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Résumé - Abstract

Étude théorique et numérique d’équations cinétiques
stochastiques multi-échelles

Cette thèse est dédiée à l’étude d’une classe de systèmes multi-échelles modélisés par une
Équation aux Dérivées Partielles Stochastique (EDPS) linéaire cinétique ou une Équation
Différentielle Stochastique (EDS). On étudie ces systèmes d’un point de vue théorique et
numérique, dans deux régimes asymptotiques : le régime de moyennisation et le régime
d’approximation-diffusion.

Les deux premiers chapitres énoncent les principaux résultats théoriques de cette thèse.
On montre à chaque fois la convergence de la composante lente du système d’EDPS
considéré vers la solution d’une équation de diffusion munie d’un terme source qui dépend
du régime asymptotique. Dans le premier chapitre, on considère le régime d’approximation-
diffusion, dans lequel le terme source de l’équation limite est un terme diffusif au sens
probabiliste (processus de Wiener). Dans le deuxième, on considère le régime de moyenni-
sation, dans lequel le terme source de l’équation limite est la moyenne du terme source de
l’EDPS originale.

Les deux derniers chapitres constituent la partie numérique de cette thèse. De manière
générale, un schéma numérique peut être consistant avec un système multi-échelle à un
paramètre ε ą 0 fixé mais se révéler inefficace dans le régime asymptotique ε Ñ 0, à cause
d’un terme raide dans le modèle. À l’opposé, certains schémas préservent l’asymptotique :
ils sont consistants à ε ą 0 fixé, convergent vers un schéma limite quand ε Ñ 0 et ce
schéma limite est consistant avec l’équation limite. Le but des deux derniers chapitres est
de proposer, respectivement pour les EDS et les EDPS considérées, des schémas préservant
l’asymptotique, de les étudier et d’illustrer numériquement leur efficacité.

Mots-clefs : équations cinétiques, Équations Différentielles Stochastiques, EDP Sto-
chastiques, approximation-diffusion, principe de moyennisation, méthodes multi-échelles,
schéma préservant l’asymptotique
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Theoretical and numerical study of multiscale stochas-
tic kinetic equations

In this thesis, we study a class of slow-fast systems modeled by kinetic linear Stochastic
Partial Differential Equations (SPDEs) or Stochastic Differential Equations (SDEs). We
study these systems from theoretical and a numerical points of view in two asymptotic
regimes: the averaging regime and the diffusion approximation regime.

The first two chapters state the main theoretical contributions of this work. We prove
the convergence of the slow component of the considered SPDEs to the solution of a
diffusion equation with a source term depending on the asymptotic regime. The first
chapter focuses on the diffusion approximation regime, where the source term of the
limiting equation is a stochastic diffusive term (Wiener process). The second chapter
focuses on the averaging regime, where the limiting source term is the average of the
original source term.

The last two chapters are devoted to the numerical part of this work. In general, a
numerical scheme which is consistent with a multiscale system for a fixed parameter ε ą 0

can perform badly in the asymptotic regime ε Ñ 0 due to the presence of stiff terms in
the model. On the contrary, some schemes are asymptotic preserving: they are consistent
for fixed ε ą 0, converge to some limiting schemes when ε Ñ 0 and the limiting scheme
is consistent with the limiting equation. The goal of the last two chapters is to design
asymptotic preserving schemes, respectively for the class of SDEs and SPDEs we consider.
We also analyze these schemes and illustrate numerically their efficiency.

Keywords: kinetic equations, slow-fast systems, Stochastic Differential Equations,
Stochastic PDEs, diffusion approximation, averaging principle, multiscale methods, Asymp-
totic Preserving schemes

Institut Camille Jordan, Université Claude Bernard Lyon 1, 43 boulevard du 11
novembre 1918, F-69622 Villeurbanne Cedex
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Introduction (français)

Les modèles cinétiques avec des paramètres microscopiques apparaissent dans de nom-
breuses situations, par exemple dans l’étude des semi-conducteurs [GP92] et des modèles à
vitesse discrète [LT97], ou encore dans la limite de systèmes de particules, que ce soit d’une
seule particule [GR09] ou de plusieurs [PV03]. Ces modèles peuvent être déterministes
ou probabilistes. Il est important de comprendre leurs équations limites, qui sont en
général plus faciles à simuler numériquement. Les questions numériques soulevées par de
tels modèles multi-échelles sont déjà étudiées en profondeur dans la littérature, mais la
plupart de ces travaux se concentrent sur la simulation soit du modèle seul, soit de la
limite seule. Il est naturel de chercher à écrire des schémas numériques qui soient efficaces
simultanément pour le modèle et sa limite, ce qui conduit à la notion de schémas AP
(Asymptotic Preserving, préservant l’asymptotique).

1 Description du modèle

On considère la classe d’Équations aux Dérivées Partielles Stochastiques (EDPS) linéaires
cinétiques suivante :

Btf ε,δ ` 1

ε
apvq ¨ ∇xf

ε,δ “ 1

ε2
Lf ε,δ ` 1

δκ
f ε,δmδ, f ε,δ “ f

ε,δ
0 , (1)

ainsi que la classe d’Équations Différentielles Stochastiques (EDS) suivante :

dXδ
t “ bpXδ

t ,m
δ
t qdt` σpXδ

t ,m
δ
t qdBt. (2)

Quand on prend ε “ δ, b “ 0 et σpx,mq “ x dans le second modèle, on obtient une version
en dimension finie du premier.

Ce premier modèle (1) est une EDPS cinétique avec un terme source. Son inconnue
f ε,δ est définie sur r0, T s ˆ T

d ˆ V pour un temps final T P p0,8q. Il modélise l’évolution
de l’état f ε,δpt, x, vq d’un système de particules ayant pour position x et pour vitesse apvq
au temps t, où v P V et où pV, dµq est un espace mesuré. On suppose que a P L8pV, dµq.
Cette condition est satisfaite par exemple dans le cas discret (V “ t˘1ud et apvq “ v) ainsi

que dans le cas de particules relativistes (V “ R
d et apvq “ v{

b
1 ` }v}2 dans de bonnes

unités), mais pas par le cas standard V “ R
d et apvq “ v. Cette hypothèse est uniquement

technique, et les résultats devraient rester valable sans elle, au prix de complications
techniques non triviales non étudiées dans ce travail.

L’opérateur de Bhatnagar-Gross-Krook (BGK) L est défini sur L1pV, dµq par

Lf “ ρM ´ f,
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où M P L1pV, dµq est une fonction positive d’intégrale 1 et où ρ .“
ş
V
fdµ. Le terme Lf ε,δ

vient d’un processus de Poisson qui redistribue les vitesses selon la distribution Mdµ avec
des intervalles de temps suivant des lois exponentielles. Nos hypothèses sont vérifiées par
le cas classique de la distribution normale où Mpvqdµpvq “ 1?

2π
d expp´ }v}2

2
qdv.

Le système dépend de deux paramètres ε et δ tendant vers 0 : ε est le chemin moyen
entre deux collisions de particules dans le domaine T

d (de taille 1), tandis que δ un
paramètre séparant les échelles de temps. On se concentre principalement sur le régime
ε “ δ Ñ 0, mais on considère aussi les régimes δ ą 0, ε Ñ 0 et ε ą 0, δ Ñ 0 dans les
simulations numériques du chapitre IV.

Le terme source mδpt, xq introduit de l’aléatoire dans le système. C’est un processus
stochastique ergodique défini sur R

` ˆ T
d. On note que ce processus ne dépend pas de

la variable de vitesse. L’évolution de mδ en fonction du temps est à l’échelle t{δ2 et le
comportement asymptotique du modèle dépend de la valeur de κ. Dans notre travail, on
considère les cas κ “ 1 et κ “ 0. Quand δ Ñ 0, par ergodicité, mδ converge en distribution
vers son unique loi invariante. Dans le cas κ “ 1, il ne peut donc pas y avoir de limite si la
moyenne de cette loi invariante est non nulle. Ainsi, quand κ “ 1, on suppose que la loi
invariante de mδ est centrée.

Comme mδ évolue à la vitesse t{δ2 avec δ Ñ 0, on l’appelle la composante rapide,
tandis que ρε,δ “

ş
V
f ε,δdµ est la composante lente. La composante lente est ρε,δ au lieu deş

V
f ε,δdµ car le terme le plus raide de (1) est 1

ε2Lf
ε,δ, on veut donc avoir asymptotiquement

Lf “ 0, c’est-à-dire f “ ρM. Les modèles avec de telles séparations des échelles de temps
apparaissent dans de nombreuses situations, dans le cas déterministe sous forme d’Équations
Différentielles Ordinaires (EDO) et d’Équations aux Dérivées Partielles, ainsi que dans le
cas probabiliste sous forme d’EDS et d’EDPS. C’est le cas par exemple en physique, dans
l’étude de systèmes de particules [PV03, GR09] ou en astrophysique dans l’étude de grain
de poussière dans une structure macroscopique [LBL20]. On peut aussi mentionner l’étude
des semi-conducteurs [GP92]. Parmi ces exemples, l’étude des semi-conducteurs et des
systèmes de particules peuvent tous les deux être modélisés par des modèles cinétiques.

Dans cette thèse, on étudie principalement le modèle (1) d’un point de vue théorique
et numérique. L’étude théorique (chapitres I et II) consiste à prouver la convergence de la
composante lente vers la solution d’une équation limite. L’étude numérique (chapitres III
et IV) consiste à créer des schémas numériques qui soient à la fois consistant pour ε ą 0

et δ ą 0 fixés, et dans les régimes asymptotiques ε Ñ 0 avec δ ą 0 fixé, δ Ñ 0 avec ε ą 0

fixé et ε “ δ Ñ 0. Le schéma doit admettre une limite pour tout pas de temps fixé dans
chacun de ces régimes, et le schéma limite doit être consistant avec l’équation limite. Un
tel schéma est dit AP (Asymptotic Preserving, préservant l’asymptotique).

Le manuscrit suit l’organisation suivante.
Dans le chapitre I, on considère le cas ε “ δ Ñ 0 et κ “ 1. On prouve un résultat

d’approximation-diffusion, au sens des EDP et au sens probabiliste : quand ε Ñ 0, la
composante lente ρε converge en loi vers la solution ρ d’une équation parabolique de
diffusion linéaire avec un terme source diffusif (bruit blanc en temps). Ce travail est
une amélioration de [DV12], au sens où on prouve le même résultat en affaiblissant une
hypothèse de borne sur le processus mε. Cette généralisation est non triviale et requiert
l’utilisation d’outils complexes comme des temps d’arrêts et des problèmes de martingale
arrêtés. Ce chapitre est basé sur la prépublication [RR20].

Dans le chapitre II, on considère le cas ε “ δ Ñ 0 et κ “ 0. On prouve un résultat
d’approximation-diffusion au sens EDP et de moyennisation au sens probabiliste : quand
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ε Ñ 0, la composante lente ρε converge en loi vers la solution ρ d’une équation parabolique
de diffusion avec un terme source étant la moyenne de la distribution invariante du terme
source ergodique. Le chapitre II est techniquement plus simple que le chapitre I mais ce
manuscrit est écrit dans l’ordre chronologique du travail de la thèse. Une prépublication
associée est en cours de préparation.

Dans le chapitre III, on construit des schémas numériques pour (2), dans les régimes
d’approximation-diffusion et de moyennisation. On définit une notion de schéma AP en loi
adaptée aux problèmes stochastiques multi-échelles considérés et prouve que les schémas
sont AP. On donne aussi des exemples de schémas non AP et on illustre numériquement
l’efficacité ou non de chaque schéma. On observe clairement la supériorité des schémas
AP, qualitativement et quantitativement. De plus, on prouve une propriété de précision
uniforme pour le schéma AP dans le régime de moyennisation, c’est-à-dire une estimée
d’erreur uniforme en δ ą 0 quand le pas de temps ∆t Ñ 0. Ce chapitre est basé sur la
prépublication [BRR20], à laquelle on ajoute des simulations numériques quantitatives.

Dans le chapitre IV, on combine les schémas du chapitre III avec des schémas AP
pour des EDP en utilisant une procédure de splitting. On illustre l’efficacité des schémas
proposés dans les régimes de moyennisation et d’approximation-diffusion. On considère
aussi tous les régimes ε “ δ et ε ‰ δ, de sorte qu’on puisse fixer un des paramètres et faire
tendre l’autre vers 0.

2 Convergence de (1) dans le régime d’approximation-
diffusion

Le chapitre I est basé sur la prépublication [RR20] et est dédié à prouver la convergence
suivante pour ρε “

ş
V
f εdµ, où f ε est la solution de (1) avec ε “ δ et κ “ 1.

Théorème. Soit W un processus de Wiener cylindrique sur L2pTdq et ρ la solution faible
de l’équation parabolique de diffusion

dρ “ divpK∇ρqdt` ρQ1{2 ˝ dW ptq, (3)

avec la condition initiale ρp0q “ limεÑ0 ρ
ε
0. La matrice K et l’opérateur Q sont respective-

ment définis par (I.2.2) et (I.2.5)
Sous de bonnes hypothèses, pour tout σ ą 0 et T ą 0, la densité ρε converge en loi vers

ρ dans C0pr0, T s, H´σpTdqq et dans L2pr0, T s, L2pTdqq.

C’est un résultat d’approximation-diffusion, aux sens EDP et probabilistes. Ce théorème
est une généralisation de [DV12]. D’une part, on affaiblit la condition de borne presque
sûre sur le processus mε en une condition sur ses moments, condition vérifiée par exemple
par un processus d’Ornstein-Uhlenbeck. D’autre part, on ajoute une convergence plus forte,
dans L2pr0, T s, L2

xq, sous une hypothèse supplémentaire qui permet d’utiliser un lemme de
moyenne [BD99, Theorem 2.3]. Il faut noter que cette convergence n’a lieu qu’en loi en
général.

2.1 Contexte

Les résultats d’approximation-diffusion pour des équations cinétiques déterministes sont
communs dans la littérature, en commençant par [LK74, BLP79]. Dans ces deux articles,
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le paramètre ε Ñ 0 est le ratio entre le chemin moyen entre deux collisions de particules
par la taille du domaine où elles évoluent. La méthode est de construire un développement
asymptotique en ε de la solution de l’équation. Dans le cas de (1) avec mε “ 0, [DGP00]
montre la convergence (déterministe) en utilisant un développement similaire f ε “ ρεM `
εgε. Le terme d’ordre 0 ne dépend de f ε qu’à travers ρε, ce qui justifie qu’on ne considère
que la convergence de ρε.

Obtenir une limite diffusive au sens stochastique est aussi standard : quand un terme
aléatoire est à la bonne échelle, cela induit un bruit blanc en temps dans l’équation
limite, et la convergence vers cette limite n’a plus lieu qu’en loi en général. L’étude de
telles convergences a commencé avec Khasminskii [Kha66a, Kha66b]. Dans ces articles, les
résultats sont prouvés en établissant la convergence des distributions de dimension finie.

Dans [PSV77], les auteurs introduisent une autre approche basée sur une formulation
martingale et des fonctions tests perturbées. Cette approche est fortement utilisée dans
les chapitres I et II, nous allons donc l’expliquer ici. Soit X un processus stochastique et
L un opérateur. Soit

Mϕptq “ ϕpXptqq ´ ϕpXp0qq ´
ż t

0

LϕpXpsqqds

où ϕ est une fonction test dans dans une classe Θ. Le processus X résout le problème de
martingale associé à L si, pour tout ϕ P Θ, Mϕ est une martingale. Alors, sous de bonnes
hypothèses sur la classe Θ, X est un processus de Markov de générateur L si et seulement si
il résout le problème de martingale associé à L. Ainsi, si on considère la solution Xε d’une
EDPS de générateur Lε, on obtient une famille de martingale au niveau ε ą 0. Supposons
qu’on ait montré que la famille pXεqεą0 est tendue et considérons une valeur d’adhérence
X pour la convergence en loi. Si on peut passer à la limite quand ε Ñ 0 dans le problème
de martingale, on obtient un problème de martingale limite qui permet d’identifier X sous
réserve d’unicité de la solution de ce problème. On obtient ainsi la convergence de Xε vers
X en loi. Cependant, pour des problèmes multi-échelles singuliers, le terme LεϕpXεptqq ne
converge pas, on ne peut donc pas prendre la limite directement. Pour remédier à cela,
l’idée est de perturber la fonction test ϕ en une fonction test ϕε “ ϕ ` εϕ1 ` ε2ϕ2 ` ...,
telle que Lεϕε Ñ Lϕ pour un opérateur L. En supposant que la fonction test perturbée ϕε

est dans la classe Θ, on peut alors considérer le problème de martingale avec ϕε et passer
à la limite pour obtenir que X résout le problème de martingale associé à L.

Il est à noter que l’usage des fonctions tests perturbées dans le contexte d’EDP
(déterministes ou stochastiques) avec des limites diffusives n’est pas spécifique aux équations
cinétiques : [Eva89] les utilise pour des solutions de viscosité, [PP03] pour une équation
parabolique et [Mar06, dBD10, DT11, dBG12] pour des équations de Schrödinger non
linéaires.

2.2 Stratégie de la preuve dans [DV12]

Le schéma de la preuve dans [DV12], basée sur une approche martingale et sur des fonctions
tests perturbées, est la suivante :

• On montre la tension de la famille de solution pρεqεą0. Ceci nécessite des estimées
sur les moments de ρε, uniformément en ε.

• On construit une perturbation ϕε d’une fonction test ϕ. Dans (1), le générateur peut
être décomposé en Lε “ ε´1L1 ` ε´2L2. En utilisant le développement asymptotique
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ϕε “ ϕ ` ř
εiϕi, la convergence Lεϕε Ñ Lϕ n’est vérifiée que si chaque correcteur

ϕi résout l’équation de Poisson associée au générateur L2 suivante

L1ϕi´1 ` L2ϕi “ ϑi´1,

où le membre de droite ϑi´1 ne dépend que de ϕj pour j ă i. Sous de bonnes
hypothèses, la solution de cette équation est bien défini et on peut construire
successivement les correcteurs ϕj.

• Par tension, il existe une valeur d’adhérence pour la convergence en loi, ρ et une
suite εi ÝÝÝÑ

iÑ8
0 telle que ρεi converge vers X en loi. Alors, on peut prendre la limite

dans la propriété de martingale

E

„
ϕεipρεiptqq ´ ϕεipρεip0qq ´

ż t

0

Lεiϕεipρεipsqqds | Fρεi

s , s ď t


“ 0,

pour obtenir que ρ résout le problème de martingale associé à L. En montrant
l’unicité d’une telle solution, cela conclut la preuve de la convergence en loi.

2.3 Stratégie de la preuve dans le chapitre I

On décrit ici les nouveautés de notre travail. Dans [DV12], les auteurs supposent que mε

est majoré par une borne presque sûre. C’est une hypothèse forte, qui n’est pas vérifiée
par exemple par un processus Gaussien. Dans ce chapitre, l’objectif est d’affaiblir cette
hypothèse. Une conséquence directe est qu’on perd les estimées de moments uniformes en
ε. Pour palier ce problème, on introduit des temps d’arrêts dépendant d’un nombre réel
arbitrairement grand Λ P p0,8q, tel que, pour Λ fixé, on a une estimation uniforme en ε
du processus stoppé ρε,τ

ε
Λ . Plus précisément, le temps d’arrêt est défini comme

τ εΛ
.“ τ ε ^ τΛpζεq,

où
τ ε

.“ inf
 
t P R

` | }mεptq}E ą ε´α( ,
pour un certain paramètre α, et où

τΛpzq .“ inf
!
t P R

` | }zptq}C1pTdq ě Λ
)
,

et

ζεptq “ 1

ε

ż t

0

mεpsqds “ ε

ż t{ε2

0

mpsqds.

On peut alors prouver la tension de la famille
`
ρε,τ

ε
Λ

˘
εą0

et suivre la preuve standard
avec des martingales arrêtées au lieu de martingales. Une difficulté majeure vient alors du
comportement asymptotique de ces temps d’arrêt. D’une part, quand α est bien choisi,
τ ε Ñ 8 en probabilité. D’autre part, on montre un Théorème Central Limite pour mε,
prouvant que ζε converge en loi vers un processus de Wiener ζ et que τΛpζεq Ñ τΛpζq en loi
pour tout Λ hors d’un ensemble dénombrable. Ainsi, τ εΛ converge en loi vers τΛpζq quand
ε Ñ 0. Pour que ce temps d’arrêt soit adapté à la filtration associée au processus limite, il
faut considérer la convergence du couple pρε, ζεq au lieu de la convergence seule de ρε.
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On montre que le processus couplé stoppé
`
pρε,τε

Λ , ζε,τ
ε
Λq
˘
εą0

est tendu et qu’une valeur
d’adhérence pour la convergence en loi satisfait un problème de martingale arrêtée au
temps d’arrêt τΛpζq, ce qui donne une famille de problèmes de martingales indexée par
Λ. Comme chaque problème de martingale ne caractérise sa solution XΛ “ pρΛ, ζΛq que
jusqu’au temps τΛpζq, cette solution peut ne pas être unique. Cependant, on prouve que la
famille de problèmes de martingales arrêtées est consistante, au sens où XΛ est égale en
loi à XτΛpζq pour un certain processus X. Comme τΛpζq Ñ 8 quand Λ Ñ 8, on utilise ces
résultats pour déduire la convergence du processus non stoppé ρε.

3 Convergence de (1) dans le régime de moyennisa-
tion

Le chapitre II est dédié à prouver la convergence suivante pour ρε “
ş
V
f εdµ où f ε est

solution de (1) avec ε “ δ et κ “ 0.

Théorèmes. Soit m la moyenne de l’unique loi invariante de mε et soit ρ la solution
faible de l’équation linéaire de diffusion

Btρ “ divpK∇ρq ` mρ, (4)

avec ρp0q “ limεÑ0 ρ
ε
0.

Sous de bonnes hypothèses, pour tout σ ą 0 et T ą 0, la fonction ρε converge en loi
vers ρ dans C0pr0, T s, H´σpTdqq et dans L2pr0, T s, L2pTdqq et f ε converge en loi vers ρM

dans L2pr0, T s, L2pTd ˆ V,
dxdµpvq
Mpvq qq . De plus, si ρp0q est déterministe, alors toutes ces

convergences ont lieu en probabilité.

C’est un résultat d’approximation-diffusion au sens EDP comme dans le chapitre I,
mais un résultat de moyennisation au sens probabiliste. Le principe de moyennisation pour
des systèmes stochastiques a été introduit dans l’article classique [Kha68]. De nombreux
résultats sont associés à ce principe, utilisant différentes preuves et différents critères de
convergence, voir par exemple [PS08, Cer09, CF09, Bré12, Bré20]. Certaines de ces articles
étudient aussi la vitesse de convergence de la principe de moyennisation dans des EDPS
(voir [Bré12, Bré20]). Dans le chapitre II, on ne montre que la convergence. L’analyse de
la vitesse de convergence est laissée pour des travaux futurs.

La stratégie de la preuve est similaire au chapitre I : on suit une approche basée sur les
problèmes de martingales et sur les fonctions tests perturbées, et on obtient des estimées
sur les moments en arrêtant les processus à des temps d’arrêts. La principale différence
avec le chapitre précédent est qu’ici, le temps d’arrêt τ ε Ñ 8 en probabilité. Ainsi, le
problème de martingale limite n’est pas un problème de martingale arrêté, et on retrouve
le cadre classique où la solution est unique et où la convergence suit d’arguments simples.
Plus précisément, le processus auxiliaire est cette fois défini par

ζεptq “ 1

ε

ż t

0

pmεpsq ´ mq ds,

et les temps d’arrêt par

τ ε “ τ εm ^ τ εζ ,

τ εm “ inf
 
t P R

` | }mεptq}E ě ε´α( ,
τ εζ “ inf

!
t P R

` | }ζεptq}C1
x

ě ε´1
)
.
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Comme dans le chapitre I, pour un bon choix de α, on a τ εm Ñ 8 en probabilité. Cependant,
dans le temps d’atteinte τ εζ , le seuil fixe Λ est remplacé par ε´1, ce qui permet d’obtenir
τ εζ Ñ 8 directement.

4 Schémas préservant l’asymptotique pour des EDS

Le chapitre III est basé sur la prépublication [BRR20] et est dédié à construire des schémas
AP pour la classe d’EDS (2) dans les régimes d’approximation-diffusion et de moyennisation.
On travaille d’abord sur des EDS, avant de revenir au cas EDPS dans le chapitre IV,
car nous avons remarqué que dans ce cas plus simple, notre travail apportait déjà des
contributions non triviales. On renvoie à [PS08] pour pour les résultats de convergence
sur des EDS multi-échelles : [PS08, Chapter 11] pour l’approximation-diffusion et [PS08,
Chapter 10] pour la moyennisation.

4.1 Contexte

Commençons par motiver ce travail. Dans le cas déterministe, le champ des schémas
numériques pour EDO est très bien étudié [HW96]. La présence de termes raides dans le
système, typiquement à cause de la composante rapide, peut induire des conditions de
stabilités fortes de la forme ∆t “ opεαq, puisqu’on veut que le pas de temps mis à l’échelle
∆t{εα converge vers 0. Ainsi, le coût en calculs explose quand ε Ñ 0. Quand le système
est probabiliste, la simulation numérique peut être encore plus difficile.

[FG18] donne des exemples où l’EDS satisfaite par certaines quantités statistiques d’un
schéma (par exemple la densité de probabilité) est différent dans l’équation limite et dans
le système en temps continu. Un de ces exemples est l’interprétation d’Itô du bruit quand
l’EDS limite a une interprétation de Stratonovich de ce bruit. On détaille cet exemple plus
bas.

[LAE08] illustre comme les schémas pour des EDO raides peuvent produire de mauvaises
solutions quand la composante rapide n’est pas résolue. Les auteurs montrent même qu’une
discrétisation peut converger vers un schéma Xc quand ∆t Ñ 0 et ε Ñ 0 avec un ratio
c “ ∆t{εα fixé, où le schéma Xc dépend fortement de c.

Un moyen bien étudié d’éviter ces problèmes est d’approcher le modèle limite pour
la composante lente d’intérêt, tout en ne conservant que l’information pertinente de la
composante rapide. On détaille ici plusieurs des méthodes qui suivent cette approche.

La HMM (Heterogeneous Multiscale Method, méthode hétérogène multi-échelle, voir
[AEEVE12, Bré13, ELVE05]) est basée sur un schéma macroscopique qui effectue les calculs
jusqu’à ce qu’un schéma microscopique est nécessaire. Plus précisément, on commence par
effectuer les calculs au niveau macroscopique. Quand on a besoin d’informations qui ne
peuvent être obtenues qu’au niveau microscopique, on effectue des appels à un schémas
microscopiques, avec des contraintes pour être consistant avec les calculs déjà effectués au
niveau macroscopique. Cela nous permet d’estimer les informations manquantes et de les
réinjecter dans le schéma macroscopique. De manière analogue, la méthode d’intégration
projective [GKK06] est basée sur un schéma macroscopique et sur des appels en temps
courts au schéma microscopique, afin d’éviter d’augmenter le coût en calcul, tout en
prenant en compte la dynamique microscopique. Ces deux méthodes sont des méthodes de
basées sur de une moyennisation de la dynamique microscopique.
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La méthode equation-free coarse-grained [KGH`03] approche à la place l’évolution de la
composante macroscopique via des appels correctement initialisés au schéma microscopique
pour des temps courts et de petits domaines spatiaux, par exemple en intégrant la
dynamique sur des temps long ou de grands domaines spatiaux. En particulier, cette
approche est sans équation (equation-free) au sens où on n’a pas besoin de dériver l’équation
d’évolution macroscopique à partir de la dynamique microscopique.

Plus récemment, [APV17] propose une méthode spectrale. les coefficients de l’équation
homogénéisée sont calculés en utilisant les solutions de bonnes équations de Poisson.
Ces équations de Poisson sont résolues en utilisant une approche spectrale basée sur un
développement en fonctions de Hermite.

Dans [VZS20], les auteurs décrivent une méthode d’accélération micro-macro. L’algo-
rithme alterne entre un schéma microscopique pour des temps courts et une extrapolation de
l’état macroscopique sur des temps longs. Ensuite, ils calculent la loi qui serait consistante
avec cette extrapolation, tout en modifiant le moins possible la distribution microscopique
précédemment calculée. Cela leur permet de reconstruire l’état microscopique.

Enfin, [LLMS20] présente une version micro-macro de l’algorithme pararéel, qui paral-
lélise les calculs en fonction de la variable de temps, ce qui permet une réduction drastique
du temps de calcul.

4.2 Principales contributions du chapitre III

Pour la classe d’EDS sur lesquelles on se concentre, les schémas standard se comportent
mal dans le régime asymptotique. Commençons par considérer le régime d’approximation-
diffusion. Le système suivant est un cas particulier de (2)

$
’&
’%

dXε
t “ σpXε

t qmε
t

ε
dt,

dmε
t “ ´mε

t

ε2
dt` 1

ε
dβt.

En prenant σpxq “ x, on obtient une version en dimension finie de (1) avec ε “ δ, κ “ 1

et où mε est un processus d’Ornstein-Uhlenbeck à l’échelle t{ε2. Prenons d “ 1. Quand
ε Ñ 0, le résultat d’approximation-diffusion (voir [PS08, Chapter 11]) dit que Xε converge
en loi vers la solution X de l’EDS

dXt “ σpXtq ˝ dβt,
où le bruit est interprété avec la convention de Stratonovich, la forme d’Itô s’écrivant

dXt “ 1

2
σ1pXtqσpXtqdt` σpXtqdβt.

Pour ε ą 0 fixé, le schéma numérique
$
’’&
’’%

Xε
n`1 “ Xε

n ` σpXε
nq∆tmε

n`1

ε
,

mε
n`1 “ mε

n ´ ∆t

ε2
mε
n`1 `

?
∆t

ε
γn,

avec pγnqnPN0
une suite i.i.d. de variable normale centrée réduites, est consistant avec le

système. Cependant, quand ε Ñ 0, on a la convergence Xε
n Ñ Xn où

Xn`1 “ Xn `
?

∆tσpXnqγn.
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Ce schéma limite est consistant avec l’interprétation d’Itô du bruit, au lieu de l’interpré-
tation Stratonovich, il échoue donc à capturer le bon comportement asymptotique du
système. Dans le chapitre III, on construit un schéma AP, c’est-à-dire un schéma tel que
le diagramme suivant est commutatif :

Xε
N ÝÝÝÑ

∆tÑ0
XεpT q

§§đεÑ0 εÑ0

§§đ

XN
∆tÑ0ÝÝÝÑ XpT q

Ce schéma AP est basé sur une procédure de prédiction-correction :

$
’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’%

pmε
n`1 “ mε

n ´ ∆tfpXε
nqpmε

n`1

ε2
` ∆tfpXε

nqgpXε
nq

ε
` fpXε

nqhpXε
nq

?
∆tγn

ε
,

pXε
n`1 “ Xε

n ` ∆tbpXε
nq ` σpXε

nq∆tpmε
n`1

ε
,

mε
n`1 “ mε

n ´ ∆tfp pXε
n`1qmε

n`1

ε2
` ∆tfp pXε

n`1qgpXε
nq

ε
` fpXε

nqhpXε
nq

?
∆tγn

ε
,

Y ε
n`1 “ Xε

n ` ∆tbpXε
nq ` σpXε

nq∆tmε
n`1

ε
,

Xε
n`1 “ Xε

n ` ∆tbpXε
nq ` σpXε

nq ` σpY ε
n`1q

2

∆t

ε

pmε
n`1 ` mε

n`1

2
.

Ce schéma est AP pour une large classe d’EDS, y compris pour l’exemple précédent où il
capture l’interprétation correcte du bruit, mais aussi dans les systèmes considérés dans
l’article d’astrophysique [LBL20], où l’équation limite contient un terme de dérive induit
par le bruit quand f est non constant.

Dans le régime de moyennisation, le même type de problème apparaît. Considérons
$
’&
’%

dXε
t “ bpXε

t ,m
ε
tqdt,

dmε
t “ ´mε

t

ε
dt`

?
2?
ε
dβt.

En prenant bpx,mq “ xm, on obtient une version en dimension finie de (1) avec ε “ δ,
κ “ 0 et où mε est un processus d’Ornstein-Uhlenbeck à l’échelle t{ε. Quand ε Ñ 0, le
principe de moyennisation (voir [PS08, Chapter 10]) affirme que Xε converge en loi vers
la solution X de l’EDS

9X “ bpXq,
où bpxq “

ş
bpx,mqdνpmq et ν “ N p0, 1q. Pour ε ą 0 fixé, le schéma

$
&
%

Xε
n`1 “ Xε

n ` ∆tbpXε
n,m

ε
n`1q,

mε
n`1 “ mε

n ´ ∆t

ε
mε
n`1 `

c
2∆t

ε
γn,

est consistant avec le système, mais sa limite est donnée par

Xn`1 “ Xn ` ∆tbpXn, 0q,
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qui est en général inconsistant avec l’équation limite. Encore une fois, on construit un
schéma AP tel que le diagramme commutatif plus haut est de nouveau commutatif, cette
fois basé sur une discrétisation exacte en loi de la composante rapide :

#
Xε
n`1 “ Xε

n ` ∆tbpXε
n,m

ε
n`1q `

?
∆tσpXε

n,m
ε
n`1qΓn

mε
n`1 “ e´∆t{εmε

n `
a

1 ´ e´2∆t{εhpXε
nqγn.

(5)

Après avoir construit ces schémas AP, on présente trois types de simulations. Chacun
des trois illustre la supériorité du schéma AP sur les schémas naïfs :

• Le premier type est qualitatif : on trace la trajectoire de la solution en fonction du
temps t, pour une valeur donnée du pas de temps ∆t et pour différentes valeurs de ε.
Les trajectoires sont comparées à un schéma de référence.

• Le deuxième type est quantitatif : on trace une estimation de l’erreur faible totale

|E rϕpXε
Nqs ´ E rϕpXεpT qqs| ,

pour une fonction test ϕ, en fonction de ∆t pour différentes valeurs de ε.

• Le troisième type est aussi quantitatif : on trace une estimation de l’erreur faible
d’approximation-diffusion ou de moyennisation au niveau discret

|E rϕpXε
Nqs ´ E rϕpXNqs| ,

en fonction de ε pour différentes valeurs de ∆t.

Dans les deux types de simulations quantitatives, on observe des résultats pour le schéma AP
cohérents avec l’analyse d’erreur ci-dessous, et on obtient même des ordres de convergences
plus grands que ceux qu’on réussit à montrer. Le schéma non AP lui devient mauvais
quand ε devient petit, les constantes d’erreur en ε (respectivement ∆t) étant non uniforme
en ∆t (respectivement ε).

4.3 Estimées d’erreurs dans le régime de moyennisation

Dans le régime de moyennisation, on prouve un résultat de précision uniforme pour le
schéma AP (5). Ici, le processus mε est à l’échelle t{ε.

Théorème. Sous de bonnes hypothèses, pour tout T P p0,8q et toute fonction test ϕ :

T
d Ñ R de classe C4, il existe CpT, ϕq P p0,8q tel que pour tout ∆t P p0,∆t0s et ε P p0, 1s,

on a

|E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď CpT, ϕq min

ˆ
∆t

ε
,∆t ` ε

˙
, (6)

et le schéma est uniformément précis avec l’estimée d’erreur suivante : pour tout ∆t P
p0,∆t0s, on a

sup
εPp0,1s

|E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď CpT, ϕq

?
∆t. (7)
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À notre connaissance, c’est le premier résultat de précision uniforme pour un schéma
AP dans des équations stochastiques.

L’idée derrière la preuve de l’uniforme précision est d’estimer le membre de gauche de
(6) en passant par deux chemins sur le diagramme commutatif

Xε
N

AÝÝÝÑ
∆tÑ0

XεpT q

B

§§đεÑ0 εÑ0

§§đD

XN
∆tÑ0ÝÝÝÑ
C

XpT q

où A, B, C et D sont les erreurs dans chacune des convergences :

• L’estimée Op∆t
ε

q vient du chemin direct |E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď A. Comme

on a utilisé un schéma classique avec un pas de temps ∆t{ε, on peut montrer que
A “ Op∆t{εq en utilisant des arguments standards (équation de Kolmogorov).

• L’estimée Op∆t ` εq vient du chemin indirect |E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď B `

C ` D. Comme D est l’erreur dans le principe de moyennisation, on a D “ Opεq.
L’erreur C est obtenue avec des équations de Poisson et de Kolmogorov, et on
obtient C “ Op∆tq. Montrer une estimée d’erreur satisfaisante pour B est le terme
le plus difficile. On adapte la preuve de D au cas discret, et on réussit à obtenir
B “ Opmaxp∆t, εqq.

On arrive à (6) en écrivant |E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď minpA,B ` C `Dq et à (7)

en utilisant la première ou la deuxième estimée selon que
?

∆t ď ε ou ε ď
?

∆t. Cet ordre
1
2

est peut-être non optimal, les simulations montrant un ordre 1.
Dans le régime d’approximation-diffusion, on n’a pas de résultat général d’erreur

uniforme, si ce n’est dans des cas particuliers.

5 Schémas préservant l’asymptotique pour des EDP
stochastiques cinétiques

Fort du travail du chapitre III sur le cas EDS, on peut à présent revenir au cas EDPS : le cha-
pitre IV est dédié à construire des schémas AP pour (1) dans les régimes d’approximation-
diffusion et de moyennisation. Contrairement aux chapitres I et II, on ne considère par
seulement le cas ε “ δ, mais on autorise les deux paramètres à converger vers 0 indépen-
damment l’un de l’autre.

5.1 Contexte dans le cas déterministe

La notion de schéma AP dans le cas déterministe est introduite dans [Jin99], avec ap-
plications à des EDP cinétiques multi-échelles convergeant vers des EDP paraboliques
de diffusion. Le système (1) qu’on considère est un cas particulier de ce cadre si mδ “ 0.
Depuis, de nombreux schémas AP ont été construit dans ce cadre. Les paragraphes suivants
décrivent certains de ces schémas.

Pour les modèles BGK avec un échelle hyperbolique

Btf ε ` apvq ¨ ∇xf
ε “ 1

ε
Lf ε,
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les articles de revue [DP14, Section 7] et [Jin12] mentionnent tous les deux un schéma de
type splitting. Le splitting en temps est effectué en résolvant d’abord le terme de collision
Lf ε et puis le terme de transport apvq ¨ ∇xf

ε. On peut alors se concentrer sur le premier et
utiliser un schéma explicite upwind pour le terme de transport. Le schéma obtenu sera AP
si le schéma utilisé pour le terme de collision l’est. [DP14, Section 7] donne une condition
suffisante pour que pour qu’un schéma de Runge-Kutta pour le terme de collision soit AP,
tandis que [Jin12] propose un schéma AP implicite.

Ces deux articles mentionnent aussi une famille de schémas sans splitting dits implicites-
explicites (IMEX). Par exemple, un schéma IMEX peut être obtenu en utilisant une
discrétisation implicite du terme de collision et explicite du terme de transport. Dans ces
deux méthodes (splitting et IMEX), même si le schéma est partiellement implicite, il peut
être exprimé explicitement et ne nécessite donc pas d’inverser un système non linéaire
d’équations.

Dans [Pup19, Section 4], l’auteur mentionne un schéma AP basé sur une discrétisation
upwind de la variable d’espace avec un schéma d’ordre élevé en espace.

Pour les modèles BGK avec une échelle parabolique comme dans (1), c’est-à-dire

Btf ε ` 1

ε
apvq ¨ ∇xf

ε “ 1

ε2
Lf ε,

des schémas AP sont proposés par [Hiv18, LM08] par exemple.
Un premier schéma AP peut être construit en utilisant la décomposition micro-macro

f ε “ ρεM ` εgε et puis en construisant des schémas basés sur les équations vérifiées par ρε

et gε. Un deuxième schéma AP est obtenu par une discrétisation entièrement implicite de
l’équation vérifiée par la transformée de Fourier en espace pf ε de f ε. Ce second schéma est
détaillé dans le chapitre IV. Bien que ces schémas soient AP, ils ne sont pas uniformément
précis, au sens où l’erreur n’est pas uniforme en ε.

Un troisième schéma AP, basé sur une formulation intégrale de l’équation, est uni-
formément précis. Plus précisément, on écrit l’équation vérifiée par pf ε, on l’écrit sous
forme Duhamel puis on intègre cette expression en la variable de vitesse. En discrétisant
l’intégrale en temps due à la forme Duhamel, on utilise une règle de quadrature d’ordre
2, ce qui permet à [Hiv18] de montrer que le schéma obtenu pour pρε est uniformément
précis. On n’utilise pas ce schéma ici pour considérer une implémentation plus simple.
L’application de ce schéma uniformément précis dans le cadre stochastique sera étudiée
dans des travaux futurs.

5.2 Contexte dans le cas probabiliste en approximation-diffusion

Dans un contexte probabiliste, une difficulté supplémentaire s’ajoute : en général, la
convergence n’a plus lieu qu’en loi. Ainsi, la propriété AP doit être formulée pour la
convergence en loi. On reprend donc la définition introduite dans le chapitre III.

Les travaux mentionnés plus hauts sur des modèles déterministes ont été étendus à des
modèles probabilistes. Dans [HJ17, Jin18, JLP18], les auteurs étudient des schémas AP
pour des EDP avec des coefficients aléatoires. Dans [DPS18, RLJ14], les auteurs utilises
des méthodes de Monte-Carlo pour des problèmes déterministes. Cependant, ces deux
situations ne s’appliquent pas aux EDPS.

Dans [AF19], les auteurs considèrent l’EDP stochastique cinétique

df ε ` 1

ε
vBxf εdt “ σ

ε2
Lf εdt` f ˝ QdWt,
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où le terme source est un processus de Wiener, ce qui est assez proche de notre modèle (1).
Plus précisément, on retrouve cette équation en prenant la limite quand δ Ñ 0 dans (1)
dans le régime d’approximation-diffusion, bien que notre opérateur L soit différent du leur.
Ils construisent un schéma AP utilisant une décomposition micro-macro f ε “ ρεM ` εgε

et une discrétisation upwind des dérivées en espace. Une conséquence est que le schéma
limite est explicite, et introduit donc une condition de stabilité CFL. Dans le chapitre
IV, on construit un schéma AP sans condition CFL et avec un bruit non nécessairement
Wiener.

5.3 Principales contributions du chapitre IV

Notre construction de schémas AP est basée sur une méthode de splitting en temps, via la
décomposition de (1) en une partie déterministe

Btf ε ` 1

ε
apvq ¨ ∇xf

ε “ 1

ε2
Lf ε, (8)

et une partie probabiliste

Btf δ “ 1

δκ
mδf δ. (9)

Ainsi, le schéma AP est une combinaison des schémas mentionnés plus hauts pour (8) et
d’un schéma pour (9). Il est à noter que (9) est plus simple que le cas général (2) considéré
dans le chapitre III, puisque linéaire en mδ. Ainsi, on peut soit utiliser les schémas généraux
du chapitre III, soit d’autres schémas particuliers.

On illustre les qualités des schémas AP de trois manières :

• Les deux premières sont qualitatives : on trace la trajectoire de }ρptq}L2 en fonction
de t ou la valeur au temps final ρε,δpT, xq en fonction de x, pour une valeur fixée du
pas de temps τ et pour différentes valeurs de ε et δ.

• La troisième manière et quantitative : on trace une estimation de l’erreur faible
ˇ̌
E
“
ϕpρε,δpT qq

‰
´ E rϕpρpT qqs

ˇ̌

en fonction du pas de temps τ , pour différentes valeurs de ε et δ.

6 Perspectives

6.1 Résultats à prouver

Nous avons laissé certains résultats pour des travaux futurs. Dans la partie théorique de
cette thèse, l’approximation-diffusion peut être vue comme un régime de Théorème Central
Limite du point de vue de la moyennisation. Ce point de vue pourrait permettre d’obtenir
des informations supplémentaires sur le régime de moyennisation, comme la vitesse de
convergence de f ε,δ vers ρM.

Certaines pistes restent aussi à explorer dans les parties numériques de cette thèse. Par
exemple, on ne prouve la précision uniforme que dans le régime de moyennisation des EDS.
Le même type de résultat mériterait d’être obtenu dans le régime d’approximation-diffusion.

Dans le cas EDPS, on pourrait aussi étudier la stabilité numérique de nos schémas AP
plus précisément, par exemple en montrant des bornes uniformes en le pas de temps sur les
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moments L2 des schémas. Ensuite, on pourrait aussi étudier la vitesse de convergence, à la
fois d’un point de vue théorique et numérique. Il est à noter que les simulations numériques
pour estimer la vitesse de convergence sont lourdes en calcul, il faudrait donc auparavant
implémenter des versions plus efficaces de nos schémas.

Les schémas AP ont en l’état peu de chance d’être uniformément précis, puisque la
partie déterministe utilise un schéma non uniformément précis. Cependant, l’avantage de
la méthode de splitting est qu’il est aisé de remplacer cette partie par un autre schéma,
par exemple par le schéma basé sur la formulation intégrale donné dans [Hiv18], qui est à
la fois AP et uniformément précis. Ce nouveau schéma de splitting a des chances d’être
uniformément précis lui aussi.

6.2 Vers d’autres modèles

Une autre perspective est d’étendre les résultats théoriques et numériques à d’autres
modèles ou vers des hypothèses plus faibles.

La principale hypothèse qui mériterait d’être affaiblie est celle demandant que la vitesse
apvq soit bornée. Affaiblir cette hypothèse est nécessaire pour inclure le cas classique
apvq “ v avec V “ R

d. Cependant, affaiblir cette hypothèse n’est pas chose aisée et pose
des problèmes techniques non triviaux. Une autre hypothèse à affaiblir est µpV q ă 8. Il
faut faire cependant attention aux espaces dans lesquels on travail, puisque par exemple
on a montré que f ε,δ Ñ ρM dans L2

TL
2pM´1q .“ L2pr0, T s, L2pTd ˆ V,

dxdµpvq
Mpvq qq quand

µpV q ă 8 dans le régime de moyennisation, mais si µpV q “ 8, alors ρM R L2
TL

2pM´1q.
Une autre perspective importante est d’adapter la généralité du cas EDS (chapitre

III) au cas EDPS. Par exemple, on pourrait vouloir obtenir les résultats théoriques des
chapitres I et II en remplaçant le terme source linéaire mδf ε,δ par un terme plus général
bpmδqf ε,δ. On pourrait aussi vouloir étudier des modèles couplés, où la composante rapide
dépend de la composante lente. Dans le cas EDS, on voit dans le chapitre III que quand
ce couplage est non trivial, il peut induire un terme de dérive induit par le bruit dans
l’équation limite. Une prépublication récente [CX20] étudie le cas parabolique et confirme
l’ajout d’un terme de dérive induit par le bruit dans l’équation limite.

Nos schémas numériques dans les chapitres III et IV sont écrit spécifiquement pour
une composante rapide sous la forme d’un processus d’Ornstein-Uhlenbeck (quand la
composante lente est gelée). Une perspective naturelle mais non triviale est de remplacer
cette composante rapide par la solution ergodique d’une EDS générale avec des coefficients
non linéaires, comme dans les chapitres I et II.

Enfin, on pourrait étudier des modèles proches, par exemple en remplaçant le terme
source δ´κmδf ε,δ par un terme de force δ´κ1

mδ ¨ ∇vf
ε,δ, où on s’attend à κ1 “ 2 pour

être dans le régime d’approximation-diffusion et à κ1 “ 1 pour être dans le régime de
moyennisation. Ce modèle a déjà été étudié d’un point de vue théorique [DV20], mais il
n’existe à notre connaissance pas de schémas AP pour ce modèle. L’approche par une
méthode de splitting devrait s’avérer efficace.
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Introduction (English version)

Kinetic models with small parameters appear in various situations, for example when
studying semi-conductors [GP92] and discrete velocity models [LT97] or as a limit of
a particle system, either with a single particle [GR09] or multiple ones [PV03]. These
models can either be deterministic or stochastic. It is important to understand the limiting
equations, which are in general much easier to simulate numerically. This numerical aspect
is a thoroughly studied field in the literature, but most works focus on simulating either
only the limiting equation, or only the initial model. It is natural to try to design numerical
schemes that perform well both in the model and in its limit, leading to the notion of
Asymptotic Preserving schemes.

1 Description of the model

We consider a class of linear kinetic Stochastic Partial Differential Equation (SPDE) with
the following form:

Btf ε,δ ` 1

ε
apvq ¨ ∇xf

ε,δ “ 1

ε2
Lf ε,δ ` 1

δκ
f ε,δmδ, f ε,δ “ f

ε,δ
0 , (1)

as well as a class of Stochastic Differential Equation (SDE)

dXδ
t “ bpXδ

t ,m
δ
t qdt` σpXδ

t ,m
δ
t qdBt. (2)

The interest of the second model is that when taking ε “ δ, b “ 0 and σpx,mq “ x, one
gets a finite dimensional version of (1).

The first model is a kinetic SPDE with a source term and its unknown f ε,δ is defined
on r0, T s ˆ T

d ˆ V for some final time T P p0,8q. This models the evolution of the state
f ε,δpt, x, vq of a system of particles with position x and velocity apvq at time t, where v P V
for some measured space pV, dµq. We assume that a P L8pV, dµq. This assumption is
satisfied in the discrete case (V “ t˘1ud and apvq “ v) as well as in the case of relativistic

particles (V “ R
d and apvq “ v{

b
1 ` }v}2 in convenient units), but excludes the natural

case V “ R
d and apvq “ v. This assumption is done for technical reasons and we think it

could be relaxed at the cost of non trivial technical complications that are not studied in
this work.

The Bhatnagar-Gross-Krook (BGK) operator L is defined on L1pV, dµq by

Lf “ ρM ´ f,

where M P L1pV, dµq is a non-negative function of mass 1 and ρ
.“
ş
V
fdµ. This term

comes from a Poisson process redistributing the velocity following the distribution Mdµ in
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exponentially distributed random interval of times. Our framework includes the classical
Gaussian framework where Mpvqdµpvq “ 1?

2π
d expp´ }v}2

2
qdv.

The system depends on two small parameters ε and δ: ε is the mean path between
collisions of the particles in the domain T

d of size 1, while δ is a time scale separation
parameter. We mainly focus on the regime ε “ δ Ñ 0, but also consider the regimes δ ą 0,
ε Ñ 0 and ε ą 0, δ Ñ 0 in the numerical experiments in Chapter IV.

The source term mδpt, xq introduces randomness in the system. It is an ergodic
stochastic process defined on R

` ˆ T
d. Note that this process does not depend on the

velocity variable. The evolution of mδ with respect to the time is scaled as t{δ2. The
asymptotic behavior depends on κ. In our work, we consider the two cases κ “ 1 and
κ “ 0. When δ Ñ 0, the ergodic process mδ will converge in distribution to its unique
invariant distribution. Thus, when κ “ 1, there cannot be a limit if the average of this
invariant distribution is non zero. Therefore, when κ “ 1, we assume that this invariant
distribution is centered.

Since mδ evolves at speed t{δ2 with δ Ñ 0, it is referred to as the fast component, while
ρε,δ “

ş
V
f ε,δdµ is referred to as the slow component. The slow component is ρε,δ instead

of
ş
V
f ε,δdµ because the stiffest term of (1) is 1

ε2Lf
ε,δ, we must thus have asymptotically

Lf “ 0, namely f “ ρM. Slow-fast systems with separated time-scales appear in various
situations, in a deterministic setting both as ordinary differential equations (ODEs) and
partial differential equations (PDEs), but also in a stochastic setting, both as stochastic
differential equations (SDEs) and stochastic partial differential equations (SPDEs). For
instance they appear in physics when studying a limit of a system of particles [PV03, GR09]
or in astrophysics when studying dust grain in a macroscopic structure [LBL20]. We can
also mention the study of semi-conductors [GP92]. Among these examples, semi-conductors
and systems of particles can both be modeled using kinetic slow-fast models.

In this work, we study the model (1) both from theoretical and numerical points of
view. The theoretical study (Chapters I and II) consists in proving the convergence of
the solution to the solution of a limiting equation. The numerical study (Chapters III
and IV) consists in designing numerical schemes for the slow-fast system that are both
consistent for fixed ε ą 0, δ ą 0 and in the asymptotic regimes ε Ñ 0 for fixed δ ą 0,
δ Ñ 0 for fixed ε ą 0 and ε “ δ Ñ 0. The scheme must admit a limiting scheme for any
fixed time-step size in these regimes, and this limiting scheme must be consistent with the
limiting equation derived in the theoretical study. Such schemes are called Asymptotic
Preserving (AP).

This manuscript is organized as follows.
In Chapter I, we consider the model with ε “ δ Ñ 0 and κ “ 1. We prove a diffusion

approximation result, both in the PDE and in the stochastic sense: when ε Ñ 0, the slow
component ρε converges in distribution to the solution ρ of a linear parabolic diffusion
equation with a diffusive source term (namely a white noise in time). This work is an
improvement of [DV12] in the sense that we prove the same result while relaxing the
assumption of boundedness on the source term mε. This generalization is non trivial as it
requires the use of more intricate tools, including stopping times and stopped martingale
processes. This chapter is based on the preprint [RR20].

In Chapter II, we consider the model with ε “ δ Ñ 0 and κ “ 0. We prove a diffusion
approximation in the PDE sense and an averaging principle in the stochastic sense: when
ε Ñ 0, the slow component ρε converges in distribution to the solution ρ of a parabolic
diffusion equation governed by the stationary average value of the invariant distribution
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of the ergodic driving process. Chapter II is technically simpler than Chapter I but this
manuscript is organized in the chronological order of the work of the thesis. A preprint
based on this chapter is in preparation.

In Chapter III, we design numerical schemes for (2), both in the diffusion approximation
regime and in the averaging regime. We define a notion of AP scheme in distribution,
adapted to the multiscale stochastic problems we consider, and prove this AP property for
our schemes, give examples of non AP schemes and illustrate numerically the performance
of the different schemes. The superiority of the AP schemes can be clearly seen in these
experiments, both qualitatively and quantitatively. Moreover, we prove a uniform accuracy
property for the AP scheme in the averaging regime, namely an error estimate when the
time-step size ∆t Ñ 0 which is uniform in δ ą 0. This chapter is based on the preprint
[BRR20], to which we add some quantitative numerical experiments.

In Chapter IV, we combine the schemes of Chapter III and some already known AP
schemes for PDEs to design AP schemes for our SPDE, using a splitting procedure. We
illustrate the efficiency of the proposed schemes in both the averaging regime κ “ 0 and
the diffusion approximation regime κ “ 1. We consider both cases ε “ δ and ε ‰ δ, so
that we can fix one of these two parameters and let the other one converge to 0.

2 Convergence of (1) in the diffusion approximation
regime

Chapter I is based on the preprint [RR20] and is devoted to proving the following conver-
gence for ρε “

ş
V
f εdµ where f ε is the solution of (1) with ε “ δ and κ “ 1.

Theorem. Let W be a cylindrical Wiener process on L2pTdq, ρ0 be a random variable in
L2pTdq and ρ be the weak solution of the linear stochastic diffusion equation

dρ “ divpK∇ρqdt` ρQ1{2 ˝ dW ptq, (3)

with initial condition ρp0q “ limεÑ0 ρ
ε
0. The matrix K and the operator Q are defined by

(I.2.2) and (I.2.5)
Under appropriate assumptions, for all σ ą 0 and T ą 0, the density ρε converges in

distribution to ρ in C0pr0, T s, H´σpTdqq and in L2pr0, T s, L2pTdqq.

This is a diffusion approximation result, both in the PDE and stochastic sense. This
theorem is a generalization of the main result of [DV12]. First, we relax the condition of
boundedness of the driving process mε into a condition on its moments that is satisfied for
instance by an Ornstein-Uhlenbeck process. Second, we add a stronger convergence (in
L2pr0, T s, L2

xq) under an additional assumption which allows to use an averaging lemma
[BD99, Theorem 2.3]. Note that the convergence only holds in distribution in general.

2.1 Context

Results of diffusion approximation for deterministic kinetic equations (hence in the PDE
sense) are common in the literature, starting with [LK74, BLP79]. In both these articles,
the small parameter ε is the ratio between the mean path between collisions of particles in
a domain to the size of the domain. The method is to construct an asymptotic expansion
of the solution of the kinetic equation with respect to ε. In the case of (1) with mε “ 0,
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[DGP00] proves the (deterministic) convergence using a similar expansion f ε “ ρεM ` εgε.
Note that the term of order 0 depends on f ε only through ρε, justifying why we consider
the convergence of ρε instead of f ε.

The diffusive limit in the stochastic sense is also standard: when a correctly scaled
random term is introduced in a differential equation, it induces a white noise in time
in the limiting equation, and the convergence towards the limiting equation holds only
in distribution in general. The study of such convergence results has been initiated by
Khasminskii [Kha66a, Kha66b]. In these papers, the results are proved by establishing
the convergence of the finite dimensional distributions.

In [PSV77], the authors introduce another approach based on martingale formulation
and perturbed test functions. Let us explain the idea of this approach, which is heavily
used in Chapters I and II. Let X be a stochastic process and L be an operator. Set

Mϕptq “ ϕpXptqq ´ ϕpXp0qq ´
ż t

0

LϕpXpsqqds

for all test function ϕ in a class of functions Θ. The process X solves the martingale problem
associated to L if for all ϕ in Θ, Mϕ is a martingale. Then, under some assumptions on
the class Θ, the process X is a Markov process of infinitesimal generator L if and only if is
solves the martingale problem associated to L. Therefore, if we consider a solution Xε of
a SPDE of generator Lε, we get a family of martingale at level ε ą 0. Assume the family
pXεqεą0 is tight and consider X a limit point. If one can take the limit ε Ñ 0, one can
hope to get a limiting martingale problem that allows to identify X using a uniqueness
result, and thus to get the convergence in distribution. However, for multiscale singular
problems, LεϕpXεptqq does not converge, hence one cannot take the limit. To remediate
this, the idea is to perturb the test function ϕ into a test function ϕε “ ϕ`εϕ1 `ε2ϕ2 ` ...,
such that Lεϕε Ñ Lϕ for some operator L. Assuming the perturbed test function ϕε

belongs to the class Θ, one can use the martingale problem on ϕε, take the limit to retrieve
a martingale problem associated with L and get the convergence in distribution of Xε to
a Markov process X of infinitesimal generator L.

Note that perturbed test functions method in the context of PDEs (either deterministic
or stochastic) with diffusive limits is not specific to kinetic equations: [Eva89] use them
for viscosity solutions, [PP03] for a parabolic PDE and [Mar06, dBD10, DT11, dBG12]
for nonlinear Schrödinger equations.

2.2 Strategy for the proof in [DV12]

The scheme of the proof in [DV12], using a martingale approach and perturbed test
functions, is as follows:

• Prove the tightness of the family of solution pρεqεą0. This requires some estimates
on the moments of ρε, uniformly in ε.

• Construct a perturbation ϕε of a test function ϕ. In (1), the infinitesimal generator
can be decomposed as Lε “ ε´1L1 ` ε´2L2. Owing to the asymptotic expansion
ϕε “ ϕ ` ř

εiϕi, the convergence Lεϕε Ñ Lϕ only holds if each corrector ϕi solves
the solution of the Poisson equation associated with the operator L2

L1ϕi´1 ` L2ϕi “ ϑi´1,

32



for some right-hand side ϑi´1 that only depends on ϕj for j ă i. Under appropriate
assumptions, the solution of this equation is well-defined and one can construct
successively the correctors ϕj.

• Since the family pρεqεą0 is tight, there exists a limit point ρ for the convergence in
distribution and a sequence εi ÝÝÝÑ

iÑ8
0 such that ρεi converges to X in distribution.

Then, one can take the limit of the martingale property

E

„
ϕεipρεiptqq ´ ϕεipρεip0qq ´

ż t

0

Lεiϕεipρεipsqqds | Fρεi

s , s ď t


“ 0

to get that ρ is the solution of the martingale problem associated to L. Assuming
the uniqueness of such a solution, this concludes the proof of the convergence in
distribution.

2.3 Strategy for the proof in Chapter I

Let us now describe the main novelties of our work. In [DV12], the driving process mε

is assumed to be bounded. This is a strong assumption, which is not satisfied by a
Gaussian process for instance. In Chapter I, the objective is to relax this assumption. As a
consequence, uniform moment estimates are missing. To overcome this issue, we introduce
stopping times τ εΛ depending on a arbitrarily large real number Λ P p0,8q, such that, for
fixed Λ, we have an estimate on the stopped process ρε,τ

ε
Λ uniformly in ε. More precisely,

the stopping time is defined as
τ εΛ

.“ τ ε ^ τΛpζεq,
where

τ ε
.“ inf

 
t P R

` | }mεptq}E ą ε´α( ,
for some parameter α, where

τΛpzq .“ inf
!
t P R

` | }zptq}C1pTdq ě Λ
)
,

and

ζεptq “ 1

ε

ż t

0

mεpsqds “ ε

ż t{ε2

0

mpsqds.

We are able to prove the tightness of the family
`
ρε,τ

ε
Λ

˘
εą0

and to follow the standard
proof with stopped martingales instead of martingales. A major difficulty of this framework
comes from the asymptotic behavior of the stopping times. On the one hand, we prove a
Central Limit Theorem on mε stating that ζε converges in distribution to a Wiener process
ζ, hence τΛpζεq Ñ τΛpζq in distribution for all Λ outside of a countable set. On the other
hand, for a well-chosen parameter α, τ ε Ñ 8 in probability. Hence, the stopping time τ εΛ
converges in distribution to τΛpζq when ε Ñ 0. For this stopping time to be adapted to
the filtration associated with the limiting process, we need to consider the convergence of
the coupled process pρε, ζεq instead of just ρε.

The stopped coupled process
`
pρε,τε

Λ , ζε,τ
ε
Λq
˘
εą0

still form a tight family. Then, a limit
point for the convergence in distribution satisfies a martingale problem stopped at time
τΛpζq, hence a family of martingale problems indexed by the parameter Λ. Since this
stopped martingale problem only characterizes the dynamics of a limit point XΛ “ pρΛ, ζΛq
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up to time τΛpζq, there can be multiple solutions of the stopped martingale problem.
However, we are able to prove that the family of stopped martingale problems are
consistent, in the sense that XΛ has the same distribution than XτΛpζq for some process
X. Since τΛpζq Ñ 8 when Λ Ñ 8, we use these results to deduce the convergence of the
unstopped process ρε.

3 Convergence of (1) in the averaging regime

Chapter II is devoted to proving the following convergence results for ρε “
ş
V
f εdµ where

f ε is the solution of (1) with ε “ δ and κ “ 0.

Theorems. Let m be the average of the unique invariant distribution of mε, let ρ0 be a
random variable in L2pTdq and let ρ be the weak solution of the linear stochastic diffusion
equation

Btρ “ divpK∇ρq ` mρ, (4)

with initial condition ρp0q “ limεÑ0 ρ
ε
0.

Under appropriate assumptions, for all σ ą 0 and T ą 0, the density ρε converges
in distribution to ρ in C0pr0, T s, H´σpTdqq and in L2pr0, T s, L2pTdqq and f ε converges in

distribution to ρM in L2pr0, T s, L2pTd ˆ V,
dxdµpvq
Mpvq qq . Moreover, if ρ0 is deterministic,

then every convergence holds in probability.

This is a diffusion approximation result in the PDE sense as in Chapter I, but an
averaging result in the stochastic sense. The averaging principle for stochastic system
has been introduced in the classical paper [Kha68]. Numerous results are associated to
this principle, using different proofs and different criterion of convergence, see for instance
[PS08, Cer09, CF09, Bré12, Bré20]. Some of these papers also state the convergence speed
in the averaging principle in SPDEs (see [Bré12, Bré20]). In Chapter II, we only prove
convergence. The analysis of convergence rates is left for future works.

The strategy of the proof is similar to Chapter I: we follow the approach based on
martingale problems and perturbed test functions, and cope with the unboundedness of
the driving process mε by stopping the processes and the martingale problems at some
stopping time τ ε. The main difference with Chapter I is that, in this framework, τ ε Ñ 8
in probability. Hence, the limiting martingale problem is not stopped at some stopping
time: it is a standard martingale problem, and since its solution is unique, we deduce the
desired convergence with simpler arguments. More precisely, the auxiliary process is this
time defined as

ζεptq “ 1

ε

ż t

0

pmεpsq ´ mq ds,

where the average m of the unique invariant distribution of mε is non zero. Then, the
stopping times are defined by

τ ε “ τ εm ^ τ εζ ,

τ εm “ inf
 
t P R

` | }mεptq}E ě ε´α( ,
τ εζ “ inf

!
t P R

` | }ζεptq}C1
x

ě ε´1
)
.

As in Chapter I, for suitable α, we have τ εm Ñ 8 in probability when ε Ñ 0. However, in
the hitting time τ εζ of the auxiliary process, the fixed threshold Λ can be replaced by ε´1,
yielding τ εζ Ñ 8 in probability when ε Ñ 0.
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4 Asymptotic preserving schemes for SDEs

Chapter III is based on the preprint [BRR20] and is devoted to designing AP schemes for
(2) in the diffusion approximation and averaging regimes. We work on SDEs first because
we noticed that our work already brought non-trivial new contributions in this simpler
case. We come back to the SPDE case in Chapter IV. We refer to [PS08] for convergence
results on multiscale SDEs: [PS08, Chapter 11] states the convergence in the diffusion
approximation regime and [PS08, Chapter 10] states the convergence in the averaging
regime.

4.1 Context

Let us motivate this work. In the deterministic case, the field of stiff ODE solvers is
well-studied [HW96]. The presence of a stiff term in a system, typically related to the fast
component, can induce strong stability conditions of the form ∆t “ opεαq, since one needs
the scaled time step size ∆t{εα to converge to 0. A consequence is an explosion of the
computational cost when simulating the system for small ε. When the system follows a
stochastic dynamics, the simulation can prove to be even more challenging.

In [FG18], the authors give examples where the SDE satisfied by some statistical
quantities of a scheme (for instance the probability density function) differs from the
limiting SDE of the continuous-time system. One of these examples is the Itô interpretation
of the noise when the limiting SDE uses a Stratonovich interpretation. We investigate this
example further below.

In [LAE08], the authors also illustrate how a stiff ODE solver may not be effective in
the case of stiff SDEs, when the invariant measure is non-Dirac, and how these solvers
may produce wrong solutions when the fast scale dynamics are not resolved. Even worse,
they prove how a discretization Xε

n may converge to a scheme Xc when ∆t Ñ 0 and ε Ñ 0

with fixed ratio c “ ∆t{εα, where the scheme Xc heavily depends on c.
A well-studied way of avoiding these issues is to approximate the limiting model for

the slow variables of interest, while only partial but relevant information coming from
the fast dynamics is taken into account. Let us mention some of the many methods that
follow this approach.

The Heterogeneous Multiscale Method (HMM) [AEEVE12, Bré13, ELVE05] is based
on a macroscopic solver that performs computations for the microscopic dynamics when
needed. More precisely, one computes the macroscopic dynamics using a macroscopic
solver. When the macroscopic solver needs some data that cannot be computed using this
solver, typically data that can only be read at the microscopic level, one may perform
a series of microscopic computations constrained to be consistent with the value of the
macroscopic dynamics at that time. Then, using these computations, one may compute an
estimation of the missing data and inject it back to the macroscopic solver. Similarly, the
projective integration method [GKK06] is based on a solver for the macroscopic component
and on short runs of a solver for the microscopic dynamics, to avoid high computational
cost while estimating the effect of the microscopic component on the macroscopic one. Due
to their approximation of the microscopic dynamics, the projective integration method
and the HMM can be called averaging-based methods.

The equation-free coarse-grained method [KGH`03] instead approximate the evolution
of the macroscopic component through appropriately initialized calls to a microscopic solved
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for short times and on small spatial domains, for example by integrating the dynamics
over long times or large spatial domains. In particular, this approach is equation-free in
the sense that one does not always need to derive the macroscopic evolution equation from
the microscopic one.

More recently, in [APV17], the authors design a spectral method. The coefficients of
the homogenized equation are computed using solutions of appropriate Poisson equations.
These Poisson equations are solved using spectral Hermite methods, namely an expansion
in Hermite functions.

In [VZS20], the authors describe a micro-macro acceleration method. The algorithm
intersperse alternatively a microscopic solver for short times and an extrapolation of
the macroscopic state over a longer time interval. Then, they compute the probability
distribution that is consistent with this extrapolation, while minimally modifying the
computed microscopic distribution. This allows them to reconstruct the microscopic state.

Finally, [LLMS20] present a micro-macro version of the parareal algorithm, which
parallelize the computations with respect to the time variable, allowing to significantly
reduce the computation time.

4.2 Main contributions of Chapter III

For the class of SDEs we focus on in this manuscript, standard schemes also perform
badly in the asymptotic regime. Let us first consider the diffusion approximation regime.
Consider the particular case of (2)

$
’&
’%

dXε
t “ σpXε

t qmε
t

ε
dt,

dmε
t “ ´mε

t

ε2
dt` 1

ε
dβt.

If one takes σpxq “ x, it is a finite dimensional version of (1) with ε “ δ, κ “ 1 and
where mε is an Ornstein-Uhlenbeck process scaled as t{ε2. For simplicity, assume d “ 1.
When ε Ñ 0, the diffusion approximation result (see [PS08, Chapter 11]) states that Xε

converges in distribution to the solution X of the SDE

dXt “ σpXtq ˝ dβt,

where the noise is interpreted in the Stratonovich sense, the Itô form of this SDE being

dXt “ 1

2
σ1pXtqσpXtqdt` σpXtqdβt.

For fixed ε ą 0, the numerical scheme
$
’’&
’’%

Xε
n`1 “ Xε

n ` σpXε
nq∆tmε

n`1

ε
,

mε
n`1 “ mε

n ´ ∆t

ε2
mε
n`1 `

?
∆t

ε
γn,

where pγnqnPN0
is an i.i.d. sequence of standard Gaussian random variables, is consistent

with the system. However, when ε Ñ 0, Xε
n converges to Xn given by

Xn`1 “ Xn `
?

∆tσpXnqγn.
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This limiting scheme is consistent with the Itô interpretation of the noise, instead of the
correct Stratonovich one, and therefore fails to capture the asymptotic behavior of the
system. In Chapter III, we design an AP scheme, namely a scheme for which the following
diagram is commutative

Xε
N ÝÝÝÑ

∆tÑ0
XεpT q

§§đεÑ0 εÑ0

§§đ

XN
∆tÑ0ÝÝÝÑ XpT q

The AP scheme is based on a prediction-correction procedure:

$
’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’%

pmε
n`1 “ mε

n ´ ∆tfpXε
nqpmε

n`1

ε2
` ∆tfpXε

nqgpXε
nq

ε
` fpXε

nqhpXε
nq

?
∆tγn

ε
,

pXε
n`1 “ Xε

n ` ∆tbpXε
nq ` σpXε

nq∆tpmε
n`1

ε
,

mε
n`1 “ mε

n ´ ∆tfp pXε
n`1qmε

n`1

ε2
` ∆tfp pXε

n`1qgpXε
nq

ε
` fpXε

nqhpXε
nq

?
∆tγn

ε
,

Y ε
n`1 “ Xε

n ` ∆tbpXε
nq ` σpXε

nq∆tmε
n`1

ε
,

Xε
n`1 “ Xε

n ` ∆tbpXε
nq ` σpXε

nq ` σpY ε
n`1q

2

∆t

ε

pmε
n`1 ` mε

n`1

2
.

This scheme is efficient for a large class of SDEs, including the previous example where it
captures the Stratonovich interpretation of the noise, but also in the system considered in
[LBL20], where the limiting equation contains a noise-induced drift term that is captured
by our AP scheme and not by a standard scheme.

In the averaging regime, the same kind of problems occurs. Consider the system
$
’&
’%

dXε
t “ bpXε

t ,m
ε
tqdt,

dmε
t “ ´mε

t

ε
dt`

?
2?
ε
dβt.

If one takes bpx,mq “ xm, it is a finite dimensional version of (1) with ε “ δ, κ “ 0 and
where mε is an Ornstein-Uhlenbeck process scaled as t{ε. When ε Ñ 0, the averaging
principle (see [PS08, Chapter 10]) states that Xε converges in distribution to the solution
X of the ODE

9X “ bpXq,
where bpxq “

ş
bpx,mqdνpmq and ν “ N p0, 1q is the standard Gaussian random variable.

For fixed ε ą 0, the numerical scheme

$
&
%

Xε
n`1 “ Xε

n ` ∆tbpXε
n,m

ε
n`1q,

mε
n`1 “ mε

n ´ ∆t

ε
mε
n`1 `

c
2∆t

ε
γn,

is consistent with the system. However, Xε
n ÝÝÑ

εÑ0
Xn where Xn is given by

Xn`1 “ Xn ` ∆tbpXn, 0q,
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which is in general inconsistent with the limiting equation. Once again, we design an
AP scheme such that the aforementioned diagram is commutative, based on an exact (in
distribution) discretization of the fast component:

#
Xε
n`1 “ Xε

n ` ∆tbpXε
n,m

ε
n`1q `

?
∆tσpXε

n,m
ε
n`1qΓn

mε
n`1 “ e´∆t{εmε

n `
a

1 ´ e´2∆t{εhpXε
nqγn.

(5)

After constructing these AP schemes, we present three types of numerical experiments.
Each of them illustrate the superiority of the AP schemes compared to crude schemes:

• The first one is qualitative: we plot the trajectories of the discretized solution as a
function of the time tn, for a fixed value of the time-step size ∆t and for different
values of ε. The trajectories are compared to a reference scheme.

• The second one is quantitative: we plot an estimation of the weak total error

|E rϕpXε
Nqs ´ E rϕpXεpT qqs| ,

for some test functions ϕ, as a function of ∆t for different values of ε.

• The third one is also quantitative: we plot an estimation of the weak diffusion
approximation or averaging error at the discrete time level

|E rϕpXε
Nqs ´ E rϕpXNqs| ,

for some test functions ϕ, as a function of ε for different values of ∆t.

In both quantitative experiments, the observed results for the AP scheme (5) are consistent
with the error estimates below and gives higher order of convergence than what we manage
to prove. Meanwhile, the non AP scheme does not perform well for small ε, the error with
respect with ε (respectively ∆t) being non uniform in ∆t (respectively ε). The order 1

2

may not be optimal, since the numerical experiments show an order 1.
In the diffusion approximation regime, we do not have a general uniform accuracy

result, except in some particular cases.

4.3 Error estimates in the averaging regime

In the averaging regime, prove a uniform accuracy theorem for the AP Scheme (5). In
this case, the fast component mε scales as t{ε.

Theorem. Under appropriate assumptions, for any T P p0,8q and any function ϕ : Td Ñ
R of class C4, there exists CpT, ϕq P p0,8q such that for all ∆t P p0,∆t0s and ε P p0, 1s
one has

|E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď CpT, ϕq min

ˆ
∆t

ε
,∆t ` ε

˙
, (6)

and the AP scheme is uniformly accurate with the following error estimate: for all
∆t P p0,∆t0s, one has

sup
εPp0,1s

|E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď CpT, ϕq

?
∆t. (7)
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To the best of our knowledge, this is the first uniform accuracy result for an AP scheme
for stochastic equations.

The idea of the proof of uniform accuracy is to estimate the left-hand side of (6) using
two different paths on the commutative diagram

Xε
N

AÝÝÝÑ
∆tÑ0

XεpT q

B

§§đεÑ0 εÑ0

§§đD

XN
∆tÑ0ÝÝÝÑ
C

XpT q

where A, B, C and D denotes the errors in the different convergences:

• The estimate Op∆t
ε

q comes from the direct path |E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď A.

Since we use a classical scheme with time-step size ∆t{ε, we are able to prove that
A “ Op∆t{εq using standard arguments (Kolmogorov equation).

• The estimate Op∆t` εq comes from the indirect path |E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď

B ` C ` D. Since D is the error is the averaging principle, we have D “ Opεq.
Proving a nice error estimate for the error term B is the most challenging part: we
adapt the proof for D to the discrete case and are able to get B “ Opmaxp∆t, εqq.
The last error C is estimated using Kolmogorov and Poisson equations, and we get
C “ Op∆tq.

This leads to (6) by writing |E rϕpXε
Nqs ´ E rϕpXεpT qqs| ď minpA,B ` C `Dq and to

(7) by using the first or the second estimate depending on whether
?

∆t ď ε or ε ď
?

∆t.

5 Asymptotic preserving schemes for kinetic stochas-
tic PDEs

Using the work of Chapter III on SDEs, we go back to our SPDE framework: Chapter IV is
devoted to designing asymptotic preserving schemes for (1) in the diffusion approximation
and averaging regimes. Unlike Chapters I and II, we do not only consider the case ε “ δ,
but allow the two parameters to converge to 0 independently from one another.

5.1 Context in the deterministic case

The notion of AP schemes in the deterministic case has been introduced in [Jin99], for
applications to multiscale kinetic Partial Differential Equations (PDEs), which converge
to parabolic diffusion PDEs. Our system (1) is a particular case of this setting if mδ “ 0.
By now, various AP schemes have been designed. Let us describe some of them.

For kinetic BGK models with the hyperbolic scaling

Btf ε ` apvq ¨ ∇xf
ε “ 1

ε
Lf ε,

the review articles [DP14, Section 7] and [Jin12] both mention a splitting scheme. The
splitting in time is done by solving first the collision term Lf ε and then the convection
term apvq ¨ ∇xf

ε. One can then focus on the collision term and use a upwind explicit
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scheme for the convection term: the splitting scheme is AP if the scheme for the collision
term is also AP. For the collision term, [DP14, Section 7] gives a sufficient condition for a
Runge-Kutta method to be AP, while [Jin12] gives an AP implicit scheme.

The two review articles also mention a family of non splitting Implicit-Explicit scheme
(IMEX). For instance, an IMEX scheme can be obtain by using an implicit discretization of
the collision term while the discretization of the convection term is explicit. In both those
methods (splitting and IMEX), even though the scheme is at least partially implicit, the
scheme can be expressed explicitly and one does not need to invert a system of nonlinear
equations.

In [Pup19, Section 4], the author mentions an AP scheme based on a upwind space
discretization with high order scheme in space for the equation.

For kinetic BGK models with the parabolic scaling as in (1), namely

Btf ε ` 1

ε
apvq ¨ ∇xf

ε “ 1

ε2
Lf ε,

some AP schemes are given in [Hiv18, LM08] for instance.
A first AP scheme can be designed using a micro-macro decomposition of f ε as

f ε “ ρεM ` εgε and designing a scheme based on the equations satisfied by ρε and gε. A
second AP scheme is obtained using an fully implicit discretization of the equation satisfied
by pf ε the Fourier transform in space of f ε. This second scheme is detailed in Chapter
IV. Even though they are asymptotic preserving, none of these schemes are uniformly
accurate, in the sense that the precision of the scheme is not uniform in ε.

One can design a uniformly accurate AP scheme as follows: using an integral formulation
of the equation. More precisely, one writes the equation solved by pf ε the Fourier transform
in space of f ε, expresses the Duhamel form of pf ε and integrate this expression with respect
to the velocity variable. By discretizing the integral in time (due to the Duhamel form)
using a quadrature rule of order 2, [Hiv18] shows that one obtains a uniformly accurate
AP scheme on pρε. We do not use this scheme in the numerical experiments, preferring a
simpler implementation. Application of this uniformly accurate in a stochastic setting will
be investigated in future work.

5.2 Context in the stochastic case, in the diffusion approxima-
tion regime

In a stochastic setting, an additional difficulty arises: in general, the convergence only
holds in distribution. Thus, the AP property must be formulated for the convergence
in distribution. This corresponds exactly to the definition of AP scheme introduced in
Chapter III.

The aforementioned works on deterministic dynamics have been extended to a stochastic
framework. In [HJ17, Jin18, JLP18], the authors study AP schemes for PDEs with random
coefficients. In [DPS18, RLJ14], the authors use Monte-Carlo methods for deterministic
problems. However, these methods do not apply to SPDEs.

In [AF19], the authors deal with the kinetic SPDE

df ε ` 1

ε
vBxf εdt “ σ

ε2
Lf εdt` f ˝ QdWt,

driven by a Q-Wiener process, which is this time very close to our framework (1). More
precisely, we recover this setting after taking the limit δ Ñ 0 in (1) in the diffusion
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approximation regime, albeit with a different operator L than ours. They design an AP
scheme using the micro-macro decomposition f ε “ ρεM`εgε and an upwind discretization
of the space derivatives. As a consequence, the limiting scheme is explicit and requires
a CFL condition for stability. In Chapter IV, we construct an AP scheme with no CFL
condition and when the noise is not necessarily a Wiener process.

5.3 Main contributions of Chapter IV

Our construction of AP schemes is based on splitting (1) into a deterministic part

Btf ε ` 1

ε
apvq ¨ ∇xf

ε “ 1

ε2
Lf ε, (8)

and a stochastic part

Btf δ “ 1

δκ
mδf δ. (9)

Therefore, we design an AP scheme using a splitting procedure by combining one of the
aforementioned AP schemes for (8) and an AP scheme for (9). Note that (9) is simpler
than the general system (2) considered in Chapter III, since it is linear in mδ. As a
consequence, one can either use the general schemes designed in Chapter III or some
specific schemes.

We present three types of experiments to illustrate the efficiency of our AP schemes
compared to crude schemes:

• The first two types are qualitative: we plot the trajectory of
››ρε,δptq

››
L2

as a function
of t or the value at final time ρε,δpT, xq as a function of x, for a fixed value of the
time-step size τ and for different values of ε and δ.

• The third type of experiments is quantitative: we plot an estimation of the weak
error ˇ̌

E
“
ϕpρε,δpT qq

‰
´ E rϕpρpT qqs

ˇ̌

depending on the time-step size τ , for different values of ε and δ.

6 Perspectives

6.1 Results to investigate

We left some results on our models for future works. In the theoretical part of this
manuscript, the diffusion approximation regime (Chapter I) can be seen as a Central
Limit Theorem regime for the averaging regime (Chapter II). The former may help getting
information on the latter for example to get the convergence rate of f ε,δ towards ρM.

In the numerical part of this manuscript (Chapters III and IV). For instance, we only
proved uniform accuracy in the averaging regime for SDEs. It is worth investigating the
same type of results in the diffusion approximation regime.

In the SPDE case, one should study numerical stability for our AP schemes more
precisely, for instance by getting L2 moments uniformly with respect to the time-step
size. Then, one could study the convergence rate, both from a theoretical and a numerical
point of view. It should be noted that the numerical study of the convergence rate is
computationally heavy and requires more efficient implementations of our schemes.
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There is little hope for our AP schemes to be uniformly accurate since the deterministic
part of the splitting is computed using a non uniformly accurate scheme. However, the
splitting procedure allows to replace this part by any AP scheme, for instance the integral
formulation-based scheme given in [Hiv18], which is both AP and uniformly accurate.
The splitting scheme based on two uniformly accurate scheme will hopefully by uniformly
accurate.

6.2 Towards other models

Another possible prolongation of this work is to extend both the theoretical and the
numerical results, to weaker assumptions or to related models.

For instance, we believe that our results still holds without the boundedness assumption
on the velocity apvq, and removing this assumption is essential to retrieve the classical
framework apvq “ v with V “ R

d. However, relaxing this assumption brings non trivial
technical complications. Similarly, relaxing the assumption µpV q ă 8 is not straight-
forward. For instance, when µpV q “ 8 in the averaging regime, the functional space
L2
TL

2pM´1q .“ L2pr0, T s, L2pTd ˆ V,
dxdµpvq
Mpvq qq may not be suitable to study f ε,δ, since

ρM R L2
TL

2pM´1q and f ε,δ Ñ ρM when µpV q ă 8.
Another perspective is to adapt the generality of our SDE model (chapitre III) to

our SPDE model. For instance, one could try to get the results of Chapters I et II after
replacing the linear source term mδf ε,δ by a general term bpmδqf ε,δ. One could also
investigate coupled models, where the fast component depends on the slow component.
We only studied coupled SDE, but coupled SPDEs are a natural extension of our work.
Note that in the SDE case, a non trivial coupling can induce a noise-induced drift term in
the diffusion approximation regime. A recent preprint [CX20] studies the parabolic case
and confirms the addition of a noise-induced drift term in the limiting equation.

Another interesting perspective comes from the fact that our numerical schemes heavily
relies on the fast component being an Ornstein-Uhlenbeck process when the slow component
is frozen. Designing AP schemes when the fast component solves a general ergodic SDE
with nonlinear coefficients is not straightforward.

Finally, our results could be proved for different related models, for instance when the
source term δ´κmδf ε,δ is replaced by a forcing term δ´κ1

mδ ¨∇vf
ε,δ, where we expect κ1 “ 2

in the diffusion approximation regime and κ1 “ 1 in the averaging regime. This model
has already been studied from a theoretical point of view [DV20], but to the best of our
knowledge, there exists no AP schemes for such kinetic stochastic PDEs. A splitting-based
approach should reveal efficient.
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Chapter I

Convergence in the diffusion
approximation regime with an
unbounded driving process

This chapter is a detailed version of the article Diffusion limit for a stochastic kinetic
problem with unbounded driving process [RR20]. The preprint can be found at https:

//arxiv.org/abs/2009.10406.

I.1 Introduction

Our aim in this chapter is to study the scaling limit of a stochastic kinetic equation in
the diffusion approximation regime, both in Partial Differential Equation (PDE) and
probabilistic senses. For deterministic problems, this is a thoroughly studied field in the
literature, starting historically with [LK74, BLP79]. Kinetic models with small parameters
appear in various situations, for example when studying semi-conductors [GP92] and
discrete velocity models [LT97] or as a limit of a particle system, either with a single
particle [GR09] or multiple ones [PV03]. It is important to understand the limiting
equations, which are in general much easier to simulate numerically. For instance, in the
asymptotic regime we study, the velocity variable disappears at the limit.

When a random term with the correct scaling (here t{ε2) is added to a differential
equation, it is classical that, when ε Ñ 0, the solution may converge in distribution
to a diffusion process, which solves a Stochastic Differential Equation (SDE) driven
by a white noise in time. This is a diffusive limit in the probabilistic sense. Such
convergence has been proved initially by Khasminskii [Kha66a, Kha66b] and then, using
the martingale approach and perturbed test functions, in the classical article [PSV77]
(see also [Kus84, EK86, FGPSl07, PS08, dBG12]). The use of perturbed test functions in
the context of PDEs with diffusive limits also concerns various situations, for instance
in the context of viscosity solutions [Eva89], nonlinear Schrödinger equations [Mar06,
dBD10, DT11, dBG12], a parabolic PDE [PP03] or, as in this chapter, kinetic SPDEs
[DV12, DV20, DRV20].
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In this chapter, we consider the following equation

Btf ε ` 1

ε
apvq ¨ ∇xf

ε “ 1

ε2
Lf ε ` 1

ε
f εmε, (I.1.1)

f εp0q “ f ε0 . (I.1.2)

where f ε is defined on R
` ˆ T

d ˆ V , L is a linear operator (see (I.1.3) below) and the
source term mε is a random process defined on R

` ˆ T
d (satisfying assumptions given in

Section I.2.1). The goal of this chapter is to study the limit ε Ñ 0 of its solution f ε, and
to generalize previous results of [DV12].

The solution f εpt, x, vq is interpreted as a probability distribution function of particles,
having position x and velocity apvq at time t. The variable v belongs to a measure space
pV, µq, where µ is a probability measure. The function a models the velocity.

The Bhatnagar-Gross-Krook operator L expresses the particle interactions, defined on
L1pV, µq by

Lf “ ρM ´ f, (I.1.3)

where ρ .“
ş
V
fdµ and M P L1pV q.

The source term mε is defined as

mεpt, xq “ mpt{ε2, xq, (I.1.4)

where m is a random process, not depending on ε.
In the deterministic case mε “ 0, such a problem occurs in various physical situations

[DGP00]. The density ρε
.“
ş
V
f εdµ converges to the solution of the linear parabolic

equation
Btρ ´ divpK∇ρq “ 0, (I.1.5)

on R
` ˆ T

d. This is a diffusive limit in the PDE sense, since the limit equation is a
diffusion equation.

In this chapter, the diffusion limit of (I.1.1) is considered simultaneously in the
PDE and in the probabilistic sense. The main result, Theorem I.2.1, establishes that,
under appropriate assumptions, the density ρε “

ş
V
f εdµ converges in distribution in

C0pr0, T s, H´σpTdqq for any σ ą 0 and in L2pr0, T s, L2pTdqq to the solution of the stochastic
linear diffusion equation

dρ “ divpK∇ρqdt` ρ ˝ Q1{2dW ptq,

with K as in (I.1.5). The equation is written in Stratonovich form and is driven by a
cylindrical Wiener process W , the covariance operator Q being trace-class. As usual in the
context of diffusion limit, the stochastic equation involves a Stratonovich product. The
diffusive limit in the stochastic case has been first proved in [DV12], under a restrictive
condition on the driving random term: m is bounded almost surely. The boundedness
of m is a strong assumption, which is not satisfied by an Ornstein-Uhlenbeck process
for instance. The contribution of this chapter is to relax this assumption: we prove the
convergence under a moment bound assumption for the driving process.

The main tools of [DV12] are the perturbed test function method and the concept of
solution in the martingale sense. Our general strategy for the proof is similar, therefore
those tools are also used here. The main novelty is the introduction of stopping times to
obtain the estimates required to establish tightness and convergence. Indeed, relaxing the

44



conditions on m implies that moments of the solutions are not controlled (exponential
moments for m would be necessary). The strategy from [DV12] needs to be substantially
modified: the martingale problem approach is combined with the use of stopping times.
At the limit, the stopping times persist, thus the limit processes solves the limit martingale
problem only up to a stopping time. We manage to identify them nonetheless as a stopped
version of the global solution.

This chapter is organized as follows: in Section I.2, we set some notation, the assump-
tions on the driving random term and the main result, Theorem I.2.1. Section I.3 states
some auxiliary results that are used in the later sections. In Section I.4, we introduce the
notion of martingale problem and the perturbed test function method that are used to
prove the convergence. In Section I.6, we prove the tightness of the family of processes`
pρε,τε

Λ , ζε,τ
ε
Λq
˘
ε

stopped at the random time τ εΛ. Section I.7 takes the limit when ε Ñ 0 in
the martingale problems and establishes the convergence of ρε in C0pr0, T s, H´σpTdqq . In
Section I.8, we prove the convergence in a stronger sense, namely in L2pr0, T s, L2pTdqq),
using an additional assumption and an averaging lemma.

I.2 Assumptions and main result

Assumption I.1. The operator L is defined on L1pV, µq by (I.1.3), with M P L1pV, µq
such that infV M ą 0 and

ş
V

Mdµ “ 1.

Let us define the spaces L2pM´1q and L2
x and the associated inner products:

L2pM´1q .“ L2pTd ˆ V, dxM´1pvqdµpvqq, pf, gqL2pM´1q
.“
ż

Td

ż

V

fpx, vqgpx, vq
Mpvq dµpvqdx,

L2
x
.“ L2pTd, dxq, pf, gqL2

x

.“
ż

Td

fpxqgpxqdx.

We also define the norms }¨}L2pM´1q and }¨}L2
x

associated with these inner products.
Note that L is an orthogonal projection in L2pM´1q, hence

@f P L2pM´1q, }Lf}L2pM´1q ď }f}L2pM´1q .

Assumption I.2. The function a is bounded (a P L8pV, µ;Rdq), centered for Mdµ,
namely ż

V

apvqMpvqdµpvq “ 0, (I.2.1)

and the following matrix is symmetric and positive definite

K
.“
ż

V

apvq b apvqMpvqdµpvq ą 0. (I.2.2)

The following assumption is not required to get the convergence in C0pr0, T s, H´σ
x q but

is used in Section I.8 to retrieve a stronger convergence (in L2pr0, T s, L2
x). It is exactly the

assumption of [BD99, Theorem 2.3].

Assumption I.3. We have pV, dµq “ pRn, ψpvqdvq for some function ψ P H1pRnq, a P
LiplocpRn;Rdq and there exists C ě 0 and σ˚ P p0, 1s such that

@u P Sd´1, @λ P R, @δ ą 0,

ż

λăapvq¨uăλ`δ
p|ψpvq|2 ` |∇ψpvq|2qdv ď Cδσ

˚

.
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Assumption I.4. We have

sup
εPp0,1q

E

”
}f ε0 }24

L2pM´1q

ı
ă 8. (I.2.3)

and ρε0 converges in distribution in L2
x to ρ0.

Remark I.2.1. The moments of order 24 in Assumption I.4 are useful in Sections I.4.1 and
I.4.2.

I.2.1 Driving random term

Consider the normed space

E
.“ C2td{2u`4pTdq,

where the norm is given by

}¨}E “
ÿ

|β|ď2td{2u`4

sup
xPTd

ˇ̌
ˇ̌B

|β|¨
Bxβ

ˇ̌
ˇ̌ ,

where β P N
d, |β| “ řd

i“1 βi and

B|β|

Bxβ “ B|β|

Bxβ1

1 ...Bxβd

d

.

Assumption I.5. The family of process pmp¨, nqqnPE is a E-valued, càdlàg, stochastically
continuous and homogeneous Markov process with initial condition mp0, nq “ n. It admits
a unique centered stationary distribution ν

ż

E

}n}E dνpnq ă 8 and
ż

E

ndνpnq “ 0.

The driving process m is the stationary Markov process associated with pmp¨, nqqnPE,
meaning that for all t P R

`, the distribution of mptq is ν. It is adapted to a filtration
pFtqtPR` satisfying the usual conditions (complete and right-continuous).

For θ P L1pEq .“ L1pE, νq, set

〈θ〉 .“
ż

E

θdν.

Note that most of the arguments below only require mptq P C1pTdq. However, in Section
I.6, we use the compact embedding H td{2u`2pTdq Ă C1pTdq and in Section I.3.2, we need
mptq P C2spTdq with HspTdq Ă C1pTdq, hence s “ td{2u ` 2.

Definition I.2.1. For ε ą 0, the random process mε is defined by (I.1.4) where m is
defined by Assumption I.5. Let F ε

t “ Ft{ε2 so that mε is adapted to the filtration pF ε
t qtPR` .
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Assumption on moments

From now on, we depart from the setting of [DV12]. In the previous works [DV12, DV20],
it is assumed that there exists C˚ P R

` such that, almost surely,

@t P R
`, }mptq}E ď C˚.

The main novelty of this chapter is that we relax this assumption into Assumptions I.7
and I.6 concerning moments.

Assumption I.6. There exists γ P p4,8q such that

E

«
sup
tPr0,1s

}mptq}γE

ff
ă 8.

The condition γ ą 4 is required below in Assumption I.7, where we also assume that
the moments on mpt, nq depend polynomially on n.

Assumption I.7. There exists b P r0, γ
2

´ 2q such that

sup
nPE

sup
tPR`

E
“
}mpt, nq}2

E

‰ 1

2

1 ` }n}bE
ă 8,

and such that ν has a finite 8pb ` 2q-order moment, namely
ż

E

}n}8pb`2q
E dνpnq ă 8.

For instance, if m is an Ornstein-Uhlenbeck process

dmptq “ ´θmptqdt` σdW ptq,

with W a E-valued Wiener process, then m satisfies Assumptions I.6 and I.7.
Moreover, any process satisfying the boundedness assumption in [DV12] also satisfies

Assumptions I.6 and I.7.

Mixing property

Assumption I.8 (Mixing property). There exists a nonnegative integrable function
γmix P L1pR`q such that, for all n1, n2 P E, there exists a coupling pm˚p¨, n1q,m˚p¨, n2qq of
the processes mp¨, n1q and mp¨, n2q such that

@t P R
`,E

“
}m˚pt, n1q ´ m˚pt, n2q}2

E

‰1{2 ď γmixptq }n1 ´ n2}E .

Typically, γmix is expected to be of the form γmixptq “ Cmixe
´βmixt for some βmix ą 0.

In the example where m is an Ornstein-Uhlenbeck process, consider m˚p¨, n1q and m˚p¨, n2q
driven by the same Wiener process W . Owing to Gronwall’s Lemma, it is straightforward
to prove that this coupling satisfies Assumption I.8 and that γmix decays exponentially
fast.

We also need Assumptions I.9 and I.10 concerning the transition semi-group associated
to the homogeneous Markov process pmp¨, nqqnPE. Since those assumptions are quite
technical, we postpone their statement in Section I.3.1.
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I.2.2 Main result

For x, y P T
d, define the kernel

kpx, yq “ E

„ż

R

mp0qpxqmptqpyqdt

, (I.2.4)

and for f P L2
x and x P T

d, let us recall from [DV12]

Qfpxq “
ż

Td

kpx, yqfpyqdy. (I.2.5)

Theorem I.2.1. Let W be a cylindrical Wiener process on L2
x, ρ0 be a random variable

in L2
x and ρ be the weak solution of the linear stochastic diffusion equation

dρ “ divpK∇ρqdt` ρQ1{2 ˝ dW ptq, (I.2.6)

with initial condition ρp0q “ ρ0, in the sense of Definition I.5.1.
Let Assumptions I.1, I.2, I.4, I.5, I.6, I.7, I.8, I.9 and I.10 be satisfied. Also assume

that ρεp0q converges in distribution to ρ0 in L2
x. Then, for all σ ą 0 and T ą 0, the density

ρε converges in distribution in C0pr0, T s, H´σ
x q to ρ.

If moreover Assumption I.3 is satisfied, then the convergence also holds in L2pr0, T s, L2
xq.

The noise in (I.2.6) involves a Stratonovich product, which is usual in the context of
diffusion limit. Written with a Itô product, the limit becomes

dρ “ divpK∇ρqdt` 1

2
Fρdt` ρQ1{2dW ptq, (I.2.7)

where F is the trace of Q, namely

F pxq “ kpx, xq. (I.2.8)

This equation is well-posed, as discussed after Definition I.5.1.
This is the same limit than in [DV12]. Compared with [DV12], we obtain a stronger

convergence result, namely a convergence in L2pr0, T s, L2
xq under additional assumptions.

I.2.3 Strategy of the proof of Theorem I.2.1

A standard strategy to prove the convergence of ρε when ε Ñ 0 (see [DV12, DV20, DRV20])
is first to establish the tightness of the family pρεqεą0, and then the uniqueness of the limit
point of this family and solves (I.2.13). The tightness usually comes from estimates on
moments of trajectories. It is the case in [DV12], where the boundedness of m is used to get
an estimate on E

“
suptPr0,T s }f εptq}pL2

‰
for all T ą 0 and p ě 1. However, without an almost

sure bound on m, we do not manage to get this estimate. Instead, we introduce a stopping
time τ εΛ depending on a parameter Λ such that the estimate holds for f ε,τ

ε
Λ
.“ f εpt ^ τ εΛq.

More precisely, define a first stopping time

τ ε
.“ inf

 
t P R

` | }mεptq}E ą ε´α( , (I.2.9)

for some parameter α. Let C1
x
.“ C1pTdq and define the hitting time of a threshold Λ by

z P C0pr0, T s, C1
xq

τΛpzq .“ inf
!
t P R

` | }zptq}C1
x

ě Λ
)
. (I.2.10)
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Then, define the auxiliary process

ζεptq “ 1

ε

ż t

0

mεpsqds “ ε

ż t{ε2

0

mpsqds P E Ă C1
x. (I.2.11)

Observe that 1
ε
mε “ Btζε.

We can now define

τ εΛ
.“ τ ε ^ τΛpζεq. (I.2.12)

The times τ ε and τΛpζεq have different asymptotic behaviors. On the one hand, Lemma
I.3.4 states that τ ε Ñ 8 in probability. On the other hand, Section I.7.1 establishes that
ζε converges in distribution, when ε Ñ 0, to a Wiener process ζ. Thus, we prove that,
for all Λ outside of a countable set, τΛpζεq converges in distribution to τΛpζq. Hence, τ εΛ
converges in distribution to τΛpζq.

In Section I.3.5, we prove an estimate on f ε,τ
ε
Λ depending only on T , Λ and f ε0 . This

estimate leads to prove the tightness of the family of stopped processes
`
ρε,τ

ε
Λ

˘
εą0

. Then,
we identify the limit points of this family using the notions of martingale problems and
perturbed test functions, and we deduce the convergence of the stopped process to a limit
ρΛ.

Since τ ε Ñ τΛpζq and we expect ρε Ñ ρ, it is convenient to study the process pρε, ζεq
to be able to write the limit of ρε,τ

ε
Λ as ρτΛpζq. Moreover, to prove that ρε indeed converges

to ρ and that ρ satisfies (I.2.6), we need τΛpζq to be a stopping time for the limit
process. Thus, we need to consider the convergence in distribution of the couple pρε, ζεq in
C0pr0, T s, H´σ

x q ˆ C0pr0, T s, C1
xq to the solution pρ, ζq of

$
&
%
dρ “ divpK∇ρqdt` 1

2
Fρdt` ρQ1{2dW ptq

dζ “ Q1{2dW ptq,
(I.2.13)

with initial condition ρp0q “ ρ0 and ζp0q “ 0. In this framework, τΛpζεq is a stopping time
for pρε, ζεq and τΛpζq is a stopping time for the limit pρ, ζq.

We first state in Section I.3 some consequences of our assumptions in Section I.2.1 and
introduce the stopping times. In Section I.4, we define the martingale problem solved by
the process pρε, ζεq and set up the perturbed test functions strategy.

In Section I.6, we prove the tightness of the stopped process in the space C0pr0, T s, H´σ
x qˆ

C0pr0, T s, C1
xq, using the perturbed test functions of Section I.4. Then, in Section I.7, we

establish the convergence of the martingale problems when ε Ñ 0 to identify the limit as
a solution of a stopped martingale problem, and deduce the convergence of the original
process pρε, ζεq in C0pr0, T s, H´σ

x q ˆ C0pr0, T s, C1
xq.

In Section I.8, we prove the tightness of the stopped process in L2pr0, T s, L2
xq under the

assumptions of Theorem I.2.1, using an averaging lemma. Combined with the previous
results, we deduce the convergence of the original process ρε in L2pr0, T s, L2

xq.
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I.3 Preliminary results

I.3.1 Resolvent operator

Additional assumptions

Denote by pPtqtPR` the transition semi-group on E associated to the homogeneous Markov
process m and let B denote its infinitesimal generator

@n P E,Bθpnq “ lim
tÑ0

Ptθpnq ´ θpnq
t

.

The usual framework for Markov processes and their transition semi-groups is to
consider continuous bounded test functions θ P C0

b pEq, so that Ptθ is a contraction semi-
group (see [EK86]). Here, we need unbounded test functions (see Section I.4.2), thus
consider the action of the semi-group on C0pEq X L1pEq. We also consider the domain of
B

DpBq .“
 
θ P C0pEq X L1pEq | @n P E,Bθpnq exists and Bθ P C0pEq X L1pEq

(
.

We need a continuity property for the semi-group pPtqtPR` . Define first the resolvent
operator.

Definition I.3.1. For λ P r0,8q and θ P C0pEq X L1pEq such that
ş8

0
|Ptθpnq| dt ă 8 for

all n P E, define the resolvent: for all n P E

Rλθpnq .“
ż 8

0

e´λtPtθpnqdt.

Assumption I.9. The family pPtqtPR` is a semi-group on C0pEq X L1pEq. Moreover, for
all pλiq1ďiď4 P r0,8q4 and pθiq1ďiď4 P pC0pEq X L1pEqq4 such that Rλi

θi are well-defined
by Definition I.3.1, we have

@j P J1, 4K,Πj
i“1Rλi

θi P DpBq.

In addition, we assume that for λ P r0,8q and θ such that Rλθ P DpBq, the commutation
formula holds

B

ż 8

0

e´λtPtθp¨qdt “
ż 8

0

e´λtBPtθp¨qdt.

The first part of Assumption I.9 is satisfied for instance by an Ornstein-Uhlenbeck
process. The second part of Assumption I.9 is satisfied under a continuity property for
the semi-group pPtqtPR` . Indeed, consider the following computations

lim
sÑ0

Ps ´ id

s

ż 8

0

e´λtPtθp¨qdt “ lim
sÑ0

ż 8

0

e´λtPs`t ´ Pt

s
θp¨qdt “

ż 8

0

e´λt lim
sÑ0

Ps`t ´ Pt

s
θp¨qdt

To justify the first equality, it is sufficient to assume point-wise continuity of Pt for all
t on the space C0pEq X L1pEq. The second equality is a consequence of the bounded
convergence theorem.

Note that by means of Assumption I.9, ´R0 is the inverse of B. Indeed, for θ such
that R0θ P DpBq, we have

B

ż 8

0

Ptθp¨qdt “
ż 8

0

BPtθp¨qdt “
ż 8

0

BtPtθp¨qdt “ ´θ.
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We sometimes use functions having at most polynomial growth. Our last assumption
is that B preserves this property.

Assumption I.10. If θ P DpBq has at most polynomial growth, then Bθ has at most
polynomial growth with the same degree. Namely, there exists CB P p0,8q such that, for
any θ P DpBq and k P N,

sup
nPE

|Bθpnq|
1 ` }n}kE

ď CB sup
nPE

|θpnq|
1 ` }n}kE

Results on the resolvent operator

We introduce a class of pseudo-linear (respectively pseudo-quadratic) functions, which
behave like linear (respectively quadratic) functions for our purposes.

Definition I.3.2. A function θ P LippEq such that 〈θ〉 “ 0, is called pseudo-linear. Denote
by rθsLip its Lipschitz constant.

A function θ : E Ñ R is called pseudo-quadratic if there exists a function bθ : E2 Ñ R

satisfying

• for all n P E, θpnq “ bθpn, nq,

• for all n P E, bθpn, ¨q and bθp¨, nq are Lipschitz continuous,

• the mappings n ÞÑ rbθpn, ¨qsLip and n ÞÑ rbθp¨, nqsLip have at most linear growth.

If θ is a pseudo-quadratic function, then let

rθsquad

.“ sup
n1‰n2PE

|θpn2q ´ θpn1q|
p1 ` }n1}E ` }n2}Eq }n2 ´ n1}E

ă 8.

Let E˚ denote the dual space of E. Any element θ P E˚ is pseudo-linear.
A consequence of the mixing property (Assumption I.8) is that the pseudo-linear and

the pseudo-quadratic functions introduced in Definition I.3.2 satisfy the conditions of
Definition I.3.1.

Lemma I.3.1. Let θ be a pseudo-linear function. Then, for all λ ě 0, Rλθ is well-defined
and is pseudo-linear. Moreover, let

Cλ “
ż 8

0

e´λtγmixptqdt and C 1
λ “

ˆ
1 _

ż
}n2}E dνpn2q

˙
Cλ.

Then, we have
rRλθsLip ď rθsLip Cλ,

and for n P E,
|Rλθpnq| ď C 1

λ rθsLip p1 ` }n}Eq. (I.3.1)

Let θ be a pseudo-quadratic function. Then, for λ ě 0, Rλ rθ ´ 〈θ〉s is well-defined.
Moreover, there exists C2

λ P p0,8q depending only on Cλ and b such that, for n P E,

|Rλ rθ ´ 〈θ〉s pnq| ď C2
λ rθsquad p1 ` }n}b`1

E q

where b is defined in Assumption I.7.
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Proof. Let n1, n2 P E and denote by pm˚p¨, n1q,m˚p¨, n2qq the coupling introduced in
Assumption I.8. If θ is Lipschitz continuous, then for all t P R

`, Assumption I.8 leads to

|Ptθpn1q ´ Ptθpn2q| ď rθsLip γmixptq }n1 ´ n2}E . (I.3.2)

Recall that Pt is ν-invariant, i.e. νPt “ ν, hence we have

|Ptθpn1q ´ 〈θ〉| “
ˇ̌
ˇ̌
ż

E

pPtθpn1q ´ θpn2qq dνpn2q
ˇ̌
ˇ̌

“
ˇ̌
ˇ̌
ż

E

pPtθpn1q ´ Ptθpn2qq dνpn2q
ˇ̌
ˇ̌

ď γmixptq rθsLip

ż

E

}n1 ´ n2}E dνpn2q

ď
ˆ

1 _
ż

}n2}E dνpn2q
˙
γmixptq rθsLip p1 ` }n1}Eq. (I.3.3)

Assume that θ is pseudo-linear. Since 〈θ〉 “ 0, (I.3.3) implies that Rλθ is well-defined for

all λ P r0,8q, and (I.3.2) implies that Rλθ is
´

rθsLip Cλ

¯
-Lipschitz continuous. Moreover,

by means of Fubini’s Theorem,
ż

E

Rλθpnqdνpnq “
ż

E

ż 8

0

e´λtPtθpnqdtdνpnq

“
ż 8

0

e´λt
ż

E

Ptθpnqdνpnqdt

“
ż 8

0

e´λt
ż

E

θpnqdνpnqdt

“ 0.

This concludes the proof that Rλθ is pseudo-linear. Finally, (I.3.1) is a straightforward
consequence of (I.3.3).

Now assume that θ is a pseudo-quadratic function: using Assumptions I.7 and I.8 and
Cauchy-Schwarz inequality, we have for all n1, n2 P E

|Ptθpn1q ´ Ptθpn2q| ď C rθsquad

´
1 ` }n1}bE ` }n2}bE

¯
γmixptq }n1 ´ n2}E ,

for some constant C depending on b. Since Pt is ν-invariant and ν has a finite moment of
order b ` 1 by Assumption I.7, we get

|Ptθpnq ´ 〈θ〉| ď C 1 rθsquad γmixptqp1 ` }n}b`1

E q,

for some constant C 1 depending on b. Integrating with respect to t gives the announced
result.

Let us recall notation from [DV12]. For ρ, ρ1 P L2
x, denote by ψρ,ρ1 P E˚ the continuous

linear form
@n P E,ψρ,ρ1pnq .“ pρn, ρ1qL2

x

The linear form ψρ,ρ1 is pseudo-linear and

rψρ,ρ1s
Lip

“ }ψρ,ρ1}
E˚ ď }ρ}L2

x
}ρ1}L2

x
.
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Hence, by Lemma I.3.1, we have for ρ, ρ1 P L2
x, λ ě 0 and n P E

|Rλψρ,ρ1pnq| ď C 1
λ }ρ}L2

x
}ρ1}L2

x
p1 ` }n}Eq.

Thus, for all n P E, pρ, ρ1q ÞÑ Rλψρ,ρ1pnq is a continuous bilinear form on L2
x. By means

of Riesz Representation Theorem, there exists a continuous linear map rRλpnq : L2
x Ñ L2

x

such that
@ρ, ρ1 P L2

x, @n P E,Rλψρ,ρ1pnq “ p rRλpnqρ, ρ1qL2
x
.

By a slight abuse of notation, denote Rλpnq “ rRλpnq. For ϕ P C1pL2
xq, the linear mapping

Dϕpρq can also be identified as an element of L2
x:

@ρ, h P L2
x, Dϕpρqphq “ ph,DϕpρqqL2

x
,

so that we can define DϕpρqpRλpnqhq for ρ, h P L2
x.

Now consider ρ and ρ1 in dual Sobolev spaces Hk
x and H´k

x (for k P N such that E Ă Ckx ,
namely k ď 2 td{2u ` 2). We also may define Rλpnq : Hk

x Ñ Hk
x in a compatible way.

I.3.2 Properties of the covariance operator

Recall that k, Q and F are defined by equations (I.2.4), (I.2.5) and (I.2.8).

Lemma I.3.2. The kernel k is symmetric and in L8pTd ˆT
dq. Moreover, Q is a bounded,

self-adjoint, compact and non-negative operator on L2
x.

Proof. Since m is stationary, we have the identity

kpx, yq “
ż

E

ψxpnqR0ψypnqdνpnq `
ż

E

R0ψxpnqψypnqdνpnq, (I.3.4)

with ψxpnq “ npxq for all n P E and x P T
d. The functions ψx and ψy are continuous

linear forms, thus we have

sup
x,yPTd,nPE

|ψxR0ψypnq|
1 ` }n}2

E

ă 8.

Owing to Assumption I.6,
ş
E

}n}2

E dνpnq ă 8, thus k is well-defined, bounded and sym-
metric. It implies that Q is a bounded operator on L2

x and is self-adjoint and compact
(see for instance [DS64, XI.6]).

The proof of non-negativity of Q is given in [DV12].

By means of Lemma I.3.2, the operator Q1{2 can be defined (L2
x Ñ L2

x). Note that Q
is trace-class, that Q1{2 is Hilbert-Schmidt on L2

x and that

››Q1{2
››2

L2

“ TrQ “
ż

Td

F pxqdx.

Let pFiqi be a orthonormal and complete system of eigenvectors of Q1{2, and
`?

qi
˘
i

their associated eigenvalues.

Lemma I.3.3. For all i, Fi P C1
x and

ÿ

i

qi }Fi}2

C1
x

ă 8.
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Proof. Let s “
X
d
2

\
` 2, so that we have the continuous embeddings Hs

x Ă C1
x. It is thus

sufficient to prove that
ř
i qi }Fi}2

Hs
x

ă 8.
Since mptq P E “ C2s

x and is mixing, is it straightforward to prove that k P H2s
x using a

differentiation under the integral sign in (I.2.4).
For |β| ď s, we multiply the identity qiFi “ QFi by B2|β|Fi

Bx2β and integrate by parts both
sides of the equality to get

p´1q|β|qi

››››
B|β|Fi
Bxβ

››››
2

L2
x

“
ż ż B2|β|kpx, yq

Bx2β
FipxqFipyqdxdy.

Using (I.3.4), we have

ż

Td

ż

Td

B2|β|kpx, yq
Bx2β

FipxqFipyqdxdy “
ż

E

ż

Td

B2|β|n

Bx2β
pxqFipxqdx

ż

Td

R0ψypnqFipyqdydνpnq

`
ż

E

ż

Td

B2|β|pR0ψxpnqq
Bx2β

Fipxqdx
ż

Td

npyqFipyqdydνpnq.

We sum with respect to i, use the Parseval identity and the Cauchy-Schwarz inequality to
get

ÿ

i

qi

››››
B|β|Fi
Bxβ

››››
2

L2
x

ď 2

ż

E

}R0ψxpnq}
H

2|β|
x

}n}
H

2|β|
x

dνpnq

ď C

ż

E

p1 ` }n}2

Eqdνpnq,

for some constant C, using Lemma I.3.1. This upper bound is finite by Assumption I.7.
Summing with respect to β concludes the proof.

I.3.3 Behavior of the stopping time for the driving process

Recall that τ ε is defined by (I.2.9): τ ε .“ inf tt P R
` | }mεptq}E ą ε´αu.

In this section, we establish Lemma I.3.4 below. Its objectives are twofold. On the one
hand, it shows that mε is almost surely bounded on any interval r0, T s, which is useful
to justify the well-posedness of (I.1.1). On the other hand, it gives us an estimate for
εα

››mε,τεptq
››
E

uniform in t and ε for some small α. This estimate will prove useful for
Sections I.4.1, I.6 and I.7. Therefore, it is a key result of this chapter.

Lemma I.3.4. Let Assumptions I.5 and I.6 be satisfied and let T ą 0. Then almost surely

sup
tPr0,T s

}mεptq}E ă 8.

Moreover, let α ą 2
γ

and define the pF ε
t qt-stopping time τ ε by (I.2.9). Then, we have

@T ą 0,P pτ ε ă T q ÝÝÑ
εÑ0

0.

Remark I.3.1. Equation (I.2.9) implies that for t P R
`,

››mε,τεptq
››
E

“ }mεpt ^ τ εq}E ď ε´α _ }mp0q}E . (I.3.5)

In particular, on the event t}mp0q}E ą ε´αu, we have τ ε “ 0 and mε,τεptq “ mp0q. Thus,
one does not necessarily have the estimate

››mε,τεptq
››
E

ď ε´α.
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Proof. Let pSkqk be the identically distributed random variables defined by

@k P N0, Sk
.“ sup
tPrk,k`1s

}mptq}E .

By means of Assumptions I.5, I.6 and I.7, for all k P N, E rSγk s “ E rSγ0 s ă 8. Thus,
almost surely, Sk ă 8 for all k P N0. This yields the first result:

P-a.s., @T ą 0, sup
tPr0,T s

}mεptq}E ď sup
kďTε´2`1

Sk ă 8.

Since α ą 2
γ
, there exists δ such that α

2
ą δ ą 1

γ
. Then, the Markov inequality yields

ÿ

kPN
P
`
Sk ě kδ

˘
ď

ÿ

kPN

E rSγk s
kδγ

“ E rSγ0 s
ÿ

kPN

1

kδγ
ă 8.

By means of the Borel-Cantelli Lemma, almost surely, there exists a random integer k0 P N

such that
P-a.s., @k ą k0, Sk ă kδ.

Define the random variable Z .“ supkďk0
Sk. Then Z is almost surely finite and

P-a.s., @t P R
`, }mptq}E ď Sttu ď Z ` ttuδ ď Z ` tδ.

Finally, for T ą 0, using that α ą 2δ, we get

P pτ ε ă T q “ P

˜
sup
tPr0,T s

}mεptq}E ą ε´α

¸
ď P

`
Z ` pTε´2qδ ą ε´α˘ ÝÝÑ

εÑ0
0.

In the sequel, α will be required to satisfy the constraint

α ă 1

b ` 2
. (I.3.6)

Combined with the condition α ą 2
γ

appearing in Lemma I.3.4, this motivates the condition
γ ą 2pb ` 2q in Assumption I.7.

I.3.4 Pathwise solutions

By means of Lemma I.3.4, we are in position to prove the existence and uniqueness of
pathwise solutions of (I.1.1) and (I.1.2) (namely solutions when ω is fixed).

Proposition I.3.5. Let Assumptions I.5 and I.6 be satisfied. Let T ą 0 and ε ą 0. Then
for any f ε0 P L2pM´1q, there exists, almost surely, a unique solution f ε of (I.1.1) in
C0pr0, T s;L2pM´1qq, in the sense that

P-a.s., @t P r0, T s, f εptq “ e´ t
ε
Af ε0 `

ż t

0

e´ t´s
ε
A

ˆ
1

ε2
Lf εpsq ` 1

ε
f εpsqmεpsq

˙
ds

where A is the operator defined by

DpAq .“
 
f P L2pM´1q | px, vq ÞÑ apvq ¨ ∇xfpx, vq P L2pM´1q

(

Afpx, vq .“ apvq ¨ ∇xfpx, vq.
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Note that here ε is fixed. Thus, the proof is standard, based on a fixed-point theorem.

Proof. Let ω P Ω and ε ą 0. For f P C0pr0, T s, L2pM´1qq, let

Φpfq “ e´ t
ε
Af ε0 `

ż t

0

e´ t´s
ε
A

ˆ
1

ε2
Lfpsq ` 1

ε
fpsqmεpsq

˙
ds.

Owing to the Banach fixed-point theorem, it is sufficient to prove that Φ is a contraction
for some Banach norm on C0pr0, T s, L2pM´1qq. For r P r0,8q, we consider the following
Banach norm

@f P C0pr0, T s, L2pM´1qq, }f}r “ sup
tPr0,T s

e´rt }fptq}L2pM´1q .

Since the semi-group associated to A is given by

@f P L2pM´1q, @x P T
d, @v P V, etAfpx, vq “ fpx ` tapvq, vq,

for f P L2pM´1q, we have for all t P R and f P L2pM´1q,
››etAf

››
L2pM´1q “ }f}L2pM´1q .

Thus, for t P r0, T s, and f, g P C0pr0, T s, L2pM´1qq, we get

}Φpfqptq ´ Φpgqptq}L2pM´1q ď 1

ε2

ż t

0

}Lpf ´ gqpsq}L2pM´1q ds

` 1

ε

ż t

0

}pf ´ gqpsqmεpsq}L2pM´1q ds.

By Lemma I.3.4, since ω is fixed, mε is bounded in E on r0, T s. Since }Lh}L2pM´1q ď
}h}L2pM´1q for h P L2pM´1q, we get

}Φpfqptq ´ Φpgqptq}L2pM´1q ď
˜

1

ε2
` 1

ε
sup
tPr0,T s

}mεptq}E

¸ż t

0

ers }f ´ g}r ds.

Hence, we have

e´rt }Φpfqptq ´ Φpgqptq}L2pM´1q ď
˜

1

ε2
` 1

ε
sup
tPr0,T s

}mεptq}E

¸
1 ´ e´rt

r
}f ´ g}r ,

and

}Φpfq ´ Φpgq}r ď 1

r

˜
1

ε2
` 1

ε
sup
tPr0,T s

}mεptq}E

¸
}f ´ g}r .

By taking r large enough, we get that Φ is contracting, which concludes the proof.
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I.3.5 Estimate in L2pM´1q
In this section, we obtain an upper bound on

››f ε,τε
Λ

››
L2pM´1q. Note that in the case where

the driving process m is bounded, [DV12] establishes a similar upper bound without
introducing a stopping time. Here, the unboundedness of the stopped process mε,τε

requires more intricate arguments and an additional stopping time τΛpζεq. One of these
arguments is the introduction of a weight Mε that depends on ε.

Proposition I.3.6. Assume that f ε0 P L2pM´1q. For Λ ą 0 and ε ą 0, define ζε by
(I.2.11) and τΛpζεq by (I.2.10).

Then almost surely, for all t P r0, T s and ε P p0, p4 }a}L8 Λq´1s,

››f ε,τΛpζεqptq
››2

L2pM´1q ` 1

ε2

ż t^τΛpζεq

0

››Lf ε,τΛpζεqpsq
››2

L2pM´1q ds ď CΛpT q }f ε0 }2

L2pM´1q , (I.3.7)

for some CΛpT q ą 0 depending only on Λ, }a}L8 and T .

Note that τΛpζεq ą 0 almost surely since ζεp0q “ 0.

Remark I.3.2. The condition ε P p0, p4 }a}L8 Λq´1s only reads: we fix Λ, then take ε small
enough (ε Ñ 0) depending on the fixed Λ. From now on, we always assume

ε ď p4 }a}L8 Λq´1 ă 1.

In particular, we denote by supε the supremum with respect to ε P p0, p4 }a}L8 Λq´1s.
In most of the chapter, we neglect the integral term of the left-hand side of (I.3.7) and

we only use ››f ε,τΛpζεqptq
››2

L2pM´1q ď CΛpT q }f ε0 }2

L2pM´1q .

Equation (I.3.7) will prove useful in Section I.8.
Let us introduce some notation. For any variable u, x Àu y means that there exists

C such that x ď Cy where C depends only on u, a, M, B, ν, γ, α, γmix, b and Pfε
0

the
distribution of f ε0 . With this notation, (I.3.7) yields

››f ε,τΛpζεqptq
››2

L2pM´1q ÀΛ }f ε0 }2

L2pM´1q .

and
1

ε2

ż t^τΛpζεq

0

››Lf ε,τΛpζεqpsq
››2

L2pM´1q ds ÀΛ }f ε0 }2

L2pM´1q .

Proof. Define the time-dependent weight

Mεpt, x, vq “ e2ζεpt,xqMpvq,

and the associate weighted norm

}f}L2pMεptq´1q
.“
˜ż ż |f εpx, vq|2

Mεpt, x, vqdxdµpvq
¸ 1

2

.
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We have, for t P R
`,

1

2
Bt }f εptq}2

L2pMεptq´1q “
ż ż ˆ

f εpt, x, vq
Mεpt, x, vq

ˆ
´1

ε
Af ε ` 1

ε2
Lf ε ` 1

ε
f εmε

˙
pt, x, vq

´ |f εpt, x, vq|2

2 |Mεpt, x, vq|2
BtMεpt, x, vq

¸
dxdµpvq

“ Aε ` Bε

with

Aε “ 1

ε2

ż ż
f εpt, x, vq

Mεpt, x, vq

ˆ
Lf ε ` εf εmε ´ ε2

2

f ε

Mε
BtMε

˙
pt, x, vqdxdµpvq

Bε “ ´1

ε

ż ż
f εpt, x, vq

Mεpt, x, vqAf
εpt, x, vqdxdµpvq.

On the one hand, the weight Mε has been chosen in order to satisfy εmε ´ ε2

2
BtMε

Mε “ 0.
Moreover, since f ε “ ρεM ´ Lf ε and

ş
V
Lf εdµ “ 0, we get

Aε “ 1

ε2

ż ż
f εpt, x, vq

Mεpt, x, vqLf
εpt, x, vqdxdµpvq

“ 1

ε2

ż

Td

e´2ζεpt,xqρεpt, xq
ż

V

Lf εpt, x, vqdµpvqdx

´ 1

ε2

ż ż |Lf εpt, x, vq|2
Mεpt, x, vq dµpvqdx

“ ´ 1

ε2

ż ż |Lf εpt, x, vq|2
Mεpt, x, vq dµpvqdx “ ´ 1

ε2
}Lf εptq}2

L2pMεptq´1q .

On the other hand, by means of an integration by parts (we take a primitive of f εBxi
f ε

and a derivative of 1
Mε ), we write

Bε “ ´1

ε

ż ż
apvq ¨ f

εpt, x, vq∇xf
εpt, x, vq

Mεpt, x, vq dxdµpvq

“ ´1

ε

ż ż
apvq ¨

1
2

|f εpt, x, vq|2 ∇xM
εpt, x, vq

|Mεpt, x, vq|2
dxdµpvq

“ ´ 1

2ε

ż ż ˇ̌
ˇ̌ f

εpt, x, vq
Mεpt, x, vq

ˇ̌
ˇ̌
2

AMεpt, x, vqdxdµpvq.

Then, by definition of Mε and A, we have

Bε “ ´1

ε

ż

Td

∇xζ
εpt, xq ¨

ż

V

|f εpt, x, vq|2
Mεpt, x, vq apvqdµpvqdx.

Using once again the identity f ε “ ρεM ´ Lf ε, we get

Bε “ ´1

ε

ż

Td

e´2ζεpt,xq |ρεpt, xq|2 ∇xζ
εpt, xq ¨

ż

V

apvqMpvqdµpvqdx

´ 1

ε

ż

Td

∇xζ
εpt, xq ¨

ż

V

|Lf εpt, x, vq|2
Mεpt, x, vq apvqdµpvqdx

` 2

ε

ż ż
e´2ζεpt,xq∇xζ

εpt, xq ¨ apvqρεpt, xqLf εpt, x, vqdµpvqdx

“ B1
ε ` B2

ε ` B3
ε .
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• Since a is centered for Mµ, B1
ε “ 0.

• For t ď τΛpζεq, we have }ζεptq}C1
x

ď Λ and we assumed Λ ď p4 }a}L8 εq´1. Thus, we
get

@t ď τΛpζεq,
ˇ̌
B2
ε

ˇ̌
ď 1

4ε2
}Lf εptq}2

L2pMεptq´1q .

• Using the Young inequality, we have

ˇ̌
B3
ε

ˇ̌
ď 1

4ε2
}Lf εptq}2

L2pMεptq´1q ` 4 }a}2

L2pMq }∇xζ
εptq}2

C0pTdq

ż

Td

e´2ζεpt,xq |ρεpt, xq|2 dx,

with }a}2

L2pMq
.“
ş
V

|apvq|2 Mpvqdµpvq. Now using the Cauchy-Schwarz inequality
and the identity

ş
V

Mpvqdµpvq “ 1, we have

|ρεpt, xq|2 ď
ż

V

|f εpt, x, vq|2
Mεpt, x, vq dµpvq

ż

V

Mεpt, x, vqdµpvq “ }f εptq}2

L2pMεptq´1q e
2ζεpt,xq,

hence

ˇ̌
B3
ε

ˇ̌
ď 1

4ε2
}Lf εptq}2

L2pMεptq´1q ` 4 }a}2

L2pMq }∇xζ
εptq}2

C0pTdq }f εptq}2

L2pMεptq´1q .

We finally get, for t ď τΛpζεq,

Bt }f εptq}2

L2pMεptq´1q ď ´ 1

2ε2
}Lf εptq}2

L2pMεptq´1q

` 4 }a}2

L2pMq }∇xζ
εptq}2

C0pTdq }f εptq}2

L2pMεptq´1q .

For t ď τΛpζεq, Gronwall’s Lemma implies

}f εptq}2

L2pMεptq´1q `
ż t

0

1

2ε2
}Lf εptq}2

L2pMεptq´1q dt ď }f ε0 }2

L2pM´1q e
4}a}2

L2pMq

şt

0
}∇xζ

εpsq}2

C0pTdq
ds
.

Since, for t P R
`, we have

}¨}2

L2pMεptq´1q ě }¨}2

L2pM´1q e
´2}ζεptq}

C0pTdq ,

we get, for t ď τΛpζεq,

}f εptq}2

L2pM´1q `
ż t

0

1

2ε2
}Lf εptq}2

L2pM´1q dt

ď }f ε0 }2

L2pM´1q exp

˜
2 sup
sPr0,ts

}ζεpsq}C0pTdq ` 4 }a}2

L2pMq

ż t

0

}∇xζ
εpsq}2

C0pTdq ds

¸
.

To conclude, it is sufficient to recall that for t ď τΛpζεq, we have }ζεptq}C1
x

ď Λ.
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I.4 Martingale problems and perturbed test functions

The proof of Theorem I.2.1 heavily relies on the notion of martingale problems as introduced
in [SV06]. To identify a limit point of pPρεq

εą0
, we characterize it by a family of martingales

and take the limit when ε Ñ 0 in their martingale properties.
The characterization of the distribution of a solution of a SPDE in terms of martingales

is based on the Markov property satisfied by this solution. However, we expect a limit
point ρΛ of the stopped process ρε,τ

ε
Λ to be stopped at some τΛpζq, as mentioned in Section

I.3.5. Since τΛpζq is not a stopping time for the filtration generated by ρΛ, this latter
process should not be Markov. Thus, we need to consider the convergence of the couple
pρε, ζεq instead of just ρε. We will see more precisely in Section I.7 at which point this
matter occurs.

I.4.1 Generator and martingales

Also note that pf ε, ζεq is not a Markov process. As in [DV12], we consider the coupled
process with mε and thus consider the L2pM´1q ˆ C1

x ˆ E-valued Markov process Xε .“
pf ε, ζε,mεq.

Denote by Lε the infinitesimal generator of Xε. Since f ε is solution of (I.1.1) and since
Btζε “ 1

ε
mε, the infinitesimal generator has an expression of the type

Lε “ 1

ε
L1 ` 1

ε2
L2 (I.4.1)

with

L1ϕpf, z, nq “ Dfϕpf, z, nqp´Af ` nfq ` Dzϕpf, z, nqpnq
L2ϕpf, z, nq “ Dfϕpf, z, nqpLfq ` Bϕpf, z, nq,

where B is the infinitesimal generator of m. The domain of this generator contains the
class of good test functions defined below. The terminology of "good test function" is
inherited from [DV12], although our definition is a little more restrictive.

Definition I.4.1. A function ϕ : L2pM´1q ˆ C1
x ˆE Ñ R is called a good test function if

• It is continuously differentiable on L2pM´1q ˆ C1
x ˆ E with respect to the first and

second variables.

• For ℓ P t1, 2u, Bpϕpf, z, ¨qℓq is defined for all pf, zq P L2pM´1q ˆ C1
x, and

Bpϕℓq : L2pM´1q ˆ C1
x ˆ E Ñ R

is continuous.

• If we identify the differential Df with the gradient, then for f P L2pM´1q, z P C1
x

and n P E, we have

Dfϕpf, z, nq P H1pTd ˆ V, dxM´1pvqdµpvqq. (I.4.2)
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• The functions ϕ, Dzϕ, Dfϕ and ADfϕ have at most polynomial growth in the
following sense: there exists Cϕ ą 0 such that for f, h P L2pM´1q, z P C1

x and
n1, n2 P E, we have

|ϕpf, z, n1q| ď Cϕ
`
1 ` S3

1

˘ `
1 ` Sb`2

2

˘

|Dfϕpf, z, n1qpAhq| ď Cϕ
`
1 ` S3

1

˘ `
1 ` Sb`2

2

˘

|Dfϕpf, z, n1qpn2hq| ď Cϕ
`
1 ` S3

1

˘ `
1 ` Sb`2

2

˘

|Dfϕpf, z, n1qpLhq| ď Cϕ
`
1 ` S3

1

˘ `
1 ` Sb`2

2

˘

|Dzϕpf, z, n1qpn2q| ď Cϕ
`
1 ` S3

1

˘ `
1 ` Sb`2

2

˘
,

(I.4.3)

where S1 “ }f}L2pM´1q _ }h}L2pM´1q and S2 “ }n1}E _ }n2}E.

See Section I.4.2 for a justification of the need to consider growth as appearing in
(I.4.3).

A consequence of (I.4.2) is that ADfϕ is well-defined. Thus, for f, h P L2pM´1q, z P C1
x

and n P E, we can define

Dfϕpf, z, nqpAhq .“ ´pADfϕpf, z, nq, hqL2pM´1q,

even though Ah is not necessarily defined in L2pM´1q.
The class of test-function introduced in Definition I.4.1 is chosen such that the Propo-

sition I.4.1 holds.

Proposition I.4.1. Let ϕ be a good test function in the sense of Definition I.4.1. Define
for all t ě 0

M ε
ϕptq .“ ϕpXεptqq ´ ϕpXεp0qq ´

ż t

0

LεϕpXεpsqqds, (I.4.4)

and consider the stopping time τ εΛ defined by (I.2.12).
Then M

ε,τε
Λ

ϕ is a càdlàg pF ε
t qt-martingale and

@t P R
`,E

„ˇ̌
ˇM ε,τε

Λ
ϕ ptq

ˇ̌
ˇ
2


“ E

„ż t^τε
Λ

0

`
Lεpϕ2q ´ 2ϕLεϕ

˘
pXεpsqqds



“ 1

ε2
E

„ż t^τε
Λ

0

`
Bpϕ2q ´ 2ϕBϕ

˘
pXεpsqqds


.

This result is expected to holds as in the standard framework [DV20]. However, due
to the presence of stopping times, the proof is very technical.

Proof. Note that in this section, ε is fixed, it is therefore not required to prove bounds
which are uniform with respect to ε.

Let ϕ be a good test function. Observe that ϕ and ϕ2 are in the domain of Lε, by
means of Definition I.4.1.

Let s, t P R
`, δ ą 0 and let s “ t1 ă ... ă tn “ t be a subdivision of rs, ts such

that maxi |ti`1 ´ ti| “ δ. Let g be a F ε
s -measurable and bounded function. To simplify

notation, let
fi

.“ f ε,τ
ε
Λptiq, ζi .“ ζε,τ

ε
Λptiq,mi

.“ mε,τε
Λptiq.
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Then, we have

E

”´
M

ε,τε
Λ

ϕ ptq ´ M
ε,τε

Λ
ϕ psq

¯
g
ı

“ E

«˜
ϕpXε,τε

Λptqq ´ ϕpXε,τε
Λpsqq ´

ż t^τε
Λ

s^τε
Λ

LεϕpXεpuqqdu
¸
g

ff

“ rf ` rz ` rn,

where

rf “
n´1ÿ

i“1

E

«˜
ϕpfi`1, ζi`1,mi`1q ´ ϕpfi, ζi`1,mi`1q

´
ż ti`1^τε

Λ

ti^τε
Λ

DfϕpXεpuqqp´1

ε
Af εpuq ` 1

ε2
Lf εpuq ` 1

ε
f εpuqmεpuqqdu

¸
g

ff
,

rz “
n´1ÿ

i“1

E

«˜
ϕpfi, ζi`1,mi`1q ´ ϕpfi, ζi,mi`1q ´

ż ti`1^τε
Λ

ti^τε
Λ

DzϕpXεpuqqp1

ε
mεpuqqdu

¸
g

ff
,

and

rn “
n´1ÿ

i“1

E

«˜
ϕpfi, ζi,mi`1q ´ ϕpfi, ζi,miq ´

ż ti`1^τε
Λ

ti^τε
Λ

1

ε2
BϕpXεpuqqdu

¸
g

ff
.

Straightforward computations lead to

rf “ E

„ˆż t

s

r1
f puqdu

˙
g


, rz “ E

„ˆż t

s

r1
zpuqdu

˙
g



with

r1
f puq “

n´1ÿ

i“1

✶rti^τε
Λ
,ti`1^τε

Λ
spuq

“
Dfϕpf ε,τε

Λpuq, ζi`1,mi`1q ´ DfϕpXε,τε
Λpuqq

‰
pBtf ε,τ

ε
Λpuqq,

r1
zpuq “

n´1ÿ

i“1

✶rti^τε
Λ
,ti`1^τε

Λ
spuq

“
Dzϕpfi, ζε,τ

ε
Λpuq,mi`1q ´ DzϕpXε,τε

Λpuqq
‰

pBtζε,τ
ε
Λpuqq.

Let us now check that rn “ E

”´şt
s
r1
npuqdu

¯
g
ı

with

r1
npuq “ 1

ε2

n´1ÿ

i“1

✶trti^τε
Λ
,ti`1^τε

Λ
supuq

“
Bϕpfi, ζi,mε,τε

Λpuqq ´ BϕpXε,τε
Λpuqq

‰
.

For θ P C0pEq X L1pEq, the Markov property for m yields

E rθpmptqq | Fss “ Pt´sθpmpsqq.

Usually, this property is written for θ deterministic, continuous and bounded, but it is
straightforward to check that it is still satisfied when θ P C0pEq X L1pEq Fs-measurable.
The standard proof to show that m solves the martingale problem associated to B (see for
example [DV20, Theorem B.3]) can be applied, and we get that, for θ P DpBq,

t ÞÑ θpmptqq ´ θpmp0qq ´
ż t

0

Bθpmpuqqdu
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is an integrable Ft-martingale. By rescaling the time to retrievemε, stopping the martingale
at τ εΛ and using a conditioning argument (g, fi and ζi are Fti-measurable), we get

E rpϕpfi, ζi,mi`1q ´ ϕpfi, ζi,miqq gs “ E

«
g

ż ti`1^τε
Λ

ti^τε
Λ

1

ε2
BϕpXεpuqqdu

ff
.

Hence, we can write rn “ E

”´şt
s
r1
npuqdu

¯
g
ı

as claimed above.

Since the estimates given by (I.3.5) and Proposition I.3.6 are uniform for t P r0, T s, we
can use (I.4.3) with S1 ÀΛ }f ε0 }L2pM´1q and S2 ď ε´α _ }mp0q}E. This leads to

sup
uPr0,T s

|r1
˚puq|2 Àϕ,Λ,ε

´
1 ` }f ε0 }6

L2pM´1q

¯´
1 ` }mp0q}2pb`2q

E

¯
, (I.4.5)

where r1
˚ P

 
r1
f , r

1
z, r

1
n

(
. Hence, the Cauchy-Schwarz inequality, Assumptions I.4 and I.7

yield

E

«
sup
uPr0,T s

|r1
˚puq|2

ff
Àϕ,Λ,ε E

”´
1 ` }f ε0 }12

L2pM´1q

¯ı 1

2

E

”´
1 ` }mp0q}4pb`2q

E

¯ı 1

2

ă 8. (I.4.6)

Thus, the terms r1
˚ are uniformly integrable with respect to pu, ωq. Recall that f ε,τ

ε
Λ and

ζε,τ
ε
Λ are almost surely continuous and that mε,τε

Λ is stochastically continuous. Then, the
terms r1

˚ converge to 0 in probability when δ Ñ 0. By uniform integrability, the terms
r˚ converge to 0, which proves that M

ε,τε
Λ

ϕ is a pF ε
t qt-martingale. Note that we only used

moments of order 12 and 4pb` 2q, instead of 24 and 8pb` 2q as assumed in Assumptions I.4
and I.7. Hence, this proof can be adapted to establish that M

ε,τε
Λ

ϕ2 is also a pF ε
t qt-martingale.

It remains to prove the formulas for the variance. This is done in several steps, following
[DV20, Appendix B]. Since ϕ and ϕ2 belong to the domain of Lε, the process

N εptq “
ż t

0

`
Lεpϕ2q ´ 2ϕLεϕ

˘
pXεpsqqds “ 1

ε2

ż t

0

`
Bpϕ2q ´ 2ϕBϕ

˘
pXεpsqqds,

is well-defined.
The proof of the second equality is straightforward: since D “ Lε ´ 1

ε2B is a first order
differential operator, we have Dpϕ2q ´ 2ϕDϕ “ 0.

Let 0 “ t0 ă t1 ă ... ă tn “ T be a subdivision of r0, T s of step max |ti`1 ´ ti| “ δ.

Step 1: We claim that the following convergence is satisfied in L
2 .“ L

2pΩq
N ε,τε

Λptq “ lim
δÑ0

ÿ

i

E
“
N ε,τε

Λpt ^ ti`1q ´ N ε,τε
Λpt ^ tiq | F ε

ti

‰
. (I.4.7)

Let ∆i
.“ N ε,τε

Λpt ^ ti`1q ´ N ε,τε
Λpt ^ tiq ´ E

“
N ε,τε

Λpt ^ ti`1q ´ N ε,τε
Λpt ^ tiq | F ε

ti

‰
so that

(I.4.7) is equivalent to
ř
i ∆i ÝÝÑ

δÑ0
0 in L

2. Note that E r∆i∆js “ 0 for i ‰ j. Hence, we

have E
“
|ři ∆i|2

‰
“ E

“ř
i |∆i|2

‰
. Using that a conditional expectation is an orthogonal

projection in L
2, we get

E
“
|∆i|2

‰
ď E

”ˇ̌
N ε,τε

Λpt ^ ti`1q ´ N ε,τε
Λpt ^ tiq

ˇ̌2ı

Àε E

»
–
ˇ̌
ˇ̌
ˇ

ż t^ti`1^τε
Λ

t^ti^τε
Λ

`
Bpϕ2q ´ 2ϕBϕ

˘
pXεpsqqds

ˇ̌
ˇ̌
ˇ

2
fi
fl ,
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By means of Assumption I.10 and Definition I.4.1,

ˇ̌`
Bpϕ2q ´ 2ϕBϕ

˘
pXεpsqq

ˇ̌2 Àϕ

´
1 ` }f εpsq}12

L2pM´1q

¯´
1 ` }mεpsq}4pb`2q

E

¯
.

As in (I.4.5) and (I.4.6) (using moments of order 24 and 8pb`2q instead of 12 and 4pb`2q),
Proposition I.3.6 and (I.3.5) lead to

E

«
sup
sPr0,T s

ˇ̌`
Bpϕ2q ´ 2ϕBϕ

˘
pXε,τε

Λpsqq
ˇ̌2
ff

Àϕ,Λ,ε 1.

Since t ^ ti ^ τ εΛ ´ t ^ ti`1 ^ τ εΛ ď ti`1 ´ ti, we get

E
“
|∆i|2

‰
Àϕ,Λ,ε pti`1 ´ tiq2,

which then yields E
“
|ři ∆i|2

‰
Àϕ,Λ,ε Tδ ÝÝÑ

δÑ0
0, which proves (I.4.7).

Step 2: We claim that

E

«ÿ

i

ˇ̌
Rti,ti`1

ˇ̌
ff

Àϕ,Λ,ε δ
1{2, (I.4.8)

where, for 0 ď t ă t1 ď T ,

Rt,t1 “
ˇ̌
ˇM ε,τε

Λ
ϕ pt1q ´ M

ε,τε
Λ

ϕ ptq
ˇ̌
ˇ
2

´
ˇ̌
ϕpXε,τε

Λpt1qq ´ ϕpXε,τε
Λptqq

ˇ̌2
(I.4.9)

“
ˇ̌
ˇ̌
ˇ

ż t1^τε
Λ

t^τε
Λ

LεϕpXεpsqqds
ˇ̌
ˇ̌
ˇ

2

´ 2
`
ϕpXε,τε

Λpt1qq ´ ϕpXε,τε
Λptqq

˘ ż t1^τε
Λ

t^τε
Λ

LεϕpXεpsqqds.

We can write

ˇ̌
ϕpXε,τε

Λpt1qq ´ ϕpXε,τε
Λptqq

ˇ̌2 “ M
ε,τε

Λ

ϕ2 pt1q´M ε,τε
Λ

ϕ2 ptq´2ϕpXε,τε
Λptqq

´
M

ε,τε
Λ

ϕ pt1q ´ M
ε,τε

Λ
ϕ ptq

¯

`
ż t1^τε

Λ

t^τε
Λ

Lεpϕ2qpXεpsqqds´ 2ϕpXε,τε
Λptqq

ż t1^τε
Λ

t^τε
Λ

LεϕpXεpsqqds. (I.4.10)

As established in the first part of the proof, M
ε,τε

Λ

ϕ2 and M
ε,τε

Λ
ϕ are pF ε

s qs-martingales.

Moreover, ϕpXε,τε
Λ

t q is F ε
t -measurable. Thus, taking the expectation in (I.4.10) yields

E

”ˇ̌
ϕpXε,τε

Λpt1qq ´ ϕpXε,τε
Λptqq

ˇ̌2ı “

E

«ż t1^τε
Λ

t^τε
Λ

`
Lεpϕ2qpXεpsqqds´ 2ϕpXε,τε

ΛptqqLεϕpXεpsqq
˘
ds

ff
.

As in Step 1, by Assumption I.10, (I.3.5), Proposition I.3.6 and Definition I.4.1, the

integrand is bounded by
´

1 ` }f ε0 }6

L2pM´1q

¯´
1 ` }mp0q}2pb`2q

E

¯
(up to a constant depending

on ϕ, Λ and ε) and we get

E

”ˇ̌
ϕpXε,τε

Λpt1qq ´ ϕpXε,τε
Λptqq

ˇ̌2ı Àϕ,Λ,ε t
1 ´ t, (I.4.11)
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owing to the Cauchy-Schwarz inequality, Assumptions I.4 and I.7. The Young inequality
with a parameter η ą 0 yields

E r|Rt,t1 |s Àϕ,Λ,ε p1 ` 1

η
qE

»
–
ˇ̌
ˇ̌
ˇ

ż t1^τε
Λ

t^τε
Λ

LεϕpXεpsqqds
ˇ̌
ˇ̌
ˇ

2
fi
fl ` ηE

”ˇ̌
ϕpXε,τε

Λpt1qq ´ ϕpXε,τε
Λptqq

ˇ̌2ı
.

Similarly, we get

E

»
–
ˇ̌
ˇ̌
ˇ

ż t1^τε
Λ

t^τε
Λ

LεϕpXεpsqqds
ˇ̌
ˇ̌
ˇ

2
fi
fl Àϕ,Λ,ε pt1 ´ tq2.

Choosing η “ pt1 ´ tq1{2 yields E r|Rt,t1 |s Àϕ,ε pt1 ´ tq3{2, which gives (I.4.8).

Step 3: We claim that E

„ˇ̌
ˇM ε,τε

Λ
ϕ ptq

ˇ̌
ˇ
2


“ E
“
N ε,τε

Λptq
‰
.

Taking conditional expectation in (I.4.9) leads to

ÿ

i

E

„ˇ̌
ˇM ε,τε

Λ
ϕ pt ^ ti`1q ´ M

ε,τε
Λ

ϕ pt ^ tiq
ˇ̌
ˇ
2

| F ε
ti


“
ÿ

i

E
“
Rt^ti,t^ti`1

| F ε
ti

‰

`
ÿ

i

E

”ˇ̌
ϕpXε,τε

Λpt ^ ti`1qq ´ ϕpXε,τε
Λpt ^ tiqq

ˇ̌2 | F ε
ti

ı
.

Using (I.4.10) and the martingale property on M
ε,τε

Λ

ϕ2 and M
ε,τε

Λ
ϕ , the last term can be

rewritten as
ÿ

i

ż t^ti`1^τε
Λ

t^ti^τε
Λ

Lεpϕ2qpXεpsqqds´ 2
ÿ

i

ϕpXε,τε
Λpt ^ tiqq

ż t^ti`1^τε
Λ

t^ti^τε
Λ

LεϕpXεpsqqds

Then, (I.4.7) yields
ÿ

i

E

„ˇ̌
ˇM ε,τε

Λ
ϕ pt ^ ti`1q ´ M

ε,τε
Λ

ϕ pt ^ tiq
ˇ̌
ˇ
2

| F ε
ti


“ N ε,τε

Λptq ` r1 ` r2

where

r1 “
ÿ

i

E
“
Rt^ti,t^ti`1

| F ε
ti

‰

r2 “ 2
ÿ

i

E

«ż t^ti`1^τε
Λ

t^ti^τε
Λ

`
ϕpXε,τε

Λpsqq ´ ϕpXε,τε
Λpt ^ tiqq

˘
LεϕpXεpsqqds | F ε

ti

ff
.

By means of (I.4.8), r1 Ñ 0 in L
1. For r2, we have

E r|r2|s ď 2E

«ÿ

i

ż t^ti`1^τε
Λ

t^ti^τε
Λ

ˇ̌
ϕpXε,τε

Λpsqq ´ ϕpXε,τε
Λptiqq

ˇ̌
|LεϕpXεpsqq| ds

ff

ď 2E

«ÿ

i

ż ti`1

ti

ˇ̌
ϕpXε,τε

Λpsqq ´ ϕpXε,τε
Λptiqq

ˇ̌ ˇ̌
LεϕpXε,τε

Λpsqq
ˇ̌
ds

ff

ď 2
ÿ

i

ż ti`1

ti

E
“ˇ̌
ϕpXε,τε

Λpsqq ´ ϕpXε,τε
Λptiqq

ˇ̌ ˇ̌
LεϕpXε,τε

Λpsqq
ˇ̌‰
ds

ď 2
ÿ

i

ż ti`1

ti

E

”ˇ̌
ϕpXε,τε

Λpsqq ´ ϕpXε,τε
Λptiqq

ˇ̌2ı1{2

E

”ˇ̌
LεϕpXε,τε

Λpsqq
ˇ̌2ı1{2

ds.

65



As above, one can show E

”
sups

ˇ̌
LεϕpXε,τε

Λpsqq
ˇ̌2ı Àϕ,Λ,ε 1. Thus, (I.4.11) yields

E r|r2|s Àϕ,Λ,ε

ÿ

i

ż ti`1

ti

E

”ˇ̌
ϕpXε,τε

Λpsqq ´ ϕpXε,τε
Λptiqq

ˇ̌2ı1{2

ds

Àϕ,Λ,ε

ÿ

i

ż ti`1

ti

ps ´ tiq1{2
ds

Àϕ,Λ,ε

ÿ

i

pti`1 ´ tiq3{2
ds

Àϕ,Λ,ε Tδ
1{2 ÝÝÑ

δÑ0
0.

Thus, in L
1, we have

lim
δÑ0

ÿ

i

E

„ˇ̌
ˇM ε,τε

Λ
ϕ pt ^ ti`1q ´ M

ε,τε
Λ

ϕ pt ^ tiq
ˇ̌
ˇ
2

| F ε
ti


“ N ε,τε

Λptq. (I.4.12)

In particular, the expectation converges. Then, the martingale property and the tower
property E rE r¨ | Fsss “ E r¨s yield

E
“
N ε,τε

Λptq
‰

“ lim
δÑ0

E

«ÿ

i

E

„ˇ̌
ˇM ε,τε

Λ
ϕ pt ^ ti`1q ´ M

ε,τε
Λ

ϕ pt ^ tiq
ˇ̌
ˇ
2

| F ε
ti

ff

“ lim
δÑ0

E

«ÿ

i

E

„ˇ̌
ˇM ε,τε

Λ
ϕ pt ^ ti`1q

ˇ̌
ˇ
2

´
ˇ̌
ˇM ε,τε

Λ
ϕ pt ^ tiq

ˇ̌
ˇ
2

| F ε
ti

ff

“ lim
δÑ0

ÿ

i

E

„ˇ̌
ˇM ε,τε

Λ
ϕ pt ^ ti`1q

ˇ̌
ˇ
2

´
ˇ̌
ˇM ε,τε

Λ
ϕ pt ^ tiq

ˇ̌
ˇ
2


“ E

„ˇ̌
ˇM ε,τε

Λ
ϕ ptq

ˇ̌
ˇ
2

.

This conclude the proof that for t P R
`

E

„ˇ̌
ˇM ε,τε

Λ
ϕ ptq

ˇ̌
ˇ
2


“ E

„ż t^τε
Λ

0

`
Lεpϕ2q ´ 2ϕLεϕ

˘
pXεpsqqds


.

and the proof of Proposition I.4.1.

Remark I.4.1. Note that if m had continuous paths, then M ε
ϕ would be a continuous

martingale and (I.4.12) would mean that N ε,τε
Λ is the quadratic variation of M

ε,τε
Λ

ϕ .

A similar proof leads to the following Proposition, where we take weaker stopping
times but add some conditions on ϕ. The proof is omitted.

Proposition I.4.2. Let ϕ be a good test function. The conclusion of Proposition I.4.1
holds in the following cases.

• The function ϕ does not depend on f and τ εΛ is replaced by τ ε.

• The function ϕ is bounded uniformly in n and does not depend on z and τ εΛ is replaced
by τΛpζεq.

• The function ϕ is bounded and depends only on n and τ εΛ is replaced by `8.
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I.4.2 The perturbed test functions method

We use the perturbed test functions method as in [PSV77] to exhibit a generator L
such that a possible limit point pρΛ, ζΛq of

`
pρε,τε

Λ , ζε,τ
ε
Λq
˘
ε

solves the martingale problem
associated to L until some limit stopping time depending on Λ. Given a test function ϕ,
two corrector functions ϕ1 and ϕ2 are constructed, so that

@pf, z, nq P L2pM´1q ˆ C1
x ˆE,ϕεpf, z, nq “ ϕpρ, zq ` εϕ1pf, z, nq ` ε2ϕ2pf, z, nq, (I.4.13)

satisfies
Lεϕε “ Lϕ ` op1q, (I.4.14)

when ε Ñ 0. Then, we prove that ϕε is a good test function and that we can take the
limit when ε Ñ 0 in the martingale problem associated to Lε (Proposition I.4.1) to obtain
a stopped martingale problem solved by a limit point.

Based on the decomposition (I.4.1), a sufficient condition to prove (I.4.14) for ϕε of
the form (I.4.13) is to solve the following equations (I.4.15), (I.4.16) and (I.4.17) and to
check that (I.4.18) holds when ε Ñ 0.

L2ϕ “ 0 (I.4.15)

L1ϕ ` L2ϕ1 “ 0 (I.4.16)

L1ϕ1 ` L2ϕ2 “ Lϕ (I.4.17)

L1ϕ2 “ Op1q. (I.4.18)

The properties of the resolvent operators Rλ are employed to invert L2.

Framework for the perturbed test functions method

For a martingale problem to be relevant, it is sufficient that the class of test functions
satisfying the martingale problem is separating, namely that if some random variables X
and X 1 satisfy E rϕpXqs “ E rϕpX 1qs for all ϕ P Φ, then we have X d“ X 1. In this work,
we use the following class

Θ “
 

pρ, zq ÞÑ ψ
`
pρ, ξqL2

x

˘
χpzq | ψ P C3pRq, ψ2 P C1

b pRq, ξ P H3
x, χ P C3

b pC1
xq
(
,

where ρ “
ş
V
fdµ. The class Θ is indeed separating because it separates points (see [EK86,

Theorem 4.5]).
Note that the test functions depend only on ρ and z, because we expect the limit

equation to be satisfied by ρ and z. It is confirmed by Section I.4.2. To simplify the
notation, for ϕ P Θ, we sometimes write ϕpf, z, nq .“ ϕpρ, zq and ϕpρ, zq “ Ψpρqχpzq,
where Ψpρq “ ψ

`
pρ, ξqL2

x

˘
.

Proposition I.4.3. There exists an operator L whose domain contains Θ and, for all
ϕ P Θ, there exist two good test functions ϕ1 and ϕ2 such that, for all pf, z, nq P L2pM´1qˆ
C1
x ˆ E, we have

|ϕ1pf, z, nq| Àϕ p1 ` }f}2

L2pM´1qqp1 ` }n}Eq (I.4.19)

|ϕ2pf, z, nq| Àϕ p1 ` }f}2

L2pM´1qqp1 ` }n}b`1

E q (I.4.20)

|Lεϕε ´ Lϕ| pf, z, nq À εp1 ` }f}3

L2pM´1qqp1 ` }n}b`2

E q. (I.4.21)

Moreover, ϕε “ ϕ ` εϕ1 ` ε2ϕ2 is a good test function.
Moreover, if ϕ depends only on z, then ϕ1, ϕ2 and ϕε depend only on z and n.
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Consistency result

Since we already expect the limit equation to be satisfied by ρ, equation (I.4.15) will not
give us extra information. Hence, this section only present a consistency result, namely
that (I.4.15) forces ϕ to depend on f through ρ.

In fact, let ϕ depend on f and z but not on n. Since ϕ does not depend on n, Bϕ “ 0.
Hence, (I.4.15) can be written, for all f P L2pM´1q and z P C1

x,

Dfϕpf, z, nqpLfq “ 0. (I.4.22)

For t P R
` and f P L2pM´1q, define

gpt, fq “ ρM ` e´tpf ´ ρMq, (I.4.23)

and observe that Btgpt, fq “ Lgpt, fq with gp0, fq “ f . Owing to (I.4.22), the mapping
t ÞÑ ϕpgpt, fq, zq is constant. Since gpt, fq ÝÝÝÑ

tÑ8
ρM, by continuity of ϕ, we get ϕpf, z, nq “

ϕpρM, z, nq, which depends on f only through ρ.

Construction of the first corrector function ϕ1

The first corrector function ϕ1 is defined as the solution of (I.4.16): the formal solution to
Poisson equation will provide an expression for ϕ1, then we will check that this expression
indeed solves (I.4.16).

Let gpt, fq be defined by (I.4.23) and mpt, nq be defined in Section I.2.1 (Markov process
of infinitesimal generator B starting from n). The process ppgpt, fq, z,mpt, nqqqtPR` is a
L2pM´1q ˆ C1

x ˆ E-valued Markov process of generator L2 starting from pf, z, nq. Denote
by pQtqtPR` its transition semi-group. Note that this semi-group does not have a unique
invariant distribution, since for any ρ fixed, δρMbδzbν is an invariant distribution. However
on every space

 
pf 1, z1, nq P L2pM´1q ˆ C1

x ˆ E |
ş
V
f 1dµ “ ρ, z1 “ z

(
, this measure is the

unique invariant distribution. Indeed, δρM, δz and ν are respectively the unique invariant
distributions of each marginal process (on the corresponding subspaces), and δρM b δz b ν

is the only coupling of these three marginal distributions.
For Φ : L2pM´1q ˆ C1

x ˆ E Ñ R, denote by

〈Φ〉ρ,z
.“
ż

E

ΦpρM, z, nqdνpnq “
ż

L2pM´1qˆC1
xˆE

ΦdpδρM b δz b νq

the integral against this invariant distribution. For ϕ P Θ, ϕpρ, zq “ Ψpρqχpzq, let us
compute L1ϕ.

We have

L1ϕpf, z, nq “ Dfϕpf, z, nqp´Af ` nfq ` Dzϕpf, z, nqpnq
“ DΨpρqp´Af ` nρqχpzq ` ΨpρqDχpzqpnq,

where h “
ş
V
hpvqdµpvq.

Owing to (I.2.1), one can write, for all ρ P L2
x, ApρMq “ 0. Moreover, since ν is

centered by Assumption I.5, any term linear in n vanishes when integrating with respect
to ν. Hence, we have checked that

@ρ P L2
x, @z P C1

x, 〈L1ϕ〉ρ,z “ 0.
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Using the expansion of L1ϕ, we have for all f, z, n

ż 8

0

QtL1ϕpf, z, nqdt “
ż 8

0

E rL1ϕ pgpt, fq, z,mpt, nqqs dt

“
ż 8

0

´
´DΨpρqpAgpt, fqqχpzq ` E rDΨpρqpρmpt, nqqsχpzq

`ΨpρqDχpzqpmpt, nqq
¯
dt,

owing to the identity gpt, fq “ ρ. Equation (I.4.23) yields

Agpt, fq “ e´tAf,

since AρM “ 0. Thus, owing to Definition I.3.1, we define

ϕ1pf, z, nq “
ż 8

0

QtL1ϕpf, z, nqdt

“ DΨpρqp´Af ` R0pnqρqχpzq ` ΨpρqR0 rDχpzqs pnq. (I.4.24)

It is straightforward to check that ϕ1 defined by (I.4.24) solves (I.4.16). Moreover, it
satisfies the condition (I.4.19). It remains to prove that ϕ1 is a good test function. Owing
to Assumption I.9 and (I.4.24), ϕ1 P DpBq and ϕ2

1 P DpBq. For h P L2pM´1q, we have

Dfϕ1pf, z, nqphq “ D2Ψpρqp´Af ` R0pnqρ, hqχpzq ` DΨpρqp´Ah ` R0pnqhqχpzq
` DΨpρqphqR0 rDχpzqs pnq,

hence Dfϕ1pf, z, nqpAhq is well-defined (as in Definition I.4.1) and ϕ1, Dfϕ1pf, z, nqphq
and Dfϕ1pf, z, nqpAhq have at most polynomial growth in the sense of (I.4.3). For n2 P E,
we have

Dzϕ1pf, z, nqpn2q “ DΨpρqp´Af ` R0pnqρqDχpzqpn2q
` ΨpρqD rz1 ÞÑ R0 rDχpz1qs pnqs pzqpn2q.

Using Lemma I.3.1 and the assumption χ P C3
b pC1

xq, we write

D rR0 rDχp¨qs pnqs pzqpn2q “ D

„
z1 ÞÑ

ż 8

0

PtDχpz1qpnqdt


pzqpn2q

“
ż 8

0

Pt
“
D2χpzqp¨, n2q

‰
pnq

“ R0

“
D2χpzqp¨, n2q

‰
pnq.

This leads to

Dzϕ1pf, z, nqpn2q “ DΨpρqp´Af ` R0pnqρqDχpzqpn2q ` ΨpρqR0

“
D2χpzqp¨, n2q

‰
pnq.

Once again using Lemma I.3.1 and that χ P C3
b pC1

xq, one checks that Dzϕ1 has at most
polynomial growth in the sense of (I.4.3). Thus ϕ1 satisfies (I.4.3).
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Construction of the second corrector function ϕ2

The second corrector ϕ2 is defined as a solution of (I.4.17). To solve (I.4.17), we need the
centering condition 〈Lϕ ´ L1ϕ1〉ρ,z “ 0. This identity will be the definition of Lϕ.

First, let us compute L1ϕ1. Using the derivative calculated in (I.4.24), L1ϕ1 can be
written as

L1ϕ1pf, z, nq “ cpf, zq ` ℓpf, z, nq ` qpf, z, nq

where c, ℓ and q are defined by

cpf, zq “ D2ΨpρqpAf,Afqχpzq ` DΨpρqpA2fqχpzq (I.4.25)

ℓpf, z, nq “ ´D2ΨpρqpAf,R0pnqρ ` nρqχpzq
´ DΨpρqpApnfq ` R0pnqpAfqqχpzq
´ DΨpρqpAfq pR0 rDχpzqs pnq ` Dχpzqpnqq

(I.4.26)

qpf, z, nq “ D2Ψpρqpnρ,R0pnqρqχpzq ` DΨpρqpR0pnqpnρqqχpzq
` DΨpρqpnρqR0 rDχpzqs pnq ` DΨpρqpR0pnqρqDχpzqpnq
` ΨpρqR0

“
D2χpzqp¨, nq

‰
pnq.

(I.4.27)

Note that, for fixed f and z, c does not depend on n, ℓ is pseudo-linear in n and q is
pseudo-quadratic in n as introduced in Definition I.3.2.

The function ℓpf, z, ¨q is indeed pseudo-linear as a sum of continuous linear and pseudo-
linear forms, yielding 〈ℓ〉ρ,z “ 0 for all ρ and z. Using also that AρM “ 0, we get an
explicit definition of L:

Lϕpρ, zq .“ 〈L1ϕ1〉ρ,z “ DΨpρqpA2ρMqχpzq

`
ż
D2Ψpρqpnρ,R0pnqρqdνpnqχpzq

`
ż
DΨpρqpR0pnqpnρqqdνpnqχpzq

`
ż
DΨpρqpnρqR0 rDχpzqs pnqdνpnq

`
ż
DΨpρqpR0pnqρqDχpzqpnqdνpnq

` Ψpρq
ż
R0

“
D2χpzqp¨, nq

‰
pnqdνpnq.

(I.4.28)

Note that by taking χ “ 1, we obtain the same expression of L as in [DV12].

Since the centering condition for the Poisson equation (I.4.17) is satisfied by construction
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of L, the second corrector function ϕ2 can be defined as follows: for all f, z, n,

ϕ2pf, z, nq .“
ż 8

0

Qt

´
L1ϕ1 ´ 〈L1ϕ1〉ρ,z

¯
pf, z, nqdt

“
ż 8

0

Qt

´
c ´ 〈c〉ρ,z

¯
pf, z, nqdt

`
ż 8

0

Qtℓpf, z, nqdt

`
ż 8

0

Qt

´
q ´ 〈q〉ρ,z

¯
pf, z, nqdt

.“ ϕc2pf, z, nq ` ϕℓ2pf, z, nq ` ϕ
q
2pf, z, nq.

Once again, one can check that ϕ2 satisfies (I.4.17). It only remains to prove (I.4.20),
(I.4.21) and that ϕε is a good test function. Since

Lεϕε “ Lϕ ` εL1ϕ2, (I.4.29)

equation (I.4.21) comes from an estimate on L1ϕ2pf, nq in terms of f , n, and ϕ.

Controls on the second corrector function ϕ2

The aim of this section is to prove some estimates for ϕ2pf, z, nq and its derivatives to
establish that (I.4.3), (I.4.20) and (I.4.21) are satisfied. Let f, h P L2pM´1q, z P C1

x and
n, n2 P E and let S1 “ }f}L2pM´1q _ }h}L2pM´1q and S2 “ }n}E _ }n2}E.

Estimates on ϕc2 We have, using 〈c〉ρ,z “ cpρM, zq,

cpf, zq ´ cpρM, zq “ D2ΨpρqpAf,Afqχpzq ` DΨpρqpA2pf ´ ρMqqχpzq.
Recall that Agpt, fq “ e´tAf . Hence, using (I.4.23), we get

Qt

´
c ´ 〈c〉ρ,z

¯
pf, z, nq “ E rcpgpt, fq, zq ´ cpρM, zqs

“ e´2tD2ΨpρqpAf,Afqχpzq ` e´tDΨpρqpA2pf ´ ρMqqχpzq.
By integration, we get

ϕc2pf, z, nq “ 1

2
D2ΨpρqpAf,Afqχpzq ` DΨpρqpA2pf ´ ρMqqχpzq. (I.4.30)

Moreover, we obtain

Dfϕ
c
2pf, z, nqphq “ 1

2
D3ΨpρqpAf,Af, hqχpzq ` D2ΨpρqpAf,Ahqχpzq

` D2ΨpρqpA2pf ´ ρMq, hqχpzq ` DΨpρqpA2ph ´ hMqqχpzq,

Dzϕ
c
2pf, z, nqpn2q “ 1

2
DΨpρqpAf,AfqDχpzqpnq ` DΨpρqpA2pf ´ ρMqqDχpzqpnq.

Recall that }f ´ ρM}2

L2pM´1q ` }ρ}2

L2
x

“ }f}2

L2pM´1q, hence }f ´ ρM}L2pM´1q ď }f}L2pM´1q.
Then, since Ψpρq “ ψ

`
pρ, ξqL2

x

˘
and ψ2 P C1

b pRq, we get that ϕc2 satisfies (I.4.3). More
precisely, the following estimates hold:

|ϕc2pf, z, nq| Àϕ 1 ` }f}2

L2pM´1q

|L1ϕ
c
2pf, z, nq| Àϕ p1 ` }f}3

L2pM´1qqp1 ` }n}Eq.
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Estimates on ϕℓ2 Using (I.4.23), (I.4.26) and that AρM “ ApnρqM “ 0, we get

@pf, z, nq, ℓpgpt, fq, z, nq “ e´tℓpf, z, nq.
Thus, we have

Qtℓpf, z, nq “ E rℓpgpt, fq, z,mpt, nqqs “ e´t
E rℓpf, z,mpt, nqqs “ e´tPtℓpf, z, nq,

and by integrating with respect to t, we get

ϕℓ2pf, z, nq “ R1ℓpf, z, nq.
Moreover, from Lemma I.3.1 and (I.4.26), it is straightforward to check that

rℓpf, ¨qsLip Àϕ p1 ` }f}2

L2pM´1qq.
Hence, Lemma I.3.1 yields

ˇ̌
ϕℓ2pf, z, nq

ˇ̌
Àϕ p1 ` }f}2

L2pM´1qqp1 ` }n}Eq.
Since the operator R1 acts only on the variable n, it commutes with the derivatives

Df and Dz in the following sense:

Df rR1ℓs pf, z, nqphq “ R1 rDfℓpf, z, ¨qphqs pnq
Dz rR1ℓs pf, z, nqpn2q “ R1 rDzℓpf, z, ¨qpn2qs pnq.

Thus, after calculating the derivatives of ℓ, we get estimates on the derivatives of ϕℓ2 the
same way we got estimates on ϕℓ2. This leads to

ˇ̌
Dfϕ

ℓ
2pf, z, nqpAhq

ˇ̌
Àϕ p1 ` S3

1qp1 ` S2qˇ̌
Dfϕ

ℓ
2pf, z, nqpn2fq

ˇ̌
Àϕ p1 ` S3

1qp1 ` S2
2qˇ̌

Dzϕ
ℓ
2pf, z, nqpn2q

ˇ̌
Àϕ p1 ` S2

1qp1 ` S2
2q,

hence ϕℓ2 satisfies (I.4.3). Finally, the following estimates hold
ˇ̌
ϕℓ2pf, z, nq

ˇ̌
Àϕ p1 ` }f}2

L2pM´1qqp1 ` }n}Eq
ˇ̌
L1ϕ

ℓ
2pf, z, nq

ˇ̌
Àϕ p1 ` }f}3

L2pM´1qqp1 ` }n}2

Eq.

Estimates on ϕ
q
2 The function q depends of f only through ρ. Since gpt, fq “ ρ does

not depend on t, we get Qtq “ Ptq and

ϕ
q
2pf, z, nq “ R0

”
q ´ 〈q〉ρ,z

ı
pf, z, nq

It is straightforward to compute the derivatives of q with respect to f and z from
(I.4.27). One can deduce estimates for rqpf, z, ¨qsquad and for the first order derivatives
rDfqpf, z, ¨qpn2fqs

quad
, rDfqpf, z, ¨qpAfqs

quad
and rDzqpf, z, ¨qpn2qsquad. Reasoning as for

R1, the resolvent R0 acts only on n, and thus commutes with Df and Dz. Thus, Lemma
I.3.1 with λ “ 0 proves that ϕq2 satisfies (I.4.3). Finally, the following estimates hold

|ϕq2pf, z, nq| Àϕ p1 ` }f}2

L2pM´1qqp1 ` }n}b`1

E q
|L1ϕ

q
2pf, z, nq| Àϕ p1 ` }f}3

L2pM´1qqp1 ` }n}b`2

E q.

This concludes the proof that ϕ2 satisfies (I.4.3) and the proof of the estimates of
Proposition I.4.3 on ϕ2 and L1ϕ2.
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Good test function property

It only remains to prove that ϕε is a good test function. The estimates (I.4.3) are satisfied
by εϕ1 and ε2ϕ2, hence by their sum ϕε. Moreover, using the notation introduced in
Section I.3.1, ϕε can be written as

ϕεpf, z, nq “ ϕpρ, zq ´ εDΨpρqpAfqχpzq ` εR0 rDΨpρqp¨ρqs pnqχpzq
` εΨpρqR0 rDχpzqs pnq ` ε2ϕc2pf, zq ` ε2R1ℓpf, z, nq
` ε2R0

”
q ´ 〈q〉ρ,z

ı
pf, z, nq.

Observe that each term either does not depend on n or can be written Rλθ with θ as in
Definition I.3.1. As a consequence, owing to Assumption I.9, any product of at most two
of these terms belongs to DpBq. Thus, ϕε P DpBq and pϕεq2 P DpBq. This concludes the
proof that ϕε is a good test function, and the proof of Proposition I.4.3.

I.5 Dynamics associated with the limiting equation

In this section, we show that the operator L is the generator of the limit equation (I.2.13)
and that the martingale problem associated to L characterizes the solution of (I.2.13).

Definition I.5.1. Let ρ0 P L2
x and let σ ą 0. A process pρ, ζq is said to be a weak solution

to (I.2.13) in L2
x if the following assertions are satisfied

(i) ρp0q “ ρ0,

(ii) ρ P L8pr0, T s, L2
xq X C0pr0, T s, H´σ

x q a.s. and ζ P C0pr0, T s, C1
xq a.s.,

(iii) there exists pBiqi a sequence of independent standard Brownian motions such that
pρ, ζq is adapted to the filtration generated by pBiqi and such that, for all ξ P L2

x and
t P r0, T s, we have a.s.

pρptq, ξqL2
x

“ pρ0, ξqL2
x

`
ż t

0

pρpsq, divpK∇ξqqL2
x
ds`

ż t

0

p1

2
Fρpsq, ξqL2

x
ds

`
ÿ

i

?
qi

ż t

0

pFiρpsq, ξqL2
x
dBipsq (I.5.1)

ζptq “
ÿ

i

?
qiFiBiptq. (I.5.2)

Note that the sum in (I.5.2) does converge in C0pr0, T s, C1
xq owing to Lemma I.3.3.

The solution to this equation exists and is unique in distribution. The existence can be
proved using energy estimates, Itô formula and regularization argument. The uniqueness
comes from pathwise uniqueness which derives from the same arguments. We do not
give details concerning existence and uniqueness, however, in the proof of the following
Proposition, we established the aforementioned energy estimate I.5.4.

Proposition I.5.1. Let σ ą 0 and let pρ, ζq P C0pr0, T s, H´σ
x q ˆ C0pr0, T s, C1

xq.
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If pρ, ζq is the weak solution to (I.2.13) in H´σ
x , then, for any test function ϕ P Θ, the

process

Mϕptq “ ϕpρptq, ζptqq ´ ϕpρ0, 0q ´
ż t

0

Lϕpρpsq, ζpsqqds

is a martingale for the filtration generated by pρ, ζq.
Conversely, if for all ϕ P Θ, Mϕ and Mϕ2 are martingales, then pρ, ζq is the weak

solution of (I.2.13) in H´σ
x .

Proof. Let us first prove that L is the generator associated to (I.2.13). The expression of
Lϕ is given by (I.4.28). First note that A2ρM “ divpK∇ρq, which is the first term of
(I.2.13). The third term of (I.4.28) is associated to the second term of (I.2.13):

ż
DΨpρqpR0pnqpnρqqdνpnq “ E

„ż 8

0

DΨpρqpρmp0qmptqqdt


“ 1

2
E

„ż

R

DΨpρqpρmp0qmptqqdt


“ 1

2
DΨpρqpρF q.

To rewrite the second term of (I.4.28), assume first that the bilinear form D2Ψpρq on L2
x

admits a kernel kρ. Then, we have
ż
D2Ψpρqpnρ,R0pnqρqdνpnq “ 1

2
E

„ż 8

0

D2Ψpρqpρmp0q, ρmptqqdt


“ 1

2
E

„ż 8

0

ż ż
kρpx, yqρpxqmp0qpxqρpyqmptqpyqdxdydt



“ 1

2

ż ż
kρpx, yqkpx, yqρpxqρpyqdxdy.

Owing to Mercer’s Theorem (see [FM09]), the kernel k can be expressed in terms of the
eigenvectors and eigenvalues of Q:

@x, y, kpx, yq “
ÿ

i

qiFipxqFipyq.

It is straightforward to check that kp1{2qpx, yq “ ř
i q

1{2
i FipxqFipyq, x, y P T

d, defines a
kernel for Q1{2 and satisfies kpx, yq “

ş
kp1{2qpx, zqkp1{2qpy, zqdz. Thus, we have

ż
D2Ψpρqpnρ,R0pnqρqdνpnq “ 1

2

ż ż ż
kρpx, yqkp1{2qpx, zqρpxqkp1{2qpy, zqρpyqdxdydz

“ 1

2
Tr

“
pρQ1{2qD2ΨpρqpρQ1{2q˚‰ . (I.5.3)

By density of the functions whose second derivative admits a kernel kρ in C2, this formula
holds for all test functions ϕ P Θ. Using similar reasoning for the three remaining terms,
we get

Lϕpρ, ζq “ DΨpρqpdivpK∇ρq ` 1

2
Fρqχpζq

` 1

2
Tr

„
pρQ1{2, Q1{2q

ˆ
D2Ψpρqχpζq DΨpρq b Dχpζq

DΨpρq b Dχpζq ΨpρqD2χpζq

˙
pρQ1{2, Q1{2q˚


,
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which is the generator of (I.2.13). Once moment estimates for ρ have been obtained in L2
x,

integrability of Mϕ is ensured. In addition, estimates on ϕpρptq, ζptqq and Lϕpρptq, ζptqq
(uniformly in t P r0, T s) are also obtained, since ϕ and Lϕ have at most quadratic growth.
Then, the proof that Mϕ is a martingale follows the same strategy as for the proof of
Proposition I.4.1. This proof is omitted. It thus remains to prove the moment estimates
for ρ.

We apply Itô’s formula, equation (I.5.1) and we take the expectation (so that the
martingale part vanishes), to get

1

2
E
“
pρptq, ξq2

L2
x

‰
“ 1

2
E
“
pρ0, ξq2

L2
x

‰
` E

ż t

0

pρpsq, divpK∇ξqqL2
x
pρpsq, ξqL2

x
ds

` E

ż t

0

p1

2
Fρpsq, ξqL2

x
pρpsq, ξqL2

x
ds` 1

2

ÿ

i

qiE

ż t

0

pFiρpsq, ξq2
L2

x
ds.

Then, we evaluate at ξ “ eℓ with ℓ P Z
d and eℓ the Fourier basis eℓpxq “ expp2iπℓ ¨ xq. Let

λℓ “ 4π2ℓ ¨ Kℓ so that divpK∇eℓq “ ´λℓeℓ. We sum this formula for |ℓ| ď L. Let PL be
the orthogonal projector on the space generated by teℓ | |ℓ| ď Lu. Since λℓ ě 0, we get

1

2
E

”
}PLρptq}2

L2
x

ı
ď 1

2
E

”
}PLρ0}2

L2
x

ı
` E

ż t

0

1

2
}PLpFρpsqq}L2

x
}PLρpsq}L2

x
ds

` 1

2

ÿ

i

E

ż t

0

qi }PLpFiρpsqq}2

L2
x
ds

ď 1

2
E

”
}PLρ0}2

L2
x

ı
` 1

2

˜
}F }L8 `

ÿ

i

qi }Fi}2

L8

¸
E

ż t

0

}ρpsq}2

L2
x
ds.

Taking L Ñ 8, using Lemma I.3.3 and Gronwall’s Lemma, we get

E

”
}ρptq}2

L2
x

ı
À E

”
}ρ0}2

L2
x

ı
. (I.5.4)

This concludes the proof of the moment estimates for ρ, hence the proof that Mϕ is a
martingale.

Conversely, assume that for all ϕ P Θ, Mϕ and Mϕ2 are martingales. It holds in
particular for regular and bounded test functions ϕ. It is then standard that a solution
to this martingale problem is the Markov process of generator L (see for instance [EK86,
Chapter 4]), based on Lévy’s martingale representation theorem in Hilbert spaces (see
[DPZ14, Theorem 8.2]). This concludes the proof since we already proved that L is the
generator associated to (I.2.13).

I.6 Tightness of the coupled stopped process

In this section, we prove the following Proposition.

Proposition I.6.1. Let Λ P p0,8q. The family of processes
`
pρε,τΛpζεq, ζε,τΛpζεqq

˘
ε

is tight
in the space C0pr0, T s, H´σ

x q ˆ C0pr0, T s, C1
xq for any σ ą 0. Moreover, the family pζεqε is

tight in C0pr0, T s, C1
xq.
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To simplify the notation, we write C0
TH

´σ
x ˆ C0

TC1
x for C0pr0, T s, H´σ

x q ˆ C0pr0, T s, C1
xq.

Owing to Slutsky’s Lemma (see [Bil99, Theorem 4.1]) and to Lemma I.3.4, Proposition
I.6.1 is equivalent to the tightness of

`
pρε,τε

Λ , ζε,τ
ε
Λq
˘
ε

and
`
ζε,τ

ε˘
ε
.

Since these processes are pathwise continuous, we have the following inequality between
the modulus of continuity w for continuous functions and the modulus of continuity w1 for
càdlàg functions (see [Bil99, equation (14.11)]):

wXpδq ď 2w1
Xpδq,

with, for a càdlàg function X,

wXpδq .“ sup
0ďtďsďt`δďT

}Xpsq ´ Xptq}

w1
Xpδq .“ sup

ptiqi

max
i

sup
tiďtďsăti`1

}Xpsq ´ Xptq} ,

where ptiqi is a subdivision of r0, T s. Therefore, the tightness in the Skorokhod space
DTH

´σ
x ˆ DTC1

x (respectively DTC1
x) implies the tightness in C0

TH
´σ
x ˆ C0

TC1
x (respectively

in C0
TC1

x).
Owing to [Jak86, Theorem 3.1], tightness in the Skorokhod space follows from the

following claims, which are proved in Sections I.6.1 and I.6.2 respectively.

(i) For all η ą 0, there exists some compact sets Kη Ă H´σ
x and K 1

η Ă C1
x such that for

all ε ą 0,

P
`
@t P r0, T s, ρε,τε

Λptq P Kη

˘
ą 1 ´ η (I.6.1)

P
`
@t P r0, T s, ζε,τε

Λptq P K 1
η

˘
ą 1 ´ η (I.6.2)

P
`
@t P r0, T s, ζε,τεptq P K 1

η

˘
ą 1 ´ η. (I.6.3)

(ii) If ϕ is a sum of a finite number of bounded functions ϕi P Θ, then
`
ϕpρε,τε

Λ , ζε,τ
ε
Λq
˘
ε

is tight in Dpr0, T s,Rq.
For any rϕ P Θ with ψ “ 1,

`
rϕpζε,τεq

˘
ε

is tight in Dpr0, T s,Rq.
We ask of ϕ to be a finite sum of test functions because [Jak86, Theorem 3.1] requires

the class of test functions to separate points and to be closed under addition, but Θ does
not satisfies the latter condition.

I.6.1 Proof of the first claim Item (i)

Using Proposition I.3.6 and the Markov inequality, we have for R ą 0,

P

´
Dt P r0, T s,

››ρε,τε
Λptq

››
L2

x
ą R

¯
ď

E

”
suptPr0,T s

››ρε,τε
Λptq

››
L2

x

ı

R
ÀΛ

E

”
}f ε0 }L2pM´1q

ı

R
.

Note that stopping the processes at τΛpζεq is necessary at this point. Owing to the compact
embedding L2

x Ă H´σ
x for σ ą 0, we get (I.6.1).

Since (I.6.2) is a consequence of (I.6.3), it remains to prove (I.6.3). Owing to Ascoli’s
Theorem, we have a compact embedding of the Hölder space C1,δ

x Ă C1
x for any δ ą 0.

Moreover, with s “ td{2u ` 2, we have a continuous embedding Hs
x Ă C1,δ

x for any
δ P p0, s ´ d

2
´ 1s. Then (I.6.3) is a consequence of Proposition I.6.2 below and of the

Markov inequality.
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Proposition I.6.2. Recall that τ ε is defined by (I.2.9). Then, for all T ą 0, we have

sup
ε

E

«
sup
tPr0,T s

››ζε,τεptq
››2

H
td{2u`2

x

ff
ă 8.

Proof. The idea of this proof is to express ζε (and its derivatives) as a sum of a small term
and a martingale, and then to estimate the martingale using Doob’s Maximal Inequality.
This argument is used two times in a row, and the estimates heavily rely on Assumptions
I.9 and I.10.

Since ζεptq P E “ C2td{2u`4
x Ă H td{2u`2

x , it is sufficient to prove that for all multi-indices
β of length |β| ď td{2u ` 2, we have

sup
ε

E

«
sup
tPr0,T s

››››
B|β|ζε,τ

εptq
Bxβ

››››
2

L2
x

ff
ă 8.

Fix such a β and let ε ą 0. First note that

E

«
sup
tPr0,T s

››››
B|β|ζε,τ

εptq
Bxβ

››››
2

L2
x

ff
ď
ż
E

«
sup
tPr0,T s

ˇ̌
ˇ̌B

|β|ζε,τ
εpt, xq

Bxβ
ˇ̌
ˇ̌
2
ff
dx. (I.6.4)

For x P T
d, define θx,β P E˚ by

@n P E, θx,βpnq “ B|β|n

Bxβ pxq.

Since mε is almost surely an E-valued càdlàg function, the derivative and the integral
commute in the following computation:

B|β|ζεpt, xq
Bxβ “ 1

ε

ż t

0

B|β|mεps, xq
Bxβ ds “ 1

ε

ż t

0

θx,βpmεpsqqds.

Owing to the identity 〈θx,β〉 “ 0, Lemma I.3.1 and Assumption I.9, the function ψx
.“

´R0θx,β is well-defined, is Lipschitz continuous with rψxsLip À rθx,βs
Lip

“ 1 and ψx, ψ
2
x P

DpBq. Therefore Proposition I.4.2 states that

M ε
εψx

ptq “ εψxpmεptqq ´ εψxpmp0qq ´ 1

ε2

ż t

0

εBψxpmεpsqqds

“ εψxpmεptqq ´ εψxpmp0qq ´ B|β|ζεpt, xq
Bxβ

defines a square-integrable martingale such that

E

„ˇ̌
ˇM ε,τε

εψx
ptq

ˇ̌
ˇ
2


“ E

„ż t^τε

0

`
Bpψ2

xq ´ 2ψxBψx
˘

pmεpsqqds

. (I.6.5)

Since rψxsLip À rθx,βs
Lip

“ 1 and α ă 1 in (I.3.6), we have

E

«
sup
tPr0,T s

ˇ̌
εψxpmε,τεptqq

ˇ̌2
ff

À ε2
E
“
ε´2α _ }mp0q}2

E

‰
À 1,
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and by Doob’s Maximal Inequality, we get

E

«
sup
tPr0,T s

ˇ̌
ˇ̌B

|β|ζε,τ
εpt, xq

Bxβ
ˇ̌
ˇ̌
2
ff 1

2

À 1 ` E

«
sup
tPr0,T s

ˇ̌
ˇM ε,τε

εψx
ptq

ˇ̌
ˇ
2

ff 1

2

À 1 ` E

„ˇ̌
ˇM ε,τε

εψx
pT q

ˇ̌
ˇ
2
 1

2

. (I.6.6)

Owing to Proposition I.4.2, we have

E

„ˇ̌
ˇM ε,τε

εψx
pT q

ˇ̌
ˇ
2


“ E

„ż T^τε

0

`
Bpψ2

xq ´ 2ψxBψx
˘

pmεpsqqds

,

For now, we only know that the right-hand side is of order ε´2α, by (I.2.9) and (I.6.5). To
retrieve an estimate uniform in ε, we use the same martingale argument as before. Let

rθx,β .“ Bpψ2
xq ´ 2ψxBψx “ BppR0θx,βq2q ` 2θx,βR0θx,β,

so that

E

„ˇ̌
ˇM ε,τε

εψx
pT q

ˇ̌
ˇ
2


“ E

„ż T^τε

0

rθx,βpmεpsqqds

. (I.6.7)

Since θx,β and R0θx,β are pseudo-linear functions, the function θx,βR0θx,β is pseudo-
quadratic. Thus, by Lemma I.3.1 and Assumption I.9, the function

rψx “ pR0θx,βq2 ´ 2R0 rθx,βR0θx,β ´ 〈θx,βR0θx,β〉s ,

is well-defined and satisfies rψx, rψ2
x P DpBq and B rψx “ rθx,β ´ 2 〈θx,βR0θx,β〉. As before,

introduce the martingale process

M ε

ε2 rψx
ptq “ ε2 rψxpmεptqq ´ ε2 rψxpmp0qq ´ 1

ε2

ż t

0

ε2B rψxpmεpsqqds

“ ε2 rψxpmεptqq ´ ε2 rψxpmp0qq ´
ż t

0

rθx,βpmεpsqqds` 2t 〈θx,βR0θx,β〉 .

Owing to Lemma I.3.1, we have for n P E
ˇ̌
ˇ rψxpnq

ˇ̌
ˇ À p1 ` }n}b`1

E ` }n}2

Eq
〈θx,βR0θx,β〉 À 1.

Using the conditions αpb` 1q ă 2 and α ă 1 in (I.3.6), and using the finiteness of moments
of order 2pb ` 1q and 4 of mp0q in Assumption I.7, we get

E

„ż T^τε

0

rθx,βpmεpsqqds


ÀT 1 ` E

”ˇ̌
ˇM ε,τε

ε2 rψx
pT q

ˇ̌
ˇ
ı
, (I.6.8)

where, owing to Proposition I.4.2,

E

„ˇ̌
ˇM ε,τε

ε2 rψx
pT q

ˇ̌
ˇ
2


“ ε2
E

„ż T^τε

0

´
Bp rψ2

xq ´ 2 rψxB rψx
¯

pmεpsqqds

.
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Owing to Assumption I.10, we have for n P E
ˇ̌
ˇ
´
Bp rψ2

xq ´ 2 rψxB rψx
¯

pnq
ˇ̌
ˇ À p1 ` }n}2pb`1q

E ` }n}4

Eq.

Since αpb ` 1q ă 1 and 2α ă 1 in (I.3.6) and since mp0q has finite moments of order
2pb ` 1q and 4 in Assumption I.7, we get

E

„ˇ̌
ˇM ε,τε

ε2 rψx
pT q

ˇ̌
ˇ
2


ÀT 1. (I.6.9)

Gathering the estimates (I.6.6), (I.6.7), (I.6.8) and (I.6.9), we obtain the required result

sup
ε

sup
xPTd

E

«
sup
tPr0,T s

ˇ̌
ˇ̌B

|β|ζε,τ
εpt, xq

Bxβ
ˇ̌
ˇ̌
2
ff

ÀT 1.

This concludes the proof by (I.6.4).

Proposition I.6.2, together with the compact embedding Hs
x Ă C1

x and the Markov
inequality, proves that (I.6.3) holds, hence (I.6.2). This concludes the proof of Item (i).

I.6.2 Proof of the second claim Item (ii)

As in [DV20], we prove Item (ii) using the Aldous criterion [JS03, Theorem 4.5 p356].
Let ϕ “ ř

i ϕi be the sum of a finite number of bounded functions ϕi P Θ. We set
Xε “ pf ε, ζε,mεq and X

ε “ pρε, ζεq. Recall that if rϕ P Θ depends only on z, then the
perturbed test function rϕε defined by Proposition I.4.3 depends only on n and z. Using
Proposition I.4.2, this allows us to stop the processes only at τ ε instead of τ εΛ while keeping
the same estimates. Therefore, the proof of the tightness of

`
rϕpζε,τεq

˘
ε

is the same as of´
ϕpXε,τε

Λq
¯
ε
, and is thus omitted. It only remains to prove

´
ϕpXε,τε

Λq
¯
ε

is tight.

The Aldous criterion gives a sufficient condition for the tightness of the family´
ϕpXε,τε

Λq
¯
ε

in Dpr0, T s,Rq: since ϕ is bounded, is it sufficient to prove that

@η ą 0, lim
δÑ0

lim sup
εÑ0

sup
τ1,τ2ďT

τ1ďτ2ďτ1`δ

P

´ˇ̌
ˇϕpXε,τε

Λpτ2qq ´ ϕpXε,τε
Λpτ1qq

ˇ̌
ˇ ą η

¯
“ 0, (I.6.10)

where τ1, τ2 are any pF ε
t qtPR`-stopping times.

Define the perturbed test function ϕε “ ř
i ϕ

ε
i . This sum satisfies the estimates (I.4.19),

(I.4.20) and (I.4.21). Then, define

θεptq “ ϕpXεp0qq ` ϕεpXεptqq ´ ϕεpXεp0qq (I.6.11)

“ ϕpXεp0qq `
ż t

0

LεϕεpXεpsqqds` M ε
ϕεptq, (I.6.12)

where M ε
ϕε is defined by Proposition I.4.1, so that

ϕpXε,τε
Λpτ2qq ´ ϕpXε,τε

Λpτ1qq “
`
θε,τ

ε
Λpτ2q ´ θε,τ

ε
Λpτ1q

˘
´
´
ϕεpXε,τε

Λpτ2qq ´ ϕpXε,τε
Λpτ2qq

¯

`
´
ϕεpXε,τε

Λpτ1qq ´ ϕpXε,τε
Λpτ1qq

¯
.
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Using (I.3.5) and Propositions I.3.6 and I.4.3, we get

ˇ̌
ˇϕεpXε,τε

Λptqq ´ ϕpXε,τε
Λptqq

ˇ̌
ˇ

Àϕ,Λ p1 ` }f ε0 }2

L2pM´1qqpεp1 ` ε´α _ }mp0q}q ` ε2p1 ` ε´αpb`1q _ }mp0q}b`1qq.

Since α ă 1 and αpb ` 1q ă 2 in (I.3.6), we get

E

«
sup
tPr0,T s

ˇ̌
ˇϕεpXε,τε

Λptqq ´ ϕpXε,τε
Λptqq

ˇ̌
ˇ
ff

ÝÝÑ
εÑ0

0,

hence,

sup
τ1,τ2

E

”ˇ̌
ˇϕpXε,τε

Λpτ2qq ´ ϕpXε,τε
Λpτ1qq

ˇ̌
ˇ
ı

ď sup
τ1,τ2

E
“ˇ̌
θε,τ

ε
Λpτ2q ´ θε,τ

ε
Λpτ1q

ˇ̌‰
` op1q,

where op1q denotes any quantity u satisfying u ÝÝÑ
εÑ0

0. Using the Markov inequality, we
get

sup
τ1,τ2

P

´ˇ̌
ˇϕpXε,τε

Λpτ2qq ´ ϕpXε,τε
Λpτ1qq

ˇ̌
ˇ ą η

¯
ď sup

τ1,τ2

E
“ˇ̌
θε,τ

ε
Λpτ2q ´ θε,τ

ε
Λpτ1q

ˇ̌‰

η
` op1q.

Therefore, it is sufficient to prove that

sup
τ1,τ2,ε

E
“ˇ̌
θε,τ

ε
Λpτ2q ´ θε,τ

ε
Λpτ1q

ˇ̌‰
ÝÝÑ
δÑ0

0, (I.6.13)

to deduce (I.6.10) and then to use Aldous criterion.
Owing to (I.6.12), we have

ˇ̌
θε,τ

ε
Λpτ2q ´ θε,τ

ε
Λpτ1q

ˇ̌
ď
ż τ2^τε

Λ

τ1^τε
Λ

|LεϕεpXεpsqq| ds`
ˇ̌
ˇM ε,τε

Λ

ϕε pτ2q ´ M
ε,τε

Λ

ϕε pτ1q
ˇ̌
ˇ . (I.6.14)

Using once again (I.3.5), Propositions I.3.6 and I.4.3, we get

ˇ̌
LεϕεpXε,τε

Λptqq
ˇ̌

Àϕ,Λ

ˇ̌
ˇLϕpXε,τε

Λpsqq
ˇ̌
ˇ ` εp1 ` }f ε0 }3

L2pM´1qqp1 ` ε´αpb`2q _ }mp0q}b`2q

Àϕ,Λ 1 ` }f ε0 }2

L2pM´1q ` εp1 ` }f ε0 }3

L2pM´1qqp1 ` ε´αpb`2q _ }mp0q}b`2q.

Using the Cauchy-Schwarz inequality, the condition αpb`2q ă 1 in (I.3.6) and Assumptions
I.4 and I.7, we get

E

«
sup
tPr0,T s

ˇ̌
LεϕεpXε,τε

Λptqq
ˇ̌
ff

Àϕ,Λ 1. (I.6.15)

Thus, we get

sup
ε

sup
τ1,τ2

E

«ż τ2^τε
Λ

τ1^τε
Λ

|LεϕεpXεpsqq| ds
ff

ď sup
ε

sup
τ1,τ2

δE

«
sup
tPr0,T s

ˇ̌
LεϕεpXε,τε

Λptqq
ˇ̌
ff

ÝÝÑ
δÑ0

0.
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The last term of (I.6.14) is controlled using martingale arguments. Owing to Proposition
I.4.1, M

ε,τε
Λ

ϕε is indeed a square-integrable martingale and

E

„ˇ̌
ˇM ε,τε

Λ

ϕε pτ2q ´ M
ε,τε

Λ

ϕε pτ1q
ˇ̌
ˇ
2


“ E

„ˇ̌
ˇM ε,τε

Λ

ϕε pτ2q
ˇ̌
ˇ
2

´
ˇ̌
ˇM ε,τε

Λ

ϕε pτ1q
ˇ̌
ˇ
2


“ 1

ε2
E

«ż τ2^τε
Λ

τ1^τε
Λ

`
Bppϕεq2q ´ 2ϕεBϕε

˘
pXεpsqqds

ff

“ E

«ż τ2^τε
Λ

τ1^τε
Λ

2ÿ

i“´2

εiripXεpsqqds
ff

where the terms ri are obtained by writing ϕε “ ϕ` εϕ1 ` ε2ϕ2 and expanding Bppϕεq2q ´
2ϕεBϕε. The terms containing ϕ vanish, using Bϕ “ 0, Bpϕ2q “ 0 and Bϕϕj “ ϕBϕj
(since ϕ does not depend on n). Using Assumption I.10, the remaining terms satisfy

r´2 “ r´1 “ 0,

r0pf, z, nq “
“
Bpϕ2

1q ´ 2ϕ1Bϕ1

‰
pf, z, nq Àϕ p1 ` }f}2

L2pM´1qqp1 ` }n}2

Eq,
r1pf, z, nq “ r2Bpϕ1ϕ2q ´ ϕ1Bϕ2 ´ ϕ2Bϕ1s pf, z, nq Àϕ p1 ` }f}3

L2pM´1qqp1 ` }n}b`2

E q,
r2pf, z, nq “

“
Bpϕ2

2q ´ 2ϕ2Bϕ2

‰
pf, z, nq Àϕ p1 ` }f}4

L2pM´1qqp1 ` }n}2pb`1q
E q.

As for (I.6.15), using that αpb ` 2q ă 1 in (I.3.6), we have for i P t1, 2u

E

«
sup
tPr0,T s

εiripXε,τε
Λptqq

ff
Àϕ,Λ 1,

and

sup
ε

sup
τ1,τ2

E

«ż τ2^τε
Λ

τ1^τε
Λ

εiripXεpsqqds
ff

ÝÝÑ
δÑ0

0.

We need to be more cautious when dealing with r0, since there are no ε left to compensate
the ε´2α that would appear from bounding mε,τε

from above using Proposition I.3.6.
The idea is to use estimates for f ε,τ

ε
Λ and mε (instead of mε,τε

Λ), using that for s ď τ εΛ,
mε,τε

Λpsq “ mεpsq. We write

E

«ż τ2^τε
Λ

τ1^τε
Λ

r0pXεpsqqds
ff

Àϕ E

«ż τ2^τε
Λ

τ1^τε
Λ

p1 `
››f ε,τε

Λpsq
››2

L2pM´1qqp1 ` }mεpsq}2

Eqds
ff

Àϕ,Λ E

„ż τ2

τ1

p1 ` }f ε0 }2

L2pM´1qqp1 ` }mεpsq}2

Eqds


Àϕ,Λ

ż T

0

E

”
✶rτ1,τ2spsqp1 ` }f ε0 }2

L2pM´1qqp1 ` }mεpsq}2

Eq
ı
ds.

Then, we use the Hölder inequality to write

E

«ż τ2^τε
Λ

τ1^τε
Λ

r0pXεpsqqds
ff

Àϕ,Λ

ż T

0

E
“
✶rτ1,τ2spsq

‰ 1

3 E

”
1 ` }f ε0 }6

L2pM´1q

ı 1

3

E
“
1 ` }mεpsq}6

E

‰ 1

3 ds

Àϕ,Λ

ż T

0

E
“
✶rτ1,τ2spsq

‰ 1

3 dsE
”
1 ` }f ε0 }6

L2pM´1q

ı 1

3

E
“
1 ` }mεp0q}6

E

‰ 1

3 ,
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by stationarity of m. Using the Cauchy-Schwarz inequality, Assumptions I.4 and I.7, we
get

E

«ż τ2^τε
Λ

τ1^τε
Λ

r0pXεpsqqds
ff

Àϕ,Λ

ż T

0

E
“
✶rτ1,τ2spsq

‰ 1

2 ds

Àϕ,Λ,T

ˆż T

0

E
“
✶rτ1,τ2spsq

‰
ds

˙ 1

2

Àϕ,Λ,T δ
1

2 Ñ 0,

uniformly in ε, τ1 and τ2. This concludes the proof of (I.6.13).
We are now in position to apply Aldous’ criterion, which proves that

``
ρε,τΛpζεq, ζε,τΛpζεq˘˘

ε

is tight in C0
TH

´σ
x ˆ C0

TC1
x. This concludes the proof of Item (ii), and of Proposition I.6.1.

I.7 Identification of the limit points

In this section, we establish the first convergence result stated in Theorem I.2.1.
We start by proving the convergence of the auxiliary process ζε in Section I.7.1, using

the convergence of a simplified martingale problem. Then, in Section I.7.2, we determine
the stopped martingale problem solved by a limit point of the stopped process. In Section
I.7.3, we use this stopped martingale to identify the limit point of the stopped process.
We conclude on the convergence of the unstopped process in Section I.7.4.

I.7.1 Convergence of the auxiliary process

Proving the convergence of ζε is much simpler than for the coupled process X
ε
. Indeed,

as seen in particular in Proposition I.6.1, the only stopping time we need is τ ε, and
τ ε ÝÝÑ

εÑ0
`8. Therefore, the convergence of martingale problems is a little more intricate

than the proof used in [DV12], but it remains straightforward.

Proposition I.7.1. The process ζε converges in distribution in C0
TC1

x to a Wiener process
of covariance Q when ε Ñ 0.

Proof. Owing to the tightness established in Proposition I.6.1, there exists a sequence
εi ÝÝÝÑ

iÑ8
0 and ζ P C0

TC1
x such that ζεi converges in distribution to ζ when i Ñ 8. We start

by proving that ζ solves the martingale problem associated with the generator L.
Let ϕ P Θ with ψ “ 1. Let 0 ď s ď s1 ď ... ď sn ď t, let g be a continuous bounded

function and for z P C0
TC1

x, let Gpzq “ gpzps1q, ..., zpsnqq and

Φpzq “
ˆ
ϕpzptqq ´ ϕpzpsqq ´

ż t

s

Lϕpzpuqqdu
˙
Gpzq.

Note that G and Φ are continuous and bounded on C0
TC1

x, so E rΦpζεiqs ÝÝÝÑ
iÑ8

E rΦpζqs. Let

us establish that E rΦpζεiqs also converges to 0.
Let ϕεi be the perturbed test function introduced in Proposition I.4.3 associated to ϕ.

Since ϕεi is a good test function, and since Gpζεi,τ
εi q is F εi

s -measurable, Proposition I.4.1
yields

E

„ˆ
ϕεipζεi,τ

εi ptqq ´ ϕεipζεi,τ
εi psqq ´

ż t^τεi

s^τεi

Lεiϕεipζεipuqqdu
˙
Gpζεi,τ

εi q


“ 0.
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Owing to (I.4.13), this leads to

ˇ̌
E
“
Φpζεi,τ

εi q
‰ˇ̌

Àg

4ÿ

j“1

E r|rj|s ,

with

r1 “ εipϕ1pζεi,τ
εi ptq,mεi,τ

εi ptqq ´ ϕ1pζεi,τ
εi psq,mεi,τ

εi psqqq,
r2 “ εi

2pϕ2pζεi,τ
εi ptq,mεi,τ

εi ptqq ´ ϕ2pζεi,τ
εi psq,mεi,τ

εi psqqq,

r3 “ ´
ż t^τεi

s^τεi

pLεiϕεipζεipuqq ´ Lϕpζεipuqqq du,

r4 “
ż t

t^τεi

Lϕpζεi,τ
εi puqqdu´

ż s

s^τεi

Lϕpζεi,τ
εi puqqdu.

Using (I.3.6), (I.4.19), (I.4.20), (I.4.21) and Assumptions I.4 and I.7 we have for j P t1, 2, 3u,
E r|rj|s ÝÝÑ

εÑ0
0. It remains to prove that E r|r4|s Ñ 0. The term r4 does not appear in

[DV12], but is simple to manage since τ ε ÝÝÑ
εÑ0

8. The Cauchy-Schwarz inequality and
Lemma I.3.4 lead to

E r|r4|s2 Àϕ E
“
|t ´ t ^ τ εi |2 ` |s ´ s ^ τ εi |2

‰

Àϕ T
2
P pτ εi ă T q ÝÝÝÑ

iÑ8
0

Thus, we get E
“
Φpζεi,τ

εi q
‰

ÝÝÝÑ
iÑ8

0, hence E rΦpζqs “ 0. The same proof can be adapted

when replacing ϕ by ϕ2. Therefore, the processes Mϕ and Mϕ2 defined in Proposition I.5.1
are martingales. Owing to Proposition I.5.1, ζ satisfies (I.5.2) and is a Q-Wiener process.

This limit point being unique in distribution, ζε converges in distribution to this Wiener
process.

I.7.2 Convergence of the stopped martingale problems

In this section, we use Proposition I.7.1 to establish the convergence of the stopped
martingale problems satisfied by Xε,τε

Λ . The proof is similar to the proof of Proposition
I.7.1, but this time the stopping time persists when ε Ñ 0 because of the fixed threshold
Λ.

Let us introduce the path space Ω “ C0
TH

´σ
x ˆ C0

TC1
x ˆ C0

TC1
x, equipped with its Borel

σ-algebra. We denote by pρ, ζ, ζ 1q the canonical process on Ω and by pF tqtPR` its associated
filtration.

Define Pε,Λ the distribution of pρε,τε
Λ , ζε,τ

ε
Λ , ζεq and Eε,Λ the expectation under this

distribution (on Ω). By Proposition I.6.1, the family pPε,Λq
ε

is tight. Thus, in this section,
we consider a sequence pεiqiPN such that εi Ñ 0 and Pεi,Λ Ñ P0,Λ weakly when i Ñ 8, for
some limit point P0,Λ. Note that under P0,Λ, owing to Proposition I.7.1, ζ 1 is a Q-Wiener
process whose distribution PQ does not depend on Λ.

We now state two continuity lemmas.

Lemma I.7.2. For any fixed Λ P R
`, the mapping τΛp¨q defined by (I.2.10) is lower semi-

continuous on C0
TC1

x. Moreover, it is continuous at every z such that τ¨pzq is continuous at
Λ.
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Lemma I.7.3. The set
 
Λ ě 0 | PQ

`
τ¨pζ 1q is not continuous at Λ

˘
ą 0

(
is at most count-

able. Let L be its complementary.

We refer to [HS12, Lemmas 3.5 and 3.6] for the proofs of Lemmas I.7.2 and I.7.3. These
results can be applied here since

››ζ 1››
C1

x
is a continuous finite dimensional process and its

distribution PQ under P0,Λ does not depend on Λ.
Owing to Lemma I.7.3, there exist arbitrarily large numbers Λ P L and for all Λ P L,

τ¨pζ 1q is P0,Λ-almost surely continuous at Λ and by Lemma I.7.2, τΛp¨q is P0,Λ-a.s. continuous
at ζ 1. From now on, it is assumed that Λ P L.

Proposition I.7.4. Let Λ P L. For all ϕ P Θ, the process

t ÞÑ ϕpρptq, ζptqq ´ ϕpρp0q, ζp0qq ´
ż t^τΛpζ1q

0

Lϕpρpuq, ζpuqqdu

is a pF tqtPR`-martingale under P0,Λ.

Proof. Let ϕ P Θ. As for Proposition I.7.1, let 0 ď s ď s1 ď ... ď sn ď t, let g be a
continuous bounded function, and let

Gpρ, ζ, ζ 1q “ gpρps1q, ζps1q, ζ 1ps1q, ..., ρpsnq, ζpsnq, ζ 1psnqq,

and

Φpρ, ζ, ζ 1q “
˜
ϕpρptq, ζptqq ´ ϕpρpsq, ζpsqq ´

ż t^τΛpζ1q

s^τΛpζ1q
Lϕpρpuq, ζpuqqdu

¸
Gpρ, ζ, ζ 1q.

As for Proposition I.7.1, we establish that Eεi,Λ

“
Φpρ, ζ, ζ 1q

‰
converges, when i Ñ 8, to

both E0,Λ

“
Φpρ, ζ, ζ 1q

‰
and 0.

On the one hand, since Φ is continuous P0,Λ-almost everywhere, Pεi,Λ ˝ Φ´1 Ñ P0,Λ ˝
Φ´1 weakly when i Ñ 8 (see [Bou04, Proposition IX.5.7]). Moreover, pPεi,Λ ˝ Φ´1q

εi
is

uniformly integrable. Indeed, using (I.4.28), we have

sup
ε

Eε,Λ

”ˇ̌
Φpρ, ζ, ζ 1q

ˇ̌2ı ÀT,Λ,ϕ,g sup
ε

E

”
1 ` }f ε0 }4

L2pM´1q

ı
ă 8.

Owing to [Bil99, Theorem 5.4], uniform integrability and convergence in distribution yield

Eεi,Λ

“
Φpρ, ζ, ζ 1q

‰
ÝÝÝÑ
iÑ8

E0,Λ

“
Φpρ, ζ, ζ 1q

‰
.

On the other hand, define the perturbed test function ϕεi as in Proposition I.4.3. As
for Proposition I.7.1, we have

E

«˜
ϕεipXεi,τ

εi
Λ ptqq ´ ϕεipXεi,τ

εi
Λ psqq ´

ż t^τεi
Λ

s^τεi
Λ

LεiϕεipXεipuqqdu
¸
Gpρεi,τ

εi
Λ , ζεi,τ

εi
Λ , ζεi,τ

εi q
ff

“ 0,

and
ˇ̌
Eεi,Λ

“
Φpρ, ζ, ζ 1q

‰ˇ̌
“
ˇ̌
ˇE

”
Φpρεi,τ

εi
Λ , ζεi,τ

εi
Λ , ζεiq

ıˇ̌
ˇ Àg

4ÿ

j“1

E r|rj|s ,
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with

r1 “ εipϕ1pXεi,τ
εi
Λ ptqq ´ ϕ1pXεi,τ

εi
Λ psqqq Ñ 0

r2 “ εi
2pϕ2pXεi,τ

εi
Λ ptqq ´ ϕ2pXεi,τ

εi
Λ psqqq Ñ 0

r3 “ ´
ż t^τεi

Λ

s^τεi
Λ

´
LεiϕεipXεi,τ

εi
Λ puqq ´ LϕpXεi,τ

εi
Λ puqq

¯
du Ñ 0

r4 “
ż t^τΛpζεi q

t^τεi
Λ

LϕpXεi,τ
εi puqqdu´

ż s^τΛpζεi q

s^τεi
Λ

LϕpXεi,τ
εi puqqdu.

For the last term r4, we have

E r|r4|s2 Àϕ,Λ E
“
|t ^ τΛpζεiq ´ t ^ τ εi

Λ |2 ` |s ^ τΛpζεiq ´ s ^ τ εi

Λ |2
‰

Àϕ,Λ T
2
P pτ εi ă T ^ τΛpζεiqq using (I.2.12)

Àϕ,Λ T
2
P pτ εi ă T q ÝÝÝÑ

iÑ8
0.

Thus, we get Eεi,Λ

“
Φpρ, ζ, ζ 1q

‰
ÝÝÝÑ
iÑ8

0, which concludes the proof of Proposition I.7.4.

I.7.3 Identification of the limit point

In Section I.7.1, solving the martingale problem is sufficient to characterize the distribution
of the Markov process as a solution of a limit equation, under a uniqueness condition.
However, the limit point P0,Λ solves a martingale problem only until a stopping time τΛpζ 1q.
The goal of this section is to explain how to identify P0,Λ using this stopped martingale
problem.

Let us come back to the space Ω to state more precise results. Recall that the
distribution of pρε,τε

Λ , ζε,τ
ε
Λ , ζεq is Pε,Λ, and define pρΛ, ζΛ, ζ

1q following the limit distribution
P0,Λ (we assume Ω is large enough to define such a process). Recall thatX

ε,τε
Λ .“ pρε,τε

Λ , ζε,τ
ε
Λq.

Define XΛ
.“ pρΛ, ζΛq and X a solution of (I.2.13).

In this section, we construct a process YΛ that extends XΛ after the stopping time
τΛpζ 1q (in distribution) and that solves the martingale problem associated to L. It is
similar to the proof of [SV06, Theorem 6.1.2], but we adapt this proof to see precisely how
τΛpζ 1q is linked to the extended process.

Extension after a stopping time We first need a result to assert that τΛpζ 1q is a
hitting time for XΛ. Note that until here, we did not use ζε when considering the coupled
process pρε, ζεq. But had we considered ρε alone, the stopping time τΛpζ 1q would not be a
hitting time for ρΛ (as a matter of fact, τΛpζ 1q is not even a stopping time for the filtration
generated by ρΛ).

Lemma I.7.5. Let Λ P L.
The processes ζΛ and pζ 1qτΛpζ1q are indistinguishable. In particular, τΛpζΛq “ τΛpζ 1q.

Moreover, the processes ρΛ and ρ
τΛpζ1q
Λ are indistinguishable.

This result was expected, given the construction of the stopping times and the fact
that ζΛ and ζ 1 are the limit of the same process, respectively with and without a stopping
time. The choice Λ P L is here necessary to retrieve this result by taking the limit ε Ñ 0.
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Proof. Since τ εi Ñ 8 in probability by Lemma I.3.4, Slutsky’s Lemma yields the following
convergence in distribution

pζεi,τ
εi
Λ , ζεi,τ

εi
, ζεiq ÝÝÝÑ

iÑ8
pζΛ, ζ

1, ζ 1q

Now, for z1, z2, z3 P C0
TC1

x, let

Φpz1, z2, z3q “
›››z1 ´ z

τΛpz3q
2

›››
C0

T
C1

x

.

Owing to Lemma I.7.2, the mapping Φ is almost surely continuous at pζΛ, ζ
1, ζ 1q. Thus

Φpζεi,τ
εi
Λ , ζεi,τ

εi , ζεiq “ 0 converges in distribution to ΦpζΛ, ζ
1, ζ 1q. Hence, we have almost

surely ζΛ “ pζ 1qτΛpζ1q.
The proof for ρΛ uses similar arguments with Φpρ, zq “

››ρ ´ ρτΛpzq››
C0

T
H´σ

x
.

From now on, for any process Y “ pρ, ζq, we write τΛpY q “ τΛpζq so that τΛpXΛq “
τΛpζ 1q P r0,8s. We shorten the notation to τΛ

.“ τΛpXΛq. Introduce the measurable
function SΛ that stops a process at the level Λ, namely SΛpY q “ Y τΛpY q. Owing to Lemma
I.7.5, we have SΛpXΛq “ XΛ.

This section is devoted to extending XΛ after τΛ into a solution of the martingale
problem associated to L. Namely, we define a process YΛ such that SΛpYΛq d“ XΛ and
such that YΛ solves the aforementioned martingale problem.

Fix ω1 P Ω. Define the process XΛ,ω1 as follows:

• @ω P Ω, @t ď τΛ pω1q , XΛ,ω1ptq pωq “ XΛptq pω1q. Note that τΛpXΛ,ω1q “ τΛ pω1q
almost surely. In particular, the distribution of SΛpXΛ,ω1q is the Dirac distribution
at XΛ pω1q.

• On rτΛ pω1q , T s (this interval can be empty), XΛ,ω1 pωq is the solution of (I.2.13)
starting at time τΛ pω1q from the initial state XΛpτΛ pω1qq pω1q.

It is straightforward to check that

ω1 ÞÑ P
`
XΛ,ω1 P C

˘

is measurable for C “ tY P C0
TH

´σ
x ˆ C0

TC1
x | Y pt1q P Γ1, ..., Y ptnq P Γnu with 0 ď t1 ă ... ă

tn ď T and Γi measurable. Since those sets generate the Borel σ-algebra of C0
TH

´σ
x ˆ C0

TC1
x,

and since a pointwise limit of measurable functions is measurable, we can take the limit
when the subdivision become thiner to get that the mapping is still measurable for any
measurable C. Thus, we can define a mapping C ÞÑ E

1
P
`
XΛ,ω1 P C

˘
, where E

1 denotes the
integration with respect to ω1. It is also straightforward to check that this mapping is
a probability measure, thus we can define on Ω a process YΛ following this distribution,
namely

P pYΛ P Cq “ E
1
P
`
XΛ,ω1 P C

˘
.

In particular, since S´1
Λ pCq is a measurable set, we have

P pSΛpYΛq P Cq “ E
1
P
`
SΛpXΛ,ω1q P C

˘

“ E
1
✶tXΛpω1qPCu

“ P
`
XΛ P C

˘
,

hence YΛ extends XΛ as announced beforehand, in the sense that SΛpYΛq d“ XΛ. Moreover,
for any measurable function Φ such that E

1
E
“ˇ̌

ΦpXΛ,ω1q
ˇ̌‰

ă 8, we have

E rΦpYΛqs “ E
1
E
“
ΦpXΛ,ω1q

‰
. (I.7.1)
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Identification of the extended process It remains to prove that YΛ solves the mar-
tingale problem associated to L.

For ϕ P Θ, and a process Y P C0
TH

´σ
x ˆ C0

TC1
x, define the process

MY ptq “ ϕpY ptqq ´ ϕpY p0qq ´
ż t

0

LϕpY puqqdu.

Let 0 ď s1 ď ... ď sn ď s ă t and g be a bounded measurable function. Let G : Y ÞÑ
gpY ps1q, ..., Y psnqq.

Owing to Proposition I.5.1, for almost all ω1 P Ω, the process

NΛ,ω1ptq “ MX
Λ,ω1 ptq ´ MX

Λ,ω1 pt ^ τΛ pω1qq

satisfies the martingale property

E
“
NΛ,ω1ptqGpXΛ,ω1q

‰
“ E

“
NΛ,ω1psqGpXΛ,ω1q

‰
.

Indeed, for t P r0, τ pω1qs, NΛ,ω1ptq “ 0 and after the time τ pω1q, this process solves the
martingale problem starting at time τ pω1q by construction. Using (I.5.4) and that ϕ and
Lϕ have at most quadratic growth, it is straightforward to establish

E
1
E
“ˇ̌
NΛ,ω1ptqGpXΛ,ω1q

ˇ̌‰
ă 8.

Thus, (I.7.1) and the identity above yield

E
“
pMYΛptq ´ MYΛpt ^ τΛpYΛqqqGpYΛq

‰
“ E

“
pMYΛpsq ´ MYΛps ^ τΛpYΛqqqGpYΛq

‰
,

which can be rewritten as

E
“
MYΛptqGpYΛq

‰
“ E

“
MYΛpsq✶tτΛpYΛqďsuGpYΛq

‰

` E
“
MYΛpt ^ τΛpYΛqq✶tτΛpYΛqąsuGpYΛq

‰
. (I.7.2)

Using that the process YΛ and SΛpYΛq are equal until the time τΛpYΛq “ τΛpSΛpYΛqq, and
that SΛpYΛq and XΛ are equal in distribution, we get for the second term

E
“
MYΛpt ^ τΛpYΛqq✶tτΛpYΛqąsuGpYΛq

‰

“ E
“
MSΛpYΛqpt ^ τΛpSΛpYΛqqq✶tτΛpSΛpYΛqqąsuGpSΛpYΛqq

‰

“ E

”
MXΛpt ^ τΛq✶tτΛąsuGpXΛq

ı
.

Owing to Proposition I.7.4, t ÞÑ MXΛpt ^ τΛq is a martingale for the filtration FXΛ

generated by XΛ. Moreover ✶tτΛąsuGpXΛq is FXΛ

s -measurable, hence the martingale
property yields

E

”
MXΛpt ^ τΛq✶tτΛąsuGpXΛq

ı
“ E

”
MXΛpsq✶tτΛąsuGpXΛq

ı
.

Using again that SΛpYΛq d“ XΛ, we get

E

”
MXΛpsq✶tτΛąsuGpXΛq

ı
“ E

“
MYΛpsq✶tτΛpYΛqąsuGpYΛq

‰
.
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Finally, owing to (I.7.2), we have

E
“
MYΛptqGpYΛq

‰
“ E

“
MYΛpsq✶tτΛpYΛqďsuGpYΛq

‰
` E

“
MYΛpsq✶tτΛpYΛqąsuGpYΛq

‰

“ E
“
MYΛpsqGpYΛq

‰
,

which proves that YΛ solves the martingale associated to L. Owing to Proposition I.5.1, it
solves (I.2.13) and since the solution is unique YΛ

d“ X the solution of (I.2.13). Therefore,
the limit point is unique (and does not depend on Λ). This concludes the proof that Xε,τε

Λ

converges in distribution to X.

I.7.4 Convergence of the unstopped process

This section is devoted to the proof that the process X
ε .“ pρε, ζεq converges in distribution

to X .“ pρ, ζq solution of (I.2.13), in C0
TH

´σ
x ˆ C0

TC1
x.

Let Φ be a continuous bounded mapping from C0
TH

´σ
x ˆ C0

TC1
x to R. There exists a

sequence εi such that εi Ñ 0 when i Ñ 8 and

lim sup
εÑ0

ˇ̌
E
“
ΦpXεq

‰
´ E

“
ΦpXq

‰ˇ̌
“ lim

iÑ8

ˇ̌
E
“
ΦpXεiq

‰
´ E

“
ΦpXq

‰ˇ̌
.

Let Λ P L. Owing to Proposition I.6.1, up to the extraction of another subsequence, we can

assume that pXεi,τ
εi
Λ , ζεiq converges in distribution to some pXΛ, ζq in pC0

TH
´σ ˆ C0

TC1
xq ˆ

C0
TC1

x. Now we write

ˇ̌
E
“
ΦpXεiq

‰
´ E

“
ΦpXq

‰ˇ̌
ď
ˇ̌
ˇE

“
ΦpXεiq

‰
´ E

”
ΦpXεi,τΛpζεi qq

ıˇ̌
ˇ

`
ˇ̌
ˇE

”
ΦpXεi,τΛpζεi qq

ı
´ E

“
ΦpXq

‰ˇ̌
ˇ .

First, we have
ˇ̌
ˇE

“
ΦpXεiq

‰
´ E

”
ΦpXεi,τΛpζεi qq

ıˇ̌
ˇ ÀΦ P pτΛpζεiq ď T q .

By Lemmas I.7.2 and I.7.3, since Λ P L, τΛpζεiq^2T converges in distribution to τΛpζ 1q^2T .
Then, by Portmanteau’s Theorem for closed sets, we have

lim sup
i

P pτΛpζεiq ď T q ď P pτΛpζ 1q ď T q .

Since Φ is a continuous bounded function, we have

lim
i

ˇ̌
ˇE

”
ΦpXεi,τΛpζεi qq

ı
´ E

“
ΦpXq

‰ˇ̌
ˇ “

ˇ̌
E
“
ΦpXΛq

‰
´ E

“
ΦpXq

‰ˇ̌
.

Recall that XΛ
d“ SΛpYΛq, and that YΛ

d“ X (by Section I.7.3). Thus, we get
ˇ̌
E
“
ΦpXΛq

‰
´ E

“
ΦpXq

‰ˇ̌
“ |E rΦpSΛpYΛqqs ´ E rΦpYΛqs|
ÀΦ P pτΛpYΛq ď T q .

Since τΛpYΛq d“ τΛpXΛq “ τΛpζ 1q by Lemma I.7.5, we finally get for Λ P L

lim sup
εÑ0

ˇ̌
E
“
ΦpXεq

‰
´ E

“
ΦpXq

‰ˇ̌
ÀΦ P pτΛpζ 1q ď T q .
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Since ζ 1 P C0
TC1

x, we have P pτΛpζ 1q ď T q ÝÝÝÑ
ΛÑ8

0. Recall that we can take this limit since

L contains arbitrarily large Λ’s. Therefore, we have

E
“
ΦpXεq

‰
ÝÝÑ
εÑ0

E
“
ΦpXq

‰
.

This concludes the proof that X
ε

converges in distribution to X, and in particular that ρε

converges in distribution to ρ in C0
TH

´σ
x .

I.8 Strong convergence

In this section, we establish the second convergence result stated in Theorem I.2.1, namely
the convergence in L2

TL
2
x. Given Section I.7 and Proposition I.6.1, it is sufficient to prove

that the sequence
`
ρε,τ

ε
Λ

˘
εą0

is tight in L2
TL

2
x. Indeed, assume this tightness holds. There

exists a limit point ρ1
Λ and a subsequence converging to ρ1

Λ in distribution in L2
TL

2
x, hence

in L2
TH

´σ
x . Owing to the first part of Theorem I.2.1, this subsequence converges to ρτΛpζq

in distribution in C0
TH

´σ
x , hence in L2

TH
´σ
x . As a consequence, ρΛ and ρ1

Λ are equal in
distribution. As in Section I.7.4, we deduce the convergence in L2

TL
2
x.

Therefore, it only remains to prove that
`
ρε,τ

ε
Λ

˘
εą0

is tight in L2
TL

2
x to get this conver-

gence.
Recall that wρ denotes the modulus of continuity of a H´σ

x -valued continuous process
ρ. Then, using [Sim87, Theorem 5], the set

KR
.“
!
ρ P L2

TL
2
x | }ρ}L2

T
Hσ1

x
ď R and @δ ą 0, wρpδq ă ηpδq

)

where R ą 0, σ1 ą 0 and ηpδq ÝÝÑ
δÑ0

0, is compact in L2
TL

2
x. Using Prokhorov’s Theorem,

the tightness of
`
ρε,τ

ε
Λ

˘
εą0

in L2
TL

2
x will follow if we prove that for all η ą 0, there exists

R ą 0 and σ1 ą 0 such that

lim
δÑ0

lim sup
εÑ0

P

´
w
ρ

ε,τε
Λ

pδq ą η
¯

“ 0, (I.8.1)

and
sup
ε

P

´››ρε,τε
Λ

››
L2

T
Hσ1

x
ą R

¯
ă η. (I.8.2)

Equation (I.8.1) is a direct consequence of (I.6.10). It remains to prove (I.8.2). Owing
to the Markov Inequality, it is sufficient to prove that, for some σ1 ą 0, we have

sup
ε

E

”››ρε,τε
Λ

››
L2

T
Hσ1

x

ı
ÀΛ 1. (I.8.3)

Let gε “ εBtf ε ` apvq ¨ ∇xf
ε. Owing to Assumption I.3, we can use an averaging lemma

([BD99, Theorem 2.3] with fptq “ f εpεtq, gptq “ gεpεtq and h “ 0 until the time T ^ τ εΛ)
and by rescaling the time, we get

››ρε,τε
Λ

››2

L2

T
H

σ˚{4

x
“
ż T^τε

Λ

0

››ρε,τε
Λptq

››2

H
σ˚{4

x
dt

À ε }f ε0 }2

L2
x

`
ż T^τε

Λ

0

››f ε,τε
Λptq

››2

L2pM´1q dt`
ż T^τε

Λ

0

››gε,τε
Λptq

››2

L2pM´1q dt,
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where, using the Cauchy-Schwarz inequality,

››gε,τε
Λptq

››
L2pM´1q “

››››f ε,τ
ε
Λptqmε,τε

Λptq ` 1

ε
Lf ε,τ

ε
Λptq

››››
L2pM´1q

ď
››f ε,τε

Λptq
››
L2pM´1q

››mε,τε
Λptq

››
L2

x
` 1

ε

››Lf ε,τε
Λptq

››
L2pM´1q .

Then Assumption I.4, (I.3.5) and Proposition I.3.6 lead to (I.8.3) with σ1 “ σ˚

4
. Since

the sets KR are compacts, Prokhorov’s Theorem yields, using (I.8.2) and (I.8.1), that`
ρε,τ

ε
Λ

˘
εą0

is tight in L2
TL

2
x.

Given Section I.7, this concludes the proof of the convergence in distribution of ρε in
L2
TL

2
x to ρ the solution of (I.2.13), and the proof of Theorem I.2.1.
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Chapter II

Convergence in the averaging regime
with an unbounded driving process

II.1 Introduction

Our aim in this work is to study the scaling limit of a stochastic kinetic equation towards
a diffusion Partial Differential Equation (PDE). For deterministic problems, this is a
thoroughly studied field in the literature, starting historically with [LK74, BLP79]. Kinetic
models with small parameters appear in various situations, for example when studying
semi-conductors [GP92] and discrete velocity models [LT97] or as a limit of a system of
particles, either with a single particle [GR09] or multiple ones [PV03]. It is important to
understand the limiting equations, which are in general much easier to simulate numerically.

In this chapter, we consider the following equation

Btf ε ` 1

ε
apvq ¨ ∇xf

ε ` mεf ε “ 1

ε2
Lf ε, f εp0q “ f ε0 , (II.1.1)

where f ε is defined on R
` ˆ T

d ˆ V , L is a linear operator (see (II.1.2) below) and the
source term mε is an ergodic random process defined on R

` ˆ T
d (satisfying assumptions

given in Section II.2.2). The goal of this chapter is to study the limit ε Ñ 0 of its solution
f ε.

The solution f εpt, x, vq is interpreted as a distribution function of particles, having
position x and velocity apvq at time t.

The Bhatnagar-Gross-Krook operator L expresses the particle interactions, defined on
L1pV, dµq by

Lf “ ρM ´ f, (II.1.2)

where µ is a finite measure on V , where ρ .“ 〈f〉 .“
ş
V
fdµ and where M P L1pV, dµq

satisfies Assumption II.1.
The source term mε is defined as mεpt, xq “ mptε´2, xq where m is an ergodic random

process defined in Assumption II.2, not depending on ε. When ε Ñ 0, tε´2 Ñ 8, hence
mε converges to m the average of the invariant distribution of the ergodic process m,
assuming m exists.

In the deterministic case mε “ 0, such a problem occurs in various physical situations
[DGP00]. The density ρε .“ 〈f ε〉 converges to the solution of the linear parabolic equation

Btρ “ divpK∇ρq, (II.1.3)
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on R
` ˆ T

d, where

K
.“
ż

V

apvq b apvqMpvqdµpvq. (II.1.4)

This is a diffusive limit in the PDE sense, since the limit equation is a diffusion equation.
Consider now two scaling parameters ε and δ and the equation

Btf ε,δ ` 1

ε
apvq ¨ ∇xf

ε,δ ` mδf ε,δ “ 1

ε2
Lf ε,δ.

When ε ą 0 is fixed and δ Ñ 0, the ergodicity of mδ yields the convergence of f ε,δ to the
solution of

Btf ε,0 ` 1

ε
apvq ¨ ∇xf

ε,0 ` mf ε,0 “ 1

ε2
Lf ε,0,

which converges when ε Ñ 0 to a diffusive limit in the PDE sense: as in the deterministic
case, ρε,0 converges to the solution of

Btρ0,0 ` mρ0,0 “ divpK∇ρ0,0q. (II.1.5)

Conversely, when ε Ñ 0 and δ ą 0 is fixed, we get as in the deterministic case the
convergence of ρε,δ to the solution of

Btρ0,δ ` mδρ0,δ “ divpK∇ρ0,δq,

which also converges to the solution of (II.1.5).
In this chapter, we consider the regime ε “ δ Ñ 0. In this case, (II.1.1) is expected to

converge both to a diffusive limit in the PDE sense (as in [DGP00]) and to an averaging
limit in the probabilistic sense (owing to the averaging principle introduced in [Kha68], see
also [PS08, Cer09, CF09, Bré12, Bré20]). The main results, Theorems II.2.1 and II.2.2,
establish that, under appropriate assumptions, the density ρε converges in distribution
in C0pr0, T s, H´σpTdqq for all arbitrarily small σ P p0, 1s and in L2pr0, T s, L2pTdqq to the
solution of the deterministic linear diffusion equation with a source m

Btρ ` mρ “ divpK∇ρq, ρp0q “ ρ0, (II.1.6)

and converges in probability in the same spaces if ρ0 is deterministic. The quantities K
and m are defined in Assumption II.1 and Assumption II.2. Moreover, we prove that f ε

converges in distribution in L2pr0, T s, L2pTdqq to ρM, and in probability in the same space
if ρ0 is deterministic.

This chapter focuses on a martingale approach combined with perturbed test functions,
as in the classical article [PSV77] (see also [Kus84, EK86, FGPSl07, PS08, dBG12]).
Perturbed test functions in the context of PDEs with diffusive limits applies in various
situations, for instance in the context of viscosity solutions [Eva89], nonlinear Schrödinger
equations [dBG12], a parabolic PDE [PP03] or, as in this chapter, kinetic SPDEs [DV12,
DV20, DRV20, RR20]. As in Chapter I, we combine this martingale approach with
stopping times to get estimates on the processes. However, as opposed to Chapter I, the
stopping times all diverge to infinity when ε Ñ 0 and thus do not appear in the limit
martingale formulation.

This chapter is organized as follows: in Section II.2, we set some notation, the
assumptions and the main results, Theorems II.2.1 and II.2.2. Section II.3 proves some
estimates on f ε and mε when stopping them at some stopping times and establishes the
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well-posedness of equation (II.1.1) and of the limit equation (II.1.6). In Sections II.4 and
II.5, we introduce respectively the notion of perturbed test functions and of martingale
formulation of equations (II.1.1) and (II.1.6). In Section II.6, we use these tools to prove
Theorem II.2.1, namely the convergence in distribution of the family of processes pρεqε
in C0pr0, T s, H´σpTdqq for all arbitrarily small σ P p0, 1s, as well as its convergence in
probability. In Section II.7, we prove Theorem II.2.2, which extends the convergence in a
stronger sense, namely the convergence of both pρεqε and pf εqε in L2pr0, T s, L2pTdqq, using
an additional assumption and an averaging lemma.

II.2 Assumptions and main results

II.2.1 Functional spaces

The space V is equipped with a finite measure µ.
In this chapter, we consider the Hilbert spaces L2

x, L
2 and L2pM´1q associated with

the following inner products

ph, kqL2
x

“
ż

Td

hpxqkpxqdx

ph, kqL2 “
ż

TdˆV
hpx, vqkpx, vqdxdµpvq

ph, kqL2pM´1q “
ż

TdˆV
hpx, vqkpx, vqdxdµpvq

Mpvq .

We write Cix
.“ CipTdq, C0

TH
´σ
x

.“ C0pr0, T s, H´σpTdqq and L
p
TL

2
x
.“ Lppr0, T s, L2pTdqq for

any T P p0,8q, σ P p0, 1s, i P N0 and p P r1,8s.

II.2.2 Assumptions

Assumption II.1. The functions a P L8pV, dµq and M P L1pV, dµq satisfy

@v P V,Mpvq ą 0,ż

V

Mpvqdµpvq “ 1,

ż

V

apvqMpvqdµpvq “ 0,

K
.“
ż

V

apvq b apvqMpvqdµpvq ą 0.

Example II.2.1. For any σ P p0,8q and any bounded odd function a ‰ 0, the space V “ R
d

satisfy this assumption with Mpvqdµpvq “ 1?
2π

d expp´ }v}2

2
qdv.

Assumption II.2. The family pmℓptqqℓPE defines an E-valued Markov process, with
mℓp0q “ ℓ, where E “ Ctd{2u`2

x . Let Lm be its infinitesimal generator. We also assume the
existence and uniqueness of an invariant distribution ν for pmℓptqqℓPE with

ş
E

}ℓ} dνpℓq ă 8.
Let m .“

ş
E
ℓdνpℓq. In this chapter, an initial condition ℓ0 P E is fixed (ℓ0 does not depend

on ε), and we write mptq “ mℓ0ptq.
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In this chapter, once ℓ0, a, T and m are fixed, we always consider ε P p0, ε0s, where

ε0 ă min

"
}ℓ0}´1

E ,
´

4 }a}L8 p1 ` T }m}C1
x
q
¯´1

*
. (II.2.1)

This upped bound on ε is justified by Definition II.2.3 and Proposition II.3.3, and is not
restrictive, since we consider the regime ε Ñ 0.

Assumption II.3. For ε P p0, ε0s, the stochastic process mε is defined as mεptq “ mptε´2q
and is adapted to a filtration pF ε

t qtPR` .

Assumption II.4. There exists γ P p2,8q such that

sup
iPN0

E

«
sup

tPri,i`1s
}mptq}γE

ff
ă 8. (II.2.2)

Assumption II.5 (Mixing property). There exists a positive function γmix P L1pR`q such
that, for any ℓ1, ℓ2 P E, there exists a coupling pm˚

ℓ1
,m˚

ℓ2
q of pmℓ1 ,mℓ2q satisfying

@t P R
`,E

“››m˚
ℓ1

ptq ´ m˚
ℓ2

ptq
››
E

‰
ď γmixptq }ℓ1 ´ ℓ2}E .

Definition II.2.1 (Resolvent operator). For any continuous linear form θ P E˚, the
resolvent operator is defined as

R0pθ ´ θpmqqpℓq “
ż 8

0

E rθpmℓptqq ´ θpmqs dt.

Owing to the mixing property (Assumption II.5) and the identity
ş
E
θpℓqdνpℓq “ θpmq,

the function ψθ “ R0pθ ´ θpmqq is well-defined and we have for ℓ P E

|ψθpℓq| ď C }θ}E˚ p1 ` }ℓ}Eq, (II.2.3)

where C depends only on γmix and ν. Moreover, Lmψθ “ ´ pθ ´ θpmqq.
Assumption II.6. For any θ P E˚, let ψθ “ R0pθ ´ θpmqq. Assume that ψ2

θ is in the
domain DpLmq of Lm and satisfies

sup
ℓPE

|Lm pψ2
θq pℓq|

1 ` }ℓ}2

E

ă 8.

Example II.2.2. Let us check that the conditions above are satisfied for an Ornstein-
Uhlenbeck process. Let pmℓptqqℓPE be defined by

dmℓ,t “ ´pmℓ,t ´ mqdt` dWt, mℓ,0 “ ℓ, (II.2.4)

where W is an E-valued Wiener process. Then, we have

mℓptq “ ℓe´t ` m
`
1 ´ e´t˘ `

ż t

0

es´tdWs. (II.2.5)

Assumption II.4 is satisfied for any γ P p2,8q. The coupling pm˚
ℓ1
,m˚

ℓ2
q of Assumption

II.5 is obtained by driving both processes by the same Wiener process W . Indeed, (II.2.5)
becomes

m˚
ℓ1

ptq ´ m˚
ℓ2

ptq “ pℓ1 ´ ℓ2qe´t,
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and Assumption II.5 is satisfied with γmixptq “ e´t. Moreover, with the notation of
Assumption II.6, we have

ψθpℓq “
ż 8

0

pθpℓq ´ θpmqq e´tdt “ θpmq ´ θpℓq.

Since the infinitesimal generator is given by Lmϕpℓq “ Dϕpℓq ¨ pm ´ ℓq ` 1
2

Tr pD2ϕpℓqq,
Assumption II.6 is also satisfied.

Assumption II.7. The family of initial conditions pf ε0 qεPp0,ε0s satisfies

sup
εPp0,ε0s

E

”
}f ε0 }12

L2pM´1q

ı
ă 8,

and the initial density ρε0 P L2
x converges in distribution in L2

x to ρ0 P L2
x.

II.2.3 Statement of the main results

Definition II.2.2. Let ρ0 be the L2
x-valued random variable defined by Assumption II.7.

A stochastic process ρ is a weak solution of (II.1.6) in L2
x if ρ P L8

T L
2
x almost surely and if,

for all ξ P H2
x and t P r0, T s, almost surely,

pρptq, ξqL2
x

“ pρ0, ξqL2
x

`
ż t

0

pρpsq, divpK∇ξq ´ mξqL2
x
ds. (II.2.6)

Theorem II.2.1. Let Assumptions II.1 to II.7 be satisfied. Then, ρε converges in distri-
bution in C0

TH
´σ
x to the unique weak solution ρ of (II.1.6) in the sense of Definition II.2.2.

If, moreover, ρ0 P L2
x is deterministic, then the convergence holds in probability.

When Assumption II.8 below is satisfied, we can prove a stronger convergence. Its
formulation corresponds to the assumptions of the averaging lemma [BD99, Theorem 2.3].

Assumption II.8. Consider the case pV, dµq “ pRn, dµ
dv

pvqdvq where dµ
dv

P H1pRnq, and
assume that a is locally Lipschitz-continuous and that there exists C P p0,8q and σ1 P p0, 1s
such that

@u P Sd´1, @λ P R, @δ P p0,8q,
ż

λăapvq¨uăλ`δ

˜ˇ̌
ˇ̌dµ
dv

pvq
ˇ̌
ˇ̌
2

`
ˇ̌
ˇ̌∇dµ

dv
pvq

ˇ̌
ˇ̌
2
¸
dv ď Cδσ

1

.

Theorem II.2.2. Let the additional Assumption II.8 be satisfied. Then ρε also converges
in distribution in L2

TL
2
x to ρ and f ε converges in distribution in L2

TL
2pM´1q to ρM.

Moreover, if ρ0 is deterministic, then those two convergences hold in probability.

Note that we get convergences in the same spaces as in the deterministic case [DGP00],
either in distribution or in probability depending on the initial condition ρ0.

Remark II.2.1. In this setting, the initial condition mεp0q “ ℓ0 does not depend on ε.
It may be possible to extend the analysis with some changes in Assumption II.4 and
appropriate modifications of the proofs below:

95



• If there exists a deterministic R such that supεPp0,ε0s }mεp0q}E ď R almost surely,
the result holds if Assumption II.4 is modified as follows: assume that

sup
iPN0

E

«
sup

εPp0,ε0s
sup

tPri,i`1s

››mmεp0qptq
››γ
E

ff
ă 8 and ε0 ă R´1.

• If mεp0q is a random variable with distribution ν, so that mε is a stationary process,
then one can keep Assumption II.4. The general results still holds if one assumes
higher order moments on ν (hence m) and f ε0 . The details are omitted.

II.2.4 Strategy of the proof

A standard strategy to prove the convergence of ρε when ε Ñ 0 (see [DV12, DV20, DRV20])
is to establish the tightness of the family pρεqεą0, and to prove that the limit point of
this family is unique and solves (II.1.6). The tightness usually comes from estimates
on moments of trajectories. In this chapter, these estimates require to introduce an
appropriate stopping time (see Definition II.2.3 below). Therefore, as in Chapter I, we
prove the tightness and convergence of the family of stopped processes ρε,τ

ε

, and deduce
the tightness and convergence of the original process.

Definition II.2.3. Let α P p 2
γ
, 1q be fixed. The pF ε

t qtPR`-stopping time τ ε is defined by

τ ε “ τ εm ^ τ εζ ,

where

τ εm “ inf
 
t P r0, T s | }mεptq}E ě ε´α( ,

τ εζ “ inf
!
t P r0, T s | }ζεptq}C1

x
ě ε´1

)
,

and

ζεptq “ 1

ε

ż t

0

pmεpsq ´ mq ds P E. (II.2.7)

The parameter α introduced in Definition II.2.3 is fixed in all this chapter.
For any process Xε, let Xε,τε

be the process stopped at the time τ ε, namely

Xε,τεptq “ Xεpt ^ τ εq,

where s ^ t
.“ minps, tq.

Remark II.2.2. Since α ă 1 and ε ď ε0, where ε0 satisfies (II.2.1), we have }mεp0q}E “
}ℓ0}E ď ε´α. Thus, owing to Definition II.2.3, for t P R

`, we have

››mε,τεptq
››
E

“ }mεpt ^ τ εq}E ď ε´α. (II.2.8)

Since ζεp0q “ 0, we also have

››ζε,τεptq
››
E

“ }ζεpt ^ τ εq}E ď ε´1. (II.2.9)
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Below, we prove that τ ε ÝÝÑ
εÑ0

`8 in probability (Proposition II.6.1). Owing to

Slutsky’s Lemma, it follows that the convergence in distribution of pρεqεPp0,ε0s is equivalent
to the convergence in distribution of

`
ρε,τ

ε˘
εPp0,ε0s and any limit point of

`
ρε,τ

ε˘
εPp0,ε0s does

not depend on any stopping time. Therefore, we avoid the technical issues of having a
stopping time that persists at the limit as in Chapter I.

In Section II.3, we prove an estimate on f ε,τ
ε

, depending only on T , and f ε0 . This
estimate is a crucial point to prove the tightness of the family of stopped processes`
ρε,τ

ε˘
εą0

. In Section II.4, we introduce the framework of perturbed test functions, and
Section II.5 make use of this tool to reformulate equation (II.1.1) and the limit equation
(II.1.6) in terms of martingale problems. Then, in Section II.6, we use the estimates of
Section II.3 and the martingale formulation of (II.1.1) to prove the tightness of

`
ρε,τ

ε˘
εPp0,ε0s

in C0
TH

´σ
x . By taking the limit ε Ñ 0 in this martingale formulation, we prove that any

limit point of this family is the unique solution of the martingale problem associated with
the limit equation (II.1.6). We then deduce the convergence in distribution of the stopped
process to ρ, and then the convergence of the original process. Portmanteau’s Theorem
gives the convergence in probability if ρ0 is deterministic, which concludes the proof of
Theorem II.2.1. In Section II.7, we use an averaging lemma to extend the convergence
in C0

TH
´σ
x to a convergence in L2pr0, T s, L2

xq under the assumptions of Theorem II.2.2.
Combined with an estimate obtained in Section II.3, we deduce the convergence of the
solution f ε in L2pr0, T s, L2

xq.

II.3 Preliminary results

II.3.1 Well-posedness of the equation for fixed ε

In this section, we prove that, when ε is fixed, equation (II.1.1) is well-posed in a almost
sure sense. Let us start by proving that, almost surely, the process mε is bounded on
r0, T s for fixed ε.

Lemma II.3.1. For all T P p0,8q and ε P p0, ε0s, we have, almost surely,

sup
tPr0,T s

}mεptq}E ă 8. (II.3.1)

Moreover, for any T P p0,8q, we have

P pτ εm ă T q ÝÝÑ
εÑ0

0. (II.3.2)

The proof of Lemma II.3.1 is adapted from the proof of Lemma I.3.4.

Proof. For i P N0, let
Si

.“ sup
tPri,i`1s

}mptq}E .

Assumption II.4 can be rewritten supiPN0
E rSγi s ă 8. Thus, we have

P-a.s., @i P N0, Si ă 8. (II.3.3)

For ε P p0, ε0s and T P p0,8q, (II.3.1) follows:

P-a.s., sup
tPr0,T s

}mεptq}E ď sup
iďTε´2`1

Si ă 8.
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It only remains to prove (II.3.2). Since α ą 2
γ

in Definition II.2.3, there exists δ such
that α

2
ą δ ą 1

γ
. Then, owing to the Markov inequality,

ÿ

iPN
P
`
Si ě iδ

˘
ď
ÿ

iPN

E rSγi s
iδγ

“ sup
iPN

E rSγi s
ÿ

iPN

1

iδγ
ă 8,

where we used once again Assumption II.4. Then, Borel-Cantelli’s Lemma yields the
existence of a random variable i0 P N such that

P-a.s., @i ą i0, Si ă iδ.

Let Z .“ supiďi0 Si. Owing to (II.3.3), the random variable Z is finite almost surely and

P-a.s., @t P R
`, }mεptq}E ď Sttε´2u ď Z `

X
tε´2

\δ ď Z `
`
tε´2

˘δ
.

Then, for T P p0,8q, we get

P pτ εm ă T q “ P

˜
sup
tPr0,T s

}mεptq}E ą ε´α

¸
ď P

`
Z ` pTε´2qδ ą ε´α˘ ÝÝÑ

εÑ0
0,

since α ą 2δ and since Z is almost surely finite.

Since the equation is linear in f and a is bounded, the well-posedness of (II.1.1) is a
consequence of Lemma II.3.1.

Proposition II.3.2. Let T P p0,8q and ε P p0, ε0s. Then for any f ε0 P L2pM´1q, there
exists, almost surely, a unique solution f ε of (II.1.1) in C0pr0, T s;L2pM´1qq, in the sense
that

P-a.s., @t P r0, T s, f εptq “ e´ t
ε
Af ε0 `

ż t

0

e´ t´s
ε
A

ˆ
1

ε2
Lf εpsq ` mεpsqf εpsq

˙
ds

where A is the operator defined by

DpAq .“
 
f P L2pM´1q | px, vq ÞÑ apvq ¨ ∇xfpx, vq P L2pM´1q

(

Afpx, vq .“ apvq ¨ ∇xfpx, vq.

Note that in Proposition II.3.2, ε is fixed. Thus, the proof is standard, based on a
fixed-point theorem.

Proof. Let ω P Ω and ε P p0, ε0s. For f P C0pr0, T s, L2pM´1qq, let

Φpfq “ e´ t
ε
Af ε0 `

ż t

0

e´ t´s
ε
A

ˆ
1

ε2
Lfpsq ` mεpsqfpsq

˙
ds.

Owing to the Banach fixed-point theorem, it is sufficient to prove that Φ is a contraction
for some Banach norm on C0pr0, T s, L2pM´1qq. For r P r0,8q, we consider the following
Banach norm

@f P C0pr0, T s, L2pM´1qq, }f}r “ sup
tPr0,T s

e´rt }fptq}L2pM´1q .
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The semi-group associated with A satisfies

@f P L2pM´1q, @x P T
d, @v P V, etAfpx, vq “ fpx ` tapvq, vq.

As a consequence, etA is an isometric mapping for all t P R
`: for f P L2pM´1q,

››etAf
››
L2pM´1q “ }f}L2pM´1q .

Then, for t P r0, T s, and for all f, g P C0pr0, T s, L2pM´1qq, we get

}Φpfqptq ´ Φpgqptq}L2pM´1q ď
ż t

0

ˆ
1

ε2
}Lpf ´ gqpsq}L2pM´1q ` }mεpsqpf ´ gqpsq}L2pM´1q

˙
ds.

Note that L defined by (II.1.2) is the orthogonal projector on L2pM´1q of kernel
"ż

V

hdµM | h P L2pM´1q
*
,

hence }Lh}L2pM´1q ď }h}L2pM´1q for h P L2pM´1q. Therefore, using (II.3.1) of Lemma
II.3.1, we get

}Φpfqptq ´ Φpgqptq}L2pM´1q ď
˜

1

ε2
` sup

tPr0,T s
}mεptq}E

¸ż t

0

ersds }f ´ g}r .

As a consequence, we have

e´rt }Φpfqptq ´ Φpgqptq}L2pM´1q ď
˜

1

ε2
` sup

tPr0,T s
}mεptq}E

¸
1 ´ e´rt

r
}f ´ g}r ,

and

}Φpfq ´ Φpgq}r ď 1

r

˜
1

ε2
` sup

tPr0,T s
}mεptq}E

¸
}f ´ g}r .

Owing to Lemma II.3.1, and since ε is fixed, we have almost surely

1

ε2
` sup

tPr0,T s
}mεptq}E ă 8.

Choosing r large enough, Φ is a contraction for the norm }¨}r, which concludes the proof
of Proposition II.3.2.

II.3.2 Estimate on the solution in L2pM´1q
Proposition II.3.3. For T P p0,8q, t P r0, T s and ε P p0, ε0s, we have almost surely

››f ε,τεptq
››2

L2pM´1q ` 1

ε2

ż t^τε

0

››Lf ε,τεpsq
››2

L2pM´1q ds ď CpT q }f ε0 }2

L2pM´1q , (II.3.4)

where CpT q P p0,8q only depends on m, K (defined by (II.1.4)) and T , and where ε0

satisfies (II.2.1).
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Remark II.3.1. The estimate for the second term in the left-hand side of (II.3.4) is used in
Section II.7 to prove Theorem II.2.2.

The proof of Proposition II.3.3 is very similar to its analog in Chapter I (see Proposition
I.3.6). The main differences are the different scaling in ε, which requires a different weight
Mε, and the average value m ‰ 0 which must be taken into account.

Proof. Let us introduce the weight

Mεpt, x, vq “ exp p´2ηεpt, xqq Mpvq,

and the associated weighted L2 norm

}f}2

L2pMεptq´1q
.“
ż ż |fpx, vq|2

Mεpt, x, vqdxdµpvq,

where

ηεpt, xq “
ż t

0

mεps, xqds “ εζεpt, xq ` tmpxq P E,

and ζε is defined by (II.2.7). Note that, owing to (II.2.9), we have for t P r0, τ εs

}ηεptq}C1
x

ď 1 ` T }m}C1
x
. (II.3.5)

For t P R
`, we have

1

2
Bt }f εptq}2

L2pMεptq´1q “
ż ż

f εpt, x, vq
Mεpt, x, vqBtf εpt, x, vqdxdµpvq

´
ż ż |f εpt, x, vq|2

2 |Mεpt, x, vq|2
BtMεpt, x, vqdxdµpvq

“ Aε ` Bε ` Cε

with

Aε “ 1

ε2

ż ż
f εpt, x, vq

Mεpt, x, vqLf
εpt, x, vqdxdµpvq

Bε “ ´1

ε

ż ż
f εpt, x, vq

Mεpt, x, vqapvq ¨ ∇xf
εpt, x, vqdxdµpvq

Cε “ ´
ż ż |f εpt, x, vq|2

Mεpt, x, vq

ˆ
mε ` BtMε

2Mε

˙
pt, x, vqdxdµpvq.

The weight Mε has been chosen such that mε` BtMε

2Mε “ 0, hence Cε “ 0 for all t P r0, T s
and x P T

d.
On the one hand, since f ε “ ρεM ´ Lf ε and

ş
V
Lf εpt, x, vqdµpvq “ 0, we have

Aε “ 1

ε2

ż ż
f εpt, x, vq

Mεpt, x, vqLf
εpt, x, vqdxdµpvq

“ 1

ε2

ż

Td

e2ηεpt,xqρεpt, xq
ż

V

Lf εpt, x, vqdµpvqdx´ 1

ε2

ż ż |Lf εpt, x, vq|2
Mεpt, x, vq dµpvqdx

“ ´ 1

ε2
}Lf εptq}2

L2pMεptq´1q .
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On the other hand, we get by integration by parts

Bε “ ´1

ε

ż ż
apvq ¨ f

εpt, x, vq∇xf
εpt, x, vq

Mεpt, x, vq dxdµpvq

“ ´1

ε

ż ż
apvq ¨

1
2

|f εpt, x, vq|2 ∇xM
εpt, x, vq

|Mεpt, x, vq|2
dxdµpvq

“ 1

ε

ż ż
apvq ¨ ∇xη

εps, xq |f εpt, x, vq|2
Mεpt, x, vq dµpvqdx.

Using again the identity f ε “ ρεM ´ Lf ε, we get

Bε “ 1

ε

ż

Td

e2ηεpt,xq |ρεpt, xq|2 ∇xη
εpt, xq ¨

ˆż

V

apvqMpvqdµpvq
˙
dx

` 1

ε

ż ż
apvq ¨ ∇xη

εpt, xq |Lf εpt, x, vq|2
Mεpt, x, vq dµpvqdx

´ 2

ε

ż ż
apvq ¨ ∇xη

εpt, xqρεpt, xqLf εpt, x, vq Mpvq
Mεpt, x, vqdµpvqdx

“ B1
ε ` B2

ε ` B3
ε .

These three terms are treated separately:

• By Assumption II.1
ş
V
apvqMpvqdµpvq “ 0, hence B1

ε “ 0.

• Using (II.3.5) and the condition ε ď ε0 ă
´

4 }a}L8 p1 ` T }m}C1
x
q
¯´1

, we have for

t P r0, τ εs
ˇ̌
B2
ε

ˇ̌
ď 1

4ε2
}Lf εptq}2

L2pMεptq´1q .

• The Young inequality 2 |UV | ď |U |2 ` |V |2 with U “ 2apvq ¨ ∇xη
εpt, xqρεpt, xqMpvq

and V “ 1
2ε
Lf εpt, x, vq yields

ˇ̌
B3
ε

ˇ̌
ď 4 TrpKq }∇xη

εptq}2

Cx

ż

Td

e2ηεpt,xq |ρεpt, xq|2 dx` 1

4ε2
}Lf εptq}2

L2pMεptq´1q ,

where TrpKq .“
ş
V

|apvq|2 Mpvqdµpvq. Owing to the Cauchy-Schwarz inequality, we
have

|ρεpt, xq|2 ď
ż

V

|f εpt, x, vq|2
Mεpt, x, vq dµpvq

ż

V

Mεpt, x, vqdµpvq

“ }f εptq}2

L2pMεptq´1q e
´2ηεpt,xq,

thus, for t P r0, τ εs, one has

ˇ̌
B3
ε

ˇ̌
ď 4 TrpKqp1 ` T }m}C1

x
q2 }f εptq}2

L2pMεptq´1q ` 1

4ε2
}Lf εptq}2

L2pMεptq´1q ,

where we used again (II.3.5).
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Therefore, for t P r0, τ εs, we get

Bt }f εptq}2

L2pMεptq´1q ď ´ 1

2ε2
}Lf εptq}2

L2pMεptq´1q ` 4 TrpKqp1 ` t }m}C1
x
q2 }f εptq}2

L2pMεptq´1q ,

and owing to Gronwall’s Lemma, we obtain the upper estimate

}f εptq}2

L2pMεptq´1q `
ż t

0

1

2ε2
}Lf εpsq}2

L2pMεptq´1q ds ď }f ε0 }2

L2pM´1q e
4T TrpKqp1`T }m}

C1
x

q2

.

Note that, for h P L2pM´1q and t P r0, τ εs, one has

}h}2

L2pMεptq´1q ď }h}2

L2pM´1q exp

˜
sup
sPr0,ts

}2εζεpsq ` 2tm}C0
x

¸

ď }h}2

L2pM´1q e
2`2T }m}

C0
x ,

using (II.2.9). Thus, we get for t P r0, τ εs

}f εptq}2

L2pM´1q `
ż t

0

1

2ε2
}Lf εpsq}2

L2pM´1q ds ď CpT q }f ε0 }2

L2pM´1q ,

with CpT q “ e
2`2T }m}

C0
x

`4T TrpKqp1`T }m}
C1

x
q2

. Then, for t P r0, T s, we have t ^ τ ε P r0, τ εs
and

››f ε,τεptq
››2

L2pM´1q `
ż t^τε

0

1

2ε2

››Lf ε,τεpsq
››2

L2pM´1q ds

“ }f εpt ^ τ εq}2

L2pM´1q `
ż t^τε

0

1

2ε2
}Lf εpsq}2

L2pM´1q ds

ď CpT q }f ε0 }2

L2pM´1q ,

which concludes the proof.

II.3.3 Uniqueness of the solution for the limiting equation

Proposition II.3.4. For all T P p0,8q, the solution of (II.1.6) in the sense of Definition
II.2.2 is unique (if it exists).

Proof. Since equation (II.1.6) is linear, it is sufficient to prove that, if ρ0 “ 0, then ρptq “ 0

for all t P r0, T s.
Consider the self-adjoint operator BK on L2

x defined by

DpBKq “ H2
x, BKρ “ divpK∇ρq ´ mρ. (II.3.6)

Since K is positive definite (by Assumption II.1), for Λ ą }m}E, the operator BK ´ Λ id

is invertible. Its inverse is a compact operator, owing to the compact embedding H2
x Ă L2

x.
Therefore, there exists a complete orthonormal system peiqiPN0

P pL2
xqN0 of eigenvectors for

pBK ´ Λ idq´1. Let
´
rλi
¯
iPN0

be the associated (negative) eigenvalues. Thus, peiqiPN0
are

eigenvectors for BK associated with the eigenvalues pλiqiPN0
, where

λi “ Λ ` rλi ď Λ.
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By Definition II.2.2, ρ P L8
T L

2
x, thus it only remains to prove that, for i P N0 and t P r0, T s,

pρptq, eiqL2
x

“ 0.
Fix i P N0. Since B´1

K pL2
xq Ă H2

x, we have ei P H2
x. Then (II.2.6) reads

pρptq, eiqL2
x

“ λi

ż t

0

pρpsq, eiqL2
x
ds,

hence pρptq, eiqL2
x

“ 0 for all t P r0, T s. This proves the uniqueness of ρ and concludes the
proof of Proposition II.3.4.

Note that we do not prove the existence of a solution in this section, since it is a
consequence of Theorem II.2.1. More precisely, owing to Proposition II.6.2, the family
pρεqεPp0,ε0s is tight in C0

TH
´σ
x . Thus, this family admits a limit point ρ for the convergence

in distribution in C0
TH

´σ
x . Owing to Proposition II.6.3, ρ solves the martingale problem

associated with the limiting equation and owing to Proposition II.5.2, it thus solves (II.1.6)
in the sense of Definition II.2.2, which concludes to prove the existence of a solution.

II.4 Description of the perturbed test functions method

Let Lε be the infinitesimal generator associated with the equation (II.1.1). It is given by

Lε “ L0 ` ε´1L1 ` ε´2L2,

L0ϕpf, ℓq “ ´Dfϕpf, ℓq ¨ pℓfq,
L1ϕpf, ℓq “ ´Dfϕpf, ℓq ¨ pa ¨ ∇xfq,
L2ϕpf, ℓq “ Dfϕpf, ℓq ¨ Lf ` Lmϕpf, ℓq.

Recall the notation A “ apvq ¨ ∇x.
First, we introduce two classes of test functions:

• The first class Θ introduced in Definition II.4.1 below, is the class of test functions
used to express the martingale problem for fixed ε P p0, ε0s, see Proposition II.5.1.
This class satisfies the property: if ϕ P Θ, then ϕ P DpLεq and ϕ2 P DpLεq.

• The second class Θlim introduced in Definition II.4.2 below, is the class of test
functions used to characterize the solution of the limit equation by a martingale
formulation. Note that Θlim Ă DpLq if L is the infinitesimal generator of the limit
equation.

Second, we construct a perturbed test function ϕε P Θ for any test function ϕ P Θlim, see
Proposition II.4.1.

Definition II.4.1. Let Θ be the class of test functions ϕ : L2pM´1q ˆ E Ñ R satisfying
the following conditions:

• For ℓ P E, ϕp¨, ℓq P C1pL2pM´1qq.

• For f P L2pM´1q, ϕpf, ¨q P C0pEq.

• For i P t1, 2u and f P L2pM´1q, ϕpf, ¨qi P DpLmq and Lmpϕiq P C0pL2pM´1q ˆ Eq.
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• Consider, for f P L2pM´1q and ℓ P E, the gradient ∇fϕpf, ℓq P L2pM´1q defined by

@h P L2pM´1q, p∇fϕpf, ℓq, hq
L2pM´1q “ Dfϕpf, ℓq ¨ h.

Then, for all f P L2pM´1q and ℓ P E, we have

ż ż
}∇x∇fϕpf, ℓqpx, vq}2

dx
dµpvq
Mpvq ă 8.

• There exists Cϕp0,8q such that, for all f, h P L2pM´1q and ℓ1, ℓ2 P E,

|ϕpf, ℓ1q| ` |Dfϕpf, ℓ1qpAhq| ` |Dfϕpf, ℓ1qpℓ2hq| ` |Dfϕpf, ℓ1qpLhq|
ď Cϕ

´
1 ` }f}3

L2pM´1q ` }h}3

L2pM´1q

¯ `
1 ` }ℓ1}2

E ` }ℓ2}2

E

˘
.

Definition II.4.2. Let Θlim be the class of test functions ϕ such that

ϕpf, ℓq “ ϕpρq “ χppρ, ξqL2
x
q,

with χ P C3
b pRq, ξ P C3

x and ρ “ 〈f〉 “
ş
V
fdµ.

Observe that Θlim Ă Θ.
The main result of this section is the construction of the perturbed test function ϕε P Θ

for any ϕ P Θlim, and the identification of the infinitesimal generator L associated with
the limit equation.

To simplify the expression of estimates, let us introduce a notation: for any variable or
collection of variables u, and for any non-negative quantities x and y, x Àu y means that
there exists C P p0,8q such that x ď Cy where C depends only on u and on quantities
introduced in Section II.2.2 (namely a, M, Lm, ν, m, ε0, γ, α, γmix and the moments of
f ε0 uniform in ε). In particular, C does not depend on ε.

Proposition II.4.1. Consider the operator on C0pL2
xq

Lϕpρq “ Dϕpρq ¨ pdivxpK∇xρq ´ mρq , DpLq “
 
ϕ P C0pL2

xq | Lϕ P C0pL2
xq
(
. (II.4.1)

Then Θlim Ă DpLq and, for all ϕ P Θlim, there exists functions ϕ1 and ϕ2 such that, with

ϕε “ ϕ ` εϕ1 ` ε2ϕ2, (II.4.2)

we have for all pf, ℓq P L2pM´1q ˆ E,

|ϕ1pfq| Àϕ }f}L2pM´1q (II.4.3)

|ϕ2pf, ℓq| Àϕ p1 ` }f}2

L2pM´1qqp1 ` }ℓ}Eq (II.4.4)

|Lεϕε ´ Lϕ| pf, ℓq Àϕ εp1 ` }f}3

L2pM´1qqp1 ` }ℓ}Eq ` ε2p1 ` }f}3

L2pM´1qqp1 ` }ℓ}2

Eq.
(II.4.5)

Moreover, ϕε P Θ.
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Proof. To prove Proposition II.4.1, we write

Lεϕε “ ε´2L2ϕ`ε´1 pL2ϕ1 ` L1ϕq`pL2ϕ2 ` L1ϕ1 ` L0ϕq`ε pL1ϕ2 ` L0ϕ1q`ε2 pL0ϕ2q .

Therefore, we want for all pf, ℓq P L2pM´1q ˆ E

L2ϕ “ 0, (II.4.6)

L2ϕ1 ` L1ϕ “ 0, (II.4.7)

L2ϕ2 ` L1ϕ1 ` L0ϕ “ Lϕ, (II.4.8)

|L1ϕ2pf, ℓq ` L0ϕ1pf, ℓq| Àϕ p1 ` }f}3

L2pM´1qqp1 ` }ℓ}Eq, (II.4.9)

|L0ϕ2pf, ℓq| Àϕ p1 ` }f}3

L2pM´1qqp1 ` }ℓ}2

Eq. (II.4.10)

One can already check that L2ϕ “ 0. Indeed,
ş
V
Lρdµ “ 0 and Lmϕ “ 0 since ϕ P Θlim

does not depend on ℓ.

II.4.1 Poisson equation and auxiliary tools

To define ϕ1 and ϕ2 using (II.4.7) and (II.4.8), we need to solve Poisson equations of the
form L2ψ “ ´ϑ. For this purpose, let us introduce the process pgf ptq,mℓptqq

tPR` associated
with the infinitesimal generator L2, with the initial conditions gf p0q “ f and mℓp0q “ ℓ.
We have

gf ptq “ ρM ` e´t pf ´ ρMq .
As a consequence, the density ρ is preserved along the trajectories of gf (namely, for all
t P R

`, 〈gf ptq〉 “ ρ).
Moreover, owing to Assumption II.1, we have 〈Agf ptq〉 “ e´t 〈Af〉 for f P L2pM´1q.
Under the centering condition ż

ϑdµρ “ 0 (II.4.11)

where µρ “ δρM b ν is the invariant distribution of L2 on the space
"

pf, ℓq P L2pM´1q ˆ E |
ż

V

fdµ “ ρ

*
,

the solution of the Poisson equation L2ψ “ ´ϑ is given by

ψpf, ℓq “
ż 8

0

E rϑpgf ptq,mℓptqqs dt. (II.4.12)

Let us introduce a particular class of functions: ϑpf, ℓq “ θh,kpℓq ´ θh,kpmq, where the
linear form θh,k P E˚ is defined by θh,kpℓq “ phℓ, kqL2 , with h, k P L2. In this case, one can
define ψh,k “ R0ϑ as in Definition II.2.1.

For all ℓ P E, ψh,¨pℓq is a linear form on L2. Owing to Riesz Representation Theorem,
there exists a bounded operator R0pℓq : L2 Ñ L2 such that, for all ℓ P E and h, k P L2,
ψh,kpℓq “ pR0pℓqh, kqL2 .

Property II.4.2. The resolvent operator satisfies the following properties

• For ℓ P E, R0pℓq is self-adjoint. Indeed, we have θh,k “ θk,h, hence ψh,kpℓq “ ψk,hpℓq,
namely

pR0pℓqh, kqL2 “ ph,R0pℓqkqL2 .

105



• Estimate (II.2.3) with θh,kpℓq ď }h}L2 }k}L2 }ℓ}E reads |ψh,kpℓq| À }h}L2 }k}L2 p1 ` }ℓ}Eq,
hence

}R0pℓqh}L2 À }h}L2 p1 ` }ℓ}Eq .

• If h P H1
x and k P L2

x, we have θh,kpℓq ď }h}H1
x

}k}H´1
x

}ℓ}E since E Ă C1
x. Then,

estimate (II.2.3) reads |ψh,kpℓq| À }h}H1
x

}k}H´1
x

p1 ` }ℓ}Eq. Thus, R0pℓqh P H1
x and

}R0pℓqh}H1
x

À }h}H1
x

p1 ` }ℓ}Eq .

The last tool we need is the Cauchy-Schwarz inequality: to obtain estimates depending
on the L2pM´1q-norm, we write for i P t1, 2, 3u, h P CipTdq and f P L2pM´1q,

ˇ̌`
f, Aih

˘
L2

ˇ̌
ď }f}L2pM´1q

››Aih
››
L2pMq ,

where }Aih}2

L2pMq
.“
ş ş ´

papvq ¨ ∇xqi hpxq
¯2

Mpvqdµpvqdx ă 8 by Assumption II.1.

II.4.2 Construction of the first corrector

To shorten the computations, since ϕ P Θlim is fixed, as well as χ and ξ as in Definition
II.4.2, we write χρ “ χppρ, ξqL2

x
q, χ1

ρ “ χ1ppρ, ξqL2
x
q, etc...

We want to solve the Poisson equation L2ϕ1 “ ´L1ϕ (see (II.4.7)), where

L1ϕpf, ℓq “ ´χ1
ρ p〈Af〉 , ξqL2

x

“ χ1
ρ pf, AξqL2 .

The centering condition (II.4.11) is satisfied, we then define ϕ1 as follows: for all pf, ℓq P
L2pM´1q ˆ E,

ϕ1pf, ℓq “
ż 8

0

E rL1ϕpgf ptq,mℓptqqs dt.

Recall that 〈Agf ptq〉 “ e´t 〈Af〉, hence

ϕ1pfq “ ´
ż 8

0

e´tχ1
ρ p〈Af〉 , ξqL2

x
dt

“ χ1
ρ pf, AξqL2 , (II.4.13)

where we used that χpiq
ρ does not depend on t when evaluated at gf ptq since for all t P R

`,
〈gf ptq〉 “ ρ.

It is straightforward to check that estimate (II.4.3) is satisfied. This concludes the
construction of the first corrector ϕ1.

II.4.3 Construction of the second corrector

In (II.4.8), the centering condition (II.4.11) is not satisfied. Therefore, we want to solve
the Poisson equation L2ϕ2 “ ´

`
L0ϕ ` L1ϕ1 ´

ş
pL0ϕ ` L1ϕ1q dµρ

˘
. To ensure (II.4.8),

we need Lϕpρq “
ş

pL0ϕ ` L1ϕ1q dµρ. We have for pf, ℓq P L2pM´1q ˆ E

L0ϕpf, ℓq ` L1ϕ1pfq “ ´χ1
ρ pℓρ, ξqL2

x
´ χ2

ρ p〈Af〉 , ξqL2
x

pf, AξqL2 ´ χ1
ρ pAf,AξqL2

“ ´χ1
ρ pℓρ, ξqL2

x
` χ2

ρ pf, Aξq2

L2 ` χ1
ρ

`
f, A2ξ

˘
L2
.
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Since
ş
V
apvqMpvqdµpvq “ 0 by Assumption II.1, we have

ş
pf, AξqL2 dµρ “ pρM, AξqL2 “

0. Moreover, owing to (II.1.4),
ş
V

MA2ξdµ “ K : ∇2
xξ “ divxpK∇xξq. The limit

infinitesimal generator L is then defined for ρ P L2
x by

Lϕpρq “ ´χ1
ρ pmρ, ξqL2

x
` χ1

ρ

`
ρM, A2ξ

˘
L2

“ ´χ1
ρ pmρ, ξqL2

x
` χ1

ρ

`
ρ,K : ∇2

xξ
˘
L2

x
(II.4.14)

“ χ1
ρ pdivxpK∇xρq ´ mρ, ξqL2

x
,

which leads to the definition (II.4.1).
Then, we define ϕ2 as the solution of the Poisson equation L2ϕ2 “ ´ pL1ϕ1 ` L0ϕ ´ Lϕq

satisfying the centering condition
ş

pL1ϕ1 ` L0ϕ ´ Lϕq dµρ “ 0. Equation (II.4.12) reads

ϕ2pf, ℓq “
ż 8

0

E rL0ϕpgf ptq,mℓptq ` L1ϕ1pgf ptq,mℓptqq ´ Lϕpρqs dt.

Let us obtain the following expression for ϕ2:

ϕ2pf, ℓq “ 1

2
χ2
ρ pf, Aξq2

L2 ` χ1
ρ

`
f ´ ρM, A2ξ

˘
L2

´ χ1
ρ pρ,R0pℓqξqL2

x
. (II.4.15)

The corrector ϕ2 can be decomposed as ϕ2,piq ` ϕ2,piiq ` ϕ2,piiiq, corresponding to the
contributions of the different terms of L0ϕ ` L1ϕ1. For each of these contributions, recall
that the quantities χpiq

ρ do not depend on t.

(i) The term ´χ1
ρ pℓρ, ξqL2

x
gives

ϕ2,piqpf, ℓq “ ´
ż 8

0

E

”
χ1
ρ ppmℓptq ´ mqρ, ξqL2

x

ı
dt “ ´χ1

ρ pR0pℓqρ, ξqL2
x
,

where R0pℓq is the operator defined in Section II.4.1.

(ii) The term χ2
ρ pf, Aξq2

L2 “ χ2
ρ p〈Af〉 , ξq2

L2
x

gives, using the identity 〈Agf ptq〉 “ e´t 〈Af〉,

ϕ2,piiqpf, ℓq “
ż 8

0

e´2tχ2
ρ p〈Af〉 , ξq2

L2 dt

“
ż 8

0

e´2tχ2
ρ pf, Aξq2

L2 dt

“ 1

2
χ2
ρ pf, Aξq2

L2 .

(iii) The term χ1
ρ pf, A2ξqL2 gives

ϕ2,piiiqpf, ℓq “
ż 8

0

χ1
ρ

`
gf ptq ´ ρM, A2ξ

˘
L2
dt

“
ż 8

0

e´tχ1
ρ

`
f ´ ρM, A2ξ

˘
L2
dt

“ χ1
ρ

`
f ´ ρM, A2ξ

˘
L2
.

It is straightforward to check that ϕ2 satisfies (II.4.4). This concludes the construction
of the second corrector ϕ2.
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II.4.4 Verification of (II.4.5)

Straightforward computations give the following expressions for L1ϕ2, L0ϕ1 and L0ϕ2:

L1ϕ2pf, ℓq “ 1

2
χ3
ρ pf, Aξq3

L2 ` χ2
ρ pf, AξqL2

`
f, A2ξ

˘
L2

` χ2
ρ

`
f ´ ρM, A2ξ

˘
L2

pf, AξqL2

` χ1
ρ

`
f, A3ξ

˘
L2

´ χ1
ρ

`
f, ApK : ∇2

xξq
˘
L2

` χ2
ρ pρ,R0pℓqξqL2 pf, AξqL2

´ χ1
ρ pf, ApR0pℓqξqqL2 ,

L0ϕ1pf, ℓq “ ´χ2
ρ pf, AξqL2 pρ, ℓξqL2

x
´ χ1

ρ pf, ℓAξqL2

L0ϕ2pf, ℓq “ ´1

2
χ3
ρ pf, Aξq2

L2 pρ, ℓξqL2
x

´ χ2
ρ pf, ℓAξq2

L2 ´ χ2
ρ

`
f ´ ρM, A2ξ

˘
L2

pρ, ℓξqL2
x

´ χ1
ρ

`
f ´ ρM, ℓA2ξ

˘
L2

` χ2
ρ pρ,R0pℓqξqL2

x
pρ, ℓξqL2

x
` χ1

ρ pρ, ℓR0pℓqξqL2
x
.

One can then check that (II.4.9) and (II.4.10) are satisfied, hence so is (II.4.5).
Finally, owing to Assumption II.6, one can also check that ϕε “ ϕ ` εϕ1 ` ε2ϕ2 P Θ.

This concludes the proof of Proposition II.4.1.

II.5 Martingale problems

The proof of Theorem II.2.1 heavily relies on the notion of martingale problems as
introduced in [SV06]. To identify a limit point of pρεqεPp0,ε0s for the convergence in
distribution, we characterize its distribution by a family of martingales (see Proposition
II.5.1 and take the limit when ε Ñ 0 in their martingale properties. The limit martingale
characterizes the distribution of the limit point (see Proposition II.5.2).

The martingale formulation for fixed ε is also used in combination with martingale
arguments (for instance Doob Maximal Inequality) to prove Propositions II.6.1 and II.6.2.

In this Section, we state these martingale formulations and prove the martingale
formulation for the limit equation. The proof of the martingale formulation for fixed ε is
very technical, due to the presence of a stopping time, but is very similar to the classical
proof of the martingale characterization of a Markov process (see [EK86, SV06, DRV20]).
See the proof of Proposition I.4.1 for details on how to manage the stopping times.

II.5.1 Martingale problem for the equation at fixed ε

Recall that the stopping time τ ε is introduced in Definition II.2.3.

Proposition II.5.1. Let ϕ P Θ and for t P R
`, set

M ε
ϕptq .“ ϕpf εptq,mεptqq ´ ϕpf εp0q,mεp0qq ´

ż t

0

Lεϕpf εpsq,mεpsqqds.

Then, M ε,τε

ϕ is a càdlàg pF ε
t qtPR`-martingale and

@t P R
`,E

”ˇ̌
M ε,τε

ϕ ptq
ˇ̌2ı “ E

„ż t^τε

0

`
Lεpϕ2q ´ 2ϕLεϕ

˘
pf εpsq,mεpsqqds



“ 1

ε2
E

„ż t^τε

0

`
Lmpϕ2q ´ 2ϕLmϕ

˘
pf εpsq,mεpsqqds


.
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II.5.2 An equivalent formulation for the limit equation

Proposition II.5.2. Let σ P p0, 1s be arbitrarily small and let ρ be a C0
TH

´σ
x -valued

stochastic process.
Then, ρ is a weak solution of (II.1.6) in L2

x (in the sense of Definition II.2.2) if, and
only if, for all ϕ P Θlim, we have almost surely

@t P r0, T s,Mϕptq “ ϕpρptqq ´ ϕpρ0q ´
ż t

0

Lϕpρpsqqds “ 0.

Proof. By definition of the infinitesimal generator L (see (II.4.1)), and using the notation
ϕ “ χpp¨, ξqL2

x
q as in Definition II.4.2, we have

Mϕptq “ χppρptq, ξqL2
x
q ´ χppρ0, ξqL2

x
q ´

ż t

0

χ1ppρpsq, ξqL2
x
q pρpsq, divpK∇xξq ´ mξqL2

x
ds.

If ρ is a weak solution of (II.1.6) in L2
x, then for ϕ P Θlim, we have Lϕpρptqq “

Btpϕpρptqqq, and ρp0q “ ρ0 a.s., hence Mϕ “ 0 a.s.
Conversely, assume Mϕ “ 0 for all ϕ P Θlim. For r P R

`, let χr be defined by

@u P r0, rs, χrpuq “ u,

@u P rr ` 1,8q, χrpuq “ r ` 1,

@u P pr, r ` 1q, χrpuq “ P rpuq,
@u P p´8, 0q, χrpuq “ ´χrp´uq,

where P r is a polynomial function such that χr P C3
b pRq. Let ξ P H2

x and consider ϕr P Θlim

defined by
ϕrpρq “ χr

´
pρ, ξqL2

x

¯
.

Since ρ P C0
TH

´σ
x a.s., the random variable

S
.“ sup
tPr0,T s

ˇ̌
ˇpρptq, ξqL2

x

ˇ̌
ˇ ,

is finite a.s. and ϕSpρq “ pρptq, ξqL2
x
. Since MϕS

ptq “ 0, we get that ρ satisfies almost
surely (II.2.6), for ξ P H2

x.
To satisfy Definition II.2.2, it only remains to prove that ρ P L8

T L
2
x almost surely.

Consider the self-adjoint operator BK on L2
x defined by (II.3.6). As proved in Section

II.3.3, there exists a constant Λ P R
` and a complete orthonormal system peiqiPN0

of L2
x

such that, for all i P N0, BKei “ λiei with λi ď Λ. Fix i P N0. Since ei P H2
x, (II.2.6) reads

for t P r0, T s
pρptq, eiqL2

x
“ pρ0, eiqL2

x
` λi

ż t

0

pρpsq, eiqL2
x
ds.

Therefore, we have for t P r0, T s
pρptq, eiqL2

x
“ eλit pρ0, eiqL2

x
.

Since λit ď ΛT and ρ0 P L2
x,
ˇ̌
ˇpρptq, eiqL2

x

ˇ̌
ˇ
2

is summable. We thus have ρptq P L2
x and

}ρptq}2

L2
x

ď e2ΛT }ρ0}2

L2
x
.

This proves that ρ P L8
T L

2
x, and that ρ satisfies Definition II.2.2, which concludes the proof

of Proposition II.5.2.
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II.6 Convergence in C0pr0, T s, H´σpTdqq
II.6.1 Asymptotic behavior of the stopping time

We are now in position to study the asymptotic behavior of the stopping time τ ε introduced
in Definition II.2.3.

Proposition II.6.1. For all T ą 0, we have

P pτ ε ă T q ÝÝÑ
εÑ0

0.

Remark II.6.1 (about the proof). To prove Proposition II.6.1, we establish the following
estimate:

sup
ε

E

«
ε2p sup

tPr0,T s

››ζε,τεptq
››2

C1
x

ff
ă 8,

for p P p0, 1q. It is possible to prove this result with p “ 0, but it requires more intricate
arguments (see the proof of Proposition I.6.2) and is not necessary to prove Proposition
II.6.1.

Proof. Recall that τ ε “ τ εm ^ τ εζ (see Definition II.2.3). Owing to Lemma II.3.1, it only
remains to prove that

P
`
τ εζ ă T

˘
ÝÝÑ
εÑ0

0. (II.6.1)

Owing to the Markov inequality and the continuous embedding H td{2u`2
x Ă C1

x, we have
for p P p0, 1q

P
`
τ εζ ă T

˘
ď P

`
τ εζ ă T, τ εζ ă τ εm

˘
` P

`
τ εζ ă T, τ εζ ě τ εm

˘

ď P

˜
εp sup

tPr0,T s

››ζε,τεptq
››

C1
x

ě 1

ε1´p

¸
` P pτ εm ă T q

ď ε2p1´pq sup
ε

E

«
ε2p sup

tPr0,T s

››ζε,τεptq
››2

C1
x

ff
` P pτ εm ă T q

ď ε2p1´pq sup
ε

E

«
ε2p sup

tPr0,T s

››ζε,τεptq
››2

H
td{2u`2

x

ff
` P pτ εm ă T q .

Owing to Lemma II.3.1, we have P pτ εm ă T q ÝÝÑ
εÑ0

0. Since ζεptq P E Ă H td{2u`2
x , it only

remains to prove that for any multi-index β of length |β| ď td{2u ` 2, we have

sup
ε

E

«
ε2p sup

tPr0,T s

››››
B|β|ζε,τ

εptq
Bxβ

››››
2

L2
x

ff
ă 8,

for a real number p P p0, 1q to be chosen.
Fix any such β and ε P p0, ε0s. We have

E

«
sup
tPr0,T s

››››
B|β|ζε,τ

εptq
Bxβ

››››
2

L2
x

ff
ď
ż

Td

E

«
sup
tPr0,T s

ˇ̌
ˇ̌B

|β|ζε,τ
εpt, xq

Bxβ
ˇ̌
ˇ̌
2
ff
dx. (II.6.2)
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For x P T
d, consider the linear form θβx P E˚ defined by

@ℓ P E, θβxpℓq “ B|β|ℓ

Bxβ pxq.

Since mε P E almost surely, one has

B|β|ζεpt, xq
Bxβ “ 1

ε

ż t

0

B|β|pmεps, xq ´ mq
Bxβ ds “ 1

ε

ż t

0

`
θβxpmεpsq ´ mq

˘
ds.

Owing to Assumption II.6, the function ψβx
.“ R0pθβx ´θβxpmqq as in Definition II.2.1 satisfies

ψβx P Θ and Lmψ
β
x “ ´

`
θβx ´ θβxpmq

˘
. Thus, owing to Proposition II.5.1,

M ε

ε1`pψ
β
x
ptq “ ε1`pψβxpmεptqq ´ ε1`pψβxpmp0qq ´ 1

ε2

ż t

0

ε1`pLmψ
β
xpmεpsqqds

“ ε1`pψβxpmεptqq ´ ε1`pψβxpmp0qq ` εp
B|β|ζεpt, xq

Bxβ (II.6.3)

defines a martingale when stopped at τ ε.
On the one hand, owing to estimates (II.2.3) and (II.2.8), and using that α ă 1 in

Definition II.2.3, we have

E

«
sup
tPr0,T s

ˇ̌
ε1`pψβxpmε,τεptqq

ˇ̌2
ff

À ε2`2p
`
1 ` ε´2α

˘
À 1.

On the other hand, Doob Maximal Inequality yields

E

«
sup
tPr0,T s

ˇ̌
ˇM ε,τε

ε1`pψ
β
x

ptq
ˇ̌
ˇ
2

ff
ď 4E

„ˇ̌
ˇM ε,τε

ε1`pψ
β
x

pT q
ˇ̌
ˇ
2

.

Owing to Proposition II.5.1 and Assumption II.6, we get

E

„ˇ̌
ˇM ε,τε

ε1`pψ
β
x

pT q
ˇ̌
ˇ
2


“ 1

ε2
E

„
pε1`pq2

ż T^τε

0

´
Lm

´`
ψβx

˘2
¯

´ 2ψβxLmψ
β
x

¯
pmεpsqqds



ÀT ε
2p
`
1 ` ε´2α

˘
,

using once again the estimate (II.2.3) and (II.2.8). We now choose p P pα, 1q (recall that

α ă 1 in Definition II.2.3). Then one has E
„ˇ̌
ˇM ε,τε

ε1`pψ
β
x

pT q
ˇ̌
ˇ
2


À 1. Therefore, (II.6.3) yields

E

«
ε2p sup

tPr0,T s

ˇ̌
ˇ̌B

|β|ζε,τ
εpt, xq

Bxβ
ˇ̌
ˇ̌
2
ff1{2

ÀT 1,

which concludes the proof by integrating with respect to x and using (II.6.2).

Remark II.6.2. The regularity of order td{2u ` 2 of mℓptq is used to prove Proposition
II.6.1. In all other proofs, we only need mℓptq P C1

x.
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II.6.2 Tightness

This section is devoted to proving the following result.

Proposition II.6.2. The family of processes pρεqεPp0,ε0s is tight in the space C0
TH

´σ
x for

all arbitrarily small σ P p0, 1s.

Proof. Owing to Slutsky’s Lemma [Bil99, Theorem 4.1] and Proposition II.6.1, Proposition
II.6.2 is equivalent to the tightness of

`
ρε,τ

ε˘
εPp0,ε0s in the same space, and the convergence

in distribution of pρεqεPp0,ε0s is equivalent to the convergence in distribution of
`
ρε,τ

ε˘
εPp0,ε0s

to the same limit. Therefore, we only prove the tightness of the family of stopped processes`
ρε,τ

ε˘
εPp0,ε0s.

Let us introduce auxiliary tools. Consider the Skorokhod space DTH
´σ
x , namely the

space of H´σ
x -valued càdlàg functions on r0, T s. For X P C0

TH
´σ
x , the modulus of continuity

wX for continuous functions and the modulus of continuity w1
X for càdlàg functions are

defined for δ P r0, T s by

wXpδq .“ sup
0ďtďsďt`δďT

}Xpsq ´ Xptq}

w1
Xpδq .“ sup

ptiqi

max
i

sup
tiďtďsăti`1

}Xpsq ´ Xptq} ,

where ptiqi denotes any finite subdivision of r0, T s. For δ P r0, T s, [Bil99, equation (14.11)]
yields

wXpδq ď 2w1
Xpδq.

Thus, it suffices to establish the tightness of
`
ρε,τ

ε˘
εPp0,ε0s in DTH

´σ
x to prove Proposition

II.6.2 (see for instance [Bil99, Theorems 8.2 and 15.2] which gives sufficient and necessary
conditions for tightness in C0

TH
´σ
x and DTH

´σ
x ).

Tightness in DTH
´σ is easier to prove than in C0

TH
´σ
x , owing to [Jak86, Theorem 3.1]:

since Θlim is closed under addition and separates points, tightness in the Skorokhod space
is equivalent to the following claims:

(i) For all η P p0, 1s, there exists a compact set Kη Ă H´σ
x such that, for all ε P p0, ε0s,

P
`
@t P r0, T s, ρε,τεptq P Kη

˘
ą 1 ´ η.

(ii) For all ϕ P Θlim,
`
ϕpρε,τεq

˘
εPp0,ε0s is tight in Dpr0, T s,Rq.

Claim (i) is a consequence of Proposition II.3.3, of the Markov inequality and of the
compact embedding L2

x Ă H´σ
x .

The rest of this section is devoted to proving Claim (ii). Let us fix a test function
ϕ P Θlim and consider the perturbed test function ϕε P Θ constructed in Proposition II.4.1.

Aldous’ Criterion [JS03, Theorem 4.5 p356] gives a sufficient condition for Claim (ii):
since ϕ is bounded, one only needs to prove that

@η P p0,8q, lim
δÑ0

lim sup
εÑ0

sup
τ1ďτ2ďτ1`δ

P
`ˇ̌
ϕpρε,τεpτ2qq ´ ϕpρε,τεpτ1qq

ˇ̌
ą η

˘
“ 0, (II.6.4)

where supτ1ďτ2ďτ1`δ denotes the supremum with respect to all pF ε
t qtPR`-stopping times τ1

and τ2 satisfying a.s. τ1, τ2 P r0, T s and τ1 ď τ2 ď τ1 ` δ.
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To prove (II.6.4), introduce the auxiliary process

θεptq “ ϕpρεp0qq ` ϕεpf εptq,mεptqq ´ ϕεpf εp0q,mεp0qq

“ ϕpρεp0qq `
ż t

0

Lεϕεpf εpsq,mεpsqqds` M ε
ϕεptq, (II.6.5)

where M ε
ϕε is the martingale defined in Proposition II.5.1. One has

ϕpρε,τεpτ2qq ´ ϕpρε,τεpτ1qq “
`
θε,τ

εpτ2q ´ θε,τ
εpτ1q

˘
´
`
ϕεpf ε,τεpτ2q,mε,τεpτ2qq ´ ϕpρε,τεpτ2qq

˘

`
`
ϕεpf ε,τεpτ1q,mε,τεpτ1qq ´ ϕpρε,τεpτ1qq

˘
.

Owing to estimates (II.4.3) and (II.4.4) of Proposition II.4.1, and using (II.2.8) and
Proposition II.3.3 to estimate

››mε,τεptq
››
E

and
››f ε,τεptq

››
L2pM´1q, we have

ˇ̌
ϕεpf ε,τε

,mε,τεptqq ´ ϕpρε,τεptqq
ˇ̌

Àϕ p1 ` }f ε0 }2

L2pM´1qqpε ` ε2p1 ` ε´αqq.

Since α ă 1 in Definition II.2.3, we get

E

«
sup
tPr0,T s

ˇ̌
ϕεpf ε,τε

,mε,τεptqq ´ ϕpρε,τεptqq
ˇ̌
ff

ÝÝÑ
εÑ0

0.

Therefore, one has

sup
τ1ďτ2ďτ1`δ

E
“ˇ̌
ϕpρε,τεpτ2qq ´ ϕpρε,τεpτ1qq

ˇ̌‰
ď sup

τ1ďτ2ďτ1`δ
E
“ˇ̌
θε,τ

εpτ2q ´ θε,τ
εpτ1q

ˇ̌‰
` op1q,

where op1q denotes a quantity converging to 0 when ε Ñ 0. The Markov inequality then
yields

sup
τ1ďτ2ďτ1`δ

P
`ˇ̌
ϕpρε,τεpτ2qq ´ ϕpρε,τεpτ1qq

ˇ̌
ą η

˘
ď sup

τ1ďτ2ďτ1`δ

E
“ˇ̌
θε,τ

εpτ2q ´ θε,τ
εpτ1q

ˇ̌‰

η
` op1q.

Therefore, it only remains to prove

sup
τ1,τ2,ε

E
“ˇ̌
θε,τ

εpτ2q ´ θε,τ
εpτ1q

ˇ̌‰
ÝÝÑ
δÑ0

0, (II.6.6)

to deduce (II.6.4) and to use Aldous’ Criterion.
By (II.6.5), we have

ˇ̌
θε,τ

εpτ2q ´ θε,τ
εpτ1q

ˇ̌
ď
ż τ2^τε

τ1^τε

|Lεϕεpf εpsq,mεpsqq| ds`
ˇ̌
ˇM ε,τε

ϕε pτ2q ´ M
ε,τε

ϕε pτ1q
ˇ̌
ˇ . (II.6.7)

Using estimate (II.2.8), Propositions II.3.3 and II.4.1 and the expression (II.4.14) of the
infinitesimal generator L, we get
ˇ̌
Lεϕεpf ε,τε

,mε,τεptqq
ˇ̌

Àϕ

ˇ̌
Lϕpρε,τεpsqq

ˇ̌
` p1 ` }f ε0 }3

L2pM´1qq
`
εp1 ` ε´αq ` ε2p1 ` ε´2αq

˘

Àϕ p1 ` }f ε0 }3

L2pM´1qq
`
1 ` εp1 ` ε´αq ` ε2p1 ` ε´2αq

˘
.

Since α ă 1 in Definition II.2.3, it gives

E

«
sup
tPr0,T s

ˇ̌
Lεϕεpf ε,τεptq,mε,τεptqq

ˇ̌
ff

Àϕ 1.
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Thus, we get

sup
ε

sup
τ1ďτ2ďτ1`δ

E

„ż τ2^τε

τ1^τε

|Lεϕεpf εpsq,mεpsqq| ds


ď sup
ε

sup
τ1ďτ2ďτ1`δ

δE

«
sup
tPr0,T s

ˇ̌
Lεϕεpf ε,τε

,mε,τεptqq
ˇ̌
ff

ÝÝÑ
δÑ0

0.

The last term of (II.6.7) is estimated using martingale arguments. Recall that, owing to
Proposition II.5.1, M ε,τε

ϕε is a square-integrable martingale, hence

E

„ˇ̌
ˇM ε,τε

ϕε pτ2q ´ M
ε,τε

ϕε pτ1q
ˇ̌
ˇ
2


“ E

„ˇ̌
ˇM ε,τε

ϕε pτ2q
ˇ̌
ˇ
2

´
ˇ̌
ˇM ε,τε

ϕε pτ1q
ˇ̌
ˇ
2


“ 1

ε2
E

„ż τ2^τε

τ1^τε

`
Lmppϕεq2q ´ 2ϕεLmϕ

ε
˘

pf εpsq,mεpsqqds

.

(II.6.8)

Using the definitions of the correctors ϕ1 and ϕ2 (see (II.4.13) and (II.4.15)), one can write

ϕεpf, ℓq “ A
εpfq ` B

εpf, ℓq,

where A
ε does not depend on ℓ and B

εpf, ℓq “ ´ε2χ1
ρ pρ,R0pℓqξqL2

x
. Then, we have

LmA
ε “ Lm

`
pAεq2

˘
“ 0 and Lm pAε

B
εq “ A

εLmB
ε. As a consequence, one obtains

Lmppϕεq2q ´ 2ϕεLmϕ
ε “ LmppBεq2q ´ 2BεLmB

ε and (II.6.8) becomes

E

„ˇ̌
ˇM ε,τε

ϕε pτ2q ´ M
ε,τε

ϕε pτ1q
ˇ̌
ˇ
2


“ ε2pχ1
ρq2

E

„ż τ2^τε

τ1^τε

Lmppρεpsq, R0p¨qξq2

L2
x
qpmεpsqqds



` 2ε2pχ1
ρq2

E

„ż τ2^τε

τ1^τε

pρεpsq, R0pmεpsqqξqL2
x

pρεpsq,mεpsqξqL2
x
ds


.

Using Assumption II.6, estimate (II.2.8), Proposition II.3.3 and the condition |τ2 ´ τ1| ď δ,
we get

E

„ˇ̌
ˇM ε,τε

ϕε pτ2q ´ M
ε,τε

ϕε pτ1q
ˇ̌
ˇ
2


Àϕ δε
2
E

”
p1 ` }f ε0 }2

L2pM´1qqp1 ` ε´2αq
ı
.

Since α ă 1 in Definition II.2.3, the convergence (II.6.6) follows.
Therefore, we can apply Aldous’ Criterion, which concludes the proof of Claim (ii),

and of Proposition II.6.2.

II.6.3 Identification of the limit

Owing to Proposition II.6.2, there exists a C0
TH

´σ
x -valued random variable ρ and a sequence

εi ÝÝÝÑ
iÑ8

0, εi P p0, ε0s such that ρεi
dÝÝÝÑ

iÑ8
ρ.

Recall that, owing to Slutsky’s Lemma, we also have ρεi,τ
εi dÝÝÝÑ

iÑ8
ρ.

To identify the distribution of ρ, we take the limit εi Ñ 0 in the martingale problem.
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Proposition II.6.3. For ϕ P Θlim,

t ÞÑ ϕpρptqq ´ ϕpρp0qq ´
ż t

0

Lϕpρpuqqdu

is a martingale (adapted to the filtration pFρ
t qtPR` generated by ρ).

Proof. Fix ϕ P Θlim. Let 0 ď s ď s1 ď ... ď sj ď t, let g P C0
b ppH´σ

x qjq be a continuous
bounded function and define

Φ : ρ ÞÑ
ˆ
ϕpρptqq ´ ϕpρpsqq ´

ż t

s

Lϕpρpuqqdu
˙
gpρps1q, ..., ρpsjqq.

it suffices to prove that E rΦpρqs “ 0 to get the martingale property and to prove Proposition
II.6.3. To reach this goal, we prove that E

“
Φpρεi,τ

εi q
‰

converges to both E rΦpρqs and 0.

On the one hand, Φ is continuous and ρεi,τ
εi dÝÝÝÑ

iÑ8
ρ, hence Φpρεi,τ

εi q dÝÝÝÑ
iÑ8

Φpρq [Bou04,

Proposition IX.5.7]. Moreover,
`
Φpρεi,τ

εi q
˘
εi

is uniformly integrable. Indeed, owing to
Definition (II.4.1) of L and Proposition II.3.3, we have

sup
ε

E

”ˇ̌
Φpρε,τεq

ˇ̌2ı ÀT,ϕ,g sup
ε

E

”
1 ` }f ε0 }4

L2pM´1q

ı
ă 8.

Since
`
Φpρεi,τ

εi q
˘
εi

is uniformly integrable and converges in distribution to Φpρq, we have
(see [Bil99, Theorem 5.4])

E
“
Φpρεi,τ

εi q
‰

ÝÝÝÑ
iÑ8

E rΦpρqs .

On the other hand, consider the perturbed test function ϕεi P Θ defined in Proposition
II.4.1. Owing to Proposition II.5.1, we have

E

„ˆ
ϕεipf εi,τ

εi ptq,mεi,τ
εi ptqq ´ ϕεipf εi,τ

εi psq,mεi,τ
εi psqq ´

ż t^τεi

s^τεi

Lεiϕεipf εipuq,mεipuqqdu
˙

gpρεi,τ
εi ps1q, ..., ρεi,τ

εi psjqq


“ 0.

Using the expansion ϕε “ ϕ ` εϕ1 ` ε2ϕ2 and the boundedness of g, we write

ˇ̌
E
“
Φpρεi,τ

εi q
‰ˇ̌

Àg

4ÿ

j“1

E r|rj|s ,

with

r1 “ εipϕ1pf εi,τ
εi ptq,mεi,τ

εi ptqq ´ ϕ1pf εi,τ
εi psq,mεi,τ

εi psqqq
r2 “ ε2

i pϕ2pf εi,τ
εi ptq,mεi,τ

εi ptqq ´ ϕ2pf εi,τ
εi psq,mεi,τ

εi psqqq

r3 “
ż t^τεi

s^τεi

`
Lεiϕεipf εi,τ

εi puq,mεi,τ
εi puqq ´ Lϕpρεi,τ

εi puqq
˘
du

r4 “
ż t

t^τεi

Lϕpρεi,τ
εi puqqdu´

ż s

s^τεi

Lϕpρεi,τ
εi puqqdu.
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Since α ă 1 in Definition II.2.3, using estimates (II.4.3), (II.4.4) and (II.4.5) of Proposition
II.4.1 and estimates (II.2.8) and (II.3.4) on mεi,τ

εi and f εi,τ
εi , we get

|r1| À εi }f εi
0 }L2pM´1q ,

|r2| À ε2
i p1 ` }f εi

0 }2

L2pM´1qqp1 ` ε´α
i q,

|r3| À T p1 ` }f εi
0 }3

L2pM´1qq
`
εip1 ` ε´α

i q ` ε2
i p1 ` ε´2α

i q
˘
.

Since α ă 1 in Definition II.2.3, and owing to Assumption II.7, we get for k P t1, 2, 3u

E r|rk|s ÝÝÝÑ
iÑ8

0.

For the last term r4, the Cauchy-Schwarz inequality, Propositions II.6.1 and II.3.3 and
Assumption II.7 yield

E r|r4|s2 Àϕ E

”
}f εi

0 }2

L2pM´1q

ı
E
“
p|t ´ t ^ τ εi | ` |s ´ s ^ τ εi |q2

‰

Àϕ T
2
P pτ εi ă T q ÝÝÝÑ

iÑ8
0.

Therefore, E rΦpρqs “ limiÑ8 E
“
Φpρεi,τ

εi q
‰

“ 0, which concludes the proof of Proposition
II.6.3.

Proof of Theorem II.2.1. Recall that uniqueness of the solution of (II.1.6) is stated in
Proposition II.3.4. Thus, owing to Proposition II.6.3 and the uniqueness of the limit point,
ρε converges in distribution C0

TH
´σ
x to ρ solution of (II.1.6).

If ρ0 is deterministic, the solution ρ of the limit equation (II.1.6) is also deterministic.
A classical argument gives a convergence in probability: owing to Portmanteau’s Theorem
[Bil99, Theorem 2.1], since ρε converges in distribution in CTH

´σ
x to ρ, for any closed set

C Ă CTH
´σ
x we have

lim sup
εÑ0

P pρε P Cq ď P pρ P Cq .

Take Cη “
 
h P CTH

´σ
x | }h ´ ρ}CTH

´σ
x

ą η
(

for η P p0,8q. Then P pρ P Cηq “ 0, thus ρε

converges in probability to ρ in CTH
´σ
x .

II.7 Convergence in L2pr0, T s, L2pTdqq
This section is devoted to proving Theorem II.2.2 if the additional Assumption II.8 is
satisfied.

II.7.1 Convergence of ρε

Assume that pρεqεPp0,ε0s is tight in L2
TL

2
x. There exists a limit point ρ1 and a subsequence

converging to ρ1 in distribution in L2
TL

2
x, hence in L2

TH
´σ
x . Owing to Theorem II.2.1, this

subsequence converges to ρ in distribution in C0
TH

´σ
x , hence in L2

TH
´σ
x . As a consequence,

ρ and ρ1 are equal in distribution. Therefore, pρεqεPp0,ε0s is tight in L2
TL

2
x and ρ is its unique

limit point, thus ρε ÝÝÑ
εÑ0

ρ in distribution in L2
TL

2
x.

It only remains to prove that pρεqεPp0,ε0s, or equivalently pρεqεPp0,ε0s, is tight in L2
TL

2
x to

get this convergence.
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We still note wX the modulus of continuity of a H´σ
x -valued continuous process X.

Then, [Sim87, Theorem 5] yields the compactness of the set

KR,η
.“
!
ρ P L2

TL
2
x | }ρ}L2

T
Hσ2

x
ď R and @δ P p0,8q, wρpδq ă ηpδq

)

in L2
TL

2
x, for R ą 0, σ2 ą 0 and η : p0,8q Ñ r0,8q such that ηpδq ÝÝÑ

δÑ0
0. By Prokhorov’s

Theorem, to prove the tightness of
`
ρε,τ

ε˘
εPp0,ε0s in L2

TL
2
x, it is sufficient to prove that, for

all η P p0,8q, there exists R P p0,8q and σ2 P p0,8q such that

lim
δÑ0

lim sup
εÑ0

P
`
wρε,τε pδq ą η

˘
“ 0, (II.7.1)

and
sup
ε

P

´››ρε,τε››
L2

T
Hσ2

x
ą R

¯
ă η. (II.7.2)

Equation (II.7.1) is a consequence of the tightness in C0
TH

´σ
x [Bil99, Theorem 8.2]. To

prove (II.7.2), it suffices to prove that for some σ2 P p0,8q, we have

sup
ε

E

”››ρε,τε››
L2

T
Hσ2

x

ı
À 1, (II.7.3)

and (II.7.2) follows from the Markov inequality.
Let gε “ εBtf ε ` apvq ¨ ∇xf

ε. By Assumption II.8, we can apply an averaging lemma
([BD99, Theorem 2.3] with fptq “ f εpεtq, gptq “ gεpεtq and h “ 0 until time T ^ τ ε). After
rescaling the time t ÞÑ t{ε, we get

››ρε,τε››2

L2

T
H

σ1{4

x
“
ż T^τε

0

››ρε,τεptq
››2

H
σ1{4

x
dt

À ε }f ε0 }2

L2
x

`
ż T^τε

0

››f ε,τεptq
››2

L2pM´1q dt`
ż T^τε

0

››gε,τεptq
››2

L2pM´1q dt,

and owing to the Cauchy-Schwarz inequality,

››gε,τεptq
››
L2pM´1q “

››››εf ε,τ
εptqmε,τεptq ` 1

ε
Lf ε,τ

εptq
››››
L2pM´1q

ď ε
››f ε,τεptq

››
L2pM´1q

››mε,τεptq
››

C0
x

` 1

ε

››Lf ε,τεptq
››
L2pM´1q .

Then, Assumption II.7, estimate (II.2.8) and Proposition II.3.3 yields (II.7.3) with σ2 “ σ1

4
.

Note that here, we used the estimate on the second term of the left-hand side of (II.3.4).
Since we proved (II.7.1) and (II.7.2), and since KR is compact in L2

TL
2
x, Prokhorov’s

Theorem gives that the family
`
ρε,τ

ε˘
εPp0,ε0s is tight in L2

TL
2
x.

This concludes the proof of the convergence in distribution of ρε to ρ in L2
TL

2
x.

If ρ0 is deterministic, the convergence in probability follows from the same argument
as in Section II.6.3.

II.7.2 Convergence of f ε

The mapping h ÞÑ hM is a continuous mapping from L2
TL

2
x to L2

TL
2pM´1q (it is a linear

mapping of operator norm 1 owing to Assumption II.1). Thus, the convergence of ρε in
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distribution or in probability in L2
TL

2
x to ρ implies the same convergence for ρεM to ρM

in L2
TL

2pM´1q.
Since

f ε “ ´Lf ε ` ρεM,

it is thus sufficient to prove that Lf ε ÝÝÑ
εÑ0

0 in probability in L2
TL

2pM´1q to conclude
the proof of Theorem II.2.2. Indeed, assume we proved this convergence. Then, if ρε

converges in distribution, Slutsky’s Lemma yields the convergence in distribution of f ε

[Bil99, Theorem 4.1]. If ρε also converges in probability, then f ε converges in probability
as a sum of two terms converging in probability).

Let us now prove that Lf ε ÝÝÑ
εÑ0

0 in probability in L2
TL

2pM´1q. Owing to Proposition
II.3.3, we have almost surely

ż T^τε

0

}Lf εpsq}2

L2pM´1q ds ď ε2CpT q }f ε0 }2

L2pM´1q .

Therefore, on the event τ ε ě T , we get }Lf ε}L2

T
L2pM´1q ď ε

a
CpT q }f ε0 }L2pM´1q. Thus, we

have for η P p0,8q

P

´
}Lf ε}L2

T
L2pM´1q ą η

¯
“ P

´
τ ε ă T, }Lf ε}L2

T
L2pM´1q ą η

¯

` P

´
τ ε ě T, }Lf ε}L2

T
L2pM´1q ą η

¯

ď P pτ ε ă T q ` P

´
ε
a
CpT q }f ε0 }L2pM´1q ą η

¯

ď P pτ ε ă T q ` η´1ε
a
CpT qE

”
}f ε0 }L2pM´1q

ı
,

owing to the Markov inequality. Since supε E
”
}f ε0 }L2pM´1q

ı
ă 8 by Assumption II.7 and

using Proposition II.6.1, we get that Lf ε converges to 0 in probability in L2
TL

2pM´1q,
which concludes the proof of Theorem II.2.2.
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Chapter III

Asymptotic preserving schemes for
Stochastic Differential Equations

This chapter is a detailed version of the paper On Asymptotic Preserving schemes for
a class of Stochastic Differential Equations in averaging and diffusion approximation
regimes, written with Charles-Édouard Bréhier [BRR20]. The preprint can be found at
https://arxiv.org/abs/2011.02341.

A notable difference between this chapter and [BRR20] is addition of quantitative
experiments (Section III.6 and III.7). The code for these additional simulations was written
by Benoit Fabrèges.

III.1 Introduction

Deterministic and stochastic systems are ubiquitous in science and engineering. Traditional
modeling and numerical methods become ineffective when systems evolve at different
time scales: see for instance the monographs [E11, Kue15] for comprehensive treatment of
multiscale dynamics. Averaging and homogenization [PS08] are two popular techniques
which are employed to rigorously derive macroscopic limiting equations, starting from
(stochastic) slow-fast systems with separated time-scales.

In the last two decades, constructing efficient numerical methods for multiscale stochas-
tic systems has been a very active research area: let us mention the Heterogeneous Mul-
tiscale Method (see [AEEVE12, Bré13, ELVE05]), projective integration (see [GKK06]),
equation-free coarse-graining (see [KGH`03]), spectral methods (see [APV17]), micro-
macro acceleration methods (see [VZS20]), parareal algorithms (see [LLMS20]). In the
methods mentioned above, the objective is to approximate the limiting model for the
slow variables of interest, and only partial but relevant information coming from the fast
dynamics is taken into account. As a consequence, these methods may not be appropriate
if one wants to approximate simultaneously the original multiscale model and its limit.
In this chapter, we focus on the notion of asymptotic preserving schemes, in order to
overcome this issue.

To motivate and illustrate our work, let us introduce simplified versions of the systems
of Stochastic Differential Equations (SDE) considered in this chapter. The time-scale
separation parameter is denoted by ε P p0, 1s. On the one hand, in the averaging regime
(see Equation (III.2.1) in Section III.2.1 for the more general version), we consider systems
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of the type $
’&
’%

dXε
t “ bpXε

t ,m
ε
tqdt,

dmε
t “ ´mε

t

ε
dt`

?
2?
ε
dβt.

(III.1.1)

When ε Ñ 0, the averaging principle (see [PS08, Chapter 10]) states that Xε converges (at
least in distribution) to the solution X of the Ordinary Differential Equation 9X “ bpXq
where bpxq “

ş
bpx,mqdνpmq and ν “ N p0, 1q is the standard Gaussian random variable.

On the other hand, in the diffusion approximation regime (see Equation (III.2.12) in
Section III.2.2 for the more general version), we consider systems of the type

$
’&
’%

dXε
t “ σpXε

t qmε
t

ε
dt,

dmε
t “ ´mε

t

ε2
dt` 1

ε
dβt.

(III.1.2)

When ε Ñ 0, the diffusion approximation result (see [PS08, Chapter 11]) states that Xε

converges (in distribution) to the solution X of the SDE

dXt “ σpXtq ˝ dβt,

where the noise is interpreted in the Stratonovich sense. This type of results is related
to results known as Wong-Zakai approximation and Smoluchowski-Kramers limits in
the literature. In the two SDE systems (III.1.1) and (III.1.2), the fast component is an
Ornstein-Uhlenbeck process.

In this chapter, we are interested in the behavior when ε Ñ 0 of numerical schemes for
the SDEs (III.1.1) and (III.1.2). To explain the challenge faced and the solutions proposed
in this chapter, we consider the following schemes, which are both consistent for any fixed
value of ε ą 0. On the one hand, in the averaging regime one defines

$
&
%

Xε
n`1 “ Xε

n ` ∆tbpXε
n,m

ε
n`1q,

mε
n`1 “ mε

n ´ ∆t

ε
mε
n`1 `

c
2∆t

ε
γn.

(III.1.3)

On the other hand, in the diffusion approximation regime one defines
$
’’&
’’%

Xε
n`1 “ Xε

n ` σpXε
nq∆tmε

n`1

ε
,

mε
n`1 “ mε

n ´ ∆t

ε2
mε
n`1 `

?
∆t

ε
γn,

(III.1.4)

In the schemes (III.1.3) and (III.1.4), pγnqnPN0
is a sequence of independent standard

Gaussian random variables. One may check that Xε
n Ñ Xn for all n P N0, in probability,

when ε Ñ 0, where the limiting schemes are given by

Xn`1 “ Xn ` ∆tbpXn, 0q

in the averaging regime, and

Xn`1 “ Xn `
?

∆tσpXnqγn,
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in the diffusion approximation regime. Note that, in the second case, the limiting scheme
is consistent with the Itô interpretation of the noise, instead of the correct Stratonovich
one. In the two cases, the limiting scheme is in general not consistent with the limiting
equation, and using such a scheme in practice may lead to drawing false conclusions about
the limiting system from numerical experiments. We refer to [FG18, LAE08] for other
examples of situations where numerical schemes perform badly when applied to multiscale
SDE systems.

The objective of this chapter is to design and study Asymptotic Preserving (AP)
schemes, such that the following diagram commutes (where convergence is understood in
distribution): if T “ N∆t, one has

Xε
N

∆tÑ0ÝÝÝÑ XεpT q§§đεÑ0

§§đεÑ0

XN
∆tÑ0ÝÝÝÑ XpT q

The two schemes (III.1.3) and (III.1.4) described above are not AP. The notion of AP
schemes has been introduced in [Jin99], for applications to multiscale kinetic Partial
Differential Equations (PDEs), which converge to parabolic diffusion PDEs. We refer
to[DP14, Section 7], [HJL17], [Jin12] and [Pup19, Section 4] for recent reviews on AP
schemes for this type of models. To the best of our knowledge, the design and analysis
of asymptotic preserving schemes for slow-fast SDEs of the type (III.1.1) and (III.1.2)
has not been considered so far in the literature. Note that a specific feature (compared
with the deterministic case) is the need to consider convergence in distribution. Let
us mention related works for Stochastic Partial Differential Equations (SPDEs), in the
diffusion approximation regime. First, in [DM16, Mar06], the authors consider Schrödinger
equations and study an abstract asymptotic preserving property. However, they do
not propose implementable schemes. In [AF19], the authors deal with some multiscale
stochastic kinetic PDEs, driven by a Wiener process. However, the structure of the
model is different from the one of (III.1.2). In Chapter IV, we apply the findings of
this chapter to the SPDE models considered in [AF19]. The works mentioned above
concerning SPDE models are limited to diffusion coefficients of the type σpxq “ x, for
which specific arguments may give a straightforward construction of AP schemes, for
appropriate discretization of the fast component. An AP scheme in the case σpxq “ 1 for
(III.1.2) is proposed in [PSZ09], however the subtlety of the interpretation of the noise at
the limit is not relevant in that case. Finally, let us also mention that AP schemes have
also been studied for PDEs with random coefficients, see [HJ17, Jin18, JLP18] or in the
context of Monte-Carlo methods for deterministic problems, see [DPS18, RLJ14].

We are now in position to describe the contributions of this chapter. In Section III.3.1,
we define the appropriate notion of AP schemes for SDE systems, related to convergence
in distribution, and study several general properties.

Our first main result is Theorem III.3.3, which exhibits an example of AP scheme in
the averaging regime: for the simplified version (III.1.1), the scheme is given by

$
&
%
Xε
n`1 “ Xε

n ` ∆tbpXε
n,m

ε
n`1q,

mε
n`1 “ e´ ∆t

ε mε
n `

b
1 ´ e´ 2∆t

ε γn.
(III.1.5)

The fast component in the scheme above is discretized using a scheme which is exact in
distribution.
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Our second main result is Theorem III.3.4, which states error estimates of the type

sup
εPp0,1s

ˇ̌
E rϕpXε

Nqs ´ E rϕpXεpT qqs
ˇ̌

“ O
´?

∆t
¯
,

for sufficiently smooth real-valued mappings ϕ. This error estimate means that the scheme
is Uniformly Accurate.

Finally, our third main result is Theorem III.3.5, which exhibits an example of AP
scheme in the diffusion approximation regime: for the simplified version (III.1.2) (see
Corollary III.3.6), the scheme is given by

$
’’’’’’&
’’’’’’%

mε
n`1 “ mε

n ´ ∆t

ε2
mε
n`1 `

?
∆t

ε
γn,

Y ε
n`1 “ Xε

n ` σpXε
nq∆tmε

n`1

ε
,

Xε
n`1 “ Xε

n ` σpXε
nq ` σpY ε

n`1q
2

∆tmε
n`1

ε
.

(III.1.6)

A prediction-correction method is employed to retrieve the correct interpretation of
the noise for the limiting equation: the scheme (III.1.2) is indeed consistent with the
Stratonovich interpretation of the noise.

Let us also mention that another situation is considered in Corollary III.3.7: for the
model (III.2.22) taken from [LBL20] (with an application in astrophysics), the limiting
equation (III.2.23) contains a so-called noise-induced drift-term, which is captured only
for well-designed AP schemes.

Some numerical experiments (see Section III.5) show that the AP schemes (III.1.5)
and (III.1.6) are effective in all regimes ε ą 0 and ε Ñ 0, contrary to the schemes (III.1.3)
and (III.1.4) which fail to capture the correct limiting behavior when ε Ñ 0.

The chapter is organized as follows. The general SDE models in the averaging and
diffusion approximation regimes are presented in Sections III.2.1 and III.2.2. The main
results of this chapter are stated in Section III.3: the general theory of AP schemes is
presented in Section III.3.1, and it is applied in the averaging and diffusion approximation
regimes in Section III.3.2 and III.3.3 respectively. Qualitative numerical experiments are
reported in Section III.5, while quantitative numerical experiments are presented in the
averaging regime and the diffusion approximation regime, respectively in Sections III.6
and III.7. Section III.4 is devoted to the proof of the error estimates stated in Theorem
III.3.4. Finally, Section III.8 gives some conclusions and perspectives.

III.2 Slow-fast SDE models and their limits

Without loss of generality, the time-scale separation parameter ε satisfies ε P p0, 1s. The
time-step size of the integrators studied in this work is denoted by ∆t. It is assumed that
∆t “ T

N
where T P p0,8q is a fixed time and N P N. Without loss of generality, it is

assumed that ∆t P p0, 1s.
In the slow-fast systems considered in this work, the slow component Xε takes values

in the d-dimensional flat torus T
d, where d P N is an arbitrary integer, whereas the fast

component mε takes values in R. The framework and the models considered in this work
may be generalized in many ways to more complex situations, however the arguments and
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results below are sufficient to illustrate the difficulties of designing asymptotic preserving
schemes for stochastic equations.

Let pβtqtPR` and pBtqtPR` be two independent standard Wiener processes, with values
in R and R

D respectively, where D P N, defined on a probability space pΩ,F ,Pq which
satisfies the usual conditions.

The following notation for derivatives is used below: ∇x “ pBxi
q1ďiďd P R

d and Bm are
the partial gradient and derivative operators with respect to x and m respectively. If σ
is a mapping with values in Md,DpRq (the space of d ˆ D matrices with real entries), let
σ‹ denote the transpose of σ, and set σσ‹ : ∇2

x “ řd

i,j“1 pσσ‹qi,j Bxi
Bxj

. If b is a R
d-valued

mapping, let b ¨ ∇x “ řd

i“1 biBxi
.

Assumption III.1. The initial conditions Xε
0 P T

d and mε
0 P R of the processes are

deterministic quantities and they satisfy

Xε
0 “ xε0 ÝÝÑ

εÑ0
x0, sup

εPp0,1s
|mε

0| ă 8.

III.2.1 The averaging regime

In the so-called averaging regime, we consider slow-fast SDE systems of the type
$
’&
’%

dXε
t “ bpXε

t ,m
ε
tqdt` σpXε

t ,m
ε
tqdBt,

dmε
t “ ´mε

t

ε
dt`

?
2hpXε

t q?
ε

dβt.
(III.2.1)

The coefficients appearing in (III.2.1) are assumed to satisfy the following conditions.

Assumption III.2. The functions b : Td ˆ R Ñ R
d and σ : Td ˆ R Ñ Md,DpRq are

assumed to be of class C4, and h : Td Ñ R is assumed to be of class C1. Moreover, they
are all assumed to be bounded and to have bounded derivatives.

Owing to Assumption III.2, for all initial conditions Xε
0 P T

d and mε
0 P R, and for

every ε P p0, 1s, there exists a unique global solution pXε,mεq of the SDE system (III.2.1).
Since h is bounded, it is straightforward to check that

sup
εPp0,1s

sup
tPR`

E r|mεptq|2s
1 ` |mε

0|2 ă 8. (III.2.2)

This estimate will prove useful to prove Proposition III.2.1.
The infinitesimal generator Lε associated with the SDE (III.2.1) has the following

expression:

Lε “ 1

ε
LOU ` L0, (III.2.3)

where
L0 “ bpxq ¨ ∇x ` 1

2
σσ‹ : ∇2

x,

LOU “ ´mBm ` hpxq2B2
m,

(III.2.4)

Observe that for fixed x P T
d, LOU is the generator of an ergodic Ornstein-Uhlenbeck

process. The associated invariant distribution is νx “ N p0, hpxq2q.
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Define averaged coefficients as follows: for all x P T
d

bpxq “
ż
bpx,mqdνxpmq, apxq “

ż
σpx,mqσpx,mq‹dνxpmq. (III.2.5)

Note that b : Td Ñ R
d is of class C4. The averaging principle result stated below requires

the following condition to be satisfied.

Assumption III.3. There exists an integer D P N and a function σ : Td Ñ Md,DpRq of
class C4 such that for all x P T

d

apxq “ σpxqσpxq‹. (III.2.6)

Assumption III.3 holds if there exists c P p0,8q such that apxq ě cI for all x P T
d

(as symmetric matrices). This condition is satisfied when σ only depends on the slow
variable x (Bmσpx,mq “ 0 for all px,mq P T

d ˆ R), or when σpx,mqσpx,mq‹ ě cI for all
px,mq P T

d ˆ R. In that case, one can choose D “ d. If the diffusion coefficient is of the
type σpx,mq “ σ7pmqσ:pxq, with σ:pxq P R

d and σ7pmq P R, then one can choose D “ D

and σpxq “ σ:pxq
aş

σ7pmq2dνxpmq for all x P T
d.

We are now in position to state the averaging principle result and to define the limiting
process X obtained when ε Ñ 0.

Proposition III.2.1. Let Assumptions III.1, III.2 and III.3 be satisfied. Let T P p0,8q.
When ε Ñ 0, the Cpr0, T s,Tdq-valued process pXεptqq0ďtďT converges in distribution to the
solution pXptqq0ďtďT of the limiting SDE

dXt “ bpXtqdt` σpXtqdBt, (III.2.7)

with initial condition Xp0q “ x0, where the coefficients b and σ are defined by (III.2.5)–
(III.2.6), and where

`
Bt

˘
tPR` is a standard R

D-valued Wiener process.
The infinitesimal generator L associated with the limiting SDE (III.2.7) is given by

L “ bpxq ¨ ∇x ` 1

2
σσ‹ : ∇2

x, (III.2.8)

and is such that the following property holds: let ϕ P C4pTdq, then there exists a function
ϕ1 : Td ˆ R Ñ R such that

ϕε “ ϕ ` εϕ1, (III.2.9)

Lεϕε ÝÝÑ
εÑ0

Lϕ. (III.2.10)

Finally, let ϕ P C4pTdq, then there exists CpT, ϕq P p0,8q such that
ˇ̌
E rϕpXεpT qqs ´ E rϕpXpT qqs

ˇ̌
ď CpT, ϕqε. (III.2.11)

The averaging principle stated in Proposition III.2.1 is a standard result, see for instance
[PS08, Chapter 16]. In general the convergence stated in Proposition III.2.1 only holds in
distribution, however it holds in stronger sense (for instance in mean-square sense) if σ
only depends on x.

We refer to Section III.A.1 for a sketch of the construction of the perturbed test
function ϕε which satisfies (III.2.9)–(III.2.10) (see [FGPSl07, Chapter 6] for a detailed
description of the perturbed test function method). Note that the perturbed test function
appears in Proposition III.3.1 below. For the error estimate (III.2.11), see Lemma III.4.2
and its proof below.
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III.2.2 The diffusion approximation regime

General model

In the so-called diffusion approximation regime, we consider slow-fast SDE systems of the
type $

’&
’%

dXε
t “ bpXε

t qdt` σpXε
t qmε

t

ε
dt,

dmε
t “ fpXε

t q
´

´mε
t

ε2
dt` gpXε

t q
ε

dt` hpXε
t q

ε
dβt

¯
.

(III.2.12)

The coefficients appearing in (III.2.12) are assumed to satisfy the following conditions.

Assumption III.4. The functions b : Td Ñ R
d and g, h : Td Ñ R are assumed to be

of class C1. The functions σ : Td Ñ R
d and f : Td Ñ R are assumed to be of class C2.

Moreover, f takes values in p0,8q: we assume that min
xPTd

fpxq ą 0.

Owing to Assumption III.4, for all initial conditions Xε
0 P T

d and mε
0 P R, and for every

ε P p0, 1s, there exists a unique global solution pXε,mεq of the SDE system (III.2.12). The
infinitesimal generator Lε associated with the SDE (III.2.12) has the following expression:

Lε “ 1

ε2
LOU ` 1

ε
L1 ` L0, (III.2.13)

where
L0 “ bpxq ¨ ∇x,

L1 “ mσpxq ¨ ∇x ` fpxqgpxqBm,

LOU “ ´fpxqmBm ` 1

2
fpxq2hpxq2B2

m.

(III.2.14)

Observe that for fixed x P T
d, LOU is the generator of an ergodic Ornstein-Uhlenbeck

process. The associated invariant distribution is νx “ N p0, fpxqhpxq2

2
q.

We are now in position to state the diffusion approximation result and to define the
limiting process X obtained when ε Ñ 0.

Proposition III.2.2. Let Assumptions III.1 and III.4 be satisfied. Let T P p0,8q. When
ε Ñ 0, the Cpr0, T s,Tdq-valued process pXεptqq0ďtďT converges in distribution to the solution
pXptqq0ďtďT of the limiting SDE

dXt “
ˆ
b ` gσ ` h2

2
pσ ¨ ∇xqσ ´ h2

2f
σ ¨ ∇xfσ

˙
pXtqdt` hpXtqσpXtqdWt, Xp0q “ x0,

(III.2.15)
driven by a standard one-dimensional Wiener process pW ptqqtPR`.

The infinitesimal generator L associated with the limiting SDE (III.2.15) is given by

Lϕ “ pb ` gσq ¨ ∇xϕ ` h2fσ

2
¨ ∇x

ˆ
σ

f
¨ ∇xϕ

˙
(III.2.16)

“ pb ` gσq ¨ ∇xϕ ` h2

2
σσ‹ : ∇2

xϕ ` h2

2
pσ ¨ ∇xqσ ¨ ∇xϕ ´ h2

2f
σ ¨ ∇xfσ ¨ ∇xϕ,
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and is such that the following property holds: let ϕ P C3pTdq, then one constructs two
functions ϕ1, ϕ2 : Td ˆ R Ñ R, such that

ϕε “ ϕ ` εϕ1 ` ε2ϕ2, (III.2.17)

Lεϕε ÝÝÑ
εÑ0

Lϕ. (III.2.18)

Finally, let ϕ P C3pTdq, then there exists CpT, ϕq P p0,8q such that

ˇ̌
E rϕpXεpT qqs ´ E rϕpXpT qqs

ˇ̌
ď CpT, ϕqε. (III.2.19)

The diffusion approximation stated in Proposition III.2.2 is a standard result, see for
instance [PS08, Chapter 18]. We refer to Section III.A.2 for a sketch of the construction of
the perturbed test function ϕε which satisfies (III.2.17)–(III.2.18) (see [FGPSl07, Chapter
6] for a detailed description of the perturbed test function method). Since the error
estimate (III.2.19) plays no role in the sequel, the proof is omitted. We refer to [KY05]
for arguments using asymptotic expansions of solutions of Kolmogorov equations leading
to (III.2.19), (see also [LBL20] for related computations).

Two examples in the approximation-diffusion regime

The setting described above encompasses several interesting examples of SDE systems. In
order to focus on the different possible issues which need to be overcome when constructing
asymptotic preserving numerical schemes in the regime ε Ñ 0, we deal with two examples
described below. In addition, the asymptotic preserving numerical schemes will have
simpler formulations for these examples than in the general case. In both examples,
dimension is set equal to d “ 1 to simplify the presentation, and b “ 0.

Let us present the first example: consider the system
$
’&
’%

dXε
t “ σpXε

t qmε
t

ε
dt,

dmε
t “ ´mε

t

ε2
dt` 1

ε
dβt,

(III.2.20)

where the coefficients in the fast equation are constant: fpxq “ hpxq “ 1 and gpxq “ 0

for all x P T. Applying Proposition III.2.2 in this example yields the following limiting
equation

dXt “ σpXtq ˝ dWt, (III.2.21)

where the noise is interpreted using the Stratonovich convention. With the Itô convention,
the equation is written as

dXt “ 1

2
σpXtqσ1pXtqdt` σpXtqdWt.

Note that the diffusion approximation result (Proposition III.2.2) may be obtained by
straightforward arguments in two cases, which will be repeated at the discrete-time levels.
Let ζεptq “ 1

ε

şt
0
mεpsqds for all t P R

`. First, if σpxq “ 1 for all x P T, then one has
dXε

t “ dζεt . Therefore passing to the limit yields

Xεptq “ Xε
0 ` ζεptq ÝÝÑ

εÑ0
x0 ` W ptq,
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and the limiting equation is dXt “ dWt. Second, assume that x, Xεptq and Xptq take
values in the real line R (instead of the torus T) and that σpxq “ x for all x P R. Then
(III.2.21) is written as dXε

t “ Xε
t dζ

ε
t . Computing the solution and passing to the limit

then yields
Xεptq “ Xε

0 exp pζεptqq ÝÝÑ
εÑ0

x0 exppW ptqq “ Xptq,

and the limiting equation is dXt “ Xt ˝ dWt.
Note that when the function σ is not constant, the Itô and Stratonovich interpretations

differ. Constructing an asymptotic preserving requires to capture the correction term in
a limiting scheme (which will naturally be associated with an Itô interpretation of the
noise).

Let us now present the second example, taken from [LBL20]. The coefficients f, g, h
are allowed to depend on the slow component x, whereas it is assumed that σpxq “ 1 for
all x P T. Therefore, the system in the second example has the following expression

$
’&
’%

dXε
t “ mε

t

ε
dt,

dmε
t “ fpXε

t q
´

´mε
t

ε2
dt` gpXε

t q
ε

dt` hpXε
t q

ε
dβt

¯
,

(III.2.22)

Applying Proposition III.2.2 in this example yields the following limiting equation

dXt “ gpXtqdt´ hpXtq2f 1pXtq
2fpXtq

dt` hpXtqdWt. (III.2.23)

The noise is interpreted in the Itô sense. Observe that when f is not constant, the
noise-induced drift term h2f 1

2f
appears. The construction of asymptotic preserving schemes

for this problem requires to be careful in order to capture this additional drift term in the
limiting scheme.

III.3 Numerical discretization and asymptotic pre-
serving schemes

The objective of this section is to study the notion of Asymptotic Preserving (AP)
schemes for the slow-fast SDE system (III.2.1) (averaging regime) or (III.2.12) (diffusion
approximation regime) when ε Ñ 0. The fundamental requirements to have an AP scheme
are the following ones: given a consistent discretization scheme for the SDE system,

• for any fixed time-step size ∆t ą 0, there exists a limiting scheme when ε Ñ 0,

• this limiting scheme is consistent with the limiting equation (III.2.7) given by
Proposition III.2.1 (averaging regime), or the limiting equation (III.2.15) given by
Proposition III.2.2 (diffusion approximation regime).

For the SDE considered in this chapter, consistency is understood in the sense of convergence
in distribution. As will be clear below, caution is needed in order to satisfy the second
requirement, indeed some standard but naive schemes converge to a limiting scheme
which is not consistent with the correct limiting equation. Using such schemes would be
dangerous since it could lead to wrong conclusions about the behavior of the SDE system
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when ε Ñ 0, hence the need to develop simultaneously the theoretical and numerical
analysis.

After discussing general properties of AP schemes, we will provide example of such
schemes both for the system (III.2.1) (averaging regime) and for the system (III.2.12)
(diffusion approximation regime) . We will also study how this scheme applies to the two
examples (III.2.20) and (III.2.22) described above, and provide a few examples of non AP
schemes.

III.3.1 Asymptotic preserving schemes: definition and proper-
ties

Let T P p0,8q, and let N P N and ∆t “ T
N

denote the time-step size. Let pΓnq0ďnďN´1

and pγnq0ďnďN´1 be two independent families of independent standard R
D and R-valued

Gaussian random variables. The initial conditions Xε
0 and mε

0 are assumed to satisfy
Assumption III.1.

On the one hand, a discretization scheme for the SDE (III.2.1) is defined as

@n P J0, N ´ 1K , pXε
n`1,m

ε
n`1q “ Φε

∆tpXε
n,m

ε
n,Γn, γnq. (III.3.1)

On the other hand, a discretization scheme for the SDE (III.2.12) is defined as

@n P J0, N ´ 1K , pXε
n`1,m

ε
n`1q “ Φε

∆tpXε
n,m

ε
n, γnq. (III.3.2)

The presentation is slightly different in the averaging and diffusion approximation regimes.
In the remaining of Section III.3.1, only the case of schemes of the type (III.3.1) is
considered. This means that if one considers the SDE (III.2.12) and the scheme (III.3.2)
(approximation diffusion regime) the variable Γn needs to be omitted – this is also the
case if σ “ 0 in the SDE (III.2.1) (averaging regime).

The mapping Φε
∆t appearing in the schemes (III.3.1) and (III.3.2) is referred to as the

integrator in the sequel.
Let us first discuss stability issues. Due to the presence of factors 1

ε
and 1

ε2 in the
SDE (III.2.1) and (III.2.12), using the standard Euler-Maruyama scheme would impose
strong stability conditions, of the type ∆t ď ∆t0pεq with ∆t0pεq Ñ 0 when ε Ñ 0. In
order to study the behavior of the scheme when ε Ñ 0 for any fixed time-step size ∆t, it
is necessary to avoid such conditions, and we impose the following assumption (which is
generally satisfied for some implicit or implicit-explicit methods).

Assumption III.5. The integrator Φε
∆t is defined for all ε P p0, 1s and ∆t P p0,∆t0s,

where ∆t0 ą 0 is independent of ε.

We are now in position to study the consistency of the scheme. First, it is assumed
that for all ε P p0, 1s, the scheme (III.3.1) (resp. (III.3.2)) is consistent with the SDE
system (III.2.1) (resp. (III.2.12)). When dealing with numerical methods for SDEs, there
exist several notions of convergence: in almost sure sense, in probability, in mean-square
sense, or in distribution. Since Propositions III.2.1 and III.2.2 state that Xε converges in
distribution to X when ε, the relevant notion is consistency in the weak sense, related to
convergence in distribution.
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Assumption III.6. For all ε P p0, 1s, the numerical scheme (III.3.1) (resp. (III.3.2))
is consistent in the weak sense with the SDE system (III.2.1) (resp. (III.2.12)): for all
bounded continuous functions ϕ : Td ˆ R,

E rϕpXε
N ,m

ε
Nqs ÝÝÝÑ

NÑ8
E rϕpXεpT q,mεpT qqs ,

where the time-step size is given by ∆t “ T
N

, for an arbitrary T P p0,8q.
Recall that the consistency in the weak sense of the scheme can be verified using the

following equivalent criterion, expressed in terms of the integrator and of the infinitesimal
generator: for all ϕ P C2

b pTd ˆ Rq,

lim
∆tÑ0

E rϕpΦε
∆tpx,m,Γ, γqqs ´ ϕpx,mq

∆t
“ Lεϕpx,mq,

for all px,mq P T
d ˆ R, where Γ and γ are two independent standard R

D and R-valued
Gaussian random variables.

The requirements above (Assumptions III.5 and III.6) only depend on the behavior of
the scheme for fixed ε P p0, 1s. We are now in position to study the asymptotic behavior
as ε Ñ 0, with fixed time-step size ∆t P p0,∆t0s. To introduce the notion of asymptotic
preserving scheme, one first needs to assume the existence of a limiting scheme, as follows.

Assumption III.7. For every ∆t P p0,∆t0s, there exists a mapping Φ∆t : Td ˆ R
2 Ñ T

d,
such that for every px,mq P T

d ˆ R, and every bounded continuous function ϕ : Td Ñ R,

E rϕpΦε
∆tpx,m,Γ, γqqs ÝÝÑ

εÑ0
E rϕpΦ∆tpx,Γ, γqqs

where Γ and γ are two independent standard R
D and R valued Gaussian random variables.

Let pXnq0ďnďN be defined by

Xn`1 “ Φ∆tpXn,Γn, γnq,
X0 “ x0 “ lim

εÑ0
xε0.

(III.3.3)

where pΓnq0ďnďN´1 and pγnq0ďnďN´1 are two independent families of independent standard
R
D and R valued Gaussian random variables. By a recursion argument, it is straightforward

to check that if Assumptions III.1 and III.7 are satisfied, then Xε
n converges in distribution

to Xn, when ε Ñ 0, for any fixed ∆t P p0,∆t0s, and 0 ď n ď N .
We are now in position to introduce the notion of asymptotic preserving schemes.

As for Assumptions III.6 and III.7 above, the consistency is understood in the sense of
convergence in distribution.

Definition III.3.1. Let Assumptions III.5, III.6 and III.7 be satisfied. The scheme
(III.3.1) (resp. (III.3.2)) is said to be Asymptotic Preserving (AP) if the limiting scheme
given by Assumption III.7 and (III.3.3) is consistent, in the weak sense, with the limiting
equation given by Proposition III.2.1 (resp. Proposition III.2.2): for every continuous
function ϕ : Td Ñ R, one has

E rϕpXNqs ÝÝÝÑ
NÑ8

E rϕpXpT qqs ,

where ∆t “ T
N

, with an arbitrary T P p0,8q.
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One of the main contributions of this chapter is the design of AP schemes in the
averaging and in the diffusion approximation regimes, see Sections III.3.2 and III.3.3
respectively.

To conclude this section, Proposition III.3.1 and Corollary III.3.2 below are general
formulations of the AP property in terms of commuting the limits ε Ñ 0 and ∆t Ñ 0.
As explained above, the result is stated only in the averaging regime to simplify the
presentation, however the same result holds also in the diffusion approximation regime
with straightforward modifications.

Proposition III.3.1. Let the setting of Definition III.3.1 be satisfied. The following
statements are equivalent.

(i) The scheme (III.3.1) is asymptotic preserving.

(ii) For any continuous function ϕ : Td Ñ R, one has

lim
∆tÑ0

lim
εÑ0

E rϕpXε
Nqs “ lim

εÑ0
lim

∆tÑ0
E rϕpXε

Nqs ,

where T “ N∆t.

(iii) For any ϕ P C3pTdq, for all px,mq P T
d ˆ R, one has

lim
∆tÑ0

lim
εÑ0

E rϕεpΦε
∆tpx,m,Γ, γqqs ´ ϕpxq

∆t
“ lim

εÑ0
lim

∆tÑ0

E rϕεpΦε
∆tpx,m,Γ, γqqs ´ ϕpxq

∆t
,

where ϕε “ ϕ` εϕ1 is the function introduced by the perturbed test function approach
(see (III.2.9), Proposition III.2.1 or (III.2.17), Proposition III.2.2), and Γ and γ are
independent RD and R valued standard Gaussian random variables.

Note that using the perturbed test function approach (see Propositions III.2.1 and
III.2.2) is the relevant point of view for the statement (iii) above.

Proof of Proposition III.3.1. The equivalence of (i) and (ii) is straightforward. Indeed

lim
∆tÑ0

lim
εÑ0

E rϕpXε
Nqs “ lim

∆tÑ0
E rϕpXNqs ,

lim
εÑ0

lim
∆tÑ0

E rϕpXε
Nqs “ lim

εÑ0
E rϕpXεpT qqs “ E rϕpXpT qqs ,

using Assumptions III.6 and III.7 and Proposition III.2.1. The two quantities coincide if
and only if the limiting scheme is consistent with the limiting equation.

It remains to prove that (i) and (iii) are equivalent. On the one hand, note that

lim
∆tÑ0

lim
εÑ0

E rϕεpΦε
∆tpx,m,Γ, γqqs ´ ϕpxq

∆t
“ lim

∆tÑ0

E rϕpΦ∆tpx,Γ, γqqs ´ ϕpxq
∆t

,

using the fact that ϕε´ϕ “ Opεq and the definition of the limiting scheme from Assumption
III.7.

On the other hand, one has

lim
εÑ0

lim
∆tÑ0

E rϕεpΦε
∆tpx,m,Γ, γqqs ´ ϕpxq

∆t
“ lim

εÑ0
Lεϕεpx,mq “ Lϕpxq,
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using the consistency of the scheme for fixed ε (Assumption III.6), and the property
(III.2.10), by construction of the perturbed test function ϕε.

Then (iii) is equivalent to having

lim
∆tÑ0

E rϕpΦ∆tpx, γqqs ´ ϕpxq
∆t

“ Lϕpxq,

which means consistency in the weak sense of the limiting scheme with the limiting equation
(III.2.7).

This concludes the proof of Proposition III.3.1.

The following result is a simple criterion to check whether a scheme satisfies the
asymptotic preserving property.

Corollary III.3.2. Assume that for all ϕ P C2pTdq, one has

rLϕpxq “ lim
∆tÑ0

E rϕpΦ∆tpx, γqqs ´ ϕpxq
∆t

where rL is a second-order differential operator.
Then the scheme is AP if and only if the property stated in (iii) in Proposition III.3.1

holds with ϕpxq “ xi and ϕpxq “ xixj, with 1 ď i, j ď d.

The proof of Corollary III.3.2 is straightforward and is thus omitted.

III.3.2 An example of AP scheme in the averaging regime

The objective of this section is to propose an example of AP for the SDE model (III.2.1),
see Theorem III.3.3, in the averaging regime. The challenge is to capture the averaged
coefficients b and σ, given by (III.2.5) and (III.2.6).

Theorem III.3.3. Introduce the following numerical scheme:

$
’’&
’’%

Xε
n`1 “ Xε

n ` ∆tbpXε
n,m

ε
n`1q `

?
∆tσpXε

n,m
ε
n`1qΓn

mε
n`1 “ c

ˆ
∆t

ε

˙
mε
n `

d
1 ´ c

ˆ
∆t

ε

˙2

hpXε
nqγn,

(III.3.4)

with cpτq “ e´τ . This scheme satisfies Assumptions III.5, III.6 and III.7 and is asymptotic
preserving in the sense of Definition III.3.1. Moreover the limiting scheme is given by

Xn`1 “ Xn ` ∆tbpXn, hpXnqγnq `
?

∆tσpXn, hpXnqγnqΓn, (III.3.5)

Remark III.3.1. The results of this section can be adapted with cpτq “ 1
1`τ . This gives

another AP scheme which is used in Section III.6.

Remark III.3.2. As opposed to the AP scheme we construct in the diffusion approximation
regime (see Section III.3.3), Scheme (III.3.4) is not based on the Heun method (referred to
as the prediction-correction procedure in Section III.3.3). Even though the Heun method
is a standard way to increase the order of convergence, it would not give an AP scheme in
the averaging regime, due to the identity b1b ‰ b1 b.
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Let us discuss some properties of the AP scheme (III.3.4) and of the limiting scheme
(III.3.5). To simplify the discussion, assume that hpxq “ 1. First, assume that σ “ 0.
Note that even if the limiting equation (III.2.7) is a deterministic ordinary differential
equation, the scheme (III.3.5) is random. However, in that case, the convergence of XN to
XpT q when ∆t Ñ 0 holds in probability, instead of only in distribution; in that case, the
averaging principle result stated in Proposition III.2.1 also holds in probability (and even
in mean-square sense). The fundamental property to obtain the AP property is that the
random quantity appearing in the limiting scheme (III.3.5) satisfies the property

E rbpXn, hpXnqγnq|Xns “ bpXnq. (III.3.6)

In the AP scheme (III.3.4), the fast component is discretized exactly in distribution (when
hpxq “ 1): for all n P N0, the Gaussian random variables mε

n and mεpn∆tq are equal in
distribution. The fundamental property written above cannot be satisfied if one uses for
instance the implicit Euler scheme to discretize the fast component: the scheme defined by

$
&
%

Xε
n`1 “ Xε

n ` ∆tbpXε
n,m

ε
n`1q

mε
n`1 “ mε

n ´ ∆t

ε
mε
n`1 `

c
2

∆t

ε
γn,

(III.3.7)

is not asymptotic preserving, since the associated limiting scheme is

Xn`1 “ Xn ` ∆tbpXn, 0q. (III.3.8)

using the identity

mε
n`1 “ 1

1 ` ∆t
ε

mε
n `

b
2∆t
ε

1 ` ∆t
ε

γn ÝÝÑ
εÑ0

0,

to pass to the limit.
Second, assume that σ is not equal to 0. Then the convergence of Xε

n to Xn only holds
in distribution in general. It does not hold in mean-square sense some cases, in which
the convergence in Proposition III.2.1 also does not hold in the mean-square sense. It is
thus natural to consider convergence in distribution in the notion of asymptotic preserving
schemes for SDEs.

Finally, note also that, as above, the scheme
$
’&
’%

Xε
n`1 “ Xε

n `
?

∆tσpXε
n,m

ε
n`1qΓn

mε
n`1 “ mε

n ´ ∆t

ε
mε
n`1 `

c
2

∆t

ε
γn,

is not asymptotic preserving, since the associated limiting scheme is

Xn`1 “ Xn `
?

∆tσpXn, 0qΓn.

We are now in position to prove Theorem III.3.3.

Proof of Theorem III.3.3. It is straightforward to check that Assumption III.5 is satisfied.
Let us prove that Assumption III.7 holds. We have

Φε
∆tpx,m,Γ, γq “ x ` ∆tbpx,m1q `

?
∆tσpx,m1qΓ

Φ∆tpx,Γ, γq “ x ` ∆tbpx, hpxqγq `
?

∆tσpx, hpxqγqΓ,
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with m1 “ e´ ∆t
ε m`

a
1 ´ e´ 2∆t

ε hpxqγ. When ε Ñ 0, m1 converges almost surely to hpxqγ,
thus Φε

∆tpx,m,Γ, γq converges in distribution to Φ∆tpx,Γ, γq, and Assumption III.7 is
satisfied.

It remains to prove that the scheme satisfies Assumption III.6 and is asymptotic
preserving in the sense of Definition III.3.1, namely that the schemes (III.3.4) and (III.3.5)
are consistent (in the weak sense), with (III.2.1) and (III.2.7) respectively.

Let ε ą 0 be fixed. Since h is bounded, it is straightforward to check that

sup
εPp0,1s

sup
nPN0

E
“
|mε

n|2
‰

1 ` |mε
0|2

ă 8. (III.3.9)

This estimate will prove useful to prove Lemma III.4.4 of Theorem III.3.4. Since b and σ

are also bounded, we get, in L
1pΩq, when ∆t Ñ 0

mε
n`1 ´ mε

n “ ´∆t

ε
mε
n `

c
2∆t

ε
hpXε

nqγn ` oεp∆tq,

Xε
n`1 ´ Xε

n “ ∆tbpXε
nq `

?
∆tσpXε

nqΓn ` oεp∆tq.

Thus, using that Γn, γn and Xε
n are independent, we get the second order Taylor expansion

of ϕ P C2
b pTd ˆ Rq,

E
“
ϕpXε

n`1,m
ε
n`1q

‰
´ E rϕpXε

n,m
ε
nqs “ ∆tE

“
bpXε

n,m
ε
n`1q ¨ ∇xϕpXε

n,m
ε
nq
‰

` 1

2
∆tE

“
σσ˚pXε

n,m
ε
n`1q : ∇2

xϕpXε
n,m

ε
nq
‰

´ ∆t

ε
E rmε

nBmϕpXε
n,m

ε
nqs

` ∆t

ε
E
“
hpXε

nq2B2
mϕpXε

n,m
ε
nq
‰

` oεp∆tq
“ ∆tE rLεϕpXε

n,m
ε
nqs ` oεp∆tq.

From there, it is straightforward to check that Assumption III.6 is satisfied.
Similarly, to prove the consistency of the limiting scheme (III.3.5) with (III.2.7), for

ϕ P C2pTdq, when ∆t Ñ 0, observe that one has

E rϕpXn`1qs ´ E rϕpXnqs “ ∆tE rbpXn, hpXnqγnq ¨ ∇xϕpXnqs

` 1

2
∆tE

“
σσ˚pXn, hpXnqγnq : ∇2

xϕpXnq
‰

` op∆tq.

The key argument of this proof is the following: by conditioning with respect to Xn and the
definitions (III.2.5)–(III.2.6) of the averaged coefficients, using the fundamental property
(III.3.6) for b and σ σ˚ “ σσ˚, yields

E rϕpXn`1qs “ E rϕpXnqs ` ∆tE rLϕpXnqs ` op∆tq.

The limiting scheme is thus consistent with the limiting equation. This concludes the
proof of Theorem III.3.3.

Beyond the asymptotic preserving property, it is possible to obtain error estimate,
and to prove that the scheme (III.3.4) given in Theorem III.3.3 is uniformly accurate (in
distribution).
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Theorem III.3.4 (Uniform accuracy). Let Assumptions III.1, III.2 and III.3 be satisfied.
Assume moreover that there exists C0 P p0,8q such that, for ε P p0, 1s, dTdpxε0, x0q ď C0ε,
where dTd is the distance on T

d. Then, for any T P p0,8q and any function ϕ : Td Ñ R of
class C4, there exists CpT, ϕq P p0,8q such that for all ∆t P p0,∆t0s and ε P p0, 1s one has

ˇ̌
E rϕpXε

Nqs ´ E rϕpXεpT qqs
ˇ̌

ď CpT, ϕq min
´∆t

ε
,∆t ` ε

¯
, (III.3.10)

and the scheme (III.3.4) is uniformly accurate with the following error estimate: for all
∆t P p0,∆t0s, one has

sup
εPp0,1s

ˇ̌
E rϕpXε

Nqs ´ E rϕpXεpT qqs
ˇ̌

ď CpT, ϕq
?

∆t. (III.3.11)

The error estimate (III.3.11) implies that the error
ˇ̌
E rϕpXε

Nqs ´E rϕpXεpT qqs
ˇ̌

goes to
0 when ∆t Ñ 0 uniformly with respect to ε Ñ 0. Note that (III.3.11) is a straightforward
consequence of (III.3.10), considering the cases

?
∆t ď ε and ε ď

?
∆t separately. This

argument implies a reduction in the order of convergence appearing in (III.3.11): it is
equal to 1

2
whereas for fixed ε ą 0 (in (III.3.10)) or when ε “ 0 the order of convergence is

equal to 1.
The proof of Theorem III.3.4 is long, technical and requires several auxiliary results, it

is thus postponed to Section III.4.

III.3.3 An example of AP scheme in the diffusion approximation
regime

The objective of this section is to propose an example of AP scheme for the SDE model
(III.2.12), see Theorem III.3.5, in the diffusion approximation regime. The challenge is to
let the limiting scheme capture the additional drift term appearing in the limiting equation
(III.2.15) when σ or f is not constant.

Theorem III.3.5. Let θ P r1
2
, 1s. Introduce the following numerical scheme:

$
’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’%

pmε
n`1 “ mε

n ´ ∆tfpXε
nqpmε

n`θ
ε2

` ∆tfpXε
nqgpXε

nq
ε

` fpXε
nqhpXε

nq
?

∆tγn

ε
,

pXε
n`1 “ Xε

n ` ∆tbpXε
nq ` σpXε

nq∆tpmε
n`θ
ε

,

mε
n`1 “ mε

n ´ ∆tfp pXε
n`1qmε

n`θ
ε2

` ∆tfp pXε
n`1qgpXε

nq
ε

` fpXε
nqhpXε

nq
?

∆tγn

ε
,

Y ε
n`1 “ Xε

n ` ∆tbpXε
nq ` σpXε

nq∆tmε
n`θ
ε

,

Xε
n`1 “ Xε

n ` ∆tbpXε
nq ` σpXε

nq ` σpY ε
n`1q

2

∆t

ε

pmε
n`θ ` mε

n`θ
2

,

(III.3.12)

where

pmε
n`θ “ p1 ´ θqmε

n ` θ pmε
n`1

mε
n`θ “ p1 ´ θqmε

n ` θmε
n`1.
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This scheme satisfies Assumptions III.5, III.6 and III.7 and is asymptotic preserving in
the sense of Definition III.3.1. Moreover the limiting scheme is given by

$
’’’’’’’’’’&
’’’’’’’’’’%

pXn`1 “ Xn ` ∆t pbpXnq ` gpXnqσpXnqq ` σpXnqhpXnq
?

∆tγn,

Yn`1 “ Xn ` ∆t pbpXnq ` gpXnqσpXnqq ` σpXnqhpXnq fpXnq
fp pXn`1q

?
∆tγn,

Xn`1 “ Xn ` ∆t

ˆ
bpXnq ` gpXnqσpXnq ` σpYn`1q

2

˙

` σpXnq ` σpYn`1q
2

1 ` fpXnq
fp pXn`1q
2

hpXnq
?

∆tγn.

(III.3.13)

The design of the scheme III.3.12 is based on a carefully chosen prediction-correction
procedure. The limiting scheme (III.3.13) then also contains prediction steps which are the
key elements to satisfy the consistency with the limiting SDE (III.2.15). The choice of the
prediction-correction procedure is made clearer looking at the two examples (III.2.20) and
(III.2.22), see below Corollaries III.3.6 and III.3.7 respectively. The prediction-correction
procedure is crucial to obtain the AP property for the scheme: the following simpler
scheme (with θ “ 1 to simplify the presentation)

$
’’&
’’%

Xε
n`1 “ Xn ` ∆tbpXε

nq ` σpXε
nq∆t

ε
mε
n`1,

mε
n`1 “ mε

n ´ fpXε
nq∆t
ε2

mε
n`1 ` fpXε

nqgpXε
nq∆t

ε
` fpXε

nqhpXε
nq

?
∆t

ε
γn,

(III.3.14)

is not asymptotic preserving, since the associated limiting scheme (see the proof of Theorem
III.3.5 for the derivation of the limiting scheme) is

Xn`1 “ Xn ` ∆t pbpXnq ` gpXnqσpXnqq ` hpXnqσpXnq
?

∆tγn. (III.3.15)

This limiting scheme is consistent with the SDE

dXt “ pbpXtq ` gpXtqσpXtqq dt` hpXtqσpXtqdWt,

which differs in general – when σ or f is non constant – from the correct limiting equation
(III.2.15).

Observe that in the AP scheme (III.3.12) the fast component mε is discretized using the
θ-method. Choosing θ P r1

2
, 1s ensures the mean-square stability of the scheme (Assumption

III.5), uniformly with respect to ε. Note that the same quantity p1 ´ θqmε
n ` θ pmε

n`1

appears in the expressions of pmε
n`1 and pXε

n`1 in (III.3.12). Similarly, the same quantity
p1´θqmε

n`θmε
n`1 appears in the expressions of mε

n`1 and Y ε
n`1 in (III.3.12): this highlights

the fact that in order to get a limiting scheme, it is fundamental to choose the quadrature
rules in this consistent way.

Remark III.3.3. There would be no loss of generality to assume that b “ 0. Another
example of AP scheme would be obtained in the case b ‰ 0, using a splitting technique:
combining the scheme (III.3.12) with b “ 0, with a standard explicit Euler scheme to treat
the contribution of b. Writing the expression of the resulting scheme is left to the reader.
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Proof of Theorem III.3.5. It is straightforward to check that Assumption III.5 is satisfied.
Let us prove that Assumption III.7 holds, namely that (III.3.12) converges to (III.3.13)

when ε Ñ 0. Note that for fixed ∆t ą 0 and 0 ď n ď N , one has

sup
εą0

E r|mε
n| ` |pmε

n|s ă `8. (III.3.16)

This is proved by a straightforward recursion argument. As a consequence, one obtains
convergence of the quantity,

∆tpmε
n`θ
ε

“ ∆tgpXε
nq ` hpXε

nq
?

∆tγn ´ ε

fpXε
nq

`
pmε
n`1 ´ mε

n

˘
.

Thus one has Y ε
n`1 ÝÝÑ

εÑ0
Yn`1 and pXε

n`1 ÝÝÑ
εÑ0

pXn`1. Similarly, one obtains the convergence

of
∆tmε

n`θ

ε
, which yields Y ε

n`1 ÝÝÑ
εÑ0

Yn`1 and Xε
n`1 ÝÝÑ

εÑ0
Xn`1.

It remains to prove that the scheme satisfies Assumption III.6 and is asymptotic
preserving in the sense of Definition III.3.1, namely that the schemes (III.3.12) and
(III.3.13) are consistent (in the weak sense), with (III.2.12) and (III.2.15) respectively.

On the one hand, let ε ą 0 be fixed. To prove that (III.3.12) is consistent with
(III.2.12), it is sufficient to prove that, for ϕ P C2

b pTd ˆ Rq, when ∆t Ñ 0,

E
“
ϕpXε

n`1,m
ε
n`1q

‰
“ E rϕpXε

n,m
ε
nqs ` ∆tE rLεϕpXε

n,m
ε
nqs ` oεp∆tq. (III.3.17)

It is straightforward to check that, in L
1pΩq,

´
pmε
n`1,

pXε
n`1,m

ε
n`1, Y

ε
n`1

¯
“ ppmε

n, X
ε
n,m

ε
n, X

ε
nq ` oεp1q,

hence

mε
n`1 “ mε

n `
?

∆t
fpXε

nqhpXε
nqγn

ε
` ∆t

ˆ
´fpXε

nqmε
n

ε2
` fpXε

nqgpXε
nq

ε

˙
` oεp∆tq,

Xε
n`1 “ Xε

n ` ∆t

ˆ
bpXε

nq ` σpXε
nqmε

n

ε

˙
` oεp∆tq.

Since γn „ N p0, 1q and the random variables γn and Xn are independent, one obtains
(III.3.17).

On the other hand, it remains to prove that the limiting scheme (III.3.13) is consistent
with (III.2.15), i.e. that, for ϕ P C2pTdq, when ∆t Ñ 0,

E rϕpXn`1qs “ E rϕpXnqs ` ∆tE rLϕpXnqs ` op∆tq. (III.3.18)

To simplify the presentation, for any function ψ, the following notation is used below:

ψn
.“ ψpXnq, ∇ψn

.“ ∇ψpXnq

The key argument of this proof is the analysis of the asymptotic behavior of the

quantity σpXnq`σpYn`1q
2

1` fpXnq

fpxXn`1q

2
, which appears in the scheme in order to capture the drift

terms in the limiting equation (III.2.15).
First, performing expansions at order

?
∆t for pXn`1 and Yn`1 yields

pXn`1 “ Xn `
?

∆thnγnσn ` op
?

∆tq, Yn`1 “ Xn `
?

∆thnγnσn ` op
?

∆tq.
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Second, writing σn`σpYn`1q
2

“ σn ` σpYn`1q´σn

2
and fn

fp pXn`1q “ 1

1` fpxXn`1q´fn

fn

, one obtains the

following expansion at order
?

∆t for the quantity:

σn ` σpYn`1q
2

1 ` fn

fp pXn`1q
2

“
ˆ
σn ` 1

2

?
∆thnγnpσn ¨ ∇qσn ` op

?
∆tq

˙ˆ
1 ´ 1

2fn

?
∆thnγnσn ¨ ∇fn ` op

?
∆tq

˙

“ σn `
?

∆t

ˆ
´ 1

2fn
hnγnσn ¨ ∇fnσn ` 1

2
hnγnpσn ¨ ∇qσn

˙
` op

?
∆tq.

Finally, one obtains the following asymptotic expansion of Xn`1

Xn`1 “ Xn `
?

∆thnγnσn ` ∆t

ˆ
bn ` gnσn ´ 1

2fn
h2
nγ

2
nσn ¨ ∇fnσn ` 1

2
h2
nγ

2
npσn ¨ ∇qσn

˙

` op∆tq.

Since γn is centered and γn and Xn are independent random variables, one obtains the
first order expansion (III.3.18).

This concludes the proof of Theorem III.3.5.

The proposed AP scheme given by Theorem III.3.5 can be simplified when it is applied
to one of the two examples of SDE models introduced in Section III.2.2. These two
examples are employed in the numerical experiments below. To simplify the presentation,
we only consider the case θ “ 1.

Corollary III.3.6. Consider the SDE (III.2.20). The AP scheme (III.3.12) given by
Theorem III.3.5 is written as follows:

$
’’’’’’&
’’’’’’%

mε
n`1 “ mε

n ´ ∆t

ε2
mε
n`1 `

?
∆t

ε
γn,

Y ε
n`1 “ Xε

n ` σpXε
nq∆tmε

n`1

ε
,

Xε
n`1 “ Xε

n ` σpXε
nq ` σpY ε

n`1q
2

∆tmε
n`1

ε
.

(III.3.19)

The scheme (III.3.19) is asymptotic preserving, and the limiting scheme (III.3.13) is written
as $

&
%
Yn`1 “ Xn `

?
∆tσpXnqγn,

Xn`1 “ Xn `
?

∆t
σpXnq ` σpYn`1q

2
γn.

(III.3.20)

The limiting scheme (III.3.20) is consistent with the limiting SDE (III.2.21).

The prediction-correction procedure appearing in the limiting scheme (III.3.20) allows
to recover the Stratonovich interpretation of the noise in the limiting SDE (III.2.21).
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Corollary III.3.7. Consider the SDE (III.2.22). The AP scheme (III.3.12) given by
Theorem III.3.5 is written as follows:
$
’’’’’’’’’’&
’’’’’’’’’’%

pmε
n`1 “ mε

n ´ ∆tfpXε
nq

ε2
pmε
n`1 ` ∆tfpXε

nqgpXε
nq

ε
` fpXε

nqhpXε
nq

?
∆tγn

ε

pXε
n`1 “ Xε

n ` ∆tpmε
n`1

ε

mε
n`1 “ mε

n ´ ∆tfp pXε
n`1q

ε2
mε
n`1 ` ∆tfp pXε

n`1qgpXε
nq

ε
` fpXε

nqhpXε
nq

?
∆tγn

ε

Xε
n`1 “ Xε

n ` ∆t

ε

pmε
n`1 ` mε

n`1

2

(III.3.21)

The scheme (III.3.21) is asymptotic preserving, and the limiting scheme (III.3.13) is written
as $

’&
’%

pXn`1 “ Xn ` ∆tgpXnq ` hpXnq
?

∆tγn,

Xn`1 “ Xn ` ∆tgpXnq `
1 ` fpXnq

fp pXn`1q
2

hpXnq
?

∆tγn.

(III.3.22)

The limiting scheme (III.3.22) is consistent with the limiting SDE (III.2.23).

The prediction-correction procedure appearing in the limiting scheme (III.3.20) allows
to recover the noise-induced drift term appearing in the limiting SDE (III.2.23).

Remark III.3.4. Consider the first example (III.2.20), with σpxq “ x and assume that x
takes values in the real line R (instead of the torus T). The following scheme

$
’’&
’’%

Xε
n`1 “ Xε

n exp

ˆ
∆t

ε
rp1 ´ θqmε

n ` θmε
n`1s

˙

mε
n`1 “ mε

n ´ ∆t

ε2

“
p1 ´ θqmε

n ` θmε
n`1

‰
`

?
∆t

ε
γn,

(III.3.23)

where θ P r1
2
, 1s, is another example of AP scheme for this problem. The limiting scheme

is given by
Xn`1 “ Xn expp

?
∆tγnq (III.3.24)

which is consistent with the limiting equation dXt “ Xt ˝ dWt.
However, the construction is more subtle if the fast component is discretized using an

exponential method: let

mε
n`1 “ e´ ∆t

ε2 mε
n `

d
1 ´ e´2 ∆t

ε2

2
γn,

then mε
n`1 ÝÝÑ

εÑ0

1?
2
γn, and defining

Xε
n`1 “ Xε

n exp

ˆ
∆t

ε
mε
n`1

˙

does not provide an AP scheme, since there exists no limiting scheme when ε Ñ 0.
Inspired by the identity 1

ε

şt
0
mεpsqds “ εpmε

0 ´ mεptqq ` βt for all t P R
`, one may set

Xε
n`1 “ Xε

n exp
´
εpmε

n ´ mε
n`1q `

?
∆tγn

¯
,
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so that one has

Xε
N “ xε0 exp

˜
εpmε

0 ´ mε
Nq `

?
∆t

N´1ÿ

n“0

γn

¸
.

When ε Ñ 0, one obtains the limiting scheme (III.3.24) again. However, the generalization
of this construction to the case σpxq ‰ x is not straightforward, whereas the scheme
proposed in Theorem III.3.5 applies directly to the general case.

III.4 Uniform accuracy and error analysis

III.4.1 Uniform accuracy in the averaging regime (proof of The-
orem III.3.4)

The objective of this section is to prove the error estimate (III.3.10). The proof follows
from the following four auxiliary lemmas. They are proved in Section III.4.2 below. In
their statements, let Assumptions III.1, III.2 and III.3 be satisfied. Let T P p0,8q be fixed
and assume that ϕ : Td Ñ R is of class C4. Recall that the identity T “ N∆t is assumed to
hold. In addition, recall that pXptqqtPR` and pXnqnPN0

are defined by the limiting equation
(III.2.7) and the limiting scheme (III.3.5) respectively.

Lemma III.4.1. There exists CpT, ϕq P p0,8q such that for all ∆t P p0,∆t0s and ε P p0, 1s
one has ˇ̌

E rϕpXε
Nqs ´ E rϕpXεpT qqs

ˇ̌
ď CpT, ϕq∆t

ε
. (III.4.1)

Lemma III.4.2. There exists CpT, ϕq P p0,8q such that for all ε P p0, 1s one has

ˇ̌
E rϕpXpT qqs ´ E rϕpXεpT qqs

ˇ̌
ď CpT, ϕqε. (III.4.2)

Lemma III.4.3. There exists CpT, ϕq P p0,8q such that for all ∆t P p0,∆t0s one has

ˇ̌
E rϕpXNqs ´ E rϕpXpT qqs

ˇ̌
ď CpT, ϕq∆t. (III.4.3)

Lemma III.4.4. There exists CpT, ϕq P p0,8q such that for all ∆t P p0,∆t0s and ε P p0, 1s
one has ˇ̌

E rϕpXε
Nqs ´ E rϕpXNqs

ˇ̌
ď CpT, ϕq maxp∆t, εq. (III.4.4)

The first auxiliary result (Lemma III.4.1) states a weak error estimate for the numerical
scheme (III.3.4) for fixed ε P p0, 1s. Due to the stiffness of the fast component mε

n, the
right-hand side is not uniform with respect to ε, and it is natural to expect that the upper
bound depends on τ “ ∆t

ε
.

The second auxiliary result (Lemma III.4.2) gives an error estimate in the averaging
principle (see (III.2.11) in Proposition III.2.1), in the weak sense. This is a standard result
in the literature, see for instance [KY05] for an approach using asymptotic expansions for
solutions of Kolmogorov equations. The strategy of the proof is based on the introduction
of the solutions of relevant Poisson equations, in the spirit of [PS08, Chapter 17] where
strong convergence is studied, see [Bré20] and [RSX19] for the weak convergence case.

The two remaining auxiliary lemmas and their proofs are more original than the first
two. Lemmas III.4.3 and III.4.4 are quantitative statements concerning two fundamental
requirements in the notion of AP scheme (see Definition III.3.1). On the one hand, Lemma
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III.4.3 is a quantitative statement of the consistency of the limiting scheme (III.3.5) with
the limiting equation (III.2.7), since it provides a weak error when ∆t Ñ 0. Since the
scheme is not classical (it is not a standard Euler-Maruyama type method, in particular
recall that the scheme is random even if XpT q is deterministic, when σ “ 0), a proof
is required. On the other hand, Lemma III.4.4 is a quantitative statement about the
convergence to the limiting scheme, for fixed ∆t P p0,∆t0s (see Assumption III.7). In
fact, the left-hand side of (III.4.4) goes to 0 when ε Ñ 0, however in the right-hand
side of (III.4.4) an additional error term ∆t appears. Proving Lemma III.4.4 is the most
challenging step towards the proof of Theorem III.3.4, whereas a key argument will be
identified in the proof of Lemma III.4.3 related to the consistency of the limiting scheme
with the limiting equation.

The following auxiliary results concerning solutions of Kolmogorov equations are
required in order do prove the four auxiliary results stated above. They are proved in
Section III.4.3 below.

Lemma III.4.5. Define uεpt, xq “ Ex,mrϕpXεptqqs, for all t P R
`, x P T

d and m P R,
where pXε,mεq is the solution of the SDE system (III.2.1), and Ex,m means that Xεp0q “ x

and mεp0q “ m. For all ε P p0, 1s, one has uε P Cpr0, T s, C3
b pTd ˆR,Rqq. In addition, there

exists CpT, ϕq P p0,8q such that for all j P t1, 2, 3u, one has

sup
εPp0,1s

sup
pt,x,mqPr0,T sˆTdˆR

}Dj
x,mu

εpt, x,mq} ď CpT, ϕq. (III.4.5)

Lemma III.4.6. Define upt, xq “ ExrϕpXptqqs, for all t P R
` and x P T

d, where X is the
solution of the SDE (III.2.7) and Ex means that Xp0q “ x. One has u P Cpr0, T s, C4

b pTd,Rqq.
In addition, there exists CpT, ϕq P p0,8q such that for all j P t1, 2, 3, 4u, one has

sup
pt,xqPr0,T sˆTd

}Dj
xupt, xq} ď CpT, ϕq. (III.4.6)

Lemma III.4.7. Let ∆t P p0,∆t0s.
Define unpxq “ ExrϕpXnqs, for all n P N and x P T

d, where pXnqnPN0
is defined by

the limiting scheme (III.3.5) (see Theorem III.3.3), and Ex means that X0 “ x. For all
n P N0, one has un P C2pTdq. In addition, there exists CpT, ϕq P p0,8q such that for all
j P t1, 2u, one has

sup
0ďnďN

sup
xPTd

}Dj
xunpxq} ď CpT, ϕq (III.4.7)

and, for all ∆t P p0,∆t0s, one has

sup
0ďnďN´1

sup
xPTd

}Dj
xun`1pxq ´ Dj

xunpxq} ď CpT, ϕq∆t. (III.4.8)

Based on the auxiliary results stated above, the proof of Theorem III.3.4 is straightfor-
ward.

Proof of Theorem III.3.4. Note that

ˇ̌
E rϕpXε

Nqs´E rϕpXεpT qqs
ˇ̌

ď
ˇ̌
E rϕpXpT qqs´E rϕpXεpT qqs

ˇ̌
`
ˇ̌
E rϕpXNqs´E rϕpXpT qqs

ˇ̌

`
ˇ̌
E rϕpXε

Nqs ´ E rϕpXNqs
ˇ̌
,
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thus combining (III.4.2), (III.4.3) and (III.4.4) (with maxp∆t, εq ď ∆t ` ε) yields

ˇ̌
E rϕpXε

Nqs ´ E rϕpXεpT qqs
ˇ̌

ď CpT, ϕq p∆t ` εq .

Combining that error estimate with (III.4.1) then concludes the proof of the error estimate
(III.3.10). As already explained above, the error estimate (III.3.11) is a straightforward
consequence of (III.3.10) (considering the cases

?
∆t ď ε and

?
∆t ě ε).

This concludes the proof of Theorem III.3.4.

III.4.2 Auxiliary error estimates

Let us now give proofs of the auxiliary lemmas III.4.1, III.4.2, III.4.3 and III.4.4, employing
the results of Lemmas III.4.5, III.4.6 and III.4.7 (proofs are given in Section III.4.3 below).

The following notation is used below in the proofs of the auxiliary results: for all
λ, µ P R

`, λ À µ means that there exists CpT, ϕq P p0,`8q, independent of ∆t, ε and n,
such that λ ď CpT, ϕqµ. In addition, the following notation is used for the infinitesimal
generator of the Ornstein-Uhlenbeck process:

Lx
OU “ ´mBm ` hpxq2B2

m,

in order to let the dependence with respect to x be clear.

Proof of Lemma III.4.1. Let us introduce auxiliary continuous-time processes rXε and rmε

, such that, for all n P J0, NK, one has Xε
n “ rXεptnq and mε

n “ rmεptnq (recall the definition
(III.3.4) of the scheme): for tn ď t ď tn`1

rXεptq “ Xε
n ` pt ´ tnqbpXε

n, rmεptqq ` σpXε
n, rmεptqq pBptq ´ Bptnqq

drmε
t “ ´ rmε

t

ε
dt`

?
2hpXε

nq?
ε

dβt.

Note that rmε does satisfy mε
n “ rmεptnq, since mε

n is exact in distribution and rmε is
an Ornstein-Uhlenbeck process with variance 2hpXε

nq2

ε
. The process rXε satisfies on each

subinterval rtn, tn`1s the following stochastic differential equation: for all t P rtn, tn`1s, one
has

d rXε
t “ bpXε

n, rmε
tqdt` σpXε

n, rmε
tqdBt ` pt ´ tnqBmbpXε

n, rmε
tqdrmε

t

` BmσpXε
n, rmε

tqpBt ´ Btnqdrmε
t ` hpXε

nq2

ε
pt ´ tnqB2

mbpXε
n, rmε

tqdt

` hpXε
nq2

ε
B2
mσpXε

n, rmε
tqpBt ´ Btnqdt.

The expressions for rXε are complicated due to the fact that in the scheme (III.3.4), b and
σ are evaluated with m “ mε

n`1, which is required to satisfy the AP property.
Owing to Lemma III.4.5, the auxiliary function uε is of class C2 and is solution of the

Kolmogorov equation Btuε “ Lεuε. Using a telescoping sum argument and the definition
of the auxiliary processes rXε and rmε, the application of Itô’s formula yields the following
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standard expression for the weak error:

E rϕpXε
Nqs ´ E rϕpXεpT qqs “ E ruεp0, Xε

N , rmεptNqqs ´ E ruεpT,Xε
0 , rmεp0qqs

“
N´1ÿ

n“0

E

”
uεpT ´ tn`1, rXεptn`1q, rmεptn`1qq

´uεpT ´ tn, rXεptnq, rmεptnqq
ı

“
N´1ÿ

n“0

ż tn`1

tn

E

”
p´Bt ` rLε

nquεpT ´ t, rXεptq, rmεptqq
ı
dt

“
N´1ÿ

n“0

ż tn`1

tn

E

”
p rLε

n ´ LεquεpT ´ t, rXεptq, rmεptqq
ı
dt,

where the auxiliary differential operator rLε
n is such that

rLε
nu

εpT ´ t, rXεptq, rmεptqq “ bpXε
n, rmεptqq ¨ ∇xu

εpT ´ t, rXεptq, rmεptqq

` 1

2
σσ˚pXε

n, rmεptqq : ∇2
xu

εpT ´ t, rXεptq, rmεptqq

` 1

ε
LXε

n

OUu
εpT ´ t, rXεptq, rmεptqq ` rεnptq,

and where the remainder term rεnptq is given by

rεnptq “ 1

ε
pt ´ tnqLXε

n

OUbpXε
n, rmεptqq ¨ ∇xu

ε

` 1

ε
LXε

n

OUσpXε
n, rmεptqqpBptq ´ Bptnqq ¨ ∇xu

ε

` hpXε
nq2

ε
D2
xu

ε ¨ ppt ´ tnqBmbpXε
n, rmεptqq ` BmσpXε

n, rmεptqqpBptq ´ Bptnqqq2

` 2hpXε
nq2

ε
ppt ´ tnqBmbpXε

n, rmεptqqq ¨ ∇xBmuε

` 2hpXε
nq2

ε
pBmσpXε

n, rmεptqqpBptq ´ Bptnqqq ¨ ∇xBmuε,

where uε and its derivatives are evaluated at pT ´ t, rXεptq, rmεptqq, and where we used the
notation D2ϕpxq ¨ pyq2 “ yy˚ : ∇2

xϕpxq to simplify the presentation.
Let us first deal with the remainder term rεnptq. Only the second and fifth terms need

to be considered carefully. Those two terms are of the form

1

ε
Σε
nptqpBptq ´ Bptnqq ¨ ∇xv

εpt, rXεptqq,

with Σε
nptq a Md,DpRq-valued bounded random variable and vεpt, xq is a random variable

given by vεpt, xq “ uεpT ´ t, x, rmεptqq or vεpt, xq “ BmuεpT ´ t, x, rmεptqq. Observe that
those two random variables are

 
Xε
n, rmεptq

(
-measurable and that the processes

`
Bptq ´

Bptnq
˘
tPrtn,tn`1s and

 
Xε
n,
`
rmεptq

˘
tPrtn,tn`1s

(
are independent. Thus, using a conditioning

argument, one has

E
“1

ε
Σε
nptqpBptq ´ Bptnqq ¨ ∇xv

εpt,Xε
nq
‰

“ 0.
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Using that identity and Lemma ??, one obtains for all t P rtn, tn`1s
ˇ̌
ˇ̌Er1

ε
Σε
nptqpBptq ´ Bptnqq ¨ ∇xv

εpt, rXεptqqs
ˇ̌
ˇ̌

À
ˇ̌
ˇ̌E
“1

ε
Σε
nptqpBptq ´ Bptnqq ¨

`
∇xv

εpt, rXεptqq ´ ∇xv
εpt,Xε

nq
˘‰ˇ̌ˇ̌

À t ´ tn

ε
.

As a consequence,

|Errεnptqs| À t ´ tn

ε
.

It remains to deal with

p rLε
n ´ LεquεpT ´ t, rXεptq, rmεptqq ´ rεnptq

“
´
bpXε

n, rmεptqq ´ bp rXεptq, rmεptqq
¯

¨ ∇xu
εpT ´ t, rXεptq, rmεptqq

` 1

2

´
σσ˚pXε

n, rmεptqq ´ σσ˚p rXεptq, rmεptqq
¯

: ∇2
xu

εpT ´ t, rXεptq, rmεptqq

`
´
hpXε

nq2 ´ hp rXεptqq2
¯

B2
mu

εpT ´ t, rXεptq, rmεptqq,

(III.4.9)

where the expressions (III.2.3) and (III.2.4) for the infinitesimal generator Lε have been
used. The three quantities appearing in the right-hand side of (III.4.9) above are of the
type ´

V p rXεptq, rmεptqq ´ V pXε
n, rmεptqq

¯
U εp rXεptq, rmεptqq,

for V “ b, σσ˚ or h2 and U ε “ ∇xu
εpT ´ tq, ∇2

xu
εpT ´ tq or B2

mu
εpT ´ tq. Using again

the independence of pBptq ´ Bptnqqtnďtďtn`1
and

!
Xε
n, prmεptqqtPrtn,tn`1s

)
u and regularity

properties of uε given in Lemma III.4.5, applying Itô’s formula and conditioning with
respect to pXε

n, prmεptqqtnďtďtn`1
q, one obtains

ˇ̌
ˇE

”´
V p rXεptq, rmεptqq ´ V pXε

n, rmεptqq
¯
U εpXε

n, rmεptqq
ıˇ̌
ˇ À t ´ tn.

Moreover, }V }C1pTd,CpRqq À 1 and, owing to Lemma III.4.5, }U ε}C1pTd,CpRqq À 1. Therefore,
we have

E

”ˇ̌
ˇ
´
V p rXεptq, rmεptqq ´ V pXε

n, rmεptqq
¯´

U εp rXεptq, rmεptqq ´ U εpXε
n, rmεptqq

¯ˇ̌
ˇ
ı

ď }V p¨, rmεptqq}C1pTdq E

„
}U εp¨, rmεptqq}C1pTdq

››› rXεptq ´ Xε
n

›››
2


À E

„››› rXεptq ´ Xε
n

›››
2


À t ´ tn,

where the last inequality comes from the definition of rXεptq. Gathering the two estimates
above gives, for all t P rtn, tn`1s,

ˇ̌
ˇE

”´
V p rXεptq, rmεptqq ´ V pXε

n, rmεptqq
¯
U εp rXεptq, rmεptqq

ıˇ̌
ˇ À t ´ tn,
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and using (III.4.9) finally yields, for all t P rtn, tn`1s,

E

”ˇ̌
ˇp rLε

n ´ LεquεpT ´ t, rXεptq,mεptqq
ˇ̌
ˇ
ı

À t ´ tn ` t ´ tn

ε
À ∆t

ε
.

One then obtains
ˇ̌
ˇ̌
ˇ
N´1ÿ

n“0

ż tn`1

tn

E

”
p rLε

n ´ LεquεpT ´ t, rXεptq, rmεptqq
ı
dt

ˇ̌
ˇ̌
ˇ À ∆t

ε
,

which concludes the proof of (III.4.1) and of Lemma III.4.1.

Proof of Lemma III.4.2. For all x P T
d, introduce the auxiliary Ornstein-Uhlenbeck pro-

cess mx solving the SDE
dmx

t “ ´mx
t dt`

?
2hpxqdβt

Let mxpt,mq denote the solution at time t, if the initial condition is given by mxp0,mq.
The invariant distribution of the process mx is equal to νx. Note that for m and m1 P R,
one has mxpt,mq ´ mxpt,m1q “ pm ´ m1qe´t. Consider V “ b or V “ σσ‹, and let

δpt, x,mq “ E
“
V px,mεpt,mqq ´ V pxq

‰
.

Note that for m and m1 P R, one has mxpt,mq´mxpt,m1q “ pm´m1qe´t. As a consequence,
we have

}δpt, x,mq ´ δpt, x,m1q} À |m ´ m1| e´t.

By integrating with respect to m1 and using the equality V pxq “
ş
V px,m1qdνxpm1q, one

obtains
}δpt, x,mq} À p1 ` |m|qe´t. (III.4.10)

Using the fact that δ and its derivatives satisfy (III.4.10) with V “ b, one is able to check
that the function ψb given by, for all x P T

d and m P R,

ψbpx,mq “ ´
ż 8

0

E
“
bpx,mxpt,mqq ´ bpxq

‰
dt

is well-defined (by definition of b, see (III.2.5)) and is of class C2pTd ˆ Rq. Moreover,
ψb and its derivative have at most linear growth in m. In addition, ψbpx, ¨q solves the
Poisson equation Lx

OUψbpx,mq “ bpx,mq ´ bpxq, for all x P T
d (indeed νx is the invariant

distribution associated with the generator Lx
OU of the Ornstein-Uhlenbeck process mx).

Similarly, define, for all x P T
d and m P R,

ψσpx,mq “ ´
ż 8

0

E rσσ˚px,mxpt,mqq ´ σ σ˚pxqs dt.

The function ψσ is well-defined: owing to (III.2.6) (Assumption III.2) one has the equalityş
σσ˚px,mqdνxpmq “ σ σ˚pxq for all x P T

d, and using the same arguments as above,
ψσpx, ¨q solves the Poisson equation Lx

OUψσpx,mq “ σσ˚px,mq ´ σ σ˚pxq, for all x P T
d.

Now, for all t P r0, T s, x P T
d and m P R, let

Φpt, x,mq “ ψbpx,mq ¨ ∇xupT ´ t, xq ` ψσpx,mq : ∇2
xupT ´ t, xq,

where u is given by Lemma III.4.6 and solves the Kolmogorov equation Btu “ Lu.
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On the one hand, applying Itô’s formula yields the following expression for the error
term:

E rϕpXεpT qqs ´ E rϕpXpT qqs “ E rup0, XεpT qq ´ upT,Xp0qqs
“ E rup0, XεpT qq ´ upT,Xεp0qqs ` upT,Xεp0qq ´ upT,Xp0qq

“
ż T

0

E
“`
bpXεptq,mεptqq ´ bpXεptqq

˘
¨ ∇xupT ´ t,Xεptqq

‰
dt

` 1

2

ż T

0

E
“
pσσ˚pXεptq,mεptqq ´ σ σ˚pXεptqqq : ∇2

xupT ´ t,Xεptqq
‰
dt

` upT, xε0q ´ upT, x0q

“
ż T

0

E rLx
OUΦpt,Xεptq,mεptqqs dt` upT, xε0q ´ upT, x0q,

by definition of the auxiliary function Φ, since ψb and ψσ are solutions of Poisson equations.
On the other hand, applying Itô’s formula also gives the identity

E rΦpT,XεpT q,mεpT qqs ´ E rΦp0, Xεp0q,mεp0qqs

“
ż T

0

E

„
pBt ` b ¨ ∇x ` 1

2
σσ˚ : ∇2

x ` 1

ε
Lx
OUqΦpt,Xεptq,mεptqq


dt.

Combining the two expressions then gives

E rϕpXεpT qqs ´ E rϕpXpT qqs “
ż T

0

E rLx
OUΦpt,Xεptq,mεptqqs dt` upT, xε0q ´ upT, x0q

“ ε pE rΦpT,XεpT q,mεpT qqs ´ E rΦp0, Xεp0q,mεp0qqsq

´ ε

ż T

0

E

„
pBt ` b ¨ ∇x ` 1

2
σσ˚ : ∇2

xqΦpt,Xεptq,mεptqq

dt

` upT, xε0q ´ upT, x0q.

Using the regularity estimates from Lemma III.4.6, the assumption dTdpxε0, x0q À ε and
the identity

Btu “ b ¨ ∇xu ` σ σ˚ : ∇2
xu,

it is then straightforward to obtain (III.4.2). This concludes the proof of Lemma III.4.2.

Proof of Lemma III.4.3. Let us introduce the continuous-time auxiliary process rX, such
that, for t P rtn, tn`1s, one has

rXptq “ Xn ` pt ´ tnqbpXn, hpXnqγnq ` σpXn, hpXnqγnqpBptq ´ Bptnqq.

Introduce also the second-order differential operator

rLn “ bpXn, hpXnqγnq ¨ ∇ ` 1

2
σσ˚pXn, hpXnqγnq : ∇2.

With this notation, for any function ϕ P C2pTdq, Itô’s formula gives, for all t P rtn, tn`1s,

ϕp rXptqq ´ ϕpXnq “
ż t

tn

rLnϕp rXpsqqds`
ż t

tn

∇ϕp rXpsqq ¨ σpXn, hpXnqγnqdBs. (III.4.11)
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Using the same (standard) arguments as in the proof of Lemma III.4.1, one obtains the
following decomposition of the error:

E rϕpXNqs ´ E rϕpXpT qqs “ E rup0, XNqs ´ E rϕpT,X0qs

“
N´1ÿ

n“0

ż tn`1

tn

E rupT ´ tn`1, Xn`1q ´ upT ´ tn, Xnqs

“
N´1ÿ

n“0

ż tn`1

tn

E

”
p´Bt ` rLnqupT ´ t, rXptqq

ı
dt

“
N´1ÿ

n“0

ż tn`1

tn

E

”´
bpXn, hpXnqγnq ´ bp rXptqq

¯
¨ ∇xupT ´ t, rXptqq

ı
dt

` 1

2

N´1ÿ

n“0

ż tn`1

tn

E

”´
σσ˚pXn, hpXnqγnq ´ σ σ˚p rXptqq

¯
: ∇2

xupT ´ t, rXptqq
ı
dt.

The error term E

”´
bpXn, hpXnqγnq ´ bp rXptqq

¯
¨ ∇xupT ´ t, rXptqq

ı
(with V “ b and U “

∇xu) and E

”´
σσ˚pXn, hpXnqγnq ´ σ σ˚p rXptqq

¯
: ∇2

xupT ´ t, rXptqq
ı

(with V “ σσ˚ and

U “ ∇2
xu) are written as

´
V pXn, hpXnqγnq ´ V p rXptqq

¯
UpT ´ t, rXptqq.

Note that rXptnq “ Xn. As a consequence,

E

”´
V pXn, hpXnqγnq ´ V p rXptqq

¯
UpT ´ t, rXptqq

ı
“ δ1

nptq ` δ2
nptq ` δ3

nptq ` δ4
nptq,

where

δ1
nptq “ E

“`
V pXn, hpXnqγnq ´ V pXnq

˘
UpT ´ t,Xnq

‰

δ2
nptq “ E

”´
V pXnq ´ V p rXptqq

¯
UpT ´ t,Xnq

ı

δ3
nptq “ E

”`
V pXn, hpXnqγnq ´ V pXnq

˘ ´
UpT ´ t, rXptqq ´ UpT ´ t,Xnq

¯ı

δ4
nptq “ E

”´
V pXnq ´ V p rXptqq

¯´
UpT ´ t, rXptqq ´ UpT ´ t,Xnq

¯ı
.

It remains to treat the four error terms δjnptq, j “ 1, 2, 3, 4.
Let us start with the most important observation: since V pxq “

ş
V px,mqdνxpmq, the

independence of the random variables Xn and γn yields the identity

E
“`
V pXn, hpXnqγnq ´ V pXnq

˘
UpT ´ t,Xnq

‰

“ E
“
E
“`
V pXn, hpXnqγnq ´ V pXnq

˘
UpT ´ t,Xnq | Xn

‰‰
“ 0.

The fact that this term vanishes is fundamental since it justifies the consistency of the
scheme (III.3.5) with the limiting equation (III.2.7) (see also Theorem III.3.3 and its
proof), and the AP property.

To treat the second term, observe thatXn and p rXpsq, Bpsqqsątn are independent random
variables, thus conditioning with respect to Xn and applying Itô’s formula (III.4.11) gives

E

”´
V pXnq ´ V p rXptqq

¯
UpT ´ t,Xnq

ı
“ E

„ż t

tn

rLnV p rXpsqqdsUpT ´ t,Xnq

.
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Since U is bounded (owing to the regularity estimates from Lemma III.4.6) and since
V P C2pTdq (by assumptions on the coefficients b and σ, see Assumption III.2), one obtains

ˇ̌
ˇE

”´
V pXnq ´ V p rXptqq

¯
UpT ´ t,Xnq

ıˇ̌
ˇ À t ´ tn.

The treatment of the third term uses a conditioning argument, and Itô’s formula
(III.4.11): one has

E

”`
V pXn, hpXnqγnq ´ V pXnq

˘ ´
UpT ´ t, rXptqq ´ UpT ´ t,Xnq

¯
| Xn, γn

ı

“ E

„`
V pXn, hpXnqγnq ´ V pXnq

˘ ż t

tn

rLnUpT ´ t, rXpsqqds | Xn, γn


.

Using the regularity properties from Lemma III.4.6, one obtains
ˇ̌
ˇE

”`
V pXn, hpXnqγnq ´ V pXnq

˘ ´
UpT ´ t, rXptqq ´ UpT ´ t,Xnq

¯ıˇ̌
ˇ À t ´ tn.

The treatment of the fourth error term is straightforward: since U and V are Lipschitz
continuous (owing to Lemma III.4.6), one has

ˇ̌
ˇE

”´
UpT ´ t, rXptqq ´ UpT ´ t,Xnq

¯´
V pXnq ´ V p rXptqq

¯ıˇ̌
ˇ À E

„››› rXptq ´ Xn

›››
2


À t ´ tn.

The estimates above are of the type
ˇ̌
δjnptq

ˇ̌
À t ´ tn,

for all t P rtn, tn`1s and j “ 1, 2, 3, 4. Finally, one obtains

|E rϕpXNqs ´ ϕpXpT qq| À
N´1ÿ

n“0

ż tn`1

tn

pt ´ tnqdt À ∆t,

which concludes the proof of Lemma III.4.3.

Proof of Lemma III.4.4. The idea is to adapt the proof of Lemma III.4.2 to the discrete-
time situation. Let us start with preparatory computations. A telescoping sum argument
yields the equality

E rϕpXε
Nqs ´ E rϕpXNqs “ E ru0pXε

Nqs ´ E ruNpXε
0qs ` uNpXε

0q ´ uNpX0q

“
N´1ÿ

n“0

`
E
“
uN´n´1pXε

n`1q
‰

´ E ruN´npXε
nqs

˘
` uNpxε0q ´ uNpx0q,

(III.4.12)

where the auxiliary function un is defined in Lemma III.4.7. Using the definition of the
scheme (III.3.4), and Markov property combined with the expression of the limiting scheme
(III.3.5), one obtains

uN´n´1pXε
n`1q “ uN´n´1

´
Xε
n ` ∆tbpXε

n,m
ε
n`1q `

?
∆tσpXε

n,m
ε
n`1qΓn

¯
,

E ruN´npXε
nqs “ E

”
uN´n´1

´
Xε
n ` ∆tbpXε

n, hpXε
nqγnq `

?
∆tσpXε

n, hpXε
nqγnqΓn

¯ı
.
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A second order Taylor expansion then gives

E
“
uN´n´1pXε

n`1q
‰

´ E ruN´npXε
nqs

“ ∆tE
“`
bpXε

n,m
ε
n`1q ´ bpXε

n, hpXε
nqγnq

˘
¨ ∇xuN´n´1pXε

nq
‰

` ∆t

2
E
“`
σΓnΓ˚

nσ
˚pXε

n,m
ε
n`1q ´ σΓnΓ˚

nσ
˚pXε

n, hpXε
nqγnq

˘
: ∇2

xuN´n´1pXε
nq
‰

`
?

∆tE
“`
σpXε

n,m
ε
n`1q ´ σpXε

n, hpXε
nqγnq

˘
Γn ¨ ∇xuN´n´1pXε

nq
‰

` ∆t3{2
E
“`
σΓnb

˚pXε
n,m

ε
n`1q ´ σΓnb

˚pXε
n, hpXε

nqγnq
˘

: ∇2
xuN´n´1pXε

nq
‰

` ∆t2E rRnp∆tqs .

Using the regularity estimates from Lemma III.4.7, one has |Rnp∆tq| À 1. Note that the
terms of the orders ∆t

1

2 and ∆t
3

2 in the right-hand side above vanish, since the random
variables Γn and pXε

n,m
ε
n`1, γnq are independent, and E rΓns “ 0. In addition, since

E rΓnΓ˚
ns “ I, a conditioning argument yields

E
“
uN´n´1pXε

n`1q ´ uN´npXε
nq
‰

“ ∆tE
“`
bpXε

n,m
ε
n`1q ´ bpXε

n, hpXε
nqγnq

˘
¨ ∇xuN´n´1pXε

nq
‰

` ∆tE
“`
σσ˚pXε

n,m
ε
n`1q ´ σσ˚pXε

n, hpXε
nqγnq

˘
: ∇2

xuN´n´1pXε
nq
‰

` ∆t2E rRnp∆tqs .
(III.4.13)

Like in the proofs of Theorem III.3.3 and of Lemma III.4.3, a conditioning argument allows
us to rewrite the expressions above in terms of the functions b and σ: one has

E
“`
bpXε

n,m
ε
n`1q ´ bpXε

n, hpXε
nqγn

˘
¨ ∇xuN´n´1pXε

nq
‰

“ E
“`
bpXε

n,m
ε
n`1q ´ bpXε

nq
˘

¨ ∇xuN´n´1pXε
nq
‰
,

and

E
“`
σσ˚pXε

n,m
ε
n`1q ´ σσ˚pXε

n, hpXε
nqγn

˘
: ∇2

xuN´n´1pXε
nq
‰

“ E
“`
σσ˚pXε

n,m
ε
n`1q ´ σ σ˚pXε

nq
˘

: ∇2
xuN´n´1pXε

nq
‰
,

We are now in position to employ similar arguments as in the proof of Lemma III.4.2,
with important modifications due to the discrete-time setting. Introduce the auxiliary
parameter τ “ ∆t

ε
. Instead of studying Poisson equations associated with the infinitesimal

generator Lx
OU , one needs to consider the generator Lxτ and the transition semigroup of a

Markov chain: let

Lxτ “ P x
τ ´ I

τ
where P x

τ ϕpmq .“ Eγ„N p0,1qrϕpe´τm `
?

1 ´ e´2τhpxqγqs.

We claim that the function ψτb defined by

ψτb px,mq “ ´τ
`8ÿ

n“0

ppP x
τ qn bpx,mq ´ bpxqq.

is well-defined and solves the Poisson equation Lxτψ
τ
b px, ¨q “ bpx, ¨q ´ bpxq. Indeed, let

pmx
npmqqn be defined by

mx
n`1pmq “ e´τmx

npmq `
?

1 ´ e´2τhpxqγn, mx
0pmq “ m.
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Then, for all m and m1 P R, and all n P N, one has

mx
npmq ´ mx

npm1q “ e´nτ pm ´ m1q.

Observe that since b is a Lipschitz continuous function, standard arguments give the follow-
ing upper bound: for all n P N, x P T

d and all m,m1 P R, if δnpx,mq “ pP x
τ qn bpx,mq´bpxq,

then one has

ˇ̌
δnpx,mq

ˇ̌
“
ˇ̌
pP x

τ qn bpx,mq ´
ż

pP x
τ qn bpx,m1qdνxpm1q

ˇ̌

ď
ż ˇ̌

Ebpx,mx
npmqq ´ Ebpx,mx

npm1q
ˇ̌
dνxpm1q

À e´nτ p1 ` |m|q.

Similarly, since the derivatives of mx
n with respect to x do not depend on m, one can check

that the inequality above holds for Dxδ and D2
xδ then concludes the proof of the claim.

Since τ
ř8
n“0 e

´nτ “ τ
1´e´τ ď maxpτ, 1q, for all τ P p0,8q, one obtains inequalities of the

type

}ψpx,mq}
1 ` |m| À maxpτ, 1q, (III.4.14)

for ψτb , and its derivatives Dxψ
τ
b and D2

xψ
τ
b .

Similarly, define for all x P T
d and m P R,

ψτσpx,mq “ ´τ
`8ÿ

n“0

ppP x
τ qn σσ˚px,mq ´ σ σ˚pxqq.

Then ψτσ is well-defined and solves the Poisson equation Lxτψσpx, ¨q “ σσ‹px, ¨q ´σpxqσ‹pxq,
by definition of σpxq, see Assumption III.3. In addition, ψτσ and its derivatives satisfy
upper bound of the type (III.4.14).

Like in the proof of Lemma III.4.2, introduce the auxiliary function defined by

Φnpx,mq “ ψτb px,mq ¨ ∇xuN´n´1pxq ` ψτσpx,mq : ∇2
xuN´n´1pxq,

for all n P J0, N ´ 1K, x P T
d and m P R, where un is defined in Lemma III.4.7. Combining

the decomposition of the error (III.4.12) and the identity (III.4.13), one then obtains the
following new expression for the error:

E rϕpXε
Nqs ´ E rϕpXNqs “ ∆t2

N´1ÿ

n“0

E rRnp∆tqs ` ∆t

N´1ÿ

n“0

LX
ε
n

τ ΦnpXε
n,m

ε
n`1q

` uNpxε0q ´ uNpx0q. (III.4.15)
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On the one hand, a telescoping sum argument yields the following expression:

E
“
PXε

N
τ ΦNpXε

N ,m
ε
Nq ´ PXε

0
τ Φ0pXε

0 ,m
ε
0q
‰

“
N´1ÿ

n“0

E

”
P
Xε

n`1

τ Φn`1pXε
n`1,m

ε
n`1q ´ PXε

n
τ ΦnpXε

n,m
ε
nq
ı

“
N´1ÿ

n“0

E

”
P
Xε

n`1

τ Φn`1pXε
n`1,m

ε
n`1q ´ P

Xε
n`1

τ ΦnpXε
n`1,m

ε
n`1q

ı

`
N´1ÿ

n“0

E

”
P
Xε

n`1

τ ΦnpXε
n`1,m

ε
n`1q ´ PXε

n
τ ΦnpXε

n,m
ε
n`1q

ı

`
N´1ÿ

n“0

E
“
PXε

n
τ ΦnpXε

n,m
ε
n`1q ´ PXε

n
τ ΦnpXε

n,m
ε
nq
‰
.

Note that using Markov property, the first sum on the right-hand side above can be written
as

řN´1

n“0 E
“
Φn`1pXε

n`1,m
ε
n`2q ´ ΦnpXε

n`1,m
ε
n`2q

‰
.

On the other hand, by definition of the operator Lxτ with the parameter τ “ ∆t
ε

, one
obtains

∆tE
“
LX

ε
n

τ ΦnpXε
n,m

ε
n`1q

‰
“ εE

“
PXε

n
τ ΦnpXε

n,m
ε
n`1q ´ ΦnpXε

n,m
ε
n`1q

‰

“ εE
“
PXε

n
τ ΦnpXε

n,m
ε
n`1q ´ PXε

n
τ ΦnpXε

n,m
ε
nq
‰
.

Finally, combining the two identities above, one obtains the following expression for the
error:

E rϕpXε
Nqs ´ E rϕpXNqs “ ∆t2

N´1ÿ

n“0

E rRns ` ε
`
E
“
ΦNpXε

N ,m
ε
N`1q ´ Φ0pXε

0 ,m
ε
1q
‰˘

´ ε

N´1ÿ

n“0

E
“
Φn`1pXε

n`1,m
ε
n`2q ´ ΦnpXε

n`1,m
ε
n`2q

‰

´ ε

N´1ÿ

n“0

E

”
P
Xε

n`1

τ ΦnpXε
n`1,m

ε
n`1q ´ PXε

n
τ ΦnpXε

n,m
ε
n`1q

ı

` uNpxε0q ´ uNpx0q.

It then remains to use auxiliary upper bounds to deduce the result, in particular using
(III.4.14). Note that εmaxpτ, 1q “ maxp∆t, εq.

• as explained above, E r|Rnp∆tq|s À 1, thus the first term satisfies

E

«ˇ̌
ˇ̌
ˇ∆t

2
N´1ÿ

n“0

Rn

ˇ̌
ˇ̌
ˇ

ff
À ∆t.

• Using the upper bound (III.4.7) from Lemma III.4.7 and (III.4.14) with ψ “ ψτb and
ψ “ ψτσ, the second term satisfies

ε
`
E
“
ΦNpXε

N ,m
ε
N`1q ´ Φ0pXε

0 ,m
ε
1q
‰˘

À maxp∆t, εq.
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• Observe that one has for all x P T
d and x P R,

Φn`1px,mq ´ Φnpx,mq “ ψτb px,mq ¨ p∇xuN´npxq ´ ∇xuN´n´1pxqq
` ψτσpx,mq :

`
∇2
xuN´npxq ´ ∇2

xuN´n´1pxq
˘
.

Using the upper bound (III.4.8) from Lemma III.4.7 and (III.4.14), one has

|Φn`1px,mq ´ Φnpx,mq| À ∆tmaxpτ, 1qp1 ` |m|q.

As a consequence, owing to (III.3.9) and Assumption III.1, the third term satisfies

ε

N´1ÿ

n“0

E
“
Φn`1pXε

n`1,m
ε
n`2q ´ ΦnpXε

n`1,m
ε
n`2q

‰
À ε

N´1ÿ

n“0

∆tmaxpτ, 1q

À maxp∆t, εq.

• Note that Φn and its derivatives satisfy the upper bound (III.4.14), owing to (III.4.7)
from Lemma III.4.7. Let

f τnpx,mq “ P x
τ Φnpx,mq “ Eγ„N p0,1qrΦnpx, e´τm `

?
1 ´ e´2τhpxqγqs.

It is straightforward to check that f τn is twice differentiable. In addition, f τn and its
derivatives satisfy (III.4.14). Using a second order Taylor expansion, one obtains
ˇ̌
ˇPXε

n`1

τ ΦnpXε
n`1,m

ε
n`1q ´ PXε

n
τ ΦnpXε

n,m
ε
n`1q

ˇ̌
ˇ “

ˇ̌
f τnpXε

n`1,m
ε
n`1q ´ f τnpXε

n,m
ε
nq
ˇ̌

À ∆tmaxpτ, 1qp1 ` |m|q.

Finally, using (III.3.9) and Assumption III.1, one obtains

ε

N´1ÿ

n“0

E

”
P
Xε

n`1

τ ΦnpXε
n`1,m

ε
n`1q ´ PXε

n
τ ΦnpXε

n,m
ε
n`1q

ı
À maxp∆t, εq.

• Owing to the assumption dTdpxε0, x0q À ε and to Lemma III.4.7, we have

|uNpxε0q ´ uNpx0q| À ε.

Gathering the estimates then concludes the proof of Lemma III.4.4.

III.4.3 Estimates on solutions of Kolmogorov equations

We refer to [Cer01, Theorem 1.3.6] for the proof of Lemma III.4.6. It thus remains to
provide the arguments for the proofs of Lemmas III.4.5 and III.4.7. The strategy is
standard in the literature, see for instance [Cer01].

Proof of Lemma III.4.5. Owing to [Cer01, Proposition 1.3.5], for all k “ pkx, kmq P R
dˆR,

one has
Dx,mu

εpt, x,mq ¨ k “ EXεp0q“x,mεp0q“mrDϕpXεptqq ¨ ηε,kx ptqs,
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where the process ηε,k “ pηε,kx , ηε,km q is the solution of the first variation equation associated
with (III.2.1): for all t P R

`,
$
’&
’%

dη
ε,k
x,t “ DbpXε

t ,m
ε
tq ¨ ηε,kt dt` DσpXε

t ,m
ε
tq ¨ ηε,kt dBt

dη
ε,k
m,t “ ´η

ε,k
m,t

ε
dt`

?
2DhpXε

t q ¨ ηε,kx,t?
ε

dβt,

with initial conditions ηε,kx p0q “ kx and ηε,km p0q “ km.
On the one hand, the component ηε,km satisfies the following equality,

ηε,km ptq “ e´ t
εkm ` 1?

ε

ż t

0

e´ t´s
ε

?
2DhpXεpsqq ¨ ηε,kx psqdBs,

and by means of Itô’s isometry formula, one has

E

”››ηε,km ptq
››2
ı

ď k2
m `

2 }h}C1pTdq
ε

ż t

0

e´ 2pt´sq
ε E

”››ηε,kx psq
››2
ı
ds.

On the other hand, the functions b and σ are globally Lipschitz continuous (see Assumption
III.2), and one has

››ηε,k
››2 “

››ηε,kx
››2 `

››ηε,km
››2

; using Itô’s isometry formula, and the
Minkowski and Young inequalities, one obtains

E

”››ηε,kx ptq
››2
ı

À }kx}2 `
ż t

0

´
E

”››ηε,kx psq
››2
ı

` E

”››ηε,km psq
››2
ı¯
ds.

Combining the two estimates above then yields

sup
sPr0,ts

E

”››ηε,kx psq
››2
ı

À }k}2 `
ż t

0

ˆ
E

”››ηε,kx psq
››2
ı

` 1

ε

ż s

0

e´2 s´r
ε E

”››ηε,kx prq
››2
ı
dr

˙
ds

À }k}2 `
ż t

0

sup
rPr0,ss

E

”››ηε,kx prq
››2
ı
ds,

where the inequality 1
ε

şs
0
e´2 s´r

ε dr ď 1
2

has been used. Applying Gronwall’s lemma, then
inserting the result in the estimate above, one obtains the upper bounds

sup
tPr0,T s

E

”››ηε,kx ptq
››2
ı

À }k}2
, sup

tPr0,T s
E

”››ηε,km ptq
››2
ı

À }k}2
.

Since ϕ is Lipschitz continuous, using the expression for Dx,mu
εpt, x,mq stated above, one

finally obtains (III.4.5) for the first-order derivative: for all k P R
d`1, one has

sup
pt,x,mqPr0,T sˆTdˆR

ˇ̌
Dx,mu

εpt, x,mq ¨ k
ˇ̌

À }k} .

The treatment of higher-order derivatives requires the expression of λε,k1
,k

2 “ pλε,k1
,k

2
x , λ

ε,k
1
,k

2
m q

solution of the second variation equation and µε,k1
,k

2
,k

3 “ pµε,k1
,k

2
,k

3
x , µ

ε,k
1
,k

2
,k

3
m q solution

of the third variation equation associated with (III.2.1): if, for j P t1, 2, 3u and t P R
`,

we write Djbεt “ DjbpXε
t ,m

ε
tq, Djσεt “ DjσpXε

t ,m
ε
tq and Djhεt “ DjhpXε

t q, then for all
k1, k2, k3 P R

d ˆ R, the variation equations are given by
$
’’’’&
’’’’%

dλ
ε,k

1
,k

2

x,t “ D2bεt ¨ pηε,k1

t , η
ε,k

2

t qdt` D2σεt ¨ pηε,k1

t , η
ε,k

2

t qdBt

` Dbεt ¨ λε,k1
,k

2

t dt` Dσεt ¨ λε,k1
,k

2

t dBt

dλ
ε,k

1
,k

2

m,t “ ´λ
ε,k

1
,k

2

m,t

ε
dt`

?
2D2hεt ¨ pηε,k1

x,t , η
ε,k

2

x,t q?
ε

dβt `
?

2Dhεt ¨ λε,k1
,k

2

x,t?
ε

dβt,
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$
’’’’’’’’’’’’’’’’’’’’’’&
’’’’’’’’’’’’’’’’’’’’’’%

dµ
ε,k

1
,k

2
,k

3

x,t “ D3bεt ¨ pηε,k1

t , η
ε,k

2

t , η
ε,k

3

t qdt` D3σεt ¨ pηε,k1

t , η
ε,k

2

t , η
ε,k

3

t qdBt

` D2bεt ¨ pλε,k1
,k

3

t , η
ε,k

2

t qdt` D2σεt ¨ pλε,k1
,k

3

t , η
ε,k

2

t qdBt

` D2bεt ¨ pηε,k1

t , λ
ε,k

2
,k

3

t qdt` D2σεt ¨ pηε,k1

t , λ
ε,k

2
,k

3

t qdBt

` D2bεt ¨ pλε,k1
,k

2

t , η
ε,k

3

t qdt` D2σεt ¨ pλε,k1
,k

2

t , η
ε,k

3

t qdBt

` Dbεt ¨ µε,k1
,k

2
,k

3

t dt` Dσεt ¨ µε,k1
,k

2
,k

3

t dBt

dµ
ε,k

1
,k

2
,k

3

m,t “ ´µ
ε,k

1
,k

2
,k

3

m,t

ε
dt`

?
2D3hεt ¨ pηε,k1

x,t , η
ε,k

2

x,t , η
ε,k

3

x,t q?
ε

dβt `
?

2D2hεt ¨ pλε,k1
,k

3

x,t , η
ε,k

2

x,t q?
ε

dβt

`
?

2D2hεt ¨ pηε,k1

x,t , λ
ε,k

2
,k

3

x,t q?
ε

dβt `
?

2D2hεt ¨ pλε,k1
,k

2

x,t , η
ε,k

3

x,t q?
ε

dβt

`
?

2Dhεt ¨ µε,k1
,k

2
,k

3

x,t?
ε

dβt,

with initial conditions λε,k1
,k

2 “ κε,k1
,k

2
,k

3 “ 0. The estimate for second and third order
derivatives then follow from similar arguments than for the first order derivative.

This concludes the proof of Lemma III.4.5.

Proof of Lemma III.4.7. For all k P R
d, one has

Dunpxq ¨ k “ ExrDϕpXnq ¨ ηkns,
where ηh0 “ h, and for all n P J0, N ´ 1K, one has

ηkn`1 “ ηkn ` ∆tDxbpXn, hpXnqγnq ¨ ηkn ` ∆tBmbpXn, hpXnqγnqDhpXnq ¨ ηknγn
`

?
∆tDxσpXn, hpXnqγnq ¨ ηknΓn `

?
∆tBmσpXn, hpXnqγnqDhpXnq ¨ ηknΓnγn.

The functions b, h and σ are Lipschitz continuous (see Assumption III.2). Since γn and Γ

are independent centered Gaussian random variables, it is straightforward to obtain the
upper bound

E

”››ηkn`1

››2
ı

À p1 ` ∆tqE
”››ηkn

››2
ı
.

A straightforward recursion argument then gives, for all n P J0, NK,

E

”››ηkn
››2
ı

À }k}2

and one obtains (III.4.7) for the first-order derivative: for all n P J0, NK,

|Dunpxq ¨ k| À }k}.
The treatment of the second order derivative is similar, using that the solution λk1,k2 of
the second variation equation associated with the limiting scheme satisfies

λ
k1,k2

n`1 “ λk1,k2

n ` ∆tD2
xbn ¨ pηk1

n , η
k2

n q ` ∆tBmDxbn ¨ ηk1

n Dhn ¨ ηk2

n γn ` ∆tDxbn ¨ λk1,k2

n

` ∆tDxBmbn ¨ ηk2

n Dhn ¨ ηk1

n γn ` ∆tB2
mbnDhn ¨ ηk1

n Dhn ¨ ηk2

n γ
2
n

` ∆tBmbnD2hn ¨ pηk1

n , η
k2

n qγn ` ∆tBmbnDhn ¨ λk1,k2

n γn `
?

∆tD2
xσn ¨ pηk1

n , η
k2

n qΓn
`

?
∆tBmDxσn ¨ ηk1

n Dhn ¨ ηk2

n γnΓn `
?

∆tDxσn ¨ λk1,k2

n Γn

`
?

∆tDxBmσn ¨ ηk2

n Dhn ¨ ηk1

n Γnγn `
?

∆tB2
mσnDhn ¨ ηk1

n Dhn ¨ ηk2

n Γnγ
2
n

`
?

∆tBmσnD2hn ¨ pηk1

n , η
k2

n qΓnγn `
?

∆tBmσnDhn ¨ λk1,k2

n Γnγn,
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where we use the short notation Djbn “ DjbpXn, hpXnqγnq, Djσn “ DjσpXn, hpXnqγnq
and Djhn “ DjhpXnq.

It remains to prove (III.4.8). On the one hand, by definition (III.3.5), a second order
Taylor expansion yields, for all x P T

d and n P J0, N ´ 1K,

|un`1pxq ´ unpxq| “ |ExrϕpXn`1q ´ ϕpXnqs| À ∆t,

On the other hand, one has

Dun`1pxq ¨ k ´ Dunpxq ¨ k “ ExrDϕpXn`1q ¨ ηkn`1 ´ DϕpXnq ¨ ηkns
“ E

“
pDϕpXn`1q ´ DϕpXnqq ¨ pηkn`1 ´ ηknq

‰

` E
“
DϕpXnq ¨ pηkn`1 ´ ηknq

‰
` E

“
pDϕpXn`1q ´ DϕpXnqq ¨ ηkn

‰
.

It is straightforward to check that one has the inequalities E r}Xn`1 ´ Xn}2s À ∆t and
E
“
}ηkn`1 ´ ηkn}2

‰
À ∆t}k}2. Since ϕ is Lipschitz continuous, using Cauchy-Schwarz in-

equality gives

|E rpDϕpXn`1pxqq ´ DϕpXnpxqqq ¨ pDXn`1pxq ¨ k ´ DXnpxq ¨ kqs| À ∆t}k}.

Using a conditional expectation argument, since γn,Γn, Xn are independent random
variables, one has

ˇ̌
E
“
DϕpXnq ¨ pηkn`1 ´ ηknq

‰ˇ̌
“ ∆t

ˇ̌
E
“
DϕpXnq ¨ DxbpXn, hpXnqγnq ¨ ηkn

‰ˇ̌
À ∆t}k}.

Finally, using a second-order Taylor expansion and conditioning arguments, one obtains
ˇ̌
E
“
pDϕpXn`1q ´ DϕpXnqq ¨ ηkn

‰ˇ̌
À ∆t}k}.

As a consequence, one obtains (III.4.8) for j “ 1. Similar arguments, coupled with the
second variation equation satisfied by λk1,k2

n yields (III.4.8) for j “ 2.
This concludes the proof of Lemma III.4.7.

III.4.4 On the diffusion approximation regime

In general, we do not know how to prove of uniform accuracy in the diffusion approximation.
To prove uniform accuracy, one could try proving Lemmas III.4.1 to III.4.4 for the AP
scheme (III.3.12). Lemmas III.4.2 and III.4.3 can be proved in the diffusion approximation
regime like in the averaging regime. We also expect Lemma III.4.1 to hold with a different
upper bound

ˇ̌
E rϕpXε

Nqs ´ E rϕpXεpT qqs
ˇ̌

ď CpT, ϕq∆ta

εb
,

for some real numbers a, b P p0,8q. However, the proof of Lemma III.4.4 relies on
the averaging lemma and we did not manage to adapt this argument in the diffusion
approximation regime.

This section is devoted to proving uniform accuracy in two particular cases of the
diffusion approximation regime (see Propositions III.4.8 and III.4.9 below). We also prove
an estimate on the diffusion approximation error at the discrete time level in these case,
similar to Lemma III.4.4. Note that there are several differences with the averaging regime:
first, in the two particular cases, we prove strong error estimates (instead of weak error, in
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distribution). These error estimates implies in particular weak error estimates if the test
functions are Lipschitz-continuous (as in Theorem III.3.4 in the averaging regime). Second,
the diffusion approximation error at the discrete time level (when ε Ñ 0) is uniform in
∆t, while the estimate on the averaging error at the discrete time level given by Lemma
III.4.4 is max pε,∆tq and therefore is not uniform in ∆t.

Proposition III.4.8. Consider the SDE (III.2.12) with d “ 1, b “ 0, σ “ 1, f “ 1, g “ 0

and h “ 1, namely $
’&
’%

dXε
t “ mε

t

ε
dt,

dmε
t “ ´mε

t

ε2
dt` 1

ε
dβt.

In this case, the AP scheme (III.3.12) given by Theorem III.3.5 with θ “ 1 is written as
follows: $

’’&
’’%

Xε
n`1 “ Xε

n ` ∆t

ε
mε
n`1,

mε
n`1 “ mε

n ´ ∆t

ε2
mε
n`1 `

?
∆t

ε
γn,

and its limiting scheme is given by

Xn`1 “ Xn `
?

∆tγn,

where
?

∆tγn
.“ βptn`1q ´ βptnq. Assume moreover that there exists C0 P p0,8q such that,

for ε P p0, 1s, dTpxε0, x0q ď C0ε, where dT is the distance on T.
Then, there exists CpT q P p0,8q such that for all ∆t P p0,∆t0s and ε P p0, 1s one has

E rdTpXε
N , X

εpT qqs ď CpT q
?

∆t, (III.4.16)

and
E rdTpXε

N , XNqs ď CpT qε. (III.4.17)

Proposition III.4.9. Consider the SDE (III.2.20) with σpxq “ x and x P R as in Remark
III.3.4, namely $

’&
’%

dXε
t “ Xε

tm
ε
t

ε
dt,

dmε
t “ ´mε

t

ε2
dt` 1

ε
dβt.

Let us recall the AP scheme (III.3.23)
$
’’&
’’%

Xε
n`1 “ Xε

n exp

ˆ
∆t

ε
mε
n`1

˙

mε
n`1 “ mε

n ´ ∆t

ε2
mε
n`1 `

?
∆t

ε
γn,

and its limiting scheme (III.3.24)

Xn`1 “ Xn expp
?

∆tγnq,

where
?

∆tγn
.“ βptn`1q ´ βptnq. Assume moreover that there exists C0 P p0,8q such that,

for ε P p0, 1s, |xε0 ´ x0| ď C0ε.
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Then, there exists CpT q P p0,8q such that for all ∆t P p0,∆t0s and ε P p0, 1s one has

E r|Xε
N ´ XεpT q|s ď CpT q

?
∆t, (III.4.18)

and
E r|Xε

N ´ XN |s ď CpT qε. (III.4.19)

Although we do not know of any proof to generalize these estimates to the general
diffusion approximation case, we investigate this generalization from a numerical point of
view in Section III.7.

In this section, for all λ, µ P R
`, λ À µ means that there exists CpT q P p0,`8q,

independent of ∆t, ε and n, such that λ ď CpT qµ.
In Propositions III.4.8 and III.4.9, the fast component is discretized with an implicit

Euler scheme. Let us start by studying this standard scheme.

Lemma III.4.10. Consider the Ornstein-Uhlenbeck process

dmε
t “ ´mε

t

ε2
dt` 1

ε
dβt,

and its discretization using the implicit Euler Scheme

mε
n`1 “ mε

n ´ ∆t

ε2
mε
n`1 `

?
∆t

ε
γn,

where
?

∆tγn
.“ βptn`1q ´ βptnq and mεp0q “ mε

0 satisfies Assumption III.1.
Then, there exists CpT q P p0,8q such that for all ∆t P p0,∆t0s and ε P p0, 1s, one has

E
“
|mε

N |2
‰

` E
“
|mεpT q|2

‰
ď CpT q, (III.4.20)

E
“
|mε

N ´ mεpT q|2
‰

ď CpT q∆t

ε2
, (III.4.21)

with N “ T {∆t.

The proof of Lemma III.4.10 use the following lemma.

Lemma III.4.11. For all n P N and τ P R
`
˚ , we have

ˇ̌
ˇ̌ 1

p1 ` τqn ´ e´nτ
ˇ̌
ˇ̌ ď 1

n
.

Proof of Lemma III.4.11. Consider the function fpτq “ 1
p1`τqn ´ e´nτ on R

`
˚ . Since eτ ą

1 ` τ for τ P R
`
˚ , f is nonnegative. Moreover, lim0` f “ 0 and lim`8 f “ 0, thus there

exists τmax P R
`
˚ such that fpτmaxq “ max

R
`
˚
f . The function f is differentiable, thus we

have f 1pτmaxq “ 0 with

f 1pτq “ ´n 1

p1 ` τqn`1 ` ne´nτ .

As a consequence, e´nτmax “ 1

p1`τmaxqn`1 and

fpτmaxq “ 1

p1 ` τmaxqn ´ 1

p1 ` τmaxqn`1 “ τmax

p1 ` τmaxqn`1

ď τmax

1 ` pn ` 1qτmax

ď 1

n ` 1
,

where we used that p1 ` τqn`1 ě pn` 1qτ for τ P R
`
˚ . This concludes the proof of Lemma

III.4.11.
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Proof of Lemma III.4.10. Estimate (III.4.20) follows from elementary arguments. Set
τ “ ∆t

ε2 , so that

mε
n`1 “ mε

n

1 ` τ
` βptn`1q ´ βptnq

εp1 ` τq .

It follows that

mε
N “ mε

0

p1 ` τqN
` 1

ε

N´1ÿ

n“0

βptn`1q ´ βptnq
p1 ` τqN´n . (III.4.22)

Since the random variables βptn`1q ´ βptnq are independent with distribution N p0,∆tq,
we get

E
“
|mε

N |2
‰

“ |mε
0|2 1

p1 ` τq2N
` 1

ε2

N´1ÿ

n“0

∆t

p1 ` τq2N´2n
ď |mε

0|2 ` τ

8ÿ

n“1

1

p1 ` τqn

À |mε
0|2 ` 1 À 1,

owing to Assumption III.1. We also have

mεpT q “ mε
0e

´T {ε2 ` 1

ε

ż T

0

e´ T ´t

ε2 dβt. (III.4.23)

Owing to Itô’s isometry formula, we get

E
“
|mεpT q|2

‰
“ |mε

0|2 e´2T {ε2 ` 1

ε2

ż T

0

e´2 T ´t

ε2 dt “ |mε
0|2 e´2T {ε2 ` 1 ´ e´2T {ε2

2

ď |mε
0|2 ` 1

2
À 1,

owing to Assumption III.1. This concludes the proof of (III.4.20). Let us now prove
(III.4.21). Owing to (III.4.22) and (III.4.23), we have

mε
N ´ mεpT q “ mε

0

ˆ
1

p1 ` τqN
´ e´T {ε2

˙
` 1

ε

N´1ÿ

n“0

ż tn`1

tn

ˆ
1

p1 ` τqN´n ´ e´ T ´t

ε2

˙
dβt.

By means of Itô’s isometry formula, we get

E
“
|mε

N ´ mεpT q|2
‰

“ |mε
0|2

ˇ̌
ˇ̌ 1

p1 ` τqN
´ e´T {ε2

ˇ̌
ˇ̌
2

` 1

ε2

N´1ÿ

n“0

ż tn`1

tn

ˇ̌
ˇ̌ 1

p1 ` τqN´n ´ e´ T ´t

ε2

ˇ̌
ˇ̌
2

dt.

(III.4.24)
Since e´T {ε2 “ e´Nτ , Lemma III.4.11 yields

ˇ̌
ˇ̌ 1

p1 ` τqN
´ e´T {ε2

ˇ̌
ˇ̌
2

ď 1

N2
“ ∆t2

T 2
. (III.4.25)

Moreover, we have for n P J0, N ´ 1K and t P rtn, tn`1s
ˇ̌
ˇ̌ 1

p1 ` τqN´n ´ e´ T ´t

ε2

ˇ̌
ˇ̌ ď

ˇ̌
ˇ̌ 1

p1 ` τqN´n ´ e´ T ´tn
ε2

ˇ̌
ˇ̌ `

ˇ̌
ˇe´ T ´tn

ε2 ´ e´ T ´t

ε2

ˇ̌
ˇ ,
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thus, owing to Lemma III.4.11, we get
ˇ̌
ˇ̌ 1

p1 ` τqN´n ´ e´ T ´t

ε2

ˇ̌
ˇ̌
2

ď 2

ˇ̌
ˇ̌ 1

p1 ` τqN´n ´ e´pN´nqτ
ˇ̌
ˇ̌
2

` 2

ˇ̌
ˇe´ T ´tn

ε2 ´ e´ T ´t

ε2

ˇ̌
ˇ
2

ď 2

pN ´ nq2
` 4

ˇ̌
ˇe´ T ´tn

ε2 ´ e´ T ´t

ε2

ˇ̌
ˇ

ď 2

pN ´ nq2
` 4

t ´ tn

ε2
e´ T ´t

ε2 ,

by means of the identities |eu ´ ev| ď 2 and |eu ´ ev| ď pu ´ vq ev for u ď v ď 0. As a
consequence, (III.4.24) and Assumption III.1 give

E
“
|mε

N ´ mεpT q|2
‰

À ∆t2 ` ∆t

ε2

N´1ÿ

n“0

1

pN ´ nq2
` ∆t

ε2

N´1ÿ

n“0

ż tn`1

tn

1

ε2
e´ T ´t

ε2 dt

À ∆t

ε2
` ∆t

ε2

ż T

0

1

ε2
e´ T ´t

ε2 dt “ ∆t

ε2
` ∆t

ε2

ż T {ε2

0

e´sds

À ∆t

ε2
.

This concludes the proof of (III.4.21) and of Lemma III.4.10.

We are now in position to prove Propositions III.4.8 and III.4.9.

Proof of Proposition III.4.8. Observe that ∆t
ε
mε
n`1 “

?
∆tγn`εpmε

n´mε
n`1q and

?
∆tγn

.“
βptn`1q ´ βptnq. As a consequence, we have

Xε
n`1 “ Xε

n ` βptn`1q ´ βptnq ` εpmε
n ´ mε

n`1q,

hence
Xε
N “ xε0 ` βpT q ` εpmε

0 ´ mε
Nq.

Similarly, we have

XεpT q “ xε0 `
ż T

0

mεptq
ε

dt “ xε0 ` βpT q ` εpmε
0 ´ mεpT qq,

XN “ x0 ` βpT q,

thus we get

Xε
N “ XεpT q ` εpmεpT q ´ mε

Nq, (III.4.26)

Xε
N “ XN ` pxε0 ´ x0q ` εpmε

0 ´ mε
Nq. (III.4.27)

Estimate (III.4.16) follows from (III.4.26) and estimate (III.4.21) of Lemma III.4.10.
Estimate (III.4.17) follows from (III.4.27), Assumption III.1, estimate (III.4.20) of Lemma
III.4.10 and the assumption dTpxε0, x0q À ε. This concludes the proof of Proposition
III.4.8.

Proof of Proposition III.4.9. Using once again the identities ∆t
ε
mε
n`1 “

?
∆tγn ` εpmε

n ´
mε
n`1q and

?
∆tγn

.“ βptn`1q ´ βptnq, we have

Xε
n`1 “ Xε

n exp
`
βptn`1q ´ βptnq ` εpmε

n ´ mε
n`1q

˘
,
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hence
Xε
N “ xε0 exp pβpT q ` εpmε

0 ´ mε
Nqq .

Similarly, we have

XεpT q “ xε0 exp

ˆż T

0

mεptq
ε

dt

˙
“ xε0 exp pβpT q ` εpmε

0 ´ mεpT qqq ,

XN “ x0 exp pβpT qq ,

thus we get

Xε
N “ XεpT q ` XεpT q

`
eεpmεpT q´mε

N
q ´ 1

˘
, (III.4.28)

Xε
N “ XN ` xε0e

βpT q `eεpmε
0

´mε
N

q ´ 1
˘

` pxε0 ´ x0q eβpT q. (III.4.29)

Let us derive (III.4.18) from (III.4.28). Owing to the identity |eu ´ 1| ď |u| e|u| for
u P R and to the Hölder inequality,

E r|Xε
N ´ XεpT q|s ď εE

”
|XεpT q| |mεpT q ´ mε

N | eε|mεpT q|`ε|mε
N |
ı

ď εE
“
|XεpT q|6

‰1{6
E
“
|mεpT q ´ mε

N |2
‰1{2

E
“
e6ε|mεpT q|‰1{6

E

”
e6ε|mε

N |
ı1{6

.

The random variables mεpT q and mε
N are centered and normally distributed with variance

bounded uniformly in ε, owing to estimate (III.4.20) of Lemma III.4.10. Therefore, we

have E
“
e6ε|mεpT q|‰ À 1 and E

”
e6ε|mε

N |
ı

À 1. Using similar arguments as well as the Hölder

inequality and Assumption III.1, we also have E
“
|XεpT q|6

‰
À 1. Then, (III.4.28) follows

from estimate (III.4.21) of Lemma III.4.10.
Similar arguments allow us to derive (III.4.19) from (III.4.29): the Hölder inequality

yields

E r|Xε
N ´ XN |s À ε |xε0|E

“
e4βpT q‰1{4

E
“
|mε

0 ´ mε
N |2

‰1{2
E
“
e4εpmε

0
´mε

N
q‰1{4 ` |xε0 ´ x0| À ε,

owing to Lemma III.4.10 and Assumption III.1. This concludes the proof of Proposition
III.4.9.

Note once again that in the particular cases of the diffusion approximation regime
stated in Propositions III.4.8 and III.4.9, not only do we prove uniform accuracy as in the
averaging regime (see Theorem III.3.4) when ∆t Ñ 0 but the error estimates (III.4.17) and
(III.4.19) (when ε Ñ 0 for fixed ∆t) are uniform in ∆t, as opposed to the corresponding
estimate in the averaging regime (see Lemma III.4.4).

III.5 Qualitative numerical experiments

In this section, we illustrate qualitatively the superiority of AP schemes when the parameter
ε is small, compared to non AP schemes.

To simplify the presentation, the dimension d is set equal to 1.
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III.5.1 Illustration in the averaging regime

The objective of this section is to illustrate qualitatively the superiority of the AP scheme
(III.3.4) proposed in Section III.3.2, when the parameter ε is small, compared with the
use of crude integrators which are not AP. In particular, the numerical experiments below
confirm that the limiting scheme (III.3.5) is consistent with the limiting equation (III.2.7).

We consider the equation (III.2.1) with a drift given by bpx,mq “ cosp2πxqe´ m2

2 , and
diffusion coefficient σpx,mq “ 0. Let T “ 1, xε0 “ 1 and mε

0 “ 0.
Recall that the AP scheme is given by (III.3.4), the limiting scheme is given by (III.3.5)

and the limiting equation is given by (III.2.7), with bpxq “ 1?
2

cosp2πxq and σ “ 0. Let us
define Xref

n using the standard Euler scheme applied to this limiting equation:

Xref
n`1 “ Xref

n ` bpXref
n q∆t. (III.5.1)

The scheme (III.5.1) plays the role of a reference scheme to illustrate the consistency
of the limiting scheme (III.3.5) with the limiting equation, and to illustrate the fact that
the crude scheme defined by (III.3.7) fails to capture the correct limit and is not AP.

In Figure III.1, we represent the evolution of Xε
n, Xn and Xref

n as time tn “ n∆t evolves,
with ∆t “ 0.004 and for different values of ε. In Figure III.1a, Xε

n and Xn are computed
using the AP scheme (III.3.4) and the limit scheme (III.3.5), while in Figure III.1b, Xε

n

is computed using the crude scheme (III.3.7). Observe that, in both cases, the scheme
converges when ε Ñ 0 and that the AP scheme (III.3.4) does capture the correct limiting
equation only with AP scheme (III.3.4), as opposed to the crude scheme (III.3.7).

(a) AP scheme (III.3.4) and its limit (III.3.5). (b) Crude scheme (III.3.7).

Figure III.1 – Evolution of the AP scheme (III.3.4) (left), the crude scheme (III.3.7) (right),
and the reference scheme (III.5.1) (averaging regime), with ∆t “ 0.004.

In Figure III.2, we represent the evolution of Xε
n and Xref

n as time tn “ n∆t evolves,
with ∆t “ 0.004 and ε “ 0.001, when Xn is computed using the AP scheme (III.3.4) or
the crude scheme (III.3.7). It illustrates the superiority of the AP scheme over the crude
scheme for a small ε.

III.5.2 Illustration in the diffusion approximation regime

As in the previous section, the objective of this section is to illustrate qualitatively the
superiority of the AP scheme (III.3.12) proposed in Section III.3.3, when the parameter ε
is small, compared a not AP scheme.

The two examples described in Sections III.2.2 are considered below.
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Figure III.2 – Evolution of the AP scheme (III.3.4), the crude scheme (III.3.7) and the
reference scheme (III.5.1) (averaging regime), with ∆t “ 0.004 and ε “ 0.001.

First example

Let us consider the first example, see Equation (III.2.20). The diffusion coefficient is given
by σpxq “ cosp2πxq. Let T “ 1, xε0 “ 1 and mε

0 “ 0.
Recall that the AP scheme derived from the general case (III.3.12) in this case is given

by (III.3.19), the limiting scheme is given by (III.3.20) and the limiting equation is given
by (III.2.21). Let us define Xref

n using the standard Euler-Maruyama scheme applied to
this limiting equation (rewritten in Itô form):

Xref
n`1 “ Xref

n ` 1

2
σpXref

n qσ1pXref
n q∆t ` σpXref

n q
?

∆tγn. (III.5.2)

The scheme (III.5.2) plays the role of a reference scheme to illustrate the consistency
of the limiting scheme (III.3.20) with the limiting equation, and to illustrate the fact that
the crude scheme defined by (III.3.14) fails to capture the correct limit and is not AP.

In Figure III.3, we represent the evolution of Xε
n and Xref

n as time tn “ n∆t evolves,
with ∆t “ 0.004 and for different values of ε. The discretization Xε

n is computed using
the AP scheme (III.3.19) in Figure III.3a and the crude scheme (III.3.14) in Figure III.3b.
Observe that, in both cases, the scheme seems to converge when ε Ñ 0 but only the AP
scheme (III.3.19) captures the correct limiting.

(a) AP scheme (III.3.19). (b) Crude scheme (III.3.14).

Figure III.3 – Evolution of the AP scheme (III.3.19) (left), the crude scheme (III.3.14)
(right), and the reference scheme (III.5.2) (diffusion approximation regime regime, first
example), with ∆t “ 0.004.
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In Figure III.4, we represent the evolution of Xε
n and Xref

n as time tn “ n∆t evolves,
with ∆t “ 0.004 and ε “ 0.01, when Xε

n is computed using the AP scheme (III.3.19) or
the crude scheme (III.3.14). Note that the behavior of the crude scheme differs from the
reference. It reveals the superiority of the AP scheme for a small ε.

Figure III.4 – Evolution of the AP scheme (III.3.19), the crude scheme (III.3.14) and the
reference scheme (III.5.2) (diffusion approximation regime, first example), with ∆t “ 0.004

and ε “ 0.01.

First example with σpxq “ x

In this section, we illustrate the performance of the AP scheme presented in Remark III.3.4,
and an important feature of all the AP schemes presented in this chapter, concerning the
consistency of quadrature rules for discretization of the fast component.

As explained in Remark III.3.4, when σpxq “ x, where x P R belongs to the real
line instead of imposing periodic conditions, another type of AP scheme (III.3.23) can
be designed. The limiting equation is dXt “ Xt ˝ dWt or, with an Itô convention,
dXt “ 1

2
Xtdt` XtdWt, and the Euler-Maruyama scheme (used as a reference scheme) for

this limiting equation is written as

Xref
n`1 “ Xref

n ` 1

2
Xref
n ∆t ` Xref

n

?
∆tγn. (III.5.3)

Recall that in (III.3.23), the quadrature rule used to discretize the integral in the
exponential is closely related to the choice of the scheme for the discretization of the fast
component. Let us introduce the following scheme where the consistency is not satisfied
(scheme (III.3.23) corresponds to θ “ θ1 below):

$
’’&
’’%

Xε
n`1 “ Xε

n exp

ˆ
∆t

ε
rp1 ´ θqmε

n ` θmε
n`1s

˙

mε
n`1 “ mε

n ´ ∆t

ε2

“
p1 ´ θ1qmε

n ` θ1mε
n`1

‰
`

?
∆t

ε
γn,

(III.5.4)

with θ, θ1 P r1
2
, 1s.

In Figure III.5, we represent the evolution of Xε
n and Xref

n as time evolves, with
∆t “ 0.004 and ε “ 0.01. In Figure III.5a Xε

n is computed either the specific AP scheme
(III.3.23) or the general AP scheme (III.3.12), while in Figure III.5b, it is computed using
the scheme (III.5.4) above with θ “ 1 ‰ θ1 “ 0.5. It illustrates the AP property of both
schemes (III.3.23) and (III.3.19) and the non convergence when the quadrature rules are
not chosen consistently.
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(a) AP schemes (III.3.23) and (III.3.19). (b) Scheme (III.5.4) with θ “ 1 ‰ θ1 “ 0.5.

Figure III.5 – Evolution of the AP schemes (III.3.23) and (III.3.19) (left), the crude scheme
(III.5.4) with θ ‰ θ1 (right), and the reference scheme (III.5.3) (diffusion approximation
regime, first example with σpxq “ x), ∆t “ 0.004 and ε “ 0.01.

Second example

Let us now consider the second example described in Section III.2.2, see Equation (III.2.22).
The coefficients are given by fpxq “ cosp2πxq ` 1.5, gpxq “ 0 and hpxq “ 1. Let T “ 1,
xε0 “ 1 and mε

0 “ 0.
The general case (III.3.12) gives in this case the AP scheme (III.3.21) and the limiting

scheme (III.3.22), whereas the limiting equation is given by (III.2.23). The reference
scheme is obtained by using the standard Euler-Maruyama scheme applied to the limiting
equation:

Xref
n`1 “ Xref

n ´ ∆t
f 1pXref

n q
2fpXref

n q `
?

∆tγn. (III.5.5)

We represent in Figure III.6 the evolutions of Xε
n and Xref

n as time evolves, with
∆t “ 0.004 and ε “ 0.01, where Xε

n is computed using the AP scheme (III.3.21) (left)
and the crude scheme (III.3.14) (right). Observe that the AP scheme captures the correct
limiting equation when ε Ñ 0, whereas the crude scheme does not.

Figure III.6 – Evolution of the AP scheme (III.3.21), the crude scheme (III.3.14), and
the reference scheme (III.5.5) for the second example (III.2.22) (diffusion approximation
regime, second example), with ∆t “ 0.004 and ε “ 0.01.
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III.6 Quantitative illustration in the averaging regime

In this section, we illustrate quantitatively the superiority of an AP scheme proposed in
Section III.3.2 in the averaging regime, compared with a non AP scheme. In particular, we
get a better order of convergence when ∆t Ñ 0 or ε Ñ 0 than the theoretical total error.

We consider the second variant of the AP scheme (III.3.4), introduced in Remark
III.3.1, namely with cpτq “ 1

1`τ . We choose this second variant because it becomes hard
to estimate the rate of convergence when ε Ñ 0 when cpτq “ e´τ .

For the numerical experiments, we use bpx,mq “ bpx`mq, with bpxq “ x (non-periodic
boundary conditions) or bpxq “ cosp2πxq. For simplicity, we take σpx,mq “ 0. The initial
conditions are xε0 “ 1 and mε

0 “ 0. The final time is T “ 1.
The code for these simulations was written by Benoit Fabrèges.

III.6.1 Total error

In this section, we investigate the total error in the averaging regime

ErϕpXε
Nqs ´ ErϕpXεpT qqs, (III.6.1)

with N∆t “ T , for the AP scheme (III.3.4) and the non AP scheme (III.3.7), where ϕ is
a test function.

We use a Monte-Carlo method to approximate the expectation by the average over
M samples, with M varies in t106, 107, 108, 109u. The reference value for ErϕpXεpT qqs is
computed using the studied scheme with ∆t “ ∆tref “ 2´17. The test function is given by
ϕpxq “ sinp2πxq2, ϕpxq “ x2 or ϕpxq “ sinpπx ` π

4
q.

In each figure, we plot the total error (III.6.1) in terms of ∆t, for different values of ε.
We consider ε P t4i10´6 | i P J1, 6Ku, ∆tref “ 2´17 and ∆t P t2i | i P J´16,´6Ku.

Note that, owing to Theorem III.3.4, the error is of order 1 with respect to ∆t for fixed
ε, but the error uniformly in ε is of order at least 1

2
with respect to ∆t.

AP scheme

Figures III.7, III.8, III.9 and III.10 illustrate the order of convergence 1 with respect to
∆t of the AP scheme for fixed ε. In Figure III.8, the error becomes noisy when ∆t is too
small, due to the small number of Monte-Carlo samples and maybe to the unboundedness
of the test function ϕ. In Figures III.7, III.9 and III.10, the test function is bounded
and a lower bound on the order of convergence appears on the whole range of ∆t. For
this reason, we only consider bounded test functions in the rest of this paper. The error
becomes larger for smaller ε which is consistent with the error estimate Op∆t

ε
q of Theorem

III.3.4 obtained using a direct estimation. However, the error is bounded when ε Ñ 0,
illustrating the error estimate Opε ` ∆tq of Theorem III.3.4 and the uniform accuracy of
the scheme. This uniform error of order 1 with respect to ∆t is coherent with the order
of convergence 1 of the limiting scheme, but is better than the order of convergence 1

2

predicted by the uniform accuracy analysis (Theorem III.3.4).
In Figures III.7 and III.9, the error curves are slightly concave, illustrating an order of

convergence higher than 1 (in particular, an order 2 in Figure III.7) that is not predicted
by the error analysis. However, this phenomenon may depend on the choice of the test
function, since in Figure III.10 with the test function ϕpxq “ sinp2πx` π

4
q, the error curves
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Order 2

Figure III.7 – Total error (III.6.1) of the AP scheme (III.3.4) with bpxq “ cosp2πxq,
ϕpxq “ sinp2πxq2 and M “ 109 Monte-Carlo samples.
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Figure III.8 – Total error (III.6.1) of the AP scheme (III.3.4) with bpxq “ cosp2πxq,
ϕpxq “ x2 and M “ 106 Monte Carlo samples.
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Figure III.9 – Total error (III.6.1) of the AP scheme (III.3.4) with bpxq “ x, ϕpxq “
sinp2πxq2 and M “ 106 Monte Carlo samples.
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Figure III.10 – Total error (III.6.1) of the AP scheme (III.3.4) with bpxq “ cosp2πxq,
ϕpxq “ sinpπx ` π

4
q and M “ 106 Monte Carlo samples.
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are straight lines. For instance, the symmetry properties of the distribution with respect
to the test function can increase the order of convergence.

Non AP scheme
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ε = 4e-06
Order 1
Order 2

Figure III.11 – Total error (III.6.1) of the non AP scheme (III.3.7) with bpxq “ cosp2πxq,
ϕpxq “ sinp2πxq2 and M “ 106 Monte Carlo samples.

In Figure III.11, the error is capped due to the boundedness of the test function ϕ.
However, the slope and the relative position of the curves hints that the error explodes
when ε Ñ 0 at fixed ∆t. This illustrates a case of non AP and non uniform accurate
scheme. Indeed, to reduce the error, one needs ∆t to be small enough depending on ε,
and in particular one needs ∆t ÝÝÑ

εÑ0
0.

III.6.2 Averaging error at the discrete time level

In this section, we investigate the averaging error at the discrete time level when ε Ñ 0 at
fixed ∆t

ErϕpXε
Nqs ´ ErϕpXNqs, (III.6.2)

with N∆t “ T , where Xε
N is computed using either the AP scheme (III.3.4) or the non

AP scheme (III.3.7), where XN is computed using the corresponding limiting scheme and
where ϕ is a test function.

Owing to Lemma III.4.4 below (see Section III.4), the AP scheme (III.3.4) and its
limiting scheme (III.3.5) satisfy the following estimate: for all T P R

` and ϕ regular
enough, there exists CpT, ϕq P p0,8q such that

|ErϕpXε
Nqs ´ ErϕpXNqs| ď CpT, ϕq maxp∆t, εq.

We use a Monte-Carlo method to approximate the expectation by the average over
M samples, with M varies in t106, 107, 108, 109u. The test function is given by ϕpxq “
sinp2πxq2 or ϕpxq “ sinpπx ` π

4
q.
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Note that for a fixed ∆t, the same random variables
`
γn
˘

0ďnďN´1
are used for all values

of ε. This may be seen as a reduction of variance strategy.

In each figure, we plot the averaging error (III.6.2) in terms of ε, for different values of
∆t. We consider ∆t P t10´4, 10´5, 10´6u and ε P t4i10´4 | i P J´2, 14Ku.

AP scheme
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Figure III.12 – Averaging error at the discrete time level (III.6.2) of the AP scheme (III.3.4),
with bpxq “ cosp2πxq, ϕpxq “ sinp2πxq2 and M “ 108 Monte Carlo samples.

Figures III.12 and III.13 illustrate the order of convergence 1 with respect to ε of the
averaging error at the discrete time level. There seems to be a regime ∆t „ ε where
the error is significantly reduced, which is not predicted by the error analysis. The
anomaly becomes less relevant when choosing another test function (Figure III.13). As a
consequence, we primarily focus on the test functions ϕpxq “ sinp2πx ` π

4
q from now on.

Note that the observed upper bound on the error is Opεq instead of Opmaxpε,∆tqq
predicted by Theorem III.3.4. Thus, the theoretical upper bound may not be optimal.

Non AP scheme

Figure III.14 illustrates the convergence of the non AP scheme (III.3.7) towards its limiting
scheme. The error remains bounded due to the boundedness of the test function ϕ, but
the error is higher when ∆t Ñ 0. Therefore, one must satisfy a condition of the form
∆t ÝÝÑ

εÑ0
0 to have a bounded error when using the non AP scheme.
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Figure III.13 – Averaging error at the discrete time level (III.6.2) of the AP scheme (III.3.4),
with bpxq “ cosp2πxq, ϕpxq “ sinpπx ` π

4
q and M “ 106 Monte Carlo samples.

10−8 10−6 10−4 10−2 100
ε

10−10

10−7

10−4

10−1

102

105

108

W
ea
k 
er
ro
r

Order of convergence when ε goes to 0 for some fixed  t
dt = 0.0001
dt = 1e-05
dt = 1e-06
Order 0.5
Order 1
Order 2

Figure III.14 – Averaging error at the discrete time level (III.6.2) of the non AP scheme
(III.3.7), with bpxq “ cosp2πxq, ϕpxq “ sinpπx ` π

4
q and M “ 106 Monte Carlo samples.
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III.7 Quantitative illustration in the diffusion approx-
imation regime

In this section, we illustrate quantitatively the superiority of an AP scheme proposed in
Section III.3.2, compared with a non AP scheme. It allows us to conjecture the order
of convergence in the general case when ∆t Ñ 0 or ε Ñ 0 and to confirm the orders of
convergence in the particular cases of Propositions III.4.8 and III.4.9.

For the numerical experiments, we use σpxq “ cosp2πxq or σpxq “ cosp2πxq2. The
initial conditions are xε0 “ 1 and mε

0 “ 0. The final time is T “ 1.
The code for these simulations was written by Benoit Fabrèges.

III.7.1 Total error

In this section, we investigate the total error in the diffusion approximation regime

ErϕpXε
Nqs ´ ErϕpXεpT qqs, (III.7.1)

with N∆t “ T , for the AP scheme (III.3.12) and the non AP scheme (III.3.14), where ϕ
is a test function.

We use a Monte-Carlo method to approximate the expectation by the average over M
samples, with M P t106, 107, 108, 109u. The reference value for ErϕpXεpT qqs is computed
using the studied scheme with ∆t “ ∆tref “ 2´17. The test function is given by ϕpxq “
sinpπx ` π

4
q2.

In each figure, we plot the total error (III.6.1) in terms of ∆t, for different values of ε.
We consider ε P t2i10´3 | i P J1, 6Ku, ∆tref “ 2´17 and ∆t P t2i | i P J´16,´6Ku.

AP scheme

We do not know of any estimate for the total error of the AP scheme (III.3.12) uniformly
in ε, and use the following numerical experiment to conjecture the order of convergence
of the total error. When ε is fixed, (III.3.12) is a variant of the Heun method or the
Runge-Kutta-2 scheme. Indeed, if mε was exactly known, then it would be a Heun scheme
with an order of convergence 2 with respect to ∆t [KP92, scheme (1.3) of Section 15.1].
However, mε is approximated by an implicit Euler scheme, which converges at order 1.
Since we only consider Xε instead of pXε,mεq, we expect an order of convergence 2 for
(III.3.12) at fixed ε. The limiting scheme is a classical scheme of order 1 for the limiting
SDE with a Stratonovich interpretation of the noise.

Figure III.15 illustrates an order of convergence 2 with respect to ∆t for large fixed
ε and large ∆t for the AP scheme (III.3.12), which is better than the expected order 1.
This may be due to the fact that the discretization of the slow component Xε is of order 2,
and that the lower order 1 is caused by the fast component. The error becomes larger for
smaller ε but does not explode when ε Ñ 0, and instead is of order 1 with respect to ∆t

when considering the whole range of ∆t. We thus conjecture that the scheme is uniformly
accurate. For small ε, this is consistent with the order of convergence 1 of the limiting
scheme towards the limiting equation with Stratonovich noise. This phenomenon is similar
to the averaging regime: we do not observe a reduction of the order of convergence, even
though we should expect such reduction if we had an equivalent to Theorem III.3.4.
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Figure III.15 – Total error (III.7.1) of the AP scheme (III.3.12), with σpxq “ cosp2πxq,
ϕpxq “ sinpπx ` π

4
q and M “ 109 Monte Carlo samples.

Non AP scheme

In Figure III.16, the error reaches a threshold due to the boundedness of the test function
ϕ, but its behavior for small enough ∆t indicates that the error does not vanish when
ε Ñ 0. The scheme is therefore not uniformly accurate.

III.7.2 Diffusion approximation error at the discrete time level

In this section, we investigate the diffusion approximation error at the discrete time level

ErϕpXε
Nqs ´ ErϕpXNqs, (III.7.2)

with N∆t “ T , where Xε
N is computed using either the AP scheme (III.3.12) or the non

AP scheme (III.3.14), where XN is computed using the corresponding limiting scheme and
where ϕ is a test function.

We do not know any estimate for this error and this scheme in the general case, and
use the following numerical experiment to conjecture the order of convergence. In the
particular cases of Propositions III.4.8 and III.4.9, we proved an order of convergence 1

with respect to ε.
We use a Monte-Carlo method to approximate the expectation by the average over M

samples, with M P t106, 107, 108, 109u. The test function is given by ϕpxq “ sinp2πxq2 or
ϕpxq “ sinpπx ` π

4
q.

Note that for a fixed ∆t, the same random variables
`
γn
˘

0ďnďN´1
are used for all values

of ε.
In each figure, we plot the averaging error (III.6.2) in terms of ε, for different values of

∆t.
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Figure III.16 – Total error (III.7.1) of the non AP scheme (III.3.14), with σpxq “ cosp2πxq,
ϕpxq “ sinpπx ` π

4
q and M “ 107 Monte Carlo samples.
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Figure III.17 – Diffusion approximation error at the discrete time level (III.7.2) for the
AP scheme (III.3.12), with σpxq “ cosp2πxq, ϕpxq “ sinpπx ` π

4
q, M “ 106 Monte Carlo

samples, ∆t P t10´4, 10´5, 10´6, 10´7u and ε P t4i10´4 | i P J0, 6Ku.
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AP scheme

Figure III.17 illustrates an order of convergence 1 with respect to ε. This is the same order
as in the particular cases of Propositions III.4.8 and III.4.8, suggesting that this is the
best order of convergence one could hope for. Moreover, we observe a convergence with
respect to ε which is uniform with respect to ∆t, and the order of convergence is the same
than in the averaging regime.

Non AP scheme
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Figure III.18 – Diffusion approximation error at the discrete time level (III.7.2) for the
non AP scheme (III.3.14), with σpxq “ cosp2πxq, ϕpxq “ sinp2πxq2, M “ 106 Monte Carlo
samples, ∆t P t10´4, 10´5, 10´6u and ε P t2i | i P J´10,´2Ku.

Figures III.18 and III.19 illustrate the convergence of the non AP scheme (III.3.14)
towards its limiting scheme. However, in Figure III.18 one must satisfy a condition of
the form ∆t ÝÝÑ

εÑ0
0 to have a bounded error, the scheme is thus not AP. Moreover, the

limiting scheme is not consistent with the limiting equation. Once again, the threshold is
due to the boundedness of the test function ϕ.

In Figure III.19, the non AP property is more subtle. Indeed, it can only be read in
the non uniformity of the error with respect to ∆t when ε Ñ 0.

III.8 Conclusion

In this chapter, we have studied a general notion of asymptotic preserving schemes, related
to convergence in distribution, for a class of SDE systems in averaging and diffusion
approximation regimes. Let us mention that some assumptions made to simplify the
setting (the slow component takes values in a compact set Td and the fast component is
one-dimensional) may easily be relaxed. Note that when the slow component takes values
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Figure III.19 – Diffusion approximation error at the discrete time level (III.7.2) for the
non AP scheme (III.3.14), with σpxq “ cosp2πxq, ϕpxq “ sinpπx ` π

4
q, M “ 106 Monte

Carlo samples, ∆t P t10´4, 10´5, 10´6, 10´7u and ε P t2i | i P J´10,´2Ku.

in R
d, it is necessary to also study the stability of the numerical schemes, for instance in

mean-square sense.
A limitation of our study is the fact that the fast component is an Ornstein-Uhlenbeck

process (when the slow component is frozen): even if the general theory of AP schemes
described in Section III.3.1 holds in more general settings, the construction of implementable
AP schemes (such as the ones described in Sections III.3.2 and III.3.3) is not straightforward
if for instance the fast component is solution of a general ergodic SDE with nonlinear
coefficients.

We have also left open the question of obtaining a version of the error estimates stated
in Theorem III.3.4 in the diffusion approximation case. This question will be studied in
future works.

III.A Appendix - Derivation of the limiting models

III.A.1 Sketch of proof of Proposition III.2.1 (averaging regime)

Let us first give details concerning the construction of the perturbed test function ϕε

given by (III.2.9), such that (III.2.10) holds. Recall that this construction is used in the
statement of Proposition III.3.1.

Owing to the multiscale expansions (III.2.4) and (III.2.9) of the generator Lε and of
the perturbed test function ϕε “ ϕ ` εϕ1, one has

Lεϕε “ ε´1LOUϕ ` pL0ϕ ` LOUϕ1q ` εL0ϕ1. (III.A.1)

Since the test function ϕ does not depend on m, one has LOUϕ “ 0, thus the term of
order ε´1 in (III.A.1) vanishes.
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Define, for all x P T
d and m P R,

Lϕpxq “
ż

R

L0ϕpx,mqdνxpmq

“ bpxq ¨ ∇xϕpxq ` σ σ˚pxq : ∇2
xϕpxq

ϑpx,mq “ L0ϕpx,mq ´ Lϕpxq
“
`
bpx,mq ´ bpxq

˘
¨ ∇xϕpxq ` pσσ˚px,mq ´ σ σ˚pxqq : ∇2

xϕpxq,

where we recall that νx “ N p0, hpxq2q is the invariant distribution of the ergodic Ornstein-
Uhlenbeck process mx associated to LOU on R, for any fixed x P T

d

dmx
t “ ´mx

t dt`
?

2hpxqdβt.

Let mxpt,mq denote the solution at time t, if the initial condition is given by mxp0,mq.
Therefore, the centering condition

ş
ϑpx,mqdνxpmq “ 0 is satisfied and the Poisson equation

´LOUϕ1px, ¨q “ ϑpx, ¨q admits a solution

ϕ1px,mq “
ż 8

0

E rϑpx,mxpt,mqqs dt.

The multiscale expansion (III.A.1) becomes

Lεϕε “ Lϕ ` εL0ϕ1.

To prove (III.2.10), it only remains to get estimates on L0ϕ1 uniformly in ε. Consider
V “ b or V “ σσ˚ and let

δpt, x,mq .“ E
“
V px,mxpt,mqq ´ V pxq

‰
.

Note that for m and m1 P R, one has mxpt,mq´mxpt,m1q “ pm´m1qe´t. As a consequence,
we have

}δpt, x,mq ´ δpt, x,m1q} À |m ´ m1| e´t.

By integrating with respect to m1 and using the equality V pxq “
ş
V px,m1qdνxpm1q, one

obtains
}δpt, x,mq} À p1 ` |m|qe´t. (III.A.2)

Since V is of class C3 with bounded derivatives, and since the derivatives of mxpt,mq
with respect to x do not depend on m, it is straightforward to generalize III.A.2 to the
derivatives of δ. It gives that ϕ1 P C2pTd ˆ Rq and that ϕ1 and its derivatives have at
most linear growth in m, hence L0ϕ1 also does. This leads to (III.2.10) using (III.2.2).
This concludes the identification of the limiting generator L using the perturbed test
function method. The remaining ingredients of this strategy to prove the convergence in
distribution of the process Xε to the solution X of the limiting equation associated with
the limiting generator L are standard and are thus omitted.

III.A.2 Sketch of proof of Proposition III.2.2 (diffusion approx-
imation regime)

Let us first give details concerning the construction of the perturbed test function ϕε

given by (III.2.17), such that (III.2.18) holds. Recall that this construction is used in the
statement of Proposition III.3.1.
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Owing to the multiscale expansions (III.2.14) and (III.2.17) of the generator Lε and of
the perturbed test function ϕε “ ϕ ` εϕ1 ` ε2ϕ2, one has

Lεϕε “ ε´2LOUϕ ` ε´1 pL1ϕ ` LOUϕ1q ` pL0ϕ ` L1ϕ1 ` LOUϕ2q
` ε pL0ϕ1 ` L1ϕ2q ` ε2L0ϕ2. (III.A.3)

Since the test function ϕ does not depend on m, one has LOUϕ “ 0, thus the term of
order ε´2 in (III.A.3) vanishes. Define

ϕ1px,mq .“ m
σpxq
fpxq ¨ ∇xϕpxq. (III.A.4)

Then it is straightforward to check that L1ϕ ` LOUϕ1 “ 0, thus the term of order ε´1 in
(III.A.3) vanishes.

It remains to construct the function ϕ2 such that the term of order 1 in (III.A.3) is
equal to Lϕ. Define, for all x P T

d and m P R,

Lϕpxq “
ż

R

pL0ϕ ` L1ϕ1qpx,mqdνxpmq,

ϑpx,mq “ pL0ϕ ` L1ϕ1qpx,mq ´ Lϕpxq,

where we recall that νx “ N p0, fpxqhpxq2

2
q is the invariant distribution of the ergodic

Ornstein-Uhlenbeck process associated to LOU on R, for any fixed x P T
d.

Let x P T
d, then the Poisson equation ´LOUϕ2px, ¨q “ ϑpx, ¨q admits a solution ϕ2,

since the centering condition
ş
ϑpx,mqdνxpmq “ 0 is satisfied. Precisely, one has the

expressions

ϑpx,mq “ ´
ˆ

|m|2 ´ fh2

2

˙
σ ¨ ∇x

ˆ
σ

f
¨ ∇xϕ

˙
,

ϕ2p¨,mq .“ |m|2
2

σ

f
¨ ∇x

ˆ
σ

f
¨ ∇xϕ

˙
. (III.A.5)

With the functions ϕ1 and ϕ2 constructed above, the multiscale expansion (III.A.3) is
rewritten as

Lεϕε “ Lϕ ` ε pL0ϕ1 ` L1ϕ2q ` ε2L0ϕ2,

which gives (III.2.18), more precisely

sup
xPTd

|Lεϕεpx,mq ´ Lϕpxq| ď Cϕ
`
ε|m| ` ε2|m|2

˘
,

for some constant Cϕ depending only on ϕ and on the coefficients of the SDE.
It remains to check that Lϕpxq “

ş
R

pL0ϕ ` L1ϕ1qpx,mqdνxpmq gives the expression
(III.2.16). This concludes the identification of the limiting generator L using the perturbed
test function method. The remaining ingredients of this strategy to prove the convergence
in distribution of the process Xε to the solution X of the limiting equation associated
with the limiting generator L follows from standard arguments which are omitted.
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Chapter IV

Asymptotic preserving schemes for
kinetic stochastic PDEs

This chapter is a work in collaboration with Hélène Hivert. In particular, she implemented
a first version of the schemes introduced in this chapter.

IV.1 Introduction

Standard numerical schemes for deterministic or stochastic systems tend to become
ineffective when systems evolve at different time scales: see for instance [E11, Kue15] for
comprehensive treatment of multiscale dynamics. Averaging and homogenization [PS08]
are two techniques allowing to rigorously derive macroscopic limiting equations, starting
from (stochastic) slow-fast systems with separated time-scales.

There are various efficient and well-studied numerical methods for multiscale stochastic
systems: for instance, equation-free coarse-graining (see [KGH`03]), the Heterogeneous
Multiscale Method (see [ELVE05, AEEVE12, Bré13]), projective integration (see [GKK06]),
spectral methods (see [APV17]), micro-macro acceleration methods (see [VZS20]) and
parareal algorithms (see [LLMS20]). In the methods mentioned above, the limiting model is
approximated for the slow variables of interest while only relevant (but partial) information
on the fast dynamics are taken into account. As a consequence, these methods may not
be appropriate if one wants to approximate simultaneously the original multiscale model
and its limit. In this chapter, we focus on the notion of asymptotic preserving schemes, in
order to overcome this issue.

Consider the following kinetic Stochastic Partial Differential Equation (SPDE) with a
source term

Btf ε,δ ` 1

ε
apvq ¨ ∇xf

ε,δ “ 1

ε2
Lf ε,δ ` mδf ε,δ, (IV.1.1)

where f ε,δ is defined on R
` ˆ T

d ˆ V , L is a linear operator (see (IV.1.2) below) and the
source term mδ is an Ornstein-Uhlenbeck process defined on R

` ˆT
d (a detailed definition

is given in Section IV.2). This chapter aims to propose asymptotic preserving schemes for
(IV.1.1) in the regimes ε Ñ 0 for fixed δ, δ Ñ 0 for fixed ε and ε “ δ Ñ 0.

The solution f εpt, x, vq is interpreted as a distribution function of particles, having
position x and velocity apvq at time t. The Bhatnagar-Gross-Krook operator L expresses
the particle interactions, defined on L1pV, dµq by

Lf “ ρM ´ f, (IV.1.2)
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where µ is a measure on V , where ρ
.“

ş
V
fdµ and where M P L1pV, dµq satisfies

Assumption IV.1. We consider a general case where pV, µq is a measured space which

includes for instance the standard case V “ R
d and Mpvqdµpvq “ 1?

2πσ2
d exp

´
´ }v}2

2σ2

¯
dv,

but we focus in the numerical experiment on the discrete case V “ t˘1u.
The fast component mδ is an R

J -valued Ornstein-Uhlenbeck process: for j P J1, JK,
consider a function gj P C1pTdq and a one dimensional Ornstein-Uhlenbeck processes mδ

j

defined by

dmδ
jptq “ ´θj

δ2
pmδ

jptq ´ mjqdt` σj

δ
dβjptq, (IV.1.3)

where θj ą 0, mj P R and σj ą 0. The fast component mδ is then defined in the averaging
regime by

mδpt, xq “
Jÿ

j“1

mδ
jptqgjpxq, (IV.1.4)

and in the diffusion approximation regime by

mδpt, xq “
Jÿ

j“1

1

δ
mδ
jptqgjpxq, @j P J1, JK ,mj “ 0. (IV.1.5)

Note that in both case, nδ depends on the time variable t and the space variable x, but
not on the velocity variable v.

The slow component ρε,δ “
ş
V
f ε,δdµ converges to different limits in the averaging and

diffusion approximation regimes.
As described in Chapter III, a scheme that is consistent for fixed values of ε ą 0 and

δ ą 0 can fail to capture the correct asymptotic regimes: such scheme is not asymptotic
preserving.

The notion of AP schemes in the deterministic case has been introduced in [Jin99], for
applications to multiscale kinetic Partial Differential Equations (PDEs), which converge
to parabolic diffusion PDEs. We refer to [DP14, Section 7], [HJL17], [Jin12] and [Pup19,
Section 4] for recent reviews on AP schemes for this type of models. Note that a specific
feature in the stochastic case is the need to consider convergence in distribution. Let
us mention related works for Stochastic Partial Differential Equations (SPDEs), in the
diffusion approximation regime. First, in [DM16, Mar06], the authors consider Schrödinger
equations and study an abstract asymptotic preserving property. However, they do
not propose implementable schemes. In [AF19], the authors deal with some multiscale
stochastic kinetic PDEs, driven by a Wiener process. In this chapter, we recover another
AP scheme for this situation after taking the limit δ Ñ 0 if mδ is defined by (IV.1.5), but
we present AP schemes in other various situations. Finally, let us also mention that AP
schemes have also been studied for PDEs with random coefficients, see [HJ17, Jin18, JLP18]
or in the context of Monte-Carlo methods for deterministic problems, see [DPS18, RLJ14].

In this chapter, we aim to define Asymptotic Preserving (AP) schemes for the stochastic
kinetic equation (IV.1.1). The detailed definition of AP schemes is defined in Section IV.3
and is equivalent to Definition III.3.1 in the SDE case. Our AP schemes are designed
using a splitting procedure, which separates the deterministic and the stochastic parts of
(IV.1.1). This leads to Scheme A in the averaging regime (when mδ is defined by (IV.1.4))
and to Scheme B in the diffusion approximation regime (when mδ is defined by (IV.1.5)).

In both schemes, we write 〈h〉 .“
ş
V
hdµ and λ

.“
τ

ε2

1` τ

ε2

P p0, 1q, where τ is the time-step
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size. Moreover, ph denotes the Fourier transform of h with respect to the space variable x,
computed using a Fast Fourier Transform (FFT).

Scheme A Splitting AP scheme in the averaging regime.

pρε,δn`1{2,k “
p1´λq

〈 pfε,δ

n,k

1`iλεa¨k

〉

1´λ〈 M

1`iλεa¨k 〉
pf ε,δn`1{2,k “ 1´λ

1`iλεa¨k
pf ε,δn,k ` λ

1`iλεa¨kMpρε,δn`1{2,k

mδ
n`1 “ m ` τ{δ2

1`τ{δ2 θ
`
mδ
n ´ m

˘
`
c

1 ´
´

τ{δ2

1`τ{δ2

¯2

σγng.

f
ε,δ
n`1 “ exppτmδ

n`1qf ε,δn`1{2

Scheme B Splitting AP scheme in the diffusion approximation regime.

pρε,δn`1{2,k “
p1´λq

〈 pfε,δ

n,k

1`iλεa¨k

〉

1´λ〈 M

1`iλεa¨k 〉
pf ε,δn`1{2,k “ 1´λ

1`iλεa¨k
pf ε,δn,k ` λ

1`iλεa¨kMpρε,δn`1{2,k

mδ
n`1 “ mn ´ θ τ

δ2m
δ
n`1 ` σ

?
τ

δ2 γng

f
ε,δ
n`1 “ exppτmδ

n`1qf ε,δn`1{2

The objective of this chapter is to prove via numerical experiments (see Section IV.4)
that the AP Schemes A and B are effective in all regimes, as opposed to the crude schemes
which fail to capture the correct limiting behavior when δ Ñ 0 and ε “ δ Ñ 0.

The chapter is organized as follows. The SPDE models in the averaging and diffusion
approximation regimes are presented in Section IV.2, and we state the associated scaling
limits. Then, we give examples of AP schemes for the deterministic part and the stochastic
part in Section IV.3, and we combine them using a splitting procedure. Numerical
experiments are reported in Section IV.4. Finally, Section IV.5 gives some conclusions
and perspectives.

IV.2 Models

Assumption IV.1. The velocity space V is embedded in R
d1

for some d1 P N and is
equipped with a finite measure µ. The functions a P L8pV, dµq and M P L1pV, dµq satisfy

@v P V,Mpvq ą 0,ż

V

Mpvqdµpvq “ 1,

K
.“
ż

V

apvq b apvqMpvqdµpvq ą 0.

Moreover, we assume some symmetry on the space pV, dµq:

• The measure µ is symmetric: for all measurable subset A Ă V , µp´Aq “ µpAq.
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• The function a is odd: for all v P V , ap´vq “ ´apvq.

• The function M is even: for all v P V , Mp´vq “ Mpvq.

For the numerical experiments, we consider V “ t˘1u, µpt1uq “ µpt´1uq “ 1
2
, apvq “ v

and Mpvq “ 1.
Let us justify the regime corresponding to each definition of mδ.

• In the averaging regime, mδ is given by (IV.1.4). If mpxq “ řJ

j“1 mjgjpxq, then the
term mδf ε,δ gives, in the limiting equation when δ Ñ 0, a averaged source term mf ε

(see Section IV.2.1).

• In the diffusion approximation regime, mδ is given by (IV.1.5). The term mδf ε,δ

gives, in the limiting equation when δ Ñ 0, a term f εQ1{2 ˝ dW ptq where W is a
cylindrical Wiener process. The definition of the covariance operator Q for a general
invariant process m can be found in [DV12] and in Chapter I. When mδ is defined
by (IV.1.5), we get

Qfpxq “
Jÿ

j“1

σ2
j

θ2
j

gjpxq
ż

Td

gjpyqfpyqdy. (IV.2.1)

It is a nonnegative self-adjoint operator and thus admits a square root Q1{2.

Assuming the functions gj are linearly independent and pairwise orthogonal in L2pTdq,
Q is of rank J , its only non-zero eigenvalues are

σ2

j

θ2

j

}gj}2

L2pTdq, associated with the

normalized eigenvectors }gj}´1

L2pTdq gj, and

Q1{2fpxq “
Jÿ

j“1

σj

θj }gj}L2pTdq
gjpxq

ż

Td

gjpyqfpyqdy.

The spectral decomposition yields

Q1{2dW ptq “
Jÿ

j“1

σj

θj
gjdβjptq (IV.2.2)

in distribution. Moreover, the Itô form of fQ1{2 ˝ dW ptq is

fQ1{2 ˝ dW ptq “ 1

2
Ff ` fQ1{2dW ptq

F pxq .“ kpx, xq “
Jÿ

j“1

σ2
j

θ2
j

gjpxq2.
(IV.2.3)

Let us detail how to get the expression (IV.2.1) of Q. For j P J1, JK, consider the
Ornstein-Uhlenbeck process dmjptq “ ´θjmjptqdt ` σjdβjptq, so that if mjp0q “
mδ
jp0q, then mjptδ´2q “ mδ

jptq. The Markov process mj admits a unique invariant
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distribution νj „ N
´

0,
σ2

j

2θj

¯
. Let mjp0q be distributed following νj so that mj is a

stationary process, and consider the kernel k defined for x, y P T
d by

kpx, yq .“ 2

Jÿ

j“1

gjpxqgjpyqE
„ż

R`

mjp0qmjptqdt


“ 2

Jÿ

j“1

gjpxqgjpyqE
„ż

R`

mjp0q2e´θjtdt


` E

„ż

R`

mjp0q
ż t

0

σje
´θjpt´sqdβjpsqdt



“ 2

Jÿ

j“1

gjpxqgjpyqE
“
mjp0q2

‰ ż

R`

e´θjtdt,

since mjp0q and βj are independent. Thus, we get kpx, yq “ řJ

j“1

σ2

j

θ2

j

gjpxqgjpyq.
Then, the covariance operator is defined by

Qfpxq .“
ż

Td

kpx, yqfpyqdy “
Jÿ

j“1

σ2
j

θ2
j

gjpxq
ż

Td

gjpyqfpyqdy.

In the sequel, we consider for simplicity the case J “ 1 and write θ “ θ1, σ “ σ1,
gpxq “ g1pxq and β “ β1.

The rest of this section is devoted to stating the limiting equations for those two models.
Note that when ε Ñ 0, the limiting equation is expressed in terms of ρ instead of f . In
this case, ρε,δ “

ş
V
f ε,δdµ converges to a function ρ or ρδ solution of the given limiting

equation.

IV.2.1 Averaging regime

In this section, we consider the averaging regime (IV.1.4). The following results are proved
in Chapter II when ε “ δ and can be deduced by adapting the proofs of Chapter II when
ε ‰ δ.

First, when ε Ñ 0, the limiting equation is given by

Btρδ “ divpK∇ρδq ` mδρδ, (IV.2.4)

where mδ is defined by (IV.1.4). It is a diffusion approximation regime in the PDE sense,
since the limiting equation is a diffusion equation. Its solution ρδ converges to the solution
of

Btρ “ divpK∇ρq ` mρ, (IV.2.5)

when δ Ñ 0.
Second, when δ Ñ 0, the limiting equation is given by

Btf ε ` 1

ε
apvq ¨ ∇xf

ε “ 1

ε2
Lf ε ` mf ε. (IV.2.6)

The function ρε “
ş
V
f εdµ converges to the solution of (IV.2.5) when ε Ñ 0. It is an

averaging regime in a stochastic sense, since mδ converges to its average m.
Finally, when ε “ δ Ñ 0, the limiting equation is given by (IV.2.5) owing to Chapter

II. Note that one obtains the same limiting equation in the three cases.
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IV.2.2 Diffusion approximation regime

In this section, we consider the diffusion approximation regime (IV.1.5). The following
results are proved in Chapter I and [AF19] when ε “ δ and can be deduced by adapting
the proofs of Chapter I when ε ‰ δ.

First, when ε Ñ 0, the limiting equation is given by

Btρδ “ divpK∇ρδq ` mδρδ. (IV.2.7)

It is a diffusion approximation regime in the PDE sense, since the limiting equation is a
diffusion equation. Its solution ρδ converges to the solution of

dρ “ divpK∇ρqdt` ρQ1{2 ˝ dW ptq, (IV.2.8)

when δ Ñ 0.
Second, when δ Ñ 0, the limiting equation is given by

Btf ε ` 1

ε
apvq ¨ ∇xf

ε “ 1

ε2
Lf ε ` f εQ1{2 ˝ dW ptq. (IV.2.9)

It is a diffusion approximation regime in the stochastic sense, since the source term converge
to a stochastic diffusion term. The function ρε “

ş
V
f εdµ converges to the solution of

(IV.2.8) when ε Ñ 0.
Finally, when ε “ δ Ñ 0, the limiting equation is given by (IV.2.8). Note that one

obtains the same limiting equation in the three cases.

IV.3 Numerical scheme: splitting procedure

The objective of this section is to give examples of AP schemes in the averaging and the
diffusion approximation regime. Given a parameter η “ ε, η “ δ or η “ ε “ δ, a scheme is
asymptotic preserving in the regime η Ñ 0 if

• The scheme is consistent with the equation for fixed η ą 0.

• For any fixed time-step size τ , there exists a limiting scheme when η Ñ 0.

• The limiting scheme is consistent with the limiting equation obtained when η Ñ 0.

Note that the second item already excludes standard explicit Euler or Euler-Maruyama
schemes, since these schemes would impose a strong stability condition of the type τ ď τ0pηq
with τ0pηq ÝÝÑ

ηÑ0
0 due to the stiff terms in (IV.1.1). To be able to choose τ independently

of η, we favor implicit schemes, so that we can focus on the third item: capturing the
correct limiting equation.

Since equation (IV.1.1) can be split into a deterministic part and a stochastic part, all
our schemes are based on a splitting procedure in time. At each time-step:

• We start by solving approximately the deterministic part

Btf ε ` 1

ε
apvq ¨ ∇xf

ε “ 1

ε2
Lf ε. (IV.3.1)
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• Then we solve approximately the stochastic part

Btf δ “ mδf δ. (IV.3.2)

It is straightforward to check that the splitting scheme obtained using an AP scheme for
each step is AP, in each of the three regimes ε Ñ 0, δ Ñ 0 and ε “ δ Ñ 0. We focus on
the discretization in time. The stochastic step is adapted to any discretization in space,
therefore the discretization in space is chosen with respect to the deterministic step. In
our case, the deterministic step is based on the Fourier transform, thus we simply consider
a regular mesh of size 2n for some n P N0.

Remark IV.3.1. In the particular case mpt, xq “ mptq (or equivalently g “ 1), one can
change the unknown in (IV.1.1) to solve a PDE and get rid of the stochastic part: the

new unknown rf ε,δptq “ exp
´

´
şt

0
mδpsqds

¯
f ε,δptq solves

Bt rf ε,δ ` 1

ε
apvq ¨ ∇x

rf ε,δ “ 1

ε2
L rf ε,δ.

In this particular case, one does not need a splitting scheme, and can instead discretize
independently rf ε,δ and exp

´şt
0
mδpsqds

¯
. One can also change the unknown at a discrete

time level and would recover the same scheme.

IV.3.1 Asymptotic preserving scheme for the deterministic part

Let us first consider the deterministic part (IV.3.1) of (IV.1.1).
When ε Ñ 0, it is standard (see [DGP00]) that ρε “

ş
V
f εdµ converges to ρ solution of

the limiting equation
Btρ “ divpK∇ρq. (IV.3.3)

For this deterministic part, we use a fully implicit scheme written in the Fourier variable,
as stated in [Hiv18, Proposition 4]. The rest of this section is devoted to detailing the
construction of this scheme and to prove the AP property. Note that there exists other
ways to design AP schemes. For instance, [Hiv18, LM08] gives an AP scheme based on a
micro-macro decomposition and [Hiv18] an AP scheme based on a integral formulation.

For h P L2pTdq and k P Z
d, let phk “

ş
Td hpxqe´ik¨xdx denote the k-th coefficient of the

Fourier transform of h with respect to the space variable x.
Take the Fourier transform of (IV.3.1) with respect to the space variable x: for k P Z

d,

Bt pf εk ` 1

ε
ia ¨ k pf εk “ 1

ε2
pMpρεk ´ pf εkq.

It is then natural to introduce the implicit scheme

pf εn`1,k “ pf εn,k ´ τ

ε
ia ¨ k pf εn`1,k ` τ

ε2
Mpρεn`1,k ´ τ

ε2
pf εn`1,k

“ 1 ´ λ

1 ` iλεa ¨ k
pf εn,k ` λ

1 ` iλεa ¨ kMpρεn`1,k,

where the parameter λ is defined by

λ
.“

τ
ε2

1 ` τ
ε2

P p0, 1q. (IV.3.4)
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We deduce the following scheme for pρεn`1,k by integrating with respect to v:

pρεn`1,k “
〈 pf εn`1,k

〉

“ p1 ´ λq
〈 pf εn,k

1 ` iλεa ¨ k

〉

` λpρεn`1,k

〈

M

1 ` iλεa ¨ k

〉

,

where 〈¨〉 “
ş
V

¨dµ.
We finally obtain the following scheme

$
’’’’&
’’’’%

pf εn`1,k “ 1 ´ λ

1 ` iλεa ¨ k
pf εn,k ` λ

1 ` iλεa ¨ kMpρεn`1,k

pρεn`1,k “
p1 ´ λq

〈 pfε
n,k

1`iλεa¨k

〉

1 ´ λ
〈

M
1`iλεa¨k

〉 ,

(IV.3.5)

Proposition IV.3.1. Scheme (IV.3.5) is consistent with (IV.3.1) for fixed ε and is asymp-
totic preserving in the following sense: pf εn,k, ρεn,kq ÝÝÑ

εÑ0
pfn,k, ρn,kq where

$
’&
’%

pfn`1,k “ Mpρn`1,k

pρn`1,k “ pρn,k
1 ` τ 〈pa ¨ kq2M〉

,
(IV.3.6)

which is consistent with (IV.3.3).

This result is not a novelty (see [Hiv18, Proposition 4]) but we prove it here for the
convenience of the reader.

Proof. Let us derive the limiting scheme when ε Ñ 0. Observe that λ ÝÝÑ
εÑ0

1, hence

pfn`1,k “ Mpρn`1,k. It remains to derive the limiting scheme on ρ. Using the conditionş
V

Mpvqdµpvq “ 1, (IV.3.5) can be rewritten as

pρεn`1,k “
p1 ´ λq

〈 pfε
n,k

1`iλεa¨k

〉

p1 ´ λq
〈

M
1`iλεa¨k

〉

` 1 ´
〈

M
1`iλεa¨k

〉

“
p1 ´ λq

〈 pfε
n,k

1`iλεa¨k

〉

p1 ´ λq
〈

M
1`iλεa¨k

〉

`
〈

iλεa¨kM
1`iλεa¨k

〉

“

〈 pfε
n,k

1`iλεa¨k

〉

〈

M
1`iλεa¨k

〉

` 1
1´λ

〈

iλεa¨kM
1`iλεa¨k

〉 .

We have
〈

iλεa ¨ kM

1 ` iλεa ¨ k

〉

“
〈

iλεa ¨ kM

1 ` λ2ε2pa ¨ kq2

〉

`
〈

λ2ε2pa ¨ kq2M

1 ` λ2ε2pa ¨ kq2

〉

.

Since we assumed that V is symmetric, a is odd and M is even, the first integral of the
right-hand side vanishes. Owing to the identity 1

1´λ “ 1 ` τ
ε2 , we get

1

1 ´ λ

〈

iλεa ¨ kM

1 ` iλεa ¨ k

〉

“ pε2 ` τqλ2

〈

pa ¨ kq2M

1 ` λ2ε2pa ¨ kq2

〉

.
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We have λ ÝÝÑ
εÑ0

1, therefore

1

1 ´ λ

〈

iλεa ¨ kM

1 ` iλεa ¨ k

〉

ÝÝÑ
εÑ0

τ
〈

pa¨q2M
〉

,

which gives to the limiting scheme (IV.3.6) when ε Ñ 0. This scheme can be rewritten

pρn`1,k “ pρn,k ` τ pρn`1,k

〈

pa ¨ kq2M
〉

.

Owing to the definition (IV.1) of K, the limiting equation (IV.3.3) reads in the Fourier
variable

Btpρk “
〈

pa ¨ kq2M
〉

pρk.
The limiting scheme above is therefore the implicit schemes associated with the parabolic
PDE (IV.3.3) in the Fourier variable. As a consequence, it is consistent.

Note that the scheme (IV.3.5) and its limiting scheme (IV.3.6) are both implicit Euler
scheme for their respective equation and τ can thus be chosen independently of ε.

IV.3.2 Numerical schemes for the stochastic part

In this section, we consider the stochastic part (IV.3.2) of (IV.1.1).

The exact solution of (IV.3.2) is given by f δpt, x, vq “ exp
´şt

0
mδps, xqds

¯
f δp0, x, vq.

This provides a first step towards an AP scheme: we discretize this exact solution using an
implicit scheme to cope with the stiffness of the driving process. Therefore, we consider

f δn`1 “ exppτmδ
n`1qfn.

It only remains to choose a discretization of mδ such that the AP property is satisfied.
In this section, we consider a sequence pγnqnPN0

of independent standard normal random
variables.

Numerical schemes for the stochastic part in the averaging regime

This section gives an example of AP scheme in the averaging regime (IV.1.4). To avoid a
CFL condition of the form τ ď τ0pδq where τ0pδq ÝÝÑ

δÑ0
0, we use the scheme (III.3.4) with

cptq “ 1
1`t . $

’&
’%

f δn`1 “ exppτmδ
n`1qf δn

mδ
n`1 “ m ` c

´ τ
δ2

¯
θ
`
mδ
n ´ m

˘
`
c

1 ´ c
´ τ
δ2

¯2

σγng.
(IV.3.7)

The limiting equation of (IV.1.4) can be deduced from Chapter III and is given by

Btf “ mf, (IV.3.8)

which has the exact solution fpt, x, vq “ exp ptmpxqq fp0, x, vq. The limiting scheme of
(IV.3.7) is given by

fn`1 “ exppτpm ` γnqqfn. (IV.3.9)
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Note that if J ą 1, the scheme (IV.3.7) becomes
$
’’’&
’’’%

f δn`1 “ exppτ
Jÿ

j“1

mδ
n`1,jgjqf δn

mδ
n`1,j “ mj ` c

´ τ
δ2

¯
θj
`
mδ
n,j ´ mj

˘
`
c

1 ´ c
´ τ
δ2

¯2

σjγn,j.

Given the exact solutions of (IV.3.2) and (IV.3.8), it is straightforward to check that
the scheme is consistent and AP, since the SDE is discretized using an implicit Euler
scheme and the integral in time is discretized with a right-point quadrature rule. Since
the scheme is implicit, τ can be chosen independently of δ.

Numerical schemes for the stochastic part in the diffusion approximation
regime

This section gives an example of AP scheme in the diffusion approximation regime (IV.1.5).
To avoid a CFL condition of the form τ ď τ0pδq where τ0pδq ÝÝÑ

δÑ0
0, we once use an implicit

Euler-Maruyama scheme again
$
&
%
f δn`1 “ exppτmδ

n`1qf δn

mδ
n`1 “ mδ

n ´ θ
τ

δ2
mδ
n`1 ` σ

?
τ

δ2
γng,

(IV.3.10)

since, owing to (IV.1.5), mδ solves

dmδptq “ ´ θ

δ2
mδptqdt` σ

δ

g

δ
dβptq.

Let us derive the limiting for any J P N. Consider ζδpt, xq .“
şt

0
mδps, xqds, so that the

exact solution of (IV.3.2) is given by

f δpt, x, vq “ exp
`
ζδpt, xq

˘
f δp0, x, vq.

Owing to (IV.1.3) and (IV.1.5), we have

dζδptq “ 1

δ

Jÿ

j“1

gjm
δ
jptqdt

“ ´
Jÿ

j“1

1

θj
gjδdm

δ
jptq `

Jÿ

j“1

σj

θj
gjdβjptq

ÝÝÑ
δÑ0

Jÿ

j“1

σj

θj
gjdβjptq.

Thus, the solution f δ converges to

fpt, x, vq “ exp

˜
Jÿ

j“1

σj

θj
gjβjptq

¸
fp0, x, vq

“ exp
`
Q1{2W ptq

˘
fp0, x, vq,
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owing to (IV.2.3). This function solves the Stratonovich diffusion equation

df “ fQ1{2 ˝ dW ptq, (IV.3.11)

which is therefore the limiting equation of (IV.3.2).
Let us now go back to the case J “ 1 to simplify notation and check that (IV.3.10) is

AP. By multiplying by δ2 the second equation of (IV.3.10), we get

θτmδ
n`1 “ δ2pmδ

n ´ mδ
n`1q ` σ

?
τγng.

Therefore, the limiting scheme is given by

fn`1 “ exppσ
θ

?
τγngqfn, (IV.3.12)

which is consistent with the limiting equation (IV.3.11). Since the scheme is implicit, τ
can be chosen independently of δ.

IV.4 Numerical experiments

The goal of this section is to illustrate the AP property or the non AP property of the
different splitting schemes. We treat separately the averaging regime (IV.1.4) and the
diffusion approximation regime (IV.1.5). In each regime, we recall the full expression of
the splitting AP scheme (Scheme A and Scheme B, respectively restated in this section as
Scheme 1 and Scheme 5). Then, in each of the three regimes ε ! δ, ε " δ and ε “ δ, we
detail its limiting scheme and illustrate the asymptotic behavior of the scheme. In the
diffusion approximation regime, we compare this behavior to a non AP scheme.

We present two types of illustrations:

• We first propose qualitative results: we plot the L2-norm
››ρε,δn

››
L2

as a function of
the time tn as well as the final value ρε,δN which approximates ρε,δpT q as a function of
the space variable x, for a fixed value of τ and for different values of ε and δ.

• The third one is quantitative: we plot an estimation of the weak error
ˇ̌
E
“
ϕpρε,δpT qq

‰
´ E rϕpρpT qqs

ˇ̌

depending on the time-step size τ , for different values of ε and δ. The expectations
are approximated using a Monte-Carlo method, with 1000 samples. Investigating
rates of convergence would require to substantially increase the Monte-Carlo sample
size, which we have not done yet. Instead we check that, when τ Ñ 0, ε Ñ 0 or
δ Ñ 0, the error of an AP scheme does not explode unlike the error of a non AP
scheme.

Let us recall that λ is defined by λ “ τ{ε2

1`τ{ε2 (see (IV.3.4)). Also recall that, since
J “ 1, the expression of Q simplifies (see (IV.2.2) and (IV.2.3)).

For a fixed value of τ for a qualitative result, the sequence of standard normal random
variables pγnqnPJ1,NK used for computation is the same in a given figure.

To simplify the legend, when we use the following convention: when the scheme used
is the limiting scheme obtained when ε Ñ 0 or δ Ñ 0, we write in the legend respectively
ε “ 0 or δ “ 0.

The implementation of the different schemes is based on a code given by Hélène Hivert.
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IV.4.1 Illustration in the averaging regime

In this section, we illustrates the AP property of Scheme 1 (introduced in Section IV.1 as
Scheme A).

In all of our schemes, the deterministic part is still discretized using an AP scheme.
Therefore, the non AP scheme is expected to asymptotic preserving in the regime ε Ñ 0

for fixed δ.

Scheme 1 AP scheme in the averaging regime.
pf ε,δn “ FFTpf ε,δn q

pρε,δn`1{2,k “
p1´λq

〈 pfε,δ

n,k

1`iλεa¨k

〉

1´λ〈 M

1`iλεa¨k 〉
pf ε,δn`1{2,k “ 1´λ

1`iλεa¨k
pf ε,δn,k ` λ

1`iλεa¨kMpρε,δn`1{2,k

f
ε,δ
n`1{2 “ FFT´1p pf ε,δn`1{2q

mδ
n`1 “ m ` 1

1`τ{δ2 θ
`
mδ
n ´ m

˘
`
c

1 ´
´

1
1`τ{δ2

¯2

σγng.

f
ε,δ
n`1 “ exppτmδ

n`1qf ε,δn`1{2

Scheme 1 is a Lie-Trotter splitting scheme based on the AP schemes (IV.3.5) for
the deterministic part and (IV.3.7) for the stochastic part. Its limiting schemes are the
splitting schemes obtained with the limiting schemes of (IV.3.5) and (IV.3.7).

Here, we only consider the case where the source term is linear in mδ. In this particular
case, in the averaging regime, most schemes satisfy the AP property, assuming they are
stable for τ chosen independently of ε and δ. Therefore, we do not compare the AP scheme
to a non AP one. Note that if the source term was non-linear in mδ, one should be very
careful when designing AP schemes (see Chapter III for AP and non AP example in the
SDE case).

For the numerical experiments below, the reference is computed using an explicit finite
difference method for the limiting equations (IV.2.4), (IV.2.5) and (IV.2.6). In the regime
ε Ñ 0 with fixed δ, it is combined with an implicit Euler-Maruyama scheme for the
stochastic component mδ.

The coefficients of the fast component mδ are given by θ “ 1 and σ “ 2. The
dependence in the space variable x of mδ is given by gpxq “ 2 ` sinp2πx ` 1q. We fix the
average value at m “ 2gpxq. The initial conditions are given by mδp0, xq “ rm0gpxq and
fp0, x, vq “ p2 ` vq sinp2πxq, with rm0 “ 1 or rm0 “ 10. We fix a short final time T “ 0.1

and a large mesh size, 1{32 or 1{64, because of the CFL condition on the reference scheme,
to reduce the number of time steps.

Recall that we consider d “ 1, V “ t˘1u, µpt1uq “ µpt´1uq “ 1
2
, apvq “ v and

Mpvq “ 1. As a consequence, (IV.1) yields K “ 1.

Qualitative experiments in the regime ε Ñ 0

When δ is fixed and ε Ñ 0, Scheme 1 converges to Scheme 2.
Figure IV.1 represents the evolution of

››ρε,δn
››
L2

as a function of the time tn (Figure
IV.1a) as well as the final time ρε,δN as a function of the space variable x (Figure IV.1b),
both for the AP Scheme 1 and its limiting Scheme 2. It illustrates the convergence of
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Scheme 2 Limiting scheme of Scheme 1 when ε Ñ 0.
pρδn “ FFTpρnq
pρδn`1{2,k “ pρδ

n,k

1`τ〈pa¨kq2M〉

ρδn`1{2 “ FFT´1ppρδn`1{2q

mδ
n`1 “ m ` τ{δ2

1`τ{δ2 θ
`
mδ
n ´ m

˘
`
c

1 ´
´

τ{δ2

1`τ{δ2

¯2

σγng.

ρδn`1 “ exppτmδ
n`1qρδn`1{2

(a) Evolution of
››ρε,δn

››
L2 and

››ρδn
››
L2 as a func-

tion of tn with mesh size 1
32

.
(b) Final value ρ

ε,δ
N pxq and ρδN pxq as a function

of x with mesh size 1
64

.

Figure IV.1 – AP Scheme 1 and its limiting Scheme 2 in the averaging regime when ε Ñ 0

for fixed δ, with initial condition rm0 “ 10.
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the scheme to its limiting scheme when ε Ñ 0, as well as the consistency of this limiting
scheme with the solution of the limiting equation. Thus, it illustrates the AP property for
this scheme when ε Ñ 0.

Qualitative experiments in the regime δ Ñ 0

When ε is fixed and δ Ñ 0, Scheme 1 converges to Scheme 3.

Scheme 3 Limiting scheme of Scheme 1 when δ Ñ 0.
pf εn “ FFTpf εnq

pρεn`1{2,k “
p1´λq

〈

pfε
n,k

1`iλεa¨k

〉

1´λ〈 M

1`iλεa¨k 〉
pf εn`1{2,k “ 1´λ

1`iλεa¨k
pf εn,k ` λ

1`iλεa¨kMpρεn`1{2,k

f εn`1{2 “ FFT´1p pf εn`1{2q
f εn`1 “ exppτpm ` γngqqf εn`1{2

(a) Evolution of
››ρε,δn

››
L2 and }ρεn}L2 as a func-

tion of tn with mesh size 1
32

.
(b) Final value ρ

ε,δ
N pxq and ρεN pxq as a function

of x with mesh size 1
64

.

Figure IV.2 – AP Scheme 1 and its limiting Scheme 3 in the averaging regime when δ Ñ 0

for fixed ε, with initial condition rm0 “ 10.

Figure IV.2 represents the evolution of
››ρε,δn

››
L2

as a function of the time tn (Figure
IV.2a) as well as the final time ρε,δN as a function of the space variable x (Figure IV.2b),
both for the AP Scheme 1 and its limiting Scheme 3. It illustrates the convergence of
the scheme to its limiting scheme when δ Ñ 0, as well as the consistency of this limiting
scheme with the solution of the limiting equation. Thus, it illustrates the AP property for
this scheme when δ Ñ 0.

Qualitative experiments in the regime ε “ δ Ñ 0

When ε “ δ Ñ 0, Scheme 1 converges to Scheme 4.
Figure IV.3 represents the evolution of

››ρε,δn
››
L2

as a function of the time tn (Figure
IV.3a) as well as the final time ρε,δN as a function of the space variable x (IV.3b), both for
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Scheme 4 Limiting scheme of Scheme 1 when ε “ δ Ñ 0.
pρn “ FFTpρnq
pρn`1{2,k “ pρn,k

1`τ〈pa¨kq2M〉

ρn`1{2 “ FFT´1ppρn`1{2q
ρn`1 “ exppτpm ` γngqqρn`1{2

(a) Evolution of
››ρε,δn

››
L2 and }ρn}L2 as a func-

tion of tn with mesh size 1
32

.
(b) Final value ρ

ε,δ
N pxq and ρN pxq as a function

of x with mesh size 1
64

.

Figure IV.3 – AP Scheme 1 and its limiting Scheme 4 in the averaging regime when
ε “ δ Ñ 0, with initial condition rm0 “ 10.

the AP Scheme 1 and its limiting Scheme 4. It illustrates the convergence of the scheme
to its limiting scheme when ε “ δ Ñ 0, as well as the consistency of this limiting scheme
with the solution of the limiting equation. Thus, it illustrates the AP property for this
scheme when ε “ δ Ñ 0.

Numerical analysis of the weak error

In this section, we investigate the weak error
ˇ̌
ˇE

”
ϕpρε,δN q

ı
´ E

“
ϕpρε,δpT qq

‰ˇ̌
ˇ

of Scheme 1. We check that when τ Ñ 0, the error goes to 0 uniformly in ε and δ.
We use a Monte-Carlo method to approximate both expectations and the same scheme

with τref “ 2´12 to approximate ρε,δpT q. The number of samples used in the Monte-Carlo
method is 1000. Since this number is relatively small, we reduce the variance of the
Monte-Carlo by using the same noise γn with τ and τref .

The test function is given by ϕ “ }¨}L2
x
.

Figure IV.4 illustrates the weak error when τ Ñ 0 for different values of ε and δ. The
color and the style of the line represents the considered asymptotic (ε Ñ 0 is in blue
dashed lines, δ Ñ 0 in red dash-dotted lines and ε “ δ Ñ 0 is in black continuous lines),
while the marker determines the order of magnitude of the parameter that goes to 0 (0.1
is marked by triangles, 0.01 by squares and 0.001 by circles).

One can check that the error goes to 0 when τ Ñ 0. An interesting feature of Figure
IV.4 is that the errors with ε “ 0.1 (namely the triangle-marked black continuous line
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Figure IV.4 – Weak error when ρε,δN is computed with AP Scheme 1 in the averaging regime,
with initial condition rm0 “ 1 and mesh size 1

64
. The curves have slope 1.

and the red dash-dotted lines) have a significantly smaller error than with ε ď 0.01. This
illustrates how the error increases when ε Ñ 0, but the error is uniformly bounded in ε

and δ, since the error does not increase when ε is furthermore reduced.

IV.4.2 Illustration in the diffusion approximation regime

In this section, we illustrates the AP property of Scheme 5 (introduced in Section IV.1 as
Scheme B).

Scheme 5 AP scheme in the diffusion approximation regime.
pf ε,δn “ FFTpf ε,δn q

pρε,δn`1{2,k “
p1´λq

〈 pfε,δ

n,k

1`iλεa¨k

〉

1´λ〈 M

1`iλεa¨k 〉
pf ε,δn`1{2,k “ 1´λ

1`iλεa¨k
pf ε,δn,k ` λ

1`iλεa¨kMpρε,δn`1{2,k

f
ε,δ
n`1{2 “ FFT´1p pf ε,δn`1{2q
mδ
n`1 “ mn ´ θ τ

δ2m
δ
n`1 ` σ

?
τ

δ2 γng

f
ε,δ
n`1 “ exppτmδn`1qf ε,δn`1{2

Scheme 5 is a Lie-Trotter splitting scheme based on the AP schemes (IV.3.5) for the
deterministic part and (IV.3.10) for the stochastic part. Its limiting schemes are the
splitting schemes obtained with the limiting schemes of (IV.3.5) and (IV.3.10).

We can design a non AP scheme for the stochastic part by changing the discretization
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of f δ. As for (IV.3.10), the scheme
$
&
%
f δn`1 “ f δn ` τmδ

n`1f
δ
n

mδ
n`1 “ mδ

n ´ θ
τ

δ2
mδ
n`1 ` σ

?
τ

δ2
γng,

(IV.4.1)

converges to the limiting scheme

fn`1 “ fn ` σ

θ

?
τγngf

n, (IV.4.2)

which is consistent with dfptq “ fQdW ptq with an Itô interpretation of the noise, which
differs from the Stratonovich interpretation in the limiting equation (IV.3.11). The scheme
(IV.4.1) is thus not AP even though it is consistent at fixed δ. We deduce Scheme 6, a
non AP splitting scheme based on (IV.3.5) and (IV.4.1).

Scheme 6 Non AP Scheme in the diffusion approximation regime.
pf ε,δn “ FFTpf ε,δn q

pρε,δn`1{2,k “
p1´λq

〈 pfε,δ

n,k

1`iλεa¨k

〉

1´λ〈 M

1`iλεa¨k 〉
pf ε,δn`1{2,k “ 1´λ

1`iλεa¨k
pf ε,δn,k ` λ

1`iλεa¨kMpρε,δn`1{2,k

f
ε,δ
n`1{2 “ FFT´1p pf ε,δn`1{2q
mδ
n`1 “ mδ

n ´ θ τ
δ2m

δ
n`1 ` σ

?
τ

δ2 γng

f
ε,δ
n`1 “ f

ε,δ
n`1{2 ` f

ε,δ
n`1{2τm

δ
n`1

For the numerical experiments below, the reference scheme for the limiting equations
(IV.2.7), (IV.2.8) and (IV.2.9) is obtained using finite differences to discretize divpK∇ρq “
B2
xρ and an explicit Euler-Maruyama scheme to discretize ρQ1{2 ˝ dW ptq expressed in Itô

form (see (IV.2.3).
For the numerical experiments below, the coefficients of the fast components mδ are

given by θ “ 1 and σ “ 2. The dependence in the space variable x of mδ is given by
gpxq “ 2 ` sinp2πx ` 1q. The initial conditions are given by mδp0, xq “ rm0gpxq and
fp0, x, vq “ p2 ` vq sinp2πxq, with rm0 “ 1 or rm0 “ 10. We fix a short final time T “ 0.1

and a large mesh size, 1{32 or 1{64, because of the CFL condition on the reference scheme,
to avoid a too large number of time step.

Recall that we consider d “ 1, V “ t˘1u, µpt1uq “ µpt´1uq “ 1
2
, apvq “ v and

Mpvq “ 1. As a consequence, (IV.1) yields K “ 1.

Qualitative experiments in the regime ε Ñ 0

When δ is fixed and ε Ñ 0, Scheme 5 converges to Scheme 7.
Figure IV.5 represents the evolution of

››ρε,δn
››
L2

as a function of the time tn (Figure
IV.5a) as well as the final time ρε,δN as a function of the space variable x (Figure IV.5b),
both for the AP Scheme 5 and its limiting Scheme 7. It illustrates the convergence of
the scheme to its limiting scheme when ε Ñ 0, as well as the consistency of this limiting
scheme with the solution of the limiting equation. Thus, it illustrates the AP property
for this scheme when ε Ñ 0. Recall that since δ is fixed and the deterministic part is AP,
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Scheme 7 Limiting scheme of Scheme 5 when ε Ñ 0.
pρδn “ FFTpρδnq
pρδn`1{2,k “ pρδ

n,k

1`τ〈pa¨kq2M〉

ρδn`1{2 “ FFT´1ppρδn`1{2q
mδ
n`1 “ mδ

n ´ θ τ
δ2m

δ
n`1 ` σ

?
τ

δ2 γng

ρδn`1 “ exppτmδ
n`1qρδn`1{2

(a) Evolution of
››ρε,δn

››
L2 and

››ρδn
››
L2 as a func-

tion of tn with mesh size 1
32

.
(b) Final value ρ

ε,δ
N pxq and ρδN pxq as a function

of x with mesh size 1
64

.

Figure IV.5 – AP Scheme 5 and its limiting Scheme 7 in the diffusion approximation
regime when ε Ñ 0 for fixed δ, with initial condition rm0 “ 10.
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we expect this convergence for any consistent scheme for the stochastic part, and the AP
(or non AP) property of the stochastic part does not come into play. Hence, we do not
illustrate the same property for the non AP Scheme 6.

Qualitative experiments in the regime δ Ñ 0

When ε is fixed and δ Ñ 0, AP Scheme 5 converges to Scheme 8 and non AP Scheme 6

Scheme 8 Limiting scheme of the AP Scheme 5 when δ Ñ 0.
pf εn “ FFTpf εnq

pρεn`1{2,k “
p1´λq

〈

pfε
n,k

1`iλεa¨k

〉

1´λ〈 M

1`iλεa¨k 〉
pf εn`1{2,k “ 1´λ

1`iλεa¨k
pf εn,k ` λ

1`iλεa¨kMpρεn`1{2,k

f εn`1{2 “ FFT´1p pf εn`1{2q
f εn`1 “ exppσ

θ

?
τγngqf εn`1{2

converges to Scheme 9.

Scheme 9 Limiting scheme of the non AP Scheme 6 when δ Ñ 0.
pf εn “ FFTpf εnq

pρεn`1{2,k “
p1´λq

〈

pfε
n,k

1`iλεa¨k

〉

1´λ〈 M

1`iλεa¨k 〉
pf εn`1{2,k “ 1´λ

1`iλεa¨k
pf εn,k ` λ

1`iλεa¨kMpρεn`1{2,k

f εn`1{2 “ FFT´1p pf εn`1{2q
f εn`1 “ f εn`1{2 ` f εn`1{2

σ
θ

?
τγng

Figure IV.6 represents the evolution of
››ρε,δn

››
L2

as a function of the time tn for AP
Scheme 5 and its limiting Scheme 8 (Figure IV.6a) and for non AP Scheme 6 and its
limiting Scheme 9 (Figure IV.6b). In both cases, it illustrates the convergence of the
scheme to its limiting scheme when δ Ñ 0. Figure IV.7a also illustrates the consistency
of the limiting Scheme 8 with the limiting equation, and therefore the AP property for
Scheme 5 in this regime. On Figure IV.7b, the limiting Scheme 9 is not consistent with
the limiting equation, illustrating that Scheme 6 fails to capture the correct noise in the
limiting equation (IV.2.9), and is therefore not AP.

Figure IV.7 represents the value of the solution at the final time ρε,δN pxq as a function
of the space variable x for the AP Scheme 5 and its limiting Scheme 8 (Figure IV.7a)
and for non AP Scheme 6 and its limiting Scheme 9 (Figure IV.7b). Like Figure IV.6, it
illustrates the convergence of the schemes to their limiting schemes when δ Ñ 0, as well
as the AP property of Scheme 5 and the non AP property of Scheme 6. In Figure IV.7a,
the small difference between the reference scheme and the limiting scheme is due to the
step-size τ . Figure IV.7b illustrates once again how Scheme 6 fails to capture the correct
interpretation of the noise in the limiting equation (IV.2.9).
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(a) AP Scheme 5. (b) Non AP Scheme 6.

Figure IV.6 – Evolution of
››ρε,δn

››
L2

and }ρεn}L2 for AP and non AP schemes in the diffusion
approximation regime as a function of tn when δ Ñ 0 for fixed ε, with initial condition
rm0 “ 10 and mesh size 1

32
.

(a) AP Scheme 5. (b) Non AP Scheme 6.

Figure IV.7 – Final value ρε,δN pxq and ρεNpxq for AP and non AP schemes in the diffusion
approximation regime as a function of x when δ Ñ 0 for fixed ε, with initial condition
rm0 “ 10 and mesh size 1

64
.
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Qualitative experiments in the regime ε “ δ Ñ 0

When ε “ δ Ñ 0, AP Scheme 5 converges to Scheme 10 and non AP Scheme 6 converges
to Scheme 11.

Scheme 10 Limiting scheme of the AP Scheme 5 when ε “ δ Ñ 0.
pρn “ FFTpρnq
pρn`1{2,k “ pρn,k

1`τ〈pa¨kq2M〉

ρn`1{2 “ FFT´1ppρn`1{2q
ρn`1 “ exppσ

θ

?
τγngqρn`1{2

Scheme 11 Limiting scheme of the non AP Scheme 6 when ε “ δ Ñ 0.
pρn “ FFTpρnq
pρn`1{2,k “ pρn,k

1`τ〈pa¨kq2M〉

ρn`1{2 “ FFT´1ppρn`1{2q
ρn`1 “ ρn`1{2 ` ρn`1{2

σ
θ

?
τγng

(a) AP Scheme 5. (b) Non AP Scheme 6.

Figure IV.8 – Evolution of
››ρε,δn

››
L2

and }ρn}L2 for AP and non AP schemes in the diffusion
approximation regime as a function of tn when ε “ δ Ñ 0, with initial condition rm0 “ 10

and mesh size 1
32

.

Figure IV.8 represents the evolution of
››ρε,δn

››
L2

as a function of the time tn for AP
Scheme 5 and its limiting Scheme 10 (Figure IV.8a) and for non AP Scheme 6 and its
limiting Scheme 11 (Figure IV.8b). In both case, it illustrates the convergence of the
scheme to its limiting scheme when ε “ δ Ñ 0. Figure IV.8a illustrates the consistency
of the limiting Scheme 10 with the limiting equation, and therefore the AP property for
Scheme 5 in this regime. On Figure IV.8b, the limiting Scheme 11 is not consistent with
the limiting equation, illustrating that Scheme 6 fails to capture the correct noise in the
limiting equation (IV.2.8).

Figure IV.9 represents the final time ρε,δN as a function of the space variable x for
AP Scheme 5 and its limiting Scheme 10 (Figure IV.9a) and for non AP Scheme 6 and
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(a) AP Scheme 5. (b) Non AP Scheme 6.

Figure IV.9 – Final value ρε,δN pxq and ρNpxq for AP and non AP schemes in the diffusion
approximation regime as a function of x when ε “ δ Ñ 0, with initial condition rm0 “ 10

and mesh size 1
64

.

its limiting Scheme 11 (Figure IV.9b). Once again, it illustrates the convergence of the
schemes to their limiting schemes when δ Ñ 0, as well as the AP property of Scheme
5 and the non AP property of Scheme 6, since the reference value is computed using a
reference scheme with the same time-step size. As in Figure IV.9a, the small difference
between the reference scheme and the limiting scheme is due to the step-size τ . Figure
IV.9b illustrates how Scheme 6 fails to capture the correct noise in the limiting equation
(IV.2.8) and is therefore not AP.

Numerical analysis of the weak error

In this section, we investigate the weak error
ˇ̌
ˇE

”
ϕpρε,δN q

ı
´ E

“
ϕpρε,δpT qq

‰ˇ̌
ˇ

of Schemes 5 and 6.
We use a Monte-Carlo method to approximate both expectations and the aforemen-

tioned reference scheme with τref “ 2´12 to approximate ρε,δpT q. The number of samples
used in the Monte-Carlo method is 1000. Since this number is relatively small, we reduce
the variance of the Monte-Carlo by using the same noise γn with τ and τref .

The test function is given by ϕ “ }¨}L2
x
.

Figure IV.10 illustrates the weak error when τ Ñ 0 for different values of ε and δ

for both the AP and the non AP scheme. The color and the style of the line represents
the considered asymptotic (ε Ñ 0 is in blue dashed lines, δ Ñ 0 in red dash-dotted lines
and ε “ δ Ñ 0 is in black continuous lines), while the marker determines the order of
magnitude of the parameter that goes to 0 (0.1 is marked by triangles, 0.01 by squares
and 0.001 by circles).

One can check that the error goes to 0 when τ Ñ 0. The error in the AP scheme varies
with the parameters but is uniform with respect to ε and δ. However, the error in the
non AP scheme heavily depends on the parameters, which illustrates the non AP property.
Note that in the regime ε Ñ 0 for fixed δ “ 0.1 (corresponding to the triangle-marked black
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(a) AP Scheme 5.

(b) Non AP Scheme 6.

Figure IV.10 – Weak error when ρε,δN is computed with AP Scheme 5 or non AP Scheme 6
in the diffusion approximation regime, with initial condition rm0 “ 1 and mesh size 1

64
.
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continuous line and the blue dashed lines), the error is uniform in ε. This illustrates that
in this regime, the scheme is AP. Indeed, only the deterministic part (IV.3.1) converges
and the deterministic step in the splitting non AP scheme (6) is AP.

IV.5 Conclusion

In this chapter, we have studied a general notion of asymptotic preserving schemes, related
to convergence in distribution or in probability, for a class of SPDE systems in averaging
and diffusion approximation regimes. We have illustrated how the splitting procedure
allows to design an AP scheme for an SPDE that is sum of a PDE part and a SDE part,
starting from AP schemes for each of these parts. Even though we focused on a implicit
scheme written in the Fourier space for the PDE part, we are confident that numerical
experiment would have the same result if one uses another AP scheme (given for instance
in [Hiv18]).

A limitation of our study is the fact that the fast component is an Ornstein-Uhlenbeck
process: even if the general theory of AP schemes described in Section III.3.1 holds in
more general settings, the construction of implementable AP schemes (such as the ones
described in Sections III.3.2 and III.3.3) is not straightforward if for instance the fast
component is solution of a general ergodic SDE with nonlinear coefficients.

It would also be worth investigating the case where the fast component depends on the
slow component, for example if gj “ gjpρpt, xqq or if the parameters θj, σj and mj depend
on ρpt, ¨q.

We have also left open the question of obtaining the error estimates as in the SDE case
presented in Chapter III, as well as a more precise form of stability, for instance by getting
L2 moments uniformly with respect to the time-step size. Studying the convergence rate
from a numerical point of view requires more efficient implementations of our schemes.

Finally, one could investigate the case when the source term δ´κmδf ε,δ is replaced by
a forcing term δ´κ1

mδ ¨ ∇vf
ε,δ, where we expect κ1 “ 2 in the diffusion approximation

regime and κ1 “ 1 in the averaging regime. This model has already been studied from a
theoretical point of view [DV20], but to the best of our knowledge, there exists no AP
schemes for such kinetic stochastic PDEs. A splitting-based approach similar to what we
did in this chapter should give good results.
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Theoretical and numerical study of multiscale stochas-
tic kinetic equations

Abstract: In this thesis, we study a class of slow-fast systems modeled
by kinetic linear Stochastic Partial Differential Equations (SPDEs) or
Stochastic Differential Equations (SDEs). We study these systems from
theoretical and a numerical points of view in two asymptotic regimes: the
averaging regime and the diffusion approximation regime.

The first two chapters state the main theoretical contributions of this
work. We prove the convergence of the slow component of the considered
SPDEs to the solution of a diffusion equation with a source term depending
on the asymptotic regime. The first chapter focuses on the diffusion
approximation regime, where the source term of the limiting equation is a
stochastic diffusive term (Wiener process). The second chapter focuses on
the averaging regime, where the limiting source term is the average of the
original source term.

The last two chapters are devoted to the numerical part of this work. In
general, a numerical scheme which is consistent with a multiscale system
for a fixed parameter ε ą 0 can perform badly in the asymptotic regime
ε Ñ 0 due to the presence of stiff terms in the model. On the contrary,
some schemes are asymptotic preserving: they are consistent for fixed ε ą 0,
converge to some limiting schemes when ε Ñ 0 and the limiting scheme is
consistent with the limiting equation. The goal of the last two chapters
is to design asymptotic preserving schemes, respectively for the class of
SDEs and SPDEs we consider. We also analyze these schemes and illustrate
numerically their efficiency.

Keywords: kinetic equations, slow-fast systems, Stochastic Differential
Equations, Stochastic PDEs, diffusion approximation, averaging principle,
multiscale methods, Asymptotic Preserving schemes
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Étude théorique et numérique d’équations cinétiques stochas-
tiques multi-échelles

Résumé: Cette thèse est dédiée à l’étude d’une classe de systèmes multi-échelles mod-
élisés par une Équation aux Dérivées Partielles Stochastique (EDPS) linéaire cinétique ou
une Équation Différentielle Stochastique (EDS). On étudie ces systèmes d’un point de vue
théorique et numérique, dans deux régimes asymptotiques : le régime de moyennisation
et le régime d’approximation-diffusion.
Les deux premiers chapitres énoncent les principaux résultats théoriques de cette thèse.
On montre à chaque fois la convergence de la composante lente du système d’EDPS
considéré vers la solution d’une équation de diffusion munie d’un terme source qui
dépend du régime asymptotique. Dans le premier chapitre, on considère le régime
d’approximation-diffusion, dans lequel le terme source de l’équation limite est un terme
diffusif au sens probabiliste (processus de Wiener). Dans le deuxième, on considère le
régime de moyennisation, dans lequel le terme source de l’équation limite est la moyenne
du terme source de l’EDPS originale.
Les deux derniers chapitres constituent la partie numérique de cette thèse. De manière
générale, un schéma numérique peut être consistant avec un système multi-échelle à un
paramètre ε ą 0 fixé mais se révéler inefficace dans le régime asymptotique ε Ñ 0, à cause
d’un terme raide dans le modèle. À l’opposé, certains schémas préservent l’asymptotique
: ils sont consistants à ε ą 0 fixé, convergent vers un schéma limite quand ε Ñ 0 et ce
schéma limite est consistant avec l’équation limite. Le but des deux derniers chapitres
est de proposer, respectivement pour les EDS et les EDPS considérées, des schémas
préservant l’asymptotique, de les étudier et d’illustrer numériquement leur efficacité.

Mots clés: équations cinétiques, Équations Différentielles Stochastiques, EDP Stochas-
tiques, approximation-diffusion, principe de moyennisation, méthodes multi-échelles,
schéma préservant l’asymptotique

Theoretical and numerical study of multiscale stochastic kinetic
equations

Keywords: kinetic equations, slow-fast systems, Stochastic Differential Equations,
Stochastic PDEs, diffusion approximation, averaging principle, multiscale methods,
Asymptotic Preserving schemes
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