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1 Formal definitions

1.1 Definition of errors and interval lengths

We will first define one-sided conditional errors as actual probabilities that the confidence interval is
completely below (or above) the true proportion p when the sample size and p are constant from
one experiment to another. Second, we will define one-sided local average errors as actual errors
that the confidence interval is completely below (or above) the true proportion P when the sample
size is constant from one experiment to another but the true proportion P is a random variable
fluctuating around an expected true proportion p,. Third, we will define one-sided random sample
errors as actual errors that the confidence is strictly below (or above) the true proportion p when the
true proportion p is constant from one experiment to another but the sample size N is a random
variable fluctuating around an average sample size ny. Similarly, we define three different expected
interval half-widths (conditional, local average and random sample).

Let x be the realization of a variable Xn'p~B(n; p) where n represents the sample size, x the

observed number of successes and p = x/n the observed proportion of successes. Let

IC1_o(x,1) = [L1_(x,1); Us_o (x,)] (1)
denote the confidence interval at the nominal error a for x successes in n trials. For constant n and
p, we denote

aL(p; n, (X) = Pr(Ll—a(Xn,pfn) > pln, p) (2)
the actual error that the interval is completely above p. Similarly, we denote

aU(P; n, (X) = Pr(Ul—a(Xn,pf TL) < pln, p) (3)
the actual error that the interval is completely below p. We denote

a(p,na) =ay(pna) +a,(p,na) (4)
the actual error that the interval does not contain p. These three errors (a’L, a’U and a) are called the
conditional errors.

Let us define the conditional expected lower half-width

I Xn'p
WL(p' n, 0() =E [ n - Ll—a(Xn,p' n)ln! p] (5)
equal to the expected distance between the point estimate and the confidence interval lower bound.
Similarly, we define the conditional expected upper half-width

r X o]
wy(p,n,a) = E [Ul_a(anp,n) — % |n, p] (6)

Let us note P a random proportion whose logit is normally distributed with a log(OR) standard
deviation. Let Py = E|[P] be the expected proportion. We define the right local average error

a;(po,n, ) = E[a,(P,n,a)|n] (7)
the left local average error

a’l’(po,n, ) = E[a;(P,n, a)|n] (8)
and the two-sided local average error



a”(po, n, a) = aZ(pO, n, a) + a’l}(po,n, a) (9)
It is the probability that a confidence interval around p does not contain p in a two steps experiment.
In the first step, a p proportion is realized from the P random variable. In the second step, a p
proportion of successes is realized in a random sample of size n with an actual proportion of
successes p. The sample size n is held constant in all experiments. Similarly, we define w; (p,n, @)
and W’,,](p, n,a) the local average half-widths. The constant ORg will be set at 1.20, except in
sensitivity analyses (OR; = 1.10 and ORg = 1.05).

We define a random N variable having a discrete distribution. This distribution is defined from a
latent log-normal variable rounded to the nearest integer. Let us denote ny, = E[N] the expectancy
of the same size N and SR, the geometric standard deviation of the latent log-normal variable. The
geometric standard deviation SRg will be set at 1.20. We define the random sample right average
error as

ay (p,ng, @) = E[ay(p, N, @) |p] (10)
the actual error that the confidence interval is completely below p, and the random sample left
average error as

aZ’(P;no' (Z) = E[alL(p'N' a)lp] (11)

Let the relative conditional expected left half-width v'L(p, n, ) be the ratio between the expected
lower half-width of an interval estimator and the expected lower half-width of the Clopper-Pearson
mid-P confidence interval for the same set of parameters p, n and a. Similarly, we define v’U, vZ, vl,
taking the Clopper-Pearson mid-P reference.

The nominal a error will be set at 0.05. The conditional errors and conditional expected half-widths
will be computed from the exact binomial distribution B(n,p). The local average errors and local
average half-widths will be approximated by numerical integration from 512 values the conditional
errors or conditional expected half-widths. These 512 values will be uniformly spaced on the logistic
scale.

2 Additional interval definitions

Many intervals described below have a slight modification when the proportion of successes is close
to zero or one. Any confidence limit below zero is set to zero. Any confidence limit above one is set
to one. The lower confidence limit for zero success is set to zero. The upper confidence limit for n
successes is set to one. Before publication, the statistician would probably fix intervals that do not
contain the point estimate or that exceed zero or one.

The original idea of each interval is briefly described and then formulas are given in tables.

2.1 General notations
These notations may be used anywhere in this appendix.



We denote x the number of successes and n the sample size, p = % the observed proportion and P

the proportion estimator for a binomial experiment B(n, p) and a the nominal two-sided error rate
of the confidence interval.

Let us denote BPF (x;n, p) the probability mass function of the binomial distribution, BCDF (k;n, p)
the cumulative distribution function and BiCDF (g; n, p) the inverse cumulative distribution function
(or quantiles function) of the binomial distribution.

n
BPF(xin,p) = () p*(1—p)"™ (12)
K
BCDF (k;n,p) = z BPF(x;n,p) (13)
x=0
BiCDF(q;n,p) = min {k|BCDF (k; n,p) = q} (14)

Let us denote BPF(x; a, 8) the probability density function, BCDF (x; a; B) the cumulative density
function and BiCDF(q; a, f) the inverse cumulative density function of the beta distribution with a
and B shape parameters.

[(o+B)x* (1 —x)F1

BPF(x; @, B) = (13)
T'(a)I'(B)
X
BCDFGia,p) = | BPF(Eim,p)de (16)
0
BiCDF(q; a, ) = FCDF~Y(q; a; B) (17)
where the gamma function is defined as
+00
I'(2) =f x? e *dx (18)
0
Let us denote Xé,df the g quantile of the y?2 distribution with df degrees of freedom.
Let us denote t, 4¢ the g quantile of the Student t distribution with df degrees of freedom.
Let us denote NPDF (x) the probability density function of the ' (0,1) normal distribution:
()=t (19)
NPDF(x) = e 2
\V2m
Let us denote NCDF (x) the cumulative distribution function of the V' (0,1) normal distribution:
X
NCDF(x) = f NPDF(t)dt (20)
Let us denote NiCDF(q) or z, the quantile function of the V'(0,1) normal distribution:
NiCDF(x) = z, = NCDF~1(x) (21)

and k the quantile 1 — a /2 of the normal distribution

K = Zl—a/Z (22)



2.2 Normal and Student approximate confidence intervals
Normal and student approximate confidence intervals are defined in Table 1. Auxiliary functions are
defined in Table 2.

2.2.1 Pan and kurto-match intervals

The Student t with n — 1 degrees of freedom is based on the pivot statistic T = \/% where M is the
mean estimator and VAR is the variance estimator. The Student distribution assumes normality of M

and independence between the M and VAR estimators. Pan ! tried to compute the degrees of
freedom of the Student distribution that best fits the following pivot statistic distribution

P(1-P) (23)

n

P(1-P)
n

Pan made the assumption that P and V(ﬁ, n) = are approximately independent (page 145).

That assumption is always wrong, especially when p is small, in which case P ~ %V(Is, n). Degrees of

freedom computed with Pan’s formula leads to a Student distribution with a kurtosis that don’t
match the binomial distribution kurtosis. The skewness doesn’t match either, as it’s always zero for
all Student distributions. For instance, the excess kurtosis of a binomial distribution B(100,0.08)
computed from the exact probability mass function is 3.08, which matches a t distribution with 5.95
degrees of freedom. For the same binomial distribution, the Pan approximate t distribution has an
excess kurtosis equal to 0.348 with 21.24 degrees of freedom. That’s why a kurto-match t interval
has been inferred from the binomial probability mass function for B(n, p), excluding occurrences of
zero successes or zero failures. When min(x,n — x) < 3, the excess kurtosis of the binomial
distribution is negative and no Student distribution can match it. Therefore, when min(x,n — x) <
3, the Clopper-Pearson interval has been used.

Pan proposes to apply his procedure to the Agresti-Coull interval, also known as the adjusted Wald’s

2
interval. The add4 Pan interval is obtained in the same way as the Pan interval but, % successes and

2
% failures are added before computation where k is the 1 — a quantile of the N'(0,1) distribution,

equal to 1,96 for a = 0,05. The kurtosis of the kurto-match add4 t interval is based on the exact

2
computation of the studentized pivot variable obtained by adding % successes and failures.

All those Student approximations are dubious: The pivot statistic is undefined for zero successes and
zero failures and matching the kurtosis while ignoring the skewness may not get the best Student
approximation.

2.2.2 Wald’s and Wilson'’s intervals

Wald’s and Wilson’s intervals rely on normality of the P estimator but Wald’s interval approximates
variance of B(n,p) to variance of B(n, p) while Wilson’s interval does not. Indeed, Wilson’s interval
can be built by observed to theoretical y? test inversion. The second degree equation can be solved
so that Wilson’s formula is closed form. Unlike Wald’s interval, Wilson’s interval is not symmetrical
around the estimated proportion . Wilson's interval is also known as the score interval.



Wilson’s interval has been modified by Brown 2 in 2001. When the number of successes or failures is
too small, the binomial distribution is approximated to a Poisson distribution. It substitutes
Garwood’s interval 2 for extreme values.

2.2.3 Agresti-Coull interval
Agresti-Coull interval also known as the adjusted Wald interval #* is an approximation of Wilson’s
interval by a simpler formula. Agresti-Coull interval has the same center as Wilson’s interval but is

2
always longer 2 making it more conservative. It may be calculated by Wald’s formula after adding %

2
successes and % failures to the sample where k is the 1 — a quantile of the ' (0,1) distribution. For

a 95% confidence interval, k% = 3,84 may be rounded to four. Agresti-Coull formula can be obtained
by adding two successes and two failures before using Wald’s formula. The formula shown in Table 1
keeps the full precision k? = 3,84.

2.2.4 Recentered Wald intervals

Brown © noticed that Wald’s interval bias is mainly due to the fact that it has the “wrong” center. He
proposed to recenter Wald’s interval to Wilson’s interval center without changing Wald’s interval
length.

2.2.5 Borkowf SAIFS interval

Borkowf 7 described his method in 2006. It always contains Wald’s interval and so, is strictly more
conservative. Indeed, the lower boundary of Borkowf’s interval is obtained by adding one imaginary
failure before using Wald’s formula. Consequently, the lower boundary is always lower than Wald’s
lower boundary. The upper boundary is obtained by adding one imaginary success before using
Wald’s formula. The upper boundary is always above Wald’s upper boundary.

2.2.6 Continuity corrected intervals

For a binomial variable X~B(n,p), the cumulative distribution function XBCDF (x) = Pr(X < x)
may be approximated by a normal cumulative distribution function XNCDF (x) = Pr(Y < x) where
Y~N(np, np(1l — p)) is a normal variable having the same expectancy and variance as X. Continuity
corrected intervals are based on the approximation of XBCDF (x) to XCCDF(x) = Pr (Y <x+ %)
The XCCDF is a better approximation of XBCDF than XNCDF but is a worse approximation of
XMCDF(x) = Pr(X < x) +%Pr(X = x). Basically, continuity corrected interval are more

conservative in the same way that the Clopper-Pearson confidence interval is more conservative than
the Clopper-Pearson mid-P confidence interval.



Table 1: Definition of the lower bounds of approximate normal and Student confidence intervals, the upper bounds
being defined by equivariance U;_,(x,n) =1 — L{_,(n — x, n).

Depends
on
Name equation Lower bound Ly_,(x, 1)
’A 1—p
248-10 wald (22) max| 0,p — k u (24)
n
11 Student t with p(1—p)
H — _— 25
n—1df max| 0,p tl—%,n—l —] (25)
(1 —p 1
812 Wald with cc (22) max| 0, — k P —P) - —) (26)
n 2n
6 Recentered A N p(1—p)
Wald (22)(38) min| g, max| 0,9 — k - (27)
10 Recentered pl-p) 1
22 in| p F—x | — 2 2
Wald with cc (22)(38) min| p,max| 0,p —k n 2n (28)
5(1 —
110 pan 2002 (39) max| 0,p — ti_q/24fp P = p) ifx>0 (29)
Wald t interval n
Undefined if x =0
N p(1—p)
Kurto-match t (41) P~ ti-ajzarg© [~y (30)
Undefined if x <3
51— 5
“Agresti-Coull (22) (38) max| 0, — k Ll:) (31)
n+k
1 pan 2002 add4 t _ p(1—p)
interval (22) (44) max| 0,p — tl—%,dfﬁ Tl+—K2 (32)
’ p(1 —p)
Add4 kurto- 5—t 17(7
match t (22) (41) P 1—a/2.dfg('€72) n+k?—-1 (33)
Undefinedif x <5
K> x(n—x)  K?
3 wilson (22) N L (34)
n + K?
2 - ﬂxgjz,cifleSx*
Modified (22) 2 2 (35)
Wilson x4+ 5k M+K_
2 n 4 .
> otherwise
n+k
71 2 21 2-2 1, & 1 [ 0
8 Wilson with cc (22) sy X Tl e m2m ot (o x D | if x>0 g
ifx=0
7 Borkowf SAIFS 22 max| 0,p — k M where p' = ad 37
orkow (22) D ” P =01 (37)




Table 2: auxiliary functions used in Table 1.

Depends on
Function description equation Function definition
1
Wilson’s interval center (22) o x+ ?KZ (38)
Pt

Pan 2002 ! degrees of ) (ﬁ(1 — ﬁ))z
freedom with exponents of (40) dfp = n (39)
p fixed by Pires 2008 10 P=""0,n

Q@,n)

_P=P_p+@n—3)p 2 - 1p?
Pan 2002 1 Q function R n4 (40)

+ p+(6n—"Np*+4(n—1)(n—-3)p3—2(n—-1)2n - 3)p*

15
Degree of freedom of a
Student t distribution
whose kurtosis matches 6
the studentized binomial (42) d c)=4 (41)
distribution with ¢ f9(0) kur(x,n,c) — 3
successes and c failures
added
Kurtosis of the studentized
binomial distribution YPLBPFE(i;n,x)(y; — y)*
B (n £) with ¢ successes (13)(43) kur (x,m, ) = n-1 ] =22 (42)
) (Xt BPF (i1, %) (v; — ¥)?)
and c failures added
Studentized proportion for
i success in a binomial _ i—x
distribution B (n f) with ¢ Yi= (i _ (43)
" Jl+c)(n i+c)

successes and c failures n+ 2c
added
Like dfp but p substitutes (1 - p)\°
pandfi =n+ k2 (22)(40) d ~_2(n+1c2 ) (44)
substitutes n. fp= QP n + x?)
Poisson approximation
threshold of Wilson’s « _ (2whenn <50 45
interval modified by Brown X = {3 whenn > 50 (45)

2




2.3 Intervals based on normal approximation after transformation
Table 3 shows intervals based on normal approximations after transformations stabilizing variance or
improving the normal approximation.

The logit transformation and its reciprocal logitinv are defined below

A

logit(p) = log (1 — 73) (46)
logitinv(t) = % (47)

The logistic Anscombe transformation la and its reciprocal lainv are defined below

;.1
51) = log| —— P2
la(p,n) = log T (48)
Tl(l — ﬁ) + 7
1 1
n+5)exp(t) —5
lainv(t,n) = ( 2) 2 (49)

n(1 + exp(t))

The Arc-Sine variance stabilizing transformation, and a slight modification, adding a half success and
half failure have been described by Bartlett . Improved Arc-Sine transformations that better
stabilize variance have been described by Anscombe in 1948 >, Freeman and Tukey in 1950 * and
have been reviewed by Yu in 2009 . The modified Wald logit interval is equivalent to Wald’s interval
of a logistic regression except when min(x,n — x) = 0 where the Clopper-Pearson interval has been
substituted. Rubin logit+0.5 interval is equivalent to adding a half success and a half failure before
computing the Wald logit interval.



Table 3 : Definition of the lower bounds of confidence intervals based on normal approximation after variance-stabilizing
transformation, the upper bounds being defined by equivariance U;_,(x,n) =1 —L;_,(n — x, n).

Depends
on
Name equation Lower bound Li_o(x,n)
14 Arc-Sine (22) { asin n> B 2\/_) if x>0 (50)
0Oifx=0
x+ 1
14,15 - D) K
. Bartlett Arc (22) max| 0,asin 2 K (51)
sine n+1 1
2 n+ 5
x+ 3
18,19 Q K
Anscombe (22) n? [ max| 0,asin ) - (52)
Arc-Sine n+ 3 1
4 2 n+ 5
1
10 Anscombe Arc- 8
Sine with cc (22) % (53)
{
16Freeman-Tukey 4 sin
Arc-Sine (22) (54)
l 0ifx=0
I(1 itinv | log (——) n F0<x<
ogitinv  lo —K | —/——= | i x<n
2 Modified Wald (22)(51) 4 & & n—x x(n—x) (55)
logit
l Maj2if x=n
0ifx=0
. . x nm+1)(n+2)
218 Anscombe logit  (22)(52)(53) max| 0,lainv| la (;,n) —K TG T D=2+ D’ (56)
logitinv [ 1a (>,n) - ntl if x>0
220 Rubin logit+0.5  (22)(51)(52) ogttnv fa {7, n if x (57)

(D 6reD)

0ifx=0




2.4 Bayesian intervals
These Bayesian confidence intervals are slightly modified Bayesian credible intervals and are
analyzed as frequentist confidence intervals. We denote

BQJj(q) = BiCDF (q;x + %, n—x+ %) (58)

the g quantile of the posterior distribution for a beta Jeffreys prior. Table 4 shows Bayesian
confidence intervals based on these definitions.

For zero successes or zero failures, Bayesian credible intervals would not contain the observed
proportion of successes: therefore, the boundary is set to 0 or 1 in order to get good frequentist
properties. Brown made an ad hoc modification of the equal-tailed Jeffreys interval in order to
remove low coverage spikes. Brown modification is based on the Clopper-Pearson confidence
interval for zero successes or zero failures. The shortest Bayesian confidence interval with Jeffreys
prior is based on the same beta distribution as the equal-tailed Jeffreys interval but the confidence
interval used different quantiles of the beta distribution in order to reduce the interval length as
much as possible while keeping the two-sided Bayesian credibility level.

Table 4: Definition of the lower bounds of Bayesian confidence intervals, the upper bounds being defined by
equivariance U;_,(x,n) =1 —-L;_,(n — x,n).

Depends
on
Name equation Lower bound L;_,(x,n)
) a 1 1\ |

2Equal-tailed Jeffreys (17) {ﬁlCDF <E X+ =X + E) if x>0 (59)

0Oifx=0
BICDF(a/2;x+1/2,n—x+1/2)if2<x<n

’Modified equal-tailed n . _

Jeffreys (17) Va/2ifx=n (60)
0Difx<1

10Equal-tailed, uniform , a. _

o (17) BiCDF (2 X+ Ln—x+1) (61)

Shortest, Jeffreys prior (58) {'BQ](mf{BQ](l et 731; fQ_](Or) Ir € [0,a]}) if x>0 (62)




2.5 Bootstrap intervals

Bootstrap confidence intervals shown in Table 5, with auxiliary functions defined in Table 6, are
computed from the exact binomial distribution so that, they are equivalent to the non-parametric
bootstrap intervals with an infinite number of resampling.

The bootstrap distribution is the binomial distribution B (n, %), so the percentile and basic bootstrap

intervals can be computed from the binomial cumulative distribution function. Studentization is a
monotonous transformation for the binomial distribution, making it possible to compute the pivot
statistic quantiles from the binomial quantiles function. The studentized proportions are undefined
for zero successes or zero failures, making the studentized interval impossible to compute when

max (BPF <O;n,$),BPF (n; n,%)) > % For 95% confidence interval, the condition is min(x,n —

x) = 5.

The bias corrected and accelerated (BC,) bootstrap interval as computed from Efron 2! method, is not
equivariant. This is due to the definition of the empirical cumulative distribution function G(s) =
Pra(6* < s) shown in equation 3.2 of Efron’s article. This G(s) function is based on an inequality
0* < s which is equivalent to 8* <s for continuous bootstrap distributions. The binomial
distribution being discrete, this should be changed to G(s) = Pry(8* <s) + %Prg(é* =s). This

modification gives the equivariance property L;_,(x,n) =1 —U;_,(n — x, n).

As for percentile, basic and studentized bootstrap intervals, the BC, bootstrap interval is computed
from the exact binomial distribution, getting an exact 8* distribution as if an infinite number of
bootstrap samples had been drawn.

It should be noted that the bounds of the basic, percentiles, BC, and modified BC, intervals, are

. . 1
always integer multiples of -

The normal bootstrap interval computed from the exact binomial distribution as if an infinite number
of samples had been drawn, is equal to Wald’s interval.

In order to check these simplified formulae, calculations of the exact binomial bootstrap intervals
were compared to the approximate R ‘boot’ package computations on a finite number of bootstrap
samples. Results were identical on the significant decimal places.



Table 5 : Definition of bootstrap confidence intervals

Depends
on
Name equation Lower bound L;_,(x,n) Upper bound U;_,(x,n)
2 ; : a, X
Percentile (14) BiCDF (2 i, n) (63) equivariant
bootstrap -0
2x - BiCDF (1-5;n.%)
22Basic boostrap (14) max| 0, m (64) equivariant
22 i A (] Ay PA=P) _ 1. _a
bs(t)zzirzntlzed (14) p—U—-P) / oD with [ = nBlCDF(l 2) (65) equivariant
P Undefined for min(x,n —x) <4 if a = 0.05
EF(E,n,x,O) EF(1—%,n,x,0)
21 BC, boostrap (69) 2 (66) Undefined if x (67)
Undefinedif x =00rx=n _ _
=0orx=n
21 Modified BC, £F (5,mx,1)
(69) 20 (68) equivariant

boostrap

Smoothed BC,
bootstrap

Undefinedif x =0o0rx=n

2
Non parametric BC, bootstrap with random N <0, (%) ) normal noise added to X. The

acceleration constant is computed on the distribution without noise.
Undefined if x =00orx =n

Table 6 : Auxiliary functions for Table 5.

Depends
Function on
description equation Function definition
1 . .
EF(q,n,x,d) = —BiCDF | NCDF | bias(x,n,d)

BC, boundary n

based on Efron (20)(70) N bias(x,n,d) + NiCDF(q) x (69)
yn,—

21 1 —acc(x,n) x (bias(x, n,d) + NiCDF(q)) n

Based on

equation 4.1 (12)(13)(2 . o X g X

o0 194 thron N bias(x,n,d) = NiCDF (BCDF (x ~1n, n) +5 BPF (x, n, n)) (70)

21

Based on n—2x

equation 4.4 acc(x,n) = (71)

page 174 Efron

6/nx(n — x)




2.6 Exact binomial confidence intervals
These intervals are based on the exact binomial distribution. Like any deterministic interval, they
have coverage oscillations. They are described in Table 7 with auxiliary functions defined in Table 8.

The Sterne and Blaker intervals are based on non-contiguous confidence regions. The intervals are
defined as the shortest interval containing the confidence region (convex hull). The Clopper-Pearson
interval can be defined as

{qImin(BCDF (x;n,q),1 = BCDF (x - 1;m,9)) = %} (72)

which is equal to BiCDF (g;x,n—x+1). The interval described by Blaker 2 in 2000 had been

previously proposed by Cox and Hinkley in 1974 . It is a two-sided unequal tailed interval that is
always containing the Clopper-Pearson interval, unlike Sterne’s interval that is sometimes longer.
Sterne’s interval, like Blaker’s interval is nested: the 90% confidence interval is always contained in
the 95% confidence interval.

The Schilling-Doi 2° interval is a two-sided unequal-tailed interval based on Sterne acceptance
regions. Acceptance regions can be interpreted as prediction intervals. For a theoretical p
proportion, an acceptance region AR is an interval of x values so that P(X € AR) = 1 — a where
X~B(n,p). Sterne acceptance regions optimize the following criteria from most important to least
important: Minimal extent, highest coverage probability and highest lower bound. Schilling-Doi
modified Sterne acceptance regions when an acceptance region bound (lower or upper) is not
monotonous along p. Schilling-Doi algorithm memory usage and computing time is exponential with
the number of requested decimal places. When analyzing the expected number of successes 1 = np,
the precision required on p is proportional to the sample size. This makes Schilling-Doi algorithm
unpractical to compute on sample sizes of a few thousands observations. Based on the knowledge
that Sterne acceptance regions, analyzed as functions of the theoretical proportion p, may only
change (along p) when likelihood curves (one being defined for each x value between 0 and n) cross
the confidence level or cross one another, an updated algorithm based on finding those hot points
has been written.

The Wang interval is based on sequential squeezing of Clopper-Pearson intervals 2° while keeping the
confidence interval set strictly conservative. Like Sterne, Schilling-Doi and Blaker, it’s a strictly
conservative unequal-tailed interval. Wang’s algorithm is slow. It moves interval boundaries at small
steps proportional to the decimal precision requested. At each step, it computes the actual coverage
for n theoretical values while only one confidence interval has changed. The algorithm has been
modified to update only coverage values that may change between two steps. Numerical results are
identical. Both Wang and Shilling-Doi intervals, for a specified sample size, tend to shorten the
arithmetic mean of all confidence interval lengths but not necessarily the geometric mean.

The Blyth-Still-Casella interval has been defined by Blyth and Still with a fixed decimal precision

27 28

algorithm </, Casella improved the algorithm to get better decimal precision . Winstein’s

implementation in the C++ programming language has been used %.

The Zielirski interval % defined in 2009, is based on changes of the Clopper-Pearson formula, adding
a bias in the beta distribution quantiles. It’s not strictly conservative as Zielinski acknowledged in
2017 3 This is due to the dependence of the y bias to the number of successes x. Zieliriski proposed



a randomized unequal-tailed shortest confidence interval in 2017 3. This randomized interval is not
presented here.

The exact likelihood ratio confidence set 32 is defined by inversion of an exact likelihood ratio test.

The confidence set is not always contiguous, as the test p-value is not bi-monotonous. The
confidence interval is the convex hull of the confidence set 33

32,33

The exact score interval defined by Sakakibara or Thulin is equivalent to the alternative exact

confidence interval defined by Cai and Krishnamoorthy in equation 2 34, Indeed

X —np)? _ (k—np)? |\ _
br <np(1 — ) = np(1 = p) P) = Pr((X —np)? = (k — np)*Ip) (73)

where X~B(n, p). The confidence set is not always contiguous. The confidence interval is the convex
hull of the confidence set. The Cai-Krishnamoorthy combined interval is based on inversion of the
more liberal of the Clopper-Pearson or exact-score tests 3*. The confidence interval is the convex hull
of the confidence set. The procedure is not strictly conservative but is mostly conservative.

The Pratt interval was described by Blyth 2 in 1986 as the Paulson-Camp-Pratt approximation
(Equation D); this is an approximation of the Clopper-Pearson interval. The mean Pratt interval was
proposed by Vollset & in 1993 as an approximation of the Clopper-Pearson mid-P interval. It is based
on the average of two Pratt intervals, for x and for x + 1. It is not based on the exact binomial
distribution but it approximates an interval constructed as such. Minimal adjustments to the Vollset
formula have been applied to avoid aberrant behaviors when x = 0 or x = n. Rather than
evaluating the Pratt interval at x and x + 1, it is evaluated at x and min(x + 1,n). Moreover, when
x = 0, the lower bound is replaced by 0 and conversely, the upper bound is replaced by 1 when x =
n.

Let us define the absolute odds ratio between two values a and b both between 0 and 1 as
exp(|logit(a) — logit(b)|). That is, if the odds ratio OR between a and b is greater than 1, the
absolute odds ratio is equal to OR, otherwise it is equal to its inverse 1 / OR. The Clopper-Pearson
mid-P approximation by the mean Pratt interval is fairly good since forn = 32 and x =0, ...,32, the
mean absolute odds ratio between the lower bounds of the Clopper-Pearson mid-P and mean Pratt
intervals is 1.08. The approximation was poor for x = 1 (Absolute odds ratio = 2.41) and middling for
x = 2 (Odds absolute ratio = 1.25) and for x = 32 (Absolute odds ratio = 1.24). Two modifications
improve these approximations. The first modification is the use of the logistic mean between Pratt’s
bounds for x and min(x + 1,n), that is,

logit( LPratt,_,(x,n)) + logit( LPratt,_,(min(n,x + 1) ,n
lOgitinV( g ( 1 a( )) g 2( 1 a( ( ) ))> (74)

where logitinv is the reciprocal of the logit function. The second modification is the use of the

LPratt,_,,(x,n) lower boundary when x = n rather than LPratt,_,(x,n). This modified mean
Pratt interval, for n = 32, had a mean absolute odds ratio of the lower bound equal to 1.027
compared to the Clopper-Pearson mid-P interval with a maximal absolute odds ratio equal to 1.11.
This modified mean Pratt interval is not shown in the results, but its behavior would be very similar
to that of Clopper-Pearson mid-P.

Problems of the two-sided unequal-tailed intervals have been described by Vos and Hudson in 2008,

then Thulin and Zwanzig in 2017 333,



Table 7 : Definition of the lower bounds of exact binomial confidence intervals, the upper bounds

equivariance U;_,(x,n) =1—-L;_,(n — x,n).

being defined by

Depends
on
Name equation Lower bound L;_,(x,n)
BGSterne (12) lnf{(”Stpval(x: nl Q) > a} (75)
2Blaker (88) inf{q|bpval(q, x,n) > a} (76)
»¥/Clopper- iCDF (E xn—x+1)
Pearson (17) B 2'7 (77)
38,39 Clopper- (12)(89) inf{g|cpval(x,n,q) — BPF(x;n,q) > o} (78)
Pearson mid-P
8 mean Pratt o) LPratt,_,(x,n) + LPratt,_,(min(n,x + 1),n) if x>0 )
(Vollset 1993) 2
0ifx=0

2 schilling.Doi Inversion of Sterne a.cceptance regions updated to ge_t monotonous (20)

acceptance boundaries along the theoretical proportion p

Squeezing Clopper-Pearson intervals step down from x = gto x = 0 while
26 Wang 2014 keeping the two-sided interval strictly conservative while using (81)

equivariance to complete the interval definition for x = g+ ltox =n.
27-29 Blyth-Still- Based on a set of shortest-length acceptance regions of X for every (82)
Casella theoretical proportion
N ooy (POCHIABQCUCL— et 1) - BOCLDIY €10.af x>0 gy

0Oifx=0

32 Exact (93) inffall 1 > (84)
likelihood ratio inf{qllrpval(x,n, q) > a}
32,40 Exact score .
test (95) inf{g|spval(x,n, q) > a} (85)
34 Cai-
Krishnamoorthy (89) inf{q| min(cpval(x, n,q),spval(x,n, q)) > a} (86)
combined

2 BiCDF(q; a, B) is the g quantile of the beta distribution with a and 8 shape parameters.



Table 8 : Auxiliary functions for Table 7

Depends
Function on
description equation Function definition
Sterne’s P-value (12) stpval(x, n, p) = Z BPF(k; n, p) (87)
ke{i|BPF(i; n,q) < BPF(x;n, q)}
bpval(g, x,n)
, . 1,BCDF(x;n,q) + .
Blaker’s P-value (13)(14) _ Jmin (I—BCDF(BiCDF(l—BCDF(x;n,q);n,q);n,q))lfq >x/n (88)
bpval(1 —gq,n — x,n) ifqg < x/n
_ 1
Clopper-pearson (13) cpval(x,n,p) = 2 X min <—,BCDF(x; n,p),1—BCDF(x —1,n, P)) (89)
P-value 2
LPratt,_,(x,n) =
— 1\2 -1
Pratt’s lower / 1+ (n ;C * ) \ (90)
bound _
oun ! y 81x(n—x+1)—9n—8—3x\/9x(n—x+1)(9n+5—K2)+n+1 :

8l(n—x+1)2-9(n—x+1DQ2+xk?)+1
Clopper-Pearson s . _
like lower bound (17) BQCL(q) = BiCDF(q;x,n—x + 1) (91)
Clopper-Pearson s . _
like upper bound (17) BQCU(q) = BiCDF(q; x + 1,n — x) (92)
Exact likelihood (12) Irpval(x,n,p) = BPF(k;n, p) (93)
ratio P-value ke(i|LIKR(i,n,p) = LIKR(x,n,p)}

X

Likelihood ratio BPF (x. n, —)
statistic (12) LIKR(x,n,p) = Wn;l) (94)
Exact score (12) spval(x,n,p) = Z BPF(k; n, p) (95)

P-value

keli|(i —np)? = (x — np)?)




2.7 Skewness corrected normal approximation intervals

These intervals are based on normal approximations with skewness bias corrections making them
equal-tailed two-sided intervals. Table 9 defines these intervals and Table 10 contains auxiliary
functions.

Kott-Liu interval # updates Hall’s interval variance but doesn’t change its center.

Cai’s interval is similar to Hall’s interval but keeps terms of smaller asymptotic orders.

Table 9 : Definition of the lower bounds of skewness corrected closed-from confidence intervals, the upper bounds being
defined by equivariance U;_,(x,n) =1 — L;_,(n — x, n).

Depends on
Name equation Lower bound L;_,(x,n)
(
42 Hall 1982 (22)(99) Jmax{ 0,p+05—x if x>0 (96)
0ifx=0

%3 Cai 2005 (22)(100)(101) Jmax| 0,7~k if x>0 (97)

Oifx=0

5(1 — 5
41 Kott-Liu (22)(99) max| 0,p + 6 — JKZ % + 62 (98)
Table 10 : Auxiliary functions for Table 7
Depends
Function on
description equation Function definition
2
kv, 1
Hall center (— + —) (1 -2p)
adjustment (22) 5= 3 6 (99)
n
2

A K 1
Cai adjusted (22) o np + ( 3 + 6) (10
center b= ) k2 1 0)

n+ (T + E)

Cai variance (22) 2k2+7 —p(1 — p)(26K? + 34) (10
adjustment V= 360 1)




2.8 Generalized linear model intervals

Logistic, Poisson and log-binomial regressions are generalized linear models (GLM). These may be
multivariate, bivariate or univariate. Two estimation methods are widely used. The first is Wald’s
method, B+ z;_4/, X SE where B is the raw model coefficient, such as log(odds ratio) for a
logistic regression and SE is the standard error, got from the variance-covariance model matrix. It’s
based on normal approximation of the regression coefficient. The second method is inversion of a y?
likelihood-ratio test. Likelihood-ratio test inversion may be performed by the profile-likelihood
algorithm %%, The R and SAS statistical software use the profile-likelihood confidence intervals by
default for generalized linear model. The R software has been used to compute confidence intervals
of a proportion through intercept-only GLMs. Both Wald’s and likelihood-ratio (LR) intervals have
been computed. The interval estimators presented in Table 11 have been analyzed. Since the
intervals were not calculable for zero successes, the Clopper-Pearson interval was used in this case.
When the upper bound of the confidence interval exceeded 100%, for the Poisson regression or the
log-binomial regression, it was replaced by 100%. The log-binomial and Poisson intervals are not
equivariant.

Table 11 : Definition of generalized linear models confidence interval estimators computed in the R statistical software.

Name Description R software command
. Logistic regression profile- confint (glm(family=binomial,
LR logit GLM likelihood interval cbind(x,n-x)~1))
Poisson regression profile- confint (glm(family=poisson,

LR Poi GLM o .
otsson likelihood interval x~offset (log(n))))
confint.default (

. | glm(family=binomial,
interva cbind (x,n-x)~1))

Wald logit GLM Logistic regression Wald's

confint.default (
Id's i | glm(family=binomial (log),
Wald’s interva cbind (x,n-x)~1))

Wald log binom GLM Log-binomial regression

confint.default (
glm(family=poisson,
x~offset (log(n))))

Poisson regression Wald’s

Wald Poisson GLM .
interval

The likelihood ratio interval of a logistic regression “LR logit GLM, CP if k = 0” provided identical
results to the “modified likelihood ratio” method that had been defined in the main analysis by the
following formula:

X _ n—x 1
'nf{|lo (i (&) )S—KZ}' x<n
Lo, =4 U8 (nq) n(l-q 2y (102)
Va/2if x =n(i.e.Clopper — Pearson)

Moreover, the unmodified likelihood ratio method is presented too:

el (=) ) =)

It’s defined for all x even for x = 0 or x = n.

Ll—a = lnf{q



3 Wald’s validity condition

New validity conditions of Wald’s interval have been sought. When Wald’s interval validity threshold
is not reached, the statistician is assumed to compute a less approximate interval such as Clopper-
Pearson mid-P. Indeed, not reporting the interval at all when the validity threshold is not reached,
would overestimate proportions when they are shown (statistical inference bias). Consequently, we
need to evaluate the two steps procedure: if the number of successes is above a threshold, Wald's
confidence interval is computed; otherwise, Clopper-Pearson mid-P interval (or Clopper-Pearson for
conditional errors) is computed.

3.1 Informal description of the method

The validity conditions of the Wald interval estimator will be defined to control that one-sided local
average errors, do not exceed 1.50 times the nominal error, i.e. 0.0375 for a nhominal one-sided
error at 0.025. The conditions will apply to the observed number of successes and failures as validity
conditions applying to the actual proportion cannot be used in practice because the actual
proportion is unknown. In order to define a validity condition, it is necessary to specify the procedure
to be applied when the condition is not verified. Therefore, it will be assumed that the Clopper-
Pearson mid-P interval will be used when Wald’s interval validity conditions are not satisfied. The
evaluation will focus on a hybrid estimator consisting of the use of one or the other of the interval
estimators according to whether a threshold is exceeded or not. For a given sample size n, the
validity threshold & will be defined as the smallest threshold of the hybrid procedure which
guarantees one-sided local average errors less than 0.0375 for a nominal one-sided error equal to
0.025. An empirical table of validity thresholds &’ will be built for various sample sizes from 25 to
211 and the limit case where n — +oo. Actual errors will be computed for hybrid estimators and a
dichotomy algorithm will find the smallest threshold keeping the actual errors below 0.0375.

The table of validity thresholds being impractical to memorize in practice, a formula approximating
the values of this table will be sought. The approximate formula will be sought empirically in order to
get thresholds as close as possible to the values of the table. If there is a discrepancy between the
values, a conservative formula will be preferred, that is, a formula providing slightly higher validity
thresholds. The elaboration of this formula will not necessarily be based on a mathematical theory
since it is only a matter of getting close to the values of the table. Simplified formulas will be sought
in order to make their teaching possible in practice. Although the maximum tolerable error threshold
0.0375 will serve as a reference, other thresholds will also be analyzed: 0.030, 0.035 and 0.05. By
expressing these thresholds in the form of equal-tailed two-sided errors they will be equal to 0.060,
0.070 and 0.10. Although the main analysis will focus on local average errors, a secondary analysis
will be carried out on the validity thresholds controlling the maximum conditional errors for a
Wald/Clopper-Pearson hybrid interval. Hybridization of Wald’s interval with the Clopper-Pearson
mid-P interval, for one-sided local average errors control, and with the Clopper-Pearson interval, for
one-sided conditional errors, has been chosen for the good behavior of these two intervals on the
judgment criteria involved in the analysis.

3.2 Formal description of the method

Let ICW;_, be Wald’s confidence interval estimator and ICM;_, the Clopper-Pearson mid-P
confidence interval estimator. For an integer threshold y, we define the hybrid confidence interval
estimator ICMW, _,(x) equal to ICM,_, if min (x,n —x) < y and ICW;_, if min (x,n — x) = y.
For a nominal controlled local average error a,),,,, we define the validity threshold " (ayqx, 1) as



the smallest y such as for all p,, the errors a;'(n,pg, @) and a;/(n, py, @) of the ICMW,;_,(x)
estimator are smaller or equal to @, /2. For this analysis, ORs will be set to 1.10, so that the logit
of the actual proportion logit(P) is a normal distribution with a standard deviation log(ORs) and the

expectation of P is py.

Vp, € [0; 1] Pr(ICMW,_,(x) < P) < ajnq,/2 and
E"(Amgen) = miny y Pr(ICMWi_,(x) > P) < a})4x/2 (104)
where logit(P)~N (y, (Iog(ORs))?) and E(P) = p,
Similarly, we define the ICCW (x) hybrid estimator between the Clopper-Pearson estimator and
Wald’s estimator at threshold y. The conditional validity threshold &'(a;,4x, ) of the ICCW (x)
hybrid estimator is defined as the smallest y threshold such that, for all theoretical proportions p,
the one-sided conditional errors a;(n, p, @) and a;,(n, p, @) are both less than or equal to a4 /2.

Vp € [0; 1] Pr(ICCW,_o(X) > P) < Qmax/2 and} (105)

' .
£ hae) = min{d| " = S S £
Firstly, a table of validity ¢’ and ¢’ thresholds will be numerically computed according to the sample
size n and the maximum a,,4, and a4, tolerance. These thresholds will be find by a dichotomy
algorithm. Secondly, two empirical validity formulas will be determined in order to approximate the
&" and & thresholds by & and & thresholds. These empirical formulas will be built to fit the table
data as well as possible while keeping them as simple as possible.

3.3 Results

3.3.1 Local average errors control

Table 11 presents the validity thresholds & and their approximations & obtained by an empirical
formula specifically constructed to best fit the £’ numerical values observed in the table. For
instance, the fourth column of this table (a,,4, = 0.075) corresponds to a one-sided local average
errors that do not exceed 1.50 times the nominal error, i.e. 0.0375 for the lower boundary and
0.0375 for the upper boundary. Thus, for a sample of 512 observations ¢’ = 31. This means that at
least 31 successes and 31 failures are required to apply the Wald interval estimator for a sample size
512 in order to keep the actual one-sided local average errors below 1.50 times the nominal error.
When either the number of successes or the number of failures is less than this threshold, the
Clopper-Pearson mid-P interval estimator must be used. For the limit case n = +oo corresponding to
Poisson distributions, a number of successes or failures greater or equal to 41 is needed to keep
Wald’s interval actual one-sided local average errors below 1.50 times the nominal one-sided error.

Applying the following validity condition:

nx(n —x) 2 & (appax, ) X (n = 2x)? (106)
we find all the thresholds in parentheses in Table 12. If 1.50 times the nominal error is accepted
(fourth column of the table), the threshold & (a4, ) is equal to 41 and the formula becomes:

nx(n — x) = 41(n — 2x)? (107)
This formula is a threshold of the absolute value of the skewness which is equal to \/% for a

n-—-2x

Jnx(n—x)

binomial proportion, estimated as on the sample. By squaring this skewness, we can find a




1

condition of the form S
threshold

(n—2x)2
———— < threshold ; that translates to nx(n — x) >
nx(n—-x)

Finally, the threshold is chosen such that "' and its approximation g?’/’ converge when n = +oo. This

x (n — 2x)2.

condition, requires 7 mathematical operations (function application, multiplication, addition,
division, subtraction), which is also equal to the number of operations required to compute Wald’s

interval itself [p —1,96 /@; p +1,96 /@]. This complex condition can be simplified by

applying the worst case scenario where n —» 4oo:

min(x,n —x) > 40 (108)

In a less formal form, the number of successes and failures must both be strictly greater than 40.

The choice not to exceed 1.50 times the nominal error presented in the fourth column of Table 12 is
arbitrary. The other columns of Table 12, based on other tolerance thresholds, serve as a sensitivity
analysis. This sensitivity analysis shows a great influence of the choice of a,,,, on the validity
thresholds, especially when n — +oo (last row in the table). Another way of presenting the @,y
thresholds is to express them as a ratio between the maximum one-sided local average error
tolerated and the nominal one-sided local average error. These ratios are, for columns 2 to 5 of Table
12, equal respectively to 1.20, 1.40, 1.50 and 2.00.

A sensitivity analysis was applied for the selection of the substitution confidence interval estimator
when the validity threshold is not reached. Replacing the Clopper-Pearson mid-P interval by Bartlett’s
Arc-Sine interval did not change any of the &'’ thresholds presented in Table 12 suggesting that the
substitution interval does not matter as long as it has a low bias.

Table 14 summarizes validity conditions guaranteeing the control of one-sided conditional errors
(@max) Or one-sided local average errors () for several error rate bias tolerance limits. In our
opinion, the condition min(x,n — x) > 40 is a good compromise between simplicity and quality of

control and usefulness, but this choice is subjective.



Table 12 : Validity thresholds "’ of Wald’s 95% confidence interval expressed as the number of successes and failures
required for the application of Wald’s estimator, based on the maximum tolerated two-sided equal-tailed local average
error a',, specified in column and the sample size n specified in row. The thresholds & specified in parentheses are
approximations of the thresholds & obtained from the empirical condition nx(n — x) > &' (&) qr, ©) X (n — 2x)2.
Actual errors are calculated for a random proportion P for which the typical odds ratio is ORg = 1,10. Below these
thresholds, the Clopper-Pearson mid-P confidence interval estimator must be used.

Aoy = 0.060  ally, =0.070  alg=0075  al. =0.10

n £ (&M & (M £ (&N £ (N

32 11 (14) 9(11) 8 (10) 5 (6)

64 21 (25) 15 (18) 13 (16) 7(8)

128  37(43) 24 (27) 19 (22) 8(9)

256 62 (70) 34 (38) 26 (29) 9 (10)

512 96(107) 44 (47) 31 (34) 10 (11)
1024 136 (147) 51 (54) 36 (37) 10 (11)
2048 174 (182) 57 (58) 38 (39) 11 (11)

0 245 (245) 63 (63) 41 (41) 11 (11)

3.3.2 Conditional errors control

Table 13 presents the validity thresholds of Wald’s interval to control one-sided conditional errors.
The interpretation is the same as in Table 12, but conditional errors rather than local average errors
are controlled, and when the threshold is not reached, the substitution interval is the Clopper-
Pearson interval (strictly conservative) rather than the Clopper-Pearson mid-P interval. It is assumed
that the theoretical proportion and the sample size are constant among experiments. For instance,
for a sample size 512, applying Wald’s method when the number of successes and the number of
failures are both above 70 (fourth column of the table) and the Clopper-Pearson method otherwise,
keeps the actual one-sided conditional errors below 1.50 the nominal error rate. The empirical
formula provides a slightly different threshold §” = 72 in place of ¢’ = 70 for the same sample size.

The empirical condition ensuring the control of the conditional error is

n
Zfl(a;nax' ) +n

min(x,n —x) = c(Amax) + (109)

where
6 Si apmay = 0,060
c(Umax) =31 Si Apmay = 0,070 (110)
0 si aypgx = 0,075

and &' (Amax, @) is given by the last line of Table 13. The value c(@qy) is an empirical adjustment
constant dependent on a,,4,, the maximum error tolerance. This empirical adjustment function
c(®max) is only applicable to the nominal error @ = 0.05. In the case where the a;,,, tolerance is
0.075, the condition is

min(x,n — x) > (1112)

n
198 +n
If an error tolerance a;, 4y slightly exceeding 0.075 is tolerated, this condition may be rounded to

n
; ) > (112)
min(x, n x)_200+n



The following simplified condition is always sufficient and is easier to teach

min(x,n —x) = 100 (113)
The other maximum conditional tolerated errors a,y,,, presented in columns 2, 3 and 5 of Table 13
give different results. The maximum conditional error that one is willing to tolerate has a strong
influence on the validity threshold of Wald’s interval.

Table 13 : Validity thresholds ¢’ of Wald’s 95% confidence interval expressed as the number of successes and failures
required for the application of Wald’s estimator, based on the maximum tolerated two-sided equal-tailed conditional
error a,,, specified in column and the sample size n specified in row. The thresholds &' specified in parentheses are

approximations of the thresholds ¢’ obtained from the empirical condition min(x,n — x) > ¢ + - where ¢ =

28’ (Cl;,mx.OO)+n
6 for a0 = 0.060, ¢ = 1 for ay,,, = 0.070 and ¢ = 0 for a4, = 0.075. Actual errors are calculated for a constant

proportion p. Below these thresholds, the Clopper-Pearson confidence interval estimator must be used.

Cnax = 0.060  ahgr =0.070  alpge = 0.075  algy = 0.10

n D £ &) D D
32 Never (Never) 15 (16) 14 (14) 10 (11)
64 Never (Never) 27 (28) 25 (25) 14 (15)
128 62 (64) 46 (46) 39 (39) 19 (20)
256 110 (111) 69 (70) 54 (56) 22 (23)
512 181 (182) 93 (96) 70(72) 25 (26)
1024 271 (274) 115 (117) 82 (83) 26 (27)
2048 362 (369) 130 (132) 89 (91) 27 (28)
o0 560 (566) 149 (150) 99 (99) 28 (28)

Table 14: Simplified validity conditions of Wald’s 95% confidence interval according to the maximum tolerated two-sided
equal-tailed conditional error a;,,, for a constant theoretical proportion, or the maximum tolerated two-sided equal-
tailed local average error a4, for a random theoretical proportion P for which the typical odds ratio is ORg = 1.10.

Control Validity for n — oo Validity for any n

) n
ey < 0.060 min(e,n—x) > 560~ MN®R=X) 26+ 7oa

_ n
Amax < 0.070 min(x,n — x) = 149 min(x,n —x) 21+ 298 +n

_ n

Hhpax < 0.075 min(x,n — x) = 99 min(x,n = x) 2 7557
Az < 0.100 min(x,n — x) > 28 min(x,n = %) 2 e
g < 0.060 min(x,n — x) > 245 nx(n — x) = 245(n — 2x)?
al e < 0.070 min(x,n — x) > 63 nx(n —x) = 63(n — 2x)?
Amax < 0.075 min(x,n —x) = 41 nx(n —x) = 41(n — 2x)?
g < 0.100 min(x,n —x) > 11 nx(n —x) = 11(n — 2x)?

4 Figures of the nine main confidence intervals
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Figure 1: One-sided local average errors of nine 95% confidence interval estimators according to different sample sizes
(red for n = 32, green for n = 64 and blue for n = 2048), with a random true P proportion following a logit-normal
distribution with a typical odds ratio of the true proportion between two experiments equal to ORg = 1.10. The
abscissa is the expected number of successes np, and the ordinate is the probability that the lower bound of the
confidence interval is greater than the true proportion p (left local average error: dashed lines) or the probability that
the upper bound of the confidence interval is lower than the true proportion p (right local average error: solid line). This
figure is the same as Figure | in the main article except that ORg = 1.10 rather than 1. 20.
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Figure 2 : One-sided local average errors of nine 95% confidence interval estimators according to different sample sizes
(red for n = 32, green for n = 64 and blue for n = 2048), with a random true P proportion following a logit-normal
distribution with a typical odds ratio of the true proportion between two experiments equal to ORg = 1.05. The
abscissa is the expected number of successes np, and the ordinate is the probability that the lower bound of the
confidence interval is greater than the true proportion p (left local average error: dashed lines) or the probability that
the upper bound of the confidence interval is lower than the true proportion p (right local average error: solid line). This
figure is the same as Figure | in the main article except that ORg = 1. 05 rather than 1. 20.
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distribution with a typical odds ratio of the true proportion between two experiments equal to ORg = 1.20. The
abscissa is the expected number of successes np, and the ordinate is the probability that the lower bound of the
confidence interval is greater than the true proportion p (left local average error: dashed lines) or the probability that
the upper bound of the confidence interval is lower than the true proportion p (right local average error: solid line). This
figure is the same as Figure | in the main article except that the confidence level is 0.90 rather than 0.95 and the
ordinate scale is doubled making relative biases easy to compare between figures.
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Figure 4 : One-sided local average errors of nine 95% confidence interval estimators according for a finite sample size n =
2048 (red) and an infinite sample size n — 4oco (blue) for which the binomial distribution becomes a Poisson
distribution. The true P proportion follows a logit-normal distribution with a typical odds ratio of the true proportion
between two experiments equal to ORg = 1.20. The abscissa is the expected number of successes npy and the ordinate
is the probability that the lower bound of the confidence interval is greater than the true proportion p (left local average
error: dashed lines) or the probability that the upper bound of the confidence interval is lower than the true proportion
p (right local average error: solid line).
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Figure 5 : One-sided and two-sided conditional errors of nine 95% confidence interval estimators for an infinite sample
size (Poisson distribution) and a constant theoretical p proportion. The abscissa is the expected number of successes np
and the ordinate is the probability that the lower bound of the confidence interval is greater than the true proportion p
(left conditional error: red), the probability that the upper bound of the confidence interval is lower than the true
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Figure 7 : Local-average a;’ and a;, errors for 27 two-sided 95% confidence interval estimators, according to the expected
number of successes and sample size. The value k equals min(x, n — x). CP means “Clopper-Pearson”.
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Figure 8 : Local-average a;’ and a;, errors for 28 two-sided 95% confidence interval estimators, according to the expected
number of successes and sample size. The value k equals min(x, n — x). CP means “Clopper-Pearson”.
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Figure 9 : Conditional a; and a;, errors for 27 two-sided 95% confidence interval estimators, according to the expected
number of successes for a sample size n=2048. The value k equals min(x,n — x). CP means “Clopper-Pearson”.
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Figure 10 : Conditional a; and a, errors for 28 two-sided 95% confidence interval estimators, according to the expected
number of successes for a sample size n=2048. The value k equals min(x,n — x). CP means “Clopper-Pearson”.
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Figure 11 : Local average half-lengths ratio v, and v;; of twenty-seven 95% confidence intervals relative to the Clopper-
Pearson mid-P interval, according to the expected number of successes A = np and the sample size n.
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Figure 12 : Local average half-lengths ratio v’ and v;, of twenty-eight 95% confidence intervals relative to the Clopper-
Pearson mid-P interval, according to the expected number of successes A = np and the sample size n.



6 Comparison of strictly conservative exact intervals

Unequal tailed strictly conservative exact intervals tend to be as short as possible. The most recent,
Wang % and Schilling-Doi %° requires heavy computation but are designed to be shorter on average.
They have been compared to each other on samples of 174 observations. The sample size 174 has
been selected because it’s large enough to show a difference between Schilling-Doi and Sterne
intervals, but otherwise, is not special. Wang and Schilling-Doi intervals optimize the interval length
arithmetic mean, but the geometric mean may be more relevant. Squeezing [0; 0.036] to
[0; 0.034] (5.6% relative length reduction) is more interesting than squeezing [0.398; 0.602] to
[0.398; 0.600] (0.98% relative length reduction) while the absolute reduction is equal. The ratio of
geometric means is the geometric mean of ratios.

The arithmetic and geometric mean lengths of intervals are shown in Table 15. The Clopper-Pearson
interval length geometric mean is 2.6% higher than that of the shortest interval (Blaker). All unequal
tailed interval lengths are very close to each other. The Schilling-Doi interval is almost equal to
Sterne’s interval for all values (Figure 13-A). There are a few spikes where they differ, otherwise, the
intervals are equal. The difference is negligible for practical use. Blaker’s interval is slightly longer
than Schilling-Doi in arithmetic mean and shorter in geometric mean (Table 15), thanks to shorter
lengths for proportions close to 0 and 1 (Figure 13-B). Wang’s interval has arithmetic and geometric
mean lengths almost equal to those of the Schilling-Doi interval (Table 15), but it’s shorter for
proportions close to 0.50, and longer for most proportions between 0.20 and 0.40 (Figure 13-C). This
can be explained by Wang’s algorithm, sequentially squeezing intervals from x = n/2 down to x =
0. Intervals that are squeezed first have more space to be.

The analysis of half lengths show that for small proportions, the Schilling-Doi interval and Wang’s
interval have upper bounds close to Clopper-Pearson’s interval (Figure 14, panels A and B). These
intervals have greater lower bounds for small proportions. For instance, the Clopper-Pearson 95%
confidence interval for 6 successes out of 174 draws is [0.0128;0.0735] while the Schilling-Doi
interval is [0.0151;0.0738]. Both boundaries are higher in the Schilling-Doi interval, increasing a;
and decreasing a,,. Blaker’s intervals are always contained in Clopper-Pearson intervals 23,
Consequently, Blaker’s intervals half lengths are smaller or equal for all proportions. For 6 successes
out of 174 draws, Blaker’s interval is [0.0151; 0.0725].

Table 15 : Mean interval lengths of strictly conservative exact 95% confidence intervals for sample size n = 174.

Interval name Arithmetic mean of length Geometric mean of length
Clopper-Pearson 0.12137 0.11470
Blaker 0.11855 0.11182
Wang 0.11848 0.11196
Sterne 0.11852 0.11216
Schilling-Doi 0.11846 0.11199
Exact score 0.11804 0.11192

Exact likelihood ratio (LR) 0.11882 0.11185
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Figure 13 : Relative lengths of 95% unequal-tailed confidence intervals for sample size n = 174, for any integer number
of successes from 0 to 174. It is not a random experiment; it is a representation of the 175 confidence intervals for x =
0,..,174 and n = 174.
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Figure 14 : Relative half-lengths of 95% unequal-tailed confidence intervals (Schilling-Doi Wang, Blaker) compared to the
Clopper-Pearson interval, for sample size n = 174, for any integer number of successes from 0 to 174. It is not a
random experiment; it is a representation of the 175 confidence intervals forx = 0, ..., 174 and n = 174.
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Figure 15 : Relative half-lengths of 95% unequal-tailed confidence intervals (Exact score, Exact LR and Blyth-Still-Casella)
compared to the Clopper-Pearson interval, for sample size n = 174, for any integer number of successes from 0 to 174.
It is not a random experiment; it is a representation of the 175 confidence intervals for x = 0, ..., 174 and n = 174.
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Figure 16 : Relative half-lengths of 95% unequal-tailed confidence intervals (Blaker, Schilling-Doi, Blyth-Still-Casella,
Wang) compared to each other, for sample size n = 174, for any integer number of successes from 0 to 174. It is not a
random experiment; it is a representation of the 175 confidence intervals forx =0, ..., 174 and n = 174.
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