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Résumé

Dans cette thèse nous nous intéressons principalement à la validation des modèles ARMA
saisonniers et/ou périodiques (SARMA pour Seasonal AutoRegressive Moving-Average, PARMA
pour Periodic ARMA et SPARMA Seasonal PARMA) en considérant des termes d’erreur non
corrélés mais qui peuvent contenir des dépendances non linéaires. Ces modèles sont appe-
lés des ARMA saisonniers et/ou périodiques faibles et permettent de traiter des processus qui
peuvent avoir des dynamiques non linéaires très générales. Par opposition nous appelons mo-
dèles ARMA saisonniers et/ou périodiques forts quand le terme d’erreur est indépendant et
identiquement distribué (iid). Relâcher l’hypothèse d’indépendance sur le terme d’erreur (une
hypothèse habituellement imposée dans la littérature) permet aux modèles SARMA, PARMA et
SPARMA faibles d’élargir considérablement leurs champs d’application. Nous étudions les pro-
priétés asymptotiques de l’estimateur du quasi-maximum de vraisemblance et de l’estimateur
des moindres carrés généralisés et quasi-généralisés des modèles SARMA faibles et SPARMA
faibles. Ensuite nous nous intéressons aux tests fondés sur les résidus, qui ont pour objet de
vérifier que les résidus des modèles estimés sont bien des estimations de bruits blancs. Plus
particulièrement, nous nous intéressons aux tests portmanteau, aussi appelés tests d’autocor-
rélation. Nous montrons que les autocorrélations résiduelles de ces modèles ont une distri-
bution asymptotique normal de matrice de covariance différente de celle obtenue dans le cas
standard (c’est-à-dire sous les hypothèses iid sur le bruit). Cela nous permet d’avoir le compor-
tement asymptotique des statistiques de tests portmanteau et de proposer ainsi des versions
modifiées de ces tests. La distribution asymptotique des tests portmanteau est approximée par
un chi-deux lorsque le terme d’erreur est supposé iid. Dans le cas général, nous montrons que
cette distribution asymptotique est celle d’une somme pondérée de chi-deux, elle peut être très
différente de l’approximation chi-deux usuelle du cas fort (iid). Nous proposons également une
approche qui nous permet d’éviter l’estimation de la matrice de covariance asymptotique des
autocorrélations empiriques dite d’auto-normalisation.

Mots-clés : Test d’ajustement, estimation du quasi-maximum de vraisemblance, tests de Box-
Pierce et de Ljung-Box portmanteau, autocorrélation résiduelle, saisonnalité, auto-normalisation,
modèles SARMA faibles, modèles SVARMA faibles, modèles PARMA faibles, moindres carrés
pondérés, moindres carrés généralisés, moindres carrés quasi-généralisés, modèles SPARMA
faibles.



Abstract

In this thesis, we are mainly interested in the validation of seasonal and/or periodic ARMA
models (SARMA for Seasonal AutoRegressive Moving-Average, PARMA for Periodic ARMA and
SPARMA for Seasonal PARMA) with uncorrelated but non-independent error terms. These mo-
dels are called weak seasonal and/or periodic ARMA and allow to deal with processes that may
have very general non-linear dynamics. By opposition we call strong seasonal and/or periodic
ARMA models when the error term is independent and identically distributed (iid). Relaxing the
independence assumption on the error term (a assumption usually imposed in the literature)
allows the weak SARMA, PARMA and SPARMA models to considerably broaden their fields of
application. We study the asymptotic properties of the quasi-maximum likelihood estimator
and the generalized and quasi-generalized least squares estimator of weak SARMA and weak
SPARMA models. We are interested in portmanteau tests, also known as autocorrelation tests.
We show that the residual autocorrelations of these models have a normal asymptotic cova-
riance matrix distribution different from that obtained in the standard case (i.e. under the iid
assumptions on noise). This allows us to have the asymptotic behaviour of portmanteau test
statistics and thus to offer modified versions of these tests. The asymptotic distribution of port-
manteau tests is approximated by a chi-squared when the error term is assumed to be iid. In the
general case, we show that this asymptotic distribution is that of a weighted sum of chi-squared.
It can be very different from the usual chi-square approximation of the strong case (iid). We also
propose an approach that allows us to avoid the estimation of the asymptotic covariance matrix
of empirical autocorrelations called self-normalization.

Keywords : Goodness-of-fit test, quasi-maximum likelihood estimation, Box-Pierce and Ljung-
Box portmanteau tests, residual autocorrelation, seasonality, self-normalization, weak SARMA
models, weak SVARMA models, weak PARMA models, weighted least squares, generalized least
squares, quasi-generalized least squares, weak SPARMA models.
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Chapitre 1
Introduction

1.1 Concepts de base et contexte bibliographique

L’étude des séries temporelles correspond à l’analyse statistique d’observations régulière-
ment espacées dans le temps. Nous rencontrons de nombreuses séries temporelles provenant
de divers domaines d’études, tel que la météorologie, l’hydrologie et l’économie entre autres.

Notre recherche portera essentiellement sur la validation de modèles saisonniers et/ou pé-
riodiques (que nous définirons dans la suite) en imposant une hypothèse moins restrictive (hy-
pothèse qu’on définira plus tard) sur le terme d’erreur contenue dans ces modèles. Avant de
présenter les différentes classes de modèles qu’on développera dans notre thèse, commençons
par rappeler la classe des modèles autorégressifs moyennes mobiles (ARMA pour AutoRegres-
sive Moving Average), qui constituent la classe la plus utilisée de modèles de séries temporelles.

1.1.1 Modèle autorégressif moyenne mobile

En 1927, [86] introduit les modèles autoregressifs (AR pour AutoRegressive) dans la litéra-
ture, il propose le modèle

Yt =φ1Yt−1 +φ2Yt−2 +εt (1.1)

et trouve qu’un modèle AR d’ordre 2 répresente assez bien les comportements des données de
Wolfer 1 sur les taches solaires (1749−1924) où φ1, φ2 sont des paramètres inconnus et εt sera
défini par la suite. Indépendamment de [86], [76] présente les modèles moyennes mobiles (MA
pour Moving Average).

Yt =µ0εt +µ1εt−1 +·· ·+µqεt−q (1.2)

où les (µi )0≤i≤q sont des paramètres inconnus. Ces processus deviendront respectivement les
AR(p) et MA(q) où p et q sont les ordres des modèles.
L’apparition de ces deux modèles a ouvert une voie à l’étude des séries temporelles. En 1954
Wold a mis en application les modèles linéaires ARMA (combinaisons des modèles (1.1) et
(1.2)).

Un processus X = (Xt )t∈Z stationnaire au second ordre 2 à valeurs réelles, admet une repré-
sentation ARMA(p, q) si, pour tout t ∈Z

1. Alfred Wolfer (1854-1931) était un astronome suisse
2. Le processus (Xt ) à valeurs réelles est dit stationnaire au second ordre ou faible si :
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a(L)Xt = b(L)εt , ∀t ∈Z, (1.3)

où les polynômes AR et MA sont définis respectivement par a(L) = 1 −∑p
i=1 a0i Li et b(L) =

1−∑q
i=1 b0i Li et L est l’opérateur retard usuel (i.e Xt−1 = LXt , εt−k = Lkεt pour tout t , k ∈Z). On

suppose que a2
00+b2

00 6= 0 (par convention a00 = b00 = 1). Le terme d’erreur εt est un bruit blanc
faible qui vérifie l’hypothèse suivante :

(H0) : (i) E(εt ) = 0, (ii) Var(εt ) =σ2
0 et (iii) Cov(εt ,εt−h) = 0 ∀ h, t ∈Z, h 6= 0.

Remarque 1.1.1 Il est parfois nécessaire de remplacer l’hypothèse (iii) par l’hypothèse plus forte
-(iii’) les variables εt et εt−h sont indépendantes. On parle alors de bruit blanc fort. Il est impor-
tant de noter qu’aucune hypothèse d’indépendance n’est faite dans la définition du bruit blanc
faible. Les variables aux différentes dates sont seulement non corrélées.

Parmi les processus pouvant être ajustés à des bruits blancs faibles, nous pouvons citer les
processus autorégressifs conditionnellement hétéroscédastique (ARCH pour AutoRegressive
Conditional Heteroskedasticity) introduit par [31] ainsi que les extensions GARCH (Generalized
ARCH) introduit par [12]. Ces processus sont non corrélés mais peuvent contenir néanmoins
des dépendances temporelles. On peut aussi citer les modèles all-pass [4] qui génèrent égale-
ment des séries non corrélées. D’autres types de processus pouvant être ajustés à des bruits
blancs faibles ont été introduit par [68].
Ainsi, on parlera d’un modèle ARMA(p, q) fort, si dans (1.3), ε = (εt )t∈Z est un bruit fort, à sa-
voir une suite indépendante et identiquement distribuée (i.e iid). Et si on suppose simplement
que ε est un bruit blanc faible mais qu’il n’est pas forcement iid, on dit que X admet une re-
présentation ARMA faible. La distinction entre modèle ARMA fort ou faible n’est donc qu’une
question d’hypothèse sur le bruit. Comme la contrainte sur ε est moins forte pour un modèle
ARMA faible que pour un modèle ARMA fort, nous en déduisons la relation suivante

{ARMA forts} ⊂ {ARMA faibles} .

Ces modèles sont généralement utilisés avec des hypothèses fortes sur le bruit qui en limitent
la généralité. Ainsi relâcher l’hypothèse d’indépendance permet d’élargir le champs d’applica-
tions des modèles ARMA faibles. Par exemple [34] et [35] ont montré qu’il existe des processus
très variés admettant, à la fois, des représentations non linéaires 3 et linéaires de type ARMA,
pourvu que les hypothèses sur le bruit du modèle ARMA soient suffisamment peu restrictives.
Pour l’étude des séries temporelles, la notion de stationnarité faible conduit à imposer des
contraintes sur les racines des polynômes AR et MA. Si les racines de a(z) = 0 sont en dehors
du disque unité, alors Xt est une combinaison linéaire de εt ,εt−1, . . . (cette combinaison est une
solution non anticipative ou causale de (1.3)). Si les racines de b(z) = 0 sont en dehors du disque

(i) E(X2
t ) <∞∀ t ∈Z

(ii) E(Xt ) = m ∀ t ∈Z
(iii) Cov(Xt ,Xt+h) = γ(h) ∀ h, t ∈Z.

La fonction γ(·), est appelée fonction d’autocovariance de (Xt ).
3. Pour définir les notions de linéarité et de non linéarité d’un modèle, rappelons la décomposition de [85] qui

affirme que si (Xt )t∈Z est un processus stationnaire, purement non déterministe, il peut être exprimer pour tout
t ∈Z sous la forme :

Xt =
+∞∑
i=0

ψi εt−i ,

où ψ0 = 1,
∑+∞

i=0ψi <∞ (voir [25]). Le processus (εt )t∈Z est l’innovation linéaire du processus Xt . Nous parlons de
modèles linéaires lorsque le processus d’innovation (εt )t∈Z est iid et de modèles non linéaires dans le cas contraire.
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unité, alors εt est une combinaison linéaire de Xt ,Xt−1, . . . (l’équation (1.3) est dite inversible).
Les deux hypothèses précédentes sur les polynômes AR et MA seront regroupées dans l’hypo-
thèse suivante

(H1) : a(z)b(z) = 0 ⇒|z| > 1.

De nombreux outils statistiques ont été développés pour l’analyse, l’identification, l’estima-
tion et la validations des modèles ARMA forts (voir [44], [69], [39], [41], [79], [24], [37], [57], [61])
pour ne citer que ceux-ci.
Dans le cas des ARMA faibles, plusieurs travaux ont été realisés. Par exemple, [34] ont montré la
consistance et la normalité asymptotique de l’estimateur des moindres carrés ordinaires sous
certaines hypothèses d’ergodicité 4 et de mélange 5. Il se trouve que la précision de cet estima-
teur dépend de manière cruciale des hypothèses faites sur le bruit. [68] ont étudié les compor-
tement asymptotiques des autocorrélations empiriques. [33] ont étudié des tests de validation
des modèles ARMA faible et ont montré que dans ce cas, les tests standards de Box-Pierce et
Ljung-Box peuvent mal fonctionner.

Il arrive que dans de nombreux cas, on tombe sur des séries présentant des phénomènes
qui se répètent régulièrement sur une période assez courte dont il faudrait en tenir compte.
Le nombre d’observation sur cette période est appelée saison et sera notée s dans la suite. Un
mouvement saisonnier annuel ou trimestriel par exemple, correspond respectivement à s = 12
et s = 4. On obtient la saison en comptant le nombre d’observation séparant les pics et/ou les
creux. La capacité de la classe de modèles ARMA à capter cette dynamique est limitée. D’où
l’intérêt d’étendre cette classe de modèle.

1.1.2 Modèle saisonnier autorégressif moyenne mobile

Pour améliorer les modèles ARMA existant, nous presentons une classe de modèles, qui est
conçue pour modéliser des séries chronologiques présentant des phénomènes saisonniers, in-
troduite à l’origine par [23].
Un processus X = (Xt )t∈Z stationnaire au second ordre à valeurs réelles, admet une représenta-
tion saisonnière autorégressive moyenne mobile multiplicative (SARMA pour Seasonal ARMA),

4. Nous allons rappeler la notion de stationnarité stricte, avant de définir l’ergodicité.
Un processus (Xt )t∈Z est dit strictement stationnaire si (X1, · · · ,Xt ) et (X1+h , · · · ,Xt+h) ont la même loi jointe pour
tout h ∈Z et tout t ∈Z.
On dit qu’une suite stationnaire est ergodique si elle satisfait la loi forte des grands nombres.
Un processus strictement stationnaire Z = (Zt )t∈Z, à valeurs réelles, est dit ergodique si et seulement si, pour tout
borélien B de Rh−1 et tout entier h

1

n

n∑
t=1

IB(Zt ,Zt+1, · · · ,Zt+h) → P [(Z1, · · · ,Zt+h) ∈ B]

avec probabilité 1.
5. Dans un espace probabilisé (Ω,A0,P), considérons A et B deux sous-tribus de A0.

Nous définissons le coefficient de α-mélange (ou de mélange fort) entre deux tribus par

α(A ,B) = sup
A∈A ,B∈B

|P(A∩B)−P(A∩B)|.

Il est évident que si A et B sont indépendantes alors α(A ,B) = 0. Si par contre A = B = {
A, Ac ,;,Ω

}
avec P= 1

2
alors α(A ,B) = 1

4 . Les coefficients de mélange fort d’un processus X = (Xt ) sont définis par

αX(h) = sup
t
α [σ(Xu ≤ t ),σ(Xu ≤ t +h)] .

Si X est stationnaire, on peut enlever le terme supt . On dit que X est fortment mélangeant si αX(h) → 0 quand
h →∞ .

7



1.1. CONCEPTS DE BASE ET CONTEXTE BIBLIOGRAPHIQUE

notée SARMA(p, q)(P,Q)s si, pour tout t ∈Z

a(L)a(L)Xt = b(L)b(L)εt , ∀t ∈Z, (1.4)

où a(L) et b(L) sont respectivement les polynômes non saisonniers AR et MA, tandis que les
polynômes saisonniers AR et MA sont donnés respectivement par a(L) = 1−∑P

i=1 a0i Lsi et b(L) =
1−∑Q

i=1 b0i Lsi . On suppose que a2
0p +b2

0q +a2
0P +b2

0Q 6= 0 (par convention a00 = b00 = a00 = b00 =
1). Le terme d’erreur εt est un bruit blanc faible ou fort.
Comme pour les modèles ARMA, nous parlons de modèle SARMA fort quand le bruit blanc dans
(1.4) est fort et de modèle SARMA faible dans le cas contraire. Nous en déduisons également la
relation suivante

{SARMA forts} ⊂ {SARMA faibles} .

Ces modèles sont généralement utilisés avec des hypothèses fortes sur le bruit qui en limitent
la généralité. Ainsi, relâcher l’hypothèse d’indépendance permet d’élargir le champ d’applica-
tions des modèles SARMA faibles. Contrairement aux modèles ARMA, le modèle SARMA est dit
causal, si les racines de a(z) = 0 et a(z) = 0 sont en dehors du disque unité et il est dit inversible,
si les racines de b(z) = 0 et b(z) = 0 sont en dehors du disque unité. Nous pouvons énoncer ces
contraintes sous l’hypothèse suivante

(H′1) : a(z)a(z)b(z)b(z) = 0 ⇒|z| > 1.

Cette classe des modèles tient compte de ces caractéristiques répétitives qui indiquent la
présence d’une saisonnalité et constitue une extension de modèles ARMA. Le modèle (1.4) peut
être vu comme un modèle ARMA d’ordre (p +Ps, q +Qs) dans lequel certains coefficients sont
nuls et les autres sont fonctions du vecteurs des paramètres des polynômes saisonniers et non
saisonniers.
Nous illustrons sur l’exemple suivant la structure de la fonction d’autocorrélations des modèles
ARMA et SARMA.

Example 1.1.1 Soit un processus Xt satisfaisant un modèle ARMA (0,1)

Xt = εt −bεt−1, avec εt un bb faible

Cov (Xt ,Xt−h) =Cov (εt −bεt−1,εt−h −bεt−1−h)

=Cov (εt ,εt−h)−Cov (εt ,bεt−1−h)−Cov (bεt−1,εt−h)+Cov (bεt−1,bεt−1−h)

La fonction d’autocovariance du processus s’écrit

γ(h) =

σ2(1+b2) si h = 0
−bσ2 si h = 1
0 ∀h > 1

La fonction d’autocorrélation du processus s’écrit

ρ(h) =
{ −b

(1+b2)
si h = 1

0 ∀h > 1

Soit un processus Xt satisfaisant un modèle SARMA (0,1)(0,1)s

Xt = εt −aεt−s −bεt−1 +baεt−1−s , avec εt un bb faible

8
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Cov (Xt ,Xt−h) =Cov (εt −aεt−s −bεt−1 +baεt−1−s ,εt−h −aεt−s−h −bεt−1−h +baεt−1−s−h)

=Cov (εt ,εt−h)−Cov (εt , aεt−s−h)−Cov (εt ,bεt−1−h)+Cov (εt , abεt−1−s−h)

−Cov (aεt−s ,εt−h)+Cov (aεt−s , aεt−s−h)+Cov (aεt−s ,bεt−1−h)−Cov (aεt−s , abεt−1−s−h)

−Cov (bεt−1,εt−h)+Cov (bεt−1, aεt−s−h)+Cov (bεt−1,bεt−1−h)−Cov (bεt−1, abεt−1−s−h)

+Cov (abεt−1−s ,εt−h)−Cov (abεt−1−s , aεt−s−h)−Cov (abεt−1−s ,bεt−1−h)

+Cov (abεt−1−s , abεt−1−s−h)

La fonction d’autocovariance du processus s’écrit

γ(h) =



σ2
ε (1+a2 +b2 +a2b2) si h = 0 et s 6= 1

σ2
ε (1+2ab +a2 +b2 +a2b2) si h = 0 et s = 1 ou s =−1

−σ2
ε (a +b +a2b +ab2) si h = 1 et s = 1 ou s =−1

−σ2
εb(1+a2) si h = 1 et s 6= 1

0 si h > 1 et s 6=| h |
−σ2

εa(1+b2) si h > 1 et s =| h |
La fonction d’autocorrélation du processus s’écrit

ρ(h) =


− b(1+a2)

(1+a2+b2+a2b2)
si h = 1 et s 6= 1

− (a+b+a2b+ab2)
(1+2ab+a2+b2+a2b2)

si h = 1 et s = 1 ou s =−1

0 si h > 1 et s 6=| h |
− a(1+b2)

(1+a2+b2+a2b2)
si h > 1 et s =| h |

Nous observons que les fonctions d’autocorrélations du des modèles ARMA dépendent seulement
du retard h tandis que pour les modèles SARMA, en plus du retard h la saisonnalité intervient
dans le calcule.

Le problème qui nous préoccupera premièrement dans cette thèse est la validation des mo-
dèles SARMA faibles.
Les travaux consacrés à la validation des modèles SARMA faibles n’ont pas encore reçu autant
d’attention et se limitent essentiellement dans le cadre fort. [29] et [57], ont examiné les tests de
corrélations sur le SARMA. [29] a proposée une statistique de test basée sur un estimateur de la
densité spectrale. Nous pouvons citer par exemple [81] qui ont étudié les propriétés asympto-
tiques des estimateurs du maximum de vraisemblance conditionnelle des modèles vectoriels
saisonniers ARMA (SVARMA pour Seasonal Vector ARMA) et ont proposé un test portmanteau
pour ces modèles. [56] a conçu des statistiques de test portmanteau dans lesquelles les fonc-
tions d’autocorrelations sont multiples de la saisonnalité (1s,2s,3s, · · · ).
Dans de nombreuses situations, ces tests sont mis en œuvre pour vérifier la validité des modèles
SARMA forts. Cette méthodologie standard doit être adapté pour tenir compte de possible dé-
pendance des termes d’erreurs. D’où l’intérêt de notre thèse à s’orienter sur cet axe de travail.
De nombreux travaux ont montré (voir par exemple [34] et [35]) que les modèles ARMA forts
sont mal adaptés pour l’analyse de certaines séries économiques, hydrologiques, environne-
mentales etc. Nous pourrions supposer qu’une conclusion similaire reste aussi vraie pour les
modèles SARMA forts.

Dans le cadre des SARMA faibles, les travaux notables sont : [19] qui ont proposé des statis-
tiques de test portmanteau modifiées afin de tester l’adéquation des modèles SARMA faibles et
[20] qui ont également étendu le travail de [56] aux modèles SVARMA faibles.

On peut être amené à travailler ou à modéliser des séries chronologiques dont la structure
de corrélation dépend de la saison. Par conséquent, les modèles SARMA ne seront pas en me-
sure de bien les modéliser. En effet, les méthodes d’ajustement saisonnier traitent les observa-
tions dans tous les saisons de la même manière.
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A titre illustratif, considérons l’exemple donné dans [78], sur les relevés journaliers de la concen-
tration d’ozone à Los Angeles.

Exemple 1.1.1 La concentration d’ozone à Los Angeles s’accumule généralement pendant les
heures du matin, elle atteint un pic en début d’après-midi et elle se dissipe, presque à zéro, la
nuit.
Notons X = (X1,X2, · · · ,Xr ) la série d’observation de cette concentration d’ozone. Ainsi nous dis-
tinguons 3 périodes de relevés journaliers différents. Dans la suite nous noterons ν une saison ou
une période quelconques (dans cet exemple ν ∈ {1,2,3}). Ce qui nous donne :

• ν= 1 va correspondre aux relevés "des heures du matin",

• ν= 2 va correspondre aux relevés "les heures d’après midi",

• ν= 3 va correspondre aux relevés "les heurs de nuit".

Notons T le nombre de périodes considérées (ici T = 3) et notons également n ∈ {0, · · · ,N−1} un
jour quelconque qui est en général appelé cycle. N représente le nombre des jours (dans l’exemple),
si la série d’observation est trimestrielle N représentera le nombre total des trimestres contenus
dans la série et si la série est annuelle N, sera le nombre d’année. Pour un ν fixé et une valeur
T donnée, nous désignons (XnT+ν) la réalisation de la ν-ème saison avec ν ∈ {1, . . . ,T} du n-ème
cycle.

On pourrait donc s’attendre à ce que la corrélation entre les relevés d’ozone du matin (XnT+1)
et du début de l’après-midi (XnT+2) d’une journée donnée soit considérablement plus forte que
la corrélation entre le relevé du matin (XnT+1) et celui de minuit (XnT+3). Nous remarquons que
r = NT désigne le nombre total d’observations.
Par conséquent les modèles SARMA ne sont pas adaptés à ces types des données.

D’autres exemples peuvent être trouvés dans [43] qui illustrent ces types de données.

Exemple 1.1.2 Considérons le cas du ruissellement provenant de la fonte de neige à la fin de
l’hiver ou de début de printemps dans une région nordique. Si la fonte des neiges est un facteur
important du ruissellement, qui peut se produire soit en mars soit en avril, la corrélation entre
les débits observés pour ces mois (c’est-à-dire entre XnT+3 et XnT+4, ici T = 12 et le cycle n repré-
sente une année quelconque) peut être négative alors qu’à d’autres moment de l’année, elle est
généralement positive.

Si on ajuste un modèle SARMA à ces types des séries chronologiques mentionnées plus haut, le
modèle SARMA peut ne pas être en mesure de décrire la corrélation périodique ou saisonnière
contenue dans la série.

1.1.3 Modèle périodique autorégressif moyenne mobile

Les modèles périodiques sont utilisés depuis longtemps dans les disciplines de l’environ-
nement, de l’hydrologie et de la météorologie voir par exemple [50], [66], [11], [84]. Et dans les
années 1980, des auteurs comme [67] et [65], entre autres les introduisent dans l’économie.
Nous pouvons aussi nous référer à [36] pour plus de détails sur les motivations de choix d’un
modèle périodique dans la modélisation des séries chronologiques.
Un processus X = (Xt )t∈Z à valeurs réelles, admet une représentation périodique autorégressif
moyenne mobile (PARMA pour Periodic ARMA), s’il satisfait l’équation suivante

Xt −
p∑

i=1
φi (t )Xt−i = εt −

q∑
j=1

θ j (t )εt− j , (1.5)

10



1.1. CONCEPTS DE BASE ET CONTEXTE BIBLIOGRAPHIQUE

où les coefficients vérifient φi (t +T) = φi (t ) pour 1 ≤ i ≤ p et θ j (t +T) = θ j (t ) pour 1 ≤ j ≤ q .
{εt } est un bruit blanc périodique de moyenne nulle avec εt et εs non correlés quand t 6= s et
Var (εt ) = σ2(t ) > 0 avec σ2(t +T) = σ2(t ) (voir par exemple [45] pour plus de détails). Dans la
suite nous utiliserons les notations introduites dans l’exemple 1.1.1. Le modèle (1.5) peut s’écrit
de manière équivalente

XnT+ν−
p∑

k=1
φk (ν)XnT+ν−k = εnT+ν−

q∑
l=1

θl (ν)εnT+ν−l . (1.6)

où φk (ν)k=1,··· ,p(ν) et θl (ν)l=1,··· ,q(ν) sont les coefficients respectifs AR et MA du modèle pour la
saison ν ∈ {1, . . . ,T}.

De manière générale, on peut permettre aussi aux ordres p et q de varier périodiquement si
nécessaire à savoir p(ν) et q(ν) (voir par exemple [55] et [32]). Ainsi l’équation (1.6) devient :

XnT+ν−
p(ν)∑
k=1

φk (ν)XnT+ν−k = εnT+ν−
q(ν)∑
l=1

θl (ν)εnT+ν−l (1.7)

où les ordres des polynômes AR et MA sont respectivement donnés par p(ν) et q(ν). Si le
processus (XnT+ν) suit le modèle (1.7), nous le notons PARMAT(p1, . . . , pν, . . . , pT; q1, . . . , qν, . . . , qT).
Il n’y a pas de perte de généralité à prendre p1 = ·· · = pT = p et q1 = ·· · = qT = q comme dans
(1.6) qui sera noté comme un PARMAT(p, q).
Les modèles PARMA sont une extension des modèles ARMA dans le sens où ils permettent aux
paramètres des modèles ARMA de varier avec le temps (voir l’équation (1.5)).

Remarque 1.1.2 Si T = 1, le modèle PARMA se réduit au modèle ARMA.

Nous utiliserons de manière interchangeable la notation non périodique Xt avec la nota-
tion périodique XnT+ν, qui nous permet de faire ressortir la saison ν ∈ {1, . . . ,T} dans le cycle
n. Le terme d’erreur (εt ) = (εnT+ν) est un bruit blanc périodique faible qui vérifie l’hypothèse
suivante :

(H0’) : (i) E(εnT+ν) = 0, (ii) Var(εnT+ν) =σ2
ν et (iii) Cov(εnT+ν,εnT+ν−h) = 0 ∀ h, t ∈Z, h 6= 0.

Remarque 1.1.3 Il est parfois nécessaire de remplacer l’hypothèse (iii) par l’hypothèse plus forte
-(iii’) les variables εnT+ν et εnT+ν−h sont indépendantes. On parle alors de bruit blanc périodique
fort. Il est important de noter qu’aucune hypothèse d’indépendance n’est faite dans la définition
du bruit blanc périodique faible. Les variables aux différentes dates sont seulement non corrélées.

Un exemple de bruit blanc périodique faible est le processus PGARCH pour Periodic GARCH
(voir par exemple [13], [38] et [2]). De nombreux d’autres exemples peuvent être trouvés égale-
ment dans [32].

Nous parlons de modèle PARMA fort quand le bruit blanc périodique dans (1.7) est fort et
de modèle PARMA faible dans le cas contraire. Comme pour les autres modèles présentés dans
les parties précédentes, la distinction entre un PARMA fort ou faible n’est donc qu’une question
d’hypothèse sur le bruit également. Nous en déduisons la relation suivante

{PARMA forts} ⊂ {PARMA faibles} .

Comme pour les autres modèles présentés précédemment, les modèles PARMA sont géné-
ralement utilisés avec des hypothèses fortes sur le bruit qui en limitent leur généralité. Ainsi,
relâcher l’hypothèse d’indépendance permet d’élargir également le champs d’applications des
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modèles PARMA (voir par exemple [32]).

Nous présentons sur cette exemple la structure de la fonction d’autocorrélation du modèle
PARMA.

Example 1.1.2 Soit un processus (XnT+ν)n∈Z satisfaisant un modèle PARMA2(0,1)

X2n+ν = ε2n+ν−b(ν)ε2n+ν−1, avec ε2n+ν un bb périodique faible

Cov (Xt ,Xt−h) =Cov (ε2n+ν−b(ν)ε2n+ν−1,ε2n+ν−h −b(ν)ε2n+ν−1−h)

=Cov (ε2n+ν,ε2n+ν−h)−Cov (ε2n+ν,b(ν)ε2n+ν−1−h)

−Cov (b(ν)ε2n+ν−1,ε2n+ν−h)+Cov (b(ν)ε2n+ν−1,b(ν)ε2n+ν−1−h)

La fonction d’autocovariance du processus s’écrit

γν(h) =

σ2
ν(1+b2(ν)) si h = 0, pour ν= {1,2}

−b(ν)σ2
ν si h = 1, pour ν= {1,2}

0 ∀h > 1

La fonction d’autocorrélation du processus s’écrit

ρν(h) =
{

− σνb(ν)
σν−1(1+b2(ν))

si h = 1, pour ν= {1,2}

0 ∀h > 1

Les modèles de séries chronologiques saisonnières et périodiques sont très différents, car la na-
ture de la structure de corrélation diffère sur plusieurs aspect importants : purement stochastique
dans les modèles saisonniers (voir l’exemple 1.1.1) et purement déterministe dans les modèles pé-
riodiques (voir [80] pour plus de détails).

Contrairement aux modèles précédents, l’étude des conditions d’inversibilité et de station-
narité des modèles périodiques, nécessite une réécriture des modèles sous forme vectoriels.
Pour cela, nous posons Xn = (XnT+1, . . . ,XnT+T) et εn = (εnT+1, . . . ,εnT+T). Définissons également
p∗= [(p −1)/T]+1 et q∗= [(q −1)/T]+1 qui seront les nouveaux ordres du modèle vectoriel.

Ainsi, le modèle (1.6) peut s’écrire sous forme d’un modèle VARMA(p∗, q∗) (voir par exemple
[32] pour plus de détails) suivant :

Φ0Xn −
p∗∑

k=1
Φk Xn−k =Θ0εn −

p∗∑
l=1

Θkεn−l (1.8)

où les matrices des coefficients de Φk ,k = 0,. . . , p∗ et Θl , l = 0, . . . , q∗ sont définies par

(Φ0)i , j =


1 Si i = j
0 Si i < j

−φi− j (i ) Si i > j
(Θ0)i , j =


1 Si i = j
0 Si i < j

−θi− j (i ) Si i > j
(1.9)

avec

(Φk )i , j =φkT+i− j (i , j ), k = 1, . . . , p ∗ et (Θl )i , j = θlT+i− j (i ) l = 1, . . . , q ∗ . (1.10)

Nous supposons que φh(ν) = 0, h ∉ {1, . . . , p∗} et θh(ν) = 0, h ∉ {1, . . . , q∗}. La matrice de va-
riance covariance du bruit blanc εn de dimension T sera notée Σε = (σ2

1, . . . ,σ2
T) > 0. Définissons
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les polynômes matriciels suivants Φ(z) = Φ0 −∑p∗
i=1Φi zi et Θ(z) = Θ0 −∑q∗

i=1Θi zi . Ainsi, nous
réécrivons l’équation (1.8) sous sa forme compacte suivante :

Φ(L)Xn =Θ(L)εn . (1.11)

Il est important de noter que l’opérateur retard L opère sur l’indice du cycle n. Lorsqu’il agit
sur l’indice de temps t = nT+ν du processus périodique (Zt ), nous avons Lk ZnT+ν = Z(n−1)T+ν.
A partir du modèle (1.8), nous pouvons déduire en principe les propriétés de l’estimation, de
l’identification et de la validation des modèles PARMA faibles à partir des résultats existants sur
l’estimation, l’identification et la validation des modèles VARMA faibles (voir par exemples [30],
[18], [16], [21], [15],
[22]). Toutefois, cette approche n’est pas recommandée pour diverses raisons (voir par exemple
[32] et [43] pour plus de détails). Néanmoins, nous allons citer certaines de ces raisons ici. Pre-
mièrement, les modèles PARMA saisissent bien les caractéristiques physiques des phénomènes
naturels décrites dans les séries chronologiques. Ce qui n’est pas le cas des modèles VARMA
qui sont une extension naturelle des modèles ARMA au cas multidimensionnel. Il y a moins
de paramètres (ce qui inclu une interprétation plus simple) et leur estimation est plus facile.
Par exemple, dans un modèle PARMAT(1,1), il y a 2T paramètres AR et MA à estimer. La repré-
sentation VARMA(1,1) correspondante contient 4T2 paramètres parmi lesquels 2T(2T−1) sont
contraints à 1 ou 0 selon (1.9) et (1.10). La différence dans le nombre de paramètres est énorme,
en particulier avec les données mensuelles (T = 12) ou hebdomadaires (T = 52). Deuxième-
ment, la représentation VARMA (1.8) n’est pas standard, les matrices Φ0 et Θ0 ne sont pas en
générale les matrices identités. La modification du bruit vectoriel dans (1.8) via ε∗n =Θ0εn puis
la multiplication des deux côtés par Θ−1

0 conduit à une représentation VARMA standard. Et
pour les matrices Φ0 et Θ0, il faudrait vérifier certaines conditions d’inversibilité, d’identifia-
bilité contraignantes (voir par exemple [14].

En utilisant les propriétés du modèle VARMA (voir par exemple [25]), il en résulte que le
modèle PARMA est causal et inversible si,

(H1") : detΦ(z)detΘ(z) = 0 ⇒|z| > 1.

Les modèles des séries chronologiques périodiques sont conçus pour traiter les données
avec des structures périodiques. Ces modèles saisissent bien la corrélation variante selon les
saisons qui est contenue dans la série. [78] montrent notamment comment des modèles peuvent
être mal spécifiés avec des modèles SARMA pour des séries présentant des propriétés pério-
diques. Voir la partie VI de [43] pour une vaste étude des modèles périodiques et leurs spécifi-
cités pratiques dans l’ajustement des séries chronologiques.
Le problème qui nous occupera deuxièmement dans cette thèse est la validation des modèles
PARMA faibles.
Nous trouvons dans la littérature de nombreuses recherches sur l’identification, l’estimation
et la validation des modèles PARMA forts. [64] proposent l’utilisation de fonction d’autocor-
rélation (ACF) et de fonction d’autocorrélation partielle (PACF) périodique pour identifier les
modèles PARMA en s’appuyant sur les résultats d’une vaste étude de cas. Voir [77], [70] et [62]
pour d’autre méthodes d’identification. [83] a développé une technique pour obtenir des esti-
mations de maximum de vraisemblance des paramètres d’un modèle PARMA. [71] ont étudié
l’estimation des moments des modèles PARMA d’ordre peu élevé. [6] ont étudié les propriétés
asymptotiques des estimations de paramètres du modèle PARMA. [55] ont développé un algo-
ritme pour l’estimation de maximum de vraisemblance des modèles PARMA. Recemment, [82]
ont développé une méthode de modélisation robuste pour identifier et estimer le modèle PAR
fort afin de bien saisir les variations périodiques du débit des rivières. [8], [9] ont proposé une
procédure de regroupement sur les paramètres PAR fort afin d’obtenir un modèle plus parci-
monieux et concis. [43] proposent des tests portmanteau pour le modèle PAR fort et soulignent
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que ces tests peuvent être adaptés avec les modifications appropriées aux modèles PARMA. [58]
sur la base des études de cas, met au point un test de validation PARMA.
Dans le cadre de modèles PARMA faibles très peu des travaux sont disponibles. L’exception no-
table reste [32] qui ont étudié les propriétés asymptotiques de l’estimation de moindres carrés
ordinaires, généralisés et quasi-généralisés pour les modèles PARMA faibles. [2] ont étudié des
résultats sur l’estimation du quasi-maximum de vraisemblance des processus PGARCH ainsi
que pour de modèles PARMA avec un bruit PGARCH. À notre connaissance, il n’y a pas de test
de validation pour les modèles PARMA faibles d’ou l’intérêt de compléter ces travaux comme
mentionné précédemment.

Dans la pratique, on peut aussi être amené à modéliser des données plus complexes. Par
exemple, considérons X comme la consommation électrique mensuelle. Notons XnT+ν l’obser-
vation du ν-ème mois de la n-ème année. On pourrait se pencher sur la corrélation entre XnT+ν
et XnT+ν+1 (mois successif), de même que la corrélation entre XnT+ν et X(n+1)T+ν (même mois
pour les années successives). Ces données peuvent présenter des dépendances d’observations
consécutives au cours d’une période et des dépendances d’observations entre périodes. Pour
pouvoir modéliser ces types des séries chronologiques, nous présentons une classe de modèle
qui permet aux paramètres de modèles SARMA de varier périodiquement comme pour les mo-
dèles ARMA avec l’extension PARMA.

1.1.4 Modèles saisonniers périodiques autorégressifs moyennes mobiles

Un processus (XnT+ν) à valeurs réelles, admet une représentation saisonnière périodique
autorégressif moyenne mobile (SPARMA pour Seasonal PARMA), s’il satisfait l’équation sui-
vante

a(L,ν)a(L,ν)XnT+ν = b(L,ν)b(L,ν)εnT+ν. (1.12)

Nous réécrivons l’équation (1.12) sous la forme développée suivante :

XnT+ν−
p(ν)∑
i=1

ai (ν)XnT+ν−i −
P(ν)∑
j=1

a j (ν)X(n− j )T+ν+
p(ν)∑
i=1

P(ν)∑
j=1

a j (ν)ai (ν)X(n− j )T+ν−i =−
q(ν)∑
i=1

bi (ν)εnT+ν−i

−
Q(ν)∑
j=1

b j (ν)ε(n− j )T+ν+
q(ν)∑
i=1

Q(ν)∑
j=1

b j (ν)bi ε(n− j )T+ν−i +εnT+ν

(1.13)

Le processus (XnT+ν), sera noté SPARMAT(p1, . . . , pT; q1, . . . , qT)(P1, . . . , . . . ,PT;Q1, . . . ,QT)
Les ordres des polynômes saisonniers AR et MA sont donnés respectivement par P(ν) et

Q(ν). Les coefficients saisonniers AR et MA du modèle pour la saison ν ∈ {1, . . . ,T} sont res-
pectivement a j (ν) j=1,··· ,P(ν) et b j (ν) j=1,··· ,Q(ν). Le terme d’erreur (εt ) = (εnT+ν) est un bruit blanc
périodique déjà défini précédemment.

Nous parlons de modèle SPARMA fort quand le bruit blanc périodique dans (1.13) est fort
et de modèle SPARMA faible dans le cas contraire. La distinction entre un PARMA fort ou faible
n’est donc qu’une question d’hypothèse sur le bruit. Nous en déduisons la relation suivante

{SPARMA forts} ⊂ {SPARMA faibles} .

Comme pour les autres modèles présentés précédemment, nous relâcherons l’hypothèse
d’indépendance afin d’élargir également le champs d’applications des modèles SPARMA.

14



1.1. CONCEPTS DE BASE ET CONTEXTE BIBLIOGRAPHIQUE

Il n’y a pas de perte de généralité à prendre p1 = ·· · = pT = p, q1 = ·· · = qT = q , P1 = ·· · = PT = P
et Q1 = ·· · = QT = Q dans (1.13). Ainsi, le processus (XnT+ν) noté SPARMAT(p,q)(P,Q) vérifie
l’équation suivante :

XnT+ν−
p∑

i=1
ai (ν)XnT+ν−i −

P∑
j=1

a j (ν)X(n− j )T+ν+
p∑

i=1

P∑
j=1

a j (ν)ai (ν)X(n− j )T+ν−i =−
q∑

i=1
bi (ν)εnT+ν−i

−
Q∑

j=1
b j (ν)ε(n− j )T+ν+

q∑
i=1

Q∑
j=1

b j (ν)bi ε(n− j )T+ν−i +εnT+ν

(1.14)

Nous illustrons sur cet exemple la structure de la fonction d’autocorrélations des modèles
SPARMA.

Example 1.1.3 Soit un processus (XnT+ν)n∈Z satisfaisant un modèle SPARMA 2(0,1)(0,1)

X2n+ν = ε2n+ν−aε2n+ν−2 −bε2n+ν−1 +baε2n+ν−1−2, avec ε2n+ν un bb faible

Cov (X2n+ν,X2n+ν−h) =
Cov (ε2n+ν−aε2n+ν−2 −bε2n+ν−1 +baε2n+ν−1−2,ε2n+ν−h −aε2n+ν−2−h −bε2n+ν−1−h +baε2n+ν−1−2−h)

=Cov (ε2n+ν,ε2n+ν−h)−Cov (ε2n+ν, aε2n+ν−2−h)−Cov (ε2n+ν,bε2n+ν−1−h)+Cov (ε2n+ν, abε2n+ν−1−2−h)

−Cov (aε2n+ν−2,ε2n+ν−h)+Cov (aε2n+ν−2, aε2n+ν−2−h)+Cov (aε2n+ν−2,bε2n+ν−1−h)−Cov (aε2n+ν−2, abε2n+ν−1−2−h)

−Cov (bε2n+ν−1,ε2n+ν−h)+Cov (bε2n+ν−1, aε2n+ν−2−h)+Cov (bε2n+ν−1,bε2n+ν−1−h)−Cov (bε2n+ν−1, abε2n+ν−1−2−h)

+Cov (abε2n+ν−1−2,εt−h)−Cov (abε2n+ν−1−2, aε2n+ν−2−h)−Cov (abε2n+ν−1−2,bε2n+ν−1−h)

+Cov (abε2n+ν−1−2, abε2n+ν−1−2−h)

La fonction d’autocovariance du processus s’écrit pour un T = 2 fixé et pour ν= {1,2}

γν(h) =


σ2
ν(1+a2(ν)+b2(ν)+a2(ν)b2(ν)) si h = 0

−σ2
(ν)b(ν)(1+a2(ν)) si h = 1

0 si h > 1 et T 6=| h |
−σ2

(ν)a(ν)(1+b2(ν)) si h > 1 et T =| h |
La fonction d’autocorrélation du processus s’écrit pour un T (on prend T = 2 dans cet exemple)

fixé et pour ν= {1,2}

ρ(h) =


− σνb(ν)(1+a2(ν))
σν−1(1+a2(ν)+b2(ν)+a2(ν)b2(ν))

si h = 1 et T 6= 1

0 si h > 1 et T 6=| h |
− σνa(ν)(1+b2(ν))
σν−1(1+a2(ν)+b2(ν)+a2(ν)b2(ν))

si h > 1 et T =| h |
Nous constatons également que les calcules des fonctions autocovariances et d’autocorréla-

tions du modèles SPARMA, ne dépendent pas que du retard h mais aussi du valeur prise par la
saisonnalité comme pour les SARMA vue dans l ‘exemple 1.1.1.

Cette classe de modèles contient les modèles SARMA et PARMA comme cas particuliers.
Comme pour les modèles PARMA, l’étude des conditions d’inversibilités et de stationnarités,
des modèles SPARMA nécessite autant une réécriture des modèles sous forme vectorielle. Les
modèles SARMA sont considérés comme des modèles ARMA(p+Ps, q+Qs), mais avec des trous
et une paramétrisation parcimonieuse. De même, les modèles SPARMA(p, q)(P,Q) peuvent être
formulés comme un processus PARMA(p +PT, q +QT).

XnT+ν−
p+PT∑

i=1
a∗

i (ν)XnT+ν−i =−
q+QT∑

i=1
b∗

i (ν)εnT+ν−i +εnT+ν (1.15)
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où

a∗
i (ν) =

{
ai (ν) Si 1 ≤ i ≤ p

0 Si p < i < T
a∗

T j (ν) = a j (ν) pour 1 ≤ j ≤ P et a∗
T j+i (ν) =−ai (ν)a j (ν)

pour 1 ≤ i ≤ p, 1 ≤ j ≤ P

et

b∗
i (ν) =

{
bi (ν) Si 1 ≤ i ≤ q

0 Si q < i < T
b∗

T j (ν) = b j (ν) pour 1 ≤ j ≤ Q et b∗
0T j+i (ν) =−b0i (ν)b j (ν)

pour 1 ≤ i ≤ q, 1 ≤ j ≤ Q

Nous réécrivons l’équation (1.15) sous la forme vectorielle VARMA(p∗, q∗) suivante :

A0Xn −
p∗∑

k=1
Ak Xn−k = B0εn −

p∗∑
l=1

Bkεn−l (1.16)

où
Xn = (XnT+1, . . . ,XnT+T), εn = (εnT+1, . . . ,εnT+T) (1.17)

p∗ = [(p +PT − 1)/T]+ 1, q∗ = [(q +QT − 1)/T]+ 1, les matrices (T ×T) des coefficients de
Ak ,k = 0,. . . , p∗ et Bl , l = 0, . . . , q∗ sont définies par

(A0)i , j =


1 Si i = j
0 Si i < j

−a∗
i− j (i ) Si i > j

(B0)i , j =


1 Si i = j
0 Si i < j

−b∗
i− j (i ) Si i > j

et (Ak )i , j = a∗
kT+i− j (i ), k = 1, . . . , p∗ (Bl )(i , j ) = b∗

lT+i− j (i ), l = 1, . . . , q∗

Nous avons réécrit le modèle SPARMA sous la forme d’un modèle VARMA. Ainsi l’hypothèse
(H1”), nous assure les conditions de stationnarités, d’inversibilités et de causalités du modèle
SPARMA.

Il existe peu d’études sur les modèles saisonniers périodiques auto-régressifes moyennes
mobiles. Nous avons dans le cas fort, [7], qui ont étudié les conditions de stationnarité et la
distribution asymptotique des estimateurs des moindres carrés. Ils ont effectué ce travail dans
un cas particulier d’un SPARMA(1,0)(1,0). [80] ont généralisé le travail de [7] au cas de mo-
dèles SPVARMA(p,0)(P,0) (pour Seasonal Periodic VARMA). Nous allons les étendre au cadre
SPARMA(p,P)(P,Q) avec un bruit blanc périodique non corrélé mais non nécessairement indé-
pendant.

1.2 Contribution de la thèse

L’objectif principal de la thèse est d’étudier de quelle manière il convient d’adapter les outils
statistiques standards pour la validation de modèles saisonniers et/ou périodiques.

Le deuxième chapitre est consacré à la validation de modèles SARMA faibles. Dans un pre-
mier temps, nous rappelons les propriétés asymptotiques des estimateurs du quasi-maximum
de vraisemblance (en anglais QMLE). Ensuite nous étudions la distribution asymptotique jointe

16



1.3. RÉSULTATS DU CHAPITRE 2

de l’estimateur QMLE et des autocovariances empiriques. Ceci nous permet d’obtenir les dis-
tributions asymptotiques des autocovariances et autocorrélations résiduelles. Enfin, nous dé-
duisons le comportement asymptotique des statistiques portmanteau. Dans le cadre standard
(c’est-à-dire sous les hypothèses iid sur le bruit), il est connu que la distribution asymptotique
des tests portmanteau est approximée par chi-deux. Dans le cas général, nous montrons que
cette distribution asymptotique est celle d’une somme pondérée de chi-deux. Cette distribu-
tion peut être donc très différente de l’approximation chi-deux usuelle du cas fort. Nous en dé-
duisons des tests portmanteau modifiés pour tester l’adéquation des modèles SARMA faibles.
Une deuxième méthode alternative basée sur une approche d’auto-normalisation est propo-
sée dans ce chapitre pour tester l’adéquation des modèles SARMA faibles. L’utilisation de cette
technique a pour principal objectif d’éviter l’estimation de la matrice de covariance sympto-
tique des autocorrélations empiriques. Les valeurs critiques de la statistique de test introduite
sont tabulées dans [54]. Nous établissons dans cette partie une extension de résultat de [22] au
cas de modèles SARMA.

Le troisième chapitre est consacré aussi à la validation de modèles SVARMA faibles. Nous
étendons dans cette partie le travail de [56] aux cas de modèles SVARMA faibles. Nous avons
suivi la même méthodologie que le chapitre précédent mais en regardant cette fois ci, que les
fonctions autocorrélations qui sont multiples de la saisonnalité (2s,3s · · · ).

Dans le quatrième chapitre, nous rappelons dans un premier temps les résultats sur les es-
timateurs de moindres carrés ordinaires, généralisés et quasi-généralisés des paramètres des
modèles PARMA obtenus par [32]. Ensuite nous étudions la distribution asymptotique jointe
de l’estimateur moindre carrés quasi-généralisés et des autocovariances empiriques. Ceci nous
permet d’obtenir les distributions asymptotiques des autocovariances et autocorrélations rési-
duelles. Enfin, nous déduisons le comportement asymptotique des statistiques portmanteau.
Dans le cadre standard (c’est-à-dire sous les hypothèses iid sur le bruit), il est connu que la
distribution asymptotique des tests portmanteau est approximée par chi-deux. Dans le cas gé-
néral nous montrons que cette distribution asymptotique est celle d’une somme pondérée de
chi-deux. Cette distribution peut être très différente de l’approximation chi-deux usuelle du cas
fort. Nous en déduisons des tests portmanteau modifiés pour tester l’adéquation des modèles
PARMA faibles. De la même manière que le chapitre 2, une deuxième méthode alternative basée
sur une approche d’auto-normalisation est proposée dans ce chapitre pour tester l’adéquation
des modèles PARMA faibles.
Dans le dernier chapitre nous présentons un modèle saisonnier autorégressif moyenne mo-
bile avec des paramètres périodiques (SPARMA). Dans un premier temps, nous allons étudier
les propriétés asymptotiques de l’estimateur de moindres carrés quasi-généralisés des modèles
SPARMA induits par un bruit non corrélé mais qui peut contenir des dépendances non linéaires
générales. Dans un deuxième, temps nous allons développer le distribution asymptotique des
statistiques portmanteau des modèles SPARMA faibles. Nous en déduisons des tests portman-
teau modifiés pour tester l’adéquation des modèles SPARMA faibles. Nous proposons égale-
ment dans cette partie la méthode d’auto-normalisation pour les modèles SPARMA faibles.

1.3 Résultats du chapitre 2

Après l’étape d’estimation, une étape importante dans la modélisation des modèles SARMA
faibles consiste à vérifier si le modèle estimé ajuste bien correctement les données. Cette étape
d’adéquation permet de valider ou d’invalider le choix des ordres du modèle. Ce choix est im-
portant pour la précision des prévisions linéaires et pour une bonne interprétation du modèle.
L’objectif de ce chapitre est de rappeler dans un premiers temps, les propriétés asymptotiques
de l’estimateur du quasi-maximum de vraisemblance (QMLE en englais) du modèle SARMA
obtenus dans [20]. Dans un second temps, nous étudions les distributions asymptotiques des
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autocovariances et autocorrélations résiduelles induits par un bruit non corrélé mais qui peut
contenir des dépendances non linéaires très générales. Ceci nous permet de développer des
versions modifiées de tests portmanteau pour la validation des modèles SARMA faibles. Nous
proposons enfin, une deuxième méthode alternative basée sur une approche d’auto-normalisation
pour tester l’adéquation des modèles SARMA faibles. Cette méthode à l’avantage de contourner
le problème de l’estimation de la matrice de variance du vecteur joint de l’estimateur QML et
des autocovariances empiriques.

1.3.1 Propriétés asymptotiques de l’estimateur QML

Pour l’estimation des paramètres, nous utiliserons la méthode du quaxi-maximum de vrai-
semblance, c’est une méthode couramment utilisée, qui peut également être considérée comme
une estimation non linéaire.
Soit X = (Xt )t∈Z le processus défini dans (1.4). Il est d’usage courant pour le traitement statis-
tique des modèles SARMA de considérer que

θ0 = (a01, a02, · · · , a0p ,b01,b02, · · · ,b0q , a01, a02, · · · , a0P,b01,b02, · · · ,b0Q)′

est l’unique paramètre vérifiant l’équation (1.4). Nous garantissons cette condition d’identi-
fiabilité du paramètre par le fait de considérer que les polynômes saisonniers a(·) et non sai-
sonniers a(·) AR ne partagent respectivement aucun facteur en commun avec les polynômes
saisonniers b(·) et non saisonniers b(·) MA.
Le vrai paramètre (inconnu) θ0 est supposé appartenir à l’espace des paramètres

Θ=
{
θ= (a1, . . . , ap ,b1, . . . ,bq ,a1, . . . ,aP,b1, . . . ,bQ)′ ∈Rk0 , où k0 = p +q +P+Q,

aθ(z) = 1−
p∑

i=1
ai zi , aθ(z) = 1−

P∑
j=1

a j zs j , bθ(z) = 1−
p∑

i=1
bi zi et bθ(z) = 1−

Q∑
j=1

b j zs j

ont leurs zéros en dehors du disque unité
}

.

(H2) : Le processus ε= (εt )t∈Z est stationnaire et ergodique.

Pour la normalité asymptotique du QMLE, nous avons besoin des hypothèses supplémentaires.
Il est d’abord nécessaire de supposer que le paramètre θ0 n’est pas situé sur le bord de l’espace
de paramètre Θ.

(H3) : Nous avons θ0 ∈
◦
Θ, où

◦
Θ est à l’intérieur de Θ.

Pour contrôler la dépendance dans le temps du processus stationnaire (εt ), nous introduisons
les coefficients de mélange fort αε (h) définis par

αε (h) = sup
A∈F t−∞,B∈F+∞

t+h

|P (A∩B)−P(A)P(B)| ,

où F t−∞ = σ(εu ,u ≤ t ) et F+∞
t+h = σ(εu ,u ≥ t +h). Nous ferons une hypothèse d’intégrabilité

sur le moment du bruit et une condition de sommabilité sur les coefficients de mélange fort
(αε(k))k≥0.

(H4) : Nous avons E
∣∣εt |4+2ν <∞ et

∑∞
k=0 {αε(k)}

ν
2+ν <∞ pour un certain ν> 0.

L’hypothèse (H4) est une condition technique pour prouver les propriétés asymptotiques du
QMLE. L’hypothèse d’intégrabilité sur le moment du bruit n’est pas restrictive dans ce cadre
car le processus d’innovation (εt ) est directement observé (voir [68]).
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Étant donné une observation de longueur n, X1,X2, · · · ,Xn satisfaisant (1.4), les variables
aléatoires peuvent être approximées, pour 0 < t ≤ n par et (θ) définies récursivement par

et (θ) = Xt −
p∑

i=1
ai Xt−i −

P∑
j=1

a j Xt−s j +
p∑

i=1

P∑
j=1

ai a j Xt−s j−i +
q∑

i=1
bi et−i (θ)

+
Q∑

j=1
b j et−s j (θ)−

q∑
i=1

Q∑
j=1

bi b j et−s j−i (θ), (1.18)

où les valeurs initiales inconnues sont mises à zero : e0(θ) = ·· · = e1−q−sQ(θ) = X0 = ·· · = X1−p−sP =
0. La quasi-vraisemblance est donnée par

Ln(θ,σ2) =
n∏

t=1

1

(2π)1/2
p
σ2

exp

{
−e2

t (θ)

2σ2

}
.

Un QMLE de (θ,σ2) est une solution mesurable (θ̂n , σ̂2) de

(θ̂n , σ̂2) = argmin
θ,σ2

{
log(σ2)+ 1

2σ2
Qn(θ)

}
où Qn(θ) = 1

n

n∑
t=1

e2
t (θ).

Dans toute la suite, nous notons par
d−→, la convergence en distribution. Le symbole oP(1) est

utilisé pour une suite de variables aléatoires qui convergent vers zéro en probabilité. Sous les
hypothèses (H’1), (H2), (H3) et (H4), nous avons montré dans [20] presque sûrement que θ̂n →
θ0 quand n →+∞ et que :

p
n

(
θ̂n −θ0

)=−J−1 1p
n

n∑
t=1

Υt +oP(1)
d−−−−−→

n→+∞ N (0,Σ= J−1IJ−1), (1.19)

où

J = J(θ0) = 2

σ2
0

E

[
∂εt (θ0)

∂θ

∂εt (θ0)

∂θ′

]
, I = I(θ0) =

+∞∑
h=−∞

Cov(Υt ,Υt−h) et Υt = 2

σ2
0

εt (θ0)
∂εt (θ0)

∂θ
.

Notons que l’existence de la matrice I(θ0) est une conséquence de (H4) et de l’inégalité de
Davydov (voir [27]).

1.3.2 La distribution asymptotique des autocovariances et autocorrélations
résiduelles

Soit ε̂t = êt = et (θ̂n) les résidus du QMLE quand p > 0, P > 0, q > 0 et Q > 0. En utilisant
(1.18), nous avons êt = 0 pour t ≤ 0 et t > 0. De (1.4), nous en déduisons que

êt = X̂t −∑p
i=1 âi X̂t−i −∑P

j=1 â j X̂t−s j +∑p
i=1

∑P
j=1 âi â j X̂t−s j−i +∑q

i=1 b̂i êt−i

+∑Q
j=1 b̂ j êt−s j −∑q

i=1

∑Q
j=1 b̂i b̂ j êt−s j−i ,

pour t = 1, . . . ,n, avec X̂t = 0 pour t ≤ 0 et X̂t = Xt pour t ≥ 1.
Pour un entier m ≥ 1 fixé, définissons les autocovariances résiduelles

γ̂m = (
γ̂(1), . . . , γ̂(m)

)′ où γ̂(h) = 1

n

n∑
t=h+1

êt êt−h pour 0 ≤ h < n.

Dans la suite nous aurons également besoin du vecteur des m premières autocorrélations rési-
duelles

ρ̂m = (
ρ̂(1), . . . , ρ̂(m)

)′ où ρ̂(`) = γ̂(`)/γ̂(0)
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Le test portmanteau a été introduit par [24] (noté BP) afin de mesurer la qualité d’ajustement
d’un modèle ARMA fort. Ensuite [53] (noté LB) ont proposé une version modifiée du test port-
manteau de BP qui est à nos jours l’un des outils de diagnostic le plus populaire dans la modé-
lisation des séries chronologiques. En se basant sur les autocorrélations empiriques résiduelles
du bruit, leurs statistiques de test sont définies respectivement par

QBP
m = n

m∑
h=1

ρ̂2(h) et QLB
m = n(n +2)

m∑
h=1

ρ̂2(h)

n −h
. (1.20)

Ces statistiques sont souvent utilisées pour tester l’hypothèse nulle

(H 0) : (Xt )t∈Z satisfait une représentation SARMA(p, q)(P,Q)s ;

contre l’alternative

(H 1) : (Xt )t∈Z n’admet pas de représentation SARMA(p, q)(P,Q)s ou (Xt )t∈Z satisfait une repré-
sentation SARMA(p ′, q ′)(P′,Q′)s avec p ′ > p ou q ′ > q ou P′ > P ou Q′ > Q.

Ces tests sont des outils très utiles pour vérifier la signification globale des autocorrélations ré-
siduelles.
Nous définissons les autocovariances empiriques, avant d’énoncer les résultats qui donnent les
distributions jointes de θ̂n et des autocovariances empiriques, et les distributions des autocor-
rélations et autocovarainces résiduelles.

Notons tout d’abord que l’hypothèse (H4) impliquera la normalité asymptotique des auto-
covariances "empiriques"

γm = (
γ(1), . . . ,γ(m)

)′ où γ(h) = 1

n

n∑
t=h+1

εt εt−h pour 0 ≤ h < n.

Il est à noter que les γ(h) ne sont pas de statistiques (saut si p = P = q = Q = 0) puisqu’elles
dépendent des innovations théoriques ε= ε(θ0).

Un développement de Taylor autour de θ0 donne

γ̂(h) = γ(h)+ 1

N

n∑
t=h+1

{
εt−h

∂εt (θ)

∂θ′
+ ∂εt−h(θ)

∂θ′
εt (θ)

}
θ=θ∗n

(θ̂n −θ0)+oP(1/n)

= γ(h)+E
(
εt−h(θ0)

∂εt (θ)

∂θ′

)
(θ̂n −θ0)+oP(1/n),

où θ∗n est compris entre θ̂n et θ0. La dernière égalité découle de la consistance de θ̂n et du fait
que (∂εt−h/∂θ′)(θ0) n’est pas corrélé avec εt quand h ≥ 0. Ainsi, pour h = 1, · · · ,m, nous avons

γ̂m := (γ̂(1), · · · , γ̂(m))′ = γm +Φm(θ̂n −θ0)+oP(1/n), (1.21)

où

Φm = E


 εt−1

...
εt−m

 ∂εt

∂θ′

 . (1.22)

Nous en déduisons également que

p
nρ̂m =p

n
γ̂m

σ2
ε

+oP(
1p
n

). (1.23)
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Ainsi, de (1.23) on remarque que la distribution asymptotique des autocorrélations rési-
duelles

p
nρ̂m dépend de la distribution de γ̂m . D’après l’équation (1.21), l’étude de la distri-

bution jointe du vecteur
p

n
(
θ̂′n −θ′0,γ′m

)′
nous permettra de déduire la loi asymptotiques des

autocovariances résiduelles
p

nγ̂m . Définissons la matrice

Ξ=
(

Σ Σθ̂n ,γm

Σ′
θ̂n ,γm

Σγm

)
=

+∞∑
h=−∞

Ewt w ′
t−h , avec wt =

(
w1t

w2t

)
∈Rk0+m (1.24)

où w1t =−2σ−2
0 εt J−1 (∂εt /∂θ) et w2t = (εt−1, . . . ,εt−m)′ εt . Notons que l’existence de la matrice Ξ

est une conséquence de (H4) et de l’inégalité de Davydov (voir [27]). En appliquant le théorème
central limite pour le processus mélangeant (voir [42]), nous avons

p
n

(
θ̂′n −θ′0,γ′m

)′ = 1p
n

n∑
t=1

wt
d−−−−−→

n→+∞ N (0,Ξ).

La proposition suivante, qui est une généralisation du théorème 3 obtenu par
[20], fournit la distribution asymptotique des autocovariances et autocorrélations résiduelles
de modèles SARMA.

Proposition 1.3.1 Quand, p > 0, P > 0, q > 0 et Q > 0, sous certaines hypothèses, nous avons

p
nγ̂m

d−−−−−→
n→+∞ N

(
0,Σγ̂m

)
et

p
nρ̂m

d−−−−−→
n→+∞ N

(
0,Σρ̂m

)
où,

Σγ̂m =Σγm +ΦmΣΦ
′
m +ΦmΣθ̂n ,γm

+Σ′
θ̂n ,γm

Φ′
m et Σρ̂m = 1

σ4
0

Σγ̂m .

La preuve de cette proposition est similaire à celle donnée par [20, théorème 3].
Les matrices de variance asymptotique Σγ̂m et Σρ̂m dépendent des matrices inconnuesΞ,Φm et
du scalaire σ2

0. Les matrices Φm et σ2
0 peuvent être estimées empiriquement par

Φ̂m = 1

n

n∑
t=1

{
(ε̂t−1, . . . , ε̂t−m)′

∂ε̂t

∂θ′

}
and σ̂2 = γ̂(0) = 1

n

n∑
t=1

ε̂2
t .

Notons que la matrice (2π)−1Ξ peut être interpreté comme la densité spectrale du processus
statinnaire (wt ) évalué à la frequence zero, ainsi un estimateur deΞ est donné dans le Théorème
6 de [20]. d’autres estimateurs de cette variance, basée sur l’estimation de la densité spectrale
par une autorégression paramétrique existent dans la littérature (voir par exemple [5], [10], [28],
[63], pour les références générales). Dans ce chapitre, nous avons utilisé un estimateur spectral
VAR (Vector AR) donné dans le Théorème 6 de [20] consistant à : i) ajuster les modèles VAR(r )
pour r = 1, . . . ,rmax à la série ŵt , t = 1, . . . ,n, où ŵt est obtenu en remplaçant θ0 par θ̂n dans
wt ; ii) en sélectionnant l’ordre r qui minimise un critère d’information et en approximant Ξ
par (2π) fois la densité spectrale à la fréquence zéro du modèle VAR(r ) estimé. Par la suite, nous
avons utilisé le critère de sélection du modèle AIC avec rmax = 5.

1.3.3 Version modifiée du test portmanteau

A partir de la proposition 1.3.1 nous déduisons le résultat suivant, qui donne la distribu-
tion asymptotique exacte des statistiques (1.20) sous des hypothèses faibles sur l’innovation du
modèle SARMA.
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Theorem 1.3.2 Sous les hypothèses de la proposition 1.3.1 et (H 0), les statistiques QLB
m et QBP

m
introduites dans (1.20) convergent en distribution, quand n →+∞, vers

Zm(ξm) =
m∑

i=1
ξi ,mZ2

i

où ξm = (ξ1,m , . . . ,ξm,m)′ est le vecteur des valeurs propres de la matriceΣρ̂m =σ−4
0 Σγ̂m et Z1, . . . ,Zm

sont des variables indépendantes et identiquement distribuées de la loi N (0,1).

Remarque 1.3.1 Dans le cas de modèles SARMA forts, sous l’hypothèse nulle (H 0), les distri-
butions asymptotiques des statistiques QBP

m et QLB
m sont approximées par un χ2

m−(p+q+P+Q) où

m > p + q +P +Q et χ2
k est la distribution de chi-deux à k degrés de liberté. Le théorème 1.3.2

montre que cette approximation n’est plus valable et est très différente dans le cas de modèles
SARMA(p, q)(P,Q)s faibles.

Les versions modifiées des tests portmanteau de Box−Pierce (BP) et de Ljung−Box (LB), que
nous nous apprêtons à introduire, visent à détecter si les ordres p, P, q et Q d’un modèle
SARMA(p, q)(P,Q)s faible sont bien choisis. Les versions modifiées des tests portmanteau se-
ront notées BPW et LBW, l’indice W (pour weak en anglais) fait référence au terme faible.
La vraie distribution asymptotique dépend de paramètres de nuisance σ2

0, la matrice Φm et les
éléments de la matrice Ξ. Par conséquent, afin d’obtenir la distribution asymptotique des sta-
tistiques de Portmanteau (1.20) sous des hypothèses faibles sur le bruit, il faut un estimateur
consistant de la matrice de covariance asymptotique Σρ̂m . Notons par Σ̂ρ̂m la matrice obtenue
en remplaçant Ξ par Ξ̂ et σ2

0 par σ̂2 dans Σρ̂m . Soit ξ̂m = (ξ̂1,m , . . . , ξ̂m,m)′ le vecteur des valeurs
propres de Σ̂ρ̂m .
Au seuil asymptotique α, le test LBW (respectivement le test BPW ) consiste à rejeter l’hypothèse
nulle d’un modèle SARMA(p, q)(P,Q)s faible quand

QLB
m > Sm(1−α) ( respectivement QBP

m > Sm(1−α)),

où Sm(1−α) est tel que P
{
Zm(ξ̂m) > Sm(1−α)

} = α. Nous soulignons le fait que les versions
modifiées des tests portmanteau BP et LB sont plus difficiles à mettre en œuvre. En effet, les
valeurs critiques de loi limite de leurs statistiques doivent être calculées à partir des données.
Alors que les valeurs critiques de la méthode standard sont, quand à elles, simplement déduites
d’une table χ2.

1.3.4 La distribution asymptotique auto-normalisée des autocorrélations
résiduelles

Nous avons vu précédemment que l’obtention d’un estimateur convergent de la matrice
asymptotiqueΣρ̂m du vecteur des autocorrélations résiduelles nécessite le développement d’un
estimateur au moins faiblement consistant de la matrice Ξ. Cette matrice, contrairement à Φm

et au scalaire σ2
0, ne peut pas être estimée empiriquement. Nous avons proposé une approche

paramétrique basée sur une estimation AR de la densité spectrale (wt ) étudié par [10], [18] et
[15]. Cependant, cette approche pose le problème du choix du paramètre de troncature. En ef-
fet, cette méthode est basée sur une représentation AR(∞) du processus (wt )t∈Z. Le choix de
l’ordre de troncature est donc crucial et difficile.
Dans cette sous-section, comme dans [22], nous proposons une méthode alternative où nous
n’estimons pas la matrice de covariance asymptotique. Elle est basée sur une approche d’auto-
normalisation pour construire une statistique de test dont la distribution asymptotique ne dé-
pend pas de paramètres inconnus (voir [22] qui ont étudié cette approche dans le cas de mo-
dèles ARMA faibles). L’idée vient de [54] et a déjà été étendue par [51, 73, 74, 75] dans un cadre
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plus général. [22] ont proposé des versions modifiées des statistiques portmanteau standards
de Box−Pierce et de Ljung−Box. En plus du fait qu’elle permet de contourner le problème de
l’estimation de la matrice de variance asymptotique Ξ, cette technique nous épargne le calcul
(à partir des données) des valeurs critiques de la distribution limite des statistiques de tests.
En effet, les valeurs critiques de la loi limite de la statistique de test proposée par la méthode
basée sur l’approche d’auto-normalisation sont tabulées dans [54]. Dans un certain sens, cette
méthode est finalement plus proche de la méthode standard dans laquelle les valeurs critiques
sont simplement déduites d’une table χ2.

Notons par Λ la matrice par blocs de Rm×(k0+m) définis par Λ= (Φm |Im) où Ik est la matrice
d’identité d’ordre k. De (1.19) et (1.21), nous déduisons que

p
n γ̂m = n−1/2

n∑
t=1

Λwt +oP(1). (1.25)

A ce stade, nous ne considérons pas la méthode qui consiste à estimer la matrice de covariance
asymptotiqueΛwt . Nous avons besoin d’appliquer le théorème central limite fonctionnel pour
le processus Λw = (Λwt )t≥1 (voir le lemme 1 dans [54]). Pour cela, nous définissons la matrice
de normalisation Cm ∈Rm×m par

Cm = 1

n2

n∑
t=1

St S′
t où St =

t∑
j=1

(
Λw j −γm

)
.

Pour assurer l’inversibilité de la matrice Cm , qui est démontrée dans le lemme 6 dans [22],
nous avons besoin de l’hypothèse technique suivante sur la distribution de εt .

(H5) : Le processus ε= (εt )t∈Z a une densité strictement positive sur un voisinage de zéro.

Soit (BK(r ))r≥0 un mouvement brownien K-dimensionnel partant de 0. Pour K ≥ 1, nous
désignons UK la variable aléatoire définie par :

UK = B′
K(1)V−1

K BK(1) où VK =
∫ 1

0
(BK(r )− r BK(1))(BK(r )− r BK(1))′ dr. (1.26)

Les valeurs critiques UK ont été tabulées par [54].
Le théorème suivant énonce la distribution asymptotique auto-normalisée des autocovariances
et autocorrélations résiduelles.

Theorem 1.3.3 Supposons p > 0, q > 0, P > 0 ou Q > 0. Sous les hypothèse de la Proposition
1.3.1, (H5) et sous l’hypothèse nulle (H 0), nous avons

n γ̂′mC−1
m γ̂m

d−−−−→
n→∞ Um et nσ4

0ρ̂
′
mC−1

m ρ̂m
d−−−−→

n→∞ Um

La preuve de ce théorème est similaire à celle donnée dans [22] dans le cas des modèles
ARMA faibles.

Bien entendu, le théorème 1.3.3 est inutilisable dans la pratique car la matrice de normalisa-
tion Cm et le paramètre de nuisance σ2

0 ne sont pas observables. En pratique, nous remplaçons
la matrice Cm et la variance du bruit σ2

0 par leurs parties empiriques ou observables. La matrice
J peut être facilement estimé par sa partie empirique,

Ĵ = 2

σ̂2

1

n

n∑
t=1

∂et (θ̂n)

∂θ

∂et (θ̂n)

∂θ′
.
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Ainsi, nous définissons

Λ̂=
(
Φ̂m |Im

)
et ŵt =

(
−2Ĵ−1

n
∂et (θ̂n)

∂θ′
1

σ̂2
êt , êt êt−1, . . . , êt êt−m

)′
.

Enfin, nous désignons la matrice de normalisation Ĉm ∈Rm×m par

Ĉm = 1

n2

n∑
t=1

Ŝt Ŝ′
t où Ŝt =

t∑
j=1

(
Λ̂ŵ j − γ̂m

)
.

les quantités ci-dessus sont observables et nous pouvons donc énoncer la version applicable
du théorème 1.3.3.

Theorem 1.3.4 Supposons p > 0, q > 0, P > 0 ou Q > 0. Sous les hypothèses du théorème 1.3.3,
nous avons

n γ̂′mĈ−1
m γ̂m

d−−−−→
n→∞ Um et QSN

m = n σ̂4 ρ̂′mĈ−1
m ρ̂m

d−−−−→
n→∞ Um .

La preuve de ce théorème est similaire à celle donnée dans [22] dans le cas des modèles ARMA
faibles.

Sur la base du résultat ci-dessus, nous proposons la version modifiée de la statistique de
Ljung-Box suivante :

Q̃SN
m = n σ̂4 ρ̂′mD1/2

n,mĈ−1
m D1/2

n,m ρ̂m , (1.27)

où Dn,m ∈Rm×m est une matrice diagonale avec ((n+2)/(n−1), ..., (n+2)/(n−m)) sur la diago-
nale.

1.4 Résultats du chapitre 3

Dans ce chapitre, nous étendons le travail de [56] au cas de modèles SVARMA faibles. L’ob-
jectif principal consiste à améliorer les résultats d’analyse statistique de modèle SVARMA en
considérant l’étape de la validation du modèle avec des termes d’erreurs non corrélés mais
qui peuvent contenir des dépendances non linéaires. Nous allons d’abord présenter briève-
ment les résultats sur l’estimateur du quasi-maximum de vraisemblance du modèle considéré.
Nous énonçons des conditions assurant la consistance et la normalité asymptotique du QMLE.
Nous obtenons les distributions asymptotiques des autocovariances et des autocorrélations ré-
siduelles. Ces autocorrélations sont normalement distribuées et nous en déduisons le compor-
tement asymptotique du test portmanteau. Il est démontré que les tests portmanteau standards
(c’est-à-dire sous les hypothèses iid sur le bruit), peuvent être assez trompeurs. Dans le cas gé-
néral, nous montrons que cette distribution asymptotique est celle d’une somme pondérée de
chi-deux. Cette distribution peut être très différente de l’approximation de chi-deux usuelle du
cas fort.

1.4.1 Estimation du quasi-maximum de vraisemblance

Soit X = (Xt )t∈Z un procesus stationnaire de dimension d , satisfaisant une représentation
vectorielle saisonnière multiplicative autorégressive moyenne mobile (SVARMA)

Λθ0 (Ls)Aθ0 (L)Xt =Ψθ0 (Ls)Bθ0 (L)εt , ∀t ∈Z, (1.28)
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où les polynômes AR et MA sont définis respectivement par Aθ0 (L) = A00−∑p
i=1 A0i Li et Bθ0 (L) =

B00 −∑q
i=1 B0i Li , tandis les polynômes saisonniers AR et MA sont donnés par Λθ0 (L) = Λ00 −∑ps

i=1Λ0i Lsi et Ψθ0 (L) =Ψ00 −∑qs

i=1Ψ0i Lsi . Le vrai paramètre inconnu est noté θ0. Sans perte de
généralité, supposons les matrices A0p 6= 0 ou B0q 6= 0 ou Λ0ps 6= 0 ou Ψ0qs 6= 0. Remarquons
qu’en général, les polynômes matriciels saisonniers et non saisonniers ne commutent pas, et
donc l’ordre dans lequel sont placées les matrices dans l’équation (1.28) est important.

L’équation (1.28) notée SVARMA(p, q)(ps , qs), admet une représentation SVARMA faible si
εt vérifie l’hypothèse suivante :

(H6) : E(εt ) = 0, Var(εt ) =Σ0 et Cov(εt ,εt−h) = 0 ∀ h, t ∈Z, h 6= 0,

où la matrice de covariance Σ0 est non singulière. En général on dit que (Xt ) est un modèle
SVARMA fort si (εt ) est supposé être une suite iid. Un bruit blanc fort est évidemment un bruit
blanc faible, car l’indépendance implique l’absence de corrélation, mais l’inverse n’est pas vrai.
Soit Id la matrice d’identité d ×d . Lorsqu’on suppose A00 = B00 = Λ00 =Ψ00 = Id , la représen-
tation (1.28) est dite réduite et structurelle dans le cas contraire. Les formes structurelles sont
principalement utilisées en économétrie pour introduire des relations instantanées entre les
variables économiques. Bien entendu, des contraintes sont nécessaires pour l’identifiabilité de
ces représentations.

Soit [A00 . . . A0p B00 . . .B0qΛ00 . . .Λ0psΨ00 . . .Ψ0qs ] la matrice de taille d 2(p + q + ps + qs + 4)
constituée des coefficients de polynômes VAR et MA dans le modèle (1.28). Nous considérons
la matrice Σ0 comme un paramètre de nuisance. Le vecteur des vraies valeurs des paramètres
noté θ0 appartient à l’espace compact des paramètres Θ ⊂ Rk0 , et k0 est le nombre de para-
mètres inconnus qui est inférieur à d 2(p +q +ps +qs +4).
Les matrices A00, . . . , A0p ,B00, . . . ,B0q ,Λ00, . . . ,Λ0ps ,Ψ00, . . . ,Ψ0qs contenues dans le modèle (1.28)
sont paramétrées suivant le vecteur des vrais paramètres θ0. Plus précisément, nous écrivons
A0i = Ai (θ0), B0 j = B j (θ0), Λ0k =Λk (θ0) et Ψ0` =Ψ`(θ0) pour i = 0, . . . , p, j = 0, . . . , q , k = 0, . . . , ps

et `= 0, . . . , qs .
Supposons que cette paramétrisation vérifie les conditions de régularité suivantes.

(H7) : Les applications θ 7→ Ai (θ) i = 0, . . . , p, θ 7→ B j (θ) j = 0, . . . , q , θ 7→ Λk (θ) k = 0, . . . , ps et
θ 7→Ψ`(θ) `= 0, . . . , qs admettent des dérivées continues d’ordres 3 pour tout θ ∈Θ.

Par souci de simplicité, nous écrivons Ai , B j , Λk et Ψ` au lieu de Ai (θ), B j (θ), Λk (θ) et
Ψ`(θ). Soit Aθ(z) = A0 −∑p

i=1 Ai zi , Bθ(z) = B0 −∑q
i=1 Bi zi , Λθ(z) = Λ0 −∑ps

i=1Λi zsi et Ψθ(z) =
Ψ0−∑qs

i=1Ψi zsi . Nous supposons queΘ correspond à des représentations stables et inversibles,
à savoir

(H8) : pour tout θ ∈Θ, nous avons det Aθ(z)detBθ(z)detΛθ(z)detΨθ(z) 6= 0 pour tout |z| ≤ 1,

Pour l’estimation des modèles SVARMA faibles, nous utiliserons la méthode de l’estimation du
quasi-maximum de vraisemblance. Nous disposons des observations X1, . . . ,Xn d’un processus
satisfaisant la représentation (1.28). Notons que (H8) nous assure l’inversibilité des matrices
A00, B00, Λ00 et Ψ00 . Nous introduisons le processus d’innovation

et = A−1
00Λ

−1
00Ψ00B00εt ,

et écrivons la représentation (1.28) SVARMA structurelle sous forme SVARMA réduite

Xt −
p∑

i=1
A−1

00 A0i Xt−i −
ps∑

j=1
A−1

00Λ
−1
00Λ0 j A00Xt−s j +

p∑
i=1

ps∑
j=1

A−1
00Λ

−1
00Λ0 j A0i Xt−i−s j

= et −
q∑

i=1
A−1

00Λ
−1
00Ψ00B0i B−1

00Ψ
−1
00Λ00A00et−i −

qs∑
j=1

A−1
00Λ

−1
00Ψ0 jΨ

−1
00Λ00A00et−s j

+
q∑

i=1

qs∑
j=1

A−1
00Λ

−1
00Ψ0 j B0i B−1

00Ψ
−1
00Λ00A00et−i−s j .

(1.29)
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Pour t = 1, . . . ,n et pour tout θ ∈Θ, les variables aléatoires ẽt (θ) sont définies récursivement par

ẽt (θ) = Xt −
p∑

i=1
A−1

0 Ai Xt−i −
ps∑

j=1
A−1

0 Λ−1
0 Λ j A0Xt−s j +

p∑
i=1

ps∑
j=1

A−1
0 Λ−1

0 Λ j Ai Xt−i−s j

+
q∑

i=1
A−1

0 Λ−1
0 Ψ0Bi B−1

0 Ψ−1
0 Λ0A0ẽt−i (θ)+

qs∑
j=1

A−1
0 Λ−1

0 Ψ jΨ
−1
0 Λ0A0ẽt−s j (θ)

−
q∑

i=1

qs∑
j=1

A−1
0 Λ−1

0 Ψ j Bi B−1
0 Ψ−1

0 Λ0A0ẽt−i−s j (θ).

(1.30)

avec des valeurs initiales ẽ0(θ) = ẽ−1(θ) = ·· · = ẽ−q−qs+1(θ) = X0 = X−1 = ·· · = X−p−ps+1 = 0.
Nous montrons que ces valeurs initiales sont asymptotiquement négligeables et en particulier,
que
ẽt (θ0)−et → 0 presque sûrement quand t →+∞ (voir [18]). La quasi-vraisemblance gaussienne
s’écrit

L̃n(θ,Σe ) =
n∏

t=1

1

(2π)d/2
√

detΣe

exp

{
−1

2
ẽ ′

t (θ)Σ−1
e ẽt (θ)

}
,

où
Σe =Σe (θ) = A−1

0 Λ−1
0 Ψ0B0ΣB′

0Ψ
′
0Λ

−1′
0 A−1′

0 .

Il est à noter que la variance de et est Σe0 =Σe (θ0) = A−1
00Λ

−1
00Ψ00B00Σ0B′

00Ψ
′
00Λ

−1′
00 A−1′

00 . Des esti-
mateur du QMLE de θ et Σe sont définis comme toute solution mesurable (θ̂n , Σ̂e ) de

(θ̂n , Σ̂e ) = arg max
θ∈Θ,Σe

L̃n(θ,Σe ) = arg min
θ∈Θ,Σe

˜̀
n(θ,Σe ), ˜̀

n(θ,Σe ) = −2

n
logL̃n(θ,Σe ).

1.4.2 Propriétés asymptotiques de l’estimateur

Pour établir les propriétés asymptotiques de QMLE, θ̂n , nous utiliserons les hypothèses sui-
vantes

(H9) : Nous avons θ0 ∈Θ, où Θ est compact.

(H10) : Le processus (εt ) est stationnaire et ergodique.

(H11) : Pour tout θ ∈Θ tel que θ0 6= θ, soient les fonctions de transfert

A−1
00Λ

−1
00Ψ00B00B−1

θ0
(z)Ψ−1

θ0
(zs)Λθ0 (zs)Aθ0 (z) 6= A−1

0 Λ−1
0 Ψ0B0B−1

θ (z)Ψ−1
θ (zs)Λθ(zs)Aθ(z)

pour un z ∈C, or A−1
00Λ

−1
00Ψ00B00Σ0B′

00Ψ
′
00Λ

−1′
00 A−1′

00 6= A−1
0 Λ−1

0 Ψ0B0ΣB′
0Ψ

′
0Λ

−1′
0 A−1′

0 .

Remarque 1.4.1 Dans la représentation SVARMA réduite (1.29), la condition

A−1
00Λ

−1
00Ψ00B00Σ0B′

00Ψ
′
00Λ

−1′
00 A−1′

00 6= A−1
0 Λ−1

0 Ψ0B0ΣB′
0Ψ

′
0Λ

−1′
0 A−1′

0

peut être supprimée dans (H11) mais peut être importante pour les formes SVARMA structurelles
(1.28). En particulier, la condition (H11) est satisfaite lorsque l’on impose que A0 = B0 = Λ0 =
Ψ0 = Id , que (H8) est vérifié, que les facteurs commun de gauche de Aθ(L),Λθ(Ls), Bθ(L) etΨθ(Ls)
sont unimodulaires (i.e. avec un déterminant constant non nul), et enfin que la matrice [Ap :
Λps : Bq :Ψqs ] est de plein rang (voir par exemple [40] qui a donné plusieurs procédures assurant
l’identifiabilité).

(H12) : Nous avons θ0 ∈
◦
Θ, où

◦
Θ est l’intérieure Θ.
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Nous utilisons la matrice Mθ0 des coefficients de la forme réduite (1.29) où

Mθ0 = [A−1
00 A01 : . . . : A−1

00 A0p : A−1
00Λ

−1
00Λ01A00 : . . . : A−1

00Λ
−1
00Λ0ps A00 : A−1

00Λ
−1
00Λ01A01 :

. . . : A−1
00Λ

−1
00Λ01A0p : . . . : A−1

00Λ
−1
00Λ0ps A01 : . . . : A−1

00Λ
−1
00Λ0ps A0p :

A−1
00Λ

−1
00Ψ00B01B−1

00Ψ
−1
00Λ00A00 : . . . : A−1

00Λ
−1
00Ψ00B0q B−1

00Ψ
−1
00Λ00A00 :

A−1
00Λ

−1
00Ψ01Ψ

−1
00Λ00A00 : . . . : A−1

00Λ
−1
00Ψ0qsΨ

−1
00Λ00A00 :

A−1
00Λ

−1
00Ψ01B01B−1

00Ψ
−1
00Λ00A00 : . . . : A−1

00Λ
−1
00Ψ01B0q B−1

00Ψ
−1
00Λ00A00 : . . . :

A−1
00Λ

−1
00Ψ0qs B01B−1

00Ψ
−1
00Λ00A00 : . . . : A−1

00Λ
−1
00Ψ0qs B0q B−1

00Ψ
−1
00Λ00A00].

Maintenant, nous avons besoin d’une hypothèse d’identifiabilité locale qui complète (H11) et
précise comment cette matrice Mθ0 dépend du paramètre θ0. Nous notons par A⊗B le pro-
duit Kronecker de deux matrices A et B, et par vec(A) le vecteur obtenu par l’empilement des
colonnes de A. Soit Ṁθ0 la matrice ∂vec(Mθ)/∂θ′ évaluée en θ0.

(H13) : La matrice Ṁθ0 est de plein rang k0.

Proposition 1.4.1 Sous les hypothèses (H6)–(H11), soit (Xt ) une solution causal SVARMA de
l’équation (1.28) et θ̂n un QMLE. Alors θ̂n → θ0 presque sûrement quand n → +∞. Si en plus
les hypothèses (H4), (H12) et (H13) sont vérifiées, nous avons

p
n

(
θ̂n −θ0

) d→N (0,Ω := J−1IJ−1),

où J = J(θ0,Σe0) et I = I(θ0,Σe0), avec

J(θ,Σe ) = lim
n→∞

−2

n

∂2

∂θ∂θ′
logL̃n(θ,Σe ) presque sûrement et I(θ,Σe ) = lim

n→∞Var
2p
n

∂

∂θ
logL̃n(θ,Σe ).

Remarque 1.4.2 Dans le cas standard de modèles SVARMA forts, i.e. quand l’hypothèse (H10)
est remplacée par celle où les termes d’erreurs (εt ) sont iid, nous avons I = 2J, ainsi Ω = 2J−1.
Nous retrouvons également le résultat obtenu par [81] (voir Lemme 1, p. 2048) pour le modèles
SVARMA forts.

1.4.3 La distribution asymptotique des autocovariances et autocorrélations
résiduelles

Pour tout t ≥ 1, soient ε̂t := êt = ẽt (θ̂n) les résidus du quasi-maximum vraisemblance quand
p > 0, ps > 0, q > 0 où qs > 0. Nous utilisons (1.30) pour remarquer que nous avons êt = 0 pour
t ≤ 0 et t > n. A partir de (1.29), nous obtenons que

êt = X̂t −
p∑

i=1
Â−1

0 Âi X̂t−i −
ps∑

j=1
Â−1

0 Λ̂−1
0 Λ̂ j Â0X̂t−s j +

p∑
i=1

ps∑
j=1

Â−1
0 Λ̂−1

0 Λ̂ j Âi X̂t−i−s j

+
q∑

i=1
Â−1

0 Λ̂−1
0 Ψ̂0B̂i B̂−1

0 Ψ̂−1
0 Λ̂0Â0êt−i +

qs∑
j=1

Â−1
0 Λ̂−1

0 Ψ̂ j Ψ̂
−1
0 Λ̂0Â0êt−s j

−
q∑

i=1

qs∑
j=1

Â−1
0 Λ̂−1

0 Ψ̂ j B̂i B̂−1
0 Ψ̂−1

0 Λ̂0Â0êt−i−s j ,

pour t = 1, . . . ,n, avec X̂t = 0 pour t ≤ 0 et X̂t = Xt pour t ≥ 1. Sous les conditions citées dans [57]
(voir p. 301), nous notons par

γ (sh) = 1

n

n∑
t=1+sh

et e ′
t−sh et Γ̂e (sh) = 1

n

n∑
t=1+sh

êt ê ′
t−sh
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les autocovariances empiriques du bruit blanc et les autocovariances résiduelles multiples de
la saison s. Pour un entier m ≥ 1 fixé, nous considérons

γm(s) =
({

vecγ(1s)
}′ , . . . ,

{
vecγ(ms)

}′)′ et Γ̂m(s) =
({

vecΓ̂e (1s)
}′

, . . . ,
{
vecΓ̂e (ms)

}′)′
.

Soient les matrices diagonales

Se = Diag(σe (1), . . . ,σe (d)) et Ŝe = Diag(σ̂e (1), . . . , σ̂e (d)) ,

où σ2
e (i ) est la variance de la i -ème coordonnées de et et σ̂2

e (i ) est son estimateur (i.e. σ2
e (i ) =

Ee2
i t et σ̂2

e (i ) = n−1 ∑n
t=1 ê2

i t ). Les autocorrélations théoriques et résiduelles du retard ` sont dé-
finies respectivement par Re (`) = S−1

e Γe (`)S−1
e et R̂e (`) = Ŝ−1

e Γ̂e (`)Ŝ−1
e , avec Γe (`) := Eet e ′

t−` = 0
pour tout ` 6= 0. Nous considérons des vecteurs des m (pour m ≥ 1) premières autocorrélations
résiduelles

ρ̂m(s) =
({

vecR̂e (1s)
}′

, . . . ,
{
vecR̂e (ms)

}′)′
.

[26] et [48] ont étendu les tests portmanteau univariés du modèle ARMA fort de [24, 53], au
cas des modèles ARMA multivariés forts. Les statistiques de test multivariées introduites sont
définies par :

QC
m = n

m∑
h=1

Tr
(
Γ̂′(h)Γ̂−1(0)Γ̂(h)Γ̂−1(0)

)
et QH

m =
m∑

h=1

n2

(n −h)
Tr

(
Γ̂′(h)Γ̂−1(0)Γ̂(h)Γ̂−1(0)

)
, (1.31)

où n est la taille de la série, m est un entier fixé et Γ̂(h) est la fonction des matrices d’auto-
covariances résiduelles du processus multivarié ε̂, on note Tr(·) la trace de la matrice A et A′

la transposée de la matrice A. [46, 47] a donné plusieurs formes équivalentes des statistiques
(1.31). Ces dernières (1.31) sont généralement utilisées pour vérifier la signification globale des
autocorrélations résiduelles d’un modèle VARMA (voir [1, 52]).
Ces statistiques sont souvent utilisées pour tester l’hypothèse nulle

(H 0) : (Xt )t∈Z satisfait une représentation SVARMA(p, q)(ps , qs) ;

contre l’alternative

(H 1) : (Xt )t∈Z n’admet pas de représentation SVARMA(p, q)(ps , qs) où (Xt )t∈Z satisfait une repré-
sentation SVARMA(p, q)(p ′

s , q ′
s) avec p ′

s > ps ou q ′
s > qs .

Récemment, [56] a introduit les versions suivantes des statistiques de portmanteau pour les
modèles SARMA univariés forts

QBP
m (s) = n

m∑
h=1

ρ̂2(sh) et QLB
m (s) = n(n +2)

m∑
h=1

ρ̂2(sh)

n − sh
. (1.32)

En nous inspirant de (1.31) et des statistiques univariées de portmanteau (1.32), nous avons
introduit les versions suivantes des statistiques de portmanteau.

QC
m(s) = n

m∑
h=1

Tr
(
Γ̂′(sh)Γ̂−1(0)Γ̂(sh)Γ̂−1(0)

)
et

QH
m(s) =

m∑
h=1

n2

(n − sh)
Tr

(
Γ̂′(sh)Γ̂−1(0)Γ̂(sh)Γ̂−1(0)

)
. (1.33)

Cette modification est justifiée par les conditions indiquées dans [57] (voir p. 301). La distribu-
tion limite des tests qui découle de (1.33) est obtenue par une extension de ceux obtenus dans
[24, 26, 48, 53].
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Proposition 1.4.2 Nous supposons que la représentation (1.28) vérifie un modèle SVARMA fort.
Sous les hypothèses indiquées par [57] (voir p. 301), à savoir : si p ¿ s et q ¿ s et les racines
de det Aθ(z)detBθ(z) = 0 sont à l’extérieur du disque unité et H 0, les statistiques définies dans
(1.33) suivent une distribution chi-deux à d 2(m −ps −qs) > 0 degré de liberté pour les n grands
et ms ≤ (n −1).

Compte tenue de la proposition 1.4.2 , la procédure de test consiste à rejeter l’hypothèse
nulle d’un modèle SVARMA(p, q)(ps , qs) si les statistiques (1.33) sont supérieures à un χ2

d 2(m−ps−qs )
.

Par conséquent, ces tests ne sont pas non plus applicables pour m ≤ ps +qs .
A partir de la distribution jointe du vecteur

p
n

(
θ̂′n −θ′0,γ′m(s)

)
, nous en déduisons la distri-

bution asymptotique de
p

nρ̂m(s). Les hypothèses de mélange (H4) impliquent la normalité
asymptotique des autocovariances empiriques γm(s). Soit

Γ(s`, s`′) =
∞∑

h=−∞
E
(
{et−s`⊗et } {et−h−s`′ ⊗et−h}′

)
, pour (`,`′) 6= (0,0).

Nous sommes maintenant en mesure d’énoncer le théorème suivant, qui est une extension
d’un résultat donné dans [15].

Theorem 1.4.3 Supposons que p > 0 et ps > 0 ou q > 0 et qs > 0. Sous les hypothèses (H4) et
(H6)–(H13), quand n →+∞,

p
n

(
θ̂′n −θ′0,γ′m(s)

)′ = 1p
n

n∑
t=1

wt +oP(1)
d−−−−−→

n→+∞ N (0,Ξ),

où

Ξ=
(

Ω Σθ̂n ,γm (s)

Σ′
θ̂n ,γm (s)

Σγm (s)

)
=

+∞∑
h=−∞

Ewt w ′
t−h , avec wt =

(
w1t

w2t

)
(1.34)

où w1t =−2J−1
(
∂e ′

t /∂θ
)
Σ−1

e0 et et w2t = (εt−1s , . . . ,εt−ms)′ εt et oùΣγm (s) =
{
Γ(s`, s`′)

}
1≤`,`′≤m ,Σ′

γm (s),θ̂n
=

limn→∞ Cov(n−1/2 ∑n
t=1 J−1Υt ,

p
nγm(s)) et Ω = J−1IJ−1. Les matrices I et J sont définies dans la

proposition 1.4.1.

Définissons la matrice

Φm(s) = E


 et−1s

...
et−ms

⊗ ∂et

∂θ′

 . (1.35)

Le théorème suivant donne le comportement asymptotique des autocovariances et autocorré-
lations résiduelles.

Theorem 1.4.4 Sous les hypothèses du théorème 1.4.3, nous avons

p
nΓ̂m(s)

d−−−−−→
n→+∞ N

(
0,ΣΓ̂m (s)

)
et

p
nρ̂m(s)

d−−−−−→
n→+∞ N

(
0,Σρ̂m (s)

)
où,

ΣΓ̂m (s) =Σγm (s) +Φm(s)ΩΦ′
m(s)+Φm(s)Σθ̂n ,γm (s) +Σ′

θ̂n ,γm (s)
Φ′

m(s) (1.36)

Σρ̂m (s) =
{
Im ⊗ (Se ⊗Se )−1}ΣΓ̂m (s)

{
Im ⊗ (Se ⊗Se )−1} (1.37)

et Φm(s) est donnée par (1.35).

Remarque 1.4.3 Quand s = 1, nous retrouvons le resultat obtenu par [15]. Dans le cas standard
de modèles SVARMA forts, i.e. quand l’hypothèse (H10) est remplacée par celle où les termes d’er-
reurs (εt ) sont iid et quand s = 1, nous avons Σγm (1) = Im ⊗Σe0 ⊗Σe0, Ω = 2J−1 (voir Remarque
1.4.2) et Σ′

θ̂n ,γm (s)
= −Φm(1)Ω. Ainsi ΣΓ̂m (1) = Im ⊗Σe0 ⊗Σe0 −Φm(1)ΩΦ′

m(1), nous retrouvons le

résultat obtenu par[81].
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1.4.4 Version modifiée de test portmanteau

Plusieurs formes équivalentes des statistiques (1.31) sont données par [48]. En utilisant les
identités élémentaires vec(AB) = (I⊗A)vecB, (A⊗B)(C⊗D) = AC⊗BD et Tr(ABC) = vec(A′)′(C′⊗
I)vecB, on peut trouver des formes de base analogues pour les statistiques (1.33)

QC
m(s) = n

m∑
h=1

Tr
(
Γ̂′e (sh)Γ̂−1

e (0)Γ̂e (sh)Γ̂−1
e (0)

)
= nρ̂′m(s)

(
Im ⊗{

R̂−1
e (0)⊗ R̂−1

e (0)
})
ρ̂m(s).

Les mêmes formes équivalentes valent pour QH
m(s). A partir du Théorème 1.4.4, nous en dédui-

sons le résultat suivant, qui donne la distribution asymptotique exacte des statistiques stan-
dards de portmanteau (1.33), dans le cas de modèles SVARMA faibles. Nous verrons que cette
distribution peut être très différente du χ2

d 2(m−ps−qs )
obtenu dans le cas des modèles SVARMA

forts.

Theorem 1.4.5 Sous les hypothèses du théorème 1.4.4 et (H 0), les statistiques QC
m et QH

m intro-
duites dans (1.33) convergent en distribution, quand n →+∞, vers

Zm(ξm) =
d 2m∑
i=1

ξi ,d 2mZ2
i

où ξm = (ξ1,d 2m , . . . ,ξd 2m,d 2m)′ est le vecteur des valeurs propres de la matrice

Ωm = (
Im ⊗Σ−1/2

e ⊗Σ−1/2
e

)
ΣΓ̂m

(
Im ⊗Σ−1/2

e ⊗Σ−1/2
e

)
,

et Z1, . . . ,Zd 2m sont des variables indépendantes N (0,1).

Au vu du théorème 1.4.4, les matrices de variance asymptotique ΣΓ̂m (s) et Σρ̂m (s) dépendent des
matrices inconnuesΞ,Φm(s) et de paramètre de nuisance Σe . Les matricesΦm(s) et Σe peuvent
être respectivement estimées empiriquement par

Φ̂m(s) = 1

n

n∑
t=1

{
(êt−1s , . . . , êt−ms)′

∂êt

∂θ′

}
et Σ̂e = Γ̂e (0) = 1

n

n∑
t=1

êt ê ′
t .

Dans la littérature économétrique, l’estimateur non paramétrique du noyau (voir [63], ou
[5]), aussi appelé HAC ( Heteroscedasticity and Autocorrelation Consistant) est largement uti-
lisé pour estimer une matrices de covariance de la forme Ξ. La matrice Ξ/2π peut être inter-
prétée comme la densité spectrale du processus stationnaire (wt ) = (w ′

1t , w ′
2t )′t∈Z évaluée à la

fréquence 0 (voir [25], p. 459), une autre méthode consiste à utiliser une estimation de la den-
sité spectrale de wt par une autorégression. Cette approche, qui a été étudiée par [10] (voir aussi
[28]), repose sur l’expression

Ξ=Φ−1(1)ΣuΦ
′−1(1)

lorsque (wt ) satisfait une représentation AR(∞) de la forme paramétrique

Φ(L)wt = wt +
∞∑

i=1
Φi wt−i = ut , (1.38)

où ut est un bruit blanc faible de variance Σu . Puisque wt est non observable, nous posons ŵt

le vecteur obtenu en remplaçant θ0 par θ̂n dans l’expression wt . Nous définissons le polynôme
Φ̂r (z) = Ik0+m +∑r

i=1 Φ̂r,i zi , où Φ̂r,1, . . . ,Φ̂r,r sont les coefficients de la régression des moindres
carrés de ŵt sur ŵt−1, . . . , ŵt−r . Notons ûr,t les résidus de cette régression, et soit Σ̂ûr la variance
empirique de ûr,1, . . . , ûr,n . Nous énonçons le théorème suivant qui est une extension du résultat
de [33].
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Theorem 1.4.6 Sous les hypothèses du théorème 1.4.5, nous supposons que le processus (wt ) dé-
fini dans (1.38) admet une représentation AR(∞) dont les racines de detΦ(z) = 0 sont à l’extérieur
du disque unité, ‖Φi‖ = o(i−2), et que la matrice Σu = Var(ut ) est non-singulière. De plus, nous
supposons que E |εt |8+4ν < ∞ et

∑∞
k=0{αε(k)}ν/(2+ν) < ∞ pour un réel ν > 0. Alors l’estimateur

spectral de Ξ
Ξ̂SP = Φ̂−1

r (1)Σ̂ûr Φ̂
′−1
r (1) →Ξ

en probabilité quand r = r (n) →+∞ et r 3/n → 0 quand n →+∞.

Soit Ω̂m la matrice obtenue en remplaçcantΞ par Ξ̂ et Σe par Σ̂e dansΩm . Définissons ξ̂m =
(ξ̂1,d 2m , . . . , ξ̂d 2m,d 2m)′ le vecteur des valeurs propres de Ω̂m . Pour un niveau asymptotique de
risque α, le test consiste à rejeter l’adéquation de modèles SVARMA faibles quand

QC
m(s) > Sm(1−α) (resp. QH

m(s) > Sm(1−α))

où Sm(1−α) est tel que P
{
Zm(ξ̂m) > Sm(1−α)

}= α.

1.5 Résultats du chapitre 4

Dans cet chapitre nous rappelons dans un premier temps, les résultats sur les estimateurs
de moindres carrés ordinaires, généralisés et quasi-généralisés des paramètres des modèles
PARMA obtenus par [32]. Dans un second temps, nous étudions le comportement asympto-
tique du test portmanteau dans le cadre du modèle PARMA dont les termes d’erreur sont non
corrélés mais peuvent contenir de dépendances non linéaires.
L’étude de la distribution asymptotique jointe de l’estimateur des moindre carrés quasi-généralisés
et des autocovariances empiriques du bruit périodique, nous permet d’obtenir les distributions
asymptotiques des autocovariances et autocorrélations résiduelles périodiques pour un ν don-
née. Ceci nous permet d’avoir par la suite les distributions asymptotiques des autocovariances
et autocorrélations résiduelles globales. Nous déduisons le comportement asymptotique des
statistiques portmanteau pour un ν donnée et le comportement asymptotique des statistiques
portmanteau globales. De la même manière que le chapitre 2, une deuxième méthode alter-
native basée sur une approche d’auto-normalisation est proposée dans ce chapitre pour tester
l’adéquation des modèles PARMA faibles.

1.5.1 Propriétés asymptotiques des estimateurs

Soient φ(ν) = (
φ1(ν), . . . ,φp (ν)

)′ et θ(ν) = (
θ1(ν), . . . ,θq (ν)

)′ respectivement les vecteurs des
paramètres autorégressifs et des moyennes mobiles pour une saison donnée ν. L’ensemble de
dimension T(p +q) de tous les paramètres PARMA est noté par

α := (
φ(1)′, . . . ,φ(T)′,θ(1)′, . . . ,θ(T)′

)′
dont la dimension de α est (p +q)T×1. La variance σ2 = (

σ2(1), . . . ,σ2(T)
)′

périodiques du bruit
blanc seront considérée comme un paramètre de nuisance.

Le paramètre inconnu α0 appartient à l’espace des paramètres

∆=
{
α= (

φ(1)′, . . . ,φ(T)′,θ(1)′, . . . ,θ(T)′
)′ tel que (H1”) est vérifiée

}
.

Sans perte de généralité, nous supposons que ∆ est compact. Pour α ∈∆, soit εnT+ν(α) la solu-
tion stationnaire périodique de seconde ordre de

εnT+ν(α) = XnT+ν−
p∑

k=1
φk (ν)XnT+ν−k +

q∑
l=1

θl (ν)εnT+ν−l (α). (1.39)

31



1.5. RÉSULTATS DU CHAPITRE 4

Les variables εnT+ν(α) peuvent être approximées, pour 0 < nT+ν≤ NT par enT+ν(α) définies
récursivement par

enT+ν(α) = XnT+ν−
p∑

k=1
φk (ν)XnT+ν−k +

q∑
l=1

θl (ν)enT+ν−l (α), (1.40)

où les valeurs initiales inconnues sont mises à zero : e0(α) = ·· · = e1−q (α) = X0 = ·· · = X1−p = 0.
Comme le montre [32, Lemme 7], ces valeurs initiales sont asymptotiquement négligeables

uniformément en α.
La variable aléatoire α̂OLS est appelée l’estimateur de moindres carrés ordinaires (OLS pour

Orinary Least Squares en anglais) de α si elle satisfait presque sûrement,

SN(α̂OLS) = min
α∈∆

SN(α) où SN(α) = 1

2N

N−1∑
n=0

T∑
ν=1

e2
nT+ν(α).

En raison de la présence d’innovations hétéroscédastiques, l’estimateur OLS pourrait être
inefficace. Étant donné certains vecteurs de poids, ω2 = (ω2

1, . . . ,ω2
T)′, [32] (voir également [6])

ont montré que l’estimateur OLS est inefficace par rapport à l’estimateur des moindres carrés
pondérés (WLS pour Weighted LS) α̂WLS = α̂ω2

WLS défini par

Qω2

N (α̂WLS) = min
α∈∆

Qω2

N (α) où Qω2

N (α) = 1

2N

N−1∑
n=0

T∑
ν=1

ω−2
ν e2

nT+ν(α).

[32] et [6] ont montré qu’un estimateur WLS optimal est l’estimateur des moindres carrés
généralisés (GLS pour Generalized LS) défini par

α̂GLS = α̂σ
2

WLS, où σ2 = (σ2
1, . . . ,σ2

T)′. (1.41)

Comme mentionné par [32], l’estimateur GLS suppose que σ2 est connu. En pratique, ce
paramètre doit également être estimé. Pour tout estimateur consistant σ̂2 = (σ̂2

1, . . . , σ̂2
T)′ de σ2,

un estimateur des moindres carrés quasi-généralisé (QLS pour Quasi-generalized LS) de α0 est
défini par

α̂QLS = α̂σ̂
2

WLS. (1.42)

Un estimateur consistant possible de σ2
ν peut être estimé par

σ̂2
ν =

1

N

N−1∑
n=0

e2
nT+ν(α̂OLS).

Pour établir la consistance des estimateurs des moindres carrés (LSE), une hypothèse sup-
plémentaire est nécessaire.

(H2”) : Le bruit blanc {εn = (εnT+1, . . . ,εnT+ν, . . . ,εnT+T)′ ,n ∈Z} de dimension T est strictement
stationnaire et ergodique.

Pour la normalité asymptotique de LSE, nous avons besoin des hypothèses supplémen-
taires. Il est d’abord nécessaire de supposer que le paramètre α0 n’est pas situé sur le bord de
l’espace de paramètre ∆.

(H3”) : Nous avons α0 ∈
◦
∆, où

◦
∆ est à l’intérieur ∆.
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Pour contrôler la dépendance dans le temps du processus stationnaire (εn), nous introdui-
sons les coefficients de mélange fort αε(h) définis par

αε (h) = sup
A∈F n−∞,B∈F+∞

n+h

|P (A∩B)−P(A)P(B)| ,

où F n−∞ =σ(εu ,u ≤ n) et F+∞
n+h =σ(εu ,u ≥ n +h).

Nous utilisons ‖ ·‖ pour noter la norme Euclidienne du vecteur. Nous ferons une hypothèse
d’intégrabilité sur le moment du bruit et une condition de sommabilité sur les coefficients de
mélange fort (αε(k))k≥0.

(H4”) : Nous avons E‖εn‖4+2κ <∞ et
∑∞

k=0 {αε(k)}
κ

2+κ <∞ pour cetaines κ> 0.

Sous les hypothèses ci-dessus [32] ont montré que
α̂OLS → α0, α̂WLS → α0, α̂GLS → α0 et α̂QLS → α0 quand N →+∞ et

p
N(α̂LS −α0)

d−−−−−→
N→+∞

N
(
0,ΩLS) , (1.43)

où l’exposant LS signifie OLS, WLS, GLS et QLS, et où

ΩOLS =Ω(α0, (1, . . . ,1)′), ΩWLS =Ω(α0,ω2), ΩGLS =Ω(α0,σ2), ΩQLS =Ω(α0, σ̂2),

avec
Ω(α0,ω2) = (

J(α0,ω2)
)−1

I(α0,ω2)
(
J(α0,ω2)

)−1
.

Les matrices I(α0,ω2) et J(α0,ω2) sont définies comme suit :

J(α0,ω2) =
T∑
ν=1

ω−2
ν E

[(
∂εnT+ν(α)

∂α

)(
∂εnT+ν(α)

∂α

)′]
α=α0

, (1.44)

I(α0,ω2) =
T∑
ν=1

T∑
ν′=1

ω−2
ν ω−2

ν′
∞∑

k=−∞
E

[
εν(α)εkT+ν′(α)

(
∂εν(α)

∂α

)(
∂εkT+ν′(α)

∂α

)′]
α=α0

. (1.45)

1.5.2 La distribution asymptotique des autocovariances et autocorrélations
résiduelles

Soient ε̂nT+ν = ênT+ν = enT+ν(α̂LS) les résidus périodiques de moindres carrés quand p+q >
0. Nous utilisons (1.40) pour remarquer que nous avons êt = 0 pour t := nT+ν≤ 0 et t > NT. De
(1.6), pour n = 0,1, . . . ,N−1, nous déduisons que

ênT+ν = XnT+ν−∑p
k=1 φ̂k (ν)XnT+ν−k +

∑q
l=1 θ̂l (ν)ênT+ν−l ,

pour 1 ≤ t ≤ NT, avec X̂t = 0 pour t ≤ 0 et X̂t = Xt pour t ≥ 1. Nous notons par

γ(ν, l ) = 1

N

N∑
n=l+1

εnT+νεnT+ν−l et γ̂(ν, l ) = 1

N

N∑
n=l+1

ênT+νênT+ν−l , (1.46)

les autocovariances empiriques du bruit blanc périodique et les autocovariances pério-
diques résiduelles. Il est à noter que γ(ν, l ) ne sont pas de statistiques puisqu’elles dépendent
des innovations théoriques εnT+ν = εnT+ν(α0).

Pour un entier m ≥ 1 fixé, soient

γm(ν) := (
γ(ν,1), . . . ,γ(ν,m)

)′ et γ̂m(ν) := (
γ̂(ν,1), . . . , γ̂(ν,m)

)′ ,
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les vecteurs des autocovariances empiriques et autocovariances résiduelles pour unνdonné.
De la même manière, les autocovariances empiriques globales et les autocovariances rési-

duelles sur toutes les saisons sont données par

γmT := (
γm(1), . . .γm(T)

)′ et γ̂mT := (
γ̂m(1), . . . , γ̂m(T)

)′ .
Notons tout d’abord que l’hypothèse de mélange (H4”) impliquera la normalité asympto-

tique de γm(ν) et γm(T). Les autocorrélations théoriques et résiduelles de retard ` sont respec-
tivement définis par

ρ(ν, l ) = Γ(ν, l )√
Γ(ν,0)Γ(ν− l ,0)

et ρ̂(ν, l ) = γ̂(ν, l )√
γ̂(ν,0)γ̂(ν− l ,0)

avec γ̂(ν− l ,0) = 1

N

N∑
n=1

ê2
nT+ν−l ,

et où Γ(ν, l ) := Cov(εnT+ν,εnT+ν−l ) avec Γ(ν,0) := σ2
ν. Voir par exemple [72] pour certaines pro-

priétés de Γ(ν, l ).
Dans la suite, nous aurons également besoin de ces expression :

ρ̂m(ν) = (
ρ̂(ν,1), . . . , ρ̂(ν,m)

)′ et ρ̂mT = (
ρ̂m(1), . . . , ρ̂m(T)

)′ ,
où ρ̂m(ν) représente le vecteur de m premiers autocorréaltions résiduelles pour un ν donné et
ρ̂m(T) est le vecteur global de autocorrélations résiduelles de toutes les saisons.
Sur la base des autocorrélations empiriques résiduelles, [24] ont proposé un test pour mesurer
la qualité d’ajustement, le test dit portmanteau pour les modèles ARMA forts. Une modifica-
tion de leur test a été proposée par [53]. Pour tester simultanément si toutes les autocorréla-
tions résiduelles aux retards 1, . . . ,m d’un modèle PARMA sont égaux à zeros pour une période
ν donnée, le test portmanteau de [24, 53] peut être adapté comme proposé par [59, 60] (voir
également [43]). Sur la base de ces résultats, [59, 60] a suggéré les statistiques suivantes définies
par

QBP
m (ν) = N

m∑
h=1

ρ̂2(ν,h) et QLBM
m (ν) = N

m∑
h=1

%(h,ν,N,T)ρ̂2(ν,h), (1.47)

où %(h,ν,N,T) est appelé la correction de Ljung-Box-McLeod (LBM) et est définie par

%(h,ν,N,T) =
{

(N+2)/(N−h/T) si h ≡ 0 mod T
N/(N−b(h −ν+T)/Tc) sinon.

La statistique QLBM
m (ν) a la même distribution chi-deux que la statistique QLBM

m (ν) et est adaptée
pour les échantillons de petites et moyennes taille (voir [59, 60]). Si le modèle PARMAT(p; q) fort
est vérifié pour un ν donné, QBP

m (ν) ou QLBM
m (ν) sera distribué asymptotiquement comme une

variable chi-deux avec m − (p +q) (et m − (pν+qν) degrés de liberté pour le PARMA fort (1.7))
degrés de liberté pour le modèle (1.6).

Il convient de noter que le retard m utilisé dans (1.47) pourrait être choisi pour être différent
selon les saisons mais dans la plupart des applications, il est raisonnable d’utiliser la même
valeur de m pour toutes les saisons (voir par exemple [43]). Entre les saisons, les statistiques du
test portmanteau sont asymptotiquement indépendant pour ν= 1, . . . ,T. Par conséquent, dans
le cas des statistiques du test portmanteau dans (1.47), un test global pour vérifier si les résidus
de toutes les saisons sont des estimations de bruits blancs est donné par

QBP
m =

T∑
ν=1

QBP
m (ν) et QLBM

m =
T∑
ν=1

QLBM
m (ν). (1.48)

Ainsi, si le modèle PARMAT(p; q) fort est vérifié, les statistiques globales (1.48) seront éga-
lement distribuées de manière asymptotique comme une variable chi-deux avec mT−T(p +q)
(et mT−∑T

ν=1(pν+qν) pour le modèle (1.7) fort) degrés de liberté (voir [43]).
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Les statistiques (1.48) (resp. (1.47)) sont généralement utilisées pour tester l’hypothèse nulle
suivante

(H 0) : (XnT+ν) satisfait une représentation PARMAT(p; q) (resp. pour une période ν donnée) ;

contre l’alternative

(H 1) : (XnT+ν) n’admet pas une représentation PARMAT(p; q) (resp. pour une période ν donnée)
ou (XnT+ν) satisfait une représentation PARMAT(p ′; q ′) (resp. pour une période ν donnée)
avec p ′ > p ou q ′ > q .

Pour les modèles PARMAT(p; q) faibles, nous montrons que les distributions asymptotiques
des statistiques définies dans (1.47) et (1.48) ne sont plus des distributions de chi-deux mais un
mélange de distribution chi-deux pondéré par les valeurs propres de la matrice de covariance
asymptotique du vecteur d’autocorrélation.

Un développement limité de Taylor, nous donne h = 1, . . . ,m

p
Nγ̂(ν,h) =

p
Nγ(ν,h)+

(
E

[
εnT+ν−h

∂

∂α
′ εnT+ν(α0)

])p
N(α̂LS −α0)+oP(1). (1.49)

Nous remarquons maintenant que dans l’équation (1.49),
E[εnT+ν−h(∂εnT+ν(α0)/∂α

′
)] E[εnT+ν−h(∂εnT+ν(α0)/∂α

′
)] est la ligne h de la matrice

Ψm(ν) ∈Rm×(p+q)T suivante définie par

Ψm(ν) = E


 εnT+ν−1

...
εnT+ν−m

 ∂εnT+ν
∂α′

 . (1.50)

Donc, pour h = 1, . . . ,m, l’équation (1.49) dévient

p
Nγ̂m(ν) =

(p
Nγ̂(ν,1), . . . ,

p
Nγ̂(ν,m)

)′
=
p

Nγm(ν)+Ψm(ν)
p

N(α̂LS −α0)+oP(1). (1.51)

De (1.51), il est clair que la distribution asymptotique des autocovariances résiduelles
p

Nγ̂m(ν)
est lié au comportement asymptotique de

p
N(α̂′LS −α

′
0,γ

′
m(ν))

′
.

Au vu de [32, Theorème 1] et (H3”), nous avons presque sûrement

α̂LS → α0 ∈ ◦
Θ. Ainsi, ∂Qω2

N (α̂LS)/∂α = 0 pour de N suffisamment grand et un développement de
Taylor donne

p
N
∂

∂α
Oω2

N (α0)+ J(α0,ω2)
p

N(α̂LS −α0) = oP(1), (1.52)

où

Oω2

N (α) = 1

2N

N−1∑
n=0

T∑
ν=1

ω−2
ν ε2

nT+ν(α).

En conséquence de (1.52), nous avons

p
N(α̂LS −α0) =−J(α0,ω2)−1 1p

N

N−1∑
n=0

T∑
ν=1

ω−2
ν εnT+ν

∂εnT+ν(α0)

∂α
+oP (1) . (1.53)

Proposition 1.5.1 Supposons p +q > 0. Sous les hypothèses (H0”), (H1”), (H2”), (H3”) et (H4”),
le vecteur aléatoire p

N
(
(α̂LS −α0)

′
,γ

′
m(ν)

)′
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a une distribution limite normale centrée avec la matrice de covariance

Ξ(ν) =
(
ΩLS Σα̂,γm (ν)

Σ
′
α̂,γm (ν) Σγm (ν)

)
=

∞∑
h=−∞

E
[

WnT+νW
′
(n−h)T+ν

]
,

à partir de (1.46) et (1.53) nous avons

WnT+ν =
(

W1,nT+ν
W2,nT+ν

)
=

(−J(α0,ω2)−1 ∑T
ν=1ω

−2
ν εnT+ν ∂εnT+ν(α0)

∂α

(εnT+ν−1, . . . ,εnT+ν−m)
′
εnT+ν

)
. (1.54)

Le théorème suivant est une extension des résultats donnés dans [33], qui fournit la distri-
bution limite des autocovariances et autocorrélations résiduelles des modèles PARMA faibles
pour une saison donnée ν. Nous fournissons également la distribution limite des autocova-
riances et autocorrélations résiduelles globales des modèles PARMA faibles pour toutes les sai-
sons. Soient

Dm(ν) = Diag(σνσν−1, . . . ,σνσν−m)

et
DmT = Diag(σ1σ1−1, . . . ,σ1σ1−m , . . . ,σTσT−1, . . . ,σTσT−m).

Theorem 1.5.2 Sous les hypothèses de la proposition 1.5.1, nous avons

p
Nγ̂m(ν)

d−−−−−→
N→+∞

N
(
0,∇γ̂(ν,ν)

)
(1.55)

où

∇γ̂(ν,ν) = Σγm (ν) +Ψm(ν)ΩLSΨ
′
m(ν)+Ψm(ν)Σα̂,γm (ν) +Σ

′
α̂,γm (ν)Ψ

′
m(ν) quand p +q > 0

et ∇γ̂(ν,ν) = Σγm (ν) quand p = q = 0.

Alors : p
Nγ̂mT

d−−−−−→
N→+∞

N
(
0,∇γ̂

)
(1.56)

où la matrice de covariance asymptotique ∇γ̂ est une matrice en bloc, avec les variances asymp-
totiques données par ∇γ̂(ν,ν), ν= 1, . . . ,T et les covariances asymptotiques données par

∇γ̂(ν,ν′) =Σγm (ν,ν′)+Ψm(ν)ΩLSΨ
′
m(ν′)+Ψm(ν)Σα̂,γm (ν,ν′)+Σ′

α̂,γm (ν)Ψ
′
m(ν′), ν 6= ν′.

Nous avons également

p
Nρ̂m(ν)

d−−−−−→
N→+∞

N
(
0,∇ρ̂(ν,ν)

)
où ∇ρ̂(ν,ν) = D−1

m (ν)∇γ̂(ν,ν)D−1
m (ν) (1.57)

et p
Nρ̂mT

d−−−−−→
N→+∞

N
(
0,∇ρ̂

)
où ∇ρ̂ = D−1

mT∇γ̂D−1
mT. (1.58)

Les matrices de variances asymptotiques ∇γ̂(ν,ν) et ∇ρ̂(ν,ν) dépendent des matrices incon-
nuesΞ(ν),Ψm(ν) et du scalaire σν−h pour h = 1, . . . ,m. La matriceΨm(ν) et la variance du bruit
σν−h peuvent être respectivement estimées empiriquement par

Ψ̂m(ν) = 1

N

N−1∑
n=0

{
(ε̂nT+ν−1, . . . , ε̂nT+ν−m)′

∂ε̂nT+ν
∂α′

}
et σ̂ν−h =

√√√√ 1

N

N−1∑
n=0

ε̂2
nT+ν−h .

De la même manière la matrice J(α0,ω2) peut être estimée par JN(α̂LS,ω2) d’ordre (p + q)T
définie par

JN(α̂LS,ω2) =
T∑
ν=1

ω2
ν

1

N

N−1∑
n=0

{
∂

∂α
enT+ν (α̂LS)

}{
∂

∂α
enT+ν (α̂LS)

}′

. (1.59)
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1.5.3 Version modifiée du test portmanteau

Pour l’estimation de la matriceΞ, nous utilisons l’approche basée sur l’estimation de la den-
sité spectrale de (WnT+ν)n∈Z par un VAR paramétrique, définie dans la partie 1.4.4. Le processus
stationnaire (WnT+ν)n∈Z admet la décomposition de Wold

WnT+ν = unT+ν+
∞∑

i=1
$i (ν)unT+ν−i ,

où unT+ν est un bruit blanc périodique faible (((p + q)T +m)−dimensionnel. Supposons que
la matrice de covariance Σu(ν) := Var(unT+ν) est non singulière, que

∑∞
i=1 ‖$i (ν)‖ <∞, où ‖ · ‖

désigne toute norme sur l’espace des matrices réelles ((p + q)T +m)× ((p + q)T +m), et que
det

{
I(p+q)T+m +∑∞

i=1$i (ν)zi
} 6= 0 si |z| ≤ 1. Ensuite, (WnT+ν)n∈Z admet une représentation AR(∞)

(voir [3]) de la forme

Φν(L)WnT+ν = WnT+ν+
∞∑

i=1
Φi (ν)WnT+ν−i = unT+ν, (1.60)

tel que
∑∞

i=1 ‖Φi (ν)‖ <∞ et det{Φν(z)} 6= 0 si |z| ≤ 1.
Cette approche paramétrique a été étudiée par [10] (voir aussi [28]) est basée sur l’expres-

sion
Ξ(ν) =Φ−1

ν (1)Σu(ν)Φ−1′
ν (1). (1.61)

Puisque WnT+ν n’est pas observé, nous introduisons ŴnT+ν ∈RT(p+q)+m obtenu en remplaçant
εnT+ν(α0) par enT+ν(α̂LS) et J(α0,ω2) par sa partie empirique ou observable JN(α̂LS,ω2) dans
(1.54). Nous définissons Φ̂ν,r (z) = I(p+q)T+m +∑r

i=1 Φ̂r,i (ν)zi , où Φ̂r,1(ν), . . . ,Φ̂r,r (ν) sont les co-
efficients de la régression des moindres carrés de ŴnT+ν sur ŴnT+ν−1, . . . ,ŴnT+ν−r pour une
période ν donnée. Notons ûr,nT+ν le résidus de cette régression, et soit Σ̂ûr (ν) la variance empi-
rique de ûr,1, . . . , ûr,N.

Dans le cas de processus linéaires avec des innovations indépendantes, [10] a montré que la
densité spectrale peut être estimée de manière consistante en ajustant des modèles autorégres-
sifs d’ordre r = r (N), lorsque r tend vers l’infini et r 3/N tend vers 0 quand N tend vers l’infini.Il
existe des différences avec [10] : (WnT+ν)n∈Z est multivarié, il n’est pas observé directement et
est remplacé par (ŴnT+ν)n∈Z. Il est montré que ce résultat reste valable pour le processus li-
néaire multivarié (WnT+ν)n∈Z avec des innovations non indépendantes (voir [17, 18, 33] pour
les références dans les modèles ARMA faibles (multivariés)). Nous étendrons ces résultats aux
modèles PARMA faibles. Nous sommes maintenant en mesure d’énoncer le théorème suivant.

Theorem 1.5.3 Sous les hypothèses du théorème 1.5.2, nous supposons que le processus (WnT+ν)
défini dans (1.54) admet une représentation périodique VAR(∞) dont les racines de detΦ(z) = 0
sont à l’exterieur du disque unité, ‖Φi‖ = o(i−2), et que la matrice Σu(ν) = Var(unT+ν) est non-
singulière. De plus nous supposons que E‖εn‖8+4κ < ∞ et

∑∞
k=0{αε(k)}κ/(2+κ) < ∞ pour un réel

κ> 0. Alors l’estimateur de Ξ(ν)

Ξ̂SP(ν) := Φ̂−1
ν,r (1)Σ̂ûr (ν)Φ̂−1′

ν,r (1) →Ξ(ν)

en probabilité quand r = r (N) →+∞ et r 3/N → 0 quand N →+∞.

Du théorème 1.5.2 nous pouvons déduire le résultat suivant qui donne la distribution limite
exacte des statistiques standards de portmanteau (1.47) sous des hypothèses générales sur le
processus d’innovation du modèle PARMA(p, q) ajusté.
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Theorem 1.5.4 Sous les hypothèses du théorème 1.5.2 et (H 0), les statistiques QLB
m (ν) et QLBM

m (ν)
définies dans (1.47) convergent en distribution, quand N →+∞, vers

Zνm(ξνm) =
m∑

i=1
ξνi ,mZ2

i

où ξνm = (ξν1,m , . . . ,ξνm,m)′ est le vecteur de valeurs propres de la matrice ∇ρ̂(ν,ν) définie dans (1.57)
et Z1, . . . ,Zm sont des variables indépendantes de la loi N (0,1).

La distribution asymptotiques des statistiques globales du test portmanteau (qui prend en
compte toutes les saisons) QLB

m et QLBM
m définie dans (1.48) est également une somme pondérée de

variables aléatoires de chi-deux :

Zm(ξm) =
mT∑
i=1

ξi ,mTZ2
i

où ξmT = (ξ1,mT, . . . ,ξνmT,mT)′ est le vecteur de valeurs propres de la matrice ∇ρ̂ donnée (1.58) et
Z1, . . . ,ZmT sont également des variables indépendantes de la loi N (0,1).

Au vue du théorème 1.5.4, les approximations χ2
m−(p+q) et χ2

mT−(p+q)T standard ne sont plus
valables pour approximer la distribution asymptotique de (1.47) et (1.48) dans le cadre des mo-
dèles PARMA(p; q) faibles.

La distribution limite dépend du paramètre de nuisance périodique σν−h pour h = 1, . . . ,m
et les éléments de Ξ(ν). Par conséquent, afin d’obtenir la distribution asymptotique des statis-
tiques de portmanteau (1.47) (resp. (1.48)) sous des hypothèses faibles sur le bruit, il faut un
estimateur convergent de la matrice de covariance asymptotique ∇ρ̂(ν,ν) (resp. ∇ρ̂).

Notons par ∇̂ρ̂(ν,ν) (resp. ∇̂ρ̂) la matrice obtenue en remplaçant Ξ(ν) par Ξ̂(ν), Ψm(ν) par
Ψ̂m(ν) etσν−h par σ̂ν−h dans∇ρ̂(ν,ν) (resp.∇ρ̂). Notons ξ̂νm = (ξ̂ν1,m , . . . , ξ̂νm,m)′ (resp. ξ̂m = (ξ̂1,mT, . . . , ξ̂mT,mT)′)
le vecteur de valeurs propres de ∇̂ρ̂(ν,ν) (resp. ∇̂ρ̂).
Au seuil asymptotique α et pour une saison ν donnée, le test LB (resp. le test BP) consiste à
rejeter l’adéquation du modèle PARMA(p, q) faible quand

lim
N→∞

P
(
QBP

m (ν) > Sνm(1−α)
)= lim

N→∞
P

(
QLBM

m (ν) > Sνm(1−α)
)= α,

où Sνm(1−α) est tel que P
{
Zνm(ξ̂νm) > Sνm(1−α)

}= α.
Nous soulignons le fait que les versions modifiées des tests BP et LBM sont plus difficiles

à mettre en œuvre. En effet, les valeurs critiques doivent être calculées à partir des données
alors que les valeurs critiques de la méthode standard sont, quand à elles, simplement déduites
d’une table χ2.

Nous évaluerons les p-valeurs

P
{
Zm(ξ̂νm) > QBP

m (ν)
}

et P
{
Zm(ξ̂νm) > QLBM

m (ν)
}

, avec Zm(ξ̂νm) =
m∑

i=1
ξ̂νi ,mZ2

i ,

par l’algorithme de Imhof (voir [49]). Les procédures de test pour QBP
m et QLBM

m définies dans
(1.48) sont similaires, mais sont basées sur les mT valeurs propres empiriques de ∇̂ρ̂.

1.5.4 La distribution asymptotique auto-normalisée des autocorrélations
résiduelles

Dans cette section nous proposons la méthode d’auto-normalisation introduite précédem-
ment.
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Soit (BK(r ))r≥0 un mouvement brownien K-dimensionnel à partir de 0. Pour K ≥ 1, nous
désignons UK la variable aléatoire définie par

UK = B′
K(1)V−1

K BK(1) où VK =
∫ 1

0
(BK(r )− r BK(1))(BK(r )− r BK(1))′ dr.

Notons par Λ(ν) la matrice par blocs de Rm×(T(p+q)+m) définis par Λ(ν) = (Ψm(ν)|Im) où Ik

est la matrice d’identité d’ordre k. Compte tenu de (1.51) et (1.53), nous en déduisons quep
N γ̂m(ν) = N−1/2 ∑N−1

n=1 Λ(ν)WnT+ν+oP(1).
Nous avons besoin d’appliquer le théorème centrale limite fonctionnel pour le processus

W = (WnT+ν)nT+ν≥1 (voir le Lemme 1 dans [54]).
Enfin, nous définissons la matrice de normalisation Cm(ν,ν) ∈Rm×m pour un ν donnée par

Cm(ν,ν) = 1

N2

N−1∑
n=0

Sn(ν)S′
n(ν) où Sn(ν) =

n∑
j=0

(
Λ(ν)W j T+ν−γm(ν)

)
. (1.62)

De la même manière nous notons par Cm ∈RmT×mT la matrice globale de normalisation par
blocs pour toutes les saisons avec le bloc diagonal donné par Cm(ν,ν), pour ν= 1, . . . ,T et

Cm(ν,ν′) = 1

N2

N−1∑
n=0

Sn(ν)S′
n(ν′) où Sn(ν′) =

n∑
j=0

(
Λ(ν)W j T+ν′ −γm(ν′)

)
pour ν 6= ν′.

Pour assurer l’inversibilité de la matrice de normalisation Cm(ν,ν), nous avons besoin de
l’hypothèse technique suivante sur la distribution εn .

(H5”) : Le processus (εn)n∈Z a une densité strictement positive sur un voisinage de zéro.

La proposition suivante donne l’inversibilité des matrices de normalisation Cm(ν,ν) et Cm .

Proposition 1.5.5 Sous les hypothèses du théorème 1.5.2 et (H5”), les matrices Cm(ν,ν) et Cm

sont presque sûrement non singulière.

Le théorème suivant énonce la distribution asymptotiques des autocovariances et autocor-
rélations résiduelles.

Theorem 1.5.6 Nous supposons que p + q > 0. Sous les hypothèses du théorème 1.5.2, (H5”) et
sous l’hypothèse nulle H 0, pour une saison ν donnée nous avons

Nγ̂′m(ν)C−1
m (ν,ν)γ̂m(ν)

d−−−−−→
N→+∞

Um et Nρ̂′m(ν)Dm(ν)C−1
m (ν,ν)Dm(ν)ρ̂m(ν)

d−−−−−→
N→+∞

Um .

Pour les autocovariances et autocorrélations résiduelles globales sur toutes les saisons, nous avons
également

Nγ̂′mTC−1
mTγ̂mT

d−−−−−→
N→+∞

UmT et Nρ̂′mTDmTC−1
mTDmTρ̂mT

d−−−−−→
N→+∞

UmT.

Bien entendu, le théorème est inutilisable dans la pratique car la matrice de normalisation
Cm(ν,ν), CmT et le paramètre de nuisance σν−h ne sont pas observables. Ce problème sera cor-
rigé lorsque nous remplaçons la matrice Cm(ν,ν), CmT et la variance du bruit σν−h par leurs
parties empiriques ou observables. Ainsi nous notons

Ĉm(ν,ν) = 1

N2

N−1∑
n=0

Ŝn(ν)Ŝ′
n(ν) où Ŝn(ν) =

n∑
j=0

(
Λ̂(ν)Ŵ j T+ν− γ̂m(ν)

)
,

avec Λ̂(ν) = (Ψ̂m(ν)|Im) et où ŴnT+ν et σ̂ν−h sont définies dans 1.5.2.
Nous sommes donc en mesure d’énoncer la version applicable du théorème 1.5.6.
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Theorem 1.5.1 Sous les hypothèses du théorème 1.5.6, pour une saison ν donnée nous avons

Nγ̂′m(ν)Ĉ−1
m (ν,ν)γ̂m(ν)

d−−−−−→
N→+∞

Um et QSN
m (ν) =: Nρ̂′m(ν)D̂m(ν)Ĉ−1

m (ν,ν)D̂m(ν)ρ̂m(ν)
d−−−−−→

N→+∞
Um .

Nous avons également pour toutes les saisons

Nγ̂′mTĈ−1
mTγ̂mT

d−−−−−→
N→+∞

UmT et QSN
m =: Nρ̂′mTD̂mTĈ−1

mTD̂mTρ̂mT
d−−−−−→

N→+∞
UmT.

Sur la base du résultat ci-dessus, nous proposons la version modifiée de la statistique de
LBM pour une saison ν donnée, lorsque l’on utilise la statistique

Q̃SN
m (ν) = Nρ̂′m(ν)M1/2

m (ν,N,T)D̂m(ν)Ĉ−1
m (ν,ν)D̂m(ν)M1/2

m (ν,N,T)ρ̂m(ν), (1.63)

où Mm(ν,N,T) ∈ Rm×m est une matrice diagonale avec (%(1,ν,N,T), . . . ,%(m,ν,N,T)) sur la
diagonale.

De même, nous proposons une version modifiée de la statistique LBM pour toutes les sai-
sons lorsque l’on utilise la statistique suivante

Q̃SN
m = Nρ̂′mTM1/2

mTD̂mTĈ−1
mTD̂mTM1/2

mTρ̂mT, (1.64)

où MmT ∈RmT×mT est une matrice diagonale avec

(%(1,1,N,T), . . . ,%(m,1,N,T, . . . ,%(1,T,N,T), . . . ,%(m,T,N,T)))

sur la diagonale.
Au seuil asymptotique α et pour une saison ν donnée, le test d’auto-normalisation LBM

(resp. le test BP) consiste à rejeter l’adéquation du modèle PARMAT(p; q) faible quand

Q̃SN
m (ν) >Um(1−α) (resp. QSN

m (ν) >Um(1−α)),

où les valeurs critiques Um(1−α) sont tabulées dans [54, Table 1]. De la même manière nous
avons pour le test global

Q̃SN
m >UmT(1−α) (resp. QSN

m >UmT(1−α)).

1.6 Résultats du chapitre 5

Dans cet chapitre nous pressentons un modèle saisonnier autorégressif moyenne mobile
avec des paramètres périodiques (SPARMA). Nous allons étudier les propriétés asymptotiques
de l’estimateur de moindres carrés quasi-généralisés des modèles SPARMA faibles. Nous esti-
mons la matrice de la variance asymptotique de l’estimateur des moindres carrés quasi-généralisés
des modèles SPARMA faibles. Nous proposons un estimateur convergent de cette matrice. Nous
développons la distribution asymptotique des statistiques portmanteau des modèles SPARMA
faibles. Nous en déduisons des tests portmanteau modifiés pour tester l’adéquation des mo-
dèles SPARMA faibles. Nous proposons également dans cet chapitre la méthode d’auto-normalisation
pour les modèles SPARMA faibles.
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1.6.1 Estimations des modèles SPARMA faibles

Soit a(ν) = (
a1(ν), . . . , ap (ν)

)′ et b(ν) = (
b1(ν), . . . ,bq (ν)

)′ respectivement les vecteurs des pa-
ramètres non saisonniers autorégressifs et moyennes mobiles pour une saison ν donnée. et
soita(ν) = (

a1(ν), . . . ,ap (ν)
)′ et b(ν) = (

b1(ν), . . . ,bq (ν)
)′respectivement les vecteurs des para-

mètres saisonniers autorégressifs et moyennes mobiles pour une saison ν donnée. L’ensemble
de dimension T(p +q +P+Q) de tous les paramètres SPARMA est noté par

α= (
a(1)′, . . . , a(T)′,b(1)′, . . . ,b(T)′,a(1)′, . . . ,a(T)′,b(1)′, . . . ,b(T)′

)′ ∈Rk0T

avec k0 = (p+q+P+Q). La varianceσ2 = (
σ2(1), . . . ,σ2(T)

)′
périodiques du bruit blanc est consi-

dérée comme un paramètre de nuisance. Soient les observations X1, . . . ,XNT solution du modèle
SPARMA défini en (1.14) avec la vraie valeur du paramètre α= α0 et σ2 = σ2

0. Le vrai paramètre
inconnu α0 appartient à l’espace des paramètres

∆=
{
α= (

a(1)′, . . . , a(T)′,b(1)′, . . . ,b(T)′,a(1)′, . . . ,a(T)′,b(1)′, . . . ,b(T)′
)′

tel que (H1”) est verifiée
}

.

Sans perte de généralité, nous supposons que ∆ est compact. Pour α ∈ ∆, soit εnT+ν(α) la
solution stationnaire périodique de seconde ordre de

εnT+ν(α) = XnT+ν−
p∑

i=1
ai XnT+ν−i −

P∑
j=1

a j XnT+ν−T j +
p∑

i=1

P∑
j=1

ai a j XnT+ν−T j−i +
q∑

i=1
bi εnT+ν−i (α)

+
Q∑

j=1
b j εnT+ν−T j (α)−

q∑
i=1

Q∑
j=1

bi b j εnT+ν−T j−i (α), (1.65)

Les variables εnT+ν(α) peuvent être approximées, pour 0 < nT +ν ≤ NT, par enT+ν(α) définies
récursivement par

enT+ν(α) = XnT+ν−
p∑

i=1
ai XnT+ν−i −

P∑
j=1

a j XnT+ν−T j +
p∑

i=1

P∑
j=1

ai a j XnT+ν−T j−i +
q∑

i=1
bi enT+ν−i (α)

+
Q∑

j=1
b j enT+ν−T j (α)−

q∑
i=1

Q∑
j=1

bi b j enT+ν−T j−i (α), (1.66)

où les valeurs initiales sont mises à zero : e0(α) = ·· · = e1−q−TQ(α) = X0 = ·· · = X1−p−TP = 0. Ces
valeurs initiales sont asymptotiquement négligeables uniformément en α.

La variable aléatoire α̂OLS est appelée l’estimateur de moindres carrés ordinaires de α si elle
satisfait, presque sûrement,

SN(α̂OLS) = min
α∈∆

SN(α) où SN(α) = 1

2N

N−1∑
n=0

T∑
ν=1

e2
nT+ν(α).

En raison de la présence d’innovation hétéroscédastiques, [32] (voir également [6]) ont montré
que l’estimateur OLS est inefficace par rapport aux estimateur des moindres carrés pondérés.
Donc dans cet chapitre nous avons choisi de considérer l’estimateur de moindres carrés quasi-
généralisé (QLS). Nous définissons d’abord l‘estimateur de moindres carés généralisés (GLS)
qui est optimal parmi les estimateurs de moindres carrés pondérés (voir [32] )

Qσ2

N (α̂GLS) = min
α∈∆

Qσ2

N (α) où Qσ2

N (α) = 1

2N

N−1∑
n=0

T∑
ν=1

σ−2
ν e2

nT+ν(α) avec σ2 = (σ2
1, . . . ,σ2

T)′.

(1.67)
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Cet estimateur suppose que le paramètre σ soit connu mais dans la pratique on doit l’estimer.
D’où un estimateur consistant possible de σν est donné par

σ̂2
ν =

1

N

N−1∑
n=0

e2
nT+ν(α̂OLS).

Cela, nous permet de définir pour tout estimateur consistant σ̂2 = (σ̂2
1, . . . , σ̂2

T)′ de σ2, l’estima-
teur QLS comme suit :

α̂QLS = α̂σ̂
2

GLS. (1.68)

1.6.2 Propriétés asymptotiques de l’estimateur des moindres carrés quasi-
généralisés

Pour établir la consistance et la normalité asymptotique de l’estimateur QLS , nous utiliserons
les hypothèses définies dans la partie 1.5.

Theorem 1.6.1 Nous supposons le processus XnT+ν admet une représentation SPARMA. Soitα̂QLS

l’estimateur QLS défini en (1.68). Alors, sous certaines hypothèses nous avons :

α̂QLS 7−→ α0

Theorem 1.6.2 Sous les hypothèses du théorème1.6.1 et (H3”), nous avons :

p
n(α̂QLS −α0)) →N (0,Ω)

où

Ω= (J(α0,σ2))−1I(α0,σ2)(J(α0,σ2))−1 avec

J(α0,σ2) =
T∑
ν=1

σ−2
ν E

[(
∂εnT+ν(α)

∂α

)(
∂εnT+ν(α)

∂α

)′]
α=α0

, (1.69)

I(α0,σ2) =
T∑
ν=1

T∑
ν′=1

σ−2
ν σ−2

ν′
∞∑

k=−∞
E

[
εν(α)εkT+ν′(α)

(
∂εν(α)

∂α

)(
∂εkT+ν′(α)

∂α

)′]
α=α0

. (1.70)

Remarque 1.6.1 Dans le cas standard des modèles SPARMA forts, i.e. quand εnT+ν est consideré
comme une suite iid, nous avons I(α0,σ2) = J(α0,σ2). La matrice de covariance asymptotique est
donc réduite à : Ω= (J(α0,σ2))−1

Remarque 1.6.2 Généralement, quand le bruit est non indépendant, nous avons I(α0,σ2) 6= J(α0,σ2).
La variance asymptotique Ω= (J(α0,σ2))−1I(α0,σ2)(J(α0,σ2))−1 obtenue dans le cas des modèles
SPARMA faibles peut être différente à celle obtenue dans le cas standard.

1.6.3 Estimation de la matrice de variance asymptotique

La variance asymptotiqueΩdoit être estimée pour l’inférence statistique. La matrice J(α0,σ2)
peut être estimée empiriquement par la matrice carrée JN(α̂, σ̂2) d’ordre (p+q +P+Q)T définie
par :

JN(α̂, σ̂2) =
T∑
ν=1

σ−2
ν

1

N

N−1∑
n=0

{
∂

∂α
enT+ν (α̂)

}{
∂

∂α
enT+ν (α̂)

}′

. (1.71)

L’estimateur Ω̂ deΩ est fortement consistant dans le cas d’un modèle SPARMA fort. En général,
dans le cas des modèles SPARMA faibles, cet estimateur n’est pas consistant, nous devons donc
disposer d’un estimateur consistant de I(α0).
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1.6.4 Estimation de la matrice asymptotique I(α0)

Soit le processus,

Υn =
T∑
ν=1

σ−2
ν εn(α0)

∂εn(α0)

∂α
(1.72)

Pour tout α ∈∆, Υn est une fonction mesurable de {εs , s ≤ n}.
Le processus stationnaire (Υn) admet une décomposition de Wold

Υn = un +
∞∑

i=1
Ψ(ν)un−i

, où (unT+ν) est un bruit blanc périodique faible Tk0-dimensionnel de matrice de variance
Σu(ν) := Var(un). Supposons que Σu(ν) est non singulière, que

∑∞
i=1 ∥Ψi (ν) ∥<∞, et que

det
(
ITk0 +

∑∞
i=1Ψi (ν)zi

) 6= 0 quand | z |≤ 1. Alors (Υn) admet une représentation VAR(∞) (voir
[3]) de la forme

Φν(L)Υn =Υn −
∞∑

i=1
Φi (ν)Υn−i = un (1.73)

tel que
∑∞

i=1 ∥Φ(ν) ∥<∞ et det{Φν(z)} 6= 0 pour tout | z |≤ 1, et nous obtenons

I(θ0) =Φ−1
ν (1)ΣuΦ

−1
ν (1)′ (1.74)

Considérons la régression de Υn sur Υn−1, . . . ,Υn−r

Υn =
r∑

i=1
Φr,i (ν)Υn−i +ur,n (1.75)

où ur,n ne sont pas corrélés avec Υn−1, . . . ,Υn−r . Puisque Υn(α0) n’est pas observé, nous intro-
duisons Υ̂n ∈RTk0 obtenue en remplaçant εn par en et α0 par α̂n dans (1.72) :

Υ̂n =
T∑
ν=1

σ−2
ν en(α̂n)

∂en(α̂n)

∂α
(1.76)

Nous définissons Φ̂ν,r (z) = ITk0 +
∑r

k=1 Φ̂r,k (ν)zk , où Φ̂r,1(ν), · · · ,Φ̂r,r (ν) sont les coefficients de la
régression des moindres carrés de Υ̂n sur Υ̂n−1, · · · ,Υ̂n−r . Notons ûr,n le résidus de cette régres-
sion, et soit Σ̂ûr (ν) la variance empirique de ûr,1, · · · , ûr,N. Les estimateurs des moindres carrés
de Φr (ν) = (

Φr,1(ν) . . .Φr,r (ν)
)

et de Σur = Var (ur,n) sont définis par

Φ̂r (ν) = Σ̂Υ̂,Υ̂r
(ν)Σ̂−1

Υ̂r
(ν) and Σ̂ûr (ν) = 1

N

N−1∑
n=0

(
Υ̂n − Φ̂r (ν)Υ̂r,n

)(
Υ̂n − Φ̂r (ν)Υ̂r,n

)′
(1.77)

où

Υ̂r,n = (
Υ̂′

n−1 . . .Υ̂′
n−r

)′
, Σ̂Υ̂,Υ̂r

(ν) = 1

N

N−1∑
n=0

Υ̂r Υ̂
′
r,n , Σ̂−1

Υ̂r
(ν) = 1

N

N−1∑
n=0

Υ̂r,nΥ̂
′
r,n

Par convention Υ̂n = 0 quand n ≤ 0, et nous supposons que Σ̂Υ̂r
(ν) est inversible.

Theorem 1.6.3 Sous certaines hypothèses, nous supposons que le processusΥn défini dans (1.72)
admet une représentation periodique VAR(∞) comme dans (1.73), où ∥Φi ∥= o(i−2) quand i →
+∞, les racines de det(Φ(z)) = 0 sont à l’extérieure de disque unité, et Σu(ν) := Var(un) est non
singulière. De plus nous supposons que E | εt |8+4ν<∞. Alors l’estimateur spectral

ÎSP
N := Φ̂−1

r,ν(1)Σ̂ûr (ν)Φ̂−1
r,ν(1) −−−−→

N→∞
I(θ0) =Φ−1

ν (1)Σu(ν)Φ−1
ν (1)′

en probabilité quand r = r (N) −→∞ et r 3/3 −→ 0 quand N −→∞
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1.6.5 La distribution asymptotique des autocovariances et autocorrélations
résiduelles

Nous utilisons les mêmes notions que la partie 1.5.2 et la méthodologie pour la validation
du modèle SPARMA est pratiquement similaire à celle des modèles PARMA vue dans la par-
tie 1.5.2. La seule différence est l’expression du résidus que nous définirons par la suite. Nous
énoncerons dans la suite que les propositions et les théorèmes.

Soit ε̂nT+ν = ênT+ν = enT+ν(α̂QLS) les résidus périodiques de moindres carrés quasi-généralisé
quand p + q + P + Q > 0. Nous utilisons (1.66) pour remarquer que nous avons êt = 0 pour
t := nT+ν≤ 0 et t > NT. De (1.14), pour n = 0,1, . . . ,N−1, nous déduisons que

ênT+ν = XnT+ν−
p∑

i=1
âi XnT+ν−i −

P∑
j=1

â j XnT+ν−T j +
p∑

i=1

P∑
j=1

âi â j XnT+ν−T j−i +
q∑

i=1
b̂i enT+ν−i

+
Q∑

j=1
b̂ j ênT+ν−T j −

q∑
i=1

Q∑
j=1

b̂i b̂ j ênT+ν−T j−i ,

pour 1 ≤ t ≤ NT, avec X̂t = 0 pour t ≤ 0 et X̂t = Xt pour t ≥ 1.
Les statistiques (1.48) (resp. (1.47)) sont généralement utilisés pour tester l’hypothèse nulle

suivante

(H 0) : (XnT+ν) satisfait une représentation SPARMAT(p; q)(P,Q) (resp. pour une période ν don-
née) ;

contre l’alternative

(H 1) : (XnT+ν) n’admet pas une représentation SPARMAT(p; q)(P,Q) (resp. pour une période ν
donnée) ou (XnT+ν) satisfait une représentation PARMAT(p ′; q ′)(P′,Q′) (resp. pour une
période ν donnée) avec p ′ > p ou q ′ > q ou P′ > P ou Q′ > Q.

Pour les modèles SPARMAT(p; q)(P,Q) faibles, nous montrons que les distributions asymp-
totiques des statistiques définies dans (1.47) et (1.48) ne sont plus des distributions de chi-deux
mais un mélange de distribution chi-deux pondéré par les valeurs propres de la matrice de co-
variance asymptotique du vecteur d’autocorrélation.

Proposition 1.6.4 Supposons p+q +P+Q > 0. Sous les hypothèses (H0”), (H1”), (H2”), (H3”) et
(H4”), le vecteur aléatoire p

N
(
(α̂LS −α0)

′
,γ

′
m(ν)

)′
a une distribution limite normale centré avec la matrice de covariance

Ξ(ν) =
(
ΩLS Σα̂,γm (ν)

Σ
′
α̂,γm (ν) Σγm (ν)

)
=

∞∑
h=−∞

E
[

WnT+νW
′
(n−h)T+ν

]
,

à partir de (1.46) et (1.53) nous avons

WnT+ν =
(

W1,nT+ν
W2,nT+ν

)
=

(−J(α0,ω2)−1 ∑T
ν=1ω

−2
ν εnT+ν ∂εnT+ν(α0)

∂α

(εnT+ν−1, . . . ,εnT+ν−m)
′
εnT+ν

)
. (1.78)

Le théorème suivant est une extension des résultats donnés dans [33], qui fournit la distri-
bution limite des autocovariances et autocorrélations résiduelles des modèles PARMA faibles
pour une saison donnée ν. Nous fournissons également la distribution limite des autocova-
riances et autocorrélations résiduelles globales des modèles SPARMA faibles pour toutes les
saisons.

44



1.6. RÉSULTATS DU CHAPITRE 5

Theorem 1.6.5 Sous les hypothèses de la proposition 1.6.4, nous avons

p
Nγ̂m(ν)

d−−−−−→
N→+∞

N
(
0,∇γ̂(ν,ν)

)
(1.79)

où

∇γ̂(ν,ν) = Σγm (ν) +Ψm(ν)ΩLSΨ
′
m(ν)+Ψm(ν)Σα̂,γm (ν) +Σ

′
α̂,γm (ν)Ψ

′
m(ν) quand p +q > 0

et ∇γ̂(ν,ν) = Σγm (ν) quand p = q = P = Q = 0.

Alors : p
Nγ̂mT

d−−−−−→
N→+∞

N
(
0,∇γ̂

)
(1.80)

où la matrice de covariance asymptotique ∇γ̂ est une matrice en bloc, avec les variances asymp-
totiques données par ∇γ̂(ν,ν), ν= 1, . . . ,T et les covariances asymptotiques données par

∇γ̂(ν,ν′) =Σγm (ν,ν′)+Ψm(ν)ΩLSΨ
′
m(ν′)+Ψm(ν)Σα̂,γm (ν,ν′)+Σ′

α̂,γm (ν)Ψ
′
m(ν′), ν 6= ν′.

Nous avon également

p
Nρ̂m(ν)

d−−−−−→
N→+∞

N
(
0,∇ρ̂(ν,ν)

)
où ∇ρ̂(ν,ν) = D−1

m (ν)∇γ̂(ν,ν)D−1
m (ν) (1.81)

et p
Nρ̂mT

d−−−−−→
N→+∞

N
(
0,∇ρ̂

)
où ∇ρ̂ = D−1

mT∇γ̂D−1
mT. (1.82)

Les matrices de variance asymptotique ∇γ̂(ν,ν) et ∇ρ̂(ν,ν) dépendent des matrices incon-
nuesΞ(ν),Ψm(ν) et du scalaire σν−h pour h = 1, . . . ,m. La matriceΨm(ν) et la variance du bruit
σν−h peuvent être respectivement estimées empiriquement par

Ψ̂m(ν) = 1

N

N−1∑
n=0

{
(ε̂nT+ν−1, . . . , ε̂nT+ν−m)′

∂ε̂nT+ν
∂α′

}
et σ̂ν−h =

√√√√ 1

N

N−1∑
n=0

ε̂2
nT+ν−h .

1.6.6 Version modifiée du test portmanteau

Nous énonçons le théorème ci-dessus, qui nous donne une estimation de la matriceΞ. C’est
une approche basée sur l’estimation de la densité spectrale de (WnT+ν)n∈Z par VAR paramé-
trique définie en 1.5.3.

Theorem 1.6.6 Sous les hypothèses du théorème 1.6.5, nous supposons que le processus (WnT+ν)
défini dans (1.54) admet une représentation périodique VAR(∞) dont les racines de detΦ(z) = 0
sont à l’exterieur du disque unité, ‖Φi‖ = o(i−2), et que la matrice Σu(ν) = Var(unT+ν) est non-
singulière. De plus nous supposons que E‖εn‖8+4κ < ∞ et

∑∞
k=0{αε(k)}κ/(2+κ) < ∞ pour un réel

κ> 0. Alors l’estimateur de Ξ(ν)

Ξ̂SP(ν) := Φ̂−1
ν,r (1)Σ̂ûr (ν)Φ̂−1′

ν,r (1) →Ξ(ν)

en probabilité quand r = r (N) →+∞ et r 3/N → 0 quand N →+∞.

Du théorème 1.6.5 nous pouvons déduire le résultat suivant qui donne la distribution limite
exacte des statistiques standards de portmanteau (1.47) sous des hypothèses générales sur le
processus d’innovation du modèle PARMA(p, q)(P,Q) ajusté.
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Theorem 1.6.7 Sous les hypothèses du théorème 1.6.5 et (H 0), les statistiques QLB
m (ν) et QLBM

m (ν)
définies dans (1.47) convergent en distribution, quand N →+∞, vers

Zνm(ξνm) =
m∑

i=1
ξνi ,mZ2

i

où ξνm = (ξν1,m , . . . ,ξνm,m)′ est le vecteur de valeurs propres de la matrice ∇ρ̂(ν,ν) définie dans (1.81)
et Z1, . . . ,Zm sont des variables indépendantes de la loi N (0,1).

La distribution asymptotiques des statistiques globales du test portmanteau (qui prend en
compte toutes les saisons) QLB

m et QLBM
m définie dans (1.48) est également une somme pondéré de

variables aléatoires de chi-deux :

Zm(ξm) =
mT∑
i=1

ξi ,mTZ2
i

où ξmT = (ξ1,mT, . . . ,ξνmT,mT)′ est le vecteur de valeurs propres de la matrice ∇ρ̂ donnée (1.82) et
Z1, . . . ,ZmT sont également des variables indépendantes de la loi N (0,1).

Au vue du théorème 1.6.7, les approximations χ2
m−(ko ) et χ2

mT−(k0)T standard ne sont plus valables
pour approximer la distribution asymptotique de (1.47) et (1.48) dans le cadre des modèles
PARMA(p; q)(P,Q) faibles.

La distribution limite dépend du paramètre de nuisance périodique σν−h pour h = 1, . . . ,m
et les éléments de Ξ(ν). Par conséquent, afin d’obtenir la distribution asymptotique des statis-
tiques de portmanteau (1.47) (resp. (1.48)) sous des hypothèses faibles sur le bruit, il faut un
estimateur convergent de la matrice de covariance asymptotique ∇ρ̂(ν,ν) (resp. ∇ρ̂).

Notons par ∇̂ρ̂(ν,ν) (resp. ∇̂ρ̂) la matrice obtenue en remplaçant Ξ(ν) par Ξ̂(ν), Ψm(ν) par
Ψ̂m(ν) etσν−h par σ̂ν−h dans∇ρ̂(ν,ν) (resp.∇ρ̂). Notons ξ̂νm = (ξ̂ν1,m , . . . , ξ̂νm,m)′ (resp. ξ̂m = (ξ̂1,mT, . . . , ξ̂mT,mT)′)
le vecteur de valeurs propres de ∇̂ρ̂(ν,ν) (resp. ∇̂ρ̂).
Au seuil asymptotique α et pour une saison ν donnée, le test LB (resp. le test BP) consiste à
rejeter l’adéquation de modèle PARMA(p; q) faible quand

lim
N→∞

P
(
QBP

m (ν) > Sνm(1−α)
)= lim

N→∞
P

(
QLBM

m (ν) > Sνm(1−α)
)= α,

où Sνm(1−α) est tel que P
{
Zνm(ξ̂νm) > Sνm(1−α)

}= α.

1.6.7 La distribution asymptotique auto-normalisée des autocorrélations
résiduelles

Dans cette section nous proposons également la méthode d’autonorrmalisation définie dans
la partie 1.5.4 et on garde les mêmes notations.
Notons par Λ(ν) la matrice par blocs de Rm×(T(p+q+p+Q)+m) définis par Λ(ν) = (Ψm(ν)|Im) où Ik

est la matrice d’identité d’ordre k.
La proposition suivante donne l’inversibilité des matrices de normalisation Cm(ν,ν) et Cm dé-
finies en 1.62.

Proposition 1.6.8 Sous les hypothèses du théorème 1.6.5 et (H5”), les matrices Cm(ν,ν) et Cm

sont presque sûrement non singulière.

Le théorème suivant énonce la distribution asymptotiques des autocovariances et autocor-
rélations résiduelles.
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Theorem 1.6.9 Nous supposons que p + q > 0. Sous les hypothèses du théorème 1.6.5, (H5”) et
sous l’hypothèse nulle H 0, pour une saison ν donnée nous avons

Nγ̂′m(ν)C−1
m (ν,ν)γ̂m(ν)

d−−−−−→
N→+∞

Um et Nρ̂′m(ν)Dm(ν)C−1
m (ν,ν)Dm(ν)ρ̂m(ν)

d−−−−−→
N→+∞

Um .

Pour les autocovariances et autocorrélations résiduelles globales sur toutes les saisons, nous avons
également

Nγ̂′mTC−1
mTγ̂mT

d−−−−−→
N→+∞

UmT et Nρ̂′mTDmTC−1
mTDmTρ̂mT

d−−−−−→
N→+∞

UmT.

Bien entendu, le théorème est inutilisable dans la pratique car la matrice de normalisation
Cm(ν,ν), CmT et le paramètre de nuisance σν−h ne sont pas observables. Ce problème sera cor-
rigé lorsque nous remplaçons la matrice Cm(ν,ν), CmT et la variance du bruit σν−h par leurs
parties empiriques ou observables. Ainsi nous notons

Ĉm(ν,ν) = 1

N2

N−1∑
n=0

Ŝn(ν)Ŝ′
n(ν) où Ŝn(ν) =

n∑
j=0

(
Λ̂(ν)Ŵ j T+ν− γ̂m(ν)

)
,

avec Λ̂(ν) = (Ψ̂m(ν)|Im) et où ŴnT+ν et σ̂ν−h sont définies dans 1.5.2.
Nous sommes donc en mesure d’énoncer la version applicable du théorème 1.6.9.

Theorem 1.6.1 Sous les hypothèses du théorème 1.6.9, pour une saison ν donnée nous avons

Nγ̂′m(ν)Ĉ−1
m (ν,ν)γ̂m(ν)

d−−−−−→
N→+∞

Um et QSN
m (ν) =: Nρ̂′m(ν)D̂m(ν)Ĉ−1

m (ν,ν)D̂m(ν)ρ̂m(ν)
d−−−−−→

N→+∞
Um .

Nous avons également pour toutes les saisons

Nγ̂′mTĈ−1
mTγ̂mT

d−−−−−→
N→+∞

UmT et QSN
m =: Nρ̂′mTD̂mTĈ−1

mTD̂mTρ̂mT
d−−−−−→

N→+∞
UmT.

Sur la base du résultat ci-dessus, nous proposons la version modifiée de la statistique de
LBM pour une saison ν donnée, lorsque l’on utilise la statistique

Q̃SN
m (ν) = Nρ̂′m(ν)M1/2

m (ν,N,T)D̂m(ν)Ĉ−1
m (ν,ν)D̂m(ν)M1/2

m (ν,N,T)ρ̂m(ν), (1.83)

où Mm(ν,N,T) ∈ Rm×m est une matrice diagonale avec (%(1,ν,N,T), . . . ,%(m,ν,N,T)) sur la
diagonale.

De même, nous proposons une version modifiée de la statistique LBM pour toutes les sai-
sons lorsque l’on utilise la statistique suivante

Q̃SN
m = Nρ̂′mTM1/2

mTD̂mTĈ−1
mTD̂mTM1/2

mTρ̂mT, (1.84)

où MmT ∈RmT×mT est une matrice diagonale avec

(%(1,1,N,T), . . . ,%(m,1,N,T, . . . ,%(1,T,N,T), . . . ,%(m,T,N,T)))

sur la diagonale.
Au seuil asymptotique α et pour une saison ν donnée, le test d’auto-normalisation LBM

(resp. le test BP) consiste à rejeter l’adéquation du modèle PARMAT(p; q)(P,Q) faible quand

Q̃SN
m (ν) >Um(1−α) (resp. QSN

m (ν) >Um(1−α)),

où les valeurs critiques Um(1−α) sont tabulées dans [54, Table 1]. De la même manière nous
avons pour le test global

Q̃SN
m >UmT(1−α) (resp. QSN

m >UmT(1−α)).

47



BIBLIOGRAPHIE

Bibliographie

[1] Ahn, S. K. (1988). Distribution for residual autocovariances in multivariate autoregressive
models with structured parameterization. Biometrika, 75(3) :590–593. 28

[2] Aknouche, A. and Bibi, A. (2009). Quasi-maximum likelihood estimation of periodic garch
and periodic arma-garch processes. Journal of Time Series Analysis, 30(1) :19–46. 11, 14

[3] Akutowicz, E. J. (1957). On an explicit formula in linear least squares prediction. Math.
Scand., 5 :261–266. 37, 43

[4] Andrews, B., Davis, R. A., and Breidt, F. J. (2006). Maximum likelihood estimation for all-pass
time series models. Journal of Multivariate Analysis, 97(7) :1638–1659. 6

[5] Andrews, D. W. K. (1991). Heteroskedasticity and autocorrelation consistent covariance ma-
trix estimation. Econometrica, 59(3) :817–858. 21, 30

[6] Basawa, I. V. and Lund, R. (2001). Large sample properties of parameter estimates for per-
iodic ARMA models. J. Time Ser. Anal., 22(6) :651–663. 13, 32, 41

[7] Basawa, I. V., Lund, R., and Shao, Q. (2004). First-order seasonal autoregressive processes
with periodically varying parameters. Statist. Probab. Lett., 67(4) :299–306. 16

[8] Battaglia, F., Cucina, D., and Rizzo, M. (2018). A generalization of periodic autoregressive
models for seasonal time series. Technical report, Tech. Rep. 2, Department of Statistical
Sciences, University La Sapienza . . . . 13

[9] Battaglia, F., Cucina, D., and Rizzo, M. (2020). Parsimonious periodic autoregressive models
for time series with evolving trend and seasonality. Statistics and Computing, 30(1) :77–91.
13

[10] Berk, K. N. (1974). Consistent autoregressive spectral estimates. Ann. Statist., 2 :489–502.
Collection of articles dedicated to Jerzy Neyman on his 80th birthday. 21, 22, 30, 37

[11] Bloomfield, P., Hurd, H. L., and Lund, R. B. (1994). Periodic correlation in stratospheric
ozone data. Journal of Time Series Analysis, 15(2) :127–150. 10

[12] Bollerslev, T. (1986). Generalized autoregressive conditional heteroskedasticity. Journal of
econometrics, 31(3) :307–327. 6

[13] Bollerslev, T. and Ghysels, E. (1996). Periodic autoregressive conditional heteroscedasticity.
Journal of Business & Economic Statistics, 14(2) :139–151. 11

[14] Boubacar Mainassara, Y. (2009). Estimation, validation et identification des modèles ARMA
faibles multivariés. PhD thesis. 13

[15] Boubacar Mainassara, Y. (2011). Multivariate portmanteau test for structural VARMA
models with uncorrelated but non-independent error terms. J. Statist. Plann. Inference,
141(8) :2961–2975. 13, 22, 29

[16] Boubacar Mainassara, Y. (2012). Selection of weak varma models by modified akaike’s in-
formation criteria. Journal of Time Series Analysis, 33(1) :121–130. 13

[17] Boubacar Mainassara, Y., Carbon, M., and Francq, C. (2012). Computing and estimating
information matrices of weak ARMA models. Comput. Statist. Data Anal., 56(2) :345–361. 37

48



BIBLIOGRAPHIE

[18] Boubacar Mainassara, Y. and Francq, C. (2011). Estimating structural VARMA models with
uncorrelated but non-independent error terms. J. Multivariate Anal., 102(3) :496–505. 13,
22, 26, 37

[19] Boubacar Maïnassara, Y. and Ilmi Amir, A. (2019). Distribution of residual autocorrelations
for multiplicative seasonal arma models with uncorrelated but nonindependent error terms.
Statistica Neerlandica, 73(4) :454–474. 9

[20] Boubacar Maïnassara, Y. and Ilmi Amir, A. (2020). Multivariate portmanteau tests for weak
multiplicative seasonal VARMA models. Statist. Papers, 61(6) :2529–2560. 9, 17, 19, 21

[21] Boubacar Maïnassara, Y. and Kokonendji, C. C. (2016). Modified schwarz and hannan–
quinn information criteria for weak varma models. Statistical Inference for Stochastic Pro-
cesses, 19(2) :199–217. 13

[22] Boubacar Maïnassara, Y. and Saussereau, B. (2018). Diagnostic checking in multivariate
arma models with dependent errors using normalized residual autocorrelations. J. Amer.
Statist. Assoc., 113(524) :1813–1827. 13, 17, 22, 23, 24

[23] Box, G. E. P. and Jenkins, G. M. (1970). Times series analysis. Forecasting and control.
Holden-Day, San Francisco, Calif.-London-Amsterdam. 7

[24] Box, G. E. P. and Pierce, D. A. (1970). Distribution of residual autocorrelations in
autoregressive-integrated moving average time series models. J. Amer. Statist. Assoc.,
65 :1509–1526. 7, 20, 28, 34

[25] Brockwell, P. J. and Davis, R. A. (1991). Time series : theory and methods. Springer Series in
Statistics. Springer-Verlag, New York, second edition. 6, 13, 30

[26] Chitturi, R. V. (1974). Distribution of residual autocorrelations in multiple autoregressive
schemes. J. Amer. Statist. Assoc., 69 :928–934. 28

[27] Davydov, J. A. (1968). The convergence of distributions which are generated by stationary
random processes. Teor. Verojatnost. i Primenen., 13 :730–737. 19, 21

[28] den Haan, W. J. and Levin, A. T. (1997). A practitioner’s guide to robust covariance matrix
estimation. In Robust inference, volume 15 of Handbook of Statist., pages 299–342. North-
Holland, Amsterdam. 21, 30, 37

[29] Duchesne, P. (2007). On consistent testing for serial correlation in seasonal time series
models. Canad. J. Statist., 35(2) :193–213. 9

[30] Dufour, J.-M. and Pelletier, D. (2008). Practical methods for modelling weak varma pro-
cesses : Identification, estimation and specification with a macroeconomic application. Ma-
nuscript, McGill University. 13

[31] Engle, R. F. (1982). Autoregressive conditional heteroscedasticity with estimates of the va-
riance of united kingdom inflation. Econometrica : Journal of the Econometric Society, pages
987–1007. 6

[32] Francq, C., Roy, R., and Saidi, A. (2011). Asymptotic properties of weighted least squares
estimation in weak PARMA models. J. Time Series Anal., 32(6) :699–723. 11, 12, 13, 14, 17, 31,
32, 33, 35, 41

[33] Francq, C., Roy, R., and Zakoïan, J.-M. (2005). Diagnostic checking in ARMA models with
uncorrelated errors. J. Amer. Statist. Assoc., 100(470) :532–544. 7, 30, 36, 37, 44

49



BIBLIOGRAPHIE

[34] Francq, C. and Zakoïan, J.-M. (1998). Estimating linear representations of nonlinear pro-
cesses. J. Statist. Plann. Inference, 68(1) :145–165. 6, 7, 9

[35] Francq, C. and Zakoïan, J.-M. (2005). Recent results for linear time series models with non
independent innovations. In Statistical modeling and analysis for complex data problems,
volume 1 of GERAD 25th Anniv. Ser., pages 241–265. Springer, New York. 6, 9

[36] Franses, P. H. and Paap, R. (2004). Periodic time series models. OUP Oxford. 10

[37] Gallagher, C. M. and Fisher, T. J. (2015). On weighted portmanteau tests for time-series
goodness-of-fit. Journal of Time Series Analysis, 36(1) :67–83. 7

[38] Giovanis, E. et al. (2014). The turn-of-the-month-effect : Evidence from periodic genera-
lized autoregressive conditional heteroskedasticity (pgarch) model. International Journal of
Economic Sciences and Applied Research, 7(3) :43–61. 11

[39] Hannan, E. (1975). The estimation of arma models. The Annals of Statistics, pages 975–981.
7

[40] Hannan, E. J. (1976). The identification and parametrization of ARMAX and state space
forms. Econometrica, 44(4) :713–723. 26

[41] Hannan, E. J. and Rissanen, J. (1982). Recursive estimation of mixed autoregressive-
moving average order. Biometrika, 69(1) :81–94. 7

[42] Herrndorf, N. (1984). A functional central limit theorem for weakly dependent sequences
of random variables. Ann. Probab., 12(1) :141–153. 21

[43] Hipel, K. and McLeod, A. I. (1994). Time Series Modelling of Water Resources and Environ-
mental Systems. Elsevier, Amsterdam. 10, 13, 34

[44] Hipel, K. W., McLeod, A. I., and Lennox, W. C. (1977). Advances in box-jenkins modeling :
1. model construction. Water Resources Research, 13(3) :567–575. 7

[45] Holan, S. H., Lund, R., Davis, G., et al. (2010). The arma alphabet soup : A tour of arma
model variants. Statistics Surveys, 4 :232–274. 11

[46] Hosking, J. (1981). Equivalent forms of the multivariate portmanteau statistic. Journal of
the Royal Statistical Society : Series B (Methodological), 43(2) :261–262. 28

[47] Hosking, J. (1989). Corrigendum : Equivalent forms of the multivariate portmanteau sta-
tistic. Journal of the Royal Statistical Society. Series B (Methodological), 51(2) :303–303. 28

[48] Hosking, J. R. M. (1980). The multivariate portmanteau statistic. J. Amer. Statist. Assoc.,
75(371) :602–608. 28, 30

[49] Imhof, J. P. (1961). Computing the distribution of quadratic forms in normal variables.
Biometrika, 48 :419–426. 38

[50] Jones, R. H. and Brelsford, W. M. (1967). Time series with periodic structure. Biometrika,
54(3-4) :403–408. 10

[51] Kuan, C.-M. and Lee, W.-M. (2006). Robust M tests without consistent estimation of the
asymptotic covariance matrix. J. Amer. Statist. Assoc., 101(475) :1264–1275. 22

50



BIBLIOGRAPHIE

[52] Li, W. and McLeod, A. (1981). Distribution of the residual autocorrelations in multivariate
arma time series models. Journal of the Royal Statistical Society : Series B (Methodological),
43(2) :231–239. 28

[53] Ljung, G. M. and Box, G. E. P. (1978). On a measure of lack of fit in time series models.
Biometrika, 65(2) :pp. 297–303. 20, 28, 34

[54] Lobato, I. N. (2001). Testing that a dependent process is uncorrelated. J. Amer. Statist.
Assoc., 96(455) :1066–1076. 17, 22, 23, 39, 40, 47

[55] Lund, R. and Basawa, I. V. (2000). Recursive prediction and likelihood evaluation for per-
iodic ARMA models. J. Time Ser. Anal., 21(1) :75–93. 11, 13

[56] Mahdi, E. (2016). Portmanteau test statistics for seasonal serial correlation in time series
models. SpringerPlus, 5(1) :1485. 9, 17, 24, 28

[57] McLeod, A. I. (1978). On the distribution of residual autocorrelations in Box-Jenkins mo-
dels. J. Roy. Statist. Soc. Ser. B, 40(3) :296–302. 7, 9, 27, 28, 29

[58] McLeod, A. I. (1993). Parsimony, model adequacy and periodic correlation in time series
forecasting. International Statistical Review/Revue Internationale de Statistique, pages 387–
393. 14

[59] McLeod, A. I. (1994). Diagnostic checking of periodic autoregression models with applica-
tion. J. Time Ser. Anal., 15(2) :221–233. 34

[60] McLeod, A. I. (1995). Addendum : Diagnostic checking of periodic autoregression models
with application [J. Time Ser. Anal. 15 (1994), no. 2, 221–233]. J. Time Ser. Anal., 16(6) :647–
648. 34

[61] McLeod, A. I. and Li, W. K. (1983). Diagnostic checking arma time series models using
squared-residual autocorrelations. Journal of time series analysis, 4(4) :269–273. 7

[62] Morgan, J. and Tatar, J. (1972). Calculation of the residual sum of squares for all possible
regressions. Technometrics, 14(2) :317–325. 13

[63] Newey, W. K. and West, K. D. (1987). A simple, positive semidefinite, heteroskedasticity and
autocorrelation consistent covariance matrix. Econometrica, 55(3) :703–708. 21, 30

[64] Noakes, D. J., McLeod, A. I., and Hipel, K. W. (1985). Forecasting monthly riverflow time
series. International Journal of Forecasting, 1(2) :179–190. 13

[65] Osborn, D. R. and Smith, J. P. (1989). The performance of periodic autoregressive models
in forecasting seasonal uk consumption. Journal of Business & Economic Statistics, 7(1) :117–
127. 10

[66] Pagano, M. (1978). On periodic and multiple autoregressions. Ann. Statist., 6(6) :1310–
1317. 10

[67] Parzen, E. and Pagano, M. (1979). An approach to modeling seasonally stationary time
series. Journal of Econometrics, 9(1-2) :137–153. 10

[68] Romano, J. P. and Thombs, L. A. (1996). Inference for autocorrelations under weak assump-
tions. J. Amer. Statist. Assoc., 91(434) :590–600. 6, 7, 18

51



BIBLIOGRAPHIE

[69] Salas, J. and Obeysekera, J. (1982). Arma model identification of hydrologic time series.
Water Resources Research, 18(4) :1011–1021. 7

[70] Salas, J. D. (1980). Applied modeling of hydrologic time series. Water Resources Publication.
13

[71] Salas, J. D., Boes, D. C., and Smith, R. A. (1982). Estimation of arma models with seasonal
parameters. Water Resources Research, 18(4) :1006–1010. 13

[72] Shao, Q. and Lund, R. (2004). Computation and characterization of autocorrelations and
partial autocorrelations in periodic ARMA models. J. Time Ser. Anal., 25(3) :359–372. 34

[73] Shao, X. (2010a). A self-normalized approach to confidence interval construction in time
series. J. R. Stat. Soc. Ser. B Stat. Methodol., 72(3) :343–366. 22

[74] Shao, X. (2010b). Corrigendum : A self-normalized approach to confidence interval
construction in time series. J. R. Stat. Soc. Ser. B Stat. Methodol., 72(5) :695–696. 22

[75] Shao, X. (2012). Parametric inference in stationary time series models with dependent
errors. Scand. J. Stat., 39(4) :772–783. 22

[76] Slutzky, E. (1937). The summation of random causes as the source of cyclic processes.
Econometrica : Journal of the Econometric Society, pages 105–146. 5

[77] Thompstone, R. M., Hipel, K. W., and McLeod, A. I. (1985). Grouping of periodic autore-
gressive models. Time series analysis : Theory and practice, 6 :35–49. 13

[78] Tiao, G. and Grupe, M. (1980). Hidden periodic autoregressiye-moving average models in
time series data. Biometrika, 67(2) :365–373. 10, 13

[79] Tiao, G. C. and Tsay, R. S. (1983). Consistency properties of least squares estimates of au-
toregressive parameters in arma models. The Annals of Statistics, pages 856–871. 7

[80] Ursu, E. and Duchesne, P. (2009a). Estimation and model adequacy checking for multiva-
riate seasonal autoregressive time series models with periodically varying parameters. Stat.
Neerl., 63(2) :183–212. 12, 16

[81] Ursu, E. and Duchesne, P. (2009b). On multiplicative seasonal modelling for vector time
series. Statist. Probab. Lett., 79(19) :2045–2052. 9, 27, 29

[82] Ursu, E. and Pereau, J.-C. (2016). Application of periodic autoregressive process to the
modeling of the garonne river flows. Stochastic Environmental Research and Risk Assessment,
30(7) :1785–1795. 13

[83] Vecchia, A. (1985a). Maximum likelihood estimation for periodic autoregressive moving
average models. Technometrics, 27(4) :375–384. 13

[84] Vecchia, A. (1985b). Periodic autoregressive-moving average (parma) modeling with ap-
plications to water resources 1. JAWRA Journal of the American Water Resources Association,
21(5) :721–730. 10

[85] Wold, H. (1938). A study in the analysis of stationary time series. PhD thesis, Almqvist &
Wiksell. 6

[86] Yule, G. U. (1927). Vii. on a method of investigating periodicities disturbed series, with
special reference to wolfer’s sunspot numbers. Philosophical Transactions of the Royal Society
of London. Series A, Containing Papers of a Mathematical or Physical Character, 226(636-
646) :267–298. 5

52



Chapter 2
Distribution of residual autocorrelations for
multiplicative seasonal ARMA models with
uncorrelated but non-independent error
terms

Abstract
In this paper we consider portmanteau tests for testing the adequacy of multiplicative seasonal
autoregressive moving-average (SARMA) models under the assumption that the errors are un-
correlated but not necessarily independent. We relax the standard independence assumption
on the error term in order to extend the range of application of the SARMA models. We study the
asymptotic distributions of residual and normalized residual empirical autocovariances and
autocorrelations under weak assumptions on the noise. We establish the asymptotic behaviour
of the proposed statistics. A set of Monte Carlo experiments and an application to monthly
mean total sunspot number are presented.
Keywords: Goodness-of-fit test, quasi-maximum likelihood estimation, Box-Pierce and Ljung-
Box portmanteau tests, residual autocorrelation, self-normalization, weak SARMA models

2.1 Introduction

The multiplicative seasonal autoregressive moving average (SARMA, for short) model of or-
der (p, q)(P,Q)s for the univariate time series X = (Xt )t∈Z, is defined by

aθ0 (L)aθ0 (L)Xt = bθ0 (L)bθ0 (L)εt , ∀t ∈Z, (2.1)

where θ0 = (a01, . . . , a0p ,b01, . . . ,b0q ,a01, . . . ,a0P,b01, . . . ,b0Q)′ and L stands for the backshift op-
erator. The nonseasonal autoregressive (AR, for short) and moving average (MA, for short) op-
erators are defined by aθ0 (L) = 1−∑p

i=1 a0i Li and bθ0 (L) = 1−∑q
i=1 b0i Li , respectively, while the

seasonal AR and MA operators are given by aθ0 (L) = 1−∑P
i=1 a0i Lsi and bθ0 (L) = 1−∑Q

i=1 b0i Lsi ,
respectively, where s denotes the length of the seasonal period. It is assumed that the model
defined by (2.1) is stationary, invertible and not redundant. Without loss of generality, we also
assume that a2

0p +b2
0q +a2

0P +b2
0Q 6= 0 (by convention a00 = b00 = a00 = b00 = 1).

In the standard situation ε= (εt )t∈Z is assumed to be a sequence of independent and identi-
cally distributed (iid for short) random variables with zero mean and common variance. In this
standard framework, (εt ) is said to be a strong white noise and the representation (2.1) is called a
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strong SARMA(p, q)(P,Q)s process. In contrast with this previous definition, the representation
(2.1) is said to be a weak SARMA(p, q)(P,Q)s if the noise process (εt ) is a weak white noise, that
is, if it satisfies

(A0): E(εt ) = 0, Var(εt ) =σ2
0 and Cov(εt ,εt−h) = 0 for all t ∈Z and all h 6= 0.

A strong white noise is obviously a weak white noise, because independence entails uncor-
relatedness, but the converse is not true. It is clear from these definitions that the following
inclusions hold: {

strong SARMA(p, q)(P,Q)s
}⊂ {

weak SARMA(p, q)(P,Q)s
}

.

After estimating the SARMA process, the next important step in the modeling consists in check-
ing if the estimated model fits satisfactorily the data. Thus, under the null hypothesis that the
model has been correctly identified, the residuals (ε̂t ) are approximately a white noise. This
adequacy checking step validates or invalidates the choice of the orders (p, q) and (P,Q)s .

Based on the residual empirical autocorrelations ρ̂(h) = ∑n
t=1+h ε̂t ε̂t−h/

∑n
t=1 ε̂

2
t , where n is

the length of the series, [9] have proposed a goodness-of-fit test, the so-called portmanteau
test, for strong ARMA models. A modification of their test has been proposed by [22]. It is
nowadays one of the most popular diagnostic checking tools in ARMA modeling of time series.
These tests are defined by

QBP
m = n

m∑
h=1

ρ̂2(h) and QLB
m = n(n +2)

m∑
h=1

ρ̂2(h)

n −h
, (2.2)

where m is a fixed integer. The statistic QLB
m has the same asymptotic chi-squared distribution

as QBP
m and has the reputation of doing better for small or medium sized sample (see [22]). For

weak ARMA models, [14] show that the asymptotic distributions of the statistics defined in (2.2)
are no longer chi-square distributions but a mixture of chi-squared distributions, weighted by
eigenvalues of the asymptotic covariance matrix of the vector of autocorrelations. Recently, [8]
proposed an alternative method based on a self-normalization approach to construct a new
test statistic which is asymptotically distribution-free under the null hypothesis.

In many situations, these tests are implemented to check the lack of fit of SARMA models.
However, the traditional methodology of Box and Jenkins cannot be extended to the case of
SARMA models when s > 1 because of the multiplicative contraints on the parameters. This
standard methodology needs to be adapted to take into account the possible lack of indepen-
dence of the error terms. See for instance [13] and [24] who considered serial correlation testing
in multiplicative seasonal univariate time series models. Duchesne (see [13]) proposed his test
statistic based on a kernel-based spectral density estimator, whose weighting scheme is more
adapted to autocorrelations associated to seasonal lags. The standard test procedures consist in
rejecting the null hypothesis of a SARMA(p, q)(P,Q)s model if the statistics (2.2) are larger than
a certain quantile of a chi-squared distribution with m− (p +q +P+Q) > 0 degrees of freedom.
Consequently, these standard tests are not applicable for m ≤ p +q +P+Q.

The works on the portmanteau statistic of SARMA models are generally performed under
the assumption that the errors εt are independent. This independence assumption is often
considered too restrictive by practitioners. It precludes conditional heteroscedasticity and/or
other forms of nonlinearity (see [18], for a review on weak univariate ARMA models). In this
framework, we relax the standard independence assumption on the error term in order to be
able to cover SARMA representations of general nonlinear models. For the asymptotic theory
of weak SARMA, notable exception are [6] where the consistency and the asymptotic normality
of the quasi-maximum likelihood estimator (QMLE) for weak multivariate SARMA models are
studied. They also study a particular case of the asymptotic distributions of residual autoco-
variances and autocorrelations at the seasonal lags 1s,2s,3s, . . . ,ms.
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2.2. ESTIMATING WEAK SARMA MODELS

This paper is devoted to the problem of the validation step of weak SARMA representations.
We consider portmanteau test statistics based on the residual empirical autocorrelations but
not necessarily at multiple lags s as in [6]. For such models, we show that the asymptotic distri-
butions of the statistics defined in (2.2) are no longer chi-square distributions but a mixture of
chi-squared distributions, weighted by eigenvalues of the asymptotic covariance matrix of the
vector of autocorrelations as in [6]. We also proposed another modified statistics based on a
self-normalization approach which are asymptotically distribution-free under the null hypoth-
esis and generalize the result of [8].

In Monte Carlo experiments, we illustrate that the proposed test statistics have reasonable
finite sample performance. Under nonindependent errors, it appears that the standard test
statistics are generally non reliable, overrejecting severely, while the proposed tests statistics of-
fer satisfactory levels. Even for independent errors, they seem preferable to the standard ones,
when the number m of autocorrelations is small. Moreover, the error of first kind is well con-
trolled. Contrarily to the standard tests (2.2), the proposed tests can be used safely for m small
(see for instance Figure 2.1). For all these above reasons, we think that the modified versions
that we propose in this paper are preferable to the standard ones for diagnosing SARMA mod-
els under nonindependent errors. Other contribution is to improve the results concerning the
statistical analysis of weak SARMA models by considering the adequacy problem.

The article is organized as follows. In the next section, we briefly recall the results on the
QMLE asymptotic distribution obtained by [6] when (εt ) satisfies mild mixing assumptions. We
study the asymptotic behaviour of the residuals autocovariances and autocorrelations under
weak assumptions on the noise in Section 2.3.1. It is also shown how the standard portman-
teau tests (2.2) must be adapted in the case of multiplicative seasonal ARMA models with non-
independent innovations. In Section 2.3.2 we derive the asymptotic distribution of residuals
autocovariances and autocorrelations using self-normalization approach and we establish the
asymptotic behaviour of the proposed statistics. Section 2.4 proposes numerical illustrations
and an illustrative application on real data. We provide a conclusion in Section 2.5. The techni-
cal proofs are relegated to the appendix.

2.2 Estimating weak SARMA models

In this section, we recall the results on the QMLE asymptotic distribution obtained by [6]
when (εt ) satisfies mild mixing assumptions in order to have a self-containing paper.

The unknown parameter of interest θ0 is supposed to belong to the parameter space

Θ=
{
θ= (a1, . . . , ap ,b1, . . . ,bq ,a1, . . . ,aP,b1, . . . ,bQ)′ ∈Rk0 , where k0 = p +q +P+Q,

aθ(z) = 1−
p∑

i=1
ai zi , aθ(z) = 1−

P∑
j=1

a j zs j , bθ(z) = 1−
p∑

i=1
bi zi and bθ(z) = 1−

Q∑
j=1

b j zs j

have all their zeros outside the unit disk
}

.

To ensure the asymptotic theory of the QMLE, we assume that the parametrization satisfies the
following smoothness conditions. Without loss of generality, we may assume thatΘ is compact.

(A1): The process ε= (εt )t∈Z is ergodic and strictly stationary.

For the asymptotic normality of the QMLE, additional assumptions are required. It is necessary
to assume that θ0 is not on the boundary of the parameter space Θ.

(A2): We have θ0 ∈
◦
Θ, where

◦
Θ denotes the interior of Θ.
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To control the serial dependence of the stationary process (εt ), we introduce the strong mixing
coefficients αε(h) defined by

αε (h) = sup
A∈F t−∞,B∈F+∞

t+h

|P (A∩B)−P(A)P(B)| ,

where F t−∞ = σ(εu ,u ≤ t ) and F+∞
t+h = σ(εu ,u ≥ t +h). We use | · | to denote the Euclidian norm

|z| = (∑τ
i=1 z2

i

)1/2
of a column vector z = (z1, . . . , zτ)′. We will make an integrability assumption

on the moment of the noise and a summability condition on the strong mixing coefficients
(αε(k))k≥0.

(A3): We have E
∣∣εt |4+2ν <∞ and

∑∞
k=0 {αε(k)}

ν
2+ν <∞ for some ν> 0.

Assumption (A3) from [15, 18] is a technical condition for proving the asymptotic theory of the
QMLE. The integrability assumption on the moment of the noise is not very restrictive in this
framework because the innovation process (εt ) is directly observed (see [26]).

For the estimation of SARMA and multivariate SARMA models, the commonly used esti-
mation method is the quasi-maximum likelihood estimation, which can be also viewed as a
nonlinear least squares estimation (LSE). Given a realization X1,X2, . . . ,Xn satisfying (2.1), the
variable εt (θ) can be approximated, for 0 < t ≤ n, by et (θ) defined recursively by

et (θ) = Xt −
p∑

i=1
ai Xt−i −

P∑
j=1

a j Xt−s j +
p∑

i=1

P∑
j=1

ai a j Xt−s j−i +
q∑

i=1
bi et−i (θ)

+
Q∑

j=1
b j et−s j (θ)−

q∑
i=1

Q∑
j=1

bi b j et−s j−i (θ), (2.3)

where the unknown initial values are set to zero: e0(θ) = ·· · = e1−q−sQ(θ) = X0 = ·· · = X1−p−sP = 0.
The Gaussian quasi-likelihood is given by

Ln(θ,σ2) =
n∏

t=1

1

(2π)1/2
p
σ2

exp

{
−e2

t (θ)

2σ2

}
.

A QMLE of (θ,σ2) is a measurable solution (θ̂n , σ̂2) of

(θ̂n , σ̂2) = argmin
θ,σ2

{
log(σ2)+ 1

2σ2
Qn(θ)

}
where Qn(θ) = 1

n

n∑
t=1

e2
t (θ).

In all the sequel, we denote by
d−→, the convergence in distribution. The symbol oP(1) is used for

a sequence of random variables that converges to zero in probability. Under the above assump-
tions, [6] showed that θ̂n → θ0 a.s. as n →∞ and

p
n

(
θ̂n −θ0

)=−J−1 1p
n

n∑
t=1

Υt +oP(1)
d−−−−→

n→∞ N (0,Σ= J−1IJ−1), (2.4)

where

J = J(θ0) = 2

σ2
0

E

[
∂εt (θ0)

∂θ

∂εt (θ0)

∂θ′

]
, I = I(θ0) =

+∞∑
h=−∞

Cov(Υt ,Υt−h) and Υt = 2

σ2
0

εt (θ0)
∂εt (θ0)

∂θ
.

Note that, the existence of the matrix I(θ0) is a consequence of (A3) and of Davydov’s inequality
(see [11]).
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2.3. DIAGNOSTIC CHECKING IN WEAK SARMA MODELS

2.3 Diagnostic checking in weak SARMA models

In order to check the validity of the SARMA(p, q)(P,Q)s model, it is a common practice to
examine the QMLE residuals ε̂t = êt = et (θ̂n) where et (θ) is given by (2.3) for all θ ∈ Rk0 . For a
fixed integer m ≥ 1, consider the vector of residual autocovariances

γ̂m = (
γ̂(1), . . . , γ̂(m)

)′ where γ̂(h) = 1

n

n∑
t=h+1

êt êt−h for 0 ≤ h < n.

In the sequel, we will also need the vector of the first m sample autocorrelations

ρ̂m = (
ρ̂(1), . . . , ρ̂(m)

)′ where ρ̂(h) = γ̂(h)/γ̂(0).

The statistics (2.2) are usually used to test the following null hypothesis

(H0) : (Xt )t∈Z satisfies a SARMA(p, q)(P,Q)s representation;

against the alternative

(H1) : (Xt )t∈Z does not admit a SARMA(p, q)(P,Q)s representation or (Xt )t∈Z satisfies a
SARMA(p ′, q ′)(P′,Q′)s representation with p ′ > p or q ′ > q or P′ > P or Q′ > Q.

2.3.1 Asymptotic distribution of the residual autocorrelations

First note that the mixing assumptions (A3) entail the asymptotic normality of the "empiri-
cal" autocovariances

γm = (
γ(1), . . . ,γ(m)

)′ where γ(h) = 1

n

n∑
t=h+1

εt εt−h for 0 ≤ h < n.

It should be noted that γ(h) is not a computable statistic because it depends on the unobserved
innovations εt = εt (θ0) except when p = q = P = Q = 0. Define the matrix

Ξ=
(

Σ Σθ̂n ,γm

Σ′
θ̂n ,γm

Σγm

)
=

+∞∑
h=−∞

Ewt w ′
t−h , where wt =

(
w1t

w2t

)
∈Rk0+m (2.5)

with w1t = −J−1Υt = −2σ−2
0 εt J−1 (∂εt /∂θ) and w2t = (εt−1, . . . ,εt−m)′ εt . Note that, the existence

of the matrix Ξ is a consequence of (A3) and of Davydov’s inequality (see [11]).
The asymptotic distribution of

p
nρ̂m will be obtained from the joint asymptotic distribu-

tion of p
n

(
θ̂′n −θ′0,γ′m

)′ = 1p
n

n∑
t=1

wt +oP(1)
d−−−−→

n→∞ N (0,Ξ),

by applying the central limit theorem for mixing processes (see [20]).
Now, considering γ̂(h) and γ(h) as values of the same function at the points θ̂n and θ0, a

Taylor expansion about θ0 gives

γ̂(h) = γ(h)+ 1

n

n∑
t=h+1

{
εt−h(θ)

∂εt (θ)

∂θ′
+ ∂εt−h(θ)

∂θ′
εt (θ)

}
θ=θ∗n

(θ̂n −θ0)+OP(1/n)

= γ(h)+E
(
εt−h(θ0)

∂εt (θ0)

∂θ′

)
(θ̂n −θ0)+OP(1/n),

where θ∗n is between θ̂n and θ0. The last equality follows from the consistency of θ̂n and the fact
that

(
∂εt−h/∂θ′

)
(θ0) is not correlated with εt when h ≥ 0. Then for h = 1, . . . ,m, we have

γ̂m := (
γ̂(1), . . . , γ̂(m)

)′ = γm +Φm(θ̂n −θ0)+OP(1/n), (2.6)
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where

Φm = E


 εt−1

...
εt−m

 ∂εt

∂θ′

 . (2.7)

The following Proposition, which is a generalization of Theorem 4 obtained by [6] gives the
limiting distribution of the residual autocovariances and autocorrelations of SARMA models.

Proposition 2.3.1 When, p > 0, P > 0, q > 0 and Q > 0, under the above assumptions, we have

p
nγ̂m

d−−−−→
n→∞ N

(
0,Σγ̂m

)
and

p
nρ̂m

d−−−−→
n→∞ N

(
0,Σρ̂m

)
where,

Σγ̂m =Σγm +ΦmΣΦ
′
m +ΦmΣθ̂n ,γm

+Σ′
θ̂n ,γm

Φ′
m and Σρ̂m = 1

σ4
0

Σγ̂m .

The proof of this result is similar to that given by [6] for Theorem 4.
The asymptotic variance matrices Σγ̂m and Σρ̂m depend on the unknown matrices Ξ, Φm

and the scalar σ2
0. MatrixΦm and σ2

0 can be estimated by its empirical counterpart, respectively

Φ̂m = 1

n

n∑
t=1

{
(ε̂t−1, . . . , ε̂t−m)′

∂ε̂t

∂θ′

}
and σ̂2 = γ̂(0) = 1

n

n∑
t=1

ε̂2
t .

Note that the matrix (2π)−1Ξ is the spectral density at frequency zero of the process (wt ), thus
an estimator of Ξ is given in Theorem 6 of [7]. Other estimators of such long-run variances are
available in the literature (see for instance [1], [2], [12], [25], for general references). For the
numerical illustrations presented in this paper, we used a Vector AR (VAR) spectral estimator
given in Theorem 6 of [7] consisting in: i) fitting VAR(r ) models for r = 1, . . . ,rmax to the series
ŵt , t = 1, . . . ,n, where ŵt is obtained by replacing θ0 by θ̂n in wt ; ii) selecting the order r which
minimizes an information criterion and approximating Ξ by (2π) times the spectral density at
frequency zero of the estimated VAR(r ) model. Hereafter, we used the AIC model selection
criterion with rmax = 5.

From Proposition 2.3.1 we can deduce the following result, which gives the exact limiting
distribution of the standard portmanteau statistics (2.2) under general assumptions on the in-
novation process of the fitted SARMA(p, q)(P,Q)s model.

Theorem 2.3.2 Under Assumptions in Proposition 2.3.1 and (H0), the statistics QLB
m and QBP

m con-
verge in distribution, as n →∞, to

Zm(ξm) =
m∑

i=1
ξi ,mZ2

i

where ξm = (ξ1,m , . . . ,ξm,m)′ is the vector of the eigenvalues of the matrix Σρ̂m = σ−4
0 Σγ̂m and

Z1, . . . ,Zm are independent N (0,1) variables.

As in [7], Theorem 2.3.2 shows that for the asymptotic distribution of QLB
m and QBP

m , the χ2
m−k0

approximation is no longer valid in the framework of weak SARMA(p, q)(P,Q)s models. The true
asymptotic distribution depends on nuisance parameters involving σ2

0, the matrix Φm and the
elements ofΞ. Consequently, in order to obtain the asymptotic distribution of the portmanteau
statistics (2.2) under weak assumptions on the noise, one needs a consistent estimator of the
asymptotic covariance matrix Σρ̂m . We let Σ̂ρ̂m the matrix obtained by replacing Ξ by Ξ̂, Φm by
Φ̂m and σ2

0 by σ̂2 in Σρ̂m . Denote by ξ̂m = (ξ̂1,m , . . . , ξ̂m,m)′ the vector of the eigenvalues of Σ̂ρ̂m .
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At the asymptotic level α, the LB (Ljung-Box) test (resp. the BP (Box-Pierce) test) consists in
rejecting the adequacy of the weak SARMA(p, q)(P,Q)s model when

QLB
m > Sm(1−α) ( resp. QBP

m > Sm(1−α)),

where Sm(1−α) is such that P
{
Zm(ξ̂m) > Sm(1−α)

} = α. We emphasize the fact that the pro-
posed modified versions of the Box-Pierce and Ljung-Box statistics are more difficult to imple-
ment because their critical values have to be computed from the data.

2.3.2 Self-normalized asymptotic distribution of the residual autocorrela-
tions

The nonparametric kernel estimator (see [1, 25]), used to estimate the matrix Ξ causes seri-
ous difficulties regarding the choice of the sequence of weights. The parametric approach based
on an autoregressive estimate of the spectral density of wt studied for instance by [2, 3, 5, 7, 12]
is also facing the problem of choosing the truncation parameter. So the choice of the order
of truncation is often crucial and difficult. In this section, we propose as in [8] an alterna-
tive method where we do not estimate an asymptotic covariance matrix. It is based on a self-
normalization based approach to construct a test-statistic which is asymptotically distribution-
free under the null hypothesis (see [8], for a reference in the ARMA cases). The idea comes from
[23] and has been already extended by [21, 27, 28, 29] to more general frameworks. See also
[30] for a review on some recent developments on the inference of time series data using the
self-normalized approach. In this case, the critical values are not computed from the data since
they are tabulated. In some sense, this method is finally closer to the standard method in which
the critical values are simply deduced from a χ2-table.

We denote Λ the matrix in Rm×(k0+m) defined in block formed by Λ = (Φm |Im), where Im is
the identity matrix of order m. In view of (2.4) and (2.6), we deduce that

p
n γ̂m = 1p

n

n∑
t=1

Λwt +oP(1). (2.8)

Contrarily to Subsection 2.3.1, we do not rely on the classical method that would consist in
estimating the asymptotic covariance matrix of Λwt . We need to apply the functional central
limit theorem holds for the process w = (wt )t≥1 (see Lemma 1 in [23]).

Finally, we define the normalization matrix Cm ∈Rm×m by

Cm = 1

n2

n∑
t=1

St S′
t where St =

t∑
j=1

(
Λw j −Λw̄

)
with w̄ = 1

n

n∑
t=1

wt .

To ensure the invertibility of the normalization matrix Cm which is proved in Lemma 6 of [8],
we need the following technical assumption on the distribution of εt .

(A4): The process (εt )t∈Z has a positive density on some neighborhood of zero.

Let (BK(r ))r≥0 be a K-dimensional Brownian motion starting from 0. For K ≥ 1, we denote UK

the random variable defined by

UK = B′
K(1)V−1

K BK(1) where VK =
∫ 1

0
(BK(r )− r BK(1))(BK(r )− r BK(1))′ dr. (2.9)

The following theorem states the asymptotic distributions of the sample autocovariances and
autocorrelations.
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Theorem 2.3.3 We assume that p > 0, q > 0, P > 0 or Q > 0. Under Assumptions of Proposition
2.3.1, (A4) and under the null hypothesis (H0), we have

n γ̂′mC−1
m γ̂m

d−−−−→
n→∞ Um and nσ4

0ρ̂
′
mC−1

m ρ̂m
d−−−−→

n→∞ Um

The proof of this result is postponed to Section 2.6.
Of course, the above theorem is useless for practical purpose, because it does not involve

any observable quantities. In practice, one has to replace the matrix Cm and the variance of the
noise σ2

0 by their empirical or observable counterparts. The matrix J can be easily estimated by
his empirical counterpart

Ĵ = 2

σ̂2

1

n

n∑
t=1

∂et (θ̂n)

∂θ

∂et (θ̂n)

∂θ′
.

Thus we define

Λ̂=
(
Φ̂m |Im

)
and ŵt =

(
−2Ĵ−1

n
∂et (θ̂n)

∂θ′
1

σ̂2
êt , êt êt−1, . . . , êt êt−m

)′
.

Finally we denote the normalization matrix Ĉm ∈Rm×m by

Ĉm = 1

n2

n∑
t=1

Ŝt Ŝ′
t where Ŝt =

t∑
j=1

(
Λ̂ŵ j − Λ̂ ¯̂w

)
with ¯̂w = 1

n

n∑
t=1

ŵt .

The following result is the applicable counterpart of Theorem 2.3.3.

Theorem 2.3.4 Assume that p > 0, q > 0, P > 0 or Q > 0. Under Assumptions of Theorem 2.3.3,
we have

n γ̂′mĈ−1
m γ̂m

d−−−−→
n→∞ Um and QSN

m = n σ̂4 ρ̂′mĈ−1
m ρ̂m

d−−−−→
n→∞ Um .

The proof of this result is postponed to Section 2.6.
Based on the above result, we propose a modified version of the Ljung-Box statistic when

one uses the statistic
Q̃SN

m = n σ̂4 ρ̂′mD1/2
n,mĈ−1

m D1/2
n,m ρ̂m , (2.10)

where the matrix Dn,m ∈ Rm×m is diagonal with ((n +2)/(n −1), ..., (n +2)/(n −m)) as diagonal
terms.

2.4 Numerical illustrations

In this section, by means of Monte Carlo experiments, we investigate the finite sample prop-
erties of the modified version of the portmanteau tests that we introduced in this work. The
numerical illustrations of this section are made with the open source statistical software R (see
R Development Core Team, 2017) or (see http://cran.r-project.org/).

2.4.1 Simulated models

First of all, we introduce the models that we simulate and we indicate the conventions that
we adopt in the discussion and in the tables:

— LBW and BPW refer to modified LB and BP tests using QLB
m and QBP

m in Section 2.3.1

— LBS and BPS refer to LB and BP tests using the standard statistics (2.2).
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— LBSN and BPSN refer to modified tests using the self-normalized statistics in Section 2.3.2

To generate the strong and the weak SARMA models, we consider the following SARMA(0,1)(0,1)s

model

Xt = εt −b01εt−1 −b01εt−s +b01b01εt−s−1, (2.11)

with θ0 = (b01,b01)′ = (−0.6,−0.7)′ and the innovation process (εt ) follows a strong or weak white
noise.

The generalized autoregressive conditional heteroscedastic (GARCH) models is an impor-
tant example of weak white noises in the univariate case (see [19]). So we first assume that in
(2.11) the innovation process ε is the following ARCH(1) model defined by{

εt =σtηt

σ2
t = 1+α1ε

2
t−1

(2.12)

where (ηt )t≥1 is a sequence of iid standard Gaussian random variables. To generate the strong
SARMA, we assume that in (2.11) the innovation process follows (2.12) with α1 = 0.

2.4.2 Empirical size

We first simulate N = 1,000 independent trajectories of size n = 2,000 of models (2.11). The
same series is partitioned as two series of sizes n = 500 and n = 2,000. For each of these N repli-
cations, we use the quasi-maximum likelihood estimation method to estimate the coefficient
θ0 and we apply portmanteau tests to the residuals for different values of m ∈ {4,8,12,15,18,20},
where m is the number of autocorrelations used in the portmanteau test statistic. For the nomi-
nal levelα= 5%, the empirical size over the N independent replications should vary between the
significant limits 3.6% and 6.4% with probability 95% and belong to [3.2%,6.9%] with a proba-
bility 99%. When the relative rejection frequencies are outside the 95% significant limits, they
are displayed in bold type and they are underlined when they are outside the 99% significant
limits in Tables 2.1 and 2.2.

For the standard Box-Pierce test, the model is therefore rejected when the statistic QBP
m or

QLB
m is larger than χ2

(m−2)(0.95) in a SARMA(0,1)(0,1)s case (see [24]). Consequently the empirical
size is not available (n.a.) for the statistic QBP

m or QLB
m because they are not applicable for m ≤ 2.

For the proposed self-normalized test BPSN or LBSN, the model is rejected when the statistic QSN
m

or Q̃SN
m is larger than Um(0.95), where the critical values UK(0.95) (for K = 1, . . . ,20) are tabulated

in Lobato (see Table 1 in [23]).
Table 2.1 displays the relative rejection frequencies of the null hypothesis (H0) that the data

generating process (DGP for short) follows a strong SARMA model (2.11)–(2.12) withα1 = 0, over
the N independent replications. When the seasonal period is s = 4, for all tests, the percentages
of rejection belong to the confident interval with probabilities 95% and 99%, except for LBS and
BPS when m = 4. Consequently all these tests well control the error of first kind. In contrast,
when s = 12, our proposed tests well also control the error of first kind (except for LBW and BPW

when n = 500) contrarily to the standard tests LBS, BPS for all sizes. We draw the conclusion
that, in this strong SARMA case, the proposed modified version may be clearly preferable to the
standard ones.

Now, we repeat the same experiments on a weak SARMA models. As expected, Table 2.2
shows that the standard LBS or BPS test poorly performs in assessing the adequacy of this par-
ticular weak SARMA model. It can be seen that: 1) the observed relative rejection frequencies
of LBS and BPS are definitely outside the significant limits, 2) the errors of the first kind are only
globally well controlled by the proposed tests, for all s when n is large. We also tried the case
where the ARCH(1) model (2.12) have infinite fourth moments. As showing in Figure 2.1, the
results are qualitatively similar to what we observe here.
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Figure 2.1 displays the residual autocorrelations of a realization of size n = 2,000 for weak
SARMA(0,1)(0,1)12 model (2.11)-(2.12) with α1 = 1.3 and their 5% significance limits under
the strong SARMA(0,1)(0,1)12 and weak SARMA(0,1)(0,1)12 assumptions. This figure confirms
clearly the conclusions drawn from Table 2.2. The horizontal dotted lines (blue color) corre-
spond to the 5% significant limits obtained under the strong SARMA assumption. The solid
lines (red color) and dashed lines (green color) correspond also to the 5% significant limits
under the weak SARMA assumption. The full lines correspond to the asymptotic significance
limits for the residual autocorrelations obtained in Proposition 2.3.1. The dashed lines (green
color) correspond to the self-normalized asymptotic significance limits for the residual auto-
correlations obtained in Theorem 2.3.4.

In these Monte Carlo experiments, we illustrate that the proposed test statistics have rea-
sonable finite sample performance. Under nonindependent errors, it appears that the standard
test statistics are generally non reliable, overrejecting severely, while the proposed tests statis-
tics offer satisfactory levels. Even for independent errors, they seem preferable to the standard
ones, when the number m of autocorrelations is small and when s = 12. Moreover, the error of
first kind is well controlled. Contrarily to the standard tests based on BPS or LBS, the proposed
tests can be used safely for m small (see for instance Figure 2.1). For all these above reasons,
we think that the modified versions that we propose in this paper are preferable to the standard
ones for diagnosing SARMA models under nonindependent errors.
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Figure 2.1 – Autocorrelation of a realization of size n = 2,000 for weak SARMA(0,1)(0,1)12 model (2.11)-(2.12)

with α1 = 1.3. The horizontal dotted lines (blue color) correspond to the 5% significant limits obtained under the

strong SARMA assumption. The solid lines (red color) and dashed lines (green color) correspond also to the 5%

significant limits under the weak SARMA assumption. The full lines correspond to the asymptotic significance

limits for the residual autocorrelations obtained in Proposition 2.3.1. The dashed lines (green color) correspond to

the self-normalized asymptotic significance limits for the residual autocorrelations obtained in Theorem 2.3.4.

62



2.4. NUMERICAL ILLUSTRATIONS

Table 2.1 – Empirical size (in %) of the modified and standard versions of the LB and BP tests in the case
of SARMA(0,1)(0,1)s model (2.11)-(2.12) with α1 = 0. The nominal asymptotic level of the tests is α= 5%.
The number of replications is N = 1,000.

s Length n Lag m LBSN BPSN LBW BPW LBS BPS

4 4.3 4.0 6.8 6.8 8.7 8.7
8 5.8 5.4 5.8 5.6 7.2 6.7

4 n = 500 12 4.9 4.8 6.0 5.4 7.2 6.3
15 6.3 5.3 5.1 4.7 5.8 5.3
18 5.7 5.1 5.4 4.3 5.7 4.9
20 5.7 5.0 5.2 3.8 5.4 4.1
4 4.1 4.1 5.7 5.6 7.5 7.5
8 4.2 4.2 4.7 4.7 5.9 5.6

4 n = 2,000 12 4.9 4.8 3.9 3.9 4.6 4.4
15 4.6 4.6 4.9 4.4 4.9 4.5
18 4.0 3.8 4.4 4.2 4.6 4.1
20 4.5 4.5 5.1 5.0 5.4 5.1
4 4.7 4.5 12.8 12.1 20.8 20.6
8 6.5 6.4 12.1 11.4 15.1 14.6

12 n = 500 12 5.4 5.1 10.7 10.1 11.7 10.8
15 6.0 5.6 8.7 8.4 9.8 9.4
18 5.1 4.5 8.3 7.5 9.7 8.3
20 5.5 4.3 8.6 7.6 9.8 8.4
4 4.4 4.3 7.2 7.0 14.0 13.7
8 4.9 4.9 5.8 5.7 9.9 9.8

12 n = 2,000 12 4.5 4.4 6.0 5.6 7.0 6.6
15 4.5 4.5 6.1 6.0 7.0 6.9
18 5.4 5.3 6.0 5.7 6.9 6.5
20 4.9 4.8 6.3 6.1 7.5 7.1

2.4.3 Empirical power

In this section we repeat the same experiments as in Section 2.4.1 to examine the power of
the tests for the null hypothesis of a SARMA(0,1)(0,1)s against the following SARMA(1,1)(0,1)s

alternative defined by

Xt = a01Xt−1 +εt −b01εt−1 −b01εt−s +b01b01εt−s−1, (2.13)

with θ0 = (a01,b01,b01)′ = (0.8,−0.6,−0.7)′ and where the innovation process ε follows a strong
or weak white noise introduced in Section 2.4.1. For each of these N replications we fit a SARMA(0,1)(0,1)s

models and perform standard and modified tests based on m = 4,8,12,15, 18 and 20 residual
autocorrelations.

Tables 2.3 and 2.4 compare the empirical powers of Model (2.13)-(2.12) with α1 = 0 and
α1 = 0.45 respectively over the N independent replications. For these particular strong and
weak SARMA models, we notice that the standard BPS and LBS and our proposed tests have
very similar powers except for BPSN and LBSN when n = 500 in the weak case.
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Table 2.2 – Empirical size (in %) of the modified and standard versions of the LB and BP tests in the
case of SARMA(0,1)(0,1)s model (2.11)-(2.12) with α1 = 0.45. The nominal asymptotic level of the tests is
α= 5%. The number of replications is N = 1,000.

s Length n Lag m LBSN BPSN LBW BPW LBS BPS

4 3.1 2.9 4.5 4.3 18.3 18.3
8 2.8 2.6 3.3 3.2 11.7 11.3

4 n = 500 12 3.5 3.2 2.8 2.4 9.7 9.3
15 2.8 2.3 2.9 2.7 10.0 9.0
18 1.9 1.6 2.7 2.4 9.1 7.8
20 1.7 1.5 2.6 2.3 9.0 7.9
4 5.5 5.4 4.2 4.2 19.9 19.9
8 4.8 4.8 3.6 3.6 13.9 13.7

4 n = 2,000 12 4.5 4.3 3.8 3.6 11.4 11.3
15 4.8 4.8 3.6 3.6 10.7 10.5
18 3.7 3.7 3.4 3.4 10.2 9.8
20 3.2 3.1 3.5 3.5 9.4 9.1
4 3.6 3.5 9.1 8.9 29.6 29.1
8 4.0 3.8 6.4 6.0 20.4 19.7

12 n = 500 12 4.2 3.5 5.5 5.2 15.4 14.6
15 2.2 1.9 5.4 4.8 14.6 13.5
18 1.7 1.4 4.3 4.2 13.3 12.0
20 1.8 1.6 4.9 4.2 12.9 11.8
4 4.4 4.4 4.5 4.5 27.1 27.1
8 4.8 4.7 4.1 3.9 20.3 20.1

12 n = 2,000 12 3.8 3.8 4.6 4.4 15.3 15.2
15 4.6 4.5 3.5 3.4 13.9 13.7
18 3.8 3.7 3.6 3.5 12.6 12.4
20 3.5 3.3 4.1 3.8 11.9 11.8

2.4.4 Application to real data

We now consider an application to monthly mean total sunspot number obtained by tak-
ing a simple arithmetic mean of the daily total sunspot number over all days of each calendar
month. The observations (sunspot) covered the period from January 01, 2010 to December 31,
2018 which correspond to n = 108 observations. The series exhibit seasonal behavior (s = 12).
The data were obtain from the website of the World Data Center, Solar Influences Data Analysis
Center, Royal Observatory of Belgium (http://www.sidc.be/silso/datafiles).

Let Zt = log(sunspott )−log(sunspott−1) and denoting by Xt = Zt −E(Zt ) the mean-corrected
series. We adjust the particular SARMA(3,1)(0,1)12 model of the form

Xt = a03Xt−3 +εt −b01εt−1 −b01εt−s +b01b01εt−s−1.

The quasi-maximum likelihood estimators of θ0 = (a03,b01,b01)′ were obtained as

θ̂n =
 −0.1810 [0.0253] (0.0000)

0.5438 [0.0204] (0.0000)
−0.1139 [0.0237] (0.0000)

 and σ̂2
ε = 0.1728,
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Table 2.3 – Empirical power (in %) of the modified and standard versions of the LB and BP tests in the
case of SARMA(0,1)(0,1)s model (2.13)-(2.12) with α1 = 0. The number of replications is N = 1,000.

s Length n Lag m LBSN BPSN LBW BPW LBS BPS

4 98.9 98.9 100.0 100.0 100.0 100.0
8 98.1 98.0 100.0 100.0 100.0 100.0

4 n = 500 12 96.3 96.3 100.0 100.0 100.0 100.0
15 94.9 94.9 99.9 99.9 100.0 100.0
18 93.7 93.5 99.8 99.7 100.0 100.0
20 91.6 91.4 99.7 99.7 100.0 100.0
4 100.0 100.0 100.0 100.0 100.0 100.0
8 100.0 100.0 100.0 100.0 100.0 100.0

4 n = 2,000 12 100.0 100.0 100.0 100.0 100.0 100.0
15 100.0 100.0 100.0 100.0 100.0 100.0
18 100.0 100.0 100.0 100.0 100.0 100.0
20 100.0 100.0 100.0 100.0 100.0 100.0
4 98.1 98.1 100.0 100.0 100.0 100.0
8 97.7 97.7 99.9 99.9 100.0 100.0

12 n = 500 12 96.6 96.6 99.9 99.9 100.0 100.0
15 95.5 95.4 99.9 99.9 100.0 100.0
18 92.9 92.7 99.9 99.9 100.0 100.0
20 90.9 90.5 99.9 99.9 100.0 100.0
4 100.0 100.0 100.0 100.0 100.0 100.0
8 100.0 100.0 100.0 100.0 100.0 100.0

12 n = 2,000 12 100.0 100.0 100.0 100.0 100.0 100.0
15 100.0 100.0 100.0 100.0 100.0 100.0
18 100.0 100.0 100.0 100.0 100.0 100.0
20 100.0 100.0 100.0 100.0 100.0 100.0

where the estimated asymptotic standard errors obtained from (2.4) (respectively the p-values),
of the estimated parameters (first column), are given into brackets (respectively in parenthe-
ses). We apply portmanteau tests to the residuals of this model. Figure 2.2 displays the residual
autocorrelations and their 5% significance limits under the strong SARMA(3,1)(0,1)12 and weak
SARMA(3,1)(0,1)12 assumptions. In view of Figure 2.2, the diagnostic checking of residuals does
not indicate any inadequacy. All of the sample autocorrelations should lie between the bands
(at 95%) shown as dashed lines (green color), solid lines (red color) and the horizontal dotted
(blue color).
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Table 2.4 – Empirical power (in %) of the modified and standard versions of the LB and BP tests in the
case of ARMA(0,1)(0,1)s model (2.13)-(2.12) with α1 = 0.45. The number of replications is N = 1000.

s Length n Lag m LBSN BPSN LBW BPW LBS BPS

4 89.2 89.1 98.5 98.5 100.0 100.0
8 83.0 82.9 96.8 96.7 100.0 100.0

4 n = 500 12 71.5 71.5 96.3 96.3 100.0 100.0
15 64.9 64.7 95.6 95.6 100.0 100.0
18 56.2 55.7 95.1 95.0 100.0 100.0
20 50.6 49.4 94.5 94.4 100.0 100.0
4 99.5 99.5 100.0 100.0 100.0 100.0
8 99.4 99.4 100.0 100.0 100.0 100.0

4 n = 2,000 12 99.1 99.1 100.0 100.0 100.0 100.0
15 99.2 99.2 99.9 99.9 100.0 100.0
18 99.5 99.5 100.0 100.0 100.0 100.0
20 99.2 99.2 99.9 99.9 100.0 100.0
4 90.1 90.1 98.4 98.3 100.0 100.0
8 82.4 82.2 97.3 97.2 100.0 100.0

12 n = 500 12 74.3 74.0 97.0 96.9 100.0 100.0
15 68.7 68.3 96.9 96.5 100.0 100.0
18 56.9 56.0 96.1 95.7 100.0 100.0
20 48.9 47.9 96.0 95.7 100.0 100.0
4 99.6 99.6 100.0 100.0 100.0 100.0
8 99.6 99.6 99.9 99.9 100.0 100.0

12 n = 2,000 12 99.5 99.5 100.0 100.0 100.0 100.0
15 99.4 99.4 100.0 100.0 100.0 100.0
18 99.5 99.5 100.0 100.0 100.0 100.0
20 99.0 99.0 100.0 99.9 100.0 100.0
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Figure 2.2 – Autocorrelation of the particular SARMA(3,1)(0,1)12 model residuals for the mean-logarithm-

corrected of monthly mean total sunspot number. The horizontal dotted lines (blue color) correspond to the 5%

significant limits obtained under the strong SARMA assumption. The solid lines (red color) and dashed lines (green

color) correspond also to the 5% significant limits under the weak SARMA assumption. The full lines correspond to

the asymptotic significance limits for the residual autocorrelations obtained in Proposition 2.3.1. The dashed lines

(green color) correspond to the self-normalized asymptotic significance limits for the residual autocorrelations

obtained in Theorem 2.3.4.
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2.5 Conclusion

From these simulation experiments and from the asymptotic theory, we draw the conclu-
sion that the standard methodology, based on the QMLE, allows to fit SARMA representations
of a wide class of nonlinear time series. But it is often restrictive to consider that the innovation
process is directly observed. In future works, we intent to study how the existing estimation
(see [17, 19]) and diagnostic checking (see [31]) procedures should be adapted in the situation
where the GARCH process used in these simulation experiments is not directly observed, but
constitutes the innovation of an observed SARMA-(seasonal)GARCH process which will be able
to extend considerably the range of applications.
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2.6 Proofs

The proofs of Theorems 2.3.3 and 2.3.4 follow the same lines as in [8] and are similar. To
have its own autonomy, the proofs will be rewrite and adapt.
Proof of Theorem 2.3.3

We recall that the Skorokhod spaceDk [0,1] is the set ofRk−valued functions defined on [0,1]
which are right continuous and have left limits. It is endowed with the Skorokhod topology and

the weak convergence on Dk [0,1] is mentioned by
Dk

−−→. We finally denote by bxc the integer part
of the real x.

To prove the result we need to recall some following results of [4, 14, 15, 16, 24].
We denote by a∗

i , b∗
i , a∗

i and b∗
i the coefficients defined by

a−1
θ0

(z) = ∑
i≥0

a∗
i zi , b−1

θ0
(z) = ∑

i≥0
b∗

i zi , a−1
θ0

(z) = ∑
i≥0

a∗
i zi and b−1

θ0
(z) = ∑

i≥0
b∗

i zi , |z| ≤ 1.

Following [14] and [24] (see also [4]), the noise derivatives involving in the expression of J(θ0)
and I(θ0) can be represented as

∂εt

∂θ
= ∑

i≥1
λi εt−i , (2.14)

λi =
(
−a∗

i−1, . . . ,−a∗
i−p ,b∗

i−1, . . . ,b∗
i−q ,−a∗

i−1s , . . . ,−a∗
i−Ps ,b∗

i−1s , . . . ,b∗
i−Qs

)′ ∈Rk0 ,

with a∗
i = b∗

i = a∗
i = b∗

i = 0 when i < 0.

For any θ ∈ Θ ⊂ Rk0 and any (l ,m) ∈ {1, . . . ,k0}2, under the above Assumptions, there exists
absolutely summable and deterministic sequences (ci (θ))i≥0, (λi ,l (θ))i≥1 and (λi ,l ,m(θ))i≥1 such
that, almost surely,

εt (θ) =
∞∑

i=0
ci (θ)εt−i ,

∂εt (θ)

∂θl
=

∞∑
i=1

λi ,l (θ)εt−i and
∂2εt (θ)

∂θl∂θm
=

∞∑
i=2

λi ,l ,m(θ)εt−i (2.15)

et (θ) =
t−1∑
i=0

ci (θ)et−i ,
∂et (θ)

∂θl
=

t−1∑
i=1

λi ,l (θ)et−i and
∂2et (θ)

∂θl∂θm
=

t−1∑
i=2

λi ,l ,m(θ)et−i (2.16)

with c0(θ) = 1. A useful property of the above three sequences that they are asymptotically
exponentially small. Indeed there exists ρ ∈]0,1[ and a positive constant K such that, for all
i ≥ 1, we have

sup
θ∈Θ

(
|ci (θ)|+ |λi ,l (θ)|+ |λi ,l ,m(θ)|

)
≤ Kρi . (2.17)

See Lemmas A.1. and A.2. of [16] for a more detailed treatment.
Now, in view of (2.8) it is clear that the asymptotic behaviour of γ̂m is related to the limit

distribution of wt =
(
−Υ′

t J−1′ ,εtεt−1, . . . ,εtεt−m

)′
. First, we prove that 1p

n

∑bnr c
j=1 Λw j converges

on the Skorokhod space to a Brownian motion. More precesily, we have to show that

1p
n

bnr c∑
j=1

Λw j
Dm

−−−−→
n→∞

(
ΨΨ′)1/2 Bm(r ) (2.18)

where (Bm(r ))r≥0 is a m-dimensional standard Brownian motion.
Using (2.14), the process wt can be rewritten as

wt =
(
−2σ−2

0

{ ∞∑
i=1

λi ,1(θ0)εtεt−i , · · · ,
∞∑

i=1
λi ,k0 (θ0)εtεt−i

}′
J−1′ , εtεt−1 , . . . , εtεt−m

)′
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and thus the non-correlation between εt implies that wt has zero expectation with values in
Rk0+m . In order to apply the functional central limit theorem for strongly mixing process, we
need to identify the asymptotic covariance matrix in the classical central limit theorem for the
sequence (wt )t≥1. It is proved in Subsection 2.3.1 that

1p
n

n∑
t=1

wt
d−−−−→

n→∞ N (0,Ξ := 2π fw (0)) (2.19)

where fw (0) is the spectral density of the stationary process (wt )t∈Z evaluated at frequency 0.
The main issue is to prove the existence of the matrixΞwhich is a consequence (A3) and Davy-
dov’s inequality [11]. For that sake, one has to introduce for any integer k, the random variables

w k
t =

(
−2σ−2

0

{
k∑

i=1
λi ,1(θ0)εtεt−i , · · · ,

k∑
i=1

λi ,k0 (θ0)εtεt−i

}′
J−1′ , εtεt−1 , . . . , εtεt−m

)′
.

Since w k depends on a finite number of values of the noise-process ε, it also satisfies a mixing
property (see Theorem 14.1 in [10], p. 210). Based on the Davydov inequality (see [11]), the
arguments developed in the Lemma A.1 in [14] (see also [15]) imply that

1p
n

n∑
t=1

w k
t

d−−−−→
n→∞ N (0,Ξk ) (2.20)

where

Ξk := 2π fwk (0) =
+∞∑

h=−∞
Cov(w k

t , w k
t−h) =

+∞∑
h=−∞

E(w k
t w k

t−h
′
)

and thus (2.19) holds. Moreover we have that limk→∞Ξk =Ξ.
Since the matrix Ξ is positive definite, it can be factorized as Ξ = ∆∆′ where the (k0 +m)×

(k0 +m) lower triangular matrix ∆ has nonnegative diagonal entries. Therefore, we have

1p
n

n∑
t=1

Λwt
d−−−−→

n→∞ N (0,ΛΞΛ′),

and the new variance matrix can also been factorized as ΛΞΛ′ = (Λ∆)(Λ∆)′ :=ΨΨ′, where Ψ ∈
Rm×(k0+m). Thus, n−1/2 ∑n

t=1

(
ΨΨ′)−1/2

Λwt
d−−−−→

n→∞ N (0, Im) where Im is the identity matrix of

order m. The above arguments also apply to matrix Ξk with some matrix Ψk which is defined
analogously as Ψ. Consequently,

1p
n

n∑
t=1

Λw k
t

d−−−−→
n→∞ N (0,ΛΞkΛ

′),

and we also have n−1/2 ∑n
t=1

(
ΨkΨ

′
k

)−1/2
Λw k

t
d−−−−→

n→∞ N (0, Im)

Now we are able to apply the functional central limit theorem for strongly mixing process of
[20]. We have for any r ∈ (0,1),

1p
n

bnr c∑
j=1

(
ΨkΨ

′
k

)−1/2
Λw k

j
Dm

−−−−→
n→∞ Bm(r ).

For all j ∈ {1, . . . , [nr ]}, we write(
ΨΨ′)−1/2

Λw k
j =

((
ΨΨ′)−1/2 − (

ΨkΨ
′
k

)−1/2
)
Λw k

j +
(
ΨkΨ

′
k

)−1/2
Λw k

j
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and we obtain that

1p
n

bnr c∑
j=1

(
ΨΨ′)−1/2

Λw k
j

Dm

−−−−→
n→∞ Bm(r ).

In order to conclude (2.18), it remains to observe that, uniformly with respect to n,

Zk
n(r ) := 1p

n

bnr c∑
j=1

(
ΨΨ′)−1/2

ΛYk
j

Dm

−−−−→
k→∞

0, (2.21)

where

Yk
t =

(
−2σ−2

0

{ ∞∑
i=k+1

λi ,1(θ0)εtεt−i , · · · ,
∞∑

i=k+1
λi ,k0 (θ0)εtεt−i

}′
J−1′ , εtεt−1 , . . . , εtεt−m

)′
.

By Lemma 4 in [15], we have

sup
n

Var

(
1p
n

n∑
j=1

Yk
j

)
−−−−→
k→∞

0

and since bnr c ≤ n,

sup
0≤r≤1

sup
n

(
‖Zk

n(r )‖
)
−−−−→
k→∞

0.

Thus (2.21) is true and the proof of the first step (2.18) is achieved.
The previous step ensures us that Assumption 1 in [23] is satisfied for the sequence (Λwt )t≥1.

We follow the arguments developed in Sections 2 and 3 in [23], the second step is to show that

Cm = 1

n2

n∑
t=1

St S′
t

d−−−−→
n→∞

(
ΨΨ′)1/2 Vm

(
ΨΨ′)1/2 , (2.22)

by applying the continuous mapping theorem on the Skorokhod space and where the random
variable Vm is defined in (2.9). The main issue is to obtain that

1p
n

S[nr ] = 1p
n

[nr ]∑
j=1

(
Λw j −Λw̄

)= 1p
n

[nr ]∑
j=1

Λw j − [nr ]

n

(
1p
n

n∑
j=1

Λw j

)
Dm

−−−−→
n→∞

(
ΨΨ′)1/2 Bm(r )− r

(
ΨΨ′)1/2 Bm(1), (2.23)

by using (2.18) and the fact that [nr ]/n → r as n →∞. In view of (2.23), it follows that by con-
tinuous mapping theorem

Cm = 1

n2

n∑
t=1

St S′
t =

1

n

n∑
t=1

(
1p
n

St

)(
1p
n

St

)′
d−−−−→

n→∞
(
ΨΨ′)1/2

(∫ 1

0
(Bm(r )− r Bm(1))(Bm(r )− r Bm(1))′ dr

)(
ΨΨ′)1/2

= (
ΨΨ′)1/2 Vm

(
ΨΨ′)1/2 ,

which prove (2.22). Since
p

nγ̂m = n−1/2 ∑n
t=1Λwt +oP(1), using (2.18) and (2.22) we obtain

nγ̂′mC−1
m γ̂m =

(
1p
n

n∑
t=1

Λwt +oP(1)

)′
C−1

m

(
1p
n

n∑
t=1

Λwt +oP(1)

)
d−−−−→

n→∞

([
ΨΨ′]1/2 Bm(1)

)′ ([
ΨΨ′]1/2 Vm

{[
ΨΨ′]1/2

}′)−1 ([
ΨΨ′]1/2 Bm(1)

)
= B′

m(1)V−1
m Bm(1) =: Um .
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The proof of Theorem 2.3.3 is then complete. �
Proof of Theorem 2.3.4:

We write Ĉm = Cm +∇n where ∇n = n−2 ∑n
t=1

(
St S′

t − Ŝt Ŝ′
t

)
. There are three kinds of entries

in the matrix ∇n . The first one is a sum composed of

υk,k ′
t = ε2

t (θ0)εt−k (θ0)εt−k ′(θ0)−e2
t (θ̂n)et−k (θ̂n)et−k ′(θ̂n)

for (k,k ′) ∈ {1, . . . ,m}2. Using (2.17) and the consistency of θ̂n , we have υk,k ′
t = o(1) almost surely.

The two last kinds of entries of ∇n come from the following quantities for i , j ∈ {1, . . . ,k0} and
k ∈ {1, . . . ,m}

υ̃k,i
t = ε2

t (θ0)εt−k (θ0)
∂εt (θ0)

∂θi
−e2

t (θ̂n)et−k (θ̂n)
∂et (θ̂n)

∂θi
,

ῡ
i , j
t = ε2

t (θ0)
∂εt (θ0)

∂θi

∂εt (θ0)

∂θ j
−e2

t (θ̂n)
∂et (θ̂n)

∂θi

∂et (θ̂n)

∂θ j

and they also satisfy υ̃k,i
t + ῡi , j

t = o(1) almost surely by using (2.14) and (2.17). Consequently,
∇n = o(1) almost surely as n goes to infinity. Thus one may find a matrix ∇∗

n , that tends to the
null matrix almost surely, such that

n γ̂′mĈ−1
m γ̂m = n γ̂′m(Cm +∇n)−1γ̂m = n γ̂′mC−1

m γ̂m +n γ̂′m∇∗
nγ̂m .

Thanks to the arguments developed in the proof of Theorem 2.3.3, nγ̂′mC−1
m γ̂m converges in

distribution. So nγ̂′m∇∗
nγ̂m tends to zero in distribution, hence in probability. Then nγ̂′mĈ−1

m γ̂m

and nγ̂′mC−1
m γ̂m have the same limit in distribution and the result is proved. �
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Chapter 3
Multivariate portmanteau tests for weak
multiplicative seasonal VARMA models

Abstract
Numerous multivariate time series encountered in real applications display seasonal behavior.
In this paper we consider portmanteau tests for testing the adequacy of structural multiplicative
seasonal vector autoregressive moving-average (SVARMA) models under the assumption that
the errors are uncorrelated but not necessarily independent (i.e. weak SVARMA). We study the
asymptotic distributions of residual autocorrelations at seasonal lags of multiple of the length
of the seasonal period under weak assumptions on the noise. We deduce the asymptotic distri-
bution of the proposed multivariate portmanteau statistics, which can be quite different from
the usual chi-squared approximation used under independent and identically distributed (iid)
assumptions on the noise. A set of Monte Carlo experiments is presented.
Keywords: Goodness-of-fit test, quasi-maximum likelihood estimation, portmanteau tests, resid-
ual autocorrelation, weak SVARMA models

3.1 Introduction

Seasonality naturally occurs in many time series coming from various fields of study, such
as meteorology, hydrology and economics, amongst others. In univariate time series, the multi-
plicative seasonal autoregressive moving average (SARMA), denoted SARMA(p, q)(ps , qs), time
series model is widely used in the modeling of seasonal time series (see Chapter 12 in [20]),
where s denotes the length of the seasonal period. In econometric application, the univariate
SARMA framework is very restrictive. Consequently the class of multivariate models are com-
monly used in time series analysis and econometrics. It describes the possible cross-relationships
between the time series and not only the properties of the individual time series (see [29]).

Consider a d-dimensional stationary process X = (Xt )t∈Z, satisfying a multiplicative sea-
sonal vectorial autoregressive moving average (SVARMA) representation of the form

Λθ0 (Ls)Aθ0 (L)Xt =Ψθ0 (Ls)Bθ0 (L)εt , ∀t ∈Z, (3.1)

where the nonseasonal AR and MA operators are defined by Aθ0 (L) = A00−∑p
i=1 A0i Li and Bθ0 (L) =

B00 −∑q
i=1 B0i Li , respectively, while the seasonal AR and MA operators are given by Λθ0 (L) =

Λ00 −∑ps

i=1Λ0i Lsi and Ψθ0 (L) = Ψ00 −∑qs

i=1Ψ0i Lsi , respectively and L stands for the backshift
operator. The true value of the unknown parameter is denoted θ0 and is defined in the sequel.
Without loss of generality, assume that matrix A0p 6= 0 or B0q 6= 0 or Λ0ps 6= 0 or Ψ0qs 6= 0. Note
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that, in general, the matrix seasonal and nonseasonal AR and MA operators do not commute,
and hence the order in which these operators are presented in the representation (3.1) will make
a difference.

The representation (3.1), denoted SVARMA(p, q)(ps , qs), is said to satisfy a weak SVARMA
representation if εt is a weak white noise, that is, if it satisfies

A0: E(εt ) = 0, Var(εt ) =Σ0 and Cov(εt ,εt−h) = 0 for all t ∈Z and all h 6= 0,

where the variance Σ0 is assumed to be non singular. It is customary to say that (Xt ) is a strong
SVARMA model if (εt ) is assumed to be a sequence of independent and identically distributed
(iid for short) a sequence of random variables with mean 0 and common variance matrix (i.e.
strong white noise). A strong white noise is obviously a weak white noise, because independence
entails uncorrelatedness, but the reverse is not true.

Nonlinear models are becoming more and more employed because numerous real time se-
ries exhibit nonlinear dynamics, for instance conditional heteroscedasticity, which can not be
generated by autoregressive moving-average (ARMA) models with iid noises. The main issue
with nonlinear models is that they are generally hard to identify and implement. This is why it
is interesting to consider weak VARMA models, that is VARMA models with weak white noises,
such linear representations being universal approximations of the Wold decomposition. Linear
and nonlinear multivariate processes also have exact weak VARMA representations because a
same process may satisfy several models, and many important classes of nonlinear processes
admit weak VARMA representations (see for instance [11, 15, 16, 17]).

Note that in the VARMA case, a variety of examples of nonlinear processes admitting weak
VARMA representations in the weak sense

The class of SARMA models has been extensively studied in the literature. However, as noted
by [33] (see p. 219), there has been much less investigation of seasonal modeling designed for
multivariate data, by comparison with the univariate case. After identification and estimation
of the SVARMA processes, the next important step in the SVARMA modeling consists in check-
ing if the estimated model fits satisfactorily the data. This adequacy checking step allows to
validate or invalidate the choice of the orders p, q , ps and qs . This step is particularly impor-
tant because the number of parameters can be quickly increasing with p, q , ps and qs , which
entails statistical difficulties.

Thus it is important to check the validity of a SVARMA model, for given orders p, q , ps and
qs . This paper is devoted to the problem of the validation step of SVARMA representations.

Being inspired by the univariate portmanteau statistics introduced by [8, 28], [12] and [21]
have introduced the following multivariate versions of the portmanteau statistics

QC
m = n

m∑
h=1

Tr
(
Γ̂′(h)Γ̂−1(0)Γ̂(h)Γ̂−1(0)

)
and

QH
m =

m∑
h=1

n2

(n −h)
Tr

(
Γ̂′(h)Γ̂−1(0)Γ̂(h)Γ̂−1(0)

)
,

(3.2)

where n is the length of the series, m is a fixed integer and Γ̂(h) is the residual autocovariances
matrices function of the multivariate process ε, Tr(·) denotes the trace of a matrix and A′ the
transpose of a matrix A. See also [22, 23] who gave several equivalent forms of the statistics
(3.2). The statistics (3.2) are usually used to check the overall significance of the residual auto-
correlations of a VARMA model (see [1, 27]).

In many situations, the statistics (3.2) are implemented to check the lack of fit of SVARMA
models. However, as noted by [31] (see p. 301), the methods of [12] and [21] cannot be ex-
tended to the case of SVARMA models when s > 1 because of the multiplicative constraints on
the parameters. Using such tests for SVARMA models would be misleading and not enough as
these tests consider the autocorrelations corresponding to the nonseasonal lags≤ m and ignore
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the possibility of autocorrelations at seasonal lags of multiple period s. Motivated by the argu-
ments give by [31] (see p. 301), we will proposed a modification of the multivariate portmanteau
tests (3.2) by using seasonal lags 1s,2s,3s, . . . ,ms to check the adequacy of seasonal component.
Under the assumption that the noise sequence is iid, the standard tests procedure consist in re-
jecting the null hypothesis of a SVARMA(p, q)(ps , qs) model if the statistics (3.2) are larger than
a certain quantile of a chi-squared distribution with m − (p + q + ps + qs) > 0 degrees of free-
dom (see, for instance, Section 4 of [35]). Consequently, these standard tests are not applicable
for m ≤ p + q + ps + qs . Contrarily to the standard tests (3.2), the proposed tests can be used
safely for m small. The asymptotic theory of weak SVARMA model validation is mainly limited
to the weak VARMA framework (for instance, see [5, 7, 26] for multivariate nonlinear case and
[10, 15, 34] for univariate case). Other contribution is to improve the results concerning the
statistical analysis of weak SVARMA models by considering the adequacy problem.

The works on the multivariate version of the portmanteau statistic are generally performed
under the assumption that the errors εt are independent. For instance, see [1, 27] and [35]
who study the asymptotic distribution of the residual autocorrelations in strong VARMA and
SVARMA cases, respectively. This independence assumption is often considered too restrictive
by practitioners. It precludes conditional heteroscedasticity and/or other forms of nonlinear-
ity. Relaxing this independence assumption allows to extend the range of application of the
SVARMA models.

The main goal of the present paper is to complete the available results concerning the sta-
tistical analysis of weak SVARMA models by considering the adequacy problem under general
error terms. We proceed to study the behaviour of the goodness-of fit portmanteau tests when
the εt are not independent. It is shown that the standard portmanteau tests can be quite mis-
leading in the framework of non independent errors. Consequently, a modified version of these
tests is proposed.

The article is organised as follows. In the next section, we briefly present the results on
the quasi-maximum likelihood estimator (QMLE) of the model considered here. We give mild
conditions ensuring the consistency and asymptotic normality of the QMLE. In Section 3.3, we
modify the usual portmanteau test statistics defined by (3.2) to the SVARMA class. We study
the asymptotic behaviour of the residuals autocovariances and autocorrelations under weak
assumptions on the noise in Section 3.3. It is also shown how the proposed portmanteau
tests (3.6) must be adapted in the case of multiplicative seasonal VARMA models with non-
independent innovations. Section 3.4 proposes numerical illustrations. The technical proofs
are relegated to the appendix.

3.2 Estimating weak SVARMA models

Let Id be the d ×d identity matrix of order d . When A00 = B00 =Λ00 =Ψ00 = Id , the SVARMA
representation (3.1) is said to be in reduced form. Otherwise, it is said to be structural. The
structural forms are mainly used in econometrics to introduce instantaneous relationships be-
tween economic variables. Of course, constraints are necessary for the identifiability of these
representations.

Let [A00 . . . A0p B00 . . .B0qΛ00 . . .Λ0psΨ00 . . .Ψ0qs ] be the d 2(p + q + ps + qs + 4) matrix of VAR
and MA coefficients involved in the representation (3.1). The matrix Σ0 is considered as a
nuisance parameter. The parameter of interest denoted θ0 belongs to the parameter space
Θ ⊂ Rk0 , and k0 is the number of unknown parameters, which is typically much smaller that
d 2(p +q +ps +qs +4). The matrices A00, . . . , A0p ,B00, . . . ,B0q ,Λ00, . . . ,Λ0ps ,Ψ00, . . . ,Ψ0qs involved
in (3.1) are specified by θ0. More precisely, we write A0i = Ai (θ0), B0 j = B j (θ0), Λ0k = Λk (θ0)
and Ψ0` = Ψ`(θ0) for i = 0, . . . , p, j = 0, . . . , q , k = 0, . . . , ps and ` = 0, . . . , qs . Assume that the
parametrization satisfies the following smoothness conditions.
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A1: The applications θ 7→ Ai (θ) i = 0, . . . , p, θ 7→ B j (θ) j = 0, . . . , q , θ 7→Λk (θ) k = 0, . . . , ps and
θ 7→Ψ`(θ) `= 0, . . . , qs admit continuous third order derivatives for all θ ∈Θ.

For simplicity we now write Ai , B j , Λk and Ψ` instead of Ai (θ), B j (θ), Λk (θ) and Ψ`(θ).
Let Aθ(z) = A0 −∑p

i=1 Ai zi , Bθ(z) = B0 −∑q
i=1 Bi zi , Λθ(z) = Λ0 −∑ps

i=1Λi zsi and Ψθ(z) = Ψ0 −∑qs

i=1Ψi zsi . We assume that Θ corresponds to stable and invertible representations, namely

A2: for all θ ∈Θ, we have det Aθ(z)detBθ(z)detΛθ(z)detΨθ(z) 6= 0 for all |z| ≤ 1,

where det(C) stands for the determinant of the square matrix C.

3.2.1 Quasi-maximum likelihood estimation

For the estimation of weak SARMA and SVARMA models, the commonly used estimation
method is the quasi-maximum likelihood estimation, which can be also viewed as a nonlinear
least squares estimation (LSE). Let X1, . . . ,Xn be observations of a process satisfying the SVARMA
representation (3.1). Note that from A2 the matrices A00, B00, Λ00 and Ψ00 are invertible. Intro-
ducing the innovation process

et = A−1
00Λ

−1
00Ψ00B00εt ,

the structural representation (3.1) can be rewritten as the reduced SVARMA representation

Xt −
p∑

i=1
A−1

00 A0i Xt−i −
ps∑

j=1
A−1

00Λ
−1
00Λ0 j A00Xt−s j +

p∑
i=1

ps∑
j=1

A−1
00Λ

−1
00Λ0 j A0i Xt−i−s j

= et −
q∑

i=1
A−1

00Λ
−1
00Ψ00B0i B−1

00Ψ
−1
00Λ00A00et−i −

qs∑
j=1

A−1
00Λ

−1
00Ψ0 jΨ

−1
00Λ00A00et−s j

+
q∑

i=1

qs∑
j=1

A−1
00Λ

−1
00Ψ0 j B0i B−1

00Ψ
−1
00Λ00A00et−i−s j .

(3.3)

For all θ ∈Θ, we recursively define ẽt (θ) for t = 1, . . . ,n by

ẽt (θ) = Xt −
p∑

i=1
A−1

0 Ai Xt−i −
ps∑

j=1
A−1

0 Λ−1
0 Λ j A0Xt−s j +

p∑
i=1

ps∑
j=1

A−1
0 Λ−1

0 Λ j Ai Xt−i−s j

+
q∑

i=1
A−1

0 Λ−1
0 Ψ0Bi B−1

0 Ψ−1
0 Λ0A0ẽt−i (θ)+

qs∑
j=1

A−1
0 Λ−1

0 Ψ jΨ
−1
0 Λ0A0ẽt−s j (θ)

−
q∑

i=1

qs∑
j=1

A−1
0 Λ−1

0 Ψ j Bi B−1
0 Ψ−1

0 Λ0A0ẽt−i−s j (θ).

(3.4)

with initial values ẽ0(θ) = ẽ−1(θ) = ·· · = ẽ−q−qs+1(θ) = X0 = X−1 = ·· · = X−p−ps+1 = 0. It will be
shown that these initial values are asymptotically negligible and, in particular, that ẽt (θ0)−et →
0 almost surely as t →∞ (see [6]). The Gaussian quasi-likelihood is given by

L̃n(θ,Σe ) =
n∏

t=1

1

(2π)d/2
√

detΣe

exp

{
−1

2
ẽ ′

t (θ)Σ−1
e ẽt (θ)

}
,

where
Σe =Σe (θ) = A−1

0 Λ−1
0 Ψ0B0ΣB′

0Ψ
′
0Λ

−1′
0 A−1′

0 .

Note that the variance of et isΣe0 =Σe (θ0) = A−1
00Λ

−1
00Ψ00B00Σ0B′

00Ψ
′
00Λ

−1′
00 A−1′

00 . A quasi-maximum
likelihood estimator (QMLE) of θ and Σe are a measurable solution (θ̂n , Σ̂e ) of

(θ̂n , Σ̂e ) = arg max
θ∈Θ,Σe

L̃n(θ,Σe ) = arg min
θ∈Θ,Σe

˜̀
n(θ,Σe ), ˜̀

n(θ,Σe ) = −2

n
logL̃n(θ,Σe ).
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3.2.2 Asymptotic properties

To establish the asymptotic properties of the QMLE, θ̂n , we will use the following assump-
tions.

A3: We have θ0 ∈Θ, where Θ is compact.

A4: The process (εt ) is stationary and ergodic.

A5: For all θ ∈Θ such that θ0 6= θ, either the transfer functions

A−1
00Λ

−1
00Ψ00B00B−1

θ0
(z)Ψ−1

θ0
(zs)Λθ0 (zs)Aθ0 (z) 6= A−1

0 Λ−1
0 Ψ0B0B−1

θ (z)Ψ−1
θ (zs)Λθ(zs)Aθ(z)

for some z ∈C, or A−1
00Λ

−1
00Ψ00B00Σ0B′

00Ψ
′
00Λ

−1′
00 A−1′

00 6= A−1
0 Λ−1

0 Ψ0B0ΣB′
0Ψ

′
0Λ

−1′
0 A−1′

0 .

Remark 3.2.1 In the reduced SVARMA representation (3.3), the condition

A−1
00Λ

−1
00Ψ00B00Σ0B′

00Ψ
′
00Λ

−1′
00 A−1′

00 6= A−1
0 Λ−1

0 Ψ0B0ΣB′
0Ψ

′
0Λ

−1′
0 A−1′

0

in A5 can be dropped but may be important for structural SVARMA forms (3.1). In particular,
A5 is satisfied when we impose that A0 = B0 =Λ0 =Ψ0 = Id , that A2 holds, that the common left
divisors of Aθ(L), Λθ(Ls), Bθ(L) and Ψθ(Ls) are unimodular (i.e. with nonzero constant determi-
nant), and finally that the matrix [Ap : Λps : Bq : Ψqs ] is of full rank (see for instance [18] who
given several procedures ensuring identifiability).

For the asymptotic normality of the QMLE, additional assumptions are required. It is necessary
to assume that θ0 is not on the boundary of the parameter space Θ.

A6: We have θ0 ∈
◦
Θ, where

◦
Θ denotes the interior of Θ.

To control the serial dependence of the stationary process (εt ), we now introduce (as in [6]) the
strong mixing coefficients αε(h) defined by

αε (h) = sup
A∈F t−∞,B∈F+∞

t+h

|P (A∩B)−P(A)P(B)| ,

where F t−∞ =σ(εu ,u ≤ t ) and F+∞
t+h =σ(εu ,u ≥ t +h). We use ‖ ·‖ to denote the Euclidian norm

‖Z‖ = (∑τ
i=1 z2

i

)1/2
of a column vector Z = (z1, . . . , zτ)′. We will make an integrability assumption

on the moment of the noise and a summability condition on the strong mixing coefficients
(αε(k))k≥0.

A7: We have E‖εt‖4+2ν <∞ and
∑∞

k=0 {αε(k)}
ν

2+ν <∞ for some ν> 0.

Note that assumption A7 does not require independence of the noise, nor the fact that it is a
martingale difference.

We use the matrix Mθ0 of the coefficients of the reduced form (3.3), where

Mθ0 = [A−1
00 A01 : . . . : A−1

00 A0p : A−1
00Λ

−1
00Λ01A00 : . . . : A−1

00Λ
−1
00Λ0ps A00 : A−1

00Λ
−1
00Λ01A01 :

. . . : A−1
00Λ

−1
00Λ01A0p : . . . : A−1

00Λ
−1
00Λ0ps A01 : . . . : A−1

00Λ
−1
00Λ0ps A0p :

A−1
00Λ

−1
00Ψ00B01B−1

00Ψ
−1
00Λ00A00 : . . . : A−1

00Λ
−1
00Ψ00B0q B−1

00Ψ
−1
00Λ00A00 :

A−1
00Λ

−1
00Ψ01Ψ

−1
00Λ00A00 : . . . : A−1

00Λ
−1
00Ψ0qsΨ

−1
00Λ00A00 :

A−1
00Λ

−1
00Ψ01B01B−1

00Ψ
−1
00Λ00A00 : . . . : A−1

00Λ
−1
00Ψ01B0q B−1

00Ψ
−1
00Λ00A00 : . . . :

A−1
00Λ

−1
00Ψ0qs B01B−1

00Ψ
−1
00Λ00A00 : . . . : A−1

00Λ
−1
00Ψ0qs B0q B−1

00Ψ
−1
00Λ00A00].

Now, we need a local identifiability assumption which completes A5 and specifies how this
matrix depends on the parameter θ0. We denote by A⊗B the Kronecker product of two matrices
A and B, and by vec(A) the vector obtained by stacking the columns of A. Let Ṁθ0 be the matrix
∂vec(Mθ)/∂θ′ evaluated at θ0.
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A8: The matrix Ṁθ0 is of full rank k0.

Verification of Assumptions A5 and A8 on the following example.

Example 3.2.1 Considering the following structural SVARMA(1,0)(1,0)s equation(
1 0

−λ03 1

)(
1 0

−a03 1

)
Xt = εt +

(
a01 a02

a04 a05

)(
1 0

−λ03 1

)
Xt−1

+
(
λ01 λ02

λ04 λ05

)(
1 0

−a03 1

)
Xt−s −

(
λ01 λ02

λ04 λ05

)(
a01 a02

a04 a05

)
Xt−1−s .

We assume that the two components of εt are uncorrelated, with respective variances σ2
01 and

σ2
02. We thus have

θ′0 = (a01, a02, a03, a04, a05,λ01,λ02,λ03,λ04,λ05).

Note that the identifiability condition A5 is satisfied because for all

θ= (a1, a2, a3, a4, a5,λ1,λ2,λ3,λ4,λ5)′ 6= θ0

we have

I2 −D1(θ)z +D2(θ)zs +D3(θ)zs+1 6= I2 −D1(θ0)z +D2(θ0)zs +D3(θ0)zs+1

for some z ∈C, or(
σ2

1 σ2
1(a3 +λ3)

σ2
1(a3 +λ3) σ2

1(a3 +λ3)2 +σ2
2

)
6=

(
σ2

01 σ2
01(a03 +λ03)

σ2
01(a03 +λ03) σ2

01(a03 +λ03)2 +σ2
02

)
,

where

D1(θ) =
(

a1 a2

a1a3 +a4 a2a3 +a5

)
D2(θ) =

(
a3λ2 −λ1 −λ2

(a3 +λ3)(a3λ2 −λ1)−λ4 +a3λ5 a2λ4 −λ5 − (a3 +λ3)(λ2 −λ1a2)

)
D3(θ) =

(
a1λ1 +a4λ2 a2λ1 +a5λ2

(a3 +λ3)(a1λ1 +a4λ2)+a1λ4 +a4λ5 a5[λ5 + (a3 +λ3)λ2]

)
.

In this example, we have
Mθ0 = [D1(θ0) : D2(θ0) : D3(θ0)] .

Thus

Ṁθ0 =



1 a03 0 0 0 0 0 0 λ01 Ṁθ0 (1,10) 0 0
0 0 1 a03 0 0 0 Ṁθ0 (2,8) 0 0 λ01 0
0 a01 0 a02 λ02 Ṁθ0 (3,6) 0 Ṁθ0 (3,8) 0 Ṁθ0 (3,10) 0 a05λ02

0 1 0 0 0 0 0 0 λ02 Ṁθ0 (4,10) 0 0
0 0 0 1 0 0 0 0 0 0 λ02 Ṁθ0 (5,12)
0 0 0 0 1 Ṁθ0 (6,6) 0 Ṁθ0 (6,8) a01 Ṁθ0 (6,10) a02 0
0 0 0 0 a03 Ṁθ0 (7,6) −1 Ṁθ0 (7,8) a04 Ṁθ0 (7,10) a05 Ṁθ0 (7,12)
0 0 0 0 0 Ṁθ0 (8,6) 0 Ṁθ0 (8,8) 0 Ṁθ0 (8,10) 0 λ02a05

0 0 0 0 0 −1 0 a02 0 a01 0 0
0 0 0 0 0 a03 0 −1 0 a04 0 a05


is of full rank k0 = 10 (Assumption A8 is satisfied), and with Ṁθ0 (1,10) = (a03 +λ03)λ01 +λ04,
Ṁθ0 (2,8) = (a03 + λ03)λ01 + λ04, Ṁθ0 (3,6) = −λ01 + 2a03λ02 + λ02λ03 + λ05, Ṁθ0 (3,8) = −(λ02 −
a02λ01), Ṁθ0 (3,10) = (a01λ01+a04λ02), Ṁθ0 (4,10) = (a03+λ03)λ02+λ05, Ṁθ0 (5,12) = (a03+λ03)λ02+
λ05, Ṁθ0 (6,6) = −a03 − λ03, Ṁθ0 (6,8) = (a03 + λ03)a02, Ṁθ0 (6,10) = (a03 + λ03)a01, Ṁθ0 (7,6) =
a03(a03 + λ03), Ṁθ0 (7,8) = −a03 − λ03, Ṁθ0 (7,10) = (a03 + λ03)a04, Ṁθ0 (7,12) = (a03 + λ03)a05,
Ṁθ0 (8,6) = a03λ02 −λ01, Ṁθ0 (8,8) =−(λ02 −λ01a02) and Ṁθ0 (8,10) = (a01λ01 +λ02)a04.
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Proposition 3.2.1 Let (Xt ) be the causal solution of the SVARMA equation (3.1) satisfying A0–A5
and let θ̂n be a QMLE. Then θ̂n → θ0 a.s. as n →∞. If in addition A6–A8 hold true, we have

p
n

(
θ̂n −θ0

) d→N (0,Ω := J−1IJ−1),

where J = J(θ0,Σe0) and I = I(θ0,Σe0), with

J(θ,Σe ) = lim
n→∞

−2

n

∂2

∂θ∂θ′
logL̃n(θ,Σe ) a.s. and

I(θ,Σe ) = lim
n→∞Var

2p
n

∂

∂θ
logL̃n(θ,Σe ).

The proof of this result is postponed to Section 3.5.

Remark 3.2.2 In the standard strong SVARMA case, i.e. when A4 is replaced by the assumption
that (εt ) is an iid sequence, we have I = 2J, so that Ω= 2J−1. We also retrieve the result obtained
by [35] (see Lemma 1, p. 2048) for strong SVARMA models.

3.3 Diagnostic checking in SVARMA models

For a time t ≥ 1, let ε̂t := êt = ẽt (θ̂n) be the quasi-maximum likelihood residuals when p > 0,
ps > 0, q > 0 or qs > 0. We use (3.4) to notice that we have êt = 0 for t ≤ 0 and t > n. By (3.3), it
holds that

êt = X̂t −
p∑

i=1
Â−1

0 Âi X̂t−i −
ps∑

j=1
Â−1

0 Λ̂−1
0 Λ̂ j Â0X̂t−s j +

p∑
i=1

ps∑
j=1

Â−1
0 Λ̂−1

0 Λ̂ j Âi X̂t−i−s j

+
q∑

i=1
Â−1

0 Λ̂−1
0 Ψ̂0B̂i B̂−1

0 Ψ̂−1
0 Λ̂0Â0êt−i +

qs∑
j=1

Â−1
0 Λ̂−1

0 Ψ̂ j Ψ̂
−1
0 Λ̂0Â0êt−s j

−
q∑

i=1

qs∑
j=1

Â−1
0 Λ̂−1

0 Ψ̂ j B̂i B̂−1
0 Ψ̂−1

0 Λ̂0Â0êt−i−s j ,

for t = 1, . . . ,n, with X̂t = 0 for t ≤ 0 and X̂t = Xt for t ≥ 1. Under the conditions indicated by [31]
(see p. 301), we denote by

γ (sh) = 1

n

n∑
t=1+sh

et e ′
t−sh and Γ̂e (sh) = 1

n

n∑
t=1+sh

êt ê ′
t−sh

the white noise "empirical" autocovariances and the residual autocovariances. For a fixed inte-
ger m ≥ 1, let

γm(s) =
({

vecγ(1s)
}′ , . . . ,

{
vecγ(ms)

}′)′ and

Γ̂m(s) =
({

vecΓ̂e (1s)
}′

, . . . ,
{
vecΓ̂e (ms)

}′)′
.

Denoting the diagonal matrices by

Se = Diag(σe (1), . . . ,σe (d)) and Ŝe = Diag(σ̂e (1), . . . , σ̂e (d)) ,

where σ2
e (i ) is the variance of the i -th coordinate of et and σ̂2

e (i ) is its sample estimate (i.e.
σ2

e (i ) = Ee2
i t and σ̂2

e (i ) = n−1 ∑n
t=1 ê2

i t ). The theoretical and sample autocorrelations at lag ` are
respectively defined by Re (`) = S−1

e Γe (`)S−1
e and R̂e (`) = Ŝ−1

e Γ̂e (`)Ŝ−1
e , with Γe (`) := Eet e ′

t−` = 0
for all ` 6= 0. Consider the vector of the first m sample autocorrelations

ρ̂m(s) =
({

vecR̂e (1s)
}′

, . . . ,
{
vecR̂e (ms)

}′)′
.

The portmanteau statistics (3.2) are generally used to test the null hypothesis
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3.3. DIAGNOSTIC CHECKING IN SVARMA MODELS

(H0) : (Xt )t∈Z satisfies a SVARMA(p, q)(ps , qs) representation;

against the alternative

(H1) : (Xt )t∈Z does not admit a SVARMA(p, q)(ps , qs) representation or (Xt )t∈Z satisfies a
SVARMA(p, q)(p ′

s , q ′
s) representation with p ′

s > ps or q ′
s > qs .

3.3.1 The strong SVARMA case

In many situations, the statistics (3.2) are implemented to check the lack of fit of SVARMA
models. However, as noted by [31] (see p. 301), the methods of [12] and [21] cannot be extended
to the case of SVARMA models when s > 1 because of the multiplicative constraints on the pa-
rameters. Using such tests for SVARMA models would be misleading and not enough as these
tests consider the autocorrelations corresponding to the nonseasonal lags≤ m and ignore the
possibility of autocorrelations at seasonal lags of multiple period s. Recently, [30] introduced
the following versions of the portmanteau statistics for strong univariate SARMA models

QBP
m (s) = n

m∑
h=1

ρ̂2(sh) and QLB
m (s) = n(n +2)

m∑
h=1

ρ̂2(sh)

n − sh
. (3.5)

Being inspired by (3.2) and the univariate portmanteau statistics (3.5), we introduced the fol-
lowing multivariate versions of the portmanteau statistics

QC
m(s) = n

m∑
h=1

Tr
(
Γ̂′(sh)Γ̂−1(0)Γ̂(sh)Γ̂−1(0)

)
and

QH
m(s) =

m∑
h=1

n2

(n − sh)
Tr

(
Γ̂′(sh)Γ̂−1(0)Γ̂(sh)Γ̂−1(0)

)
. (3.6)

This modification is justifiable under the conditions indicated by [31] (see p. 301). The limiting
distribution of the resulting seasonal tests (3.6) are obtained by a straightforward extension of
those obtained in [8, 12, 21, 28].

Proposition 3.3.1 Assume that the representation (3.1) satisfies a strong SVARMA model. Un-
der the conditions indicated by [31] (see p. 301), namely: if p ¿ s and q ¿ s and the roots of
det Aθ(z)detBθ(z) = 0 are not close to the unit circle and H0, the statistics defined in (3.6) follow
a chi-squared distribution with d 2(m−ps−qs) > 0 degrees of freedom for large n and ms ≤ (n−1).

The proof of this result is postponed to Section 3.5.
In view of Proposition 3.3.1, the tests procedure consist in rejecting the null hypothesis of

a SVARMA(p, q)(ps , qs) model if the statistics (3.6) are larger than a χ2
d 2(m−ps−qs )

. Consequently,

these tests also are not applicable for m ≤ ps +qs .

3.3.2 The weak SVARMA case

The works on the portmanteau statistic are generally performed under the assumption that
the errors εt are independent. This independence assumption is often considered too restric-
tive by practitioners. It precludes conditional heteroscedasticity and/or other forms of nonlin-
earity (see [17], for a review on weak univariate ARMA models). In this framework, we relax
the standard independence assumption on the error term in order to be able to cover SVARMA
representations of general nonlinear models.

This paper is devoted to the problem of the validation step of weak SVARMA representa-
tions. For such models, we show that the asymptotic distributions of the statistics defined in
(3.6) are no longer chi-square distributions but a mixture of chi-squared distributions, weighted
by eigenvalues of the asymptotic covariance matrix of the vector of autocorrelations. Contrarily
to the standard tests (3.2) and (3.6), the proposed tests can be used safely for m small.
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Asymptotic distribution of the residual autocorrelations

The asymptotic distribution of
p

nρ̂m(s) will be obtained from the joint asymptotic distribu-
tion of

p
n

(
θ̂′n −θ′0,γ′m(s)

)
. The mixing assumptions A7 entail the asymptotic normality of the

empirical autocovariances γm(s). Let

Γ(s`, s`′) =
∞∑

h=−∞
E
(
{et−s`⊗et } {et−h−s`′ ⊗et−h}′

)
, for (`,`′) 6= (0,0).

We are now able to state the following Theorem, which is an extension of a result given in [5].

Theorem 3.3.2 Assume that p > 0 and ps > 0 or q > 0 and qs > 0. Under Assumptions A0–A8, as
n →∞,

p
n

(
θ̂′n −θ′0,γ′m(s)

)′ = 1p
n

n∑
t=1

wt +oP(1)
d−−−−→

n→∞ N (0,Ξ),

where

Ξ=
(

Ω Σθ̂n ,γm (s)

Σ′
θ̂n ,γm (s)

Σγm (s)

)
=

+∞∑
h=−∞

Ewt w ′
t−h , with wt =

(
w1t

w2t

)
(3.7)

where w1t =−J−1Υt =−2J−1
(
∂e ′

t /∂θ
)
Σ−1

e0 et and w2t = (εt−1s , . . . ,εt−ms)′ εt and where

Σγm (s) =
{
Γ(s`, s`′)

}
1≤`,`′≤m , Σ′

γm (s),θ̂n
= lim

n→∞Cov(n−1/2
n∑

t=1
J−1Υt ,

p
nγm(s))

and Ω= J−1IJ−1. The matrices I and J are defined in Proposition 3.2.1.

The proof of this result is postponed to Section 3.5.
Define the matrix

Φm(s) = E


 et−1s

...
et−ms

⊗ ∂et

∂θ′

 . (3.8)

The following Theorem gives the limiting distribution of the residual autocovariances and au-
tocorrelations.

Theorem 3.3.3 Under the none Assumptions as in Theorem 3.3.2, we have

p
nΓ̂m(s)

d−−−−→
n→∞ N

(
0,ΣΓ̂m (s)

)
and

p
nρ̂m(s)

d−−−−→
n→∞ N

(
0,Σρ̂m (s)

)
where,

ΣΓ̂m (s) =Σγm (s) +Φm(s)ΩΦ′
m(s)+Φm(s)Σθ̂n ,γm (s) +Σ′

θ̂n ,γm (s)
Φ′

m(s) (3.9)

Σρ̂m (s) =
{
Im ⊗ (Se ⊗Se )−1}ΣΓ̂m (s)

{
Im ⊗ (Se ⊗Se )−1} (3.10)

and Φm(s) is given by (3.8).

The proof of this result is postponed to Section 3.5.

Remark 3.3.1 When s = 1, we retrieve the result obtained by [5].
In the standard strong SVARMA case, i.e. when A4 is replaced by the assumption that (εt ) is

an iid sequence and when s = 1, we have Σγm (1) = Im⊗Σe0⊗Σe0,Ω= 2J−1 (see Remark 3.2.2) and
Σ′
θ̂n ,γm (s)

=−Φm(1)Ω. Thus ΣΓ̂m (1) = Im ⊗Σe0 ⊗Σe0 −Φm(1)ΩΦ′
m(1), the result obtained by [35] is

retrieved.
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Limiting distribution of the portmanteau statistics (3.6)

Several equivalent forms of the statistics (3.2) are given by [21]. By using the elementary
identities vec(AB) = (I⊗A)vecB, (A⊗B)(C⊗D) = AC ⊗BD and Tr(ABC) = vec(A′)′(C′⊗ I)vecB,
analogs basic forms can be found for the statistics (3.6)

QC
m(s) = n

m∑
h=1

Tr
(
Γ̂′e (sh)Γ̂−1

e (0)Γ̂e (sh)Γ̂−1
e (0)

)
= nρ̂′m(s)

(
Im ⊗{

R̂−1
e (0)⊗ R̂−1

e (0)
})
ρ̂m(s).

The same equivalent forms hold for QH
m(s). From Theorem 3.3.3 we deduce the following result,

in the case of weak SVARMA models, which gives the exact asymptotic distribution of the stan-
dard portmanteau statistics (3.6). We will see that the distribution may be very different from
the χ2

d 2(m−ps−qs )
in the case of strong SVARMA models.

Theorem 3.3.4 Under Assumptions in Theorem 3.3.3 and H0, the statistics QC
m and QH

m defined
in (3.6) converge in distribution, as n →∞, to

Zm(ξm) =
d 2m∑
i=1

ξi ,d 2mZ2
i

where ξm = (ξ1,d 2m , . . . ,ξd 2m,d 2m)′ is the vector of the eigenvalues of the matrix

Ωm = (
Im ⊗Σ−1/2

e ⊗Σ−1/2
e

)
ΣΓ̂m

(
Im ⊗Σ−1/2

e ⊗Σ−1/2
e

)
,

and Z1, . . . ,Zd 2m are independent N (0,1) variables.

In view of Theorem 3.3.3, the asymptotic variance matrices ΣΓ̂m (s) and Σρ̂m (s) depend on the
unknown matrices Ξ, Φm(s) and on the nuisance parameters involving in Σe . The matrices
Φm(s) and Σe can be estimated by its empirical counterpart, respectively

Φ̂m(s) = 1

n

n∑
t=1

{
(êt−1s , . . . , êt−ms)′

∂êt

∂θ′

}
and Σ̂e = Γ̂e (0) = 1

n

n∑
t=1

êt ê ′
t .

In the econometric literature the nonparametric kernel estimator, also called heteroskedastic
autocorrelation consistent (HAC) estimator (see [32], or [2]), is widely used to estimate covari-
ance matrices of the form Ξ. Interpreting (2π)−1Ξ as the spectral density of the stationary pro-
cess (wt ) = (w ′

1t , w ′
2t )′ evaluated at frequency 0 (see [9], p. 459), an alternative method consists

in using a parametric AR estimate of the spectral density of wt . This approach, which has been
studied by [4] (see also [14]), rests on the expression

Ξ=Φ−1(1)ΣuΦ
′−1(1)

when (wt ) satisfies an AR(∞) representation of the form

Φ(L)wt := wt +
∞∑

i=1
Φi wt−i = ut , (3.11)

where ut is a weak white noise with variance matrixΣu . Since wt is not observable, let ŵt be the
vector obtained by replacing θ0 by θ̂n in wt . Let Φ̂r (z) = Ik0+m +∑r

i=1 Φ̂r,i zi , where Φ̂r,1, . . . ,Φ̂r,r

denote the coefficients of the least squares regression of ŵt on ŵt−1, . . . , ŵt−r . Let ûr,t be the
residuals of this regression, and let Σ̂ûr be the empirical variance of ûr,1, . . . , ûr,n .

We are now able to state the following Theorem, which is an extension of a result given in
[15].
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Theorem 3.3.5 In addition to the assumptions of Theorem 3.3.4, assume that the process (Υt )
admits an AR(∞) representation (3.11) in which the roots of detΦ(z) = 0 are outside the unit disk,
‖Φi‖ = o(i−2), and Σu = Var(ut ) is non-singular. Moreover we assume that E‖εt‖8+4ν <∞ and∑∞

k=0{αX,ε(k)}ν/(2+ν) < ∞ for some ν > 0, where
{
αX,ε(k)

}
k≥0 denotes the sequence of the strong

mixing coefficients of the process (X′
t ,ε′t )′. Then, the spectral estimator of Ξ

Ξ̂SP := Φ̂−1
r (1)Σ̂ûr Φ̂

′−1
r (1) →Ξ

in probability when r = r (n) →∞ and r 3/n → 0 as n →∞.

Let Ω̂m be the matrix obtained by replacing Ξ by Ξ̂ and Σe by Σ̂e in Ωm . Denote by ξ̂m =
(ξ̂1,d 2m , . . . , ξ̂d 2m,d 2m)′ the vector of the eigenvalues of Ω̂m . At the asymptotic level α, the test
consists in rejecting the adequacy of the weak SVARMA model when

QC
m(s) > Sm(1−α) (resp. QH

m(s) > Sm(1−α))

where Sm(1−α) is such that P
{
Zm(ξ̂m) > Sm(1−α)

}= α.

3.4 Numerical illustrations

In this section, by means of Monte Carlo experiments, we investigate the finite sample prop-
erties of the modified version of the portmanteau tests that we introduced in this work. The
numerical illustrations of this section are made with the open source statistical software R (see
R Development Core Team, 2017) or (see http://cran.r-project.org/).

The VAR order r , in Theorem 3.3.5, can be fixed in a strong SVARMA case, for instance r = 1.
By contrast, in the weak SVARMA cases the order r is set as r = 1, . . . ,5 and is automatically
selected by Akaike Information Criterion (AIC) using the function VARselect() of the vars R
package. The p-values

P
{
Zm(ξ̂m) > QC

m(s)
}

and P
{
Zm(ξ̂m) > QH

m(s)
}

, Zm(ξ̂m) =
m∑

i=1
ξ̂i ,mZ2

i ,

are evaluated by the Imhof algorithm (see [24]) and by using the function imhof() of the R
package CompQuadForm.

3.4.1 Simulated models

First of all, we introduce the models that we simulate.
We indicate the conventions that we adopt in the discussion and in the tables:

— LBW(s) and BPW(s) refer to modified LB and BP tests using QH
m(s) and QC

m(s) in Section
3.3.2

— LBM(s) and BPM(s) refer to modified LB and BP tests using QH
m(s) and QC

m(s) in Section
3.3.1

— LBUD and BPUD refer to LB and BP tests with QH
m and QC

m as in [35].

To generate the strong and the weak SVARMA models, we consider the following bivariate
SVARMA(1,0)(0,1)s model(

X1,t

X2,t

)
=

(
A11,1 A12,1

A21,1 A22,1

)(
X1,t−1

X2,t−1

)
+

(
ε1,t

ε2,t

)
−

(
Ψ11,1 Ψ12,1

Ψ21,1 Ψ22,1

)(
ε1,t−s

ε2,t−s

)
(3.12)
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with

θ0 = (A11,1, A21,1, A12,1, A22,1,Ψ11,1,Ψ21,1,Ψ12,1,Ψ22,1)′

= (1.2,0.6,−0.5,0.3,−0.6,0.3,0.3,0.6)′

and εt = (ε1,t ,ε2,t )′ that follows a strong or weak white noise. Note that

det

{
I2 − z1

(
1.2 −0.5
0.6 0.3

)}
= 0 and det

{
I2 − z2

( −0.6 0.3
0.3 0.6

)}
= 0

for z1 = 1.136±0.473i (hence |z1| = 1.23) and for z2 =±(0.45)−1/2 (and hence |z2| = 1.49).
We first consider the strong SVARMA(1,0)(0,1)s case by assuming that the innovation pro-

cess ε= ((ε1,t ,ε2,t )′)t≥1 in (3.12) is defined by an iid sequence such that(
ε1,t

ε2,t

)
law= N (0, I2). (3.13)

The GARCH models have numerous extensions to the multivariate framework (see [3] for a re-
view). Jeantheau (see [25]) has proposed a simple extension of the multivariate GARCH(p, q)
with conditional constant correlation. For simplicity we consider the following bivariate ARCH(1)
model proposed in [25] and defined by(

ε1,t

ε2,t

)
=

(
h11,t 0

0 h22,t

)(
η1,t

η2,t

)
(3.14)

where (
h2

11,t
h2

22,t

)
=

(
0.3
0.2

)
+

(
0.45 0.00
0.40 0.25

)(
ε2

1,t−1
ε2

2,t−1

)
.

Finally, for the weak SVARMA(1,0)(0,1)s case, we assume that in (3.12) the innovation process ε
is an ARCH(1) model defined in (3.14).

3.4.2 Empirical size

We first simulate N = 1,000 independent trajectories of size n = 2,000 of models (3.12). The
same series is partitioned as two series of sizes n = 500 and n = 2,000. For each of these N repli-
cations, we use the quasi-maximum likelihood estimation method to estimate the coefficient
θ0 and we apply portmanteau tests to the residuals for different values of m ∈ {1,2,3,6,12} in the
proposed tests cases and m ∈ {1s,2s,3s,6s,12s} in the standard case, where m is the number of
autocorrelations used in the portmanteau test statistic. We examined the empirical frequencies
of rejection of the null hypothesis of adequacy at different nominal levels (1%, 5% and 10%).
For each nominal level, we obtained from the N realizations the empirical frequencies of rejec-
tion of the null hypothesis of adequacy. For the nominal level α = 5%, the empirical size over
the N independent replications should vary between the significant limits 3.6% and 6.4% with
probability 95%. For the nominal level α= 1%, the significant limits are 0.3% and 1.7%, and for
the nominal level α= 10%, they are 8.1% and 11.9%. When the relative rejection frequencies are
outside the significant limits, they are displayed in bold type in Tables 3.1, 3.2 and 3.3.

The model (3.12) is therefore rejected when the statistic QC
m or QH

m (resp. QC
m(s) or QH

m(s))
is larger than χ2

4(m−2)(1−α) (resp. than χ2
4(m−1)(1−α)). Consequently the empirical size is not

available (n.a.) for the statistics QC
m or QH

m (resp. QC
m(s) or QH

m(s)) because they are not applica-
ble when for m ≤ 2 (resp. for m = 1). The BPW(s) test (resp. the LBW(s) test) rejects the adequacy
of the weak SVARMA(1,0)(0,1)s model when the first (resp. the second) p-value is less than the
asymptotic level α.
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Tables 3.1, 3.2 and 3.3 display the relative rejection frequencies of the null hypothesis (H0)
that the data generating process (DGP for short) follows a strong (Model I) or a weak (Model
II) bivarite SVARMA(1,0)(0,1)s model, over the N independent replications. For the strong
SVARMA model I and for each nominal level, all the relative rejection frequencies are globaly
inside the significant limits when the seasonal period is s = 4 contrarily to the case s = 12 when
n = 500 for α= 5% and α= 10%.

As expected, for the weak SVARMA model II, Tables 3.1, 3.2 and 3.3 show that the standard
LBUD or BPUD test poorly performs in assessing the adequacy of these weak SVARMA models.
For each nominal level, it can be seen that: 1) the observed relative rejection frequencies of
LBUD and BPUD are definitely too high, 2) BPW or BPM works except when m ≥ 3, 3) the errors of
the first kind of the proposed tests are globally well controlled when n is large.

Figure 3.1 plots the autocorrelations for Weak SVARMA(1,0)(0,1)12 model (3.12)-(3.14). Ap-
proximately 95% of the sample autocorrelations of a realization of size n = 2,000 should lie
between the bands shown as solid lines (red color). The full lines correspond to the asymp-
totic significance limits for the residual autocorrelations obtained in Theorem 3.3.3. The bands
shown as dotted lines (blue color) correspond to the standard (Strong) SVARMA formula.

We draw the conclusion that, even in the strong SVARMA case, the proposed modified ver-
sion may be clearly preferable to the tests based on BPUD or LBUD, when the number m or ms of
autocorrelations used is small. In all case, the proposed tests well control the error of first kind,
contrarily to the LBUD and BPUD tests.

3.4.3 Application to real data

We now consider an application to monthly U.S. housing starts (HOUST) (total: new pri-
vately owned housing units started) and housing sold (HSN1F) (new one family houses sold),
in thousands for seasonally adjusted annual rate. The observations covered the period from
January 01, 1963 to July 31, 2018 which correspond to n = 667 observations. Figure 3.2 plots
the original series of monthly U.S. housing starts (serie 1=HOUST) and housing sold (serie
2=HSN1F), in Thousands. The series exhibit seasonal behavior (s = 12). The data were obtain
from the website of the U.S. Bureau of the Census (https://fred.stlouisfed.org/series/HOUST
and https://fred.stlouisfed.org/series/HSN1F).

Denoting by

(Xt ) = {
log(HOUSTt )−E(log(HOUSTt )), log(HSN1Ft )−E(log(HSN1Ft ))

}′
the mean-corrected series. Hence, the model of the form

(I2 −AL)Xt = (I2 −ΨL12)(I2 −BL)εt

was estimated. The quasi-maximum likelihood estimators were obtained as

θ̂n =



0.9955 [0.0103] (0.0000)
0.0072 [0.0098] (0.4162)
−0.0071 [0.0087] (0.4649)
0.9858 [0.0078] (0.0000)
0.4851 [0.0507] (0.0000)
−0.1271 [0.0386] (0.0000)
−0.4061 [0.0466] (0.0065)
0.3133 [0.0410] (0.0000)
0.1712 [0.0491] (0.0005)
0.0639 [0.0397] (0.8076)
−0.0097 [0.0338] (0.0592)
0.1349 [0.0403] (0.0009)



and Σ̂ε =
(

0.0049 0.0016
0.0016 0.0047

)
,
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where the estimated asymptotic standard errors obtained from Proposition 3.2.1 (respectively
the p-values), of the estimated parameters (first column), are given into brackets (respectively
in parentheses). We then deduce that

Â =
(

0.9955 −0.0071
0.0072 0.9858

)
, B̂ =

(
0.4851 −0.4061
−0.1271 0.3133

)
and Ψ̂=

(
0.1712 −0.0097
0.0639 0.1349

)
.

The off-diagonal elements of Â and Ψ̂ are not significant and could reasonably be set to zero.
We apply portmanteau tests to the residuals of this model. In view of Figure 3.3, the diagnostic
checking of residuals does not indicate any inadequacy, approximately 90% of the sample au-
tocorrelations should lie between the bands shown as solid lines (red color). Note that, one can
also try several SVARMA models on this data.
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Figure 3.1 – Autocorrelations for Weak SVARMA(1,0)(0,1)12 model (3.12)-(3.14). Approximately 95% of the sam-

ple autocorrelations of a realization of size n = 2,000 should lie between the bands shown as solid lines (red color).

The full lines correspond to the asymptotic significance limits for the residual autocorrelations obtained in The-

orem 3.3.3. The bands shown as dotted lines (blue color) correspond to the standard (Strong) SVARMA formula.

The Lag printed is the real lag (in standard case) divided by the season s = 12 (the real standard lags used in the

simulation are the lags printed multiplied by the season s = 12).

88



3.4. NUMERICAL ILLUSTRATIONS

5
0
0

1
0
0
0

1
5
0
0

2
0
0
0

2
5
0
0

S
e
ri

e
s
 1

4
0
0

8
0
0

1
2
0
0

0 100 200 300 400 500 600

S
e
ri

e
s
 2

Time

X

Figure 3.2 – The monthly U.S. housing starts (series 1 corresponds to HOUST) and housing sold (series 2 corre-

sponds to HSN1F), in thousands. The observations covered the period from January 01, 1963 to July 31, 2018 which

correspond to n = 667 observations.

0 5 10 15 20 25 30

−
0.

15
−

0.
05

0.
05

0.
15

Lag

A
C

F

Serie 1

0 5 10 15 20 25 30

−
0.

15
−

0.
05

0.
05

0.
15

Lag

A
C

F

Serie 1 and Serie 2

0 5 10 15 20 25 30

−
0.

15
−

0.
05

0.
05

0.
15

Lag

A
C

F

Serie 2 and Serie 1

0 5 10 15 20 25 30

−
0.

15
−

0.
05

0.
05

0.
15

Lag

A
C

F

Serie 2

Figure 3.3 – Autocorrelations of the SVARMA(1,0)(1,1)12 residuals for the mean-logarithm-corrected of monthly

U.S. housing starts (serie 1 corresponds to HOUST) and housing sold (serie 2 corresponds to HSN1F). The real

standard lags used are the lags printed multiplied by the season s = 12).
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Table 3.1 – Empirical size (in %) of the modified and standard versions of the LB and BP tests in the case
of SVARMA(1,0)(0,1)s model. The nominal asymptotic level of the tests is α= 1%.

Model s Length n Lag m LBW(s) BPW(s) LBM(s) BPM(s) Lag ms LBUD BPUD

1 0.9 0.9 n.a. n.a. 4 6.5 6.5
2 0.8 0.8 1.0 0.9 8 2.0 1.9

4 n = 500 3 0.6 0.4 0.6 0.5 12 1.3 1.3
6 0.4 0.3 0.5 0.4 24 1.5 0.9

12 0.9 0.3 1.4 0.6 48 1.3 0.3
1 1.2 1.2 n.a. n.a. 4 5.2 5.2
2 1.5 1.5 1.6 1.6 8 1.9 1.9

4 n = 2,000 3 1.0 0.9 1.0 1.0 12 1.6 1.6
6 1.3 1.3 1.4 1.3 24 1.0 0.8

12 1.1 1.1 1.2 1.1 48 0.7 0.4
I

1 0.6 0.5 n.a. n.a. 12 3.1 2.7
2 1.2 0.9 1.5 1.0 24 1.9 1.2

12 n = 500 3 1.4 0.9 1.6 1.2 36 1.5 0.5
6 2.6 0.9 2.2 0.7 72 1.8 0.2

12 4.0 0.3 1.6 0.2 144 2.2 0.0
1 0.4 0.4 n.a. n.a. 12 3.2 3.1
2 0.4 0.3 0.6 0.5 24 1.5 1.3

12 n = 2,000 3 0.7 0.7 0.7 0.7 36 1.2 1.1
6 1.0 0.7 1.0 0.8 72 1.7 1.1

12 1.4 1.0 1.2 0.9 144 2.1 0.3

1 1.5 1.5 n.a. n.a. 4 28.0 27.2
2 0.6 0.5 1.3 1.2 8 12.4 12.0

4 n = 500 3 0.4 0.3 0.6 0.6 12 8.1 7.6
6 0.4 0.2 1.1 0.4 24 3.5 3.0

12 0.0 0.0 0.3 0.1 48 3.1 0.9
1 1.1 1.1 n.a. n.a. 4 35.6 35.4
2 1.1 1.1 1.9 1.9 8 18.0 17.9

4 n = 2,000 3 0.6 0.6 1.3 1.2 12 11.7 11.7
6 0.1 0.1 0.6 0.6 24 7.6 7.3

12 0.3 0.2 0.8 0.8 48 5.7 4.4
II

1 0.8 0.8 n.a. n.a. 12 13.2 12.0
2 0.8 0.5 1.5 1.0 24 5.9 4.3

12 n = 500 3 0.5 0.2 0.5 0.2 36 4.8 2.7
6 0.8 0.2 0.9 0.2 72 3.2 0.7

12 0.4 0.0 0.6 0.1 144 4.6 0.0
1 1.2 1.0 n.a. n.a. 12 17.3 17.2
2 0.9 0.8 1.5 1.5 24 9.1 8.9

12 n = 2,000 3 0.8 0.8 1.0 0.9 36 6.9 6.4
6 0.9 0.8 1.0 1.0 72 4.7 3.0

12 1.4 1.1 1.6 0.9 144 3.3 1.4

I: Strong SVARMA(1,0)(0,1)s model (3.12)-(3.13).
II: Weak SVARMA(1,0)(0,1)s model (3.12)-(3.14).
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Table 3.2 – Empirical size (in %) of the modified and standard versions of the LB and BP tests in the case
of SVARMA(1,0)(0,1)s model. The nominal asymptotic level of the tests is α= 5%.

Model s Length n Lag m LBW(s) BPW(s) LBM(s) BPM(s) Lag ms LBUD BPUD

1 4.1 4.0 n.a. n.a. 4 22.1 21.7
2 4.7 4.3 6.2 5.9 8 7.8 7.3

4 n = 500 3 4.6 3.8 4.2 3.6 12 6.1 5.0
6 4.3 3.0 4.0 3.3 24 5.6 3.0

12 5.1 2.6 4.7 2.3 48 5.6 2.0
1 5.2 5.2 n.a. n.a. 4 23.6 23.4
2 5.9 5.8 7.1 7.1 8 8.0 7.7

4 n = 2,000 3 5.6 5.4 5.6 5.5 12 5.6 5.5
6 5.3 5.1 5.1 4.8 24 4.7 4.1

12 6.2 5.7 6.3 5.4 48 5.2 4.2
I

1 4.4 4.1 n.a. n.a. 12 12.8 11.8
2 5.6 4.4 6.8 5.5 24 7.9 6.2

12 n = 500 3 6.8 5.3 6.4 4.9 36 7.0 3.6
6 8.0 4.4 6.3 3.4 72 7.2 0.8

12 15.2 3.7 6.2 0.8 144 7.1 0.0
1 4.6 4.6 n.a. n.a. 12 11.8 11.5
2 4.5 4.5 6.3 5.8 24 6.7 6.6

12 n = 2,000 3 4.7 4.1 5.2 4.8 36 5.4 4.2
6 5.1 3.9 4.5 3.6 72 4.9 3.5

12 5.6 4.2 4.6 3.3 144 6.4 2.0

1 5.6 5.3 n.a. n.a. 4 53.2 52.9
2 4.4 4.2 6.9 6.4 8 25.3 24.2

4 n = 500 3 4.1 3.4 4.9 4.6 12 19.1 18.1
6 3.0 2.4 4.0 3.4 24 12.8 9.7

12 1.7 0.6 3.7 1.5 48 8.6 4.1
1 4.7 4.7 n.a. n.a. 4 58.9 58.9
2 5.0 5.0 7.0 7.0 8 32.8 32.5

4 n = 2,000 3 3.5 3.5 4.8 4.6 12 24.9 24.4
6 3.6 3.5 5.0 4.9 24 16.7 15.9

12 4.1 3.1 5.0 4.1 48 11.9 10.4
II

1 4.5 4.3 n.a. n.a. 12 28.7 27.1
2 6.1 4.5 6.9 6.4 24 16.3 13.6

12 n = 500 3 4.6 3.5 4.6 3.1 36 13.2 8.6
6 5.3 2.2 4.7 1.5 72 10.2 2.2

12 1.4 0.3 3.9 0.3 144 10.2 0.1
1 4.9 4.8 n.a. n.a. 12 34.6 34.1
2 4.9 4.8 7.1 6.6 24 20.4 19.4

12 n = 2,000 3 4.8 4.3 5.5 5.2 36 16.1 14.6
6 3.7 3.1 4.0 3.4 72 12.8 9.9

12 5.3 3.8 5.2 3.2 144 9.0 3.8

I: Strong SVARMA(1,0)(0,1)s model (3.12)-(3.13).
II: Weak SVARMA(1,0)(0,1)s model (3.12)-(3.14).
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Table 3.3 – Empirical size (in %) of the modified and standard versions of the LB and BP tests in the case
of SVARMA(1,0)(0,1)s model. The nominal asymptotic level of the tests is α= 10%.

Model s Length n Lag m LBW(s) BPW(s) LBM(s) BPM(s) Lag ms LBUD BPUD

1 8.9 8.7 n.a. n.a. 4 35.4 35.5
2 9.9 9.4 13.0 12.6 8 14.5 13.9

4 n = 500 3 9.7 8.3 9.9 9.2 12 10.7 9.4
6 9.3 8.4 8.8 7.5 24 11.1 8.6

12 10.6 6.4 9.1 5.5 48 9.6 3.6
1 9.1 9.1 n.a. n.a. 4 36.4 36.1
2 10.6 10.5 13.6 13.5 8 14.7 14.3

4 n = 2,000 3 10.7 10.5 10.8 10.7 12 10.8 10.6
6 10.9 10.6 9.9 9.5 24 10.1 9.6

12 12.3 10.5 11.7 10.3 48 9.6 8.3
I

1 10.9 10.4 n.a. n.a. 12 22.2 20.8
2 12.1 10.3 14.6 12.8 24 15.7 11.3

12 n = 500 3 11.8 9.0 10.7 8.8 36 12.5 7.3
6 15.9 9.0 11.4 6.1 72 13.5 2.2

12 26.7 7.3 11.0 2.0 144 11.9 0.1
1 9.3 9.1 n.a. n.a. 12 20.9 20.7
2 9.7 9.3 13.4 13.3 24 13.2 12.7

12 n = 2,000 3 10.4 10.0 10.7 10.0 36 11.3 10.0
6 11.2 9.9 10.3 8.5 72 10.4 6.5

12 11.9 7.4 8.9 5.9 144 12.2 3.5

1 10.3 10.1 n.a. n.a. 4 66.5 66.2
2 9.5 8.9 14.5 14.1 8 36.9 36.2

4 n = 500 3 8.3 7.8 10.2 9.6 12 28.9 27.2
6 7.5 5.9 8.6 7.1 24 20.4 17.0

12 3.6 2.1 7.3 4.1 48 15.4 6.8
1 10.2 10.2 n.a. n.a. 4 71.3 71.2
2 8.2 8.1 12.7 12.7 8 44.3 44.1

4 n = 2,000 3 6.6 6.5 10.5 9.9 12 33.1 32.6
6 8.4 7.5 9.5 9.2 24 24.2 23.2

12 8.3 7.0 9.3 8.5 48 19.2 16.1
II

1 9.1 8.3 n.a. n.a. 12 41.0 38.4
2 11.1 10.1 13.5 11.2 24 24.8 21.3

12 n = 500 3 9.8 7.2 9.0 7.3 36 20.2 14.0
6 11.9 6.0 9.0 4.9 72 16.6 4.3

12 2.6 0.6 9.1 0.7 144 16.5 0.2
1 9.6 9.2 n.a. n.a. 12 46.1 45.6
2 9.2 9.1 12.1 12.1 24 29.4 28.2

12 n = 2,000 3 10.2 9.6 11.2 10.3 36 23.1 21.9
6 8.1 7.5 7.8 6.9 72 19.2 14.8

12 10.7 8.1 9.5 6.6 144 15.9 5.5

I: Strong SVARMA(1,0)(0,1)s model (3.12)-(3.13).
II: Weak SVARMA(1,0)(0,1)s model (3.12)-(3.14).
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3.5 Proofs

Proof of Proposition 3.2.1
The proof of Proposition 3.2.1 is similar to that given by [6] for weak VARMA models. �

Proof of Proposition 3.3.1. The proof is a straightforward extension of those obtained in [8, 12,
21, 28]. �

Proof of Theorem 3.3.2. Let ˜̀
n(θ,Σe ) = −2n−1 logL̃n(θ,Σe ). As in [6], it can be shown that

`n(θ,Σe ) = ˜̀
n(θ,Σe )+o(1) a.s, where

`n(θ,Σe ) :=− 2

n
logLn(θ,Σe ) = 1

n

n∑
t=1

{
d log(2π)+ logdetΣe +e ′

t (θ)Σ−1
e et (θ)

}
,

and where (et (θ)) is given by

et (θ) = Xt −
p∑

i=1
A−1

0 Ai Xt−i −
ps∑

j=1
A−1

0 Λ−1
0 Λ j A0Xt−s j +

p∑
i=1

ps∑
j=1

A−1
0 Λ−1

0 Λ j Ai Xt−i−s j

+
q∑

i=1
A−1

0 Λ−1
0 Ψ0Bi B−1

0 Ψ−1
0 Λ0A0et−i (θ)+

qs∑
j=1

A−1
0 Λ−1

0 Ψ jΨ
−1
0 Λ0A0et−s j (θ)

−
q∑

i=1

qs∑
j=1

A−1
0 Λ−1

0 Ψ j Bi B−1
0 Ψ−1

0 Λ0A0et−i−s j (θ).

(3.15)

It can be also shown uniformly in θ ∈Θ that

∂`n(θ,Σe )

∂θ
= ∂ ˜̀

n(θ,Σe )

∂θ
+o(1) a.s.

The same equality holds for the second-order derivatives of ˜̀
n(θ,Σe ). Under A6, we have al-

most surely θ̂n → θ0 ∈
◦
Θ. Thus ∂ ˜̀

n(θ̂n , Σ̂e )/∂θ = 0 for sufficiently large n, and a standard Taylor
expansion of the derivative of ˜̀

n about (θ0,Σe0), taken at (θ̂n , Σ̂e ), yields

0 =p
n
∂ ˜̀

n(θ̂n , Σ̂e )

∂θ
=p

n
∂ ˜̀

n(θ0,Σe0)

∂θ
+ ∂2 ˜̀

n(θ∗,Σ∗
e )

∂θ∂θ′
p

n
(
θ̂n −θ0

)
=p

n
∂`n(θ0,Σe0)

∂θ
+ ∂2`n(θ0,Σe0)

∂θ∂θ′
p

n
(
θ̂n −θ0

)+oP(1), (3.16)

where θ∗ is between θ0 and θ̂n , and Σ∗
e is between Σe0 and Σ̂e , with Σ̂e = n−1 ∑n

t=1 ẽt (θ̂n)ẽ ′
t (θ̂n).

Thus, by standard arguments, we have from (3.16):

p
n

(
θ̂n −θ0

) = −J−1pn
∂`n(θ0,Σe0)

∂θ
+oP(1)

= J−1pnYn +oP(1)

where

Yn =−∂`n(θ0,Σe0)

∂θ
=− 1

n

n∑
t=1

∂

∂θ

{
d log(2π)+ logdetΣe0 +e ′

t (θ0)Σ−1
e0 et (θ0)

}
. (3.17)

Using well-known results on matrix derivatives (see (5) of Appendix A.13 in [29]), we have

Yn =− 2

n

n∑
t=1

∂e ′
t (θ0)

∂θ
Σ−1

e0 et (θ0).
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Now, using the elementary relation vec(ABC) = (C′⊗A)vec(B) (see (4) of Appendix A.12 in [29]),
we have vecγ(s`) = n−1 ∑n

t=s`+1 et−s`⊗et . It is easily shown that for `,`′ ≥ 1,

Cov(
p

n vecγ(s`),
p

n vecγ(s`′)) = 1

n

n∑
t=s`+1

n∑
t ′=s`′+1

E
(
{et−s`⊗et } {et ′−s`′ ⊗et ′}

′)
→ Γ(s`, s`′) as n →∞.

Then, we have

Σγm (s) =
{
Γ(s`, s`′)

}
1≤`,`′≤m

By stationarity of (et ) and (Yt ) and the dominated convergence Theorem, we have

Cov(
p

nJ−1Yn ,
p

n vecγ(s`)) = − 2

n

n∑
t=1

n∑
t=s`+1

J−1Cov

(
∂e ′

t (θ0)

∂θ
Σ−1

e0 et ,et−s`⊗et

)

= − 2

n

n−1∑
h=−n+1

(n −|h|)J−1Cov

(
∂e ′

t (θ0)

∂θ
Σ−1

e0 et ,et−h−s`⊗et−h

)
→ −

+∞∑
h=−∞

2J−1E

(
∂e ′

t (θ0)

∂θ
Σ−1

e0 et {et−s`−h ⊗et−h}′
)

.

Then we have

Σ′
γm (s),θ̂n

=−2J−1
+∞∑

h=−∞
E

∂e ′
t (θ0)

∂θ
Σ−1

e0 et


 et−1s−h

...
et−ms−h

⊗et−h


′ .

Applying the central limit Theorem (CLT) for mixing processes (see [19]) we directly obtain

lim
n→∞Var(

p
nJ−1Yn) = J−1IJ−1

which gives the asymptotic covariance matrix given in (3.7). The existence of these matrices is
ensured by the Davydov inequality (see [13]) and A7. The proof is then complete. �

Proof of Theorem 3.3.3. Considering Γ̂(sh) and γ(sh) as values of the same function at the
points θ̂n and θ0, a Taylor expansion about θ0 gives

vec Γ̂e (sh) = vecγ(sh)+ 1

n

n∑
t=sh+1

{
et−sh(θ)⊗ ∂et (θ)

∂θ′

+∂et−sh(θ)

∂θ′
⊗et (θ)

}
θ=θ∗n

(θ̂n −θ0)+OP(1/n)

= vecγ(sh)+E
(
et−sh(θ0)⊗ ∂et (θ0)

∂θ′

)
(θ̂n −θ0)+OP(1/n),

where θ∗n is between θ̂n and θ0. The last equality follows from the consistency of θ̂n and the fact
that

(
∂et−sh/∂θ′

)
(θ0) is not correlated with et when h ≥ 0. Then for h = 1, . . . ,m,

Γ̂m(s) :=
({

vecΓ̂e (1s)
}′

, . . . ,
{
vecΓ̂e (ms)

}′)′ = γm(s)+Φm(s)(θ̂n −θ0)+OP(1/n), (3.18)

where Φm(s) is defined in (3.8). From Theorem 3.3.2, we have obtained the asymptotic joint
distribution of γm(s) and θ̂n−θ0. Using (3.18) and the TCL of [19], we obtain that the asymptotic
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distribution of
p

nΓ̂m(s), is normal, with mean zero and covariance matrix

lim
n→∞Var(

p
nΓ̂m(s)) = lim

n→∞Var(
p

nγm(s))+Φm(s) lim
n→∞Var(

p
n(θ̂n −θ0))Φ′

m(s)

+Φm(s) lim
n→∞Cov(

p
n(θ̂n −θ0),

p
nγm(s))

+ lim
n→∞Cov(

p
nγm(s),

p
n(θ̂n −θ0))Φ′

m(s)

= Σγm (s) +Φm(s)ΩΦ′
m(s)+Φm(s)Σθ̂n ,γm (s) +Σ′

θ̂n ,γm (s)
Φ′

m(s).

From a Taylor expansion about θ0 of vec Γ̂e (0) we have, vec Γ̂e (0) = vecγ(0)+OP(n−1/2). More-
over,

p
n(vecγ(0)−Evecγ(0)) = OP(1) by the CLT for mixing processes (see [19]). Thus

p
n(Ŝe ⊗

Ŝe −Se ⊗Se ) = OP(1) and, using (3.9) and the ergodic Theorem, we obtain

n
{
vec(Ŝ−1

e Γ̂e (sh)Ŝ−1
e )−vec(S−1

e Γ̂e (sh)S−1
e )

}= OP(1).

In the previous equalities, we also use vec(ABC) = (C′⊗A)vec(B) and (A⊗B)−1 = A−1⊗B−1 when
A and B are invertible. It follows that

ρ̂m(s) =
({

vecR̂e (1s)
}′

, . . . ,
{
vecR̂e (ms)

}′)′
=

({
(Ŝe ⊗ Ŝe )−1vecΓ̂e (1s)

}′
, . . . ,

{
(Ŝe ⊗ Ŝe )−1vecΓ̂e (ms)

}′)′
= {

Im ⊗ (Ŝe ⊗ Ŝe )−1} Γ̂m(s) = {
Im ⊗ (Se ⊗Se )−1} Γ̂m(s)+OP(n−1).

We now obtain (3.10) from (3.9). Hence, we have

Var(
p

nρ̂m(s)) = {
Im ⊗ (Se ⊗Se )−1}ΣΓ̂m (s)

{
Im ⊗ (Se ⊗Se )−1} .

This completes the proof. �

Proof of Theorem 3.3.5. The proof is similar to that given by [15] for Theorem 3. �
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Chapter 4
Portmanteau tests for Periodic ARMA models
with uncorrelated but non-independent
error terms

Abstract
In this paper we derive the asymptotic distributions of residual and normalized residual empir-
ical autocovariances and autocorrelations of periodic autoregressive moving-average (PARMA)
models under the assumption that the errors are uncorrelated but not necessarily indepen-
dent. We then deduce the modified portmanteau statistics. We establish the asymptotic be-
haviour of the proposed statistics. It is shown that the asymptotic distribution of the portman-
teau tests is that of a weighted sum of independent chi-squared random variables, which can be
quite different from the usual chi-squared approximation used under independent and iden-
tically distributed (iid) assumptions on the noise. We also propose another test based on a
self-normalization approach to cheek the adequacy of PARMA models. A set of Monte Carlo
experiments and an application to financial data are presented.
Keywords: Goodness-of-fit test, portmanteau test statistics, residual autocorrelations, season-
ality, self-normalization, weak PARMA models, weighted least squares

4.1 Introduction

Time series with periodic means and autocovariances frequently arise from various fields
of study, such as meteorology, hydrology and economics, amongst others (see for instance[28],
[25, Chapter 14] and [26]). Modeling methods for periodic series focus on the important class
of periodic autoregressive moving-average (PARMA) models as the PARMA second moment
structure is indeed periodic. PARMA models are an extension of autoregressive moving aver-
age (ARMA) models in the sense that they allow the model parameters to vary with respect to
time.

A series X = (Xt )t∈Z with mean µt = µt+T and finite second moments is said to be a PARMA
series with period T (T is assumed known throughout) if it is a solution to the periodic linear
difference equation

(Xt −µt )−
p∑

i=1
φi (t )(Xt−i −µt−i ) = εt −

q∑
j=1

θ j (t )εt− j , (4.1)

where the coefficients satisfy φi (t +T) = φi (t ) for 1 ≤ i ≤ p and θ j (t +T) = θ j (t ) for 1 ≤ j ≤ q .
One can allow p and q to vary periodically if needed (see [20, 34]).
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A notation that emphasizes seasonality uses XnT+ν as the data point during the ν-th season
of the n-th cycle of data. Here ν is a seasonal suffix that satisfies 1 ≤ ν≤ T; we allow a 0-th cycle
of data so that X1 denotes the first observation (season 1 of cycle 0). The PARMA model in (4.1)
with p and q vary periodically is equivalently written as

(XnT+ν−µν)−
pν∑

k=1
φk (ν)(XnT+ν−k −µν−k ) = εnT+ν−

qν∑
l=1

θl (ν)εnT+ν−l (4.2)

and is denoted by PARMAT(p1, . . . , pν, . . . , pT; q1, . . . , qν, . . . , qT). The linear periodic innovation
process (εt ) = (εnT+ν)n∈Z is assumed to be a stationary sequence satisfies

(A0): E [εt ] = 0, Var(εt ) =σ2
ν > 0 and E(εtεt ′) = 0 ∀ t 6= t ′.

Under the above assumptions the process (εnT+ν)n∈Z is called a weak periodic white noise. An
example of weak periodic white noise is the periodic generalized autoregressive conditional
heteroscedastic (PGARCH) model (see [7]). Many others examples can also be find in [20].
It is customary to say that (XnT+ν)n∈Z is a strong PARMAT(p1, . . . , pν, . . . , pT; q1, . . . , qν, . . . , qT)
representation and we will do this henceforth if in (4.1) or (4.2) (εnT+ν)n∈Z is a strong peri-
odic white noise, namely an independent and identically distributed (iid for short) sequence
of random variables with mean 0 and finite variance. A strong white noise is obviously a weak
white noise because independence entails uncorrelatedness. Of course the converse is not true.
In contrast with this previous definition, the representation (4.1) or (4.2) is said to be a weak
PARMAT(p1, . . . , pν, . . . , pT; q1, . . . , qν, . . . , qT) if no additional assumption is made on (εnT+ν)n∈Z,
that is if (εnT+ν)n∈Z is only a weak periodic white noise (not necessarily iid).

When the order of both the autoregressive and moving average components are not allowed
to vary with season, i.e., when p1 = ·· · = pν = ·· · = pT = p and q1 = ·· · = qν = ·· · = qT = q we
simply write PARMAT(p; q) instead of PARMAT(p, . . . , p; q, . . . , q). In the sequel we suppose that
the process (XnT+ν)n∈Z is centered, that is µ1 = ·· · =µT = 0. Thus Equation (4.2) becomes

XnT+ν−
pν∑

k=1
φk (ν)XnT+ν−k = εnT+ν−

qν∑
l=1

θl (ν)εnT+ν−l (4.3)

After identification and estimation of the PARMA processes, the next important step in the
modeling consists in checking if the estimated model fits the data satisfactorily. Thus, under
the null hypothesis that the model has been correctly identified the residuals, ε̂nT+ν, are ap-
proximately a periodic white noise. This adequacy checking step validates or invalidates the
choice of the orders (p1, . . . , pν, . . . , pT; q1, . . . , qν, . . . , qT).

Thus it is important to check the validity of a PARMAT(p1, . . . , pν, . . . , pT; q1, . . . , qν, . . . , qT)
model, for given orders (p1, . . . , pν, . . . , pT; q1, . . . , qν, . . . , qT). Based on the residual empirical au-
tocorrelations, [14] derived a goodness-of-fit test, the portmanteau test, for univariate strong
ARMA models (i.e. under the assumption that the error term is iid). [32] proposed a modified
portmanteau test which is nowadays one of the most popular diagnostic checking tool in ARMA
modeling of time series. Since the article by [32], portmanteau tests have been important tools
in time series analysis, in particular for testing the adequacy of an estimated ARMA model. See
also [31] for a reference book on the portmanteau tests.

This paper is devoted to the problem of the validation step of the PARMA representations
(4.3) processes. The works on the portmanteau statistic of PARMA models are generally per-
formed under the assumption that the errors εnT+ν are independent (see [37, 38] or [19, 47]).
This independence assumption is often considered too restrictive by practitioners. It precludes
PGARCH and/or other forms of periodic nonlinearity (see [20]). All these above results have
been obtained under the iid assumption on the periodic noise and they may be invalid when the
periodic series is uncorrelated but dependent. However the standard portmanteau test needs
to be adapted to take into account the possible lack of independence of the errors terms. In
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this framework we relax the standard independence assumption on the periodic error term in
order to be able to cover PARMA representations of general nonlinear models and to extend
the range of application of the PARMA models. For such models we show that the asymptotic
distributions of the proposed statistics are no longer chi-squared distributions but a mixture of
chi-squared distributions, weighted by eigenvalues of the asymptotic covariance matrix of the
vector of autocorrelations as in [21]. We also proposed another modified statistics based on a
self-normalization approach which are asymptotically distribution-free under the null hypoth-
esis (see [13] for a reference in a weak ARMA case). Contrary to the standard tests the proposed
tests can be used safely for m small, where m is the number of autocorrelations used in the
portmanteau test statistic. Other contribution is to improve the results concerning the statisti-
cal analysis of weak PARMA models by considering the adequacy problem.

The article is organized as follows. In Section 4.2 we recall the results on the least squares es-
timator (LSE) asymptotic distribution of a weak PARMA model obtained by [20] under ergodic
and mixing assumptions. Section 4.3 presents our main aim. Then we study the asymptotic
behaviour of the residuals autocovariances and autocorrelations of a weak PARMA model in
Section 4.3.1. In Section 4.3.2 we derive the asymptotic distribution of residuals autocovari-
ances and autocorrelations using self-normalization approach and we establish the asymptotic
behaviour of the proposed statistics. Section 4.4 proposes numerical illustrations. The empir-
ical power are also investigated. Section 4.5 illustrates the portmanteau test for PARMA(p, q)
models applied to stock market indices. The technical proofs are relegated to the appendix.

4.2 Preliminaries

We recall in this section some technical results which we are need on weak PARMA and are
contained in [20].

4.2.1 Causality and invertibility of PARMA models

There is no loss of generality in taking that p1 = ·· · = pν = ·· · = pT = p and q1 = ·· · = qν =
·· · = qT = q in (4.3) by adding coefficients equal to zero (see [34] for more details). Thus the
PARMAT(p; q) process (XnT+ν)n∈Z satisfies the following difference equations

XnT+ν−
p∑

k=1
φk (ν)XnT+ν−k = εnT+ν−

q∑
l=1

θl (ν)εnT+ν−l . (4.4)

We denote by bac the integer part of the real a. Let p∗ = b(p −1)/Tc+1 and q∗ = b(q −1)/Tc+1.
As in [48] the difference equations (4.4) can be written in the following T-dimensional vector
ARMA (VARMA) form:

Φ0Xn −
p∗∑

k=1
Φk Xn−k =Θ0εn −

q∗∑
l=1

Θlεn−l (4.5)

where Xn = (XnT+1, . . . ,XnT+T)′ and εn = (εnT+1, . . . ,εnT+T)′. The (T×T)−matrices coefficientsΦk ,
k = 0, . . . , p∗ and Θl , l = 0, . . . , q∗, are defined by

(Φ0)i , j =


1 if i = j
0 if i < j

−φi− j (i ) if i > j
, (Θ0)i , j =


1 if i = j
0 if i < j

−θi− j (i ) if i > j
,

and (Φk )i , j = φkT+i− j (i ), k = 1, . . . , p∗ and (Θl )i , j = θlT+i− j (i ), l = 1, . . . , q∗. Here it is implicit
that φh(ν) = 0, for h ∉ {1, . . . , p} and θh(ν) = 0, for h ∉ {1, . . . , q}. The covariance matrix of the T-
dimensional white noise εn is Σε = Diag(σ2

1, . . . ,σ2
T) > 0. We denote by L the back-shift operator
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such that Lkεn = εn−k . It is important to note that the lag operator L operates on the cycle index
n. When it acts on the time index t = nT +ν of the periodic process (εt ), it gives LkεnT+ν =
ε(n−k)T+ν. Equation (4.5) can be written more compactly as

Φ(L)Xn =Θ(L)εn (4.6)

where Φ(z) =Φ0 −∑p∗
i=1Φi zi and Θ(z) =Θ0 −∑q∗

i=1Θi zi . From (4.5) we can in principle deduce
the properties of weak PARMA parameters estimation, identification and validation from exist-
ing results on parameters estimation, identification and validation of the weak VARMA models
(see for instance [8, 9, 11, 12, 13, 29]). Therefore we have preferred to work in the univariate
PARMA setting for various reasons. In particular the results obtained directly in terms of the
univariate PARMA representation are more directly usable because fewer parameters are in-
volved and their estimation is easier (see [20] for more details).

We denote by det(A) the determinant of a matrix A. We assume that the PARMAT(p; q) pro-
cess (XnT+ν)n∈Z corresponds to stable and invertible representations, namely

(A1): we have detΦ(z)detΘ(z) 6= 0 for all |z| ≤ 1. Furthermore as in [11] we assume that the
weak VARMA model (4.6) is identifiable (see also [15, 35, 41]).

4.2.2 Estimating weak PARMA models

In this section we recall the results on the weighted least squares (WLS) asymptotic distri-
bution obtained by [20] when (εnT+ν) satisfies α−mixing assumptions. For notation, let φ(ν) =(
φ1(ν), . . . ,φp (ν)

)′ and θ(ν) = (
θ1(ν), . . . ,θq (ν)

)′ respectively denote the vectors of autoregressive
and moving average parameters for a specified season ν. The T(p +q)-dimensional collection
of all PARMA parameters is denoted by

α= (
φ(1)′, . . . ,φ(T)′,θ(1)′, . . . ,θ(T)′

)′ ∈R(p+q)T.

The periodic white noise variances σ2 = (
σ2

1, . . . ,σ2
T

)′
will be treated as a nuisance parameters.

Let X1, . . . ,XNT be a data sample from the causal and invertible PARMA model (4.4) with the
true parameter value α= α0 and σ2 =σ2

0. The sample contains N full periods of data which are
indexed from 0 to N−1. Indeed when 0 ≤ n ≤ N−1 and 1 ≤ ν≤ T, nT+ν goes from 1 to NT. The
unknown parameter of interest α0 is supposed to belong to the parameter space

∆=
{
α= (

φ(1)′, . . . ,φ(T)′,θ(1)′, . . . ,θ(T)′
)′ such that (A1) is verified

}
.

Without loss of generality, we may assume that ∆ is compact. For α ∈ ∆, let εnT+ν(α) be the
periodically second-order stationary solution of

εnT+ν(α) = XnT+ν−
p∑

k=1
φk (ν)XnT+ν−k +

q∑
l=1

θl (ν)εnT+ν−l (α). (4.7)

The variable εnT+ν(α) can be approximated, for 0 < nT+ν≤ NT, by enT+ν(α) defined recursively
by

enT+ν(α) = XnT+ν−
p∑

k=1
φk (ν)XnT+ν−k +

q∑
l=1

θl (ν)enT+ν−l (α), (4.8)

where the unknown initial values are set to zero: e0(α) = ·· · = e1−q (α) = X0 = ·· · = X1−p = 0. As
showed by [20, Lemma 7] these initial values are asymptotically negligible uniformly in α.
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The random variable α̂OLS is called the ordinary least squares (OLS) estimator of α if it satis-
fies, almost surely,

SN(α̂OLS) = min
α∈∆

SN(α) where SN(α) = 1

2N

N−1∑
n=0

T∑
ν=1

e2
nT+ν(α).

Because of the presence of heteroscedastic innovations, the OLS estimator might be inefficient.
Given some vectors of weights ω2 = (ω2

1, . . . ,ω2
T)′, [20] and [5] showed that the OLS estimator is

asymptotically outperformed by the weighted least squares (WLS) estimator α̂WLS = α̂ω
2

WLS de-
fined by

Qω2

N (α̂WLS) = min
α∈∆

Qω2

N (α) where Qω2

N (α) = 1

2N

N−1∑
n=0

T∑
ν=1

ω−2
ν e2

nT+ν(α).

[20] and [5] showed that an optimal WLS estimator is the generalized least squares (GLS) esti-
mator defined by

α̂GLS = α̂σ
2

WLS, where σ2 = (σ2
1, . . . ,σ2

T)′. (4.9)

As mentioned by [20] the GLS estimator assumes that σ2 is known. In practice this parame-
ter has also to be estimated. Given any consistent estimator σ̂2 = (σ̂2

1, . . . , σ̂2
T)′ of σ2, a quasi-

generalized least squares (QLS) estimator of α0 is defined by

α̂QLS = α̂σ̂
2

WLS. (4.10)

One possible consistent estimator of σ2
ν can be obtained by

σ̂2
ν =

1

N

N−1∑
n=0

e2
nT+ν(α̂OLS).

To establish the consistency of the least squares estimators (LSE), an additional assumption is
needed.

(A2): The T-dimensional white noise {εn = (εnT+1, . . . ,εnT+T)′ ,n ∈ Z} is ergodic and strictly
stationary.

For the asymptotic normality of the LSE, additional assumptions are also required. It is neces-
sary to assume that α0 is not on the boundary of the parameter space ∆.

(A3): We have α0 ∈
◦
∆, where

◦
∆ denotes the interior of ∆.

To control the serial dependence of the stationary process (εn), we introduce the strong mixing
coefficients αε(h) defined by

αε (h) = sup
A∈F n−∞,B∈F+∞

n+h

|P (A∩B)−P(A)P(B)| ,

where F n−∞ = σ(εu ,u ≤ n) and F+∞
n+h = σ(εu ,u ≥ n +h). We use ‖ · ‖ to denote the Euclidian

norm of a vector. We will make an integrability assumption on the moment of the noise and a
summability condition on the strong mixing coefficients (αε(k))k≥0.

(A4): We have E‖εn‖4+2κ <∞ and
∑∞

k=0 {αε(k)}
κ

2+κ <∞ for some κ> 0.

In all the sequel we denote by
d−→ the convergence in distribution. The symbol oP(1) is used

for a sequence of random variables that converges to zero in probability. Under the above as-
sumptions, [20] showed that α̂OLS → α0, α̂WLS → α0, α̂GLS → α0 and α̂QLS → α0 a.s. as N → ∞
and p

N(α̂LS −α0)
d−−−−→

N→∞
N

(
0,ΩLS) , (4.11)

102



4.3. DIAGNOSTIC CHECKING IN WEAK PARMA MODELS

where the exponent LS stands for OLS, WLS, GLS and QLS with

ΩOLS =Ω(α0, (1, . . . ,1)′), ΩWLS =Ω(α0,ω2), ΩGLS =Ω(α0,σ2), ΩQLS =Ω(α0, σ̂2)

and
Ω(α0,ω2) = (

J(α0,ω2)
)−1

I(α0,ω2)
(
J(α0,ω2)

)−1
.

The matrices I(α0,ω2) and J(α0,ω2) being defined as

J(α0,ω2) =
T∑
ν=1

ω−2
ν E

[(
∂εnT+ν(α)

∂α

)(
∂εnT+ν(α)

∂α

)′]
α=α0

, (4.12)

I(α0,ω2) =
T∑
ν=1

T∑
ν′=1

ω−2
ν ω−2

ν′
∞∑

k=−∞
E

[
εν(α)εkT+ν′(α)

(
∂εν(α)

∂α

)(
∂εkT+ν′(α)

∂α

)′]
α=α0

. (4.13)

4.3 Diagnostic checking in weak PARMA models

After the estimation phase, the next important step consists in checking if the estimated
model fits satisfactorily the data. In this section we derive the limiting distribution of the resid-
ual autocorrelations and that of the portmanteau statistics based on the standard and the self-
normalized approaches in the framework of weak PARMA models (4.3). Note that the results
stated in this section extend directly for models (4.2) with constants.

Let ε̂nT+ν = ênT+ν = enT+ν(α̂LS) be the least squares periodic residuals when p+q > 0. We use
(4.8) to notice that we have êt = 0 for t := nT+ν≤ 0 and t > NT. By (4.4), for n = 0,1, . . . ,N−1, it
holds that

ênT+ν = XnT+ν−∑p
k=1 φ̂k (ν)XnT+ν−k +

∑q
l=1 θ̂l (ν)ênT+ν−l ,

for 1 ≤ t ≤ NT, with X̂t = 0 for t ≤ 0 and X̂t = Xt for t ≥ 1. We denote by

γ(ν, l ) = 1

N

N∑
n=l+1

εnT+νεnT+ν−l and γ̂(ν, l ) = 1

N

N∑
n=l+1

ênT+νênT+ν−l (4.14)

the periodic white noise "empirical" autocovariances and residuals autocovariances. It should
be noted that γ(ν, l ) is not a computable statistic because it depends on the unobserved inno-
vations εnT+ν = εnT+ν(α0). For a fixed integer m ≥ 1 we let

γm(ν) := (
γ(ν,1), . . . ,γ(ν,m)

)′ and γ̂m(ν) := (
γ̂(ν,1), . . . , γ̂(ν,m)

)′ ,
be the vectors of "empirical" autocovariances and residuals autocovariances for a specified sea-
sonν. Similarly the global "empirical" autocovariances and residuals autocovariances across all
the seasons are denoted by

γmT := (
γm(1), . . . ,γm(T)

)′ and γ̂mT := (
γ̂m(1), . . . , γ̂m(T)

)′ .
Note that the mixing assumption (A4) will entail the asymptotic normality of γm(ν) and γm(T).

The theoretical and sample autocorrelations at lag l are respectively defined by

ρ(ν, l ) = Γ(ν, l )√
Γ(ν,0)Γ(ν− l ,0)

and ρ̂(ν, l ) = γ̂(ν, l )√
γ̂(ν,0)γ̂(ν− l ,0)

with γ̂(ν− l ,0) = 1

N

N∑
n=1

ê2
nT+ν−l ,

and where Γ(ν, l ) := Cov(εnT+ν,εnT+ν−l ) with Γ(ν,0) := σ2
ν. See for instance [25, 42] for some

properties of Γ(ν, l ). In the sequel we will also need these expressions:

ρ̂m(ν) = (
ρ̂(ν,1), . . . , ρ̂(ν,m)

)′ and ρ̂mT = (
ρ̂m(1), . . . , ρ̂m(T)

)′ ,
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where ρ̂m(ν) denotes the vector of the first m sample autocorrelations for a specified season ν

and ρ̂m(T) is the vector of the global sample autocorrelations across all the seasons.
Based on the residual empirical autocorrelations, [14] have proposed a goodness-of-fit test,

the so-called portmanteau test (BP), for strong ARMA models. A modification of their test has
been proposed by [32] which is nowadays one of the most popular diagnostic checking tools in
ARMA modeling of time series. To test simultaneously whether all residual autocorrelations at
lags 1, . . . ,m of a PARMA model are equal to zero for a specified period ν, the portmanteau of
[14, 32] can be adapted as proposed by [37, 38] (see also [25]). Based on these results [37, 38]
suggested the following portmanteau statistics defined by

QBP
m (ν) = N

m∑
h=1

ρ̂2(ν,h) and QLBM
m (ν) = N

m∑
h=1

%(h,ν,N,T)ρ̂2(ν,h), (4.15)

where %(h,ν,N,T) is called the Ljung-Box-McLeod (LBM) correction and is defined by

%(h,ν,N,T) =
{

(N+2)/(N−h/T) if h ≡ 0 mod T
N/(N−b(h −ν+T)/Tc) otherwise.

The statistic QLBM
m (ν) has the same asymptotic chi-squared distribution as QBP

m (ν) and has the
reputation of doing better for small or medium sized sample (see [37, 38]). If the strong PARMAT(p; q)
model is adequate for a specified period ν, QBP

m (ν) or QLBM
m (ν) will be asymptotically distributed

as a chi-square variable with m − (p + q) (and m − (pν + qν) for strong PARMA (4.3)) degrees
of freedom. Note that the lag m used in (4.15) could be chosen to be different across the sea-
sons but in most applications it is reasonable to use the same value of m for all seasons (see for
instance [25]).

Across seasons the Portmanteau test statistics are asymptotically independent forν= 1, . . . ,T.
Consequently for the case of the Portmanteau test statistics in (4.15) an overall check to test if
the residuals across all the seasons are periodic white noise is given by

QBP
m =

T∑
ν=1

QBP
m (ν) and QLBM

m =
T∑
ν=1

QLBM
m (ν). (4.16)

Thus if the strong PARMAT(p; q) model is adequate the global statistics (4.16) will also be asymp-
totically distributed as a chi-squared variable with mT −T(p + q) (and mT −∑T

ν=1(pν+ qν) for
strong PARMA (4.3)) degrees of freedom (see [25]).

The statistics (4.16) (resp. (4.15)) are usually used to test the following null hypothesis

(H0) : (XnT+ν)n∈Z satisfies a PARMAT(p; q) representation (resp. for a specified period ν);

against the alternative

(H1) : (XnT+ν)n∈Z does not admit a PARMAT(p; q) representation (resp. for a specified period
ν) or (XnT+ν)n∈Z satisfies a PARMAT(p ′; q ′) representation (resp. for a specified period ν)
with p ′ > p or q ′ > q .

For weak PARMAT(p; q) models we will shown that the asymptotic distributions of the statistics
defined in (4.15) and (4.16) are no longer chi-squared distributions but a mixture of chi-squared
distributions weighted by eigenvalues of the asymptotic covariance matrix of the vector of au-
tocorrelations.

4.3.1 Asymptotic distribution of the residual autocorrelations

By a Taylor expansion of
p

Nγ̂(ν,h) we have

p
Nγ̂(ν,h) =

p
Nγ(ν,h)+

(
E

[
εnT+ν−h

∂

∂α
′ εnT+ν(α0)

])p
N(α̂LS −α0)+oP(1). (4.17)
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We now remark that in Equation (4.17), E[εnT+ν−h(∂εnT+ν(α0)/∂α
′
)] is the line h of the following

matrix Ψm(ν) ∈Rm×(p+q)T defined by

Ψm(ν) = E


 εnT+ν−1

...
εnT+ν−m

 ∂εnT+ν
∂α′

 . (4.18)

So for h = 1, . . . ,m, Equation (4.17) becomes

p
Nγ̂m(ν) =

(p
Nγ̂(ν,1), . . . ,

p
Nγ̂(ν,m)

)′
=
p

Nγm(ν)+Ψm(ν)
p

N(α̂LS −α0)+oP(1). (4.19)

From (4.19) it is clear that the asymptotic distribution of the residual autocovariances
p

Nγ̂m(ν)
is related to the asymptotic behavior of

p
N(α̂′LS −α

′
0,γ

′
m(ν))

′
.

In view of [20, Theorem 1] and (A3) we have almost surely α̂LS → α0 ∈
◦
Θ. Thus ∂Qω2

N (α̂LS)/∂α=
0 for sufficiently large N and a Taylor expansion gives

p
N
∂

∂α
Oω2

N (α0)+ J(α0,ω2)
p

N(α̂LS −α0) = oP(1), where Oω2

N (α) = 1

2N

N−1∑
n=0

T∑
ν=1

ω−2
ν ε2

nT+ν(α). (4.20)

Consequently under the assumption that J(α0,ω2) is invertible and from (4.20) we deduce that

p
N(α̂LS −α0) =−J(α0,ω2)−1 1p

N

N−1∑
n=0

T∑
ν=1

ω−2
ν εnT+ν

∂εnT+ν(α0)

∂α
+oP (1) . (4.21)

Proposition 4.3.1 Assume that p+q > 0. Under the assumptions (A0), (A1), (A2), (A3) and (A4),
the random vector p

N
(
(α̂LS −α0)

′
,γ

′
m(ν)

)′
has a limiting centered normal distribution with covariance matrix

Ξ(ν) =
(
ΩLS Σα̂,γm (ν)

Σ
′
α̂,γm (ν) Σγm (ν)

)
=

∞∑
h=−∞

E
[

WnT+νW
′
(n−h)T+ν

]
,

where from (4.14) and (4.21) we have

WnT+ν =
(

W1,nT+ν
W2,nT+ν

)
=

(−J(α0,ω2)−1 ∑T
ν=1ω

−2
ν εnT+ν ∂εnT+ν(α0)

∂α

(εnT+ν−1, . . . ,εnT+ν−m)
′
εnT+ν

)
. (4.22)

The proof of the proposition is given in Subsection 4.6.1 of the appendix.
The following theorem which is an extension of the results given in [21] provides the limit

distribution of the residual autocovariances and autocorrelations of weak PARMA models for a
specified season ν. We also provide the limit distribution of the global residual autocovariances
and autocorrelations of weak PARMA models across all the seasons. Let

Dm(ν) = Diag(σνσν−1, . . . ,σνσν−m)

and
DmT = Diag(σ1σ1−1, . . . ,σ1σ1−m , . . . ,σTσT−1, . . . ,σTσT−m).
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Theorem 4.3.1 Under the assumptions of Proposition 4.3.1 we have

p
Nγ̂m(ν)

d−−−−→
N→∞

N
(
0,∇γ̂(ν,ν)

)
(4.23)

where

∇γ̂(ν,ν) = Σγm (ν) +Ψm(ν)ΩLSΨ
′
m(ν)+Ψm(ν)Σα̂,γm (ν) +Σ

′
α̂,γm (ν)Ψ

′
m(ν) when p +q > 0

and ∇γ̂(ν,ν) = Σγm (ν) when p = q = 0.

Then: p
Nγ̂mT

d−−−−→
N→∞

N
(
0,∇γ̂

)
(4.24)

where the asymptotic covariance matrix∇γ̂ is a block matrix, with the asymptotic variances given
by ∇γ̂(ν,ν), for ν= 1, . . . ,T and the asymptotic covariances given by

∇γ̂(ν,ν′) =Σγm (ν,ν′)+Ψm(ν)ΩLSΨ
′
m(ν′)+Ψm(ν)Σα̂,γm (ν,ν′)+Σ′

α̂,γm (ν)Ψ
′
m(ν′), ν 6= ν′.

We also have

p
Nρ̂m(ν)

d−−−−→
N→∞

N
(
0,∇ρ̂(ν,ν)

)
where ∇ρ̂(ν,ν) = D−1

m (ν)∇γ̂(ν,ν)D−1
m (ν) (4.25)

and p
Nρ̂mT

d−−−−→
N→∞

N
(
0,∇ρ̂

)
where ∇ρ̂ = D−1

mT∇γ̂D−1
mT. (4.26)

The detailed proof of this result is postponed to the Subsection 4.6.2 of Appendix.
The asymptotic variance matrices ∇γ̂(ν,ν) and ∇ρ̂(ν,ν) depend on the unknown matrices

Ξ(ν), Ψm(ν) and the scalar σν−h for h = 1, . . . ,m. Matrix Ψm(ν) and σν−h can be estimated by
its empirical counterpart, respectively by

Ψ̂m(ν) = 1

N

N−1∑
n=0

{
(ε̂nT+ν−1, . . . , ε̂nT+ν−m)′

∂ε̂nT+ν
∂α′

}
and σ̂ν−h =

√√√√ 1

N

N−1∑
n=0

ε̂2
nT+ν−h .

Similarly the matrix J(α0,ω2) can be estimated empirically by the square matrix JN(α̂LS,ω2) of
order (p +q)T defined by:

JN(α̂LS,ω2) =
T∑
ν=1

ω2
ν

1

N

N−1∑
n=0

{
∂

∂α
enT+ν (α̂LS)

}{
∂

∂α
enT+ν (α̂LS)

}′

. (4.27)

The estimation of the long-run variance Ξ(ν) is more complicated. In the econometric liter-
ature the nonparametric kernel estimator, also called heteroscedastic autocorrelation consis-
tent (HAC) estimator (see [39], or [3]), is widely used to estimate covariance matrices of the
form Ξ(ν). Interpreting (2π)−1Ξ(ν) as the spectral density of the multivariate stationary peri-
odic process (WnT+ν)n∈Z = (W′

1,nT+ν,W′
2,nT+ν)′n∈Z evaluated at frequency 0 (see [15], p. 459 for

more details), an alternative method consists in using a parametric vector AR (VAR) estimate of
the spectral density of (WnT+ν)n∈Z.

The stationary process (WnT+ν)n∈Z admits the Wold decomposition

WnT+ν = unT+ν+
∞∑

i=1
$i (ν)unT+ν−i ,

where unT+ν is a ((p +q)T+m)−variate weak periodic white noise. Assume that the covariance
matrix Σu(ν) := Var(unT+ν) is non-singular, that

∑∞
i=1 ‖$i (ν)‖ <∞, where ‖·‖ denotes any norm
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on the space of the real ((p +q)T+m)× ((p +q)T+m) matrices, and that
det

{
I(p+q)T+m +∑∞

i=1$i (ν)zi
} 6= 0 if |z| ≤ 1. Then (WnT+ν)n∈Z admits an AR(∞) representation

(see [2]) of the form

Φν(L)WnT+ν = WnT+ν+
∞∑

i=1
Φi (ν)WnT+ν−i = unT+ν, (4.28)

such that
∑∞

i=1 ‖Φi (ν)‖ <∞ and det{Φν(z)} 6= 0 if |z| ≤ 1.
This parametric approach has been studied by [6] (see also [18]) is based on the expression

Ξ(ν) =Φ−1
ν (1)Σu(ν)Φ−1′

ν (1). (4.29)

Since WnT+ν is unobserved we introduce ŴnT+ν ∈ RT(p+q)+m obtained by replacing εnT+ν(α0)
by enT+ν(α̂LS) and J(α0,ω2) by its empirical or observable counterpart JN(α̂LS,ω2) in (4.22). Let
Φ̂ν,r (z) = I(p+q)T+m +∑r

i=1 Φ̂r,i (ν)zi , where Φ̂r,1(ν), . . . ,Φ̂r,r (ν) denote the coefficients of the least
squares regression of ŴnT+ν on ŴnT+ν−1, . . . ,ŴnT+ν−r for a specified season ν. Let ûr,nT+ν be
the residuals of this regression, and let Σ̂ûr (ν) be the empirical variance of ûr,1, . . . , ûr,N.

In the case of linear processes with independent innovations, [6] has shown that the spec-
tral density can be consistently estimated by fitting autoregressive models of order r = r (N),
whenever r tends to infinity and r 3/N tends to 0 as N tends to infinity. There are differences
with [6]: (WnT+ν)n∈Z is multivariate, is not directly observed and is replaced by (ŴnT+ν)n∈Z. It
is shown that this result remains valid for the multivariate linear process (WnT+ν)n∈Z with non-
independent innovations (see [10, 11, 21] for references in weak (multivariate) ARMA models).
We will extend these results to weak PARMA models. We are now able to state the following
theorem.

Theorem 4.3.2 In addition to the assumptions of Theorem 4.3.1, assume that the process (WnT+ν)n∈Z
defined in (4.22) admits a periodic VAR(∞) representation (4.28) in which the roots of detΦ(z) = 0
are outside the unit disk, ‖Φi‖ = o(i−2), and Σu(ν) = Var(unT+ν) is non-singular. Moreover we as-
sume that E‖εn‖8+4κ <∞ and

∑∞
k=0{αε(k)}κ/(2+κ) <∞ for some κ> 0. Then the spectral estimator

of Ξ(ν):
Ξ̂SP(ν) := Φ̂−1

ν,r (1)Σ̂ûr (ν)Φ̂−1′
ν,r (1) →Ξ(ν)

in probability when r = r (N) →∞ and r 3/N → 0 as N →∞.

The proof of this theorem is similar to the proof of Theorem 5.2 in [21] and it is omitted.
From Theorem 4.3.1 we can deduce the following result which gives the exact limiting dis-

tribution of the standard portmanteau statistics (4.15) and (4.16) under general assumptions
on the innovation process of the fitted PARMA(p; q) model.

Theorem 4.3.3 Under Assumptions of Theorem 4.3.1 and H0, the statistics QLB
m (ν) and QLBM

m (ν)
defined in (4.15) converge in distribution, as N →∞, to

Zνm(ξνm) =
m∑

i=1
ξνi ,mZ2

i

where ξνm = (ξν1,m , . . . ,ξνm,m)′ is the vector of the eigenvalues of the matrix ∇ρ̂(ν,ν) given in (4.25)
and Z1, . . . ,Zm are independent N (0,1) variables.

The asymptotic distribution of the global portmanteau test statistics (that takes into account
all the seasons) QLB

m and QLBM
m defined in (4.16) is also a weighted sum of chi-square random

variables:

Zm(ξm) =
mT∑
i=1

ξi ,mTZ2
i

where ξmT = (ξ1,mT, . . . ,ξmT,mT)′ denotes the vector of the eigenvalues of the matrix ∇ρ̂ given in
(4.26).
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As mentioned below, Theorem 4.3.3 shows that: for the asymptotic distribution of (4.15) and
(4.16) the χ2

m−(p+q) and χ2
mT−(p+q)T approximations are no longer valid in the framework of

weak PARMA(p; q) models. The trues asymptotic distributions depend on the periodic nui-
sance parameters involving σν−h for h = 1, . . . ,m and the elements of Ξ(ν). Consequently in
order to obtain the asymptotic distribution of the portmanteau statistics (4.15) (resp. (4.16))
under weak assumptions on the periodic noise, one needs a consistent estimator of the asymp-
totic covariance matrix ∇ρ̂(ν,ν) (resp. ∇ρ̂). We let ∇̂ρ̂(ν,ν) (resp. ∇̂ρ̂) the matrix obtained by
replacing Ξ(ν) by Ξ̂(ν), Ψm(ν) by Ψ̂m(ν) and σν−h by σ̂ν−h in ∇ρ̂(ν,ν) (resp. ∇ρ̂). Denote by
ξ̂νm = (ξ̂ν1,m , . . . , ξ̂νm,m)′ (resp. ξ̂m = (ξ̂1,mT, . . . , ξ̂mT,mT)′) the vector of the eigenvalues of ∇̂ρ̂(ν,ν)

(resp. ∇̂ρ̂). At the asymptotic level α and for a specified season ν, the LBM test (resp. the BP test)
consists in rejecting the adequacy of the weak PARMAT(p; q) model when

lim
N→∞

P
(
QBP

m (ν) > Sνm(1−α)
)= lim

N→∞
P

(
QLBM

m (ν) > Sνm(1−α)
)= α,

where Sνm(1−α) is such that P
{
Zνm(ξ̂νm) > Sνm(1−α)

} = α. We emphasize the fact that the pro-
posed modified versions of the BP and LBM statistics are more difficult to implement because
their critical values have to be computed from the data while the critical values of the standard
method are simply deduced from a χ2-table. We shall evaluate the p-values

P
{
Zm(ξ̂νm) > QBP

m (ν)
}

and P
{
Zm(ξ̂νm) > QLBM

m (ν)
}

, with Zm(ξ̂νm) =
m∑

i=1
ξ̂νi ,mZ2

i ,

by means of the Imhof algorithm (see [27]) or other exact methods.
The test procedures for QBP

m and QLBM
m defined in (4.16) are similar but they are based on the

mT empirical eigenvalues of ∇̂ρ̂.

4.3.2 Self-normalized asymptotic distribution of the residual autocorrela-
tions

The nonparametric kernel estimator (see [3, 39]) used to estimate the matrix Ξ(ν) causes
serious difficulties regarding the choice of the sequence of weights. The parametric approach
based on an autoregressive estimate of the spectral density of (WnT+1)n∈Z studied in [6, 18] is
also facing the problem of choosing the truncation parameter. So the choice of the order of
truncation is often crucial and difficult.

In this section, we propose an alternative method where we do not estimate an asymptotic
covariance matrix which is an extension to the results obtained by [13]. It is based on a self-
normalization approach to construct a test-statistic which is asymptotically distribution-free
under the null hypothesis. This approach has been studied by [13] in the weak ARMA case by
proposing new portmanteau statistics. In this case the critical values are not computed from
the data since they are tabulated by [33]. In some sense this method is finally closer to the
standard method in which the critical values are simply deduced from a X 2-table. The idea
comes from [33] and has been already extended by [13], [30], [43], [44] and [45] to name a few
in more general frameworks. See also [46] for a review on some recent developments on the
inference of time series data using the self-normalized approach.

Let (BK(r ))r≥0 be a K-dimensional Brownian motion starting from 0. For K ≥ 1, we denote
UK the random variable defined by

UK = B′
K(1)V−1

K BK(1) where VK =
∫ 1

0
(BK(r )− r BK(1))(BK(r )− r BK(1))′ dr.

We denote Λ(ν) the matrix in Rm×(T(p+q)+m) defined in block formed by Λ(ν) = (Ψm(ν)|Im).
In view of (4.19) and (4.21) we deduce that

p
N γ̂m(ν) = N−1/2 ∑N−1

n=1 Λ(ν)WnT+ν+oP(1).
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Contrary to Subsection 4.3.1 we do not rely on the classical method that would consist in es-
timating the asymptotic covariance matrix of (Λ(ν)WnT+ν)n∈Z. We need to apply the functional
central limit theorem holds for the process (WnT+ν)n∈Z (see Lemma 1 in [33]).

Finally we define the normalization matrix Cm(ν,ν) ∈Rm×m for a specified season ν by

Cm(ν,ν) = 1

N2

N−1∑
n=0

Sn(ν)S′
n(ν) where Sn(ν) =

n∑
j=0

(
Λ(ν)W j T+ν−γm(ν)

)
. (4.30)

Similarly we denote by CmT ∈RmT×mT the global normalization block matrix across all the sea-
sons with diagonal block given by (4.30) for ν= 1, . . . ,T and

Cm(ν,ν′) = 1

N2

N−1∑
n=0

Sn(ν)S′
n(ν′) where Sn(ν′) =

n∑
j=0

(
Λ(ν′)W j T+ν′ −γm(ν′)

)
for ν 6= ν′.

To ensure the invertibility of the normalization matrix Cm(ν,ν) we need the following technical
assumption on the distribution of εn .

(A5): The process (εn)n∈Z has a positive density on some neighborhood of zero.

The following proposition gives the invertibility of the normalization matrices Cm(ν,ν) and
CmT.

Proposition 4.3.2 Under the assumptions of Theorem 4.3.1 and (A5), the matrices Cm(ν,ν) and
CmT are almost surely non singular.

The proof of this proposition is given in Subsection 4.6.3 of the appendix.
The following theorem states the asymptotic distributions of the residual autocovariances

and autocorrelations of weak PARMA models for a specified season ν. We also provide the limit
distribution of the global residual autocovariances and autocorrelations of weak PARMA mod-
els across all the seasons.

Theorem 4.3.4 We assume that p +q > 0. Under Assumptions of Theorem 4.3.1, (A5) and under
the null hypothesis (H0) we have for a specified season ν

Nγ̂′m(ν)C−1
m (ν,ν)γ̂m(ν)

d−−−−→
N→∞

Um and Nρ̂′m(ν)Dm(ν)C−1
m (ν,ν)Dm(ν)ρ̂m(ν)

d−−−−→
N→∞

Um .

For the global residual autocovariances and autocorrelations across all the seasons we also have

Nγ̂′mTC−1
mTγ̂mT

d−−−−→
N→∞

UmT and Nρ̂′mTDmTC−1
mTDmTρ̂mT

d−−−−→
N→∞

UmT.

The proof of this result is postponed to Section 4.6.

Remarque 4.3.1 When p = q = 0 we do no more need to estimate the unknown parameter α0.
Thus a careful reading of the proofs shows that the vector WnT+ν is replaced by

W̃nT+ν = W2,nT+ν = (εnT+νεnT+ν−1, . . . ,εnT+νεnT+ν−m)′ .

Then we generalized for weak periodic noise the result obtained by [13].

Of course the above theorem is useless for practical purpose because the normalization matrix
Cm(ν,ν), CmT and the parameterσν−h are not observable. This gap will be fixed below (see The-
orem 4.3.5) when one replaces the matrix Cm(ν,ν), CmT and the scalar σν−h by their empirical
or observable counterparts. Then we denote

Ĉm(ν,ν) = 1

N2

N−1∑
n=0

Ŝn(ν)Ŝ′
n(ν) where Ŝn(ν) =

n∑
j=0

(
Λ̂(ν)Ŵ j T+ν− γ̂m(ν)

)
,

with Λ̂(ν) = (Ψ̂m(ν)|Im) and where ŴnT+ν and σ̂ν−h are defined in Subsection 4.3.1.
We are able to state the following result which is the applicable counterpart of Theorem 4.3.4.
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Theorem 4.3.5 Under the assumptions of Theorem 4.3.4, for a specified season ν we have

Nγ̂′m(ν)Ĉ−1
m (ν,ν)γ̂m(ν)

d−−−−→
N→∞

Um and QSN
m (ν) =: Nρ̂′m(ν)D̂m(ν)Ĉ−1

m (ν,ν)D̂m(ν)ρ̂m(ν)
d−−−−→

N→∞
Um .

We also have for the global seasons

Nγ̂′mTĈ−1
mTγ̂mT

d−−−−→
N→∞

UmT and QSN
m =: Nρ̂′mTD̂mTĈ−1

mTD̂mTρ̂mT
d−−−−→

N→∞
UmT.

The proof of this result is postponed in Subsection 4.6.5 of Appendix.
Based on the above result we propose a modified version of the LBM statistic for a specified

season ν when one uses the statistic

Q̃SN
m (ν) = Nρ̂′m(ν)M1/2

m (ν,N,T)D̂m(ν)Ĉ−1
m (ν,ν)D̂m(ν)M1/2

m (ν,N,T)ρ̂m(ν), (4.31)

where the matrix Mm(ν,N,T) ∈Rm×m is diagonal with (%(1,ν,N,T), . . . ,%(m,ν,N,T)) as diagonal
terms.

Similarly we propose a modified version of the LBM statistic for the global seasons when
one uses the following statistic

Q̃SN
m = Nρ̂′mTM1/2

mTD̂mTĈ−1
mTD̂mTM1/2

mTρ̂mT, (4.32)

where the matrix MmT ∈RmT×mT is diagonal with

(%(1,1,N,T), . . . ,%(m,1,N,T, . . . ,%(1,T,N,T), . . . ,%(m,T,N,T)))

as diagonal terms.
At the asymptotic level α and for a specified season ν, the self-normalized LBM test (resp.

the BP test) consists in rejecting the adequacy of the weak PARMAT(p; q) model when

Q̃SN
m (ν) >Um(1−α) (resp. QSN

m (ν) >Um(1−α)),

where the critical values Um(1−α) are tabulated in [33, Table 1]. Similarly for the global test we
have

Q̃SN
m >UmT(1−α) (resp. QSN

m >UmT(1−α)).

4.4 Numerical illustration

By means of Monte Carlo experiments, we investigate the finite sample properties of the
tests introduced in this paper. The numerical illustrations of this section are made with the free
statistical R software (see https://www.r-project.org/).

We indicate the conventions that we adopt in the discussion and in the tables. One refers to

— BPS(ν) for the standard Box-Pierce test using the statistic QBP
m (ν);

— LBMS(ν) for the standard Ljung-Box-McLeod test using the statistic QLBM
m (ν);

— BPSN(ν) for the modified test using the statistic QSN
m (ν) with the values of the quantiles of

Um simulated in Table 1 of [33];

— LBMSN(ν) for the modified test using the statistic Q̃SN
m (ν) with the values of the quantiles

of Um ;

— BPW(ν) for the modified Box-Pierce test (proposed in Section 4.3.1) using the statistic
QBP

m (ν);
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— LBMW(ν) for the modified Ljung-Box-McLeod test (see Section 4.3.1) using the statistic
QLBM

m (ν);

— BPS for the standard global Box-Pierce test using the statistic QBP
m ;

— LBMS for the standard global Ljung-Box-McLeod test using the statistic QLBM
m ;

— BPSN for the modified global test using the statistic QSN
m with the values of the quantiles of

UmT;

— LBMSN for the modified global test using the statistic Q̃SN
m with the values of the quantiles

of UmT;

— BPW for the modified global Box-Pierce test (proposed in Section 4.3.1) using the statistic
QBP

m ;

— LBMW for the modified global Ljung-Box-McLeod test (see Section 4.3.1) using the statis-
tic QLBM

m .

We will see in the tables that the numerical results using the Ljung-Box-McLeod tests are very
close to those of the Box-Pierce tests. Nevertheless they are still presented here for the sake of
completeness.

We study numerically the behavior of the quasi-generalized least squares (QLS) estimator
for a PARMA2(1,1) models of the form

X2n+ν−φ(ν)X2n+ν−1 = ε2n+ν−θ(ν)ε2n+ν−1, ν= 1,2 (4.33)

where the unknown parameter is α0 = (φ(1),φ(2),θ(1),θ(2))′. Three different periodic noises are
considered. First we assume that in (4.33) the innovation process (ε2n+ν)n∈Z is an iid centered
Gaussian process with variance σ2

ν = E(ε2
2n+ν) where σ1 = 0.9 and σ2 = 1.5 which corresponds

to the strong PARMA case. For the weak PARMA cases, we consider that in (4.33) the innovation
process (ε2n+ν)n∈Z follows firstly a periodic ARCH(1) given by

ε2n+ν =
√
ω(ν)+a(ν)ε2

2n+ν−1η2n+ν, ν= 1,2 (4.34)

with (ω(1),ω(2)) = (0.2,0.4), (a(1), a(2)) = (0.4,0.45) and where (η2n+ν)n∈Z is a sequence of iid
centered Gaussian random variables with variance 1. Secondly a noise defined by a following
PGARCH(1,1) {

ε2n+ν =
√

h2n+νη2n+ν
h2n+ν =ω(ν)+a(ν)ε2

2n+ν−1 +b(ν)h2n+ν−1, ν= 1,2
(4.35)

where (ω(1),ω(2)) = (0.2,0.4), (a(1), a(2)) = (0.1,0.15) and (b(1),b(2)) = (0.83,0.82).

4.4.1 Empirical size

For each of these three different periodic white noises 1,000 independent replications of
length (N+100)×2. These sequences were plugged into the model (4.33) yielding 1,000 inde-
pendent replications of the periodic process (X2n+ν)n of length (N+100)×2. Initial values were
set to zero and in order to achieve periodic stationarity the first 200 observations were dropped.
For each replication of size NT = N×2 we use the QLS method to estimate the corresponding
coefficient α0. After estimating Model (4.33) we apply portmanteau test to the residuals for dif-
ferent values of m ∈ {1, . . . ,12}, where m is the number of autocorrelations used in the portman-
teau test statistic. In the experiment we considered two values of N: 400 and 2,000. The nominal
asymptotic level considered of the tests is α = 5%. Note that for this level, the empirical rela-
tive frequency of rejection size over the 1,000 independent replications should vary within the
confidences intervals [3.6%,6.4%] with probability 95% and [3.3%,6.9%] with probability 99%.
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Strong PARMA2(1,1) model case

Table 4.1 (resp. Table 4.4 and Table 4.7) displays relative frequencies (in %) of rejection
(over the 1,000 replications) of the null hypothesis H0 that the data generating process (DGP
for short) follows a strong PARMA2(1,1) given by (4.33) with the parameter α0 = (0,0,0,0)′ (resp.
α0 = (0.8,0.9,0,0)′ and α0 = (0.8,0.9,−0.5,−0.45)′ ). For the strong periodic white noise, all the
relative rejection frequencies (for global or a specified season ν) are inside the significant limits.
Thus the error of first kind is well controlled by all the tests in this case. Note that the empir-
ical size is not available (n.a.) for the standard BP and LBM tests because these tests are not
applicable to m = 1 (see Table 4.4) and m ≤ 2 (see Table 4.7). As expected the observed relative
rejection frequency of the standard tests is very far from the nominal α= 5% for small m when
α0 6= (0,0,0,0)′. The results are worse for N = 2,000 than for N = 400. This is in accordance with
the results in the literature on the strong PARMA models. The theory that the asymptotic dis-
tributions of (4.15) and (4.16), namely, χ2

m−(p+q) and χ2
2m−2(p+q) approximations are better for

larger m is confirmed. In contrast, the proposed tests well control the error of first kind, even
when m is small.

From these examples we draw the conclusion that the proposed versions are preferable to
the standard ones, when the number m of autocorrelations used is small.

Weak PARMA2(1,1) model case

We now repeat the same experiment on Model (4.33) by assuming that the innovation pro-
cess (ε2n+ν)n follows first (4.34) and secondly (4.35).

Tables 4.2 and 4.3 (resp. Tables 4.5 and 4.6, Tables 4.8 and 4.9) display relative frequencies (in
%) of rejection (over the 1,000 replications) of the null hypothesis H0 that the DGP follows two
weak PARMA2(1,1) given by (4.33)–(4.34) (resp. (4.33)–(4.35)) with the parameter α0 = (0,0,0,0)′

(resp. α0 = (0.8,0.9,0,0)′ and α0 = (0.8,0.9,−0.5,−0.45)′ ). Note also that the empirical size is
not available (n.a.) for the standard BP and LBM tests because these tests are not applicable to
m = 1 (see Tables 4.5 and 4.6) and m ≤ 2 (see Tables 4.8 and 4.9). As expected, Tables 4.2, 4.3,
4.5, 4.6, 4.8 and4.9 show that the standard tests poorly perform to assess the adequacy of these
weak PARMA models. The (global or specified season ν) observed relative rejection frequencies
of the standard tests are definitely outside the significant limits. Thus the standard tests reject
very often the true weak periodic noises (see Tables 4.2 and 4.3) or the true weak PARMA2(1,1)
models (see Tables 4.5 and 4.6, Tables 4.8 and 4.9). By contrast, the error of first kind is globally
well controlled by the proposed tests when N increases. We draw the conclusion that for these
particular weak PARMA models the proposed tests are clearly preferable to the standard ones.

4.4.2 Empirical power

We now repeat the same experiments for N = 1,000 to examine the empirical power of
the standard and proposed tests: first for the null hypothesis of a periodic noise against a
PARMA2(1,1) with α0 = (0.8,0.9,0.0,0.0)′) alternative given by (4.33). Second for the null hy-
pothesis of a PAR2(1) against a PARMA2(1,1) with α0 = (0.8,0.9,0.5,0.45)′) alternative given by
(4.33).

Tables 4.10 and 4.11 compare the empirical powers of Model (4.33) for the three different
periodic noises above introduced over the N × 2 independent replications at the asymptotic
level α = 5%. Model I with innovation εt ∼ N (0,1); Model II with innovation εt ∼ (4.34) and
Model III with innovation εt ∼ (4.35).

For these particular PARMA2(1,1) models, we notice that the standard and our proposed
tests have very similar powers except for BPSN(ν) (resp. BPSN) and LBMSN(ν) (resp. LBMSN ) in
the case of Model III.
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Table 4.1 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection
of a strong PARMA2(1,1) given by (4.33) with the parameter α0 = (0,0,0,0)′ and where the innovation
εt ∼N (0,1).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) 5.0 4.5 5.2 4.7 5.2 5.2 5.5 5.7 5.7 5.8 5.9 6.0
BPS(2) 4.9 6.5 5.5 5.5 5.9 5.8 6.1 5.9 6.1 6.2 6.0 6.4

LBMS(1) 5.0 4.5 5.3 4.7 5.2 5.2 5.7 5.8 5.8 6.2 6.1 6.2
LBMS(2) 4.9 6.7 5.7 5.7 6.0 6.0 6.1 6.0 6.2 6.4 6.1 6.7
BPW(1) 4.3 3.6 3.6 3.5 3.6 4.0 4.2 4.0 3.8 4.4 4.4 4.1
BPW(2) 4.8 5.5 5.1 5.4 5.0 5.4 5.1 4.7 4.8 5.1 4.5 4.2

LBMW(1) 4.3 3.6 3.8 3.6 3.6 4.0 4.3 4.1 3.9 4.4 4.7 4.7
LBMW(2) 4.8 5.6 5.2 5.5 5.2 5.6 5.2 5.0 5.2 5.4 4.8 4.6

N = 400 BPSN(1) 4.8 4.5 3.9 4.4 4.6 5.1 4.9 5.5 4.9 5.0 5.8 5.7
BPSN(2) 6.4 5.6 5.3 4.4 5.4 5.3 6.4 5.4 5.3 4.8 5.0 4.9

LBMSN(1) 4.8 4.5 4.0 4.4 4.7 5.1 5.0 5.7 4.9 5.0 5.9 6.2
LBMSN(2) 6.4 5.6 5.3 4.4 5.4 5.6 6.4 5.7 5.4 4.8 5.0 5.1

BPS 4.9 5.6 5.6 5.6 5.9 5.3 5.6 5.9 5.7 6.4 6.3 6.4
LBMS 4.9 5.6 5.6 5.7 6.2 5.6 5.7 6.4 6.1 7.0 6.7 6.9
BPW 4.3 4.4 4.2 4.4 4.2 3.6 3.7 3.7 3.9 3.7 3.1 3.4

LBMW 4.3 4.4 4.2 4.7 4.3 3.7 3.9 4.0 4.2 4.3 3.4 3.5
BPSN 5.9 4.6 4.9 5.4 5.4 5.4 5.8 5.5 5.4 4.9 5.4 4.8

LBMSN 6.1 4.7 5.1 5.4 5.4 5.8 5.8 5.8 5.5 5.1 5.5 5.2
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) 5.8 5.8 5.0 5.3 5.7 5.3 6.0 5.6 5.4 5.6 5.9 6.7
BPS(2) 5.3 5.3 5.5 5.3 5.3 5.7 5.8 6.3 6.5 5.9 5.4 4.3

LBMS(1) 5.8 5.8 5.0 5.3 5.7 5.3 6.0 5.7 5.6 5.6 6.0 6.7
LBMS(2) 5.3 5.3 5.5 5.3 5.4 5.7 5.8 6.3 6.6 6.0 5.6 4.3
BPW(1) 5.5 5.9 4.9 5.5 5.5 4.9 5.6 5.6 5.0 5.4 5.7 5.8
BPW(2) 4.8 5.5 5.9 5.1 5.5 5.3 5.5 5.9 6.2 5.8 4.9 4.1

LBMW(1) 5.5 5.9 4.9 5.6 5.5 4.9 5.6 5.6 5.0 5.4 5.8 5.8
LBMW(2) 4.8 5.5 5.9 5.1 5.5 5.3 5.5 6.0 6.2 5.8 4.9 4.1

N = 2,000 BPSN(1) 5.0 5.0 6.0 4.9 4.8 4.7 5.6 5.6 6.4 6.0 5.8 6.7
BPSN(2) 5.1 4.3 4.3 5.5 5.1 4.8 5.2 7.3 6.9 6.3 6.3 5.2

LBMSN(1) 5.0 5.0 6.0 5.0 4.8 4.7 5.6 5.7 6.4 6.0 5.8 6.7
LBMSN(2) 5.1 4.3 4.3 5.5 5.1 4.8 5.2 7.3 6.9 6.3 6.3 5.3

BPS 5.1 5.9 5.0 5.1 5.0 5.6 5.6 4.8 5.0 5.2 5.3 4.8
LBMS 5.1 5.9 5.1 5.1 5.0 5.6 5.7 4.8 5.0 5.3 5.4 4.8
BPW 5.6 6.0 4.8 5.0 5.2 5.3 4.9 4.6 4.3 4.6 4.9 4.3

LBMW 5.6 6.0 4.8 5.1 5.3 5.3 4.9 4.6 4.4 4.6 5.0 4.4
BPSN 5.2 4.5 5.2 4.8 4.6 4.9 4.7 5.5 6.0 6.8 6.9 5.6

LBMSN 5.2 4.5 5.2 4.8 4.6 5.0 4.8 5.6 6.0 6.8 6.9 5.7
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Table 4.2 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection of
a weak PARMA2(1,1) given by (4.33) with the parameter α0 = (0,0,0,0)′ and where the innovation εt ∼
(4.34).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) 13.2 12.5 10.8 9.5 9.4 9.0 9.0 8.2 7.3 7.5 7.4 7.4
BPS(2) 10.5 8.9 8.0 7.2 7.9 8.1 7.9 7.5 6.9 7.6 7.7 7.9

LBMS(1) 13.2 12.9 10.8 9.6 9.4 9.1 9.1 8.3 7.5 7.8 7.7 8.0
LBMS(2) 10.5 8.9 8.3 7.2 8.1 8.1 8.0 7.7 7.3 7.8 8.3 8.4
BPW(1) 4.4 3.9 3.4 3.1 3.3 3.0 2.5 2.7 2.8 2.6 2.6 3.0
BPW(2) 3.6 4.0 3.8 3.5 3.3 3.2 3.6 3.2 3.0 2.4 2.7 2.9

LBMW(1) 4.4 4.0 3.5 3.3 3.6 3.0 2.7 2.7 2.9 2.9 2.8 3.0
LBMW(2) 3.6 4.0 3.8 3.7 3.3 3.4 3.7 3.3 3.0 2.7 2.8 3.0

N = 400 BPSN(1) 4.8 4.3 4.4 5.2 4.6 4.4 5.2 4.5 3.9 3.7 3.6 3.3
BPSN(2) 3.9 4.1 3.8 4.0 3.5 4.3 4.7 4.8 3.9 3.9 4.0 4.6

LBMSN(1) 4.8 4.3 4.4 5.2 4.7 4.4 5.4 4.5 4.1 4.0 3.7 3.3
LBMSN(2) 3.9 4.1 3.8 4.0 3.6 4.5 4.8 5.1 3.9 4.1 4.0 4.7

BPS 14.3 12.6 11.6 10.2 10.4 10.3 10.5 10.3 10.0 9.8 8.7 9.1
LBMS 14.3 12.7 11.7 10.7 10.6 10.5 10.6 10.5 10.3 10.3 9.1 9.4
BPW 3.2 2.7 2.3 2.4 3.4 2.7 1.7 2.0 2.5 1.5 2.2 1.5

LBMW 3.2 2.8 2.3 2.4 3.4 2.8 2.0 2.2 2.5 2.1 2.5 1.7
BPSN 4.6 5.5 4.3 3.4 3.5 3.5 3.1 3.3 2.8 2.0 1.4 1.2

LBMSN 4.7 5.5 4.4 3.5 3.6 3.7 3.6 3.4 3.2 2.2 1.4 1.3
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) 16.6 14.8 12.9 11.7 12.1 11.3 11.8 11.9 10.9 10.6 10.2 10.3
BPS(2) 12.8 10.5 9.9 9.9 8.8 8.5 8.1 7.6 7.1 6.9 6.3 6.6

LBMS(1) 16.6 14.8 12.9 11.8 12.2 11.4 11.8 11.9 11.0 10.6 10.3 10.4
LBMS(2) 12.8 10.5 9.9 9.9 8.9 8.6 8.1 7.6 7.1 6.9 6.3 6.7
BPW(1) 5.4 4.0 4.1 4.5 4.9 5.0 4.5 4.6 4.5 4.8 4.7 5.0
BPW(2) 5.5 5.3 4.6 4.5 4.0 4.4 4.1 3.6 3.7 3.3 3.2 3.4

LBMW(1) 5.4 4.0 4.1 4.5 4.9 5.0 4.5 4.6 4.5 4.8 4.8 5.1
LBMW(2) 5.5 5.3 4.6 4.5 4.0 4.4 4.2 3.6 3.7 3.4 3.2 3.4

N = 2,000 BPSN(1) 5.7 4.3 4.7 4.6 5.1 5.0 5.4 5.6 5.4 5.5 5.2 5.4
BPSN(2) 6.0 5.5 5.0 4.6 5.1 6.0 5.1 5.3 4.8 4.9 5.2 5.1

LBMSN(1) 5.7 4.3 4.7 4.6 5.2 5.0 5.4 5.6 5.5 5.6 5.3 5.4
LBMSN(2) 6.0 5.5 5.0 4.6 5.1 6.0 5.1 5.4 4.8 4.9 5.2 5.1

BPS 18.3 15.9 13.9 12.5 12.1 11.9 11.2 11.3 10.6 9.9 10.0 10.4
LBMS 18.3 15.9 13.9 12.5 12.1 11.9 11.3 11.3 10.6 10.0 10.1 10.4
BPW 4.9 4.1 3.9 4.2 4.3 3.8 4.0 4.0 3.7 3.7 3.5 3.7

LBMW 4.9 4.1 3.9 4.2 4.3 3.8 4.0 4.0 3.7 3.7 3.6 3.7
BPSN 5.6 4.5 4.7 4.8 5.8 4.7 5.3 5.4 4.5 4.1 4.7 5.2

LBMSN 5.6 4.5 4.7 4.8 5.8 4.7 5.4 5.5 4.5 4.1 4.7 5.2
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4.4. NUMERICAL ILLUSTRATION

Table 4.3 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection of
a weak PARMA2(1,1) given by (4.33) with the parameter α0 = (0,0,0,0)′ and where the innovation εt ∼
(4.35).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) 12.6 13.8 15.7 17.1 16.9 18.2 18.7 19.2 20.1 19.0 18.7 19.5
BPS(2) 9.6 12.1 12.7 15.1 14.9 15.1 15.3 15.8 16.5 17.1 16.6 16.3

LBMS(1) 12.6 14.0 15.7 17.3 17.2 18.5 18.9 19.4 20.4 19.6 19.2 20.1
LBMS(2) 9.6 12.2 12.7 15.1 15.4 15.4 15.5 16.4 16.8 17.7 17.2 16.8
BPW(1) 5.1 4.4 3.7 3.3 3.5 3.1 3.3 3.4 2.6 2.9 3.2 3.0
BPW(2) 3.4 3.5 2.7 2.7 2.7 3.1 3.2 3.1 2.5 2.6 2.4 2.4

LBMW(1) 5.1 4.4 3.7 3.3 3.5 3.3 3.4 3.6 3.0 2.9 3.4 3.2
LBMW(2) 3.4 3.5 2.8 2.8 2.7 3.2 3.2 3.2 2.6 2.7 2.7 2.5

N = 400 BPSN(1) 4.6 3.4 3.8 3.4 3.1 2.4 2.5 2.2 2.0 1.1 1.5 1.4
BPSN(2) 2.8 2.9 2.7 3.5 2.1 2.2 2.6 2.1 1.5 1.4 1.4 1.4

LBMSN(1) 4.6 3.4 3.9 3.4 3.1 2.5 2.6 2.2 2.0 1.1 1.5 1.4
LBMSN(2) 2.8 2.9 2.8 3.6 2.1 2.2 2.6 2.1 1.6 1.5 1.4 1.6

BPS 13.6 15.9 20.0 20.9 23.6 23.9 24.7 25.9 26.8 26.4 25.9 25.6
LBMS 13.6 16.0 20.4 21.2 23.8 24.3 25.0 26.3 27.5 27.2 26.7 26.7
BPW 3.4 2.8 2.0 2.5 2.5 2.4 2.0 2.5 2.3 2.2 2.3 1.8

LBMW 3.4 2.8 2.2 2.5 2.5 2.7 2.1 2.5 2.3 2.3 2.3 2.0
BPSN 3.3 3.2 2.8 1.4 0.9 1.2 0.7 0.8 0.6 0.6 0.6 0.3

LBMSN 3.3 3.2 2.8 1.4 0.9 1.2 0.7 0.8 0.6 0.6 0.6 0.3
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) 15.5 17.7 19.3 21.2 23.7 24.4 25.3 26.5 27.3 26.6 27.9 28.4
BPS(2) 13.1 15.6 18.5 19.9 20.4 21.9 22.9 22.0 23.3 22.2 23.9 23.8

LBMS(1) 15.5 17.7 19.3 21.3 23.7 24.5 25.3 26.5 27.3 26.7 28.4 28.6
LBMS(2) 13.1 15.7 18.5 20.0 20.4 21.9 22.9 22.0 23.4 22.6 24.1 23.9
BPW(1) 5.1 5.2 4.5 5.0 4.4 4.0 4.6 4.5 4.7 5.2 4.9 4.0
BPW(2) 5.1 5.3 4.4 3.7 3.7 4.4 4.1 3.9 3.3 3.7 3.5 3.3

LBMW(1) 5.1 5.2 4.5 5.0 4.4 4.0 4.6 4.5 4.7 5.3 5.1 4.0
LBMW(2) 5.1 5.3 4.4 3.8 3.8 4.4 4.1 3.9 3.4 3.8 3.5 3.4

N = 2,000 BPSN(1) 5.4 5.1 4.5 3.4 4.8 4.7 4.3 4.7 4.1 4.0 3.7 3.2
BPSN(2) 5.8 5.1 4.5 3.6 4.3 3.7 4.5 4.1 3.9 3.8 3.9 3.2

LBMSN(1) 5.4 5.1 4.5 3.5 4.8 4.7 4.3 4.7 4.1 4.0 3.7 3.2
LBMSN(2) 5.8 5.1 4.5 3.6 4.3 3.7 4.5 4.1 3.9 3.9 4.0 3.3

BPS 19.1 21.9 26.1 29.0 30.1 30.7 31.3 34.1 34.7 34.6 36.4 36.5
LBMS 19.1 22.0 26.1 29.0 30.3 30.7 31.6 34.1 35.0 34.8 36.5 36.8
BPW 5.3 5.0 4.2 3.8 3.9 3.9 4.1 4.1 4.0 3.4 3.4 3.9

LBMW 5.3 5.0 4.2 3.8 3.9 3.9 4.2 4.2 4.0 3.4 3.4 4.1
BPSN 6.2 5.0 4.4 4.1 3.7 4.0 3.9 3.8 3.0 1.7 1.3 1.3

LBMSN 6.2 5.0 4.4 4.1 3.7 4.0 3.9 3.8 3.1 1.7 1.4 1.3
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4.4. NUMERICAL ILLUSTRATION

Table 4.4 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection of
a strong PARMA2(1,1) given by (4.33) with the parameter α0 = (0.8,0.9,0,0)′ and where the innovation
εt ∼N (0,1).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. 11.8 9.1 8.5 7.6 7.2 7.5 6.5 6.4 6.8 6.3 6.4
BPS(2) n.a. 8.4 7.0 6.7 6.7 7.0 7.2 7.4 6.6 7.4 6.8 6.9

LBMS(1) n.a. 11.9 9.1 8.8 7.6 7.4 7.7 6.6 6.9 7.0 7.0 6.6
LBMS(2) n.a. 8.5 7.3 6.9 6.8 7.1 7.2 7.5 6.9 7.6 7.2 7.3
BPW(1) 5.5 3.9 3.8 3.1 2.8 2.0 2.5 2.2 1.7 1.9 2.0 1.5
BPW(2) 4.2 4.2 4.4 2.8 2.9 2.3 2.5 2.1 1.5 1.7 1.0 0.9

LBMW(1) 5.5 3.9 3.8 3.1 2.8 2.1 2.6 2.3 1.8 2.0 2.1 1.8
LBMW(2) 4.2 4.5 4.4 3.1 3.1 2.4 2.8 2.3 1.6 2.2 1.4 1.0

N = 400 BPSN(1) 5.4 5.3 5.8 4.9 4.6 5.7 6.0 5.5 5.3 6.1 5.1 5.6
BPSN(2) 4.8 6.0 5.9 5.8 5.6 5.6 5.2 6.1 5.1 5.4 5.9 6.3

LBMSN(1) 5.4 5.4 5.8 4.9 4.6 5.9 6.3 5.6 5.5 6.2 5.3 5.7
LBMSN(2) 4.8 6.0 6.3 5.9 5.6 5.7 5.3 6.1 5.3 5.6 6.2 6.5

BPS n.a. 12.3 9.8 8.8 9.0 8.9 8.5 8.1 8.1 8.5 7.8 8.1
LBMS n.a. 12.4 9.9 9.0 9.1 8.9 8.8 8.6 8.3 8.9 8.6 8.5
BPW 4.4 4.0 3.3 3.4 2.6 1.7 1.4 1.4 1.1 1.1 0.9 0.5

LBMW 4.4 4.1 3.3 3.5 2.6 2.0 1.5 1.4 1.2 1.2 1.0 0.5
BPSN 5.0 5.8 6.4 5.6 5.9 5.9 5.3 5.5 6.0 5.9 4.9 5.0

LBMSN 5.0 5.8 6.4 5.7 6.0 6.3 5.7 5.6 6.1 6.2 5.2 5.3
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. 13.1 9.6 9.7 8.3 7.1 7.5 7.2 7.2 7.7 8.2 8.3
BPS(2) n.a. 9.5 7.3 6.9 6.9 7.0 6.3 6.4 6.4 5.3 4.6 4.5

LBMS(1) n.a. 13.1 9.6 9.7 8.3 7.1 7.7 7.2 7.2 7.7 8.2 8.3
LBMS(2) n.a. 9.5 7.3 6.9 7.0 7.0 6.4 6.4 6.5 5.4 4.8 4.6
BPW(1) 6.5 5.3 4.8 5.0 4.9 4.3 3.9 4.1 4.3 4.6 5.4 5.7
BPW(2) 5.1 5.6 5.8 4.8 5.4 5.2 5.1 4.7 4.3 3.0 3.0 2.9

LBMW(1) 6.5 5.3 4.8 5.0 4.9 4.3 3.9 4.1 4.3 4.6 5.5 5.7
LBMW(2) 5.1 5.6 5.8 4.8 5.4 5.2 5.1 4.8 4.4 3.1 3.0 3.0

N = 2,000 BPSN(1) 6.1 5.1 5.9 5.6 6.1 6.4 6.1 6.7 6.5 7.0 6.2 6.3
BPSN(2) 5.2 5.5 4.2 5.3 5.7 6.3 6.0 6.0 6.1 6.2 6.4 6.1

LBMSN(1) 6.1 5.1 5.9 5.6 6.1 6.4 6.1 6.7 6.5 7.0 6.2 6.4
LBMSN(2) 5.2 5.5 4.2 5.3 5.7 6.3 6.1 6.0 6.2 6.4 6.4 6.1

BPS n.a. 15.3 10.5 9.8 8.7 8.7 7.6 6.8 7.5 7.2 7.5 8.2
LBMS n.a. 15.3 10.5 9.8 8.9 8.7 7.7 6.9 7.5 7.3 7.5 8.3
BPW 5.9 5.5 4.9 4.8 4.4 4.0 4.2 4.1 3.5 4.0 3.3 4.0

LBMW 5.9 5.5 4.9 4.8 4.4 4.0 4.2 4.1 3.6 4.2 3.4 4.0
BPSN 6.6 5.6 4.5 4.7 5.0 6.0 6.0 6.2 5.3 5.9 6.3 6.5

LBMSN 6.6 5.6 4.5 4.7 5.0 6.0 6.0 6.2 5.3 6.2 6.3 6.5
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4.4. NUMERICAL ILLUSTRATION

Table 4.5 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection
of a weak PARMA2(1,1) given by (4.33) with the parameter α0 = (0.8,0.9,0,0)′ and where the innovation
εt ∼ (4.34).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. 18.5 14.5 12.6 12.2 10.8 10.0 9.9 10.8 9.5 8.6 8.5
BPS(2) n.a. 15.9 13.5 9.6 9.8 9.2 9.4 9.3 8.6 8.2 8.9 8.6

LBMS(1) n.a. 18.6 14.5 13.0 12.3 11.0 10.2 10.0 11.1 9.7 8.9 9.1
LBMS(2) n.a. 16.1 13.5 9.7 10.0 9.3 9.4 9.6 8.8 9.2 9.0 8.8
BPW(1) 4.3 3.1 2.5 2.9 2.7 2.1 1.8 1.9 1.4 1.2 1.1 1.0
BPW(2) 3.6 3.5 2.8 2.6 1.9 1.9 2.0 1.3 1.1 1.1 0.8 0.7

LBMW(1) 4.3 3.1 2.5 2.9 2.7 2.2 1.8 1.9 1.4 1.2 1.3 1.0
LBMW(2) 3.6 3.6 2.8 2.7 2.1 1.9 2.2 1.3 1.2 1.2 1.0 1.1

N = 400 BPSN(1) 4.4 3.7 3.8 4.4 3.9 4.2 5.0 4.5 3.9 4.3 3.7 3.5
BPSN(2) 3.5 4.8 6.4 5.4 4.5 5.8 4.7 5.5 5.0 4.0 3.7 4.8

LBMSN(1) 4.4 3.7 3.8 4.5 4.0 4.2 5.2 4.5 3.9 4.7 3.8 3.6
LBMSN(2) 3.5 4.8 6.4 5.4 4.6 5.8 4.7 5.7 5.0 4.4 4.1 5.0

BPS n.a. 24.4 19.1 16.0 14.6 13.6 13.3 13.6 12.4 12.5 11.5 11.1
LBMS n.a. 24.4 19.3 16.1 15.1 14.1 13.3 13.9 13.0 12.9 12.1 11.8
BPW 2.7 2.0 2.0 2.2 1.6 1.1 0.8 0.9 0.7 0.5 0.4 0.4

LBMW 2.7 2.0 2.0 2.2 1.7 1.1 0.8 0.9 0.8 0.5 0.4 0.4
BPSN 4.0 4.4 5.0 4.7 5.3 4.4 3.7 3.9 3.2 2.6 1.4 1.8

LBMSN 4.0 4.5 5.0 4.8 5.5 4.4 4.0 4.0 3.4 2.7 1.6 2.1
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. 23.6 17.3 15.7 15.3 14.4 14.7 14.0 12.7 11.9 11.6 11.3
BPS(2) n.a. 18.4 14.2 12.2 11.3 10.2 8.8 8.9 8.5 7.5 7.5 7.3

LBMS(1) n.a. 23.6 17.4 15.7 15.3 14.4 14.7 14.1 13.0 12.1 11.6 11.3
LBMS(2) n.a. 18.4 14.2 12.2 11.3 10.2 8.8 9.0 8.5 7.5 7.5 7.3
BPW(1) 6.2 5.1 4.2 3.9 4.0 4.6 4.2 3.6 3.7 4.1 3.8 4.0
BPW(2) 5.1 4.9 4.6 4.7 3.5 3.2 3.5 3.5 3.5 2.9 2.6 3.0

LBMW(1) 6.2 5.1 4.2 3.9 4.0 4.6 4.3 3.6 3.8 4.1 3.8 4.1
LBMW(2) 5.1 4.9 4.6 4.7 3.5 3.3 3.5 3.5 3.7 3.0 2.6 3.2

N = 2,000 BPSN(1) 4.9 4.8 5.3 5.4 5.8 5.5 5.9 5.7 5.4 5.4 5.5 5.3
BPSN(2) 4.8 5.2 4.8 4.6 5.1 6.2 5.0 5.4 5.7 5.7 6.0 5.3

LBMSN(1) 4.9 4.8 5.3 5.4 5.8 5.6 6.0 5.7 5.5 5.5 5.5 5.4
LBMSN(2) 4.8 5.2 4.8 4.6 5.1 6.2 5.1 5.4 5.7 5.8 6.0 5.4

BPS n.a. 30.8 23.4 20.1 17.3 16.3 15.5 14.1 12.5 12.3 11.7 12.1
LBMS n.a. 30.8 23.5 20.2 17.4 16.3 15.6 14.1 12.5 12.4 11.8 12.3
BPW 4.7 4.3 3.6 3.7 3.6 2.9 3.1 2.6 2.8 2.9 3.0 3.4

LBMW 4.7 4.3 3.6 3.8 3.6 2.9 3.1 2.6 2.8 2.9 3.0 3.4
BPSN 5.6 6.2 5.7 5.2 5.6 5.5 5.2 6.1 5.6 5.1 4.9 5.8

LBMSN 5.6 6.2 5.7 5.2 5.6 5.5 5.2 6.2 5.7 5.1 4.9 5.9
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4.4. NUMERICAL ILLUSTRATION

Table 4.6 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection
of a weak PARMA2(1,1) given by (4.33) with the parameter α0 = (0.8,0.9,0,0)′ and where the innovation
εt ∼ (4.35).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. 22.2 21.5 21.2 20.4 21.2 21.3 21.0 20.7 20.5 21.4 20.3
BPS(2) n.a. 20.9 18.3 18.3 19.4 19.5 18.4 19.5 19.0 19.0 19.6 18.5

LBMS(1) n.a. 22.2 21.6 21.6 20.5 21.6 21.3 21.8 21.4 20.9 21.7 21.3
LBMS(2) n.a. 20.9 18.3 18.4 19.7 19.8 18.5 19.7 19.3 19.6 20.0 19.2
BPW(1) 5.0 3.1 3.8 2.8 1.9 1.5 1.4 1.3 0.9 0.8 0.6 0.3
BPW(2) 4.1 3.1 2.5 2.1 1.4 0.8 0.8 0.9 0.5 0.4 0.6 0.2

LBMW(1) 5.0 3.2 3.8 3.0 2.1 1.7 1.5 1.4 0.9 1.0 0.8 0.6
LBMW(2) 4.1 3.1 2.5 2.1 1.5 0.8 0.8 1.0 0.7 0.6 0.6 0.2

N = 400 BPSN(1) 4.2 3.7 3.6 3.3 3.4 2.3 2.7 2.7 1.9 1.5 1.7 1.7
BPSN(2) 3.8 3.3 3.3 3.7 2.9 2.4 3.2 2.9 1.8 1.7 1.6 1.7

LBMSN(1) 4.2 3.7 3.6 3.4 3.4 2.4 2.7 2.7 1.9 1.6 1.8 1.8
LBMSN(2) 3.8 3.4 3.3 3.7 2.9 2.5 3.3 3.3 1.8 1.7 1.7 1.8

BPS n.a. 31.4 28.8 28.2 28.4 29.3 28.3 28.5 29.3 28.7 29.4 29.0
LBMS n.a. 31.5 28.9 28.5 28.7 29.8 28.4 29.4 30.3 29.4 30.4 30.1
BPW 3.9 2.2 2.1 1.7 0.6 0.7 0.1 0.4 0.3 0.1 0.1 0.0

LBMW 3.9 2.2 2.2 1.9 0.7 0.7 0.1 0.5 0.3 0.1 0.1 0.0
BPSN 3.1 3.9 2.9 2.4 2.1 1.5 1.0 1.2 0.6 0.5 0.5 0.5

LBMSN 3.1 3.9 2.9 2.4 2.2 1.6 1.0 1.2 0.6 0.6 0.6 0.5
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. 24.4 23.5 25.5 26.8 26.8 27.5 28.2 29.2 28.6 29.6 30.1
BPS(2) n.a. 24.1 24.3 24.7 22.8 23.5 24.3 25.2 25.3 25.3 25.6 25.5

LBMS(1) n.a. 24.6 23.5 25.5 26.9 27.0 27.5 28.2 29.6 28.6 29.7 30.2
LBMS(2) n.a. 24.1 24.3 24.8 22.8 23.6 24.4 25.3 25.3 25.4 25.7 25.5
BPW(1) 4.6 5.3 4.7 3.7 3.7 2.9 3.1 3.2 2.7 3.6 3.3 2.8
BPW(2) 5.4 4.9 4.5 4.0 3.3 3.5 3.0 3.2 2.8 2.3 1.8 1.7

LBMW(1) 4.6 5.3 4.7 3.7 3.7 2.9 3.1 3.2 2.7 3.7 3.3 2.8
LBMW(2) 5.4 4.9 4.5 4.0 3.3 3.6 3.0 3.2 2.8 2.4 1.8 1.7

N = 2,000 BPSN(1) 5.0 4.8 4.2 4.6 5.0 4.6 4.5 5.1 4.5 3.8 3.9 3.7
BPSN(2) 4.5 4.2 4.5 4.3 4.4 3.9 3.8 4.1 3.6 4.0 3.8 3.0

LBMSN(1) 5.0 4.8 4.2 4.6 5.0 4.6 4.5 5.1 4.5 3.8 3.9 3.7
LBMSN(2) 4.5 4.3 4.5 4.3 4.4 3.9 3.9 4.1 3.7 4.1 3.9 3.1

BPS n.a. 38.2 36.2 37.1 37.3 36.7 36.5 38.7 39.9 39.2 39.5 38.5
LBMS n.a. 38.2 36.4 37.2 37.5 37.0 36.6 38.8 40.0 39.3 39.7 38.6
BPW 5.3 4.7 3.1 2.7 2.8 2.8 2.2 2.3 2.2 1.9 1.8 2.0

LBMW 5.3 4.7 3.1 2.7 2.8 2.8 2.2 2.3 2.2 1.9 1.9 2.0
BPSN 5.6 5.3 4.6 5.0 4.2 3.8 3.9 3.4 2.9 2.2 1.7 1.9

LBMSN 5.6 5.3 4.6 5.0 4.4 3.8 3.9 3.4 2.9 2.2 1.8 1.9

118



4.4. NUMERICAL ILLUSTRATION

Table 4.7 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection
of a strong PARMA2(1,1) given by (4.33) with the parameter α0 = (0.8,0.9,−0.5,−0.45)′ and where the
innovation εt ∼N (0,1).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. 17.2 13.3 10.9 10.2 10.0 9.1 9.8 9.3 9.2 8.6
BPS(2) n.a. n.a. 19.9 13.5 12.1 11.3 11.2 10.1 9.8 10.2 10.2 9.4

LBMS(1) n.a. n.a. 17.3 13.4 11.1 10.2 10.1 9.4 10.3 9.9 9.9 9.3
LBMS(2) n.a. n.a. 20.1 13.7 12.3 11.6 11.5 10.3 10.2 10.3 11.0 9.6
BPW(1) 4.1 3.9 3.5 2.8 2.6 2.7 2.7 2.5 2.1 2.8 1.9 1.9
BPW(2) 5.0 5.4 5.2 3.9 3.5 3.1 3.2 2.8 2.0 2.0 1.9 1.6

LBMW(1) 4.1 3.9 3.7 2.8 2.8 2.7 2.7 2.8 2.5 3.1 2.0 2.0
LBMW(2) 5.0 5.4 5.2 3.9 3.6 3.1 3.4 2.9 2.3 2.0 1.9 1.6

N = 400 BPSN(1) 5.3 5.3 4.6 3.9 4.3 5.2 5.1 5.0 5.4 5.3 6.0 6.2
BPSN(2) 6.0 5.6 5.3 5.1 4.6 6.6 5.8 5.6 5.0 5.6 5.1 5.5

LBMSN(1) 5.3 5.3 4.6 3.9 4.3 5.2 5.2 5.2 5.6 5.3 6.3 6.5
LBMSN(2) 6.0 5.7 5.4 5.1 4.7 6.9 6.2 5.8 5.1 5.9 5.3 5.9

BPS n.a. n.a. 26.8 20.3 17.1 16.3 15.8 13.0 12.1 13.3 12.0 11.5
LBMS n.a. n.a. 27.2 20.6 17.5 16.8 16.5 13.5 13.0 14.2 12.6 12.8
BPW 4.8 3.7 3.8 2.8 2.3 1.9 1.8 1.1 1.6 1.5 1.1 0.8

LBMW 4.8 3.7 3.9 3.0 2.3 1.9 1.8 1.2 1.8 1.5 1.2 0.9
BPSN 3.9 3.6 4.9 4.9 5.4 5.9 6.1 6.7 5.8 4.8 5.1 4.5

LBMSN 3.9 3.8 4.9 4.9 5.4 6.0 6.2 6.7 6.0 5.1 5.2 5.0
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. 17.9 12.1 10.2 8.2 8.0 8.5 7.6 8.1 7.8 8.1
BPS(2) n.a. n.a. 18.3 12.9 11.9 11.2 9.5 10.1 9.2 9.2 8.7 8.2

LBMS(1) n.a. n.a. 18.0 12.1 10.2 8.3 8.0 8.6 7.6 8.2 7.8 8.1
LBMS(2) n.a. n.a. 18.3 13.0 11.9 11.2 9.6 10.1 9.3 9.2 8.9 8.2
BPW(1) 4.3 4.9 4.5 4.7 4.3 3.9 3.8 4.4 3.6 3.7 4.1 5.1
BPW(2) 5.4 5.9 5.3 4.4 4.7 4.6 5.3 4.9 5.0 4.7 3.9 3.0

LBMW(1) 4.3 4.9 4.5 4.7 4.3 3.9 3.8 4.4 3.6 3.7 4.1 5.1
LBMW(2) 5.4 5.9 5.3 4.4 4.7 4.6 5.3 4.9 5.0 4.9 4.0 3.0

N = 2,000 BPSN(1) 4.7 4.8 5.4 4.2 5.2 5.6 5.7 5.5 5.2 5.2 5.6 5.6
BPSN(2) 5.9 5.0 4.1 5.7 5.5 4.9 5.5 6.1 6.5 6.4 5.9 5.3

LBMSN(1) 4.7 4.8 5.4 4.2 5.2 5.6 5.8 5.5 5.2 5.2 5.9 5.7
LBMSN(2) 5.9 5.0 4.1 5.7 5.5 4.9 5.5 6.1 6.5 6.4 6.1 5.3

BPS n.a. n.a. 26.5 18.3 15.2 13.1 13.4 11.7 9.4 10.2 9.8 8.7
LBMS n.a. n.a. 26.5 18.3 15.2 13.1 13.6 11.7 9.4 10.3 10.0 8.7
BPW 4.6 4.9 4.2 4.3 4.2 4.0 3.6 3.2 3.5 3.6 3.4 3.0

LBMW 4.6 4.9 4.2 4.3 4.2 4.0 3.6 3.3 3.7 3.7 3.4 3.0
BPSN 4.7 5.4 5.4 4.7 4.6 4.7 5.4 5.3 4.9 6.7 6.8 6.5

LBMSN 4.7 5.4 5.4 4.7 4.6 4.8 5.4 5.4 5.0 6.7 6.9 6.5
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4.4. NUMERICAL ILLUSTRATION

Table 4.8 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection of a
weak PARMA2(1,1) given by (4.33) with the parameter α0 = (0.8,0.9,−0.5,−0.45)′ and where the innova-
tion εt ∼ (4.34).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. 24.8 16.9 14.2 11.3 10.1 10.4 10.8 10.4 9.8 9.5
BPS(2) n.a. n.a. 22.5 17.5 13.6 12.4 12.1 12.1 11.1 10.8 10.4 10.3

LBMS(1) n.a. n.a. 24.8 17.2 14.2 11.5 10.2 10.6 11.1 10.7 10.2 9.8
LBMS(2) n.a. n.a. 22.6 17.7 13.8 12.8 12.3 12.3 11.2 11.1 10.9 10.7
BPW(1) 4.6 3.4 3.0 2.8 3.1 2.8 2.0 2.3 2.1 1.7 1.3 0.9
BPW(2) 3.4 3.2 3.5 3.2 2.6 2.6 2.0 1.2 1.2 0.8 1.0 0.8

LBMW(1) 4.6 3.4 3.1 2.8 3.2 2.9 2.1 2.3 2.2 2.0 1.4 1.0
LBMW(2) 3.4 3.2 3.6 3.3 2.6 2.8 2.2 1.5 1.3 0.9 1.1 0.9

N = 400 BPSN(1) 4.5 4.0 4.4 4.1 4.6 4.4 4.6 4.1 4.7 4.4 3.9 3.8
BPSN(2) 4.0 4.5 4.4 5.0 4.8 4.5 5.2 5.5 5.4 4.8 4.1 4.4

LBMSN(1) 4.5 4.0 4.5 4.1 4.7 4.6 4.9 4.3 4.7 4.4 4.1 3.9
LBMSN(2) 4.0 4.6 4.4 5.1 4.9 4.6 5.2 5.7 5.7 5.0 4.2 4.5

BPS n.a. n.a. 35.1 24.7 20.2 17.7 16.6 14.9 15.2 15.0 14.2 13.5
LBMS n.a. n.a. 35.1 24.8 20.3 18.1 16.9 15.4 15.4 15.7 15.0 14.8
BPW 3.4 2.7 2.8 2.5 1.4 1.3 1.2 1.1 0.8 0.5 0.7 0.4

LBMW 3.4 2.7 2.9 2.5 1.5 1.4 1.2 1.1 0.8 0.7 0.7 0.5
BPSN 3.4 4.7 4.0 3.8 3.6 3.9 3.3 3.4 2.8 2.5 1.9 1.5

LBMSN 3.4 4.7 4.0 3.9 3.7 3.9 3.4 3.4 3.0 2.7 2.1 1.8
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. 28.2 21.3 18.8 16.5 16.6 14.1 13.4 14.4 12.8 12.6
BPS(2) n.a. n.a. 25.8 19.3 15.1 13.3 12.6 10.7 10.2 10.0 8.7 8.2

LBMS(1) n.a. n.a. 28.2 21.3 18.8 16.5 16.6 14.1 13.7 14.4 13.1 12.6
LBMS(2) n.a. n.a. 25.8 19.3 15.1 13.5 12.6 10.7 10.2 10.0 8.7 8.2
BPW(1) 5.0 4.3 4.3 4.6 4.7 4.6 4.4 4.3 4.3 4.1 4.3 4.8
BPW(2) 5.0 5.0 4.3 4.4 3.7 3.8 3.5 3.2 3.5 2.8 3.2 3.5

LBMW(1) 5.0 4.3 4.3 4.6 4.7 4.6 4.4 4.4 4.3 4.3 4.3 4.8
LBMW(2) 5.0 5.1 4.3 4.4 3.8 3.9 3.5 3.2 3.5 2.8 3.2 3.5

N = 2,000 BPSN(1) 5.5 4.9 5.0 4.3 5.5 5.2 5.5 5.3 5.3 4.9 4.1 5.0
BPSN(2) 5.3 5.1 5.7 5.3 5.3 5.3 5.2 5.7 5.4 5.7 5.8 5.6

LBMSN(1) 5.5 5.0 5.0 4.4 5.5 5.2 5.6 5.3 5.3 5.0 4.1 5.0
LBMSN(2) 5.3 5.1 5.7 5.3 5.3 5.3 5.2 5.7 5.5 5.7 5.8 5.6

BPS n.a. n.a. 40.4 29.1 24.8 22.3 19.7 18.4 16.2 15.1 15.1 14.9
LBMS n.a. n.a. 40.5 29.1 24.9 22.5 19.8 18.5 16.2 15.1 15.1 15.3
BPW 4.8 4.0 3.9 3.9 3.6 2.9 3.1 2.3 2.4 2.9 3.0 3.8

LBMW 4.8 4.0 3.9 3.9 3.7 2.9 3.1 2.4 2.4 2.9 3.0 3.8
BPSN 5.5 4.8 5.0 5.0 5.3 5.1 5.6 5.1 4.6 4.4 4.6 5.0

LBMSN 5.5 4.8 5.0 5.0 5.3 5.1 5.7 5.1 4.6 4.5 4.6 5.0
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4.4. NUMERICAL ILLUSTRATION

Table 4.9 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection of a
weak PARMA2(1,1) given by (4.33) with the parameter α0 = (0.8,0.9,−0.5,−0.45)′ and where the innova-
tion εt ∼ (4.35).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. 35.7 27.8 25.9 25.4 25.1 23.5 23.6 22.6 22.7 23.1
BPS(2) n.a. n.a. 31.3 26.8 23.7 23.4 23.0 21.6 21.1 21.0 21.3 20.2

LBMS(1) n.a. n.a. 35.7 28.2 26.0 25.7 25.4 24.1 23.9 23.0 23.0 23.4
LBMS(2) n.a. n.a. 31.4 26.8 24.3 23.9 23.3 21.9 21.8 21.5 21.8 21.1
BPW(1) 4.0 3.8 3.5 3.1 2.3 2.4 1.5 1.5 1.0 0.9 0.7 0.4
BPW(2) 3.3 2.5 2.1 1.5 1.0 1.0 1.1 0.8 0.6 0.6 0.5 0.3

LBMW(1) 4.0 3.9 3.6 3.1 2.4 2.5 1.6 1.7 1.0 0.9 0.8 0.6
LBMW(2) 3.3 2.5 2.2 1.7 1.2 1.0 1.2 0.9 0.6 0.6 0.6 0.3

N = 400 BPSN(1) 4.0 3.4 3.3 3.4 3.4 2.4 2.9 2.0 1.8 1.4 1.7 1.5
BPSN(2) 3.0 2.9 3.3 3.2 2.4 2.6 3.0 3.0 2.1 1.9 1.7 1.8

LBMSN(1) 4.0 3.5 3.3 3.5 3.5 2.4 2.9 2.1 1.8 1.4 1.7 1.5
LBMSN(2) 3.0 2.9 3.4 3.2 2.4 2.6 3.0 3.0 2.1 2.0 1.7 1.9

BPS n.a. n.a. 48.3 40.4 36.7 36.4 34.5 33.8 34.4 33.6 31.4 31.6
LBMS n.a. n.a. 48.5 40.8 37 37.1 34.8 34.2 35.3 34.4 32.4 33.1
BPW 2.7 2.6 2.2 2.0 1.2 0.8 0.4 0.4 0.3 0.2 0.0 0.1

LBMW 2.7 2.6 2.3 2.0 1.3 0.8 0.4 0.5 0.3 0.2 0.1 0.1
BPSN 2.7 2.8 2.4 1.9 1.4 1.3 0.9 0.8 0.4 0.6 0.5 0.5

LBMSN 2.8 2.9 2.5 1.9 1.4 1.4 0.9 0.8 0.5 0.6 0.6 0.5
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. 36.4 33.5 33.6 32.8 32.9 32.5 33.8 33.8 34.6 34.7
BPS(2) n.a. n.a. 36.0 31.9 28.1 29.0 28.6 29.2 29.3 28.5 28.8 27.7

LBMS(1) n.a. n.a. 36.4 33.6 33.6 32.9 32.9 32.5 33.9 33.8 34.6 34.7
LBMS(2) n.a. n.a. 36.0 31.9 28.1 29.1 28.7 29.2 29.5 28.5 28.8 27.9
BPW(1) 5.4 5.4 4.7 3.8 3.3 2.9 3.3 3.0 3.0 3.5 2.8 2.9
BPW(2) 6.0 5.1 4.6 3.4 3.2 3.8 3.5 3.5 3.3 3.0 2.7 2.3

LBMW(1) 5.4 5.4 4.7 3.9 3.3 2.9 3.3 3.1 3.0 3.5 2.9 2.9
LBMW(2) 6.0 5.1 4.6 3.4 3.2 3.8 3.5 3.5 3.3 3.0 2.8 2.3

N = 2,000 BPSN(1) 4.2 4.3 4.4 4.3 5.3 5.2 4.5 4.2 4.2 3.7 3.8 3.1
BPSN(2) 4.4 4.7 5.2 4.6 3.9 4.1 3.6 3.3 3.4 3.3 3.3 3.2

LBMSN(1) 4.2 4.3 4.4 4.3 5.3 5.2 4.5 4.2 4.3 3.7 3.9 3.2
LBMSN(2) 4.4 4.7 5.2 4.6 3.9 4.1 3.6 3.3 3.4 3.3 3.3 3.2

BPS n.a. n.a. 53.9 49.5 47.3 45.0 44.6 47.1 46.8 47.0 46.9 44.5
LBMS n.a. n.a. 53.9 49.6 47.4 45.1 44.6 47.2 47.2 47.2 47.2 44.6
BPW 5.5 4.6 3.0 2.9 2.6 2.6 2.8 2.4 2.2 1.6 1.9 2.0

LBMW 5.5 4.7 3.0 2.9 2.6 2.6 2.8 2.4 2.2 1.6 1.9 2.0
BPSN 4.5 3.7 4.6 3.7 3.8 3.1 3.0 3.0 3.3 1.7 1.8 1.4

LBMSN 4.5 3.7 4.6 3.7 3.8 3.1 3.0 3.0 3.3 1.7 1.8 1.4
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4.4. NUMERICAL ILLUSTRATION

Table 4.10 – Empirical power (in %) of the modified and standard versions of the LBM and BP tests for
the null hypothesis of a periodic noise against a PARMA2(1,1) given by (4.33) with the parameter α0 =
(0.8,0.9,0.0,0.0)′. Model I with innovation εt ∼ N (0,1); Model II with innovation εt ∼ (4.34) and Model
III with innovation εt ∼ (4.35). The nominal asymptotic level of the tests is α= 5%.

Model Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPS(2) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

LBMS(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS(2) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW(2) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

LBMW(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMW(2) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

I BPSN(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPSN(2) 99.9 100.0 100.0 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

LBMSN(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMSN(2) 99.9 100.0 100.0 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

BPS 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

LBMW 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPSN 99.8 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

LBMSN 99.8 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPS(2) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

LBMS(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS(2) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW(1) 100.0 100.0 100.0 99.9 99.9 99.8 99.9 99.8 99.8 99.9 99.9 99.9
BPW(2) 100.0 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9

LBMW(1) 100.0 100.0 100.0 99.9 99.9 99.8 99.9 99.8 99.8 99.9 99.9 99.9
LBMW(2) 100.0 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9 99.9

II BPSN(1) 99.1 98.8 98.8 99.0 98.9 98.8 98.7 98.5 98.6 98.1 98.3 98.2
BPSN(2) 99.1 98.8 98.9 98.8 98.9 98.8 98.2 98.3 98.4 98.1 97.9 97.7

LBMSN(1) 99.1 98.8 98.7 99.0 98.7 98.7 98.6 98.5 98.5 98.1 98.3 98.2
LBMSN(2) 99.1 98.8 98.9 98.7 98.9 98.8 98.2 98.2 98.4 98.1 97.9 97.7

BPS 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW 99.9 99.9 99.9 99.9 99.8 99.7 99.8 99.8 99.8 99.8 99.8 99.8

LBMW 99.9 99.9 99.9 99.9 99.8 99.7 99.8 99.8 99.8 99.8 99.8 99.8
BPSN 97.6 98.4 98.8 98.9 98.6 98.5 98.5 98.3 98.4 98.1 97.5 97.1

LBMSN 97.7 98.4 98.8 98.9 98.5 98.5 98.4 98.3 98.2 98.1 97.3 97.0
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPS(2) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

LBMS(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS(2) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW(1) 98.9 97.9 97.3 96.8 96.6 96.0 95.8 95.4 95.1 94.7 94.3 93.7
BPW(2) 98.6 97.6 97.1 97.2 96.6 95.9 95.8 95.3 94.8 94.4 93.8 93.7

LBMW(1) 98.9 97.9 97.3 96.8 96.6 96.1 95.8 95.4 95.1 94.7 94.3 93.7
LBMW(2) 98.6 97.7 97.1 97.2 96.6 95.9 95.9 95.3 94.8 94.5 93.8 93.7

III BPSN(1) 84.6 80.3 78.1 77.8 76.3 74.4 72.0 69.8 66.5 64.5 63.4 62.0
BPSN(2) 84.7 81.2 77.8 76.4 73.9 72.5 71.3 69.3 67.9 66.9 65.2 63.4

LBMSN(1) 84.6 80.2 78.0 77.6 76.5 73.8 71.4 69.5 66.3 64.2 62.9 61.7
LBMSN(2) 84.7 81.3 77.9 76.1 73.4 72.1 71.2 69.1 67.3 66.7 65.1 62.8

BPS 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW 98.2 96.8 96.4 96.5 95.9 95.2 94.8 94.9 94.2 93.5 92.7 92.4

LBMW 98.2 96.8 96.4 96.5 95.9 95.3 94.8 94.9 94.3 93.5 92.8 92.4
BPSN 76.4 76.0 73.5 71.2 68.7 64.4 60.3 56.7 51.1 46.8 41.2 37.4

LBMSN 76.6 76.0 73.8 71.1 68.8 63.7 59.9 56.2 50.1 46.0 40.6 37.1
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Table 4.11 – Empirical power (in %) of the modified and standard versions of the LBM and BP tests for
the null hypothesis of a PARMA2(1,0) against a PARMA2(1,1) given by (4.33) with the parameter α0 =
(0.8,0.9,0.5,0.45)′. Model I with innovation εt ∼N (0,1); Model II with innovation εt ∼ (4.34) and Model
III with innovation εt ∼ (4.35). The nominal asymptotic level of the tests is α= 5%.

Model Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPS(2) n.a. 90.1 87.4 84.8 82.4 80.1 77.4 74.9 73.3 69.6 67.7 66.1

LBMS(1) n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS(2) n.a. 90.1 87.4 84.8 82.5 80.2 77.4 75.0 73.5 70.0 67.9 66.3
BPW(1) 100.0 100.0 100.0 100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW(2) 72.8 79.5 79.5 77.0 73.7 71.2 67.1 64.3 60.2 55.6 52.7 50.8

LBMW(1) 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMW(2) 72.8 79.5 79.5 77.1 73.7 71.4 67.2 64.4 60.4 55.8 53.1 51.2

I BPSN(1) 97.9 94.4 93.5 90.9 90.6 90.0 89.5 88.7 87.8 88.4 87.9 88.0
BPSN(2) 54.1 54.2 51.1 50.0 45.3 43.8 42.4 41.5 39.0 37.1 37.3 35.3

LBMSN(1) 97.9 94.4 93.5 90.9 90.7 90.1 89.6 88.8 87.9 88.2 87.9 88.1
LBMSN(2) 54.1 54.2 51.1 50.0 45.3 43.8 42.4 41.5 39.4 37.2 37.4 35.6

BPS n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

LBMW 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPSN 96.0 95.6 94.9 94.8 94.1 94.6 94.4 93.7 92.4 91.7 90.6 90.1

LBMSN 96.0 95.6 94.9 94.8 94.1 94.6 94.6 93.7 92.5 91.7 90.6 90.2
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. 100.0 100.0 100.0 99.9 100.0 100.0 100.0 100.0 99.9 99.9 99.9
BPS(2) n.a. 94.4 93.9 92.7 91.8 89.7 89.7 86.8 84.9 84.0 82.8 81.9

LBMS(1) n.a. 100.0 100.0 100.0 99.9 100.0 100.0 100.0 100.0 99.9 99.9 99.9
LBMS(2) n.a. 94.4 93.9 92.7 91.8 89.7 89.7 86.8 85.0 84.0 83.0 82.0
BPW(1) 97.7 99.2 99.1 99.0 99.0 99.0 98.9 98.8 98.7 98.5 98.5 98.2
BPW(2) 68.9 80.1 81.2 79.8 78.1 76.2 73.1 70.6 68.9 66.2 64.3 61.5

LBMW(1) 97.7 99.2 99.1 99.0 99.0 99.0 98.9 98.8 98.7 98.5 98.5 98.2
LBMW(2) 68.9 80.1 81.2 79.9 78.1 76.5 73.2 70.7 69.3 66.7 64.6 61.8

II BPSN(1) 83.8 85.5 82.5 80.6 78.8 76.9 75.6 74.0 71.3 69.3 68.6 65.2
BPSN(2) 48.6 48.5 49.3 46.3 44.8 41.9 39.5 35.9 34.3 32.5 30.5 28.9

LBMSN(1) 83.8 85.5 82.5 80.6 78.8 76.9 75.5 74.1 71.5 69.5 68.8 65.3
LBMSN(2) 48.6 48.5 49.3 46.4 45.1 41.9 39.6 36.1 34.5 32.7 30.7 29.1

BPS n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW 97.9 99.2 99.2 99.2 99.2 99.1 99.2 99.0 98.8 99.0 98.9 98.9

LBMW 97.9 99.2 99.2 99.2 99.2 99.1 99.2 99.0 99.0 99.0 98.9 98.9
BPSN 82.1 87.2 87.3 85.4 84.7 82.9 81.8 80.5 77.9 75.0 72.8 70.6

LBMSN 82.2 87.2 87.5 85.4 84.7 83.0 82.0 80.5 78.0 75.0 73.1 70.7
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPS(2) n.a. 96.3 96.7 96.3 96.1 95.2 94.5 93.1 92.7 92.1 91.7 90.4

LBMS(1) n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS(2) n.a. 96.3 96.7 96.3 96.1 95.2 94.6 93.3 92.7 92.1 91.7 90.5
BPW(1) 96.2 97.8 97.7 96.8 96.2 95.5 94.9 94.0 92.6 91.3 90.6 89.9
BPW(2) 72.8 78.6 79.3 75.7 71.7 66.9 64.3 60.8 57.2 54.8 51.9 48.6

LBMW(1) 96.2 97.8 97.8 96.8 96.2 95.5 95.0 94.0 92.9 91.5 90.6 90.0
LBMW(2) 72.8 78.8 79.3 75.7 71.9 67.0 64.4 61.1 57.2 54.9 52.0 48.9

III BPSN(1) 82.7 77.4 75.5 71.5 69.1 65.1 64.2 60.7 58.7 56.4 52.7 49.8
BPSN(2) 53.9 48.4 49.1 42.6 40.4 35.8 32.9 29.9 27.1 26.4 25.1 22.0

LBMSN(1) 82.7 77.4 75.5 71.5 69.0 65.1 64.2 60.8 58.7 56.6 53.1 49.9
LBMSN(2) 53.9 48.5 49.2 42.6 40.5 35.8 33.0 29.9 27.2 26.4 25.2 22.1

BPS n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
LBMS n.a. 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
BPW 97.0 98.0 97.5 97.3 95.9 94.9 93.4 92.5 91.8 89.9 89.6 88.3

LBMW 97.0 98.0 97.5 97.3 95.9 94.9 93.4 92.6 91.8 90.1 89.6 88.4
BPSN 80.0 81.4 79.1 76.4 73.7 67.2 63.0 59.6 53.8 50.7 46.0 41.2

LBMSN 80.0 81.5 79.2 76.5 73.7 67.5 63.0 59.8 54.0 51.0 46.3 41.4
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4.5 Adequacy of weak PARMA models for real datasets

We now consider an application to the daily log returns (also simply called the returns) of
four stock market indices (closing values): CAC 40 (Paris), DAX (Frankfurt), Nikkei (Osaka) and
SP500 (New York). The returns are defined by rt = 100log(pt /pt−1) where pt denotes the price
index of the corresponding index at time t . The observations cover the period from January
4, 1999 to November 20, 2020. The data can be downloaded from the website Yahoo Finance:
http://fr.finance.yahoo.com/.

In Financial Econometric the returns are often assumed to be a weak white noise (though
they are not generally independent sequences). In view of the so-called volatility clustering it
is well known that the strong white noise assumption is generally not adequate for these series
(see for instance [10, 13, 22, 33]). The squares of the returns have often second-order moments
close to those of an ARMA(1,1) (which is compatible with a GARCH(1,1) model for the returns).
We will test if these hypotheses remind valid in the case of periodic models by fitting weak
PARMA models on the returns and on their squares.

A day-of-the-week seasonality property of the stock markets returns series was largely in-
vestigated in the literature by [1, 4, 7, 20, 23, 40], to name a few. Most of these studies focus
on the description of day-of-the-week seasonality in returns and volatility. In particular the so-
called Monday effect in the finance literature was observed in many stock markets. Therefore
we focus on the dynamics of the squared returns (r 2

t )t≥1 process.
Because of the presence of holidays many weeks comprise less than five observations. We

removed the entire weeks when there was less than five data. The effective number of observa-
tions used for each index is given in Tables 4.15 and 4.16 and the periodicity is then T = 5.

As above-mentioned it is well known that daily observed stock returns tend to show the day-
of-the-week effects. Table 4.12 displays the sample correlations between r5n+1 (Monday) and
r5n+ν−h (other days for ν= 1, . . . ,T = 5); between r 2

5n+1 and r 2
5n+ν−h for the four indices consid-

ered. From Table 4.12 we observe that: a) the returns on Mondays generally display small cor-
relations with those of other days while the squared returns on Mondays are generally strongly
correlated; b) the squared returns on Mondays are also positively correlated with those of the
other days; c) the squared returns on Mondays are frequently strongly correlated with those of
the preceding Fridays (except for Nikkei index).

First we apply portmanteau tests on each series of daily returns for checking the hypothesis
that the returns constitute a periodic white noise. In this section we only present the results on
the Ljung-Box-McLeod tests since they are very close to those of the Box-Pierce tests. Tables
4.13 and 4.14 display the p−values and the statistics (for the self-normalized versions) of the
standard and modified LBM tests for the mean corrected returns of each index. For the CAC 40,
DAX and SP500 series, the periodic strong white noise hypothesis is rejected by the standard
global LBM test and even frequently for a specified season ν ∈ {1, . . . ,5} at the nominal level
α = 5%. This is not surprising because as above-mentioned the standard test required the iid
assumption and, in particular in view of the so-called volatility clustering, it is well known that
the strong white noise model is not adequate for these series (see for instance [10, 20, 22]). For
the Nikkei index the periodic strong white noise assumption is not rejected. But since the class
of periodic strong noises is a subset of the class of periodic weak noises, these results show that
the standard inference based on the assumption of a periodic strong noise can be misleading
(see for instance [20]). By contrast, the periodic weak white noise hypothesis is not rejected for
the four indices by all the global proposed tests, even for a specified season ν. To summarize,
the outputs of Tables 4.13 and 4.14 are in accordance with the common belief that these series
are not strong white noises but could be weak white noises.

Next, turning to the dynamics of the squared returns by fitting a following weak PARMA5(1,1)
model. Denoting by (X5n+ν)n≥0 the mean corrected series of the squared returns (r 2

5n+ν)n≥0, we
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fit the model

X5n+ν−φ(ν)X5n+ν−1 = ε5n+ν−θ(ν)ε5n+ν−1. (4.36)

To check the stationary properties of X5n+ν it is convenient to consider the solution to the char-
acteristic equation of the autoregressive part of Equation (4.36), which with our notations in
Section 4.2 can be shown to be equal to

det(Φ(z)) = det(Φ0 −Φ1z) = 1−φ(1)φ(2)φ(3)φ(4)φ(5)z = 0 for |z| > 1 (4.37)

where

Φ0 =


1 0 0 0 0

−φ(2) 1 0 0 0
0 −φ(3) 1 0 0
0 0 −φ(4) 1 0
0 0 0 −φ(5) 1

 and Φ1 =


0 0 0 0 φ(1)
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 .

To show that X5n+ν is invertible, it is convenient to consider the solution to the characteristic
equation of the moving average part of Equation (4.36). The same previous result holds for the
invertible Model (4.36) with φ(ν) replaced by θ(ν) in (4.37).

Table 4.15 (resp. Table 4.16) presents the QLS estimated parameters of Model (4.36), their
p−values (in parentheses) and their estimated standard errors (into brackets, under weak as-
sumption on ε5n+ν) of the squared returns of the CAC 40 and DAX indices (resp. the SP500 and
Nikkei indices). As expected all the estimated parameters are significant at any reasonable lev-
els, except: µ̂4 for the CAC 40 index; µ̂2 (at 1% and 5% levels) and µ̂4 for the DAX index; µ̂2, µ̂3

and µ̂4 for the SP500 index. For all indices the mean µ̂1 on Monday is positive and significant,
it seems more possibly to talk of a global Monday effect. For the other days the means µ̂2, µ̂3,
µ̂4 and µ̂5 are all negatives. Therefore Tuesday, Wednesday, Thursday and Friday seem the bad
days for the Nikkei index since they are significant. Tuesday, Wednesday and Friday seem also
bad days for the CAC 40 and DAX (at 5% level) indices. Finally Friday seems a particularly bad
day for the SP500 index.

For all indices the autoregressive coefficients φ̂(ν) are all positive and significant for all days.
These coefficients are greater than one on Monday (for CAC 40, DAX and SP500), on Wednesday
(for CAC 40, SP500 and Nikkei) and on Friday for Nikkei index. We also observe that the coef-
ficients φ̂(ν) are the biggest on Monday (for CAC 40, DAX and SP500) and on Wednesday (for
Nikkei). Furthermore, with these three indices (CAC 40, DAX and SP500) and the period con-
sidered, it is probably more appropriate to talk of a Monday effect. By contrast for the Nikkei
index, it is probably more appropriate to talk of a Wednesday effect rather than a Monday effect.
Additionally, Tables 4.15 and 4.16 show that there is evidence that the estimated noise standard
deviations (estimated volatility) for all indices is considerably greater on Monday than the other
days (Tuesday, Wednesday, Thursday and Friday), for which it is smaller and almost constant.

Note that from Tables 4.15 and 4.16 and for all series, the product of the estimated coeffi-
cients φ̂(ν) (resp. θ̂(ν)) are smaller than one. Thus in view of (4.37) |z| > 1 for all series (the
smallest z verify |z| = 1.126 > 1). So we think that the assumption (A1) is satisfied and thus
our asymptotic normality theorem on the residual autocorrelations can be applied. After es-
timating the model (4.36), the next important step in the modeling consists in checking if the
estimated model fits satisfactorily the data. Thus under the null hypothesis that the model has
been correctly identified, the residuals are approximately a white noise.

We thus apply portmanteau tests to the residuals of Model (4.36) for each series. Tables
4.17 and 4.18 display the p−values and the statistics (for the self-normalized versions) of the
standard and modified LBM tests for the mean corrected returns of each index. From these
tables we draw the conclusion that the strong PARMA5(1,1) model is rejected by the standard
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global LBM test and even for a specified season ν at the nominal level α = 5%. By contrast a
weak PARMA5(1,1) model is not rejected. Note that for the first and second-order structures
we found for the returns considered, namely a periodic weak white noise for the returns and
a weak PARMA5(1,1) model for the squares of the returns, are compatible with a PGARCH(1,1)
model.

Figures 4.1, 4.2, 4.3 and 4.4 display the residual autocorrelations and their 5% significance
limits under the strong PARMA5(1,1) and weak PARMA5(1,1) assumptions. In view of Figures
4.1, 4.2, 4.3 and 4.4, the diagnostic checking of residuals does not indicate any inadequacy for
the proposed tests. All of the sample autocorrelations should lie between the bands (at 95%)
shown as dashed lines (green color) and solid lines (red color) for the modified tests, while the
horizontal dotted (blue color) for standard test indicate that strong PARMA5(1,1) is not ade-
quate. Figures 4.1, 4.2, 4.3 and 4.4 confirm the conclusions drawn from Tables 4.17 and 4.18.

To conclude our empirical investigations, a comparison of the four indices indicates that
Nikkei is systematically more volatile over two days of the week (Monday and Friday) than the
other three. By contrast the DAX index is systematically more volatile on Tuesday and Thursday
than the other three. Finally SP500 index is the most volatile on Wednesday.
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Table 4.12 – Sample correlations between r5n+1 (Monday) and r5n+ν−h (other days); between r 2
5n+1 and

r 2
5n+ν−h for the four indices considered.

Index Correlations Lag h
1 2 3 4 5 6 7 8 9 10

ρ̂(r5n+1,r5n+1−h) -0.047 -0.032 -0.011 -0.005 -0.004 0.053 -0.014 0.045 0.016 -0.011
ρ̂(r5n+1,r5n+2−h) 0.003 -0.059 -0.016 -0.018 -0.040 0.002 -0.036 -0.013 -0.058 -0.007
ρ̂(r5n+1,r5n+3−h) -0.013 0.050 0.045 -0.012 0.005 -0.008 0.024 -0.022 -0.016 -0.051
ρ̂(r5n+1,r5n+4−h) 0.010 0.068 -0.047 0.004 0.005 -0.024 -0.033 0.033 0.029 0.038

CAC 40 ρ̂(r5n+1,r5n+5−h) -0.026 0.023 0.025 -0.008 0.015 -0.005 -0.041 0.006 -0.046 0.055
ρ̂(r 2

5n+1,r 2
5n+1−h) 0.220 0.139 0.076 0.098 0.040 0.132 0.114 0.090 0.097 0.039

ρ̂(r 2
5n+1,r 2

5n+2−h) 0.153 0.204 0.116 0.162 0.098 0.065 0.100 0.096 0.030 0.076
ρ̂(r 2

5n+1,r 2
5n+3−h) 0.311 0.325 0.237 0.194 0.121 0.112 0.044 0.042 0.045 0.072

ρ̂(r 2
5n+1,r 2

5n+4−h) 0.102 0.109 0.093 0.085 0.051 0.109 0.041 0.042 0.029 0.058
ρ̂(r 2

5n+1,r 2
5n+5−h) 0.220 0.090 0.057 0.034 0.030 0.018 0.080 0.093 0.082 0.029

1 2 3 4 5 6 7 8 9 10
ρ̂(r5n+1,r5n+1−h) -0.038 -0.029 -0.028 0.013 0.003 0.024 -0.015 0.037 0.026 0.003
ρ̂(r5n+1,r5n+2−h) 0.008 -0.022 -0.039 -0.080 -0.036 -0.017 -0.007 -0.004 -0.035 -0.023
ρ̂(r5n+1,r5n+3−h) -0.044 0.091 0.083 0.019 -0.031 0.033 0.050 -0.022 -0.020 0.007
ρ̂(r5n+1,r5n+4−h) 0.037 0.076 -0.009 -0.017 -0.005 -0.030 0.008 0.060 0.019 0.017

DAX ρ̂(r5n+1,r5n+5−h) -0.053 0.032 0.043 0.031 -0.018 -0.045 0.007 -0.007 -0.035 0.041
ρ̂(r 2

5n+1,r 2
5n+1−h) 0.115 0.091 0.050 0.073 0.035 0.056 0.053 0.057 0.035 0.078

ρ̂(r 2
5n+1,r 2

5n+2−h) 0.121 0.264 0.130 0.120 0.083 0.051 0.085 0.019 0.007 0.042
ρ̂(r 2

5n+1,r 2
5n+3−h) 0.241 0.101 0.119 0.115 0.154 0.094 0.080 0.072 0.119 0.063

ρ̂(r 2
5n+1,r 2

5n+4−h) 0.077 0.089 0.063 0.048 0.047 0.057 0.049 0.024 0.066 0.037
ρ̂(r 2

5n+1,r 2
5n+5−h) 0.174 0.095 0.082 0.056 0.069 0.013 0.073 0.082 0.110 0.063

1 2 3 4 5 6 7 8 9 10
ρ̂(r5n+1,r5n+1−h) -0.019 -0.035 -0.057 -0.027 0.010 -0.012 0.064 0.027 0.071 -0.059
ρ̂(r5n+1,r5n+2−h) 0.037 0.011 0.049 -0.071 0.046 -0.002 -0.023 0.022 -0.030 -0.013
ρ̂(r5n+1,r5n+3−h) 0.006 0.062 -0.023 -0.029 0.045 0.047 0.077 0.023 0.019 0.020
ρ̂(r5n+1,r5n+4−h) 0.040 -0.084 -0.017 0.050 -0.049 -0.076 -0.014 0.002 0.058 -0.006

SP500 ρ̂(r5n+1,r5n+5−h) 0.046 0.027 0.014 -0.080 0.042 0.047 -0.007 -0.044 0.020 0.015
ρ̂(r 2

5n+1,r 2
5n+1−h) 0.167 0.252 0.097 0.143 0.093 0.025 0.112 0.064 0.066 0.031

ρ̂(r 2
5n+1,r 2

5n+2−h) 0.247 0.462 0.147 0.233 0.080 0.119 0.080 0.100 0.059 0.060
ρ̂(r 2

5n+1,r 2
5n+3−h) 0.204 0.237 0.229 0.150 0.170 0.084 0.074 0.045 0.040 0.037

ρ̂(r 2
5n+1,r 2

5n+4−h) 0.425 0.195 0.193 0.198 0.280 0.173 0.163 0.070 0.060 0.054
ρ̂(r 2

5n+1,r 2
5n+5−h) 0.097 0.126 0.194 0.160 0.230 0.157 0.162 0.076 0.104 0.040

1 2 3 4 5 6 7 8 9 10
ρ̂(r5n+1,r5n+1−h) -0.071 -0.010 0.045 0.004 0.015 -0.028 0.006 -0.016 0.025 0.005
ρ̂(r5n+1,r5n+2−h) -0.004 -0.037 -0.003 -0.030 -0.002 -0.052 0.055 -0.034 0.009 0.016
ρ̂(r5n+1,r5n+3−h) 0.059 -0.030 0.047 -0.003 -0.002 -0.011 0.007 0.037 -0.020 -0.018
ρ̂(r5n+1,r5n+4−h) 0.032 0.054 -0.066 0.028 -0.012 -0.023 -0.006 -0.022 -0.028 -0.028

Nikkei ρ̂(r5n+1,r5n+5−h) 0.000 0.004 -0.025 0.049 0.001 0.031 0.032 -0.005 -0.003 0.011
ρ̂(r 2

5n+1,r 2
5n+1−h) 0.069 0.038 0.018 0.023 0.054 0.059 0.043 0.018 0.015 0.046

ρ̂(r 2
5n+1,r 2

5n+2−h) 0.051 0.044 0.030 0.042 0.016 0.020 0.029 0.007 0.003 0.015
ρ̂(r 2

5n+1,r 2
5n+3−h) 0.114 0.096 0.049 0.004 0.050 0.016 0.040 0.041 0.026 0.045

ρ̂(r 2
5n+1,r 2

5n+4−h) 0.194 0.109 0.102 0.032 0.032 0.015 -0.002 0.033 0.008 0.120
ρ̂(r 2

5n+1,r 2
5n+5−h) 0.071 0.028 0.053 0.039 0.047 0.007 0.010 0.027 0.019 0.036
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Table 4.13 – Modified and standard versions of portmanteau tests to check the null hypothesis that the
returns follow a periodic white noise, based on m squared residuals autocovariances.

Index Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

LBMS(1) 0.083 0.113 0.210 0.335 0.468 0.210 0.277 0.178 0.225 0.286 0.351 0.431
LBMS(2) 0.001 0.000 0.000 0.001 0.002 0.003 0.005 0.009 0.010 0.014 0.014 0.016
LBMS(3) 0.617 0.806 0.508 0.675 0.051 0.068 0.079 0.104 0.116 0.147 0.189 0.083
LBMS(4) 0.504 0.570 0.276 0.424 0.516 0.508 0.253 0.248 0.310 0.393 0.461 0.436
LBMS(5) 0.423 0.674 0.324 0.079 0.071 0.075 0.010 0.018 0.031 0.047 0.066 0.016
LBMW(1) 0.263 0.435 0.570 0.710 0.797 0.641 0.695 0.619 0.664 0.711 0.755 0.817
LBMW(2) 0.005 0.007 0.007 0.015 0.039 0.054 0.085 0.111 0.129 0.170 0.159 0.176
LBMW(3) 0.782 0.905 0.766 0.872 0.374 0.414 0.436 0.501 0.523 0.591 0.654 0.522

CAC 40 LBMW(4) 0.631 0.760 0.607 0.745 0.833 0.840 0.671 0.675 0.740 0.814 0.848 0.823
LBMW(5) 0.604 0.842 0.678 0.433 0.428 0.419 0.236 0.295 0.345 0.389 0.446 0.293
LBMSN(1) 8.8 22.3 32.5 33.1 61.2 61.5 62.3 86.8 253.2 262.0 295.6 333.8
LBMSN(2) 75.0 152.0 156.6 370.1 406.7 410.1 445.7 905.0 906.0 907.0 1071.4 1208.8
LBMSN(3) 0.9 10.6 10.9 16.2 126.6 136.7 137.9 158.9 178.7 189.4 203.6 216.5
LBMSN(4) 1.3 11.6 49.7 57.6 60.7 150.3 375.1 382.4 383.3 383.3 430.5 462.0
LBMSN(5) 2.7 31.5 55.8 127.8 166.0 187.3 188.4 327.8 403.3 544.2 548.1 699.1

LBMS 0.011 0.016 0.005 0.009 0.003 0.002 0.001 0.001 0.002 0.007 0.015 0.004
LBMW 0.247 0.426 0.420 0.513 0.472 0.456 0.359 0.404 0.494 0.610 0.668 0.572
LBMSN 201.6 367.2 741.2 1334.8 1660.1 2363.3 2425.7 3318.8 4241.9 5046.5 5889.5 6504.8

1 2 3 4 5 6 7 8 9 10 11 12
LBMS(1) 0.166 0.217 0.247 0.360 0.498 0.524 0.602 0.499 0.506 0.600 0.367 0.368
LBMS(2) 0.016 0.014 0.033 0.062 0.067 0.016 0.026 0.010 0.016 0.002 0.003 0.004
LBMS(3) 0.298 0.408 0.393 0.328 0.147 0.217 0.298 0.194 0.266 0.127 0.075 0.085
LBMS(4) 0.205 0.005 0.008 0.009 0.001 0.002 0.002 0.004 0.005 0.009 0.003 0.003
LBMS(5) 0.256 0.148 0.236 0.295 0.052 0.087 0.070 0.089 0.128 0.090 0.103 0.018
LBMW(1) 0.350 0.496 0.546 0.674 0.773 0.806 0.849 0.800 0.799 0.859 0.751 0.773
LBMW(2) 0.048 0.123 0.175 0.273 0.329 0.205 0.271 0.198 0.230 0.116 0.137 0.199
LBMW(3) 0.555 0.685 0.738 0.749 0.643 0.733 0.798 0.725 0.787 0.690 0.628 0.650

DAX LBMW(4) 0.437 0.140 0.190 0.237 0.177 0.210 0.227 0.253 0.279 0.322 0.247 0.246
LBMW(5) 0.438 0.437 0.560 0.651 0.356 0.420 0.410 0.443 0.503 0.446 0.475 0.283
LBMSN(1) 13.7 14.0 66.0 117.0 117.3 121.1 121.4 148.5 180.7 181.0 209.0 252.7
LBMSN(2) 18.9 40.8 43.7 62.6 62.6 63.0 113.3 116.1 117.2 179.0 182.7 187.7
LBMSN(3) 1.9 16.6 55.4 89.4 137.6 172.1 189.5 218.1 218.2 357.6 412.9 462.7
LBMSN(4) 1.9 50.2 86.8 140.6 140.9 170.3 171.5 222.7 300.2 316.6 319.5 390.1
LBMSN(5) 4.8 83.5 84.7 194.1 208.5 209.8 259.8 330.4 359.3 392.6 430.2 430.8

LBMS 0.040 0.002 0.006 0.014 0.001 0.001 0.001 0.001 0.002 0.000 0.000 0.000
LBMW 0.407 0.307 0.470 0.622 0.455 0.481 0.558 0.509 0.586 0.479 0.405 0.399
LBMSN 143.5 541.5 736.3 960.5 1644.0 2049.5 2363.4 3694.2 3982.4 5504.6 6356.8 6779.2
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Table 4.14 – Modified and standard versions of portmanteau tests to check the null hypothesis that the
returns follow a periodic white noise, based on m squared residuals autocovariances.

Index Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

LBMS(1) 0.496 0.349 0.097 0.124 0.195 0.272 0.075 0.084 0.015 0.005 0.008 0.002
LBMS(2) 0.000 0.000 0.000 0.001 0.002 0.003 0.007 0.012 0.020 0.027 0.028 0.028
LBMS(3) 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(4) 0.960 0.822 0.000 0.000 0.001 0.001 0.001 0.000 0.000 0.000 0.000 0.000
LBMS(5) 0.224 0.470 0.100 0.116 0.192 0.012 0.007 0.002 0.004 0.003 0.001 0.001
LBMW(1) 0.686 0.765 0.585 0.657 0.732 0.783 0.608 0.638 0.443 0.343 0.381 0.294
LBMW(2) 0.027 0.048 0.157 0.215 0.264 0.340 0.409 0.476 0.544 0.583 0.589 0.607
LBMW(3) 0.152 0.193 0.425 0.363 0.299 0.325 0.331 0.343 0.329 0.316 0.318 0.297

SP500 LBMW(4) 0.983 0.948 0.133 0.174 0.247 0.231 0.289 0.252 0.213 0.219 0.148 0.172
LBMW(5) 0.365 0.666 0.315 0.407 0.504 0.152 0.130 0.104 0.127 0.130 0.080 0.103
LBMSN(1) 0.4 34.8 115.4 140.6 155.1 172.6 262.9 267.9 294.9 326.4 334.8 582.8
LBMSN(2) 25.9 37.9 142.6 166.0 185.5 192.0 284.5 295.9 337.4 343.7 375.5 384.6
LBMSN(3) 13.5 19.3 25.9 45.3 45.3 203.9 237.5 243.1 348.0 350.4 354.3 366.3
LBMSN(4) 0.0 1.7 93.4 93.6 93.8 94.9 102.4 140.6 213.8 216.8 233.0 233.1
LBMSN(5) 12.8 14.3 73.2 93.6 153.2 234.0 244.7 300.1 419.2 426.1 441.9 462.7

LBMS 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMW 0.149 0.354 0.279 0.361 0.359 0.342 0.324 0.322 0.292 0.284 0.258 0.263
LBMSN 205.3 384.9 658.0 1445.5 1563.3 1787.3 1937.5 2006.4 2458.9 2797.1 3173.7 3848.8

1 2 3 4 5 6 7 8 9 10 11 12
LBMS(1) 0.015 0.048 0.037 0.075 0.119 0.138 0.204 0.262 0.290 0.371 0.441 0.394
LBMS(2) 0.089 0.222 0.196 0.319 0.219 0.139 0.158 0.205 0.127 0.178 0.208 0.213
LBMS(3) 0.571 0.832 0.697 0.837 0.851 0.920 0.952 0.974 0.986 0.993 0.992 0.996
LBMS(4) 0.069 0.157 0.265 0.336 0.307 0.404 0.503 0.551 0.622 0.477 0.556 0.567
LBMS(5) 0.199 0.412 0.273 0.128 0.121 0.023 0.040 0.022 0.032 0.049 0.067 0.083
LBMW(1) 0.045 0.117 0.079 0.137 0.209 0.256 0.355 0.403 0.431 0.525 0.595 0.567
LBMW(2) 0.118 0.343 0.438 0.537 0.461 0.396 0.413 0.471 0.376 0.432 0.458 0.462
LBMW(3) 0.652 0.898 0.805 0.897 0.910 0.956 0.972 0.987 0.993 0.997 0.996 0.998

Nikkei LBMW(4) 0.279 0.445 0.574 0.622 0.577 0.639 0.701 0.740 0.778 0.678 0.758 0.755
LBMW(5) 0.620 0.769 0.696 0.568 0.573 0.398 0.449 0.373 0.405 0.436 0.460 0.488
LBMSN(1) 54.4 54.5 126.8 127.8 221.0 226.9 579.8 605.1 609.4 919.6 923.9 979.8
LBMSN(2) 14.0 14.0 85.0 123.7 171.5 176.9 177.6 215.6 240.1 240.2 319.8 320.4
LBMSN(3) 2.1 2.4 5.2 10.9 21.9 23.1 25.5 53.4 53.4 71.2 98.1 98.3
LBMSN(4) 5.3 6.1 54.0 94.8 100.5 115.2 126.8 127.5 127.7 176.7 324.8 345.9
LBMSN(5) 2.7 3.6 18.5 40.3 111.3 133.8 229.6 291.9 292.8 308.1 340.9 499.5

LBMS 0.015 0.135 0.096 0.155 0.145 0.069 0.153 0.182 0.211 0.291 0.409 0.444
LBMW 0.323 0.609 0.597 0.641 0.630 0.545 0.640 0.671 0.689 0.742 0.809 0.821
LBMSN 343.6 426.6 1013.1 1309.4 1602.2 2142.9 2931.9 3909.1 4737.3 5585.1 7404.2 8118.3
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Table 4.15 – QLS estimates, their p−values (in parentheses) and their estimated standard errors (in brack-
ets) of a weak PARMA5(1,1) model fitted to the mean corrected series of the squared returns of the CAC
40 and DAX indices.

Index CAC 40 DAX
NT 6830 6740
Day µ̂ν φ̂ν θ̂ν σ̂ν µ̂ν φ̂ν θ̂ν σ̂ν

Monday 1.094
(0.000)
[0.256]

2.183
(0.000)
[0.225]

1.958
(0.000)
[0.197]

8.844 ×10−8 1.399
(0.000)
[0.335]

2.062
(0.000)
[0.315]

1.825
(0.000)
[0.279]

11.964 ×10−8

Tuesday −0.363
(0.001)
[0.113]

0.444
(0.004)
[0.153]

0.411
(0.006)
[0.148]

3.958 ×10−8 −0.279
(0.098)
[0.168]

0.954
(0.000)
[0.182]

0.929
(0.000)
[0.179]

5.458 ×10−8

Wenesday −0.325
(0.005)
[0.116]

1.501
(0.007)
[0.552]

1.501
(0.008)
[0.567]

3.648 ×10−8 −0.459
(0.000)
[0.107]

0.702
(0.000)
[0.095]

0.757
(0.000)
[0.074]

3.367 ×10−8

Thursday −0.059
(0.730)
[0.171]

0.840
(0.000)
[0.219]

0.767
(0.000)
[0.198]

5.979 ×10−8 −0.214
(0.224)
[0.176]

0.960
(0.000)
[0.140]

0.846
(0.000)
[0.140]

6.103 ×10−8

Friday −0.346
(0.007)
[0.128]

0.727
(0.000)
[0.165]

0.652
(0.000)
[0.169]

4.491 ×10−8 −0.447
(0.000)
[0.115]

0.664
(0.000)
[0.135]

0.595
(0.000)
[0.132]

3.978 ×10−8

Table 4.16 – QLS estimates, their p−values (in parentheses) and their estimated standard errors (in brack-
ets) of a weak PARMA5(1,1) model fitted to the mean corrected series of the squared returns of the SP500
and Nikkei indices.

Index SP500 Nikkei
NT 6550 5920
Day µ̂ν φ̂ν θ̂ν σ̂ν µ̂ν φ̂ν θ̂ν σ̂ν

Monday 0.718
(0.001)
[0.213]

1.900
(0.000)
[0.435]

1.613
(0.008)
[0.611]

7.163 ×10−8 2.716
(0.000)
[0.418]

0.738
(0.000)
[0.109]

0.529
(0.000)
[0.128]

14.391 ×10−8

Tuesday −0.149
(0.250)
[0.129]

0.871
(0.000)
[0.060]

0.747
(0.000)
[0.071]

4.093 ×10−8 −0.994
(0.000)
[0.138]

0.491
(0.000)
[0.093]

0.472
(0.000)
[0.093]

4.690 ×10−8

Wenesday −0.116
(0.502)
[0.173]

1.518
(0.000)
[0.283]

1.362
(0.000)
[0.185]

4.958 ×10−8 −0.571
(0.000)
[0.154]

1.669
(0.000)
[0.159]

1.551
(0.000)
[0.172]

4.817 ×10−8

Thursday −0.061
(0.620)
[0.123]

0.648
(0.000)
[0.118]

0.490
(0.000)
[0.109]

3.687 ×10−8 −0.646
(0.000)
[0.150]

0.900
(0.000)
[0.104]

0.654
(0.000)
[0.093]

4.670 ×10−8

Friday −0.391
(0.000)
[0.074]

0.497
(0.000)
[0.037]

0.402
(0.000)
[0.042]

2.418 ×10−8 −0.500
(0.006)
[0.182]

1.357
(0.000)
[0.241]

1.397
(0.000)
[0.363]

5.360 ×10−8
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Table 4.17 – Modified and standard versions of portmanteau tests to check the null hypothesis that the
squared returns follow a weak PARMA5(1,1) models, based on m squared residuals autocovariances.

Index Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

LBMS(1) n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(2) n.a. n.a. 0.063 0.177 0.317 0.474 0.209 0.306 0.195 0.271 0.238 0.247
LBMS(3) n.a. n.a. 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(4) n.a. n.a. 0.034 0.019 0.044 0.078 0.127 0.197 0.280 0.038 0.061 0.080
LBMS(5) n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMW(1) 0.652 0.401 0.275 0.336 0.307 0.307 0.328 0.382 0.386 0.382 0.362 0.372
LBMW(2) 0.509 0.682 0.725 0.771 0.849 0.892 0.767 0.806 0.804 0.838 0.818 0.806
LBMW(3) 0.047 0.414 0.460 0.391 0.430 0.392 0.374 0.366 0.369 0.356 0.358 0.347

CAC 40 LBMW(4) 0.291 0.311 0.550 0.462 0.524 0.517 0.544 0.581 0.590 0.478 0.491 0.488
LBMW(5) 0.409 0.555 0.260 0.254 0.267 0.240 0.253 0.203 0.215 0.249 0.268 0.274
LBMSN(1) 1.0 15.1 23.8 23.9 36.6 42.1 49.2 159.3 196.7 277.4 295.0 313.7
LBMSN(2) 2.6 2.6 6.2 29.7 29.7 35.2 96.3 106.1 137.0 142.3 228.6 250.8
LBMSN(3) 118.7 128.9 150.7 152.5 153.8 155.9 177.2 182.5 241.4 243.0 244.9 264.7
LBMSN(4) 3.0 20.7 23.9 58.2 85.7 117.0 122.5 126.4 126.8 129.7 134.4 403.5
LBMSN(5) 4.9 8.1 15.9 19.4 75.1 113.2 113.6 254.1 269.6 643.0 659.9 742.0

LBMS n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMW 0.523 0.558 0.416 0.406 0.414 0.388 0.345 0.329 0.317 0.314 0.332 0.358
LBMSN 239.6 483.0 641.0 771.3 830.9 1068.7 1300.6 1632.9 2460.4 2814.5 3299.4 6016.9

1 2 3 4 5 6 7 8 9 10 11 12
LBMS(1) n.a. n.a. 0.131 0.319 0.346 0.483 0.627 0.735 0.796 0.776 0.701 0.744
LBMS(2) n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(3) n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(4) n.a. n.a. 0.027 0.085 0.112 0.198 0.228 0.175 0.254 0.344 0.415 0.470
LBMS(5) n.a. n.a. 0.002 0.008 0.023 0.010 0.016 0.005 0.008 0.014 0.012 0.000
LBMW(1) 0.530 0.772 0.380 0.473 0.361 0.426 0.503 0.567 0.573 0.648 0.610 0.716
LBMW(2) 0.234 0.291 0.070 0.138 0.130 0.157 0.196 0.190 0.187 0.206 0.242 0.255
LBMW(3) 0.650 0.375 0.391 0.427 0.515 0.548 0.419 0.453 0.401 0.345 0.341 0.355

DAX LBMW(4) 0.503 0.583 0.479 0.539 0.559 0.584 0.586 0.483 0.526 0.569 0.574 0.576
LBMW(5) 0.177 0.345 0.315 0.391 0.445 0.358 0.438 0.361 0.366 0.396 0.386 0.272
LBMSN(1) 1.0 13.5 13.5 14.6 46.1 99.0 123.6 170.0 235.9 258.6 381.2 392.2
LBMSN(2) 19.7 21.5 80.0 80.4 80.4 112.1 134.8 157.3 159.6 182.2 199.1 204.6
LBMSN(3) 2.0 25.1 45.4 48.8 98.5 104.5 108.4 109.1 117.2 170.6 178.5 182.8
LBMSN(4) 1.2 2.5 12.4 19.1 78.0 79.1 88.5 166.2 168.0 169.9 173.3 173.3
LBMSN(5) 7.8 17.3 31.6 40.0 42.7 171.4 181.6 194.3 194.8 194.8 285.6 514.8

LBMS n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMW 0.428 0.442 0.312 0.369 0.425 0.426 0.387 0.394 0.36 0.332 0.364 0.438
LBMSN 77.0 105.9 343.8 427.1 548.1 707.6 887.5 1314.5 1542.8 1850.3 2371.7 3368.8
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Table 4.18 – Modified and standard versions of portmanteau tests to check the null hypothesis that the
squared returns follow a weak PARMA5(1,1) models, based on m squared residuals autocovariances.

Index Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

LBMS(1) n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(2) n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(3) n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(4) n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(5) n.a. n.a. 0.006 0.018 0.010 0.001 0.003 0.004 0.000 0.001 0.001 0.000
LBMW(1) 0.632 0.378 0.386 0.412 0.455 0.386 0.396 0.377 0.343 0.342 0.365 0.372
LBMW(2) 0.097 0.299 0.312 0.298 0.394 0.401 0.384 0.381 0.388 0.402 0.408 0.407
LBMW(3) 0.126 0.231 0.270 0.276 0.231 0.257 0.248 0.249 0.257 0.253 0.233 0.240

SP500 LBMW(4) 0.534 0.489 0.366 0.423 0.407 0.425 0.434 0.425 0.418 0.409 0.412 0.412
LBMW(5) 0.733 0.878 0.659 0.713 0.646 0.522 0.545 0.517 0.383 0.456 0.467 0.453
LBMSN(1) 0.5 13.4 19.9 20.4 39.2 52.7 116.0 140.1 141.1 142.3 169.4 187.9
LBMSN(2) 10.7 14.2 16.2 16.6 27.0 28.6 37.7 46.5 87.8 88.7 91.5 164.3
LBMSN(3) 9.9 10.0 15.4 25.8 34.4 43.9 44.7 146.5 147.4 150.7 153.1 192.4
LBMSN(4) 1.6 13.7 14.0 44.0 51.3 52.8 72.9 126.5 126.7 134.9 211.9 217.7
LBMSN(5) 0.5 3.9 18.1 125.7 136.4 144.2 146.3 159.5 243.3 256.4 257.9 322.6

LBMS n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMW 0.526 0.345 0.344 0.369 0.400 0.389 0.394 0.388 0.335 0.332 0.352 0.361
LBMSN 51.1 234.4 303.2 629.0 882.3 1263.3 2209.1 3376.7 4499.5 4661.4 7230.0 7631.6

1 2 3 4 5 6 7 8 9 10 11 12
LBMS(1) n.a. n.a. 0.735 0.925 0.829 0.795 0.853 0.919 0.958 0.906 0.932 0.947
LBMS(2) n.a. n.a. 0.001 0.002 0.005 0.005 0.009 0.017 0.029 0.047 0.055 0.083
LBMS(3) n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMS(4) n.a. n.a. 0.000 0.000 0.000 0.001 0.002 0.003 0.006 0.004 0.008 0.010
LBMS(5) n.a. n.a. 0.021 0.062 0.131 0.211 0.179 0.205 0.292 0.283 0.362 0.052
LBMW(1) 0.781 0.967 0.976 0.987 0.892 0.863 0.885 0.910 0.931 0.922 0.933 0.949
LBMW(2) 0.228 0.256 0.281 0.281 0.292 0.272 0.279 0.289 0.294 0.291 0.303 0.312
LBMW(3) 0.586 0.604 0.220 0.192 0.195 0.195 0.186 0.210 0.210 0.207 0.212 0.214

Nikkei LBMW(4) 0.096 0.113 0.476 0.488 0.497 0.501 0.517 0.515 0.519 0.518 0.533 0.519
LBMW(5) 0.270 0.634 0.640 0.647 0.672 0.692 0.634 0.648 0.672 0.642 0.666 0.486
LBMSN(1) 0.0 0.3 1.4 2.1 10.5 19.6 32.4 32.5 37.3 160.2 213.0 216.1
LBMSN(2) 5.4 25.7 34.4 56.7 88.6 88.8 93.3 234.4 299.0 308.9 345.4 459.1
LBMSN(3) 1.2 6.3 20.1 214.9 215.6 220.8 283.7 289.1 377.6 533.5 654.6 782.1
LBMSN(4) 33.2 53.3 70.1 87.6 99.5 125.9 127.2 127.3 139.5 174.4 182.0 363.1
LBMSN(5) 10.9 23.6 23.8 25.6 47.4 50.5 163.3 163.8 267.4 354.6 395.2 516.7

LBMS n.a. n.a. 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
LBMW 0.150 0.356 0.406 0.388 0.400 0.404 0.397 0.417 0.425 0.452 0.455 0.440
LBMSN 102.2 140.3 1062.8 1962.3 2536.5 3060.9 3719.6 4521.2 5420.0 6002.4 6715.0 8404.3
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Figure 4.1 – Autocorrelation of the PARMA5(1,1) residuals for the squares of the CAC 40 returns. The
horizontal dotted lines (blue color) correspond to the 5% significant limits obtained under the strong
PARMA5(1,1) assumption. The solid lines (red color) and dashed lines (green color) correspond also
to the 5% significant limits under the weak PARMA5(1,1) assumption. The full lines correspond to the
asymptotic significance limits for the residual autocorrelations obtained in Theorem 4.3.1. The dashed
lines (green color) correspond to the self-normalized asymptotic significance limits for the residual au-
tocorrelations obtained in Theorem 4.3.5.
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Figure 4.2 – Autocorrelation of the PARMA5(1,1) residuals for the squares of the DAX returns. The
horizontal dotted lines (blue color) correspond to the 5% significant limits obtained under the strong
PARMA5(1,1) assumption. The solid lines (red color) and dashed lines (green color) correspond also
to the 5% significant limits under the weak PARMA5(1,1) assumption. The full lines correspond to the
asymptotic significance limits for the residual autocorrelations obtained in Theorem 4.3.1. The dashed
lines (green color) correspond to the self-normalized asymptotic significance limits for the residual au-
tocorrelations obtained in Theorem 4.3.5.
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Figure 4.3 – Autocorrelation of the PARMA5(1,1) residuals for the squares of the SP500 returns. The
horizontal dotted lines (blue color) correspond to the 5% significant limits obtained under the strong
PARMA5(1,1) assumption. The solid lines (red color) and dashed lines (green color) correspond also
to the 5% significant limits under the weak PARMA5(1,1) assumption. The full lines correspond to the
asymptotic significance limits for the residual autocorrelations obtained in Theorem 4.3.1. The dashed
lines (green color) correspond to the self-normalized asymptotic significance limits for the residual au-
tocorrelations obtained in Theorem 4.3.5.
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Figure 4.4 – Autocorrelation of the PARMA5(1,1) residuals for the squares of the Nikkei returns. The
horizontal dotted lines (blue color) correspond to the 5% significant limits obtained under the strong
PARMA5(1,1) assumption. The solid lines (red color) and dashed lines (green color) correspond also
to the 5% significant limits under the weak PARMA5(1,1) assumption. The full lines correspond to the
asymptotic significance limits for the residual autocorrelations obtained in Theorem 4.3.1. The dashed
lines (green color) correspond to the self-normalized asymptotic significance limits for the residual au-
tocorrelations obtained in Theorem 4.3.5.
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4.6 Proofs

4.6.1 Proof of Proposition 4.3.1

First we remark that the asymptotic normality of the joint distribution of
p

N(α̂′LS−α
′
0,γ

′
m(ν))

′

can be established along the same lines as the proof of Theorem 2 in [20]. The detailed proof is
omitted. From (4.14) and (4.21) we have

p
N

(
α̂LS −α0

γm(ν)

)
= 1p

N

N−1∑
n=0

(−J(α0,ω2)−1 ∑T
ν=1ω

−2
ν εnT+ν ∂εnT+ν(α0)

∂α

(εnT+ν−1, . . . ,εnT+ν−m)
′
εnT+ν

)
+

(
oP(1)

0m

)

= 1p
N

N−1∑
n=0

WnT+ν+oP(1),

where 0m is the vector of Rm×1 with zero components. It is clear that WnT+ν is a measurable
function of εnT+ν,εnT+ν−1, . . . Thus by using the same arguments as in [20] (see proof of Theorem
2), the central limit theorem (CLT) for strongly mixing processes (WnT+ν)n∈Z of [24] implies that
(1/

p
N)

∑N−1
n=0 WnT+ν has a limiting normal distribution with mean 0 and covariance matrixΞ(ν).

In view of (4.21), by applying the CLT for mixing processes we directly obtain

ΩLS = lim
N→∞

Var

(
− 1p

N

N−1∑
n=0

J(α0,ω2)−1
T∑
ν=1

ω−2
ν εnT+ν

∂εnT+ν(α0)

∂α

)
:= J(α0,ω2)−1I(α0,ω2)J(α0,ω2)−1,

which gives the first block of the asymptotic covariance matrix of Proposition 4.3.1.
By the stationarity of (εn) and Lebesgue’s dominated convergence theorem, we obtain that

for l , l
′ ≥ 1

Cov
(p

Nγ(ν, l ),
p

Nγ(ν, l ′)
)
= Cov

(
1p
N

N∑
n=l+1

εnT+νεnT+ν−l ,
1p
N

N∑
n′=l ′+1

εn′T+νεn′T+ν−l ′

)

= 1

N

N∑
n=l+1

N∑
n′=l ′+1

E (εnT+νεnT+ν−lεn′T+νεn′T+ν−l ′)

= 1

N

N−1∑
h=−N+1

(N−|h|)E(
εnT+νεnT+ν−lε(n−h)T+νε(n−h)T+ν−l ′

)
−−−−→
N→∞

∞∑
h=−∞

E
(
εnT+νεnT+ν−lε(n−h)T+νε(n−h)T+ν−l ′

)
:= Γν(l , l ′).

We thus have Σγm (ν) = [Γν(l , l
′
)]1≤l ,l ′≤m .

Let Yn =∑T
ν=1ω

−2
ν εnT+ν∂εnT+ν(α0)/∂α. Finally by the stationarity of (εn) and
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(εnT+ν∂εnT+ν(α0)/∂α)n∈Z we have

Cov

(
−J(α0,ω2)−1 1p

N

N−1∑
n=0

Yn ,
p

Nγ(ν, l )

)

= Cov

(
−J(α0,ω2)−1 1p

N

N−1∑
n=0

T∑
ν=1

ω−2
ν εnT+ν

∂εnT+ν(α0)

∂α
,

1p
N

N−1∑
n′=l

εn′T+νεn′T+ν−l

)

=−J(α0,ω2)−1
T∑

ν′=1

ω−2
ν

1

N

N−1∑
n=0

N−1∑
n′=l

E

(
εnT+ν

∂εnT+ν(α0)

∂α
εn′T+νεn′T+ν−l

)

=−J(α0,ω2)−1
T∑
ν=1

ω−2
ν

1

N

N−1∑
h=−N+1

(N−|h|)E
(
εnT+ν

∂εnT+ν(α0)

∂α
ε(n−h)T+νε(n−h)T+ν−l

)

−−−−→
N→∞

−J(α0,ω2)−1
T∑
ν=1

ω−2
ν

∞∑
h=−∞

E

(
εnT+ν

∂εnT+ν(α0)

∂α
ε(n−h)T+νε(n−h)T+ν−l

)
:=Σα̂,γm (ν)(·, l ),

by the dominated convergence theorem.
Note that the existence of the above matrices is a consequence of Assumption (A4) and of

Davydov’s inequality (see [17]). The proof is then complete. �

4.6.2 Proof of Theorem 4.3.1

The joint asymptotic distribution of
p

Nγm(ν) and
p

N(α̂LS−α0) obtained in Proposition 4.3.1
shows that

p
Nγ̂m(ν) has a limiting normal distribution with mean zero and covariance matrix

lim
N→∞

Var
(p

Nγ̂m(ν)
)
= lim

N→∞
Var

(p
Nγm(ν)

)
+Ψm(ν) lim

N→∞
Var

(p
N(α̂LS −α0)

)
Ψ

′
m(ν)

+Ψm(ν) lim
N→∞

Cov
(p

N(α̂LS −α0),
p

Nγm(ν)
)

+ lim
N→∞

Cov
(p

Nγm(ν),
p

N(α̂LS −α0)
)
Ψ

′
m(ν)

=Σγm (ν) +Ψm(ν)ΩLSΨ
′
m(ν)+Ψm(ν)Σα̂,γm (ν) +Σ

′
α̂,γm (ν)Ψ

′
m(ν).

By the stationarity of (εn) and Lebesgue’s dominated convergence theorem, we obtain that for
l , l

′ ≥ 1

Cov
(p

Nγ(ν, l ),
p

Nγ(ν′, l ′)
)
= Cov

(
1p
N

N∑
n=l+1

εnT+νεnT+ν−l ,
1p
N

N∑
n′=l ′+1

εn′T+ν′εn′T+ν′−l ′

)

= 1

N

N∑
n=l+1

N∑
n′=l ′+1

E (εnT+νεnT+ν−lεn′T+ν′εn′T+ν′−l ′)

= 1

N

N−1∑
h=−N+1

(N−|h|)E(
εnT+νεnT+ν−lε(n−h)T+ν′ε(n−h)T+ν′−l ′

)
−−−−→
N→∞

∞∑
h=−∞

E
(
εnT+νεnT+ν−lε(n−h)T+ν′ε(n−h)T+ν′−l ′

)
:= Γν,ν′(l , l ′).

We thus have Σγm (ν,ν′) = [Γν,ν′(l , l
′
)]1≤l ,l ′≤m .
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Finally by the stationarity of (εn) and (εnT+ν∂εnT+ν(α0)/∂α)n∈Z we have

Cov
(p

N(α̂LS −α0),
p

Nγ(ν′, l )
)

= Cov

(
−J(α0,ω2)−1 1p

N

N−1∑
n=0

T∑
ν=1

ω−2
ν εnT+ν

∂εnT+ν(α0)

∂α
,

1p
N

N−1∑
n′=l

εn′T+ν′εn′T+ν′−l

)

=−J(α0,ω2)−1
T∑

ν′=1

ω−2
ν

1

N

N−1∑
n=0

N−1∑
n′=l

E

(
εnT+ν

∂εnT+ν(α0)

∂α
εn′T+ν′εn′T+ν′−l

)

=−J(α0,ω2)−1
T∑
ν=1

ω−2
ν

1

N

N−1∑
h=−N+1

(N−|h|)E
(
εnT+ν

∂εnT+ν(α0)

∂α
ε(n−h)T+ν′ε(n−h)T+ν′−l

)

−−−−→
N→∞

−J(α0,ω2)−1
T∑
ν=1

ω−2
ν

∞∑
h=−∞

E

(
εnT+ν

∂εnT+ν(α0)

∂α
ε(n−h)T+ν′ε(n−h)T+ν′−l

)
:=Σα̂,γm (ν,ν′)(·, l ),

by the dominated convergence theorem. We then deduce that

lim
N→∞

Cov
(p

Nγ̂m(ν),
p

Nγ̂m(ν′)
)
= lim

N→∞
Cov

(p
Nγm(ν),

p
Nγm(ν′)

)
+Ψm(ν) lim

N→∞
Var

(p
N(α̂LS −α0)

)
Ψ

′
m(ν′)

+Ψm(ν) lim
N→∞

Cov
(p

N(α̂LS −α0),
p

Nγm(ν′)
)

+ lim
N→∞

Cov
(p

Nγm(ν),
p

N(α̂LS −α0)
)
Ψ

′
m(ν′)

=Σγm (ν,ν′)+Ψm(ν)ΩLSΨ
′
m(ν′)+Ψm(ν)Σα̂,γm (ν,ν′)

+Σ′
α̂,γm (ν)Ψ

′
m(ν′)

=: ∇γ̂(ν,ν′).

We come back to the vector ρ̂m(ν) and observe that from (4.17), we have
p

N(γ̂(ν,0)−γ(ν,0)) =
oP(1). Applying the CLT for mixing processes (see [24]) to the process (ε2

t )t , we obtain

p
N

(
σ̂2
ν−σ2

ν

)= 1p
N

N−1∑
n=0

(
ε2

nT+ν−E[ε2
nT+ν]

)+oP(1)
in law−−−−→
N→∞

N

(
0,

∞∑
h=−∞

Cov
(
ε2
ν,ε2

hT+ν
))

.

So we have
p

N(σ̂2
ν −σ2

ν) = OP(1) and
p

N(γ(ν,0)−σ2
ν) = OP(1). Using the δ−method we de-

duce that
p

N(
√
σ̂2
ν−

√
σ2
ν) = OP(1) and

p
N(

√
γ(ν,0)−

√
σ2
ν) = OP(1). Now using (4.23) and the

ergodic theorem we obtain

N

(
γ̂(ν,h)√

γ̂(ν,0)γ̂(ν−h,0)
− γ̂(ν,h)

σνσν−h

)
=
p

Nγ̂(ν,h)

p
N

(
σνσν−h −√

γ̂(ν,0)γ̂(ν−h,0)
)

σνσν−hγ̂(ν,0)
= OP(1),

which means
p

Nρ̂(ν,h) =p
Nγ̂(ν,h)/(σνσν−h)+OP(N−1/2). For h = 1, . . . ,m, it follows that

p
Nρ̂m(ν) = D−1

m (ν)
(p

Nγ̂(ν,1), . . . ,
p

Nγ̂(ν,m)
)′
+oP(1) =

p
ND−1

m (ν)γ̂m(ν)+oP(1), (4.38)

where Dm(ν) = Diag(σνσν−1, . . . ,σνσν−m). Thus from (4.38) the asymptotic distribution of the
residual autocorrelations

p
Nρ̂m(ν) depends on the distribution of

p
Nγ̂m(ν). Consequently we

have
lim

N→∞
Var

(p
Nρ̂m(ν)

)
= lim

N→∞
Var

(
D−1

m (ν)
p

Nγ̂m(ν)
)
= D−1

m (ν)∇γ̂(ν,ν)D−1
m (ν).
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Observe that from (4.38) we deduce

p
Nρ̂mT =

(
D−1

m (ν)
p

Nγ̂m(1), . . . ,D−1
m (ν)

p
Nγ̂m(T)

)′
+oP(1)

= D−1
mT

p
Nγ̂mT +oP(1), (4.39)

where DmT = Diag(σ1σ1−1, . . . ,σ1σ1−m , . . . ,σTσT−1, . . . ,σTσT−m).
Thus from (4.39) the asymptotic distribution of the residual autocorrelations

p
Nρ̂mT de-

pends on the distribution of
p

Nγ̂mT. Consequently we have

lim
N→∞

Var
(p

Nρ̂m

)
= lim

N→∞
Var

(
D−1

mT

p
Nγ̂mT

)
= D−1

mT∇γ̂D−1
mT =: ∇ρ̂.

The proof is completed. �

4.6.3 Proof of Proposition 4.3.2

The following proofs are quite technical and are adaptations of the arguments used in [13].
To prove the invertibility of the normalized matrix Cm(ν,ν) we need to introduce the follow-

ing notation. Let Si
n(ν) be the i -th component of the vector Sn(ν) =∑n

j=0

(
Λ(ν)W j T+ν−γm(ν)

) ∈
Rm . We remark that

Si
n−1(ν) = Si

n(ν)−
(p+q)T∑

k=1
δi ,k (ν)ω−2

ν εnT+ν
∂

∂αk
εnT+ν(α0)−εnT+νεnT+ν−i +γ(ν, i ), (4.40)

where δi ,k (ν) is the (i ,k)−th entry of the m × (p +q)T matrix G(ν) :=−Ψm(ν)J(α0,ω2)−1.
If the matrix Cm(ν,ν) is not invertible, there exists some real constants c1, . . . ,cm not all equal

to zero, such that we have

m∑
i=1

m∑
j=1

c j [Cm(ν,ν)]i j ci = 1

N2

N−1∑
n=0

m∑
i=1

m∑
j=1

c j S j
n(ν)Si

n(ν)ci = 1

N2

N−1∑
n=0

(
m∑

i=1
ci Si

n(ν)

)2

= 0,

which implies that
∑m

i=1 ci Si
n(ν) = 0 for all n ≥ 0.

Then by (4.40) it would imply that

m∑
i=1

(p+q)T∑
k=1

ciδi ,k (ν)ω−2
ν εnT+ν

∂

∂αk
εnT+ν(α0)+

m∑
i=1

ci εnT+νεnT+ν−i =
m∑

i=1
ciγ(ν, i ). (4.41)

By the ergodic Theorem, we also have
∑m

i=1 ciγ(ν, i ) → 0 almost-surely as N goes to infinity.
Consequently replacing this convergence in (4.41) implies that for all n ≥ 0

m∑
i=1

(p+q)T∑
k=1

ci

T∑
ν=1

δi ,k (ν)ω−2
ν εnT+ν

∂

∂αk
εnT+ν(α0)+

m∑
i=1

ci εnT+νεnT+ν−i = 0, a.s.

Note that from (4.6) and under (A1) we have

εn(α0) =Φ−1(L)Θ(L)Xn . (4.42)

In view of (4.42) we deduce
∂εn(α0)

∂αi
=

∞∑
`=1

d ′
`εn−`(α0), (4.43)
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where the sequence of matrices d` = d`(i ) is such that ‖d`‖ → 0 at a geometric rate as `→ ∞
(see for instance [20, Lemma 7.11]). Using (4.43), the ν−th component of ∂εn(α0)/∂αi is of the
form:

∂

∂αi
εnT+ν(α0) =

∞∑
`=1

T∑
j=1

d ′
`(ν, j )εnT+ν−`(α0) (4.44)

where |d ′
`
(ν, j )| = |d ′

`
(i ,ν, j )| ≤ Kτ` uniformly in (i ,ν, j ) ∈ {1, . . . , (p + q)T}× {1, . . . ,T}2 and τ is a

constant belonging to [0,1) with K > 0. In view of (4.44) it yields that

εnT+ν

{∑
`≥1

(
m∑

i=1

(p+q)T∑
k=1

ciδi ,k (ν)
T∑

j=1
d ′
`(ν, j )εnT+ν−`ω−2

ν

)
εnT+ν−`+

m∑
`=1

c`εnT+ν−`

}
= 0, a.s.

Or equivalently,

εnT+ν

{
m∑
`=1

(
m∑

i=1

(p+q)T∑
k=1

ciδi ,k (ν)
T∑

j=1
d ′
`(ν, j )ω−2

ν + c`

)
εnT+ν−`

+ ∑
`≥m+1

(
m∑

i=1

(p+q)T∑
k=1

ciδi ,k (ν)
T∑

j=1
d ′
`(ν, j )ω−2

ν

)
εnT+ν−`

}
= 0, a.s.

Thanks to Assumption (A5), (εn)n∈Z has a positive density in some neighborhood of zero and
then εnT+ν 6= 0 almost-surely. Hence we obtain

m∑
`=1

(
m∑

i=1

(p+q)T∑
k=1

ci

T∑
ν=1

δi ,k (ν)
T∑

j=1
d ′
`(ν, j )ω−2

ν + c`

)
εnT+ν−`

+ ∑
`≥m+1

(
m∑

i=1

(p+q)T∑
k=1

ci

T∑
ν=1

δi ,k (ν)
T∑

j=1
d ′
`(ν, j )ω−2

ν

)
εnT+ν−` = 0, a.s.

Since the variance of the linear periodic innovation process in not equal to zero, we deduce that
∑m

i=1

∑(p+q)T
k=1 ciδi ,k (ν)

∑T
j=1 d ′

`
(ν, j )ω−2

ν + c` = 0 for all ` ∈ {1, . . . ,m}

∑m
i=1

∑(p+q)T
k=1 ciδi ,k (ν)

∑T
j=1 d ′

`
(ν, j )ω−2

ν = 0 for all ` ∈ {m +1, . . . } .

Then we would have c1 = ·· · = cm = 0 which is impossible. Thus we have a contradiction and
the matrix Cm(ν,ν) ∈Rm×m is non singular.

The proof of the matrix CmT ∈RmT×mT follows the same lines that of Cm(ν,ν). �
The proofs of Theorems 4.3.4 and 4.3.5 are similar to that given by [13] in the weak ARMA

case.

4.6.4 Proof of Theorem 4.3.4

We recall that the Skorokhod space D`[0,1] is the set of R`−valued functions on [0,1] which
are right-continuous and has left limits everywhere. It is endowed with the Skorokhod topology

and the weak convergence on D`[0,1] is mentioned by
D`−→.

The proof is divided in two steps.
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Functional central limit theorem for (Λ(ν)WnT+ν)n∈Z

In view of (4.19) and (4.22) we deduce that

p
Nγ̂m(ν) =

p
Nγm(ν)+

p
NΨm(ν) (α̂LS −α0)+oP(1)

= 1p
N

N−1∑
n=0

W2,nT+ν+Ψm(ν)

(
1p
N

N−1∑
n=0

W1,nT+ν+oP(1)

)
+oP(1)

= 1p
N

N−1∑
n=0

Λ(ν)WnT+ν+oP(1). (4.45)

Now it is clear that the asymptotic behaviour of γ̂m(ν) is related to the limit distribution of
(WnT+ν)n∈Z = (W

′
1,nT+ν,W

′
2,nT+ν)

′
n∈Z. Our first goal is to show that there exists a lower triangular

matrix Π(ν) with nonnegative diagonal entries such that

1p
N

bNr c−1∑
n=0

Λ(ν)WnT+ν
Dm

−→
N→∞

(
Π(ν)Π

′
(ν)

)1/2
Bm(r ), (4.46)

where (Bm(r ))r≥0 is a m−dimensional standard Brownian motion. Let t = nT+ν and using
(4.44), Wt can be rewritten as

Wt =
(
−

{ ∞∑
`=1

T∑
j=1

d ′
`(1,ν, j )εtεt−i , . . . ,

∞∑
`=1

T∑
j=1

d ′
`((p +q)T,ν, j )εtεt−i

}′
J(α0,ω2)−1′ ,εtεt−1, . . . ,εtεt−m

)′

.

The non-correlation between εt ’s implies that the process (Wt )t of R(p+q)T+m is centered. In
order to apply the functional central limit theorem for strongly mixing process (see [24]), we
need to identify the asymptotic covariance matrix in the classical central limit theorem for the
sequence (Wt )t . It is proved in Proposition 4.3.1 that

1p
N

N−1∑
n=0

WnT+ν
in law−−−−→
N→∞

N
(
0,Ξ(ν) := 2π fW(0)

)
,

where fW(0) is the spectral density of the stationary process (WnT+ν)n∈Z evaluated at frequency
0. The existence of the matrix Ξ(ν) is a consequence of Assumption (A4) and of Davydov’s
inequality (see [17]). Since the matrix Ξ(ν) is positive definite it can be factorized as Ξ(ν) =
Υ(ν)Υ

′
(ν), where the (pT+qT+m)×(pT+qT+m) lower triangular matrixΥ(ν) has nonnegative

diagonal entries. Therefore we have

1p
N

N−1∑
n=0

Λ(ν)WnT+ν
in law−−−−→
n→∞ N

(
0,Λ(ν)Ξ(ν)Λ

′
(ν)

)
,

and the new variance matrix can also been factorized as

Λ(ν)Ξ(ν)Λ
′
(ν) = (Λ(ν)Υ(ν))(Λ(ν)Υ(ν))

′
:=Π(ν)Π

′
(ν),

where Π(ν) ∈Rm×(pT+qT). Thus

1p
N

N−1∑
n=0

(Π(ν)Π
′
(ν))−1/2Λ(ν)WnT+ν

in law−→
N→∞

N (0, Im),

where (Π(ν)Π
′
(ν))−1/2 is the Moore-Penrose inverse (see [36], p. 36) of (Π(ν)Π

′
(ν))1/2.
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Using the same arguments as in the proof of Theorem 2 in [20] the asymptotic distribution
of N−1/2 ∑N−1

n=0 WnT+ν when N tends to infinity is obtained by introducing the random vector
Wk

t := Wk
nT+ν defined for any strictly positive integer k by

Wk
t =

(
−

{
k∑
`=1

T∑
j=1

d ′
`(1,ν, j )εtεt−i , . . . ,

k∑
`=1

T∑
j=1

d ′
`((p +q)T,ν, j )εtεt−i

}′
J(α0,ω2)−1′ ,εtεt−1, . . . ,εtεt−m

)′

.

Since Wk
nT+ν depends on a finite number of values of the periodic noise process (εnT+ν)n∈Z. It

also satisfies a mixing property (see Theorem 14.1 in [16], p. 210). Then applying the central
limit theorem for strongly mixing process of [24] shows that its asymptotic distribution is nor-
mal with zero mean and variance matrix Ξk (ν,ν) that converges when k tends to infinity to
Ξ(ν). More precisely we have

1p
N

N−1∑
n=0

Wk
nT+ν

in law−−−−→
N→∞

N (0,Ξk (ν)) .

The above arguments also apply to matrixΞk (ν) with some matrixΠk (ν) which is defined anal-
ogously as Π(ν). Consequently we obtain

1p
N

N−1∑
n=0

Λ(ν)Wk
nT+ν

in law−−−−→
n→∞ N

(
0,Λ(ν)Ξk (ν)Λ

′
(ν)

)
and we also have N−1/2 ∑N−1

n=0 (Πk (ν)Π
′
k (ν))−1/2Λ(ν)Wk

nT+ν
in law−−−−→
N→∞

N (0, Im).

Now we are able to apply the functional central limit theorem (see [24]) and we obtain that

1p
N

bNr c−1∑
n=0

(Πk (ν)Π
′
k (ν))−1/2Λ(ν)Wk

nT+ν
Dm

−→
N→∞

Bm(r ).

Since for all n ∈ {0, . . . ,bnr c−1} we write

(Π(ν)Π
′
(ν))−1/2Λ(ν)Wk

nT+ν =
(
(Π(ν)Π

′
(ν))−1/2 − (Πk (ν)Π

′
k (ν))−1/2

)
Λ(ν)Wk

nT+ν

+ (Πk (ν)Π
′
k (ν))−1/2Λ(ν)Wk

nT+ν,

we obtain the following weak convergence on Dm [0,1]:

1p
N

bNr c−1∑
n=0

(Π(ν)Π
′
(ν))−1/2Λ(ν)Wk

nT+ν
Dm

−→
N→∞

Bm(r ).

In order to conclude that (4.46) is true, it remains to observe that uniformly with respect to
N

Yk
N(r ) := 1p

N

bNr c−1∑
n=0

(Π(ν)Π
′
(ν))−1/2Λ(ν)Zk

nT+ν
Dm

−→
k→∞

0, (4.47)

where the random vector Zk
t := Zk

nT+ν is defined by

Zk
t =

(
−

{ ∞∑
`=k+1

T∑
j=1

d ′
`(1,ν, j )εtεt−i , . . . ,

∞∑
`=k+1

T∑
j=1

d ′
`((p +q)T,ν, j )εtεt−i

}′
J(α0,ω2)−1′ ,εtεt−1, . . . ,εtεt−m

)′

.

Using the same arguments as those used in the proof of Theorem 2 in [20] we obtain

sup
N

Var

(
1p
N

N−1∑
n=0

Zk
nT+ν

)
−→

k→∞
0

and since bNr c ≤ N we have

sup
0≤r≤1

sup
N

{∥∥∥Yk
N(r )

∥∥∥}
−→

k→∞
0.

Thus (4.47) is true and the proof of (4.46) is achieved.
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Limit theorem

To conclude the prove of Theorem 4.3.4, we follow the arguments developed in [13]. Note
that the previous step ensures us that Assumption 1 in [33] is satisfied for the sequence (Λ(ν)WnT+ν)n≥0.
Firstly from (4.46) we deduce that

1p
N

SbNr c(ν) = 1p
N

bNr c−1∑
n=0

Λ(ν)WnT+ν− bNr c
N

(
1p
N

N−1∑
n=0

Λ(ν)WnT+ν

)
Dm

−→
N→∞

(Π(ν)Π
′
(ν))1/2Bm(r )− r (Π(ν)Π

′
(ν))1/2Bm(1). (4.48)

Observe now that the continuous mapping theorem implies

Cm(ν,ν) = 1

N

N−1∑
n=0

(
1p
N

Sn

)(
1p
N

Sn

)′
Dm

−→
N→∞

(Π(ν)Π
′
(ν))1/2

[∫ 1

0
{Bm(r )− r Bm(1)}{Bm(r )− r Bm(1)}

′
dr

]
(Π(ν)Π

′
(ν))1/2

= (Π(ν)Π
′
(ν))1/2Vm(Π(ν)Π

′
(ν))1/2.

Using (4.45), (4.48) and again the continuous mapping theorem on the Skorokhod space, one
finally obtains

Nγ̂
′
m(ν)C−1

m (ν,ν)γ̂m(ν)
Dm

−→
N→∞

{
(Π(ν)Π

′
(ν))1/2Bm(1)

}′ {
(Π(ν)Π

′
(ν))1/2Vm(Π(ν)Π

′
(ν))1/2

}−1

×
{

(Π(ν)Π
′
(ν))1/2Bm(1)

}
= B

′
m(1)V−1

m Bm(1) :=Um .

Consequently from (4.38) it follows that

Nρ̂
′
m(ν)Dm(ν)C−1

m (ν,ν)Dm(ν)ρ̂m(ν)
Dm

−→
N→∞

Um ,

which completes the proof of the convergence of
p

Nρ̂m(ν).
The proof of the convergence of

p
Nρ̂mT follows the same lines that of

p
Nρ̂m(ν) which com-

pletes the proof of Theorem 4.3.4. �

4.6.5 Proof of Theorem 4.3.5

We write Ĉm(ν,ν) = Cm(ν,ν)+ΥN(ν,ν) whereΥN(ν,ν) = N−2 ∑N−1
n=0

(
Sn(ν)S′

n(ν)−Ŝn(ν)Ŝ′
n(ν)

)
.

Now observe that there are three kinds of entries in the matrix ΥN. The first one is a sum com-
posed of

υk,k ′
nT+ν = ε2

nT+ν(α0)εnT+ν−k (α0)εnT+ν−k ′(α0)−e2
nT+ν(α̂LS)enT+ν−k (α̂LS)enT+ν−k ′(α̂LS)

for (k,k ′) ∈ {1, . . . ,m}2. By [20, Lemma 7.11] and the consistency of α̂LS, we have υk,k ′
nT+ν = oP(1)

almost surely. The two last kinds of entries of ΥN(ν,ν) come from the following quantities for
i , j ∈ {1, . . . ,T(p +q)} and k ∈ {1, . . . ,m}

υ̃k,i
nT+ν = ε2

nT+ν(α0)εnT+ν−k (α0)
∂εnT+ν(α0)

∂αi
−e2

nT+ν(α̂LS)enT+ν−k (α̂LS)
∂enT+ν(α̂LS)

∂αi
,

ῡ
i , j
nT+ν = ε2

nT+ν(α0)
∂εnT+ν(α0)

∂αi

∂εnT+ν(α0)

∂α j
−e2

nT+ν(α̂LS)
∂enT+ν(α̂LS)

∂αi

∂enT+ν(α̂LS)

∂α j
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and they also satisfy υ̃k,i
nT+ν+ ῡ

i , j
nT+ν = oP(1) almost surely. Consequently,ΥN(ν,ν) = oP(1) almost

surely as N goes to infinity. Thus one may find a matrix Υ∗
N(ν,ν), that tends to the null matrix

almost surely, such that

N γ̂′m(ν)Ĉ−1
m (ν,ν)γ̂m(ν) = N γ̂′m(ν)(Cm(ν,ν)+ΥN(ν,ν))−1γ̂m(ν)

= N γ̂′m(ν)C−1
m (ν,ν)γ̂m(ν)+N γ̂′m(ν)Υ∗

N(ν,ν)γ̂m(ν) .

Thanks to the arguments developed in the proof of Theorem 4.3.4, Nγ̂′m(ν)γ̂m converges in dis-
tribution. So Nγ̂′m(ν)Υ∗

N(ν,ν)γ̂m(ν) tends to zero in distribution, hence in probability. Then
Nγ̂′m(ν)Ĉ−1

m (ν,ν)γ̂m(ν) and Nγ̂′m(ν)C−1
m (ν,ν)γ̂m(ν) have the same limit in distribution and the

result is proved.
Turning to the global normalization matrix we write ĈmT = CmT+ΥN whereΥN = N−2 ∑N−1

n=0

(
SnS′

n−
Ŝn Ŝ′

n

)
. The proof of the convergence of ĈmT to CmT follows the same lines that of of Ĉm(ν,ν) to

Cm(ν,ν) which completes the proof of Theorem 4.3.5. �
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Chapter 5
Estimation and validation of SPARMA models
with uncorrelated but non-independent
error terms

Abstract
We are interested in a class of seasonal autoregressive moving average (SARMA) models with pe-
riodically varying parameters, so-called seasonal periodic autoregressive moving average mod-
els (SPARMA) under the assumption that the errors are uncorrelated but non-independent (i.e
weak SPARMA models). Relaxing the independence assumption on the errors considerably ex-
tends the range of application of the SPARMA models, and allows one to cover linear representa-
tions of general nonlinear processes. These models combines a periodic autoregressive moving
average (PARMA) structure and a multiplicative seasonal time series models. Estimation and
checking steps are considered. We establish the asymptotic properties of the quasi-generalized
least squares (QLS) estimator of these models. Particular attention is given to the estimation
of the asymptotic variance matrix of the QLS estimator, which may be very different from that
obtained in the standard framework. We derive the asymptotic distributions of residual and
normalized residual empirical autocovariances and autocorrelations of these weak SPARMA
models. We then deduce the modified portmanteau statistics. We establish the asymptotic
behaviour of the proposed statistics, which can be quite different from the usual chi-squared
approximation used under independent and identically distributed (iid) assumptions on the
noise. We also propose another test based on a self-normalization approach to cheek the ade-
quacy of SPARMA models. A set of Monte Carlo experiments are presented. Keywords: Quasi-
generalized least squares, seasonality, goodness-of-fit test, residual autocorrelations, seasonal-
ity, self-normalization, weak PARMA models, weak SARMA, weak SPARMA models.

5.1 Introduction

Numerous time series encountered in real applications display seasonal behavior. The mul-
tiplicative seasonal autoregressive moving average (SARMA), denoted SARMA(p, q)(pT, qT), time
series model is widely used in the modeling of seasonal time series (see Chapter 12 in [25]),
where T denotes the length of the seasonal period.

The class of SARMA has been extensively studied in the literature. In the SARMA model, the
parameters do not vary across seasons. Therefore the h lag correlations in a stationary model
do not vary with the season. But we have in practice many time series with a season-dependent
correlation structure. Often the application of a filter does not allow as to find a second or-
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der stationarity process. On the other hand in many applications, the model parameters must
change periodically to adequately describe the series. This has resulted for instance in the study
of the Periodic Autoregressive Moving Average (PARMA) models, which is designed to preserve
the autocorrelation structure of a time series that varies with the seasons. The periodic mod-
els have largely study in the literature (see [28], [41] and [54] among others). See also [40] who
propose the use of periodic autocorrelation and periodic partial autocorrelation functions to
identify PARMA models. See [50], [43] and [38] for other identification methods. The estima-
tion procedure have also been investigated: for instanec [53] developed a procedure to obtain
a maximum likelihood estimator of the parameters of a PARMA model, [44] studied the mo-
ment estimation of PARMA models, [4] studied the asymptotic properties of the parameter es-
timates of a PARMA model, [33] developed an algorithm for a maximum likelihood estimation
of PARMA models. Recement [52] developed a robust modelling method to identify and esti-
mate the Periodic Autoregressive (PAR) model to capture the periodic variations in river flow.
See also [6], [7] who proposed an estimation procedure in order to obtain a more parsimonious
and concise PAR model. For the validation step:[25] proposes a portmanteau test to check the
adequacy of a PARMA model. See also [35].

Seasonal and periodic time series models are very different, as the nature of the correlation
structure differs in several important respects: purely stochastic in seasonal models and purely
deterministic in periodic models (see for instance [51]). Periodic models do not generally try to
model explicitly the dependencies between periods (see [5]). Thus the combination of seasonal
and periodical series may be worth considering. This is why we present a class of models that
will allow us to have the consecutive observation dependency within a period and the observa-
tion dependency between periods (season). The proposed model is an extension oh the model
introduced by [5]. The Seasonal Periodic Autoregressive Moving Average (SPARMA) model that
we introduce enables the SARMA model parameters to vary periodically. This class of model
contains the SARMA and PARMA model as a special case (see also [5].

There are few studies on periodic self-regressive seasonal moving average models. See [5]
who investigated stationarity conditions and the asymptotic distribution of least-squares esti-
mators in a particular case of a SPAR. See also [51] who generalized the work of [5] to the case
of multivariate SPAR models.

The process (XnT+ν) admits a SPARMA representation with period T (T is assumed known
throughout), if it satisfies the following equation

a(L,ν)a(L,ν)XnT+ν = b(L,ν)b(L,ν)εnT+ν, (5.1)

where L stands for the back-shift operator. The non-seasonal polynomials AR and MA are de-
fined respectively by a(L,ν) = 1−∑p

i=1 a0i (ν)Li and b(L,ν) = 1−∑q
i=1 b0i (ν)Li while the seasonal

polynomials AR and MA are given respectively by a(L,ν) = 1−∑P
i=1 a0i (ν)LTi and b(L,ν) = 1−∑Q

i=1 b0i (ν)LTi . We assume that a2
0p+b2

0q+a2
0P+b2

0Q 6= 0 (by convention a00 = b00 = a00 = b00 = 1).
We rewrite the equation (5.1) in the following expanded form:

XnT+ν−
pν∑

i=1
ai (ν)XnT+ν−i −

Pν∑
j=1

a j (ν)X(n− j )T+ν+
pν∑

i=1

Pν∑
j=1

a j (ν)ai (ν)X(n− j )T+ν−i

=−
qν∑

i=1
bi (ν)εnT+ν−i −

Qν∑
j=1

b j (ν)ε(n− j )T+ν+
qν∑

i=1

Qν∑
j=1

b j (ν)bi ε(n− j )T+ν−i +εnT+ν

(5.2)

The process (XnT+ν)n , will be denoted as follows

SPARMAT(p1, . . . , pT; q1, . . . , qT)(P1, . . . , . . . ,PT;Q1, . . . ,QT).

The linear periodic innovation process (εt ) = (εnT+ν)n∈Z is assumed to be a stationary sequence
satisfies:
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(A0): (i ) E(εnT+ν) = 0, (i i ) Var(εnT+ν) =σ2
ν and (i i i ) Cov(εnT+ν,εnT+ν−h) = 0 ∀ h, n ∈Z, h 6= 0.

Remarque 5.1.1 It is sometimes necessary to replace assumption (i i i ) with the stronger assump-
tion that (i i i ′) the variables εnT+ν and εnT+ν−h are independent. We then speak of strong periodic
white noise. It is important to note that no independence assumption is made contrary to the the
weak periodic white noise Assumption (see (A0)).

An example of weak periodic white noise is the periodic generalized autoregressive conditional
heteroscedastic (PGARCH) model (see for instance [9], [24] and [1]). Many others examples
can also be find in [21]. In the sequel we called a strong SPARMA model when the periodic
white noise in (5.2) is strong and a weak SPARMA model in the contrary case. The distinction
between a strong and a weak SPARMA is therefore only a matter of hypothesis about the noise.
We deduce the following relationship{

strong SPARMA models
}⊂ {weak SPARMA models} .

Relaxing the strong assumption on periodic noise will allow to widen the field of application of
weak SPARMA models (see for instance [21] in the weak PARMA models).

5.2 Causality, stationarity and invertibility of SPARMA models

In this section we study the fundamental properties of the SPARMA processes. There is no
loss of generality in taking that p1 = ·· · = pT = p, q1, · · · = qT = q , P1 = ·· · = PT = P and Q1 = ·· · =
QT = Q in (5.2), by adding coefficients equal to zero as in PARMA models (see [33] for more de-
tails). In this cas we simply write SPARMAT(p; q)(P;Q) instead of SPARMAT(p, . . . , p; q, . . . , q)(P, . . . ,P;Q, . . . ,Q).
Thus the SPARMAT(p; q)(P;Q) process (XnT+ν)n∈Z satisfies the following difference equation

XnT+ν−
p∑

i=1
ai (ν)XnT+ν−i −

P∑
j=1

a j (ν)X(n− j )T+ν+
p∑

i=1

P∑
j=1

a j (ν)ai (ν)X(n− j )T+ν−i

=−
q∑

i=1
bi (ν)εnT+ν−i −

Q∑
j=1

b j (ν)ε(n− j )T+ν+
q∑

i=1

Q∑
j=1

b j (ν)bi ε(n− j )T+ν−i +εnT+ν

(5.3)

introduced by [5]. We extend the results obtained by [5] in order to study the invertibility
and stationarity conditions of the SPARMA models. It is well known that a SARMA(p, q)(P,Q)
process can be viewed as a particular case of an ARMA(p + PT, q + QT) process. Similarly a
SPARMA(p, q)(P,Q) model can be formulated as the following PARMA(p +PT, q +QT) model:

XnT+ν−
p+PT∑

i=1
a∗

i (ν)XnT+ν−i =−
q+QT∑

i=1
b∗

i (ν)εnT+ν−i +εnT+ν (5.4)

where the coefficients are given by

a∗
i (ν) =

{
ai (ν) for 1 ≤ i ≤ p

0 for p < i < T
a∗

T j (ν) = a j (ν) for 1 ≤ j ≤ P; a∗
T j+i (ν) =−ai (ν)a j (ν)

for 1 ≤ i ≤ p, 1 ≤ j ≤ P and similarly

b∗
i (ν) =

{
bi (ν) for 1 ≤ i ≤ q

0 for q < i < T
b∗

T j (ν) = b j (ν) for 1 ≤ j ≤ Q and b∗
T j+i (ν) =−b0i (ν)b j (ν)

for 1 ≤ i ≤ q, 1 ≤ j ≤ Q.

We denote by bac the integer part of the real a. Let p∗ = b(p +PT−1)/Tc+1 and q∗ = b(q +QT−
1)/Tc+1.
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As in [55] the difference equations (5.4) can be written in the following T-dimensional vector
ARMA (VARMA) form:

A0Xn −
p∗∑

k=1
Ak Xn−k = B0εn −

p∗∑
l=1

Bkεn−l (5.5)

where
Xn = (XnT+1, . . . ,XnT+T), εn = (εnT+1, . . . ,εnT+T). (5.6)

The (T×T)−matrices coefficients Ak ,k = 0,. . . , p∗ and Bl , l = 0, . . . , q∗ are defined by

(A0)i , j =


1 Si i = j
0 Si i < j

−a∗
i− j (i ) Si i > j

(B0)i , j =


1 Si i = j
0 Si i < j

−b∗
i− j (i ) Si i > j

with (Ak )i , j = a∗
kT+i− j (i ), k = 1, . . . , p∗ and (Bl )i , j = b∗

lT+i− j (i ), l = 1, . . . , q∗. The covariance ma-

trix of the T-dimensional white noise εn is Σε = Diag(σ2
1, . . . ,σ2

T) > 0. We denote by L the back-
shift operator such that Lkεn = εn−k . It is important to note that the lag operator L operates on
the cycle index n. When it acts on the time index t = nT+ν of the periodic process (εt ) it gives
LkεnT+ν = εnT+ν−k . Equation (5.5) can be written more compactly as

A(L)Xn = B(L)εn (5.7)

where A(z) = A0 −∑p∗
i=1 Ai zi and B(z) = B0 −∑q∗

i=1 Bi zi . From (5.6) we can in principle deduce
the properties of weak SPARMA parameters estimation, identification and validation from exist-
ing results on parameters estimation, identification and validation of the weak VARMA models
(see for instance [10, 11, 14, 15, 16, 29]). Therefore we have preferred to work in the univari-
ate SPARMA setting for various reasons. In particular the results obtained directly in terms of
the univariate SPARMA representation are more directly usable because fewer parameters are
involved and their estimation is easier as in the weak PARMA case (see [22] for more details).

We denote by det(M) the determinant of a matrix M. We assume that the SPARMAT(p; q)(P;Q)
process (XnT+ν)n∈Z corresponds to stable and invertible representations, namely

(A1): we have det(A(z))det(B(z)) 6= 0 for all |z| ≤ 1. Furthermore as in [14] we assume that the
weak VARMA model (5.7) is identifiable (see also [18, 34, 42]).

Example 5.2.1 We now examine the causality and stationarity conditions on the following SPARMA(1,1)(1,1)
model:

XnT+ν = a1(ν)XnT+ν−1 +a1(ν)X(n−1)T+ν+a1(ν)a1(ν)X(n−1)T+ν−1 −b1(ν)εnT+ν−1

−b1(ν)ε(n−1)T+ν+b1(ν)b1(ν)ε(n−1)T+ν−1 +εnT+ν.

This SPARMA(1,1)(1,1) model admits the following PARMA(1+T,1+T) representation:

XnT+ν−
1+T∑
i=1

a∗
i (ν)XnT+ν−i =−

1+T∑
i=1

b∗
i (ν)εnT+ν−i +εnT+ν.

Finally we deduce the following VARMA(2,2) model:

A0Xn = A1Xn−1 +A1Xn−2 −B1εn−1 −B2εn−2 +B0εn

where the matrices A0, A1, A2, B0, B1 and B2 are given for simplify for T = 4 by

A0 =


1 0 0 0

−a∗
1 (2) 1 0 0

−a∗
2 (3) −a∗

1 (3) 1 0
−a∗

3 (4) −a∗
2 (4) −a∗

1 (4) 1

=


1 0 0 0

−a1(2) 1 0 0
0 −a1(3) 1 0
0 0 −a1(4) 1


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A1 =


a∗

4 (1) a∗
3 (1) a∗

2 (1) a∗
1 (1)

a∗
5 (2) a∗

4 (2) a∗
3 (2) a∗

2 (2)
a∗

6 (3) a∗
5 (3) a∗

4 (3) a∗
3 (3)

a∗
7 (4) a∗

6 (4)) a∗
5 (4) a∗

4 (4)

=


a1(1) 0 0 a1(1)

−a1(2)a1(2) a1(2) 0 0
0 −a1(3)a1(3) a1(3) 0
0 0 −a1(4)a1(4) a1(4)



A2 =


a∗

8 (1) a∗
7 (1) a∗

6 (1) a∗
5 (1)

a∗
9 (2) a∗

8 (2) a∗
7 (2) a∗

6 (2)
a∗

10(3) a∗
9 (3) a∗

8 (3) a∗
7 (3)

a∗
11(4) a∗

10(4)) a∗
9 (4) a∗

8 (4)

=


0 0 0 −a1(1)a1(1)
0 0 0 0
0 0 0 0
0 0 0 0



A0 −A1z −A2z2 =


1−a1(1)z 0 0 a1(1)a1(1)z2 −a1(1)z

a1(2)a1(2)z −a1(2)z 1−a1(2)z 0 0
0 a1(3)a1(3)z −a1(3)z 1−a1(3)z 0
0 0 a1(4)a1(4)z −a1(4)z 1−a1(4)z



we have det
(
A0 −A1z −A2z2

)=∏T
ν=1 (1−a1(ν)z)

(
1−∏T

ν=1 a1(ν)z
) 6= 0

and

B0 =


1 0 0 0

−b∗
1 (2) 1 0 0

−b∗
2 (3) −b∗

1 (3) 1 0
−b∗

3 (4) −b∗
2 (4) −b∗

1 (4) 1

=


1 0 0 0

−b1(2) 1 0 0
0 −b1(3) 1 0
0 0 −b1(4) 1



B1 =


b∗

4 (1) b∗
3 (1) b∗

2 (1) b∗
1 (1)

b∗
5 (2) b∗

4 (2) b∗
3 (2) b∗

2 (2)
b∗

6 (3) b∗
5 (3) b∗

4 (3) b∗
3 (3)

b∗
7 (4) b∗

6 (4)) b∗
5 (4) b∗

4 (4)

=


b1(1) 0 0 b1(1)

−b1(2)b1(2) b1(2) 0 0
0 −b1(3)b1(3) b1(3) 0
0 0 −b1(4)b1(4) b1(4)



B2 =


b∗

8 (1) b∗
7 (1) b∗

6 (1) b∗
5 (1)

b∗
9 (2) b∗

8 (2) b∗
7 (2) b∗

6 (2)
b∗

10(3) b∗
9 (3) b∗

8 (3) b∗
7 (3)

b∗
11(4) b∗

10(4)) b∗
9 (4) b∗

8 (4)

=


0 0 0 b1(1)b1(1)
0 0 0 0
0 0 0 0
0 0 0 0

 .

We have det
(
B0 −B1z −B2z2

)=∏T
ν=1 (1−b1(ν)z)

(
1−∏T

ν=1 b1(ν)z
) 6= 0.

5.3 Estimating weak SPARMA models

5.3.1 Notations and assumptions

For notation, let a(ν) = (
a1(ν), . . . , ap (ν)

)′ and b(ν) = (
b1(ν), . . . ,bq (ν)

)′ respectively denote
the non seasonal vectors of AR and MA parameters for a specified season ν. Similarly we de-
note by a(ν) = (

a1(ν), . . . ,ap (ν)
)′ and b(ν) = (

b1(ν), . . . ,bq (ν)
)′ respectively the seasonal vectors

of autoregressive and moving average parameters for a specified season ν.
The T(p +q +P+Q)-dimensional collection of all SPARMA parameters is also denoted by

α= (
a(1)′, . . . , a(T)′,b(1)′, . . . ,b(T)′,a(1)′, . . . ,a(T)′,b(1)′, . . . ,b(T)′

)′ ∈Rk0T

where k0 = (p+q+P+Q) is the number of parameters in each season. The periodic white noise
variance σ2 := (

σ2
1, . . . ,σ2

T

)′
will be treated as a nuisance parameter.

Let X1, . . . ,XNT be a data sample from the causal and invertible SPARMA model (5.3) with the
true parameter value α= α0 and σ2 =σ2

0. The sample contains N full periods of data which are
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indexed from 0 to N−1. Indeed when 0 ≤ n ≤ N−1 and 1 ≤ ν≤ T, nT+ν goes from 1 to NT. The
unknown parameter of interest α0 is supposed to belong to the parameter space

∆=
{
α= (

a(1)′, . . . , a(T)′,b(1)′, . . . ,b(T)′,a(1)′, . . . ,a(T)′,b(1)′, . . . ,b(T)′
)′

such that (A1) is verified
}

.

For α ∈∆, let εnT+ν(α) be the periodically second-order stationary solution of

εnT+ν(α) = XnT+ν−
p∑

i=1
ai XnT+ν−i −

P∑
j=1

a j XnT+ν−T j +
p∑

i=1

P∑
j=1

ai a j XnT+ν−T j−i

+
q∑

i=1
bi εnT+ν−i (α)+

Q∑
j=1

b j εnT+ν−T j (α)−
q∑

i=1

Q∑
j=1

bi b j εnT+ν−T j−i (α). (5.8)

The variable εnT+ν(α) can be approximated, for 0 < nT+ν≤ NT, by enT+ν(α) defined recursively
by

enT+ν(α) = XnT+ν−
p∑

i=1
ai XnT+ν−i −

P∑
j=1

a j XnT+ν−T j +
p∑

i=1

P∑
j=1

ai a j XnT+ν−T j−i

+
q∑

i=1
bi enT+ν−i (α)+

Q∑
j=1

b j enT+ν−T j (α)−
q∑

i=1

Q∑
j=1

bi b j enT+ν−T j−i (α), (5.9)

where the unknown initial values are set to zero: e0(α) = ·· · = e1−q−TQ(α) = X0 = ·· · = X1−p−TP =
0. As showed by [21, Lemma 7] these initial values are asymptotically negligible uniformly in α.

Let δ> 0 chosen such that α0 belongs to the compact set

∆δ =
{
α= (

a(1)′, . . . , a(T)′,b(1)′, . . . ,b(T)′,a(1)′, . . . ,a(T)′,b(1)′, . . . ,b(T)′
)′

such that the zeros of det((A(z)) and those of det((B(z)) have modulus ≥ 1+δ
}

.

The random variable α̂OLS is called the ordinary least squares (OLS) estimator of α if it satis-
fies, almost surely,

SN(α̂OLS) = min
α∈∆δ

SN(α) where SN(α) = 1

2N

N−1∑
n=0

T∑
ν=1

e2
nT+ν(α).

Because of the presence of heteroskedastic innovation, [5] has shown that the OLS estimator is
inefficient compared to weighted least squares estimators in the particular case of SPARMAT(1,0)(1,0).
Therefore in this paper we have chosen to consider the quasi-generalised least squares (QLS)
estimator. We first define the generalized least squares (GLS) estimator proposed by [5] which
is optimal among weighted least squares estimators:

Qσ2

N (α̂GLS) = min
α∈∆δ

Qσ2

N (α) where Qσ2

N (α) = 1

2N

N−1∑
n=0

T∑
ν=1

σ−2
ν e2

nT+ν(α). (5.10)

This estimator assumes that the parameter σ2 = (σ2
1, . . . ,σ2

T)′ is known, but in practice it has to
be estimated. Hence a possible consistent estimator of σ2

ν is given by

σ̂2
ν =

1

N

N−1∑
n=0

e2
nT+ν(α̂OLS).

For any consistent estimator σ̂2 = (σ̂2
1, . . . , σ̂2

T)′ of σ2, the QLS estimator of α0 is defined by:

α̂QLS = α̂σ̂
2

GLS. (5.11)

To establish the consistency of the QLS estimator (QLSE), an additional assumption is needed.
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(A2): The T-dimensional white noise {εn = (εnT+1, . . . ,εnT+T)′ ,n ∈ Z} is ergodic and strictly
stationary.

For the asymptotic normality of the QLSE, additional assumptions are also required. It is nec-
essary to assume that α0 is not on the boundary of the parameter space ∆δ.

(A3): We have α0 ∈
◦
∆δ, where

◦
∆δ denotes the interior of ∆δ.

To control the serial dependence of the stationary process (εn), we introduce the strong mixing
coefficients αε(h) defined by

αε (h) = sup
A∈F n−∞,B∈F+∞

n+h

|P (A∩B)−P(A)P(B)| ,

where F n−∞ = σ(εu ,u ≤ n) and F+∞
n+h = σ(εu ,u ≥ n +h). We use ‖ · ‖ to denote the Euclidian

norm of a vector. We will make an integrability assumption on the moment of the noise and a
summability condition on the strong mixing coefficients (αε(k))k≥0.

(A4): We have E‖εn‖4+2κ <∞ and
∑∞

k=0 {αε(k)}
κ

2+κ <∞ for some κ> 0.

In all the sequel we denote by
d−→ the convergence in distribution. The symbol oP(1) is used for

a sequence of random variables that converges to zero in probability.

5.3.2 Asymptotic properties

Theorem 5.3.1 Suppose that XnT+ν is a SPARMA process. Let α̂QLS be the QLS estimator defined
in (5.11). Then under Assumptions (A0), (A1) and (A2), we have: α̂QLS → α0 a.s. as N →∞.

Theorem 5.3.2 Under Assumptions of Theorem 5.3.1, (A3) and (A4), we have:
p

n(α̂QLS −α0))
d−→N

(
0,Ω := (J(α0, σ̂2))−1I(α0, σ̂2)(J(α0, σ̂2))−1)

where

J(α0, σ̂2) =
T∑
ν=1

σ̂−2
ν E

[(
∂εnT+ν(α)

∂α

)(
∂εnT+ν(α)

∂α

)′]
α=α0

, (5.12)

I(α0, σ̂2) =
T∑
ν=1

T∑
ν′=1

σ̂−2
ν σ̂−2

ν′
∞∑

k=−∞
E

[
εν(α)εkT+ν′(α)

(
∂εν(α)

∂α

)(
∂εkT+ν′(α)

∂α

)′]
α=α0

. (5.13)

Remarque 5.3.1 In the strong SPARMA case, i.e. when (A2) is replaced by the assumption that
(εnT+ν)n∈Z is iid, we have I(α0, σ̂2) = J(α0, σ̂2), so that the covariance matrix in the strong case is
ΩS := (J(α0, σ̂2))−1. This is the results obtained by [5] in the SPAR(1,1) case.

In the general case we have I(α0, σ̂2) 6= J(α0, σ̂2) and the matrix expression I(α0, σ̂2) is in gen-
eral much more complicated in the weak case than in the strong case. As a consequence the
ready-made software used to fit SPARMA do not provide a correct estimation for weak SPARMA
processes.

5.4 Estimating the asymptotic variance matrix

Let ε̂nT+ν = ênT+ν = enT+ν(α̂) be the least squares periodic residuals when p +q +P+Q > 0.
We use (5.9) to notice that we have êt = 0 for t := nT + ν ≤ 0 and t > NT. By (5.3), for n =
0,1, . . . ,N−1, it holds that

ênT+ν = XnT+ν−
p∑

i=1
âi XnT+ν−i −

P∑
j=1

â j XnT+ν−T j +
p∑

i=1

P∑
j=1

âi â j XnT+ν−T j−i

+
q∑

i=1
b̂i enT+ν−i +

Q∑
j=1

b̂ j ênT+ν−T j −
q∑

i=1

Q∑
j=1

b̂i b̂ j ênT+ν−T j−i ,

155



5.4. ESTIMATING THE ASYMPTOTIC VARIANCE MATRIX

for 1 ≤ t ≤ NT, with X̂t = 0 for t ≤ 0 and X̂t = Xt for t ≥ 1.
Theorem 5.3.2 can be used to obtain confidence intervals and significance tests for the pa-

rameters. The asymptotic covariance Ω must however be estimated for statistical inference.

5.4.1 Estimation of the matrix J(α0, σ̂2)

The matrix J(α0, σ̂2) can be estimated by its empirical counterpart JN(α̂, σ̂2):

JN(α̂, σ̂2) =
T∑
ν=1

σ−2
ν

1

N

N−1∑
n=0

{
∂

∂α
enT+ν (α̂)

}{
∂

∂α
enT+ν (α̂)

}′

. (5.14)

In the standard strong SPARMA case Ω̂S = (JN(α̂, σ̂2))−1 is a strongly consistent estimator of ΩS.
In the general weak SPARMA case this estimator is not consistent when I(α0, σ̂2) 6= J(α0, σ̂2) (see
Remark 5.3.1). So we need a consistent estimator of I(α0, σ̂2), defined by (5.13).

5.4.2 Estimation of the asymptotic matrix I(α0, σ̂2)

Let

Υn :=Υn(α0) =
T∑
ν=1

σ̂−2
ν εnT+ν(α0)

∂εnT+ν(α0)

∂α
(5.15)

For any α ∈ ∆δ, Υn is a measurable function of {εs , s ≤ nT+ν}. The estimation of this long-run
variance I(α0, σ̂2) is more complicated. In the literature, two types of estimators are generally
employed: the nonparametric kernel estimator, also called Heteroskedasticity and Autocorre-
lation Consistent (HAC) estimators (see [3] and [39] for general references, and [23] for an appli-
cation to testing strong linearity in weak ARMA models) and spectral density estimators (see e.g.
[8] and [20] for a general references and [12] for estimating I(α0, σ̂2) when α is not necessarily
equal to α0).

In the present paper, we focus on an estimator based on a spectral density form for I(α0, σ̂2).
The stationary process (Υn) admit the Wold decomposition

Υn = un +
∞∑

i=1
Ψun−i ,

where (un) is a Tk0-variate weak white noise with covariance matrix Σu := Var(un). Assume that
Σu is non singular, that

∑∞
i=1 ‖Ψi‖ < ∞, and that det

(
ITk0 +

∑∞
i=1Ψi zi

) 6= 0 when |z| ≤ 1. Then
(Υn) admits a VAR(∞) representation (see [2]) of the form

Φ(L)Υn =Υn −
∞∑

i=1
ΦiΥn−i = un (5.16)

such that
∑∞

i=1 ‖Φi‖ < ∞ and det{Φ(z)} 6= 0 for all |z| ≤ 1. Interpreting (2π)−1I(θ0, σ̂2) as the
spectral density of the stationary process (Υn)n∈Z evaluated at frequency 0 (see [18], p. 459) of
the process (5.15). We then obtain that

I(θ0, σ̂2) =Φ−1(1)ΣuΦ
−1(1)′. (5.17)

Consider the regression of Υn on Υn−1, . . . ,Υn−r defined by

Υn =
r∑

i=1
Φr,i (ν)Υn−i +ur,n (5.18)
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where ur,n is uncorreleted with Υn−1, . . . ,Υn−r . Since Υn(α0) is not observable, we introduce
Υ̂n ∈RTk0 obtained by replacing εnT+ν by enT+ν and α0 by α̂n in (5.15):

Υ̂n =
T∑
ν=1

σ̂−2
ν enT+ν(α̂n)

∂enT+ν(α̂n)

∂α
. (5.19)

Let Φ̂r (z) = ITk0 +
∑r

k=1 Φ̂r,k zk , where Φ̂r,1, . . . ,Φ̂r,r denote the coefficients of the least squares
regression of Υ̂n on Υ̂n−1, . . . ,Υ̂n−r . Let ûr,n be the residuals of this regression and Σ̂ûr be the
empirical variance of ûr,0, . . . , ûr,N−1. The least squares estimator ofΦr =

(
Φr,1 . . .Φr,r

)
and Σur =

Var (ur,n) are defined by

Φ̂r = Σ̂Υ̂,Υ̂r
Σ̂−1
Υ̂r

and Σ̂ûr =
1

N

N−1∑
n=0

(
Υ̂n − Φ̂r Υ̂r,n

)(
Υ̂n − Φ̂r Υ̂r,n

)′
(5.20)

where

Υ̂r,n = (
Υ̂′

n−1 . . .Υ̂′
n−r

)′
, Σ̂Υ̂,Υ̂r

= 1

N

N−1∑
n=0

Υ̂r Υ̂
′
r,n , Σ̂−1

Υ̂r
= 1

N

N−1∑
n=0

Υ̂r,nΥ̂
′
r,n

with by convention Υ̂t = 0 when n ≤ 0, and assuming Σ̂Υ̂r
is non singular (which holds true

asymptotically).
The asymptotic study of the estimator of I(α0, σ̂2) using the spectral density method is given

in the following theorem.

Theorem 5.4.1 Under Assumptions (A0), (A1), (A3) and (A4), we assume that the process (Υn)n∈Z
defined by (5.15) admits the VAR(∞) representation (5.16), where ‖Φi‖ = o(i−2) as i → ∞, the
roots of det(Φ(z)) = 0 are outside the unit disk, and Σu = Var(un) is non singular. Assume more-
over that E‖εn‖8+4κ <∞ for some κ> 0. Then the spectral estimator of I(α0, σ̂2):

ÎSP
N := Φ̂−1

r (1)Σ̂ûr Φ̂
−1
r (1) −−−−→

N→∞
I(α0, σ̂2) =Φ−1(1)ΣuΦ

−1(1)′

in probability when r = r (N) →∞ and r 3/N → 0 as N →∞.

5.5 Diagnostic checking in weak SPARMA models

After the estimation phase, the next important step consists in checking if the estimated
model fits satisfactorily the data. In this section we derive the limiting distribution of the resid-
ual autocorrelations and that of the portmanteau statistics based on the standard and the self-
normalized approaches in the framework of weak SPARMA models (5.3).

We denote by

γ(ν, l ) = 1

N

N∑
n=l+1

εnT+νεnT+ν−l and γ̂(ν, l ) = 1

N

N∑
n=l+1

ênT+νênT+ν−l (5.21)

the periodic white noise "empirical" autocovariances and residuals autocovariances. It should
be noted that γ(ν, l ) is not a computable statistic because it depends on the unobserved inno-
vations εnT+ν = εnT+ν(α0). For a fixed integer m ≥ 1 we let

γm(ν) := (
γ(ν,1), . . . ,γ(ν,m)

)′ and γ̂m(ν) := (
γ̂(ν,1), . . . , γ̂(ν,m)

)′ ,
be the vectors of "empirical" autocovariances and residuals autocovariances for a specified sea-
sonν. Similarly the global "empirical" autocovariances and residuals autocovariances across all
the seasons are denoted by

γmT := (
γm(1), . . . ,γm(T)

)′ and γ̂mT := (
γ̂m(1), . . . , γ̂m(T)

)′ .
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Note that the mixing assumption (A4) will entail the asymptotic normality of γm(ν) and γmT.
The theoretical and sample autocorrelations at lag l are respectively defined by

ρ(ν, l ) = Γ(ν, l )√
Γ(ν,0)Γ(ν− l ,0)

and ρ̂(ν, l ) = γ̂(ν, l )√
γ̂(ν,0)γ̂(ν− l ,0)

with γ̂(ν− l ,0) = 1

N

N∑
n=1

ê2
nT+ν−l ,

and where Γ(ν, l ) := Cov(εnT+ν,εnT+ν−l ) with Γ(ν,0) := σ2
ν. See for instance [25, 45] for some

properties of Γ(ν, l ). In the sequel we will also need these expressions:

ρ̂m(ν) = (
ρ̂(ν,1), . . . , ρ̂(ν,m)

)′ and ρ̂mT = (
ρ̂m(1), . . . , ρ̂m(T)

)′ ,
where ρ̂m(ν) denotes the vector of the first m sample autocorrelations for a specified season ν

and ρ̂mT is the vector of the global sample autocorrelations across all the seasons.
Based on the residual empirical autocorrelations, [17] have proposed a goodness-of-fit test,

the so-called portmanteau test (BP), for strong ARMA models. A modification of their test has
been proposed by [31] which is nowadays one of the most popular diagnostic checking tools in
ARMA modeling of time series. To test simultaneously whether all residual autocorrelations at
lags 1, . . . ,m of a SPARMA model are equal to zero for a specified period ν, the portmanteau of
[17, 31] can be adapted as proposed by [36, 37] (see also [25]). Based on these results [36, 37]
suggested the following portmanteau statistics defined by

QBP
m (ν) = N

m∑
h=1

ρ̂2(ν,h) and QLBM
m (ν) = N

m∑
h=1

%(h,ν,N,T)ρ̂2(ν,h), (5.22)

where %(h,ν,N,T) is called the Ljung-Box-McLeod (LBM) correction and is defined by

%(h,ν,N,T) =
{

(N+2)/(N−h/T) if h ≡ 0 mod T
N/(N−b(h −ν+T)/Tc) otherwise.

The statistic QLBM
m (ν) has the same asymptotic chi-squared distribution as QBP

m (ν) and has the
reputation of doing better for small or medium sized sample (see [36, 37]). If the strong SPARMAT(p; q)(P,Q)
model is adequate for a specified period ν, QBP

m (ν) or QLBM
m (ν) will be asymptotically distributed

as a chi-square variable with m−(p+q +P+Q) degrees of freedom. Note that the lag m used in
(5.22) could be chosen to be different across the seasons but in most applications it is reason-
able to use the same value of m for all seasons (see for instance [25]).

Across seasons the Portmanteau test statistics are asymptotically independent forν= 1, . . . ,T.
Consequently for the case of the Portmanteau test statistics in (5.22) an overall check to test if
the residuals across all the seasons are periodic white noise is given by

QBP
m =

T∑
ν=1

QBP
m (ν) and QLBM

m =
T∑
ν=1

QLBM
m (ν). (5.23)

Thus if the strong SPARMAT(p; q)(P,Q) model is adequate the global statistics (5.23) will also
be asymptotically distributed as a chi-squared variable with mT −T(p + q +P +Q) degrees of
freedom (see for instance [25] in the strong PARMA cases).

The statistics (5.23) (resp. (5.22)) are usually used to test the following null hypothesis

(H0) : (XnT+ν)n∈Z satisfies a SPARMAT(p; q)(P,Q) representation (resp. for a fixed period ν);

against the alternative

(H1) : (XnT+ν)n∈Z does not admit a SPARMAT(p; q)(P,Q) representation (resp. for a fixed period
ν) or (XnT+ν)n∈Z satisfies a SPARMAT(p ′; q ′)(P′,Q′) representation (resp. for a specified
period ν) with p ′ > p or q ′ > q or P′ > P or Q′ > Q.

For weak SPARMAT(p; q)(P,Q) models we will shown that the asymptotic distributions of the
statistics defined in (5.22) and (5.23) are no longer chi-squared distributions but a mixture of
chi-squared distributions weighted by eigenvalues of the asymptotic covariance matrix of the
vector of autocorrelations.
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5.5.1 Asymptotic distribution of the residual autocorrelations

By a Taylor expansion of
p

Nγ̂(ν,h) we have

p
Nγ̂(ν,h) =

p
Nγ(ν,h)+

(
E

[
εnT+ν−h

∂

∂α
′ εnT+ν(α0)

])p
N(α̂LS −α0)+oP(1). (5.24)

We now remark that in Equation (5.24), E[εnT+ν−h(∂εnT+ν(α0)/∂α
′
)] is the line h of the following

matrix Ψm(ν) ∈Rm×(p+q+P+Q)T defined by

Ψm(ν) = E


 εnT+ν−1

...
εnT+ν−m

 ∂εnT+ν
∂α′

 . (5.25)

So for h = 1, . . . ,m, Equation (5.24) becomes

p
Nγ̂m(ν) =

(p
Nγ̂(ν,1), . . . ,

p
Nγ̂(ν,m)

)′
=
p

Nγm(ν)+Ψm(ν)
p

N(α̂LS −α0)+oP(1). (5.26)

From (5.26) it is clear that the asymptotic distribution of the residual autocovariances
p

Nγ̂m(ν)
is related to the asymptotic behavior of

p
N(α̂′LS −α

′
0,γ

′
m(ν))

′
.

In view of theorem 5.3.1 and (A3) we have almost surely α̂→ α0 ∈
◦
Θ. Thus ∂Qσ2

N (α̂LS)/∂α= 0
for sufficiently large N and a Taylor expansion gives

p
N
∂

∂α
Oσ2

N (α0)+ J(α0,σ2)
p

N(α̂−α0) = oP(1), where Oσ2

N (α) = 1

2N

N−1∑
n=0

T∑
ν=1

σ−2
ν ε2

nT+ν(α). (5.27)

Consequently under the assumption that J(α0,σ2) is invertible and from (5.27) we deduce that

p
N(α̂LS −α0) =−J(α0,σ2)−1 1p

N

N−1∑
n=0

T∑
ν=1

σ−2
ν εnT+ν

∂εnT+ν(α0)

∂α
+oP (1) . (5.28)

Proposition 5.5.1 Assume that p + q +P +Q > 0. Under the assumptions (A0), (A1), (A2), (A3)
and (A4), the random vector p

N
(
(α̂−α0)

′
,γ

′
m(ν)

)′
has a limiting centered normal distribution with covariance matrix

Ξ(ν) =
(

Ω Σα̂,γm (ν)

Σ
′
α̂,γm (ν) Σγm (ν)

)
=

∞∑
h=−∞

E
[

WnT+νW
′
(n−h)T+ν

]
,

where from (5.21) and (5.28) we have

WnT+ν =
(

W1,nT+ν
W2,nT+ν

)
=

(−J(α0,σ2)−1 ∑T
ν=1σ

−2
ν εnT+ν ∂εnT+ν(α0)

∂α

(εnT+ν−1, . . . ,εnT+ν−m)
′
εnT+ν

)
. (5.29)

The following theorem provides the limit distribution of the residual autocovariances and
autocorrelations of weak SPARMA models for a specified seasonν. We also provide the limit dis-
tribution of the global residual autocovariances and autocorrelations of weak SPARMA models
across all the seasons. Let

Dm(ν) = Diag(σνσν−1, . . . ,σνσν−m)

and
DmT = Diag(σ1σ1−1, . . . ,σ1σ1−m , . . . ,σTσT−1, . . . ,σTσT−m).
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Theorem 5.5.1 Let p +q +P+Q > 0. Under the assumptions of Proposition 5.5.1 we have
p

Nγ̂m(ν)
d−−−−→

N→∞
N

(
0,∇γ̂(ν,ν)

)
(5.30)

where

∇γ̂(ν,ν) = Σγm (ν) +Ψm(ν)ΩΨ
′
m(ν)+Ψm(ν)Σα̂,γm (ν) +Σ

′
α̂,γm (ν)Ψ

′
m(ν).

Then: p
Nγ̂mT

d−−−−→
N→∞

N
(
0,∇γ̂

)
(5.31)

where the asymptotic covariance matrix∇γ̂ is a block matrix, with the asymptotic variances given
by ∇γ̂(ν,ν), for ν= 1, . . . ,T and the asymptotic covariances given by

∇γ̂(ν,ν′) =Σγm (ν,ν′)+Ψm(ν)ΩΨ
′
m(ν′)+Ψm(ν)Σα̂,γm (ν,ν′)+Σ′

α̂,γm (ν)Ψ
′
m(ν′), ν 6= ν′.

We also have
p

Nρ̂m(ν)
d−−−−→

N→∞
N

(
0,∇ρ̂(ν,ν)

)
where ∇ρ̂(ν,ν) = D−1

m (ν)∇γ̂(ν,ν)D−1
m (ν) (5.32)

and p
Nρ̂mT

d−−−−→
N→∞

N
(
0,∇ρ̂

)
where ∇ρ̂ = D−1

mT∇γ̂D−1
mT. (5.33)

The asymptotic variance matrices ∇γ̂(ν,ν) and ∇ρ̂(ν,ν) depend on the unknown matrices
Ξ(ν), Ψm(ν) and the scalar σν−h for h = 1, . . . ,m. Matrix Ψm(ν) and σν−h can be estimated by
its empirical counterpart, respectively by

Ψ̂m(ν) = 1

N

N−1∑
n=0

{
(ε̂nT+ν−1, . . . , ε̂nT+ν−m)′

∂ε̂nT+ν
∂α′

}
and σ̂ν−h =

√√√√ 1

N

N−1∑
n=0

ε̂2
nT+ν−h .

We use a parametric method to estimate the long-run variance Ξ(ν) as in Section 5.4.2. We in-
terpret (2π)−1Ξ(ν) as the spectral density of the multivariate stationary periodic process (WnT+ν)n∈Z =
(W′

1,nT+ν,W′
2,nT+ν)′n∈Z evaluated at frequency 0. We obtain the estimation of the long-run vari-

ance Ξ(ν) by replacing Υn by (WnT+ν)n∈Z in Section 5.4.2 and we have

Ξ̂SP(ν) := Φ̂−1
ν,r (1)Σ̂ûr (ν)Φ̂−1′

ν,r (1) →Ξ(ν) :=Φ−1
ν (1)Σu(ν)Φ−1′

ν (1)

in probability when r = r (N) →∞ and r 3/N → 0 as N →∞.
From Theorem 5.5.1 we can deduce the following result which gives the exact limiting dis-

tribution of the standard portmanteau statistics (5.22) and (5.23) under general assumptions
on the innovation process of the fitted SPARMA model.

Theorem 5.5.2 Under Assumptions of Theorem 5.5.1 and (H0), the statistics QLB
m (ν) and QLBM

m (ν)
defined in (5.22) converge in distribution, as N →∞, to

Zνm(ξνm) =
m∑

i=1
ξνi ,mZ2

i

where ξνm = (ξν1,m , . . . ,ξνm,m)′ is the vector of the eigenvalues of the matrix ∇ρ̂(ν,ν) given in (5.32)
and Z1, . . . ,Zm are independent N (0,1) variables.

The asymptotic distribution of the global portmanteau test statistics (that takes into account
all the seasons) QLB

m and QLBM
m defined in (5.23) is also a weighted sum of chi-square random

variables:

Zm(ξm) =
mT∑
i=1

ξi ,mTZ2
i

where ξmT = (ξ1,mT, . . . ,ξmT,mT)′ denotes the vector of the eigenvalues of the matrix ∇ρ̂ given in
(5.33).
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As mentioned below, Theorem 5.5.2 shows that: for the asymptotic distribution of (5.22) and
(5.23) the χ2

m−(p+q+P+Q) and χ2
mT−(p+q+P+Q)T approximations are no longer valid in the frame-

work of weak SPARMA(p; q)(P,Q) models. The trues asymptotic distributions depend on the
periodic nuisance parameters involving σν−h for h = 1, . . . ,m and the elements of Ξ(ν). Conse-
quently in order to obtain the asymptotic distribution of the portmanteau statistics (5.22) (resp.
(5.23)) under weak assumptions on the periodic noise, one needs a consistent estimator of the
asymptotic covariance matrix ∇ρ̂(ν,ν) (resp. ∇ρ̂). We let ∇̂ρ̂(ν,ν) (resp. ∇̂ρ̂) the matrix obtained
by replacing Ξ(ν) by Ξ̂(ν), Ψm(ν) by Ψ̂m(ν) and σν−h by σ̂ν−h in ∇ρ̂(ν,ν) (resp. ∇ρ̂). Denote
by ξ̂νm = (ξ̂ν1,m , . . . , ξ̂νm,m)′ (resp. ξ̂m = (ξ̂1,mT, . . . , ξ̂mT,mT)′) the vector of the eigenvalues of ∇̂ρ̂(ν,ν)

(resp. ∇̂ρ̂). At the asymptotic level α and for a specified season ν, the LBM test (resp. the BP test)
consists in rejecting the adequacy of the weak SPARMAT(p; q)(P,Q) model when

lim
N→∞

P
(
QBP

m (ν) > Sνm(1−α)
)= lim

N→∞
P

(
QLBM

m (ν) > Sνm(1−α)
)= α,

where Sνm(1−α) is such that P
{
Zνm(ξ̂νm) > Sνm(1−α)

} = α. We emphasize the fact that the pro-
posed modified versions of the BP and LBM statistics are more difficult to implement because
their critical values have to be computed from the data while the critical values of the standard
method are simply deduced from a χ2-table. We shall evaluate the p-values

P
{
Zm(ξ̂νm) > QBP

m (ν)
}

and P
{
Zm(ξ̂νm) > QLBM

m (ν)
}

, with Zm(ξ̂νm) =
m∑

i=1
ξ̂νi ,mZ2

i ,

by means of the Imhof algorithm (see [27]) or other exact methods.
The test procedures for QBP

m and QLBM
m defined in (5.23) are similar but they are based on the

mT empirical eigenvalues of ∇̂ρ̂.

5.5.2 Self-normalized asymptotic distribution of the residual autocorrela-
tions

The nonparametric kernel estimator (see [3, 39]) used to estimate the matrix Ξ(ν) causes
serious difficulties regarding the choice of the sequence of weights. The parametric approach
based on an autoregressive estimate of the spectral density of (WnT+ν)n∈Z studied in [8, 20] is
also facing the problem of choosing the truncation parameter. So the choice of the order of
truncation is often crucial and difficult.

In this section, we propose an alternative method where we do not estimate an asymptotic
covariance matrix which is an extension to the results obtained by [16]. It is based on a self-
normalization approach to construct a test-statistic which is asymptotically distribution-free
under the null hypothesis. This approach has been studied by [16] in the weak ARMA case by
proposing new portmanteau statistics. In this case the critical values are not computed from
the data since they are tabulated by [32]. In some sense this method is finally closer to the
standard method in which the critical values are simply deduced from a X 2-table. The idea
comes from [32] and has been already extended by [16], [30], [46], [47] and [48] to name a few
in more general frameworks. See also [49] for a review on some recent developments on the
inference of time series data using the self-normalized approach.

Let (BK(r ))r≥0 be a K-dimensional Brownian motion starting from 0. For K ≥ 1, we denote
UK the random variable defined by

UK = B′
K(1)V−1

K BK(1) where VK =
∫ 1

0
(BK(r )− r BK(1))(BK(r )− r BK(1))′ dr.

We denoteΛ(ν) the matrix inRm×(T(p+q+P+Q)+m) defined in block formed byΛ(ν) = (Ψm(ν)|Im)
where Ik is the identity matrix of order k. In view of (5.26) and (5.28) we deduce that

p
N γ̂m(ν) =

N−1/2 ∑N−1
n=1 Λ(ν)WnT+ν+oP(1).
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Contrary to Subsection 5.5.1 we do not rely on the classical method that would consist in es-
timating the asymptotic covariance matrix of (Λ(ν)WnT+ν)n∈Z. We need to apply the functional
central limit theorem holds for the process (WnT+ν)n∈Z (see Lemma 1 in [32]).

Finally we define the normalization matrix Cm(ν,ν) ∈Rm×m for a specified season ν by

Cm(ν,ν) = 1

N2

N−1∑
n=0

Sn(ν)S′
n(ν) where Sn(ν) =

n∑
j=0

(
Λ(ν)W j T+ν−γm(ν)

)
. (5.34)

Similarly we denote by CmT ∈RmT×mT the global normalization block matrix across all the sea-
sons with diagonal block given by (5.34) for ν= 1, . . . ,T and

Cm(ν,ν′) = 1

N2

N−1∑
n=0

Sn(ν)S′
n(ν′) where Sn(ν′) =

n∑
j=0

(
Λ(ν′)W j T+ν′ −γm(ν′)

)
for ν 6= ν′.

To ensure the invertibility of the normalization matrix Cm(ν,ν) we need the following technical
assumption on the distribution of εn .

(A5): The process (εn)n∈Z has a positive density on some neighborhood of zero.

The following proposition gives the invertibility of the normalization matrices Cm(ν,ν) and
CmT.

Proposition 5.5.2 Under the assumptions of Theorem 5.5.1 and (A5), the matrices Cm(ν,ν) and
CmT are almost surely non singular.

The following theorem states the asymptotic distributions of the residual autocovariances
and autocorrelations of weak SPARMA models for a specified season ν. We also provide the
limit distribution of the global residual autocovariances and autocorrelations of weak SPARMA
models across all the seasons.

Theorem 5.5.3 We assume that p+q+P+Q > 0. Under Assumptions of Theorem 5.5.1, (A5) and
under the null hypothesis (H0) we have for a specified season ν

Nγ̂′m(ν)C−1
m (ν,ν)γ̂m(ν)

d−−−−→
N→∞

Um and Nρ̂′m(ν)Dm(ν)C−1
m (ν,ν)Dm(ν)ρ̂m(ν)

d−−−−→
N→∞

Um .

For the global residual autocovariances and autocorrelations across all the seasons we also have

Nγ̂′mTC−1
mTγ̂mT

d−−−−→
N→∞

UmT and Nρ̂′mTDmTC−1
mTDmTρ̂mT

d−−−−→
N→∞

UmT.

Of course the above theorem is useless for practical purpose because the normalization ma-
trix Cm(ν,ν), CmT and the parameter σν−h are not observable. This gap will be fixed below (see
Theorem 5.5.4) when one replaces the matrix Cm(ν,ν), CmT and the scalar σν−h by their empir-
ical or observable counterparts. Then we denote

Ĉm(ν,ν) = 1

N2

N−1∑
n=0

Ŝn(ν)Ŝ′
n(ν) where Ŝn(ν) =

n∑
j=0

(
Λ̂(ν)Ŵ j T+ν− γ̂m(ν)

)
,

with Λ̂(ν) = (Ψ̂m(ν)|Im) and where ŴnT+ν and σ̂ν−h are defined in Subsection 5.5.1.
We are able to state the following result which is the applicable counterpart of Theorem 5.5.3.

Theorem 5.5.4 Under the assumptions of Theorem 5.5.3, for a specified season ν we have

Nγ̂′m(ν)Ĉ−1
m (ν,ν)γ̂m(ν)

d−−−−→
N→∞

Um and QSN
m (ν) =: Nρ̂′m(ν)D̂m(ν)Ĉ−1

m (ν,ν)D̂m(ν)ρ̂m(ν)
d−−−−→

N→∞
Um .

We also have for the global seasons

Nγ̂′mTĈ−1
mTγ̂mT

d−−−−→
N→∞

UmT and QSN
m =: Nρ̂′mTD̂mTĈ−1

mTD̂mTρ̂mT
d−−−−→

N→∞
UmT.
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Based on the above result we propose a modified version of the LBM statistic for a specified
season ν when one uses the statistic

Q̃SN
m (ν) = Nρ̂′m(ν)M1/2

m (ν,N,T)D̂m(ν)Ĉ−1
m (ν,ν)D̂m(ν)M1/2

m (ν,N,T)ρ̂m(ν), (5.35)

where the matrix Mm(ν,N,T) ∈Rm×m is diagonal with (%(1,ν,N,T), . . . ,%(m,ν,N,T)) as diagonal
terms.

Similarly we propose a modified version of the LBM statistic for the global seasons when
one uses the following statistic

Q̃SN
m = Nρ̂′mTM1/2

mTD̂mTĈ−1
mTD̂mTM1/2

mTρ̂mT, (5.36)

where the matrix MmT ∈RmT×mT is diagonal with

(%(1,1,N,T), . . . ,%(m,1,N,T, . . . ,%(1,T,N,T), . . . ,%(m,T,N,T)))

as diagonal terms.
At the asymptotic level α and for a specified season ν, the self-normalized LBM test (resp.

the BP test) consists in rejecting the adequacy of the weak SPARMAT(p; q)(P;Q) model when

Q̃SN
m (ν) >Um(1−α) (resp. QSN

m (ν) >Um(1−α)),

where the critical values Um(1−α) are tabulated in [32, Table 1]. Similarly for the global test we
have

Q̃SN
m >UmT(1−α) (resp. QSN

m >UmT(1−α)).

5.6 Numerical illustration

By means of Monte Carlo experiments, we investigate the finite sample properties of the
tests introduced in this paper. The numerical illustrations of this section are made with the free
statistical R software (see https://www.r-project.org/).

We indicate the conventions that we adopt in the discussion and in the tables. One refers to

— BPS(ν) for the standard Box-Pierce test using the statistic QBP
m (ν);

— LBMS(ν) for the standard Ljung-Box-McLeod test using the statistic QLBM
m (ν);

— BPSN(ν) for the modified test using the statistic QSN
m (ν) with the values of the quantiles of

Um simulated in Table 1 of [32];

— LBMSN(ν) for the modified test using the statistic Q̃SN
m (ν) with the values of the quantiles

of Um ;

— BPW(ν) for the modified Box-Pierce test (proposed in Section 5.5.1) using the statistic
QBP

m (ν);

— LBMW(ν) for the modified Ljung-Box-McLeod test (see Section 5.5.1) using the statistic
QLBM

m (ν);

— BPS for the standard global Box-Pierce test using the statistic QBP
m ;

— LBMS for the standard global Ljung-Box-McLeod test using the statistic QLBM
m ;

— BPSN for the modified global test using the statistic QSN
m with the values of the quantiles of

UmT;

— LBMSN for the modified global test using the statistic Q̃SN
m with the values of the quantiles

of UmT;
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— BPW for the modified global Box-Pierce test (proposed in Section 5.5.1) using the statistic
QBP

m ;

— LBMW for the modified global Ljung-Box-McLeod test (see Section 5.5.1) using the statis-
tic QLBM

m .

We will see in the tables that the numerical results using the Ljung-Box-McLeod tests are very
close to those of the Box-Pierce tests. Nevertheless they are still presented here for the sake of
completeness.

We study numerically the behavior of the quasi-generalized least squares (QLS) estimator
for a SPARMA2(1,1)(1,1) models of the form

X2n+ν = a1(ν)X2n+ν−1 +a1(ν)X2(n−1)+ν+a1(ν)a1(ν)X2(n−1)+ν−1 −b1(ν)ε2n+ν−1

−b1(ν)ε2(n−1)+ν+b1(ν)b1(ν)ε2(n−1)+ν−1 +ε2n+ν, ν= 1,2
(5.37)

where the unknown parameter is α0 = (a1(1), a1(2),b1(1),b1(2),a1(1),a1(2),b1(1),b1(2))′. We
take α0 = (0.8,0.9,−0.5,−0.45,0.6,0.5,−0.7,−0.6)′. Three different periodic noises are consid-
ered. First we assume that in (5.37) the innovation process (ε2n+ν)n∈Z is an iid centered Gaus-
sian process with variance σ2

ν = E(ε2
2n+ν) where σ1 = 0.9 and σ2 = 1.5 which corresponds to the

strong SPARMA case. For the weak SPARMA cases, we consider that in (5.37) the innovation
process (ε2n+ν)n∈Z follows firstly a periodic ARCH(1) given by

ε2n+ν =
√
ω(ν)+α(ν)ε2

2n+ν−1η2n+ν, ν= 1,2 (5.38)

with (ω(1),ω(2)) = (0.2,0.4), (α(1),α(2)) = (0.4,0.45) and where (η2n+ν)n∈Z is a sequence of iid
centered Gaussian random variables with variance 1. Secondly a noise defined by a following
PGARCH(1,1) {

ε2n+ν =
√

h2n+νη2n+ν
h2n+ν =ω(ν)+α(ν)ε2

2n+ν−1 +β(ν)h2n+ν−1, ν= 1,2
(5.39)

where (ω(1),ω(2)) = (0.2,0.4), (α(1),α(2)) = (0.1,0.15) and (β(1),β(2)) = (0.73,0.72).

5.6.1 Empirical size

For each of these three different periodic white noises 1,000 independent replications of
length (N+100)×2. These sequences were plugged into the model (5.37) yielding 1,000 inde-
pendent replications of the periodic process (X2n+ν)n of length (N+100)×2. Initial values were
set to zero and in order to achieve periodic stationarity the first 200 observations were dropped.
For each replication of size NT = N×2 we use the QLS method to estimate the corresponding
coefficient α0. After estimating Model (5.37) we apply portmanteau test to the residuals for dif-
ferent values of m ∈ {1, . . . ,12}, where m is the number of autocorrelations used in the portman-
teau test statistic. In the experiment we considered two values of N: 400 and 2,000. The nominal
asymptotic level considered of the tests is α = 5%. Note that for this level, the empirical rela-
tive frequency of rejection size over the 1,000 independent replications should vary within the
confidences intervals [3.6%,6.4%] with probability 95% and [3.3%,6.9%] with probability 99%.

Strong SPARMA2(1,1)(1,1) model case

Table 5.1 displays relative frequencies (in %) of rejection (over the 1,000 replications) of the
null hypothesis (H0) that the data generating process (DGP for short) follows a strong SPARMA2(1,1)(1,1)
given by (5.37). Note that the empirical size is not available (n.a.) for the standard BP and
LBM tests because these tests are not applicable to m ≤ 4 contrary to the proposed tests. As
expected the observed relative rejection frequency of the standard tests is very far from the
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nominal α = 5% for small m. The results are worse for N = 2,000 than for N = 400. This is in
accordance with the results in the literature on the strong SPARMA models. The theory that the
asymptotic distributions of (5.22) and (5.23), namely, χ2

m−(p+q=P+Q) and χ2
2m−2(p+q+P+Q) approx-

imations are better for larger m is confirmed. In contrast, the proposed tests well control the
error of first kind, even when m is small (for global or a fixed season ν).

From this example we draw the conclusion that the proposed versions are preferable to the
standard ones, when the number m of autocorrelations used is small.

Weak SPARMA2(1,1)(1,1) model case

We now repeat the same experiment on Model (5.37) by assuming that the innovation pro-
cess (ε2n+ν)n follows first (5.38) and secondly (5.39).

Tables 5.2 and 5.3 display relative frequencies (in %) of rejection (over the 1,000 replica-
tions) of the null hypothesis (H0) that the DGP follows two weak SPARMA2(1,1)(1,1) given by
(5.37)–(5.38) and (5.37)–(5.39). Note also that the empirical size is not available (n.a.) for the
standard BP and LBM tests because these tests are not applicable to m ≤ 4. As expected, Tables
5.2 and5.3 show that the standard tests poorly perform to assess the adequacy of these weak
SPARMA models. The (global or specified season ν) observed relative rejection frequencies of
the standard tests are definitely outside the significant limits. Thus the standard tests reject
very often the true weak SPARMA2(1,1)(1,1) models. By contrast, the error of first kind is glob-
ally well controlled by the proposed tests when N increases. We draw the conclusion that for
these particular weak SPARMA models the proposed tests are clearly preferable to the standard
ones.
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Table 5.1 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection of a
strong SPARMA2(1,1)(1,1) given by (5.37) where the innovation εnT+ν ∼N (0,σ2

ν).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. n.a. n.a. 32.6 23.6 19.1 16.5 15.6 15.1 13.9 14.0
BPS(2) n.a. n.a. n.a. n.a. 32.4 22.5 18.5 15.9 14.7 13.6 12.9 12.1

LBMS(1) n.a. n.a. n.a. n.a. 32.8 24.0 19.7 16.6 15.8 15.7 14.5 14.6
LBMS(2) n.a. n.a. n.a. n.a. 32.7 23.0 19.1 16.1 14.8 14.1 13.2 12.6
BPW(1) 4.4 4.7 4.2 3.9 3.3 3.1 2.4 3.0 2.7 3.2 2.8 2.5
BPW(2) 5.3 4.2 5.6 5.2 4.4 3.8 4.0 3.6 3.4 3.0 2.7 2.1

LBMW(1) 4.4 4.8 4.2 3.9 3.4 3.1 2.6 3.1 2.8 3.3 3.2 2.5
LBMW(2) 5.3 4.4 5.6 5.2 4.4 3.8 4.0 3.6 3.7 3.2 2.9 2.3

N = 400 BPSN(1) 4.7 4.0 4.4 4.7 5.3 4.5 5.4 5.8 6.8 6.3 6.2 6.0
BPSN(2) 4.7 4.4 4.7 5.2 4.2 5.3 4.6 4.3 5.0 4.6 5.9 5.5

LBMSN(1) 4.7 4.0 4.7 4.9 5.5 4.7 5.5 5.8 6.9 6.4 6.3 6.2
LBMSN(2) 4.7 4.5 4.7 5.3 4.3 5.5 4.7 4.3 5.3 4.8 5.9 5.7

BPS n.a. n.a. n.a. n.a. 50.8 35.8 31.1 26.2 23.0 21.4 19.5 19.6
LBMS n.a. n.a. n.a. n.a. 50.9 36.0 31.7 26.8 24.0 22.6 20.3 20.8
BPW 4.2 4.1 5.0 4.3 2.6 2.6 2.5 2.3 2.2 1.7 1.1 0.6

LBMW 4.2 4.2 5.0 4.7 2.7 2.9 2.5 2.3 2.3 1.8 1.1 0.7
BPSN 4.3 5.0 4.1 4.4 4.6 5.2 4.2 4.1 3.7 3.5 3.8 4.0

LBMSN 4.4 5.0 4.1 4.6 4.8 5.4 4.5 4.3 3.8 3.7 4.3 4.2
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. n.a. n.a. 32.0 19.5 17.1 13.8 12.7 12.3 12.7 11.3
BPS(2) n.a. n.a. n.a. n.a. 32.1 22.1 17.5 15.8 14.1 12.7 12.4 10.9

LBMS(1) n.a. n.a. n.a. n.a. 32.0 19.5 17.3 14.0 12.9 12.3 12.8 11.6
LBMS(2) n.a. n.a. n.a. n.a. 32.2 22.1 17.6 15.9 14.2 12.8 12.4 11.1
BPW(1) 4.3 4.2 5.8 4.7 4.5 4.0 4.3 4.7 3.9 3.6 4.6 4.6
BPW(2) 3.8 4.1 4.0 4.9 4.5 4.2 4.8 4.7 4.7 4.1 3.9 2.9

LBMW(1) 4.3 4.2 5.8 4.7 4.6 4.0 4.3 4.8 3.9 3.6 4.6 4.6
LBMW(2) 3.8 4.2 4.0 4.9 4.5 4.4 4.9 4.9 4.7 4.1 3.9 3.0

N = 2,000 BPSN(1) 4.5 4.5 4.2 3.7 4.3 4.0 5.1 5.7 4.8 5.6 5.5 5.5
BPSN(2) 4.9 4.5 4.5 4.8 4.8 4.4 5.3 5.7 6.3 5.3 5.0 4.4

LBMSN(1) 4.5 4.6 4.2 3.7 4.3 4.0 5.2 5.8 4.8 5.7 5.6 5.5
LBMSN(2) 4.9 4.5 4.5 4.9 4.8 4.6 5.3 5.7 6.3 5.3 5.1 4.4

BPS n.a. n.a. n.a. n.a. 51.0 33.8 27.4 24.6 20.4 18.8 18.0 16.3
LBMS n.a. n.a. n.a. n.a. 51.2 33.9 27.5 24.9 20.5 18.8 18.2 16.3
BPW 3.5 4.1 3.4 3.9 3.7 3.5 3.9 4.0 3.9 3.6 3.7 3.1

LBMW 3.5 4.1 3.4 3.9 3.8 3.5 3.9 4.1 3.9 3.7 3.7 3.1
BPSN 4.7 4.7 3.7 4.2 4.4 5.4 5.4 5.0 4.3 4.7 5.1 5.4

LBMSN 4.7 4.7 3.7 4.2 4.4 5.5 5.4 5.1 4.4 4.8 5.3 5.5
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Table 5.2 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection of a
weak SPARMA2(1,1)(1,1) given by (5.37) where the innovation εnT+ν ∼ (5.38).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. n.a. n.a. 35.8 24.1 21.8 18.0 16.9 16.0 14.7 13.7
BPS(2) n.a. n.a. n.a. n.a. 35.1 23.6 19.5 17.5 15.9 14.7 13.2 12.7

LBMS(1) n.a. n.a. n.a. n.a. 36.2 24.3 22.5 18.4 17.6 16.4 15.2 14.2
LBMS(2) n.a. n.a. n.a. n.a. 35.2 24.0 19.7 17.9 16.2 15.3 13.9 13.4
BPW(1) 4.5 4.4 5.1 4.4 4.6 3.6 3.1 2.6 2.3 2.3 2.4 2.4
BPW(2) 5.1 5.5 5.9 5.0 4.0 3.6 3.5 2.2 1.9 1.7 1.4 1.4

LBMW(1) 4.5 4.5 5.1 4.5 4.6 3.6 3.2 2.7 2.5 2.4 2.4 2.5
LBMW(2) 5.1 5.5 5.9 5.1 4.2 3.7 3.7 2.4 1.9 2.0 1.5 1.4

N = 400 BPSN(1) 4.6 5.0 5.2 4.9 4.9 5.2 5.4 4.4 4.5 4.1 4.8 4.0
BPSN(2) 4.5 3.6 3.6 4.8 4.6 4.1 4.5 5.2 5.3 4.8 4.7 4.1

LBMSN(1) 4.6 5.0 5.4 4.9 5.1 5.3 5.5 4.4 4.6 4.2 5.0 4.3
LBMSN(2) 4.5 3.6 3.6 4.9 4.8 4.1 4.6 5.4 5.3 5.0 4.7 4.4

BPS n.a. n.a. n.a. n.a. 53.6 39.8 32.7 27.2 24.3 23.8 21.8 19.3
LBMS n.a. n.a. n.a. n.a. 53.8 40.0 33.1 28.3 25 24.6 22.7 20.7
BPW 4.1 4.4 4.2 2.6 2.8 2.4 2.2 1.9 2.0 1.8 1.8 1.3

LBMW 4.1 4.4 4.3 2.8 2.8 2.6 2.3 2.1 2.0 1.9 1.9 1.4
BPSN 3.7 3.5 3.9 3.1 4.1 3.6 3.4 2.8 2.8 1.8 1.7 1.7

LBMSN 3.7 3.5 4.1 3.1 4.1 3.6 3.7 2.8 2.9 1.8 1.9 1.9
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. n.a. n.a. 39.1 26.4 22.8 19.5 17.8 17.7 17.4 16.2
BPS(2) n.a. n.a. n.a. n.a. 33.0 23.7 19.5 17.0 15.2 14.9 12.0 11.6

LBMS(1) n.a. n.a. n.a. n.a. 39.2 26.4 22.9 19.6 18.0 17.7 17.5 16.3
LBMS(2) n.a. n.a. n.a. n.a. 33.1 23.8 19.6 17.1 15.4 15.0 12.1 11.6
BPW(1) 7.3 5.7 6.1 6.3 6.9 5.8 5.9 5.8 5.5 6.0 6.1 5.4
BPW(2) 6.2 5.6 5.2 4.3 4.4 4.6 4.0 3.5 4.0 3.4 3.0 2.9

LBMW(1) 7.3 5.7 6.1 6.4 6.9 5.8 5.9 5.8 5.5 6.1 6.1 5.4
LBMW(2) 6.2 5.6 5.2 4.3 4.4 4.6 4.0 3.6 4.0 3.4 3.1 2.9

N = 2,000 BPSN(1) 6.3 5.8 6.3 5.4 6.2 6.2 5.6 5.6 5.3 6.2 5.0 5.4
BPSN(2) 5.9 5.7 5.2 5.1 5.3 5.2 4.9 6.0 5.6 5.5 5.8 5.9

LBMSN(1) 6.3 5.8 6.3 5.4 6.2 6.2 5.6 5.6 5.4 6.2 5.0 5.4
LBMSN(2) 5.9 5.7 5.2 5.2 5.3 5.2 4.9 6.0 5.6 5.5 5.8 5.9

BPS n.a. n.a. n.a. n.a. 56.1 41.1 33.4 29.7 26.3 23.3 21.3 20.0
LBMS n.a. n.a. n.a. n.a. 56.2 41.1 33.6 29.9 26.5 23.4 21.5 20.1
BPW 6.2 5.9 5.5 4.8 4.8 4.4 4.3 4.0 3.9 3.9 3.6 3.9

LBMW 6.2 6.1 5.5 4.8 4.8 4.5 4.4 4.0 4.0 3.9 3.6 3.9
BPSN 6.7 5.2 5.3 5.1 5.0 4.6 4.8 5.3 5.6 4.7 4.7 4.6

LBMSN 6.7 5.2 5.3 5.1 5.0 4.6 4.9 5.3 5.6 4.7 4.8 4.6
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Table 5.3 – Empirical size of the standard and proposed tests: relative frequencies (in %) of rejection of a
weak SPARMA2(1,1)(1,1) given by (5.37) where the innovation εnT+ν ∼ (5.39).

Length N Tests Lag m
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. n.a. n.a. 40.8 30.7 26.4 22.0 20.9 19.8 18.3 19.2
BPS(2) n.a. n.a. n.a. n.a. 39.9 29.4 24.6 22.5 20.8 19.4 17.5 17.2

LBMS(1) n.a. n.a. n.a. n.a. 41.0 30.9 26.6 22.4 21.6 20.3 19.0 19.7
LBMS(2) n.a. n.a. n.a. n.a. 40.4 29.9 24.9 22.9 21.6 19.9 18.3 18.0
BPW(1) 7.1 5.7 6.3 5.7 4.8 4.7 4.2 4.5 3.6 3.5 3.5 3.1
BPW(2) 6.9 5.7 6.9 6.4 5.1 5.1 5.1 4.8 4.0 3.6 3.4 3.3

LBMW(1) 7.1 5.7 6.4 5.8 4.9 4.8 4.4 4.5 3.8 3.5 3.6 3.3
LBMW(2) 6.9 5.7 6.9 6.5 5.1 5.2 5.2 5.1 4.1 3.9 3.5 3.7

N = 400 BPSN(1) 6.9 5.4 5.5 5.7 5.4 6.4 6.0 6.9 6.3 6.6 6.5 5.7
BPSN(2) 7.0 6.3 6.0 6.2 7.0 5.8 6.6 6.5 6.3 5.9 4.7 5.4

LBMSN(1) 6.9 5.5 5.5 5.7 5.4 6.4 6.1 7.1 6.4 6.6 6.6 5.9
LBMSN(2) 7.0 6.3 6.0 6.3 7.0 6.0 6.8 6.7 6.3 6.1 5.0 5.5

BPS n.a. n.a. n.a. n.a. 62.2 45.3 39.0 34.6 29.7 29.3 27.3 25.7
LBMS n.a. n.a. n.a. n.a. 62.2 45.9 39.7 36.2 30.4 30.3 28.4 26.9
BPW 6.3 4.6 5.7 5.0 4.4 3.7 3.2 3.3 3.0 2.7 2.8 2.6

LBMW 6.3 4.7 5.9 5.0 4.4 3.8 3.3 3.4 3.0 2.8 2.9 2.6
BPSN 5.9 5.5 6.1 6.3 4.9 4.2 4.8 4.7 4.8 5.0 4.1 3.7

LBMSN 5.9 5.5 6.1 6.4 5.0 4.3 4.9 4.9 5.0 5.1 4.4 3.9
1 2 3 4 5 6 7 8 9 10 11 12

BPS(1) n.a. n.a. n.a. n.a. 53.8 44.2 41.8 39.9 39.6 39.1 38.3 38.5
BPS(2) n.a. n.a. n.a. n.a. 52.8 41.4 37.8 35.9 35.7 34.5 33.3 32.0

LBMS(1) n.a. n.a. n.a. n.a. 53.8 44.3 41.8 39.9 39.8 39.4 38.5 38.5
LBMS(2) n.a. n.a. n.a. n.a. 52.8 41.4 37.8 36.0 35.8 34.5 33.5 32.1
BPW(1) 7.6 7.0 6.9 6.1 6.4 5.5 4.8 5.2 4.1 4.4 5.1 4.4
BPW(2) 6.7 6.1 6.1 5.8 5.2 4.9 4.3 4.1 4.1 4.0 3.6 3.3

LBMW(1) 7.6 7.0 6.9 6.1 6.4 5.5 4.8 5.2 4.2 4.4 5.2 4.5
LBMW(2) 6.7 6.1 6.1 5.8 5.2 4.9 4.3 4.1 4.1 4.0 3.7 3.3

N = 2,000 BPSN(1) 7.1 6.7 6.9 6.4 6.3 5.9 5.8 5.5 4.9 5.0 4.3 4.1
BPSN(2) 5.6 4.8 4.8 5.1 4.7 4.6 4.7 5.0 4.9 4.2 4.3 4.1

LBMSN(1) 7.1 6.7 7.0 6.4 6.3 6.0 5.8 5.5 5.0 5.1 4.4 4.1
LBMSN(2) 5.6 4.8 4.8 5.2 4.7 4.6 4.7 5.0 4.9 4.2 4.3 4.1

BPS n.a. n.a. n.a. n.a. 75.9 64.2 58.9 57.6 57.1 55.3 53.5 52.7
LBMS n.a. n.a. n.a. n.a. 75.9 64.3 59.1 57.8 57.3 55.7 53.8 52.9
BPW 7.6 6.2 5.6 5.0 4.5 4.5 4.0 3.8 3.3 2.7 2.8 3.4

LBMW 7.6 6.2 5.6 5.0 4.6 4.5 4.0 3.8 3.4 2.7 2.8 3.6
BPSN 7.6 5.8 4.7 4.5 4.0 3.5 3.1 3.3 2.5 2.5 2.0 2.1

LBMSN 7.6 5.8 4.7 4.5 4.1 3.5 3.2 3.4 2.5 2.5 2.0 2.2

5.7 Appendix: Proofs

The proofs of Theorem 5.3.1 and 5.3.2 are quite technical. These are adaptations of the
arguments used in [21].
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In the rest of the paper K and ρ denote generic constants, such that K > 0 and ρ ∈ (0,1).

Lemma 5.7.1 For any α ∈∆δ, let (Ci (α))i∈N be the sequence satisfying

εn(α) =
∞∑

i=0
Ci (α)Xn−i ,

∂εn(α)

∂αm
=

∞∑
i=0

Cm,i (α)Xn−i and
∂2εn(α)

∂αm∂αl
=

∞∑
i=0

Cm,l ,i (α)Xn−i . (5.40)

Then there exists a constant K such that for all i ∈N

sup
α∈∆δ

∥ Ci (α) ∥ ≤ Ki Tq∗
(

1

1+δ
)i

, sup
α∈∆δ

∥ Cm,i (α) ∥≤ Ki Tq∗
(

1

1+δ
)i

and sup
α∈∆δ

∥ Cm,l ,i (α) ∥ ≤ Ki Tq∗
(

1

1+δ
)i

.

Proof 5.7.1 Consider the case where q∗ = 0 and p∗> 0. Let L = supi=0,...,p∗ supα∈∆δ ∥ Ci (α) ∥ and

put K = L(1+δ)p∗
. It is not difficult to show that

sup
α∈∆δ

∥ Ci (α) ∥≤ K

(
1

1+δ
)i

.

Now consider the case q∗ > 0. Define the q∗T×1 vectors

X̃n =


Xn

0T×1
...

0T×1

 ;εn(α) =


εn(α)
εn−1(α)

...
εn−q∗+1(α)

 ;en(α) =


en(α)

en−1(α)
...

en−q∗+1(α)

 , (5.41)

and the q∗T×q∗T companion matrices

Hi =


B−1

0 Ai 0T×T · · · 0T×T

0T×T 0T×T · · · 0T×T
...

. . . 0T×T

0T×T 0T×T · · · 0T×T

 , i = 1, ..., p∗,

D =



−B−1
0 B1 −B−1

0 B2 · · · −B−1
0 Bq∗−1 −B−1

0 Bq∗
IT×T 0T×T · · · 0T×T 0T×T

0T×T IT×T
. . .

... 0T×T
...

. . . . . . 0T×T 0T×T

0T×T · 0T×T IT×T 0T×T


(5.42)

We have

H0X̃n +
p∗∑

i=1
Hi X̃n−1 = εn(α)−Dεn−1(α).

This implies that

εn(α) =
∞∑

j=0
D j (

H0X̃n− j +H1X̃n− j−1 + ...+Hp∗X̃n− j−p∗
)= ∞∑

j=0
C̃i (α)X̃n−i ;

where

C̃i (α) =
mi n(i ,p∗)∑

j=0
Di− j H j . (5.43)
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We have the characteristic polynomial of D:

PD = (−1)q∗
Zq∗

B−1
0 det

(
B(

1

z
)

)
for which the nonzero eigenvalues λi are equal to the inverse of the zeros of det{B(z)}.

Now using a multiplicative norm it can be shown that there exist a constant K1 independent
of α such that

∥ C̃i (α) ∥≤
p∗∑
j=0

∥ Di− j ∥∥ H j ∥≤ K1i Tq∗
(

1

1+δ
)i

.

The conclusion follow from the fact that Ci (α) is the matrix in the first row and the first column
of the block matrix C̃i (α).

Consider the Jordan decomposition D = PΛP−1, where the matrix Λ takes the form

Λ=


Λ1 0 · · · 0
0 Λ2 · · · 0
...

. . .
0 0 · · · Λs

 with Λh =


λh 1 0 · · · 0
0 λh 1 0
...

. . . . . . . . .
0 λh 1
0 0 · · · 0 λh

 .

Using this decomposition it can be shown that Dt = PΛt P−1 where Λt = Diag(Λt
1, . . . ,Λt

s) with

Λt
h =



λt
h

(
t
1

)
λt−1

h · · ·
(

t
rh −1

)
λ

t−rh+1
h

0 λt
h · · ·

(
t

rh −2

)
λ

t−rh+2
h

...
. . .

0 0 · · · λt
h


.

Therefore there exists a positive constant K independant of α such that

∥ Dt ∥=∥ PΛt P−1 ∥≤∥ P ∥∥ P−1 ∥∥Λt ∥≤ Kt Tq∗
(

1

1+δ
)t

. (5.44)

Now consider the second inequality in (5.40). We have

∂C̃i (α)

αm
=

mi n(i ,p∗)∑
j=0

{
∂Di− j

∂αm
H j +Di− j ∂H j

∂αm

}
and

sup
α∈∆δ

∥ ∂C̃i (α)

αm
∥≤

mi n(i ,p∗)∑
j=0

{
∥ ∂Di− j

∂αm
∥∥ H j ∥ + ∥ Di− j ∥∥ ∂H j

∂αm
∥
}

. (5.45)

From Dt = PΛt P−1, we have

∂Dt

∂αm
= ∂P

∂αm
Λt P−1 +P

∂Λt

∂αm
P−1 +PΛt ∂P−1

∂αm
,

with ∂Λt

∂αm
= Diag

(
∂Λt

1
∂αm

, · · · ,
∂Λt

s
∂αm

)
where

∂Λt
h

∂αm
= ∂λh

∂αm



tλt−1
h

(
t
1

)
(t −1)λt−2

h · · ·
(

t
rh −1

)
(t − rh +1)λt−rh

h

0 nλt−1
h · · ·

(
t

rh −2

)
(t − rh +2)λt−rh+1

h

...
. . .

0 0 · · · tλt−1
h


.
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This implies that

∥ ∂Dt

∂αm
∥ ≤ ∥ ∂P

∂αm
∥∥Λt ∥∥ P−1 ∥ + ∥ P ∥∥ ∂Λ

t

∂αm
∥∥ P−1 ∥ + ∥ P ∥∥Λt ∥∥ ∂P−1

∂αm
∥ .

Since maxh | λh |≤ 1/(1+δ) there exists a positive constant K2 independent of α such that∣∣∣∣ ∂Dt

∂αm

∣∣∣∣≤ K2t Tq∗
(

1

1+δ
)t

. (5.46)

Similar inequality holds for the last equality of (5.40) by writing

∂2Λt

∂αl∂αm
= Diag

(
∂2Λt

1

∂αl∂αm
, · · · ,

∂2Λt
s

∂αl∂αm

)

where

∂2Λt
h

∂αl∂αm
= ∂

∂αl

(
∂λh

∂αm

)


t (t −1)λt−2
h

(
t
1

)
(t −1)(t −2)λt−3

h · · ·
(

t
rh −1

)
(t − rh +1)(t − rh)λt−rh−1

h

0 t (t −1)λt−2
h · · ·

(
t

rh −2

)
(t − rh +2)(t − rh +1)λt−rh

h

...
. . .

0 0 · · · t (t −1)λt−2
h


The proof is complete.

Lemma 5.7.2 For any α ∈∆δ and m, l ∈ {1, . . . ,k0T}, let

en(α) =
N−2∑
i=0

Ci (α)Xn−i ,
∂en(α)

∂αm
=

N−2∑
i=0

Cm,i (α)Xn−i and
∂2en(α)

∂αm∂αl
=

N−2∑
i=0

Cm,l ,i (α)Xn−i .

Then there exists a constant K such for any i ∈N

sup
α∈∆δ

∥ Ci (α) ∥≤ Ki Tq∗
(

1

1+δ )i , sup
α∈∆δ

∥ Cm,i (α) ∥≤ Ki Tq∗
(

1

1+δ )i and sup
α∈∆δ

∥ Cm,l ,i (α) ∥≤ Ki Tq∗
(

1

1+δ )i .

Proof 5.7.2 Th proof is similar to that given in Lemma 5.7.1.

Lemma 5.7.3 We have

E

[
sup
α∈∆δ

ε2
nT+ν(α)

]
<∞ (5.47)

Proof 5.7.3 From Lemma 5.7.1 there exists a constant K suck that

sup
α∈Ωδ

| εnT+ν(α) |≤ K
∞∑

i=0
i Tq∗

(
1

1+δ
)i

| XnT+ν−i | .

Using the Cauchy criterion, it can be shown that the series
∑∞

i=0 i Tq∗ (1/(1+δ))i | XnT+ν−i | con-
verges in mean squares. The result follows.

Lemma 5.7.4 Let εn(α) as defined by (5.6). For any α ∈∆

εn(α) = εn(α0) ⇒ α= α0.
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Proof 5.7.4 Since the covariance matrix Σε = Diag(σ2
1, ...,σ2

T) is supposed to be strictly positive
definite for any sequence of T×T real matrices (Ψi )i∈N, we have that

∞∑
i=0

Ψi Xn−i = 0 a.s. ⇒Ψi = 0, i ≥ 0.

Let α ∈∆, in view of Lemma 5.7.1 we have

εn(α) =
∞∑

i=0
Ci (α)Xn−i and εn(α0) =

∞∑
i=0

Ci (α0)Xn−i .

Then we obtain

εn(α)−εn(α0) = 0 a.s. ⇒
∞∑

i=0
(Ci (α)−Ci (α0))Xn−i = 0 a.s. ⇒ Ci (α) = Ci (α0), i ≥ 0.

The conclusion hold by invoking the identifiability assumption.

Lemma 5.7.5 For any α ∈∆ and any σ2 = (
σ2

1, . . . ,σ2
1

)> 0, let

Oσ2

∞ (α) =
T∑
ν=1

σ−2
ν E

[
ε2
ν(α)

]
.

Then for any α 6= α0 we have

Oσ2

∞ (α0) =
T∑
ν=1

σ2
0ν

σ2
ν

< Oσ2

∞ (α).

Proof 5.7.5 We assume n = 0 in t = nT+ν, from where εν(α)− εν(α0) belongs to Hilbert’s space
HX(ν−1). Therefore, the linear innovation εν(α0) is not correlated with εν(α)−εν(α0).

E
[
ε2
ν(α)

] = E
[
εν(α)−εν(α0)+ε2

ν(α0)
]

= E
[
ε2
ν(α0)

]+E[
(εν(α)−εν(α0))2]+2Cov(εν(α0),εν(α)−εν(α0))

= σ2
0ν+E

[
(εν(α)−εν(α0))2]

In view of Lemma 5.7.1 the second term on the right is strictly positive for at least one ν ∈ {1, ...,T},
if α 6= α0. Thus

Oσ2

∞ (α) =
T∑
ν=1

1

σ2
ν

E
[
εν(α)2]> T∑

ν=1

σ2
0ν

σ2
ν

if α 6= α0.

The proof is complete.

Lemma 5.7.6 For any α∗ ∈∆,α∗ 6= α0, and any σ2 > 0, there exists a neighbourhood V(α∗) of α∗

such that V(α∗) ⊂∆ and

liminf
N→∞

inf
α∈V(α∗)

Oσ2

N (α) > lim
N→∞

Oσ2

N (α0) =
T∑
ν=1

σ2
0ν

σ2
ν

a.s.

Proof 5.7.6 Let Vm(α∗) be the open sphere with center α∗ and radius 1
m . Let

Sm(n) = inf
α∈Vm (α)∩∆

T∑
ν=1

σ−2
ν ε2

nT+ν(α).
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The variable Sm(n) is measurable because it can be written as the inf over a dense countable
subset. Moreover, Sm(n) belongs to L1. The ergodic theorem applied to the stationary process
{Sm(n) : n ∈Z} shows that almost surely

inf
α∈Vm (α∗)∩∆ν=1

Oσ2

N (α) = inf
α∈Vm (α∗)∩∆

{
1

N

T∑
ν=1

σ2
ν

N−1∑
n=0

ε2
nT+ν(α)} ≥ 1

N

N−1∑
n=0

Sm(n) →N→∞ E [Sm(0)] .

Since Sm(0) increases to
∑T
ν=1σ

2
νε

2
ν(α∗) as m tends to infinity, by Lemme 5.7.5 and the mono-

tone converence theorem, we obtain that

lim
m→∞E [Sm(0)] =

T∑
ν=1

σ−2
ν E

[
ε2
ν(α∗)

]= Oσ2

∞ (α∗) >
T∑
ν=1

σ2
0ν

σ2
ν

.

This implies that

liminf
m→∞ liminf

N→∞
inf

α∈Vm (α∗)
Oσ2

N (α) ≥ Oσ2

∞ (α∗) >
T∑
ν=1

σ2
0ν

σ2
ν

,

and the result follows.

Lemma 5.7.7 Let σ2 = (σ2
1, · · · ,σ2

T)′ be a vector of strictly positive constants, and let σ̂2 be a se-
quence of random vectors such that σ̂2 → σ2 almost surely as N →∞. For any α∗ ∈ ∆,α∗ 6= α0,
there exists a neighbourhood V(α∗) of α∗ such that V(α∗) ⊂∆ and

liminf
N→∞

inf
α∈Vm (α∗)

Oσ2

N (α) > lim
N→∞

Oσ2

N (α0) =
T∑
ν=1

σ2
0ν

σ2
ν

a.s.

Proof 5.7.7 For any ε> 0, we have almost surely

max
ν=1,··· ,T

| 1

σ̂2
ν

− 1

σ2
ν

|< ε (5.48)

for N large enough. By the ergodic theorem and Lemma 5.7.3, we thus have

limsup
N→∞

sup
α∈∆

| Oσ̂2

N (α)−Oσ2

N (α) | ≤ limsup
N→∞

1

N

N−1∑
n=0

T∑
ν=1

| 1

σ̂2
ν

− 1

σ2
ν

| sup
α∈∆

| ε2
nT+ν(α) |

≤ ε
T∑
ν=1

E sup
α∈∆

| ε2
ν(α) | .

Since the inequalty holds for any ε> 0, we have

lim
N→∞

sup
α∈∆

| Oσ̂2

N (α)−Oσ2

N (α) |= 0 a.s.

In view of Lemma 5.7.6, the conclusion follows.

Lemma 5.7.8 Let εnT+ν(α) given by 5.8 and enT+ν(α) given by 5.9. Almost surely, there exist K > 0
and ρ ∈ (0,1) such that

sup
α∈∆δ

| εnT+ν(α)−enT+ν(α) |≤ Kρn ,

sup
α∈∆δ

| ∂εnT+ν(α)

∂αm
− ∂enT+ν

∂αm
|≤ Kρn ,

sup
α∈∆δ

| ∂
2εnT+ν(α)

∂αm∂αl
− ∂2enT+ν
∂αm∂αl

|≤ Kρn

for all ν ∈ {1,2, · · · ,T} and all n ≥ 1.
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Proof 5.7.8 For q∗ = 0, the result is obvious. Otherwise, consider and the q∗T×1 vectors εn(α),
en(α) define by (5.41) and the q∗T×q∗T companion matrix D given by (5.42). We have

εn(α)−en(α) = Dn−p∗
(εp (α)−ep (α)) ∀n > p∗. (5.49)

The conclusion follows from Lemma 5.7.1.

Lemma 5.7.9 For any constant σ> 0, we have almost surely

(i) supσ2>σ supα∈∆ | Oσ2

N (α)−Qσ2

N (α) |= O(1/N) a.s. N →∞

(ii) supσ2>σ supα∈∆ | ∂Oσ2
N (α)
∂α − ∂Qσ2

N (α)
∂α |= O(1/N) a.s. N →∞

(iii) supσ2>σ supα∈∆ | ∂
2Oσ2

N (α)
∂α∂α′ − ∂2Qσ2

N (α)
∂α∂α′ |= O(1) a.s. N →∞.

Proof 5.7.9 Using Lemma 5.7.8, we obtain that

(i ) sup
α∈∆δ,σ2>σ

| Oσ2

N (α)−Qσ2

N (α) |

= sup
α∈∆δ,σ2>σ

| 1

N

T∑
ν=1

σ−2
ν

N−1∑
n=0

(e2
nT+ν(α)−ε2

nT+ν(α)) |

≤
T∑
ν=1

σ−2 sup
α∈∆δ

| 1

N

N−1∑
n=0

(e2
nT+ν(α)−ε2

nT+ν(α)) |

=
T∑
ν=1

σ−2 1

N
sup
α∈∆δ

|
N−1∑
n=0

(enT+ν(α)−εnT+ν(α))2 +2εnT+ν(α)(enT+ν(α)−εnT+ν(α)) |

≤ K

N

T∑
ν=1

N−1∑
n=0

ρn

(
1+ sup

α∈∆δ
| εnT+ν(α) |

)
.

By Lemma 5.7.3 and the Markov inequality, we have

∞∑
n=0

P

(
ρn

(
1+ sup

α∈∆δ
| εnT+ν(α) |

)
> ε

)
≤ E

(
1+ sup

α∈∆δ
| εnT+ν(α) |

) ∞∑
n=0

ρn

ε
<∞.

By Borel-Cantelli theorem, ρn
(
1+ supα∈∆δ | εnT+ν(α) |) → 0 almost surely as n →∞. The conclu-

sion follows from the Cesaro theorem.
We also have

(i i ) sup
α∈∆δ,σ2>σ

| ∂Oσ2

N (α)

∂α
− ∂Qσ2

N (α)

∂α
|

= sup
α∈∆δ,σ2>σ

|
T∑
ν=1

σ−2 2

N

N−1∑
n=0

(εnT+ν
∂εnT+ν
∂αm

−enT+ν
∂enT+ν
∂αm

) |

≤ sup
α∈∆δ

|
T∑
ν=1

σ−2 2

N

N−1∑
n=0

{εnT+ν
∂εnT+ν
∂αm

−enT+ν
∂enT+ν
∂αm

− ∂εnT+ν
∂αm

enT+ν+ ∂εnT+ν
∂αm

enT+ν} |

≤
T∑
ν=1

σ−2 2

N

N−1∑
n=0

sup
α∈∆δ

| (εnT+ν−enT+ν)
∂εnT+ν
∂αm

+
(
∂εnT+ν
∂αm

− ∂enT+ν
∂αm

)
enT+ν |

≤ K

N

T∑
ν=1

N−1∑
n=0

ρn

(
sup
α∈∆δ

| ∂εnT+ν
∂αm

| + sup
α∈∆δ

| enT+ν |
)

.
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By Lemmas 5.7.1, 5.7.3 and the Markov inequality, we have

∞∑
n=0

P

(
ρn sup

α∈∆δ
| ∂εnT+ν
∂αm

|> ε
)
≤ E sup

α∈∆δ
| εnT+ν(α) |

∞∑
n=0

ρn

ε
<∞.

By Borel-Cantelli theorem, ρn supα∈∆δ | ∂εnT+ν/∂αm |→ 0 almost surely as n → ∞. By the same
arguments ρn supα∈∆δ | enT+ν(α) |→ 0 almost surely as n →∞.

The conclusion follows from the Cesaro theorem. The proof of the point (i i i ) is similar to that
of point (i i ).

Lemma 5.7.10 For any α∗ ∈∆, α∗ 6= α0, and any σ2 > 0, there exists a neighborhood V(α∗) of α∗

such that V(α∗) ⊂∆ and

liminf
N→∞

inf
α∈V(α∗)

Qσ2

N (α) >
T∑
ν=1

σ2
0ν

σ2
ν

a.s.

For any neighborhood V(α0) of α0,

limsup
N→∞

inf
α∈V(α0)

Qσ2

N (α) ≤
T∑
ν=1

σ2
0ν

σ2
ν

a.s.

Proof 5.7.10 Since V(α∗) can be chosen as being included in ∆δ for some δ> 0. We have

inf
α∈V(α∗)

Qσ2

N (α) ≥ inf
α∈V(α∗)

Oσ2

N (α)− sup
α∈∆δ

| Oσ2

N (α)−Qσ2

N (α) |

and
inf

α∈V(α0)
Qσ2

N (α) ≤ Oσ2

N (α0)+ sup
α∈∆δ

| Oσ2

N (α)−Qσ2

N (α) |

The conclusion follows from Lemmas 5.7.6 and 5.7.9.

Lemma 5.7.11 Let σ2 = (σ2
1, · · · ,σ2

T)′ be a vector of strictly positive constants, and let σ̂2 be a
sequence of random vectors such that σ̂2 →σ2 almost surely as N →∞. For any α∗ ∈∆, α∗ 6= α0,
there exists a neighborhood V(α∗) of α∗ such that V(α∗) ⊂∆ and

liminf
N→∞

inf
α∈V(α∗)

Qσ̂2

N (α) >
T∑
ν=1

σ2
0ν

σ2
ν

a.s.

For any neighborhood V(α0) of α0,

limsup
N→∞

inf
α∈V(0)

Qσ̂2

N (α) ≤
T∑
ν=1

σ2
0ν

σ2
ν

a.s.

Proof 5.7.11 The proof is the same as that of Lemma 5.7.10, referring to lemma 5.7.7 instead of
Lemma 5.7.6.

5.7.1 Proof of Theorem 5.3.1

Let V(α0) be a neighborhood of α0. Clearly ∆δ is covered by V(α0) and the union of all the
V(α∗),α∗ ∈∆δ−V(α0) where V(α∗) is defined in Lemma 5.7.10. By the compactness of ∆δ, there
exists α1, · · · ,αk such that ∆δ is covered by V(α0),V(α1), · · · ,V(αk ). Lemma 5.7.10 shows that
almost surely,

inf
α∈∆δ

Qσ2

N (α) = min
i=0,1,··· ,k

inf
α∈V(αi )∩∆δ

Qσ2

N (α) = inf
α∈V(αi )∩∆δ

Qσ2

N (α)

for N large enough. By using the previous lemma, we have α̂σ̂
2

GLS → α0 almost surely whenever
σ̂2 →σ2

0 as N →∞. It follows that the GLS estimator is consistent.
�
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5.7.2 Proof of Theorem 5.3.2

Theorem 5.3.2 can be established using the following lemmas.

Lemma 5.7.12 For any α∗ ∈ ∆, and any m ∈ {1,2, · · · , (p + q +P +Q)T}, there exists absolutely
summable sequences (Ci (α))i∈N and (Cm,i (α))i∈N such that

εn(α) =
∞∑

i=0
Ci (α)Xn−i ,

∂εn(α)

∂αm
=

∞∑
i=0

Cm,i (α)Xn−i and
∂2εn(α)

∂αm∂αl
=

∞∑
i=0

Cm,l ,i (α)Xn−i (5.50)

Moreover, there exists ρ ∈ (0, ) and K ∈ [0,∞[ such that, for all i ≥ 0,

sup
α∈∆δ

∥ Ci (α) ∥≤ Kρi , sup
α∈∆δ

∥ Cm,i (α) ∥≤ Kρi and sup
α∈∆δ

∥ Cm,l ,i (α) ∥≤ Kρi (5.51)

Proof 5.7.12 For q∗ = 0, the result is obvious. Otherwise, we use arguments similar to those used
to prove Lemma 5.7.1. Indeed, as shown in Lemma 5.7.1, εn(α) =∑∞

i=0 C̃i (α)X̃n−i where X̃n−i and

εn(α) are given by (5.41) and C̃i (α) =∑mi n(i ,p∗)
j=0 Bi− j A j as in (5.43). Then

∂εn(α)

∂αm
=

∞∑
i=0

∂C̃i (α)

∂αm
X̃n−i ,

and since

εn(α) =
∞∑

i=0
L
′
1C̃i (α)L1Xn−i =

∞∑
i=0

Ci (α)Xn−i ,

we have
∂εn(α)

∂αm
=

∞∑
i=0

L
′
1
∂C̃i (α)

∂αm
L1Xn−i =

∞∑
i=0

Cm,i (α)Xn−i ,

where Ci (α) = L
′
1C̃i (α)L1 and Cm,i (α) = L

′
1
∂C̃i (α)
∂αm

L1 with L1 = (IT×T,0T×T, · · · ,0T×T)′. Also, from
Lemma 5.7.1, there exists a positive constant K1 independant of α such that

sup
α∈∆δ

∥ Ci (α) ∥ ≤ K1i Tq∗
(

1

1+δ
)i

≤ K1i Tq∗
(

1

1+ (δ/2)

)i (
1+ (δ/2)

1+δ
)i

≤ Kρi

where ρ= 1+(δ/2)
1+δ ∈ (0,1) and K = K1 maxi

{
i Tq∗ (

1
1+(δ/2)

)i
}
≤ K1e−Tq∗ [

q∗T
log(1+(δ/2))

]Tq∗
.

Now, consider the second inequality in (5.51), from 5.7.1, we obtain that

sup
α∈∆δ

∥ Cm,i (α)) ∥ ≤ K3i q∗
(

1

1+δ
)i

≤ K3i Tq∗
(

1

1+ (δ/2)

)i (
1+ (δ/2)

1+δ
)i

≤ Kρi

where ρ= 1+(δ/2)
1+δ ∈ (0,1) and K = K3 maxi

{
i Tq∗ (

1
1+(δ/2)

)i
}
≤ K3e−Tq∗ [

Tq∗
log(1+(δ/2))

]Tq∗
.

Which completes the proof of Lemma 5.7.12.
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Lemma 5.7.13 Let the assumption of Theorem 5.3.2 be satisfied. For all α ∈ ∆δ and all σ2 > 0,
the matrix

I(α,σ2) = 1

4
lim

N→∞
Var

(p
N
∂Oσ2

N (α)

∂α

)
exists.

Proof 5.7.13 Let the diagonal matrix Σσ = Di ag (σ2) and

Yn = ∂ε
′
n(α)

∂α
Σ−1
σ εn(α) =

T∑
ν=1

σ−2
ν εnT+ν(α)

∂εnT+ν(α)

∂α

The process {Yn} is strictly stationary and ergodic. Moreover,

1

4
Var

(p
N
∂Oσ2

N (α)

∂α

)
= 1

N

N−1∑
n=0

N−1∑
n′=0

Cov(Yn ,Y
′
n).

Denote by

IN(l ,m) = 1

N

N−1∑
n=0

N−1∑
n′=0

Cov(Yn(l ),Y
′
n(m)) = 1

N

N−1∑
k=1−N

(N− | k |)c(k)

where
c(k) = Cov(Yn(l ),Yn−k (m))

with

Yn(l ) = ∂ε
′
n(α)

∂αl
Σ−1
σ εn(α) and Yn−k (m) = ∂ε

′
n−k (α)

∂αl
Σ−1
σ εn−k (α)

Suppose that k ≤ 0. From Lemma 5.7.12.

| c(k) | =
∣∣∣∣∣∣
∞∑

i=0

∞∑
j=0

∞∑
i ′=0

∞∑
j ′=0

Cov
(
X

′
n− j C

′
l , j (α)Σ−1

σ Ci (α)Xn−i ,X
′
n−k− j ′

C
′
m, j ′

(α)Σ−1
σ Ci ′ (α)Xn−k−i ′

)∣∣∣∣∣∣
≤

∞∑
i , j ,i ′ , j ′=0

∣∣∣Cov
(
X

′
n− j C

′
l , j (α)Σ−1

σ Ci (α)Xn−i ,X
′
n−k− j ′

C
′
m, j ′

(α)Σ−1
σ Ci ′ (α)Xn−k−i ′

)∣∣∣
≤ g1 + g2 + g3 + g4 + g5

where

g1 = ∑
i>k/2

∞∑
j=0

∞∑
i ′=0

∞∑
j ′=0

∣∣∣Cov
(
X

′
n− j C

′
l , j (α)Σ−1

σ Ci (α)Xn−i ,X
′
n−k− j ′

C
′
m, j ′

(α)Σ−1
σ Ci ′ (α)Xn−k−i ′

)∣∣∣ ,

g2 = ∑
i ′>k/2

∞∑
i=0

∞∑
j=0

um∞
j ′=0

∣∣∣Cov
(
X

′
n− j C

′
l , j (α)Σ−1

σ Ci (α)Xn−i ,X
′
n−k− j ′

C
′
m, j ′

(α)Σ−1
σ Ci ′ (α)Xn−k−i ′

)∣∣∣ ,

g3 = ∑
j>k/2

∞∑
i=0

∞∑
i ′=0

∞∑
j ′=0

∣∣∣Cov
(
X

′
n− j C

′
l , j (α)Σ−1

σ Ci (α)Xn−i ,X
′
n−k− j ′

C
′
m, j ′

(α)Σ−1
σ Ci ′ (α)Xn−k−i ′

)∣∣∣ ,

g4 = ∑
j ′>k/2

∞∑
i=0

∞∑
j=0

∞∑
i ′=0

∣∣∣Cov
(
X

′
n− j C

′
l , j (α)Σ−1

σ Ci (α)Xn−i ,X
′
n−k− j ′

C
′
m, j ′

(α)Σ−1
σ Ci ′ (α)Xn−k−i ′

)∣∣∣ ,

g5 = ∑
i≤k/2

∑
j≤k/2

∑
i ′≤k/2

∑
j ′≤k/2

∣∣∣Cov
(
X

′
n− j C

′
l , j (α)Σ−1

σ Ci (α)Xn−i ,X
′
n−k− j ′

C
′
m, j ′

(α)Σ−1
σ Ci ′ (α)Xn−k−i ′

)∣∣∣ .
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By the Cauchy-Schwarz inequality, we obtain

g1 ≤ ∑
i>k/2

∞∑
j=0

∞∑
i ′=0

∞∑
j ′=0

{
E

[(
X

′
n− j C

′
l , j (α)Σ−1

σ Ci (α)Xn−i

)2
]
E

[(
X

′
n−k− j ′

C
′
m, j ′

(α)Σ−1
σ Ci ′ (α)Xn−k−i ′

)2
]}1/2

≤ ∑
i>k/2

∞∑
j=0

∞∑
i ′=0

∞∑
j ′=0

{
E
[
∥ X

′
n− j ∥2∥ C

′
l , j (α) ∥2∥Σ−1

σ ∥2∥ Ci (α) ∥2∥ Xn−i ∥2
]

E
[
∥ X

′
n−k− j ′

∥2∥ C
′
m, j ′

(α) ∥2∥Σ−1
σ ∥2∥ Ci ′ (α) ∥2∥ Xn−k−i ′ ∥2

]}1/2

≤ E
[∥ Xn ∥4] ∥Σ−1

σ ∥2
∑

i>k/2
∥ Ci (α) ∥

∞∑
j=0

∥ Cl , j (α) ∥
∞∑

i ′=0

∥ Ci ′ (α) ∥
∞∑

j ′=0

∥ Cm, j ′ (α) ∥

≤ M1
∑

i>k/2
∥ Ci (α) ∥≤∆1ρ

k/2

for some positive constants M1 and ∆1. Using the same arguments we obtain that gi (i = 2,3,4)
is bounded by ∆iρ

k/2.
In other hand , Davydov inequality (see [19]) implies that, there exists a positive constant M5 such
that

g5 ≤ ∑
i≤k/2

∑
j≤k/2

∑
i ′≤k/2

∑
j ′≤k/2

M5 ∥ X
′
n− j C

′
l , j (α)Σ−1

σ Ci (α)Xn−i ∥2+τ∥ X
′
n−k− j ′

C
′
m, j ′

(α)Σ−1
σ Ci ′ (α)Xn−k−i ′ ∥2+τ

[
αX(mi n{k + i

′ − j ,k + j
′ − j ,k + i

′ − i ,k + j
′ − i })

] τ
2+τ

≤ M
[
αX(k/2)

] τ
2+τ

for some positive constant M. Therefore, for k ≥ 0, there exist positive constants M and ∆ such
that

| c(k) |≤∆ρ|k|/2 +M
[
αX(k/2)

] τ
2+τ .

A similar inequality hold for k < 0. Therefore

∞∑
k=−∞

| c(k) |<∞

Then, the dominated convergences theorem gives

IN(l ,m) = 1

N

N−1∑
k=1−N

(N− | k |)c(k) −−−−→
N→∞

∞∑
k=−∞

| c(k) | .

This implies that

I(α,σ2) =
T∑
ν=1

T∑
ν
′=1

σ−2
ν σ−2

ν
′

∞∑
k=−∞

E

[(
εnT+ν(α)

(
∂εnT+ν(α)

∂α

))(
ε(n−k)T+ν(α)

(
∂ε(n−k)T+ν(α)

∂α

))]

exists. Which completes the proof of Lemma 5.7.13.

Lemma 5.7.14 Under the assumptions of Theorem 5.3.2, the random vector

p
N

(
∂Qσ2

N (α)

∂α

)
α=α0

L−→ N (0,4I(α0,σ2)) a.s.N →∞

Proof 5.7.14 By Lemma 5.7.10, we have(
∂Qσ2

N (α)

∂α

)
α=α0

−
(
∂Oσ2

N (α)

∂α

)
α=α0

= op (1).
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Thus,

(
∂Qσ2

N (α)
∂α

)
α=α0

and

(
∂Oσ2

N (α)
∂α

)
α=α0

have same asymptotic distribution. Therefore, it remains

to show that
p

N

(
∂Oσ2

N (α)
∂α

)
α=α0

L−→ N (0,4I(α0,σ2)) a.s. N →∞. Moreover, note that

p
N

(
∂Oσ2

N (α)

∂α

)
= 2p

N

N−1∑
n=0

Yn = 2p
N

N−1∑
n=0

∂ε
′
n(α)

∂α
Σ−1
σ εn(α)

= 2p
N

N−1∑
n=0

∞∑
j=0

(
Id ×X

′
n− j

)
E j (α)Σ−1

σ

∞∑
i=0

Ci (α)Xn− j

where d = T(p + q +P +Q) and E j (α) = (C1, j (α, ...,Cl , j (α), ...,Cd , j (α))
′
. Since

(
∂εnT+ν(α)

∂α

)
α=α0

belongs to the Hilbert space HX(nT+ν−1), the random variables εnT+ν(α0) and
(
∂εnT+ν(α)

∂α

)
α=α0

are orthogonal and E

[p
N

(
∂Oσ2

N (α)
∂α

)
α=α0

]
= 0.

Now, for any positive integer r , we have

p
N

(
∂Oσ2

N (α)

∂α

)
α=α0

= 2p
N

N−1∑
n=0

(Yn,r −E[Yn,r ])+ 2p
N

N−1∑
n=0

(Zn,r −E[Zn,r ])

where

Zn,r = Un,r +Vn,r

Un,r =
∞∑

i=r+1

∞∑
j=0

(
Id ×X

′
n− j

)
E j (α0)Σ−1

σ Ci (α0)Xn−i

Vn,r =
r∑

i=0

∞∑
j=r+1

(
Id ×X

′
n− j

)
E j (α0)Σ−1

σ Ci (α0)Xn−i

and

Yn,r =
r∑

i=0

r∑
j=0

(
Id ×X

′
n− j

)
E j (α0)Σ−1

σ Ci (α0)Xn−i

Note that Yn,r is function of a finite number of values of the process {Xn}. Therefore, the process(Yn,r )n∈Z
satisfies the strong mixing condition in Assumption (A3). The central limit theorem for strong
mixing processes (see [26]) implies that

1p
N

N−1∑
n=0

(Yn,r −E[Yn,r ]) −−−−→
N→∞

N (0, Ĩr ).

Moreover, Ĩr = limN→∞ Var ( 1p
N

∑N−1
n=0 (Yn,r −E[Yn,r ])) −−−→

r→∞ I(α0,σ2).

E

 1p
N

N−1∑
n=0

(Zn,r −E[Zn,r ])

(
1p
N

N−1∑
n=0

(Zn,r −E[Zn,r ])

)′−−−→
r→∞ 0, ∀N. (5.52)

For m ∈ {1, ...,T(p +q +P+Q)}, we have

Var

(
1p
N

N−1∑
n=0

Un,r (m)

)
= 1

N

N−1∑
n=0

N−1∑
n′=0

Cov(Un,r (m),Un′ ,r (m)) = 1

N

N−1∑
h=1−N

(N− | h |)cr (h) ≤
∞∑

h=−∞
| cr (h) |

where

cr (h) = Cov(Un,r (m),Un+h,r (m))

=
∞∑

i=r+1

∞∑
j=0

∞∑
i ′=r+1

∞∑
j ′=0

Cov
(
X

′
n− j C

′
m, j (α0)Σ−1

σ Ci (α0)Xn−i ,X
′
n+h− j ′

C
′
m, j ′

(α0)Σ−1
σ Ci ′ (α0)Xn+h−i ′

)
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Consider first the case h ≥ 0. For [h/2] ≥ r , using Cauchy-Shwarz inequality, we obtain that,

| cr (h) |≤ M1

∞∑
i=r+1

∥ Ci (α0) ∥
∞∑

j=0
∥ C

′
m, j (α0) ∥

∞∑
i ′=r+1

∥ Ci ′ (α0) ∥
∞∑

j ′=0

∥ C
′
m, j ′

(α0) ∥≤∆1ρ
r

for some positive constants M1 and ∆1. For r < [h]/2, using the Cauchy-Shwarz inequality and
Davydov inequality, we get that,

for some positive constants M2 and ∆2. The same inequality holds for h < 0. Therefore, there
exists a constant ∆ such that

∞∑
h=−∞

| cr (h) |= ∑
|h|≤2r+1

| cr (h) | + ∑
|h|≥2(r+1)

| cr (h) |≤∆rρr +∆ρr +∆rρr
∑
k

[αX(k)]
τ

2+τ −−−→
r→∞ 0.

This implies that

sup
N

Var

(
1p
N

N−1∑
n=0

Un,r (m)

)
−−−→
r→∞ 0. (5.53)

In a similar way, it can be shown that

sup
N

Var

(
1p
N

N−1∑
n=0

Vn,r (m)

)
−−−→
r→∞ 0. (5.54)

Finally, (5.52) follows from (5.53) and (5.54) . Which completes the proof of Lemma 5.7.14.

Lemma 5.7.15

p
N

∂Oσ̂2

N (α)

∂α
− ∂O

σ2
0

N (α)

∂α


α=α0

=
T∑
ν=1

(
1

σ̂2
ν

− 1

σ2
0ν

)
1p
N

N−1∑
n=0

εnT+ν(α0)

(
∂εnT+ν
∂α

)
α=α0

= op (1).

Proof 5.7.15 For any ε> 0, we have almost surely

max
ν=1,··· ,T

| 1

σ̂2
ν

− 1

σ2
ν

|< ε

for N large enough. By lemma 5.7.14, we have

p
N

∂Oσ̂2

N (α)

∂α
− ∂O

σ2
0

N (α)

∂α


α=α0

=
T∑
ν=1

(
1

σ̂2
ν

− 1

σ2
0ν

)
1p
N

N−1∑
n=0

εnT+ν(α0)

(
∂εnT+ν
∂α

)
α=α0

=
T∑
ν=1

ε
p

N
∂O

σ2
0

N (α)

∂α
−−−−→
N→∞

0

Lemma 5.7.16 For all σ2 > 0, almost surely the matrix

J(α0,σ2) = 1

2
lim

N→∞

[(
∂2Oσ2

N (α)

∂α∂α
′

)
α=α0

]

exists and is strictly positive definite.
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Proof 5.7.16 By lemma 5.7.9,
∣∣∣∣∣∣ ∂2εn (α)
∂αl∂αm

− ∂2en (α)
∂αl∂αm

∣∣∣∣∣∣−−−−→
N→∞

0. Therefore,

(
∂2Qω2

N (α)
∂αl∂αm

)
α=α0

and

(
∂2Oσ2

N (α)
∂αl∂αm

)
α=α0

have almost surely the same limit .

By lemme 5.7.12 implies that ∂2εn (α)
∂αl∂αm

belongs to L2. We have[(
∂2Oσ2

N (α)

∂αl∂αm

)
α=α0

]
= 2

T∑
ν=1

σ−2
ν

1

N

N−1∑
n=0

εnT+ν(α0)

(
∂2εnT+ν(α)

∂α∂α
′

)
α=α0

+2
T∑
ν=1

σ−2
ν

1

N

N−1∑
n=0

(
∂2εnT+ν(α)

∂α∂α
′

)
α=α0

(
∂2εnT+ν(α)

∂α∂α
′

)′
α=α0

−−−−→
N→∞

2
T∑
ν=1

σ−2
ν E

[
εnT+ν(α0)

(
∂2εnT+ν(α)

∂α∂α
′

)
α=α0

]

+2
T∑
ν=1

σ−2
ν E

[(
∂2εnT+ν(α)

∂α∂α
′

)
α=α0

(
∂2εnT+ν(α)

∂α∂α
′

)′
α=α0

]

Since
(
∂2εnT+ν(α)
∂α∂α

′
)
α=α0

belongs to the Hilbert space HX(nT+ν−1), the random variables εnT+ν(α0)

and
(
∂2εnT+ν(α)
∂α∂α

′
)
α=α0

are orthogonal and the first term in the limit is zero. Therefore,

J(α0,σ2) =
T∑
ν=1

σ−2
ν E

[(
∂2εnT+ν(α)

∂α∂α
′

)
α=α0

(
∂2εnT+ν(α)

∂α∂α
′

)′
α=α0

]
.

Again, invoking the fact that σ2
1, ...,σ2

T are all strictly positive and the identifiability Assumption
(A1), we can conclude that J(α0,σ2) is a strictly positive definite matrix.

Proof of Theorem 5.3.2. Consider the first-order Taylor expansion around α0, we obtain

0 =
p

N

(
∂Qσ2

N (α)

∂α

)
α=α0

=
p

N

(
∂Qσ2

N (α)

∂α

)
α=α0

+
(
∂2Qσ2

N (α)

∂αl∂αm

)
α=α∗N,l ,m

p
N(α̂GLS −α0)

where α∗N,l ,m is between α̂GLS and α0. Using again a Taylor expansion around α0, we have∣∣∣∣∣∣
(
∂2Qσ2

N (α)

∂αl∂αm

)
α=α∗N,l ,m

−
(
∂2Qσ2

N (α)

∂αl∂αm

)
α=α0

∣∣∣∣∣∣ ≤ sup
α∈σδ

∥ ∂

∂α

(
∂2Qσ2

N (α)

∂αl∂αm

)
∥∥ α∗N,l ,m −α0 ∥

−−−−→
N→∞

0 a.s.

This implies that, as N →∞
p

N(α̂GLS −α0) =−
[(
∂2Qσ2

N (α)

∂αl∂αm

)
α=α0

]−1p
N

(
∂Qσ2

N (α)

∂α

)
α=α0

+op (1).

Using Lemmas 5.7.14 and 5.7.16, we conclude the proof of Theorem 5.3.2.
�

5.7.3 Proof of Theorem 5.4.1

The proof of theorem 5.4.1 is based on a series lemmas. We use the multiplicative matrix

norm defined by: ∥ A ∥= sup∥x∥≤1 ∥ Ax ∥= %
1
2 (A′A), where A is a d1 × d2 matrix, ∥ x ∥ is the

Euclidean norm of the vector x ∈Rd2 , and %(.) denotes the spectral radius. This norm satisfies

∥ A ∥2=
k1∑

i=1

k2∑
j=1

a2
i , j (5.55)
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with ai , j the entries of A ∈ Rk1×k2 . The choice of the norm is crucial for the following results to
hold( with e.g the Euclidean, this result is not valid).
We denote

ΣΥ,Υr
= EΥnΥ

′
r,n ΣΥ = EΥnΥ

′
n ΣΥr

= EΥr,nΥ
′
r,n

where Υr,n = (Υn−1, . . . ,Υn−r ). For any N ≥ 0 we have

ÎSP
N = Φ̂−1

r (1)Σ̂ûr Φ̂
−1
r (1) = (Φ̂−1

r (1)−Φ−1(1))Σ̂ûr Φ̂
−1
r (1)+Φ−1(1)(Σ̂ûr −Σu)Φ̂−1

r (1)′

+Φ−1(1)Σu(Φ̂−1
r (1)−Φ−1(1)′)+φ−1(1)ΣuΦ

−1(1)′.

We the obtain

∥ ÎSP
N − I(α0) ∥ ≤ ∥ Φ̂−1

r (1)−φ−1(1) ∥∥ Σ̂ûr ∥∥ Φ̂−1
r (1)′ ∥ + ∥Φ−1(1) ∥∥ Σ̂ûr −Σu ∥∥ Φ̂−1

r (1)′ ∥
+ ∥Φ− ∥∥Σu ∥∥ Φ̂−1

r (1)′−Φ−1(1)′ ∥
≤ ∥ Φ̂−1(1)r −φ−1(1) ∥ (∥ Σ̂ûr ∥∥ Φ̂−1

r (1)′ ∥ + ∥Φ−1(1) ∥∥Σu ∥)
+ ∥ Σ̂ûr −Σu ∥∥ Φ̂−1

r (1)′ ∥∥Φ−1 ∥
≤ ∥ Φ̂−1

r (1)′ ∥∥Φ− Φ̂r (1) ∥∥Φ−1 ∥ (∥ Σ̂ûr ∥∥ Φ̂−1
r (1)′ ∥ + ∥Φ−1 ∥∥Σu ∥)

∥ Σ̂ûr −Σu ∥∥ Φ̂−1
r (1)′ ∥∥Φ−1 ∥ . (5.56)

It suffices to show that Φ̂r (1)′ −→Φ and Σ̂ûr −→Σu in probability, to have the proof of Theorem
5.4.1. Let the r × 1 vector 1r = (1, . . . ,1)′ and the r T(p + q + P + Q) × T(p + q + P + Q) matrix
Er = IT(p+q+P+Q) ⊗1r , where ⊗ denotes the matrix kronecker product and Im the m ⊗m identity
matrix. Write Φ∗ = (φ1, . . . ,φr ) where the φi ’s are defined by (5.16). We have

∥ Φ̂r (1)−Φ(1) ∥ =
∥∥∥∥∥ r∑

k=1
Φ̂r,k −

r∑
k=1

Φr,k +
r∑

k=1
Φr,k −

∞∑
k=1

Φr,k

∥∥∥∥∥
≤

∥∥∥∥∥ r∑
k=1

(Φ̂r (1)−Φr,k )

∥∥∥∥∥+
∥∥∥∥∥ r∑

k=1
(Φr,k −Φk )

∥∥∥∥∥+
∥∥∥∥∥ ∞∑

k=r+1
Φk

∥∥∥∥∥
≤

∥∥∥(Φ̂r −Φr )Er

∥∥∥+∥∥∥(Φ∗
r −φr

)Er

∥∥∥+∥∥∥∥∥ ∞∑
k=r+1

Φk

∥∥∥∥∥
≤ p

r
(∥∥Φ̂r −Φr

∥∥+∥∥Φ∗
r −Φr

∥∥)+∥∥∥∥∥ ∞∑
k=r+1

Φk

∥∥∥∥∥ . (5.57)

In view of Assumptions of Theorem 5.4.1 we have∥∥∥∥∥ ∞∑
k=r+1

Φk

∥∥∥∥∥≤
∞∑

k=r+1

‖Φk‖ −−−−→
N→∞

0

To obtain the convergence in probability of Φ̂r (1) towardsΦ(1), one must show the convergence
in probability towards 0 of

p
r
∥∥Φ̂r −Φr

∥∥ and
p

r
∥∥Φ∗

r −Φr

∥∥.
By (5.18)) we obtain

Υn(α0) =ΦrΥr,n(α0)+ur,n , (5.58)

and

Σur = Var (ur,n) = E
[

ur,n(Υn(α0)−ΦrΥr,n(α0))′
]

.

The vector ur,n is orthogonal to Υr,n(α0). Therefore

Var (ur,n) = E
[

(Υn(α0)−ΦrΥr,n(α0))Υ′
n(α0)

]
= ΣΥ−ΦrΣ

′
Υ,Υr

.
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Consequently the least squares estimator of Σur can be rewritten in the form:

Σ̂ûr = Σ̂Υ̂− Φ̂r Σ̂
′
Υ̂,Υ̂r

, (5.59)

where

Σ̂Υ̂ = 1

N

N−1∑
n=0

Υ̂nΥ̂
′
n . (5.60)

Similar arguments combined with (5.16) yied

Σu = E
[
unu′

n

]= E[
unΥn(α0)′

]
= E

[
Υn(α0)Υn(α0)′

]− r∑
k=1

ΦkE
[
Υn−k (α0)Υn(α0)′

]− ∞∑
k=r+1

ΦkE
[
Υn−k (α0)Υt (α0)′

]
= ΣΥ−Φ∗

r Σ
′
Υ,Υr

−
∞∑

k=r+1
ΦkE

[
Υn−k (α0)Υn(α0)′

]
.

By (5.59) we obtain

∥∥Σ̂ûr −Σu
∥∥ =

∥∥∥∥∥Σ̂ŵ − Φ̂r Σ̂
′
Υ̂,Υ̂r

−ΣΥ+Φ∗
r Σ

′
Υ,Υr

+
∞∑

k=r+1
ΦkE

[
Υn−k (α0)Υn (α0)′

]∥∥∥∥∥
=

∥∥∥∥∥Σ̂Υ̂−ΣΥ−
(
Φ̂r −Φ∗

r

)
Σ̂′
Υ̂,Υ̂r

−Φ∗
r

(
Σ̂′
Υ̂,Υ̂r

−Σ′Υ,Υr

)
+

∞∑
k=r+1

ΦkE
[
Υn−k (α0)Υn (α0)′

]∥∥∥∥∥
≤ ∥∥Σ̂Υ̂−ΣΥ

∥∥+∥∥∥∥(
Φ̂r −Φ∗

r

)(
Σ̂′
Υ̂,Υ̂r

−Σ′Υ,Υr

)∥∥∥∥+∥∥∥∥(
Φ̂r −Φ∗

r

)
Σ̂′
Υ̂,Υ̂r

∥∥∥∥
+

∥∥∥∥Φ∗
r

(
Σ̂′
Υ̂,Υ̂r

−Σ′Υ,Υr

)∥∥∥∥+
∥∥∥∥∥ ∞∑

k=r+1
ΦkE

[
Υn−k (α0)Υn (α0)′

]∥∥∥∥∥ . (5.61)

By Lemma 5.7.3, under Assumption of Theorem 5.4.1 and (5.55) we obtain∥∥∥∥∥ ∞∑
k=r+1

ΦkE
[
Υn−k (α0)Υn(α0)′

]∥∥∥∥∥ ≤ ‖Φk‖
∥∥∥∥∥ ∞∑

k=r+1
E
[
Υn−k (α0)Υn(α0)′

]∥∥∥∥∥
≤ K

∞∑
k=r+1

1

k2
−−−−→
N→∞

0

and we also have ∥∥Φ∗
r

∥∥2 ≤∑
k≥

Tr (ΦkΦ
′
k ) <∞.

Lemma 5.7.17 Under the assumptions of the theorem 5.4.1 we have

sup
r≥1

{∥∥ΣΥ,Υr

∥∥ ,
∥∥ΣΥ,Υr

∥∥ ,
∥∥Σ,Υr

∥∥}<∞.

Proof 5.7.17 See Lemma 1 in the supplementary material of [13].

Lemma 5.7.18 Under the assumptions of the theorem 5.4.1 there exists a finite positive constant
K such that, for 1 ≤ r1,r2 ≤ r and 1 ≤ m1,m2 ≤ T(p +q +P+Q) we have

sup
n∈Z

∞∑
h=−∞

|cov(Υn−r1,m1 (α0)Υn−r−2,m2 (α0),Υn−r1−h,m1 (α0)wn−r2−h,m2 (α0))| < K.
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Proof 5.7.18 We can take the supremum over the integers n > 0, and write the proof in the case
m1 = m2 = m. We have

∞∑
h=−∞

|cov(Υn−r1,m1 (α0)Υn−r2,m2 (α0),Υn−r1−h,m1 (α0)Υn−r2−h,m2 (α0))|

≤ K8
∞∑

h1,...,h8=0
cov(Y1,h1,h2 Y1+s,h3,h4 ,Y1+h,h5,h6 Y1+s+h,h7,h8 )

where
Yt ,h1,h2 = εt−h1εt−h2−m −Eεt−h1εt−h2−m

A slight extension of the proof of Lemma 5.7.14 concludes.

Lemma 5.7.19 Under the assumptions of the theorem 5.4.1,
p

r
∥∥Σ̂Υr

−ΣΥr

∥∥,
p

r
∥∥Σ̂Υ,Υr

−ΣΥ,Υr

∥∥
and

p
r
∥∥Σ̂Υ−ΣΥ

∥∥ tend to 0 in probability as N →∞ when r = o(N
1
3 ).

Proof 5.7.19 For 1 ≤ m1,m2 ≤ T(p+q+P+Q) and 1 ≤ r1,r2 ≤ r , the (
{
(r1 −1)(T(p +q +P+Q)+m1

}
,{

(r2 −1)(T(p +q +P+Q)+m2
}
) − the element of Σ̂Υr

is given by:

1

N

N−1∑
n=0

Υn−r1,m1 (α0)Υn−r2,m2 (α0).

For all β> 0 we use (5.55) and we obtain

P
(p

r
∥∥Σ̂Υr

−ΣΥr

∥∥≥ β)≤ r

β2
E
∥∥Σ̂Υr

−ΣΥr

∥∥2

≤ r

β2
E

∥∥∥∥∥ 1

N

N−1∑
n=0

Υr,nΥ
′
r,n −E

[
Υr,nΥr,n

]∥∥∥∥∥
2

≤ r

β2

r∑
r1=0

r∑
r2=0

T(p+q+P+Q)∑
m1=1

T(p+q+P+Q)∑
m2=1

E

(
1

N

N−1∑
n=0

Υn−r1,m1 (α0)Υn−r2,m2 (α0)

− E[
Υn−r1,m1 (α0)Υn−r2,m2 (α0)

])2 .

The stationarity of the process
(
Υn−r1,m1 (α0)Υn−r2,m2 (α0)

)
n and Lemma 5.7.18 imply

P
(p

r
∥∥∥Σ̂Υr

−ΣΥr

∥∥∥≥ β
)
≤ r

β2

r∑
r1=0

r∑
r2=0

T(p+q+P+Q)∑
m1=1

T(p+q+P+Q)∑
m2=1

Var

(
1

N

N−1∑
n=0

Υn−r1 ,m1 (α0)Υn−r2 ,m2 (α0)

)

≤ r

Nβ2

r∑
r1=0

r∑
r2=0

T(p+q+P+Q)∑
m1=1

T(p+q+P+Q)∑
m2=1

N−1∑
n=0

N−1∑
n′=0

Cov(Υn−r1 ,m1 (α0)Υn−r2 ,m2 (α0),Υn′−r1 ,m1
(α0)Υn′−r2 ,m2

(α0))

≤ r

Nβ2

r∑
r1=0

r∑
r2=0

T(p+q+P+Q)∑
m1=1

T(p+q+P+Q)∑
m2=1

N−2∑
h=2−N

(N−|h|)Cov(Υn−r1 ,m1 (α0)Υn−r2 ,m2 (α0),Υn′−r1 ,m1
(α0)Υn′−r2 ,m2

(α0))

≤ r

Nβ2

r∑
r1=0

r∑
r2=0

T(p+q+P+Q)∑
m1=1

T(p+q+P+Q)∑
m2=1

sup
n∈Z

∞∑
h=−∞

|cov(Υn−r1 ,m1 (α0)Υn−r2 ,m2 (α0),Υn−r1−h,m1
(α0)Υn−r2−h,m2

(α0))|

≤ K(T(p +q +P+Q))2r 3

Nβ2
.

Finaly we have

E
[

r
∥∥Σ̂Υ−ΣΥ

∥∥2
]
≤ E

[
r
∥∥Σ̂Υ,Υr

−ΣΥ,Υr

∥∥2
]

≤ E
[

r
∥∥Σ̂Υr

−ΣΥr

∥∥2
]

≤ K(T(p +q +P+Q))2r 3

N
−−−−→
N→∞

0,

when r = o(N
1
3 ). The result follows.
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We show in the following lemma that the previous lemma remains valid when we replaceΥn(α0)
by Υ̂n .

Lemma 5.7.20 Under the assumptions of the theorem 5.4.1,
p

r
∥∥∥Σ̂Υ̂r

−ΣΥr

∥∥∥,
p

r
∥∥∥Σ̂Υ̂,Υr

−ΣΥ,Υr

∥∥∥
and

p
r
∥∥Σ̂Υ̂−ΣΥ

∥∥ tend to 0 in probability as N →∞ when r = o(N
1
3 ).

Proof 5.7.20 We denote Σ̂Υr,N
the matrix obtained by replacing en(α̂N) by εn(α̂N) in Σ̂Υ̂r

. We have

p
r
∥∥∥Σ̂Υ̂r

−ΣΥr

∥∥∥≤p
r
∥∥∥Σ̂Υ̂r

− Σ̂Υr,N

∥∥∥+p
r
∥∥∥Σ̂Υr,N

− Σ̂Υr

∥∥∥+p
r
∥∥Σ̂Υr

−ΣΥr

∥∥
By Lemma 5.7.19 the term

p
r
∥∥∥Σ̂Υ̂r

−ΣΥr

∥∥∥ converges in probability. The lemma will be proved as

soon as we show that

p
r
∥∥∥Σ̂Υ̂r

− Σ̂Υr,N

∥∥∥= op (1) (5.62)

and
p

r
∥∥∥Σ̂Υr,N

− Σ̂Υr

∥∥∥= op (1) (5.63)

when r = o(N
1
3 ). This is done in two separate steps.

Step 1: proof of 5.62.
For all β> 0 we have

P
(p

r
∥∥∥Σ̂Υ̂r

− Σ̂Υr,N

∥∥∥≥ β
)
≤

p
r

β
E
∥∥∥Σ̂Υ̂r

− Σ̂Υr,N

∥∥∥
≤

p
r

β
E

∥∥∥∥∥ 1

N

N−1∑
n=0

Υ̂r,nΥ̂
′
r,n − 1

N

N−1∑
n=0

Υ(N)
r,nΥ

′(N)
r,n

∥∥∥∥∥
≤ K

p
r

β

r∑
r1=0

r∑
r2=0

T(p+q+P+Q)∑
m1=1

T(p+q+P+Q)∑
m2=1

E

∣∣∣∣∣ 1

N

N−1∑
n=0

Υ̂n−r1,m1
Υ̂n−r2,m2

− 1

N

N−1∑
n=0

Υ(N)
n−r1,m1

Υ(N)
n−r2,m2

∣∣∣∣∣ ,

where

Υ(N)
n,m =

T∑
ν=1

σ−2
ν εnT+ν(α̂N)

∂

∂αm
εnT+ν(α̂n) and Υ(N)

r,n =
(
Υ′(N)

n−1, . . . ,Υ′(N)
n−r

)′
.

It is follow that

P
(p

r
∥∥∥Σ̂Υ̂r

− Σ̂Υr ,N

∥∥∥≥ β
)
≤ K

p
r

Nβ

T∑
ν=1

(
1

σ̂2
ν

− 1

σ2
ν

) r∑
r1=0

r∑
r2=0

T(p+q+P+Q)∑
m1=1

T(p+q+P+Q)∑
m2=1

E

∣∣∣∣∣N−1∑
n=0

Ân,r1 Ân,r2 −An,r1 An,r2

∣∣∣∣∣ (5.64)

where

An,ri = εnT+ν−ri (α̂N)
∂

∂αmi

εnT+ν−ri (α̂N), text f or i = {1,2}.
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Now notice that

enT+ν−r1 (α̂N) ∂
∂αm1

enT+ν−r1 (α̂N)enT+ν−r2 (α̂N) ∂
∂αm2

enT+ν−r2 (α̂N)−
εnT+ν−r1 (α̂N) ∂

∂αm1
εnT+ν−r1 (α̂N)εnT+ν−r2 (α̂N) ∂

∂αm2
εnT+ν−r2 (α̂N)

= (
enT+ν−r1 (α̂N)−εnT+ν−r1 (α̂N)

)
∂

∂αm1
enT+ν−r1 (α̂N)enT+ν−r2 (α̂N) ∂

∂αm2
enT+ν−r2 (α̂N)

+εnT+ν−r1 (α̂N)
(

∂
∂αm1

enT+ν−r1 (α̂N)− ∂
∂αm1

εnT+ν−r1 (α̂N)
)

enT+ν−r2 (α̂N) ∂
∂αm2

enT+ν−r2 (α̂N)

+εnT+ν−r1 (α̂N) ∂
∂αm1

εnT+ν−r1 (α̂N)
(
enT+ν−r2 (α̂N)−εnT+ν−r2 (α̂N)

)
∂

∂αm2
enT+ν−r2 (α̂N)

+εnT+ν−r1 (α̂N) ∂
∂αm1

εnT+ν−r1 (α̂N)εnT+ν−r2

(
∂

∂αm2
enT+ν−r2 (α̂N)− ∂

∂αm2
εnT+ν−r2 (α̂N)

)
.

We replace the above identity in (5.64) and we obtain by Hölder’s inequality that

P
(p

r
∥∥∥Σ̂Υ̂r

− Σ̂Υr ,N

∥∥∥≥ β
)
≤ K

p
r

Nβ

T∑
ν=1

(
1

σ̂ν
− 1

σν

) r∑
r1=1

r∑
r2=1

T(p+q+P+Q)∑
m1=1

T(p+q+P+Q)∑
m2=1

E
(
DN,1 +DN,2 +DN,3 +DN,4

)
(5.65)

where

DN,1 =
N−1∑
n=0

(
enT+ν−r1 (α̂N)−εnT+ν−r1 (α̂N)

) ∂

∂αm1

enT+ν−r1 (α̂n)enT+ν−r2 (α̂N)
∂

∂αm2

enT+ν−r2 (α̂n)

DN,2 =
N−1∑
n=0

εnT+ν−r1 (α̂N)

(
∂

∂αm1

enT+ν−r1 (α̂n)− ∂

∂αm1

εnT+ν−r1 (α̂n)

)
enT+ν−r2 (α̂N)

∂

∂αm2

enT+ν−r2 (α̂n)

DN,3 =
N−1∑
n=0

εnT+ν−r1 (α̂N)
∂

∂αm1

εnT+ν−r1 (α̂N)
(
enT+ν−r2 (α̂N)−εnT+ν−r2 (α̂N)

) ∂

∂αm2

enT+ν−r2 (α̂n)

DN,4 =
N−1∑
n=0

εnT+ν−r1 (α̂N)
∂

∂αm1

εnT+ν−r1 (α̂n)εnT+ν−r2

(
∂

∂αm2

enT+ν−r2 (α̂n)− ∂

∂αm2

εnT+ν−r2 (α̂n)

)
.

We have

|DN,1| ≤ K
N−1∑
n=0

|enT+ν−r1 (α̂N)−εnT+ν−r1 (α̂N)|

≤ K

(
r +

N−1∑
n=r1+1

ρn

)
.

Then we obtain

DN,1 ≤ Kr. (5.66)

The same calculations hold for the terms DN,2, DN,3 and DN,4. Thus

|DN,1|+ |DN,2|+ |DN,3|+ |DN,4| ≤ Kr (5.67)

and reporting this estimation in (5.65) and using (5.48), we have

P
(p

r
∥∥∥Σ̂Υ̂r

− Σ̂Υr ,N

∥∥∥≥ β
)
≤ εK

p
r

Nβ
r T2(p +q +P+Q)2 ≤ Kr

5
2

N
.

Then the sequence
p

r
∥∥∥Σ̂Υ̂r

− Σ̂Υr,N

∥∥∥ converge in probability to 0 as N −→ ∞ when r = r (N) =
o(N

5
2 )
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Step 2: proof of (5.63).
First we follow the same approach than in the previous step. We have

∥∥∥Σ̂Υr,N
− Σ̂Υr

∥∥∥2 =
∥∥∥∥∥ 1
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1

σ̂2
ν

− 1

σ2
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× 1

N
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n=0

(
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)2 .

Since
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one has ∥∥∥Σ̂Υr,N
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(5.68)

where

EN,1 = 1

N
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Taylor expansions around α0 yield that there exists α and α between α̂N and α0 such that∣∣εnT+ν−r1 (α̂N)−εnT+ν−r1 (α0)
)≤ rnT+ν ‖α̂N −α0‖

and ∣∣∣∣ ∂

∂αm1

εnT+ν−r1 (α̂N)− ∂
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with rnT+ν = ‖∂εnT+ν(α)/∂α‖ and snT+ν = ‖∂2εnT+ν(α)/∂α′∂αm‖. Using the fact that

E

∣∣∣∣rnT+ν−r1

∂

∂αm1

εnT+ν−r1 (α̂N)εnT+ν−r2 (α̂N)
∂
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εnT+ν−r2 (α̂N)

∣∣∣∣<∞

and that (
p

N(α̂N −α0))N is a tight sequence (which implies that ‖α̂N −α0‖ = OP(1/
p

N)), we de-
duce that

EN,1 = OP

(
1p
N

)
.

The same arguments are valid for EN,2, EN,3 and EN,4. Consequently EN,1 +EN,2 +EN,3 +EN,4 =
OP

(
1/
p

N
)

and (5.68) yields
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r 2
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when r = o(N
1
3 ) we finaly obtain

p
r
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∥∥∥= OP(1).

Lemma 5.7.21 Under the assumptions of the theorem 5.4.1, we have

p
r
∥∥Φ∗

r −Φr

∥∥= OP(1) as r −→∞.

Proof 5.7.21 Racall that (5.16) and (5.58) we have
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By the orthogonality conditions in (5.16) and (5.58), one has
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and consequently
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(5.69)

Using Lemmas 5.7.17, 5.7.18 and (5.69) implies that
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By the assumptions of Theorem 5.4.1,
∑

l≥1 ‖Φl+r ‖ = o(1) as r −→ ∞. The proof of the lemma
follows.
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Lemma 5.7.22 Under the assumptions of the theorem (5.4.1) we have
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Lemmas 5.7.17 and 5.7.20 imply the result.

Lemma 5.7.23 Under the assumptions of the theorem 5.4.1, we have
p
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The lemma is proved

Proof of Theorem 5.4.1

Proof 5.7.24 Since by Lemma 5.7.20 we have
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proved.
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Conclusion générale et perspectives

Dans cette thèse nous avons étudié les modèles ARMA saisonniers et/ou périodiques faibles
dont les termes d’erreur sont non corrélés mais qui peuvent contenir des dépendances non
linéaires, plus particulièrement la validation de ces modèles. Nous avons montré que les hy-
pothèses habituellement imposé dans le cadre des modèles ARMA saisonniers et/ou périodiques
forts sont moins restrictive dans le cas faible. Ceci permet aux modèles SARMA, PARMA et
SPARMA faibles d’élargir considérablement leurs champs d’applications. Nous avons établi la
consistance et la normalité asymptotique de l’estimateur du quasi-maximum de vraisemblance
et de l’estimateur des moindres carrés quasi-généralisé des modèles SARMA faibles et SPARMA
faibles. Nous avons estimé la matrice de variance asymptotique de l’estimateur des moindres
carrés quasi-généralisés des modèles SPARMA faibles.

Nous avons traité le problème de la validation des modèles ARMA saisonniers et/ou péri-
odiques faibles avec deux techniques différentes qui permettent de tester l’adéquation de ces
modèles. Nous avons proposé des tests portmanteau modifiés qui prennent en compte les
dépendances des termes d’erreurs. Nous avons montré que les autocorrélations résiduelles
de ces modèles ont une distribution asymptotique normal de matrice de covariance différente
de celle obtenue dans le cas standard (c’est-à-dire sous les hypothèses iid sur le bruit). Cela
nous a permis d’avoir le comportement asymptotique des statistiques de tests portmanteau
et de proposer ainsi des versions modifiées de ceux ci. La distribution asymptotique des tests
portmanteau est approximée par un chi-deux lorsque le terme d’erreur est supposé iid. Dans
le cas général, nous avons montré que cette distribution asymptotique est celle d’une somme
pondérée de chi-deux, elle peut être très différente de l’approximation chi-deux usuelle du cas
fort (iid). Nous avons proposé également une approche qui nous permet d’éviter l’estimation
de la matrice de covariance asymptotique des autocorrélations empiriques dite d’auto-normalisation.
Ainsi, nous avons proposé une nouvelle statistique de tests dont la distribution dépend unique-
ment des ordres autorégressifs et moyennes mobiles.

Nombreuses extensions sont possibles pour le travail que nous avons développé. Parmi ces
développements, nous citons :

Identification des modèles ARMA saisonniers et/ou périodiques faibles

Dans cette thèse nous avons développé l’estimation et la validation des modèles, nous n’avons
pas abordé l’étape d’identification qui est l’une de trois étapes importantes de la modélisa-
tion. Cette étape est généralement la plus compliquée. Un des problèmes le plus délicat est
celui de la sélection d’un petit nombre de valeurs pour les ordres des modèles. Les méthodes
d’identifications les plus utilisées sont celles basées sur l’optimisation d’un critère d’information,
tel que le critère d’information de Akaike (noté AIC pour Akaike’s information criterion)([2]) ou
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le critère d’information bayésienne (noté BIC pour Bayesian information criterion) ([85]. [18]
a étudié le problème de sélection des ordres p0 et q0 de modèles VARMA faibles en consid-
érant le critère AIC. [100] et al ont proposé une nouvelle procédure automatique au problème
de selection du modèle PAR qui utilise un algorithme génétique et le critère BIC pour identifier
l’ordre du modèle PAR. Une de voie de recherche serait donc de développer cette étape pour les
modèles ARMA saisonniers et/ou périodiques faibles.

Estimations et validations des modèles PVARMA et SPVARMA faibles

[16] a déjà réalisé des travaux dans le cadre de modèles VARMA faibles (voir aussi[20], [17],
[21]). D’un autre coté, nous avons [98], [96], [95] qui ont étudié l’estimation des paramètres
(avec ou sans contraintes linéaires sur les paramètres) et la validations des modèles SVAR, PVAR
et SPVAR avec des termes d’erreurs iid. Une autre voix de recherche serait de généraliser ces
travaux en ajoutant la partie moyenne mobile (MA) et d’étudier dans quelle mesure, on peut
étendre aux modèles PVARMA et SPVARMA avec des termes d’erreurs non corrélés mais non
nécessairement indépendants.
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