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Abstract

The present study is about the formulation of a dynamic LES model to simu-
late turbulent diffusion flames. For such flames, fuel and oxidizer do not mix
before entering the combustion chamber. Compared to premixed flames, dif-
fusion flames are easier to design and safer to operate since there is no risk of
flashbacks. On the other hand, they are well known to be highly pollutant and
low efficient. Those flames are present in glass furnaces, rocket engines, or even
in gas turbines under particular operating conditions.
Nowadays, simulation has become of utmost importance in juxtaposing exper-
iments and helping the design of modern burners. Despite the computational
power growth, direct simulations of the entire spectrum of turbulence (DNS)
are still not affordable for practical applications. Large Eddy Simulation repre-
sents a good compromise in terms of information retrieved and computational
cost. The basic idea is to solve the filtered Navier-Stokes equations so that the
most energetic structures are computed through the calculus grid, while the ef-
fects of the sub-grid scale structures are modeled according to the equilibrium
hypothesis between the eddies and the wrinkling of the flame surface (flamelet
models).
A model broadly validated for turbulent application is the so called ’Thick-
ened Flame Model’ for Large Eddy Simulation (TFLES). Initially formulated
for premixed flame, this approach consists in thickening the flame front to solve
it with a coarse grid by preserving the flame speed. Nevertheless, it has also
been successfully used in predicting the qualitative behavior of non-premixed
turbulent flame without clear theoretical foundations.
In the present work, the TFLES model is then used for a laminar diffusion
counter-flow flame to analyze the model’s impact on such flame.
A second part of the present study focuses on analyzing a dynamic formulation
to predict the flame surface in turbulent diffusion flames. The accuracy of such
predictions depends mainly on the model of the flame surface’s wrinkling effects
at the non-resolved scales. In real turbulent flames, the equilibrium between
turbulence and flame wrinkling is not always verified as the flame is laminar
at an early stage and progressively wrinkled by turbulent motions. Classical
LES combustion models are based on algebraic expressions. Others assume an
additional balance equation for concerned variables. The drawback of these
formulations is that they depend on constants that, in turn, strongly depend
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on the specific scale range and application.
A promising alternative recently developed consists in using a dynamic model to
automatically adjust the flame wrinkling factor from the knowledge of resolved
scales. This modeling approach has been widely used to described unresolved
turbulent transport. Recent studies of the dynamic wrinkling factor formu-
lation coupled with different combustion models for large eddy simulation of
turbulent premixed combustion have shown the capabilities to predict a wide
range of phenomenon.
In the present work, the dynamic formulation is coupled with the TFLES model,
and its implications on non-premixed flames are investigated for a planar tur-
bulent jet.



Synthése

La présente étude porte sur le développement d’un modèle pour la simulation
aux grandes échelles des flammes turbulentes non-prémélangées. Ces flammes,
dans lesquelles combustible et comburant arrivent séparément dans la zone de
réaction, sont plus faciles à concevoir que les flammes prémélangées (pas de mé-
lange préalable des réactifs dans des proportions compatibles avec les limites
d’inflammabilité) et sont plus sûres puisqu’il n’y a pas de risque de remon-
tée de flamme (« flashback »), ce qui motive leur utilisation dans un certain
nombre de situations (fours industriels, moteurs-fusée, . . . ). En revanche, elles
sont globalement moins performantes tandis que l’impossibilité de contrôler
leur température maximale, déterminée par les conditions stoechiométriques,
favorise la formation des oxydes d’azote.
La simulation numérique est devenue aujourd’hui incontournable pour aider
à la conception de brûleurs performants. Malgré la croissance continue de la
puissance des moyens de calcul, les simulations numériques directes (DNS),
sans modélisation de l’interaction flamme / turbulence, restent hors de portée
pour des chambres de combustion d’intérêt pratique. A l’inverse, les approches
de type RANS (Reynolds averaged Navier-Stokes simulation) ne donnent accès
qu’à la connaissance de l’écoulement moyen. La simulation aux grandes échelles
(LES) représente alors un bon compromis en termes d’informations récupérées,
notamment le comportement instationnaire des flammes, et de coûts de calcul.
Elle consiste à résoudre les équations de Navier-Stokes filtrées pour calculer
explicitement les structures les plus grandes et les plus énergétiques de la tur-
bulence, tandis que les effets des structures les plus petites, non-résolues sur le
maillage de calcul, sont modélisés.
Un des modèles de combustion les plus utilisés en simulation aux grandes
échelles est le modèle dit « de flamme épaissie » (« thickened flame model
»). Initialement développé pour les flammes prémélangées, il consiste à épais-
sir artificiellement le front de flamme afin de permettre sa résolution sur le
maillage de calcul, tout en préservant la vitesse de flamme laminaire, tandis
que la surface de flamme perdue par le processus d’épaississement est modéli-
sée par un facteur de plissement. Ce modèle a également été utilisé avec succès
pour les flammes turbulentes non-prémélangées malgré l’absence de fondements
théoriques clairs. L’objectif de ce travail est d’étudier plus en détail le compor-
tement du modèle pour ces dernières. Une étude analytique développée sous
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l’hypothèse d’une densité constante et confirmée par des simulations prenant
en compte les variations de densité, montre que le taux de réaction total est si-
gnificativement affecté par la procédure d’épaississement, y compris, mais dans
une moindre mesure, si l’épaississement est limité à la zone de réaction par
l’introduction d’un senseur. Pour une cinétique chimique suffisamment rapide,
le taux de réaction d’une flamme non-prémélangée laminaire est controlée par
la diffusion moléculaire des réactifs. Modifier cette diffusion influe donc direc-
tement la prédiction du taux de réaction.
Une seconde partie de ce travail consiste à examiner la capacité d’une formula-
tion dynamique à prédire la surface de flamme non-résolue dans la simulation
en exploitant la connaissance des échelles résolues. Ce formalisme permet ici
l’ajustement automatiquement en cours de calcul du paramètre d’un modèle
de plissement de type fractal. Cette approche permet de s’affranchir de l’hy-
pothèse d’équilibre entre structures turbulentes et plissement de la surface de
flamme des modèles algébriques usuels, pas toujours vérifiée en pratique, sans
devoir résoudre une équation pour la surface de flamme. Un cas idéal de jet
planaire turbulent bidimensionnel a été étudié pour reproduire des conditions
de chimie infiniment rapide, y compris après épaississement, et permettre une
simulation directe de référence (i.e. suffisamment résolue pour se passer d’un
modèle d’interaction flamme / turbulence). Le modèle TFLES est ensuite appli-
qué sans modèle de plissement. Enfin, après une vérification du comportement
fractale de la flamme, le modèle TFLES a pu être couplé avec une modélisation
dynamique du plissement de surface de flamme de sous-mailles basé sur une for-
mulation fractale. Le modèle dynamique s’avère robuste et permet de prédire
correctement la surface de flamme totale. Malheureusement, la surestimation
du taux de réaction par unité de surface de flamme induite par la procédure
d’épaississement conduit à surestimer les taux de réaction totaux. Ce résultat
suggère de coupler le formalisme dynamique avec une modélisation de type «
flammelette » de la structure locale de la flamme. Le modèle TFLES pourrait
toutefois donner de bons résultats pour les flammes non-prémélangées dans les
situations où le taux de réaction est essentiellement contrôlé par le transport
turbulent des réactifs.
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Nomenclature

Latin Characters :

[Xk] Molar concentration of
specie k [mol/m3]

F Thickening factor [ − ]
Mk name of the specie k
Qi Progress rate of reaction i
a strain rate
A cross-sectional area [m2]
AT instantaneous flame sur-

face of turbulent flame
[m2]

Ai pre-exponential constant
for the forward reaction i

B Fractal dimension [ − ]
c Progress variable [ − ]
Cpk Specific heat capacity

at constant pressure of
specie k [J/(kg K)]

Cvk Specific heat capacity
at constant volume of
specie k [J/(kg K)]

dw Distance to the closest wall
D Molecular diffusion coeffi-

cient [m/s]
Dk Molecular Diffusion coeffi-

cient of specie k [m/s]
DT Thermal diffusion coeffi-

cient [m/s]
ek Mass energy of specie k

[J/kg]

E Total non-chemical energy
of the mixture [J/kg]

Eai Activation energy for the
reaction i [cal/mol]

hk Mass enthalpy of specie k
[J/kg]

H Total non-chemical en-
thalpy of the mixture
[J/kg]

Ji,k i component of molecu-
lar diffusive flux of the
specie k [kg/(m2/s)]

k Wavenumber [m−1]
kB Boltzmann constant [J/K]
Keqi Equilibrium reaction con-

stant for the reaction i
lf mean free path of the par-

ticle [m]
lt Integral length scale [m]
m mass of the mixture [kg]
mk Mass of specie k [kg]
n number of moles [mol]
nk number of moles of specie k

[mol]
p Total pressure of the mix-

ture [N/m2]
pk Partial pressure of specie k

[N/m2]
Q Heat Released by the reac-

tion per unit mass [J/kg]
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qi i-component of energy flux
[J/(m2s)]

R Ideal gas constant
[J/(molK)]

s Mass stoichiometric ratio
[−]

SL Laminar flame speed [m/s]
ST Turbulent flame speed

[m/s]
T Temperature of the mix-

ture [K]
ui i-component of velocity

vector [m/s]
u′ Turbulent velocity fluctua-

tion [m/s]

u′∆ Sub-grid scale turbulent
velocity [m/s]

V c
i i-component of correction

velocity [m/s]
V Volume of the mixture

[m3]
Wk Molar mass of specie k

[kg/mol]
W Mean molecular weight of

the mixture [kg/mol]
Xk Molar fraction of specie k

[−]
Yk Mass fraction of specie k
Z Mixture fraction [−]



Nomenclature xiii

Greek Characters :

βi Temperature exponent for
the forward reaction i [−]

δi Reference flame thickness
δ0
L Thermal flame thickness

[m]
δc Inner cut-off flame scale

[m]
δij Kronecker delta [−]
∆x Grid spacing [m]
∆ Combustion filter size [m]
∆̂ Test filter size [m]
∆̌ Effective test filter size [m]
∆avg Average filter size [m]
∆h0

f,k Mass enthalpy of forma-
tion of the specie k at
temperature reference
T0 = 0K [J/kg]

ηk Kolmogorov length scale
[m]

θF Flame sensor
γ Ratio between effective

test and filter combustion
filter sizes [−]

Γ∆ Efficiency function [−]
ω̇k Mass reaction rate of

specie k [kg/(m3 s)]
Ω̇k Mass reaction rate per unit

area of specie k [kg/(ms)]
ω̇T Heat release due to com-

bustion [J/(m3 s)]

λ Heat conduction coeffi-
cient [J/(mKs)]

µ Dynamic (shear viscosity)
[kg/(ms)]

ν Kinematic viscosity [m2/s]
νsgs Sub-grid scale turbulent

viscosity [m2/s]
ν ′ki Molar stoichiometric coef-

ficient of specie k for the
forward reaction i [−]
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ficient of specie k for the
backward reaction i [−]

φ Equivalence ratio [−]
ρ Density of the mixture
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ρk Density of specie k [kg/m3]
Σ Flame Surface density

[1/m]
τij Viscous stress tensor

[N/m2]
τk Kolmogorov time scale [s]
τc Chemical time scale [s]
τt Integral time scale [s]
Ξ∆ Sub-grid wrinkling factor

[−]
ζ non-dimensional axial cor-

dinate [−]

Non-dimensional numbers:

Da Damköhler number
Dafl Damköhler number for diffusion flame
Ka Kalovitz number
Kn Knudsen number
Lek Lewis number of specie k
Pr Prandtl number
Re Reynolds number
Ret Reynolds turbulent number
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Re∆ Sub-grid scale Reynolds turbulent number
Sck Schmidt number of specie k

Abbreviations:

CF Counter-flow
CFD Computational Fluid Dynamics
CFL Courant-Friedrichs-Lewy
DNS Direct Numerical Simulation
FSD Flame Surface Density
F-TACLES Filtered TAbulated Chemistry for Large Eddy Simulation
LES Large Eddy Simulation
LFA Linear Flamelet Assumption
LHS Left Hand Side
RANS Reynolds-Averaged Navier-Stokes
RHS Right Hand Side
SGS Sub-grid Scale
TFLES Thickened Flame model for Large Eddy Simulation
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Introduction

The work is part of the CLEAN-Gas project, a Marie-Curie Innovative training
network (http://www.cleang-gas.polimi.it). The scientific goal is to investigate
the natural gas combustion, which is of great interest to the European Energy
policy. The network consists of four academic partner institutions (Politecnico
di Milano, Université Libre de Bruxelles, École CentraleSupélec and Technis-
che Universität Darmstadt), three industrial partners (Ansaldo Energia, Rolls
Royce Deutschland, Numeca) and the T.I.M.E. Association from four different
countries.

Energy and Combustion

The role of combustion in the energy supply is of utmost importance. According
to the Inernational Energy Agency (2016), in the European Union, combustion
accounts for almost 80% of energy consumption, as shown in figure 1. Despite
the growing environmental impact, combustion is not supposed to decrease in
the next future. The reason is found in the physical and chemical properties
of liquid hydrocarbons, particularly the density of energy in terms of unit vol-
ume and mass make them well suitable for ground and air transportation. Till
today it is the only practicable means to concentrate the energy required for
long distances. Furthermore, combustion still plays a vital role in electrical
energy production, despite renewable energy sources’ growth. However, com-
bustion processes produce pollutant chemical species that have harmful effects
on human health and the environment, such as carbon monoxide CO, nitrogen
oxide pollutants NOx, unburnt hydrocarbons HC and soot. Besides, the only
fact that combustion produces carbon dioxide contributes to global warming
(Sawyer, 2009).
In every application, from transportation to energy production, a combustion
chamber should face environmental constraints, and the interest in understand-
ing and optimize combustion processes is crucial.
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(a)

(b)

Figure 1 – Total Primary Energy Supply (TPLES) in the European Union in kilo-
tonne of oil equivalent (ktoe). Energy supply mix of coal, oil, natural gas, nuclear,
hydraulic, biofuel and waste, Geothermal-solar: (a) evoluation of global TPES from
1990 to 2016; (b) share of global TPES in 2016 (Inernational Energy Agency, 2016);

Computational Fluid Dynamics CFD

The thesis work is carried out in the context of computational fluid dynamics
(CFD). In the last decades, with the increasing of the computational perfor-
mances (as predicted by Meuert et al. (2018), figure 2), the role of CFD in the
preliminary design is becoming of utmost importance in basic research and in
supporting the design of combustion systems (examples in figure 3). Today al-
most all the flowfield of engineering applications can be adequately handled by
CFD, such as reacting flows in a combustion chamber, flame-wall interaction,
combustion instabilities, deflagrations, explosions, and more.
In addition to economic advantages, CFD offers the opportunity to retrieve
detailed information of the flowfield, some of which can be difficult to measure.
However, the CFD results are only as valid as the physical model incorporated
in the governing equations, and therefore are subject to error, especially for
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Figure 2 – Performance of computational resources development over the time in
[Flop/s] (Floating point operations per second). Green symbols: sum of the perfor-
mance of the first 500 powerful computer in world; yellow symbols: performance of
the most powerful computer; blue symbol performance of the 500th most powerful com-
puter. Continuous lines: projected performance development (Meuert et al., 2018)

(a) (b)

Figure 3 – examples of CFD applications in combustion systems. (a) Direct numerical
simulation of flame stabilization in a lifted hydrogen flame. Image shows the mixture
fraction iso-surface (tan colour) and volume rendering of the OH radical concentration
(Kothe, 2007) ; (b) LES and DNS of a lean premixed swirl flame (Moureau et al., 2011)
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turbulent flows (Morton, 1993). Regrettably, it is essential to point out that
CFD cannot reproduce physics inadequately included in the problem formula-
tion. The most notable example is turbulence. Today, most CFD solutions of
turbulent flows contain turbulence models that are just approximations of ac-
tual physics, which depend on empirical data for various constants considered
in the turbulence model.

Work Contributions

In the context of Large Eddy Simulation, the most energetic scales of the flow
are directly resolved by the numerical grid, while the smallest ones’ effects need
to be modeled. However, the flame front is still too thin to be resolved with
the computational mesh, and several approaches have been developed to over-
come the problem. Examples are flame fronts tracking techniques, such as the
G-equation (Kerstein et al., 1988; Raman and Pitsch, 2007), adoption of fil-
ters larger than the mesh size (Boger et al., 1998) and the TFLES approach
(Colin et al., 2000) in which diffusion and pre-exponential factors are modified
to thicken the flame artificially. The present work adopts this last strategy.
Initially designed for premixed flame regimes, the TFLES model has also been
used for non-premixed (Legier et al., 2000; Schmitt et al., 2007) and partially
premixed flames (Sengissen et al., 2007) without theoretical support.
The present manuscript investigates in detail the behavior of the model in tur-
bulent non-premixed flames.
Furthermore, the non-resolved sub-grid terms require taking into account the
interaction between the flame and the turbulence. Several models are used in
literature which include sub-grid turbulent flame speed (Poinsot and Veynante,
2012; Pitsch, 2006), which is directly related to the flame front wrinkling factor
(Colin et al., 2000; Charlette et al., 2002a) or to the sub-grid flame surface den-
sity (Boger et al., 1998). Usual algebraic models assume equilibrium between
turbulent motions and flame surface, unlikely verified in transient situations.
A way to overcome this problem can be to solve an additional balance equation
for the filtered surface density (Richard et al., 2007; Hawkes and Cant, 2000) or
the wrinkling factor (Weller et al., 1998). However, new unclosed terms appear
and need to be modeled. The alternative is to develop dynamic models that
model the sub-grid scale contributions by using the resolved ones’ information.
The approach consists of filtering the resolved field with a test filter scale larger
than the original LES filter. This strategy has been widely used, and the ba-
sic idea was first applied to describe sub-grid momentum transport (Germano
et al., 1991) with the so-called Germano identity. In combustion modeling, the
dynamic approach is used to determine the sub-grid scale flame/turbulence in-
teraction. When the Germano-like identity is averaged all over the domain, the
parameter is uniform and evolves with time (global formulation). Over a finite
volume instead, the parameter evolves both in time and space (local formula-
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tion). Charlette et al. (2002b) proposed a dynamic global formulation for the
exponent parameter of a fractal wrinkling factor expression coupled with the
TFLES model. Wang et al. (2012) and Wang et al. (2011) used the dynamic
formulation for a jet flame and a transient ignition of a flame kernel under
several operating conditions. Schmitt et al. (2015) and Schmitt et al. (2013)
adopted the dynamic formulation to the wrinkling factor expression coupled
with the tabulated chemistry F-TACLES method, simulating the Tecflam tur-
bulent swirl burner and the turbulent Bunsen flames.
Volpiani et al. (2016) simulate a pilot stabilized jet flame by using a dynamic
formulation for the wrinkling factor combined with the TFLES model. They
also investigated the influence of physical (flame wrinkling, inner cut-off length
scale) and numerical (test width, averaging procedure, updating frequency)
characteristics. Furthermore, the dynamic formulation has also been applied to
predict combustion instabilities for the PRECCINSTA burner (Volpiani et al.,
2017b).
Other uses of dynamic formalism involve variances and scalar dissipation rates
of a mixtures that describe non-premixed combustion model (Réveillon and
Vervisch, 1998; Pierce and Moin, 1998, 2004; Balarac et al., 2008; Kaul et al.,
2013). These approaches can be denoted as "indirect" to differ from the previ-
ous ones that involve reaction rates directly.
Hence another objective of the present work is to extend the direct dynamic
formulation to non-premixed configurations and investigate its behavior.
To sum up, the main contributions of the manuscript are:

• theoretical investigation of the TFLES for the non-premixed flame in
laminar and turbulent regimes. The analysis goes through the effect of
the model for a simple laminar counterflow configuration;

• investigation and choice of a proper chemical mechanism for diffusion
flames;

• application of the dynamic formulation to a planar turbulent diffusion
flame used as reference.

Structure of the manuscript

The manuscript is organized into two parts and one annex. Part I includes
the conservation equations of reacting flows, the basic theory of laminar non-
premixed flame, and the state of the art of dynamic modeling. Part II explains
the theoretical work done on the laminar configuration, and the modeling con-
cepts of the dynamic formulation are applied to a planar turbulent diffusion
flame. The annex contains an analysis of reduced chemical mechanisms for
methane and an analytical approach explaining the relation between thickened
and filtered diffusion thickness of a laminar non-premixed flame.
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General Concepts





Chapter 1

Conservation equations

This chapter explains the fundamental equations of multi-species react-
ing flows with an insight into the laminar non-premixed flame theory.
The Navier-Stokes equations, the species balance, and the energy con-
servation are used by considering a Newtonian fluid in a continuum
space. The chapter aims to help the reader deeply understand the na-
ture of the problem from a mathematical perspective since combustion
involves multiple species reacting through multiple chemical reactions.
The derivation of the fundamental equations of reacting flows can be
found in classic books such as Kuo (2005); Williams (1985); Poinsot
and Veynante (2012), while Peters (1988); Linan and Crespo (1976);
Bilger (1988, 1989) cover the theory of the laminar non-premixed flame.
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1.1 Primitive and Thermochemical Variables . . . . . . 9
1.2 Governing Equations . . . . . . . . . . . . . . . . . . 11
1.3 Laminar non-premixed flame . . . . . . . . . . . . . 17

1.3.1 Steady strained one-dimensional diffusion flame . . . 21
1.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . 23

1.1 Primitive and Thermochemical Variables

In a mixture, species are characterized through their mass fractions Yk for
k = 1...N where N is the number of species in the reacting mixture. The mass
fraction for each specie Yk is defined as:

Yk =
mk

m
(1.1)

where mk is the mass of specie k present in a given volume V and m is the
total mass of the mixture within the volume.
The primitive variables that define the system are:
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• density ρ = m/V
• three velocity field components ui
• one variable for energy (or pressure)
• mass fractions Yk of the N reacting species

The solution of a reacting flow for combustion requires N + 5 variables. Since
most chemical schemes involve a large number of species (N is larger than 50
for most simple hydrocarbon fuels), the number of conservation equations to
solve represents a substantial computational effort.

The molar fraction Xk is defined as the ratio between the number of moles
of k-species (nk) in a volume V and the total number of moles n in the same
volume:

Xk =
nk
n

=
W

Wk
Yk (1.2)

whereW is the mean molecular weight andWk is the molar mass of the species
k.
The molar concentration [Xk] is number of mole of species k per unit volume:

[Xk] =
nk
V

= ρ
Yk
Wk

= ρ
Xk

W
(1.3)

In a mixture of perfect gas the total pressure p is the sum of the partial pressures
pk of the species:

p =
∑

pk pk = ρk
R

Wk
T (1.4)

where ρk = Ykρ is the partial density of the species, R = 8.314J/(molK) is
the gas constant and T the temperature of the system. So the state equation
is reduced to:

p = ρ
R

W
T (1.5)

Information about the energetic status of the system can be taken into account
with several variables. Considering the species k, the most used are the energy
ek and the enthalpy hk per unit mass defined as the sum of a sensible and a
chemical part:

ek =

∫ T

T0

CvkdT −RT0/Wk︸ ︷︷ ︸
sensible

+ ∆h0
f,k︸ ︷︷ ︸

chemical

(1.6)

hk =

∫ T

T0

CpkdT︸ ︷︷ ︸
sensible

+ ∆h0
f,k︸ ︷︷ ︸

chemical

(1.7)
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Form Energy Enthalpy
Sensible es =

∫ T
T0
CvdT −RT0/Wk hs =

∫ T
T0
CpdT

Sensible + Chemical e = es +
∑N

k=1 ∆h0
f,k h = hs +

∑N
k=1 ∆h0

f,k

Total Chemical et = e+
u2
i

2 ht = h+
u2
i

2

Total non-Chemical E = es +
u2
i

2 H = hs +
u2
i

2

Table 1.1 – Enthalpy and energy forms used in conservation equations (Poinsot and
Veynante, 2012)

where ∆0
f,k is mass enthalpy formation of the specie k at temperature T0. Cvk

and Cpk are the heat capacity of the species respectively at constant volume
and constant pressure. Those two quantities are related:

ek = hk −
pk
ρk

(1.8)

there are multiple ways to express energy and enthalpy of a mixture. Different
forms are summarized in table 1.1. The heat capacities of the mixture are given
by:

Cp =
N∑
k=1

CpkYk (1.9)

Cv =
N∑
k=1

CvkYk (1.10)

1.2 Governing Equations

It is possible to describe the flow of particles at different levels of detail. In order
to model a flowfield, it is important to consider the distribution of particle in
the space in term of mean free path lf which is the average distance travelled by
a moving particle between two collisions which modify its direction or energy or
other particle properties (Laurendeau, 2005). For a Boltzmann gas, the mean
free path can be calculated as:

lf =
kBT√
2πd2P

(1.11)

where kB = 1.38 10−23J/K is the Boltzmann constant, T is the thermodynamic
temperature, d is the particle hard-shell diameter and P is the total pressure.
Considering the mean free path l and the characteristic length of the flow L,
the Knudsen number is defined as:

Kn =
lf
L

=
kBT√

2πσ2 P0L
(1.12)

For a relatively small Knudsen number (Kn < 0, 01) the system is considered
continuous and flow is viscous. A compressible reaction flow is so described by
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the Navier-Stokes equations as (Williams, 1985):
∂ρui
∂t

+
∂

∂xi
(ρuiuj) = − ∂

∂xj
[Pδij − τij ] (1.13)

∂ρE

∂t
+

∂

∂xj
(ρEuj) = − ∂

∂xj
[ui (Pδij − τij) + qj ] + ω̇k (1.14)

∂ρYk
∂t

+
∂

∂xj
(ρYkuj) = − ∂

∂xj
[Jj,k] + ω̇k (1.15)

Equations 1.13-1.15 are the conservation laws respectively for momentum, total
energy and species; ρ is the density, ui is the component i of the velocity vector
and E is the total energy per unit mass.
The stress tensor τij , the diffusive flux for the species Jj,k, the heat flux vector
qj the species source ω̇k and the energy source term ω̇T have to be defined to
close the system of equations.
In vector notation, it writes as:

∂w

∂t
+∇ · F = s (1.16)

where w = (ρu, ρv, ρw, ρE, ρYk)
T is the state vector, F is the flux tensor and s

is the source term. The flux tensor can be decomposed into an inviscid and a
viscous term:

F = FI(w) + FV (w,∇w) (1.17)

Inviscid Term

The components of the inviscid flux FI(w) are:

f̄ I =


ρu2 + P
ρuv
ρuw

(ρE + P )u
ρYku

 (1.18)

ḡI =


ρuv

ρuv2 + P
ρvw

(ρE + P )v
ρYkv

 (1.19)

h̄I =


ρuw
ρvw

ρw2 + P
(ρE + P )w
ρYkw

 (1.20)
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Viscous terms

The viscous term FV (w,∇w) is:

¯fV =


−τxx
−τxy
−τxz

−(uτxx + vτxy + wτxz) + qx
Jx,k

 (1.21)

ḡV =


−τxy
−τyy
−τyz

−(uτxy + vτyy + wτyz) + qy
Jy,k

 (1.22)

h̄V =


−τxz
−τyz
−τzz

−(uτxz + vτyz + wτzz) + qy
Jz,k

 (1.23)

where τij is the stress tensor, Ji,k the diffusive flux of species k in the i-direction
and qi the heat flux vector.

Viscous Stress Tensor

The stress tensor τij for a Newtonian fluid is:

τij = −2

3
µ
∂uk
∂xk

δij + µ

(
∂ui
∂xj

+
∂uj
∂xi

)
(1.24)

where µ is the shear viscosity and δij is the Kronecker symbol (for i = j, δij = 1,
otherwise δij = 0). Some notations gather the pressure tensor with the viscous
term to obtain:

σij = τij − pδij = −pδij −
2

3
µ
∂uk
∂xk

δij + µ

(
∂ui
∂xj

+
∂uj
∂xi

)
(1.25)

Species diffusion flux

In multi-species flows the total mass conservation implies that:

N∑
k=1

YkVk,i = 0

N∑
k=1

ω̇k = 0 (1.26)
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where Vk, i are the components in the i-direction of the diffusion velocity of the
specie k. It is often expressed as a function of the species gradient using the
approximation by Hirschfelder and Curtiss (1954):

XkVk,i = −Dk
∂Xk

∂xi
(1.27)

where Xk is the molar fraction and Dk is the diffusion coefficients for the specie
k. Considering the mass fraction, equation 1.27 becomes:

YkVk,i = −Dk
Wk

W

∂Xk

∂xi
(1.28)

The influence of the temperature gradients on the diffusion (know as Soret
effect) and the molecular transport due to the pressure gradients (Giovangigli,
1999) are neglected.
By summing equation 1.28 for all the species, the mass conservation 1.26 is
not achieved. A correction diffusion velocity V c

i is so added to the convection
velocities Vk,i to ensure the global mass conservation (Poinsot and Veynante,
2012):

V c
i =

N∑
k=1

Dk
Wk

W

∂Xk

∂xi
(1.29)

The diffusive species flux for the specie k is:

Jk,i = ρYk(Vk,i + V c
i ) = −ρ

(
Dk

Wk

W

∂Xk

∂xi
− YkV c

i

)
(1.30)

Heat flux vector

In muti-species flows, the heat flux is given by the conduction and by the species
gradients, so that the total heat flux vector is:

qi = −λ ∂T
∂xi

+

N∑
k=1

Jk,ihsk (1.31)

qi = −λ ∂T
∂xi︸ ︷︷ ︸

conduction

−ρ
N∑
k=1

(
Dk

Wk

W

∂Xk

∂xi
− YkV c

i

)
hsk︸ ︷︷ ︸

species diffusion

(1.32)

where λ is the heat conduction coefficient of the mixture.
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Transport coefficients

The dynamic viscosity µ depends on several variables such as species concentra-
tion, temperature and pressure. However, it is commonly assumed to depend
only on the temperature with a small induced error. A typical approximation
is the Sutherland’s law (Sutherland, 1893), which relates the dynamic viscosity
to the temperature as follows:

µ = µref

(
T

Tref

)3/2 Tref + S

T + S
(1.33)

where µref is the viscosity measured at reference temperature Tref and S is the
Sutherland temperature. Values for the reference temperature and the Suther-
land temperature are Tref = 273K and S = 110.4K.

The heat conduction is related to the Prandtl number, assumed constant in
time and space (Pr = 0.7), so:

λ =
µCp
Pr

(1.34)

One can write the thermal diffusion as:

DT =
µ

ρPr
=

λ

ρCp
(1.35)

The determination of the species diffusion coefficientsDk is not straightforward.
Those are written as a function of the binary coefficients Dij obtained from the
kinetic theory (Hirschfelder and Curtiss, 1954) and write as (Bird, 1961):

Dk =
1− Yk∑N

j 6=kXj/Djk

(1.36)

where Dij are complex function of collision integrals and thermodynamic vari-
ables. However in most industrial application using large eddy simulation a
complex transport is not necessary. Thus, a simplified approximation for Dk

is adopted. The Schmidt numbers Sck of the species are assumed to be con-
stant in time and space. So the binary diffusion coefficient for each specie is
computed as:

Dk =
µ

ρSck
(1.37)

The thermal heat diffusivity DT and the species diffusion coefficient Dk are
related by the Lewis number of the specie Lek:

Lek =
DT

Dk
=

Sck
Pr

(1.38)

In simple turbulent model it is can assumed that the thermal and molecular
diffusivity are equal so the Lewis number is equal to unity.
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Source Term

The source term s on the RHS of equation 1.16 is:

s =


0
0
0
ω̇T
ω̇k

 (1.39)

where ω̇T is the rate of heat release and ω̇k the reaction rate of the specie k.
Considering N species Mk reacting through M reactions, a chemical mecha-
nism can be written as:

N∑
k=1

ν ′kiMk ↔
N∑
k=1

ν ′′kiMk , i = 1, ...,M (1.40)

where ν ′ki and ν
′′
ki are the molar stoichiometric coefficients of the specie k for

the reaction i. The total reaction rate of specie k, ω̇k is the sum of the reaction
rate ω̇ki produced by the all the M reactions:

ω̇k =

M∑
i=1

ω̇ki = Wk

M∑
i=1

νkiQi (1.41)

where νki = ν ′ki − ν ′′ki and Qi is the rate progress of reaction i and it is written
as:

Qi = Kfi

N∏
k=1

(
ρYk
Wf

)ν′ki
︸ ︷︷ ︸

kfi

−Kri

N∏
k=1

(
ρYk
Wk

)ν′′ki
︸ ︷︷ ︸

kri

(1.42)

Kfi and Kri are the respectively the forward and reverse rates of reaction i.
They are commonly modelled with the Arrhenius’s law (Arrhenius, 1889):

Kfi = AiT
βi exp

(
Eai
RT

)
(1.43)

Ai is the pre-exponential constant, βi is the temperature exponent and Eai
is the activation energy of reaction i. The terms kfi and kri are commonly
referred respectively as forward and reverse reaction rates for the reaction i.
The reverse rates Kri are computed from the forward rates and the equilibrium
constant Ki

eq:

Kri =
Kfi

Ki
eq

(1.44)
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The Ki
eq terms depend only on the temperature and on the thermodynamic

data of the system and can be computed as (Kuo, 2005):

Ki
eq =

( pa
RT

)∑N
k=1 νkj

exp

(
S0
i

R
− H0

i

RT

)
(1.45)

H0
i and S0

i are respectively the enthalpy and entropy changes when passing
from reactants to products for the reaction i. Then the heat release by the
reaction is calculated as:

ω̇T = −
N∑
k=1

ω̇k∆h
0
f,k (1.46)

where ∆h0
f,k is the mass enthalpy of formation of the specie k at the reference

temperature of T0 = 0K.
The source term due to the radiation effects is not taken into account in the
present work.

1.3 Laminar non-premixed flame

The non-premixed or diffusion flames constitute a class of specific flames where
fuel and oxidiser enter the combustion chamber separately without premixing.
Literature on non-premixed flame is abundant (Linan and Crespo, 1976; Bilger,
1988, 1989).
Figure 1.1 shows a simple configuration; it is important to do some consider-
ations. First, away on each side of the flame, the mixture is too rich or too
lean to burn so that the chemical reactions can happen only in a limited region.
The flame is steady only if a strain is applied when oxidiser and fuel are pushed
against each other. Unlike the premixed flame, the diffusion flame does not
exhibit any flame speed neither a reference flame thickness. From an industrial
point of view, these flames are simpler to design and to build because they do
not require any premixing with a given equivalence ratio. They do not propa-
gate so they are relatively safer to operate, compared to premixed flames, but
in turn, the efficiency is reduced .
The following assumptions are considered for the analysis:

• a single step chemical reaction with N speciesMk:

N∑
k=1

ν ′kMk 

N∑
k=1

ν ′′kMk (1.47)

• constant thermodynamic pressure and low Mach numbers

• all the diffusion coefficients of the species Dk are constant and equal to
D. The Fick’s law is used for diffusion velocities
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Figure 1.1 – Laminar non-premixed Flame structure (Poinsot and Veynante, 2012).

• heat capacities Cpk of chemical species are equal and independent of the
temperature, Cpk = Cp

The balance equation of mass fraction (eq. 1.15) of the species Yk rewrites to:

∂ρYk
∂t

+
∂

∂xi
(ρuiYk) =

∂

∂xi

(
ρD

∂Yk
∂xi

)
+ ω̇k (1.48)

and the energy equation (from eq. 1.14 and 1.35),:

∂ρT

∂t
+

∂

∂xi
(ρuiT ) =

∂

∂xi

(
λ

ρCp

∂T

∂xi

)
+ ω̇T (1.49)

where λ is the heat conduction coefficient.
By considering the case where the reaction (1.47) involves only fuel (F ), oxidiser
(O) and products (P ):

νFF + νOO 
 νPP (1.50)

By assuming the case of reaction (1.50), it is possible to link the reaction rate
of the fuel ω̇F and the oxidiser ω̇O as:

ω̇O = s ω̇F with s =
νOWO

νFWF
(1.51)

where s is the mass stoichiometric ratio and WF and WO are the molecular
weights of fuel and oxidiser respectively.
By considering the reaction rate for the temperature equation (eq. 1.46) and
the the heat released per unit mass by the reaction Q as:

Q =

N∑
k=1

(
∆h0

f,k

Wkνk
WF νF

)
(1.52)
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it is possible to retrieve the source term of the energy equation:

ω̇T = Qω̇F (1.53)

By using these relations, the conservation equations for fuel, oxidiser and tem-
perature become:

∂ρYF
∂t

+
∂

∂xi
(ρuiYF ) =

∂

∂xi

(
ρD

∂YF
∂xi

)
+ ω̇F (1.54)

∂ρYO
∂t

+
∂

∂xi
(ρuiYO) =

∂

∂xi

(
ρD

∂YO
∂xi

)
+ s ω̇F (1.55)

∂ρT

∂t
+

∂

∂xi
(ρuiT ) =

∂

∂xi

(
λ

Cp

∂T

∂xi

)
+
Q

Cp
ω̇F (1.56)

where λ is the thermal conductivity. Combining equations 1.54, 1.55 and 1.56
and assuming unity Lewis numbers (Le = λ/(ρCpD) = 1), the following quan-
tities:

Z1 = sYF − YO ; Z2 =
CpT

Q
+ YF ; Z3 =

CpT

Q
+ YO (1.57)

follow the same balance equation:

∂ρZj
∂t

+
∂

∂xi
(ρuiZj) =

∂

∂xi

(
ρD

∂Zj
∂xi

)
(1.58)

where Z is a passive scalar and changes because of diffusion and convection but
not because of reaction. The normalized variables zj :

zj =
Zj − ZOj
ZFj − ZOj

(1.59)

follow the same convection/diffusion equation:

∂ρzj
∂t

+
∂

∂xi
(ρuizj) =

∂

∂xi

(
ρD

∂zj
∂xi

)
(1.60)

and with the same boundary conditions zj = 1 in the fuel and zj = 0 in the
oxidiser stream, all those variable are equal:

z1 = z2 = z3 = z (1.61)

Expressing z with equations 1.59 and the boundary conditions of table 1.2

z =
sYF − YO + Y 0

O

sY 0
F + Y 0

O

=

Cp
Q (T − T 0

O) + YF
Cp
Q (T 0

F − T 0
O) + Y 0

F

=

sCp
Q (T − T 0

O) + YO − Y 0
O

sCp
Q (T 0

F − T 0
O)− Y 0

O

(1.62)

where Y 0
O and T 0

O are the oxidiser mass fraction and temperature at the oxidiser
tank, Y 0

F and T 0
F are the fuel mass fraction and temperature at the fuel tank.
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Variable Fuel side Oxidiser side
Fuel Mass fraction Y 1

F 0
Oxidiser Mass fraction 0 Y 0

O

Temperature T1 T0

Mixture fraction z 1 0

Table 1.2 – Boundary conditions for species mass fractions, temperature and the
mixture fraction z defined by eq. 1.59.

Another important quantity in diffusion flame is the scalar dissipation rate χ
defined as:

χ = 2D

(
∂z

∂xi

∂z

∂xi

)
(1.63)

The variable χ has the dimension on an inverse time, and it is related to the
gradient of z and the fluxes of the species towards the flame front and vice-
versa. Furthermore, the quantity of

√
D/χ represents an estimation of the

mixing layer thickness.

A common assumption for diffusion flame is that all the species and temperature
depends on the mixture fraction z and on the time t

T = T (z, t) and Yk = Yk(z, t) (1.64)

This assumption means that the gradients along the flame front are neglected
compared to the gradients normal to the flame front (Williams, 1985; Peters,
2000). In a multi-dimensional flow, this requires that the flame be thin com-
pared to other flow and wrinkling scales. So each element of the flame can be
viewed as a small laminar flame called flamelet.

So, the balance equation (1.48) and energy equation (1.49) can be rewritten as
follows (Poinsot and Veynante, 2012):

ρ
∂Yk
∂t

= ω̇k +
1

2
ρχ
∂2Yk
∂z2

(1.65)

ρ
∂T

∂t
= ω̇T +

1

2
ρχ
∂2T

∂z2
(1.66)

Equations 1.65 and 1.66 are so called flamelet equations.
Another significant quantity to define the structure of a diffusion flame is the
stoichiometric mixture fraction zst. In infinitely fast chemistry assumption the
reaction takes places at z = zst, since fuel and oxidiser can not coexists in the
same location 1.

1Because their combustion rate is infinitely fast compared to all other scales in the flame.
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Figure 1.2 – Diffusion flame structure in the mixture fraction z diagram for irre-
versible infinitely fast chemistry (Burke and Schumann, 1928).

The flame structure can be defined (Burke and Schumann, 1928) on the fuel
side (z > zst) as:

YF (z) = Y 0
F

z − zst
1− zst

YO(z) = 0

T (z) = zT 1
F + (1− z)T 0

O +
QY 0

F

Cp
zst

1− z
1− zst

(1.67)

and on the oxidiser side (z < zst):

YF (z) = 0

YO(z) = Y 0
O(1− z

zst
)

T (z) = zT 1
F + (1− z)T 0

O +
QY 0

F

Cp
z

(1.68)

The stoichiometric mixture fraction zst can be retrieved from equation (1.62)
as the position where both YF and YO are zero:

zst =
1

1 +
sY 0
F

Y 0
O

(1.69)

1.3.1 Steady strained one-dimensional diffusion flame

The counter flow steady strained diffusion flame is a representative configu-
ration for the diffusion regime (figure 1.3). Experimentally it can be created
by sending a stream of fuel against a stream of oxidiser. The flame is stable
because the flow is strained and z depends only on the the axial cordinate.
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Oxidizer
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x1
x2

z = 0

z = 1

z = zst
Flame	x1=x1f

Figure 1.3 – Planar counter flow flame domain.

Assuming constant density, the velocity field can be written as potential flow-
field:

u1 = −ax1 and u2 = ax2 (1.70)

The strain rate a, which has a dimension of time−1 is assumed to be constant.
By considering unity Lewis number for all the species and constant diffusion,
the continuity equation can be reduced to (Poinsot and Veynante, 2012):

−ax1
∂z

∂x1
= D

∂2z

∂x2
1

(1.71)

replacing x1 by ζ = x1

√
a/2D one can write:

∂2z

∂ζ2
+ 2ζ

∂z

∂ζ
= 0 (1.72)

with boundary conditions: z(+∞) = 1 and z(−∞) = 0, the solution of equation
(1.72) is:

z =
1

2
[1 + erf(ζ)] =

1

2

[
1 + erf

(
x1

√
a

2FD

)]
(1.73)

and its gradient:

∂z

∂ζ
=

exp
(
−ζ2/F

)
√
π F

and
∂z

∂x1
=

√
a

2πFD
exp

(
−x2

1

a

2FD

)
(1.74)

The fuel reaction rate per unit area Ω̇, representative of the heat released by
the flame,can be expressed integrating equation 1.54 between x−f and x+

f which
are two points located at both sides of the front xf infinitely close to it:

Ω̇ =

∫ x+
1f

x−1f

ω̇Fdx1 = −
[
ρD

∂YF
∂x1

]x+
1f

x−1f

= ρD

[
∂YF
∂x1

]
x1=x+

1f

(1.75)
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By assuming infinitely fast chemistry, the fuel mass fraction can be recast as
(Poinsot and Veynante, 2012; Burke and Schumann, 1928):

YF = Y 0
F

z − zst
1− zst

(1.76)

so that:

∂YF
∂x1

=
∂YF
∂z

∂z

∂xi
(1.77)

By considering equations (1.74), (1.76) and (1.77), eq 1.75 rewrites as:

Ω̇F = ρ
Y 0
F

1− zst

√
aD

2π
exp (−ζ2

f ) (1.78)

where ζf correspond to the flame location where z > zst and from Eq. (1.73)
it is computed as:

ζf = x1f

√
a

2D
= erf−1(1− 2zst) (1.79)

The scalar dissipation can be directly related to the strain rate a by considering
the solution of z distribution (eq. 1.73):

χ = 2D

(
∂z

∂x1

)2

=
a

π
exp

(
− a
D
x2

1

)
(1.80)

Combining eq. 1.73 and 1.80 gives:

χ =
a

π
exp

(
−2
[
erf−1(1− 2z)

]2)
= χ0 exp

(
erf−1(1− 2z)

)
= χ0F (z) (1.81)

where χ0 is the maximum value of the scalar dissipation corresponding to the
stagnation plane.
For infinitely fast irreversible chemistry its value on the flame front is:

χf =
a

π

[
−2
(
erf−1 (1− 2zst)

)2]
= χ0F (zst) (1.82)

The solution of relation (1.82) is shown in figure 1.4 for a methane air counter
flow laminar flame.

1.4 Conclusion

The basic concepts of primitive and thermochemical variables describing a
system’s thermodynamic state have been given. Furthermore, the governing
equations to describe a multi-species flowfield have been explained (Williams,
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Figure 1.4 – Scalar dissipation rate χ versus reduced abscissa ζ in a constant density
methane/air flame (strain rate a = 30s−1).

1985; Kuo, 2005; Poinsot and Veynante, 2012). Finally, the attention has fo-
cused on the basic definitions and equations for a simplified laminar diffusion
flame (Linan and Crespo, 1976; Bilger, 1988, 1989; Peters, 2000; Poinsot and
Veynante, 2012). Simplifications (such as constant pressure, constant density,
single-step chemical reaction, constant diffusion) allows retrieving simple rela-
tions to understand the physics of a real diffusion flame. However, the following
chapter focuses on the turbulent diffusion flames.



Chapter 2

Turbulent Flame Modeling

Since full-resolved simulations are still not affordable for a real indus-
trial combustion system, the Large Eddy Simulation (LES) represents
an interesting compromise between the flow field and the computational
cost. It is now widely used, and it consists of filtering the Navier-Stokes
equations to directly resolve the most significant structure of the turbu-
lent spectrum and model the effects of the smallest ones.
This chapter describes the numerical modeling of turbulent flames in
the context of LES.
The combustion models for the sub-grid terms are classified according
to their basic concept formulation into three main groups: flame sur-
face, statistical descriptions, and turbulent mixing. A particular focus
is given to the models used for non-premixed flames.
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2.1 Turbulence Characterization

A turbulent flow is a fluid motion characterized by chaotic changes in pressure
and velocity (Batchelor, 2000). A traditional description, used mainly for theo-
retical modeling, consists of a mean flow, created by pressure gradients or other
forces, does work on the large-scale motions of the turbulence, thereby increas-
ing their energy turbulence production (Ferziger, 1999). Through various other
processes, including vortex, stretching, the energy is transferred to ever smaller
scales until, eventually, it reaches the scales small enough for viscosity to dissi-
pate the energy into the fluid’s internal energy. The distribution of energy over
the scales of turbulence is usually described in terms of wavenumber k of the
perturbation, defined as:

k =
Up
f

(2.1)

where Up is the speed at which the perturbation is propagating, which can be
the mean flow speed, and f is the frequency of propagation. Related to the
wavenumber, a wavelength λ can be defined as:

λ =
1

k
(2.2)

For homogeneous flows, it is possible to represent the velocity field as a Fourier
series as:

u(x) = Σû(k)eikx (2.3)

so the energy spectrum as:

E(k) =
1

2
u(k)u∗(k) (2.4)

where the superscript ∗ denotes the complex conjugate of the quantity. The
energy spectrum gives the distribution of the turbulence energy in terms of
wavenumber.
So according to (Kolmogorov, 1941), the three-dimensional energy spectrum in
such a region must have the form:

E(k) = CKε
2/3k−5/3 (2.5)

where E(k) is the three dimensional energy spectrum, so E(k)dk is the amount
of energy in a spherical shell of thickness dk in three dimensional wave-number
space, ε is the rate of energy dissipation, and CK is the Kolmogorov constant
deduced from experimental measurements. The energy spectrum 2.5 can be ob-
tained in many ways, and it has been experimentally verified numerous times.
Figure 2.1 shows a typical energy spectrum of turbulence in logarithmic coor-
dinates.
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Figure 2.1 – Turbulence energy cascade over the wavenumber. Both scales are log-
arithmic. Most energetic scales lt (integral length scales), smallest scales ηk (Kol-
mogorov length scales).

However, several length scales can be figured out in the spectrum of a turbulent
flow. Of these the most important are the integral or outer scale and the Kol-
mogorov scale. The inertial range lie in between, where there is no production,
and the rate at which energy is transferred to the smaller scales must equal the
rate at which it is dissipated at the smallest scales.
Generally, the integral length scales lt (with integral time scales τt) correspond
to the peak in the energy spectrum. They represent, therefore, the character-
istic length-scale of the energy-containing scales. The Kolmogorov scales ηk
(with time scales τk) are the ones at which the dissipation takes place and thus
the smallest scales of interest in a turbulent flow. By assuming that they are
determined entirely by the rate of dissipation of the energy transported by the
turbulence and the viscosity ν, it is possible to show that (Benocci and Olivari,
2014):

ηk =

(
ν3

ε

)3/4

(2.6)

where ηk is the Kolmogorov scale and ε is the rate of dissipation. One can
demonstrate that, these scales are related by:

lt
ηk

= Re3/4
L (2.7)

where:

ReL =
Ult
ν

(2.8)

and U is the characteristic velocity of the large scales.
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Figure 2.2 – Turbulence energy spectrum plotted as a function of wave numbers.
RANS, LES and DNS are summarised in terms of spatial frequency range. kc is the
cut-off wave number used in LES (log-log diagram) (Poinsot and Veynante, 2012).

Equation 2.7 is useful to estimate the cost of the simulation for the specific
application. For example, for the Sandia D flame three-dimensional flow at
ReL = 22400 (Barlow and Frank, 2007), the resolution of the entire spectrum
requires at least Re9/4

L = 6.1 billions grid points which is definitely impractica-
ble with the present computational resources.

Inside the inertial range it is possible to define an inertial sub-range at which
the eddies are significantly affected by the viscosity. The characteristic length of
those scales is defined as the Taylor length microscale λTaylor (Tennekes, 1972).
Its size can be computed from the turbulent Reynolds number, based on the
integral length scale lt and its corresponding turbulent velocity fluctuations u′

(van Beeck and Benocci, 2014):

λTaylor ≈ L
√

15/Ret (2.9)

where Ret is the turbulent Reynolds number:

Ret =
u′lt
ν

(2.10)

2.1.1 Computational approaches for turbulent flows

The approaches adopted to simulate turbulent flows differ in term of length
scale modelling as shown in figure 2.2.

• Direct Numerical Simulation DNS consists in solving the Navier-
Stokes equations directly. In principle, this is a good idea but, in prac-
tice, the computational time can be exorbitant, especially if one at-
tempts to simulate flows of industrial interest. A further difficulty is
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that of generating the initial and the boundary conditions required to
define the problem completely.

• Large Eddy Simulation LES computes the behaviour of the large
scales explicitly but models the effect of the small scales on them. In
order to obtain the equations for the larger scales, the equations are
filtered;

• Reynolds averaged Navier-Stokes Simulation RANS is the most
commonly used approach to predict turbulent flows. The Reynolds av-
eraging operation is based on the idea of decomposing the flow into a
mean flow and a turbulent fluctuation. This technique is appropriate
steady flows where the controlling conditions does not change in time.

2.2 Diffusion flames

For finite rate chemistry, the flow effects on the diffusion flame structure can
be quantified with the Damköhler number (Poinsot and Veynante, 2012) Dafl,
which is defined as the ratio between the flow τf and chemical time scale τc:

Dafl =
τf
τc

(2.11)

In order to define the flow time τf , it is common practice to refer to the scalar
dissipation rate, which measures the mixture fraction gradients and it is directly
related to the strain rate. The idea is to consider τf as a mixing time scale so it
can be estimated as the inverse of the scalar dissipation rate at stoichiometric
position: τf ≈ 1/χst.
Several expressions of the Damköhler number for diffusion flames Dafl can
be found in literature from he asymptotic analysis (Liñán, 1974; Cuenot and
Poinsot, 1996; Vervisch and Poinsot, 1998). For example, the most relevant
form, relies the Dafl to the fuel Y 0

F and oxidizer Y 0
O mass fraction in the fuel and

oxidizer stream respectively and to the scalar dissipation rate at stoichiometric
point χst (Poinsot and Veynante, 2012):

Dafl = f
(
Y 0
F , Y

0
O, χst

)
(2.12)

This quantity is useful to estimate the quenching of the flame due to the strain.
In order to develop models for diffusion flames, it becomes necessary to identify
combustion regimes that characterise the flame. Compared to the premixed
flame, the description in diffusion flames is more complex since the length
scales varies with time and space.
Unfortunately, the thickness of a non-premixed flame is not constant, and it
depends on the flow motions. However, a reference flame thickness can be
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Length scale Velocity scale
Flame δi = (1/|∇z|)z=zst δi/τc
Vortex r u′

Ratio r/δi u′τc/δi

Table 2.1 – Characteristic length and velocity scaled introduced to analyse DNS
flame/vortex interaction (Poinsot and Veynante, 2012)

Figure 2.3 – Laminar diffusion flame/vortes interaction spectral log-log diagram.
Regime plotted versus velocity and length scale ratios refined in table 2.1 (Cuenot and
Poinsot, 1994)

estimated as (Cuenot and Poinsot, 1994):

δi =

(
1

|∇z|

)
z=zst

=

√
2Dst

χst
(2.13)

where χst is the scalar dissipation rate at the stoichiometric position z = zst
and Dst is the molecular diffusion coefficient at the stoichiometric value. A
chemical time scale τc can be defined from asymptotic theories (Liñán, 1974;
Cuenot and Poinsot, 1996; Vervisch and Poinsot, 1998).

τc =
1

χstDafl
(2.14)

When dealing with flame vortex interaction, a reference flame velocity can be
computed as uf = δi/τc. By considering r, the characteristic size of the vortex
and u′ the characteristic velocity, a length scale ratio and a velocity ratio can
be defined respectively as r/δi and u′/uf .
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In table 2.1 the characteristic length scales r/δi and velocity scales u′τc/δi for
a diffusion flame are listed.
The flame vortex interaction regime is represented in a log-log diagram based
on the velocity and length scale ratios as shown in figure 2.3. Two characteristic
lines can be identified:

• a constant Damköhler number Da, comparing vortex and chemical times:

Da =
r/u′

τc
=

r

δi

(
u′

δi/τc

)−1

(2.15)

which corresponds to a line of slope +1 in a log-log diagram

• a vortex Reynolds number defined as:

Revortex =
u′r

ν
=
τd
τc

(
u′

δi/τc

)(
r

δi

)
(2.16)

where τd = δ2
i /ν is the diffusion time. Constant vortex Reynolds number

correspond to lines of slopes -1.

In a work of Cuenot and Poinsot (1994), a two-dimensional direct numerical
simulation has been performed to investigate the interaction between a vortex
and the laminar diffusion flame front.
Figure 2.3 show various regimes that can be identified and analysed. Four
typical situations result from DNS with two transition Damköhler numbers
(DaLFA and Daext):

• for sufficiently large Damköhler numbers (Da > DaLFA), the flame front
behaves like a laminar flame element with the same scalar dissipation
rate, so the steady laminar flamelet assumption (LFA) can be adopted
(case A in figure 2.3);

• for small length scale ratio, a strong curvature of the flame front is
remarked and the heat and molecular diffusion along the tangential
direction to the flame front are not negligible anymore (case B in figure
2.3);

• for sufficiently large length scale and by decreasing the Damköhler num-
ber (increasing the vortex speed u′) to a certain value (Daext < Da <
DaLFA), the chemical time is no more negligible compared to the time
of the vortex, so the chemistry is not able to instantaneously follow the
flow changes as in LFA. Unsteady effects can be observed (case C in
figure 2.3);

• when the turbulent velocity further increases, induces a strain on the



32 Chapter 2 - Turbulent Flame Modeling

Figure 2.4 – Characteristical length scales in turbulent non-premixed combustion
(Poinsot and Veynante, 2012)

flame front that becomes too strong (Da < Daext) and quenching occurs
(case D in figure 2.3).

2.2.1 Combustion turbulent diffusion flames regimes

The characterisation of the turbulent combustion regimes can be done only with
the identification of reference length scales. For homogeneous and isotropic
turbulence, the scales considered are the integral length scale lt and the Kol-
mogorov scales ηk. Two main length scales characterise the flame front of a
non-premixed flame:

• the diffusion layer thickness ld, defined as the thickness of the zone of
variation of the mixture fraction (0 < z < 1). In mixture fraction space
the thickness is ∆z = 1

• the reaction zone thickness lr which corresponds to the region where
the reaction rate is non zero. In mixture fraction space this layer has
thickness ∆zr and it lies around the stoichiometric iso-surface zst

Unlike for the premixed flame, those quantities are not constant and depend
on time and flow conditions, and can vary independently.
However, a local laminar diffusive layer thickness can be always estimated with
Eq. 2.13. By extending this analysis to turbulent non-premixed flames the
diffusive layer thickness, can be computed as:

ld ≈
√
Dst/χ̃st (2.17)

where χ̃st is defined as:

ρ̄χ̃st = 2
(
ρD |∇z|2 |zst

)
(2.18)
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Thickness Time Reference velocity

Diffusive layer ld ≈
√
Dst/χ̃st τf ≈ 1/χ̃st = l2d/Dst ld/τf

Reactive layer lr = ld(Dafl)−1/a τc = 1/(Daflχ̃st) lr/τc

Table 2.2 – Characteristic length scales in turbulent non-premixed flame.
Dafl = (τcχ̃st)

−1 (Poinsot and Veynante, 2012).

where (Q|zst) denotes a conditional average of Q on the stoichiometric surface
z = zst.
The mean scalar dissipation rate χ̃st is generally unknown. By assuming that
the turbulent motion controls the flame structure, the local diffusion layer can
be viewed as a steady constant density diffusion layer, and χ̃ and χ̃st can be
directly related (Poinsot and Veynante, 2012).
The knowledge of χ̃st can be used to estimate a diffusion time scale τf :

τf ≈ (χ̃st)
−1 (2.19)

Then the local flame Damköhler number is:

Dafl = τf/τc ≈ (χ̃stτc)
−1 (2.20)

Furthermore, with asymptotic theories, a reactive layer thickness lr can be
related to the diffusive thickness ld and the Damköhler number. For a single
step chemical reaction of fuel F and oxidizer O as νF F + νOO −−→ P
(Liñán, 1974):

lr/ld ≈
(
Dafl

)−1/a
(2.21)

where a = νF + νO + 1. The higher is the Damköhler number, the thinner is
the reaction zone
In order to describe the non-premixed turbulent flame regimes, further assump-
tions have to be done. The classification is possible by comparing the chemical
time τc with a turbulent time which has to be identified. By assuming ho-
mogeneous isotropic turbulence, the maximum strain rates and the shortest
turbulent time depend on the Kolmogorov scale. The diffusive thickness ld and
the time 1/χ̃st are assumed to be constant and controlled by the Kolmogorov
motions of size ηk and time τk so:

ld ≈ ηk and τf = (χ̃st)
−1 ≈ τk (2.22)

At the Kolmogorov scales, the Reynolds number is one, so:

ηkuk
Dst

=
η2
k

Dstτk
=

l2d
Dstτf

= 1 (2.23)
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Figure 2.5 – Regimes for turbulent non-premixed combustion as a function of the
Damköhler number Da = τt/τc (based on the turbulence integral time scale τt and
chemical time scale τc) and turbulent Reynolds number Ret = u′lt/ν (Poinsot and
Veynante, 2012). The line Da = DaLFA represent the lower limit for which the flame
is expected to have laminar flame structure, while the line Da = Daext is the limit of
the extinction.

The integral length scale lt is the order of the mean mixing zone thickness lz
estimated from the mean mixture fraction gradient:

lt ≈ lz ≈ (|∇z̃|)−1 (2.24)

The combustion regime and the flame structure depend on the chemical time
scale τc. As shown in figure 2.5 for fast chemistry (low τc and large Da), the
flame is sufficiently thin (lr << ld ≈ ηk) to be identified to a laminar flame
element ("flamelet"). For larger values of chemical time τc the reaction thick-
ness lr becomes of the same of order of the Kolmogorov scale ηk and unsteady
effects are expctected, and by further increasing τc (Da decreasing) extinction
takes place.
By considering the integral time scale τt, the Damköhler number can be re-
cast as function of the local flame Damköhloer number Dafl and the turbulent
Reynolds number Ret (Poinsot and Veynante, 2012):

Da =
τt
τc

=
τt
τk

τk
τc
≈ τt
τk

2

χ̃stτc
≈ 2
√

RetDafl (2.25)

Constant local laminar Damköhler number Dafl correspond to lines of slope
1/2 in a log-log (Da,Ret) diagram. According to Cuenot and Poinsot (1994),
for Dafl ≥ DaLFA the flame is expected to have laminar flame structure (LFA)
and extinction occurs for large chemical times (Dafl ≥ Daext).
The diagram depicted in figure 2.5 should be carefully used for several reasons.
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First, because the local flame thickness depends on the local flow conditions
such as local strain rates and can be affected by unsteady effects. Then the
local diffusion thickness ld and time τf are supposed to be controlled by the
Kolmogorov length scales, but this assumption needs to be validated. In the
literature, several diagrams are present, and they introduce various parameters
such as the scalar dissipation rate or the mixture fraction variance z̃′′2 (Borghi,
1988; Peters, 2000).

2.3 Large Eddy Simulation formulation

The present work is based on the flame modeling in the context of Large Eddy
Simulation, which consists in resolve the filtered equation of the flow field. LES
are based on the use of filtering operation: a filtered (or resolved, or large-scale)
variable, denoted by an overbar, is defined as (Leonard, 1975):

f̄(x) =

∫
Ω
f(x′)G(x,x′,∆)dx′ with

∫
Ω
G(x,x′,∆)dx′ = 1 (2.26)

where Ω is the entire domain and G is the spatial filter function. The filter
function determines the size and the structure of the small scales. The size
of the smallest eddies is related to the filter width ∆. In order to accurately
represent the eddies, the grid size h should be sufficiently fine. The filter width
∆ is a key factor in modelling the unresolved stresses, and the determination of
a proper value have been largely discussed in literature (McMillan and Ferziger,
1979; Ghosal, 1996; Geurts and Fröhlich, 2002; Meyers et al., 2005).
The most commonly-used filter functions are

• the sharp Fourier cutoff filter, defined in the wavenumber space1:

Ĝ(k) =

{
1 if k ≤ π/∆
0 if otherwise

(2.27)

• the Gaussian filter,

G(x) =

(
6

π∆

) 3
2

exp

(
−6x2

∆2

)
(2.28)

• and the top-hat filter in the real space:

G(x) =

{
1/∆3 if |x| ≤ ∆/2

0 otherwise
(2.29)

1in thie case, the quantity denoted by a caret .̂ is the complex Fourier coefficient of the
original quantity
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The filtered quantity f̄ represent the resolved turbulent structures. The con-
tribution of the non resolved structures are:

f ′(x, t) = f(x, t)− f(x, t) (2.30)

To account for density fluctuations, the density weighted Favre-filtering is
adopted (Favre, 1969):

ρ̄f̃(x) =

∫
ρf(x′)G(x− x′)dx′ or f̃ =

ρf

f̄
(2.31)

However, several other filters can be found in literature (Lele, 1992; Lund, 1999;
Vasilyev et al., 1998; Haselbacher and Vasilyev, 2003). It is important to note
that a priori:

¯̄f 6= f̄ and f ′ 6= 0 (2.32)

2.4 Filtered equation for reactive flows

The balance equations for large simulations are obtained by filtering the in-
stantaneous balance equations 1.13-1.15:

∂ (ρ̄ũi)

∂t
+

∂

∂xj
(ρ̄ũiũj) +

∂

∂xj
ρ̄ (ũiuj − ũiũj) = −∂P̄ δij

∂xj
+
∂τ̄ij
∂xj

(2.33)

∂ρ̄Ẽ

∂t
+

∂

∂xj

(
ρ̄ũjẼ

)
+

∂

∂xj
ρ̄(ũjE− ũjẼ) = − ∂

∂xj

[
ui (Pδij − τij) + q̄j

]
+ ¯̇ωT

(2.34)

∂ρ̄Ỹk
∂t

+
∂

∂xj

(
ρ̄Ỹkũj

)
+

∂

∂xj
ρ̄
(
ũjYk − ũj Ỹk

)
= −

∂J̄j,k
∂xj

+ ¯̇ωk (2.35)

which in vector notation is:

∂w̄

∂t
+∇ · F̄ = s̄ (2.36)

with w̄ = (ρũ, ρṽ, ρ̄w̃, ρẼ, ρỸk)
T being the state vector, s̄ is the filtered source

terms. F̄ is the flux vector that can be divided in three parts: the resolved
inviscid part F̄I , the viscous part F̄V and the sub-grid scale turbulent part
F̄SGS. The effect of the unresolved scales on the resolved field are unknown
and they need to be modelled, namely:

• Unresolved Reynolds stresses τ̄ sgsij = ρ̄(ũiYk − ũiỸk), which repre-
sents the impact of the unresolved motions on the resolved ones.
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• Unresolved species fluxes J̄ sgs
j,k = ρ̄(ũiYk − ũiỸk)

• Unresolved energy fluxes q̄sgsi = ρ̄(ũiE − ũiẼ)

• Filtered species and heat diffusion fluxes J̄j,k in the species equa-
tion and q̄j in the energy equation.

• Filtered chemical reaction rates ¯̇ωk

Inviscid terms

The three spatial components of the inviscid flux tensor are the same as in
DNS, but based on the filtered quantities:

f̄ I =


ρ̄ũ2 + P̄
ρ̄ũṽ
ρ̄ũw̃

ρ̄Ẽũ+ Pu

ρ̄Ỹkũ

 (2.37)

ḡI =


ρ̄ũṽ

ρ̄ũṽ2 + P̄
ρ̄ṽw̃

ρ̄Ẽṽ + Pv

ρ̄Ỹkṽ

 (2.38)

h̄I =


ρ̄ũṽ
ρ̄ṽw̃

ρ̄w̃2 + P̄

ρ̄Ẽw̃ + Pw

ρ̄Ỹkw̃

 (2.39)

Viscous terms

The components of the viscous flux tensor is:

¯fV =


−τ̄xx
−τ̄xy
−τ̄xz

−(uτxx + vτxy + wτxz) + q̄x
J̄x,k

 (2.40)
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ḡV =


−τ̄xy
−τ̄yy
−τ̄yz

−(uτxz + vτyz + wτyz) + q̄y
J̄y,k

 (2.41)

h̄V =


−τ̄xz
−τ̄yz
−τ̄zz

−(uτxz + vτyz + wτzz) + q̄z
J̄z,k

 (2.42)

Filtered stress tensor

The filtered stress tensor τ̄ij is modelled as (Boussinesq, 1877):

τ̄ij = 2µ

(
Sij −

1

3
δijSll

)
≈ 2µ̄

(
S̃ij −

1

3
δijS̃ll

)
(2.43)

with µ̄ ≈ µ
(
T̃
)
and the filtered strain rate tensor:

S̃ij =
1

2

(
∂ũj
∂xi

+
∂ũi
∂xj

)
(2.44)

Diffusive species flux

The diffusive is written:

J̄i,k = −ρ
(
Dk

Wk

W

∂Xk

∂xi
− YkV c

i

)
≈ −ρ̄

(
D̄k

Wk

W

∂X̃k

∂xi
− ỸkṼ c

i

)
(2.45)

with D̄k = µ̄/(ρ̄Sck) and Ṽ c
i =

N∑
k=1

D̄k
Wk
W

∂X̃k
∂xi

Heat flux

The heat flux term q̄i:

q̄i = − ∂T
∂xi

+

N∑
k=1

Ji,khsk ≈ −
∂T̃

∂xi
+

N∑
k=1

J̄i,kh̃sk (2.46)

with λ̄ ≈ µ̄C̄p(T̃ )/Pr
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Sub-grid scale turbulent terms

The filtering operation of the balance equation leads to unclosed quantities to
be modelled. So the sub-grid scale flux takes the form of:

f̄SGS =


τ̄ sgsxx

τ̄ sgsxy

τ̄ sgsxz

q̄sgsx
J̄ sgs
x,k

 (2.47)

ḡSGS =


τ̄ sgsxy

τ̄ sgsyy

τ̄ sgsyz

q̄sgsy
J̄ sgs
y,k

 (2.48)

h̄SGS =


τ̄ sgsxz

τ̄ sgsyz

τ̄ sgszz

q̄sgsz
J̄ sgs
z,k

 (2.49)

The different terms modeled in turn as following:

Reynolds tensor

τ̄ sgsij = ρ̄(ũiuj − ũiũj) ≈ −2ρ̄νsgs

(
S̃ij −

1

3
δijS̃kk

)
(2.50)

where νsgs is the so called sub-grid turbulent viscosity. Its modelling is explained
in details in the following section;

Sub-grid scale diffusive species flux vector

J̄ sgs
i,k = ρ̄

(
ũiYk − ũiỸk

)
≈ −ρ̄

(
Dsgs
k

Wk

W

∂X̃k

∂xi
− ỸkṼ c,t

i

)
(2.51)

with Dsgs
k = νsgs/Sctk. Usually the turbulent Schmidt number is assumed to

be the same for all the species. The correction diffusion turbulent velocity is
written as:

Ṽ c,t
i =

N∑
k=1

νsgs

Sctk

Wk

W

∂X̃k

∂xi
(2.52)
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sub-grid scale heat flux vector

q̄sgsi = ρ̄
(
ũiE − ũiẼ

)
≈ −λsgs

∂T̃

∂xi
+

N∑
k=1

J̄ sgs
i,j h̃sk (2.53)

with λsgs = µsgsC̄p(T̃ )/Prt. The turbulent Prandtl number is set to Prt = 0.6

2.5 LES models for sub-grid stress tensor

The sub-grid scale (SGS) tensors and vectors describe the interaction between
the resolved and unresolved structures. The interaction between the resolved
and the unresolved structures of the flow is described by the sub-grid scale
(SGS) tensor and vectors. The momentum transfer caused by the turbulent
eddies is modelled with an eddy viscosity model with the Bussinesq assumption.
Equation 2.50 can be written as

τ̄ sgsij −
1

3
τ̄ sgsll δij = −ρ̄νsgs

(
∂ũi
∂xj

+
∂ũj
∂xi
− 2

3
δij
∂ũk
∂xk

)
= −2ρ̄νsgs

(
S̃ij −

1

3
δijS̃kk

)
(2.54)

S̃ij being the strain rate of the resolved structures. Many models are available
in literature for the turbulent viscosity νsgs (also indicated with νT ) (Piomelli,
1999; Garnier et al., 2009; Pope, 2000), however, the following description will
limited to the ones used in the present work.

2.5.1 Smagorinsky model

The Smagorinsky model was developed for meteorological applications (Smagorin-
sky, 1963). The turbulent viscosity writes as:

νsgs = (Cs∆)2(2S̃ijS̃ij)
1/2 = (Cs∆)2|S̃| (2.55)

being ∆ the filter characteristic length evaluated as ∆ = (∆x∆y∆z)1/3, Cs
is a constant usually set between 0.1 and 0.2 depending on the flow configura-
tion. However the model is known to overpredict the amount of dissipation in
anisotropic turbulent zones such as solid boundaries and mixing layers.
An improvement has been introduced by computing the resolved strain rate sen-
sor from an high pass filtered velocity. Ducros and Marcel (1996) improved the
model by computing the resolved strain rate tensor from an high pass filtered
velocity field HP(S̃ij):

νsgs = (CF∆)2
√

2HP(S̃ij)HP(S̃ij), (2.56)
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Figure 2.6 – Graphical representation of the Germano identity in the energy spec-
trum. The unknown unresolved Reynolds stresses at the filter level τ sgs

ij and at the test
filter level (Tij) are related through Lij which is the LES resolved part of the unresolved
Reynolds stresses Tij (Poinsot and Veynante, 2012).

2.5.2 Dynamic Smagorinsky model

The dynamic Smagorinsky formulation differ from the standard one in the fact
that the model parameter CD is no longer fixed, but determined dynamically.
The idea is to estimate the small scale dissipation from the knowledge of the
resolved eddies. The determination of CD is based on the Germano identity
(Germano et al., 1991) and follows the Lilly (1992)’s procedure.
A test filter φ̂, of width ∆̂ > ∆, is introduced. Numerical tests have shown that
an optimal value for the test filter width is ∆̂ = 2∆ (Spyropoulos and Blaisdell,
1996). The resolved turbulent stress Lij is related to the sub-grid stress term
τsgs and the sub-grid stress term at the test level ∆̂, Tij as (fig. 2.6):

Lij = Tij − τ sgsij (2.57)

where
Tij = ρ̂uiuj − ρ̂ui ρ̂uj/ ˆ̄ρ (2.58)

Lij = ̂̄ρũiũj − ̂̄ρũi ̂̄ρũi/ ˆ̄ρ (2.59)
By assuming that the two sub-grid tensor τ sgsij and Tij can be modelled with the
same constant CD for both filter levels, according to the Smagorinsky model
they can be expressed as:

τ sgsij −
δij
3
τ sgskk = −2CD∆2|S̃|

(
S̃ij − 1

3δijS̃kk

)
= CDβij (2.60)

Tij −
δij
3
Tkk = −2CD∆̂2| ˆ̃S|

(
ˆ̃Sij − 1

3δij
ˆ̃Skk

)
= CDαij (2.61)

where CD is the parameter to be determined and the tensor αij and βij are
introduced to simplify the notation. So the Germano identity is finally written
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as:

LDij = Lij −
δij
3
Lkk = CDαij − ĈDβij (2.62)

assuming that CD is constant over the interval at least equal to the test filter
width, ĈDβij = CDβ̂ij . However, this definition consists in six independent
relations, which give in turn six values of the constant. So the model parameter
is retrieved minimizing the error (Lilly, 1992):

Eij = LDij − CDαij + CDβ̂ij (2.63)

2.6 Chemistry modelling in LES

One of the primary difficulties for large-eddy simulation in combustion is in-
tegrating the chemistry information into the flow solver. The description of
chemical reactions at the molecular level is possible only with detailed mecha-
nisms that include a large number of species and reactions. Manipulating such
complex mechanisms becomes costly from a computational perspective since an
extra equation has to be solved for each species. Then the chemical reaction
rates and the transport coefficients are functions of species mass fractions and
temperature.
A detailed mechanism can quickly involve hundreds of reactions. For exam-
ple, the simple reaction of methane-air like the GRI mechanism involves 325
reactions for 53 species, and it accurately performs over the ranges 1000-2500K
of temperature, 1.0-1000 kPa of pressure, and equivalence ratios from 0.1 to 5
for premixed systems (Smith et al., 1999). In long hydrocarbons, the number
of unknowns further rises. For example, a detailed kerosene-air mechanism by
Dagaut and Cathonnet (2006) comprises 206 species and 1673 reversible re-
actions. Detailed mechanisms are suited to predict auto-ignition and simple
planar laminar flows. So many mechanisms to describe the combustion of alka-
nes, alkynes, and aromatics can be found in literature (Simmie, 2003).
Several techniques have been formulated to reduce those mechanisms. For
example, by eliminating reactions and species in a detailed mechanism, it is
possible to obtain skeletal mechanisms. Useful methods of reduction are the
systematic reaction rate analysis (Nagy and Turányi, 2009), the Jacobian anal-
ysis (Tomlin et al., 1997), theory of directed relation graph (Lu and Law, 2005),
the singular perturbation model (Massias et al., 1999; Kelley et al., 2011) and
the sensitivity analysis (Warnatz et al., 1999). Although the information on
the relevant species are not significantly affected and different phenomena are
correctly predicted (such as ignition delay, dilution effect, response to stretch),
skeletal mechanisms are still too costly for industrial 3D simulation.
Skeletal mechanisms can be further reduced. The idea behind analytical mecha-
nisms is to reduce further the number of the species with the quasi-steady-state
approximation (QSS) and the number of reactions with the partial equilibrium
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Figure 2.7 – Summary and classification of chemical mechanisms in term of compu-
tational costs, detail of information and affordable domain.

assumption (Li et al., 1999; Sánchez et al., 2000; Boivin et al., 2011). Exam-
ples of analytical schemes for methane are PETERS (Peters, 1985; Chen and
Dibble, 1991; Seshadri et al., 2001) and LU (Lu and Law, 2008). This last one
is composed of 13 species four quasi-species.
Within certain thermo-physical operating conditions, it is possible to use a re-
duced mechanism with a minimal number of species (generally around 6) and
reactions (from 2 to 4). The reactions do not correspond to elementary reac-
tions but to global reactions, calibrated to reproduce specific features of the
flame such as the laminar flame speed or the burnt gas state (Jones and Lind-
stedt, 1988; Franzelli et al., 2010). Besides, with simple adjustments, reduced
schemes can correctly predict the flame’s behavior for larger ranges of operat-
ing conditions in terms of pressure, fresh gas temperature, and stoichiometry
(Franzelli et al., 2010). So due to their affordable computational costs, they
are widely used in large-eddy simulations. Figure 2.7 resumes the chemical
mechanisms used in reacting flows. A recent strategy, proposed by Cailler et
al. (Cailler et al., 2017), consists in gradually increasing the dimensionality
by using virtual species whose thermodynamic properties and reaction rate pa-
rameters are optimized to reproduce the temperature profiles and the laminar
flame speeds of a reference library of laminar flames.
An alternative way to reduce the computational cost of detailed chemistry

is to tabulate the parameter representing the chemistry. In order to keep the
CPU costs relatively low, the tabulated chemistry methods assume that the
chemical evolution in the composition space can be parametrized and tabu-
lated by a reduced set of variables, which are generally combinations of species
mass fractions like φl =

∑N
k=1 αlkYk. So with the knowledge of φl all thermo-
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chemical variables can be φ can be so estimated using a chemical database
φtab(φ1; ...;φn).
For example, the Intrinsic Low Dimensional Manifold (IDLM) approach pro-
posed by Maas and Pope (Maas and Pope, 1992a,b) take into account only the
larger ranges of chemical time scales, where the mass fraction of a species YB
can be expressed as a function of the species mass fraction YA. It provides
excellent results at high temperatures close to equilibrium values, but unfortu-
nately, the low-temperature regions are not well described. This inconvenience
is not essential for steady flames where the highest temperatures mainly control
reaction rates but may lead to difficulties in describing ignition, transient flow,
and diffusion phenomena. Then several solutions have been proposed, like the
Flame prolongation of ILDM (FPI) (Gicquel et al., 2000; Fiorina et al., 2005)
or the "Flamelet generated manifold" FGM (Oijen and Goey, 2000). Those
techniques’ basic idea is to generate lookup tables from simulations of one-
dimensional laminar flames using complex chemical schemes (Oijen and Goey,
2000; Goey et al., 2003). Other methodologies which adopt the same principles
are the REDIM (Bykov and Maas, 2007) and ICE-PIC (Ren et al., 2006).
In some circumstances, generating and handling a lookup table can be difficult,
and it can lead to memory problems on massively parallel machines, where the
table is stored on each core. A solution is to assume the self-similarity behavior
of premixed flames (Ribert et al., 2006; Wang et al., 2010) for laminar flame
elements or turbulent flames (Veynante et al., 2008; Fiorina et al., 2009).
However, the thesis’s scope is to examine the dynamic formulation’s benefits
by adopting direct chemistry for non-premixed flames.

2.7 LES models for non-premixed flames

The different modelling methodologies of flame/turbulence interaction, used for
non-premixed flames, can be classified according to basic principle in flame sur-
face, statistical and mixing formalism (Fiorina et al., 2015). Table 2.3 resumes
the different approaches.

Turbulent non-premixed models for LES
Primary concepts Flame surface Statistics Mixing

Models - TFLES
- F-TACLES

- Presumed FDF
- Transported FDF
- CMC

- EDC
- LEM

Table 2.3 – Summary and classification of LES models used for non-premixed flames.
The classification is based on primary concepts such as pdfs, turbulent mixing and
flame surface approaches. Since the latters are not able to preserve the flame surface,
the flame/turbulence interaction is described through a wrinkling factor or a flame
surface density
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2.7.1 Flame surface approaches

Flame surface (or geometrical) formulations, mainly conceived to capture the
flame front propagation, well perform in premixed and stratified combustion
regimes. Largely used for premixed flames, some of them have been extended
to non-premixed configurations, namely filtered one-dimensional flames and
thickened flame model. However, those kind of model are not able to predict the
flame/turbulence interaction at subgrid scales, then they require an efficiency
function to keep into account the wrinkling effect of the flame front at the
sub-grid scales, or a transport equation for the flame surface density.

2.7.1.1 Filtered one-dimensional flame

The idea of this modelling approach is to filter the flame front to retrieve the
quantities of interest. For example, the application of the LES filter to a reduced
progress variable c leads to the filtered balance equation (Fiorina et al., 2015):

∂ρ̄c̃

∂t
+∇ · (ρ̄ũψ̃) +∇ · [ρ̄(ũc− ũc̃)] = ∇ · (ρD∇c) + ¯̇ωc (2.64)

For premixed flame, several techniques adopt filtering operation on the progress
variable to retrieve the unknown terms of equation (B.17) (Boger et al., 1998;
Duwig, 2007). Fiorina et al. (2010) proposed to tabulate the unclosed terms by
filtering one-dimensional laminar flames derived from detailed chemistry sim-
ulations (FTACLES). Although already used in partially premixed and strat-
ified flames (Auzillon et al., 2011, 2012), Coussement et al. (2015) extended
the FTACLES technique to a laminar diffusion flame configuration, without
sub-grid wrinkling effects of the flame front. In this case the progress variable
c in Eq. (B.17) denotes a chemical database coordinate ψ of filtered mixture
fraction z̃ and a progress variable2 Ỹc, where Yc = YCO2 +YCO Equation (B.17)
rewrites as:

∂ρ̄ψ̃

∂t
+∇ · (ρ̄ũψ̃) = ∇ · (ρ0D0∇ψ̃) + αψ + Ωψ + ¯̇ωψ (2.65)

where ρ0 and D0 are reference values for the density and molecular diffusion
coefficient, and the functions αψ, Ωψ and ¯̇Ωψ are the unresolved diffusion, con-
vective and chemical contributions. Those last terms are properly modelled in
order to accurately monitor the filtered flame thickness and the filtered maxi-
mal temperature (Coussement et al., 2015). However this model has been used
for a simple laminar configuration and several works are still ongoing for more
complex geometries. The main difficulty is to keep into account the sub-grid
scale wrinkling effects of the flame front. At present, several works are ongoing
to keep into account the sub-grid scale wrinkling effects of the flame front for
non-premixed flames.

2which depends on the case of application
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Figure 2.8 – DNS of flame turbulence interactions. Reaction rate and vorticity fields
are superimposed. (a) reference flame; (b) flame artificially thickened by a factor
F = 5. Because of the change in the length scale ratio lt/δ0

L, combustion/turbulence
interaction is changed and the thickened flame is less wrinkled by turbulence motions
(Poinsot and Veynante, 2012).

2.7.1.2 Artificially Thickened Flame Model TFLES

Originally designed for premixed flame by Colin et al. (2000), the TFLES model
has been also used for non-premixed (Legier et al., 2000; Schmitt et al., 2007)
and two-phase flames (Boileau et al., 2008a,b).
Since the thickness of the flame front happens to be smaller than the grid
resolution, the idea is to artificially thicken the flame by preserving the burning
laminar velocity (Butler and O’Rourke, 1977; O’Rourke and Bracco, 1979).
According to simple theories of the laminar premixed flames, the flame speed
SL and the flame thickness δL can be expressed as (Williams, 1985):

SL ∝
√
DT ω̇ ; δL ∝

DT

SL
(2.66)

whereDT is the thermal diffusivity and ω̇ is the mean reaction rate. In practical
applications, the thermal diffusivityDT is linearly related to the mass diffusivity
D.
In order to thicken the flame front the diffusivity D is multiplied by a factor
F , while the flame speed is preserved by diving the reaction rate by the same
factor F (Eq. 2.66). Unfortunately, thickening the flame front δL modifies the
interaction between turbulence and chemistry (as shown in figure 2.8) since the
Damköhler number decreases of a factor F (Da = τt/τc, with τc = SL/δL).
Colin et al. (2000) investigated this effect by using DNS, and they derived an
efficiency function, in fact, a wrinkling factor Ξ∆, to counterbalance this effect.
In term of formulation, the thickened flame approach consists in changing the
diffusivity and the reaction rate (Colin et al., 2000; Charlette et al., 2002a) as:

Diffusivity: D −→ FD −→ Ξ∆FD
Reaction rate: ω̇ −→ ω̇/F −→ Ξ∆ ω̇/F

thickening wrinkling
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The model has been successfully used in several configuration with different
formulation for the wrinkling factor Ξ∆ Furthermore, in order to adapt the
model to partially premixed and non-premixed configuration, a flame sensor has
been used, so that the thickening factor varies according to the flame position.
A common expression is given by Legier et al. (2000):

F = 1 + (Fmax − 1)θF (2.67)

where θF is a parameter between 0 and 1. A classical formulation relates the
sensor θF to the reaction rate of the 1D premixed laminar flame with hyperbolic
tangent relation (Legier et al., 2000). In the work of Legier, the model is
used to simulate an experimental burner which consists in two propane steams
injected through small slots into an air coflow. The model can predict the
phenomenological behaviour of the flame whether it is anchored, lifted and
even blow-off.
The use of TFLES in non-premixed configuration is not sustained theoretically.
It is part of the present work to analyse the effect of model on a laminar diffusion
flame and on a turbulent diffusion jet.

Flame wrinkling

The flame surface models described above, do not take into account the interac-
tion between the flame and the turbulence at subgrid scales. So, as mentioned
before, it becomes necessary to couple the model with a wrinkling factor Ξ∆ or
a flame surface density Σ. Those quantities can be deduced from:

• Algebraic expression, these formulations rely on the equilibrium assump-
tion between flame wrinkling and turbulent fluctuations, which is often
not valid for early flame developments. Examples of algebraic formula-
tions are given by Colin et al. (2000); Charlette et al. (2002a) or Gouldin
(1987)3.

• Similarity assumption, they take advantage of the knowledge of the
resolved scales (Knikker et al., 2002)

• Balance equations for the flame surface density (Boger et al., 1998;
Hawkes and Cant, 2000; Richard et al., 2007) Σ , or the wrinkling factor
Ξ (Weller et al., 1998)

• Dynamic modelling, where the model parameters entering algebraic ex-
pressions are automatically adjusted during the simulation from the
knowledge of the resolved flow field. These last strategies are largely
treated in the following chapter.

3this last derived an expression from a fractal analysis
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Figure 2.9 – Graphical description of the area measurement resolution relationship
for a fractal surface.

Fractal formulation

In the present manuscript, the dynamic modelling is applied for a fractal formu-
lation. A lot of complex natural phenomena related to turbulence (Mandelbrot,
1975, 1983, 2004; Sreenivasan and Meneveau, 1986) as well as the behavior of
premixed flames can be described by the fractal theory (Peters, 1988; Gouldin,
1987; Gouldin et al., 1989; North and Santavicca, 1990; Gülder, 1991; Gülder
and Smallwood, 1995a; Smallwood et al., 1995; Chatakonda et al., 2013).
The geometry characterising a fractal is different from conventional Euclidean
one. A self-similar object is composed of smaller pieces, each of which is a
replica of the whole itself. The critical point of fractal geometry is that the
measured size of a fractal object (L for a curve and A for a surface) varies with
the measurement scale ε with a power law relationship. For a fractal curve it
is:

L(ε) ∝ ε1−B , with 1 < B ≤ 2 (2.68)

while for a fractal surface:

A(ε) ∝ ε2−B , with 2 < B ≤ 3 (2.69)

where B is the fractal dimension of the curve/surface. However equations
2.68 and 2.69 are valid only in a certain range of ε delimited by an inner
(δc) and outer (ε0) cut-off lengths as shown in figure 2.9. Several studies,
numerical and experimental, have been carried out in order to analyse the
fractal nature of the flame. (Smallwood et al., 1995) measured the length of
the outline of the flame boundary. The fractal behaviour is evident (figure 2.10)
and presents an outer cut-off an inner cut-off length. Chatakonda et al. (2013)
carried out a numerical investigation. They used direct numerical simulation
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Figure 2.10 – Normalized length of the outline of the flame boundary as a function of
scale for average of 366 images for the CH4-air flame at φ = 0.7, mean bulk velocity
ū = 5m/s and turbulent velocity u′/SL = 1.22. Best-fit three linear segments are
shown along with slope and inner and outer cut-offs (Smallwood et al., 1995).

for a hydrogen-air turbulent premixed plane-jet flames with detailed chemistry
and thermonuclear flames. A three-dimensional box-counting method was used
to investigate the fractal dimension of the flame surface, characterising the self-
similarity of the flame fronts. Also in this work results show the time evolution
of the fractal dimension.
Concerning turbulent non-premixed flames, no investigations are present in
literature. However, in a turbulent non-premixed regime, it is still legitime to
assume the fractal behaviour of the flame because of the nature of turbulence.
The work of Favini et al. (2003) gives an example where the fractal model is
used to simulate a turbulent CH4/H2/Air non-premixed jet.
In premixed flame, a key point in the fractal formulation is the inner cut-off
length which represents the smallest scale of the wrinkled flame. According to
the fractal formalism the turbulent flame area AT and the laminar one A can
be related to inner δc and outer ε0 cut-off scales as (Gouldin, 1987; Gouldin
et al., 1989; Gülder, 1991):

AT
A

=

(
ε0
δc

)B−2

(2.70)

In LES, the outer cut-off length is the combustion filter size ∆. The determi-
nation of the inner cut-off length is not straightforward and several estimations
can be found in literature that relate it to Kolmogorov length scale, laminar
flame thickness and also Gibson scale. A list of the main propositions is given in
table 2.4. They all show that the inner cut-off scales with the Karlovitz number
(Ka−2 − Ka−1/2). Battista et al. (2015), considering laboratory experiments
of turbulent premixed jet flames in different regimes, have shown that the in-
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Reference δc/δL Comments
Peters (1988) Ka−2 Physical reasoning
Gouldin (1987) f(u′/SL;ReL)Ka−2 Heuristic approach
MANTZARAS (1992) f(u′/SL)Ka−2 Curve fit to numerical data
Poinsot et al. (1991b) 0.74 + 16.4Ka−2 Curve fit to numerical data
Gülder (1991) 712Re−3/4

L Ka−1/2 Physical reasoning
Murayama and Takeno (1989) 10− 15 Experimental result
Roberts et al. (1993) 7Ka−1/2 Curve fit to experimental data

Table 2.4 – Summary of inner cut-off expressions. δc inner cut-off; δL laminar flame
thickness δL = ν/SL; ν kinematic viscosity of the premixed gases at unburnt mixture
temperature; SL laminar flame velocity; Karlovitz number Ka(u′/SL)3/2(L/δL)−1/2;
u′ rms velocity; L integral length scale; ReL Reynolds number based on L (Gülder and
Smallwood, 1995b).

ner cuf-off length scales with the Kolmogorov scale and the Karlovitz number
(figure 2.11). In general, it is common practice in literature to rely the cut-off
length scale on the laminar flame thickness δc ∝ δ0

L. However, it remains an
open question and, at present, no investigations concern non-premixed flames.

2.7.2 Statistical approaches

The statistical formalism hinges on probability density functions (PDF), a con-
cept formulated in RANS context and then expanded to LES.
By considering a thermochemical variable ϕ, such as species or temperature,
depending only on a single variable (for instance, the mixture fraction z for
infinitely fast chemistry in non-premixed flames), the Favre filtered quantity is
defined as (Gao and O’Brien, 1993):

ϕ̃(x, t) =
1

ρ̄

∫ +∞

−∞
ρ(x′, t)ϕ

(
z(x′, t)

)
G(x− x′)dx′ (2.71)

By introducing the Dirac δ-function, it becomes:

ϕ̃(x, t) =
1

ρ̄

∫ 1

0

∫ +∞

−∞
ρ(Ψ) ϕ(Ψ) δ

(
z(x′, t)−Ψ

)
G(x− x′)dx′dΨ (2.72)

Considering the filtered density function P̃ defined as

P̃ (Ψ,x, t) =
1

ρ̄

∫ +∞

−∞
ρΨ δ

(
z(x′, t)−Ψ

)
G(x− x′)dx′ (2.73)

leads to:

ϕ̃(x, t) =

∫ 1

0
ϕ(Ψ) P̃ (Ψ,x, t)dΨ (2.74)

The filtered density function FDF can be presumed or obtained by solving a
transport equation. Furthermore the presumed FDF can be used with a filtered
conditional average (Conditional Moment Closure CMC).
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Figure 2.11 – Inner cut-off (εi/δL) vs Karlovitz number Ka. Dotted line represent
the scaling εi/δL ∝ Ka−1/2. In the inset the inner cut-off length normalized by the
Kolmogorov scale, εi/η, is reported against Karlovitz number. The dash-dotted line
represent the constant fitting value εi/η = 10 (Battista et al., 2015).

2.7.2.1 Presumed FDF

The presumed filtered density function is generally modelled with a β-function
as suggested by Cook and Riley (1998, 1994).
Olbricht et al. (2012) noted that a β-distribution is expected for temporal
statistics but probably not adapted to instantaneous sub-grid scale distribu-
tions, suggesting to retain a top-hat function (uniform probability between
the minimum and maximum parameter values). Two variables (progress vari-
able and mixture fraction) or multi-variable (adding, for example, strain rate,
initial fresh gas temperature, heat losses, exhaust gas recirculation,... depen-
dencies) filtered probability density functions are modelled assuming statistical
independence of parameters. In general, progress variable or mixture fraction
distribution are described through β-functions while other parameters are as-
sumed constant at the sub-grid scale level (Dirac functions).
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2.7.2.2 Transported FDF

The filtered density function FDF can be also calculated as a solution of a
balance equation (Gao and O’Brien, 1993; Haworth, 2010), that reads:

ρ̄
∂P̃

∂t
+ ρ̄ũk

∂P̃

∂xk
=

∂

∂xk

[
ρ̄
(
ũk −

(
uk|ϕ = Ψ

))
P̃
]

︸ ︷︷ ︸
Unresolved transport

− ρ̄
N∑
i=1

∂

∂Ψi

[(
1

ρ

∂Ji,k
∂xk
|ϕ = Ψ

)
P̃

]
︸ ︷︷ ︸

Molecular diffusion

−ρ̄
N∑
i=1

∂

∂Ψi

(
1

ρ
ω̇i(Ψ)P̃

)
︸ ︷︷ ︸

Chemical reaction

(2.75)

where (Q|ϕ = Ψ) denotes a conditional averaging of Q for the sampling values
Ψi on the thermo-chemical variables ϕi. Ji,k is the kth component of the dif-
fusion flux of ith thermochemical variable. The LHS terms and the first RHS
correspond to the resolved and unresolved transport in physical space, respec-
tively, while the last two LHS terms describe the FDF evolution in the phase
space (i.e. ϕ) due to molecular diffusion and chemical reaction respectively. The
formulation of FDF can also include velocity components (Haworth, 2010).

2.7.2.3 CMC

The Conditional Moment Closure approach (CMC) has been first used for
RANS simulation (Klimenko, 1990; Bilger, 1993). The filtered quantity can
be expressed by using a filtered conditional mean:

ψ̃(x, t) =

∫ 1

0
(ψ|z∗;x, t) P̃ (z∗;x, t)dzz∗ (2.76)

where (ψ|z∗;x, t) is the filtered conditional mean of ψ for a given value z∗ of the
mixture fraction and P̃ (z∗;x, t) is the mass-weighted filtered density function
of z. However closure schemes are required which easily increase the computa-
tional costs of the simulation.
This approach suffers from some drawbacks: it needs a variety of closure
schemes, it induces large computational costs (one balance equation per vari-
able ψ and conditional level z∗ taken into consideration). Anyway it has been
successfully used in some situations (Navarro-Martinez and Kronenburg, 2007,
2009; Triantafyllidis and Eggels, 2009; Garmory and Mastorakos, 2011).
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2.7.3 Mixing approaches

The idea of describing the flame turbulence interaction with mixing informa-
tion has been first used in RANS context. The Eddy-Break-Up model proposed
by Spalding (1971, 1977) assumes the chemical reaction rate to be inversely
proportional to a mixing time. Magnussen and Hjertager (1977) adapted the
formulation to non-premixed combustion (Eddy Dissipation Concept), by re-
lating the reaction rate to the reactants mass fractions as well as a turbulent
mixing time, estimated from integral length scales. The model is largely used
in LES for non-premixed flames (Lysenko et al., 2014)
A more refined formalism is based on a one-dimensional stochastic description
of turbulent stirring processes (Linear Eddy model) (Kerstein, 1988, 1989, 1990,
1992, 1991; McMurthy et al., 1992; Menon et al., 1994). In an LES framework,
this formulation is used to represent sub-grid scale phenomena.
The turbulent stirring mechanism is modelled by rearranging the 1D scalar
field. The initial scalar distribution 2.12a is reshaped on a given segment of size l
according to 2.12b (’triplet map’). Then the turbulent mixing is simulated with
a stochastic description that considers a given turbulence spectrum to retrieve
the values of vortex location x0, the vortex size l and the vortex frequencies
λ. One-dimensional balance equations describe the molecular diffusion and the
chemical processes:

∂ρYi
∂t

=
∂

∂x

(
ρDi

∂Yi
∂x

)
+ ω̇ (2.77)

Equation 2.77 can also include complex chemistry. However considering that
for each computational cell a one-dimensional DNS calculation is performed,
this can easily lead a heavy computational load.
The model has been successfully used to simulate turbulent mixing and LES
of non-premixed combustion (Calhoon William and Menon, 1996; Mathey and
Chollet, 1997).

2.8 Conclusions

In this chapter, a general overview of LES’s turbulent combustion modeling for
non-premixed flames is given. The description of chemical reactions can be done
by directly computing the transport equations for each species or using parame-
ters (indirect approach). The direct approaches can easily involve a considerable
number of species leading to a substantial computational effort. Several tech-
niques aim to reduce the number of species by preserving the ones necessary
to predict the target quantity correctly. However, since the combustion phe-
nomenon occurs at the smallest scales, the resolution of LES’s computational
domain cannot describe the flame/turbulence interaction, and specific models
are required. Standard LES model classifications arrange the models according
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Figure 2.12 – Map representing the effect of an individual eddy in Linear Eddy Model.
(a) Scalar field prior to map. In the example the scalar field is linear in the spatial
coordinate. (b) Scalar field after applying the triplet map in a simulated mixing by a
vortex of size l.

to the primary concept. As explained by Veynante and Vervisch (2002), there
are exact relations between flame surface densities, filtered density functions,
and scalar dissipation rates describing turbulent mixing, and filtered reaction
rates may be exactly expressed in terms of each of these quantities. For this
reason, there is no absolute advantage of formalism compared to the others,
which is not surprising as they only examine the same problem from a differ-
ent point of view. The only possible advantages lie in the ability to close the
unknown terms.
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Dynamic modelling

The dynamic modeling procedure is based on the Germano-like iden-
tity initially designed for fluid-dynamic parameters and extended to the
flame parameters. This approach aims to compute the model’s parame-
ters on the fly instead of adjusting them by hand, detaching them from
the specific configuration.
This chapter illustrates the general concepts of dynamic formulations
and depicts state of the art by resuming the most relevant related works.
The modeling of direct reaction focus is generally related to turbulent
premixed flames. Several cases, from turbulent jet flames (Wang et al.,
2011; Hosseinzadeh et al., 2016; Volpiani et al., 2016; Schmitt et al.,
2015) to explosions configuration (Volpiani et al., 2017a) have been suc-
cessfully simulated. The promising results encourage the investigation
of the possibility of using the dynamic formulation for non-premixed
flames. In literature, the dynamic formulation in non-premixed flame
has been used to model scalar dissipation rates and not directly reac-
tion rates (Reveillon and Vervisch, 1998; Pierce and Moin, 1998, 2004;
Balarac et al., 2008; Kaul et al., 2013).
However, the advantage of using a direct approach to non-premixed
flames lies in the fact that such a model can potentially describe re-
acting flows for applications where both regimes are present.
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3.1 Dynamic formulation

In order to understand the dynamic formulation, it is essential to explain the
meaning of the wrinkling factor.
The wrinkling factor Ξ∆ measures the ratio of total Σtot to resolved Σres flame
surface density in the filtering volume ν. Under flamelet assumption, it also
represents the ratio of the turbulent sub-grid flame speed to the laminar flame
speed ST /Sl (Damköhler, 1940).
The total and resolved flame surface densities can be estimated as (Poinsot and
Veynante, 2012; Pope, 1988; Vervisch et al., 1995):

Σtot = |∇ψ|
Σres =

∣∣∇ψ̄∣∣ (3.1)

where ψ represents a characteristic variable of the flame such as progress vari-
able c in premixed or a mixture fraction z in non-premixed regime. The wrin-
kling factor over the filtering volume ν writes as (Veynante and Moureau, 2015):

Ξ =
〈|∇ψ|〉
〈|∇ψ̄|〉

(3.2)

According to Charlette et al. (2002b), the generic formulation of the filtered
reaction rate ω̇(ψ) reads:

ω̇(ψ) = Ξ∆
W∆(ψ̃)

∆
(3.3)

where W∆(ψ̃)
∆ corresponds to the resolved reaction rate, estimated from filtered

quantities (note that ψ and ψ̃ stands for any quantity entering the reaction
rate). Table 3.1 resumes the formulation of Eq. 3.3 for different flame surface
models.

A dynamic model introduces a test filter operation, with a filter size ∆̂. For
Gaussian filters, combining LES ∆ and test filter ∆̂ operators leads to an ef-
fective filter width γ∆ =

√
∆2 + ∆̂2.

The dynamic formulation can be applied to the reaction rate by considering
the generic form of the filtered reaction of eq. 3.3. The test-filtered resolved
reaction rate is compared with the reaction rate estimated at the test-filter level
as follows:

̂̇̄ω =

∧

Ξ∆

∆
W∆(ψ̃) =

Ξγ∆

γ∆
Wγ∆(

ˆ̃
ψ) (3.4)
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Model ω̇(ψ) W∆(ψ̃)

Boger et al. 4ρuSlΞ∆

√
6
π
ψ̃(1−ψ̃)

∆ 4ρuSl

√
6
π ψ̃(1− ψ̃)

Level set ρuΞ∆Sl|∇G| ρuSl∆|∇G|
TFLES Ξ∆

ω̇(ψ̃)
F δl ω̇(ψ̃)

F-TACLES Ξ∆Fl(ψ̃,∆) ∆ Fl(ψ̃,∆)

Table 3.1 – Generic reaction rate expressions according to Eq. 3.3 for four turbulent
premixed combustion LES models. ρu is the fresh gases density, Sl and δl the lam-
inar flame speed and thickness, respectively. G is the level-set field, usually defined
as a signed distance to the flame front, ST = Ξ∆Sl the sub-grid scale turbulent flame
speed, F the TFLES thickening factor and ω̇ the progress variable reaction rate (lam-
inar flame). Fl(ψ̃,∆) is given by filtering one-dimensional laminar premixed flames
(Veynante and Moureau, 2015).

where Favre-filtered quantities at scale ∆ are denoted by a tilde ,̃ andˆdenotes
the filtering operation with a ∆̂ filter width, so ˆ̃ is the filtering operation with
γ∆ width filter size.
LHS of equation 3.4 is interpreted as the reaction rate at scale ∆ which has
consequently been test-filtered at scale ∆̂. The RHS instead is interpreted as
writing directly the modelled reaction rate at scale γ∆. To determine the model
parameters, Charlette et al. (2002a) proposed to average the equation over a
given volume:

〈∧
Ξ∆

∆
W∆(ψ̃)

〉
=

〈
Ξγ∆

γ∆
Wγ∆(

ˆ̃
ψ)

〉
(3.5)

where <.> denotes the averaging operation over the finite domain. Averag-
ing over the entire computational domain provides a spatially uniform model
parameter evolving only with time (global formulation). When a small local
volume is chosen, the model parameter evolves both with time and space coor-
dinates (local formulation).
Furthermore, the averaging operation <.> can be replaceable by a Gaussian
filter of size ∆avg, which is easier to implement for unstructured meshes on
massively parallel machines than a usual averaging operation over a given vol-
ume. Gaussian filters may indeed be written as unsteady diffusion operators
(Moureau et al., 2011), which use standard finite-difference or finite-volume
schemes. Equation (3.5) is expected to recover unity wrinkling factors when
the wrinkling of the flame front is fully resolved by the simulation, i.e.:〈∧

W∆(ψ̃)

〉
=

〈
Wγ∆(

ˆ̃
ψ)

〉
(3.6)
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which is in general not true for algebraic expressions ofW∆ in table 3.1. For the
TFLES model, Wang et al. (2011) enforced this condition through a calibration
factor. F-TACLES models, based on the explicit filtering of one-dimensional
laminar flame elements (Fiorina et al., 2009), fit the condition (3.5) by con-
struction.
The second condition requires that Ŵ∆(ψ̃) and Wγ∆(ψ̃) have identical shapes
for planar flames, in order to avoid unforeseen bias due to Gaussian filtering
replacing the averaging procedure, which is also not verified in general by mod-
eled reaction rates. In the specific context of TFLES, Veynante and Moureau
(2015) showed that for an Arrhenius-like law, with a Gaussian filter of width

∆avg, the averaging operations < Ŵ∆(ψ̃) > and < Wγ∆(
ˆ̃
ψ) > respectively

differ. Then, a unity wrinkling factor would not be correctly predicted by Eq.
3.4. A solution to overcome this difficulty and fit the previous requirements is
to recast Eq. (3.4) in term of flame surfaces, so considering relation (3.2):

〈Ξ̂∆|∇ψ̄|〉 = 〈Ξγ∆|∇ ˆ̄ψ|〉 (3.7)

where |∇ψ̄|, Ξ∆|∇ψ|, |∇ ˆ̄ψ| and Ξγ∆|∇ ˆ̄ψ|measure resolved and total generalized
flame surface densities (i.e. flame surface per unit volume) at LES and test-filter
scale, respectively. By construction, for one-dimensional flame |̂∇ψ̄| = |∇ ˆ̄ψ| so
equation 3.7 is verified for Ξ∆ = Ξγ∆ = 1.

3.1.1 Fractal-like model formulation

Among all the wrinkling models present in literature, for the scope of the
manuscript, the fractal model is adopted. Section 2.7.1.2 examines in depth
the fractal behaviour of the flame.
The fractal formulation of the wrinkling factor writes as:

Ξ∆ =

(
∆

δc

)β
(3.8)

where the outer cut-off length scale is represented by the LES filter ∆, δc is the
inner cut-off length scale. β is a parameter related to the fractal dimension B
as (see Eqs 2.68 and 2.69):

β =

{
B − 1, for fractal curves
B − 2, for fractal surfaces

(3.9)

So the Germano-like identity for flame surfaces (Eq. 3.7) with fractal model
becomes:〈∧(

∆

δc

)β
|∇ψ̄|

〉
=

〈(
γ∆

δc

)β
|∇ ˆ̄ψ|

〉
(3.10)
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By assuming β uniform over the averaging volume and independent on the
filtering scale, equation 3.10 leads to:

β =
ln
(
〈|̂∇ψ̄|〉/〈|∇ ˆ̄ψ|〉

)
ln γ

(3.11)

Unfortunately, equation (3.11) involves unweighted filtered quantities instead
of Favre-filtered solved in LES. However, for infinitely thin flame fronts, fil-
tered progress variables are directly linked (Bray and Moss, 1977; Poinsot and
Veynante, 2012), and, by analogy for non-premixed flames, eq. (3.11) can be
approximated as:

β ≈
ln

(
〈|̂∇ψ̃|〉/〈|∇ ˆ̃

ψ|〉
)

ln γ
(3.12)

The formulation (3.12), already used in numerous works, is adopted in the the
following of the manuscript.



60 Chapter 3 - Dynamic modelling

T
ab

le
3.
2
–
M
ai
n
w
or
ks

de
al
in
g
w
it
h
dy
na

m
ic

m
od
el
lin

g
in

di
re
ct

co
m
bu
st
io
n
ap
pr
oa
ch

C
om

b
u
st
io
n
M
od

el
W
or
k

C
on

fi
gu

ra
ti
on

G
er
m
an

o
id
en
ti
ty

Fo
rm

u
la
ti
on

T
F
LE

S

C
ha

rl
et
te

et
al
.(
20

02
b)

A
ca
de

m
ic

te
st

ca
se

re
ac
ti
on

ra
te

G
lo
ba

l/
se
m
i-l
oc
al

W
an

g
et

al
.(

20
11

)
Je
t
fla

m
e

re
ac
ti
on

ra
te

G
lo
ba

l
H
os
se
in
za
de

h
et

al
.(
20

16
)

Je
t
fla

m
e

re
ac
ti
on

ra
te

G
lo
ba

l/
lo
ca
l

V
ol
pi
an

ie
t
al
.(
20

16
)

Je
t
fla

m
e

fla
m
e
su
rf
ac
e

G
lo
ba

l/
lo
ca
l

V
ol
pi
an

ie
t
al
.(
20

17
b)

P
R
E
C
C
IN

ST
A

bu
rn
er

fla
m
e
su
rf
ac
e

G
lo
ba

l/
lo
ca
l

V
ol
pi
an

ie
t
al
.(
20

17
a)

D
efl

ag
ra
ti
ng

fla
m
e

fla
m
e
su
rf
ac
e

Lo
ca
l

F
-T
A
C
LE

S
Sc
hm

it
t
et

al
.(

20
13
)

T
ec
fla

m
re
ac
ti
on

ra
te

G
lo
ba

l/
se
m
i-l
oc
al

H
os
se
in
za
de

h
et

al
.(
20

15
)

Je
t
fla

m
e

re
ac
ti
on

ra
te

G
lo
ba

l/
lo
ca
l

Sc
hm

it
t
et

al
.(

20
15
)

Je
t
fla

m
e

re
ac
ti
on

ra
te

G
lo
ba

l/
lo
ca
l

F
SD

K
ni
kk

er
et

al
.(

20
04
)

A
pr
io
ri
an

al
ys
is

fla
m
e
su
rf
ac
e

G
lo
ba

l
G
ub

ba
et

al
.(
20

11
)

D
efl

ag
ra
ti
ng

fla
m
e

fla
m
e
su
rf
ac
e

G
lo
ba

l
W
an

g
et

al
.(

20
12

)
F
la
m
e
ke
rn
el

re
ac
ti
on

ra
te

G
lo
ba

l
V
ey
na

nt
e
an

d
M
ou

re
au

(2
01

5)
T
ur
bu

le
nt

sw
ir
lb

ur
ne

r
re
ac
ti
on

ra
te

/
fla

m
e
su
rf
ac
e

Lo
ca
l

M
ou

ri
au

x
et

al
.(
20

17
)

P
is
to
n
E
ng

in
e

fla
m
e
su
rf
ac
e

Lo
ca
l

Le
ve
l-s

et
Im

et
al
.(
19

97
)

A
ca
de

m
ic

te
st

ca
se

fla
m
e
sp
ee
d

G
lo
ba

l
K
nu

ds
en

an
d
P
it
sc
h
(2
00

8)
Je
t
fla

m
e

fla
m
e
sp
ee
d

Lo
ca
l



Part I - General Concepts 61

3.2 State of the art

In this section, an overall view of LES’s dynamic models present in literature
is given, and the most significant results are listed. Table 3.2 resumes the main
works’ features on dynamic modeling with a direct approach. The models men-
tioned in the following are used for premixed flames. In literature, the dynamic
formulation for non-premixed flame has been used with indirect approaches
that do not involve direct modeling of the chemical reaction, but they instead
describe the flame through mixing or statistical approaches (Kaul et al., 2013;
Reveillon and Vervisch, 1998).
However, the advantage to adopting a model designed for premixed flames to
non-premixed configurations lies in the fact that such a model can also correctly
predict zone where the regime is only partially premixed, which is of utmost
importance when it comes to deal with flows inside gas turbines.

3.2.1 TFLES models

In literature, the dynamic formulation has been largely coupled with TFLES in
premixed configurations. Charlette et al. (2002b) adopted the dynamic formula-
tion to simulate decaying isotropic turbulence, Wang et al. (2011); Hosseinzadeh
et al. (2016) used the formulation to simulate a Bunsen flame. Volpiani et al.
(2016) investigated the influence of the dynamic formulation parameters for a
pilot stabilized jet. Other successful applications of the formulation concern
combustion instabilities (Volpiani et al., 2017b) and explosion flames (Volpiani
et al., 2017a).
The determination of the effective combustion filter size ∆ (which, for exam-
ple, representing the outer cut-off length in fractal formulation 3.8) is somewhat
tricky. Since the thickening operation is not strictly equivalent to filtering a
flame front, a correction parameter α is added:

∆ = αFδ0
L (3.13)

where F is the thickening factor, δ0
L is the laminar flame thickness. By assuming

the Germano formulation for the reaction rate (Eq. 3.5), Wang et al. (2011)
found a value of α = 2.2 through one-dimensional laminar flame analysis in
order to recover β = 0 and Ξ∆ = 1 for planar laminar flame. Volpiani et al.
(2016), by using the Germano formulation for the flame surface (Eq. 3.7), found
a value of α = 1.4. Finally, when the model is derived from the flame surface,
the condition is automatically enforced, and no correction is required.

3.2.1.1 Charlette et al. (2002b)

Charlette et al. (2002b) adopted the dynamic formulation with the TFLES
model by proposing a relation of the wrinkling factor as:

Ξ∆ =

(
1 + min

[
∆

δ0
L

,Γ∆,
u′∆
SL

])β
(3.14)
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Figure 3.1 – Time evolution of the turbulent flame speed. A-dimensional time by
initial turbulent eddy turn-over-time τ0. Thick solid line: DNS; •, ◦ F = 6.6; �,� F =
4.0 ;�,♦ F = 2.8; - γ = 2; N,4 F = 2.8 - γ = 3. The empty symbols are for
the resolved turbulent speed (computing the reaction rate without wrinkling factor),
plain symbols are for the total turbulent speed (with wrinkling factor) (Charlette et al.,
2002b).

where δ0
L is the thickness of the laminar premixed flame, u′∆ is the characteristic

turbulent velocity at scale ∆. The effect of the flame stretch on the local flame
speed is kept into account by the efficiency function Γ∆.
They formulated a Germano-like identity for the reaction rate (eq. 3.5) and the
parameter β is retrieved with a global formulation. The dynamic formulation
of the wrinkling factor is coupled with the TFLES model, and the test case is a
3D premixed flame in decaying isotropic turbulence. The results are validated
against a DNS. As shown in figure 3.1, the prediction of the turbulent flame
speed is reasonably accurate over the temporal evolution. The results for the
exponent β are shown in figure 3.2. Moreover, considering the Charlette-like
formulation, Charlette et al. (2002a) showed both with a priori and a posteriori
tests that the formulation is often saturated, which corresponds to the fractal
formulation (Eq. 3.8).
In addition they also performed a semi-local formulation by averaging over

strips in the direction normal to the flame brush.

3.2.1.2 Wang et al. (2011)

Wang et al. (2011) proposed to modify the Charlette function 3.14 as:

Ξ∆ ≡
ST
SL

=

(
1 + min

[
∆

δ0
L

− 1,Γ∆
u′∆
S0
L

])β
(3.15)
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Figure 3.2 – Time evolution of dynamic parameter β. A-dimensional time as in
figure 3.1. • F = 6.6; � F = 4.0; � F = 2.8 γ = 2;i N F = 2.8 - γ = 3 (Charlette
et al., 2002b).

They replaced ∆/δ0
L by ∆/δ0

L−1 in the original expression to recover the fractal
model Ξ∆ = (∆/δ0

L)β (Gouldin et al., 1989; Gülder, 1991) when saturated.
Since the estimation of the turbulence intensity at both filter (u′∆) and test-filter
(u′γ∆) is not straightforward the parameter β is computed for the limiting case
of large turbulence intensities. However, as mentioned before, the Charlette
formulation turns to be saturated most of the cases (Veynante and Moureau,
2015). The Germano-identity is then solved for the reaction rate.
Wang et al. (2011) focused on calculating a global value of β, depending only on
time, while the averaging volume being the entire computational domain. To
note, however, that wrinkling factor is still a local variable because it depends
on instantaneous and local conditions through the turbulent intensity u′∆.
A dedicated solver computes the test filtering and the parameter calculation,
while the AVBP code computes the flow balance equations. A Gaussian test
filter is used:

G(x) =

(
6

π∆̂

)
exp

[
− 6

∆̂2
(x2 + y2 + z2)

]
(3.16)

Unfortunately, as previously mentioned, thickening a flame in TFLES is not
strictly equivalent to filtering a flame front, so the effective combustion filter
size ∆ is unknown a priori. Then the authors introduced a calibration factor
to express an equivalent TFLES filter width as ∆ = αFδ0

L, with α = 2.2 to
retrieve β = 0 and Ξ∆ = 0 for unstretched laminar flames. They simulated the
turbulent Bunsen flame experimentally studied by Chen et al. (1996) over three
different operating conditions. The results show that the global parameter de-
pends on the flame Reynolds number. Figure 3.3 shows that for Re ≈ 23000
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Figure 3.3 – Time evolution, in terms of number of iterations, of the dynamic param-
eter β and the flow field for LES of F2 and F3 flame. (a) β evolution for F3 (solid line)
and F2 (dashed line) flame; (b) chemical reaction rate term (Ξ∆/F )ω̇CH4 × 8;(d-h)
chemical reaction term; (c) iso-surface of ỸCH4 = 0.011 (Wang et al., 2011).

(F3) β stabilizes around a mean value of β ≈ 0.2 . Increasing the Reynolds
number to Re ≈ 40000, the steady-state value increases in turn to β ≈ 0.4. The
simulations are in good agreement with the experimental data. Furthermore,
the non-dynamic flame wrinkling factor formulation produces good results with
a constant empirical parameter β, correctly estimated with a dynamic formu-
lation.

3.2.1.3 Hosseinzadeh et al. 2016

Hosseinzadeh et al. (2016) used the dynamic formulation coupled with the
TFLES model and FGM methodology (Van Oijen et al., 2001; Kuenne et al.,
2011). They simulated a lean premixed turbulent Bunsen-type flame with
different grid levels. The power law wrinkling model is given by Charlette
et al. (2002a) (Eq. 3.14). The flame front is artificially thickened, e.g., by
using a flame sensor which guarantees that the regions of pure mixing are not
affected by the model parameters. Source terms are extracted from a two-
dimensional lookup table based on a progress variable Yc and the mixture frac-
tion z, φ = f(Yc, z) according to the tabulated chemistry.
Then the Germano-like procedure is used over the source term progress variable.
Results show that the non-dynamic model with constant values of the parameter
β does not predict the correct turbulent velocity. The dynamic formulation
improves the predictions. However, the local or global formulation does not
significantly influence the prediction of the overall flame characteristics.
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Figure 3.4 – Pilot stabilized jet flame. Normalized filtered surface flame as a function
of the ratio of the test and combustion filter sizes. Results are extracted from the
instantaneous resolved field of simulation for a local formulation with test filter size
∆̂ = 1.5∆ and average filter size ∆avg = 3.0∆ (Volpiani et al., 2016).

3.2.1.4 Volpiani et al. 2016

Volpiani et al. (2016) made an accurate analysis of the parameters involved in
the dynamic formulation. The dynamic model is coupled with TFLES model
(Colin et al., 2000) to simulate the F3 pilot stabilized jet experimentally stud-
ied by Chen et al. (1996). They carried out simulations for global and local
formulation. The main assumption of the model is that the wrinkling factor
Ξ∆ follows a fractal behaviour (Ξ∆ = (∆/δc)

β).
By considering the resolved generalised flame surfaces at filter Sr and test-filter
Ŝr scales defined as:

Sr =

∫
V
|∇c̃|dV (3.17)

Ŝr =

∫
V
|∇ˆ̃c|dV (3.18)

and relating them through the conservation of the total flame surface, Ξ∆Sr =
Ξγ∆Ŝr, it is possible to retrieve a relation for the normalized filtered surface
flame:

Ŝr
Sr

=
Ξ∆

Ξγ∆
=

(
γ∆

∆

)−β
= γ−β (3.19)

Ŝr/Sr is expected to follow a straight line slope of −β when displayed as a
function of the ratio γ of the filter sizes in log-scale as shown in figure 3.4.
However, a drop of the slope is observed when two flame fronts interact at the
filter test scale, and the relation 3.19 is no longer valid.

3.2.1.5 Volpiani et al. 2017

Volpiani et al. (2017b) adopted the dynamic formulation (both global and local)
coupled with TFLES model to simulate the PRECCINSTA burner in both sta-
ble and unstable configurations experimentally studied by Meier et al. (2007).
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While the local formulation automatically predicts small wrinkling factors near
the wall, a simple wall correction is introduced as a first step in the global sat-
urated dynamic formulation. So an ad-hoc damping function is implemented:

Ξ∆ =

[
1− exp

(
−dw
0.5∆

)][(
∆

δ0
L

)β
− 1

]
+ 1 (3.20)

where dw is the distance to the closest wall. Such an expression affects the
wrinkling factor for dw < 2∆. They used a simple two-step reduced chemical
mechanism where the reaction rates are modeled with Arrhenius laws. The
global formulation predicts a time-dependent model parameter β which remain
close to 0.5 for the stable flame (figure 3.5) and oscillates strongly around 0.8 for
the pulsating flame (figure 3.6). They also analyzed the relation of γ with sur-
face density flame (as in Volpiani et al. (2016), Eq. 3.19), and an instantaneous
shot of the resolved and filtered quantities for the progress variable is shown
in figure 3.7. The local formulation adapts the parameter locally based on the
gradient of the resolved progress variable c̃ all over the domain. The usual
non-dynamic formulation with an appropriate constant is sufficient to capture
flow and combustion time-averaged and RMS fields with reasonable accuracy
in stable configuration. The fractal dimension of the unstable flame is observed
to vary locally and depends on the phase within the period of oscillation.
Nevertheless, the self-excited modes of the pulsating flame are predicted only
with the dynamic model. Although Franzelli et al. (2012) suggested that
methane/air mixing could be associated with the flame pulsation, the details of
the exact mechanism controlling the instability itself have not been determined
yet.

3.2.2 F-TACLES models

The F-TACLES formulation is based on the description of filtered one dimen-
sional laminar flame. It well fits the combustion filter size requirements ∆, and
no correction factor is needed as for the TFLES. The dynamic formulation has
been used principally in premixed flames, and, for non-premixed flames, studies
are still ongoing at present.
Schmitt et al. (2013) adopted the Germano-identity to the reaction rate:

β =
log(< ̂¯̇ωtab(c̃,∆) > / < ¯̇ωtab(ˆ̃c, γ∆) >)

log γ
(3.21)

where ¯̇ωbar is the tabulated reaction rate generated with the combustion filter
∆, and c is the progress variable.
They simulated the Tecflam turbulent swirl burner (Schneider et al., 2005; Gre-
gor et al., 2009), firstly by assuming a global parameter spatially independent,
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Figure 3.5 – PRECCINSTA burner stable flame. Temporal evolution of the global
parameter β(t) ( ), local average model parameter β̄(t) ( ) and its fluctuation
β′(t) ( ), (Volpiani et al., 2017b).

Figure 3.6 – PRECCINSTA burner pulsating flame. Temporal evolution of the mean
model parameter β̄ ( ), its fluctuation β′ ( ) and the total heat release ( ) with
a local formulation (Volpiani et al., 2017b).

Figure 3.7 – PRECCINSTA burner. Instantaneous LES resolved fields and corre-
sponding test-filtered quantities. Iso-c̃ surface (left), Iso-ˆ̃c surface (right) - γ = 1.5
(Volpiani et al., 2017b).
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Figure 3.8 – Phase averaged filtered progress variable reaction rate fields when using
global (left) and local (right) model approaches for four phases of the pulsation cycle
(from top to bottom) (Schmitt et al., 2015).

and then considering the dependence of the parameter on the downstream dis-
tance from the injector. In both cases, using a dynamic determination of the
exponent instead of using the value suggested by Charlette et al. (2002a) im-
proves the simulation’s accuracy.

In another work, Schmitt et al. (2015) simulated the turbulent Bunsen flames,
investigated by Chen et al. (1996), over three different operating conditions
using three different approaches:

• global parameter based on reaction rate (GPRR)
• global parameter based on flame surfaces (GPC)
• local parameter based on flame surfaces (LPC)

Using the LPC model, the dynamic formulation can distinguish zones where the
model parameter is close to zero (near the injector) and zones where it presents
higher values due to turbulence motions. They also simulated a pulsating flame
in order to characterize the model behavior. They show that a spatially uni-
form parameter produces similar results regarding averages and RMS than a
non-dynamic formulation. Furthermore, a local parameter increases from low
values near the injector lips, where the flame is quasi-laminar, to large values
as the flame is progressively wrinkled by turbulence motions when convected
downstream. The amplitude of the reaction rate variations is more significant
when using the local approach because maximum reaction rate values are lo-
cated in the vortexes’ highly wrinkled regions as illustrated in figure 3.8. They
indicate that dynamic procedures might affect the overall flame dynamics and
instantaneous flame behavior and, as a result, they might play an essential role
in the prediction of combustion instabilities when strong unsteady motions take
place.
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3.2.3 Flame surface density models

The dynamic formulation has been largely coupled with Flame Surface density
model (FSD) for premixed configurations. A typical formulation of the reaction
rate by (Boger et al., 1998) writes as:

W∆(c̃) = 4ρuSL

√
6

π
c̃(1− c̃) (3.22)

where c̃ is the filtered progress variable, ρu is the density of the unburnt gases
and SL is the laminar flame speed.
Wang et al. (2012) used the fractal-like model for the efficiency function. Con-
sidering the Germano-like identity for the reaction rate, the β parameter is so:

β = 1 +
log(< ̂c̃(1− c̃) > / < ˆ̃c(1− ˆ̃c) >)

log γ
(3.23)

However 3.23 do not recover the case β = 0, (Ξ∆ = 1) when the flame wrinkling
is fully resolved by the grid resolution. So they used the Germano-like identity
for the flame surface density (Eq. 3.7). The formulation has been used to
reproduce a flame kernel’s growth in a homogeneous and isotropic turbulent
flow field in 2D and 3D configurations (figure 3.9 shows the 3D case). Fig
3.10 also shows a proportional relation between the initial turbulence intensity
and the model parameter β. Furthermore, in the laminar case (u′ = 0), β
tends towards zero as expected. The numerical results are compared with the
experimental data from Renou (1999). Finally, figure 3.11 shows a total radius
flame1 comparison of the present dynamic formulation with the fractal model
with constant β = 0.35 and the Charlette formulation (eq. 3.14) with constant
β = 0.35. The dynamic model fits the experiments much better than the
non-dynamic models. This result shows that non-dynamic models assume the
equilibrium between the flame surface and the turbulence motion and predict
the wrinkling factor’s constant values for different turbulence characteristics.
The constant fractal model predicts the correct evolution of the total flame
radius but overestimates the experimental values because the wrinkling factor
is too big at the early stages when the flame has not yet reached equilibrium
with turbulence. On the contrary, Charlette et al. (2002a) non-dynamic model
reproduces quite well the initial flame development because of a lower wrinkling
factor due to a low turbulence intensity u′. Throughout a priori analysis of
a DNS simulation of a lean premixed PRECCINSTA burner, Veynante and
Moureau (2015) investigated the wrinkling factor’s behavior. The show that
the Favre filter’s approximation with a averaged one is adequate (eq. 3.12).
However, a constant fractal dimension (β + 2) would correspond to a uniform

1The total flame radius was defined as the radius of the spherical flame having the same
total surface Rp =

√
St(t)/4π, where St is total flame surface St(t) =

∫
Ξ∆|∇c̄|dν
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Figure 3.9 – Iso-surface for c̃ = 0.5 resolved progress variable for flame kernel
growing in different turbulent environments (RMS turbulent velocities u’ and integral
length scales L). Case A: laminar case, u’= 0 (not shown). Case B: u’ = 0.18 m/s;
L = 3.0 mm. Case C u’ = 0.34 m/s; L = 6.5.0 mm. Case D: u’ = 0.51 m/s;
L = 6.0 mm. Case E: u’ = 3.0 m/s; L = 10.0 mm. The length of computational
domain is 60 mm for the low turbulence case B to D, and 120 mm for high turbulence
case E. Filter size ∆ = 7∆x, ∆x is the mesh size (Wang et al., 2012).
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Figure 3.10 – Dynamic evolution of the model parameter β for different initial turbu-
lent intensities u’ and two LES filter size of ∆ = 7∆x (without symbols) and ∆ = 10∆x
(with symbols). Initial turbulence conditions are the same than in figure 3.9 (Wang
et al., 2012).

Figure 3.11 – Evolution of the total flame radius Rp using the dynamic model (solid
line), non-dynamic fractal model with constant β = 0.35 (dashed line) and Charlette
formulation model with β = 0.5 (dotted-dashed line). Symbols denote experimental
data shifted by 3.3 ms in time to fit initial conditions. The filter size is ∆ = 7∆x.
Case C (Wang et al., 2012).
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Figure 3.12 – An instantaneous flame surface obtained is colored by the value of the
model parameter β. DNS a priori computation of β (left). LES colored by the values
parameter β computed a posteriori (right) (Veynante and Moureau, 2015).

wrinkling factor over the flow-flied, which is not necessarily verified. They
also show that the Charlette formulation of the wrinkling factor (eq. 3.14) is
saturated most of the time.
Preliminary a posteriori tests were also presented, proving the robustness of the
dynamic model. Figure 3.12 compares an instantaneous field of the progress
variable iso-surface colored by the value of the model parameter β computed
a priori and a posteriori. Mouriaux et al. (2017) improved and validated the
dynamic model in an engine configuration. They emphasized that interaction of
flame fronts and interaction with solid boundaries can be problematic once they
induce large non-physical values of β. They explained that contrary to flames
at the atmospheric condition, the combustion filter to flame thickness ratio
∆/δc can be critical and difficult to treat numerically. In piston engines, the
flame front is very thin (≈ 10µm), the ratio ∆/δc is very high (≈ 200) leading
to high unexpected values of Ξ∆ when β > 0.9. Based on 1D laminar flames,
they proposed two adaptations, one for the interaction between two flame fronts
and one for the interaction of the flame fronts with solid boundaries (Mouriaux
et al., 2017).

3.2.4 Indirect approaches for non-premixed flames

In large eddy simulation of non-premixed combustion, instead of solving trans-
port equations for all of the numerous species in a typical chemical mechanism
and modeling the unclosed chemical source terms, the detailed chemical pro-
cesses can be reduced to a system of tracking scalars. Typically, two scalars
are considered: a mixture fraction variable, which tracks the mixing of fuel
and oxidizer, and a progress variable, which tracks the global extent of re-
action of the local mixture (Pierce and Moin, 2004) (Pierce and Moin 2004).
Accurate prediction of non-premixed turbulent combustion using LES requires
detailed modeling of the mixing between fuel and oxidizer at scales smaller than
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the LES filter resolution. In flamelet models of non-premixed combustion, the
small-scale mixing process is quantified by two parameters: the subfilter scalar
variance and the subfilter scalar dissipation rate (Kaul et al., 2013). Thus, the
dynamic formalism has also been employed to compute these sub-grid quanti-
ties that enter non-premixed combustion models (Reveillon and Vervisch, 1998;
Pierce and Moin, 1998, 2004; Balarac et al., 2008; Kaul et al., 2013). These
procedures are denoted "indirect approaches" to differ from the previous one
that involves reaction rate terms directly. Reveillon and Vervisch (1998) have
proposed extensions of the PDF method to LES, and a dynamic approach was
used to close the turbulent micro-mixing term in the PDF transport equation.
Pierce and Moin (1998) proposed a simple scaling relation for the sub-grid scale
variance where the scaling coefficient was computed dynamically. The variance
dissipation rate was also obtained using a dynamic procedure assuming equi-
librium with the local variance production rate. Based on their previous work,
Pierce and Moin (2004) simulate a methane-fuelled coaxial jet combustor and
captured the unsteady, lifted flame dynamics observed in the experiment, and
obtained good agreement with the experimental data. Balarac et al. (2008)
carried out a priori tests based on 5123 direct numerical simulation data of
forced homogeneous isotropic turbulence and evaluate several subfilter vari-
ance models for the mixture fraction. They proposed a new dynamic procedure
that improves predictive accuracy. Kaul et al. (2013) developed a dynamic
non-equilibrium model for variance and dissipation rate, based on a scale sim-
ilarity assumption, and simulated a turbulent lifted ethylene flame. They con-
cluded that the use of the dynamic procedure increases the accuracy of the
non-equilibrium modeling approach.

3.3 Conclusions

In this chapter, the dynamic formulation for the wrinkling flame factor Ξ∆

has been explained. Several questions come up when it comes to couple the
formulation with a combustion model: the Germano-like identity formulation
or the parameters entering the wrinkling model. In literature, the dynamic
formulation has been coupled with flame surface models in premixed configu-
rations. Charlette et al. (2002b) used the dynamic formulation, coupled with
the TFLES model, to simulate a 3D premixed flame in decaying isotropic tur-
bulence by validating results against a DNS. Wang et al. (2011) simulated a
Bunsen flame with a global formulation. They showed that the value of the
parameter β increases with the Reynolds number of the jet. Hosseinzadeh et al.
(2016) proposed a dynamic formulation coupled with Flame Generated Mani-
folds (FGM) combined with the TFLES model to simulate a lean premixed jet.
They focus on the influence of the local and global formulation for such a con-
figuration. Detailed and rigorous analysis of the formulation’s parameters has
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been done by Volpiani et al. (2016). In another work, Volpiani et al. (2017b)
simulated the PRECCINSTA burner in stable and unstable conditions. They
used local and global formulation and introduced a wall correction to predict
low wrinkling factors near the wall.
The dynamic formulation has also been used with the FTACLES model. Schmitt
et al. (2013) adopted the dynamic formulation with a global and semi-local
formulation to simulate the Tecflam burner. Then, Schmitt et al. (2015) sim-
ulated the turbulent Bunsen flame over different operating conditions using
global and local formulation and the Germano-like identity for the reaction
rate and the flame surface density. Other significant works have been carried
out with the flame surface density models (FSD). Wang et al. (2012) simu-
lated a flame kernel, while Veynante et al. (2012) investigated a turbulent swirl
burner. Mouriaux et al. (2017) used the dynamic formulation for a Piston En-
gine configuration. The results encourage the idea to investigate the possible
benefits of the model to non-premixed configurations.
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Chapter 4

Counter Flow Laminar Diffusion
Flame

Although designed for premixed flame, the Thickened Flame Model
(TFLES) has been used for non-premixed configurations without a the-
oretical foundation. The objective of this chapter is to investigate the
effects of the model for a non-premixed flame. The study is carried
out by considering the analytical solutions of a constant density lami-
nar counter-flow diffusion flame. The density variation’s impact due to
the thermal expansion is then taken into account by solving numerical
simulation with a compressible solver. Comparisons with analytical so-
lutions are possible by using the Howarth-Dorodnitzyn transformation.
Furthermore, the effect of the application of a flame sensor is analyzed.
For such a configuration, the prediction of significant quantities such
as the global heat release and species distribution turns to be misleading
because of the model’s mathematical formulation. However, predictions
for the particular configuration are still possible to a certain extent, and
possible solutions are examined.
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4.1 Introduction

As discussed in section 2.7.1.2, the Thickened Flame Model (Colin et al., 2000)
has been used and validated for several applications. Designed for premixed
flames, it consists in thickening the flame front by conserving the laminar flame
speed. It has been successfully used for premixed and partially premixed (An-
gelberger et al., 1998; Colin et al., 2000), and also non-premixed configurations
but without theoretical support (Legier et al., 2000).
To understand non-premixed flames’ behavior, it becomes essential to choose
a reference diffusion flame for the investigation. The literature on diffusion
flame is abundant (Linan and Crespo, 1976; Bilger, 1980; Peters, 1984), and
the most straightforward steady-state non-premixed configuration is the lami-
nar counter-flow diffusion flame. This flame does not present any laminar flame
speed, while its thickness depends on the strain rate. Those characteristics are
inconsistent with the TFLES formulation, based on the conservation of laminar
flame speed.
Shum-Kivan (2017) tried to quantify the effects of the grid refinement of the
diffusion flame front to obtain an estimation of the required value of F . He also
investigated the effect of the interaction with the turbulence, identifying two
main impacts: the variation of the strain rate and the wrinkling of flame re-
sulting in a gain of flame surface (Poinsot and Veynante, 2012). In the present
work, the thickening operation’s impact is investigated independently of the
grid size to understand the exact behavior of the model.
In section 4.2, the analytical formulation of the TFLES model for a counter-
flow flame is derived by assuming constant density with and without a flame
sensor. In section 4.3, the computational configuration is presented. Results
are presented and discussed for the TFLES application and the flame sensor
adoption in section 4.3.3. Section 4.4 proposes solutions for the laminar coun-
terflow configuration. For each one of them, suggestions and drawbacks are
discussed.

4.2 Analytical formulation

4.2.1 Thickened counter-flow steady strained planar flame

In the context of LES of premixed flame, the flame thickness is too tiny, com-
pared to the size of the cell grid, to be resolved. As mentioned in section
2.7.1.2, a common technique consists in thickening the flame front artificially,
while preserving the laminar flame speed (O’Rourke and Bracco, 1979; Butler
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and O’Rourke, 1977). Following simple theories of laminar premixed flame, the
flame speed SL and the flame thickness δ0

L (Williams, 1985; Kuo, 2005):

SL ∝
√
DT ω̇ ; δL ∝

DT

SL
∝
√
DT

ω̇
(4.1)

where DT is the thermal diffusivity and ω̇ is the reaction rate. By increasing
the thermal diffusivity by a factor F and decreasing the reaction rate by the
same factor:

DT → F DT (4.2)

ω̇ → ω̇

F
(4.3)

the flame speed SL remains unchanged. The model is so applied to a laminar
steady counter-flow diffusion flame as shown in figure 4.1 So, by considering:

• infinitely fast chemistry assumption;

• neglecting the gradient along the flame front (Williams, 1985; Peters,
2000);

• constant diffusion D for all the species

the global mass balance equation for the mixture fraction z (Eq. 1.60 in section
1.3) with the thickened flame formulation rewrites as:

ρu1
∂z

∂x1
=

∂

∂x1

(
ρFD

∂z

∂x1

)
(4.4)

Oxidizer

Fuel

x1
x2

z = 0

z = 1

z = zst
Flame	x1=x1f

Figure 4.1 – Planar counter flow flame domain.

Since the analysis is carried out for a steady strained planar counterflow diffu-
sion flame configuration, shown in figure 4.1, the flow is characterised by the
potential flow relationship (Lamb and Caflisch, 1993):

∂ρu2

∂x2
= −∂ρu1

∂x1
= ρa (4.5)
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where a is the strain rate.
By considering constant strain rate a and constant density ρ, from equation 4.5
one can write:

u1 = −a x1

u2 = a x2
(4.6)

Substituting in Eq. (4.4) leads to:

−ax1
∂z

∂x1
= FD

∂2z

∂x2
1

(4.7)

The boundary conditions of equation 4.7 for a counter flow diffusion flame,
shown in figure 4.1, are:

z(x1 → +∞) = 1 (4.8)
z(x1 → −∞) = 0 (4.9)

By considering the a-dimensional axial coordinate:

ζ = x1

√
a

2D
(4.10)

equation 4.7 can be further reshaped as:

∂2z

∂ζ
+

2ζ

F

∂z

∂ζ
= 0 (4.11)

A general solution of equation 4.11 writes as:

z = κ erf
(

ζ√
F

)
+ θ (4.12)

where κ and θ are two constant that depend on the boundary conditions and
the exponential error function is defined as:

erf(ζ) =
2√
π

∫ ζ

0
exp (−ζ2)dζ (4.13)

and it verifies erf(−∞) = −1 and erf(+∞) = 1.
The solution of equation 4.11 and its gradient, with boundary conditions (4.8)
and (4.9), are respectively:

z =
1

2

(
1 + erf(

ζ√
F

)

)
=

1

2

[
1 + erf

(
x1

√
a

2FD

)]
(4.14)

and

∂z

∂ζ
=

1√
πF

exp
(
−ζ

2

F

)
and

∂z

∂x1
=

√
a

2πFD
exp

(
−x2

1

a

2FD

)
(4.15)



Part II - Model Development 81

−6 −4 −2 0 2 4 6
ζ   axial cordinate [ - ]

0.0
0.2
0.4
0.6
0.8
1.0

[ -
 ]

z

F =
1
3
5
10

(a)

−6 −4 −2 0 2 4 6
ζ   axial cordinate [ - ]

0.0
0.2
0.4
0.6
0.8
1.0

[ -
 ]

√
π ∂z/∂ζ

(b)

Figure 4.2 – Analytical solution of counter-flow laminar flame. (a) Distribution of
the mixture fraction z; (b) Distribution of the non-dimensional gradient of the mixture
fraction defined as

√
π(∂z)/(∂ζ).

The distribution of the mixture fraction (Eq. 4.14) and its gradient (Eq. 4.15)
are shown in figures 4.2(a) and 4.2(b). The thickening factor smoothens the
distribution of the mixture and decreases the gradients.
The diffusion thickness can be related to the gradient of the passive scalar
(Poinsot and Veynante, 2012). So considering eq 4.15 leads to:

δF =
1

max(∂z/∂x1)
=

√
2πDF

a
∝
√
F (4.16)

So, the scalar dissipation rate (from Eq. 1.80) becomes:

χF = 2FD

(
∂z

∂x1

)2

=
a

π
exp

(
−x2

1

a

FD

)
(4.17)

Another significant quantity is the heat released by the flame per unit surface.
For a 1-step chemical reaction mechanism, it is linearly related to the reaction
rate integrated over the flame front. This last quantity can be expressed like
the molecular diffusion rate of the fuel towards the reaction zone (Poinsot and
Veynante, 2012):

Ω̇F =

∫ x1f+

x1f−
ω̇ dx1 =

[
ρFD

∂YF
∂x1

]x+
1f

x−1f

= ρFD

[
∂YF
∂x1

]
x1=x+

1f

(4.18)

Ω̇F = ρFD

[
∂YF
∂z

]
x1=x+

1f

[
∂z

∂x

]
x1=x+

1f

(4.19)

In infinitely fast chemistry fuel and oxidizer cannot coexist at the same location.
So the fuel mass fraction on the fuel side can be written as (z > zst) is (Burke
and Schumann, 1928; Poinsot and Veynante, 2012):

YF = Y 1
F

(
z − zst
1− zst

)
(4.20)
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where Y 1
F is the fuel mass fraction on the fuel tank side (z = 1).

Substituting equations (4.20) and (4.15) in equation (4.19) gives

Ω̇F = −ρ
Y 1
F

1− zst

√
aFD

2π
exp

(
−
ζ2
f

F

)
(4.21)

where ζf corresponds to the flame location:

ζf =
√
F erf−1(1− 2zf )

and:

Ω̇F = −ρ
Y 1
F

1− zst

√
aFD

2π
g(zst) with g(zst) = exp

(
−
[
(erf−1(1− 2zst))

2
])

(4.22)

Considering the integral reaction rate of the non-thickened solution

Ω̇0 = −ρ
Y 1
F

1− zst

√
aD

2π
g(zst) (4.23)

leads to

Ω̇F

Ω̇0

=
√
F (4.24)

Equation 4.24 indicates that the thickening operation increases the heat re-
leased by the flame by a factor

√
F . Furthermore, equation (4.22) states that

the thickened flame burns like a non-thickened flame with a strain rate aF .
Finally, table 4.1 resumes the formulation for the mixture fraction z, scalar
dissipation χF and the reaction rate integrated over the flame front Ω̇F .
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Quantity Expression

mixture fraction 1
2

[
1 + erf

(
x1

√
a

2FD

)]
scalar dissipation χF = a

π exp
(
−x2

1
a
FD

)

global reaction rate
Ω̇F = −ρ Y 1

F
1−zst

√
aFD
2π g(zst), with

g(zst) = exp
(
−
[
(erf−1(1− 2zst))

2
])

Table 4.1 – TFLES model for laminar counter-flow non-premixed flame. Expressions
for mixture fraction, scalar dissipation and reaction rate integrated over the flame front
(global reaction rate).

4.2.2 Sensor Formulation

Multiplying the diffusivity by a factor F modifies the physical properties of the
entire domain. In premixed flames, fuel and oxidizer are mixed before burning,
so the diffusivity does not influence the mixture’s composition. Unfortunately,
for non-premixed and partially premixed regimes, the flame strongly depends on
the species’ diffusion transport towards the flame front. As already mentioned
in section 2.7.1.2, the flame can be thickened locally to preserve the diffusion
fluxes outside the flame front. Following Legier et al. (2000), the thickening
factor is related to a flame sensor as: :

F (z) = 1 + (F − 1)θF (4.25)

where thetaF is the flame sensor which varies from 0 (outside the flame front)
to 1 (inside the flame front). To allow a simple analytical analysis, the sensor
is modeled here as a rectangular function over z. For sake of simplicity the
position of the flame is assumed to be at ζ = 0, so that z(0) = zst. By
considering a span of 2∆z (shown in figure 4.3) the sensor is modelled as:

F (z) =

{
1 , θF = 0 for z < zst −∆z or z > zst + ∆z

F , θF = 1 for zst −∆z < z < zst + ∆z
(4.26)

where ∆z represents half span of the sensor in the mixture fraction space.
In order to simplify the analysis (and to better visualize the comparison with
the simulations) the composition of the mixture is supposed to be stoichiometric
at zst = 0.5, and figure 4.3 shows the respective shape of the sensor.
Equation (4.7) can be written for the thickened and the non-thickened zone
in a piecewise-like function in non-dimensional coordinate ζ (Eq. 4.10), which
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Figure 4.3 – Rectangular function of the flame sensor θF as a rectangular function
over the mixture fraction z centered in zst = 0.5, with a span 2∆z = 0.5.

gives :

z = λ erf(ζ/
√
F ) + µ for zst −∆z < z < zst + ∆z (4.27)

z = λ′ erf(ζ) + µ′ for z < zst −∆z or z > zst + ∆z (4.28)

where λ′ and λ are coefficients proportional to the slopes of the mixture passive
distribution for the non-thickened and thickened zone, respectively. µ′ and µ
are two constant to be determined.
Due to the symmetry of problem, the solution is considered for z > zst, and
the part for z < zst can be retrieved analogously.
The boundary condition of system 4.27-4.28 are the same of Eq. 4.7 (zζ→+∞ =
0). So µ = zst and µ′ + λ′ = 1 lead to:

z = λ erf(ζ/
√
F ) + zst for zst < z < zst + ∆z (4.29)

z = λ′ erf(ζ) + 1− λ′ for z > zst + ∆z (4.30)

and the gradients:

∂z

∂ζ
=

2λ√
πF

exp

(
−ζ

2

F

)
for zst < z < zst + ∆z (4.31)

∂z

∂ζ
=

2λ′√
π

exp (−ζ2) for z > zst + ∆z (4.32)

Defining ζL as the junction position for which eq. (4.29) = eq. (4.30) allows to
write the continuity conditions in term of mixture fraction distribution and in
term of mass flux respectively:

z(ζ−L ) = z(ζ+
L ) = zst + ∆z (4.33)

FD
∂z

∂ζ

∣∣∣∣
ζ−L

= D
∂z

∂ζ

∣∣∣∣
ζ+
L

(4.34)
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Figure 4.4 – (a): values of λ of solution of equation (4.38). λ is related to the slope
of mixture fraction’s profile at the flame position ζf ; (b) values of λ′ obtained from
Eq.(4.36). λ′ is related to the slope of the mixture fraction’s profile ot the junction
position ηL.

By considering equations (4.29), (4.30), (4.31) and (4.32), system 4.33-4.34 can
be written as:

λ erf
(
ζL√
F

)
+ zst = λ′ [erf(ζL)− 1] + 1 (4.35)

λ
√
F exp

(
−
ζ2
L

F

)
= λ′ exp(−ζ2

L) (4.36)

which leads to:

λ
√
F exp

(
−
ζ2
L

F

)
=
λerf

(
ζL√
F

)
+ zst − 1

erf(ζL)− 1
exp

(
−ζ2

L

)
(4.37)

and by considering eq. (4.29), one can write:

λ =
zst + ∆z − 1√

F

exp
[
−ζ2

L

(
1− 1

F

)]
erf(ζL)− 1

with ζL =
√
F erf−1

(
∆z

λ

)
λ = f(∆z, F )

(4.38)

Equation 4.38 does not admit an explicit solution, and it can only be solved
recursively. However, it directly relates the slopes of the distribution λ (and
consequently λ′ and the junction position ζJ) to the thickening factor F and
the size of the sensor ∆z.
Figure 4.4(a) shows a graphical representation of the solution of equation 4.38,
whether 4.4(b) plots the values of λ′ from equation (4.36). The increasing of
thickening factor decreases the slope of the thickened part (λ) while increases
the slope at the junction position (λ′). This fact means that the gradient of z
at the junction position increases.
Figures 4.5(a) and 4.5(b) show the solution z and its gradient for a fixed value
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Figure 4.5 – Analytical solution of counter-flow laminar flame with the application
of a flame sensor. The plots are considered for a fixed value of the thickening factor
F = 10. (a) Mixture fraction z profile; (b) Profile of the non-dimensional gradient of
the mixture fraction defined as

√
π(∂z)/(∂ζ).
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Figure 4.6 – Representation of ηL, from equation (4.39), for different values of the
thickening factor F and sensor size ∆z. It represents the gradient of the mixture
fraction evaluated at the junction position ζL.

of the thickening factor and different values of the sensor size ∆z. Although the
thickening operation reduces the gradient on the thickened zone, it drastically
increases the gradient at the junction position, where it is maximal.
The gradient peak at the junction position can be determined from equation
(4.32) by considering the gradient the junction position as:

ηL =
√
π
∂z

∂ζ

∣∣∣∣
ζ=ζ+

L

= 2λ′ exp (−ζ2
L) with ζL =

√
F erf−1

(
∆z

λ

)
(4.39)

The solution of equation (4.39) is shown in figure (4.6). The gradient peak
increases with F while decreases with large values of the sensor size ∆z in line
with the fact that the maximum size of sensor ∆z corresponds to no sensor at
all, i.e., simple thickening operation.
Finally, the integrated reaction rate over the flame front is estimated from



Part II - Model Development 87

equation (4.19) by considering Eqs. (4.20) and (4.31):

Ω̇F = ρ
Y 1
F

1− zst
2λ

√
aDF

2π
(4.40)

which leads to

Ω̇F

Ω̇0

= λ
√

2 F = f(∆z, F ) (4.41)

0.0 0.1 0.2 0.3 0.4 0.5
∆z [ - ]

1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

Ω̇
F
/
Ω̇
0

F=
1
3

5
10

15

(a)

5 10 15 20
thickening factor F [ - ]

1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

Ω̇
F
/
Ω̇
0

∆z=
0.0
0.1
0.2

0.3
0.5

(b)

Figure 4.7 – Graphical representation of equation (4.41). The non-dimensional re-
action rate is plotted over the filter size ∆z and the thickening factor F . (a) plots
the curves over ∆z for different values of F ; (b) plots the curves over F for different
values of ∆z.

Figure 4.7 displays the solution of equation (4.41).
The value of Ω̇F /Ω̇0 increases with the thickening factor F , and with the sensor
size ∆z. This means that a small over-prediction can be obtained with small
thickening factor F (see Fig. 4.7(a)) and sensor size ∆z (see Fig. 4.7(b)). How-
ever, by considering the gradients shown in figure 4.6, small sensor size values
drastically increase the gradient’s peaks opposite to the thickening operation’s
purpose.
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Figure 4.8 – Computational domain. The central axis is considered as symmetry axis
and treated as a non viscous wall. The boundary walls of the domain are non-viscous
and shaped like the streamlines of potential counter flow.

4.3 Simulations

The computations have been run for a planar domain with symmetry axis as
shown in figure 4.8. The axial speed at both inlets is U = 5m/s, so that
the global strain rate ag defined as the sum of the velocities over the distance
between the inlets L = 5 cm is:

ag =
UFuel + UOxidizer

L
= 200s−1 (4.42)

The shape of the domain is designed to follow the streamlines of a counter-flow
fitly.
The reactants are injected both at the temperature of 300 K. Methane is in-
jected on the fuel side diluted with nitrogen (fuel mass compositions: YCH4 =
0.1, YN2 = 0.9), while on the oxidizer the air is enriched in oxygen (oxidizer
mass composition: YO2 = 0.4, YN2 = 0.6). The resulting stoichiometric mixture
fraction is zst = 0.5, which simplifies the visual comparisons with the analytical
results.
The chemical reaction mechanism is a simple one-step forward reaction: CH4 +
2 O2 −−→ CO2 + 2 H2O. The rate progress of the reaction Q is modelled with
the Arrhenius law (from Eq. 1.42):

Q = A exp

(
Ea
RT

)
[CH4][O2]2 (4.43)

where the pre-exponential factor is A = 1.1 × 1010mol/(s cm3), the activation
energy Ea = 20000cal/mol, R = 8.314J/(mol T) is the gas constant, and [CH4]



Part II - Model Development 89

and [O2] are the species molar concentrations. The molecular viscosity µ is
modelled with a linear law in function of temperature as:

µ = µ0

(
T

T0

)
(4.44)

where µ0 = 1.8410−5kg/(ms) is a reference value at temperature T0 = 300K.
The grid consists of 1.8 million triangular elements with a characteristic length
size of the cell of 0.05 mm, that, considering the thickness of the non-thickened
flame 0.8 mm, assures the resolution of the flame front with around 15 points.
The simulations have been run with the compressible solver AVBP (Schönfeld
and Rudgyard, 1999) with a Lax-Wendroff finite volume convection scheme
(Lax and Wendroff, 1960), and no artificial viscosity has been used.
The computation has been initialized with the analytical solution at constant
density (Eqs. 4.6 and 4.14).
The inlet boundary conditions are velocity-imposed, while the outlet is constant
pressure at 1 bar and the boundary walls are non-viscous.

4.3.1 Results with constant thickening

The profiles are extracted along the symmetry axis. Figure 4.9 shows the species
mass fractions and temperature profiles extracted along the symmetry axis of
the domain for thickening factor up to F = 10. Monotonous profiles, such
as mixture fraction z, methane, and oxygen mass fractions, are spread by the
thickening operation, and the value at the center position (axial coordinate =
0) remains unchanged, while intermediate species mass fraction, such as CO2
H2O, and temperature profile preserve their peaks. The thickening operation
smoothens the distribution and preserves the peaks.
Figure 4.10 evidences the effects of thermal expansion on density and conse-
quently on the axial speed, strain rate and scalar dissipation.
Equation (4.14), from the analytical investigation, suggests that the mixture
fraction profiles scale with the axial coordinate as x1/

√
F . This is still verified

by the simulation and the species as shown in figure 4.11.
Density profiles are also found to scale with the same factor (analytical deriva-
tion assumes constant density), as shown in 4.12(a). However, the local strain
rate increases in the center position, as shown in Fig. 4.12(b).
Equation (4.17) states that the scalar dissipation rate scales only in space, while
the peak remains unchanged. Figure 4.13 shows the results of the simulation.
All the curves collapse on each other. However, the center position peak rises
with F since the local strain rate is not constant across the flame front.
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Figure 4.9 – Profiles of species mass fractions and temperature along the symmetry
axis of the computational domain with different value of the thickening factor F .
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Figure 4.10 – Profiles of density (a), axial velocity (b), strain rate (c) and scalar
dissipation (d) along the symmetry axis of the computational domain for different
values of the thickening factor F .
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Figure 4.11 – Profiles of species mass fractions and temperature along the scaled
axial coordinate x1/

√
F for different value of the thickening factor F .
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Figure 4.12 – Profiles of density (a), and strain rate (b) along scaled axial coordinate
x1/
√
F for different value of the thickening factor F .
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Figure 4.13 – Profile of scalar dissipation rate χF over the scaled coordinate x1/
√
F

for different values of the thickening factor F .

4.3.2 Use of a flame sensor

Species mass fractions and temperature profiles obtained by using the flame
sensor defined by relation (4.26) are shown in figure 4.14 for a fixed value of
the thickening value F = 10.
As already discussed in the analytical formulation, small sensor values ∆z pre-
serve the profiles. However, the application of a flame sensor increases the
gradients at the junction positions.
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Figure 4.14 – Profiles of mixture fraction, species mass fractions CH4 O2 and tem-
perature along the symmetry axis of the computational domain with sensor application
with fixed value of thickening factor F = 10 and different values of the sensor size ∆z.
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Figure 4.15 – Profiles of density (a), axial velocity (b), strain rate (c) and scalar
dissipation rate χF (d) along the symmetry axis of the computational domain with
sensor application with fixed value of thickening factor F = 10 and different values of
the sensor size F .

Figure 4.15 evidences the sensor’s effect on density, axial speed, and strain rate.
The quantities are impacted solely in the domain portion delimited by the sen-
sor. Furthermore, there is a significant impact on the scalar dissipation rate
since the relation (4.17) is no longer valid.
The thickening operation with the sensor drastically reduces the scalar dissi-
pation (and the gradients) at the flame position xf , but unfortunately, sharp
peaks appear at the junction positions in accordance with the analytical inves-
tigation.

4.3.3 Comparisons with analytical solutions

The simulations are here compared with the analytical investigation discussed
in section 4.2. The thermal expansion, present in the simulations, can be taken
into consideration by using the Howarth-Dorodnitzyn transformation. A new
space-variable X is defined as (Linan and Crespo, 1976; Williams, 1985; Cuenot
and Poinsot, 1996):

X =
1

ρ0

∫ x1

x0

ρ(x′)dx′ (4.45)
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Figure 4.16 – Thickening operation comparison for the mixture fraction (a) and
mixture fraction gradient (b) profiles. Continuous lines represent the analytical solu-
tions, dashed lines represent results from simulation in the Howarth-Dorodnitzyn axial
coordinate.

where x0, corresponding to ρ0, is a reference location, namely the stagnation
point. Replacing x1 by X equation 4.45 leads to:

∂

∂x1
=
∂X

∂x1

∂

∂X
=

ρ

ρ0

∂

∂X
(4.46)

By assuming ρ2D = ρ2
0D0 and considering relations (4.45) and (4.46), it possible

to recast the mixture fraction balance equation (Eq. 4.4) as1:

−aX ∂z

∂X
= FD0

∂2z

∂X2
(4.47)

which is exactly equation 4.7 with the same boundary conditions, so all the
solutions retrieved at constant density can be applied to the new density-space
variable X.
Figure 4.16 compares mixture fraction and mixture fraction gradient profiles.
The agreement between analytical and numerical solutions is fine.
Figure 4.17 shows that simulation well matches the analytical dependence in√
F of the integrated reaction rate over the flame front (Eq. 4.24). The slight

deviation from the analytical solution for higher values of F is probably due to
the thermal expansion or the interaction with the domain boundaries. Figure
4.18 compares mixture fraction and mixture fraction gradient profiles when
using different values of the flame sensor thickness ∆z for a fixed value F = 10
of the thickening factor. Once again, the agreement is excellent. Lastly, figure

1the assumption of constant ρ2D is physically related to the viscosity law of the mixture.
By assuming constant Schmidt number Sc = µ/(ρD) and a linear dependence of the dynamic
viscosity with the temperature µ = (µ0T )/T0, one can write: Sc = (µ0T0)/(TρD), and
considering the perfect gas law for the mixture: p = ρRT/W , with W the mean molecular
weight of the mixture, leads to the relation: ρ2D = (µ0pW )/(T0R). The condition is verified
when the variation of W is negligible.
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Figure 4.17 – Integrated reaction rate Ω̇F /Ω̇0 as a function of the thickening factor F .
The line represents the analytical relation

√
F , while triangles correspond to numerical

simulations.

−6 −4 −2 0 2 4 6
ζ   axial coordinate [ - ]

0.0
0.2
0.4
0.6
0.8
1.0

z 
 [ 
- ]

z

∆z =
0.00
0.10
0.45
0.50
simulations

(a)

−8 −6 −4 −2 0 2 4 6 8
ζ   axial coordinate [ - ]

0.0

0.5

1.0

1.5

2.0

[ -
 ]

√
π∂z/∂ζ

(b)

Figure 4.18 – Thickening operation with sensor with fixed value of F = 10 and
different values of sensor size ∆z. Comparison for the mixture fraction (a) and mix-
ture fraction gradient (b) profiles. Continuous lines represent the analytical solutions,
dashed line represent results from simulation in the Howarth-Dorodnitzyn axial coor-
dinate.
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Figure 4.19 – Integral reaction rate Ω̇F /Ω0 as function of thickening factor and filter
size ∆z.
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4.19 displays the evolution of the integrated reaction rate as a function of the
sensor width for various thickening factor F values. Again, the simulations
match the analytical solution, and all the conclusions retrieved in section 4.2
are valid also in the case of variable density.

4.3.4 Outcomes

Analytical investigation and simulations point to the same conclusions. For
infinitely fast chemistry, the reaction rate strongly depends on the molecular
diffusion (Eq. 4.21), so increasing the diffusion by a factor F necessarily leads to
an overestimation. Furthermore, limiting the thickening operation to the flame
front by adopting a flame sensor cannot improve the prediction significantly
and, unfortunately, introduces high gradients around the thickened zone.
Viable solutions, restricted to the laminar case, can be based on controlling the
diffusion outside the thickened zone or shaping the reaction rate directly, or,
even more, by modifying the strain rate.

4.4 Solution attempts

Even with the application of a flame sensor, the overestimation of the integral
reaction rate persists.
In non-premixed flames, the reaction is regulated by the species’ molecular
diffusion towards the flame front.
The mathematical formalism of the TFLES model for non-premixed flames
presents an intrinsic overestimation of the reaction rate, which can be overcome
only with further modeling adjustments.

4.4.1 Modified diffusion coefficient in the outer region

The idea of this method is to control the mass flow of reactants towards the
flame front by reducing the diffusion outside the thickened zone of a factor
α < 1 in order to preserve Ω̇F /Ω̇0 = 1. Since the aim is to modify the diffusion
leading to further increase gradients, the methodology is unpractical for real
application.
However, A graphical representation of the method is shown in figure 4.20. The
balance equation for the mixture fraction (Eq. 4.7) becomes:

−ax1
∂z

∂x1
= FD

∂2z

∂x2
1

for zst −∆z < z < zst + ∆z (4.48)

−ax1
∂z

∂x1
= αD

∂2z

∂x2
1

for z < zst −∆z and z > zst + ∆z (4.49)

By considering:
• symmetry (zx=0 = zst = 0.5)
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↵ D

↵ D

Figure 4.20 – Graphical representation of the diffusion adjustment method. The idea
is to multiply the diffusion coefficient by a factor α < 1 outside the thickened zone in
order to control the flux of the reactant towards the flame front. Inside the thickened
region, the diffusion remains multiplied by the thickening factor F .

• dimensionless axial coordinate ζ = x1

√
a/ 2D

• boundary condition z(x→ +∞) = 1
• continuity condition at a given junction position xL or ζL so that z−(ζL) =
z+(ζL)

it is possible to solve the system (4.48) and (4.49), with mathematical passages
similarly to section 4.2.2, which leads to the solution for the mixture fraction
profile z and mixture fraction derivative shown in figure 4.21.
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Figure 4.21 – Solution of the Diffusion Adjustment method for the mixture fraction
distribution (a) and its gradient (b). The thickening factor is fixed at F = 5. Different
values of α are plotted

Although theoretically compelling, the modification of the diffusion further in-
creases the gradient at the junction position ζL between the thickened and non-



Part II - Model Development 99

0.0 0.2 0.4 0.6 0.8 1.0
α

0
1
2
3
4
5
6
7
8

[ -
 ]

derivative peak π(∂z)/(∂ζ)|ζ +
L

F=
2
5
10
15

Figure 4.22 – Derivative peak profile on the junction position ζL as function of α
with different values of the thickening factor F .

thickened zone as shown in figure 4.22. Computations with this methodologies
have not been possible because of the gradient peaks and the restricted range
of values of α applicable, which does not cover the reaction flame thickness.
This methodology is sharply limited by mathematical construction.

4.4.2 Modified Reaction Rate

The idea of this methodology is to directly modify the governing law of the
reaction rate in order to preserve its integral over the flame front. The species
balance equation of diffusion flame (Eq. 1.65) in TFLES formulation writes as:

ρ
∂Yk
∂t

=
ω̇k
F

+
1

2
ρFχ

∂2Yk
∂z2

(4.50)

So for steady solution, the reaction rate ω̇k/F can be written:

ω̇k
F

= −1

2
FρD

(
∂z

∂x

∂z

∂x

)
∂Yk
∂z2

(4.51)

So the thickened integrated reaction rate writes as:

Ω̇F =

∫ x+
1f

x−1f

ω̇k
F
dx1 =

∫ 1

0
−1

2
ρFD

∂z

∂x1

∂Yk
∂z2

dz (4.52)

where x1f is the flame position.
By assuming infinitely fast chemistry (i.e. the reaction take places in a small
neighbourhood of the flame position xf where z = zst), the quantity ∂z/∂x
inside the integral of equation (4.52) can be approximated with its value at
z = zst. So from equation (4.15), one can write:

∂z

∂x
≈
√

a

π2DF
(4.53)
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Figure 4.23 – Comparison of the Arrhenius law for the reaction rate distribution
with the analytical expression (Eq. 4.55).

So equation (4.52) becomes:

Ω̇F =

∫ +∞

−∞
ρ

√
DF

2π

∂Y 2
k

∂2z
∂z ∝

√
F (4.54)

A way to remove the dependence of the Ω̇F from
√
F is to modify the shape

of the term ∂Y 2
k /∂

2z with a function of 1/
√
F . This can be done by rewriting

the reaction rate as:

ω̇kF = −ρFD
(
∂z

∂x

)2 f(z)√
F

(4.55)

where f(z) is a function properly shaped to overlap the Arrhenius law when no
thickening is applied preserving the quantity Ω̇F , and it is equal to:

f(z) = max [0, g(z)] (4.56)

where g(z) is an analytical function which follows a Rayleigh distribution as:

g(z) = k
z′

δ
exp

(
− z
′2

2δ2

)
with z′ = 1− z − zst + δ

√
π

2
(4.57)

k and δ are two constants numerically computed in order to retrieve the inte-
grated reaction of the non-thickened solution with a thickening factor F = 1
(Ω̇F=1 = Ω̇0). The resulting analytical function of the reaction rate (Eq. 4.55)
is compared with the numerical one (without thickening) in figure 4.23.
By integrating equation 4.55 over the flame front domain, there is no more de-
pendence of the integral reaction rate from the thickening factor F , to a certain
extent. The resulting reaction rate distributions are shown in figure 4.24.
Since the modified reaction rate does not depend anymore on species conser-
vation, the species’ conservation law is not respected anymore. Hence unburnt
gases are present in the domain, as shown for the fuel mixture fraction in fig-
ure 4.25. The fuel is present even on the oxidizer side (z < zst), so the infinitely
fast chemistry assumption is no more valid.
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Figure 4.24 – Reaction rate distribution for the Modified Reaction Rate methodology.
Distribution over the mixture fraction space and along the axial coordinate of the flame.
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Figure 4.25 – Fuel mass fraction distribution for the Modified Reaction Rate method-
ology. Distribution over the mixture fraction space and along the axial coordinate of
the flame.
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4.4.3 Fictitious Strain Rate

Still by considering equation 4.22, this methodology consists in changing strain
rate a, so that:

Ω̇F

Ω̇0

=

√
F
aF
a

= 1 (4.58)

and:

aF =
a

F
(4.59)
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Figure 4.26 – Distribution of strain rate for the Modified Strain Rate Methodology.
For the purpose the reference flame in non-thickened solution presents a global strain
rate of 1000 s−1.

However, besides the constant density hypothesis, this model is strongly af-
fected because the strain rate is not constant all along the flame front (as
shown in Fig. 4.26), which can be a non-negligible source of error in the pre-
dictions. Figure 4.27 represents the distribution of the reaction rate ω̇F for
this last methodology. Although it can be attractive for a simple counter-flow
configuration, this methodology cannot be applied for a more general case such
as a turbulent diffusion flame since there is no way to control the strain rate.
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Figure 4.27 – Distribution of the reaction rate ω̇F for the Modified Strain Rate
Methodology.
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Figure 4.28 shows the prediction of Ω̇F /Ω̇0 over the thickening factor F for the
modified reaction rate and the modified Strain Rate methodologies. Modify-
ing the reaction rate underestimates the global reaction rate for high values of
thickening factor, whether the modified strain rate leads to an overestimation.
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Figure 4.28 – Comparison of the modified reaction rate and modified strain rate
methodologies against the integral reaction rate over the thickening factor

4.5 Conclusions

In this chapter, the application of the thickened flame model to a laminar
counter-flow flame has been investigated. The analytical investigation outcomes
are in good agreement with the ones from the simulations, which take into
account the density variations due to the thermal expansion.
Nonetheless, the integral heat release across the flame front cannot be preserved
since it depends on

√
F . The application of a flame sensor can slightly improve

the predictions but induces gradients, at the opposite of the thickened flame
formalism’s objective.
For infinitely fast chemistry, the molecular diffusion of the species controls the
reaction rate. In order to decrease the gradients, the TFLES formalism modifies
the diffusion by a factor F , which inevitably leads to a wrong prediction of the
reaction rates. Several solutions have been proposed to preserve the target
quantity, but none is feasible for practical application.
However, in literature, the TFLES model has been successfully used for non-
premixed turbulent flames. The reason lies in the fact that the reaction rate
is controlled essentially by the species’ turbulent transport towards the flame
front. In this case, the application of a flame sensor is beneficial, and the total
reaction rate is not significantly affected by the model. Another reason is that
often in industrial burners, non-premixed flames react in a partially premixed
regime, limiting the thickening model (Legier et al., 2000; Schmitt et al., 2007).
Finally, the analysis has been carried out only for a steady counter-flow flame.
An unsteady strained diffusion flame can explain the dynamic of the thickened
flame when unsteady conditions are considered since the flame’s response can
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also play an essential role in the interaction with the turbulence.



Chapter 5

Planar Jet Diffusion Flame

Dynamic models, where model parameters are automatically adjusted
from known resolved fields, represent an attractive formulation for large-
eddy simulations. Widely used for unresolved momentum transport, this
approach has been applied to describe the interaction between turbulence
and flame in premixed flames with encouraging results (see chapter 3
details). In this chapter, the model is applied to a diffusion flame config-
uration. First, a planar jet case is adequately set up as a reference DNS
case for the investigation, and the flame structure is investigated. Sec-
ond, the TFLES model is applied without any efficiency function. The
model’s effects are investigated qualitatively and quantitatively with the
estimation of the heat release and the resolved flame surfaces. Then, the
model is coupled with a dynamic formulation for the efficiency function
to keep into account the loss of flame surface. The influence of physical
(flame wrinkling inner cut-off length scale) and numerical (test filter
width, averaging procedure, updating frequency) characteristics of the
dynamic model is then investigated. Results are discussed in terms of
flame structure and local effects. The behavior of the model is then
discussed, and the computational costs are measured.
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5.1 Introduction

Dynamic models have shown to be a convincing tool in large-eddy simulations
(LES). The basic idea of such models initially developed to describe sub-grid
scale momentum transport (Germano et al., 1991), is to automatically take
advantage of the known instantaneous resolved large scales to adjust model
parameters automatically. State of the art is explained in section 3.2 of the
manuscript.
This chapter aims to investigate the possibility of coupling the dynamic formu-
lation with the TFLES model for turbulent diffusion flame.
Shum-Kivan (2017) has shown that in turbulent non-premixed thickened flames,
the heat release is affected by the thickening factor, the local strain rate, and
the loss of flame surface due to the thickening flame operation. The heat release
increases with the thickening factor and the local strain rate (under the effects
on the laminar diffusion flame discussed in the present work chapter 4 ) and
decreases with the loss of flame surface. Shum-Kivan (2017) also tried to quan-
tify those effects with DNS of diffusion counter-flow homogeneous turbulent
flames. The effective correction factor is computed by considering the thick-
ening factor, the strain rate correction, and flame surface loss. The correction
value is computed as the global heat release ratio of the unrefined case over the
DNS reference case. Therefore, it is dependent on the characteristic grid size.
Corrections values have been then used to simulate the Sandia D flame (Bar-
low et al., 2005; Barlow and Frank, 2007). This methodology leads to accurate
correction factors and includes the possibility to account for correction factors
minor than unity where no wrinkling is present. Furthermore, besides the enor-
mous computational effort to retrieve correction from DNS, the methodology
of Shum-Kivan (2017) relates the correction coefficient to the resolution of the
grid and flame thickness itself. Instead, the purpose of the dynamic formulation
is to retrieve the information from the resolved scales without dependence on
the grid resolution.
For the present work, a planar turbulent jet test case is set up. Because
of the prohibitive cost of three-dimensional reacting flow computations, two-
dimensional simulations turn to be a convenient tool when dealing with flame-
vortex interactions (Laverant and Candel, 1989; Poinsot et al., 1991a; Ashurst,
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1993) or to evaluate the turbulent transport (Veynante et al., 1997). Further-
more, the relatively light computational effort allows performing a sensitivity
analysis of the model by exploring different ranges of values for each parameter.
The study is organized as follows:

• a turbulent jet flame test case is set up without a combustion model,
where the mesh grid fully resolves the flame front. The simulation,
running as LES, turns out to be a quasi-DNS;

• the TFLES model is applied without any efficiency function, and the
effects are analyzed and explained;

• the TFLES is applied with a dynamic formulation and the sensitivity
analysis of the various parameters is presented;

• finally, conclusions are drawn.

5.2 Test case description

Figure 5.1 – Computational domain

The test case is a planar turbulent jet where the computational domain’s size is
0.02×0.21 (see figure 5.1), and the splitter plate length is L = 0.01 m, and L is
considered as reference length all along with the following of the analysis. The
configuration reproduces a standard shear turbulent flame. Pure methane is
injected from the upper side of the splitter plate at 30 m/s, while pure oxygen
is injected on the lower side at 15 m/s.
A viscous mask is applied to correctly evacuate the flow from the domain (shown
in figure 5.2). Figure 5.2 shows an instantaneous solution of three main species
over the domain and the effect of the viscous mask, which is significant for an
axial coordinate of x/L > 10.
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Viscous mask

Figure 5.2 – Instantaneous snapshot of the planar jet test case. Red colour represent
CH4 mass fraction, while blue colour the O2 mass fraction and green colour the H2O
mass fraction. A viscous mask is applied to a distance of 14 characteristic lengths
from the edge of the splitter plate.

The turbulent fluctuations are injected from both fuel and oxidizer inlet with a
superimposed perturbation with a set of modes randomly chosen from a normal
distribution (Smirnov et al., 2001). The integral length scale, which represents
the most energetic scale in the turbulent spectrum, is chosen one-third of the
injection duct width (i.e., L/3), while the root mean square of the velocity is set
to urms = 3 m/s. The velocity at the splitter plate walls is set to zero to better
stabilize the flame. At the peripheral walls, only the velocity normal to the wall
is set to zero (slipping condition). All the walls are considered adiabatic. The
mesh grid consists of 542’965 triangular cell elements with 273’073 nodes. The
triangular cells’ characteristic size is 0.1 mm at the splitter plate and remains
constant up to an axial distance of x/L = 12, where the viscous starts. Figure
5.3 displays the grid resolution at the splitter plate tip, which presents a width
of 0.2 mm. A flow-through time is defined as the ratio of axial domain span of
10 L over the mean inlet velocity as τf = 5ms.

Figure 5.3 – Mesh resolution zoom on the splitter plate tip.

For the sake of the analysis, a simple one-step chemical mechanism is adopted
to avoid any side complications. The reaction is chosen as the first reaction of
the 2S-CM2 simplified mechanism for methane (Bibrzycki and Poinsot, 2010):

CH4 +
3

2
O2 −−→ CO + 2 H2O (5.1)
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The reaction rate is modelled with the Arrhenius law as:

kf = A exp

(
− Ea
R T

)
[CH4]nCH4 [O2]nO2 (5.2)

The pre-exponential factor A, activation energy Ea and the reaction exponents
nCH4 and nCH4 are listed in table:

A [moles of CH4/(s cm3)] Ea [cal/mol] nCH4 nO2,j

4.9× 109 3.50× 104 0.9 1.1

A unique unity Lewis number is assumed, and the Schmidt number is constant
and equal to Sc = 0.75 for all the species. Consequently, a mixture fraction z
is defined as:

z =
sYCH4 − YO2 + 1

s+ 1
(5.3)

where s = 3 is a coefficient depending on the molecular mass fraction of the
reactants (WO2 and WCH4) and the their respective reaction coefficient in Eq.
5.1 so that:

s =
1.5WO2

WCH4

= 3 (5.4)

The corresponding stoichiometric mixture fraction is zst = 0.25.
The computations have been run with the compressible solver AVBP (Schön-
feld and Rudgyard, 1999) in finite element formulation with a two-step Taylor-
Galerkin convection scheme1 (Colin and Rudgyard, 2000) and a dynamic Smagorinsly
LES model for the subgrid stress tensor (Lilly, 1992).

Figure 5.4 – Iso-contours of vorticity overlapping the reaction rate (gray lines).

Figure 5.4 shows a snapshot of the vorticity overlapping the reaction rate field.
The injected turbulent motions rapidly decay along the first two-length L in
the axial direction.

5.2.1 Local flame structure analysis

The flame structure analysis is carried out by extracting quantities from 100
cuts normal to the flame front from a single snapshot, along with the axial

1third order in space and time
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distance up to 10 characteristic lengths L. The flame front is considered to lie
on the iso-line of the stoichiometric mixture fraction z = 0.25, and the position
along the cuts is determined with a uniform random position generator (Ayachit
et al., 2017). The data set extracted from the cuts is then grouped by the cut’s
length position and the mixture fraction, giving information about the average
values in space and mixture fraction framework. Figure 5.5 sketches the cuts
over the flame front.

Figure 5.5 – Positions of cuts for the analysis of the flame structure. The cuts are
overlapped with the reaction rate (coloured).

As a first check, figure 5.6 compares laminar, turbulent, and artificial viscosi-
ties. Since the laminar viscosity is much higher than the turbulent one, the
simulation turns to be close to a DNS, at least on the flame front. Figure 5.7
shows the scatter plots for the front flame profiles of mass fraction of CH4 and
O2, while the reaction rate is shown in figure5.8. By considering the species
scatter plots, the flame presents a structure compatible with infinitely fast
chemistry assumption, which is confirmed by the distribution of reaction rate,
close to a Dirac function. It is possible to conclude that the chosen case fulfills
the infinitely fast chemistry requirements, and the analytical formulation (see
chapter 4) is expected to predict the flame dynamics with good approximation.
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Figure 5.6 – Flame Front Analysis: comparison of laminar and turbulent viscosities
over the flame fronts.

(a)

(b)

Figure 5.7 – Scatter plots over the flame front neighbourhood: mass fraction species
profiles of CH4(a) and O2(b).

5.2.2 Global flame structure analysis

The global quantities such as heat release and flame surface are here analyzed.
The evolution of the global heat release as a function of the downstream x -
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Figure 5.8 – Reaction rate scatter plot over the flame front neighbourhood.

coordinate is estimated as:

hrS(x) =
1

S

∫
νS

[ω̇t] dν (5.5)

where νS denotes a volume strip normal to the axial direction with a given
width S and [.] represents a time average operator. Figure 5.9 shows the
influence of width strip S for different values. The value of averaging strip S
does not influence the value of the heat release.

0 2 4 6 8 10
downstream non dimensional coordinate x/L [ - ]

1

2

3

W
/m

1e6

heat release per unit length

size S =
L/4
L/2
L

Figure 5.9 – Evolution of heat release per unit length along the axial direction. The
size S represents the width of the volume strip used for the integration and L is the
reference length of the domain.

The flame surface can be investigated with a surface density function. Pope
(1988) proposed a formulation based on the conditional surface means. A gen-
eralized flame surface density has been proposed by Boger et al. (1998) for
turbulent premixed flames. This last formulation is acceptable if the quantity’s
iso-value surfaces are parallel, which is likely not the case in non-premixed
flames. For diffusion flames, the flame surfaces match the stoichiometric iso-
surface. In the present work, the flame surface is computed by considering a
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portion of the domain defined by a small volume of the neighborhood of stoi-
chiometric mixture fraction zst surface. For a given volume, the resolved flame
surface Sres is estimated as:

Sres =
1

∆z

∫
νS∆z

|∇z|dν (5.6)

where νS∆z is the portion of volume strip with a width S and defined where:

zst −
1

2
∆z < z < zst +

1

2
∆z

The size of ∆z should be as small as possible to be close to the correct esti-
mation of the stoichiometric iso-surface, but at the same time large enough to
assure a minimum number of grid points to get relevant statistics. Figure 5.10
shows the influence of ∆z from a snapshot of the test case. The stoichiometric
mixture fraction surface is retrieved for a longitudinal strip of the domain with
a ’diving cubes’ contouring algorithm (Cline et al., 1988), and then compared
with its estimation from equation 5.6 for different values of ∆z. This is done
for three strips placed at the splitter plate tip and axial coordinate 4L and 9L
respectively. By calling Sinterp

res the flame surface computed with the contouring
algorithm, the error of the estimation done by using equation (5.6) is2:

err =
Sres − Sinterp

res

Sinterp
res

(5.7)

2the data treatment pipelines have been developed by using the C++ open-source library
VTK (Schroeder et al., 2016). The library includes a large set of tools for grid based databases.
Details can be found at https://vtk.org

https://vtk.org


114 Chapter 5 - Planar Jet Diffusion Flame

Figure 5.10 – Estimation of an optimal value of ∆z for the test case configuration.
Upper figure: instantaneous snapshot ot the temperature field with the iso-line z = zst
and position of the considered strips. Lower figure: Representation of the error for the
prediction of the flame front for different values of ∆z (Eq. 5.7)

For values of ∆z < 0.1 the error is noising because of the low number of
sampled points, especially close to the splitter plate. The accepted range of ∆z
is between 0.1 and 0.3.
Figure 5.11 shows the axial evolution of the mean resolved wrinkling factor
computed as the flame surface into a domain strip over its projection on the
longitudinal axis (S) as:

Ξmres =

[
Sres
S

]
(5.8)

where S is the width of the domain strip considered and the square brackets
the average operation over the time. Three different values of ∆z are compared
with the generic estimation which considers the gradient for the entire range
of mixture fraction. Considering the entire range of mixture fraction gradient
overpredicts the flame surface in accordance with the analysis of an instanta-
neous solution shown in figure 5.10. Figure 5.12 represents the flame surface
wrinkling for a fixed value ∆z = 0.1 by using different strip’s width S for the
computation of Sres showing the independence of results from S.
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Figure 5.11 – Evolution of the flame surface in term of flame wrinkling by considering
the projection over the longitudinal axis. The results for different values af ∆z are
compared with the general formulation which consider the gradient ∇z over the entire
domain. The averaging strip width is S = L/2.
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Figure 5.12 – Evolution of the resolved flame surface wrinkling. The size S represent
the strip width used for the integration and L is the reference length of the domain.

The following results of the analysis are about the flame thickness. Diffusion
flames present two main thicknesses: reaction thickness and diffusive thickness.
Figure 5.13 shows the evolution over the stoichiometric iso-line arc length co-
ordinate of those thicknesses. The quantities are computed along the normals
to the stoichiometric iso-line. The reaction thickness is computed as the cut’s
portion where the heat release is greater than 5% of its maximum over the cut
itself. The diffusive thickness, instead, is computed as the inverse of the mix-
ture fraction gradient on the flame front ( 1/ |∇z||z=zst ). The figure evidences
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a considerable difference between reaction and diffusion thickness in a turbulent
flame. The reaction thickness size is way much smaller than the diffusive one,
and it remains pretty constant.
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reaction rate thickness
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x/L [ - ]

0

20

40
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diffusive thickness

Figure 5.13 – Reaction and diffusive thicknesses over the stoichiometric iso-line
z = zst. The snapshot is represented in figure 5.10.

5.3 TFLES application

The thickened flame model is adopted here with a flame sensor without any
efficiency function in order to investigate the effect of the purely thickening
operation on a turbulent diffusion jet.
The adoption of a flame sensor affects thickening factor F so that:

F = 1 + (Fmax − 1) θF (5.9)

where Fmax is the maximum value in the reaction zone. In the present the
value of the maximum thickening factor is set to Fmax = 5.

5.3.1 Flame sensor analysis

The detection of the reaction zone is based on an "Arrhenius-like" expression:

Ω = Y
νCH4

CH4
Y
νO2

O2
exp

(
−Γ

Ea
R T

)
(5.10)

where Γ is a parameter that artificially decreases the effect of the activation
temperature Ta = Ea/R and it is assumed Γ = 0.5 by default. The flame sensor
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θF is so determined with the hyperbolic tangent function (Legier et al., 2000):

θF = tanh

(
Γ′

Ω

Ω0

)
(5.11)

where Γ′ is a parameter controlling the thickness of the transition layer be-
tween the thickened and non-thickened zone, and Ω0 represents the maximum
value of Ω in the flame. As done in literature, its value is retrieved from the
stoichiometric premixed flame, with Ω0 = 1.5 × 10−5. Figure 5.14 shows the
influence of the parameter Γ′ in determining the flame sensor for a counter flow
laminar diffusion flame. For a wide range of Γ′ the flame sensor overlaps the
heat release. Furthermore by looking at the influence in term of global heat
release, table 5.1 shows that its influence is minimal. However for the following
of the analysis Γ′ is set to 20.

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0
axial coordinate [ mm ]

0.00
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1.00

[ -
 ]

Laminar non-premixed flame

θF for  Γ′ =
50
20
5

0.0

0.5

1.0

1.5

[ W
 ]

1e10

heat release

fuel sideoxidizer side

Figure 5.14 – Axial evolution of the flame sensor θF over the axis of counter flow
laminar diffusion flame at strain rate 500s−1. Results are shown for different values
of Γ′ parameter. The dashed line represent the heat release that tracks the reaction
thickness.

Γ′ [ - ] 50 20 5

global heat release MW 2.43 2.36 2.37

Table 5.1 – Global heat release per unit length along the axes of the diffusion laminar
flames for the reference cases.

A snapshot of the flame sensor overlapping the heat release of for the turbulent
thickened solution flame is shown in figure 5.15 as a qualitative check.
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Figure 5.15 – Instantaneous solution of heat release for the thickened turbulent flame
with maxiumum thickening factor Fmax = 5. Blank contour represent iso-line for the
flame sensor θF = 0.5.

As explained in chapter 4, the presence of the sensor affects the global reaction
rate. Figure 5.16 shows the axial evolution of the heat release per unit length
for the non thickened solution, the thickened with sensor and thickened without
sensor computed as:

hrS(x) =
1

S

∫
νS

[
ω̇t
F

]
dν (5.12)

The presence of sensor drastically reduces the heat release at the splitter plate
exit, compared to the thickened solution without sensor, even though it does
not recover the value of the reference DNS flame.
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1e6
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reference DNS
TFLES model
TFLES model
no sensor

Figure 5.16 – Axial evolution of heat release per domain unit length. The strip width
S is set to half the reference length (L/2).
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The effect of the sensor can be even more appreciated by considering the heat
release per resolved flame surface unit as:

hrΞres(S) =
hrS(x)

Ξres(x)
(5.13)

Figure 5.17 confirms that the presence of the sensor reduces the heat release
per flame surface unit, especially close to the splitter plate where the flame is
expected to be laminar.
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Figure 5.17 – Axial evolution of heat release per flame surface. The strip width S is
set to half the reference length (S = L/2).

The primary effect of the flame sensor is related to the flow field dynamic.
Comparing two instantaneous shots of the thickened flames without and with
sensor, as in figure 5.18, shows a considerable difference of the flame surfaces.
Without a sensor, the flame is almost not wrinkled anymore, and the flow
regime is close to being laminar. In the presence of the sensor, the Reynolds
number is affected only locally, and the main flow regime remains predominantly
turbulent.
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No sensor

With sensor

Figure 5.18 – Instantaneous snapshot of species mass fraction for the solution without
sensor (upper) and with sensor (lower).

However, as shown in section 4.2, the presence of the flame sensor induces
non-physical peaks in the mixture fraction field (see figure from 4.5(b) from
section 4.2), which require to be properly handled for further modeling. For
the following analysis, the flame sensor is adopted.

5.3.2 Flame structure

The flame front analysis, applied over an axial coordinate between 2 and 8 L
for the methane/oxygen (Fig. 5.19) and temperature (Fig. 5.20), shows that
although the gradients of the main species are smoothed, the structure of the
flame does not change significantly in the mixture fraction framework, and the
reaction rate is still close to a Dirac function (Fig. 5.21). So, the assumption
of infinitely fast chemistry can still be considered for the thickened flame.
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(a)

(b)

Figure 5.19 – flame front analysis: comparison of non-thickened and thickened
flames. reaction rate (a). Mass fraction profiles of CH4(a) and O2(b).

Figure 5.20 – flame front analysis: comparison of non-thickened and thickened
flames. Mass fraction profiles of temperature.
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Figure 5.21 – flame front analysis: comparison of non-thickened and thickened flames
for the reaction rate.
5.3.3 Flame dynamics

Analogously to the reference solution, the resolved surface flame is estimated
through the gradient of the mixture fraction z in the neighborhood of the iso-
line z = zst with equation 5.6. The lower bound of ∆z is considered the same
as for the reference DNS flame. Figure 5.22 shows the axial evolution of the
resolved flame surface wrinkling for different values of ∆z compared with the
estimation considering the entire range of z. Considering the gradient of z over
the entire domain overpredicts the flame surface’s value almost by a factor of
two in the case of the thickened flame.
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Figure 5.22 – Axial evolution of the flame surface in term of flame wrinkling by
considering the projection over the longitudinal axis. The results for different values
af ∆z are compared with the general formulation which consider the gradient ∇z over
the entire domain. The average strip width is S = L/2
Figure 5.23 shows the axial evolution of the resolved flame surface wrinkling
between the DNS reference case and thickened solution with the flame sensor.
Besides, figure 5.23 shows the ratio of two flame surfaces, which corresponds
roughly to the efficiency factor required to counterbalance the loss of flame
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surface due to the thickened model application.
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Figure 5.23 – Axial evolution of resolved flame surface wrinkling Ξres for the ref-
erence DNS and thickened flame. The dashed line represent the ratio which is the
required wrinkling expected from the formulation. The strip width S is set to the ref-
erence length (S = L/2).

5.4 Dynamic model Application

The loss of flame surface justifies the need for a sub-grid efficiency model pro-
posed in the present analysis through a dynamic formulation. The efficiency
function is computed by assuming a fractal behavior (Eq. 3.8) where the inner
cut-off length is assumed as the laminar flame thickness δL and the outer cut-off
length as the resolved flame thickness FδL, so that equation (3.8) becomes:

Ξ∆ = F β (5.14)

5.4.1 Quantities of interests

The computation of the parameter β is based on an estimation of a flame surface
density-like quantity Ψ as:

Ψ =

{
|∇z̃|
∆z θF if zst − ∆z

2 < z̃ < zst + ∆z
2

0 elsewhere
(5.15)

The flame sensor θF is introduced to cut off the peaks of mixture fraction gradi-
ents due to the presence of the sensor itself (see figure from 4.5(b) from section
4.2). Those peaks lead to non-physical effects when filtering the quantities,
which lead to incorrect values of the parameter β.
Analogously, a filtered surface density-like quantity Ψ̇, conditioned over the
flame reaction,is defined as:

Ψ̇ =

{ |∇ˆ̃z|
∆z θF if zst − ∆z

2 < ẑ < zst + ∆z
2

0 elsewhere
(5.16)
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where the hat symbol "ˆ" denotes the filtering operation at test filter scale ∆̂.
So from equation 3.12 the parameter β becomes:

β =
log
(
< Ψ̂ > / < Ψ̇ >

)
log γ

(5.17)

where γ is a parameter that depends on the TLFES filter ∆ and test filter
size ∆̂ as:

γ =

√√√√1 +

(
∆̂

∆

)2

(5.18)

The flame surface at the filtered test scale Sfilt is computed as:

Sfilt =

∫
ν∆z

∣∣∣∇ˆ̃z
∣∣∣

∆z
dν (5.19)

The time evolution of total flame surface Stot, analogously to Eq. 5.6, is com-
puted as:

Stot =

∫
ν∆z

Ξ∆
|∇z̃|
∆z

dν (5.20)

and a total surface wrinkling Ξtot, analogously to the resolved one (Eq. 5.8),
over a volume strip νS , is:

Ξmtot =

[
Stot
S

]
(5.21)

where S is the length of the axial projection of the volume strip considered.
The instantaneous global heat released per unit length is:

hrS(x, t) =
1

S

∫
νS

Ξ∆ω̇t
F

dν (5.22)

and the the corresponding time averaged quantity is

hrmS (x) = [hrS(x, t)] (5.23)

The spatial mean at a given time stamp t of β for a volume strip νS is:

β̄(t, x) =

∫
νS
β(x′, y′, t) Ψ dν∫

νS
Ψdν

(5.24)

where x′ and y′ are the spatial coordinates domain volume νS . The correspond-
ing RMS is given by:

β′(t, x) =

√
β2 −

(
β̄(t)

)2 (5.25)
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The time averaged downstream evolution of β is:

βSavg(x) =

∫
νS

[β(x′, y′, t) Ψ] dν∫
νS

[Ψ] dν
(5.26)

and the corresponding RMS by:

βSrms(x) =

√√√√∫νS [(β(x′, y′, t))2 Ψ
]
dν∫

νS
[Ψ] dν

−
(
βSavg(x)

)2 (5.27)

and νS denotes the domain strip centred in x with S width.
Analogously, the spatial mean at a given time stamp t of the efficiency function
Ξ∆ is computed as:

Ξ̄∆(t, x) =

∫
νS

Ξ∆(x′, y′, t) Ψ dν∫
νS

Ψdν
(5.28)

The corresponding RMS is given by:

Ξ′∆(t, x) =

√
Ξ2

∆ −
(
Ξ̄∆(t)

)2 (5.29)

The time averaged downstream evolution of the mean parameter is:

ΞS∆, avg(x) =

∫
νS

[Ξ∆(x, y, t) Ψ] dν∫
νS

[Ψ] dν
(5.30)

and the corresponding RMS by:

ΞS∆, rms(x) =

√√√√∫νS [(Ξ∆(x, y, t))2 Ψ
]
dν∫

νS
[ Ψ] dν

−
(

ΞS∆, avg(x)
)2

(5.31)

and νS denotes the domain strip centred in x with S width.



126 Chapter 5 - Planar Jet Diffusion Flame

Variable Integration over space Integration over time

β

β̄(t, x) =

∫
νS
βΨdν∫

νS
Ψdν

βSavg(x) =

∫
νS

[β Ψ]dS∫
νS

[Ψ]dS

β′(t, x) =
√
β2 −

(
β̄(t)

)2
βSrms(x) =

√∫
νS

[β2 Ψ ]dS∫
νS

[ Ψ]dS
−
(
βSavg(x)

)2

Ξ∆

Ξ∆(t, x) =

∫
νS

Ξ∆ Ψdν∫
νS

Ψdν
ΞS∆, avg(x) =

∫
νS

[Ξ∆ Ψ]dS∫
νS

[Ψ]dS

Ξ′∆(t, x) =
√

Ξ2
∆ −

(
Ξ̄∆(t)

)2
ΞS∆, rms(x) =

√∫
νS

[Ξ2
∆ Ψ]dS∫

νS
[ Ψ]dS

−
(

ΞS∆, avg(x)
)2

Resolved surface

wrinkling
Ξres(t, x) = Sres

S Ξmres(x) =
[
Sres
S

]
Total surface
wrinkling Ξtot(t, x) = Stot

S Ξmtot(x) =
[
Stot
S

]
heat release hrS(t, x) = 1

S

∫
νS

Ξ∆
ω̇t
F dν hrmS (x) = 1

S

∫
νS

[
Ξ∆

ω̇t
F

]
dν

Table 5.2 – Summary of statistic definitions. [.] denotes a time average operation,
while νS denotes the volume strip centred in x.
Furthermore, since the computation of the parameter β is costly in terms of
CPU time, it is not computed at each iteration. The code time step is based on
the acoustic CFL number, and the model parameter evolves with convection
times so that β is updated every n iterations. The influence of the parameter
n is investigated in section 5.4.6. However, for the following analysis, n is set
to 500.

5.4.2 Fractal behavior

The current model assumes that the wrinkling factor Ξ∆ scales as an exponent
of the filter width ∆ (Eq. 3.8). As a recall, the efficiency function in fractal
formulation writes as:

Ξ∆ =

(
∆

δc

)β
(5.32)

Resolved flame surface at LES filter (Sres) and test-filter scales (Sfilt) are re-
lated through the conservation of the total flame surface, Ξ∆Sres = Ξγ∆Sfilt,
leading to:

Sfilt
Sres

=
Ξ∆

Ξγ∆
=

(
γ∆

∆

)−β
= γ−β (5.33)

Accordingly, the normalized filtered surface flame Sfilt/Sres over a portion of
domain is expected to follow a straight line of slope −β when displayed as
a function of the ratio γ of the filter sizes in log-scale. Figure 5.24 shows



Part II - Model Development 127

the relation for an instantaneous solution of the thickened flame without ef-
ficiency model. The value of the TFLES filter width is ∆ = Fmax δ

0
L, where

δ0
L = 0.45 mm is estimated through the flame thickness of a freely propagating
laminar premixed flame as:

δ0
L =

T2 − T1

max
(∣∣∂T
∂x

∣∣) (5.34)

where T1 is the temperature of fresh and T2 of the burnt gases. So the TFLES
filter size ∆ is:

∆ = Fmaxδ
0
L = 2.25mm = 0.225L

The slope of the curve is constant for values of the test filter size up to ∆̂ ≈ 2.5∆,
which validates the use of a fractal-like model. This limitation is given by the
integral length scale of the turbulence.
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Figure 5.24 – Normalized filtered surface flame Sfilt/Sres as a function of the ra-
tio of the test and combustion filter sizes in log-scale for values of the filter size ∆̂
from 1∆ to 5∆, with ∆ = 0.225L = 2.25mm. Results are extracted from the instan-
taneous field of the thickened flame.
A fractal formulation requires defining an outer to inner cut-off length ratio.
By considering the inner cut-off length as the thickness of the non-thickened
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flame, the outer cut-off length is assumed the thickened flame thickness so
that the ratio outer to inner cut-off length is the thickening factor Fmax. This
assumption, purely made as standard practice, turns accurate when comparing
the reaction thicknesses of the DNS reference with the TFLES one, as shown in
figure 5.25, which shows the thicknesses and ratio thickened to non-thickened
one. The thicknesses are computed as the portion of the cut, normal to the
stoichiometric iso-line, where the reaction rate is higher than five percent of its
maximum over the cut itself. Since the thickness of the TFLES flame does not
change in the order of magnitude, the assumption ∆/δc = F can be accepted.
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Figure 5.25 – Upper figure: Comparison of reaction rate thickness of the reference
DNS and thickened solution from 2 instantaneous solutions. The thickness is computed
as the portion of the cut normal to the flame front where the value is higher than
five percent of its maximum over the cut itself. Lower figure: ratio thickened to non
thickened thicknesses.
5.4.3 Discussion

The model parameters, such as filter sizes, inner cut-off length scale, and up-
dating frequency, are here varied to characterize the model behavior and its
robustness. Table 5.3 summarizes the different cases studied. By assuming a
reference case, the other cases vary from it by a single parameter. The TFLES
filter size ∆ is related to the laminar flame thickness δ0

L, according to:

∆ = Fmaxδ
0
L = 2.25mm = 0.225L (5.35)
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Case ∆̂ ∆avg δc γ

C1.5∆
3.0∆ (ref.) 1.5 ∆ 3.0 ∆ δ0

L 1.80

C1.5∆
4.0∆ 1.5 ∆ 4.0 ∆ δ0

L 1.80

C2.0∆
3.0∆ 2.0 ∆ 3.0 ∆ δ0

L 2.24

C2.0δ0
L

1.5 ∆ 3.0 ∆ 2 δ0
L 1.80

Table 5.3 – Summary of simulated cases. Superscript α1 and subscript α2 in Cα1
α2

de-
note test and averaging filter sizes, respectively. The subscript α3 in Cα3

stands for the
inner cut-off length scale. The combustion filter size is set to ∆ = 2.25 mm = 0.225L.
The maximum thickening factor is set to Fmax = 5 for all cases.
Figure 5.26 shows an instantaneous snapshot of the model parameter β for the
case C1.5∆

3.0∆ overlapped with the reaction rate. The parameter β presents peaks
where the reaction rate is wrinkled as expected.

Figure 5.26 – Instantaneous solution of the turbulent diffusion flame case C1.5∆
3.0∆

representing the parameter β. Black lines represent iso-contour of reaction rate for
300 and 3000 mol/(sm3)
Figure 5.27 displays snapshots of the instantaneous LES resolved fields and the
corresponding test filtered and averaged filtered quantities illustrating the dy-
namic procedure to determine the model parameter. The flame surface density
Ψ from Eq. 5.15 (shown in Fig. 5.27a) is filtered at the test scale ∆̂ (Fig.
5.27b) and averaged (Fig. 5.27d) at ∆avg scale. The filtered surface density Ψ̇,
at test filter ∆̂ from equation 5.16, is shown in (Fig 5.27c) and it is then filtered
(Fig. 5.27e) at average scale ∆avg. Then equation (5.17) is applied obtaining
the β-field displayed in figure 5.27g.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.27 – Instantaneous LES resolved field and corresponding test-filtered quan-
tities for the turbulent diffusion jet. (a) Ψ; (b) Ψ̂; (c) Ψ̇; (d) < Ψ̂ >;(e) < Ψ̇ >; (f)
β-field. Snapshot corresponds to simulation C1.5∆

3.0∆

.

Figure 5.28 shows the axial evolution of βSavg and βSrms for different values of the



Part II - Model Development 131

0.00

0.02

0.04

0.06

0.08

βS
avg

0 2 4 6 8 10
x/L [ - ]

0.00

0.02

0.04

0.06

0.08

βS
rms

Sf width =
L/4
L/2
L

Figure 5.28 – Axial evolution of βSavg and βSrms for different values of the averaging
strip width S for the reference case C1.5∆

3.0∆ . The results are averaged over 6 convective
times, where a convective time is estimated to 5 milliseconds.
averaging strip width S. The average value of β increases in the first 2L along
the axial coordinate and then tends to a constant value of 0.05. The RMS turns
to be close to the β average value and follows a similar evolution. Figure 5.29
shows the values of the resolved flame wrinkling Ξres (Eq. 5.8), the averaged
efficiency factor Ξ̄∆ (Eq. 5.28) and the corresponding averaged parameter β̄
(Eq. 5.24) for strips of S = L normal to the axial direction along the domain
for the case C1.5∆

3.0∆ . The evolution of β follows the evolution of resolved flame
surface wrinkling along the axis.
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Figure 5.29 – Temporal evolution of resolved flame surface wrinkling Ξres (Eq. 5.8),
average flame wrinkling factor Ξ̄∆ (Eq. 5.28) and parameter β̄(t) (Eq. 5.24) for
different strips along the domain for the reference case C1.5∆

3.0∆ .
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5.4.4 Influence of model parameters

Test filter and averaging filter sizes

The following results are averaged over six convective times, where a convective
time is estimated to 5 milliseconds3. Figure 5.30 compares the conditional
downstream evolution of mean βSavg (Eq. 5.26), and its RMS (Eq.5.27) varying
test and averaging filter widths. A filtering size of∆̂ = 2.0∆ does not impact the
value of β significantly. On the other hand, the average filter increase mainly
decreases the βrms. Ideally, with large values of ∆avg, the formulation should
tend to a global formalism where β depends only on time.
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Figure 5.30 – Axial evolution of βSavg(x) and βSrms(x) for simulations varying test
and averaging filter. The averaging strip width is the characteristic length S = L.
cut-off length scale

The inner cut-off length scales δc, entering equation 5.32, is unknown a priori.
For premixed flames, several formulations can be found in literature (Gülder,
1991; Smallwood et al., 1995). For example Smallwood et al. (1995) suggested
that the inner cut-off is linked to the Karlovitz number.
In the present work, the cut-off length scale is assumed to be constant. Accord-
ing to Eq. 5.32, by increasing δc the wrinkling factor Ξ∆ decreases if the the
parameter β remain constant. Figure 5.31 shows the variation of βSavg and its
RMS due to the inner cut-off length. Increasing the cut-off length by a factor
of two slightly decreases the average value β and the RMS. As expected for the
efficiency factor instead, Figure 5.32 shows that the impact on the efficiency is
not negligible, and the average value of Ξ∆ decreases by increasing the cut-off

3computed as the time to flow of a particle for a domain portion of 10 L at average inlet
speed of 20 m/s
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length δc with the same factor. This effect turns into a reduction in the total
flame surface as shown in figure 5.33.
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Figure 5.31 – Axial evolution of βSavg(x) and βSrms(x) for simulations varying the
cut-off length δc. The averaging strip width is the characteristic length S = L.
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Figure 5.32 – Axial evolution of ΞS∆, avg(x) and ΞS∆, rms for simulation varying the
cut-off length δc.
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Figure 5.33 – Axial evolution of Ξmres(x) and Ξmtot(x) for simulation varying the cut-
off length δc. The averaging strip width is the characteristic length S = L.
5.4.5 Comparison with the reference case

The dynamic formulation is compared with the fully resolved jet case and the
thickened solution without efficiency function. Total and resolved flame sur-
faces (Ξres and Ξtot) are compared in figure 5.34 by showing the dynamic for-
mulation, the reference DNS and thickened flame surfaces without the dynamic
model. The dynamic formulation recovers the total flame surface at least after
a certain distance from the splitter plate (x/L > 3) where the model activates.
However, for distance x/L > 3 the model activates gradually but overpredicts
the total flame surface.
Figure 5.35 shows the comparison of total flame surfaces evolution for the ref-
erence DNS, dynamic solution C1.5∆

3.0∆ and a thickened flame with constant effi-
ciency Ξ∆ = 1.08 and β = 0.05, which is approximately the average value of β
resulting from the previous analysis (see figure 5.30). It shows that a constant
efficiency model can be adopted in the zone where the flow is fully developed
(x/L > 3).
For diffusion flames and infinitely fast chemistry, according to the analytical
theory for laminar flame in chapter 4, the TFLES model cannot compensate
the over-prediction of heat realease. The application of dynamic formulation
for the efficiency function leads to a further over prediction of the heat release
compared to the DNS reference solution shown in Fig. 5.36, where the heat
per unit length is compared.
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Figure 5.34 – Axial evolution of resolved (Ξres) and total (Ξtot) flame surface wrin-
kling. Comparison of reference DNS, TFLES without efficiency and dynamic model
formulation C1.5∆

3.0∆ . The average strip width is S = L/2.
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Figure 5.35 – Axial evolution of total (Ξtot) flame surfaces. Comparison of reference
solution, only thickening, dynamic model and TFLES model with constant efficiency.
The average strip width is S = L/2.
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Figure 5.36 – Axial evolution of heat release per domain unit length. The averaging
strip width S is set to half the reference length (L/2). Comparison of reference DNS,
TFLES flame without efficiency and dynamic model formulation C1.5∆

3.0∆ .
5.4.6 Influence of updating iteration

The dynamic model could be computationally expensive because of the filter-
ing operations involved if computed every time step. The code time step is
based on the acoustic CFL number, and the model parameter is expected to
evolve with convection times, so the dynamic procedure is not applied every
time step but every n iterations. The physical time for a single iteration is
around τi = 0.02µs. A value of the parameter n = 500 iterations, used in
the previous analysis, corresponds to a physical time τn = nτi = 10µs. By
considering the bulk velocity of the fuel inlet U0 = 20m/s (averaged velocity
of fuel and oxidizer inlet), the distance travelled by a convected fluid particle
can be estimated as δn = U0τn. For n = 500, δn = 0.20 mm. Since the fil-
ter sizes are bigger than this length (∆ = 2.25 mm), this updating frequency
seems acceptable. Optimizing this parameter is essential to achieve the best
CPU performance. The size of δn has to be considered with the TFLES filter
width and the reference length L. Table 5.4 represents the physical time τn and
its respective length δn for different values of number of updating iterations n,
and relates δn to the TFLES filter size ∆ and the reference length L.
By considering the value of the TFLES filter size ∆ = 2.25 mm, the updating
frequency of n = 1000 is relevant. The updating convective length δn is not
negligible for values higher than the TFLES filter size.
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n τn [µs] δn [mm] δn/∆ δn/L

200 4 0.08 3.6% 0.8%

500 10 0.20 8.9% 2.0%

1000 20 0.40 17.8% 4%

2000 40 0.80 35.6% 8%

Table 5.4 – Values of updating frequency n and corresponding updating time step τn
and equivalent average distance travelled by a particle flow between two model updates
δn computed by considering the bulk velocity of the fuel inlet Ub = 15m/s. δn is
compared to the combustion TFLES filter size ∆ = 2.25 mm and the reference length
L = 10 mm.
Figure 5.37 represents the evolution of the average wrinkling factor ΞS∆ avg in
different strip locations for different periods between updates n. The procedure
adapts the value of the local wrinkling factor independently of n. For n = 1000,
the efficiency value barely follows the refined one, and for n = 2000, the steps
in the computation steps become important.
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Figure 5.37 – Time evolution of the wrinkling factor Ξ∆(x, t) at different domain
strip and numbers of updating iterations n.
5.4.7 Computational Costs

The simulations were performed on 240 cores on an SGI ICE X machine through
computational time slots of 4 hours. Simulations without the model computed
a physical time of 18 ms during a single time slot, while the thickened solution
without the dynamic model performed a physical time of 19ms. Table 5.5
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resumes all the cases’ computational costs and compares them to a solution
with constant efficiency. The application of the dynamic model, for the specific
case, doubles the computational cost compared to the thickened solution with
constant efficiency. The dynamic model reference case C3.0∆

1.5∆ with an updating
iterations n = 500 computes a physical time span of 8ms. The filter widths
determine an extra over-cost related to the filtering operation. Increasing av-
erage filter width from 3.0∆ to 4.0∆ increases the computational cost by 60%.
The increase of test filter width from 1.5∆ to 3.0∆ raises the cost by 33 %.
Generally, the cost increases with the size of the filter widths. For this reason,
test and average filter sizes should be kept as small as possible, with the only
limitation to ensure that the resolved flame wrinkling at the test filter level is
well captured. Increasing the updating iterations from 500 to 1000 decreases
the computational costs by 20 %. The updating iterations n should be kept
as small as possible so that the distance traveled by a particle between two
updates does not interact with the TFLES filter and the integral length scale.
On the other side, small values increase the computational times.

case ∆̂ ∆avg n
CPU time

per physical time
(hours/ms)

Base 100

reference DNS - - 53 96

constant efficiency - - 55 100

C1.5∆
3.0∆ 1.5∆ 3.0∆ 500 120 218

C1.5∆
4.0∆ 1.5∆ 4.0∆ 500 192 349

C2.0∆
3.0∆ 3.0∆ 3.0∆ 500 160 290

C1.5∆
3.0∆ 1.5∆ 3.0∆ 1000 96 175

Table 5.5 – Comparisons of computational costs for the analyzed cases.

5.5 Conclusion

The thickened flame model TFLES applied to non-premixed turbulent combus-
tion has been investigated. A planar test case has been set up to carry on the
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investigation properly. The flame structure has been investigated for the fully
resolved jet in terms of local quantities (scatter plots) and global (heat release,
flame surfaces, and heat release per flame surfaces). The setup case fulfills the
requirements of infinitely fast chemistry assumption.
Next, the TFLES model has been applied to the flame without any efficiency
function. The application of a flame sensor is required to preserve the flame
dynamic in a turbulent state. Although the flame’s local structure does not
change when the flame is thickened, the global quantities are impacted. The
dynamic formulation has been so investigated in order to account for the loss
of flame surface. The heat release a priori cannot be recovered by the TFLES
model as shown by the analytical formulation in chapter 4. The use of the flame
sensor slightly improves the prediction, but on the other hand, it induces non-
physical parasitic effects that alter the correct operation of the model and have
to be accurately managed to avoid spurious values. Therefore for the dynamic
formulation of the wrinkling factor, the exponential parameter β is obtained by
considering a progress variable conditioned by the flame sensor value (Eq. 5.15).
The flame’s fractal behavior, stated in the analysis, allows a fractal formulation
of the wrinkling factor to recover the loss of the flame surface. The inner cut-off
length also plays a relevant role in the model formulation. In the present work,
its size has been estimated from the reaction thickness of the non-thickened
flame. An over-sizing of the inner cut-off length can quickly turn off the model
values.
By choosing the filter size ∆̂ within a limited range of the flame thickness size,
the dynamic formulation recovers the total flame surface satisfyingly, at least
after a certain distance from the splitter plate, where the flow is fully developed.
Nevertheless, the model’s activation at the splitter plate tip requires more ac-
curate analysis and specific formulation.
The computational cost of the dynamic formulation is strictly related to the
filter sizes of the filtering operations. An accurate choice of the number of iter-
ations between two updates of the model can be estimated by considering the
respective distance traveled by a flow particle in between, which has to be small
enough to not interact with the TFLES filter size ∆. A technique to further
reduce the computational cost could be to compute the dynamic formulation
only in a well-bounded portion of the domain where the flame dynamic’s cor-
rect prediction is required.
Conclusively, the dynamic formulation for diffusion flame can accurately recover
the loss of flame surface, but not the overprediction of the heat release, advo-
cating its application on a flame surface-based combustion model to correctly
predict the reaction rate per flame surface.





Conclusion and perspectives

This work’s objective was to investigate a dynamic formulation for the flame
surface wrinkling factor coupled with the thickened flame model (TFLES) to
perform large-eddy simulations of turbulent diffusion flames.
The influence of the TFLES formalism is first tested in a laminar steady
counter-flow non-premixed flame using analytical and numerical studies. The
analysis has shown the model limitations in predicting global quantities such
as heat release rates which depend on the thickening factor as

√
F . The in-

troduction of a flame sensor can improve the prediction to a certain extent
but induces species mass fraction gradient peaks that have to be properly han-
dled. It should be pointed out that, as long as the chemistry is sufficiently
fast, reaction rates are primarily controlled by molecular diffusion processes,
and any change in diffusion characteristics, as done in the TFLES framework,
affects them. Nevertheless, we examined several solutions to adapt the model
to diffusion flames, but none can be practically used for real applications. For
example, using tabulated chemistry or analytical relations to reduce reaction
rates to counter-balance overestimated diffusion fluxes leads to unphysical un-
burnt reactants. However, it is expected that the model performs well when
reaction rates are mainly controlled by turbulent transport, or reactants are
burning in a partially premixed combustion regime, as suggested by results re-
ported in the literature.
The counter-flow flame configuration was also used to investigate simplified
chemical mechanisms in view of simulating the Sandia D flame, one of our pri-
mary goals (Annex A). Unfortunately, this study highlighted several difficulties
which led to giving up this objective. Therefore, a planar turbulent jet has been
considered to investigate the thickened flame model’s behavior coupled with a
dynamic determination of the flame surface wrinkling factor. For the sake of
optimizing computational time, the set-up assumes a two-dimensional flow and
is designed to provide a fully resolved reference solution without a combustion
model (direct numerical simulation limit).
The validity of the infinitely fast chemistry limit is first assessed from a local
analysis of the reference direct numerical simulation and the thickened flame.
Then, the flame surface wrinkling factor, describing flame/turbulence interac-
tions, is modeled by a dynamic formulation of a fractal-like expression deter-
mining the unresolved flame surface from the knowledge of the resolved one.
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The influence of the physical and numerical parameters entering the dynamic
formalism is first examined to verify the model’s correct behavior, while the in-
ner cut-off length scale is identified to the reaction zone thickness. The dynamic
model is found to correctly predict the total flame surface without adjusting
model parameters. However, due to the enhancement of reaction rates per unit
of flame area induced by the thickening procedure, the overall reaction rate
remains significantly overestimated.
These results suggest two main directions as perspectives. The first direction
points to investigate the behavior of the thickened flame model in situations
where reaction rates are mainly controlled by the turbulent transport of reac-
tants towards the flame and when the combustion regime is more related to the
burning of partially premixed reactants than displaying ideal diffusion flame
structure, as observed in highly turbulent lifted flames. In these cases, the
local increase of diffusive transport in the flame front might have a negligible
influence on overall reaction rates explaining the good results reported in the
literature when using the thickened flame model for non-premixed turbulent
flames.
The second route is to take advantage of the ability of the dynamic formu-
lation to predict the total flame surface, replacing the thickened flame model
in the estimation of local reaction rates by another approach, for example,
a flamelet formalism, possibly coupled with tabulated chemistry. Certainly,
three-dimensional large-eddy simulations of non-premixed flames of practical
interest are mandatory to go further.



Appendix A

Reduced Chemical Mechanisms
for Methane

Nowadays, simulations of reacting flows of practical interest still re-
quire substantial computational effort. Reacting species goes through
hundreds of reactions producing, in turn, hundreds of final and interme-
diate products. For example, a detailed mechanism (GRI) for methane
includes 325 reactions and 53 species. All those equations become a non-
neglecting burden that has to be added to the flowfield equations making
the computation prohibitive. However, to predict global quantities such
as temperature distribution, flame speed, or the dominant species’ dis-
tribution, detailed mechanisms can be reduced to a reasonable cost.
The purpose of this chapter is to accurately select a reduced mecha-
nism for methane that can be used to carry on large-eddy simulations of
non-premixed and partially premixed mixtures and ultimately evaluate
the feasibility to simulate a real operating burner, namely the Sandia
D burner (Barlow et al., 2005; Barlow and Frank, 2007). The most
suitable mechanism is chosen from simulations of a laminar counter-
flow flame. The reduced mechanisms are compared with the results of a
detailed one, namely the GRI 3.0 (Smith et al., 1999) mechanism.
First, the BFER mechanism developed by Franzelli et al. (2012) is
tested, then a modified BFER is proposed. Finally, within a consid-
erable computational over cost, an analytical scheme, namely LU (Lu
and Law, 2008), is examined.

A.1 Introduction

Combustion involves, in reality, thousands of elementary reactions that pro-
duce, in turn, as many species. When the purpose is to describe global flame
characteristics such as flame speed, temperature distribution, or heat release,
detailed mechanisms are unnecessary and can be replaced by reduced ones.
However, a reduced mechanism behaves well for a limited range of operating
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Figure A.1 – Laminar counter-flow testing flame configuration. Fresh gases: rich
mixture methane/air. Pilot flame: burnt gases lean mixtures methane/air. x indicates
the axial coordinate.

conditions, so a reference configuration is essential to correctly choose the most
suitable one. The chosen configuration is related to the reference diffusion flame
Sandia D (Barlow et al., 2005; Barlow and Frank, 2007). This flame is charac-
terized by the presence of a pilot flame which ignites the combustion. In order
to reproduce this process, the configuration chosen for the present analysis is a
counter-flow flame of the fresh gas (300K) methane/air rich mixture (Φ=3.17)
pushed against pilot flame gases as shown in figure A.1. The composition of
the pilot flame is determined by the equilibrium of a lean mixture of air-gas
(Φ=0.77) related to the chemical mechanism. Table A.1 resumes the composi-
tions of the reactants. The mean strain rate imposed is 200s−1.
Along the symmetry axis (shown in figure A.1) the flow can be considered
one-dimensional. The simulations with the detailed GRI mechanism have been
run with the REGATH code (Darabiha, 1992), an in-house solver for reacting
one-dimensional NS equations1. Instead, the computations with the reduced
mechanism have been run for a planar domain, shown in figure A.2, with AVBP
solver (Schönfeld and Rudgyard, 1999). The inlets are velocity-imposed, while
the output is constant pressure at 1 bar. The size of a cell grid is 0.05 mm,
while the entire mesh comprises 1.8 million triangular elements. The convection
term’s numerical scheme is a finite volume Lax-Wendroff, and the computations
are run without any artificial viscosity.

1All the computations with REGATH code have been gently run by my friend and PhD
collegue at École CentraleSupélec Giampaolo Maio
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Fresh gases

50 mm

Pressure outlet  
P= 1bar

22 mm

22 mm

Pilot Flame

Symmetry axis

Figure A.2 – Computational domain. The central axis is considered as symmetry
axis and treated as a non viscous wall. The boundary walls of the domain are shaped
like the streamlines of potential counter flow.

Fresh Gases Pilot Flame
stoichiometry φ 3.17 0.77

composition YCH4 = 0.1561, YO2 = 0.1966, YN2 = 0.6473 Determined by the
chemical mechanismtemperature 300 K

Table A.1 – Reactants inlet conditions of the reference counter-flow laminar flame.
The temperature and composition of the pilot flame are determined by the equilibrium
of the chemical mechanism considered.

A.2 BFER Mechanism

The first mechanism analyzed is the BFER (Franzelli et al., 2010). The method-
ology of the BFER mechanism is based on a parameter best fitting in order to
reproduce the behavior of the flame on a relatively wide range of equivalence ra-
tio, pressure and temperature. It has been first validated with premixed flames
with GRI mechanism and then used for gas fueled swirled burner (Franzelli
et al., 2012). The BFER mechanism accounts for 6 species and 2 reactions
namely:

CH4 +
3

2
O2 −−→ CO + 2 H2O (A.1)

CO +
1

2
O2 ←−→ CO2 (A.2)
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Aj [mol/(s cm3)] Eaj [cal/mol] nCH4 nCO nO2,j

j=1 4.9× 109 3.55× 104 0.5 - 0.65
j=2 2× 108 1.2× 104 - 1 0.5

Table A.2 – Pre-exponential factors Aj, activation energies Eaj and reaction expo-
nents nk,j for the BFER mechanism.

The laminar flame speed is directly related to the fuel consumption rate, and
it is mainly determined by the reaction (A.1). The second reversible reaction
(A.2) represents the equilibrium of CO and CO2, and it is mandatory to predict
the burnt gas temperature for rich mixtures.
The idea is to correct the forward reaction rates of the classical Arrhenius law
(Eq. 1.42) by multiplying by a factor fj , based on the equivalence ratio2 φ,
each reaction j:

kf1 = A1f1(φ) exp

(
−Ea,1
RT

)
[CH4]nCH4 [O2]nO2,1 (A.3)

kf2 = A2f2(φ)T 0.7 exp

(
−Ea,2
RT

)
[CO]nCO [O2]nO2,2 (A.4)

where Aj is the pre-exponential factor of reaction j, Ea,j is the activation energy
and nk,j is the reaction exponent for species k in reaction j. Those parameters
are resumed in table A.2. The correction factor f1 allows decreasing the laminar
flame speed for rich flames, while f2 is calibrated to adjust the post-flame
zone’s thickness and quickly reach the equilibrium state. They depend on the
equivalence ratio of the mixture and they are given by:

f1(φ) =
2[

1 + tanh
(
φ0,1−φ
σ0,1

)]
+B1

[
1 + tanh

(
φ−φ1,1

σ1,1

)]
+ C1

[
1 + tanh

(
φ−φ2,1

σ2,1

)]
(A.5)

f2(φ) =
1

2

[
1 + tanh

(
φ0,2 − φ
σ0,2

)]
+
B2

2

[
1 + tanh

(
φ− φ1,2

σ1,2

)]
+
C2

2

[
1 + tanh

(
φ− φ2,2

σ2,2

)][
1 + tanh

(
φ3,2 − φ
σ3,2

)]
(A.6)

The values of the coefficients are listed in table A.3 and the resulting functions
f1 and f2 are plotted in figure A.3.

2defined as the fuel-to-oxidizer ratio to the stoichiometric fuel-to-oxidizer ratio (Poinsot
and Veynante, 2012): φ =

(
YF
YO

)
/
(
YF
YO

)
st
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Figure A.3 – Evolution of the correction functions f1 and f2 of the BFER mechanism
versus the equivalence ratio Φ.

Figure A.4 – a) Pressure and equivalence ratio dependence of the flame speed for
fresh gas temperature Tf = 300K and pressure P =1,3,10 atm. b) Temperature and
equivalence ratio dependence of flame speed for P = 1atm and Tf =300,500,700 K.
Comparison between a detailed GRI 3.0 (Smith et al., 1999) (black symbols) and re-
duced BFER (grey lines) mechanisms (Franzelli et al., 2012).

φ0,j σ0,j Bj φ1,j σ1,j Cj φ2,j σ2,j φ3,j σ3,j

j = 1 1.1 0.09 0.37 1.13 0.03 6.7 1.6 0.22 - -
j = 2 0.95 0.08 2.5 × 10−5 1.3 0.04 0.0087 1.2 0.04 1.2 0.05

Table A.3 – Coefficients for the two correction function f1 and f2 in the BFER
scheme (Franzelli et al., 2012).

The corrections are derived from simulations of freely propagating planar lam-
inar flames. The mechanism has been tested and validated in literature for
several values of fresh gas temperature and pressure as shown in figure A.4.
However, the range of equivalence ratio validated (φ=0.7-1.6), and it has not
been used for diffusion flames. In the present work, the BFER mechanism has
been first used to check the consistency between the two solvers (compressible
AVBP and 1-D REGATH) for premixed freely propagating methane/air flames
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at different equivalence ratio φ by comparing the laminar flame speed3 and the
flame thickness4. As shown in figure A.5, the solutions with AVBP solver per-
fectly overlap the ones from REGATH solver both for the laminar flame speed
and the laminar flame thickness.
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Figure A.5 – Premixed freely propagating 1D flame simulation of methane/air mix-
ture over the equivalence ratio with BFER mechanism. Comparison of compressible
solver AVBP with 1-D Regath solver. (a) Laminar flame speed; (b) Laminar flame
thickness computed with the progress variable c based on the temperature profile as
δL = 1/|∆c|max.

A.2.1 Simulation with BFER

The BFER mechanism is here used to simulate the counter-flow test case shown
in figure A.2. For diffusion flames because of the correction factors f1(φ) and
f2(φ), it is necessary to define a local equivalence ratio as (Poinsot and Vey-
nante, 2012):

φ =

(
z

1− z

)(
1− zst
zst

)
(A.7)

where the mixture fraction z is referred to the a pure methane-air diffusion
flame, with z = 1 in pure methane and z = 0 in pure air conditions, and
zst = 0.055.
A first set of simulations is run to compare the BFER mechanism with the
detailed GRI 3.0.
Figure A.6 shows the comparison for the heat release profile along the axis
in both spatial axial coordinate and local equivalence ratio φ. The BFER
mechanism overpredicts the rich zone for φ > 1.6 and the overprediction is
consequently found for the temperature shown in figure A.7.

3 the laminar flame speed is computed with the burning rate of the fuel across the flame
brush as SL = 1

ρ0

∫ +∞
−∞ ω̇CH4dx

4the flame thickness is computed with the progress variable c based on the temperature
as δL = 1/max

∣∣ ∂c
∂x

∣∣
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Figure A.6 – Comparison of the BFER with the detailed GRI 3.0 mechanism. Dis-
tribution of heat release per unit mass over the axial coordinate and the equivalence
ratio φ.
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Figure A.7 – Comparison of the BFER mechanism with the detailed GRI 3.0 mech-
anism. Temperature profile over the axial coordinate and the equivalence ratio φ.

Consequently, the distributions of the species shown in figure A.8 are mis-
matching, particularly the oxygen. This is most likely due to the fact that the
consumption rate of the methane is over-predicted (in absolute value) by the
BFER mechanism as shown in figure A.9. In the BFER mechanism, the first
reaction (Eq. A.3) involves the methane. By further reducing the reaction rate
with the coefficient f1, it could be possible to recover the mismatching. This
solution is used in the following section.
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Figure A.8 – Comparison BFER mechanism with the detailed GRI 3.0 mechanism.
Mass fraction profiles of CH4 and O2 over the axial coordinate and the equivalence
ratio φ.
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Figure A.9 – Comparison of the BFER mechanism with the detailed GRI 3.0 mecha-
nism. Methane consumption rate profile ω̇CH4 over the axial coordinate and the equiv-
alence ratio φ.
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Figure A.11 – comparison of the value of the coefficient correction f1 for the classical
BFER and the Modified BFER.

A.3 Modified BFER Mechanism

Since the BFER mechanism has been optimized for a limited equivalence ratio
range, the proposed solution is to further extend the correction function to a
broader range of values. Since the flame speed is controlled by the consumption
rate of the fuel (reaction A.1), only the function f1 is modified.
So, by considering a freely propagating 1-D premixed flame, simulations are
run with the BFER model and compared in terms of flame speed with results
of detailed GRI 3.0 mechanism. The discrepancies of results are used to de-
termine the corrections to obtain the new function f1, and the procedure goes
on iteratively until the new flame speed corresponds to the reference speed
obtained with GRI 3.0. The procedure’s result is displayed in figure A.10(a),
while figure A.10(b) shows the resulting flame thickness. Figure A.11 compares
the values of the new function f1 with the old one. The new function overlaps
the classical one for Φ < 1.5.
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Figure A.10 – Comparison of the classical BFER mechanism and the modified BFER
with the detailed GRI 3.0 mechanism. (a) laminar flame speed, (b) laminar flame
thickness.



154 Appendix A - Modified BFER Mechanism

−4−3−2−1 0 1 2 3 4
axial c  rdinate [ mm ]

0
500

1000
1500
2000
2500
3000
3500
4000

[ M
W
/k
g 
]

0.5 1.0 1.5 2.0 2.5 3.0 3.5
equivalence rati  φ [ - ]

Heat Release

GRI 3.0
BFER
M dified BFER

Figure A.12 – Comparison of the BFER and modified BFER mechanism with the
detailed GRI 3.0 mechanism. Profiles of heat release per unit mass over the axial
coordinate and the equivalence ratio φ.

A.3.1 Simulations with Modified BFER mechanism

By considering the heat release (Fig. A.12), the rich zone’s peak is slightly
shifted and remains too high. The global heat release5 of the classical BFER,
listed in table A.4, is almost twice the one from the GRI, and no significant
improvement is observed for the modified BFER.

Chemical Mechanism Global heat release [W m /g]
GRI 3.0 857
BFER 1594

Modified BFER 1359

Table A.4 – Global heat release for GRI 3.0, BFER and Modified BFER mechanims.

Consequently, the temperature profile is still far from the detailed mechanism
(Fig. A.13) as well as the species profiles (Fig. A.14). The methane con-
sumption, shown in figure A.15, slightly improves, and the Modified BFER
mechanism perfectly recovers the global consumption rate of methane6 shown
in table A.5.

Chemical Mechanism Global methane consumption rate [g /m2]
GRI 3.0 6.42
BFER 7.4

Modified BFER 6.3

Table A.5 – Global methane consumption release for GRI 3.0, BFER and Modified
BFER mechanims.

5the heat release per unit mass integrated across the flame front
6the consumption rate integrated across the flame front
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Figure A.13 – Comparison of the BFER and modified BFER mechanism with the
detailed GRI 3.0 mechanism. Temperature profiles over the axial coordinate and the
equivalence ratio φ
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Figure A.14 – Comparison of the BFER and modified BFER mechanism with the
detailed GRI 3.0 mechanism. Mass fraction profiles of CH4 and O2 over the axial
coordinate and the equivalence ratio φ.
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Figure A.15 – Comparison of the BFER and modified BFER mechanism with the
detailed GRI 3.0 mechanism. CH4 consumption rate over the axial coordinate and the
equivalence ratio φ

The discrepancy of the heat release and the fuel consumption’s accordance
suggests that for rich mixture, the methane recombines in intermediate species
through low energy reactions before reacting with oxygen. A simple 2-step
mechanism such as the BFER does not consider those intermediate products
and considers the fuel’s oxidation instead.

A.4 The LU Mechanism

Because even by further investigating the correction functions, the BFER mech-
anism is not suited for very rich mixtures, we consider adopting an analytical
mechanism (Li et al., 1999; Sánchez et al., 2000; Boivin et al., 2011; Lu and
Law, 2008). The smallest one found in the literature for methane is the LU
scheme (Lu and Law, 2008). It comes from the reduction of skeletal schemes by
using a quasi-steady-state (QSS) for some species and the partial equilibrium
assumption for some reactions. The LU mechanism is obtained by reducing the
GRI 1.2 (Frenklach et al., 1995), with the directed relation graph method, the
sensitivity analysis, and the computational singular perturbation approach (Lu
and Law, 2008). It takes into account 13 resolved species (CH4, O2, CO2, CO,
H2O, N2, H2, H, OH, O, HO2, CH3 and CH2O), 4 QSS species (CH2, CH2S,
HCO and CH2OH) and 73 elementary reactions. Simplified transport proper-
ties are assumed with constant Lewis numbers (relation 1.38) summarized in
table A.6.

CH4 O2 CO2 CO H2O H2 N2 H O OH HO2 CH3 CH2O
0.0967 1.0557 1.35 1.07 0.777 0.29 1.036 0.17 0.69 0.7 1.07 0.97 1.25

Table A.6 – Species Lewis numbers of the LU scheme.

As shown in figure A.16, the distribution of the heat release is very close to the
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Figure A.16 – Comparison of the LU and modified BFER mechanism with the de-
tailed GRI 3.0 mechanism. Profiles of heat release per unit mass over the axial coor-
dinate and the equivalence ratio φ.
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Figure A.17 – Comparison of the LU and modified BFER mechanism with the de-
tailed GRI 3.0 mechanism. Temperature profiles over the axial coordinate and the
equivalence ratio φ.

GRI 3.0, unlikely the modified BFER, as well as the global heat release shown
in table A.7.

Chemical Mechanism Global heat release [W m /g]
GRI 3.0 857

Modified BFER 1359
LU 946

Table A.7 – Global heat release for GRI 3.0, Modified BFER and LU mechanisms.

Accordingly, also the distribution of the temperature (Fig. A.17) and the
species mass fractions (Fig. A.18) are well predicted with the LU mechanism.
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Figure A.18 – Comparison of the LU and modified BFER mechanism with the de-
tailed GRI 3.0 mechanism. Distribution mass fraction of CH4 and O2 over the axial
coordinate and the equivalence ratio φ.
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Figure A.19 – Comparison of the LU and modified BFER mechanism with the de-
tailed GRI 3.0 mechanism. Distribution mass fraction of CO2 and CO over the axial
coordinate and the equivalence ratio φ.

The LU mechanism predicts the flame in rich conditions because it considers
intermediate species that are products of methane recombination in rich con-
ditions. Figure A.20 shows the CH3 and CH2O mass fraction profiles. The
production and extinction of those species happen in a range of equivalence
ratio 1.5 < φ < 3, where the oxygen is not supposed to react. By looking at
the fuel consumption distribution (figure A.21), the recombination of methane
in the LU mechanism shifts the peak to overlap the GRI profile.
We can finally presume that the LU mechanism is better suited to simulate rich
flames.



160 Appendix A - The LU Mechanism

−4−3−2−1 0 1 2 3 4
axial coordinate [ mm ]

−12
−10
−8
−6
−4
−2
0

[ 
g/
((
 m

3
)]

0.5 1.0 1.5 2.0 2.5 3.0 3.5
equivalence ratio φ [ - ]

CH4 consumption rate ω̇CH4

GRI 3.0
Modified BFER
LU

Figure A.21 – Comparison of the LU and modified BFER mechanism with the de-
tailed GRI 3.0 mechanism. Profiles of methane consumption rate over the axial coor-
dinate and the equivalence ratio φ.
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Figure A.20 – Comparison of the LU and modified BFER mechanism with the de-
tailed GRI 3.0 mechanism. Profiles of mass fraction for the major species over the
axial coordinate and the equivalence ratio φ.
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Figure A.22 – Comparison of LU mechanism and LU with unity Lewis number for
the species with the detailed GRI 3.0 mechanism. Profiles of heat release per unit mass
over the axial coordinate and the equivalence ratio φ.

A.4.1 Lewis number influence

Since the GRI 3.0 mechanism assumes unity Lewis for all the species, it is
interesting to verify the effect of adopting a unity Lewis number for the LU
mechanism. So a further simulation is run with the LU mechanism with unity
Lewis number Le = 1 for all the species and meta-species. By considering the
heat release, a unity Lewis number increases the value at the flame position
(see figure A.22), and, consequently, the global heat release slightly increases
(table A.8). This results because the original Lewis number of LU mechanism
is less than 1 (0.097 see table A.6)

Chemical Mechanism Global heat release [W m /g]
GRI 3.0 857

LU 946
LU Lek=1 988

Table A.8 – Global heat release for GRI 3.0, Modified BFER and LU mechanisms.

In figure A.23 it is possible to note that the temperature is not affected as well
as for the fuel and oxizider species (Fig. A.24). A small impact can be viewed
for CO2 and CO in figure A.25.
We can conclude that the Lewis numbers does not affect significantly the pre-
dictions of the LU mechanism.
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Figure A.23 – Comparison of LU mechanism and LU with unity Lewis number for
the species with the detailed GRI 3.0 mechanism. Temperature profiles over the axial
coordinate and the equivalence ratio φ.
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Figure A.24 – Comparison of LU mechanism and LU with unity Lewis number with
the detailed GRI 3.0 mechanism. Mass fraction profiles of CH4 and O2 the major
species over the axial coordinate and the equivalence ratio φ.
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Figure A.25 – Comparison of LU mechanism and LU with unity Lewis number with
the detailed GRI 3.0 mechanism. Mass fraction profiles of CO2 and CO the major
species over the axial coordinate and the equivalence ratio φ.
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A.5 Conclusions

This chapter aims to properly select a reduced methane mechanism to conduct
LES simulation for diffusion and partially premixed flames. Several mechanisms
have been compared to the detailed GRI 3.0 reference mechanism in predicting
a representative counter-flow flame configuration.
The BFER mechanism (Franzelli et al., 2010), designed to predict the laminar
flame speed for premixed flames up to an equivalence ratio φ ≈ 1.4, turns out to
not be accurate to describe diffusion flames, even by expanding the correction
coefficients to a broader range of equivalence ratio.
A Modified BFER mechanism has been proposed by extending the correction
function to higher values of equivalence ratio. Unfortunately, heat release,
temperature, and mass fraction profiles are only slightly adjusted, and GRI
predictions are still not recovered.
The result is not surprising since the methane-air mixture’s reaction at rich
conditions involves many minor species, not accounted for in a simple two-step
mechanism.
Then the analytical mechanism (Lu and Law, 2008), obtained by reduction of
the detailed mechanism GRI 1.2 (Frenklach et al., 1995), has been so adopted,
resulting in better predictions. However, it is still too costly for an actual
application due to the grid resolution required by some intermediate species
due to their small chemical time.
For this reason, the idea of a real flame application simulation such as the
Sandia D has been abandoned.



Appendix B

Comparison of filtered and
thickened flames for LES in
non-premixed combustion

The purpose of this appendix is to show the relation between the filtering and
thickening operation over for a non-premixed flame and determine a coefficient
correction α to relates them. The analysis focuses on the diffusion thickness
impact.

B.1 Laminar non-premixed flame

The mixture fraction balance equation for laminar counter-flow steady strained
one-dimensional diffusion flame, with usual notation,writes as:

−ax∂z
∂x

= D
∂2z

∂2x2
(B.1)

where D is the diffusion coefficient and a the strain rate, and x is the direction
normal to the flame front. By considering the boundary conditions z(+∞) = 0
and z(−∞) = 1, the solution of Eq. B.1 is:

z =
1

2

[
1− erf

(
x

√
a

2D

)]
(B.2)

The laminar diffusive thickness δL can be estimated by the derivative of z in
Eq. B.2 along the x direction as:

δL =
1

max

(∣∣∣∣∂z∂x
∣∣∣∣) (B.3)

so:

δL =

√
2πD

a
(B.4)
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B.2 Thickened non-premixed flame

For sake of clarity, the thickened flame model is considered with a constant
thickening factor F without any flame sensor. The balance equation for a
steady strained one dimensional diffusion flame is:

−ax∂z
∂x

= F D
∂2z

∂2x2
(B.5)

with the same boundary conditions z(−∞) = 0 and z(+∞ = 1), the solution
of Eq. B.5 is:

z =
1

2

[
1− erf

(
x

√
a

2F D

)]
(B.6)

Analogously, a diffusive TFLES flame thickness δF is retrieved from the deriva-
tive of Eq. B.6:

δF =

√
2π F D

a
=
√
FδL (B.7)

B.3 Filtered non-premixed flame

The mixture fraction profile can be rewritten from Eq. B.3 as:

z =
1

2

[
1− erf

(
x

√
a

2D

)]
=

1

2

1− erf


√

6x√
12D

a


 (B.8)

Then, considering relation B.4 leads to:

z =
1

2

1− erf


√

6x√
6

π
δL


 (B.9)

By considering a Gaussian filter function with filter size σ:

G(x) =

√
6

πσ2
exp

(
−6x2

σ2

)
(B.10)

equation B.9 corresponds to a step function filtered with a Gaussian filter of

size δL

√
6

π
. Filtering Eq. B.10 with a Gaussian filter of size ∆ is equivalent

to filtering the step function with a filter size
√

∆2 +
6

π
δ2
L. So, the filtered
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mixture fraction profile z̃ is

z̃ =
1

2

1− erf


√

6x√
∆2 +

12D

a


 (B.11)

A filtered diffusive thickness δf can be estimated as:

δf =
1

max

(∣∣∣∣∂z̃∂x
∣∣∣∣) =

√
δ2
L +

π∆2

6
(B.12)

B.4 Comparison of filtered and thickened diffusive
thickness

By considering the thickness of the thickened flame (Eq. B.7), the filter size is
related to the equivalent thickening factor Feq:

∆ = α
√
Feq δL (B.13)

where α is coefficient to be determined. An equivalent thickening factor Feq
for the filtering operation, should fulfill the balance equation of the thickened
flame (Eq. B.5). So, by considering Eq. B.6, the filtered mixture profile can
be rewritten as:

z =
1

2

[
1− erf

(
x

√
a

2FeqD

)]
(B.14)

Comparing relations B.14 and B.11, after few simple passages, leads to:

δL
√
Feq =
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δ2
L +

π

6
∆2 (B.15)

then:

∆ = δL

√
6

π
(Feq − 1) =

√
6

π

√
Feq − 1 δL (B.16)

For values of Feq sufficiently large, Eq.B.16 becomes:

∆ =

√
6

π

√
Feq δL (B.17)

Then, comparing Eq. B.17 to Eq. B.13 leads to the determination of α:

α =

√
6

π
≈ 1.4 (B.18)
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