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Chapitre 1

Introduction

1.1 Contexte

Cela fait quelques décennies maintenant que les processus de branchements occupent une
place importante dans la théorie des probabilités, dii principalement a un grand champs
d’applications dans beaucoup de domaines (biologie, chimie, dynamique de population,
physique nucléaire, etc). On cite tout particulierement les livres de Harris [39] et Athreya
et Ney [7] comme références sur les processus de Galton-Watson. La théorie des processus
de branchement a bénéficiée d’'un intérét grandissant avec I'introduction d’un environne-
ment aléatoire par Smith et Wilkinson [65], et Athreya et Karlin [5, 6]. Depuis lors et
jusqu’a maintenant, ces processus sont beaucoup étudiés; les biologistes, notamment, y
prettent une attention toute particuliere car des problémes liés & la transformation géné-
tique pourraient étre étudiés a I’aide de ces processus (voir notamment Bansaye [8] sur la
biologie cellulaire).

Le modele de processus de branchement uni-type est aujourd’hui relativement bien
compris, et de nombreux résultats important ont été établis : voir par exemple [52, 27,
38, 28, 37, 4, 3] pour I'étude de la probabilité de survie et la convergence conditionnelle
de la population dans le cas critique et sous-critique, et [38, 9, 53, 43, 61, 44, 31, 29] pour
I’étude des moments et de grandes déviations dans le cas surcritique. Voir aussi le livre
récent de Kersting et Vatutin [50] et sa bibliographie. En ce qui concerne le cas multi-
type en environnement aléatoire, le modele est moins connu de part sa grande complexité,
mais de récents progres ont été faits, principalement dans les cas critique et sous-critique
pour lesquels le processus s’éteind presque stirement ; parmis beaucoup de travaux, il y a
ceux de Le Page, Peigné, et Pham [57], Vatutin et Dyakonova [70], et Vatutin et Wachtel
[73], qui principalement ont étudié la vitesse de convergence de la probabilité de survie
du processus de branchement. Pour le régime surcritique, il existe tres peu de résultats
jusqu’a ce jour, le plus récent étant celui de Cohn [17] donnant un théoréeme limite de
convergence L*; on peut aussi citer les résultats de Jones [45] et Biggins, Cohn et Ner-

man [12] qui ont établis des théorémes limites pour des processus de branchement en
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environnement variable, qui peuvent s’appliquer pour le cas d’environnements aléatoires
pour obtenir des résultats de convergence presque siire et de convergence conditionnelle
dans L? sachant l'environnement. Le principal objectif de cette theése est de démontrer
des propriétés asymptotiques des processus de branchements multi-type en environne-
ment aléatoire en régime surcritique, en généralisant celles bien connus du modele de
Galton-Watson multi-type sans environnement aléatoire, et du cas uni-type avec ou sans

environnement aléatoire.

1.2 Description du modele et notations

Soit d > 1 un entier fixé. On considere espace R? muni de la norme L' et du produit
scalaire définis par :

d
o) ==3"2@), et (r.y) =D x(i)y(i), wyecR”.
i=1 i=1
Soit, My(R) Iespace des matrices de taille d X d dont les entrées sont réelles. On équipe

M,(R) avec la norme subordonnée a la norme || - ||

M| = sup [Mz]|, M e Mqy(R).
z||=1

Un processus de branchement Z,, = (Z,(1),--- , Z,(d)) multi-type en environnement
aléatoire est défini de la fagon suivante. On note £ = (&,)n>0 'environnement aléatoire ;
c’est une suite stationnaire ergodique de variables aléatoires prennnant leurs valeurs dans
un espace abstrait X. A chaque réalisation de &, est associé d lois de probabilités sur N¢

que 'on définit par leurs fonctions génératrices :

77;(5) = Z pzl,--',kd(gn)sllgl e Ssdv s = (Slv e ?Sd) S [07 1]d7 1 S r S d7
ki, ,kq=0

< P ‘ e ‘ . , B
ot les quantités py, . ;. (&) sont positives et sont tels que 337 ok . 5, (§n) = 1. Le
processus de branchement (Z,,),,>0 dans 'environnement aléatoire £ est une suite a valeurs

dans N? tel que sa valeur initiale Z, € N? est fixée, et pour tout n > 0,

d
i1 = N, (1.1)
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INTRODUCTION 6

ou chaque coordonnée Ny, (j) du vecteur aléatoire Ny, = (N/,,(1),- -+, N/,,(d)) représente
le nombre de particules de type j produites a la génération n+ 1 par la [-ieme particule de
type r a la génération n, Z,(j) est le nombre total de particules de type j a la génération
n. Sachant 'environnement &, les vecteurs N, = (N, (1), -+, N/, (d)) indexés par | > 1,

n > 0et 1 <r <dsont indépendants, et chaque Ny, admet la fonction génératrice fy.

On distingue deux aléas différents dans le processus (Z,,) : I'environnement &, et celui
venant des lois de reproduction f] a & fixé. Notons que ce modele généralise celui de
Galton-Watson (ou 'environnement est déterministe), ainsi que le modele avec un seul
type de particule. On note par IP¢ la probabilité sous-jacente lorsque I'environnement &
est fixé. Soit 7 la loi de I'environnement £ ; on note par P la loi totale de (Z,,), définie par
P(dx,d¢) = Pe(dx)7(d€). La probabilité P, peut étre vue comme la mesure P sachant
I'environnement §. On définit E, et [E respectivement les espérences selon les mesures P
et P. Par ces définitions, on peut écrire la fonction génératrice f;, du vecteur aléatoire Ny,

sous la forme suivante :
, o NLLG) d
In(s) =Ee| [Is;" , s=(s1,-,8q4) €[0,1]%
=1

On associe au processus de branchement (Z,,) la suite des matrices moyennes condi-
tionnée a l'environnement &, notée (M, ),,>0. Pour tout n > 0, M,, est unc matrice aléatoire

de taille d x d dont les cocflicients sont

. aft _ .
My (i, j) = 5 (1) = Be[Zun ()| Zo = ei] . 1<ij<d
j
ol g—ﬁ(l) est la dérivée a gauche en 1 par rapport a s; de fi, et e; est le vecteur de

taille d avec 1 comme i-éme coordonnée et 0 ailleurs; M, (7, 7) représente la moyenne
conditionnelle du nombre d’enfants de type j produits par une particule de type i au
temps n. La matrice M,, dépend seulement de 'environnement &,, en particulier (M,,) est
une suite stationnaire ergodique de matrices aléatoires puisque £ = (&,) est stationnaire
ergodique. Pour tout 0 < k& < n, on définit également le produit des matrices moyennes

My == M - - - M, ; il est facile de voir que la composante (4, j) de la matrice My, est
Mkyn(i7j) = ]E£ [Z71+1(j)‘Zk = ei} . (12)

Par la suite, on notera (Z!),>o le processus de branchement (Z,),>0 qui démarre avec
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une particule de type ¢ a la génération 0, ce qui correspond & Zy = e;. En prenant k = 0

dans (1.2), on obtient la moyenne conditionnelle de la population totale au temps n+ 1 :
EcZ) 1 (j) = Mon(i,5). n>0, 1<ij<d. (1.3)

Ce que l'on cherche principalement & connaitre du processus de branchement (Z¢),
c¢’est son comportement asymptotique lorsque n — +o00. Gréce a la relation (1.3), on peut
obtenir certaines informations a partir de celui du produit de matrices aléatoires Mp,,_.
Notamment, dans [26], Furstenberg et Kesten établissent une loi des grands nombres pour

la norme du produit || Mp,,1]| : sous la condition Elog™ | Myl| < +o0,
o1
Jim —log || Mop-r]| = Pps., (1.4)

ou vy est une constante appelée exposant de Lyapunov de la suite de matrices (M,,) définie
par

1 !
yi= lim —Elog [ Mo, |l = inf—Elog | Mon]- (1.5)

n—+

La loi des grands nombres (1.4) permet de distinguer deux comportements différents pour
le produit de matrices My ,_1, suivant la valeur de v : ||My,—1|| — O presque stirement
(p.s.) quand v < 0, et || Mg —1]|| = 400 p.s. quand v > 0. Du fait que la ligne i de My,
est la moyenne conditionnelle E¢Z! définie en (1.3) et par la loi des grands nombres
(1.4), I'exposant de Lyapunov « permet une classification des processus de branchement

multi-type en environnement aléatoire (PBMEA). On dira qu'un PBMEA est :
(1) sous-critique si v < 0;
(2) critique si v =0;
(3) surcritique si v > 0.

Par les travaux de Athreya et Karlin [5, Théoréme 12], complétés par Kaplan [46, Théo-
réme 2], si E|log 2%, (1 — P(|| Z|| = 0))| < +oc et il existe des constantes strictement
positives Cy, Cy et Cs telles que Cy < My(i,j) < Cy et 0 < E¢(Zi(j))? < Cs presque

surement pour tout ¢,7 € {1,--- ,d}, alors :

(1) |24 e 0 p.s. quand (Z}),>0 est sous-critique ou critique;
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INTRODUCTION 8

(2) IP’(HZ;H = —|—OO) > 0 quand (Z"),>o est surcritique.

Ce résultat a aussi été démontré sous de plus faibles conditions, voir par exemple [68,
Théoréme 9.6] par Tanny, et aussi [65, Théoreme 3.1] par Smith et Wilkinson pour le cas
uni-type d = 1.

1.3 Résultats antérieurs

Nous présentons dans cette section d’importants résultats déja établis sur les processus
de branchement en environnement aléatoire qui sont en lien avec la these. En premiere
partie, on énonce des résultats récents concernant les cas critique et sous-critique. Dans les
parties suivantes, on présente les propriétés fondamentales du processus de branchement
en régime surcritique, respectivement pour le modele de Galton-Watson multi-type et

pour le cas uni-type en environnement aléatoire, connus dans la littérature.

1.3.1 Les cas critique et sous-critique

Lorsque le processus de branchement (Z!) est en régime critique ou sous-critique, sous
certaines conditions il s’éteint presque stirement (cf. section 1.2), autrement dit || Z¢ | — 0
quand n — +o0. Nous ne citerons que les travaux récents dans ce domaine, focalisés sur
I’étude asymptotique de la probabilité de survie du processus : on aimerait savoir a quelle
vitesse se produit 'extinction, c’est & dire on cherche a expliciter une suite (ay,),>o telle
que

P(|Zu) > 0) ~ an.

n—-+0o
Cas sous-critique
Le régime sous-critique est défini par la condition v < 0. Différentes vitesses peuvent
y étre observées pour la probabilité de survie, ce qui conduit & une sous classification
des processus. Soit I = {s > 0 : E||My||* < 400} un intervalle de R,. Par le théoréeme
ergodique de sous-additivité, pour tout s € I on définit la limite

A(s) = lim (El|Mont])"".

n—-+00

Soit A(s) := logr(s), s € I. Sous de bonnes conditions, la fonction A est analytique

sur l'intérieur de I, noté int(7) (cf. [14]). On suppose que 1 € int(I). Alors, suivant le
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signe de la quantité A’(1), on observe ce que l'on appelle des transitions de phases dans

I'asymptotique de la probabilité de survie P(]|Z%| > 0).

1. Quand A’(1) < 0, le régime est dit fortement sous-critique. Soit I' le semi-groupe
engendré par le support de la loi de My. On dit que I' est fortement irréductible s’il
n’existe aucune réunion finie de sous espaces propres de R? invariante par I'action
de T'. Pour tout 1 < i < d, On définit Bj € My(R) la matrice Hessienne aléatoire
de coefficients

0’ fs

BS(T 7) = 05,05 ;
rds;

1) 1<rj<d (1.6)

On pose

0: ||M||QZ|| 0“

Vatutin et Wachtel [73] ont établi 'asymptotique exacte de la probabilité de survie
dans le cas fortement sous-critique : si I' est fortement irréductible, My > Op.s., et
sl existe des constantes € > 0 et C' > 0 telles que IE[||M0||| log TOIHE] < 400 et

maxi<;,j<d Mo( )

min; <; j<q4 Mo(1, 7)

1< <C P-ps,

alors pour chaque 1 < ¢ < d il existe une constante ¢; > 0 telle que

B(IZi| > 0) ~ (1)

2. Lorsque A’(1) = 0, le processus (Z!) est dit moyennement sous-critique. Soit S =
{x € R": z > 0,]|z]] = 1}. La vitesse de convergence de la probabilité de sur-
vie en régime moyennement sous-critique est donnée par le résultat de Vatutin
et Dyakonova [71] : sous les conditions que I' est fortement irréductible et qu’il
existe des constantes € > 0, § > 0 et C' > 0 telles que ]E[||MU||| log TU|1+E} < +o0,
inf,es ]P(log || Moz > 5) >0 et

max1<l j<d Af()( )
T ming<; j<q Mo (4, j)

<C P-ps,

alors il existe deux constantes ¢ > 0 et C' > 0 telles que pour tout n > 1 et tout
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INTRODUCTION 10

1<i<d,

w1 < B(IZ3] > 0) < fﬁmm".

Le cas A’(1) > 0, appelé régime faiblement sous critique, est jusqu’a présent trop peu
étudié pour le modele multi-type en environnement aléatoire, et il n’existe aucun résultat
significatif.

Cas critique

On rappelle que le processus (Z!) est en régime critique si la condition v = 0 est
satisfaite. Dans ce cas, il a été établi par Vatutin et Dyakonova dans [70] 'asymptotique
de la probabilité de survie du PBMEA. Plus précisément, si I' est fortement irréductible,
int(7) est non vide, sup,cs E[|MI z|| ™' < 400, et sl existe des constantes € > 0, § > 0 et
C > 0 telles que ]E[TOHE} < 400, infres ]P(log | MEx| > 5) >0 et

maxi<; j<qd Mo(t, 7)

1< — :
~ ming<; j<q Mo(, 7)

<C P-ps,

alors, pour tout 1 < i < d il existe une constante ¢; > 0 telle que

Ci

i
P17 > 0), v %

Ce résultat est une généralisation de celui de Le Page, Peigné et Pham [57], qui 'avaient
démontré dans le cas ot la fonction génératrice fo := (fd,- -+, f%) est linéaire fractionnaire,

c’est a dire qu’elle peut s’écrire sous la forme

1
C14ae(l,1—5)

fo(S) =1 M()(]. — 5), s € [0, 1]d,
ou «y est une variable aléatoire avec oy > 0 p.s.; ils avaient aussi montrer que, sous la
condition supplémentaire Bj(j, k) < C'My(i, j) pour tout 1 < 4,5,k < d ot C' > 0 est une
constante, on a

C

< P(||Z° 0) <
Jr SRUZ > 0) <

avec Cq > 0 et Cy > 0 des constantes.

1<i<d

%]
\/ﬁ?
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1.3.2 Le cas surcritique

Contrairement aux cas critique et sous-critique de la section précédente, en régime sur-
critique le processus de branchement (Z’) a une chance de ne jamais s’éteindre. Plus
précisément, sous certaines conditions on aura IP’(||Z;1|| — 0) < 1. Ainsi, le probleme fon-
damental en régime surcritique est de décrire la taille du processus (Z!) sur I’événement
de survie {||Z%|| > 0, Vn > 0}.

Le modeéle de Galton-Watson multi-type

Un des modeles les plus connus et les plus simples de processus de branchement, le
processus de Galton-Watson correspond au modele de processus de branchement multi-
type sans envionnement aléatoire (tous les environnements &, sont réduits a un seul et
méme environnement déterministe). Beaucoup de résultats ont été établis sur ce modele,
on cite nottament le livre d’Athreya et Ney [7] qui est une bonne réference sur le sujet ; nous
nous concentrerons ici sur les plus importants résultats concernant le régime surcritique.
Pour une étude récente sur des sujets divers sur ce modele, voir par exemple le travail
de Abraham et Delmas [1] pour la convergence conditionnelle des arbres multi-types de
Galton-Watson dans le cas critique, ainsi que celui de Chaumont et Liu [15] sur le codage

des foréts multi-types .

Le theoreme fondamental pour les processus de Galton-Watson en surcritique est celui
que l'on appelle théoreme de Kesten-Stigum, résultat démontré par Kesten et Stigum
dans [49]. Ce théoréme nous dit notamment quand le processus (Z%) croit vers 400 a une
vitesse exponentielle, a travers un critere de non-dégénérescence de la limite de la martin-
gale fondamentale du processus de branchement. Du fait que les environnements soient
déterministes, les matrices moyennes M,, n > 0, sont toutes elles aussi déterministes,
et sont égales a une seule et méme matrice M. On dit que M est une matrice primitive
s'il existe n > 1 tel que M™ > 0 (toutes les entrées de M"™ sont strictement positives).
Soit p le rayon spectral de M. Par le théoreme de Perron Frobénius, p est une valeur
propre simple de la matrice M, et il existe u = (u(1),--- ,u(d)) et v = (v(1),--- ,v(d))
respectivement les vecteurs propres a droite et a gauche associés a p, que I'on choisit avec
les normalisations ||u| = 1 et (v,u) = 1; de plus, lorsque M est primitive, les vecteurs
u et v sont strictement positifs. Notons que, par définition de 7, on a v = logp (voir

(1.4)); ainsi, la condition surcritique v > 0 peut se réduire en p > 1. Le théoreme de
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Kesten-Stigum est le suivant : si p > 1 et M est primitive, alors pour tout 1 <i,;j <d,

Z4(j) — W) Pps., (1.7)

pn n—+o0o

ot W' est une variable aléatoire positive; la limite W* est non-dégénérée (i.e. P(W* >

0) > 0) pour tout 1 <17 < d si et seulement si

E (Zi(j)log" Zi(j)) < +o0, V1<i,j<d. (1.8)
De plus, si chaque W* est non-dégénérée, alors

EWi =1 et P(W'=0)=P(|Z.|| — 0). (1.9)

Concretement, le théoreme de Kesten-Stigum (correspondant aux relations (1.7)-(1.9))
annonce que sous la condition de moment (1.8), soit le processus (Z!) s’éteind, soit cha-

cunes de ses composantes explosent vers +o0o avec la vitesse exponentielle p™.

L’objet fondamental pour la démontration de ce théoreme, et de fagon générale pour
I'étude du régime surcritique, est la martingale (W) définie par
Z

i1, W= n > 1. 1.1
Wo=1 W= Jma > (1.10)

La suite (W}) est une martingale positive sous la filtration
ﬁlza(lek,, 0<k<n—-1,1<r<dl>1), n>1,

et Fo est la tribu grossiere (cf. [7]). Alors (W) converge presque slirement, et sa limite

est la variable aléatoire W*.

Le modéle uni-type en environnement aléatoire

Le cas uni-type (d = 1) est celui qu'on a le plus étudié dans la famille des proces-
sus de branchements en environnement aléatoire, et c’est le modele pour lequel on a le
plus de résultats, notamment en régime surcritique (cf. [50]). On notera (Z,,) le proces-
sus de branchement uni-type, et m,, := M,, n > 0, les moyennes conditionnellement a
I’environnement & qui sont dans ce cas scalaires, ce qui rend I'étude plus simple qu’en

multi-type. On peut remarquer que v = Elogmg, donc la condition surcritique peut
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s’écrire Elogmg > 0. La martingale fondamentale (W,,) du processus (Z,,) est relative-
ment simple a définir, car elle correspond a la suite de la population normalisée par la

moyenne :

_ Zn _ Zn
N Ean N m0~-'mn_1'

Wo:=1, W,:

(1.11)

On montre que (WW,) est effectivement une martingale positive sous la mesure P ou P

par rapport a la filtration
Fo=0(&) et Fo=0(NY, 0<k<n—-1,1>1), n>1

On obtient ainsi la convergence

Zn
Wy,=———>W P-ps, (1.12)
mo:---Mp-1
ol W est une variable aléatoire positive finie presque siirement. Pour en déduire la taille
asymptotique de Z,, il est nécessaire d’étudier la non-dégénérescence de W. Athreya et
Karlin [6] ont établi que la condition
Z

Z
E(— log* —1> < 400 (1.13)
mo mo

est suffisante pour que W soit non-dégénérée, et que sous cette condition on a P-p.s.

Plus tard, Tanny [69] a montré que la condition (1.13) était nécessaire et suffisante pour
la non-dégénérescence de W dans le cas ou la suite des environnements (§,) est i.i.d. En
outre, on peut montrer que la non-dégénérescence de W est équivalente a la convergence
dans L' de la martingale (W,,). Ainsi, le résultat de Tanny [69] implique que (1.13) est

une condition nécessaire et suffisante pour avoir W,, — W dans L!.

Par la suite, il a été intéressant d’étudier la convergence W,, — W dans L?, pour p > 1,
dans le cas d’un environnement (&,) i.i.d. Guivarc’h et Liu dans [38, Théoréme 1.3] ont

établi une condition nécessaire et suffisante pour cette convergence. Ils ont montré que
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W, = ﬁ converge vers W dans LP si et seulement si
Zi\" -
E(l) <400 et Em? <. (1.15)
mo

Ensuite, Huang et Liu [44, Théoréme 1.5] ont renforcé ce résultat en prouvant que, sous

la condition (1.15), W,, — W dans L” avec une vitese exponentielle qu’ils ont explicitée :

i 5 (82w

n—-+0o0 Mo.n—1

p\ 1/p
) =0 V5> b.(p), (1.16)

avec

(Emyg *)H/P sipe(l,2),

0c(p) =
max {(Em(l)_p)l/p, (Emgp/Q)l/p} sip>2.

(1.17)

Sous la condition de non-dégénérescence (1.13) de la limite W, on obtient le méme
type de comportement du processus (Z,,) que dans le cas de Galton-Watson : le processus
s’éteind sur 'évenement {W = 0}, et Z, — 400 quand W > 0. Plus précisément, on

observe la décomposition suivante :
log Z, = S, + logW,, (1.18)

ou S, = Zi:l log my, est la marche aléatoire associée au processus (Z,), et (logm,,) est une
suite de variables aléatoires stationnaires ergodiques. On sait par le théoreme ergodique
de Birkhoff que %” — Elogmg p.s. quand n — +o00. Par conséquent, sous la condition
(1.13) et lorque W > 0, le terme log W), dans la décomposition (1.18) sera négligeable
devant S,, quand n — +oc0. Suivant cette logique, il est possible de transférer certaines
propriétés asymptotiques de la suite (S5,) a (log Z,,). Notamment, log Z,, satisfait la loi

des grands nombres suivante : sur I'événement {Z,, — +oo}, p.s.,
1 log Z, El 1.19
log n, 7. Elogmo. (1.19)

Par (1.19), on retrouve la vitesse exponentielle du processus (Z,,) que 'on avait dans le
cas de Galton-Watson.
D’autres théoremes limites ont été démontrés grace a la décoposition (1.18). A partir

de maintenant, l'environnement & = (,) est i.i.d. On se place aussi sous la condition
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que po := P(Z; = 0) = 0, c’est a dire que chaque particule de chaque génération du
processus produit au moins une autre particule. Huang et Liu [43] ont établi un théoréme
central limite (TCL) pour log Z, : sous la condition supplémentaire que la variance o2 =

var(logmyg) est finie, on a

log Z,, — nElogmy

\/ﬁ njroo

ot NV (0, 0?) désigne la loi normale de moyenne 0 et de variance o2.

N(0,0%) en loi, (1.20)

Recemment, Grama, Liu et Miqueu dans [31] ont travaillé sur un théoréme de type
Berry-Esseen pour log Z,,, c’est a dire un théoreme limite donnant une vitesse de conver-
gence pour le TCL (1.20) : sous certaines conditions de moments sur la loi de reproduction
du processus de branchement, il existe une constante C' > 0 telle que pour tout n > 1,
C

< (1.21)

sup
rzeR

P(lOg Z, — nElogmg

Bl ) gy

oud:xr— \/% I e~t/2 4t est la fonction de répartition de loi normale centrée réduite,
définie sur R.

La preuve de (1.21) est basée sur la décomposition (1.18), sur le théoréme de Berry-
Esseen pour la somme de variable aléatoire i.i.d. S, et sur un bon contréle du terme reste
log W,, obtenu en démontrant l'existence des moments harmoniques EW =% avec a > 0.
Le point le plus compliquer (mais nécessaire) reste 1’étude des moments harmoniques
des limites TW?. On introduit la condition de bornitude suivante : il existe des constantes
p€e(1,2] et A> A > 1 telles que, P-p.s.,

Sous la condition (1.22), Huang et Liu [43] ont montré que
EW™ < +o00 si et seulement si  E[p;(§)mg] < 1, (1.23)

avec p1(&p) := Pe(Zy = 1). On peut reformuler (1.23) en disant que la quantité ag > 0
solution de I'équation E[p;(§n)mg°] = 1 (et en fait unique solution) est ’exposant critique
pour l'existence des moments harmoniques, au sens que EW™ < +oo si a < ag, et
EW~% = +00 si a > ag. Le seul défaut de I’équivalence (1.23) est qu’elle n’est satisafaite

que sous la tres forte condition de bornitude (1.22). D’autres études ont été faites afin
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d’alléger cette condition, il y a par exemple les résultats de Grama, Liu et Miqueu [30,
31] qui ont montrés I'existence des moments harmoniques EW~* pour a > 0 petit, sous
des conditions de moments a la place de (1.22); en contrepartie I’'exposant critique n’est
pas identifié.

On présente enfin un théoreme de déviations modérées de type Cramér pour le proces-
sus de branchement uni-type en environnement aléatoire (Z,,). On définit A(s) := log Em§,
s € Iy avec Iy := {s € R : Em§ < +oo}. Soit 75, := A®(0) pour tout k > 1, avec en
particulier y; = Elogmg et 5 = 0. On définit la série de Cramér ¢ associée a la fonction

A par

— 372 210 15v3
(1) = 73 Y472 %’t Y572 Yay3Y2 + 1o s2

- 4o 1.24
6ys'? 2473 12075 (124)

une série qui converge lorque || est suffisamment petit (voir [19] et [63]). Il a été établi dans
[31] le résultat suivant concernant les déviations modérées de type Cramér pour log Z,, :

sous certaines conditions de moments, pour tout 0 < z < o(y/n), quand n — +00,

P(M > x) 3
o EE 1+z
=cvicval (140 1.25
1—®(x) ‘ [ i ( Vn >]’ )
et
p(M < —w)
Vi e Lt
—e v 140 : 1.26

Le modéle multi-type en environnement aléatoire

Concernant les processus de branchements multi-type en environnement aléatoire, trés
peu de résultats sont a ce jour connus pour le cas surcritique, les recherches actuelles étant
essentiellement focalisées sur les régimes critiques et sous-critiques. Le résultat fondamen-
tal que I'on cherche a établir pour le cas surcritique est un théoreme de type Kesten-Stigum
nous disant exactement quand chaque composante Z' () du processus (Z¢) tend vers I'in-
fini avec vitesse exponentielle. Plus précisément, on voudrait obtenir une généralisation
du Théoreme de Kesten-Stigum du modele de Galton-Watson décrit par les relations
(1.7)-(1.9).

Dans la littérature, le résultat qui semble se rapprocher le plus d’un théoreme de type

Kesten-Stigum est celui de Cohn [17]. Cohn dans [17] se place sous la condition surcritique
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~v > 0; il suppose qu'il existe des constantes C}, Cs et C3 strictement positives telles que,

P-p.s.,
C1 < My(i,7) < Cy et 0< Bi(r,j) < Cy V1 <i,rj<d, (1.27)

olt B} est définie par (1.6); il suppose de plus la condition d’intégrabilité

Ellog » (1 —P(]| Z1]| = 0))] < oo. (1.28)

i=1

Sous toutes ces hypotheses, Cohn annonce dans [17] que pour tout 1 < ,5 < d,

Z,(4)

2 s W' dans L2, 1.29
EeZ;,(j) (1:29)

olt W est une variable aléatoire positive et non-dégénérée (c’est a dire P(W? > 0) > 0)
avec EW* = 1. Bien que la convergence (1.29) soit cohérente avec celle observée pour le
cas déterministe (voir (1.7)), le résultat annoncé par Cohn se révele étre faux. En effet,
prenant le cas uni-type d = 1, par le théoreme de Guivarc’h et Liu [38, Théoreme 1.3]
on sait que la condition (1.15) avec p = 2 est nécessaire et suffisante pour avoir (1.29);
autrement dit, (1.29) est vraie si et seulement si E(%)Q < +oo et Emgy* < 1. On constate
cependant que la condition nécessaire Emg!' < 1 n’est pas impliquée par celles de Cohn
(1.27) et (1.28). En conséquence le résultat de Cohn [17] est faux sous les conditions

annoncées.

D’autres résultats sont tout de méme établis. Notamment, Jones [45] a montré un
théoréme de convergence L? pour les processus de branchement multi-type en environne-
ment variable (c’est a dire que I’environnement est fixé, non aléatoire). Son résultat peut
totalement s’appliquer pour le modele multi-type en environnement aléatoire : il donne
=550)
Biggins, Cohn and Nerman dans [12] ont quant a eux étudié la convergence LP pour le

une condition suffisante pour que converge dans L? sous la mesure quenched Pg.

modele en environnement variable, pour p > 1. De méme, leur résultat permet d’obtenir

pour les PBMEA un théoreme de convergence L” sous Pe.
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1.4 Objectifs et présentation des résultats de la these

Le principale objectif de cette thése est d’étudier la taille du processus (Z') en régime
surcritique lorsque n — 400. Plus précisément, on cherche a étendre au PBMEA les
résultats fondamentaux pour le cas surcritique du modele de Galton-Watson et de celui
uni-type en environnement aléatoire, présentés dans la section précédente. Notre étude

est divisée en 4 chapitres.

Dans le chapitre 2, notre objectif est de démontrer un théoreme de type Kesten-Stigum
pour le processus (Z¢), qui est une extension pour le PBMEA des résultats de Kesten et
Stigum [49] et Athreya et Karlin [6]. Pour cela, en utilisant les propriétés asymptotiques
des produits de matrices aléatoires postives, on construit la martingale fondamentale (W),
et on établit une condition nécéssaire et suffisante pour que la limite W* = lim,,_, 1o, W}
soit non-dégénérée. En particulier, on en déduit une loi des grands nombres pour log || Z¢ ||,

ce qui implique une croissance exponentielle de la suite (||Z}||) lorsque le processus sur-

. , . . . . A .. N
vit. De plus, on établi la convergence en loi de la direction 2 conditionnellement a
n

I'éveénement d’explosion {||Z¢|| — +oo}.

Dans le chapitre 3, on établit une condition nécessaire et suffisante pour la convergence
dans L? des composantes normalisées Z' (j)/E¢Z:(j) vers W'. De plus, on démontre que
la vitesse de ces convergences est exponentielle. Dans ce but, on étudie tout d’abord la
convergence LP de la martingale (W), pour laquelle on explicite la vitesse exponentielle

lorsqu’elle converge.

Le principal objectif du chapitre 4 est d’établir un théoreme de type Berry-Esseen pour
log || Zi||, sous la condition que chaque particule produit au moins une autre particule &
chaque génération. Plus précisément on démontre un théoréme central limite pour log || Z ||
en donnant précisément la vitesse de convergence. La preuve de ce résultat est basée sur
I'étude de I'existence des moments harmoniques de W* (c’est a dire E(W*)~® a > 0). On
détermine notamment, sous certaines conditions, la plus grande valeur de I'exposant a au
decd de laquelle E(W?) =@ est fini pour tout i = 1,--- ,d.

Le chapitre 5 est consacré & I’étude des déviations modérées pour log || Z!||. L’objectif
est d’établir un théoréme de type Cramer pour log || Z! ||, c’est & dire un développement
asymptotique plus poussé¢ que la borne de Berry-Esseen pour log || Z¢ ||. Pour cette étude,
on définit une nouvelle mesure pour le processus (Z!), et on démontre un théoréme de

type Berry-Esseen pour log || Z¢ || sous cette nouvelle mesure.
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1.4.1 Théoreme de type Kesten-Stigum pour un processus de

branchement multi-type en environnement aléatoire

Un des théoremes fondamentaux les plus important dans I’étude d’un processus de bran-
chement en régime surcritique est celui que 'on nomme dans la littérature "théoréme de
type Kesten-Stigum'. Démontré depuis longtemps pour le processus de Galton-Watson
dans [49] (cf. (1.7)-(1.9)) et pour le modele uni-type en environnement aléatoire dans [6,
69] (cf. (1.13) et (1.14)), il n’existe aucun véritable équivalent a ces derniers pour le multi-
type en environnement aléatoire. Les résulats de Cohn [17], Jones [45] et Biggins, Cohn et
Nerman [12] donnent tout de méme un début de réponse. L’objectif principal dans cette
section est d’établir un théoréeme de type Kesten-Stigum pour le processus de branche-
ment multi-type en environnement aléatoire. Notre approche est similaire a celle utilisée
pour les modeles de Galton-Watson et uni-type en environnement aléatoire. Cependant la
difficulté principale est la construction de la martingale fondamentale (TW!) du processus

de branchement (Z!), Pobjet clé pour démontrer notre théoréme de type Kesten-Stigum.

Martingale fondamentale associée au processus de branchement

La construction de la martingale (W) nécessite quelques propriétés et notations rela-
tives aux produits des matrices moyennes M,, 1, pour n,k > 0. Plus précisément, nous
allons utilisé une extension du théoréeme de Perron-Frobenius pour le produit de matrices
aléatoires, un résultat établi par Hennion [40]. Soit G, le semi-groupe des matrices de
My(R) avec les entrées positives et qui sont admissibles (allowable), au sens ou chaque
ligne et chaque colonne contiennent au moins un élément strictement positif. On définit
également G le sous espace de G des matrices strictement positives (matrices dont tous
les coeffients sont strictement positifs). Hennion a établi son théoréme sous la condition

de positivité suivante :

H1. La matrice My prend ses valeurs dans le semi-groupe G, P-p.s. et

P( U {Mo, € 80}) >0,
n>0

Cette hypothese signifie que, avec probabilité positive, il existe un entier n tel que le
produit de matrices My, est strictement positif. Soit p,, .+ le rayon spectral de M,, ;1.
Sous la condition H1, par le théoréeme de Perron-Frobenius (voir e.g. [7]) pn.n+r €st une

valeur propre strictement positive de M,, 1, et il existe deux vecteurs propres positifs a
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droite et a gauche, respectivement U,, 1+ et V,, 4k, que 'on choisit avec les normalisations
Unnikll = 1 et (Vinik, Unnix) = 1. Par les résultats de Hennion [40, Lemme 3.3 et

Théoréme 1], sous la condition H1, pour tout n > 0 la limite
Unpo = kll)Holc Un,n+k (130)
existe P-p.s., avec U, > 0 et ||U, | = 1; de plus la suite (U, ) satisfait la relation
MnUn+1,c>c - AnUn,om (131)

ou ()\,) est une suite de variables aléatoires strictement positives. La relation (1.31) res-

semble a celle satisfaite par le rayon spectral p, de M, a savoir
M, Upn = pnUpn, n>0. (1.32)

En ce sens \, et p,, auront des comportements tres similaires. La difficulté avec la relation
(1.32) est qu’elle n’est pas stable par le produit des matrices M, a la différence de (1.31)
qui l'est, grace au décalage temporel de U,, » dans la relation. Cette stabilité par produit
de (1.31) est la propriété permettant de construire la martingale (7). La suite (\,) sera
centrale dans toute cette présente these; ces A\, seront par la suite appelés pseudo-rayon

spectraux des matrices aléatoires (M, ). On notera que 'itération de (1.31) donne
Mn,71+kUn+k+1,oo = )\n,n+kUn,ooa n, k 2 07 (133)

ou
n+k
>\n,n+k = H )\.,-.
r=n

Soit T' 'opérateur de décalage des environnements :

TE = (&1,62,--+) si &= (£0,&1,-1),

et soit 7™ sa m-iéme itération. Par leurs définitions (1.30) et (1.31), pour chaque n > 0
le vecteur U, » et le scalaire A, ne dépendent que de T"¢ = (&,,&,11, -+ ), et les suites
(Un.o) €t (A,) sont stationnaires ergodiques, puisque 'environnement aléatoire £ = (&)
lest.
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On définit la suite (IW?) de la fagon suivante : pour tout 1 <i < d,

i i zZ! 1,00
Wi=1, W, = (Zn: Un,oo)

=T, > L 1.34
AO,n—lUO,oc(/L) ( )

Par (1.3) et (1.33). on calcule que

E£<Zyiu Un,oo> = <M0,n—1(i> ')> Unoo> = )\O,n—lUO,oo(i)v

ce qui implique que la suite (W) est normalisée de sorte que E¢W,. = 1 P-p.s. Notre

premier résultat établit que (JW!) est une martingale par rapport a la filtration
Fo=0(), Fu=0E N}, 0<k<n-1,1<r<dl>1), n>1

Theorem 1.4.1. Supposons la condition H1. Alors pour chaque 1 <i < d la suite (W)
est une martingale positive par rapport d la filtration (F,) sous les mesures Pe et P, et
donc elle converge P-p.s. vers une variable aléatoire positive W* qui satisfait B W* <1

P-p.s.

Pour le cas d’'un environnement £ déterministe, les matrices M,,, n > 0, sont toutes
identiques a la méme matrice M (déterministe); de plus, U, o = U, pnik = u, OU u est
I'unique vecteur propre a droite de M associé avec le rayon spectral p, et A\g,—1 = p", ce

3 T __ (Zﬁ,,u)
qui donne Wy = .

Galton-Watson. D’autre part, pour le cas uni-type en environnement aléatoire, il est clair

Donc la martingale (1.34) coincide avec celle (1.10) du modele de

que U, 00 = 1 P-p.s., et Agno1 = mg - --my_1, donc (1.34) coincide avec (1.11).
Par la suite, on va chercher & étudier la limite W*, et il sera intéressant de considérer

sa transformée de Laplace quenched
gL(t) =Eee™™', t>0, 1<i<d (1.35)

Le résultat suivant montre que gbé satisfait une certaine équation fonctionnelle, comme

pour le modele de Galton-Watson [7, Théoreme 2].

Theorem 1.4.2. Supposons la condition H1. Alors pour chaque 1 < i < d, la transformée
de Laplace quenched qﬁg de W satisfait

$e(t) = fo <¢§5 (t%) o e (tm» . t>0. (1.36)
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Notons que par (1.34), la martingale (W) est une projection normalisée du vecteur
population (Z?) du processus de branchement sur une droite aléatoire donnée par la suite
de vecteurs strictement positifs (Up, ). En ce sens, W est la population totale normalisée
du processus de branchement, pour une certaine norme aléatoire et dépendant de n ; ainsi
la convergence Wi — W' P-p.s. va permettre un controle de la population normalisée
lorsque la limite W* n’est pas nulle, correspondant au cas non-dégénéré.

La principale difficultée dans I'étude de la martingale (W) est que pour chaque n > 0
fixé, W' dépend de tout 'environnement £, y compris le futur 7"¢ = (&,, 11, -+ ). Clest
un phénomene nouveau qu’on ne rencontrait pas dans les modeles de Galton-Watson et
uni-type en environnement aléatoire, ce qui rend I’étude a la fois plus intéressante et plus

compliquée.

Non-dégénérescence de la limite WW*

La convergence p.s. W — W de la martingale est une propriété importante concer-
nant le processus de branchement (Z¢), mais elle ne permet pas a elle seule d’étudier le
comportement asymptotique de (Z!), et plus précisément de le comparer avec celui du
produit de matrices My,,_1. Pour arriver & cette comparaison, il faut que la limite W*
soit non-dégénérée, c’est a dire que P (Wi > ()) > 0 P-p.s., c’est pourquoi on cherche
une condition suffisante (dans le meilleur des cas nécessaire et suffisante) pour la non-
dégénérescence de W', 1 <i < d.

On rappelle que 'exposant de Lyapunov 7 définie par (1.5) existe sous la condition

suivante :

H2. La matrice aléatoire My satisfait la condition de moment
Elog™ || Myl < +oo.

A partir de maintenant on se placera toujours en régime surcritique, c’est a dire que
v > 0. On définit ¢‘(£) la probabilité d’extinction du processus de branchement (Z!)

conditionnellement a 'environnement £, c’est a dire
Qe . . i _
¢'(€) = Pe( lim ||Z;]| = 0).

Notre premier résultat donne une condition suffisante pour la non-dégénérescence de
toutes les limites W¢ 1 < i < d, sous la condition H1. Cette condition suffisante est la

suivante :
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H3. 1l eziste une constante C > 1 telle que, pour tout 1 < i < d, P-p.s.

= <Nf n’ Un+1,0<>>
nz=:0E5 ( )\nUnoo(Z) ]1{<N{,anﬂ+17°°>ZCn} < +oo.
Theorem 1.4.3. Supposons les conditions H1, H2 et v > 0. Alors H3 est une condition

suffisante pour W¢, 1 < i < d d’étre non-dégénérée, c’est a dire
Pe(Wi>0)>0, Pps, 1<i<d (1.37)
De plus, quand W', 1 <i < d sont non-dégénérées, alors
EW' =1 P-p.s., (1.38)
et
Pe(W' =0) =¢'(§) P-p.s. (1.39)

Par le théoréme de Sheffé, 'égalité (1.38) est équivalente a la convergence dans L'
de W vers Wi. Par conséquent on peut voir H3 comme une condition suffisante de la
convergence dans L' de la martingale (W), pour tout 1 < i < d. La propriété (1.39)
indique que, lorsque tous les W sont non-dégénérés, alors W est nulle uniquement sur
I'événement d’extinction du processus de branchement {||Z%| — 0}.

Un des arguments clés pour démontrer ce résultat est la proposition suivante donnant

une loi des grands nombres pour le produit Ag,_; des pseudo-rayon spectraux.

Proposition 1.4.4. Supposons les conditions H1 et H2. Alors l’espérance Klog g est

bien définie, d valeur dans RU {—o0}, et

nl_lgloo %log Aop—1 = Eloghg =~ P-p.s.

On notera que ce résultat permet de reformuler la classification des processus de bran-
chement multi-type en environnements aléatoires : sous les conditions H1 et H2, (Z!) est
surcritique si Elog Ay > 0, critique si Elog A\g = 0, et sous-critique si Elog Ag < 0.

La condition suffisante H3 est malheureusement complexe et difficile a vérifier. Cela
étant, nous allons voir qu’il est possible de la remplacer par d’autres conditions, certes plus

fortes, mais meilleures en pratique. Tout particulierement nous allons établir une condition
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suffisante de non-dégénérescence du type EX log™ X < oo, condition qui s’avérera étre
nécessaire et suffisante sous des hypotheses plus fortes. Les 3 conditions introduites ci-
dessous sont plus fortes que H3, et sont toutes par conséquent des conditions suffisantes

pour la non-dégénérescence des W*.

H4. [l existe une constante C' > 1 telle que, pour tout 1 <i,j <d, P-p.s.,

S (NaG)

n:O ]Wn(iej) -
H5. Pour tout 1 <i <d,

E <<Z{7 U]-,00>

log™ (2}, U 00 :
e g (2, U1) ) < 0

H6. Pour tout 1 <1i,j <d,

i i

40) | 40\
E(Mo(i=j) tog Mo<z',j)><+ |

On peut montrer que, sous les conditions H1 et H2, on a les implications
H6 = H4 = H3 et H6 = H5= H3. (1.40)

En conséquence, les conditions H4, H5 et H6 peuvent remplacer H3 dans le Théoreme
1.4.3. La condition H6 est celle du type EX logt X < oo; elle généralise la condition
classique du cas unitype (1.13) et celle du modele de Galton-Watson (1.8); c’est la plus
facile a vérifier, et elle sera toujours une condition suffisante de non-dégénérescence des
we.

Le prochain résultat est une conséquence directe du Théoreme 1.4.3 et met en avant
la puissance de la propriété de non-dégénérescence des W*. On définit I’événement d’ex-
plosion du processus de branchement (Z%), 1 < ¢ < d, par

E'= { lim |Z] = +oo}.

Corollary 1.4.5. Supposons les conditions H1, H2 et~ > 0. Supposons de plus que ['une
des conditions suivantes H3, Hj, H5 ou H6 est satisfaite. Alors pour tout 1 < i < d on
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aq(§) <1P-ps. et
P(EY) =1—q'(§) P-p.s. (1.41)
De plus, sur 'événement d’explosion E* on a

1 .
lim ElogHZle:’y P-p.s. (1.42)

n—r-+00

L’égalité (1.41) est en fait une réécriture de (1.39), en remarquant que Pe(W* > 0) <
P¢(E") p.s. La relation (1.42) est une loi des grands nombres satisfaite pour le logarithme
log || Z%|| de la population totale || Z%| = Zi(1) + --- + Z(d). On notera que la relation
(1.41) est une extension du résultat de Kaplan [46, Théoreme 1], qui a démontré ce
résultat dans le cas ot ¢ < My(i,7) < C p.s. avec ¢ > 0 et C' > 0 des constantes, et ou
les moments d’ordre 2 conditionnellement a £ des lois de reproductions sont bornés p.s.
par une constante strictement positive. On fait aussi référence a Tanny [68, Théoreme 1]
qui a montrer (1.41) et (1.42) sous la condition que ¢;(§) = 1 p.s. pour tout i ou ¢;(§) < 1

p-s. pour tout .

On introduit maintenant la condition suivante de Furstenberg et Kesten [26] :

HT7. Il existe une constante D > 1 telle que P-p.s.,

max Mo(i, 5)

<D.

= iy Mo(i, j)

Il est évident que My > 0 p.s. sous la condition H7, ainsi H7 implique H1. La condition
H7 simplifie énormément 1’étude du processus de branchement Z:. Notamment, combinée
a I'équation (1.31), elle permet d’obtenir la minoration U, o (i) > C p.s. pour tout 1 <
i < d,ou C > 0 est une constante. Avec cette minoration on peut controler les termes
qui dépendent du futur (&,,&+1,--+) et qui compliquent de facon importante 1'étude.
Par exemple, on montre que, sous les conditions H7 et H2, les implications (1.40) sont

renforcées par les équivalences suivantes :

H4 < H3 et H6 < H5; (1.43)
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si de plus la suite des environnements (&) est i.i.d., alors on a
H3 < H4 < H5 < H6. (1.44)

Les équivalences (1.43) et (1.44) permettent de donner une condition nécessaire et
suffisante pour la non-dégénérescence de tous les W*, sous la condition H7. Le résultat

est le suivant :

Theorem 1.4.6. Supposons les conditions H2, H7 et v > 0. Alors la condition H4 est
nécessaire et suffisante pour que Wi, 1 < i < d, soient non-dégénérées (au sens de (1.37)) ;
cette condition est équivalente & H6 quand l'environnement (&,) est i.i.d. De plus, lorsque
Wi 1 <1i<d, sont non-dégénérées, alors (1.38) et (1.39) sont satisfaites.

Comportement asymptotique du processus de branchement (7!)

Le but de cette section est d’étudier le comportement asymptotique de (Z¢). Sous
les hypotheéses du corollaire 1.4.5, on sait déja que [|Z%|| — +o0o avec une vitesse expo-
nentielle, dans le cas otl les W* sont non-dégénérés. On s’intéresse maintenant aux coor-
données Z'(j), 1 < 4,7 < d. Pour cette étude, on se placera toujours sous la condition
de Furstenberg-Kesten H7 et pour un environnement (&,,) i.i.d. Notre objectif principal
est d’établir un théoréme de type Kesten-Stigum pour le processus de branchment (Z?),
généralisant le théoreme de Kesten-Stigum [49] pour le modele de Galton-Watson.

On considére tout d’abord la direction du vecteur Z:. On a besoin ici d'un autre
résultat de Hennion [40, Théoreme 1] : sous la condition H1, pour tout n > 0 la suite

(Vonik/ IVans k| k=0 converge en loi vers un vecteur aléatoire de norme 1, noté Vo o, > 0 :

Vnn I
JAL GO U A (1.45)

|| ‘/n,'n-i-k || k=400

ou 28 désigne la convergence en loi sous la mesure P. Quand P(E?) > 0, on définit

donne une comparaison de la direction du vecteur Z! avec celle du vecteur propre a gauche

E") la mesure de probabilité conditionnellement & E*. Notre premier résultat

Vo,n—1 du produit de matrices M ,—1. On établit de plus la convergence en loi du vecteur
direction Z: /|| Z:]|.

Theorem 1.4.7. Supposons les conditions H2, H7 et v > 0. On suppose de plus que

la suite des environnements & = (§o,&1,-++) est i.i.d. Alors, pour tout 1 < i < d tel que
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P(E*) >0, on a

Zi ‘/077,—1 ]PEi
no % e, (1.46)
HIlZ}lll [Vos—1]l || m=toe

de plus, conditionnellement a l’événement E*, la suite (Z' /|| Z || n>0 converge en loi vers
VO,oo N

Zb ) —
n Vo (1.47)
| ZE || n—+oe

Ce théoreme généralise le résultat de Kurtz, Lyons, Pemantle et Perez [54] établi pour
le modeéle de Galton-Watson, ot dans ce cas la convergence (1.47) est presque stire et le
vecteur Vg o est déterministe.

(’est la combinaison du Théoréme 1.4.7 et de la convergence presque stire Wi — W* de
la martingale qui permet de trouver une bonne normalisation des coordonnées Z¢ (j) pour
que celles-ci convergent. Plus précisément, le théoréme suivant établit une convergence
en probabilité de la composante Z/(j) sous deux différentes normalisations : E¢Z!(j) =
Mon-1(i,7) €t pon-1Von-1(j). On donne aussi une condition nécessaire et suffisante pour

la non-dégénérescence de leurs limites.

Theorem 1.4.8. Supposons les conditions du Théoréme 1.4.7. Alors, pour 1 <i,j <d,

40 Zi () .
]E‘EZ%(]) ]\[(),n—l(z«,]) n—-+o0o ( )
et
74 (4 '
) s W) (1.19)

pO,n—lVb,n—l (]) oo

De plus, les variables limites Wi, 1 < i < d, sont non-dégénérées (au sens de (1.37)) si
et seulement si H6 est satisfaite ; quand H6 est vraie, on a (1.38) et (1.39).

Notons que les deux normalisations My ,—1(4,7) et pon—1Von—1(j) sont en réalité équi-
valentes quand n — 400 modulo une variable aléatoire strictement positive : c’est le
résultat de Hennion [40, Théoréme 1], qui annonce que sous la condition H1 on a, quand

n — +00,

Mon-1(i, j) ~ Uoeo(i)pon-1Von-1(j), avec Upoo(i) > 0 P-p.s. (1.50)
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Ainsi les convergences (1.48) et (1.49) sont totalement équivalentes.

La premiére convergence (1.48) peut étre comparé a celle de Cohn [17], qui a annoncée
Z3,(3)
B¢ 2}, (7)
résultat était faux (voir section 1.3), il avait tout de méme trouvé la bonne normalisation.

une convergence L? de sous certaines conditions. Méme si on a montré que son

La convergence (1.49) correspond a celle du théoreme de Kesten-Stigum (1.7) établie pour
le modele de Galton-Watson. La seule différence vient dans le mode de convergence (en
probabilité pour (1.49) et presque siire pour (1.7)).

Sous les conditions H2 et H7, Furstenberg et Kesten [26] ont établi une loi des grands
nombres pour les composantes My ,—1(i,j) du produit de matrices My,_1 : pour tout
1<i,j<d,

nl_l}}_l@% log Mo ,—1(3,5) =~ P-pas. (1.51)

En combinant les convergences (1.48) et (1.51) avec la relation (1.41) donnant E* = {W* >
0} sous la condition de non-dégénérescence H6, on obtient la propriété suivante : sous
H6 et conditionnellement a 1’événement d’explosion E’, toutes les coordonées Z'(j) du
processus de branchement tendent en probabilité vers +o0o avec une vitesse exponentielle.
En conséquence du Théoreme 1.4.8, on peut obtenir le comportement asymptotique de

la norme || Z!||, c’est & dire le nombre total de particules du processus Z! a la génération

n.

Corollary 1.4.9. Supposons les conditions du Théoréeme 1.4.7. Alors pour tout 1 < i < d,

A 12, P,
n k — n . H M/'Z
[BeZi | [1Mopa (i)l motoe

et
A P ; .
|| n” WZU07OO(/L),
Pon—1Von-1]| n=tee
Sous des conditions de moments supplémentaires sur les lois de reproductions et sur les
matrices moyennes, on montre que les convergences en probabilité des Théorémes 1.4.7,

1.4.8 et 1.4.9 peuvent étre renforcées en convergences presque sires.

Theorem 1.4.10. Supposons les conditions H2, H7 et v > 0. On suppose de plus la

suite des environnements £ = (&, &y, -+ ) est i.i.d. On fait aussi Uhypothése que pour un
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certain p > 1,

max E L(j) p<+oo et E[|Mol|"" < +o0
1<i,j<d My(i,7) 0 |

Alors les propositions suivantes sont satisfaites :

1. Wi 1 <i<d sont non-dégénérées, et (1.38) et (1.39) sont vérifiées.

2. Pour tout 1 <i <d, P-p.s. sur l’événement E',

Zi ‘/On—l
A — 0.
H 1Zall - Vomall || ntoe
3. Pour tout 1 <14,j <d,
Z,j) _  Zy()

() — — W' P-ps,
EcZi(5)  Mon_1(i,j) n—o+ D

Z(5) i ,
— P s W'Upe(i) P-p.s.
Po.n—1Von—1(j) nr+oo 00 () b

4. Pour tout 1 <1 <d,

17 17 -
nl_ — W' P-p.s.,
B Zill ~ [Mopr(i,-)[] mortos P

12l -
. ni s W, i P—p_s_
pO,n—l ” ‘/O,n—l || n——400 0700( )

(1.52)

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)

1.4.2 Convergence dans [” pour un processus de branchement

multi-type surcritique en environnement aléatoire

Dans cette section, on cherche a étudier la convergence dans LP de la martingale fon-

damentale (W) et des composantes normalisées Z:(j)/E¢Z%(j) pour tout 1 < i,j < d.

Jusqu’a présent, on sait que (W) converge p.s. vers W* (voir Théoreme 1.4.1), et les

n

suites Z!(7)/E¢Z!(j) convergent en probabilité vers W sous les conditions du Théoréme

1.4.8. On a de plus établi des conditions suffisantes pour la non-dégénérescence des limites
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W?* (voir Théoremes 1.4.3 et 1.4.6), et par le théoréme de Sheffé la non-dégénérescence
de W' est équivalente aux convergences W — W' et Z!(j)/EcZi(j) — W* dans L'.
Notre objectif est maintenant de trouver une condition suffisante, ou mieux nécessaire et
suffisante, pour la convergence dans LP de ces suites, et de montrer que toutes ces conver-
gences surviennent avec une vitesse exponentielle que I’on explicitera dans certains cas.
On cherche en fait a étendre au modele multi-type en environnement aléatoire les résultats
¢tablis par Guivarc’h et Liu [38] et Huang et Liu [44] pour le cas uni-type. Notons que
Jones [45] et Biggins, Cohn et Nerman [12] ont respectivement étudier les convergences
L? et LP pour les processus de branchement en environnement variables ; leurs résultats
peuvent s’appliquer pour les PBMEA, et donne ainsi des conditions suffisantes pour la
convergence L? conditionnellement a I’environnement £. On mentionne aussi le travail de

Cohn [17] dans lequel il a anoncé une condition suffisante de convergence L? pour un

PBMEA.

Convergence de la martingale (W) dans L”

On commence par I'étude de la convergence LP de la martingale (W), pour tout
1 < i < d. Pour établir une condition suffisante pour la convergence LP de (W}), on a

besoin de notations supplémentaires. On définit
I:= {s§0: EMy(i,7)° < 400 Vi,j=1,---,d}.

On remarque que [ est un intervalle, en conséquence de I'inégalité de Holder. Il est clair
que s’il existe s € I avec s < 0, alors My > 0 p.s., et donc la condition de positivité
H1 est vérifiée. Soit S = {z € R? : 2 > 0, ||| = 1} I'intersection de la sphére unité de
R? avec le quadrant positif. On définit pour M € G2 l'action projective de M sur S par

M-z = ”%2”, x € 8. On considere C(S) l'espace des fonctions continues sur S a valeurs

réelles, que 'on munit de la norme
I€lloe = sup [l € C(S). (1.58)

Pour tout s € I, on peut définir 'opérateur de transfert P, associé a la matrice My : pour
tout p € C(S),

Pop(w) = E[|[ Moz *eo(My - w)], z€S. (1.59)
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On montre que pour tout s € I, la limite

. S1/n
k(s) = lim (| Mon|*) (1.60)

n—-+o0o

existe avee k(s) < 400; de plus k(s) est le rayon spectral de 'opérateur Ps. En dimension
1, la fonction x correspond a la transformée de Laplace de la variable aléatoire my = M,.
On notera que & est log-convexe sur [.

Le premier théoréeme que l'on présente donne une condition suffisante pour la conver-
gence dans LP des martingales (W), 1 <7 < d. On montre aussi que cette condition est

nécessaire quand la condition de Furstenberg-Kesten H7 est satisfaite.

Theorem 1.4.11. Soitp > 1 tel que 1 —p e 1. Si

max E(]\IO(() ) <400 el k(l—p) <1, (1.61)

1<i,j<d ,7)

alors W} - Wi dans LP pour tout 1 < i < d. La réciproque est aussi vraie sous la
n—-+0o0o

condition de Furstenberg-Kesten H7.

Ce résultat généralise celui de Guivarc’h et Liu [38, Théoréme 1.3] du modeéle uni-type
en environnement aléatoire (d = 1). Notons que la condition surcritique 7 > 0 n’apparait
pas dans le Théoreme 1.4.11; en fait, sous la condition H2, on a log k(1 — p) > (1 — p)y
par application de 'inégalité de Jensen, et donc (1.61) implique que v > 0.

Le résultat suivant établit que, sous la condition (1.61), la convergence W — W dans
L? est avec une vitesse exponentielle.

Theorem 1.4.12. Soit p > 1 tel que 1 —p € 1. Supposons la condition (1.61).

1. Si1 < p<2, alors en notant 6,(p) := k(1 —p)*/? on a

lim sup d0.(p)~" (E\W,ZL - Wi]p) v < +o00. (1.62)

n——+00
2. Sip> 2, alors §.(p) := max {/{(1 —p)l/p,/i(—p/Z)l/p} <1, et

lim 6 (EW - W) =0 s> 6.p). (1.63)

n——+00

Ce théoreme étend le resultat de Huang et Liu [44] pour le cas d = 1 avec la vitesse

d.(p)™ correspondante. On peut remarquer que pour p > 2, en utilisant I'inégalité de
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Holder’s sur E|| Mo, _1||77/? puis en faisant n — o0, on obtient que x(—p/2)*? < x(1 —
p)/P=1) " par conséquent, la condition (1.61) implique que d.(p) < 1.1l a de plus été montré
dans [44] que d.(p) correspondait a la vitesse optimale pour d = 1 sous des conditions de

moments additionnelles, ainsi cela devrait étre pareille pour le cas multi-type.

La preuve des Théoremes 1.4.11 et 1.4.12 se base sur celle du cas d = 1 (voir [44]).
Toutefois notre étude est plus complexe, diie au fait que W dépende de tous les environ-

nements (§o, &1, -+ ) et pas seulement des environnements passés (&, -, &n1)-

La premiére étape de notre démonstration est de montrer que (1.61) est une condition
suffisante pour avoir les convergences Wi — W dans LP. On prouve en méme temps
le Théoreme 1.4.12 donnant la vitesse exponentielle. Pour p € (1,2], le principe est de
controler la norme LP, conditionnellement a &, des accroissements de la martingale W, | —
W en termes de (Ao,—1Uo0(2))' ™" (on utilise pour cela I'inégalité de Marcinkiewicz-
Zygmund [16, Théoréme 1.5]). Ensuite, on prends I'espérance conditionnellement au futur
T"¢ = (&ny&ntt, -+ ), donnant une borne en Egng(Ag,—1Up (7)) 7. On démontre enfin
que Erng(Xon—1Up.00(i))' 7 < Ck(1 — p)™ p.s., ou C' > 0 est une constante, ce qui donne
la bonne vitesse de convergence dans LP de la martingale (W?). Pour p > 2, on fait une

preuve par récurrence sur la valeur de p.

La deuxiéme étape est la preuve que la condition (1.61) est nécessaire. Pour ce faire,
on établit des propriétés spectrales de I'opérateur de transfert P, avec s < 0. Plus préci-
sément, on montre que pour tout s € I, le rayon spectral x(s) de l'opérateur Ps est une

valeur propre de P, et qu'il existe une fonction r; € C(S) strictement positive telle

La fonction propre rg permet de faire apparaitre dans les calculs la quantité x(s) sans
passage a la limite quand n — +o00 (voir (1.60) pour la définition de x(s)); avec ceci, on

obtient la condition nécessaire k(1 — p) < 1 avec une inégalité stricte.

Convergence des composantes normalisées 7/ (j)/E¢Z.(j) dans L?

On s’intéresse maintenant a I’étude de la convergence L? de Z! (j)/E¢Z%(5), 1 <i,j <
d, les composantes du processus (Z!) normalisées par leurs moyennes respectives condi-
tionnellement a I'environnement . Comme pour le Théoreme 1.4.8, on se placera sous
la condition de Furstenberg-Kesten H7. Le théoréeme suivant donne une condition né-

cessaire et suffisante pour la convergence dans LP de toutes les composantes normalisées
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Z3(5)/Ec Z,, (7).
Theorem 1.4.13. Supposons la condition H7. Soit p > 1 tel que 1 —p € 1. Alors

7% (4 ; - . . . .
W(f()u) njoo W* dans LP pour tout 1 < i,7 < d si et seulement si (1.61) est salisfaite.

Pour finir, sous la condition (1.61) on montre la convergence dans LP avec vitesse
exponentielle de Z¢ (5)/E¢Z:(5), 1 < 4,7 < d.

Theorem 1.4.14. Supposons la condition H7. Soit p > 1 tel que 1 —p € I et (1.61) est
satisfaite. Alors il existe 6 € (0,1) tel que

lim §°" (]E L)

p\ 1/p
— =0. 1.64
n—+oo Mo pn-1(1, ) ) ( )

Pour démontrer les Théoremes 1.4.13 et 1.4.14, on se sert de nos résultats concernant

la convergence L? de la martingale W, (Théorémes 1.4.11 et 1.4.12), et on montre que
pour tout 1 < i,j < d, la différence Z’(j)/Mon-1(i,j) — W} converge dans L¥ vers 0
avec une vitesse exponentielle. La preuve de ces convergences est basée sur le résultat de
Seneta [64, Théoréme 4.19] qui établit sous des conditions convenables la convergence des

produits de matrices stochastiques avec une vitesse exponentielle.

1.4.3 Borne de Berry-Esseen et moments harmoniques pour un
processus de branchement multi-type surcritique en envi-

ronnement aléatoire

On a précédemment établit une loi des grands nombres pour le logarithme de la popula-
tion totale log || Z!|| (cf. Corollaire 1.4.5). Maintenant, notre principal objectif dans cette
section est de démontrer un théoréme central limite (TCL) pour log || Z: ||, et d’établir un
théoreme de type Berry-Esseen pour log || Z¢ || donnant une vitesse de convergence pour ce
TCL. Pour cela, une étape importante de la preuve est I’étude de 'existence des moments

harmoniques des limites presque stires W des martingales (W} ).

Moments harmoniques de W*

On cherche a établir existence des moments harmoniques E(W#)~ (a > 0), des
variables aléatoires W¢. Pour le cas uni-type en environnement aléatoire, on peut citer le
résultat de Huang et Liu [43] ainsi que ceux de Grama, Liu et Miqueu [30, 31]. Le cas

multi-type (d > 2) n’avait pas été traité jusqu’a présent.
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Pour tout n > 0, on définit le vecteur po(&,) et la matrice Py (&), dont les composentes
sont :
ofn

pO(gn)(Z) = frlz(o) et Pl(gn)(2~7) = Os. (O)v 1<4,j <d.

Autrement dit, pour tout 1 <i,7 <d, on a
po(6)(0) = Prag(| Zi]| = 0) et Pi(&)(6,5) = Prog(Z] = ¢;).

Remarquons qu’il est nécessaire d’avoir W* > 0 p.s. pour que E(W)~% < 400 pour un
certain ¢ > 0. Le résultat du Théoréme 1.4.3 nous assure, sous de bonnes conditions,
de la non-dégénérescence des limites W?, 1 < i < d, et on a la relation (1.39), c’est a
dire PP (Wi = O) = ¢'(€) p.s. Ensuite, pour avoir W’ > 0 p.s., on introduit la condition

suivante :
HS. Le vecteur po(&o) = (f3(0),- -+, f&(0)) satisfait
po(é) =0 P-p.s. (1.65)

La condition H8 signifie que chaque particule du processus de branchement donne
naissance a au moins une autre particule; ainsi, sous H8, le processus (Z’) ne peut pas
s’éteindre, donc P (VVZ = 0) = ¢'(¢) = 0 p.s. quand W' est non-dégénérée.

Tout d’abord, on étudie I'existence des moments harmoniques E(W?)~* sous la condi-

tion suivante de bornitude de moments conditionnellement a I’environnement €.

H9. Il existe des constantes p € (1,2], A > Ay > 1 et Ay > 0 telles que pour tout
1<i4,5<d, P-p.s.

Ay < Mo(iyj), A< [[Mo(i, o)l et Ee(Z1(j)F) < A

La condition H9 est tres forte, en particulier elle implique que les entrées My(i, j)
de la matrice moyenne M, sont toutes bornées inférieurement et supérieurement par
des constantes : on a Ay < My(i,7) < A p.s. pour tout 1 < 4,5 < d. La condition
Ay < ||My(i,-)|| p-s. avec A; > 1 signifie qu'une particule de type ¢ produit en moyenne
plus qu’une seule particule a la génération suivante. De plus, H9 implique les conditions

H1, H2, H6, ainsi que la condition surcritique v > 0.
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L’intérét d’introduire la condition H9 est qu’elle va permettre d’établir une équation
identifiant 1’exposant critique des moments harmoniques des variables W*. Pour écrire

cette équation, on introduit la fonction x; définie sur R, par

n—1 1/n
k1 (a) = nng(EuMo,n_lna I P.(&) ) , (1.66)
k=0 o0
oll || - ||e st la norme opérateur sur My(IR) associée a la norme L* usuelle de R? :

— ; d.
|2l := max |2(i)], = €RS

sup || M|, M € My(R).

llzlloc=1

1Moo :

On montre que, sous la condition H9, k1 (a) existe pour tout a > 0 avec 0 < k1(a) < +o0.
De plus, k1 est une fonction continue et croissante sur R, avec £;(0) = p(EPl ({0)), ou
p(]EPl (fo)) est le rayon spectral de la matrice EP;(&). Pour toute variable aléatoire X,

on notera || X || L=~ := esssup(X) le sup essentiel de X.

Theorem 1.4.15. Supposons les conditions H8, H9 et ||| P1(&o)]lool|z> < 1. Pour a >0

fixé, les implications suivantes sont satisfaites :
(1) siki(a) <1 alors E(W*)~* < 400 pour tout 1 <1i <d;
(2) si E(W)~* < 400 pour tout 1 < i < d, alors ki(a) < 1.
Une conséquence directe du Théoreme 1.4.15 est le résultat suivant.
Corollary 1.4.16. Sous les conditions du Théoréme 1.4.15, on a :

(1) E(WH)™ < 400 pour tout 1 < i < d et a > 0 si et seulement si EP;(&) est

nilpotente ;

(2) si EPy (&) n’est pas nilpotente, alors il existe une unique constante ag > 0 vérifiant
k1(ag) =1, (1.67)
et

' < +oo sia€|0,ap),
max E(W*)™® o)
1<i<d =400 sia € (ag,+00).
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Ce résultat met en évidence deux situations possibles. La partie (1) donne une condition
nécessaire et suffisante pour que tous les moments harmoniques E(W*)~® existent, & tous
les ordres a > 0. Lorsque cette condition n’est pas satisfaite, la partie (2) nous dit que
la quantité ag, unique solution de I’équation (1.67), est la valeur critique pour 'existence
des moments harmoniques des W¢ 1 < i < d. Nos résultats du Théoréme 1.4.15 et du
Corollaire 1.4.16 étendent ceux établis par Huang et Liu [43] pour le cas uni-type (d = 1),
a ceci pres qu’ils ont montré dans leur cas que la condition x4(a) < 1 était nécessaire et
suffisante pour 'existence des moments harmoniques E(W1)~¢. Malheureusement, nous ne
savons pas si les moments harmoniques a ’ordre ag existent ou non pour le cas multi-type,
mais nous intuitons que maxj<;<4 E(W?%) ™% = 400, ce qui correspondrait au résultat pour
d=1.

On s’intéresse maintenant & démontrer 1existence des moments harmoniques E(TW*) ¢
sous une condition plus faible que H9. Ce probleme a été étudier par Grama, Liu et
Miqueu dans [30, 31] pour d = 1. L’idée est de remplacer la condition de bornitude
H9 par une condition de moment plus faible, sous laquelle E(W*)~® < +o00 pour tout
1 <i <deta>0suffisamment petit. En contrepartie, sous cette nouvelle condition nous

n’aurons plus d’information sur ’exposant critique. Pour tout n > 0 et p > 1, on pose

= max K,
1<i,j<d

La condition de moment est la suivante :

H10. Il existe deuzx constantes p € (1,2] et n € (0,1) telles que
E|| My ||" < 400, 1I<11a><<dEM0(z',j)_" < +4oo el Eby(p)" < +oo.
<ij<

On remarquera que, tout comme H9, la condition H10 implique aussi les conditions
H1, H2 et H6. Comme indiqué ci-dessus, le prochain résultat donne une condition suf-
fisante pour ’existence des moments harmoniques des limites W*# pour un ordre a > 0

petit.
Theorem 1.4.17. Supposons les conditions H8, H10 et v > 0. Alors il existe a > 0 tel

que E(W?)~* < +o00 pour tout 1 <i < d.

Théoréme central limite pour log || Z! ||
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Pour le processus de branchement uni-type en environnement aléatoire, il a été établi
par Huang et Liu [43] un TCL pour log Z,, le logarithme de la population totale du
processus. On voudrait maintenant une généralisation de ce résultat pour le multi-type,
c’est & dire établir un TCL pour log || Z% ||, pour chaque 1 < i < d. Pour cela, en utilisant la
définition de la martingale W (cf. (1.34)), on obtient deux importantes inégalités faisant

le lien entre log || Z% || et log || Mo.—1(2, )|l :

log | Z4| < 10g [[Mo o1 (i, )| + log W — anin log Uy el (1.68)
VRS
t0g 123 2 10g [ M1, )| + log Wi -+ i, log Up,ee(i). (1.69)

On se souvient que (U, ) est une suite stationnaire ergodique de vecteurs aléatoires
strictement positifs. De plus, si la limite W de la martingale (W) est non-dégénérée
(cf. Théoreme 1.4.3), alors on aura log Wi — log W' p.s. quand n — +oo, ot log W* est
une variable aléatoire finie p.s. De ces deux propriétés, on en déduit que les deux termes
log W et minj<;<qlog U, «(j) normalisés par v/n vont tendre vers 0 en probabilité. Ainsi,
a partir du TCL pour log ||[Mo,,—1(7, )| établi par Hennion dans [40] et en utilisant les
inégalités (1.68) et (1.69), on obtient un TCL pour log || Z¢||. Pour appliquer le résultat

de Hennion, on a besoin de la condition suivante :

H11. La matrice My satisfait
E(log || My]|)? < +oc.

On notera que cette condition implique H2 (la condition sous laquelle 'exposant de

Lyapunov « existe). On présente maintenant notre TCL pour log || Z¢]|

Theorem 1.4.18. Supposons les conditions H1 et H11. On suppose de plus les conditions
HS8, H6 et~ > 0. Alors il existe 0 > 0 tel que pour tout 1 <1 < d, quand n — oo,

log | Z})|| —
Og”nylm—)_/\/’(o,aQ) en loi,

NG

ou N(0,0%) est la loi normale de moyenne 0 et de variance o>.

Ce résultat est une généralisation du TCL établi par Huang et Liu [43] pour le cas
uni-type. On peut remarquer deux jeux de conditions dans le Théoreéme 1.4.18. Le premier

contient H1 et H11, ce sont les conditions d’application du TCL pour log || Mg ,—1 (i, -)||
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dans [40]; le deuxiéme , correspondant & H8, H6 et v > 0, est 'ensemble des conditions

pour que les limites TW* soient non-dégénérées (Théoréme 1.4.3).

Bornes de type Berry-Esseen pour log || Z! |

Le but de cette section est d’établir un théoréme de type Berry-Esseen pour log || Z: ]|, le
logarithme de la population totale || Z¢ || du processus de branchement. Plus précisément,
on démontre une convergence uniforme dans le TCL de log || Z¢ || (cf. Théoréme 1.4.18),
avec une vitesse en ﬁ Pour le cas uni-type d = 1, ce probleme a déja été étudier par
Grama, Liu et Miqueu dans [31].

On remarque que la variance asymptotique o2 définie dans le Théoréme 1.4.18 peut
étre nulle, un cas dit "dégénéré" qu’on ne cherchera pas a étudier. C’est pourquoi nous

feront par la suite ’hypothese suivante :

2

H12. La variance asymptotique o° satisfait

o > 0.

Notre preuve du théoréme de type Berry-Esseen pour log||Z!|| est essentiellement
basée sur I'application du Théoreme 1.4.17 donnant I'existence des moments harminiques
E(W)~® pour a > 0 suffisamment petit. En particulier, on supposera la condition de

moment H10 sous laquelle, par un résultat de [75], la variance o2 satisfait

. 1
o2 = lim —E[(log || Mon—12|| — n’y)Q],

n—+0o n,

—t*/2 4t est la fonction de

uniformément en x € S. On rappelle que ®© : = — \/% [foe
répartition de loi normale centrée réduite, définie sur R. Le théoréme suivant donne une

borne de type Berry-Esseen pour log || Z: .

Theorem 1.4.19. Supposons les conditions H8, H10, H12 et v > 0. Alors il existe une
constante C' > 0 telle que pour toutn > 1, r e R et 1 <1i <d,

log || Z, || — ny
Pl —2——-< - o < .
‘ ( o " ) —Vn

Notons que le Théoreme 1.4.19 peut en particulier s’appliquer pour le cas uni-type (un

C

résultat déja existant sous d’autres hypotheéses dans [31]). Dans ce cas, on a v = Elogmyg

et 0 = E(logmg — 7)?, ot mg = E¢Z;; de plus, il est intéressant de remarquer que la
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condition de moment H10 peut se simplifier en la suivante : il existe deux constantes
p€ (1,2] et n e (0,1) telles que

Z P
Em{ < +00 et Eby(p)" < +oo, ot by(p) = Eg’# - 1‘ : (1.70)
0

Pour démontrer le Théoreme 1.4.19, on revient aux inégalités (1.68) et (1.69) qui
permettent une comparaison de log || Z¢|| avec log || My, —1(4,-)||. La premiére étape est
d’établir un bon controle des termes restes log W) et log U, (7). Le plus difficile est
log W. Par le Théoréme 1.4.17, on a Pexistence des moments harmoniques E(W*)~® pour
a > 0 suffisamment petit, ce qui aura pour conséquence la convergence dans L' de log W}
vers log W* avec une vitesse exponentielle. Dans la seconde étape, on donne une vitesse en

1 . S log || Z} || =y log | Mo,n—1(i,) || =ny . s
Tn de la convergence de la loi jointe ( oo P~ . Pour cela, on utilise les

inégalités (1.68) et (1.69) avec les controles des restes log W et log Uy, o (j) précédemment
obtenus, puis on applique le théoreme de type Berry-Esseen pour log || Mg ,—1(7, )| établi

par Xiao, Grama et Liu [75].

1.4.4 Déviations modérées de type Cramér pour un processus
de branchement multi-type surcritique en environnement

aléatoire

Toute cette section est consacrée a ’étude des déviations modérées de type Cramér pour
log || Z%|| (c’est & dire le logarithme de la population totale || Z!| = Zi(1) + - -- Z(d)), et
cela pour tout 1 < i < d. Ce probléme a été résolu pour le cas uni-type dans [31] par
Grama, Liu et Miqueu.

On rappelle que C(S) est 'espace des fonctions continues sur S a valeurs réelles, et
qu’il est muni de la norme L définie par (1.58). On avait défini opérateur de transfert
P, pour s € I (cf. (1.59)). En fait, sous la condition de moment H10, on peut définir P
pour tout s € [—n, 7], ceci de la fagon suivante : pour tout ¢ € C(S),

Pp(w) == E[|| Moz *e(My - z)], z€S. (1.71)
De méme, sous H10, pour tout s € [—n, ] la limite

X s\ 1/n
k(s) == lim (E|Mon ) (1.72)

n—-+oo
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existe avec k(s) < +00, et k(s) est le rayon spectral de I'opérateur P (cf. [13, Proposition
3.1] et [33, Proposition 3.1]). Soit A(s) := log k(s), s € (—n,n). Il est connu que, sous la
condition de moment H10, la fonction s — A(s) est analytique sur l'intervalle (—n,n)
lorque 1 > 0 est suffisamment petit (voir par exemple [11, Lemme 10.17]). On peut alors
définir v, := A®(0) pour tout k£ > 1, avec en particulier 7, = v et 7o = 2. On écrit la

série de Cramér ( associée a la fonction A comme suit :

Y3 Yaye — 372 ; Y572 — 10747372 + 1573 2

+o 1.73
675/ 2473 12075 (173)

() =

qui converge lorque |t| est suffisamment petit.

Le théoréme suivant donnent les déviations modérées de type Cramér pour log || Z||.

Theorem 1.4.20. Supposons les conditions H8, H10, H12 et v > 0. Alors, pour tout
0<z<o(yn)etl<i<d, quand n — +oo,

P(legnzm—m S x) ,

a\/n EAp s 1+ZL‘
_ ) 1
T e 140 vl (1.74)
et
P<1og 1Zi)-ny _x) ,
ovn ,ﬁc(,i) 1+
=e Vo Vn'|] . 1.
(1) e { —|—O< Tn (1.75)

Comme indiqué dans la section précédente, dans le cas uni-type (d = 1) la condition
H10 se simplifie en (1.70). On rappelle que 'on peut trouver se résultat pour d = 1 dans
[31] sous un autre jeu d’hypotheses, mais il est totalement nouveau pour d > 2. Par le
Théoréme 1.4.20, on en déduit les déviations modérées pour log || Z:|| avec x = o(n'/%)

quand n — +o0.

Corollary 1.4.21. Supposons les conditions du Théoréeme 1.4.20. Alors, pour tout 0 <
r <o(n'/%) et 1 <i<d, quand n — +oo,

P(log 1Zi)=ny < m)
ov/n 1+
) o(i), -
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et
P<log||Z;iH—m < _x>
ov/n 14z
) o[t e

Pour la preuve du Théoréme 1.4.20, ’idée est de reprendre le méme raisonnement que
pour celle du Théoréme 1.4.19 (théoreme de type Berry-Esseen pour le MBPRE), mais
en remplagant la mesure PP par une toute nouvelle mesure de probabilité notée PS¢ avec
s € (—n,n)et1 <i<d. Ladéfinition de P% s’appuie sur la théorie spectrale de 'opérateur
de transfert P; (voir Buraczewski, Damek, Guivarc’h et Mentemeier [13], Guivarc’h et Le
Page [36], Xiao, Grama et Liu [75]). Notamment, sous H10, pour tout s € (—n,n) avec
n > 0 suffisamment petit, il existe une unique fonction strictement positive r, € C(S) de

norme ||7s]|~ =1 telle que
Porg = k(s)rs; (1.78)

autrement dit, k(s) est une valeur propre de Uopérateur Ps, et r4 est une fonction propre

associée. Pour tout 1 < ¢ < d, on considere le processus
Xoi=e, et Xgi=M, e n>1,

qui forme une chaine de Markov sur S. Grace a 1'égalité (1.78), on définit la mesure de
probabilité P¢ et I'espérance associé¢e ES de la fagon suivante : pour tout n > 1 et toute

fonction mesurable bornée h sur X",

||M(¥:n—1ei”8705(X7eLj)

E K(s)™rs(e;)

h(So, - ,gn_l)] = EZ (S0, )] (1.79)

Pour démontrer le Théoreme 1.4.20, 'objectif est d’étendre le Théoreme 1.4.19 pour
la mesure changée P, et cela uniformément en s € (—n,n). Plus précisément on montre
que, sous les conditions du Théoreme 1.4.20 et pour n > 0 suffisamment petit, il existe

une constante C' > 0 telle que pour tout n > 1 et z € R,

e; (IOg ”Z;LZH — TLA/(S)
P
os\/n

< \% (1.80)

sup
s€(—nm)

< g:) — &()

olt 02 = A”(s). Une fois que (1.80) est prouvé, on obtient un bon contrdle de la loi jointe
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(log IIZjSII\;SA/(s)’ log ”MO’W;S(\%”_M (5)) uniformément en s € (—7, 1), et on conclut la preuve

du Théoreme 1.4.20 en utilisant les arguments de Petrov [63].

Il reste a voir comment on démontre (1.80), c’est a dire une borne de type Berry-
Esseen pour la mesure changée P uniforme en s € (—n,n). L’idée est de reprendre les
arguments de la preuve du Théoreme 1.4.19 en considérant la mesure P a la place de IP.
On repart des inégalités (1.68) et (1.69). Le principale défi est de donner un bon contrdle
des termes restes log W et log U, «(j) sous la mesure changée P%, et cela uniformément
en s € (—n,n). Pour cela, on établit une condition suffisante pour 'existence des moments
harmoniques des limites W* sous P¢ uniformément en s € (—n,7) : sous les conditions du
Théoreme 1.4.20 et pour n > 0 suffisamment petit, on montre qu’il existe a > 0 tel que

pour tout 1 <1 < d,

sup E4(WH™ < 4o0. (1.81)
s€(=n.m)

Par la relation (1.81), on en déduit la convergence dans L' de log W vers log W' sous
la mesure P% uniformément en s € (—n,n), avec une vitesse exponentielle. On trouve
plus facilement une borne pour le deuxieme terme log U, o (j). On controle enfin le terme
principal log ||[My,—1(7,-)|| des inégalités (1.68) et (1.69) en utilisant la borne de type
Berry-Esseen sous la mesure changée P (uniforme en s € (—n,7)) établie par Xiao,
Grama et Liu [75].
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Chapter 2

A Kesten-Stigum type theorem for a super-
critical multi-type branching process in a ran-

dom environment

Résumé. On consideére un processus de branchement d-type et surcritique Z! = (Z!(1),
<+, Z4(d)), n > 0, dans un environnement aléatoire £ = (&y, &y, . ..) i.i.d., en commencant
avec une particule de type ¢, pour qui la loi de reproduction a la génération n dépend de
I’environnement &, au temps n. Dans le cas d’un environnement déterministe, le célebre
théoreme de Kesten-Stigum (1966) donne essenticllement que, si la matrice des moyennes
des lois de reproduction a un rayon spectral p > 1, alors pour tout 7,57 = 1,...,d,

~ . 70 (4 . . . ..
presque stirement lim,, . % existe et est finie; de plus, les variables limites sont non-

dégénérées si et seulement si E (Z{ () log* Zi(j )) < o0 pour tout i et j. L’extension au
modele en environnement aléatoire avec d = 1 a été faite par Athreya et Karlin (1971)
et Tanny (1988). Etendre le théoréme de Kesten-Stigum au cas environnement aléatoire
avec d > 1 est un probleme de longue date. Le principal objectif de cet article est de
résoudre ce probleme épineux. En particulier, sous de simples conditions, on montre
que pour tout 1 < 4,5 < d, quand n — +oo, Z.(j)/EcZ.(j) — W' en probabilité, ou
W est une variable aléatoire positive, E¢Z!(j) est I'espérance conditionnelle de Z(j)
sachant I'environnement &, qui diverge vers oo avec une vitesse géométrique au sens que
%log E¢Z:(j) — v > 0 presque slirement, v étant Pexposant de Lyapunov des matri-
ces des moyennes de productions; de plus les W* sont non-dégénérées pour tout i si et
Z0) 1ot Zi0)
Mo (i.5) Mo(4,9)
conditionnelle du nombre d’enfants de type j produits par une particule de type i au
temps 0, sachant 'environnement £. L’idée clé de la démonstration est I'introduction
d’une martingale positive (W) qui converge p.s. vers W¢, et qui se réduit a la trés connue
martingale du cas déterministe. En outre, on prouve que la direction Z! /|| Z!|| converge
en loi conditionnellement & I'événement d’explosion {||Z¢|| — +oo}. Le cas d’un envi-
ronnement stationnaire ergodique est aussi considéré. Nos résultas ouvrent la voie pour
montrer d’importantes propriétés telles que des théoremes central limit avec une vitesse
de convergence et des théorémes de grandes déviations.

log

seulement si IE( > < 400 pour tout i et j, ou My(i,j) est la moyenne

Abstract. Consider a supercritical d-type branching process Z! = (Z!(1),---, Z!(d)),
n > 0, in an ii.d. environment £ = (&),&,...), starting with one particle of type i,
whose offspring distributions of generation n depend on the environment &, at time n.

43
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In the deterministic environment case, the famous Kesten-Stigum (1966) theorem states
essentially that, if the mean matrix of the offspring distribution has spectral radius p > 1,

then for all 7,57 = 1,...,d, almost surely lim,,_,. Zif,j) exists and is finite; moreover,

the limit variables are non-degenerate if and only if E (Z{(]) logt Zi (])) < oo for all
1 and j. The extension to the random environment case with d = 1 has been done by
Athreya and Karlin (1971) and Tanny (1988). Extending the Kesten-Stigum theorem
to the random environment case with d > 1 is a long-standing problem. The main
objective of this paper is to resolve this delicate problem. In particular, under simple
conditions, we prove that for any 1 < 4,5 < d, as n — +oo, Z.(j)/EcZL(j) — W'
in probability, where W* is a non-negative random variable, E¢Z(j) is the conditional
expectation of Z!(j) given the environment ¢, which diverges to oo with geometric rate
in the sense that %log E¢Z!(j) — v > 0 almost surely, v being the Lyapunov exponent
of the mean matrices of the offspring distributions; moreover W* are non-degenerate for

all 7 if and only if E (Afj((ﬁ) log™ 1\55((@]3)) < +oo for all ¢ and j, where My(i,7) is the
conditioned mean of the number of children of type j produced by a particle of type @
at time 0, given the environment £. The key idea of the proof is the introduction of
a non-negative martingale (W) which converges a.s. to W' and which reduces to the
well-known fundamental martingale in the deterministic environment case. In addition,
we prove that the direction Z¢ /|| Z¢ || converges in law conditioned on the explosion event
{IIZL]] = +oo}. The case of stationary and ergodic environment is also considered.
Our results open ways to prove important properties such as central limit theorems with
convergence rate and large deviation asymptotics.

2.1 Introduction

Branching processes are rapidly developing areas of the theory of random processes. Their
importance is mainly due to the large spectrum of applications in many fields including bi-
ology, chemistry, population dynamics, nuclear physics, etc. See for example the classical
books by Harris [39] and Athreya and Ney [7]. The introduction of a random environment
by Smith and Wilkinson [65] and Athreya and Karlin [5] brought an important advance-
ment in the theory and applications of branching processes. The role of random envi-
ronment has been by now well understood in the case of single type branching processes,
for which a number of important properties have been established, see for example the
recent book by Kersting and Vatutin [50]. For multi-type branching processes in random
environments (MBPRE’s), recent progress has been made for the critical and subcritical
cases: see for example Peigné, Le Page and Pham [57] , Vatutin and Dyakonova [70], and

Vatutin and Wachtel [73], who studied the convergence rate of the survival probability;
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for the supercritical case, we have not found recent work in the literature, and we feel

that too few results are known.

For a supercritical multi-type branching process (MBP), the fundamental problem
is the description of the population size at time n. Let us recall the famous Kesten-
Stigum’s theorem [49] established in the deterministic environment case, which tells us
exactly when the population size grows at an exponential rate. Consider a MBP Z,, =
(Zn(1),-++, Zn(d)), n = 0, where Z,(j) denotes the number of particles of types j at time
n, Zy represents the initial population. Denote by M the (non-random) matrix of means
of the offspring distributions, which is assumed to be primitive in the sense that there
exists k > 1 such that M* > 0. Let p be the spectral radius of the mean matrix M,
and let u = (u(1l),--- ,u(d)) and v = (v(1),--- ,v(d)) be respectively associated positive
right and left eigenvectors with the normalization |lu|| = 1 and (v,u) = 1, where || - ||
denotes the Li-norm and (-, -) the scalar product. Assume that p > 1, which means that
the branching process is in the supercritical regime. Denote by (Z%),>o the branching
process (Z,)n>0 starting with one initial particle of type i, that is when Zy = e;, where
e; is the unit vector whose i-th component is 1. Kesten and Stigum [49] showed that, for
any 1 <1,7 <d, as n — +00,

Z,(4)

pmo(j)

— Wiu(i) a.s., (2.1.1)

where T is a non-negative random variable which is non-degenerate for all 7 if and only
if B (Z{’(j)logJr Z{(])) < 400 for all 7 and j, and when it is non-degenerate, EW*® = 1.
The proof of (2.1.1) is based on the fundamental non-negative martingale

) ) VA
Wiz, wioZwe® ooy (2.1.2)

pu()

which converges a.s. to W?.

Due to the importance of the Kesten-Stigum theorem and of the fundamental mar-
tingale (W), a challenging problem is to find the corresponding results for the random
environment case. For the single type process, this problem was considered at the very
beginning of the study of the topic in the fundamental work of Athreya and Karlin [6]

(1971). In [6] it was found that for a single type branching process (Z,),>o in a stationary
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and ergodic random environment, the sequence
Wo=1, W,=—-—— n2=>1, (2.1.3)

with my denoting the conditioned mean of the offspring distribution at time %k given the
environment, constitutes a martingale, and that, in the supercritical case where E log mg >

0, the limit variable W = lim,,_, W,, is non-degenerate if

Z

E (—1 log™ Zl) < +o00. (2.1.4)
mo

In case of an independent and identically distributed (i.i.d.) environment, this condition

was proved to be also necessary for the non degeneracy of W by Tanny [69] (1988). Notice

that when E|logmg| < oo, the moment condition (2.1.4) is equivalent to

E (Zl log™® Zl) < +o00.
mo mo
For a multi-type branching process in random environment 7, = (Z,(1), .-+, Z,(d)),
n = 0, the situation is much more delicate. In fact, extending the Kesten-Stigum theorem
to this case is a long-standing problem. The only result that we found in the literature
about the subject is a theorem by Cohn [17], which we briefly recall below. For n > 0,
denote by M, the matrix of the conditioned means of the offspring distribution of n-th

generation given the environment: the (4, j)-th entry of M, is
Jw"(ivj) = EE[Zn+l(j) | Zn = ei]v

where E¢ denotes the conditional expectation given the environment §. Let M, =
My - -+ M, be the product matrix. Assume that each entry of M, is bounded a.s. from
below and above by two positive constants, and that all the conditional second moments
of the offspring distributions given the environment are bounded a.s. by a constant. We

suppose that the MBPRE is in the supercritical regime, which means that
— lim “Elog | M, 0 2.15
v = lim —Elog[Mon-1] >0, (2.1.5)

where || My ,—1|| is the Ly-norm of the matrix Mj,_;. This definition of the supercriticality

agrees with that in the deterministic environment case, since in this case logp = 7.
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Assume also the integrability condition E|log ¢, (1 —P(||Zi|| = 0))| < co. The result of
Cohn ([17], 1989) states that, under these conditions, it holds that for each j =1,--- ,d,

Z (5 ,
ﬁ — W' in L% (2.1.6)
EeZ},(7)

where W7 is a non degenerate random variable satisfying EW*® = 1.This result is already
very interesting. However, it only gives sufficient conditions which are not necessary
436))
EeZ;, (4)
(EEZE%)) - in general is not a martingale; it turns out very useful to find the martingale

n n=

which corresponds the fundamental martingale known in the constant environment case.

for to converge to a non degenerate random variable. Moreover, the sequence

For multi-type branching processes in varying environment, Jones [45] obtained conditions
for L? convergence, while Biggins, Cohn and Nerman [12] got conditions (including a
uniform integrability condition) for L? (p > 1) convergences. Their result in [12] about L*
convergence can be applied to study the non-degeneracy of W in the random environment
case, but the conditions therein are relatively complicated, from which we fail to deduce

a simple condition for the non-degeneracy for a MBPRE.

Our objective in this paper is to obtain a full extension of the Kesten-Stigum result
(2.1.1) for a supercritical MBPRE Z,, = (Z,(1),---, Z,(d)), n = 0. For simplicity, let us
consider the case where the Furstenberg-Kesten condition A4 (see Section 2.2) is satisfied,
and where the environment is i.i.d. Assume the supercritical condition v > 0. Forn, k > 0,
let py, 4k be the spectral radius of the product matrix M, 1 = M, -+ M4k, and let
Unntr and V,, ..k be respectively the associated non-negative right and left eigenvectors
with the normalization ||U,, ,,+x|| = 1 and (V,, 4k, Unntn) = 1. Set U, oo = limg_yo0 Upy iti,
where the limit exists a.s. according to a result of Hennion [40] . Then we have the fol-
lowing analog of Kesten-Stigum’s result (2.1.1) which describes the asymptotic behaviour
of the coordinate Z!(j): for any 1 < 4,7 < d, as n — 400,

Z,(7)

L S WUy in probability, 2.1.7
Po.n—1Von— 1(7) * Q P Y ( )

where Uy (i) € (0,1), W' is a non-negative random variable such that W* is non-

degenerate for all 7 if and only if

1(4) Z3(j)
IE( Mo(i ])l gt Mo, )> < 400 (2.1.8)
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for all 7 and j, and when it is non-degenerate, EW* = 1. A result similar to (2.1.6) is also
proved : in Theorem 2.2.11 we establish (under conditions weaker than those supposed
by Cohn [17]) that for all 1 <, < d,
40) ;o .
—=—"— — W' in probability, (2.1.9)
EeZ;,(7)
where W is the same variable as in (2.1.7). As it has been just noted, the condition

(2.1.8) is sufficient and necessary for W* to be non-degenerate.

The asymptotic behavior of the direction of the vector Z! is also of interest. We
show that the unit vector Z! /|| Z!|| converges in law conditioned on the explosion event
{IIZi|| = +oc}. This extends the corresponding result of Kurtz, Lyons, Pemantle and

Perez [54] established for the deterministic environment case.

The key idea of the proof is the introduction of a non-negative martingale (W) which
converges a.s. to W, and which reduces to the well-known fundamental martingale in the
deterministic environment case and in the single-type random environment case. Since
this is the key difficulty let us explain our construction in details. The straightforward
way for a generalization of (2.1.2) would be replacing p" and the right eigenvector u
by the eigenvalues py,—1 and the corresponding right eigenvectors Up,_; of the matrix
My ,—1; unfortunately, this does not lead to a martingale. Our definition is based on the
analog of the Perron-Frobenius theorem for products of random matrices which has been
established in Hennion [40]. From the results of [40, Theorem 1], the sequence of unit
vectors (U, ) satisfies

M, Up 1,00 = MUp oo,

where A\, = ||M,U,11,00]|. 7 > 0, is a stationary and ergodic sequence. Iterating the last

relation leads to the identity
MO,n—lUn,oo = )\O,n—lUO,om

with Ag,, = Ag-++A,. This allows us to associate with the branching process (Z¢) the

positive martingale

) ) VAR 0o
VV(§=1, Wi = <nU,>

W= 5 n=zl 2.1.10
)\O,n—l UO,OO(Z) ( )

When the environment is deterministic, the matrices M,, n > 0, are identical to a single
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deterministic matrix, say M. In this case we have U, . = U, n4r = u, where u is the
unit right eigenvector of M associated with the spectral radius p, and \g,—1 = p", so
that W} = ;Zi(f; , which shows that the martingale (2.1.10) coincides with the martingale
(2.1.2). For a single-type branching process in random environment, we have U, » = 1,

Aon—1 = Mg -+~ My_1, so that (2.1.10) coincides with (2.1.3).

In fact, in the paper we will establish more general results for stationary and ergodic
environment without assuming the Furstengerg-Kesten condition. We refer the reader to
Section 2.2 for details.

We mention that the results of this paper open ways to prove important properties
such as central limit theorems with convergence rate and large deviation asymptotics,

similar to those obtained in [9, 31]. This will be considered in a forthcoming paper .

The outline is as follows. In Section 2.2, we introduce the necessary notation and
present the main results. In Section 2.3, we give some preliminaries for products of positive
random matrices. The fundamental martingale (W) is constructed in Section 2.4; the
non-degeneracy of its limit is considered in Sections 2.5-2.7. Section 2.8 is devoted to the
convergence of the direction of Z,. In Section 2.9 we study the convergence in probability

Z%Ej? ; its a.s. convergence is considered in Section 2.10.
B 25 ()
Section 2.11 is an appendix in which we prove several implications among the conditions

of the normalized component

used in the statements of the main results.

2.2 Background and main results

2.2.1 Notation and preliminary statements

We start this section by fixing some notation. For an integer d > 1 let R? be the d-
dimensional space of vectors with real coordinates. For 1 < i < d denote by e; the
d-dimensional vector with 1 in the i-th place and 0 elsewhere. 1 = (1,---,1) € R? stands

for the vector with all coordinates equal to 1. For any z,y € R?, let

(@,y) =) (i) y(i)) and |lz[| = Z |(4)]

=1
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be the scalar product and the L' norm in RY. The operator norm of a matrix M =
(M(i,5))1<; ja € Ma(R) is given by

For a matrix or a vector X, we write X > 0 to mean that each entry of X is strictly
positive. The set of non-negative integers is denoted N = {0,1,---}. The symbol C
denotes positive constants. The indicator of an event A is denoted by 14. The symbol
@ denotes the convergence in distribution under P, while P means the convergence
in probability P.

Let § = (§n),,50 be a stationary and ergodic sequence of random variables with values
in an abstract space X. Each realization of £, is associated with d probability distributions

on N¢ characterized by their probability generating functions

f:{(b) - Z p};l;w,kd(fn)sllcl o 'SZd» §= (517 T 75d) € [07 1]d7
ke k=0
1 < r <d. A d-type branching process Z,, = (Z,(1),---,Z,(d)), n > 0, in the random

environment € is a process with values in N such that Z, € N¢ is fixed, and for all n > 0,

d Zn(r)
T =5 Ni, (2:2.1)

r=1 I=1
where Z,,(j) represents the number of particles of type j of some population in generation
n; conditioned on the environment &, the random vectors Ny, = (N/,,(1),---, N/, (d)),
with N7, (j) denoting the offspring of type j at time n + 1 of the I-th particle of type r
in the generation n, are independent for [ > 1,n > 0,1 < r < d; each NJ,, has the same
probability generating function f; for / > 1. In the sequel, when the branching process
(Zn)n>o starts with one initial particle of type i, i.e. when Zy = ¢;, we will write (Z!),>0

instead of (Z,,)n>0-

Let P¢ be the additional probability under which the process (Z,,) is defined given the
environment . The total probability P can be formulated as P(dz,df) = P¢(dx)7(dE),
where 7 denotes the law of the environment sequence £. The probability Pe is usually
called quenched law, while the total probability P is called annealed law. The quenched
law P; can be considered as the conditional law of P given the environment £. The

expectation with respect to P¢ and P will be denoted respectively by E¢ and E.
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According to the definition of the model, under IP¢, the random vectors N/, = (N, (1),

-+, N[',(d)) are independent and have the same probability generating function fy:
T d N{n(]) d
fn(s):Eﬁ HS]-‘ ) 32(81""7861)6[071]'
i=1

Set for brevity Ny := Ni . and let f, = (fp. -, f9). Then fr is the generating function
of N} = (N} (1),---,N}(d)) under Pe.

We now introduce the sequence of matrices (M, )nen of conditional means given the

environment, which will play a central role in our developments. For all n > 0, set

8 )
M, = M, (&) == (ajsfn(l)> )
j 1<i,j<d

i.e., for any 1 <i,j < d, the (4, j)-th entry of the matrix M, is

My(i.J) = 520 = Be 2 (|2, = o]

which represents the conditioned mean of the number of children of type j produced by a
particle of type ¢ at time n, and which are supposed to be finite. Here and hereafter, for
a d-dimensional probability generating function f, 3—5];(1) denotes the left derivative at 1

of f with respect to s;.

The matrix M, depends only on &, and the sequence of the matrices (M,), ., is
stationary and ergodic. Let 0 < k < n. For the product of the matrices My, --- , M, it is

convenient to use the notation

My = My« M, — (5fk0fk+1o.._ofn(1)> ,
0s; 1<i,j<d

where

Ofio frm oo f,
88‘7'

(1) = B¢ [Z01 ()| 21 = &)
In particular, with & = 0, we have for all 1 <i,5 < d,

EeZ 1) = Mon(i, j)- (2.2.2)
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Denote by S the semigroup of matrices of My(R) with positive entries which are
allowable in the sense that every row and column contains a strictly positive element, and
by S8Y the subset of the matrices with strictly positive entries. Following Hennion [40], we

shall assume that the matrices M, satisfy the condition

A1. The matrix My belongs to the semigroup S P-a.s. and

IP’( U {Mo,n € 80}> > 0.

n=0

This means that with positive probability, there is n such that the product matrice
M., is strictly positive.

Obviously if G € S and G° € S8° then G°G € S°. Let 6, be the least k such that
My ik € SY:

O = inf {k > 01 My € S°},

with the convention that inf () = 400. According to Lemma 3.1 in [40], under condition
A1, we have 0,, < 400 P-a.s. for all n > 0.

We shall relate the branching process (Z};)WD to a martingale which is the key point
in our study. Our construction is based on the extension of the Perron-Frobenius theorem
of Hennion [40] for products of random matrices. Recall that, under condition A1, for
any n,k > 0, the product M, i belongs to S P-a.s. Let p,, 41 be the spectral radius
of M, ,+1. By the classical Perron-Frobenius theorem (see e.g. [7]), pnntk is a strictly
positive eigenvalue of M, ,, 1k, associated to positive right and left eigenvectors U, ,,+x and
Vintk, respectively, with the normalizations ||U, nik| = 1 and (Vi ik, Unnir) = 1.

The following propositions collect some results established by Hennion in [40, Lemma
3.3 and Theorem 1], which provide an analog of the Perron-Frobenius theorem for products

of random matrices.
Proposition 2.2.1. Assume condition A1. For alln > 0, the following assertions hold :

1. foralll1 <i,j<d:

lim Mn,n+k (27 J) :

: 1, <y =1 P-a.s., 223
k_>+°°pn,n+kUn,n+k(Z)Vn,n+k(]) {Bn<k} ( )
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or equivalently

My pti—
lim <+k1 — Un’n%_anT’nJrk_l) =0 P-as;

k=400 \ Pnntk—1

2. the sequence (Un7n+k)k>0 converges P-a.s. to a random unit vector, say U, o > 0:

Un,n+k ? Unom
k—+o00

3. the sequence (Vinar/||Vankl)rso converges in law to a random unit vector, say

VOYOO > 0:
Vantk  d(P _
[Vanrl| Botoo oo
4. the scalars
An = )‘n(g) = ”MnUn—i-l,ooH (224)
are strictly positive and satisfy the relation
M, Upi1 00 = MU oo (2.2.5)

The sequence (\,,) will play an important role in the following. The numbers A,, will be
called pseudo spectral radii of the products of random matrices. Notice that A, behaves

as the spectral radius p,, which satisfies
M, Upnn = pnUnp; (2.2.6)

the point is that in (2.2.5), there is a shift of time in the vector U, 41 o appearing on the

left side, which permits to iterate the formula leading to

Mn,n+kUﬂ/+k+1,oo = >\n,n+kUn,o<>7 (227)
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where

n+k
Mtk = H A, form,k>0.
r=n

This shows that the relation (2.2.5) is stable for products of random matrices, while the
corresponding relation (2.2.6) for the spectral radius does not have this stability. Notice
that by (2.2.7)

)\n,n-i—k = ”Mn,n-i-kUn-i—k-i—l,ooH' (228)

Let T be the shift operator of the environment sequence:

TE= (&, 6,0-0) i §=(8.81,),

and let T™ be its n-fold iteration. Note that the vector U, o, and the scalar A, depend
on the whole sequence T"¢ = (&, &n11,- -+ ). Since the random environment & = (£,),,-,
is a stationary ergodic sequence, from (2.2.4) it follows that (A,),,., is also a stationary
ergodic sequence.

We complement Proposition 2.2.1 by establishing a relation between the product se-
quence Ay ,—1 and the spectral radius pg,,—1, which will be useful in the proof of the main

results of the paper. For its proof, see Section 2.3.

Proposition 2.2.2. Assume condition A1. For alln >0 and 1 < j <d,

An = lim : ’ ~T1g, ., <iy P-a.s. 2.2.9
k=400 P 1 ik Vo 1nk () (Onersky ( )

and

. >\O,n—1
lim

-1 P-aus 2.2.10
n—>+°°p0,n—1<‘/0,n—17 Unv°¢> ( )

2.2.2 Main results

We first introduce the martingale related to MBPRE. Our definition is quite different
from the one for a MBP with deterministic environment. However, we shall see below

that in the case of deterministic environment it comes to the same. Consider the following
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filtration: Fy = o (§) and, for n > 1,
Fa=o(&Nh, 0Sk<n—11<r<dl>1).
Define the process (W})), 5, : for all 1 <4 < d, sct

-  (Zi U
Wg:=1, W, .= (Zns Un,oo)

=————" nx1. 2.2.11
" )\O,n—1U07C>C(Z) ( )

Our first theorem states that (W})), ., is a non-negative martingale.

n

Theorem 2.2.3. Assume condition A1. For all 1 < i < d the sequence (W), . is a
non-negative martingale w.r.t. (]:n)n>0 under the laws P¢ and PP, and hence converges
P-a.s. to a random variable Wi > 0 which satisfies E. Wi <1 P-a.s.

We next give a functional equation satisfied by the quenched Laplace transform cf)é(t) =
E¢ e_tWi, t>0,1<1i<d. For a similar result in the deterministic environment we refer
to Theorem 2, p.192 in [7].

Theorem 2.2.4. Assume condition A1. Then for each 1 <1 < d, the quenched Laplace
transform @2 of W' satisfies

) i 1 Ul,oo 1 d ULQC d
Gi(t) = f <¢T€ <t)\0U00(o()l)) o e (twi(z)» , t=0. (2.2.12)

We now introduce a condition under which we can define the Lyapunov exponent 7 of

the sequence of random matrices (M, )n>o0.
A2. The random matrix M, satisfies the moment condition
Elog™ || My < +oo0.
By the sub-additivity lemma, under A2, the limit
= li L Elog || M,
= lim —Elog |[Mon-1]

exists and is equal to the quantity Ilgrg 2Elog || M1 . Moreover, the following strong law
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of large numbers has been established [26] :
lim log [ Mo 1] =7 P (2.2.13)
Jim e log [[Mogall =5 Peas. 2.

The Lyapunov exponent v allows to introduce the following classification of MBPRE's.
We say that a MBPRE is subcritical if v < 0, critical if v = 0, and supercritical if v > 0.
It is easy to see that our classification coincides with the standard classification of a MBP
in a deterministic environment and with that of the uni-type BPRE.

All over the rest of the paper we shall focus only on the supercritical regime where
~ > 0, which by (2.2.13) implies that

lim ||Mo,| =+oco P-as.
n—+00

Using an extension of Birkhoff’s theorem and (2.2.13), we obtain the following strong
law of large numbers for the product sequence Ag,_1, and a new expression of v (see
Section 2.3.2).

Proposition 2.2.5. Assume conditions A1 and A2. Then the expectation Elog Ay is
well defined with value in R U {—oc}, and

1
lim o log A\onm1 = Elog Ao =v P-a.s.
T

n——+00

From Proposition 2.2.5 it is clear that, under the conditions A1l and A2, the classifi-
cation stated above can be reformulated in terms of the quantity [Elog A.

We then investigate the non-degeneracy of the limits W, 1 < i < d. Our first result
gives a sufficient condition for non-degeneracy of W%, 1 < i < d under condition Al. To

state the result we need to introduce the following condition.

A3. There exists a constant C' > 1 such that, for all 1 < i < d, P-a.s.

= <N1 U, +1 oo>
E n’in’]l . ; - '
nz::() ¢ ( Anljnwoo(i) UNEUnt1.00) 20"} +00

Let ¢'(€) be the probability of extinction of the process (Z¢),,0:

¢'(§) =P¢( lim |Z}]| =0).

n—-+00
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Theorem 2.2.6. Assume conditions A1, A2 and v > 0. Then A3 is a sufficient condi-

tion for Wi, 1 < i < d to be non-degenerate, that is,
Pe(Wi>0)>0, Pas, 1<i<d. (2.2.14)
Furthermore, when W', 1 < i < d are non-degenerate, then
EW'=1 P-as., (2.2.15)
and
Pe(W'=0) =¢'(¢) P-as. (2.2.16)

We will see that the sufficient condition A3 can be replaced by a condition of type
EXlogt X < co: see Remark 2.2.7. To obtain a necessary and sufficient condition for
the non-degeneracy of W¢, 1 < i < d, we need the following condition introduced by
Furstenberg and Kesten [26]:

A4. There exists a constant D > 1 such that P-a.s.,

max Mo, j)
1<
min My (i, j)

1<i,j<d

N

D.

Under condition A4 we have M, € S P-a.s., so that condition A1 is satisfied, and
0, = 1 P-a.s. for any n > 0.

The following conditions, which are stronger than A3, will also be used.

AS5. There exists a constant C' > 1 such that, for all 1 <1,j < d, P-a.s.,

W, [ Nal)
E ni]l ' j < +OO.
’r;) ¢ (Mn(7’7]) {A?:(S’;)>C"}>

AG6. Forall1 <i<d,

(Zi’, Ul 00> + i
El——1 Zy o .
()\OUOOQ(Z) Og < 1> UL > < +OO
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AT7. For all 1 <1i,7 <d,

E( Z0) |+ Z0)

Mo(ing) 8 Mo<z',.7>> =

Remark 2.2.7. In Theorem 2.2.6, condition A3 can be replaced by each of the conditions
A5, A6 and A7 . This can be seen by the following implications which will be proved in
Appendiz 2.11:

1. under A1,A2, we have: A7T=A5 = A3, A7= A6 = A3,
2. under A4, A2, we have: A5 & A3; A7 A6,

3. under A4, A2 and when the environment is i.i.d., we have:
A3 A5 < A6 <= AT

The following assertion is a consequence of Theorem 2.2.6. Let

E' = { lim || 23] = +oc}

be the explosion event on which the branching process explodes, starting with one particle
of type i, 1 <i<d.

Corollary 2.2.8. Assume conditions A1, A2 and v > 0. Assume also that one of the
conditions A8, A5, A6 or A7 holds. Then for all 1 < i < d we have ¢*(§) < 1 P-a.s.

and
Pe(EY) =1—¢'(¢) P-as. (2.2.17)
Moreover, on the explosion event E' we have

1 )
nl_l}liloo - log||Z, ]| =~ P-a.s. (2.2.18)

Kaplan [46, Theorem 1] proved (2.2.17) under stronger conditions: he assumed that
all the conditional means (given the environment) are bounded a.s. from below and above
by two positive constants, and that all the conditional second moments of the offspring
distributions are bounded a.s. by a constant. Tanny [68, Theorem 9.6] obtained (2.2.17)
and (2.2.18) when v > 0, under the condition that ¢'(¢) = 1 a.s. forall 1 < i < d or
¢(¢) <las. forall1<i<d.
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The following theorem gives a necessary and sufficient condition for the non-degeneracy
of Wi, 1 < i < d, under the Furstenberg - Kesten condition A4. Notice that when the
environment is i.i.d., the condition that we obtain is of the form EX log™ X < oo as in the
classic Kesten-Stigum theorem [49] established for the deterministic environment case. In

this case our result coincides with the corresponding one of Kesten-Stigum [49].

Theorem 2.2.9. Assume conditions A2, A4 andy > 0. Then condition A5 is necessary
and sufficient for Wi, 1 < i < d, to be non-degenerate (in the sense of (2.2.14)); this
condition is equivalent to A7 when the environment (Sn)@o 1s 1.1.d. Furthermore, when
Wi 1<i<d, are non-degenerate, then (2.2.15) and (2.2.16) hold.

We finally present our results about the asymptotic behavior of the branching process
(Z,). All these results will be stated for an i.i.d. environment under the Furstenberg-
Kesten condition A4.

Under conditions A2 and A4, Furstenberg and Kesten established in [26] a strong law
of large numbers for all the components of the product of random matrices M, : for
all 1 <4,5 <d,

1_1>m —10g]\[0n 1(6,7) =~ P-as. (2.2.19)
Let P := P(-|E") be the probability conditioned on E?, when P(E?) > 0. The next
result compares the direction of the vector Z,, with that of the left eigenvector V4,1 of

the matrix My, and provides its limit law.

Theorem 2.2.10. Assume conditions A2, A4 and v > 0. Assume additionally that the
random environment sequence & = (§o,&1, -+ ) is i.i.d. Then, for all 1 < i < d such that
P(E") > 0, we have

%7n71

||Z7 I Vol

0, (2.2.20)

n—-+o00

moreover, conditional on the event E', the sequence (Z%./||Z%||), s, converges in law to
VO,oo-'

Zb de )
| ZE || n—toe

Vo0 (2.2.21)

From Theorem 2.2.10 and from the convergence of the martingale (W}),~o we deduce
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the asymptotic behaviour of the components Z!(j), under two different normalizations
E¢Z!(j) and pon_1Von-1(j). Recall that by (2.2.2), E¢Z!(j) = My.,—1(i, j), and by (2.2.3)

and Ad, it holds that po, 1Von 1(j) ~ M52 with Uy oo(i) > 0, as n — +o0.

Theorem 2.2.11. Assume the conditions of Theorem 2.2.10. Then, for all 1 <i,j < d,
Z,(j) Z,(j) P

S W 2.2.22
EeZi(j)  Mon-1(i,j) n—+too ( )

and

20 e o
PomiVon () norse 1V Uosol): 2.2.23
po,n—l%,n—l(]) n—-4o00 0, ( ) ( )

Moreover, the limit variables W', 1 < i < d, are non-degenerate (in the sense of (2.2.14))

if and only if A7 holds; when A7 holds, we have (2.2.15) and (2.2.16).

Under stronger assumptions than those used in Theorem 2.2.11, namely that the entries
of the mean matrices M,, and those of the corresponding Hessian matrices are bounded,
Cohn [17] proved that the convergence in (2.2.22) can be reinforced to the L?-convergence.
Our result (2.2.23) can be compared to the well-known Kesten-Stigum theorem [49, The-
orem 1] established in the deterministic environment case. In fact, when the environment
is determinist, (2.2.23) reduces to Kesten-Stigum’s result (2.1.1), but with the a.s. conver-
gence therein replaced by the convergence in probability. We will give below a sufficient
condition to have the a.s. convergence in (2.2.23) .

From Theorem 2.2.11 we get the following corollary which gives the asymptotic be-

haviour of the norm || Z} || of Z¢.

Corollary 2.2.12. Assume the conditions of Theorem 2.2.10. Then for all 1 <i < d,

[BeZll - 1 Mop—1(i, ) || mtoe

and

A .
I n” L WZU07OO(’L').

pO,n—l H %,n—l || n—+00

Our last result states a sufficient condition to get the a.s. convergence instead of the

convergence in probability in Theorems 2.2.10, 2.2.11 and Corollary 2.2.12.
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Theorem 2.2.13. Assume conditions A2, A4 and v > 0. Assume additionally that the

random environment sequence & = (&, &1, -+ ) s i.i.d. Assume also that for some p > 1,
Zii) \*
max E 1(]) < +oo and E| M| < +oo. (2.2.24)
1<ij<d — \ Mo(i,7)

Then the following assertions hold :

1. Wi, 1 < i < d are non-degenerate, and (2.2.15) and (2.2.16) hold.

2. Forall1 <i<d, P-a.s. on the event E',

Zi Vbn—l
o — 0. (2.2.25)
HHZ%H Vo1l || m+2e
8. Foralll <i,j <d,
Z,(5) Z(5) :
T s — W' P-as., 2.2.26
BeZi(i)  Monor(i-7) nov (2:220)
Z(5) : ,
— = W'Up(i) P-a.s. 2.2.27
Pon-1Von-1(j) n—too 0oo() ( )
4. Foralll <1 <d,
12| 1Z,| -
o = r — W' P-as., (2.2.28)
[EeZp || ([ Mogp—1(i, )| n=toe
12, i ,
— W'pe(i) P-a.s. (2.2.29)

Pon-1]|Von-1]] nor+oo

Under assumptions stronger than those of Theorem 2.2.13, one can show the LP-
convergence (with p > 1) instead of the a.s. convergence stated above, with an exponential
rate. However this task is outside the scope of the present paper and will be done in a

forthcoming work.
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2.3 Asymptotic properties of the pseudo spectral radii

for products of positive random matrices

In this section we prove Propositions 2.2.2 and 2.2.5 on the asymptotic properties of the
sequence of pseudo spectral radii (\,) related to the products of positive random matrices
(M).

2.3.1 Proof of Proposition 2.2.2
From (2.2.3), it holds that for all » > 1 and 1 < j < d,

MnUn+1,oo = lim ]\JnUnJrl,nJrk

k—+o00
. Mr 1'n+k‘(' .7)
— lim M, H, T <k
k—+4o00 pn+1,n+kvn+17n+k(]) (nash)
_ pn7n+kvn,n+k(j)
= 1m .
k—+o00 ,On+17n+kvn+1‘n+k (])

Mn,n+k('7j) 1
—) {n<k}

]l{enJrl gk}

x lim .
k—+o00 Pr,n+k Vn,n+k (J

T pn,n+kvn,n+k (])
= 11m A
k—+o0 pn+1,n+kvn+1,n+k (J )

]]'{971,1»1 gk} Unzoo :

Combining this with (2.2.5), the relation (2.2.9) follows. Now we prove (2.2.10). From
(2.2.7) we get that for all n > 1,

T T
‘/E),n—l MO,n—l U'noo = )\O,n— 1 ‘/O,n—l UO,oo )

. T _ T \
with ‘/E)’n_lMO,n—l - pO,n—l%,n—l’ S0

Aon—1 = ! (2.3.1)

pO,n—l <%,n—17 Un7oo> <%,n—17 UO,oo> -

Moreover, by Proposition 2.2.1 we know that Up,_; j Upx > 0 P-as., so there
n (o0}
exist two random variables A > 0 and Ny > 1 such that P-a.s. for all n > Ny,

< i ) < 1.
0< AL fllgiléldUom_l(’L) <1
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Since for all n > 1 we have (Up,—1, Von—1) = 1, it follows that for all n > Ny,

1
1< Vonall < - (2.3.2)

Consequently, for all n > Ny,

1
|<‘/0,n—17 UO,00> - ]-| = |<‘/0,n—17 UO,oo - UO,n—1>| g Z ||U07oo - UO,n—1||7
so that

(Vom-1,Up) —> 1 P-as. (2.3.3)

n—-+o0o

Combining (2.3.1) and (2.3.3) gives (2.2.10), which ends the proof of Proposition 2.2.2.

2.3.2 Proof of Proposition 2.2.5

By (2.2.4) we have
Ao = [[MoUs o] < ||Mo||  P-aus..

Using condition A2, it follows that Elogt \g < 400, so that Elog \g is well defined with
value in R U {—oo}. Recall that (A,),., is a stationary ergodic sequence of random
variables. Applying an extension of the Birkhoff Ergodic Theorem [41, Theorem 1] we
deduce that, P-a.s.,

1
lim —logAg,—1 = Elog . (2.3.4)

n—+o0o 1,

Moreover, from (2.2.8) we see that for all n > 1, P-a.s.,

1 ) , 1 1 1
—log min U, «(j) + glog||M07n,1|| < ;log Xon-1 < glog | Mo.n—1l- (2.3.5)

n 1gj<d

Since (log 1121121 Up.oo(j )) is a stationary sequence of random variables, by Slutsky’s
SJsa n>0

lemma it follows that

=

1 P
—log min U, 7) — 0.
n OB ig noo(J) n—-+00
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Combining this with the law of large numbers (2.2.13) and letting n — +o00 in (2.3.5),

we obtain that
*1 1()g Aon— —)]P Y 2.3.6
n 0,n—1 " . ( cJ. )

By (2.3.4), (2.3.6) and the uniqueness of the limit in probability, it holds that Elog Ay = .
This concludes the proof of Proposition 2.2.5.

2.4 The fundamental martingale (Wﬁb)

In this section we prove that (W) is a martingale, and that the quenched Laplace trans-

form of its limit variable satisfies a functional equation that we make precise.

2.4.1 Proof of Theorem 2.2.3

Clearly (W},),, is adapted to (Fy),-,, and using (2.2.7) we have for all n > 0 and
1<i<d,
]E§<Zyiu Unoo> <M0,7l—].(i7 ')7 Un,oo>

E W = — = - =1 P-as.
¢ A(),n—lUv(),oo(Z) )\077L—1U}),00(Z)

Moreover, we know that E¢ [Z,"L +1‘]—“n] = MTZi

' so we obtain that for all n > 0 and
1<i<d,

<MEZ7ZL’ Un+1700> — <Z7iu ]\{nUn+17oo>
A(),nUv(),oo (Z) /\(),71,(](),00@) .

Ee [WZH

Fa| =

Then applying (2.2.5) we get that for all n > 0,

. <Zi,/\nUn oo> <Zl’Un oo> ‘
Es |[W? n| = n — — n — = W,
3 [ ”'H‘f ] A07nUQ7OO(Z) >\0,n—1U0,00(Z) "

This proves that the sequence (W})), ., is a martingale w.r.t. (F,),., under the law Pe.
The argument is similar under the law P. By Fatou’s Lemma we have E;WW* < 1 P-a.s.
This ends the proof of Theorem 2.2.3.
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2.4.2 Proof of Theorem 2.2.4

Conditioned on the environment &, the random vectors Zj,, , = (Z],, (1), , Z],, (),
with Z], . (j) denoting the offspring of type j at time n + k& of the [-th particle of type r
in the generation n, are independent and have the same probability generating function
I o fnr1 0 farx—1. By iterating (2.2.1), it is easy to see that the process (Zy,),, satisfies
the relation
d Zn(r)
Zpskh =, Zlppy n=0k>1. (2.4.1)

r=1 [=1

From (2.4.1) and (2.2.11) we get that for alln > 0 and 1 <17 < d,

W’ zd:ZX(E lem n+100>
nl =1 )\OT'IUOOO()

r=1
d Zi (1"
Ul oo
= Wi 2.4.2
; /\OUO oo( z_: L1, ( )
where
Wi, o= Zin Untioe)

)\1,71U1,oo(r)

Clearly (Z[ 1 n) is a supercritical MBPRE in the random environment 7°¢, and (I/V[l ,n)

Et) ’I’L?O 1ty TLZO
is its associated martingale which converges to a random variable denoted W;. More-
over, when ¢ is given, the random variables W}, [ > 0, are independent of each other and

independent of Z; under P¢, with a common distribution such that
Pe (Wi €:) =Pre(W € ).
Letting n — +o00 in (2.4.2) it follows that for all 1 <14 < d,

) d Uloo VA 1(r)
v _ZAOUUOO( Z I/Vll

r=1
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Taking the Laplace transform and using the independence under IP¢ of the random vari-
ables W/} and Zi(r) for Il > 0 and 1 <r < d, we get that forall 1 <i < dandt >0,

(1)

E¢

. 01,00 (M) e
H EE e 2000,00() 11

i (on (s )]

_ri 1 Ul,oo(l) d ULOO(d)
_”<“GMmmm»””%4ﬁwmm)»

which is the desired equation.

2.5 Proof of Theorem 2.2.6

In this section we prove Theorem 2.2.6 about the non degeneracy of the limit variables
W¢. We shall adapt the proof of Lyons, Permantle and Peres in [62], which first consists
to interpret a branching process as a random tree. Let 7 be the set of (colored) trees
and denote by T* € T the random tree associated to the MBRE (Z},), .. In fact a multi-
type branching process can be identified naturally as a random colored-tree (type i is
considered as color 7), which is a subset of U {1,--- ,d}" x U2 N*" with N** = {(}.
The initial particle () of type 4 is denoted (i,0); a particle of type i of generation n is
denoted by (i,u) with u € N*" a sequence of length n; its k-th child of type j is denoted
(74, uk), which is linked with its ancestor (7, u).

We write t = ' for n > 0 and ¢,# € T, if t and #' coincide up to height n. It is known
that this defines a relation of equivalence. The associated equivalence classes generate the
o-fields G,,, which form a filtration on 7. For any s € t and t € T, denote by y(s) € N¢
the number of children, by gen(s) the generation and by type(s) the type of the particle
s. The distribution of T is characterized by

Pe(T'2¢) = T Pe(Nor = u(s), (2.5.1)

s€t,gen(s)<n

for any n > 0 and ¢t € T it is well defined by the Kolmogorov extension theorem.
We shall construct an auxiliary random tree T¢ called "size-biased tree', for all 1 < i <

d. At time 0, we start with one initial particle of type 4, labeled (Dy, Lg) := (i, 1), which

Théorémes limites pour un processus de branchement multi-type dans un environnement aléatoire Erwan Pin 2020



67 2.5. PROOF OF THEOREM 2.2.6

forms the generation O of the tree T!. In the following, the environment environment &
is fixed, and the notion of independence is conditioned on £&. We generate d independent
random vectors Yj € N7, 1 < j < d, such that

<1/7 Ul,oo>

Pe (Y =y) = )IP’»:(NB)':y), y € N

~ AoUooo(j
The above formula defines a probability due to the fact that E¢W| = 1. Let Yj := YOD 0 =
Yy be the number of children of the initial particle (Dg, Lg) = (i,1). They constitue the
particles of the first generation of the tree T:. At time n = 1, we pick at random one
particle of type Dy of the first generation, labeled (Dy, L), with the distribution

Ul,oc(j )

%) =22l i<ig) <<

P, ((Dl,Ll) = (4,1) (Yo, U o)’

The I-th particle of type j of the first generation, except for the particle (D, L;), produces
its descendants of the next generations according to a random tree T (1) (which forms the

subtree of T starting from this particle), with distribution

P (T{(1) € ) =Pre (TV €-), (1) # (D1, L),

1 <1<Y(5), 1 <j < d; the random trees T (1), 1 < j < d,1 > 1, are independent of each
other. Moreover, we generate independent random vectors Ylj € N?, 1 < j < d, which are
also independent of (Dy, Ly) and independent of the trees TY(l), with distributions

P&(Kj€‘>=PTg(we').

The particle (Dy, Ly) of the first generation produces its children of the next generation
according to ,
Vi=Y =3 Vi,
j=1
namely, Y;(j) is the number of children of type j generated by the particle (D, L;). We
then proceed in the same way. Assume that at time n > 2, we have defined all the
particles of generation n, and all the genealogical trees of the particles of generation n

except for the direct children of (D,,_1, L,,—1). We pick at random one particle of type D,
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of the generation n, labeled (D,,, L,), with the distribution

Un.oo(J)

P, ((Dn,m =(3,1) Yn—l> " Y1, Unoo)’

where Y,_; = (Y,_1(1), -+ ,Y,—1(d)), with Y,_1(j) denoting the number of children
of type j of the particle (D,,—1, L,—1). The [-th particle of type j of the children of
(D1, L,_1), except for the particle (D,,, L,,), produces its descendants of the next gen-
erations according to a random tree T/ (1) (which forms the subtree of T% starting from

this particle), with distribution

]P)é (Tiz(l) € ) = PT"E (T] € ) 5 (]) l) 76 (Dan)>

1 <1<Y,1(5),1 < j < d; these trees T7 (1), 1 < j < d,l > 1, are independent of each
other. Moreover, we generate independent random vectors Y € N, 1 < j < d, which are
independent of the past, also independent of (D, L,) and independent of the trees T% (1),
with distributions

Pe (Y] €) =Pre (Vi €).

The particle (D, L,) of the generation n produces its children of the next generation
according to
d
Y, = YnD" = Z qu]l{Dnzj}a
j=1
namely, Y,,(j) is the number of children of type j generated by the particle (D, L,,).

Therefore, by recurrence on n, we have defined the random tree T¢.

For all n > 0, denote by A the distinguished path in T% formed by the particles
(Dy, Li.), k < n, which is identified to the last particle of the path. We show by induction
that

Pe (Ti 2, AL = o) = Un.oo ()

= o Ton® Pe (T2 t), (2.5.2)

foralln > 1,t € T a tree of height at least n, and o; € t a particle of type j in generation
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n. For n = 1 we have
Ul oo(]) <y7 Ul,oo>
(W, Utoo) AoUpoo(1)

Uloo g 1
= AOUO,L?) P (T = 1),

P (TL £t A} =0;) = Pe (N =)

where ¥ is the number of children of the initial particle in generation 0 in . Now assume
that (2.5.2) is true for some n > 1. Let ¢t € T be a tree of height at least n+ 1, 0; €t a
particle of type j in generation n+ 1, &, € t his ancestor of type r in generation n. Then

using (2.5.1) and the notation introduced before (2.5.1), we have

Pe (TL"E 1, AL, = 0y)
=P (T% 2 ¢, A} = 5,) Pe (D1, Lnj1) = 05) %
Pe(Yy =y(E)) I Pe(N™W =y(s))

s€t,s#5,,gen(s)=n

i n i ~ Un+1 oo(.])
e ]P TZ = t7 A;L = o, %
: ( : ) <y(0r)> Un+1,oo>

<y(5-7”)7 Un+1 oo> . . ‘
N Fe (N, =y(5:)) H Pe Nnyr)e(h) = y(s)
)\nUn,oo(r) sCt 55y gen(s)=n ( )

— M i n M type(s) _
= Mol (i) € (T =1) MUn o () [T Pe(N® =y(s))

Un OO( ) L
S T )

s€t,gen(s)=n

Hence (2.5.2) remains true for n + 1. By induction (2.5.2) holds for all n > 1. Summing

over o; in (2.5.2), we see that for any n > 1 and t € T,

where z,(t) is the vector counting the number of particles in ¢ at generation n, of types
j=1,---,d.

By abuse of notation we denote by P* and IF’% respectively the annealed and quenched

distributions of the tree T € 7. The annealed and quenched laws of biased tree T € T
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are denoted by P and P, and defined according to
P.(T' € ) :=P(T. €-), PL(T €-):=PT. ). (2.5.4)

By P!|g, and P!, we denote the restrictions of the respective laws to the o-field G,. Then
by (2.5.3) we obtain that for all n > 0,

dP.ig, = W; dP'g,,

which means that P’)g, has the density W, with respect to P'g,. However, P! is not

necessarily absolutely continuous with respect to P*. Define

W= limsup W;.

n——+00

Then according to Theorem 5.3.3 in [21] we have the following two equivalences :

Wi=+400 Pi-as. <« Wi=0 P-as;

A , A (2.5.5)
W<+ Pl-as. & EW'=1.

Now we prove that the condition A3 is sufficient for the random variable W* to be finite
Pi-a.s., which will conclude the proof of Theorem 2.2.6 by (2.5.5). Assume A3. So there
exists C' > 0 such that for all 1 < j < d, P-a.s.,

400 + j
Z ]P)f (lOg <Yn7Un+1,oo> 2 C)

n=0 n

RESS <N7]1,7 Un+1 oo>

Since the random variables (Y, U1 ), n > 0, are independent under P¢, by the Borel-

n?’

Cantelli lemma we deduce that for all 1 < j <d, P¢-a.s.,

iy
lim sup log” (Vi Un+1.c) < C. (2.5.6)

n—+00 n

Moreover (log™ (Y7, U1 1.00))ns0 s @ non negative stationary and ergodic stochastic pro-

o

cess, hence by a result of Tanny [66, Theorem 1] we know that limsup log™ (Y9, U, 11 .0)/n
n—-+00
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is either 0 P-a.s. or +00 P-a.s. Therefore, by (2.5.6) it follows that for all 1 < j < d,

lim 10g+ <YT{, Un+1,oo>

n—-+00 n

=0 P-as. (2.5.7)

Since log ™ (Y, Upi1.00) = ;l:l log™ (Y, Upt1,00) 1{D, =}, this implies that

lim 10g+<Yn7 Un+1,oo>

n—-+00 n

=0 P-as.

Furthermore, using Proposition 2.2.5, as n — 400 we have
log A\gn1 ~yn  P-a.s.

The last two assertions imply that

= <Yn7 Un+1,oo>

s < oo Plas. 2.5.8
n=0 Ao,n—lUO,oo (Z) ( )

Foralll1 <i<dandn > 0, let Zin € N? be the vector whose j-th component is the
number of particles in T at generation n, of type j. For all 0 < k < n, let Z,;,, be the
vector whose j-th component is the number of particles at generation n, of type j, which
have as ancestor one of the children of (Dy, Ly), except (Dyy1, Lgr1). Then the processes
{Zkn, n =k}, k = 0, are independent (under P¢), with environment 7%!¢ and initial

state Zup = Yr — ep,,. So, for all n > 0, we have the decomposition

n
) %
Z*n =ep, + E Z*k,n P*-a.s.

k=1

Set Y ={YJ, D, :n>0,1<j<d}. Then by Lemma 2.2.2, for n > 1, Pi-a.s.,

E€ [<Zin —€D,> Un,oo>‘y~, Z*k,n—la k < n— 1]

— zn: <IE§ [Z*k.n’% Zikn—1,k <n— 1} ' U”7°°>
k=1

n—1

- Z <M5_1Z*k,n—1a Un,oo> + <Y;L—1 — €Dy Un,oo>
k=1

= >\n—1<Zin_1 — €D, 15 Un—l,oo> + <Yn—1 — €D, Un)oo>

Théorémes limites pour un processus de branchement multi-type dans un environnement aléatoire Erwan Pin 2020



CHAPTER 2: KESTEN-STIGUM THEOREM FOR A SUPERCRITICAL MBPRE 72

Consequently, conditioned on ) and on the environment &, the process

Zin B 6Dn7 Un7oo> _ iy <}/}€ - 6Dk+17 Uk+1,00>
AO.n—lUvO,oo (Z) k=0 /\07k—1UO.oo(i) 7

A, = ( n >0, (2.5.9)

is a martingale w.r.t. o (§,¥,{Zwun k <n}), n > 0, under the law P;. Notice that A,
is bounded from below by the opposite of the series (2.5.8) which converges a.s., so this
martingale converges P-a.s. to a finite limit. From (2.5.9) and using the a.s. convergence

of A, and of the series (2.5.8), together with the fact that /\éijj_"lim — 0 a.s., we deduce
that

ZZ n,o0
lim —< en Un.oo)

- exists and is finite P*-a.s.
n—H_OO)\O,n—lUO,oo(Z)

Therefore, by the definition of P% (see (2.5.4)),

; Z!  Upoo
W* = lim sup —< w Unoo)

— < 400 Pas.
n——+o0o )‘O,n—lUO,oc(l) *

So applying (2.5.5) we see that EW* = 1, or equivalently E;W* = 1 P-a.s., which implies

that 77" is non-degenerate.

Finally, if we denote by
7€) =P (W =0), 1<i<d,
then by letting t — +o00 in (2.2.12) we see that
q&) = fo (a(T¢)), (2.5.10)
where g(€) = (7'(6), -+ .g(¢)). Cleanly,
{IIZZ;H e 0} c{wi=o}. (2.5.11)

So, if W* is non-degenerate, then we have ¢/(¢) < ¢'(¢) < 1 P-a.s. Hence, using [46,
Proposition 3.1] we deduce from (2.5.10) that g(§) = ¢(&) P-a.s. This concludes the proof
of Theorem 2.2.6.
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2.6 Proof of Corollary 2.2.8

By Theorem 2.2.6, we know that
Pe (W' =0) =¢'(§) < L.
So from (2.5.11) we conclude that for all 1 < i < d,

{||Z?‘|| o 0}={Wi=o} P-a.s. (2.6.1)

" n—4oo
By the definition of W/ (cf. (2.2.11)), we obtain that for all 1 < i < d and n > 0,

1z
h /\O,n—lUO,oo (Z)

N

w (2.6.2)

Using Proposition 2.2.5, it follows from (2.6.2) that, P-a.s. on the event {W* > 0},

1 .
liminf —log ||Z, || = 7. (2.6.3)
% n

n—+

For any € > 0,alln > 0 and 1 < ¢ < d, we have

7 en E ||Z7ll|| —en —en
P (|12 > e HMo,n_ln)gE(me <o,

It follows that Y-, P (|| ZL]| = € || Mon-1]]) < +00. Applying the Borel-Cantelli lemma,

we deduce that
P(|Z)]| = e [Mons|l io.) =0,

where i.0. means infinitely often. Combining this with (2.2.13) we get that for all 1 <
i < d, P-a.s.,

1 A 1
limsup —log ||Z,|| < e+ lim —log||My,1] =e+17.
n—+oc N n—+oo n

Letting € — 0 and using (2.6.1) and (2.6.3), we see that P-a.s. on the explosion event E*,
limy, 4 +log || Z%|| = ~. This ends the proof of Corollary 2.2.8.
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2.7 Proof of Theorem 2.2.9

2.7.1 Auxiliary results

We will need the following preliminary lemma.

Lemma 2.7.1. Assume condition A4. Then :

1. for alln,k >0 and 1 < < d, P-a.s.,
1 Myan(i.g) L Mypr(i, 5)
—<—<D and =< —"——7L<D; 2.7.1
D Mn,n—i—k(za 7') D Mn,n-‘rk (r‘, .7) ( )

2. foralln >0 and 1 <1 <d, P-a.s.,

= S Unoo(i) < 15 (27.2)

3. foralln,k>20and1<1i,5 <d, P-a.s.,

1 < Mn,n-l—k(i)j)Un—l—k—i—Loo(j)

< < 1. 2.7.3
dD? AnntkUn.oo(1) ( )

Proof. For k = 0, (2.7.1) is a direct consequence of condition A4 and the fact that the
sequence (M, ),>o0 is stationary. Moreover, for all m > 0, k > 1 and 1 < 4,j,r < d, we

have

Mnn—i—k b i n71+k 1(2 Z)M71+k(l7r) M7l+k(l7j)
A[n n+k( , T =1 an ntk— 1(7 Q)Mn+k(37r) ]\/f"+k(l,7’)

We note that

( M11,n+k—1(i7 Z)Mn+k(l7 T) )
Z§:1 My s i—1(2, 8) My (s,7) 1<i,l<d

is a positive stochastic matrix. Therefore we get the first inequalities in (2.7.1) : for all
n>0,k>1and 1 <14, 75,r <d, P-a.s.,

i < min Mn-{—k(lv]) < ]\4n,n+k(7’vj) < Mn-‘rk(lvj)

ma < D.
D SASSa My (1,1) S Mypon(iyr) S 1SS0 Mg (L)
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A similar argument gives the second inequality in (2.7.1). So the proof of (2.7.1) is
complete.
By (2.2.3) and (2.7.1) we get that for alln > 0 and 1 < 7,5 < d, P-a.s.,

Un,oo(l‘) — lim Mn,n—&-k(l'«, Z) > i
Un,oo(]) koo Mn,n-i—k(]»z) D

Since [|U, || = 1, this implies (2.7.2).
Using (2.2.7), it is clear that for all n, k > 0,

<Mn,n+k(iv j)Un-‘rk-‘rl,x (j) )
)\n,n+kUn7OO(i) 1<4,5<d

is a positive stochastic matrix. Then, applying (2.2.8), (2.7.2) and (2.7.1), it follows that
foralln,k > 0and 1 <14,5 < d, P-a.s.,

Mn,n+k (Z’ j)Un‘i‘k"‘lvOO (J) _ ]\'{n7n+k(i7 j)Un+k+1,oo (])
)\n,n-‘rkUn)oo (Z) Zg=1 ]L[n,n-i-k(i; T)Un-i-k-i-l,oo (T)
L ( Zd: Mn,n+k (Z T)Un+k+1,oo (7’) ) -1
g ap Mnn—l—k(iaj)
—1 1
dD2 ( Z Unthet1,00(T )) = qDz (2.7.4)
This ends the proof of (2.7.3). 0

2.7.2 Proof of Theorem 2.2.9

Notice that the conclusion of Theorem 2.2.9 for an i.i.d. environment follows from that
for a stationary and ergodic environment and the fact that the conditions A5 and A7 are
equivalent in the i.i.d. case (cf. Lemma 2.11.1). So we need only to prove Theorem 2.2.9
when the environment is stationary and ergodic.

By Theorem 2.2.6 and Lemma 2.11.1 we know that A5 is sufficient for the non-
degeneracy of all the W* 1 <i <d.

We now prove that if A5 fails, then each W is degenerate. Assume that A5 fails.
Then A3 fails, since A3 < A5, which means that for all C' > 0,

= <Nm UL+1 00>
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We keep the notation of the proof of Theorem 2.2.6. By the definition of the tree T¢, for
n =0,

Zi =Y, P-as. (2.7.6)
Let (Fun),so be the filtration defined by F.o = o (£), and for n > 1,
Fun =a(§,N;jk,Y;,Dk,o <k<n—-1,1<r<dl> 1).

By the conditional Borel-Cantelli lemma [21, Theorem 5.3.2] we get that for all C' > 0,

+00
{10g+<an Un+1,oo> = Cn 10} = {Z P <10g+<}/;17 Un+1,oo> = Cn‘]:*n> = +OO} .
n=1

(2.7.7)
By the independence under P¢ between {Y7:1<r<d} and F,,, we have
+o0o
>~ P (log" (¥ Unsr) > Cn| 7.y )
n=1
+o0 d
= Z IP{ (Z 10g+<YZ> Un+17oo>]l{D"=r} 2 Cn‘f*n>
n=1 r=1
+oo d
=> > P (1og+ (Y7 Upiioo) = On) P, (Dn =7 ]—'*n) (2.7.8)
n=1r=1

For any n > 1, under P, D, is independent of the family {N,fk,YkT} with 0 < k <
n—1,1<r<dand! > 1. Therefore, for ] <r <dandn > 1,

]P’g(Dn - r‘]—"*n) - ]P’£<Dn = r‘Dk, 1<k<n— 1)
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Moreover by the construction of (D,,), for all n > 1 and (j1,- -, jn_1,7) € {1,--- ,d}",

Pe(Dn = r[Duos = jumr oo+, D1 = 1, Do =)
=P¢(Dy = 7| Dyy = jur)
_y y(y,U >)IP> (v =)

_ Z y(T)Un,OO(”") )Pg (Nr]zn = )

yENd An—lUn,—l,oo(jn—l

_ Mn—l (jn—h r)Un,oo (T)
)\n—lUn,oo(jn—l) .

This implies that for all 1 <r < dand n > 1, P-a.s.,

J\Jn—l(Dn—ly T)Un,oo(r)

Pe (Dn - 7"}—*”) - /\n_lUn,OO(Dn—l)

Then, using (2.7.3), it follows that for all 1 <r < d and n > 1, P-a.s.,

1

Pe(Dy = 7| Fn) > T (2.7.9)

Combining equality (2.7.8) with inequalities (2.7.9) and (2.7.3), we get that for all C' > 0,
P-a.s.,

+o0 1t d
Z P <10g <Yn7 Un+1 oo Cn‘~¢*n> dD2 Z ZP§ (lOg Un+1,oo> 2 Cn)
n=1 n=1r=1
(2.7.10)
By the definition of Y, for all C' > 0,
r <N57 Un 1.oo>
Pe (log™ (Y7, Uny1.00) > Cnt) = B (Wﬂ{logﬂzv;,r]nﬂ,w»cn} -
Using this together with (2.7.5) and (2.7.10), we deduce that for all C' > 0,
400 d
(Z > Pe (log™ (Y7, Uniro0) > Cn) = +oo> > 0. (2.7.11)
n=1r=1

Since (log* (Y, Unt1.00))n>0 15 a non negative stationary and ergodic sequence, by [66
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Theorem 1] of Tanny we know that

is either 0 P-a.s. or + oo P-a.s.

logt (Y
limsup 0g < ann+1,oo>

n—-+oo n

As (Y, Upt1,00),n = 1, are independent under Pg, by Borel-Cantelli lemma this implies
that for all C' > 0 and 1 < r < d, either

+o0
> P (log+(Y,f, Unt1.00) = C’n) < +oo P-as.,
n=1

or

+oo
> P (log™ (V) Unp1o0) > Cn) = +00  P-as.
n=1

This statement remains valid while P¢ (log+(Y,f  Uni1,00) = Cn) is replaced by 3¢, ]P’,g(

log™ (Y Upyi.00) = Cn). Therefore from (2.7.11) we obtain that for all C' > 0, P-a.s.,
400 d
SN P (log+<YTf, Upt1.00) = Cn) = +400. (2.7.12)
n=1r=1

Combining (2.7.7), (2.7.10) and (2.7.12), we deduce that

IOng <Ku U11+1.oo>
n

lim sup =400 P-as.

n——+00

It follows from (2.7.6) that, Pi-a.s.,

log™(Zi U, log™ (Yo—1, Un
lim sup 08 (Zin: Un, >2limsup 08" (Yn-1, Un,xc)

n——+o00 n n——+o0o n

= +o0. (2.7.13)

By Proposition 2.2.5 we have log A\g,—1 ~ yn P-a.s. as n — +00. So we get from (2.7.13)
that

Zt Un oo
lim sup —< en» Un,oo)

— = +00 Pi—a.s.,
n—+o00 /\O,n—lUO,oo(l)

or equivalently

W* = lim sup —< n Un,oo)

— =400 P-as.
n——+o0 )\Qyn_]_UOpc(l) *
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By (2.5.5) we conclude that W = 0 P*-a.s. , for any 1 < ¢ < d. This ends the proof of
Theorem 2.2.9.

2.8 Proof of Theorem 2.2.10

2.8.1 Auxiliary results

We need additional results on the products of the mean matrices (M,). Set

D% -1

= 1).
D2+1E(0’ )

The following Lemma was proved by Kesten and Spitzer in [48]. It gives a uniform
convergence in (2.2.3) with an exponential rate, under the condition A4 of Furstenberg
and Kesten [26].

Lemma 2.8.1. Assume condition A4. Then there exists a constant C' > 0 such that for
all1 <, <dandk >0,

Mn,n+k(i7 ])
sup ; .
n>0 pn,n+kUn,n+k(Z)V;l,n—i-k (.7)

—1| < C6 P-as. (2.8.1)

The next result establishes a uniform convergence with an exponential rate for the left

and right eigenvectors U, nix and Vi, ik /|| Vinskll, as & — oo.

Lemma 2.8.2. Assume condition A4. Then there exists a constant C > 0 such that for
all k > 0,

SUp |Unmik — Unsoll < CO* P-a.s. (2.8.2)
n=0
and
sup ‘ Vot Vit < CoF P-as. (2.8.3)
n=0 “‘/On-i-k” ||Vnn+k||

Proof. We only prove (2.8.3), since one can obtain (2.8.2) by similar arguments. Let
C > 0 be as in Lemma 2.8.1. Denote by kg > 0 such that C'6* < 1. By Lemma 2.8.1, for
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alln >0, k> ko and 1 < 4,5 < d we have

1—-Co" Vn,n-i-k(j) < Mn,n-&-k(i:j) < 1+ " Vn,n+k(j)

< - < P-a.s.
L+ C6F [Vinirll ~ (IMuppik(i o)l 1= COF ||V il

From this and the fact that ‘rneU) < < 1, we deduce that for all 1 < i< d and k > ko,

||Vn n+k ||
sup d : - < 6" P-a.s.
20 ||| Mpnin()ll ([Vanskl |~ 1= Coko
Therefore we get that for all 1 <¢ < d and k > ko,
Mnn+k(i7j) Vnn+k( ) k
sup : - - < 1% P-as., (2.8.4)
020 | [Mopik(i )l Vansrll |

with C) = 20/(1—Cé*). From (2.8.4) it follows that for alln > 0, k > kg and 1 < j < d,
P-a.s.,

Vournli) vn,mk(j)‘

Vontell Vel
AI{) n-i-k(j'j) n n+k(.77.] ‘ k k
< : y + C15n+ "+ Ch0
”MO,n-',-k:(.]a )H ||]\jn n+k(] ||
d (4, ) My i1 (J
< M. . j, nn+k ) n,n+ ‘+20 51@
Zzl O M s G~ TGN 2
o HMnn-i-k(Zv )” nn+k(7' ]) ]L[n,n-i-k(]vj)
- ZMO’I‘L 1 .7» ) - .
i=1 ||M0n+k(]7 )” ”]\[nn+k( )” ||Mn,n+k(]a')||

+2C 6%,

So we obtain that for all n > 0, k > kg and 1 < j < d, P-a.s.,

‘/07n+k (]) V;z,n—i-k (]) ‘

||Vz)n+k|| ”V;Ln+k'||
ZMOn 1(,9) ||Mnn+k , )” M, ik (1 5) My k(5 ])
[ Moy M Mo (i ) (1Mo (G, )l
+2015’“
Mnn—l-k(rvj) Mnn+k K
N Y A o R A 3 ||‘+2015
< 4015k7
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where the last step holds by (2.8.4). Hence (2.8. 3) holds for all £ > ko and C' = 4C}. For

. Vian n Van —
ki < ko, since i :’“( ”) 1, we have | ”(‘J/ +i§j”) A :i?ll” 1 < 6 "§*. Therefore (2.8.3)
holds for all £ > 0 and C = max(4Cy, § ). O

The next assertion shows that conditioned on the explosion event E* = {|| Z!|| — 400},

cach component Z () of Z! tends to +oco in probability.

Proposition 2.8.3. Assume conditions A2, A4, and v > 0. Then, for all 1 <i,j <d
such that P (E*) > 0, we have

N P

Proof. Clearly, it suffices to prove that for all 1 <1, < dand K >0
P(Z(j) > K, E") — P(EY), (2.8.5)

Set K1, Ky > 0. By (2.4.1), for n,k > 1 and 1 < 4,5 < d, P-a.s., we have

Pe (Zini) < K1, 125 > Ka)
d Zi(r)
= (Z Z Zlnk K1,||ZL|| )
r=1 |=1

< P (Z;n,k<j><m,||za||> O, 1< <d 1 <1< Z(r))

= B¢ |Pre (2005) < Kl)Zm) s Prog (Z005) < Kl)zz -

Lz, ||>K2}] :
It follows that, P-a.s.,
N 1{2
Pe (Ziali) < K121 > 1) < (jmas, B (ZG) < K1)
This together with the fact that

limsup P{E", || Z.| < K3} < (hmsup{EZ 1ZL| < Ky}) =0,
n—+00
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implies that

limsup P(ZL(j) < K1, B') < limsup P (Z%,,(j) < K1, | Z2] = K)

n—+o0o n—+o00

< E(max Pe(Z(j) < K1)

1<r<d

K>

Letting Ky — 400, it follows that

limsup P(Z}(j) < K1, EY) < P(max Pe(Z7(j) < K1) = 1)

n—-+oo 1<r<d

d

Z (Pe(Z7(5) < K1) = 1). (2.8.6)
By (2.2.19) we know that

]EEZIZ(J) = Mo,k_l(r,j) k—>_+>oo 400 P-a.s., (287)
which implies that for all K; > 0,
P(Pe(Z(j) < K1) = 1) < P(EeZi(j) < Ku) 0.
Therefore from (2.8.6), we conclude that for all I{; > 0,
P(Z,(j) < K1, BY) == 0,

which implies (2.8.5) and ends the proof of Proposition 2.8.3. O

2.8.2 Proof of Theorem 2.2.10

Let 1 <7< d. Forall n,k >0 set

i

Vn,n+k
H Vn,n+k ”

i

Zy="
I1Z: ]

and Vi pip =
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From (2.4.1) and on the event E*, for any n,k > 1 we have

1 ’ Zriz+k o MT 7
it |[Vamewll [I1Z2] et
1 1

Zy(r) ‘

< Zi k() = Mugsr—1(r, J)
pn,n-‘rk—lHVn,n-i-k—lH ||Z’;€L|| j=1r=1 ; ( Lk e )

d

_ Zd: Z Aln,n-i—k—l(,r:j) 1 Z%Z(S) <W’])) — 1) .

j=1r=1 pn,n—kk—l”vn,n—o—k—l” HZ%” =1 Mn,n-ﬁ-k—l(r,j

(2.8.8)

By the weak law of large numbers and Proposition 2.8.3 we get that for all 1 < r,j < d,

A - — 0. 2.8.9
||ZTlL|| =1 ]\'{n77l+k—1(r7]) ( )

n—-+oo

1 Z%(r)( Z] () _1> P

Let C' > 0 be sufficiently large such that (2.8.1) and (2.8.3) hold. By (2.8.1), for any
1<rj<dn>0and k > 1, P-as.,

Mn,n+k—1 (7”, ]) < (1 + C(Sk) Un,n+k—1 (T)Vn,n—b—k—l (])
pn,n+k—1 ”Vn,n+k—1 ” ||Vn,n+k—1 ”
<1+ 06"

Combining this with (2.8.8) and (2.8.9), we deduce that for all £ > 1,

1 Zrir+k T 1 P
T M 7 — 0. 2.8.10
ot Vol | Tza ]~ MnmbsZnl| (2% (2.8.10)
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Moreover, by Lemma 2.8.1 we get that that for any n, k > 1,

‘]\{gﬂ.n—i-k—l —i —i
/ Zn - <Zn Un 1L+k—1>vn.n+k—1
Prntk—1 ” ‘/n,n+k'—1 ” ’ ’

d d .
Mn n+k—1\7T, N a) by 4 N
< Sy | Mtk 0D 7 ) g 6 i GVZ )
r=1j=1 /)n,nJrkle n,n+k71H
d d - .
< Z Z Un,n+k—1(r)vn,n+k—1(j)Zn(r) X
r=1j=1
A-/[n,n+k—1(r7 ]) _ 1‘
pn,n+k'—1 Un,n+k—1(T)Mz,rz+k—1(j)
Mnn - ) '
< max nrk-1(r,7) _ 1‘
I<rj<d pn,n+k71Un,n+k71(T)Vn,nﬁ»kfl(])
< Ok (2.8.11)

Let ko € N be large enough such that C6¥~1 < 1/(dD). Then, combining (2.7.2) and
(2.8.2), we see that for all 1 <r <d,n>1and k > ko,

i} 1 T > — -a.s
< 0 3 > > 2 l ( )
21 7Lnn+k = D ]I a.s. 2‘8'12

Let € > 0. Let k; € N be such that 2dDC§* < /8 and k; > ko. For all n > 0 and
k = kl, set

i TR
pn,n—&-kz—l ” V;L,n+k—1 ” <Zn, Un,n—i—k—1> || Z:l ”

nk T

which is well defined on the explosion event E?. Notice that

R 1
i )
Y;z,an+k - Vn,n+lc—1 = —X

<73u Un,n—i—k—1>

Zriz+k 7t
— — (7 .U 1)V E—1]-
ot Vo Za] ~ Ve Unnmt) Vi
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Therefore, combining the relations (2.8.10) and (2.8.11), together with (2.8.12), we obtain
that for all k > kq,

Applying (2.8.13) and the triangle inequality we have that for all & > &y,

=1 > )

= tim s (| [ Zhea] ~ [oso] | > )

n—-+o00

an-i—k nn+k 1H > ) — 0. (2.8.13)

n—-+00

lim sup Pgi (

n—-+o00

’ an+k Vn,n+k—1H>i>

— 0. (2.8.14)

< limsup Pg: <

n—-+oo

Combining (2.8.13) with (2.8.14), we obtain that for all £ > ki,

Py <

— J— £

< ( an+k 7177+k 1H+’ k_l‘ )
< ( an+k nn+k 1H> )+]P>E1<Y;7k—1‘>i)
(2.8.15)
n—>+oo

Notice that for any ko > 0,

lim sup ]P)Ei< ‘72 — VO,nle > 5)

n—-+oo

< limsup IEDE'L(

n—-+00

3
’Zn-l-kz Vn,n—',—kg—lH > 7)

-+ lim sup IP’EZ<

n—+00

‘V0n+k2 1_Vnn+k2 1” > )

Let ko > k; be such that C§*~! < /2. Then by (2.8.3), the second term in the right
hand side is 0. The first one is also 0 by (2.8.15). Hence

lim sup IP’E1<’Z — V{)n 1” > 5) =0.

n—-+00

This proves (2.2.20).
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Since (Vo,n)n=0 convergences in law to Vo (see Proposition 2.2.1), from (2.2.20) we
obtain directly the convergence in law of (Z},),>0 t0 V. This concludes the proof of
Theorem 2.2.10.

2.9 Proof of Theorem 2.2.11 and Corollary 2.2.12

Proof of Theorem 2.2.11. By (2.7.3), for all 1 <i < d and n > 1, P-a.s., we have

M/,Zl _ Xd: M(),n—l(iaj)Un,o.o(j) Zfl(]) -
j=1 )\O,n—l UO,oo (2) ]\/-[O,n—l(Z’])
d i
dD? & B¢ Zj(j)

Consequently we get that Z:(j)/E¢Z:(j) — 0 P-a.s. on the event {W* =0}, for all 1 <
i,j < d. Now we investigate on the event {W® > 0}. By (2.6.2) and Proposition 2.2.5
it holds that ||Z¢|| — +oo P-a.s. on {W* > 0}. Morcover, using (2.2.3) and Proposition
2.2.10 we have that for all 1 < 14,7 < d, as n — 400, P-a.s.,

1 Z(j)  Upse(i)Aon—1 (
Wi EeZi(j)  Mon1(i,j) (2. U
~ <V0,n—1: Un,OO> l(

Vou-1(i)  (Z}, Un,
ol Z0)
Von-10) 1 Z3 7

! %() oo (1) Vo () 1Z3]]
2 (ZiUnoe) WVomoall Zilr)’

(2.9.1)

Applying Theorem 2.2.10 it follows that for all 1 < 1,j < d,

Vbn—l(j) IP)Ei
: - — 0.
‘IIZZII Vo] | o

Since (Vou/|[Vomll),sq converges in law to Voo with Ve >0 P-a.s., this implies that

Vol 1“ Z,(j) .| Bw
— 0. 2.9.2
‘/O,n 1 ||Z2|| n—+o00 ( )
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Combining (2.9.1) and (2.9.2), we deduce that for all 1 < 1,5 < d,

1 eri (]) Ppi
Wy Be Z](j) n—too

It follows that

Z, (]) P i
n . WZ
which concludes the proof of (2.2.23). From (2.2.23) and (2.2.3), we deduce (2.2.22) : for
all 1<i,5 <d,

ZTZZ(.]) _ Z'/Zz(]) 0 1(2) A[07n—1(i7j)
pO,n—lVb,n—l(j) Eézfz (7) . pO,n—lUO,n—l (i)%,n—l (7)
P i .
n—>—+>oo W UO’OO (Z)
This concludes the proof of Theorem 2.2.11. ]

Proof of Corollary 2.2.12. Notice that, for all 1 <i < dand n > 0,

HZ;LLH i 4 M0,71—1(i7j) ( Z’;LL(])) _VV1>

[EeZ} | S (Mo (6, )|| \EeZi(s

Then, letting n — +o00 and using Theorem 2.2.11, we get the first convergence in Corollary
2.2.12. Combining this with (2.2.3), we get the second convergence, and we conclude the
proof of Corollary 2.2.12. O

2.10 Proof of Theorem 2.2.13

We need an auxiliary result to prove Theorem 2.2.13.

Lemma 2.10.1. Let (Xj) ey be a sequence of i.d.d. random centered variables. Then
for alln € N* and p > 1:

b (B,)" E | Xi|" n, if 1 <p<2,

E < )
(Bp)pE | Xk|"nz, if p>2,

> X,
k=1

where B, = 2min {k1/2 keNE 2> %}
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This result is a direct consequence of the Marcinkiewicz-Zygmund inequality, see [16,
Theorem 1.5].

Proof of Theorem 2.2.13. Notice that the condition (2.2.24) implies A7. Therefore, using
Theorem 2.2.9, we deduce that Wi 1 < i < d are non-degenerate, and (2.2.15) and
(2.2.16) hold. Now we shall prove the a.s. convergence (2.2.25)-(2.2.29). For that, it is
sufficient to show that the convergence in probability in (2.8.9) can be reinforced to a.s.
convergence. Indeed, if we prove that for all 1 <i,7,j < d and k > 1, P-a.s. on the event
Er,

1L RO 7,0
1z & (]Wn,n—i-k—l("'aj)_l noreo (2.10.1)

then all the convergences in probability in the proofs of Theorems 2.2.10, 2.2.11 and
Corollary 2.2.12 can be reinforced to a.s. convergences. Now we shall prove (2.10.1), which
is equivalent to the following statement: forall 1 < i,7,j <d, k> 1and 0 < b < k, P-a.s.
on E°,

VA

(r)
1 kn+b 7
i ( Lin+b,6(7) ‘ _1> 0. (2.10.2)
”an+b|| =1 Mkn+b,k(n+1)+b—1("'a]) nohee

Let (]:'n> 0 be the filtration defined by: Fo = {}} and, for n > 1

fnza(fs,Nl’:s,Oésgn—l,l<7'<d,l>1).

Applying the conditional Borel-Cantelli lemma [21, Theorem 5.3.2], we see that (2.10.2)
holds if and only if for all 1 < 4,7, 7 <d, k> 1,0<b <k, and C > 0, P-a.s. on the event
Et,

Zi

n (T) I >
ki ( Ziknyon(J) B 1)

=1 ]\'fkn+b,k(n+1)+b—1(7“, J)

> Cl|Zg

|

ﬁkn+b) < 4oo.  (2.10.3)

We can always assume that condition (2.2.24) holds for some 1 < p < 2. Since the
environment sequence (&,)n>0 is ii.d., Z], 1 (3)/Mnpnir-1(r, j) is independent of F,, for

all 1 <4,1m,7 < dandn,k,l > 1. Therefore, using Tchebychev’s inequality and Lemma
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2.10.1, the series in (2.10.3) can be bounded as follows :

o

n=1

VA

- (r) r .
ki ( Zz,lm+b,k(]) _1)

= \ Mpntbpmen)4o-1(7, )

-+o00 1
> i
= OpHan-‘rb”p

n=1
< *Z°°(B£ Zinss( | ZH0)
C?| ZiinllP | Mo (7, 5)

ﬁkn-ﬁ-b)

]E-kn-i-b)

Z p

N

in (r) .
ki ( Z .k (J) _ 1)
Mkn-l—b,k(n+l)+b—1 (Tv j)

)

=1

-1

n=1
The last series converges provided that P-a.s. on £,

P +o0

g |
E’ 46 7 1 > 2,07 < 4oo. (2.10.4)
n=1

]\'fo,k—1 (7"7 J

Therefore (2.10.3) holds if (2.10.4) is satisfied for all 1 < ¢,7,j < d, k> 1and 0 < b < k.

It remains to prove (2.10.4), which is done below. By Corollary 2.2.8, we know that
for all 1 <i < d, P-a.s. on EY,

1 ;
lm_ - log |2 =~ > 0.

n—+

Therefore we deduce that, P-a.s. on E,
+oo )
SNZIP < 4oo. (2.10.5)
n=1

Now using (2.4.1) and the inequality (x +y)P < 2P~ (2P +yP), xz,y = 0, forall 1 < 4,5 < d
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and k > 1, we have

i(r o P
_ gy M) S| Zial) |
r=1 ]wO,k’(Zv]) =1 Ml,k(rsj)
. (g ” . i P
< IE i ]\/ll,k’(r?.]) Zl( ) Zl,l,k(]) _ 1‘ + i Ml,k(rhy)Z? (,r)
b r=1 A/jo-k(i)j) =1 Ml,k(rﬂj) r=1 MO k(iaj) !
N\ Zi(r . p
< »IE Zd: M1,k(faj) 7w Zz,m(])- _q
r—=1 ]\/{0,]@(7'7]) =1 All,k’(ra])
d . p
- M (r, )
+ 2P L7y ] 2.10.6
(Tz:l Mo k(3. 7) i(r) ( )

M) s\ o (s Mo ) Mag(r,g) Zi)
E(; MO,Z(z‘,j)Zl(T)) ‘E(Z:l Vosls ) Mo(z',r))
d Mo(i,7)My g (r,7) ¢ Zi(r) \P
<]E<7; Mok(i,j) <M0(7,7’)> )

te()

Using again the convexity of x — 2 on R, together with Lemma 2.10.1, we obtain that
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forall 1 <i,j<dand k> 1

E Mlk 7” J Zi) llk:
=t Mox(is j) = J\/flkfj
D
_ g e Mol r)Mi(rg) 1 Z( Zhnld)
r—1 ]\/fo k(@, ) ]\/fo(l,r) ) M1 k(?” ])
d Zi(r) P
My (i, T)Mlk ,7) [( . llk ) ; ]
< E E -1 Ty
r= lMOk(L .} A{0 577)7) ¢ =1 Mlk T J) 1( )
4 Zir) Zi(5) 8
< B'E 1) |
P (,; Mo(i, )P~ | Mo (r, 5)
S Z() !
= BPSN EMy(i,r)' PE k -1 . 2.10.8
pr; ofé.r) Mo -1 (7, ) ( )

Combining the relations (2.10.6)-(2.10.8), we obtain that for all 1 <i4,j < dand k > 1

Zj110)) ) e e Z;(j) :
E | =2 ) <P I BPN T BMo (i, 1) PR | —— L
(Mo,k(zvj) p; 0( ) Mo,k—1(7"a.7)
p
p—1 )
+2 Z (1\10 )> . (2.10.9)

By (2.7.1), for all 1 < 4,5 < d, P-a.s., it holds

. 1
My(i,j) = @HMO( ||M0H

Combining this with (2.10.9), we get that for all 1 < j < d and k > 0,
p

Zi1(9) )” Zy(j)
EL 2pprdD2p1EM 1-p Eki_l
(MO,k(Zaj) ( ” ” Z My .- 1(7“ ])

)

r=

Using the condition (2.2.24), by induction on k we conclude that for all 1 < i,j < d and
k>1,

ZiG) Y
E(MOH(ZJ)> < +oo. (2.10.10)
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Putting together (2.10.5) and (2.10.10), we obtain (2.10.4), which implies (2.10.3), and
ends the proof of Theorem 2.2.13. O

2.11 Appendix

In this section we prove the several implications among the conditions A3-AT.

Lemma 2.11.1. Assume conditions A1 and A2. Then the following implications hold :
A7= A5= A3, and A7T= A6= A3
If additionally condition A4 holds, then we have the equivalences
A5 A3 and A7T& A6
Moreover, when the environment (&) is i.i.d. and A4 holds, then

A3 A5 A6 A7

Proof of Lemma 2.11.1. We first prove that A5 = A3. For all C > 1, K > 1 and

1 <i<d, P-as., we have

E, | X Zntloo/ 4 )
nzz:() ¢ ( )‘nUn,oc(l) (Ve Unt,00)>C"
+o00

<N727U +1, >
= T;O]Ee (AnUnL(iT TN Unr00) 207} T U o (1)< K7}

= N’rim Un >
+> Ee << o ]1{<N:L,Un+1,x>>cn}H{AnUn,oou)zK"})

n=0 A"lU”'lv,OO(Z.)
+oo <Nz U N >
< ]E ny < n+ ,.oc 1 ;
h ,; 5( AU, oo (4) {%&fﬁ%cmn}
+00
+ ) LU ()K"} (2.11.1)
n=0
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First, by A2, for all K > 1 and 1 < i < d, it holds that

“+o0 “+o0
E[Z ﬂ{xnUn.oo(ipKn}] = E[Z ﬂ{1og+(A0U0,oo(i))>n1ogK}]
n=0

n=0
< E |:10g+ ()\()UQ’OO (Z))
log(K)
Elog™ || M|
log(K)

+ 1]
+1 < +o0. (2.11.2)

By (2.2.5), we have Z;l:l %’w = 1, so that the summands are bounded by 1.

Therefore, for all C > 1 and 1 < i < d, P-a.s.,

= Nn* U, +1700>
2 (wwoﬂ{ m})

>\n Un (i) 7

= ZE<Z MUnsoll)  Ma(is )

J=1

1 )
d M, (i,m)U, +1, (r) N (r)
{ Z’r’ 1 >\nU71n:>c(7:;C Mn (l 7>>C"}

+oo d )
< E ( » )
nzo,zi M( ) {maxl@@ (pa)z0n
+oo d )
< Lo )
nzoyz;; \ M, (i, 5) {mfn((fl)xn} ( )

By a symmetry argument, for all C' > 1 and 1 < j,r < d, P-a.s., we have

N (4)
E(#ﬂ e o))
¢ M, (i, ) {A‘f;&})%n}
N, (5)
_ ]E( PHUPS DR )
¢ M,(i,7) {MnéZPC"} {1\25(2{;)21\27(2,2)}
N, (7)
\M,.(1, j) {J\flv:((i,l)>on} {]\ﬁ[v,:l((ij,;)<]\;>:((i,3)}

N;(j) Ni(r)
Eg(ﬂ%@(i,j)l{ﬁﬂé’ﬂ)>0”}) + Eé(]\/ml{ﬂﬂ(ﬁ” >Cn}) (2.11.4)

N

Combining the inequalities (2.11.1)-(2.11.4), this shows that A5 = A3.

We next prove that A7=-A5 and A6=A3. Since the sequence of the environments
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(&) is stationary, for all ¢ > 1 and 1 < 7,7 < d we have

V,%(J) n
( ( Mn(w)/c }))

_ §E< 7))]1{10g ( Zi6) )>nlogc}>'

Mo (4,5)

Therefore, we deduce that

BG.J) @3~ n () B(i. )
log C S (ZEE (M 7) {m"ffz)?C"})) < Tog C +1, (2.11.5)

n=0

with

Bli,7) = E(MZ<(])7> log” <MZ<(])7>)>

The implication A7=-A5 follows. The implication A6=-A3 can be obtained by a similar

argument.

We now prove that A7=-A6. By the convexity of the function = + zlog’ 2 on Rt we
obtain that for all 1 < i < d,

<Zi7 Ul 00>
E < )\QUO oo(Z)
)

(21 Uroo) 1+ <<Zi,U1.oo>>> N |
< E 2L og ™ (=200 ) + Elog" (AoUpeo
(AOUO.OO() Wi ) g (MoUo.o(1))

. E(i My(i, j)Us.c(5) z;’<j>)10g+<MZf<j) )) + Elog* | Mo

log*(Z1, U1,oo>>

= MUoso(i)  Mo(i, j o J)
Lol Zi0) Zi(j)
;E<Mo(i»j) log™ (Mo(w)» + Elog™ || My

Using A2, this proves that A7=A6.

From now assume additionally the Furstenberg-Kesten condition A4. Then A1 holds,
so from the conclusions above we see that A5=A3 and A7=A6. We will prove below
the inverse implications A3=A5 and A7=-A6.

Théorémes limites pour un processus de branchement multi-type dans un environnement aléatoire Erwan Pin 2020



95 2.11. APPENDIX

We first prove that A3=A5. For all 1 < K < (' and 1 <i < d, P-a.s., we have

= erw Un+1,oo>
2k (wwoﬂ{ tosrse) 0}

)\nLn oo(l) z

o = N;m Un+1,oo>
- ZEg( )\nUn,oo(Z) ]l{<Nn Unt1 oo>>0n}]l{<N Un+1 00>>Kn}

AnUn,co(i) =

= N;fm Un+1 oo>
+ Z E£ (Wrzpo(l)]]-{ <1\ Un1, o) >CW}]]'{<N72‘1,~,U71+1,:X:><KH}

AnUn,co(é) =

N

’Un+1 oo>
E AT TR0/ . :
Z 5( AnUpoo (i)~ (NmUnstoo)2(CK)TS

n=0

400
+ 2.11.6
nzzj() {)\nUn 00(71)<( )n} ( )
Notice that, by (2.7.3),
<Nn7U+loo d n+1 OO(J) NZ( )
d 2.11.7
ATLUTL,OO( ) z:: /\TZUIL OO( ) n(Z ]) dD2 Z IL(Z ]) ( )

Therefore we get that for all C > 0 and 1 <i < d, P-a.s.,

N’INU +1,oo>
ZE5<>\nUn,oc(i)ﬂ{<N%+1x>>m}>

n=0 AnUn,oo(i) 7

d 400 )
dD2 YO E ( ( )]l{ Ni () >dD2cn}>' (2.11.8)

j=1n=0 My, (LJ}/

Moreover, for 1 < K < C and 1 < i < d, it holds that

r +oo

+o0
E|S 1 —E|S 1

[nz:% {AnUn,oc(z'K(’g)"}] nz::(, {108(>\0U0,oo(i))<n10g(g)}]
r +oo

p R

5 {|log(AoUo,oo(i>>|>nlog<2)}]

[[log(AoUp,00 (1))
log(C/K) 1}

N
=

N
=

(2.11.9)
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By (2.7.2) and Proposition (2.2.5), we get that

El log(AOUO,oo(i))l < El 10g >\0| + E‘ log UO,oo(i)l
< E|log Ao| + log(dD) < +o0. (2.11.10)

From (2.11.9) and (2.11.10) we deduce that for 1 < K < (' and 1 < < d,

1
IE[ 1 }gilﬁl 1og(AoUose (i))] + 1 < +o00. 9.11.11
nz:% {)\nUn,oo(i)é(%)"} IOg(C/K) | g( oo, ())’ ( )

Combining the inequalities (2.11.6)-(2.11.11), we obtain the implication A3=-A5.
It remains to prove that A7=A6. By (2.7.3), for all 1 <i,j < d we have

E<MZ<(]$ )

< E<dD2W (a0 Mf(oiz;j)))

< E(dD2 &f}]%o(“; log* <d02 AZO;OU;“ )
e
¢ oo (i 0) e (50))

This, together with (2.11.10), proves that A7=-A®6.

Finally, in addition to the condition A4, we suppose that the environment £ is i.i.d.
Using the implications proved above, to show that all the conditions A3-A7 are equivalent,
it suffices to prove that A5<>A7. Let us prove this below. Since () is i.i.d., for all C' > 0

and 1 < 14,5 < d the random variales

N () )
E o1 n =0,
€<Mn(z)]) {I\II\;(EJj)/Cn}
are independent, and bounded by 1. By the Kolmogorov’s Three Series Theorem, we
deduce that the condition A5 holds if and only if for all C' > 0 and 1 <4,j < d,

= NLG) ))
(;0 f(f\rfn(z,ﬁ {mizon} -
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Combining this with (2.11.5), it follows that A5«<>A7. This completes the proof of Lemma
2.11.1. O]
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Chapter 3
Convergence in L? for a supercritical multi-
type branching process in a random environ-

ment

Résumé. On considére un processus de branchement d-type surcritique Z! = (Z'(1),
-+, Z4(d)), n > 0, dans un environnement aléatoire indépendant et identiquement dis-
tribué & = (&, &y, . ..), commengant avec une particule initiale de type i. Dans un précé-
dent article on a établi un théoréme de type Kesten-Stigum pour Z¢, qui implique que
pour tout 1 < i,j < d, Z.(5)/E¢Z:(j) — W' en probabilité quand n — +oo, ou E¢Z!(j)
est 'espérance conditionnelle de Z¢(j) sachant 'environnement &, et W* est une variable
alétoire postive et finie. Le but de cet article est d’obtenir une condition nécessaire et
suffisante pour la convergence dans L? de Z!(j)/E¢Z!(j), et de montrer que la vitesse
de convergence est exponentielle. Pour cela, on établit tout d’abord les résultats corre-
spondant pour la martingale fondamentale (W) associée au processus de branchement

(Z,).

Abstract. Consider a d-type supercritical branching process Z! = (Z!(1),--- , Z!(d)),
n > 0, in an independent and identically distributed random environment & = (&, &1, - . .),
starting with one initial particle of type i. In a previous paper we have established a
Kesten-Stigum type theorem for Z!, which implies that for any 1 < i, j < d, Z(4)/Ee Z5(5)
— W" in probability as n — +oo, where E¢Z!(j) is the conditional expectation of Z ()
given the environment &, and W is a non-negative and finite random variable. The goal
of this paper is to obtain a necessary and sufficient condition for the convergence in LP
of Z!(j)/EeZ.(j), and to prove that the convergence rate is exponential. To this end, we
first establish the corresponding results for the fundamental martingale (W?) associated
to the branching process (Z¢).

3.1 Introduction

A significant advancement in the theory of branching processes was made with the in-
troduction of a random environment such that the offspring distribution of generation n

depends on some random environment &, at time n, in contrast to a constant distribu-
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99 3.1. INTRODUCTION

tion assumed in the Galton-Watson process. This allows a more adequate modeling, and
turned out to be very fruitful in theoretical as well as in practical senses. For the first fun-
damental results on branching processes in random environments, see Athreya and Karlin
[5, 6]. The importance of the study of branching processes in random environments is
mainly due to its wide application background, both in theory and in practical problems.
For example, Kesten, Kozlov and Spitzer [47] used such a process to study limit proper-
ties of for random walks in random environments; biologists are currently paying special
attention to the problems of genetic transformation, and such problems can be studied via
a multi-type branching process in a random environment; see Bansaye [8] for application
in cell contamination. Due to huge applications and important technique challenge, in
recent years, there is a great progress in the study of branching processes in random envi-
ronments, see e.g. the recent papers [57, 70, 74], the recent book by Kersting and Vatutin
[50] and many references therein. In an earlier work [32], for a supercritical multi-type
branching process in an independent and identically distributed random environment, we
have studied the convergence of the normalized population size and the non-degeneracy

of its limit. In this paper, we will consider its convergence in LP.

Let Z, = (Z,(1), - -+, Z,(d)), n = 0, be a d-type branching process in an independent
and identically distributed (i.i.d.) random environment § = (&, &, --). For n > 0,
denote by M,, the matrix of the conditioned means of the offspring distribution of n-th

generation given the environment: the (7, j)-th entry of M, is
Mn(laj) = E&[Zn+1(]) ‘ Zy = ei]7

where E¢ denotes the conditional expectation given the environment . Let M, =
My - -+ M, be the product matrix. The process (Z,),=o will be denoted (Z!),>o when it
starts with one initial particle of type ¢, that is when Zy, = ¢;, where ¢; is the unit vector
whose i-th component is 1 and all the others are 0. In [32] we obtained an extension of the
famous Kesten-Stigum result on the Galton-Watson process to the multi-type branching
process in random environment (MBPRE). Assume that the MBPRE (Z),>¢ is in the

supercritical regime, in the sense that
= lim L El M, 0
v= 7l—>1+ooﬁ og ” 0,71—1“ > 0,

where || Mon-1]] is the Lj-norm of the matrix My,—;. Under the Furstengerg-Kesten
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condition M1 (see Section 3.2), we proved in [32, Theorem 2.11] that for all 1 <i,5 < d,

26 Z0)
]Eézfq(ﬂ) MO)n—l(/lej)

— W* in probability, (3.1.1)

where W' is a non-negative random variable independent of j; moreover, W’ is non-

degenerate for all ¢ if and only if

Z1(j) Zi(j)
E( 2 logt s
(J\/[O(Zvj) 8 J\/IO(Zvj)

)<+m Vi, j=1,-d; (3.1.2)

in addition E;WW* = 1 almost surely (a.s.) when (3.1.2) holds. By Sheffé’s theorem, it
follows that M()ZM — Wtin L' if and only if (3.1.2) holds.

,n—l(ivj)

The main objective in this paper is to find a necessary and sufficient condition under
which the normalized population size Z'(j)/Mo,,—1(i, ) converges to Wi in LP, p > 1,
and to prove that the convergence rate is exponential, for all 1 < 4,5 < d. In the single
type case, it is known that such kind of results play an important role in the study of
asymptotic properties of large deviations and Berry Esseen bounds in the central limit
theorem on the process (Z%), see [43, 31]. The situation is the same in the multi-type

case, as can be seen in the preprints [34, 35].

For a single type branching process in a random environment (Z,),>0, Guivarc’h and
Liu [38, Theorem 1.3] established the (annealed) L? convergence criterion: they showed
that when d = 1, for each given p > 1. (Z,/mg—1)n>0 converges in L? to a non negative

random variable W if and only if

Z p
IE<ml> <400 and Emy <1, (3.1.3)
0

where mg,,—1 = mg - --my_1, and my, denotes the conditioned mean of the offspring dis-
tribution at time & given the environment. Huang and Liu [44, Theorem 1.5] proved that

the LP convergence rate is exponential: if (3.1.3) holds, then

Zn

mon—1

p\ 1/p
ngrllx o " (E’ 4 ) =0 V> d.(p), (3.1.4)
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with

(Emb 7)o ifp e (1,2),

de(p) =
max {(Em(l)_p)l/p, (Enzap/z)l/p} if p> 2.

(3.1.5)

Afanasyev [2] also gave sufficient conditions for the LP-convergence of (Z,,/mg,—1), and

estimated the rate of convergence.

For the MBPRE’s case, the only result about the anncaled LP convergence is a claim
by Cohn [17] which concerns the L? convergence. Assume that the supercritical condition
~ > 0 holds, that each entry of My is bounded a.s. from below and above by two positive
constants, and that all the conditional second moments of the offspring distributions given
the environment are bounded a.s. by a constant. Assume also the integrability condition
Ellog % (1 — P(||Zi|| = 0))| < oo. Under these conditions Cohn [17] claimed that for
each j=1,--- .d,

Z,(5)

_nJ s W in L2 3.1.6
EcZ},(7) (3.1.6)

under the annealed law P, where W' is a non degenerate random variable satisfying
EW? = 1. However, the claim of Cohn [17] is false. To see this, it suffices to notice that
when d = 1, (3.1.6) holds if and only if E(%)Q < 400 and Emgy ' < 1 by the criterion
(3.1.3) of Guivarc’h and Liu [38, Theorem 1.3]. A quantitative condition (which ensures
Emg' < 1 for d = 1) is missing in the claim of Cohn [17]. This shows that the annealed
LP convergence is rather delicate even for p = 2. We mention that Jones [45], Biggins,
Cohn and Nerman [12] have studied respectively the L? and L? convergence of multi-type
branching processes in varying environment. Their results give sufficient conditions for
quenched LP convergence for multi-type branching processes in random environments. In
this paper, we deal with the annealed LP convergence, which is in general more delicate
because there is an additional integral operation. Since we will always dear with the

annealed LP convergence, for simplicity we will just say LP convergence in the following.

More precisely, we will find a necessary and sufficient condition for the L? convergence
which extends the criterion (3.1.3) to the multi-type case, and establish the exponential
convergence rate. Let p > 1 be such that EM(i, )™ < 400 for all 1 < i,j < d, and
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define

1/n

w(1=p) = lim (El|Mona]')

lim
n—-+o0o
It will be shown that the limit exists and is finite. Under the Furstenberg-Kesten condition

M1, we will prove that #ﬂj()u) — Win L? for any 1 <4,j < d if and only if

1naXEﬂp<+oo and k(1—p) <1 (3.1.7)
1<ig<d  \ Mo(i, j) e -

(cf. Theorem 3.2.1); moreover, if (3.1.7) holds, then there exists § € (0, 1) such that

p\ 1/p
) =0 (3.1.8)

(cf. Theorem 3.2.2). For a single type branching process in random environment, we have
(1 —p) = Emy ", so (3.1.7) coincides with (3.1.3), and (3.1.8) corresponds to (3.1.4) but

with less information on the exact exponential rate.

o Zy(j) :
n—+00 ( Mo,n—l(%J)

The proof of (3.1.7) and (3.1.8) is based on the corresponding results for the associated
fundamental martingale (W}) introduced in [32]. Let us recall briefly its construction. For
any n,k > 0, let p, ,+x be the spectral radius of M, ;. Applying the famous Perron-
Frobenius theorem (see e.g. [7]), pnnik is a positive eigenvalue of M, 1k, for which
there exist positive right and left eigenvectors U, ,, 1 and V;, 4 with the normalizations
NUnnsrll = 1 and (Vyniks Unngr) = 1, where ||z|| denotes the L' norm of the vector z,
and (z,y) the scalar product of the vectors x,y. Then, under certain conditions, by the

results of Hennion [40, Lemma 3.3 and Theorem 1] the limit
Unoo := lim U, 1k (3.1.9)
’ k—oo 7

exists a.s., with U, » > 0 a.s. and ||U, | = 1; moreover, there exist random scalars
An > 0 a.s. called the pseudo-spectral radii of the random matrices (M, ), which satisfy

a.s. the relation

MnUn+1,3c = AnUn,oo (3110)
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The relation (3.1.10) can be iterated to obtain

Mn,n+kUn+k+1,oo = >\n,n+kUn,ooa (3111)

n+k

where A, 11 = [[/27 N, for n,k > 0. Then, the non-negative martingale (WW}) is defined

as follows [32] :

; ; Zi n,00
Wézl Wt = <n7U,>

Mmooy > 3.1.12
" )\O,n—lUO,oo(Z) ( )

Assume for simplicity that the Furstenberg-Kesten condition M1 is satisfied. Assume
also that p > 1 is such that EMy(7,5)*? < +oo for all 1 < 4,5 < d. Then we show that
Wi converges in LP to the random variable W for any 1 < i < d if and only if (3.1.7)
holds (cf. Theorem 3.2.3); moreover, if (3.1.7) is satisfied, then

p

Jim 6 (B — W) =0 s> ap). (3.1.13)
with
k(1 —p)t/r if pe(1,2),

dc(p) = (3.1.14)

max {K(l —p)iP, /i(—p/Q)l/p} ifp>2

(cf. Theorem 3.2.4). In the case of the single type branching process, the martingale
(W,,) coincides with the normalized population size (Z,,/mq,,—1), so the relations (3.1.13)
and (3.1.14) coincide exactly with (3.1.4) and (3.1.5). It is known that when d = 1, the
critical value d.(p) is the best possible for (3.1.13) to hold (see Huang and Liu [44]).

For the proof, we develop the approach in [44] where the case d = 1 was considered. In
addition to the complexity related to the products of random matrices, the main difficulty
for the multi-dimensional case resides in the fact that ! depends on the whole environ-
ment sequence & = (§y,&1,- -+ ), not just on the environment sequence until the present
(&0, -+ ,&n—1), contrary to the one-dimensional case. Let us give a short description of
the approach. For p € (1,2], we first control the quenched L? norm of the martingale
difference W, — W}

n’

using the branching property and the Marcinkiewicz-Zygmund
inequality on the LP norm of sums of independent random variables. This permits us
to obtain a bound of E¢|W},; — WP in terms of (X n—1Up00(i))' . To overcome the

difficulty related to the dependence on the whole environment sequence, we condition on
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the future T"¢ = (&,,&n41, -+ ) to obtain Egng(ANon—1U00(2)) 7 < Cr(1 — p)™, which
gives the correct convergence rate in LP for the martingale (W}). For p > 2, we use an
argument by induction. To get the convergence rate of the normalized population size
Z(§)/Mopn-1(i, j), we prove that the difference Z¢(5)/Mgn—1(4,7) — Wi goes to 0 in LP
exponentially fast, using the exponential convergence of the products of stochastic matri-
ces due to Seneta [64]. For the necessity, we first establish some spectral properties of the

important transfer operator Ps for s < 0 (see Section 3.3).

The main results will be presented in Section 3.2. In Section 3.3 we establish the
spectral properties of the transfer operator P, that we will need. In Section 3.4 we prove
the criterion for the convergence in L? of the martingales (IW?), as well as their exponential
convergence rate. Similar results for the normalized population size Z'(j)/My,_1(i, j) are

proved in Section 3.5.

3.2 Notation and main results

Let N = {0,1,...} be the set of non-negative integers. The indicator of an event A is
denoted by 1 4. The symbol L denotes the convergence in probability with respect to
the annealed law P. For an integer d > 1, let R? be the d-dimensional space of vectors
with real coordinates, equipped with the scalar product and the L!'-norm respectively
defined by

(w,y) =) (i) y()) and |lzf| := ; (@), @,y € R

i=1

Let e; be the d-dimensional vector with 1 in the i-th place and 0 elsewhere. Define also
M4(R) the set of d x d matrices with entries in R, and the operator norm on M,(R):

|M]| == sup |[|[Mz], M e MyR).
ll=l=1

For a matrix or a vector X, we write X > 0 to mean that cach entry of X is strictly
positive.

Let us define precisely the multi-type branching process in random environment (MBPRE).
Let &€ = (&1)n>0 be the random environment, which is an independent and identically dis-

tributed (i.i.d.) sequence with values in an abstract space X. To each realization of &,,
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we associate d probability generating functions : for 1 < r < d,

)= 30 Dh g )i osit s = (5100 ,sa) €[0,1]%

k1, kq=0

A MBPRE (Z,) in the random environment ¢ is a process with values in N¢ such that for
all n > 0,

Zn

—

’I’

(3.2.1)

IL’

d
n+1 Z

||M

where Z, € N? is fixed, Z,(j) represents the number of particles of type j of some
population in generation n, and len(j) is the offspring of type j at time n + 1 of the
I-th particle of type r in generation n. The random vectors Nj,, = (N/,,(1),--- , N{,,(d)),
indexed by I > 1, n > 0, r € {1,---,d}, are conditionally independent and have the
1 d

» fu)

n’...

same probability generating function f”, given the environment £. Set f,, := (
When the process starts with one initial particle of type 7, that is, when Zy = ¢;, we write
Z! instead of Z,.

Denote by PP the underline probability when the environment ¢ is given; it is called
quenched law. Let 7 be the law of the environment £. Then, the total probability P, called
annealed law, is defined by P(dx, df) = P¢(dx)7(df). The expectation with respect to P
and [P are denoted respectively by E, and E. By our notation the quenched probability

generating function of N/, is

_E Z NZWU) - 0 1d
— L H‘Sj ) 3_(317"'7Sd)€[7 ]
Jj=1

We introduce the random mean matrices M,, € M4(R) whose entries are defined by

fL

M (i3) 1= 52L) = Ee|Zua(d)

anei}) 1<27]<d7 n>o)

where 2 f Sn (1) is the left derivative at 1 = (1,---,1) € R? of the d-dimensional probability
generatmg function f! with respect to s;. For each 1 < i,j < d, M,(i. j) represents the
conditioned mean of the number of children of type j produced by a particle of type i

at time n. The sequence of random matrices (M,) is i.i.d. (because the sequence (&) is
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i.i.d.). We define the products of these matrices by
Mka:Mk'“Mn, ngén
Notice that we have

EeZ () = Mow(i,j), n>0, 1<i,j<d. (3:2.2)

n

For n.k > 0, denote by py .t the spectral radius of M,, 4. By the Perron-Frobenius
theorem (see e.g. [7]), pnntk is an eigenvalue of M, k. Let U, ,ix and V1 be
respectively the positive right and left eigenvectors associated to the eigenvalue py, .,

with the normalizations ||Up 1k = 1 and (Vi ik, Unnir) = 1.

Let G0 be the subset of the matrices of M,4(IR) with strictly positive entries. According
to the results of Hennion [40, Lemma 3.3 and Theorem 1], if M is allowable in the sense
that every row and column contains a strictly positive element, and if the positivity

condition

IP( U {Mo, € g3}> >0 (3.2.3)

n>0

holds, then the random vectors U, «, and the random scalars A, are well defined by (3.1.9)
and (3.1.10), and satisfy (3.1.11). Note that the sequences (U, «) and (\,,) are stationary
ergodic. Tt is proved in [32, Theorem 1] that the sequence (W}),>¢ defined by (3.1.12) is

a non-negative martingale under P¢ and P, with respect to the filtration
Fo=0(&), Fa=0(&NW(G),0<k<n—1,1<rj<dl>1) forn>1.
Thus P-a.s. for all 1 < i < d, the limit
W= nl_l}I_B)o W (3.2.4)

exists and E¢ V' < 1 by Fatou’s lemma.

Now we introduce a classification of MBPRE’s. Under the following moment condition

Elog™ || My < +oo, (3.2.5)
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by an argument of sub-additivity, the limite
.1 1
7=l = Blog [ My, ]| = inf~Elog | Mo,

exists; it is called Lyapunov exponent of the sequence (M,,),=0. Morcover, Furstenberg

and Kesten established in [26] a strong law of large numbers for log || Mo ,—1]|:

o1
nlilfooﬁ log [|Mon—1|| =~ P-as.
We say that a MBPRE is supercritical if v > 0, critical if v = 0, and subcritical if
v < 0. In this paper, the process (Z,) will always be supercritical, i.e. v > 0, under the

conditions that we will assume.

The non-degeneracy of the limit variables W' has been studied in [32]. In particular,
when ~ > 0, it has been proved in [32, Theorem 2.6] that the X log X condition

ZG) . 20)
E(Mo(i»j) 8 i)

) <400 VI<i,j<d (3.2.6)

is sufficient for the non-degeneracy of each W* in the sense that P(W? > 0) > 0, and that
this condition is also necessary under the additional condition M1 that we will introduce

below. Moreover, when W* are non-degenerate, then
Ps(W'>0)>0 and EW'=1 as, and W/ — W'in L' (3.2.7)
In this paper, for a given p > 1, we study the convergence in L” of the fundamental

martingale (W} ),>o and the normalized population size Z.(j)/E¢Z:(j), for all 4,7 =
1,---.d.

We first consider the martingale (W!),>o, 1 < i < d. To formulate our results, we

need to introduce some notation and condition. Set
I = {s<0: EMy(i,7)° < 400 Vi, j=1,--- d}.

Obviously, by Hélder’s inequality, I is an interval, and if there exists s € I with s < 0,

then M, > 0 P-a.s., so that condition (3.2.3) is satisfied. It will be seen in Proposition
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3.3.1 that for s € I the limit

. s\ 1/
K(s) == HEIEOO(E||M07n_1|] ) (3.2.8)
exists, with k(s) < +oo. Notice that x is a log-convex function on I. We will need the

following condition of Furstenberg and Kesten [26]:
M1. There exists a constant D > 1 such that

max dMo(z, 7)
min MO(iv J)

1<i,j<d

1< < D.

Note that condition M1 implies condition (3.2.3).
Our first theorem gives sufficient and necessary conditions for the LP convergence of
the martingales (W), 1 <i < d.

Theorem 3.2.1. Let p > 1 be such that 1 —p e [. If

Zi() \"
L E(j\/j’o(id) <+oo and k(l—p) <1, (3.2.9)

then Wi — W in LP for any 1 < i < d. The converse is also valid when the

" p—+oo

Furstenberg-Kesten condition M1 holds.

It is clear that condition (3.2.9) implies (3.2.6). Morcover, (3.2.9) also implies the
supercritical condition v > 0 when condition (3.2.5) holds, since by Jensen’s inequality

we have log (1 —p) = (1 —p)y.
Our second theorem shows that the LP convergence of W} has an exponential rate.

Theorem 3.2.2. Let p > 1 be such that 1 —p € I. Assume (3.2.9).

1. If 1 < p < 2, then denoting 6,(p) = k(1 — p)'/? we have

limsup 0.(p)™" (E|W,§ — Wi|p)1/p < +o00. (3.2.10)

n—-+oo
2. If p > 2, then 0.(p) := max {ﬁ(l —p)\/p, f{(—p/?)l/”} <1, and

lim & " (E[WE—wiP)"" =0 ¥ > 6. (3.2.11)

n—-+00
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In the proof we shall see that in Part 1 the moment condition IE( Afj((ﬁ))p < 4o for
all 1 < i,j < d can be relaxed to E(W})? < +oo for all 1 <i < d.

Note that for p > 2, by applying Hélder’s inequality to E||M,,_|| /% and then letting
n — 400, it is easy to see that x(—p/2)*? < k(1 — p)"/®=Y. Thus k(1 — p) < 1 implies
k(—p/2) < 1, so that 6.(p) < 1.

Now we investigate the convergence in LP of the normalized population size Egzéfj()]) =

%ﬁjgu) Recall that under condition (3.2.5), M1 and the supercriticality condition

v > 0, by the Kesten-Stigum type theorem for a supercritical MBPRE [32, Theorem
2.11], for all 1 < 4,5 < d,

Z,(j) P i
—— — W, 3.2.12
MO,nfl(% ]) n—+00 ( )

and the convergence holds a.s. if additionally E(Zi(j)/Mo (i, j))P < +oo and E||M,||*~PF <
+0o for some p > 1 and all 1 <i4,5 < d (see [32, Theorem 2.13]). By [32, Theorem 2.11]
and Sheffé’s theorem, under the supercritical condition v > 0 and the Furstengerg-Kesten
condition M1, —Z2UL__ 5 Wi in L' if and only if (3.2.6) holds. From Theorem 3.2.1

> Mo,n—1(3,5) ;
.. . . . 7t (4
and under condition M1, we obtain a criterion for the convergence in L? of I\I()ni(lj()l.])
V- sn— ’.

Theorem 3.2.3. Assume condition M1. Let p > 1 be such that 1 —p € I. Then
#ﬁ%j) e W in LP for any 1 < i,7 < d if and only if (3.2.9) holds.
Finally, from Theorem 3.2.2, we deduce an exponential rate of the convergence in L?

Z,()

Of M0,7L—1(7V/7j) ’

Theorem 3.2.4. Assume condition M1. Letp > 1 be such that 1—p € I and that (3.2.9)
holds. Then there exists § € (0,1) such that

lim 6" (IE 4Gy

p\ 1/p
— =0. 3.2.13
n—-+o00 M077L_1(Z,j) ) ( )

3.3 Spectral properties of the transfer operator P

We start this section by giving some notation. Denote by S = {x € R? : 2 > 0, ||z| = 1}.

For x € S and M € G} (the set of matrices with strictly positive entries), define the

Max
| M| *

projective action of M on § by M -z := Let C(S) be the space of continuous
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functions on S with real values. For any ¢ € C(S), set
@l = sup [lp]|.
z€S
For s € I, define the transfer operator Py as follows : for all ¢ € C(S),
Pyo(x) := E[H]\ffoxﬂscp(Mo : :U)], r€S. (3.3.1)

Define also the conjugate operator P, such that for s € I and ¢ € C(S),

Plp(x) = E[| M z|*o(M] -x)], z€S. (3.3.2)

In this section, we investigate the spectral properties of the transfer operator P, and
its conjugate P; for s < 0. These results extend some properties known in the case s > 0
(see [56, 13]) to the case s < 0. We also give some properties of x(s). The main result
is given by the following proposition. We use the notation u(¢) = [1du to denote the
integral of ¢ with respect the measure pu.

Proposition 3.3.1. Assume that s € I. Then k(s) < 400, the spectral radius of P;
is equal to k(s), and there exists a probability measure vs on S and a strictly positive
function ry € C(S) such that

vsPs = Kk(s)vs and Pyrg = k(s)rs,

where vsP; denotes the measure on S such that (vsPs) (V) = vs(Ps)) for all ¢ € C(S).

Moreover, k(s) is also the spectral radius of P*

s 7

and there exists a probability measure v}
on S and a strictly positive function ri € C(S) such that
viP! = k(s)v; and Plri=rk(s)r,

sT 8 Ch

To prove the above proposition, we will use the following Lemma about the properties
of k(s), s <0.

Lemma 3.3.2. Assume that s € I. Then

X s 1/n s 1/n
as) = Jim (B Mona]?) ™ = sup (B[ M) < +oo,
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and there exists Cy > 0 such that for allz,y € S andn > 1,

IEHAIO,'n—lllS < IEHAIO.{n—l-'E”s < ]E<M0,n—1-7?,y>s < CSEHMO,n—lHS-

Proof. Notice that the sequence (E||M07n_1 HS) _, Is super-multiplicative for s € I, so the
nz

limit k(s) = lim,, (E||M07n_1||5)1/n exists, and
s 1/n
A(s) = sup (El|Mon1ll*)) ™" € Ry U {+00}.

Clearly, for all x,y € S and n > 1, we have the inequalities

E|Mopna|® < E[Mop 1] < E{Mop-17,y)* <E( max Mo 1(i,4)*).  (33.3)

1<i,j<d

Moreover, since the sequence of matrices (M,,) is i.i.d, for all n,k > 1 we have

Efi??’)fd Mo pir—1(3,5)°

< E max (MO,n—l(ial)sj\'fn,n+k—1(l)j)s)

1< j,l<d

< Emax My,,—1(2,0)° E max Myr_1(1,7)°.
< 58 0,n 1(, ) 5% 0,k 1( »])

Hence (E max Mo p,-1(4,7)° ) . is sub-multiplicative, so that

1<4,5<d

lim (E max Mo,-1(7,7)° )1/71 =717rili (E max Mo ,1(4,7)° )1/n.

n—+00 1<i,5<d 1<i,5<d

Combining this with (3.3.3), and letting n — 400, we obtain

k(s) < lim (IE max Mon-1(i,7)° )Un Emax My(i,7)° < +o0.

n——+oo 1<i4,5<d 1<i,j<d
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Furthermore by simple calculations, for all n > 3 it holds that

E max A[O,n—l(ia ])S

1<i,j<d

= Emax( > Mo(’i,l1)M1,n—2(l1,12)Mn—1(l27j))

<i,j<
Isijsd 1<yl <d

o ) . . )

< E<1£}lllﬂngo(% ll)lgg}]nngn—l(lej) 1<llzl:2<d My —o(l4, 52))
o ns)2 s

< <Elg}?§d Mo(i, ) ) E|[Mon—s|*.

It follows that for all n > 3,

E max My,—1(4,7)°

1<i,5<d
)2E(||Mo,n_3IIHMn_zH ([ Mn-1l])®
(E[| Mol|*)?

< (B max Mo(i, j)°

1<i,j<d

(IE‘, maxi<ij<a Mo(i, §)°
<

2
E|| Mopn-1]]".
E|| Mol|* )

This, together with (3.3.3), proves the inequalities of Lemma 3.3.2 for n > 3 with

o _ (Em&X1<i7j<d Mo(iaj)s>2
’ B[ Moll* ’

which is finite since s € I. It is clear that the inequalities remain valid for 1 < n < 2 by
modifying slightly the value of C; (choosing it large enough). This concludes the proof of
Lemma 3.3.2. O

Proof of Proposition 3.5.1. We shall use an argument similar to that in the proof of [13,
Proposition 4.4] where the case s > 0 is considered. Let M!(S) be the set of all probability
measures on S, and M} (R) the set of all finite signed measures on R equipped with the
total variation norm. Since M*(S) is a compact convex subset of the Banach space M} (R),
by the Schauder-Tychonoff theorem applied to the continuous map v — vPs/vP; (S),
there exists an invariant probability measure v, € M'(S) of this map. Consequently, v,

is an eigenmeasure of Pi:
VP, = [1,P:(S)] ve. (3.3.4)

In the same way there exists an probability eigenmeasure v} of the operator P, associated
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to the eigenvalue k(s) = viP; (S):
vIP! = k(s)v;. (3.3.5)
Set
(0) = o [ By, )i (dy), v €S
rs(z) == — z,y)’vi(dy), xz€S.
! k(s) Js OO YY),
Since s € I, it is clear that for all z € S,

0< k(s)ElglEréd My(i,7)" < rs(x) < @E1g%§d My(i,7)° < +o0,

and that r; € C(S). Moreover, for all z € S we have

1 T \s, %(1,
7w@=MQLE@w%w%uw
1

— o [EUAI 0F ya

_ k(ls) /S (&, y)* (v P (dy)
_ /S (2. 9) " (). (3.3.6)

Using Fubini’s theorem, it follows from the definition of r; and (3.3.6) that for all z € S,

role) = B[ Mo [ (Mo -, )2 ()

k(s)

= i Ellalr 0y o)

1

k(s)P s (). (3.3.7)

So we have proved that Pyrg = k(s)rs. Now we show that

where p(P;) is the spectral radius of P;.
First we have k(s) < p(Ps), since k(s) is a positive eigenvalue of Ps.

Next, we prove that p(Ps) < k(s). By iteration of the operator Py (using the fact that
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Moy -1 has the same law as M,,_; --- Mp) and Lemma 3.3.2, it holds that for all ¢ € C(S)
and z € S,

PSnQD(SC) = E[HAIO,n—ﬂBHSQO(A[O,n—l : IL’)] < CSHSOHOC]EHAIOn—llls
This implies that
n [|1/n 1/n
p(P.) = Jim sup{IIPIlL"  lolloe = 1} < lim (BJIMoa)) " = A(s)

We then prove that k(s) < k(s). Iterating the relation viP; = k(s)v!, we obtain
viP™" = k(s)"v!, so that

k()" = viPN(S) = [[ENME, v dy) > EIME,
This implies k(s) < k(s), since

w(s) = lim (E|Monl?)”" = tim  (BIME, 7).

n——+00 n——+oo
So we have proved the equalities k(s) = p(Ps) = x(s). This together with (3.3.5) and
(3.3.7) implies

VPl = k(s)vl and Pirg = k(s)rs.

sT 8

Changing the roles of P; and P}, by the same arguments we can prove that

vsPs = k(s)vs and  Plri = k(s)r:
for some strictly positive function 77 € C(S), and that (s) is also the spectral radius of

Pz, This concludes the proof of Proposition 3.3.1. O]

3.4 Convergence in L? of the martingale V!

In this section, we prove Theorems 3.2.1 and 3.2.2 giving sufficient and necessary con-

ditions for the LP convergence of W 1 < d, with an exponential speed. First we

I

formulate the following result.
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Theorem 3.4.1. Let p > 1 be such that 1 — p € I. Consider the assertions:

wg:?vw in L Yi=1,---.d (3.4.1)

E(W})P < +oo Vi=1,---,d and &(1—-p)<1L. (3.4.2)

]E( Zi(]) >p<+oo Vi,j=1,---,d and rk(1—p)<l. (3.4.3)
]\'?/[0(27])

If 1 < p < 2, then we have the implications: (3.4.3) = (3.4.1) <> (3.4.2). If p > 2, then
we have: (3.4.3) = (3.4.1) = (3.4.2). When the Furstenberg-Kesten condition M1 holds,
then for each p > 1, (3.4.3) <» (3.4.1) <> (3.4.2).

It is clear that the assertions of Theorem 3.2.1 follow from Theorem 3.4.1. Theorem
3.4.1 is slightly stronger in the sense that for 1 < p < 2, it gives a suflicient and necessary
condition without assuming the Furstenberg-Kesten condition IM1.

The following Lemma will be useful to investigate the convergence in LP, and it is
a direct consequence of the Marcinkiewicz-Zygmund inequality in [16, Theorem 1.5], as
stated in [60, Lemma 1.4].

Lemma 3.4.2. Let (Xy)i=1 be a sequence of i.i.d. random centered variables. Then for
alln>1andp>1:

(B PE|[Xx[Pn,  if 1 <p<2,

p
g P
(Bp)PE| Xy [Pn?, if p> 2,

E

> X
k=1

where B, = 2min {k1/2 keNEk> 15’}

In a last article, we proved the following result [32, Lemma 7.1]. It gives some properties

on the products of random matrices M, ,,.x under the Furstenberg-Kesten condition M1.
Lemma 3.4.3. Assume condition M1. Then:

1. foralln,k >0 and 1 <4,j,r <d, P-a.s.,

1 Mn n+k(2]) 1 ]\-/[n n+k(i7])
———<KD and — < : < D; 3.4.4
D Mn,n+k(7/7 7’) D Mn,n+k(ra j) ( )
2. foralln,k >0 and 1 <1i,j <d, P-a.s.,
1 < Mn,n-i-k(zaJ)Un+k+1,0<>(.7) <1 (3.4'5)

dD? = Atk Un oo (%)
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Proof of Theorems 3.4.1 and 3.2.2. By iterating (3.2.1), it is easy to see that the process

(Z)ns0 satisfies the relation

d Zn(j)
Znik =3 3 Zlugr n20k>1, (3.4.6)

Jj=1 I=1

where Z,j (1) denotes the number of the offspring of type r at time n + k of the I-th
particle of type j in the generation n; conditional on the environment £, the random
vectors 27, = (Z}, (1), -+, Z],,,(d)) indexed by { € N* and j € {1,--- ,d} (for fixed n
and k) are independent, each has the probability generating function fio f, 10+ -0 frir_1.
Combining (3.4.6), (3.1.12) and (3.1.11), we have, for all n,k > 0 and 1 < i < d,

T f 7o zd: Unik,oo(T) zd: 7 (r) — Wt
n+k n ~ /\O,n-‘rk—lUO,oo(i) =5 I,k

L& Uaali) RO zd: Unhioo (1) Z i (1) -

j=1 )\(),7L—1U}),oo(i) —1 r=1 >\n,n+k'—1Un,:>c(j) "

=>. — ’ (Wi,e — 1), (3.4.7)

where

<Zl];n,k7 Un+k700>
/\n,n—l—k—l Un,oo(.]) .

I/Vlj,n,k =
Let T be the shift operator of the environment sequence:

T¢ = (51,52,'") if §= (50751,"')7

and let T be its n-fold iteration. It is clear that, given the environment £, the random
variables W',Jnk, [ > 1, are i.i.d.; they are independent of &,...,&,—; and Z', and have
the same distribution as W,ﬁ s Where (Wi,k%?o is the martingale associated to a MBPRE
starting with one individual of type j, in the shift random environment 77¢.

We divide the proof into 5 steps.

Step 1. We first prove that for 1 < p < 2, we have the implications (3.4.2) = (3.4.1) of
Theorem 3.4.1, and (3.4.2) = (3.2.10) of Theorem 3.2.2. We assume that 1 < p < 2 and
(3.4.2). Applying (3.4.7), the convexity of the function x +— 2P (together with the fact
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that Z;l:l Unoo(j) = 1), Lemma 3.4.2 and (3.1.11), for alln > 0, k > 1 and 1 < i < d,
P-a.s., we have (for 1 < p < 2),
)p

d
i i Un
&WWM—WMP<&<ELMJ%(

Z (Wip—1)

: Un,oo(J) Z;(J) ) )
s ]; ()\0 n— 1UU:>C( )) E§( ; (VVl,n,k _ 1) )
d () p

]Wo.n—l(lvj)Unoc(j)
ngO'n, p ’ -
o )Z Don-1Domli)?

= Byow i (p) Non-1U0,(1) 7, (3.4.8)
with
onk(p) = max E&’szk — 1’p,

i<j<d

(3.4.9)

Using again (3.1.11) and Lemma 3.3.2 together with the fact that M, is independent
of T"¢, we get that for all s € I, n > 1 and 1 <i < d, P-as.

ET"E/\S,n—l = ET"E”‘]\40771—1[]71,00||5 < Cun(s)™;

(3.4.10)
ET"ﬁ()\O,n—lU(),oo(i))s = ET”§<MO,7L—1U71,007 ei>s < Cs/ﬂ:(s)n'
Taking expectation in (3.4.8), by (3.4.10) we get that for all m >0, k > 1 and 1 < i < d,

E|W, i — Wil” < BE[0ns(P)Erne(Mon-1Uo00 (i) 7]
< pCl_pIan7k(p)n(l — p)n (3411)

From condition (3.4.2) we have Eog;(p) < +o00 and li(l —p) < 1. So by the triangular in-

equality of L?, it follows from (3.4.11) that for all 1 < i < d, with C = B,[C}_,Eoq1(p)]*/?,
sup (E(m)p) <14+C Z p)"P < +o0. (3.4.12)
n=0 n=0

Therefore for all 1 < i < d, (W}) is a martingale bounded in LP; so that it converges in
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LP. This proves the implication (3.4.2) = (3.4.1) of Theorem 3.4.1. Furthermore (3.4.12)
implies that supj.oEoq(p) < +00. So, by letting k — +o00 in (3.4.11) we get (3.2.10) of
Theorem 3.2.2.

Step 2. We next prove the implication (3.4.3) = (3.4.2) of Theorem 3.4.1 for any
p > 1, which, in particular, will conclude the proof of Theorem 3.4.1 for 1 < p < 2. By
(3.1.10) we have 0 < < Moli)Ue () < las. forall 1 <14,j < d. So by the triangular

inequality of LP it follow/;oi]ﬁ:t(l)for p>land1<i<d,
(E))" = (E(W)p) . (3.4.13)
GEMRL 2B
<§;<E<ﬁig%>ﬁhz A1)

Therefore the implication (3.4.3) = (3.4.2) of Theorem 3.4.1 holds.

Step 3. We now prove that for p > 2, we have the implications (3.4.3) = (3.4.1) of
Theorem 3.4.1, and (3.4.3) = (3.2.11) of Theorem 3.2.2. Assume p > 2 and (3.4.3). In

the following C' > 0 will be a constant which may depend on p and which may differ from

line to line. Applying (3.4.7), the inequality (Z? 1 l’j)p < d]’_1 Zd z%, x; = 0 for any
1< j<d,and Lemma 3.4.2, foralln >0,k > 1and 1 <i < d, P-a.s. we have
E£|Wi — WiP
< dp—pri (H>pE (ZL ()R ‘WJ ‘p
D p]zl )\On 1UOOO() ¢
d N i N\ P/2
Unoe(1)Z5(5)
< Copu oo ()PP B | 2522 ) (Mg pumi U o (1) 77/
7 k z:: (AO,n—lUO,oc('i') ( 0 o ())
d
< Connlp) (3 Unoeld) B2 Qs 0)) 2
J=1
< Cank( JE ( ) (/\071 IUOOO( )) p/2 (3.4.16)

with o, x(p) defined as in (3.4.9) (for p > 2). Set j, € N the unique integer such that
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l< £ <2 Foralln>0,1<i<dand <)< jp define

@, 5(p) 1= (Non-1Uo.00(1))/* 7 Ee(Wi)P/> . (3.4.17)

) ni]

Taking expectation in (3.4.16), we obtain that for all n > 0, k > 1 and 1 <14 < d,
W, — WiIP < CE[onx(p)Ernedl,, (p)]. (3.4.18)

To prove (3.4.1) of Theorem 3.4.1, and (3.2.11) of Theorem 3.2.2, it is enough to show
that there exists a constant C; > 0 (which may depend on p) such that for all n > 0,
1<i<d, 1<j<jpandd>6.(p),

n,j

" (ETngCLi (p))l/P < 01 P-a.s. (3419)

In fact, combining (3.4.18) and (3.4.19) for j = 1, it follows that for all 1 < i < d and
5 > 5C(p)»

4 1/p 1/p = n
sup (E(W/n)p) <1+ C(anyl(p)) > oo (3.4.20)
n=0

n=>0

Condition (3.4.3) implies that Eog1(p) < +00 and d.(p) < 1. Therefore, applying (3.4.20)
with § € (0.(p), 1), we deduce that (W?) is a martingale bounded in L?, for all 1 <7 < d.
Hence, (W}), 1 < < d, converge in L?, and we have sup,.,Eoq(p) < +00. This proves
the implication (3.4.3) = (3.4.1). Morcover, combining again (3.4.18) and (3.4.19), and
letting & — +o00, we obtain that for alln > 0, 1 <i < d and d € (6.(p), 1),

(W - wip)" < ca

which implies (3.2.11) and ends the proof of Theorem 3.2.2 in the case p > 2.

It remains to prove (3.4.19). We will prove it by iteration on j. First consider the case

j = jp. By definition of j, we have 1 < p/2/» < 2. So, by the triangular inequality in

Théorémes limites pour un processus de branchement multi-type dans un environnement aléatoire Erwan Pin 2020



CHAPTER 3: CONVERGENCE IN LP FOR A SUPERCRITICAL MBPRE 120

LP/?" under P; and (3.4.8), it follows that for all 1 <i < dand n >0, P-as.,

ar,; (P)ij/p < (Mo—1Uo.00(1)) 2w

»Jp
1 20p — i i 1p/2ie\ 27 /P
(>\0n 1UO<><> Z (]EEH/VH-l - VVZ |p )
=0

(>\On 1U0<>o( ))1 ¥r

n—1 p 27p /p i i i»
P ["”(sz)} (Moa-1Unoo ()27 27N 2T (3.4.21)

=0

Taking the L?/ 2% _porm under Prne on both sides, and using the triangular inequality in
LP/?" and inequalities (3.4.10), we obtain that for all 1 < i < dand n >0, P-as.,

(ETnian Jn (p)>2jp/p
< (ETné()\o,n—lUO,oo(i))p/sz_p)

n—l1 . P p/ZjP—p ij/p
+CY {ETng [ETlg[(/\o,Z—on,oo(’b)) ]Uz 1(2] )/\z,n_1 ]}
=0

2Jp /p

n2j

p P p/27P—p 2ol
cm(27 - p) v C Z { D) Egng [al 1(% )Am_l ]} . (3.4.22)

Notice that if 1 < j < jp, then we have 1 —p < & —p < —5. Since & is log-convexe on
I, we obtain that

) R PTRR )

We now deal with the second term in (3.4.22), by calculating first the conditional expec-
tation Eqi1. By the triangular inequalities of L?/? under P¢ and Prit1g, and inequalities
(3.4.10), it holds that for all I > 0 and 1 < j < j,, P-ass.,

29 /p
{ETZ+1£ <Uz,1 (23 >/\p/2j_p) }
, p/27 i 27 /p
= (e sy B 1 )}

< {]ET1+1§(max E¢ (VVl 1)1)/21)\?/27—1:)}21/13 n (ET1+1€)\f/2j_p>2j/p

1<r<d

d i 2 /p 2 /p
< { S Epiie [Ee (W7, )" a0/ 7] } e, K(% - p) .
r=1
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Therefore, using inequality (3.4.23), condition (3.4.3) and again the triangular inequalities
of LP/? under P¢ and Prit1e, we see that for all [ > 0 and 1 < j < j,, P-ass,,

_\\Z/p
e 3)°)

27 /p
i J
< dQJ/p max (ETZ+1§ )\l_pEg ()\lmfl>p/2 ]) + O

1<r<d

B . 7211\ 2 /p
< Cmax (ETz+15[>\l PEe (AW Loy, <) D

1<r<d

—-p r p/2’ 2/p
+C' max (ETzHg A Eg()\lmfu]l{hwfl>1}> ]) +C

1<r<d
1-p T 2/ r\P 2/p
< Cmax (ETW[AI E£W1,1]> + Cmax (ETW(WM) ) +C.

We know that (Wzk)wo is the martingale associated to a MBPRE starting with one
individual of type r, in the shift random environment 7%¢. In particular we have EW/, =
1 a.s. Therefore, applying again (3.4.10), (3.4.23) and condition (3.4.3), it follows that
foralll > 0and 1 < j < jp, P-as.,

j_ Qj/]J
(re(a (5)4°7))

< COpax (ETng)\ll_p)zj/p + Cmax (ETulﬁ(M/lfl)p)Zj/p +C

1<r<d 1<r<d
N2 /p »\P\2 /P
< Ck(1—p) —|—C’1H<13<xd (ETzHE(VVM) ) +C
o \P\ 2 /D
< C<1 + max (Erag(W)") ) (3.4.24)
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Then, by a similar calculation as in (3.4.13), for all 1 <7 < d and [ > 0, P-a.s., we have

Epiia <Nlr7Ul+1,:>C> T\ P
T /\lUl,oo(r)

ifmmﬁmﬂmo>fw y>w
AU o(7) M(r, 7)

< ; (ETH;( ]\Zl(fjj)y) 1/p
! Ed: (E(MZO(E“E)Y> " < +00. (3.4.25)

Putting together (3.4.24) and (3.4.25), we get that for all { > 0 and 1 < j < j,, P-as.,

(ET1+1§(VV1T,1 )p> 1/P

Il
e
&=
]
+
~
/
<
X

IETI+1§<0“< )Af’/g"p> <C. (3.4.26)

Therefore, for all n > 0 and 0 < [ < n — 1, P-a.s., (the value of the constant C' may

change from line to line),

Eome [J“ <2] ) )\%2;7'1;—;0] = Erne |:ET1+1E (am <2] ) A/ Pr-p ) A ffi:ﬂ
< CEre N0 !

Clr(L — -

< Cé(p )(n 1- l)p

N

where the last two inequalities hold by (3 4.10) and (3.4.23). Combining this with (3.4.22)
and (3.4.23), we obtain that for all 1 <7< dandn >0, P-as.,

i 2/ n27p
(Erneat,;, (p)) " < Co.(p)"™

< O9, (p)nzfp L C Z ( lp(g o(p )(n—l—l)p)

=0
< C(1+3.(p) " n)d.(p)"?".

2Jp /p

So (3.4.19) holds for j = j,.
Now suppose that (3.4.19) holds for j + 1 < j, with 7 > 1. We will prove that it still
holds for j. By recurrence this will prove that (3.4.19) holds for all j = 1,---,j,. Since

Théorémes limites pour un processus de branchement multi-type dans un environnement aléatoire Erwan Pin 2020



123 3.4. CONVERGENCE IN L? OF THE MARTINGALE W}

J + 1 satisfies (3.4.19), for alln > 0, 1 <i < d, and 0 > 0.(p),
1/
07" (Brneal, j41(p)) " < C Pas, (3.4.27)
By definition of j, we have p/27 > 2. Corresponding to (3.4.22), with the same argument

as in its proof but applying (3.4.16) instead of (3.4.8), we obtain that for all 1 < i < d
and n > 0, P-a.s.,

i 2j/p
(ETnéa’n,j (P))
P n2J /p
< Cn(Q—j - p) + C x
n—1

—p\p/2—p 2
{ET"5[0171< )Eé(m )QJH (>‘0l 1UOoo( ))2J+1 )\ l,n—1 }}
=0

n2 /p n—1
(G0 o o
1=0

Q

27 /p
b 20—
11 <§> )\f{z 1 pETlgaz ]+1(P)} ) .

(3.4.28)

This enables us to obtain the desired bound of Eqneal, ;(p) from that of Egneal, ;1 (p).
In fact, combining this with the recurrence hypothesis (3.4.27), together with (3.4.23),
(3.4.26) and (3.4.10), we obtain that for all n > 0, 1 < ¢ < d, and § > d.(p),

% 2j/ n27
(]ETngamj(p)) P < 05 ( ) 2 + CX

Z (5123 {ETllg [ETZ+1£ |:0-[ 1 <2 ))\p/QJ P

. 27
/\p/21 -p /»
I+1,n—1
1=0

>(n—1—l)2‘7/17

050( 7121+CZ5121 < —p
C( n2J +n5(n 1)23)

C(1+5 Zn)or?. (3.4.29)

27

So (3.4.19) also holds for j. Therefore, by recurrence, we have proved that (3.4.19) holds
forall j=1,---,7,.

Step 4. For any p > 1, we prove the implication (3.4.1) = (3.4.2) of Theorem 3.4.1.
Assume p > 1 and condition (3.4.1), that is, the martingale (W}),~o converges in L?, for
all 1 < i < d. In particular we have E(W7})P < +o0, E(W*)? < 400, and E(W?*) =1 for
all 1 <4 < d. Tt was observed in [32, Theorem 2.6] that E¢(W*) = 1 a.s. when W* are
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non-degenerate. In fact E¢(T¥*) = 1 a.s. whenever E(W*) = 1, because E¢(W*) < 1 by

Fatou’s lemma.

Notice that for all 1 < i < d, the limit variables W' satisfy

d U . Z
7‘,_ 1oc 2
W Z U () Z I(1,T¢) P-as.,

=1
where for all 1 < j < d, under the conditional law PP, (W' (1, T¢ )) .., I8 a sequence ofii.d.
random varlables, also independent of Z7, with common distribution Pe(W3 (1, T€) € -) =

Pre(W7 € +). So, by the strict sub-additivity of the function z + ¥ on R, we get that
for all 1 <i<d,

d .o .
N My (i, j) U100 (7)P j

E:(WH)?P . Ere(W7)P  P-a.s.

5( ) > ];1 >\8U07oo(7/)p Tf( ) aq;

using the fact that Eg(W?) = 1 a.s. This, together with (3.1.10), implies that for all
1 < d, P-a.s.,

M() Z ] Uloo( )
E W”’Ux Pl AT
( ) 0 0 Jz:l )\OUOCX)()

> A7 min, (Bre(W)PULoo(G)).

Ee (WU, oo (5)7 !

Therefore we obtain
min (Be(W)? Uy oo(i)P 1) > Ay ™7 min (Bre (W)U oo (i)7™")  P-as. (3.4.30)

1<i<d 1<i<d

On the other hand, by (3.3.1) and (3.1.10), the transfer operator P;_, satisfies the follow-
ing property: for all ¢ € C(S), P-a.s.,

Pr_yp(Ure) = Ere || MoUs o || P0(Mo - U o) | = B[ Mg "0 (U 0). (3.4.31)
Using (3.4.31) with ¢ = ry_,, and combining this with Proposition 3.3.1, we get
Ere| Ay 771 p(Unoo)| = K(1 = p)r1p(Uroe)  P-as. (3.4.32)

Moreover, by Proposition 3.3.1 we know that r;_, is a strictly positive continuous function
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on §. This implies that

in E(W"? < +oo. (3.4.33)

1<i<d i<d

0 < E[min (Eg(Wi)pUO,Oo(y;)p—l)m_p(UO,OO)} < lriplloem
Therefore, putting together (3.4.30), (3.4.32) and (3.4.33), we obtain

E| i, (Be(W' VU (1~ )ra-s(Un)|

ET& [A})‘Prl_p(Uopo)} min (ET‘S(Wi)pUl,oo(i)p_l)]

1<i<d
= Iﬁ,(l — p)E[fgiignd(ET{(VVi)pUl,oo(i)p_l)rl—p(Ul,oo)]

= r(l-— p)IE[min (Eg(VV")onyx(z’)pA)rl_p(Uo,oo)],

1<i<d

> K

so (1 — p) < 1. This ends the proof of (3.4.1) = (3.4.2).

Step 5. To conclude the proof, it remains to show that under the Furstenberg-Kesten
condition M1 we have (3.4.2) = (3.4.3) for all p > 1. By (3.4.5) in Lemma 3.4.3, we
know that, under M1, we have for alln > 0 and 1 <4,5 <d

1 < Mo n—-1(7, §)Unoo(5)

< <1 Pas.
dD? Nom1Uoooli) s

Therefore we obtain that for all m > 0 and 1 <1,5 < d,

Z:L(]) < dDQMO,n—l(i»j)Un,oc(j) ZTZL(])
MU,n—l('l:vj) - /\O,n—lU’(Loo(Z-) MO,n—l(ivj)
Zi(j 1,00 . i
= dDQM < dD*W. (3.4.34)

AO,n—l U07oo (Z)

The implication (3.4.2) = (3.4.3) follows from (3.4.34) with n = 1.
This ends the proof of Theorems 3.4.1 and 3.2.2. Ol

3.5 Convergence in L? of the normalized population

: Zn(J)
S1ze L~
Ec¢Z(7)
In this section we give proof of Theorems 3.2.3 and 3.2.4 about the convergence in LP

Z3(5)
of Ee 21 (5)

and its exponential convergence rate, under the Furstenberg-Kesten condition
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M1.

3.5.1 Auxiliary results

We need some preliminary results concerning the products of random matrices M,, ;4.
The following proposition was established by Hennion in [40, Theorem 1], which provides

an analog of the Perron-Frobenius theorem for products of random matrices.

Proposition 3.5.1. Assume that My > 0 P-a.s. Then for alln >0 and 1 < 1i,j < d, as
k — 400, P-a.s.,

Mn,n+k (ia 7) k*:\;*OO Pnn+k Un,n+k (Z) Vn,n+k (7) :

For 1 < i < d, let (IT%),>0 be the sequence of random matrices in M4(R) such that
for all 1 < j,r < d,

_ MO,n—l(iv T)Mn(ra .7)

1 (j,r) == 0ip, (1) = Mo (i) . on>1l

By definition all the entries of the i-th column of IT}, are equal to 1, the others are 0; each

ITY, is a stochastic matrix. For n,k > 0 let
i 1T i
nt+kn T 1_In+k e Hn

be the products of the matrices II;,. Clearly each II/,; , is a non-negative stochastic
random matrix. The following lemma concerns the convergence of the products IT¢ ikm Of

random matrices and its exponential rate as k — 400, which will be very useful for the
Z;,(5)

study of the LP convergence of the normalized population size EZi(7)"

Lemma 3.5.2. Assume the Furstenberg-Kesten condition M1. Then for alln = 0 and
1<i<d, as k — 400, the sequence (I}, . k=0 converges P-a.s. to the random matriz
I, such that:

(1) For all1l < j,r <d,

i . i i . M, n— (i)r)Un,oo(T)
Hoo,O (77 7") = 0(]7 7’), Hoo,n(jv 7") = 0)\0 1_1U0 (Z)
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(2) There exist C >0 and § € (0,1) such that for all k >0 and 1 < i < d,

sup [|II ., — .|| < C6* P-a.s. (3.5.1)

00,m
n=0

For the proof of Lemma 3.5.2, we will use the following result established by Seneta
[64, Theorem 4.19], which gives the convergence of products of stochastic matrices with

an exponential rate.

Lemma 3.5.3 ([64]). Assume that (P,),, is a sequence of stochastic matrices such that
for some e € (0,1), alln >0 and all 1 <i,j < d,

P.(i,j) =2 €

Then, for all n = 0 the product P,y = Pty P, converges as k — 400 to some
matriz Px ,,, and there exist two constants C > 0 and 0 € (0,1) depending only on € such
that

sup HPn+kn - Poo,nH < 06k,

n=0

Proof of Lemma 3.5.2. (1) First we show by induction on k that for alln > 1, £ > 0 and
1<e,5,r<d,

A{O,n—l (77 T) Mn,n-{—k (7’, ])

n+k,n(]7r) Mo,n-i-k(ivj) (35 )

Obviously, by definition of I, (3.5.2) holds for £ = 0. Assume that (3.5.2) holds for some

k > 0. Then, for alln > 1 and 1 < 4, 7,7 < d we have

Hn+k+1 n j? Z Hn+k+1(jv Z)Hzl+kn(l7 ’l”)

l 1
_ Z MO n+k i I)Mn-i-k—}—l(laj) MO,n—l(Z',r)]wn,n+k(r» l)
My n+k+1(Z J) Moy (i,1)
Mo (i, 7) .
———————= % My pik(r, )M, ,
]W()n+k+1(@ ]) Z +k ) +k+1( j)
_ A-/[O.n—l(l«, T)Mn,n—i—k—&-l(raj)
M07n+k+1(i7j)
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So (3.5.2) holds for k 4 1. Therefore by reduction (3.5.2) holds for all k£ > 0.
Combining (3.5.2) with Proposition 3.5.1, we deduce that for alln > 1 and 1 < i, 7j,r <
d, P-a.s. as k — +o0,

i . M, n— L7 Pn,n kUn,n BT V;z,n k(J

Hn+k,n(]7r) ~ 2 1( ) & ‘;— ( ) - + ( )
P00+ kU0t k(1) Vonsr ()

-~ pn,n+kvn,n+k(j) MO,n—l(iv T)Un,oc(r)

pO n+kvb n-‘rk(]) UO oo()
(17 Ptk Vie o (5) \ Mon—1(i, 1) Up oo (1)
_ . (3.5.3)
1=0 pl,n+k‘/l,n+k (]) UO,OO(Z)
By [32, Proposition 2.2] we know that for all [,n > 0 and 1 < j < d,
AN = lim PrinkVint(J) — P-a.s.
k=400 P11 ik Vier nrk (J)
This, together with (3.5.3), implies that for n > 1 and 1 < j,r < d, as k — +o0,
; . . ]\f().n—l(iv T)Un OO(T)
i r) — H’iOC N = = P-a.s.
n-‘,—k,n(] ) ( ) )\O,n—lUO,oo(Z)
Hence, as k — oo, P-a.s., IT}, , = 1T}, 1Ty — T2 |11} =TI, where
d ' d
ooO 77 Z (l,’f‘) = ZHZOO,I(7 l)(si,r = 51',7‘7 1 g jvr < d.
(2) By (3.4.4) in Lemma 3.4.3, we have, for all n > 1 and 1 <4, j,7 < d,
1 4 Mo p_1(i, ) M,(1, j
—— on1 (6 DM (L j) < dD? P-a.s.,
T, (j.r) & Moy (6,7) M, (r,§)
or equivalently
Il (4,7) 2 — P-as. (3.5.4)

dD?

Since (TT%),>o is a sequence of positive stochastic matrices satisfying (3.5.4), by Lemma
3.5.3, there exist two constants C' > 0 and § € (0, 1) such that for all k > 0 and 1 <7 < d,

sup HHnHm I, || < C&*, P-as.

00,1
n=0
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This concludes the proof of Lemma 3.5.2. O]

3.5.2 Proof of Theorems 3.2.3 and 3.2.4

Foralln > 0and 1 <+¢,j < d, set

iy Ll Z,(j
7)) = gt = 2

EEZn(j) ]\/[O,n—l(lhj)
First we show that (3.2.9) is a necessary condition for the convergence in LP of the
normalized population size Z,,(j), 1 < i,7 < d. Assume that (Z,,(j))n=0 converges in L?
forall 1 < 4,5 < d. Forn > 0 and 1 < i < d we have, by the definition of W} and
(3.1.11),

‘ d Mo (5. N
Wt = Z 0,n 1(27(7)Un,oo(.7)Z

n

- o(7) < max 72 ).
o Aon-1Uoeo(d) 2 i<j<d (7)

This implies that the martingale (W?),~0, 1 < < d, is bounded in LP, hence convergences
in L?. So by Theorem 3.2.1, condition (3.2.9) holds.

Now we prove that (3.2.9) is sufficient for the convergence in L of 7;( J), 1<14,5 <d,
and establish meanwhile Theorem 3.2.4 about its convergence rate. Assume (3.2.9). By
the definition of the branching process (Z¢) (cf. (3.4.6)), we have the following decompo-
sition: for all 1 <¢,j <dand n,k > 1,

7o) Munn) B8 Zu0)
ek r=1 MO,n+k—1(i>j) =1 Mn,n+k—1(r7j)
_ ]\/fn,n+k—1('raj) 7i (7")
r=1 MOJlJrk*l(?'?j) "

d N Z'IiL(T) ZT ]
Mn,n+k*1(7f"7,) ( L 9) )—1>. (3.5.5)

Mn,n+k—1 (T, j
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Combining (3.5.5) and (3.5.2), we get that for all 1 <i,j < dand n,k > 1

A d .
Z:wk(j) = Z H:‘H-k—l,n(j? T)Zn(r)

r=1

Zj(T') T -
n+k 1,n .] T) < Zlnk(])
37hy _1
+Z Moy (i) 2= ( )

=1 Afn,n+k—1(rv J

<H:1+k 1, nZn7 > + R, (7)), (3.5.6)
with
i (]) — zd: Hiz—i—k—l,n(jvr) Zg? < Zlimk(]) _ 1)
ok r=1 MO,n—l(ivr) =1 Mn,n-ﬁ-k—l(raj)

Notice that by the definition of W, and that of II{_,, (cf. Lemma 3.5.2 (1)),

ZHMJ, Z,(r) = (T, . Z,,. ;) (3.5.7)

for any 1 < i,j < d. Using (3.5.6) and (3.5.7), together with the triangular inequality in
L? under IP’, we obtam that for all 1 <i,j <dandn,k>1

1/p
<E‘ wikld) = W )
B (EKHZM—LZ’ e) = W'+ Rf;,k(j)\p) N

= (B~ W (g~ 07 e) + RLG))

i ip\ /P i N T
< (E|Wn -W |p) + (E||(Hn+k—1,n - Hocn)Zan)

+max (E| RS, (7)) "

1<j<d

= Ji(n)+ Ji(n, k) + Ji(n, k). (3.5.8)

In the following C' > 0 will be a constant which may depend on p and which may differ

from line to line.

Control of Ji(n). By condition (3.2.9) and Theorem 3.2.2 we get that there exists
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91 € (0:(p), 1) such that for all n > 1 and 1 < i < d,
Ji(n) = (E[W; — Wp) VP < cor, (3.5.9)

Control of Ji(n,k). Applying the relation (3.5.1) of Lemma 3.5.2, we get that there
exists da € (0,1) such that for all n,k > 1 and 1 <i < d,

i i i i) =i 1p\ P sk
Jo(n, k) = (BN (L o1 — T ) 24 < C(E|Z,|F) 5. (3.5.10)
Combining (3.4.34) and Theorem 3.2.1, and using condition (3.2.9), we obtain that, for

all 1 <i<d,

sup (EIZ417)"" < d2D? sup (E(W))" < +5. (3.5.11)
n=0

n=0
This, together with (3.5.10), implies that for all n,k > 1 and 1 < i < d,
Ji(n, k) < Co5. (3.5.12)

Control of Ji(n, k) for 1 < p < 2. Assume that 1 < p < 2. Using the convexity of
the function # — 27 (together with %, Il 4 1.,(j,r) = 1) and Lemma 3.4.2, for all
n,k>1and 1 <14,j <d, P-a.s., we have

d_ 11 Zy,(r) p
i . n n ] r lnk(])
E.| R P<E L ( — 1) )
§| n,k(.7)| 5(; ]wOn 1(2 r IZ ]Wnn-i-k 1(7, 7)
< Eﬁ(Zd: H:z+k—1,n(jv 7") Za(r) ( Z;:n,k(]) _ 1) p)
r=1 A4bn 1(i r)p =1 A4ﬁﬂr¥kfl(r7j)
<1 (J,r) 21 1:(J) 8
Bp n+k—1,n\J> ) Z@ E 1,n,k 1
Z MOn 1(7 T) ¢ ( ) ¢ A[n,n-i-k—l(ra 7)
27 1) 8
I Y My oy (4, 7) PR | 2l
Z ntk—ln ] ) o 1( ) ¢ Mn,n—l—k—l(ra.])

< Bba, i (p) max Mo (3, r)tP,

1<r<d
where
21 () !
Op = ax | 7"%_1 .
U,k(p) 12}%&1 glj\'fnnwk—l(?“,])
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So, by taking expectation and using the independence between @, x(p) and My ,_1, we
get that for all n,k > 1 and 1 < i < d,

d
Ji(n, k)" < BUEG(p) Y- B[ Mo i,r)' 7). (3.5.13)
r=1
By (3.5.11) we have
sup Ez(p) < d* max sup IE’ZL(J) - 1‘p < +00. (3.5.14)
k=0 Isrjsd k>0

Therefore, putting together the relations (3.5.13) and (3.5.14) with Lemma 3.3.2, we get
that for n, k> 1and 1 <i < d,

d
Ji(n, k)P < Csup B (p) Y- E[(Mog-rer, €)' 7]
k=0 r=1
< Cr(1—p)"
< Co.(p)™ (3.5.15)

(recall that the value of C' may change from line to line by our convention).

Control of Ji(n,k) for p > 2. Assume that p > 2. Similar to the preceding case, by
the convexity of  + 2P (together with >¢_, I, 1,(j,7) = 1) and Lemma 3.4.2, for all
n,k>1land 1<14,5<d, P-as.,

)p

o LT, Gr)
BB G < EE(Z Wotieornld7)

Z%Z(S) < er,n,k(j) ) _ 1>

r=1 MO,n—l (7:7 T) =1 Mn,n-{—k—l (r7j
Oy yaGr) Zil)
< BP n-i-k—l,n' ) E. (7 (r p/Q]E 1,n,k _ 1
p; Mo,n—1(l,7“)p f( n( )) gMn,n-Q—k—l(T,])
p/2

d .
< B i(p) Y W1, (5 TV Ee (2, ()" Mo (i) 772
r=1

< Byonslp) max, {Ee(Z,())" Moo (i) 772}, (35.16)

1<r<d

Notice that (3.5.14) still holds when p > 2. Therefore, taking expectation in (3.5.16) and
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using (3.5.14), we obtain that for all n,k > 1 and 1 < i < d,

Ji(n, kY’ < B'Egor(p) 3 E[Eg( (1) Mo (i,7) p/z]

1<r<d
< CiE[Eg (Zi(r))p/QMovn_l(i, r)_p/Q] (3.5.17)
r=1
Using (3.4.4) in Lemma 3.4.3 and (3.1.11), for all n > 1 and 1 < i, r < d, P-a.s., we have
Mon-1(i,r) > IIMM 104l
dD<MO” 1(3,7), Unyoo)

dD/\Un 1UUoo( )

Combining this with (3.5.17) and (3.4.34), we get that for p > 2 n,k > 1and 1 <i < d,
J5(n, k)P < CE\Be(W)P?(Xow-1Unoo(i)) 7/?| = CEa}, 1 (p),

where af, | (p) is defined in (3.4.17) with j = 1. This, together with (3.4.19) (which holds
under condition (3.2.9)), implies that there exists 3 € (d.(p), 1) such that for all n,k > 1
and 1 <17 <d,

Ji(n, k)P < Co3P. (3.5.18)

Combining (3.5.8), (3.5.9), (3.5.12), (3.5.15) and (3.5.18), we obtain that for all n, k > 1
and 1 <1,j <d,
(B[

Applying this inequality with n replaced by |[n/ 2J (the integral part of n/2) and taking
k=mn—|n/2], we see that for alln > 1 and 1 <i,j < d,

Zn+k( ) - VVZ

p\ /P .
) <O + 8%+ am).

— AP\ /P
(EZ.0) - W) " <ce”+ 57+ 87 < co,

with 6 = max{51/2 55/, 1/2} < 1. Therefore, for any 1 < 4,5 < d the normalized

population size Zn (4) convergences in LP to W' with an exponential speed, which gives
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(3.2.11). This concludes the proof of Theorems 3.2.3 and 3.2.4.
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Chapter 4
Berry-Esseen’s bound and harmonic moments
for supercritical multi-type branching processes

in random environments

Résumé. On consideére un processus de branchement multi-type surcritique dans un
environnement aléatoire indépendant et identiquement distribué. On établit une borne
de type Berry-Esseen pour la vitesse de convergence dans le théoreme central limite pour la
taille de la population au temps n quand n tend vers l'infini. Pour cela, on commence par
trouver des conditions simples pour I’existence des moments harmoniques de la variable
aléatoire limite de la martingale fondamentale.

Abstract. Consider a supercritical multi-type branching process in an independent and
identically distributed random environment. We establish a Berry-Esseen type bound for
the rate of convergence in the central limit theorem on the population size at time n as n
goes to infinity. To this end we first find simple conditions for the existence of harmonic
moments of the limit variable of the fundamental martingale.

4.1 Introduction

A branching process in a random environment is a natural and important extension of the
Galton-Watson process. In such a process, the offspring distributions of particles in n-th
generation depend on an environment &, at time n. This process was first introduced
by Smith and Wilkinson [65] when the environment sequence () is independent and
identically distributed, and by Athreya and Karlin [5, 6] when the environment sequence
is stationary and ergodic, where basic results have been established. This process has
attracted the attention of many authors in the last two decades, see for example the
recent book by Kersting and Vatutin [50] and many references therein. The interest of
study of such processes is growing in recent years, thanks to a large number of applications
and interactions to other scientific fields. See for example [3, 31, 29, 10, 74, 20, 25] for the
single-type case, and [70, 57, 73, 72, 42, 71] for the multi-type case. The current interest
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of researchers mainly focuses on the multi-type case, as in this case many important
problems are open and challenging. All the papers cited above on multi-type branching
processes in random environments (MBPRE) concern the critical or sub-critical cases
(mainly on the survival probability), except the paper [42] where asymptotic properties
of P(Z,, = z) are studied for a super-critical MBPRE (Z,,). Very recently, in [32, 33] we
obtained a theorem of Kesten-Stigum type and a criterion of LP- convergence (p > 1)
for a suitable norming of the population size, for a super-critical MBPRE (Z,). In this
paper, also for a supercritical MBPRE (Z,,), we will establish a Berry-Esseen type bound
for the rate of convergence in a central limit theorem on (Z,), and prove the existence
of harmonic moments of the limit of the normalized population size. These results will
play very important role in the study of moderate and large deviations of (Z,,), as we will
see in [35], to obtain results similar to those in [9, 43, 31] where the single type case was

considered.

Let us give a quick presentation of the model with some preliminary results, and some
explanations of the main results with key ideas in the proof. For an integer d > 1,
consider a d-type branching process Z,, = (Z,(1),---,Z,(d)), n > 0, in an independent
and identically distributed (i.i.d.) random environment £ = (§y,&;,---). In the sequel,
we will denote by (Z!) the process (Z,) starting with one initial particle of type i, which
means that Z; = e;, where ¢; is the vector with 1 in the i-th place and 0 elsewhere.
Denote by Mgy(R) the set of d x d matrices. We equip the space R? with the L'-norm
| - I|. Let M,, € M4(R) be the random matrix of the conditioned means of the offspring

distribution of n-th generation given the environment, that is
Mo(i,5) = Ee[Zp1(J) | Zn =ei], 1 <4,j <d,

where E,¢ denotes the conditional expectation given the environment . Define the product

matrix M, = M- -- M,, and the associated Lyapunov exponent
=1 1E1 M,
7= lim ~Blog [ Mo 1.

where || Mj,,—1|| is the Li-norm of the matrix My, ;.

Recently, the asymptotic behaviour of the MBPRE (Z!) under the supercritical con-
dition v > 0 has been studied in [32]. In particular, a strong law of large number for

log || Z¢|| is proved: under appropriate conditions, it holds that on the explosion event
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{IIZ.]l = +oc},

o1 i
n1—1>I—ir-loo Elog 1Z] =~ as. (4.1.1)
The main objective in this paper is to establish a Berry-Esseen type theorem on the rate
of convergence in the central limit theorem for log || Z:||: we will show (cf. Theorem 4.2.5)
that

<
\/ﬁ?

sup <

zeR

IP<10g|\zn|r - _ ) o)
2

(4.1.2)

where ®(z) = \/% [ e~"*/2 dt is the standard normal distribution function, 02 = lim,_,
1E[(log || M{,, yx||—nv)?] is the asymptotic variance which is independent of x and C' > 0
is a constant. This result is new for d > 2; for a single type branching process (d = 1),
Grama, Liu and Miqueu proved (4.1.2) in [31, Theorem 1.1].

Let us briefly explain our approach for proving (4.1.2). It is heavily based on the
fundamental martingale (W) associated to the process (Z!) defined in [32]. For cach
n,k > 0, denote by p, ,.+i the spectral radius of the matrix M, . = M, --- M, 1. By
the Perron-Frobenius theorem, py, ,,+i is an eigenvalue of M, ,, 4k, and there exists a non
negative eigenvector U, ,.r associated to pp pix With ||Uy, k]| = 1. According to Hennion

[40, Lemma 3.3 and Theorem 1], under conditions, the limit

Un,oo = ]}1_{1010 Un,n-i—k (413)
exists a.s., with U, > 0 and ||U, || = 1; moreover the sequence (U, ) satisfies the
relation

MnUn+1,oo = /\nUn,007 (414)

where \,,n > 0 are positive random scalars called the pseudo-spectral radii of the random
matrices (M,). Set Ao, = Ao+ -+ \,. By iteration of (4.1.4), we obtain

Mn,n+kUn+k+1,oo = )\n,n-i-kUn,ooa n,k=>0. (415)
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Then, we define the martingale (W?) as follows (see [32]):

. . Zi Uy oo
Wézl, Wi = < n’ > >

_ wTnool s 4.1.6
" /\07n—1U07oo(Z) ( )

From (4.1.6) the following relations between log || Z! || and log || My,—1 (7, -)|| hold:

log |12, | < log [|Mon-1(i, )| +log W, — min log Un,oo (). (4.1.7)

log || Z5 || = log || Mon1(i,-)|| + log Wi + mln logUnoo( ). (4.1.8)

From these relations, since the limit W* = lim,_, o, W} exists a.s. (as (W) is a non-
negative martingale), and (U, ) is a stationary sequence of random variables, these two
terms will be negligible in the limit properties that we consider. Actually, using the
relations (4.1.7) and (4.1.8) we can infer the limiting behaviour of log || Z!|| from that of
log || Mo n—1(i,-)|| by giving a tight control of the quantities log W} and log U, «(j). For
log || Mo n—1(7, -)|| we use the Berry-Esseen bound proved in Xiao, Grama and Liu [75].

An important step in our approach is to establish sufficient conditions for the existence
of the harmonic moments E(W*)~® of the limit W’ = lim,_, ., W;. This is the second
objective of the paper. Actually the existence of the harmonic moments E(W?)~2 will give
us a suitable control of the sequence (log W), which will be one of the key arguments to
prove (4.1.2).

Our study of the harmonic moments E(WW*)~% is composed of two steps.

In the first step, under a strong assumption on the offspring distributions given the

environment ¢ (see P2), we establish a necessary condition and a sufficient condition for

the existence of E(W%)~® for all 1 < i < d. Set
1/n
ki(a) = n1_1)11100< (&) H ) , a>0, (4.1.9)
where || - |l denotes the L>-norm on Mgy(R), and P; (&) is the random matrix whose

(7, 7)-th component is the probability to produce 1 particle which is of type j by a particle
of type i in generation k, given the environment £. Then we will prove in Theorem 4.2.1

the following implications:

ki(a) < 1= max E(W") ™ < +o0 = k(a) < 1. (4.1.10)

<
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In particular, the solution ag > 0 of the equation xi(ag) = 1 is the critical value for
the existence of the harmonic moments, in the sense that max;<;cq E(W?) "¢ < +o0 for
a < ag, and max;<;<g E(W?)~® = 400 for a > ag. For the single type case (d = 1),
Huang and Liu proved in [43] that x;(a) < 1 is a necessary and sufficient for the existence
of the harmonic moment E(TW1!)~¢. Therefore, our result (4.1.10) generalizes that of the
single type case, except that we don’t know if the harmonic moments exists for the critical

exponent ag.

In the second step, we assume weaker conditions than in the first step (see P3), and

we prove the existence of a small exponent a > 0 such that for all 1 <i < d,
E(W") ™ < +o0, (4.1.11)

(cf. Theorem 4.2.3). Unfortunately, in this case we have no information on the maximal
value of the exponent a > 0 for which (4.1.11) holds: we cannot identify the critical

exponent.

The outline of the paper is as follows. We introduce some necessary notation and
present the main results in Section 4.2. Section 4.3 is devoted to the study of the harmonic
moments of W* for any 1 < i < d. We prove in Section 4.5 the Berry-Esseen type theorem
for log || Z%||.

4.2 Notation and main results

For d > 1, let RY be the d-dimensional space of vectors. We equip R? with the scalar

product and the L!'-norm respectively defined by

d

(z,y) = z(i)y(i) and |z|:=>|z(i)], =zyeR".
i=1 =1

Set S={r e RY: 2 >0, |z| = 1} for the intersection of the unit sphere with the positive

quadrant. For each 1 < i < d, e; will be the d-dimensional vector with 1 in the ¢-th place

and 0 elsewhere. Let 0 = (0,---,0) € R? be the vector with all coordinates equal to 0.

Denote by N = {0, 1, ...} the set of non-negative integers. Set 1, for the indicator of an

cvent A.

Denote by M4(R) the set of d x d matrices with entries in R, and define the operator
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norm with respect to L' vectorial norm by
|M|| = sug [Mz||, M e MyR).
re
In addition we equip R? and M4(R) with the L®-norms:

- ; d.
|2lloo := max [a(d)], & € RY%

|IM||oo := sup [[Mz|ew, M e My(R).

[z][oc=
For a matrix or a vector X, we write X > 0 when all the entries of X are strictly positive.

Now we give a precise definition of the multi-type branching process in random en-
vironment (MBPRE). The environment £ = (&,),>0 is a sequence of independent and
identically distributed (i.i.d.) random variables taking values in an abstract space X.
To each realization of &, correspond d probability distributions on N? identified by the

probability generating functions

f;(S) = Z pzl,--»,kd(gn)sllcl T Sgdv §= (81) cee 78d) € [O) 1]d)
ki ka=0

where 1 < r < d. The d-type branching process Z,, = (Z,(1), -+, Z,(d)), n > 0, in the
random environment ¢ is a process with values in N? such that Z, € N¢ is a fixed vector,
and for all n > 0,

d Zn(r)
r=1 [=1
where Ny, = (N, (1),---,N/,(d)) is a random vector whose j-th component N7, (7)

represents the offspring of type j at time n + 1 of the [-th particle of type r in generation
n, and Z,(j) is the total number of particles of type j in generation n. Conditioned on
the environment £, the random vectors N[:n indexedby ! > 1,n>0and 1 <r < d are
independent, each Nj, has the same probability generating function f;. In the sequel,
the process Z, will be noted Z! when Z, = e;, which corresponds to the MBPRE starting

with one initial particle of type i.

Denote by IP¢ the quenched law, i.e. the probability under which the process is defined
when the environment ¢ is given. Let 7 be the law of {. The total probability P of (Z,),
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usually called annealed law, is defined by P(dz,d¢) = Pe(dx)7(d). Denote by E¢ and E

the corresponding expectation with respect to P¢ and IP. With our notation,

1 (3)
Eﬁ(H ]l j)v S:(Slv"'vsd)e[ovl]d

is the quenched probability generating function of Nj,,. For n > 0, let M,, be the d x d
random matrix whose (i, j)-th entry M, (4, ) is the conditioned mean of the number of
children of type j produced by a particle of type i at time n:

fl
0s;

My(i, ) = (1) = E¢ | Zni1()| Zn = i),

where %f_(l) denotes the left derivative at 1 of a d-dimensional probability generating
J
function f with respect to s;. Since the sequence of the environments (&,) is i.i.d., the

sequence of the mean matrices (M,,) is also i.i.d.. For 0 < k < n, denote by
Mk,n = ]\/fk ce ]\/fn,
the product of the mean matrices My, ..., M,. It follows that, forn > 0 and 1 < 7,7 < d,

E§Zn+1( ) M, n(z .7) (4.2.2)

The main objective of this paper is to establish a Berry-Esseen bound for log || Z:||.
To this end, the key tool will be the fundamental martingale we mentioned in the intro-
duction. Let py, 4% be the spectral radius of M, 1. We know by the Perron-Frobenius
theorem (see e.g. [7]) that p, 1k is a positive eigenvalue of M, ,,1, and there exist positive
right and left eigenvectors U, ;.41 and V,, 1 associated to p, n4+r with the normalizations
NUnmirll =1 and (Vo nik, Unnik) = 1. Denote by G9 the subset of the matrices of My(R)
with strictly positive entries. Throughout the paper, we assume that M, is allowable (ev-
ery row and column contains a strictly positive element), and that the following positivity

property holds:

IP’( U { Mo € gi}) > 0. (4.2.3)

n=0

By the results of Hennion [40, Lemma 3.3 and Theorem 1], under condition (4.2.3) there
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exists the random vectors U, - and the random scalars A, defined by (4.1.3) and (4.1.4),
which satisfy the relation (4.1.5) and that (U, ) and (\,) are stationary ergodic; more-
over, we proved in [32, Theorem 1] that the sequence (W!) defined in (4.1.6) is a non-

negative martingale under the measure P¢ and P, w.r.t. the filtration
Fo=0(8), Fu=0(&NGG),0<k<n—1,1<rj<dl>1)forn>1.

Let Wi :=lim,_, . W} be the a.s. limit of the martingale (W}).
We will use the classification of MBPRE’s defined in [32]. It is well known that, under

the following moment condition

Elog™ |

M,

| < 400, (4.2.4)
the Lyapunov exponent « of the sequence of matrices (M, ),>o exists, with
= li 1IEl M, =i fllEl M,
7= lim SElog|| Moy = infElog [ Moyl

Moreover, Furstenberg and Kesten established in [26] a strong law of large numbers for
log || Mo-1]l:

.1
nlﬂloo; log | Mo 1] =7 P-as.

According to the values of the Lyapunov exponent v, we have the following classification
of MBPRE’s: a MBPRE is supercritical if v > 0, critical if v = 0, and subcritical if v < 0.

In this article, the process (Z,) will always be supercritical, i.e. v > 0.

Under the supercritical condition v > 0, we established in [32, Theorem 2.6 and
Corollary 2.8] that the condition

Z(5) Z(5) ) -
E L Jogt M2 ) < 400 V1I<i,5<d 4.2.5
(MO(Zvj) & MO(Zvj) / ( )

is sufficient for the non-degeneracy of each W* (in the sense that P(IW* > 0) > 0), which
is equivalent to the L'-convergence of Wi to W' by Sheffé’s theorem; moreover, when

each W' is non-degenerate, we have a.s.,

EW' =1 and Pe(W'>0)=P(|Z]| — o0)=1-q(&) >0, (4.2.6)
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where ¢'(£) is the quenched probability of extinction of the process (Z).
First we establish the existence of the harmonic moments of the limits W%, 1 <1 < d.

For n > 0, define the vector py(&,,) and the matrix P;(&,), whose components are

P(E)0) = F3(0) and PEGJ) = A(0), 1< <d

Then, for 1 <i,7 < d,

Po(€n) (i) = Prog([| Zi]| = 0) and  Pi(&)(i, 5) = Preg(Z) = ¢5).
Throughout the paper, we will assume the following condition:
P1. The vector po(&) = (f3(0), ..., f&(0)) satisfies

po(&) =0 P-as. (4.2.7)

The condition P1 means that cach individual of the population gives birth to at least
one child, so ¢/(§) = 0 a.s. When (4.2.6) holds, this implies that ||Z!| — +o0o a.s. as
n — +00.

We introduce the following assumption :

P2. There exist constants p € (1,2], A > A; > 1 and Ay > 0 such that for any 1 <4, j <
d, P-a.s.

A? g MO(L.].)? Al < |

Mo(i, )| and  Ee(Zi(j)) < A7

It is clear that P2 implies the conditions (4.2.3), (4.2.4), (4.2.5) and v > 0. From P2

we have also that for all 1 <14,j < d,
My(i,7) < A P-as.

Under condition P2, by the sub-multiplicative property of the norms ||.|| and ||.|« on
M,(R) and the subadditive ergodic theorem, it follows that, for all @ > 0 the limit

1/n
ia) = lim_ (E||Mo7n_1||“ ) (4.2.8)

nl:[ P (k)
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exists and is finite, with

n—1

11 Pul&)

k1 (a) = inf <E||M0,n_1|\a
k=0

n=1

1/n
S

We will establish (see Lemma 4.3.9) that, under P1 and P2, the function s, is continuous

and increasing on R and x1(0) = p(EP1 (50)), where p(M) denotes the spectral radius of
the matrix M. For a random variable X, set || X ||z~ := esssup(X) the essential supremum
of X. Our first result gives a sufficient and a necessary condition for the existence of the

harmonic moments E(W*)™%, a > 0.

Theorem 4.2.1. Assume conditions P1, P2 and ||||Pi(&)l/eollz> < 1. For each fized

a > 0, the following implications hold :
(1) if k1(a) < 1 then E(W") ™ < +o0 for all 1 <i < d;
(2) if E(W¥)~% < 400 for all 1 < i< d, then ki(a) < 1.

Notice that in Part (2), we can prove more: we will see in the proof that the sequence
E|| Mo 1| | TI?Z3 Pi(&)loes m = 1, is bounded.

From Theorem 4.2.1 we get the following corollary.
Corollary 4.2.2. Under the conditions of Theorem 4.2.1, it holds:
(1) EWH) ™ < +oo for all 1 < i < d and a > 0 if and only if EP; (&) is nilpotent;
(2) if EPy(&) is not nilpotent, then there exists a unique constant ag > 0 satisfying
k1(ap) =1, (4.2.9)
and

. < +o00 ifa € 0,aq),
max E(W*)™ / 0. 20),
1<i<d

=400 ifa € (ag, +0).

Part (1) gives a necessary and sufficient condition to have the existence of all orders
of the harmonic moments of each W*, 1 < i < d. Part (2) reveals that the quantity ag is

the critical value for the existence of the harmonic moments of all the W 1 <i < d. We
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believe that at the critical value ag the harmonic moments do not exist, i.e., E(W?%)~% =
+00. This is the case when d = 1, as shown by Chunmao and Liu [43].
Now we investigate the existence of harmonic moments for W*, when the boundedness

condition P2 is relaxed to a moment condition. For all n > 0 and p > 1 denote by

I’

0,.(p) :

Eey ‘Mn (i-J)

The next result gives a sufficient condition for the existence of the harmonic moments
E(W?%)~* of a small order a > 0. The single -type case has been considered in [30]. The
multi-type case considered here is much more complicated.

To formulate it, we need the following moment condition :

P3. There exist two constants p € (1,2] and n € (0, 1) such that
E|| Mo ||" < 400, 1I<]r1a><<dIEJ\f[0(i,j)_’7 < +oo and Eby(p)" < +oo.
SV

Like P2, condition P3 also implies (4.2.3) and (4.2.4) and (4.2.5). The first two

implications are evident; the third will be proved in Section 4.3.
Theorem 4.2.3. Assume conditions P1, P83 and v > 0. Then there exists a > 0 such
that E(W") ™" < +o0 for all 1 < i < d.

Now we formulate a central limit theorem and a Berry-Esseen type theorem for log || Z? ||,

for all 1 < i < d. We introduce the following assumption:

P4. The random matrix M, satisfies
E(log || Myl|)? < +ooc.

Obviously, condition P4 implies (4.2.4). Using the central limit theorem due to Hen-
nion [40, Theorem 3| for the norm cocycle log || Mg,, ||, where = € S, we establish the
following central limit theorem for log||Z¢||. Notice that || Z%|| = Zi(1) + -+ + Zi(d)
represents the population size of generation n.

Theorem 4.2.4. Assume conditions (4.2.3) and P4. Assume also P1, (4.2.5) and v > 0.
Then there exists o > 0 such that for all 1 <i < d, asn — oo,

log | Z},|| = nvy

o — N(0,0%) in law,
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where N'(0,02) denotes the normal law with mean 0 and variance o2.

Notice that for the single type case d = 1, this theorem was established in [43]. By [75,
Proposition 3.14], under the condition P3, the asymptotic variance o2 defined in Theorem
4.2.4 satisfies

1
o2 = lim —E[(log||Mon_1z|| — n7)?,

n—+oo n,

2

uniformly in z € §. Note that in Theorem 4.2.4 the limit variance ¢ can be degenerated:

0% = 0. For the rate of convergence we need the following assumption :
P5. The asymptotic variance o2 satisfies

o2 > 0.

According to [14, Lemma 7.2], a sufficient condition under which P5 holds is that x is
a non-arithmetic probability measure; the definition of arithmeticity is introduced below.

For z € S and M € G9, define the projective action of M on 8§ by M -z := %
Let g be the law of M, and I', = [supp p, the semi-group generated by the support of
p. By the Perron-Frobenius theorem, since any M € I', is strictly positive under P3,
the spectral radius pys of M is the unique eigenvalue with the largest modulus, which
is simple. Let up; € S be the associated unique right eigenvector with unit norm. Set
V(T,) = {£un : M € T}, where A denotes the closure of the set A. The measure y is
called arithmetic if there exist t > 0, § € [0,27) and a function h : S — R such that for

all M €', and x € V(I',), we have

exp{itlog ||Mz| — i0 + ih(M - x) — ih(x)} = 1.
In the following, denote by ® : x — \/% I e~*/2 dt the standard normal distribution

function on R.

Theorem 4.2.5. Assume conditions P1, P3, P5 and~y > 0. Then there exists a constant
C > 0 such that for allm > 1, r € R and 1 < i < d,

log ”Z;H nwy
SN ———l — . < R
‘P( 0\/ﬁ S (I)(J/’) = \/ﬁ

For the single type case d = 1, a version of this result exists under different conditions in

C
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[31, Theorem 1.1]. Notice that, in this case, we have v = Elogmg and 02 = E(log mg—-)?
with mg = E¢Z1, and the condition P3 can be simplified to the following: there exist two
constants p € (1,2] and n € (0,1) such that

7 p
Em{ < +o0o and Efy(p)" < +o0, where 0y(p) = Eé’mil - 1‘ .
0

4.3 Harmonic moments of W’

In this section we study the existence of the harmonic moments E(1W*)~® of all the random
variables W¢, where 1 <i < d, a > 0.

4.3.1 Auxiliary results

We start with four lemmas that we will need. The first lemma permits to compare the
moment of ¢(WW?) with the corresponding one of ¢(W?), with ¢ a positive convex function

on R, .

Lemma 4.3.1. Assume condition (4.2.5) and v > 0. Then for all 1 < i < d and any

convex function ¢ : Ry — R,

lim Beo(IWV;) = sup Eeo (W) = Eeo(W?), (43.1)
and
lim E¢(W!) = sup Es(W?) = Ep(W?). (4.3.2)
n——+oco n>0

Proof. The result is a direct consequence of the fact that, by [32, Theorem 2.6], under the
conditions (4.2.5) and y > 0, (W}, F,) is a martingale under P¢ and P, which converges
in L'. In fact, by Fatou’s lemma, E¢(W*) < sup,.oE¢(W}.); by the L'- convergence of

(W) and Jensen’s inequality,
Eo(W') = E[E[¢(W*)|F.]] = E[p(E[W'|F,))] = Eo(W,).

Using the fact that (¢(W})) is a sub-martingale, this concludes the proof of (4.3.2). The
same argument with [E replaced by E¢ gives (4.3.1). O
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The second lemma reveals the link between the harmonic moments and the Laplace

transform of a positive random variable.

Lemma 4.3.2. ([58, Lemma 4.4]) Let X be a positive random variable, and a > 0. We

have the following assertions:
(1) if EX™% < 400 then Ee™™ = Oy, o (t79);
(2) if Ee™™ = Op 4 oo(t™®) then EX % < 400 for all b € (0,a);
(3) Ee™™ = O, oo(t™) if and only if P(X < 1) = O,(2?).
For all 1 <7 <d, let

¢é(t) = ¢ ™™ and P (t) = ]Eqbé(t) _Ee W, ;

WV
=

be the quenched and annealed Laplace transform of W Denote by

Ge(t) = (¢¢(t), -+, ¢¢(1)) and (1) = (¢'(1),--- . ¢(1), ¢>0.

We will study the decay rate of the Laplace transforms qﬁ%(t) and ¢'(t) when t — 400,
and then use Lemma 4.3.2 to estimate the corresponding harmonic moments. Let T' be

the shift operator of the environment sequence:

T§=(£1,§2,"') lf 52(50751)“')7

and let T™ be its n-fold iteration. The third lemma, proved in [32, Theorem 2.4], gives

the functional equations that the quenched Laplace transforms ¢é satisfy.

Lemma 4.3.3. Assume condition (4.2.3). Then for alli =1,--- ,d, the quenched Laplace
transform @’5 of Wt satisfies

) _ri Ul,oo(]-) Ul,oo(d)
o= {or(i) - o)) 0

The fourth Lemma will be used to control the LP-moments of the martingale (W}). Tt
is a direct consequence of the Marcinkiewicz-Zygmund inequality in [16, Theorem 1.5], as
stated in [60, Lemma 1.4].
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Lemma 4.3.4. Let (Xy)ren be a sequence of i.i.d. random centered variables. Then for

allneN*andp>1:

?_[ByExen, i1<p<e

E <
(B,)PE| X Pn2, ifp > 2,

> X
k=1

where B, = 2min{kY?: k € N,k > £}

4.3.2 Existence of the quenched harmonic moments E (W)~
In this section, under condition P2, we give an estimation of the decay rate of the quenched

Laplace transforms ¢g(t) as t — +oo, which implies the uniform boundedness of the

quenched harmonic moments E¢(W*)™%, as indicated in the following theorem.

Theorem 4.3.5. Assume conditions P1, P2 and ||||P1(%)||ocllz< < 1. Then there exist
two constants C' > 0 and a > 0 such that for all 1 <i<d, allt >0 and all z > 0,

Pe(t) < i P-a.s., (4.3.3)

P(W'<x) <Cx* and E (W) “<C. (4.3.4)

For the proof of Theorem 4.3.5, we will need the following preliminary result about a

control of ¢¢(t), 1 <7 < d. For the case d = 1, this result was established in [43].

Lemma 4.3.6. Assume condition P2. Then there exist two constants € (0,1) and
to > 0 such that for all 1 <1< d and t > tg,

oe(t) < P-as.

Proof. We will adapte the approach in [43] where the case d = 1 was considered. By
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(4.2.1) and (4.1.6), we have that for all n > 1 and 1 <7 < d,

n

4 & Uniej) K290
Wiy - W=y o=l s STy Gy -

o Upeolr) 20 Ui GONLG)
=2 N lonl) 2 2 AUanl)

l
d Zi(r)
= M (W7, —1), (4.3.5)

where

— <Nl7;n7 Un+1,oo>
b * >\nUn,oo (T)

It is clear that, given the environment £, the random variables W}, , [ > 1, are i.i.d.,
and independent of &,...,&,_1 and Z'. Let p € (1,2] be such that condition P2 holds.
Notice that, by (4.1.5), we have Zle A/[O/\’;‘:_(i—rm =la.s. foranyn > land1 <i <d.
Therefore, applying (4 3.5), the convexity of the function z +— 2P on R, and Lemma 4.3.4,

;

foralln > 1 and 1 < i < d, P-a.s., we get

3 (-

d
. . U,
Ee|Wi , — Wi <E }j—
£| +1 ‘ 5(7- 1>\0n 1U0<>o

ZMOn1Z7“)U oo (T) 1 Z§)<W - )p
) Aon-1Uoe0(i)  Moy—1(d,7)P ln
Mon—l(Z>T)Unoo(r) EéZ (T) )

SB2— oA gy, 1

p; )‘O,n—lUO,oo(Z) ]WO,n—l(Z,T)p €| 1, |

E:Z: (1)

< D 57’” (s _ p
s B fgragxd{]\/[om (4, T)pEdWl,n 1 }

P T p
= Bymax Be| Wi, — 1" max (Mon-1(,7))" (4.3.6)
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Again by the convexity of z +— P, for all 1 <r < d and n > 0, P-a.s., we have

r <Nrn)Un, 1,oo> b
Ee|Wi,, — 117 = Eg ;U—JET) —1
_ ]EE Xd: ]\4n(’raj)Un+1,oo(j) ( Nlrn(]) o 1) b
) j=1 AnUn,oo(r) Mn(rn])
p
< | max EE‘Mn(z 7 = 0. (p). (4.3.7)

Combining this with (4.3.6), we obtain that for all n > 1 and 1 <1i < d, P-a.s.,

ESHVZH - me < B]f@n(p) max (Mo -1 (4, ])) P (4.3.8)

1<j<d

Using the triangular inequality in L” under P¢ and condition P2, for n > 0 we have

C 1/p
[Ee(N,.()"] PoA

< d - — - . . . .
On(p) < max ( () + 1) <A2 + 1) P-a.s (4.3.9)

Now we deal with the last factor in (4.3.8). For M € My(R), set

(M) = ”1I”1f1 |Mz| = mm ZA[ i,7). (4.3.10)

Using P2 we have (M) > A; a.s. It can be easily seen that the application ¢ satisfies
the inequality ((AB) > «(A)u(B), for A, B € GY. Therefore, we deduce that for all n > 2,

Mo 1(Z 7 Z Mo 2(2 T’)Mn—l(r,j)

1<r<d
2 A2L(Mg:n—2)
n—2
> A [] u(M)
k=0
> A AT (4.3.11)

It is evident that the above inequality remains true for n = 1. Combining (4.3.8), (4.3.9)
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and (4.3.11), we obtain that for all n > 1 and 1 < i < d,

. . A D
EWi,, — Wi < Bg(A— + 1) AFP(APT Pl (4.3.12)
2

with A} € (0,1). By (4.3.7) and (4.3.9), it is clear that (4.3.12) holds for n = 0. Recall
that condition P2 implies (4.2.5) and v > 0. Then, applying Lemma 4.3.1 with the convex

function x — 2P on R, , we have

Ee(W"? = supEe(W))? P-as.

n>0

This, together with (4.3.12) and the triangular inequality in L?, implies that there exists
a constant C' > 0 such that

) . oo ) , P
E (W) = sup E¢(W?)P < (1 3 (BWi,, — W) 1/p> <c (4.3.13)
n=0

n>0

Since x — (e7* —1 + x)/a? is a positive bounded function on R, it follows that there
exists a constant C; > 0 such that for all x > 0,

e " <1l —a2+ Cial.
Combining this with (4.3.13), we see that for any 1 <i < d and t > 0, P-a.s.,

Ok(t) = Bee™™" <Re(1 — W' + 1P (W)
=1—t+ O tPE (WP
<1—t+CCyP. (4.3.14)

Let h(t) =1 —1t+ CCyt?, t > 0. We observe that the minimal value of h(t) is 8 = h(t),
where t; := (pCCy)Y =P and we have

1 1
B=1—(pCCy)V0=P) 4 E(pCCl)l/(l_p) =1- (1 - p)tg. (4.3.15)

So 8 € (0,1). Since the quenched Laplace transform gi)é is decreasing on R, , we conclude
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from (4.3.14) that for all ¢ > o,

Ge(t) < de(to) < h(to) =B P-as. (4.3.16)
This concludes the proof of Lemma 4.3.6. O

Proof of Theorem 4.3.5. By Lemma 4.3.2, we have the implication (4.3.3) = (4.3.4) (but

the values of @ and C' can be changed). Therefore, it remains to prove (4.3.3). Set
Ve(t) = e (tUpoo(i)), 1<i<d, t=0,

and ¢ (t) = (Vi(t),--- wg( )). From Lemma 4.3.3 we obtain that ¢ satisfies the following
equation: for all 1 <i<dandt >0,

ol = o) o))
Anls) )
= fi <¢T§<;O>). (4.3.17)

For n > 0, denote by @1 (&,) the positive random matrix whose entries are, for 1 < 7,7 < d,

Qe ) = Pe(IZniall 2, Z0ia(G) 2 1, Zua(r) = 0,7 < j|Z0 = 7).

It is clear that for n > 0, Q1(&,) depends only of &, and that the events {Z,.1(j) >
1,Z,1(r) =0Vr < j}, 1 < j < d, constitute a partition of {||Z,11]| > 1}. Hence

1Q1(&) (s )| = ZQl §n)(i, ) = P§(||Zn+1|| > 2’Zn = ei) V1 <i<d.
7=1

By P1 and the fact that ||P(&,)(3,-)]| = P§(||Zn+1|| = 1‘Zn = ei), we get that for all
n>0and 1 <17 <d,

1P1(&n) (7, ) + Q1(&a) (i, )]l = 1, (4.3.18)

which means that Pi(&,) + Q1(&,) is a stochastic matrix. Then, by definition of the
matrix Q1(&) and using again P1 and the partition {Z,.1(j) > 1, Z,41(r) = 0 Vr < j}
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(1 <j<d) of {||Zns1]| = 1}, we see that for all s = (s1,--+,84) € [0,1]? and 1 < i < d,

we have

d
; k(1 k(d
= PeZi=¢j)s;+ Y. PelZi=k)s W "Sd()
j=1 keNd, ||k||>2

d
<2 Pi&) (@ g)si + s HerQl £0)(1,7)s;

Jj= Jj=1

- <[P1(§U) + ||S||OOQ1(§())]S,6Z'>.

—_

This, together with (4.3.17), implies that for all ¢ > 0,

ve®) < (Pi&) +

¢T§< )\0> H Q1o )z/)Tg(;O) P-as. (4.3.19)

In particular, by (4.3.18) we get that for all ¢t > 0,

(D, s

By iteration, we see that for alln > 1 and ¢ > 0,

I¥e®lle < |

(Ol < |

¢T"§< >Hx P-a.s. (4.3.20)

AO,n—l

By iteration of (4.3.19) and using inequality (4.3.20), we obtain that for all n > 1 and
t>0,

Ye(t) < ”Hl(Pl (@) + e (5 )| @6 Jurme( L) Pas (a2

k=0 A0 n—1 A0,n—1

Notice that by (4.1.5) and condition P2, for any 1 < i < d we have

(Mo, ), Ure) 22O 4,
MoUrocll -~ 1Mol 7 dA

1> Upooli) = P-a.s. (4.3.22)

Therefore, since ¢¢ is a decreasing function on Ry, we obtain that for all 1 < ¢ < d and
t >0, P-as.,

54(1) < V1) = 641U 0) < 05 (152).
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Combining this with (4.3.21), it follows that for all n > 1 and ¢t > 0, P-a.s.,

n—1

¢e(t) < I (P1 &) + HQST%“(CZA)\OH 1)” Q1 (& )@Tng(dAa’ii_). (4.3.23)

k=0

Now, by Lemma 4.3.6, we know that there exist two constants 3 € (0,1) and ¢ty > 0 such
that ||¢e(t)]|oo < B aws. for all ¢ > ¢,. Using the inequality Xo,—1 < || Moy—1] < (dA)™,
this implies that for n > 1, P-a.s.,

where t; = %to. Combining this with (4.3.23) and (4.3.18), we get that for all n > 1 and
t >t (dA)", P-as.,

tA,
n R < , 2 'IL7
o1 (dAAO,n_l ) Hoo B, tzh(dd)

[0l < 5 H [1P1(&k) + BQ1(ER) [l oo

k=0

=5 1 o176 + Qusal + (1= D&,

n—1
<BIL(B+ (1= B)IPUE) )
k=0
< fa, (4.3.24)
where o = 5+ (1 — B)||[|P1(&o) |||/ z>. Clearly we have o € (0,1), since 8 € (0,1) and
11| P1(€0)llss|lz < 1 by hypothesis. Set

logt — log tq

N(t)::{ oadd) J+1, t>t

We observe that, if ¢ > 1, then N(t) > 1,¢ > t,(dA)V® and N(t) > (logt—logt,)/log(dA).
Therefore, using the inequality (4.3.24) with n = N(t), we deduce that for all t > ¢;, P-a.s.,

logt—logtq _loga

HQSE(t)”oo BQN“) < Paloel@ T = Bh log(dA)tlog(dm

Taking a = —lolgm) > 0 and C = pt{ > 0, we conclude that for all ¢ > ¢,

C
6Ol < 7= Pas,
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which implies (4.3.3). This ends the proof of Theorem 4.3.5. O

4.3.3 Existence of the annealed harmonic moments E(1/)™¢

The aim of this section is to prove the following theorem which gives the optimal value
of a to have E(W%)~* < 400 for all 1 < i < d, under condition P2. (But the proof of the

optimality will be done in the next section. )

Theorem 4.3.7. Assume conditions P1, P2 and ||| P1(&0)|lcollz < 1. Let a > 0 be such
that k1(a) < 1. Then there exists a constant C' > 0 such that for all 1 < i< d and t > 0,

P (t) < g (4.3.25)

and that for all 1 <i<d, 0<b<aandx >0,
PW!<x) <Cz® and EWH<LC. (4.3.26)

For the proof of Theorem 4.3.7, we shall need the following technical lemma about the

decay late of a function which satisfies a functional inequality.

Lemma 4.3.8. (/58, Lemma 4.1]) Let ¢ : Ry — R be a bounded function. Assume there
exists a random variable A > 0 and constants « € (0,1), C >0, a > 0 and ty > 0 such
that

&(t) < aEG(AL) + g t> to. (4.3.27)
]f aEA™® < ]., then qb(t) = Ot_H_oo(t_a).

Proof of Theorem 4.3.7. First, by Lemma 4.3.2, we have the implication (4.3.25) =
(4.3.26). So, it remains to prove (4.3.25).

Let £ € (0,1) and @ > 0 be such that x1(a) < 1. By (4.3.3) in Theorem 4.3.5, we get
that there exists a constant ¢, > 0 such that for all ¢ > ¢,,

[0¢(D)]loo < & P-as. (4.3.28)

Recall that, by P2, we have A\g,—1 < ||[Moy,—1| < (dA)" a.s., n > 1. Then, combining
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(4.3.28) and (4.3.23), we obtain that for all » > 1 and ¢ > d’g:“ts, P-as.,

1j (Pu(&) + eQ1<£k))¢Tn5(M|§\?;_IH). (4.3.20)

Taking expectation in (4.3.29) and using the independence of the environments &,, it

follows that for allm > 1 and ¢t > (dA/_i:+1t57 P-a.s.,

o(t) < E(:li[: <P1(§k) + EQl(ﬁk)) [¢Tn5 ((MH?\?M) &,0< k< nD
- E[H (P& + 5Q1<§’“))¢<<mn3}4§n_1n>]'

This implies that for all n > 1 and t > dé}:“ le,

nHl(Pl(ék)JrEQl (&) H Hﬁb(CMHMM)H }

k=0
= O‘n,EEHQb(An,Et) lloo> (4.3.30)

I9(t)]l < E|

where o, = IEH 1= (Pl(ﬁk) +eQ1(& )H > 0 and A, is a positive random variable

whose distribution is determined by

Eh(4,) = —E|

Qe

TL (P& +<0u(5) HJ(CIAHJQ(Q)lHH

k=0

for all bounded function h on R,. Now we prove that there exist ¢ € (0,1) and n € N

satisfying the two following conditions:
Qne <1, (4.3.31)
and
a, EA70 < 1. (4.3.32)
If (4.3.31) and (4.3.32) hold, then by Lemma 4.3.8,

[6()]loo = Otsoc(t™), (4.3.33)
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which is equivalent to (4.3.25). So it remains to prove (4.3.31) and (4.3.32).

First we show (4.3.31). Notice that for any positive random matrix M € My(R),

d
IEM | = &%E( ; M(i, j)) (4.3.34)
d
<E||M|l < 3 EM(i,j) < dl[EM | . (4.3.35)
ij=1

Using this and the fact that Py (&,)+Q1 (&) are stochastic matrices (so that || [T{Zy (P (&) +
Q1(&)|loo = 1), we get for all n > 1 and € € (0, 1),

Qp e <

e ([ i) )],
HP1 &)

<d(1—9)|[(EP(&)) ’||oo+€-

1—8

(P1 &)+ Qi)

The hypothesis ||| P1(£0)]|col|ze < 1 implies that p(EP;(&)) < 1, so that ||(EP1())" ||l
—nsi00 0. Therefore, we obtain that for all e € (0, 1),

limsupa, . <e < 1. (4.3.36)

n—-+o0o

Therefore (4.3.31) holds for all € € (0,1) and n € N sufficiently large.
Now we prove (4.3.32). By definition of A, ., for all n > 1 and ¢ € (0,1) we have

. (dA\e
i (43

(P1 &) + 201 (&) H } (4.3.37)

5 (Pulew) + eQI@k))Hw <[ Moa]|® as., with Bf| Mo, <
+00. Therefore, by the Lebesgue dominated convergence theorem, letting ¢ — 0 in
(4.3.37), we get that for all n > 1

o EATE ((ZYE[ (&)
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This implies

B 1/n
lim lim <an,EEA;;) =k1(a) <1,

n—+o00 e—0

s0 (4.3.32) holds for n € N sufficiently large and € > 0 small enough.
We have therefore proved (4.3.31) and (4.3.32), which implies (4.3.33). This concludes
the proof of Theorem 4.3.7. O

4.3.4 Proofs of Theorem 4.2.1 and Corollary 4.2.2

In this section, using the sufficient condition for the existence of harmonic moments estab-
lished in Theorem 4.3.7 of the preceding section, we prove Theorem 4.2.1 and Corollary
4.2.2 which give a necessary and a sufficient condition for the existence of the harmonic
moments E(W?)~®. To this end, we need the following lemma about the behaviour of the

function x; on RT. Recall that a matrix M is nilpotent if there is an integer n > 1 such
that M"™ = 0.

Lemma 4.3.9. Assume condition P2. Then the function ky satisfies the following prop-

erties:

(1) %1(0) = p(EP (&)

(2) The following assertions are equivalent: (i) k1(0) = 0; (i) k1(a) =0 for all a > 0;
(iii) EPy (&) is nilpotent;

(3) if EP(&) is not nilpotent, then ki is a strictly increasing continuous function on

R, , with lim, o k1(a) = +oo.

Proof. (1) Part (1) follows because, using inequalities (4.3.34), we have

>1/n
=t ([e[ T e ]| )™

= lim (IEP&)"x)""
= p(EP1(&)). (4.3.38)

k1(0) = lim (E

n—-+00

1 P&
k=0
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(2) We next prove part (2). Notice that the matrix EP; (&) is nilpotent if and only if
p(EPl (SQ)> = 0. So by part (1), we only need to prove the equivalence between (i) and
(ii). To this end we will prove that for all a,b > 0, there exist constants ¢, co > 0 such
that k1(a +b) < c1k(a) < cak1(a + ).

By P2 we have | My,,_1|| < (dA)™ a.s., so for all a,b > 0,

>1/n

n—1 1/n
I Pi(é) )
k=0 0

= (dA)’k1 (a). (4.3.39)

mi(atb)= lim (E||M07n_1||“+b

T A@)

< lim <(dA)"bIEHMo,n-1II“

n——+00

On the other hand, by (4.3.11) we get that for all n > 0,

||A_/[0_n_1|| 2 111'1121 MOm—l(iaj) 2 AQAT_l P-a.s.

<i<d

Therefore, we obtain that for all a,b > 0, with Ay > 1,

n—1 1/n
sia+) >t ((AAr)E| Mo TT P60 )
k=0 o0
= Ak (a). (4.3.40)

From (4.3.39) and (4.3.40) we see that k1(a) = 0 for all @ > 0 if and only if x,(0) = 0.
This ends the proof of part (2).

(3) We finally prove part (3). Assume that EP; (&) is not nilpotent. Then, by parts
(1) and (2), we have k,(0) = p(EPl(fo)) > 0. It follows from (4.3.39) and (4.3.40) that
K1 is a strictly increasing continuous function on R, with lim, . k1(a) = +00. This
concludes part (3).

The proof of Lemma 4.3.9 is complete. O

Proof of Theorem 4.2.1. First we assume that k1(a) < 1, where a > 0. By Lemma 4.3.9,
k1 is a continuous function on R, so there exists ¢ > 0 such that x;(a +¢) < 1. Using
Theorem 4.3.7 (with a replaced by a + ¢), this implies that E(W)™* < 400 for all
1<i<d.

Now we suppose that a > 0 is such that E(Wi)_“ < 4ooforall 1 <i<d Wewil
prove that xi(a) < 1. Let 7], = (Z],,(1),---, Z],(d)), where Z]  ,(j) denotes the
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offspring of type j at time n + k of the I-th particle of type 7 in the generation n. By
iteration of (4.2.1), it is easy to see that the MBPRE (Z?),>¢ satisfies the relation

d Z,(5)
- Z Z Z;,n,k’ n, k 2 0.
j=11=1
It follows that for all n,k > 0 and 1 < i < d,

d Z;,(7) <Zl7:£b7k7Un+k,3c>

ik = Z Aontk—1U0,00(7)

Jj=1 =1
d U . Z (4)
B '2;)\0 1U0 ( Z Wlnk, 34
j= n— ,00
where
VVj L <Zi7;n,k7 U1L+k,oo>
Ink

An,n+k—1 Un,oo (]) '

Clearly (M{n,k)kZU is the fundamental martingale associated to the MBPRE (le k) B0
in the shifted random environment T"&, starting with the [-th particle of type j in the
generation n. Hence (VV,Jn ) k=0 converges a.s. to a random variable VVZ{,L. Letting k — +o00
n (4.3.41), we get the following distributional equation on the limit variables W*: for all
1<i<dandn >0,

d Zi(r)
: U,
wr=">3 jL §j wr 4.3.42
r—=1 >\0n 1U0<>o( b ( )

where for each n € N, under P¢, the random variables Wy, , indexed by [ > 0 and
1 < r < d, are independent of each other and independent of Z!, each with the distribution

Pe(W), € ) = Prug(W" € +).
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Therefore, we get from (4.3.42) that for all 1 <i < d and n > 1, P-ass.,

; 4 Up(r) %l —a
E(WH™*=E _ Ynoo\") W
c(W*) 5(; No.n—1U0 (%) ; l,n)
d Up.oo(T) —a z}(r) —a
2 ’— ]E W'r ]]_ .
,; <)\07n_1U07x(z) 3 [( ; l,n) {zi ,}}
d
= Monc1Uose(D)* D" Uno(r) “Ene (W) Pe(Z8 =¢,).  (4.3.43)
r=1

For n > 0, let X,, be the vector in R? whose i-th entry is
X(i) = Upoo (i) “Bpag(WH) ™, 1<i<d. (4.3.44)

By P1 and the definition of the random matrices P;(&,), we have that for all n > 1 and
1<i,r <d, P-a.s.,

d
P&(Zlﬂ =) = ZPE(Z )P£(Zn+1 = eT\Z = e])

j=1
d .
=D _Pe(Z, = ;) (&) (. 7).
j=1
By iterating this relation, we get that for all n > 1 and 1 <i,r < d, P-a.s.,
P(Zi = ¢,) [ H Pi(&s } (4.3.45)

Using this and the notation X,, (cf. (4.3.44)), we can re-write (4.3.43) as follows: for all
n>1, Pas.,

Xo = At [T Pr(&r) X (4.3.46)
k=0
By (4.1.5) and (4.3.22), we get that for all n > 1,

Ay
dA

Ay
= > — -a.S.
)‘0771—1 ||M0,n—1Un700” = dA ||M0,n—11” P-a.s
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This, together with (4.3.46), implies that for all n > 1, P-a.s.,

n—1

A2 H Pl(gk) X'n
k=0

dA
A a
> (ﬁ) ”MO,n—lHa

Notice that (X, ),>0 is a stationary ergodic sequence of strictly positive random vectors,

Xolle > (53) 1Mool

oo

min X, (). (4.3.47)

00 1<i<d

I P&

k=0

and X, is independent of &, - ,&, 1. Therefore, taking expectation in (4.3.47), we get
that for all n > 1,

Az \* oA . .
Bl Xolle > (52) E[IMon I A | E(min, Xo(0). (4.3.48)
Using again (4.3.22), for any 1 < i < d we have
. N i A\ i
0 < EXo(i) = E[Upo (i) “Ee (W)™ < (ﬂ) E(W)~* < +oo.

Therefore, by (4.3.48) we obtain for all n > 1,

o <cb4>“ E|| Xo||oo
o IE(

E|| Mo ’
(| Mo || Ay minlg«zngO(i))

nl:[ Pr(&)
k=0

This implies that

n—1

I &)
k=0

n—-+o00

1/n
ki(a) = lim (E||M0,n_1||a ) <1,

which is the desired result. This concludes the proof of Theorem 4.2.1 and the remark

following it. O

Proof of Corollary 4.2.2. First we suppose that EP; (&) is nilpotent. By Lemma 4.3.9,
we know that k;(a) = 0 < 1 for all @ > 0. Therefore, using Theorem 4.2.1, we get that
E(W)~ < +ooforall 1 <i < danda>0.

Now, we assume that EP;(§) is not nilpotent. By Lemma 4.3.9 and the condition
NP1 (€0)llsollze < 1, the function k4 is continuous and strictly increasing on R, with
k1(0) = p(]EPl(ﬁo)) < 1 and lim, ,;« K1(a) = +o00. Therefore, there exists a unique

constant ag > 0 such that x1(ag) = 1, and we have r1(a) < 1 if a < ag, and x1(a) > 1 if
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a > ag. Using again Theorem 4.2.1, this implies that

4 < 400 ifael0,ap),
max E(W*)~¢ el
1<i<d =400 if a € (ag, +00).

The proof of Corollary 4.2.2 is complete. O

4.3.5 Proof of Theorem 4.2.3

In this section, we prove Theorem 4.2.3 which gives the existence of the harmonic moments
E(W*)~* for a small @ > 0, under the moment condition P3, instead of the boundedness

condition P2 considered in the preceding section. We will prove the following theorem.

Theorem 4.3.10. Assume conditions P1, P3 and~y > 0. Then there exist two constants
a>0 and C > 0 such that for all 1 <i < d, allt >0, and all z > 0,

s< s (1.3.49)
P(W'<z) <Oz and E(W)*<C. (4.3.50)

Clearly Theorem 4.2.3 follows from Theorem 4.3.10. We need some previous results
to prove Theorem 4.3.10. The first one gives the non-degeneracy of the limits W* under
the conditions of Theorem 4.3.10.

Lemma 4.3.11. The following implication holds: P3 = (4.2.5). Moreover, under the
conditions P8 and v > 0, the limit W* is non-degenerate for each 1 <14 < d, and (4.2.6)
hold.

Proof. We first prove the implication P3 = (4.2.5). Assume condition P3. Then, by
Hoélder’s inequality Ee| XY | < (E¢|X|%)Y*(Ee|Y|?)Y/? with o = 1/(1 —n) and 5 = 1/n,
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we see that for all 1 <1i,j < d we have, P-a.s.,

? 0og
’ ) )]17]{&[]\2%((5}) <1Og+ MZO(% ))1/n] },7
i {Eg[MZjé{j)@Og nﬁ%) /]} (43.50)

We know that there exists a constant C' > 0 such that log™ z < Ca"®=V for all > 0.
Taking expectation in (4.3.51), we obtain that for all 1 <i,7 < d,

ZG) . 740) ZiG) Y
E(Mo@:,j) tog Mou,j)) S OF [E5<Mo<7:,j>>

n

< 400, (4.3.52)

since Efy(p)" < 400 by condition P3. Hence the condition (4.2.5) holds.

Recall that by [32, Theorem 2.6 and Corollary 2.8], condition (4.2.5) together with
v > 0 implies that the limit T is non-degenerate for cach 1 < i < d, and (4.2.6) hold.
Combining this with the implication P3 = (4.2.5), we conclude the proof of Lemma
4.3.11. O]

By the sub-additive ergodic theorem and the fact that ||[My,(7,-)]| = 1 a.s. for any
1 <i < d (which follows from P1), for all s < 0 the limit

. s\ 1/n
k(s) = lim (E[Mon|*) (4.3.53)

n——+oc

1/n
exists, with x(s) = sup,,», (E||M07n_1|ls> / < 1. The proof of Theorem 4.3.10 is based

on the following result about the properties of the function k.

Lemma 4.3.12. Assume conditions P1, P3 and v > 0. Then for all s <0,

k(s) < 1.
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Moreover, if n > 0 satisfies P3, then for all 0 < a < s < n/2,

1/n
(E[HAﬂMV4H“égggdAﬂM%J(Lj)‘ﬂ> S ka—s) < 1. (4.3.54)

n—-+00

Proof. First we prove that s(s) < 1 for all s < 0. Recall that +(A) = infj, = || Mz||, for
M € M4(R), and L(ngn) > la.s. by (4.3.10) and P1. Since ¢ is super-multiplicative, the

sequence Eo( MT " s sub-multiplicative. So using the sub-additive ergodic theorem
0O,n—1

we get

lim (E L(Mg:n_l)s)l/n = 7111;f1' (EL(Mg;n_l)s)l/n <1, Vs<O.

n—-+00

By the inequalities L(]VIT) < |MT|| < d[|M||, M € My(R), this implies that for all s < 0,

o) €t (2 0En)) " = i (0 ))

n—-+oo

Therefore, for all s < 0 and n > 1, we have
k()" <Eo(M, ) <1 (4.3.55)

Clearly by (4.3.55 ) if k(s) = 1, then IEL(]W{;F e 1) =1 for all n > 1, which is equivalent
to L(ng n—l) 1 a.s. for all n > 1. Consequently, if we show that

lim P(:(M, 1) =1) =0, (4.3.56)

n—-+o00

then we will have r(s) < 1 for all s < 0. So, it remains to prove (4.3.56). Using P1 and
the identity ¢(M) = 1I£li£ld||M(',j)|’, M € My(R), for all n > 1 we have
RVAS

P(u(Mg, ) =1) < immel §WWZ|_1 (4.3.57)
i=1 i=1

By Lemma 4.3.11, the conditions P3 and v > 0 imply that the limits W%, 1 < i < d,
are non-degenerate, and (4.2.6) holds. Combining this with condition P1, we obtain that

lim, 4 || Z5|| = +00 a.s. Therefore, we obtain that for all 1 < i < d,
Jim B(|Z = 1) =0, (4.3.58)

Théorémes limites pour un processus de branchement multi-type dans un environnement aléatoire Erwan Pin 2020



167 4.8. HARMONIC MOMENTS OF W'

and (4.3.56) follows from (4.3.57). So (s) < 1 for all s < 0, which is the desired result.

Now we prove (4.3.54). Let n > 0 be such that condition P3 holds, and set 0 < a <
s < n/2. First, for all n > 1 we have

([ Mo-1° max, Mop-1(i,3)™*] > Bl Moqoa] (4.3.50)

<i,j<d

Next, for all n > 2,
E _H]\'[O,n—lHa max, MO,n—l(Z.vj)_S:|
<4,J<

- d —s
— EJ| Mom_lnalmaxd(ZMO(i,r)Mm_l(r, j)> ]
- r=1

< E{10o]* max Mo, )~ [ B[ [ My | ma |1 M1001, )~

Mo e Mo, ) [ 1Mool v |1 Moa(-, )|

It follows that for all n > 3,

E ||| Mo-all* max, Mon-1(6.)|

N
=

1Mo 1136};;(/\10(2,])—] X

XU,

- d —s
E Mool mi, (3 1Mos(- DI Mo-2(r5)) |
- S r=1

N

B[] mas Mo(i, )] x

E |1 Mo-al* max Mo-2(i. /) |E || Mou-sl|*(d] Mool

<i,j<

2
d—S<E[||M0||alr<nax Mo(i, j)—‘*]) B Mo _s]|**. (4.3.60)
<i,j<d

Then, by Hoélder’s inequality and condition P3, since 2a < 2s < n, we have

AR MG )~ < (Bl 1) (' Mot i)
[1Mo] mmax Mo )| < (BIMp|) " (E| max Mo(i.5)*])

1<i,j<d

< +00.

Théorémes limites pour un processus de branchement multi-type dans un environnement aléatoire Erwan Pin 2020



BERRY-ESSEEN’S BOUND AND HARMONIC MOMENTS FOR A MBPRE 168

Combining this with the inequalities (4.3.59) and (4.3.60), we obtain that for all n > 3,

Ef| Mopn-1]]*™* < E{||J"fo,n—1||alf<ﬂax MU,n—l(ivj)_S:| < CE||Mopn-s]*,
ij<d

X

2
where C' = d~*(E[|| My||“ max,<; jea Mo(i, j)°])” < +o00. This, together with (4.3.53),
implies (4.3.54), which concludes the proof of Lemma 4.3.12. O

Proof of Theorem 4.5.10. The implication (4.3.49) = (4.3.50) holds by Lemma 4.3.2.
Therefore, it remains to show (4.3.49) under the given conditions.

Assume condition P1, P3 and v > 0. Set p¢(t) = (9§ (1), ,¥{(t)), where for all
t>0,and 1 <17 <d,

Ve(t) = O(tUo, (7).

Let v be the function on R, defined by

P(t) = El[ve(t)|o, t=0.

Since ¢} is a decreasing function on Ry and 0 < Up (i) < 1 a.s., for all t > 0 we have

[0l = [Ede(t)lloo < Ellge(t)lloo < Ellte(t)lloc = 9(1)-

Therefore, if we prove that there exists a constant a > 0 such that

U(t) = Opsrae(t™), (4.3.61)

then (4.3.49) holds.

Now we prove (4.3.61). As in the proof of Theorem 4.2.1, the argument will still be
based on (4.3.21). The idea is to take expectation at both sides of this inequality, and to
get an inequality on ¢ in order to use Lemma 4.3.8 to conclude. The difficult point is to
have a bound in terms of ¢ while taking expectation on the right hand side of (4.3.21).
This will be done by truncation and iteration.

Recall that A\g,—1 = || Mon-1Uncoll < [|[Mon-1]| for all n > 1, and zl)g is decreasing on
R, . Therefore, we get that for all n > 1 and ¢t > 0,

) <vrme(r )
ng| — | < ne| ——M— P-a.s. 4.3.62
w”(Ao,n_l Yre\ Tzl (4.3.62)

Théorémes limites pour un processus de branchement multi-type dans un environnement aléatoire Erwan Pin 2020



169 4.8. HARMONIC MOMENTS OF W'

Moreover, by similar arguments as in (4.3.14)-(4.3.16), we have that for all K > 0,
there exist two constants tx > 0 and fx € (0,1) such that for all ¢ > tx, [|¢e(t)]| <
B P-a.s. on the event {maxi;<qE¢(W*)? < K?}. Therefore when ¢ > iAot and

min Upn, oo (%)
1<i<d

HlaXETng(WZ) KP, we have a.s.

1<i<d
t
Z/JT'lg()\ )‘ < Bk
0,n—1 00

Combining this with (4.3.21) and (4.3.62), we obtain that for all K > 0,n > 1 and t > 0,
P-a.s.,

E _ o]
||¢€( )Hoo /lgigklof;ool(i) 7112?ng7~71§(‘/‘/1)13ng}

N
=

—

‘ li[ (Pl &) +5KQ1(§k))¢T"§<HM01;_1||>HJ

vre( )|
“”“<||Mo,n_1|| .

| f[ (P& +6Kc21<5k>)sz/J(W;1H)].

H (P& +ci(6)| B

VAN
=
—

—

= E

| —

This, together with (4.3.20), implies that for all K >0, n > 1 and t > 0, P-a.s.,

»(t)

<
S (TG PR

/“““l<z<d Un,oo(4)? i<

AE | 14e(0) oo L s Brciiryrsen | + E[I0e(Oloo ity

minléi{d Un, oo ()

< E[ :1?[: (Pl(&c) + 5KQ1(§1€))H001/J(H%1_1H>]
| <A07n_1 )| RE———

[ Mo,n— |l t
+P< Mo, . >7), 4.3.63
ming igd Un,oo (7) 35 ( )

Now we control the second and last terms in (4.3.63).

We first find a bound for the second term in terms of 1. Using the triangular inequality
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in L? and (4.3.8), we get that for all 1 <i < d, P-a.s.,

N1 T , 1
(EBv) " <14 Y (BelWi,, - wip)”
n=0
= 1 R )
< 1 + Bp Z en(p)p max M),n—l(zvj) P

n—0 1<g<d
By the sub-additivity of the function z — z% on R, (since 0 < n < 1), this implies that
forall K >0,n>1andt >0, P-as.,

t
l/)Tng <)\0 n—l) H ]l{lrgfgc ]ETng(Wl)P>K”}]

1 t o\ B
< grBllore( )L Eravy)
1 B\ 2
< -E n 4’)
el + ()

] n(1—p)

400 ‘ t
ZEH wT”i( >’ ‘9n+k(p)2p max A[nn-i-k 1(7’ .7) 2 ]

>\(),n—1 [ 1<i,j<d

(4.3.64)
By (4.3.20) and (4.3.62), we get that for n,k > 0 and ¢t > 0, P-a.s.,

t t t
’l/}Tn ( ) H < ‘ Qp R ( > H < Hw e (7) H
‘ ¢ )\O,n—l 00 = T ¢ )\O,n-i-k 00 = T ¢ ||M0,n+kH 0o

Combining this with (4.3.64), we obtain that for all K >0, n > 1 and ¢t > 0, P-a.s.,

]EH ané (A(Ln_l 1<i<d

1 t B\ 3
Bl |vre ()| )+ ()
o e\ ) T\ K

t

n(1—p)
E|:H17ZJTW.+I€+1§<7)H 9n+k(p)2§v max M, ,+x-1(4,7) 2 ]
|| Mo,nrll /oo

) H ]]-{ max Epng(W1) P>KP}:|

N

1<4,j<d

k=0

1 t B\ 3
B (o) ()
KT\ o] K

n(l=p)
ZE[ <||MO +k||) n+k(p)§% maxd]\4nn+k 1(4,7) 2 }a (4.3.65)

N

N

1<4,5<

where, for the last inequality, we have used the fact that My ,+x and 6, (p) are indepen-
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dent of T"H*+1¢. We have therefore obtained a bound of the second term in (4.3.63)

terms of 1.
For the last term in (4.3.63), by Markov’s inequality we get that for all K > 0, n
and t > 0,
| Mo,n1]| S t < ik B | Mo,n—1ll )
tK 13 mlnlsigd Un,oo( )5
C(n,K
(n, K) (4.3.66)

Pl —
(Inllllgigd Un,oo (4)

where C'(n, K) := ti(EHMM%)%E(maxKKd U oo (1) 2) We claim that C(n, K)
because, by (4.1.4), Cauchy-Schwarz’s inequality and condition P3, we have for all 1

<M0(7;7 ')7 Ul,oo>_g)
[MoUs oo~ 2

1< d
)= k(

NS

<j<da Mo(i,7) 2
(4.3.67)

maxi
cp(mmaseat
| Mo

1/2
G.0)7]) " (I

< (E| max My(i, j
1<j<d

Putting together the inequalities (4.3.63), (4.3.64), (4.3.65) and (4.3.66), we obtain the

(U, (1)~

< +00.

following inequality on #: for all K >0, n > 1and t >0

t
(i)
Hoo (| Mo 1]l
L nd-p)

n+k(p)21 1I<I}a;§dMnn+k 1(7 ]) 2
(4.3.68)

ﬁ (Pu(&) + BrQi(&))
t

([ Mon+x]l
C(n,K)
2

)e

(1)

< I
+ i)f (et
e ()] +

l
2

We will write this inequality in the form (4.3.27) in order to use Lemma 4.3.8. For
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K>0andn>1, set

K = IE{ :1:[: (P1(§k) + BKQl(fk))H ]
(3 ] ] )

By condition P3 and equality (4.3.18), and using (4.3. 54) in Lemma 4.3.12 with a = 0
and s = " (p U ¢ (O ) we get for all K >0 and n >

Qp i < +00.

For any K > 0 and n > 1, let An Kk be a positive random variable whose distribution is
determined by the following expectation: for all bounded and mesurable function A on
R-H

Eh(A, k)
_ E[ Tﬁ (P1 (&) + 51"@1(5’“))“mh<!|1\/fm1n—1ﬂ>}

Qn.K k=0

Q

n(1—p)

ZE[ ( : ) n+k(]9)2” max My nir—1(i, )2

Mo sk 1<ij<

1 1
-
K§a7l,K ||M0,n—1||

So we can rewrite (4.3.68) as in the form (4.3.27): for all K >0, n > 1and t > 0,

K2anK

C(n, K)

Y(t) < (%n,KE[l/)(An,Kt)] R (4.3.69)
We will prove that there exist K > 0, n > 1 and 0 < a < 1/2 such that
n i < 1, (4.3.70)
and
ankEA G < 1. (4.3.71)

By Lemma 4.3.8, inequality (4.3.69), together with (4.3.70) and (4.3.71), implies (4.3.61),
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which is the desired result. So it remains to prove (4.3.70) and (4.3.71).
First, we prove (4.3.70). By (4.3.45), for all 1 < ¢,j < d we have
) n—1 n
P(Z = ;) = B[ IT 60| 0.) = (BP1(0) (0.
k=0
This, together with (4.3.58), implies that

p(EPI(&)) < 1. (4.3.72)

Notice that the relation (4.3.36) can be proved by using (4.3.72) instead of the condition
I P1(€0)]lsollzoe < 1. Therefore, (4.3.72) implies that for all K > 0,

limiup E[ H (Pl &) + BrQ1(&k) H ] Br. (4.3.73)
n—-+0oo .
By the sub-additivity we have
n—1 1/n
Jim (B[ TT (A + seu(@) | |)

k=0

H(P1 &)+ Br@() | D”n

= inf ( [
nzl

Together with (4.3.73), this implies that for all K > 0,

g

It follows that for all K > 0,

H(P1 &)+ Be@u@)| |, 70

n—-+00

n

i = <B> E[90 5¥]ZE[ max Mo.—1(i, )"(lzpm]JrKln. (4.3.74)

n—+oo \ K 1<i4,5<d

2

Letting K — +o00 in (4.3.74), we deduce

lim lim o, x =0,
K—+00 n—+o0

so that (4.3.70) holds for K and n sufficiently large.
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Now, we prove (4.3.71). For all K >0, n > 1 and a > 0, we have

Op KIEA'/L K
n—1

kH (P1(§k) + 5KQ1(§1:))HOOI|MM_1||“] +

:E{

n(1—p)

B,\ % &=
+(K> ZE|:||]\[()7L+/$” 0n+k( 2p maxd]\[nn-i-k 1(2 .]) »

By the independence of the environments &,,, n > 0, we have

n(1—p)
E{”-]\{O,n+k”aen+k( )an m‘rleMnn+k 1(2 ]) Zp ]

1<
= B[ Moot |G ()| || Mo | ]

n(1—p)
[”Mn n+k— 1|| max ]\[n n+k— 1( .7) Zr ]
Therefore, by the stationarity, we get that for all K >0, n > 1 and a > 0,

1—a
On, K EAn,I<

n—1

1T (P& + i (&0) | 1¥oal] +

:E[

B\ ? ;
P a ﬁ
+(32) B (1Mo 000) ] x

= n(1—p)
E|[ Mo, 1||” ZE[HMM l* max Mooa ()5 ] (4.3.75)
k=0

For any fixed n > 1, we have || My,,—1]|* = 1 P-a.s. asa — 0, and || My,,—1]|* is dominated
by ||[Mon_1|["P~D/% when a € (0, mﬁipl)). We will apply the dominated convergence

theorem in (4.3.75) as a — 0. Notice that, by condition P3 and (4.3.18) , for all K > 0
and n > 1,

i

71:[1 (Pl(gk) + BKQl(&J)H “]w—O . 1”"({4’1) } < ]EHMO . 1”71(210

k=0

(IEHMOH = ) < +oo.
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Using (4.3.54) in Lemma 4.3.12, we obtain

I n(p=1) n(1-p)
5B Mot |5 max Mogoa(5,)" 5 | < +oc.
k=0

By Hoélder’s inequality and condition P3 we have

E[I1Mo]) 5 0 0) % | < (EIMoJ1E) 7 (BA0(p)?) " < oo

Therefore, applying the Lebesgue dominated convergence theorem, by letting a — 0 in
(4.3.75), we obtain that for all K > 0 and n > 1

liy (e KEAS) = E|

1:[( Py(&) + Br@Q1(&) H ]

k=0
B nil—p
(K) ZIE[ max Moy 1(i, )" 5. (4.3.76)

1<4,5<d

Letting n — 400 in (4.3.76), by (4.3.74) it holds that for all K > 0,

lim lim (an kEA; K)

n—+o0o0 a—0

n(1—p)

! (i) E[GO }ZE[ max Moyg—1(2,7) 2

n
Kz 1<4,5<d

Then, letting K — +o00, we conclude that

lim lim hH(l) (an KIEA ) =0.

K—+00 n—+o0 a—

This implies (4.3.71) for K > 0 and n > 1 sufficiently large, and a > 0 small enough.
Therefore (4.3.61) holds, and this concludes the proof of Theorem 4.3.10. O

4.4 Central limit theorem for log || Z! |

In this section, we prove Theorem 4.2.4, that is, a central limit theorem for the logarithm
of the population size log || Z% || for each 1 < i < d. To this end, we will use the following
central limit theorem for the norm cocycle log | Mg, 2| established by Hennion [40,
Theorem 3].
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Lemma 4.4.1. Assume conditions (4.2.3) and P4. Then there exists o > 0 such that for
allz € S, asn — oo,

log || Mg, x| — ny
v

— N(0,0%) in law.

Proof of Theorem 4.2.4. By definition of the martingale (W}), for any n > 1 and 1 <14 <

d we have, P-a.s.,

I sz | z'|| 1
min U, Wi < .
“MO n— 1 || 1<g<d 7100( ) n ||MO n— 1 ” m1n1<]<d Un oo( )

From this, we obtain the two following inequalities: for all n > 1 and 1 < i < d, P-a.s.,

log || Z%|| < log || Moy—1(i, -)|| + log W — 1mln log Upn.oo(J), (4.4.1)

log || Z%|| = log || Mon—-1(3,-)|| + log W + mln logUnoo( ). (4.4.2)

We know that (U, ) is a stationary and ergodic sequence of positive random variables,
so for all 1 < j < d it holds

lOg Un,oo(j) P
Tn — 0, (4.4.3)

where —— denotes the convergence in probability with respect to P. On the other hand,
by [32, Theorem 2.6 and Corollary 2.8] we know that under conditions (4.2.5) and v > 0
the limit W* of the martingale (W) is non-degenerate, and (4 2.6) holds. This, combining
with condition P1, implies that W > 0 P-a.s. for each 1 < i < d. Therefore, we obtain
that for all 1 <7 < d,

log Wi
_>
\/ﬁ n—-+00

Putting together the relations (4.4.1)-(4.4.4), we get that for all 1 < i < d,

0 P-as. (4.4.4)

log || Z; || —ny  log [[Moyu-1(i, )| — ny
/n Jn

0. (4.4.5)
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Using Lemma 4.4.1 for x = ¢;, we see that

log || Mo, 1 (3, -)|| — ny
N

Combining this with (4.4.5), we conclude the proof of Theorem 4.2.4. O

— N(0,6%) in law.

4.5 Berry-Esseen bound for log||Z!||

In this section, we prove Theorem 4.2.5 which gives a Berry-Esseen bound for the loga-
rithm of the population size log || Z!||, for any 1 < i < d.
First, we formulate the following lemma giving the convergence in L' of log W} to

log W* with an exponential rate, for all 1 <1i < d.

Lemma 4.5.1. Assume conditions P1, P3 and v > 0. Then there exist two constants
C >0 and d € (0,1) such that for alln >0 and 1 < i < d,

E|log W — log W' < C6™.

Proof. For any n > 0 and 1 <14 < d, set

7
Ri R Wn-i—l _
n 1
Wi

Then, for all n > 0 and 1 <7 < d we have

logWi,, —logW! =log(1 + R.). (4.5.1)

T

Let K € (0,1) be a constant. From (4.5.1) we get that for all n > 0 and 1 < < d,

IE‘ logW;,, —log W,

= E‘ log(1 + RZ)H{R;‘;—K}‘ + E‘ log(1 + R;)H{RL<—K}‘
=: I(n) + I(n). (4.5.2)

In the following, C' > 0 will be a constant which may depend on K, p and 7, and which

may differ from line to line. Now we control the two terms [;(n) and I5(n).

Control of I;(n). Since 2 < 1, the function = — |2|~% log(1 + z) is bounded on
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[—K,+00),so foralln > 0and 1 <i<d,

np

L(n) = E|log(1+ Ri)1 g _s| < 3k (4.5.3)

Control of I(n). Applying Theorem 4.2.3, we get that there exists a constant a > 0
such that E(W?)~® < +o0 for any 1 < i < d. Recall that by Lemma 4.3.11 we have
the implication P3 = (4.2.5). So (4.2.5) holds,7 and using Lemma 4.3.1 with the convex
function x — x~%, this implies that for all 1 < ¢ < d,

sup E(W!)™* = E(W")™* < +o0. (4.5.4)

n=0

Combining (4.5.1), (4.5.4) and the inequality |log(z)|> < C(x +2~%) for > 0, we obtain
that for all 1 < ¢ < d,

1 1
sup (IE| log(1 + R;)P)z < 2sup (]E| log VVT’L|2)2
n=0 n=0
1

< CO'sup (EWﬁ + E(Wfl)*a) ’

n=>0

<o+ E(Wi)‘“)% < +00. (4.5.5)

Applying Cauchy-Schwarz’s inequality, (4.5.5) and Markov’s inequality, we get that for
alln>0and 1 <71 <d,

Iy(n) = E[log(1 + R;,) (s <— k3|
< (Ellog(1 + B)1*)?* (Elgmy<—xy)°
< [Sup (E|log(1 + RL)[?) } P(Ri| > K)}
C(E|R!|%)z. (4.5.6)
Together with (4.5.2), (4.5.3) and (4.5.6), this implies that for alln > 0 and 1 <17 < d,

Ellog Wy, , —log Wi| < CE|RL| ™ + C(E|R}| %)
< CE|[(B¢| Ry ")) + C{E[(Ee| R, yp)%}} (4.5.7)

since 7 < 1. Notice that inequality (4.5.7) holds for any p € (1,2] satisfying condition
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P3. In the following, we take p € (1, 2] sufficiently close to 1 such that p verifies P3 and
p<l1+a.

Now we show that there exists a constant 6 € (0,1) such that for all n > 0 and
1<i<d,

E[(Ee|RLP)H] < Co%. (4.5.8)
By (4.3.5), for all m > 0 and 1 < i < d,

A 1 & Unoolr) Zu(0)
R = el NN W, — 1
n W@ Z >\On 1U0<>o(@) Z ( In )

n r=1 =1

||M&
N

U Z Wy, —1). (4.5.9)

Recall that, given the environment &, for each 1 < r < d the random variables W7,
indexed by [ > 1 are i.i.d., and independent of &j,....&,—1 and Z'. Using (4.5.9), the
convexity of the function x +— ¥ on R, (together with the fact that 7, U, o (r) = 1),
and Lemma 4.3.4, for all n > 0 and 1 < ¢ < d, P-a.s., we obtain

i d Unoc r
E¢| R, |7 < E&(Z@U())

r=1 =1
d
Un,oo(1) 2, (7) r
gBII:;EE{ <Zz Unoo>p E5|W1n—1|

< BIE(Z}, Uy o) P max Ee|W;, — 1J7.

1<r<d

Combmmg this with (4.3.7) and the convexity of x — x'™P we get that for all n > 0 and

<d, P-a.s.,
EflR; P < BII;)]Eﬁ(Wri)l_p ’ <M0 n—l(i ')7 Un oo>1_p : en(p)
< BYE:(W;)' " 6, (p) 1maxd]\fon 1(r, )PP, (4.5.10)
<<

Therefore, by Cauchy-Schwarz’s inequality and the independence between 6,(p) and
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Mo -1, we deduce from (4.5.10) that for all n > 0 and 1 <i < d,

E|(B¢|R;P)]
< B (E[E (Wi)l—f’]% * (Es (p)? max Mo (r,5)" 7" :
B 14 13 n n\P 1<rj<d 0,n—1 )
np g n n(1—p) %
< By (E(W)'7) (]E[@O(p)z']E max My,_1(r,5)" 2 D : (4.5.11)
1<r,j<d

since 2 < 1. Clearly condition P3 implies that E[Go( )3] < +00. Since 0 < p—1 < a, by
Hoélder’s inequality and (4.5.4), for any 1 < i < d we have
p—1 p—1

sup E(W!)'? < sup (E(W;)_“) ‘= (E(W’)_a) ¢ < +oo. (4.5.12)

n>0 n>0

Moreover, by (4.3.54) (with a = 0) it holds that for all n > 0,

n(1—p)
max Mo,_1(r,j) 2

1<r,j<d

E < oot (4.5.13)

where § > 0 is a constant such that m(@) < §* < 1. Combining inequalities (4.5.11)-
(4.5.13), we get (4.5.8).

Now, from (4.5.7) and (4.5.8) it follows that for all n > 0 and 1 < i < d,
E|logW; ., —logW,.| < Cd™.

This implies that for alln >0, k > 1 and 1 < ¢ < d,
) ) nt+k—1 ]
E|logW;,, —logW}| < > E|logW/,; —log W/|

r=n
n+k—1

<C Y

< oom. (4.5.14)

So (log W),>o is a Cauchy sequence in L', hence it converges in L' to log W, for all
1 <1< d. By letting k — +oco in (4.5.14), we obtain that for all n > 0 and 1 < ¢ < d,

E|log W' — log W!| < Co".
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This concludes the proof of Lemma 4.5.1. Ol

Now we formulate the Berry-Esseen bound for log | Mg, _,yl|, for any y € S. This result
was established in [75, Theorem 2.1]; it plays a crucial role in proving the Berry-Esseen

theorem for log || Z||.

Lemma 4.5.2. Assume conditions P3 and P5. Then there exists a constant C > 0 such
that for alln > 1,y € S and x € R,

<
N

1 — A
‘P<og|| Layll =y _

o~ <:c>—<1>(x)

The next lemma, gives inequalities about the concentration of the joint law < log || Z: ||, log || Mo n—1(2

for any 1 < 4 < d. It reveals that log||Z!|| and log || My,,—1(i,-)| behaves similarly with
large probablhty.

Lemma 4.5.3. Assume conditions P1, P3, P5 and v > 0. Then there exists a constant
C > 0 such that for alln > 1, x e R and 1 < i < d,

1 Zt| — 1 Mo, -
P(ogn A= dogl M) =m0 x><C, (45.15)
o\/n ovn vn
and
]P)(bg”Z”—m ,710g||M0” 1, )||_"7<£><C. (4.5.16)
ovn n Vn

Proof. We will only give a proof of (4.5. 15) since the other inequality (4.5.16) can be
proved by similar arguments. Forn > 1,0 <m <n,y € S and 1 <i < d, set

_log [|M), qyll = (n—m)y . logW}
= and L =

oyn mn oyn’

where by convention M, ,,—; denotes the identity matrix when m = n. By (4.4.2) we have
that foralln > 1, x € Rand 1 <i < d,

Y
Sm,n

p(loellZill —nmy _ log|[ Moy (i)l =y
o\/n S ov/n

1 n,00 .
<IP’<S + L, + mln 10g Unool4) (j)

min, =22 <o S5, >x> (4.5.17)
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In the following we take m := m(n) = [\/n], where |x] is the integer part of x; C' > 0
will be a constant which may depend on p and 7, and which may differ from line to line.
By Markov’s inequality and Lemma 4.5.1, we get that there exists a constant 0 € (0, 1)
such that for alln > 1 and 1 <1 < d,

P(lLiz,n ol > \/»>

= —E|10gWZ —log W |
o
1 . . 1 . ,
< —EllogW; —logW'| + — E|log W, — log W’|
o

a

< O™ +6™).

Since 6" + 6™ = o(—=) as n — o0, this implies that for all n > 1 and 1 < < d,

‘ ‘ 1 C
P|L:, — L .| > —) < —.
(1280 = Linal > 7)<

Combining this with (4.5.17), we obtain that for alln > 1, 2 € Rand 1 < i < d,

S

p(logllZull —=nvy _log [ Moy (i, M=my
Uf \ 7 O'\/ﬁ
< IP’(S + L, + min Soin > T

1
< ) n
2T o ST e )

1
P(|L! —
+ <| n,n m 7L| > \/ﬁ)

log Un,(J) L e c
< IP’(S —I—Lmn+1r£1]1£1d s <x+ﬁ,5’o_n>x +%.
(4.5.18)
Recall that for y € S and M € G,. we denote by M -y := u%'y

M on G,. Then, for y € S the process

i the projective action of

X§=y, and X!=M, -y, n>1,
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is a Markov chain on S. Notice that foralln > 1 and 1 < 7 < d, we have the decomposition

_ log |’M£+1,n—1(Mg:mei)|l —ny
ovn
IOg” OmeZH +10g ” 7n+1 n— 1(M0m : )H —ny

ovn

== L SEtpan + St (4.5.19)

Moreover, by (4.1.4) we have that for all n > 0,

e
SO,Zn

Mn“y’aUn 00 . Mn )7.
1> mannx()=m1n< (r, ), Unsa, >> in M

4.5.20
1<r<d i<r<d || MpUpiiool 7 1<ri<d || M,]| ( )

Therefore, putting together the relations (4.4.1) and (4.5.18)-(4.5.20), we obtain that for
alln>1, x€eRand 1 <i<d,

log | Zull v __ log | Moa ()l =y _
oyn S a/n

A
fm+1 Y ; 1
g IP( SOm+1+Sm+Irn+an X +%>
/m+1 . C

with
: 1 1Z} |l 1 My (1, j)
B, = lo + min lo
" o Mo ()] o/miEnika S M
1 Unoo

Ij<d  oy/n

Denote by v/}, . the joint law of (X,f;H, \/mjl Om+1vB ) on S xR xR. Fory € S and
r € R, set

Grn(2) = P(S]

m,n

< o).

Since Sy, 11, is independent of X7, S¢i, 1, and BY,, for any y € S, we obtain from

m,n
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(4.5.21) that foralln > 1, r e Rand 1 < i < d,

P(logHZfl”—n’y log || Mo,n-1(4, ) || — ny >
o\/n S0 o\/n

>
< / (Syl +s+1t< -|-L 1 +9>T> dydedf)+£
) +1,n \/7; m+n 3 \/77
(z —

/ ]l{tgﬁ} |:G"yn+1vn (ZU s—1 + f) m+1 n ):| nz n(dy7 dS dt)

+fﬁ. (4.5.22)

The random matrices M,,, n > 0, are i.i.d., so forn > 1, y € S and x € R we have

10g ||Mg:n—m—1y|| - (n —m

av/n

with a, = /-—"—. Notice that a, = (1-"2)"1/2 =14+ 0() = 1+O( =) as n — +00.
Therefore, applying the Berry-Esseen bound of Lemma 4.5.2, we get that for all n > 1,
yeSand x € R,

—1
Gm+1 n( ) = P( ),7 g 17) = G%/).n—m—l(a'ﬂ/w)?

‘Gm-i-l n ) (I)(an‘L)‘ = ’Gg,n—m—l(anw) - (I)(CLWL)‘
S G

n—m-—1
Cay, C
= < —. 4.5.23

Jn S m ( )

Moreover, using the mean value theorem on the function ¢ — ®(tx) with ¢ > 1, we obtain
that for all n > 1 and = € R,

<

C
|P(anx) — P(x)| < |an, — 1|sup |2 (tx)] < —= sup |2P'(2)]. (4.5.24)
t>1 \/ﬁ z€R

It is clear that z — [z®(z)| is a bounded function on R. Combining this with the
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inequalities (4.5.22)-(4.5.24), we deduce that for all n > 1, z € Rand 1 < < d,

P log || Z, ||—”’Y log || My, -1 (i, )Il—m .
O_\/» \ 7 0_\/>

(x—s—t-l—\/lﬁ)—@(m—s)

Vi (dy, ds, dt) +

<
Jn'
(4.5.25)

By the mean value theorem and the fact that sup, . |®'(x)| < 1, for all z, z € R we have
|P(x + 2) — P(x)] < |2].

This, together with (4.5.25), implies that for all n > 1, x € Rand 1 <1 < d,

IP)<10g||Zn||—mg‘r’lOt-’,!IJ\fOn 12, )|l = ny x)
oyn o\vn

dy,ds,dt) +

( C
m n \/ﬁ

< /ﬂ{tgjﬁ}‘\/lﬁ

< /|t|z/’ (dy,ds, dt) + <

= EIB;,nH\%- (4.5.26)
By definition of B,’,m, combining with (4.4.1), (4.4.2) and (4.5.20), we get that for all
>1land1<i<d, P-as,

Uf| mn| ~

+ min |log]\f (r,7)| + | log || M,,|||

1<r,j<d

log ———*——

I m|| ‘
| Mo, (3, )|l

+ mln |10gUnOo
< |logW;!+|10g||Mm||\

-2, (1108 Un oo )]+ o8 Myn(r, )| + |08 Urn 9)] )

é | logl m 71

+ max <2| log M,,(r,j)| + | log Mn(r,j)||>. (4.5.27)

1<r,

By Lemma 4.5.1 we have sup,s, E[logW}| < 4oc for any 1 < ¢ < d. Morcover,
from condition P3 and the inequality |logz| < C(2” + z7") for x > 0, it holds that
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E|log || My]|| < 400 and E|log My(r,j)| < 400, 1 < r,j < d. Therefore, taking expecta-
tion in (4.5.27), this implies that for alln > 1 and 1 <i < d

)

C
mn| X %

Hence, (4.5.15) follows from (4.5.26) and (4.5.28). This concludes the proof of Lemma
4.5.3. 0l

E|B (4.5.28)

Proof of Theorem 4.2.5. Forn > 1, x € Rand 1 <17 < d, we write

IED<log 12, —ny < T)

o\/n
_p log [ Z,]l =ny _ . log || Mon1(i; )| =ny _ .
O'\/> \ 7 O'\/> \
log | Z,ll =ny _  log|[Mon1(i, )| = vy
Pl —————— <z,
+ ( o\/n oyv/n -
- p(EalenGlom )
ay/n
_p 10g||Zfl||—n7 log || Mo 1 (i )[| = n7 .
ay/n . oyn s
P 10g||Z$;||—n7 logIIMOn 1)l =ny
ov/n oyn .

By Lemma 4.5.3, we get that there exists a constant C' > 0 such that foralln > 1, x € R
and 1 <¢<d,

log [| Z%|| — log || M, -
’P< og || Z, |l — ny <m> ]P)( og || Mon-1(i, )| = nvy <x)‘<c. (4.5.29)
o\/n o\v/n vn
Combining (4 5.29) with Lemma 4.5.2, we obtain the Berry-Esseen bound for log || Z: |,
for any 1 < i < d. This concludes the proof of Theorem 4.2.5. O
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Chapter 5
Cramér type moderate deviation expansion
for supercritical multi-type branching processes

in random environments

Résumé. Soit Z! = (Zi(1),---,Zi(d)), n > 0, un processus de branchement d-type
surcritique dans un environnement aléatoire indépendant et identiquement distribué £ =
(&,&1, - . .), commengant avec une particule initiale de type i. On établit un théoréme
de type Cramér sur les déviations modérées pour log || Z!||. Pour cela, on commence par
montrer des résultats uniformes pour 'existence des moments harmoniques et une borne
de type Berry-Esseen sous de nouvelles mesures bien choisies, en utilisant la théorie de
trou spectral des produits de matrices aléatoires et la martingale fondamentale que 1’on
a trouvé dans un précédent article.

Abstract. Let Z! = (Z:(1),--- ,Zi(d)), n = 0, be a supercritical d-type branching pro-
cess in an independent and identically distributed random environment & = (&, &y, ),
starting with one initial particle of type 7. We establish a Cramér type moderate deviation
expansion for log || Z||. To this end, we first prove uniform results for the existence of
harmonic moments and Berry-Esseen type bound under suitably changed measure, using
the spectral gap theory on products of random matrices and the fundamental martingale
that we found in an earlier paper.

5.1 Introduction

Let Z, = (Zn(1),--+ , Zu(d)), n = 0, be a d-type branching process (d > 1) in an inde-
pendent and identically distributed (i.i.d.) random environment £ = (&, &1, - -+ ). Denote

by M, be the d x d random matrix whose components are
]\/—In(l>]):E§[Zn+1(]) | Zn:ei]v 1<,y <d,

where [E; is the conditional expectation given the environment &, e; is the vector with

component 1 in the i-th place and 0 elsewhere. So M, (7, j) is the conditional mean of the

187
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number of particles of type j produced by a particle of type i of n-th generation, given

the environment. We define the Lyapunov exponent of the sequence (M,,) as
= 1l 1IE1 M,
7= lim —Elog|| Mo

where My,,—1 = My---M,_; is the product matrix, ||Mp,_1|| denotes its its operator

norm with respect to the L!-vectorial norm (see (5.2.2) and (5.2.1)).

The study of the asymptotic behaviour of the branching process (Z,) is a complex
problem which attracts a lot of attention during the last decades. Concerning the critical
case v = 0 and subcritical case v < 0, see for example the works of Peigné, Le Page and
Pham [57] , Vatutin and Dyakonova [70], and Vatutin and Wachtel [73], who studied the
convergence rate of the survival probability of the branching process. For the supercritical
case v > 0, in [32], [33] and [34] we established asymptotic properties of Z, such as
Kesten-Stigum type theorem, LP convergence, harmonic moments and Berry-Esseen type

theorem.

In this paper, we continue to consider the supercritical case v > 0, for which we will
give more results on the asymptotic behaviour of (Z,). In the sequel, we always assume
v > 0. Denote by (Z!) the branching process (Z,) which starts with one initial particle
of type 7, that is when Zy = e;. In [32], under suitable conditions, we established a strong

law of large numbers for log || Z!||: on the explosion event {||Z!| — +o0c}, it holds that

1 .
lim ﬁlogHZle:’y a.s. (5.1.1)

n—-+00

Then, under additional assumptions, we proved in [34] a central limit theorem (CLT) for
log || Z%||: there exists o > 0 such that for each 1 <i < d,

log || Z,]] — ny
Vn
2

where N(0,02) denotes the normal law with mean 0 and variance ¢%. We have also

— N(0,0%) in law, (5.1.2)

established in [34], under further moment conditions, a Berry-Esseen type theorem for

log || Z1||, which gives the rate of convergence in the CLT: we showed that for all n > 1,

<
\/ﬁ?

<

log || Z¢ ] —
pP< og ||Z}|| — ny (5.13)

ov/n

< x) — O()

z€R
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where 0% = lim, 1 ~E[(log || M{,,_ x| — nv)?] is the asymptotic variance independent

o,n

of x, (x) = \/% J* e ¥/2dt is the standard normal distribution function, and C' > 0 is

a constant.

The objective of this paper is to establish a Cramér type moderate deviation expansion
for log||Zi||. We will prove (cf. Theorem 2.1) that uniformly in 0 < z < o(y/n), as
n — 400,

]p(logllzi;ll—m N l,)
ayvn ﬁC(L) 1+ 2
=evat'Vi) 140 5.1.4
1— &) ¢ ol (5.1.4)

where ( is the Cramér series (for the precise definition see (5.2.12)). Notice that a version

of this result has been proved by Grama, Liu and Miqueu in [31, Theorem 1.1] for the
single type case d = 1. The expansion (5.1.4) is totally new for d > 2.

Now we explain briefly our approach for the proof of (5.1.4). For any s € (—n,7)
with 7 > 0 small, we define a transfer operator Ps (see (5.2.10)) naturally occurring in
the products of random matrices. Using the spectral theory on P (see e.g. Buraczewski,
Damek, Guivarc’h and Mentemeier [13], Guivarc’h and Le Page [36], Xiao, Grama and
Liu [75]), we define the changed measure P% (see section 5.3) for the branching process
(Z1). To prove (5.1.4), we extend the Berry-Esseen bound (5.1.3) for the changed measure
P% uniformly in s € (—n,n) (cf. Theorem 5.4.1 in Section 5.4): for all n > 1 and z € R,

sup
s€ ( —7),77)

(5.1.5)

log || Z¢ || — nA/
]}Diz( Og ” n” n (S) < .CL‘) _ (I)((IJ) < —,
os\/1 Vn

where A(s) = logk(s), k(s) is the spectral radius of P, 02 = A”(s), and C' > 0 is a
constant. Then, we combine (5.1.5) with the standard techniques from Petrov [63] to
obtain (5.1.4).

The Berry-Esseen bound (5.1.5) plays an important role in our approach. Let us
explain its proof. Our method is an adaptation of the arguments that we used in the
proof of (5.1.3) in [34]. The fundamental martingale (W) associated to the process (Z?),
defined in [32], will play a central role. For each n,k > 0, let p,,+x be the spectral
radius of the product matrix M, ,4r = M, - - M,+r. It is well known that, by the
Perron-Frobenius theorem, p,, ,+x is an eigenvalue of M, ,4x, and there exists U, ,+x a
non negative eigenvector associated to py ik, With ||U, .4kl = 1. Using the results of

Hennion [40, Lemma 3.3 and Theorem 1], under suitable conditions, for each n > 0 the
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limit
Unpo = klglolc Un,n+k (516)

exists a.s., with U, o, > 0 (for a vector or matrix U we write U > 0 to mean that each of

the components of U is strictly positive) and ||U, «|| = 1; in addition, it holds that
MnUn+1,:>c = A71[J7L,c><>7 (517)

where \,,n > 0 are positive random scalars called the pseudo-spectral radii of the random
matrices (M,). Iterating (5.1.7), we get

Mn,n+kUn+k+1,oo = )\n,n+kUn,oov n, k> 0, (518)
where Ay, := Ao -+ A,. Then, the martingale (W}) is defined by (see [32]):

- - 70 Uy oo
Wézl, Wi = < n’ > >

G L A TR 5.1.9
/\O,n—lUO,oo(Z) ( )

We get from (5.1.9) the two following relations which make the link between log || Z% || and
IOg ”MO,n—l('Z:a )H

log (122 | < 108 [ Ma1 (i, )| + log Wi — min logUp(i).  (5.1.10)
BYAS
log ||Z,LL|| > log || Mo 13, -)|| + log W,LL + 1151]_i£1d10g Un.oo(7)- (5.1.11)

We recall that (U, ) is a stationary sequence of random variables, and since (W) is a
non-negative martingale, the limit W# = lim,,_, o, W} exists a.s.. It follows that, when
W' is non degenerate, the terms log W} and logU, »(j) in (5.1.10) and (5.1.11) will
be negligible in the limit properties that we consider. More precisely, we will use the
Berry-Esseen bound under the changed measure P¢ proved in Xiao, Grama and Liu [75]
to control log || Mg ,—1(4,-)||; then, by giving a tight control of the quantities log W and
log U, »(j) under P, we will obtain (5.1.5) from the two inequalities (5.1.10) and (5.1.11).
For the term log W, we will establish a sufficient condition for the existence of harmonic

moments of the limit W* under P% uniformly in s € (—n,7): we will show that there
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exists a > 0 such that for all 1 < ¢ < d,

sup ES(WH ™ < 400, (5.1.12)
s€(=n.m)
(cf. Theorem 5.3.3). The proof of (5.1.12) is one of the key arguments to prove (5.1.5)
and (5.1.4).

The rest of the paper is organized as follows. In Section 5.2, we introduce some
necessary notation and we formulate the Cramér type moderate deviation expansion for
log||Z||. We define in Section 5.3 the changed measure P% and we study under P¢
the harmonic moments of W*. Section 5.4 is devoted to proof of the Berry-Esseen type
theorem for log || Z¢ || under P¢. Finally we prove in Section 5.5 the Cramér type moderate

deviation expansion for log || Z!||.

5.2 Notation, preliminaries and main results

For d > 1, let M4(R) be the set of d x d matrices with entries in R. The d-dimensional
space of vectors R? will be equipped with the scalar product and the L'-norm respectively
defined by

(z,y) = Z:c(z)y(z) and ||z] := ; lz(i)], z,y € R% (5.2.1)

=1

We equip the space M4(R) with the operator norm with respect to the L' vectoriel norm:

[[M]] := sup ||Mz]], (5.2.2)
zeS

where § = {x € R? : 2 > 0,]|z|| = 1} is the intersection of the unit sphere with the
positive quadrant. Let 0 = (0, --- ,0) € R? be the vector with all coordinates equal to 0,
and 1 = (1,---,1) € R? the vector with all coordinates equal to 1. Let N = {0,1,...}
be the set of non-negative integers. Set 14 for the indicator function of an event A. We

denote by ¢, C strictly positive constants which may differ from line to line.

Now we define precisely a multi-type branching process in a random environment
(MBPRE). The random environment £ = (&,),>0 is an independent and identically dis-

tributed (i.i.d.) sequence of random variables with values in an abstract space X; each
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realization of &, is associated to d probability generating functions
— k k d
f;(b) - Z PZl,..-,kd(fn)Sf °"5dd7 5= (817"'73d) € [07 1] )
ki, ka=0

1<r<d. AMBPRE Z, = (Z,1),---,Z,(d)), n > 0 in the random environment ¢ is a

sequence of random vectors in N such that

Zo(r
Zy € N is fixed, and Z,41 = zd: z(j)N;jn for n >0, (5.2.3)
r=1 I=1
where, given the environment &, N, = (N/,(1),---, N/, (d)) indexed by [ > 1, n > 0
and 1 < r < d are independent random vectors with probability generating function f;.
The random variable N}, (j) represents the offspring of type j at time n + 1 of the I-th
particle of type r in generation n, and Z,(j) denotes the number of particles of type j in
generation n. As explained in the introduction, when Z; = ¢;, we write Z! for Z,, i.e.
(Z!) is the MBPRE which starts with one initial particle of type i.

Given the environment &, the underlying probability will be dented by PP¢, which is
called the quenched law. Denote by 7 the law of the environment £. The total probability
PP, called annealed law, can be defined as P(dz, df) = P¢(dx)7(df). The expectation with
respect to P and P are denoted respectively by E¢ and E. With our notation,

. T NLG) a
So(s) =Ee| [Is;" . s=(s1,...,5q4) €[0,1]%
j=1

are the quenched probability generating function of N, which represent the offspring

distributions for particles of generation n. For all n > 0, the mean matrix M, can be

1 ... )
no rJn/*

expressed in terms of f, = (
. Of . -

M(i§) = 5 (1) = Be|Zun ()| Zo =i 1<ij<d,
J

where g—sfj(l) denotes the left derivative at 1 of a d-dimensional probability generating
function f with respect to s;. M,, is the matrix of means of the offspring distributions
in the sense that M, (i, j) represents the conditioned mean of the number of children of
type j produced by a particle of type ¢ at time n. The hypothesis that the environment

(&,) is i.i.d. implies that (M,),>o is a sequence of i.i.d. random matrices. We will use the
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products of these matrices:

Notice that

EeZi 1 (4) = Mon(i,5), n>0,1<i,j<d. (5.2.4)

Throughout the paper, we assume that the matrix M satisfies the first moment con-

dition
Elog" || M| < +oo0. (5.2.5)

When (5.2.5) holds, the limit
= li *1E1<) M
V= Am 08 ([ Mo g

exists and is called the Lyapunov exponent of the sequence of matrices (M,,),>0; moreover,

a strong law of large numbers has been established in [26]:
li 1 log || M = P
nbor og||[Mos-1ll =7 P-as.

The Lyapunov exponent 7 permits a classification of MBPRE’s (see e.g. [32]): a MBPRE
is subcritical if v < 0, critical if v = 0, and supercritical if v > 0. We always consider the

supercritical case, which means v > 0.

The goal of the present paper is to establish a Cramér type moderate deviation ex-
pansion for log || Z!]| in the supercritical case. The asymptotic behaviour of the MBPRE
(Z!), when it is supercritical, is determined by that of the product of random matrices
My.,—1 and the fundamental martingale (W) that we mentioned in the introduction. Set
Pk the spectral radius of M, 4. By the Perron-Frobenius theorem (see e.g. [7]), we
know that p, 1k is a positive eigenvalue of M, ,, 1k, and there exist positive right and left
eigenvectors Uy, ,4x and V;, ,4x associated to py, n4x with the normalizations || Uy, n1x| = 1
and (Vi ik Unnik) = 1. Let gg be the set of matrices whose entries are strictly positive.

Assuming that M, is a.s. allowable in the sense that every row and column contains a
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strictly positive element, and that

P( U {Mo,. € gg}) > 0, (5.2.6)

n=0

Hennion [40, Lemma 3.3 and Theorem 1] proved that the random vectors U, », and the
random scalars A, defined by (5.1.6) and (5.1.7) exist. It is easily seen that the relation
(5.1.8) holds and that the sequences (U, ) and (A,) are stationary and ergodic. Under
the same conditions, we proved in [32, Theorem 1] that the sequence (W}) defined by
(5.1.9) is a non-negative martingale under the probability measures Pe and P, w.r.t. the
filtration

Fo=0(&), Fa=0(&NWG)0<k<n—1,1<rj<dl>1)forn>1.

Define W' := lim,,_,; o W}, the a.s. limit of the martingale (W}.).
Under the supercritical condition v > 0, we proved in [32, Theorem 2.6 and Corollary
2.8] that the condition

Z(j) Zi(4) ) -
E D _Jogt M) < 400 VIKi,j<d 5.2.7

<M0(27]) & MO(Zaj) ! ( )
is sufficient for the non-degeneracy of each W in the sense that P(TW* > 0) > 0, with

EWi=1 and P(W'>0)=P(|Z,] 3 +oo)=1-¢'()>0as, (528)

where ¢*(£) is the probability of extinction of the process (Z).

Now we introduce some conditions to formulate the Cramér type moderate deviation

expansion for log || Z!||. For n > 0, define the vector py(&,) whose components are
po(&n) (i) = f,(0) = Pe(|| Zi]| = 0), 1<i<d.

Throughout the paper, we will assume that each individual of the population gives birth

to at least one child :

K1. The vector po(&) = (f3(0), ..., f&(0)) satisfies

po=0 P-as. (5.2.9)
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Notice that when K1 and (5.2.7) hold, we have ¢'(¢) = 0 a.s. and ||Z!|| — +o0o a.s.
as n — +oo by (5.2.8). For all n > 0 and p > 1 denote by

p

NLG)

0,(p) := max E Mo, 7)

We need the following moment conditions on the offspring distributions :
K2. There exist two constants p € (1,2] and 1y € (0, 1) such that
E||Mo||™ < +o0, 1I<][1a)<<dIEM0(z',j)_’]° < +4oo and Eby(p)™ < +o0.
VA

Clearly, K2 implies that M is a.s. allowable and (5.2.6) holds. We proved in [34,
Lemma 3.11] that K2 implies (5.2.7). Therefore when v > 0 and K2 holds, each W is
non-degenerate. By [75, Proposition 3.14], we know that under the condition K2, the

asymptotic variance

. 1
0-2 = lim 7E[(10g H‘]Mg:n—lxll - n’Y)Q]

n—+oo n,

exists uniformly in x € S, with 0 < 02 < +00. We will need the assumption

K3. The asymptotic variance o2 satisfics

02> 0.

For z € S and M € GY, define the projective action of M on & by M -z := %
Denote by p the law of My, and I',, = [supp p] the semi-group generated by the support
of u. Under K2, each M € I', is strictly positive, hence by the Perron-Frobenius theorem
the spectral radius pj; of M is the unique eigenvalue with the largest modulus, and it
is simple. Denote by uj; the associated unique right eigenvector with unit norm. Set
V(T,) = {£um, M €T}, where A denotes the closure of the set A. We say that p is
arithmetic if there exist ¢ > 0, § € [0,27) and a function h : & — R such that for all

MeTl,and z e V(L),),

explitlog | Mx|| —i0 + ih(M - z) — ih(x)] = 1.

By [14, Lemma 7.2], condition K3 holds when the probability measure 1 is non-arithmetic.
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We need some additional notation. Let C(S) be the space of continuous functions on
S with real values. We equip C(S) with the L*°-norm

@llo = sup lez|l, ¢ e€C(S).

Under condition K2, for any s € [—ng, 1], define the transfer operator P as follows : for

all p € C(S),
Pup(x) = E[|| Moz||*¢(My - w)], z €. (5.2.10)
By [13, Proposition 3.1] and [33, Proposition 3.1, under K2, for s € [—ng, 70| the limit

. s\ 1/

K(s) = nggloo(EuMO,n_l” ) (5.2.11)

exists, with 0 < k(s) < 400, and is the spectral radius of P,. Moreover, by [11, Lemma

10.17] the function s — x(s) is analytic in (—n,7), for > 0 small enough. Set A(s) :=

log k(s) and 7, := A®(0), k > 1. Then v, = v and v, = o2 (see [14, Corollary 7.3]).
Denote by ¢ the Cramér series associated to A (see [19] and [63]):

Yo — 373 3 — 1097 1573
(t) == V3 Va2 =, 572 V4 /37224' %’t2+~--, (5.2.12)

= +
62 243 12075
which converges for |t small enough.
The following theorem gives a Cramér type moderate deviation expansion for log || Z7|.
Recall that ®(z) := \/% JE e PRdl x e R.
Theorem 5.2.1. Assume conditions K1, K2, K8 and v > 0. Then, for 0 < z < o(y/n)
and any 1 <1 <d, asn — +oo,

P(loguzan—m < x) i
ov/n zZ () 1+
=evatVval |1 2.1
S~ @ o) 21
and
P<1og 1Zi)-ny _x) ,
ovn ,ﬁc(,i) 1+
=e vtV 1 : 2.14
B(—1) ¢ { +O< v G214

In the single type case d = 1, Grama, Liu and Miqueu established a version of this
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result in [31, Theorem 1.3]. Notice that when d = 1, we have v = Elogmg, 02 =

E(log mg — 7)?, where mg = E¢Z;, and the condition K2 reduces to the following: there
exist two constants p € (1,2] and 7y € (0, 1) such that

7 P
Em{’ < +oo and Eby(p)™ < 400, where 6y(p) = Eé’ﬁl — 1‘ .
0

From Theorem 5.2.1, we obtain the moderate deviation expansion for log||Z¢|| for

r = o(n'/%), as n — +oo:

Corollary 5.2.2. Assume the conditions of Theorem 5.2.1. Then, for all 0 < x < o(n'/®)
and 1 <i<d, as n — +oo,

]P><10gIIZZ;II—m - m)
oy/n 1+
=1 : 2.1
e o) 210
and
P(loguz,zn—m - _$>
ay/n 1+
=1 : 2.1
#(2) o) 5210

5.3 Harmonic moments of W’

In this section, we prove the existence of harmonic moments of W* under a new measure

P¢  uniformly in s € (—7,n) for a n > 0 small enough.

5.3.1 Definition of the change of measure P?

We define a new probability measure called P?, for z € S, s € (—n,n) with n > 0 small
enough. The construction of P? is based on several properties of the transfer operator Py
defined by (5.2.10). For s € [—no,m], we introduce the conjugate operator P on C(S)
defined by:

Plo() = B[|MJxl*o(M] - z)|, =S, Vpel(S) (5.3.1)

A lot of results have been established on these operators P, and P* in recent years; in

S

the following proposition, we list some of them established in [13, Proposition 3.1], [36,
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Corollary 3.20], [33, Proposition 3.1] and [75, Proposition 3.1], which will be used in the

proofs of our results.

Proposition 5.3.1. Assume condition K2. Then, for n > 0 small enough and s €
(—=n,m), the following assertions hold:

(1) the spectral radii of Ps and PF are both equal to k(s);

S

(2) there exists a unique strictly positive function rs € C(S) with norm ||rs|lec = 1 such
that

Pyry = k(s)rs;

(3) there exists a unique strictly positive function ri € C(S) with norm ||rf||e = 1 such
that

(4) k(0) =1 and ro = r§ = 1, where 1 denotes the constant function equal to 1 on S;
(5) the function s — k(s) is analytic on (—n,n);
(6) the mappings s — rs and s +— 15 are analytic on (—n,n).

For s € (—n,7n), z € S and A € G, set

| Az[|*rs(A - )
S(r,A) = —r . 5.3.2
Q’Il(x ) /{(3)"7“8(@ ( )
Notice that the family (¢) satisfies the following cocycle property: for any n,m > 1 and
Alv AQ € gg.;

Gz, A1)y, (Ar - 2, Ag) = (7, A2 Ay). (5.3.3)

Denote by p the law of the environment & on X. It is clear that for any x € S,
by the assertion (2) of Proposition 5.3.1 and since x(s) and r, are strictly positive,
@ (@, Mg, )p(déo) - - - po(d€n—1), n > 1, is a sequence of probability measures which forms
a projective system on XY. Therefore, by the Kolmogorov extension theorem, there is

a unique probability measure 77 on X" with marginals ¢3(z, M, _,)u(do) - - - p(dép—1).
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Denote by P?(dy, d§) = P¢(dy) 77 (d€) the corresponding annealed probability, and by E?

the expectation with respect to P?. For x € § define the process

Xy =z, and X = ]\J’gjn_l cx, n =1,
which forms a Markov chain on §. Then, by definition of P?, for n > 1 and any bounded
measurable function i on X", we have

Mg,y ]*rs(X7)

r(s)mrs(x)

E

h(&o, - - ,§n,_1)] = EZ [h(o, -+ 1 6n1)]- (5.3.4)

5.3.2 Existence of harmonic moments of W' under P¢%

It is clear that, under the new measure P% | the sequence (W} ) is a non negative martingale
w.r.t. the filtration (F,), hence converges P%-a.s. to a non negative and finite random
variable W*. Denote by gz)z the quenched Laplace transform of W* | and by ¢ its annealed
Laplace transform under P¢: for all t > 0, s € (—n,7), n > 0 small, and 1 < ¢ < d,

¢2(t) = EE e_tW" and ¢Z(t) — Eiz¢2(t) _ E? e—tWi -

In a last article [34, Theorem 3.10] we established the following result which gives a
bound for ¢, and the existence of the harmonic moments E(W?)™ for all 1 <4 < d and

a > 0 small enough.

Lemma 5.3.2. Assume conditions K1, K2 and v > 0. Then there exist two constants
a >0 and C > 0 such that for allt >0, allxz >0 and 1 < i < d,

C

o (5.3.5)

Ph(t) <

P(W:<2) <Oz and E(WH *<C. (5.3.6)

Now, we prove the corresponding results of Lemma 5.3.2 under the probability measure
P%. The following theorem gives a control of ¢! uniformly in s € (—n,7), and that the
harmonic moments E% (W)~ are uniformly bounded in s € (—n,n), for small > 0 and

a> 0.
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Theorem 5.3.3. Assume conditions K1, K2 and v > 0. Then, for n > 0 small enough,
there exist two constants a > 0 and C > 0 such that for allt > 0, allx > 0 and 1 < i < d,

C

sup 6i(0) < <, (5.7
56(*’7777) t
sup PS9(W' < z) <Oz and sup ES(WH ™ <C. (5.3.8)

se(—n,m) se(—=n,n)

5.3.3 Preliminaries to the proof of Theorem 5.3.3

To prove Theorem 5.3.3, we need some preliminary results. The first lemma below com-
bines two results of a previous article [34, Lemmata 3.1 and 3.11]. It gives a link between
the expectation of ¢(W}) and that of p(1W*) under P and P¢, where ¢ is a positive convex

function on R, .

Lemma 5.3.4. Assume v > 0 and ether condition K2 or (5.2.7). Then for all1 <i <d

and any convex function ¢ : Ry — Ry,

lim Eep(W,,) = sup Eep(W;) = Eep(W'), (5.3.9)
n—+4o00 n>0
and
lim Ep(W}!) = supEp(W!) = Ep(W?). (5.3.10)
n—-+o00 n>0

The second lemma is a direct consequence of the Marcinkiewicz-Zygmund inequality
in [16, Theorem 1.5], as stated in [60, Lemma 1.4]. It allows us to control the LP-moments

of the martingale (TW}) under Pg.

Lemma 5.3.5. Let (Xy)ren+ be a sequence of i.i.d. random centered variables. Then for
alln e N* andp >1:

P (B,)PE| Xy |Pn, if1 <p<2,

E <
(B,)PE|Xy|Pn2,  ifp > 2,

> Xi
k=1

where B, = 2min{k'?: k € N,k > 2}.
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The following result gives the convergence in L* of W! to W' under P% with an

exponential speed, uniformly in s € (—n,7).

Proposition 5.3.6. Assume conditions K1, K2 and ~v > 0. Then, for n > 0 small
enough, there exist constants C > 0, 6 € (0,1) and € > 0 such that for all m > 0 and
1<i<d,

sup ES [(EAW:;, - Wi|pﬂ < 06" (5.3.11)

s€(—mn,m)

Moreover, with o = pe, W} _>—+> W' in L* under P% uniformly in s € (—n,n), such that
n oo
foralln >0 and 1 <i<d,

sup E%|W! — W™ < Co™. (5.3.12)

56("’7777)
Proof. By (5.2.3) and (5.1.9), for all n > 0 and 1 < ¢ < d, we have

A L U () & .
Wiy =y el gy

n

=1
4 Upoolr) Zﬂ”i Uni1,00 () NE (4)

, i
I Aon1Uos(t) I 2 AaUn(r)

Wy, — 1), (5.3.13)

where

<lenv Un+1,00>

W/ =
Ln )\nUmoo (7")

Clearly, given the environment &, the random variables W/, [ > 1, are i.i.d., and they
are independent of &, ...,&, 1 and Z!. Therefore, applying (5.3.13), the convexity of the

function = +— 2P on R, (together with the fact that 3¢, ]V[O/\Z‘:_(i—gw =1 as. by
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(5.1.8)) and Lemma 5.3.5, we get that for all n > 0 and 1 <14 < d, P-a.s.,

Z}(r) p
>, (2.1
Z’(v p
3, (v,

d
4 4 Un,oo(r)
Be|Wyyy = Wil SBel Y 0"
§| +1 | 5(7’:1 AO,TL—IU():OO( )

Mo p-1(i,7)Up oo (1) 1
= E ? . ’. .
¢ ( 7»2—:1 )‘0 n—1U0’oo (L) A{O,n—l(z

(Wi, - 1)

Mo p—1(2,7)Up oo (1) 1 Z%(?‘) P
< R w1
Z Non-1Uneo(i)  Mouoi(i,r)? ° ; ( L )
EeZ,(r)
p _ e\ TP
< By 112?<d{]\'i’o,n—l(z',r)pEdWl’" 1 }
= Bymax Ee|WJ,, — 1" max(Mo,-1(i, 7)) (5.3.14)

Using again the convexity of x +— aP, the same argument yields, for all n > 0 and

1 < r <d, P-as., we have

p

<N{,na Un+1,oo>

-1
A Un oo (T)

Ee|Wy, — 1P = E

_ ]E£ Xd: Mn(r7j)Un+17oo(j) < N{,n(]) N 1) b
j=1 )\nUnoo(T) Mn(raj)
Nin() )
< max Ee M) 1| =6,(p). (5.3.15)

This, together with (5.3.14), implies that for all n» > 0 and 1 < r < d, P-a.s.,
Ee[Wior = Wil < By0a(p) max Mo (i, )" (5.3.16)

Let € > 0, and 7 > 0 small enough. Taking the moment of order ¢ under P¢ in (5.3.16),
by (5.3.4) and the fact that 6,,(p) and My, depend only on the environments &, for
k < n , we obtain that for n > 0, s € (—n,n) and 1 < i < d,

. \e
—
< (Bp)PEY [Qn( )¢ max Mg, 1(i,§)° p)}

1<j<d

— (B)"E

i (e0: M) O )" s Mo,o1 ()07 (5.3.17)

1\]
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By Proposition 5.3.1 we know that s — 7, is a continuous map on (—n,7n), and that r, is

a strictly positive function in C(S) with norm ||7s]|oc = 1. This implies that

D := sup {w} = sup supr, ' (z) < +oo, (5.3.18)
se(-na) | Wfees7s(2) | se(-nm)ves

where r;H(z) = [ry(z)]7! for x € S. Morcover, we know by K1 that |[|[M],|| > 1 as.,

and k is a strictly positive increasing function on (—n,7), so that x(s) > xk(—n) > 0 for

all s € (—n,n). This, together with (5.3.18) and the definition of ¢j(x, A) (see (5.3.2)),

implies that for all x € S and s € (—n,7),

d'D
Mg = * < (RIS

4 (x, My ) < K(—1) k(=) K(=n)

| Mo||" P-a.s. (5.3.19)

Therefore, combining the relations (5.3.17), (5.3.3), (5.3.4) and (5.3.18), we get that for
n>2 se€(-nmn and 1 <i<d,

B (BelWy,a — W)
< (Bp)YE |:q’lsl—]. (ei, Mg:n—2>qf (Xﬁiu M§—1)qf (Xrezi7 M’E) X

O0(p)* e M1 ()70 | Mo,-a(i ) |07 |

1<j<d
d'D \?
ep[ = — € , - \e(l—p)
< (10 ) Elianiren) e [Inalr e, MG.i70 )
K{mawxwmmww (5.3.20)

Now we control the three expectations in the right side of (5.3.20). For the two first
expectations, by Cauchy Schwarz’s inequality and condition K2, for n > 0 and ¢ > 0

both sufficiently small such that n < L and ¢ < L, we have
s 7 2

N

E[| Moll"00(p)¢] < (EIMoII")* (Bo(p)*)* < +o0, (5.3.21)

and
1

s \e(1— 3 ©\2e(1— 2
E[Moll” max, Mo(i, 0] < (BNMolP)* (B mass Mo, 207

1<i,5<d

< 400. (5.3.22)
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For the third expectation, using again (5.3.4) and (5.3.18), we get that for all n > 2 and
€ (_777 77)7

wwmnonM]
g | [Mon—2( i, )| P (X))
”(S)H 'rs(e:)
ly<43+dl—p»> EPM%nz( 01 (X2

K(s) (s+e(l—p)"rereqp(e)
= D2 e DAsHe(=p)—Al)] (5.3.23)

N

where A(s) =logk(s) (and the last equality follows from (5.3.4) with h = 1). By Propo-
sition 5.3.1, for n > 0 small enough, the function A is analytic on (—7,7), with A(0) =

and A’(0) = v by [14, Corollary 7.3]. By hypothesis we have v > 0, so A is strictly
increasing on [—n,n| for n > 0 small enough. Therefore, taking n > 0 and ¢ > 0 both

sufficiently small, since A is continuous and strictly increasing on [—n,n], we obtain

sup {A(s+¢e(1—p))—A(s)} <O. (5.3.24)

56[‘”#7]

It follows that § 1= ¢WPse(nm{AlsFHe=P)=AE} ¢ (0 1), and we deduce from (5.3.23) that
forall n > 2 and s € (—n,7n),

E€1[|M0n 26, )| P>] < D2t (5.3.25)
Now, combining the inequalities (5.3.20), (5.3. 21)7 (5.3.22) and (5.3.25), there exists a
constant C' > 0 such that for alln > 2 and 1 <17 < d,
sup E& [(Edwg - WZLVD)&] <06 (5.3.26)
se(—=n.m)

Moreover, by similar calculation as in (5.3.20), for all s € (—n,n) and 1 < ¢ < d we have

dD
K(—n)

B[ (B wi - WiP) ] < (BT B[ Mol oo )], (5.3.27)
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and

B | (Belwi - wip)|

an 2
ep YR € n - \e(l-p)
< (Bp) (/i( )> E[H]\[OH Oo(p) ]E[HMOH 1g}%§dM0(z,j) . (5.3.28)

Therefore, putting together the inequalities (5.3.21), (5.3.22), (5.3.29), (5.3.27) and (5.3.28),
by taking C' > 0 sufficiently large, it holds that for all n > 0 and 1 < i < d,

sup ES {(nggﬂ - W,ﬂ”ﬂ < oo, (5.3.29)

s€(—nm)

By the triangular inequality and the sub-additivity of the function x — 2 on R, it
follows that for all n,k > 0 and 1 <7 < d,

n+k—1
sup B | (Bl - WiP)| < X swp B2 |(BWS, - W) ]
s€(—=n,n) r=n_s€(=n,n)
n+k—1
<’y ¥
r=n

C
< —0.
Sl 55
So, by letting £ — 400, (5.3.11) holds. Let @ = pe > 0. Using Hoélder’s inequality with
e € (0,1), we obtain from (5.3.11) that for all n > 0 and 1 < i < d,

, , . CNE C
sup ES[W— Wil* < sup IE?[(]EAW“ — W) } <25
s€(—n,m) s€(—n,n) 1-9
Therefore, (5.3.12) holds. This concludes the proof of Proposition 5.3.6. O

5.3.4 Proof of Theorem 5.3.3

Now we proceed to prove Theorem 5.3.3.

Proof of Theorem 5.3.3. First, we prove the implication (5.3.7) = (5.3.8). Assume that
n > 0 and a > 0 are constants such that (5.3.7) holds. Let b € (0,a). We know that for
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all s € (—n,n) and 1 < i < d,

. 1 +oo .
e; i\—b _ i /b—l
BN =gy [, o0

where I" is the Gamma function. So, by (5.3.7) we get that for all 1 < ¢ < d,

. C +o00
sup ES(WH™0 < — / 19710t < 400, (5.3.30)

Moreover, by Markov’s inequality we have that for all 1 <7 < d,

sup PS(Wi<a)<a™® sup ES(WH™ (5.3.31)

se(—=n,n) s€(—=n,n)

It is clear that (5.3.30) and (5.3.31) imply (5.3.8).

Now we prove (5.3.7), which will conclude the proof of Theorem 5.3.3. Let n > 0 be
small enough, and € € (0,1). For alln >0, s € (—n,n), t > 0 and 1 < ¢ < d, we have

(1) = B [ o™ Dywy—wiceny] + E ™" Lyws_wiseny]
<EG e | + B 1wy wigsen)]
= ote" E? [eftW,i } + ]P)iz( W:L — W’l > 5”) . (5332)

By Markov’s inequality and Proposition 5.3.6, for n > 0 small enough, there exist con-
stants dp € (0,1) and a > 0 such that for all m > 0, s € (—n,n) and 1 < i < d,

P (W) — Wi > &) < e B W) — W'|° < (J(do)n.

o

Taking ¢ € (0, 1) such that ¢ > 5(1)/a, we get that for alln > 0 and 1 < i < d,

sup PC (W) — W] > em) < Cay. (5.3.33)

s€(-nm)

where &; 1= 2 € (0,1).

We now give a bound of E¢ [e~*W4] uniformly in s. By definition of W, for all n > 1
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and 1 <7 < d we have

1Z,] 12| 1

e min U (r) < W < . 5.3.34
[ R ] R R Vo W ] Frmst e o M
Moreover, by (5.1.7) we get that for all n > 0,
. <Mn(7", ')7 Un+1 oo> . Mn(r;j)
> = 2 > _
12 min Unoo(r) = min =m0 2, T (5.3.35)
Combining (5.3.34) and (5.3.35), it holds that for all n > 1 and 1 <i < d,
: 1Z:] o Mu(rg)
W, > ——"—— min =Y. 5.3.36
1Mo 1 (i, )| 1<ma<d ([ My ( :

The interesting point here is that Y;' is independent of the future (&,41, &y, - ). Set
p > 0. Recall that A(s) = logk(s). By (5.3.36), (5.3.4) and (5.3.18), we obtain that for
alln>0,se(—nmn),t>0and 1 <i<d,

B2 [ | SB[ (T ftog o (i) 1<8(n1) + Lflog ||Mo,n(i,~)||>5<n+1>})]

1Mo iy o7 (X1)
h = li(s)n+1’r‘ (el) e " ]]'{10g||AM0,n(’i,‘)||<ﬂ(n+1)}

+ B (log [ Mon(i. )l > B(n + 1)
< De(n"'l)[’BS_A(S)]]E[e_tY"} +]P’€1(log | Mo.n(i, )| > B(n+ 1)) (5.3.37)

We have to control all the terms on the right side of (5.3.37).

First, we give a suitable bound of E[e‘ty?f]. Foralln >0,¢{>0and 1 <17 < d, we
have

-1

Ele~"4] = /Loﬂj’(e_tyﬁ > u)du = /

u=

o
]P(Y;; <— Of“)du. (5.3.38)
0

We will give a suitable bound of P(Y,! < x) for any « > 0, to obtain the decay rate of
E[e="¥»]. To this end we will estimate the harmonic moments of Y. By [34, Lemma
3.11], condition K2 implies (5.2.7). Therefore, applying Lemma 5.3.4 with the convex

function x — % on R, and Lemma 5.3.2, there exists a constant a > 0 such that for all
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sup E(W!) * = E(W") * < 4o0. (5.3.39)

n>0

Using (5.3.34), (5.3.35) and Holder’s inequality, we obtain that for all b > 0, n > 0 and
1<i<d,

E(V)™ < E[0V) M max M)

< (E(Wé)gb)"%'(m

M,

3b)3 (E 11332(6! MO(T7J')73b)3. (5.3.40)

Applying (5.3.40) with b = %min{a, not > 0, by (5.3.39) and condition K2 we get that
forall 1 <7 <d,

sup E(Y)™* < C.

n=0

By Markov’s inequality, this implies that for all z > 0 and 1 <i < d,

sup IP’(YTf < a:) < 2¥sup E(Y) ™" < Ca. (5.3.41)

n>0 n=>0

Combining the inequalities (5.3.38) and (5.3.41), we deduce that for all t > 0 and 1 < i <
d,

. 1
sup Ele™] C’t_b/ (—logu)’du < Ct™°. (5.3.42)
u=0

n=0 =

We next control the probability term in (5.3.37). Let ¢ > 0 be a small constant. By
Markov’s inequality, (5.3.18) and (5.3.4), for alln > 1, s € (—n,n) and 1 < i < d, we
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have

B (log [| Mo (i )| > A(n +1)
< eI Mo (i, )
| Mo, )"0 (X5 )
K(s)"Hrs(e;)
D2M o-Balnt) | [ 1Mo, (2, )17 (X:il}l) }

H(S)”+1 H(S +q)"+17“s+q(€i)
— D2t D)(A(stq)—A(s)=Bg) (5.3.43)

e—Bq(n+1) E|:

We know by Proposition 5.3.1 that A is analytic on (—n,7) for n > 0 small. From now,
we choose 8 > sup,e(_,, ) A'(s). Then, by the mean value theorem, it holds that for all

5,9 € (—n/2,1/2),

A(s+q) = Als) = Bg = (N(¢) = Bla<q sup {N(s)—B} <0, (5.3.44)

s€(—mn.m)

where ¢ is a point between s and s + ¢g. Combining this with (5.3.43), we get that for
7 > 0 small enough (half of the previous value), there exists a constant d € (0,1) such
that forallm > 1and 1 <7 <d,

sup P (log || Mo (i, )l > B(n+1)) < Cd5. (5.3.45)

s€(=n,m)

We then deal with the term e DIBs=AG) iy (5.3.37). Using the mean value theorem
with A(0) = 0, we get that for all s € (—n,n), [A(s)] = [A(s)=A(0)| < sup.e(,,) A(c)|s] <
S|, so that Bs — A(s) < 23]s|. It follows that for allm > 1 and s € (—n,n),

o t1)[Bs—A(s)] < o2Blsl(nt1) < e2Pn(nt1) (5.3.46)

Putting together the inequalities (5.3.32), (5.3.33), (5.3.42), (5.3.45) and (5.3.46), we
obtain that foralln > 1,t > 0 and 1 < i < d,

sup ¢L(t) < Ce™" <e25"("’+1) T 5;’) + C7.
s€(—n,n)
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Taking 6 = max { e b, 8y, 51}, this implies that forallm > 1,t > e ™ and 1 < i < d,

sup ¢L(t) < 08", (5.3.47)

56(_77777)

with ¢ € (0,1) for n > 0 small enough. Define

—

logt

NG = |

SRR
loge

™

It is clear that when ¢ > 1, we have N(t) > 1, t > e ¥® and N(t) > —logt/loge.
Therefore, using the inequality (5.3.47) with n = N(¢). we get that for all ¢+ > 1 and
1<i<d,

sup ¢i(t) < C6NV® < ol - C’t_izgz,
s€(=n,m)

where % > 0. So (5.3.7) holds. This concludes the proof of Theorem 5.3.3. ]

5.4 Berry-Esseen bound for log || Z!|| under P

In this section, we establish a Berry-Esseen bound for log||Z!||, the logarithm of the
population size | Z!|| = Z!(1) + - - - + Z!(d), under the changed measure P%, uniformly in
s € (=n,n).

Recall that by Proposition 5.3.1, under condition K2, the function s — A(s) = log k(s)
is analytic on (—n,7), hence A'(s) and o, := A”(s) are well defined and analytic on
s € (=n,n). From [75, Proposition 3.12], we have a strong law of large numbers for

log || M, x| under the changed measure P*: for s € (—n,7), and z € S,

n—1
Liog |MZ, | — N(s) Po-as.
n O,n—1 n—s+to0 s -
Moreover, by [75, Proposition 3.14], uniformly in s € (—7,7) and z € S, we have
o? = lim le[(logHMT || —nvy)?] € [0, 00).
s n—+oo 1, s O,n—1 )

When condition K3 holds, since the function s — oy is continuous on (—7,7n) and oy =
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o > 0, it follows that for n > 0 small enough,

inf o, > 0. (5.4.1)

s€(—=n,m)

Now, we formulate a Berry-Esseen bound for log || Z! || under the changed measure P%

uniformly in s € (—n,7n).

Theorem 5.4.1. Assume conditions K1, K2, K3 and v > 0. Then, for n > 0 small
enough, there exists a constant C' > 0 such that for alln > 1 and v € R,

(gl Z, ]| — nA'(s)
P& n < —.
8 ( O'S\/ﬁ \/ﬁ

Notice that when s = 0, Theorem 5.4.1 reduces to the Berry-Essen bound (5.1.3) under

the initial measure P, which has been proved in a previous article [34, Theorem 2.4].

C

sup
55(—7)»77)

< m) — O(x)

For the proof of Theorem 5.4.1, we need several preliminary results. We start by the
following lemma which gives the convergence in L! of log W/ to log W under P% with an

exponential rate, uniformly in s.

Lemma 5.4.2. Assume conditions K1, K2 and v > 0. Then, for n > 0 small enough,
there exist two constants C > 0 and ¢ € (0,1) such that for alln >0 and 1 < i < d,

log W —log W' < C§"™.

sup EY
56(—77»77)

Proof. For alln > 0 and 1 < ¢ < d, we have

logW! —log W* = log(1 + R!), (5.4.2)
where
. W
R = 2 —
nT

Let n > 0 small, and K € (0,1). Then, taking the L'-norm under the changed measure
P% in (5.4.2), we get that for all n >0, s € (—n,n) and 1 < i < d,

E%| log W — log W*

__ Twe
=[E%

log(1 + Ri) L, >y | +E

log(1+ Ri)Lipy<—xy|- (5:4.3)
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Let € € (0,1] be small enough. Notice that & — 27*log(1 + x) is a bounded function on
[—K,+00). So, foralln >0, s € (—n,n) and 1 <7 < d,

ES [log(1 + R,)L(a>—x3| < CEZ|R,|°. (5.4.4)

On the other hand, by Theorem 5.3.3 there exist constants n > 0 and a > 0 such that
ES (W)~ < C for any 1 < i < d and uniformly in s € (—n, n). Therefore, using K2 and
Lemma 5.3.4 with the convex function z — z~%, we obtain that for all s € (—n,n) and
1<i<d,

sup ES'(W,) ™ < E [Sup quwgr“] =Ey (W) <C. (5.4.5)

n=0 n=0
We know that |logz|?> < C(z + 27) for all x > 0. So from (5.4.2), Fatou’s lemma and

(5.4.5), we get that for all s € (—n,n) and 1 < i < d,

sup (]EZ'”‘ log(1 + R;)|2)% < ::glg (E§z| log W£|2)% n <E§z| log W«L‘|2)%

n=0

=

< 2sup (B log Wi|?)

[N

< Csup (IE?VV,i + IEZ"(Wf;)_“)

n=0

<. (5.4.6)

Therefore, by Cauchy-Schwarz’s inequality, (5.4.6) and Markov’s inequality, we obtain
that for alln >0, s € (—n,n) and 1 <i < d,

W=

, . N2\ (e,
ESlog(1 + Rp) Liry<—xcy| < (B log(1 + Rp)[?)* (BS 1 ry<—xy)

< |sup (B tog(1 + RYP)* [P (R)| > K)
k=0

[NIES

< C(ES|RL|)z. (5.4.7)

Putting together the relations (5.4.3), (5.4.4) and (5.4.7), we get that for all n > 0,
s € (—nm,m) and 1 < i < d,

B[ log Wi — log W'| < CE%|RL|* + C (B2 Ry ). (5.4.8)
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By the definition of R! and Cauchy-Schwarz’s inequality, for all n > 0, s € (—n,n) and

1 <i < d, we have
B R, = By ()< W3 — W] < (B (7)) Bz W, — W)’

Therefore, by (5.4.5) and (5.3.12) in Proposition 5.3.6, for £ > 0 and 7 > 0 small enough,
there exists a constant § € (0, 1) such that for all n > 0 and 1 <7 < d,

sup EY|RL|F < C6*. (5.4.9)

s€(=n,m)

Combining (5.4.8) and (5.4.9), we obtain that for all n > 0 and 1 < i < d,

sup E%|log W) —log W'| < C6™.

s€(=nm)

This concludes the proof of Lemma 5.4.2. O

Now we formulate the Berry-Esseen bound for log || Mg,,_,y|| under the changed mea-
sure PY, for any y € S and uniformly in s € (—n,n). This result was established by Xiao,
Grama and Liu in [75, Theorem 5.1], and will play a crucial role in proving Theorem
5.4.1. Recall that ®(z) = \/% [ e /2 dt is the standard normal distribution function.

Lemma 5.4.3. Assume conditions K2 and K3. Then, for n > 0 small enough, there
exists a constant C > 0 such that for alln > 1,y € S and x € R,

log || Mg, 1yl — nA'(s)
os\/n

C
< —

NG

PY

S

sup
SE("’?J])

< a:) — O(x)

The next lemma gives, for any 1 < ¢ < d, a control of the joint law (log 1 Z2|, log || Mo n—1(3, )||)
under P¢ | uniformly in s € (=, 7).

Lemma 5.4.4. Assume conditions K1, K2, K3 and v > 0. Then, for n > 0 small
enough, there exists a constant C > 0 such that for alln > 1, s € (—n,n) and x € R,

i / P — /
Pei(log 173l = () _  dog [ Mon1(i, )| = n'(s)

C
< 4.
T e G

%7
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and

(5.4.11)

pei (10?5 1Z}] — nA'(s) log || Mo n—1(7,-) || — nA'(s)
S > x?
gs\/n os\/1

<ﬂc><

ER

Proof. Since the proof of (5.4.11) is similar to that of (5.4.10), we will only prove (5.4.10).

Let s € (—n,n), where 7 > 0 is small enough such that (5.4.1) holds. For all n > 1,
r€eRand1<i<d, set

log | Z,|| —nA'(s) o, 108 [ Mou1 (i, )l| = nA'(s) x)
os/n os/n

As before, we write that C' > 0 for a constant independent of s and n, which may differ

F(z) = IP’?(

from line to line. For 0 < m <n,y € S and 1 <7 < d, set

log || M —(n—m)N . log W
Sgln — 0og || m,n—lyH (n m) (S) and L:nn — og m. (5412)
: os\/n : s/
By (5.3.34), for allm > 1, z € R and 1 < i < d, we have
: _ , log U, o .
Fi(z) < P (sgzn 0+ min (28U e x) (5.4.13)
’ Tard ogy/n ’

Set m := m(n) = |y/n], where |z is the integer part of z. By Markov’s inequality and
Lemma 5.4.2, for n > 0 small enough, there exists a constant § € (0, 1) such that for all
n>1land 1< <d,

. . 1
Pe(|LE, — L] > —=
s (| n,n m,nl > \/ﬁ)

< VnEY|LL, — L, n‘

= %E? log W} — log W, |

< ;(]Efﬂ log Wi —log W'| + E%|log W, — log V[/z")

< Y aom. (5.4.14)

S

Notice that 6” + 0™ = o(—=) as n — +oo. Combining this with (5.4.1) and (5.4.14), we

n

B
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get that for allm > 1and 1 < i < d,

. ; 1 C
IP)1<|Lnn Lmnl \/ﬁ) < 7,5

This, together with (5.4.13), implies that for all n > 1, x € Rand 1 <14 < d,
, _ . log U, 00(T)
7 < € i ) <
Fn(gj)\Ps (S +Lmn+1rélr1£d Us\/ﬁ ST+ \/’ SOn>3:
1
Pel(‘Lnn _L:n,n’ > >

. . log U, 0o(T) C
< €4 i ) <
< P (S + Ly, + nin “ondn S T+ f s Soin > 3:) + N (5.4.15)

For any n > 1 and 1 < i < d, we have the following decomposition:

¢ — log ” m+1n 1(Algm€l)|| —ny
on = O'S\/ﬁ
lOg ” 0, melH + IOg ||MZ;+1,7L—1(M() m )H —ny
s/

== LS5 + S (5.4.16)

By (5.3.34) and (5.3.35), for alln > 1 and 1 <4

< d we have

L€ ogZul 1 i g Mnlr)
man S o o8 nMon 1“0 7 051\/51<rj<d gJV'I'M(”‘”A) (5.4.17)
3 m\(T,J

Linn 2 527 198 a5 + o \in log Tz

Therefore, combining the relations (5.4.15)-(5.4.17), we obtain that for alln > 1, x € R
and 1 <17 <d,

, [m+1 : 1
FZ < IP)E S S m+1 BZ < I
n(x) s ( n 0,m+1 + m+1,n + m,n r + \/ﬁ
fm + C
SO m+1 + sz_kf}n > .1?) + %, (5418)
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where
. 1 | Z || 1 . M,y,(r, 7)
Bfnn = lo m 4 min log ————=
asf & Mo ()] oan/minata & M|
M,(r, 5)
1 . 5.4.19
R o
Since Sgin i1, Sjiiﬂl and Bj, , depend only on the environments &, &, -, &, (but not
on &,i1,&u12, ), by 5418 and (5.3.4) we get that forallm > 1, z € Rand 1 <7 < d,
+15 St
F(w) <
[q +1( 0, ) { m+15§’m+1+5m7f1 14Bi, n\T+f mET Sgbm+1+5irﬂ>m}]
C
L (5.4.20)

vn
Foralln > 1,y €S and z € R, set

Gonn(7) = PSS, < ).

For each n > 1, denote by h,, the function on § x R x R defined as follows: for all y € S,
z€ R, and t € R,

Ty, 2, 1) = PV (S%H,n bt Syt r > o). (5.4.21)

1
v’
Notice that X, G, and Bfnm are independent of the environments &, 41 --&,_1, s0O
they are independent of S}, ,, for any y € §. Therefore, by (5.4.20) and (5.3.3), we see
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that foralln > 1,z € Rand 1 <i < d,
Fy(z)

< E qfn+1(ei7Mg:m)q'rsL—m—l(X;:+l7A{m—i—ln 1) T(XS",ME)

C
1 g€ 1 1 g€ o +
{ m+ SOlm+1+Sm-‘n—T—n+Bm n\z"’ f’ m+ S, Zm+1+sm+1 n>z} \/ﬁ

S S €e; m + ]‘ €; 2
qm—l—l(eiﬁ Mg:m) Sug q1 (u7 Mg)hn <X'm7:+17 “ n Sij—&-l -, Bm,n>:|
ue

“
v

< E

+ (5.4.22)

Now we give a bound of the function h,. It is clear that foralln > 1,y € S, z € R,
and t € R,

. 1 .
Ghoin( 5 =2 =t) ~Chaal-aLy 1y GA2)
SV

Since the matrices M, n > 0, are i.i.d., for alln > 1, y € S and x € R we have

1 —(n=m—=1)A(.
) -y MmN )
os\/n

= G%,nfmfl (a’”lx) )

0< hyly,zt) =

where a, = \/—2—. It is clear that a, = (1 — )72 =1 + O(2) = 1 + O() as

n — +o00. Therefore, using Lemma 5.4.3 we obtain that, for n > 0 small enough and all
>1,ye Sand r € R,

G i10(@) = @(a,2)| = |GY i (a7) — ®(a,2)|
C
n—m-—1
_ Ca, C

=< (5.4.24)

Moreover, applying the mean value theorem on t — ®(tz), for alln > 1 and = € R, we

<
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have

|®(a,z) — ®(x)| < |a, — 1| sup |2 (tz)]

t>1

>

< Jesup o)
C

g%?

where we have used the fact that z — [2®(2)| is a bounded function on R. Combining
the relations (5.4.23)-(5.4.25), we get that foralln > 1,y € S, z € R, and t € R,

(5.4.25)

C

—. 5.4.26
S AV

h’n(yv Zv t) <

1
(D(\/FL —Z — t> - (D(_Z) 1
Using again the mean value theorem, since sup,p |®'(z)| < 1, for all z, z € R we have
|D(z + 2) — P(x)] < |z]. (5.4.27)

This, together with (5.4.26), implies that for alln > 1, y € S, z € R, and t € R,

C C

ho(y, 2, t) ‘ ‘ <t + —= (5.4.28)
NG NN
By (5.4.22) and (5.4.28), we obtain that for alln > 1, x € R and 1 < i < d,
; s , C C
F ( ) E q"L-i-l(eﬂMg:m) Sllp Q1(u> ]\‘[T (‘Bm n \/ﬁ>:| + %
=E qfn—l—l(e“ ]\[O m) Sllp ql(u MT ‘Bm n :|
+ ! E{ up ¢ (u MT)] + ¢ (5.4.29)
—E|s , —. 4.
Vi Les T T

Then, combining (5.4.29), (5.3.19) and the definition of B . (see (5.4.19)), we get that
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foralln>1, x e Rand 1 <7 <d,

C
s/

F;llSC < m
( ) |M0m 1 ||H

E [qfn+1 (eiv M(,)Ijm) | M, ”77 log

C M GE
7E s ; ]\/[T ]\/[ n 1
T o/n |:qm+1(6? m) [ M| max Hlog = 77— [V H
C s T 1 Mn(r’])
+ mE |:qm+1(ei7MO,m)HMnH 12&3‘2«1 logm

C
+—.

NG

By condition K2, (5.4.1) and (5.4.17), this implies that foralln > 1, 2z € Rand 1 <i < d,

y %E["Mﬂ""@% log W ] * 5@
< JrErl s+ o s |
T L e | (5:420)

Now we give a bound of the three expectations in (5.4.30). First, by Lemma 5.4.2 we get
that, for 7 > 0 small enough and alln > 1 and 1 <1 < d,
EZ

logW! | < C. (5.4.31)

Next, using (5.3.3) and (5.3.19), we obtain that for alln > 1 and 1 < i < d,

o M (7, 7)
e s, s H
s ]\f[m('l",j)
= ]E|:qm(ei7M0m l)ql(Mm 1 PHMnj;)lg}%}éd IOg HMmH H
Mm )7
< CBJi e M Il 1w 250
M,

- CE[HMOH" max |log Hf\(;lf)} (5.4.32)
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Then, by the inequality |log x| < C(x7427") for 2 > 0 and Cauchy-Schwarz’s inequality,

we have

[H]\/[OH K max log

1<r,j<d

il |
1Mol

< C’IELglaX Moy(r, )" ] + CE{HMOHQ” max Mg(r,j)_”]
rj<d

) <IE max Mo(r J)” 2")2. (5.4.33)

< CE|Mo|" + C(E| 1

Taking n > 0 small enough, by K2 it follows that

Mo(r, j)
[ Mol

[HMOH” max log

} < C. (5.4.34)

Therefore, combining the ineqalities (5.4.30)-(5.4.34), we get (5.4.10). This concludes the
proof of Lemma 5.4.4. O

Now we shall prove Theorem 5.4.1.

Proof of Theorem 5.4.1. Let n > 0 be sufficiently small such that (5.4.1) holds. For all
n>1,s€e(—nmn),z>0and 1l <i<d, we have

N7l A
(sl nA<s><$>
os\/n

il ! _ !
pr (LI log M) =) )
gs\/n s/
7 ! _ /
+[[Dzi(lognz A= n(s) _ 1og]|Masa (i) nA<>>x>
s/ gs\/1
_ po (10g||MOn 1(4, )| = nA'(s) <I)
T/

|l / _ /
_P?(lognznu nA(s) | o8 | M) nA<><x>

Js\/ﬁ Us\/ﬁ

i) _ l _ /
+IP>§,<log||znn n(s) _ Tog [Mona(i)| nA<>>m>.

O-s\/ﬁ 0'5\/5

Therefore, using the Berry-Essen bound in lemma 5.4.3 and Lemma 5.4.4, by taking n > 0
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small enough, we get that for alln > 1, s € (—n,n), z > 0 and 1 < i < d,

e; (10g ||Z7ZL|| - TIA/(S)
P
o/

< x) — d(z)

log || M, —nN
g ]P}?( Og” 0,n— 1( )“ n ( ) gf) —(I)(as)
s/
N7 o A : PN
(oS IBL NG Tl )
‘ osV/n RVD
_ / _ /
g (OSIBLANG)  TlMoani)nt) )
s/ s/
<
v
This concludes the proof of Theorem 5.4.1. O]

5.5 Proof of Cramér’s moderate deviation expansion

In this section, we prove Theorem 5.2.1. The proof is based on a control of the joint
law of (log | ZE |, log || M1 ( ||) under P, uniformly in s € (—n,n). We already have
a control in Lemma 5.4.4. Unfortunately this is not sufficient, and we need additional
information. For 0 < = < y, set ®([z,y]) = ®(y) — ®(x). The first result below about
the convergence to the normal distribution is a consequence of Theorem 5.4.1 and Lemma
5.4.4.

Lemma 5.5.1. Assume conditions K1, K2, K3 and v > 0. Then, for n > 0 small
enough, there erxists a constant C > 0 such that for alln > 1, s € (=n,n), £ > 0 and
1<i<d,

log || Zu]| = nA'(s) _ ) log[[Monr(i, )| —nA(s)
o <z — x
]Ps < Us\/ﬁ > 0 Usf ST (I)([Ov T])

C
< —
S n’

—
(@4
ot
[

S~—
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and

log || Mo,n—1(3, ) [| — nA'(s) >z
os\/n :

- <1og PARIY)

P~ < 0,

(5.5.2)

N
ER

Proof. Let n > 0 be small enough such that (5.4.1) holds. For all n > 1, s € (—n,n),
x> 0and 1 <7< d, we have

o\ o/
o< KR b)) at) )
gs\/n gs\/n
+]p§i<10g||zf;|| —nhA'(s) ’10g||Mon 14, ) || = nA'(s) <$>
o/ g/
1 i /
(o< L) )
s/
poo < IR o) e )
os\/n os\/n
il _ / _ /
BV | Vo)l =) )
os\/n os\/n

Then, applying the Berry-Essen bound in Theorem 5.4.1 and the inequalities in Lemma

P?(lognznn —nA(s) o g My i, )]~ nA'(s) @)

5.4.4, when n > 0 is sufficiently small, we obtain that for alln > 1, s € (=n,n), z > 0
and 1 <17 <d,

(log|Z, ]| = nA'(s) log || Mon—1(i, ) || — nA'(s)
P& n < — &(]0,
: ( Lt -, et r) — (0.4
N o AL
< ]P)?(log”ZnH TlA (5) < SL’) o ‘I)([O,l‘])
o\
il l _ !
+ ]p?'(log”ZnH nA'(s) < 710g||M0n 14, )| —nA'(s) > :IZ)
gs\/n as\/ﬁ
i l _ !
s ro (LB b1 =00 )

ogs\/n v 05\/77 =

<

EA
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Therefore, (5.5.1) holds. It is clear that (5.5.2) can be proved by similar calculations.
This conclude the proof of Lemma 5.5.1. OJ

The second result gives a control of the probabilities in Lemma 5.5.1 when = < 0,

uniformly in s € (—n, 7).

Lemma 5.5.2. Assume conditions K1, K2, K3 and v > 0. Then, for n > 0 small
enough, there exist constants C > 0, a >0, >0 and § € (0,1) such that for alln > 1,
s€(—=nm),z>0and1<i<d,

s s\ os\/n

C
< —=e V' L O'min { e PV x_%n_%éﬁ}, (5.5.3)

vn

b (log |24 = n(s) _  log Mo, ()] = n'(s) _ _x)

and

P

S

(bg 1Zi)l () _,

08 Mo 1. )] — A (s)
s\ -

os\/n

\fﬁ e~ V" L C'min { e PV, x_%n_ié\/ﬁ}. (5.5.4)

Proof. We only prove (5.5.3), since the second assertion (5.5.4) can be proved in the same

<

way.
We use the same notation as in the proof of Lemma 5.5.1. Let 7 > 0 be small enough
such that (5.4.1) holds. Let s € (—n,n). As before, C' > 0 will be a constant independent
of s and n, which may differ from line to line.
By (5.3.34), we get that foralln > 1, 2z > 0 and 1 <i < d,

o (SEAL ) g bl ) =2t )
os/n gs\/n
< ]P)? <S(€)’Zn+L;1n — min M > 07 SOn < _'77)
' Toar<d ogy/n ’
3 : IOg Un oo(r) T
< € €5 1 o ’ _ < —7
X ]P)s (SOn + Lm,n 11312(1 O's\/ﬁ > 9’ SO,n X7
P2 (12— Ll > 5)
= Al(z,n)+ Al(z,n). (5.5.5)
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Now, we give a bound for the two terms A‘(z,n) and A}(z,n).

Control of Aj(x,n). Using the relations (5.4.16) and (5.4.17), we obtain that for all
nzl,r>0and 1<17<d,

A(z,n)
/m+1 X ; r m+
< ]P): < SO m+1 mZ—TiL + Kfzn,n > _57 SO ;m+1 + szfln _I>7
where
1 125 1 Min(r, 5)
K ni = log min log ———=
oo/ ([Mom-a(iy )l ogy/misria || My|
1 - M, (r, )

— —— min lo

T /nitrsd 2 M

For each n > 1 and « > 0, let h,, , be the function on & x R x R defined by: for all y € S,
z€eR,and t € R,

ha(y, 2, 1) = PV <S§{1+Ln Frat> T S+ < —x). (5.5.6)

By an argument similar to the proof of (5.4.20) and (5.4.22), we obtain that for all n > 1,
r>0and 1 <i<d,

MOm)qn m— 1(X7677Z+17Afm+1n 1) i(Xle,Afg;)

N
=
]
an
=
£)

m+1 o€ m+1 _z m+1 € +1 :|
{\/TSO,ZW+1+Sm+1 n+K7n n 29 Sozm_',l"l‘sm_',] ng CE}

A
&
)
§
£
£)
oi
SV
w0
<:
"3
=,
i
\S’
A
>
3
A
3
+
o
A
3
t
v

(5.5.7)

Using (5.4.24), (5.4.25) and (5.4.27), we have that foralln > 1,2 >0,y € S, z € R, and
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teR,

xr
0 < hn,w(yv th) = [Gzz+1 n(_‘r - Z) - GZ”H»Ln( - 5 — <= t)] 1{1‘2%}

(3 o
(t + \Cf) Lizzy-
Combining this with (5.5.7), we get that forallm > 1, z > 0 and 1 < i < d,
Al(z,n) <E [qmﬂ(el, My m) sup ¢ (u, M) (Kfnn ¢ )]l{Km > }] (5.5.8)
\/> 2
We will slightly change the expression of the above expectation in order to facilitate the

passage to the expectation with respect to the new measure P¢’. For any n > 1 and
1<i<d, set

7 R 1 IOg ” m” 1 min IOg ]\'[m(raj)
m T o [ Moo ()| ogy/nisri<d | M,,.||
1 . Mm-l—l(rm])
— —— min log ———>%.
Ogy/nisrj<d s | Mo ||

Notice that the expectation in (5.5.8) remains the same if the environment &, is replaced
by &1 due to the independence structure. So in (5.5.8) we can replace (M,, K}, ) by
(M1, Km,n). This, together with (5.3.18), yields that foralln > 1,z > 0and 1 <7 < d,

Aj(z,n) <E

g C
5 ei(es, Mg ) su u, M% (ann+7>]1 S s
Ty ( 0, )uegfh( 1) , NG (Ki, =%}
s s =~ C
< D2E|:qm+1(€i,Mg:m)Q1( 77z+17A{m+1)(Am7n \/>> ]]-{Km - ;}:|
T

e | [t ¢ €5 i
< C]Ea [Km,n]l{f(fﬁynzg}} + %Pb (Km n > 5) (559)

Let € € (0, 1) be arbitrary fixed. By Markov’s inequality and (5.3.19), foralln > 1,z > 0
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and 1 <7 < d we have

PR, > )
’ 2

- P (eeag\/ﬁkfnm > eEgs :m/ﬁ)
s

E€0s

o TV g8 (e M )63 (X5 MG (X0, M) 7P
EO0S . o Zl ” :
CG_TL\/E]E :n ei7MTm— (Hm> :| X
|:q ( o, 1) ”MO,mfl(?/v )H
E[ | M7 ]E[ | Mg 7+ ]

miny <y jca Mm(r,5)° | | mini <y jca M1 (7, J)°

N

N

2

_ﬂm\/ﬁ e; & E< |: n+e . . _5:|>
e Es<uMo,m_1<z~,->u B[ |67 min Mo(r. )] )

N

(5.5.10)

Notice that E¢ [%] = 1. Therefore, using Jensen’s and Cauchy-Shwartz’s in-

equalities and condition K2, by taking n > 0 and ¢ € (0, 1) sufficiently small, we get from
(5.5.10) that forallm > 1, x > 0 and 1 < i < d,

(i S © o |12l )
P (Kfnn > 7> < CeFavn (E? [m X
T2 [[Mo,m—1 (i)

(IE||MOII2(”+E))é<IE[ min_ Mo(r, j)—25]>

1<r,j<d

(NI

E0s ,

< Ce TV, (5.5.11)

Then, using again Cauchy-Shwartz’s inequality and (5.5.11), for all n > 1, > 0 and
1 <1< d we have

i 12\ e [ T2
Am,n’ ) Psl (Kmn > 5)

< Ce TV (E?

E Kr’ﬁn]l{f%zn,n%}} < (E?

1
f(;mf) g (5.5.12)

Then, by the triangular inequality in L? under P% and (5.4.17), we obtain that for all
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>land1<i<d,

(kx >é . \F [(E

(Ee‘ max

<ryj<d

My(r, ) >
A

)] (5513

Notice that we have proved in (5.4.6) that for all n > 1 and 1 <7 < d,

By an argument similar to the proof of (5.4.32)-(5.4. 34) with the inequality |logz|* <
C(z" + 2z~ ") for z > 0, we get that for alln > 1 and 1 < i < d,

)
Km n

log W

m

log ————=

) + 2<Eel max

1<r,j<d

Mm+1 (T ])

log
||Mm+1 ”

12\ 2
log W, ) < C. (5.5.14)

M, (r,5)

1
ST

<IE€’ max ) < C. (5.5.15)

1<r,j<d

Therefore, combining the inequalities (5.5.12)-(5.5.15) and (5.4.1), we see that for all
>1,r>0and 1 <i<d,

e q C — %2 /n
B | Kol < @ 5 (5.5.16)

Putting together (5.5.9), (5.5.11), (5.5.16) and (5 4.1), we obtain that, with the real
a= Sinfeepyos >0, foralln>1,2>0and 1 <i <d,

4 C
Al(x,n) < NG e onvn, (5.5.17)

Control of Ab(x,n). First, by Markov’s and Jensen’s inequalities, and using (5.4.1)

and Lemma 5.4.2, we see that for n > 0 small enough, there exists a constant dy € (0, 1)
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such that foralln > 1, x > 0and 1 < ¢ < d,

e

Ab(z,n) =P (| log Wi —log Wi |2 > (%)E:B%n

1
Os

. L ) ) 1
< <§> 2x_%n_Z(IE?Hog W, —logW,;D2

Nl=

< Cxini (Eel| log W —log W'| + E%|log W}, — log W’|)

< Cz in 45(;”.
Taking 6 = d¢ € (0,1), since m = [/n], it follows that foralln > 1,z > 0and 1 <7 < d,
Al(z,n) < Cz 2n 16V, (5.5.18)

On the other hand, by Markov’s inequality we have that for any a € (0, 1), and for all
n>1,z>0and1<i<d,

1 . . i _ i aocs
Aj(a,n) = P llonWion Wil o5y )

< e—%x\/ﬁ e <ea| log Wi —log W | )
s

Cao Wi\* wi\*
e Fovn gs [ RS 5.1
[ (w)* (WZH 5:519)

By Cauchy-Schwarz’s and Jensen’s inequalities, and using (5.4.5), forn > 0 and a € (0, %)

small enough we get that for all n, &k > 1 and 1 <17 < d,

E? (n) (E i Wz 2a>%(Ee,ﬂ,(W;)—2a)%

< (Eow)" (B (W)
<C.

N

This, together with (5.5.19) and (5.4.1), implies that with 3 = § infsc(_y ) o5 > 0, for all
>1,z>0and 1<i<d,

Al(z,n) < CePVm, (5.5.20)
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Combining (5.5.5), (5.5.17) and (5.5.20), we get (5.5.3). This concludes the proof of
Lemma 5.5.2. ]

Now we proceed to the proof of Theorem 5.2.1. It is based on the control of the joint
law of (log 1 Z2], log || My -1 (i, )||> in Lemmas 5.5.1 and 5.5.2, together with standard

techniques from Petrov [63].

Proof of Theorem 5.2.1. Notice that, when x € (0,1], Theorem 5.2.1 is a direct con-
sequence of the Berry-Esseen bound for log || Z%|| (Theorem 5.4.1 with s = 0). So, it
remains to prove Theorem 5.2.1 for > 1 such that = = o(y/n), as n — +o0.

We first prove (5.2.13). Let n > 0 be a small constant. Using the changed measure
Pe forallm > 1, s € (—n,n) and 1 < i < d we have

]P)<10g 12, — nv x)
oy/n
= ry(e))r(s)"EY [Tsl(Xﬁi)eSlog WMot EIT 22 - mysowymy |- (5:5.21)

Since A = log k, we get from (5.5.21), (5.4.12) and (5.4.1) that, for > 0 small enough
andalln>1,s € (—n,n) and 1 <i<d,

]P)<10g HZ}zH —ny > l) _ T’S(ﬁi) e—n[sA'(s)—A(s)] %
o\/1Nn

eil,.—1 e; —sas\/ﬁsein
ES {rs K s v, i, }]. (5.5.22)

osVn

Recall that, by Proposition 5.3.1, the function A is analytic on (—n,n) for n > 0 small
enough, so that A(s) = Y02 % s* for s € (—n,n), where v, :== A®(0), k > 1. From [63],
we know that for z = o(y/n) asn — +o00, x > 1, and n > 1 sufficiently large, the equation

Vn[N(s) — 9] = o, (5.5.23)
has a unique root s(z,n) € (0,7) which has the expression

t 373
s(x,n):——ﬁtz—wt3+-'~, with ¢ =

5.5.24
V2 273 677/2 ( )

NG
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From now, let s = s(x,n). Again from [63], we have the equality:

, r? T
where ((t) is the Cramér series defined in (5.2.12) (entirely determined by the function
A), which converges for |t| small enough. Therefore, combining (5.5.22), (5.5.23) and
(5.5.25), we get that for n > 1 large enough and 1 < i < d,

log || ZE || —
IED<0g|| Ml m>x)
o\/n

z2 23 T €4
- 4+2 () 1D -1 X 6 —s054/nSy"
— Ts(ei)e 2oV sl Ty ( nl)e o l{logIIZhH—nA’(s) }
—1nl = S0
osvn

= e 27w i), (5.5.26)
where

JH(n) = r(e;) B ["”s_l(Xff) 67V Som ﬂ{log 12} l=nA’(s) }]
7f>0

ogsv/n

By Proposition 5.3.1, for > 0 small enough the map s — 7 is analytic on (—n,7), with
ro = 1. Since s = O(%) as n — +oo by (5.5.24), we obtain

_Ca
\\/ﬁ'

This, together with (5.3.18), implies that for all y1,y. € S,

[I7s = 1lloo < Cs]

7s(y1) -1
— < — —
) S (w2) (Irs (1) = 1] + [rs(2) — 1])
<2D||rs — 1|oo
< (5.5.27)

NG

Therefore, using (5.5.27) and the definition of J¥(n), we deduce that for all 1 <7 < d, as

n — +00,

X

Ji(n) = Ji(n) [1 + O(\/ﬁ)}, (5.5.28)
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where

Ji(n) :==E& {e_s‘“‘/ﬁsg’i” ]l{

log || 24 || —nA/ (s) ] :
s >0}

Then, using Fubini’s theorem and the integration by parts, we obtain the following de-

composition for J{(n):

1 R nlh) —s0sy/nu v
Ji(n) =E¢ [ A sog\/ne ]L{log T >O'ngn<u}du]

osvn
— 30‘5\/5/ e—sas\/ﬁu Pii (10g ”Z?‘?H\_F,LA/(é)
R oo/n

+o0 log || Z7 || — nA’
= 305\/5/ e STs VU IF";( 0g | Zull = nA'(s) > 0,55, < u) du
0 os/n ’

0 1 Z —nA
o [ oo (LA

=: Ji(n) + Ji(n). (5.5.

> 0,50, < u)du

>0, 5% < u) du

Control of Ji(n). For any n > 1, set

I(n) = 503\/7@/(;roo eV B ([0, u])du. (5.5.30)

By (5.5.1) in Lemma 5.5.1, we get that for all n > 1 and 1 <i < d.

) "+o00
1Ji(n) — I(n)| < sou/n / oS
J0O

il !
) P?.(loguznn nA'(s) "

os\/n
+o00
sas\/ﬁ/o e oV gy,

- 0,50 < u) — ([0, )

C

N

Bk

(5.5.31)
So, it remains to estimate I(n). Applying an integration by parts, for all n > 1 we have

u2
I —srsVmut g, (5.5.32)

3

e A

Since A is analytic on (—n,n) with A’(0) = v and 02 = A”(s) > 0 by (5.4.1), by Taylor’s
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formula we have A’(s) —v = so? + O(s?) and 02 = 02 + O(s). Using (5.5.23) and the fact
that s = O(i), we obtain

Jn
(5.5.33)
Using standard methods from Petrov [63], from (5.5.32) and (5.5.33) we get

In) = = /O+°° e du 0(\/15)

By a simple calculation,

(M

x

1 oo u? J ez +oo 2 4 (1 (I)( ))
— e "2 du = e 2du=c¢cz(l—®(z)).
vV2r /0 V2T /1

So we deduce that, as n — 400,

I(n) = &% (1 — ®(z)) + 0(\%). (5.5.34)

Therefore, from (5.5.31), we get that, as n — 400,

[S]

Ji(n) =e7 (1 —®(x)) + O(l\—/F;). (5.5.35)

Control of Ji(n). By the definition of Ji(n) (see (5.5.29)) and the bound (5.5.3) in
Lemma 5.5.2, there exist some constants @ > 0, § > 0 and § € (0,1) such that for all
n>1land 1< <d,

, 0
J3(n) < Osas/ glsos—alValul gy,

oo

0
+ Csas\/ﬁ/ e*7sVrlul min { e~ AVl |u|_%n_i5\/ﬁ}du
—o0

< Csoy /0 elsos—alVnlul gy 4 Csasﬁ/_l elsos=B)Vnlul gy,
g0

0
+ Csasnl/‘lé"‘/ﬁ/ du. (5.5.36)
-1

Jul

Let ¢ € (O,min{a,ﬁ}). By (5.5.33) we have so, — 0 as n — 400, hence so < € for n
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large enough. Implementing this in (5.5.36), we obtain that for n sufficiently large,

_ 0 1
Ji(n) < C’/ elEm)Valul du-l—C\/ﬁ/ =Vl gy,

ee\/ﬁ|u\
du

+ Cnt/Aeve /O
1 y/|ul

(e=B)vn 0
<C’(( ! + 8 —l—nl/‘l(éea)‘/ﬁ/ du )
-1

a—e)yn  (6-¢) VIul

Taking ¢ small enough such that d e® < 1, it follows that for n sufficiently large,

Ji(n) < \% (5.5.37)

Now, combining (5.5.29), (5.5.35) and (5.5.37) we get that, as n — +o0,

Ji(n) = o (1 — B(z)) + o(ljﬁ”f”).

Therefore, using (5.5.26) and (5.5.28), we obtain that, as n — o0,

P(log 1Z3]| = mv l)
oy/n

= TR [efu o) + 0(1\7;)] (1 " o(%))
_I_

= e —@(x))[u()(lﬁ‘”)].

This concludes the proof of (5.2.13).

The proof of (5.2.14) is very similar to that of (5.2.13). We just need to consider
the unique root of the equation y/n[A’(s) — ] = —ox instead of (5.5.23), and apply the
inequality (5.5.2) instead of (5.5.1), and (5.5.4) instead of (5.5.3). This ends the proof of
Theorem 5.2.1. O]
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CONCLUSION

Les processus de branchements multi-type en environnement aléatoire sont un modele
mathématique trés étudié de nos jour, ayant de nombreuses applications notamment en
biologie cellulaire et dynamique de population. Sa complexité et sa richesse ont amené
de plus en plus de chercheurs a s’investir sur ce sujet. La présente these généralise des
résultats fondamentaux obtenus pour un processus de branchement multi-type sans en-
vironnement aléatoire (modeéle de Galton-Watson), et pour un processus de branchement
uni-type en environnement aléatoire, en régime surcritique. Tout particulierement, la
construction de la martingale fondamentale (W) du processus (Z) a permit d’établir
de nombreux résultats sur le comportement asymptotique de (Z") tel que le théoréme de
type "Kesten-Stigum".

Une premiere perspective de recherche serait de relaxer la condition de Furstenberg-

Mo (7'7'7)
Mo(k,r)

type "Kesten-Stigum" donnant la convergence en probabilité des composantes normal-

Kesten (les rapports minorés et majorés par des constantes) du théoreme de
isée Z!(4)/EeZ(j); la condition My > 0 p.s. est peut-étre suffisante. D’autre part, on
pourrait essayer de renforcer la convergence en probabilité en convergence presque-siire,
pourquoi pas sous la condition de Furstenberg-Kesten pour commencer. Rappelons que
ces résultats existent déja pour les processus de Galton-Watson.

Dans cette theése, la martingale fondamentale (W?) a permis d’établir beaucoup de
théorémes limites pour le processus (Z7). On a vu notamment que I'existence des moments
harmoniques des limites W impliquaient des résultats asymptotiques pour log Z! tels que
des bornes de type Berry-Esseen et des déviations modérées de type Cramer. On pourrait
envisager d’utiliser la martingale (17) pour d’autres études asymptotiques. Par exemple,
il serait intéressant de chercher a obtenir d’autres théoremes de grandes déviations, comme
établir l'asymptotique exacte de P(log Z¢ > nq) pour q > 0, le cas uni-type étant traité
dans [29].

L’étude de lexposant critique pour I'existence des moments harmoniques de W* peut
étre une autre perspective de recherche. On I’a identifié sous certaines conditions, mais il
reste a voir si les moments harmoniques existent pour cet exposant critique. Le probleme
reste ouvert pour les processus de branchements multi-type en environnement aléatoires.

Un des problémes les plus complexes sur le sujet des processus de branchements en
environnement aléatoire reste la détermination d’un équivalent de la probabilité P(Z! =
2|28 = k) quand n — +oo pour tout z, k € N L’étude dans le cas uni-type pose déja de

grosses difficultés.

234
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Les applications des résultats de cette theése sont potentiellement nombreuses, tout spé-
cialement pour faire des études statistiques de ces processus de branchements en biologie,
physique nucléaire etc... Pour une étude statistique de I’évolution d’une population, on
peut donner la taille asymptotique de la population totale a partir des moyennes de pro-

ductions, et obtenir des vitesses de convergence de certains estimateurs.
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Résumé Le sujet de cette thése est
I’étude d’un processus de branchement d-type
Zi = (Zi(1),---,Zi(d) dans un environne-
ment aléatoire £ partant d’un individu de type
1, et en régime surcritique. Beaucoup d’études
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on a donné des conditions suffisantes sous
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suffisante pour la convergence dans LP de
Zi(j)/EeZi(5) et de la martingale W}, avec
une vitesse exponentielle. On s’est enfin in-
téressé au comportement asymptotique de
log || Zi ||, ou || - || est une norme vectorielle;
on a établi notamment une loi des grands
nombres et un théoréme central limite. De
plus, en étudiant I'existence des moments har-
moniques de W¥, on a prouvé un théoréme
de type Berry-Esseen et des déviations mo-
dérées de type Cramér pour log || Z:||.
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Abstract: The subject of this thesis is the
study of a d-type branching process Z! =
(Zi(1),---,Zi(d) in a random environment &
starting with one individual of type i, and in
the supercritical regime. Actually, a lot of stud-
ies are made on the branching processes, be-
cause of a large field of applications as in
biology, nuclear physic or population dynam-
ics. Several limit theorems are well known for
the uni-type model (d = 1) and the Galton-
Watson’s model (where the environment is de-

terministic). The objective of this thesis is
to generalize these results for the multi-type
model in random environment, in the super-
critical regime. The first established result was
the discovery of the fundamental martingale
(W) associated to (Z!), which converges al-
most surely to W*. It is mainly because of
this martingale that we could prove limit the-
orems on (Z!). We established a Kesten-
Stigum type theorem, giving the convergence
in probability of the normalized population size
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Zi(5)/Ee Z: (5) to Wifor all j, where E¢Z% (j) is
the conditional expectation of Z' (j) given the
environment £&. Moreover we gave sufficient
conditions under which W is non-degenerate.
Afterwards, we determined a necessary and
sufficient condition for the convergence in L?
of Z!(j)/E¢Z. (j) and the martingale W}, with
an exponential speed. Finally, we were inter-

ested in the asymptotic behaviour of log || Z¢ ||,
where || - || is a vector-norm; specially we es-
tablished a law of large numbers and a cen-
tral limit theorem. Furthermore, by studying
the existence of the harmonic moments of W,
we proved a Berry-Esseen type theorem and
a Cramér type moderate deviation expansion
for log || Z% ||
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