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Introduction

The objective of my thesis is to use algebraic and combinatorial methods to study questions
around the branching problem in representation theory.

The branching problem is one of the most important in representation theory. It allows us
to understand how an irreducible module of a Lie algebra g can be decomposed into irreducible
modules of a subalgebra g C g and several properties around the decomposition. For example,
let g be the generalized linear Lie algebra gl,,(C) (n € Z>o). Then the set of all irreducible
polynomial gl, (C)-modules corresponds to the set of partitions of length at most n. If A is such
a partition, let V* be the corresponding irreducible polynomial gl,,(C)-module. Then

{VA®@V* | X, u are partitions of length at most n} (1)

is the set of all irreducible polynomial modules of gl,,(C) x g[,,(C). These irreducible modules
can be considered as gl,,(C)-modules. Hence we have decompositions

V3e Vi =yt @)

v

where multy ,(v) is the multiplicity of V¥ in V* @ VA,

The branching problem consists in many questions around the multiplicity multy ,(v) and
their generalizations to other pairs g C g than gl,,(C) C gl,,(C) x gl,,(C). For example,

e what is the formula of the multiplicities ?

e what are good algorithms to compute the multiplicities ?

e can we describe explicitly the support of the decomposition ? etc.

There are a lot of approaches to answer those questions from different domains : algebraic
geometry, number theory, combinatorics, analysis, .... For example,

e by geometric methods, S. Kumar, N. Ressayre and P. Belkale obtained strong results on the
support of the decomposition when § is a symmetrizable Kac-Moody algebra and g = g® g
(see [BK06], [KR17], [Resl7], [Resl0], [BKR12] etc).

e by using theory of modular forms, V. Kac and M. Wakimoto obtained results about bran-
ching functions which help us to compute explicitly the decomposition in many particular
cases (see [KW90]).
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e by combinatorial methods, P. Littelman obtained the generalized Littlewood-Richardson
rule for any symmetrizable Kac-Moody algebras. His model is well known and named
path model (see [Lit94], [Lit95a], [Lit95b], [Lit97], [Lit98]). It has too many applications in
representation theory, for example, a simple proof of PRV conjecture (see [Lit94]). There
are also a lot of notable works using combinatorial methods. For example, [KT01], [KT99],
[KTWO04] for the proof of saturation conjecture using honeycomb model. By, e.g., [RW84],
[Wor84], [Ste89], [Sag87], [Serl0], [Vak06] and so on for developing theory of (shifted)
Littlewood-Richardson coeflicients.

In this thesis, we study the branching rule on winding subalgebras of affine Kac-Moody
algebras and investigate some non-trivial properties of shifted Littlewood-Richardson coefficients
which appear in the projective representations of symmetric groups. The explicit results can be
described as follows :

The first work is the results mentioned in our preprint [Khal9] : “Branching problem on

winding subalgebras of affine Kac-Moody algebras Agl) and Ag).” Let g be an affine Kac-Moody
algebra and let h be a Cartan subalgebra of g. Let g[u] be a winding subalgebra of g for some given
positive integer u. The winding subalgebra g[u] is isomorphic to g but nontrivially embedded in
g (see [KW90]). The integrable irreducible highest weight g-modules (resp. g[u]-modules) are
parametrized by the semigroup Py (resp. Py) of dominant integral weights. For A € Py (resp.
A€ Py), let L(A) (resp. L()\)) be the integrable irreducible highest weight g-module (resp. g[u]-
module) with highest weight A (resp. A). Under the action of b, the g-module L(A) decomposes

L(A) = @ L. (3)
AEb*
where
L(A)y={v e L(A) | hv=A(h)v Vh € b}. (4)

Let multp (A) be the dimension of L(A)x. Set
[(g,h) ={(A,A) € Pr x b" [ multy (A) # 0}.

Now, the g-module L(A) is integrable as an g[u]-module. In particular, under the action of g[u],
it decomposes as

L) = @B Loymnar®), 5)

)\EP+

where mult g,j(A) is the multiplicity of L(\) in L(A). Set

(g, 0[u]) = {(A,A) € Py x Py [ multy gr,1(A) # 0}.
Our first main result is the following theorem.
Theorem 0.1. As a subset of h* x h*, the set I'(g, g[u]) is a semigroup.

Let (A, \) € P, x P,. Let § be the basis imaginary root of g. To understand the set I'(g, g[u]),

we study the set )
B(A,N)={beC|L(A+b5) C LA} (6)
Let P, (A) is the set of all A such that (A, \) € T'(g, g[u]). The set B(A, \) is nonempty if and only
if A\ € P,(A) +Co. In this case, we define by, be number b € B(A, ) such that b+n & B(A, \)

for any n € Zsy. We also define a number h%])\ as in (2.118). We describe the set B(A, \) as in
the following theorem.
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Theorem 0.2. Let g be an affine Kac-Moody algebra. Let A € P and X\ € P,(A)+Cé. We have
1. bm,\)u — (Zzo \ {1}) C B(A, )\) - bA,)\,u — ZEO-
2. If in addition hly # 0 then B(A,\) = bxxu — Zso.

Let P(A) be the set of all A € b* such that (A, \) € I'(g, ). For each A € P(A)+ Cd, we set by »
the complex number b such that A + b0 € P(A) and A+ (b+n)d & P(A) for any n € Z. For g

of type Agl) and Aé2)7 we can compute explicitly the number by » in Propositions 2.32 and 2.37.
Let Ag be the 0-th fundamental weight and « be the simple root «y. Let m € Z~q. For each
m € Z, we denote by P™ the set of all integral weights of level m. The results below help us to
understand the branching rule on glu| in these two particular cases.

Theorem 0.3. Let g be the affine Kac-Moody algebra of type Agl). Let A = mAg + % e Py
and let A =m/Ag + ]/T(X € P,.

1. If there exists b € C such that (A, \+bd) belongs to T'(g, g[u]) then j'—j € 2Z and m' = m.
2. If moreover

a. j <3 <um—j and u is even; or

b. j <3 <um—(m—j) and u is odd,
then ba xu = ba x.

Theorem 0.4. Let g be the affine Kac-Moody algebra of type Aéz). Let A =mAg+ % € P and
let \=m/Ag+ L2 € Py .

1. If there exists b € C such that (A, A+ bd) belongs to I'(g, glu]) then m' = m.
2. If moreover
a. <7 ;and
b j e ™M 4 (2750 UZ),
then ba xu = bax-

For A like in Theorems 0.3, 0.4, we denote by A, (A) the set of A such that the theorems
apply. The satured setting of I'(g, g[u]) is defined by

T(g,g[u]) = {(A,\) € Py x Py | A€ A+ Q,L(N)) C L(NA) for some integer N > 1}.  (7)
Let @ be the root lattice of g. The following result is a corollary of Theorems 0.2, 0.3, 0.4.

Corollary 0.5. Let g be affine Kac-Moody algebra of type Agl) or A(QQ). Fiz u € Z>1 (u is an
odd number in the case A(QQ)). Let A€ Py and let A € Ay, (A)N(A+ Q). For allb € C, we have

1. (A, X +b8) € T(g, g[u]) < d(A, )+ b5) € T(g, glu]) for all d € Z>.

2. If in addition h%]/\ # 0 then (A, X+ bd) € T(g, g[u]) & (A, A+ bd) € T'(g, g[u]).
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The second work is the results mentioned in our second preprint [Kha20] : “On the shifted
Littlewood-Richardson coefficients and Littlewood-Richardson coefficients.” Namely, let A, u, v be
partitions. Let I(A) be the length of A, and sy be the Schur function associated to the partition
A. The Littlewood-Richardson coefficients ¢, appear in the expansion (see [Ful97] or [Mac15])

SxS, = ZCI;\,U«SV' (8)

If now A, u, v are strict partitions, let @y be the shifted Schur @-function associated to A. The
shifted Littlewood-Richardson coefficients appear in the expansion (see [Ste89))

Q}\Qu — Z 21()\)+l(lt)—l(l/)fKMQy. (9)

v

For any strict partition A, and a partition p of the same integer, the coeflicients gy, appear in
the decomposition

QA = 21()\) Zg)\,us/_v (10)
I

The coefficients gy, can be considered as shifted Littlewood-Richardson coefficients by the iden-
tity
+4
g =155 " (11)

where § = (I,1 —1,...,1) with I = I(p).

Our first result is a new interpretation for the shifted Littlewood-Richardson coefficients.
More precisely, given a skew shifted shape v/u, we construct the set O(v/u) of tableaux from
the shifted reverse filling of the skew shifted shape v/ u.

Theorem 0.6. Let A\ u,v be strict partitions. Then the coefficient f}\’u is the number of the
tableauz T in O(v/p) of shape X.

The coefficient gy, can be considered as particular shifted Littlewood-Richardson coefficient,
we obtain a new model for g,.

Theorem 0.7. Let X be a strict partition and p be a partition. Then the coefficient gy, is the
number of the tableaur T in O(u+ §/6) of shape .

Our second result is also a new combinatorial interpretation of the coefficients g,. More
precisely, let A be the partition such that its Young diagram is the union of shifted diagram
corresponding to A and its reflection through the main diagonal. Let u! be the conjugate partition
of p1. We prove that gy, is the cardinal of a subset of a set that counts the coefficients c/’)t u As
a corollary, we prove that
Theorem 0.8. Let A be a strict partition and p be a partition. Then gy, < cf‘ttﬂ.

We also conjecture a stronger inequality
Conjecture 0.9. Let )\ be a strict partition and p be a partition. Then gf\# < cf‘tt#.

We formulate a conjecture on our combinatorial models whose validity implies the conjecture
above. An evidence of the second conjecture is that it implies easily a well known equality

I = Gapt-



ix

The thesis contains four chapters. In the first chapter, we introduce the fundamental back-
ground about Kac-Moody algebras and their representations (in particular, affine Kac-Moody
algebras). In the second chapter, we present our results about branching rule on winding subal-
gebras of affine Kac-Moody algebras of type Agl) and Af). In the third chapter, we introduce
the shifted Littlewood-Richardson coefficients and explain the motivation from projective repre-
sentation theory of the symmetric groups. In the last chapter, we present our results about new
interpretations for shifted Littlewood-Richardson coefficients. We prove an inequality, and then
conjecture a stronger inequality with some combinatorial structures which help us to understand
better the relations between the coefficients.






Introduction en Francais

L’objectif de ma these est d’utiliser des méthodes algébriques et combinatoires pour étudier le
probléme de branchement en théorie des représentations.

Le probleme de branchement est I'un des plus importants de la théorie des représentations. Il
demete de comprendre comment un module irréductible d’une algebre g se décompose en modules
irréductibles d’une sous-algebre g C g et étudier les propriétés de cette décomposition. Bien
entendu, des hypotheses sur les algebres de Lie a considérer doivent étre faites pour donner un
cadre précis & cette question. Par exemple, considérons 'algebre de Lie linéaire g = gl,,(C) (n €
Z>p). Alors, I'ensemble des représentations polynomiales irréductibles de gl,,(C) correspond a
I'ensemble des partitions de longueur au plus n. Si A est une telle partition, notons V* le gl,, (C)-
module polynomiales irréductible correspondant a A. Alors,

{VA® VH | \, u sont partitions de longueur au plus n} (12)

est ensemble de tous les modules polynomiales irréductibles de gl,,(C) x gl,,(C). Considérant
ces modules comme gl,,(C)-modules, on obtient les décompositions

V3e v = grryminet), (13)

v

ot multy ,(v) est la multiplicité de V¥ dans VA @ VA

Le probléeme de branchement consiste en de nombreuses questions sur les multiplicités multy ,, ()
et leurs généralisations a d’autres paires g C g que gl,,(C) C gl,,(C) x gl,,(C). Par exemple,

e quelle est la formule des multiplicités ?
e quels sont les bons algorithmes pour calculer les multiplicités ?

e peut-on décrire explicitement le support de la décomposition ? etc.

Des approches variées pour aborder ces questions relevent de domaines différents : géométrie
algébrique, théorie des nombres, combinatoire, analyse,. .. Par exemple,

e par des méthodes géométriques, S. Kumar, N. Ressayre et P. Belkale ont obtenu des ré-
sultats précis sur le support de la décomposition lorsque g est une algebre de Kac-Moody
symeétrisable et g = § @ g (voir [BK06], [KR17], [Res17], [Res10], [BKR12] etc).

e en utilisant la théorie des formes modulaires, V. Kac et M. Wakimoto ont obtenu des
résultats sur les fonctions de branchement qui nous aident a calculer explicitement la dé-
composition dans de nombreux cas particuliers (voir [KW90]). Ici les algébres g et g sont
des algebres de Lie affines.

xi
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e par des méthodes combinatoires, P. Littelmann a obtenu une regle de Littlewood-Richardson
pour toute algebre de Kac-Moody symétrisable. Son modéle, connu sous le nom de modele
des chemins de Littelmann décrit les multiplicités de la décomposition du produit tensoriel
(voir [Lit94], [Lit95a], [Lit95b], [Lit97], [Lit98]). Il a de nombreuses applications en théorie
des représentations. Par exemple, une preuve simple de la onjecture PRV (voir [Lit94]). Il
existe également de nombreux travaux notables utilisant des méthodes combinatoires. Par
exemple, [KT01], [KT99], [KTWO04] pour la preuve de la conjecture de saturation en uti-
lisant le modeéle en nid d’abeille. Ou [RW84], [Wor84], [Ste89], [Sag87], [Ser10], [Vak06] et
ainsi de suite pour développer la théorie des coefficients (décalés) de Littlewood-Richardson,
etc.

Ici, nous étudions la regle de branchement pour les sous-algebres d’enroulement des algebres
Kac-Moody affines et étudions certaines propriétés non triviales des coefficients Littlewood-
Richardson qui apparaissent dans la théorie de représentation projective des groupes symétriques.
Les résultats explicites peuvent étre décrits comme suit :

Le premier travail constitue la pré-publication [Khal9] : “ Branching problem on winding
subalgebras of affine Kac-Moody algebras Agl) et Af).” A savoir, soit g une algébre de Kac-
Moody affine et soit h une sous-algebre Cartan de g. Soit g[u] une sous-algeébre d’enroulement
de g pour un entier positif donné u. La sous-algebre d’enroulement glu| est isomorphe & g mais
est plongé dans g de maniére non triviale (voir [KW90]). Les g-modules irréductibles (resp. g[u]-
modules) sont paramétrés par le semigroupe Py (resp. P+) de poids entiers dominants. Pour
A € Py (resp. A € P,), soit L(A) (resp. L(\)) le g-module (resp. glu]-module) irréductible
intégrable de plus haut poids A (resp. A). Sous l'action de b, le g-module L(A) se décompose

L(A) = €B L) (14)
Aeh*
Ou LAy ={ve L) | hv=Ah)vVheh}. (15)

Soit multp () la dimension de L(A)y. Soit

T(g.b) = {(A,A) € Py x b* | mult (A) # 0},

Maintenant, le g-module L(A) est intégrable en tant que g[u]-module. En particulier, sous l’action
de g[u], il se décompose comme

L(A) = € Ly tas™, (16)
AEPy
olt multy &()) est la multiplicité de L(\) dans L(A). Posons
T'(g,8) = {(A,\) € Py x P, | multp 4(\) # 0}.
Notre premier résultat principal est le théoréme suivant.
Theorem 0.10. En tant que sous-ensemble de h* x b*, ’ensemble T'(g, glu|) est un semigroupe.

Soit (A, A) € Py x P, . Soit § la racine imaginaire de base de g. Pour comprendre 1’ensemble
I'(g, g[u]), nous étudions I’ensemble

B(AN) ={beC|L\+bd) C LA} (17)
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Soit P,(A) Pensemble de A tel que (A, \) € T'(g, glu]). L’ensemble B(A, ) n’est pas vide si et

seulement si A € P,(A) + Cd. Dans ce cas, nous définissons by »,, le nombre b € B(A, \) tel
que b+ n & B(A,\) pour tout n € Zso. Nous définissons un nombre h%])\ dans (2.118). Nous
décrivons 'ensemble B(A, A) dans le théoréme suivant.

Theorem 0.11. Soit g une algébre de Kac-Moody affine. Soit A € Py et A € P,(A) + Céd. Nous
avons

1. bA,A,u - (ZZO \ {1}) C B(A,)\) C bA,)\,u — ZZO'
2. Si en plus h%’])\ # 0 alors B(A,A\) = ba xu — Z>o.

Soit P(A) lensemble de tous les A € h* tel que (A, \) € T'(g, h). Pour chaque A € P(A) + C5,
nous désignons par by y le nombre complexe b tel que A +0b5 € P(A) et A+ (b+n)d & P(A)

pour tout n € Z~g. Pour g de type Agl) et Aég), nous pouvons calculer explicitement le nombre
ba,x dans Propositions 2.32 and 2.37. Soit Ay le 0-e poids fondamental et « la racine simple ;.
Soit m € Z~g. Pour chaque m € Z, on note P ’ensemble de tous les poids intégraux de niveau
m. Les résultats ci-dessous nous aident & comprendre la régle de branchement sur glu] dans ces
deux cas particuliers.

Theorem 0.12. Soit g l’algebre affine de Kac-Moody de type Agl). Soit A = mAg + % € P et
soit A =m'Ag + J/Ta €P,.

1. 87l existe b € C tel que (A, X+ bd) appartient a T'(g, g[u]) puis j' —j € 2Z et m’ = m.

2. 57 en plus

a. ] <7 <um—j etu est pair; ou

b. 7 <j <um—(m—j) et u est impair,
alors bA,)\,u = bA,)\.

Theorem 0.13. Soit g l’algébre affine de Kac-Moody de type Aéz). Soit A = mAg + % € Pl et
soit X\ =m'Ao + L5+ € Py,
1. 8%l existe b € C tel que (A, X+ bd) appartient a T'(g, glu]) puis m' = m.
2. Si en plus
a. j<7j ;et
b. je ™ 4 (2250 U Zg),
alors ba x.u = ba x-

Pour A comme dans les théorémes 0.12, 0.13, nous notons A, (A) 'ensemble de A tel que les
Théorémes s’appliquent. Le parameétre saturé de I'(g, g[u]) est défini par

[(g,glu]) = {(A,\) € Py x Py | A€ A+ Q,L(N)) C L(NA) pour un entier N > 1}.  (18)
Soit @ le réseau racine de g. Le résultat suivant est un corollaire des Théorémes 0.11, 0.12, 0.13.

Corollary 0.14. Soit g une algebre de Kac-Moody affine de type Agl) ou Af). Fize u € Zs1 (u

est un nombre impair dans le cas Ag)). Soit A € Py et soit A € Ay(A) N (A + Q). Pour tous
b € C, nous avons
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1. (A, N+ b8) € T(g, glu]) < d(A, X+ b8) € T(g, glu]) pour tous d € Z>o.

2. Si en plus h%]/\ # 0 alors (A, X+ bd) € T(g, gu]) < (A, A+ bd) € T'(g, g[u]).

Notre deuxiéme travail constitue ma deuxiéme pré-publication [Kha20] : “On the shifted
Littlewood-Richardson coefficients et Littlewood-Richardson coefficients.” Soient A, i, v trois par-
titions. Soit I(\) la longueur de X et soit sy la fonction de Schur associée a la partition A. Les
coefficients de Littlewood-Richardson c§,, apparaissent dans I'extension (voir [Ful97] ou [Mac15])

S\S, = Zciusy. (19)

Si maintenant A, 4, v sont des partitions strictes, soit @ la fonction de Schur @) décalée associée
a la partition \. Les coefficients décalés de Littlewood-Richardson apparaissent dans I’expansion
(voir [Ste89])
Qr\Q, = Z 21(>\)+l(ﬂ)*l(1/)f/l\/ﬂQy. (20)
v

Pour toute partition stricte A, et une partition ; du méme entier, les coefficients g, apparaissent
dans la décomposition

Q)\ = 2l()\) Zg)\,us;r (21)
W

Les coeflicients g), peuvent étre considérés comme des coefficients de Littlewood-Richardson
décalés par l'identité
s
g = 1157, (22)
ond=(l,l—1,...,1) avec |l = I(u).

Notre premier résultat est une nouvelle interprétation des coefficients décalés de Littlewood-
Richardson. Plus précisément, étant donné une forme décalée v/, nous construisons un ensemble
O(v/u) de tableaux & partir du remplissage inversé décalé de la forme décalée symétrique v/ p.

Theorem 0.15. Soit A, p,v des partitions strictes. Alors le coefficient Y, est le nombre des
tableauz T dans O(v /) de forme X.

Le coefficient gy, peut étre considéré comme un coeflicient décalé de Littlewood-Richardson,
nous obtenons un nouveau modele pour gy .

Theorem 0.16. Soit A une partition stricte et soit 1 une partition. Alors le coefficient gy, est
le nombre des tableauz T dans O(+ 6/0) de forme .

Notre deuxiéme résultat est également une nouvelle interprétation combinatoire des coeffi-
cients gx,. Plus précisément, soit A la partition telle que son diagramme de Young soit l'union
du diagramme décalé correspondant a A et sa réflexion a travers la diagonale principale. Soit
p! la partition conjuguée de p. Nous prouvons que g, est le cardinal d’'un sous-ensemble d’un

ensemble qui compte les coefficients cﬁt u En corollaire, nous prouvons que

Theorem 0.17. Soit A une partition stricte et soit p une partition. Alors gy, < Citu'

Nous conjecturons également une inégalité plus forte

X

Conjecture 0.18. Soit \ une partition stricte et soit u une partition. Alors giu < ey



XV

Nous formulons une conjecture sur nos modeles combinatoires dont la validité implique la
conjecture ci-dessus. L’évidence de la deuxieme conjecture est qu’elle implique facilement une
égalité bien connue gy, = gxut-

La these contient quatre chapitres. Dans le premier chapitre, nous introduisons les algebres
de Kac-Moody et leurs représentations (en particulier, les algébres de Kac-Moody affines). Dans
le deuxieme chapitre, nous présentons nos résultats sur la régle de branchement pour les sous-
algebres d’enroulement des algebres de Kac-Moody affines de type Agl) et Aﬁf). Dans le troisieme
chapitre, nous introduisons les coefficients décalés de Littlewood-Richardson et expliquons la
motivation de la théorie de représentation projective des groupes symétriques. Dans le dernier
chapitre, nous présentons nos résultats sur les nouvelles interprétations des coefficients décalés
de Littlewood-Richardson. Nous prouvons une inégalité, et puis conjecturons une inégalité plus
forte avec quelques structures combinatoires qui nous aident & mieux comprendre les relations
entre les coefficients.
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Chapter 1

Kac-Moody algebras and their
representations

In this chapter, we collect some fundamental facts about the Kac-Moody algebras and their
representations, which are necessary to understand the next chapter, namely, the first preprint
[Khal9]. One of the key notions are maximal weights, branching functions, string functions,
Weyl-Kac’s character formula. For more details, see [Kac90], [Car05].
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Contents

1.1 Generalized Cartan matrix . . . . . . . . . . .. Lo 2
1.2 Realization of a complex square matrix. . . . . . . . .. .. ... L. 6
1.3 Kac-Moody algebras . . . . . . . ... L 6
1.4 Symmetrizable Kac-Moody algebras . . . . . .. ... ... ... ... ...... 8

1.4.1 Standard invariant form . . . . . ... ..o 8

1.4.2 The Weyl group . . . . . . . . . . 9
1.4.3 Representations of symmetrizable Kac-Moody algebras . . . . . . .. . .. 10
1.4.4 Contravariant Hermitian forms on Verma modules . . . . . ... ... .. 12
1.4.5 Affine Kac-Moody algebras . . . . . ... ... ... ... .. ... 13

1.1 Generalized Cartan matrix

Let I = {1,...,n}. A matrix A = (aj;)ijer is called a generalized Cartan matrix if it
satisfies the conditions below:

1. Q45 = 2,
2. —a;; € ZZO for all 4 # 7,
3. a;; = 0if and only if a;; = 0.

Two generalized Cartan matrices A and A’ are called equivalent if they have the same size, say
n X n, and there exists a permutation o € S,, such that agj = Ug(i)o(j) for all i, =1,...,n.

A generalized Cartan matrix A is called indecomposable if it is not equivalent to a block
diagonal of nonzero generalized Cartan matrices.

Lemma 1.1. If A is a generalized Cartan matriz, then the transpose *A is also a generalized
Cartan matriz. Moreover, tA is indecomposable if and only if A is.

We can classify indecomposable generalized Cartan matrices into three types according to its
corank. Namely, A is of finite type if corank(A) = 0, of affine type if corank(A) = 1, and of
indefine type otherwise.

Let w = *(u1,...,uy) be a column vector in R™. We write u > 0if u; >0 foralli=1,...,n.
We write u > 0 if u; >0 foralli=1,...,n.

Theorem 1.2. Let A be an indecomposable generalized Cartan matriz. Then *A and A have
the same type, and

1. A is of finite type iff there exists a vector u € R™ such that u > 0, Au > 0,
2. A is of affine type iff there exists a vector u € R™ such that u > 0, Au =0,
3. A is of indefine type iff there exists a vector u € R™ such that u > 0, Au < 0.

A generalized Cartan matrix A is called symmetrizable if A = DB for some non-singular
diagonal matrix D and symmetric matrix B.

Theorem 1.3. Let A be an indecomposable generalized Cartan matriz of finite type or affine
type. Then A is symmetrizable.
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A generalized Cartan matrix A = (a;;); jer is determined by its Dynkin diagram D(A),
which is defined as follows:
1. The vertices of D(A) are labelled by i € I.
2. Two distinct vertices 4,j of D(A) are joined by the rules:

o If a;5a;; = 0, then vertices ¢, j are joined by no edge.

o If a;5a;; = 1, then vertices i, j are joined by a single edge.

o If a;j—_1,a5 = —2, then vertices 4, j are joined by a double edge with an arrow pointing
towards j.

o If a;;—_1,a;; = —3, then vertices 7,j are joined by a triple edge with an arrow pointing
towards j.

o Ifa;;—_1,a; = —4, then vertices 4, j are joined by a quadruple edge with an arrow pointing
towards j.

o If a;j—_o,a;; = —2, then vertices 7, j are joined by a double edge with two arrows pointing

away from 1, j.
o If a;ja;; > 5, then vertices ¢, j are joined by an edge with numbers |a;;|, |a;;| shown on it.

A generalized Cartan matrix A is indecomposable if and only if its Dynkin diagram D(A) is
connected. Moreover, the list of all connected Dynkin diagrams corresponding to generalized
Cartan matrices of finite type is given below.

1 2 3 -1 1
Al(lzl) o O

1 2 3 -1
Bi(l>2) o o =0

1 2 3 -1 1
il >2) o 0 <« o

l

1 2 3 l*Tr2l—1

Di(1>4) o O
4

12 i 56

Es O O
5

Er o o

Fx o o
1 2 3 4
Fy O—0 = 0——=O

1
G 0=
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The list of all connected Dynkin diagrams corresponding to generalized Cartan matrices of affine
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type is given below. We use the index set I = {0,...,l} and standard notations as in [Kac90].

0 1
Agl) O0<—0
0
1 1 1
AN (1> 2)
0
1 1 3 -1 ]
Bfl)(lzg) o 0= 0
0 1 2 -1
Cl(l)(ZZZ) 0= 0 =
0 l
1 l 3 ljer -1
DM (1> 4) o o
0 1 2
G;l) o—o0 = 0
1 2 3 4 2
Ff) o0—o0—0=0—0
0
1 2 5 6
Eél) o o)
5
) 12 3 1 6 7 0
E§> O o
6
0o 1 2 3 4 1 T8
Eg) © o
0 1
Af) o&Eo
0 1 2 -1 1
AP (1 >2) o =0 o= o0
0
1 1 3 -1 1
AG) L (1>3) 0 0«0
) 0 1 2 -1
Dl(+)1(lz2) O <= O O = O
0 1 2 3 4
Eé2> o0——O0—0 & 0—o0
0 1 2
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1.2 Realization of a complex square matrix
A realization of a generalized Cartan matrix A is a triple (b, II,IIV) such that

1. b is a C-vector space of finite dimension,

2. I1Y ={hq,...,h,} is a linearly independent subset of b,

3. I={ai,...,a,} is a linearly independent subset of h*,

4. a;(hj) = aj; for all 4,5 € 1.
Let (b, II', (IT')V) be another realization of A with (IT')Y = {h},..., A} CH andlI = {o],...,al,} C
(b')* such that aj(h;) = a;;. We say that (h,II,11V) and (', 1T, (II')") are isomorphic if there
is an isomorphism ¢ : h — b’ such that

¢(hi) = hi, 'oa) = ai, (L.1)

where ¢ : (h')* — b* is the induced map of ¢ on dual spaces.

By [Car05], we have
dim(h) > 2n — rank(A). (1.2)

In the case the equality happens, we say that (h,II,II) is a minimal realization of A. More-
over, there exists a unique, up to isomorphism, minimal realization of a complex matrix.

1.3 Kac-Moody algebras
We define the Kac-Moody algebra g(A) associated with A as follows:

Step 1. Let §(A) be the Lie algebra with Lie bracket [,] generated by elements

€1, n, f1,..., fn,hforall heb, (1.3)

satisfying the relations

1. My + pthe = My + phs for all A,y € C, hy, hs € b,

2. [h1,ha] = 0 for all hy, hs € b,

3. [ess fi —h; =0 for all i = 1,...,n,

4. [e;, f;] =0 for all i # 7,

5. [ﬁ,ei] —ai(h)e; =0foralli=1,...,n and h € b,

6. [h, fi] +ai(h)fi=0foralli=1,...,nand h € h.
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Step 2. Let b be the subalgebra of 9(A) generated by elements h for h € h. The Lie algebra
g(A) contains a unique maximal ideal J with 3N H = 0 (Proposition 14.13 in [Car05]). We define
the Kac-Moody algebra associated to A by

g(A) = g(A4)/7. (1.4)

Let 1y be the subalgebra of §(A) generated by elements e, ..., e,. Let i_ be the subalgebra of
g(A) generated by elements f1,..., f,. Let ¢ be the natural homomorphism §(A4) — g(A),z —
x + J. We define

ny =¢(ny)and n_ =(m_). (1.5)

From the fact that the map h — b, h— h is an isomorphism of vector spaces (Corollary 14.7 in

[Car05]) and the restriction of ¢ on b is an isomorphism onto 1 (h) (Proposition 14.14 in [Car05]),

we can identify h with ¥ (h). The decompositon of §(A)

§A) =n_ohon, (1.6)
induces the triangular decomposition of g(A)

g(A)=n_@hdn,. (1.7)
We call  the Cartan subalgebra, n the positive subalgebra, n_ the negative subalgebra

of g(A).

Let @ be the subgroup of h* generated by {a1,...,a,}. Let Q4 and @Q_ be the subsets of
defined by

Q+:{k1a1+---+k‘nan | kl,...7kn€ZZo}, (18)

Q_ :{k1a1+--~+knan ‘ kl,...,kn EZSO}- (19)
For each a € @, we define

0o = {x € 9(A) | [h,z] = a(h)x for all h € h}. (1.10)

Proposition 1.4. We have
1. g(A) = D g,
aeQ

. dim(gy) is finite for all o € Q,

2
3. gozh)

4. If a #0, then go, =0 unless « € Q4 ora € Q_,
5

. [gaagﬁ] C Ba+8 forall o, B € Q.

We call an element « € h* a root if a # 0 and g, # 0. The set of all roots of g(A) is denoted
by ® and call it the root system. The set @ is called the root lattice of g(A). Every root
belongs to either @+ or Q_. The roots in @4 are called positive roots. The roots in (Q_ are
called negative roots. When « is a root, we call g, the root space of «, and dim(g,) the
multiplicity of a.

Proposition 1.5. We have
1 ifk=1,

0 ifk>1. (L11)

dim(gﬂ:kai) = {

We call oy, ..., a, the simple roots of g(A) and hy,...,h, the simple coroots of g(4).
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1.4 Symmetrizable Kac-Moody algebras

In this section, assuming that A is symmetrizable, we define the standard invariant form, the
Weyl group and the representations of the Kac-Moody algebra g(A). Finally, we describe those
objects in the particular case when A is of affine type.

1.4.1 Standard invariant form

Suppose that A = DB for some non-singular diagonal matrix D = diag(ds,...,d,) and sym-
metric matrix B. Let (h, 11, 11V) be a minimal realization of A. For o = kyay + -+ + kpa, € Q,
we define the height of a by

ht(a) =ki+ -+ k. (1.12)
For each ¢ € Z, set
gsi= P o (1.13)
a€Q,ht(a)=1

We have
9(4) =P (1.14)

i€z
From the fact that [g, 93] C 9o+, We have [g;, g;] C g:+;. Hence, g(A) can be considered as a
Z-graded Lie algebra. For each r € Z>(, we define

g(r) = @ gi. (1.15)
—r<ilr
Observe that g(r) is finite dimensional but not necessarily a Lie algebra. Moreover,
h=g(0) Cg1)C---C |Jalr) =g(4). (1.16)
r>0
We define the standard invariant form on g(A) by induction as follows (as in the proof of

Theorem 16.2 in [Car05]):

A. We define a bilinear form on f. Namely, let )’ be the subspace of fj generated by the elements
hi,...,h, and let h” be a complementary subspace of h’ in h. We define a bilinear form (|) on

h by:
1. (hilhj) = dyd; Byj for all i, j € I,
2. (hy|h") = (W"|h;) = dyoi;(R”) for all B € ",
3. (h]|hY) =0 for all A}, hY € b".

We can prove that the bilinear form (|) we have constructed on § is symmetric, non-degenerate
(Proposition 16.1 in [Car05]) and invariant, i.e.,

([z,9]l2) = (xly, 2]) (1.17)

for all z,y,z € h.
B. We first extend the bilinear form (]) on

) =Pcriere@PCe (1.18)
=1 =1

by setting more conditions:
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1. (gilg;) =0 unless i + j = 0.
2. (el f5) = (files) = didi ;.

This form is bilinear, symmetric, invariant.
C. Now, we consider the case r > 2. Suppose that have extended the bilinear form to g(r — 1),
we then extend it to g(r) by setting more conditions:

1. (gilg;) =0 unless i +j =0, i, |j| < 7.
2. For z € g,, y € g_,, we can always write
y=> lcjdj] (1.19)
J
for some ¢; € g_;, dj € g_o, With u;,v; > 0, u; +v; = r. From the fact that [z,c¢;],d;
are all in g(r — 1) and the sum ) ([, ¢;]|d;) does not depend on the way to express y as in

J
the formula (1.19) (see [Car05]), we define

(@ly) = ([, ¢;]ld;) (1.20)
J
forall x € g,y € g_,.

We can check that the bilinear form (]) we have extended to g(r) is bilinear, symmetric, non-
degenerate and invariant, i.e.,

([z,9]l2) = («lly, 2]) (1.21)
for all z,y,z € g(r).

Finally, the bilinear form (]) is extended to g(A).

1.4.2 The Weyl group
Fori=1,...,n, we define the map s; : h — § by
si(h) = h — a;(h)h; (1.22)

for all h € b.
Proposition 1.6. We have s? = 1, s;(h;) = —h,.

We call the maps s; : h — b the fundamental reflections. The group W of non-singular
linear transformations of b generated by s1,..., s, is called the Weyl group of g(A).

Let (]) be the standard invariant form on g(A).
Proposition 1.7. We have (h|h') = (w(h)|w(h')) for all h,h' € b and w e W.

We can define the action of the Weyl group on h* by

(wN)(h) = Xw™ (b)) (1.23)
for all w € W, A € h*,h € h. Then for any A € h*, we have

Moreover, the Weyl group acts on the root system ® of g(A4). And the multiplicity of a root is
invariant under the action.
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Proposition 1.8. If a € ®, then w(a) € ®. Moreover, dim(g,) = dim(gy(a))-

Consider the decomposition

g(A)=ho (@ ga) : (1.25)

acd

We say that a root a € ® is real if there exists w € W and «; € II such that o = w(«;), and
a € ¢ is imaginary otherwise.

Theorem 1.9. Let A be a symmetrizable indecomposable generalized Cartan matrix. Then
1. If A is of finite type, then g(A) has no imaginary root.

2. If A is of affine type, then there exists a unique vector a = *(aq,...,ay) of relatively prime
integers such that a; > 0, Aa = *(0,...,0). Set§ = ajo1+---+anay,. Then the imaginary
roots of g(A) have form ké, where k € Z \ {0}.

In the case A is of affine type, we call 0 the basic imaginary root of g(A).

1.4.3 Representations of symmetrizable Kac-Moody algebras
We define an order in h* by
A>pifand only if A —p € Q4. (1.26)
The category O is defined as follows:
1. The objects in the category O are g(A)-modules V satisfying the conditions:

o V= @ V, where
Aeb*

Va={v eV |hv=Ah)vfor all h € bh}. (1.27)

e dim(V)) is finite for each \ € h*.

e There exists a finite set A1,...,As € h* such that if V), # 0, then A < A; for some
ieq{l,...,s}

2. The morphisms in the category O are the homomorphisms of g(A4)-modules.

For each V' € O, we define the character ch(V') as a function from h* to Z by
ch(V)(A\) = dim(Vy). (1.28)

For each X\ € h*, we define the function e* : h* — Z by

eM(1) = Oy (1.29)
Then we have
ch(V) =" dim(V3)e . (1.30)
A€h*

Lemma 1.10. We have
1. If Ve O and U is a submodule of V, then U € O and V/U € O,



1.4. SYMMETRIZABLE KAC-MOODY ALGEBRAS 11

2. If Vi,Vo € O, then V1 & Vo € O and V1 @ Vo € O.
For each \ € h*, we define the Verma module M () with highest weight A by
M(X) =U(g(A))/ K, (1.31)

where U(g(A)) is the universal enveloping algebra of g(A) and

K = Ug(A)ng + 3 Ua(A)(h = AR)) (1.32)

heh
for all h € b.
The Verma module M ()) has a unique maximal submodule J(\). We define
LX) = M\)/J(N). (1.33)

Proposition 1.11. For each A\ € b*, we have M(\) € O. Hence, L(\) € O. Moreover, the
modules L(\) are the only irreducible modules in the category O.

A g(A)-module V is called integrable if

V=P Wn (1.34)

Aeb*
ande; : V=V, f; : V — V are locally nilpotent for all i =1,...,n.
Proposition 1.12. Let V be an integrable g(A)-module. Then
dim(Vy) = dim(V,,(»)) (1.35)
for each A € h*, we W.
We define the set of all dominant integral weights
Po={ebh" | A(h) €Zspforalli=1,...,n}. (1.36)

Proposition 1.13. Let g(A) be a symmetrizable Kac-Moody algebra. The module L(\) is inte-
grable if and only if A € Py.

Since hy, ..., h, are linearly independent, we can choose an element p € h* such that p(h;) = 1
foralli=1,...,n.

Theorem 1.14. (Weyl-Kac’s character formula) Let g(A) be a symmetrizable Kac-Moody alge-
bra. For each A € Py, we have

> e(w)ew(”/))
weW

Z e(w)ew(P)

weWw

ch(L(N)) = (1.37)
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1.4.4 Contravariant Hermitian forms on Verma modules

Let e1,...,en, f1,---s fn,P1, ..., hy,d be the Chevalley generators of g. Let wg be the C-anti-
linear anti-involution on g defined by

wole)) = fi, wolfi) =ei, wolhi) =hi, wo(d) =d. (1.38)

Here anti-involution means we have wo([z,y]) = [wo(y),wo()] for all 2,y € g and w? = Id. The
map wyp extends uniquely to an anti-linear anti-involution on U(g), which we still denote by wy.
The triangular decomposition g = n_ @ h @ ny. with the Poincaré-Birkhoff-Witt theorem imply
that

U(g) =U(b) ® (n-U(g) +U(g)ny). (1.39)

This splitting is stable by wp since wy pointwise fixes U(h) and it interchanges n_U(g) with
U(g)ny. In the decomposition (1.39), U(h) is the symmetric algebra S(h) since b is abelian. Let
m : U(g) — S(h) be the projection to the first component of the decomposition. It is a S(b)-
bimodule map, i.e, w(xzgy) = zw(g)y for all g € U(g),z,y € S(h). Let (,) : U(g) x U(g) — S(h)
be the map defined by

(z,y) = m(wo(x)y)- (1.40)
Proposition 1.15. We have
1. (,) is linear in the second variable, anti-linear in the first variable.
2. {gr,y) = (z,wo(9)y) for all z,y,g € U(g).
3. (z,y) =0 1if x €eU(g)ny ory € U(g)n,.

Let M be a g-module, a Hermitian contravariant form on M with respect to the
anti-involution wg is a map H : M x M — C satisfying conditions below

1. H(ax 4+ y,z) =aH(z,z) + H(y, 2) for all z,y,z € M, a € C,
2. H(z,ax +y) =aH(z,2) + H(z,y) for all z,y,2 € M, a € C,
3. H(gz,y) = H(xz,wo(g)y) for all z,y € M, g € g.
For each A € b*, let evy : S(h) — C be the homomorphism defined by
evp(xy...2p) = A1) ... Alxy) for all zq,..., 2, €h. (1.41)

The kernel of evy is generated by all elements h — A(h) with h € h*. Set {,)5 = evp o {(,). Let

b be the dual space of Rd® @ Rh;. With the help of Proposition 1.15, we obtain the following
i=1
statement.

Proposition 1.16. We have (x,y)x = 0 for all x or y in U(g)ny + > U(g)(h — A(h)) if and
heh
only if A € bg.

By the Proposition 1.16, with the assumption that A € b, the map (, ) induces a Hermitian
form on the Verma module M (A), which we still denote by (,)a.

Proposition 1.17. Let A € by, we have

1. {,)a is a Hermitian contravariant form on M(A).
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2. (x,y)a =0 for allx € M(A)p—a,y € M(A)pa—p with a # 5 in Q.
3. The radical of {, ) is the mazimal submodule J(A) of M(A).

A g-module M is said to be unitarizable if it has a positive definite Hermitian form which
is contravariant with respect to the anti-involution wy. Let A € bi. By 3. in the Propsition
1.17, (, ) induces such a Hermitian contravariant form on L(A). The result below is mentioned
in Theorem 11.7 in [Kac90].

Theorem 1.18. Let A € b;. The g-module L(A) is unitarizable if and only if A € Py.
Remark 1.19.

1. It can be proved that (, ), is the only candidate to be a Hermitian contravariant form with
respect to wp.

2. Assume that g(A) is finite dimensional and G is the simply connected group associated to
g(A) and L(A) is finite dimensional of dimension d. Then G is not compact whereas Ug(C)
is. So we can not hope an invariant positive definite Hermitian form on L(A). The role of
wp is here to solve this paradox since G“° is a compact form of G.

1.4.5 Affine Kac-Moody algebras

Assume A is of affine type and number the index set as I = {0, ...,1}. There exists a unique pair
of vectors a = *(ag,...,a;) and ¢ = (cg,...,c;) of relatively prime integers such that a;,c; > 0
and Aa = '(0,...,0), cA=(0,...,0).

Proposition 1.20. We have

1. Co 221,

9 g — 2 if A is of type Ag),
C0T 1 otherwise.

The Coxeter number h and dual Coxeter number hY of A are defined by

h=> a, h'=> c. (1.42)

i€l i€l

Recall that (b, II,IIV) is a minimal realization of A then dim(h) =1+ 2. Fix an element d € b
such that
ap(d) =1, a;(d) =0 forall i > 0. (1.43)

We call d a scaling element. The 0-th fundamental weight A is defined by
Ao(hj) =b05, Ao(d)=0foralliel. (1.44)
Proposition 1.21. We have
1. {ag, ..., a1, Ao} is a basis of h*,
2. {hg,...,h,d} is a basis of b.

Recall that A is symmetrizable. More precisely, we have the following proposition.
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Proposition 1.22. We have A = DB, where D = diag(do,...,d;) with d; = a;/¢; and B is a
symmetric matrizx.

Let (|) be the standard invariant form on g(A) constructed as in Section 1.4.1. We have
1. (hilh;) = d;d;B;j = %aij for all ¢,j € I,
2. (hi|d) = agdo for all i € I,
3. (d|d) =0.
There is a bijection h* — b defined by
A hh, (1.45)

where A(h) = (h}|h) for all h € h. Set
A

l l

Zcihi, 0= Zaioz,;. (146)
=0

=0

K

Lemma 1.23. Under the bijection h* — h, X\ — k), we have
1. o = gthi,
2. Ay — a%d;
3. 0— K.

From the fact that the centre of g(A) is the 1-dimensional vector space spanned by K, we
call K the canonical central element of g(A). The element § is called the basic imaginary
root as in Section 1.4.2.

The bijection h* — h, A — R allows us to consider (]) as a standard invariant form on h* by
L (asla;) = &tay; for all i, j € 1,
2. (OQ‘A()) = %51‘0 foralli eI,
3. (Ag]Ap) = 0.
The Weyl group W of g(A) is generated by the fundamental reflections s, ..., s;, where
s; is given by
for all A € h*.

For each a € h*, we define ¢, : h* — h* by

ta(N) = A+ AMK)a — <)\ + a) J. (1.48)

Proposition 1.24. We have

1. tatg =tayp for all o, B € h*.
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2. wtow™ ' = tw(a) for alla € h*,w e W.
For each ¢ =0,...,[, set
v _ 4
al = —a;. (1.49)
Suppose that A is of type Xg). We denote the type of ‘A by X](va). Let M be a sublattice of
Q@ defined by
l
P Za; ifrY =1,
i=1

M= (1.50)
b Zay ifrY>1.
i=1
Set tyr = {to | @ € M}. Let W be the subgroup of W generated by {s1,...,s;}.
Theorem 1.25. We have o
W=ty xW. (1.51)
For each ¢ € I, we define the i-th fundamental weight A; by
We remark that the 0-th fundamental weight Ag is already defined in (1.44). Since
d(h;)=0forallie I, 6(d)=1, (1.53)
then {Ag,...,A;,d} is a basis of h*.
The set of dominant integral weights is given by
Py =" ZxoA; + Co. (1.54)

icl

For each A € Py, let L(A) be the integrable irreducible highest weight g(A)-module with
highest weight A. Let P(A) be the set of all weights of L(A), i.e.,

P(A) = {n € b" | L(A),0 # 0}. (155)

Theorem 1.26. Let A € P.. We have p € P(A) if and only if there exists w € W such that
w(p) € Py and w(p) < A
Corollary 1.27. If u € P(A), then p— 6 € P(A).

The corollary implies that if y € P(A), then p — né € P(A) for any n € Z>(. Since there
exist finitely many positive integers n such that p+nd < A, we say that u is maximal weight
of L(A) if and only if p € P(A) but 4+ 6 ¢ P(A). We denote the set of all maximal weights of
L(A) by max(A). In summary,

Since  is W-invariant, we have

Proposition 1.28. Let A € P,. The set max(A) is invariant under the action of the Weyl

group. In particular,
max(A) = W(max(A) N Py). (1.57)
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Set e7% = ¢. For each A € h*, we define the string function cﬁ\\ € C((q)) associated to A by

= Z dim(L(A)x—ns)q". (1.58)

neZ
By Proposition 1.12, for all w € W, we have

Denote by chy the character ch(L(A)). Choose p = Y A;, we see that p(h;) =1 for all i € I.
i€l
We have formulas for character of L(A) as follows

chy = Z chet. (1.60)

A€max(A)

Z €(w>ew(/\+ﬁ)

_ wew
chy = SR (1.61)

weWw




Chapter 2

Branching problem on winding
subalgebras of affine Kac-Moody

algebras Agl) and Agz)

The chapter is a reproduction of our first preprint [Khal9].

Abstract

We consider an affine Kac-Moody algebra g. Since g is infinite dimensional, it could occur that a
strict subalgebra is isomorphic to g. It is the situation for the winding subalgebra g[u] depending
on a positive integer u. We are interested in the branching problem for such a pair glu] C g
and integrable highest weights g-modules. Fix such a g-module L(A) depending on a dominant
integral weight A. Under the action of glu], L(A) is still integrable with finite multiplicities.
Hence, it decomposes in direct sum of g[u]-modules L()\) as L(A) = Dicp, L(X)™ulta,gu) (V)
Here P, (resp. Py) denote the set of dominant weights and L(A) (resp. L()\)) the irreducible
integral g-module (resp. g[u]-module) associated to A € Py (resp. A € Py). Consider the
support of the decomposition I'(g, g[u]) = {(A,\) € Py x Py | multy g, (A) # 0} Our first
result is qualitative and extends to our context a well know Brion-Knop’s theorem for finite
dimensional reductive algebras: T'(g, g[u]) is a semigroup. Note that by lack of geometry, our
proof is not a straightforward generalization to known proofs. Our second result is a partial
description of I'(g, g[u]). When g is of type Agl) or Aég), we describe explicit sub-semigroups of
this semigroup.

17
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2.1 Introduction

One of the most important question in representation theory is how an irreducible module of
a Lie algebra g can be decomposed when we consider it as a representation of some given Lie
subalgebra g. Assume first that g and g are finite dimensional and semi-simple. Then the finite
dimensional irreducible g-modules (resp. g-modules) are parametrized by the semigroup Py
(resp. P+) of dominant integral weights. Given A € P, , under the action of g, the irreducible
g-module L(A) of highest weight A decomposes as

L(A) = P Loymtias), (2.1)
AP,
where multy 4()\) is the multiplicity of L(\) in L(A). Understanding the number mults 4(\)

is referred as the branching problem. For example, for g diagonally embedded in g = g x g,
the coefficients mults 4(A) are the multiplicities of the tensor product decomposition of two
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irreducible representations of §. If § = gl,,(C), then P, may be identified with the set of non-
increasing sequences of n integers and the coefficients are the Littlewood-Richardson coefficients.
If g is a Cartan subalgebra of g, the multiplicities mults 4()) are the Kostka coefficients. The
support )

P(g,8) = {(A,A) € Py x Py & multy (A) # 0}

of these multiplicities is also a fascinating object. Actually, it is a finitely generated semigroup
that generates a polyhedral convex cone (see [Bril3]). For § diagonally embedded in g = g x §
this cone is the famous Horn cone. Its description has a very long and rich story (see [Bril5],
[Bril3], [Kum14], [BK06], [Res10]).

In this chapter, we are interested in similar questions for affine Kac-Moody algebras. Assume
now that g is an affine Kac-Moody algebra and consider the integrable highest weight g-module
L(A) as module over some subalgebra §. In the following three cases, we have decompositions
similar to (2.1) with finite multiplicities:

1. g = b is a Cartan subalgebra of g,
2. g is diagonally embedded in g = g x g,
3. ¢ is a winding subalgebra of g introduced by V. G. Kac and M. Wakimoto in [KW90].

Recently, several authors studied I'(g, §) in the case of the tensor product decomposition of affine
(or symmetrizable) Kac-Moody Lie algebras (see [Resl7], [KR17], [Lit94], [BK14]).

Here, we begin a study of I'(g,d) in the winding case. This case is important and interesting
since its relation with the tensor product decomposition (see [KW90]) and a solution to Frenkel’s
conjecture (see [KW90], [Fre82]). The winding subalgebras g[u] are isomorphic to g but nontriv-
ially embedded in g (the embedding depends on a fixed u, see Section 2.4 or [KW90] for details).

Let P, (resp. Py) be the set of all dominant integral weights of g (resp. glu]). For A € P, (resp.
A€ Py), let L(A) (resp. L()\)) be the irreducible highest weight g-module (resp. g[u]-module)
with highest weight A (resp. A). By [KW90], under the action of g[u], L(A) is still integrable
and decomposes as

L(A) = @ Lymtersa®), (2.2)
\EP,

We define T'(g, g[u]) to be the support of this decomposition:

F(g,g[u]) = {(A’)‘> € P+ X P+ ‘ multA,g[u]<)‘) 7é O} (23)
Our first main result is the following theorem.
Theorem 2.1. The set T'(g, g[u]) is a sub-semigroup of h* x h*.

Let 6 be the basic imaginary root of g. The description of the set I'(g, g[u]) is equivalent to
describe the sets )
BAXN) ={beC|L\+bd)C LA},
for any (A,\) € Py x P. Let P,(A) is the set of all X such that (A,\) € I'(g,g[u]). The set
B(A,X) is nonempty if and only if A € P,(A) + Cd. In this case, we define by » ,, to be number

b € B(A, ) such that b+ n & B(A,\) for any n € Z~o. We also define a number hE{L’])\ as in
(2.118). We describe the set B(A, \) as in the following theorem.
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Theorem 2.2. Let g be an affine Kac-Moody algebra of type XJ(\;). Fizu € Z~1 such that u = 1(
mod 7). Let A € Py and X € P,(A) + Cd. We have

1. baxu— (Zso\{1}) C B(A,\) C baru — Z>p.

2. If in addition hi, # 0 then B(A,A) = b xu — Zso.

Since b is contained in gu], if (A, A) € T'(g, g[u]) then X is a weight of L(A). Set
L(A)y={ve L(A) | hv=X(h)v for all h € b}. (2.4)

Set
I(g,b) = {(A;A) € Prxb™ | L(A)x # {0}}- (2.5)
Let us recall how I'(g, h) can be described. Let P(A) be the set of weights of L(A). Fix A €

P(A)+Cd, then the set of b € C such that A+ bd is a weight of L(A) is of the form by ) —Z>( for
some well defined by 5. In particular, describing I'(g, ) is equivalent to compute the numbers

bax. For g of type A(ll) and 14(22)7 we determine this number in Proposition 2.32 and Proposition
2.37, respectively. Let us introduce more notation to describe our results on I'(g, g[u]) for these
two Lie algebras. Let Ag be the 0-th fundamental weight and let a be the simple root a;. Up
to tensoring by some one dimensional g-module any integrable highest weight g-module is L(A)

with A = mAgy + % for some j,m € Z>o and j < m (for the case Agl)) or j < % (for the case
AP,

Theorem 2.3. Let g be the affine Kac-Moody algebra of type Agl). Let A = mAy + % e P,
and let A =m'Ag + le'l €P,.
1. If there exists b € C such that (A, \+b0) belongs to I'(g, glu]) then j'—j € 2Z and m’ = m.
2. If moreover
a. j <3 <um—j and u is even; or
b. <4 <um—(m—j) and u is odd,
then ba xu = ba .
For A like in Theorem 2.3, we denote by A,(A) the set of A such that the theorem applies.
Namely

-/

Au(A) = {on T %

j" € lj,um — 57N (j+2Z)} (2.6)
where j* = j if u is even and j* = m — j if u is odd.

Theorem 2.4. Let g be the affine Kac-Moody algebra of type Ag). Let A\ = mAg+ % € P, and
let \=m'Ag + ]/Ta €P,.

1. If there exists b € C such that (A, X + bd) belongs to I'(g, glu]) then m’ =m.
2. If moreover

a. ] S j,; and
b j e Ul _ 4 (2750 UZo),
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then bA,)\,u = bA’)\.

For A like in Theorem 2.4, we denote by A, (A) the set of A such that the theorem applies.
Namely

-/

Au(A) = {on +22

2 2

j el nzn (7"(“2_1) — 4 (2ZsoU Z<0)> } @

The satured set of the support I'(g, g[u]) is defined by
L(g,g[u)) = {(A,\) € PL x P, | N € A+ Q,L(N)) C L(NA) for some integer N > 1}. (2.8)
The following result is a corollary of Theorems 2.2, 2.3, 2.4.

Corollary 2.5. Let g be an affine Kac-Moody algebra of type Agl) or Ag). Fiz u € Zs1 (u is

an odd number in the case AgQ)). Let A € Py and let A € Ay (A)N(A+ Q). For allb € C, we
have

1. (A, X +b8) € T(g, g[u]) < d(A, )+ b5) € T(g, glu]) for all d € Z>.
2. If in addition hly\ # 0 then (A, X+ bd) € I'(g, glu]) < (A, A + bd) € T(g, g[u)).

This chapter is organized as follows. In Section 2.2, we prepare fundamental knowledge
of affine Kac-Moody algebras. In Section 2.3, we present results around branching on Cartan
subalgebras. We prove that the set I'(g,h) is a semigroup. In Section 2.4, we introduce the
notion of winding subalgebras and study the branching problem for general affine Kac-Moody
algebras. The main results in this section are Theorems 2.1, 2.2. In Section 2.5, we present the
results in the cases Agl) and A;”. The main results in this section are Theorems 2.3, 2.4, and
Corollary 2.5.

2.2 Preliminaries

In this section, we recall basic results about affine Kac-Moody algebras in [Car05], [Kac90],
[KW90].

2.2.1 Generalized Cartan matrix of affine type

Set I = {0,...,l}. Let A = (a;j)ijer be a generalized Cartan matrix of affine type, i.c., A is
indecomposable of corank 1, a;; = 2, —ai; € Z>g for i # j,a;; = 0 iff a;; = 0 and there exists a
column vector u with positive integer entries such that Au = 0.

Let a = (ag,...,a;) and ¢ = (cg,...,¢) be the vectors of relatively prime integers such that
a;,c; >0 and Aa = *(0,...,0),cA = (0,...,0). The Coxeter number and dual Coxeter number

of A are defined by h= %" a; and h¥ = )" ¢;.
il i€l

2.2.2 Realization of a generalized Cartan matrix

Let (h,II,I1V) be a realization of A where § is a C-vector space of dimension [ + 2, TIV =
{ho, ..., i} is a linearly independent subset in h and IT = {«y, ..., } is a linearly independent
subset in h* (the dual space of h) such that a;(h;) = a;;.
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Let K = ) ¢;h; be the canonical central element and § = ) a;a; be the basic imaginary root.
iel iel

Let d € b be the scaling element, i.e., ag(d) = 1,a;(d) = 0 for ¢ > 0. Let A; (i € I) be the
i-th fundamental weights, i.e., A;(h;) = 0;;,Ai(d) = 0 for all j € I. Set p = >  A;. Then

iel
{ap,...,a;, Ao} is a basis of h* and {ho, ..., h;,d} is a basis of b.

2.2.3 Affine Kac-Moody algebras

Let g = g(A) be the affine Kac-Moody algebra corresponding to the matrix A. We call § a
Cartan subalgebra of g and II,II the set of simple roots, simple coroots of g, respectively. We
have a triangular decomposition

g=n_ohony, (2.9)

where n_ is the negative subalgebra of g and n, is the positive subalgebra of g.

An affine Kac-Moody algebra has type X ](\;) with r = 1,2, 3 (here we use the standard notation
in [Kac90] to label the type of affine Kac-Moody algebras). In particular, the untwisted affine

Kac-Moody of type Agl) is defined by the generalized Cartan matrix

( _22 _22 > (2.10)

and the twisted affine Kac-Moody algebra of type AgQ) is defined by the generalized Cartan

matrix
2 -4
( 1 9 > . (2.11)
It is known that the matrix *A is also a generalized Cartan matrix of affine type. We denote
X](\;V) the type of the algebra g(*A).

2.2.4 'Weyl group

Let @ = ZII be the root lattice and let @+ = Z>oll. We define an order on h* by A > p if
A—p € Qy. Foreach i € I, set af = ¢ ;. We define a sublattice M of @ by

!
P Za; ifrYV =1,
i=1

M= (2.12)
g}l Loy ifrY > 1.
Let (]) be the standard invariant form on h* which is defined by
(@ilay) = Lag (@ulho) = 2aid), (Molho) =0 Vi€ . (2.13)
For each « € h*, we define t, € GL(H*) by
ta(A) = A+ AMK)a — ()\ + A(KT)O{ a) J. (2.14)

Let W be the Weyl group of g, i.e., the group generated by fundamental reflections {sq,..., s},
where s; € GL(h*) is defined by s;(A) = XA — A(h;)oi;. We have

W=ty x W, (2.15)
where tyr = {to | @« € M} and W is the subgroup of W generated by {s1,...,s;}.
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2.2.5 Realization of affine Kac-Moody algebras

Let g be a simple Lie algebra with Lie bracket [,]o, and normalized invariant form (|)o (Here we
use the notion of normalized invariant form for a simple Lie algebra in the book of Carter [Car05]).
We extend g to a new Lie algebra

g=Clt,t | g@®CKaCd (2.16)

with new Lie bracket ‘ ‘
[t'@x+ AK + pd,t? @y + NK + 1/d]

=t @ [x,ylo + pjt! @y — @it' @ x +idi1j0(zly)o K. (2.17)
foralli,j € Z,x,y € gand \, N, u, ' € C.

Let h be a Cartan subalgebra of g and let ® be the root system of §. For each o € ®, let
8, = {x € g such that [, 2]g = a(h)z for all h € h} . (2.18)

Let II = {ag,...,a;} be the set of simple roots and o= {h1,...,h;} be the set of simple
coroots of §. It is known that the dimension of g, is one for each o € ®. For each i € {1,...,1},
let &; be a basis vector of g5 and fi be a basis vector of 9_5;- Then g is a Lie algebra with
generators {hy,...,hy,€1,..., €, fi,---, fi}-

Suppose that g is associated to a generalized Cartan matrix A of finite type. Each o € S; such
that @;; = Gy (i)o(j) for all i, j € {1,...,1} can be considered as an automorphism of g by sending

e ey, fi Toty hi = hog:- (2.19)
Let m be the order of o and set n = €2i™/™ . We define the automorphism 7 of g by
W @r)=nt @o(x), T(K)=K, 7(d)=d (2.20)
for all j € Z,x € g. This map is called a twisted automorphism of ﬁ

Now, let g be an affine Kac-Moody algebra of type Xg). Let g be the simple Lie algebra of

(1)
N

type Xn. If g is an untwisted affine Kac-Moody algebra, i.e., type X’, we have

(2.21)

Q>

g

If g is a twisted affine Kac-Moody algebra, i.e., type Xj(\;) with » = 2,3, then the order of
nontrivial ¢ mentioned above is r. In this case, we have

2(7)
g~g . (2.22)

The simple coroots hq, ..., h; of g have the property
hi €1®h (2.23)

for each i € {1,...,1}, where b is the Cartan subalgebra of g. For the details, we refer the reader
to the proofs of Theorem 18.5, Theorem 18.9 and Theorem 18.14 in [Car05].



CHAPTER 2. BRANCHING PROBLEM ON WINDING SUBALGEBRAS OF AFFINE
24 KAC-MOODY ALGEBRAS A{") AND A%

2.2.6 Dominant integral weights
Let
P=>"7A;+Cj (2.24)
iel
be the set of integral weights. For any set S C h*, we denote by S the subset of all A € S + C§
such that A(d) = 0. We have
P=Y"T7A,; (2.25)

For each A € P, the number A(K) is an integer and we call it the level of A. For each m € Z, we
denote by P™ the set of all integral weights of level m. Then we have

pPm™ = {Z mzAL Zmici =m,m; € Z} + C§. (226)
el i€l
Let
P, = Z ZZOAi +C§ (2.27)
i€l

be the set of dominant integral weights. Let ﬁ,ﬁ be the intersection of P, P™ with P,,
respectively.
2.2.7 Highest weight representations of affine Kac-Moody algebras
Let g be an affine Kac-Moody algebra. Let O be the category which is defined as follows:
1. The objects in the category O are g-modules V satisfying the conditions:

o V= V) where Vy ={v €V | hv=A(h)v for all h € b}.
Aeb*

e dim(V)) is finite for each X\ € h*.

e There exists a finite set A1,...,As € h* such that if V) # 0, then A < A; for some
ie{l,...,s}

2. The morphisms in the category O are the homomorphisms of g-modules.
For each A € h*, we define the Verma module M (A) with highest weight A by
M(A) =U(g)/Kn, (2.28)

where U(g) is the universal enveloping algebra of g and

Ky =Ugng + Y Ulg)(h— A(h) (2.29)
heh

for all h € .
The Verma module M (A) has a unique maximal submodule J(A). We define
L(A) = M(AN)/J(A). (2.30)

Proposition 2.6. For each A € bh*, we have M(A) € O. Hence, L(A) € O. Moreover, the
modules L(A) are the only irreducible modules in the category O.
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A g-module V is called integrable if V.= @ Vi ande; : V =V, f; : V — V are locally
Aeh*
nilpotent for all i =1,...,n.

Proposition 2.7. Let g be an affine Kac-Moody algebra. The module L(A) is integrable if and
only if A € Py.

2.3 Branching on Cartan subalgebras

In this section, we recall some facts about branching on Cartan subalgebras of affine Kac-Moody
algebras.

Let A € P, be a dominant integral weight of g, and let h be Cartan subalgebra of g. Regarding
the g-module L(A) as an h-module, it can be decomposed into direct sum of weights spaces

L(A) = €D L), (2.31)
Aebh*
where
L(A)y = {v e L(A) | hv = A(h)v Vh € h}. (2.32)

Let multa (A) be the dimension of the space L(A)y. Then the decomposition (2.31) is encoded
by a formal series chp on h* as follows

chy = Z multy p(\)e?, (2.33)
Aeb*

called the character of L(A), where e*(u) = 4y, for p € h*. The set of weights of L(A) is defined
by

P(A) ={X € b* | multy 5(A) #0}. (2.34)
For each X\ € h*, we say that A is a maximal weight of L(A) if A € P(A) but A+ nd ¢ P(A) for
any n > 0. Let max(A) be the set of all maximal weights of L(A). We have

max(A) = W(max(A) N Py) (2.35)
and
P(A) =W((A—Q4)NPy) =max(A) — Z>o0. (2.36)

For each A € P(A) + CJ, let by » be the complex number such that A + ba 0 € max(A). It is
an integer if A € A 4+ @ because by 0 € Q. For each b € C, A + b5 € P(A + bd) if and only if
A € P(A). Hence

bA+by5A+b18 = bax + b2 — b1 (2.37)

for any b1, be € C. Let I'(g, h) be the set of all (A, A) € Py x h* such that A € P(A).

2.3.1 About the character chy

We now recall some facts about the character chp for any affine Kac-Moody algebra.

Denote e~° by g. For each A € h*, we define the string function ¢} € C((g)) of L(A) associated
to A by

ch = Z multy 5 (A — nd)g". (2.38)
nez
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Then for any w € W we have

A =dd, (2.39)
and
chp = Z chel. (2.40)
A€max(A)

For each w € W, let I(w) be the minimal length of w as a product of fundamental reflections
50,---,5. Set e(w) = (—1)"®), The character chy can be written in terms of Weyl group, with
the Weyl-Kac character formula (see Corollary 19.18 in [Car05]):

S e(w)e“’(“f’)

hy = 2V . 2.41
cha Z e(w)ew(P) ( )

weW

2.3.2 Semigroup structure
In this part, we study the set I'(g,h) C h* x h*.
Theorem 2.8. The set I'(g, h) is a sub-semigroup of b* x h*.

Proof. Let (A, ) and (A, X) ‘be elements in the set I'(g, ). We will show that (A + AN+ s
still in this set. Indeed, A + X is a weight of L(A) ® L(A). Hence A + A is a weight of L(A") for
some A” € (A+A) — Q4) N Py. By (2.36), we have

P(A") c P(A+ D). (2.42)
It means A + A € P(A+ A) and then T'(g, ) is a semigroup. O

Remark 2.9. We can prove that I'(g,h) is a semigroup for any symmetrizable Kac-Moody
algebra g by the same argument.

2.4 Branching on winding subalgebras: the general case

In this section, we study the branching problem on winding subalgebras.

2.4.1 Winding subalgebras of an affine Kac-Moody algebra

In this subsection, we recall the notation of winding subalgebras of an affine Kac-Moody algebra
in [KW90]. The studying of winding subalgebras is important and interesting because of its rela-
tion with the tensor product decomposition (see [KW90]) and a solution to Frenkel’s conjecture
(see [KWI0], [Fre82]).

Let g be an affine Kac-Moody algebra of type XJ(\?) which is defined by (2.21), (2.22). Fix
u € Z1 such that u = 1( mod r). It is easy to check that

. . d
er—=tYor, K—uK, d— —, (2.43)
u

where j € Z,z € g extend to an injective homomorphism 1),, of Lie algebras and the image of 1),
is stable by (r) in the case r > 1. Let g[u] be the subalgebra of g which is defined as follows.

o If r =1, set glu] = 1%(3)
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o If 7 > 1, set glu] = 1, (9)¢".

Then g[u] is a subalgebra of g and it is isomorphic to g. We call g[u] the winding subalgebra of
g associated to u.

2.4.2 Formulas for characteristic elements

Set K = P (K) = uK. Let ¥y : h — b be the restriction of 1, to the Cartan subalgebra h of g.
For each i € I, set h; = 1, (h;). Then by (2.23), we see that

) . 1
hi = h; for alli > 0 and hy = —

K + hg. (2.44)
€o

Let ‘b, : b* — b* the dual map of 1),,. Namely, for each A € h* we define t¢, by
“PDu(A)(B) = A(Du(h)) (2.45)
for all i € h. For each i € I, set ci; = ), (cv;). Then by (2.44), (2.45) we have
u—1
ag

For each i € I, set A; = "), (A;) and p = p,(p). By (2.44), (2.45) we have

a; = ay for all 4+ > 0 and ap =

§ + ap. (2.46)

) 1 ,
Ai:Ai—&—(—l) W (2.47)
u Co
=S K= (1) (2.48)
pP= I i =P u o 0- .

The map ), induces simple reflections s; € Aut(h*), which are defined by

S$i(A) = A = A(hy)ay. (2.49)
The Weyl group W of g[u] is generated by the simple reflections s; (i € I) turns out to be
W =ty @ W. (2.50)

In particular, by (2.15), it is a subgroup of the Weyl group W.

Let ) '
P, = ZZZOAi + Cé (2.51)
iel
be the set of dominant integral weights of gu]. For each m € Zx, let Pf be the set of dominant
integral weights of g[u] of level m, i.e.,

i€l

Z m;c; = m,m; € Z>O} + Co. (252)

el

Let A € P, we denote the irreducible integrable g[u]-module of highest weight A by L()). The
winding subalgebra g[u] has a triangular decomposition

olu] = i @b @y, (2.53)

where n_ is the negative subalgebra of g[u] and 0 is the positive subalgebra of glu].
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2.4.3 The set of weights P,(A)

For each A € P} (m € Z>(), the g-module L(A) can be regarded as a g[u]-module of level um.
Then it can be decomposed into direct sum of integrable irreducible g[u]-module of level um

L(A) = @ LA™ ta e () (2.54)
AePym
Set .
P,(A) = {\ € Py | multy 41,y (A) # 0}. (2.55)

It is easy to see that P,(A) C P(A) (by part 0.5 page 5 in [KW90]). Hence P, (A) is a subset of
max(A)—Zx>¢d. Wesay A € P,(A) a glu]-maximal weight of A if there does not exist n € Z~¢ such
that A +nd € P,(A). We denote the set of all glu]-maximal weights of A by max,(A). For each
A € P,(A) + C4, there exists a unique complex number by ., such that A+ ba » 0 € max,(A).
By definition, we have

bax — baau € Z>o. (2.56)

Let T'(g, g[u]) be the set of all (A,\) € Py x P, such that A € P,(A).

2.4.4 Character method

In this subsection, we prepare fundamental background on the representation theory of the
Virasoro algebras which help us to study the branching problem. The idea is analogous to the
idea in [KW90], [BK14]. In general, we need a formula expressing the character of an irreducible
highest weight g-module L(A) (A € P) in terms of the characters of irreducible highest weight
glu]-modules L(\) (A € Py). The Virasoro characters plays a role in this formula to help us
understanding the branching rule.

2.4.4.1 The Virasoro algebra
The Virasoro algebra Vir is spanned by symbols {L,,(n € Z), Z} over C with the Lie bracket

3 _
%57%%,02 and [Vir, Z] = 0. (2.57)

Set Virg = CLo® CZ. Let V be a Vir-module. For each A € Vir{, the weight space V) of V is

[Lin, Ln] = (m —n) Ly +

W={veV|Xv=XAX)vforall X € Virg}. (2.58)

Let V be a Vir-module which admits a weight decomposition such that each weight subspace
has finite dimension. Let wy " be the C-anti-linear anti-involution on Vir defined by

W™ (Ly)=L_pn(n€Z), wi(Z) =2 (2.59)

Here anti-involution means we have wy " ([X,Y]) = [wy ™ (Y),wy ™ (X)] for all X,Y € Vir and
(wy™)? =1d. A Hermitian form (,) on V is said to be contravariant with respect to wy " if

(Xv,w) = (v, wy ™ (X)w), (2.60)
for all v,w € M, X € Vir. A Vir-module is said to be unitarizable if there exists a positive
define Hermitian form (,) which is contravariant with respect to w . It is known that any

unitarizable Vir-module is completely reducible.
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A Vir-module V is called a highest weight module if there exists a nonzero vector vy in V'

such that vy is a Virg-eigenvector, Lyvg = 0 for all n € Z<o and U( P CL,)vg =V (here U(.)
n<0
is the universal envelopping algebra). We say that such a module has highest weight A € Virf if

Xvg = MX)vg for all X € Virg.

Let V be a unitarizable highest weight Vir-module with highest weight A € Virg. As in the
case affine Kac-Moody algebras, we have A € Virgp = R(Lg)* ® RZ*. Morover, A(Lg), A(Z) are
non-negative since

0 < (L_pvo, L_pvo) = (L, L_pvo,v0) = (2nA(Lo) + %(n?’ —n)A(Z)){vo, vo). (2.61)

Let {(Lo)*, Z*} be the dual basis of {Lg, Z}. We now restate Lemma 4.1 in [BK14].

Lemma 2.10. Let V be a unitarizable highest weight (irreducible) Vir-module with highest weight
A. Then

1. If M(Lo) # 0 then Vi (1)« # 0 for alln € Z>q.
2. If M(Lo) = 0 and N(Z) # 0, then Vyjn(ry)- # 0 for alln € Zsy and Vi (ry)- = 0.
3. If M(Lo) = M(Z) =0, then V is one dimensional.

We next present some facts about the Virasoro algebras.

2.4.4.2 Sugawara construction of Virasoro operators

We recall the Sugawara construction of the Virasoro operator for the reader’s convinience. For
details, see, e.g., [KW88], [Kac90].

Untwisted case

We first introduce the Sugawara construction of the Virasoro operators for the untwisted

affine Kac-Moody algebras. Let g be an untwisted affine Kac-Moody algebra of type XJ(\}). Let
g be the simple Lie algebra of type Xy.

g=C[t,t "] ®cg®CK & Cd. (2.62)
with Lie bracket ‘ .
[t'@x+ AK + pd,t? @y + NK + 1/d]
=t @ [z,ylo + uit! @y — p'it' @ x + i6;450(z|y)o K. (2.63)

for all i,j € Z,x,y € g and \, N, yu, i’ € C. We denote 2™ for t™ @ x (x € §,m € Z). Let {u;}
and {u’} be a dual basis of g, i.e., (u;|u’) = §;;. The Sugawara operators T, (n € Z) are defined

by:
To=> wu +23 > ululm), (2.64)
i m>0 ¢
To= N ul™uim ) if £ 0, (2.65)
meZ 1

The operators T, (n € Z) does not make sense as an element of 2(g) in general because they
are infinite sum over (m,i). However, they are well defined endomorphisms of V' for any g-
module V in the category O because for all v € V there exists finitely many (m, i) such that
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ugfm)ui(m‘*‘") (v) # 0. Let V be a g’-module in the category O such that K acts on V as the
multiplication by scalar k, where & +h" # 0. As endomorphisms of V, we have the following
statement.

Proposition 2.11. For any n,m € Z and x € g, we have
1. [z, T,] = 2(k + hY)ma(mtm?)
2. [T, Tu] = 2(k + 1Y) ((m — 1) T + Smn 0 ™5 (dim §)kIdy ).
Let ¢/ = [g,0] = C[t,t7!] ®c § ® CK. We define the Virasoro operators on V as follows:

1

for each n € Z, and Z is the multiplication by scalar kﬁrﬁlvﬁ). The following proposition auto-

matically follows Proposition 2.11.

Proposition 2.12. For any n,m € Z and x € g, we have
1. [z L,] = ma(m+n),
ms—m
2. [Lm7 L’I’L] = (m — 'I’L)Lm+n + 6m+n,OTZ'

Twisted case

In this part, we present the Sugawara construction of the Virasoro operators for the twisted
affine Kac-Moody algebras. Let g be an twisted affine Kac-Moody algebra of type X ](\;) (r=2,3).
Let g be the simple Lie algebra of type Xy and let o be the diagram automorphism of g. The
7./rZ-gradation of g with respect to o is g = G-, where g= = {x € g | o(x) = e2™/mg).

[rZ-g g p g kgrzgj g7={zeg|o) }
Then we have
s=PregeCKkecd, (2.67)
jez
with Lie bracket
[t @z +AK +pd ! @y + NK + i/d)

=t @ [z, ylo + uit! @y — plit' @ x + ;6i+j70(ac|y)0K. (2.68)
The normalized invariant form on g is given by
(t'@x+ K +ud|t! @y +NK+p'd)

1
= dijo(@lyo + (Np + M) (2.69)

Remark 2.13.

1. We have (a|a)o = 2 for all long roots « of g. However, (a|a)’ = 2r for all long roots « of
g.

2. The element d’ is not the scaling element of g as in the untwisted case. The formula of the
scaling element contains d’.
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Let {u, 5} be a basis of §_5 and let {7} be the dual basis of 9;. The Sugawara operators
T, (n € Z) are defined by:

To = Zulou’ 049 Z Zu ) yimm) L T2 o (dlmg dim g5) K, (2.70)
m>0 1

T, —ZZu( "i) LI(mATR) §f £ (). (2.71)
me7Z i

These operators are well defined endomorphisms of V' for any g-module V in the category O
because for any v € V there exists finitely many (m,4) such that u( ﬁb)ui’m(m*‘m)(v) # 0. Let

o =[g,g=Pt ®@g;®CK. Let V be a g’-module in the category O such that K acts on V as
JEL

the multiplication by scalar k, where k+h" # 0. As endomorphisms of V, we have the following

statement.

Proposition 2.14. For any n,m € Z and v € g, we have

1. [z, T, = QLthv)mJ;(m”’").

2. [Tma Tn] = Q(k + h\/)((m - n)Tm-‘rn + 6m+n 07§ (dlmG)kldV)
We define the Virasoro operators on V' as follows:

1

Lp=-———"-T,
" 2(k4+hv)T"

(2.72)

for each n € Z and Z is the multiplication by scalar éi’;‘bg) The following proposition auto-

matically follows Proposition 2.14.

Proposition 2.15. For any n,m € Z and = € g, we have

1. [x(m)iln} — mp(m+trn)

2. (L, L] = (m = 0) Loy + Omgn 0 52 7.

Inti-involution wy on Virasoro operators

The first conclusions of the Proposition Proposition 2.12 and Proposition 2.15 allow us to
define a g’ x Vir-module structure on V. Here Vir is the Virasoro algebra with Virasoro operators
L, (n € Z) and Z. We recall the anti-linear anti-involution wy on U(g) in the part 1.4.4. Up to
completion of U(g) to get series in place of finite sums, we have the following statement.
Proposition 2.16. wy(L,) = L_,, (n € Z) and wy(Z) = Z.

Remark 2.17. The Proposition 2.16 implies
<anaw>/\ = <an0(Ln)w>/\ = <U7L—nw>/\a (273)

(Zv,w)p = (v,wo(Z)w)a = (v, Zw). (2.74)
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2.4.4.3 Coset construction of Virasoro operators for winding subalgebras

Let g be an affine Kac-Moody algebra of type X](\;). Let g be the simple Lie algebra of type
Xn. We now recall the coset construction of Virasoro operators for winding subalgebras glu],
introduced in [KW90], with some details for the reader’s convenience.

Untwisted case

In the case r = 1, we have
g=Clt,t 'J®g® CK @ Cd, (2.75)

glu] =C[t",t7"| @ g & CK & Cd. (2.76)

For each A € P¥, the g-module L(A) is considered as a g[u]-module of level uk. Let {u;} and
{u;} be a dual basis of g. For each = € §,n € Z, we set (™) =" @ x. Let L,, (n € Z) and Z be
the Virasoro operators given by the Sugawara construction for the g-module L(A). Namely,

Lo = k+hV (Zuu +23° Y ul™ W’L)) (2.77)

m>0 14

(=m), i(m+n
L, = k—|—hV (Z Zu ( )> ifn#0, (2.78)

€Z 1
k dim(g)

Z acts on L(A) as the multiplication by scalar ¢ = FhY

(2.79)

We construct the Virasoro operators L, (n € Z) and Z on g[u]-modules as belows.

Lo= uk+hV (Zuu +2 303 it ) (2.80)

m>0 ¢

T —um) z(um+un .
Ln = uthv (Z > uf ) if n #0, (2.81)

meZ 1
uk dim(g)

TN (2.82)

Z acts on L(A) as the multiplication by scalar ¢,; =

Remark 2.18. The map 1, extends to v, : U(g) — U(g). Then we have b, (L,) = L, and
W(Z) = Z up to completion to get series in place of finite sums.

Proposition 2.19. For any n,m € Z and x € g, we have
1. [z L] = ma(wmtun),
.. . 3
2. [Lm, Ln] = (m — n)Lm+n + 6m+n,OTZ'

The map ¢, : Vir — Vir defined by (L) = ™ Ly + 0 04— ~' 7 and Cu(Z) =uZ is a
Lie algebra map. Set L,, = (,(Ly) and Z = (,(Z).

Proposition 2.20. For any n,m € Z and x € g, we have
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1. [x<um>,Zn] = mp(umtun)

2. [Lma Ln] = (m - n)Lm+n + 6m+” Om 5

Set L[#] = En — L, and ZI4 = 7 - 7.
Proposition 2.21. We have
1. g, ) =0

2. (L L) = (m = )L, 4 G0 ™

m-+n

Twisted case

In the case r = 2,3, we have

s=Pt o5 eCKaCd, (2.83)
JEZL

- GB " ® gz © CK © Cd, (2.84)
JEL

where g = g5 is the Z/rZ-gradation of g with respect the diagram automorphism o of g.
jen/rz.

For each A € P¥, the g-module L(A) is considered as a g[u]-module of level uk. Let {u, _5} bea

basis of g_jand {uﬁ} be a dual basis of g7 Foreachn € Z, x € g5, we set 2™ =t"@z. Let L,

(n € Z) and Z be the Virasoro operators given by the Sugawara construction for the g-module

L(A) in the twisted case. Namely,

0,0 (= m) 1 m(m)
Lo = kJrhV (Zu@ u" + 2 Z Zu mm) ¢ T2 (dlmg dlmgo)kzIdv> (2.85)

m>0 1

Ln k + hV <Z Z ul, —m U 7’ m(m-‘rrn)) if n 7é 0) (286)

meZ i
rk dim(g)
k+hY

Let L, (n € Z) and Z be the Virasoro operators given by the Sugawara construction for the
g-module L(A). Namely,

Z acts on L(A) as the multiplication by scalar ¢, = (2.87)

fo= Uk ) (Z u, ouz 049 Z Z ul 71% i,am(um) | 27(d1mg dimgo)ukldv> )

m>0 <
(2.88)
r 1 —um) i um(um-turn .
L,= 2k + 1Y) (Z ug_rm)u am(umt )> if n#0, (2.89)
meZ i
. kdim(g
Z acts on L(A) as the multiplication by scalar c,; = UZTHEE/M (2.90)

Proposition 2.22. For any n,m € Z and = € g, we have



CHAPTER 2. BRANCHING PROBLEM ON WINDING SUBALGEBRAS OF AFFINE
34 KAC-MOODY ALGEBRAS A{") AND A%

1. [z L] = m g (umturn),

2. Loy Fn) = (M = 1) Ly + om0 ™5 7.

—1

The map ¢, : Vir — Vir defined by (,(Ln) = v Lyn + dno “Zi—Z and (u(Z) = uZ is a
Lie algebra map. Set L, = Cy(Lyn) an Z = (u(Z).

um?

Proposition 2.23. For any n,m € Z and x € we have

1. [x(um)7 zn] = mg(umturn)

~ ~ ~ 3 ~

2. [Lm’ Ln] = (m — n)Lm_,_n + 6m+n,0 mlimZ.

Set L = I, —rL, and Z2I" = Z — 17,
Proposition 2.24. We have

1. [g'[u], L] = 0.

2. (LB LR = (m =) LML 4 60 ™5 21,

Inti-involution wy on Virasoro operators

The first conclusions of the Proposition 2.19 and Proposition 2.22 allow us to define a g'[u] x
Vir-module structure on L(A). Here Vir is the Virasoro algebra with Virasoro operators L,
(n € Z) and Z. We recall the anti-linear anti-involution wy on U(g) in the part 1.4.4. Up to
completion of U(g) to get series in place of finite sums, we have the following statement.

Proposition 2.25. wo(Ln) =L_, (neZ)and wo(Z) =Z.
Remark 2.26. The Proposition 2.25 implies
(Lpv, wya = (v,wo(Lp)w)a = (v, L_pw)y, (2.91)
(Zv,w)p = (v,wo(Z)w)a = (v, Zw)A. (2.92)
By Propositions 2.16, 2.25, we have the following statement.
Proposition 2.27. wo(Lyf]) = L[fll and wo(Z) = Z,
Remark 2.28. The Proposition 2.27 implies

(LI, w)p = (v, wo(LMw) s = (v, L™ w),, (2.93)

(ZMu, )y = (0, wo(ZMw)x = (v, ZMw) . (2.94)
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2.4.4.4 Unitarizability
For A € Py, A € P, + Cd, set

UN)N) ={ve L(A) | (ny Nng'[u])v=0and hv = A(h) for all h € h N g'[u]}. (2.95)

The space U(A, ) is stable by LI because of the commutativity of LI with ¢'[u] (see Propo-
sitions 2.21, 2.24 in 2.4.4.3). Moreover, we have the decomposition of L(A) with respect to the
direct sum of g'[u] @ Vir-modules (see [KW88], [KW90])

L(A) = B Lyeun. (2.96)
AEP; mod C§

Recall the positive definite contravariant Hermitian form (, ), in Subsection 1.4.4. It induces a
positive definite Hermitian form on U(A, A) by restriction. By Proposition 2.27, this Hermitian
form is contravariant with respect to the Virasoro algebra:

(Lo, wia = (v, L w)a = (0,00 (La)w)a, (2.97)

(ZMv,wyp = (v, ZMw)p = (v,w) " (Z)w)a. (2.98)
Thus, the Vir-module U(A, ) is unitarizable.

2.4.4.5 An identity of characters

Let A be an element in P (m € Zx¢). By (2.35), (2.39), (2.40) and a fact that W is a subgroup
of W, we have

Ze(w)ew(p) chp = Z Ze(w)ew()‘+p) cx. (2.99)

weWw A€max(A) \weW

We may assume that A+ p in the above equality is regular with respect to . In this case, there
exists unique o € W and X € Py such that o(A+ p) = X + p. Let p(A) and {\} be (o) and N
in this case, respectively. In the case A + p is nonregular, set p(A) and {A} to be 0. Since

D e(w)e "™ = p(a) Y e(w)e TN, (2.100)

weWw weWw

it follows from the identities (2.41), (2.99) that:

Proposition 2.29.

chy = Z p(A)cﬁ{A}cl,\\ (2.101)
A€max(A)

2.4.5 Semigroup structure

We state our first result about the set I'(g, g[u]).

Theorem 2.30. The set I'(g, g[u]) is a sub-semigroup of b* x b*.
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Proof. Let (A, \) and (A, \) be elements in the set T'(g, g[u]). We need to show that (A+A, \+)) €

['(g,g[u]). The pair (A, ) is an element of I'(g, g[u]) if and only if L(A\) € L(A). The condition
is equivalent to the existence of a nonzero vector v € L(A) such that

glv) =0,Ygeny and h(v)=A(h)v, Yh €. (2.102)

Let v be a nonzero vector in L(X) satisfying the same conditions but for the pair (K, A). In order
to prove the semigroup structure of I'(g, g[u]) we just need to show the existence of a nonzero
vector ¥ in L(A + A) which satisfies the conditions (2.102) with the weight A\ + X. We make the
details in the two following steps.

Step 1. Construction of the vector v. By the fact that L(A + A) is a g-submodule of
L(A) ® L(A) of multiplicity one, there exists a unique g-stable complementary subspace S such
that

LIAN®LA)=LA+A)®S. (2.103)

Let m : L(A) ® L(A) — L(A + A) be the projection with kernel S. Set # = 7(v ® ). We show
that ¥ is nonzero and satisfies the conditions (2.102) in the next steps.

Step 2. ¥ is nonzero. Let

L(A) = ©uep-L(A) (2.104)
be the weight spaces decomposition of L(A). We define
L(A)Y = @uen-(L(A),)" (2.105)

There exists a nonzero vector 1 € L(A)Y such that
g(¥) =0,Yg € n_ and h(¢p) = —A(h)y,Vh € b. (2.106)

Let G be the minimal Kac-Moody group corresponding to the Kac-Moody algebra g (see [Kum02]).
To the vector v € L(A) defined above, we associate a function f, : G — C, g+ (g~ *(v)). Since
L(A) is irreducible, the function f, is nonzero (f, = 0 implies Gv C kert). Let B~ be the
negative Borel subgroup of G. We have

(1,b).fs = A(b) " f, forall b € B~. (2.107)

Similarly, for L(A), we define ) € L(A)Y and fy : G — C,g +— ¥ (g~ (7)). Then f; is nonzero
and
(1,b).fs = A(b) ' fzforall b€ B™. (2.108)

Set f = f,fz. Since G is irreducible as an indvariety, the function f is a well-defined nonzero
function on G. And of course,

(1,0).f = (A+A)(b)"'fforallbe B™. (2.109)

Moreover, we have B
fl9) = (W ed) (g™ (ver)). (2.110)
Indeed, by definition

f(9) = fulg) fu(g)
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Now, ¥ ® v is an element of

L(A)Y @ LAA)Y = (L(A) ® L(A))Y = LA+ A)Y @ SV. (2.111)
By (2.109), (2.110) we have B
v e LA+A)Y. (2.112)
It implies that
ker(¢ @ ¢) D S. (2.113)

Rewrite v @ U = (v @ U) + s for some s € S. Then we have

@WeP) (g (ve1)=@weY)(¢ (r(veT)+s)
=W eY)(g (r(veD))).

It means f(g) = (¥ ® ¥)(g~ (7(v ®))). Since f # 0, we have ¥ = m(v ® ) # 0.

Step 3. © satisfies the conditions (2.102). For any g € ny and h € b, we have:

We conclude that the set I'(g, g[u]) is a semigroup. O

2.4.6 The descripton of the set I'(g, g[u])

Let (A, \) € Py x P,. The description of the set I'(g, g[u]) is equivalent to problem of describing
the set )
BAXN) ={beC|L\+b5) C LA} (2.114)

We may assume that A € P, and A € E The reason is that L(\ 4 b16) C L(A + byd) if and
only if L(A+ (by — b2)d) C L(A). We have

B(A + b6, A + b18) = B(A, \) + by — by. (2.115)

Since the set B(A, \) is nonempty if and only if A € P,(A) + C§, we just need to suppose that
A € P,(A). Let m € Z~q be the level of A, we set

rmdimg U
Cm = Y and cL,J = UCp, — Cum, (2.116)
A+pl ol : A+ 5 1A?
=~ P and gy = PP 2.117
AT oYy 20y M T Sum +hY) 20V’ (2.117)
R = utma — vy + /24— bp s . (2.118)

The following theorem gives us a description of the set B(A, ).
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Theorem 2.31. Let g be an affine Kac-Moody algebra of type X](\;). Fizm € Z~g, u € Z~1 such
that w = 1( mod r). Let A € P7" and X\ € P,(A) + Cd. We have

1 baau — (Z0 \ {1}) C B(A,A) Coaxu —Z>o-
2. If in addition hY\, # 0 then B(A,A) = ba xu — Zso.

Proof. The inclusion B(A, \) C bp xu — Z> is trivial by definitions of B(A, A), ba x,. and by the
fact that P,(A) C P(A). By (2.115), we may assume that A € P7* and A € P,(A). We have the
decomposition of L(A) with respect to the direct sum of g'[u] @ Vir-modules

LA = @@ L) @UA,N). (2.119)
AEP, (A)
Here the Virasoro operators are LL? l'and Z[¥. The operator Z! acts on U (A, A) as the multipli-

cation by non-zero scalar C%. The lowest eigenvalue with respect to L([)u] is hkl]/\ (see [KW90)]).
By [KW88], [KW90], we have

y ma—u"tm ] _ lu]
cha= ) chag™ My (gt TR, (2.120)

AEP,(A)

The representation of Vir on U (A, ) is unitrarizable. We rewrite (2.120) as

. - u [u]
ChA _ Z ChAqu*u 1mA*C£n]/24+hA,A(dimu(A7)\))\/ —}—dimZ/l(AJ\)/\/_‘_(L[u])*q—ﬁ— )
0

AEP,(A)
(2.121)
= Y chag " (dimU(A, Ny + dimU(A Ny oy d+ ) (2.122)
AEP,(A)
= Y chasn, o (dmU(A, Ny + dimU(A, Myl @F - (2.123)
AEP, (A)

Suppose that V is the highest weight Vir-module of highest weight X' € Virg with X (Z*) = okl
and X(L([)u]) = h%&, which is contained in U (A, A). By Lemma 2.10, we have

o If hE\“}/\ # 0 then 0 # dimV, (L) < dimU(A,)\)/\,Jrn(L[[)u])

L+ (baau —n)d) C L(A) for all n € Zsy.

. for all n € Z>¢. It implies

o If A"l = 0 then 0 # dimV,, iy, < dimUA N, gy, forall no€ Zao \ {1} Tt
] . n 0 n 0 -
implies L(A 4 (ba,xu —n)0) C L(A) for all n € Z>o \ {1}

We have proven the theorem. O
2.5 The cases Agl) and Ag)
In this part, we study two particular cases Agl) and AgQ). We compute explicitely the number by

and show the conditions where we know that by . = ba,x. Then we obtain relations between
the support I'(g, g[u]) and its satured setting.
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2.5.0.1 Computation of b, ) for the case A(ll)

We are going to compute explicitly the set max(A), hence the number by ) for the cases Agl).
By (2.37), we may assume that A € P,. The idea of computations is based on the work on S.
Kumar and M. Brown in [BK14].

Let g be the affine Kac-Moody algebra of type Agl). Fix m € Z~(. Let a be the simple root
a; of g. We have
P = {on + % ‘j € [0, m] ﬂZ}. (2.124)

We can describe explicitly the set max(A) and the number b » as below. It is the combination
of Lemma 5.2 and Lemma 5.3 in [BK14]. We restate and re-explain in details the results.

Proposition 2.32. Let A = mAg + % € ﬁ For each k € Z, let ¢(m, j, k) be a number which
is uniquely determined by k,m,j as follows

1. Write k =mq+ r for some q € Z,r € [0, m).

2. Set
‘ B Frel0m—jl
d(m, k)= —qk+r+7)+4 iref0,m—j (2.125)
m—j—2r ifre€[m-—jm).
Then we have
max(A) = {A+ ka+ ¢(m,j,k)d | k € Z}. (2.126)
Or equivalently, for each A = mAg + JlTa with j' € j + 27, we have
g
bay = d(m,j, 2=, (2.127)

2

In order to prove above proposition, we need the following lemma. In fact, in Proposition 4.4
of [BK14], the authors give the same statement for only untwisted affine Kac-Moody algebras.
But the statement and arguments in the proof still work well for any affine Kac-Moody algebras.

Lemma 2.33. For any affine Kac-Moody algebra, let A € Py of positive level, then

max(A) NPy = {A - Zmiai

i€l

m; € Zi>o for all i,m; < a; for some i € I} NnP,. (2.128)

With the aid of Lemma 2.33, we can prove Proposition 2.32 as follows.

Proof. We have max(A) = W(max(A) N P;). By Lemma 2.33,

max(A)N Py = {A —mp(d —a),A —ma

mi€Z>0,m0§m;j,m1§‘;}. (2129)

Recall that W = {t,0, thas1 | n € Z}. We have

tna(A —mo(d — @) = A+ (mo +mn)a — ((5 + 2mo + mn)n + mg)d, (2.130)
thas1(A —mg(d —a)) = A+ (—j — mo +mn)a — ((—j — 2mo + mn)n + mg)9, (2.131)
tna(A —mia) = A+ (—mq + mn)a — (j — 2my + mn)nd, (2.132)
tnas1(A —mia) = A+ (—j + m1 + mn)a — (—j + 2my + mn)nd. (2.133)
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So an element A in max(A) has form A + ra 4 n'd for some n’ € Z, r € Z. Fix such a A. Then,
for any ¢ € Z

tga(A+ra+n'd)=A+ (mg+r)a+ (n' — (j+ 2r + mq)q)d (2.134)
is still in max(A). Set k = mq + r for some ¢q € Z, then
A+ ka+n"'6 € max(A) where n” =n' — q(k +r+ 7). (2.135)

Assume now that 0 < r < m, then the expression k¥ = mq + r is the Euclidean division. By
(2.130), (2.131), (2.132), (2.133) we get

n = {_r _ ifrc [0,m = jl, (2.136)
m—j—2r ifre[m-—gjm).
Hence we obtain n” = ¢(m, j, k) as in (2.125). It means
max(A) = {A+ ka+ ¢(m,j, k)0 | k € Z}. (2.137)
O

2.5.0.2 The conditions for by ), = ba,» in the case Agl)

We have seen in the previous part, we know explicitely the number by  in the case A(ll). By
Theorem 2.31, the number by 5, is the key to understand the support I'(g, glu]). The concrete

formula for the number by . is not known in general, even for the case Agl). However, in this
part, we will give some conditions where we know that ba x. = ba .

Theorem 2.34. Let g be the affine Kac-Moody algebra of type Agl). Let A = mAy + % € Pijr”
and let A =m'Ag + J/TO‘ € P,.

1. If there exists b € C such that (A, \+b0) belongs to I'(g, glu]) then j'—j € 2Z and m’ = m.
2. If moreover
a. 7 <73 <um—j and u is even; or
b. 7 <j <um—(m—j) and u is odd,
then ba xu = bax-
For A like in Theorem 2.34, we denote by A, (A) the set of A such that the theorem applies.
Namely

-/

Au(A) = {on + 5=

j € lj,um— 31N (G + 22)} (2.138)
where j* = j if u is even and j* = m — j if v is odd.
Before going to proof of the theorem, we need to state some propositions.

Proposition 2.35. Let g be affine Kac-Moody algebra of type Agl), Fixm € Zsy, u € Zs1. Let
A=mAo+ % S Pf’.
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1. We parametrize A € max(A) such that A+ p is reqular with respect to W by M\p = A+ ka+
@(m,j,k)d. Then the only possible values of k are

g g
k::]2‘7—n(um+2) and k = —2 ;J—1+n(um+2) (2.139)
where j' € [0,um] N (j + 2Z) and n € Z.
2. Let
Ni = —¢(m, j, k) +un(j’ +1 — num — 2n). (2.140)
Then

i. If k= j/Tﬁ —n(um + 2), then p(Ar) =1 and {\¢} = mAg + 3/7'1 — Nio.
i. If k= —% — 14+ n(um+ 2), then p(Ar) = =1 and {\t} = mAo + JlTa — Nié.

1i3. The function Ny is considered as a function onn and it attains the minimum atn =0
in the first case and at n =0 or n =1 in the second case.

Proof. We need the following data

2 1 :
la*=2, p= —Ao+50, W= {tuna; tunas1 | n € Z}. (2.141)

Since \j, + p is regular with respect to W, there exists unique o € W and p = mAg + j/Ta +b6 e
Pﬁm such that o(\x + p) = p + p.

a. (Proof of 1. and 2.i.) If 0 = ty,q for some n € Z, then o(A\, + p) — p equals
mhAy + (num +2n+k+ ;) a+ (p(m,j, k) —un(2k + 7+ 1+ num + 2n))o.  (2.142)

Hence
/

J

7€ [0,um] N (j + 2Z) and k = 2_3 — n(um +2). (2.143)

In this case, we have

./
e
I

p(Ax) =1 and {A\z} =mAo + 5

(d(m, 4, k) —un(j’ + 1 — num — 2n))é. (2.144)

b. (Proof of 1. and 2.ii.) If 0 = tynas1 for some n € Z, then o(\; + p) — p equals

miAg + (num +2n—k— % — 1) a+ (p(m, 4, k) —un(—2k — j — 1+ num+2n))d. (2.145)

Hence

j €10,um|N(j+2Z) and k = —

— 1+ n(um+2). (2.146)

In this case, we have

-/

p(O) = —1 and {\} = mAg + % + (3(m, 5, k) — un(s + 1 — num — 2n))5.  (2.147)
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. (Proof of 2.iii.) Put M = um + 2. We consider the first case when k = Jl% —nM. Write

k =qgm + r for some q € Z,0 < r < m, then

—Ni, = ¢(m,j,r) —qlk + 7+ j) —un(j’ +1 —nM) (2.148)
=i oM — (3 M
= (m, gy — L MG M) Ly (2.149)
m

M M 2 2 2 :
:nQM(u—)—n<u+uj'_j/>+H+(T+m+¢(m’j7T)>.

m m 4m m m
(2.150)

We have

>y i  — if0<r<m-—j
N R A LosrEm (2.151)

mm =(r=m)(r+j—m) ifm—j<r<m.

The condition 0 < r < m — j can be rewritten as

Jj—m J’ 1 m—j
< oM+l 2) < 2.152
g =ty (q+2>— 2 (2.152)

and m — 7 <7 < m can be rewritten as

-/

—J J

5 < nM 45 —mlg+1) < % (2.153)
It implies that % + % + ¢(m, j,r) equals
Ml _mp2 (mei)?
EnMi5 5o TS if 9p € 27+ 1 such that
|—nM o+ L - mp| < ot
et w2 (2.154)
S 1 if Ip € 27Z such that
‘_nM'i_*_*plS bR

Let Pj; : Z — R be the function that maps —n to (2.154). Let Fj;; : Z — R be the
function defined by

M M 2 a2
Fjjo(t) = M (u - ) +t (u + oy — j’) +L ) P (2.155)
m

m 4m

So —Nk = FjJ/(—n).

We will show that the maximum of Fj;(—n) appears when n = 0, ie., k = ]/T_J Let
P : R x [0,m] x [0,um] — R be the function defined by P(¢,7j,j') = j’j/(t). Let F :
R x [0,m] x [0,um] — R be the function defined by F(t,j, ') = Fj ;/(t). The function F'
is a continuous, piecewise smooth function. Set A(t,j,5') = F(t+1,5,5") — F(¢,4,5"). We
will prove that it is nonincreasing in ¢ and A(—1,7,5") > 0 > A(0, 7, 5’). Indeed:

M M
A(t,j,5") = 2tM (u — m) + (M +3") <u — m> +u+P(t+1,5,5)— P(t,4,5"). (2.156)
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We denote the numbers p defined on P; j/(t + 1) and P;;(t) by p1,po, respectively. By
definition, we have #252% > u. Hence the partial derivatives of A where they exist are

BA(t, ], 7) = 2M (u - pl;“) <0, (2.157)

0y At §,7) =u— %po <o. (2.158)

It implies that A is nonincreasing in t and j'. So A(0, j,7") < A(0,7,0) and A(—1, j,um) <
A(—1,7,7"). We can easily check that A(0,7,0) <0 < A(—1, j,um).

It implies that F(0,4,5') > F(t,j,5') for any t € Z,t # 0, i.e., F; j(—n) attains its maxi-
mum when n = 0. Hence, in the case k = 3,77] —nM, the minimum of N occurs when

n = 0.
Forthecasek;:—%—l—l—nM. Sincekz%—i—(n—%)M,wehave
1
NkF(n]M ). (2.159)

Then N, attains its minimum when n = 0 or 1.

Here is the next proposition we will use in the proof of Theorems 2.34.

Proposition 2.36. With ¢(m, j, k) is defined as in (2.125), for each j € [0,m] and j' € [0, um]N
(j +2Z), we have
./

- ¢(m=.77] 2_j) = min <_¢(m7j7_

i+
2

_ 1),u—¢(m,j,—j/;—j +1)> (2.160)

if and only if one of the following three conditions below is satisfied:
(A1) m>1andj <j—2.

(B1) m > 1,u is even,j’ > um — j + 1.

(C1) m > 1,u is odd,j’ > m(u—1) + j + 2.

Proof. We use a fact that

Indeed, if A = mAg + & + b5 € P and A = A + ka + ¢(m, j, k)§ € max(A), then s;(\) =
A—(j+E)a+ p(m,j,k)d € max(A). We use the equality (2.161) to rewrite

- T

! > l_1)= ¢>(m,y,‘772 7). (2.162)

as ¢(m, j,x) = ¢(m, j,x + 1), where z = —% — 1. Use (2.125) for ¢(m, j,z) we check that it
happens if and only if (A1) happens. Similarly, use (2.161) to rewrite

¢(ma ja -

. J =

as ¢o(m,j,z+ 1) —u < ¢(m, j, x), where z = —J/% Use (2.125) for ¢(m, j, ) we can check that
it happens if and only if (B1) or (C1) happens. O

(2.163)
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We are now going to the proof of Theorem 2.34.
Proof. The first step is writing explicitly chp in Proposition 2.29. It can be done by substituting

values of p(A;) and {A\;} in Proposition 2.35 to the formula (2.101). We can rewrite chy as
follows

ChmA0+j’T“ E q ey, — g qgtey, |- (2.164)
3’ €10,um]N(j+22) P o
k=152 —n(um+2) k=—LFL —1tn(um+2)

The identity (2.164) implies the condition m’ = m and j € [0,um]| N (j + 2Z) that we need
to prove for Theorem 2.34. The coefficients of cf\\k in the formula (2.164) are always positive
integers since \;, € max(A). Proposition 2.35 says that Ny attains minimums at n = 0 for those
on the left of (2.164), and at n = 0 or n = 1 for those on the right of (2.164). The corresponding
minimums of IV}, are

-/

_¢(m7j7]

i+

—1)7u—¢(m,j,—j/+j +1)). (2.165)

J) and min (—¢(m,j, — 5

By (2.127), (2.56), (2.164), (2.165), we can imply that

-/

- ¢(m7j7 J

It

]) < min (_¢(majv - 9

Moreover, the equality in (2.166) happens if and only if one of the three conditions (A1), (B1),
(C1) in Proposition 2.36 is satisfied. So, for any A = mAy + % € A,(A), we have strict

-7

inequality in (2.166). By (2.164), in this case we have A+ ¢(m, j, %)(5 € max, (A). That means
bA,)\,u = ¢(m7j7 %) = bA’)\' -
2.5.0.3 Computation of b, ) for the case AéQ)

For the case A(QQ), the computation is similar as we did for the case A(ll). Let Ag be the 0-th
fundamental weight and « be the simple root a; of g. Fix m € Z~, we

P = {on—i-j;‘j € [0, %} mz}. (2.167)
We can describe explicitly the set max(A) and the number by 5 for the case AgQ) as follows.

Proposition 2.37. Let A = mAg+ % € P, For eachk € %Z, let ¢(m, j, k) be a number which
s uniquely determined by k,m,j as follows

1. Write k = q+r for some g € Z,r € [0, ).

2. Set
—r if r €0, % —jl,
p(m,j, k) = —qlk+r+j)+ 2 —j—2r ifre[—52)N (2 +17), (2.168)
el =2 dfre [ -5 2)N (2L + 7).
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Then we have .
max(A) = {A + ka+ ¢(m, j,k)é ‘ ke QZ} . (2.169)

Or equivalently, for each A = mAgy + ]lTa with j € Z, we have
J'=

2 )
Proof. We have max(A) = W(max(A) N P;). By Lemma 2.33, max(A) N P, contains exactly
elements

bA,)\ = ¢(maj7 (2170)

A —moag, A —mia, A — ag — moa (2.171)

such that i —
miEZZO,mQS%—j,mlgé,%—%gmgg%. (2.172)

Recall that W = {t% 22 S |n S Z}. We have

fae (A —moag) = A+ m”;m‘]a— (mn +2j +22m0)”+m05, (2.173)
tnasi(A —moap) = A+ mn e 22j — 04— (mn = 2j —;mo)n o J, (2.174)
ap (A — ) = A+ " 2ma,_ (mn+ 2]'2_ dmun s (2.175)
tnas) (A —mia) = A+ mn e 2; + 2 o— (mn = 2].24— 4m1)n5’ (2.176)
tna (A — ag —maa) = A + mn 12_ 2m2a _ (mnt 2+ 22_ dma)n + 15, (2.177)
a1 (A — g — mpa) = A+ 21 _22j +2mg,  (mn =2 - 2; dman £ 15 (9178

So an element A in max(A) has form A +ra+n's for some n' € 3Z, r € 3Z. Fix such a . Then
for any ¢ € Z

%(A—l—ra—i-né):A—l—(%q-ﬁ—r)a-i—(n’—(j+2r+%q>q)6 (2.179)

is still in max(A). Set k = ¢ + r for some g € Z, then
A+ka+n"6 € max(A)  where n” =n' —q(k+r+j). (2.180)

Assume now that 0 < r < %, then the expression k = Fq + r is the Euclidean division. By
(2.173), (2.174), (2.175), (2.176), (2.177), (2.178) we get

—r ifTE[O% 7l
W={m_j_2  ifre[®—jm)N(247), (2.181)
ml -2 ifre [P -4 5) N (M + ).

Hence we obtain n” = ¢(m, j, k) as in (2.168). It means
7‘7’

max(A) = {A + ko + ¢(m, k, )5 ’ ke ;Z} . (2.182)
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2.5.0.4 The conditions for by ), = ba, » in the case Ag2)

In this part, as we did for the case Agl), we give conditions where we know that ba x . = ba .

This fact with Theorem 2.31 help us to understand the support I'(g, g[u]) for the case Aéz).

Theorem 2.38. Let g be the affine Kac-Moody algebra of type A(22), Let A = mAg + % € ﬁ
and let X =m/Ag + 5~ € Py.
1. If there exists b € C such that (A, X + bd) belongs to I'(g, glu]) then m’ =m.
2. If moreover
a. 7 <7 and
b j € ) 4 (2250 UZoy),
then ba xu = bax-

For A like in Theorem 2.38, we denote by A, (A) the set of A such that the theorem applies.
Namely

-/

Au(A) = {on + 5

j e [j, %} nzn <m(“2_1) —j+ (2Zso U Z<0)> } L (2.183)

Before going to proof of the theorem, we need to state some propositions.

Proposition 2.39. Let g be the affine Kac-Moody algebra of type AéQ), Fizm € Zsg, u € Zs1
relatively prime to 2. Let A = mAg + & € P,

1. We parametrize A\ € max(A) such that A+ p is reqular with respect to W by Ay = A+ ka+
@(m, j,k)d. Then the only possible values of k are

g g
k:]Z‘anum+3andk:f%fl+num+3 (2.184)
where j' € [0, “F|NZ and n € Z.
2. Let ;
Ny = —=¢(m, j, k) +un (j’ +1-nF ) : (2.185)
Then

i If k=350 —pumd3 ghen p(A) = 1 and {\} = mAg + L2 — Ny,
i, If k= =231 — 1403 ghen p(Ay) = —1 and {M} = mAg + L2 — Ny6.

7ii. The function Ny, is considered as a function on n and it attains the minimum atn =0
in the first case and at n =0 orn =1 in the second case.

Proof. We need the following data

3 1 .
|Oz|2 =4, p= EA0+§CM, W = {t%,t%sl ‘HEZ}. (2.186)

Since A\ + p is regular with respect to W, there exists unique o € W and w=mhy+ ]/7”‘ +b6 e
Pﬁm such that o(Ag + p) = u+ p.
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a. (Proof of 1. and 2.i.) If o = tuna for some n € Z, then o(A\; + p) — p equals

))o @asn

] 3 3
on—l—(k—l—;—i—num;— )a—l—<q§(m,j,k)—un<2k‘+j+1—|—num+
Hence S 5
y @} 7 _ g um+
j € [O, 2 NZ and k 5 g

In this case, we have

um + 3

-/
«
2

p(Ak) =1 and {A\x} =mAo + 5

<¢(m,j,k) —un (j'—i— 1—n

47

(2.188)

)) 5. (2.189)

b. (Proof of 1. and 2.ii.) If 0 = tuna sy for some n € Z, then o(A\x + p) — p equals

j 3 3
mAg + (—k—é—l—&—num;_ )a—i— ((b(m,j,k)—un (—2k—j—1+num2+ ))5
(2.190)
Hence o 3
j e [07@} NZand k = —? ;7 —1+n7“””2+ . (2.191)
In this case, we have
Ja . y um + 3
p(Ax) = =1 and {\} = mAp + -5t p(m, 4, k) —un(j +1—n 5 5. (2.192)
c. (Proof of 2.ii.) Put M = um + 3. We consider the first case k = J/T_j — oM Write
k= % q+r for some g € Z,0 < r < 3, then
M
=N = ¢(m,j,r) —qlk+r+7)—un (j'+1— n2> (2.193)
o(i=i _ M _ it nM o M
= ¢(m, j,r) — (45 2 r)(55 2 r) —un (]l 41— n) (2.194)
m 2
M M M R 2r?  2rj
=2 (u— ) —n(utu — = )+ L L—l—ﬂ—l—q’)(m,j,r) :
2 m m 2m m m

2r? 2rj . 3
We have ==~ 4 =4 4 ¢(m, j,r) equals

wrlr+j—1%) if0<r<m—j
Z(r—2)r+j—-2) 2 —j<r<2,reZ+7Z,
2Zr—-2)r+j-2)-% il j<r<Zrentl iz

The condition 0 < r < % — j can be rewritten as

. _ . o
23 mS nM+j"  m q+1 Sm 23
4 2 2 2 4
and 7 — j <r < can be rewritten as
—j _-—naM+j m J
< — 1) <=
2 =7 2 plat <3

(2.195)

(2.196)

(2.197)

(2.198)
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Is

2(|mnMtit _mp2 | mo2012)f 3 € 97, + 1 such that
= — gl <
2 (|znbbit _ mp2 g if 3p € 27 such that
< (2.199)
Srent-gB-neg+z, ’
2(|=nMaf _mp2 By 1 if Jp € 27 such that
=ahEL _mp e -4, 4],
et oponenfiz.

Let P;j : Z — R be the function that maps —n to (2.199). Let Fj; : Z — R be the
function defined by

M M ) M ) j2 _ j/2
Fjj(t) == (u - m) +1t <u +uj’ — m]’) + I Py (8). (2.200)
So —Nk = F],]/(—n)
We will show that the maximum of F} ;/(n) appears when n = 0, ie., k = =i To do

that, we show that the upper bound function F™ : R x [0, 2] x [0, %] — R of F} j;(t) and
lower bound function F~ : R x [0, ] x [0, “F*] — R of F} j(t) given below attains theirs
maximum along ¢t € Z when ¢t = 0.

M M M 2 ="
Frt i) =0 (u— =)+t (utu — = ) + LT 4 PHt,5,4), (2.201)
2 m m 2m
M M M j* ="
F (7. i) =t2— [u— = t i P (t,5,5 2.202
where PT(t,4,5') is
2 (AT 2 mo2012)f 3 € 97,4+ 1 such that
,, ) | — | < R (2.203)
%(‘W% —2p|2 — 1) if Ip € 2Z such that
tM+j’ m j
=5+ -4l <3
and P~ (¢,7,7') is
2 (| M mp2 | m22012)if 3 € 27+ 1 such that
tM—+4" 2j—m m—2j 1
) ; T oA el Tt el (2.204)
2 (ML myy2 Doy~ 1 if 3p € 27 such that
M+ m i J
L e [ 4]

We just consider the function F™ and apply similar arguments for /. The function F'+
is a continuous, piecewise smooth function. Let AT (¢, 7,5') = FT(¢t+1,5,5) — F*(t, 4,7,
then it is nonincreasing in ¢t and AT (—1,75,5) > 0 > AT(0,7,5'). Indeed: AT(t,7,5)

) ()

/+M
7T

u— —

o) U PR L) - PG, (2208
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We denote the numbers p defining P*(t + 1,7,5') and P*(t,4,j') by p1,po, respectively.
Use definition, we have #25P% > u. Hence the partial derivatives of AT, where they exist
are

OAT(t,4,5") =M (u - pl;”) <0, (2.206)

0y A (t,4,5') = u— 2L ;po <. (2.207)

It implies that A" is nonincreasing in t and j'. So A*(0, 7,7") < AT(0,4,0) and AT(—1, j, %)

AT(—1,4,5'). We can check that AT(0,7,0) <0 < AT(—1,7,4*).

It implies that F7(0,7,5) > F*(t,3,7') for any t € Z,t # 0. The same results is true for

F~. Hence F; j(—n) attains its maximum when n = 0. Hence, in the case k = J/T_J — "TM,
the minimum of Ny occurs when n = 0.
For the case k = —% -1+ % Since k = VT_J + (n — 2%) %, we have
-/
Jjg+1 .
—Np,=F (n—QM,j,]’> . (2.208)
Then N, attains its minimum when n = 0 or 1.
O

Here is the next proposition we will use in the proof of Theorems 2.38.

Proposition 2.40. With ¢(m, j, k) is defined as in (2.168), for each j € [0, %] and j' € [0, “]N
7., we have

J = . .t u g1

- ¢(ma]7 ) = min <¢(m7]7 - 92 - 1)7 5 - ¢(ma]7 - 9 + 5) . (2209)
if and only if one of the following two conditions is satisfied:
(A2) m>2 and j' <j—1.
(B2) m>2,j' € ™4 11 j 197,
Proof. We again use the equality (2.161) to rewrite

CJ J = u o J+i 1 J =
¢(ma]7 - - 1) = ¢(maja T) and — 5 +¢(mvja 77 + 5) = ¢(maja T) (2210)

as ¢(m, j,x) = ¢(m, j,x—1) and ¢(m, j,z) = — &+ @(m, j, o+ 1), where & = — 41, Use (2.168),
we can check that it happens if and only if condition (A2) or (B2) is satisfied. O

We are now going to the proof of Theorem 2.38.

<
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Proof. The strategy is the same as in the case Agl). The first step is writing explicitly chy in
Proposition 2.29. By substituting values of p(A;) and {A} in Proposition 2.39 to the formula
(2.101), we can rewrite chy as follows

: _ Np A Ny A
E Chon-s-J’T‘* E qkey, g qarey, |- (2.211)
j/e[o’unl]mz nez, nez,
: k=j/;j —n ¥mt3 k=773'/;”' 14 WmES

The identity (2.211) implies the condition j* € [0, “*]NZ that we need to prove for Theorem 2.38.
The coefficients of cﬁk in the formula (2.211) are always positive integers since A\p € max(A).
Proposition 2.39 says that the number Nj attains minimums at n = 0 for those on the left
hand side of (2.211), and at n = 0 or n = 1 for those on the right hand side of (2.211). The
corresponding minimums of Ny are

= . N Y i1
By (2.170), (2.56), (2.211), (2.212), we can imply that
= . . J g u g1
- ¢(m7]7 ) ) S min 7¢(maja - 9 - 1)7 5 - ¢(m7]7 - ) + 5) . (2213)

Moreover, the equality happens if and only if condition (A2) or (B2) in Proposition 2.40 is
satisfied. So, for any A = mAg+ JlTa € A, (A), we have strict inequality in (2.213). By (2.211), in
this case we have A + ¢(m, j, J,T_J)é € max, (A). That means by x . = ¢(m, J, J/T_J) =bayx. O
2.5.0.5 Relation between I'(g,g[u]) and its satured setting
The satured setting of the support I'(g, g[u]) is defined by

T(g,glu]) = {(A,\) € Py x Py | \€ A+ Q,L(N)) C L(NA) for some integer N > 1}. (2.214)
Corollary 2.41. Let g be affine Kac-Moody algebra of type Agl) or Aéz). Fizm € Z~g, u € Z+1

(u is an odd number in the case AgQ)). Let A € P and let X € A,(A)N(A+Q). Forallb e C,
we have

1. (AN +b8) € T(g, glu]) < d(A, X+ bS) € (g, glu]) for all d € Z>s.
2. If in addition h\ # 0 then (A, X + bd) € ['(g, glu]) < (A, A + bd) € I'(g, glu)).
Before going to the proof, we first restate Lemma 6.3 and Lemma 8.5 in [BK14].

Lemma 2.42. Let g be an affine Kac-Moody algebra of type A(ll) or Ag). Let A € P, and
A € (A+ Q). Fiz a positive integer N. Then A € max(A) if and only if NA € max(NA).

Now we are going to the proof of Corollary 2.41.

Proof. Fix a positive integer d. Since A € A,(A) N (A + @), we have d\ € A,(dA) N (dA + Q).
By Theorems 2.34, 2.38 and Lemma 2.42, we have

ban,dxu = baa,ax = dba - (2.215)
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Suppose that (A, A + bd) € T(g,g[u]), then A\ + b5 € A+ Q and L(NX + Nbs) C L(NA) for
some integer N > 1. Hence b € Z (since A € A+ Q) and Nb < bya nru = Nbp,x for some
N > 1 (by (2.215)). So b < ba,x and they are integers. Hence for any d € Zso, we have
bdA,d/\ —db = d(bAA - b) € ZZO \ {1} Then by Theorem 2.31 1., d(A,)\ + b5) € F(g,g[u}) If
hE{L’]A # 0, then by Theorems 2.31 2., (A, A + bd) € I'(g, g[u]). O

Remark 2.43. In the case Agl), we have A, (A) N (A + Q) = Ay (A). In the case AéQ), we have
Ay (A) N (A + Q) is the subset of elements in A, (A) with strict condition j’ € j + 2Z compare to
(2.183).






Chapter 3

Projective representations of symmetric
groups

In this chapter, we present the projective representation theory of the symmetric groups. It
explains a motivation for studying the shifted Littlewood-Richardson coefficients in our second
preprint [Kha20].
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3.1 Shifted Littlewood-Richardson coefficients

3.1.1 Young tableaux

For a partition A\, we write A = (A1, \g,...) with Ay > Ao > ... If XA = (A1, Ag,..., \) with
1
A >0and > A =n, we write [(A) =1, |A] = n.
i=1

Each partition A is presented by a Young diagram Y (\) that is a collection of boxes such
that:

e (D1) The leftmost boxes of each row are in a column.
e (D2) The number of boxes from top row to bottom row are Ay, Ag, ..., respectively.

A semistandard Young tableau of shape A is a filling of the Young diagram Y(A) by the
ordered alphabet {1 < 2 < ...} such that:

(Y1) The entries in each column are strictly increasing.
(Y2) The entries in each row are weakly increasing.

A Young tableau T is said to have content v = (y1,72,...) if v; is the number of entries ¢ in
the tableau T'. We write

el =27 =22 (3.1)
3.1.2 Ring of symmetric functions
For each partition A, the Schur function sy in variables 1, za, . .. is defined as the sum of 7,

where T runs over the semistandard Young tableaux of shape A.

The power-sum symmetric function p, with » > 1 is defined by

pr=ai+azh+.... (3.2)
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For each partition A = (A1, Ag, ... ), we define

Px = DPxiPxxy -+ - (33)

Let A = @ A" be the graded ring of symmetric functions in the variables 1, x2,... with
n>0
coefficients in Z, where A" is the Z-submodule of elements of degree n. The following sets are
Z-basis of A™ (see [Ful97] or [Macl5])
{sx | A is a partition of n},

{px | A is a partition of n}.

3.1.3 Shifted tableaux

A partition A = (A1, Ag,...) is said to be strict if Ay > Ao > ...

Each strict partition A is presented by a shifted diagram sY () that is a collection of boxes
such that:

e (SD1) The leftmost boxes of each row are in the main diagonal.
e (SD2) The number of boxes from top row to bottom row are A1, g, ..., respectively.

A shifted tableau T of shifted shape A is a result of filling the shifted diagram sY'(\) by
the ordered alphabet {1’ <1 < 2’ <2 < ...} such that

e (T1) The entries in each column and in each row are weakly increasing.
e (T2) The entries k' in each row are strictly increasing.
e (T3) The entries k in each column are strictly increasing.

The shifted tableau T is said to have content v = (y1,72,...) if 4; is the number of ¢ or ¢’
in T. We write

el =27 =22 (3.4)

Example 3.1. Let A = (4,2,1). Then the shifted diagram sY (X) is

sY((4,2,1)) _| |

And

is a shifted tableaw of shifted shape (4,2,1). The content of T is (1,4,1,1).
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3.1.4 Shifted Littlewood-Richardson coefficients

For each strict partition A, the Schur Q-function Q) = Q,(z) in variables 1,22, ... is defined
as the sum of 27 where T runs over the shifted tableaux of shape \. Since every coefficient in
Q, is divisible by 2/ we can define a formal power series with integer coefficients

Py(z) = 27'NVQ, (2). (3.5)
Let Qo = P g be the graded subalgebra of Ag = Q ®z A generated by 1,p1,ps, ps,.... Let
n>0
Q = Qg N A be the Z-hyper subring of Q. We write @ = P (5 N A) as a graded ring. A
n>0

fundamental result in the theory of strict partitions is that
{P» | A is a strict partition of n}
is a Z-basis of Qg N A (see [Ste89]). We can define integers f}, for each strict partitions A, y, v
by
PP, =Y f{,P0. (3.6)
1%

The integers fY,, are called the shifted Littlewood-Richardson coefficients.

Moreover, one can think about Py as an element of A™ endowed with its Schur basis. Let g,
be the integers defined by

P)x = Z I\uSp- (37)
lu|=n.
Note that in the notation of gy, A is a strict partition and g is a partition. It turns out that the

coeflicients gy, are related with the shifted Littlewood-Richardson coefficients. More precisely
(see [Ste89]),

9 = f;f;réa (38)
where
M:(Hl,ﬂg,,ﬂl) Wlthl:l(/j,), (39)
5:(1,171,...,1), (3.10)
w+d=(u+lpu+1—1,... 4 +1). (3.11)

We have two motivations to study the coefficients f/\”u and gx,. The first one explained in
the following section, interprets these coefficients in terms of projective representations of the
symmetric groups. The second one, see subsection ?7, interprets them in terms of Schubert
calculus.

3.2 Projective representations of symmetric groups
In this subsection, we present fundamental background about projective reprsentations of the

symmetric groups and the relation with shifted Littlewood-Richardson coefficients. The main
reference are [Ste89] and [HH92).
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3.2.1 Projective representations of S,

Let G be a finite group and V be a finite dimensional complex vector space. A projective rep-
resentation of the group G on V is a group homomorphism of G in PGL(V) = GL(V)/C*1y.
Such an homomorphism may be viewed as a map P : G — GL(V) such that

1. P(1) is the identity linear map of V.
2. P(x)P(y) = c(x,y)P(xy) (x,y € G) for some c(z,y) € C*.
The map ¢: G x G — C*, (z,y) — c(x,y) is called the factor set of P. It satisfies
c(x,1) =c(1,2) =1 for all z € G. (3.12)
By the associativity of GL(V'), we have
c(z,y)e(zy, z) = c(x,yz)c(y, z) for all z,y,z € G. (3.13)

Remark 3.2. An ordinary representation of G is a projective representation with c¢(x,y) = 1
for all z,y € G.

Let P: G — GL(V) and @ : G — GL(W) be two projective representations of G. We say
that P and @ are equivalent if there exists an invertible linear map S : V — W and a map
b: G — C* such that

b(1) =1 and b(x)SP(x)S™! = Q(x) for all z € G. (3.14)

Let ¢ and ¢ be factor sets of P ad @, respectively. In this case, we also say that ¢ and ¢’ are
equivalent. More precisely, the equivalence of factor sets is given by

(@y) = b(b;v)b(y) for all z,y € G. (3.15)

c(x,y) (zy)

The set of all factor sets modulo equivalence is called the Schur multiplier of G. It is isomor-
phic to the second cohomology group H?(G,C*).

We associate to each factor set ¢ a twisted group algebra CG® with a basis {a, | z € G}
and the multiplication defined by a,a, = c(x,y)as,. The twisted group algebras associated
to equivalent factor sets are isomorphic. A projective representaton of G with factor set c is
identified with a CG¢-module.

Now, suppose that G = S,,. Let CS,, be the group algebra generated by si,...,s,—1 with
the relations

(s;)* =1, (sjsp)?=1forall|j—kl>2, (s;8;41)°=1. (3.16)
Let CSJ, be the group algebra generated by aq,...,a,_1 with the relations
()? =1, (ajop)*=—1forall |j—k|l >2, (cjajq1)® =1 (3.17)

Proposition 3.3. The algebras CS,, and CS), are the only possible twisted group algebras struc-
tures for S,. They are isomorphic only for n < 3. In particular, H?(S,,,C*) is of order 2 only
forn > 4.
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The above proposition says that any projective representation of S, is either a CS,,-module
or a CS),-module. In the case n > 4, set 0; = /—1a; for each j = 1,...,n — 1. By relations
(3.17), we have

(0> =1, (ojop)*=—1forall|j—k >2, (0j0;41)%=—1 (3.18)

Let S’vn be the group generated by —1,01,...,0,_1 with relations (3.18). A CS/-module V is
identified with an ordinary representation of .S,, with —1 represented faithfully in GL(V'), and

such a representation is called a spin representation of 5‘; A CS,,-module V is identified with
an ordinary representation of S,, where the image of —1 in GL(V) is 1.

3.2.2 Conjugacy classes

Let A = (A1,..., A1) (A > 0) be a partition of n. We say that X is even (odd) if n —I(\) is
even (odd). The conjugacy classes of S, are indexed by the partitions of n. Namely, an element
o € S, belongs to the A\** conjugacy class if its cycle length are Aq,..., ;. In this case, we write
type(o) = A. Moreover, we say that o is even (odd) if A is even (odd).

3.2.2.1 Conjugacy classes of :S’vn

Let |.| be the canonical homomorphism from ,S\; to Sy, which is defined by —1 +— 1,0, — s;. Set

Cy = {o € S, such that type(|o|) = A}. (3.19)

Let
or=m.m (1=1(N), (3.20)

where

7rj:0a+l'~-0—a+)\j—1 (a:)\1+~~~+)\j_1). (321)

Set
Oy ={ro*r7 | r € 8,}, (3.22)
Oy ={-1a* 1€ Sn}. (3.23)

The conjugacy classes of g; are described as follows:
o Ifany o € g; is conjugate to —a, then C), is an conjugacy class of §;

e If there is no o € §/n conjugate to —o, then C) is the disjoint union of two :S’; conjugacy
classes Cy and C5 . We known that (see [Ste89]) this case happens if and only if A has
only odd parts or it is a strict odd partition.

3.2.2.2 Conjugacy classes of parabolic subgroups of :S’Vn

Let J be a subset of the set {1,...,n—1}. There exists a unique sequence of nonnegative integers
B =(Bi,...,0) such that
Bt -t fi=nand J={f+-+5]1<j<l}. (3.24)

The subgroup S; of S,, generated by all elements sj (j € J) is called a parabolic subgroup of
S,,. Moreover,
ST 285 x - x S, (3.25)
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The subgroup S’:{ of S, generated by elements —1 and all o;(j € J) is called a parabolic
subgroup of S,,. We write 5’; (resp. Sg) for the group é:{ (resp. S;) and regard E‘E (resp. Sg;)
as subgroups of :S’; (resp. Sp). We also let CSj; (resp. CSp) be the corresponding subalgebra of
CS!, (resp. CS,,). The conjugacy classes of Ss are indexed by I-tuple A = (Al,..., Al) where A
is a partition of ;. For such an I-tuple A, set

Cy = {m ... m such that 7; € EE and type(|rj|) = M} (3.26)
Set o* = o*' ... 0N where 0¥ € Sp, is defined by (3.20) and
Ci = {ro’r | 7 € Sp), (3.27)
Cy ={-ro* ' | 7€ S5} (3.28)
The conjugacy classes of 5’; are described as follows:
e Ifany o € :S”; is conjugate to —o then C), is a conjugacy class of :S”;

e If there is no o € :9’; conjugate to —o then C is the disjoint union of two :973 classes Cy
and C} . Let A* = A U---UA be the partition whose parts are union of those of A!, ..., \!
(we call \* the multiset partition union of A\!,... A!). Then this case happens if and
only if \* has only odd parts or A* is odd and A’ has distinct parts.

3.2.3 The space of class functions of S,

The space of all class functions of 3’; is of the form Z,, & Z! where Z, is the space spanned
by ordinary characters and Z/, is the space spanned by spin characters.

For each partition A\ of n, we define the indicator function 1, by

1 ift =A

Ii(o) = ) ype([o]) =2, (3.29)
0 if type(|o]) # A,

and the spin-indicator function 1) by

1 if 0 € O,

I\(o)=4-1 ifoeCy, (3.30)
0 if type(|o]) # A

Then
{1x | A is a partition of n}

is a basis of Z,,, and
{1} | X is a partition of n with only odd parts or a strict odd partition of n}
is a basis of Z/. The product of characters in the space Z,, & Z/, is given by
131, = 6xply,
C\lu = 6>\u ,)n

1517, = dauln.

We denote the inner product of characters of the group :9\; by (,).
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3.2.3.1 Basic spin characters of 3;

The Clifford algebra €, is the algebra generated by (i, ..., (, with relations

G =1, (G + ¢ =0forall k#j. (3.31)
As a vector space, it has a basis
{Ca|A={a1,...,ar such that 1 < ay <--- < a, <n}}, (3.32)

where (4 = (q, .- Ca,.-

Let M, be the matrix algebra of degree m.

If n is an even number, write n = 2k, then €o is isomorphic to Myx. In particular, the map
p: Cop, — M2k defined by

<2j710—>€®"'®6®33®1®"'®1,
G e® Q@Y1 01,

where z and y are in the j%" (1 < j < k) position, and

(3 8) (1) () e

is an isomorphism. Then character of p is given by

trp(z caa) = 2"¢y, (3.34)
A

where c4 is the coefficients of (4. Hence, p modulo equivalence is the unique irreducible repre-
sentation of Cop.

If n is an odd number, write n = 2k + 1, then
Copy1 = Cop D (Cox, (3.35)

where ( = (3 ...Cok+1- The representation p of €y defined above is extended to two representa-
tions p1 of €o41 by
p+(Q) = (VD). (3.36)
The characters of p1 are given by
trpi(z caa) = 2cy £+ (2 1) ¢, (3.37)
A

where c¢ is the coeflicient of ¢. Hence, p+ modulo equivalence are the unique irreducible repre-
sentation of €op 1.

The group S, is embedded into ¢X | by amap 1 : S, — ¢X | given by

o5 = a;C+ 0G4, (3.38)
where a;,b; € C* (1 < j <n —1) are such that
1
al + b7 =1, %H@=? b1 =0. (3.39)

The basic spin representations of §; with respect to the embedding 1) is defined as follows:
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e If n =2k + 1, it is the composition
S, L ex | B qrk, (3.40)
denoted by ™.

e If n = 2k, it is both of the compositions
S, Lex | 5 Grehh, (3.41)
denoted by ¢, respectively. We use the notation ¢™ for either ¢ or .

These representations modulo equivalence are independent of . The characters of basic spin
representations will be denoted by the same symbols ¢™, ¢, and we call them the basic spin
characters.

Theorem 3.4. The basic spin representations of,évn are irreducible. Moreover, we have

2UN=1/2 " if X is a partition of 2k + 1 with only odd parts,
S02/€—|‘:l(0_/\) — { (342)

0 otherwise.

20N —2)/2 if X is a partition of 2k with only odd parts,
P = {EWVTDHVE i A= (28), (3.43)

0 otherwise.

3.2.3.2 Spin characters of parabolic subgroups of :S’;

Let J be a subset of {1,...,n — 1}. Let 8 be the sequence of nonnegative integers defined as in
(3.24). For each 1 < k <, set

Ji. = {j such that 81 + -+ Br_1 <j < 1+ + Bi}. (3.44)

1 __ —
Then J = | Ji and Sg, is the subgroup of Sz generated by —1 and all elements o; (j € Ji).
k=1

In this subsection, we construct spin representations of 3; (or (CS’B—modules).

First, let V and V' be CS/-modules. We say that V and V' are associates if V' = sgn® V.
An CS) -module V is called self-associate if V= sgn® V. In this case, there exists S € GL(V)
such that

Sojly =—0;S|y forall1 <j<n-—1 (3.45)

We call S an associator for V.

Now, let V; (1 < j <) be (CSéj—modules among which exactly r are self-associate. We assume
that Vi,...,V, are the self-associate modules. Let V be an irreducible €;_,.-module where &;_,
is the Clifford algebra generated by {(jt+1,...,¢} and let S; be an associator of V; for each
1 < j < r. The reduced Clifford product of Vi,...,V, with respect to V and S1,...,S5, is
the tensor product V@ Vi ® --- ® V; with (CSg—module structure defined by

v Ai1v ® - Q@ Ay ifjedJp,1<k<r,

3.46
GuR B ® - @B ifjedy,r<k<lI, ( )

oj<v®v1®---®”l):{
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where

(Al,...,Al) = (Sl,...,Sk,hO’ﬁl,...,].), (347)
(Bl,...,Bl) = (Sl,...,ST,L...,O'j,...,l). (348)

Here, o; in (3.48) is in k'™ position.
Let ¢, ©1, ..., be spin characters of V, V1, ..., V], respectively. We denote @ X @1 X -+ X

the spin character of V® V; ® --- ® V, and call it the reduced Clifford product of spin
characters p, p1,..., ;.

Theorem 3.5. A reduced Clifford product of the (Cng -modules is irreducible. Conversely, every
irreducible (CS'B—module is of this form.

3.2.3.3 Irreducible spin characters of §;

For each partition A, let z) be the cardinal of the centralizer of any permutation o of type .
Let m; (j =1,2,3,...) be the number of the parts of A of size j. Then we have

zx = (M1 (mo!22) ... (3.49)
The characteristic map ch : Z,, — A{ is the linear isomorphism given by
ch(1)) = pr/zx. (3.50)
Set x* = ch™1(s)).

Theorem 3.6. The irreducible characters of S, are x* (X is a partition of n).

Define an inner product [,] on Q by

1
[p>\7pll] = WZAS)\#. (351)
For each strict partition A, set Q3 = 2-1N/2Q,. Then
{@% | A is a strict partition}

is an orthonomal basis of Qg. The irreducible spin characters of §; associated to A are defined
as follows:

e If ) is an even partition of n with distinct parts, we let ¢* € Z/ be the self-asscociate class
function defined by

(3.52)

Aot [@Q%,2/"/2p, ] if u is a partition of n with only odd parts,
g =
7 0 otherwise.

e If )\ is a strict odd partition of n, we let ¢} € Z/, be the pair of associate class functions

defined by
21Q5,20/2p, if 41 is a partition of n with only odd parts,
PL(eM) = (VDI FE =,
0 otherwise.
(3.53)

In this case, we use the notation ¢* for either cpﬁ‘r or .
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Theorem 3.7. The irreducible spin characters ofévn are ©* (X is an even partition of n with
distinct parts) and @} (X is a strict odd partition of n).
3.2.4 Relation with shifted Littlewood-Richardson coefficients

This subsection explains how the shifted Littlewood-Richardson coefficients appear in the pro-
jective representations of symmetric groups.

For each partition A, set

. . (3.54)
1 if A is even.

{\/é if \ is odd,
€N —

Theorem 3.8. Let A\ be a strict partition of k, p be a strict partition of n —k, and v be a strict
partition of n. Then

a 1 —l(v v
(2 xo o) 1 8o o) = 9N +(w)=1())/2 py (3.55)

’U.7
€EvErUL

unless v is odd and v = AU u. In that case, the multiplicity of ¢ is 0 or 1 according to the
choice of associates.

Theorem 3.9. Let A be a strict partition of n and p be a partition of n. Then

1 .
("X ) = e )2““) Y2951 (3.56)

unless A = (n), n is even, and p is a hook-partition. In that case, the multiplicity of goi is 0 or
1 according to the choice of associates.

Corollary 3.10. The coefficients fA”u and g, are non-negative integers.






Chapter 4

On the shifted Littlewood-Richardson

coeflicients and the
Littlewood-Richardson coefficients

The chapter is a reproduction of our second preprint [Kha20].

Abstract

In relation with projective representations of the symmetric group, Stembridge introduced in
1989, the shifted Schur Q-functions Q) associated to any strict partition A. The shifted Littlewood-
Richardson coefficients f¥, € N (where A, p, v are strict partitions) is defined by the relation

QQu = Z2Z(A)+l(”)’l(”)f)’\’MQl,. In this note, we give a new combinatorial model for these

1%
coefficients. The coefficients gy, appear in the decomposition of Schur @-function @ into the
sum of Schur functions: Q, = 2! > gauSu. Actually, gx, is equal to some explicit shifted

Littlewood-Richardson coefficient andﬂhence, we have a combinatorial model to express it. We
also give another description for gy, as the cardinal of a subset of a set that counts Littlewood-
Richardson coefficients cf;t u This new point of view allows us to establish connections between
X X
et i
g?\ s Cl/)‘ and formulate some conjectures on our combinatorial models which would imply this
inequality if it is valid.

grp and c More precisely, we prove that g, = gxus, and gy, < ¢}, ,. We conjecture that

65
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4.1 Introduction

Let A, u, v be partitions. Let [(A\) be the length of A, and s, be the Schur function associated to
the partition A. The Littlewood-Richardson coefficients c5,, appear in the expansion (see [Ful97])

S\Sy, = Zcius,,. (4.1)

If now A, u, v are strict partitions, let @y be the shifted Schur @-function associated to the strict
partition A. The shifted Littlewood-Richardson coefficients appear in the expansion (see [Ste89])

Q:\Q, = Z 2 VHW - v (4.2)

v

For any strict partition A, and a partition p of the same integer, the coeflicients gy, appear in
the decomposition (see [Ste89])

Qy = 2!V ngsﬂ. (4.3)
n

The coefficients gy, can be considered as shifted Littlewood-Richardson coefficients by the iden-
tity (see [Ste89])

+6
D= frs (4.4)

where § = (I,1 —1,...,1) with [ = I(n).

There were several developments beyond the Littlewood-Richardson rule. For example,

- Zelevinsky [Zel81] expressed the coefficients ¢ , 8s the number of pictures between p and
v/A.
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- Remmel and Whitney [RW84] described ¢§ ., as the number of standard tableaux of shape
A satisfying some rules depending on the skew shape v/u. There is also a similar version
by Chen, Garsia, Remmel [CGR84] where they replace A with v and v/p with A * p.

- White [Whi81] showed that the set of tableaux in the construction of Remmel and Whitney
[RW84] can be understood from a different point of view. It arises from Robinson-Schensted
insertion of reading words of column-strict tableaux of a fixed skew shape.

There are new approaches that come from geometry: the algorithm by Liu [Liul0] and the rule
of Ravi Vakil [Vak06] etc.

The theory and methods for shifted Littlewood-Richardson coefficients are also developed paral-
lelly with the theory of Littlewood-Richardson coefficients. Based on the work of Worley [Wor84],
Sagan [Sag87], Stembridge [Ste89], there are several versions of the shifted Littlewood-Richardson
rule for f§,, for example, the works of Serrano [Ser10] and Shimozono [Shi99] and so on. The
shifted Littlewood-Richardson rule given by Stembridge [Ste89] is also re-obtained by using
the theory of crystal bases for the quantum queer superalgebra (see [GJK*14] and [CK18]).
In [CNO14], the authors established the bijections between three models for shifted Littlewood-
Richardson coefficients in [Ste89], [Ser10] and [GJK™14].

In this article, we use Stembridge’s rule [Ste89] to obtain a new combinatorial models for the
coefficients fY, and g,. The advantage of our rules is that they let appear connections with
ordinary Littlewood-Richardson coefficients. The motivation of our work comes from the work
of P. Belkale, S. Kumar and N. Ressayre [BKR12]. The main results in the article [BKR12]
raised up some first clues about relations between shifted Littlewood-Richardson coefficients
with Littlewood-Richardson coefficients. N. Ressayre conjectures an inequality between them
in [Res19]. We do not use the approach from geometry as in [BKR12], but we try to develop the
combinatorial model of Stembridge [Ste89] to discover bridges between these coefficients. To be
more precise, we describe the results as follows.

Our first result, Theorem 4.22 is a new combinatorial model for the shifted Littlewood-
Richardson coefficients. This is analogous to Remmel and Whitney’s work [RW84]. The combi-
natorial model proposed by Shimozono in [Shi99] is analogous to White’s model [Whi81], arising
from Sagan’s shifted insertion [Sag87]. Despite the case of Littlewood-Richardson coeflicients
where Remmel and Whitney’s construction is identified with White’s construction, our construc-
tion and Shimozono’s construction do not produce the same model.

Since g, can be considered as a shifted Littlewood-Richardson coeflicient, we obtain a new
model for gy, in Theorem 4.23.

Our second result, Theorem 4.28 is another combinatorial interpretation of the coefficients
gru- More precisely, let X be the partition such that its Young diagram is the union of shifted
diagram corresponding to A and its reflection through the main diagonal. Let u! be the conjugate
partition of u. We prove that gy, is the cardinality of a subset of a set that counts the coefficients

c;\Lt#. This implies Theorem 4.30 that

I < Cfl\‘t'u‘. (4.5)

We conjecture a stronger inequality (see Conjecture 4.31)

giu < Cfl\‘t'u‘. (4.6)
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Using a computer program, we checked this conjecture on a lot of examples. Based on our
combinatorial model for the coeflicients gy, we formulate Conjecture 4.32 whose validity implies
Conjecture 4.31. An evidence for Conjecture 4.32 is that it implies easily the equality

9ap = Gapt- (47)

The equality (4.7) might be well known among experts, nevertheless we include a geometric proof
in Proposition 4.19.

The article contains four sections. In the first section, we collect some basic background
about the theory of Young tableaux, and related models for Littlewood-Richardson coefficients.
In the second section, we present the theory of shifted tableaux, and related models, some inter-
pretations for shifted Littlewood-Richardson coefficients. The last two sections present our two
main results on the coefficients [y, and gx.

In this section, we present Young tableaux, and related models for Littlewood-Richardson
coefficients.

4.1.1 Young tableaux

For a partition A, we write A = (A1, Ag,...) with Ay > Ag > ... If A = (A1, Mg, ..., \) with
1
A >0and > A =n, we write [(X) =1, |A] = n.
i=1

Each partition X is presented by a Young diagram Y (}).
Example 4.1.

Y((3,2)) = ‘

The reflection ¢(Y) through the main diagonal of a Young diagram Y is also a Young dia-
gram. The conjugate partition A\’ of \ is defined by o(Y' (1)) = Y/(\?).

A semistandard Young tableau of shape A is a filling of the Young diagram Y'(\) by the
ordered alphabet {1 < 2 < ...} such that:

(Y1) The entries in each column are strictly increasing.
(Y2) The entries in each row are weakly increasing.

Let v = (v1,va,...) and g = (u1, 42, ... ) be two partitions. We say that v is bigger than
if and only if v; > u; for all 4, and we write v > u. In this case, we define the skew Young
diagram Y (v/u) as the result of removing boxes in the Young diagram Y (u) from the Young
diagram Y (v). We write |v/u| = |v| — |u|l. A skew Young tableau T of skew shape v/u is a
result of filling the skew Young diagram Y (v/u) by the ordered alphabet {1 < 2 < ...} satisfying
the rules (Y1) and (Y2).

The word w(T) of a Young tableau T is defined to be the sequence obtained by reading
the rows of T' from left to right, starting from bottom to top. A Young tableau of skew shape
v/u is said to be a standard skew Young tableau if its word is a permutation of the word
12...|v/p|. The transpose of a standard skew Young tableau T is also a standard skew Young
tableau and it is denoted by 1.
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4.1.2 Row-insertion and product tableau
For a Young tableau T and a positive integer x, we recall row-insertion z to T' from [Ful97].

The result of row-insertion x to T' is a Young tableau, is denoted by T <+ x.

Example 4.2.

1
314 214
3

Let T and U be Young tableaux, the product tableau T.U is defined by
TU :=(...(T +x1) ¢ 22) ¢ -+ 4 Tp_1) < Tp, (4.8)
where w(U) = z122 ... zy.

Example 4.3. Let

r-[12]2] e 0= 3]
3 2
then w(U) = 24123 and
U =|" 2|2]3]
21414
13

4.1.3 Sliding and jeu de taquin

For the skew Young diagram Y (v/u), an inner corner of Y (v/u) is a box in the Young diagram
Y (i) such that the boxes below and to the right are not in Y(u). An outside corner is a box
in the Young diagram Y (v) such that the boxes below and to the right are not in Y (v).

Let T be a skew Young tableau of skew shape v/u. Let b be an inner corner of v/u. We recall
sliding b out of T from [Ful97]. The result of applying sliding b out of T" gives us a new skew
Young tableau T” of skew shape v//u’ such that |v/| = |v| — 1, |¢/| = |¢| — 1. Choose a random
inner corner b’ of TV and do sliding b’ out of T” as before, we get a new skew Young tableau T
of skew shape v""/u” such that [v"| = |v| — 2, |u”| = |u] — 2. So repeat the process as many
times as possible, we finally get a Young tableau and the process will terminate. There is a fact
that the Young tableau we get does not depend on the choice of random inner corners in each
step. The final tableau we have obtained is called the rectification of 7" and it is denoted by
Rect(T). The whole process we apply on T to get Rect(T) is called the jeu de taquin.

Lemma 4.4. Let T and U be skew Young tableaux. If w(T) = w(U) then Rect(T) = Rect(U).
Example 4.5. Let

]
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The process of applying the jeu de taquin on T can be visualized as follows:

I O OEEERE
1122 1122 1|2 214
314 314 3 i

where the boxes in red are chosen to be slided. Hence,

Rect(T) =

’wwH
B~

One can easily check that Rect(U) = Rect(T).

Let T and U be Young tableaux. We denote T x U the new skew Young tableau which is

defined as follows:
=

T

il

We have another point of view about the product tableau T.U.

Lemma 4.6. Let T and U be Young tableauz. We have T.U = Rect(T + U).

4.1.4 The Robinson-Schensted-Knuth correspondence
A two-rowed array is defined by
w:(ul UTL)’ (49)
U1 ce. Up
with u;’s and v;’s are in two independent alphabets. We say that w is in lexicographic order
if
Louy Sug <o Sup.

2. If up_1 = u for some k, then vyp_1 < vp.

The Robinson-Schensted-Knuth correspondence is mentioned in [Ful97], which set up an

. . . uy e W
one-to-one correspondence between a two-rowed array in lexicographic order ( v v" )
1 . n

and a pair of tableaux of the same shape ( Q ) We write

pP

(o) (3): 10
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Example 4.7. Let w be the two-rowed array

1 2 3 4 5 6 7
(2 3 6 7 4 5 1)' (4.11)
The tableaux P and Q) are
po 131415 ag-|1]2]3]4]
2|7 5
6 7

4.1.5 Littlewood-Richardson rule

A Young tableau T is said to have content v = (y1,72,...) if v; is the number of entries ¢ in
the tableau T. We write
el =27 =22 (4.12)
For each partition A, the Schur function sy in variables z1, za, ... is defined as the sum of z7,
where T runs over the semistandard Young tableaux of shape A. Let A = @ A™ be the graded
n>0
ring of symmetric functions in the variables x1, x2,... with coefficients in Z. The following
set is a Z-basis of A"
{sx | A is a partition of n}.
The integers cf, for each partitions A, , v defined by
S\, = ZCKMSW (4.13)
are called Littlewood-Richardson coefficients.
For any Young tableaux V of shape v, let T(\, u, Vo) be the set
{(A,U) | A,U are Young tableaux of shapes A, u, respectively and A.U =V} . (4.14)
For any tableau Uy of shape p, let S(v/\, Uy) be the set
{Skew tableaux S of skew shape v/ such that Rect(S) = Up}. (4.15)

We can describe a one-to-one correspondence between 7 (A, i, Vo) and S(v/A, Up) as follows:

1. Let (A, U) be an element of the set T(\, u, Vo). Suppose that

U +— uy e U
( Us ) RSK ( v e ) ; (4.16)
where m = |u|. Let S be the new skew tableau obtained by placing u1, . .., 4, into the new

boxes while doing row-insertion vy, ..., vy, into A. Then S is an element of S(v/\, Up).

2. Conversely, let S be an element of S(v/A,Up). Let A’ be an arbitrary Young tableau of
shape A. Put an order on the letters in A’ and S in such a way that all letters in A’ are
smaller than those in S. Now, suppose that

Vb — tl tn Ul cee U
(A’US>R3K<331 c. Tp vl ... vm>’ (4.17)



CHAPTER 4. ON THE SHIFTED LITTLEWOOD-RICHARDSON COEFFICIENTS AND
72 THE LITTLEWOOD-RICHARDSON COEFFICIENTS

where n = |A|. Then we can construct a tableau A such that (A,U) € T(A, u, Vo) by
tio by \ e (A
( 1 ... Tnp ) RSK ( A ) (4.18)

Denote by fj/’;g‘:) the map that sends (A, U) in T(\, p, Vo) to S in S(v/A, Up). This map is a
bijection.
A method to compute the set S(v/\,Up) is explained in subsection 4.1.7. When Uy is the

Young tableau U,, of shape p whose all entries in the k" row are equal to k, one can compute
explicitly the set S(v/\,U,,) by the model of Remmel and Whitney [RW84] as follows:

1. Number the boxes of the skew shape v/ from top to bottom and right to left in each row
by 1,2,...,|v/)|, respectively. The result is called the reverse filling of the skew shape
v/A. We denote it by T}, /5.

2. Define O(v/X) to be the set of Young tableaux T of size |v/A[, constructed from T}/
satisfying the following conditions:

(R1) If k and k + 1 appear in the same row of T, /5, then k + 1 appears weakly above
and strictly right of k in T

(R2) If h appears in the box directly below k in T/, then h appears strictly below
and weakly left of k in T'.

k+1 k — k

3. Let O,(v/A) be the set of all tableaux T in O(r/\) of shape p. For each T in O, (v/\),
we construct a word Tyl - T1, where x, is the row where k£ belongs to in the tableau T'.
There exists a unique skew Young tableau T™* of skew shape v/\ such that w(7T™*) is the
word we have created.

4. Tt is proved that the set S(v/A,U,,) is the set of all skew tableaux T where T' runs over
the set of all tableaux in O, (v/\).
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Theorem 4.8. Let A\, u, v be partitions. Let Ty be a Young tableau of shape v and Uy be a Young
tableau of shape p. We have cf,, = #O,(v/N) = #S(W/\Uo) = #T (A, i1, Vo).

Let us illustrate the three models presented in Theorem 4.8 by an example.

Example 4.9. Set A = (3,2,1,1), u = (4,2,1) and v = (6,4,2,1,1). Then

T, = 2[1]

The tableauz of the set O, (v/\) are

3[7] 3]5] 3]5]

BEEE

’ﬂdk)—l
[}
BEE

BERE
-

4. We have

14
Hence, cf,

U, =

’OJ[\D!—‘
[\

The tableaux of the set S(v/\,U,) are

11|1\ 11|1\ 11|1\ 11|1\

Set

Vo = 4|5‘ and N =

’»&|w N | =

’UY|>4>OJ[\DH

with order that 1 <2 <3 <4<1<2<3. Set

S = JHE ‘GS(V/)\,Z/{M)
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The two-rowed array corresponding to the pair ( A"ﬁ g ) ]

<1112234 1111223>. (4.19)

1562432 1377465
The tableaux A and U such that (A,U) € T (A, p, Vo) corresponding to S are

2 ﬂ
6

A= and U = 4|5‘

’\]QH

’Cﬂ|ﬂ> W |

4.1.6 Tableau switching

In this subsection, we recall the definition and basic properties of the switching procedure. The
main reference is the article [BSS96] by G. Benkart, F. Sottile, J. Stroomer.

For each skew shape 7y, we define a perforated tableau T of shape v to be a result of filling
some boxes in Y () with integers such that:

(PT1) The entries in each column are strictly increasing.
(PT2) The entries in the northwest of each entry ¢ of T" are less than or equal to t.

Let S, T be perforated tableaux of shape . We say that S,T completely fill v if all boxes in
Y (v) are filled by entries of S or T', and no box is filled twice. We then call SUT a perforated
pair of shape .

Let SUT be a perforated pair of shape 7. Let s in S and ¢ in T be adjacent integers, t is
below or in the right of s. We define switching s <> ¢ by interchanging s and ¢ such that after
the action, both perforated tableau of shape ~y filled by entries ¢, and perforated tableau of shape
~ filled by entries s satisfy the conditions (PT1) and (PT2).

Choose a random pair (s,t) in S UT such that we can do the switching s <+ ¢. Repeat this
process until there are no more pair (s,¢) in S UT that can be switched s <> ¢. The result is a
new perforated pair 7/ U S’ of shape ~y, where S’ is the perforated tableau filled by entries s and
T’ is the perforated tableau filled by entries t. The point is that the resulting pair 77 U S’ does
not depend on the choices, it is denoted by *T'U Sz (see [BSS96]). The process we have done to
produce “T'U Sy from SUT is called the switching procedure. The map that sends SUT to
ST U Sr is called the switching map.

The example below visualizes switching procedure.

Example 4.10. Let v = (4,3,3,2)/(2,1). The tableau S with red entries and the tableau T with
blue entries below are perforated tableaux of shape .

S= o] re SUT = s
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Look at the entries inside the circles below

OOF
(2) 3

We see that we can just switch 1 <> 1, but we cannot switch 1 <> 2. Indeed, after switching 1 <
1, we get

11-1
—2|-2
1(1]2

213

The new tableau formed by the red entries and the new tableau formed by blue entries satisfy the
conditions (PT1), (PT2). But after switching 1 <> 2, the new tableau formed by the blue entries
does not satisfy the condition (PT2).

Here is the visualization of switching procedure with starting point SUT (we choose pairs in
circles to switch).

T, e . O
—2(—2 —2 -2/ —2| 1
OOF 112 1]1]2
213 213 213
Hence,
ST = —2-1 and St =
—2 1
1 112
2 3

Let S, T be skew tableaux. We say that T" extends S if T has skew shape v/ and S has shape
A/p for some partitions v > A > p. The following theorem is a collection of some important
properties in Theorem 2.2 and Theorem 3.1 in the article [BSS96].

Theorem 4.11. Let S,T be skew Young tableaux such that T extends S. Then
1. St and °T are skew Young tableauz, St extends 5T .
2. ST U Sy has the same shape as SUT.
3. Rect(S) = Rect(Sr).
4. Rect(T) = Rect(°T).

5. The switching map SUT — ST U St is an involution.
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Example 4.12. Let

S = Lt and T = ! 1|1‘

212 212

3 3

4]

o 1|

Then T extends S and
ST:111|1‘ and St = 1|1‘

212 112

3 2

o 3

4]

4.1.7 The symmetry of Littlewood-Richardson coefficients

The tableau switching provides a bijective proof of the symmetry of Littlewood-Richardson
coefficients

Sy = Cix- (4.20)

Indeed, let Ag be a Young tableau of shape A and Uy be a Young tableau of shape y. We can
describe a one-to-one correspondence between S(v/u, Ag) and S(v/A, Uy) by tableau switching
as follows:

1. Let S be an element of S(v/\, Up). The switching map sends Ag U S to 205 U (Ag)s. By
Theorem 4.11, we have 20§ = Uy and Rect((Ag)s) = Ag. Hence, (Ag)s € S(v/u, A).

2. By Theorem 4.11, the switching map is an involution. Hence, the map that sends S to

(Ap)s is a bijection between S(v/\, Up) and S(v/p, Ag). We denote this map by BZ;;‘KS

Let V5 and W, be Young tableaux of shape v. The composition of the bijections below

]__x,u,vo v/X\,Ug ( ;L,/\,Xvo)—l
T()‘7 Hy VO) ﬂ} S(V/)‘7 UO) M) S(V/ua AO) vt T(:u7 >\a WO) (421)
gives us a bijection between the set T (A, i, Vo) and the set T (u, A, Wp). We denote this map by
A, b,V
SVofLUo Ao, Wo*

Remark 4.13. Subsection 4.1.5 provides an algorithm to determine the set S(v/A,U,,). Apply-
v/ AUy

Vg We get an algorithm to compute S(v/u, Ag) for any Ag.

ing then B

4.2 The shifted Littlewood-Richardson coefficients

In this section, we present the definition and Stembridge’s models, geometric points of view for
shifted Littlewood-Richardson coefficients.
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4.2.1 Shifted tableaux
A partition A = (A1, Ag,...) is said to be strict if Ay > Ay > ...

Each strict partition A is presented by a shifted diagram sY (\) that is a collection of boxes
such that:

(SD1) The leftmost boxes of each row are in the main diagonal.

(SD2) The number of boxes from top row to bottom row are A, Ag, ..., respectively.

A shifted tableau T of shifted shape A is a result of filling the shifted diagram sY'(\) by
the ordered alphabet {1’ <1 < 2’ <2 < ...} such that

(T1) The entries in each column and in each row are weakly increasing.
(T2) The entries k' in each row are strictly increasing.
(T3) The entries k in each column are strictly increasing.

The shifted tableau T is said to have content v = (v1,72,...) if 7; is the number of i or 7’
in T'. We write
ol =27 =22 (4.22)

Let v = (vq,v9,...) and p = (u1, o, ...) be two strict partitions with v > u. We define
the skew shifted diagram sY (v/u) as the result of removing boxes in shifted diagram sY (u)
from shifted diagram sY (v). A skew shifted tableau T of skew shifted shape v/u is a result
of filling the shifted diagram sY (v/u) by the ordered alphabet {1’ < 1 < 2/ < 2 < ...} satisfying
the rules (T1), (T2) and (T3). The content of a skew shifted tableau T is defined by the same
way as for a shifted tableau.

Example 4.14. Let A = (4,2,1). Then the shifted diagram sY (X) is

Y (42,1 = |
And BN
r_[1]2]2]2]
2’| 3
4/

is a shifted tableau of shifted shape (4,2,1). The content of T is (1,4,1,1).

4.2.2 Shifted jeu de taquin

For the skew shifted diagram sY (v/u), we also define inner corners and outside corners by
the same way as for the case of skew Young diagrams. Let T be a skew shifted tableau of skew
shifted shape v/u without entries k’. Let b be an inner corner of skew shifted diagram sY (v/u),
we define shifted sliding b out of 7', and shifted jeu de taquin on 7T, shifted rectification
of T which we denote by sRect(T), by the same way as for the case of skew Young tableaux.

Here is an example of shifted jeu de taquin.
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Example 4.15. Set

4

The process of applying the shifted jeu de taquin on T can be visualized as follows:

Lu‘gé E—>-‘235‘—>’123|5‘

where the boxes in red are chosen to be slided. Hence,

1]2 3|5\
4

sRect(T) = ‘

4.2.3 Shifted Littlewood-Richardson rule

The Schur Q-function Q) = Qx(z) in variables x1, o, ... is defined as the sum of 7 where T
runs over the shifted tableaux of shape . Since every coefficient in Q) is divisible by 2!V we
can define a formal power series with integer coefficients

Py(z) = 27"V Qx (). (4.23)
We define the power-sum symmetric function p, with » > 1 by
o=l bl (4.24)
For each partition A = (A1, Ag,...), we define
DX = DPxPrs - - (4.25)
The following set is a Z-basis of A™

{px | A is a partition of n} .

Let Qo = P g be the graded subalgebra of Ag = Q ®z A generated by 1,p1,ps, ps,.... Let
n>0
Q = Qg N A be the Z-hyper subring of Qg. We write 2 = (2 NA) as a graded ring. Since
n>0

{Py | A is a strict partition of n}

is a Z-basis of {25 N A, we can define integers fX,, for each strict partitions A, u, v by
PP, =Y f{,Py. (4.26)
The integers ff\# are called the shifted Littlewood-Richardson coefficients.

For any (skew) shifted tableau T', we define the word w(T") to be the sequence obtained by
reading the rows of T" from left to right, starting from bottom to top.
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Given a word w = wjws...w, over the alphabet {1’ < 1 < 2/ < 2 < ...}, we define a
sequence of statistics m;(j) (0 < j < 2n,i > 1) as follows:

m;(j) = multiplicity of ¢ among wy, ... wy—j41 (0<j<n),
m;(j) = multiplicity of ' among wy ... w;j_,

+ multiplicity of ¢ among w,, ...w; (n < j<2n).
We say that the word w is a shifted lattice word if, whenever m;(j) = m;_1(j), we have
Wy 4,1 if0<j<mn,
Wij—pi1 #1— 1,4 ifn < j < 2n.
Stembridge in [Ste89] obtained a shifted analogue of the Littlewood-Richardson rule as follows.

Theorem 4.16. Let A\, u,v be strict partitions. Then the coefficient f)‘\’u is the number of skew
shifted tableaux T of skew shifted shape v/u and content A satisfying

(F1) The leftmost letter of {i,i" in w(T)} is unmarked (1 <i <I(X)).
(F2) The word w(T) is a shifted lattice word.

For each strict partition A and partition u of the same integer n, let g, be the integer defined
by

Py = Z IruSp- (4.27)

|ul=n

In the proof of Theorem 9.3 in [Ste89], Stembridge used the fact that

g = 155, (4.28)

where
o= (pa, pa, - ooy ) with 1= 1(p), (4.29)
S=W1-1,...,1), (4.30)
p+o=(u+lpe+l—1,...,m+1). (4.31)

With the identity (4.28), he obtained an explicit interpretation of gy, as in the following theorem.

Theorem 4.17. Let A be a strict partition and let ube a partition. Then the coefficient gy, is
the number of skew shifted tableaux T of shape p and content \ satisfying

(G1) The leftmost letter of {i," in w(T)} is unmarked (1 < i <I(N)).
(G2) The word w(T) is a shifted lattice word.

A skew shifted tableau of skew shifted shape v/u is said to be standard if its word is a
permutation of the word 12...|v/u|. The following result can be translated equivalently from
Lemma 8.4 in the article [Ste89] of J. Stembridge.

Theorem 4.18. Let A\, i, v be strict partitions. Choose a standard shifted tableau Ty of shifted
shape X\. Then the coefficient fA”M is the number of standard skew shifted tableaux S of skew
shifted shape v/u such that sRect(S) = Th.
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4.2.4 Geometric interpretation of the coefficients f/l\/u and g,

Let V be a complex vector space of dimension m + n. The set Gr(m, V) of linear subspaces of
dimension m in V is called a complex Grassmannian. Fix a complete flag of V'

F:0=VC--CViC- CVipgn =V, (4.32)

where each V; is a vector subspace of V' of dimension ¢. To each partition A = (A1,..., A,,) with
Am > 0, contained in the m X n rectangle, we associate the Schubert variety

X)(F)={W e Gr(m,V) | dim(W N Vy4i—n,) > i (1 <i<m)}. (4.33)

The Poincare dual class of X (F) is denoted by oy and called a Schubert class. Then o) is an
element of H2A(Gr(m,V)). We have (see [Ful97])

H*(Gr(m,V)) = & Zoy. (4.34)

A is a partition contained in the m X n rectangle

Now, let V' be a complex vector space of dimension 2n, endowed with a nondegenerate skew-
symmetric bilinear form w. A subspace W of V is isotropic if the form w vanishes on it, i.e.,
w(v,w) = 0 for all v,w € W. A maximal isotropic subspace of V is called Lagrangian. The
set LG(n,V) of Lagrangian subspaces in V is called the Lagrangian Grassmannian. Fix a
complete isotropic flag of V'

L:0=VyC---CcV,Cc---CV,CV, (4.35)

where each V; is a vector subspace of V, of dimension i and V,, is Lagrangian. To each strict
partition A = (Aq,...,A;) with A; > 0, contained in (n,n —1,...,1), we associate the Schubert
variety

Y\(L)={W € LG(n,V) | dim(W NV,41-,) > 1 (1 <i<I)}. (4.36)

The Poincare dual class of Yy (L) is denoted by ) and called a Schubert class. Then 6, is an
element of H2* (LG (n,V)). We have (see [Pra9l])

H*(LG(n,V)) = &b 70, (4.37)
A is a strict partition contained in (n,n —1,..., 1)
and
050, =Y 2NV pr g (4.38)

There is a canonical embedding ¢ : LG(n,V) — Gr(n,V). The map ¢ induces the ring homo-
morphism ¢* : H*(Gr(n,V)) - H*(LG(n,V)). For each partition p contained in the n x n
rectangle, we have (see [Pra00])

(o) = > Gruba. (4.39)

A is a strict partition contained in (n,n—1,...,1)

4.2.5 Application to the identity gy, = gy,

Proposition 4.19. Let X be a strict partition and let p be a partition. Then gx, = gt -
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Proof. Let V be a complex vector space of dimension 2n, endowed with a nondegenerate skew-
symmetric bilinear form w. For each subspace W of V', set

W = {v/ € V such that w(v',v) = 0 for all v € W}, (4.40)
W = {f € V* such that f(v) =0 for all v € W}. (4.41)

Fix a complete isotropic flag of V'
L:0=VC---CcV,C---CV,CV. (4.42)

Then we can extend £ to a complete flag F of V' as follow

F:0=VcC---cV,Cc---C Vo, =V, (4.43)
where V,,4; = (Vn,i)J—w for each i = 1,...,n. Moreover, the flag F1 defined below is a complete
flag of V*

Frio=We)t c---C (Vapi)t - (Vp)t =V~ (4.44)

Then flag £+ defined below is a complete isotropic flag of V*
LE:0= Vo)t C--C (Vo) C---Cc(Vp)t cvn (4.45)

We define an isomorphism 1 : Gr(n,V) — Gr(n,V*) by W — W+. By [GHT78], we know
that

N(Xu(F)) = Xyt (FL). (4.46)
Hence, the map 7 induces the ring isomomorphism n* : H*(Gr(n,V*)) — H*(Gr(n,V)) with
N (o) =0y (4.47)

The restriction of  on LG(n,V) is also an isomorphism and we still denote it by 7. We have
n(Ya(£)) = Ya(Lh). (4.48)
Indeed,
1. For each W € Y, (£), we have W1« = W, and
dim(W NV, )t =2n— 1+ X —dim(W NV, _142,). (4.49)
Then we can rewrite (4.36) as

YA(L) ={W € LG(n,V) | dim(W NV,_145,) > i+ A —1(1 < i <)} (4.50)

2. Now, for any W € Y, (L) given by (4.50), we have
dim(W N V,igx,)t =20+ 1 - X —dim(W-n Vs, ). (4.51)
Then W+ € Yy (£1) given by (4.36).
Hence, the map 7 induces the ring isomorphism n* : H*(LG(n,V*)) — H*(LG(n,V)) with

n"(0x) = 0. (4.52)
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We have
Nt =", (4.53)
Apply n* on both sides of the equality (4.39), with the help of (4.47), (4.52), (4.53), we get
n" (W ou) = > Irulx (4.54)
A is a strict partition contained in (n,n —1,...,1)
— Z g)\p,tek' (4'55)
A is a strict partition contained in (n,n —1,...,1)
It implies gy, = gapue- O

4.3 A new combinatorial model for the coefficients f3,

Given a skew shifted shape v/, we number the boxes from top to bottom and right to left in
each row by 1,2,...,|v/u|, respectively. The result is called the shifted reverse filling of the
skew shifted shape v/u. We denote it by T),/,.

For each k =1,2,...,|v/u|, let k* to be meant k or k'.

We now let O(v/p) be the set of all tableaux T of size |v/u|, unshifted shape, labelled by the
alphabet {1’ <1< 2' <2 <--- <|v/p|" < |v/ul}, satisfying the following conditions:

(C1) If k and k + 1 appear in the same row of f,,/“, then (k + 1)* appears weakly above k
or (k+ 1)* appears strictly above &k’ in T

(C2) If h appears in the box directly below & in T, /u» then h* appears weakly below &’ or
h* appears strictly below k in T

k+1 k N
k

—
h

(C3) The rightmost letter in each row of T' is unmarked.

(C4) Let T' be the result of reordering each row of T relatively to the order 1 < 2 < --- <
lv/ul < |v/p) < - <2 < 1. Then
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- The entries in each column of 7" are increasing.

- If the entry j' belong to the i-th (i > 1) row of T', and the number of entries less than
j in the (i — 1)-th, i-th row of T are 7;_1, 74, respectively, then 7,_; > 7;.

- If the entry j belong to the i-th row of T, and the number of entries less than 7’ in
the i-th, (i + 1)-th row of T are 74, 7;11, respectively, then 7; > 7;11.
Remark 4.20.

e Since the size of T is |v/p|, the conditions (C1) and (C2) imply that only one of k or &’
appears in T for each k = 1,2,...,|v/pul.

e In the condition (C1) for the set O(v/u), (k+ 1)* must appear strictly right of &* in T. It
is similar to the condition (R1) for the set O(v/u). However, in the condition (C2) for the

set (5(1// 1), it is not necessary that h* appears weakly left of k* in T. Tt is not similar as
the condition (R2) for the set O(v/p). Indeed, for v = (3,1), p = (1), in T,,,,, the entry 2
is directly above the entry 3. But O(v/u) contains

r=[1]2]3]

with 3 is on the right of 2’.

Example 4.21. We dllustrate how the condition (C4) works. Let T be the following tableau

/ !
r_|1]2]3]4]5]8]0]
6|7
11[12
We have
. / /
| 1]2]8]4]w0]8]5
6|97
11]12

We can see that the first and the second condition in (C4) are satisfied. However, the third
condition in (C4) is not satisfied. Indeed, the entry 9 belongs to the second row of T. The
number of entries less than 9’ in the second row and the third row of T' are equal two.

Theorem 4.22. Let A, pi,v be strict partitions. Then the coefficient fY, is the number of the
tableauz T in O(v/u) of shape .

Proof. Let Sx(v/) be the set of tableaux in Theorem 4.16. Let Oy (v/p) be the set of tableaux
in the set O(v/u) of shape A.

Let T € Sx(v/p) with w(T) = wyws . .. wyy, /- We associate T' with a unique tableau 7" of
unshifted shape by the rules: For each i = |[v/ul,...,2,1, we have

- If w; = k, then |v/u| + 1 — i appears in the k' row of T".
- If w; = K/, then (Jv/u| + 1 — i)’ appears in the k*" row of T".

We can easily check that 77 € O (v/u). Indeed,
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- T has content A if and only if 7”7 has shape .

- The conditions (T1), (T2) and (T3) of T are equivalent to the conditions (C1) and (C2)
of T". Indeed, suppose that (k + 1)* belongs to the z-th row of 7" and k* belongs to the
y-th row of T, then k + 1 and k appear in the same row of fy/u if and only if z < y and
x < yif k* =k in T’. This is the statement of the condition (C1). For the condition (C2),
suppose that k* belongs to the x-th row of 7" and h* belongs to the y-th row of T”, then
k is above h in T, if and only if <y and z <y if k* =k in T".

- The condition (F1) of T is equivalent to the condition (C3) of T".

- The condition (F2) of T is equivalent to the conditions (C4) of 7. Indeed, by the definition
of the shifted lattice words, for each j =1,...,n—1, if m;(j) = m;—1(j) then w,_; #14,7'.
Equivalently, if the shape of T” after deleting entries ¥’ and k < j is 7 = (71, 72, ... ), then
7 must be a partition and if 7;,_; = 7; for some i then (j 4+ 1)’ does not depend on the ¢-th
row of T. Now, for each j = n,...,2n — 1, if m;(j) = m;—1(j) then w;_n41 # i — 1,7
This condition equivalent to say that for each j = n,...,2, if the shape of T” after deleting
entries k' for k < j is 7 = (71, 72,...), then 7 must be a partition and if 7;,_; = 7; then
j — 1 does not belong to the (i — 1)-th row of 7”. The conditions 7 is a partition in both
cases is rewritten shortly by T having strictly increasing entries in rows and columns. Of
course, the entries in each row of 1" are strictly increasing. Then, we just need conditions

on columns. The last conditions of 7" are the trivial translation of remaining conditions
on T".

Hence, we can define an injection ¢ : Sy(v/p) — Ox(v/p), T — T'.

Moreover, for each T" € Oy (v/p), we associate T’ with a unique tableau T’ of skew shifted
shape v/p and word w(T') = wyws ... w), | by the rule: for each j = |v/pul,...,2,1, we have

- If j appears in the k** row of T, then Wiy ul+1—j = k.
- If j" appears in the k' row of T”, then Wiy /41— = K.

The equivalence of the conditions we have already shown implies that T € S \(v/p). So we can
define an injection ¢ : Ox(v/u) = Sx(v/u), T' — T. Moreover, ¢tp = Id. Hence, ¢ is a bijection
and fX, = #S\(v/p) = #O0x(v/p). 0

Theorem 4.23. Let \ be a strict partition and let ;o be a partition. Then the coefficient gy, is
the number of the tableaux T in O(u+ 6/0) of shape A.

Proof. This follows from Theorem 4.22 and identity (4.28). O

We illustrate the method to compute the coefficients f} u through an example.

Example 4.24. Set A = (3,2),u = (3,2),v = (5,3,2).
(1) The shifted reverse filling of the skew shifted shape v/ is

7 —| 2[1]

5

(2) To construct the tableauz T in Ox(v/p), we first use three conditions (C1), (C2) and (C3).
Then check the results if they satisfy the condition (C4) or not.
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1. We start with 1*, there are two possibilities, they are 1’ and 1. But if 1’ appears in the
tableau T' then the next position of 2* will be in the row above the first row by the condition
(C1). It is impossible. Hence, just only one case that 1 appears in T'. Then the next two
possibilities by the condition (C1) are

[1]2] [1]2

2. For the second case, by the condition (C2), there are four possibilities below

3/

2/ 12
3 3

1]2]s] [1]¥

- The last one cannot happen since the tableau T’ has shape A = (3,2). Then we
consider 3' as the rightmost letter in the first row of T' and it should be 3 to satisfy

the condition (C3).

- The second one also cannot happen because the mext position of 4* will be in the
row below the row of 3 by the condition (C2). It cannot produce a tableau of shape
A= (3,2) later.

- For the third one, the next position of 4* is based on the condition (C2). To produce
the shape A = (3,2) later, it will be as follows:

12’3\ 1|2
4 Y

3]

- For the first one, the next position of 4* is based on the conditions (C2) and (C3). To
produce the shape A = (3,2) later, will be as follows:

12
3|4

Continue until the end on the remaining cases by similar arguments, we finally can find the
tableauz of shape \ = (3,2) satisfying all conditions (C1), (C2) and (C3) as follows:

125\ 12’5\ 12’3\
314 314 45

We can check that only the first two tableauzr above satisfy the condition (C4). Hence,
X, =2

We automatically find out the set of skew shifted tableaux described in Theorem 4.16 by using the
bijection we mentioned in the proof of Theorem 4.22. Here they are

\ 1]1 \ \ )1
2/ 2!
1]2 12
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Remark 4.25. The model of Remmel and Whitney for Littlewood-Richardson coefficients
[RW84], i.e., the set O,(r/X) in Theorem 4.8, has another interpretation by White [Whi81].
Namely, each tableau in the set O, (v/\) can be considered as the recording tableau of the word
rewritten in inverse order of a tableau in the set S(v/A,U,,). Our model, i.e., the set Ox(v/p), is
analogous to Remmel and Whitney’s model but for shifted Littlewood-Richardson coefficients.
In [Shi99], M. Shimozono gave an analogous model to the White’s model in [Whi81] but for
shifted Littlewood-Richardson coefficients. Our model and Shimozono’s model are totally differ-
ent. For example, with A = (3,2), p = (3,2) and v = (5,3, 2), our model Ox(v/u) consists of
the elements below

125\ 12’5\
3|4 3|4

However, Shimozono’s model consists of the elements below

1124 1124
5 3|5

4.4 On the coefficients g,,

In this section, we present our second result. Namely, we present a new interpretation of the
coeflicients gy, as a subset of a set that counts Littlewood-Richarson coefficients. As corollaries,
we can compute the coefficients gy, by models for Littlewood-Richardson coefficients. We will
prove and conjecture inequalities between the coefficients and also state some conjectures that
explain the hidden structure behind them.

4.4.1 A new interpretation of the coefficients g,,

For any (skew) shifted tableau T without entries k', let s(T) be the new (skew) tableau which is
defined as follow:

1. Creat an image of T' by the symmetry through its main diagonal.

2. Combine the image we have created with T" by gluing them along the main diagonal as the
image below.

L]

Let v/ be the skew shifted shape of T, then we denote the shape of s(T) by V7;JL
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Example 4.26.

IfT:‘ 4‘thens(T):

11315
4

The following result is a restatement of Proposition 5.4 in the article [Hai89] of M. D. Haiman.

Proposition 4.27. Let T be a skew shifted tableau without entries k'. Then we have s(sRect(T')) =
Rect(s(T)).

For any strict partition A of n, let T, be the shifted tableau of shifted shape A, obtained by
putting numbers 1,2,...,n in the boxes of shifted diagram sY (\) from left to right, starting

from top to bottom. Let T (ut, u, s(Ty)) be the subset of T (ut, i, s(7y)) of all pairs (T, U) such
that T'= U".

Theorem 4.28. Let \ be a strict partition and let pbe a partition. Then gx, = #T (ut, 1, s(T))).

Proof. We have g,, = /’(;5. By Theorem 4.18, it is the number of standard skew shifted tableaux
S of skew shifted shape (1 + 0)/d such that sRect(S) = Tx. The condition sRect(S) = Ty, by
Proposition 4.27 is equivalent to the condition

s(Tx) = Rect(s(9)). (4.56)
The tableau s(5) has form
\_L U
Ut

where U is a standard Young tableau of shape p. Since s(S) and U’ * U have the same word,
then by Lemma 4.4 and Lemma 4.6, we have

5(Ta) = Rect(U' xU) = U.U. (4.57)

It is clear that U is uniquely determined by S. Hence, gy, is the number of pairs (7, U) in the
set T (ut, p, s(Ty)) such that T = U*. O

Theorem 4.28 gives a way to compute the coeflicients g,,,.

Example 4.29. Let A\ = (5,2) and p = (4,2,1). Since p* = (3,2,1,1), we can re-use the
computation in Example 4.9. The elements in the set S(A\/u*,U,,) with the corresponding elements
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in the set T (ut, p, s(Ty)) are (the elements in the subsets T (ut, u, s(Ty)) are marked by coloring
all boxes in green).

]_-utyu,S(T)\) -
Sx/ut,b{“

S(A/ph,U) T(u', 1, 5(TH))
1|1 1|
2] 2
1
3|
1]1]1 1 2 1 4|5|
2] 2 3]6 6
3 4 7
5
1
111 ‘
1]2
3
9|
111 1 7 1 4|5|
1]2 306 2
2 4 6
5
3

Hence, gr, = 2.

4.4.2 Inequality g), < cf;t#

In this subsection, we prove a conjecture of N. Ressayre [Res19]: gy, < cit u The conjecture was
based on the facts below

gap = 1 implies c/);tu =1, (4.58)
gau 7 0 implies cf;tu # 0. (4.59)

The conclusions (4.58), (4.59) are versions of Theorem 1.4 and Proposition 1.6 in the article
[BKR12] for the case G = Sp(2n,C). Indeed, with the notations in the article [BKR12], by
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[Res12], in the case G = Sp(2n,C), G/P is the Lagrangian Grassmannian LG(n,C?"), the
corresponding Levi group is GL(n), and W7 is parametrized by strict paritions. Suppose that
w € WP corresponds to strict partition A, then Y, corresponds to the partition A. Let \Y
be the strict partition corresponding to the completion of sY(A) in sY ((n,n —1,...,1)). Let
A1, A2, A3 be the strict partitions corresponding to wi,ws, w3 € W, respectively in Theorem
1.4 in [BKR12]. Since the structure constants for the singular cohomology and the deformed
cohomology @ in this case are the same, the theorem says that for any positive integer k, we

have

N R
[y, = 1 implies Vv 1. (4.60)

In particular, when Ay = A, Ao = §, AY = p + 9, the left-hand side of (4.60) becomes

_ eptd
L=1fis = 9w

With k& = 1, the right-hand side of (4.60) becomes

= ST .A(TR)
= #S(Mt * [, 5(7;\))

= #T(ut,msm))

A

= C,ut,u'

Hence, we get the conclusion (4.58). Similarly, the conclusion (4.59) follows Proposition 1.6
in [BKR12].

Theorem 4.30. Let A be a strict partition and let p be a partition. Then gy, < cf‘b,,u,

Proof. By Theorem 4.28 and Theorem 4.8, we have

Gan = #T (L 1, 5(T0)) < #T (1 1, 5(T)) = o (4.61)

4.4.3 Inequality 9/2\;1 < Citu

In this subsection, we propose a stronger conjectural inequality than Theorem 4.30. We provide
some examples to support this conjecture. Indeed, we formulate a conjecture on combinatorial
models whose validity implies the first conjecture.

Conjecture 4.31. Let \ be a strict partition and let p be a partition. Then giu < Ci‘u'

To compute the decomposition of Py into Schur functions s, by computer, we use the code

below. For example, with A = (4,2), we have

Plag) = s@2210) T 5222 +53,1,1) T 253,21) +53,3) +54,1,1) +504,2)- (4.62)
The code in SageMath (online version: https://cocalc.com/) is

Sym = SymmetricFunctions(FractionField(QQ[’t’]))
SP = Sym.hall_littlewood(t=-1).P(Q);

s = Sym.schur();

s(SP([4,2]1))


https://cocalc.com/
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The result appears in computer is
s[2, 2, 1, 1] + s[2, 2, 2] + s[3, 1, 1, 1] + 2%s[3, 2, 1] + s[3, 3] + s[4, 1, 1] + s[4, 2].
To compute the Littlewood-Richardson coefficients by computer, we use the code below. For example,
for A = (4,2), p = p* = (3,2,1), we have -

Che, =4 (4.63)

“w

The code is

import sage.libs.lrcalc.lrcalc as lrcalc
A = [5,4,2,1]

B = [3,2,1]

c = [3,2,1]

lrcalc.lrcoef (A,B,C)

The result appears in computer is
4.

We check the conjecture for all strict partitions A such that |[A| < 11. By Theorem 4.30, we just need to
check the cases g, > 1. Here is the data of computations on computer.

[A| | strict partitions A such that there exists ga, > 1 | psuch that ga, >1 | gap Cﬁfu
11 (9,2) (3,2, 1,1, 1,1, 1, 1) 2 4
11 (9,2) (4,2,1,1,1,1, 1) 2 4
11 (9,2) (5,2,1,1,1, 1) 2 4
11 (9,2) (6,2,1,1,1) 2 4
11 (9,2) (7,2,1,1) 2 4
11 (9,2) (8,2, 1) 2 4
11 (8,3) (3,2,2,1,1, 1, 1) 2 4
11 (8,3) (4,2,1,1,1,1, 1) 2 4
11 (8,3) (4,2,2,1,1, 1) 2 4
11 (8,3) (4,3,1,1,1, 1) 2 4
11 (8,3) (5,2,1,1,1, 1) 2 4
11 (8,3) (5,2,2,1,1) 2 4
11 (8,3) (5,3,1,1,1) 2 4
11 (8,3) (6,2,1,1,1) 2 4
11 (8,3) (6,2,2,1) 2 4
11 (8,3) (6,3,1,1) 2 4
11 (8,3) (7,2,1,1) 2 4
11 (8,3) (7,3, 1) 2 4
11 (7,4) (3,2,2,2,1, 1) 2 4
11 (7,4) (4,2,2,1,1, 1) 2 4
11 (7,4) (4,2,2,2,1) 2 4
11 (7,4) (4,3,2,1,1) 2 4
11 (7,4) (5,2,1,1,1, 1) 2 4
11 (7,4) (5,2,2,1,1) 2 4
11 (7,4) (5,3,1,1, 1) 2 4
11 (7,4) (5, 3,2, 1) 2 4
11 (7,4) (5,4, 1,1) 2 4
11 (7,4) (6,2,1,1,1) 2 4
11 (7,4) (6,3,1,1) 2 4
11 (7,4) 6, 4, 1) 2 4
11 (7,3,1) (3,3,2,1, 1, 1) 2 6
11 (7,3,1) (4,2,2,1,1, 1) 2 5
11 (7,3,1) (4,3,1,1,1, 1) 2 5
11 (7,3,1) (4,3,2,1,1) 3 13
11 (7,3,1) (5,2,2,1,1) 2 5
11 (7,3,1) (5,3,1,1, 1) 2 5
11 (7,3,1) (5, 3,2, 1) 3 13
11 (7,3,1) (6,2,2,1) 2 5
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9 (6,3) (5,3, 1) 2 4
9 5.3,0) 3,3, 2, 1) 2 6
9 (5,3,1) (4,2,2,1) 2 5
9 (5,3,1) (4,3,1,1) 2 5
9 (5,3,1) (4,3, 2) 2 6
g (6,2) 3,2,1,1,0) 2 T
8 (6,2) (4,2,1,1) 2 4
8 (6.2) (5,2, 1) > | 4
8 (5,3) (3,2,2, 1) 2 1
8 (5,3) (4,2,1,1) 2 4
8 (5,3) (4,3,1) 2 4
7 (5.2) 3,2, L1 2 T
7 (5,2) (4,2, 1) 2 4
6 (1.2) B2.10) 2 | 1

<6 0

Conjecture 4.32. We have

1. The restriction of the map S on the set T (ut, u, s(TX)) is a bijection onto the set

A
S(TA) Uy U, y15(T)
T (s, 2ty 5(Tx))-

2. The elements of the set T (ut, u, s(7x)) have the form (UL, Uy), with index . Let (Vi, V) be the

. .o . t
image of (UL, Uy,) through the bijection 85(7’,:")?‘%’,“““3(7“. Let (UL, Uy) and (Ué7 Ug) be elements

of the set T (ut, p,s(Tx)). If (Ui, Ug) is not in the set T (u', p, s(T3)), then (Va,Vj) is in the set
T (1, 1", 5(T3))-

Remark 4.33. Thanks to Theorem 4.28, the validity of Conjecture 4.32 1. implies the equality gr, =
9xut, which was proved in Proposition 4.19.

Proposition 4.34. Suppose that Conjecture 4.32 holds. Then we have giu < cit#.

Proof. We suppose that (U%,Us) and (Uj, Ug) are elements in T (u*, 1, s(7)). We construct an element
(UL, Ug) is still in the set as follows:

—~

1. If (UL, Up) belongs to T (uf, i, s(Tx)), then we set (UL, Ug) = (UL, Up).

2. If (U4,Ug) does not belong to T (u',p,s(75)), then by Conjecture 4.32, (Va,Vj) belongs to

o . . . . t by -1
T (s p*, (T2))- Set (UL, Ug) is the image of (Va, V) through the bijection (85(7’,‘:’)?% 7MMta5(TA)) .

—_—~

The set of all pairs (U, Ug) we have constructed is a subset of T (u", s1, s(71)). Since its cardinal is g3 ,,

Wi Vi toe
ehaeiugcﬁu (I

We can see the conjecture through following example.

Example 4.35. Let A = (5,2) and it = (4,2,1). The correspondence between elements in T (u*, p, s(73))

and elements in T (u, u*, s(75)) is showed below (the elements in the subsets T (ut, 1, s(T2)) and T (u, ut, s(Tx))



4.4. ON THE COEFFICIENTS gy,

are marked by coloring all bozes in green).

TANTIOY

S(T)\)»Uu,uut,S(T)\)

T(p' 1, s(Th)) T (', 5(TR))

—_—

1]2]2 1 45| 1]2]3]7] 1 5

36 6 46 2

4 7 5 3

5 | o o 6|
—_—

1]2]7 1 45| 1]2]3]3] 1 5

36 2 116 2

4 6 5 6

5 | o o 7]
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Résumé. Le but de cette thése est d’étudier les questions entourant le probléme de branchement en
théorie des représentations a ’aide de méthodes algébriques et combinatoires. Sur la base des modéles
et des idées des autres construits précédemment, nous développons et créons de nouvelles techniques,
des modeles pour obtenir des résultats plus profonds. Concrétement, nous nous concentrons sur deux
projets principaux :

Dans le premier projet, nous étudions le probleme de branchement des algebres Kac-Moody affines
g sur ses sous-algébres sinueuses glu] par des méthodes algébriques. Soit h la sous-algébre Cartan de
g. Nous prouvons que le support I'(g, g[u]) et I'(g,h) de la décomposition de g-modules en tant que
g[u]-modules et h-modules sont des semi-groupes. Soit A, A des poids entiers dominants de g,g[u],
respectivement. Soit § la racine imaginaire de base de g. Dans les cas ou g est de type A;l) et

Ag), avec une certaine condition sur A, nous pouvons décrire I’ensemble des nombres b € C tels que
(A, A\+b0) € I'(g, g[u]). Le résultat nous aide & réaliser la relation entre I'(g, g[u]) et son paramétre saturé.

Dans le deuxiéme projet, nous étudions les coefficients apparaissant dans la théorie de représentation
projective des groupes de symétrique S, : les coefficients décalés de Littlewood-Richardson fY,, (A, p, v

sont des partitions strictes) et g, (A est une partition stricte et p est une partition) qui peuvent étre
considérés comme des cas particuliers de coefficients Littlewood-Richardson décalés. Nous obtenons
une nouvelle interprétation pour les coefficients fY,,. De plus, pour les coefficients g»,, nous obtenons

également une autre description combinatoire, qui nous permet de voir les relations entre g, avec les
. . . X L X
coefficients Littlewood-Richardson Cht Plus précisément, nous prouvons que g, = gxut, et gay < Cht

Nous conjecturons que giu < cﬁt ., €t formulons quelques conjectures sur nos modeles combinatoires qui
impliquent cette inégalité si cela est valable.

Mots-clés : Algebres affines de Kac-Moody, sous-algebres sinueuses, régle de branchement, tableaux
de Young, fonctions Schur, coefficients Littlewood-Richardson, changement de tableau, Grassmanniens,
variétés Schubert, tableaux décalés, fonctions Schur @, coefficients décalés Littlewood-Richardson, Grass-
manniens Lagrangiens.

Algebraic and combinatorial methods in the branching problems in rep-
resentation theory

Abstract. The purpose of this thesis is to study the questions surrounding the branching problem in
representation theory using algebraic and combinatorial methods. Based on previously built models and
ideas of the others, we develop and create new techniques, models to achieve deeper results. Concretely,
we focus on two main projects:

In the first project, we study the branching problem of affine Kac-Moody algebras g on its winding
subalgebras g[u] by algebraic methods. Let h be the Cartan subalgebra of g. We prove that the support
I'(g,g[u]) and I'(g, h) of the decomposition of g-modules as g[u]-modules and h-modules are semigroups.
Let A, X\ be dominant integral weights of g, g[u], respectively. Let § be the basis imaginary root of g.
In the cases where g are types Agl) and AgQ), with a certain condition on A\, we can describe the set of
numbers b € C such that (A, A + bd) € I'(g, g[u]). The result helps us to realize the relation between
I'(g, g[u]) and its saturated setting.

In the second project, we study the coefficients appear in projective representation theory of symmetric
groups Sy: the shifted Littlewood-Richardson coefficients f%, (A, u,v are strict partitions) and gx, (A

is a strict partition and p is partition) which can be considered as special cases of shifted Littlewood-
Richardson coefficients. We obtain a new interpretation for the coefficients fY,. Moreover, for the

coefficients gx,, we also obtain another combinatorial ~description, which allows us to see the relations
between g, with Littlewood-Richardson coefficients cl);t u Specifically, we prove that g, = gx,t, and

P < cf;t - We conjecture that g3 w < cit ., and formulate some conjectures on our combinatorial models
which would imply this inequality if it is valid.

Keywords: Affine Kac-Moody algebras, winding subalgebras, branching rule, Young tableaux, Schur
functions, Littlewood-Richardson coefficients, tableau switching, Grassmannians, Schubert varieties,
shifted tableaux, Schur @Q-functions, shifted Littlewood-Richardson coefficients, Lagrangian Grassman-
nians.

Image de couverture : Forét de fleurs de lavande.
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