̄1t],

χN (t, x) = ℓn ❢♦r x1 ∈ [ℓnt, ℓ̄nt]✱ ❢♦r n ∈ {2, . . . , N − 1}✱
χN (t, x) = ℓN ❢♦r x1 ∈ [ℓN t,+∞),

χN (t, x) =
x1

(1− 2δ)t
− δ

1− 2δ
(ℓn+1 + ℓn) ❢♦r x1 ∈ [ℓ̄nt, ℓn+1t]✱ n ∈ {1, . . . , N − 1}.

✭✹✳✺✵✮

◆♦t❡ t❤❛t 



∂x1χN (t, x) =
1

(1− 2δ)t
❢♦r x ∈ Ω(t),

∂tχN (t, x) = −1

t

x1
(1− 2δ)t

❢♦r x ∈ Ω(t),

∂tχN (t, x) = 0, ∇χN (t, x) = 0, ❢♦r x ∈ ΩC(t).

✭✹✳✺✶✮

❲❡ ❞❡✜♥❡ ✭s❡❡ ❬✽✺✱ ✽✽✱ ✶✶✶❪ ❢♦r s✐♠✐❧❛r ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧✮

K(t) = F(t)− G(t) = E(t) + P(t)− G(t)

✇❤❡r❡

E(t) =
∫

R5

(
|∇ε|2 + η2 − 2(F (U + V + ε)− F (U + V )− f(U + V )ε)

)
dx,

P(t) = 2

∫

R5

(
χN (t, x)∂x1ε(t, x))η(t, x)dx ❛♥❞ G(t) = 2

∫

R5

ε(t, x)G3(t, x)dx.

❲❡ st❛rt ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✶✽✳ ▲❡t W ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

|W (x)| . 〈x〉−(4+α) ❢♦r ❛❧❧ x ∈ R5, ✭✹✳✺✷✮

✇❤❡r❡ α > 0✳ ❋♦r ❛❧❧ n = 1, . . . , N ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✳

✭✐✮ ❊st✐♠❛t❡ ♦❢ L
10
7 ♥♦r♠✳

‖(ℓn − χN )W (x− ℓnt)‖
L

10
7
. t−( 1

2
+α). ✭✹✳✺✸✮

✶✸✺
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✭✐✐✮ ❊st✐♠❛t❡ ♦❢ L2 ♥♦r♠✳

‖(ℓn − χN )W (x− ℓnt)‖L2 . t−( 3
2
+α). ✭✹✳✺✹✮

✭✐✐✐✮ ❊st✐♠❛t❡ ♦❢ L
10
3 ♥♦r♠✳

‖(ℓn − χN )W (x− ℓnt)‖
L

10
3
. t−( 5

2
+α). ✭✹✳✺✺✮

Pr♦♦❢✳ ❋r♦♠ ✭✹✳✺✷✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ χN ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱
∫

R5

|ℓn − χN | 107 |W (x− ℓnt)|
10
7 dx .

∫

|x|>δ2t
〈x〉− 10

7
(4+α)dx

.

∫ ∞

δ2t

r4

(1 + r2)
5
7
(4+α)

dr . t−
10
7
( 1
2
+α),

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✹✳✺✸✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✹✳✺✹✮ ❛♥❞ ✭✹✳✺✺✮ ❢♦❧❧♦✇s ❢r♦♠ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛♥❞ ✐t ✐s ♦♠✐tt❡❞✳

❯♥❞❡r t❤❡ ❜♦♦tstr❛♣ s❡tt✐♥❣ ✭✹✳✹✽✮✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✾✳ ❚❤❡r❡ ❡①✐sts 0 < ν ≪ 1 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ❈♦❡r❝✐✈✐t②✳

ν‖~ε(t)‖2H 6 K(t) + ν−1t−
59
10 . ✭✹✳✺✻✮

✭✐✐✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ K✳

− d

dt
(t2K)(t) 6 ν−1t−

49
10 . ✭✹✳✺✼✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❲❡ s❡t

FΩ(t) =

∫

Ω

(
|∇ε|2 + η2 + 2

(
χN∂x1ε

)
η
)
dx, FΩC (t) =

∫

ΩC

(
|∇ε|2 + η2

)
dx.

❋✐rst✱ ❢r♦♠ |χN | 6 ℓ̄ < 1✱

FΩ = ℓ̄

∫

Ω

(χN

ℓ̄
∂x1ε+ η

)2
dx+

∫

Ω

((
1− χ2

N

ℓ̄

)
(∂x1ε)

2 + (1− ℓ̄)η2 + |∇ε|2
)
dx

> ℓ̄

∫

Ω

(χN

ℓ̄
∂x1ε+ η

)2
dx+ (1− ℓ̄)

∫

Ω

(
|∇ε|2 + η2

)
dx.

✭✹✳✺✽✮

❙❡❝♦♥❞✱ ❜② ✭✹✳✹✽✮ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❢♦r ♣r♦❞✉❝t✱

∣∣G(t)
∣∣ .

( ∑

(n,k)∈I0
|bn,k|2

)
‖~ε‖H . t−

13
2 . ✭✹✳✺✾✮

❚❤❡r❡❢♦r❡ t❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ❢♦r K ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣❡r ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt②✱
❢♦r s♦♠❡ α > 0✱

F(t) > FΩ(t) + µFΩC (t)− µ−1t−
59
10 − µ−1t−α‖~ε‖2H − µ−1‖~ε‖3H. ✭✹✳✻✵✮

❚❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ✭✹✳✻✵✮ ✐s ❛ st❛♥❞❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧♦❝❛❧✐③❡❞ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ❛r♦✉♥❞
♦♥❡ ❡①❝✐t❡❞ s♦❧✐t❛r② ✇❛✈❡ qℓ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✵ ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② r❡❧❛t✐♦♥s ✭✹✳✸✾✮✱ ❛♥❞ ❛♥ ❡❧❡✲
♠❡♥t❛r② ❧♦❝❛❧✐③❛t✐♦♥ ❛r❣✉♠❡♥t✳ ❲❡ r❡❢❡r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❬✽✺✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ✭✐✐✮❪ ❛♥❞ ❬✶✶✶✱ ▲❡♠♠❛ ✺✳✹
✭✐✐✮❪ ❢♦r ❛ s✐♠✐❧❛r ♣r♦♦❢✳

✶✸✻
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Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❙t❡♣ ✶✳ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ E ✳ ❲❡ ❝❧❛✐♠

d

dt
E =2

∫

R5

Mod1
(
∆ε+ f ′(U)ε

)
dx− 2

∫

R5

ηMod2dx+ 2

∫

R5

ηG3dx

+2

N∑

n=1

∫

R5

ℓn∂x1Qn

(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx+O

(
t−

69
10
)
.

✭✹✳✻✶✮

❲❡ ❞❡❝♦♠♣♦s❡

d

dt
E = I1 + I2 + I3 + I4,

✇❤❡r❡

I1 = −2

∫

R5

∂tU
(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx,

I2 = −2

∫

R5

∂tV
(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx,

I3 = 2

∫

R5

∂tε
(
−∆ε− f(U + V + ε) + f(U + V )

)
dx, I4 = 2

∫

R5

η∂tηdx.

❊st✐♠❛t❡ ♦♥ I1✳ ❲❡ ❝❧❛✐♠

I1 = 2

N∑

n=1

∫

R5

ℓn∂x1Qn

(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx. ✭✹✳✻✷✮

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

∂tU =
N∑

n=1

∂tQn = −
N∑

n=1

ℓn∂x1Qn,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✹✳✻✷✮✳
❊st✐♠❛t❡ ♦♥ I2✳ ❲❡ ❝❧❛✐♠

|I2| . t−7. ✭✹✳✻✸✮

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱

∂tV =
∑

(n,k)∈I0
ḃn,kΨn,k −

∑

(n,k)∈I0
bn,kℓn∂x1Ψn,k.

❚❤✉s✱ ❢r♦♠ ✭✹✳✸✷✮✱ ✭✹✳✹✶✮✱ ✭✹✳✹✽✮✱ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Ψn,k✱

|I2| .
∑

(n,k)∈I0

∫

R5

(
|ḃn,k||Ψn,k|+ |bn,k||ℓn∂x1Ψn,k|

)((
|U | 13 + |V | 13

)
|ε|2 + |ε| 73

)
dx

.
∑

(n,k)∈I0

(
‖~ε‖H + |bn,k|+ t−4

)
‖~ε‖2H . t−

87
10 + t−

38
5 + t−7 . t−7,

✇❤✐❝❤ ♠❡❛♥s ✭✹✳✻✸✮✳
❊st✐♠❛t❡ ♦♥ I3✳ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡

I3 =− 2

∫

R5

η
(
∆ε+ f(U + V + ε)− f(U + V )

)
dx

+ 2

∫

R5

Mod1
(
∆ε+ f ′(U)ε

)
dx+O(t−7).

✭✹✳✻✹✮

✶✸✼



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✭✹✳✹✵✮✱

I3 =− 2

∫

R5

η
(
∆ε+ f(U + V + ε)− f(U + V )

)
dx

+ 2

∫

R5

Mod1
(
∆ε+ f ′(U)ε

)
dx+ I3,1 + I3,2,

✇❤❡r❡

I3,1 = 2

∫

R5

Mod1
(
f ′(U + V )− f ′(U)

)
εdx,

I3,2 = 2

∫

R5

Mod1
(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx.

❇② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✭✹✳✸✶✮✱ ✭✹✳✸✷✮✱ ✭✹✳✹✶✮ ❛♥❞ ✭✹✳✹✽✮✱

|I3,1| . ‖Mod1‖
L

10
3
‖f ′(U + V )− f ′(U)‖

L
5
2
‖ε‖

L
10
3

.
∑

(n,k)∈I0
|bn,k|

(
‖~ε‖H +

∑

(n′,k′)∈I0
|bn′,k′ |2 + t−4

)
‖~ε‖H

. t−
9
5

(
t−

29
10 + t−

18
5 + t−4

)
t−

29
10 . t−7,

|I3,2| . ‖Mod1‖
L

10
3
‖f(U + V + ε)− f(U + V )− f ′(U + V )ε‖

L
10
7

.

(
‖~ε‖H +

∑

(n,k)∈I0
|bn,k|2 + t−4

)
‖~ε‖2H .

(
t−

29
10 + t−

18
5 + t−4

)
t−

29
5 . t−7.

❲❡ s❡❡ t❤❛t ✭✹✳✻✹✮ ❢♦❧❧♦✇s ❢r♦♠ ❛❜♦✈❡ ❡st✐♠❛t❡s✳
❊st✐♠❛t❡ ♦♥ I4✳ ❲❡ ❝❧❛✐♠

I4 = 2

∫

R5

η
(
∆ε+ f(U + V + ε)− f(U + V )

)
dx

− 2

∫

R5

ηMod2dx+ 2

∫

R5

ηG3dx+O
(
t−

69
10
)
.

✭✹✳✻✺✮

❲❡ ❝♦♠♣✉t❡✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✹✳✹✵✮✱

I4 =2

∫

R5

η
(
∆ε+ f(U + V + ε)− f(U + V )

)
dx

−2

∫

R5

ηMod2dx+ 2

∫

R5

ηG3dx+ 2

∫

R5

ηG1dx+ 2

∫

R5

η(G2 −G3)dx.

■♥❞❡❡❞✱ ❢r♦♠ ✭✹✳✸✹✮✱ ✭✹✳✸✺✮ ❛♥❞ ✭✹✳✹✽✮✱ ✇❡ ♦❜t❛✐♥
∣∣∣∣
∫

R5

ηG1dx

∣∣∣∣+
∣∣∣∣
∫

R5

η(G2 −G3)dx

∣∣∣∣ . ‖η‖L2 (‖G1‖L2 + ‖G2 −G3‖L2)

. ‖η‖L2

( ∑

(n,k)∈I0
|bn,k|

7
3 + t−4

)
. t−

69
10 ,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✹✳✻✺✮✳
■♥ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❡st✐♠❛t❡s ✭✹✳✻✷✮✱ ✭✹✳✻✸✮✱ ✭✹✳✻✹✮ ❛♥❞ ✭✹✳✻✺✮✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✻✶✮✳
❙t❡♣ ✷✳ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ P✳ ❲❡ ❝❧❛✐♠

d

dt
P = − 1

(1− 2δ)t

∫

Ω

(
η2 + (∂x1ε)

2 + 2
x1
t
(∂x1ε)η − |∇ε|2

)
dx

− 2

N∑

n=1

∫

R5

χN∂x1Qn

(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx

− 2

∫

R5

χN (η∂x1Mod1 +Mod2∂x1ε) dx+ 2

∫

R5

χN (∂x1ε)G3dx+O(t−
69
10 ).

✭✹✳✻✻✮

✶✸✽
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❲❡ ❞❡❝♦♠♣♦s❡

d

dt
P = 2

∫

R5

(∂tχN )(∂x1ε)ηdx+ 2

∫

R5

χN∂t
(
(∂x1ε)η

)
dx = I5 + I6. ✭✹✳✻✼✮

❊st✐♠❛t❡ ♦♥ I5✳ ❋r♦♠ ✭✹✳✺✶✮✱ ✇❡ ♦❜t❛✐♥

I5 = − 2

(1− 2δ)t

∫

Ω

x1
t
(∂x1ε)ηdx. ✭✹✳✻✽✮

❊st✐♠❛t❡ ♦♥ I6✳ ❲❡ ❝❧❛✐♠

I6 = − 1

(1− 2δ)t

∫

Ω

(
η2 + (∂x1ε)

2 − |∇ε|2
)
dx

− 2
N∑

n=1

∫

R5

χN∂x1Qn

(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx

− 2

∫

R5

χN (η∂x1Mod1 +Mod2∂x1ε) dx+ 2

∫

R5

χN (∂x1ε)G3dx+O(t−
69
10 ).

✭✹✳✻✾✮

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ❞❡❝♦♠♣♦s❡

I6 = 2

∫

R5

χN (∂x1(∂tε)) ηdx+ 2

∫

R5

χN (∂x1ε)∂tηdx = I6,1 + I6,2.

❋r♦♠ ✭✹✳✹✵✮✱ ✭✹✳✺✶✮✱ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

I6,1 = − 1

(1− 2δ)t

∫

Ω
η2dx− 2

∫

R5

χN (η∂x1Mod1) dx. ✭✹✳✼✵✮

❯s✐♥❣ ❛❣❛✐♥ ✭✹✳✹✵✮✱ ✭✹✳✺✶✮✱ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

I6,2 = − 1

(1− 2δ)t

∫

Ω

(
(∂x1ε)

2 − |∇ε|2
)
dx− 2

∫

R5

χN (∂x1ε)Mod2dx

+ 2

∫

R5

χN (∂x1ε)G3dx+ 2

∫

R5

χN∂x1ε (f(U + V + ε)− f(U + V )) dx

+ 2

∫

R5

χN (∂x1ε)G1dx+ 2

∫

R5

χN (∂x1ε)(G2 −G3)dx.

✭✹✳✼✶✮

◆♦t❡ t❤❛t✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

2

∫

R5

χN∂x1ε (f(U + V + ε)− f(U + V )) dx

=− 2
N∑

n=1

∫

R5

χN∂x1Qn

(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx+ I1

6 + I2
6 ,

✇❤❡r❡

I1
6 = − 2

(1− 2δ)t

∫

Ω
(F (U + V + ε)− F (U + V )− f(U + V )ε) dx,

I2
6 = −2

∑

(n,k)∈I0
bn,k

∫

R5

χN∂x1Ψn,k

(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx.

❋r♦♠ ✭✹✳✸✸✮✱ ✭✹✳✹✽✮✱ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Qn ❛♥❞ Ψn,k ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠✱

∣∣I1
6

∣∣ . t−1

∫

Ω

(
(|U | 43 + |V | 43 )ε2 + ε

10
3

)
dx

. t−1

(
t−1‖~ε‖2H + ‖~ε‖

10
3
H

)
. t−1(t−

34
5 + t−

29
3 ) . t−7.

✶✸✾
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❋r♦♠ ✭✹✳✸✷✮✱ ✭✹✳✹✽✮ ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠✱

∣∣I2
6

∣∣ .
∑

(n,k)∈I0
|bn,k|

∫

R5

|∂x1Ψn,k|
(
(|U | 13 + |V | 13 )|ε|2 + |ε| 73

)
dx

.
∑

(n,k)∈I0
|bn,k|

(
‖~ε‖2H + ‖~ε‖

7
3
H

)
. t−

9
5 (t−

29
5 + t−

20
3 ) . t−

38
5 .

◆❡①t✱ ❜② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✭✹✳✸✹✮✱ ✭✹✳✸✺✮ ❛♥❞ ✭✹✳✹✽✮✱
∣∣∣∣
∫

R5

χN (∂x1ε)G1dx

∣∣∣∣+
∣∣∣∣
∫

R5

χN (∂x1ε)(G2 −G3)dx

∣∣∣∣

. ‖∂x1ε‖L2 (‖G1‖L2 + ‖G2 −G3‖L2)

. ‖∂x1ε‖L2

( ∑

(n,k)∈I0
|bn,k|

7
3 + t−4

)
. t−

29
10

(
t−

21
5 + t−4

)
. t−

69
10 .

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✻✾✮✳
■♥ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❡st✐♠❛t❡s ✭✹✳✻✽✮ ❛♥❞ ✭✹✳✻✾✮✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✻✻✮✳
❙t❡♣ ✸✳ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ G✳ ❲❡ ❝❧❛✐♠

d

dt
G = 2

∫

R5

ηG3dx+ 2

N∑

n=1

∫

R5

ℓn(∂x1ε)G3,ndx+O(t−7). ✭✹✳✼✷✮

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

d

dt
G = 2

∫

R5

ηG3dx+ 2
N∑

n=1

∫

R5

ℓn(∂x1ε)G3,ndx+ I7 + I8 + I9,

✇❤❡r❡

I7 =
N∑

n=1

Kn∑

k,k′=1

ḃn,kbn,k′

∫

R5

ε
(
f ′′(Qn)Ψn,kΨn,k′

)
dx,

I8 = −
N∑

n=1

Kn∑

k=1

ḃn,k

∫

R5

Ψn,kG3,ndx ❛♥❞ I9 = −
∑

n 6=n′

Kn∑

k=1

ḃn,k

∫

R5

Ψn,kG3,n′dx.

❋✐rst✱ ❢r♦♠ ✭✹✳✹✶✮✱ ✭✹✳✹✽✮ ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✱

|I7| .
N∑

n=1

Kn∑

k,k′=1

∣∣∣ḃn,kbn,k′
∣∣∣
∫

R5

|ε|
∣∣f ′′(Qn)Ψn,kΨn,k′

∣∣ dx

.
∑

(n,k)∈I0
|bn,k|‖~ε‖H

(
‖~ε‖H +

∑

(n,k)∈I0
b2n,k + t−4

)

. t−
9
5

(
t−

29
10 + t−

18
5 + t−4

)
t−

29
10 . t−7.

◆❡①t✱ ❢r♦♠ ✭✐✐✐✮ ♦❢ ▲❡♠♠❛ ✹✳✽✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ (n, k) ∈ I0✱

∫

R5

Ψn,kG3,ndx =
1

2

Kn∑

k′,k′′=1

bn,k′bn,k′′

∫

R5

Ψn,k

(
f ′′(Qn)Ψn,k′Ψn,k′′

)
dx

=
1

2

K∑

k′,k′′=1

bn,k′bn,k′′(1− ℓ2n)
1
2

∫

R5

f ′′(Q) (ΨkΨk′Ψk′′) dx = 0.

✶✹✵
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■t ❢♦❧❧♦✇s t❤❛t I8 = 0✳ ▲❛st✱ ❢r♦♠ ▲❡♠♠❛ ✹✳✶✶✱ ✭✹✳✹✶✮ ❛♥❞ ✭✹✳✹✽✮✱

|I9| .
∑

n′ 6=n

Kn∑

k=1

Kn′∑

k′,k′′=1

∣∣ḃn,kbn′,k′bn′,k′′
∣∣
∫

R5

∣∣Ψn,k

(
f ′′(Qn′)Ψn′,k′Ψn′,k′′

)∣∣ dx

. t−1
∑

(n,k)∈I0
b2n,k

(
‖~ε‖H +

∑

(n,k)∈I0
b2n,k + t−4

)

. t−1
(
t−

29
10 + t−

18
5 + t−4

)
t−

18
5 . t−7.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✼✷✮✳
❙t❡♣ ✹✳ ❈♦♥❝❧✉s✐♦♥✳ ❈♦♠❜✐♥✐♥❣ ❡st✐♠❛t❡s ✭✹✳✻✶✮✱ ✭✹✳✻✻✮ ❛♥❞ ✭✹✳✼✷✮✱ ✇❡ ♦❜t❛✐♥

d

dt
K = J1 + J2 + J3 + J4 + J5 +O

(
t−

69
10
)
.

✇❤❡r❡

J1 = − 1

(1− 2δ)t

∫

Ω

(
η2 + (∂x1ε)

2 + 2
x1
t
(∂x1ε)η − |∇ε|2

)
dx,

J2 = 2

∫

R5

(
∆ε+ f ′(U)ε

)
Mod1dx− 2

∫

R5

χN (∂x1ε)Mod2dx,

J3 = 2

N∑

n=1

∫

R5

(ℓn − χN ) ∂x1Qn

(
f(U + V + ε)− f(U + V )− f ′(U + V )ε

)
dx,

J4 = −2

∫

R5

η (Mod2 + χN∂x1Mod1) dx, J5 = 2

N∑

n=1

∫

R5

(χN − ℓn) (∂x1ε)G3,ndx.

❊st✐♠❛t❡ ♦♥ J1✳ ❋♦r 0 < δ ≪ 1 s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❝❧❛✐♠

− J1 6 2t−1K +O
(
t−

69
10
)
. ✭✹✳✼✸✮

❋r♦♠ ✭✹✳✺✻✮✱ ✭✹✳✺✽✮✱ ✭✹✳✺✾✮ ❛♥❞ ✭✹✳✻✵✮✱ ✇❡ ❤❛✈❡

−(1− 2δ)tJ1 =ℓ̄

∫

Ω

(χN

ℓ̄
∂x1ε+ η

)2
dx+

∫

Ω

((
1− χ2

N

ℓ̄

)
(∂x1ε)

2 − |∇ε|2
)
dx

+ (1− ℓ̄)

∫

Ω
η2dx+ 2

∫

Ω

(x1
t

− χN

)
(∂x1ε)ηdx

6FΩ +O
(
δ‖~ε‖2H(Ω)

)
6 (1 +O(δ + T−α

0 ))K +O
(
t−

59
10
)
.

▲❡tt✐♥❣ δ s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ T0 ❧❛r❣❡ ❡♥♦✉❣❤ ✐♥ ❛❜♦✈❡ ❡st✐♠❛t❡✱ ✇❡ ♦❜t❛✐♥ ✭✹✳✼✸✮✳
❊st✐♠❛t❡ ♦♥ J2✳ ❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✭✹✳✺✶✮ ❛♥❞ −(1− ℓ2n)∂

2
x1
Ψn,k − ∆̄Ψn,k − f ′(Qn)Ψn,k = 0

❢♦r ❛❧❧ (n, k) ∈ I0✱ ✇❡ ❤❛✈❡
J2 = J2,1 + J2,2 + J2,3,

✇❤❡r❡

J2,1 =
2

(1− 2δ)t

∫

Ω
εMod2dx,

J2,2 = 2
∑

(n,k)∈I0
ḃn,k

∫

R5

ε (ℓn − χN ) ℓn∂
2
x1
Ψn,kdx,

J2,3 = 2
∑

(n,k)∈I0
ḃn,k

∫

R5

ε
(
f ′(U)− f ′(Qn)

)
Ψn,kdx.

✶✹✶
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❋r♦♠ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✭✹✳✹✶✮✱ ✭✹✳✹✽✮✱ ✭✹✳✺✸✮ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Ψn,k✱

|J2,1| . t−1‖ε‖
L

10
3

∑

(n,k)∈I0
|ḃn,k|‖∂x1Ψn,k‖

L
10
7 (Ω)

. t−
3
2 ‖~ε‖H

(
‖~ε‖H +

∑

(n,k)∈I0
|bn,k|2 + t−4

)
. t−7,

|J2,2| . ‖ε‖
L

10
3

∑

(n,k)∈I0
|ḃn,k|

∥∥(ℓn − χN )∂2x1
Ψn,k

∥∥
L

10
7

. t−
3
2 ‖~ε‖H

(
‖~ε‖H +

∑

(n,k)∈I0
|bn,k|2 + t−4

)
. t−7.

❋r♦♠ ✭✐✮ ♦❢ ▲❡♠♠❛ ✹✳✶✶ ❛♥❞ ✭✹✳✸✷✮✱
∥∥(f ′(U)− f ′(Qn)

)
Ψn,k

∥∥
L

10
7

.
∑

n′ 6=n

∥∥∥|Qn|
1
3 |Qn′ |Ψn,k

∥∥∥
L

10
7
+
∑

n′ 6=n

∥∥∥|Qn′ | 43Ψn,k

∥∥∥
L

10
7
. t−2.

❚❤✉s✱ ❜② ✭✹✳✹✶✮✱ ✭✹✳✹✽✮ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱

|J2,3| . ‖ε‖
L

10
3

∑

(n,k)∈I0
|ḃn,k|

∥∥(f ′(U)− f ′(Qn)
)
Ψn,k

∥∥
L

10
7

. t−2‖~ε‖H
(
‖~ε‖H +

∑

(n,k)∈I0
|bn,k|2 + t−4

)
. t−7.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥

|J2| . |J2,1|+ |J2,2|+ |J2,3| . t−7. ✭✹✳✼✹✮

❊st✐♠❛t❡ ♦♥ J3✳ ❋r♦♠ ✭✹✳✸✷✮✱ ✭✹✳✹✽✮✱ ✭✹✳✺✺✮✱ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s
♦❢ Qn✱

|J3| .
N∑

n=1

‖(ℓn − χN )∂x1Qn‖
L

10
3

∥∥∥
(
|U | 13 + |V | 13

)
|ε|2 + |ε| 73

∥∥∥
L

10
7

. ‖~ε‖2H
N∑

n=1

‖(ℓn − χN )∂x1Qn‖
L

10
3
. t−7.

✭✹✳✼✺✮

❊st✐♠❛t❡ ♦♥ J4✳ ◆♦t❡ t❤❛t✱

Mod2 + χN∂x1Mod1 = −
∑

(n,k)∈I0
ḃn,k (ℓn − χN ) ∂x1Ψn,k.

❚❤❡r❡❢♦r❡✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✭✹✳✹✶✮✱ ✭✹✳✹✽✮ ❛♥❞ ✭✹✳✺✹✮✱

|J4| . ‖η‖L2

∑

(n,k)∈I0
|ḃn,k|‖ (ℓn − χN ) ∂x1Ψn,k‖L2

. t−
3
2 ‖~ε‖H

(
‖~ε‖H +

∑

(n,k)∈I0
|bn,k|2 + t−4

)
. t−7.

✭✹✳✼✻✮

❊st✐♠❛t❡ ♦♥ J5✳ ❋r♦♠ ✭✹✳✹✽✮✱ ✭✹✳✺✹✮ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱

|J5| . ‖∂x1ε‖L2

∑

(n,k)∈I0
|bn,k|2‖(ℓn − χN )f ′′(Qn)Ψ

2
n,k‖L2 . t−7. ✭✹✳✼✼✮

✶✹✷
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■♥ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❡st✐♠❛t❡s ✭✹✳✼✸✮✱ ✭✹✳✼✹✮✱ ✭✹✳✼✺✮✱ ✭✹✳✼✻✮ ❛♥❞ ✭✹✳✼✼✮✱ ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ T0 ❧❛r❣❡
❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥

− d

dt
K 6 2t−1K +O

(
t−

69
10
)
, ✭✹✳✼✽✮

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✹✳✺✼✮✳

✹✳✹✳✹ ❊♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✼

❲❡ st❛rt ❜② ✐♠♣r♦✈✐♥❣ ❛❧❧ t❤❡ ❡st✐♠❛t❡s ✐♥ ✭✹✳✹✽✮ ❡①❝❡♣t t❤❡ ♦♥❡s ❢♦r t❤❡ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s (a+n,j)(n,j)∈I ✳

▲❡♠♠❛ ✹✳✷✵ ✭❈❧♦s✐♥❣ ❡st✐♠❛t❡s ❡①❝❡♣t (a+n,j)(n,j)∈I✮✳ ❋♦r ❛❧❧ t ∈ [T∗, Tm]✱

‖~ε(t)‖H 6
1

2
t−

29
10 ,

∑

(n,k)∈I0
|bn,k(t)| 6

1

2
t−

9
5 ,

∑

(n,j)∈I
|a−n,j(t)|2 6

1

2
t−

59
10 . ✭✹✳✼✾✮

Pr♦♦❢✳ ❙t❡♣ ✶✳ ❇♦✉♥❞ ♦♥ t❤❡ ❡♥❡r❣② ♥♦r♠✳ ❋✐rst✱ ❢r♦♠ ✭✹✳✹✹✮✱ ✭✹✳✹✺✮ ❛♥❞ am ∈ BR|I|

(
T−3
m

)
✱ ✇❡ ❤❛✈❡

|K(Tm)| . |E(Tm)|+ |P(Tm)|+ |G(Tm)| . ‖~ε(Tm)‖2H . T−6
m .

❚❤✉s✱ ✐♥t❡❣r❛t✐♥❣ ✭✹✳✺✼✮ ♦♥ [t, Tm] ❢♦r ❛❧❧ t ∈ [T∗, Tm]✱

K(t) 6 (t/Tm)−2K(Tm) + ν−1t−
59
10 . t−

59
10 .

❯s✐♥❣ ✭✹✳✺✻✮✱ ✇❡ ❤❛✈❡

‖~ε(t)‖2H . K(t) + t−
59
10 . t−

59
10 .

▲❡tt✐♥❣ T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❝♦♥❝❧✉❞❡ ✭✹✳✼✾✮ ♦♥ ❡♥❡r❣② ♥♦r♠✳
❙t❡♣ ✷✳ P❛r❛♠❡t❡r ❡st✐♠❛t❡s✳ ❯s✐♥❣ ❛❣❛✐♥ ✭✹✳✹✹✮✱ ✭✹✳✹✺✮ ❛♥❞ am ∈ BR|I|

(
T−3
m

)
✱

∑

(n,k)∈I0
|bn,k(Tm)|+

∑

(n,j)∈I
|a−n,j(Tm)| . T−3

m . ✭✹✳✽✵✮

■♥t❡❣r❛t✐♥❣ ✭✹✳✹✶✮ ♦♥ [t, Tm] ❢♦r ❛❧❧ t ∈ [T∗, Tm] ❛♥❞ ✉s✐♥❣ ✭✹✳✹✽✮✱ ✭✹✳✽✵✮✱ ✇❡ ♦❜t❛✐♥

∑

(n,k)∈I0
|bn,k(t)| .

∑

(n,k)∈I0
|bn,k(Tm)|+

∫ Tm

t
s−

29
10ds . t−

19
10 .

▲❡tt✐♥❣ T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❝♦♥❝❧✉❞❡ ✭✹✳✼✾✮ ❢♦r (bn,k)(n,k)∈I0 ✳
◆♦✇ ✇❡ ♣r♦✈❡ t❤❡ ❜♦✉♥❞ ♦♥ (a−n,j(t))(n,j)∈I ✳ ❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ✭✹✳✹✷✮ ❛♥❞ ✭✹✳✹✽✮✱

d

dt

(
e−2αn,jt(a−n,j(t))

2
)
= e−2αn,jta−n,j(t)

(
d

dt
a−n,j − αn,ja

−
n,j

)

= e−2αn,jtO

(
|a−n,j |

(
‖~ε‖2H +

∑

(n,k)∈I0
|bn,k|2 + t−4

))

= e−2αn,jtO
(
t−

29
10

(
t−

29
5 + t−

18
5 + t−4

))
= e−2αn,jtO

(
t−6
)
.

■♥t❡❣r❛t✐♥❣ ♦♥ [t, Tm] ❢♦r ❛❧❧ t ∈ [T∗, Tm] ❛♥❞ ✉s✐♥❣ ✭✹✳✽✵✮✱ ✇❡ ♦❜t❛✐♥

(a−n,j(t))
2 . e−2αn,j(Tm−t)(a−n,j(Tm))2 +

∫ Tm

t
e2αn,j(t−s)s−6ds . t−6,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❡st✐♠❛t❡s ♦♥ (a−n,j)(n,j)∈I ✐♥ ✭✹✳✼✾✮ ❢♦r t❛❦✐♥❣ T0 ❧❛r❣❡ ❡♥♦✉❣❤✳

✶✹✸
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▲❛st✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉✐t❛❜❧❡ ♣❛r❛♠❡t❡rs am = (amn,j)(n,j)∈I ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✉s✐♥❣ ❛
t♦♣♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t✳

▲❡♠♠❛ ✹✳✷✶ ✭❈♦♥tr♦❧ ♦❢ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s✮✳ ❚❤❡r❡ ❡①✐st am = (amn,j) ∈ BR|I|(T−3
m ) s✉❝❤ t❤❛t✱ ❢♦r

T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ T∗(am) = T0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s♦❧✉t✐♦♥ ~um ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ~um(Tm) ❣✐✈❡♥ ❜②
▲❡♠♠❛ ✹✳✶✺ s❛t✐s✜❡s ✭✹✳✹✼✮✳

◆♦t❡ t❤❛t ▲❡♠♠❛ ✹✳✷✶ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✼✳

Pr♦♦❢✳ ▲❡t
a(t) =

∑

(n,j)∈I
(a+n,j(t))

2 ❛♥❞ ᾱ = min
(n,j)∈I

αn,j > 0.

❲❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✈❡rs❛❧✐t② ♣r♦♣❡rt②✱ ❢♦r ❛♥② t ∈ [T∗, Tm] ✇❤❡r❡ ✐t ❤♦❧❞s a(t) = t−6✱ ✇❡ ❤❛✈❡

d

dt
(t6a(t)) 6 −ᾱ. ✭✹✳✽✶✮

■♥❞❡❡❞✱ ❢r♦♠ ✭✹✳✹✷✮ ❛♥❞ ✭✹✳✹✽✮✱ ❢♦r ❛♥② t ∈ [T∗, Tm] ✇❤❡r❡ ✐t ❤♦❧❞s a(t) = t−6✱ ✇❡ ♦❜t❛✐♥

d

dt
a(t) = −2

∑

(n,j)∈I
αn,j(a

+
n,j(t))

2 +O

(
‖~ε‖H

(
‖~ε‖2H +

∑

(n,k)∈I0
b2n,k + t−4

))

= −2
∑

(n,j)∈I
αn,j(a

+
n,j(t))

2 +O
(
t−

29
10

(
t−

29
5 + t−

18
5 + t−4

))

6 −2ᾱt−6 +O(t−
13
2 ) 6 −3

2
ᾱt−6.

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✹✳✽✶✮ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤✐s tr❛♥s✈❡rs❛❧✐t② ♣r♦♣❡rt② ✐s ❡♥♦✉❣❤ t♦ ❥✉st✐❢② t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛t ❧❡❛st ❛ ❝♦✉♣❧❡ am = (amn,j) ∈ BR|I|(T−3

m ) s✉❝❤ t❤❛t T∗(am) = T0✳
❚❤❡ ♣r♦♦❢ ✐s ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛♥② am = (amn,j) ∈ BR|I|(T−3

m )✱ ✐t ❤♦❧❞s T0 <
T∗(am) 6 Tm✳ ❚❤❡♥✱ ❛ ❝♦♥str✉❝t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ♠♦r❡ ❞❡t❛✐❧s
✐♥ ❬✷✽✱ ✸✶❪ ❛♥❞ ❬✽✺✱ ▲❡♠♠❛ ✹✳✷❪✮✳

❈♦♥t✐♥✉✐t② ♦❢ T∗✳ ❚❤❡ ❛❜♦✈❡ tr❛♥s✈❡rs❛❧✐t② ♣r♦♣❡rt② ✭✹✳✽✶✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛♣

am ∈ BR|I|(T−3
m ) 7→ T∗(am) ∈ (T0, Tm]

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞
T∗(am) = Tm ❢♦r am ∈ SR|I|(T−3

m ).

❈♦♥str✉❝t✐♦♥ ♦❢ ❛ r❡tr❛❝t✐♦♥✳ ❲❡ ❞❡✜♥❡

Γ : B̄R|I|(T−3
m ) 7→ SR|I|(T−3

m )

am 7→
(
T∗(am)

Tm

)3

(a+n,j(T∗(am)))(n,j)∈I .

❋r♦♠ ✇❤❛t ♣r❡❝❡❞❡s✱ Γ ✐s ❝♦♥t✐♥✉♦✉s✳ ▼♦r❡♦✈❡r✱ Γ r❡str✐❝t❡❞ t♦ SR|I|(T−3
m ) ✐s t❤❡ ✐❞❡♥t✐t②✳ ❚❤❡ ❡①✐st❡♥❝❡

♦❢ s✉❝❤ ❛ ♠❛♣ ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ t❤❡ ♥♦ r❡tr❛❝t✐♦♥ t❤❡♦r❡♠ ❢♦r ❝♦♥t✐♥✉♦✉s ♠❛♣s ❢r♦♠ t❤❡ ❜❛❧❧ t♦ t❤❡
s♣❤❡r❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ am ∈ BR|I|(T−3

m ) ❤❛✈❡ ♣r♦✈❡❞✳ ❚❤❡♥✱ t❤❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡s ✭✹✳✹✼✮
✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✹✳✷✵✳ ❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✶ ✐s ❝♦♠♣❧❡t❡✳

✶✹✹



❈❤❛♣t❡r ✺

❈♦♥str✉❝t✐♦♥ ♦❢ ❡①❝✐t❡❞ ♠✉❧t✐✲s♦❧✐t♦♥s ❢♦r
t❤❡ ❢♦❝✉s✐♥❣ ✹❉ ❝✉❜✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥

❆❜str❛❝t✿ ❈♦♥s✐❞❡r t❤❡ ❢♦❝✉s✐♥❣ ✹❉ ❝✉❜✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥

∂ttu−∆u− u3 = 0, ♦♥ (t, x) ∈ [0,∞)× R4.

❚❤❡ ♠❛✐♥ r❡s✉❧t st❛t❡s t❤❡ ❡①✐st❡♥❝❡ ✐♥ ❡♥❡r❣② s♣❛❝❡ Ḣ1 × L2 ♦❢ ♠✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡s ✇❤❡r❡ ❡❛❝❤
tr❛✈❡❧✐♥❣ ✇❛✈❡ ✐s ❣❡♥❡r❛t❡❞ ❜② ▲♦r❡♥t③ tr❛♥s❢♦r♠ ❢r♦♠ ❛ s♣❡❝✐✜❝ ❡①❝✐t❡❞ st❛t❡✱ ✇✐t❤ ❞✐✛❡r❡♥t ❜✉t
❝♦❧❧✐♥❡❛r ▲♦r❡♥t③ s♣❡❡❞s✳ ❚❤❡ s♣❡❝✐✜❝ ❡①❝✐t❡❞ st❛t❡ ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣
st❛t❡ ❝♦♥str✉❝t❡❞ ✐♥ ▼✉ss♦✲❲❡✐ ❬✾✾❪✳ ❚❤❡ ♣r♦♦❢ ✐s ✐♥s♣✐r❡❞ ❜② t❤❡ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ✺❉
❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥ ✐♥ ❛ s✐♠✐❧❛r ❝♦♥t❡①t ❜② ▼❛rt❡❧✲
▼❡r❧❡ ❬✽✺❪ ❛♥❞ ❈ôt❡✲▼❛rt❡❧ ❬✷✻❪✳

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ str♦♥❣ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ s♦❧✉t✐♦♥s ✐♥ t❤❡ ✹❉ ❝❛s❡ ❝♦♠✲
♣❛r❡❞ t♦ ♦t❤❡r ❞✐s♣❡rs✐✈❡ ❛♥❞ ✇❛✈❡✲t②♣❡ ♠♦❞❡❧s✳ ❚♦ ♦✈❡r❝♦♠❡ t❤❡ ❞✐✣❝✉❧t②✱ ❛ s❤❛r♣ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢
t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡①❝✐t❡❞ st❛t❡s ✐♥✈♦❧✈❡❞ ❛♥❞ ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡✐r ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r ✐s
♥❡❡❞❡❞✳

✶✹✺



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

✺✳✶✳✶ ▼❛✐♥ r❡s✉❧t

❈♦♥s✐❞❡r t❤❡ ❢♦❝✉s✐♥❣ ✹❉ ❝✉❜✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥✱
{
∂ttu−∆u− u3 = 0, (t, x) ∈ [0,∞)× R4,

(u, ∂tu)|t=0 = (u0, u1) ∈ Ḣ1 × L2.
✭✺✳✶✮

❘❡❝❛❧❧ t❤❛t t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ❡q✉❛t✐♦♥ ✭✺✳✶✮ ✐s ❧♦❝❛❧❧② ✇❡❧❧✲♣♦s❡❞ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ Ḣ1 × L2✳
❙❡❡ ❡✳❣✳ ❬✼✶❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❋♦r ❛♥② Ḣ1 × L2 s♦❧✉t✐♦♥✱ t❤❡ ❡♥❡r❣② E ❛♥❞ ♠♦♠❡♥t✉♠ P ❛r❡
❝♦♥s❡r✈❡❞✱ ✇❤❡r❡

E(u, ∂tu) =
1

2

∫

R4

(
|∇u|2 + (∂tu)

2 − 1

4
u4
)
dx, P (u, ∂tu) =

∫

R4

∂tu∇udx.

❉❡♥♦t❡ ❜② Σ t❤❡ s❡t ♦❢ ♥♦♥✲③❡r♦ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s ♦❢ ✭✺✳✶✮✱

Σ =
{
q ∈ Ḣ1(R4) \ 0 : −∆q − q3 = 0 ♦♥ R4

}
. ✭✺✳✷✮

❋♦r q ∈ Σ ❛♥❞ ℓ ∈ R4 ✇✐t❤ |ℓ| < 1✱ ❧❡t

qℓ(x) = q

((
1√

1− |ℓ|2
− 1

)
ℓ(ℓ · x)
|ℓ|2 + x

)
,

t❤❡♥ u(t, x) = qℓ(x− ℓt) ✐s ❛ ❣❧♦❜❛❧✱ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✺✳✶✮✳
❙t❛♥❞❛r❞ ❡❧❧✐♣t✐❝ ❛r❣✉♠❡♥ts ✭s❡❡ ❡✳❣✳ ❬✺✽❪✮ s❤♦✇ t❤❛t ✐❢ q ∈ Σ✱ t❤❡♥ q ✐s ♦❢ ❝❧❛ss C∞✳ ■t ✐s ❦♥♦✇♥ ❜②

t❤❡ r❡s✉❧ts ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✸✱ ✶✺✱ ✶✵✷✱ ✶✵✽❪ t❤❛t ✉♣ t♦ ❞✐❧❛t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥✱ t❤❡ ♦♥❧② ♣♦s✐t✐✈❡ st❛t✐♦♥❛r②
s♦❧✉t✐♦♥ ♦❢ ✭✺✳✶✮ ✐s t❤❡ ❣r♦✉♥❞ st❛t❡ W ✱ ✇❤❡r❡ W ❤❛s t❤❡ ❡①♣❧✐❝✐t ❢♦r♠

W (x) =

(
1 +

|x|2
8

)−1

♦♥ R4.

❋✉♥❝t✐♦♥s q ∈ Σ ✇✐t❤ q 6= W ✭✉♣ t♦ s✐❣♥✱ ❞✐❧❛t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥✮ ❛r❡ ❝❛❧❧❡❞ ❡①❝✐t❡❞ st❛t❡s✳ ❚❤❡
❡①✐st❡♥❝❡ ♦❢ ❡①❝✐t❡❞ st❛t❡s t❤❛t ❛r❡ ♥♦♥r❛❞✐❛❧✱ s✐❣♥✲❝❤❛♥❣✐♥❣ ❛♥❞ ✇✐t❤ ❛r❜✐tr❛r② ❧❛r❣❡ ❡♥❡r❣② ✇❛s ✜rst
♣r♦✈❡❞ ❜② ❉✐♥❣ ❬✹✷❪ ✉s✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❛r❣✉♠❡♥ts✳ ▲❛t❡r✱ ♠♦r❡ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥s ♦❢ s✐❣♥✲❝❤❛♥❣✐♥❣ s♦✲
❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❞❡❧ P✐♥♦✲▼✉ss♦✲P❛❝❛r❞✲P✐st♦✐❛ ❬✸✻❪✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡② ❝♦♥str✉❝t❡❞
s♦❧✉t✐♦♥s ✇✐t❤ ❛ ❝❡♥t❡r❡❞ s♦❧✐t♦♥ ❝r♦✇♥❡❞ ❜② ♥❡❣❛t✐✈❡ s♣✐❦❡s ✭r❡s❝❛❧❡❞ s♦❧✐t♦♥s✮ ❛t t❤❡ ✈❡rt✐❝❡s ♦❢ ❛
r❡❣✉❧❛r ♣♦❧②❣♦♥ ♦❢ r❛❞✐✉s ✶✳ ❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r ❣❡♥❡r❛❧ str❛t❡❣② ✐♥ ❬✸✻❪✱ t❤❡② ❝♦♥str✉❝t❡❞ ✐♥ ❬✸✼❪
s✐❣♥ ❝❤❛♥❣✐♥❣✱ ♥♦♥ r❛❞✐❛❧ s♦❧✉t✐♦♥s t♦ t❤❡ ❨❛♠❛❜❡✲t②♣❡ ❡q✉❛t✐♦♥ ♦♥ t❤❡ s♣❤❡r❡ Sd ✭d > 4✮ ✇❤♦s❡ ❡♥❡r❣②
✐s ❝♦♥❝❡♥tr❛t❡❞ ❛❧♦♥❣ s♣❡❝✐❛❧ s✉❜♠❛♥✐❢♦❧❞s ♦❢ Sd✳

❋♦r ❛♥② q ∈ Σ✱ ✇❡ ❞❡♥♦t❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r ❛r♦✉♥❞ q ❜②

Lq = −∆− 3q2.

❙❡t
Zq =

{
f ∈ Ḣ1 s✉❝❤ t❤❛t Lqf = 0

}
,

❛♥❞

Z̃q = Span

{
q + x · ∇q; (xi∂xjq − xj∂xiq), 1 6 i < j 6 4;

∂xiq; −2xiq + |x|2∂xiq − 2xi(x · ∇q), 1 6 i 6 4

}
.

✶✹✻



✺✳✶✳ ■◆❚❘❖❉❯❈❚■❖◆

❚❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡ Z̃q ⊂ Zq ✐s t❤❡ ♥✉❧❧ s♣❛❝❡ ♦❢ Lq t❤❛t ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❢❛♠✐❧② ♦❢ ❡①♣❧✐❝✐t tr❛♥s✲
❢♦r♠❛t✐♦♥s ✭s❡❡ ❬✹✽✱ ▲❡♠♠❛ ✸✳✽❪ ❛♥❞ ➓✺✳✷✳✶✮✳ ❋♦❧❧♦✇✐♥❣ ❉✉②❝❦❛❡rts✲❑❡♥✐❣✲▼❡r❧❡ ❬✹✽❪✱ ✇❡ ❝❛❧❧ q ∈ Σ ❛
♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ ✐❢ Zq = Z̃q✳ ❚❤❡ ✜rst ♥♦♥tr✐✈✐❛❧ ❡①❛♠♣❧❡ ♦❢ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡
✇❛s ♦❜t❛✐♥❡❞ ✐♥ ▼✉ss♦✲❲❡✐ ❬✾✾❪ ✇❤♦ ♣r♦✈❡❞ t❤❛t t❤❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡s ❝♦♥str✉❝t❡❞ ✐♥ ❬✸✻❪ ❛r❡ ♥♦♥✲
❞❡❣❡♥❡r❛t❡✳ ▲❛t❡r✱ ❢♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r str❛t❡❣②✱ ▼❡❞✐♥❛✲▼✉ss♦✲❲❡✐ ❬✾✶❪ ❝♦♥str✉❝t❡❞ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡
st❛t❡ ✇✐t❤ ♠❛①✐♠❛❧ r❛♥❦✱ ✐✳❡✳ dimZ̃q = 15✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ❝♦♥str✉❝t ♠✉❧t✐✲s♦❧✐t♦♥s ♦❢ ✭✺✳✶✮ ❜❛s❡❞ ♦♥ ❛ s♣❡❝✐✜❝ ♥♦♥✲❞❡❣❡♥❡r❛t❡
❡①❝✐t❡❞ st❛t❡✳

❚❤❡♦r❡♠ ✺✳✶ ✭❊①✐st❡♥❝❡ ♦❢ ❡①❝✐t❡❞ ♠✉❧t✐✲s♦❧✐t♦♥s✮✳ ❚❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡ Q ∈ Σ
s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s tr✉❡✳ ▲❡t N > 2 ❛♥❞ e1 ❜❡ t❤❡ ✜rst ✈❡❝t♦r ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ R4✳ ❋♦r
n = 1, . . . , N ✱ ❧❡t τn = ±1 ❛♥❞ ℓn ∈ R4 ❜❡ s✉❝❤ t❤❛t

ℓn = ℓne1 ✇✐t❤ − 1 < ℓ1 < ℓ2 < · · · < ℓN < 1.

❚❤❡♥✱ t❤❡r❡ ❡①✐st T0 > 0 ❛♥❞ ❛ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ♦❢ ✭✺✳✶✮ ♦♥ [T0,+∞) ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ Ḣ1 ×L2

s✉❝❤ t❤❛t

lim
t→+∞

∥∥∥∥∥u(t)−
N∑

n=1

τnQℓn(· − ℓnt)

∥∥∥∥∥
Ḣ1

= 0,

lim
t→+∞

∥∥∥∥∥∂tu(t) +
N∑

n=1

τnℓn∂x1Qℓn(· − ℓnt)

∥∥∥∥∥
L2

= 0.

✭✺✳✸✮

❘❡♠❛r❦ ✺✳✷✳ ❚❤❡ s♣❡❝✐✜❝ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ Q ✐♥✈♦❧✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✺✳✶ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♥♦♥✲
❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡ ❝♦♥str✉❝t❡❞ ✐♥ ❬✸✻✱ ✾✾❪✳ ■♥❞❡❡❞✱ ❜② r♦t❛t✐♦♥✱ tr❛♥s❧❛t✐♦♥ ❛♥❞ ❑❡❧✈✐♥
tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡✱ ✇❡ ♦❜t❛✐♥ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡ t❤❛t
❞❡❝❛②s ❢❛st ❡♥♦✉❣❤ ❛t ❧❡❛st ❛❧♦♥❣ e1 ✭s❡❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ➓✺✳✷✳✶✮✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t✇♦ s✉❝❤ tr❛✈❡❧✐♥❣
✇❛✈❡s ✇✐t❤ ❞✐✛❡r❡♥t s♣❡❡❞s ❛❧♦♥❣ e1✱ ✐s ❢♦r♠❛❧❧② ♦❢ ♦r❞❡r t−4 ❢♦r ❧❛r❣❡ t✐♠❡✳ ❚❤✐s r❛t❡ ❛❧❧♦✇s ✉s t♦
❝❧♦s❡ t❤❡ ❡♥❡r❣② ❡st✐♠❛t❡s ✭s❡❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ➓✺✳✹✳✶ ❛♥❞ ➓✺✳✹✳✷✮✳ ❍♦✇❡✈❡r✱ t❤❡ s❧♦✇ ❛❧❣❡❜r❛✐❝ ❞❡❝❛② ♦❢
t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r✬s ❦❡r♥❡❧ ❧❡❛❞s t♦ ❛♥♦t❤❡r t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t②✳ ❚♦ ♦✈❡r❝♦♠❡ ✐t✱ ✇❡ ♥❡❡❞ t♦ r❡✜♥❡
t❤❡ ❡♥❡r❣② ❡st✐♠❛t❡s ✭s❡❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ➓✺✳✸✳✷ ❛♥❞ ➓✺✳✹✳✷✮✳

❘❡♠❛r❦ ✺✳✸✳ ❚❤❡ ❚❤❡♦r❡♠ ✺✳✶ ✐s ❛❧s♦ tr✉❡ ❢♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ ❡❛❝❤ tr❛✈❡❧✐♥❣ ✇❛✈❡ ✐s
❜❛s❡❞ ♦♥ ♥♦♥✲❞❡❣❡♥❡r❛t❡ q ✇✐t❤ t❤❡ s❛♠❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ❛s Q ✭s❡❡ ▲❡♠♠❛ ✺✳✻ ❛♥❞ ▲❡♠♠❛ ✺✳✼✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ ❡❛❝❤ tr❛✈❡❧✐♥❣ ✇❛✈❡ t♦ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡✳

❘❡♠❛r❦ ✺✳✹✳ ❋♦❧❧♦✇✐♥❣ ❬✽✺✱ ➓✶✳✷❪✱ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ✐♥ t❤❡ ✹❉ ❝❛s❡✱ t❤❡r❡ ❡①✐sts ♥♦ ♠✉❧t✐✲s♦❧✐t♦♥
❜❛s❡❞ ♦♥ ❣r♦✉♥❞ st❛t❡W ✐♥ t❤❡ s❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✱ ❢♦r ❛♥② N > 2✳ ❍❡✉r✐st✐❝❛❧❧②✱ ❢r♦♠W (x) ∼ |x|−2

❛s |x| → ∞✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ s♦❧✐t♦♥s ♦❢ ❞✐✛❡r❡♥t s♣❡❡❞s ✐s t−2✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♠♦❞✉❧❛t✐♦♥
❛♥❞ ❡♥❡r❣② ♠❡t❤♦❞✱ ✇❡ ✜♥❞ t❤❡s❡ ✐♥t❡r❛❝t✐♦♥s ❛r❡ t♦♦ str♦♥❣ ❛♥❞ ❢♦r♠❛❧❧② t❤❛t ❝❛♥ ❝r❡❛t❡ ❞✐✈❡r❣✐♥❣
t❡r♠s ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs✳ ❍♦✇❡✈❡r✱ s✉❝❤ ♥♦♥❡①✐st❡♥❝❡ r❡s✉❧t ✐s ♦♣❡♥ ♣r♦❜❧❡♠ ❢♦r ❛♥② s♣❛❝❡
❞✐♠❡♥s✐♦♥ d > 3✳

❍✐st♦r✐❝❛❧❧②✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ❢♦r ♥♦♥✲✐♥t❡❣r❛❜❧❡ ❝❛s❡s ✇❛s ✜rst st✉❞✐❡❞ ❜②
▼❡r❧❡ ❬✾✷❪ ❢♦r t❤❡ L2 ❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭◆▲❙✮ ❛♥❞ ▼❛rt❡❧ ❬✽✸❪ ❢♦r t❤❡ s✉❜❝r✐t✐❝❛❧
❛♥❞ ❝r✐t✐❝❛❧ ❣❡♥❡r❛❧✐③❡❞ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥s ✭❣❑❞❱✮✳ ▲❛t❡r✱ t❤❡ str❛t❡❣② ♦❢ t❤❡s❡ ✇♦r❦s ✇❛s
❡①t❡♥❞❡❞ t♦ ♦t❤❡r ❞✐s♣❡rs✐✈❡ ♦r ✇❛✈❡✲t②♣❡ ♠♦❞❡❧s ✭s❡❡ ❬✺✱ ✷✽✱ ✸✶✱ ✽✹✱ ✾✻✱ ✶✶✶✱ ✶✶✷❪✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s ✐♥s♣✐r❡❞ ❜② t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r
❑❧❡✐♥✲●♦r❞♦♥ ❛♥❞ ✺❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥s ✐♥ ❬✷✻✱ ✽✺❪✳ ❚❡❝❤♥✐❝❛❧❧②✱ s✉❝❤ ❝♦♥str✉❝t✐♦♥s ♦❢
♠✉❧t✐✲s♦❧✐t♦♥s ♦❢ t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ❛r❡ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ t❤❛♥ ❢♦r ♦t❤❡r ❞✐s♣❡rs✐✈❡ ❛♥❞
✇❛✈❡✲t②♣❡ ♠♦❞❡❧s✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✇❡❛❦ ❛❧❣❡❜r❛✐❝ ❞❡❝❛② ♦❢ s♦❧✐t♦♥s✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ❛rt✐❝❧❡ ♣r♦✈❡s t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s
❢♦r t❤❡ ✹❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧

✶✹✼
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✇❛✈❡ ❡q✉❛t✐♦♥ ✐s ❡s♣❡❝✐❛❧❧② ♠♦t✐✈❛t❡❞ ❜② t❤❡ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❝♦♥❥❡❝t✉r❡✱ ❢✉❧❧② s♦❧✈❡❞ ✐♥ t❤❡ ✸❉ r❛❞✐❛❧
❝❛s❡ ❜② ❉✉②❝❦❛❡rts✲❑❡♥✐❣✲▼❡r❧❡ ❬✹✻❪✱ ❛♥❞ ❢♦r ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ✐♥ ✸✱ ✹ ❛♥❞ ✺❉ ❜② ❉✉②❝❦❛❡rts✲❏✐❛✲
❑❡♥✐❣✲▼❡r❧❡ ❬✹✸❪✳ ❘❡❝❡♥t❧②✱ t❤❡ ❝♦♥❥❡❝t✉r❡ ✐♥ t❤❡ ✹❉ r❛❞✐❛❧ ❝❛s❡ ✐s ♣r♦✈❡❞ ❜② ❉✉②❝❦❛❡rts✲❑❡♥✐❣✲▼❛rt❡❧✲
▼❡r❧❡ ❬✹✹❪✳ ■♥❞❡❡❞✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ♠✉❧t✐✲s♦❧✐t♦♥s ❝♦♠♣❧❡♠❡♥ts t❤❡ st❛t❡♠❡♥ts ✐♥ ❬✹✸❪ ❜② ❡①❤✐❜✐t✐♥❣
❡①❛♠♣❧❡s ♦❢ s♦❧✉t✐♦♥s ❝♦♥t❛✐♥✐♥❣ N s♦❧✐t♦♥s ❛t t → +∞ ❢♦r ❛♥② N > 2✳ ■♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱ r❡❝❛❧❧
t❤❛t ❢♦r t❤❡ ✻❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ❏❡♥❞r❡❥ ❬✻✼❪ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ r❛❞✐❛❧ t✇♦✲❜✉❜❜❧❡
s♦❧✉t✐♦♥s✳ ▲❛t❡r✱ ❢♦r t❤❡ ✺❉ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ❏❡♥❞r❡❥✲▼❛rt❡❧ ❬✻✾❪ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢
N ✲❜✉❜❜❧❡ s♦❧✉t✐♦♥s ❢♦r ❛♥② N > 2✳ ❋♦r t❤❡ ✸ ❛♥❞ ✺❉ ❝❛s❡s✱ ❑r✐❡❣❡r✲◆❛❦❛♥✐s❤✐✲❙❝❤❧❛❣ ❬✼✺❪ ❝♦♥str✉❝t❡❞
❛ ❝❡♥t❡r✲st❛❜❧❡ ♠❛♥✐❢♦❧❞ ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡✳ ❘❡❝❛❧❧ ❛❧s♦ t❤❛t✱ ❢♦r t❤❡ ✹❉ ❝❛s❡✱ ❍✐❧❧❛✐r❡t✲❘❛♣❤❛ë❧ ❬✻✷❪
♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t②♣❡✲■■ ✜♥✐t❡ t✐♠❡ ❜❧♦✇✲✉♣ s♦❧✉t✐♦♥s ❝♦♥t❛✐♥✐♥❣ s✐♥❣❧❡ s♦❧✐t♦♥✳

❲❡ r❡❢❡r t♦ ❬✸✽✱ ✸✾✱ ✹✵❪ ❢♦r r❡s✉❧ts ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t②♣❡✲■■ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥s ❝♦♥t❛✐♥✐♥❣ s✐♥❣❧❡
♦r ♠✉❧t✐✲❜✉❜❜❧❡ ♦❢ t❤❡ ❡♥❡r❣②✲❝r✐t✐❝❛❧ ❤❡❛t ❡q✉❛t✐♦♥✳ P❛rt✐❝✉❧❛r❧② r❡❧❛t❡❞ t♦ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡✱ t❤❡
❜❧♦✇ ✉♣ ♣r♦✜❧❡ ✐♥ ❬✹✵❪ ✐s t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡ ❝♦♥str✉❝t❡❞ ✐♥ ❬✸✻✱ ✾✾❪ r❛t❤❡r t❤❛♥ t❤❡
❣r♦✉♥❞ st❛t❡ W ✳

❚❤❡ ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✺✳✷ ✐♥tr♦❞✉❝❡s t❤❡ t❡❝❤♥✐❝❛❧ t♦♦❧s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❝❤♦✐❝❡
♦❢ s♣❡❝✐✜❝ ❡①❝✐t❡❞ st❛t❡ Q✿ t❤❡ s♣❡❝tr❛❧ t❤❡♦r② ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r✱ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢
Q ❛♥❞ ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ ✐ts ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r✳ ❙❡❝t✐♦♥ ✺✳✸ ✐♥tr♦❞✉❝❡s t❤❡ t❡❝❤♥✐❝❛❧ t♦♦❧s ✐♥✈♦❧✈❡❞ ✐♥ ❛
❞②♥❛♠✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ N ✲s♦❧✐t♦♥ ♣r♦❜❧❡♠ ❢♦r ✭✺✳✶✮✿ ❡st✐♠❛t❡s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥
s♦❧✐t♦♥s✱ ❞❡❝♦♠♣♦s✐t✐♦♥ ❜② ♠♦❞✉❧❛t✐♦♥ ❛♥❞ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✳ ❋✐♥❛❧❧②✱ ❚❤❡♦r❡♠ ✺✳✶ ✐s ♣r♦✈❡❞ ✐♥
❙❡❝t✐♦♥ ✺✳✹ ❜② ❡♥❡r❣② ❡st✐♠❛t❡s ❛♥❞ ❛ s✉✐t❛❜❧❡ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t✳

✺✳✶✳✷ ◆♦t❛t✐♦♥

❲❡ ✜① ❛ s♠♦♦t❤✱ ❡✈❡♥ ❢✉♥❝t✐♦♥ ξ : R → R s❛t✐s❢②✐♥❣✿

ξ ≡ 1 ♦♥ [0, 1], ξ ≡ 0 ♦♥ [2,∞), ❛♥❞ ξ′ 6 0 6 ξ 6 1 ♦♥ [0,∞). ✭✺✳✹✮

❋♦r ❢✉t✉r❡ r❡❢❡r❡♥❝❡✱ ✇❡ st❛t❡ t❤❡ ✜rst✲♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ✐♥✈♦❧✈✐♥❣ C∞ ❢✉♥❝t✐♦♥✳ ▲❡t f : R4 → R

❜❡ ❛ C∞ ❢✉♥❝t✐♦♥✱

f(x) = f(0) +
4∑

i=1

∂xif(0)xi +O(|x|2) ❢♦r ❛❧❧ |x| < 1. ✭✺✳✺✮

❘❡❝❛❧❧ t❤❛t ❢♦r t✇♦ C∞ ❢✉♥❝t✐♦♥s f1, f2 : R4 → R✱ ▲❡✐❜♥✐③✬s ❢♦r♠✉❧❛ ✇r✐t❡s✿

∂αx (f1f2) =
∑

β+γ=α

Cβ
α(∂

β
xf1)(∂

γ
xf2), ❢♦r ❛❧❧ α ∈ N4. ✭✺✳✻✮

❲❡ ❞❡♥♦t❡

(f, g)L2 :=

∫

R4

f(x)g(x)dx, (f, g)Ḣ1 :=

∫

R4

∇f(x) · ∇g(x)dx.

❋♦r

~f =

(
f1
f2

)
, ~g =

(
g1
g2

)
,

❞❡♥♦t❡ (
~f,~g
)

L2
:=

∑

k=1,2

(fk, gk)L2 , ‖~f‖2H := ‖f1‖2Ḣ1 + ‖f2‖2L2 .

❲❤❡♥ x1 ✐s s❡❡♥ ❛s t❤❡ s♣❡❝✐✜❝ ❝♦♦r❞✐♥❛t❡✱ ❞❡♥♦t❡

x̄ = (x2, x3, x4), ∇ = (∂x2 , ∂x3 , ∂x4) ❛♥❞ ∆̄ =
4∑

i=2

∂2xi
.

✶✹✽
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❋♦r ❛♥② −1 < ℓ < 1 ❛♥❞ f : R4 7→ R✱ s❡t

fℓ(x) = f(xℓ) ✇❤❡r❡ xℓ =

(
x1√
1− ℓ2

, x̄

)
.

❲❡ s❡t t❤❡ Ωij ❛r❡ t❤❡ ❛♥❣✉❧❛r ❞❡r✐✈❛t✐✈❡s t❤❛t ❛r❡

Ωij = xi∂xj − xj∂xi ❢♦r 1 6 i < j 6 4.

❲❡ ❛❧s♦ s❡t

Λ = Id + x · ∇ ❛♥❞ Ω̃i = −2xi + |x|2∂xi − 2xix · ∇ ❢♦r i = 1, . . . , 4.

◆♦t❡ t❤❛t✱ ❢♦r q ∈ Σ✱

Z̃q = Span
{
Λq; ∂xiq, Ω̃iq, 1 6 i 6 4; Ωijq, 1 6 i < j 6 4

}
.

❉❡♥♦t❡ 〈x〉 =
(
1 + |x|2

) 1
2 ❢♦r x ∈ R4✳ ❋♦r s♦♠❡ 0 < γ ≪ 1 t♦ ❜❡ ✜①❡❞✱ s❡t

ζ(x) = 〈x〉−γ ♦♥ R4. ✭✺✳✼✮

❋♦r J ∈ N+ ❛♥❞ r > 0✱ ✇❡ ❞❡♥♦t❡ ❜② BRJ (r) ✭r❡s♣❡❝t✐✈❡❧②✱ SRJ (r)✮ ❜❡ t❤❡ ❜❛❧❧ ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡
s♣❤❡r❡✮ ♦❢ RJ ♦❢ ❝❡♥t❡r 0 ❛♥❞ ♦❢ r❛❞✐✉s r✳

❘❡❝❛❧❧ t❤❡ ❙♦❜♦❧❡✈ ❛♥❞ ❍❛r❞② ✐♥❡q✉❛❧✐t✐❡s ✐♥ ❞✐♠❡♥s✐♦♥ ✹✱ ❢♦r ❛♥② f ∈ Ḣ1✱

‖f‖L4(R4) . ‖∇f‖L2(R4), ✭✺✳✽✮
∥∥∥∥
f

|x|

∥∥∥∥
L2(R4)

. ‖∇f‖L2(R4). ✭✺✳✾✮

✺✳✷ Pr❡❧✐♠✐♥❛r✐❡s

✺✳✷✳✶ ❚r❛♥s❢♦r♠s ❛♥❞ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r

❋♦❧❧♦✇✐♥❣ ❬✹✽❪✱ ✇❡ ✜rst r❡❝❛❧❧ t❤❛t Σ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r tr❛♥s❢♦r♠❛t✐♦♥s✿

(i) tr❛♥s❧❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ q(x+ x0) ∈ Σ ❢♦r ❛❧❧ x0 ∈ R4❀

(ii) ❞✐❧❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ λq(λx) ∈ Σ ❢♦r ❛❧❧ λ ∈ (0,∞)❀

(iii) ♦rt❤♦❣♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ q (Ox) ∈ Σ ❢♦r ❛❧❧ O ∈ O4✳

(iv) ❑❡❧✈✐♥ tr❛♥s❢♦r♠❛t✐♦♥✿ ■❢ q ∈ Σ t❤❡♥ Kq ∈ Σ ✇❤❡r❡ Kq(x) = 1
|x|2 q

(
x

|x|2
)
✳

❲❡ ❞❡♥♦t❡ ❜② M t❤❡ ❣r♦✉♣ ♦❢ ✐s♦♠❡tr✐❡s ♦❢ Ḣ1 ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣r❡❝❡❞✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s✳ ❋r♦♠ ❬✹✽✱
❙❡❝t✐♦♥ ✸❪✱ ✐t ✐s ❦♥♦✇♥ M ❞❡✜♥❡s ❛ ✶✺✲♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡
✐❞❡♥t✐t②✳

❋♦r θ = (θij)16i<j64 ∈ R6✱ s❡t

Aθ =
[
aθi,j

]

16i6j64
, Rθ = eAθ =

∞∑

n=0

An
θ

n!
,

✇❤❡r❡ aθi,i = 0✱ aθi,j = θij ✐❢ i < j✱ aθj,i = −θij ✐❢ i < j✳

✶✹✾
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❋♦r A = (λ, z, ξ, θ) ∈ (0,∞)×R4×R4×R6✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ♦❢ tr❛♥s❢♦r♠
TA ∈ M✱

TA(f)(x) = λ

∣∣∣∣
x

|x| − z|x|
∣∣∣∣
−2

f

(
ξ +

λRθ(x− z|x|2)
1− 2〈z, x〉+ |z|2|x|2

)
❢♦r f ∈ Ḣ1.

❘❡❝❛❧❧ t❤❛t ❢♦r ❛❧❧ q ∈ Σ✱ Z̃q ✐s ❣❡♥❡r❛t❡❞ ❜② t❛❦✐♥❣ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ TA(q) ✇✐t❤ r❡s♣❡❝t t♦
A = (λ, z, ξ, θ) ❛t A = (1, 0, 0, 0)✳ ❆❧s♦✱ ❢♦❧❧♦✇✐♥❣ ❬✹✽✱ P❛❣❡ ✼✸✹❪✱ ✇❡ s❡❡ t❤❛t ✐❢ q ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡
t❤❡♥ T q ✐s ❛❧s♦ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❢♦r ❛♥② T ∈ M✱ ✐✳❡✳ ✐❢ Zq = Z̃q t❤❡♥ ZT q = Z̃T q ❢♦r ❛♥② T ∈ M✳

❲❡ ✜rst r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✐st❡♥❝❡ r❡s✉❧t ♣r♦✈❡❞ ✐♥ ❬✾✾❪✳

❚❤❡♦r❡♠ ✺✳✺ ✭❬✾✾❪✮✳ ❚❤❡r❡ ❡①✐sts q ∈ Σ ✇❤✐❝❤ ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡✳

❚❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡ q ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ ♦✉r ♣r♦♦❢✳ ■♥❞❡❡❞✱ t❤❡ s♣❡❝✐✜❝
♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡ Q ♠❡♥t✐♦♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✺✳✶ ✐s ❝♦♥str✉❝t❡❞ ❜② q ✈✐❛ r♦t❛t✐♦♥✱ tr❛♥s❧❛t✐♦♥✱
❛♥❞ ❑❡❧✈✐♥ tr❛♥s❢♦r♠❛t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

▲❡♠♠❛ ✺✳✻✳ ❚❤❡r❡ ❡①✐sts ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡ Q ∈ Σ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✳

✭✐✮ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ Q✳ ❋♦r ❛❧❧ |x| > 1✱

∣∣∣∣Q(x)− x4
|x|4

∣∣∣∣ .
1

|x|4 . ✭✺✳✶✵✮

✭✐✐✮ ❇♦✉♥❞ ♦❢ ∂αxQ✳ ❋♦r ❛❧❧ α ∈ N4✱

|∂αxQ(x)| . 〈x〉−(3+|α|) ♦♥ R4. ✭✺✳✶✶✮

Pr♦♦❢✳ ▲❡t q ∈ Σ ❜❡ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡ ✐♥ ❚❤❡♦r❡♠ ✺✳✺✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱
✇❡ ❛ss✉♠❡ q(0) > 0✳ ❙❡t

r = sup {R > 0; q(x) > 0 ❤♦❧❞s ♦♥ BR4(R)} .

❙✐♥❝❡ q ✐s s✐❣♥✲❝❤❛♥❣✐♥❣ st❛t❡✱ ✇❡ ❦♥♦✇ t❤❛t r > 0 ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✜♥✐t❡✱ ❛♥❞ t❤❡r❡ ❡①✐sts x0 ∈ SR4(r)
s✉❝❤ t❤❛t q(x0) = 0✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ❍♦♣❢✬s ▲❡♠♠❛ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✽✱ ▲❡♠♠❛ ✸✳✹❪✮✱ ✇❡ ❤❛✈❡
∇q(x0) 6= 0✳ ❈♦♥s✐❞❡r✐♥❣ tr❛♥s❧❛t✐♦♥ x → x + x0✱ ❞✐❧❛t✐♦♥ ❛♥❞ r♦t❛t✐♥❣ ❢♦r q✱ ✇❡ ❝♦♥str✉❝t ❛ ♥♦♥✲
❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡ q̃ ∈ Σ s❛t✐s❢②✐♥❣

q̃(0) = ∂x1 q̃(0) = ∂x2 q̃(0) = ∂x3 q̃(0) = 0 ❛♥❞ ∂x4 q̃(0) = 1. ✭✺✳✶✷✮

◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❑❡❧✈✐♥ tr❛♥s❢♦r♠ K t♦ q̃ ❛♥❞ ❞❡♥♦t❡ ✐t ❜② Q✱ ✐✳❡✳

Q(x) = (Kq̃) (x) =
1

|x|2 q̃
(

x

|x|2
)

❢♦r x 6= 0.

❋♦❧❧♦✇✐♥❣ ❬✹✽✱ ❙❡❝t✐♦♥ ✸❪✱ ✇❡ ❦♥♦✇ t❤❛t Q ✐s ❛❧s♦ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡✱ ✐✳❡✳

−∆Q−Q3 = 0 ✇✐t❤ Q ∈ C∞, ❛♥❞ ZQ = Z̃Q.

▼♦r❡♦✈❡r✱ ❢r♦♠ ❬✹✽✱ ▲❡♠♠❛ ✸✳✽❪ ❛♥❞ K2 = Id✱ ✇❡ ❤❛✈❡✱ ❢♦r i = 1, . . . , 4✱

Ω̃iQ(x) = (K (∂xi q̃)) (x) =
1

|x|2
(
(∂xi q̃)

(
x

|x|2
))

❢♦r x 6= 0. ✭✺✳✶✸✮

◆♦✇ ✇❡ st❛rt t♦ ♣r♦✈❡ Q s❛t✐s❢②✐♥❣ ✭✐✮ ❛♥❞ ✭✐✐✮✳

✶✺✵
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Pr♦♦❢ ♦❢ ✭✐✮✳ ❆♣♣❧✐❡❞ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ✭✺✳✺✮ ♦❢ q̃ ❛t x = 0 ❛♥❞ t❤❡♥ ✉s✐♥❣ ✭✺✳✶✷✮✱ ✇❡ ❤❛✈❡

q̃(x) = q̃(0) +
4∑

i=1

∂xi q̃(0)xi +O(|x|2) = x4 +O(|x|2) ∀ |x| < 1.

❘❡♣❧❛❝❡ x ✇✐t❤ x
|x|2 ✐♥ t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t②✱

q̃

(
x

|x|2
)

=
x4
|x|2 +O

(
1

|x|2
)

∀ |x| > 1. ✭✺✳✶✹✮

❚❤❡r❡❢♦r❡✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❑❡❧✈✐♥ tr❛♥s❢♦r♠ ✐♥ ➓✺✳✷✳✶✱ ✇❡ ❤❛✈❡

Q(x) =
1

|x|2 q̃
(

x

|x|2
)

=
x4
|x|4 +O

(
1

|x|4
)

∀ |x| > 1,

✇❤✐❝❤ ♠❡❛♥s ✭✺✳✶✵✮✳
Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❢r♦♠ ✭✺✳✶✹✮✱ ✇❡ ❦♥♦✇ t❤❛t

∣∣∣∣q̃
(

x

|x|2
)∣∣∣∣ .

|x4|
|x|2 +O

(
1

|x|2
)

. 〈x〉−1, ∀ |x| > 1. ✭✺✳✶✺✮

❚❤❡♥✱ ❢r♦♠ q̃ ∈ C∞ ❛♥❞ ❝❤❛✐♥ r✉❧❡✱ ❢♦r ❛♥② i = 1, . . . , 4 ❛♥❞ |x| > 1✱ ✇❡ ❤❛✈❡

∣∣∣∣∂xi q̃

(
x

|x|2
)∣∣∣∣ =

∣∣∣∣∣∣

4∑

j=1

(
(∂xj q̃)

(
x

|x|2
))

∂xi

(
xj
|x|2

)∣∣∣∣∣∣
. 〈x〉−2.

❯s✐♥❣ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡ ❢♦r ❛❧❧ γ ∈ N4 ❛♥❞ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ ✭✺✳✶✺✮✱
∣∣∣∣∂

γ
x q̃

(
x

|x|2
)∣∣∣∣ . 〈x〉−(1+|γ|) ∀ |x| > 1. ✭✺✳✶✻✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝❤❛✐♥ r✉❧❡✱
∣∣∣∣∂

β
x

(
1

|x|2
)∣∣∣∣ . 〈x〉−(2+|β|) ∀ β ∈ N4 ❛♥❞ |x| > 1. ✭✺✳✶✼✮

❇❛s❡❞ ♦♥ ✭✺✳✶✻✮✱ ✭✺✳✶✼✮ ❛♥❞ ▲❡✐❜♥✐③✬s ❢♦r♠✉❧❛ ✭✺✳✻✮✱ ❢♦r ❛♥② α ∈ N4 ❛♥❞ |x| > 1✱

∂αxQ(x) =
∑

β+γ=α

Cβ
α

(
∂γx q̃

(
x

|x|2
))(

∂βx

(
1

|x|2
))

=
∑

β+γ=α

O
(
〈x〉−(1+|γ|)〈x〉−(2+|β|)

)
= O

(
〈x〉−(3+|α|)

)
.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ✇✐t❤ Q ∈ C∞✱ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✐✮✳

◆❡①t✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❤❛r♣ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r ❛r♦✉♥❞
Q✳

▲❡♠♠❛ ✺✳✼ ✭❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s✮✳ ❚❤❡r❡ ❡①✐st K ∈ N+ ❛♥❞ ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥t
C∞ ❢✉♥❝t✐♦♥s ψ, φ1, . . . , φK ∈ Ḣ1 s✉❝❤ t❤❛t

Z̃Q = Span {ψ, φ1, . . . , φK} .

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ∣∣ψ(x)− |x|−2
∣∣ . 〈x〉−3 ∀ |x| > 1, ✭✺✳✶✽✮

〈x〉−1|∂αxψ(x)|+
K∑

k=1

|∂αxφk(x)| . 〈x〉−(3+α) ∀ α ∈ N4, x ∈ R4. ✭✺✳✶✾✮

✶✺✶
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❘❡♠❛r❦ ✺✳✽✳ ■♥❞❡❡❞✱ ✇❤❛t❡✈❡r ✐s t❤❡ ❞❡❝❛② ♦♥ Q✱ ✐ts ❦❡r♥❡❧ ❝♦♥t❛✐♥s t❤❡ ❢✉♥❝t✐♦♥ ψ ✇❤✐❝❤ ❤❛s t❤❡
s❧♦✇ ❛❧❣❡❜r❛✐❝ ❞❡❝❛② |x|−2✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ ♦✉r ♣r♦♦❢✳ ❙✐♠✐❧❛r ❞✐✣❝✉❧t② ✐♥ ❬✻✷❪ ✐s ❞✉❡ t♦
t❤❡ ❢✉♥❝t✐♦♥ ΛW ✇❤❡r❡ W ∈ Σ ✐s t❤❡ ❣r♦✉♥❞ st❛t❡✳ ■♥ ❬✼✽❪✱ ❢♦r t❤❡ ✇❛✈❡ ♠❛♣s✱ s✉❝❤ s✐♠✐❧❛r ❞✐✣❝✉❧t②
✐s ❞✉❡ t♦ ΛQ ✇❤❡r❡ Q ✐s t❤❡ ❤❛r♠♦♥✐❝ ♠❛♣✳

Pr♦♦❢✳ ❲❡ ❝❤♦♦s❡ ψ = Ω̃4Q ❛♥❞ {φ1, . . . , φK} t♦ ❜❡ ❛ ❜❛s✐s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡

Span
{
ΛQ; ∂xiQ, 1 6 i 6 4; ΩijQ, 1 6 i < j 6 4; Ω̃iQ, 1 6 i 6 3

}
.

◆♦t❡ t❤❛t✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ψ ❛♥❞ {φ1, . . . , φK}✱ ✇❡ ❤❛✈❡
Z̃Q = Span {ψ, φ1, . . . , φK} .

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡ C∞ ❢✉♥❝t✐♦♥s {ψ, φ1, . . . , φK} s❛t✐s❢② ✭✺✳✶✽✮ ❛♥❞ ✭✺✳✶✾✮✳
❋✐rst✱ ❢r♦♠ ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✺✳✻✱ ❢♦r ❛♥② ❦❡r♥❡❧ ❢✉♥❝t✐♦♥

φ ∈ Span {ΛQ; ∂xiQ, 1 6 i 6 4; ΩijQ, 1 6 i < j 6 4} ,
α ∈ N4 ❛♥❞ x ∈ R4✱ ✇❡ ❤❛✈❡

|∂αxφ(x)| . |∂αxQ(x)|+ 〈x〉
4∑

i=1

|∂αx ∂xiQ(x)| . 〈x〉−(3+|α|). ✭✺✳✷✵✮

❙❡❝♦♥❞✱ ✇❡ ❝❧❛✐♠ ∣∣∣Ω̃4Q(x)− |x|−2
∣∣∣ . |x|−3 ∀ |x| > 1, ✭✺✳✷✶✮

❛♥❞ ❢♦r ❛♥② α ∈ N4✱

3∑

i=1

∣∣∣∂αx Ω̃iQ(x)
∣∣∣+ 〈x〉−1

∣∣∣∂αx Ω̃4Q(x)
∣∣∣ . 〈x〉−(3+|α|) ♦♥ R4. ✭✺✳✷✷✮

❆♣♣❧✐❡❞ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ✭✺✳✺✮ ❢♦r ∂xi q̃ ❛t x = 0 ❛♥❞ ✉s✐♥❣ ✭✺✳✶✷✮✱ ✇❡ ❤❛✈❡✱ ❢♦r i = 1, . . . , 4✱

(∂xi q̃)

(
x

|x|2
)

= δi4 +O

(
1

|x|

)
∀ |x| > 1. ✭✺✳✷✸✮

▼♦r❡♦✈❡r✱ ❢♦r i = 1, . . . , 4 ❛♥❞ ❛♥② γ ∈ N4✱ ✇❡ ❤❛✈❡
∣∣∣∣∂

γ
x

(
(∂xi q̃)

(
x

|x|2
))∣∣∣∣ . 〈x〉−(1+|γ|)+δi4 ∀ |x| > 1. ✭✺✳✷✹✮

❘❡❝❛❧❧ t❤❛t✱ ❢♦r i = 1, . . . , 4✱

Ω̃iQ(x) =
1

|x|2
(
(∂xi q̃)

(
x

|x|2
))

∀ |x| > 1.

❇❛s❡❞ ♦♥ ❛❜♦✈❡ ✐❞❡♥t✐t② ❛♥❞ ✭✺✳✷✸✮✱

Ω̃4Q(x) = |x|−2 +O
(
|x|−3

)
∀ |x| > 1,

✇❤✐❝❤ ♠❡❛♥s ✭✺✳✷✶✮✳ ❚❤❡♥✱ ✉s✐♥❣ ✭✺✳✷✹✮ ❛♥❞ ▲❡✐❜♥✐③✬s ❢♦r♠✉❧❛ ✭✺✳✻✮✱ ❢♦r ❛♥② α ∈ N4✱ |x| > 1 ❛♥❞
i = 1, . . . , 4✱

∣∣∣∂αx Ω̃iQ(x)
∣∣∣ =

∑

β+γ=α

Cβ
α∂

β
x

(
1

|x|2
)
∂γx

(
(∂xi q̃)

(
x

|x|2
))

=
∑

β+γ=α

O
(
〈x〉−(2+|β|)〈x〉−(1+γ)+δi4

)
= O

(
〈x〉−(3+α)+δi4

)
.

❇❛s❡❞ ♦♥ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ Q ∈ C∞✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✷✷✮✳ ◆♦t❡ t❤❛t✱ t❤❡ C∞ ❢✉♥❝t✐♦♥s {ψ, φ1, . . . , φK}
s❛t✐s❢②✐♥❣ ✭✺✳✶✽✮ ❛♥❞ ✭✺✳✶✾✮ ✐s ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✺✳✷✵✮✱ ✭✺✳✷✶✮ ❛♥❞ ✭✺✳✷✷✮✳

✶✺✷
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✺✳✷✳✷ ❙♣❡❝tr❛❧ t❤❡♦r②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r ❛r♦✉♥❞ Q ❛♥❞ Qℓ✳ ❋♦r
−1 < ℓ < 1✱ ✇❡ ❞❡✜♥❡

L = −∆− 3Q2, Lℓ = −(1− ℓ2)∂2x1
− ∆̄− 3Q2

ℓ .

▲❡♠♠❛ ✺✳✾ ✭❙♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ L✮✳ (i) ❙♣❡❝tr✉♠✳ ❚❤❡ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r L ❤❛s ❡ss❡♥t✐❛❧ s♣❡❝✲
tr✉♠ [0,∞)✱ ❛ ✜♥✐t❡ ♥✉♠❜❡r J > 1 ♦❢ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s (❝♦✉♥t❡❞ ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t②)✱ ❛♥❞ ✐ts ❦❡r♥❡❧ ✐s
Z̃Q✳ ▲❡t (Yj)j=1,...,J ❜❡ ❛♥ L2 ♦rt❤♦❣♦♥❛❧ ❢❛♠✐❧② ♦❢ ❡✐❣❡♥✈❡❝t♦rs ♦❢ L ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s

(−λ2j )j=1,...,J ✱ ✐✳❡✳ ❢♦r j, j′ = 1, . . . , J ✱

(
Yj , Yj′

)
L2 = δjj′ ❛♥❞ LYj = −λ2jYj , λj > 0.

■t ❤♦❧❞s✱ ❢♦r ❛❧❧ j = 1, . . . , J ❛♥❞ α ∈ N4✱

|∂αxYj(x)| . e−λj |x| ♦♥ R4. ✭✺✳✷✺✮

(ii) ❈❛♥❝❡❧❧❛t✐♦♥✳ ❲❡ ❤❛✈❡

(f1f2f3, Q)L2 = 0 ❢♦r ❛❧❧ f1, f2, f3 ∈ Z̃Q. ✭✺✳✷✻✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❚❤❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ L ❛r❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬✹✽✱ ❈❧❛✐♠ ✸✳✺❪ ❛♥❞ ❬✸✹✱ ❚❤❡♦r❡♠
✺✳✽✳✶❪✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s Yj ❢♦❧❧♦✇s ❢r♦♠ st❛♥❞❛r❞ ❡❧❧✐♣t✐❝ ❛r❣✉♠❡♥ts✱ s❡❡ ❬✶✱
❚❤❡♦r❡♠ ✸✳✷❪✳

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❚❤❡ ❝❛♥❝❡❧❧❛t✐♦♥ ♣r♦♣❡rt✐❡s ✭✺✳✷✻✮ ❢♦❧❧♦✇s ❢r♦♠ t❛❦✐♥❣ t✇✐❝❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡
✐❞❡♥t✐t② −TAQ− (TAQ)3 = 0 ✇✐t❤ r❡s♣❡❝t t♦ A = (λ, z, ξ, θ) ❛t A = (1, 0, 0, 0)✳ ❙❡❡ ❞❡t❛✐❧s ✐♥ t❤❡ ♣r♦♦❢
♦❢ ❬✶✶✷✱ ▲❡♠♠❛ ✷✳✶ ✭✐✐✐✮❪✳

❋♦r −1 < ℓ < 1✱ ❧❡t

Hℓ =

(
−∆− 3Q2

ℓ −ℓ∂x1

ℓ∂x1 1

)
, J =

(
0 1
−1 0

)
.

❙✐♠✐❧❛r❧②✱ ❢♦r k =, 1 . . . ,K✱

~ψℓ =

(
ψ(xℓ)

−ℓ∂x1ψ(xℓ)

)
❛♥❞ ~φk,ℓ =

(
φk(xℓ)

−ℓ∂x1φk(xℓ)

)
,

❛♥❞ ❢♦r j = 1, . . . , J ✱

Yj,ℓ = Yj(xℓ), ~Υ±
j,ℓ =

(
Υ±,1

j,ℓ

Υ±,2
j,ℓ

)
, ~Z±

j,ℓ = Hℓ
~Υ±
j,ℓ,

✇❤❡r❡

Υ±,1
j,ℓ = Yj,ℓe

∓ ℓλj√
1−ℓ2

x1
, Υ±,2

j,ℓ = −
(
ℓ∂x1Yj,ℓ ∓

λj√
1− ℓ2

Yj,ℓ

)
e
∓ ℓλj√

1−ℓ2
x1
.

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ Hℓ✳

▲❡♠♠❛ ✺✳✶✵✳ ▲❡t −1 < ℓ < 1✳

✭✐✮ ❉❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Υ±,1
j,ℓ ❛♥❞ Υ±,2

j,ℓ ✳ ❲❡ ❤❛✈❡✱ ♦♥ R4✱ ❢♦r j = 1, . . . , J ✱

∣∣∣Υ±,1
j,ℓ

∣∣∣+
∣∣∣Υ±,2

j,ℓ

∣∣∣ . e−
1
2
(1−|ℓ|)

1
2 λj |x|. ✭✺✳✷✼✮

✭✐✐✮ ❑❡r♥❡❧ ♦❢ Hℓ✳ ❲❡ ❤❛✈❡

KerHℓ = Span
(
~ψℓ, ~φ1,ℓ, . . . , ~φK,ℓ

)
. ✭✺✳✷✽✮

✶✺✸
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✭✐✐✐✮ ■❞❡♥t✐t✐❡s ♦❢ ~Z±
j,ℓ ❛♥❞

~Y ±
j,ℓ✳ ❋♦r j = 1, . . . , J ✱ ✇❡ ❤❛✈❡

~Z±
j,ℓ = ∓λj(1− ℓ2)

1
2 J~Υ±

j,ℓ. ✭✺✳✷✾✮

✭✐✈✮ ❈♦❡r❝✐✈✐t② ♦❢ Hℓ✳ ❚❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ~v ∈ Ḣ1 × L2✱

(Hℓ~v,~v)L2 > c‖~v‖2H − c−1



∑

φ∈Z̃Q

(
~v, ~φℓ

)2
H
+

J∑

±,j=1

(
~v, ~Z±

j,ℓ

)2
L2


 . ✭✺✳✸✵✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❲❡ ♣r♦✈❡ ✭✐✮ ❢♦r Υ±,1
j,ℓ ❀ t❤❡ ❡st✐♠❛t❡ ❢♦r Υ±,2

j,ℓ ❛r❡ ♣r♦✈❡❞ s✐♠✐❧❛r❧②✳ ❋r♦♠ t❤❡

❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ Yj ✐♥ ✭✺✳✷✺✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Υ±,1
j,ℓ ✱

∣∣∣Υ±,1
j,ℓ

∣∣∣ . e
−λj



(

x21
1−ℓ2

+|x̄|2
) 1

2
− |ℓ|√

1−ℓ2
|x1|




, ♦♥ R4.

❇② ❛♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ❤❛✈❡

((
x21

1− ℓ2
+ |x̄|2

) 1
2

− |ℓ|√
1− ℓ2

|x1|
)2

=
1 + ℓ2

1− ℓ2
x21 + |x̄|2 − 2|ℓ| |x1|√

1− ℓ2

(
x21

1− ℓ2
+ |x̄|2

) 1
2

>
(1− |ℓ|)2
1− ℓ2

x21 + (1− |ℓ|)|x̄|2 > 1

4
(1− |ℓ|)|x|2,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✺✳✷✼✮ ❢♦r Υ±,1
j,ℓ ✳

Pr♦♦❢ ♦❢ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✐❞❡♥t✐t✐❡s ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ ❛♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥
✭s❡❡ ❡✳❣✳ ❬✶✶✷✱ ▲❡♠♠❛ ✷✳✹ ✭✐✮❪ ❛♥❞ ❬✽✺✱ ❈❧❛✐♠ ✶ ✭✐✐✮❪✮ ❛♥❞ ✇❡ ♦♠✐t ✐t✳

Pr♦♦❢ ♦❢ ✭✐✈✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② r❡❧✐❡s ♦♥ ❛♥ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ s♣❡❝tr❛❧
t❤❡♦r② ♦❢ L ❛♥❞ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t ✭s❡❡ ❡✳❣✳ ❬✷✼❪ ❛♥❞ ❬✶✶✷✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸❪✮✱ ❛♥❞ ✇❡ ♦♠✐t ✐t✳

❚❤✐r❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❝❛❧✐③❡❞ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ♦❢ Hℓ✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ ❬✽✺✱
▲❡♠♠❛ ✷✳✷ ✭✐✐✮❪✱ ❜✉t ✐t ✐s ❣✐✈❡♥ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ t❤❡ r❡❛❞❡rs✬ ❝♦♥✈❡♥✐❡♥❝❡✳

▲❡♠♠❛ ✺✳✶✶ ✭▲♦❝❛❧✐③❡❞ ❝♦❡r❝✐✈✐t② ♦❢ Hℓ✮✳ ❋♦r γ > 0 s♠❛❧❧ ❡♥♦✉❣❤ ✐♥ ✭✺✳✼✮✱ t❤❡r❡ ❡①✐sts µ > 0 s✉❝❤
t❤❛t ❢♦r ❛♥② ~v = (v, z) ∈ Ḣ1 × L2✱

∫

R4

(
|∇v|2ζ2 − 3Q2

ℓv
2 + z2ζ2 + 2ℓ(∂x1v)zζ

2
)
dx

> µ

∫

R4

(
|∇v|2 + z2

)
ζ2dx− µ−1



∑

φ∈Z̃Q

(
~v, ~φℓ

)2
H
+

J∑

±,j=1

(
~v, ~Z±

j,ℓ

)2
L2


 .

✭✺✳✸✶✮

Pr♦♦❢✳ ❋✐rst✱ ✇❡ ❛♣♣❧② ✭✺✳✸✵✮ ♦♥ ~vζ = (vζ, zζ) ∈ Ḣ1 × L2✱

(Hℓ(~vζ), ~vζ)L2 > c‖~vζ‖2H − c−1



∑

φ∈Z̃Q

(
~vζ, ~φℓ

)2
H
+

J∑

±,j=1

(
~vζ, ~Z±

j,ℓ

)2
L2


 . ✭✺✳✸✷✮

✶✺✹
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◆♦t❡ t❤❛t✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Hℓ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

(Hℓ(~vζ), ~vζ)L2 =

∫

R4

(
|∇v|2ζ2 − 3Q2

ℓv
2 + z2ζ2 + 2ℓ(∂x1v)zζ

2
)
dx

−
∫

R4

v2ζ∆ζdx+ 2ℓ

∫

R4

vzζ∂x1ζdx+ 3

∫

R4

Q2
ℓv

2(1− ζ2)dx.

✭✺✳✸✸✮

◆♦t❡ ❛❧s♦ t❤❛t✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ζ ✐♥ ✭✺✳✼✮✱

∂x1ζ = −γ x1
1 + |x|2 ζ ❛♥❞ ∆ζ = −γ((2− γ)|x|2 + 4)

ζ

(1 + |x|2)2 .

❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❍❛r❞② ✐♥❡q✉❛❧✐t② ✭✺✳✾✮✱ ✇❡ ❤❛✈❡
∣∣∣∣
∫

R4

v2ζ∆ζdx

∣∣∣∣ . γ

∫

R4

(vζ)2

〈x〉2 dx . γ‖vζ‖2
Ḣ1 ,

∣∣∣∣
∫

R4

vzζ∂x1ζdx

∣∣∣∣ . γ

∫

R4

∣∣∣∣
vζ

〈x〉

∣∣∣∣ |zζ|dx . γ‖~vζ‖2H.

❚❤❡♥✱ ❜② t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ Q ✐♥ ▲❡♠♠❛ ✺✳✻ ❛♥❞ t❤❡ ❍❛r❞② ✐♥❡q✉❛❧✐t② ✭✺✳✾✮✱
∣∣∣∣
∫

R4

Q2
ℓv

2(1− ζ2)dx

∣∣∣∣ . ‖Q2
ℓ 〈x〉2+γ(1− (1 + |x|2)−γ)‖L∞

∫

R4

(vζ)2

〈x〉2 dx

. C(γ)‖vζ‖2
Ḣ1 ✇❤❡r❡ C(γ) → 0 ❛s γ → 0.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ t❤r❡❡ ❡st✐♠❛t❡s✱ ❢♦r γ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡
∣∣∣∣−
∫

R4

v2ζ∆ζdx+ 2ℓ

∫

R4

vzζ∂x1ζdx+ 3

∫

R4

Q2
ℓv

2(1− ζ2)dx

∣∣∣∣ 6
c

2
‖~vζ‖2H. ✭✺✳✸✹✮

❯s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts t♦ ‖~vζ‖2H✱ (~vζ, ~φℓ)2H ❛♥❞ (~vζ, ~Z±
j,ℓ)

2
L2 ✱ ✇❡ ❤❛✈❡

∫

R4

(|∇v|2 + z2)ζ2dx 6 2‖~vζ‖2H,

(~vζ, ~φℓ)
2
H + (~vζ, ~Z±

j,ℓ)
2
L2 6 2(~v, ~φℓ)

2
H + 2(~v, ~Z±

j,ℓ)
2
L2 +

c2

4
‖~vζ‖2H,

✭✺✳✸✺✮

❢♦r γ s♠❛❧❧ ❡♥♦✉❣❤✳ ❈♦♠❜✐♥✐♥❣ ✭✺✳✸✷✮✱ ✭✺✳✸✸✮✱ ✭✺✳✸✹✮ ❛♥❞ ✭✺✳✸✺✮✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✸✶✮✳

✺✳✸ ❉②♥❛♠✐❝s ❝❧♦s❡ t♦ t❤❡ s✉♠ ♦❢ N s♦❧✐t♦♥s

▲❡t Q ❜❡ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ ❝❤♦s❡♥ ✐♥ ▲❡♠♠❛ ✺✳✻ ❛♥❞ N > 2✳ ❋♦r ❛♥② n = 1, . . . , N ✱ ❧❡t τn = ±1
❛♥❞ ℓn = ℓne1 ✇❤❡r❡ −1 < ℓn < 1 ❛♥❞ ℓn 6= ℓn′ ❢♦r ❛♥② n 6= n′✳ ❉❡♥♦t❡ ❜② I ❛♥❞ I0 t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦
s❡ts ♦❢ ✐♥❞✐❝❡s✱

I = {(n, j) : n = 1, . . . , N, j = 1, . . . , J} , |I| = CardI = NJ,

I0 = {(n, k) : n = 1, . . . , N, k = 1, . . . ,K} , |I0| = CardI0 = NK.

❉❡✜♥❡

Qn(t, x) = τnQℓn(x− ℓnt), ~Qn =

(
Qn

−ℓn∂x1Qn

)
.

❙✐♠✐❧❛r❧②✱ ✇❡ s❡t✱
Ψn(t, x) = ψℓn(x− ℓnt), ~Ψn(t, x) = ~ψℓn(x− ℓnt),

✶✺✺
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❢♦r (n, k) ∈ I0✱
Φn,k(t, x) = φk,ℓn(x− ℓnt), ~Φn,k(t, x) = ~φk,ℓn(x− ℓnt),

❛♥❞ ❢♦r (n, j) ∈ I✱

~Z±
n,j(t, x) =

~Z±
j,ℓn

(x− ℓnt) = ∓λj(1− ℓ2n)
1
2 J~Υ±

j,ℓn
(x− ℓnt).

❈♦♥s✐❞❡r t✐♠❡ ❞❡♣❡♥❞❡♥t C1 ❢✉♥❝t✐♦♥s a ❛♥❞ b ♦❢ t❤❡ ❢♦r♠s✱

a = (an)n=1,...,N ∈ RN , b = (bn,k)(n,k)∈I0 ∈ RNK ✇✐t❤ |a|+ |b| ≪ 1.

❲❡ ✐♥tr♦❞✉❝❡

R =

N∑

n=1

Qn, U =

N∑

n=1

anΨn, V =
∑

(n,k)∈I0
bn,kΦn,k,

❛♥❞ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s t❡r♠

G = (R+ U + V )3 −
N∑

n=1

Q3
n − 3

N∑

n=1

anQ
2
nΨn − 3

∑

(n,k)∈I0
bn,kQ

2
nΦn,k. ✭✺✳✸✻✮

✺✳✸✳✶ ◆♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❡st✐♠❛t❡s ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥ t❡r♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❞✉❡ t♦
s✉✣❝✐❡♥t ❞❡❝❛② ❛❧♦♥❣ ✇✐t❤ t❤❡ ❞✐r❡❝t✐♦♥ ❡1✱ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠❛✐♥ t❡r♠ ♦❢ ✐♥t❡r❛❝t✐♦♥s ✐s t−4 ✭s❡❡
▲❡♠♠❛ ✺✳✶✺✮✳

❋✐rst✱ ✇❡ ❡①♣❛♥❞ G ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ R✱ U ❛♥❞ V ❜② ❛♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥✳

▲❡♠♠❛ ✺✳✶✷✳ ❲❡ ❤❛✈❡

G = G1 +G2 +G3 = G1 +
N∑

n=1

G2,n +
4∑

i=1

G3,i, ✭✺✳✸✼✮

✇❤❡r❡
G1 = 3

∑

n 6=n′

Q2
nQn′ + 6

∑

n1<n2<n3

Qn1Qn2Qn3 ,

G2,n = 3Qn

(
anΨn +

K∑

k=1

bn,kΦn,k

)2

❢♦r n = 1, . . . , N,

❛♥❞

G3,1 = 3
∑

n 6=n′

Qn

(
an′Ψn′ +

K∑

k=1

bn′,kΦn′,k

)2

,

G3,2 = (U + V )3 = U3 + V 3 + 3U2V + 3UV 2,

G3,3 = 3
∑

n 6=n′

Q2
n

(
an′Ψn′ +

K∑

k=1

bn′,kΦn′,k

)
+ 3

∑

n 6=n′

QnQn′(U + V ),

G3,4 = 3R
∑

n 6=n′

(
anΨn +

K∑

k=1

bn,kΦn,k

)(
an′Ψn′ +

K∑

k′=1

bn′,k′Φn′,k′

)
.

❘❡♠❛r❦ ✺✳✶✸✳ ◆♦t❡ t❤❛t G1 ✐s ❛ ♣✉r❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠ ❛♥❞ G3 ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥
t❡r♠s ❛♥❞ ❝✉❜✐❝ t❡r♠s✱ ✇❤✐❧❡ G2 ✐s ❛ ♣✉r❡ ♥♦♥✲✐♥t❡r❛❝t✐♦♥ q✉❛❞r❛t✐❝ t❡r♠ ❛♥❞ ❡❛❝❤ ❝♦♠♣♦♥❡♥t G2,n

s❛t✐s✜❡s t❤❡ tr❛✈❡❧✐♥❣ ❡q✉❛t✐♦♥ ∂tG2,n ≈ −ℓn∂x1G2,n ❛t t❤❡ ♠❛✐♥ ♦r❞❡r✳

✶✺✻
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Pr♦♦❢✳ ❋✐rst✱ ✇❡ ❞❡❝♦♠♣♦s❡

G =(U + V )3 +

(
R3 −

N∑

n=1

Q3
n

)
+ 3R(U + V )2

+ 3

(
R2(U + V )−

N∑

n=1

anQ
2
nΨn −

∑

(n,k)∈I0
bn,kQ

2
nΦn,k

)
.

❋♦r t❤❡ ✜rst t✇♦ t❡r♠s✱ ❜② ❛♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥✱

(U + V )3 = U3 + V 3 + 3U2V + 3UV 2,

R3 −
N∑

n=1

Q3
n = 3

∑

n 6=n′

Q2
nQn′ + 6

∑

n1<n2<n3

Qn1Qn2Qn3 .

❋♦r t❤❡ t❤✐r❞ t❡r♠✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ U ❛♥❞ V ✱ ✇❡ ❞❡❝♦♠♣♦s❡

(U + V )2 =
N∑

n=1

(
anΨn +

K∑

k=1

bn,kΦn,k

)2

+
∑

n 6=n′

(
anΨn +

K∑

k=1

bn,kΦn,k

)(
an′Ψn′ +

K∑

k′=1

bn′,k′Φn′,k′

)
.

❚❤❡r❡❢♦r❡✱

3R(U + V )2 =3
N∑

n=1

Qn

(
anΨn +

K∑

k=1

bn,kΦn,k

)2

+ 3
∑

n 6=n′

Qn

(
an′Ψn′ +

K∑

k=1

bn′,kΦn′,k

)2

+ 3R
∑

n 6=n′

(
anΨn +

K∑

k=1

bn,kΦn,k

)(
an′Ψn′ +

K∑

k′=1

bn′,k′Φn′,k′

)
.

❋♦r t❤❡ ❧❛st t❡r♠✱ ✇❡ ❤❛✈❡

R2(U + V ) =

N∑

n=1

Q2
n(U + V ) +

∑

n 6=n′

QnQn′(U + V ).

❚❤✉s✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ U ❛♥❞ V ✱

3

(
R2(U + V )−

N∑

n=1

anQ
2
nΨn −

∑

(n,k)∈I0
bn,kQ

2
nΦn,k

)

= 3
∑

n 6=n′

Q2
n

(
an′Ψn′ +

K∑

k=1

bn′,kΦn′,k

)
+ 3

∑

n 6=n′

QnQn′(U + V ).

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t✐❡s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✺✳✸✼✮✳

❙❡❝♦♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ❢♦r ❢✉t✉r❡ r❡❢❡r❡♥❝❡✳

✶✺✼
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▲❡♠♠❛ ✺✳✶✹✳ ▲❡t f1 ❛♥❞ f2 ❜❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t

|f1(x)|+ |f2(x)| . 〈x〉−2 ♦♥ R4. ✭✺✳✸✽✮

❉❡✜♥❡
fn1(t, x) = f1 (x− ℓn1t) , fn2(t, x) = f2 (x− ℓn1t) .

▲❡t 0 < α1 6 α2 ❜❡ s✉❝❤ t❤❛t α1 + α2 > 2✳ ❚❤❡r❡ ❡①✐sts T0 ≫ 1 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ n1, n2 = 1, . . . , N
✇✐t❤ n1 6= n2 ❛♥❞ t > T0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ■❢ α2 > 2✱ ∫

R4

|fn1 |α1 |fn2 |α2 dx . t−2α1 . ✭✺✳✸✾✮

✭✐✐✮ ■❢ α2 < 2✱ ∫

R4

|fn1 |α1 |fn2 |α2 dx . t4−2(α1+α2). ✭✺✳✹✵✮

✭✐✐✐✮ ■❢ α2 = 2✱ ∫

R4

|fn1 |α1 |fn2 |α2 dx . t−2α1 logt. ✭✺✳✹✶✮

Pr♦♦❢✳ ❋♦r k = 1, 2✱ s❡t

rk = x− ℓnk
t ❛♥❞ Ωnk

(t, x) =
{
x ∈ R4 : |rk| 6 10−1 |ℓn1 − ℓn2 | t

}
.

▲❡t T0 ≫ 1 ❧❛r❣❡ ❡♥♦✉❣❤✳ ❋♦r t > T0✱ ❢r♦♠ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ fk ✐♥ ✭✺✳✸✽✮✱

|fn1(t, x)| . 〈r1〉−2 . t−2, ❢♦r x ∈ ΩC
n1
(t, x), ✭✺✳✹✷✮

|fn2(t, x)| . 〈r2〉−2 . t−2, ❢♦r x ∈ ΩC
n2
(t, x), ✭✺✳✹✸✮

|fn1(t, x)| . 〈r1〉−2 . (〈r2〉+ t)−2 , ❢♦r x ∈ Ωn2(t, x), ✭✺✳✹✹✮

|fn2(t, x)| . 〈r2〉−2 . (〈r1〉+ t)−2 , ❢♦r x ∈ Ωn1(t, x). ✭✺✳✹✺✮

Pr♦♦❢ ♦❢ ✭✐✮✳ ❈❛s❡ 0 < α1 6 2 < α2✳ ❋r♦♠ ✭✺✳✹✷✮✱
∫

ΩC
n1

|fn1 |α1 |fn2 |α2dx . t−2α1

∫

ΩC
n1

|fn2 |α2dx . t−2α1 .

◆❡①t✱ ❜② ✭✺✳✸✽✮✱ ✭✺✳✹✺✮ ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱
∫

Ωn1

|fn1 |α1 |fn2 |α2dx .

∫

Ωn1

〈r1〉−2α1 (〈r1〉+ t)−2α2 dx

.

∫

R4

〈x〉−2α1 (〈x〉+ t)−2α2 dx

. t4−2(α1+α2)logt . t−2α1 .

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✸✾✮✳
❈❛s❡ 2 < α1 6 α2✳ ❇② ✭✺✳✹✷✮ ❛♥❞ ✭✺✳✹✺✮✱ ✇❡ ❤❛✈❡

∫

ΩC
n1

|fn1 |α1 |fn2 |α2dx . t−2α1

∫

ΩC
n1

|fn2 |α2dx . t−2α1 ,

∫

Ωn1

|fn1 |α1 |fn2 |α2dx . t−2α2

∫

Ωn1

|fn1 |α1dx . t−2α2 . t−2α1 ,

✶✺✽
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✇❤✐❝❤ ✐♠♣❧✐❡s ✭✺✳✸✾✮✳
Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❋✐rst✱ ❜② ✭✺✳✸✽✮✱ ✭✺✳✹✹✮ ❛♥❞ ✭✺✳✹✺✮✱ ❛s ❜❡❢♦r❡✱

∫

Ωn1

|fn1 |α1 |fn2 |α2dx+

∫

Ωn2

|fn1 |α1 |fn2 |α2dx

.

∫

R4

(
〈x〉−2α1(〈x〉+ t)−2α2 + 〈x〉−2α2(〈x〉+ t)−2α1

)
dx . t4−2(α1+α2).

◆❡①t✱ ❜② t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

∫

(Ωn1∪Ωn2)
C
|fn1 |α1 |fn2 |α2dx .

(∫

ΩC
n1

|fn1 |α1+α2dx

) α1
α1+α2

(∫

ΩC
n2

|fn2 |α1+α2dx

) α2
α1+α2

.

∫

|x|> 1
10

|ℓn1−ℓn2 |t
〈x〉−2(α1+α2)dx . t4−2(α1+α2).

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✹✵✮✳
Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❯s✐♥❣ ✭✺✳✸✽✮✱ ✭✺✳✹✹✮ ❛♥❞ ✭✺✳✹✺✮ ❛❣❛✐♥✱

∫

Ωn1

|fn1 |α1 |fn2 |2dx+

∫

Ωn2

|fn1 |α1 |fn2 |2dx

.

∫

R4

(
〈x〉−2α1(〈x〉+ t)−4 + 〈x〉−4(〈x〉+ t)−2α1

)
dx . t−2α1 logt.

❯s✐♥❣ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✐✮✱ ✇❡ ❤❛✈❡

∫

(Ωn1∪Ωn2)
C
|fn1 |α1 |fn2 |2dx .

∫

|x|> 1
10

|ℓn1−ℓn2 |t
〈x〉−2(α1+2)dx . t−2α1 .

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✹✶✮✳

◆♦✇✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥ t❡r♠s✳

▲❡♠♠❛ ✺✳✶✺✳ ❚❤❡r❡ ❡①✐sts T0 ≫ 1✱ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞ ❢♦r t > T0✳

✭✐✮ ❊st✐♠❛t❡ ♦♥ G1✳ ❲❡ ❤❛✈❡
‖G1‖L2 . t−4. ✭✺✳✹✻✮

✭✐✐✮ ❊st✐♠❛t❡ ♦♥ G2✳ ❲❡ ❤❛✈❡
‖G2‖L2 . |a|2 + |b|2. ✭✺✳✹✼✮

✭✐✐✐✮ ❊st✐♠❛t❡ ♦♥ G3✳ ❲❡ ❤❛✈❡
‖G3‖L2 . |a|2 + |b|3 + t−4. ✭✺✳✹✽✮

✭✐✈✮ ❊st✐♠❛t❡ ♦♥ G✳ ❲❡ ❤❛✈❡
‖G‖L2 . |a|2 + |b|2 + t−4. ✭✺✳✹✾✮

❘❡♠❛r❦ ✺✳✶✻✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❘❡♠❛r❦ ✺✳✶✸✱ G2 ❤❛s ❛ s❧♦✇ ❞❡❝❛② ❞✐✛❡r❡♥t ❢r♦♠ G1 ❛♥❞ G3✳ ❚❤✐s
❧❡❛❞s ✉s t♦ ✐♥tr♦❞✉❝❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡❝❤♥✐❝❛❧ q✉❛♥t✐t② G ✐♥ t❤❡ r❡✜♥❡❞ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❧❛t❡r ✭s❡❡
❛❧s♦ ❘❡♠❛r❦ ✺✳✷✺✮✳ ❙✐♥❝❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❞❡❝❛② ♦❢ ψ ❛♥❞ φk ❛r❡ ❞✐✛❡r❡♥t ✐♥ ▲❡♠♠❛ ✺✳✼✱ t❤❡ ❞❡❝❛② ♦❢
✐♥t❡r❛❝t✐♦♥ t❡r♠s r❡❧❛t❡❞ t♦ a ❛♥❞ b ❛r❡ ❞✐✛❡r❡♥t✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ♣♦✇❡r ♦❢ a ❛♥❞ b ❛r❡ ❞✐✛❡r❡♥t
✐♥ ✭✺✳✹✽✮✳

✶✺✾
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Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ▲❡t t > T0 ≫ 1✳ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✱
∑

n 6=n′

‖Q2
nQn′‖L2 . t−4. ✭✺✳✺✵✮

◆♦t❡ t❤❛t ✭✺✳✹✻✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✺✳✺✵✮ ❛♥❞ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✳
❋✐rst✱ ❢♦r ❛♥② n 6= n′✱ ✇❡ ❝♦♥s✐❞❡r ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡

(
x1 − ℓnt√
1− ℓ2n

, x̄

)
7→ (y1, ȳ) ∈ R4.

■t ❢♦❧❧♦✇s t❤❛t ∫

R4

Q4
nQ

2
n′dx = H1 +H2,

✇❤❡r❡

H1 = (1− ℓ2n)
1
2

∫

R3

∫

I1

Q4(x1, x̄)Q
2


(1− ℓ2n)

1
2x1 − (ℓn′ − ℓn)t√
1− ℓ2n′

, x̄


 dx1dx̄,

H2 = (1− ℓ2n)
1
2

∫

R3

∫

I2

Q4(x1, x̄)Q
2


(1− ℓ2n)

1
2x1 − (ℓn′ − ℓn)t√
1− ℓ2n′

, x̄


 dx1dx̄,

❛♥❞

I1 =

{
x1 ∈ R : (1− ℓ2n)

1
2 |x1| >

1

2
|ℓn − ℓn′ |t

}
,

I2 =

{
x1 ∈ R : (1− ℓ2n)

1
2 |x1| <

1

2
|ℓn − ℓn′ |t

}
.

❊st✐♠❛t❡ ♦♥ H1✳ ❋✐rst✱ ❢r♦♠ ✭✺✳✶✶✮✱ ❢♦r ❛♥② x = (x1, x̄) ∈ I1 × R3✱

|Q(x1, x̄)| . (t+ |x̄|)−3 . t−3.

❇❛s❡❞ ♦♥ ❛❜♦✈❡ ❡st✐♠❛t❡ ❛♥❞ Q ∈ L2✱ ✇❡ ❤❛✈❡

H1 . ‖Q‖4L∞(I1×R3)

∫

R3

∫

I1

Q2


(1− ℓ2n)

1
2x1 − (ℓn′ − ℓn)t√
1− ℓ2n′

, x̄


 dx1dx̄ . t−12.

❊st✐♠❛t❡ ♦♥ H2✳ ◆♦t❡ t❤❛t✱ ❢♦r ❛♥② x1 ∈ I2✱
∣∣∣∣∣
(1− ℓ2n)

1
2x1 − (ℓn′ − ℓn)t

(1− ℓ2n′)
1
2

∣∣∣∣∣ >
∣∣∣∣∣
(ℓn′ − ℓn)t

(1− ℓ2n′)
1
2

∣∣∣∣∣−
∣∣∣∣∣
(1− ℓ2n)

1
2x1

(1− ℓ2n′)
1
2

∣∣∣∣∣ >
|ℓn′ − ℓn|t
2(1− ℓ2n′)

1
2

.

❇② ✭✺✳✶✵✮✱ ❢♦r ❛♥② x = (x1, x̄) ∈ I2 × R3✱ ✇❡ ❤❛✈❡
∣∣∣∣∣∣
Q


(1− ℓ2n)

1
2x1 − (ℓn′ − ℓn)t√
1− ℓ2n′

, x̄




∣∣∣∣∣∣
.

|x̄|
|x̄|4 + t4

+ t−4 . t−4(|x|+ 1).

❇❛s❡❞ ♦♥ ❛❜♦✈❡ ❡st✐♠❛t❡ ❛♥❞ ✭✺✳✶✶✮✱

H2 . t−8

∫

R3

∫

R

〈x〉−12(|x|2 + 1)dx1dx̄ . t−8.

❈♦♠❜✐♥✐♥❣ t❤❡ ❡st✐♠❛t❡s ♦♥ H1 ❛♥❞ H2✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✺✵✮✳

✶✻✵
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Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❋✐rst✱ ❢r♦♠ ✭✺✳✶✶✮ ❛♥❞ ✭✺✳✶✾✮✱ ✇❡ ❦♥♦✇ t❤❛t

|Q|ψ2 +

K∑

k=1

|Q|φ2k ∈ L2.

◆❡①t✱ ❢r♦♠ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱

|G2| .
N∑

n=1

|an|2|Qn||Ψn|2 +
∑

(n,k)∈I
|Qn||bn,k|2|Φn,k|2.

■t ❢♦❧❧♦✇s t❤❛t✱

‖G2‖L2 .

( N∑

n=1

a2n +
∑

(n,k)∈I0
b2n,k

)(
‖Qψ2‖L2 +

K∑

k=1

‖Qφ2k‖L2

)
. |a|2 + |b|2.

Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❙t❡♣ ✶✳ ❊st✐♠❛t❡ ♦♥ G3,1✳ ❲❡ ❝❧❛✐♠

‖G3,1‖L2 . |a|8 + |b|8 + t−4. ✭✺✳✺✶✮

❋r♦♠ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱

|G3,1| .
∑

n 6=n′

|Qn|
(
a2n′Ψ2

n′ +
K∑

k=1

b2n′,kΦ
2
n′,k

)
.

◆♦t❡ t❤❛t✱ ❜② ✭✺✳✶✶✮✱ ✭✺✳✶✾✮✱ ✭✺✳✸✾✮ ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱

∑

n 6=n′

‖a2n′Ψ2
n′Qn‖L2 . |a|2t−3 . |a|8 + t−4,

∑

n 6=n′

K∑

k=1

‖b2n′,kΦ
2
n′,kQn‖L2 . |b|2t−3 . |b|8 + t−4.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ✜♥❞ ✭✺✳✺✶✮✳
❙t❡♣ ✷✳ ❊st✐♠❛t❡ ♦♥ G3,2✳ ❲❡ ❝❧❛✐♠

‖G3,2‖L2 . |a|3 + |b|3. ✭✺✳✺✷✮

❋✐rst✱ ❢r♦♠ ✭✺✳✷✵✮✱ ✇❡ ❦♥♦✇ t❤❛t

|ψ|+
K∑

k=1

|φk| ∈ L6.

◆♦t❡ t❤❛t✱ ❢r♦♠ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱

|G3,2| . |U |3 + |V |3 .
N∑

n=1

|an|3|Ψn|3 +
∑

(n,k)∈I0
|bn,k|3|Φn,k|3.

■t ❢♦❧❧♦✇s t❤❛t✱

‖G3,2‖L2 . (|a|3 + |b|3)
(
‖ψ‖3L6 +

K∑

k=1

‖φk‖3L6

)
. |a|3 + |b|3,

✇❤✐❝❤ ♠❡❛♥s ✭✺✳✺✷✮✳

✶✻✶
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❙t❡♣ ✸✳ ❊st✐♠❛t❡ ♦♥ G3,3✳ ❲❡ ❝❧❛✐♠

‖G3,3‖L2 . |a|2 + |b|4 + t−4. ✭✺✳✺✸✮

❋✐rst✱ ✉s✐♥❣ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t② ❛❣❛✐♥✱

|G3,3| .
∑

n 6=n′

|an′Q2
nΨn′ |+

∑

n 6=n′

|anQnQn′Ψn|

+
K∑

k=1

∑

n 6=n′

|bn′,kQ
2
nΦn′,k|+

K∑

k=1

∑

n 6=n′

|bn,kQnQn′Φn,k|.

❙❡❝♦♥❞✱ ✉s✐♥❣ ✭✺✳✶✶✮✱ ✭✺✳✶✾✮✱ ✭✺✳✸✾✮ ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛❣❛✐♥✱

∑

n 6=n′

‖an′Q2
nΨn′‖L2 +

∑

n 6=n′

‖anQnQn′Ψn‖L2 . |a|(t−2 + t−3) . |a|2 + t−4,

K∑

k=1

∑

n 6=n′

‖bn′,kQ
2
nΦn′,k‖L2 +

K∑

k=1

∑

n 6=n′

‖bn,kQnQn′Φn,k‖L2 . |b|t−3 . |b|4 + t−4.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✺✸✮✳
❙t❡♣ ✹✳ ❊st✐♠❛t❡ ♦♥ G3,4✳ ❲❡ ❝❧❛✐♠

‖G3,4‖L2 . |a|4 + |b|4 + t−4. ✭✺✳✺✹✮

❇② t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R✱

|G3,4| .
∑

n 6=n′

|Qn|
(
a2n′Ψ2

n′ +

K∑

k=1

b2n′,kΦ
2
n′,k

)

+
∑

n 6=n′

|an||Qn||Ψn|
(
|an′ ||Ψn′ |+

K∑

k=1

|bn′,k||Φn′,k|
)

+
∑

n 6=n′

K∑

k=1

|bn,k||Qn||Φn,k|
(
|an′ ||Ψn′ |+

K∑

k=1

|bn′,k′ ||Φn′,k′ |
)
.

❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ❙t❡♣ ✷ ❛♥❞ ❙t❡♣ ✸✱ ✉s✐♥❣ ✭✺✳✶✶✮✱ ✭✺✳✶✾✮✱ ✭✺✳✸✾✮ ❛♥❞ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡
♦❜t❛✐♥ ✭✺✳✺✹✮✳

❲❡ s❡❡ t❤❛t ✭✺✳✹✽✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✺✶✮✱ ✭✺✳✺✷✮✱ ✭✺✳✺✸✮ ❛♥❞ ✭✺✳✺✹✮✳
Pr♦♦❢ ♦❢ ✭✐✈✮✳ ❊st✐♠❛t❡ ✭✺✳✹✾✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✺✳✹✻✮✱ ✭✺✳✹✼✮ ❛♥❞ ✭✺✳✹✽✮✳

✺✳✸✳✷ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛r♦✉♥❞ ♠✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ ❣❡♥❡r❛❧ r❡s✉❧ts ♦♥ s♦❧✉t✐♦♥s ♦❢ ✭✺✳✶✮ t❤❛t ❛r❡ ❝❧♦s❡ t♦ s✉♠ ♦❢ N > 2 ❞❡❝♦✉♣❧❡❞
s♦❧✐t❛r② ✇❛✈❡s✳

❋✐rst✱ ✇❡ r❡❝❛❧❧ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ❢♦r s♦❧✉t✐♦♥s ♦❢ ✭✺✳✶✮✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✳ ❚❤❡r❡ ❡①✐st T0 ≫ 1 ❛♥❞ 0 < γ0 ≪ 1 s✉❝❤ t❤❛t ✐❢ ~u(t) = (u(t), ∂tu(t)) ✐s ❛ s♦❧✉t✐♦♥
♦❢ ✭✺✳✶✮ ♦♥ [T1, T2]✱ ✇❤❡r❡ 1 ≪ T0 6 T1 < T2 <∞✱ s✉❝❤ t❤❛t

sup
t∈[T1,T2]

‖~u(t)−
N∑

n=1

~Qn(t)‖ < γ0, ✭✺✳✺✺✮

✶✻✷



✺✳✸✳ ❉❨◆❆▼■❈❙ ❈▲❖❙❊ ❚❖ ❚❍❊ ❙❯▼ ❖❋ N ❙❖▲■❚❖◆❙

t❤❡♥ t❤❡r❡ ❡①✐st C1 ❢✉♥❝t✐♦♥s a = (a1, . . . , aN ) ❛♥❞ b = (bn,k)(n,k)∈I0 s✉❝❤ t❤❛t✱ ~ϕ ❜❡✐♥❣ ❞❡✜♥❡❞ ❜②

~ϕ =

(
ϕ1

ϕ2

)
= ~u−

N∑

n=1

~Qn −
N∑

n=1

an~Ψn −
∑

(n,k)∈I0
bn,k~Φn,k, ✭✺✳✺✻✮

✐t s❛t✐s✜❡s
‖~ϕ‖H + |a|+ |b| . γ0,

❛♥❞ (
~ϕ, ~Φn′,k

)

H
= 0, ∀(n′, k) ∈ I0,

(
~ϕ, ~Ψn

)

H
= 0, ∀ n = 1, . . . , N.

✭✺✳✺✼✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r♦♣♦s✐t✐♦♥ r❡❧✐❡s ♦♥ ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ ▲❡♠♠❛ ✺✳✼✱
✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ♦❢ ▲❡♠♠❛ ✺✳✶✹ ❛♥❞ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ ●r❛♠ ♠❛tr✐① ✭s❡❡ ❡✳❣✳ ❬✷✻✱ ▲❡♠♠❛ ✸❪ ❛♥❞ ❬✶✶✷✱
Pr♦♣♦s✐t✐♦♥ ✸✳✹❪✮✱ ❛♥❞ ✇❡ ♦♠✐t ✐t✳

❙❡t
Mod1 = Mod1,1 +Mod1,2,

Mod2 = Mod2,1 +Mod2,2,

✇❤❡r❡

Mod1,1 =
N∑

n=1

ȧnΨn, Mod2,1 = −
N∑

n=1

ȧnℓn∂x1Ψn,

Mod1,2 =
∑

(n,k)∈I0
ḃn,kΦn,k, Mod2,2 = −

∑

(n,k)∈I0
ḃn,kℓn∂x1Φn,k.

❲❡ ❞❡❞✉❝❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ~ϕ ❢r♦♠ ✭✺✳✶✮ ❛♥❞ ✭✺✳✺✻✮✳

▲❡♠♠❛ ✺✳✶✽ ✭❊q✉❛t✐♦♥ ♦❢ ~ϕ✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ ~ϕ s❛t✐s✜❡s
{
∂tϕ1 = ϕ2 −Mod1,

∂tϕ2 = ∆ϕ1 + (R+ U + V + ϕ1)
3 − (R+ U + V )3 −Mod2 +G.

✭✺✳✺✽✮

Pr♦♦❢✳ ❋✐rst✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Qn✱ Ψn ❛♥❞ Φn,k✱

∂tQn = −ℓn∂x1Qn,

∂t(anΨn) = −ℓn∂x1Ψn + ȧnΨn,

∂t(bn,kΦn,k) = −ℓn∂x1Φn,k + ḃn,kΦn,k,

❢♦r n = 1, . . . , N ❛♥❞ (n, k) ∈ I0✳ ❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~ϕ = (ϕ1, ϕ2) ✐♥ ✭✺✳✺✻✮✱ ✇❡ ❤❛✈❡

∂tϕ1 = ∂tu−
N∑

n=1

∂tQn −
N∑

n=1

∂t(anΨn)−
∑

(n,k)∈I0
∂t(bn,kΦn,k)

= ϕ2 −
N∑

n=1

ȧnΨn −
∑

(n,k)∈I0
ḃn,kΦn,k.

❙❡❝♦♥❞✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Qn✱ Ψn ❛♥❞ Φn,k ❛❣❛✐♥✱

∂t(ℓn∂x1Qn) = −ℓ2n∂2x1
Qn,

∂t(anℓn∂x1Ψn) = −anℓ2n∂2x1
Ψn + ȧnℓn∂x1Ψn,

∂t(bn,kℓn∂x1Φn,k) = −bn,kℓ2n∂2x1
Φn,k + ḃn,kℓn∂x1Φn,k,

✶✻✸
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❢♦r n = 1, . . . , N ❛♥❞ (n, k) ∈ I0✳ ❚❤✉s✱ ❜② ✭✺✳✶✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Mod2✱

∂tϕ2 = ∂ttu+
N∑

n=1

∂t(ℓn∂x1Qn) +
N∑

n=1

∂t(anℓn∂x1Ψn) +
∑

(n,k)∈I0
∂t(bn,kℓn∂x1Φn,k)

= ∆u+ u3 −
N∑

n=1

ℓ2n∂
2
x1
Qn −

N∑

n=1

anℓ
2
n∂

2
x1
Ψn −

∑

(n,k)∈I0
bn,kℓ

2
n∂

2
x1
Φn,k −Mod2.

◆♦t❡ t❤❛t✱ ❢r♦♠ −(1 − ℓ2n)∂
2
x1
Qn − ∆̄Qn − Q3

n = 0✱ −(1 − ℓ2n)∂
2
x1
Ψn − ∆̄Ψn − 3Q2

nΨn = 0✱ −(1 −
ℓ2n)∂

2
x1
Φn,k − ∆̄Φn,k − 3Q2

nΦn,k = 0 ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G ✐♥ ✭✺✳✸✻✮✱

∆u+ u3 −
N∑

n=1

ℓ2n∂
2
x1
Qn −

N∑

n=1

anℓ
2
n∂

2
x1
Ψn −

∑

(n,k)∈I0
bn,kℓ

2
n∂

2
x1
Φn,k

= ∆ϕ1 + (R+ U + V + ϕ1)
3 − (R+ U + V )3 +G.

❇❛s❡❞ ♦♥ t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t✐❡s✱ ✇❡ ♦❜t❛✐♥

∂tϕ2 = ∆ϕ1 + (R+ U + V + ϕ1)
3 − (R+ U + V )3 −Mod2 +G.

❲❡ ❞❡❝♦♠♣♦s❡

(R+ U + V + ϕ1)
3 − (R+ U + V )3 = 3

N∑

n=1

Q2
nϕ1 +R1 +R2,

✇❤❡r❡
R1 = 3(R+ U + V )ϕ2

1 + ϕ3
1,

R2 = 3
(
(U + V )2 + 2R(U + V )

)
ϕ1 + 3

∑

n 6=n′

QnQn′ϕ1.

❇❛s❡❞ ♦♥ t❤❡ ❛❜♦✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ~ϕ ✐♥ ✭✺✳✺✽✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

∂t~ϕ = ~L~ϕ− ~Mod + ~G+ ~R1 + ~R2, ✭✺✳✺✾✮

✇❤❡r❡
~L =

(
0 1

∆ + 3
∑N

n=1Q
2
n 0

)
, ~Mod =

(
Mod1
Mod2

)
,

❛♥❞
~G =

(
0
G

)
, ~R1 =

(
0
R1

)
, ~R2 =

(
0
R2

)
.

◆♦✇✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❝♦♥tr♦❧ ♦❢ ȧ ❛♥❞ ḃ ❢r♦♠ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭✺✳✺✼✮✳

▲❡♠♠❛ ✺✳✶✾✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✱ ✇❡ ❤❛✈❡

|ȧ|+ |ḃ| . ‖~ϕ‖H + |a|2 + |b|2 + t−4. ✭✺✳✻✵✮

Pr♦♦❢✳ ❋r♦♠ ✭✺✳✺✾✮ ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✺✳✺✼✮✱ ✇❡ ❤❛✈❡

0 =
d

dt

(
~ϕ, ~Ψn

)

H
=
(
∂t~ϕ, ~Ψn

)

H
+
(
~ϕ, ∂t~Ψn

)

H

=
(
~L~ϕ, ~Ψn

)

H
−
(
~Mod, ~Ψn

)

H
+
(
~G, ~Ψn

)

H

+
(
~R1, ~Ψn

)

H
+
(
~R2, ~Ψn

)

H
− ℓn

(
~ϕ, ∂x1

~Ψn

)

H
.

✶✻✹
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❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ ψ ✐♥ ✭✺✳✶✾✮✱ t❤❡ ✜rst t❡r♠ ✐s

(
~L~ϕ, ~Ψn

)

H
=

(
ϕ1,

(
∆+ 3

N∑

n′=1

Q2
n′

)
(−ℓn∂x1Ψn)

)

L2

− (ϕ2,∆Ψn)L2 = O (‖~ϕ‖H) .

◆❡①t✱ ❢r♦♠ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ ψ ❛♥❞ φ ✐♥ ✭✺✳✶✾✮✱ ❛♥❞ ▲❡♠♠❛ ✺✳✶✹ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮✱

(
~Mod, ~Ψn

)

H
=ȧn

(
~Ψn, ~Ψn

)

H
+

K∑

k=1

ḃn,k

(
~Φn,k, ~Ψn

)

H
+O

(
t−2(|ȧ|+ |ḃ|)

)
.

❯s✐♥❣ ✭✺✳✹✾✮✱ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ ψ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱
∣∣∣
(
~G, ~Ψn

)

H

∣∣∣ . ‖G‖L2‖∂x1Ψn‖L2 . |a|2 + |b|2 + t−4.

❚❤❡♥✱ ❢r♦♠ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ R1 ❛♥❞ R2✱ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮✱
∣∣∣
(
~R1, ~Ψn

)

H

∣∣∣ . ‖ϕ1‖2L4‖∂x1Ψn‖L4 (‖ϕ1‖L4 + ‖R+ U + V ‖L4) . ‖~ϕ‖2H,
∣∣∣
(
~R2, ~Ψn

)

H

∣∣∣ . ‖ϕ1‖L4‖∂x1Ψn‖L4

(
‖U‖2L4 + ‖V ‖2L4 + ‖Q‖2L4

)
. ‖~ϕ‖H.

▲❛st✱ ✉s✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛❣❛✐♥✱
∣∣∣
(
~ϕ, ∂x1

~Ψn

)

H

∣∣∣ . (‖∇ϕ1‖L2 + ‖ϕ2‖L2) ‖∂x1Ψn‖H1 . ‖~ϕ‖H.

●❛t❤❡r✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡

ȧn

(
~Ψn, ~Ψn

)

H
+

K∑

k=1

ḃn,k

(
~Φn,k, ~Ψn

)

H
+O

(
t−2(|ȧ|+ |ḃ|)

)

= O
(
‖~ϕ‖H + t−4 + |a|2 + |b|2

)
.

Pr♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r ❛❧❧ n = 1, . . . , N ❛♥❞ (n, k) ∈ I0✱ ❛♥❞ t❤❡♥ ✉s✐♥❣ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ ●r❛♠
♠❛tr✐①✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✻✵✮✳

❋✐①

σ =
1

10
min
n 6=n′

|ℓn − ℓn′ | > 0. ✭✺✳✻✶✮

❋♦r n = 1, . . . , N ✱ ❧❡t

σn = 2π2(1− ℓ2n)
1
2 , cn(t) =

(ϕ1,Ψnξn)L2

σnlogt
, ✭✺✳✻✷✮

✇❤❡r❡

ξn(t, x) = ξ

(
(σt)−1

∣∣∣∣∣

(
x1 − ℓnt√
1− ℓ2n

, x̄

)∣∣∣∣∣

)
, ❢♦r n = 1, . . . , N. ✭✺✳✻✸✮

❋♦r n = 1, . . . , N ✱ ✇❡ ❛❧s♦ s❡t

Ωn(t, x) =

{
x = (x1, x̄) ∈ R4 : σt 6

∣∣∣∣∣

(
x1 − ℓnt√
1− ℓ2n

, x̄

)∣∣∣∣∣ 6 2σt

}
.

◆♦t❡ t❤❛t✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ξn ❛♥❞ Ωn✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ✭✶K ❞❡♥♦t❡s t❤❡ ❝❤❛r❛❝✲
t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❛❝t s❡t K✮✱

|∂tξn(t, x)|+ |∂x1ξn(t, x)| . t−1✶Ωn . ✭✺✳✻✹✮

✶✻✺
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◆♦t❡ ❛❧s♦ t❤❛t✱ ❢r♦♠ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ ψ ✐♥ ✭✺✳✶✾✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ψn ❛♥❞ ξn✱ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✱

‖Ψnξn‖L2 .

(∫

|x|<2σt
〈x〉−4dx

) 1
2

.

(∫ 2σt

0

r3

1 + r4
dr

) 1
2

. log
1
2 t, ✭✺✳✻✺✮

‖Ψnξn‖
L

4
3
.

(∫

|x|<2σt
〈x〉− 8

3dx

) 3
4

.

(∫ 2σt

0

r3

1 + r
8
3

dr

) 3
4

. t, ✭✺✳✻✻✮

‖Ψn✶Ωn‖L 4
3
.

(∫

σt<|x|<2σt
〈x〉− 8

3dx

) 3
4

.

(∫ 2σt

σt

r3

1 + r
8
3

dr

) 3
4

. t. ✭✺✳✻✼✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✷✵✳ ❋♦r n = 1, . . . , N ❛♥❞ n′ 6= n✱ ✇❡ ❤❛✈❡

(Ψn′ ,Ψnξn)L2 = O(1), ✭✺✳✻✽✮

(Ψn,Ψnξn)L2 = σnlogt+O(1). ✭✺✳✻✾✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✺✳✻✽✮✳ ❋♦r ❛♥② n′ 6= n✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱
(
x1 − ℓnt√
1− ℓ2n

, x̄

)
7→ (y1, ȳ).

■t ❢♦❧❧♦✇s t❤❛t

(Ψn′ ,Ψnξn)L2 = (1− ℓ2n)
1
2

∫

R4

ψ(x)ξ

( |x|
σt

)
ψ


(1− ℓ2n)

1
2x1 − (ℓn′ − ℓn)t√
1− ℓ2n′

, x̄


 dx.

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ξ✱ σ ❛♥❞ ξn r❡s♣❡❝t✐✈❡❧② ✐♥ ✭✺✳✹✮✱ ✭✺✳✻✶✮ ❛♥❞ ✭✺✳✻✸✮✱ ❢♦r ❛♥② x = (x1, x̄) ∈
Suppξ((σt)−1| · |)✱ ✇❡ ❤❛✈❡

∣∣∣(1− ℓ2n)
1
2x1 − (ℓn′ − ℓn)t

∣∣∣ >
(
|ℓn′ − ℓn| − 2σ(1− ℓ2n)

1
2

)
t >

1

2
|ℓn′ − ℓn|t.

❇❛s❡❞ ♦♥ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ ψ ✐♥ ✭✺✳✶✾✮✱ ❢♦r ❛♥② x = (x1, x̄) ∈ Suppξ((σt)−1|·
|)✱ ∣∣∣∣∣∣

ψ


(1− ℓ2n)

1
2x1 − (ℓn′ − ℓn)t√
1− ℓ2n′

, x̄




∣∣∣∣∣∣
. |(1− ℓ2n)

1
2x1 − (ℓn′ − ℓn)t|−2 . t−2.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ ψ ❛❣❛✐♥✱ ✇❡ ❤❛✈❡

|(Ψn′ ,Ψnξn)L2 | . t−2

∫

|x|62σt
|ψ(x)|dx . t−2

∫

|x|62σt
〈x〉−2dx . 1,

✇❤✐❝❤ ♠❡❛♥s ✭✺✳✻✽✮✳
Pr♦♦❢ ♦❢ ✭✺✳✻✾✮✳ ❋♦r n = 1, . . . , N ✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❛❣❛✐♥✱

(
x1 − ℓnt√
1− ℓ2n

, x̄

)
7→ (y1, ȳ).

■t ❢♦❧❧♦✇s t❤❛t

(Ψn,Ψnξn)L2 = (1− ℓ2n)
1
2

∫

R4

ψ2(x)ξ

( |x|
σt

)
dx.

✶✻✻



✺✳✸✳ ❉❨◆❆▼■❈❙ ❈▲❖❙❊ ❚❖ ❚❍❊ ❙❯▼ ❖❋ N ❙❖▲■❚❖◆❙

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ξ ✐♥ ✭✺✳✹✮ ❛❣❛✐♥✱ ✇❡ ❞❡❝♦♠♣♦s❡
∫

R4

ψ2(x)ξ

( |x|
σt

)
dx = H3 +H4 +H5 +H6,

✇❤❡r❡

H3 =

∫

|x|<1
ψ2(x)dx, H4 =

∫

σt<|x|<2σt
ψ2(x)ξ

( |x|
σt

)
dx,

H5 =

∫

1<|x|<σt
|x|−4dx, H6 =

∫

1<|x|<σt

(
ψ2(x)− |x|−4

)
dx.

❇② t❤❡ ❛s②♠♣t♦t✐❝ ❛♥❞ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ ψ ✐♥ ✭✺✳✶✽✮ ❛♥❞ ✭✺✳✶✾✮✱ ✇❡ ❤❛✈❡

|H3|+ |H4|+ |H6| .
∫

|x|<1
〈x〉−4dx+

∫

σt<|x|<2σt
〈x〉−4dx+

∫

1<|x|<σt
〈x〉−5dx

.

∫ 1

0

r3

1 + r4
dr +

∫ 2σt

σt

r3

1 + r4
dr +

∫ σt

1

r3

1 + r5
dr . 1.

◆❡①t✱ ✉s✐♥❣ t❤❡ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥ ✹✱

H5 = 2π2
∫ σt

1

1

r
dr = 2π2log(σt) = 2π2logt+O(1).

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ σn ✐♥ ✭✺✳✻✷✮✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✻✾✮✳

◆♦✇✱ ✇❡ ❞❡r✐✈❡ ❛ r❡✜♥❡❞ ❡q✉❛t✐♦♥ ♦❢ ȧ ❢r♦♠ ▲❡♠♠❛ ✺✳✶✾ ❛♥❞ ▲❡♠♠❛ ✺✳✷✵✳

▲❡♠♠❛ ✺✳✷✶ ✭❘❡✜♥❡❞ ❡q✉❛t✐♦♥ ♦❢ ȧ✮✳ ❋♦r n = 1, . . . , N ✱ ✇❡ ❤❛✈❡

|ȧn + ċn| . ‖~ϕ‖Hlog−
1
2 t+ |a|2 + |b|2 + t−4. ✭✺✳✼✵✮

Pr♦♦❢✳ ❋✐rst✱ ❜② ✭✺✳✺✽✮ ❛♥❞ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱

d

dt
(ϕ1,Ψnξn)L2 =(∂tϕ1,Ψnξn)L2 + (ϕ1,Ψn∂tξn)L2 − ℓn (ϕ1, ξn∂x1Ψn)L2

=(ϕ2,Ψnξn)L2 − (Mod1,1,Ψnξn)L2 − (Mod1,2,Ψnξn)L2

+ (ϕ1,Ψn∂tξn)L2 − ℓn (ϕ1, ξn∂x1Ψn)L2 .

❋r♦♠ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✺✳✻✺✮✱

|(ϕ2,Ψnξn)L2 | . ‖ϕ2‖L2‖Ψnξn‖L2 . ‖~ϕ‖Hlog
1
2 t.

◆❡①t✱ ❜② ✭✺✳✻✵✮✱ ✭✺✳✻✽✮ ❛♥❞ ✭✺✳✻✾✮✱

(Mod1,1,Ψnξn)L2 = ȧn (Ψn,Ψnξn)L2 +
∑

n′ 6=n

ȧn′ (Ψn′ ,Ψnξn)L2

= (σnlogt) ȧn +O
(
‖~ϕ‖H + |a|2 + |b|2 + t−4

)
.

❯s✐♥❣ ✭✺✳✻✵✮✱ t❤❡ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ ψ ❛♥❞ φk ✐♥ ✭✺✳✶✾✮✱

∣∣(Mod1,2,Ψnξn)L2

∣∣ . |ḃ|
∑

(n′,k)∈I0

∫

R4

(
|Φn′,k|

5
3 + |Ψn|

5
2

)
dx

.
(
‖~ϕ‖H + |a|2 + |b|2 + t−4

) ∫

R4

〈x〉−5dx

.
(
‖~ϕ‖H + |a|2 + |b|2 + t−4

)
.

✶✻✼



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✺✳✻✹✮✱ ✭✺✳✻✼✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮✱

|(ϕ1,Ψn∂tξn)L2 | . t−1‖ϕ1‖L4‖Ψn✶Ωn‖L 4
3
. ‖~ϕ‖H.

❚❤❡♥✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

(ϕ1, ξn∂x1Ψn)L2 = − (∂x1ϕ1,Ψnξn)L2 − (ϕ1,Ψn∂x1ξn)L2 .

❚❤✉s✱ ✉s✐♥❣ ✭✺✳✻✹✮✱ ✭✺✳✻✺✮✱ ✭✺✳✻✼✮✱ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②
❛❣❛✐♥✱

|(ϕ1, ξn∂x1Ψn)L2 | . |(∂x1ϕ1,Ψnξn)L2 |+ |(ϕ1,Ψn∂x1ξn)L2 |
. ‖∇ϕ1‖L2‖Ψnξn‖L2 + t−1‖ϕ1‖L4‖Ψn✶Ωn‖L 4

3
. ‖~ϕ‖Hlog

1
2 t.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡
∣∣∣∣(σnlogt)ȧn +

d

dt
(ϕ1,Ψnξn)L2

∣∣∣∣ . ‖~ϕ‖Hlog
1
2 t+ |a|2 + |b|2 + t−4. ✭✺✳✼✶✮

▲❛st✱ ✉s✐♥❣ ✭✺✳✻✻✮✱

ċn = (σnlogt)
−1 d

dt
(ϕ1,Ψnξn)L2 −

(
σntlog

2t
)−1

(ϕ1,Ψnξn)L2

= (σnlogt)
−1 d

dt
(ϕ1,Ψnξn)L2 +O

(
‖~ϕ‖Hlog−2t

)
. ✭✺✳✼✷✮

❉✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✭✺✳✼✶✮ ❜② σnlogt ❛♥❞ t❤❡♥ ✉s✐♥❣ ✭✺✳✼✷✮✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✼✵✮✳

▲❛st✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s✳

▲❡♠♠❛ ✺✳✷✷ ✭❊①♣♦♥❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s✮✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✱ ❢♦r (n, j) ∈ I✱ ❧❡t z±n,j =(
~ϕ, ~Z±

n,j

)

L2
❛♥❞ αn,j = λj(1− ℓ2n)

1
2 > 0✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

∣∣∣∣
d

dt
z±n,j ± αn,jz

±
n,j

∣∣∣∣ . ‖~ϕ‖2H + |a|2 + |b|2 + t−4. ✭✺✳✼✸✮

Pr♦♦❢✳ ❋✐rst✱ ❜② ✭✺✳✺✾✮✱ ✇❡ ❝♦♠♣✉t❡

d

dt
z±n,j =

(
~L~ϕ, ~Z±

n,j

)

L2
− ℓn

(
~ϕ, ∂x1

~Z±
n,j

)

L2

+
(
~G, ~Z±

n,j

)

L2
+
(
~R1, ~Z

±
n,j

)

L2
+
(
~R2, ~Z

±
n,j

)

L2
−
(
~Mod, ~Z±

n,j

)

L2
.

❋r♦♠ ✭✺✳✷✾✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

(
~L~ϕ, ~Z±

n,j

)

L2
− ℓn

(
~ϕ, ∂x1

~Z±
n,j

)

L2

= −
(
~ϕ,
(
HℓnJ

~Z±
j,ℓn

)
(· − ℓnt)

)

L2
+ 3

∑

n′ 6=n

(
ϕ1, Q

2
n′Υ±

n,j

)

L2

= ∓αn,jz
±
n,j + 3

∑

n′ 6=n

(
ϕ1, Q

2
n′Υ±

n,j

)

L2
,

✇❤❡r❡
Υ±

n,j = ±λj(1− ℓ2n)
1
2Υ±,1

j,ℓn
(· − ℓnt).

✶✻✽



✺✳✹✳ P❘❖❖❋ ❖❋ ❚❍❊❖❘❊▼ ✺✳✶

◆♦t❡ t❤❛t✱ ❜② ▲❡♠♠❛ ✺✳✶✹ ✭✐✮ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ Q ❛♥❞ Υ±,1
j,ℓ ✐♥ ✭✺✳✶✶✮ ❛♥❞ ✭✺✳✷✼✮✱

∑

n′ 6=n

∣∣∣
(
ϕ1, Q

2
n′Υ±

n,j

)

L2

∣∣∣ .
∑

n′ 6=n

‖ϕ1‖L4‖Q2
n′Υ±

n,j‖L 4
3
. ‖~ϕ‖2H + t−12.

◆❡①t✱ ❢r♦♠ ✭✺✳✷✼✮✱ ✭✺✳✹✾✮ ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ R1✱
∣∣∣
(
~G, ~Z±

n,j

)

L2

∣∣∣ . ‖G‖L2‖Υ±
n,j‖L2 . |a|2 + |b|2 + t−4,

∣∣∣
(
~R1, ~Z

±
n,j

)

L2

∣∣∣ . ‖ϕ1‖2L4 (‖ϕ1‖L4 + ‖R+ U + V ‖L4) ‖Υ±
n,j‖L4 . ‖~ϕ‖2H.

❯s✐♥❣ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ Q ✐♥ ✭✺✳✶✶✮ ❛♥❞ ▲❡♠♠❛ ✺✳✶✹ ❛❣❛✐♥✱
∣∣∣
(
~R2, ~Z

±
n,j

)

L2

∣∣∣ . ‖ϕ1‖L4‖Υ±
n,j‖L2

(
‖U + V ‖2L8 + ‖R(U + V )‖L4

)

+
∑

n′ 6=n′′

‖ϕ1‖L4‖Υ±
n,j‖L2‖Qn′Qn′′‖L4

. ‖~ϕ‖H
(
|a|+ |b|+ t−3

)
. ‖~ϕ‖2H + |a|2 + |b|2 + t−6.

▲❛st✱ ✉s✐♥❣ ✭✺✳✷✽✮✱ ✭✺✳✷✾✮✱ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

(
~Ψn, ~Z

±
n,j

)

L2
=
(
~ψℓn ,Hℓn

~Υ±
j,ℓn

)

L2
=
(
Hℓn

~ψℓn ,
~Υ±
j,ℓn

)

L2
= 0,

(
~Φn,k, ~Z

±
n,j

)

L2
=
(
~φk,ℓn ,Hℓn

~Υ±
j,ℓn

)

L2
=
(
Hℓn

~φk,ℓn ,
~Υ±
j,ℓn

)

L2
= 0.

❚❤❡r❡❢♦r❡✱ ❜② ✭✺✳✶✾✮✱ ✭✺✳✷✼✮✱ ✭✺✳✻✵✮ ❛♥❞ t❤❡ ▲❡♠♠❛ ✺✳✶✹ ✭✐✮✱

(
~Mod, ~Z±

n,j

)

L2
=
∑

n′ 6=n

ȧn′

(
~Ψn′ , ~Z±

n,j

)

L2
+
∑

n′ 6=n

K∑

k=1

ḃn′,k

(
~Φn′,k, ~Z

±
n,j

)

L2

= O
(
(‖~ϕ‖H + |a|2 + |b|2 + t−4)t−2

)

= O
(
‖~ϕ‖2H + |a|4 + |b|4 + t−4

)
.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✼✸✮✳

✺✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ♦❢ ✭✺✳✶✮ s❛t✐s❢②✐♥❣ ✭✺✳✸✮ ✐♥ ❚❤❡♦r❡♠ ✺✳✶✳
❲❡ ❛r❣✉❡ ❜② ❝♦♠♣❛❝t♥❡ss ❛♥❞ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥ ~u ❛s t❤❡ ✇❡❛❦ ❧✐♠✐t ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡
❡①❝✐t❡❞ ♠✉❧t✐✲s♦❧✐t♦♥s ~um✳

❋✐rst✱ ✇❡ r❡❝❛❧❧ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✇❤✐❝❤ ❝♦♥str✉❝ts ✇❡❧❧✲♣r❡♣❛r❡❞ ✐♥✐t✐❛❧ ❞❛t❛ ❛t t = T ≫ 1 ✇✐t❤
s✉✣❝✐❡♥t ❢r❡❡❞♦♠ r❡❧❛t❡❞ t♦ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s✳

▲❡♠♠❛ ✺✳✷✸✳ ❚❤❡r❡ ❡①✐sts T0 ≫ 1 s✉❝❤ t❤❛t ❢♦r ❛♥② T > T0 t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s tr✉❡✳ ❋♦r ❛♥② z =
(zn,j)(n,j)∈I ∈ BR|I|(T− 7

2 )✱ t❤❡r❡ ❡①✐st

Z = (z̃n,j)(n,j)∈I , A = (ãn)n=1,...,N ❛♥❞ B = (b̃n,k)(n,k)∈I0 ,

s❛t✐s❢②✐♥❣
∑

(n,j)∈I
|z̃n,j |+

N∑

n=1

|ãn|+
∑

(n,k)∈I0

∣∣∣b̃n,k
∣∣∣ . T− 7

2 , ✭✺✳✼✹✮

✶✻✾
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s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ~ϕ(T ) = (ϕ1(T ), ϕ2(T )) ∈ Ḣ1 × L2 ❞❡✜♥❡❞ ❜②

~ϕ(T ) =
∑

(n,j)∈I
z̃n,j ~Z

+
n,j(T ) +

N∑

n=1

ãn~Ψn(T ) +
∑

(n,k)∈I0
b̃n,k~Φn,k(T ) ✭✺✳✼✺✮

s❛t✐s✜❡s ❢♦r ❛❧❧ m = 1, . . . ,K✱ (n, k) ∈ I0 ❛♥❞ (n, j) ∈ I✱

(~ϕ(T ), ~Ψn(T ))H = (~ϕ(T ), ~Φn,k(T ))H = 0 ❛♥❞
(
~ϕ(T ), ~Z+

n,j(T )
)

L2
= zn,j .

▼♦r❡♦✈❡r✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❞❡✜♥❡❞ ❜② ~u(T ) =
∑N

n=1
~Qn(T ) + ~ϕ(T ) ✐s ♠♦❞✉❧❛t❡❞ ✐♥ t❤❡ s❡♥s❡ ♦❢ Pr♦♣♦✲

s✐t✐♦♥ ✺✳✶✼ ✇✐t❤ an(T ) = bn,k(T ) = 0 ❛♥❞ z+n,j(T ) = zn,j ❢♦r ❛♥② n = 1, . . . , N ✱ (n, k) ∈ I0 ❛♥❞
(n, j) ∈ I✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ r❡❧✐❡s ♦♥ ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ ▲❡♠♠❛ ✺✳✷✸ ❛♥❞
t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ ●r❛♠ ♠❛tr✐① ✭s❡❡ ❡✳❣✳ ❬✶✶✷✱ ▲❡♠♠❛ ✹✳✶❪✮✱ ❛♥❞ ✇❡ ♦♠✐t ✐t✳

▲❡t Sm = m2 ❢♦r ❛♥② m ∈ N✳ ❋♦r zm = (zmn,j)(n,j) ∈ BR|I|(S
− 7

2
m )✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❜❛❝❦✇❛r❞ s♦❧✉t✐♦♥

~um ∈ C
(
[Tmin(m), Sm]; Ḣ1 × L2

)
♦❢ ✭✺✳✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ~um(Sm) ❣✐✈❡♥ ❜② t❤❡ ▲❡♠♠❛ ✺✳✷✸✳

❙✐♥❝❡ ~um(Sm) ∈ Ḣ2× Ḣ1✱ ❜② ♣❡rs✐st❡♥❝❡ ♦❢ r❡❣✉❧❛r✐t② ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✼✶✱ ❘❡♠❛r❦ ✷✳✾❪✮✱ ✇❡ ❛❧s♦ ❤❛✈❡

~um ∈ C
(
[Tmin(m), Sm]; Ḣ2 × Ḣ1

)
✳ ❙✉❝❤ r❡❣✉❧❛r✐t② ✇✐❧❧ ❛❧❧♦✇ ❡♥❡r❣② ❝♦♠♣✉t❛t✐♦♥s ✐♥ ➓✺✳✹✳✷ ✇✐t❤♦✉t

❛ ❞❡♥s✐t② ❛r❣✉♠❡♥t✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ✐s t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✹ ✭❯♥✐❢♦r♠ ❡st✐♠❛t❡s✮✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✺✳✶✱ t❤❡r❡ ❡①✐st m0 ∈ N✱

T0 > 0 ❛♥❞ C > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s tr✉❡✳ ❋♦r ❛♥② m > m0✱ t❤❡r❡ ❡①✐sts zm ∈ BR|I|(S
− 7

2
m ) s✉❝❤

t❤❛t t❤❡ s♦❧✉t✐♦♥ ~um ♦❢ ✭✺✳✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ~um(Sm) ❣✐✈❡♥ ❜② t❤❡ ▲❡♠♠❛ ✺✳✷✸ ✐s ✇❡❧❧✲❞❡✜♥❡❞
Ḣ1 × L2 ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [T0, Sm]✳ ▼♦r❡♦✈❡r✱ t❤❡ s♦❧✉t✐♦♥ ~um s❛t✐s✜❡s

‖~um(t)−
N∑

n=1

~Qn(t)‖H 6 Ct−2, ❢♦r ❛❧❧ t ∈ [T0, Sm]. ✭✺✳✼✻✮

❚❤❡ r❡st ♦❢ t❤❡ s❡❝t✐♦♥ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✐♥ ➓✺✳✹✳✶✲➓✺✳✹✳✸✱ ✇❡ ❞❡✈♦t❡ t♦ t❤❡ ♣r♦♦❢
♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✹ ❜❛s❡❞ ♦♥ t❤❡ ❡♥❡r❣② ♠❡t❤♦❞✳ ▲❛st✱ ✐♥ ➓✺✳✹✳✹✱ ✇❡ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✺✳✶ ❢r♦♠
Pr♦♣♦s✐t✐♦♥ ✺✳✷✹ ❜② ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t✳

✺✳✹✳✶ ❇♦♦tstr❛♣ s❡tt✐♥❣

❋♦r 0 < t 6 Sm✱ ❛s ❧♦♥❣ ❛s ~um(t) ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✐♥ Ḣ1 × L2 ❛♥❞ s❛t✐s✜❡s ✭✺✳✺✺✮✱ ✇❡ ❞❡❝♦♠♣♦s❡ ~um(t)
❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡♥♦t❡ ❜② ~ϕ(t) ❛♥❞ (an(t), bn,k(t))(n,k)∈I0 t❤❡ r❡♠❛✐♥❞❡r t❡r♠
❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ~um(t)✳

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✹ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s✿ ❢♦r C0 ≫ 1 t♦ ❜❡
❝❤♦s❡♥✱ 




|a| 6 C2
0 t

−2log−
1
2 t,

|b| 6 C2
0 t

−2, ‖~ϕ‖H 6 C0t
−3,

∑

(n,j)∈I
|z−n,j |2 6 t−6,

∑

(n,j)∈I
|z+n,j |2 6 t−7.

✭✺✳✼✼✮

❋♦r ❛♥② zm ∈ BR|I|(S
− 7

2
m )✱ s❡t

T ∗ = T ∗
m(zm) = inf {t ∈ [T0, Sm]; ~um s❛t✐s✜❡s ✭✺✳✺✺✮ ❛♥❞ ✭✺✳✼✼✮ ♦♥ [t, Sm]} .

✶✼✵
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◆♦t❡ t❤❛t✱ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✹✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐st T0 ≫ 1 ✭✐♥❞❡♣❡♥❞❡♥t

✇✐t❤ m✮ ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ❛t ❧❡❛st ♦♥❡ ❝❤♦✐❝❡ ♦❢ zm = (zmn,j)(n,j)∈I ∈ BR|I|(S
− 7

2
m ) s✉❝❤ t❤❛t T ∗ = T0✳

■♥ t❤❡ r❡st ♦❢ t❤❡ s❡❝t✐♦♥✱ t❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥ts ✐♥ . ❛♥❞ O ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♥st❛♥t C0

❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ✭✺✳✼✼✮✳

✺✳✹✳✷ ❊♥❡r❣② ❢✉♥❝t✐♦♥❛❧

❘❡❝❛❧❧ t❤❛t✱
−ℓ̄ < ℓ1 < ℓ2 < · · · < ℓN < ℓ̄ ✇❤❡r❡ ℓ̄ = max (|ℓ1|, |ℓN |) < 1.

❋✐①

0 < δ =
1

40
(1− ℓ̄)×min(ℓ2 − ℓ1, . . . , ℓN − ℓN−1) <

1

20
. ✭✺✳✼✽✮

❲❡ ❞❡♥♦t❡
ℓ̄n = ℓn + δ(ℓn+1 − ℓn), ❢♦r n = 1, . . . , N − 1,

ℓn = ℓn − δ(ℓn+1 − ℓn), ❢♦r n = 2, . . . , N.

❋♦r t > 0✱ ❞❡♥♦t❡

Ω(t) =
((
ℓ̄1t, ℓ2t

)
∪ . . . ∪

(
ℓ̄N−1t, ℓN t

))
× R3, ΩC(t) = R4 \ Ω(t). ✭✺✳✼✾✮

❲❡ ❞❡✜♥❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ χN (t, x) = χN (t, x1) ❛s ❢♦❧❧♦✇ ✭s❡❡ ❬✽✺✱ s❡❝t✐♦♥ ✹✳✸❪ ❢♦r ❛ s✐♠✐❧❛r
❝❤♦✐❝❡ ♦❢ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥✮✱ ❢♦r t > 0✱





χN (t, x) = ℓ1 ❢♦r x1 ∈ (−∞, ℓ̄1t],

χN (t, x) = ℓn ❢♦r x1 ∈ [ℓnt, ℓ̄nt]✱ ❢♦r n ∈ {2, . . . , N − 1}✱
χN (t, x) = ℓN ❢♦r x1 ∈ [ℓN t,+∞),

χN (t, x) =
x1

(1− 2δ)t
− δ

1− 2δ
(ℓn+1 + ℓn) ❢♦r x1 ∈ [ℓ̄nt, ℓn+1t]✱ n ∈ {1, . . . , N − 1}.

✭✺✳✽✵✮

◆♦t❡ t❤❛t 



∇χN (t, x) = 0, ❢♦r x ∈ Ω(t),

∂x1χN (t, x) =
1

(1− 2δ)t
, ❢♦r x ∈ Ω(t),

∂tχN (t, x) = −1

t

x1
(1− 2δ)t

, ❢♦r x ∈ Ω(t),

∂tχN (t, x) = 0, ∇χN (t, x) = 0, ❢♦r x ∈ ΩC(t).

✭✺✳✽✶✮

❲❡ ❞❡✜♥❡
K(t) = E(t) + P(t) + G(t) + J (t),

✇❤❡r❡

G(t) = −2

∫

R4

ϕ1(t, x)G2(t, x)dx,

P(t) = 2

∫

R4

(
χN (t, x)∂x1ϕ1(t, x))ϕ2(t, x)dx,

E(t) =
∫

R4

{
|∇ϕ1|2 + ϕ2

2 −
1

2
(R+ U + V + ϕ1)

4

+
1

2
(R+ U + V )4 + 2(R+ U + V )3ϕ1

}
dx,

❛♥❞

J =

N∑

n=1

Jn, ✇✐t❤ Jn = 2an

∫

R4

(ℓn∂x1ϕ1 − ϕ2) (ℓn − χN )∂x1Ψndx.

✶✼✶
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❘❡♠❛r❦ ✺✳✷✺✳ ❚❤❡ q✉❛♥t✐t② E ❛♥❞ P ❛r❡ st❛♥❞❛r❞ ❡♥❡r❣② ❛♥❞ ♠♦♠❡♥t✉♠ ❢✉♥❝t✐♦♥❛❧s ❢♦r t❤❡ r❡♠❛✐♥✲
❞❡r t❡r♠ ~ϕ✳ ❲❡ ✐♥tr♦❞✉❝❡ G ❤❡r❡ t♦ r❡♠♦✈❡ t❤❡ ❡✛❡❝t ♦❢ G2 ♦♥ t❤❡ t✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐t② E+P
✭s❡❡ ▲❡♠♠❛ ✺✳✷✽ ✭✐✐✐✮✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ J t♦ r❡♠♦✈❡ t❤❡ ❡✛❡❝t ♦❢ (Ψn)n=1,...,N ✇❤✐❝❤ ✐s t❤❡
♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ t❤❡ ❡♥❡r❣② ❡st✐♠❛t❡ ❢♦r t❤❡ ✹❉ ❝❛s❡ ✭s❡❡ ▲❡♠♠❛ ✺✳✷✽ ✭✐✈✮✮✳

❉❡♥♦t❡

NΩ =

∫

Ω

(
|∇ϕ1|2 + ϕ2

2 + 2χN (∂x1ϕ1)ϕ2

)
dx, NΩC =

∫

ΩC

(
|∇ϕ1|2 + ϕ2

2

)
dx.

❋♦r n = 1, . . . , N ✱ ✇❡ s❡t

ζn(t, x) = ζ(x1 − ℓnt, x̄) =
(
1 +

(
(x1 − ℓnt)

2 + |x̄|2
) 1

2

)−γ

,

✇❤❡r❡ γ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ▲❡♠♠❛ ✺✳✶✶✳
◆♦t❡ t❤❛t✱ ❢r♦♠ |χN | 6 ℓ̄ < 1✱

NΩ > (1− ℓ̄)

∫

Ω

(
|∇ϕ1|2 + ϕ2

2

)
dx. ✭✺✳✽✷✮

◆♦t❡ ❛❧s♦ t❤❛t✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ χN ❛♥❞ ζn✱

N∑

n=1

‖(χN − ℓn)ζ
2
n‖L∞ +

N∑

n=1

‖ζ2n‖L∞(Ω) +

(
N∑

n=1

ζ2n − 1

)
. t−2γ . ✭✺✳✽✸✮

❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ❢♦r ❢✉t✉r❡ r❡❢❡r❡♥❝❡✳

▲❡♠♠❛ ✺✳✷✻✳ ▲❡t f ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

|f(x)| . 〈x〉−(3+α) ♦♥ R4, ✭✺✳✽✹✮

✇❤❡r❡ α > 0✳ ❋♦r ❛❧❧ n = 1, . . . , N ✱ ✇❡ ❤❛✈❡

‖fn‖2L2(Ω) + ‖(ℓn − χN )fn‖2L2 +

∫

R4

|ℓn − χN |f2ndx . t−(2+2α), ✭✺✳✽✺✮

✇❤❡r❡ fn(t, x) = f(x1 − ℓnt, x̄)✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ✭✺✳✽✺✮ ❢♦r ‖fn‖2L2(Ω)❀ ♦t❤❡r ❡st✐♠❛t❡s ❛r❡ ♣r♦✈❡❞ s❛♠❡✳ ❋✐rst✱ ❢r♦♠ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ δ ❛♥❞ Ω r❡s♣❡❝t✐✈❡❧② ✐♥ ✭✺✳✼✽✮ ❛♥❞ ✭✺✳✼✾✮✱ ✇❡ ❤❛✈❡

|x1 − ℓnt| > δ2t, ❢♦r ❛♥② x = (x1, x̄) ∈ Ω.

❚❤❡r❡❢♦r❡✱ ❢r♦♠ t❤❡ ❞❡❝❛② ❛ss✉♠♣t✐♦♥ ♦❢ f ✐♥ ✭✺✳✽✹✮ ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

‖fn‖2L2(Ω) .

∫

R3

∫

|x1−ℓnt|>δ2t
f2(x1 − ℓnt, x̄)dx1dx̄

.

∫

|x|>δ2t
〈x〉−(6+2α)dx .

∫ ∞

δ2t
r−(3+2α)dr . t−(2+2α).

❚❤❡ ♣r♦♦❢ ♦❢ ✭✺✳✽✺✮ ✐s ❝♦♠♣❧❡t❡✳

❙❡❝♦♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦❡r❝✐✈✐t② ♣r♦♣❡rt② ♦❢ K✳

▲❡♠♠❛ ✺✳✷✼✳ ❚❤❡r❡ ❡①✐sts ν > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✳

✶✼✷
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✭✐✮ ❇♦✉♥❞ ♦♥ G ❛♥❞ J ✳ ❲❡ ❤❛✈❡

|G|+ |J | . C5
0 t

−7 + C3
0 t

−6log−
1
2 t. ✭✺✳✽✻✮

✭✐✐✮ ❈♦❡r❝✐✈✐t② ♦❢ E + P✳ ❲❡ ❤❛✈❡

E + P > NΩ + νNΩC − ν−1
(
t−6 + C4

0 t
−(6+2γ)

)
. ✭✺✳✽✼✮

✭✐✐✐✮ ❈♦❡r❝✐✈✐t② ♦❢ K✳ ❲❡ ❤❛✈❡

K > NΩ + νNΩC − ν−1
(
t−6 + C5

0 t
−6log−

1
2 t
)
. ✭✺✳✽✽✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✺✳✼✼✮✱ ✭✺✳✽✺✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G2 ✐♥ ▲❡♠♠❛ ✺✳✶✷ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈
✐♥❡q✉❛❧✐t② ✭✺✳✽✮✱ ✇❡ ❤❛✈❡

|G| . ‖ϕ1‖L4‖G2‖
L

4
3
.
(
|a|2 + |b|2

)
‖~ϕ‖H . C5

0 t
−7,

|J | .
N∑

n=1

|a| (‖∇ϕ1‖L2 + ‖ϕ2‖L2) ‖(ℓn − χN )∂x1Ψn‖L2 . C3
0 t

−6log−
1
2 t,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✺✳✽✻✮✳
Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❲❡ ❞❡❝♦♠♣♦s❡

E + P = F1 + F2 + F3,

✇❤❡r❡

F1 = −1

2

∫

R4

ϕ3
1 (ϕ1 + 4(R+ U + V )) dx,

F2 = −3

∫

R4

ϕ2
1

( ∑

n 6=n′

QnQn′ + 2R(U + V ) + (U + V )2
)
dx,

F3 =

∫

R4

(
|∇ϕ1|2 − 3

N∑

n=1

Q2
nϕ

2
1 + ϕ2

2 + 2χN (∂x1ϕ1)ϕ2

)
dx.

❊st✐♠❛t❡ ♦♥ F1✳ ❋r♦♠ ✭✺✳✼✼✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮✱

|F1| . ‖ϕ1‖3L4 (‖ϕ1‖L4 + ‖R+ U + V ‖L4) . C3
0 t

−9.

❊st✐♠❛t❡ ♦♥ F2✳ ◆♦t❡ t❤❛t✱ ✉s✐♥❣ ✭✺✳✼✼✮✱ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮✱ t❤❡ ▲❡♠♠❛ ✺✳✶✹ ❛♥❞ t❤❡
❞❡❝❛② ♣r♦♣❡rt② ♦❢ Q ✐♥ ✭✺✳✶✶✮ ❛❣❛✐♥✱

|F2| . ‖ϕ1‖2L4

( ∑

n 6=n′

‖QnQn′‖L2 + ‖R‖L4‖U + V ‖L4 + ‖U + V ‖2L4

)

. ‖~ϕ‖2H
(
t−3 + |a|+ |b|

)
. C2

0 t
−6
(
t−3 + C2

0 t
−2log−

1
2 t+ C2

0 t
−2
)
. C4

0 t
−8.

❊st✐♠❛t❡ ♦♥ F3✳ ❲❡ ❞❡❝♦♠♣♦s❡

F3 = NΩ + F3,1 + F3,2 + F3,3 + F3,4,

✇❤❡r❡

F3,1 = 2

N∑

n=1

∫

R4

(χN − ℓn)(∂x1ϕ1)ϕ2ζ
2
ndx,

F3,2 = −
∫

Ω

(
|∇ϕ1|2 + ϕ2

2 + 2χN (∂x1ϕ1)ϕ2

)( N∑

n=1

ζ2n

)
dx,

✶✼✸



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

❛♥❞

F3,3 =

∫

ΩC

(
|∇ϕ1|2 + ϕ2

2 + 2χN (∂x1ϕ1)ϕ2

)(
1−

N∑

n=1

ζ2n

)
dx,

F3,4 =
N∑

n=1

∫

R4

(
|∇ϕ1|2ζ2n − 3Q2

nϕ
2
1 + ϕ2

2ζ
2
n + 2ℓn(∂x1ϕ1)ϕ2ζ

2
n

)
dx.

◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✺✳✼✼✮ ❛♥❞ ✭✺✳✽✸✮✱

|F3,1|+ |F3,2| .
N∑

n=1

(
‖(χN − ℓn)ζ

2
n‖L∞ + ‖ζ2n‖L∞(Ω)

)
‖~ϕ‖2H . C2

0 t
−(6+2γ).

❚❤❡♥✱ ✉s✐♥❣ ✭✺✳✼✼✮ ❛♥❞ ✭✺✳✽✸✮ ❛❣❛✐♥✱

F3,3 >

∫

ΩC

(
|∇ϕ1|2 + ϕ2

2 + 2χN (∂x1ϕ1)ϕ2

) ∣∣∣∣1−
N∑

n=1

ζ2n

∣∣∣∣dx+O
(
C2
0 t

−(6+2γ)
)
.

▲❛st✱ ❢r♦♠ ✭✺✳✸✶✮✱ ✭✺✳✺✼✮✱ ✭✺✳✼✼✮ ❢♦r F3,4 ❛♥❞ |χN | < 1✱ ✇❡ ❤❛✈❡

F3,4 > µ

∫

R4

(
|∇ϕ1|2 + ϕ2

2

)( N∑

n=1

ζ2n

)
dx− µ−1t−6

>
µ

2

∫

ΩC

(
|∇ϕ1|2 + ϕ2

2 + 2χN (∂x1ϕ1)ϕ2

)( N∑

n=1

ζ2n

)
dx− µ−1t−6.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ t❛❦✐♥❣ ν > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✽✼✮✳
Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❊st✐♠❛t❡ ✭✺✳✽✽✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✺✳✽✻✮ ❛♥❞ ✭✺✳✽✼✮✳

❚❤✐r❞✱ ✇❡ ❞❡r✐✈❡ t❤❡ t✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ K✳
▲❡♠♠❛ ✺✳✷✽✳ ❚❤❡r❡ ❡①✐sts T0 ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✳

✭✐✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ E ✳ ❲❡ ❤❛✈❡

d

dt
E =− 2

N∑

n=1

ȧn

∫

R4

(ℓn∂x1ϕ1 − ϕ2)ℓn∂x1Ψndx

+ 2

∫

R4

ϕ1

(
∆Mod1,2 + 3R2Mod1,2

)
dx− 2

∫

R4

ϕ2Mod2,2dx

+ 2

∫

R4

ϕ2G2dx+ 6

N∑

n=1

∫

R4

(ℓnQn∂x1Qn)ϕ
2
1dx+O(C0t

−7).

✭✺✳✽✾✮

✭✐✐✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ P✳ ❲❡ ❤❛✈❡

d

dt
P =− 1

(1− 2δ)t

∫

Ω

(
(∂x1ϕ1)

2 + ϕ2
2 + 2

x1
t
(∂x1ϕ1)ϕ2 − |∇ϕ1|2

)
dx

− 6

N∑

n=1

∫

R4

ℓn(Qn∂x1Qn)ϕ
2
1dx+ 2

∫

R4

χN (∂x1ϕ1)G2dx

− 2

∫

R4

χNMod2,2∂x1ϕ1dx− 2

∫

R4

(χN∂x1Mod1,2)ϕ2dx

+ 2

N∑

n=1

ȧn

∫

R4

(ℓn∂x1ϕ1 − ϕ2)χN∂x1Ψndx+O(C0t
−7).

✭✺✳✾✵✮

✶✼✹
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✭✐✐✐✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ G✳ ❲❡ ❤❛✈❡

d

dt
G = −2

∫

R4

ϕ2G2dx− 2

∫

R4

χN (∂x1ϕ1)G2dx+O(t−7). ✭✺✳✾✶✮

✭✐✈✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ Jn✳ ❋♦r n = 1, . . . , N ✱ ✇❡ ❤❛✈❡

d

dt
Jn = 2ȧn

∫

R4

(ℓn∂x1ϕ1 − ϕ2) (ℓn − χN ) ∂x1Ψndx+O(t−7). ✭✺✳✾✷✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❲❡ ❞❡❝♦♠♣♦s❡
d

dt
E = I1 + I2 + I3,

✇❤❡r❡

I1 = 2

∫

R4

(∇ϕ1 · ∇∂tϕ1 + ϕ2∂tϕ2) dx,

I2 = −2

∫

R4

∂tϕ1

(
(R+ U + V + ϕ1)

3 − (R+ U + V )3
)
dx,

I3 = −2

∫

R4

(∂tR+ ∂tU + ∂tV )
(
3(R+ U + V )ϕ2

1 + ϕ3
1

)
dx.

❊st✐♠❛t❡ ♦♥ I1✳ ❲❡ ❝❧❛✐♠

I1 =− 2

N∑

n=1

ȧn

∫

R4

(ℓn∂x1ϕ1 − ϕ2) ℓn∂x1Ψndx+ 2

∫

R4

ϕ2G2dx

− 6
N∑

n=1

ȧn

∫

R4

Q2
nΨnϕ1dx+ 2

∫

R4

ϕ1∆Mod1,2dx− 2

∫

R4

ϕ2Mod2,2dx

+ 2

∫

R4

ϕ2

(
(R+ U + V + ϕ1)

3 − (R+ U + V )3
)
dx+O(C0t

−7).

✭✺✳✾✸✮

■♥❞❡❡❞✱ ❢r♦♠ ✭✺✳✺✽✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

I1 =2

∫

R4

ϕ1∆Mod1,1dx− 2

∫

R4

ϕ2Mod2,1dx

+ 2

∫

R4

ϕ1∆Mod1,2dx− 2

∫

R4

ϕ2Mod2,2dx+ 2

∫

R4

ϕ2G2dx

+ 2

∫

R4

ϕ2

(
(R+ U + V + ϕ1)

3 − (R+ U + V )3
)
dx+ 2

∑

i=1,3

∫

R4

ϕ2Gidx.

❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ −(1−ℓ2n)∂2x1
Ψn−∆̄Ψn−3Q2

nΨn = 0 ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Mod1,1 ❛♥❞ Mod2,1✱

2

∫

R4

ϕ1∆Mod1,1dx− 2

∫

R4

ϕ2Mod2,1dx

= −2
N∑

n=1

ȧn

∫

R4

(ℓn∂x1ϕ1 − ϕ2) ℓn∂x1Ψndx− 6
N∑

n=1

ȧn

∫

R4

Q2
nΨnϕ1dx.

❚❤❡♥✱ ❢r♦♠ ✭✺✳✹✻✮✱ ✭✺✳✹✽✮✱ ✭✺✳✼✼✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣
♦♥ C0✮✱ ✇❡ ❤❛✈❡

∑

i=1,3

∣∣∣∣
∫

R4

ϕ2Gidx

∣∣∣∣ . ‖ϕ2‖L2 (‖G1‖L2 + ‖G3‖L2)

. ‖~ϕ‖H
(
|a|2 + |b|3 + t−4

)

. C0t
−3
(
C4
0 t

−4log−1t+ C6
0 t

−6 + t−4
)
. C0t

−7.

✶✼✺



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

❲❡ s❡❡ t❤❛t ✭✺✳✾✸✮ ❢♦❧❧♦✇s ❢r♦♠ ❛❜♦✈❡ ✐❞❡♥t✐t✐❡s ❛♥❞ ❡st✐♠❛t❡✳

❊st✐♠❛t❡ ♦♥ I2✳ ❲❡ ❝❧❛✐♠

I2 =− 2

∫

R4

ϕ2

(
(R+ U + V + ϕ1)

3 − (R+ U + V )3
)
dx

+ 6
N∑

n=1

ȧn

∫

R4

Q2
nΨnϕ1dx+ 6

∫

R4

(
R2Mod1,2

)
ϕ1dx+O(t−7).

✭✺✳✾✹✮

❋✐rst✱ ✉s✐♥❣ ✭✺✳✺✽✮ ❛❣❛✐♥✱ ✇❡ ❞❡❝♦♠♣♦s❡✱

I2 =− 2

∫

R4

ϕ2

(
(R+ U + V + ϕ1)

3 − (R+ U + V )3
)
dx

+ 6

N∑

n=1

ȧn

∫

R4

Q2
nΨnϕ1dx+ 6

∫

R4

(
R2Mod1,2

)
ϕ1dx+ I2,1 + I2,2 + I2,3,

✇❤❡r❡

I2,1 = 6

N∑

n=1

ȧn

∫

R4

Ψn(R
2 −Q2

n)ϕ1dx,

I2,2 = 2

∫

R4

Mod1ϕ
2
1 (ϕ1 + 3(R+ U + V )) dx,

I2,3 = 6

∫

R4

Mod1ϕ1

(
2(U + V )R+ (U + V )2

)
dx.

❇② ❛♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥✱

I2,1 = 6

N∑

n=1

∑

n′ 6=n

ȧn

∫

R4

(
2ΨnQnQn′ +ΨnQ

2
n′

)
ϕ1dx.

❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✺✳✻✵✮✱ ✭✺✳✼✼✮✱ t❤❡ ▲❡♠♠❛ ✺✳✶✹ ✭✐✮✱ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s
♦❢ ψ ❛♥❞ Q r❡s♣❡❝t✐✈❡❧② ✐♥ ✭✺✳✶✶✮ ❛♥❞ ✭✺✳✶✾✮✱ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✱

|I2,1| .
∑

n 6=n′

|ȧ|‖ϕ1‖L4

(
‖ΨnQnQn′‖

L
4
3
+ ‖ΨnQ

2
n′‖

L
4
3

)

. t−2‖~ϕ‖H
(
‖~ϕ‖H + |a|2 + |b|2 + t−4

)

. C0t
−5
(
C0t

−3 + C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. t−7.

❚❤❡♥✱ ✉s✐♥❣ ✭✺✳✻✵✮✱ ✭✺✳✼✼✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✐♥ ✭✺✳✽✮ ❛❣❛✐♥✱

|I2,2| . ‖ϕ1‖2L4‖Mod1‖L4 (‖ϕ1‖L4 + ‖R+ U + V ‖L4)

. ‖~ϕ‖2H
(
‖~ϕ‖H + |a|2 + |b|2 + t−4

)

. C2
0 t

−6
(
C0t

−3 + C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. t−7,

|I2,3| . ‖ϕ1‖L4‖Mod1‖L4‖U + V ‖L4 (‖R‖L4 + ‖U + V ‖L4)

. ‖~ϕ‖H(|a|+ |b|)
(
‖~ϕ‖H + |a|2 + |b|2 + t−4

)

. C3
0 t

−5
(
C0t

−3 + C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. t−7.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✾✹✮✳

❊st✐♠❛t❡ ♦♥ I3✳ ❲❡ ❝❧❛✐♠

I3 = 6
N∑

n=1

∫

R4

(ℓnQn∂x1Qn)ϕ
2
1dx+O(t−7). ✭✺✳✾✺✮

✶✼✻
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❋r♦♠ ∂tR = −∑N
n=1 ℓn∂x1Qn ❛♥❞ ❛♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ❞❡❝♦♠♣♦s❡

I3 = 6
N∑

n=1

∫

R4

(ℓnQn∂x1Qn)ϕ
2
1dx+ I3,1 + I3,2 + I3,3,

✇❤❡r❡

I3,1 = 6
∑

n 6=n′

∫

R4

(ℓnQn′∂x1Qn)ϕ
2
1dx,

I3,2 = −6

∫

R4

Rϕ2
1 (∂tU + ∂tV ) dx,

I3,3 = −2

∫

R4

ϕ2
1 (∂tR+ ∂tU + ∂tV ) (3(U + V ) + ϕ1)dx.

❇② ✭✺✳✼✼✮✱ t❤❡ ▲❡♠♠❛ ✺✳✶✹ ✭✐✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮✱

|I3,1| .
∑

n 6=n′

‖Qn′∂x1Qn‖L2‖ϕ1‖2L4 . C2
0 t

−9.

❘❡❝❛❧❧ t❤❛t✱

∂tV = −
∑

(n,k)∈I0
bn,kℓn∂x1Φn,k +Mod1,2,

∂tU = −
N∑

n=1

anℓn∂x1Ψn +Mod1,1, ∂tR = −
N∑

n=1

ℓn∂x1Qn.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✺✳✻✵✮✱ ✭✺✳✼✼✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮ ❛❣❛✐♥✱

|I3,2| . ‖R‖L4‖ϕ1‖2L4‖∂tU + ∂tV ‖L4

. ‖~ϕ‖2H(‖~ϕ‖H + |a|+ |b|+ t−4)

. C2
0 t

−6
(
C0t

−3 + C2
0 t

−2 + t−4
)
. C4

0 t
−8,

|I3,3| . ‖ϕ1‖2L4 (‖U + V ‖L4 + ‖ϕ1‖L4) (‖∂tR+ ∂tU + ∂tV ‖L4)

. ‖~ϕ‖2H(|a|+ |b|+ ‖~ϕ‖H) . C4
0 t

−8.

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✾✺✮ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✳
❲❡ s❡❡ t❤❛t ✭✺✳✽✾✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✾✸✮✱ ✭✺✳✾✹✮ ❛♥❞ ✭✺✳✾✺✮✳
Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❲❡ ❞❡❝♦♠♣♦s❡

d

dt
P =2

∫

R4

(∂tχN ) (∂x1ϕ1)ϕ2dx+ 2

∫

R4

χN (∂x1∂tϕ1)ϕ2dx

+ 2

∫

R4

χN (∂x1ϕ1) ∂tϕ2dx = I4 + I5 + I6.

❊st✐♠❛t❡ ♦♥ I4✳ ❇② ✭✺✳✽✶✮✱ ✇❡ ❤❛✈❡

I4 = − 1

(1− 2δ)t

∫

Ω
2
x1
t
(∂x1ϕ1)ϕ2dx. ✭✺✳✾✻✮

❊st✐♠❛t❡ ♦♥ I5✳ ❇② ✭✺✳✺✽✮✱ ✭✺✳✽✶✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

I5 = 2

∫

R4

χN (∂x1ϕ2)ϕ2dx− 2

∫

R4

χNϕ2 (∂x1Mod1,1 + ∂x1Mod1,2) dx

= − 1

(1− 2δ)t

∫

Ω
ϕ2
2dx+ 2

∫

R4

ϕ2 (−χN∂x1Mod1,2) dx

− 2
N∑

n=1

ȧn

∫

R4

ϕ2 (χN∂x1Ψn) dx. ✭✺✳✾✼✮

✶✼✼
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❊st✐♠❛t❡ ♦♥ I6✳ ❲❡ ❝❧❛✐♠

I6 =− 1

(1− 2δ)t

∫

Ω

(
(∂x1ϕ1)

2 − |∇ϕ1|2
)
dx+ 2

∫

R4

χN (∂x1ϕ1)G2dx

+ 2

N∑

n=1

ȧn

∫

R4

(ℓn∂x1ϕ1) (χN∂x1Ψn) dx− 2

∫

R4

χN (∂x1ϕ1)Mod2,2dx

− 6

N∑

n=1

∫

R4

(ℓnQn∂x1Qn)ϕ
2
1dx+O(C0t

−7).

✭✺✳✾✽✮

❋✐rst✱ ✉s✐♥❣ ✭✺✳✺✽✮ ❛❣❛✐♥✱ ✇❡ ❞❡❝♦♠♣♦s❡✱

I6 =2

∫

R4

χN (∂x1ϕ1)∆ϕ1dx+ 6

∫

R4

χNR
2(∂x1ϕ1)ϕ1dx

+ 2

∫

R4

χN (∂x1ϕ1)G2dx− 2

∫

R4

χN (∂x1ϕ1)Mod2,2dx

+ 2

N∑

n=1

ȧn

∫

R4

(ℓn∂x1ϕ1) (χN∂x1Ψn) dx+ I6,1 + I6,2 + I6,3,

✇❤❡r❡

I6,1 = 2

∫

R4

χN (∂x1ϕ1)ϕ
3
1dx, I6,2 = 2

∑

i=1,3

∫

R4

χN (∂x1ϕ1)Gidx,

I6,3 = 6

∫

R4

χNϕ1(∂x1ϕ1)
(
(U + V )2 + 2R(U + V ) + (R+ U + V )ϕ1

)
dx.

◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✺✳✽✶✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡

2

∫

R4

χN (∂x1ϕ1)∆ϕ1dx = − 1

(1− 2δ)t

∫

Ω

(
(∂x1ϕ1)

2 − |∇ϕ1|2
)
dx. ✭✺✳✾✾✮

❯s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛❣❛✐♥✱

6

∫

R4

χNR
2(∂x1ϕ1)ϕ1dx

=− 6

∫

R4

χN (R∂x1R)ϕ
2
1dx− 3

∫

RN

(∂x1χN )R2ϕ2
1dx

=− 6
N∑

n=1

∫

R4

(ℓnQn∂x1Qn)ϕ
2
1dx− 3

(1− 2δ)t

∫

Ω
R2ϕ2

1dx

+ 6
N∑

n=1

∫

R4

(ℓn − χN )(Qn∂x1Qn)ϕ
2
1dx− 6

∑

n 6=n′

∫

R4

χN (Qn′∂x1Qn)ϕ
2
1dx.

❋r♦♠ ✭✺✳✼✼✮✱ ✭✺✳✽✺✮✱ t❤❡ ▲❡♠♠❛ ✺✳✶✹ ✭✐✮✱ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ Q ✐♥ ✭✺✳✶✶✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✲
✐t② ✭✺✳✽✮✱

∣∣∣∣
3

(1− 2δ)t

∫

Ω
R2ϕ2

1dx

∣∣∣∣ .
N∑

n=1

t−1‖ϕ1‖2L4‖Q2
n‖L2(Ω) . C2

0 t
−11,

∣∣∣∣∣∣

∑

n 6=n′

∫

R4

χN (Qn′∂x1Qn)ϕ
2
1dx

∣∣∣∣∣∣
.
∑

n 6=n′

‖ϕ1‖2L4‖Qn′∂x1Qn‖L2 . C2
0 t

−9,

∣∣∣∣∣

N∑

n=1

∫

R4

(ℓn − χN )(Qn∂x1Qn)ϕ
2
1dx

∣∣∣∣∣ .
N∑

n=1

‖ϕ1‖2L4‖(ℓn − χN )(Qn∂x1Qn)‖L2 . C2
0 t

−11.

✶✼✽
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❇❛s❡❞ ♦♥ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

6

∫

R4

χNR
2(∂x1ϕ1)ϕ1dx = −6

N∑

n=1

∫

R4

(ℓnQn∂x1Qn)ϕ
2
1dx+O(t−7). ✭✺✳✶✵✵✮

❚❤❡♥✱ ✉s✐♥❣ ✭✺✳✼✼✮✱ ✭✺✳✽✶✮✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮ ❛❣❛✐♥✱

I6,1 = − 1

(1− 2δ)t

∫

Ω
ϕ4
1dx = O

(
t−1‖~ϕ‖4H

)
= O

(
C4
0 t

−13
)
. ✭✺✳✶✵✶✮

❋r♦♠ ✭✺✳✹✻✮✱ ✭✺✳✹✽✮ ❛♥❞ ✭✺✳✼✼✮✱ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤

|I6,2| .
∑

i=1,3

‖∂x1ϕ1‖L2‖Gi‖L2

. ‖~ϕ‖H
(
|a|2 + |b|3 + t−4

)

. C0t
−3
(
C4
0 t

−4log−1t+ C6
0 t

−6 + t−4
)
. C0t

−7.

✭✺✳✶✵✷✮

▲❛st✱ ✉s✐♥❣ ✭✺✳✼✼✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮ ❛❣❛✐♥✱

|I6,3| . ‖ϕ1‖L4‖∂x1ϕ1‖L2‖U + V ‖L8 (‖U + V ‖L8 + ‖R‖L8)

+ ‖ϕ1‖2L4‖∂x1ϕ1‖L2‖R+ U + V ‖L∞

. ‖~ϕ‖2H (|a|+ |b|+ ‖~ϕ‖H) . C4
0 t

−8.

✭✺✳✶✵✸✮

●❛t❤❡r✐♥❣ ❡st✐♠❛t❡s ✭✺✳✾✾✮✱ ✭✺✳✶✵✵✮✱ ✭✺✳✶✵✶✮✱ ✭✺✳✶✵✷✮ ❛♥❞ ✭✺✳✶✵✸✮✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✾✽✮ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✳
❲❡ s❡❡ t❤❛t ✭✺✳✾✵✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✾✻✮✱ ✭✺✳✾✼✮ ❛♥❞ ✭✺✳✾✽✮✳
Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❲❡ ❞❡❝♦♠♣♦s❡

d

dt
G = −2

∫

R4

(∂tϕ1)G2dx− 2

∫

R4

ϕ1∂tG2dx = I7 + I8. ✭✺✳✶✵✹✮

❊st✐♠❛t❡ ♦♥ I7✳ ❲❡ ❝❧❛✐♠

I7 = −2

∫

R4

ϕ2G2dx+O(t−7). ✭✺✳✶✵✺✮

■♥❞❡❡❞✱ ❢r♦♠ ✭✺✳✺✽✮✱

I7 = −2

∫

R4

ϕ2G2dx+ 2

∫

R4

Mod1G2dx.

◆♦t❡ t❤❛t✱ ❜② ✭✺✳✷✻✮ ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❡ ❤❛✈❡

2

∫

R4

Mod1G2dx = 2
∑

n 6=n′

ȧn′

∫

R4

Ψn′G2,ndx+ 2
∑

n 6=n′

K∑

k=1

ḃn′,k

∫

R4

Φn′,kG2,ndx.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✺✳✻✵✮✱ ✭✺✳✼✼✮✱ t❤❡ ▲❡♠♠❛ ✺✳✶✹ ✭✐✮ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ ψ ❛♥❞ φk ✐♥ ✭✺✳✶✾✮✱ ❢♦r
❛♥② n 6= n′ ❛♥❞ k = 1, . . . ,K✱ ✇❡ ❤❛✈❡

∣∣∣∣ȧn′

∫

R4

Ψn′G2,ndx

∣∣∣∣ . t−2(|a|2 + |b|2)(‖~ϕ‖H + |a|2 + |b|2 + t−4)

. C4
0 t

−6
(
C0t

−3 + C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. C8

0 t
−9,

∣∣∣∣ḃn′,k

∫

R4

Φn′,kG2,ndx

∣∣∣∣ . t−3(|a|2 + |b|2)(‖~ϕ‖H + |a|2 + |b|2 + t−4)

. C4
0 t

−7
(
C0t

−3 + C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. C8

0 t
−10.

✶✼✾
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❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ t❛❦✐♥❣ T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✶✵✺✮✳
❊st✐♠❛t❡ ♦♥ I8✳ ❲❡ ❝❧❛✐♠

I8 = −2

∫

R4

χN (∂x1ϕ1)G2dx+O(t−7). ✭✺✳✶✵✻✮

◆♦t❡ t❤❛t✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G2,n ✐♥ ▲❡♠♠❛ ✺✳✶✷✱

∂tG2,n =− ℓn∂x1G2,n + 6

K∑

k=1

(ȧnbn,k + anḃn,k)QnΨnΦn,k

+ 6ȧnanQnΨ
2
n + 6

K∑

k,k′=1

ḃn,kbn,k′QnΦn,kΦn,k′ .

❚❤❡r❡❢♦r❡✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡

I8 = −2

∫

R4

χN (∂x1ϕ1)G2dx+ I8,1 + I8,2 + I8,3 + I8,4,

✇❤❡r❡

I8,1 = 2

N∑

n=1

∫

R4

(χN − ℓn)(∂x1ϕ1)G2,ndx,

I8,2 = −12

N∑

n=1

ȧnan

∫

R4

χNϕ1(QnΨnΨn)dx,

I8,3 = −12

N∑

n=1

K∑

k,k′=1

ḃn,kbn,k′

∫

R4

χNϕ1(QnΦn,kΦn,k′)dx,

I8,4 = −12
∑

(n,k)∈I0
(ȧnbn,k + anḃn,k)

∫

R4

χNϕ1(QnΨnΦn,k)dx.

❯s✐♥❣ ✭✺✳✼✼✮✱ ✭✺✳✽✺✮✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G2,n ✐♥ ▲❡♠♠❛ ✺✳✶✷ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Q✱ ψ ❛♥❞ φk
✐♥ ✭✺✳✶✶✮ ❛♥❞ ✭✺✳✶✾✮✱ ✇❡ ❤❛✈❡

|I8,1| .
N∑

n=1

(
|a|2 + |b|2

)
‖∇ϕ1‖L2‖(χN − ℓn)QnΨ

2
n‖L2

+
∑

(n,k)∈I0

(
|a|2 + |b|2

)
‖∇ϕ1‖L2‖(χN − ℓn)QnΦ

2
n,k‖L2

. C0t
−8
(
C4
0 t

−4log−1t+ C4
0 t

−4
)
. C5

0 t
−12.

❋r♦♠ ✭✺✳✻✵✮✱ ✭✺✳✼✼✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮✱

|I8,2|+ |I8,3|+ |I8,4| .
(
|ȧ|+ |ḃ|

)
(|a|+ |b|) ‖ϕ1‖L4

(
‖Qψ2‖

L
4
3
+

K∑

k=1

‖Qφ2k‖L 4
3

)

. ‖~ϕ‖H (|a|+ |b|) (‖~ϕ‖H + |a|2 + |b|2 + t−4) . C7
0 t

−8.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ t❛❦✐♥❣ T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✶✵✻✮✳
❲❡ s❡❡ t❤❛t ✭✺✳✾✶✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✶✵✺✮ ❛♥❞ ✭✺✳✶✵✻✮✳
Pr♦♦❢ ♦❢ ✭✐✈✮✳ ❲❡ ❞❡❝♦♠♣♦s❡

d

dt
Jn = 2ȧn

∫

R4

(ℓn∂x1ϕ1 − ϕ2) (ℓn − χN ) ∂x1Ψndx+ I9 + I10 + I11 + I12,

✶✽✵
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✇❤❡r❡

I9 = 2an

∫

R4

(∂tϕ2) (χN − ℓn)∂x1Ψndx,

I10 = 2an

∫

R4

(ℓn∂x1∂tϕ1) (ℓn − χN )∂x1Ψndx,

I11 = 2an

∫

R4

(ℓnϕ1 − ϕ2) (ℓn − χN )∂t∂x1Ψndx,

I12 = 2an

∫

R4

(ℓnϕ1 − ϕ2) (∂t(ℓn − χN )) ∂x1Ψndx.

❊st✐♠❛t❡ ♦♥ I9✳ ❲❡ ❝❧❛✐♠
I9 = O(t−7). ✭✺✳✶✵✼✮

■♥❞❡❡❞✱ ❢r♦♠ ✭✺✳✺✽✮✱ ✇❡ ❤❛✈❡

I9 = I9,1 + I9,2 + I9,3 + I9,4 + I9,5,

✇❤❡r❡

I9,1 = 2an

∫

R4

G(χN − ℓn)∂x1Ψndx,

I9,2 = 2an

∫

R4

Mod2(ℓn − χN )∂x1Ψndx,

I9,3 = 2an

∫

R4

(∆ϕ1) (χN − ℓn)∂x1Ψndx,

I9,4 = 6an

∫

R4

(
(R+ U + V )2ϕ1

)
(χN − ℓn)∂x1Ψndx,

I9,5 = 2an

∫

R4

(
3(R+ U + V )ϕ2

1 + ϕ3
1

)
(χN − ℓn)∂x1Ψndx.

❋✐rst✱ ❜② ✭✺✳✹✾✮✱ ✭✺✳✼✼✮✱ ✭✺✳✽✺✮✱ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ ψ ✐♥ ✭✺✳✶✾✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱

|I9,1| . |a|‖G‖L2‖(χN − ℓn)∂x1Ψn‖L2

. C2
0 t

−3log−
1
2 t
(
C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. C6

0 t
−7log−

1
2 t.

❙❡❝♦♥❞✱ ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Mod2✱ ✇❡ ❞❡❝♦♠♣♦s❡

I9,2 = I9,2,1 + I9,2,2 + I9,2,3 + I9,2,4,

✇❤❡r❡

I9,2,1 =2anȧn

∫

R4

ℓn(χN − ℓn) (∂x1Ψn)
2 dx,

I9,2,2 =2
∑

n 6=n′

anȧn′

∫

R4

ℓn′(χN − ℓn)(∂x1Ψn)(∂x1Ψn′)dx,

I9,2,3 =2

K∑

k=1

anḃn,k

∫

R4

ℓn(χN − ℓn) (∂x1Ψn) (∂x1Φn,k) dx,

I9,2,4 =2
∑

n 6=n′

K∑

k=1

anḃn′,k

∫

R4

ℓn′(χN − ℓn)(∂x1Ψn)(∂x1Φn′,k)dx.

❯s✐♥❣ ✭✺✳✻✵✮✱ ✭✺✳✼✼✮✱ ✭✺✳✽✺✮✱ t❤❡ ▲❡♠♠❛ ✺✳✶✹ ✭✐✮✱ ✭✐✐✐✮ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ φk ❛♥❞ ψ ✐♥ ✭✺✳✶✾✮✱
✇❡ ❤❛✈❡

|I9,2,1| . |a|
(
|ȧ|+ |ḃ|

)∫

R4

|χN − ℓn| (∂x1Ψn)
2 dx

. C2
0 t

−4log−
1
2 t
(
C0t

−3 + C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. C6

0 t
−7log−

1
2 t,

✶✽✶
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|I9,2,2| . |a|
(
|ȧ|+ |ḃ|

) ∑

n′ 6=n

∫

R4

|∂x1Ψn| |∂x1Ψn′ | dx

. C2
0 t

−4log−
1
2 t
(
C0t

−3 + C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. C6

0 t
−7log−

1
2 t,

|I9,2,3| . |a|
(
|ȧ|+ |ḃ|

) K∑

k=1

∫

R4

|χN − ℓn| |∂x1Ψn| |∂x1Φn,k| dx

. C2
0 t

−5log−
1
2 t
(
C0t

−3 + C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. C6

0 t
−8log−

1
2 t,

❛♥❞

|I9,2,4| . |a|
(
|ȧ|+ |ḃ|

) ∑

n′ 6=n

K∑

k=1

∫

R4

|∂x1Ψn|
∣∣∂x1Φn′,k

∣∣ dx

. C2
0 t

−5log
1
2 t
(
C0t

−3 + C4
0 t

−4log−1t+ C4
0 t

−4 + t−4
)
. C6

0 t
−8log

1
2 t.

❚❤✐r❞✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ ✭✺✳✽✶✮✱ ✇❡ ❞❡❝♦♠♣♦s❡

I9,3 = I9,3,1 + I9,3,2,

✇❤❡r❡

I9,3,1 =− 2an

∫

R4

(∂x1ϕ1) (∂x1χN )∂x1Ψndx,

I9,3,2 =− 2an

4∑

i=1

∫

R4

(∂xiϕ1) (χN − ℓn)∂xi∂x1Ψndx.

❋r♦♠ ✭✺✳✼✼✮✱ ✭✺✳✽✶✮✱ ✭✺✳✽✺✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱

|I9,3,1| . t−1|a|‖∇ϕ1‖L2‖∂x1Ψn‖L2(Ω) . C3
0 t

−7log−
1
2 t,

|I9,3,2| .
4∑

i=1

|a|‖∇ϕ1‖L2‖(χN − ℓn)∂xi∂x1Ψn‖L2 . C3
0 t

−7log−
1
2 t.

❋♦✉rt❤✱ ❜② ❛♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ❞❡❝♦♠♣♦s❡

I9,4 = I9,4,1 + I9,4,2,

✇❤❡r❡

I9,4,1 = 6an

∫

R4

ϕ1(χN − ℓn)R
2∂x1Ψndx,

I9,4,2 = 6an

∫

R4

(
2R(U + V ) + (U + V )2

)
ϕ1(χN − ℓn)∂x1Ψndx.

◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✺✳✼✼✮✱ ✭✺✳✽✺✮✱ t❤❡ ▲❡♠♠❛ ✺✳✶✹ ✭✐✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮✱

|I9,4,1| . |a|‖ϕ1‖L4‖Q‖L4


‖(χN − ℓn)Qn∂x1Ψn‖L2 +

∑

n′ 6=n

‖Qn′∂x1Ψn‖L2




. C3
0 t

−5log−
1
2 t
(
t−4 + t−3

)
. C3

0 t
−8log−

1
2 t.

◆♦t❡ ❛❧s♦ t❤❛t✱ ✉s✐♥❣ ✭✺✳✼✼✮ ❛♥❞ ✭✺✳✽✺✮ ❛❣❛✐♥✱

|I9,4,2| . |a|‖ϕ1‖L4‖U + V ‖L8‖(χN − ℓn)∂x1Ψn‖L2 (‖R‖L8 + ‖U + V ‖L8)

. |a|(|a|+ |b|)‖~ϕ‖H‖(χN − ℓn)∂x1Ψn‖L2 . C5
0 t

−8logt−
1
2 t.

✶✽✷
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▲❛st✱ ✉s✐♥❣ ✭✺✳✼✼✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✺✳✽✮ ❛❣❛✐♥✱

|I9,5| . |a|‖ϕ1‖2L4‖∂x1Ψn‖L4 (‖ϕ1‖L4 + ‖R+ U + V ‖L4) . C4
0 t

−8log−
1
2 t.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ t❛❦✐♥❣ T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✶✵✼✮✳
❊st✐♠❛t❡s ♦♥ I10✳ ❲❡ ❝❧❛✐♠

I10 = O(t−7). ✭✺✳✶✵✽✮

❋✐rst✱ ❢r♦♠ ✭✺✳✺✽✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❞❡❝♦♠♣♦s❡

I10 = I10,1 + I10,2 + I10,3,

✇❤❡r❡

I10,1 = 2anℓn

∫

R4

ϕ2(∂x1χN )(∂x1Ψn)dx,

I10,2 = 2anℓn

∫

R4

ϕ2(χN − ℓn)∂
2
x1
Ψndx,

I10,3 =2anℓn

N∑

n′=1

ȧn′

∫

R4

(χN − ℓn)(∂x1Ψn)(∂x1Ψn′)dx

+ 2anℓn
∑

(n′,k)∈I0
ḃn′,k

∫

R4

(χN − ℓn)(∂x1Ψn)(∂x1Φn′,k)dx.

❋r♦♠ ✭✺✳✼✼✮✱ ✭✺✳✽✶✮ ❛♥❞ ✭✺✳✽✺✮✱

|I10,1| . t−1|a|‖ϕ2‖L2‖∂x1Ψn‖L2(Ω) . C3
0 t

−7log−
1
2 t,

|I10,2| . |a|‖ϕ2‖L2‖(χN − ℓn)∂
2
x1
Ψn‖L2 . C3

0 t
−7log−

1
2 t.

❚❤❡♥✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s t❤❡ ❡st✐♠❛t❡s ♦❢ I9,2✱ ✇❡ ❛❧s♦ ❤❛✈❡

|I10,3| . C6
0 t

−7log−
1
2 t+ C6

0 t
−8log

1
2 t.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ t❛❦✐♥❣ T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ♦❜t❛✐♥ ✭✺✳✶✵✽✮✳
❊st✐♠❛t❡ ♦♥ I11✳ ❘❡❝❛❧❧ t❤❛t

∂t∂x1Ψn = −ℓn∂2x1
Ψn ❢♦r ❛❧❧ n = 1, . . . , N.

❚❤✉s✱ ✉s✐♥❣ ✭✺✳✼✼✮ ❛♥❞ ✭✺✳✽✺✮ ❛❣❛✐♥✱

|I11| . |a| (‖∇ϕ1‖L2 + ‖ϕ2‖L2) ‖(χN − ℓn)∂
2
x1
Ψn‖L2 . C3

0 t
−7log−

1
2 t. ✭✺✳✶✵✾✮

❊st✐♠❛t❡ ♦♥ I12✳ ❋r♦♠ ✭✺✳✼✼✮✱ ✭✺✳✽✶✮ ❛♥❞ ✭✺✳✽✺✮✱ ✇❡ ❤❛✈❡

|I12| . t−1|a| (‖∇ϕ1‖L2 + ‖ϕ2‖L2) ‖∂x1Ψn‖L2(Ω) . C3
0 t

−7log−
1
2 t. ✭✺✳✶✶✵✮

❲❡ s❡❡ t❤❛t ✭✺✳✾✷✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✶✵✼✮✱ ✭✺✳✶✵✽✮✱ ✭✺✳✶✵✾✮ ❛♥❞ ✭✺✳✶✶✵✮✳

▲❛st✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ t✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ K ❢r♦♠ ▲❡♠♠❛ ✺✳✷✽✳

▲❡♠♠❛ ✺✳✷✾ ✭❚✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ K✮✳ ❚❤❡r❡ ❡①✐sts T0 ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

− d

dt
(t2K) . C0t

−5. ✭✺✳✶✶✶✮

✶✽✸
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Pr♦♦❢✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ❡st✐♠❛t❡s ✭✺✳✽✾✮✱ ✭✺✳✾✵✮✱ ✭✺✳✾✶✮ ❛♥❞ ✭✺✳✾✷✮✱ ✇❡ ❞❡❝♦♠♣♦s❡

d

dt
K =

d

dt
E +

d

dt
P +

d

dt
G +

N∑

n=1

d

dt
Jn = I13 + I14 + I15 +O(C0t

−7).

✇❤❡r❡

I13 = −2

∫

R4

ϕ2 (Mod2,2 + χN∂x1Mod1,2) dx,

I14 = 2

∫

R4

ϕ1

(
∆Mod1,2 + 3R2Mod1,2

)
dx− 2

∫

R4

χNMod2,2∂x1ϕ1dx,

I15 = − 1

(1− 2δ)t

∫

Ω

(
(∂x1ϕ1)

2 + ϕ2
2 + 2

x1
t
(∂x1ϕ1)ϕ2 − |∇ϕ1|2

)
dx.

◆♦t❡ t❤❛t✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Mod1,2✱ Mod2,2 ❛♥❞ χN ✱

I13 = 2
∑

(n,k)∈I0
ḃn,k

∫

R4

ϕ2 (ℓn − χN ) ∂x1Φn,kdx.

❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✺✳✼✼✮✱ ✭✺✳✽✺✮ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ φk ✐♥ ✭✺✳✶✾✮✱

|I13| .
∑

(n,k)∈I0
|ḃ|‖ϕ2‖L2‖ (ℓn − χN ) ∂x1Φn,k‖L2

. t−2‖~ϕ‖H
(
‖~ϕ‖H + |a|2 + |b|2 + t−4

)
. C5

0 t
−8.

◆♦t❡ ❛❧s♦ t❤❛t✱ ❜② −(1− ℓ2n)∂
2
x1
Φn,k − ∆̄Φn,k − 3Q2

nΦn,k = 0 ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

I14 =2
∑

(n,k)∈I0
ḃn,k

∫

R4

ℓn∂x1ϕ1 (χN − ℓn) ∂x1Φn,kdx

+ 6
∑

(n,k)∈I0

∑

n′ 6=n

ḃn,k

∫

R4

ϕ1Φn,k

(
2QnQn′ +Q2

n′

)
dx

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✺✳✻✵✮✱ ✭✺✳✼✼✮✱ ✭✺✳✽✺✮✱ t❤❡ ▲❡♠♠❛ ✺✳✶✹ ❛♥❞ t❤❡ ❞❡❝❛② ♣r♦♣❡rt② ♦❢ φk ✐♥ ✭✺✳✶✾✮ ❛❣❛✐♥✱
✇❡ ❤❛✈❡

|I14| .
∑

(n,k)∈I0
|ḃ|‖∇ϕ1‖L2‖ (ℓn − χN ) ∂x1Φn,k‖L2

+
∑

(n,k)∈I0

∑

n′ 6=n

|ḃ|‖ϕ1‖L4

(
‖QnQn′Φn,k‖

L
4
3
+ ‖Q2

n′Φn,k‖
L

4
3

)

. t−2‖~ϕ‖H
(
‖~ϕ‖H + |a|2 + |b|2 + t−4

)
. C5

0 t
−8.

❋r♦♠ 0 < δ < 1
20 ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ χN ✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ x = (x1, x̄) ∈ Ω✱

∣∣∣
x1
t

− χN

∣∣∣ 6
2δ

1− 2δ

∣∣∣
x1
t

∣∣∣+
2ℓ̄δ

1− 2δ
6 8δ.

❚❤✉s✱ ❢r♦♠ ✭✺✳✽✷✮✱ ✭✺✳✽✽✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ δ ❛♥❞ NΩ✱

−tI15 6
1

1− 2δ

(
NΩ + 2

∫

Ω

(x1
t

− χN

)
(∂x1ϕ1)ϕ2

)
dx

6
10

9

(
1 + 16δ(1− ℓ̄)−1

)
NΩ 6 2K + 2ν−1

(
t−6 + C5

0 t
−6log−

1
2 t
)
.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ✇❡ ❤❛✈❡✱

− d

dt
(t2K) . C0t

−5 + C5
0 t

−6 + C5
0 t

−5log−
1
2 t,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✺✳✶✶✶✮ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✳

✶✽✹
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✺✳✹✳✸ ❊♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦st✐♦♥ ✺✳✷✹

❘❡❝❛❧❧ t❤❛t✱ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✹✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ zm ∈ BR|I|(S
− 7

2
m )

s✉❝❤ t❤❛t T ∗(zm) = T0✳ ❲❡ st❛rt ❜② ❝❧♦s✐♥❣ ❛❧❧ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s ❡①❝❡♣t t❤❡ ♦♥❡ ❢♦r t❤❡ ✉♥st❛❜❧❡

♠♦❞❡s✳ ▲❛st✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉✐t❛❜❧❡ ♣❛r❛♠❡t❡rs zm = (zmn,j)(n,j)∈I ∈ BR|I|(S
− 7

2
m ) ✉s✐♥❣ ❛

t♦♣♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✹✳ ❋♦r ❛❧❧ zm = (zmn,j)(n,j)∈I ∈ BR|I|(S
− 7

2
m )✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ~u ✇✐t❤ t❤❡

✐♥✐t✐❛❧ ❞❛t❛ ❛t T = Sm ❛s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✺✳✷✸✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✱ ✇❡ ❤❛✈❡

‖~ϕ(Sm)‖H . S
− 7

2
m ❛♥❞ an(Sm) = bn,j(Sm) = 0, ✭✺✳✶✶✷✮

❢♦r ❛❧❧ n = 1, . . . , N ❛♥❞ (n, k) ∈ I0✳
❙t❡♣ ✶✳ ❈❧♦s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✐♥ ~ϕ✳ ■♥t❡❣r❛t✐♥❣ ✭✺✳✶✶✶✮ ♦♥ [t, Sm] ❢♦r ❛♥② t ∈ [T ∗, Sm] ❛♥❞

✉s✐♥❣ ✭✺✳✶✶✷✮✱ ✇❡ ❤❛✈❡

K(t) . C0t
−6 +

(
Sm
t

)2

|K(Sm)| . C0t
−6.

❚❤✉s✱ ❢r♦♠ ✭✺✳✽✷✮ ❛♥❞ ✭✺✳✽✽✮✱ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ C0✮✱

‖~ϕ(t)‖2H . K(t) + t−6 + C5
0 t

−6log−
1
2 t . C0t

−6 + C5
0 t

−6log−
1
2 t . C0t

−6.

❚❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦♥ ~ϕ ✐♥ ✭✺✳✼✼✮ ❢♦r C0 ❧❛r❣❡ ❡♥♦✉❣❤✳
❙t❡♣ ✷✳ ❈❧♦s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✐♥ a✳ ❋✐rst✱ ❢r♦♠ ✭✺✳✻✻✮ ❛♥❞ ✭✺✳✼✼✮✱ ❢♦r ❛❧❧ t ∈ [T ∗, Sm]✱

N∑

n=1

|cn(t)| . log−1t
(
‖ϕ1‖L4‖Ψnξn‖

L
4
3

)
. C0t

−2log−1t. ✭✺✳✶✶✸✮

❚❤❡♥✱ ❢r♦♠ ✭✺✳✼✵✮ ❛♥❞ ✭✺✳✼✼✮✱ ✇❡ ❤❛✈❡

N∑

n=1

|ȧn + ċn| . C0t
−3log−

1
2 t+ C2

0 t
−4.

■♥t❡❣r❛t✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡ ♦♥ [t, Sm] ❢♦r ❛♥② t ∈ [T ∗, Sm] ❛♥❞ t❤❡♥ ✉s✐♥❣ ✭✺✳✶✶✸✮✱

N∑

n=1

|an(t)| .
N∑

n=1

(|cn(t)|+ |cn(Sm)|) + C0t
−2log−

1
2 t+ C2

0 t
−3

. C0t
−2log−1t+ C0t

−2log−
1
2 t+ C2

0 t
−3 . C0t

−2log−
1
2 t,

❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦♥ a ✐♥ ✭✺✳✼✼✮ ❢♦r t❛❦✐♥❣ C0 ❧❛r❣❡ ❡♥♦✉❣❤✳
❙t❡♣ ✸✳ ❈❧♦s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✐♥ b✳ ❋r♦♠ ✭✺✳✻✵✮ ❛♥❞ ✭✺✳✼✼✮✱ ✇❡ ❤❛✈❡

∑

(n,k)∈I0
|ḃn,k| . C0t

−3 + C4
0 t

−4.

■♥t❡❣r❛t✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡ ♦♥ [t, Sm] ❢♦r ❛♥② t ∈ [T ∗, Sm] ❛♥❞ t❤❡♥ ✉s✐♥❣ ✭✺✳✶✶✷✮✱

∑

(n,k)∈I0
|bn,k(t)| . C0t

−2 + C4
0 t

−3 . C0t
−2,

❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦♥ b ✐♥ ✭✺✳✼✼✮ ❢♦r t❛❦✐♥❣ C0 ❧❛r❣❡ ❡♥♦✉❣❤✳

✶✽✺
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❙t❡♣ ✹✳ ❈❧♦s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✐♥ (z−n,j)(n,j)∈I ✳ ❇② ✭✺✳✼✸✮ ❛♥❞ ✭✺✳✼✼✮✱ ❢♦r ❛❧❧ (n, j) ∈ I✱ ✇❡ ❤❛✈❡

d

dt

(
z−n,j

)2
= 2αn,j

(
z−n,j

)2
+O

(
‖~ϕ‖H

(
‖~ϕ‖2H + |a|2 + |b|2 + t−4

))

= 2αn,j

(
z−n,j

)2
+O

(
C3
0 t

−9 + C5
0 t

−7
)
= 2αn,j

(
z−n,j

)2
+O

(
C5
0 t

−7
)
.

■♥t❡❣r❛t✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡ ♦♥ [t, Sm] ❢♦r ❛♥② t ∈ [T ∗, Sm] ❛♥❞ t❤❡♥ ✉s✐♥❣ ✭✺✳✶✶✷✮

(
z−n,j

)2
(t) . e−2αn,j(Sm−t)

(
z−n,j

)2
(Sm) + C5

0

∫ Sm

t
e2αn,j(t−s)s−7ds . C5

0 t
−7.

❚❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦♥ (z−n,j)(n,j)∈I ✐♥ ✭✺✳✼✼✮ ❢♦r t❛❦✐♥❣ T0 ❛♥❞ C0 ❧❛r❣❡ ❡♥♦✉❣❤✳
❙t❡♣ ✺✳ ❋✐♥❛❧ ❛r❣✉♠❡♥t ♦♥ t❤❡ ✉♥st❛❜❧❡ ♣❛r❛♠❡t❡rs✳ ▲❡t

A(t) =
∑

(n,j)∈I

(
z+n,j

)2
❛♥❞ ᾱ = min

(n,j)∈I
αn,j > 0.

❲❡ ❝❧❛✐♠✱ ❢♦r ❛♥② t✐♠❡ t ∈ [T ∗, Sm] ✇❤❡r❡ ✐t ❤♦❧❞s A(t) = t−7✱ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✈❡rs❛❧✐t② ♣r♦♣❡rt②
❤♦❧❞s✱

d

dt

(
t7A(t)

)
6 −ᾱ. ✭✺✳✶✶✹✮

■♥❞❡❡❞✱ ❢r♦♠ ✭✺✳✼✸✮ ❛♥❞ ✭✺✳✼✼✮✱ ❢♦r ❛♥② t ∈ [T ∗, Sm] ✇❤❡r❡ ✐t ❤♦❧❞s A(t) = t−7✱

d

dt
A(t) = −2

∑

(n,j)∈I
αn,j

(
z+n,j

)2
+O

( ∑

(n,j)∈I
|z+n,j |

(
‖~ϕ‖2H + |a|2 + |b|2 + t−4

))

6 −2ᾱt−7 +O
(
C2
0 t

− 19
2 + C4

0 t
− 15

2

)
6 −2ᾱt−7 + C5

0 t
− 15

2 ,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✺✳✶✶✹✮ ❢♦r t❛❦✐♥❣ T0 ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡ tr❛♥s✈❡rs❛❧✐t② r❡❧❛t✐♦♥ ✭✺✳✶✶✹✮ ✐s ❡♥♦✉❣❤ t♦

❥✉st✐❢② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ❛ ❝♦✉♣❧❡ zm = (zmn,j)(n,j)∈I ∈ BR|I|

(
S
− 7

2
m

)
s✉❝❤ t❤❛t T ∗(zm) = T0✳

❚❤❡ ♣r♦♦❢ ✐s ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ❢♦r ❛❧❧ zm = (zmn,j)(n,j)∈I ∈ BR|I|

(
S
− 7

2
m

)
✱ ✐t ❤♦❧❞s

T0 < T∗(zm)✳ ❚❤❡♥✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ♠♦r❡ ❞❡t❛✐❧s
✐♥ ❬✸✶✱ ❙❡❝t✐♦♥ ✸✳✶❪ ❛♥❞ ❬✽✺✱ ▲❡♠♠❛ ✹✳✷❪✮✳

❈♦♥t✐♥✉✐t② ♦❢ T ∗(zm)✳ ❚❤❡ ❛❜♦✈❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✺✳✶✶✹✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛♣

zm ∈ BR|I|

(
S
− 7

2
m

)
7→ T ∗(zm) ∈ [T0, Sm]

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞

T ∗(zm) = Sm ❢♦r zm ∈ SR|I|

(
S
− 7

2
m

)
.

❈♦♥str✉❝t✐♦♥ ♦❢ ❛ r❡tr❛❝t✐♦♥✳ ❲❡ ❞❡✜♥❡

M : B̄R|I|

(
S
− 7

2
m

)
7→ SR|I|

(
S
− 7

2
m

)

zm = (zmn,j)(n,j)∈I 7→
(
T ∗(zm)

Sm

) 7
2 (
z+n,j (T

∗(zm))
)

(n,j)∈I
.

❋r♦♠ ✇❤❛t ♣r❡❝❡❞❡s✱ M ✐s ❝♦♥t✐♥✉♦✉s✳ ▼♦r❡♦✈❡r✱ M r❡str✐❝t❡❞ t♦ SR|I|

(
S
− 7

2
m

)
✐s t❤❡ ✐❞❡♥t✐t②✳ ❚❤❡

❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ♠❛♣ ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ t❤❡ ♥♦ r❡tr❛❝t✐♦♥ t❤❡♦r❡♠ ❢♦r ❝♦♥t✐♥✉♦✉s ♠❛♣s ❢r♦♠

✶✽✻
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t❤❡ ❜❛❧❧ t♦ t❤❡ s♣❤❡r❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ zm ∈ BR|I|

(
S
− 7

2
m

)
❤❛✈❡ ♣r♦✈❡❞✳ ❚❤❡♥✱ t❤❡ ✉♥✐✲

❢♦r♠ ❡st✐♠❛t❡ ✭✺✳✼✻✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s ✭✺✳✼✼✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✹ ✐s
❝♦♠♣❧❡t❡✳

✺✳✹✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✷✹

❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❛ st❛♥❞❛r❞ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✷✻✱ ✻✾✱ ✶✶✷❪✮✳ ❚❤❡ ♠❛✐♥
♣♦✐♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ♦❢ ✇❡❛❦ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✢♦✇ ♥❡❛r ❛ ❝♦♠♣❛❝t s❡t✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✵✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t ε > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ▲❡t S ⊂ Ḣ1 × L2 ❜❡
❛ ❝♦♠♣❛❝t s❡t ❛♥❞ ❧❡t ~um : [T1, T2] → Ḣ1 × L2 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ ✭✺✳✶✮ s✉❝❤ t❤❛t

sup
m∈N

(
max

t∈[T1,T2]
dist (~um(t),S)

)
6 ε.

❙✉♣♣♦s❡ t❤❛t ~um(T0) ⇀ ~u0 ✇❡❛❦❧② ✐♥ Ḣ1 × L2✳ ❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ ~u(t) ♦❢ ✭✺✳✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛
~u(T1) = ~u0 ✐s ✇❡❧❧✲❞❡✜♥❡❞ ♦♥ [T1, T2] ❛♥❞

~um(t)⇀ ~u(t), ✇❡❛❦❧② ✐♥ Ḣ1 × L2 ❢♦r ❛❧❧ t ∈ [T1, T2].

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❛♥ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ r❡s✉❧t ♦❢ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ st❛t❡❞ ✐♥ ❬✹✺✱
Pr♦♣♦s✐t✐♦♥ ✷✳✽❪✳ ❙❡❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬✻✼✱ ❆♣♣❡♥❞✐① ❆✳✷❪ ❛♥❞ ❬✻✾✱ ❆♣♣❡♥❞✐①❪✳

❲❡ ❛r❡ ✐♥ ❛ ♣♦s✐t✐♦♥ t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s (~um)m∈N ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✹✳ ❖♥
t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [T0, Sm]✱ t❤❡ s♦❧✉t✐♦♥ ~um ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ▼♦r❡♦✈❡r✱ ❢♦r T0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

max
t∈[T0,Sm]

‖~um(t)−
N∑

n=1

~Qn(t)‖H 6 Ct−2 6 ε,

✇❤❡r❡ ε > 0 ✐s t❤❡ ❝♦♥st❛♥t ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✸✵✳
❙✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ (~um(T0))m∈N ✐s ❜♦✉♥❞❡❞ ✐♥ Ḣ1 × L2✱ ✉♣ t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡q✉❡♥❝❡✱

t❤❡r❡ ❡①✐sts ~u0 ∈ Ḣ1 ×L2 s✉❝❤ t❤❛t ~um(T0)⇀ ~u0 ✇❡❛❦❧② ✐♥ Ḣ1 ×L2✳ ❋✐① SM =M2 > T0 ❢♦r M ∈ N✳
❆♣♣❧✐❡❞ t❤❡ Pr♦♣♦s✐t✐♦♥ ✺✳✸✵ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛❝t s❡t

SM =

{
N∑

n=1

~Qn(t) ∈ Ḣ1 × L2, t ∈ [T0, SM ]

}
,

✇❡ ❤❛✈❡✱ t❤❡ s♦❧✉t✐♦♥ ~u(t) ♦❢ ✭✺✳✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ~u(T0) = ~u0 ✐s ✇❡❧❧✲❞❡✜♥❡❞ ♦♥ [T0, SM ] ❛♥❞
~um(t)⇀ ~u(t) ✇❡❛❦❧② ✐♥ Ḣ1×L2 ❢♦r ❛❧❧ t ∈ [T0, SM ]✳ ❋r♦♠ ✭✺✳✼✻✮ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡✱
✇❡ ❤❛✈❡

max
t∈[T0,SM ]

(
‖~u(t)−

N∑

n=1

~Qn(t)‖H
)

6 Ct−2.

❙✐♥❝❡ SM = M2 > T0 ✐s ❛r❜✐tr❛r②✱ t❤❡ s♦❧✉t✐♦♥ ~u(t) ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ s❛t✐s✜❡s t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢
❚❤❡♦r❡♠ ✺✳✶ ♦♥ [T0,∞)✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶ ✐s ❝♦♠♣❧❡t❡✳

✶✽✼
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▲♦♥❣ t✐♠❡ ❞②♥❛♠✐❝s ❢♦r t❤❡ ❞❛♠♣❡❞
◆▲❑● ❡q✉❛t✐♦♥

✶✽✾





❈❤❛♣t❡r ✻

❉❡s❝r✐♣t✐♦♥ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✷✲s♦❧✐t❛r②
✇❛✈❡s ❢♦r ♥♦♥❧✐♥❡❛r ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥
❡q✉❛t✐♦♥s

❆❜str❛❝t✿ ❲❡ ❞❡s❝r✐❜❡ ❝♦♠♣❧❡t❡❧② 2✲s♦❧✐t❛r② ✇❛✈❡s r❡❧❛t❡❞ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❞❛♠♣❡❞
❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

∂ttu+ 2α∂tu−∆u+ u− |u|p−1u = 0

♦♥ RN ✱ ❢♦r 1 ≤ N ≤ 5 ❛♥❞ ❡♥❡r❣② s✉❜❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts p > 2✳ ❚❤❡ ❞❡s❝r✐♣t✐♦♥ ✐s t✇♦❢♦❧❞✳
❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t 2✲s♦❧✐t❛r② ✇❛✈❡s ✇✐t❤ s❛♠❡ s✐❣♥ ❞♦ ♥♦t ❡①✐st✳ ❙❡❝♦♥❞✱ ✇❡ ❝♦♥str✉❝t ❛♥❞ ❝❧❛ss✐❢②

t❤❡ ❢✉❧❧ ❢❛♠✐❧② ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ ♦♣♣♦s✐t❡ s✐❣♥s✳ ❈❧♦s❡ t♦ t❤❡ s✉♠ ♦❢ t✇♦ r❡♠♦t❡ s♦❧✐t❛r②
✇❛✈❡s✱ ✐t t✉r♥s ♦✉t t❤❛t ♦♥❧② t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ t❤❡ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥ ♦❢ ❡❛❝❤ ❣r♦✉♥❞
st❛t❡ ❛r❡ r❡❧❡✈❛♥t ✐♥ t❤❡ ❧❛r❣❡ t✐♠❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ t❤❛t
2✲s♦❧✐t❛r② ✇❛✈❡s ❤❛✈❡ ❛ ✉♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦r✿ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♦❧✐t❛r② ✇❛✈❡s ✐s ❛s②♠♣t♦t✐❝ t♦
logt ❛s t→ ∞✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s ❞✉❡ t♦ ❞❛♠♣✐♥❣ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❝♦♠❜✐♥❡❞ ✇✐t❤ str♦♥❣ ✐♥t❡r❛❝t✐♦♥s
❜❡t✇❡❡♥ t❤❡ s♦❧✐t❛r② ✇❛✈❡s✳

✶✾✶
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✻✳✶ ■♥tr♦❞✉❝t✐♦♥

✻✳✶✳✶ ❙❡tt✐♥❣ ♦❢ t❤❡ ♣r♦❜❧❡♠

❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ❢♦❝✉s✐♥❣ ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

∂ttu+ 2α∂tu−∆u+ u− f(u) = 0 (t, x) ∈ R× RN , ✭✻✳✶✮

✇❤❡r❡ f(u) = |u|p−1u✱ α > 0✱ 1 6 N ≤ 5✱ ❛♥❞ t❤❡ ❡①♣♦♥❡♥t p ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡♥❡r❣② s✉❜✲❝r✐t✐❝❛❧
❝❛s❡✱ ✐✳❡✳

2 < p <∞ ❢♦r N = 1, 2 ❛♥❞ 2 < p <
N + 2

N − 2
❢♦r N = 3, 4, 5. ✭✻✳✷✮

❚❤❡ r❡str✐❝t✐♦♥ p > 2 ✐s ❞✐s❝✉ss❡❞ ✐♥ ❘❡♠❛r❦ ✻✳✻✳
❚❤✐s ❡q✉❛t✐♦♥ ❛❧s♦ r❡✇r✐t❡s ❛s ❛ ✜rst ♦r❞❡r s②st❡♠ ❢♦r ~u = (u, ∂tu) = (u, v)

{
∂tu = v

∂tv = ∆u− u+ f(u)− 2αv.

■t ❢♦❧❧♦✇s ❢r♦♠ ❬✶✷✱ ❚❤❡♦r❡♠ ✷✳✸❪ t❤❛t t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ✭✻✳✶✮ ✐s ❧♦❝❛❧❧② ✇❡❧❧✲♣♦s❡❞ ✐♥ t❤❡ ❡♥❡r❣②
s♣❛❝❡✿ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ (u0, v0) ∈ H1(RN )×L2(RN )✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✭✐♥ s♦♠❡ ❝❧❛ss✮ ♠❛①✐♠❛❧
s♦❧✉t✐♦♥ u ∈ C([0, Tmax), H

1(RN )) ∩ C1([0, Tmax), L
2(RN )) ♦❢ ✭✻✳✶✮✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ♠❛①✐♠❛❧ t✐♠❡ ♦❢

❡①✐st❡♥❝❡ Tmax ✐s ✜♥✐t❡✱ t❤❡♥ limt↑Tmax ‖~u(t)‖H1×L2 = ∞✳
❙❡tt✐♥❣ F (u) = 1

p+1 |u|p+1 ❛♥❞

E(~u) =
1

2

∫

RN

{
|∇u|2 + u2 + (∂tu)

2 − 2F (u)
}
dx,

❢♦r ❛♥② H1 × L2 s♦❧✉t✐♦♥ ~u ♦❢ ✭✻✳✶✮✱ ✐t ❤♦❧❞s

E(~u(t2))− E(~u(t1)) = −2α

∫ t2

t1

‖∂tu(t)‖2L2 dt. ✭✻✳✸✮

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s r❡❧❛t❡❞ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ Q✱
✇❤✐❝❤ ✐s t❤❡ ✉♥✐q✉❡ ♣♦s✐t✐✈❡✱ r❛❞✐❛❧ H1 s♦❧✉t✐♦♥ ♦❢

−∆Q+Q− f(Q) = 0, x ∈ RN . ✭✻✳✹✮

✭❙❡❡ ❬✼✱ ✼✼❪✳✮ ❚❤❡ ❣r♦✉♥❞ st❛t❡ ❣❡♥❡r❛t❡s t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ~Q =
(
Q
0

)
♦❢ ✭✻✳✶✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ − ~Q

❛s ✇❡❧❧ ❛s ❛♥② tr❛♥s❧❛t❡ ~Q(· − z0) ❛r❡ ❛❧s♦ s♦❧✉t✐♦♥s ♦❢ ✭✻✳✶✮✳

❚❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡s ❢♦r ✭✻✳✶✮ ✇❛s ✜rst ❛❞❞r❡ss❡❞ ❜② ❋❡✐r❡✐s❧ ✐♥ ❬✺✸✱
❚❤❡♦r❡♠ ✶✳✶❪✱ ✉♥❞❡r s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ♦♥ N ❛♥❞ p✱ ❢♦r ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ s♦❧✐t❛r② ✇❛✈❡s ✇✐t❤
s♣❡❝✐✜❝ ❣❡♦♠❡tr✐❝ ❛♥❞ s✐❣♥ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❍✐s ❝♦♥str✉❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ✈❛r✐❛t✐♦♥❛❧ ❛♥❞ s②♠♠❡tr②
❛r❣✉♠❡♥ts t♦ tr❡❛t t❤❡ ✐♥st❛❜✐❧✐t② ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡s✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s t♦
❢✉❧❧② ✉♥❞❡rst❛♥❞ 2✲s♦❧✐t❛r② ✇❛✈❡s ❜② ♣r♦✈✐♥❣ ♥♦♥✲❡①✐st❡♥❝❡✱ ❡①✐st❡♥❝❡ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧ts ✉s✐♥❣
❞②♥❛♠✐❝❛❧ ❛r❣✉♠❡♥ts✳

✻✳✶✳✷ ▼❛✐♥ r❡s✉❧ts

❋✐rst ❧❡t ✉s ✐♥tr♦❞✉❝❡ ❛ ❢❡✇ ❜❛s✐❝ ♥♦t❛t✐♦♥✳ ▲❡t {e1, . . . , eN} ❞❡♥♦t❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ RN ✳ ❲❡
❞❡♥♦t❡ ❜② BRN (ρ) ✭r❡s♣❡❝t✐✈❡❧②✱ SRN (ρ)✮ t❤❡ ♦♣❡♥ ❜❛❧❧ ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡ s♣❤❡r❡✮ ♦❢ RN ♦❢ ❝❡♥t❡r t❤❡
♦r✐❣✐♥ ❛♥❞ ♦❢ r❛❞✐✉s ρ > 0✱ ❢♦r t❤❡ ✉s✉❛❧ ♥♦r♠ |ξ| = (

∑N
j=1 ξ

2
j )

1/2✳ ❲❡ ❞❡♥♦t❡ ❜② BH1×L2(ρ) t❤❡ ❜❛❧❧ ♦❢

H1 × L2 ♦❢ ❝❡♥t❡r t❤❡ ♦r✐❣✐♥ ❛♥❞ ♦❢ r❛❞✐✉s ρ > 0 ❢♦r t❤❡ ♥♦r♠ ‖
( ε
η

)
‖H1×L2 =

(
‖ε‖2H1 + ‖η‖2L2

)1/2
✳ ❲❡

✶✾✷



✻✳✶✳ ■◆❚❘❖❉❯❈❚■❖◆

❞❡♥♦t❡ 〈·, ·〉 t❤❡ L2 s❝❛❧❛r ♣r♦❞✉❝t ❢♦r r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ui ♦r ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ~ui = (ui, vi)
✭i = 1, 2✮✿

〈u1, u2〉 :=
∫
u1(x)u2(x) dx, 〈~u1, ~u2〉 :=

∫
u1(x)u2(x) dx+

∫
v1(x)v2(x) dx.

■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ ♦♣❡r❛t♦r

L = −∆+ 1− pQp−1

❛♣♣❡❛r✐♥❣ ❛❢t❡r ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✻✳✶✮ ❛r♦✉♥❞ ~Q✱ ❤❛s ❛ ✉♥✐q✉❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ −ν20 ✭ν0 > 0✮✳
❲❡ ❞❡♥♦t❡ ❜② Y t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ ✭s❡❡ ▲❡♠♠❛ ✻✳✼ ❢♦r ❞❡t❛✐❧s ❛♥❞ r❡❢❡r❡♥❝❡s✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥s t❤❛t s❡tt✐♥❣

ν± = −α±
√
α2 + ν20 ❛♥❞ ~Y ± =

(
Y
ν±Y

)
,

t❤❡ ❢✉♥❝t✐♦♥ ~ε±(t, x) = exp(ν±t)~Y ±(x) ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠
{
∂tε = η

∂tη = −Lε− 2αη.
✭✻✳✺✮

❙✐♥❝❡ ν+ > 0✱ t❤❡ s♦❧✉t✐♦♥ ~ε+ ✐❧❧✉str❛t❡s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡ ✐♥ ♣♦s✐t✐✈❡
t✐♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❡❡ t❤❛t t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞❛♠♣✐♥❣ α > 0 ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t r❡♠♦✈❡
t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❑❧❡✐♥✲●♦r❞♦♥ s♦❧✐t❛r② ✇❛✈❡✳ ❆♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✐♥st❛❜✐❧✐t②
✐s ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣

ζ± = α±
√
α2 + ν20 ❛♥❞ ~Z± =

(
ζ±Y
Y

)

❛♥❞ ♦❜s❡r✈✐♥❣ t❤❛t ❢♦r ❛♥② s♦❧✉t✐♦♥ ~ε ♦❢ ✭✻✳✺✮✱

a± = 〈~ε , ~Z±〉 s❛t✐s✜❡s
da±

dt
= ν±a±.

❲❡ st❛rt ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s✳

❉❡✜♥✐t✐♦♥ ✻✳✶✳ ❆ s♦❧✉t✐♦♥ ~u ∈ C([T,∞), H1 × L2) ♦❢ ✭✻✳✶✮✱ ❢♦r s♦♠❡ T ∈ R✱ ✐s ❝❛❧❧❡❞ ❛ 2✲s♦❧✐t❛r②
✇❛✈❡ ✐❢ t❤❡r❡ ❡①✐st σ1, σ2 = ±1✱ ❛ s❡q✉❡♥❝❡ tn → ∞ ❛♥❞ ❛ s❡q✉❡♥❝❡ (ξ1,n, ξ2,n) ∈ R2N s✉❝❤ t❤❛t

lim
n→∞

{∥∥∥u(tn)−
∑

k=1,2

σkQ(· − ξk,n)
∥∥∥
H1

+ ‖∂tu(tn)‖L2

}
= 0

❛♥❞ limn→∞ |ξ1,n − ξ2,n| → ∞✳

❘❡♠❛r❦ ✻✳✷✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ✐❢ u ✐s ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✻✳✶✮ s❛t✐s❢②✐♥❣

lim
t→∞

∥∥∥u(t)−
∑

k=1,2

σkQ(· − ξk(t))
∥∥∥
H1

= 0 ✭✻✳✻✮

✇❤❡r❡ limt→∞ |ξ1(t)− ξ2(t)| → ∞✱ t❤❡♥ u ✐s ❛ 2✲s♦❧✐t❛r② ✇❛✈❡✳ ■♥❞❡❡❞✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✸✮ ❛♥❞ ✭✻✳✻✮
t❤❛t t 7→ E(~u(t)) ✐s ❧♦✇❡r ❜♦✉♥❞❡❞✳ ❚❤✉s✱ ❢r♦♠ ✭✻✳✸✮✱ ✐t ❤♦❧❞s

∫∞
0 ‖∂tu(t)‖2L2 dt < ∞ ❛♥❞ s♦

limn→∞ ‖∂tu(tn)‖L2 = 0 ❢♦r s♦♠❡ s❡q✉❡♥❝❡ tn → ∞✳

❖✉r ✜rst r❡s✉❧t ❝♦♥❝❡r♥s t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s ✇✐t❤ s❛♠❡ s✐❣♥s✳

❚❤❡♦r❡♠ ✻✳✸✳ ❚❤❡r❡ ❡①✐sts ♥♦ 2✲s♦❧✐t❛r② ✇❛✈❡ ♦❢ ✭✻✳✶✮ ✇✐t❤ σ1 = σ2✳
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■♥ t❤❡ ♥❡①t r❡s✉❧t✱ ✇❡ s❤♦✇ t❤❛t 2✲s♦❧✐t❛r② ✇❛✈❡s ✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥ s❛t✐s❢② ❛ ✉♥✐✈❡rs❛❧ ❛s②♠♣t♦t✐❝
❜❡❤❛✈✐♦r✳

❚❤❡♦r❡♠ ✻✳✹ ✭❉❡s❝r✐♣t✐♦♥ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s✮✳ ❋♦r ❛♥② 2✲s♦❧✐t❛r② ✇❛✈❡ u ♦❢ ✭✻✳✶✮✱ t❤❡r❡ ❡①✐st σ1 =
±1✱ σ2 = −σ1✱ T > 0 ❛♥❞ t ∈ [T,∞) 7→ (z1(t), z2(t)) s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ [T,∞)✱

∥∥∥u(t)−
∑

k=1,2

σkQ(· − zk(t))
∥∥∥
H1

+ ‖∂tu(t)‖L2 . t−1, ✭✻✳✼✮

❛♥❞ ❢♦r s♦♠❡ ❝♦♥st❛♥t c0 = c0(N)✱

lim
t→∞

{
|z1(t)− z2(t)| −

(
logt− 1

2
(N − 1)loglogt+ c0

)}
= 0. ✭✻✳✽✮

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ω∞ ∈ SRN (1) s✉❝❤ t❤❛t

lim
t→∞

z1(t)− z2(t)

logt
= 2 lim

t→∞
z1(t)

logt
= −2 lim

t→∞
z2(t)

logt
= ω∞. ✭✻✳✾✮

❋✐♥❛❧❧②✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢✉❧❧ ❢❛♠✐❧② ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s ❢♦r ✐♥✐t✐❛❧ ❞❛t❛ ❝❧♦s❡ t♦ t❤❡ s✉♠ ♦❢ t✇♦ r❡♠♦t❡
s♦❧✐t❛r② ✇❛✈❡s✳

❚❤❡♦r❡♠ ✻✳✺ ✭❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s✮✳ ❚❤❡r❡ ❡①✐st C, δ > 0 ❛♥❞ ❛ ▲✐♣s❝❤✐t③ ♠❛♣

H : (RN \ B̄RN (10|logδ|))× BH1×L2(δ) → R2, (L, ~φ ) 7→ H(L, ~φ )

s✉❝❤ t❤❛t

|H(L, ~φ )| < C
(
e−

L
2 + ‖~φ ‖H1×L2

)
,

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳ ●✐✈❡♥ ❛♥② L, ~φ , h1, h2 s✉❝❤ t❤❛t

|L| > 10|logδ|, ‖~φ ‖H1×L2 < δ, |h1|+ |h2| < δ,

t❤❡ s♦❧✉t✐♦♥ ~u ♦❢ ✭✻✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

~u(0) =
(
~Q+ h1 ~Y

+
)(

· − L

2

)
−
(
~Q+ h2 ~Y

+
)(

·+ L

2

)
+ ~φ

✐s ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (h1, h2) = H(L, ~φ )✳

❚❤✐s r❡s✉❧t ❡ss❡♥t✐❛❧❧② ♠❡❛♥s t❤❛t ❧♦❝❛❧❧② ❛r♦✉♥❞ t❤❡ s✉♠ ♦❢ t✇♦ s✉✣❝✐❡♥t❧② s❡♣❛r❛t❡❞ s♦❧✐t♦♥s
✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥s✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s ❢♦r♠ ❛ ❝♦❞✐♠❡♥s✐♦♥✲✷ ▲✐♣s❝❤✐t③ ♠❛♥✐❢♦❧❞ ✭t❤❡
✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s ❜❡✐♥❣ ❞✐r❡❝t❡❞ ❜② ~Y + tr❛♥s❧❛t❡❞ ❛r♦✉♥❞ ❡❛❝❤ s♦❧✐t♦♥✮✳

❲❡ r❡❢❡r t♦ ➓✻✳✷✳✹ ❢♦r ❛ ❢♦r♠❛❧ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s ♦❢ ✭✻✳✶✮ ❥✉st✐❢②✐♥❣
t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠s ✻✳✸✱ ✻✳✹ ❛♥❞ ✻✳✺✳

❘❡♠❛r❦ ✻✳✻✳ ❲❡ ❞✐s❝✉ss t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ p ✐♥ ✭✻✳✷✮✳ ❚❤❡ ❡♥❡r❣② s✉❜✲❝r✐t✐❝❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ♥❡❝❡ss❛r②
❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✐t❛r② ✇❛✈❡s ❛♥❞ ❛❧❧♦✇s t♦ ✇♦r❦ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥s✳ ❚❤❡
❝♦♥❞✐t✐♦♥ p > 2 ❝♦✉❧❞ ❜❡ ✇❛✐✈❡❞ ❢♦r s♦♠❡ ♦❢ t❤❡ ❛❜♦✈❡ r❡s✉❧ts✱ ❜✉t ✐t ✇♦✉❧❞ ❝♦♠♣❧✐❝❛t❡ t❤❡ ❛♥❛❧②s✐s
❛♥❞ ✇❡❛❦❡♥ t❤❡ r❡s✉❧ts✳ ❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ♠♦st r❡❧❡✈❛♥t ❝❛s❡ ✐s p = 3✱ ✇❡ ✇✐❧❧ ♥♦t ♣✉rs✉❡
❢✉rt❤❡r ❤❡r❡ t❤❡ q✉❡st✐♦♥ ♦❢ ❧♦✇❡r✐♥❣ p✳
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✻✳✶✳✸ Pr❡✈✐♦✉s r❡s✉❧ts

❚❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❧♦♥❣ t✐♠❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥
✐♥ r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ❜♦✉♥❞ st❛t❡s ✇❛s ❛❞❞r❡ss❡❞ ✐♥ s❡✈❡r❛❧ ❛rt✐❝❧❡s❀ s❡❡ ❡✳❣✳ ❬✶✷✱ ✺✷✱ ✺✸✱ ✻✸✱ ✽✷❪✳ ◆♦t❛❜❧②✱
✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ N ❛♥❞ p✱ r❡s✉❧ts ✐♥ ❬✺✸✱ ✽✷❪ st❛t❡ t❤❛t ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ t✐♠❡✱ ❛♥② ❣❧♦❜❛❧
❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✻✳✶✮ ❝♦♥✈❡r❣❡s t♦ ❛ s✉♠ ♦❢ ❞❡❝♦✉♣❧❡❞ ❜♦✉♥❞ st❛t❡s ❛❢t❡r ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜s❡✲
q✉❡♥❝❡ ♦❢ t✐♠❡s✳ ✭◆♦t❡ t❤❛t s✉❝❤ r❡s✉❧t ✇♦✉❧❞ ❛❧❧♦✇ ✉s t♦ ✇❡❛❦❡♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡ ❣✐✈❡♥
✐♥ ❉❡✜♥✐t✐♦♥ ✻✳✶❀ ❤♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ♣r❡❢❡rr❡❞ ❛ str♦♥❣❡r ❞❡✜♥✐t✐♦♥ ✈❛❧✐❞ ✐♥ ❛♥② ❝❛s❡✳✮ ■♥ ❬✶✷❪✱ ❢♦r r❛❞✐❛❧
s♦❧✉t✐♦♥s ✐♥ ❞✐♠❡♥s✐♦♥ N ≥ 2✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ t♦ ♦♥❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ♣r♦✈❡❞ t♦
❤♦❧❞ ❢♦r t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ♦❢ t✐♠❡✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❬✶✷❪✱ s✉❝❤ r❡s✉❧ts ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❣❡♥❡r❛❧
s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❝♦♥❥❡❝t✉r❡ ❢♦r ❣❧♦❜❛❧ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥s ♦❢ ❞✐s♣❡rs✐✈❡ ♣r♦❜❧❡♠s❀ s❡❡ ❬✹✻✱ ✹✸❪ ❢♦r ❞❡t❛✐❧s
❛♥❞ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤✐s ❝♦♥❥❡❝t✉r❡ ❢♦r t❤❡ ✉♥❞❛♠♣❡❞ ❡♥❡r❣② ❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥✳

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡s ✐s ❛ ❝❧❛ss✐❝❛❧ q✉❡st✐♦♥ ❢♦r ✐♥t❡❣r❛❜❧❡ ♠♦❞❡❧s ✭s❡❡
❢♦r ✐♥st❛♥❝❡ ❬✾✼❪ ❢♦r t❤❡ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥ ❛♥❞ ❬✶✶✻❪ ❢♦r t❤❡ 1❉ ❝✉❜✐❝ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✮✳
❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ❬✺✸❪ ❣❛✈❡ t❤❡ ✜rst ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ s♦❧✉t✐♦♥s ❢♦r ✭✻✳✶✮✳ ❙✐♥❝❡ t❤❡♥ t❤❡ s❛♠❡
q✉❡st✐♦♥ ❤❛s ❜❡❡♥ ❛❞❞r❡ss❡❞ ❢♦r ✈❛r✐♦✉s ♥♦♥✲✐♥t❡❣r❛❜❧❡ ❛♥❞ ✉♥❞❛♠♣❡❞ ♥♦♥❧✐♥❡❛r ❞✐s♣❡rs✐✈❡ ❛♥❞ ✇❛✈❡
❡q✉❛t✐♦♥s✳ ❲❡ r❡❢❡r t♦ ❬✷✵✱ ✷✽✱ ✸✶✱ ✽✺❪ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥✱ t❤❡ ♥♦♥❧✐♥❡❛r
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✱ t❤❡ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✱ ✐♥ s✐t✉❛t✐♦♥s ✇❤❡r❡ ✉♥st❛❜❧❡
❣r♦✉♥❞ st❛t❡s ❛r❡ ✐♥✈♦❧✈❡❞✳ ❙❡❡ ❛❧s♦ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ♣r❡✈✐♦✉s ✇♦r❦s r❡❧❛t❡❞ t♦ st❛❜❧❡ ❣r♦✉♥❞ st❛t❡s✳
■♥ t❤♦s❡ ✇♦r❦s✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ tr❛✈❡❧✐♥❣ ✇❛✈❡s ✐s ❛s②♠♣t♦t✐❝ t♦ Ct ❢♦r C > 0✱ ❛s t → ∞✳
❚❤❡ ♠♦r❡ ❞❡❧✐❝❛t❡ ❝❛s❡ ♦❢ ♠✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡s ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ❞✐st❛♥❝❡ ✐s tr❡❛t❡❞ ✐♥ ❬✻✺✱ ✾✵✱ ✶✵✾✱ ✶✶✵❪
❢♦r ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❛♥❞ ❙❝❤rö❞✐♥❣❡r t②♣❡ ❡q✉❛t✐♦♥s ❛♥❞ s②st❡♠s✱ ❜♦t❤ ✐♥ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ❝❛s❡s✳
◆♦t❡ t❤❛t t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❞✐st❛♥❝❡ ✐♥ t❤❡ ❧❛tt❡r ✇♦r❦s ✐s ♥♦♥✲❣❡♥❡r✐❝ ✇❤✐❧❡ ✐t ✐s t❤❡ ✉♥✐✈❡rs❛❧ ❜❡❤❛✈✐♦r
❢♦r t❤❡ ❞❛♠♣❡❞ ❡q✉❛t✐♦♥ ✭✻✳✶✮✳ ❙❡❡ ❛❧s♦ ❬✻✹✱ ✻✼✱ ✻✽❪ ❢♦r ✇♦r❦s ♦♥ t❤❡ ♥♦♥✲❡①✐st❡♥❝❡✱ ❡①✐st❡♥❝❡ ❛♥❞
❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ r❛❞✐❛❧ t✇♦✲❜✉❜❜❧❡ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❡♥❡r❣② ❝r✐t✐❝❛❧ ✇❛✈❡ ❡q✉❛t✐♦♥ ✐♥ ❧❛r❣❡ ❞✐♠❡♥s✐♦♥s✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✭❝❡♥t❡r✲✮ st❛❜❧❡ ♠❛♥✐❢♦❧❞s ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✉♥st❛❜❧❡ ❣r♦✉♥❞ st❛t❡ ✇❛s
❛❞❞r❡ss❡❞ ✐♥ s❡✈❡r❛❧ s✐t✉❛t✐♦♥s✱ s❡❡ ❡✳❣✳ ❬✹✱ ✼✹✱ ✼✻✱ ✼✺✱ ✽✼✱ ✶✵✵❪✳

❲❤✐❧❡ t❤❡ ✐♥✐t✐❛❧ ♠♦t✐✈❛t✐♦♥ ❛♥❞ s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ t♦♦❧s ♦r✐❣✐♥❛t❡ ❢r♦♠ s♦♠❡ ♦❢ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞
♣❛♣❡rs✱ ✇❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡ ✐s s❡❧❢✲❝♦♥t❛✐♥❡❞ ❡①❝❡♣t ❢♦r t❤❡ ❧♦❝❛❧ ❈❛✉❝❤② t❤❡♦r② ❢♦r ✭✻✳✶✮
✭s❡❡ ❬✶✷❪✮ ❛♥❞ ❡❧❧✐♣t✐❝ t❤❡♦r② ❢♦r ✭✻✳✹✮ ❛♥❞ ✐ts ❧✐♥❡❛r✐③❛t✐♦♥ ✭✇❡ r❡❢❡r t♦ ❬✼✱ ✸✶✱ ✼✼❪✮✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✻✳✷ ✐♥tr♦❞✉❝❡s ❛❧❧ t❤❡ t❡❝❤♥✐❝❛❧ t♦♦❧s ✐♥✈♦❧✈❡❞ ✐♥ ❛
❞②♥❛♠✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ 2✲s♦❧✐t❛r② ✇❛✈❡ ♣r♦❜❧❡♠ ❢♦r ✭✻✳✶✮✿ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥✱
♠♦❞✉❧❛t✐♦♥✱ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ ❡♥❡r❣② ❡st✐♠❛t❡s✳ ❚❤❡♦r❡♠s ✻✳✸ ❛♥❞ ✻✳✹ ❛r❡ ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳
❋✐♥❛❧❧②✱ ❚❤❡♦r❡♠ ✻✳✺ ✐s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳

✻✳✶✳✹ ❘❡❝♦❧❧❡❝t✐♦♥ ♦♥ t❤❡ ❣r♦✉♥❞ st❛t❡

❚❤❡ ❣r♦✉♥❞ st❛t❡ Q r❡✇r✐t❡s Q(x) = q (|x|) ✇❤❡r❡ q > 0 s❛t✐s✜❡s

q′′ +
N − 1

r
q′ − q + qp = 0, q′(0) = 0, lim

r→∞
q(r) = 0. ✭✻✳✶✵✮

■t ✐s ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t ❢♦r ❛ ❝♦♥st❛♥t κ > 0✱ ❢♦r ❛❧❧ r > 1✱
∣∣∣q(r)− κr−

N−1
2 e−r

∣∣∣+
∣∣∣q′(r) + κr−

N−1
2 e−r

∣∣∣ . r−
N+1

2 e−r. ✭✻✳✶✶✮

❉✉❡ t♦ t❤❡ r❛❞✐❛❧ s②♠♠❡tr②✱ t❤❡r❡ ❤♦❧❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛♥❝❡❧❧❛t✐♦♥ ✭✇❤✐❝❤ ✇❡ ✇✐❧❧ ✉s❡ r❡♣❡t✐t✐✈❡❧②✮✿

∀i 6= j,

∫
∂xiQ(x)∂xjQ(x) dx = 0. ✭✻✳✶✷✮

▲❡t

L = −∆+ 1− pQp−1, 〈Lε, ε〉 =
∫ {

|∇ε|2 + ε2 − pQp−1ε2
}
dx.

✶✾✺



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

❲❡ r❡❝❛❧❧ st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r L ✭s❡❡ ❡✳❣✳ ❬✸✶✱ ▲❡♠♠❛ ✶❪✮✳

▲❡♠♠❛ ✻✳✼✳ ✭✐✮ ❙♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ✉♥❜♦✉♥❞❡❞ ♦♣❡r❛t♦r L ♦♥ L2 ✇✐t❤ ❞♦♠❛✐♥ H2 ✐s s❡❧❢✲
❛❞❥♦✐♥t✱ ✐ts ❝♦♥t✐♥✉♦✉s s♣❡❝tr✉♠ ✐s [1,∞)✱ ✐ts ❦❡r♥❡❧ ✐s span{∂xjQ : j = 1, . . . , N} ❛♥❞ ✐t ❤❛s
❛ ✉♥✐q✉❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ −ν20 ✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ s♠♦♦t❤ ♥♦r♠❛❧✐③❡❞ r❛❞✐❛❧ ❡✐❣❡♥❢✉♥❝t✐♦♥ Y
(‖Y ‖L2 = 1) ▼♦r❡♦✈❡r✱ ♦♥ RN ✱

∣∣∣∂βxY (x)
∣∣∣ . e−

√
1+ν20 |x| ❢♦r ❛♥② β = (β1, . . . , βN ) ∈ NN .

✭✐✐✮ ❈♦❡r❝✐✈✐t② ♣r♦♣❡rt②✳ ❚❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ε ∈ H1✱

〈Lε, ε〉 > c‖ε‖2H1 − c−1

(
〈ε, Y 〉2 +

N∑

j=1

〈ε, ∂xjQ〉2
)
.

✻✳✷ ❉②♥❛♠✐❝s ♦❢ t✇♦ s♦❧✐t❛r② ✇❛✈❡s

❲❡ ♣r♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❛ ❣❡♥❡r❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ❝❧♦s❡ t♦ t❤❡ s✉♠ ♦❢ t✇♦ ❞❡❝♦✉♣❧❡❞ s♦❧✐t❛r②
✇❛✈❡s✳ ▲❡t ❛♥② σ1 = ±1✱ σ2 = ±1 ❛♥❞ ❞❡♥♦t❡ σ = σ1σ2✳ ❈♦♥s✐❞❡r t✐♠❡ ❞❡♣❡♥❞❡♥t C1 ♣❛r❛♠❡t❡rs
(z1, z2, ℓ1, ℓ2) ∈ R4N ✇✐t❤ |ℓ1| ≪ 1✱ |ℓ2| ≪ 1 ❛♥❞ |z| ≫ 1 ✇❤❡r❡

z = z1 − z2 ❛♥❞ ℓ = ℓ1 − ℓ2.

❉❡✜♥❡ t❤❡ ♠♦❞✉❧❛t❡❞ ❣r♦✉♥❞ st❛t❡ s♦❧✐t❛r② ✇❛✈❡s✱ ❢♦r k = 1, 2✱

Qk = σkQ(· − zk) and ~Qk =

(
Qk

−(ℓk · ∇)Qk

)
. ✭✻✳✶✸✮

❙❡t
R = Q1 +Q2, ~R = ~Q1 + ~Q2,

❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥ t❡r♠

G = f(Q1 +Q2)− f(Q1)− f(Q2). ✭✻✳✶✹✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t✐❡s ❛r♦✉♥❞ ❡❛❝❤ s♦❧✐t❛r② ✇❛✈❡✿

Yk = σkY (· − zk), ~Y ±
k = σk~Y

±(· − zk), ~Z±
k = σk ~Z

±(· − zk).

✻✳✷✳✶ ◆♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s

❆ ❦❡② ♦❢ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ 2✲s♦❧✐t❛r② ✇❛✈❡s ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✜rst ♦r❞❡r
♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥ t❡r♠ G ♦♥ t❤❡ ❞✐r❡❝t✐♦♥s ∇Q1 ❛♥❞ ∇Q2 ✭s❡❡ ❡✳❣✳ ❬✶✶✵✱
▲❡♠♠❛ ✼❪✮✳

▲❡♠♠❛ ✻✳✽✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞ ❢♦r |z| ≫ 1✳

✭✐✮ ❇♦✉♥❞s✳ ❋♦r ❛♥② 0 < m′ < m✱

∫
|Q1Q2|m . e−m′|z|, ✭✻✳✶✺✮

∫
|F (R)− F (Q1)− F (Q2)− f(Q1)Q2 − f(Q2)Q1| . e−

5
4
|z|. ✭✻✳✶✻✮

✶✾✻
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✭✐✐✮ ❙❤❛r♣ ❜♦✉♥❞s✳ ❋♦r ❛♥② m > 0✱
∫

|Q1||Q2|1+m . q(|z|), ✭✻✳✶✼✮

‖G‖L2 . ‖Qp−1
1 Q2‖L2 + ‖Q1Q

p−1
2 ‖L2 . q(|z|). ✭✻✳✶✽✮

✭✐✐✐✮ ❆s②♠♣t♦t✐❝s✳ ■t ❤♦❧❞s
|〈f(Q2), Q1〉 − σc1g0q(|z|)| ≤ |z|−1q(|z|) ✭✻✳✶✾✮

✇❤❡r❡

g0 =
1

c1

∫
Qp(x)e−x1 dx > 0, c1 = ‖∂x1Q‖2L2 . ✭✻✳✷✵✮

✭✐✈✮ ❙❤❛r♣ ❛s②♠♣t♦t✐❝s✳ ❚❤❡r❡ ❡①✐sts ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ g : [0,∞) → R s✉❝❤ t❤❛t✱ ❢♦r ❛♥② 0 < θ <
min(p− 1, 2) ❛♥❞ r > 1

|g(r)− g0q(r)| . r−1q(r) ✭✻✳✷✶✮

❛♥❞
∣∣∣∣〈G,∇Q1〉 − σc1

z

|z|g(|z|)
∣∣∣∣ . e−θ|z|, ✭✻✳✷✷✮

∣∣∣∣〈G,∇Q2〉+ σc1
z

|z|g(|z|)
∣∣∣∣ . e−θ|z|. ✭✻✳✷✸✮

Pr♦♦❢✳ ✭✐✮ ❇② ✭✻✳✶✶✮✱ |Q(y)| . e−|y|✱ ❛♥❞ t❤✉s
∫

|Q1Q2|m dy .

∫
e−m|y|e−m′|y+z| dy . e−m′|z|

∫
e−(m−m′)|y| dy . e−m′|z|.

❚❤❡♥✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✉s✐♥❣ p ≥ 2✱ ❜② ❚❛②❧♦r ❡①♣❛♥s✐♦♥✿

|F (Q1 +Q2)− F (Q1)− F (Q2)− f(Q1)Q2 − f(Q2)Q1| . |Q1Q2|
3
2 ,

✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✶✻✮ t♦ ❛♣♣❧②✐♥❣ ✭✻✳✶✺✮ ✇✐t❤ m = 3
2 ❛♥❞ m′ = 5

4 ✳
✭✐✐✮ ❲❡ ❡st✐♠❛t❡

∫
|Q1||Q2|1+m dx =

∫
Q(y − z)Q1+m(y) dy

. q(|z|)
∫

|y|< 3
4
|z|
e|y|Q1+m(y) dy + e−|z|

∫

|y|> 3
4
|z|
e|y|Q1+m(y) dy . q(|z|).

◆❡①t✱ ✉s✐♥❣
|G| . |Q1|p−1|Q2|+ |Q1||Q2|p−1,

❛♥❞ ✭✉s✐♥❣ p > 2✮
∫
Q2

1|Q2|2(p−1) dx =

∫
Q2(y − z)Q2(p−1)(y) dy

. [q(|z|)]2
∫

|y|< 3
4
|z|
e2|y|Q2(p−1)(y) dy + e−2|z|

∫

|y|> 3
4
|z|
e2|y|Q2(p−1)(y) dy

. [q(|z|)]2.

✭✐✐✐✮ ❲❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡
∣∣∣∣
∫
Qp(y)Q(y + z) dy − c1g0κ|z|−

N−1
2 e−|z|

∣∣∣∣ . |z|−1q(|z|). ✭✻✳✷✹✮

✶✾✼
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❖❜s❡r✈❡ t❤❛t ✭✻✳✶✾✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✻✳✷✹✮ ❛♥❞ ✭✻✳✶✶✮✳
Pr♦♦❢ ♦❢ ✭✻✳✷✹✮✳ ❋✐rst✱ ❢♦r |y| < 3

4 |z| ✭❛♥❞ s♦ |y + z| ≥ |z| − |y| ≥ 1
4 |z| ≫ 1✮✱ ✇❡ ❤❛✈❡ ✉s✐♥❣ ✭✻✳✶✶✮✱

∣∣∣Q(y + z)− κ|y + z|−N−1
2 e−|y+z|

∣∣∣ . |y + z|−N+1
2 e−|y+z| . |z|−N+1

2 e−|z|e|y|.

■♥ ♣❛rt✐❝✉❧❛r✱
∣∣∣∣
∫

|y|< 3
4
|z|
Qp(y)

[
Q(y + z)− κ|y + z|−N−1

2 e−|y+z|
]
dy

∣∣∣∣ . |z|−N+1
2 e−|z|. ✭✻✳✷✺✮

▼♦r❡♦✈❡r✱ ❢♦r |y| < 3
4 |z|✱ ✇❡ ❤❛✈❡ t❤❡ ❡①♣❛♥s✐♦♥s

∣∣∣|y + z|−N−1
2 − |z|−N−1

2

∣∣∣ . |z|−N+1
2 |y|,

∣∣∣∣|y + z| − |z| − y · z
|z|

∣∣∣∣ . |z|−1|y|2,

❛♥❞ s♦ ∣∣∣|y + z|−N−1
2 e−|y+z| − |z|−N−1

2 e
−|z|− y·z

|z|

∣∣∣ . |z|−N+1
2 e−|z|(1 + |y|2)e|y|.

■♥s❡rt❡❞ ✐♥t♦ ✭✻✳✷✺✮✱ t❤✐s ②✐❡❧❞s
∣∣∣∣∣

∫

|y|< 3
4
|z|
Qp(y)

[
Q(y + z)− κ|z|−N−1

2 e
−|z|− y·z

|z|

]
dy

∣∣∣∣∣ . |z|−N+1
2 e−|z|.

◆❡①t✱ ✉s✐♥❣ ✭✻✳✶✶✮✱ ✇❡ ♦❜s❡r✈❡
∫

|y|> 3
4
|z|
Qp(y)Q(y + z) dy . e−

3
4
p|z|,

❛♥❞ ∫

|y|> 3
4
|z|
Qp(y)e

−|z|− y·z
|z| dy . e−|z|

∫

|y|> 3
4
|z|
Qp(y)e|y| dy . e−

3
4
p|z|.

●❛t❤❡r✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞
∣∣∣∣
∫
Qp(y)Q(y + z) dy − κ|z|−N−1

2 e−|z|
∫
Qp(y)e

− y·z
|z| dy

∣∣∣∣ . |z|−N+1
2 e−|z|.

▲❛st✱ t❤❡ ✐❞❡♥t✐t②
∫
Qp(y)e

− y·z
|z| dy =

∫
Qp(y)e−y1 dy ✭r❡❝❛❧❧ t❤❛t Q ✐s r❛❞✐❛❧❧② s②♠♠❡tr✐❝✮ ❛♥❞ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ g0 ✐♠♣❧② ✭✻✳✷✹✮✳
✭✐✈✮ ❋✐rst✱ ✉s✐♥❣ t❤❡ ❚❛②❧♦r ❢♦r♠✉❧❛✱ ✐t ❤♦❧❞s

|G− p|Q1|p−1Q2| . |Q1|p−2Q2
2 + |Q2|p−1|Q1|.

❚❤✉s✱ ✉s✐♥❣ ✭✻✳✶✺✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛♥② 1 < θ < min(p− 1, 2)✱

|〈G,∇Q1〉 − σ1σ2H(z)| .
∫
Q2(y)Qp−1(y + z) dy . e−θ|z| ✭✻✳✷✻✮

✇❤❡r❡ ✇❡ s❡t H(z) =
∫
∇(Qp)(y)Q(y+z) dy✳ ❙❡❝♦♥❞✱ ✇❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ g : [0,∞) →

R s✉❝❤ t❤❛t H(z) = c1
z
|z|g(|z|)✳ ■♥❞❡❡❞✱ r❡♠❛r❦ ❜② ✉s✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ y = 2x1e1 − x t❤❛t

H(re1) = p

∫
y

|y|q
′(|y|)qp−1(|y|)q(|y + re1|) dy

= p

∫
y1e1
|y| q

′(|y|)qp−1(|y|)q(|y + re1|) dy.

✶✾✽
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❚❤✉s✱ ✇❡ s❡t

g(r) =
e1 ·H(re1)

c1
s♦ t❤❛t H(re1) = c1e1g(r).

▲❡t ω ∈ SRN (1) ❜❡ s✉❝❤ t❤❛t z = |z|ω ❛♥❞ ❧❡t U ❜❡ ❛♥ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐① ♦❢ s✐③❡ N s✉❝❤ t❤❛t Ue1 = ω✳
❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ y = Ux✱

H(z) = p

∫
y

|y|q
′(|y|)qp−1(|y|)q(|y + z|) dy

= p

∫
Ux

|x| q
′(|x|)qp−1(|x|)q(|x+ |z|e1|) dx = UH(|z|e1) = c1

z

|z|g(z).

❚♦❣❡t❤❡r ✇✐t❤ ✭✻✳✷✻✮✱ t❤✐s ♣r♦✈❡s ✭✻✳✷✷✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✷✸✮ ✐s t❤❡ s❛♠❡ ❜✉t ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡
t❤❡ ❝❤❛♥❣❡ ♦❢ s✐❣♥ ❞✉❡ t♦ H(−z) = −H(z)✳

▲❛st✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ♣r♦❝❡❡❞✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✷✹✮✱ ✐t ❤♦❧❞s

∣∣∣∣e1 ·H(re1)− κr−
N−1

2 e−r

∫
∂x1(Q

p)(y)e−y1 dy

∣∣∣∣ . r−
N+1

2 e−r.

▼♦r❡♦✈❡r✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱
∫
∂x1(Q

p)(y)e−y1 dy =
∫
Qp(y)e−y1 dy, ✇❤✐❝❤ ♣r♦✈❡s ✭✻✳✷✶✮✳

✻✳✷✳✷ ❉❡❝♦♠♣♦s✐t✐♦♥ ❛r♦✉♥❞ t❤❡ s✉♠ ♦❢ t✇♦ s♦❧✐t❛r② ✇❛✈❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t② ♠❡❛s✉r❡s t❤❡ ♣r♦①✐♠✐t② ♦❢ ❛ ❢✉♥❝t✐♦♥ ~u = (u, v) t♦ t❤❡ s✉♠ ♦❢ t✇♦ ❞✐st❛♥t
s♦❧✐t❛r② ✇❛✈❡s✱ ❢♦r γ > 0✱

d(~u ; γ) = inf
|ξ1−ξ2|>|logγ|

∥∥∥u−
∑

k=1,2

σkQ(· − ξk)
∥∥∥
H1

+ ‖v‖L2 .

❲❡ st❛t❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t ❢♦r s♦❧✉t✐♦♥s ♦❢ ✭✻✳✶✮✳

▲❡♠♠❛ ✻✳✾✳ ❚❤❡r❡ ❡①✐sts γ0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② 0 < γ < γ0✱ T1 ≤ T2✱ ❛♥❞ ❛♥② s♦❧✉t✐♦♥ ~u = (u, ∂tu)
♦❢ ✭✻✳✶✮ ♦♥ [T1, T2] s❛t✐s❢②✐♥❣

sup
t∈[T1,T2]

d(~u(t); γ) < γ, ✭✻✳✷✼✮

t❤❡r❡ ❡①✐st ✉♥✐q✉❡ C1 ❢✉♥❝t✐♦♥s

t ∈ [T1, T2] 7→ (z1, z2, ℓ1, ℓ2)(t) ∈ R4N ,

s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~u ❞❡❝♦♠♣♦s❡s ♦♥ [T1, T2] ❛s

~u =

(
u
∂tu

)
= ~Q1 + ~Q2 + ~ε , ~ε =

(
ε
η

)
✭✻✳✷✽✮

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦♥ [T1, T2]✳

✭✐✮ ❖rt❤♦❣♦♥❛❧✐t② ❛♥❞ s♠❛❧❧♥❡ss✳ ❋♦r ❛♥② k = 1, 2✱ j = 1, . . . , N ✱

〈ε, ∂xjQk〉 = 〈η, ∂xjQk〉 = 0 ✭✻✳✷✾✮

❛♥❞
‖~ε ‖H1×L2 +

∑

k=1,2

|ℓk|+ e−2|z| . γ. ✭✻✳✸✵✮

✶✾✾



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

✭✐✐✮ ❊q✉❛t✐♦♥ ♦❢ ~ε ✳ {
∂tε = η +▼♦❞ε
∂tη = ∆ε− ε+ f(R+ ε)− f(R)− 2αη +▼♦❞η +G

✭✻✳✸✶✮

✇❤❡r❡

Modε =
∑

k=1,2

(żk − ℓk) · ∇Qk,

Modη =
∑

k=1,2

(
ℓ̇k + 2αℓk

)
· ∇Qk −

∑

k=1,2

(ℓk · ∇)(żk · ∇)Qk.

✭✐✐✐✮ ❊q✉❛t✐♦♥s ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs✳ ❋♦r k = 1, 2✱

|żk − ℓk| . ‖~ε ‖2H1×L2 +
∑

k=1,2

|ℓk|2, ✭✻✳✸✷✮

|ℓ̇k + 2αℓk| . ‖~ε ‖2H1×L2 +
∑

k=1,2

|ℓk|2 + q(|z|). ✭✻✳✸✸✮

✭✐✈✮ ❘❡✜♥❡❞ ❡q✉❛t✐♦♥ ❢♦r ℓk✳ ❋♦r ❛♥② 1 < θ < min(p− 1, 2)✱ k = 1, 2✱

∣∣∣ℓ̇k + 2αℓk − (−1)kσ
z

|z|g(|z|)
∣∣∣ . ‖~ε ‖2H1×L2 +

∑

k=1,2

|ℓk|2 + e−θ|z|. ✭✻✳✸✹✮

✭✈✮ ❊q✉❛t✐♦♥s ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s✳ ▲❡t

a±k = 〈~ε , ~Z±
k 〉. ✭✻✳✸✺✮

❚❤❡♥✱ ∣∣∣∣
d

dt
a±k − ν±a±k

∣∣∣∣ . ‖~ε ‖2H1×L2 +
∑

k=1,2

|ℓk|2 + q(|z|). ✭✻✳✸✻✮

❘❡♠❛r❦ ✻✳✶✵✳ ❲❡ s❡❡ ♦♥ ❡st✐♠❛t❡ ✭✻✳✸✸✮ t❤❡ ❞❛♠♣✐♥❣ ♦❢ t❤❡ ▲♦r❡♥t③ ♣❛r❛♠❡t❡rs ℓk✳ ❚❤❡ ♠♦r❡ ♣r❡❝✐s❡
❡st✐♠❛t❡ ✭✻✳✸✹✮ ✐♥✈♦❧✈❡s t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ✇❤✐❝❤ ❜❡❝♦♠❡s ♣r❡♣♦♥❞❡r❛♥t ❢♦r ❧❛r❣❡ t✐♠❡✳

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs ✐s ♣r♦✈❡❞ ❢♦r ✜①❡❞ t✐♠❡✳
▲❡t 0 < γ ≪ 1✳ ❋✐rst✱ ❢♦r ❛♥② u ∈ H1 s✉❝❤ t❤❛t

inf
|ξ1−ξ2|>|logγ|

∥∥∥u−
∑

k=1,2

σkQ(· − ξk)
∥∥∥
H1

≤ γ, ✭✻✳✸✼✮

✇❡ ❝♦♥s✐❞❡r z1(u) ❛♥❞ z2(u) ❛❝❤✐❡✈✐♥❣ t❤❡ ✐♥✜♠✉♠

∥∥∥u−
∑

k=1,2

σkQ(· − zk(u))
∥∥∥
L2

= inf
|ξ1−ξ2|> 3

4
|logγ|

∥∥∥u−
∑

k=1,2

σkQ(· − ξk)
∥∥∥
L2
.

▲❡t
ε(x) = u(x)− σ1Q(x− z1(u))− σ2Q(x− z2(u)), ‖ε‖L2 ≤ γ.

❇② st❛♥❞❛r❞ ❛r❣✉♠❡♥ts s✐♥❝❡ |z1(u)− z2(u)| > 3
4 |logγ|✱ ✐t ❤♦❧❞s

〈ε, ∂xjQ(· − z1(u))〉 = 〈ε, ∂xjQ(· − z2(u))〉 = 0. ✭✻✳✸✽✮

✷✵✵
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❋♦r u ❛♥❞ ũ ❛s ✐♥ ✭✻✳✸✼✮✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ zk✱ z̃k ❛♥❞ ε✱ ε̃✳ ❋✐rst✱ ❢♦r ζ✱ ζ̃ ∈ RN ✱ s❡tt✐♥❣
ζ̌ = ζ − ζ̃✱ ✇❡ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s

Q(· − ζ)−Q(· − ζ̃) = −(ζ̌ · ∇)Q(· − ζ) +OH1(|ζ̌|2), ✭✻✳✸✾✮

∇Q(· − ζ)−∇Q(· − ζ̃) = −(ζ̌ · ∇2)Q(· − ζ) +OH1(|ζ̌|2). ✭✻✳✹✵✮

❚❤✉s✱ ❞❡♥♦t✐♥❣ ǔ = u− ũ✱ žk = zk − z̃k✱ ε̌ = ε− ε̃✱ ✇❡ ♦❜t❛✐♥

ǔ =
∑

k=1,2

σk(žk · ∇)Q(· − zk) + ε̌+OH1(|ž1|2 + |ž2|2).

✭■♥ t❤❡ OH1 ✱ t❤❡r❡ ✐s ♥♦ ❞❡♣❡♥❞❡♥❝❡ ✐♥ ǔ ♦r ε̌✮✳ Pr♦❥❡❝t✐♥❣ ♦♥ ❡❛❝❤ ∇Q(· − zk)✱ ✉s✐♥❣ ✭✻✳✸✽✮ ❛♥❞ t❤❡
❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥

|ž1|+ |ž2| . ‖ǔ‖L2 + (|ž1|+ |ž2|)(e−
1
2
|z| + ‖ε̃‖L2 + |ž1|+ |ž2|)

❛♥❞ t❤✉s✱ ❢♦r γ✱ ž1 ❛♥❞ ž2 s♠❛❧❧✱

‖ε̌‖H1 . ‖ǔ‖H1 , |ž1|+ |ž2| . ‖ǔ‖L2 . ✭✻✳✹✶✮

❚❤❡r❡❢♦r❡✱ ❢♦r γ s♠❛❧❧ ❡♥♦✉❣❤✱ t❤✐s ♣r♦✈❡s ✉♥✐q✉❡♥❡ss ❛♥❞ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ z1 ❛♥❞ z2 ✇✐t❤ r❡s♣❡❝t
t♦ u ✐♥ L2✳

◆♦✇✱ ❧❡t v ∈ L2 ❛♥❞ z1✱ z2 ❜❡ s✉❝❤ t❤❛t ‖v‖L2 < γ ❛♥❞ |z1 − z2| > 3
4 |logγ|✳ ❙❡t

η(x) = v(x) + σ1(ℓ1 · ∇)Q(x− z1) + σ2(ℓ2 · ∇)Q(x− z2).

❚❤❡♥✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ 2N ❝♦♥❞✐t✐♦♥s

〈η, ∂xjQ(· − zk)〉 = 0 ✭✻✳✹✷✮

❢♦r j = 1, . . . , N ✱ k = 1, 2✱ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ❛ ❧✐♥❡❛r s②st❡♠ ✐♥ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ℓ1 ❛♥❞ ℓ2 ✇❤♦s❡
♠❛tr✐① ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ✐❞❡♥t✐t② ✭❢♦r γ s♠❛❧❧✮ ✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t
✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ♣❛r❛♠❡t❡rs ℓ1(v, z1, z2), ℓ2(v, z1, z2) ∈ RN s❛t✐s❢②✐♥❣
✭✻✳✹✷✮ ❛♥❞ |ℓ1|+ |ℓ2| . ‖v‖L2 ✐s ❝❧❡❛r✳ ▼♦r♦❡✈❡r✱ ✇✐t❤ s✐♠✐❧❛r ♥♦t❛t✐♦♥ ❛s ❜❡❢♦r❡✱ ✐t ❤♦❧❞s

‖η̌‖L2 + |ℓ̌1|+ |ℓ̌2| . ‖v̌‖L2 + |ž1|+ |ž2|. ✭✻✳✹✸✮

❊st✐♠❛t❡ ✭✻✳✸✵✮ ✐s ♥♦✇ ♣r♦✈❡❞✳ ■♥ t❤❡ r❡st ♦❢ t❤✐s ♣r♦♦❢✱ ✇❡ ❢♦r♠❛❧❧② ❞❡r✐✈❡ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ~ε ❛♥❞ t❤❡
❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ ♦❢ u✳ ❚❤✐s ❞❡r✐✈❛t✐♦♥ ❝❛♥ ❜❡ ❥✉st✐✜❡❞ r✐❣♦r♦✉s❧② ❛♥❞ ✉s❡❞ t♦
♣r♦✈❡ ❜② t❤❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③ t❤❡♦r❡♠ t❤❛t t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ C1 ❢✉♥❝t✐♦♥s ♦❢ t✐♠❡ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡
❬✷✶✱ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✼❪✮✳

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❋✐rst✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ε ❛♥❞ η✱

∂tε = ∂tu−
∑

k=1,2

∂tQk = η +
∑

k=1,2

(żk − ℓk) · ∇Qk.

❙❡❝♦♥❞✱

∂tη = ∂ttu+
∑

k=1,2

∂t (ℓk · ∇Qk)

= ∆u− u+ f(u)− 2α∂tu+
∑

k=1,2

ℓ̇k · ∇Qk −
∑

k=1,2

(ℓk · ∇) (żk · ∇)Qk.

✷✵✶
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❇② ✭✻✳✷✽✮✱ ∆Qk −Qk + f(Qk) = 0 ✭❢r♦♠ ✭✻✳✹✮✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G✱

∆u− u+ f(u)− 2α∂tu = ∆ε− ε+ f(R+ ε)− f(R)− 2αη

+ 2α
∑

k=1,2

ℓk · ∇Qk +G.

❚❤❡r❡❢♦r❡✱

∂tη = ∆ε− ε+ f(R+ ε)− f(R)− 2αη

+
∑

k=1,2

(
ℓ̇k + 2αℓk

)
· ∇Qk −

∑

k=1,2

(ℓk · ∇)(żk · ∇)Qk +G.

Pr♦♦❢ ♦❢ ✭✐✐✐✮✲✭✐✈✮✳ ❲❡ ❞❡r✐✈❡ ✭✻✳✸✷✮ ❢r♦♠ ✭✻✳✷✾✮✳ ❋♦r ❛♥② j = 1, . . . , N ✱ ✇❡ ❤❛✈❡

0 =
d

dt
〈ε, ∂xjQ1〉 = 〈∂tε, ∂xjQ1〉+ 〈ε, ∂t(∂xjQ1)〉.

❚❤✉s ✭✻✳✸✶✮ ❣✐✈❡s

〈η, ∂xjQ1〉+ 〈▼♦❞ε, ∂xjQ1〉 − 〈ε, ż1 · ∇∂xjQ1〉 = 0.

❚❤❡ ✜rst t❡r♠ ✐s ③❡r♦ ❞✉❡ t♦ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ✭✻✳✷✾✮✳ ❍❡♥❝❡✱

|ż1,j − ℓ1,j |‖∂xjQ‖2L2 . |ż2 − ℓ2|
∫

|∇Q2(x)||∇Q1(x)| dx+ |ż1| ‖ε‖L2 .

❚❤✉s✱ ❛❧s♦ ✉s✐♥❣ ✭✻✳✶✺✮ ✇✐t❤ m = 1 ❛♥❞ m′ = 1
2 ✱ ✇❡ ♦❜t❛✐♥

|ż1 − ℓ1| . |ż2 − ℓ2|e−
1
2
|z| + |ż1 − ℓ1| ‖~ε ‖H1×L2 + |ℓ1| ‖~ε ‖H1×L2 .

❙✐♥❝❡ ‖~ε ‖H1×L2 . γ✱ t❤✐s ②✐❡❧❞s

|ż1 − ℓ1| . |ż2 − ℓ2|e−
1
2
|z| + |ℓ1| ‖~ε ‖H1×L2 .

❙✐♠✐❧❛r❧②✱ ✐t ❤♦❧❞s
|ż2 − ℓ2| . |ż1 − ℓ1|e−

1
2
|z| + |ℓ2| ‖~ε ‖H1×L2 ,

❛♥❞ t❤✉s✱ ❢♦r ❧❛r❣❡ |z|✱ ∑

k=1,2

|żk − ℓk| . (|ℓ1|+ |ℓ2|) ‖~ε ‖H1×L2 ,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✻✳✸✷✮✳
◆❡①t✱ ✇❡ ❞❡r✐✈❡ ✭✻✳✸✸✮✲✭✻✳✸✹✮✳ ❋r♦♠ ✭✻✳✷✾✮✱ ✐t ❤♦❧❞s

0 =
d

dt
〈η, ∂xjQ1〉 = 〈∂tη, ∂xjQ1〉+ 〈η, ∂t(∂xjQ1)〉.

❚❤✉s✱ ❜② ✭✻✳✷✾✮ ❛♥❞ ✭✻✳✸✶✮✱ ✇❡ ❤❛✈❡

0 = 〈∆ε− ε+ f ′(Q1)ε, ∂xjQ1〉+ 〈f(R+ ε)− f(R)− f ′(R)ε, ∂xjQ1〉
+ 〈(f ′(R)− f ′(Q1))ε, ∂xjQ1〉
+ 〈▼♦❞η, ∂xjQ1〉+ 〈G, ∂xjQ1〉 − 〈η, (ż1 · ∇)∂xjQ1〉.

❙✐♥❝❡ ∂xjQ1 s❛t✐s✜❡s ∆∂xjQ1 − ∂xjQ1 + f ′(Q1)∂xjQ1 = 0✱ t❤❡ ✜rst t❡r♠ ✐s ③❡r♦✳ ◆❡①t✱ ❜② ❚❛②❧♦r
❡①♣❛♥s✐♦♥ ✭❛s f ✐s C2✮✱ ✇❡ ❤❛✈❡

f(R+ ε)− f(R)− f ′(R)ε = ε2
∫ 1

0
(1− θ)f ′′(R+ θε) dθ,

✷✵✷
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❛♥❞ ❜② t❤❡ H1 s✉❜✲❝r✐t✐❝❛❧✐t② ♦❢ t❤❡ ❡①♣♦♥❡♥t p > 2✱ ✇❡ ✐♥❢❡r
∣∣〈f(R+ ε)− f(R)− f ′(R)ε, ∂xjQ1〉

∣∣ . ‖ε‖2H1 . ✭✻✳✹✹✮

❚❤❡♥✱ ❛❣❛✐♥ ❜② ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❛♥❞ p > 2✱

|f ′(R)− f ′(Q1)||∂xjQ1| . |Q2||Q1|p−1 + |Q1||Q2|p−1.

❚❤✉s✱ ✉s✐♥❣ ❛❧s♦ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✻✳✶✽✮✱

|〈(f ′(R)− f ′(Q1))ε, ∂xjQ1〉| . ‖ε‖2L2 + [q(|z|)]2. ✭✻✳✹✺✮

❉✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s s❤♦✇ t❤❛t

〈▼♦❞η, ∂xjQ1〉 =
(
ℓ̇1,j + 2αℓ1,j

)
‖∂xjQ1‖2L2 + 〈(ℓ̇2 + 2αℓ2) · ∇Q2, ∂xjQ1〉

−
∑

k=1,2

〈(ℓk · ∇)(żk · ∇)Qk, ∂xjQ1〉.

❚❤✉s✱ ✉s✐♥❣ ▲❡♠♠❛ ✻✳✽ ❛♥❞ ✭✻✳✶✷✮✱ ❢♦r ❛♥② m ∈ (0, 1)✱

〈▼♦❞η, ∂xjQ1〉 =
(
ℓ̇1,j + 2αℓ1,j

)
‖∂xjQ1‖2L2

+O
(∣∣ℓ̇2 + 2αℓ2

∣∣e−m|z|
)
+O

(
|ℓ2||ż2|e−m|z|

)
.

❯s✐♥❣ ❛❧s♦ ✭✻✳✸✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

〈▼♦❞η, ∂xjQ1〉 =
(
ℓ̇1,j + 2αℓ1,j

)
‖∂xjQ1‖2L2

+O
(∣∣ℓ̇2 + 2αℓ2

∣∣e−m|z|
)
+O

( ∑

k=1,2

|ℓk|2
)
+O

(
‖~ε ‖2H1×L2

)
.

❇② ✭✻✳✷✷✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ c1 ✐♥ ✭✻✳✷✵✮✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② 1 < θ < min(p− 1, 2)✱
∣∣∣∣
〈G, ∂xjQ1〉
‖∂x1Q‖2

L2

− σ
zj
|z|g(|z|)

∣∣∣∣ . e−θ|z|.

❋✐♥❛❧❧②✱ ❜② ✭✻✳✸✷✮ ❛❣❛✐♥✱ ✇❡ ❤❛✈❡

|〈η, (ż1 · ∇)∂xjQ1〉| . (|ż1 − ℓ1|+ |ℓ1|)‖~ε ‖H1×L2 . ‖~ε ‖2H1×L2 +
∑

k=1,2

|ℓk|2.

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞
∣∣∣
(
ℓ̇1 + 2αℓ1

)
+ σ

z

|z|g(|z|)
∣∣∣ .

∣∣ℓ̇2 + 2αℓ2
∣∣e−m|z| +

∑

k=1,2

|ℓk|2 + ‖~ε ‖2H1×L2 + e−θ|z|.

❙✐♠✐❧❛r❧②✱ ❢r♦♠ (η, ∂xjQ2) = 0✱ ✇❡ ❝❤❡❝❦
∣∣∣
(
ℓ̇2 + 2αℓ2

)
− σ

z

|z|g(|z|)
∣∣∣ .

∣∣ℓ̇1 + 2αℓ1
∣∣e−m|z| +

∑

k=1,2

|ℓk|2 + ‖~ε ‖2H1×L2 + e−θ|z|.

❚❤❡s❡ ❡st✐♠❛t❡s ✐♠♣❧② ✭✻✳✸✹✮❀ ✭✻✳✸✸✮ ❢♦❧❧♦✇s r❡❛❞✐❧② ✉s✐♥❣ ✭✻✳✷✶✮✳
Pr♦♦❢ ♦❢ ✭✈✮✳ ❇② ✭✻✳✸✶✮✱ ✇❡ ❤❛✈❡

d

dt
a±1 = 〈∂t~ε , ~Z±

1 〉+ 〈~ε , ∂t ~Z±
1 〉

= (ζ± − 2α)〈η, Y1〉+ 〈∆ε− ε+ f ′(Q1)ε, Y1〉
+ 〈f(R+ ε)− f(R)− f ′(R)ε, Y1〉+ 〈(f ′(R)− f ′(Q1))ε, Y1〉
+ 〈G, Y1〉+ ζ±〈▼♦❞ε, Y1〉+ 〈▼♦❞η, Y1〉 − 〈~ε , ż1 · ∇~Z±

1 〉.

✷✵✸
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❯s✐♥❣ ζ± − 2α = ν± ❛♥❞ ✭✻✳✸✺✮✱ LY = −ν20Y ❛♥❞ ν20 = ν±ζ±✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

(ζ± − 2α)〈η, Y1〉+ 〈∆ε− ε+ f ′(Q1)ε, Y1〉 = ν±a±1 .

❯s✐♥❣ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Y ✐♥ ▲❡♠♠❛ ✻✳✼ ❛♥❞ ♣r♦❝❡❡❞✐♥❣ ❛s ❜❡❢♦r❡ ❢♦r ✭✻✳✹✹✮ ❛♥❞ ✭✻✳✹✺✮✱

|〈f(R+ ε)− f(R)− f ′(R)ε, Y1〉|+ |〈(f ′(R)− f ′(Q1))ε, Y1〉| . ‖ε‖2L2 + e−
3
2
|z|.

◆❡①t✱ ❜② ✭✻✳✶✽✮✱ |〈G, Y1〉| . q(|z|)✳ ▲❛st✱ ❜② ✭✻✳✸✷✮ ❛♥❞ ✭✻✳✸✸✮✱

|〈▼♦❞ε, Y1〉|+ |〈▼♦❞η, Y1〉|+ |〈~ε , ż1 · ∇~Z±
1 〉| . ‖~ε ‖2H1×L2 +

∑

k=1,2

|ℓk|2 + q(|z|).

●❛t❤❡r✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s✱ ❛♥❞ ♣r♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r a±2 ✱ ✭✻✳✸✻✮ ✐s ♣r♦✈❡❞✳

✻✳✷✳✸ ❊♥❡r❣② ❡st✐♠❛t❡s

❋♦r µ > 0 s♠❛❧❧ t♦ ❜❡ ❝❤♦s❡♥✱ ✇❡ ❞❡♥♦t❡ ρ = 2α− µ✳ ❈♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧

E =

∫ {
|∇ε|2 + (1− ρµ)ε2 + (η + µε)2 − 2[F (R+ ε)− F (R)− f(R)ε]

}
. ✭✻✳✹✻✮

▲❡♠♠❛ ✻✳✶✶✳ ❚❤❡r❡ ❡①✐sts µ > 0 s✉❝❤ t❤❛t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲❡♠♠❛ ✻✳✾✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ❈♦❡r❝✐✈✐t② ❛♥❞ ❜♦✉♥❞✳

µ‖~ε ‖2H1×L2 −
1

2µ

∑

k=1,2

(
(a+k )

2 + (a−k )
2
)
≤ E ≤ 1

µ
‖~ε ‖2H1×L2 . ✭✻✳✹✼✮

✭✐✐✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥✳

d

dt
E 6 −2µE +

1

µ
‖~ε ‖H1×L2

[
‖~ε ‖2H1×L2 +

∑

k=1,2

|ℓk|2 + q(|z|)
]
. ✭✻✳✹✽✮

❘❡♠❛r❦ ✻✳✶✷✳ ❚❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ✐s ✈❛❧✐❞ ❢♦r ❛♥② s♠❛❧❧ ❡♥♦✉❣❤ µ > 0✳ ❋♦r ❢✉t✉r❡ ♥❡❡❞s✱ ✇❡ ❛ss✉♠❡
❢✉rt❤❡r

µ ≤ min (1, α, |ν−|) . ✭✻✳✹✾✮

❖♥❡ ❝❤❡❝❦s t❤❛t ❛ ✉s✉❛❧ ❧✐♥❡❛r✐③❡❞ ❡♥❡r❣②✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ µ = 0 ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ E ✱ ✇♦✉❧❞ ♦♥❧②
❣✐✈❡s ❞❛♠♣✐♥❣ ❢♦r t❤❡ ❝♦♠♣♦♥❡♥t η✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦❞✐✜❡❞ ❡♥❡r❣② E ✳ ❋♦r
t❤❡ s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥✱ t❤❡ s❛♠❡ s♠❛❧❧ ❝♦♥st❛♥t µ > 0 ✐s ✉s❡❞ ✐♥ ✭✻✳✹✼✮ ❛♥❞ ✭✻✳✹✽✮ t❤♦✉❣❤ ✐♥ t❤❡
❢♦r♠❡r ❡st✐♠❛t❡ t❤❡ s♠❛❧❧ ❝♦♥st❛♥t ✐s r❡❧❛t❡❞ t♦ t❤❡ ❝♦❡r❝✐✈✐t② ❝♦♥st❛♥t c ♦❢ ▲❡♠♠❛ ✻✳✼✱ ✇❤✐❧❡ ✐♥ t❤❡
❧❛tt❡r ✐t ✐s r❡❧❛t❡❞ t♦ t❤❡ ❞❛♠♣✐♥❣ α✳

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ E ✐♥ ✭✻✳✹✼✮ ❡❛s✐❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡♥❡r❣② s✉❜❝r✐t✐❝❛❧✐t② ♦❢ p✳
❚❤❡ ❝♦❡r❝✐✈✐t② ✐s ♣r♦✈❡❞ ❢♦r ✜①❡❞ t✐♠❡ ❛♥❞ s♦ ✇❡ ♦♠✐t t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝②✳ ❇② tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡✱
✇❡ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t z1 = −z2 = z

2 ✳ ▲❡t χ : R → R ❜❡ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s

χ = 1 ♦♥ [0, 1] , χ = 0 ♦♥ [2,+∞), χ′ ≤ 0 ♦♥ R.

❋♦r λ = |z|
4 ≫ 1✱ ❧❡t

χ1(x) = χ

( |x− z1|
λ

)
, χ2(x) = (1− χ2

1(x))
1
2 .

✷✵✹
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❲❡ ❞❡✜♥❡ εk = ε(·+ zk)χk(·+ zk) ❢♦r k = 1, 2✱ s♦ t❤❛t

∫
|∇εk|2 =

∫
|∇ε|2χ2

k −
∫
ε2(∆χk)χk,

❛♥❞ t❤✉s ∫
|∇ε|2 =

∫
|∇ε1|2 + |∇ε2|2 +O(λ−2‖ε‖2L2). ✭✻✳✺✵✮

◆❡①t✱ ✉s✐♥❣ ✭✻✳✷✾✮✱

〈εk, ∂xjQ〉 = σk〈εχk, ∂xjQk〉 = σk〈ε, (χk − 1)∂xjQk〉 = O(e−
|z|
4 ‖ε‖L2),

❛♥❞
〈εk, Y 〉 = σk〈εχk, Yk〉 = σk〈ε, Yk〉+O(e−

|z|
4 ‖ε‖L2).

❚❤✉s✱ ❛♣♣❧②✐♥❣ ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✻✳✼ t♦ εk✱ ♦♥❡ ♦❜t❛✐♥s

〈Lεk, εk〉 ≥ c‖εk‖2H1 − C〈ε, Yk〉2 − C(e−
|z|
4 + λ−2)‖ε‖2L2 .

❯s✐♥❣ ✭✻✳✺✵✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r z ❧❛r❣❡

〈Lε, ε〉 ≥ c

2
‖ε‖2H1 − C

∑

k=1,2

〈ε, Yk〉2.

❚❤❡ ❡st✐♠❛t❡ ∫ {
|∇ε|2 + ε2 + η2 − f ′(R)ε2

}
≥ µ‖~ε ‖2H1×L2 − C(a+k )

2 − C(a−k )
2

t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠

〈ε, Yk〉 =
〈~ε , ~Z+

k − ~Z−
k 〉

ζ+ − ζ−
=
a+k − a−k
ζ+ − ζ−

.

❯s✐♥❣
|F (R+ ε)− F (R)− f(R)ε− f ′(R)ε| . |ε|3 + |ε|p+1,

❛♥❞
∫
|ε|3 + |ε|p+1 . ‖ε‖3H1 + ‖ε‖p+1

H1 ❜② ❡♥❡r❣② s✉❜❝r✐t✐❝❛❧✐t② ♦❢ p✱ ❢♦r γ ❛♥❞ µ s♠❛❧❧✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞
✭✻✳✹✼✮✳

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❋r♦♠ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡

1

2

d

dt
E =

∫
∂tε [−∆ε+ (1− ρµ)ε− f(R+ ε) + f(R)] + (∂tη + µ∂tε)(η + µε)

+

∫ ∑

k=1,2

(żk · ∇Qk)
[
f(R+ ε)− f(R)− f ′(R)ε

]
= g1 + g2.

❯s✐♥❣ ✭✻✳✸✶✮✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ 2α = ρ+ µ✱ ✇❡ ❝♦♠♣✉t❡

g1 = −µ
∫ {

|∇ε|2 + (1− ρµ)ε2 − ε[f(R+ ε)− f(R)]
}
− ρ

∫
(η + µε)2

+

∫
Modε

{
−∆ε+ (1− ρµ)ε−

[
f(R+ ε)− f(R)

]}

+

∫
(η + µε)[▼♦❞η + µ▼♦❞ε] +

∫
(η + µε)G

= g1,1 + g1,2 + g1,3 + g1,4.

✷✵✺
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◆♦t❡ t❤❛t ❜② 0 < µ < α✱ ♦♥❡ ❤❛s ρ− µ = 2(α− µ) > 0 ❛♥❞ s♦

g1,1 = −µE − 2µ

∫ [
F (R+ ε)− F (R)− f(R)ε− 1

2f
′(R)ε2

]

+ µ

∫
ε[f(R+ ε)− f(R)− f ′(R)ε]− (ρ− µ)

∫
(η + µε)2 6 −µE + C‖ε‖3H1 ,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❡st✐♠❛t❡❞✱ ✉s✐♥❣ p > 2✱ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ t❤❡ s✉❜✲❝r✐t✐❝❛❧✐t② ♦❢ p ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✱
∫ ∣∣F (R+ ε)− F (R)− f(R)ε− 1

2f
′(R)ε2

∣∣

+

∫
|ε[f(R+ ε)− f(R)− f ′(R)ε]| .

∫
|ε|3|R|p−2 + |ε|p+1 . ‖ε‖3H1 .

❯s✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✻✳✸✷✮✲✭✻✳✸✸✮✱ ✇❡ ❛❧s♦ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s

|g1,2| . (|ż1 − ℓ1|+ |ż2 − ℓ2|) ‖ε‖H1 . ‖~ε ‖H1×L2

[
‖~ε ‖2H1×L2 +

∑

k=1,2

|ℓk|2
]
,

❛♥❞ ✭❛❧s♦ ✉s✐♥❣ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭✻✳✷✾✮✮

|g1,3| =
∣∣∣∣
∫
(η + µε)

( ∑

k=1,2

(ℓk · ∇)(żk · ∇)Qk

)∣∣∣∣

. (|ℓ1|+ |ℓ2|)(|ż1 − ℓ1|+ |ż2 − ℓ2|+ |ℓ1|+ |ℓ2|)(‖ε‖L2 + ‖η‖L2)

. ‖~ε ‖H1×L2

[
‖~ε ‖2H1×L2 +

∑

k=1,2

|ℓk|2
]
.

◆❡①t✱ ❢r♦♠ ✭✻✳✶✽✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱

|g1,4| . ‖G‖L2(‖ε‖L2 + ‖η‖L2) . q(|z|)‖~ε ‖H1×L2 .

▲❛st✱ ❜② ✭✻✳✸✷✮✱ ♣r♦❝❡❡❞✐♥❣ ❛s ❜❡❢♦r❡✱ ✇❡ s❡❡ t❤❛t

|g2| . (|ż1|+ |ż2|)‖ε‖2H1 . (|ż1 − ℓ1|+ |ż2 − ℓ2|+ |ℓ1|+ |ℓ2|)‖~ε ‖2H1×L2

. ‖~ε ‖2H1×L2

[
‖~ε ‖2H1×L2 +

∑

k=1,2

|ℓk|
]
.

●❛t❤❡r✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✭✻✳✹✽✮ ✐s ♣r♦✈❡❞✱ t❛❦✐♥❣ µ s♠❛❧❧ ❡♥♦✉❣❤✳

✻✳✷✳✹ ❚r✐❝❤♦t♦♠② ♦❢ ❡✈♦❧✉t✐♦♥

❊st✐♠❛t❡s ✭✻✳✸✷✮✱ ✭✻✳✸✸✮✱ ✭✻✳✸✹✮✱ ✭✻✳✸✻✮ ❛♥❞ ✭✻✳✹✽✮ ❣✐✈❡ ❜❛s✐❝ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✈❛r✐♦✉s
❝♦♠♣♦♥❡♥ts ♦❢ ❛ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ▲❡♠♠❛ ✻✳✾✳

❲❡ ✐♥tr♦❞✉❝❡ ♥♦t❛t✐♦♥ r❡❧❛t❡❞ t♦ ♠♦❞✐✜❡❞ ♣❛r❛♠❡t❡rs t❤❛t ❛❧❧♦✇ ✉s t♦ ❥✉st✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐✲
❝❤♦t♦♠② ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥✳

❖❉❊ ❜❡❤❛✈✐♦r ❢♦r |z| ❚❤❡ ❞✐st❛♥❝❡ z = z1 − z2 ❢♦r♠❛❧❧② s❛t✐s✜❡s

d

dt

[
1

q(|z|)

]
= −σg0

α
.

◆♦t❡ t❤❛t ❢♦r σ = −1✱ logt ✐s ❛♥ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❖❉❊✳ ❚❤✐s ❥✉st✐✜❡s t❤❡ r✐❣✐❞✐t②
r❡s✉❧ts ✐♥ ❚❤❡♦r❡♠ ✻✳✹✳ ■♥ ❝♦♥tr❛st✱ ✇❤❡♥ σ = 1✱ t❤❡r❡ ❛r❡ ♥♦ s♦❧✉t✐♦♥ s✉❝❤ t❤❛t |z| → ∞✱ ✇❤✐❝❤
❡①♣❧❛✐♥s t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✻✳✸✳

✷✵✻
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❊①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ❚❤❡ ♣❛r❛♠❡t❡rs a+k ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❢♦r✇❛r❞ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡
s♦❧✐t❛r② ✇❛✈❡✳ ❚❤❡② ✇✐❧❧ r❡q✉✐r❡ ❛ s♣❡❝✐✜❝ ❛♣♣r♦❛❝❤✱ ✐♥✈♦❧✈✐♥❣ ❜❛❝❦✇❛r❞ ✐♥ t✐♠❡ ❛r❣✉♠❡♥ts✳ ❚❤❡
❡①✐st❡♥❝❡ ♦❢ ❡①❛❝t❧② ♦♥❡ ❞✐r❡❝t✐♦♥ ♦❢ ✐♥st❛❜✐❧✐t② ❢♦r ❡❛❝❤ s♦❧✐t❛r② ✇❛✈❡ ❥✉st✐✜❡s ❚❤❡♦r❡♠ ✻✳✺✳

❉❛♠♣❡❞ ❡✈♦❧✉t✐♦♥ ❚❤❡ ♣❛r❛♠❡t❡rs ℓk✱ a
−
k ❛♥❞ t❤❡ r❡♠❛✐♥❞❡r ~ε ✭✇✐t❤♦✉t ✐ts ✉♥st❛❜❧❡ ❝♦♠♣♦♥❡♥ts

a+k ✮ ❡♥❥♦② ❡①♣♦♥❡♥t✐❛❧ ❞❛♠♣✐♥❣❀ t❤❡② ✇✐❧❧ ❜❡ ❡❛s✐❧② ❡st✐♠❛t❡❞ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs
❛r❡ ❧♦❝❦❡❞✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✻✳✶✻✳

❋✐rst✱ ✇❡ s❡t

y = z +
ℓ

2α
, r = |y|. ✭✻✳✺✶✮

❙❡❝♦♥❞✱ ✇❡ ❞❡✜♥❡
b =

∑

k=1,2

(a+k )
2. ✭✻✳✺✷✮

❚❤✐r❞✱ ✇❡ ✐♥tr♦❞✉❝❡ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ❞❛♠♣❡❞ ❝♦♠♣♦♥❡♥ts✿

F = E + G, G =
∑

k=1,2

|ℓk|2 +
1

2µ

∑

k=1,2

(a−k )
2, ✭✻✳✺✸✮

❛♥❞ ❢♦r ❛❧❧ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s♦❧✉t✐♦♥

N =

[
‖~ε ‖2H1×L2 +

∑

k=1,2

|ℓk|2
] 1

2

. ✭✻✳✺✹✮

▲❛st✱ ✇❡ ❞❡✜♥❡

M =
1

µ2

(
F − b

2ν+

)
. ✭✻✳✺✺✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❡ r❡✇r✐t❡ t❤❡ ❡st✐♠❛t❡s ♦❢ ▲❡♠♠❛s ✻✳✾ ❛♥❞ ✻✳✶✶ ✐♥ t❡r♠s ♦❢ t❤❡s❡ ♥❡✇
♣❛r❛♠❡t❡rs✳

▲❡♠♠❛ ✻✳✶✸✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲❡♠♠❛ ✻✳✾✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s✳
∣∣r − |z|

∣∣ ≤ |y − z| . N , |g(|z|)− g0q(r)| . q(r)(N + r−1), ✭✻✳✺✻✮

µN 2 ≤ µ‖~ε ‖2H1×L2 +
∑

k=1,2

|ℓk|2 ≤ F +
b

2µ
. N 2. ✭✻✳✺✼✮

✭✐✐✮ ❖❉❊ ❜❡❤❛✈✐♦r ❢♦r t❤❡ ❞✐st❛♥❝❡✳ ❋♦r s♦♠❡ K > 0✱
∣∣∣∣
d

dt

[
1

q(r)

]
+
σg0
α

∣∣∣∣ ≤
K

q(r)

(
N 2 + r−1q(r)

)
. ✭✻✳✺✽✮

✭✐✐✐✮ ❊①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t②✳
|ḃ− 2ν+b| . N 3 + q(r)N . ✭✻✳✺✾✮

✭✐✈✮ ❉❛♠♣❡❞ ❝♦♠♣♦♥❡♥ts✳

d

dt
F + 2µF . N 3 + q(r)N ,

d

dt
G + 2µG . N 3 + q(r)N . ✭✻✳✻✵✮

✭✈✮ ▲✐❛♣✉♥♦✈ t②♣❡ ❢✉♥❝t✐♦♥❛❧✳
d

dt
M ≤ −N 2 + C[q(r)]2. ✭✻✳✻✶✮

✷✵✼
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✭✈✐✮ ❘❡✜♥❡❞ ❡st✐♠❛t❡s ❢♦r t❤❡ ❞✐st❛♥❝❡✳ ❙❡tt✐♥❣

R+ =
1

q(r)
exp (KM) ❛♥❞ R− =

1

q(r)
exp (−KM) ,

✭K ✐s ❣✐✈❡♥ ✐♥ ✭✻✳✺✽✮✮✱ ✐t ❤♦❧❞s

d

dt
R+ ≤

(
−σg0

α
+ 2Kr−1

)
exp (KM) , ✭✻✳✻✷✮

d

dt
R− ≥

(
−σg0

α
− 2Kr−1

)
exp (−KM) . ✭✻✳✻✸✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✻✳✺✻✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② t❤❛t

∣∣r − |z|
∣∣ ≤ |y − z| ≤ |ℓ|

2α
. N .

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ✭✻✳✺✻✮ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✷✶✮✳
Pr♦♦❢ ♦❢ ✭✻✳✺✼✮✳ ■t ❢♦❧❧♦✇s r❡❛❞✐❧② ❢r♦♠ ✭✻✳✹✼✮✳
Pr♦♦❢ ♦❢ ✭✻✳✺✽✮✳ ❋✐rst✱ ❢r♦♠ ✭✻✳✸✷✮✱ ✭✻✳✸✹✮ ❛♥❞ ✭✻✳✺✻✮✱ ✇❡ ♥♦t❡ ✭θ ✐s ❛s ✐♥ ✭✻✳✸✹✮✮

ẏ = ż +
ℓ̇

2α
= −σ

α

z

|z|g(|z|) +O(N 2 + e−θ|z|)

= −σg0
α

y

r
q(r) +O(N 2 + r−1q(r)).

✭✻✳✻✹✮

❍❡♥❝❡✱

ṙ =
ẏ · y
r

= −σg0
α
q(r) +O(N 2 + r−1q(r)).

❯s✐♥❣ ❛❧s♦ |q′(r) + q(r)| . r−1q(r) ✭❢r♦♠ ✭✻✳✶✶✮✮✱ ✇❡ ✜♥❞

d

dt

[
1

q(r)

]
= − ṙq′(r)

[q(r)]2
= −σg0

α
+

1

q(r)
O(N 2 + r−1q(r)).

Pr♦♦❢ ♦❢ ✭✻✳✺✾✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✸✻✮ ❛♥❞ |a+k | . ‖~ε ‖H1×L2 ≤ N ✳
Pr♦♦❢ ♦❢ ✭✻✳✻✵✮✳ ❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ F ❛♥❞ t❤❡♥ ✭✻✳✹✽✮✱ ✭✻✳✸✸✮ ❛♥❞ ✭✻✳✸✻✮

d

dt
F =

d

dt
E + 2

∑

k=1,2

ℓ̇k · ℓk +
1

µ

∑

k=1,2

ȧ−k a
−
k

≤ −2µE − 4α
∑

k=1,2

|ℓk|2 +
ν−

µ

∑

k=1,2

(a−k )
2 +O(N 3 + q(r)N ).

❙✐♥❝❡ 0 < µ < α ❛♥❞ 0 < µ < |ν−| ✭s❡❡ ✭✻✳✹✾✮✮ ✇❡ ♦❜t❛✐♥ ✭✻✳✻✵✮ ❢♦r F ✳ ❚❤❡ ♣r♦♦❢ ❢♦r G ✐s t❤❡ s❛♠❡✳
Pr♦♦❢ ♦❢ ✭✻✳✻✶✮✳ ❋✐rst✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❝♦♠❜✐♥✐♥❣ ✭✻✳✺✾✮ ❛♥❞ ✭✻✳✻✵✮ t❤❛t

µ2
d

dt
M ≤ −2µ

(
F +

b

2µ

)
+O(N 3 + q(r)N ),

❚❤✉s✱ ❢r♦♠ ✭✻✳✺✼✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

N 2 ≤ 1

µ

(
F +

b

2µ

)
≤ −1

2

d

dt
M+O(N 3 + q(r)N ).

❛♥❞ ✭✻✳✻✶✮ ❢♦❧❧♦✇s ❢♦r N s♠❛❧❧ ❡♥♦✉❣❤✳
Pr♦♦❢ ♦❢ ✭✻✳✻✷✮✲✭✻✳✻✸✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✭✻✳✺✽✮ ❛♥❞ ✭✻✳✻✶✮ t❤❛t ✭❢♦r r ❧❛r❣❡

❡♥♦✉❣❤✮

exp (−KM)
d

dt
R+ =

d

dt

[
1

q(r)

]
+

K

q(r)

d

dt
M ≤ −σg0

α
+ 2Kr−1.

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ❢♦r d
dtR

− ✐s s✐♠✐❧❛r✳

✷✵✽



✻✳✸✳ P❘❖❖❋❙ ❖❋ ❚❍❊❖❘❊▼❙ ✻✳✸ ❆◆❉ ✻✳✹

✻✳✷✳✺ ❊♥❡r❣② ♦❢ ❛ 2✲s♦❧✐t❛r② ✇❛✈❡

❲❡ ♦❜s❡r✈❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ❡♥❡r❣② ♣r♦♣❡rt② ✭✻✳✸✮ t❤❛t ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ u ♦❢ ✭✻✳✶✮ s❛t✐s✜❡s

lim
t→∞

E(~u(t)) =

∫
|∇Q|2 +Q2 − 2F (Q) = 2E(Q, 0). ✭✻✳✻✺✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❡①♣❛♥❞ t❤❡ ❡♥❡r❣② ❢♦r ❛ s♦❧✉t✐♦♥ ❝❧♦s❡ t♦ ❛ 2✲s♦❧✐t❛r② ✇❛✈❡✳

▲❡♠♠❛ ✻✳✶✹✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲❡♠♠❛ ✻✳✾✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

E(~u) = 2E(Q, 0)− σc1g0q(r) +O(r−1q(r)) +O(q(r)N ) +O(N 2). ✭✻✳✻✻✮

Pr♦♦❢✳ ❊①♣❛♥❞✐♥❣ E(u, ∂tu) ✉s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✻✳✷✽✮✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ t❤❡ ❡q✉❛t✐♦♥−∆Qk+
Qk − f(Qk) = 0 ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G ✐♥ ✭✻✳✶✹✮✱ ✇❡ ✜♥❞

2E(u, ∂tu) =

∫
|∂tu|2 + 2E (R, 0)− 2

∫
Gε

+

∫ (
|∇ε|2 + ε2 − 2F (R+ ε) + 2F (R) + 2f(R)ε

)
.

❚❤✉s✱ ✉s✐♥❣ ✭✻✳✶✽✮✱ t❤❡ s✉❜❝r✐t✐❝❛❧✐t② ♦❢ p ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣✱ t❤❡r❡ ❤♦❧❞

2E(u, ∂tu) =

∫
|∂tu|2 + 2E (R, 0) +O

(
q(r)‖~ε ‖H1×L2 + ‖~ε ‖2H1×L2

)
.

◆♦t❡ t❤❛t ∂tu = η −∑k=1,2(ℓk · ∇)Qk ✐♠♣❧✐❡s ‖∂tu‖L2 . N ✳ ◆❡①t✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ −∆Q1 +
Q1 − f(Q1) = 0 ❛♥❞ t❤❡♥ ✭✻✳✶✾✮✱ ✭✻✳✷✶✮ ❛♥❞ ✭✻✳✶✻✮

E(Q1 +Q2, 0) = 2E(Q, 0) +

∫
(∇Q1 · ∇Q2 +Q1Q2 − f(Q1)Q2 − f(Q2)Q1)

−
∫

(F (R)− F (Q1)− F (Q2)− f(Q1)Q2 − f(Q2)Q1)

= 2E(Q, 0)−
∫
f(Q2)Q1 +O(e−

5
4
|z|)

= 2E(Q, 0)− σc1g(|z|) +O(|z|−1g(|z|)).

❯s✐♥❣ ✭✻✳✺✻✮✱ g(|z|) = g0q(r) +O(r−1q(r)) +O(q(r)N ) ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✻✳✸✮✱ ✭✻✳✻✺✮ ❛♥❞ ✭✻✳✻✻✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✳

❈♦r♦❧❧❛r② ✻✳✶✺✳ ▲❡t ~u ❜❡ ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ s♦❧✉t✐♦♥ ♦❢ ✭✻✳✶✮ s❛t✐s❢②✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ▲❡♠♠❛ ✻✳✾
♦♥ [t,∞)✱ ❢♦r s♦♠❡ t ∈ R✳ ❚❤❡♥✱

∫ +∞

t
‖∂tu(s)‖2L2 ds . q(r(t)) +N 2(t). ✭✻✳✻✼✮

✻✳✸ Pr♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✻✳✸ ❛♥❞ ✻✳✹

✻✳✸✳✶ ●❡♥❡r❛❧ ❡st✐♠❛t❡s

Pr♦♣♦s✐t✐♦♥ ✻✳✶✻✳ ❚❤❡r❡ ❡①✐sts C > 0 ❛♥❞ δ1 > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳ ❋♦r ❛♥② 0 < δ < δ1
❛♥❞ ❛♥② 2✲s♦❧✐t❛r② ✇❛✈❡ ~u ♦❢ ✭✻✳✶✮✱ t❤❡r❡ ❡①✐sts Tδ ∈ R s✉❝❤ t❤❛t ~u(t) ❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥
▲❡♠♠❛ ✻✳✾ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Tδ ✇✐t❤

N (Tδ) ≤ δ ❛♥❞ q(r(Tδ)) ≤ δ2. ✭✻✳✻✽✮

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② s✉❝❤ Tδ✱ ✐t ❤♦❧❞s✿

✷✵✾
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❙❛♠❡ s✐❣♥ ❝❛s❡ ✐❢ σ = 1 t❤❡♥ t❤❡r❡ ❡①✐sts T∗ > Tδ s✉❝❤ t❤❛t ~u ❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥
▲❡♠♠❛ ✻✳✾ ♦♥ [Tδ, T∗] ✇✐t❤

∀t ∈ [Tδ, T∗], N (t) ≤ Cδ ❛♥❞ q(r(T∗)) = δ
3
2 . ✭✻✳✻✾✮

❖♣♣♦s✐t❡ s✐❣♥ ❝❛s❡ ✐❢ σ = −1 t❤❡♥ ~u ❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ ▲❡♠♠❛ ✻✳✾ ❢♦r ❛❧❧ t ≥ Tδ ❛♥❞
s❛t✐s✜❡s

∀t ∈ [Tδ,∞), N (t) ≤ Cδ ❛♥❞

∣∣∣∣
1

q(r(t))
− g0
α
t

∣∣∣∣ .
t

|logδ| + C̃ ✭✻✳✼✵✮

❢♦r s♦♠❡ C̃ > 0✳

Pr♦♦❢✳ ▲❡t ~u ❜❡ ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ ♦❢ ✭✻✳✶✮✳ ❋♦r δ t♦ ❜❡ t❛❦❡♥ s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ Tδ s❛t✐s❢②✐♥❣
✭✻✳✻✽✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✶ ❛♥❞ ▲❡♠♠❛ ✻✳✾✳

❋♦r ❛ ❝♦♥st❛♥t C > 1 t♦ ❜❡ t❛❦❡♥ ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡

N ≤ Cδ, q(r) ≤ δ
3
2 , b ≤ Cδ2. ✭✻✳✼✶✮

❙❡t
T∗ = sup

{
t ∈ [Tδ,∞) s✉❝❤ t❤❛t ✭✻✳✼✶✮ ❤♦❧❞s ♦♥ [Tδ, t]

}
> Tδ.

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢✱ t❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥ts ✐♥ . ♦r O ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♥st❛♥t C
❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ✭✻✳✼✶✮✳ ❲❡ st❛rt ❜② ✐♠♣r♦✈✐♥❣ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ♦♥ N
❛♥❞ b✳

❊st✐♠❛t❡ ♦♥ N ✳ ❲❡ ♥♦✇ ✐♠♣r♦✈❡ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ✭✻✳✼✶✮ ♦♥ N ✳
❋r♦♠ ✭✻✳✻✵✮ ❛♥❞ ✭✻✳✼✶✮✱ ✐t ❤♦❧❞s ♦♥ [Tδ, T∗)✱

d

dt

[
e2µtF

]
. C3δ3e2µt + Cδ

5
2 e2µt . δ2e2µt,

❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ❋r♦♠ ✭✻✳✺✼✮ ❛♥❞ ✭✻✳✻✽✮✱ ✇❡ ❤❛✈❡ F(Tδ) . δ2✳ ❚❤✉s✱ ✐♥t❡❣r❛t✐♥❣ t❤❡ ❛❜♦✈❡
❡st✐♠❛t❡ ♦♥ [Tδ, t]✱ ❢♦r ❛♥② t ∈ [Tδ, T∗)✱ ✐t ❤♦❧❞s F . δ2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ✭✻✳✺✼✮✱ ✇❡ ♦❜t❛✐♥

‖~ε ‖2H1×L2 . F + b . Cδ2. ✭✻✳✼✷✮

❆r❣✉✐♥❣ s✐♠✐❧❛r❧② ❢♦r t❤❡ q✉❛♥t✐t② G✱ ✇❡ ❤❛✈❡
∑

k=1,2

|ℓk|2 +
∑

k=1,2

(a−k )
2 . G . δ2. ✭✻✳✼✸✮

❍❡♥❝❡ ✇❡ ♦❜t❛✐♥
∀t ∈ [Tδ, T∗), N (t) .

√
Cδ.

❋♦r C ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ✭✻✳✼✶✮ ♦❢ N ♦♥ [Tδ, T∗)✳

❊st✐♠❛t❡ ♦♥ b✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ❢♦r C ❧❛r❣❡ ❡♥♦✉❣❤✱ ✐t ❤♦❧❞s

∀t ∈ [Tδ, T∗), b(t) 6
C

2
δ2.

❋r♦♠ ✭✻✳✻✼✮ ✐♥ ❈♦r♦❧❧❛r② ✻✳✶✺ ✱ ✇❡ ❤❛✈❡

∫ +∞

Tδ

‖∂tu(s)‖2L2 ds . q(r(Tδ)) +N 2(Tδ) . δ2. ✭✻✳✼✹✮

❇② ✭✻✳✻✽✮✱ ✇❡ ❤❛✈❡ b(Tδ) . δ2✳

✷✶✵
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❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❛❦❡ C ❧❛r❣❡ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts t2 ∈ [Tδ, T∗) s✉❝❤ t❤❛t

b(t2) =
C

2
δ2, b(t) <

C

2
δ2 ♦♥ [Tδ, t2).

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ b✱ t❤❡r❡ ❡①✐sts t1 ∈ [Tδ, t2) s✉❝❤ t❤❛t

b(t1) =
C

4
δ2 ❛♥❞ b(t) >

C

4
δ2 ♦♥ (t1, t2].

❯s✐♥❣ ✭✻✳✺✾✮ ❛♥❞ ✭✻✳✼✶✮✱ ✇❡ ❤❛✈❡

d

dt
b = 2ν+b+O(C3δ3 + Cδ

5
2 )

✇❤✐❝❤ ✐♠♣❧✐❡s ✭❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤ ✇✐t❤ r❡s♣❡❝t t♦ 1/C✮

t2 − t1 =
log2

2ν+
+O(δ

1
2 ), ✭✻✳✼✺✮

❛♥❞ t❤✉s ∫ t2

t1

b & Cδ2. ✭✻✳✼✻✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✻✳✶✸✮✱ ✭✻✳✷✽✮✱ ∂tu = η −∑k=1,2(ℓk · ∇)Qk ❛♥❞ ✭✻✳✼✸✮ ✇❡ ❤❛✈❡ ‖η‖2L2 .

‖∂tu‖2L2 + δ2 ♦♥ [Tδ, T∗]✳ ❚❤✉s✱ ✉s✐♥❣ ✭✻✳✼✹✮ ❛♥❞ ✭✻✳✼✺✮✱

∫ t2

t1

‖η(t)‖2L2 dt . δ2. ✭✻✳✼✼✮

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a±k ✱ ♦♥❡ ❤❛s

a+k = ζ+〈ε, Yk〉+ 〈η, Yk〉, a−k = ζ−〈ε, Yk〉+ 〈η, Yk〉

❛♥❞ t❤✉s

a+k =
ζ+

ζ−
a−k +

ζ− − ζ+

ζ−
〈η, Yk〉.

❈♦♠❜✐♥✐♥❣ ✭✻✳✼✸✮✱ ✭✻✳✼✺✮ ❛♥❞ ✭✻✳✼✼✮✱ ✇❡ ✜♥❞
∫ t2

t1

b . δ2✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ✭✻✳✼✻✮ ❢♦r C ❧❛r❣❡ ❡♥♦✉❣❤✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❡ t✇♦ st❛t❡♠❡♥ts ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✻ t❤❡♠s❡❧✈❡s✳ ❋✐rst ♦❜s❡r✈❡ t❤❛t ✭✻✳✼✷✮
❛♥❞ ✭✻✳✼✸✮ ❣✐✈❡s ♦♥ [Tδ, T∗)

exp(±KM) = 1 +O(Cδ2).

❙❛♠❡ s✐❣♥ ❝❛s❡✳ ❲❡ ✉s❡ t❤❡ q✉❛♥t✐t② R+ ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✻✳✶✸✳ ❋r♦♠ ✭✻✳✻✷✮✱ ❢♦r r ❧❛r❣❡✱

d

dt
R+ ≤

(
−g0
α

+ 2Kr−1
)
exp (KM) ≤ − g0

2α
.

❚❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ t ∈ [Tδ, T∗]✱ ✐t ❤♦❧❞s

R+(t) ≤ R+(Tδ)−
g0
2α

(t− Tδ).

❆ss✉♠✐♥❣ T∗ = ∞✱ R+(t) ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ❢♦r s♦♠❡ t✐♠❡✱ ✇❤✐❝❤ ✐s ❛❜s✉r❞✳ ❙✐♥❝❡ ❛❧❧ t❤❡ ❡st✐♠❛t❡s
✐♥ ✭✻✳✼✶✮ ❤❛✈❡ ❜❡❡♥ str✐❝t❧② ✐♠♣r♦✈❡❞ ♦♥ [Tδ, T∗] ❡①❝❡♣t t❤❡ ♦♥❡ ❢♦r q(r)✱ ✐t ❢♦❧❧♦✇s ❜② ❛ ❝♦♥t✐♥✉✐t②
❛r❣✉♠❡♥t t❤❛t q(r(T∗)) = δ

3
2 ✳

✷✶✶
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❖♣♣♦s✐t❡ s✐❣♥ ❝❛s❡✳ ❍❡r❡ ✇❡ ✉s❡ ❜♦t❤ R+ ❛♥❞ R−✳ ❋✐rst ♥♦t✐❝❡ t❤❛t ♦♥ [Tδ, T∗]✱

R−(1 +O(Cδ2)) 6
1

q(r)
6 R+(1 +O(Cδ2)). ✭✻✳✼✽✮

❋r♦♠ ✭✻✳✻✷✮✱
d

dt
R+ ≤ g0

α

(
1 +

O(K)

|logδ|

)
(1 +O(Cδ2)) ≤ g0

α

(
1 +

O(K)

|logδ|

)
,

❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤ ✇✐t❤ r❡s♣❡❝t t♦ C✳ ❚❤✉s✱ ❢♦r ❛♥② t ∈ [Tδ, T∗)✱ ✐t ❤♦❧❞s ❜② ✐♥t❡❣r❛t✐♦♥ ♦♥ [Tδ, t]

R+(t) ≤ R+(Tδ) +
g0
α

(
1 +

O(K)

|logδ|

)
(t− Tδ). ✭✻✳✼✾✮

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❤❡❝❦ t❤❛t

R−(t) ≥ R−(Tδ) +
g0
α

(
1− O(K)

|logδ|

)
(t− Tδ). ✭✻✳✽✵✮

◆♦t❡ t❤❛t ✭✻✳✻✽✮✱ ✭✻✳✼✽✮ ❛♥❞ ✭✻✳✽✵✮ ✐♠♣❧② t❤❛t

∀t ∈ [Tδ, T∗),
1

q(r(t))
≥ 1

2

(
δ−2 +

g0
α
(t− Tδ)

)
.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡st✐♠❛t❡ ♦♥ q(r) ✐♥ ✭✻✳✼✶✮ ✐s str✐❝t❧② ✐♠♣r♦✈❡❞ ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✱ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡
T∗ = ∞✳

▲❛st✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✭✻✳✼✽✮✱ ✭✻✳✼✾✮ ❛♥❞ ✭✻✳✽✵✮ ✐♠♣❧② ✭✻✳✼✵✮ ✇❤❡r❡ C̃ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢
R±(Tδ)✱ Tδ ❛♥❞ δ✳

✻✳✸✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸

▲❡t ~u ❜❡ ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ ♦❢ ✭✻✳✶✮ ✇✐t❤ σ1 = σ2✳
▲❡t δ > 0 t♦ ❜❡ ✜①❡❞ ❧❛t❡r✱ ❛♥❞ ❧❡t Tδ ❛♥❞ T∗ ❜❡ ❛s Pr♦♣♦s✐t✐♦♥ ✻✳✶✻✳ ❯s✐♥❣ ✭✻✳✻✻✮ ❛t t = T∗

❛♥❞ ✭✻✳✻✾✮✱ ✇❡ ❤❛✈❡

E(u(T∗), ∂tu(T∗)) = 2E(Q, 0)− c1g0δ
3
2 +O(|logδ|−1δ

3
2 ).

❚❤✐s ❛❧❧♦✇s t♦ ✜① ❛ δ > 0 s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t

E(u(T∗), ∂tu(T∗)) < 2E(Q, 0).

❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t t❤❡ ❡♥❡r❣② ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ 2E(Q, 0) ❛s t→ ∞✳

✻✳✸✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✹

▲❡t ~u ❜❡ ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ ♦❢ ✭✻✳✶✮ ✇✐t❤ σ1 = −σ2✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✼✳ ❚❤❡r❡ ❡①✐sts T > 0 s✉❝❤ t❤❛t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ~u s❛t✐s✜❡s

∀t > T, q(r(t)) . t−1, N (t) . t−1. ✭✻✳✽✶✮

Pr♦♦❢✳ ▲❡t 0 < δ < δ1 ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✻✳ ❋r♦♠ ✭✻✳✼✵✮✱ t❤❡r❡ ❡①✐sts T > 0 ❧❛r❣❡
❡♥♦✉❣❤ s✉❝❤ t❤❛t

∀t > T/2, N (t) ≤ Cδ, q(r(t)) ≤ 2g0
αt

.

■♥ ♣❛rt✐❝✉❧❛r✱ ❢r♦♠ ✭✻✳✺✾✮ ❛♥❞ ✭✻✳✻✵✮
∣∣∣∣
db

dt
− 2ν+b

∣∣∣∣ . N 3 + t−1N ,
d

dt
F + 2µF . N 3 + t−1N . ✭✻✳✽✷✮

✷✶✷
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❖✉r ❣♦❛❧ ✐s t♦ ♦❜t❛✐♥ t❤❡ ❞❡❝❛② r❛t❡ ♦❢ N ✳ ❚❤❡ ❛❜♦✈❡ ❜♦✉♥❞s ❛r❡ ♥♦t q✉✐t❡ ❡♥♦✉❣❤ ❢♦r t❤✐s✱ ❞✉❡ t♦ t❤❡
❝✉❜✐❝ t❡r♠ ✐♥ N ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♥♦ ❞❡❝❛② ②❡t✱ ♦♥❧② s♠❛❧❧♥❡ss✳ ■♥ ♦r❞❡r t♦ ❣❡t ❛r♦✉♥❞ t❤✐s✱ ✇❡ ✇✐❧❧
✇♦r❦ ♦♥ ❛ ♠♦❞✐✜❝❛t✐♦♥ b̃ ♦❢ b✳ ❘❡❝❛❧❧ ✭✻✳✺✼✮✿

0 6 N 2 . F +
b

2µ
.

❋♦r 0 < ǫ≪ 1 t♦ ❜❡ ✜①❡❞✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

N 3 + t−1N . ǫ2N 2 + ǫ−2t−2 . ǫ2
(
F +

b

2µ

)
+ ǫ−2t−2. ✭✻✳✽✸✮

✭❍❡r❡ ❛♥❞ ❜❡❧♦✇ t❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥ts ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ε✮✳ ❙❡t b̃ = b− ǫF ❛♥❞ ♦❜s❡r✈❡ t❤❛t

b̃ = b− ǫF =

(
1 +

ǫ

2µ

)
b− ǫ

(
F +

1

2µ
b

)
≤
(
1 +

ǫ

2µ

)
b.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✻✳✽✷✮✱

db̃

dt
≥ 2ν+b+ 2ǫµF − Cǫ2

(
F +

b

2µ

)
− Cǫ−2t−2

≥ (2ν+ − ǫ)b+
(
2ǫµ− Cǫ2

)(
F +

b

2µ

)
− Cǫ−2t−2

≥ ν+b̃− Cǫ−2t−2,

✇❤❡r❡ ǫ > 0 ✐s t❛❦❡♥ s♠❛❧❧ ❡♥♦✉❣❤ s♦ t❤❛t

(2ν+ − ǫ)

(
1 +

ǫ

2µ

)−1

≥ ν+, 2ǫµ− Cǫ2 > 0.

❚❤✐s ❜♦✉♥❞ ✐s s✉✐t❛❜❧❡ ❢♦r ♦✉r ♣✉r♣♦s❡✳ ■♥t❡❣r❛t✐♥❣ ♦♥ [t, τ ] ⊂ [T/2,+∞)✱ ✇❡ ♦❜t❛✐♥

b̃(t)− e−ν+(τ−t)b̃(τ) . ǫ−2

∫ τ

t
e−ν+(s−t)s−2 ds . ǫ−2t−2.

P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s τ → ∞✱ ♦♥❡ ♦❜t❛✐♥s ❢♦r ❛❧❧ t ≥ T/2✱

b̃(t) . ǫ−2t−2, b(t) ≤ Cǫ−2t−2 + ǫF(t).

■♥s❡rt✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥s ✭✻✳✽✷✮ ♦❢ F ❛♥❞ b ❛♥❞ ✉s✐♥❣ ✭✻✳✽✸✮✱ ✐t ❤♦❧❞s

d

dt

(
F +

b

2µ

)
≤ −2µF +

ν+

µ
b+ Cǫ2

(
F +

b

2µ

)
+ Cǫ−2t−2

≤ −(2µ− Cǫ2)

(
F +

b

2µ

)
+

(
1 +

ν+

µ

)
b+ Cǫ−2t−2

≤ −µ
(
F +

b

2µ

)
+ Cǫ−2t−2,

❜② ♣♦ss✐❜❧② ❝❤♦♦s✐♥❣ ❛ s♠❛❧❧❡r ǫ > 0✳ ■♥t❡❣r❛t✐♥❣ ♦♥ [T/2, t]✱ ✇❡ ♦❜t❛✐♥
(
F +

b

2µ

)
(t)− e−µ(t−T

2
)

(
F +

b

2µ

)
(T/2) .

∫ t

T
2

e−µ(t−s)s−2 ds

❛♥❞ s♦

N 2(t) .

(
F +

b

2µ

)
(t) . t−2 + δ2eµT/2e−µt

❋♦r t > T > 0✱ t❤❡ ❧❛st t❡r♠ ✐s ❜♦✉♥❞❡❞ ❜② e−µt/2 . t−2✱ ❛♥❞ t❤✐s ♣r♦✈❡s ✭✻✳✽✶✮✳

✷✶✸
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❲❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✹✳ ❇② ✭✻✳✷✽✮ ❛♥❞ ✭✻✳✽✶✮✱ ❡st✐♠❛t❡ ✭✻✳✼✮ ✐s ♣r♦✈❡❞✳ ❙✐♥❝❡ ✭✻✳✼✵✮
❤♦❧❞s ❢♦r ❛♥② δ > 0✱ ✐t ♠❡❛♥s t❤❛t

lim
t→∞

1

tq(r(t))
=
g0
α
,

❛♥❞✱ ✉s✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥ ✭✻✳✶✶✮ ♦❢ q✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

lim
t→∞

1

t
r(t)

N−1
2 er(t) =

κg0
α
.

❚❤✐s ✐♠♣❧✐❡s

lim
t→∞

{
r(t)−

(
logt− 1

2
(N − 1)loglogt+ c0

)}
= 0,

❢♦r c0 = logκg0
α ✳ ❆s N (t) → 0 ✭❞✉❡ t♦ ✭✻✳✽✶✮✮ ❛♥❞ ✐♥ ✈✐❡✇ ♦❢ ✭✻✳✺✻✮✱ ✇❡ ♦❜t❛✐♥ ✭✻✳✽✮✳

❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡ ✭✻✳✾✮✳ ▲❡t 1 < θ < min(p− 1, 2)✳ ❲❡ ♦❜s❡r✈❡ ❢r♦♠ ✭✻✳✻✹✮✱ |y− z| . N ❛♥❞ ✭✻✳✽✶✮
t❤❛t

ẏ =
1

α

z

|z|g(|z|) +O(N 2 + e−θ|z|) =
1

α

y

|z|g(|z|) +O(t−θ).

❙❡t y = rω✱ ✇❤❡r❡ ω ∈ SRN (1)✳ ❲❡ ❤❛✈❡ ẏ = ṙω + rω̇✱ ❛♥❞ ✉s✐♥❣ ω̇ · ω = 0✱ ✇❡ ✜♥❞ t❤❡ ❡st✐♠❛t❡

r|ω̇| = O(t−θ)✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts ω∞ ∈ SRN (1) s✉❝❤ t❤❛t limt→∞ ω = ω∞✳ ❙✐♥❝❡
z

logt
=

y

logt
+O(N )✱

✇❡ ❤❛✈❡ ♣r♦✈❡❞ lim
t→∞

z(t)

logt
= ω∞✳

❋r♦♠ ✭✻✳✸✷✮✱ ✭✻✳✸✹✮ ❛♥❞ ✭✻✳✽✶✮✱ ✇❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t

|2ż1 − ż|+ |2ż2 + ż| . t−θ,

✇❤✐❝❤ ✐s s✉✣❝✐❡♥t t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✾✮✳

✻✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✺

✻✳✹✳✶ Pr❡❧✐♠✐♥❛r② r❡s✉❧t

❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✻✳✷✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ ❝♦♥st❛♥t

β :=
1

2
√
α2 + ν20

= 〈~Y +, ~Z+〉−1 > 0. ✭✻✳✽✹✮

▲❡♠♠❛ ✻✳✶✽✳ ❋♦r ❛♥② (z1, z2, ℓ1, ℓ2) ∈ R4N ✇✐t❤ |z| ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐st ❧✐♥❡❛r ♠❛♣s

B : R2 → R2, Vj : R
2 → R2 ❢♦r j = 1, . . . , N,

s♠♦♦t❤ ✐♥ (z1, z2, ℓ1, ℓ2)✱ s❛t✐s❢②✐♥❣

‖B − β Id ‖ . e−
1
2
|z|, ‖Vj‖ . e−

1
2
|z|,

❛♥❞ s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ W (a1, a2) : R
N → R ❞❡✜♥❡❞ ❜②

W (a1, a2) :=
∑

k=1,2

{
Bk(a1, a2)Yk +

N∑

j=1

Vk,j(a1, a2)∂xjQk

}
,

s❛t✐s✜❡s✱ ❢♦r ❛❧❧ k = 1, 2✱ j = 1, . . . , N ✱

〈W (a1, a2), ∂xjQk〉 = 0, 〈W (a1, a2), Yk〉 = βak.

■♥ ♣❛rt✐❝✉❧❛r✱ s❡tt✐♥❣

~W (a1, a2) =

(
W (a1, a2)
ν+W (a1, a2)

)
✐t ❤♦❧❞s 〈 ~W (a1, a2), ~Z

+
k 〉 = ak.

✷✶✹
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Pr♦♦❢✳ ❉❡✜♥❡

W (a1, a2) =
∑

k=1,2

{
bkYk +

N∑

j=1

vk,j∂xjQk

}
,

♦✉r ❣♦❛❧ ✐s t♦ s♦❧✈❡ ❢♦r bk✱ vk,j ✐♥ ❢✉♥❝t✐♦♥ ♦❢ a1, a2✳ ❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥s 〈Y1, ∂xjQ1〉 = 0✱ 〈∂xj′
Q1, ∂xjQ1〉 =

0 ❢♦r j 6= j′✱ ❛♥❞ t❤❡ ❡st✐♠❛t❡ 〈∂xj′
Q2, ∂xjQ1〉 = O(e−

1
2
|z|) ❢♦r ❛♥② j, j′ ✭s❡❡ ✭✻✳✶✺✮✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

t❤❡ ❝♦♥❞✐t✐♦♥ 〈W (a1, a2), ∂xjQ1〉 = 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ W (a1, a2) ♦❢ t❤❡ ❢♦r♠

‖∂xjQ‖2L2v1,j = O(e−
1
2
|z|)b2 +

N∑

j′=1

O(e−
1
2
|z|)v2,j′ .

❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥ 〈W (a1, a2), ∂xjQ2〉 = 0 ✐s ❡q✉✐✈❛❧❡♥t t♦

‖∂xjQ‖2L2v2,j = O(e−
1
2
|z|)b1 +

N∑

j′=1

O(e−
1
2
|z|)v1,j′ .

▼♦r❡♦✈❡r✱ s✐♥❝❡ 〈Y, Y 〉 = 1 ✭s❡❡ ▲❡♠♠❛ ✻✳✼✮ ❛♥❞ 〈Y1, Y2〉 = O(e−
1
2
|z|)✱ t❤❡ ❝♦♥❞✐t✐♦♥s 〈W (a1, a2), Yk〉 =

βak ✇r✐t❡

b1 = βa1 +O

{(
|b2|+

N∑

j′=1

|v2,j′ |
)
e−

1
2
|z|
}
,

b2 = βa2 +O

{(
|b1|+

N∑

j′=1

|v1,j′ |
)
e−

1
2
|z|
}
.

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s ♦❢ bk ❛♥❞ vk,j ❢♦r k = 1, 2 ❛♥❞ j = 1, . . . , N t❤✉s ❢♦❧❧♦✇ ❢r♦♠
✐♥✈❡rt✐♥❣ ❛ ❧✐♥❡❛r s②st❡♠ ❢♦r |z| ❧❛r❣❡ ❡♥♦✉❣❤✳

✻✳✹✳✷ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛ ❢❛♠✐❧② ♦❢ ✷✲s♦❧✐t❛r② ✇❛✈❡s

Pr♦♣♦s✐t✐♦♥ ✻✳✶✾✳ ❆ss✉♠❡ σ = −1✳ ❋♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ❢♦r ❛♥②





(z1(0), z2(0)) ∈ R2N ✇✐t❤ |z1(0)− z2(0)| > 5|logδ|,
(ℓ1(0), ℓ2(0)) ∈ BR2N (δ),

~ε⊥(0) ∈ BH1×L2(δ) ✇✐t❤ ✭✻✳✷✾✮ ❛♥❞ 〈~ε⊥(0), ~Z+
k (0)〉 = 0 ❢♦r k = 1, 2,

✭✻✳✽✺✮

t❤❡r❡ ❡①✐sts (a+1 (0), a
+
2 (0)) ∈ B̄R2(δ

5
4 ) s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~u ♦❢ ✭✻✳✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛

~u(0) = ~Q1(0) + ~Q2(0) + ~W (a+1 (0), a
+
2 (0)) + ~ε⊥(0)

✐s ❛ 2✲s♦❧✐t❛r② ✇❛✈❡✳

Pr♦♦❢✳ ❉❡❝♦♠♣♦s✐t✐♦♥✳ ❋♦r ❛♥② t ≥ 0 s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~u(t) s❛t✐s✜❡s ✭✻✳✷✼✮✱ ✇❡ ❞❡❝♦♠♣♦s❡ ✐t
❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✻✳✾✳ ◆♦t❡ t❤❛t ❜② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ W ✐♥ ▲❡♠♠❛ ✻✳✶✽ ❛♥❞ t❤❡
♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt✐❡s ✭✻✳✷✾✮ ♦❢ ~ε⊥(0) ❛ss✉♠❡❞ ✐♥ ✭✻✳✽✺✮✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ~u(0) ✐s ♠♦❞✉❧❛t❡❞✱ ✐♥ t❤❡
s❡♥s❡ t❤❛t (z1(0), z2(0), ℓ1(0), ℓ2(0)) ❛♥❞

~ε (0) = ~W (a+1 (0), a
+
2 (0)) + ~ε⊥(0),

✷✶✺
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❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ~u(0)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❤♦❧❞s ❢r♦♠ ✭✻✳✽✺✮

N (0) . δ, q(r(0)) . δ2. ✭✻✳✽✻✮

▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✻✳✶✽✱ ❢♦r k = 1, 2✱

〈~ε (0), ~Z+
k (0)〉 = 〈 ~W (a+1 (0), a

+
2 (0)), Z

+
k 〉 = a+k (0),

✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a+k ✐♥ ✭✈✮ ♦❢ ▲❡♠♠❛ ✻✳✾✳

❇♦♦tstr❛♣ ❡st✐♠❛t❡s✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s

N ≤ δ
3
4 , q(r) ≤ δ

3
2 , b ≤ δ

5
2 . ✭✻✳✽✼✮

❲❡ s❡t
T∗ = sup {t ∈ [0,∞) s✉❝❤ t❤❛t ✭✻✳✽✼✮ ❤♦❧❞s ♦♥ [0, t]} ≥ 0.

❊st✐♠❛t❡s ♦♥ t❤❡ ❞❛♠♣❡❞ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ❡st✐♠❛t❡ ♦♥ N ✐s str✐❝t❧② ✐♠♣r♦✈❡❞ ♦♥ [0, T∗] ❛s ✐♥ t❤❡
♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✻✳ ■♥ ♣❛rt✐❝✉❧❛r✱ N . δ ♦♥ [0, T∗]✳

❊st✐♠❛t❡ ♦♥ t❤❡ ❞✐st❛♥❝❡✳ ◆♦t❡ t❤❛t r(t) & logδ ❛♥❞ t❤✉s✱ ❢r♦♠ ✭✻✳✻✷✮✱

dR−

dt
≥ g0
α

(
1− C

|logδ|

)
(1− Cδ2) ≥ g0

2α
.

❚❤✉s✱ ❜② ✐♥t❡❣r❛t✐♦♥ ♦♥ [0, t]✱ ❢♦r ❛♥② t ∈ [0, T∗]✱ ✐t ❤♦❧❞s R−(t) ≥ R−(0) + g0t
2α ✳ ❯s✐♥❣ ✭✻✳✼✽✮ ❛♥❞ ♥❡①t

✭✻✳✽✻✮✱ ✇❡ ♦❜t❛✐♥
1

q(r(t))
≥
(
1− Cδ2

q(r(0))
+
g0t

2α

)(
1− Cδ2

)
& δ−2.

❚❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦❢ q(r) ✐♥ ✭✻✳✼✶✮✳

❚r❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥✳ ❋r♦♠ ✭✻✳✺✾✮ ❛♥❞ N . δ✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛♥② t✐♠❡ t ∈ [0, T∗] ✇❤❡r❡ ✐t
❤♦❧❞s b(t) = δ

5
2 ✱ ✇❡ ❤❛✈❡

d

dt
b(t) ≥ 2ν+b(t)− Cδ3 ≥ 2ν+δ

5
2 − Cδ3 ≥ ν+δ

5
2 > 0,

❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤✐s tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ❡♥♦✉❣❤ t♦ ❥✉st✐❢② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ❛
❝♦✉♣❧❡ (a+1 (0), a

+
2 (0)) ∈ B̄R2(δ

5
4 ) s✉❝❤ t❤❛t T∗ = ∞✳

■♥❞❡❡❞✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥ ❛ss✉♠❡ t❤❛t ❢♦r ❛❧❧ (a+1 (0), a
+
2 (0)) ∈ B̄R2(δ

5
4 )✱ ✐t ❤♦❧❞s T∗ <∞✳

❚❤❡♥✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬✷✽❪ ♦r
✐♥ ❬✸✶✱ ❙❡❝t✐♦♥ ✸✳✶❪✮✳

❈♦♥t✐♥✉✐t② ♦❢ T∗ t❤❡ ❛❜♦✈❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ♣r♦✈❡s t❤❛t t❤❡ ♠❛♣

(a+1 (0), a
+
2 (0)) ∈ B̄R2(δ

5
4 ) 7→ T∗ ∈ [0,+∞)

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❛t T∗ = 0 ✇❤❡♥ (a+1 (0), a
+
2 (0)) ∈ SR2(δ

5
4 )✳

❈♦♥str✉❝t✐♦♥ ♦❢ ❛ r❡tr❛❝t✐♦♥ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♠❛♣

(a+1 (0), a
+
2 (0)) ∈ B̄R2(δ

5
4 ) 7→ (a+1 (T∗), a

+
2 (T∗)) ∈ SR2(δ

5
4 )

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐ts r❡str✐❝t✐♦♥ t♦ t❤❡ s♣❤❡r❡ SR2(δ
5
4 ) ✐s t❤❡ ✐❞❡♥t✐t②✳

✷✶✻
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❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ♥♦ r❡tr❛❝t✐♦♥ t❤❡♦r❡♠ ❢♦r ❝♦♥t✐♥✉♦✉s ♠❛♣s ❢r♦♠ t❤❡ ❜❛❧❧ t♦ t❤❡
s♣❤❡r❡✳

❘❡♠❛r❦ ✻✳✷✵✳ ❚❤❡ ✉s❡ ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✶✾ ❛❧❧♦✇s t♦ ❝♦rr❡❝t ❛ ✢❛✇ ✐♥
t❤❡ ❛rt✐❝❧❡s ❬✷✽✱ ✸✶✱ ✽✺❪ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t♦♥s ✐♥ s❡✈❡r❛❧ ❝♦♥t❡①ts✳ ❋♦r ❡①❛♠♣❧❡✱
✐♥ ❬✸✶❪✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ U0 ❝❤♦s❡♥ ♣❛❣❡ ✶✽ ✐s ♥♦t ❡①❛❝t❧② ♠♦❞✉❧❛t❡❞✱ ❛♥❞ t❤✐s ✐s ✇❤② ▲❡♠♠❛ ✻ ♣r♦✈✐❞❡s
t❤❡ ♠♦❞✉❧❛t✐♦♥ ❦❡❡♣✐♥❣ tr❛❝❦ ♦❢ t❤❡ ❢r❡❡ ♣❛r❛♠❡t❡rs ♥❡❝❡ss❛r② ❢♦r t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t✳ ❍♦✇❡✈❡r✱
t❤✐s ♠♦❞✉❧❛t✐♦♥ ✐♥✈♦❧✈❡s ❛ tr❛♥s❧❛t✐♦♥ ♣❛r❛♠❡t❡r ❞❡♥♦t❡❞ ❜② ỹ ✐♥ ❬✸✶❪ ✭s✐♠✐❧❛r t♦ (z1, z2) ✐♥ t❤❡ ♣r❡s❡♥t
♣❛♣❡r✮ ♦♥ ✇❤✐❝❤ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t ✜♥❛❧❧② ❞❡♣❡♥❞s✳ ❚♦ ❝❧♦s❡ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❢r❡❡ ♣❛r❛♠❡t❡rs
❢♦r ✐♥✐t✐❛❧ ❞❛t❛ ❛s ❝❤♦s❡♥ ✐♥ ❬✸✶❪✱ ❛♥ ❡①tr❛ ❛r❣✉♠❡♥t ✇♦✉❧❞ ❜❡ ♥❡❡❞❡❞ ✭❧✐❦❡ ❛ ✜①❡❞ ♣♦✐♥t r❡s✉❧t✮✳ ■t ✐s
s✐♠♣❧❡r t❤♦✉❣❤ t♦ ❞❡✜♥❡ ❛♥ ✐♥✐t✐❛❧ ❞❛t❛ ❛❧r❡❛❞② ♠♦❞✉❧❛t❡❞ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✶✾✱ ♦r ✐♥ ❬✻✼✱ ▲❡♠♠❛
✸✳✶❪✳

✻✳✹✳✸ ▲✐♣s❝❤✐t③ ❡st✐♠❛t❡ ❛♥❞ ✉♥✐q✉❡♥❡ss

❚❤❡ ❤❡❛rt ♦❢ ❚❤❡♦r❡♠ ✻✳✺ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✶✳ ❋♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ❧❡t (z1(0), z2(0), ℓ1(0), ℓ2(0), ~ε⊥(0)) ❛♥❞ (z̃1(0), z̃2(0), ℓ̃1(0))✱
(ℓ̃2(0), ~̃ε⊥(0)) ❜❡ ❛s ✐♥ ✭✻✳✽✺✮✱ ❛♥❞ ❧❡t (a+1 (0), a

+
2 (0)) ∈ BR2(δ)✱ (ã+1 (0), ã

+
2 (0)) ∈ BR2(δ) ❜❡ s✉❝❤ t❤❛t t❤❡

s♦❧✉t✐♦♥s ~u(t) ❛♥❞ ~̃u(t) ♦❢ ✭✻✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

~u(0) = ~Q1(0) + ~Q2(0) + ~W (a+1 (0), a
+
2 (0)) + ~ε⊥(0),

~̃u(0) = ~̃Q1(0) +
~̃Q2(0) + ~W (ã+1 (0), ã

+
2 (0)) +

~̃ε⊥(0),

❛r❡ 2✲s♦❧✐t❛r② ✇❛✈❡s✳ ❚❤❡♥ ✐t ❤♦❧❞s

∑

k=1,2

|a+k (0)− ã+k (0)|

. δ
1
4

(
‖~ε⊥(0)− ~̃ε⊥(0)‖H1×L2 +

∑

k=1,2

{
|zk(0)− z̃k(0)|+ |ℓk(0)− ℓ̃k(0)|

})
.

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s♣❧✐t t❤❡ ♣r♦♦❢ ✐♥ s❡✈❡r❛❧ st❡♣s✳ ❋♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✻✳✶✻ ❛♥❞
t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡✐r ✐♥✐t✐❛❧ ❞❛t❛ ~u(0)✱ ~̃u(0)✱ t❤❡ 2✲s♦❧✐t❛r② ✇❛✈❡s ~u ❛♥❞ ~̃u ❞❡❝♦♠♣♦s❡ ❢♦r ❛♥② t ≥ 0

❛s ✐♥ ▲❡♠♠❛ ✻✳✾ ~u = ~Q1 + ~Q2 + ~ε ✱ ~̃u = ~̃Q1 +
~̃Q2 + ~̃ε ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡✐r ❞❡❝♦♠♣♦s✐t✐♦♥s

(zk, ℓk,N )k=1,2 ❛♥❞ (z̃k, ℓ̃k, Ñ )k=1,2 r❡s♣❡❝t✐✈❡❧② s❛t✐s❢② ✭✻✳✼✵✮ ❢♦r ❛❧❧ t ≥ 0✳ ❉❡♥♦t❡

žk = zk − z̃k, ℓ̌k = ℓk − ℓ̃k, Q̌k = Qk − Q̃k, ε̌ = ε− ε̃, η̌ = η − η̃, ✭✻✳✽✽✮

Ň =

[
‖~̌ε‖2H1×L2 +

∑

k=1,2

|žk|2 +
∑

k=1,2

|ℓ̌k|2
] 1

2

. ✭✻✳✽✾✮

✭◆♦t✐❝❡ t❤❡ ❡①tr❛ t❡r♠ ✐♥ Ň ✮✳

■❢
∑

k=1,2 |žk(0)| > δ
3
4 ✱ s✐♥❝❡ (a+1 (0), a

+
2 (0))✱ (ã

+
1 (0), ã

+
2 (0)) ∈ B̄R2(δ)✱ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡ ✐s s❛t✐s✲

✜❡❞✳ ❚❤✉s✱ ✇❡ ❛ss✉♠❡ ♥♦✇
∑

k=1,2 |žk(0)| ≤ δ
3
4 ✱ ❛♥❞ ✇❡ ✇♦r❦ ♦♥❧② ❢♦r t✐♠❡ t s✉❝❤ t❤❛t

∑
k=1,2 |žk(t)|

✐s s♠❛❧❧ ✭s❡❡ ✭✻✳✶✵✸✮✮✳

❊q✉❛t✐♦♥ ♦❢ ~̌ε✳ ❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❢r♦♠ ✭✻✳✸✶✮ ❢♦r ~ε ❛♥❞ ~̃ε✱ ✇❡ ❤❛✈❡

{
∂tε̌ = η̌ +▼♦❞ε̌,1 +▼♦❞ε̌,2

∂tη̌ = ∆ε̌− ε̌+ f ′(R)ε̌− 2αη̌ +▼♦❞η̌,1 +▼♦❞η̌,2 + Ǧ
✭✻✳✾✵✮

✷✶✼



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

✇❤❡r❡

▼♦❞ε̌,1 =
∑

k=1,2

(
˙̌zk − ℓ̌k

)
· ∇Qk, ▼♦❞ε̌,2 =

∑

k=1,2

(
˙̃zk − ℓ̃k

)
· ∇Q̌k,

▼♦❞η̌,1 =
∑

k=1,2

(
˙̌ℓk + 2αℓ̌k

)
· ∇Qk

−
∑

k=1,2

(ℓ̌k · ∇)(żk · ∇)Qk −
∑

k=1,2

(ℓ̃k · ∇)( ˙̌zk · ∇)Qk,

▼♦❞η̌,2 =
∑

k=1,2

(
˙̃
ℓk + 2αℓ̃k

)
· ∇Q̌k −

∑

k=1,2

(ℓ̃k · ∇)( ˙̃zk · ∇)Q̌k

❛♥❞
Ǧ =

[
f(R+ ε)− f(R)− f ′(R)ε

]
−
[
f(R̃+ ε̃)− f(R̃)− f ′(R)ε̃

]
+G− G̃.

❙t❡♣ ✶✳ ❲❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ Ǧ✳

▲❡♠♠❛ ✻✳✷✷✳

‖Ǧ‖L2 . Ň (N + Ñ + e−
1
2
|z|). ✭✻✳✾✶✮

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ✐♥ ❢❛❝t ❞❡r✐✈❡ ♣♦✐♥t✇✐s❡ ❜♦✉♥❞s✳ ❲❡ ❞❡❝♦♠♣♦s❡ Ǧ =
∑5

j=1 Ǧj ✇❤❡r❡

Ǧ1 = [f ′(R)− f ′(R̃)]ε̃,

Ǧ2 = [f(R+ ε)− f(R)− f ′(R)ε]− [f(R+ ε̃)− f(R)− f ′(R)ε̃],

Ǧ3 = [f(R+ ε̃)− f(R)− f ′(R)ε̃]− [f(R̃+ ε̃)− f(R̃)− f ′(R̃)ε̃],

Ǧ4 = [f(Q1 +Q2)− f(Q2)]− [f(Q1 + Q̃2)− f(Q̃2)],

Ǧ5 = [f(Q1 + Q̃2)− f(Q1)]− [f(Q̃1 + Q̃2)− f(Q̃1)].

❋♦r Ǧ1✱ ✉s✐♥❣ |f ′(R)− f ′(R̃)| .
(
|Q1|p−1 + |Q2|p−1

)∑
k=1,2 |žk|✱ ✇❡ ❤❛✈❡

|Ǧ1| . |ε̃|
(
|Q1|p−1 + |Q2|p−1

) ∑

k=1,2

|žk|.

❋♦r Ǧ2✱ ❜② ❚❛②❧♦r ❢♦r♠✉❧❛r✱ ✇❡ ❤❛✈❡

Ǧ2 = f(R+ ε̃+ ε̌)− f(R+ ε̃)− f ′(R)ε̌

= ε̌

∫ 1

0
f ′(R+ ε̃+ θε̌)− f ′(R) dθ = ε̌

∫ 1

0
(ε̃+ θε̌)

∫ 1

0
f ′′(R+ ρ(ε̃+ θε̌)) dρ dθ

= ε̌

∫ 1

0

∫ 1

0
(θε+ (1− θ)ε̃)f ′′(R+ ρ(ε̃+ θε̌)) dρ dθ.

❆s |f ′′(x+ y)| = p(p− 1)|x+ y|p−2 . |x|p−2 + |y|p−2✱ ✇❡ ❣❡t

|Ǧ2| . |ε̌|(|ε|+ |ε̃|)
(
|R|p−2 + |ε̃|p−2 + |ε|p−2

)
.

❋♦r Ǧ3✿ ❜② ❚❛②❧♦r ❢♦r♠✉❧❛✱

∣∣[f(R+ ε̃)− f(R)]− [f(R̃+ ε̃)− f(R̃)]
∣∣ =

∣∣∣ε̃
∫ 1

0
[f ′(R+ θε̃)− f ′(R̃+ θε̃)] dθ

∣∣∣

. (|ž1|+ |ž2|)|ε̃|
(
|R|p−2 + |R̃|p−2 + |ε̃|p−2

)
,

❛♥❞ ∣∣[f ′(R)− f ′(R̃)]ε̃
∣∣ . (|ž1|+ |ž2|)|ε̃|

(
|R|p−2 + |R̃|p−2

)
.

✷✶✽
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■t ❢♦❧❧♦✇s t❤❛t
|Ǧ3| . (|ž1|+ |ž2|)|ε̃|

(
|R|p−2 + |R̃|p−2 + |ε̃|p−2

)
.

❋♦r Ǧ4✿ ❚❛②❧♦r ❢♦r♠✉❧❛ ❣✐✈❡s s✐♠✐❧❛r❧②

|Ǧ4| =
∣∣∣∣Q1

∫ 1

0

[
f ′(Q2 + θQ1)− f ′(Q̃2 + θQ1)

]
dθ

∣∣∣∣

. |Q1||Q2 − Q̃2|
(
|Q1|p−2 + |Q2|p−2

)
. |ž2|

(
|Q1|p−1|Q2|+ |Q1||Q2|p−1

)
.

❋♦r Ǧ5✱ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ②✐❡❧❞s

|Ǧ5| . |ž1|(|Q1|p−1|Q2|+ |Q1||Q2|p−1).

❊st✐♠❛t❡ ✭✻✳✾✶✮ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✶✽✮ ❛♥❞ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣s✳

❙t❡♣ ✷✳ ❊q✉❛t✐♦♥s ❢♦r t❤❡ ♣❛r❛♠❡t❡rs✳

▲❡♠♠❛ ✻✳✷✸✳

✭✐✮ ❊q✉❛t✐♦♥s ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs✳ ❋♦r k = 1, 2✱

| ˙̌zk − ℓ̌k| . Ň (N + Ñ ), ✭✻✳✾✷✮

| ˙̌ℓk + 2αℓ̌k| . Ň (N + Ñ + e−
1
2
|z|). ✭✻✳✾✸✮

✭✐✐✮ ❊q✉❛t✐♦♥s ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s✳ ▲❡t ǎ±k = 〈~̌ε, ~Z±
k 〉✳ ❚❤❡♥✱

∣∣∣∣
d

dt
ǎ±k − ν±ǎ±k

∣∣∣∣ . Ň (N + Ñ + e−
1
2
|z|). ✭✻✳✾✹✮

Pr♦♦❢✳ ✭✐✮ ❋r♦♠ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ ✭✻✳✷✾✮✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿ ❢♦r ❛❧❧ k = 1, 2
❛♥❞ j = 1, . . . , N ✱

〈ε̌, ∂xjQk〉+ 〈ε̃, ∂xj Q̌k〉 = 〈η̌, ∂xjQk〉+ 〈η̃, ∂xj Q̌k〉 = 0. ✭✻✳✾✺✮

❲❡ ❞❡r✐✈❡ t❤❡ ❡q✉❛t✐♦♥s ♦❢ žk ❛♥❞ ℓ̌k ❢r♦♠ t❤❡s❡ r❡❧❛t✐♦♥s✳
❋✐rst✱ ❢r♦♠ ✭✻✳✾✺✮ ❢♦r ε̌ ✇✐t❤ k = 1 ❛♥❞ j = 1, . . . , N ✱

0 =
d

dt

(
〈ε̌, ∂xjQ1〉+ 〈ε̃, ∂xj Q̌1〉

)

= 〈∂tε̌, ∂xjQ1〉+ 〈ε̌, ∂t∂xjQ1〉+ 〈∂tε̃, ∂xj Q̌1〉+ 〈ε̃, ∂t∂xj Q̌1〉.

❚❤✉s✱ ✉s✐♥❣ ✭✻✳✾✵✮ ❢♦r ∂tε̌ ❛♥❞ ✭✻✳✸✶✮ ❢♦r ∂tε̃✱

0 = 〈η̌, ∂xjQ1〉+ ( ˙̌z1,j − ℓ̌1,j)‖∂xjQ1‖2L2 + 〈( ˙̌z2 − ℓ̌2) · ∇Q2, ∂xjQ1〉
+
∑

k=1,2

〈( ˙̃zk − ℓ̃k) · ∇Q̌k, ∂xjQ1〉 − 〈ε̌, (ż1 · ∇) ∂xjQ1〉

+ 〈η̃, ∂xj Q̌1〉+
∑

k=1,2

〈( ˙̃zk − ℓ̃k) · ∇Q̃k, ∂xj Q̌1〉

− 〈ε̃, ( ˙̌z1 · ∇)∂xjQ1〉 − 〈ε̃, ( ˙̃z1 · ∇)∂xj Q̌1〉.

❯s✐♥❣ ✭✻✳✶✺✮✱ ✭✻✳✸✷✮✱ ✭✻✳✾✺✮ ❛♥❞ t❤❡ ❡st✐♠❛t❡s

|〈∂xj′
Q̌1, ∂xjQ1〉|+ |〈∂xj′

Q̌2, ∂xjQ1〉|+ |〈∂xj′
Q2, ∂xj Q̌1〉| . |ž1|+ |ž2|,

✷✶✾
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✐t ❢♦❧❧♦✇s t❤❛t

| ˙̌z1,j − ℓ̌1,j | . e−
1
2
|z|| ˙̌z2 − ℓ̌2|+ (|ž1|+ |ž2|)Ñ 2 + (|ℓ1|+N 2)Ň

+ Ñ (|ℓ̌1|+ | ˙̌z1 − ℓ̌1|) + Ñ |ž1|(N 2 + |ℓ1|).

❇② s②♠♠❡tr②✱ ❛♥ ❛♥❛❧♦❣♦✉s ❡st✐♠❛t❡ ❤♦❧❞s ❢♦r | ˙̌z2,j − ℓ̌2,j |✳ ❙✉♠♠✐♥❣ ✉♣ ❜♦t❤ ❣✐✈❡s ✭✻✳✾✷✮✳
❙❡❝♦♥❞✱ ✉s✐♥❣ ✭✻✳✾✺✮ ❢♦r η̌ ✇✐t❤ k = 1 ❛♥❞ j = 1, . . . , N ✱ ✇❡ ❤❛✈❡

0 =
d

dt

(
〈η̌, ∂xjQ1〉+ 〈η̃, ∂xj Q̌1〉

)

= 〈∂tη̌, ∂xjQ1〉+ 〈η̌, ∂t∂xjQ1〉+ 〈∂tη̃, ∂xj Q̌1〉+ 〈η̃, ∂t∂xj Q̌1〉.
❯s✐♥❣ ✭✻✳✾✵✮✱ ♦♥❡ ❤❛s

〈∂tη̌, ∂xjQ1〉
= 〈∆ε̌− ε̌+ f ′(Q1)ε̌, ∂xjQ1〉 − 2α〈η̌, ∂xjQ1〉
+ 〈[f ′(R)− f ′(Q1)]ε̌, ∂xjQ1〉+ 〈Ǧ, ∂xjQ1〉
+ ( ˙̌ℓ1,j + 2αℓ̌1,j)‖∂xjQ1‖2L2 + 〈( ˙̌ℓ2 + 2αℓ̌2) · ∇Q2, ∂xjQ1〉
−
∑

k=1,2

〈(ℓ̌k · ∇)(żk · ∇)Qk, ∂xjQ1〉 −
∑

k=1,2

〈(ℓ̃k · ∇)( ˙̌zk · ∇)Qk, ∂xjQ1〉

+
∑

k=1,2

〈( ˙̃ℓk + 2αℓ̃k) · ∇Q̌k, ∂xjQ1〉 −
∑

k=1,2

〈(ℓ̃k · ∇)( ˙̃zk · ∇)Q̌k, ∂xjQ1〉.

◆❡①t✱

〈η̌, ∂t∂xjQ1〉 = −〈η̌, (ż1 · ∇)∂xjQ1〉
= −〈η̌, ((ż1 − ℓ1) · ∇)∂xjQ1〉 − 〈η̌, (ℓ1 · ∇)∂xjQ1〉 = O(ŇN ).

❚❤❡♥✱ ✉s✐♥❣ ✭✻✳✸✶✮✱

〈∂tη̃, ∂xj Q̌1〉 = 〈∆ε̃− ε̃+ f ′(Q̃1)ε̃, ∂xj Q̌1〉 − 2α〈η̃, ∂xj Q̌1〉
+ 〈f(R̃+ ε̃)− f(R̃)− f ′(Q̃1)ε̃, ∂xj Q̌1〉
+
∑

k=1,2

〈( ˙̃ℓk + 2αℓ̃k) · ∇Q̃k, ∂xj Q̌1〉

−
∑

k=1,2

〈(ℓ̃k · ∇)( ˙̃zk · ∇)Q̃k, ∂xj Q̌1〉+ 〈G̃, ∂xj Q̌1〉.

▲❛st✱

〈η̃, ∂t∂xj Q̌1〉 = −〈η̃, ( ˙̌z1 · ∇)∂xjQ1〉 − 〈η̃, ( ˙̃z1 · ∇)∂xj Q̌1〉
= −〈η̃, ( ˙̌z1 − ℓ̌1) · ∇)∂xjQ1〉 − 〈η̃, ℓ̌1 · ∇)∂xjQ1〉
− 〈η̃, (( ˙̃z1 − ℓ̃1) · ∇)∂xj Q̌1〉 − 〈η̌, ℓ̃1 · ∇)∂xjQ1〉

= O(Ñ | ˙̌z1 − ℓ̌1|) +O(Ň Ñ ).

❇② ✭✻✳✾✶✮✱ ✇❡ ❤❛✈❡ |〈Ǧ,∇Qk〉| . Ň
(
N + Ñ + e−

1
2
|z|).

❈♦♠❜✐♥✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s ✇✐t❤ ∆∂xjQ1 − ∂xjQ1 + f ′(Q1)∂xjQ1 = 0✱ ✭✻✳✾✺✮ ❢♦r η̌✱ ✇❡ ♦❜t❛✐♥

| ˙̌ℓ1,j + 2αℓ̌1,j | .
(
Ň +

∑

k=1,2

{
| ˙̌zk − ℓ̌k|+ | ˙̌ℓk + 2αℓ̌k|

})(
Ñ +N + e−

1
2
|z|).

❲❡ ❛r❣✉❡ s✐♠✐❧❛r❧② t♦ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❜♦✉♥❞ ♦♥ | ˙̌ℓ2,j + 2αℓ̌2,j |✳ ❙✉♠♠✐♥❣ ✉♣ ❛♥❞ ✉s✐♥❣ ✭✻✳✾✷✮✱ ✇❡
♦❜t❛✐♥ ✭✻✳✾✸✮✳

✭✐✐✮ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✾✹✮ ✐s s✐♠✐❧❛r✳ ❙❡❡ ❛❧s♦ t❤❡ ♣r♦♦❢ ♦❢ ✭✈✮ ✐♥ ▲❡♠♠❛ ✻✳✾✳

✷✷✵
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❙t❡♣ ✸✳ ❊♥❡r❣② ❡st✐♠❛t❡s✳ ❋♦r µ > 0 s♠❛❧❧ t♦ ❜❡ ❝❤♦s❡♥✱ ❞❡♥♦t❡ ρ = 2α − µ✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡
❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧

Ě =

∫ {
|∇ε̌|2 + (1− ρµ)ε̌2 + (η̌ + µε̌)2 − f ′(R)ε̌2

}
. ✭✻✳✾✻✮

▲❡♠♠❛ ✻✳✷✹✳ ❚❤❡r❡ ❡①✐sts µ > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ❈♦❡r❝✐✈✐t② ❛♥❞ ❜♦✉♥❞✳

2µ‖~̌ε ‖2H1×L2 −
1

2µ

[
Ñ 2Ň 2 +

∑

k=1,2

(
(ǎ+k )

2 + (ǎ−k )
2
) ]

≤ Ě ≤ 1

µ
‖~̌ε ‖2H1×L2 . ✭✻✳✾✼✮

✭✐✐✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥✳
d

dt
Ě ≤ −2µĚ +

1

µ
Ň 2(N + Ñ + e−

1
2
|z|).

Pr♦♦❢✳ ✭✐✮ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐♥ ✭✻✳✾✼✮ ✐s ❝❧❡❛r✳ ◆❡①t✱ ❛❞❛♣t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮ ♦❢ ▲❡♠♠❛ ✻✳✶✶✱ ♦♥❡
❝❤❡❝❦s

Ě > 2µ‖~̌ε‖2H1×L2 −
1

2µ

[∑

k,j

|〈ε̌, ∂xjQk〉|2 +
∑

k=1,2

(
(ǎ+k )

2 + (ǎ−k )
2
) ]
.

❚❤❡ ❡st✐♠❛t❡ |〈ε̌, ∂xjQk〉| = |〈ε̃, ∂xj Q̌k〉| . Ñ Ň ❢r♦♠ ✭✻✳✾✺✮ t❤❡♥ ✐♠♣❧✐❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐♥ ✭✻✳✾✼✮✳
✭✐✐✮ ❲❡ ❢♦❧❧♦✇ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✻✳✶✶✳ ❋✐rst✱

1

2

d

dt
Ě =

∫
∂tε̌
[
−∆ε̌+ (1− ρµ)ε̌− f ′(R)ε̌

]
+ (∂tη̌ + µ∂tε̌) (η̌ + µε̌)

+

∫ ∑

k=1,2

(żk · ∇Qk)f
′′(R)ε̌2 = g1 + g2.

❙❡❝♦♥❞✱ ✉s✐♥❣ ✭✻✳✾✵✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

g1 = −µ
∫ [

|∇ε̌|2 + (1− ρµ)ε̌2 − f ′(R)ε̌2
]
− ρ

∫
(η̌ + µε̌)2

+
∑

k=1,2

∫
ε̌
[
−∆▼♦❞ε̌,k + (1− ρµ)▼♦❞ε̌,k − f ′(R)▼♦❞ε̌,k

]

+
∑

k=1,2

∫
(η̌ + µε̌) [▼♦❞η̌,k + µ▼♦❞ε̌,k] +

∫
(η̌ + µε̌)Ǧ.

❚❤❡ ✜rst ❧✐♥❡ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ g1 ❛❜♦✈❡ ✐s ❧❡ss t❤❛♥ −µĚ ✭t❛❦✐♥❣ µ ≤ ρ✮✳ ◆❡①t✱ ✉s✐♥❣ ✭✻✳✸✷✮✱
✭✻✳✸✸✮✱ ✭✻✳✾✶✮✱ ✭✻✳✾✷✮ ❛♥❞ ✭✻✳✾✸✮✱ ✇❡ ❝❤❡❝❦ t❤❛t t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s ✐♥ g1 ❛♥❞ g2 ❛r❡ ❡st✐♠❛t❡❞ ❜②
Ň 2(N + Ñ + e−

1
2
|z|)✳

❉❡✜♥❡

y̌k = žk +
ℓ̌k
2α
, F̌ = Ě +

∑

k=1,2

|ℓ̌k|2 +
1

2µ

∑

k=1,2

(ǎ−k )
2, b̌ =

∑

k=1,2

(ǎ+k )
2. ✭✻✳✾✽✮

▲❡♠♠❛ ✻✳✷✺✳ ❋♦r µ > 0 ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✻✳✷✹✱ ✐t ❤♦❧❞s✳

✭✐✮ ❈♦♠♣❛r✐s♦♥✳

µŇ 2 ≤ µ‖~̌ε ‖H1×L2 +
∑

k=1,2

|ℓ̌k|2 +
∑

k=1,2

|žk|2 ≤ F̌ +
b̌

2µ
+
∑

k=1,2

|žk|2 . Ň 2. ✭✻✳✾✾✮

✷✷✶
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✭✐✐✮ P♦s✐t✐♦♥s✳ ∣∣∣∣
d

dt
y̌k

∣∣∣∣ . Ň (N + Ñ + e−
1
2
|z|) . δŇ . ✭✻✳✶✵✵✮

✭✐✐✐✮ ❉❛♠♣❡❞ ❝♦♠♣♦♥❡♥ts✳

d

dt
F̌ + 2µF̌ . Ň 2(N + Ñ + e−

1
2
|z|) . δŇ 2. ✭✻✳✶✵✶✮

Pr♦♦❢✳ ✭✐✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✾✼✮ ✭s❡❡ ❛❧s♦ t❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✺✼✮ ✐♥ ▲❡♠♠❛ ✻✳✶✸✱ ✭✐✮✮✳
✭✐✐✮ ❊st✐♠❛t❡ ✭✻✳✶✵✵✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✻✳✾✷✮ ❛♥❞ ✭✻✳✾✸✮✳
✭✐✐✐✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛s ✻✳✷✸ ❛♥❞ ✻✳✷✹ ✭s❡❡ ❛❧s♦ ▲❡♠♠❛ ✻✳✶✸✮✱ ✭✐✈✮✮✳

❙t❡♣ ✹✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡

δ
1
2 Ň 2(0) < b̌(0). ✭✻✳✶✵✷✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡

δ
3
4 Ň 2 < b̌ ✭✻✳✶✵✸✮

❛♥❞ ✇❡ ❞❡✜♥❡
T∗ = sup {t > 0 s✉❝❤ t❤❛t ✭✻✳✶✵✸✮ ❤♦❧❞s ♦♥ [0, t]} > 0.

❇② ✭✻✳✾✹✮ ❛♥❞ t❤❡♥ ✭✻✳✶✵✸✮✱ t❤❡r❡ ❤♦❧❞s ♦♥ [0, T∗]

d

dt
b̌ ≥ 2ν+b̌− CδŇ

√
b ≥ ν+b̌. ✭✻✳✶✵✹✮

■♥ ♣❛rt✐❝✉❧❛r✱ b̌ ✐s ♣♦s✐t✐✈❡✱ ✐♥❝r❡❛s✐♥❣ ♦♥ [0, T∗) ❛♥❞

∀t ∈ [0, T∗), b(t) > eν
+tb̌(0). ✭✻✳✶✵✺✮

❇② ✭✻✳✶✵✶✮ ❛♥❞ ♥❡①t ✭✻✳✶✵✸✮✱

d

dt
[e2µtF̌ ] . e2µtδŇ 2 . e2µtδ

1
4 b̌.

■♥t❡❣r❛t✐♥❣ ♦♥ [0, t]✱ ❢♦r ❛♥② t ∈ [0, T∗) ❛♥❞ ✉s✐♥❣ t❤❛t b̌ ✐s ✐♥❝r❡❛s✐♥❣✱ ✇❡ ♦❜t❛✐♥

F̌(t) . e−2µtF̌(0) + δ
1
4 b̌(t),

❛♥❞ t❤✉s ✉s✐♥❣ ✭✻✳✶✵✷✮✱

δ
3
4 F̌(t) . δ

3
4 F̌(0) + δb̌(t) . δ

1
4 (b̌(0) + b̌(t)) . δ

1
4 b̌(t).

❯s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥t✱ ✇❡ ❝❤❡❝❦ t❤❛t

δ
3
4

∣∣ℓk(t)
∣∣2 . δ

1
4 b̌(t) ❢♦r k = 1, 2. ✭✻✳✶✵✻✮

❋r♦♠ ✭✻✳✶✵✵✮✱ ♥❡①t ✭✻✳✶✵✸✮ ❛♥❞ t❤❡♥ ✭✻✳✶✵✹✮✱
∣∣∣∣
d

dt
|y̌k|2

∣∣∣∣ . δŇ 2 . δ
1
4 b̌ . δ

1
4
d

dt
b̌.

■♥t❡❣r❛t✐♥❣ ♦♥ [0, t]✱ ❢♦r ❛♥② t ∈ [0, T∗)✱

|y̌k(t)|2 . |y̌k(0)|2 + δ
1
4 b̌(t).

✷✷✷
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❚❤✉s✱ ✉s✐♥❣ ✭✻✳✶✵✷✮ ❛♥❞ ✭✻✳✶✵✻✮✱

δ
3
4 |žk(t)|2 . δ

3
4 |y̌k(t)|2 + δ

3
4 |ℓ̌k(t)|2 . δ

1
4 b̌(t).

❯s✐♥❣ ✭✻✳✾✾✮✱ ✇❡ ♦❜t❛✐♥
δ3/4Ň 2 . δ1/4b̌

♦♥ [0, T∗)✱ ❛♥❞ s♦ ✇❡ ❤❛✈❡ str✐❝t❧② ✐♠♣r♦✈❡❞ ❡st✐♠❛t❡ ✭✻✳✶✵✸✮ ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✳
❇② ❛ ❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥t ✐t ❢♦❧❧♦✇s t❤❛t T∗ = +∞✳ ❚❤✐s ✐s ❝♦♥tr❛❞✐❝t♦r② s✐♥❝❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧

❣r♦✇t❤ ✭✻✳✶✵✺✮ ✇♦✉❧❞ ❧❡❛❞ t♦ ✉♥❜♦✉♥❞❡❞ b̌✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ ❥✉st ♣r♦✈❡❞ t❤❛t b̌(0) ≤ δ

1
2 Ň 2(0)✳ ❖❜s❡r✈✐♥❣

|a+k (0)− ã+k (0)| . |ǎ+k (0)|+ |〈~̃ε(0), (~Z+
k (0)− ~̃Z+

k (0)〉| . δ
1
4 Ň (0),

t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✷✶ ✐s ❝♦♠♣❧❡t❡✳

✻✳✹✳✹ ▼♦❞✉❧❛t✐♦♥ ❛t ✐♥✐t✐❛❧ t✐♠❡

❲❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥ r❡❧❛t❡❞ t♦ ✐♥✐t✐❛❧ ❞❛t❛ ❛s ✇r✐tt❡♥ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✻✳✺

Ω = (L, ~φ ), ‖Ω‖ = |L|+ ‖~φ ‖H1×L2 , h = (h1, h2),

❛♥❞ ❛s ✇r✐tt❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥s ✻✳✶✾ ❛♥❞ ✻✳✷✶

Γ = (z1, z2, ℓ1, ℓ2, ~ε⊥), ‖Γ‖ = |(z1, z2)|+ |(ℓ1, ℓ2)|+ ‖~ε⊥‖H1×L2 , a+ = (a+1 , a
+
2 ).

❋♦r δ > 0✱ ✇❡ ❞❡♥♦t❡ ❜② V⊥
δ t❤❡ s❡t ♦❢ Ω = (L, ~φ ) s❛t✐s❢②✐♥❣

{
L ∈ RN ✇✐t❤ |L| > 10|logδ|,
~φ ∈ BH1×L2(δ) ✇✐t❤ 〈~φ , ~Z+(· ± L

2 )〉 = 0,

❛♥❞ ❜② W⊥
δ t❤❡ s❡t ♦❢ Γ = (z1, z2, ℓ1, ℓ2, ~ε⊥) s❛t✐s❢②✐♥❣





(z1, z2) ∈ R2N ✇✐t❤ |z1 − z2| > 5|logδ|,
(ℓ1, ℓ2) ∈ BR2N (δ),

~ε⊥ ∈ BH1×L2(δ) ✇✐t❤ ✭✻✳✷✾✮ ❛♥❞ 〈~ε⊥, ~Z+
k 〉 = 0 ❢♦r k = 1, 2✳

■♥ t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✻✳✺✱ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s 〈~φ , ~Z+(·± L
2 )〉 = 0

❛s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡t V⊥
δ ✳ ❚❤♦s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛❞❥✉st✐♥❣ (h1, h2) ✐♥ ❛ s❡❝♦♥❞ st❡♣✱

s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✺✳ ❲❡ st❛rt ✇✐t❤ ❝♦♥str✉❝t✐♥❣ t❤❡ ✏♠❛♥✐❢♦❧❞✑ ❢♦r ❞❛t❛ ✐♥ V⊥
δ ✱ ✇❤✐❝❤ s♦♠❡❤♦✇

❝♦rr❡s♣♦♥❞s t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛♥❞ ✇❤❡r❡ t❤❡ ❞✐s❝r❡♣❛♥❝② ✐s s✉♣❡r❧✐♥❡❛r ✐♥ δ✳

▲❡♠♠❛ ✻✳✷✻✳ ❆ss✉♠❡ σ1 = 1 ❛♥❞ σ2 = −1✳ ❚❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱
❛♥❞ ❢♦r ❛♥② (Ω, h) ∈ V⊥

δ ×BR2(δ)✱ t❤❡r❡ ❡①✐st ✉♥✐q✉❡ Γ[Ω, h] ∈ W⊥
Cδ ❛♥❞ a+[Ω, h] ∈ BR2(Cδ) s✉❝❤ t❤❛t

( ~Q+ h1~Y
+)(· − L

2 )− ( ~Q+ h2~Y
+)(·+ L

2 ) +
~φ = ~Q1 + ~Q2 + ~W (a+) + ~ε⊥, ✭✻✳✶✵✼✮

|βa+ − h| . δ2. ✭✻✳✶✵✽✮

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② (Ω, h)✱ (Ω̃, h̃) ∈ V⊥
δ × BR2(δ)✱ ✇✐t❤ |L− L̃| < δ✱ ✐t ❤♦❧❞s

‖Γ[Ω, h]− Γ[Ω̃, h̃]‖ . ‖Ω− Ω̃‖+ |h− h̃|, ✭✻✳✶✵✾✮

|(βa+[Ω, h]− h)− (βa+[Ω̃, h̃]− h̃)| . δ(‖Ω− Ω̃‖+ |h− h̃|). ✭✻✳✶✶✵✮

✷✷✸
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Pr♦♦❢✳ ❋✐rst✱ ✭✐✮ ♦❢ ▲❡♠♠❛ ✻✳✾ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ z1, z2, ℓ1, ℓ2, ~ε s✉❝❤ t❤❛t

( ~Q+ h1~Y
+)(· − L

2 )− ( ~Q+ h2~Y
+)(·+ L

2 ) +
~φ = ~Q1 + ~Q2 + ~ε ✭✻✳✶✶✶✮

✇❤❡r❡
‖~ε ‖H1×L2 +

∑

k=1,2

|ℓk|+ e−2|z1−z2| . δ

❛♥❞ ~ε s❛t✐s✜❡s t❤❡ ♦rt❤♦❣♦♥❛❧✐t② r❡❧❛t✐♦♥s ✭✻✳✷✾✮✳ ❯s✐♥❣ ✭✻✳✸✾✮ ❛♥❞ ♣r♦❥❡❝t✐♥❣ ✭✻✳✶✶✶✮ ♦♥ ∂xjQk ❢♦r
k = 1, 2✱ ✇❡ ✜♥❞

|z1 − L
2 |+ |z2 + L

2 | . δ.

❍❡♥❝❡ |z| > L− 2δ
1
2 > 5|logδ| ❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳

▼♦r❡♦✈❡r✱ ✭✻✳✹✶✮ ❛♥❞ ✭✻✳✹✸✮ ♣r♦✈✐❞❡ t❤❡ ▲✐♣s❝❤✐t③ ❡st✐♠❛t❡s
∑

k=1,2

{|zk − z̃k|+ |ℓk − ℓ̃k|}+ ‖~ε − ~̃ε ‖H1×L2 . ‖Ω− Ω̃‖+ |h− h̃|. ✭✻✳✶✶✷✮

❙❡❝♦♥❞✱ ❞❡✜♥❡
a+k = 〈~ε , ~Z+

k 〉 ❛♥❞ ~ε⊥ = ~ε − ~W (a+1 , a
+
2 ) = ~ε − ~W (a+),

s♦ t❤❛t ~ε⊥ s❛t✐s✜❡s 〈~ε⊥, ~Z+
k 〉 = 0 ❢♦r k = 1, 2✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~ε⊥ ❛♥❞ ✭✻✳✶✶✷✮✱ ✇❡ ♦❜t❛✐♥

∑

k=1,2

{|zk − z̃k|+ |ℓk − ℓ̃k|}+ ‖~ε⊥ − ~̃ε⊥ ‖H1×L2

.
∑

k=1,2

{|zk − z̃k|+ |ℓk − ℓ̃k|}+ ‖~ε − ~̃ε ‖H1×L2 . ‖Ω− Ω̃‖+ |h− h̃|,

✇❤✐❝❤ ✐s ✭✻✳✶✵✾✮✳ ▲❡t ✉s ♥♦✇ ♣r♦❥❡❝t ✭✻✳✶✶✶✮ ♦♥ ~Z+
1 ✳ ❯s✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥

Q(· − L
2 )−Q1 = (z1 − L

2 ) · ∇Q(· − L
2 ) +OL2(δ2),

t❤❡ ❢❛❝t t❤❛t 〈∂xjQ, Y 〉 = 0 ❢♦r ❛❧❧ j = 1, . . . , N ✱ ✇❡ ❣❡t

|〈 ~Q(· − L
2 )− ~Q1, ~Z

+
1 〉| . δ2.

❙✐♠✐❧❛r❧②✱

|〈 ~Q(·+ L
2 )− ~Q2, ~Z

+
1 〉| = 〈(z2 + L

2 ) · ∇Q(·+ L
2 ),

~Z+
1 〉+O(δ2) . δe−

1
2
|z| +O(δ2) . δ2.

❯s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ 〈~φ , ~Z+(· ± L
2 )〉 = 0✱ ✇❡ ✐♥❢❡r

∣∣∣a+1 − h1〈~Y +, ~Z+〉
∣∣∣ . δ2.

❖♥❡ ❝❛♥ ❛r❣✉❡ ✐♥ t❤❡ s❛♠❡ ✇❛② ✉♣♦♥ ♣r♦❥❡❝t✐♥❣ ✭✻✳✶✶✶✮ ♦♥ ~Z+
2 ✱ ❛♥❞ s♦ ❞❡r✐✈❡ ✭✻✳✶✵✽✮✳

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ ✭✻✳✶✶✵✮✳ ❋r♦♠ ✭✻✳✶✵✾✮✱ ✇❡ ❤❛✈❡
∑

k=1,2

|a+k − ã+k |+ ‖~ε⊥ − ~̃ε⊥ ‖H1×L2 . ‖Ω− Ω̃‖+ |h− h̃|.

❯s✐♥❣ ✭✻✳✸✾✮✲✭✻✳✹✵✮✱ ♦❜s❡r✈❡ ❛s ❛❜♦✈❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✿

[
− Ľ

2 · (∇ ~Q+ h1∇~Y +) + ȟ1~Y
+
]
(· − L̃

2 ) +
[
Ľ
2 · (∇ ~Q+ h2∇~Y +)− ȟ2~Y

+
]
(·+ L̃

2 )

=
(

ž1·∇
−(ž1·∇)(ℓ1·∇)+(ℓ̌1·∇)

)
Q(x− z1)−

(
ž2·∇

−(ž2·∇)(ℓ2·∇)+(ℓ̌2·∇)

)
Q(x− z2)

+ ~W (ǎ+)− ~̌W (ã+) + ~̌ε⊥ − ~̌φ+OL2(|Ľ|2 + |ȟ|2 + |(ž1, ž2)|2).

✷✷✹



✻✳✹✳ P❘❖❖❋ ❖❋ ❚❍❊❖❘❊▼ ✻✳✺

◆♦t❡ t❤❛t ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ ✭✻✳✽✽✮ ❛♥❞

W̌ (a) :=
∑

k=1,2

{
Bk(a)Y̌k +

N∑

j=1

Vk,j(a)∂xj Q̌k

}
, ~̌W (a) :=

(
W̌ (a)

νW̌ (a)

)
.

Pr♦❥❡❝t✐♥❣ t❤✐s r❡❧❛t✐♦♥ ♦♥ ~Z+
k ✱ ✉s✐♥❣ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② r❡❧❛t✐♦♥s ♦♥ ~ε⊥✱

~̃ε⊥✱ ~φ✱
~̃
φ ❛♥❞ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t

❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✻✳✶✵✽✮✱ ✇❡ ✜♥❞

|β(a+k − ã+k )− (hk − h̃k)| . δ
(
‖Ω− Ω̃‖+ |h− h̃|

)
❢♦r k = 1, 2,

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

✻✳✹✳✺ ❊♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✺

❲❡ ✜rst ❝❧❛ss✐❢② 2✲s♦❧✐t❛r② ✇❛✈❡ ✇❤♦s❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐s ❝❤♦s❡♥ s♦ t❤❛t Ω = (L, ~φ ) ∈ V⊥
δ ✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✼✳ ❋♦r ❛❧❧ δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts ❛ ♠❛♣ H : V⊥
δ → B̄R2(δ) s✉❝❤ t❤❛t✱ ❣✐✈❡♥

Ω = (L, ~φ ) ∈ V⊥
δ ❛♥❞ h = (h1, h2) ∈ BR2(δ)✱ t❤❡ s♦❧✉t✐♦♥ ~u ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

~u(0) = ( ~Q+ h1~Y
+)(· − L

2 )− ( ~Q+ h2~Y
+)(·+ L

2 ) +
~φ

✐s ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ h = H(Ω)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛♥② Ω✱ Ω̃ ∈ V⊥
δ s✉❝❤ t❤❛t ‖Ω− Ω̃‖ < δ✱

|H(Ω)−H(Ω̃)| . δ
1
4 ‖Ω− Ω̃‖. ✭✻✳✶✶✸✮

Pr♦♦❢✳ ❋✐rst ♦❜s❡r✈❡ t❤❛t ❢r♦♠ Pr♦♣♦s✐t✐♦♥s ✻✳✶✾ ❛♥❞ ✻✳✷✶✱ ❢♦r ❛♥② Γ(0) ∈ W⊥
δ ✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

A+(Γ(0)) ∈ BR2(Cδ
5
4 ) s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~v ♦❢ ✭✻✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

~v(0) = ~Q1(0) + ~Q2(0) + ~W (a+1 (0), a
+
2 (0)) + ~ε⊥(0)

✇✐t❤ (a+1 (0), a
+
2 (0)) ∈ BR2(δ) ✐s ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (a+1 (0), a

+
2 (0)) = A+(Γ(0))✳ ▼♦r❡♦✈❡r✱

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s

|A+(Γ(0))−A+(Γ̃(0))| . δ
1
4 ‖Γ(0)− Γ̃(0)‖.

❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✻✳✷✻✱ t❤✐s ♠❡❛♥s t❤❛t

~u ✐s ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ a+[Ω, h] = A+(Γ[Ω, h]).

▲❡t ✉s s❤♦✇ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ h = H(Ω) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ H✳
❋♦r Ω ∈ V⊥

δ ✜①❡❞✱ ❛♥❞ h ∈ B̄R2(δ)✱ ❞❡✜♥❡

FΩ(h) = h− β
{
a+[Ω, h]−A+(Γ[Ω, h])

}
.

❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❛t FΩ : B̄R2(δ) → B̄R2(δ) ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ■♥❞❡❡❞✱ ❜②
▲❡♠♠❛ ✻✳✷✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✻✳✶✾✱

|FΩ(h)| ≤ |h− βa+[Ω, h]|+ |A+(Γ[Ω, h])| . δ
5
4 ,

❛♥❞

|FΩ(h)− FΩ(h̃)| ≤ |(h− h̃)− β(a+[Ω, h]− a+[Ω, h̃])|+ β|A+(Γ[Ω, h])−A+(Γ[Ω, h̃])|
. δ|h− h̃|+ δ

1
4 ‖Γ[Ω, h]− Γ[Ω, h̃]‖ . δ

1
4 |h− h̃|.

✷✷✺
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❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡H = H(Ω) ✐♥ B̄R2(δ) s✉❝❤ t❤❛t FΩ(H) = H✱
✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ a+[Ω, H] = A+(Γ[Ω, H])✳

❙❡❝♦♥❞✱ ❢♦r ❛♥② Ω✱ Ω̃ ∈ V⊥
δ ✱

|H(Ω)−H(Ω̃)| = |FΩ(H(Ω))− FΩ̃(H(Ω̃))|
≤ |FΩ(H(Ω))− FΩ(H(Ω̃))|+ |FΩ(H(Ω̃))− FΩ̃(H(Ω̃))|

≤ 1

2
|H(Ω)−H(Ω̃)|+ |FΩ(H(Ω̃))− FΩ̃(H(Ω̃))|

❛♥❞ s♦
|H(Ω)−H(Ω̃)| ≤ 2|FΩ(H(Ω̃))− FΩ̃(H(Ω̃))|.

❇② ❞❡✜♥✐t✐♦♥ ♦❢ FΩ(h)✱ ▲❡♠♠❛ ✻✳✷✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✻✳✶✾✱ ♦♥❡ ❤❛s

|FΩ(h)− FΩ̃(h)| ≤ β
(
|a+[Ω, h]− a+[Ω̃, h]|+ |A+(Γ[Ω, h])−A+(Γ[Ω̃, h])|

)

. δ‖Ω− Ω̃‖+ δ
1
4 ‖Γ[Ω, h]− Γ[Ω̃, h]‖ . δ

1
4 ‖Ω− Ω̃‖,

✇❤✐❝❤ ②✐❡❧❞s |H(Ω)−H(Ω̃)| . δ
1
4 ‖Ω− Ω̃‖✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✺✳ ❚❤❡ ♠❛♣ H ✇❛s ❝♦♥str✉❝t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✷✼ ✭❧♦❝❛❧❧②✮ ♦♥ ❛ s✉❜s♣❛❝❡✳ ❖✉r
❣♦❛❧ ✐s ♥♦✇ t♦ ❡①t❡♥❞ ✐t t♦ t❤❡ ❢✉❧❧ ♦♣❡♥ s❡t ❣✐✈❡♥ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❚❤❡♦r❡♠✳ ▲❡t δ > 0 t♦ ❜❡
✜①❡❞ ❧❛t❡r✳ ●✐✈❡♥ (L, ~φ) s✉❝❤ t❤❛t |L| > 10|logδ| ❛♥❞ ‖~φ‖H1×L2 < δ✱ ✇❡ ❞❡❝♦♠♣♦s❡

~φ = −h1,‖~Y +(· − L
2 ) + h2,‖~Y

+(·+ L
2 ) +

~φ⊥, 〈~φ⊥, ~Z+(· ± L
2 )〉 = 0.

❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❛ ❧✐♥❡❛r s②st❡♠ ♦♥ hk,‖ = hk,‖(L, ~φ) ♦❢ t❤❡ ❢♦r♠

{
h1,‖ = −β〈~φ, ~Z+(· − L

2 )〉+O(e−L/2h2,‖)

h2,‖ = β〈~φ, ~Z+(·+ L
2 )〉+O(e−L/2h1,‖)

✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥✈❡rt❡❞ ❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ❛♥❞ ❢✉rt❤❡r♠♦r❡✱ ❢♦r ❛♥② s✉❝❤ δ✱ ♦♥❡ ❤❛s

|h1,‖|+ |h2,‖|+ ‖~φ⊥‖H1×L2 6 C‖~φ‖H1×L2 , ✭✻✳✶✶✹✮

❛♥❞ t❤❡ ▲✐♣s❝❤✐t③ ❡st✐♠❛t❡s

∑

k=1,2

|hk,‖ − h̃k,‖|+ ‖~φ⊥ − ~̃
φ⊥‖H1×L2 6 C

(∣∣L− L̃
∣∣+ ‖~φ− ~̃

φ‖H1×L2

)
, ✭✻✳✶✶✺✮

❢♦r s♦♠❡ ❝♦♥st❛♥t C ✐♥❞❡♣❡♥❞❡♥t ♦❢ s♠❛❧❧ δ > 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ~φ⊥ ∈ V⊥
Cδ ❛♥❞ ✉♣ t♦ ❧♦✇❡r✐♥❣ δ✱ ✇❡ ❝❛♥

❛ss✉♠❡ t❤❛t Pr♦♣♦s✐t✐♦♥ ✻✳✷✼ ❛♣♣❧✐❡s ♦♥ t❤❛t s❡t✳ ❖❜s❡r✈❡ t❤❛t ♦✉r ✐♥✐t✐❛❧ ❞❛t❛ ❝❛♥ ❜❡ ✇r✐tt❡♥

~u(0) =
(
~Q+ (h1 − h1,‖)~Y

+
) (

· − L
2

)
−
(
~Q+ (h2 − h2,‖)~Y

+
) (

·+ L
2

)
+ ~φ⊥.

Pr♦♣♦s✐t✐♦♥ ✻✳✷✼ ❛ss❡rts t❤❛t ~u ✐s ❛ 2✲s♦❧✐t❛r② ✇❛✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ H(L, ~φ⊥) = (h1 − h1,‖, h2 − h2,‖) ♦r

❡q✉✐✈❛❧❡♥t❧② t❤❛t (h1,‖, h2,‖) +H(L, ~φ⊥) = (h1, h2)✳
❲❡ ❛r❡ t❤❡r❡❢♦r❡ ❧❡❞ t♦ ❞❡✜♥❡ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ H ❛s

H(L, ~φ) := (h1,‖, h2,‖) +H(L, ~φ⊥).

✭✇❤❡r❡ H(L, ~φ⊥) ✐s ❣✐✈❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✷✼✮✳ ❉✉❡ t♦ ✭✻✳✶✶✸✮✱ ✭✻✳✶✶✹✮ ❛♥❞ ✭✻✳✶✶✺✮✱ H(L, ~φ) ✐s ❛
▲✐♣s❝❤✐t③ ♠❛♣✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ H ♠❡❡ts t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ❚❤❡♦r❡♠ ✻✳✺✳

✷✷✻



❈❤❛♣t❡r ✼

▲♦♥❣✲t✐♠❡ ❛s②♠♣t♦t✐❝s ♦❢ t❤❡
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❛♠♣❡❞ ♥♦♥❧✐♥❡❛r
❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

❆❜str❛❝t✿ ❋♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❧✐♥❡❛r ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

∂2t u+ 2α∂tu− ∂2xu+ u− |u|p−1u = 0 ♦♥ R× R✱

✇✐t❤ α > 0 ❛♥❞ p > 2✱ ✇❡ ♣r♦✈❡ t❤❛t ❛♥② ❣❧♦❜❛❧ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥ ❡✐t❤❡r ❝♦♥✈❡r❣❡s t♦ 0 ♦r ❜❡❤❛✈❡s
❛s②♠♣t♦t✐❝❛❧❧② ❛s t → ∞ ❛s t❤❡ s✉♠ ♦❢ K ≥ 1 ❞❡❝♦✉♣❧❡❞ s♦❧✐t❛r② ✇❛✈❡s✳ ■♥ t❤❡ ♠✉❧t✐✲s♦❧✐t♦♥ ❝❛s❡
K ≥ 2✱ t❤❡ s♦❧✐t❛r② ✇❛✈❡s ❤❛✈❡ ❛❧t❡r♥❛t❡ s✐❣♥s ❛♥❞ t❤❡✐r ❞✐st❛♥❝❡s ❛r❡ ♦❢ ♦r❞❡r logt✳

✷✷✼
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✼✳✶ ■♥tr♦❞✉❝t✐♦♥

✼✳✶✳✶ ▼❛✐♥ r❡s✉❧ts

❲❡ ❝♦♥s✐❞❡r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❧✐♥❡❛r ❢♦❝✉s✐♥❣ ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

∂2t u+ 2α∂tu− ∂2xu+ u− f(u) = 0, (t, x) ∈ R× R, f(u) = |u|p−1u, ✭✼✳✶✮

✇✐t❤ α > 0 ❛♥❞ p > 2✳ ■t ❢♦❧❧♦✇s ❢r♦♠ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts t❤❛t t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ✭✼✳✶✮ ✐s ❧♦❝❛❧❧②
✇❡❧❧✲♣♦s❡❞ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ H1 ×L2 ✭s❡❡ r❡❢❡r❡♥❝❡s ✐♥ ➓✼✳✷✳✶✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s
❜❧♦✇✐♥❣ ✉♣ ✐♥ ✜♥✐t❡ t✐♠❡ ✐s ✇❡❧❧✲❦♥♦✇♥✱ ❬✶✷❪✳ ❉❡♥♦t❡ F (u) = 1

p+1 |u|p+1✳ ❉❡✜♥✐♥❣ t❤❡ ❡♥❡r❣② ♦❢ ❛
s♦❧✉t✐♦♥ ~u = (u, ∂tu) ❜②

E(~u) =
1

2

∫ {
(∂tu)

2 + (∂xu)
2 + u2 − 2F (u)

}
dx, ✭✼✳✷✮

✐t ❤♦❧❞s ❢♦r♠❛❧❧②

E(~u(t2))− E(~u(t1)) = −2α

∫ t2

t1

‖∂tu(t)‖2L2 dt. ✭✼✳✸✮

■t ✐s ❛❧s♦ ✇❡❧❧✲❦♥♦✇♥ t❤❛t ✉♣ t♦ s✐❣♥ ❛♥❞ tr❛♥s❧❛t✐♦♥✱ t❤❡ ♦♥❧② st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮ ✐s t❤❡ s♦❧✐t❛r②
✇❛✈❡ (Q, 0)✱ ✇❤❡r❡ Q ✐s t❤❡ ❡①♣❧✐❝✐t ❣r♦✉♥❞ st❛t❡

Q(x) =

(
p+ 1

2 cosh2
(p−1

2 x
)
) 1

p−1

, ✭✼✳✹✮

✇❤✐❝❤ s♦❧✈❡s t❤❡ ❡q✉❛t✐♦♥
Q′′ −Q+Qp = 0 ♦♥ R✳ ✭✼✳✺✮

❘❡♠❛r❦❛❜❧❡ r❡s✉❧ts ❛♥❞ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✷✱ ✶✻✱ ✺✸✱ ✽✵✱ ✽✶❪ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❧♦♥❣✲
t✐♠❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢ ✭✼✳✶✮ ❛♥❞ ♦❢ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛♥ts ♦❢ t❤✐s ♠♦❞❡❧
❢♦r s✉✐t❛❜❧❡ ♥♦♥❧✐♥❡❛r✐t✐❡s✳ ❋r♦♠ t❡❝❤♥✐q✉❡s ✐♥ ❬✶✷✱ ✶✻❪✱ ❛❧❧ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ❛r❡ ♣r♦✈❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞ ✐♥
t❤❡ ❡♥❡r❣② s♣❛❝❡ ✭s❡❡ ❚❤❡♦r❡♠ ✼✳✻✮✳ ❋r♦♠ ❬✺✸❪ ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥✲❝♦♠♣❛❝t♥❡ss ♣r✐♥❝✐♣❧❡ ❛s st❛t❡❞
✐♥ ❬✽✵✱ ✽✶❪✱ ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ❡✐t❤❡r ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡✱ ♦r ❞❡❝♦♠♣♦s❡s ❛❧♦♥❣ ❛
s✉❜s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ✐♥t♦ ❛ s✉♠ ♦❢ ❞❡❝♦✉♣❧❡❞ ❣r♦✉♥❞ st❛t❡s ✭s❡❡ ❚❤❡♦r❡♠ ✼✳✼ ❛♥❞ ❘❡♠❛r❦ ✼✳✾✮✳ ❋♦r
s♣❛❝❡ ❞✐♠❡♥s✐♦♥ 2 ≤ N ≤ 6✱ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬✶✷❪ t❤❛t ❛♥② ❣❧♦❜❛❧ r❛❞✐❛❧❧② s②♠♠❡tr✐❝ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s
❡✐t❤❡r t♦ 0 ♦r t♦ ❛ s✐♥❣❧❡ s♦❧✐t❛r② ✇❛✈❡ ❛s t → ∞✳ ■♥ ❬✷✾❪✱ ✐♥ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ 1 6 N 6 5 ❛♥❞ ❢♦r
❡♥❡r❣② s✉❜❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥ ❝♦♥t❛✐♥✐♥❣ t✇♦
s♦❧✐t❛r② ✇❛✈❡s ❛r❡ ❞❡s❝r✐❜❡❞ ❛♥❞ ❝❧❛ss✐✜❡❞✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ♣r❡s❡♥t ❛rt✐❝❧❡ ✐s t♦ ❝♦♠♣❧❡♠❡♥t t❤♦s❡ ✇♦r❦s ❜② ❞❡s❝r✐❜✐♥❣ ♣r❡❝✐s❡❧② t❤❡
❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ❛s t → ∞ ♦❢ ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❘❡♠❛r❦ ✼✳✶✵✳

❚❤❡♦r❡♠ ✼✳✶✳ ❋♦r ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ~u ∈ C
(
[0,∞), H1 × L2

)
♦❢ ✭✼✳✶✮✱ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡

s❝❡♥❛r✐♦s ♦❝❝✉rs✿

❱❛♥✐s❤✐♥❣ ~u(t) ❝♦♥✈❡r❣❡s ❡①♣♦♥❡♥t✐❛❧❧② t♦ 0 ✐♥ H1 × L2 ❛s t→ ∞✳

❙✐♥❣❧❡ s♦❧✐t♦♥ ❚❤❡r❡ ❡①✐st σ = ±1✱ ℓ ∈ R s✉❝❤ t❤❛t ~u(t) ❝♦♥✈❡r❣❡s ❡①♣♦♥❡♥t✐❛❧❧② t♦ (σQ(· − ℓ), 0) ✐♥
H1 × L2 ❛s t→ ∞✳

▼✉❧t✐✲s♦❧✐t♦♥ ❚❤❡r❡ ❡①✐st K ≥ 2✱ σ = ±1✱ ℓ ∈ R ❛♥❞ ❢✉♥❝t✐♦♥s zk : [0,∞) → R✱ ❢♦r ❛❧❧ k = 1, . . . ,K
s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ (0,∞)✱

∥∥∥∥∥u(t)− σ
K∑

k=1

(−1)kQ(· − zk(t))

∥∥∥∥∥
H1

+ ‖∂tu(t)‖L2 . t−1, ✭✼✳✻✮

✷✷✽
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❛♥❞ ❢♦r ❛♥② 1 < θ < min(p− 1, 54)✱ k = 1, . . . ,K✱

zk(t) =

(
k − K + 1

2

)
logt+ τk + ℓ+O(t−θ+1), ✭✼✳✼✮

❛s t→ ∞✱ ✇❤❡r❡ τk ❛r❡ t❤❡ ❝♦♥st❛♥ts ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜②

K∑

k=1

τk = 0, e−(τk+1−τk) =
2α

κ
γk ✇❤❡r❡ γk =

k(K − k)

2
, ✭✼✳✽✮

❛♥❞ κ > 0 ❞❡✜♥❡❞ ✐♥ ✭✼✳✸✽✮ ♦♥❧② ❞❡♣❡♥❞s ♦♥ p✳

❘❡♠❛r❦ ✼✳✷✳ ❚❤❡ ♣❛r❛♠❡t❡r ℓ ✐s r❡❧❛t❡❞ t♦ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡✳ ■♥ t❤❡ ✈❛♥✐s❤✐♥❣ ❛♥❞ t❤❡ s✐♥❣❧❡
s♦❧✐t♦♥ ❝❛s❡s✱ t❤❡ ❞❛♠♣✐♥❣ ❧❡❛❞s t♦ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛s t → ∞✳ ■♥ t❤❡ ♠✉❧t✐✲s♦❧✐t♦♥ ❝❛s❡✱ ❞✉❡
t♦ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s♦❧✐t❛r② ✇❛✈❡s✱ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✭✼✳✼✮ ♦❢ t❤❡ ❝❡♥t❡rs
♦❢ ♠❛ss zk ✐s r❡❧❛t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ s②st❡♠





ẏ1 = − κ

2α
e−(y2−y1),

ẏk =
κ

2α

(
e−(yk−yk−1) − e−(yk+1−yk)

)
, ❢♦r k = 2, · · · ,K − 1,

ẏK =
κ

2α
e−(yK−yK−1).

✭✼✳✾✮

❚❤✐s s②st❡♠ ✐s st✉❞✐❡❞ ✐♥ ❬✸✸✱ ✾✸❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❜❧♦✇✉♣ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✇❛✈❡ ❡q✉❛t✐♦♥✳
❚❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❛t s❤♦rt ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ s♦❧✐t❛r② ✇❛✈❡s ❛❧s♦ ②✐❡❧❞ t❤❡ s❧♦✇❡r r❛t❡ ♦❢
❝♦♥✈❡r✈❡♥❝❡ t−1 ✐♥ ✭✼✳✻✮✳ ❙❡❡ ❬✻✺✱ ✶✵✾✱ ✶✶✵❪ ❢♦r ♦t❤❡r ❡①❛♠♣❧❡s ♦❢ str♦♥❣ ✐♥t❡r❛❝t✐♦♥s ❧❡❛❞✐♥❣ t♦ logt
❞✐st❛♥t s♦❧✐t❛r② ✇❛✈❡s✳

❚❤❡♦r❡♠ ✼✳✶ ✐s ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❢♦r ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❛♠♣❡❞
♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥ ✭✼✳✶✮✱ ✇✐t❤ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ♦❢ t✐♠❡ ❛♥❞ ❛ ❞❡s❝r✐♣✲
t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡s✳ ❚❤❡ ❝❛s❡ ♦❢ t❤❡ ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥ ♦♥ ❛
❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ❢♦r s✉✐t❛❜❧❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✐s ❛❞❞r❡ss❡❞ ✐♥ ❬✶✽✱ ❚❤❡♦r❡♠ ✾✳✺✳✸❪❀ s❡❡ ❛❧s♦ r❡❢❡r❡♥❝❡s
t❤❡r❡✐♥✳

❲❡ r❡❢❡r t♦ ❬✷✸✱ ✹✻✱ ✹✸❪ ❢♦r r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ❝♦♥❥❡❝t✉r❡ ❢♦r t❤❡ ❝❤❛❧❧❡♥❣✐♥❣
❝❛s❡ ♦❢ t❤❡ ✉♥❞❛♠♣❡❞ ❡♥❡r❣② ❝r✐t✐❝❛❧ ✇❛✈❡ t②♣❡ ❡q✉❛t✐♦♥✳

❖❜✈✐♦✉s❧②✱ ~u = (0, 0) ❛♥❞ ~u = (Q, 0) ❛r❡ ❡①❛♠♣❧❡s ♦❢ t❤❡ ✜rst t✇♦ s❝❡♥❛r✐♦s ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳ ❖✉r
s❡❝♦♥❞ r❡s✉❧t ❣✐✈❡s ❡①❛♠♣❧❡s ♦❢ t❤❡ t❤✐r❞ s❝❡♥❛r✐♦ ❢♦r ❛♥② K ≥ 2✳

❚❤❡♦r❡♠ ✼✳✸✳ ❋♦r ❛♥② K ≥ 2✱ σ = ±1 ❛♥❞ ℓ ∈ R✱ t❤❡r❡ ❡①✐st ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ♦❢ ✭✼✳✶✮ s❛t✐s❢②✐♥❣
✭✼✳✻✮ ❛♥❞ ✭✼✳✼✮✳

✼✳✶✳✷ ◆♦t❛t✐♦♥ ❛♥❞ ❜❛s✐❝ r❡s✉❧ts ♦♥ t❤❡ s♦❧✐t❛r② ✇❛✈❡

❲❡ ❞❡♥♦t❡ 〈·, ·〉 t❤❡ L2 s❝❛❧❛r ♣r♦❞✉❝t ❢♦r r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ui ♦r ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ~ui = (ui, vi)
✭i = 1, 2✮

〈u1, u2〉 :=
∫
u1(x)u2(x) dx, 〈~u1, ~u2〉 :=

∫
u1(x)u2(x) dx+

∫
v1(x)v2(x) dx.

❲❡ s❡❡ ❢r♦♠ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ Q ✐♥ ✭✼✳✹✮ t❤❛t✱ ❛s x→ ∞✱

Q(x) = cQe
−x +O(e−2x), Q′(x) = −cQe−x +O(e−2x) ✭✼✳✶✵✮

✇❤❡r❡ cQ = (2p+ 2)
1

p−1 ✳ ◆♦t❡ t❤❛t ❜② ✭✼✳✺✮✱ ✐t ❤♦❧❞s
∫
(∂xQ)2 +Q2 −Qf(Q) = 0 ❛♥❞ s♦

E(Q, 0) =

(
1

2
− 1

p+ 1

)∫
Qp+1 > 0. ✭✼✳✶✶✮

✷✷✾
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▲✐♥❡❛r✐③✐♥❣ ❡q✉❛t✐♦♥ ✭✼✳✶✮ ❛r♦✉♥❞ t❤❡ st❛t✐❝ s♦❧✉t✐♦♥ Q ❛♥❞ ❞✐s❝❛r❞✐♥❣ ♥♦♥❧✐♥❡❛r t❡r♠s ②✐❡❧❞s t❤❡
❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❡q✉❛t✐♦♥

∂2t ε+ 2α∂tε− ∂2xε+ ε− pQp−1ε = 0. ✭✼✳✶✷✮

❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ✉♥❞❛♠♣❡❞ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r L ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ q✉❛❞r❛t✐❝
❢♦r♠✿

L = −∂2x + 1− pQp−1, 〈Lε, ε〉 =
∫ {

|∂xε|2 + ε2 − pQp−1ε2
}
dx.

❲✐t❤ s✉❝❤ ♥♦t❛t✐♦♥✱ ✇❡ r❡✇r✐t❡ ✭✼✳✶✷✮ ❢♦r t❤❡ ✈❛r✐❛❜❧❡ ~ε = (ε, η) ❛s

{
∂tε = η

∂tη = −Lε− 2αη.
✭✼✳✶✸✮

❲❡ r❡❝❛❧❧ s♦♠❡ st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r L ✭s❡❡ ❡✳❣✳ ❬✸✶✱ ▲❡♠♠❛ ✶❪✮✳

▲❡♠♠❛ ✼✳✹✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✳

✭✐✮ ❙♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ✉♥❜♦✉♥❞❡❞ ♦♣❡r❛t♦r L ♦♥ L2 ✇✐t❤ ❞♦♠❛✐♥ H2 ✐s s❡❧❢✲❛❞❥♦✐♥t✱ ✐ts ❝♦♥✲
t✐♥✉♦✉s s♣❡❝tr✉♠ ✐s [1,∞)✱ ✐ts ❦❡r♥❡❧ ✐s span{Q′} ❛♥❞ ✐t ❤❛s ❛ ✉♥✐q✉❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ −ν20 ✱
✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ s♠♦♦t❤ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ Y (‖Y ‖L2 = 1)✳ ▼♦r❡♦✈❡r✱ ♦♥ R✱

|Y (n)(x)| . e−
√

1+ν20 |x| ❢♦r ❛♥② n ∈ N.

✭✐✐✮ ❈♦❡r❝✐✈✐t② ♣r♦♣❡rt②✳ ❚❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ε ∈ H1✱

〈Lε, ε〉 > c‖ε‖2H1 − c−1
(
〈ε, Y 〉2 + 〈ε,Q′〉2

)
.

❘❡❝❛❧❧ t❤❛t t❤❡ ✉♥✐q✉❡ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ L ✐s r❡❧❛t❡❞ t♦ ❛♥ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡ ❢♦r
t❤❡ ❡q✉❛t✐♦♥ ✭✼✳✶✮✱ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s✿

ν± = −α±
√
α2 + ν20 ,

~Y ± =

(
Y
ν±Y

)
. ✭✼✳✶✹✮

■♥❞❡❡❞✱ t❤❡ ❢✉♥❝t✐♦♥s ~ε±(t, x) = exp(ν±t)~Y ±(x) ❛r❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✼✳✶✸✮✳ ❙✐♥❝❡
ν+ > 0✱ t❤❡ s♦❧✉t✐♦♥ ~ε+ ✐❧❧✉str❛t❡s t❤❡ ❢♦r✇❛r❞ ❡①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡ ❞❡s♣✐t❡ t❤❡
♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞❛♠♣✐♥❣ α > 0 ✐♥ t❤❡ ❡q✉❛t✐♦♥✳ ❆♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✐♥st❛❜✐❧✐t② ✐s ♦❜t❛✐♥❡❞
❜② s❡tt✐♥❣

ζ± = α±
√
α2 + ν20 ,

~Z± =

(
ζ±Y
Y

)
. ✭✼✳✶✺✮

❚❤❡♥✱ ❢♦r ❛♥② s♦❧✉t✐♦♥ ~ε ♦❢ ✭✼✳✶✸✮✱ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t q✉❛♥t✐t② a± = 〈~ε , ~Z±〉 s❛t✐s✜❡s

da±

dt
= ν±a±.

❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠✱ s❡❡ ✭✐✈✮ ♦❢ ▲❡♠♠❛ ✼✳✶✸✳

✼✳✷ ●❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣❛t❤❡r s♦♠❡ ❦♥♦✇♥ ♠❛t❡r✐❛❧ ♦♥ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥s ♦❢ ✭✼✳✶✮✳ ❲❡ r❡♣❡❛t s♦♠❡
♣r♦♦❢s ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳

✷✸✵
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✼✳✷✳✶ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡

■t ✐s ✇❡❧❧✲❦♥♦✇♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✽✱ ❈❤❛♣t❡r ✾✳✺❪✮ t❤❛t t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠

∂2t u+ 2α∂tu− ∂2xu+ u = 0 (t, x) ∈ R× R

❣❡♥❡r❛t❡s ❛ str♦♥❣❧② ❝♦♥t✐♥✉♦✉s s❡♠✐❣r♦✉♣ ♦❢ ❝♦♥tr❛❝t✐♦♥s (Sα(t))t≥0 ✐♥ H1×L2 ♦r L2×H−1 s❛t✐s❢②✐♥❣✱
❢♦r s♦♠❡ C ≥ 1✱ γ > 0✱

‖Sα(t)‖L(H1×L2) ≤ Ce−γt, ‖Sα(t)‖L(L2×H−1) ≤ Ce−γt, ✭✼✳✶✻✮

❢♦r ❛❧❧ t ≥ 0✳ ❘❡❝❛❧❧ ❛❧s♦ t❤❛t t❤❡ ♠❛♣ u 7→ f(u) ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢r♦♠ ❜♦✉♥❞❡❞ s❡ts ♦❢ H1 t♦
L2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ st❛♥❞❛r❞ t❤❡♦r② ♦❢ s❡♠✐❧✐♥❡❛r ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✽✱ ❈❤❛♣t❡r
✹✳✸❪ ♦r ❬✶✵✸❪✮ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✼✳✺✳ ❋♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ (u0, v0) ∈ H1 × L2✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥

~u = (u, ∂tu) ∈ C([0, Tmax), H
1 × L2) ∩ C1([0, Tmax), L

2 ×H−1)

♦❢ ✭✼✳✶✮ s❛t✐s❢②✐♥❣ ~u(0) = (u0, v0)✳ ■❢ t❤❡ ♠❛①✐♠❛❧ t✐♠❡ ♦❢ ❡①✐st❡♥❝❡ Tmax ✐s ✜♥✐t❡✱ t❤❡♥ limt↑Tmax ‖~u(t)‖H1×L2 =
∞✳

▼♦r❡♦✈❡r✱ t❤❡ ♠❛♣ Tmax : (u0, v0) ∈ H1×L2 7→ (0,∞] ✐s ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ✐❢ (u0,n, v0,n) →n→∞
(u0, v0) ✐♥ H1 × L2 t❤❡♥✱ ❢♦r ❛♥② 0 < T < Tmax✱

(un, ∂tun) → (u, ∂tu) ✐♥ C([0, T ], H1 × L2)✱

✇❤❡r❡ (un, ∂tun) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (u0,n, v0,n)✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ s②st❡♠❛t✐❝❛❧❧② ✇♦r❦ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ s✉❝❤ ♠❛①✐♠❛❧ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥s✱ ❢♦r
✇❤✐❝❤ ✐t ✐s st❛♥❞❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡ r❡❧❛t✐♦♥ ✭✼✳✸✮ ❤♦❧❞s✳ ❲❡ ❝❛❧❧ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ❛ s♦❧✉t✐♦♥ ❢♦r ✇❤✐❝❤
Tmax = ∞✳ ❲❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r s♦❧✉t✐♦♥s ♦❢ ✭✼✳✶✮ ❜❛❝❦✇❛r❞s ✐♥ t✐♠❡ ✭✐✳❡✳ ❢♦r ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ t✮✳

✼✳✷✳✷ ❇♦✉♥❞ ♦♥ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s

●❛t❤❡r✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❬✶✻❪ ❛♥❞ ❬✶✷✱ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✼❪✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ♦♥ ❣❧♦❜❛❧
s♦❧✉t✐♦♥s ♦❢ ✭✼✳✶✮✳ ◆♦t❡ t❤❛t ❬✶✻❪ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ✉♥❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥✱ ❜✉t ❛s s✉❣❣❡st❡❞
✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥ ♦❢ ❬✶✷❪✱ t❤❡ ♣r♦♦❢ ❡①t❡♥❞s t♦ t❤❡ ❞❛♠♣❡❞ ❝❛s❡✳

❚❤❡♦r❡♠ ✼✳✻ ✭❬✶✷✱ ✶✻❪✮✳ ❆♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮ ✐s ❜♦✉♥❞❡❞ ✐♥ H1 × L2✳

Pr♦♦❢✳ ▲❡t ~u ❜❡ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ E(t) := E(~u(t)) ❞❡✜♥❡❞
✐♥ ✭✼✳✷✮ ❛♥❞ s❛t✐s❢②✐♥❣ ✭✼✳✸✮✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s

M(t) :=
1

2
‖u(t)‖2L2 + α

∫ t

0
‖u(s)‖2L2 ds,

W (t) :=
1

2

(
‖∂tu(t)‖2L2 + ‖∂xu(t)‖2L2 + ‖u(t)‖2L2

)
.

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥s ✉s✐♥❣ ✭✼✳✶✮ ❛♥❞ ✭✼✳✷✮✱ ✇❡ ❝❤❡❝❦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s

M ′(t) =
∫
u(t)∂tu(t) dx+ α‖u(t)‖2L2 ✭✼✳✶✼✮

=

∫
u(t)∂tu(t) dx+ 2α

∫ t

0

∫
u(s)∂tu(s) dx ds+ α‖u(0)‖2L2 , ✭✼✳✶✽✮

M ′′(t) =
p+ 3

2
‖∂tu(t)‖2L2 +

p− 1

2

(
‖∂xu(t)‖2L2 + ‖u(t)‖2L2

)
− (p+ 1)E(t), ✭✼✳✶✾✮

W ′(t) = −2α‖∂tu(t)‖2L2 +

∫
f(u(t))∂tu(t) dx. ✭✼✳✷✵✮

✷✸✶
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■♥ ♣❛rt✐❝✉❧❛r✱ ❢r♦♠ ✭✼✳✶✼✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱

|M ′(t)| ≤ (1 + 2α)W (t). ✭✼✳✷✶✮

▼♦r❡♦✈❡r✱ ❜② ✭✼✳✸✮ ❛♥❞ ✭✼✳✶✾✮✱

M ′′(t) ≥ (p− 1)W (t)− (p+ 1)E(0). ✭✼✳✷✷✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❣❧♦❜❛❧ ❜♦✉♥❞ ♥♦✇ ♣r♦❝❡❡❞s ✐♥ t❤r❡❡ st❡♣s✳
❙t❡♣ ✶✳ ❲❡ ♣r♦✈❡ t❤❛t

lim inf
t→∞

M ′(t) <∞. ✭✼✳✷✸✮

Pr♦♦❢ ♦❢ ✭✼✳✷✸✮✳ ❲❡ ❛r❣✉❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ♣r♦✈✐♥❣ t❤❛t lim∞M ′ = ∞ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✱
❢♦r ❛❧❧ t ❧❛r❣❡ ❡♥♦✉❣❤✱

(1 + ǫ)[M ′(t)]2 < M ′′(t)M(t) ✇❤❡r❡ ǫ > 0. ✭✼✳✷✹✮

❚❤❡♥✱ ✇❡ r❡❛❝❤ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❜② ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t✳ ■♥❞❡❡❞✱ r❡♠❛r❦ t❤❛t ✭✼✳✷✹✮ ✐♠♣❧✐❡s d2

dt2
[M−ǫ(t)] <

0✱ ❛♥❞ lim∞M ′ = ∞ ❛❧s♦ ✐♠♣❧✐❡s lim∞M−ǫ = 0✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts t1 > 0 s✉❝❤ t❤❛t d
dt [M

−ǫ(t1)] < 0✱
❛♥❞ ❢♦r ❛❧❧ t ≥ t1✱

0 ≤M−ǫ(t) ≤M−ǫ(t1) + (t− t1)
d

dt
[M−ǫ(t1)],

✇❤✐❝❤ ✐s ❛❜s✉r❞ ❢♦r t ≥ t1 ❧❛r❣❡ ❡♥♦✉❣❤✳
❚❤✉s✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ ✭✼✳✷✹✮ ❛ss✉♠✐♥❣ lim∞M ′ = ∞✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜② ✭✼✳✶✽✮ ❛♥❞ t❤❡

❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✐t ❤♦❧❞s

|M ′| ≤ ‖u‖L2‖∂tu‖L2 + 2α

(∫ t

0
‖u(s)‖2L2 ds

) 1
2
(∫ t

0
‖∂tu(s)‖2L2 ds

) 1
2

+ α‖u(0)‖2L2 .

▲❡t ǫ > 0 t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ ✇❡ ❡st✐♠❛t❡

|M ′|2 ≤ (1 + ǫ)

[
‖u‖L2‖∂tu‖L2 + 2α

(∫ t

0
‖u(s)‖2L2 ds

) 1
2
(∫ t

0
‖∂tu(s)‖2L2 ds

) 1
2

]2

+

(
1 +

1

ǫ

)
α2‖u(0)‖4L2 .

❚❤✉s✱

|M ′|2 ≤ (1 + ǫ)

[
1

2
‖u‖2L2 + α

∫ t

0
‖u(s)‖2L2 ds

] [
2‖∂tu‖2L2 + 4α

∫ t

0
‖∂tu(s)‖2L2 ds

]

+

(
1 +

1

ǫ

)
α2‖u(0)‖4L2

≤ (1 + ǫ)M

[
2‖∂tu‖2L2 + 4α

∫ t

0
‖∂tu(s)‖2L2 ds

]
+

(
1 +

1

ǫ

)
α2‖u(0)‖4L2 .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✼✳✸✮ ❛♥❞ ✭✼✳✶✾✮✱

M ′′ = 2‖∂tu‖2L2 + (p− 1)W + 2α(p+ 1)

∫ t

0
‖∂tu(s)‖2L2 ds− (p+ 1)E(0)

≥ (1 + ǫ)3
[
2‖∂tu‖2L2 + 4α

∫ t

0
‖∂tu(s)‖2L2 ds

]
+
p− 1

2
W (t)− (p+ 1)E(0),

❜② ✜①✐♥❣ ❛♥② ǫ s✉❝❤ t❤❛t

0 < ǫ <

(
p+ 7

8

) 1
3

− 1.

✷✸✷
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■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ lim∞W = ∞ ❜② ✭✼✳✷✶✮ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ lim∞M ′ = ∞✱ ✇❡ ❤❛✈❡ ❢♦r t ❧❛r❣❡
❡♥♦✉❣❤✱

M ′′ ≥ (1 + ǫ)3
[
2‖∂tu‖2L2 + 4α

∫ t

0
‖∂tu(s)‖2 ds

]
.

❚❤✉s✱

(1 + ǫ)2|M ′|2 ≤MM ′′ +

(
1 +

1

ǫ

)
α2‖u(0)‖4L2 ,

❛♥❞ ✉s✐♥❣ ❛❣❛✐♥ lim∞M ′ = ∞ ✇❡ ♦❜t❛✐♥ ✭✼✳✷✹✮ ❢♦r ❛♥② t ❧❛r❣❡ ❡♥♦✉❣❤✳
❙t❡♣ ✷✳ ❲❡ ♣r♦✈❡ t❤❛t

sup
t∈[0,∞)

|M ′(t)| <∞. ✭✼✳✷✺✮

Pr♦♦❢ ♦❢ ✭✼✳✷✺✮✳ ❈♦♠❜✐♥✐♥❣ ✭✼✳✷✶✮ ❛♥❞ ✭✼✳✷✷✮✱ ✇❡ ♦❜t❛✐♥

M ′′(t) ≥ p− 1

1 + 2α
|M ′(t)| − (p+ 1)E(0).

▲❡t

H(t) =
p− 1

1 + 2α
M ′(t)− (p+ 1)E(0).

❚❤❡♥✱ H ′(t) = p−1
1+2αM

′′(t) ≥ p−1
1+2αH(t)✳ ■❢ t❤❡r❡ ❡①✐sts t ≥ 0 s✉❝❤ t❤❛t H(t) > 0✱ t❤❡♥ lim∞H = ∞✱

❝♦♥tr❛❞✐❝t✐♥❣ ✭✼✳✷✸✮✳ ■t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛❧❧ t ≥ 0✱

M ′(t) ≤ 1 + 2α

p− 1
(p+ 1)E(0).

❙✐♠✐❧❛r❧②✱ ❧❡t

K(t) = − p− 1

1 + 2α
M ′(t) + (p+ 1)E(0).

❚❤❡♥✱ K ′(t) = − p−1
1+2αM

′′(t) ≤ − p−1
1+2αK(t)✳ ■t ❢♦❧❧♦✇s t❤❛t K(t) ≤ e−

p−1
1+2α

tK(0), ❢♦r ❛❧❧ t ≥ 0✳ ❚❤✉s✱

M ′(t) ≥ −1 + 2α

p− 1
((p+ 1)E(0) + |K(0)|) .

❛♥❞ ✭✼✳✷✺✮ ✐s ♣r♦✈❡❞✳
❙t❡♣ ✸✳ ▲❛st✱ ✇❡ ♣r♦✈❡ t❤❡ ❣❧♦❜❛❧ ❜♦✉♥❞

sup
t∈[0,∞)

|W (t)| <∞. ✭✼✳✷✻✮

Pr♦♦❢ ♦❢ ✭✼✳✷✻✮✳ ❲❡ r❡✇r✐t❡ ✭✼✳✷✷✮ ❛s

W (t) ≤ 1

p− 1
M ′′(t) +

p+ 1

p− 1
E(0).

■♥t❡❣r❛t✐♥❣ ♦♥ (t, t+ 1) ❛♥❞ ✉s✐♥❣ ✭✼✳✷✺✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

sup
t≥0

∫ t+1

t
W (s) ds <∞. ✭✼✳✷✼✮

▼♦r❡♦✈❡r✱ ❜② ✭✼✳✷✵✮✱

W ′ ≤ −2α‖∂tu‖2L2 +

∫
|u|p|∂tu| ≤

1

2
‖∂tu‖2L2 +

1

2

∫
|u|2p ≤W +

1

2

∫
|u|2p.

✷✸✸
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❋♦r t ≥ 1 ❛♥❞ τ ∈ (0, 1)✱ ✐♥t❡❣r❛t✐♥❣ ♦♥ (t− τ, t)✱ ✇❡ ✜♥❞

W (t) ≤W (t− τ) +

∫ t

t−τ
W (s) ds+

1

2

∫ t

t−τ

∫
|u(s)|2p dx ds

≤W (t− τ) +

∫ t

t−1
W (s) ds+

1

2

∫ t

t−1

∫
|u(s)|2p dx ds.

❯s✐♥❣ t❤❡ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ✭✐♥ s♣❛❝❡✲t✐♠❡✮ ❢♦r t❤❡ ❧❛st t❡r♠✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r s♦♠❡ ❝♦♥st❛♥ts C > 0✱

W (t) ≤W (t− τ) +

∫ t

t−1
W (s) ds+ C‖u‖2p

H1((t−1,t)×R)

≤W (t− τ) +

∫ t

t−1
W (s) ds+ C

(∫ t

t−1
W (s) ds

)p

.

■♥t❡❣r❛t✐♥❣ ✐♥ τ ∈ (0, 1) ❛♥❞ ✉s✐♥❣ ✭✼✳✷✼✮✱ ✇❡ ✜♥❞ ✭✼✳✷✻✮✳

✼✳✷✳✸ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡

❚❤❡♦r❡♠ ✼✳✼ ✭❬✺✸✱ ✽✵✱ ✽✶❪✮✳ ❆♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ~u ♦❢ ✭✼✳✶✮

• ❡✐t❤❡r ❝♦♥✈❡r❣❡s t♦ 0✱ ✐✳❡✳ limt→∞ ‖~u(t)‖H1×L2 = 0 ;

• ♦r ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❛ ✭♠✉❧t✐✲✮s♦❧✐t❛r② ✇❛✈❡ ❛❧♦♥❣ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t✐♠❡✿ t❤❡r❡ ❡①✐st K ≥ 1✱ ❛
s❡q✉❡♥❝❡ tn → ∞✱ ❛ s❡q✉❡♥❝❡ (ξk,n)k∈{1,...,K} ∈ RK ❛♥❞ s✐❣♥s σk = ±1✱ ❢♦r ❛♥② k ∈ {1, . . . ,K}✱
s✉❝❤ t❤❛t

lim
n→∞

{∥∥∥u(tn)−
K∑

k=1

σkQ(· − ξk,n)
∥∥∥
H1

+ ‖∂tu(tn)‖L2

}
= 0 ✭✼✳✷✽✮

❛♥❞ ✐♥ t❤❡ ❝❛s❡ K ≥ 2✱

lim
n→∞

ξk+1,n − ξk,n = ∞ ❢♦r ❛♥② 1 ≤ k ≤ K − 1✳

❘❡♠❛r❦ ✼✳✽✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ~u s❛t✐s✜❡s ✭✼✳✷✽✮ ❢♦r t✇♦ ❞✐✛❡r❡♥t s❡q✉❡♥❝❡s (tn)n
❛♥❞ (t′n)n✱ t❤❡♥ t❤❡ ♥✉♠❜❡r K ≥ 1 ♦❢ s♦❧✐t❛r② ✇❛✈❡s ✐s t❤❡ s❛♠❡ ❢♦r ❜♦t❤ s❡q✉❡♥❝❡s✳ ■♥❞❡❡❞✱ ❜②
♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ❡♥❡r❣② ✭✼✳✸✮ ❛♥❞ ✭✼✳✶✶✮✱ ✐t ❤♦❧❞s

lim
t→∞

E(~u(t)) = K E(Q, 0) > 0. ✭✼✳✷✾✮

❘❡♠❛r❦ ✼✳✾✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣❡r r❡s✉❧t ❤♦❧❞s ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❚❤❡♦r❡♠ ✼✳✼✿ ❢♦r ❛♥② s❡q✉❡♥❝❡
(tn)n ✇✐t❤ tn → ∞✱ t❤❡ ♠✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡ ❜❡❤❛✈✐♦r ✭✼✳✷✽✮ ✐s s❛t✐s✜❡❞ ❢♦r ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (tn)n✳ ❚❤✐s
r❡s✉❧t✱ ✈❛❧✐❞ ♦♥ ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮✱ ✐s q✉✐t❡ r❡♠❛r❦❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐t ❞♦❡s ♥♦t ❢✉❧❧② ❞❡s❝r✐❜❡
t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ❛s t→ ∞✱ ✇❤✐❝❤ ✐s t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳

❘❡♠❛r❦ ✼✳✶✵✳ ◆♦t❡ t❤❛t ❬✶✷✱ ✶✻✱ ✷✾✱ ✺✸✱ ✽✵✱ ✽✶✱ ✽✷❪ ❛❧s♦ ❛♣♣❧② t♦ t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✉♥❞❡r
s✉✐t❛❜❧❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❡①♣♦♥❡♥t p ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✱ ♦r ❢♦r r❛❞✐❛❧❧② s②♠♠❡tr✐❝ s♦❧✉t✐♦♥s✳ ❍♦✇❡✈❡r✱
❢♦r s♣❛❝❡ ❞✐♠❡♥s✐♦♥s ❣r❡❛t❡r t❤❛♥ 1✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❜♦✉♥❞ st❛t❡s s♦❧✉t✐♦♥s ♦❢ ∆w − w + f(w) = 0
♦t❤❡r t❤❛♥ t❤❡ ❣r♦✉♥❞ st❛t❡ Q✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✐♥✈♦❧✈❡❞ ❣❡♦♠❡tr✐❝ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢
s♦❧✐t❛r② ✇❛✈❡s✱ ❝♦♠♣❧✐❝❛t❡ t❤❡ ❛♥❛❧②s✐s✳ ❚❤✐s ✐s ✇❤② ✇❡ r❡str✐❝t t♦ ❞✐♠❡♥s✐♦♥ 1 ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳

Pr♦♦❢✳ ▲❡t ~u ❜❡ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❜② ❚❤❡♦r❡♠ ✼✳✻✱ ✐t ✐s ❜♦✉♥❞❡❞ ✐♥ H1 × L2✳
❚❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞s ✐♥ t✇♦ st❡♣s✳

❙t❡♣ ✶✳ ❲❡ ♣r♦✈❡ t❤❛t
lim
t→∞

{
‖∂tu(t)‖L2 + ‖∂2t u(t)‖H−1

}
= 0. ✭✼✳✸✵✮

✷✸✹
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❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ➓✼✳✷✳✶✱ t❤❡ ❢✉♥❝t✐♦♥ ~v(t) = (v(t), ∂tv(t)) = (∂tu(t), ∂
2
t u(t)) s❛t✐s✜❡s

~v(t) = Sα(t)~v(0) +

∫ t

0
Sα(t− s)(0, p|u(s)|p−1v(s)) ds.

❇② t❤❡ ❜♦✉♥❞ ✐♥ H1×L2 ❛♥❞ ✭✼✳✸✮✱ ✐t ❢♦❧❧♦✇s t❤❛t v ∈ L2((0,∞)×R)✳ ▼♦r❡♦✈❡r✱ ✉s✐♥❣ ❡st✐♠❛t❡ ✭✼✳✶✻✮✱
‖ · ‖H−1 . ‖ · ‖L2 ❛♥❞ ‖ · ‖L∞ . ‖ · ‖H1 ✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ t ≥ 0✱

‖~v(t)‖L2×H−1 . e−γt‖~v(0)‖L2×H−1 + ‖u‖p−1
L∞([0,∞),H1)

∫ t

0
e−γ(t−s)‖v(s)‖L2 ds.

❙♣❧✐tt✐♥❣ t❤❡ ✐♥t❡❣r❛❧
∫ t
0 =

∫ t/2
0 +

∫ t
t/2 ✐♥ t❤❡ ❧❛st t❡r♠ ❛♥❞ ✉s✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②

∫ t

0
e−γ(t−s)‖v(s)‖L2 ds . e−γt/2‖v‖L2((0,∞)×R) + ‖v‖L2((t/2,∞)×R),

✇❤✐❝❤ ✐♠♣❧✐❡s limt→∞ ‖~v(t)‖L2×H−1 = 0 ❛♥❞ t❤✉s ✭✼✳✸✵✮✳
❙t❡♣ ✷✳ ▲❡t (tn)n ❜❡ ❛♥② s❡q✉❡♥❝❡ s✉❝❤ t❤❛t tn → ∞ ❛♥❞ ❧❡t un(x) = u(tn, x)✳ ❚❤❡♥✱ ❜② ✭✼✳✸✵✮ ❛♥❞

❡q✉❛t✐♦♥ ✭✼✳✶✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

lim
n→∞

‖∂2xun − un + |un|p−1un‖H−1 = 0.

▼♦r❡♦✈❡r✱ t❤❡ s❡q✉❡♥❝❡ (un)n ✐s ❜♦✉♥❞❡❞ ✐♥ H1✳ ❚❤❡♥✱ t❤❡ ❛❧t❡r♥❛t✐✈❡ st❛t❡❞ ✐♥ t❤❡ ❚❤❡♦r❡♠ ❢♦❧❧♦✇s
❞✐r❡❝t❧② ❢r♦♠ r❡s✉❧ts ❢r♦♠ ❝♦♥❝❡♥tr❛t✐♦♥✲❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥ts ✐♥ ❬✽✵✱ ❆♣♣❡♥❞✐① ❆❪ ❛♥❞ ❬✽✶✱ ❚❤❡♦✲
r❡♠ ■■■✳✹❪✳ ■♥ t❤❡ ♣r❡s❡♥t ❢r❛♠❡✇♦r❦✱ ✇❡ ✉s❡ ❬✽✶✱ ❚❤❡♦r❡♠ ■■■✳✹❪ ✐♥ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ 1 ❛♥❞ ✇✐t❤ t❤❡
❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r −∂2x + 1✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s t❤❡ st❛t❡♠❡♥t✳ ❖❜s❡r✈❡ t❤❛t ✐♥ ❞✐♠❡♥✲
s✐♦♥ 1✱ ✇❡ ❡♥❥♦② t❤❡ ❢❛❝t t❤❛t t❤❡ ♦♥❧② ♥♦♥ tr✐✈✐❛❧ s♦❧✉t✐♦♥s ♦❢ ∂2xw−w+ f(w) = 0 ❛r❡ w = ±Q✱ ✉♣ t♦
s♣❛❝❡ tr❛♥s❧❛t✐♦♥✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ limn→∞ ‖~u(sn)‖H1×L2 = 0✱ ❢♦r s♦♠❡ s❡q✉❡♥❝❡ ♦❢ t✐♠❡ (sn)n✱ sn → ∞✱ t❤❡♥ ✐t
❢♦❧❧♦✇s ❢r♦♠ ✭✼✳✸✮ t❤❛t limt→∞E(~u(t)) = 0✳ ❚❤✉s✱ ❜② ✭✼✳✶✶✮ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥ts ❛♣♣❧✐❡❞ t♦ ❛♥②
s❡q✉❡♥❝❡ (tn)n✱ ✇✐t❤ tn → ∞✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ (tn′)n′ s✉❝❤ t❤❛t limn′→∞ ‖~u(tn′)‖H1×L2 = 0✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t limt→∞ ‖~u(t)‖H1×L2 = 0 ❛s st❛t❡❞ ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❛❧t❡r♥❛t✐✈❡✳

✼✳✸ ❉②♥❛♠✐❝s ❝❧♦s❡ t♦ ❞❡❝♦✉♣❧❡❞ s♦❧✐t❛r② ✇❛✈❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❣❡♥❡r❛❧ r❡s✉❧ts ♦♥ s♦❧✉t✐♦♥s ♦❢ ✭✼✳✶✮ ❝❧♦s❡ t♦ t❤❡ s✉♠ ♦❢ K ≥ 1 ❞❡❝♦✉♣❧❡❞
s♦❧✐t❛r② ✇❛✈❡s✳ ❋♦r ❛♥② k ∈ {1, · · · ,K}✱ ❧❡t σk = ±1 ❛♥❞ ❧❡t t 7→ (zk(t), ℓk(t)) ∈ R2 ❜❡ C1 ❢✉♥❝t✐♦♥s
s✉❝❤ t❤❛t

K∑

k=1

|ℓk| ≪ 1 ❛♥❞✱ ✐❢ K ≥ 2✱ ❢♦r ❛♥② k = 1, . . . ,K − 1✱ zk+1 − zk ≫ 1. ✭✼✳✸✶✮

❋♦r k ∈ {1, · · · ,K}✱ ❞❡✜♥❡

Qk = σkQ(· − zk), ~Qk =

(
Qk

−ℓk∂xQk

)
, ✭✼✳✸✷✮

❛♥❞ s✐♠✐❧❛r❧② ✭s❡❡ ✭✼✳✶✹✮✲✭✼✳✶✺✮✮

Yk = σkY (· − zk), ~Y ±
k = σk~Y

±(· − zk), ~Z±
k = σk ~Z

±(· − zk).

❙❡t

R =
K∑

k=1

Qk, ~R =
K∑

k=1

~Qk, G = f

(
K∑

k=1

Qk

)
−

K∑

k=1

f (Qk) . ✭✼✳✸✸✮

✷✸✺
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❘❡♠❛r❦ ✼✳✶✶✳ ❚♦ st✉❞② ♣r❡❝✐s❡❧② t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮ ❝♦♥t❛✐♥✐♥❣ K s♦❧✐t♦♥s✱ ✐t ✐s ♦❢
❝♦✉rs❡ ♥❡❝❡ss❛r② t♦ ✐♥tr♦❞✉❝❡ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣♦s✐t✐♦♥ ♣❛r❛♠❡t❡r✱ ❞❡♥♦t❡❞ ❜② zk✱ ❢♦r ❡❛❝❤ s♦❧✐t♦♥
Qk ✭k = 1, . . . ,K✮✳ ❆s ✐t ❛♣♣❡❛rs ❝❧❡❛r❧② ✐♥ ✭✼✳✹✽✮✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡r ℓk ✐s r❡❧❛t❡❞ t♦ t❤❡ t✐♠❡
❞❡r✐✈❛t✐✈❡ ♦❢ zk✱ ✐✳❡✳ t❤❡ s♣❡❡❞ ♦❢ t❤❡ s♦❧✐t♦♥ Qk✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ K ≥ 2✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ℓk
✐s ♠❛✐♥❧② ❞r✐✈❡♥ ❜② t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✈❛r✐♦✉s s♦❧✐t♦♥s✱ s❡❡ ✭✼✳✺✷✮✱ ✭✼✳✺✸✮✳ ❚❤✐s ✐s ❛ ♠❛✐♥
♣♦✐♥t ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤❡ ♣❛r❛♠❡t❡rs (ℓk)k ❛r❡ t❤✉s ✐♥tr♦❞✉❝❡❞ t♦ tr❛❝❦ t❤✐s ♥♦♥❧✐♥❡❛r ❡✛❡❝t✱ ❛♥❞
t❤❡♥ ✐ts ❝♦♥s❡q✉❡♥❝❡s ♦♥ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ s♦❧✐t♦♥s✳ ❚❤✐s str❛t❡❣② ♦❢ ✐♥tr♦❞✉❝✐♥❣ t✐♠❡✲❞❡♣❡♥❞❡♥t
♣❛r❛♠❡t❡rs r❡❧❛t❡❞ t♦ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭s❡❡ ✭✼✳✹✻✮✮ t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ s♦❧✐t♦♥s ✐s ♦❢t❡♥
❝❛❧❧❡❞ ♠♦❞✉❧❛t✐♦♥✳

◆♦t❡ t❤❛t ❢♦r ✇❛✈❡✲t②♣❡ ❡q✉❛t✐♦♥s✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ s♦❧✐t♦♥s ✇✐t❤ s♣❡❡❞ ℓ ✐s r❡❧❛t❡❞ t♦ t❤❡
▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❛ s♣❛❝❡ ❞✐❧❛t✐♦♥ ❜② ❛ ❢❛❝t♦r 1√

1−ℓ2
✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱

limt→∞ ℓk(t) = 0 ❢♦r ❛❧❧ k ❛♥❞ t❤✉s t❤❡ ❞✐❧❛t✐♦♥ ✐♥ t❤❡ ❢♦r♠✉❧❛ ♦❢ Qk ✐s ♥❡❣❧❡❝t❡❞✳ ❚❤✐s ✇✐❧❧ ✐♥❞✉❝❡
❡rr♦r t❡r♠s ✭❧✐❦❡

∑
k ℓ

2
k ✐♥ ✭✼✳✹✽✮✱ ✭✼✳✹✾✮✮ t❤❛t ❝❛♥ ❜❡ ❤❛♥❞❧❡❞✳

✼✳✸✳✶ ▲❡❛❞✐♥❣ ♦r❞❡r ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s

▲❡♠♠❛ ✼✳✶✷✳ ❆ss✉♠✐♥❣ ✭✼✳✸✶✮✱ ❢♦r ❛♥② k, k′ ∈ {1, . . . ,K}✱ k′ 6= k✱ ✐t ❤♦❧❞s✳

✭✐✮ ❇♦✉♥❞s✳ ❋♦r ❛♥② 0 < m′ < m✱
∫

|Qk′Qk|m . e−m′|zk′−zk|,
∫

|Qk′ ||Qk|1+m . e−|zk′−zk|, ✭✼✳✸✹✮

∫ ∣∣∣∣F (R)−
K∑

k=1

F (Qk)−
∑

k 6=k′

f(Qk)Qk′

∣∣∣∣ .
K−1∑

k=1

e−
5
4
(zk+1−zk), ✭✼✳✸✺✮

‖G‖L2 .
∑

k′ 6=k

‖Qp−1
k′ Qk‖L2 .

K−1∑

k=1

e−(zk+1−zk). ✭✼✳✸✻✮

✭✐✐✮ ❆s②♠♣t♦t✐❝s✳ ∣∣〈f(Qk), Qk′〉 − σkσk′c1κe
−|zk−zk′ |

∣∣ . e−
3
2
|zk−zk′ | ✭✼✳✸✼✮

✇❤❡r❡

κ :=
cQ
c1

∫
Qp(x)e−x dx > 0 ❛♥❞ c1 := ‖Q′‖2L2 . ✭✼✳✸✽✮

✭✐✐✐✮ ▲❡❛❞✐♥❣ ♦r❞❡r ✐♥t❡r❛❝t✐♦♥s✳ ▲❡t ❛♥② 1 < θ < min(p− 1, 32)✳

• ■❢ K = 1 t❤❡♥ G = 0 ;

• ■❢ K ≥ 2 t❤❡♥

∣∣∣〈G, ∂xQ1〉+ c1κσ1σ2e
−(z2−z1)

∣∣∣ .
K−1∑

l=1

e−θ(zl+1−zl); ✭✼✳✸✾✮

∣∣∣〈G, ∂xQK〉 − c1κσK−1σKe
−(zK−zK−1)

∣∣∣ .
K−1∑

l=1

e−θ(zl+1−zl); ✭✼✳✹✵✮

• ■❢ K ≥ 3 t❤❡♥✱ ❢♦r ❛♥② k ∈ {2, . . . ,K − 1}✱
∣∣∣〈G, ∂xQk〉 − c1κσk

[
σk−1e

−(zk−zk−1) − σk+1e
−(zk+1−zk)

]∣∣∣

.

K−1∑

l=1

e−θ(zl+1−zl).
✭✼✳✹✶✮

✷✸✻
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Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❚❤❡s❡ ❡st✐♠❛t❡s ❛r❡ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ Q ✐♥ ✭✼✳✶✵✮ ❛♥❞
p > 2✳ ❙❡❡ ❞❡t❛✐❧s ✐♥ ❬✷✾✱ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶❪✳

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❲❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r z ≫ 1✳
∣∣∣∣
∫
Qp(y)Q(y + z) dy − c1κe

−z

∣∣∣∣ . e−
3
2
z. ✭✼✳✹✷✮

❖❜s❡r✈❡ t❤❛t ✭✼✳✸✼✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✼✳✹✷✮✳
◆♦✇✱ ✇❡ ♣r♦✈❡ ✭✼✳✹✷✮✳ ❋✐rst✱ ❢♦r |y| < 3

4z✱ ✉s✐♥❣ ✭✼✳✶✵✮✱ ✇❡ ❤❛✈❡
∣∣Q(y + z)− cQe

−(y+z)
∣∣ . e−2(y+z) . e−2ze2|y|,

❛♥❞ s♦ ∣∣∣∣
∫

|y|< 3
4
z
Qp(y)

[
Q(y + z)− cQe

−(y+z)
]
dy

∣∣∣∣ . e−2z.

❙❡❝♦♥❞✱ ✉s✐♥❣ ✭✼✳✶✵✮ ❛♥❞ p > 2✱ ✐t ❤♦❧❞s
∫

|y|> 3
4
z
Qp(y)Q(y + z) dy +

∫

|y|> 3
4
z
Qp(y)e−(y+z) dy . e−

3
2
z.

●❛t❤❡r✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ✭✼✳✹✷✮✳
Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❲❡ tr❡❛t t❤❡ ❝❛s❡ k ∈ {2, . . . ,K − 1} ❢♦r K ≥ 3✳ ❖t❤❡r ❝❛s❡s ❛r❡ s✐♠✐❧❛r✳ ❖♥ t❤❡ ♦♥❡

❤❛♥❞✱ ✉s✐♥❣ ❚❛②❧♦r ❢♦r♠✉❧❛✱ ✐t ❤♦❧❞s
∣∣∣∣G− p|Qk|p−1

∑

k′ 6=k

Qk′

∣∣∣∣ . |Qk|p−2
∑

k′ 6=k

|Qk′ |2 +
∑

k′ 6=k,l 6=k′

|Qk′ |p−1|Ql|.

❚❤✉s✱ ✉s✐♥❣ ✭✼✳✸✹✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② 1 < θ < min(p− 1, 2)✱
∣∣∣∣〈G, ∂xQk〉 −

∑

k′ 6=k

〈p|Qk|p−1Qk′ , ∂xQk〉
∣∣∣∣ .

∑

l 6=k′

∫
|Qk′ |p−1|Ql|2 dx

.

K−1∑

l=1

e−θ(zl+1−zl).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ ✉s✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ✭✼✳✹✷✮✱ ✇❡
♦❜t❛✐♥✱ ❢♦r ❛♥② 1 < θ < min(p− 1, 32)✱

∑

k′ 6=k

〈p|Qk|p−1Qk′ , ∂xQk〉

= −
∑

k′ 6=k

σkσk′

∫
Qp(y)∂xQ(y + zk − zk′) dy

=
∑

k′<k

σk′σkc1κe
−(zk−zk′ ) −

∑

k′>k

σkσk′c1κe
−(zk′−zk) +O

(K−1∑

l=1

e−
3
2
(zl+1−zl)

)

= σk−1σkc1κe
−(zk−zk−1) − σkσk+1c1κe

−(zk+1−zk) +O

(K−1∑

l=1

e−
3
2
(zl+1−zl)

)
.

■♥❞❡❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ k ≥ 3✱ ♦♥❡ ❤❛s

zk − zk−2 = (zk − zk−1) + (zk−1 − zk−2) ≥ 2min(zk − zk−1; zk−1 − zk−2), ✭✼✳✹✸✮

✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t♦ ♥♦♥ ♥❡✐❣❤❜♦r s♦❧✐t❛r② ✇❛✈❡s ❛s ❡rr♦r t❡r♠s✳ ●❛t❤✲
❡r✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ✜♥❞ ✭✼✳✹✶✮✳

✷✸✼
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✼✳✸✳✷ ❉❡❝♦♠♣♦s✐t✐♦♥ ❝❧♦s❡ t♦ t❤❡ s✉♠ ♦❢ s♦❧✐t❛r② ✇❛✈❡s

▲❡♠♠❛ ✼✳✶✸✳ ▲❡t ~u = (u, ∂tu) ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [T1, T2] ❛♥❞ ❧❡t K > 1✳ ❆ss✉♠❡
t❤❛t

sup
t∈[T1,T2]

{
inf

ξk+1−ξk>|logγ|

∥∥∥∥u(t)−
K∑

k=1

σkQ(· − ξk)

∥∥∥∥
H1

+ ‖∂tu(t)‖L2

}
< γ, ✭✼✳✹✹✮

❢♦r s♦♠❡ s♠❛❧❧ γ > 0✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st ✉♥✐q✉❡ C1 ❢✉♥❝t✐♦♥s

t ∈ [T1, T2] 7→ (zk(t), ℓk(t))k∈{1,...,K} ∈ R2K ,

s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~u ❞❡❝♦♠♣♦s❡s ❛s

~u =

(
u
∂tu

)
=

K∑

k=1

~Qk + ~ε , ~ε =

(
ε
η

)
✭✼✳✹✺✮

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦♥ [T1, T2]✳

✭✐✮ ❖rt❤♦❣♦♥❛❧✐t② ❛♥❞ s♠❛❧❧♥❡ss✳ ❋♦r ❛♥② k = 1, . . . ,K✱

〈ε, ∂xQk〉 = 〈η, ∂xQk〉 = 0 ✭✼✳✹✻✮

❛♥❞

‖~ε ‖H1×L2 +
K∑

l=1

|ℓl|+
K−1∑

l=1

e−2(zl+1−zl) . γ.

✭✐✐✮ ❊q✉❛t✐♦♥ ♦❢ ~ε ✳ {
∂tε = η +▼♦❞ε

∂tη = ∂2xε− ε+ f(R+ ε)− f(R)− 2αη +▼♦❞η +G
✭✼✳✹✼✮

✇❤❡r❡

Modε =

K∑

k=1

(żk − ℓk) ∂xQk,

Modη =
K∑

k=1

(
ℓ̇k + 2αℓk

)
∂xQk −

K∑

k=1

ℓkżk∂
2
xQk.

✭✐✐✐✮ ❈♦♥tr♦❧ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs✳ ❋♦r k = 1, . . . ,K✱

|żk − ℓk| . ‖~ε ‖2H1×L2 +

K∑

l=1

|ℓl|2, ✭✼✳✹✽✮

|ℓ̇k + 2αℓk| . ‖~ε ‖2H1×L2 +

K∑

l=1

|ℓl|2 +
K−1∑

l=1

e−(zl+1−zl). ✭✼✳✹✾✮

✭✐✈✮ ❈♦♥tr♦❧ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s✳ ❋♦r k = 1, · · · ,K✱ ❧❡t

a±k = 〈~ε , ~Z±
k 〉. ✭✼✳✺✵✮

❚❤❡♥✱ ∣∣∣∣
d

dt
a±k − ν±a±k

∣∣∣∣ . ‖~ε ‖2H1×L2 +
K∑

l=1

|ℓl|2 +
K−1∑

l=1

e−(zl+1−zl). ✭✼✳✺✶✮

✷✸✽
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❘❡♠❛r❦ ✼✳✶✹✳ ■♥ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✐❢ K = 1 t❤❡♥ t❤❡ t❡r♠s
∑K−1

l=1 ❛r❡ 0✳

Pr♦♦❢✳ ❙❡❡ ❬✷✾✱ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷❪✳

▲❡♠♠❛ ✼✳✶✺ ✭❘❡✜♥❡❞ ❡q✉❛t✐♦♥ ❢♦r ℓk✮✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲❡♠♠❛ ✼✳✶✸✱ ❛ss✉♠❡ t❤❛t K ≥ 2✳ ▲❡t
1 < θ < min(p− 1, 32)✳ ❚❤❡♥✱

∣∣∣ℓ̇1 + 2αℓ1 − κσ1σ2e
−(z2−z1)

∣∣∣+
∣∣∣ℓ̇K + 2αℓK + κσK−1σKe

−(zK−zK−1)
∣∣∣

. ‖~ε ‖2H1×L2 +
K∑

l=1

|ℓl|2 +
K−1∑

l=1

e−θ(zl+1−zl). ✭✼✳✺✷✮

▼♦r❡♦✈❡r✱ ✐❢ K ≥ 3 t❤❡♥ ❢♦r ❛♥② k ∈ {2, . . . ,K − 1}✱
∣∣∣ℓ̇k + 2αℓk + κσk

[
σk−1e

−(zk−zk−1) − σk+1e
−(zk+1−zk)

] ∣∣∣

. ‖~ε ‖2H1×L2 +

K∑

l=1

|ℓl|2 +
K−1∑

l=1

e−θ(zl+1−zl). ✭✼✳✺✸✮

Pr♦♦❢✳ ❲❡ tr❡❛t t❤❡ ❝❛s❡ k ∈ {2, . . . ,K − 1} ❢♦r K ≥ 3✳ ❖t❤❡r ❝❛s❡s ❛r❡ s✐♠✐❧❛r✳ ❋✐rst✱

d

dt
〈η, ∂xQk〉 = 〈∂tη, ∂xQk〉+ 〈η, ∂t∂xQk〉 = 0.

❚❤✉s✱ ✉s✐♥❣ ✭✼✳✹✻✮ ❛♥❞ ✭✼✳✹✼✮✱

0 =〈∂2xε− ε+ f ′(Qk)ε, ∂xQk〉+ 〈f(R+ ε)− f(R)− f ′(R)ε, ∂xQk〉
+ 〈
(
f ′(R)− f ′(Qk)

)
ε, ∂xQk〉+ 〈G, ∂xQk〉+ 〈Modη, ∂xQk〉 − 〈η, żk∂2xQk〉.

❙✐♥❝❡ ∂xQk s❛t✐s✜❡s ∂2x∂xQk − ∂xQk + f ′(Qk)∂xQk = 0✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ t❤❡ ✜rst t❡r♠ ✐s ③❡r♦✳
◆❡①t✱ ❜② ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ✭✉s✐♥❣ p > 2✮✱ ✇❡ ❤❛✈❡ t❤❡ ♣♦✐♥t✇✐s❡ ❡st✐♠❛t❡

∣∣f(R+ ε)− f(R)− f ′(R)ε
∣∣ . |ε|p + |ε|2

K∑

l=1

|Ql|p−2

❛♥❞ ∣∣f ′(R)− f ′(Qk)
∣∣ . |Qk|p−2

∑

k′ 6=k

|Qk′ |+
∑

k′ 6=k

∣∣Qk′
∣∣p−1

.

❚❤✉s✱ ✉s✐♥❣ ‖ · ‖L∞ . ‖ · ‖H1 ✱
∣∣〈f(R+ ε)− f(R)− f ′(R)ε, ∂xQk〉

∣∣ . ‖ε‖2H1

❛♥❞ ❜② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✼✳✸✻✮✱

∣∣〈(f ′(R)− f ′(Qk))ε, ∂xQk〉
∣∣ . ‖ε‖2H1 +

K−1∑

k=1

e−2(zk+1−zk) .

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

〈Modη, ∂xQk〉 =
(
ℓ̇k + 2αℓk

)
‖Q′‖2L2 +

∑

k′ 6=k

(
ℓ̇k′ + 2αℓk′

)
〈∂xQk′ , ∂xQk〉

−
∑

k′ 6=k

(
ℓk′ żk′

)
〈∂2xQk′ , ∂xQk〉.

✷✸✾
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❚❤✉s✱ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦❢ Q✱ ✭✼✳✸✹✮✱ ✭✼✳✸✽✮ ❛♥❞ ✭✼✳✹✽✮✱ ✇❡ ♦❜t❛✐♥

〈Modη, ∂xQk〉 = c1
(
ℓ̇k + 2αℓk

)
+O

(∑

k′ 6=k

|ℓ̇k′ + 2αℓk′ |e−
3
4
|zk′−zk|

)

+O

(
‖~ε ‖2H1×L2 +

K∑

l=1

|ℓl|2
)
.

◆♦t❡ t❤❛t✱ ❜② ✭✼✳✹✽✮ ❛♥❞ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

∣∣〈η, żk∂2xQk〉
∣∣ .

(
|żk − ℓk|+ |ℓk|

)
‖~ε ‖H1×L2 . ‖~ε ‖2H1×L2 +

K∑

k=1

|ℓk|2.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ ✉s✐♥❣ ✭✼✳✸✾✮✲✭✼✳✹✵✮✲✭✼✳✹✶✮✱ ✇❡ ♦❜t❛✐♥
∣∣∣ℓ̇k + 2αℓk + κσk

[
σk−1e

−(zk−zk−1) − σk+1e
−(zk+1−zk)

] ∣∣∣

. ‖~ε ‖2H1×L2 +
K∑

l=1

|ℓl|2 +
∑

k′ 6=k

|ℓ̇k′ + 2αℓk′ |e−
3
4
|zk′−zk| +

K−1∑

l=1

e−θ(zl+1−zl).
✭✼✳✺✹✮

❲❡ ♦❜t❛✐♥ ✭✼✳✺✸✮ ❜② ❝♦♠❜✐♥✐♥❣ ✭✼✳✺✹✮ ❢♦r ❛❧❧ k ∈ {1, . . . ,K}✳

✼✳✸✳✸ ❊♥❡r❣② ❡st✐♠❛t❡s

❋♦r µ > 0 s♠❛❧❧ t♦ ❜❡ ❝❤♦s❡♥✱ ✇❡ ❞❡♥♦t❡ ρ = 2α− µ✳ ❈♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧

E =

∫ {
(∂xε)

2 + (1− ρµ)ε2 + (η + µε)2 − 2[F (R+ ε)− F (R)− f(R)ε]
}
.

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ❡st✐♠❛t❡s✳

▲❡♠♠❛ ✼✳✶✻✳ ❚❤❡r❡ ❡①✐sts µ > 0 s✉❝❤ t❤❛t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲❡♠♠❛ ✼✳✶✸✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ❈♦❡r❝✐✈✐t② ❛♥❞ ❜♦✉♥❞✳

µ‖~ε ‖2H1×L2 −
1

2µ

K∑

k=1

(
(a+k )

2 + (a−k )
2
)
≤ E ≤ 1

µ
‖~ε ‖2H1×L2 . ✭✼✳✺✺✮

✭✐✐✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥✳

d

dt
E 6 −2µE +

1

µ
‖~ε ‖H1×L2

[
‖~ε ‖2H1×L2 +

K∑

k=1

|ℓk|2 +
K−1∑

k=1

e−(zk+1−zk)

]
. ✭✼✳✺✻✮

❘❡♠❛r❦ ✼✳✶✼✳ ❚❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ✐s ✈❛❧✐❞ ❢♦r ❛♥② µ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ❋♦r ❢✉t✉r❡ ♥❡❡❞s✱ ✇❡ ✜① s✉❝❤
❛ µ > 0 s❛t✐s②✜♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥

µ ≤ min (1, α, |ν−|) . ✭✼✳✺✼✮

❘❡♠❛r❦ ✼✳✶✽✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ K = 1✱ t❤❡ t❡r♠
∑K−1

k=1 ❞✉❡ t♦ t❤❡ ♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥s ❞♦❡s ♥♦t
❛♣♣❡❛r ✐♥ ✭✼✳✺✻✮✳

Pr♦♦❢✳ ❙❡❡ ❬✷✾✱ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✹❪✳

✷✹✵
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✼✳✸✳✹ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ❛♥❛❧②s✐s

❲❡ ✐♥tr♦❞✉❝❡ ♥❡✇ ♣❛r❛♠❡t❡rs ❛♥❞ ❢✉♥❝t✐♦♥❛❧s t♦ ❛♥❛❧②s❡ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❢r❛♠❡✲
✇♦r❦ ♦❢ ▲❡♠♠❛ ✼✳✶✸✳ ❋✐rst✱ ✇❡ s❡t✱ ❢♦r k = 1, . . . ,K✱

yk = zk +
ℓk
2α
,

❛♥❞ ❢♦r k = 1, . . . ,K − 1 ✭✇❤❡♥ K ≥ 2✮✱

rk = yk+1 − yk ≫ 1.

❙❡❝♦♥❞✱ ✇❡ ❞❡✜♥❡

K+ = {k = 1, . . . ,K − 1 : σk = σk+1}, F+ =
∑

k∈K+

e−rk ,

K− = {k = 1, . . . ,K − 1 : σk = −σk+1}, F− =
∑

k∈K−

e−rk .

❚❤✐r❞✱ ✇❡ ✐♥tr♦❞✉❝❡ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ❞❛♠♣❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s♦❧✉t✐♦♥

F = E + G, G =

K∑

k=1

|ℓk|2 +
1

2µ

K∑

k=1

(a−k )
2,

❛♥❞ ❢♦r ❛❧❧ t❤❡ ❝♦♠♣♦♥❡♥ts ❡①❝❡♣t ❞✐st❛♥❝❡s

N =

[
‖~ε ‖2H1×L2 +

K∑

k=1

|ℓk|2
] 1

2

.

▲❛st✱ ✇❡ ❞❡✜♥❡

b =
K∑

k=1

(a+k )
2, M =

1

µ2

(
F − b

2ν+

)
.

❲❡ r❡✇r✐t❡ t❤❡ ❡st✐♠❛t❡s ♦❢ ▲❡♠♠❛s ✼✳✶✸ ❛♥❞ ✼✳✶✻ ✉s✐♥❣ s✉❝❤ ♥♦t❛t✐♦♥✳

▲❡♠♠❛ ✼✳✶✾✳ ❆ss✉♠❡ K ≥ 2✳ ▲❡t ❛♥② 1 < θ < min(p − 1, 54)✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲❡♠♠❛ ✼✳✶✸✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡s✳ ❋♦r k = 1, . . . ,K − 1✱
∣∣rk − (zk+1 − zk)

∣∣ . N , ✭✼✳✺✽✮

µN 2 ≤ µ‖~ε ‖2H1×L2 +
K∑

l=1

|ℓl|2 ≤ F +
b

2µ
. N 2. ✭✼✳✺✾✮

✭✐✐✮ ❖❉❊ ❢♦r t❤❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ s♦❧✐t❛r② ✇❛✈❡s✳ ❚❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ yk ✐s




ẏ1 =
κ

2α
σ1σ2e

−r1 +O
(
N 2 + F θ

+ + F θ
−
)
,

ẏk = − κ

2α
σk−1σke

−rk−1 +
κ

2α
σkσk+1e

−rk +O
(
N 2 + F θ

+ + F θ
−
)
,

ẏK = − κ

2α
σK−1σKe

−rK−1 +O
(
N 2 + F θ

+ + F θ
−
)
,

✭✼✳✻✵✮

❢♦r 2 6 k 6 K − 1✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts λ > 0 s✉❝❤ t❤❛t

d

dt

[
1

F+

]
6 −λ+

1

λF+

(
N 2 + F θ

+ + F θ
−
)
, ✭✼✳✻✶✮

d

dt

[
1

F−

]
> λ− 1

λF−

(
N 2 + F θ

+ + F θ
−
)
. ✭✼✳✻✷✮

✷✹✶
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✭✐✐✐✮ ❊①♣♦♥❡♥t✐❛❧ ✐♥st❛❜✐❧✐t②✳
|ḃ− 2ν+b| . N 3 +N (F+ + F−). ✭✼✳✻✸✮

✭✐✈✮ ❉❛♠♣❡❞ ❝♦♠♣♦♥❡♥ts✳
d

dt
F + 2µF . N 3 +N (F+ + F−),

d

dt
G + 2µG . N 3 +N (F+ + F−).

✭✼✳✻✹✮

✭✈✮ ▲✐❛♣✉♥♦✈ t②♣❡ ❢✉♥❝t✐♦♥❛❧✳
d

dt
M ≤ −N 2 + C

(
F 2
+ + F 2

−
)
. ✭✼✳✻✺✮

✭✈✐✮ ❘❡✜♥❡❞ ❡st✐♠❛t❡s ❢♦r t❤❡ ❞✐st❛♥❝❡✳ ❙❡tt✐♥❣

R+ =
1

F+
exp

(
λ−1M

)
❛♥❞ R− =

1

F−
exp

(
−3λ−1M

)
,

✇❤❡r❡ λ ✐s ❣✐✈❡♥ ✐♥ (ii)✱ ✐t ❤♦❧❞s

d

dt
R+ ≤

(
−λ+

2

λF+

(
F θ
+ + F θ

−
))

exp
(
λ−1M

)
, ✭✼✳✻✻✮

d

dt
R− ≥

(
λ+

2

λF−
N 2 − 2

λF−

(
F θ
+ + F θ

−
))

exp
(
−3λ−1M

)
. ✭✼✳✻✼✮

❘❡♠❛r❦ ✼✳✷✵✳ ❲❤❡♥ ✉s✐♥❣ t❤❡ q✉❛♥t✐t✐❡s F± ❛♥❞ R±✱ ✇❡ t❛❝✐t❧② ❛ss✉♠❡ t❤❛t K± ✐s ♥♦t ❡♠♣t②✳
❖t❤❡r✇✐s❡✱ t❤❡ r❡s♣❡❝t✐✈❡ q✉❛♥t✐t✐❡s ❛r❡ ✐❣♥♦r❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ s❡t K+ ✐s ❡♠♣t②✱ t❤❡♥ ✭✼✳✻✼✮
r❡✇r✐t❡s✿

d

dt
R− ≥

(
λ+

2

λ

N 2

F−
− 2

λ
F θ−1
−

)
exp

(
−3λ−1M

)
.

❲❤❡♥ K = 1✱ t❤❡ q✉❛♥t✐t✐❡s F± ❛♥❞ R± ❛r❡ s②st❡♠❛t✐❝❛❧❧② 0 ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡s rk ❛r❡ ♥♦t ❞❡✜♥❡❞✳ ❚❤❡
❡st✐♠❛t❡s ✭✼✳✺✾✮✱ ✭✼✳✻✸✮✱ ✭✼✳✻✹✮ ❛♥❞ ✭✼✳✻✺✮ ❤♦❧❞ ✐♥ t❤✐s ❝♦♥t❡①t✳

❘❡♠❛r❦ ✼✳✷✶✳ ▲❡♠♠❛s ✼✳✶✸✱ ✼✳✶✺ ❛♥❞ ✼✳✶✻ ♣r♦✈✐❞❡ t❤❡ ♠❛✐♥ ♦r❞❡r ♦❢ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
♣❛r❛♠❡t❡rs zk✱ ℓk✱ a

±
k ❛s ✇❡❧❧ ❛s ❛ ❝♦♥tr♦❧ ♦♥ t❤❡ ❡♥❡r❣②✲t②♣❡ q✉❛♥t✐t② ♦♥ ~ε✳ ❚❤❡ ♥❡✇ ♣❛r❛♠❡t❡rs

✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡ ❛r❡ ✈❛r✐❛♥ts ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s✱ ✇❤♦s❡ ❡q✉❛t✐♦♥s ❛r❡ ❜❡tt❡r s✉✐t❡❞ t♦ ❝♦♥tr♦❧ ❡rr♦r
t❡r♠s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ yk ❛❧❧♦✇s t♦ s✐♠♣❧✐❢② t❤❡ s②st❡♠ ✐♥ (zk, ℓk) ❜② ❞✐s❝❛r❞✐♥❣
t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ℓk✱ ✇❤✐❝❤ ✐s ♦❢ ❧♦✇❡r ♦r❞❡r ✐♥ t❤✐s ❝♦♥t❡①t✳ ❚❤❡ ♣❛r❛♠❡t❡r b ❣❛t❤❡rs t❤❡ K
♣❛r❛♠❡t❡rs r❡❧❛t❡❞ t♦ t❤❡ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✐t♦♥s✱ ✇❤✐❧❡ t❤❡ q✉❛♥t✐t✐❡s F ❛♥❞ G ❣❛t❤❡r t❤❡ ❞❛♠♣❡❞
❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡s rk ❜❡t✇❡❡♥ t❤❡ s♦❧✐t♦♥s ✐s ❛♥❛❧②s❡❞ t❤r♦✉❣❤
t❤❡ ♣❛r❛♠❡t❡rs F+ ❛♥❞ F−✳ ❲❡ s❡❡ ❝❧❡❛r❧② ❢r♦♠ ✭✼✳✻✶✮ ❛♥❞ ✭✼✳✻✷✮ t❤❛t ❝♦♥s❡❝✉t✐✈❡ s♦❧✐t♦♥s ✇✐t❤
s❛♠❡ s✐❣♥s ✇✐❧❧ ❡ss❡♥t✐❛❧❧② ❛ttr❛❝t ❡❛❝❤ ♦t❤❡r✱ ✇❤✐❧❡ ❝♦♥s❡❝✉t✐✈❡ s♦❧✐t♦♥s ✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥s ✇✐❧❧ r❡♣❡❧
❡❛❝❤ ♦t❤❡r✳ ❚❤❡ q✉❛♥t✐t✐❡s R± ❛r❡ s✐♠✐❧❛r t♦ 1/F±✱ ❜✉t t❤❡✐r ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ❡❛s✐❡r t♦ ❤❛♥❞❧❡✳
■♥❞❡❡❞✱ ❝♦♠♣❛r✐♥❣ ✭✼✳✻✹✮ ✇✐t❤ ✭✼✳✻✻✮✱ ✭✼✳✻✼✮✱ ✇❡ s❡❡ t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ M ✭s✐♠✐❧❛r t♦ ❛ ▲✐❛♣✉♥♦✈
❢✉♥❝t✐♦♥❛❧ ❢♦r ~ε✮ ✐♥ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡①♣♦♥❡♥t✐❛❧ ❢❛❝t♦r✱ r❡♠♦✈❡s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐t② N ✐♥
t❤❡ ❡rr♦r t❡r♠s✳ ❙✉❝❤ ❡st✐♠❛t❡s ✇✐❧❧ ♣r♦✈✐❞❡ ❛ ❣♦♦❞ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡s
❜❡t✇❡❡♥ t❤❡ s♦❧✐t♦♥s ❜❛s❡❞ ♦♥ ❛ ✇❡❛❦ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s✐③❡ ♦❢ ~ε✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡
❛❧t❡r♥❛t❡ s✐❣♥ ♣r♦♣❡rt② Pr♦♣♦s✐t✐♦♥ ✼✳✷✺✳

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✿ ✭✼✳✺✽✮ ❢♦❧❧♦✇s ❢r♦♠ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ N ❛♥❞ ✭✼✳✺✾✮ ❢♦❧❧♦✇s
❞✐r❡❝t❧② ❢r♦♠ ✭✼✳✺✺✮✳

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ■♥ t❤✐s ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t❡r♠s ✐♥✈♦❧✈✐♥❣ yk ♦r σk ❢♦r k ≤ 0
♦r k ≥ K +1 ❛r❡ ③❡r♦✱ ❢♦r ❡①❛♠♣❧❡ ❜② s❡tt✐♥❣ σ0 = σK+1 = 0✳ ❙✐♠✐❧❛r❧②✱ ✇❤❡♥ e−r0 ❛♥❞ e−rK ❛♣♣❡❛rs✱

✷✹✷
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t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❡r♠ ❤❛s t♦ ❜❡ ✐❣♥♦r❡❞✳ ❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✉s✐♥❣ ✭✼✳✹✽✮✱ ✭✼✳✺✷✮✲✭✼✳✺✸✮✱ ✇❡
♦❜t❛✐♥ ❢♦r k = 1, . . . ,K✱

ẏk = żk +
ℓ̇k
2α

= − κ

2α
σk−1σke

−rk−1 +
κ

2α
σkσk+1e

−rk +O
(
N 2 + F θ

+ + F θ
−
)
.

■t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❛♥② k = 1, . . . ,K − 1✱

ṙk = ẏk+1 − ẏk = −κ
α
σkσk+1e

−rk +
κ

2α
σk+1σk+2e

−rk+1 +
κ

2α
σk−1σke

−rk−1

+O
(
N 2 + F θ

+ + F θ
−
)
.

❖♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥✱ t❤❡ ✜rst t❡r♠ ✐s ❛❧✇❛②s ♣r❡s❡♥t ❢♦r k = 1, . . . ,K − 1✱
✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ t❡r♠s ♠✐❣❤t ❜❡ ③❡r♦ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ k✳ ❋♦r k ∈ K+✱ ✐t ❤♦❧❞s
σk = σk+1 ❛♥❞ ♦♥❡ s❡❡s t❤❛t

ṙk = −κ
α
e−rk +

κ

2α
σk+1σk+2e

−rk+1 +
κ

2α
σk−1σke

−rk−1 +O
(
N 2 + F θ

+ + F θ
−
)
,

✇✐t❤ t❤❡ s❛♠❡ ♦❜s❡r✈❛t✐♦♥ ❝♦♥❝❡r♥✐♥❣ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳ ❚❤✉s✱

∑

k∈K+

ṙke
−rk = − κ

2α
S+ +O

(
F+

(
N 2 + F θ

+ + F θ
−
))
. ✭✼✳✻✽✮

✇❤❡r❡ S+ ❞❡♥♦t❡s

S+ =
∑

k∈K+

[
2e−2rk − σk+1σk+2e

−(rk+rk+1) − σk−1σke
−(rk−1+rk)

]
.

❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts λ̃ > 0 s✉❝❤ t❤❛t S+ s❛t✐s✜❡s

S+ ≥ λ̃
∑

k∈K+

e−2rk . ✭✼✳✻✾✮

■♥❞❡❡❞✱ ✜rst✱ r❡❝❛❧❧ t❤❛t t❤❡ s②♠♠❡tr✐❝ ♠❛tr✐① ♦❢ s✐③❡ n

An =




2 −1 0 . . . 0

−1 2 −1
✳ ✳ ✳

✳✳✳

0 −1 2
✳ ✳ ✳ 0

✳✳✳
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ −1

0 . . . 0 −1 2




✐s ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡ ❜② t❤❡ ❙②❧✈❡st❡r ❝r✐t❡r✐♦♥ s✐♥❝❡ ❢♦r ❛♥② j ∈ {1, . . . n}✱ t❤❡ jt❤ ❧❡❛❞✐♥❣ ♣r✐♥❝✐♣❛❧ ♠✐♥♦r
♦❢ t❤✐s ♠❛tr✐①✱ ✐✳❡✳ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ ✐ts ✉♣♣❡r✲❧❡❢t j × j s✉❜✲♠❛tr✐①✱ ✐s ♣♦s✐t✐✈❡ ✭✐ts ✈❛❧✉❡ ✐s j + 1✮✳

❙❡❝♦♥❞✱ ♦❜s❡r✈❡ t❤❛t ✐♥ t❤❡ s✉♠ ❞❡✜♥✐♥❣ S+✱ ❢♦r ❣✐✈❡♥ k ∈ K+✱ ✐❢ k − 1 6∈ K+✱ t❤❡♥ σk−1σk = 1
✭✐❢ k ≥ 2✮ ♦r 0 ✭✐❢ k = 1✮ ❛♥❞ t❤✉s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❡r♠ ✐s ♣♦s✐t✐✈❡ ♦r ③❡r♦ ❛♥❞ ❝❛♥ ❜❡ ✐❣♥♦r❡❞ ✐♥
❡st❛❜❧✐s❤✐♥❣ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r S+✳ ❚❤❡ s❛♠❡ ♣r♦♣❡rt② ✐s tr✉❡ ❢♦r t❤❡ t❡r♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ σk+1σk+2

✐❢ k + 1 6∈ K+✳ ▲❡tt✐♥❣ n = card(K+)✱ t❤✐s ♦❜s❡r✈❛t✐♦♥ ❥✉st✐✜❡s t❤❛t S+ ✐s ❧♦✇❡r ❜♦✉♥❞❡❞ ❜② t❤❡
q✉❛❞r❛t✐❝ ❢♦r♠ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠❛tr✐① An t❛❦❡♥ ❛t t❤❡ ✈❡❝t♦r ♦❢ Rn ♦❢ ❝♦♠♣♦♥❡♥ts {e−rk : k ∈ K+}✳
❚❤✐s s❤♦✇s t❤❛t ✭✼✳✻✾✮ ❤♦❧❞s ❢♦r s♦♠❡ λ̃ > 0✳

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✼✳✻✽✮ ❛♥❞ ✭✼✳✻✾✮ t❤❛t t❤❡r❡ ❡①✐sts λ > 0 s✉❝❤ t❤❛t

∑

k∈K+

ṙke
−rk 6 −λF 2

+ +
1

λ
F+

(
N 2 + F θ

+ + F θ
−
)
.

✷✹✸
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❚❤✉s✱
d

dt

[
1

F+

]
=

1

F 2
+

∑

k∈K+

ṙke
−rk 6 −λ+

1

λF+

(
N 2 + F θ

+ + F θ
−
)
.

❚❤❡ ❡st✐♠❛t❡ ✭✼✳✻✷✮ ❝♦♥❝❡r♥✐♥❣ d
dt [

1
F−

] ✐s ♣r♦✈❡❞ s✐♠✐❧❛r❧②✳

Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✼✳✺✶✮ ❛♥❞ t❤❡ ❜♦✉♥❞ |a+k | . ‖~ε ‖H1×L2 ≤ N .
Pr♦♦❢ ♦❢ ✭✐✈✮✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F ❛♥❞ ✭✼✳✹✾✮✱ ✭✼✳✺✶✮✱ ✭✼✳✺✻✮✱ ✇❡ ❤❛✈❡

d

dt
F =

d

dt
E + 2

K∑

k=1

ℓ̇kℓk +
1

µ

K∑

k=1

ȧ−k a
−
k

6 −2µE − 4α
K∑

k=1

ℓ2k +
ν−

µ

K∑

k=1

(a−k )
2 +O

(
N 3 +N

(
F+ + F−

))
.

❙✐♥❝❡ 0 < µ ≤ α ❛♥❞ 0 < µ ≤ |ν−| ✭s❡❡ ✭✼✳✺✼✮✮✱ ✇❡ ♦❜t❛✐♥ ✭✼✳✻✹✮ ❢♦r F ✳ ❚❤❡ ♣r♦♦❢ ❢♦r G ✐s t❤❡ s❛♠❡✳
Pr♦♦❢ ♦❢ ✭✈✮✳ ❋r♦♠ ✭✼✳✻✸✮ ❛♥❞ ✭✼✳✻✹✮✱ ✇❡ ❡st✐♠❛t❡

d

dt
M =

1

µ2

(
d

dt
F − 1

2ν+
d

dt
b

)
6 − 2

µ

(
F +

b

2µ

)
+O

(
N 3 +N

(
F+ + F−

))
.

❚❤✉s✱ ❢r♦♠ ✭✼✳✺✾✮ ❛♥❞ t❤❡♥ ❢♦r N s♠❛❧❧ ❡♥♦✉❣❤✱

d

dt
M 6 −2N 2 +O

(
N 3 +N

(
F+ + F−

))
≤ −N 2 +O

(
F 2
+ + F 2

−
)
.

Pr♦♦❢ ♦❢ ✭✈✐✮✳ ❋r♦♠ ✭✼✳✻✶✮ ❛♥❞ ✭✼✳✻✺✮✱ ✇❡ ❡st✐♠❛t❡

d

dt
R+ =

(
d

dt

[
1

F+

]
+

1

λF+

d

dt
M
)
exp(λ−1M)

6

(
−λ+

1

λF+

(
F θ
+ + F θ

− + CF 2
+ + CF 2

−
))

exp(λ−1M),

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✼✳✻✻✮✳ ❚❤❡ ❡st✐♠❛t❡ ❢♦r d
dtR− ✐s ♣r♦✈❡❞ s✐♠✐❧❛r❧②✳ ◆♦t❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t 3 ♦❢ t❤❡

❢❛❝t♦r exp(−3λ−1M) ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ R− ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ ❛ ♣♦s✐t✐✈❡ ❢❛❝t♦r N 2 ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ♦❢ ✭✼✳✻✼✮✳

✼✳✸✳✺ ▲♦♥❣✲t✐♠❡ ❡♥❡r❣② ❛s②♠♣t♦t✐❝s

▲❡♠♠❛ ✼✳✷✷✳ ▲❡t ❛♥② 1 < θ < min(p− 1, 54)✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ▲❡♠♠❛s ✼✳✶✸ ❛♥❞ ✼✳✶✾✱ ✐t ❤♦❧❞s

E(~u) = KE(Q, 0)− c1κF+ + c1κF− +O(N 2 + F θ
+ + F θ

−). ✭✼✳✼✵✮

Pr♦♦❢✳ ❊①♣❛♥❞✐♥❣ E(u, ∂tu) ✉s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✼✳✹✺✮✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ t❤❡ ❡q✉❛t✐♦♥ −∂2xQ+
Q− f(Q) = 0 ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G ✐♥ ✭✼✳✸✸✮✱ ✇❡ ✜♥❞

2E(u, ∂tu) =

∫
|∂tu|2 + 2E (R, 0)− 2

∫
Gε

+

∫ (
|∂xε|2 + ε2 − 2F (R+ ε) + 2F (R) + 2f(R)ε

)
.

❚❤✉s✱ ✉s✐♥❣ ✭✼✳✸✻✮✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❛♥❞ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t✐❡s✱ ✐t ❤♦❧❞s

2E(u, ∂tu) =

∫
|∂tu|2 + 2E (R, 0) +O

(
N 2 + F 2

+ + F 2
−
)
.

✷✹✹
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◆♦t❡ ❛❧s♦ t❤❛t ✭✼✳✹✺✮ ✐♠♣❧✐❡s

∫
|∂tu|2 .

∫ (
|η|2 +

K∑

k=1

∣∣ℓk∂xQk

∣∣2
)

. N 2.

❚❤❡♥✱ ❜② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱ ♥❡①t −∂2xQ+Q− f(Q) = 0 ❛♥❞ ✭✼✳✸✺✮✱

E(R, 0) = KE(Q, 0) +
∑

k<k′

∫
[(∂xQk)(∂xQk′) +QkQk′ − f(Qk)Qk′ − f(Qk′)Qk]

−
∫ (

F (R)−
K∑

k=1

F (Qk)−
∑

k 6=k′

f(Qk)Qk′

)

= KE(Q, 0)−
∑

k<k′

〈f(Qk), Qk′〉+O(F θ
+ + F θ

−).

▲❛st✱ ❢r♦♠ ✭✼✳✸✼✮✱ ✭✼✳✺✽✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F+ ❛♥❞ F−✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

∑

k<k′

〈f(Qk), Qk′〉 = c1κF+ − c1κF− +O(N 2 + F θ
+ + F θ

−)

■♥❞❡❡❞✱ ✐♥ t❤❡ ❛❜♦✈❡ ❞♦✉❜❧❡ s✉♠
∑

k<k′ ✐♥ k ❛♥❞ k′✱ t❤❡ t❡r♠s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ k′ = k + 1 ❝♦♥tr✐❜✉t❡
t♦ ±c1κF± ✭❞❡♣❡♥❞✐♥❣ ♦♥ k ∈ K±✮ ❛♥❞ t❤❡ ♦t❤❡r t❡r♠s ✭✐✳❡✳ k′ ≥ k + 2✮ ♦♥❧② ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❡rr♦r
t❡r♠ ✭s❡❡ ❛❧s♦ ✭✼✳✹✸✮✮✳

●❛t❤❡r✐♥❣ ❛❧❧ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ✭✼✳✼✵✮✳

❈♦♠❜✐♥✐♥❣ ✭✼✳✼✵✮ ✇✐t❤ ✭✼✳✸✮ ❛♥❞ ✭✼✳✷✾✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❈♦r♦❧❧❛r② ✼✳✷✸✳ ▲❡t ~u ❜❡ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮ s❛t✐s❢②✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✼✳✶✸
♦♥ [t,∞)✱ ❢♦r s♦♠❡ t ≥ 0✳ ▲❡t 1 < θ < min(p− 1, 54)✳ ❚❤❡♥

2α

∫ ∞

t
‖∂tu(s)‖2L2 ds = −c1κF+(t) + c1κF−(t) +O(N 2(t) + F θ

+(t) + F θ
−(t)). ✭✼✳✼✶✮

✼✳✸✳✻ ●❡♥❡r❛❧ ❡st✐♠❛t❡s ❢♦r ❣❧♦❜❛❧ s♦❧✉t✐♦♥s

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s s✐♠✐❧❛r t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✐♥ ❬✷✾❪✳ ❲❡ r❡♣❡❛t t❤❡ ♣r♦♦❢ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡✲
♥❡ss✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷✹✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t δ1 > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ▲❡t 0 <
δ < δ1 ❛♥❞ ~u ❜❡ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮ s❛t✐s❢②✐♥❣ ✭✼✳✷✽✮ ✇✐t❤ K ≥ 1✳ ▲❡t Tδ ≫ 1 ❜❡ s✉❝❤ t❤❛t ~u
❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ ▲❡♠♠❛ ✼✳✶✸ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Tδ✱ ✇✐t❤

[N (Tδ)]
2 + b(Tδ) + F+(Tδ) + F−(Tδ) 6 δ2. ✭✼✳✼✷✮

❚❤❡♥✱ ❢♦r ❛❧❧ t ≥ Tδ✱ ✐t ❤♦❧❞s

[N (t)]2 + b(t) + F+(t) + F−(t) . δ2, ✭✼✳✼✸✮

❛♥❞

F−(t) ≤ 3
(
δ−2 + λ(t− Tδ)

)−1
. ✭✼✳✼✹✮

✷✹✺
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Pr♦♦❢✳ ❋♦r ❛ ❝♦♥st❛♥t C > 1 t♦ ❜❡ t❛❦❡♥ ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s

N 6 Cδ, b 6 Cδ2, F+ 6 δ
3
2 , F− 6 δ

3
2 , ✭✼✳✼✺✮

❛♥❞ ✇❡ s❡t
T∗ = sup

{
t ∈ [Tδ,∞) s✉❝❤ t❤❛t ✭✼✳✼✺✮ ❤♦❧❞s ♦♥ [Tδ, t]

}
> Tδ.

❲❡ ♣r♦✈❡ T∗ = ∞ ❜② str✐❝t❧② ✐♠♣r♦✈✐♥❣ t❤❡ ❜♦♦tstr❛♣ ❡st✐♠❛t❡ ✭✼✳✼✺✮ ♦♥ [Tδ, T∗) ❢♦r C > 1 ❧❛r❣❡
❡♥♦✉❣❤✳ ■♥ t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢✱ t❤❡ ✐♠♣❧✐❝✐t ❝♦♥st❛♥ts ✐♥ . ♦r O(·) ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♥st❛♥t C
♦❢ t❤❡ ❜♦♦tstr❛♣ ❡st✐♠❛t❡ ✭✼✳✼✺✮✳

❊st✐♠❛t❡ ♦♥ N ✳ ❋r♦♠ ✭✼✳✻✹✮ ❛♥❞ ✭✼✳✼✺✮✱ ✐t ❤♦❧❞s ♦♥ [Tδ, T∗)✱

d

dt

[
e2µtF

]
. C3δ3e2µt + Cδ

5
2 e2µt ≤ δ2e2µt,

❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ C✮✳ ❋r♦♠ ✭✼✳✺✾✮ ❛♥❞ ✭✼✳✼✷✮✱ F(Tδ) . δ2✳ ❚❤✉s✱ ✐♥t❡❣r❛t✐♥❣ t❤❡
❛❜♦✈❡ ❡st✐♠❛t❡ ♦♥ [Tδ, t]✱ ❢♦r ❛♥② t ∈ [Tδ, T∗)✱ F(t) . δ2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ✭✼✳✺✾✮✱ ✇❡ ♦❜t❛✐♥

‖~ε ‖2H1×L2 . F + b . Cδ2.

❆r❣✉✐♥❣ s✐♠✐❧❛r❧② ❢♦r t❤❡ q✉❛♥t✐t② G✱ ✇❡ ❤❛✈❡
K∑

k=1

|ℓk|2 +
K∑

k=1

(a−k )
2 . G . δ2. ✭✼✳✼✻✮

❍❡♥❝❡ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❛❧❧ t ∈ [Tδ, T∗)✱
N (t) .

√
Cδ. ✭✼✳✼✼✮

❋♦r C ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❜♦♦tstr❛♣ ❡st✐♠❛t❡ ✭✼✳✼✺✮ ♦♥ N ♦♥ t❤❡ ✐♥t❡r✈❛❧ [Tδ, T∗)✳
❊st✐♠❛t❡ ♦♥ b✳ ◆♦✇✱ ✇❡ ♣r♦✈❡ t❤❛t ❢♦r C ❧❛r❣❡ ❡♥♦✉❣❤✱ ✐t ❤♦❧❞s ❢♦r ❛❧❧ t ∈ [Tδ, T∗)✱

b(t) 6
C

2
δ2. ✭✼✳✼✽✮

❋r♦♠ ✭✼✳✼✶✮ ✐♥ ❈♦r♦❧❧❛r② ✼✳✷✸ ❛♥❞ ✭✼✳✼✷✮✱ ✇❡ ❤❛✈❡
∫ ∞

Tδ

‖∂tu(s)‖2L2 ds . N 2(Tδ) + F+(Tδ) + F−(Tδ) . δ2. ✭✼✳✼✾✮

❇② ✭✼✳✼✷✮✱ ✇❡ ❤❛✈❡ b(Tδ) ≤ δ2✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❛❦❡ C > 4 ❧❛r❣❡ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡r❡
❡①✐sts t2 ∈ [Tδ, T∗) s✉❝❤ t❤❛t

b(t2) =
C

2
δ2, b(t) <

C

2
δ2 ♦♥ [Tδ, t2).

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ b✱ t❤❡r❡ ❡①✐sts t1 ∈ [Tδ, t2) s✉❝❤ t❤❛t

b(t1) =
C

4
δ2 ❛♥❞ b(t) >

C

4
δ2 ♦♥ (t1, t2].

❯s✐♥❣ ✭✼✳✻✸✮ ❛♥❞ t❤❡ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s ✭✼✳✼✺✮✱ ✇❡ ❤❛✈❡

d

dt
b = 2ν+b+O(C3δ3 + Cδ

5
2 )

✇❤✐❝❤ ✐♠♣❧✐❡s ✭❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤ ❞❡♣❡♥❞✐♥❣ ♦♥ C✮

t2 − t1 =
log2

2ν+
+O(δ

1
3 ), ✭✼✳✽✵✮

✷✹✻
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❛♥❞ t❤✉s ∫ t2

t1

b(s) ds & Cδ2. ✭✼✳✽✶✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✼✳✸✷✮✱ ✭✼✳✹✺✮✱ ✭✼✳✼✻✮✱ ✭✼✳✼✾✮ ❛♥❞ ✭✼✳✽✵✮✱

∫ t2

t1

‖η(t)‖2L2 dt .

∫ t2

t1

(
‖∂tu(t)‖2L2 +

K∑

k=1

‖ℓk∂xQk(t)‖2L2

)
dt . δ2. ✭✼✳✽✷✮

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a±k ✱ ♦♥❡ ❤❛s

a+k = ζ+〈ε, Yk〉+ 〈η, Yk〉, a−k = ζ−〈ε, Yk〉+ 〈η, Yk〉

❛♥❞ t❤✉s

a+k =
ζ+

ζ−
a−k +

ζ− − ζ+

ζ−
〈η, Yk〉.

❈♦♠❜✐♥✐♥❣ ✭✼✳✼✻✮✱ ✭✼✳✽✵✮ ❛♥❞ ✭✼✳✽✷✮✱ ✇❡ ✜♥❞ t❤❡ ❡st✐♠❛t❡
∫ t2
t1
b(s) ds . δ2✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ✭✼✳✽✶✮ ❢♦r

C ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤✐s ♣r♦✈❡s ✭✼✳✼✽✮✳
❊st✐♠❛t❡ ♦♥ F−✳ ▲❡t 1 < θ < min(p − 1, 54)✳ ❋✐rst✱ ❢r♦♠ ✭✼✳✼✶✮ ✐♥ ❈♦r♦❧❧❛r② ✼✳✷✸ ❛♥❞ ✭✼✳✼✺✮✱ ✇❡

❤❛✈❡
F+ 6 2F− +O(N 2) ❛♥❞ F θ

+ 6 2F θ
− +N 2. ✭✼✳✽✸✮

❙❡❝♦♥❞✱ ❢r♦♠ ✭✼✳✻✼✮✱ ✭✼✳✼✺✮ ❛♥❞ ✭✼✳✽✸✮✱ ✇❡ ❤❛✈❡

d

dt
R− ≥

(
λ+

2

λF−

(
N 2 − F θ

+ − F θ
−
))

exp
(
−3λ−1M

)

≥
(
λ− 6

λ
F θ−1
−

)
exp

(
−3λ−1M

)
≥ λ

2
.

❇② ✐♥t❡❣r❛t✐♦♥ ♦♥ [Tδ, t] ❢♦r ❛♥② t ∈ [Tδ, T∗)✱ ✐t ❤♦❧❞s

R−(t) ≥ R−(Tδ) +
λ

2
(t− Tδ). ✭✼✳✽✹✮

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R− ❛♥❞ ✭✼✳✼✷✮✱ ✇❡ ❤❛✈❡ R−(Tδ) ≥ 1
2δ

−2✳ ❚❤✉s✱ ✭✼✳✽✹✮ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥②
t ∈ [Tδ, T∗)

F−(t) ≤
3

2R−
≤ 3

2

(
1

2
δ−2 +

λ

2
(t− Tδ)

)−1

6 3δ2.

❚❤✐s ✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❜♦♦tstr❛♣ ❡st✐♠❛t❡ ✭✼✳✼✺✮ ♦❢ F− ♦♥ t❤❡ ✐♥t❡r✈❛❧ [Tδ, T∗) ❛♥❞ ♣r♦✈❡s ✭✼✳✼✹✮✳
❊st✐♠❛t❡ ♦♥ F+✳ ❋r♦♠ ✭✼✳✼✼✮✱ ✭✼✳✽✸✮ ❛♥❞ ✭✼✳✼✹✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

F+ ≤ 2F− +O(N 2) ≤ O(Cδ2).

❋♦r δ s♠❛❧❧ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ C✮✱ t❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ✭✼✳✼✺✮ ♦❢ F+ ♦♥ [Tδ, T∗)✳
❚❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s ♣r♦✈❡ t❤❛t T∗ = ∞ ❛♥❞ t❤❛t ✭✼✳✼✸✮ ❤♦❧❞s ♦♥ [Tδ,∞)✳

✼✳✹ ❆❧t❡r♥❛t❡ s✐❣♥s ♣r♦♣❡rt② ❢♦r ♥❡✐❣❤❜♦r s♦❧✐t❛r② ✇❛✈❡s

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷✺✳ ▲❡t ~u ❜❡ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✮ s✉❝❤ t❤❛t K ≥ 2 ✐♥ ✭✼✳✷✽✮ ♦❢ ❚❤❡♦r❡♠ ✼✳✼✳
❚❤❡♥✱

σk = −σk+1 ❢♦r ❛❧❧ k ∈ {1, . . . ,K − 1}✳ ✭✼✳✽✺✮

✷✹✼
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Pr♦♦❢✳ ❲❡ ♣❡r❢♦r♠ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷✹✳ ❆ss✉♠✐♥❣ t❤❛t K+ ✐s ♥♦t ❡♠♣t②✱
✇❡ r❡❛❝❤ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✐❢ K− ✐s ❡♠♣t②✱ ✇❡ ❤❛✈❡ F− = 0✳ ❖t❤❡r✇✐s❡✱ ✇❡ ♠❛② ✉s❡ t❤❡
❡st✐♠❛t❡ ✭✼✳✼✹✮ ♦♥ F− ♣r♦✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✷✹✳ ❯s✐♥❣ ✭✼✳✻✻✮✱ ✭✼✳✼✸✮ ❛♥❞ ✭✼✳✼✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r
❛♥② t ∈ [Tδ,∞)✱

d

dt
R+ ≤ −3

4
λ+

3

λ
F θ−1
+ +

2

λ
R+F

θ
− ≤ −λ

2
+

18

λ
(δ−2 + λ(t− Tδ))

−θR+. ✭✼✳✽✻✮

❉❡✜♥❡ t❤❡ ❛✉①✐❧✐❛r② ❢✉♥❝t✐♦♥

R̃+(t) = R+(t) exp

[
18

λ2(θ − 1)
(δ−2 + λ(t− Tδ))

1−θ

]
, ❢♦r t ∈ [Tδ,∞)✳

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✭✼✳✽✻✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

d

dt
R̃+ ≤ −λ

2
exp

[
18

λ2(θ − 1)
(δ−2 + λ(t− Tδ))

1−θ

]
≤ −λ

2
.

❇② ✐♥t❡❣r❛t✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ♦♥ [Tδ, t]✱ ✇❡ ♦❜t❛✐♥

R̃+(t) ≤ R̃+(Tδ)−
λ

2
(t− Tδ),

✇❤✐❝❤ ✐s ❝♦♥tr❛❞✐❝t♦r② ✇✐t❤ R̃+(t) ≥ 0 ❢♦r ❧❛r❣❡ t✳ ❚❤✐s ♠❡❛♥s t❤❛t K+ = ∅ ❛♥❞ s♦ K− = {1, . . . ,K−1}✿
t❤❡ s✐❣♥s ♦❢ t❤❡ s♦❧✐t❛r② ✇❛✈❡s ❛❧t❡r♥❛t❡✳

✼✳✺ ❉❡s❝r✐♣t✐♦♥ ♦❢ ❧♦♥❣✲t✐♠❡ ❛s②♠♣t♦t✐❝s

❲❡ ❝♦♥s✐❞❡r ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ~u ♦❢ ✭✼✳✶✮✳ ❲❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼✳✶ ❜② ❝♦♥s✐❞❡r✐♥❣ s❡♣❛r❛t❡❧② t❤❡ ♥♦
s♦❧✐t♦♥ ❝❛s❡✱ ❛♥❞ t❤❡♥ t❤❡ ❝❛s❡s K = 1 ❛♥❞ K ≥ 2 ✐♥ ❚❤❡♦r❡♠ ✼✳✼✳

✼✳✺✳✶ ◆♦ s♦❧✐t♦♥ ❝❛s❡

■❢ ~u(t) ❝♦♥✈❡r❣❡s t♦ 0 ❛s t→ ∞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✼✮ ♦❢ ❚❤❡♦r❡♠ ✷✳✸ ✐♥ ❬✶✷❪✱ ~u ❝♦♥✈❡r❣❡s ❡①♣♦♥❡♥t✐❛❧❧②
t♦ 0 ✐♥ H1 × L2✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧

∫ {
(∂xu)

2 + (1− ρµ)u2 + (∂tu+ µu)2
}

✇❤❡r❡ µ > 0 ✐s s♠❛❧❧ ❛♥❞ ρ = 2α− µ ❛s ✐♥ ➓✼✳✸✳✸ t♦ ♣r♦✈❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡✳

✼✳✺✳✷ ❙✐♥❣❧❡ s♦❧✐t♦♥ ❝❛s❡

❆ss✉♠❡ t❤❛t ~u ❢♦❧❧♦✇s t❤❡ s♦❧✐t❛r② ✇❛✈❡ s❝❡♥❛r✐♦ ✐♥ ❚❤❡♦r❡♠ ✼✳✼ ✇✐t❤ K = 1✳ ▲❡t δ > 0 t♦ ❜❡ ❝❤♦s❡♥
s♠❛❧❧ ❡♥♦✉❣❤✳ ❋♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✼✳✶✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✼✳✷✹✱ t❤❡r❡ ❡①✐sts Tδ > 0 s✉❝❤ t❤❛t ❡st✐♠❛t❡s
✭✼✳✼✸✮✲✭✼✳✼✹✮ ❤♦❧❞ ♦♥ [Tδ,∞)✳ ❲❤❡♥ K = 1✱ ❜② ❝♦♥✈❡♥t✐♦♥

F+(t) = F−(t) = 0, ❢♦r t > 0,

❛♥❞ t❤❡ ❡st✐♠❛t❡s ♣r♦✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥s s✐♠♣❧✐❢②❀ s❡❡ ❘❡♠❛r❦s ✼✳✶✹✱ ✼✳✶✽ ❛♥❞ ✼✳✷✵✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❢r♦♠ ✭✼✳✻✸✮ ❛♥❞ ✭✼✳✻✹✮✱ ✐t ❤♦❧❞s

|ḃ− 2ν+b| . N 3, ✭✼✳✽✼✮

d

dt
F + 2µF . N 3,

d

dt
G + 2µG . N 3, ✭✼✳✽✽✮

✷✹✽
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❛♥❞ ❢r♦♠ ✭✼✳✺✾✮ ❛♥❞ ✭✼✳✼✺✮✱

N 3 6 CδN 2 . Cδ

(
F +

b

2µ

)
. ✭✼✳✽✾✮

❙❡t b̃ = b− δ
1
2F ✱ ♦❜s❡r✈❡ t❤❛t

b̃ =

(
1 +

δ
1
2

2µ

)
b− δ

1
2

(
F +

b

2µ

)
6

(
1 +

δ
1
2

2µ

)
b.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✼✳✽✼✮✱ ✭✼✳✽✽✮ ❛♥❞ ✭✼✳✽✾✮✱

d

dt
b̃ > 2ν+b+ 2µδ

1
2F − Cδ

3
4

(
F +

b

2µ

)

> (2ν+ − δ
1
2 )b+ (2µδ

1
2 − Cδ

3
4 )

(
F +

b

2µ

)
> ν+b̃,

✇❤❡r❡ δ > 0 s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

(2ν+ − δ
1
2 )

(
1 +

δ
1
2

2µ

)
> ν+, 2µδ

1
2 − Cδ

3
4 > 0.

■♥t❡❣r❛t✐♥❣ ♦♥ [t, s] ∈ [Tδ,∞)✱
b̃(t) 6 e−ν+(s−t)b̃(s). ✭✼✳✾✵✮

▲❡t s→ ∞ ✐♥ ✭✼✳✾✵✮ ❛♥❞ ✉s✐♥❣ ✭✼✳✼✺✮✱ ✇❡ ♦❜t❛✐♥

b̃(t) 6 0, b(t) 6 δ
1
2F(t) ❢♦r t ≥ Tδ.

❚❤✉s✱ ✉s✐♥❣ ✭✼✳✽✼✮✱ ✭✼✳✽✽✮ ❛♥❞ ✭✼✳✽✾✮ ❛❣❛✐♥✱

d

dt

(
F +

b

2µ

)
6 −2µF +

ν+

µ
b+ Cδ

3
4

(
F +

b

2µ

)

6 −(2µ− Cδ
3
4 )

(
F +

b

2µ

)
+

(
1 +

ν+

µ

)
b 6 −µ

(
F +

b

2µ

)
,

❜② ♣♦ss✐❜❧② ❝❤♦♦s✐♥❣ δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ■♥t❡❣r❛t✐♥❣ ♦♥ [Tδ, t]✱ ✇❡ ♦❜t❛✐♥

(
F +

b

2µ

)
(t) 6 e−µteµTδ

(
F +

b

2µ

)
(Tδ) . e−µteµTδδ2.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✼✳✺✾✮✱

N 2(t) .

(
F +

b

2µ

)
(t) . e−µt. ✭✼✳✾✶✮

❋r♦♠ ✭✼✳✹✽✮ ❛♥❞ ✭✼✳✾✶✮✱ ✇❡ ❤❛✈❡ |ż1| ≤ e−
µ
2
t✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t z1(t) ❝♦♥✈❡r❣❡s ❡①♣♦♥❡♥t✐❛❧❧② t♦ ✐ts

❧✐♠✐t ❛s t→ ∞✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ~u ✐♥ ✭✼✳✹✺✮✱ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡ K = 1 ✐s ❝♦♠♣❧❡t❡✳

✼✳✺✳✸ ▼✉❧t✐✲s♦❧✐t♦♥ ❝❛s❡

❆ss✉♠❡ t❤❛t ~u ❢♦❧❧♦✇s t❤❡ ♠✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡ s❝❡♥❛r✐♦ ✐♥ ❚❤❡♦r❡♠ ✼✳✼ ✇✐t❤ K ≥ 2✳ ▲❡t δ > 0 t♦
❜❡ ❝❤♦s❡♥ s♠❛❧❧ ❡♥♦✉❣❤✳ ❋♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✼✳✶✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✼✳✷✹✱ t❤❡r❡ ❡①✐sts Tδ > 0 s✉❝❤ t❤❛t
❡st✐♠❛t❡s ✭✼✳✼✸✮✲✭✼✳✼✹✮ ❤♦❧❞ ♦♥ [Tδ,∞)✳ ❘❡❝❛❧❧ t❤❛t ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✼✳✷✺✱ t❤❡ s❡t K+ ✐s ❡♠♣t②✳ ■♥
♣❛rt✐❝✉❧❛r✱ ❢♦❧❧♦✇✐♥❣ ❘❡♠❛r❦ ✼✳✷✵✱ ✇❡ ✉s❡ t❤❡ ❡st✐♠❛t❡s ♦❢ ▲❡♠♠❛ ✼✳✶✾ ✐❣♥♦r✐♥❣ t❤❡ q✉❛♥t✐t② F+✳ ❲❡
st❛rt ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ q✉❛♥t✐t② N (t) ❞❡❝❛②s ❛s t−1✳

✷✹✾
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Pr♦♣♦s✐t✐♦♥ ✼✳✷✻✳ ❚❤❡r❡ ❡①✐sts T > 0 s✉❝❤ t❤❛t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ~u s❛t✐s✜❡s✱ ❢♦r ❛❧❧ t ≥ T

F−(t) . t−1, N (t) . t−1. ✭✼✳✾✷✮

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ✐♥s♣✐r❡❞ ❜② t❤❛t ♦❢ ❬✷✾✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷❪✳ ▲❡t 0 < δ < δ1 ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
Pr♦♣♦s✐t✐♦♥ ✼✳✷✹✳ ❋r♦♠ ✭✼✳✼✸✮ ❛♥❞ ✭✼✳✼✹✮✱ t❤❡r❡ ❡①✐sts T > 0 ❧❛r❣❡ ❡♥♦✉❣❤ ✭✜① ❛♥② T > 4Tδ✮ s✉❝❤ t❤❛t✱
❢♦r ❛❧❧ t ≥ T/2✱

N (t) ≤ Cδ, F−(t) ≤
6

λ
t−1.

■♥ ♣❛rt✐❝✉❧❛r✱ ❢r♦♠ ✭✼✳✻✸✮ ❛♥❞ ✭✼✳✻✹✮
∣∣∣∣
db

dt
− 2ν+b

∣∣∣∣ . N 3 + t−1N ,
d

dt
F + 2µF . N 3 + t−1N . ✭✼✳✾✸✮

❖✉r ❣♦❛❧ ✐s t♦ ♦❜t❛✐♥ t❤❡ ❞❡❝❛② r❛t❡ ♦❢ N ✳ ❚❤❡ ❛❜♦✈❡ ❜♦✉♥❞s ❛r❡ ♥♦t q✉✐t❡ ❡♥♦✉❣❤ ❜❡❝❛✉s❡ ♦❢ t❤❡
t❡r♠ N 3 ❢♦r ✇❤✐❝❤ ♦♥❧② s♠❛❧❧♥❡ss ✐s ❦♥♦✇♥ ❛t t❤✐s ♣♦✐♥t✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ✇✐❧❧ ✇♦r❦ ♦♥ ❛
♠♦❞✐✜❝❛t✐♦♥ b̃ ♦❢ b✳ ❘❡❝❛❧❧ ✭✼✳✺✾✮✿

0 6 N 2 . F +
b

2µ
.

❋♦r 0 < ω ≪ 1 t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r δ s♠❛❧❧✱

N 3 + t−1N . ω2N 2 + ω−2t−2 . ω2

(
F +

b

2µ

)
+ ω−2t−2. ✭✼✳✾✹✮

✭❍❡r❡ ❛♥❞ ❜❡❧♦✇ t❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥ts ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ω✮✳ ❙❡t b̃ = b− ωF ❛♥❞ ♦❜s❡r✈❡ t❤❛t

b̃ = b− ωF =

(
1 +

ω

2µ

)
b− ω

(
F +

1

2µ
b

)
≤
(
1 +

ω

2µ

)
b.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✼✳✾✸✮ ❛♥❞ ✭✼✳✾✹✮✱

db̃

dt
≥ 2ν+b+ 2ωµF − Cω2

(
F +

b

2µ

)
− Cω−2t−2

≥ (2ν+ − ω)b+
(
2ωµ− Cω2

)(
F +

b

2µ

)
− Cω−2t−2

≥ ν+b̃− Cω−2t−2,

✇❤❡r❡ ω > 0 ✐s t❛❦❡♥ s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

(2ν+ − ω)

(
1 +

ω

2µ

)−1

≥ ν+, 2ωµ− Cω2 > 0.

■♥t❡❣r❛t✐♥❣ ♦♥ [t, s] ⊂ [T/2,∞)✱ ✇❡ ♦❜t❛✐♥

b̃(t)− e−ν+(s−t)b̃(s) 6 Cω−2

∫ s

t
e−ν+(τ−t)τ−2 dτ . ω−2t−2. ✭✼✳✾✺✮

▲❡t s→ ∞ ✐♥ ✭✼✳✾✺✮ ❛♥❞ ✉s✐♥❣ ✭✼✳✼✺✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛❧❧ t ≥ T/2✱

b̃(t) . ω−2t−2, b(t) ≤ Cω−2t−2 + ωF(t).

❚❤✉s ✉s✐♥❣ ✭✼✳✾✸✮ ❛♥❞ ✭✼✳✾✹✮ ❛❣❛✐♥✱ ✐t ❤♦❧❞s

d

dt

(
F +

b

2µ

)
≤ −2µF +

ν+

µ
b+ Cω2

(
F +

b

2µ

)
+ Cω−2t−2

≤ −(2µ− Cω2)

(
F +

b

2µ

)
+

(
1 +

ν+

µ

)
b+ Cω−2t−2

≤ −µ
(
F +

b

2µ

)
+ Cω−2t−2,

✷✺✵
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❜② ♣♦ss✐❜❧② ❝❤♦♦s✐♥❣ ω > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ■♥t❡❣r❛t✐♥❣ ♦♥ [T/2, t]✱ ✇❡ ♦❜t❛✐♥
(
F +

b

2µ

)
(t)− e−µ(t−T

2
)

(
F +

b

2µ

)
(T/2) .

∫ t

T
2

e−µ(t−s)s−2 ds

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✼✳✺✾✮✱

N 2(t) .

(
F +

b

2µ

)
(t) . t−2 + δ2eµT/2e−µt 6 t−2,

✇❤✐❝❤ ♣r♦✈❡s ✭✼✳✾✷✮✳

❲❡ ❝♦♥t✐♥✉❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❛❧t❡r♥❛t❡ s✐❣♥s ♣r♦♣❡rt② ✭✼✳✽✺✮ ❛♥❞ t❤❡ ❞❡❝❛②
❡st✐♠❛t❡ ✭✼✳✾✷✮✱ t❤❡ s②st❡♠ ✭✼✳✻✵✮ r❡✇r✐t❡s ❛s✱ ❢♦r k = 2, · · · ,K − 1✱ ❛♥❞ ❛♥② t > T ✱





ẏ1 = − κ

2α
e−(y2−y1) +O

(
t−θ
)
,

ẏk =
κ

2α

(
e−(yk−yk−1) − e−(yk+1−yk)

)
+O

(
t−θ
)
,

ẏK =
κ

2α
e−(yK−yK−1) +O(t−θ).

✭✼✳✾✻✮

❚❤✐s s②st❡♠ ♦❢ ❖❉❊s ✐s st✉❞✐❡❞ ✐♥ ❬✾✸❪ ❛♥❞ ❬✸✸❪✱ ✇❤❡r❡ ✐t ❛♣♣❡❛rs ♥❛t✉r❛❧❧② ✐♥ ❛ ❞✐✛❡r❡♥t ❝♦♥t❡①t ✭t❤❡
❞❡s❝r✐♣t✐♦♥ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❜❧♦✇✉♣ ♣♦✐♥ts ♦❢ t❤❡ s❡♠✐❧✐♥❡❛r ✇❛✈❡ ❡q✉❛t✐♦♥✮✱ ✇✐t❤ s❧✐❣❤t❧② ❞✐✛❡r❡♥t
♣❡rt✉r❜❛t✐♦♥ t❡r♠s✳ ❋♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ r❡❛❞❡r✱ ✇❡ ♣r♦✈✐❞❡ ❛ st✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s✳

❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ t♦ t❤❡ ✉♥♣❡rt✉r❜❡❞ ❖❉❊ s②st❡♠ ✭✼✳✾✮

ȳk(t) :=

(
k − K + 1

2

)
logt+ τk, ❢♦r k = 1, . . . ,K, ✭✼✳✾✼✮

✇❤❡r❡ (τk)k=1,...,K ❛r❡ ❝♦♥st❛♥ts ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜② ✭✼✳✽✮ ✭s❡❡ ❛❧s♦ ❬✸✸✱ ♣✳ ✶✺✹✾❪✮✳
❋r♦♠ ✭✼✳✾✻✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

∑K
k=1 ẏk = O

(
t−θ
)
✳ ❙✐♥❝❡ θ > 1✱ t❤❡r❡ ❡①✐st ȳ∞ ∈ R s✉❝❤ t❤❛t

1

K

K∑

k=1

yk = ȳ∞ +O
(
t−θ+1

)
. ✭✼✳✾✽✮

❲❡ ✐♥tr♦❞✉❝❡✱ ❢♦r k = 1, . . . ,K✱
ξk(t) := yk − ȳk − ȳ∞.

❖❜s❡r✈❡ t❤❛t✱ ❢♦r k = 1, · · · ,K − 1✱

yk+1 − yk = ξk+1 − ξk + logt+ (τk+1 − τk),

s♦ t❤❛t ✉s✐♥❣ ✭✼✳✽✮✱

κ

2α
e−(yk+1−yk) =

κ

2α
e−(ξk+1−ξk)−logt−(τk+1−τk) = γkt

−1e−(ξk+1−ξk).

❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✼✳✾✻✮ ❛♥❞ γk − γk−1 =
K+1
2 − k✱ ✐t ❤♦❧❞s ✭2 6 k 6 K − 1✮





ξ̇1 = −t−1γ1
(
e−(ξ2−ξ1) − 1

)
+O

(
t−θ
)
,

ξ̇k = t−1
(
γk−1(e

−(ξk−ξk−1) − 1)− γk(e
−(ξk+1−ξk) − 1)

)
+O

(
t−θ
)
,

ξ̇K = t−1γK−1(e
−(ξK−ξK−1) − 1) +O(t−θ).

✭✼✳✾✾✮

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② k = 1, . . . ,K✱

ξk(t) = O(t−θ+1). ✭✼✳✶✵✵✮

❋✐rst✱ ✇❡ ♣r♦✈❡ ❛ ❜♦✉♥❞ ♦♥ ξk✳

✷✺✶
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▲❡♠♠❛ ✼✳✷✼✳ ❚❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ k = 1, . . . ,K ❛♥❞ ❢♦r ❛❧❧ t ≥ Tδ✱ ✐t ❤♦❧❞s
|ξk(t)| 6M ✳

Pr♦♦❢✳ ❙❡t
ζ0 = ζK = 0 ❛♥❞ ζk = ξk+1 − ξk ❢♦r k = 1, · · · ,K − 1.

❋r♦♠ ✭✼✳✾✾✮✱ ✐t ❤♦❧❞s ❢♦r k = 1, . . . ,K − 1 ✭✇✐t❤ γ0 = γK = 0✮

ζ̇k = t−1
(
−γk+1(e

−ζk+1 − 1) + 2γk(e
−ζk − 1)− γk−1(e

−ζk−1 − 1)
)
+O

(
t−θ
)
. ✭✼✳✶✵✶✮

❈❧❛✐♠ ✼✳✷✽✳ ❚❤❡r❡ ❡①✐sts M1 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ k = 1, . . . ,K − 1✱ ❛♥❞ ❢♦r ❛❧❧ t > Tδ✱ ✐t ❤♦❧❞s
|ζk(t)| ≤M1✳

Pr♦♦❢ ❈❧❛✐♠ ✼✳✷✽✳ ❋✐rst✱ ✇❡ ♣r♦✈❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ζk(t) ≥ −M1✱ ❢♦r s♦♠❡ M1 > 0✳ ❋✐① ϑ = 1+θ
2 ❛♥❞ ❢♦r

D1 > 0 t♦ ❜❡ ✜①❡❞ ❧❛t❡r✱ ❞❡♥♦t❡ ❢♦r k = 1, · · · ,K − 1✱

ρk = γk(e
−ζk − 1) +D1t

−ϑ+1, ρ+ = max
k

ρk.

▲❡t ✉s ♣r♦✈❡ t❤❛t ρ+ ✐s ♥♦♥ ✐♥❝r❡❛s✐♥❣ ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ t✐♠❡s ✉s✐♥❣ ❛ ❜♦♦tstr❛♣ ❛r❣✉♠❡♥t✳ ❋♦r C1 > 0
❛♥❞ T1 > Tδ t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ ❧❡t

T∗ = sup{t ∈ [T1,∞) s✉❝❤ t❤❛t ρ+ 6 C1 ♦♥ [T1, t]}.
▲❡t t ∈ [T1, T∗)✱ ❛♥❞ ❝♦♥s✐❞❡r ❛♥ ✐♥❞❡① k s✉❝❤ t❤❛t ρk(t) = ρ+(t)✳ ❖❜s❡r✈❡ t❤❛t

γke
−ζk(t) 6 ρk(t) + γk 6 C1 +K2, ✭✼✳✶✵✷✮

2γk
(
e−ζk(t) − 1

)
> γk+1

(
e−ζk+1(t) − 1

)
+ γk−1

(
e−ζk−1(t) − 1

)
. ✭✼✳✶✵✸✮

●❛t❤❡r✐♥❣ ✭✼✳✶✵✶✮✱ ✭✼✳✶✵✷✮ ❛♥❞ ✭✼✳✶✵✸✮✱ t❤❡r❡ ❡①✐st C0 > 0 s✉❝❤ t❤❛t ❛t t✱

ρ̇k = −γke−ζk ζ̇k −D1(ϑ− 1)t−ϑ

= −γke−ζkt−1
(
−γk+1(e

−ζk+1 − 1) + 2γk(e
−ζk − 1)− γk−1(e

−ζk−1 − 1)
)

+O(γke
−τk(t)t−θ)−D1(ϑ− 1)t−ϑ

6 C0γke
−ζk(t)t−θ −D1(ϑ− 1)t−ϑ

6
(
(C1 +K2)C0 −D1(ϑ− 1)T θ−ϑ

1

)
t−θ.

❋✐① T1 > Tδ ❛♥❞ t❤❡♥ D1✱ C1 s✉❝❤ t❤❛t

(ϑ− 1)T θ−ϑ
1 > C0 + 1,

D1 > C0(ρ+(T1) + 1 +K2) + 1, C1 = ρ+(T1) +D1 + 1.

❚❤❡♥✱ t❤❡r❡ ❤♦❧❞s

(C1 +K2)C0 −D1(ϑ− 1)T θ−ϑ
1 6 (ρ+(T1) +D1 + 1 +K2)C0 −D1(C0 + 1)

6 (ρ+(T1) + 1 +K2)C0 −D1 6 −1.

❙✐♥❝❡ ρ+(T1) < C1✱ ❜② ❝♦♥t✐♥✉✐t②✱ T∗ > T1✳ ❲❡ ❛❧s♦ ❤❛✈❡ ρ̇k(t) < 0✱ s♦ t❤❛t ρk ✐s ❞❡❝r❡❛s✐♥❣ ❛t t❀
♥♦t❡ t❤❛t t❤✐s ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❛♥② ✐♥❞❡① k s✉❝❤ t❤❛t ρk(t) = ρ+(t)✳ ■❢ j ✐s ❛♥ ✐♥❞❡① s✉❝❤ t❤❛t
ρj(t) < ρ+(t)✱ t❤❡♥ ❜② ❝♦♥t✐♥✉✐t② t❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t✳ ❚❤✉s ρ+ ✐s ❞❡❝r❡❛s✐♥❣
❛t t✱ ❢♦r ❛♥② t ∈ [T1, T

∗)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ρ+(t) 6 ρ+(T1) 6 C1✳ ❇② ❝♦♥t✐♥✉✐t②✱ ✇❡ ♦❜t❛✐♥ T∗ = ∞ ❛♥❞
s♦ ❢♦r ❛❧❧ t > T1✱ ρ+(t) 6 C1✳

❇② ❝♦♥t✐♥✉✐t②✱ t❤❡r❡ ❡①✐sts C2 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t > Tδ✱ ρ+(t) 6 C2✱ ❛♥❞ s♦ ❢♦r ❛❧❧ k = 1, . . . ,K − 1✱
❢♦r ❛❧❧ t > Tδ✱ e−ζk(t) 6 2C2 + 1✱ s✐♥❝❡ D1 > 0 ❛♥❞ γk > 1/2✳ ❚❤❡r❡❢♦r❡✱ ❢♦r M1 = log(2C2 + 1)✱ ✇❡
❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ζk(t)✳

❆r❣✉✐♥❣ s✐♠✐❧❛r❧② ✉s✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ρ̃k = γk(e
−ζk − 1) − D1t

−ϑ+1✱ ♦♥❡ ❛❧s♦ ♣r♦✈❡s ❛♥ ✉♣♣❡r
❜♦✉♥❞ ♦♥ ζk✳

✷✺✷
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❇② ✭✼✳✾✽✮ ❛♥❞
∑K

k=1 ȳk =
∑K

k=1 τk = 0, t❤❡r❡ ❡①✐stsM2 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ t > Tδ✱
∣∣∑K

k=1 ξk(t)
∣∣ 6

M2✳ ❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t ❢♦r s♦♠❡ k0 ❛♥❞ t > Tδ

ξk0(t) >M ✇❤❡r❡ M :=
2M2

K
+
K − 1

2
M1.

❚❤❡♥✱

ξk(t) = ξk0(t) +
k−1∑

j=k0

ζj >M − |k − k0|M1 ❢♦r 1 6 k0 < k 6 K,

ξk(t) = ξk0(t)−
k0−1∑

j=k

ζj >M − |k − k0|M1 ❢♦r 1 6 k < k0 6 K,

s♦ t❤❛t ✭✐♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ M✮

K∑

k=1

ξk(t) > KM −M1

K∑

k=1

|k − k0| > K

(
M − K − 1

2
M1

)
> 2M2,

✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ k = 1, . . . ,K ❛♥❞ t > Tδ✱ ξk(t) 6 M ✳ ❖♥❡ ❛r❣✉❡s s✐♠✐❧❛r❧②
t♦ s❤♦✇ t❤❛t ξk(t) > −M ✳

◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✉♥♣❡rt✉r❜❡❞ ❖❉❊ s②st❡♠ ❢♦r t❤❡ (ξk)k=1,...,K ✱ t❤❛t ✐s

˙̟ = t−1Φ(̟), ✭✼✳✶✵✹✮

✇❤❡r❡ ̟ = (̟k)k=1,...,K ❛♥❞ Φ : RK → RK ✐s ❞❡✜♥❡❞ ❜②




Φ1(̟) = −γ1(e−(̟2−̟1) − 1),

Φk(̟) = γk−1(e
−(̟k−̟k−1) − 1)− γk(e

−(̟k+1−̟k) − 1), ❢♦r 2 6 k 6 K − 1,

ΦK(̟) = γK−1(e
−(̟K−̟K−1) − 1).

❚❤✐s s②st❡♠ ✐s st✉❞✐❡❞ ✐♥ ❬✸✸❪✳ ❖❜s❡r✈❡ t❤❛t s❡tt✐♥❣ e1 =
1√
K
(1, . . . , 1)T ✱ ✐t ❤♦❧❞s

❢♦r ❛❧❧ t, t0 > Tδ,
1

K

K∑

j=1

̟j(t) =
1√
K

(̟, e1) =
1

K

K∑

j=1

̟j(t0).

▼♦r❡♦✈❡r✱ DΦ(0) ✐s t❤❡ K ×K ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s

m1,1 = −γ1, mK,K = −γK−1, mk,k = −(γk−1 + γk), ❢♦r k = 2, · · · ,K − 1,

mk,k−1 = γk−1, mk,k+1 = γk, mk,k′ = 0, ✐❢ |k − k′| > 2.

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷✾ ✭❬✸✸❪✮✳ ■t ❤♦❧❞s DΦ(0)e1 = 0 ❛♥❞

❢♦r ❛❧❧ x ∈ e⊥1 , (DΦ(0)x,x) 6 −‖x‖2. ✭✼✳✶✵✺✮

❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛♥② M > 0✱ t❤❡r❡ ❡①✐sts C(M) > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② t0 > 0✱ ✐❢ |̟(t0)| 6M ✱ t❤❡♥

❢♦r ❛❧❧ t > t0, ‖̟(t)− (̟(t0), e1)e1‖ 6 C(M)t0t
−1. ✭✼✳✶✵✻✮

Pr♦♦❢✳ ❙❡❡ ❬✸✸✱ ▲❡♠♠❛ ✷✳✽❪ ❢♦r t❤❡ ❝♦❡r❝✐✈✐t② ✭✼✳✶✵✺✮ ♦❢ DΦ(0) ❛♥❞ ❬✸✸✱ Pr♦♣♦s✐t✐♦♥ ✷✳✺❪ ❢♦r t❤❡ ❝♦♥✲
✈❡r❣❡♥❝❡ ✭✼✳✶✵✻✮ ✭✇r✐tt❡♥ t❤❡r❡ ✐♥ t❤❡ ✈❛r✐❛❜❧❡ τ = logt✮✳

✷✺✸
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◆♦✇✱ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶ ❜② s❤♦✇✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✼✳✶✵✵✮✳

Pr♦♦❢ ♦❢ ✭✼✳✶✵✵✮✳ ❲❡ s✉♠♠❛r✐s❡ ✇❤❛t ✇❛s ♦❜t❛✐♥❡❞ s♦ ❢❛r✳ ▲❡t ξ := (ξk)k=1,...,K ✳ ❚❤❡r❡ ❡①✐sts Cθ s✉❝❤
t❤❛t ❢♦r t > Tδ✱

✭✐✮ ξ̇ = t−1Φ(ξ) + r(t) ✇❤❡r❡ ‖r(t)‖ 6 Cθt
−θ✱

✭✐✐✮ |(ξ, e1)| 6 Cθt
−θ+1✱

✭✐✐✐✮ ‖ξ(t)‖ 6
√
KM ✱ ❢♦r t > Tδ✳

▼♦r❡♦✈❡r✱ ❜② ✭✼✳✶✵✺✮✱ t❤❡r❡ ❡①✐st ǫ, C > 0 s✉❝❤ t❤❛t ✐❢ ‖x‖ 6 ǫ✱ t❤❡♥

(Φ(x),x) 6 −1

2
‖x‖2 + C(x, e1)

2. ✭✼✳✶✵✼✮

❙t❡♣ ✶✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts Tǫ > Tδ s✉❝❤ t❤❛t

❢♦r ❛❧❧ t > Tǫ✱ ‖ξ(t)‖ 6 ǫ. ✭✼✳✶✵✽✮

▲❡t L = 4ǫ−1C(M) + 1✱ ✇❤❡r❡ C(M) ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✼✳✷✾✳ ❙❡t

A = 3 + sup{‖DΦ(x)‖ : ‖x‖ 6 max(C(M),
√
KM)}.

❇② ✭✐✮ ❛♥❞ ✭✐✐✮✱ ✇❡ ✜① t0 ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

sup
t>t0

(
t sup
s>t

‖r(s)‖
)
6
ǫ

4
L−A ❛♥❞ t−θ+1

0 6
ǫ

2
C−1
θ .

❋♦r ❛♥② t1 > t0✱ ✇❡ ❞❡♥♦t❡ ̟t1 t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✼✳✶✵✹✮ ✇✐t❤ ❞❛t❛ ̟t1(t1) = ξ(t1) ❛t t✐♠❡ t1✳ ❖♥ t❤❡
♦♥❡ ❤❛♥❞✱ ❜② st❛♥❞❛r❞ ●r♦♥✇❛❧❧ ❡st✐♠❛t❡s✱ ✐t ❤♦❧❞s ❢♦r ❛♥② t > t1✱

‖ξ(t)−̟t1(t)‖ 6 tA
∫ t

t1

s−A‖r(s)‖ ds 6 tAt−A+1
1 sup

s>t1

‖r(s)‖.

▲❡t t = Lt1✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t0✱ ✇❡ ♦❜t❛✐♥

‖ξ(Lt1)−̟t1(Lt1)‖ 6 LA
(
t1 sup

s>t1

‖r(s)‖
)
6
ǫ

4
. ✭✼✳✶✵✾✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ ✭✼✳✶✵✻✮✱ ✭✐✐✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t0✱

‖̟t1(Lt1)‖ 6 ‖
(
ξ(t1), e1

)
e1‖+ C(M)t1(Lt1)

−1 6
3

4
ǫ. ✭✼✳✶✶✵✮

▲❡t Tǫ = Lt0✱ ❢r♦♠ ✭✼✳✶✵✾✮ ❛♥❞ ✭✼✳✶✶✵✮✱ ✇❡ ♦❜t❛✐♥ ✭✼✳✶✵✽✮✳
❙t❡♣ ✷✳ ❯s✐♥❣ ✭✐✮✱ ✭✐✐✮✱ ✭✼✳✶✵✼✮ ❛♥❞ ✭✼✳✶✵✽✮✱ ✇❡ ✐♥❢❡r t❤❛t ❢♦r t > Tǫ✱

d

dt
‖ξ‖2 = 2t−1(Φ(ξ), ξ) + 2(r, ξ)

6 −t−1‖ξ‖2 +O(t1−2θ) +O(t−θ‖ξ‖)

6 −
(
θ − 1

2

)
t−1‖ξ‖2 +O(t1−2θ).

❆ ❞✐r❡❝t ✐♥t❡❣r❛t✐♦♥ ❛♥❞ 1 < θ < 3/2 ②✐❡❧❞✱ ❢♦r s♦♠❡ C > 0✱

‖ξ(t)‖2 6
(
Tǫ
t

)θ− 1
2

‖ξ(Tǫ)‖2 + Ct−2θ+2 . t−2θ+2,

✇❤✐❝❤ ✐s ✭✼✳✶✵✵✮✳

✷✺✹
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✼✳✻ ❈♦♥str✉❝t✐♦♥ ♦❢ ♠✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡s

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼✳✸✱ ❛❞❛♣t✐♥❣ ❛r❣✉♠❡♥ts ❢r♦♠ ❬✷✾✱ ❙❡❝t✐♦♥ ✹❪✳ ❍❡r❡✱ BH1×L2(δ)
❞❡♥♦t❡s t❤❡ ♦♣❡♥ ❜❛❧❧ ♦❢ H1 × L2 ♦❢ ❝❡♥t❡r 0 ❛♥❞ r❛❞✐✉s δ ❛♥❞ BRK (δ) ✭r❡s♣❡❝t✐✈❡❧②✱ B̄RK (δ)✮ ❞❡♥♦t❡s
t❤❡ ♦♣❡♥ ❜❛❧❧ ✭r❡s♣❡❝t✐✈❡❧②✱ ❝❧♦s❡❞ ❜❛❧❧✮ ♦❢ RK ♦❢ ❝❡♥t❡r 0 ❛♥❞ r❛❞✐✉s δ✳ ▲❛st✱ SRK (δ) ❞❡♥♦t❡s t❤❡ s♣❤❡r❡
♦❢ H1 × L2 ♦❢ ❝❡♥t❡r 0 ❛♥❞ r❛❞✐✉s δ✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ ➓✼✳✸ ❛♥❞ s❡t

β :=
1

2
√
α2 + ν20

= 〈~Y +, ~Z+〉−1 > 0.

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❧✐♠✐♥❛r② r❡s✉❧t ✭❢♦r t❤❡ ♣r♦♦❢✱ s❡❡ ❬✷✾✱ ▲❡♠♠❛ ✹✳✶❪✮✳

▲❡♠♠❛ ✼✳✸✵✳ ▲❡t (zk, ℓk)k=1,...,K ∈ R2K ❜❡ s✉❝❤ t❤❛t

r = min(zk+1 − zk, k = 1, . . . ,K − 1)

✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡r❡ ❡①✐st ❧✐♥❡❛r ♠❛♣s

B : RK → RK , V : RK → RK

s♠♦♦t❤ ✐♥ (zk, ℓk)k=1,...,K ✱ s❛t✐s❢②✐♥❣

‖B − β Id ‖ . e−
1
2
r, ‖Vj‖ . e−

1
2
r,

❛♥❞ s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ W (a) : R → R ❞❡✜♥❡❞ ❜②

W (a)(x) :=
K∑

k=1

{
Bk(a)Yk(x) + Vk(a)∂xQk(x)

}
,

❢♦r ❛♥② a = (a1, . . . , ak)✱ s❛t✐s✜❡s✱ ❢♦r ❛❧❧ k = 1, . . . ,K✱

〈W (a), ∂xQk〉 = 0, 〈W (a), Yk〉 = βak.

■♥ ♣❛rt✐❝✉❧❛r✱ s❡tt✐♥❣

~W (a) =

(
W (a)
ν+W (a)

)
✐t ❤♦❧❞s 〈 ~W (a), ~Z+

k 〉 = ak.

❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥❝❡ ❜② tr❛♥s❧❛t✐♦♥ ♦❢ ✭✼✳✶✮ ✐♠♣❧② ❚❤❡♦r❡♠ ✼✳✸✳

Pr♦♣♦s✐t✐♦♥ ✼✳✸✶✳ ▲❡t K > 2 ❛♥❞ σ = ±1✳ ❋♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ❧❡t ❛♥②





(ℓk(0))k=1,...,K ∈ BRK (δ),

(zk(0))k=1,...,K ∈ RK

s❛t✐s❢②✐♥❣ min{zk+1(0)− zk(0), k = 1, . . . ,K − 1} > 5|logδ|,
~ε⊥(0) ∈ BH1×L2(δ)

s❛t✐s❢②✐♥❣ ✭✼✳✹✻✮ ❛♥❞ 〈~ε⊥(0), ~Z+
k (0)〉 = 0 ❢♦r k = 1, . . . ,K.

✭✼✳✶✶✶✮

❚❤❡r❡ ❡①✐sts a+
♯ (0) = (a+♯,k(0))k=1,...,K ∈ B̄RK (δ

5
4 ) s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ ~u♯ ♦❢ ✭✼✳✶✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧

❞❛t❛

~u♯(0) = σ
K∑

k=1

(−1)k(Q(· − zk(0)), 0) + ~W (a+
♯ (0)) + ~ε⊥(0)

✐s ❣❧♦❜❛❧ ❛♥❞ s❛t✐s✜❡s ✭✼✳✻✮ ✇❤❡r❡✱ ❢♦r k = 1, . . . ,K✱ zk = ȳk + y♯ +O(t−θ+1)✱ ❢♦r s♦♠❡ y♯ ∈ R ❛♥❞ ȳk
❜❡✐♥❣ ❞❡✜♥❡❞ ✐♥ ✭✼✳✾✼✮✳

✷✺✺
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❘❡♠❛r❦ ✼✳✸✷✳ ❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✸✶✱ t❤❡r❡ ❡①✐st ❡✈❡♥ s♦❧✉t✐♦♥s ♦❢ ✭✼✳✶✮ ✇✐t❤ ❛♥② ♦❞❞
♥✉♠❜❡r K ≥ 3 ♦❢ s♦❧✐t❛r② ✇❛✈❡s✳

Pr♦♦❢✳ ●✐✈❡♥ a+(0) = (a+k (0))k=1,...,K ∈ B̄RK (δ
5
4 )✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ~u(t) ♦❢ ✭✼✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧

❞❛t❛

~u(0) = σ
K∑

k=1

(−1)k(Q(· − zk(0)), 0) + ~W (a+(0)) + ~ε⊥(0).

❉❡❝♦♠♣♦s✐t✐♦♥✳ ❋♦r ❛♥② t ≥ 0 s✉❝❤ t❤❛t ~u(t) ✐s ❞❡✜♥❡❞ ❛♥❞ s❛t✐s✜❡s ✭✼✳✹✹✮✱ ✇❡ ❝♦♥s✐❞❡r ✐ts ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✼✳✶✸✳ ❋♦❧❧♦✇✐♥❣ ➓✼✳✸✳✹✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥ yk ✭k = 1, . . . ,K✮✱ N ✱
M ❛♥❞

F =

K−1∑

k=1

e−(yk+1−yk), R =
1

F
exp(−3λ−1M)

✭❞✉❡ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ s✐❣♥s ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ~u(0)✱ F = F− ❛♥❞ F+ = 0✮✳ ◆♦t❡ t❤❛t ❜② t❤❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ W ✐♥ ▲❡♠♠❛ ✼✳✸✵ ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt✐❡s ✭✼✳✹✻✮ ♦❢ ~ε⊥(0) ❛ss✉♠❡❞
✐♥ ✭✼✳✶✶✶✮✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ~u(0) ✐s ♠♦❞✉❧❛t❡❞✳ ■♥❞❡❡❞✱ (zk(0), ℓk(0))k=1,...,K ❛♥❞

~ε (0) = ~W (a+(0)) + ~ε⊥(0),

❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ~u(0)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❤♦❧❞s ❢r♦♠ ✭✼✳✶✶✶✮

N (0) . δ, F (0) . δ2.

▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✼✳✸✵✱ ❢♦r k = 1, · · · ,K✱ ✐t ❤♦❧❞s

〈~ε (0), ~Z+
k (0)〉 = 〈 ~W (a+(0)), Z+

k 〉 = a+k (0),

✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a+k ✐♥ ✭✈✮ ♦❢ ▲❡♠♠❛ ✼✳✶✸✳
❇♦♦tstr❛♣ ❡st✐♠❛t❡s✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s

N ≤ δ
3
4 , F ≤ δ

3
2 , b ≤ δ

5
2 ✭✼✳✶✶✷✮

❛♥❞ ✇❡ s❡t T∗ = sup {t ∈ [0,∞) s✉❝❤ t❤❛t ✭✼✳✶✶✷✮ ❤♦❧❞s ♦♥ [0, t]} ≥ 0✳
❊st✐♠❛t❡s ♦♥ t❤❡ ❞❛♠♣❡❞ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ❡st✐♠❛t❡ ♦♥ N ✐s str✐❝t❧② ✐♠♣r♦✈❡❞ ♦♥ [0, T∗] ❛s ✐♥ t❤❡

♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷✹✳ ■♥ ♣❛rt✐❝✉❧❛r✱ N . δ ♦♥ [0, T∗]✳
❊st✐♠❛t❡ ♦♥ t❤❡ ❞✐st❛♥❝❡✳ ■♥❡q✉❛❧✐t② ✭✼✳✻✼✮ r❡✇r✐t❡s

dR

dt
>

(
λ+

2

λF
(N 2 − F θ)

)
exp(−3λ−1M).

◆♦✇ ❢♦r t ∈ [0, T∗]✱ ✐♥ ✈✐❡✇ ♦❢ ✭✼✳✶✶✷✮✱ exp(−3λ−1M) = 1 + O(N 2) = 1 + O(δ3/2) ❛♥❞ F θ−1 =
O(δ3(θ−1)/2) 6 1

6λ2 s♦ t❤❛t
dR

dt
>

2

3
λ(1− Cδ3/2) >

λ

2
.

■♥t❡❣r❛t✐♥❣ ♦♥ [0, t] ⊂ [0, T∗]✱ ✐t ❤♦❧❞s R(t) > R(0) + λ
2 t✳ ❍❡♥❝❡✱ ❛s ✇❡ ❛❧s♦ ❤❛✈❡ exp(3λ−1M) =

1 +O(δ3/2) ❛♥❞ R(0)−1 6 2F (0) . δ2✱

F =
1

R
exp(3λ−1M) 6

1

R(0) + λ
2 t

(1 +O(δ3/2)) . δ2.

❚❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦❢ F ✐♥ ✭✼✳✶✶✷✮✱ ❛♥❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷✻✱ ✇❡ ❛❧s♦
♦❜t❛✐♥ t❤❡ ❞❡❝❛② F . t−1✳

✷✺✻
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❚r❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥✳ ❋r♦♠ ✭✼✳✻✸✮ ❛♥❞ N . δ✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❢♦r ❛♥② t✐♠❡ t ∈ [0, T∗] ✇❤❡r❡ ✐t
❤♦❧❞s b(t) = δ

5
2 ✱ ✇❡ ❤❛✈❡

d

dt
b(t) ≥ 2ν+b(t)− Cδ3 ≥ 2ν+δ

5
2 − Cδ3 ≥ ν+δ

5
2 > 0,

❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤✐s tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ❡♥♦✉❣❤ t♦ ❥✉st✐❢② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ❛
♣♦✐♥t a+

♯ (0) ∈ B̄RK (δ
5
4 ) s✉❝❤ t❤❛t T∗ = ∞✳

■♥❞❡❡❞✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥ ❛ss✉♠❡ t❤❛t ❢♦r ❛❧❧ a+(0) ∈ B̄RK (δ
5
4 )✱ ✐t ❤♦❧❞s T∗ <∞✳ ❚❤❡♥✱

❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬✷✽❪ ♦r ✐♥ ❬✸✶✱
❙❡❝t✐♦♥ ✸✳✶❪✮✳

❈♦♥t✐♥✉✐t② ♦❢ T∗✳ ❚❤❡ ❛❜♦✈❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛♣

a+(0) ∈ B̄RK (δ
5
4 ) 7→ T∗ ∈ [0,∞)

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❛t T∗ = 0 ❢♦r a+(0) ∈ SRK (δ
5
4 )✳

❈♦♥str✉❝t✐♦♥ ♦❢ ❛ r❡tr❛❝t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♠❛♣

a+(0) ∈ B̄RK (δ
5
4 ) 7→ a+(T∗) ∈ SRK (δ

5
4 )

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐ts r❡str✐❝t✐♦♥ t♦ t❤❡ s♣❤❡r❡ SRK (δ
5
4 ) ✐s t❤❡ ✐❞❡♥t✐t②✳

❚❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ♥♦ r❡tr❛❝t✐♦♥ t❤❡♦r❡♠ ❢♦r ❝♦♥t✐♥✉♦✉s ♠❛♣s ❢r♦♠ t❤❡ ❜❛❧❧ t♦ t❤❡
s♣❤❡r❡✳

❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ a+
♯ (0) ∈ B̄RK (δ

5
4 )✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥

~u♯ ∈ C([0,∞), H1) ♦❢ ✭✼✳✶✮✱ ✇❤✐❝❤ ❛❧s♦ s❛t✐s✜❡s ✭✼✳✶✶✷✮ ❢♦r ❛❧❧ t > 0 ✭❛♥❞ F = F−✱ F+ = 0✮✳ ❆♣♣❧②✐♥❣
t❤❡ r❡s✉❧ts ♦❢ ➓✼✳✺ t♦ ~u♯✱ ✇❡ ✐♥❢❡r t❤❛t N . t−1 ✭s♦ t❤❛t ✭✼✳✻✮ ❤♦❧❞s✮ ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts y♯ ∈ R ✇✐t❤✱
❢♦r k = 1, . . . ,K✱

yk = ȳk + y♯ +O(t−θ+1)

❆s zk = yk − ℓk
2α ❛♥❞ |ℓk| 6 N . t−1✱ u♯ ❤❛s t❤❡ r❡q✉❡st❡❞ ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

✷✺✼
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❈❤❛♣t❡r ✽

❆s②♠♣t♦t✐❝s ♦❢ s♦❧✉t✐♦♥s ✇✐t❤ ❛
❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt② ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r
❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

❆❜str❛❝t✿ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

∂ttu+ 2α∂tu−∆u+ u− |u|p−1u = 0 ♦♥ [0,∞)× RN

✇✐t❤ α > 0✱ 2 6 N 6 5 ❛♥❞ ❡♥❡r❣② s✉❜❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts p > 2✳ ❲❡ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s
❢♦r ✇❤✐❝❤ ✐t ✐s s✉♣♣♦s❡❞ t❤❛t ♦♥❧② ♦♥❡ ♥♦♥❧✐♥❡❛r ♦❜❥❡❝t ❛♣♣❡❛rs ❛s②♠♣t♦t✐❝❛❧❧② ❢♦r ❧❛r❣❡ t✐♠❡s✱ ❛t ❧❡❛st
❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡s✳

❲❡ ✜rst ♣r♦✈❡ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r ♦❜❥❡❝t ✐s ♥❡❝❡ss❛r✐❧② ❛ ❜♦✉♥❞ st❛t❡✳ ◆❡①t✱ ✇❡ s❤♦✇ t❤❛t ✇❤❡♥ t❤❡
♥♦♥❧✐♥❡❛r ♦❜❥❡❝t ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ ♦r ❛ ❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡ s❛t✐s❢②✐♥❣ ❛ s✐♠♣❧✐❝✐t② ❝♦♥❞✐t✐♦♥✱
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ t✐♠❡s✱ ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♦r ❛❧❣❡❜r❛✐❝ r❛t❡ r❡s♣❡❝t✐✈❡❧②✳ ▲❛st✱
✇❡ ♣r♦✈✐❞❡ ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s ❡①❛❝t❧② ❛t t❤❡ r❛t❡ t−1 t♦ t❤❡ ❡①❝✐t❡❞ st❛t❡✳

✷✺✾
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✽✳✶ ■♥tr♦❞✉❝t✐♦♥

✽✳✶✳✶ ❙❡tt✐♥❣ ♦❢ t❤❡ ♣r♦❜❧❡♠

❲❡ ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ❢♦❝✉s✐♥❣ ❞❛♠♣❡❞ ❑❧❡✐♥✲●♦r❞♦♥ ❡q✉❛t✐♦♥

∂ttu+ 2α∂tu−∆u+ u− f(u) = 0 (t, x) ∈ [0,∞)× RN , ✭✽✳✶✮

✇❤❡r❡ f(u) = |u|p−1u✱ α > 0✱ 2 6 N 6 5 ❛♥❞ t❤❡ ❡①♣♦♥❡♥t p s❛t✐s✜❡s

2 < p < p∗(N) ✇✐t❤ p∗(N) =





∞ ✐❢ N = 2,

N + 2

N − 2
✐❢ N = 3, 4, 5.

■t ❢♦❧❧♦✇s ❢r♦♠ ❬✶✷✱ ❚❤❡♦r❡♠ ✷✳✸❪ t❤❛t t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r ✭✽✳✶✮ ✐s ❧♦❝❛❧❧② ✇❡❧❧✲♣♦s❡❞ ✐♥ t❤❡
❡♥❡r❣② s♣❛❝❡✿ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ (u0, v0) ∈ H1(RN ) × L2(RN )✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✭✐♥ s♦♠❡ ❝❧❛ss✮
♠❛①✐♠❛❧ s♦❧✉t✐♦♥ u ∈ C([0, Tmax), H

1(RN ))∩ C1([0, Tmax), L
2(RN )) ♦❢ ✭✽✳✶✮✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ♠❛①✐♠❛❧

t✐♠❡ ♦❢ ❡①✐st❡♥❝❡ Tmax ✐s ✜♥✐t❡✱ t❤❡♥ limt↑Tmax ‖~u(t)‖H1×L2 = ∞✳
❙❡tt✐♥❣ F (u) = 1

p+1 |u|p+1 ❛♥❞

E(~u) =
1

2

∫

RN

{
|∇u|2 + u2 + (∂tu)

2 − 2F (u)
}
dx,

❢♦r ❛♥② H1 × L2 s♦❧✉t✐♦♥ ~u = (u, ∂tu) ♦❢ ✭✽✳✶✮✱ ✐t ❤♦❧❞s

E(~u(t2))− E(~u(t1)) = −2α

∫ t2

t1

‖∂tu(t)‖2L2dt. ✭✽✳✷✮

❖♥❡ ❝❛♥ ❡❛s✐❧② ❝♦♥str✉❝t ✜♥✐t❡ t✐♠❡ ❜❧♦✇✲✉♣ s♦❧✉t✐♦♥s ❜② ❛❞❡q✉❛t❡❧② tr✉♥❝❛t✐♥❣ ❛ ❝♦♥st❛♥t ✐♥ s♣❛❝❡
s♦❧✉t✐♦♥✱ ✇❤♦s❡ ✐♥✐t✐❛❧ ❞❛t❛ ❧❡❛❞ t♦ ✜♥✐t❡ t✐♠❡ ❜❧♦✇✲✉♣ ❢♦r t❤❡ ✐♥❢❡rr❡❞ ❖❉❊ y′′ + 2αy′ + y − f(y) = 0
✭❛♥❞ ✉s✐♥❣ ✜♥✐t❡ s♣❡❡❞ ♦❢ ♣r♦♣❛❣❛t✐♦♥✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s♦❧✉t✐♦♥s t♦ ✭✽✳✶✮ ✇❤✐❝❤ ❛r❡ ❣❧♦❜❛❧❧② ❞❡✜♥❡❞
❢♦r ♣♦s✐t✐✈❡ t✐♠❡✱ t❤❛t ✐s ❢♦r ✇❤✐❝❤ Tmax = +∞✱ ❛r❡ ❜❡❧✐❡✈❡❞ t♦ ♣♦ss❡ss ♠✉❝❤ ♠♦r❡ str✉❝t✉r❡✱ ✐♥ t❤❡
s♣✐r✐t ♦❢ ❛ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥✿ ✐t r♦✉❣❤❧② ❛ss❡rts t❤❛t ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ✭♠❛②❜❡ ✉♥❞❡r ❛ ❣❡♥❡r✐❝✐t②
❝♦♥❞✐t✐♦♥✮ s♣❧✐ts ❢♦r ❧❛r❣❡ t✐♠❡s ✐♥t♦ ❛ s✉♠ ♦❢ ❞❡❝♦✉♣❧❡❞ r✐❣✐❞ ♥♦♥❧✐♥❡❛r ♦❜❥❡❝ts✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❤❡r❡
st❛t✐♦♥❛r② s♦❧✉t✐♦♥s✱ ❡s♣❡❝✐❛❧❧② ✐♥ ✈✐❡✇ ♦❢ ❞❡❝❛② ♦❢ ❡♥❡r❣② ✭✽✳✷✮✳

▲❡t ✉s ✜rst r❡❝❛❧❧ ❢r♦♠ ❬✶✼❪ ✭s❡❡ ❛❧s♦ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮ s♦♠❡ ❢❡❛t✉r❡s ♦♥ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✱ ♥❛♠❡❧②
❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥

−∆q + q − f(q) = 0, q ∈ H1(RN ). ✭✽✳✸✮

❲❡ ❝❛❧❧ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✽✳✸✮ ❜♦✉♥❞ st❛t❡s✱ ❛♥❞ ❞❡♥♦t❡ B t❤❡ s❡t ♦❢ ❜♦✉♥❞ st❛t❡s✿

B = {q : q ✐s ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✽✳✸✮}.

❙t❛♥❞❛r❞ ❡❧❧✐♣t✐❝ ❛r❣✉♠❡♥ts ✭s❡❡ ❡✳❣✳ ❬✺✽❪ ♦r ❬✶✼✱ ❚❤❡♦r❡♠ ✽✳✶✳✶❪✮ s❤♦✇ t❤❛t ✐❢ q ∈ B✱ t❤❡♥ q ✐s ♦❢ ❝❧❛ss
C2(RN ) ❛♥❞ ❤❛s ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❛s |x| → +∞✱ ❛s ✇❡❧❧ ❛s ✐ts ✜rst ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳

▲❡t

W(v) =
1

2

∫

RN

{
|∇v|2 + v2 − 2F (v)

}
dx, ❢♦r v ∈ H1.

❲❡ ❝❛❧❧ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✽✳✸✮ ✇❤✐❝❤ ♠✐♥✐♠✐③❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ W ❜② ❣r♦✉♥❞ st❛t❡s❀ t❤❡ s❡t ♦❢ ❣r♦✉♥❞
st❛t❡s ✐s ❞❡♥♦t❡❞ ❜② G

G = {q0 ∈ B : ∀q ∈ B, W(q0) 6 W(q)}.

✷✻✵
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●r♦✉♥❞ st❛t❡s ❛r❡ ✇❡❧❧ st✉❞✐❡❞ ♦❜❥❡❝ts✳ ❚❤❡② ❛r❡ ✉♥✐q✉❡ ✉♣ t♦ s♣❛❝❡ tr❛♥s❧❛t✐♦♥ ✭❢♦r r❛t❤❡r ❣❡♥❡r❛❧
♥♦♥❧✐♥❡❛r✐t✐❡s✮✿ t❤❡r❡ ❡①✐sts ❛ r❛❞✐❛❧ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ q0 ♦❢ ❝❧❛ss C2✱ ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝r❡❛s✐♥❣✱ ❛❧♦♥❣
✇✐t❤ ✐ts ✜rst ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s✱ s✉❝❤ t❤❛t

G = {q0(x− x0) : x0 ∈ RN}.

❲❡ r❡❢❡r t♦ ❇❡r❡st②❝❦✐✲▲✐♦♥s ❬✼❪✱ ●✐❞❛s✲◆✐✲◆✐r❡♥❜❡r❣ ❬✺✼❪✱ ❑✇♦♥❣ ❬✼✼❪✱ ❙❡rr✐♥✲❚❛♥❣ ❬✶✵✼❪ ✭❤♦✇❡✈❡r✱ ❛
♣♦s✐t✐✈❡ ❜♦✉♥❞ st❛t❡ ♠❛② ♥♦t ❜❡ ❛ ❣r♦✉♥❞ st❛t❡✱ s❡❡ ❬✸✺❪✮✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ ✭s❡❡ ❡✳❣✳ ●r✐❧❧❛❦✐s✲❙❤❛t❛❤✲
❙tr❛✉ss ❬✻✵❪✮ t❤❛t t❤❡ ❣r♦✉♥❞ st❛t❡ q0 ✐s ✉♥st❛❜❧❡ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡✳ ❚❤✐s r❡s✉❧t ✇❛s ❛❧s♦ ❦♥♦✇♥ ✐♥
t❤❡ ♣❤②s✐❝s ❧✐t❡r❛t✉r❡ ❛s t❤❡ ❉❡rr✐❝❦✬s ❚❤❡♦r❡♠ ❬✹✶❪✳

■♥ ❞✐♠❡♥s✐♦♥ 1✱ B = G ✭❞✉❡ t♦ ❖❉❊ ❛r❣✉♠❡♥ts✮✳ ■♥ ❝♦♥tr❛st✱ ❢♦r ❛♥② N > 2✱ G ( B✿ s❡❡ ❬✶✼✱
❘❡♠❛r❦ ✽✳✶✳✶✻❪✳ ❋✉♥❝t✐♦♥s q ∈ B \ G ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ❡①❝✐t❡❞ st❛t❡s✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ♠✉❝❤ ❧❡ss ✐s
❦♥♦✇♥ ❛❜♦✉t ❡①❝✐t❡❞ st❛t❡s✳

❍❡r❡ ❛r❡ s♦♠❡ r❡❢❡r❡♥❝❡s ♦♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❡①❝✐t❡❞ st❛t❡s✳ ❇❡r❡st②❝❦✐✲▲✐♦♥s ❬✽❪ s❤♦✇❡❞ t❤❡ ❡①✲
✐st❡♥❝❡ ♦❢ ✐♥✜♥✐t❡❧② ♠❛♥② r❛❞✐❛❧ ♥♦❞❛❧ ✭✐✳❡✳ s✐❣♥ ❝❤❛♥❣✐♥❣✮ s♦❧✉t✐♦♥s ✭s❡❡ ❛❧s♦ ❬✻✶✱ ✾✽❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s
t❤❡r❡✐♥✮✳ ❋♦r t❤❡ ♠❛ss❧❡ss ✈❡rs✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✽✳✸✮✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡①❝✐t❡❞ st❛t❡s t❤❛t ❛r❡ ♥♦♥r❛❞✐❛❧
s✐❣♥✲❝❤❛♥❣✐♥❣ ❛♥❞ ✇✐t❤ ❛r❜✐tr❛r② ❧❛r❣❡ ❡♥❡r❣② ✇❛s ✜rst ♣r♦✈❡❞ ✐♥ ❉✐♥❣ ❬✹✷❪ ❜② ✈❛r✐❛t✐♦♥❛❧ ❛r❣✉♠❡♥t✳
▲❛t❡r✱ ❞❡❧ P✐♥♦✲▼✉ss♦✲P❛❝❛r❞✲P✐st♦✐❛ ❬✸✻❪ ❝♦♥str✉❝t❡❞ ♠♦r❡ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥s t♦ t❤❡ ♠❛ss❧❡ss ❡q✉❛t✐♦♥
✭✽✳✸✮ ✇✐t❤ ❛ ❝❡♥t❡r❡❞ s♦❧✐t♦♥ ❝r♦✇♥❡❞ ✇✐t❤ ♥❡❣❛t✐✈❡ s♣✐❦❡s ✭r❡s❝❛❧❡❞ s♦❧✐t♦♥s✮ ❛t t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ r❡❣✉❧❛r
♣♦❧②❣♦♥ ♦❢ r❛❞✐✉s ✶✳ ❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ s✐♠✐❧❛r ❣❡♥❡r❛❧ str❛t❡❣② ✐♥ ❬✸✻❪✱ t❤❡② ❝♦♥str✉❝t❡❞ s✐❣♥ ❝❤❛♥❣✐♥❣✱
♥♦♥ r❛❞✐❛❧ s♦❧✉t✐♦♥s t♦ ✭✽✳✸✮ ♦♥ t❤❡ s♣❤❡r❡ SN ✭N > 4✮ ✇❤♦s❡ ❡♥❡r❣② ✐s ❝♦♥❝❡♥tr❛t❡❞ ❛❧♦♥❣ s♣❡❝✐❛❧
s✉❜♠❛♥✐❢♦❧❞s ♦❢ SN ✐♥ ❬✸✼❪✳

❲❡ ❝❛♥ ♥♦✇ ❣♦ ❜❛❝❦ t♦ ✭✽✳✶✮✱ ❛♥❞ r❡❝❛❧❧ s♦♠❡ ♣r❡✈✐♦✉s r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ❧♦♥❣ t✐♠❡ ❞②♥❛♠✐❝s
♦❢ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s✳

❯♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ N ❛♥❞ p✱ r❡s✉❧ts ✐♥ ❬✺✸✱ ✽✷❪ st❛t❡ t❤❛t ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ t✐♠❡✱ ❛♥②
❣❧♦❜❛❧ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✽✳✶✮ ❝♦♥✈❡r❣❡s t♦ ❛ s✉♠ ♦❢ ❞❡❝♦✉♣❧❡❞ ❜♦✉♥❞ st❛t❡s ❛❢t❡r ❡①tr❛❝t✐♦♥ ♦❢ ❛
s✉❜s❡q✉❡♥❝❡ ♦❢ t✐♠❡s✳ ❆❧s♦ ✐♥ ❬✺✸❪✱ ❋❡✐r❡✐s❧ ❝♦♥str✉❝t❡❞ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s t❤❛t ❜❡❤❛✈❡ ❛s s✉♠ ♦❢ ❛♥ ❡✈❡♥
♥✉♠❜❡r ♦❢ ❣r♦✉♥❞ st❛t❡s ✭✐✳❡✳ ♠✉❧t✐✲s♦❧✐t♦♥s✮✳

■♥ ❬✶✷❪✱ ❢♦r ❞✐♠❡♥s✐♦♥ N ≥ 2✱ ❇✉rq✱ ❘❛✉❣❡❧ ❛♥❞ ❙❝❤❧❛❣ ♣r♦✈❡❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛♥② ❣❧♦❜❛❧ r❛❞✐❛❧
s♦❧✉t✐♦♥ t♦ ♦♥❡ ✭r❛❞✐❛❧✮ ❜♦✉♥❞ st❛t❡✱ ❢♦r t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ ♦❢ t✐♠❡✳

■♥ ❬✷✾❪✱ ✐t ✐s ❣✐✈❡♥ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ 2✲s♦❧✐t♦♥ s♦❧✉t✐♦♥s ✭t❤❛t ✐s✱ s♦❧✉t✐♦♥s ✇❤✐❝❤✱ ♦♥ ❛t ❧❡❛st
❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡✱ ❜❡❤❛✈❡ ❛s t❤❡ s✉♠ ♦❢ t✇♦ ❞❡❝♦✉♣❧❡❞ ❣r♦✉♥❞ st❛t❡s✮✱ ✐♥ ❞✐♠❡♥s✐♦♥ N 6 5✳ ❇✉✐❧❞✐♥❣
♦♥ t❤❡ t♦♦❧s ❞❡✈❡❧♦♣❡❞ t❤❡r❡✱ ❬✸✵❪ ❣❛✈❡ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ✐♥ ❞✐♠❡♥s✐♦♥ N = 1✱
t❤❛t ✐s✱ t❤❡ s♦❧✐t♦♥ r❡s♦❧✉t✐♦♥ ✐♥ t❤❛t ❝❛s❡✳

❲❡ ❛✐♠ ❛t ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥ ✇✐t❤♦✉t ❝♦♥❞✐t✐♦♥s ♦♥ s②♠♠❡tr② ✭❧✐❦❡ r❛❞✐❛❧✐t②✮✳ ❆
❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ s❡❡♠s ♦✉t ♦❢ r❡❛❝❤✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧❛❝❦ ♦❢ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞②♥❛♠✐❝s ❛r♦✉♥❞
❣❡♥❡r❛❧ ❡①❝✐t❡❞ st❛t❡s✱ ❛♥❞ ❜❡❝❛✉s❡ t❤❡ s②st❡♠ ♦❢ ❝❡♥t❡rs ♦❢ ♠❛ss ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ ❜♦✉♥❞ st❛t❡s ♠❛②
❤❛✈❡ ✐ts❡❧❢ ❛ ✈❡r② ✐♥tr✐❝❛t❡ ❞②♥❛♠✐❝s✳

✽✳✶✳✷ ▼❛✐♥ r❡s✉❧ts

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❡ ✐♥st❡❛❞ ✐♥t❡r❡st❡❞ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♦❧✉t✐♦♥s t♦ ✭✽✳✶✮ ❢♦r ✇❤✐❝❤
♦♥❧② ♦♥❡ ♥♦♥❧✐♥❡❛r ♦❜❥❡❝t ❛♣♣❡❛rs ❢♦r ❧❛r❣❡ t✐♠❡s✱ ❛t ❧❡❛st ❢♦r ❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡
❞❡✜♥❡ ♣❛❝❦❡❞ s♦❧✉t✐♦♥s ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✽✳✶✳ ❆ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ∈ C([0, Tmax), H
1 × L2) ♦❢ ✭✽✳✶✮ ✐s ❝❛❧❧❡❞ ❛ ♣❛❝❦❡❞

s♦❧✉t✐♦♥ ✐❢ t❤❡r❡ ❡①✐st (W0,W1) ∈ H1 × L2✱ ❛♥❞ ❛ t✐♠❡ s❡q✉❡♥❝❡ tn → Tmax ❛♥❞ ❛ ♣♦s✐t✐♦♥ s❡q✉❡♥❝❡
yn ∈ RN s✉❝❤ t❤❛t

lim
n→∞

{‖u(tn)−W0(· − yn)‖H1 + ‖∂tu(tn)−W1(· − yn)‖L2} = 0. ✭✽✳✹✮

❲❡ s❛② t❤❛t ~W = (W0,W1) ✐s ❛ ❝❧✉st❡r ♣♦✐♥t ❢♦r ~u ❛t (tn, yn)n✳

✷✻✶



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

❖❜s❡r✈❡ t❤❛t ❛♥② ❝❧✉st❡r ♣♦✐♥t (W0,W1) ✐s ❛❝t✉❛❧❧② ❛ ❜♦✉♥❞ st❛t❡ (q, 0)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡
❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ❤♦❧❞s tr✉❡✳

Pr♦♣♦s✐t✐♦♥ ✽✳✷✳ ▲❡t ~u = (u, ∂tu) ❜❡ ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✽✳✶✮✳ ❚❤❡♥ ~u ∈ C([0,+∞), H1 × L2) ✐s
❣❧♦❜❛❧❧② ❞❡✜♥❡❞ ❢♦r ♣♦s✐t✐✈❡ t✐♠❡s✱ ❛♥❞ ✐❢ (W0,W1) ∈ H1 × L2 ✐s ❛ ❝❧✉st❡r ♣♦✐♥t ❢♦r ~u ❛t (tn, yn)n✱
t❤❡♥ W0 = q ✐s ❛ ❜♦✉♥❞ st❛t❡ ♦❢ ✭✽✳✸✮ ❛♥❞ W1 = 0✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡♥❡r❣② ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇✱
∂tu ∈ L2([0,+∞), L2) ❛♥❞ ❢♦r ❛❧❧ t > 0✱

E(~u(t))− E(q, 0) = 2α

∫ +∞

t
‖∂tu(s)‖2L2ds. ✭✽✳✺✮

◆♦t✐❝❡ t❤❛t ✐t ✐s ✉♥❝❧❡❛r ✇❤❡t❤❡r ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ✐s ❣❧♦❜❛❧❧② ❜♦✉♥❞❡❞ ✐♥ H1×L2 ✭r❡❝❛❧❧ t❤❛t ❢r♦♠
❛r❣✉♠❡♥ts ♦❢ ❬✶✻❪ ✕ s❡❡ ❛❧s♦ ❬✶✷❪ ❛♥❞ ❬✸✵❪ ✕ ✐❢ p 6 N

N−2 ✱ t❤❡♥ ❛♥② ❣❧♦❜❛❧ s♦❧✉t✐♦♥ t♦ ✭✽✳✶✮ ✐s ❣❧♦❜❛❧❧②
❜♦✉♥❞❡❞ ✐♥ H1 × L2✱ ❜✉t t❤✐s ✐s ♥♦t ❦♥♦✇♥ ❢♦r ❤✐❣❤❡r ♣♦✇❡rs ♦❢ p✮✳

■t t✉r♥s ♦✉t t❤❛t t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡♣❡♥❞s ❞❡❡♣❧② ♦♥ t❤❡ ❜♦✉♥❞ st❛t❡✳ ▼♦r❡
s♣❡❝✐✜❝❛❧❧②✱ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r Lq ♦❢ t❤❡ ❡♥❡r❣② ❛r♦✉♥❞ ❛ ❜♦✉♥❞ st❛t❡ q✿

Lq = −∆+ 1− f ′(q), 〈Lqv, v〉 =
∫

RN

{
|∇v|2 + v2 − f ′(q)v2

}
dx. ✭✽✳✻✮

❉✉❡ t♦ t❤❡ ✐♥✈❛r✐❛♥❝❡s ♦❢ ❡q✉❛t✐♦♥s✱ Lq ❛❧✇❛②s ❤❛s ❛ ✐♠♣♦rt❛♥t ❦❡r♥❡❧✿ ❞❡♥♦t❡ t❤❡ Ωij ❛r❡ t❤❡ ❛♥❣✉❧❛r
❞❡r✐✈❛t✐✈❡s t❤❛t ❛r❡

Ωij = xi∂xj − xj∂xi ❢♦r 1 6 i < j 6 N, ✭✽✳✼✮

❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r s♣❛❝❡ Zq s♣❛♥♥❡❞ ❜② t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥
♦♥ q✿

Zq = ❙♣❛♥ {∂xnq, n = 1, · · · , N ; Ωijq, 1 6 i < j 6 N} . ✭✽✳✽✮

❖♥❡ ❛❧✇❛②s ❤❛s Zq ⊂ KerLq✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❛♥❞ ❞❡❣❡♥❡r❛t❡ st❛t❡✳

❉❡✜♥✐t✐♦♥ ✽✳✸✳ ▲❡t q ∈ B✳

(i) q ✐s ❝❛❧❧❡❞ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ ✐❢ Zq = KerLq✳

(ii) q ✐s ❝❛❧❧❡❞ ❛ ❞❡❣❡♥❡r❛t❡ st❛t❡ ✐❢ Zq ( KerLq✳

❚❤❡ ♠♦st r❡❧❡✈❛♥t ❡①❛♠♣❧❡ ✐s ♦❢ ❝♦✉rs❡ t❤❡ ❣r♦✉♥❞ st❛t❡ q0 ✇❤✐❝❤ ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳ ❲❡ ✇✐❧❧
❝♦♠♠❡♥t ❢✉rt❤❡r ♦♥ ❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡ ✐♥ t❤❡ ❝♦♠♠❡♥t ♣❛r❛❣r❛♣❤ ❜❡❧♦✇✳ ❋♦r ♥♦✇✱ ❧❡t ✉s s✐♠♣❧②
♠❡♥t✐♦♥ ♦♥❡ ✇❛② t♦ ✉♥❞❡rst❛♥t ❞❡❣❡♥❡r❛❝② ✭✇❡ ❞❡♥♦t❡ ′ ❢♦r ●❛t❡❛✉ ❞✐✛❡r❡♥t✐❛❧s✮✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t
q ✐s ❛ ❜♦✉♥❞ st❛t❡ ✇r✐t❡s E′(q) = 0✳ ❚❤❡♥ 〈Lqv, w〉 = E′′(q) · (v, w)✱ s♦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t q ✐s
❞❡❣❡♥❡r❛t❡✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t ❢♦r s♦♠❡ φ /∈ Zq✱ t❤❡ ❧✐♥❡❛r ❢♦r♠ E′′(q) · (φ, ·) = 0✳

❖✉r ✜rst r❡s✉❧t ✐s t❤❛t ✐❢ ♦♥❡ ❝❧✉st❡r ♣♦✐♥t ♦❢ ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡✱ t❤❡♥ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s ♦❢ ❛❧❧ ♣♦s✐t✐✈❡ t✐♠❡✱ ❛♥❞ ♦❝❝✉rs ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛t❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✽✳✹✳ ▲❡t ~u = (u, ∂tu) ❜❡ ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✽✳✶✮✱ ✇✐t❤ ❝❧✉st❡r ♣♦✐♥t q ∈ H1 ❛t (tn, yn)n✳ ■❢
q ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡✱ ✇❡ ❤❛✈❡ ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞✐♥❣ ❢♦r ❛❧❧ t✐♠❡ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②✱ ✐✳❡✳ t❤❡r❡
❡①✐st µ > 0 ❛♥❞ z∞ ∈ RN s✉❝❤ t❤❛t

∀t > 0, ‖u(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2 . e−µt.

◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡s ✇❤❡r❡ KerLq ❤❛s ♦♥❡ ❡①tr❛ ❞✐♠❡♥s✐♦♥ ♥♦t r❡❧❛t❡❞ t♦ t❤❡
❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥❝❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✽✳✶✮ ❛♥❞ ✇❤✐❝❤ ❛❧s♦ ✐♥✈♦❧✈❡s ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ t❤✐r❞✲♦r❞❡r
●❛t❡❛✉ ❞✐✛❡r❡♥t✐❛❧s ♦❢ E✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥✳

✷✻✷
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❉❡✜♥✐t✐♦♥ ✽✳✺✳ ▲❡t q ❜❡ ❛ ❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡✳ q ✐s ❝❛❧❧❡❞ ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡ ✐❢ t❤❡r❡ ❡①✐sts
φ ∈ H1 s✉❝❤ t❤❛t

KerLq = Zq ⊕ ❙♣❛♥{φ} ❛♥❞ E′′′(q) · (φ, φ, φ) 6= 0. ✭✽✳✾✮

❆❣❛✐♥✱ ✇❡ ✇✐❧❧ ❝♦♠♠❡♥t ♦♥ t❤✐s ❞❡✜♥✐t✐♦♥ ✐♥ t❤❡ ♣❛r❛❣r❛♣❤ ❜❡❧♦✇✱ t❤❡ ♠❛✐♥ ♣♦✐♥t ❜❡✐♥❣ t❤❛t
❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡s ❛r❡ s♦♠❡❤♦✇ t❤❡ s✐♠♣❧❡st ❞❡❣❡♥❡r❛t❡ ❜♦✉♥❞s st❛t❡s✳

❖✉r s❡❝♦♥❞ r❡s✉❧t ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❝❧✉st❡r ♣♦✐♥ts ✇❤✐❝❤ ❛r❡ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡s✳

❚❤❡♦r❡♠ ✽✳✻✳ ▲❡t ~u = (u, ∂tu) ❜❡ ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ♦❢ ✭✽✳✶✮✱ ✇✐t❤ ❝❧✉st❡r ♣♦✐♥t q ∈ H1 ❛t (tn, yn)n✳
■❢ q ✐s ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✱ t❤❡♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ~u(t) → (q, 0) ❤♦❧❞s ❢♦r ❛❧❧ t✐♠❡ ❛s t → +∞✱ ❛♥❞
t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❤❛s ❛❧❣❡❜r❛✐❝ ❞❡❝❛②✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts z∞ ∈ RN s✉❝❤ t❤❛t

∀t > 0, ‖u(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2 . t−1.

▲❛st✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐♥ ❚❤❡♦r❡♠ ✽✳✻ ❝❛♥ ❜❡ s❤❛r♣✿ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❡①❛♠♣❧❡
✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s ❡①❛❝t❧② ❛t t❤❡ r❛t❡ t−1 t♦ t❤❡ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✳

❚❤❡♦r❡♠ ✽✳✼✳ ▲❡t q ❜❡ ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ~u = (u, ∂tu) ∈
C([0,+∞), H1 × L2) ♦❢ ✭✽✳✶✮ s✉❝❤ t❤❛t

‖u(t)− q‖H1 + ‖∂tu(t)‖L2 ∼ t−1 ❛s t→ +∞.

✽✳✶✳✸ ❈♦♠♠❡♥ts

▲❡t ✉s ✜rst ♦❜s❡r✈❡ t❤❛t ❚❤❡♦r❡♠ ✽✳✹ ✭❛♥❞ ✐ts ♣r♦♦❢✮ ❤♦❧❞s ❛❧s♦ ✐♥ ❞✐♠❡♥s✐♦♥ ✶✱ ❜✉t ♦❢ ❝♦✉rs❡✱ t❤❡② ❛r❡ ✐♥
t❤❛t ❝❛s❡ ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ❬✸✵❪ ♦❢ ❣❧♦❜❛❧ s♦❧✉t✐♦♥s ✐♥ ✶❉ ✭❛s ♠❡♥t✐♦♥❡❞
❛❜♦✈❡✱ ❡①❝✐t❡❞ st❛t❡s ♦♥❧② ❡①✐st ❢♦r N > 2✮✳ ❚❤✐s ✐s t❤❡ ♦♥❧② r❡❛s♦♥ ✇❤② ✇❡ r❡str✐❝t t♦ ❞✐♠❡♥s✐♦♥
N > 2✳ ❚❤❡ r❡str✐❝t✐♦♥s t♦ N 6 5 ❛♥❞ 2 < p < N+2

N−2 ❛r❡ t♦ ❡♥s✉r❡ ❛ ♥✐❝❡ ❧♦❝❛❧ ✇❡❧❧ ♣♦s❡❞♥❡ss t❤❡♦r②✱
❛♥❞ s✉✣❝✐❡♥t s♠♦♦t❤♥❡ss ♦♥ t❤❡ ♥♦♥✲❧✐♥❡❛r✐t② s♦ t❤❛t ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♠❛❦❡ s❡♥s❡ ✉♣ t♦ ♦r❞❡r ✷✳ ■♥
t❤✐s ♣❡rs♣❡❝t✐✈❡ ❧❡t ✉s r❡♠✐♥❞ t❤❛t ♦✉r ❛♥❛❧②s✐s ❡♥❝♦♠♣❛ss❡s t❤❡ ♠♦st ♣❤②s✐❝❛❧❧② r❡❧❡✈❛♥t ♥♦♥❧✐♥❡❛r✐t②✱
t❤❡ ✸❉ ❝✉❜✐❝ ♦♥❡✳

❘❡❣❛r❞✐♥❣ ❚❤❡♦r❡♠ ✽✳✹✿ t❤❡ ❣r♦✉♥❞ st❛t❡ ✐s ♦❢ ❝♦✉rs❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡✱ ❜✉t ♦♥❡ s❤♦✉❧❞ ❦❡❡♣ ✐♥ ♠✐♥❞
t❤❛t ✐s ♥♦t s♦ ❡❛s② t♦ ❝♦♥str✉❝t ❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡s✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ t❤❡ ❝♦♥str✉❝t✐♦♥s ✐♥
❬✷✱ ✾✽❪ ✭s❡❡ ❛❧s♦ ❬✸✻✱ ✾✾❪ ❢♦r t❤❡ ♠❛ss❧❡ss ❝❛s❡✮ ②✐❡❧❞ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡①❝✐t❡❞ st❛t❡s ❛s ✇❡❧❧✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ s❝♦♣❡ ♦❢ ❚❤❡♦r❡♠ ✽✳✹ ✐s r❛t❤❡r ❧❛r❣❡ ❛♥❞ ❞♦❡s ❝❡rt❛✐♥❧② ♥♦t r❡str✐❝t t♦ t❤❡ ❣r♦✉♥❞ st❛t❡✳

❲❡ ♥♦✇ ❞✐s❝✉ss ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡s✿ ❛s ✇❡ ♠❡♥t✐♦♥❡❞✱ t❤❡② s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ s✐♠♣❧❡st
❞❡❣❡♥❡r❛t❡ ❝❛s❡✳ ❆❧r❡❛❞② ❤❡r❡✱ ✈❡r② ❧✐tt❧❡ ✐s ❦♥♦✇♥✱ ❛♥❞ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♦✉r r❡s✉❧ts ❛r❡ t❤❡ ✜rst
❞❡s❝r✐❜✐♥❣ ♣r❡❝✐s❡❧② t❤❡ ❞②♥❛♠✐❝s ✐♥ ❛ ❞❡❣❡♥❡r❛t❡ s❡tt✐♥❣✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t
dimKerLq = dim(Zq) + 1 ✐s ✈❡r② ♥❛t✉r❛❧✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❡①tr❛ ❝♦♥❞✐t✐♦♥ E′′′(q) · (φ, φ, φ) 6= 0✱ ❧❡t ✉s
♥♦t❡ t❤❛t ✐t ✐s ❣❡♥❡r✐❝❀ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ▲❡♠♠❛ ✽✳✽✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t ✇✐t❤ E′′′(q) ❜❡✐♥❣ ♥♦♥ ✐❞❡♥t✐❝❛❧❧②
0 ♦♥ (KerLq)

3✳
■t ✐s r❡♠❛r❦❛❜❧❡ t❤❛t ♦♥❡ ❛❧r❡❛❞② ♦❜s❡r✈❡s ❛ ❞r❛st✐❝ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞②♥❛♠✐❝ ✐♥ ❞❡❣r❡❡✲✶ ❞❡❣❡♥❡r❛❝②✱

✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ♥♦♥✲❞❡❣❡♥❡r❛❝②✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❤❡r❡ ✐s ✐♥❞❡❡❞ ♠❡r❡❧② ♣♦❧②♥♦♠✐❛❧ ✐♥ t✐♠❡✱ ✇❤✐❝❤
✐s ❛ s✉r♣r✐s❡✿ s✉❝❤ s❧♦✇ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✉s✉❛❧❧② ♦❜s❡r✈❡❞ ❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❛♥♦t❤❡r
♥♦♥❧✐♥❡❛r ♦❜❥❡❝t ✭❛s ✐♥ ❬✷✾✱ ✸✵❪✮✱ ❛♥❞ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❤❡r❡✳ ❆s ✐t ✐s s❡❡♥ ✐♥ t❤❡ ♣r♦♦❢s✱ t❤❡ ❞❡r✐✈❛t✐♦♥
♦❢ t❤❡ ♠❛✐♥ ❜♦♦tstr❛♣ r❡❣✐♠❡ ✐s ♥♦t✐❝❡❛❜❧② ♠♦r❡ ✐♥✈♦❧✈❡❞ ✐♥ ❞❡❣r❡❡✲✶ ❞❡❣❡♥❡r❛❝②✱ ❛♥❞ r❡❧✐❡s ♦♥ t❤❡ ✈❡r②
s♣❡❝✐✜❝ ❛❧❣❡❜r❛ ♦❢ t❤❡ ♠❛✐♥ ❖❉❊ s②st❡♠ ❛t ❧❡❛❞✐♥❣ ♦r❞❡r ✭s❡❡ ➓✽✳✸✮✳

❖♥❡ s❡tt✐♥❣ ✇❤❡r❡ ❡①❝✐t❡❞ st❛t❡s ❛r❡ ❜❡tt❡r ✉♥❞❡rst♦♦❞ ✐s t❤❡ ❝❛s❡ ♦❢ r❛❞✐❛❧ ❢✉♥❝t✐♦♥s✳ ❆♠♦♥❣
t❤❡s❡✱ r❛❞✐❛❧ ❜♦✉♥❞ st❛t❡s q ❛r❡ ❡✐t❤❡r ♥♦♥✲❞❡❣❡♥❡r❛t❡ ♦r s❛t✐s❢② t❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ❞❡❣r❡❡✲✶
❞❡❣❡♥❡r❛❝② ❞❡✜♥✐t✐♦♥ ✭✽✳✾✮✿ ✐♥❞❡❡❞✱ ❛♠♦♥❣ r❛❞✐❛❧ ❢✉♥❝t✐♦♥s✱ t❤❡ ❣❡♦♠❡tr✐❝ ❦❡r♥❡❧ Zq ✐s tr✐✈✐❛❧ ❛♥❞
dimKerr❛❞Lq 6 1✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✷✱ ❙❡❝t✐♦♥ ✷✳✸❪✳

✷✻✸
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❆❧❧ t❤❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢s ❜❡❧♦✇ ❝❛♥ t❛❦❡♥ ✇♦r❞ ❢♦r ✇♦r❞ t♦ t❤❡ r❛❞✐❛❧ s❡tt✐♥❣✱ ❛♥❞ s♦ ♦✉r
r❡s✉❧ts ❤♦❧❞ ❢♦r ❛♥② ♣❛❝❦❡❞ r❛❞✐❛❧ s♦❧✉t✐♦♥ ❝♦♥✈❡r❣✐♥❣ t♦ ❛ r❛❞✐❛❧ ❜♦✉♥❞ st❛t❡ q ✇❤✐❝❤ ✐s ❡✐t❤❡r ♥♦♥✲
❞❡❣❡♥❡r❛t❡ ✭❚❤❡♦r❡♠ ✽✳✹✮ ♦r s✉❝❤ t❤❛t E′′′(q)|(KerLq)3 6= 0 ✭❚❤❡♦r❡♠s ✽✳✻ ❛♥❞ ✽✳✼✮✳

✽✳✷ Pr❡❧✐♠✐♥❛r✐❡s

✽✳✷✳✶ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✷

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✷✳ ❉❡♥♦t❡ ~W (t) = (W (t), ∂tW (t)) t❤❡ s♦❧✉t✐♦♥ t♦ ✭✽✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ~W (0) =
(W0,W1) ❛♥❞ ~un(t, x) = ~u(tn+ t, x+yn) t❤❡ s♦❧✉t✐♦♥ t♦ ✭✽✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ~un(0, x) = ~u(tn, x+yn)✳
❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ~W ∈ C([0, T0], H1 × L2) ❢♦r s♦♠❡ T0 > 0✳

❆s t❤❡ ✭✽✳✶✮ ✢♦✇ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ H1×L2 ❛♥❞ ~un(0) → ~W (0)✱ ✇❡ ✐♥❢❡r t❤❛t ~un ✐s ❞❡✜♥❡❞ ♦♥ [0, T0]
❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ t❤❛t

~un → ~W ✐♥ C([0, T0], H1 × L2). ✭✽✳✶✵✮

❚❤✐s ✐♠♠❡❞✐❛t❡❧② ♣r♦✈❡ t❤❛t ~u ✐s ❣❧♦❜❛❧❧② ❞❡✜♥❡❞ ❢♦r ♣♦s✐t✐✈❡ t✐♠❡s✳ ■♥❞❡❡❞✱ ✐❢ Tmax < +∞✱ t❤❡♥
❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ n✱ Tmax > tn + T0 → Tmax + T0✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✿ ❤❡♥❝❡ Tmax = +∞✳

❆s ~E(~u(tn)) → ~E(W0,W1) ✇❡ ✐♥❢❡r ❢r♦♠ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ✐❞❡♥t✐t② t❤❛t ∂tu ∈ L2([0,+∞), L2)✳
❆ss✉♠❡ t❤❛t ~W ✐s ♥♦t ❛ st❛t✐♦♥♥❛r② s♦❧✉t✐♦♥✳ ❚❤❡♥ ✇❡ ❝❛♥ ❢✉rt❤❡r♠♦r❡ ❛ss✉♠❡ t❤❛t ∂tW 6= 0 ♦♥
[0, T0] × RN ✱ s♦ t❤❛t ‖∂tW‖L2([0,T0]),L2) > 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢r♦♠ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✽✳✶✵✮✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t

‖∂tu‖L2([tn,tn+T0],L2) = ‖∂tun‖L2([0,T0]),L2) → ‖∂tW‖L2([0,T0]),L2) ❛s n→ +∞.

▲❡t t′n ❜❡ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ tn s✉❝❤ t❤❛t ❢♦r ❛❧❧ n ∈ N✱ t′n+1 > t′n + T0 ❛♥❞

‖∂tu‖L2([t′n,t
′
n+T0],L2) >

1

2
‖∂tW‖L2([0,T0]),L2).

❚❤❡r❡ ❤♦❧❞s

‖∂tu‖2L2([0,+∞),L2) >
∑

n

‖∂tu‖2L2([t′n,t
′
n+T0],L2) >

∑

n

1

4
‖∂tW‖2L2([0,T0]),L2) = +∞,

✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ~W ✐s ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❢♦r ❛❧❧ t > 0✱
∂tW (t) = 0 ❛♥❞ W (t) = q ❢♦r s♦♠❡ ❜♦✉♥❞ st❛t❡ q✳ ■♥ ♣❛rt✐❝✉❧❛r✱ W0 = q ❛♥❞ W1 = 0✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ✐❞❡♥t✐t② ✇r✐t❡s ❢♦r ❛❧❧ 0 6 t 6 tn✿

E(~u(t))− E(~u(tn)) = 2α

∫ tn

t
‖∂tu(s)‖2L2ds.

▲❡tt✐♥❣ n → +∞✱ ✇❡ s❡❡ t❤❛t t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ❤❛s ❛ ❧✐♠✐t E(~u(t)) − E(q, 0)✱ ❛♥❞ s♦ ∂tu ∈
L2([t,+∞), L2)✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✷✳

✽✳✷✳✷ ◆♦t❛t✐♦♥

▲❡t q ❜❡ ❛ ❜♦✉♥❞ st❛t❡✳ ▲❡t Iq ❜❡ ❛ s✉❜s❡t ♦❢ {(i, j) : 1 6 i < j 6 N} s✉❝❤ t❤❛t

{∂xnq, 1 6 n 6 N ; Ωijq, (i, j) ∈ Iq} ✐s ❛ ❜❛s✐s ♦❢ Zq.

✷✻✹
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❋♦r ❛♥② (i, j) ∈ Iq ❛♥❞ ϑ ∈ R✱ ✇❡ r❡❝❛❧❧ t❤❡ ●✐✈❡♥s r♦t❛t✐♦♥✿

Gij(ϑ) =




1 · · · 0 · · · 0 · · · 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

0 · · · cosϑ · · · − sinϑ · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 · · · sinϑ · · · cosϑ · · · 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · 0 · · · 0 · · · 1




, ✭✽✳✶✶✮

✇❤❡r❡ cosϑ ❛♥❞ sinϑ ❛♣♣❡❛r ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥s it❤ ❛♥❞ jt❤ r♦✇s ❛♥❞ ❝♦❧✉♠♥s✳ ❚❤❛t ✐s✱ t❤❡ ♥♦♥✲③❡r♦
❡❧❡♠❡♥ts ♦❢ t❤❡ ●✐✈❡♥s ♠❛tr✐① Gi,j(ϑ) = (gnm)nm ❛r❡ ❣✐✈❡♥ ❜②✿

gnn = 1 ❢♦r n 6= i, j, gii = gjj = cosϑ, ❛♥❞ gij = −gji = − sinϑ.

❋♦r K ∈ N∗ ❛♥❞ r > 0✱ ✇❡ ❞❡♥♦t❡ ❜② BRK (r) ✭r❡s♣❡❝t✐✈❡❧②✱ SRK (r)✮ ❜❡ t❤❡ ❜❛❧❧ ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡
s♣❤❡r❡✮ ♦❢ RK ♦❢ ❝❡♥t❡r 0 ❛♥❞ ♦❢ r❛❞✐✉s r✳

❲❡ ❞❡♥♦t❡ 〈·, ·〉 t❤❡ L2 s❝❛❧❛r ♣r♦❞✉❝t ❢♦r r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s u, v ∈ L2✱

〈u, v〉 :=
∫

RN

u(x)v(x)dx.

❋♦r ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s

~u =

(
u1
u2

)
, ~v =

(
v1
v2

)
,

t❤❡ ♥♦t❛t✐♦♥ 〈·, ·〉 ✐s ❛❧s♦ t❤❡ L2 s❝❛❧❛r ♣r♦❞✉❝t✱

〈~u,~v〉 :=
∑

k=1,2

〈uk, vk〉, ‖~u‖2H := ‖u1‖2H1 + ‖u2‖2L2 .

❲❡ ❛❧s♦ ❞❡✜♥❡ p̄ = min{3, p} > 2 ✭r❡❝❛❧❧ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♣♦✇❡r p > 2✮✳

✽✳✷✳✸ ❙♣❡❝tr❛❧ t❤❡♦r② ♦❢ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r ❢♦r ❛♥② ❜♦✉♥❞ st❛t❡
q ∈ B✳

❋♦r θ = (θij)(i,j)∈Iq ∈ R#Iq ✱ ❞❡♥♦t❡ t❤❡ r♦t❛t✐♦♥

Rθ = Gi1j1 (θi1j1) · · ·Gi#Iq j#Iq
(θi#Iq j#Iq

).

❋♦r (z, θ) ∈ RN+#Iq ✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ T(z,θ) ❧✐♥❦❡❞ t♦ t❤❡ s②♠♠❡tr✐❡s ♦❢ ✭✽✳✶✮✿
❢♦r f ∈ L2✱

T(z,θ)f := f(Rθ(· − z)).

❖❜s❡r✈❡ t❤❛t ❢♦r ❛❧❧ q ∈ B✱ Zq ✐s ❣❡♥❡r❛t❡❞ ❜② t❛❦✐♥❣ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ T(z,θ)q ✇✐t❤ r❡s♣❡❝t t♦ (z, θ)
❛t (z, θ) = (0,0)✿

∂xnq = − ∂

∂zn
T(z,θ)q|(z,θ)=(0,0), Ωijq =

∂

∂θij
T(z,θ)q|(z,θ)=(0,0). ✭✽✳✶✷✮

❋✐rst✱ ✇❡ r❡❝❛❧❧ st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ ♦♣❡r❛t♦r Lq✳

✷✻✺
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▲❡♠♠❛ ✽✳✽✳ ✭✐✮ ❙♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s✳ ❚❤❡ s❡❧❢✲❛❞❥♦✐♥t ♦♣❡r❛t♦r Lq ❤❛s ❡ss❡♥t✐❛❧ s♣❡❝tr✉♠ [1,+∞)✱ ❛
✜♥✐t❡ ♥✉♠❜❡r K > 1 ♦❢ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ✐ts ❦❡r♥❡❧ ✐s ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ M ✇✐t❤ M > N ✳ ▲❡t
(Yk)k=1,··· ,K ❜❡ ❛♥ L2 ♦rt❤♦❣♦♥❛❧ ❢❛♠✐❧② ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ Lq ✇✐t❤ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s (−λ2k)k=1,··· ,K ✱
✐✳❡✳

〈Yk, Yk′〉 = δkk′ ❛♥❞ LqYk = −λ2kYk, λk > 0. ✭✽✳✶✸✮

✭✐✐✮ ❈♦❡r❝✐✈✐t②✳ ❉❡♥♦t❡ Πq t❤❡ L2✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥ KerLq✳ ❚❤❡r❡ ❡①✐sts c > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧
η ∈ H1✱

〈Lqη, η〉 > c‖η‖2H1 − c−1

(
‖Πqη‖2L2 +

K∑

k=1

〈η, Yk〉2
)
. ✭✽✳✶✹✮

✭✐✐✐✮ ❈❛♥❝❡❧❧❛t✐♦♥✳ ❲❡ ❤❛✈❡✱ ❢♦r ❛❧❧ ψ1, ψ2 ∈ KerLq ❛♥❞ ψ3 ∈ Zq

〈f ′′(q)ψ1ψ2, ψ3〉 = 0. ✭✽✳✶✺✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮ ❛♥❞ ✭✐✐✮✳ ❙❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✻✱ ▲❡♠♠❛ ✶❪✳
Pr♦♦❢ ♦❢ ✭✐✐✐✮✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ✜rst ❝♦♥s✐❞❡r

ψ3 = Ωijq ❢♦r (i, j) ∈ Iq.

❋♦r ❛♥② ψ1 ∈ KerLq✱ ✇❡ ❤❛✈❡

−∆ψ1 + ψ1 − f ′(q)ψ1 = 0.

❈♦♥s✐❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ T(z,θ) ✇✐t❤ (z, θ) = (0, θ) ❢♦r t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t②✱

−∆(T(z,θ)ψ1) + T(z,θ)ψ1 − f ′(T(z,θ)q)(T(z,θ)ψ1) = 0.

◆♦t❡ t❤❛t✱ ❢r♦♠ p > 2✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛❜♦✈❡ ✐❞❡♥t✐t② ✇✐t❤ r❡s♣❡❝t t♦ θij ✱ ❛♥❞ t❤❡♥ ❧❡t
θ = 0✳ ■t ❢♦❧❧♦✇s t❤❛t

f ′′(q)ψ1ψ3 = −∆ψ̃1 + ψ̃1 − f ′(q)ψ̃1 = Lqψ̃1 ✇❤❡r❡ ψ̃1 = Ωijψ1.

❚❤✉s✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ ψ2 ∈ KerLq✱

〈f ′′(q)ψ1ψ2, ψ3〉 = 〈f ′′(q)ψ1ψ3, ψ2〉 = 〈Lqψ̃1, ψ2〉 = 〈ψ̃1,Lqψ2〉 = 0.

Pr♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r ❛❧❧ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ T(z,θ)✱ ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢
✭✐✐✐✮✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ▲❡♠♠❛✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ q ✐s ❢✉rt❤❡r♠♦r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❛ ❞❡❣r❡❡✲✶
❡①❝✐t❡❞ st❛t❡✱ ✇❡ ♥♦✇ ❝❤♦♦s❡ φ ✭✐♥tr♦❞✉❝❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✽✳✺✮ ✇✐t❤ ♠♦r❡ r✐❣✐❞ ♣r♦♣❡rt✐❡s✿ ♥❛♠❡❧② ✇❡
❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts ✭❛ ✉♥✐q✉❡✮ φ ∈ H1 s✉❝❤ t❤❛t ❢♦r ❛❧❧ n = 1, · · · , N ✱ (i, j) ∈ Iq✱

〈φ, ∂xnq〉 = 〈φ,Ωijq〉 = 0 ❛♥❞ KerLq = Zq⊕ ❙♣❛♥{φ}, ✭✽✳✶✻✮

❛♥❞ s✉❝❤ t❤❛t

− (4α‖φ‖2L2)
−1E′′′(φ, φ, φ) = 1. ✭✽✳✶✼✮

✭✽✳✶✻✮ ❡ss❡♥t✐❛❧❧② ♠❡❛♥s t❤❛t φ ✐s t❤❡ L2✲♦rt❤♦❣♦♥❛❧ s✉♣♣❧❡♠❡♥t ♦❢ Zq✳ ▼♦r❡♦✈❡r✱ ❞✉❡ t♦ ✭✽✳✶✺✮ ❛♥❞ t❤❡
❢❛❝t t❤❛t E′′′(q) ✐s ♥♦t ✐❞❡♥t✐❝❛❧❧② 0 ♦♥ L3

q ✭✐♥ ✈✐❡✇ ♦❢ ✭✽✳✾✮✮✱ ❢♦r s✉❝❤ ❛ φ ♦♥❡ ❤❛s E′′′(q)(φ, φ, φ) 6= 0✿
❛♥❞ s♦✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s φ→ −φ ❛♥❞ φ→ λφ✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✽✳✶✼✮ ❝❛♥ ❜❡ ♠❡t✳

✷✻✻
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✽✳✷✳✹ ▼♦❞✉❧❛t✐♦♥ ❛r♦✉♥❞ ❛ ❜♦✉♥❞ st❛t❡

▲❡t q ∈ B ❜❡ ❛ ❞❡❣r❡❡✲✶ ❞❡❣❡♥❡r❛t❡ ❜♦✉♥❞ st❛t❡✳ ●✐✈❡♥ t✐♠❡ ❞❡♣❡♥❞❡♥t C 1 ❢✉♥❝t✐♦♥s z, θ, a✱ ✇✐t❤
✈❛❧✉❡s ✐♥ RN ✱ R#Iq ❛♥❞ R✱ ✇❡ ❞❡♥♦t❡

Q = T(z,θ)q = q (Rθ(· − z)) , Φ(t, x) = T(z,θ)φ = φ (Rθ(· − z)) , ✭✽✳✶✽✮

V (t, x) = a(t)Φ(t, x), G = f (Q+ V )− f(Q)− f ′(Q)V. ✭✽✳✶✾✮

■t ✇✐❧❧ ❝♦♥✈❡♥✐❡♥t t♦ ❡♥❝♦♠♣❛ss ❜♦t❤ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❛♥❞ ❞❡❣r❡❡✲✶ ❞❡❣❡♥❡r❛t❡ ❝❛s❡s ❛t ♦♥❝❡ ❜② s❡tt✐♥❣
a ≡ 0 ✐❢ q ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳

❋♦r ❛❧❧ (i, j) ∈ Iq ❛♥❞ (i′, j′) ∈ Iq✱ ✇❡ ❞❡♥♦t❡ ❛s ❢♦❧❧♦✇s t❤❡ ❞❡r✐✈❛t✐✈❡s✿

Ψij =
∂Q

∂θij
, Φij =

∂Φ

∂θij
, Ψi′j′

ij =
∂Ψij

∂θi′j′
. ✭✽✳✷✵✮

❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s✳ ❋♦r k = 1, · · · ,K✱ ✇❡ ❞❡♥♦t❡

Υk = T(z,θ)Yk, Υij
k =

∂Υk

∂θij
,

❛♥❞

ν±k = −α±
√
α2 + λ2k, ζ±k = α±

√
α2 + λ2k ❛♥❞ ~Z±

k =

(
ζ±k Υk

Υk

)
. ✭✽✳✷✶✮

❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ~Z±
k ❝♦♠❡ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✿ ✐❢ ~v = (v1, v2) ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❧✐♥❡❛r✐③❡❞

✭✽✳✶✮ ❡q✉❛t✐♦♥

∂t

(
v1
v2

)
=

(
v2

−2αv2 − Lqv1

)
,

t❤❡♥ ✇✐t❤ a±k := 〈~v, ~Z±
k 〉✱ t❤❡r❡ ❤♦❧❞ d

dta
±
k = ν±k a

±
k ✳

❖❜s❡r✈❡ t❤❛t ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❛r❡ ❛t ❧❡❛st ♦❢ ❝❧❛ss C 1 ❛♥❞ ❤❛✈❡ ♣♦✐♥t✇✐s❡ ❡①♣♦♥❡♥t✐❛❧
❞❡❝❛②✳

❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ●✐✈❡♥s r♦t❛t✐♦♥s ✐♥ ✭✽✳✶✶✮✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ n = 1, · · · , N
❛♥❞ (i, j) ∈ Iq✱

Ψij ∈ ❙♣❛♥ {(Ωijq) (Rθ(· − z)) : (i, j) ∈ Iq} ,
∂xnQ ∈ ❙♣❛♥ {(∂x1q) (Rθ(· − z)) , · · · , (∂xN q) (Rθ(· − z))} . ✭✽✳✷✷✮

▼♦r❡♦✈❡r✱ ❜② t❤❡ ❝❤❛✐♥ r✉❧❡✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ (i, j) ∈ Iq ❛♥❞ k = 1, · · · ,K✱

∂tQ = −ż · ∇Q+
∑

(i,j)∈Iq
θ̇ijΨij ,

∂tΦ = −ż · ∇Φ+
∑

(i,j)∈Iq
θ̇ijΦij ,

∂tΥk = −ż · ∇Υk +
∑

(i,j)∈Iq
θ̇ijΥ

ij
k ,

∂tΨij = −ż · ∇Ψij +
∑

(i′,j′)∈Iq
θ̇i′j′Ψ

i′j′

ij .

✭✽✳✷✸✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✽✳✶✷✮✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❛♥s✐♦♥s ❢♦r s♠❛❧❧ θ ∈ R#Iq ✳

✷✻✼
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▲❡♠♠❛ ✽✳✾✳ ❋♦r |θ| ≪ 1 s♠❛❧❧✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ (i, j) ∈ Iq✱ (i′, j′) ∈ Iq✱ k = 1, . . . ,K ❛♥❞ n = 1, . . . , N ✱

Ψij = (Ωijq) (Rθ(· − z)) +OH1(|θ|),
Φij = (Ωijφ) (Rθ(· − z)) +OH1(|θ|),
Υij

k = (ΩijYk) (Rθ(· − z)) +OH1(|θ|),
∂xnQ = (∂xnq) (Rθ(· − z)) +OH1(|θ|),
Ψi′j′

ij =
(
Ωi′j′Ωijq

)
(Rθ(· − z)) +OH1(|θ|).

✭✽✳✷✹✮

■❢ q ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❜♦✉♥❞ st❛t❡✱ ✇❡ ✉s❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ❛❜♦✈❡ ❢♦r ❞❡❣r❡❡✲✶ ❞❡❣❡♥❡r❛t❡ ❜♦✉♥❞
st❛t❡s✱ ❜✉t ✇✐t❤ a = 0 ❛♥❞ φ = 0✳

❋♦r ❢✉t✉r❡ r❡❢❡r❡♥❝❡✱ ✇❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❚❛②❧♦r ❢♦r♠✉❧❛s ✐♥✈♦❧✈✐♥❣ t❤❡ ❢✉♥❝t✐♦♥s F ❛♥❞ f ✱ ❛♥❞
♦♠✐t ✐ts ♣r♦♦❢✳

▲❡♠♠❛ ✽✳✶✵✳ ❋♦r ❛❧❧ s ∈ R✱ ❛♥❞ x ∈ RN ✱ ✇❡ ❤❛✈❡
∣∣f ′(Q+ s)− f ′(Q)

∣∣ . |s|+ |s|p−1, ✭✽✳✷✺✮
∣∣f(Q+ s)− f(Q)− f ′(Q)s

∣∣ . s2 + |s|p, ✭✽✳✷✻✮
∣∣∣∣f(Q+ s)− f(Q)− f ′(Q)s− 1

2
f ′′(Q)s2

∣∣∣∣ . |s|3 + |s|p, ✭✽✳✷✼✮
∣∣f(Q+ V + s)− f(Q+ V )− f ′(Q+ V )s

∣∣ . s2 + |s|p, ✭✽✳✷✽✮

|F (Q+ V + s)− F (Q+ V )− f(Q+ V )s| . |Q+ V |p−1s2 + |s|p+1, ✭✽✳✷✾✮
∣∣∣∣F (Q+ V + s)− F (Q+ V )− f(Q+ V )s− 1

2
f ′(Q+ V )s2

∣∣∣∣ . |s|3 + |s|p+1, ✭✽✳✸✵✮

✇❤❡r❡ ❛❧❧ t❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥ts ✐♥ t❤❡ . ❛r❡ ✉♥✐❢♦r♠ ✐♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ ♦❢ Q ♦r V ✳

❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ st❛♥❞❛r❞ ♠♦❞✉❧❛t✐♦♥ r❡s✉❧t ❛r♦✉♥❞ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ ♦r ❞❡❣r❡❡✲✶
❡①❝✐t❡❞ st❛t❡ q✳

Pr♦♣♦s✐t✐♦♥ ✽✳✶✶ ✭Pr♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❞✉❧❛t✐♦♥✮✳ ❚❤❡r❡ ❡①✐sts 0 < γ0 ≪ 1 s✉❝❤ t❤❛t ❢♦r ❛♥② 0 < γ <
γ0✱ T1 6 T2✱ ❛♥❞ ❛♥② s♦❧✉t✐♦♥ ~u = (u, ∂tu) ♦❢ ✭✽✳✶✮ ♦♥ [T1, T2] s❛t✐s❢②✐♥❣

sup
t∈[T1,T2]

{
inf

ξ∈RN
‖u(t)− q(· − ξ)‖H1 + ‖∂tu(t)‖L2

}
< γ, ✭✽✳✸✶✮

t❤❡r❡ ❡①✐st ✉♥✐q✉❡ C 1 ❢✉♥❝t✐♦♥s

[T1, T2] → RN × RN × R#Iq × R#Iq × R× R

t 7→ (z(t), ℓ(t), θ(t), β(t), a(t), b(t))

s✉❝❤ t❤❛t✱ ✐❢ ✇❡ ❞❡✜♥❡ ~ϕ = (ϕ1, ϕ2) ❜②

~u =

(
u
∂tu

)
=

(
Q

−ℓ · ∇Q

)
+

∑

(i,j)∈Iq
βij

(
0
Ψij

)
+

(
aΦ
bΦ

)
+

(
ϕ1

ϕ2

)
, ✭✽✳✸✷✮

✇❤❡r❡ β = (βij)(i,j)∈Iq ✱ ✐t s❛t✐s✜❡s✱ ❢♦r ❛❧❧ t ∈ [T1, T2]✱

‖~ϕ(t)‖H + |θ(t)| . ‖u(t)− q‖H1 + ‖∂tu(t)‖L2 . γ,

|ℓ(t)|+ |β(t)|+ |a(t)|+ |b(t)| . ‖u(t)− q‖H1 + ‖∂tu(t)‖L2 . γ,
✭✽✳✸✸✮

❛♥❞ ❢♦r ❛❧❧ n = 1, · · · , N ❛♥❞ (i, j) ∈ Iq✱

〈ϕ1, ∂xnQ〉 = 〈ϕ1,Ψij〉 = 〈ϕ1,Φ〉 = 0, ✭✽✳✸✹✮

〈ϕ2, ∂xnQ〉 = 〈ϕ2,Ψij〉 = 〈ϕ2,Φ〉 = 0. ✭✽✳✸✺✮

✷✻✽
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Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡s✉❧t r❡❧✐❡s ♦♥ ❛ st❛♥❞❛r❞ ❛r❣✉♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ ■♠♣❧✐❝✐t
❢✉♥❝t✐♦♥ ❚❤❡♦r❡♠ ✭❙❡❡ ❡✳❣✳ ❬✸✶✱ ❆♣♣❡♥❞✐① ❇❪✮ ❛♥❞ ✇❡ ♦♠✐t ✐t✳

❙❡❝♦♥❞✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ~ϕ ❢r♦♠ ✭✽✳✶✮ ❛♥❞ ✭✽✳✸✷✮✳

▲❡♠♠❛ ✽✳✶✷ ✭❊q✉❛t✐♦♥ ♦❢ ~ϕ✮✳ ■♥ t❤❡ ❝♦♥t❡① ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶✱ ✇❡ ❤❛✈❡

{
∂tϕ1 = ϕ2 +Mod1+G1,

∂tϕ2 = ∆ϕ1 − ϕ1 − 2αϕ2 + f(Q+ V + ϕ1)− f(Q+ V ) +Mod2+G2 +G,
✭✽✳✸✻✮

✇❤❡r❡

Mod1 :=
(
ż − ℓ

)
· ∇Q−

∑

(i,j)∈Iq

(
θ̇ij − βij

)
Ψij − (ȧ− b)Φ,

Mod2 :=
(
ℓ̇+ 2αℓ

)
· ∇Q−

∑

(i,j)∈Iq

(
β̇ij + 2αβij

)
Ψij −

(
ḃ+ 2αb

)
Φ,

❛♥❞ G = f(Q+ V )− f(Q)− f ′(Q)V ✐s ❞❡✜♥❡❞ ✐♥ ✭✽✳✶✾✮✱

G1 :=aż · ∇Φ− a
∑

(i,j)∈Iq
θ̇ijΦij ,

G2 :=
∑

(i,j)∈Iq
θ̇ij (ℓ · ∇Ψij) +

∑

(i,j)∈Iq
βij (ż · ∇Ψij)− (ℓ · ∇) (ż · ∇)Q

−
∑

(i′,j′)∈Iq

∑

(i,j)∈Iq
θ̇i′j′βijΨ

i′j′

ij + bż · ∇Φ−
∑

(i,j)∈Iq
bθ̇ijΦij .

Pr♦♦❢✳ ❋✐rst✱ ❢r♦♠ ✭✽✳✷✸✮ ❛♥❞ ✭✽✳✸✷✮✱

∂tϕ1 =∂tu− ∂tQ− a∂tΦ− ȧΦ

=ϕ2 +
(
ż − ℓ

)
· ∇Q−

∑

(i,j)∈Iq

(
θ̇ij − βij

)
Ψij − (ȧ− b)Φ

+ aż · ∇Φ− a
∑

(i,j)∈Iq
θ̇ijΦij = ϕ2 +Mod1+G1.

❯s✐♥❣ ✭✽✳✷✸✮ ❛♥❞ ✭✽✳✸✷✮ ❛❣❛✐♥✱

∂tϕ2 =∂ttu+ ℓ̇ · ∇Q−
∑

(i,j)∈Iq
β̇ijΨij − ḃΦ

+ ℓ · ∇∂tQ−
∑

(i,j)∈Iq
βij∂tΨij − b∂tΦ

=∂ttu+ ℓ̇ · ∇Q−
∑

(i,j)∈Iq
β̇ijΨij − ḃΦ+G2.

❋r♦♠ ✭✽✳✶✮✱ ✭✽✳✸✷✮✱ −∆Q+Q− f(Q) = 0 ❛♥❞ −∆Φ+Φ− f ′(Q)Φ = 0✱

∂ttu =∆u− u− 2α∂tu+ f(u)

=∆ϕ1 − ϕ1 − 2αϕ2 + f(Q+ V + ϕ1)− f(Q+ V )

+ 2αℓ · ∇Q− 2α
∑

(i,j)∈Iq
βijΨij − 2αbΦ+G.

✷✻✾
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❚❤❡r❡❢♦r❡✱

∂tϕ2 = ∆ϕ1 − ϕ1 − 2αϕ2 + f(Q+ V + ϕ1)− f(Q+ V ) +G2 +G

+
(
ℓ̇+ 2αℓ

)
· ∇Q−

∑

(i,j)∈Iq

(
β̇ij + 2αβij

)
Ψij −

(
ḃ+ 2αb

)
Φ.

❚❤✐r❞✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❝♦♥tr♦❧ ♦❢ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs ❢r♦♠ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭✽✳✸✹✮ ❛♥❞ ✭✽✳✸✺✮✳
❖✉r ❣♦❛❧ ❤❡r❡ ✐s t♦ ❣❡t ❛♥ ❖❉❊ s②st❡♠ ♦♥ t❤❡ ♠♦❞✉❧❛t✐♦♥s ♣❛r❛♠❡t❡rs✱ ❛t ❧❡❛❞✐♥❣ ♦r❞❡r✱ ✇✐t❤ ❜♦✉♥❞s
♦♥ t❤❡ r❡♠❛✐♥❞❡r t❡r♠s ❛s sq✉❛r❡s ♦r ❤✐❣❤❡r ♣♦✇❡rs ♦❢ |a| ❛♥❞

N := ‖~ϕ‖H + |ℓ|+ |β|+ |b|. ✭✽✳✸✼✮

❘❡❝❛❧❧ t❤❛t ✇❡ ❞❡✜♥❡❞ p̄ = min{3, p} > 2✳

▲❡♠♠❛ ✽✳✶✸✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳

✭✐✮ ❈♦♥tr♦❧ ♦❢ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❞✐r❡❝t✐♦♥s✳ ❲❡ ❤❛✈❡

|ż − ℓ|+
∣∣θ̇ − β

∣∣ . N 2 + |a|N , ✭✽✳✸✽✮

|ℓ̇+ 2αℓ|+ |β̇ + 2αβ| . N 2 + |a|N + |a|p̄. ✭✽✳✸✾✮

✭✐✐✮ ❈♦♥tr♦❧ ♦❢ ❡①tr❛ ❞✐r❡❝t✐♦♥✳ ❋♦r q ❜❡ ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✱ ✇❡ ❤❛✈❡

|ȧ− b| . N 2 + |a|N , ✭✽✳✹✵✮

|ḃ+ 2αb+ 2αa2| . N 2 + |a|N + |a|p̄. ✭✽✳✹✶✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❋✐rst✱ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② 〈ϕ1, ∂xnQ〉 = 0 ✐♥ ✭✽✳✸✹✮✱

0 =
d

dt
〈ϕ1, ∂xnQ〉 = 〈∂tϕ1, ∂xnQ〉+ 〈ϕ1, ∂t∂xnQ〉.

❯s✐♥❣ ✭✽✳✸✹✮ ❛♥❞ ✭✽✳✸✻✮✱
〈∂tϕ1, ∂xnQ〉 = 〈Mod1, ∂xnQ〉+ 〈G1, ∂xnQ〉.

❋r♦♠ ✭✽✳✶✻✮✱ ✭✽✳✷✷✮✱ ✭✽✳✷✹✮✱ ✭✽✳✸✸✮✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Mod1 ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

〈Mod1, ∂xnQ〉
= 〈(ż − ℓ) · ∇Q, ∂xnQ〉 −

∑

(i,j)∈Iq

(
θ̇ij − βij

)
〈Ψij , ∂xnQ〉 − (ȧ− b)〈Φ, ∂xnQ〉

= 〈(ż − ℓ) · ∇q, ∂xnq〉 −
∑

(i,j)∈Iq

(
θ̇ij − βij

)
〈Ωijq, ∂xnq〉+O(γ(|ż − ℓ|+ |θ̇ − β|)).

❋r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ G1 ❛♥❞ ✭✽✳✸✸✮✱

|〈G1, ∂xnQ〉| . |a|
(
|ż − ℓ|+ |ℓ|+ |θ̇ − β|+ |β|

)

. γ
(
|ż − ℓ|+ |θ̇ − β|

)
+ |a|N .

◆❡①t✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✽✳✷✸✮✱

∂t∂xnQ = ∂xn∂tQ = −ż · ∇∂xnQ+
∑

(i,j)∈Iq
θ̇ij∂xnΨij . ✭✽✳✹✷✮

✷✼✵
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❚❤✉s✱ ❢r♦♠ ✭✽✳✸✸✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱

|〈ϕ1, ∂t∂xnQ〉| . ‖~ϕ‖H
(
|ż − ℓ|+ |ℓ|+ |θ̇ − β|+ |β|

)

. γ
(
|ż − ℓ|+ |θ̇ − β|

)
+N 2.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡

〈(ż − ℓ) · ∇q, ∂xnq〉 −
∑

(i,j)∈Iq

(
θ̇ij − βij

)
〈Ωijq, ∂xnq〉

= O
(
γ
(
|ż − ℓ|+ |θ̇ − β|

)
+N 2 + |a|N

)
.

❚❤✐s ❣✐✈❡s N ✐♥❡q✉❛❧✐t✐❡s✳ Pr♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r t❤❡ #Iq ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s 〈ϕ1,ΩijQ〉 = 0
✐♥ ✭✽✳✸✹✮✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ❢❛♠✐❧②

{∂xnq, 1 6 n 6 N ; Ωijq, (i, j) ∈ Iq}

✐s ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ s♦ t❤❛t ✐ts ●r❛♠ ♠❛tr✐① ✐s ✐♥✈❡rt✐❜❧❡✱ ✇❡ ♦❜t❛✐♥

|ż − ℓ|+
∣∣θ̇ − β

∣∣ . γ
(
|ż − ℓ|+

∣∣θ̇ − β
∣∣)+N 2 + |a|N ,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✽✳✸✽✮✱ ✉♣♦♥ t❛❦✐♥❣ γ s♠❛❧❧ ❡♥♦✉❣❤✳
❙❡❝♦♥❞✱ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② 〈ϕ2, ∂xnQ〉 = 0 ✐♥ ✭✽✳✸✺✮✱

0 =
d

dt
〈ϕ2, ∂xnQ〉 = 〈∂tϕ2, ∂xnQ〉+ 〈ϕ2, ∂t∂xnQ〉.

❋r♦♠ ✭✽✳✸✻✮✱ ✇❡ ❤❛✈❡

〈∂tϕ2, ∂xnQ〉 = 〈∆ϕ1 − ϕ1 + f ′(Q)ϕ1, ∂xnQ〉 − 2α〈ϕ2, ∂xnQ〉
+ 〈G2, ∂xnQ〉+ 〈R, ∂xnQ〉+ 〈G, ∂xnQ〉+ 〈Mod2, ∂xnQ〉,

✇❤❡r❡
R = f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q)ϕ1.

❇❛s❡❞ ♦♥ −∆∂xnq + ∂xnq − f ′(q)∂xnq = 0✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ ✭✽✳✸✺✮✱

〈∆ϕ1 − ϕ1 + f ′(Q)ϕ1, ∂xnQ〉 − 2α〈ϕ2, ∂xnQ〉 = 0.

❚❤❡♥✱ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ G2✱ ✭✽✳✸✸✮ ❛♥❞ ✭✽✳✸✽✮✱

|〈G2, ∂xnQ〉| .
(
|ż − ℓ|+ |θ̇ − β|+ |ℓ|+ |β|

)
(|ℓ|+ |β|+ |b|)

. N 2 (N + |a|+ 1) . N 2.

◆❡①t✱ ✉s✐♥❣ ✭✽✳✷✺✮✱ ✭✽✳✷✽✮ ❛♥❞ ✭✽✳✸✸✮✱

|R| .
∣∣f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q+ V )ϕ1

∣∣+
∣∣(f ′(Q+ V )− f ′(Q))ϕ1

∣∣

. |ϕ1|2 + |ϕ1|p + (|V |+ |V |p−1)|ϕ1| . |ϕ1|2 + |ϕ1|p + |a|
(
|Φ|+ |Φ|p−1

)
|ϕ1|.

■t ❢♦❧❧♦✇s t❤❛t

|〈R, ∂xnQ〉| .
∫

RN

(
|ϕ1|2 + |ϕ1|p + |ϕ1||V |

)
dx . N 2 + |a|N .

✷✼✶
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❋♦r q ❜❡ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡✱ ✇❡ ❤❛✈❡ a = 0 ✇❤✐❝❤ ✐♠♣❧✐❡s G = 0✳ ❋♦r q ❜❡ ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✱
❢r♦♠ ✭✽✳✷✼✮✱ ✇❡ ❤❛✈❡

∣∣∣∣G− 1

2
f ′′(Q)V 2

∣∣∣∣ . |V |3 + |V |p .
(
|a|3 + |a|p

) (
|Φ|3 + |Φ|p

)
.

■t ❢♦❧❧♦✇s t❤❛t
∣∣∣∣〈G, ∂xnQ〉 − 〈1

2
f ′′(Q)V 2, ∂xnQ〉

∣∣∣∣

.
(
|a|3 + |a|p

) ∫

RN

(
|Φ|3 + |Φ|p

)
|∂xnQ|dx . |a|3 + |a|p.

◆♦t❡ t❤❛t✱ ❜② ✭✽✳✶✺✮✱ ✭✽✳✷✷✮ ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

〈1
2
f ′′(Q)V 2, ∂xnQ〉 = 0.

❚❤❡♥✱ ❢r♦♠ ✭✽✳✶✻✮✱ ✭✽✳✷✷✮✱ ✭✽✳✷✹✮✱ ✭✽✳✸✸✮✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Mod2 ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

〈Mod2, ∂xnQ〉
= 〈(ℓ̇+ 2αℓ) · ∇Q, ∂xnQ〉 −

∑

(i,j)∈Iq

(
β̇ij + 2αβij

)
〈Ψij , ∂xnQ〉 − (ḃ+ 2αb)〈Φ, ∂xnQ〉

= 〈(ℓ̇+ 2αℓ) · ∇q, ∂xnq〉 −
∑

(i,j)∈Iq

(
β̇ij + 2αβij

)
〈Ωijq, ∂xnq〉

+O
(
γ
(
|ℓ̇+ 2αℓ|+ |β̇ + 2αβ|

))
.

▲❛st✱ ❢r♦♠ ✭✽✳✸✸✮✱ ✭✽✳✸✽✮ ❛♥❞ ✭✽✳✹✷✮✱

|〈ϕ2, ∂t∂xnQ〉| . ‖~ϕ‖H
(
|ż − ℓ|+ |ℓ|+ |θ̇ − β|+ |β|

)
. N 2 (N + |a|+ 1) . N 2.

■♥ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s✱ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ 〈ϕ2, ∂xnQ〉 = 0 ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣✱

〈(ℓ̇+ 2αℓ) · ∇q, ∂xnq〉 −
∑

(i,j)∈Iq

(
β̇ij + 2αβij

)
〈Ωijq, ∂xnq〉

+O
(
γ
(
|ℓ̇+ 2αℓ|+ |β̇ + 2αβ|

))
= O

(
N 2 + |a|N + |a|3 + |a|p

)
.

Pr♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s 〈φ2,ΩijQ〉 = 0 ✐♥ ✭✽✳✸✺✮ ❛♥❞ ✉s✐♥❣ ❛❣❛✐♥ t❤❡
❢❛❝t t❤❛t ❢❛♠✐❧② {∂xnq, 1 6 n 6 N ; Ωijq, (i, j) ∈ Iq} ✐s ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ ✇❡ ✜♥❞ ✭✽✳✸✾✮ ❢♦r γ s♠❛❧❧
❡♥♦✉❣❤✳

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❲❡ ♣r♦✈❡ ✭✽✳✹✶✮❀ t❤❡ ♣r♦♦❢ ♦❢ ✭✽✳✹✵✮ ✐s s❛♠❡ ❛s ✭✽✳✸✽✮✳ ❲❡ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ♦rt❤♦❣♦✲
♥❛❧✐t② 〈ϕ2,Φ〉 = 0 ✐♥ ✭✽✳✸✺✮✱

0 =
d

dt
〈ϕ2,Φ〉 = 〈∂tϕ2,Φ〉+ 〈ϕ2, ∂tΦ〉.

❯s✐♥❣ ❛❣❛✐♥ ✭✽✳✸✻✮✱
〈∂tϕ2,Φ〉 = 〈∆ϕ1 − ϕ1 + f ′(Q)ϕ1,Φ〉 − 2α〈ϕ2,Φ〉

+ 〈G2,Φ〉+ 〈R,Φ〉+ 〈G+Mod2,Φ〉,
✇❤❡r❡

R = f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q)ϕ1.

✷✼✷
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❋r♦♠ −∆Φ+Φ− f ′(Q)Φ = 0✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ ✭✽✳✸✺✮✱

〈∆ϕ1 − ϕ1 + f ′(Q)ϕ1,Φ〉 − 2α〈ϕ2,Φ〉 = 0.

❇② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ G2✱ ✭✽✳✸✸✮ ❛♥❞ ✭✽✳✸✽✮✱

|〈G2,Φ〉| .
(
|ż − ℓ|+ |θ̇ − β|+ |ℓ|+ |β|

)
(|ℓ|+ |β|+ |b|) . N 2.

❘❡❝❛❧❧ t❤❛t✱ ❢r♦♠ ✭✽✳✷✺✮✱ ✭✽✳✷✽✮ ❛♥❞ ✭✽✳✸✸✮✱

|R| . |ϕ1|2 + |ϕ1|p + |a|
(
|Φ|+ |Φ|p−1

)
|ϕ1|.

❇❛s❡❞ ♦♥ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱

|〈R,Φ〉| .
∫

RN

(
|ϕ1|2 + |ϕ1|p + |a|

(
|Φ|+ |Φ|p−1

)
|ϕ1|

)
|Φ|dx

. ‖~ϕ‖2H + ‖~ϕ‖pH + |a|‖~ϕ‖H . N 2 + |a|N .

❚❤❡♥✱ ❢r♦♠ ✭✽✳✷✼✮ ❛♥❞ p > 2✱
∣∣∣∣G− 1

2
f ′′(Q)V 2

∣∣∣∣ . |V |3 + |V |p .
(
|a|3 + |a|p

) (
|Φ|3 + |Φ|p

)
.

■t ❢♦❧❧♦✇s t❤❛t
∣∣∣∣〈G− 1

2
f ′′(Q)V 2,Φ〉

∣∣∣∣ .
(
|a|3 + |a|p

) ∫

RN

(
|Φ|4 + |Φ|p+1

)
dx . |a|3 + |a|p.

◆♦t❡ t❤❛t✱ ❜② ♦✉r ♥♦r♠❛❧✐③❛t✐♦♥ ❝❤♦✐❝❡ ❢♦r φ ✭✽✳✶✼✮✱ ❛♥❞ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

〈1
2
f ′′(Q)V 2,Φ〉 = a2

2
E′′′(q)(φ, φ, φ) = −2αa2‖φ‖2.

❚❤✉s✱ ❢r♦♠ ✭✽✳✶✻✮✱ ✭✽✳✷✷✮✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Mod2✱ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

〈Mod2+G,Φ〉

= −(ḃ+ 2αb)〈Φ,Φ〉+ 〈1
2
f ′′(Q)V 2,Φ〉+ 〈G− 1

2
f ′′(Q)V 2,Φ〉

= −(ḃ+ 2αb+ 2αa2)〈φ, φ〉+O
(
|a|3 + |a|p

)
.

▲❛st✱ ❢r♦♠ ✭✽✳✷✸✮✱ ✭✽✳✸✸✮✱ ✭✽✳✸✽✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱

|〈ϕ2, ∂tΦ〉| . ‖~ϕ‖H
(
|ż − ℓ|+ |θ̇ − β|+ |ℓ|+ |β|

)
. N 2 (N + |a|+ 1) . N 2.

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡

(ḃ+ 2αb+ 2αa2)〈φ, φ〉 = O
(
N 2 + |a|N + |a|3 + |a|p

)
,

✇❤✐❝❤ ♠❡❛♥s ✭✽✳✹✶✮✳

▲❛st✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❝♦♥tr♦❧ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s✳

▲❡♠♠❛ ✽✳✶✹✳ ▲❡t a±k = 〈~ϕ, ~Z±
k 〉 ❢♦r k = 1, · · · ,K✳ ❚❤❡♥

∣∣∣∣
d

dt
a±k − ν±k a

±
k

∣∣∣∣ . N 2 + a2. ✭✽✳✹✸✮

✷✼✸



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

Pr♦♦❢✳ ❇② ✭✽✳✸✻✮✱

d

dt
a±k =〈∂t~ϕ, ~Z±

k 〉+ 〈~ϕ, ∂t ~Z±
k 〉

=〈∆ϕ1 − ϕ1 + f ′(Q)ϕ1,Υk〉+
(
ζ±k − 2α

)
〈ϕ2,Υk〉+ 〈R+G,Υk〉

+ 〈ζ±k Mod1+Mod2,Υk〉+ 〈ζ±k G1 +G2,Υk〉+ 〈~ϕ, ∂t ~Z±
k 〉.

❋r♦♠ λ2k = ν±k ζ
±
k ✱ LqYk = −λ2kYk ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

〈∆ϕ1 − ϕ1 + f ′(Q)ϕ1,Υk〉 = 〈ϕ1,
(
∆− 1 + f ′(Q)

)
Υk〉 = ν±k ζ

±
k 〈ϕ1,Υk〉.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ✐❞❡♥t✐t② ✇✐t❤ ν±k = ζ±k − 2α ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a±k ✱

〈∆ϕ1 − ϕ1 + f ′(Q)ϕ1,Υk〉+
(
ζ±k − 2α

)
〈ϕ2,Υk〉

= ν±k
(
ζ±k 〈ϕ1,Υk〉+ 〈ϕ2,Υk〉

)
= ν±k a

±
k .

❘❡❝❛❧❧ t❤❛t✱ ❢r♦♠ ✭✽✳✷✺✮✱ ✭✽✳✷✻✮ ❛♥❞ ✭✽✳✷✽✮✱

|R|+ |G| . |ϕ1|2 + |ϕ1|p + |V |2 + |V |p.

❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱ ❛♥❞ ❛s Υk ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❧♦❝❛❧✐③❡❞✱ ✇❡ ❤❛✈❡

|〈R+G,Υk〉| .
∫

RN

(
ϕ2
1 + |ϕ1|p + |V |2 + |V |p

)
|Υk| dx . N 2 + a2.

◆♦t❡ t❤❛t✱ ❢r♦♠ 〈ψ, Yk〉 = 0 ❢♦r ❛♥② ψ ∈ KerLq ❛♥❞ k = 1, · · · ,K✱

〈ζ±k Mod1+Mod2,Υk〉 = 0.

◆❡①t✱ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ G1✱ G2✱ ✭✽✳✸✸✮✱ ✭✽✳✸✽✮ ❛♥❞ ✭✽✳✸✾✮✱
∣∣〈ζ±k G1 +G2,Υk〉

∣∣ .
(
|ż − ℓ|+ |θ̇ − β|+ |ℓ|+ |β|

)
(|ℓ|+ |β|+ |a|+ |b|)

. N (N + |a|) (N + |a|+ 1) . N 2 + a2.

▲❛st✱ ❢r♦♠ ✭✽✳✷✸✮ ✭✽✳✸✸✮✱ ✭✽✳✸✽✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱

∣∣〈~ϕ, ∂t ~Z±
k 〉
∣∣ .

∫

RN

(|ϕ1|+ |ϕ2|) |∂tΥk|dx

. ‖~ϕ‖H
(
|ż − ℓ|+ |θ̇ − β|+ |ℓ|+ |β|

)
. N 2 (N + |a|+ 1) . N 2.

●❛t❤❡r✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s✱ ❛♥❞ ♣r♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❢♦r ❛❧❧ k = 1, · · · ,K✱ ✇❡ ♦❜t❛✐♥ ✭✽✳✹✸✮✳

✽✳✷✳✺ ❊♥❡r❣② ❡st✐♠❛t❡s

▲❡t q ❜❡ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ♦r ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✳ ❋♦r µ > 0 s♠❛❧❧ t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ ✇❡ ❞❡♥♦t❡
ρ = 2α− µ✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧

E =

∫

RN

{
|∇ϕ1|2 + (1− ρµ)ϕ2

1 + (ϕ2 + µϕ1)
2
}
dx

− 2

∫

RN

{F (Q+ V + ϕ1)− F (Q+ V )− f(Q+ V )ϕ1} dx.
✭✽✳✹✹✮

❆♥❛❧♦❣♦✉s ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✾✱ ✸✵❪✱ ✐♥ ♦r❞❡r t♦ t❛❦❡ ❢✉❧❧ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❞❛♠♣✐♥❣
♦❢ ✭✽✳✶✮✱ ❛s ✐s s❤♦✇♥ ✐♥ t❤❡ ▲❡♠♠❛ ❜❡❧♦✇✳ ❘❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ✐♥ ✭✽✳✸✼✮✱ ✇❡ s❡t

N = ‖~ϕ‖H + |ℓ|+ |β|+ |b|.

✷✼✹
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▲❡♠♠❛ ✽✳✶✺✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶✱ t❤❡r❡ ❡①✐st 0 < γ0 ≪ 1 ❛♥❞ 0 < µ < mink,±(1, α, ν
±
k )

s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✱ ❢♦r ❛❧❧ t ∈ [T1, T2]✳

✭✐✮ ❈♦❡r❝✐✈✐t② ❛♥❞ ❜♦✉♥❞✳

µ‖~ϕ‖2H − µ−1
K∑

k=1

(
(a+k )

2 + (a−k )
2
)
6 E 6 µ−1‖~ϕ‖2H. ✭✽✳✹✺✮

✭✐✐✮ ❚✐♠❡ ✈❛r✐❛t✐♦♥✳
d

dt
E + 2µE 6 µ−1

(
N 3 + a2N

)
. ✭✽✳✹✻✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❋✐rst✱ ❢r♦♠ ✭✽✳✷✾✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱
∫

RN

|F (Q+ V + ϕ1)− F (Q+ V )− f(Q+ V )ϕ1| dx

.

∫

RN

(|Q+ V |p−1|ϕ1|2 + |ϕ1|p+1)dx . ‖~ϕ‖2H + ‖~ϕ‖p+1
H .

■t ❢♦❧❧♦✇s t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✽✳✹✺✮✳
❙❡❝♦♥❞✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ E ✐♥ ✭✽✳✹✹✮✱ ✇❡ ❞❡❝♦♠♣♦s❡

E = 〈−∆ϕ1 + ϕ1 − f ′(Q)ϕ1, ϕ1〉 − ρµ〈ϕ1, ϕ1〉+ E1 + E2 + E3,

✇❤❡r❡

E1 =
∫

RN

(ϕ2 + µϕ1)
2dx, E2 = −

∫

RN

(
f ′(Q+ V )− f ′(Q)

)
ϕ2
1dx,

E3 = −2

∫

RN

{
F (Q+ V + ϕ1)− F (Q+ V )− f(Q+ V )ϕ1 −

1

2
f ′(Q+ V )ϕ2

1

}
dx.

❇② ✭✽✳✶✹✮ ❛♥❞ ✭✽✳✸✹✮✱

〈−∆ϕ1 + ϕ1 − f ′(Q)ϕ1, ϕ1〉 > c‖ϕ1‖2H1 − c−1
K∑

k=1

(
(a+k )

2 + (a−k )
2
)
.

❋r♦♠ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

E1 =
∫

RN

(ϕ2 + µϕ1)
2 dx >

1

2

∫

RN

ϕ2
2dx− µ2

∫

RN

ϕ2
1dx.

❚❤❡♥✱ ✉s✐♥❣ ✭✽✳✷✺✮✱ ✭✽✳✸✵✮✱ ✭✽✳✸✸✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱ ✇❡ ❤❛✈❡

|E2| .
∫

RN

(
|V |+ |V |p−1

)
|ϕ1|2dx .

(
γ0 + γp−1

0

)
‖~ϕ‖2H,

|E3| .
∫

RN

(
|ϕ1|3 + |ϕ1|p+1

)
dx . ‖~ϕ‖3H + ‖~ϕ‖p+1

H .

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡

E >
(
c− ρµ− µ2

)
‖ϕ1‖2H1 +

1

2
‖ϕ2‖2L2 − c−1

K∑

k=1

(
(a+k )

2 + (a−k )
2
)

+O
((
γ0 + γp−1

0

)
‖~ϕ‖2H + ‖~ϕ‖3H

)
,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✽✳✹✺✮ ❢♦r γ0 > 0 s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ µ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳

✷✼✺
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Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❞❡❝♦♠♣♦s❡✱

d

dt
E =2

∫

RN

∂tϕ1

{
−∆ϕ1 + (1− ρµ)ϕ1 −

[
f(Q+ V + ϕ1)− f(Q+ V )

]}
dx

− 2

∫

RN

{(
f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q+ V )ϕ1

)
(∂tQ+ ∂tV )

}
dx

+ 2

∫

RN

{(ϕ2 + µϕ1)(∂tϕ2 + µ∂tϕ1)} dx = I1 + I2 + I3.

❊st✐♠❛t❡ ♦♥ I1✳ ❲❡ ❝❧❛✐♠

I1 =− 2

∫

RN

{∆ϕ1 − ϕ1 + [f(Q+ V + ϕ1)− f(Q+ V )]}ϕ2dx

− 2ρµ

∫

RN

ϕ1ϕ2dx+O
(
N 3 + |a|N 2

)
.

✭✽✳✹✼✮

❇② ✭✽✳✸✹✮✱ ✭✽✳✸✻✮✱ −∆Mod1+Mod1−f ′(Q)Mod1 = 0 ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

I1 =2

∫

RN

{−∆ϕ1 + (1− ρµ)ϕ1 − [f(Q+ V + ϕ1)− f(Q+ V )]}ϕ2dx

+ I1,1 + I1,2 + I1,3 + I1,4,

✇❤❡r❡

I1,1 = −2

∫

RN

[∆ϕ1 − (1− ρµ)ϕ1]G1dx,

I1,2 = −2

∫

RN

[f(Q+ V + ϕ1)− f(Q+ V )]G1dx,

I1,3 = −2

∫

RN

[(
f ′(Q+ V )− f ′(Q)

)
ϕ1

]
Mod1 dx,

I1,4 = −2

∫

RN

[
f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q+ V )ϕ1

]
Mod1 dx.

❯s✐♥❣ ✭✽✳✷✽✮✱ ✭✽✳✸✸✮✱ ✭✽✳✸✽✮ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡

|I1,1| .
∫

RN

(|∆G1|+ |G1|) |ϕ1|dx

. |a|N
(
|ż − ℓ|+ |θ̇ − β|+N

)
. |a|N 2 (N + |a|+ 1) . |a|N 2,

|I1,2| .
∫

RN

|G1|(|ϕ1|+ |ϕ1|p)dx

. |a|N
(
|ż − ℓ|+ |θ̇ − β|+N

)
. |a|N 2 (N + |a|+ 1) . |a|N 2.

❚❤❡♥✱ ✉s✐♥❣ ✭✽✳✷✺✮✱ ✭✽✳✷✽✮✱ ✭✽✳✸✸✮ ❛♥❞ ✭✽✳✸✽✮✱ ✇❡ ❤❛✈❡

|I1,3| .
∫

RN

(
|V |+ |V |p−1

)
|ϕ1||Mod1 |dx

. ‖~ϕ‖H
(
|a|+ |a|p−1

) (
|ż − ℓ|+ |θ̇ − β|+ |ȧ− b|

)

. N 2
(
|a|+ |a|p−1

)
(N + |a|) . N 3 + |a|N 2,

❛♥❞

|I1,4| .
∫

RN

(
ϕ2
1 + |ϕ1|p

)
|Mod1 |dx

.
(
N 2 +N p

) (
|ż − ℓ|+ |θ̇ − β|+ |ȧ− b|

)
. N

(
N 2 +N p

)
(N + |a|) . N 3.

✷✼✻
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●❛t❤❡r✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✽✳✹✼✮✳
❊st✐♠❛t❡ ♦♥ I2✳ ❲❡ ❝❧❛✐♠

|I2| . N 3. ✭✽✳✹✽✮

❇② ✭✽✳✷✸✮✱

∂tQ+ ∂tV = −ℓ · ∇Q+
∑

(i,j)∈Iq
βijΨij + bΦ−Mod1 −G1.

❇❛s❡❞ ♦♥ ❛❜♦✈❡ ✐❞❡♥t✐t②✱ ✇❡ ❞❡❝♦♠♣♦s❡

I2 = I2,1 + I2,2 + I2,3 + I2,4 + I2,5,

✇❤❡r❡

I2,1 = 2

∫

RN

(
f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q+ V )ϕ1

)
(−bΦ) dx,

I2,2 = 2

∫

RN

(
f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q+ V )ϕ1

)
G1dx,

❛♥❞

I2,3 = 2

∫

RN

(
f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q+ V )ϕ1

)
Mod1 dx,

I2,4 = 2

∫

RN

(
f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q+ V )ϕ1

) (
ℓ · ∇Q

)
dx,

I2,5 = −2
∑

(i,j)∈Iq
βij

∫

RN

(
f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q+ V )ϕ1

)
Ψijdx.

❋r♦♠ ✭✽✳✷✽✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱

|I2,1| . |b|
∫

RN

ϕ2
1|Φ|dx . N 3.

❯s✐♥❣ ✭✽✳✷✽✮✱ ✭✽✳✸✸✮✱ ✭✽✳✸✽✮✱ ✭✽✳✹✵✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱ ✇❡ ❤❛✈❡

|I2,2| .
∫

RN

(
ϕ2
1 + |ϕ1|p

)
|G1|dx

.
(
N 2 +N p

) (
|a|N + |a||ż − ℓ|+ |a||θ̇ − β|

)

.
(
N 2 +N p

)
(|a|N + |a|N (|a|+N )) . N 3,

|I2,3| .
∫

RN

(
ϕ2
1 + |ϕ1|p

)
|Mod1 |dx

.
(
N 2 +N p

) (
ż − ℓ|+ |θ̇ − β|+ |ȧ− b|

)

.
(
N 2 +N p

)
(|a|+N )N . N 3,

|I2,4| .
∫

RN

(
ϕ2
1 + |ϕ1|p

)
|ℓ · ∇Q|dx . N 3,

❛♥❞

|I2,5| .
∑

(i,j)∈Iq

∫

RN

(
ϕ2
1 + |ϕ1|p

)
|βijΨij | dx . N 3.

❈♦♠❜✐♥✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s ✇✐t❤ ✭✽✳✸✸✮✱ ✇❡ ♦❜t❛✐♥ ✭✽✳✹✽✮✳
❊st✐♠❛t❡ ♦♥ I3✳ ❲❡ ❝❧❛✐♠

I3 =− 2µE + 2

∫

RN

{∆ϕ1 − ϕ1 + [f(Q+ V + ϕ1)− f(Q+ V )]}ϕ2dx

+ 2ρµ

∫

RN

ϕ1ϕ2dx− 2(ρ− µ)

∫

RN

(ϕ2 + µϕ1)
2dx+O

(
N 3 + a2N

)
.

✭✽✳✹✾✮

✷✼✼
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❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ✭✽✳✸✻✮✱ ✇❡ ❞❡❝♦♠♣♦s❡✱

I3 =− 2µE + 2

∫

RN

{∆ϕ1 − ϕ1 + [f(Q+ V + ϕ1)− f(Q+ V )]}ϕ2dx

+ 2ρµ

∫

RN

ϕ1ϕ2dx− 2(ρ− µ)

∫

RN

(ϕ2 + µϕ1)
2dx

+ I3,1 + I3,2 + I3,3 + I3,4 + I3,5,

✇❤❡r❡

I3,1 = 2

∫

RN

(ϕ2 + µϕ1)Gdx,

I3,2 = 2

∫

RN

(ϕ2 + µϕ1) (G2 + µG1) dx,

I3,3 = 2

∫

RN

(ϕ2 + µϕ1) (Mod2+µMod1) dx,

❛♥❞

I3,4 = 2µ

∫

RN

[
f(Q+ V + ϕ1)− f(Q+ V )− f ′(Q+ V )ϕ1

]
ϕ1dx,

I3,5 = −4µ

∫

RN

[
F (Q+ V + ϕ1)− F (Q+ V )− f(Q+ V )ϕ1 −

1

2
f ′(Q+ V )ϕ2

1

]
dx.

❯s✐♥❣ ✭✽✳✷✻✮✱

|I3,1| .
∫

RN

(|ϕ2|+ |ϕ1|)V 2dx . a2N .

◆❡①t✱ ❢r♦♠ ✭✽✳✸✸✮✱ ✭✽✳✸✽✮ ❛♥❞ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱

|I3,2| .
∫

RN

(|ϕ1|+ |ϕ2|) (|G1|+ |G2|) dx

. N (|a|+ |b|+ |ℓ|+ |β|)
(
|ż − ℓ|+ |θ̇ − β|+ |ℓ|+ |β|

)

. N 2 (|a|+N ) (N + |a|+ 1) . a2N +N 3.

◆♦t❡ t❤❛t✱ ❢r♦♠ ✭✽✳✸✹✮ ❛♥❞ ✭✽✳✸✺✮✱ ✇❡ ❤❛✈❡

I3,3 = 2〈ϕ2,Mod2+µMod1〉+ 2µ〈ϕ1,Mod2+µMod1〉 = 0.

▲❛st✱ ❢r♦♠ ✭✽✳✷✽✮✱ ✭✽✳✸✵✮ ❛♥❞ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱

|I3,4| .
∫

RN

(
|ϕ1|2 + |ϕ1|p

)
|ϕ1|dx . N 3 +N p+1,

|I3,5| .
∫

RN

(
|ϕ1|3 + |ϕ1|p+1

)
dx . N 3 +N p+1.

●❛t❤❡r✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ♦❜t❛✐♥ ✭✽✳✹✾✮✳
▲❛st✱ ❝♦♠❜✐♥✐♥❣ ✭✽✳✹✼✮✱ ✭✽✳✹✽✮ ❛♥❞ ✭✽✳✹✾✮✱ ✇❡ ❝♦♥❝❧✉❞❡ ✭✽✳✹✻✮✳

❲❡ ♦❜s❡r✈❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ❡♥❡r❣② ♣r♦♣❡rt② ✭✽✳✷✮ t❤❛t ❛ ♣❛❝❦❡❞ s♦❧✉t✐♦♥ ~u ✇✐t❤ ❞❡❣r❡❡✲✶
❡①❝✐t❡❞ st❛t❡ ❝❧✉st❡r ♣♦✐♥t q s❛t✐s✜❡s

lim
t→∞

E(~u(t)) =
1

2

∫

RN

(
|∇q|2 + q2 − 2F (q)

)
dx = E(q, 0). ✭✽✳✺✵✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❡①♣❛♥❞ t❤❡ ❡♥❡r❣② ❢♦r ❛ s♦❧✉t✐♦♥ ❝❧♦s❡ t♦ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✳

✷✼✽



✽✳✷✳ P❘❊▲■▼■◆❆❘■❊❙

▲❡♠♠❛ ✽✳✶✻✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶✱ ❢♦r t❤❡ ❝❛s❡ q ❜❡ ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✱ ✇❡ ❤❛✈❡

E(~u) = E(q, 0) +
2

3
α‖φ‖2L2a

3 +O
(
N 2 + |a|p̄+1

)
. ✭✽✳✺✶✮

Pr♦♦❢✳ ❇② ✭✽✳✸✷✮ ❛♥❞ ❛♥ ❡❧❡♠❡♥t❛r② ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ✜♥❞

|u|2 = |Q|2 + |V |2 + |ϕ1|2 + 2Q(V + ϕ1) + 2V ϕ1,

|∇u|2 = |∇Q|2 + |∇V |2 + |∇ϕ1|2 + 2∇Q · ∇(V + ϕ1) + 2∇V · ∇ϕ1,

❛♥❞

F (u) =F (Q) + f(Q)(V + ϕ1) +
1

2
f ′(Q)(V 2 + ϕ2

1 + 2V ϕ1) +
1

6
f ′′(Q)V 3

+ F (Q+ V + ϕ1)− F (Q)− f(Q)(V + ϕ1)−
1

2
f ′(Q)(V + ϕ1)

2

− 1

6
f ′′(Q)(V + ϕ1)

3 +
1

6
f ′′(Q)

(
(V + ϕ1)

3 − V 3
)
.

❇❛s❡❞ ♦♥ t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t✐❡s ❛♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❡ ❤❛✈❡

E(~u) = E(q, 0)− 1

6

∫

RN

f ′′(Q)V 3dx+ E1 + E2 + E3 + E4 + E5 + E6,

✇❤❡r❡

E1 =
1

2

∫

RN

(
|∇V |2 + |V |2 − f ′(Q)V 2

)
dx,

E2 =

∫

RN

(
∇V · ∇ϕ1 + V ϕ1 − f ′(Q)V ϕ1

)
dx,

E3 =
1

2

∫

RN

(
|∇ϕ1|2 + |ϕ1|2 − f ′(Q)ϕ2

1 + (∂tu)
2
)
dx,

E4 =

∫

RN

(∇Q · ∇(V + ϕ1) +Q(V + ϕ1)− f(Q)(V + ϕ1)) dx,

❛♥❞

E5 = −1

3

∫

RN

f ′′(Q)
(
(V + ϕ1)

3 − V 3
)
dx,

E6 = −2

∫

RN

(
F (Q+ V + ϕ1)− F (Q)− f(Q)(V + ϕ1)

− 1

2
f ′(Q)(V + ϕ1)

2 − 1

6
f ′′(Q)(V + ϕ1)

3

)
dx.

❋✐rst✱ ❢r♦♠ ✭✽✳✶✼✮ ✇❡ ❤❛✈❡
E′′′(φ, φ, φ) = −4α‖φ‖2L2 .

❚❤❡r❡❢♦r❡✱ ❜② ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱

−1

6

∫

RN

f ′′(Q)V 3dx = −a
3

6
E′′′(φ, φ, φ) =

2

3
α‖φ‖2L2a

3.

❚❤❡♥✱ ❢r♦♠ −∆Φ+Φ− f ′(Q)Φ = 0✱ V = aΦ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

E1 =
a2

2

∫

RN

(
−∆Φ+Φ− f ′(Q)Φ

)
Φdx = 0,

E2 = a

∫

RN

(
−∆Φ+Φ− f ′(Q)Φ

)
ϕ1dx = 0.

✷✼✾
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❇② t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ t❤❡♦r❡♠ ❛♥❞ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱

|E3| . ‖~ϕ‖2H + |ℓ|2 + |β|2 + b2 . N 2.

◆❡①t✱ ❢r♦♠ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ −∆Q+Q− f(Q) = 0✱ ✇❡ ❤❛✈❡

E4 =

∫

RN

(−∆Q+Q− f(Q)) (V + ϕ1)dx = 0.

▲❛st✱ ❢r♦♠ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠ ❛♥❞ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

|E5| .
∫

RN

|f ′′(Q)|
(
|ϕ1|V 2 + |V |ϕ2

1 + |ϕ1|3
)
dx . a4 +N 2,

|E6| .
∫

RN

(
|V + ϕ1|4 + |V + ϕ1|p+1

)
dx . a4 + |a|p+1 +N 4 +N p+1.

●❛t❤❡r✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ✜♥❞ ✭✽✳✺✶✮✳

✽✳✷✳✻ ❚✐♠❡ ❡✈♦❧✉t✐♦♥ ❛♥❛❧②s✐s

❲❡ ✐♥tr♦❞✉❝❡ ♥❡✇ ♣❛r❛♠❡t❡rs ❛♥❞ ❢✉♥❝t✐♦♥❛❧s t♦ ❛♥❛❧②③❡ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❢r❛♠❡✲
✇♦r❦ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶✳ ■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❝♦♥s✐❞❡r t♦❣❡t❤❡r ❛❧❧ t❤❡ ❞❛♠♣❡❞ ❝♦♠♣♦♥❡♥ts✱ ❛s ❢♦❧❧♦✇s✿

S = |ℓ|2 + |β|2 +
K∑

k=1

(a−k )
2 + b2 ❛♥❞ F = E + µ−1S. ✭✽✳✺✷✮

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ✉♥st❛❜❧❡ ❝♦♠♣♦♥❡♥t✿

A =
K∑

k=1

(a+k )
2. ✭✽✳✺✸✮

❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠❛✐♥ ❖❉❊ s②st❡♠ ✐♥ t❤❡ ❞❡❣r❡❡✲✶ ❞❡❣❡♥❡r❛t❡ ❝❛s❡✱ ✇❡ ✇✐❧❧ ❝r✉❝✐❛❧❧② r❡❧✐❡
♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t✐❡s

R1 = a+
b

2α
❛♥❞ R2 =

2α

3
a3 +

1

2α
ab2 + a2b. ✭✽✳✺✹✮

■♥❞❡❡❞✱ R1 ❛♥❞ R2 ❡♥❥♦② ♠♦♥♦t♦♥✐❝✐t② r❡❧❛t❡❞ ♣r♦♣❡rt✐❡s ❛s ✐t ✐s ♠❛❞❡ ❡①♣❧✐❝✐t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱
✐♥ ✇❤✐❝❤ ✇❡ ❛❧s♦ r❡✇r✐t❡ t❤❡ ❡st✐♠❛t❡s ♦❢ ▲❡♠♠❛ ✽✳✶✸✱ ✽✳✶✹ ❛♥❞ ✽✳✶✺✱ ✉s✐♥❣ ♦✉r ♥❡✇ ♥♦t❛t✐♦♥s✳

▲❡♠♠❛ ✽✳✶✼✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶✱ t❤❡r❡ ❡①✐st C0 > 1 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✳

✭✐✮ ❈♦❡r❝✐✈✐t② ❛♥❞ ❜♦✉♥❞✳ ❲❡ ❤❛✈❡

C−1
0 N 2 6 F + µ−1A 6 C0N 2. ✭✽✳✺✺✮

✭✐✐✮ ▲✐❛♣✉♥♦✈ ❡✈♦❧✉t✐♦♥ ♦❢ R1✳ ❲❡ ❤❛✈❡

d

dt
R1 +

1

2
a2 6 C0N 2, ✭✽✳✺✻✮

d

dt
R2 + αa4 6 C0N 3, ✭✽✳✺✼✮

∣∣∣∣
d

dt
R1 + a2

∣∣∣∣ 6 C0

(
N 2 + |a|N + |a|p̄

)
. ✭✽✳✺✽✮

✷✽✵
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✭✐✐✐✮ ❉❛♠♣❡❞ ❡✈♦❧✉t✐♦♥✳ ❚❤❡r❡ ❡①✐sts ν1 > 2µ s✉❝❤ t❤❛t

d

dt
S + ν1S 6 C0

(
N 3 + a2N

)
, ✭✽✳✺✾✮

d

dt
F + 2µF 6 C0

(
N 3 + a2N

)
. ✭✽✳✻✵✮

✭✐✈✮ ❊①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✳ ❚❤❡r❡ ❡①✐sts ν2 > ν3 > 2µ s✉❝❤ t❤❛t

d

dt
A− ν2A 6 C0

(
N 3 + a2N

)
, ✭✽✳✻✶✮

d

dt
A− ν3A > −C0

(
N 3 + a2N

)
. ✭✽✳✻✷✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❉✉❡ t♦ t❤❡ ❜♦✉♥❞ ❢r♦♠ ❜❡❧♦✇ ✐♥ ✭✽✳✹✺✮✱

F + µ−1A > µ‖~ϕ‖2H + µ−1(|ℓ|2 + |β|2 + b2) & N 2.

◆♦✇ |a±k | = |〈~ϕ, ~Z±
k 〉| 6 ‖~ϕ‖H 6 N ✱ s♦ t❤❛t ✉s✐♥❣ t❤❡ ❜♦✉♥❞ ❢r♦♠ ❛❜♦✈❡ ✐♥ ✭✽✳✹✺✮✱

F + µ−1A . E + |ℓ|2 + |β|2 + b2 +
K∑

k=1

(a−k )
2 + (a+k )

2 . N 2.

Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❋✐rst✱ ❢r♦♠ ✭✽✳✹✵✮ ❛♥❞ ✭✽✳✹✶✮✱ ✇❡ ❤❛✈❡

d

dt
R1 = ȧ+

ḃ

2α
= −a2 +O(N 2 + |a|N + |a|3 + |a|p).

❇❛s❡❞ ♦♥ ✭✽✳✸✸✮✱ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ❛♥❞ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ ✭✽✳✺✻✮ ❛♥❞ ✭✽✳✺✽✮ ❢♦r C0

❧❛r❣❡ ❡♥♦✉❣❤✳ ❙❡❝♦♥❞✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✽✳✹✵✮✱ ✭✽✳✹✶✮✱ ✇❡ ❝♦♠♣✉t❡

d

dt
a3 = 3a2b+O

(
a2N 2 + |a|3N

)
,

d

dt

(
ab2
)
= −4αab2 +O

(
N 3 + |a|3N

)
,

d

dt
(a2b) = −2αa4 + 2ab2 − 2αa2b+O

(
N 4 + |a|3N + |a|5 + |a|p+2

)
.

❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ✐♥❢❡r

d

dt
R2 =

2α

3

d

dt
a3 +

1

2α

d

dt
(ab2) +

d

dt
(a2b)

= −2αa4 +O
(
N 3 + |a|3N + |a|5 + |a|p+2

)
,

❯s✐♥❣ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t② ✭t♦ s❡❡ |a|3N 6 N 5/2 + |a|5✱ a2N 2 6 N 3 + |a|5✮✱ ❛♥❞ ❛s p+ 2 > 4✱ t❤✐s
✐♠♣❧✐❡s ✭✽✳✺✼✮ ❢♦r C0 ❧❛r❣❡ ❡♥♦✉❣❤✳

Pr♦♦❢ ♦❢ ✭✐✐✐✮ ❛♥❞ ✭✐✈✮✳ ❚❤❡ ❡st✐♠❛t❡s ✭✽✳✺✾✮✱ ✭✽✳✻✵✮✱ ✭✽✳✻✶✮ ❛♥❞ ✭✽✳✻✷✮ ❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ✭✽✳✸✾✮✱ ✭✽✳✹✶✮✱
✭✽✳✹✸✮✱ ✭✽✳✹✻✮ ❛♥❞ t❛❦✐♥❣ 0 < µ < mink,±(1, α, ν

±
k ) ✐♥ ▲❡♠♠❛ ✽✳✶✺✳

✽✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✹ ❛♥❞ ❚❤❡♦r❡♠ ✽✳✻

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✽✳✹ ❛♥❞ ❚❤❡♦r❡♠ ✽✳✻✳ ❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♣♣✐♥❣
Pr♦♣♦s✐t✐♦♥ ❢♦r ♣❛❝❦❡❞ s♦❧✉t✐♦♥✳

✷✽✶
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Pr♦♣♦s✐t✐♦♥ ✽✳✶✽✳ ❚❤❡r❡ ❡①✐sts δ0 > 0 s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ▲❡t ~u = (u, ∂tu) ❜❡ ❛ ♣❛❝❦❡❞
s♦❧✉t✐♦♥ ♦❢ ✭✽✳✶✮✱ ✇✐t❤ ❝❧✉st❡r ♣♦✐♥t (q, 0) ✇❤❡r❡ q ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡ ♦r ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✳
❉✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✽✳✷✱ ❢♦r ❛♥② 0 < δ < δ0✱ t❤❡r❡ ❡①✐sts Tδ > 0 ❛♥❞ ξδ ∈ RN s✉❝❤ t❤❛t

‖u(Tδ)− q(· − ξδ)‖H1 + ‖∂tu(t)‖L2 +

[ ∫ ∞

Tδ

‖∂tu(t)‖2L2dt

] 1
2

< δ. ✭✽✳✻✸✮

❚❤❡♥ ~u ❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶ ❢♦r ❛❧❧ t ∈ [Tδ,∞) ❛♥❞ s❛t✐s✜❡s

∀t > Tδ, ‖u(t)− q(· − ξδ)‖H1 + ‖∂tu(t)‖L2 . δ
1
2 . ✭✽✳✻✹✮

Pr♦♦❢✳ ❋♦r δ < γ s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ Tδ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✷✿ ~u(Tδ)
❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶ ❛♥❞ s❛t✐s✜❡s

|z(Tδ)− ξδ|+ |θ(Tδ)|+ |a(Tδ)|+N (Tδ) . δ. ✭✽✳✻✺✮

❋♦r ❛ ❝♦♥st❛♥t C > 1 t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❡st✐♠❛t❡

|z − ξδ|+ |θ| 6 δ
1
2 , |a| 6 Cδ

2
3 , N 6 Cδ, A 6 2Cδ2. ✭✽✳✻✻✮

❙❡t
T ∗ = sup {t ∈ [Tδ,∞) s✉❝❤ t❤❛t ✭✽✳✸✶✮ ❛♥❞ ✭✽✳✻✻✮ ❤♦❧❞s ♦♥ [Tδ, t]} .

❲❡ ♣r♦✈❡ t❤q❛t T ∗ = ∞ ❜② str✐❝t❧② ✐♠♣r♦✈✐♥❣ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ✭✽✳✻✻✮ ♦♥ [Tδ, T
∗) ✭✉♣♦♥

❝❤♦s✐♥❣ C ❧❛r❣❡ ❡♥♦✉❣❤✮✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢✱ t❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥ts ✐♥ . ♦r O ❞♦ ♥♦t ❞❡♣❡♥❞
♦♥ δ ♥♦r ♦♥ t❤❡ ❝♦♥st❛♥t C ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ✭✽✳✻✻✮✳ ❘❡❝❛❧❧ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡
✇❤❡♥ q ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ st❛t❡✱ ✇❡ ❞❡♥♦t❡ a = b = 0✳

❙t❡♣ ✶✳ Pr❡❧✐♠✐♥❛r② ❜♦✉♥❞s✳ ▲❡t t ∈ [Tδ, T∗)✳ ■♥t❡❣r❛t✐♥❣ ✭✽✳✻✷✮ ♦♥ [Tδ, t]✱ ❛♥❞ ✉s✐♥❣ ✭✽✳✻✺✮✱ ✇❡
❤❛✈❡

∫ t

Tδ

A(s)ds . A(t) +

∫ t

Tδ

N 3(s)ds+

∫ t

Tδ

|a|3(s)ds

. Cδ2 + Cδ

∫ t

Tδ

N 2(s)ds+ Cδ
2
3

∫ t

Tδ

a2(s)ds,

❙✐♠✐❧❛r❧②✱ ✐♥t❡❣r❛t✐♥❣✭✽✳✻✵✮✱ ✇❡ ❣❡t
∫ t

Tδ

F(s)ds . |F(t)|+ |F(Tδ)|+
∫ t

Tδ

N 3(s)ds+

∫ t

Tδ

|a|3(s)ds

. C2δ2 + Cδ

∫ t

Tδ

N 2(s)ds+ Cδ
2
3

∫ t

Tδ

a2(s)ds,

❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✭✽✳✺✻✮✱ t❤❡r❡ ❤♦❧❞

1

2

∫ t

Tδ

a2(s)ds− C0

∫ t

Tδ

N 2(s)ds 6 R1(Tδ)−R1(t) . Cδ
2
3 + Cδ.

◆♦✇ r❡❝❛❧❧ t❤❛t ❞✉❡ t♦ t❤❡ ❝♦❡r❝✐✈✐t② ✭✽✳✺✺✮✱ F + µ−1A > C−1
0 N 2✱ ❤❡♥❝❡

∫ t

Tδ

(
N 2(s) + a2(s)

)
ds

6

∫ t

Tδ

a2(s)ds− C0

∫ t

Tδ

N 2(s)ds+ C0(C0 + 1)

∫ t

Tδ

(F(s) + µ−1A(s))ds

. Cδ
2
3 + Cδ + C2δ2 + Cδ

∫ t

Tδ

N 2(s)ds+ Cδ
2
3

∫ t

Tδ

a2(s)ds.

✷✽✷
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❚❛❦✐♥❣ 0 < δ ≪ 1 s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ✐♥❢❡r
∫ t

Tδ

(
N 2(s) + a2(s)

)
ds . Cδ

2
3 + Cδ + C2δ2 . Cδ

2
3 + C2δ2.

❙t❡♣ ✷✳ ❊st✐♠❛t❡ ♦♥ z ❛♥❞ θ✳ ❇② ✭✽✳✸✽✮ ❛♥❞ ✭✽✳✸✾✮✱ ✇❡ ❤❛✈❡

|z(t)− ξδ|+ |θ(t)| .
∣∣∣∣z(t)− ξδ +

ℓ(t)

2α

∣∣∣∣+
∣∣∣∣θ(t) +

ℓ(t)

2α

∣∣∣∣+ |ℓ(t)|+ |β(t)|

. N (t) +N (Tδ) + |z(Tδ)− ξδ|+ |θ(Tδ)|+
∫ t

Tδ

(
N 2(s) + a2(s)

)
ds

. Cδ + Cδ
2
3 + C2δ2,

✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ✭✽✳✻✻✮ ♦❢ z ❛♥❞ θ ♦♥ [Tδ, T
∗) ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✳

❙t❡♣ ✸✳ ❊st✐♠❛t❡ ♦♥ a✳ ❉✉❡ t♦ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ✭✽✳✺✮ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❛ss✉♠♣t✐♦♥ ✭✽✳✻✸✮✱ ♥♦t❡
t❤❛t ✇❡ ❤❛✈❡

E(q, 0) 6 E(~u(t)) 6 E(q, 0) +O(δ2).

❯s✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ✭✽✳✺✶✮ ✭❛♥❞ t❤❡ ❜♦♦tstr❛♣ ❜♦✉♥❞s ✭✽✳✻✻✮✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

|a|3 . δ2 +N 2 + a4 + |a|p+1

. C2δ2 + C p̄+1δ
2
3
(p̄+1).

■t ❢♦❧❧♦✇s t❤❛t
|a| . δ

2
3 + C

2
3 δ

2
3 + C

p̄+1
3 δ

2
9
(p̄+1).

✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ✭✽✳✻✻✮ ♦❢ a ♦♥ [Tδ, T
∗) ❢♦r C ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ δ s♠❛❧❧ ❡♥♦✉❣❤✳

❙t❡♣ ✹✳ ❊st✐♠❛t❡ ♦♥ N ✳ ❯♥❞❡r t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ✭✽✳✻✻✮✱ ❡st✐♠❛t❡ ✭✽✳✻✵✮ ✇r✐t❡s

d

dt
F + 2µF . C3δ

7
3 + C3δ3 . C3δ

7
3 .

▲❡t t ∈ [Tδ, T
∗)✳ ■♥t❡❣r❛t✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ♦♥ [Tδ, t]✱ ✉s✐♥❣ ❛❧s♦ t❤❡ ✐♥✐t✐❛❧ t✐♠❡ ❛ss✉♠♣t✐♦♥ ✭✽✳✻✺✮✱

②✐❡❧❞s

F(t) . e−2µ(t−Tδ)F(Tδ) + C3

∫ t

Tδ

e−2µ(t−s)δ
7
3ds . δ2 + C3δ

7
3 . ✭✽✳✻✼✮

❲❡ ♥♦✇ ✉s❡ ♦♥❝❡ ♠♦r❡ t❤❡ ❝♦❡r❝✐✈✐t② ✭✽✳✺✺✮✱ t❤❡ ✭✽✳✻✻✮ ♦♥ A s♦ t❤❛t t❤❡ ❡st✐♠❛t❡ ✭✽✳✻✼✮ ❛❜♦✈❡ ❣✐✈❡s✱
❢♦r C ❧❛r❣❡ ❡♥♦✉❣❤

N 2(t) . F +A . δ2 + C3δ
7
3 + Cδ2 6 2Cδ2.

❚❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ✭✽✳✻✻✮ ♦❢ N ♦♥ [Tδ, T
∗)✳

❙t❡♣ ✺✳ ❊st✐♠❛t❡ ♦♥ A✳ ▲❡t ✉s ✜rst r❡✇r✐t❡ t❤❡ ❡st✐♠❛t❡s ✭✽✳✺✾✮✱ ✭✽✳✻✶✮✱ ✭✽✳✻✷✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ✭✽✳✻✻✮✿ ❢♦r ❛❧❧ t ∈ [Tδ, T∗)✱

d

dt
S + ν1S 6 C0

(
C3δ

7
3 + C3δ3

)
6 C0C

3δ
7
3 , ✭✽✳✻✽✮

d

dt
A− ν2A 6 C0

(
C3δ

7
3 + C3δ3

)
6 C0C

3δ
7
3 , ✭✽✳✻✾✮

d

dt
A− ν3A > −C0

(
C3δ

7
3 + C3δ3

)
> −C0C

3δ
7
3 . ✭✽✳✼✵✮

❚❤❡♥ ❢♦r t ∈ [Tδ, T
∗)✱ ✇❡ ❤❛✈❡ ✭✐♥t❡❣r❛t✐♥❣ ✭✽✳✻✽✮ ♦♥ [Tδ, t]✮

S(t) . e−ν1(t−Tδ)S(Tδ) + C3

∫ t

Tδ

e−2µ(t−s)δ
7
3ds . δ2 + C3δ

7
3 . ✭✽✳✼✶✮

✷✽✸
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❲❡ ♥♦✇ ♣r♦✈❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t ❢♦r C ❧❛r❣❡ ❡♥♦✉❣❤✱ ✐t ❤♦❧❞s

∀t ∈ [Tδ, T∗), A(t) < 2Cδ2. ✭✽✳✼✷✮

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts t2 ∈ [Tδ, T
∗) s✉❝❤ t❤❛t

A(t2) = 2Cδ2 ❛♥❞ ❢♦r ❛❧❧ t ∈ [Tδ, t2), A(t) < 2Cδ2.

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ A✱ t❤❡r❡ ❡①✐sts t1 ∈ [Tδ, t2] s✉❝❤ t❤❛t

A(t1) = Cδ2 ❛♥❞ ❢♦r ❛❧❧ t ∈ (t1, t2), Cδ2 < A(t) < 2Cδ2. ✭✽✳✼✸✮

❋♦r t ∈ [t1, t2]✱ ❞✐✈✐❞❡ ✭✽✳✻✾✮ ❛♥❞ ✭✽✳✼✵✮ ❜② A ✭✉s✐♥❣ ✭✽✳✼✸✮✮✱ ❛♥❞ t❤❡♥ ✐♥t❡❣r❛t❡ ♦♥ [t1, t2]✿ ✐t ❢♦❧❧♦✇s
t❤❛t

log2

ν2
+O(C2δ

1
3 ) 6 t2 − t1 6

log2

ν3
+O(C2δ

1
3 ). ✭✽✳✼✹✮

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ✭✽✳✼✸✮ ❛❣❛✐♥

∫ t2

t1

A(t)dt > Cδ2(t2 − t1) > Cδ2
(
log2

ν2
+O(C2δ

1
3 )

)
. ✭✽✳✼✺✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ϕ2 ✐♥ ✭✽✳✸✷✮ ❛♥❞ t❤❡ ❜♦✉♥❞ ♦♥ S ✭✽✳✼✶✮✱ ❢♦r ❛♥② t ∈ [t1, t2]

‖ϕ2(t)‖2L2 . ‖∂tu(t)‖2L2 + S(t) . ‖∂tu(t)‖2L2 + δ2 + C3δ
7
3 .

❚❤✉s✱ ❢r♦♠ ✭✽✳✻✸✮ ❛♥❞ ✭✽✳✼✹✮✱

∫ t2

t1

‖ϕ2(t)‖2L2dt .

∫ t2

t1

(
‖∂tu(t)‖2L2 + δ2 + C3δ

7
3

)
dt . δ2 + C3δ

7
3 . ✭✽✳✼✻✮

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a±k ✱ ✇❡ ❤❛✈❡

a+k = ζ+k 〈ϕ1,Υk〉+ 〈ϕ2,Υk〉, a−k = ζ−k 〈ϕ1,Υk〉+ 〈ϕ2,Υk〉

❛♥❞ t❤✉s ❢♦r ❛❧❧ k = 1, · · · ,K
a+k =

ζ+k
ζ−k
a−k +

ζ−k − ζ+k
ζ−k

〈ϕ2,Υk〉,

❢r♦♠ ✇❤❡r❡ ✇❡ s❡❡ t❤❛t A . S + ‖ϕ2‖2L2 ✳ ●❛t❤❡r✐♥❣ ❡st✐♠❛t❡s ✭✽✳✼✶✮ ❛♥❞ ✭✽✳✼✻✮✱ ✇❡ ✜♥❞

∫ t2

t1

A(t)dt .

∫ t2

t1

S(t)dt+
∫ t2

t1

‖ϕ2(t)‖2L2dt . δ2 + C3δ
7
3 ,

✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ✭✽✳✼✺✮ ❢♦r C ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ δ s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤✐s ♣r♦✈❡s ✭✽✳✼✷✮✱ ❛♥❞
t❤✐s str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ♦♥ A

❙t❡♣ ✻✳ ❈♦♥❝❧✉s✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐♠♣r♦✈✐♥❣ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ✭✽✳✻✻✮ ♦♥ z − ξδ✱ θ✱
N ❛♥❞ A✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t T ∗ = ∞✳

❋✐♥❛❧❧②✱ ❢r♦♠ ✭✽✳✻✻✮✱ ✇❡ ❦♥♦✇ t❤❛t✱ ❢♦r ❛❧❧ t ∈ [Tδ,+∞)✱

‖u(t)− q(· − ξδ)‖H1 + ‖∂tu(t)‖L2

. ‖u(t)−Q(t)‖H1 + ‖Q(t)− q(· − ξδ)‖H1 + ‖∂tu(t)‖L2

. N (t) + |a(t)|+ |z(t)− ξδ|+ |θ(t)| . δ
1
2 + Cδ

2
3 + Cδ,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✽✳✻✹✮ ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✽ ✐s ❝♦♠♣❧❡t❡✳

✷✽✹
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❘❡♠❛r❦ ✽✳✶✾✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✽ ❛❝t✉❛❧❧② ♣r♦✈❡s t❤❛t

θ(t), a(t),N (t),A(t) → 0 ❛s t→ +∞,

❛ ❢❛❝t t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠ ✽✳✹ ❛♥❞ ✽✳✻✳

❊♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✹✳ ❲❡ ❛ss✉♠❡ ❤❡r❡ t❤❛t q ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❜♦✉♥❞ st❛t❡✱ ❛♥❞ ♣r♦✈❡
❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡✳ ❘❡❝❛❧❧ t❤❛t✱ ✐♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❤❛✈❡ s❡t a = b = 0✳

❋✐rst✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✽✳✶✽✱ ✇❡ ❦♥♦✇ t❤❛t✱ ❢♦r ❛♥② 0 < δ < δ20 ✱ t❤❡r❡ ❡①✐sts T
∗
δ ≫ 1 ❛♥❞ ξδ ∈ RN

s✉❝❤ t❤❛t✱ ~u ❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶ ❢♦r ❛❧❧ t ∈ [T ∗
δ ,∞) ❛♥❞ s❛t✐s✜❡s

‖u(t)− q(· − ξδ)‖H1 + ‖∂tu(t)‖L2 + |z(t)− ξδ|+ |θ(t)|+N (t) < δ. ✭✽✳✼✼✮

❙t❡♣ ✶✳ ❲❡ ❝❧❛✐♠ t❤❛t

∀t > T ∗
δ ,

d

dt

(
F(t) + µ−1A(t)

)
6 −µ

(
F(t) + µ−1A(t)

)
. ✭✽✳✼✽✮

❚❤✐s ✇✐❧❧ ✐♠♣❧✐❡s ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ F + µ−1A✳ ❙♦ ❛s t♦ ♣r♦✈❡ t❤❡ ❛❜♦✈❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❡q✉❛❧✐t②✱ ✐t ✐s
❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❛✉①✐❧✐❛r② q✉❛♥t✐t② Ã := A− δ

1
2F ✳ ❋✐rst ♥♦t❡ t❤❛t✱ ❢r♦♠ ✭✽✳✺✺✮ ❛♥❞ ✭✽✳✼✼✮✱

N 3(t) 6 δN 2(t) 6 δC0

(
F + µ−1A

)
. ✭✽✳✼✾✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
Ã = (1 + δ

1
2µ−1)A− δ

1
2
(
F + µ−1A

)
6 (1 + δ

1
2µ−1)A.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✭✽✳✻✵✮ ❛♥❞ ✭✽✳✻✷✮ ❢♦r F ❛♥❞ A✱ ❛♥❞ ✐♥ ✈✐❡✇ ♦❢ ✭✽✳✼✾✮✱

d

dt
Ã =

d

dt
A− δ

1
2
d

dt
F >

(
ν3 − 2δ

1
2

)
A+ 2µδ

1
2
(
F + µ−1A

)
− (1 + δ

1
2 )C0N 3

>
(
ν3 − 2δ

1
2

)
A+

(
2µδ

1
2 − δC2

0 (1 + δ
1
2 )
) (

F + µ−1A
)
>

1

2
ν3Ã,

✇❤❡r❡ δ > 0 ✐s s♦ s♠❛❧❧ t❤❛t
(
ν3 − 2δ

1
2

)
>

1

2
ν3(1 + δ

1
2µ−1), 2µδ

1
2 − δµ−1C0(1 + δ

1
2 ) > 0.

■♥t❡❣r❛t✐♥❣ ♦♥ [t, s] ⊆ [T ∗
δ ,∞)✱ ✇❡ ❣❡t

Ã(t) 6 e
1
2
ν3(t−s)Ã(s).

❲❡ ♥♦✇ t❛❦❡ t❤❡ ❧✐♠✐t s→ ∞ ❛♥❞ ✉s✐♥❣ t❤❛t Ã(s) ✐s ❜♦✉♥❞❡❞ ❞✉❡ t♦ ✭✽✳✼✼✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t Ã(t) 6 0✱
t❤❛t ✐s

∀t ∈ [T ∗
δ ,∞), A(t) 6 δ

1
2F(t) 6 δ

1
2
(
F(t) + µ−1A(t)

)
. ✭✽✳✽✵✮

❈♦♠❜✐♥✐♥❣ ✭✽✳✻✵✮✱ ✭✽✳✻✶✮✱ ✭✽✳✼✾✮ ❛♥❞ ✭✽✳✽✵✮✱ ✇❡ ❤❛✈❡

d

dt

(
F + µ−1A

)
=

d

dt
F + µ−1 d

dt
A

6 −2µ(F + µ−1A) + (µ−1ν2 + 2)A+ C0(1 + µ−1)N 3

6 (−2µ+ δ
1
2 (µ−1ν2 + 2) + δC2

0 (1 + µ−1))
(
F + µ−1A

)
,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✽✳✼✽✮ ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✳
❙t❡♣ ✷✳ ■♥t❡❣r❛t✐♥❣ ✭✽✳✼✽✮ ♦♥ [T ∗

δ , t] ❛♥❞ ✉s✐♥❣ ✭✽✳✼✼✮✱ ✇❡ ❤❛✈❡

(
F + µ−1A

)
(t) 6 e−µ(t−T ∗

δ )
(
F + µ−1A

)
(T ∗

δ ) . δ2e−µ(t−T ∗
δ ).

✷✽✺
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❘❡❝❛❧❧ ♦♥❝❡ ❛❣❛✐♥ ✭✽✳✺✺✮✿ ✐t ❢♦❧❧♦✇s t❤❛t

N 2(t) . (F + µ−1A)(t) . e−µt. ✭✽✳✽✶✮

◆♦✇ ✇❡ ❝❛♥ ✐♥t❡❣r❛t❡ ✭✽✳✸✽✮✱ ✉s✐♥❣ ✭✽✳✽✶✮ ❛♥❞ r❡❝❛❧❧✐♥❣ t❤❛t a = 0✿ t❤✐s ♣r♦✈❡s t❤❛t t❤❡r❡ ❡①✐sts
z∞ ∈ RN s✉❝❤ t❤❛t z(t) → z∞ ❛s t→ +∞✱ ❛♥❞

∀t > Tδ, |z(t)− z∞|+ |θ(t)| .
∫ ∞

t
N (s)2ds . e−µt. ✭✽✳✽✷✮

●❛t❤❡r✐♥❣ ❡st✐♠❛t❡s ✭✽✳✽✶✮ ❛♥❞ ✭✽✳✽✷✮✱ ✇❡ ♦❜t❛✐♥

‖u(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2

. ‖u(t)−Q(t)‖H1 + ‖Q(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2

. N (t) + |z(t)− z∞|+ |θ(t)| . e−µt.

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✹ ✐s ❝♦♠♣❧❡t❡✳

❊♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✻✳ ❲❡ ❤❡r❡ ❛ss✉♠❡ t❤❛t q ✐s ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✱ ❛♥❞ ♣r♦✈❡ ❛❧❣❡❜r❛✐❝
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ~u t♦ (q, 0)✳

❆s ❡❛r❧✐❡r✱ ✇❡ ❦♥♦✇ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✽✳✶✽✱ t❤❛t ❢♦r ❛♥② 0 < δ < δ20 ✱ t❤❡r❡ ❡①✐sts T
∗
δ ≫ 1 ✭✇❡ ❝❛♥

❝❤♦♦s❡ T ∗
δ = Tδ2/2✮ ❛♥❞ ξδ ∈ RN s✉❝❤ t❤❛t✱ ~u ❛❞♠✐ts ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶ ❢♦r ❛❧❧

t ∈ [T ∗
δ ,∞) ❛♥❞ s❛t✐s✜❡s

‖u(t)− q(· − ξδ)‖H1 + ‖∂tu(t)‖L2 + |z(t)− ξδ|+ |a(t)|+ |θ(t)|+N (t) < δ. ✭✽✳✽✸✮

❙t❡♣ ✶✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts C1 > 1 ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✮ s✉❝❤ t❤❛t

∀t > T ∗
δ , A(t) 6 C1δ

1
4 (a(t)2 +N (t)2). ✭✽✳✽✹✮

❆❣❛✐♥✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❛✉①✐❧✐❛r② q✉❛♥t✐t②✱ ✇❤✐❝❤ ✐s ❤❡r❡ Ã := A − δ
1
4F − δ−

1
2R2✳ ❋r♦♠ t❤❡ ❡✈♦❧✉t✐♦♥

❡q✉❛t✐♦♥s ✭✽✳✺✼✮✱ ✭✽✳✻✵✮ ❛♥❞ ✭✽✳✻✷✮ ♦❢ A✱ F ❛♥❞ R2✱ ✇❡ ❜♦✉♥❞

d

dt
Ã =

d

dt
A− δ

1
4
d

dt
F − δ−

1
2
d

dt
R2

> 2µδ
1
4
(
F + µ−1A

)
+ (ν3 − 2δ

1
4 )A+ δ−

1
2αa4

− C0(1 + δ−
1
2 + δ

1
4 )N 3 − C0

(
1 + δ

1
4

)
a2N .

> 2µ2δ
1
4N 2 + (ν3 − 2δ

1
4 )A+ δ−

1
2αa4 − 3C0δ

− 1
2N 3 − 2C0a

2N .

◆♦t✐❝❡ t❤❛t ❢r♦♠ t❤❡ ❆▼✲●▼ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

2a2N = 2(a2δ−
3
16 )(N δ

3
16 ) 6 a4δ−

3
8 +N 2δ

3
8 , ✭✽✳✽✺✮

s♦ t❤❛t✱ r❡❛rr❛♥❣✐♥❣ t❤❡ t❡r♠s ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t

d

dt
Ã >

(
2µ2δ

1
4 − 3C0δ

1
2 − C0δ

3
8

)
N 2 + (ν2 − 2δ

1
4 )A+ (δ−

1
2α− δ−

3
8C0)a

4 > 0,

✇❤❡r❡ δ ✐s s♦ s♠❛❧❧ t❤❛t

2µ2δ
1
4 − 3C0δ

1
2 − C0δ

3
8 > 0, ν2 − 2δ

1
4 > 0 ❛♥❞ δ−

1
2α− δ−

3
8C0 > 0.

✷✽✻
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◆♦✇✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✽✳✶✽✱ ✇❡ ❦♥♦✇ t❤❛t Ã(t) → 0 ❛s t → ∞✳ ❆s ✇❡ ❥✉st s❤♦✇❡❞ t❤❛t Ã ✐s ♥♦♥
❞❡❝r❡❛s✐♥❣ ♦♥ [T ∗

δ ,∞)✱ ✇❡ ❤❡♥❝❡ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r ❛❧❧ t > T ∗
δ ✱ Ã(t) 6 0✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ✭❞✉❡ t♦ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ Ã✮✱ t❤❛t ❢♦r ❛❧❧ t > T ∗
δ ✱

A(t) 6 δ
1
4F(t) + δ−

1
2R2(t)

6 δ
1
4F(t) + δ

1
2

(
2α

3
+ 1

)
a2 +

δ
1
2

2α

(
a2 +N 2

)
,

❆s F . N ✱ t❤✐s ✐♠♣❧✐❡s ✭✽✳✽✹✮ ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✳

❙t❡♣ ✷✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐sts C2 > 1 ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ δ✮ s✉❝❤ t❤❛t✱

∀t > T ∗
δ , |a(t)| 6 C2

(
(t− T ∗

δ + δ−1)−1 +N (t)
)
. ✭✽✳✽✻✮

❲❡ ✉s❡ ②❡t ❛♥♦t❤❡r ❛✉①✐❧✐❛r② q✉❛♥t✐t②✱ ♥❛♠❡❧② R̃1 := R1 + 2C2
0µ

−1
(
F + µ−1A

)
✳ ◆♦t❡ t❤❛t✱ ❢r♦♠ t❤❡

❆▼✲●▼ ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✽✳✽✸✮✱ t❤❡r❡ ❡①✐sts C2 > 1 s✉❝❤ t❤❛t

R̃2
1 6 2R2

1 +O
(
N 4
)
6 C2(a

2 +N 2). ✭✽✳✽✼✮

❋✉rt❤❡r♠♦r❡✱ ✉s✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✭✽✳✻✵✮ ❛♥❞ ✭✽✳✻✶✮ ❢♦r F ❛♥❞ A✱ ✇❡ ❤❛✈❡

d

dt

(
F + µ−1A

)
6 −2µ

(
F + µ−1A

)
+ (ν3 + 2)A+ C0

(
1 + µ−1

) (
N 3 + a2N

)

6 −µ
(
F + µ−1A

)
+O(δ

1
4 (a2 +N 2))

✇❤❡r❡ ✇❡ ❛❧s♦ ✉s❡❞ ✭✽✳✽✸✮ ❛♥❞ ✭✽✳✽✹✮✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✭✽✳✺✻✮ ❢♦r R1✱ ✇❡ ❞❡❞✉❝❡
t❤❛t✱

d

dt
R̃1 =

d

dt
R1 + 2C2

0µ
−1 d

dt

(
F + µ−1A

)

6 −1

2
a2 + C0N 2 + 2C2

0µ
−1
(
−µ(F + µ−1A)

)
+O(δ

1
4 (a2 +N 2))

6 −1

2
a2 − C0N 2 +O(δ

1
4 (a2 +N 2)).

✭❲❡ ✉s❡❞ t❤❡ ❝♦❡r❝✐✈✐t② ❡st✐♠❛t❡ ✭✽✳✺✺✮✿ F + µ−1A > C−1
0 N ✱ ❛♥❞ ❛❧s♦ t❤❛t |b| . N ✮✳ ❋♦r δ s♠❛❧❧

❡♥♦✉❣❤✱ ✇❡ ✐♥❢❡r t❤❛t
d

dt
R̃1 6 −1

4
a2 − C0

2
N 2 6 −c2R̃2

1.

❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t c2 > 0✳ ❘❡❝❛❧❧ ♥♦✇ t❤❛t ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✽✳✶✽✱ R̃1(t) → 0 ❛s t → +∞✱
❛♥❞ t❤❡r❡❢♦r❡✱ ❛❢t❡r ❞✐✈✐❞✐♥❣ ❜② R̃2

1✱ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦♥ [T ∗
δ , t]✱ ✇❡ ♦❜t❛✐♥

∀t > T ∗
δ , 0 6 R̃1(t) . (t− T ∗

δ + δ−1)−1.

✭◆♦t✐❝❡ t❤❛t R̃1(T
∗
δ ) . δ✱ ✐♥ ✈✐❡✇ ♦❢ ✭✽✳✽✸✮✮✳ ■t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

−2C0µ
−2
(
F(t) + µ−1A(t)

)
6 a(t) +

b(t)

2α
. (t− T ∗

δ + δ−1)−1.

❆s |b|,F + µ−1A . N ✱ t❤✐s ✐♠♣❧✐❡s ✭✽✳✽✻✮ ❢♦r C2 ❧❛r❣❡ ❡♥♦✉❣❤✳

❙t❡♣ ✸✳ ❈♦♥❝❧✉s✐♦♥✳ ◆♦✇ ✇❡ ♣r♦✈❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❞❡❝❛② r❛t❡ ❜② ❛ ❜♦♦tstr❛♣ ❛r❣✉♠❡♥t✳ ❋♦r C3 > 1
t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❜♦✉♥❞s

|a(t)| 6 C2
3

(t− T ∗
δ + δ−1)

, N (t) 6
C3

(t− T ∗
δ + δ−1)

. ✭✽✳✽✽✮

✷✽✼



❚❍➮❙❊ ❉❊ ❉❖❈❚❖❘❆❚ ❉❊ ▲✬■◆❙❚■❚❯❚ P❖▲❨❚❊❈❍◆■◗❯❊ ❉❊ P❆❘■❙

▲❡t
T ∗∗ = sup {t ∈ [T ∗

δ ,∞) s✉❝❤ t❤❛t ✭✽✳✽✽✮ ❤♦❧❞s ♦♥ [T ∗
δ , t]} .

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t T ∗∗ = +∞ ❜② str✐❝t❧② ✐♠♣r♦✈✐♥❣ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ✭✽✳✽✽✮ ♦♥ [T ∗
δ , T

∗∗)✱
✉♣♦♥ ❝❤♦♦s✐♥❣ δ s♠❛❧❧ ❡♥♦✉❣❤✳ ■♥ t❤✐s ❜♦♦tstr❛♣✱ t❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥ts ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ δ ❛♥❞ C3✱
❜✉t ❝❛♥ ❞❡♣❡♥❞ ♦♥ C0, C1, C2✳

❆s |a(T ∗
δ )| 6 δ ❛♥❞ N (T ∗

δ ) 6 δ ❞✉❡ t♦ ✭✽✳✽✸✮✱ t❤❡ ❜♦♦tstr❛♣ ❡st✐♠❛t❡ ✭✽✳✽✽✮ ❤♦❧❞s ✭str✐❝t❧②✮ ❛t
t = T ∗

δ ✱ ❛♥❞ s♦ T ∗∗ > T ∗
δ ✳

❊st✐♠❛t❡ ♦♥ a✳ ❋r♦♠ ✭✽✳✽✻✮ ❛♥❞ t❤❡ ❜♦♦str❛♣ ❡st✐♠❛t❡ ✭✽✳✽✽✮ ♦♥ N ✱ ✇❡ ❤❛✈❡

|a(t)| 6 C2

(
1

t− T ∗
δ + δ−1

+N (t)

)
6

C2(C3 + 1)

(t− T ∗
δ + δ−1)

,

✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ✭✽✳✽✽✮ ♦♥ a ❢♦r t❛❦✐♥❣ C3 ❧❛r❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞❡❞ ♦♥ C2✮✳
❊st✐♠❛t❡ ♦♥ N ✳ ❋✐rst✱ ✇❡ ❝❧❛✐♠ t❤❛t

∀t ∈ [T ∗
δ , T

∗∗), F(t) .
1

(t− T ∗
δ + δ−1)2

. ✭✽✳✽✾✮

■♥❞❡❡❞✱ ✉s✐♥❣ ✭✽✳✽✸✮ ❛♥❞ t❤❡ ❜♦♦tstr❛♣ ❜♦✉♥❞ ✭✽✳✽✽✮✱ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✭✽✳✻✵✮ ♦♥ F ✇r✐t❡s

∀t ∈ [T ∗
δ , T

∗∗),
d

dt
F + 2µF 6 C0N (a2 +N 2) .

δC2
3 (C

2
3 + 1)

(t− T ∗
δ + δ−1)2

.

▲❡t t ∈ [T ∗
δ , T

∗∗)✱ ❛♥❞ ✐♥t❡❣r❛t❡ ♦♥ [T ∗
δ , t]✿ ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞❡♥t ♦♥ C3✮✱ t❤✐s ❣✐✈❡s

F(t) . e−2µ(t−T ∗
δ )F(T ∗

δ ) + δ

∫ t

T ∗
δ

e−2µ(t−s) C
2
3 (C

2
3 + 1)ds

(s− T ∗
δ + δ−1)2

. δ2e−2µ(t−T ∗
δ ) +

δC2
3 (C

2
3 + 1)

(t− T ∗
δ + δ−1)2

.
1

(t− T ∗
δ + δ−1)2

,

✇❤✐❝❤ ♠❡❛♥s ✭✽✳✽✾✮✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ t❤❡ ❝♦❡r❝✐✈✐t② ❡st✐♠❛t❡ ✭✽✳✺✺✮✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❜♦✉♥❞ ✭✽✳✽✹✮
❛♥❞ ✭✽✳✽✾✮ ♦♥ F ❛♥❞ A t❤❛t ✇❡ ❥✉st ♦❜t❛✐♥❡❞ ❛♥❞ t❤❡ ❜♦♦str❛♣ ❜♦✉♥❞s ✭✽✳✽✽✮✱ ✇❡ ❣❡t

N 2 . F + µ−1A .
1

(t− T ∗
δ + δ−1)2

+
δ

1
4C2

3 (C
2
3 + 1)

(t− T ∗
δ + δ−1)2

.
1

(t− T ∗
δ + δ−1)2

,

✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ✭✽✳✽✽✮ ♦❢ N ✱ ✉♣♦♥ δ s♠❛❧❧ ❡♥♦✉❣❤✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐♠♣r♦✈✐♥❣ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥ ♦♥ a ❛♥❞ N ✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t T ∗∗ = ∞✳
❋✐♥❛❧❧②✱ ✐t s✉✣❝❡s t♦ ❜♦✉♥❞ t❤❡ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs✳ ❋✐rst✱ r❡❝❛❧❧ t❤❡ ❡q✉❛t✐♦♥ ✭✽✳✸✾✮ ♦♥ ℓ ❛♥❞ β✿

♣r♦❝❡❡❞✐♥❣ ❛s ❢♦r F ✭✉s✐♥❣ ✭✽✳✽✽✮ ❢♦r t > T ∗
δ ✮✱ ✇❡ ❣❡t t❤❛t

∀t > T ∗
δ , |ℓ(t)|+ |β(t)| . 1

(t− T ∗
δ + 1)2

.

❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r z ❛♥❞ θ✿ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ❛♥❞ ✭✽✳✽✽✮✱ t❤❡ ❡q✉❛t✐♦♥ ✭✽✳✸✽✮ ♥♦✇ ✇r✐t❡s

|ż| 6 |ż − ℓ|+ |ℓ| . |ℓ|+N 2 + |a|N .
1

(t− T ∗
δ + 1)2

,

|θ̇| 6 |θ̇ − β|+ |β| . |β|+N 2 + |a|N .
1

(t− T ∗
δ + 1)2

.

❚❤✐s ♣r♦✈❡s t❤❛t z(t) → z∞ ❛s t→ +∞✱ ❛♥❞ t❤❛t

∀t > T ∗
δ , |z(t)− z∞| . 1

t− T ∗
δ + 1

.

✷✽✽
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❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✽✳✶✽✱ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t θ(t) → 0 ❛s t → +∞✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛s ❢♦r z t❤❡
❝♦♥✈❡r❣❡♥❝❡ r❛t❡

∀t > T ∗
δ , |θ(t)| . 1

t− T ∗
δ + 1

.

❋✐♥❛❧❧②✱ ❣❛t❤❡r✐♥❣ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r ❛❧❧ t > T0✱

‖u(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2

6 ‖u(t)−Q(t)‖H1 + ‖Q(t)− q(· − z∞)‖H1 + ‖∂tu(t)‖L2

. N (t) + |a(t)|+ |z(t)− z∞|+ |θ(t)| . 1

t− T ∗
δ + 1

.

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✻ ✐s ❝♦♠♣❧❡t❡✳

✽✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✼

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✽✳✼✳ ▲❡t q ❜❡ ❛ ❞❡❣r❡❡✲✶ ❡①❝✐t❡❞ st❛t❡✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✼✳ ▲❡t 0 < δ ≪ 1 t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳ ●✐✈❡♥ a
+ = (a+k )k=1,··· ,K ∈ B̄RK (δ

3
2 )✱ ✇❡

❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ ~u ♦❢ ✭✽✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛

~u(0) = (q, 0) + (δφ, 0) + ~W (a+k ), ✭✽✳✾✵✮

✇❤❡r❡

~W (a+) =
K∑

k=1

a
+
k

(ζ+k )2 + 1

(
ζ+k Yk
Yk

)
. ✭✽✳✾✶✮

❙t❡♣ ✶✳ ❉❡❝♦♠♣♦s✐t✐♦♥✳ ❋♦r ❛♥② t > 0 s✉❝❤ t❤❛t ~u ✐s ❞❡✜♥❡❞ ❛♥❞ s❛t✐s✜❡s ✭✽✳✸✶✮✱ ✇❡ ❝♦♥s✐❞❡r ✐ts
❞❡❝♦♠♣♦s✐t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶✿ t❤✐s ❣✐✈❡s t❤❡ ❢✉♥❝t✐♦♥s z, ℓ, θ, β, a, b ❛♥❞ ~ϕ✳ ◆♦t❡ t❤❛t
❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ~W (a+)✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ~u(0) ✐s ♠♦❞✉❧❛t❡❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t

~ϕ(0) = ~W ((a+), z(0) = ℓ(0) = 0, θ(0) = β(0) = 0, b(0) = 0, a(0) = δ. ✭✽✳✾✷✮

❆❧s♦✱ ❜②✳ ✭✽✳✶✸✮✱ ❛♥❞ ❛s ~Z±
k (0) =

(
ζ±k Yk
Yk

)
✱ ✇❡ ❤❛✈❡

∀k = 1, . . . ,K, a+k (0) = 〈 ~W ((a+), ~Zk(0)〉 = a
+
k . ✭✽✳✾✸✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ s❡tt✐♥❣✱

{∣∣a(t)− (t+ δ−1)−1
∣∣ 6 (t+ δ−1)−

8
7 + (t+ δ−1)−

p̄
2 ,

|θ(t)| 6 δ
1
2 , N (t) 6 (t+ δ−1)−

5
4 , A(t) 6 (t+ δ−1)−3.

✭✽✳✾✹✮

▲❡t T∗ = T∗(a+) ❜❡ t❤❡ s✉♣r❡♠✉♠ ♦❢ t✐♠❡s t > 0 s✉❝❤ t❤❛t ~u ✐s ❞❡✜♥❡❞ ♦♥ [0, t]✱ s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥
✭✽✳✸✶✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✶ ♦♥ [0, t]✱ ❛♥❞ s✉❝❤ t❤❛t t❤❡ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s ✭✽✳✾✹✮ ❤♦❧❞ ♦♥ [0, t]✳

❖✉r ❣♦❛❧ ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ❝❤♦✐❝❡ ♦❢ a+ ∈ B̄RK (δ
3
2 ) s✉❝❤ t❤❛t T∗(a+) = ∞✳

❋♦r t❤✐s✱ ✇❡ st❛rt ❜② ❝❧♦s✐♥❣ ❛❧❧ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s ❡①❝❡♣t t❤❡ ♦♥❡ ❢♦r t❤❡ ✐♥st❛❜❧❡ ♠♦❞❡s✱ A✱ ❣✐✈❡♥
❛♥② a

+ ∈ B̄RK (δ
3
2 )✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉✐t❛❜❧❡ ♣❛r❛♠❡t❡rs a+ = (a+k )k=1,··· ,K ❢♦r ✇❤✐❝❤ A

✐s ❝♦♥tr♦❧❧❡❞✱ ✉s✐♥❣ ❛ t♦♣♦❧♦❣✐❝❛❧ ❛r❣✉♠❡♥t✳ ❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❛❝t✉❛❧ ♣r♦♦❢✱ ❧❡t ✉s ❡♠♣❤❛s✐③❡
❛ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛r❣✉♠❡♥t ❤❡r❡ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ❜♦♦str❛♣s✳ ■♥ ❚❤❡♦r❡♠ ✽✳✼ t❤❡ ❣♦❛❧
✐s t♦ ❝♦♥str✉❝t ❛ s♦❧✉t✐♦♥✱ ❛♥❞ ♦✉r ♦♥❧② ❝❤♦✐❝❡ ✐s ❛ ❣♦♦❞ ❣✉❡ss ❢♦r t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛s ✐♥ ✭✽✳✾✵✮❀ ❤❡♥❝❡✱
✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② ❧♦♥❣ t✐♠❡ ❛ ♣r✐♦r✐ ❦♥♦✇❧❡❞❣❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ ♥♦ ✇❛② t♦ ❡♥s✉r❡ ❛ ♣r✐♦r✐ t❤❛t

✷✽✾
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∂tu ∈ L2([0,+∞), L2) ✭❛ ❜♦✉♥❞ ✇❤✐❝❤ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ ❝♦♥tr♦❧❧✐♥❣ t❤❡ ✉♥st❛❜❧❡ ♠♦❞❡s✮✿ ✐t ✇✐❧❧ ❜❡
❝♦♥s❡q✉❡♥❝❡ ♦❢ ♦✉r ❝♦♥str✉❝t✐♦♥✳

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢✱ t❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥ts ✐♥ . ♦r O ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r
δ > 0 ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✭✽✳✾✵✮ ❛♥❞ ✐♥ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥s ✭✽✳✾✹✮✱
♥♦r ♦♥ a

+ ∈ B̄RK (δ
3
2 )✳

❙t❡♣ ✷✳ ❈❧♦s✐♥❣ t❤❡ ❡st✐♠❛t❡s ✐♥ ✭✽✳✾✹✮ ❡①❝❡♣t ❢♦r A✳

❋✐① a
+ ∈ B̄RK (δ

3
2 )✳ ❋♦r s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥s✱ ✇❡ ❞r♦♣ ❛♥② r❡❢❡r❡♥❝❡s t♦ a

+ ✐♥ t❤✐s st❡♣✳
❊st✐♠❛t❡ ♦❢ a✳ ❋r♦♠ ✭✽✳✾✹✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R1✱ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② t ∈ [0, T∗)✱

∣∣R1(t)
2 − a(t)2

∣∣ . |a(t)|N (t) +N (t)2 . (t+ δ−1)−
9
4 . ✭✽✳✾✺✮

❆❧s♦✱ ∣∣R1(t)− (t+ δ−1)−1
∣∣ 6 (t+ δ−1)−

8
7 + (t+ δ−1)−

p̄
2 + (t+ δ−1)−

5
4 , ✭✽✳✾✻✮

❛♥❞ s♦ R1(t) > 0 ✐❢ δ > 0 ✐s s♠❛❧❧ ❡♥♦✉❣❤✳ ❇② ✭✽✳✺✽✮✱ ✭✽✳✾✹✮ ❛♥❞ ✭✽✳✾✺✮✱

∣∣∣∣
d

dt
R1 +R2

1

∣∣∣∣ .
∣∣R2

1(t)− a2(t)
∣∣+N 2(t) + |a(t)|N (t) + |a(t)|p̄

. (t+ δ−1)−
9
4 + (t+ δ−1)−p̄.

❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✽✳✾✻✮✱ ✇❡ ❤❛✈❡

∣∣∣∣
d

dt

(
R−1

1

)
(t)− 1

∣∣∣∣ . (t+ δ−1)−
1
4 + (t+ δ−1)−p̄+2.

■♥t❡❣r❛t✐♥❣ ❛❜♦✈❡ ❡st✐♠❛t❡ ♦♥ [0, t]✱ ❛♥❞ ✉s✐♥❣ ✭✽✳✾✷✮✱ ✇❡ ♦❜t❛✐♥

∣∣R−1
1 (t)− (t+ δ−1)

∣∣ . (t+ δ−1)
3
4 + (t+ δ−1)−p̄+3,

s♦ t❤❛t ✐♥ ♣❛rt✐❝✉❧❛r R1(t)
−1 > 1

2(t+ δ−1) ✭❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✮ ❛♥❞

∣∣∣∣R1(t)−
1

t+ δ−1

∣∣∣∣ =
∣∣R−1

1 (t)− (t+ δ−1)
∣∣

R1(t)−1(t+ δ−1)
. (t+ δ−1)−

5
4 + (t+ δ−1)−p̄+1.

❋r♦♠ t❤❡r❡✱ ✇❡ ✐♥❢❡r

∣∣a(t)− (t+ δ−1)−1
∣∣ .

∣∣R1(t)− (t+ δ−1)−1
∣∣+N (t)

. (t+ δ−1)−
5
4 + (t+ δ−1)−p̄+1,

✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ✭✽✳✾✹✮ ♦❢ a ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤ ✭r❡❝❛❧❧ t❤❛t p̄ > 2✮✳
❊st✐♠❛t❡ ♦❢ θ✳ ❲❡ ✉s❡ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✭✽✳✸✽✮ ❛♥❞ ✭✽✳✸✾✮ ❢♦r θ ❛♥❞ β✱ ✉♥❞❡r t❤❡ ❜♦♦tstr❛♣

❛ss✉♠♣t✐♦♥ ✭✽✳✾✹✮✿ t❤✐s ❣✐✈❡s✱ ❢♦r ❛❧❧ t ∈ [0, T∗)✱

∣∣∣∣
d

dt

(
θ +

β

2α

)
(t)

∣∣∣∣ . N 2(t) + a2(t) . (t+ δ−1)−2.

❋✐① t ∈ [0, T∗) ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ♦♥ [0, t]✱ ✉s✐♥❣ ✭✽✳✾✷✮ ❛♥❞ ✭✽✳✾✹✮✿ ✐t ②✐❡❧❞s

|θ(t)| . N (t) +

∣∣∣∣θ(t) +
β(t)

2α

∣∣∣∣ . (t+ δ−1)−
5
4 +

∫ t

0
(s+ δ−1)−2ds . δ

5
4 + δ . δ,

✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t❡ ✭✽✳✾✹✮ ♦❢ θ✱ ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✳

✷✾✵
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❊st✐♠❛t❡ ♦❢ N ✳ ❲❡ ✜rst ❞❡r✐✈❡ ❛ ❜♦✉♥❞ ♦♥ F ✉s✐♥❣ ✐ts ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✭✽✳✻✵✮✿ t♦❣❡t❤❡r ✇✐t❤
t❤❡ ❜♦♦str❛♣ ❛ss✉♠♣t✐♦♥ ✭✽✳✾✹✮✱ ✇❡ ❤❛✈❡

d

dt
F + 2µF 6 C0

(
(t+ δ−1)−

15
4 + 2(t+ δ−1)−

13
4

)
. (t+ δ−1)−

13
4 .

❋✐① t ∈ [0, T∗) ❛♥❞ ✐♥t❡❣r❛t❡ t❤✐s ♦♥ [0, t] ❛♥❞ ✉s✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❜♦✉♥❞s ✭✽✳✾✶✮ ❛♥❞ ✭✽✳✾✷✮ t♦ ✐♥❢❡r t❤❛t

F(t) . e−2µtF(0) + e−2µt

∫ t

0
e2µs(t+ δ−1)−

13
4 ds

. δ3e−2µt + (t+ δ−1)−
13
4 . (t+ δ−1)−3.

❚♦ ❣❡t ❛ ❜♦✉♥❞ ♦♥ N ✱ ✇❡ ♥♦✇ r❡❝❛❧❧ t❤❡ ❝♦❡r❝✐✈✐t② ❜♦✉♥❞ ✭✽✳✺✺✮ ❛❣❛✐♥ ❛♥❞ t❤❡ ❜♦♦tstr❛♣ ❛ss✉♠♣t✐♦♥
✭✽✳✾✹✮ ♦♥ A✱ ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❛t

N 2(t) . F(t) + µ−1A(t) . (t+ δ−1)−3,

✇❤✐❝❤ str✐❝t❧② ✐♠♣r♦✈❡s t❤❡ ❜♦♦str❛♣ ❡st✐♠❛t❡ ✭✽✳✾✹✮ ♦❢ N ❢♦r δ s♠❛❧❧ ❡♥♦✉❣❤✳

❙t❡♣ ✸✳ ❚r❛♥s✈❡rs❛❧✐t② ❛♥❞ ❝❤♦✐❝❡ ♦❢ a+✳ ❖❜s❡r✈❡ t❤❛t ❢♦r ❛♥② t✐♠❡ t ✇❤❡r❡ t❤❡ ❜♦♦tstr❛♣ ❜♦✉♥❞s
✭✽✳✾✹✮ ❤♦❧❞s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡q✉❛❧✐t② A(t) = (t+ δ−1)−3✱ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✭✽✳✻✷✮ ♦♥ A ②✐❡❧❞s
t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✈❡rs❛❧✐t② ♣r♦♣❡rt②✿

d

dt

(
(t+ δ−1)3A(t)

)
>
(
ν3(t+ δ−1)3 + 3(t+ δ−1)2

)
A(t)

− C0(t+ δ−1)3
(
N 3(t) + a2(t)N (t)

)

> ν3 +O
(
(t+ δ−1)−

1
4 + (t+ δ−1)−

3
4 + (t+ δ−1)−1

)
>

1

2
ν3, ✭✽✳✾✼✮

❢♦r δ > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ❊st✐♠❛t❡ ✭✽✳✾✼✮ ✐s ❡♥♦✉❣❤ t♦ ❥✉st✐❢② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st K✲✉♣❧❡ a
+ ∈

B̄RK (δ
3
2 ) s✉❝❤ t❤❛t T∗(a+) = ∞✳

❚❤❡ ♣r♦♦❢ ✐s ❜② ❝♦♥tr❛❞✐❝t✐♦♥✿ ❛ss✉♠❡ ❢♦r ✐ts s❛❦❡ t❤❛t ❢♦r ❛❧❧ a+ ∈ B̄RK (δ
3
2 )✱ ✐t ❤♦❧❞s T∗(a+) <∞✳

❚❤❡♥✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬✷✽❪ ❛♥❞ ❬✸✶✱
❙❡❝t✐♦♥ ✸✳✶❪✮✳

❈♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠❛♣ a
+ 7→ T∗(a+)✳

▲❡t a
+ ∈ B̄RK (δ

3
2 )✿ ❛s T∗(a+) < +∞✱ t❤❡♥ ❛s ✇❡ ✐♠♣r♦✈❡❞ ❛❧❧ ♦t❤❡r ❡st✐♠❛t❡s ✐♥ ✭✽✳✾✹✮ ✐♥ t❤❡

♣r❡✈✐♦✉s st❡♣✱ ♥❡❝❡ss❛r✐❧②✱ t❤❡ ❡q✉❛❧✐t② A(t) = (t+ δ−1)−3 ❤♦❧❞s ❢♦r t = T∗(a+)✱ ❛♥❞ s♦ ✭✽✳✾✼✮ ❤♦❧❞s ❛t
t = T∗(a+)✳

❇② ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✢♦✇ ♦❢ ✭✽✳✶✮ ✭❛♥❞ ♦❢ t❤❡ ♠♦❞✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡✮✱ t❤❡ ❛❜♦✈❡ tr❛♥s✈❡rs❛❧✐t②
♣r♦♣❡rt② ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛♣

B̄RK (δ
3
2 ) → [0,+∞), a

+ 7→ T∗(a
+)

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❡r❡ ✐s ✐♥st❛♥t❛♥❡♦✉s ❡①✐t ❢♦r ✐♥✐t✐❛❧ ❞❛t❛ ♦♥ t❤❡ ❜♦✉♥❞❛r②✿

T∗(a
+) = 0 ❢♦r ❛❧❧ a+ ∈ SRK

(
δ

3
2

)
.

❈♦♥str✉❝t✐♦♥ ♦❢ ❛ r❡tr❛❝t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♠❛♣ ❣✐✈✐♥❣ t❤❡ ❡①✐t ♣♦✐♥t ✭♦♥ t❤❡ ❜♦✉♥❞❛r②✮

M : B̄RK (δ
3
2 ) → SRK (δ

3
2 )

a
+ 7→ δ

3
2
(
T∗(a

+) + δ−1
) 3

2 a+
(
T∗(a

+)
)

✐s ✇❡❧❧ ❞❡✜♥❡❞✱ ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ♠♦r❡♦✈❡r✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ M t♦ SRK (δ
3
2 ) ✐s t❤❡ ✐❞❡♥t✐t②✳

✷✾✶
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❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ♠❛♣ M ❝♦♥tr❛❞✐❝ts ❇r♦✉✇❡r✬s ♥♦ r❡tr❛❝t✐♦♥ t❤❡♦r❡♠ ❢♦r ❝♦♥t✐♥✉♦✉s ♠❛♣s
❢r♦♠ t❤❡ ❜❛❧❧ t♦ t❤❡ s♣❤❡r❡✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ a

+ ∈ B̄RK (δ
3
2 ) s✉❝❤ t❤❛t

T∗(a+) = ∞✳

❙t❡♣ ✹✳ ❈♦♥❝❧✉s✐♦♥✳ ❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ a+ ∈ BRK (δ
3
2 )✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤

❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ~u ∈ C([0,+∞), H1 × L2) ♦❢ ✭✽✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ❞❡✜♥❡❞ ✐♥ ✭✽✳✾✵✮✱ ✇❤✐❝❤ ❛❧s♦ ❝❛♥
❜❡ ♠♦❞✉❧❛t❡❞ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ✭✽✳✸✶✮✮ ❛♥❞ s❛t✐s✜❡s ✭✽✳✾✹✮ ❢♦r ❛❧❧ t ∈ [0,∞)✳ ▲❡t ✉s ♥♦✇ ❝♦♥tr♦❧ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ z ❛♥❞ θ✿ ✉s✐♥❣ t❤❡✐r ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✭✽✳✽✷✮ ✭❛♥❞ ✭✽✳✸✾✮✮ ✉♥❞❡r t❤❡ ✭✽✳✾✹✮ r❡❣✐♠❡✱
✇❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐st z(t) → z∞ ❛♥❞ θ(t) → θ∞ ❛s t→ +∞ ❛♥❞ ♠♦r❡♦✈❡r

|z(t)− z∞|+ |θ(t)− θ∞| 6
∣∣∣∣z(t) +

ℓ

2α
(t)− z∞

∣∣∣∣+
∣∣∣∣θ(t) +

β

2α
(t)− θ∞

∣∣∣∣+
1

2α
N (t)

6
1

2α
N (t) +

∫ ∞

t

(∣∣∣∣∣ż +
ℓ̇

2α

∣∣∣∣∣+
∣∣∣∣∣θ̇ +

β̇

2α

∣∣∣∣∣

)
ds

. N (t) +

∫ ∞

t

(
N 2(s) + |a(s)|N (s) + |a|p̄(s)

)
ds

. (t+ δ−1)−
5
4 + (t+ δ−1)−

3
2 + (t+ δ−1)−p̄+1. ✭✽✳✾✽✮

❲❡ ♥♦✇ ✉s❡ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ t♦ ❣❡t ❛ s♦❧✉t✐♦♥ t♦ ✭✽✳✶✮ ✇❤❡r❡ z∞ = 0 ❛♥❞ θ∞ = 0 ❜②
s❡tt✐♥❣

~u∗(t, x) = ~u(t, R−1
θ∞

(x+ z∞)) ❢♦r ❛❧❧ (t, x) ∈ [0,∞)× RN .

❚❤❡♥✱ ❢r♦♠ ✭✽✳✾✹✮ ❛♥❞ ✭✽✳✾✽✮✱ ~u∗ ∈ C([0,+∞), H1 × L2) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✽✳✶✮ ✇❤✐❝❤ ❡♥❥♦②s r❡q✉❡st❡❞
♣r♦♣❡rt✐❡s ✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✽✳✼✱ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧②✱

∀t > 0, ‖~u∗(t)− (q, 0)− (t+ δ−1)−1(φ, 0)‖H1×L2 . (t+ δ−1)−
5
4 + (t+ δ−1)−p̄+1.

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✼ ✐s ❝♦♠♣❧❡t❡✳

✷✾✷



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❙✳ ❆❣♠♦♥✱ ❇♦✉♥❞s ♦♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦rs✳ ❙❝❤rö❞✐♥❣❡r
♦♣❡r❛t♦rs ✭❈♦♠♦✱ ✶✾✽✹✮✱ ✶✕✸✽✱ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤✳✱ ✶✶✺✾✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✶✾✽✺✳

❬✷❪ ❲✳ ❆♦✱ ▼✳ ▼✉ss♦ ❛♥❞ ❏✳ ❲❡✐✱ ◆♦♥❞❡❣❡♥❡r❛❝② ♦❢ ♥♦♥r❛❞✐❛❧ s✐❣♥✲❝❤❛♥❣✐♥❣ s♦❧✉t✐♦♥s t♦ t❤❡ ♥♦♥❧✐♥❡❛r
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❇✉❧❧✳ ❙♦❝✳ ▼❛t❤✳ ❋r❛♥❝❡ ✶✹✼ ✭✷✵✶✾✮✱ ♥♦✳ ✶✱ ✶✕✹✽✳

❬✸❪ ❚✳ ❆✉❜✐♥✱ Pr♦❜❧è♠❡s ✐s♦♣ér✐♠étr✐q✉❡s ❡t ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈✳ ✭❋r❡♥❝❤✮ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr②
✶✶ ✭✶✾✼✻✮✱ ♥♦✳ ✹✱ ✺✼✸✲✺✾✽✳

❬✹❪ P✳❲✳ ❇❛t❡s ❛♥❞ ❈✳❑✳❘✳❚✳ ❏♦♥❡s✱ ■♥✈❛r✐❛♥t ♠❛♥✐❢♦❧❞s ❢♦r s❡♠✐❧✐♥❡❛r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳
❉②♥❛♠✐❝s r❡♣♦rt❡❞✱ ❱♦❧✳ ✷✱ ✶✕✸✽✱ ❉②♥❛♠✳ ❘❡♣♦rt✳ ❙❡r✳ ❉②♥❛♠✳ ❙②st❡♠s ❆♣♣❧✳✱ ✷✱ ❲✐❧❡②✱ ❈❤✐❝❤✲
❡st❡r✱ ✶✾✽✾✳

❬✺❪ ❏✳ ❇❡❧❧❛③③✐♥✐✱ ▼✳ ●❤✐♠❡♥t✐ ❛♥❞ ❙✳ ▲❡ ❈♦③✱ ▼✉❧t✐✲s♦❧✐t❛r② ✇❛✈❡s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❑❧❡✐♥✲●♦r❞♦♥
❡q✉❛t✐♦♥✳ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✸✾ ✭✷✵✶✹✮✱ ♥♦✳ ✽✱ ✶✹✼✾✕✶✺✷✷✳

❬✻❪ ❋✳ ❇ét❤✉❡❧✱ P✳ ●r❛✈❡❥❛t ❛♥❞ ❉✳ ❙♠❡ts✱ ❙t❛❜✐❧✐t② ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ ❢♦r ❝❤❛✐♥s ♦❢ s♦❧✐t♦♥s ♦❢ t❤❡
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ●r♦ss✲P✐t❛❡✈s❦✐✐ ❡q✉❛t✐♦♥✳ ❆♥♥✳ ■♥st✳ ❋♦✉r✐❡r ✻✹ ✭✷✵✶✹✮✱ ♥♦✳ ✶✱ ✶✾✕✼✵✳

❬✼❪ ❍✳ ❇❡r❡st②❝❦✐ ❛♥❞ P✳✲▲✳ ▲✐♦♥s✱ ◆♦♥❧✐♥❡❛r s❝❛❧❛r ✜❡❧❞ ❡q✉❛t✐♦♥s✳ ■✳ ❊①✐st❡♥❝❡ ♦❢ ❛ ❣r♦✉♥❞ st❛t❡✳
❆r❝❤✳ ❘❛t✐♦♥❛❧ ▼❡❝❤✳ ❆♥❛❧✳ ✽✷✱ ✭✶✾✽✸✮✱ ♥♦✳ ✹✱ ✸✶✸✕✸✹✺✳
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