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Résumé en francgais

Cette these porte sur 'analyse des espaces métriques mesurés. On les étudie par le biais
de deux points de vue: celui d’inégalités fonctionnelles de type Sobolev/Nash dans le cas
non-compact, celui de ’analyse spectrale dans le cas compact. Le noyau de la chaleur lie les
deux cas: dans le premier, I'objectif est d’étudier une famille d’inégalités fonctionnelles sur
une classe d’espaces doublants satisfaisant une inégalité de Poincaré globale, ces inégalités
impliquant un contréle du noyau de la chaleur d’une structure pondérée associée a l’espace
de départ; dans le second, le noyau de la chaleur est I’outil de base des procédés de “blow-up”
permettant d’obtenir les principaux résultats.

L’hypothése courbure de Ricci minorée

Au cours de la seconde moitié du XXeme siecle, de nombreux mathématiciens ont
étudié les implications d’une borne inférieure sur la courbure de Ricci. En effet, il fut vite
réalisé qu’'une telle borne implique de puissants théoréemes de comparaison donnant un
contrdle de plusieurs quantités analytiques importantes, comme le Hessien et le Laplacien
des fonctions distances d(z, ) ou le volume des boules et des sphéres géodésiques, a laide
des quantités correspondantes dans les espaces modeles a courbure constante (voir par
exemple [GHLO4]).

Suivant cette direction, J. Cheeger et D. Gromoll ont établi en 1971 leur célebre théoreme
de scindement [CGT71], étendant le résultat préalable de V. Topogonov [To64] établi sous la
condition plus forte de courbure sectionelle positive: si une variété riemanienne complete a
courbure de Ricci positive contient une ligne, alors elle se scinde en le produit riemannien
de R et d’une sous-variété de codimension 1.

D’un point de vue plus analytique, P. Li et S.-T. Yau ont prouvé en 1986 une puissante
inégalité de Harnack globale pour lees solutions positive de I’équation (A—q(z)— %)u(w, t) =
0 ssur les variétés riemanniennes completes a courbure de Ricci minorée, ol ¢ est un potentiel
de classe C? de gradient controlé et de Laplacien borné [LY86]. Leurs résultats s’appliquent
en particulier au cas de ’équation de la chaleur (A — %)u(w, t) = 0, c’est-a-dire quand
q = 0. Dans 'espace euclidien, I'inégalité de Harnack pour les équations différentielles
paraboliques ont été établi en 1964 par J. Moser [Mo64]. Elle implique la continuité
holderienne des solutions faibles positives de ’équation étudiée et des bornes gaussiennes
inférieures et supérieures pour le noyau de Green associé. Par conséquent, I'inégalité de
Harnack-Li-Yau étend ces deux résultats au cadre des variétés riemanniennes a courbure
de Ricci minorée.

De plus, 'hypotheése Ric > K implique deux résultats importants, a savoir le théoreme
de Bishop-Gromov ([Bis63], voir aussi [GHLO04]) et I'inégalité de Poincaré L? locale ([Bus82],
voir aussi [CC96, Th. 2.11 and Rk. 2.82]), le premier impliquant notamment la condition de
doublement local qui est un outil utile pour étendre les résultats classiques d’analyse dans
I’espace euclidien au contexte des espaces métriques mesurés. Mentionnons par ailleurs que
L. Saloff-Coste a prouvé que sur les variétés riemanniennes, la condition de doublement
locale couplée a I'inégalité de Poincaré L? locale est équivalente & 1'inégalité de Harnack
parabolique [Sa92]. K.-T. Sturm a ensuite étendu ce résultat au cadre des espaces de
Dirichlet [St96].

Une borne inférieure sur la courbure de Ricci implique par ailleurs des estimées sur les
valeurs propres de 'opérateur de Laplace-Beltrami, des inégalités isopérimétriques, des
inégalités de Sobolev, etc.

Vers une notion synthétique
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Ces résultats ont focalisé I'attention sur I’ensemble des variétés riemanniennes a courbure
de Ricci minorée par K € R, vu comme une sous-classe particuliére de la classe des espaces
métriques généraux. M. Gromov apporta en 1981 un élan décisif dans cette direction
par son théoreme de précompacité qui stipule que pour tout n € N et D > 0, 'ensemble
M(n, K, D) de toutes les variétés riemanniennes compactes de dimension n & courbure
de Ricci minorée par K et diametre majoré par D est précompact pour la topologie de
Gromov-Hausdorff. Rappelons que la distance de Gromov-Hausdorff entre deux espaces
métriques compacts (X, dx) et (Y,dy) est dgu((X,dx), (Y,dy)) :=infdu z(i(X),j(Y)),
ou l'infimum est pris sur I’ensemble des triplets (Z,4,j) ou Z est un espace métrique,
i: X — Z,j:Y — Z sont des plongements isométriques, et dy z est la distance de
Hausdorff dans Z.

Autrement dit, le théoréme de précompacité de Gromov affirme que de toute suite
d’éléments de M(n, K, D) on peut extraire une sous-suite qui converge pour la distance
Gromov-Hausdorff vers un espace métrique. Ce résultat s’étend de fagon appropriée a
Iensemble M(n, K) de toutes les variétés riemanniennes n-dimensionnelle complete a
courbure de Ricci minorée par K ([Gro07, Th. 5.3]).

Les espaces métriques obtenus comme telles limites, aujourd’hui appelés Ricci limites,
ne sont en général pas des variétés riemanniennes. Néanmoins, ils possedent des propriétés
structurelles qui furent étudiées a la fin des années quatre-vingt dix par J. Cheeger
et T. Colding [CC97, CCO0a, CCO0b]. Ces deux auteurs prouverent également que de
nombreux résultats provenant du monde lisse des variétés riemanniennes a courbure de
Ricci minorée sont aussi valables sur les Ricci limites. En effet, en conséquence du théoréme
d’Ascoli-Arzela, il est toujours possible de construire une mesure limite v, sur tout espace
X = lim; M; de fagon a ce que la convergence Gromov-Hausdorff M; — X s’améliore
en convergence Gromov-Hausdorff mesurée, cette derniere notion étant due a K. Fukaya
[F'87], pour laquelle vol;(B;) — v (Bxo) & chaque fois que B; — B au sens de la distance
Gromov-Hausdorff pour toute boule By, de frontiére v -negligeable (a noter que dans le
meéme article, K. Fukaya prouva que le théoréme de précompacité de Gromov est également
valable si la convergence Gromov-Hausdorff est remplacée par la convergence Gromov-
Hausdorff mesurée). En particulier, le théoreme de Bishop-Gromov passe automatiquement
a la limite, et J. Cheeger et T. Colding prouvérent également que 'inégalité de Poincaré
L? locale est aussi vraie sur les Ricci limites.

Forts de ces observations, ils posérent la question suivante [CC97, Appendix 2] déja
soulevée par Gromov [Gro91, p. 84]: en qualifiant de synthétique un ensemble de conditions
définissant une classe d’espaces métriques sans recourir a la moindre notion lisse, peut-on
fournir une notion synthétique de courbure de Ricci minorée?

Notons que dans le cas ou la courbure de Ricci est remplacée par la courbure sectionnelle,
la théorie des espaces d’Alexandrov [Ale51, Ale57, BGP92] apporte une question intéressante
a cette question: en effet, la classe A(K, N) des espaces d’Alexandrov de dimension majorée
par N et de courbure minorée par K est définie de fagon synthétique, et elle contient
la fermeture Gromov-Hausdorff S(K, N) de la collection des variétés riemanniennes de
dimension inférieure & IN et de courbure sectionnelle supérieure a K. La question de savoir
si inclusion S(K, N) C A(K, N) est stricte ou non est encore ouverte, la conjecture étant
qu’elle ne est pas [Kap05].

Une premiere direction, assez naturelle, vers une réponse a la question de Cheeger
et Colding pourrait étre de considérer la classe des espaces Pl doublants, c’est-a-dire
les espaces métriques mesurés (X, d, m) satisfaisant la condition de doublement locale et
une inégalité de Poincaré locale. Dans son article fondateur [Ch99], J. Cheeger construit
une structure différentielle du premier ordre sur ces espaces avec pour point de départ la
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fonctionnelle suivante:

cn(s) = jnf {iimint [ V£,Pam} < 0.+
définie pour tout f € L?(X,m), oul le minimum est pris sur ’ensemble des suites (f,), C
L*(X,m) N Lip(X,d) telles que || fn — fllr2(xm) — 0 et oit [V f,| est la pente de f,. En
posant H'2(X,d, m) comme extension & ce contexte de I’espace de Sobolev classique H'2,
J. Cheeger démontra que pour toute fonction f € HY?(X,d, m) il est possible de définir
une notion appropriée de norme du gradient, appelée pente minimale relaxée, et notée
par |V f|.«. A partir de ces notions, il construit un fibré vectoriel TX — X au-dessus d’un
ensemble de mesure pleine X C X avec des fibres de dimension potentiellement variable.
Les trivialisations locales de ce fibré sont données par les uplets (U, f1,..., fi) on U C X
est un ensemble borélien et f1,..., fr : U — R sont des applications lipschitziennes, et
toute fonction lipschitzienne f : X — R admet sur U une représentation différentielle
df =% (s, fi), les fonctions boréliennes a; étant comprises comme les coordonnées
locales de df (Theorem 2.2.18) et les couples (ay, f;) étant plus simplement noté «; df;.

Cependant, la condition “PI doublant” est trop lache pour étre considérée comme une
définition synthétique de 'hypothése de courbure de Ricci minorée. En effet, la courbure
de Ricci est un objet différentiel d’ordre deux tandis que la condition “PI doublant” est
d’ordre un, et voici une maniére simple de s’en rendre compte sur une variété riemannienne:
contrairement a une borne inférieure sur la courbure de Ricci, le doublement local et
I'inégalité de Poincaré ne sont pas affectés lorsque ’on multiplie la métrique par une
fonction lisse bornée - seule les constantes changent éventuellement. Pour illustrer cette
remarque par un exemple, citons le travail de N. Juillet qui a prouvé que le groupe de
Heisenberg de dimension n n’appartient pas a la fermeture Gromov-Hausdorff de M(n, K)
méme s’il appartient bien a la classe des espaces PI doublants.

En revanche, il découle de cette discussion que toute tentative de définition synthétique
de I'hypothese courbure de Ricci minorée doit particulariser une sous-collection de la
collection des espaces PI doublants.

Espaces RCD*(K, N)

R valant pour “Riemannien”, C' pour “Courbure” et D pour “Dimension”, la condi-
tion RCD*(K, N) pour les espaces métriques mesurés complets, séparables et géodésiques
(X,d, m) remonte aux travaux fondateurs de K.-T. Sturm [?] et J. Lott et C. Villani [LV09]
dans lesquels furent introduites des conditions légerement différentes donnant un sens sur
de tels espaces a I’hypothese courbure minorée par K et dimension majorée par N, notées
“CD(K,N)”. 1l est a noter que dans 'article deuxiemement cité seuls les cas CD(K, 00) et
CD(0,N) avec N < 400 furent abordés. Apres quoi furent ajoutés deux restricitions sup-
plémentaires & la théorie. La premicére est la condition CD*, due & K. Bacher et K.-T. Sturm
[BS10], qui assure de meilleures propriétés de tensorisation et de globalisation pour les
espaces identifiés. La seconde est la condition d’hilbertiannité infinitésimale qui fut ajoutée
a la condition CD(K, co) par L. Ambrosio, N. Gigli et G. Savaré dans [AGS14b], définissant
la classe des espaces RCD(K, 00) et excluant les structures finslériennes non-riemanniennes
satisfaisant CD(K, 00). L’addition de la condition d’hilbertiannité infinitésimale a la condi-
tion CD(K, N) pour N < +00 a été suggérée par N. Gigli dans [G15, p. 75]; elle implique
notamment un théoreme de scindement similaire au résultat originel de Cheeger et Gromoll
[G13].

La formulation originelle des conditions CD et CD* s’écrit dans le vocabulaire de la
théorie du transport optimal, celle de la condition d’hilbertiannité infinitésimale dans celui
de la théorie des flots de gradient, mais nous pouvons adopter ici la caractérisation fournie
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a posteriori par M. Erbar, K. Kuwada et K.-T. Sturm [EKS15]. Fondée sur le I'-calcul
et construite a partir de I’étude du cas de dimension infinie RCD* (K, o) effectuée par
L. Ambrosio, N. Gigli et G. Savaré [AGS15], cette caractérisation dit qu’un espace (X, d, m)
est RCD*(K, N) si:

(i) le volume des boules croit de fagon au plus exponentielle, i.e. m(B, (7)) < ¢1 exp(car?)
pour un certain (et donc pour tout) r € X;

(ii) Pénergie de Cheeger est quadratique (et produit donc une forme de Dirichlet fortement
réguliere équipée d'un opérateur carré du champ I');

(iii) la propriété Sobolev-to-Lipschitz est satisfaite, c’est-a-dire que toute fonction f €
H'Y2(X,d, m) telle que I'(f) < 1 m-p.p. admet un représentant 1-lipschitzien;

(iv) l'inégalité de Bochner

(Af)?
N

1

Lar(p) - ran = B kg
est vérifiée dans la classe des fonctions f € Lipy(X,d) N H?(X,d, m) telles que
Af € HY2(X,d, m) qui, a posteriori, forme une algébre [S14].

La quadraticité de Ch nous permet d’adopter la définition standard du laplacien, a
savoir

D(A) :={f € H"*(X,d, m) : there exists h € L*(X,m) such that

/I‘(f,g)dm:—/ hgdm for all g € HY?(X,d, m)}
X X

et Af := h pour toute fonction f € D(A).

La condition RCD*(K, N) est vérifiée sur les variétés riemanniennes (M, g) de dimension
n < N telle que Ric, > Kg, et elle est stable par convergence Gromov-Hausdorff mesurée -
en particulier elle contient la fermeture de M(n, K) pour tout n < N. De plus, la classe
des espaces RCD*(K, N) est une sous-collection de la collection des espaces PI doublants.
Pour ces raisons, au cours des dernieres années, la classe des espaces RCD*(K, N) est
apparue comme une classe intéressante d’espaces possiblement non-lisses sur lesquels peu-
vent étre étudiées des propriétés de type riemannien, strictement contenue dans la classe
des espaces CD*(K, N). Le chapitre 2 de cette theése est dédié a une revue détaillée des
espaces RCD*(K, N) et de leurs propriétés, en partant de la théorie du transport optimal
de laquelle ils sont originiares.

Inégalités de Sobolev pondérées par recollement

Afin de tester la validité de la condition RCD*(K, N) comme bonne formulation
synthétique de 'hypothese courbure de Ricci minorée et dimension majorée, de nombreux
travaux au cours des dernieres années ont visé a démontrer des résultats classiques de
géométrie riemannienne sur les espaces RCD*(K, N). Le théoréeme de scindement de
N. Gigli et l'inégalité de Harnack-Li-Yau établie dans ce contexte par R. Jiang, H. Li et
H. Zhang [JLZ16] sont des exemples particulierement pertinents. Mais certains resultats
restent vrais dans le cadre plus général des espaces CD(K, N) pour lesquels la fonctionnelle
Ch peut ne pas étre quadratique. Par exemple, I'inégalité de Bishop-Gromov et I'inégalité
de Poincaré locale L? sont vraies sur ces espaces (Theorem 2.1.14 et Theorem 2.1.16
respectivement). Ainsi tout résultat de géométrie riemannienne dont la preuve ne repose
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que sur ces deux ingrédients et qui n’utilise pas le caractere lisse de I’espace sous-jacent
peut-étre réalisée sur les espaces CD(K, N).

Nous utilisons cette observation dans le Chapitre 3 de cette thése pour démontrer
des inégalités de Sobolev pondérées sur une classe d’espaces avec doublement et Poincaré
globale (incluant notamment les espaces CD(0, IV)) satisfaisant une condition de croissance
a l'infini appropriée. Le contenu de ce chapitre provient de la note [T17a] et du travail
en cours [T17b]. Notre approche est basée sur un procédé de recollement abstrait di a
A. Grigor’yan et L. Saloff-Coste, qui permet de coller des inégalités de Sobolev locales en
une inégalité globale par I'intermédiaire d’une inégalité de Poincaré discrete valant sur
une discrétisation idoine de I'espace [GS05]. La validité des inégalités de Sobolev locales
provient des hypotheses de doublement et de Poincaré, et 1’établissement de I'inégalité de
Poincaré nécessite I’hypothese de croissance a l'infini.

Ce procédé a déja été utilisé en 2009 par V. Minerbe sur les variétés riemanniennes a
courbure de Ricci minorée [Mi09]. Expliquons en quelques mots les motivations derriére le
travail de V. Minerbe. Il est bien connu que toute variété riemannienne (M, g) de dimension
n a courbure de Ricci positive et a croissance de volume maximal, c’est-a-dire telle que
vol(By(x))r~™ tends vers un nombre positif © > 0 quand r — 400 pour un certain (ou
pour tout) x € M, satisfait I'inégalité de Sobolev globale classique:

sup { (/M |12/ (n=2) dvol>1_2/n (/M |Vf]2dvol>_1 . fe COO(M)\{O}} < +o0.

Cependant, cette inégalité n’est pas satisfaite lorsque la variété est a croissance de volume
non-maximale. L’idée de V. Minerbe fut donc de pondérer la mesure volume vol de la variété
de fagon a d’absorber le manque de maximalité de la croissance de volume, fournissant
ainsi une inégalité de Sobolev adaptée de laquelle découlent plusieurs résultats de rigidité.
H.-J. Hein a ensuite étendu le résultat de Minerbe au cas de variétés riemanniennes lisses
avec Ric > —C/r? - ol r est la fonction distance & un certain point - et satisfaisant une
bonne condition de croissance polynomiale, en déduisant des résultats d’existence et des
estimées de décroissance pour les solutions bornées de I’équation de Poisson [Hell].

Le grand avantage des inégalités que nous démontrons est qu’elles ne recquierent au-
cune hypothése de courbure-dimension. Ceci nous permet d’affirmer que les inégalités de
Minerbe, qui a priori étaient conséquences d’un phénomene de courbure, n’ont en fait rien
a voir avec la courbure, mais sont induites par des hypotheses structurelles plus faibles.

Loi de Weyl sur les espaces RCD*(K, N)

Revenons aux espaces RCD* (K, N). Jusque récemment le meilleur résultat structurel
dans ce contexte était la décomposition de Mondino-Naber stipulant que tout espace
RCD*(K,N) (X,d,m) peut étre écrit, & un ensemble m-négligeable pres, comme une
partition dénombrable de cartes bi-lipschitziennes (U;, ¢;) ou ¢;(U;) est un ensemble
borélien de R¥ et les dimensions k; < N uniformément bornées peuvent varier [MN14].
Par la suite, les travaux indépendants [GP16, DePhMR16, KM17] ont prouvé le caractére
absolument continue de mL U; par rapport & la mesure de Hausdorff #¥:. Dans le cas des
Ricci limites, T. Colding et A. Naber avaient montré dans [CN12] que les dimensions k;
sont égales. Il a été conjecturé que ce résultat reste vrai sur les espaces RCD*(K, N), ce
qu’un travail récent de E. Brué et D. Semola a confirmé [BS18]. Pour étre plus précis, il est
maintenant établi que pour un certain entier n =: dimg m(X'), nous avons m(X\R,) = 0 ou
I’ensemble des points n-réguliers R, est défini comme étant ’ensemble des points x € X
pour lesquels la limite de la suite de rescalings {(X,r~'d, m(B,(x))"'m,z)},~0 est 'espace
euclidien (R™, dewer, H™, 0,) ou Hr = H" Jwn, wy désignant le volume de la boule unité
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dans R™.

Motivés par cette conjecture, nous avons étudié les espaces RCD*(K, N) compacts
(X,d, m) du point de vue de I’analyse spectrale. Comme pour les variétés riemanniennes
fermées, les propriétés de doublement et de Poincaré assurent l’existence d’un spectre
discret pour le laplacien A sur (X,d, m) qui peut-étre représenté par une suite croissante
0=MX < A < A < ... telle que A\; — +oo quand 7 — 4oo. Un résultat classique
d’analysis géométrique, connu sous le nom de loi de Weyl, stipule que pour toute variété
riemannienne fermée (M, g) de dimension n,

N()) W,
a2 " (2m)

—~H" (M) A — +o0

lorsque N(A\) =#{i e N: \; < A} et H" est la dimension de Hausdorff n-dimensionnelle.
Nous prouvons dans Particle [AHT18] que ce résultat est aussi vrai sur (X,d, m). Pour
parvenir a cette fin, nous établissons un résultat de convergence ponctuelle des les noyaux
de la chaleur associés a une suite convergente d’espaces RCD*(K, N). Nous présentons
ces résultats dans le Chapitre 4 de cette these: notre présentation differe quelque peu de
I’article publié, car nous pouvons désormais prendre en compte les simplications impliquées
par le théoreme de Brué et Semola.

Notre preuve est fondée sur le théoreme de Karamata, qui permet de réécrire la loi de
Weyl en une formule asymptotique en temps court de la trace du noyau de la chaleur de
(X,d, m), & savoir

/ p(x,z,t)dm(x) ~ (47Tt)_”/2’}-["(7zn) t =0
X

ou n = dimg n(X) est la dimension de (X,d, m). Pour m-p.t. point z € X, les espaces
(X, r~td, m(B,(x))"'m, z) convergent vers (R", deyer, wy, 12", 0) quand r — 0, et les noyaux
de la chaleur p” de ces espaces satisfont la formule p\/z(ac, z,1) = m(B j;(z))p(z,z,t) pour
tout £ > 0. Afin de rendre compte clairement de 1'idée de la preuve, voici un calcul informel
dans lequel intervient le noyau de la chaleur p® de I’espace euclidien R":

lim t”/2/ p(z,z,t)dm(z) =lim [ m(B_;(z))p(z,x t)idm(x)
t—0 x0T t-0 [y Vi 7 m(B ()

n/2
=t [ i) : ! dm(z)

t=0 [ B s(z))

N R TN Y R At WS
. dH"™
:/Xp (0,0,1) Im () dm(zx)

= (4m)"PH(X).

Notre preuve consiste en rendre rigoureuse ce calcul informel. Pour justifier la troisiéme
inégalité nous supposons un critére qui se trouve étre satisfait dans tous les exemples
connus d’espaces RCD*(K, N). La quatrieme égalité nécessite une étude rigoureuse de la
propriété d’absolue continuité “inverse” H"™ < m qui est faite au moyen d’un ensemble
n-régulier réduit R;.

Plonger des espaces RCD*(K, N) dans un espace de Hilbert
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Dans le dernier chapitre de cette thése, nous présentons les résultats de l’article
[AHPT17] qui est en phase d’étre bientot terminé.

En 1994, P. Bérard, G. Besson et S. Gallot ont étudié les propriétés asymptotiques de
la famille (¥});~¢ de plongements d’une variété riemannienne fermée (M, g) de dimension
n dans l'espace des suites de carrés sommables [BBG94]. Construits a I’aide des valeurs
propres et fonctions propres de 'opérateur de Laplace-Beltrami, ces plongements tendent
a devenir isométriques quand ¢ | 0, dans le sens qu’ils fournissent une famille de métriques
pull-back (g¢)¢>0 telle que

g =g9+Ag)t+01*)  tl0 (0.0.1)

ou les fonctions lisses A(g) font intervenir la courbure scalaire et la courbure de Ricci de
(M, g).

Dans [AHPT17], nous entamons 1’étude d’une extension de ce résultat, en remplacant
(M, g) par un espace RCD*(K, N) compact (X,d, m). Nous préférons travailler avec les
plongements ®; : 2 + p(x,-,t), t > 0, qui prennent leurs valeurs dans 'espace L?(X,m).
Grace au développement du noyau de la chaleur (4.0.21), cette approche est équivalente
a celle de Bérard, Besson et Gallot, et elle nous permet de raffiner les techniques de
blow-up déja utilisées dans [AHT18]. Signalons que nous présentons aussi une formule de
différentiation a l'ordre un pour les fonctions ®; (Proposition 5.2.1) qui n’apparait pas
dans [AHPT17].

Afin de fournir une version sensée de (1.0.1) sur (X, d, m), nous utilisons le formalisme de
N. Gigli [G18], et en particulier le module de Hilbert L>T(X,d, m) qui joue le r6le abstrait
sur (X,d,m) de I’espace des champs de vecteurs L?, pour produire une notion inédite de
métriques RCD sur les espaces RCD* (K, N). En peu de mots, les métriques RCD sont les
fonctions g : L?T(X,d, m) x L?T(X,d, m) — L'(X,m) disposant des principales propriétés
algébriques des métriques riemanniennes vues comme fonctions C*°(TM) x C*(TM) —
C°(M). Parmi ces objets, nous particularisons un élément canonique g caractérisé par la
propriété

/ 9(Vf1,¥ o) dm = / D(fu fo)dm  Vfi, fo € HY2(X,d,m),
X X

ol les objets V f1, Vfo sont les analogues des champs de vecteurs gradients L? dans le
formalisme de Gigli. - noter que de fagon équivalente, on peut voir ces objets comme des
L2-dérivations, auquel cas nous avons g(V, V) = |V|? pour tout V € L?*T(X,d, m) ou |V|
est la norme locale de la dérivation V', voir Remark 5.2.12.

Apres quoi nous montrons que pour tout ¢t > 0, une version intégrée de I’expression
ponctuelle de la métrique riemannienne pull-back g; écrite dans le langage approprié sur
(X,d, m), & savoir

/Xqﬁ‘gm(Vl,Vz)(;g) dm(z) :/

([ (F2p(a.). ) bl 1), Vo) () ),
X X

YV, Vo € LPT(X,d, m),

définit une métrique RCD.

L’ensemble des métriques RCD sur (X,d,m) est muni d’un ordre partiel naturel
qui permet de définir une notion de convergence L? faible sur l'espace des métriques
h telle que h < Cg pour un certain C' > 0: on dit que g; — g L? faiblement lorsque
G:(V,V) = g(V, V) pour la topologie faible de L'(X,m) pour tout V € L?*T(X,d, m). Pour
définir la convergence L? forte, nous nous basons encore sur le formalisme de Gigli, cette
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fois en utilisant les produits tensoriels duals (au sens des modules de Hilbert) I'un de
I’autre:

L*T(X,d,m)® L*T(X,d,m) and L*T*(X,d,m)® L*T*(X,d,m).

Toute métrique RCD g est alors associée a un tenseur (0,2) g, et on peut définir la norme
de Hilbert-Schmidt locale | - | s de n’importe quel (différence de) tenseur(s) par dualité
avec la norme de Hilbert-Schmidt considérée dans [G18]. On dit alors que g; — g converge
L? fortement lorsque |||g; — &|m sz 2 — O.

Ces définitions étant posées, nous démontrons des résultats de convergence L? forte
pour des rescalings appropriés sc;g; de g;. Deux choix sont possibles pour la fonction
sc. Le premier est sc; = t(n+2)/2 oy p = dimg (X)), en directe analogie avec le cadre
riemannien, mais le choix le plus naturel dans le contexte RCD*(K, N) est sc; = tm(B 4;(-))
qui prend en compte le fait que la condition RCD* (K, N) est aussi satisfaite sur des variétés
riemanniennes pondérées. Nous prouvons ainsi la convergence L? forte tm(B vil))ge = cng
quand t | 0, ou ¢, est une constante dimensionelle positive. Nous prouvons aussi que
t(+2)/24 converge vers F,g L2-fortement lorsque ¢ | 0, ot F}, est une fonction m-mesurable
qui fait intervenir notamment l'inverse de la densité de m par rapport & H'™; comme
montré dans [AHT18], cet inverse est bien définie sur ’ensemble régulier réduit R} dont le
complémentaire est m-négligeable dans X.

Expliquons en quelques mots la stratégie des preuves. Tout d’abord, nous pouvons
montrer que la convergence L? faible §; := tm(B vil))gr — cng suit de la propriété
J46:(V,V)dm — ¢, [, g(V,V)dm pour tout ensemble borélien A C X et pour tout
V € L?T(X,d, m). Par le théoréme de Fubini,

/A 6(V,V)dm = /X /A (B (@) Vap(z, . 1), V(2))? dm(x) dm(y).

et il ne nous reste donc qu’a comprendre le comportement de

[ (B )bl 0. V(@) ) (002

lorsque t | O pour m-p.t. y € X, une application soigneuse du théoréeme de convergence
dominée impliquant finalement le résultat. Pour se faire, nous introduisons une notion
de points harmoniques z des champs de vecteur L? qui nous permet de remplacer V
dans (1.0.2) par Vf pour un certain f € H"“?(X,d,m) de sorte que pour tout espace
tangent (Y, dy, my,y) = lim,,o(X,r; 'd,m(B,,(2))"'m, 2), les fonctions redimensionées
frie € HY2(X, 77 d, m(B,,(2))"'m) converge en un certain sens approprié (Hllo’c2 fort) vers
une fonction lipschitzienne et harmonique f :' Y — R. Nous montrons que I’ensemble
H(V') des points harmoniques de V est de mesure pleine dans X. En supposant sans perte
de généralité que les points harmoniques de V f sont aussi points de Lebesgue de |V f|?
(cela fera partie de la définition), nous pouvons restreindre notre attention aux points
z € H(Vf)NR, pour lesquels le calcul heuristique suivant peut étre rendu rigoureux (ou

d; = \/Z_ld, my = m(B\/z(z))_lm, et p¢ est le noyau de la chaleur de (R™,deyer, H™)):
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pour tout L > 0,
/ tm(B 3(2))(Vap(z, 2,1), V f(2))? dm(z)
BL\E(Z)
= [ BT 1), V@) do)
L z

B / ™ (B1(2)) (V" (2,00, 1), V f(2))* dH" ()
BL(On)
2

= ca( L)V (2)

pour une certaine constante c¢,(L) > 0 qui est telle que ¢,(L) — ¢, quand L — +o0 et
ot (|V£]?)*(2) = lim,_.g fBT(z) |V f|?> dm est bien défini car z est un point de Lebesgue de
|V f|?. Ce calcul est au coeur de la Proposition 5.3.9 qui contient I'essentiel des ingrédients
techniques permettant de démontrer la convergence

/ / (B y(@))(Vap(z, . 1), V(2))? dm(x) dm(y) — / Vi2dm £ 0.
XJA A

Afin d’améliorer la convergence §; — ¢, g de L? faible a L? fort, nous devons prouver la
convergence des normes de Hilbert-Schmidt locale qui dans notre cas est une conséquence
de lestimée suivante:

limsup/X (tm(B\/';(ﬂL‘)))2

t10

2
dm(z) < n2m(X).
HS

/X Vap(@,y,t) © Vap(z, y, ) dm(y)

La preuve de cette estimée requiert un procédé de blow-up plus délicat. Nous référons a la
Section 5.4 pour les détails. Les convergences L2 faible et L2 forte §; := t(t2)/2¢g, — F, g
se prouvent de facon similaire.

Finalement, en utilisant les résultats de stabilités de [AH17a] et en étendant les estimées
classiques sur les valeurs propres et fonctions propres de 'opérateur de Laplace-Beltrami
riemannien au contexte RCD* (K, N), nous montrons que pour toute suite convergente au
sens Gromov-Hausdorff mesuré d’espaces RCD*(K, N) compacts (X;,d;, m;) — (X,d, m) et
pour toute suite ¢; — ¢ > 0, nous avons convergence Gromov-Hausdorff ®;, (X;) — ®;(X),
ou les distances sont induites par les produits scalaires L? correspondants.



Chapter 1

Introduction

The aim of this thesis is to study metric measure spaces with a synthetic notion of Ricci
curvature bounded below. We study them from the point of view of Sobolev/Nash type
functional inequalities in the non-compact case, and from the point of view of spectral
analysis in the compact case. The heat kernel links the two cases: in the first one, the goal
is to get new estimates on the heat kernel of some associated weighted structure; in the
second one, the heat kernel is the basic tool to establish our results.

The topic of synthetic Ricci curvature bounds has known a constant development over
the past few years. In this introduction, we shall give some historical account on this
theory, before explaining in few words the content of this work. The letter K will refer
to an arbitrary real number and N will refer to any finite number greater than or equal to 1.

Ricci curvature

Ricci curvature is one fundamental way to express how a smooth Riemannian manifold
differs from being flat. Finding its roots in the tensorial calculus - “calcolo assoluto” -
developed at the turn of the twentieth century by G. Ricci-Curbastro and T. Levi-Civita
[RLO1, Ric02], it came especially into light in 1915, when A. Einstein used it to formalize in
a concise way its celebrated equations modelling how a spacetime is curved by the presence
of local energy and momentum encoded in the so-called stress-energy tensor [E15] (see also
[To54] for historical details).

Throughout the second half of the XXth century, many mathematicians have studied
the implications of a lower bound on the Ricci curvature. Indeed, it was soon realized that
such a bound grants powerful comparison theorems giving a control of several analytic
quantities, like the Hessian and the Laplacian of distance functions d(z, ), or the volume
of geodesic balls and spheres, in terms of the corresponding ones in the model spaces with
constant curvature (see e.g. [GHLO04]).

Following this path, J. Cheeger and D. Gromoll provided in 1971 their well-known
splitting theorem [CGT71], extending V. Toponogov’s previous result [To64] established under
the stronger assumption of non-negative sectional curvature: if a complete non-negatively
Ricci curved Riemannian manifold contains a line, then it splits into the Riemannian
product of R and a submanifold of codimension 1.

On a more analytical side, P. Li and S.-T. Yau proved in 1986 a striking global Harnack
inequality for positive solutions of the equation (A — g(z) — %)u(x, t) = 0 on complete
Riemannian manifolds with Ricci curvature bounded below, where ¢ is a C? potential with
controlled gradient and bounded Laplacian [LY86]. Their results apply especially to the
case of the heat equation (A — %)u(az, t) =0, i.e. when ¢ = 0. In the Euclidean space, the
Harnack inequality for parabolic differential equations was established in 1964 by J. Moser

1
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[Mo64]. It implies Holder regularity of positive weak solutions of the equation and sharp
upper and lower Gaussian bounds for the associated Green’s kernel. Therefore, Li-Yau’s
Harnack inequality extended these two results to the setting of Riemannian manifolds with
Ricci curvature bounded below.

Moreover, the assumption Ric > K implies two important results, namely the Bishop-
Gromov theorem ([Bis63], see also [GHLO04]) and the local L? Poincaré inequality ([Bus82],
see also [CC96, Th. 2.11 and Rk. 2.82]). The former implies the local doubling condition
(2.1.8) which is a useful tool to extend classical analytic results to the setting of metric
measure spaces. Let us mention that L. Saloff-Coste proved that on Riemannian manifolds,
the local doubling condition and the local L? Poincaré inequality are equivalent to the
parabolic Harnack inequality [Sa92]. K.-T. Sturm extended this result to the context of
Dirichlet spaces [St96].

Further consequences of Ricci curvature bounded below are eigenvalue estimates, isoperi-
metric inequalities, Sobolev inequalities, etc., for which we refer e.g. to [L12].

Looking for a synthetic notion

All these results focused the attention on the set of Riemannian manifolds with
Ricci curvature bounded below by K € R, seen as particular subclass of the general
collection of metric spaces. In this regard, M. Gromov provided in 1981 an important
result, known as the precompactness theorem, which states that for any given n € N and
D > 0, the set M(n, K, D) of all n-dimensional compact Riemannian manifolds with Ricci
curvature bounded below by K and diameter bounded above by D, is precompact for the
Gromov-Hausdorff topology (Theorem 2.4.2). Let us recall that the Gromov-Hausdorff
distance between compact metric spaces (X,dx) and (Y,dy) is dgg((X,dx), (Y,dy)) :=
infdy z(i(X),j(Y)), where the infimum is taken over the triples (Z, 1, j) such that Z is a
metric space, i : X — Z, j : Y — Z are isometric embeddings, and dp, 7 stands for the
Hausdorff distance in Z.

In other words, Gromov’s precompactness theorem states that from any sequence
of elements in M(n, K, D), one can extract a subsequence converging, in terms of the
Gromov-Hausdorff distance, to a metric space. This result extends in an appropriate way to
the set M(n, K) of all complete n-dimensional Riemannian manifolds with Ricci curvature
bounded below by K, see [Gro07, Th. 5.3].

Metric spaces arising as such limits of manifolds, nowadays called Ricci limits, are in
general not Riemannian manifolds. Nevertheless, they possess some structural properties
which were investigated at the end of the nineties by J. Cheeger and T. Colding [CC97,
CCO00a, CCO0b]. These two authors proved that several results from the smooth world of
Ricci curvature bounded below hold also on Ricci limits. Indeed, as a suitable consequence
of Ascoli-Arzela theorem, it is always possible to construct a limit measure v, on any
such space X = lim; M; so that the Gromov-Hausdorff convergence M; — X upgrades
to the measured Gromov-Hausdorff convergence, due to K. Fukaya [F87], for which we
have vol;(B;) — Veo(Boso) Whenever B; — By in the Gromov-Hausdorff sense for any
ball By with vo-negligible boundary (note that in the same paper, K. Fukaya proved
that Gromov’s precompactness theorem is still valid if Gromov-Hausdorff convergence is
replaced by measured Gromov-Hausdorff convergence). In particular, the Bishop-Gromov
theorem passes automatically to the limit, and J. Cheeger and T. Colding also proved that
the local L? Poincaré inequality is still true on Ricci limits.

Driven by these observations, they asked the following question [CC97, Appendix 2]
which was also stated in [Gro91, p. 84]: calling synthetic a set of conditions defining a class
of metric spaces without refering to any notion of smoothness, can one provide a synthetic



notion of having Ricci curvature bounded below?

Note that in the case in which Ricci curvature is replaced by sectional curvature, the
theory of Alexandrov spaces [Ale51, Ale57, BGP92] provides an interesting answer to this
question: indeed, the class A(K, N) of Alexandrov spaces with dimension bounded above
by N and curvature bounded below by K is defined in a synthetic way, and it contains
the Gromov-Hausdorff closure S(K, N) of the collection of Riemannian manifolds with
dimension lower than N and sectional curvature bounded below by K. Whether the
inclusion S(K, N) C A(K, N) is strict or not is still an open question, the conjecture being
that it is not [Kap05].

A first natural direction towards an answer to Cheeger-Colding’s question could have
been provided by the class of PI doubling spaces (Definition 2.2.17), namely those metric
measure spaces (X,d, m) satisfying the local doubling condition and a local Poincaré
inequality. In his seminal paper [Ch99], J. Cheeger constructed a first-order weak differential
structure on such spaces based on the following functional:

en(s) = jnf {limint [ 1V£,2am} < 0.+
defined for any f € L?(X,m), where the infimum is taken over all the sequences (f,)n C
L?(X,m) N Lip(X,d) such that || fn — fll2(x,m) — 0 and where |V f,| is the slope of f,.
Setting H12(X,d, m) := {Ch < +o0} as an extension of the classical Sobolev space H'?
to this setting, J. Cheeger showed that for functions f € H'?(X,d, m) it is possible to
define a suitable notion of norm of the gradient, called minimal relaxed slope, and denoted
by |V f|«. Out of this, he built a vector bundle TX — X over a set of full measure X ¢ X
with possibly varying dimension of the fibers. Local trivializations of this bundle are
given by tuples (U, f1,..., fr) where U C X is Borel and f1,..., fi : U — R are Lipschitz
maps, and any Lipschitz function f : X — R admits on U a differential representation
df = Zi?:l(ozi, fi), the Borel functions «; being understood as the local coordinates of df
(Theorem 2.2.18), and the pairs («;, f;) being usually denoted in the more intuitive manner

However, the class of PI doubling spaces is too large to be regarded as a synthetic
definition of Ricci curvature bounded below. Indeed, Ricci curvature is a second-order
differential object whereas the PI doubling conditions are of first-order, and a simple way
to notice this difference on a Riemannian manifold is the following: unlike a bound by
below of the Ricci curvature, the local doubling and Poincaré conditions are unaffected
when one multiplies the metric by a smooth bounded function - only the constants might
change. As an illustration of this fact, let us cite the work of N. Juillet who proved that
the n-dimensional Heisenberg group does not belong to the Gromov-Hausdorff closure of
M(n, K) even though it does belong to the class of PI doubling spaces [Ju09].

Nevertheless, what follows from this discussion is that any tentative synthetic definition
of Ricci curvature bounded below should single out a subclass of the collection of PI
doubling spaces.

RCD*(K, N) spaces

R standing for “Riemannian”, C for “curvature” and D for “dimension”, the RCD*(K, N)
condition for complete, separable, geodesic metric measure spaces (X,d, m) amounts to
the seminal works of K.-T. Sturm [St06a] and J. Lott and C. Villani [LV09] in which were
introduced similar but slightly different conditions giving a meaning to Ricci curvature
bounded below and dimension bounded above on such spaces and denoted by “CD(K, N)".
Note that in the second cited article only the cases CD(K, 0c0) and CD(0, N) with N < 400
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were considered. Afterwards, two main requirements were added to the theory. The first
one is the CD* condition, due to K. Bacher and K.-T. Sturm [BS10], which ensures better
tensorization and globalization properties of the identified spaces. The second one is the
infinitesimally Hilbertian condition added to the CD(K, co) condition by L. Ambrosio,
N. Gigli and G. Savaré in [AGS14b], providing the class of RCD(K, co) spaces which rules
out non-Riemannian Finsler structures. The addition of the infinitesimally Hilbertian
condition to the CD(K, N) condition with N < 400 was suggested by N. Gigli in [G15,
p. 75], and provides especially a splitting theorem similar to Cheeger-Gromoll’s original
result [G13].

The original formulation of the CD and CD* conditions involves optimal transportation,
and gradient flow theory for the infinitesimally Hilbertian condition, but we can now adopt
the equivalent characterization provided a posteriori by M. Erbar, K. Kuwada and K.-
T. Sturm [EKS15] based on I'-calculus and built upon the study of the infinite dimensional
case RCD* (K, 00) carried out by L. Ambrosio, N. Gigli and G. Savaré [AGS15], saying
that a space (X,d, m) is RCD*(K, N) if:

(i) balls grow at most exponentially i.e. m(B,(Z)) < ¢ exp(cor?) for some (and thus
any) T € X;

(ii) Cheeger’s energy is quadratic (and thus it provides a strongly regular Dirichlet form
with a I" operator);

(iii) the Sobolev-to-Lipschitz property holds, namely any f € H"?(X,d, m) with I'(f) < 1
m-a.e. admits a 1-Lipschitz representative;

(iv) Bochner’s inequality

(Af)?
N

1

SAT() — T Af) = S 4 k()

holds in the class of functions f € Lipy(X,d) N H%?(X,d,m) such that Af €
H'2(X,d, m) which, a posteriori, turns out to form an algebra [S14].

Note that quadraticity of Ch allows us to adopt the standard definition of Laplacian,
namely

D(A) :={f € H"*(X,d, m) : there exists h € L?(X,m) such that

/ I'(f,g)dm = _/ hgdm for all g € H"*(X,d, m)}
X X

and Af := h for any f € D(A).

The RCD*(K, N) condition holds on n-dimensional Riemannian manifolds (M, g) with
Ricy, > Kg and n < N and is stable with respect to measured Gromov-Hausdorff conver-
gence. Moreover, the collection of RCD* (K, V) spaces is a subclass of the set of PI doubling
spaces, and it has been shown to contain the Gromov-Hausdorff closure of M(n, K) for any
n < N. For these reasons, over the past few years the collection of RCD* (K, N) spaces
has appeared as an interesting class of possibly non-smooth spaces on which one could
study Riemannian type properties, strictly contained in the class of CD*(K, N) spaces.
Chapter 2 is devoted to a detailed review on RCD*(K, N) spaces and on their properties,
starting from the optimal transportation context from which it originates.

Weighted Sobolev inequalities via patching



To test the validity of the RCD*(K, N) condition as a good synthetic notion of Ricci
curvature bounded below and dimension bounded above, many works in the recent years
have aimed at proving classical results from Riemannian geometry on RCD* (K, N) spaces.
N. Gigli’s splitting theorem [G13] and the Li-Yau Harnack inequality established in this
context by R. Jiang, H. Li and H. Zhang [JLZ16] are particularly relevant examples. But
some results hold true in the broader context of CD(K, N) spaces, for which the Ch
energy might not be quadratic and the synthetic notion of Ricci curvature bounded below
by K and dimension bounded above by N is expressed in terms of K-convexity of the
Rényi entropy along Wasserstein geodesics, see Section 2.1 for details. For instance, the
Bishop-Gromov inequality and the local L? Poincaré inequality hold true on CD(K, N)
spaces, see Theorem 2.1.14 and Theorem 2.1.16 respectively. Therefore, any result from
Riemannian geometry whose proof requires only these two ingredients can be performed
on CD(K, N) spaces, provided the smooth structure of the spaces can be forgotten in the
proof.

We follow this path in Chapter 3 to establish weighted Sobolev inequalities for a class of
spaces with doubling and global Poincaré properties (including CD(0, V) spaces) satisfying
a suitable growth condition at infinity. The content of this chapter is taken from the
submitted note [T17a] and the work in progress [T17b]. Our approach is based on an
abstract patching procedure due to A. Grigor’yan and L. Saloff-Coste, which permits to glue
local Sobolev inequalities into a global one via a discrete Poincaré inequality formulated on
a suitable discretization of the space [GS05]. The validity of the local Sobolev inequalities
follows from the doubling and Poincaré properties, and the discrete Poincaré inequality
requires the additional volume growth condition.

Such a procedure was already performed in 2009 by V. Minerbe on Riemannian manifolds
with Ricci curvature bounded below [Mi09]. Let us spend a few words on V. Minerbe’s
motivation in this context. It is well-known that any n-dimensional non-negatively Ricci
curved Riemannian manifold (M, g) with volume measure vol having maximal volume
growth, i.e. such that vol(B,(z))r~" tends as r — 400 to some positive number © > 0 for
some (and then any) x € M, satisfies the classical global Sobolev inequality:

sup { (/M | f]2/ (n=2) dvol>1_2/n (/M |Vf]2dvol>_1 . fe COO(M)\{O}} < +o0.

However, this inequality is not satisfied if the manifold has non-maximal volume growth.
V. Minerbe’s idea consisted in putting a weight on the volume measure vol to absorb the
lack of maximal volume growth, providing an adapted weighted Sobolev inequality from
which he deduced several rigidity results. H.-J. Hein subsequently extended Minerbe’s
result to smooth Riemannian manifolds with an appropriate polynomial growth condition
and quadratically decaying lower bound on the Ricci curvature, deducing existence results
and decay estimates for bounded solutions of the Poisson equation [Hell].

The main advantage of our new inequalities is that they do not require any curvature-
dimension condition. For this reason, we can claim that Minerbe’s inequalities, which were
a priori a consequence of a curvature phenomenon, have nothing to do with curvature, but
are implied by milder structural assumptions.

Weyl’s law on RCD*(K, N) spaces

Coming back to RCD*(K, N) spaces, until recently the best structural result in this
context was the so-called Mondino-Naber decomposition stating that any RCD*(K, N)
space (X,d,m) could be written, up to a m-negligible set, as a countable partition of
bi-Lipschitz charts (U;, ;) where ¢;(U;) is a Borel set of R¥: and the uniformly bounded
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dimensions k; < N might be varying [MN14]. Further independent works subsequently
proved the absolute continuity of mL U; with respect to the corresponding Hausdorff
measure H* [GP16, DePhMR16, KM17]. For Ricci limits, it was known from the work of
T. Colding and A. Naber [CN12] that the dimensions k; are all the same. This result was
conjectured to hold true also on general RCD* (K, N) spaces, and a recent work of E. Brué
and D. Semola solved positively this conjecture [BS18]. To be precise, it is by now known
that for some n =: dimg (X), we have m(X\R,) = 0 where the so-called set of n-regular
points R, is defined to be the set of points x € X for which the limit of the sequence of
rescalings {(X,r~'d, m(B,(x))~'m, z)},0 is the Euclidean space (R",dgyues, H", 0,) where
H = H" /wy, where wy, is the volume of the n-dimensional Euclidean unit ball.
Motivated by this conjecture, we studied compact RCD*(K, N) spaces (X,d, m) from

the point of view of spectral theory. As for closed Riemannian manifolds, the doubling and
Poincaré properties ensure the existence of a discrete spectrum for the Laplace operator A
of (X,d, m) which can be represented by a non-decreasing sequence 0 = A\g < A1 < A < ...
such that A\; — 400 when ¢ — +o00. A classical result of geometric analysis is Weyl’s
asymptotic formula, which states that for any closed n-dimensional Riemannian manifold
(M, g) one has

N()) wn

/2 ~ (271')”

where N(\) = f{i € N: \; < A} and ‘H" is the n-dimensional Hausdorff measure. We
proved in the article [AHT18] that this result holds true also on (X, d, m). To this purpose,
we established a pointwise convergence result for the heat kernels of a measured Gromov-
Hausdorff converging sequence of RCD* (K, N) spaces. We present these results in Chapter
4: our presentation slightly differs from the published paper, since we can take into account
the simplifications stemming from Brué-Semola’s theorem.

Our proof is based on Karamata’s theorem, which rephrases Weyl’s law into a short-time
asymptotic formula for the trace of the heat kernel of (X, d, m), namely

H" (M) A — +00

/ p(z, z, t)dm(x) ~ (47Tt)7"/27-[”(72n) t—=0
X

where n = dimg n(X) is the dimension of (X,d, m). For m-a.e. point x € X, the rescaled
spaces (X,r~'d, m(B,(x))"'m,x) converge to (R",deye,w;, L™, 0) when r — 0, and
the heat kernels p” of these rescaled spaces satisfy the scaling formula p\/z(x,x, 1) =
m(B s (z))p(z,z,t) for any ¢ > 0. Let us provide an informal computation in order to
make clear the idea of our proof, with p¢ denoting the heat kernel on R™:

lim t"/2/ p(z,z,t)dm(z) = lim [ m(B_s(x))p(z,x t)ﬂdm(x)
-0 xS =0 J Vi 7 m(B ()

n/2
= lim p‘/i(x, x,1) f dm(x)

=0 J m(B\/E(:c))

O R TN S S ol W
. dH"™
_/Xp (0,0,1) o () dm(zx)

= (4m) " PH(X).

Our proof consists of turning this informal computation in rigorous terms. Note that in
order to justify the third equality we assume a criterion which turns out to be satisfied on



all known examples of RCD*(K, N) spaces. The fourth equality requires a careful study
of the “reverse” absolute continuity property H" < m which is achieved using a reduced
n-dimensional regular set R .

Embedding RCD*(K, N) spaces into a Hilbert space

In the last chapter of this thesis, we present the results of the paper [AHPT17] which
shall be finalized soon (after adding a few more extensions, but the paper is already
essentially complete).

In 1994, P. Bérard, G. Besson and S. Gallot studied the asymptotic properties of
a family (¥y);~0 of embeddings of a closed n-dimensional Riemannian manifold (M, g)
into the space of square-integrable real-valued sequences [BBG94]. Constructed with the
eigenvalues and eigenfunctions of the Laplace-Beltrami operator, these embeddings tend
to be isometric when t | 0, in the sense that they provide a family of pull-back metrics
(9¢)t>0 such that

g=g+Algt+0{t) tl0 (1.0.1)

where the smooth function A(g) involves the Ricci and scalar curvatures of (M, g).

In [AHPT17], we start the study of an extension of this result, replacing (M, g) with a
generic compact RCD*(K, N) space (X,d, m). For convenience, we work with the family of
embeddings ®; : x + p(x,-,t), t > 0, which take values in the space L?(X,m). Thanks to
the heat kernel expansion (4.0.21), this approach is equivalent to Bérard-Besson-Gallot’s
one and it allows us to refine the blow-up techniques which were already used in [AHT18].
Note that we provide in Proposition 5.2.1 a first-order differentiation formula for the
functions ®; which does not appear in [AHPT17].

To provide a meaningful version of (1.0.1) on (X,d, m), we use N. Gigli’s formalism
[G18], and in particular the Hilbert module L?>T(X,d, m) which plays for (X,d,m) the
role of an abstract space of L?-vector fields, to provide a genuine notion of RCD metrics
on RCD*(K, N) spaces. Shortly said, RCD metrics are functions g : L*T(X,d,m) x
L?°T(X,d,m) — L'(X,m) retaining the main algebraic features of Riemannian metrics
seen as functions C*°(T'M) x C*°(TM) — C°°(M). Among these objects, we single out a
canonical element g which is characterized by the property

/ 9(V 1,V fo) dm = / T(fi, fo)dm Vi, fo € HY2(X,d,m),
X X

where the objects V f1, V fo are the analogues of L? gradient vector fields in Gigli’s formalism
- note that one can equivalently understand these objects as L2-derivations, in which case
we have g(V,V) = |V|? for any V € L*T(X,d,m) where |V| is the local norm of the
derivation V', see Remark 5.2.12.

Afterwards we show that for any ¢ > 0, an integrated version of the pointwise expression
of the Riemannian pull-back metric g; written in the appropriate language on (X, d, m),
namely

/X 912V, Vo) (@) dm(e) = |

(Vap(z, y,1), Vi(2))(Vap(z,y, 1), Va(z)) dm(y) | dm(z),
xMx

YVi, Vo € L*T(X,d, m),

defines a RCD metric g; on (X,d, m).

A natural partial order < holds on the set of RCD metrics of (X,d, m) allowing to
define on the space of metrics h such that h < Cg¢ for some C' > 0 a notion of L2-weak
convergence g; — g by requiring that g;(V,V) — g(V, V') holds in the weak topology of
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LY(X,m) for any V € L?T(X,d,m). To define L?-strong convergence, we rely again on
Gigli’s formalism, this time using the tensor products

L*T(X,d,m) ® L*T(X,d,m) and L*T*(X,d,m)® L*T*(X,d,m)

which are easily shown to be dual one to another. Any RCD metric g is then associated to
a (0,2) tensor g, and we can define the local Hilbert-Schmidt norm |- |gg of any (difference
of) tensors by duality with the Hilbert-Schmidt norm considered in [G18]. Then L2-strong
convergence g; — ¢ is defined as convergence of the norms |||g; — g|usl|2 — 0.

With these basic definitions in hand, we prove L?-strong convergence results for suitable
rescalings sc;g; of g;. Two natural scalings can be chosen. The first one is s¢; = ¢t("12)/2
with n = dimg m(X), in direct analogy with the Riemannian context, but the most natural
one in the RCD*(K, N) context is sc; = tm(B, 4;(-)), which takes into account the fact
that RCD*(K, N) spaces are indeed closer to weighted Riemannian manifolds. Thus we
prove the L? strong convergence tm(B vi('))gr — cng when t | 0, where ¢, is a positive
dimensional constant. We also prove that t("1t2)/2g — F, ¢ L2-strongly when ¢ | 0 where
F,, is a m-measurable function which involves notably the inverse of the density of m with
respect to H"; as shown in [AHT18], this inverse is well-defined on a suitable reduced
regular set R;, whose complement is m-negligible in X.

Let us explain in few words the strategy of the proofs. First of all, one can show that the
L2-weak convergence §; := tm(B /;(-))g: — cng follows from the property [, §:(V,V)dm —
cn [49(V,V)dm for any Borel set A C X and any given V € L?T(X,d,m). By Fubini’s
theorem,

/A 6(V,V)dm = /X /A (B 3 (@))(Vap(z, . 1), V(2))? dm(x) dm(y).

and therefore we are left with understanding the behavior of

[ (B )l .0 V(@) i) (1.02)

when ¢ | 0 for m-a.e. y € X, a careful application of the dominated convergence theorem
leading eventually to the result. To proceed, we introduce a notion of harmonic points z of
L2-vector fields which allows us to replace V in (1.0.2) by Vf for some f € H"?(X,d, m)
such that for any tangent space (Y,dy, my,y) = lim,, ,o(X, r;ld,m(Bri (2))"'m, 2), the
rescaled functions f., , € H“?(X,r;'d, m(B,,(z))"'m) converge in some suitable sense
(H llo’f—strongly) to a Lipschitz and harmonic function f : Y — R. We show that the set
H(V') of such points has full measure in X. Assuming without any loss of generality that
harmonic points for |V f| are also Lebesgue points of |V f|? (it will be part of the definition),
we can restrict the attention to points z € H(V f) N'R,, for which the following heuristic

computation can be made rigorous (where d; := \/Fld, my = m(B\/g(z))_lm, and p° is

the heat kernel of (R™, deye, H™)): for any L > 0,
/ tm(B_;(2)) (Vap(z, 2,1), V£ (2))? dm(z)
BL\ﬁ(Z)
= [ BT 021, 1) )
L z

st / H"(By(2))(Vap® (2,0, 1), V f(2)) dH" (x)
Br(0n)
2

= ca(L)(IVIP)(2)




for some constant ¢, (L) > 0 which is such that ¢,(L) — ¢, when L — 400 and where
(IVF12)*(2) = lim,—0 fBT(z) |V f|?dm is well-defined as z is a Lebesgue point of |V f|2.
This computation is at the core of Proposition 5.3.9 which contains most of the technical
ingredients leading to the convergence

/ / (B 3 (@))(Vap(z, . 1), V(2))? dm(x) dm(y) — / ViZdm £ 0.
XJA A

In order to improve the convergence §; — ¢, g from L?-weak to L?-strong, we need to
prove convergence for the Hilbert-Schmidt local norm which in our case can be translated
into the following estimate:

2
dm(z) < nc2m(X).
HS

/X Vap(z,y,1) © Vap(e, y, ) dm(y)

2
hn;i%up/x (tm(B\/l;(a:)))
The proof of this estimate requires a more delicate blow-up procedure. We refer to Section
5.4 for the details. We prove the L2-weak/strong convergence §; := t+2)/2g, s F g in a
similar way.

Finally, building on stability results of [AH17a] and extending classical estimates
on eigenvalues and eigenfunctions of the Riemannian Laplace-Beltrami operator to the
RCD*(K, N) setting, we show that for any measured Gromov-Hausdorff convergent se-
quence of compact RCD*(K, N) spaces (X;,dj, m;) — (X,d,m) and any ¢t; — ¢t > 0, we
have Gromov-Hausdorff convergence ®;,(X;) — ®;(X), where the distances are induced
by the corresponding L? scalar products.

Further directions and open questions

The work described in this introduction leads to several interesting questions which
could be future research projects.

A first issue concerns applications of the weighted Sobolev inequalities we have es-
tablished on CD(0, N) spaces. For instance, is there a way to exploit it in order to get
existence, boundedness and decay estimates of the solutions of Poisson’s equation, as done
by H.-J. Hein in [Hell] on Riemannian manifolds?

A second issue would be to build a bridge between our weighted Sobolev inequalities
and the abstract weighted functional inequalities introduced by S. Boutayeb, T. Coulhon
and A. Sikora in the context of general metric measure spaces (X,d, m) endowed with a
suitable Dirichlet form £ with domain D, like the Gagliardo-Nirenberg inequality

1

Ifor *1g < CUfIZ+7°E(f))  ¥r>0,YfeD,

see [BCS15].

A third question concerns Weyl’s law. In 1980, V. Ivrii proved [Ivr80] that for any
compact Riemannian manifolds (M, g) with non-empty boundary, under a rather mild
assumption,

N(A) =

@)

™ Wp—1

n n/2
HANY? £ L

HHOMINPD/2 L o(A1/2) ) 5 oo,
(1.0.3)

An appropriate notion of boundary in RCD*(K, N) spaces is still a topic of research.
However, the subclass of RCD* (K, N) spaces made of stratified spaces [BKMR18] which
are, loosely speaking, manifolds with conical singularities of codimension at least two,
might suit well a study of further terms in the expansion (1.0.3).
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Finally, the work [AHPT17] opens several questions. The first one is: how to turn the
RCD metrics g; into distances d; converging to d when ¢ | 07 A possible way would be
to study the functionals Chy(f) := [y [y [(Vap(z,y,1), Vf(2))|? dm(y) dm(z) from which
one can define the intrinsic pseudo-distances: for any y,z € X,

Ay, ) == sup{|f(y) — £(2)] : f € Lip(X) si. /X (Vup(, 1), Vf(@))[2dm < 1
for m-a.e. x € X}.

It seems doable to show that for some constant C' depending only on K and N, we have
d; < Cd for any t > 0 sufficiently small. However, in our attempts to prove a reverse
estimate, we need a bound from below for the norm of the gradient of the heat kernel. It
does not seem that such a bound has been studied yet, not even on Riemannian manifolds.
Another approach involving a family of Wasserstein distances Wa; suitable to define the
distances d; has been proposed by L. Ambrosio.

A second question is: we know that ®; provides an homeomorphism from X to L?(X,m),
but to what extent the family (g;); provides a regularization of the space (X, d, m)? Indeed,
as the heat kernel has nice regularizing properties on functions (L' to C*° on Riemannian
manifolds, L! to Lipschitz on RCD*(K, N) spaces), one motivation for the extension of
Bérard-Besson-Gallot’s theorem to the setting of RCD* (K, N) spaces was to produce an
approximation scheme of any compact RCD*(K, N) space (X,d,m) with more regular
spaces (X, ds, m), say spaces which can be embedded by bi-Lipschitz maps into the Euclidean
space. Note that another approximation has been proposed by N. Gigli and C. Mantegazza
in [GM14], however M. Erbar and N. Juillet proved on cones that it has not the desired
regularizing properties [EJ16]. In any case, it may be interesting to compare the two
approaches: indeed, on Riemannian manifolds, Bérard-Beeson-Gallot’s family of metrics is
tangent to the gradient flow of the Hilbert-Einstein functional, whereas Gigli-Mantegazza’s
family is, in a weak sense, tangent to the Ricci flow.

Finally, a last research direction could be to start from the Riemannian expansion
(1.0.1) (or (5.1.6)) together with the notion of measure-valued Ricci tensor Ricq y proposed
by B.-X. Han [Hal7] to provide a notion of scalar curvature bounded below/above on
compact RCD*(K, N) spaces (X, d, m):

lim inf 2 (3gt — 9+ Ricy m) > Km,
tl0 t ’

lim sup 2 <3gt — gm + Ricdm) < Km.
10 13



Chapter 2

Preliminaries

This first chapter is dedicated to the background knowledge on the RCD theory.

2.1 Curvature-dimension conditions via optimal transport

In this section, we present Sturm’s and Lott-Villani’s optimal transport curvature-dimension
conditions, nowadays known as CD(K, N) conditions where C stands for curvature, D for
dimension, K € R for a lower bound on the curvature and N € [1, +o0] for an upper bound
on the dimension. According to M. Ledoux, the first occurence of the notation “CD(K, N)”
goes back to [Ba91] in which D. Bakry denoted a curvature-dimension condition previously
introduced by D. Bakry himself and M. Emery [BES5] in the setting of Markov diffusion
operators. We will return on Bakry-Emery’s notion in Section 2.3.

Preliminaries in optimal transport theory

Let us start with recalling some notions from optimal transport theory. We refer to
[Vi03, Ch. 7] or [Vi09, Ch. 6] for a more detailed treatement and proofs of the statements.

Let (X,d) be a Polish (meaning complete and separable) metric space. We denote by
P(X) the set of probability measures on (X, d), i.e. nonnegative Borel measures p such
that pu(X) = 1.

If (X,d) is compact, we equip P(X) with the Wasserstein distance Wy defined by:

1/2
Wa(po, p1) == inf (/ d?(xo, x1) dﬂ(xo,x1)> Vo, 1 € P(X),
7€TP(no,p1) \J X

where TP (uo, 1) is the set of transport plans between po and p;, namely probability
measures 7 € P(X x X) with first marginal p and second marginal p1. The above infimum
is always achieved, and any minimizer is called optimal transport plan between pg and
p1. The distance Wa metrizes the weak topology. Moreover, the space (P(X), W3) is
compact, with diameter equal to the diameter of X, as one can easily see from the isometric
embedding X > z — 05 € P2(X).

If (X, d) is noncompact, without any further assumptions on g and p1, the quantity
Wa(po, 1) might be infinite, as one can check by applying Kantorovich duality formula
([Vi03, Th. 1.3], [Vi09, Th. 5.10]) to (X,d) = (R,deua) with po = |- |71 1) and
= |- |_21[17 +o0)- Therefore, we restrict Wa to the set P2(X) of probability measures
p with finite second moment, meaning that [ d(z,z)? du(z) < +oo for some zy € X.
It can be easily checked that Ws takes only finite values on Pa(X) x P2(X). Note that
having finite second moment does not depend on the base point xg, as one can immediately
verify from the triangle inequality.

11
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When (X, d) is compact, P2(X) and P(X) coincide. Therefore, regardless of compact-
ness properties of (X, d), we will always consider Wy defined on P2(X).

Let us finally point out that the Polish structure of (X,d) transfers to the metric
space (P2(X),Ws), and that in the non-compact case, the Wa-convergence i, — p is
equivalent to weak convergence of i, to p together with convergence of the second moments
[x d(z,20)* dpn(z) = [y d(z, 20)? dpu(x) taken with respect to any fixed base point z, € X.

Geodesics

By definition, a geodesic in (X,d) is a continuous curve v : [0,1] — X such that
d(vs,ve) = |s — t|d(y0,71) for any s,t € [0, 1]. The set of all geodesics in (X,d) is denoted
by Geo(X,d), or more simply Geo(X ) whenever the distance d is clear from the context.
A geodesic in (X,d) is often called a d-geodesic. Note that if (X,d) is a Riemannian
manifold equipped with its canonical Riemannian distance, such geodesics v coincide with
smooth constant speed curves which locally minimize the energy (or equivalently, the
length) functional, see [GHLO04, Section 2.C.3].

The metric space (X, d) is called geodesic whenever for any x,y € X there exists a
geodesic v such that 79 = z and 71 = y. If (X, d) is geodesic, then (Pa(X), W2) is geodesic
too. In particular, if (M, d) is a complete Riemannian manifold equipped with its canonical
Riemannian distance, then (Pa(M), Wy) is geodesic. Any Wa-geodesic is sometimes also
called Wasserstein geodesic. Finally, let us recall the following important proposition
(which is a consequence of a more general characterization of Wasserstein geodesics, see
[AG13, Th. 2.10] for instance).

Proposition 2.1.1. Let (X,d) be a Polish geodesic space, po, 11 € Pa(X) and (p11)sc(0,1)
be the Wasserstein geodesic between pg, 1. Then

supp(ue) C {y(t) : v € Geo(X) s.t. 70 € supp(uo) and v1 € supp(u1)}-

Reference measure

Throughout the whole thesis, we will deal with metric measure spaces, namely triples
(X,d, m) where (X,d) is a metric space, and m is a non-negative Borel measure on (X, d)
which will always be assumed finite and non-zero on balls with finite and non-zero radius.

We denote by P§ (X, m) the set of probability measures x on (X, d) which are absolutely
continuous with respect to m, i.e. such that u(A) = 0 whenever m(A) = 0 for any Borel
set A C X. Recall that for any p € P§(X, m), the Radon-Nikodym theorem ensures the
existence of a m-measurable function p : X — [0,+00) called density of p with respect to
m such that p(A) = [, pdm for any Borel set A C X.

Displacement convexity

In [Mc97], R. McCann studied the existence of unique minimizers for energy functionals
modelling a gas in R™ interacting only with itself. Such functionals, defined on P(R"),
required an appropriate notion of convexity in order to be treated by classical means of
convex analysis. Indeed, for the simple example

F(p) = //HMR |z — y|? du(z) dp(y),

the convex interaction density A(x) = |z|? suggests a convex behavior of the functional,
however, one can check that F((1 — t)dy + td1) = 2t(1 — t) for any t € [0, 1], and the map
t — 2t(1 —t) is concave. In other words, F' is not convex for the traditional linear structure

of P(R™).
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To deal with this difficulty, R. McCann proposed to interpolate measures in P(R")
- to be fair, in P$(R"™), the reference measure being tacitly the n-dimensional Lebesgue
measure - using Wassertein geodesics, and to study convexity of functionals F' along these
geodesics. This led him to introduce the crucial notion of displacement convexity, that we
phrase here in the context of a general metric measure space (X,d, m).

Definition 2.1.2 (displacement convexity). We say that a functional F' : P$(X,m) —
R U {+0oc} is displacement convex if for any Wa-geodesic (11t):c(0,1];

Fp) < (1 =10)F(uo) +tF () vt €[0,1].

As a matter of fact, R. McCann showed that any internal-energy functional:

dp
F(p) = A dz" Y 5 (R™
(1) /Rn <d$n> p € Py (R"),
is displacement convex as soon as its density A : [0, +00) — R U {400} satisfies
A= A"A(AT") be convex non-increasing on (0, +00) and A(0) = 0.

The set of such functions A is called the n-dimensional displacement convex class, and is
usually denoted by DC,,.

Distorted displacement convexity

In order to extend the Euclidean Borell-Brascamp-Lieb inequality to complete connected
Riemannian manifolds, D. Cordero-Erausquin, R. McCann and M. Schmuckenschlédger
introduced in [CMS01] the following so-called distortion coefficients.

Definition 2.1.3. Let (M, g) be a smooth Riemannian manifold with canonical volume
measure vol. Then the distortion coefficients of (M, g) are the non-negative functions
{Bt: M x M — R}¢(o,1) defined as follows:

e set B1 constantly equal to 1;
e for ¢t € (0,1), for any z,y € M,
(i) if z and y are joined by a unique geodesic, set

— lim VOl(Zt(JZ‘7 Br(y)))
Bi(w,y) := }%0 vol( By (y))

where Z;(x, B,(y)) is the set of t-barycenters between {z} and B, (y), namely

U {ze M : d(z,z) =td(z,y) and d(z,9) = (1 — t)d(x, )},
GEBr(y)

(ii) if z and y are joined by several geodesics, set

Bi(x,y) := inf lim sup By (x, vs)

T sl

where the infimum is taken over all geodesics v such that vy = x and v; = y;
e for any x,y € M, set Bo(z,y) := PI% Bi(x,y).
%

Note that B¢(x,y) = +o0 if and only if x and y are conjugate points.



14 CHAPTER 2. PRELIMINARIES

The physical meaning of this distortion coefficients is explained at length in [Vi09,
p. 394-395]. Armed with it, one can deal with energy functionals defined over any non-flat
Riemannian manifold, by upgrading displacement convexity into a notion taking into
account the distorted geometry of the manifold. This is the content of the next definition,
which we write directly in the context of a general metric measure space (X,d, m), and
where (3 stands for a family of non-negative functions {f; : X x X — R},¢(o 1], coinciding
with the above coefficients when X is a Riemannian manifold.

Definition 2.1.4 (distorted displacement convexity). Let F': P§(X, m) — RU {+oc0} be
an internal-energy functional with continuous and convex density A satisfying A(0) = 0.
We say that F' is displacement convex with distortion § if for any Ws-geodesic (,UJt)te[O,l]a
there exists an optimal transport plan 7w between pg and p7, such that

Fp) <(1—1) /XXX A (%) Bi—t(z0, z1) dmyy (1) dm(zo) (2.1.1)
p1(z1)
+t/X><XA (ﬁt(a:oan)> Bi(wo, 21) Ay, (o) dm(z1) (2.1.2)

for all ¢ € [0, 1], where pg (resp. p1) is the density of uo (resp. p1) with respect to m, and
T (resp. m,, ) denotes the disintegration w.r.t. po (resp. p1) of the optimal transport plan
7 between g and .

Remark 2.1.5. Introducing for all ¢ € [0, 1] the distorted functionals

Ot . #% a
E2t(p) := /XXXA (ﬁt(ﬂfo,ﬂcl) dm) Be(zo, x1) dmy, (z1) dm(zg) Vi € Py(X, m)

Bt o 1 ﬂ a
)= [ A (g e ) A, n) dmy (o) dmie) i € PECX,m)

then (2.1.1) is written in the more concise way

F(p) < (1= 0)F8 (o) + tF0 ().

Reference distortion coefficients

For the three reference spaces R”, S™ and H"”, which have constant Ricci curvature equal
to 0, n — 1 and —(n — 1) respectively, the distortion coefficients are explicitly computable.
Indeed, for R™, it is immediatly checked that 8; = 1 for any ¢ € [0, 1]. Let us explain in
few words how to do the computation on S”, refering to [GHLO04] for the basic notions
of Riemannian geometry involved. We only treat the simple case t € (0,1], and assume
that  and y are not conjugate, the other cases not being much more difficult to handle,
but more lengthy. As z and y are not conjugate, there exists a unique geodesic v such
that v(0) = « and (1) = y. Let (e1,...,e,) be an orthonormal basis of T;,S™ such that
en = 7'(1)/]7'(1)], and for any ¢ € [0,1] and 1 < i < n — 1, let Uj(t) € Ty»S™ be the
parallel transport of e; along v. Then for any 1 < i < n — 1, the unique Jacobi field J;
along 7 such that J;(0) = 0 and J;(1) = e; is given by

_ sin(td(z,y))
it) = sin(d(z, y))

Then it follows immediately from [Vi09, Prop. 14.18] that

 /sin(td(z, )\
Bi(z,y) = <ts1n(d(:c,y))>

Ul(t) Vit € [O, 1].
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as J%1(t) there is precisely the matrix formed by Ji(t), ..., Ju_1(t), 7/ (t).

A similar computation can be performed for H", as well as for the scaled sphere with
Ricci curvature constantly equal to (n — 1)K for some 1 # K > 0 and for the scaled
hyperbolic space with Ricci curvature constantly equal to —(n — 1) K. This motivates the
introduction of the reference coefficients {/Bt(K’N) : [0, +00) — [0, +00] }4¢[0,1], defined for
any K € R and N € [1, +o0] as follows:

° ﬁéK’N) constantly equal to 1;

eif0<t<landl <N < +o0,

+oo ifK>0anda>n %’
N-1
sin(t\/ma) i =
(tsin(\/x/uvna)) if K >0and 0<a<adl,
(sinh(t K/(N_l)o‘)>N1 if K <0.

tsinh(y/|K[(N—1)a)

B (@) =

e if 0 <t <1and N =1, modify the above expressions as follows:

(K,1) 400 if K >0,
t (o) = .
1 if K <0.

e if 0 <t <1and N = 400, modify only

5§K’oo)(0‘) — e (1-tP)a?
We will eventually use oo = d(z, y).

Sturm and Lott-Villani conditions : infinite dimensional case

Now that the appropriate language is set up, we are in a position to express how to
read curvature using optimal transportation.

Although similar in spirit, Sturm’s and Lott-Villani’s approaches are slightly different;
nevertheless, as we shall explain later, they coincide on a large class of spaces. Let us start
with an informal explanation, inspired by [Vi09, p. 445], to motivate Sturm’s definition.
Let us consider the sphere S C R™*! whose curvature is known to be constant and equal
to n—1, and rescale it to work with the sphere with constant curvature equal to 1. Imagine
that a gas made of non-interacting particles is supported in a region Uy of the sphere, close
to the equator but lying completely inside the north hemisphere, and that we want to let
it evolve into, say, the symmetric U; of this region with respect to the equator. To do so
in the most efficient way (efficiency being measured here by the Wasserstein distance),
particles must follow geodesics from Uy to Uy. Starting from Uy, such geodesics first move
away one to another, before drawing near back when approching U;. Consequently, during
the transportation of the gas, its denstiy p lowers constantly until an intermediate time
before constantly re-increasing. This implies a concave behavior for the Boltzmann entropy
S(p) = — [ plog p, which measures the spreading of the gas, or a convex behavior of the
relative entropy

Ent(p) = /plog P,

which in turn measures the concentration of the gas.
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Remark 2.1.6. Let us propose a simple example to illustrate how Ent measures the
concentration of a density p. Set L'(R, Z") 3 pp : z — ([, e~ "Il dz)~le="*l and notice
that p, concentrates around the origin for n high (more rigorously, p, — dp in the sense
of distributions, where d¢ is the Dirac delta function). A direct computation shows that
Ent(py,) = 2log(n/2) — 2, then Ent(p,) — 400 when n — +o0.

According to this observation, the following conjecture, due to F. Otto and C. Vil-
lani [OV00], sounds natural: non-negativity of the Ricci curvature of a manifold implies
displacement convexity of the functional Ent,,. This conjecture was proved true by
D. Cordero-Erausquin, R. McCann and M. Schmuckenschlidger [CMSO01, Th. 6.2]. After-
wards, K.-T. Sturm and M.-K. Von Renesse dramatically improved this result: calling
K-displacement convex any functional F' : P$(X,m) — R U {+oo} such that for any
Ws-geodesic (Nt)t€[0,1}7

F(u) < (1 —6)F(uo) +tF (1) — Kt(l —1)

W%(/”’O?/"Ll) vt e [07 1])

they showed the following characterization of Ricci curvature bounded below [RS05, Th. 1].

Theorem 2.1.7. Let (M, g) be a smooth connected Riemannian manifold with canoni-
cal Riemannian volume measure denoted by vol. Then the following two properties are
equivalent:

(i) Ric, > Kg;

(ii) the functional Entye : PS(M,vol) — R defined by:

du du
Entyg (1) := 1 dvol ¥ a(M, vol),
) = [ Gion (G ) dvol vy € PS(MLvol

1s K -displacement conver.

Note that condition (i7) can be formulated on any Polish geodesic metric measure space
(X, d, m) satisfying the following exponential estimate on the volume growth of balls: for
some x € X, there exist ¢y, c; > 0 such that:

m(B,(z)) < coe™™ V> 0. (2.1.3)

Indeed, such a condition implies that for any pu € P§(X, m), the negative part of A(u) :=
% log (%) is integrable, and then the functional Enty : PS(X, m) > p— [y A(p)dm
cannot take the value —oo, implying meaningfulness of the K-displacement convexity
assumption. Sturm’s CD(K,co0) condition is built on this observation. However, K-
displacement convexity is a too strong requirement for non-smooth spaces, especially
because of convergence issues that we shall describe in Section 2.4. One needs therefore to
introduce the notion of weak K-displacement convexity.

Definition 2.1.8. We say that a functional F' : P§(X, m) — R U {+o0o} is weakly K-
displacement convex if between any po, u1 € P§(X, m), there exists at least one Wa-geodesic
(11t)1efo,1] such that F(uy) < (1—8)F(po) +tF (pu1) — Kt(1 —t)W3 (g0, 1) /2 for all ¢ € [0, 1].

In order to emphasize the difference with the weak notion, K-displacement convexity
is often refers as “strong K-displacement convexity” in the literature. We are now in a
position to state Sturm’s CD(K, co) condition.
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Definition 2.1.9. (Sturm’s CD(K, co) condition) A Polish geodesic metric measure space
(X,d, m) is called Sturm CD(K, o) if Enty, is weakly K-displacement convex.

In [LV09], J. Lott and C. Villani followed a slightly different path, in continuity of
McCann’s works, by considering the functionals

du
Fu) = /X A (dm) dm (2.1.4)
with density A : [0, +00) — RU {+o0} satisfying

A — e*A(e™) be convex non-increasing on (0, 4+00) and A(0) = 0.

The set of such densities A is called the co-dimensional displacement convexity class, and
denoted by DCy. Note that for every A € DCy,, the limit

1) g A=A

makes sense for any r > 0. Here is Lott-Villani’s condition.

Definition 2.1.10. (Lott-Villani’s CD (X, co) condition) A Polish geodesic metric measure
space (X,d, m) is called Lott-Villani CD(K, co) if for any po, u1 € Py(X, m), there exists
a Wa-geodesic (fit);c[0,1) such that for all A € DCy, denoting by F': P§(X, m) — R the
corresponding functional (2.1.4), one has:

Flu) < (1= 0)F (o) + tF(u1) — sAk(A)( ~ W0, ) Ve € [0,1],
where Ak (A) := 7{1>1£K(A’+(r) — A(r)/r).

Note that Sturm’s and Lott-Villani’s conditions are often refered as “weak” because of
the requirement of convexity along at least only one Wo-geodesic.

The bridge between Sturm’s and Lott-Villani’s conditions is provided by the following
observation. For any continuous and convex function A : (0,4+00) — R, let us define
the associated pressure p” and iterated pressure pj by p?(r) := rA’ (r) — A(r) and
pi(r) = rp'(r) — p(r) for any r > 0. Then A € DC if and only if p{ > 0, and pg' = 0 if
and only if A(r) = rlogr. In this regard, the entropy Enty can be seen as a borderline
case in the class of functionals (2.1.4) with density A belonging to DC .

Sturm’s and Lott-Villani’s conditions: finite dimensional case

Let us present now the CD(K, N) conditions for N < 4o00. Recall that K € R is
kept fixed. Here again, Sturm’s and Lott-Villani’s approaches differ a little bit. Let us
present first Lott-Villani’s condition, formulated with the displacement convex class DC y.
Here if F': P§(X,m) — R is an internal-energy functional with density A, we stress the
dependance on A of F' by means of the notation Fj.

Definition 2.1.11. A Polish geodesic metric measure space (X,d, m) is called Lott-Villani
CD(K, N) if the family of functionals {F4 : P§(X,m) — R U {+00}}aepcy is jointly
K-displacement convex with distortion 3, meaning that for any pg,u; € P(X) with
supp(fo), supp(p1) C supp(m) compact, there exists a Wa-geodesic (ut)icp,1) and an
optimal transport plan m between po and p; such that for any A € DCy and any ¢ € [0, 1],

Fa(p) <(1— t)/

XXXA( po(o) )/3§2N>(d(xo,x1))dm(x1)dm(xo) (2.1.5)

N (Ao, 21))

pria) N (2o, T, (T x
H/XxxA(@K’N’(d(xo,m)))& (d(@o, z)) dmy (zo) dm(z),  (2.1.6)
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or using a notation similar to the one introduced in Remark 2.1.5,

(K,N) . (K,N)

Fa(u) < (1= O[Faln™ (o) +t{FA) ().

Let us present now Sturm’s CD(K, N) condition. To this purpose, we introduce the
N-dimensional Rényi entropy SX, which is defined as

S (1) = —/Xp“/N dm

for any measure p € P§(X,m) with density p. We also need the modified distortion

coefficients 750N = {Tt(K’N)

N >1,

: Ry — [0, +00]}4ep0,1) given as follows: for any ¢ > 0, if

2=

~+

1—
L [ sinh(t0/—K/(N-1)) .
Y <sinh(0\/K/(N1)) ) it K <0

(K,N) t if K =0

Tt (0) = 1—L1
1 (sin(t0y/K/(N-1)) N . —
t™ <sin(9 D) ) if K>0and 0< 60 <m/(N—-1)/K
00 if K >0and @ >n/(N—-1)/K

and if N =1, Tt(K’N)(Q) =t

Definition 2.1.12. A Polish geodesic metric measure space (X,d, m) is called Sturm
CD(K, N) if for all N’ > N, SN " is weakly displacement convex with distortion 7 -),
meaning that for any o, u1 € P§(X, m) with respective densities po, p1, there exists at
least one Wj-geodesic (ut)ie(o,1) and an optimal transport plan m between jo and pp such
that:

(K,N") (K,N")
t

Sm (i) < (L =DSY T (po) +¢SYIF (m)  VEe[0,1).

Note that in particular, Sturm CD(0, N) spaces are those metric measure spaces for
which all Rényi entropies S& ', with N’ > N, are weakly displacement convex.
As for the infinite dimensional case, one can introduce the pressure and iterated pressure

of any density A € DCy. Then A € DCy < p‘24 + % > 0, and the borderline case
g+ % = 0 is provided by the density A(r) = —N(r'=YN — 1) which gives rise to the
functional SN = N + NSJY. For convenience, Sturm preferred to work with S% instead of
SI: he accordingly needed the modified distortion 7(KN) in place of SUSN),

Non-branching and essentially non-branching spaces

It turns out that Sturm’s and Lott-Villani’s CD(K, N) conditions (including the case
N = +00) coincide on non-branching metric measure spaces, as proved, for instance, in
[Vi03, Th. 30.32]. Let us recall that a metric space (X, d) is called non-branching if two
geodesics 71 and ~2 which coincide on [0, to] for some 0 < tg < 1 coincide actually on [0, 1].
Riemannian manifolds and Alexandrov spaces are non-branching, but whether general
Ricci limit spaces are always non-branching is still an open question. It is then natural to
consider the following weaker notion.

Definition 2.1.13. A Polish geodesic metric measure space (X,d, m) is called essentially
non-branching if any optimal transport plan m € P(Geo(X)) between two generic pg, p1 €
P$(X,m) is concentrated on a set of non-branching geodesics.
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In other words, a space is essentially non-branching if any optimal transport on the
space is carried out over non-branching geodesics. Essentially non-branching spaces were
introduced in [RS14] by T. Rajala and K.-T. Sturm who proved the equivalence between
Sturm’s and Lott-Villani’s CD(K, co) conditions on such spaces, as well as the inclusion
within this framework of the class of RCD(K, N) spaces, on which we shall focus later.

Doubling property of finite dimensional CD(K, N) spaces

The classical Bishop-Gromov inequality (see e.g. [Gro07, Lem. 5.3bis] for a proof)
asserts that if (M,g) is a complete n-dimensional Riemannian manifold with Ric >
(n — 1)K g for some K € R, then for any p € M,

vol(Br(p)) _ _vol(B,(p))
volg (Br(pk)) ~ volk (Br(pk))
where pg is any point of the unique complete simply connected n-dimensional Riemanian
manifold (M%, g%) with Ricci curvature constantly equal to (n — 1)K ¢, and volk is the
corresponding volume measure of (M}, g¥ ). Let us point out that a direct computation
provides

VOo<r <R,

nwy, [y sin(ty/K/(n—1))""dt it K >0,
volg (Br(pk)) = § wnr™ if K =0,
nwy, [ sinh(ty/[K[/(n —1))""tdt if K <0.
for any r > 0, where w,, denotes the n-dimensional Lebesgue measure of the unit Euclidean

ball. Note that the above right-hand sides are independent of px € M}, and they still
make sense if one replaces n € N by any real number N > 1. Therefore, we can set

[Tsin(ty BTN D)Vt i K >0,
volg n(r) = rV if K =0,
Jy sinh(ty/[K[/(N = 1))N~tdt if K <0,
for any » > 0 and N > 1.
Lott and Villani extended Bishop-Gromov inequality to the case of CD(0, N) spaces
in [LV09, Prop. 5.27], while Sturm proved it directly for Sturm CD(K, N) spaces [St06b,

Th. 2.3], whatever be K € R. In [Vi09, Th. 30.11], Villani provided Bishop-Gromov
inequality for any Lott-Villani CD(K, N) spaces.

Theorem 2.1.14 (Bishop-Gromov inequality). Let (X,d,m) be a CD(K, N) space. Then
for any x € supp(m),

m(Bg(z))

m(B,(z))

An immediate corollary of Bishop-Gromov inequality is the (local) doubling condition,

which is crucial to apply several analytic means.

Corollary 2.1.15 (Doubling condition). Let (X,d,m) be a CD(K,N) space. If K > 0,
then the measure m is doubling with constant < 2V, meaning that

m(Bar(z)) < 2Vm(B,(z)) Vx € supp(m), Vr > 0. (2.1.7)

volg N (R)
volg n(7)

< VOo<r<R.

If K < 0, then m is locally doubling, meaning that for any r, > 0, there exists Cp =
Cp(K,N,r,) > 0 such that

m(Ba,(z)) < Cpm(By(x)) Vere X,V0<r<r. (2.1.8)
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Local Poincaré inequality

The local Poincaré inequality is a common assumption in the study of metric measure
spaces. Coupled with the doubling condition, it gives access to a large spectrum of analytic
tools, as revealed by the works of J. Heinonen and P. Koskela [HeK98], J. Cheeger [Ch99]
and P. Hajlasz and P. Koskela [HK00], see Definition 2.2.17 and Theorem 2.2.18 in the next
section. Therefore, the following result, due to T. Rajala, is of the innermost importance
for the CD theory.

Theorem 2.1.16 (Rajala’s Poincaré type inequalities [Rajl2]). 1. Any Lott-Villani
CD(K, 00) space with K < 0 supports the weak local (1,1)-Poincaré type inequality

/|u—uB\dm§4reKT2/ gdm
B 2B

holding for any ball B C X with radius r > 0, any locally integrable function u defined on
B, and any integrable upper gradient g of u.

2. Any Lott-Villani CD(K, N) space with K <0 and N < +o00 supports the weak local
(1,1)-Poincaré type inequality

f\u—u3|dm§21v+2re (N—l)Kzr][ gdm
b 2B

holding for any ball B C X with radius v > 0, any locally integrable function w defined on
B, and any integrable upper gradient g of u.

Note that we prefer to call these inequalities “Poincaré type” inequalities because of
the exponential term which does not appear in the definition of Poincaré inequality we
give in Definition 2.2.17.

Remark 2.1.17. In particular, any Lott-Villani CD(0, N) space supports the weak local

(1, 1)-Poincaré inequality:
][ |u —ug|dm < 2N+2r][ gdm
B 2B

for any ball B C X with radius r > 0, any locally integrable function « defined on B, and
any integrable upper gradient g of w.

Local-to-global property

The local-to-global issue for CD(K, N) spaces asked whether a space (X,d, m) is
CD(K, N) whenever it is CDy,.(K, N), meaning that there exists a countable partition
X = ;X such that each (X;,d|x, xx,, mL X;) is CD(K’, N') for some K’ > K and N’ < N.
The answer is obviously yes for Riemannian manifolds, but in full generality, the problem is
much more involved. K.-T. Sturm [St06a, Th. 4.17] and C. Villani [Vi09, Th. 30.37] proved
respectively that under the non-branching assumption, compact CD(K, co) and CD(0, N)
satisfy the local-to-global property. Nonetheless, T. Rajala provided a final negative answer
to the general question by constructing a (highly branching) CD;,.(0,4) space which is not
CD(K,N), whatever K € R and N € [1,+00) be [Rajl6].

In the meantime, K. Bacher and K.-T. Sturm had introduced the so-called reduced
curvature dimension condition CD*(K, N), for N < +o00, by considering the reduced

distortion oK) = {U,?KJV) : Ry — [0, +00]}4¢(0,1) defined by:

o "N (0) = N D@ e [o,1).
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Definition 2.1.18. A Polish geodesic metric measure space (X,d, m) is called CD*(K, N)
if for any pg, p1 € Py(X, m) with respective densities pg, p1, there exists a Wa-geodesic
(Mt)te[o,l} and an optimal transport plan 7 between g and py such that for all N’ > N,

SN" is displacement convex with distortion o((N),

Note that the coefficients a,ﬁK’N) are slightly smaller than the coefficients Tt(K’N),

implying that the CD*(K, N) condition is slightly weaker than the CD(K, N). However,
CD*(K, N) spaces advantageously satisfy the local-to-global property, and the condition
CDj,.(K,N) is equivalent to CDy,.(K, N).

Finally, let us point out that for essentially non-branching spaces with finite mass,
the conditions CD(K, N) and CD*(K, N) are equivalent, as shown by F. Cavalletti and
E. Milman [CMil6].

Examples
Let us conclude this section with some examples of CD(K, N) spaces.

1. As proved by K.-T. Sturm and M.-K. von Renesse [RS05], any complete connected
n-dimensional Riemannian manifold (M, g) with Ricy > (n — 1)K g equipped with its
canonical Riemannian distance d4 and volume measure vol, is a CD(K, co0) space.

2. Forany given N > nand V € C?(M), the weighted Riemannian manifold (M",d,, e~ 'm)
satisfies the CD(K, N) condition if and only if

1
Ric+HeSSf—N7Vf®VfZKg,
—n

see [Vi09, Th. 29.9] for a proof. In particular for V' = 0, we get that (M, dy, voly) is
CD(K,n) if and only if Ricy, > Kg.

3. When (M™,dg, voly) = (R", deyer, £™) and V is only C° on R”, it can be shown that
the space (R™, deyer, e~V Z") is CD(0, 00) if and only if V is convex. For any K € R,
a similar statement holds if one replaces CD(0, co) with CD(K, 00) and convexity of
V with K-convexity, meaning that

(1-t)t

VA=t +ty) <A -t)V(z) +tV(y) - K lz — y|? (2.1.9)

holds for any x,y € R" and 0 < ¢ <1, cf. [Vi09, Ex. 29.13].

4. Let (M"™,g) be a smooth compact Riemannian manifold with non-negative Ricci
curvature, and G a compact group acting on M by isometries, meaning that there
exists a map ¥ : G — Isom(G) such that ¥(eg) = Id and ¥(g-¢') = ¥(g) o ¥(¢')
for all g,¢' € G. Then the quotient M /G, which might not be a smooth manifold (it
could typically have singularities at fixed points of the action), is CD(0,n).

5. Non-negatively curved Alexandrov spaces of dimension n < N are CD(0,N), as
proved by A. Petrunin [Pet11].

6. K. Bacher and K.-T. Sturm proved in [BS14] that Euclidean and spherical cones over
smooth complete non-negatively curved Riemannian manifolds, which might not be
neither smooth Riemannian manifolds nor Alexandrov spaces, satisfy a CD(K, N)
condition for some right K € R and N € N. C. Ketterer extended these results to
warped products over complete Finsler manifolds [K13a].
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7. Anticipating on Section 2.4, any Ricci limit space is CD(K, N), whenever the ap-

proximating sequence has dimension constantly equal to n < N and Ricci curvature
uniformly bounded below by K. This follows from the stability of Lott-Villani’s
CD(K, N) condition with respect to measured Gromov-Hausdorff convergence, see
Th. 2.4.9.

. The space (R™, || - |00, -Z"™), where ||z| oo = sup; |z;| for any = = (x1,...,2,) € R", is

Lott-Villani CD(0,n). This result is due to D. Cordero-Erausquin, K.T.-Sturm and
C. Villani, but we point out that it doesn’t appear in any publication. Nevertheless,
the reader can find a detailed sketch of proof in [Vi09, p. 912].

This example has been a cornerstone in the theory of synthetic Ricci curvature
bounds, because it is not a Ricci limit space. Indeed, if it were so, Cheeger-Colding’s
almost splitting theorem [CC96, Th. 6.64] would imply the isometric splitting of

(R™, || - loo) into R x X for some (n — 1)-dimensional manifold X. This is impossible,
as one can easily check from the case in which the splitting line coincides with
{xe =+ =z, = 0}: take x = (z1,2'),y = (y1,¥’) € R x X such that |z —y1| =1,

2’ # 4 and |z;—y;| < 1forany 2 < i <n. Then |z1—y > +dx(2/,y)? = |[z—y|% =1,
implying dx (z/,y’) = 0, what is impossible.

. More generally, it follows from S. Ohta’s work [Oh09, Th. 2] that any compact smooth

Finsler manifold is CD(K, N) for some appropriate K € R and 1 < N < 4o00. Let
us recall that a smooth Finsler manifold is a smooth manifold M equipped with
a fiberwise homogeneous and strongly convex function F' : TM — [0, +00] smooth
on the complement of the zero section in TM. A trivial example is given by R"
equipped with F(x,v) = ||v|| for any (x,v) € TM, where || - || is any given smooth
norm. Since || - || can be approximated by a sequence of smooth norms, it follows
that (R",duo, £™) is a CD(0,n) space (here do is the distance associated with the
norm || - ).
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2.2 Calculus tools on metric measure spaces and Rieman-
nian curvature-dimension conditions

The aim of this section is to present the Riemannian curvature-dimension conditions
RCD(K, c0) and its refinements, and to give the abstract calculus tools that we shall
frequently use throughout the thesis. From now on, unless explicitly mentioned, by Polish
metric measure space we mean a triple (X,d, m) where (X,d) is a Polish (i.e. complete
and separable) metric space and m is a Borel regular measure on (X, d) finite and non-zero
on balls with finite and non-zero radius.

Cheeger energy and the Sobolev space H'?(X,d, m)

Although previous works had already dealt with the extension of Euclidean analytic
tools to the setting of general metric measure spaces (e.g. [CW77], [Ha95], [HK95], [KM96],
[Se96],[HeK98], [St98]), J. Cheeger’s celebrated article [Ch99] is nowadays refered as the
starting point of the modern theory of analysis on metric measure spaces (X, d, m). Aiming
at a generalized Rademacher’s theorem on such spaces, J. Cheeger developed a robust first-
order differential structure embodied by the space H'?(X,d, m) of weakly differentiable
functions defined by means of approximation. Recall that when € is an open set of R”,
the space H%?(€2) is defined as the closure of C°°(Q) with respect to the || - ||12 norm.
Replacing Q with (X, d, m), smooth functions are, of course, not available. The starting
point of J. Cheeger’s analysis consisted in replacing those missing smooth functions with
Lipschitz functions. Recall that by definition, the slope (also called sometimes local
Lipschitz constant) of a Lipschitz function f: X — R is

lim sup W if x € X is not isolated,

V/1(2) = { v
0

otherwise.

Definition 2.2.1. (Cheeger’s H'? space) A function f € L?(X, m) is called Sobolev if
there exists a sequence of Lipschitz functions (fy,), such that [|f, — fllr2(x,m) — 0 and

sup,, |||V falll2(x,m) < +00. The real vector space of such Sobolev functions is denoted by
HY2(X,d, m).

It is worth pointing out that in this thesis, we only work with the Sobolev space H'?
with exponent 2, even though Cheeger’s original definition, as well as several other notions
discussed in this section, was given for any exponent p € (1, +00).

Related to this construction is the crucial Cheeger energy which is defined for any
f € L*(X,m) by

Ch(f) = inf {liminf/Xan]Qdm} € [0, 4o0], (2.2.1)

fn—f (n—+o0

where the infimum is taken over all the sequences (fy,), C L?(X,m) N Lip(X,d) such that
[ fn — f”L?(X,m) — 0.

Although Ch can reasonably be understood as an extension of the classical Dirichlet
energy, there is no guarantee that it defines a Dirichlet form (Definition 2.3.1) on (X, m):
this is one of the argument put forward by N. Gigli [G15] in favour of the name “Cheeger
energy” instead of “Dirichlet energy”, the second argument being that an equivalent
definition of Ch where slopes of Lipschitz functions are replaced with upper gradients
(Definition 2.2.7 below) of L? functions goes back to [Ch99], see (2.2.6) below.

Main properties of Ch are gathered in the next proposition.
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Proposition 2.2.2. The function Ch : L?(X,m) — [0, +-00] is convex and lower semicon-
tinuous. Morover, its finiteness domain coincides with H'2(X,d, m) which is a Banach
space dense in L*(X, m).

Proof. Convexity can be directly shown using the following simple algebraic property of
the slope, holding for any f,g € Lip(X) and a,b > 0:

|V(af +bg)| < alVf|+ Vg m-a.e. on X. (2.2.2)

By definition, H>?(X,d, m) coincides with the finiteness domain of Ch. Lower semicontinu-
ity of Ch is a straigthforward consequence of the definition, and implies that H%2(X,d, m)
endowed with the norm || - ||g1.2 = /|| - ||z2 + Ch is a Banach space, following the lines of
[Ch99, Th. 2.7]. Finally, density of H?(X,d,m) in L?(X, m) follows from the density of
Lipschitz functions f € L?(X,m) with |V f| € L?(X,m) (see [AGS14a, Prop. 4.1]). O

As classical Sobolev spaces H'2(Q) defined over open sets {2 € R™ are Hilbert, the next
definition sounds rather natural.

Definition 2.2.3. (Infinitesimal Hilbertianity) A Polish metric measure space (X,d, m)
is called infinitesimally Hilbertian if H'?(X,d, m) endowed with the norm || - || z1.2 is a
Hilbert space, or equivalently, if Ch is a quadratic form.

Recall that a quadratic form over a real vector space E is a map ¢ : £ — R such that
g\ f) = X2q(f) for any A € R and f € E (we say that ¢ is 2-homogeneous), and for which
the map ¢ : (f,9) — 3(a(f +9) — q(f — g))" defines a real-valued bilinear symmetric map
on E x E. The application ¢ — § defines an isomorphism of real vector spaces between
the space of quadratic forms over E and the space of bilinear symmetric maps £ x £ — R,
and the inverse of such an application associates p : f — p(f, f) to any given bilinear
symmetric map p: F x E — R.

Note that Ch is obviously 2-homogeneous, and that as such Ch is quadratic if and only
if it satisfies the parallelogram rule:

Ch(f +g) + Ch(f — g) = 2Ch(f) +2Ch(g) ~ Vf,g € H"*(X,d,m).

It turns out that infinitesimal Hilbertianity is a powerful requirement which can be
reformulated in various ways and provides a simple manner to state the Riemannian
curvature-dimension conditions.

Definition 2.2.4. (RCD(K, N) and RCD*(K, N) conditions) Let K € Rand 1 < N <
+00 be fixed. A Polish metric measure space is called RCD(K, N) (resp. RCD*(K, N)) if
it is both CD(K, N) (resp. CD*(K, N)) and infinitesimally Hilbertian.

To fully appreciate the structural power of such conditions, we need to introduce further
first-order calculus tools.

Absolutely continuous curves

We start with the basic notion of absolutely continuous curve on a metric space
(X,d). Classically, a function f : [a,b] — R is called absolutely continuous if there exists
g € L'(a,b) such that

f(@) — fly) = / gt)dt v,y e (a,h),
Y

'Or equivalently G : (f,g) — 3(q(f +9) — a(f) —a(g)) or G: (f,9) — 3(a(f) +alg) —a(f —g))
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in which case such a g is easily shown to be unique (as equivalent class of L' functions),
and the derivative f/(x) = limy_.(z —y) " (f(z) — f(y)) exists for Z1-a.e. z € (a,b), with
equality f'(x) = g(z). Absolutely continuous curves are an extension of this notion for
functions taking values in a metric space (X, d).

Definition 2.2.5 (Absolutely continuous curves). We say that v : [a,b] — X is an
absolutely continuous curve if there exists g € L!(a,b) non-negative such that

d(y(z),v(y)) < / gt)dt Va<z<y<b. (2.2.3)

The set of such curves is denoted by AC([a,b]; X). The set of absolutely continuous
curves v such that there exists a function g € LP(a,b) satisfying (2.2.3) is denoted by
ACP([a,b]; X).

Notice that in case X = R", Definition 2.2.5 is equivalent to the classical notion
of absolute continuity which is also equivalent to Vitali’s formulation: f : [a,b] — R
is absolutely continuous if and only if for any € > 0, there exists § > 0 such that
for any collection of disjoint intervals {(a;,b;)}: in [a,b] with >°;(b; — a;) < J, we have
> lf (b)) — f(a;)| < e. In the context of general metric spaces, Definition 2.2.5 and Vitali’s
formulation still make sense and are equivalent.

Absolutely continuous curves are often used to construct a first-order differential
structure on metric spaces because they possess a weak notion of velocity, called metric
derivative.

Theorem 2.2.6 (Metric derivative). For any v € AC([a,b]; X) the limit

iy 20,7t + h))
h—0 ‘h|

= 1/'](1)

exists for L -a.e. t € (a,b). In addition, up to L' -negligible sets, |y| coincide with the
L-a.e. minimal function g that we can choose in Definition 2.2.5. It is called the metric
derivative of ~y.

Upper gradients

The fundamental theorem of calculus implies that whenever f : R® — R is a C!
function and « : [0,1] — R" is a C! curve, f(v(1)) — f(7(0)) = f()l(Vf('y(t)),fy’(t»dt.
Taking absolute values and applying Cauchy-Schwarz inequality, one gets

1
[f(v(1)) = f((0))] </0 VA @) (#)] dt.

In case f is defined over a metric space (X,d) and v € AC([0,1], X), the term |7/(¢)| in
the above inequality still makes sense, at least for Z!-a.e. t € [0, 1], as metric derivative of
~. This motivates the introduction of upper gradients, which should be seen as extensions
of the norm of the gradient for general functions f : X — R.

Definition 2.2.7 (Upper gradient). For any f: X — R, we say that a function g : X —
[0, 4+00] is an upper gradient of f, and we write g € UG(f), if for any v € AC([0,1]; X),

1
[f(v(1)) = f(2(0))] S/O 9(v(s)1'|(s) ds. (2.2.4)

If moreover, g € LP(X, m), we write g € UGP(f).
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Remark 2.2.8. We usually write fawf for f(~(1))— f(v(0)) and fﬁ/g for fol g(v(8)) [ |(s)ds,

so that (2.2.4) becomes
/ f S/g- (2.2.5)
Oy ol

The notion of upper gradient goes back to Heinonen-Koskela’s work [HeK98] in which it
was called “very weak gradient” and formulated with rectifiable curves instead of absolutely
continuous curves. But any rectifiable curve can be reparametrized into an absolutely
continuous one with constant metric derivative, see e.g. [AT03, Th. 4.2.1], so that the
definition we gave is equivalent to Heinonen-Koskela’s one.

Note that a simple example of upper gradient is provided by the slope of a Lipschitz
function. In this regard, let us point out that Cheeger’s original approach, defining Ch as

Ch(f):= inf {liminf/ g2 dm} Vf e L*(X,m), (2.2.6)
fn—=f, gn (n—+00 X

where the infimum is taken over all the sequences (fn)n,(gn)n C L?(X,m) such that

[ fn = fllz2(x,m) — O and gy, is an upper gradient of f, for any n, provides an a priori

smaller functional compared to (2.2.1), as we are taking the infimum over a bigger set.

However, L. Ambrosio, N. Gigli and G. Savaré proved in [AGS14a, Th. 6.2, Th. 6.3] that

the two functionals coincide.

Minimal relaxed slope

A suitable diagonal argument applied to optimal approximating sequences in (2.2.1) or
(2.2.6) (see for instance [Ch99, Th. 2.10]) provides for any f € H%?(X,d, m) the existence
of a L?-function |V f|,, called minimal relazed slope or minimal generalized upper gradient
of f which gives integral representation of Ch:

Ch(f):/X\Vfﬁdm Vf e HY(X,d,m).

The minimal relaxed slope is a local object, meaning that
IVfle=1Vgls  mae on{f =g}

for any f,g € H"?(X,d,m). This, combined with the integral representation property,
ensures that |V f|, is unique as class of L2-equivalent functions.

Locality here is closely related to the theory of Dirichlet forms whose connection with
our discussion follows from the forthcoming Proposition 2.2.10. Let us state a preliminary
lemma with a sketch of proof, refering to [AGS14a| for the details.

Lemma 2.2.9. For any f,g € HY?(X,d,m), the limit

o [V 292~ V12
1m
€l0 2¢e

exists in L'(X,m).

Sketch of proof. Take f,g € HY?(X,d, m), and define F : [0, +00) — L'(X,m) by F(¢) =
|V(f+¢g)|? for any e > 0. Convexity of the slope of Lipschitz functions follows from (2.2.2)
and implies by approximation the convexity of |V - |, which in turn gives convexity of F'.
Consequently, the growth rate G : (0,4+00) 3 £ + e 1 (F(¢) — F(0))(z) is nondecreasing
for m-a.e. x € X, whence the existence of the limit lim,, G, (gy,) for any such z and any
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infinitesimal decreasing sequence (g,,) C (0, 400). Of course F' can be defined also for ¢’ < 0,
and the L! function ¢'~!(F(¢’) — F(0)) provides a bound from below for the sequence of L*
functions G(g,,) - such functions are integrable because |V (f +g)|«, |V.f|« € L?(X,m) for
all . Then monotone convergence theorem for Lebesgue integrals provides the result. [

As stated in the next proposition, one of the main properties of infinitesimally Hilbertian
spaces is the existence of a unique strongly local Dirichlet form &£ such that £(f, f) = Ch(f)
for any f € H'2(X,d,m) (see [AGS14b, Sect. 4.3]). We will spend further words on
Dirichlet forms in the next section. Let us also point out that strong locality of £ stems
from locality of the minimal relaxed slope.

Proposition 2.2.10. Assume that (X,d, m) is infinitesimally Hilbertian. Then the function

(. g) = tim [V 02~ [V

v HY2(X,d
z—:J,O 25 f?g E ( ) ’m)

provides a symmetric bilinear form on HY2(X,d, m)x HY2(X,d, m) with values in L'(X, m),
and

E(f.g) = /X C(f.g)dm,  Vf.ge HY2(X,d,m)

defines a strongly local Dirichlet form.

In the sequel, we will often use the notation (V f, Vg) instead of C(f, g), because of the
obvious case of the Euclidean space. For consistency with the theory of Dirichlet forms,
one sometimes writes I'(f, g) instead of C(f, g), in which case the operator T is called carré
du champ.

Heat flow

A further important consequence of infinitesimal Hilbertianity is linearity of the heat
flow, which we are going to define in a moment.

First of all, recall that if (H,|| - ||) is a Hilbert space, then any absolutely continuous
curve (z(t))¢>o in H is differentiable .#!-a.e. with norm of the derivative equal to the metric
derivative. In the classical theory of gradient flows, the Komura-Brezis theorem ensures
that, given a K-convex (2.1.9) and lower semicontinuous function F' : H — [—o0, +00], for
any “starting point” z € {f < +oo}, there exists a unique absolutely continuous curve
(z(t))¢>0 C H such that

{aj’(t) € —0gF(x(t)) for Llae t>0,

lim |7 — 2(1)[| = 0,
where Ox F'(x) denotes the K-subdifferential of F' at x € H, defined as
K 2
OxF(x) = (p€ H:Vy € H, Fly) = Fz) + {py —z) + Flly — | -

Such a curve (z(t)):>o is called gradient flow of F' starting from z. It satisfies the
remarkable contraction property |z(t) —y(t)| < e~ 25|z — g|| for any ¢ > 0. Moreover, for
ZLla.e. t >0, the derivative 2/(t) equals the element in —9x F(x(t)) with minimal norm.

As Ch is convex and lower semicontinuous, the Komura-Brezis theorem provides a family
of maps {P; : D C L*(X,m) — L*(X,m)};>¢ defined by P,(f) = f; for any f € L*(X, m),
with (ft)¢>0 being the gradient flow of Ch starting from f. Here D is the set of functions
f € L*(X,m) such that 9yCh(f) # 0. This family is called heat flow of (X,d, m), because
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if one writes %Pt f for the derivative of the absolutely continuous curve (P;f);~¢ and
—AP, f for the element of minimal norm in 9yCh(P,f), we have

d
Eptf = AP,f for Lhae t>0.

In full generality, the maps P, might fail to be linear, as it is the case for instance on
smooth Finsler manifolds [OS09]: in this context, the heat flow is linear if and only if the
Finsler structure is actually Riemannian. Historically, this observation was at the core of
the definition of the RCD(K, o0) condition, as one can easily understand from the next
proposition.

Proposition 2.2.11. The Polish metric measure space (X,d, m) is infinitesimally Hilber-
tian if and only if the heat flow is linear, meaning that all maps P, t > 0, are linear.

Moreover, linearity of the heat flow implies linearity of the operator A, which coincides
with the infinitesimal generator of the semi-group (F;):~0, granting several results from
spectral theory or from the theory of diffusion processes, like the celebrated Bakry-Emery
estimate on which we will spend more time in Section 2.3.

Gradient flow of the relative entropy

As we shall explain in this paragraph, it turns out that in a quite general context,
the heat flow produces the same evolution as the gradient flow of the relative entropy
Enty. Obviously, as (P2(X), Wa) is not necessarily an Hilbert space, we cannot apply
the Komura-Brezis theory to define the gradient flow of Enty; we need a fully metric
characterization. The next definition, due to E. De Giorgi, applies in wide generality and
fit our context well.

Definition 2.2.12. Let (E,dg) be a metric space, f : E — RU{+o00}, and z € {f < +o0}.
An EDI (Energy Dissipation Inequality) gradient flow of f starting from z is a locally
absolutely continuous curve (z(t));>0 C E such that z(0) = z and

I I
£@ = fa®) + 5 [ WP s+ [ 97 P a()ds (227)
0 0
for any t > 0, where |V~ f] is the descending slope of f, defined as

lim sup W if z € X is not isolated,
Vo fl@) =] e T
0

otherwise.

When equality holds for all ¢ > 0 in (2.2.7), the curve (z(t))s>0 is called EDE (Energy
Dissipation Equality) gradient flow.

The identification between the heat flow and the gradient flow of the relative entropy
was originally observed in the Euclidean space in [JKO98] by R. Jordan, D. Kinderlehrer
and F. Otto who proved that a time discretization of the gradient flow of the relative
entropy converges, in some suitable sense, to the heat flow when the time step size of the
discretization tends to 0 (they actually established their result in the more general case
of the Fokker-Planck equation with gradient drift coefficient). The general framework of
gradient flows in metric spaces was then introduced by L. Ambrosio, N. Gigli and G. Savaré
in [AGS08] in which they turned the previous result into a neat identification using the
EDE formulation of gradient flow. Afterwards N. Gigli, K. Kuwada and S. Ohta extended
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this result to the purely metric setting of compact Alexandrov spaces [GKO13], replacing
the Dirichlet energy with the Cheeger energy. The next statement is taken from [AGS14a,
Th. 8.5], and as a byproduct, it justifies the existence of the EDE gradient flow of the
relative entropy on CD(K, co) spaces.

Theorem 2.2.13. Let (X,d,m) be a CD(K, o) space. Then for all fo € L?>(X,m) such
that po = fom € Pa(X),

(i) if (ft)t>0 is the heat flow of (X, d, m) starting from fo, then (¢ := fym)iso is the EDE
gradient flow of Enty, starting from o, t — Enty () is locally absolutely continuous
in (0,400) and

d

—aEntm(,ut) = || for a.e. t € (0,+00);

(ii) if (pt)e>o is the EDE gradient flow of Enty, starting from po, then for any t > 0 we
have p; < m, and the family of densities (fy := %)bg is the heat flow of (X,d, m)
starting from fy.

Remark 2.2.14. The heat flow can also be identified with the so-called EVIg-gradient
flow of Enty, in RCD(K, 00) spaces. This property is particularly useful in the study of
convergent sequences of RCD (K, co) spaces, see [AGS14b].

The Newtonian space N'?(X,d, m)

Another way to characterize a Sobolev function f on a given open set €2 in R" is to
require that for almost any line v in 2, the function f o~y is absolutely continuous. Such
an approach goes back to 1901 and the pioneering work of B. Levi [Le01]. It was later on
pushed forward by B. Fuglede [Fu57] who formulated the quantification over almost all lines
via an outer measure called 2-Modulus. This observation inspired N. Shanmugalingam who
proposed in [Sh00] another possible definition of Sobolev space over (X, d, m), replacing
lines in Levi-Fuglede approch with absolutely continuous curves: this gives rise to the
so-called Newtonian space N12(X,d, m), which is by definition the space of functions
f:X — [~00, +00] with fX 72 dm < 400 for which there exist a function f : X — R such
that f = f m-a.e. on X, and a function ¢ € L?(X,m) called 2-weak upper gradient, such

that
/ f S/g
v ¥

holds for Mods-a.e. curve . Here Mods is the outer measure defined on the set of paths,
i.e. absolutely continuous curves taking values in X, by

Modz(T') := inf {]gH%Q(Xm) :g: X — [0,4+00] Borel such that /g > 1 forall v € I‘}
Y

for any family of paths I'. The set of L?-weak upper gradients of f being convex and closed,
whenever it is non-empty there exists an element with minimal L?(X, m) norm, denoted
by |V f|s and called minimal 2-weak upper gradient of f.

Using Cheeger’s formalism, Shanmugalingam proved in [Sh00, Th. 4.1] that H1?(X,d, m)
coincides with N'2(X,d, m) in the following sense: an equivalent class f € L?(X, m) be-
longs to H'2(X,d, m) if and only if there exists a representative f : X — [—o0, +00] of
f belonging to N12(X,d,m), in which case the minimal 2-weak upper gradient of f is
denoted by |V f|s. Furthermore, |V f|. = |V f|s m-a.e. on X for any f € H'?(X,d, m), see
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[AGS13, Th. 7] (see also [AGS14a] in the context of extended metric measure spaces).

The Sobolev class S?(X,d, m)

A different way to quantify over almost every curves was proposed by L. Ambrosio,
N. Gigli and G. Savaré in [AGS14a, Sect. 5] using the notion of test plan. For any s € [0, 1],
let us denote by e, : C([0,1], X) — X the evaluation map defined by es(y) = v(s) for any
v € C([0,1], X). We call any outer measure 7 on C([0, 1], X) such that #(C([0,1], X)) =1,
concentrated in AC?([0, 1], X), with bounded compression (meaning that there exists C' > 0
such that (es)gm < Cm for all s € [0,1]) and with finite energy, i.e. [ fol 1V |(s)? dsdr(vy) <
+00, a test plan on (X,d,m). Then a set of curves I' C C([0, 1], X) is called 2-negligible
whenever 7(I") = 0 for any test plan w. A property is said to hold for 2-a.e. curve if the set
of curves on which it doesn’t hold is 2-negligible.

The Sobolev class S%(X,d, m) is by definition the set of Borel functions f : X — R
admitting a L? weak upper gradient, namely a non-negative function G' € L?(X, m) such
that

/C([OJLX) F((1) = F Oy /[01]X / GO dedn(y)  (228)

holds for any test plan 7. It can be shown (see [AGS14a, Def. 5.1] or [AGS13, Sec. 4.3]) that
for every f € S?(X,d, m) there exists a unique (up to m-negligible sets) mimimal (in the m-
a.e. sense) L? weak upper gradient, denoted by | D f|. The intersection S?(X,d, m)NL*(X,m)
coincides with H%2(X,d,m), and the minimal weak upper gradient | D f| coincides with the
minimal relaxed slope |V f|, up to m-negligible sets, see [ACDM15] for a nice presentation
of this fact.

The link between functions in the Sobolev class and their regularity along curves lies in
the following statement, see [G18, Th. 6.4] for a proof.

Proposition 2.2.15. Let f : X — R and G : X — [0,+00] be Borel functions with
G € L*(X,m). Then the following are equivalent.

1. f € S%X,d,m) and G is a 2-weak upper gradient of f;

2. for 2-a.e. curve v, the function f o~y coincides £ -a.e. in [0,1] and in {0,1} with an
absolutely continuous map f :[0,1] = R, and ’fav f‘ < fv G.

Remark 2.2.16. Several other definitions of Sobolev spaces on metric measure spaces exist
in the literature. For instance, N.J. Korevaar and R.M. Schoen considered in [KS93] the
space of functions u : X — R such that

sup {limsup/ f(x) [][ e Plu(x) —u(y)lP dm(y)} dm(z) : fe Cu(X,]0, 1])} < +o0.
e—0 X B:(z)

In [Ha95], P. Hajlasz set as Sobolev function any f € LP(X,m) for which there exists a

function g € LP(X, m) and a m-negligible set N C X such that |f(z)— f(y)| < d(z,y)(g(z)+

g(y)) holds for any x,y € X\N. Both spaces are equal when (X,d, m) satisfies a local

(1, g)-Poincaré inequality with 1 < g < p, see [KMO98, Th. 4.5], and of course they coincide

with the usual Sobolev space H'?(2) when ) is an open subset of R".

Cheeger’s first-order differential structure

Recall that Rademacher’s theorem states that any Lipschitz function f : R" — R is
differentiable Z"-a.e. on R"™. In [Ch99], J. Cheeger extended this result to PI doubling
spaces which are defined as follows.
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Definition 2.2.17. (PI doubling spaces) Let (X,d) be a metric space and m a Borel
regular measure on (X, d) which is finite and non-zero on balls with finite and non-zero
radius. Then the metric measure space (X, d, m) is called PI doubling if the two following
conditions hold:

(i) (local doubling condition) for all R > 0 there exists Cp = Cp(R) > 0 such that for
all z € X and 0 < r < R,

m(Ba(2)) < Cpm(Br(2));

(ii) (local weak (1,p)-Poincaré inequality) for some 1 < p < 400, there exists R > 0,
1 < A < +ooand Cp = Cp(p, R) > 0 such that for all f € L°(X,m) and g € UG,(f),

1/p
][ f — fp,|dm < Cpr (f & dm)
B, BM"

holds for all ball B, with radius 0 < r < R.

In addition to the generalized Rademacher’s theorem, which provides a first-order
differential structure on PI doubling spaces, J. Cheeger also proved that Sobolev functions
asymptotically satisfy the Dirichlet principle, i.e. they tend to minimize the local Cheeger
energy on every ball with radius converging to 0.

Theorem 2.2.18. Let (X,d, m) be a PI doubling space. Then:

(1) (asymptotic minimizers of the Cheeger energy) for all f € HY2(X,d, m), for m-a.e.
x € X one has Dev(f, By(z)) = o(m(B,(z))) as r | 0, where

Dev(f, B,(x)) = / ]Vf|2dm — inf {/B " |Vh|2dm : f—heLip,(B,(x)) ¢,

Br(x)
(2.2.9)
and Lip,(B;(x)) denotes the set of Lipschitz functions g : X — R compactly supported
in By (x);

(2) (generalized Rademacher’s theorem) there exist two constants 0 < M < +oo and
N € N depending only on Cp and Cp such that m-almost all of X can be covered
by a sequence of Borel sets C with the following property: there exist a family of
k = k(C) Lipschitz functions Fy, ..., F, € HY?(X,d, m), with k < N, such that for
all f € Lip(X,d) N HY?(X,d,m), one has

(x0) =0 for m-a.e. zg € C (2.2.10)

k
‘V (f - sz‘(%)Fi)

for suitable x; € L*(C,m) with 3°; x? < M|V f|? m-a.e. on C.

Sobolev spaces and Laplacians on open sets

Following a standard approach, let us localize some of the concepts previously introduced
in this chapter. These notions will be used only in Chapter 5. First of all, let us introduce the
Sobolev space H'2(Bg(x),d,m) on a RCD*(K, N)-space (X,d,m). See also [Ch99, Sh00]
for the definition of Sobolev space H'?(U,d, m) for any p € [1,00) and any open subset U
of X. Our working definition is the following.
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Definition 2.2.19. Let U C X be open.

1. (HS’Q—SobOIeV space) We denote by Hé’2(U, d, m) the H'2-closure of Lip,(U,d), the
subspace of Lip(U,d) of compactly supported functions.

2. (Sobolev space on an open set U) We say that f € L} (U, m) belongs to Hllo’f(U7 d, m)

if of € HY?(X,d,m) for any ¢ € Lip.(U,d). In case X\U # 0, if, in addition,
|Vf| € L?(U,m), we say that f € HY?(U,d, m).

Notice that f € Hﬁ)’CZ(U, d, m) if and only if for any V' € U there exists f € H»?(X,d, m)
with f = f on V. The global condition |V f| € L?(U, m) in the definition of H“2(U, d, m) is
meaningful, since the locality properties of the minimal relaxed slope ensure that |V f| makes
sense m-a.e. in X for all functions f such that ¢f € H?(X,d, m) for any ¢ € Lip.(U, d).

Indeed, choosing ¢,, € Lip.(U,d) with {¢, =1} 1 U and defining

IVIT=IV({fen)l  m-ae on{p, =1} \{pn1 =1}

we obtain an extension of the minimal relaxed gradient to H?(U,d, m) (for which we keep
the same notation, being also independent of the choice of ;) which retains all bilinearity
and locality properties.

Accordingly, for U C X open we can define the Cheeger energy Chyy : L2(U, m) — [0, o0]
on U by
Ch(f) if f e Hy*(U,d, m);

(2.2.11)
+00 otherwise

Chy(f) :== {

and put Ch(%R) = ChBR(:v)'
We introduce the Dirichlet Laplacian acting only on H& 2_functions as follows:

Definition 2.2.20 (Dirichlet Laplacian on an open set U). Let Do(A,U) denote the set
of all f € Hy*(U,d, m) such that there exists h := Ay f € L?(U, m) satisfying

/hgdm: —/(Vf, Vg)dm Vg e HY(U,d,m).
U U

We also set Ay g := Apg,(z) When U = Bg(z) for some x € X and R € (0, 00).

Strictly speaking, the Dirichlet Laplacian Ay should not be confused with the operator
A, even if the two operators agree on functions compactly supported on U; for this reason
we adopted a distinguished symbol. Notice that the first Dirichlet eigenvalue AP (Bg(x))
of the Laplacian A, g is positive whenever m(X \ B, (x)) > 0, as a direct consequence of
the local Poincaré inequality.

Definition 2.2.21 (Laplacian on an open set U). For f € H“?(U,d, m), we write f €
D(A,U) if there exists h := Ay f € L?(U, m) satisfying
/ hgdm = —/ (Vf,Vg)dm  Vge Hy?(U,d,m).
U U

Since for f € Hé’Z(U,d,m) one has f € D(A,U) iff f € Do(A,U) and the Laplacians
are the same, we retain the same notation Ay of Definition 2.2.20. It is easy to check
that for any f € D(A,U) and any ¢ € D(A) NLip.(U,d) with Ap € L>(X, m) one has
(understanding @Ay f to be null out of U) ¢f € D(A) with

Alpf) = fAp+2(Vp, V) +pApf m-a.e. in X. (2.2.12)

Such notions allow to define harmonic functions on an open set U as follows.
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Definition 2.2.22. Let U C X be open. We say that f € Hllo’f(U,d,m) is harmonic in U
if f € D(A,V) with Af =0 for any open set V' € U, namely

/ (Vf,Vg)dm =0 Vg € Lip.(U, d).
U

Let us denote by Harm(U, d, m) the set of harmonic functions on U.

In Chapter 5, we will consider mainly globally defined harmonic functions. It is worth
pointing out that, in general, these functions do not belong to H'?(X,d,m) but, by
definition, they belong to HI{)CQ (X,d, m).

Harmonic replacement

Let us conclude this section by introducing the notion of harmonic replacement which
will play a key role in Chapter 5. As we already remarked, the assumption AP (Bg(z)) > 0
is valid for sufficently small balls, indeed it holds as soon as m(X \ Br(z)) > 0.

Proposition 2.2.23. Assume that m(Bg(z)) > 0 and AP (Br(x)) > 0. Then for any
f € HY?(Bg(z),d,m), there exists a unique f € D(A, Br(x)), called harmonic replacement
of f, such that

Ay rf=0
(2.2.13)
I~ f € Hy*(Br(x),d,m).
Moreover,
H’vf‘HLZ(BR(.Z)) <20V flll2(Br(2))s (2.2.14)
1l z2(Brey < 1FlL2Bre) + )\f)(;R(x))HWf!HL?(BR(m))- (2.2.15)

Finally, f — f is the unique minimizer of the functional
v e HP(Ba(e).dm) = [ V(7 + )P dm
X

We refer for instance to [AH17a, Lem. 4.7] for a proof of this last proposition.
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2.3 Main properties of spaces with Riemannian curvature-
dimension conditions

In this section, we explain how RCD*(K, N) spaces, with N < 400, admit a unique heat
kernel satisfying sharp Gaussian bounds. Afterwards we present the relationship between
the RCD*(K, N) conditions (with IV possibly infinite) and Bakry-Emery’s conditions stated
in the context of diffusion processes. We conclude with deep results concerning the structure
of finite-dimensional RCD* (K, N) spaces.

Heat kernel in the setting of diffusion processes

In the context of diffusion processes, K.-T. Sturm established in [St94, St95, St96]
several results concerning existence, uniqueness and regularity properties of the heat kernel
associated with a Dirichlet form, under the assumption that this Dirichlet form defines a
metric on the state space with nice properties. Let us give the precise setting in which
these results hold.

Let (X, 7) be a locally compact, separable, Hausdorff topological space and m a positive
Radon measure on the Borel o-algebra of (X, 7) such that suppm = X. We shall use the
following notation: C(X) is the set of continuous real-valued functions on X, C.(X) (resp.
Cy(X)) is the subset of C(X) made of compactly supported (resp. bounded) functions,
Rad stands for the set of signed Radon measures defined on the Borel o-algebra of (X, 7).

We start with the definition of Dirichlet form, following Sturm’s approach.

Definition 2.3.1. (Dirichlet form) A Dirichlet form £ on L?(X,m) with domain D(€) is
a positive definite bilinear map € : D(€) x D(£) — R, with D(E) being a dense subset
of L?(X,m), satisfying closedness, i.e. the set {(f,g,E(f,9)) : f,g9 € D(€)} (the graph of
&) is closed in D() x D(£) x R, and the Markov property: £(f}, fd) < E(f, f) for any
f € D(E), where f} = min(max(f,0),1).

We refer to [BH91, FOT10] for equivalent formulations of the Markov property, and
more generally for the basics on Dirichlet forms.

Note that instead of requiring closedness, we can equivalently assume L?(X,m)-lower
semicontinuity of £. This fact is important as it enables to apply the general theory
of gradient flows to any Dirichlet form £, producing a semi-group of operators (P;)i>o :
L*(X,m) — L*(X,m).

We will only consider symmetric Dirichlet forms, i.e. such that E(f, g) = E(g, f) for any
f,g € D(€), and always assume that the space D(E) is a Hilbert space once equipped with

(fg) = /X fgdm+E(f.g)  Vf.g€DE).

Usually Dirichlet forms are studied with further assumptions.

Definition 2.3.2. Let &£ be a Dirichlet form on L?(X,m) with domain D(£).

1. (locality) We say that & is local if £(f,g) = 0 for any f,g € D(€) with disjoint
supports;

2. (regularity) we say that & is regular if C.(X) N D(E) contains a subset which is both
dense in C.(X) for || - ||« and dense in D(E) for || - |¢;

3. (strong locality) we say that & is strongly local if £(f,g) = 0 for any f,g € D(E)
such that f is constant on a neighborhood of supp g;
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4. (irreducibility) denoting by Dj,.(€) the set of m-measurable functions f on X such
that for any compact set K there exists g € D(E) such that f = g m-a.e. on K, we
say that £ is irreductible if any f € Dj,.(€) such that E(f, f) = 0 is constant on X.

Under suitable assumptions, any Dirichlet form admits an important representation
formula established by A. Beurling and J. Deny [BD59).

Proposition 2.3.3. (Representation of £ with Radon measures) Assume that £ is a strongly
local regular symmetric Dirichlet form on L?(X,m). Then there exists a nonnegative definite
and symmetric bilinear map I : D(E) x D(E) — Rad such that

E(f.9) = /X dr(f.g)  Vf.g€ D)

where [y dT(f,g) denotes the total mass of the measure T'(f,g).

It is worth pointing out that the above map I' is concretely given as follows: for any
feD(E)NL>®(X,m), the measure I'(f) = I'(f, f) is defined through its action on test
functions:

[ ot = 110 = 50 Ve eDENCLX).  (231)

Regularity of £ allows to extend (2.3.1) to the set of functions C.(X), providing a well-posed
definition of I'(f) by duality between C.(X) and Rad. The general expression of I'(f, g)
for any f,g € D(€) is then obtained by polarization:

D(f,0)i= {(°(f + 9.7 +9) = T(f ~ 9, f — ).

Locality of T" allows to extend & to the set Dj,.(£). Moreover, thanks to I', we can
associate with £ an (extended) pseudo-distance which shall be of innermost importance in
the sequel.

Definition 2.3.4. (Intrinsic extended pseudo-distance) The intrinsic extended pseudo-
distance p associated to £ is defined by

o) = sup{[f(@) = FW)| : f € Dioel€) NL¥(X,m) 5. t. [f] Sm}  Vaye X,

Here [f] < m means that [f] is absolutely continuous with respect to m with ‘%{1}’ <1

m-a.e. on X, and “extended” refers to the fact that p(x,y) may be infinite.
Recall finally that any Dirichlet form is associated with a non-positive definite self-
adjoint operator L with dense domain D(L) C L?(X,m) characterized by the following

property:
{D(L) c D(E),
E(f.9)=—[x(Lf)gdm VfeD(L),geDE)NCc(X).

We are now in a position to present Sturm’s results.
Theorem 2.3.5. Let (P;)i~o be the semi-group of operators associated to £. Assume that:

(A) the intrinsic pseudo-distance p associated to € is actually a distance which induces
the topology T;

(B) the local doubling property (2.1.8) holds for (X, p,m);
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(C) a scale invariant weak L?-Poincaré inequality holds: there exists a constant Cp > 0
such that for all f € HY?(X,d, m),

/ f— fp PP dm < Cpr? / ar(f, f)
B, Ba,

for all relatively compact balls Bar C X, with fp, denoting the mean-value of f over
the ball B,.

Then there exists a measurable function p : X x X x (0,+00) — (0,+00] called heat
kernel of (X, m, &) such that:

(1) p is symmetric with respect to the first two variables;

(2) ([St95, Prop. 2.3]) for any t > 0 and f € D(L),

Pf@) = [ pla0f)dnt)  formac. o€ X

(3) ([St96, Th. 3.5 and Cor. 3.3]) there exists a locally Holder continuous representative
of p, which from now on we will always use to state formulae: for any relatively
compact set Y C X, there exists constants a« = a(Y') € (0,1) and C = C(Y) > 0
such that for all balls Bo, CY, all T >0, and any x € X,

t— b2+ |y — ]\
!p(x,yl,n)—p(x,yg,tg)\scr(sgpu)('1 b A 232)
2

forany 0 <r < \/T/2, where Q = (T — 4r%,T) x Ba, and (y1,t1), (y2,t2) are in
Q1 := (T —r%T)x B,;

(4) ([St95, Prop. 2.3]) the Chapman-Kolmogorov formula

p(x,y,t1 +1t2) = /Xp(x, z,t1)p(2z,y, t2) dm(z) (2.3.3)

holds for any x,y € X and any t1,ts > 0;

(5) ([St95, Eq. (2.27)]) for any z,y € X, the function t — p(z,y,t) is C*° on (0, +00),
and for every e > 0 and j € N, there exists a constant C; = Ci(g,j,Cp,Cp) > 0
such that

[dr o)< —CL oW s (2.3.4)
—| p(z,y,t) < ————€ @ ; 3.
at m(B ()

(6) ([St96, Cor. 4.10]) there exists a constant Co = Co(Cp,Cp) > 0 such that

C{l —C p2(z,y)
> —= 2% 2.3.
p(z,y,t) > n(B_;(@)) (2.3.5)

forallt >0 and x,y € X.

Several remarks are in order.
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Remark 2.3.6. 1. Let us point out that Sturm’s results hold in a more general context
in which £ is replaced by a family of Dirichlet forms (&;)scg with common domain F,
the estimate (2.3.2), (2.3.4) and (2.3.5) being then suitably modified. In this case, further
requirements are needed, namely uniform parabolicity and local strong uniform parabolicity
with respect to a reference strongly local regular Dirichlet form &, but they are automatically
satisfied when £, = £.

2. The proof of the existence of p presented in [St95, Prop. 2.3| relies on precise LP
estimates for sub- and supersolutions of the equation (L + a)u = dyu with o € R, obtained
by Moser iteration technique which in turn requires a local Sobolev inequality. On smooth
Riemannian manifolds, such an inequality is implied by doubling condition and local
Poincaré inequality, as proved indepedently by A. Grigor’yan [Gr92] and L. Saloff-Coste
[Sa92]. K.-T. Sturm pointed out that Saloff-Coste’s proof is valid also in the present setting
[St96, Th. 2.6].

3. The previously mentioned local Sobolev inequality used by Sturm involves a dimension
N which might depend on the relatively compact open set on which it holds.

4. The local Holder continuity of a representative of the heat kernel is a consequence
of the parabolic Harnack inequality [St96, Prop. (II)] which was proved equivalent in the
smooth setting to the local doubling and Poincaré properties by L. Saloff-Coste [Sa92].
Here again, K.-T. Sturm noticed that one side of the equivalence in Saloff-Coste’s proof
could be carried over line by line in his context, the other side following from the previously
mentioned L? estimates.

5. The constants in the Gaussian estimates (2.3.4) and (2.3.5) are not sharp.

Heat kernel on RCD*(K, N) spaces

Theorem 2.3.5 applies to any given RCD*(K, N) space (X,d, m) - note that here for
convenience we assume supp(m) = X. Indeed, the intrinsic distance associated to the
strongly local and regular Dirichlet form identified in Proposition 2.2.10, that we shall
also denote by Ch in the sequel, coincides with the original distance d on X x X, see
[AGS14b, Th. 6.10], and recall that by Corollary 2.1.15 and Theorem 2.1.16, the local
doubling condition and a local L!'-Poincaré inequality hold true even in the more general
context of CD(K, N) spaces, whence the existence of the heat kernel p on (X,d, m).

Note that by properties of the heat flow, for any y € X, t > 0 we have p(-,y,t) €
H'2(X,d,m), and in the sequel we adopt the notation |V,p(x,y,t)| := |[Vp(-,y,t)|(z) and
(Vap(z,y,t),Vg) = (Vp(-,y,1), Vg)(x) for any g € H"*(X,d, m).

The Gaussian bounds (2.3.4) and (2.3.5) can be sharpened in the RCD*(K, N) setting,
thanks to the Laplacian comparison theorem due to N. Gigli [G15, Th. 5.14] and the
parabolic Harnack inequality for the heat flow established by N. Garofalo and A. Mondino
[GM14, Th. 1.4] for the case u(X) < +oo and R. Jiang [J16, Th. 1.3] for the case
u(X) = 4+00. Combining these sharp estimates with the Li-Yau gradient estimate proved
by the same authors ((GM14, Th. 1.1], [J16, Th. 1.1]), one can derive a sharp bound for
the gradient of the heat kernel. These results are due to R. Jiang, H. Li and H. Zhang
[JLZ16, Th. 1.2 and Cor. 1.2].

Theorem 2.3.7. Let (X,d,m) be a RCD*(K,N) space with K < 0 and N € [1,4+00).
Then for any € > 0, there exist positive constants C1,Ca,Cs,Cyq > 0 depending only on K,
N and € such that for any t >0 and z,y € X,

il (_dQ(ﬂ%y)
m(B(x) TP\ @ —ey

2
- Czt> <plryt) < — ¢z, y)

Ch
(B (@) P <‘ FEST C2t> !

(2.3.6)
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and for any y € X and t > 0,

& d*(z, y)

for m-a.e. x € X.

Moreover by [D97, Thm. 4] with (2.3.6) the inequality

2
(ip(xvyvt)‘ = |Axp($,y,t)| S tnl(Bth/)Q(.T)) €xp <_?ix_(_y6))t + Cﬁt> (238)
holds on all t > 0 and m x m-a.e. (z,y) € X x X, where C5,Cs > 1 depend only on ¢, K, N
(see also [JLZ16, (3.11)]).
We will mainly apply these estimates in the case ¢ = 1. Note that (2.3.7) implies
a quantitative local Lipschitz bound on p, i.e., for any z € X, any R > 0 and any
0 < to < t1 < oo there exists C := C(K, N, R, tg,t1) > 0 such that

_c
m(B,12(2))

0

|p(:c,y,t) _p(i‘aga t)| < d((l"y%(i‘?g)) (239)

for all =, y, , ¥ € Br(z) and any t € [to, t1].

Relation between RCD*(K, N) spaces and Bakry-Emery’s curvature-dimension
condition BE(K, N)

Recall that a Markov semi-group on a o-finite measure space (X, m) is a family of
operators (P;)¢~o acting on L?(X,m) such that P,ys = P, o P, for any t,s > 0 and
Bif > 0,[|Pefllp(x,m) = 1 whenever f > 0 and [|f||z1(x,m) = 1 respectively. As one can
easily check, a simple example of Markov semi-group is the one associated to a Dirichlet
form. Any Markov semi-group (P;)s>o is called hypercontractive whenever there exists A > 0
such that || P f||e(x,m) < [Ifllp(x,m) for any p,q > 1 and ¢ > 0 such that ¢ —1 < (p— 1)e.
Hypercontractivity plays a central role in the theory of diffusion processes because it
provides crucial tools to prove many estimates and functional inequalities like logarithmic
Sobolev, Poincaré, or Talagrand ones, see e.g. [Ba94] for an overview on this topic.

At the end of the eighties, D. Bakry and M. Emery introduced a sufficient condition for
a Markov semi-group to be hypercontractive [BE85] which was later on extensively studied
as a curvature-dimension condition for measure spaces equipped with a suitable Dirichlet
form, see e.g. [CS86, Ba91, Le00, BGL14].

In full generality, the objects under consideration in Bakry-Emery’s condition are a set
X, an algebra A of functions f : X — R, and a linear map L : A — A. Associated to this
linear map are the symmetric bilinear operators I',I's : A x A — R, respectively called
carré du champ and iterated carré du champ, which are defined as follows:

P(f,9) = 5(L(fg) ~ [Lg — gLf),
Ca(f,9) = 3 (L(T(f.9)) ~ T(Lf,9) ~ T/, Lg)).
for all f,g € A.

Definition 2.3.8. For K € R and 1 < N < 400, we say that the triple (X, .A, L) satisfies
Bakry-Emery’s curvature-dimension condition BE(K, N) if

o (f) > KT(f) + (L]OQ Vfe A

For N = oo, the requirement is I's(f) > KT'(f) for all f € A.
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Let us give a simple class of BE(K, N) spaces. Recall Bochner’s formula
1
5A|Vf|2 = Ric(Vf,Vf) + |Hessf |3 + (VF, VAS), (2.3.10)

holding for any smooth and compactly supported function f defined over a smooth
complete Riemannian manifold (M",g). Assume Ric, > (n — 1)Kg, and note that
[Hessf|%,¢ > (Af)?/n as a consequence of Cauchy-Schwarz inequality. Considering the
Laplace-Beltrami operator L = A, one can easily check that T's(f) = %A|Vf|2 —(Vf,VAS)
for any f € C°°(M), from what follows thanks to (2.3.10) that (M,C* (M), A) satisfies
the BE((n — 1)K, n) condition.

Moreover, it was immediately realized [AGS14b, Th. 6.2] that infinitesimal Hilbertianity
provides the following gradient estimate for the heat flow of any RCD*(K, o) space

(X,d,m): for any f € H'?(X,d, m),
IV(Pf)? < e 2KIP(|[Vf?) m-ae. on X, Vt>0. (2.3.11)

It can be shown that this estimate implies the weak Bochner inequality

1

- 2 _ 2
= /X (A)|V/[2dm /X P(VALVf)dm > K /X IV fI2dm (2.3.12)

V¢ € D(A) N L*°(X, m) nonnegative with Ay € L*(X,m),

holding for any f € D(A) with Af € HY?(X,d,m), see [AGS14b, Rk. 6.3]. Building
on this, G. Savaré proved that the class of so-called test functions TestF(X,d,m) :=
{f € Lip,(X,d) N H?(X,d,m) : Af € H'?(X,d,m)} is an algebra [S14]. Therefore, the
inequality (2.3.12) can be understood as a weak BE(K, co) condition, which can be written
in the more enlightening way

Lyo(f;-) > KT(f;-) Vf € TestF(X,d, m), (2.3.13)

by setting D(f5 ) = [y ¢V dmand To(f: ) = & [ (Ap)| V2 dm— [y (VAL V) dm
for any ¢ € D(A) N L>®(X, m) nonnegative with Ap € L>®(X,m) and I'y(f;-) > KT'(f;-)
if and only if T's(f;p) > KT'(f;¢) for any ¢ as above. In other words, any RCD* (K, 00)
space satisfies the property (2.3.11) which in turn implies the weak BE(K, 00) condition
(2.3.13).

Note that on Riemannian manifolds, (2.3.13) and therefore (2.3.11) implies the bound
Ric > K, so we immediately get equivalence between RCD*(K, co) and BE(K, 00) in this
context.

In general, the converse property weak BE(K, c0) = RCD*(K, co) was established in
an appropriate way by L. Ambrosio, N. Gigli and G. Savaré [AGS15, Th. 4.17].

The finite dimensional picture was studied by M. Erbar, K. Kuwada and K.-T. Sturm in
[EKS15]. Armed with a dimensional modification of Enty,, namely Uy := exp(—N~'Enty,),
thanks to which they reformulated the CD(K, N) condition into the suitable so-called
entropic curvature-dimension condition CD¢(K, N), and introducing a new notion of EVI
gradient flow, which they called EVIg y, taking into account both the curvature and the
dimension, they proved the following equivalence result.

Theorem 2.3.9. A geodesic Polish metric measure space (X,d,m) is RCD*(K,N) if
and only if it is infinitesimally Hilbertian with no more than exponential volume growth
(meaning that (2.1.3) holds), satisfies the weak BE(K, N) condition:

3 [ Thagin > [on(.a0)+ 5 (A77 + KT()m (2.3.14)
Vo € D(A) N L*®(X,m) nonnegative with Ap € L (X, m)
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and the so-called Sobolev-to-Lipschitz property, stating that any f € HY2(X,d,m) with
IV fle <1 m-a.e. on X admits a Lipschitz representative f with Lipschitz constant smaller
or equal than 1.

Therefore, several consequences of the Bakry-Emery condition weak BE(K,N) are
available on RCD*(K, N) spaces.

Note that for the particular case of weighted Riemannian manifolds, the last statement
takes a simpler form.

Theorem 2.3.10. Let (M,d,e FH™) be a smooth weighted Riemannian manifold. Then
the Bakry-Emery condition BE(K, N) (or equivalently the weak BE(K, N) condition) reads
as the following Bochner’s tensorial inequality

df®df>
N—-n —

and is equivalent to the RCD*(K, N) condition.

Ric + Hessy — Ky (2.3.15)

Structure of RCD*(K, N) spaces

Spaces with Riemannian curvature-dimension bounds enjoy strong structural properties,
strengthening the relevance of the RCD conditions as synthetic notion of Ricci curvature
bounded below. Let us first recall that T. Colding and A. Naber proved in [CN12] that
Ricci limit spaces have constant dimension, up to a negligible set. Their technique was
carried out on RCD*(K, N) spaces by A. Mondino and A. Naber who established that
any RCD* (K, N) space could be partitioned in Borel sets, each bi-Lipschitz equivalent to
a Borel subset of an Euclidean space, with possibly varying dimension [MN14, Th. 1.1].
To state their result with better accuracy, let us introduce some preliminary notions.
Here for a Borel measure p on a metric set (E,d), we denote by u* the associated outer
measure defined by p*(F) = inf{u(B) : B Borel set s. t. F' C B} for any subset F' C E
(see e.g. [AFPOO, Sect. 1.4]).

Definition 2.3.11 (Rectifiable sets). Let (E,d) be a metric space and k > 1 be an integer.

(1) We say that S C E is countably k-rectifiable if there exist at most countably many
bounded sets B; C R* and Lipschitz maps f; : B; — E such that S C U; fi(B;).

(2) For a nonnegative Borel measure p in E (not necessarily o-finite), we say that S
is (w, k)-rectifiable if there exists a countably k-rectifiable set S’ C S such that
p*(S\S) =0,ie S\S is contained in a p-negligible Borel set.

Definition 2.3.12 (Tangent metric measure spaces). Let (X,d,m) be a Polish metric
measure space. For any x € X, we denote by Tan(X,d, m, z) the set of tangents to (X, d, m)
at z, that is to say the collection of all pointed metric measure spaces (Y, dy, my,y) such
that )
m mGH
Xa da7$) — deYamY7y
ey ( )

for some infinitesimal sequence (r;) C (0, 00).

Definition 2.3.13. For any k& > 1, the k-dimensional regular set Ry of a RCD*(K, N)
space (X,d, m) is by definition the set of points x € X such that

Ek
Tan(X,d, m, z) = {(R’“,de, — 0)} :

)
Wk

where wy, is the k-dimensional volume of the unit ball in R¥.
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We are now in a position to state Mondino-Naber’s result.
Proposition 2.3.14. Let (X,d,m) be a RCD*(K, N) space. Then

[N]
m(X\ | Ri) =0,
k=1
where [N] is the integer part of N.

Having in mind the case of Ricci limit spaces, it was conjectured that there is a unique
k between 1 and [N] such that m(Ry) > 0. This conjecture was proved true in the recent
work of E. Brué and D. Semola [BS18], building upon the careful analysis made by several
independent groups of researchers [DePhMR16, GP16, KM17] on the relationship between
the reference measure m restricted to each Ry and the corresponding Hausdorff measure

HE.

Theorem 2.3.15 (Constant dimension of RCD*(K, N) spaces). For any RCD*(K, N)
space (X,d,m), there exists a unique integer n, also denoted by dimg n(X), between 1 and
[N] such that m(Ry,) > 0; in particular m(X\R,) = 0. Moreover, mL R, < H".

The converse absolute continuity has been studied in [AHT18] in which the next
theorem was proved. To some extent, it is a generalization of [CC00b, Theorem 4.6] to
the RCD setting. Note that we slightly rewrite the original statement of [AHT18] to take
Brué-Semola’s theorem into account.

Theorem 2.3.16 (Weak Ahlfors regularity). Let (X,d,m) be a RCD*(K, N) space with
K eR, N € (1,400) and set n = dimgq n(X). Define

B,
RE = {x € Ry : 3 lim ME@) +oo)}. (2.3.16)
r—=0t  wpr"
Then m(Ry, \ R;) =0, mLR; and H"L R}, are mutually absolutely continuous and

lim m(B,(z)) dmLR;
r0+t  wpr®  dHPLRE

(x) for m-a.e. z € R;,. (2.3.17)

Moreover, one has

wpr™

dH" LR

I e —Rn
Lo dmL R

0% m(B,(x)) (x) for m-a.e. z € X. (2.3.18)

= Xr; (%)
Proof. Let S, be a countably n-rectifiable subset of R, with m(R, \ S,) = 0. From
(4.0.4) we obtain that the set R} \ S, is H"-negligible, hence R is (H", n)-rectifiable. We
denote m,, = mLR,, and recall that m,, < H" thanks to Proposition 2.3.15. We denote by
f:X —[0,+00) a Borel function such that m,, = fH"LR; (whose existence is ensured
by the Radon-Nikodym theorem, being R o-finite w.r.t. H") and recall that (4.0.5) gives

. my(Br(z)) n *
311_1}(1) o f(zx) for H"-a.e. v € R},. (2.3.19)
Now, in (2.3.19) we can replace m,, by m for H"-a.e. € R}; this is a direct consequence
of (4.0.3) with 4 =m —m,, and S =R}.
Calling then N,, the H"-negligible (and then m,-negligible) subset of R where the
equality
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fails, we obtain existence and finiteness of the limit on R} \ N,; since f is a density, it is
also obvious that the limit is positive my-a.e., and that H"L R} N {f > 0} is absolutely
continuous w.r.t. m,.

This proves that m(R,, \ R}) = 0 and that mL R} and H"L R} are mutually absolutely
continuous. The last statement (2.3.18) is straightforward. O
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2.4 Convergence of metric measure spaces and stability re-
sults

In this section, we provide the stability results related to the curvature-dimension conditions
CD /RCD(K,N) for K € Rand N € [1,+0].

Measured Gromov-Hausdorff convergence

There are several ways to express convergence of metric measure spaces, the most
common one being probably the measured Gromov-Hausdorff convergence. Let us first
recall the definition of Gromov-Hausdorff distance introduced by M. Gromov in [Gro81].

Definition 2.4.1. The Gromov-Hausdorff distance between two compact metric spaces
(X, dx) and (Y, dy) is

dGH((X7dX)7(Y7dY)) = inf{de(i(X),j(Y)) : ((ZvdZ)7iaj)}

where the infimum is taken over all the triples ((Z,dyz),1,j) where (Z,dy) is a complete
metric space and i : X — Z, j:Y — Z are isometric embeddings, and dp,z stands for the
Hausdorff distance in Z.

The Gromov-Hausdorff distance is invariant by replacing the metric spaces under
consideration by isometric copies; in particular, we can replace all the spaces by their
completion. Therefore, without loss of generality, we will always work with complete
spaces.

Gromov-Hausdorff convergence is convergence with respect to dgpr, usually denoted with

SH, Tt can be reformulated in terms of functions called e-isometries: (Xn,dn) GH, (X,d)

if and only if there exists a sequence ¢, | 0 and functions ¢, : X,, = X such that the
en-neighborhood of ¢, (X,,) coincides with X, and |dx (pn(z), on(z)) — dx,, (z,2")| < e,
for all z, 2’ € X,,. Recall that for any & > 0, the e-neighborhood of a subset Y C X is by
definition (J,cy B:(x).

In the context of non-compact metric spaces, this notion adapts by distinguishing
reference points on the spaces and requiring Gromov-Hausdorff convergence to hold on

balls centered at these reference points: (X, dy, zy) GH, (X,d, z) whenever B,(z,) C X,
Gromov-Hausdorff converges to B,(x) C X for any r > 0. We usually talk about pointed
Gromov-Hausdorff convergence, and a triple (X, d, ) is called a pointed metric space. Here
again e-isometries provides a user-friendly characterization: (X, d,,zy) cH, (X,d,x) if
and only if there exists two sequences ¢, | 0 and 7, 1 +00 and functions ¢, : B, (z,) =& X
such that for any n, ¢, (x,) = ¢(z), the e,-neighborhood of ¢, (B;,, (z5)) contains By, _, (x)
and |dx (¢n(x), on(2)) — dx, (z,2")] < e, for all 2,2’ € X,,.

To deal with compact metric measure spaces, K. Fukaya introduced in [F87] the mea-

sured Gromov-Hausdorff convergence (X, d,, m;,) mGH, (X,d, m), which is by definition

(X, dn, zp) LR (X,d,x) with the further condition (¢,)xmy, ChaX) m, where Cp(X)

denotes the set of continuous functions f : X — R with bounded support. Such a notion ex-

tends in a natural way to pointed metric measure spaces: (X, dy, My, Z,) mGH, (X,d,m,x)

whenever (B;(zn), (dn)|B, (2n)x By (zn)> Mn L Br(2n)) converges in the measured Gromov-
Hausdorff sense to (B,(v),d|p, (z)x B, (x)s ML By (z)) for any r > 0.

Here is Gromov’s well-known precompactness theorem [Gro07, Th. 5.3] and two refine-
ments.



44 CHAPTER 2. PRELIMINARIES

Theorem 2.4.2 (Gromov’s precompactness theorem). 1. Let CMS be the set of all
compact metric spaces. Then for any n € N\{0}, K € R and 0 < D < +oo, the
set M(n, K, D) of compact n-dimensional Riemannian manifolds (M,dg) with Ricci
curvature bounded below by K and diameter bounded above by D is a precompact
subset of (CMS,dgn).

2. For any n € N\{0} and K € R, any sequence of pointed complete n-dimensional
Riemannian manifolds (M, dg, x,) with Ricci curvature uniformly bounded below by
K admits a subsequence GH converging to some pointed metric space (X,d,z).

3. For any n € N\{0} and K € R, any sequence of pointed complete n-dimensional
Riemannian manifolds (M, dg, voly, x,) with Ricci curvature uniformly bounded below
by K admits a subsequence mGH converging to some pointed metric measure space
(X,d,m,z).

Stability of Lott-Villani’s CD(K, ) condition under mGH convergence of
compact spaces

The next result justifies that compact Ricci limit spaces are Lott-Villani’s CD(K, 00)
spaces for an appropriate K € R.

Theorem 2.4.3 (Stability of Lott-Villani CD(K, co) condition for compact spaces). Let

K € R and {(X;,d;,m;)}i be a sequence of compact Lott-Villani CD(K, c0) spaces such

that (X;,d;, m;) mGH, (X,d,m) for some compact metric measure space (X,d,m). Then

(X,d,m) is a Lott-Villani’s CD(K, 00) space.

Theorem 2.4.3 is a direct corollary of the following proposition. Recall that a metric
space (X, d) is called a length space if for any =,y € X,

1
d(z,y) = inf {/0 Y [(t)dt : v e AC(]0,1],X) s.t. v(0) = x and (1) = y} ,

and that geodesic metric spaces are particular examples of length spaces.

Proposition 2.4.4. Let {(X;,d;,m;)}; be a sequence of compact metric measure length

spaces. Assume that (X;,d;, m;) mGH, (X,d,m) for some compact measured length space

(X,d,m). Let us assume that for some convex continuous function A : [0,+o0c) — [0, +00)
with A(0) = 0, for any i € N the associated functional F; : P(X;) > p — in A(p) dmy
is weakly K-displacement convex on (X;,dg,m;). Then F : P(X) 3 p— [ A(p)dm is
weakly K -displacement convex on (X,d, m).

We will provide a proof of Proposition 2.4.4. To this purpose, we need three lemmas
and a theorem. We shall give a proof only for the theorem and provide suitable references
for the lemmas. The first lemma states that it is enough to consider probability measures
with continuous densities to check the validity of weak K-displacement convexity of an
internal-energy functional. See [OV00, Lem. 3.24].

Lemma 2.4.5. Let (X,d, m) be a compact length space. Let A : [0,+00) — R be a convex
continuous function with A(0) = 0 and F : P*(X, m) — RU{+oo} be the associated internal
energy functional. Assume that for all ug, u1 € P4(X,m) with continuous densities, there
exists at least one geodesic (iut)ic(o,1] joining po to p1 such that

tH1—1)

Fu) < (1= t)F(po) +tF () — K W3(uo, 1)Vt €[0,1].

Then F' is weakly K -displacement convex.
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The second lemma is a kind of Ascoli-Arzela theorem for functions defined over a
convergent sequence of compact metric spaces. See [Gro81] for details. Note that any
e-isometry ¢ between two compact metric spaces (X,dx) and (Y,dy) has a so-called
approximate inverse ¢’ : Y — X defined as follows: for any y € Y, choose x € X so that
dy (¢(x),y) < e and put ¢'(x) = y. It is easily seen that ¢’ is then a 3e-isometry between
Y and X.

Lemma 2.4.6. Let (X;,dx;) GH, (X,dx) and (Y,,dy) (Y dy) be two convergent
sequences of compact metric spaces. Let {ay : X; — Y;}i be an asymptotically equicontinuous
family of maps, meaning that for any € > 0, there exists o > 0 and i € N such that for
all i > i,

dXi(a:,x’) <d, = dy;(ai(a:),ai(a:’)) <e

forallx,x € X;. Let p; : X3 = X and ¢; : Y; = Y be €;-isometries for some infinitesimal
sequence (g;); C (0,400), and ¢, : X — X; be an approximate inverse of @; for any i.

X
\L 100 O(,be-
Y

Then after passing to a subsequence, the maps 1; o o o ¢ converge uniformly to some
continuous map o : X =Y.

wi
—_—

-

7

Q)

-~

=

E—
Y

Note that the above maps 1); o a; o ¢} may not be continuous.
The third lemma states that Wasserstein spaces are stable under measured Gromov-
Hausdorff convergence. We refer to [OV00, Cor. 4.3] for a proof.

Lemma 2.4.7. Let (XZ, d; ) (X d) be a convergent sequence of compact metric spaces.

Then (P2(X:), Wz) (Pg( ), Wa). More specifically, if ¢; : X; — X are g;-isometries
for some infinitesimal sequence (g;); C (0,400), then (¢;)4 : P2(X;) — P2(X) are ;-
isometries.

We will finally need a theorem whose proof is given for completeness.

Theorem 2.4.8. Let (X, 1) be a compact Hausdorff topological space. Let A : [0, +00) — R
be a continuous and convex density with A(0) =0 and A(r)/r — +o00 when r — +00, and
for any v € P(X), let

Fy () = {fX (d—“) dv ifp<u,

400 otherwise,

be the associated internal energy functional. Then giving P(X) the weak* topology, the
function

P(X)x P(X) — (—o0,+o]
(1, v) = Fy(p)

is lower semicontinuous. Moreover, if (Y,dy) is a compact Hausdorff metric space, if
f: X =Y is a Borel map, then for any p,v € P(X), we have Fy,,(fup) < Fy(1).
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Proof. Let us recall that the topological dual C(X)* of C(X) equipped with the weak*
topology is the space of linear and continuous functionals defined on C'(X), and that any
finite Borel measure p defines an element ¢, € C(X)* by

w(f)z/xfdu v e C(X).

For any L € C(X), we denote by L™ € C(X)* its bidual element. The proof of the
Theorem is based on the representation formula [LV09, Th. B.2] which can be written

Fy(p) = sup {L1"(pn) + L3" (@)} V(u,v) € P(X) x P(X),
(L1,L2)EL

where £ is a subset of C(X) x C(X). For any (L1,Ls) € L, the function (u,v) —
Ly*(pu) + L5*(py) is continuous, then a fortiori lower semicontinuous. As the supremum
of a family of lower semicontinuous functions is lower semicontinuous, we get the first
statement of the theorem. For the second statement, we refer to [AGS08, Lem. 9.4.5]. [

We are now in a position to prove Proposition 2.4.4. Recall that we are given a

convergent sequence of compact metric measure length spaces (Xj, d;, m;) mGH, (X,d, m),

and that for some convex continuous function A : [0, +00) — [0, +00) with A(0) = 0, for any
i € N the associated functional F; : P(X;) > p > [ x, A(p) dm; is weakly K-displacement
convex on (X;,d;,m;). We want to prove that F : P(X) 3> pu — Jx A(p) dm is weakly
K-displacement convex on (X,d, m).

Proof. Let po, p1 € P(X). Assume that pg < m and p1 < m, otherwise there is nothing
to prove, and write pug = pom and pu; = pym. Thanks to Lemma 2.4.5, we can assume

po, p1 € C(X).

Step 1: Construction of good geodesics in (P(X;), Wa).
As (X, d;,my) GH, (X,d,m), there exists an infinitesimal sequence (g;); C (0, +00)

and g;-isometries ¢; : X; — X such that (goi)#micg )m, from which we get that for ¢ large
enough, [ pod[(s)#po] > 0and [ p1 d[(¢i)xp1] > 0. For such i, define 0, pi;1 € P(X;)
by
Po © Pi P10 Pi
= m; and ;1= m;.

Jx podl(¢i)gpo] S xerdl(en) gl
As F; is displacement convex, there exists a Wa-geodesic (uit)ief0,1) C P(X;) joining w0
and ;1 such that

Hi0 :

tH(1—t)
2

Fi(pig) < (1 —t)Fi(pio) +tFi(nin) — K W3 (1.0, i1 (2.4.1)
for all ¢ € [0,1]. We claim that

Wo (4,05 f,1) — Wa (ko p1)- (2.4.2)

To justify this, let us first prove that (¢;)xpio weakly converges to p9. Take h € C(X).
As py € C(X), [x pod[(¢i)gmi] = [ podm =1, so

_ P , ‘ _
[ sl = [ 1 T prdltoyzmy eosm] = | o= [ 1
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One can similarly show that (¢;)4pi1 — p1. Moreover, it follows from Lemma 2.4.7 that
for any 1,

IWa(pi0, pi,1) — Wal(@i) g0, (0i)gmin)| < €.
The convergence (2.4.2) follows from the triangle inequality:

|Wa (14,0, pti,1) — Wa(po, p1)| < [Wapa,0, i) — Wa((@i) #4460, (03)#14i,1)|
+ IWa (i) a0, (i) g1i1) — Wa(po, p11)]-

Step 2: Construction of a good geodesic between g and pq by limiting argument.

Let us apply Lemma 2.4.6 to the case (X;,dx;) = ([0,1],dewer), (Yi,dy;) = (P(X;), Wa)
and o; : t — p;, in which case asymptotical equicontinuity follows directly from the
equilipschitz property

Wg(ai(t), ai(t’)) = |t — t/’WQ(/,LZ‘7O, Mi,l) < C‘t — t’|W2(,u0, ,ul) Vi, t e [O, 1] (2.4.3)

for ¢ large enough and some C' > 1, which is an automatic consequence of the fact that
(i )¢ are geodesics and (2.4.2). We get a continuous map « : [0, 1] — P(X) with uniform
convergence «; — «. Let us write p; := «(t) for any ¢ € [0, 1].

Step 3: Passing to the limit in (2.4.1).
Let us show that Fj(ui0) — F(po) (and similarly, Fj(ui1) — F(p1)). As

N Po ° P o Po ) ‘
P = f 4 (i) 4= oA (ot ) dedem

we can compute

[F(pio) — F(po)| < Jx pod[(wi)pm]

1 [ Aditengml = [ ) an

Po
: HA <fx P0 dK%)#W]) — A(po)

k3

/XA< Po ) d[(pi)pm] —/_A(Po)d[(%‘)#mi]

o0

/ d[(pi)gmi]
X

1

+’/}(A(po)d[(<pi);“ii]_/XA(”O)dm" 7

—0 since (@;)ym; —m

This, combined with (2.4.2), implies that the right-hand side in (2.4.1) converges to
(1 =t)F(uo) + tF (1) — K@W%(ﬂo,ul) when i — +00. To conclude the proof, apply
Theorem 2.4.8 to get

F(pe) < lminf Fy((@i) g pae) < Lminf Fy ()
1—+00 1—r+00

for all t € [0, 1].
O

Stability of Lott-Villani’s CD(K, N), N < 400, condition under pointed mGH
convergence

Lott-Villani’s finite dimensional conditions CD(K, N), N < +o00, are also stable under
measured Gromov Hausdorff convergence. This statement holds for locally compact
complete (possibly non-compact) Polish metric measure spaces. As the proof is long and
involved, we omit it, and refer to [Vi09, Th. 29.25].
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Theorem 2.4.9 (Stability of Lott-Villani’s CD(K, N) conditions). Let {(X;,d;, m;, x;)}
and (X,d, m,x) be locally compact complete separable metric measure spaces with o-finite

reference measure. Assume that the spaces (X, d;, m;, ;) are all Lott-Villani’s CD(K, N)

for some K € R and N € [1,400), and that (X;,d;, m;, x;) mGH, (X,d,m,z). Then

(X,d,m,z) is Lott-Villani’s CD(K, N).

Sturm’s D-convergence

For completeness, we present now Sturm’s D-convergence. Let us recall that (X, dx, my)
and (Y, dy,my) are isomorphic if there exists an isometry f : supp(mx) — supp(my ) such
that fymy = my; notably, (X,dx,mx) and (supp(my),dx, mx) are isomorphic. When
considering pointed metric measure spaces (X,dx, mx,z) and (Y,dy, my,y), we require
in addition f(z) = y.

K.-T. Sturm proposed in [St06a] an alternative notion of convergence of metric measure
spaces, introducing the distance D which is a kind of extension of the Wasserstein distance
to the set X of all isomorphism classes of normalized Polish metric measure spaces (X, d, m)
with finite second moment. Here by normalized we mean m(X) = 1. Two normalized
Polish metric measure spaces (X,dx, mx) and (Y, dy,my) being given, a coupling between
dx and dy is by definition a pseudo-distance d on X UY such that (~i‘ x = dx and
(~1|y = dy, and a coupling between myx and my is a probability measure v € P(X UY)
such that y(AUY) = mx(A) and y(X U A") = my(A’) for any measurable sets A C X,
A’ C Y. Sturm’s distance between two isomorphism classes of metric measure spaces
[X,dx,mx], [Y,dy,my] € X is then defined as

D([Xa demXL [Ya demY]) = \J (Eln'f) {/Xxyaz(x’y) dv(x,y)},

the infimum being taken over all couplings d between dx and dy and ~ between my and
my. Such an infimum is always achieved [St06a, Lem. 3.3]. The space (X,D) is a Polish
length space [St06a, Th. 3.6]. Moreover, when restricted to the class X(D, C) of doubling
normalized Polish metric measure spaces with full support and diameter and doubling
constant bounded above by D and C respectively, the distance D metrizes the measured
Gromov-Hausdorff convergence [St06a, Lem. 3.18].

In this context, the following stability property holds. The infinite dimensional case is
taken from [St06a, Th. 4.20] and the finite dimensional case from [St06b, Th. 3.1].

Theorem 2.4.10 (Stability of Sturm’s CD(K, N) conditions). Let K € R and N € [1, +o0].
Let {(Xi,di,m;)}i be a sequence of Sturm’s CD(K, N) normalized metric measure spaces

with uniformly bounded diameter. If [X;,d;, m] D, [X,d, m] for some normalized metric
measure space (X,d, m), then (X,d, m) is Sturm’s CD(K,N).

Pointed Gromov convergence and extrinsic approach

Lott-Villani’s stability results need the spaces to be proper, meaning that any closed ball
must be compact. This assumption is automatically satisfied when the spaces are CD(K, N)
with N < +o0, but it might fail to be true on non-compact CD(K, o) spaces. On the
other hand, Sturm’s approach restricts his stability results to the class of normalized spaces
with finite variance. In [GMS15], N. Gigli, A. Mondino and G. Savaré introduced a notion
of convergence of pointed metric measure spaces which does not require any compactness
assumption on the spaces nor particular restriction on the reference measures to imply
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stability of Ricci curvature bounds. They call their notion pointed measured Gromowv
convergence, “pmG” for short. It is based on the next theorem, proved by M. Gromov
[Gro07] in the case of spaces with finite mass and extended in [GMS15] to spaces with
infinite mass, which provides a characterization of the equivalent classes of isomorphic
metric measure spaces in terms of suitable test functions. Let us introduce the set TestG
made of functions ¢ : RV * & R for some N > 2 which are continuous and have bounded
support. For any ¢ € TestG and any pointed metric measure space X = (X, d, m, z), set

N-1

o (X) = /XN o(D(x1,...,2,)) Ao (z1) dm® (29,...,2,)

where D(z1,...,,) is the N?-tuple formed by the elements {d(z;,z;)}1<ij<nN-

Theorem 2.4.11 (Gromov’s reconstruction theorem). Two pointed metric measure spaces
X1 = (X1,d1, my,x1) and Xg = (X2, da, mg, x2) are isomorphic if and only if:

0" (X1) = ¢"(Xy) Vo € TestG.

Therefore, the next definition provides a notion of convergence of equivalent classes of
pointed metric measure spaces [GMS15, Def. 3.8].

Definition 2.4.12 (pmG convergence). Let {X; = (X;,d;, m;, 24) }ien, X = (X, d, m, z) be
pointed metric measure spaces. We say that X; converge in the pointed measured Gromov
sense to X, and we write (X;, d;, my, z;) LU (X,d,m,z), if for any ¢ € TestG,

lim (X,) = 9*(X).

i——+00

N. Gigli, A. Mondino and G. Savaré proved that this notion of convergence is equivalent
to the classical so-called extrinsic approach of convergence.

Definition 2.4.13 (Extrinsic approach). Let {(Xj, d;, my, ;) }ien, (X, d, m, z) be pointed
metric measure spaces. We say that (X;,d;, m;, z;) converge to (X,d, m, z) in the extrinsic
sense if there exists a complete and separable metric space (Y, dy) and isometric embeddings

wi : X; > Y and ¢ : X — Y such that dy (p;(z;), ¢(x)) — 0 and (p;)xm; Cre) pum
when 7 — oo.

Proposition 2.4.14 (Equivalence pmG/extrinsic approach). Let {(X;,d;, m;, z;)}ieny and

. . G .
(X,d, m, ) be pointed metric measure spaces. Then (X;, d;, m;, ;) T (X, d,m, x) if and
only if (X;,d;,mi, x;) — (X,d, m,x) in the extrinsic sense.

Note that [GMS15, Th. 3.15] states also the equivalence of pointed measured Gromov
convergence with two other notions of convergence, one being a variant of Sturm’s D
convergence.

With this notion in hand, N. Gigli, A. Mondino and G. Savaré proved stability of
Sturm’s CD(K, co) condition [GMS15, Th. 4.9].

Theorem 2.4.15. Let K € R. Let {(X;,d;, m;, ;) }ien be a sequence of Sturm’s CD(K, 0o)
spaces converging in the pointed measured Gromov sense to a space (X,d, m,z). Then the
space (X,d, m,x) is Sturm’s CD(K, o).

Using the extrinsic approach, N. Gigli, A. Mondino and G. Savaré also proved stability
of the (possibly non linear) heat flows [GMS15, Th. 5.7] and stability of the Cheeger’s
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energies [GMS15, Th. 6.8] (in the sense of Mosco convergence [Mo69]). The stability of
heat flows will be a key result for us in Chapter 4.

It is easily seen that pointed measured Gromov-Hausdorff convergence implies pmG-
convergence [GMS15, Prop. 3.30], but the converse implication might fail, see for instance
[GMS15, Ex. 3.31]. Nevertheless, the next proposition ensures that the two notions coincide
for a large class of spaces, namely those satisfying a uniform doubling condition.

Proposition 2.4.16. [GMS15, Prop. 3.33] Let {(X;,d;, my;, x;) }ien be a sequence of uni-
formly doubling pointed metric measure spaces. Then (X;,d;, m;, z;) pmG-converge to some
pointed metric measure space (X,d, m,x) if and only if it converges in the pointed measured
Gromov-Hausdorff sense. Moreover, using the extrinsic approach of convergence, we can
assume the common metric space (Y,d) in which all the spaces (X;,d;), (X,d) are embedded
to be doubling.

Note that complete and doubling spaces are proper (i.e. bounded closed sets are
compact), hence separable.

Thanks to Bishop-Gromov’s theorem (Theorem 2.1.14), Proposition 2.4.16 applies
especially in case (X;,d;, m;) are all Lott-Villani’s CD(K, N) spaces, or all RCD(K, N)
spaces. Therefore, Theorem 2.4.9 can be reformulated assuming pmG convergence of the
spaces instead of pointed mGH convergence, and we can equivalently use the extrinsic
formulation of convergence.

Convergence of functions defined on varying spaces and related stability
results

The extrinsic approach is convenient to formulate various notions of convergence of
functions and to avoid the use of e-isometries, see Remark 2.4.19 below. However, it
should be handled with care: for instance, if f € Lip,(Y,d) is viewed as a sequence of
bounded Lipschitz functions in the spaces (Xj,d;, m;), then the sequence need not be
strongly convergent in H? in the sense of Definition 2.4.21 below (see [AST17, Ex. 6.3]
for a simple example).

Let us give now the definition of L2-weak/strong convergence of functions defined on
pmG-convergent sequences of spaces, following the formulation in [GMS15] and [AST17].
Other good formulations of L?-convergence, in connection with mGH-convergence, can be
found in [H15, KS03]. Note that in the setting of RCD*(K, N) spaces these formulations
are equivalent by the volume doubling condition (see e.g. [H16, Proposition 3.3]).

Definition 2.4.17 (L2-weak convergence of functions with respect to variable measures).
1. (L%-weak convergence) We say that f; € L?(X;,m;) L?-weakly converge to f €
Chps(X
L3(X,m) if sup; || fil|z2 < oo and fym; b2 fm

2. (L% .-weak convergence) We say that f; € L2 (X;,m;) L2 .-weakly converge to f €
L% (X, m) if f; L?-weakly converge to ¢ f for any ¢ € Chs(X).

Note that it was proven in [GMS15] (see also [AST17], [AH17a]) that any L2-bounded
sequence has an L?-weak convergent subsequence in the above sense.
The analogy with the usual weak convergence in Hilbert spaces is immediate by writing

fmg ) pmag
W (fi, @) p2xm) = (@) r2xm) V9 € Cos(X).

Moreover, for any L2-weak convergent sequence L?(X;,m;) > f; — f € L?(X,m), it can
be shown that liminf; e || fill L2(x;.m;) = [Ifl22(x,m)- Following the classical property of



2.4. CONVERGENCE OF SPACES AND STABILITY RESULTS 51

weak convergence in Hilbert spaces stating that strong convergence follows from weak
convergence and convergence of norms, we can define L?-strong convergence of functions
defined on varying spaces in the following natural way.

Definition 2.4.18 (L2-strong convergence of functions with respect to variable measures).

1. We say that f; € L?(X;,m;) L%-strongly converge to f € L*(X,m) if f; L?-weakly
converge to f with limsup,_, || fillzz < || fllL2-

2. We say that f; € L% (X;,m;) L} -strongly converge to f € L (X,m) if (fi L*-

loc loc

strongly converge to (f for any ¢ € Chs(X).

Remark 2.4.19. Note that a naive way to define L? convergence of functions L?(X;, m) 3

fi — f € L*(X,m) for a pointed measured Gromov-Hausdorff convergent sequence

(X, dj, my, ;) mGH, (X,d, m,z) would be the following: if ¢; : X; — X are g;-isometries

for some infinitesimal sequence (g;); C (0,+00), we could require |[f; — f o il 12(x, m,)
to tend to zero when i — co. But in case X; = X = [0,1], f; = 1 and f = 1g, taking
gi-isometries ¢; with values in Q we get || fi — f o il 12(0,1) = 0, but || fill 2(0,1) = 1 whereas
£l z2(0,1) = 0. So we cannot formulate a relevant notion of L?-convergence in this way.

We are now in a position to state an important stability result concerning the heat flow
for a pmG-convergent sequence of CD(K, c0) spaces [GMS15, Th. 6.11].

Theorem 2.4.20 (Stability of the heat flow for CD (K, 0o) spaces). Let (X;,d;, m;, ;) LULEN

(X,d, m,x) be a converging sequence of CD(K,o0) spaces. For any i, let (P})i>o be the heat
flow of (X;,d;,m;) and (P,)¢~o the one of (X,d, m). Then for any L?-strongly convergent
sequence L*(X;,m;) > fi — f € L?(X,m), we have L?-strong convergence of the functions
Pifi to Pif for anyt > 0.

Let us conclude by mentioning that N. Gigli, A. Mondino and G. Savaré also established
in [GMS15] stability of the RCD (K, co) condition with respect to pmG-convergence and
convergence of the eigenvalues of the Laplacian (defined by Courant’s min-max proce-
dure, see (4.0.2)) for pmG-convergent sequences of metric measure spaces satisfying a
uniform weak logarithmic Sobolev-Talagrand inequality which holds easily for sequences of
RCD*(K, N) spaces.

Still following [GMS15], let us now define weak and strong convergence of Sobolev
functions defined on varying metric measure spaces. To that purpose, let us fix a pmG-
convergent sequence of CD(K, N) spaces (X;,d;, m;, x;) mG, (X,d, m,z). For convenience,
we shall denote by Ch? = Chp,, (-, )i, Ai, etc. the various objects associated to the i-th
metric measure structure.

Definition 2.4.21 (H'?-convergence of functions defined on varying spaces). We say
that f; € HY?(X;,d;,m;) are weakly convergent in H%? to f € H"?(X,d, m) if f; are
L?-weakly convergent to f and sup; Ch’(f;) is finite. Strong convergence in H'? is defined
by requiring L2-strong convergence of the functions, and Ch(f) = lim; Ch?(f;).

We can also introduce the local counterpart of these concepts.

Definition 2.4.22 (Local H'2-convergence on varying spaces). We say that the functions
fi € HY2(Bg(x;),d;, m;) are weakly convergent in H? to f € H"?(Bg(x),d, m) on Br(z)
if f; are L?-weakly convergent to f on Bg(x) with sup, || f;||g1.2 < co. Strong convergence
in H'2 on Bg(z) is defined by requiring L?-strong convergence and lim; |||V f;| l2(Br(z:)) =
IV flllL2(BR (2))-
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We say that g; € Hllo’f(Xi,di,mi) Hllo’f-weakly (or strongly, resp.) convergent to

g e Hllo’g(X,d,m) if gil B (21 H'2-weakly (or strongly, resp.) convergent to 9| By () for all
R >0.

The following fundamental properties of local convergence of functions have been
established in [AH17b]. They imply, among other things, that in the definition of local
H"“2-weak convergence one may equivalently require L?-weak or L?-strong convergence of
the functions.

Theorem 2.4.23 (Compactness of local Sobolev functions). Let R > 0 and let f; €
HY2(Bg(x;),d;, m;) with sup; || fi|| g1z < oo. Then there exist f € HY2(Bg(x),d, m) and
a subsequence f;;) such that f L2-strongly converge to f on Br(z) and

I JBr(zi(j)) WG v Br()
Theorem 2.4.24 (Stability of Laplacian on balls). Let f; € D(A, Br(xz;)) with
sup([| fill a2 (Br(a:)) + 182, Rfill L2(Br(z:)) < 00,

and with f; L?-strongly convergent to f on Bgr(x) (so that, by Theorem 2./.23, f €
HY2(Bg(z),d,m)). Then:

(1) f € D(A, Br(x));
(2) Ay, rfi L*-weakly converge to Ay pf on Br(z);
(3) |V fili L?-strongly converge to |V f| on B.(z) for any r < R.

We shall also use in Chapter 5 the following local compactness theorem under BV
bounds for sequences of Sobolev functions. Note that for any p € (1,+00), one can
define LP-weak/strong convergence out of the definition of L?-weak/strong convergence by
replacing 2 by p everywhere.

Theorem 2.4.25. Assume that f; € H'?(Ba(x;),d;, m;) satisfy

sup (Hfi’LOO(Bz(xi)) +/ IVfildmz) < oo.
i Ba(x;)

Then (f;) has a subsequence LP-strongly convergent on Bi(x) for all p € [1,00).

Proof. The proof of the compactness w.r.t. L'-strong convergence can be obtained arguing
as in [AH17a, Prop. 7.5] (where the result is stated in global form, for normalized metric
measure spaces, even in the BV setting), using good cut-off functions, see also [H15,
Prop. 3.39] where a uniform LP bound on gradients, for some p > 1 is assumed. Then,
because of the uniform L* bound, the convergence is LP-strong for any p € [1,00), see
[AH17a, Prop. 1.3.3(e)]. O

Let us conclude with sufficient conditions under which harmonic replacements (recall
Proposition 2.2.23) are continuous with respect to measured Gromov-Hausdorff convergence.
This last result is a consequence of [AH17b, Thm. 3.4].
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Proposition 2.4.26 (Continuity of harmonic replacements). Assume that m(Bg(x)) > 0,
M (Br(x)) > 0 and that

Hy?(Bg(x),d,m) = () Hy*(Brye(x),d, m). (2.4.4)
>0

Let f; € HY2(Bg(x;),d;, m;) be a weak HY?-convergent sequence to f € H“?(Bg(z),d, m)
on Bgr(x). Then the harmonic replacements f; of fi on Bgr(x;) exist for i large enough and
L2-strongly converge to the harmonic replacement f of f on Br(x).

Notice that a simple separability argument shows that, given x € X, the condition
(2.4.4) is satisfied for all R > 0 with m(Bgr(x)) > 0, with at most countably many exceptions
(see [AH17b, Lem. 2.12]).
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Chapter 3

Weighted Sobolev inequalities via
patching

In this chapter, we present the results of the notes [T17a] and [T17b], namely weighted
Sobolev inequalities on non-compact metric measure spaces satisfying a growth assumption
on the volume of large balls, following an approach due to A. Grigor’yan and L. Saloff-Coste
[GS05] allowing to patch local functional inequalities into a global one, thereafter applied
by V. Minerbe [Mi09] and H.-J. Hein [Hell] to the context of Riemannian manifolds. Here
was Minerbe’s main result:

Theorem 3.0.1. Let (M",g), n > 3, be a complete connected non-compact Riemannian
manifold with Ric > 0 and Riemannian volume measure denoted by vol. Assume that there
exists o € M, n > 2 and C, > 0 such that

n
ZCO<§> V0 <r<R.

vol(Br(o))
vol(B,(0))

Then

sup |22 dpy o [V f]? dvol o f € C®(M)\{0} § < +oo,
(., ) ([, vera)

2n

where 1 is the weighted measure p < vol with density Vol(Bd(Ov.)(o))ﬁd(o, )T n2.

In [T17b], we extend this theorem to a class of possibly non-smooth metric measure
spaces. Here is the main result of this paper:

Theorem 3.0.2. Let (X,d,m) be a geodesic Polish metric measure space satisfying

1. a global doubling property, meaning that there exists Cp > 1 such that:

m(Ba,(x)) < Cpm(B,(x)) Vee X, r >0,

2. a global Poincaré inequality: for some 1 < p < logy Cp, there exists Cp > 0 such
that for all v > 0 and for all f € L} (X, m),

/ |f = /P dm < Cprp/ gdm  Vge UGP(f),
B B
holds for all balls B with radius r,

95
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3. the following reverse doubling condition: there exists o € X, n € (p,logy Cp) and
C, > 0 such that

n
ZQ;(?) VOo<r<R.

Then there exists C = C(Cp,p,Cp,n,Cy) > 0 such that for any f € C(X),

</X ftw;t dm) . <C (/X 9° dm) " (3.0.1)

holds for any 1 < s <mn, anyp <t <p*:= ﬁglzg% and any g € UG*(f). Here the weight
wey 15 defined by:

11
s t

V(o,d(0,x))
d(o, x)

The proof of Theorem 3.0.2 is based on a patching process which is presented in the
second paragraph of this section.

Note that contrary to Minerbe’s one, the setting of our result is possibly non-smooth,
and we do not assume any curvature-dimension condition on the space under consideration.
Moreoever, apart from log, C'p, which might be regarded as a bound from above for the
dimension, the family of inequalities (3.0.1) does not involve any notion of dimension:
that is why we call them “adimensional”. A priori, our result could be applied on spaces
with varying dimension, what would be a very different setting compared to Riemannian
manifolds.

Though the study of analytic implications of Theorem 3.0.2 on concrete examples
which do not satisfy any curvature-dimension condition is still under progress, we can get
several consequences from the inequalities (3.0.1) if we restrict the scope to CD(0, N') and
RCD(0, N) spaces. This is the point of view adopted in [T17a]. As the proof of Theorem
3.0.2 writes along the same lines of the CD(0, N') version Theorem 3.0.3, we provide here
only the proof of the latter theorem.

Unless explicitely mentioned, in the whole chapter the triple (X,d, m) stands for a
proper (i.e. bounded closed sets are compact) complete and separable metric space (X, d)
equipped with a reference measure m defined on the Borel o-algebra of (X,d). For any
x € X and r > 0, we denote by V(x,r) the quantity m(B,(x)).

For any u € Li,.(X,m) and any Borel set B C X such that m(B) < 400, we denote
by up the mean-value w.r.t. m of u over B, i.e. ug := m(B)~! [z udm. Later on we
will introduce another Borel measure p and for any u € LZIOC(X , i) and any Borel set
B C X such that p(B) < +oo, we will denote by (u)p the mean-value w.r.t. p of u over B,
ie (uyp:=p(B) [Fudpy.

Several constants appear in this section. For better readability, if a constant C' depends
only on parameters aj, as, ... we will always write C' = C'(ay, ag, .. .) for its first occurrence,
and then write more simply C' if there is no ambiguity.

wet(z) = , VrelX.

Weighted Sobolev inequalities in CD(0,N) spaces and consequences
Let us present immediately the main results of [T'17a], postponing the proofs later in
the section.

Theorem 3.0.3 (Weighted Sobolev inequalities). Let (X,d,m) be a CD(0, N) space with
N > 2. Assume that there exists 1 < n < N such that
V(o,r)

Vio,r)
. = 1 1 < = 1
0 < Ouny 1= Hminl =57 < Ouup = limoup =

< 400 (3.0.2)
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for someo € X. Then for any 1 < p < 1, there exists a constant C = C(N,n, Oint, Osup, p) >
0, depending only on N, 0, Ouf, Oy and p, such that for any continuous function
u: X — R admitting an upper gradient g € LP(X,m),

(/ ,u‘p*du)pl* <c(/. gpdm)i (303

where p* = Np/(N — p) and p is the measure absolutely continuous with respect to m with
density w, =V (0,d(0,-))?/N=P)d(o,.)~Ne/(N=p),

Note that the above number 1 might not be an integer: for instance, for any n € (3,4)
it is possible to construct a four dimensional hyperkéhler (in particular Ricci-flat) manifold
satisfying (3.0.2), see [Hall, Th. 1.2].

Theorem 3.0.3 extends V. Minerbe’s one [Mi09, Th. 0.1], stated only in the case
p = 2 for Riemannian manifolds with nonnegative Ricci curvature, to possibly non-smooth
CD(0, N) structures (notably Ricci limits, Finsler spaces or quotients of manifolds). Note
that H.-J. Hein had already extended Minerbe’s result to the setting of smooth Riemannian
manifolds with a quadratically decaying lower bound on the Ricci curvature and satisfying
a polynomial volume growth condition called SOB(/) ([Hell, Th. 1.2]), but this direction
requires many analytic tools which are not available in the framework of metric measure
spaces; therefore, we stay closer in idea to V. Minerbe’s work but we consider his techniques
in a broader context.

We shall deduce from Theorem 3.0.3 the following weighted Nash inequality, which was
not considered at all in [Mi09, Hell]. Let us point out that some weighted Nash inequalities
were also considered in [BBGM12], but they seem unrelated to ours; see also [Oh17] for a
Nash inequality (with no weight) in the context of non-reversible Finsler manifolds.

Theorem 3.0.4 (Weighted Nash inequality). Assume that (X,d,m) is a CD(0, N) space,
with N > 2, satisfying (3.0.2) with n > 2. Then there exists a constant C = C(N, 1, Ojnf, Ogup) >
0 such that for any u € L*(X,p) N HY?(X,d, m),

2+ 4+

r2(x, Ch(u).

4
lull 253 < Cllull &

(Xom)

Finally, using Theorem 3.0.4, we can deduce a uniform bound on the corresponding
weighted heat kernel of RCD(0, V) spaces provided a N-Ahlfors regularity property holds
for balls with small radii. Recall that for any integer k, a space (X, d, m) is called k-Ahlfors
regular if there exists a constant C' > 1 such that

Vix,r)
k

o< <C, Vr>0 (3.0.4)

r

holds for all z € X. Note that if 1 < p,q < +oo and L is a bounded operator from LP(X, u)
to LI(X, ut), we denote by ||L||1p(x u)—ra(x,) its norm.

Theorem 3.0.5 (Bound of the weighted heat kernel). Assume that (X,d, m) is a RCD(0, N)
space with N > 3 satisfying the growth condition (3.0.2) for some n > 2 and such that

V(x,r)

ot < v <0 VmeX, Vo<r<r, (3.0.5)

for some C, > 1 and r, > 0. Let (h})i~0 be the semigroup generated by the Dirichlet form
Q defined on L*(X, ) by

[ IVf2dm if f € H2(X,d,m) with |Vf|. € L*(X,m)

-]

400 otherwise.
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Then there exists C = C(N,1n, Oint, Osup) > 0 such that

c
thjHLl(X,u)—woo(X,u) < N2 vt > 0,

or equivalently, for any t > 0, hi' admits a kernel pi' with respect to yu such that for every
z,y € X,

C
pf(x,y) < N2

Remark 3.0.6. In the context of smooth Riemannian manifolds with nonnegative Ricci
curvature, V. Minerbe deduced from the weighted Sobolev inequality he established a
finiteness result in L?-cohomology [Mi09, Th. 0.5]. The L?-cohomology of an RCD(0, N)
space being well-defined [G18, Sec. 3.5.2], the author studied a possible extension of
Minerbe’s result to this setting. However, two harsh difficulties arised:

e a suitable synthetic formulation of the critical integrability assumption [ ]Rm|”/ 2 <
400, where Rm denotes the Riemann curvature tensor of a Riemannian manifold,
appears as a delicated issue;

e up to now, no Weitzenbock formula is known in the RCD context'; in particular,
contrary to the case of smooth Riemannian manifolds for which the difference between
the Hodge Laplacian and the connection Laplacian on 1-forms is given by the Ricci
curvature, the way this difference relates with curvature for general RCD(0, N) spaces
is not known yet.

Preliminary notions

Let us start with recalling two technical notions taken from [HKO00]. First, it is well-
known that the classical gradient of a Lipschitz function on, say, a smooth manifold vanishes
on the open sets on which the function is constant. The following truncation property is
an extension of this fact to the context of metric measure spaces.

Definition 3.0.7. (Truncation property) Let u € L}, (X, m) and g : X — [0, +00] be two
measurable functions such that for some p > 0, A > 1 and C > 0,

1/p
][ |lu —upldm < Cr <][ gpdm)
B AB

for all balls B C X with radius » > 0. For any 0 < ¢; < t2 and any function v : X — R,
we denote by vff the truncated function min(max(0,v — ¢1),t2 — t1). We say that (u, g)

satisfies the truncation property if for any 0 < ¢; < t9, any b € R and any € € {—1,1},
writing v := e(u — b),

1/p
][ lv —vp|dm < Cr (][ (91t <v<tn})’ dm)
B AB

for all balls B ¢ X with radius » > 0.

It can be checked easily that on a space satisfying a local weak (1, p)-Poincaré inequality
(recall Definition 2.2.17), the couple (u, g) made of a continuous function u and any of its
upper gradients g satisfies the truncation property [HK00, Th. 10.3].

Next notion will be useful to turn weak inequalities into strong inequalities.

!see the discussion before Prop. 3.6.9 in [G18]
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Definition 3.0.8 (John domains). Let © be a bounded open set of X.  is called a John
domain if there exists zg € 2 and C' > 0 such that for every x € €, there exists a Lipschitz
curve v : [0, L] — Q parametrized by arc-length such that v(0) = x, v(L) = 2o and for any

telo, L],
= (), X\Q).

C<
- t

(3.0.6)

Let us point out that condition (3.0.6) prevents John domains to have cusps on their
boundary, as one can easily understand from a simple example. Take Q = {(z,y) € R? :
0 <z <7m/2 |y < e %L Then (3.0.6) fails at the cuspidal point (7/2,0): define
ze = (/2 —€,0) for any 0 < € < 7/4, then for any Lipschitz curve v starting from z.
parametrized by arc-length and with length larger than e,

d(7(€)7R2\Q) < d(ZQE,RZ\Q) < e*tan(ﬂ/272g) 0
g - e — c

0.

Patching procedure
Let us present now the patching process [GS05, Mi09] that we shall apply to get Theorem
3.0.3. In the whole paragraph, (X, d) is a metric space equipped with two Borel measures
my and ms both finite and nonzero on balls with finite and nonzero radius and such
that supp(m;) = supp(mg) = X. For any bounded Borel set A C X and any locally
mg-integrable function u : X — R, we denote by {u} 4 the mean value m 1) 4 wdmy. For
any given set S, we denote by Card(S) its cardinality.

Definition 3.0.9 (Good covering). Let A C A# C X be two Borel sets. A countable
family (U;, U/, UZ'#)ie 1 of triples of Borel subsets of X with finite mj-measure for any

j € {1,2} is called a good covering of (A, A#) with respect to (my,ms) if:
1. foreveryie I, U; C U C Ui#;
2. there exists a Borel set £ C X such that £ C |J; U; and m;(X\E) = ma(X\E) = 0;
3. there exists Q1 > 0 such that Card({i € I : U;gé N Ui# #0}) < @y for any iy € [;

4. for any (i,j) € I x I such that U; N U; # 0, there exists k(i,j) € I such that

5. there exists Q2 > 0 such that for any (i, j) € I x I satisfying U; N U; # 0,

mo Uy ) < Q2 min(ma(U;), ma(Uj)).

For the sake of clarity, we call condition 3. the overlapping condition, condition 4. the
embracing condition and condition 5. the measure control condition of the good covering.

When A = A% = X, we say that (U;, U7, Ui#)iel is a good covering of (X,d) with
respect to (my, my).

From now on, we consider two numbers p, q € [1,+00) and two Borel sets A C A% C X.
We assume that a good covering (U;, UF, Ui#)iel of (A, A7) with respect to (my, mg) exists.

Let us explain how to define from (U;, U}, Ui#)z-e 7 a canonical weighted graph (V,&,v),
where V is the set of vertices of the graph, £ is the set of edges, and v is a weight on the graph
(i.e. a function v : VUE — R). We define V by associating to each U; a vertex i (informally,
we put a point i on each U;). Then we set € := {(i,7) € V x Vi # j and U; N U; # 0}.
Finally we weight the vertices of the graph by setting v(i) := my(U;) for every i € V and
the edges by setting v(, j) := max(v(i),v(j)) for every (i,7) € &.



60 CHAPTER 3. WEIGHTED SOBOLEV INEQUALITIES VIA PATCHING

The patching theorem (Theorem 3.0.13) states that if some local inequalities are true
on the pieces of the good covering and if a discrete inequality holds on the associated
canonical weighted graph, then the local inequalities can be patched into a global one. Let
us give the precise definitions.

Definition 3.0.10 (Local continuous L?P-Sobolev-Neumann inequalities). We say that the

good covering (U;, U/, Ui#)z‘e 1 satisfies local continuous L%P-Sobolev-Neumann inequalities

if there exists a constant S. > 0 such that for all ¢ € I,

(/ ”U, - {U}Ui‘qdm2> ' < Sc (/ gp dml) ’ (307)
Ui Uy

for all u € L'(U;, mg) and all upper gradients g € LP(U}, my), and

(/U u — {u}U;\Qdm) "<, (/U# 7 dm1> ’ (3.0.8)

for all u € LY(U7, mz) and all upper gradients g € Lp(UZ-#, my).

Definition 3.0.11 (Discrete L?-Poincaré inequality). We say that the weighted graph
(V, €, v) satisfies a discrete LI-Poincaré inequality if there exists Sy > 0 such that:

(Z \f(i)!qV(i)> < S ( > 1) - f(j)!qV(iJ)) vfeli(V,v).  (3.09)

€V {i,7}€€

Remark 3.0.12. Here we differ a bit from Minerbe’s terminology. Indeed, in [Mi09], the
following discrete L? Sobolev-Dirichlet inequalities of order k were introduced for any
k € (1,400] and any ¢ € [1,k):

(Z !f(i)\’“qk‘W(i)> T sy ( > @) - f(j)\qV(i,j)) vfeLi(V,v).

eV {i,7} €€

In the present section we only need the case k = 400, in which we recover (3.0.9): here
is why we have chosen the terminology “Poincaré” which seems, in our setting, more
appropriate.

We are now in a position to state the patching theorem.

Theorem 3.0.13 (Patching theorem). Let (X, d) be a metric space equipped with two Borel
measures my and mo, both finite and nonzero on balls with finite and nonzero radius, such
that supp(m;) = supp(mg) = X. Let A C A% C X be two Borel sets, and p,q € [1,+00)
be such that ¢ > p. Assume that (A, A%) admits a good covering (U;, U}, UZ#) with respect
to (my, mg) which satisfies the local L9P-Sobolev-Neumann inequalities (3.0.7) and (5.3.19)
and whose associated weighted graph (V,E,v) satisfies the discrete LY-Poincaré inequality
(3.0.9). Then there exists a constant C = C(p,q,Q1,Q2,Sc, Sq) > 0 such that for any
function u € C.(A™) and any upper gradient g € LP(A% my) of u,

1 1
(/ yu|qdm2>qgc</ gpdm1>".
A A#

Although the proof of Theorem 3.0.13 is a straightforward adaptation of [Mi09, Th. 1.8],
we provide it for the reader’s convenience.
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Proof. Let us consider u € C,(A#). Then

/ |ul? dmy SZ/ |ul? dms.
A iey /Ui

From convexity of the function ¢ — [t|9, we deduce |u|? < 297 (|u — {u}y,|? + |[{u}v,]9)
mo-a.e. on each U;, and then

/ |u|? dmy < 2971 Z/ lu— {u}p,|9dmg + 2971 " [{uby,| v (D). (3.0.10)
A U;

ey i€V

From (3.0.7) and the fact that 3=, xg/p < (X 27)9/? for any finite family of real numbers
{z;} (since ¢ > p), we get

q/p
Z/ lu —{u}y,|?dmg < Sg/p (Z/ g dm1>
iey /Ui ey Uf

/ q/p
< SaPQY” (/ 9" dml) : (3.0.11)
A#

this last inequality being a direct consequence of the overlapping condition. Now the
discrete L2-Poincaré inequality (3.0.9) implies

S Hubu (i) < Sa S Wb, — {ubo |0, 5): (3.0.12)

[1S% (i,)e€

For any (i,7) € &€, a double application of Holder’s inequality yields to

oo v(i.) .
o, — (o (3.9) < s /U ) ) ) amag),

and as the measure control condition ensures v(4, j) = max(mq(U;), ma(U;)) < ngg(U;‘(i j)),
the embracing condition implies

. Q2
Hu}u, — {U}Uj‘q’/(%]) < W [u(x) — u(y)|? dmz(z) dma(y).
2\ k(i,5) Usiy ? Uk
Convexity of ¢+ [¢|? leads to |u(x) — u(y)|? < 297 (Ju(z) — {u}U;(ij)| + |{u}U;(m —u(y)|)
for any x,y € Uy, - and any (i,7) € €, so that
[ubo, = {ude, [06.0) < @2 [ Ju—{ubuy 1
k(i,5)
Summing over (7, 7) € &, we get
Z Hutu, — {utu; (i, 5) < Q227 Z ) lu — {U}U;(M)‘qdml (3.0.13)
(i) €€ (i) €€ 7 Vki)

Then (5.3.19) yields to

qa/p
Y Hubu, = {udo,|9v(i, 5) < Qa2759/7 ( > i dml) : (3.0.14)
(

#
(i.j)e€ i)e€ Yk
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Finally, a simple counting argument shows that

> /# g"dmy < Q?/ g” dm. (3.0.15)

(i.5)e€ * Ukt A#

The result follows from combining (3.0.10), (3.0.11), (3.0.12), (3.0.13), (3.0.14) and (3.0.15).
O

A similar statement holds if we replace the discrete L2-Poincaré inequality by a discrete
“Li9-Poincaré-Neumann” version:

<Z £(@) - V(f)IqV(i)> <sy ( > f() f(j)qu(i,j)) (3.0.16)

{i,j}€€

for all compactly supported f : V — R, where v(f) = (Zi:f(i);ﬁo V(Z)) 1sz(z)1/(z)
The terminology “Poincaré-Neumann” comes from the mean-value in the left-hand side
of (3.0.16) and the analogy with the local Poincaré inequality used in the study of the
Laplacian on bounded Euclidean domains with Neumann boundary conditions, see [Sa02,
Sect. 1.5.2].

Theorem 3.0.14 (Patching theorem - Neumann version). Let (X,d) be a metric space
equipped with two Borel measures mi and ms, both finite and nonzero on balls with finite
and nonzero radius, such that supp(m;) = supp(mg) = X. Let A C A% C X be two
Borel sets such that 0 < m(A) < +o00 and p,q € [1,+00) such that ¢ > p. Assume that
(A, A%) admits a good covering (U;, U, Ui#) with respect to (my, me) which satisfies the
local LTP-Sobolev-Neumann inequalities (3.0.7) and (5.3.19) and whose associated weighted
graph (V,E,v) satisfies the discrete L1-Poincaré-Neumann inequality (3.0.16). Then there
exists a constant C = C(p,q,Q1,Q2, Se, Sq) > 0 such that for any u € C.(A¥) and any
upper gradient g € LP(A% my),

(/A |u—{u}A|qolmz)é gc(/A#gpdml)’l’.

The proof of Theorem 3.0.14 is similar to the proof of Theorem 3.0.13 and writes exactly
as [Mi09, Th. 1.10] with upper gradients instead of norms of gradients, so we skip it.

Proof of Theorem 3.0.3

In this paragraph, we prove Theorem 3.0.3 after a few preliminary results.

As already pointed out in [Mi09], the local continuous L2 -2-Sobolev-Neumann in-
equalities on Riemannian manifolds (where 2* = 2n/(n — 2) and n is the dimension of
the manifold) can be derived from the doubling condition and the uniform strong local
L?-Poincaré inequality which are both implied by non-negativity of the Ricci curvature.
However, the discrete L2 -Poincaré inequality requires an additional reverse doubling
condition which is an immediate consequence of the growth condition (3.0.2), as shown in
the next lemma.

Lemma 3.0.15. Let (Y,dy,my) be a metric measure space such that

Br 0 . BT o
0 < Ojpf = liminfw < Ogyp = limsup w < 40 (3.0.17)

r——+00 ro r—400 re
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for some y, € Y and a > 0. Then there exists A > 0 and Crp = Crp(Oinf, Osup) > 0
such that
my (Bg(0))

v (B (0) > Crp <Jj)a VA<r<R. (3.0.18)

Proof. The growth condition (3.0.17) implies the existence of A > 0 such that for any
R>1r> A, 04,/2 <17 my(Br(Y)) < 204y and R™my (Bgr(Ys)) > Oins/2, whence
(3.0.18) with Crp = Ons/(404up). O

Remark 3.0.16. Note that the doubling condition easily implies (3.0.20): see for instance
7, p.9] for a proof giving Crp = (1 + Cp*)~! and a = logy(1 + Cp*). But in this case,
a > 1if and only if Cp < 1 which is impossible. So we emphasize that in our context, in
which we want the segment (1, @) to be non-empty, doubling and reverse doubling must be
thought as complementary hypotheses.

The next result, a strong local LP-Sobolev inequality for CD(0, N) spaces, is an
important technical tool for our purposes. In the context of Riemannian manifolds, it was
proved by Maheux and Saloff-Coste [MS95].

Lemma 3.0.17. Let (Y,dy,my) be a CD(0,N) space. Then for any p € [1,N) there

exists C = C(N,p) > 0 such that for any u € C(Y), any upper gradient g € L},.(Y, my),
and any ball B with arbitrary radius r > 0,

1 1
B p* p* r p P
</B \u ’LLB| dmy> < Cim}/(B)l/N (/Bg dmy) s (3019)
where p* = Np/(N —p).
Proof. Let u be a continuous function on Y, g € Llloc(Y, my ) be an upper gradient of

u, B be a ball with arbitrary radius r > 0, and p € [1, N). In this proof up stands for
my (B)™! [ pudmy. Thanks to Holder’s inequality and the doubling property, Theorem

2.1.16 implies
1/p
][ lu — up|dmy < 2VF2y <][ gpdmy> .
B 2B

Let xo,z1 € Y and rg,m > 0 be such that x; € By, (x¢) and r; < rg. Then

(B (o) S — )NZQ-w(m)N
mY(B'I‘()-‘rdy(m(),au)(xl)) ro + dY(x()a .'L'l) 7o

my (Bry (21))
my (Bro (20))

by the doubling condition. Moreover, we know from Proposition ?? that (u,g) satisfies the
truncation property, so that [HK00, Th. 5.1, 1.] applies and gives

y 1/p* - 1/p
<][ |lu —upl? dmy> <Cr <][ gpdmy)
B 10B

where C' depends only on p and the doubling and Poincaré constants of (Y, dy,my) which
depend only on N. As (Y,dy,my) is a CD(0, N) space, the metric structure (Y, dy) is
proper and geodesic, so it follows from [HKO00, Cor. 9.5] that all the balls in Y are John
domains with a universal constant C; > 0. Then [HKO00, Th. 9.7] applies and yields to the
result since 1/p* —1/p=1/N. O
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Finally, let us state a result whose proof - omitted here - can be deduced from [Mi09,
Prop. 2.8] by using Theorem 2.1.16. Note that even if Theorem 2.1.16 provides only a
weak inequality, one can harmlessly substitute it to the strong one used in the proof of
[Mi09, Prop. 2.8], because it is applied there to a function f which is Lipschitz on a ball
B and extended by 0 outside of B. Note also that Theorem 2.1.16 being a L!-Poincaré
inequality, we can assume o > 1 (a L?-Poincaré inequality would have only permit o > 2).

Proposition 3.0.18. Let (Y,dy,my) be a CD(0, N) space satisfying the growth condition
(3.0.17) with a > 1. Then there ezists ko = rko(N, ) > 1 such that for any R > 0 such that
Sr(yo) is non-empty, for any couple of points (x,z') € Sg(yo)?, there exists a rectifiable
curve from x to z’' that remains inside BR(yO)\BRS1R(yo).

Remark 3.0.19. It is worth pointing out that Proposition 3.0.18 implies a strong connect-
edness property for (Y,dy,my); notably, all the annuli B, i+ (yo)\Bﬁé_l(yo), i € N, are
connected.

Let us prove now Theorem 3.0.3. Let (X, d, m) be a non-compact CD(0, N) space with
N > 3 satisfying the growth condition (3.0.2) with parameter n € (1, N|, and p € [1,7).
We recall that p is the measure absolutely continuous with respect to m with density
w, = V(0,d(o,-))P’N-P)d(o,.)~NP/(N=P) "and that p* = Np/(N — p). Note that Lemma
3.0.15 applied to (X, d, m), assuming with no loss of generality that A = 1, implies:

V (o, R) R\"
> — 1 . 0.2
V(O,T) _ORD<T> Vi<r<R (30 0)

STEP 1: The good covering.

Let us briefly explain how to construct a good covering on (X, d, m), referring to [Mi09,
Section 2.3.1] for additional details. Define  as the square-root of the constant kg given
by Proposition 3.0.18. Then for any R > 0, two connected components X; and Xs of
Bir(0)\Br(o) are always contained in one component of B.r(0)\B,-1g(0): otherwise,
linking z € X1NSkr(0) and 2/ € XN Skr(0) by a curve remaining inside Byg(0)\B,-1(0)
would not be possible.

Let 7 be a line starting at o, i.e. a continuous function v : [0,400) — X such that
(o) = 0 and d(y(t),v(s)) = |t — s| for any s, > 0. Such a line can be obtained as follows.
For z1 € S1(0), let 1 : [0,1] — X be a geodesic between o and x;. Define then recursively
xn = argmin{d(z,—1,2) : * € Sp(0)} and =, geodesic between x,,_1 and x,, for any n > 1.
The concatenation of all the v, provides the desired ~.

For any i € N, let us write A; = B,i(0)\Bi-1(0) and denote by (U] ,)o<q<p the
connected components of A;, Uz‘l,o being set as the one intersecting v. The next silmple
result was used without a proof in [Mi09].

Claim 3.0.20. There exists a constant h = h(N, k) < oo such that sup; b, < h.
Proof. Take i € N. For every 0 < a < h}, pick z, in U; o N S(kiri-1y/2(0). As the balls

(Ba := B(xi_xi-1)/4(%a))o<a<n; are disjoints and all included in By, (o), we have

hi min m(B,) < Z m(B,) < V(o,x").

!
0<a<h] 0<ash!

With no loss of generality, we can assume that minh m(B,) = m(By). Notice that
0<a<h]

d(o,z0) < k;. Then

= “m(Bo) <

V (o, k" + d(0, z0)) < 8k N
m(By) A\ K=k
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k—1

N
by the doubling condition. This yields to the result with A := (8—”) . O

Define then the covering (U! ,, U/, U! a)zeN 0<a<h/ where U/*, is by definition the union

7,a? 7,a? 7,

of the sets U], such that U,nU, # (), and U;” is by definition the union of the
sets U such that U]’*b U, # 0. Note that (U] U’* Ut )ieN0<a<h 18 1Ot necessarily

1,4’ 2,4’ 2,a

a good covering, as pieces UZ-’,& might be arbltrary small compared to their neighbors:
in this case, the measure control of the overlapping condition would not be true. So
whenever U] , N Si(0) = 0 (this condition being satisfied by all “small” pieces), we set

Uifl,a = U/ uu!

i—1,a

Uia := U] ,. Then we define U/, and Uz’t in a similar Way than U, and U-# Using the

doubling condition, one can easily show that (U;,, U} 4 U )ieN0<a<h; 1S & good covering

of (X,d) with respect to (u, m), with constants (1 and QQ depending only on N.

, where a’ is the integer such that Ui Ul o NUi_1 o # 0; otherwise we set

STEP 2: The discrete LP -Poincaré inequality.

Let (V, &, v) be the weighted graph obtained from (U; 4, U, UZ )ieN,0<a<h,- Define the
degree deg(i) of a vertex ¢ as the number of vertices j such that i ~ j. As a consequence of
Claim 3.0.20, sup{deg(7) : i € V} < 2h. Moreover, the doubling condition easily justifies
the existence of a number C' > 1 such that C~tv(i) < v(j) < Cv(i) for every (i,j) € &.
Thus by [Mi09, Prop. 1.12], the discrete L!-Poincaré inequality implies the L4 one for any
given ¢ > 1. But the discrete L'-Poincaré inequality is equivalent to the isoperimetric
inequality ([Mi09, Prop. 1.14]): there exists a constant Z > 0 such that for any Q C V with
finite measure,

v(©)
v(0Q)

where 0 := {(i,7) € £:i € Q,j ¢ Q}. The only ingredients to prove this isoperimetric
inequality are the doubling and reverse doubling conditions, see Section 2.3.3 in [Mi09].
Then the discrete Li-Poincaré inequality holds for any ¢ > 1, with a constant Sy depending
only on ¢, 1, ©inf, Osyp and on the doubling and Poincaré constants of (X,d, m), i.e. on
N. In case ¢ = p*, we have Sq = Sq(N, 7, D, Oinf, Osup)-

<7

STEP 3: The local continuous LP"P-Sobolev-Neumann inequalities.

Let us explain how to get the local continuous LP"P-Sobolev-Neumann inequalities. We
start by deriving from the strong local LP-Sobolev inequality (3.0.19) a LP-Sobolev-type
inequality on connected Borel subsets of annuli.

Claim 3.0.21. Let R > 0 and o > 1. Let A be a connected Borel subset of Bar(0)\Br(0).
For 0 < § < 1, denote by [A]s the d-neighborhood of A, i.e. [Als = Uyea Bs(x). Then there
exists a constant C = C(N, 0, c, p) > 0 such that for any function u € C(X) and any upper
gradient g € LP([Als, m) of u,

. 1/p* RP 1/p
u—uApdm) SC’(/ gpdm> )
(/A | | Vo, R)PIN \ Jya,

Proof. Define s = JR and choose an s-lattice of A (i.e. a maximal set of points whose
distance between two of them is at least s) (z;);jcs. Set V; = B(x;,s) and V;* = V;# =

B(x;,3s). Using the doubling condition, there is no difficulty in proving that (V;, V.*, Vl#)
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is a good covering of (X,d) with respect to (m,m). A discrete LP -Poincaré inequality
holds on the associated weighted graph, as one can easily check following the lines of [Mi09,
Lem. 2.10]. The local continuous LP"P-Sobolev-Neumann inequalities stem from the proof
of [Mi09, Lem. 2.11], where we replace (14) there by (3.0.19). Then Theorem 3.0.14 gives
the result. O

Let us prove that Claim 3.0.21 implies the local continuous LP"P-Sobolev-Neumann
inequalities with a constant S, depending only on N, 1 and p. Take a piece of the good
covering Uj . Choose § = (1 — x~1)/2 so that [U;4]s C U;,. Take a function u € C(X)
and an upper gradient g € LP([U; 4]5,m) of u. Since |u — (u)y, .| < |u —c[+ |c = (w)v, ,|
for any ¢ € R, and since |z + y|P” < 27" ~1(|x| + |y|) holds for any z,y € R by convexity of

t > [t[P", we have

J,

As w, is a radial function, we can set w,(r) := wy(x) for any r > 0 and any x € X such
that d(o, x) = r. Note that by the Bishop-Gromov theorem, w, is a decreasing function, so

|u — <u>Ui,a|p* dp < 2P inf/ lu— P dp < 2P / lu — uUi’a|p*wo dm.
R JU; 4 Ui

,a ,a

/ Ju — (uy, [P dp < 277 (kY) / lu —up,,, [P dm.

i,a i,a

Applying Claim 3.0.21 with A = U, 4, R = "' and a = k? yields to
/U lu = (Wu, [P dp <CP 2P W@o(f’f‘ ) (/ g dm)

p*/p
<C (/ g dm)
U

where we used the same letter C' to denote different constants depending only on N, p,
and k. As k depends only on N, n and p, we get the result.
An analogous argument implies the inequalities between levels 2 and 3.

STEP 4: Conclusion.
Apply Theorem 3.0.13 to get the result.

Weighted Nash inequality

Let us now prove Theorem 3.0.4. To prove this theorem, we need a standard lemma,
consequence of [ACDM15, Section 3|, which states that the relaxation procedure defining
Ch can be performed with slopes of Lipschitz functions with bounded support (we write
Lipys(X) in the sequel for the space of such functions) instead of upper gradients of
L?-functions. We provide a proof for the reader’s convenience. Note that here and until
the end of this paragraph we write LP(m), LP(u) instead of LP(X, m), LP(X, u) respectively
for any 1 < p < +o0.

Lemma 3.0.22. Let (X,d,m) be a complete and separable metric measure space, and
uw € HY2(X,d,m). Then

Ch(u) = inf {mgmf/ (Va2 dm - () C Lippe (), [fim — ul 20m) — o} .
n o0 X
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In particular, for any w € HY?(X,d,m), there exists a sequence (un)n C Lipys(X) such
that [|u — up[L2(m) — 0 and H]VUHIH%Q(M — Ch(u) when n — +oc0.

Proof. Choose a point o € X and for every n € N\{0}, let x, be a Lipschitz function
constant equal to 1 on B(o,n), to 0 on X\B(o,n + 1) and such that |Vy,| < 2. Take
f € Lip(X) N L?*(m) and define, for every n € N\{0}, f,, = fxn. Using the chain rule and
Young’s inequality for some ¢ > 0, denoting by Lip(x,)(< 2) the Lipschitz constant of x,,
we get

N

2
IV fal? < (Xn|Vf| + fLip(Xn)lB(O,n+1)\B(O,n)>
< (1+e)|VIP+401/(1+ ) f*1p0m+r1)\BOm)-

Integrating over X and taking the limit superior, it implies

hmsup/ |V fuldm < (14¢) / |V f|?dm,

and letting € go to 0 leads to

limsup/ \anPdmg/ V£ dm.
X X

n—oo

Then for u € HY2(X,d, m), for any sequence (uy)y C Lip(X) N L?(m) L%-converging to
u, considering for any k£ € N a sequence (vj,), C Lipy,(X) built as above, a diagonal
argument provides a sequence (vy ,(x))r such that

liminf/ [V 0g e |* dm < lirninf/ V| dm.
k—oo [Jx ’ k—oo  Jx

Taking the infimum among all sequences (u)r L2-converging to u leads to the result. [

We are now in a position to prove Theorem 3.0.4. Our proof is a standard way to
deduce a Nash inequality from a Sobolev inequality, see e.g. [BCLS95].

Proof. By the previous lemma it is sufficient to prove the result for u € Lipy,(X). By
Holder’s inequality,
lull 220 < el gy lull 7,

where ; ? + =046 0= N—+2. Then by Theorem 3.0.3 applied in the case p =2 < 7,

Jull 2o < Cllall S, IVl
As u € Lipy(X), Ch(u) = H]Vu|\|%2(m), so the result follows by raising the previous
inequality to the power 2(N + 2)/N. O

Bound on the corresponding heat kernel
Let us consider now a RCD(0, N) space (X, d, m) satisfying the growth condition (3.0.2)
for some 7 > 2 and the uniform local N-Ahlfors regularity property :

V(z,r)

C;l < —=

<G, Vee X, VO<r<r, (3.0.21)
"

for some C, > 1 and r, > 0. Note that it follows from [BS18] that N is an integer which
coincides with the essential dimension of (X, d, m).
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We take the weight w, = V (0, d(o, ) N=2d(o, -)~2N/(N=2) which corresponds to the
case p = 2 in Theorem 3.0.3; recall that ;4 = w,m, and note that L?(m) C L?(u) as w, is a
bounded function (this follows from Bishop-Gromov’s theorem and (3.0.21)).

Set Hy?(X,d,m) = {f € L} (m) : of € H"*(X,d,m) ¥y € Lip,,(X)} and note that
as an immediate consequence of the boundedness of w,, we have f € LZQOC(m) if and only if
f € Lige(n)-

Define the Dirichlet form @ on L?(u) as follows:

Jx IVfPdm if f € Hy?(X,d,m) with |V ], € L*(m)

Q(f) = { foe

+00 otherwise.

Q is easily seen to be convex. Moreover, since convergence in L7, (m) and in L2 (u) are
equivalent, Q is a L?(u)-lower semicontinuous functional on L?(u), so we can apply the
general theory of gradient flow to define the semigroup (h})¢~¢ associated to @ which is
characterized by the property that for any f € L?(X,pu), t — hi'f is locally absolutely
continuous on (0, +-00) with values in L?(X, ), and

d
ahff = —ARl'f for L'-ae. t € (0,+00),

where the self-adjoint operator —A associated to @ is defined on a dense subset D(A) of
D(Q) = {Q < +oo} and characterized by:

Qf.9) = /X (Af)gdu  Vf € D(4), Yg € D(Q).

Be aware that although @ is defined by integration with respect to m, it is a Dirichlet form
on L?(p1), whence the involvement of y in the above characterization.

Note that by the Markov property, each h} can be uniquely extended from L?(X, i) N
LY(X, ) to a contraction from L'(X, ) to itself.

We start with a preliminary lemma stating that a weighted Nash inequality also holds
on the appropriate functional space when Ch is replaced by Q.

Lemma 3.0.23. Let (X,d,m) be a RCD(0,N) space with N > 3 satisfying (3.0.2)
and (3.0.21) for some n > 2, C, > 1 and v, > 0. Then there exists a constant
C = C(N,n,Oinf, Osup) > 0 such that:

2+ 4 4
IR < Ol Q) Yue L nD(@).

Proof. Let u € L'(u) N D(Q). Then u € L3, (m), pu € HY?(X,d, m) for any ¢ € Lipy,(X)
and |Vul, € L?(p). In particular, if we take (Xn)n as in the proof of Lemma 3.0.22, for
any n € N we get that y,u € HY2(X,d, m) and consequently there exists a sequence
(k)i C Lipys(X) such that u, p — xpu in L2(m) and [y [V, k? dm = [y [V(xnu)|? dm.

Apply Theorem 3.0.4 to the functions u, ; to get

2+ 4 4
[ s §C|un7k||£’1(u)/ Vet |2 dm (3.0.22)
X

for any k£ € N. As the u, ; and y,u have bounded support, and thanks to (3.0.21) which
ensures boundedness of w,, the L?(m) convergence uy,  — Xnu is equivalent to the L7 (m),
L2 (1), L*(p) and L' () convergences. Therefore, passing to the limit k — +oo in (3.0.22),
we get

245 N 2
||Xnu||L2(M) < CHXTLUHLI(M) « IV (xnu)li dm.
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By an argument similar to the proof of Lemma 3.0.22, we can show that
limsup/ IV (xnu)|?dm < / |Vu/|? dm.
n—+o0o JX X

And monotone convergence ensures that |[xnullr2) — |lullz2q) and [[xnullzi) —
lull 1 (), whence the result. O

Let us apply Lemma 3.0.23 to get a bound on the heat kernel of Q.

Theorem 3.0.24 (Bound of the weighted heat kernel). Let (X,d,m) be a RCD(0, N)
space with N > 3 satisfying the growth condition (3.0.2) for some n > 2 and the uniform
local N -Ahlfors reqular property (3.0.21) for some C, > 1 and r, > 0. Then there exists
C = C(N,n,0inf, Osup) > 0 such that

C

thHLl(u)%LOO(M) < N2 vt > 0,

or equivalently, for any t > 0, h' admits a kernel p}' with respect to p such that:

C
P (z,y) < i TmyeX.

To prove this theorem we follow closely the lines of [Sa02, Th. 4.1.1]. The constant C
may differ from line to line, note however that it will always depend only on 1, N, ©;,¢
and Ogyp.

Proof. Let u € L'(u1) be such that lullgi(uy = 1. Let us show that [[hful| 2, < Ct—N/M
for any t > 0. First of all, by density of Lipy,(X) in L'(u), we can assume u € Lip,,(X)
with |lul[1(,) = 1. Furthermore, since for any ¢ > 0, the Markov property ensures that
the operator h}' : L'(u) N L?(u) — D(Q) extends uniquely to a contraction operator from
L'(p) to itself, we have hi'u € L'(u) (ND(Q)) and ||hfull;1(,) < 1. Therefore, we can
apply Lemma 3.0.23 to get:

Hh“uHLz <CQ(Mwu)  Vt>0.

d 1d
2 [, \ K _ 1 [ _ Ho 112

/X|Vh (1 dm—/(Ah w)hiudp = —/X<d h} )h udp = _§E‘|htuHL2(#)

we finally end up with the following differential inequality:
2+4 N Cd
IhfulZgy < —5 gl uliag V>0,

Writing (t) = thuHLQ(u) and ¥(t) = Tp()~HN for any t > 0, we get & < ¢/(t) and
thus 2t < (1) — $(0). As $(0) = FJul| 2/} > 0, we obtain 2t < (t), leading to

C
1Rl L2y < INJL

We have consequently ||AY| LU ()= L2 () < tN%' Using the self-adjointness of h}', we deduce
1A 22 ()= poo (u) < tN% by duality. Finally the semigroup property

HhéLHLl )—L>®(u < Hht/QHLl(,u)%LQ(u)th/QHLQ(,u)%L"O(u)
implies the result. ]

Remark 3.0.25. To the best knowledge of the author, the weighted heat semigroup (h}")¢>o
has not appeared in the literature yet, and remains quite mysterious. In particular, it is
not clear at all how to relate it with the classical heat semigroup on (X,d, m).
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Chapter 4

Weyl’s law on RCD*(K,N) spaces

This chapter presents the main results of [AHT18], which are:

e the pointwise convergence of heat kernels for a convergent sequence of RCD*(K, N)
spaces (Theorem 4.0.6) which is a generalization of Ding’s Riemannian results [D02],

e a sharp criterion for the validity of Weyl’s law on compact RCD*(K, N) spaces
(Theorem 4.0.9). Let us point out that it is not known yet whether there exist
RCD*(K, N) spaces which do not satisfy this criterion, since all known examples
satisfy it.

We conclude with a proof of the expansions of the heat kernel (4.0.21) and (4.0.22) on a
compact RCD*(K, N) space using eigenvalues and eigenfunctions. This proof is taken from
[AHPT17, App. A], but the expansion (4.0.21) already played a major role in [AHT18] in
which it was given without sufficiently many details, so we prefer to include it to this chapter.

A brief account on classical Weyl’s law type results

Named after H. Weyl [Well] who established it in dimension 2 and 3 in connection
with the black-body radiation experiment (see [ANPS09] for a nice historical account), the
classical Weyl’s law describes the asymptotic behavior of the eigenvalues of the Laplacian
on bounded domains of R™. More precisely, if 2 C R" is a bounded domain, standard
arguments from the theory of compact operators and elliptic regularity ensure that the
spectrum of (minus) the Dirichlet Laplacian on € is a discrete sequence of positive numbers
(X\i)ien which can be ordered, counting multiplicity, as 0 = A\g < A\; < A2 < --- and such
that \; = 400 when ¢ — +00. Weyl’s law states that

N(X) W,
im =
A—too A2 (27T)n

£M()

where N(A) = #{i € N: \; < A}, wy, is the volume of the n-dimensional Euclidean unit
ball, and £"(Q) is the n-dimensional Lebesgue measure of .

Among the possible generalizations of Weyl’s law, one can replace the bounded domain
Q) C R™ by a n-dimensional closed (i.e. compact without boundary) manifold. The Laplacian
is then replaced by the Laplace-Beltrami operator of the manifold, and the term £"(Q) is
replaced by H" (M), where H" denotes the n-dimensional Hausdorff measure. It has been
proved by B. Levitan in [Le52] that Weyl’s law is still true in that case.

Another generalization concerns compact Riemannian manifolds (M, g) equipped with
the distance d induced by the metric g and a measure with positive smooth density e~/
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with respect to the volume measure H". For such spaces (M, d, e /H"), called weighted
Riemannian manifolds, one has
N(M,d,e—f";’-ln)()‘) Wn

Jm == T @t M), (40.1)

where N7 4 c-syn)(A) denotes the counting function of the (weighted) Laplacian Al =
A — (Vf V) of (M,d,e”/H™). This result is a consequence of [H568]. We stress that
in the asymptotic behavior (4.0.1) the information of the weight, e~f, disappears (as we
obtain by different means in Example 4.0.15). This sounds a bit surprising because the
Hausdorff dimension is a purely metric notion, whereas the Laplace-Beltrami operator on
weighted Riemannian manifolds and more generally the Laplacian on RCD* (K, N) spaces
does depend on the reference measure.

Eigenvalues and eigenfunctions of compact RCD*(K, N) spaces
Thanks to the Cheeger energy Ch, the sequence of eigenvalues can be defined on any
metric measure space (X,d, m) via Courant’s min-max procedure:

\; := min max  Ch(f): Sc H"(X,d,m), dim(S) =1 i>1.  (4.0.2)
res, 1l 2=1

We then define
NixamA) =#{i >1: N <A}

as the “inverse” function of ¢ — A;. Notice that the formula makes sense even though Ch
is not quadratic or equivalently even though A is not a linear operator. Moreover, if d is a
distance bi-Lipschitz equivalent to d, meaning that ¢ 1d < d < ed for some ¢ > 0, then
Lip(X,d) = Lip(X,d), for any f € Lip(X,d) one has c_1|Vf\*,a < |V fla < VSl g, and
consequently ¢ 'Ch < Ch < ¢Ch where Ch is the Cheeger energy of (X,d, m). Then (4.0.2)
shows that the growth rate of N(x qm) does not change if we replace the distance d by d.
This observation also holds if we perturb the measure m by a factor uniformly bounded
away from 0 and +oo. Notice also that if (X, d) is doubling we can always find a Dirichlet
form £ with C~1€ < Ch < C&, with C depending only on the metric doubling constant,
see [ACDM15] (a result previously proved in [Ch99] for PI doubling metric measure spaces).
Thus, the replacement of Ch with £ makes the standard tools of Linear Algebra applicable.
However, in the case of CD(K, c0) spaces with non-linear Laplacian, Weyl’s law is still
an open question. Note that in this context, the stability of the Krasnoselskii spectrum
of the Laplace operator with respect to measured Gromov-Hausdorff convergence has
been established by L. Ambrosio, S. Honda and J. Portegies in [AHP18] under a suitable
compactness assumption.

When (X, d, m) is a compact RCD*(K, V) space, the operator A is linear and the space
H'2(X,d,m) is Hilbert. As Rellich-Kondrachov theorem [HK00, Thm. 8.1] implies that
the injection H%?(X,d, m) — L?(X,m) is compact, we can apply standard arguments of
spectral theory [Bé86] to show the existence of an orthonormal basis of L?(X, m) made
of eigenfunctions of A, namely functions ¢; such that Ay; = \jp;, with 9 = 1//m(X)
corresponding to \g = 0. As in the Riemannian case for (minus) the Dirichlet Laplacian,
the sequence ()\;); can be ordered in increasing order and is such that A; — +o0co when
1 — +o0.

Technical preliminaries
Before going further, let us recall some technical results. We start with basic differenti-
ation properties of measures.
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Proposition 4.0.1. If u is a locally finite and nonnegative Borel measure in X and S C X
is a Borel set, one has

w(8)=0 = u(B.(z))=o(*) for H*-a.e. z € S. (4.0.3)
In addition,
u(S)=0, Sc{x: limsupM(B;k(x)) >0} = H¥S)=0. (4.0.4)
r—0+

Finally, if p = fH*LS with S countably k-rectifiable, one has

i ABr(@)

r—0t  wgrk

= f(x)  for H"-a.e. x €S. (4.0.5)

Proof. The proof of (4.0.3) and (4.0.4) can be found for instance in [F69, 2.10.19] in a
much more general context. See also [AT03, Theorem 2.4.3] for more specific statements
and proofs. The proof of (4.0.5) is given in [K94] when u = H*L S, with S countably
k-rectifiable and having locally finite #*-measure (the proof uses the fact that for any
€ > 0 we can cover HF-almost all of S by sets S; which are biLipschitz deformations, with
biLipschitz constants smaller than 1 + ¢, of (R?, | - ||;), for suitable norms || - ||;). In the
general case a simple comparison argument gives the result. O

We shall also need the two next auxiliary results.

Lemma 4.0.2. Let fi, g, f, g € LY(X,m). Assume that f;, g; — f, g m-a.e. respectively,
that |f;| < gi m-a.e., and that lim; oo ||gillzr = |gllz2- Then fi — f in LY(X,m).

Proof. Obviously |f| < g m-a.e. Applying Fatou’s lemma for h; :=¢g; +g—|fi— f| >0
yields

1—00 1—00

/ lim inf h;dm < lim inf/ h;dm.
X X

Then by assumption the left hand side is equal to 2||g||;1, and the right hand side is equal
to 2||g|lzr — limsup; || fi — fllz1. It follows that limsup; || fi — f|lz1 = 0, which completes
the proof. O

The proof of the next classical result can be found, for instance, in [F71, Sec. XIIL.5,
Theorem 2].

Theorem 4.0.3 (Karamata’s Tauberian theorem). Let v be a nonnegative and locally
finite measure in [0,4+00) and set

D(t) := / e Mdu(\) t>0.
[0,4-00)

Then, for all v > 0 and a € [0,400) one has

s o v([0,A]) a
1 ’y pu— 1 = .
150+ o) = a Ao AT I(v+1)

In particular, if v = k/2 with k integer, the limit in the right hand side can be written as
k/2
awy, /T2,
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Remark 4.0.4. Following the proofs of Theorems 10.2 and 10.3 in [S79], we prove in [AHT18,
Sect. 5] the so-called Abelian one-sided implications and inequalities:

R . v([0,A])
1 ft"o(t) > T 1)1 f 4.0.6
gt PO 2 IO+ DImi =5 (100
A A
lim sup v(10,A) <400 = limsupt"?(t) <T'(y+1)limsup V[0, A)) (4.0.7)
A—r+o00 Y t—0+ A—+o0 AY
as well as the so-called Tauberian one-sided implications and inequalities:
lim sup ¥((0, A) < elimsupt’p(t), (4.0.8)
A—+o00 t—0t
o o o u(0,N)
liminf¢t70(t) > 0, limsupt"0(t) < +o0 = lim inf > 0. (4.0.9)
t—0+ t—0+ A—+o00

When (X, d, m) is a RCD*(K, N) space, we can apply Karamata’s Theorem 4.0.3 to the
measure v = 3, y, to relate the growth rate of N x qm)(A) = v([0, A]) with the behavior
of #(t) = 3;e ™ when t | 0. Assuming compactness of (X,d), the expansion (4.0.21)
implies that

D(t) = / p(z, z,t)dm vt >0,
X

reducing the focus to the short-time behavior of the above right-hand side.

Pointwise convergence of heat kernels

Our approach is based on a blow-up procedure. To explain it, let us fix a pointed mea-

sured Gromov-Hausdorff convergent sequence (X;, d;, m;, x;) mGH (X,d,m,z) of RCD*(K, N)-

spaces. Recall that by [GMS15, Prop. 3.30], we can adopt the extrinsic point of view
on this convergence, embedding all spaces into a doubling and complete metric space
(Y,dy) by isometric embeddings ¢; : X; < Y, 1 : X < Y such that dy (¢;(x;),¥(xz)) — 0

and (1);)pm; CrxY) (1)ym as i — co. Without any loss of generality, we can assume that
supp(m;) = X; for any 4, and identify the spaces (X;, d;, m;, z;) with their image by ¢;,
namely (¢i(X;),d|g,(x,), (¥i)gMi, @i(r;)). For simplicity, we can also assume that the
doubling and complete space (Y, dy) is (X, d), in which case each space X; is a subset of X

supporting the measure m;, and we have m; Coa(X) m. We shall denote y; GH, 1y whenever
a sequence y; € X; is such that d(y;,y) — 0.

Let us start with a crucial technical proposition which allows to turn L2-weak/strong
convergence into pointwise convergence.

Proposition 4.0.5. Let f; € C(X;) and f € C(X). Assume (X,d) proper and

sup  sup |fi] < 4o0 VR > 0.
i X;NBgr(xz;)

Assume moreover that { f;}; is locally equi-continuous, i.e. for any e >0 and any R >0
there exists § > 0 independent of i such that

(y,2) € (X; N Br(z))* d(y,2) <d = |fily) — fi(z)| <e (4.0.10)
Then the following are equivalent:

. . GH
(1) Yim fig (ir) = f(y) whenever y € suppm, i(k) — o0 and Xik) 3 Yik) — s
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(2) fi L2 -weakly converge to f,

loc
(3) fi leoc-strongly converge to f.

Proof. We prove the implication from (1) to (3) and from (2) to (1), since the implication
from (3) to (2) is trivial.

Assume that (2) holds, let € > 0 and let y; — y. Take ( nonnegative, with support
contained in Bs(y) and with [ (dm = 1. Thanks to (4.0.10) and the continuity of f, for &
sufficiently small we have

(Filws) — ©) / Cdm; < / Chidm; < (filwi) +e) / Cdmi fly)—e< / Cfdm < f(y) +e

Since [ (fidm; — [(fdm and [ (dm; — [{dm =1, from the arbitrariness of ¢ we obtain
that fi(y;) — f(y). A similar argument, for arbitrary subsequences, gives (1).

In order to prove the implication from (1) to (3) we prove the implication from (1) to
(2). Assuming with no loss of generality that f; and f are nonnegative, for any ¢ € Cpg(X)
nonnegative, (1) and the compactness of the support of ¢ give that for any € > 0 and any
s > 0 the set X; N {f;¢ > s} is contained in the e-neighbourhood of {f( > s} for i large
enough, so that

limsupm; ({fi¢ > s}) < m({f¢ = s}).

11— 00

Analogously, any open set A € {f( > s} is contained for i large enough in the set
{fi¢ > s}U (X \ X;), so that

liminf m;({fi¢ > s}) = m({f¢ > s}).

Combining these two informations, Cavalieri’s formula and the dominated convergence
theorem provide [ fi¢dm; = [y f¢(dm and then, since ¢ is arbitrary, (2).

Now we can prove the implication from (1) to (3). Thanks to the equiboundedness
assumption, the sequence g; := f? is locally equi-continuous as well and g; pointwise
converge to g := |f|? in the sense of (1), applying the implication from (1) to (2) for g;
gives

lim [ ¢?f2dm, = / Efdm V¢ e Cr(X),
X; X

1—+00
which yields (3). O]

Here is our generalization/refinement of Ding’s results [D02, Theorems 2.6, 5.54 and
5.58] from the Ricci limit setting to our setting, via a different approach.

Theorem 4.0.6 (Pointwise convergence of heat kernels). The heat kernels p; of (X;,d;, m;)
satisfy

lim p;(7i, yi, i) = p(z,y,t)
1— 00
whenever (z;,y;,t;) € X; X X; x (0,+00) = (x,y,t) € suppm X suppm x (0, +00).

Proof. By rescaling d — (t/t;)'/?d, without any loss of generality we can assume that t; = t.
Let f € Cps(X). Recall that, viewing f as an element of L? N L>(X;, m;), Theorem 2.4.20
provides L2-strong convergerce of hif to P;f. By the estimate [AGS14b, Theorem 6.5]
valid in all RCD(K, o) spaces, defining Io(t) := t and Ig(t) := (e5t —1)/S for S # 0, we

have '
v 22k (1) Lip(hy f, suppm) < || fl| oo (x,m)
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so the functions hif are equi-Lipschitz on X. Applying Proposition 4.0.5 yields then

; GH
hif(yi) = Pif(y) for any y; == y.
On the other hand, the Gaussian estimate (2.3.6) shows that sup; ||p;(+, ¥i, )| e < 00.
By definition, since

Pf) = [ p I Gam(). P = [ a0 05Em(),
we see that p;(-,y;,t) L2 -weakly converge to p(-,y,t). Moreover, since thanks to (2.3.9) the
functions p;(+, y;, t) are locally equi-Lipschitz continuous, choosing any continuous extension
of p(-,y,t) to the whole of X and applying Proposition 4.0.5 once more to p;(-,y;,t)
we obtain that p;(z;,v;,t) converge to p(z,y,t) for any z; GH, x, which completes the
proof. O

We deduce an important corollary concerning the heat kernel of a fixed RCD* (K, N)
space (X, d, m). Recall Definition 2.3.13 in which regular sets of (X, d, m) were introduced.

Corollary 4.0.7 (Short time diagonal behavior of heat kernel on the regular set). Let
(X,d, m) be a RCD*(K, N) space with K € R and N € (1,400). Set n = dimgn(X). Then

. - Wn,
t£%1+ m(Byi/2(z))p(x, x,t) = (i) 2 (4.0.11)
for any n-dimensional reqular point x of (X,d, m).

Proof. Let us recall that for any r > 0 and any C > 0 the heat kernel p(x,y,t) of
the rescaled RCD*(r2K, N) space (X,r~'d,Cm) is given by p(x,y,t) = C~p(x,y,r’t).

Applying this for r := t'/2, C = m with Theorem 4.0.6 shows
. . w
tg%l I.n(Btl/Q (:r))p(:n, x, t) = t£%1+pt($, x, 1) = pR”(OTu Ona 1) = W?

where p', pgn denote the heat kernels of (X, t~1/2d, W), (R”, drn, Z'f—:), respectively.
]

Weyl’s law

Let us discuss now Weyl’s law on compact RCD*(K, N) spaces (X,d,m). As the
example of weighted Riemannian manifolds suggests, the asymptotic behavior of the
eigenvalues of the Laplacian is related to the behavior of the Hausdorff measure on regular
sets with respect to the restriction of the reference measure. Recall that by Theorem 2.3.16,
denoting by n the dimension of (X,d, m), we have mL R,, < H", and the set R} C R,
made of those points at which the density 6 of m w.r.t. H" is finite and non-zero is such
that m(R,\R}) = 0.

We are now in a position to introduce a first criterion. We always have H"(R}) > 0
and, if an assumption slightly stronger than the finiteness of n-dimensional Hausdorff
measure holds, we obtain Weyl’s law in the weak asymptotic form. For simplicity we use the
following notation: f(\) ~ g()) if there exists C' > 1 satisfying C~1f(\) < g(\) < Cf())
for sufficiently large .

Theorem 4.0.8. Let (X,d,m) be a compact RCD*(K,N) space with K € R and N €
(1,400), let n = dimq n(X) and let R}, be as in (2.3.16) of Theorem 2.3.16. Then we have

t—0t

1
lim inf (t"/2 Zekit> > W%”(R;) > 0. (4.0.12)
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In particular, if N(x qm)(A) ~ A as A — +oo for some i, then Remark 4.0./ gives i > n/2.
In addition

STL
li S | <+ ~— N A) ~ A2 (A= 4+00).  (4.0.13
im sup /X w (B (@) m(x) 00 (x,d;m)(A) ( o0). )

Proof. In order to prove (4.0.12) we first notice that the combination of (4.0.11) and
(2.3.18) gives

1 dHP LR}

. n/2 _
lim "/ %p(z, x,t) = WXRE(”;)W

ook (ar () for m-a.e. z € X.

Using the identity t"/2 Y, et = Ix t"/2p(x, z,t)dm(x) and Fatou’s lemma we obtain

1 dH"L R} 1
. . n/2 — it > n — n *
h%lglf (t % e ) Z )y /R AL R dm (47r)”/2,H (R}).

*
n

The heat kernel estimate (2.3.6) shows

tn/2
cl—— < t"/Qp z,x,t) <C
(B DS

tn/2

B ) (4.0.14)

for some C' > 1, which is independent of ¢ and x. Thus the upper bound on p gives

Sn

lim sup t”/z/ p(z,z, t)dm(z) < C'lim sup/ ————dm(z).
t—0+ X s—0t JX m(Bs(:v))

We can now invoke Remark 4.0.4 to obtain the implication = in (4.0.13). The proof of the

converse implication is similar and uses the lower bound in (4.0.14). O

Under the stronger assumption (4.0.15) (notice that both the finiteness of the limit
and the equality of the integrals are part of the assumption) we can recover Weyl’s law in
the stronger form.

Theorem 4.0.9. Let (X,d,m) be a compact RCD*(K, N) space with K € R and N €
(1,400), and let n = dimg w(X). Then

s" s"

slir(%r . mdm(w) = /Xsli%{r mdm(m) < 400 (4.0.15)

A\ 1m ATL/ ( ) ;1 +()O. U

Proof. We first assume that (4.0.15) holds. Taking (2.3.18) and (4.0.14) into account, we
can apply Lemma 4.0.2 with fy(x) = t"/?p(x, z,t) and g;(x) = Ct"?/m(B,/2(z)) to get

lim t"/2/ p(z, z,t)dm(z) —/ lim ¢"?p(x, z,t)dm(z)
X

t—0+t x t—07t

B / 1 dH"LR:
 Jre (4m)n/2 dmlR;,

1 *
= W?—[”(Rn)

which shows (4.0.16) by Karamata’s Tauberian theorem.
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Next we assume that (4.0.16) holds. Then by (2.3.18) and Karamata’s Tauberian
theorem again, (4.0.16) is equivalent to

t—0t t—0t

lim t”/2/ p(z, z,t)dm(x) :/ lim ¢"2p(x, z,t)dm(z) < 4oc0. (4.0.17)
X X

Let fi(x) := t"/2/m(B,1/2(z)). Then the heat kernel estimate (4.0.14) shows that we can
apply Lemma 4.0.2 with g;(z) = Ct"/?p(z, z,t) to get (4.0.15). O

By the stability of RCD conditions with respect to mGH-convergence and [CC97,
Theorem 5.1], noncollapsed Ricci limit spaces give typical examples of RCD*(K, N) spaces
(X,d, m) with dimqnX = N. For such metric measure spaces Weyl’s law was proven in
[D02] by Ding. Thus the following corollary also recovers his result.

Corollary 4.0.10. Let (X,d,m) be a compact RCD*(K, N) space with K € R and N €
(1,400) NN, and assume that N = dimqnX. Then (4.0.16) holds.

Proof. The existence of a functions g € L'(R%, HY) such that

tN dmL Ry

Bi(e)) aiN LRy, @) S 9@ Ve (01)

g(z,t) := -

for HN-a.e. z € RY; follows directly from the Bishop-Gromov inequality, since m(B,(z))/r*
is bounded from below by a positive constant. Then the proof follows by the dominated
convergence theorem in conjunction with Theorem 4.0.9. 0

Applications
Let us provide a serie of examples to which Theorem 4.0.9 can be applied.

Example 4.0.11. Let us consider the following RCD*(N — 1, N) space:
(X,d,m) := ([O,w],d[om],sinN_l tdt)

for N € (1,00) (note that this is a Ricci limit space if N is an integer, see for instance
[AH17a]). Then we can apply Theorem 4.0.9 with n =1 and R} = Rq = (0, 7), because of
sup;<q |g(+, t)||Lee < 00, where g is as in Corollary 4.0.10. Thus we have Weyl’s law:

NixamA)  w
lim ——2——- = 1.
Atee AL or 1 (0m) =
Example 4.0.12 (Iterated suspensions). Let us apply now Theorem 4.0.9 to iterated
suspensions of (X,d, m) as in Example 4.0.11:

1,dy, my) := sin tdt
{(X di,my) := ([0, 7], dpg -], sin™ " ¢dt),
(Xn+1,dn+1,mn+1) = ([0 7'('] d[o 7] sin tdt) (Xn,dn,mn).

Recall that the spherical suspension ([0, 7], djg x, sin tdt) x 1(X,d, m) of a metric measure
space (X,d, m) is the quotient of the product [0, 7] x X by the identification of every point
of {0} x X and {7} x X into two distinct points, equipped with the product measure
dp = sintdt x m and with the distance dg,sp defined by

cos dgusp (£, ), (s,y)) = costcos s + sintsin s cos(min{d(z,y), 7}).
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Note that (X,,d,,my) is a RCD*(N +n — 2, N +n — 1) space (see [K15b]) and that
(X,,dy,) are isometric to a hemisphere of the n-dimensional unit sphere S as metric spaces.

Then we can apply Theorem 4.0.9 because an elementary calculation similar to the one
of Example 4.0.11 shows that sup;; ||gn(-,t)|| L < co. Thus Weyl’s law follows:

N, (N w
. (Xndn,my) _ n n _
Jm == = gt Kn) =

wn H™(S™)
@2mn 2
Example 4.0.13 (Gaussian spaces). For noncompact RCD(K, 0o) spaces the behavior of

the spectrum is different, and requires a more delicate analysis. For instance (see [Mill5,
(2.2)]) the n-dimensional Gaussian space (X, d, m) := (R”,dgn, 75) satisfies

i Nix,dm) () 1
im = )
A—+00 A" I'(n+1)

Theorem 4.0.9 implies the following corollary for Ahlfors regular RCD* (K, N) spaces.

Corollary 4.0.14 (Weyl’s law on compact Ahlfors regular RCD* (K, N) spaces - especially
Alexandrov spaces). Let (X,d,m) be a compact RCD*(K, N) space with K € R and
N € (1,400). Assume that (X,d,m) is Ahlfors n-reqular for some n € N, i.e. there exists
C > 1 such that

C™'r" <m(B,(z)) < Cr" Ve X, re(0,1).
Then we have Weyl’s law:

. Nxam)  wn
Jim | SR = S H (X). (4.0.18)

In particular this holds if (X,d, m) is an n-dimensional compact Alexandrov space.

Proof. Note that by the Ahlfors n-regularity of (X,d,m), any tangent cone at z also
satisfies the Ahlfors n-regularity, which implies that R; = () for any i # n. In particular
since H" < m < H", we have

m(X \ Ry) = H*(X \ R,) = 0. (4.0.19)

The n-Ahlfors regularity ensures that the functions (z + s"m(Bs(z))™!)s=0 are uniformly
bounded by the constant C. Therefore, the dominated convergence theorem together
with (4.0.19) implies (4.0.18) by Theorem 4.0.9. The final statement follows from the
compatibility between Alexandrov spaces and RCD spaces [Petl1, ZZ10). ]

Example 4.0.15. Let us discuss the simplest case we can apply Corollary 4.0.14; let M be
a compact n-dimensional manifold and let f € C?(M). Then, thanks to (2.3.15), for any
N € (n,o0) there exists K € R such that (M, d,e"/H™) is a RCD*(K, N) space. Moreover

since (M d, e ’H”) is Ahlfors n-regular, Corollary 4.0.14 yields Weyl’s law:

N, — gy (A)
. (M,d,e=fHm) Wn n
)\hIJlrn X0E = o )nH (M).

In order to give another application of Weyl’s law on compact finite dimensional
Alexandrov spaces, let us recall that two compact finite dimensional Alexandrov spaces
are said to be isospectral if the spectrums of their Laplacians coincide. See for instance
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[S85, EW13] for constructions of isospectral manifolds and of isospectral Alexandrov spaces
(see also [KMSO01] for analysis on Alexandrov spaces).

It is also well-known as a direct consequence of Perelman’s stability theorem [Per91] (see
also [Kap07]) that for fixed n € N, K € R and d, v > 0 the isometry class of n-dimensional
compact Alexandrov spaces X of sectional curvature bounded below by K with diam X < d
and H"(X) > v has only finitely many topological types. By using this and Weyl’s law,
we can prove the following result which is a generalization of topological finiteness results
for isospectral spaces proven in [BPP92, Stan05, Har16] to Alexandrov spaces.

Corollary 4.0.16 (Topological finiteness theorem for isospectral Alexandrov spaces). Let
X = {(Xu, du, H™) }uer be a class of compact finite dimensional Alexandrov spaces with a
uniform sectional curvature bound from below. Assume that there exists C > 1 such that

lim sup N(Xu’du’Hnu) Q)
Aotoo NV(XydoHro)(A)

<C (4.0.20)

for all u, v € U. Then x has only finitely many topological types.

In particular, any class of isospectral compact finite dimensional Alexandrov spaces
with a uniform sectional curvature bound from below has only finitely many members up to
homeomorphism.

Proof. By an argument similar to the proof of [BPP92, Corollary 1.2] (or [Stan05, Proposi-
tion 7.4]) with [VRO04, Corollary 1] there exists d > 0 such that diam X,, < d for any v € U.
Since Weyl’s law (4.0.18) with (4.0.20) implies that there exist n € N and v > 0 such that
dim X,, = n and H"(X,) > v for any u € U, the topological finiteness result stated above
completes the proof. O

Expansions of the heat kernel

Throughout this paragraph we assume that (X,d, m) is a metric measure space with
(X,d) compact, m(X) =1 (this is not restrictive, up to a normalization) and suppm = X.
We denote by D the diameter of (X,d).

The main aim of this paragraph is to provide a complete proof of the expansions

p(z,y,t) = Z e_’\itgoi(x)goi(y) in C(X x X) (4.0.21)
i>0
for any ¢t > 0 and
p(vyat) = Zei)\itgpi(y)@i in H1’2(X7d7m) (4022)
i>0

for any y € X and t > 0, where p denotes the locally Holder representative of the heat

kernel in the case when, in addition, (X,d, m) is RCD*(K, N) space. Our goal is to justify

the convergence of the series in (4.0.21) and (4.0.22): as soon as this is secured, a standard

argument shows that they provide good representatives of the heat kernel. Here and in the

sequel 0 = A\g < A1 < Ay < -+ — 400 are the eigenvalues of —A, and ¢, p1, @2, ... are

corresponding eigenfunctions forming an orthonormal basis of L?(X,m), with ¢o = 1.
The following proposition is a consequence of [HK00, Th. 5.1 and Th. 9.7].

Proposition 4.0.17. Assume, in addition, that (X,d,m) is a PI space, with doubling
constant Cp < 2V for some N > 2 and Poincaré constant Cp. Then there exists a constant
Cs =Cg(N,Cp,D) > 0 such that

(N-2)/2N 1/2
( / \f—fXPN““)dm) < 0 ( / Ndem)
X X

for any f € HY?*(X,d, m), where fx denotes the mean-value of f over X.
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The following result, well-known for compact Riemannian manifolds, provides by
Moser’s iteration technique a polynomial lower bound for the eigenvalues of —A. The
estimate we provide is not sharp, but sufficient for our purposes.

Proposition 4.0.18. Assuming that (X,d,m) is a RCD*(K, N) space, there exists a
constant Cy = Co(D, K, N) > 0 such that

A > Coi/N Vi1
Proof. Take ¢ > 1, write E; = Span(1, ..., ;) and recall that, under our assumptions, we
can and will use the continuous version of the ¢;, which are even Lipschitz [J16]. We claim

that there exists f, € E; such that sup f2>iand ||f,]|2 = 1. Let us define the continuous
function F' = 37", cp? and let p € X be a maximum point of F'. Then

fO(‘T) = \/72903

satisfies ||fol]2 = 1 and f,(p) = \/F(p), so that
i = dim E; = / Fdm < F(p) < sup f;. (4.0.23)
X

We claim now that there exists C'y > 0 depending only on D, K and N such that
N/2
sup |f‘ < Cl>\z ||f||2 Vf e FE;. (4.0.24)
Using this claim with f = f, together with (4.0.23), we obtain the stated lower bound on
the \;.

As one can easily check, Af2 = 2fAf + 2|V f|?> > 2fAf for any f € E;, so that for
k> ko =2N/(N —2) > 2, we estimate

k—2 A 1 kaA 2 :_1 k—2 2
Jorrapan < 5 [ 1A an = <5 [ (90 d
k —
S / 12911 dm = =222 9172

kN/(N—2 (N=2)/N

kN/(N—2) (N=2)/N
o1 ]
< ( /X N am)

where we used Proposition 4.0.17 (note that fx = 0 for any f € FE;, and that E; C
L>®(X,m), so that |f|*/? € H"?(X,d,m)) and C is chosen in such a way that 4(k —
2)/(kCg) > 1/C for all k > kg. Thus, setting 5 = N/(N —2) > 1, we get

17115 < kC /X P A dm < kCILAIE Al 55, (4.0.25)

by Hélder’s inequality. A simple reasoning [L.12, p. 101] shows that if h € E; is such that

1kl & £ 1| &
= max )
IRl reEN{o} |If]l2
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then || Akl|ge < Aillk|gk, so that (4.0.25) with f = h implies [|h[|5;" < kCAi||h][;~". Notice
that, as soon as C is chosen in such a way that C > Cg, the inequality holds also in the
case k = 2. Therefore with k; = 2537, 5 > 0, by induction, we get

£l D
ko,C\;)Y/ Re=1) Vi > 1.
£ T < H< 0 jz

Now, notice that kl/ (ke=1) can be bounded above by a dimensional constant and that, since
A1 > ¢(K,N) > 0, we can choose C so large that C'A\; > 1. Therefore using the inequality

j_l 1

> 1
Zk‘g—l_ Z:;,T_

letting j — oo provides (4.0.24). O

N
2

In the following proposition we obtain an explicit estimate on the L° norm and the
Lipschitz constant of eigenfunctions of —A in terms of the size of eigenvalues, see also [J16]
for related results.

Proposition 4.0.19. Assuming that (X,d, m) is a RCD*(K, N) space, whenever \; > D~2
one has

N/4
leillo < CAY Ngill2, Villoo

with C = C(K, N, D).

< CAN T 042,

Proof. Let us prove only the first inequality, since the proof of the second one goes along
similar lines. Throughout this proof, C' denotes a generic constant depending on K, N,
whose value can also change from line to line. Since ; is an eigenfunction with eigenvalue
A, for all t > 0 one has Pyp; = e_’wcpi, so that

pi(z) = Mt /X e,y )iy dmy) Vo e X,

If we use the heat kernel estimates (2.3.6) with € = 1 and the assumption m(X) = 1 we
obtain

1/2
i) < et /X b3 Olei(w)] dm(y) < >l /X p(o.5.0)* dm(y)

e)\it+Ct
m(B, s (z))
Now we use the Bishop-Gromov inequality (Theorem 2.1.14) to conclude that, for t < D2

one has
m(By@) 1
VOIKJV(\/i) o VOlKjN(D).

< Cleill2

Therefore,
erit+Ct
lpi(z)| < C %\/Vohmv )lpill2-
VOIK N
Choosing ¢t = 1/\; the proof is achieved. O]

We are now in a position to conclude. The first expansion (4.0.21) is a direct
consequence of Proposition 4.0.18 and Proposition 4.0.19. The second expansion (4.0.22)
follows, thanks to the simple observation that |V, |3 = \;.



Chapter 5

Embedding RCD*(K,N) spaces
into L? via their heat kernel

In the last chapter of this thesis, we present the results of [AHPT17], in which we explain
how to extend a Riemannian construction due to P. Bérard, G. Besson and S. Gallot
[BBG94, Sect. 3] to the RCD setting.

5.1 Riemannian context

Let us start with a review on the original theorem in the Riemannian context.

A family of smooth embeddings
Let (M, g) be a closed n-dimensional Riemannian manifold equipped with its canonical
Riemannian distance d and volume measure vol. For any positive time ¢ > 0, the map
®; : M — L%*(M) is given by
Q4 (x) = p(z,-,1t) (5.1.1)

where p: M x M x (0,00) — (0,00) is the heat kernel on M. The next proposition is
similar to [BBG94, Thm. 5] and gives regularity properties of the maps ®;.

Proposition 5.1.1. For any t > 0 the map ®; is a smooth embedding. Moreover the
differential d,®; : T,M — L*(M) at x € M is given by

Ay @i (v) 1y = g2 (Vap(x,y,t),v) Vv e T, M. (5.1.2)

In particular

de®e(0)]2 000 /rgz (e, 0),0)2dvol(y) Vo € ToM.

Proof. We first check that ®; is a continuous embedding. Continuity is obvious. As (M, d)
is compact, it suffices to show that ®, is injective. Recall the expression (4.0.21) of the
heat kernel, we see that ®;(z1) = ®;(z2) yields

Ze At (1) @iy Ze Al (29)pi(y)  for vol-a.e. y € M. (5.1.3)

In particular, multiplying both sides of (5.1.3) by ¢;(y) and integrating over M shows
that ¢;(x1) = ¢j(z2) holds for all j. Then since p(x1,z1,s) = p(z1,x2,s) for all s > 0 by

83
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(4.0.21), the Gaussian bounds (2.3.6) yield

1
C1m(BS1/2 (a;l)

] exp (—C3s) < p(x1,x1,s) = p(x1, 22, 5)

Cl d2($1,$2)
< - - el
= m(B,(11)) eXp( 55 1O

i.e. exp(—Cas) < C% exp(—d?(x1,22)/(5s) +Cas). Then letting s | 0 yields x1 = x9, which
shows that ®; is injective.

Next we prove the smoothness of @, along with (5.1.2). Let us denote by ¢(z,t,v)(€
L?(M,vol)) the right hand side of (5.1.2). Take a smooth curve c : (—¢,e) — M with
¢(0) =z and ¢/(0) = v and estimate

2

H ;0 c(h) — roc(0) A(o.t0)

h
-/ ‘p<c<h>,y,t>p(c<o>,y,t> 4
M h
h

ds
-,

<h

L2
2
dvol(y)

_pels)hut)

2
dvol

s
/ EHessp(%.,t) (d(s),d(s))ds

0
0

h 2
‘Hessp(xy_,t) (c’(s),c’(s))‘ dsdvol, (5.1.4)
M

where we applied the identity f(h) = f(O)—i—f’(O)h—th sf"(s)ds, valid for any f € C?(—¢,¢),
to the family of functions f,(s) := p(c(s), y,t), y € M. Thus, letting h — 0 in (5.1.4) shows
that @, is differentiable at z € M and that (5.1.2) holds. The smoothness of ®; follows
similarly. O

Pull-back metrics

Viewing L?(M) as an infinite dimensional manifold whose tangent space at each point is
L2(M) itself, we can see the L? scalar product as a “flat” Riemannian metric g;». Thanks
to Proposition 5.1.1, for any ¢ > 0 we consider the pull-back metric ®;g;> which writes as
follows:

(@ gr2]z(v,w) := / 9z (Vap(z,y,1),0)9.(Vaep(z,y,t),w)dvol(y), Vv,w e T,M,Vz € M.
M

(5.1.5)
The asymptotic behavior of ®} g2 was discussed in [BBG94, Thm 5] where one can find
the following result.

Theorem 5.1.2. Denoting by Ric, Scal the Ricci and the scalar curvature of (M, g) re-
spectively,

1
c(n)t(”+2)/2<1>fgL2 =g+ % <2Scalg - Ric> +0(t%), tlo, (5.1.6)

in the sense of pointwise convergence, where c(n) is a positive constant depending only on
the dimension n.

The proof of the previous theorem heavily relies on the so-called Minakshisundaram-
Pleijel asymptotic formula [MP49]. Recall that for any x € M the injectivity radius inj(x)
of M at x is set as the supremum of the set of real numbers r > 0 such that the exponential
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map exp, restricted to B,(x) is a diffeomorphism onto its image. We write inj(M) for the
injectivity radius of M, which is by definition inf{inj(x) : € M}. Note that compactness
of M implies that inj(M) > 0. Finally, let us set InjDiag(M) := {(z,y) € M x M
|z —y| < inj(M)}.

Proposition 5.1.3 (Minakshisundaram-Pleijel asymptotic expansion). There exists a
sequence of smooth functions u; : InjDiag(M) — R, i € N, such that for any N € N,

1 e,@ itzu(x )+ 0Nt tl0 (5.1.7)
(47Tt)% 2 i(x,y ) .

for any (z,y) € InjDiag(M). Moreover, (5.1.7) can be differentiated with respect to x,y or
t as many time as needed.

pi(z,y) =

A careful study of the first terms ug, u; of the expansion (5.1.7) provides the following
extra information.

Proposition 5.1.4. 1. The first term ug in (5.1.7) coincides with 0=3 where for any
x € M, the function 0(z,-) defined on Biyar)(x) is the density w.r.t. the Lebesgue
measure of (expy1)uvol < L™,

2. The second term wuy satisfies

Scal(z)
6 )

ui(x, ) = Ve e M.

Finally, recall that if v is a length minimizing geodesic in (M, g), one has:

|t —sf?

0(vs,ve) = 1 —Ric(¥s,%s) +O(|t = s). (5.1.8)

[t—s|—0
We are now in a position to provide a detailed proof of Theorem 5.1.2.

Proof. We will only need the first-order expansion of Minakshisundaram-Pleijel’s formula.
For convenience, let us write

2(z,9)

Ki(z,y) = (4nt) 25" and  Ri(z,y) = wo(z,y) + tus(z,y) + O(£2),

so that
pi(x,y) = Ke(z,y) Re(z,y). (5.1.9)
Let us fix x € M and v € T, M. Then thanks to the expansion (4.0.22),

Bi0021:(0.0) = [ 0e(Tuplann ). 0dvol(y)
-/ S e ) (Vs e V) avl)
= Y e g (v)?2
= ofg dLpos(v,v). (5.1.10)
Let us explain the notation “d2dl”. The function p; : M x M — (0,+00) depends on

two variables, then dlp; : T,M x M — (0, +00) is the differential w.r.t. the first variable
of p; at =, and d2dlp; : T,M x T,M — (0,+o0) is the differential with respect to the

pa



86 CHAPTER 5. EMBEDDING RCD*(K,N) SPACES BY HEAT KERNEL

second variable of dlp; at z. The function d2dlp; is called mixed derivative of p; at =.
The equality (5.1.10) is a direct consequence of the expansion (4.0.22). Let us compute
d? dzljpt for some y € M, afterwards we will consider only the value for y = x.

Thanks to (5.1.9), Leibniz rule and chain rule, for any y € M,

dipt('U,y) = dalﬁKt(v>y) Rt(x>y) + Kt(xay) dalﬁRt(v>y)
= 5 (AR I Kal) Rule, )
+ Ki(2,y) (dhuo(,9) () + tdyur ()] (0) + O(12) ) -

Then by Leibniz rule, and writing d instead of d for better readability,

1
d32/ di:d2(v7 U) 4t dth(JI, ’U) dalcd2(vu y>Rt<m7 y) @Kt(x y) d32/ didQ(U, U)Rt(x7 y)

- @Kxx,y) dyd®(v,y) Ay Ry(w,v) + dj Ki(,v) dy Re (v, y)
+ Kt(x7 y) dz di:Rt@}a U)-

To go on, note that by definition, dLd?(v,y) = d?(y¢,y) where v is a curve such

dt =0
that 79 = z and 49 = v. If y = z, one gets E‘ d? (¢, ) which reads E‘ [tW — 02
in local coordinates, W being some vector of R” dependlng on the system of Coordlnates.
Then dld?(v,z) = 0, so in the above equality, taking y = x, the first and third term vanish.
One can prove similarly d2d?(x,v) = 0. As det(x,v) = —(4t) " Ky(x,y) d§d2(:c, v), the
fourth term vanish. To deal with the second term, let us compute the mixed second
derivative of d2. Take a curve v such that 79 = 2 and 4y = v. One can choose 7 to be a
geodesic. Then

d
d2 d1d2 _
xr T (U,’U) dS

d
s=0 dtli=o

d
ds

d

T 9o (v, 0) [t — s|2 = —2¢,(v,v).
s=0 t=0

d2(/757 ”Yt) =

Finally, we get

d2 dlps(v,v) = Ki(z, z) (gwg )Rt(x z) + d2dLR(v, v))

— (4rt) /2 { 1’(;””) <“°(f’“") —|—u1(;v,:1:)> + a2 dlug(v, v) + O(t)}

The result follows from Proposition 5.1.4 and the computation d2 dlug(v,v) = —3Ricg (v, v)
made thereafter. Recall that ug = 6~1/2. Let v be a geodesic such that vy = z and 4y = v.

Al Al gy, gy = & (_9—3/2 ) o )
ds|s—o dt|i—g (Vss 12) ds|oo \ 2 (Vs,70) — at, (Vs ve)
1 3 d
=—5 | 3? i e 0 s 0
5| 73 (0:70) 35|, 00%0) 5| 000:)
=1
d d
o 3/2 0 .
+ (’YO?,-YO) ds 0 dt ("}/ ,")/t)

Thanks to (5.1.8),

2

d d .. . \S
<1 - RlC(’Yo;’Yo)g
-0

0(7& 70) = 5

+ 0(33)> =0

ds =0
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and
d d d 1
A A (e o)
|l (Vs> t) o 80<3 icy, (¥s,¥s)s + O(s%)
T |
= §R1c»yo (40, %0) ds|,q §
=1
17 d ) .
+ - — Rlcﬁys(’Ysa'YS) S|5:0+O(28)|s:0
3| ds s=0 _
-0 0
1_. ..
= gRlCWo (50, %0)-

5.2 RCD context

From now on and until the end of this chapter, K € R and N € [1,4+00) are kept fixed. We
move from the Riemannian manifold (M, g) considered in the previous section to a compact
RCD*(K, N) space (X,d, m). For any positive time ¢ > 0, the map ®; : X — L?(X,m) is
given by

Oy (x) = p(z,-, 1) (5.2.1)

where p : X x X x (0,00) — (0,00) is the locally Holder continuous representative of
the heat kernel on (X,d, m). It is immediate to check that the maps ®; are continuous
embeddings. Indeed, since (4.0.21) holds true on (X,d, m), we can carry out the proof of
Proposition 5.1.1 to get that ®; is an embedding for any ¢ > 0. Continuity is obvious as
we consider the locally Holder representative of the heat kernel.

First-order differentiation formula

Let us start with an analogue of the differentiation formula (5.1.2) which does not
appear in [AHPT17]. Such a precise formula seems hardly reachable on (X,d, m), as
there is no pointwise definition of tangent vectors on RCD*(K, N) spaces. Nevertheless,
following [G13, Prop. 5.15], we can prove an integrated version of (5.1.2) along Wasserstein
geodesics with bounded compression (Proposition 5.2.1), or even along more general curves
(Remark 5.2.2). Indeed, for some given ¢ > 0, let us consider the Ws-continuous curve
(ps == p(xs,-,t)m)s, where (5)s¢[0,1) is @ continuous curve on X. Then for any s € [0, 1]
and any z € X, by the Chapman-Kolmogorov property (2.3.3),

Fi(s)(z) := /Xp(x,z,t) dps(z) = /Xp(x,z,t)p(xs,m,t) dm(z) = p(zs, 2, 2t).

If (X,d, m) is a Riemannian manifold, it follows from Proposition 5.1.1 that F; : [0,1] —
L?(X,m) is continuously differentiable on [0, 1], and

OsFy(5) = gu. (Vap(xs, -, 2t), x) Vs €10, 1].

From this observation, it appears natural to study the differentiability properties of the
L?(X, m)-valued functions F : s — [y p(x,-,t) dpu, for suitable Wo-continuous curves (us)s.
In the next proposition we consider Wa-geodesics (us) with bounded compression, meaning
that there exists C' > 0 such that p, < Cm holds for every s € [0,1]. Let us recall that
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Kantorovich potentials between any given u,v € P(X) are optimizers in Kantorovich
duality formula [Vi03, Th. 1.3]:

1
W%(M,V)Zsup{/ sod/hL/ soch},
2 ¢ Ux X

where the supremum is taken over all Borel functions ¢ : X — R U {—o00} such that
¢ € LY(X, ), and the c-transform ¢° of ¢ is by definition

2 xr
©°(y) := inf {d (2,9) sO(:U)}~

zeX

On compact spaces, one can always find a locally Lipschitz Kantorovich potential between
two arbitrary probability measures. Let us also recall the Hopf-Lax formula: for any given
bounded function f: X — R, the function Qs f : X — R is defined for any s > 0 as

2(z
Qsf(x) := inf {f(y)+(1(’g/)}

yeX 2s
and Qof = f. The following two simple results are well-known:

e continuity: if f is continuous, then the function s — Q,f(z) is continuous on [0, 00)

for any z € X
—inf
Lip(Qsf) < 2W, Vs > 0. (5.2.2)

Proposition 5.2.1. For any Wa-geodesic (js) with bounded compression, the L*(X, m)-
valued function Fy defined by:

e Lipschitz estimate:

Fy(s) :—/ p(x, -, t) dus(x) Vs € [0,1], (5.2.3)
X
is continuously differentiable in s € [0,1] and
0.F(5) = [ (Vaplo ). VIl dpsa) Vs € (0.1 (5.2.4
= /X<pr(fﬂmt),V[Q15(soc)](x)>du1s(x) Vs € [0,1), (5.2.5)

where the function ¢ is any locally Lipschitz Kantorovich potential from pg to .

Proof. From the bounded compression assumption, we know that the Wo-geodesic (js)s
induces a map p : [0,1] — L*°(X, m) continuous w.r.t. the w*-L>°(X,m) topology, where
for any s € [0,1], ps is the density of us w.r.t. m. Note also that given two measures
o, p1 € P(X) and a Kantorovich potential ¢ from pg to p1, for any s € [0, 1], the functions
sQs(—p) and (1 — )Q1—s(—¢°) are Kantorovich potentials from s to po and from g
to py respectively. Let us now fix a Lipschitz Kantorovich potential ¢ from pg to uq,
whose existence is ensured by the compactness of (X,d). Pick sg € (0,1]. First of all, it
is easily checked that Fy(so) € L?(X,m) thanks to the heat kernel upper bound (2.3.6),
boundedness of the density ps and compactness of (X,d). Let us prove the convergence

oy Fe(s0 +h) — Fi(s0)

1
hl—>0 h

=/X(Vzp(l‘>'7t),VQso(—90)($)>duso(ﬂf) in L2(X,m). (5.2.6)
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As p(-,y,t) € HY?(X,d,m) N L'(X,m) for any y € X, we can apply [G13, Prop. 5.16] to
get:

) Hso+h — Hsg _
ti [ gy (P2 (@) = [ (900(0,008), 9Qun (~) @) (o), V€ X.

—0 h b'e

(5.2.7)

Write Gj, = h™1(F(so+h)—F(so)) forany h > 0 and Go = [ (Vap(z, -, ), VQso(—¢) (%)) dps, ().
Then for any y € X,

Ghly) = /X p(x,y,t)d(w> (@) = 810 /p(’Yh,y,t); Pl 0t) g

X

where 7, = (Restry’)ym, m is a lifting of the geodesic (us)s and Restry” is the function
associating to each curve v € C([0, 1], X') the reparametrization over [0, 1] of the restriction
to [0, so] of 7. By the heat kernel gradient upper bound (2.3.7),

CqeC?t
(Yh, 55 t) — P(Y0, 4, £)| < (sup [Vap(, v, ) )d (v, 0) < — h =: Co(t)h.
Vi(minm(B (=)

Here inf, m(B \/g(z)) is achieved and positive because of compactness of (X, d) and continuity
of the function z — m(B ;(z)). This implies that [G(y)| < Co(t)/so. Moreover, applying
the Lipschitz continuity estimate (5.2.2) and (2.3.7), we get

Go0)| < [ 1Vapler )]V Quy@) e o) < QCO(t)W'

Hence, by dominated convergence, the pointwise convergence (5.2.7) implies the L? conver-
gence (5.2.6) and thus the validity of the formula (5.2.4). The formula for sg € [0,1) is
established similarly.

Let us prove now that the function 0sF; is continuous in (0, 1]. Let s,,s € (0,1] be
such that s, — s. Writing

Hy, = / <pr(£6,‘,t),V[an(—QD)](IL'» dﬂsn(x)ﬂ H = / <v$p($,',t),V[QS(—QO)](l’» dﬂs(x)v
X X

we claim that H,, converge to H pointwise in X. This follows from [G13, Lem. 5.11] applied
to the (non relabeled) subsequence of (s,) such that ps;, — ps,, m-a.e., the measures
fn = ps,, b = fs,, and the functions g, = g = p(-,y,t) and f, = Qs, ¥, f = Qs . Note
that continuity of the function s — Qsp and the Lipschitz continuity estimate (5.2.2) imply
the required hypotheses on f,,, f. Moreover, assuming w.l.o.g. that s, > s/4 for every n,
using again (5.2.2) and (2.3.7) one has

sup ¢ — inf ¢

[Ha(y)] < 4C (1)) 22

Yy € X

and similarly one can bound |H| by 2Cy(t)/(sup ¢ — inf ¢)/s. Thus, dominated conver-
gence theorem turns the pointwise convergence of H,, into L?(X,m) convergence, which
implies continuity of J;F; at s. The continuity of J;F; in [0, 1) can be proved by similar
means using the second formula in (5.2.4) instead of the first one. O

Remark 5.2.2. More generally, it follows from [GH14, Prop. 3.7] that for any 2-absolutely
continuous curve p = (us) C P(X) w.r.t. Wo with bounded compression, for any ¢ > 0,
the L?(X,m)-valued function F; defined by (5.2.3) is absolutely continuous on [0, 1], and

IsFi(s)(y) = Li(p(-,y,1) Yy e X,
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for any s € [0,1]\N*, where N'* is a Z'-negligible subset of [0,1] and (L¥)epoppnn is a
family of linear maps from S?(X,d, m) to R, both A* and (L) sejo,\w» depending only
on .

Tangent bundle

Before going further, we need to remind the construction of the L?-tangent bundle
LT (X,d, m) introduced by N. Gigli [G18]. Although Gigli’s construction can be performed
in more general settings, recall that here we are considering a compact RCD* (K, N) space
(X,d,m) for fixed K € R and N € [1,400). In particular, the infinitesimally Hilbertian
condition on (X, d, m) allows several simplifications, as Gigli’s original construction provides
first the space L2T*(X,d, m) from which one recovers L2T(X,d, m) by duality.

Recall that for any commutative unitary ring (A, +, ), a A-module M is by definition an
abelian group (M, +) equipped with an operation A x M — M whose properties are those
of scalar multiplication for vector spaces, namely bilinearity, associativity, and invariance
of any element under the action of the multiplicative identity element of A.

Of special interest for us are L>°(X, m)-modules. Such modules admit a natural structure
of real vector spaces, identifying multiplication by a real number \ with multiplication by
the L*°(X,m) function equal m-a.e. to A.

The lack of differentiable structure on (X, d, m) prevents any consistent definition of a
tangent space T'X in analogy with the tangent bundle T'M of a differentiable manifold M.
Therefore, to define a first order-calculus on (X, d, m), a seminal idea due to N. Weaver
[W00] in the context of complete separable metric measure spaces is to forget about the
tangent space T X in itself, and to look rather for an analogue of the space of LP sections of
this tangent space, for any 1 < p < 400. Indeed, in the differentiable context, such spaces
satisfy simple abstract algebraic properties which can be properly turned into definitions.

Slightly modifying the terminology in [G18, Sect. 1.2] for consistency with Weaver’s
work, we give the following definition.

Definition 5.2.3. (Banach L*°(X, m)-module) We say that F is a Banach L*°(X,m)-
module if it is a L*°(X, m)-module equipped with a complete norm | - ||g satisfying
Ifvlle < [[fllzexmllvlle for any f € L°°(X,m) and v € E, and if the two following
properties hold:

(i) (locality) for any v € E and any countable family of Borel sets (A )n,

1lg,v=0 Vn = lua, v = 0;

(ii) (gluing) for any sequence (vy,), C F and any countable family of Borel sets (A4, ), such
that 14,n4,,vn = 14,nA,,vm for any n,m and limsup,, . o || > i) 1a,vil|E < 400,
there exists v € E gluing all the (v, Ay)’s together, in the sense that 14,v =14, v,
for any n and ||v||g < liminf, 4o || Doie; 14,0 .

For instance, the space of smooth vector fields over a n-dimensional differentiable
manifold M is a Banach L (M, H™)-module.

Let us choose 1 < p < 400. To characterize the space of LP sections in such an algebraic
way, we need a further definition.

Definition 5.2.4. (LP(X, m)-normed modules) We say that a Banach L (X, m)-module
E is a LP(X, m)-normed module provided there exists a function |-|: B — {f € LP(X, m) :
f > 0}, called local norm, satisfying:

(a) Jv+ | < v+ || mra.e. in X, for all v, v' € E;
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(b) |xv| = |x||v] m-a.e. in X, for all v € E, x € L>®(X, m);

(c) the function
1/p
lullp := (/X [v|P(x) dm(a:)) YveE (5.2.8)

coincides with the norm || - || g.

Notice that homogeneity and subadditivity of || - ||, are obvious consequences of (a),
(b). In (c), it is enough to ask that (5.2.8) is a complete norm, as any complete norm on a
Banach space is equivalent to the original one. Finally, note that the space of LP vector
fields over a n-dimensional differentiable manifold M is a LP(M,H"™)-normed module.

We arrive now at the core of Gigli’s construction. Define the so-called pretangent
module Pre(X,d, m) as the set of countable families {(A4;, fi)}; where (A;); is a Borel
partition of X and f; € HY2(X,d,m). Take the quotient of Pre(X,d, m) with respect to
the equivalence relation

{(A, fi)Yier ~{(Bj, 95)}jes <= |V(fi — g;)l+ = 0 m-a.e. in A; N B; for any i, j.
Thanks to the locality property of the minimal relaxed slope, it is easily seen that:

e the sum of two families {(A;, f;)}ier and {(Bj, 9:)}jes defined as {A4; N By, fi +
95} ijyerx is well-defined on Pre(X,d, m)/ ~;

e the multiplication of {(A;, fi) }ier by m-measurable functions x taking finitely many
values, defined as x{(A;/i)} = {(A; N Fy,zif)}iy with x = 52, 215, is also
well-defined on Pre(X,d, m)/ ~;

e the map |- |, : Pre(X,d,m)/ ~— L%(X,m) defined by |[{(4;, f;)}icrls = |V fil«
m-a.e. on A; for any i, is well-posed;

e the map || - ||z27 : Pre(X,d,m)/ ~— [0,4+00) defined by |{(Ai, fi) }icrllrer =
i Ja, |V ;|2 dm defines a norm.

Definition 5.2.5. (The tangent bundle)
The tangent bundle over (X, d, m) is defined as the completion of the space Pre(X,d, m)/ ~
w.r.t. the norm || - || z27; it is a L?(X, m)-normed module denoted by L2T(X,d, m).

Note that the terminology “tangent bundle” is a little bit misleading here, for two
reasons. First because we only define the analogue of the set of L? tangent vector fields,
not the whole set of tangent vector fields. Second because L?>T(X,d, m) is not a bundle
in the usual sense. However this terminology is convenient, and it has already appeared
many times in the literature, so we stick to it.

In the sequel we shall denote by V, W, etc. the typical elements of L?T(X,d, m) and
by |V| the local norm. We also start using a more intuitive notation, using V f for (the
equivalence class of) {(X, f)} where f € HY?(X,d,m), and _; x;V f; for any finite sum
Sl (X, fi)} where f; € HY2(X,d, m) and y; € L®°(X,m) for any i.

The following result is a simple consequence of the definition of L?T(X,d, m).

Theorem 5.2.6. The vector space
n
{Zszfz D Xi € LOO(X,m), fi € Hl’Q(X,d,m), n > 1}
i=1

is dense in L*T(X,d, m).
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More generally, density still holds if the functions y; vary in a set D C L? N L*°(X,m)
stable under truncations and dense in L*(X,m) (as Lip,(X,d) N L*(X,m)).
Let us explain now how to define the cotangent module L2T*(X, d, m) out of L?T(X,d, m).

Definition 5.2.7. (Dual module of a Banach L>°(X, m)-module)
For any Banach L (X, m)-module (E,| - ||g), the space

Hom(E, L'(X, m)) :={T : E — L'(X, m) linear, bounded as map between Banach spaces
e |Tlg= = sup{l|T(v)l[ 1 (xm) : lvll2 = 1} < 400,
and satisfying T'(fv) = fT'(v) for any v € F and f € L*™°(X, m)}

equipped with || - || g« is a Banach L (X, m)-module; it is denoted by E* and called dual
module of E.

It turns out that the dual module of a L?(X, m)-normed module is still a L?(X,m)-
normed module, whence the following natural definition.

Definition 5.2.8. (The cotangent module)

The dual module of L2T(X,d, m) is denoted by L?T*(X,d, m) and called cotangent
module over (X,d, m). Moreover, for any f € H%?(X,d, m), we shall write df for the dual
element of Vf.

Remark 5.2.9. In [G18], N. Gigli defined first the cotangent bundle starting from the Sobolev
class S?(X,d, m), and deduced from it the tangent bundle. However, this construction was
made on general metric measure spaces. In the Riemannian context in which the cotangent
bundle turns out to be reflexive, the construction can be made simpler and in particular,
we can invert the order of construction of L*T(X,d, m) and L*T*(X,d, m). We chose here
to start with L?T(X,d, m) as it is of better interest for our purposes.

The cotangent and tangent bundles over (X, d, m) not only have a structure of L?(X, m)-
normed modules: they are also Hilbert L (X, m)-modules, in the sense of the following
definition.

Definition 5.2.10. (Hilbert L*°(X, m)-module)
Let (E,| - ||g) be a Banach L>(X, m)-module. We call it a Hilbert L*°(X, m)-module
whenever || - ||g is an Hilbertian norm.

Remark 5.2.11. (Hilbert L°°(X, m)-modules are L?(X, m)-normed modules) It is natural to
ask whether there exists a relationship between Hilbert L (X, m)-modules and L?(X, m)-
normed modules. A preliminary result in this direction states that whenever (E, || - || g) is
a Hilbert L°° (X, m)-module, for any v € F, the map

o A |lxavlg

defines a non-negative measure on the Borel o-algebra of (X,d) such that u, < m.
Afterwards, it can be shown ([G18, Prop. 1.2.21]) that any Hilbert L°°(X, m)-module
(E,| - ||g) is a L?(X, m)-normed module whose local norm |- |g is given by

vl ==\py YvEE

where p, is the density of the measure p,, w.r.t. m. Moreover, |-|g satisfies the parallellogram
identity: for any v,v’ € E,

v+ 02+ v =0 ? =20+ 21> m-ae on X.
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The importance of Hilbert modules lies in the fact that we can define a scalar product
on it: if (E,| - ||g) is a Hilbert L*°(X, m)-module, set
I el Ul el U
B 2

(v, g :

for any v,v’ € E. In particular, L?T(X,d, m) and L?T*(X,d, m) possess scalar products
denoted by (-, -)r27 and (-, )27+ respectively in the sequel.

Remark 5.2.12. (Derivations) Another way to define the space L?T(X,d, m) which deeply
relies on the RCD condition is to consider derivations, as in [W00] or [AST17].

Recall that a derivation over a differentiable manifold M is a R-linear map D :
C*®(M) — C>(M) satisfying the Leibniz rule, whose pointwise norm is defined by
|D|(x) := sup{|D(f)(z)| : f € C®°(M)with|Vf(z)] =1} for any z € M. This definition
can be extended to the setting of a general metric measure space (X,d, m) by calling
derivation any linear functional b : Lip,(X) — L°(X,m) satisfying the Leibniz rule and for
which there exists some function A € L%(X,m) such that |[b(f)| < h|Df| holds m-a.e. in X,
for any f € Lip,(X); the m-a.e. smallest function h with such property is denoted by |b]
and called (local) norm of b. Actually, the Leibniz rule can be deduced from the locality
property of derivations, see [AST17, Sect. 3]. We write LipDer? (X,d, m) for the space of
derivations with square integrable local norm.

N. Gigli also introduced in [G18, Def. 2.3.2] derivations defined over the Sobolev
class S?(X,d, m), namely linear maps L : S?(X,d, m) — L°(X, m) for which there exists
I € L*(X,m) such that |L(f)| < {|Df| holds m-a.e. on X for any f € S?(X,d, m); in this
case t00, the Leibniz rule is a consequence of the locality property [G18, Th. 2.2.6]. We
denote by SobDer?(X,d, m) the space of such derivations. Of course SobDer?(X,d, m) is
always included in LipDer?(X,d,m), but this inclusion can be strict. Nevertheless, in
a sense that can be made precise using S. Di Marino’s work [DM14], it can be shown
that LipDer?(X,d, m) forms a predual of L>T*(X,d, m), while the set SobDer?(X,d, m)
forms its dual [G18, Th. 2.3.3] and, therefore, coincides with L?T(X,d, m) (here we are
dealing with the case of general metric measure spaces, so keep Remark 5.2.9 in mind).
Things simplify in the RCD context, since reflexivity of L?T*(X,d, m) brings immediately
the identification between LipDer?(X,d, m) and SobDer?(X,d, m), and therefore implies
L?T(X,d,m) ~ LipDer?(X, d, m).

Tensors over (X,d,m) and Hilbert-Schmidt norm

Hilbert L*°(X,m)-modules have good tensorization properties. Recall that if M,
N are two A-moduli for some commutative ring A with additive and multiplicative
identities denoted by 0 and 1 respectively, the tensor product M ® N of M and N is
defined as the quotient C'/D where C is the free A-modulus generated by the functions
{e(xy) M x N — A}(x,y)eMXN defined by

1 if (v,0') = (z,y),
0 otherwise,

E(ag)(v,V) = {

and D is the submodulus of C generated by the elements

Catu,y) ~ Czy) — Cluy)s
Czy+v) ~ Ezy) ~ C(zo)
Claz,y) — XC(z,y)

C(a,ay) — ()
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where z,u € M, y,v € N and a € A. Up to isomorphism of A-modulus, M ® N is the
unique A-modulus satisfying the following universal property:

there exists a bilinear map ¢ : M x N — M ® N such that for any A- modulus F' and
any bilinear map f : M x N — F, there exists a unique linear map g : M ® N — F such

that f =go .

Recall now that the Hilbert tensor product of two Hilbert spaces (Hy, (-,-)m,) and
(Ha, (-,)m,) is defined as the completion of the algebraic tensor product Hy ® Hy defined
above w.r.t. the norm defined out of the following scalar product:

<*:C & u,y ® U>H1®H2 = <.’L’, y>H1 <U, U>H2?

for all z,y € Hy and u,v € Hs. We keep the notation H; ® Hs to denote this Hilbert space.

Remark 5.2.13. Note that the tensor product of Hilbert spaces does not satisfy the expected
universal property: there exists a bilinear and continuous map ¢ : Hy X Hy — H1 ® H»
such that for any Hilbert space F' and any bilinear and continuous map f: H;y X Ho — F,
there exists a unique linear and continuous map g : Hy ® Hy — F such that f = go ¢ (see
[G18, Rk. 1.5.3] for a counter-example).

Let us consider now two Hilbert L (X, m)-modules (Hi, || - ||z,) and (Ha, || - || zz,) with
respective scalar products (-, -) g, and (-, -)g,. A priori, there is no reason for the Hilbert
tensor product H; ® Hy to be a Hilbert L (X, m)-module; actually, the construction of a
tensor product in the category of Hilbert L>°(X, m)-modules is much more involved. Let
us provide the main ideas behind this construction, refering to [G18, Sec. 1.3 and 1.5] for a
more complete treatment.

We first define the so-called associated L°(X, m)-module HY (and similarly HY) as the
completion of Hy w.r.t. the topology induced by the distance

1 .
d o (v, w) :_zijzim(Ei)/Eimm{]v—w\,l}dm Vv, w € Hy
where (E;); is any countable partition of X with sets of finite and positive measure. Note
that although the choice of the partition (E;); might modify the distance d HO the induced
topology is not affected.

Define now the Hilbert L (X, m)-module tensor product between H; and Hs as the
subspace of HY®HY made of those elements A such that

IAlzsll L2 (x,m) < 00,

the so-called Hilbert-Schmidt local norm | - |gs : HY®HY — L°(X,m) and the space
HY®HY being defined as follows. Set first the product function P as the unique bilinear
map HY ® HY — L°(X,m) such that

P(v1 ® v2, w1 ® wa) = (vi,w1) g1 (v2, w2) m,

for all v, w; € HY and vo, wy € HY. Afterwards define
|Algs = +/P(A,A)  VAe HY® HY.

It follows from the construction that the Hilbert-Schmidt local norm | - |gg satisfies
the following natural properties: for all Borel set £ C X, all A,B € HY®HS and all
feL(X,m),

|Algs =0 m-ae.on £ <= A=0 onkE,
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|A+ Blgs < |Algs + |Blus m-a.e. on X,
|fAlas = |fl|Algs m-a.e. on X.

Finally, set HY®HSY as the completion of HY ® HY w.r.t. the topology Tg induced by the
distance

1 .

where (Ej;); is a countable partition of X with sets of finite and positive measure. Here
again the topology 7g does not depend on the choice of (Ej;);.

We will especially work with the two following Hilbert L°°(X, m)-module tensor prod-
ucts:
L*T(X,d,m)® L*T(X,d,m) and L*T*(X,d,m)® L*T*(X,d,m)

which are easily shown to be dual one to another; we shall denote by [-,-] : L2T(X,d, m)®” x
L?T*(X ,d,m)®2 — L°(X,m) the duality pairing. Following the definition of the class
TestF(X,d, m) which was defined right after (2.3.12), let us introduce the set

n
Test(X,d, m) := {Z XiVIE @V xi, fh f2 € TestF(X,d, m), n> 1} C L’T ® L*T
=1

and define the space L2TY (or L*T9(X,d, m)) as the completion of Test) with respect to
the norm ||| - |HS||L2(X,m)-

RCD metrics

Now that the appropriate abstract notions have been introduced, we can provide the
definition of RCD metrics on the given compact RCD* (K, N) space (X,d, m). Note that
such objects are called “Riemannian metrics” in [AHPT17], but here we prefer to call it
RCD metrics, in order to emphasize the difference between these possibly non-smooth
objects and smooth Riemannian metrics. For brevity, we drop “(X,d, m)” from the notation
HY2(X,d,m), L*T(X,d,m), L’T(X,d,m) ® L?T(X,d,m), etc. We will also denote by
L?N LT the subspace of L?T(X,d, m) made of those element V such that |V| € L>®(X, m).

Definition 5.2.14. (RCD metrics) We call a symmetric bilinear form g : L?T x L*T — L°
satisfying the following conditions an RCD metric:

(i) gis L>-linear, meaning that g(xV, W) = xg(V, W) for any x € L*> and V,W € L*T;

(ii) g is non-degenerate, in the sense that g(V,V) > 0 m-a.e. on {|V| > 0} for any
V e L*T.

The set of RCD metrics supports the following natural partial order:
g <g = g(V,V)<gV,V) mae inX,foralV e L*T. (5.2.9)
Moreover, we can single out a canonical RCD metric, as shown in the next proposition.

Proposition 5.2.15. There exists a unique RCD metric g such that

9(Vf1,Vfa) =(Vf1,Vf2) m-a.e.

for all fi, fo € HY2. Such a metric is called canonical RCD metric of (X,d, m).
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To define the norm of a RCD metric in a natural way, let us recall that the usual norm of a

bilinear form b defined over an Euclidean space is given by |b| = sup {b&l f;) D1,V € V\{O}} .
Thanks to the canonical RCD metric g, we can adapt this definition to our context, setting
as “local norm” of any RCD metric g the m-measurable function defined by

g(V1,V2)

|g|(x) := sup {<V1Vg> c Vi, Vo € LPT, Vi(z) #0 # Vg(a:)} for m-a.e. x € X.

Note that |g| is, up to m-negligible subsets, the smallest positive m-a.e. function s € L°
satisfying g < s(-)g.
We can finally define a notion of convergence of RCD metrics. We shall consider only
the case when
i< Cg (5.2.10)

for some C' independent of :.

Definition 5.2.16. (Weak convergence of RCD metrics) We say that a family (g;); of
RCD metrics weakly converges to g if for any V' € L2T, the sequence g;(V,V) weakly
converges in L! to g(V, V).

Note that we don’t assume any uniformity w.r.t. V € L?T for the L'-weak convergence
gi(V, V) — g(V, V), so weak convergence of RCD metrics must be understood as a pointwise
weak convergence.

RCD metric tensors
Any RCD metric g admits a L>(X, m)-linear tensorial representation g : Test — L°
called metric tensor, or lifted metric, of g and defined as follows:

g (Z VS ® fo) = Xig(V I,V f7) (5.2.11)

for any 32, x; V1@V f? € Test. Note that (5.2.11) provides also a tensorial representation
of any linear combination of RCD metrics, and in particular the metric tensor of the
difference of two RCD metrics g1, g2 is g1 — g2-

Having in mind the usual definition of dual norm, it is natural to define the local norm
of a lifted metric from (5.2.11) as follows.

Definition 5.2.17. (Hilbert-Schmidt norm for RCD metrics) The local (dual) Hilbert-
Schmidt norm of a given RCD metric g is defined as the smallest m-measurable function
s: X — [0, 400] such that

g(A) < s|Algs VA € Testd,
and denoted by |g|ms.

Note that a priori, |g|gs might not belong to L?; in case it does not, g cannot be
extended to L2TY. However, if |g|ys € L?, then g does extend uniquely to a linear operator
from L2TY to LY, still denoted by g. Following the notation [-, -] for the natural pairing
(L?T* ® L?T*) x (L?*T ® L?T) — L° defined by

[u* @ v*, 4 ® 0] := u*(a)v*(0) Vu*,v* € L*T* Va, o € L?T*,

we will systematically write [g, A] for A € L2TY in the sequel.
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As for any f1, f2 € H"?, we have g(Vf1,V f2) = [8, V/1® V2] <|glus|Vi®Vfolus
and by definition, |V f1 @ V falgs = (Vf1,Vf2) = g(V f1,V f2) m-a.e., we immediately
notice that |g| < |g|ms-

Following the characterization of strong convergence in Hilbert spaces by the combina-
tion of weak convergence and convergence of norms, we can use the Hilbert-Schmidt norm
of lifted RCD metrics to provide a notion of strong convergence for RCD metrics.

Definition 5.2.18 (Strong convergence of RCD metrics). We say that RCD metrics g;
satisfying (5.2.10) L2-strongly converge to the RCD metric g if in addition to L2-weak
convergence, we have |g; — g|gs — 0 in L2(X,m).

Notice that L2-strong convergence of g; to g implies strong convergence in L' of g;(V, V)
to g(V, V) for all V € L2T; indeed, because of (5.2.10), by density it suffices to check this
for V € L? N LT, and for this class of vector fields it follows immediately by

5:(V. V) = g(V. V)| < [[V|oo|8i — 8las|V],

so that by integration the L' convergence of g;(V,V) can be obtained.
The following convergence criterion will also be useful.

Proposition 5.2.19. Let g;, g be RCD metrics with |g;|ns, |&|ns € L*(X,m). Then g;
L?-strongly converge to g as i — oo if and only if

lim [ g(V,V)dm = / gV,V)ydm VYV e L*NL>T (5.2.12)
X

1—00 X

and
lim sup / &ilFrs dm < / &l7rs dm.
1—00 X X
Proof. One implication is obvious. To prove the converse, by the reflexivity (as Hilbert
space) of L2TY it is sufficient to check the weak convergence of g; to g The family of
linear continuous functionals

g+—>/g(V,V)dm VeL*NnL>®T
X

separates points in L2TY, therefore weak convergence of g; follows by (5.2.12). O

Pull-back metrics
For any t > 0, a natural way to define a pull-back Riemannian metric on (X,d, m) is
based on an integral version of (5.1.5), namely ®;g;2(Vi, V2) satisfies:

/X ®rgr2(V1, V2)(z) dm(z) = /

( / (Vap(,9,8), Vi(2))(Vap(, 3, ), Va()) dm(y) ) dm(z),
X VX

YW1, Vo € L2T. (5.2.13)

To see that this is a good definition, notice that the function G(z,y) in the integral in
the right hand side of (5.2.13) is pointwise defined as a map y — G(-,y) with values in L?
(L? integrability follows by the Gaussian estimate (2.3.7)). By Fubini’s theorem also the
map = — [ G(z,y) dm(y) is well defined, up to m-negligible sets, and this provides as with
the pointwise definition, up to m-negligible sets, of ®;g;2(V1, V2), namely

(I);ng (VYh Vé)(-f) = /X<V:Bp($7 Y, t)7 Vl ($)><pr($, Y, t)? V2(x)> dm(y) (5214)
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As a matter of fact, since many objects of the theory are defined only up to m-measurable
sets, we shall mostly work with the equivalent integral formulation.

It is obvious that (5.2.14) defines a symmetric bilinear form on L?T with values in
L? and with the L*°-linearity property. The next proposition ensures that g; = ®}g;2
is indeed a RCD metric on (X,d, m), provides an estimate from above in terms of the
canonical metric, and the representation of the lifted metric g;.

Proposition 5.2.20. Formula (5.2.13) defines a RCD metric g; on L*T with
/ |gilhsdm = Ze 2“/ 9:(Vi, Vi) dm (5.2.15)
X
= e [ U0, V) P ) dmo)

lgt| s (x ‘/ Vaep(z,y,t) ® Vep(z,y,t) dm(y)

form-a.e. z€ X  (5.2.16)
HS

and representable as the HS-convergent series

o0
g = e PMdp;@dp;  in L°T5. (5.2.17)
i=1
Moreover, the rescaled metric tm(B /(-))gt satisfies
m(B4(-)g: < C(K,N)g  Vte (0,Cph), (5.2.18)
where Cy 1is the constant in (2.5.7).

Proof. Let us prove (5.2.18), assuming 0 < ¢t < min{1, 04_1}. For V € L?T and y € X, the
Gaussian estimate (2.3.7) with e = 1 and the upper bound on ¢ yield

C2¢? —2d(z,y)?
J (aptay . VPt < [ Gophtos e <5t> V)P dm(a).

(5.2.19)
By integration with respect to y and taking into account (5.3.7) with ¢ = 0 (applied to
the rescaled space (X,ds, m) with d; = d/+/t, whose constants cg, c1, c2 can be estimated
uniformly w.r.t. ¢, since (X,d;, m) is RCD*(t2K, N)), we recover (5.2.18).
Let us prove now non-degeneracy of g;, using the expansion (4.0.22) of V,p. For all
V € L?T we have

/X g:(V, V) dm
Z/ /<pr(fc,y,t),V(x)>2dm(x)dm(y)
/ / (Ze“ VS‘%V><96>)2 dm(z) dm(y)
= /X /X;f NN ()i () (Vi V) () (Vips, V) () dm() dm(y)

—Zem/ (Vipi, V)2 dm. (5.2.20)
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By L°°-linearity, it suffices to check that ||g.(V,V)||;1 = 0 implies |V|(z) = 0 for m-a.e.
xz € X. Thus assume ||g;(V,V)||;1 = 0. Then (5.2.20) yields that for all 4,

(Vpi,VY(x) =0 for m-ae. z€X. (5.2.21)

Since LT is generated, in the sense of L2-modules, by {Vf : f € H'?} and since the
vector space spanned by ¢; is dense in H'2, it is easily seen that L?T is generated, in the
sense of L2-modules, also by {V; : i > 1}. In particular (5.2.21) shows that V = 0.

In order to prove (5.2.15) and (5.2.17), fix an integer N > 1 and let

N
giv = Z eiQAitdcpi ® de;.
i=1
Then
N
/ g [frgdm= > e‘wi“j)t/ (Vi Vi) dm (5.2.22)
X X

i, j=1

I
4
¢
o
ke
PR
[~]=
o)
o
<
T
<
5
<
5
®
o
3
N~ —

o0 o0
< CZe_%"t/ |V<p¢|2dm < 026_2/\”)\1 < 00,
X

i=1 =1
where C' = C(K, N, t) and we used (5.2.18) and (5.2.20), together with a uniform lower
bound on m(B \/{(l‘)), x € supp m, which comes from compactness of X. By Proposition
4.0.18, an analogous computation shows that |||g’ — gM|ms|l2 — 0 as N, M — oo, hence
N ~
8 — 8
Passing to the limit in the identity

N
/X & VS @ V) dm =Y e 2 /X Ve, Vf)? dm
=1

with x € L™, f € TestF, we obtain from (5.2.20) with V' = xV f

/<§t,x2vf®vf>dm:/<gt,x2w®w>dm.
X X

Hence g, = g; (in particular g; has finite Hilbert-Schmidt norm and it can be extended to
L2TY).
In order to prove (5.2.15) it is sufficient to pass to the limit as N — oo in

N
[ e sdm = [ 3 T, V) dm
X X i, =1

taking (5.2.20) into account.
Finally, (5.2.16) follows by the observation that g; is induced by the scalar product,
w.r.t. the Hilbert-Schmidt norm, with the vector [y Vip(z,y,t) ® Vep(x,y,t)dm(y). O
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5.3 Convergence results via blow-up

In this section, we study the L?-convergence of the rescaled metrics sc;g; as t — 07 on a
given compact RCD* (K, N) space (X,d, m). Here the function sc; : X — R is a suitable
scaling function whose expression requires an immediate discussion. In the Riemannian
case (X,d, m) = (M",dg,vol,), one knows by (5.1.6) that sc; = ¢, t"*2/2 where ¢, > 0 is
a constant depending only on the dimension n. In the RCD setting, we have two choices:

e on one hand, the analogy with the Riemannian setting suggests to take sc, = ¢t("+2)/2,
where n = dimg n(X) (recall Theorem 2.3.15);

e on the other hand, since the RCD setting is closer to a weighted Riemannian setting,
we can also set sc; = tm(B 4;(-)), to take into account the effect of the weight 6,
namely the density of m w.r.t. H"LR,.

In both cases, we prove that sc;g; converges to a rescaled version of the canonical Rie-
mannian metric g on (X, d, m), where the rescaling reflects the choice of sc;. To be more
precise, we prove in Theorem 5.3.14 that g; := tm(B /;())g: converges to § = cng, where
¢p, is a constant depending only on the dimension (5.3.14). Concerning the other scaling,
as t("+2)/2 = (ﬁ/m(B\/i(w)))tm(B\/i(:U)), we prove in Theorem 5.3.16 that the limit of
G = t"2/2g, ig (wnﬁ)_lln;«l g (notice that this is a good definition, since 6 is well-defined
up to H"-negligible sets and m and H" are mutually absolutely continuous on R).

Technical preliminaries
We shall denote by py, . the Euclidean heat kernel in R*, given by

1 x —y|?
Pre(T,y,t) = Wexp <—m> (5.3.1)

and recall the classical identity

1 9 x?
—— | dz =t 5.3.2
Tﬂ't/Rx exp( 2t> x ( )

for the variance of the centered Gaussian measures. Furthermore, we shall often use the
scaling formula

p(z,y,s) = b p(z,y,a?s) Va, y € suppm, Vs >0 (5.3.3)

relating for any a, b > 0, the heat kernel p of the rescaled space (X, ad,bm) to the heat
kernel p of (X, d, m).

Because of Bishop-Gromov’s inequality (Theorem 2.1.14), the following lemma, whose
proof is omitted for brevity, applies to the whole class of RCD*(K, N) spaces. It is a simple
consequence of Cavalieri’s formula together with (5.3.5) and its useful corollary:

m(B1(z))

w(Bi(y)) < cgexp (a1d(z,y)) YV, y € suppm (5.3.4)

with cg = cpe!.
Lemma 5.3.1. Let (Y, dy, my) be a metric measure space and let x € supp my be satisfying

my (Br())
my (Bi(x))

for some constants cg, c1 > 0. Then:

< cpet R VR>1 (5.3.5)
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(1) for any § > 0 there exists Lo = Lo(d, co,c1) > 1 such that

L memes (<500 ) an ) < s 6o
Y\Bg(x)

(2) for any £ € Z there exists C = C({,cp,c1) € [0,00) such that
2(z
[y (B e (—QdYéy)) dmy (o) < Clmy (B(@) 7. (5.3.)

The following result is a consequence of the rectifiability of the set R,, in Theorem 2.3.15,
which provides a canonical isometry between the tangent bundle L>T(X,d, m) as defined
above and the tangent bundle defined via measured Gromov-Hausdorff limits, see [GP16,
Thm 5.1] for the proof.

Lemma 5.3.2. If (X,d,m) is RCD*(K, N), the canonical metric g of Proposition 5.2.15
satisfies
lgl%s=n m-a.e. in X, with n = dimg n(X). (5.3.8)

The pointwise convergence of heat kernels for a convergent sequence of RCD*(K, N)
spaces has been proved in Chapter 4 ([AHT18, Thm. 3.3]); building on this, and using
the “tightness” estimate (5.3.9) below, one can actually prove the global H'2-strong
convergence.

Theorem 5.3.3 (H'2-strong convergence of heat kernels). For all convergent sequences
ti —tin (0,00) and y; € X; =y € X, pi(-,yi, t;) € HY2(X;,d;, my) HY2-strongly converge
to p(vyvt) € H172(deam>'

Proof. By a rescaling argument we can assume t; =t = 1. Applying Theorem 2.4.24 for p;
with (2.3.8) yields that p;(-,y;, 1) Hlt’cg—strongly converge to p(-,y,1). We claim that for
any 0 > 0 there exists L := L(K~,N,d) > 1 such that for any RCD*(K, N)-space (Y,d,v)
and any y € supp v one has (¢ denoting its heat kernel)

0
v3(Bi(y))
Indeed, let us prove the estimate for ¢, the proof of the estimate for |V.q| (based on

(2.3.7)) being similar. Combining (5.3.4) with the Gaussian estimate (2.3.6) with € = 1,
one obtains

/ (2,9, 1) + |Vaa(z,y,1))2 du(z) < (5.3.9)
Y\BrL(y)

030%6202
v2(B1(y))

and then one can use the exponential growth condition on v(Bgr(y)), coming from the
Bishop-Gromov estimate (Theorem 2.1.14), to obtain that the right hand side is smaller
than §/v2(By(y)) for L = L(K~, N, ) sufficiently large.

Combining (5.3.9) with the Hﬁ)’f—strong convergence of p; shows that

[ e < [ en(-2eey + 206 )
Y\BL() Y\BL(y) 5

Hm {|pi(+ i, Dll g x,,d,m) = 1269 D2 xdm)s (5.3.10)
71— 00
which completes the proof. O

We shall also use the following local compactness theorem under BV bounds, applied
to sequences of Sobolev functions.
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Theorem 5.3.4. Assume that f; € HY?(Bsy(x;)) satisfy

sup (Hfi’LOO(Bz(xi)) +/ IVfildmz) < oo.
i Ba(x;)

Then (f;) has a subsequence LP-strongly convergent on By(z) for all p € [1,00).

Proof. The proof of the compactness w.r.t. L'-strong convergence can be obtained arguing
as in [AH17a, Prop. 7.5] (where the result is stated in global form, for normalized metric
measure spaces, even in the BV setting), using good cut-off functions, see also [H15,
Prop. 3.39] where a uniform LP bound on gradients, for some p > 1 is assumed. Then,
because of the uniform L* bound, the convergence is LP-strong for any p € [1,00), see
[AH17a, Prop. 1.3.3(e)]. O

Harmonic points

We now introduce another technical concept, namely harmonic points of vector fields.
Those are points at which a vector field infinitesimally (meaning after blow-up of the metric
measure space) looks like the gradient of a harmonic function.

Let us first recall the definition of Lebesgue point.
Definition 5.3.5 (Lebesgue point). Let f € L (X,m) with p € [1,00). We say that

loc

x € X is a p-Lebesgue point of f if there exists a € R such that

lim fly) —alP dm(y) = 0.
i £ 17G) P iy

The real number a is uniquely determined by this condition and denoted by f*(x). The
set of p-Lebesgue points of f is Borel and denoted by Leb,(f).

Note that the property of being a p-Lebesgue point and f*(x) do not depend on
the choice of the representative in the equivalence class, and that # € Leb,(f) implies
fBT(x) |f(y)Pdm — |f*(x)P as r | 0. It is well-known (see e.g. [Hein01]) that the doubling
property ensures that m(X \ Leb,(f)) = 0, and that the set {z € Leb,(f) : f*(z) = f(x)}
(which does depend on the choice of representative in the equivalence class) has full measure
in X. When we apply these properties to a characteristic function f = 14 we obtain that
m-a.e. x € A is a point of density 1 for A and m-a.e. € X \ A is a point of density 0 for A.
Recall also that the set Harm(X,d, m) of harmonic functions defined over a RCD* (K, N)
space (X,d, m) was given in Definition 2.2.22.

Definition 5.3.6 (Harmonic point of a function). Let z € X, z € Br(z) N suppm and
let f € HY2(Bg(z),d, m). We say that z is a harmonic point of f if z € Lebs(|V f]) and
for any (Y,dy,my,y) € Tan(X,d, m, z), mGH limit of (X, t;ld,m(Bti(z))_lm, z), where
t; — 0T, there exist a subsequence (t;(;)) of (t;) and f € Lip(Y,dy) N Harm(Y, dy, my)
such that the rescaled functions

1
fom i 1= sam
7’(.7) Bti(j)(z)

in the spaces (X, ti_(;)d,m(Bt.(j)(z))_lm, z), H % strongly converge to f as j — oc.

i loc

We denote by H(f) the set of harmonic points of f.
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Note that being an harmonic point also does not depend on the choice of versions of
f and |V f| and that this notion is closely related to the differentiability of f at x. For
instance when (X,d, m) = (M, g, vol) is a smooth Riemannian manifold and f € C'(M),
every point x € M is a harmonic point of f, and the function f appearing by blow-up is
unique and equals the differential of f at z. On the other hand if f(z) = |z| on R", then
0,, is not an harmonic point of f.

Another way to understand Definition 5.3.6 is the following. The rescaled functions
fj,~ tells us how the function f differs from satisfying the mean-value property at the scale
B ti(j)(z)'

The definition of harmonic point can be extended to vector fields as follows.

Definition 5.3.7 (Harmonic point of L2-vector fields). Let V € L?T(X,d, m) and let
z € suppm. We say that z is a harmonic point of V if there exists f € H%?(X,d,m) such
that z € H(f) and

lim [V —Vf?dm=0. (5.3.11)
™0 JB,(2)

We denote by H (V') the set of harmonic points of V.

Obviously, if V = V£ for some f € H"2(X,d, m), then Definition 5.3.7 is compatible
with Definition 5.3.6. Notice also that, as a consequence of (5.3.11) and the condition
z € Leba(|V f]), fBT(z) |V |2dm converge as r — 0% to (|V.f|*)?(z) and we shall denote this
precise value by |V|?*(2). By Lebesgue theorem, this limit coincides for m-a.e. z € H(V)
with [V|?(z). The statement and proof of the following result are very closely related to
Cheeger’s Theorem 2.2.18; we simply adapt the proof and the statement to our needs.

Theorem 5.3.8. For all V € L*T(X,d,m) one has m(X \ H(V)) = 0.

Proof. Step 1: the case of gradient vector fields V' = V f. Recall that RCD* (K, N) spaces
are doubling and satisfy a local Poincaré inequality, see Corollary 2.1.15 and Theorem 2.1.16.
We fix z € Leba(|V f]) where (2.2.9) of Theorem 2.2.18 holds and we prove that z € H(f).
Let (t;) and (Y,dy,y,my), fi, . be as in Definition 5.3.6. Take R > 1, set d; = ti_ld,
m; = m/m(By, (z)) and write H}®, L? and Ch; for H?(B% (2),d;, m;), L3(B% (2), m;) and
Ch(B;i(Z%di’mi) respectively. Along with the existence in [0, 00) of the limit (|]V f|*(x))? of
fBT(z) |V f|>dm as 7 | 0, this provides for i large enough a uniform control of the H. 1-1’2—norms

of fi, .- on B?%"(z),

Hfti»z

d.
2 2 —2 2 m(B% (2)) 2
2= ||ft;2 + Chi(f1,.2) =t; f—][ fdm + —— Vf|*dm
Hzl 2 || t HLf ( t ) H B(lii HLf m(Bill(z)) ?ZR B ‘ |

< C(E, N, R)((IVf[*(2))* + 1),

where C(K, N, R) > 0 depends on the doubling and Poincaré constants. Thus, since R > 1
is arbltrary, by Theorem 2.4.23 and a dlagonal argument there exist a subsequence (s;) of
(t;) and f € Hllof(Y dy,my) such that f, , H1 2_weakly converge to f.

Let us prove that fs, . is a Hloc-strong convergent sequence. Let R > 0 where (2.4.4)
holds and let h; g be the harmonic replacement of f,, . on B}i{(z) (recall d; = s; 1d).
Then applying Proposition 2.4.26 yields that h; g H'*-weakly converge to the harmonic
replacement hg of f on Br(y). Since h; r are harmonic, by Theorem 2.4.24, h;, H%2-
strongly converge to hr on B,(z) for any r < R.
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Note that Proposition 2.2.23 yields

/d- |V(fsl-,z_hi,R)|2dmi:/d. |stz-,Z|2dmi_/d. ‘Vhi,Rlzdmi
By (2) By (2) By (2)

—][ V£ dm — inf ][ V(f + ¢)[? dm.
Brs, (2) pEHy*(BRs, (2),dm) J Bg,.(2)

(5.3.12)

Thus, since by our choice of z the right hand side of (5.3.12) goes to 0 as i — oo, the

Poincaré inequality gives || fs,- — higl ., B2y 0, hence fs, . H%?-weakly converge to
R

hr on Bg(y), so that f=hpgon Br(y). In addition, the H'2-strong convergence on balls
B,(z), r < R, of the functions h; g shows that f, . H"“2_strongly converge to f on B,(z)
for any r < R. Since R has been chosen subject to the only condition (2.4.4), which holds
with at most countably many exceptions, we see that f € Harm(Y,dy,my) and that f, ,
Hﬁ)’f-strongly converge to f .

Finally, let us show that f has a Lipschitz representative. It is easy to check that the
condition z € Leba(|V f]), namely

lim IV = IV (2)]? dm =0
0SB, (2)

with the Hﬁ)’f—strong convergence of f,, . yield |V f|(w) = |[Vf[*(z) for my-a.e. w € Y.
Thus the Sobolev-Lipschitz property shows that f has a Lipschitz representative.
Step 2: the general case when V € L?(T(X,d,m)). Let C, M, k, F; be given by Theo-
rem 2.2.18. It is sufficient to prove existence of f as in Definition 5.3.7 for m-a.e. x € C.
Since fBT(a:)\C [V|2dm = o(m(B,(x))) for m-a.e. x € C, we can assume with no loss of
generality, possibly replacing V by 1x\cV, that V=0 on X \ C. As illustrated in [G18,
Cor. 2.5.2] (by approximation of the x; by simple functions) the expansion (2.2.10) gives
also
k
1o (Vf - ZaiVFZ) =0

i=1
for all f € Lip(X,d) N HY2, with 3, a? < M|V f|> m-a.e. on C. By the approximation in
Lusin’s sense of Sobolev by Lipschitz functions and the locality of the pointwise norm, the
same is true for Sobolev functions f. Eventually, by linearity and density of gradients, we
obtain the representation

k
V=> oVF,
i=1
for suitable coefficients a; € L?(X, m), null on X \ C. Tt is now easily seen that if = is an
harmonic point for all F; and a 2-Lebesgue point of all «;, then z € H(V') with

O

The behavior of tm(B ;(x))g: as t | 0
The main purpose of this paragraph is to prove Theorem 5.3.14, i.e. the L?-strong

convergence of the metrics

a = tm(B (g = 4, (5.3.13)
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where ¢ is the normalized Riemannian metric on (X,d, m) defined by ¢,g, where n =
dimg (X)), the dimensional constant ¢, is given by

w 2 2 w
= O, (e /Y  dp = —2 5.3.14
= U /Rn| (e e = (5:314)

and we used (5.3.2) for the explicit computation of the integral.
Here is an important proposition whose proof contains the main technical ingredients
that shall be used in the sequel.

Proposition 5.3.9. (“pointwise” convergence) Let V € L*(T(X,d,m)) andy € R,NH(V).
Then

tim . tm(B. () [(Vap(e,y, 1), V(@) [* dm(z) = eal VI (y). (5.3.15)

Proof. As y € H(V), there exists f € H"? such that J[Br(y) |V —Vf?dm — 0 as r | 0.
With W =V — V[, let us first prove that

11%1 Xtm(B\/i(w))KVzp(x,y,t),W(:c))\Qdm(:r) =0. (5.3.16)

Using the heat kernel estimate (2.3.7) with € = 1 we need to estimate, for 0 <t < C; ",

_r ex 2%,y z) > dm(z
| wEmm p< = >|W< )2 dm(z)

and use (5.3.4) to reduce the proof to the estimate of

L () | @) g
B p( ) 4o, ﬁ>|w< )2 dm(z).

Using the identity [ f(d(-,y))du = — [~ u(Br(y)) S (r) dr with p,, := exp(c1d(-, y)/vVE)|W[*m
and f,(r) = exp(—2r%/(5t)), we need to estimate

1 00 ,
o) /0 w(B, (2)) () dr.

Now, write (B, (y)) < w(r)exp(car/vt)m(B,(y)) with w bounded and infinitesimal as
r | 0 and use the change of variables r = sv/¢ to see that it suffices to estimate

00 2
4/ (w(S\/i)m(Bsﬁ(y))> exp (cls - 28) sds.
5 Jo m(B () 5
Now we can split the integral into two terms: the first one integrating between 0 and 1, the
second one between 1 and +00); the former obviously gives an infinitesimal contribution
as t | 0; the latter can be estimated with the exponential growth condition (5.3.5) on
m(B,(y)) and gives an infinitesimal contribution as well. This proves (5.3.16).
Now, setting ¢, (L) = wy,/(4m)" fBL(O)‘aml (e*|z|2/4)‘2dx tep as L 1 oo, we shall first
prove that

Limn tm(B 4 (2))(Vap(z,y, 1),V (2))|? dm(z) = ca(L)|V[**(y) (5.3.17)
Br ()



106 CHAPTER 5. EMBEDDING RCD*(K,N) SPACES BY HEAT KERNEL
for any L < oo. Taking (5.3.16) into account, it suffices to prove that

bim tm(B () [(Vop(z,y,1), V f(@))[* dm(z) = ea(L)(|Vf]7)?(y) VL € [0,00).
BL\/Z(?/)
(5.3.18)

In order to prove (5.3.18), for t > 0 let us consider the rescaling d — d; := t~1/2d,

m = my = m(B\/g(y))_lm. We denote by p; the heat kernel on the rescaled space

(X,d¢, my). Applying (5.3.3) with a := \/1?71, b:= ﬁ and s := 1 yields (notice that
Vi )

the factor t = a~2 disappears by the scaling term in the definition of f Vi and the scaling

of gradients)

[ B a)Vap(e 5.0, V@) dmia)
Br ()

:/d my(BY () (Vape(z,y, 1), V f g, ()] dmy (). (5.3.19)
B (y)

Take a sequence t; | 0, let (s;) be a subsequence of (¢;) and f be a Lipschitz and harmonic
function on R™ as in Definition 5.3.6 (i.e. f is the limit of fysiy)- Note that f has
necessarily linear growth. Since linear growth harmonic functions on Euclidean spaces are
actually linear or constant functions, we see that V f =3, aj% for some a; € R. Then,

letting @ — oo in the right hand side of (5.3.19) shows

B o MBI Tap 1), 9y ) s )
. W
= /B o )ﬁ”(Bl(ar))Kan(:c,on,1),vf(x)>\2d¢z"(g;), (5.3.20)

where 7™ = H" /w,, (hence H™(Bi(z)) = 1) and ¢, denotes the heat kernel on (R™, dgn, H").
Since (5.3.1) and (5.3.3) give

w a2
qn(z,0,,1) = (47T)n"/2€ l2l%/4

a simple computation shows that the right hand side of (5.3.20) is equal to ¢, (L)(3; la;|?).
Finally, from

1
V£I*(y 2zlim</ Vf2dm>:,hm V1 s yl* dmg,
(’ | ( )) 0 m(Br(y)) BT(y)| | 00 B(lisi (y)‘ fay’

:/ IVPdH™ =Y |a;?, (5.3.21)
Bl(on)

J

we have (5.3.17) because (t;) is arbitrary.
In order to obtain (5.3.15) it is sufficient to let L — oo in (5.3.17), taking into account
that ¢, (L) 1 ¢, as L 1 oo and that, arguing as for (5.3.16), one can prove that

lim  sup / (Vap(a, 1, 8), W(@))]? dm(z) = 0.
X\Bp ;(y)

L2500 gt
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Corollary 5.3.10. Let A be a Borel subset of X. Then for any V € L*(T(X,d, m)) and
y e H(V)NR,, one has

(1) if fBr(y)ﬂA V|2dm = o(m(B,(y))) as r | 0, we have

bim . tm(B ;(2))[(Vap(z, y, 1), V(2))* dm(z) = 0; (5.3.22)

(2) if fBT(y)\A [V|2dm = o(m(B(y))) as r ] 0, we have

tim | m(B g (@)(Vaplary, ), V () dn(z) = eal V2 (1), (5.3.23)

In particular, if V € LP(T(X,d,m)) for some p > 2, (5.3.22) holds if A has density 0 at y,
and (5.3.23) holds if A has density 1 at y.

Proof. (1) Let W =14V and notice that our assumption gives that y € H(W), with f =0,
so that |[W|**(y) = 0. Therefore (5.3.22) follows by applying Proposition 5.3.9 to W. The
proof of (5.3.23) is analogous. O

Remark 5.3.11. Thanks to the estimate (5.3.4), a similar argument provides also the
following results for all y € H(V) N Ry:

(1) if [ (yna [VIPdm = o(m(B,(y))) as 7 1 0,

Lim . tm(B () [(Vap(z,y,t), V(@) dm(z) = 0; (5.3.24)

(2) if [ (ynalVI?dm = o(m(B,(y))) as r | 0,

tim | m(B.(0) V(e . 1), V(@) dm(r) = ol VI () (5.3.25)

Theorem 5.3.12. Let V € L*(T(X,d, m)). Then for any Borel subsets Ay, Az of X we
have

i Ay </A2 tm(B ;(2))(Vap(@,9,0), V(@) dm(x)> dm(y) = /AmA2 9(V, V) dm.
(5.3.26)

Proof. Taking the uniform L estimate (5.2.18) into account, it is enough to prove the
result for V' € LT, since this space is dense in L?T. Take y € X. By (5.2.19), for
0<t<Cyl, we get

| B @ Vaplar ).V @) () <

EAIVIE (—2d<x,y>2 i)

x m(B_;(z)) 5t
(5.3.27)

and, by applying (5.3.7) to the rescaled space d; := \/Fld, we obtain that the left hand
side in (5.3.27) is uniformly bounded as function of y.



108 CHAPTER 5. EMBEDDING RCD*(K,N) SPACES BY HEAT KERNEL

Thus, denoting by A3 the set of points of density 1 of Ay and by A5* the set of points
of density 0 of Ay (so that m(X \ (A5 U A%*)) = 0), the dominated convergence theorem,
Corollary 5.3.10 and the definition of § imply

/Al < /A ] tm(B\/E(x))<pr(337y,t),V(a:)>\2dm(:::)> dm(y)
=), </ tm(B.5(2) [(Vap(e,y, 1), V(@) dm<x>> dm(y)
RnNAINAS \J Ay

" /RnﬂANWAS* </A2 tm(B\/g(x))\(Vmp(x7 Ys t)’ V(x)>| dm(x)> dm<y)

= V) dn) = [ (Vv dm, (5.3.28)
RnﬂAlﬂAS A1NAs

O

Remark 5.3.13. Building on Remark 5.3.11, one can prove by a similar argument

i A </A2 tm(B ;(9)) {Vap(, ), V(@) dm(w)> dm(y) = /AmA2 9(V, V) dm.
(5.3.29)

In order to improve the convergence of the §; from weak to strong, a classical Hilbertian
strategy is to prove convergence of the Hilbert norms. In our case, at the level of g¢ (and
taking (5.3.8) and (5.2.16) into account), this translates into

2
/X Vep(z,9,t) @ Vep(z,y,t)dm(y)|  dm(z) < nc2m(X).

HS
(5.3.30)
The proof of this estimate requires a more delicate blow-up procedure, and to its proof
we devoted Chapter 5.4. Notice that, by using the (non-sharp) estimate of the left hand
side in (5.3.30) with [[tm(B 4;(-)) [ |Vap|? dmfdm one obtains n2c2m(X), but this upper
bound is not sufficient to obtain the convergence of the Hilbert-Schmidt norms.

limsup/X (tm(B\/i(aU)D2

t10

We are now in a position to prove the main theorem of this paragraph. Let us recall
the Dunford-Pettis theorem which states that a family (f;); C L'(X, m) is relatively
compact w.r.t. the weak topology of L'(X,m) if and only if it is equi-integrable, and the
Vitali-Hahn-Saks theorem which implies that whenever a family of absolutely continuous
measures (u; = fym); is such that p;(A) — p(A) for any Borel set A C X, with p being a
Borel measure, then (f;); is an equi-integrable family.

Theorem 5.3.14. The family of RCD metrics §; in (5.3.13) L?-strongly converges to §
as t | 0 according to Definition 5.2.18. In particular one has L'-strong convergence of

Gt(V,V) to g(V,V) ast [ 0 for all V € L?T.

Proof. For all V € L?T, the L'-weak convergence of §:(V, V) to §(V, V) follows easily from
Theorem 5.3.12: indeed, choosing A; = X, we obtain that fA2 g+(V, V) dm converge as t | 0
to fA2 g(V,V)dm for any Borel set Ay C X. The Vitali-Hahn-Saks and Dunford-Pettis
theorems then grants convergence in the weak topology of L.
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By combining (5.2.16), (5.3.30) and (5.3.8) we have

lim sup/ |gt|HS dm

£10
2
= lim sup/ (tm(B /() ‘/ Vep(z,y,t) @ Vep(x,y,t)dm(y)|  dm(z)
tlo  Jx HS
= ncZm(R,) :/ |&|% ¢ dm. (5.3.31)
X
The L?-strong convergence now comes from Proposition 5.2.19. O

The behavior of t("t2)/2g, as t | 0
Let us now consider the convergence result

— t(n+2)/2

Jt gt — 9,

where n = dimg »(X) and, with our notation m = 8", the normalized metric § is defined
by
§=—"1g-g.
g wﬂe Rng
Let us start with the analog of Theorem 5.3.12 in this setting.
Theorem 5.3.15. Let V € L>®(T(X,d,m)) and Ay C R}, Borel. If

1}fg N mdm(y) = /Al la}ﬁjlm dm(y) < oo, (5.3.32)

then for any Borel set Ay C X one has

lim / K42\ oy, 1), V() 2 dm(z) | dm(y) = / V2 anr.
t40 S 4, \J 4, Wn J A1nAs

(5.3.33)
Proof. Recall that (2.3.18) of Theorem 2.3.16 gives that 7" /m(B,(y)) converges as r — 0
to 1/(wnf(y)) for m-a.e. y € Ay, where 6 is the density of m w.r.t. #". By an argument

similar to the proof of Theorem 5.3.14, using also with (5.3.5) we obtain that for any y € X
and any ¢t < 1/Cy one has

o) = (B ) [ ((Vaple o) V) Pamie) < COSNIVIE: (5330
Let
fily) = m1A1<y>wt<y>, o(y) = cucN)HVHEM<y>m<Bf’fz 5 (533

so that (5.3.34) gives fi(y) < gt(y). Note that (5.3.24) and (5.3.25) yield

1 2
lgi%lft( y) = o 1A2( )j|V| (y) for m-ae. y € Aj. (5.3.36)

0(
Applying Lemma 4.0.2 with g(y) = C(K, N)||V||%.14, (v)/(wn6(y)) and taking (5.3.32) into
account we get

lim/ ftdm_/ lim f, dm = C"/ V2 dH", (5.3.37)
X X 40 A1NAs

tl0 Wn

which proves (5.3.33). O
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We are now in a position to prove the main result of this paragraph.

Theorem 5.3.16. Assume that

lrif(r)l - w(B. ) dm(y) = /R;z 17}18 w(B.() dm(y) < 4o0. (5.3.38)

Then G, L?-strongly converge to § ast | 0.

Proof. Let Ay C X be a Borel set and V € L*T. Then Fubini’s theorem leads to
[ atvvyan= [ [ [T,V @) P dm(e) duiy)
As X *NA2

Then, we can apply Theorem 5.3.15 to get

/ §t(V,V)dm—>C”/ |V|2dHn:/ (V. V) dm
Az Wn JRzNA A

This implies the convergence of §;(V, V) to §(V,V) in the weak topology of L'(X,m) by
the Vitali-Hahn-Saks theorem. Let us prove now the L2-strong convergence of g, to g
as t | 0 using Proposition 5.2.19. Since the scaling factors depend only on ¢ and =z, it is
immediately seen that

(n+2) /2‘gt‘H5’

= 71 * g - t
8lus iR glus, 8lms

n

Let us write for clarity F(z,t) = |[y Vep(2,y,t) @ Vap(z,y,t) dm(y)|, . Applying
(5.2.16), (5.3.30) and (5.3.8) we get

limsup/ |§t|%sdm:limsup/ "2 g% ¢ dm

to Jx o Jr,
= lim Sup/ "2 F2(x,t) dm(z)
£10 .

‘ (n+2)/2 \ 2
< /nhntli%up (tm(B\ﬂ:c))) tzm(B\/i(x))QFQ(x,t) dm(z)

1
:/ o207 nc? dm(z / |&[% g dm.

Notice that we are enabled to pass to the limit under the integral sign thanks to (5.3.38)
and Lemma 4.0.2; since the convergence in (5.3.30) is dominated. O

We obtain in particular the following corollary when the metric measure space (X, d, m)
is Ahlfors n-regular: indeed, in this case obviously one has n = dimgn(X), m and H"
are mutually absolutely continuous and the existence of the limits in (5.3.38), as well as
the validity of the equality, are granted by the rectifiability of R,, and by the dominated
convergence theorem.

Corollary 5.3.17. Assume that m is Ahlfors n-reqular, i.e. there exists C > 1 such that
<C  forallre(0,1) and all x € X.

Then t"+2)/2g, L2-strongly converge to c,(wnf)'g ast | 0.
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Behavior with respect to the mGH-convergence
Let us fix a mGH-convergent sequence of compact RCD* (K, N)-spaces:

(X;,d;,m;) " (X, d,m).

In this section we can adopt the extrinsic point of view of Section 2.3, viewing when
necessary all metric measure spaces as isometric subsets of a compact metric space (Y, d),
with X; convergent to X w.r.t. the Hausdorff distance and m; weakly convergent to m.
Let us denote by A; j, Ai, i, @i the corresponding eigenvalues and eigenfunctions of
—Aj, —A, respectively, listed taking into account their multiplicity (we will also use a
similar notation below), recall that {(; j}i>¢ are orthonormal bases of L?(X;, m;) and
that, according to [GMS15], for any i one has \;; — \; as j — 00, so called spectral
convergence. In addition, by the uniform bound on the diameters of the spaces, we know
from Proposition 4.0.19 (see also [J16]) that uniform Lipschitz continuity of eigenfunctions
holds, i.e.
sup Vi jllze < oo Vi>0. (5.3.39)
J

With no loss of generality, we can also assume that the ¢; ; are restrictions of Lipschitz
functions defined on Y, with Lipschitz constant equal to [V, ;|| Loo(x; m;)-

Although the following lemma was already discussed in the proof of [GMS15, Thm.
7.8], we give the proof for the reader’s convenience.

Lemma 5.3.18. Under the same setting as above, there exist j(k) and an L*-orthonomal
basis {1i}i>0 of L*(X,m) such that Pi (k) H'Y2_strongly converge to 1; for all i, with
uniform convergence.

Proof. Since |||V ;][|32 = Aijj, by Theorem 2.4.24 and a diagonal argument there exist a
subsequence j(k) and 1; € L?(X, m) such that ©i (k) H'2_strongly converge as k — oo to
s for all i > 0, with L2-weak convergence of Ay Pijk) to A, In particular we obtain
that Ay; = —A;¢; for all ¢ and that

/ Yoty dm = klim / 0 i(k)Prm,j(k) AM(k) = Opm-
X I Xy

Thus, as written above, {1;};>0 is an L2-orthonormal basis of L?(X,m). O

Taking Lemma 5.3.18 into account, with no loss of generality in the sequel we can
assume that ¢; ; H 1.2_strongly converge to ; for all 4 > 0, in addition with uniform
convergence in Y.

Definition 5.3.19. We say that RCD metrics g; € L*(T9(X;,d;, m;)) L?-weakly converge

to g € L*(T9(X,d, m)) if sup; [y \g]ﬁqs dm; < oo and for any sequence of functions f; €
J

H'Y2(X;,d;j,m;) H'?-strongly converge to f € H"*(X,d,m) with sup; [|[Vfj[[lze < oo,

the functions g;(V f;, Vf;) L*>-weakly converge to g(Vf,Vf).

It is not difficult to show several fundamental properties of L?-strong/weak convergence
of metrics, including L2-weak compactness and lower semicontinuity of L?-norms with
respect to L?-weak convergence as previously discussed in the case of metrics on a fixed
space; in particular, the convergence can be improved from weak to strong if and only if

limsup/ Ihj|%rsdmj§/ g dm.
J X; X
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Theorem 5.3.20. Let t; — t € (0,00), let CID{J_ : X; — L*(Xj,my) be the corresponding
embeddings and let gijj be the corresponding pull-back metrics in (X;,d;, m;). Then gijj L2-
strongly converge to giX and @{(Xj), endowed with the L?(X;, m;) distance, GH-converge
to ®4(X) endowed with the L*(X,m) distance.

Proof. By rescaling with no loss of generality we can assume that t; =t = 1.
Let us prove first the convergence of metrics.
For all N > 1, recalling the representation formula (5.2.17) for the metrics, we define

o
= Z 672)\i’jd§0i7j ® dy; (: 815 — gi\jj_l)
i>N

and define GV analogously. Note that as the @i j's are orthogonal in L*(X j,m;), one can
show that dy;; ® dy;; are orthogonal in LQT(Xj,dj,mj)@)Q, and therefore |gy j|%¢ =
]gi\jj_lﬁis + ]G§V|12LIS Then, arguing as in (5.2.22), we get

[e.e]

/ |G§V|%{5' dmj _ Z e—2(>\z,j+>\m,j)/ <V90Z,],v80m]> dmj <C Z /\g e—QAM
X 6, m>N X (>N
(5.3.40)
with C' = C(K, N), and a similar estimate holds for [, |[G"|%¢dm. On the other hand,
since
[ [, 19t DR am) ams) = 3 v
and

/ / V2 (s 1)[2 dm; () dim () — / / Vap(z, 5, 1)[2 dm(z) dm(y),
x; Jx; xJx

taking also the spectral convergence into account we get
o (o9}
> Agje M = Y Ne P VAL (5.3.41)
(>N (>N
In particular for any € > 0 there exists /N such that for all sufficiently large j
o oo
Z )\47]'672)\“‘ + Z )\4672)% < e.
>N >N
Thus, for sufficiently large j one has
/ G |75 dm; +/ |GV, gdm < Ce. (5.3.42)
; X
J

On the other hand, since ¢y ; H?-strongly converge to ¢y, (5.3.39) yields that (Vy j, Vom, ;)
LP-strongly converge to (Vy, Vio,) for all p € [1,00). In particular, as j — oo we get

N
/X gl [Frgdm; = > e 2(AeitAns) / (Vs Viom,;)? dm;

j £, m=1 X

— Z e~ >“3+>‘m)/(V<pg,Vg0m dm = /|g1 % gdm.  (5.3.43)
l,m=1
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Since € is arbitrary, combining (5.3.42) with (5.3.43) yields

/X ’gl,jﬁfsdmj—)/X@lﬁ{Sdm- (5.3.44)

J

N-1

{V ~1 L2 weakly converge to g

Since it is easy to check that Lemma 5.3.18 yields that g;';
combining (5.3.42) with (5.3.44) completes the proof of the L?-strong convergence of
metrics.

Now we prove the second part of the statement. Using the eigenfunctions ¢; ; we can
embed isometrically all ®;(X;) C L*(X;,m;) into £2, and then we need only to prove the

Hausdorff convergence inside £ of the sets W; to W, where

W, = {(e*/\id(pm(m))iZl S Xj}, W = {(e*)‘igoi(a:))i21 NS X} .

By Proposition 4.0.18 and 4.0.19 in the previous chapter, for all € > 0 there exists N € N
such that for all j

> e Pillplte < € Y M eilie <€
i>N+1 i>N+1
Denoting 7 : 5 — f5 the projection defined by 7™V ((z);) := (x1,...,2n,0,...), from this

it is easy to get

dzw;, wh)y <e, AW, wh) <,
where WJN = 7N (W;), WY := 7N (W). Hence, by the triangle inequality, it suffices to
check that d%(VV]N , W) — 0 for N fixed. Since

Wi = {(e_h’j@l,j(ﬂﬁ),e_hwm(w), e Wiy i(2),0,0,..)  x € Xj} :

and an analogous formula holds for W¥ | from the uniform convergence of the ¢; ; to ©;
we immediately get that d%(WJN WY = 0. O

Remark 5.3.21. The canonical RCD metrics g% L?-weakly converge to ¢, which is a
direct consequence of [AH17a, Thm. 5.7]. In particular the lower semicontinuity of the
L?-norms of ¢%i:

hjrggf /X g% |5 dm; > /X lgX? dm (5.3.45)
J
yields
njrggolf dimg, m, (X;) > dimg m(X) (5.3.46)

because Lemma 5.3.2 shows that fXj g% dm = dimg; m, (X;)m;(X;), [y lg* P dm =
dimg m (X)m(X).

This allows us to define the notion that {(X;,dj, m;)}; is a noncollapsed convergent
sequence to (X,d, m) if the condition lim; o dimg; m,;(X;) = dimgn(X) holds (see also
[K17]). Moreover it is noncollapsed sequence if and only if

lim |gXJ'|§ dm; = lim dimg; m, (Xj)m;(X;) = dimg m(X)m(X) = / |gX|2 dm
j—o0 X; J—00 X

that is, g% L2-strongly converge to g~ . (these observation are justified even for noncompact
case if we replace X;, X by Bi(z;), Bi(z), where z; — x). One of the important points in
Theorem 5.3.20 is that the RCD metrics th J
noncollapsed assumption.

;| are L?-strongly convergent even without the
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5.4 Proof of the limsup estimate

In this section, we will prove the estimate (5.3.30) which implies the strong L? convergence
of RCD metrics §g: — § and §; — § when ¢t | 0.

To this purpose, we will notably need the local notion of Hessian developed within
the framework of N. Gigli’s theory [G18] and defined as symmetric bilinear form on
L*(T(X,d,m)). In particular we will use the fact that this Hessian is defined for all
f € D(A), with an integral estimate coming from Bochner’s inequality [G18, Cor. 3.3.9]

/|Hessf\2dmg/ (IAfP = KIVfP)dm  Vfe D(A), (5.4.1)
X X

In addition, we shall use the property [G18, Prop. 3.3.22] that, for all f, g € D(A) with
IV£|, |Vg| € L®(X,m), one has (Vf,Vg) € H'?(X,d, m), with

V(Vf,Vg) = Hessf(Vyg,-) + Hessy(Vf,-) m-a.e. in X. (5.4.2)

We set

2

F(x,t) == (tm(B ﬂ(g;)))Q ‘ /X Vap(z,y,t) @ Vep(a,y,t) dm(y) s

and we notice that the Gaussian estimate (2.3.7) provides a uniform upper bound on the
L*> norm of F(-,t), for 0 < t < 1. Now, we claim that (5.3.30) follows by Proposition 5.4.1
below; indeed, by integration of both sides we get

; 71 T T z) = nc?
n /X ) /B g Flot) dm(a) dm(2) = ()

and, thanks to Fubini’s theorem, the left hand side can be represented as

. 1 ]
tm [ F(r.0) ( /B o WA dm(m)) dm(z)

. o s . 1 _ .
Since it is easily seen that | B.;(z) W(BL; @) dm(z) are uniformly bounded and converge to
last]0forall z € R, (in particular m-a.e. z), from the dominated convergence theorem
we obtain (5.3.30).

Hence, we devote the rest of the section to the proof of the proposition.

Proposition 5.4.1. For all z € R,, one has
1

im ——— T 2) = nc n
ltJ,O m(B\/g(:Z')) /B\/Z(x) F( ’t) dm( ) no (5 4 3)

with ¢, defined as in (5.3.14).

Proof. Let us fix t; | 0 and consider the mGH convergent sequence

(X,dj,z,m) = | X, 'd, 3, —— | ™G (R", dgn, 00, ") | (5.4.4)
w(B_ (@)

where H" := H" /wh,.
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Setting
) 2
we claim that, in order to get (5.4.3), it is sufficient to prove that
im __t i(x r) = nc
jl_)oo m(B\/g(i)) /B\/q(x) Fj(z) dm(z) .. (5.4.5)
Indeed, letting
2
Hy() = ‘ / Vap(y,ts) ® Vap(a, y, 1) dm(y)| (5.4.6)
X HS
so that Fj(z) = (tjm(B\/E(f)))QHj(x), one has
1 1y 2 2
m(B\th(m))/Bﬁ(j) (t;m(B, s (2)) Hj(x) — (;m(B, i (2)) Hj(z)| dm(z)
2
= [ =@ [ Tapsle ) Vans(op D dmi()|dmi(o)
Blj(:c) X HS
<C [, 1= (m(BY@)] dmy(@) - C 1= (H"(Bi(2)))°| dH" (2) =0,
Blj(m) B1(05)

where C' comes from a Gaussian bound.

Applying Proposition 2.4.26 (more precisely [AH17b, Cor. 4.12]) for the standard
coordinate functions h; : R™ — R yields that (possibly extracting a subsequence) the
existence of Lipschitz functions h; ; € D(AY), harmonic in B;lj (z), such that h;; H%2-
strongly converge to h; on Bs(0,) with respect to the convergence (5.4.4). Here and in the
sequel we are denoting A’ the Laplacian of (X, dj, m;). Note that gradient estimates for
solutions of Poisson’s equations given in [J16] show

< 00, (5.4.7)

Siu’jp Il J‘]HLOO(B;J(i,))

where | - |; denotes the modulus of gradient in the rescaled space.
On the other hand Bochner’s inequality (we use here and in the sequel the notation
Hess’ for the Hessian in the rescaled space) shows

1 . .
3 /X N | Vh ;|2 dm; > /X o (IHess), 2 +1,K|Vh |?) dm, (5.4.8)

for all p € D(AY) with AJp € L°°(X,m;) and supp ¢ C ng (z). In particular, taking as
¢ = ¢; the good cut-off functions constructed in [MN14] we obtain

lim [ | |Hess{Li’j 2 dm; = 0. (5.4.9)

j—00 B2j (53)

Let us define functions aﬁ’m : B;ij () = R, abm . Bs(0,,) — R by

a;" (z) = /X<Vrpj(l‘>y, 1), Vhej(2))(Vepj(@,y,1), Vhmj(x)); dm;(y),
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(@)= [ (Vaaly, 1), Tho(a)) (V.. 1), Vo 2) 4 ),

respectively, where p;(x,y,t) is the heat kernel of (X,d;,m;) and ¢(z,y,t) is the heat
kernel of (R™, dgn,H™) (we also use the (-,-); notation to emphasize the dependence of
these objects on the rescaled metric). Notice that the explicit expression (5.3.3) of ¢(z,y,t)
provides the identity a®™ = c260.m-

Now let us prove that aﬁ’m LP-strongly converge to a®™ on By (0,) for all p € [1,00). Tt
is easy to check the uniform L*° boundedness by the Gaussian estimate (2.3.7) and (5.4.7),
and the LP-weak convergence by Theorem 5.3.3. To improve the convergence from weak to
strong, thanks to the compactness result stated in Theorem 5.3.4, it suffices to prove that

ai™ e HY2(By (z),d;,m;) for all j, and that
sup/d_ \Va?’m\j dm; < oc. (5.4.10)
i B @

Thus, let us check that (5.4.10) holds as follows. For any y € X, the Leibniz rule and
(5.4.2) give

V ((Vapj(@,y,1), Vhe,j(@));{Vapj(@,y,1), Vim;(2));) (5.4.11)
= (Vupj(z,y,1), Vhei(2)); (Hess;j(_7y71)(th7j, )+ Hess{bm’j (Vp;(-yy,1),-))
+ (Vapj(z,y,1), Vi j(2)); (Hess;j(,7y’1)(th7j, )+ Hess{te’j (Vp(-,y,1),°)).

Now, recalling that (X,d;, m;) arises from the rescaling of a fixed compact space, the
Gaussian estimate (2.3.7) yields that (Vup;(x,y,1), Vhe;j(2));(Vap;i(2,y,1), Vi j(2));
belong to H1’2(B;j (x),dj, m;), with norm for j fixed uniformly bounded w.r.t. y. Hence,
we can commute differentiation w.r.t. = and integration w.r.t. y to obtain that aﬁ’m €

HY2(BY (%),d;,m;) with

mj-a.e. in ng (). From (5.4.11) we then get
0 : ,
Vai™ < C(Hess) 1 (Thog, )|+ [Hess) 1 (Thig, ) IVps (15D,
+ C(|Hessi%j (Vp(v Y, 1)7 )’ + |HeSSng,j (VP(, Y, 1)7 )|)‘ij(’ Y, 1)|J
where C' is the constant in (5.4.7), so that using (5.4.7) once more we get

lm
Ve s s

1/2 1
<c( [ [, e Pam@dn ) ) ([ ] V1) dm(e) dmyy)
X JB, (2) T X J B, (2)

[ [l (65 Iy o D e, D) i) i )
2 xT
(5.4.13)

/2

for some positive constant C' (recall that the Hessian norm is the Hilbert-Schmidt norm).
Note that the second term of the right hand side of (5.4.13) is uniformly bounded with
respect to j because of the Gaussian estimate (2.3.7) and (5.4.9).
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Note that (2.3.8) and (2.3.7) with Lemma 5.3.1 show

il (/ / 18205,y DI dmy () dmy (y / /B Vapj(@,y,1))|F dm;(z) dmj(y)> < .
2 I‘

In particular by applying (5.4.1) to the scaled spaces, with a sequence of good cut-off
functions constructed in [MN14], we obtain

J 2 , 4
sgp/X/B;j(m) |Hesspj(.7y71)| dm;(z) dm;(y) < oo.

Thus (5.4.13) yields (5.4.10), which completes the proof of the LP-strong convergence of
™ to ab™ for all p € [1,00).

tm — c%égm we get

lim/ Zyaémﬁdmj / > a2 dH" = ne (5.4.14)
B J(z

J—00 B1 ")Zm

Then, since a

Hence, to finish the proof of (5.4.5), and then of the proposition, it suffices to check that

1

is infinitesimal as j — oo.

To prove this fact, we first state an elementary property of Hilbert spaces whose proof
is quite standard, and therefore omitted: for any r-dimensional Hilbert space (V, (-,-,)),
€ >0, {e;};_; C V one has the implication

T
[0 = (v, eq)?
=1

Note that the scaling property (5.3.3) of the heat kernel gives

2
dm(z)

HS

;]aem (t m(Bf ‘/ Vap(z,y,t5) @ Vap(z,y,t;) dm(y)

B 5 (@)
(5.4.15)

[(ei,e5) —dijl <€ Vi, j = C(r)ew|> YoeV. (5.4.16)

2
][ > Jay™? — (B\/t;(i’)))z‘/ Vap(z,y,t5) @ Vep(z,y,t;) dm(y)| | dm(z)
f(x 4m X HS
2
= [ |Swm | [ Ve @ Vet D amy)| | dmy(o
By (Z) | ¢,m X HS
:/ij(_) Dol = G dm, (5.4.17)
17 \Z) 1 em
where )
X HS

€ = max/d_ [(Vhej, Vi )i — Oem| dm;.
B, (z)

lm

Then notice that for all ¢, m one has

[ b0 Vhng)s = bl s = [ (i, V) = 8| a2 =
B1 (1‘) Bl(on)
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as j — oo. In particular e¢; — 0.
Let , .
K™ o= {w € BY(2) 1 (Vhej, Vhing)i(w) = dm| > /6 -

Then the Markov inequality and the definition of ¢; give mJ(K ™ < V65> so that K :=
Uem Kj’ satisfy m;(K;) — 0 as j — oo.
On the other hand, (5.4.16) with r = n? yields

/ij @\,

where we used sup; || G|

S| dm; < C(n?)e j/ij(_) |G,|? dm; — 0, (5.4.18)
1 x

Z‘afm

lm

< 00, as a consequence of the Gaussian estimate (2.3.7).

L>(B J( )
Then since
9 1/2
/ Z\azm — G| dm; < y/m;(K; / Z\azm - dm; — 0,
K; 4m (@) fm
where we used the uniform LP-bounds on a ™ for all p, we have
Zm Zm
(5.4.17) = / Z|a - dmj—i-/_ Z!a il dmj — 0.
K; |t BY @\K; | o

Thus we have that the expression in (5.4.15) is infinitesimal as j — oo, which completes
the proof of Proposition 5.4.1. O
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Résumé

Lobjectif de la thése est de présenter
de nouveaux résultats d’analyse sur
les espaces métriques mesurés.

Nous étendons d’abord a une cer-
taine classe d’espaces avec double-
ment et Poincaré des inégalités de
Sobolev pondérées introduites par V.
Minerbe en 2009 dans le cadre des
variétés riemanniennes a courbure
de Ricci positives. Dans le contexte
des espaces RCD(0O,N), nous en
déduisons une inégalité de Nash
pondérée et un contréle uniforme du
noyau de la chaleur pondéré associé.

Puis nous démontrons la loi de
Weyl sur les espaces RCD(K,N)
compactes a l'aide d'un théoréme
de convergence ponctuelle des
noyaux de la chaleur associés a une
suite mGH-convergente d’espaces
RCD(K,N).

Enfin nous abordons dans le con-
texte RCD(K,N) un théoréme de
Bérard, Besson et Gallot fournissant,
a l'aide du noyau de la chaleur,
une famille de plongements asympto-
tiquement isométriques d’une variété
riemannienne fermée dans I'espace
de ses fonctions de carré inté-
grable. Nous introduisons notam-
ment les notions de métrique RCD,
de meétrique pull-back, et de conver-
gence faible/forte de métriques RCD
sur un espace RCD(K,N) compacte,
et nous prouvons un résultat de con-
vergence analogue a celui de Bérard,
Besson et Gallot.

Mots Clés

Espaces métriques mesurés, Noyau
de la chaleur, Inégalités fonction-
nelles, Théorie spectrale, Loi de Weyl

Abstract

The aim of this thesis is to present
new results in the analysis of metric
measure spaces.

We first extend to a certain class of
spaces with doubling and Poincaré
some weighted Sobolev inequalities
introduced by V. Minerbe in 2009 in
the context of Riemannian manifolds
with non-negative Ricci curvature. In
the context of RCD(0,N) spaces, we
deduce a weighted Nash inequality
and a uniform control of the associ-
ated weighted heat kernel.

Then we prove Weyl's law for com-
pact RCD(K,N) spaces thanks to
a pointwise convergence theorem
for the heat kernels associated with
a mGH-convergent sequence of
RCD(K,N) spaces.

Finally we address in the RCD(K,N)
context a theorem from Bérard,
Besson and Gallot which provides, by
means of the heat kernel, an asymp-
totically isometric family of embed-
dings for a closed Riemannian man-
ifold into its space of square inte-
grable functions. We notably intro-
duce the notions of RCD metrics,
pull-back metrics, weak/strong con-
vergence of RCD metrics, and we
prove a convergence theorem analog
to the one of Bérard, Besson and Gal-
lot.

Keywords

Metric measure spaces, Heat kernel,
Functional inequalities, Spectral the-
ory, Weyl’s law
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