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Summary

Summary:

This PhD lies at the intersection of Random Matrix Theory and Free Probability Theory.
The study of random matrices originated from outside of the field of mathematics, first in
statistics and data analysis with Wishart [1], and then during the second part of the twentieth
century in physics with Wigner [2]. As time went on, more and more connections with other
fields of mathematics and physics were made. In particular, Free Probability emerged as a new
field between Operator Algebra and Random Matrix Theory. It was created in the 1980s by
Dan Voiculescu as a non-commutative probability theory where the notion of freeness plays the
role of independence. This notion of freeness is intimately related with the notion of freeness
in groups. In the seminal paper [3] published in 1991, he realized that the asymptotic behavior
of many random matrices can be described within the framework of Free Probability. He
studied GUE random matrix, which are Hermitian random matrices with Gaussian coefficients
of variance 1, and whose law is invariant by the action by conjugation of the unitary group. He
showed that a family of independent GUE matrices is asymptotically free in the sense that the
trace of their joint moments converges towards those of free semicircular variables. The later
can be described in terms of non-crossing pair partitions. A consequence of Voiculescu’s result
is that the empirical measure of the eigenvalues of a polynomial in independent GUE matrices,
provided that it is a self-adjoint matrix, converges weakly towards the spectral measure of the
same polynomial evaluated in free semicircular variables. Free Probability has been widely
used since then in Random Matrix Theory, see for example chapter 22 of [4] for a more detailed
survey. The link between Random matrix Theory and Operator Algebra is extremely fruitful
in both ways and applies beyond these two fields (see for example [5] for a survey of the
different techniques used in Quantum Information Theory). One of the spectacular application
of the uses of Random matrix Theory in Operator Algebra was provided by Haagerup and
Thorbjgrnsen in [6] who proved by using random matrices that the Ext-invariant for the reduced
C*-algebra of the free group on 2 generators is not a group but only a semi-group.

The first chapter of this manuscript is a brief introduction to the fields of Random Matrix
Theory and Free Probability, as well as the papers that we present in this manuscript. In
the second chapter, which is based on [7], we got, through new methods, an estimate on the
non renormalized trace of some smooth functions in GUE matrices which in turns gives us a
different proof of the main result of Haagerup and Thorbjernsen in [6]. That is, the convergence
of the norm of any polynomials in independent GUE random matrices. Our result also allows
to consider polynomials in GUE matrices, deterministic matrices and tensor matrices. In the
third chapter, based on [8], we prove similar results but for Haar unitary matrices instead of
GUE matrices by adapting our method to the unitary case. Although some of those results were
already proved in [9], this new method has the advantage of giving us quantitative estimates. In
the fourth chapter, which is based on [10], we refine the method used in the first paper to prove
a finite Taylor expansion around the dimension N of the non renormalized trace of some smooth
functions in GUE matrices of size V. This also gives several interesting corollary on the local
spectrum of polynomials in independent GUE matrices. In the fith chapter, based on [11], we
use the estimates obtained in [8] to get measure concentration estimates on a random set. This
set is defined as the output of a very specific quantum channel which is related to an important
problem in Quantum Information Theory. The concentration estimates that we obtained give
us explicit parameters of the size of the solutions. Finally in the last chapter, which is based
on the paper [12], we expand Voiculescu’s result of convergence in law of the empirical measure
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of non-commutative polynomials in independent GUE matrices to non-commutative rational
function.
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Summary

Résumé:

Ce doctorat est au croisement de la théorie des matrices aléatoires et de celle des probabilités
libres. Les matrices aléatoires ont d’abord été étudiées en dehors du cadre des mathématiques
théoriques, notamment en statistiques et en analyse de données grace aux travaux de Wishart
(voir [1]), puis durant la seconde moitié du vingtieme siécle, en physique avec Wigner (voir [2]).
Au fur et a mesure du temps, de plus en plus de connexions se sont faites entre la théorie des
matrices aléatoires et d’autres domaines des mathématiques et de la physique. Notamment, les
probabilités libres sont un domaine récent des mathématiques a mi-chemin entre la théorie des
algebres d’opérateurs et celle des matrices aléatoires. Sa naissance remonte aux années 1980
via les travaux de Dan Voiculescu qui inventa cette théorie des probabilités non commutatives
ou la notion de liberté remplace celle d’indépendance dans la théorie classique des probabilités.
Comme son nom l'indique, la notion de liberté en probabilité libre est fortement reliée a celle
que 'on définit dans la théorie des groupes. Dans son article fondateur [3] publié en 1991, il
démontra que le comportement asymptotique de nombre de modeles de matrice aléatoire peut
étre décrit dans le cadre des probabilités libres. Il étudia la matrice du GUE, qui est I'unique
matrice aléatoire Hermitienne dont les coefficients sont des Gaussiennes de variance 1, et dont
la loi est invariante par conjuguaison par des matrices unitaires. Il démontra qu’une famille de
matrices du GUE indépendantes est asymptotiquement libre au sens ou la trace d’'un mondéme
en ces matrices converge vers la trace du méme mondéme mais évalué en des semicirculaires
libres. Cette derniere peut étre définie a 1’aide d’outils combinatoires. Une conséquence du
résultat de Voiculescu est que la mesure empirique définie a partir des valeurs propres d'un
polyndéme évalué en des matrices du GUE indépendantes, sous I'’hypothese que ce polyndéme
de matrices est lui-méme une matrice auto-adjointe, converge en loi vers la mesure spectral du
méme polyndéme évalué en des semicirculaires libres. Les probabilités libres ont aujourd’hui
de nombreuses applications en théorie des matrices aléatoires, voir par exemple le chapitre 22
de [4] pour une étude détaillée. Le lien entre la théorie des algebres d’opérateurs et celle des
matrices aléatoires a généré de nombreux résultats qui ont eux-mémes des applications dans
d’autre domaines (voir par exemple [5] pour une étude exhaustive des différentes méthodes en
lien avec les deux précédents domaines qui sont utilisées en théorie de I'information quantique).
Une application particulierement spectaculaire de 1'utilisation des matrices aléatoires en théorie
des algebres d’opérateurs nous est donnée par Haagerup et Thorbjgrnsen dans leur article [6]
dans lequel ils démontrent que l'invariant extérieur de la C*-algebre réduite du groupe libre a
deux générateurs n’est pas un groupe mais seulement un semi-groupe.

Le premier chapitre de ce manuscrit est une courte introduction a la théorie des matrices
aléatoires et de celle des probabilités libres, ainsi que des articles écrits pendant ma theése. Dans
le second chapitre, qui se base sur I'article [7], nous calculons grace a de nouvelles méthodes une
estimée de la trace non renormalisée de certaines fonctions lisses évaluées en des matrices du
GUE indépendantes. Nous en déduisons une nouvelle preuve du résultat principal de Haagerup
et Thorbjgrnsen dans leur article [6]. C’est-a-dire la convergence de la norme d’un polynoéme
évalué en des matrices du GUE indépendantes. Notre preuve nous permet également de prouver
un résultat similaire pour des polynomes évalués en des matrices du GUE indépendantes, des
matrices déterministes, ainsi que des tenseurs de matrices. Dans le troisieme chapitre, qui se
base sur [8], nous démontrons des résultats similaires mais pour des matrices unitaires de Haar
au lieu des matrices du GUE. Notre approche consista a adapter notre méthode au cas unitaire.
Bien que certains de ces résultats aient déja été démontrés dans [9], cette nouvelle méthode a
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I’avantage de donner des estimées quantitatives. Dans le quatrieme chapitre, qui se base sur
'article [10], nous avons amélioré la méthode utilisée dans notre premier article [7] pour prouver
un développement limité (en la dimension N de nos matrices aléatoires) de la trace de certaines
fonctions lisses évaluées en des matrices du GUE. Nous en déduisons plusieurs corollaires sur
le spectre local d’'un polynéme en des matrices du GUE indépendantes. Dans le cinquieme
chapitre, qui se base sur I'article [11], nous utilisons les résultats obtenus précédemment dans
[8] pour en déduire des estimées de concentration de la mesure d’un ensemble aléatoire. Cet
ensemble correspond aux données de sortie d'un canal quantique qui a été utilisé comme contre-
exemple pour résoudre un probleme important en théorie de I'information quantique. Cette
estimée nous permet d’obtenir des parametres explicites sur la taille des solutions a ce prob-
leme. Finalement dans le dernier chapitre, qui se base sur [12], nous élargissons le résultat de
Voiculescu de convergence en loi de la mesure empirique d’un polynéme non commutatif évalué
en des matrices du GUE indépendantes a ’ensemble des expressions rationnelles.
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Chapter

Introduction

This chapter is a brief introduction to the fields of Random Matrix Theory and Free Prob-
ability, as well as a presentation of the papers that are contained in this manuscript. We first
introduce usual definitions and notations that arise regularly in this manuscript. Then we
summarize important results of older papers on which this PhD is built on. Finally we present
the research results that I and my co-authors obtained and how they connect to each others.



Chapter 1. Introduction

1.1 Random Matrix Theory and Free Probability

1.1.1 A short introduction to Random Matrix Theory

One of the most studied model of random matrices is the Gaussian Unitary Ensemble
(GUE), one can view it as the natural generalization of the Gaussian random variable to the
vector space of Hermitian matrices. Indeed if dA denotes the Lebesgue measure on the set of
N x N Hermitian matrices, then a N x N self-adjoint random matrix is said to be a GUE
matrix if its distribution is proportional to the measure exp (—N Tr(A42%)/2) dA. Another way
to define a GUE matrix is as the unique random Hermitian matrix whose coefficients are all
independent Gaussian and whose law is invariant by conjuguation by any deterministic unitary
matrix. This random matrix model has been studied thoroughly, in particular we have an
explicit expression for the probability density of the distribution of the eigenvalues of a GUE
random matrix.

Proposition 1.1.1. Let X¥ be a GUE random matriz, if \; < --- < Ay are its eigenvalues,
then with Zxn a renormalization constant, for any A € RV,

2

P()\l, Ce ,)\N c A) == Zi/AlxlSmSzN H |ZEj - Z‘Z'|2 H e 2 dl’l .. .d[L’N. (11)
N

1<i<j<N 1<i<N

For a proof, see Theorem 2.5.2 from [13]. GUE random matrices are at the heart of my
research. More precisely, I study polynomials in several independent copies of these matrices,
which depend not only on the eigenvalues but also on the eigenvectors. Similarly, I also study
Haar unitary matrices, which in fact describe the joint distribution of the eigenvectors of GUE
matrices. A matrix is said to be a Haar unitary matrix of size N if its law is simply the Haar
measure on the group of unitary matrices of size N. Like the GUE, this random matrix has
been extensively studied and we have an explicit expression of its eigenvalue probability density.
However in the world of Random Matrix Theory, it is very rare to actually have such exact
formula. For most random matrix models, in order to study their eigenvalues we have to rely
on different methods. To do so, we study instead the so-called empirical measure.

Definition 1.1.2. Let A be a self-adjoint matrixz of size N, let \y < -+ < Ay be its eigenvalues,
then one defines the empirical measure associated to A by

1 N
na = N;(S)\p

where 0y 1s the Dirac measure in .

The link between the empirical measure and the eigenvalues is rather straightforward, if o(A)
is the spectrum of A, then for any interval [a, b],

pialla,b]) = #{\ e a(A)A; a< A< b}‘

Thus it Ay is a sequence of random matrices, one gets a sequence of random measures fi 4, .
Then one usually proceeds to show that almost surely this sequence converges in law towards
some deterministic measure p. Thus, assuming that the limiting measure has no atom, by
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Portmanteau theorem this implies that the proportion of eigenvalues in the segment [a, b] con-
verges towards p([a, b]). The natural way to show the convergence of the empirical measure is
to exploit the connection with traces, indeed if f is a continuous function, then

palh = 3 )= TH(F(A). (1.2

A€o (A)

This means that to prove the convergence in law of the empirical measure, we simply need
to prove the convergence of traces of smooth functions. Besides, assuming that the limiting
measure has a compact support, which is the case for the overwhelming majority of models
of random matrix studied, since one can approximate smooth functions by polynomials, it is
sufficient to prove the convergence of the traces of the moments of our random matrices. This
is where the connection with free probability starts.

1.1.2 A short introduction to Free Probability

In a nutshell, Free Probability stems from applying definitions and strategies from probabil-
ity in operator algebra by viewing operators as random variables. In particular, if the Gaussian
random variable is one of the most important random variable in classical probability, then the
semicircular variable is just as important in Free Probability. It is defined as follows,

Definition 1.1.3. If A is a C*-algebra endowed with a trace T, then © € A is said to be a
semicircular variable if it is self-adjoint and for any k € N,

k) = = / SIS a (1.3)

:27T -2

It has been known for a very long time that almost surely the trace of the moments of a GUE
random matrix converges towards the trace of the moments of a semicircular variable. This
prompts us to define the notion of convergence in distribution.

Definition 1.1.4. let A = (aq,...,ax) be a k-tuple of elements of a C*-algebra endowed with a
trace T, we denote those elements as noncommutative random variables. The joint distribution
of the family A is the linear form

PeC(Xy,..., Xa) = 7[P(A,A)] € C
on the set of polynomials in 2k noncommutative indeterminates.

Definition 1.1.5. Let (Ayx)y>1 = (a¥, ..., a) )n>1 be a sequence of families of noncommutative
variables in C*-algebras Ay ,* endowed with a trace Ty, we say that Ay converges in distribution
towards A if the map

P | P(Ay, Ay)]

converges pointwise towards the map

P my|P(A, A7),
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In Random Matrix Theory, one usually has Ay = My(C) and 75y = N~!Tr. Thus almost
surely a GUE random matrix converges in distribution towards a semicircular variable. This
definition also applies to the Haar unitary matrix. Indeed u € A is said to be a free Haar
unitary if uu* = u*u = 1 and for any k € Z, 7(u*) = 1. And a Haar unitary matrix almost
surely converges in distribution towards a free Haar unitary. However, both of those results
are more of a reformulation of long-known properties of GUE and Haar unitary matrices and
do not justify by themselves the introduction of the notion of convergence in distribution. It is
only when we start working with families of several random matrices that this definition fully
makes sense.

Dan Voiculescu paved the way to tackle this kind of problem with the concept of freeness.
In order to explain it, let us draw a parallel between classical and free independence. Indeed
one can define classical independence as such, if A is a o-algebra endowed with an expectation
E, the sub-c-algebras Aj, ..., A, are said to be independent if for any I C [1,n] and A; € A,,

E

[1(14 - E[lAi])] =0.

iel
This prompts us to define the following notion of free independence.

Definition 1.1.6. If A is a C*-algebra endowed with a trace T, the sub-algebras Ay, ..., A, are
said to be freely independent if for any k > 1, for any i1, ...,1; such that for any j, i; # 141
and a; € Ay,

T ( II (a;— T(aj))) = 0.
1<j<k

The fact that we need to take an unlimited number k& of indices, unlike the classical case
where k& = n is enough, is due to non-commutativity. While given several C*-algebra A;
one can build an explicit C*-algebra which contains free copies of the A;, in Random Matrix
Theory we usually do not use this construction. Indeed, in classical probability we can build
an explicit probability space which contains copies of independent random variables but we
never use it beyond the fact that it exists, we only work with the distribution of the random
variables. Similarly, in Random Matrix Theory we are mainly interested by the existence of
free noncommutative random variables, and the previous formula gives a way to compute the
trace of their mixed moments. If (z,...,x4) are free noncommutative random variables, and
P is a self-adjoint polynomial, that is such that P(z1,...,x4,27,...,2}5) is self-adjoint, then
the trace of its moments define a unique measure pup such that

(PG, swa 1)) = [ ().

More rigorously, one defines pp by using usual notion of operator algebra. Notably if y is a self-
adjoint element of of a C*-algebra, then by functional calculus, for every continuous function
f, one can define the operator f(y) such that the map f € C°(R) ~ f(y) is a morphism of
algebra.

Definition 1.1.7. Let y be a self-adjoint element of a C*-algebra endowed with a trace . Then
by the Riez theorem, there exist a unique probability measure v,, whose support is bounded by
lyll, such that for any f € C°(R),

(@) = [ ] dv,
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We say that v, is the spectral measure of y. Then we set pp = VP(@1eor Bt 0 o)

It turns out that thanks to equation (1.2), approximation by polynomials coupled with the fact
that the spectral measure of an element of a C*-algebra is always compactly supported, the con-
vergence in distribution of a family of matrices XV = (X}, ..., X¥) towards x = (x1,...,24)
implies that for any self-adjoint polynomial P, the empirical measure of P(X", XN™) converges
in law towards the spectral measure of P(z,z*). As previously mentioned this gives an estimate
on the proportion of eigenvalues of P(X™, XN™) in a given segment. It was only until 1991
that the first result of convergence in distribution linking Free Probability and Random Matrix
Theory was proved by Dan Voiculescu in the seminal work [3]:

Theorem 1.1.8. Let XV = (X{V,..., X}) be a family of independent GUE matrices, then
almost surely it converges in distribution towards a family x = (z1,...,xzq) of free semicircular
variables.

Later in [14], he proved a similar result for independent Haar unitary matrices and free Haar
unitaries. While this result is quite important, it leaves a few questions open. For example, it
does not give an approximation of the number of eigenvalues in an interval whose size converges
towards 0. It also does not tell anything about the existence of outliers, that is whether the
support of the empirical measure converges towards the support of the limiting measure, or
in other words, whether there are eigenvalues outside of the support of a neighborhood of the
limiting measure.

1.1.3 Seminal works preceding our research

In a few words, the convergence of the empirical measure of the eigenvalues of a matrix
does not say much about the local properties of its spectrum. When dealing with a single
matrix, very precise results are known. For exemple it is well-known that the largest eigenvalue
of a GUE random matrix converges almost surely towards 2. More precisely, if Xy is a GUE
random matrix of size N, then almost surely

dim [ Xy = 2.

The proof, for the more general case of a Wigner matrix with entries with finite moments, was
given in [15]. This result was later obtained under the optimal assumption that their fourth
moment is finite in [16]. Concerning the GUE, much more precise results were obtained by
Tracy and Widom in the early nineties in [17]. The main result of their paper is the existence
of a continuous decreasing function Fy from R to [0, 1] such that if A;(X?) denotes the largest
eigenvalue of XV,

lim P(N?3(\(XY) = 2) > s5) = Fy(s).

N—oo

This was recently generalized to Wigner matrices [18, 19, 20, 21] up to optimal hypotheses.
One can as well study the localization of the eigenvalues in the bulk as well as their fluctuations
(22, 19].

On the other hand, there are much less results available when one deals with a polynomial
in several random matrices. In fact, up to today, the only local fluctuations results concern
perturbative polynomials [23] or local laws [24] under some assumptions which are shown to
hold for homogeneous polynomials of degree two. However, a beautiful breakthrough was made
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in 2005 by Haagerup and Thorbjgrnsen [6]: they proved the almost sure convergence of the
norm of a polynomial evaluated in independent GUE matrices. For P a self-adjoint polynomial,
they proved that almost surely, for N large enough,

o (P(XY,..., X)) C Suppup + (—¢,¢) | (1.4)

where o(H) is the spectrum of H and Supp pp the support of the measure pp. This is equiv-

alent to saying that for any polynomial P, |P(X}, ... X}V )H converges almost surely towards
sup {|z| |z € Supp up}. The result (1.4) was a major progress in free probability and was refined
in multiple ways. In [25], Schultz used the method of [6] to prove the same result with Gaussian
orthogonal or symplectic matrices instead of Gaussian unitary matrices. In [26], Capitaine and
Donati-Martin proved it for Wigner matrices under some technical hypothesis on the law of
the entries. This result itself was then extended by Anderson in [27] to remove most of the
technical assumptions. In [28], Male made a conceptual improvement to the result of Haagerup
and Thorbjernsen, by allowing to work both with GUE and deterministic matrices. Finally,
Belinschi and Capitaine proved in [29] that one could even work with Wigner and determinisic
matrices, while keeping the same assumptions on the Wigner matrices as Anderson. As for the
unitary case, Collins and Male proved in [9] the same result with unitary Haar matrices instead
of GUE matrices by using Male’s former paper.

With the exception of [9], all of these results are essentially based on the method introduced
by Haagerup and Thorbjgrnsen. Their first tool is called the linearization trick: it allows to
relate the spectrum of a polynomial of degree d with coefficients in C by a polynomial of degree
1 with coeflicients in My4)(C) where k(d) is an integer which only depends on d. The second
idea to understand the spectrum of this larger matrix is to study its Stieltjes transform close
to the real axis by using the Dyson-Schwinger equations. An issue of this method is that it
does not allow to retrieve easily sharp quantitative estimates and it is hard to generalize to
other models such as Haar unitary matrices. Solving this issue ended up being the starting
point of my PhD. In order to do so, we had to find an alternative proof of Haageruup and
Thorbjgrnsen’s result of convergence of the norm.

1.1.4 The Stein’s method for free probability

In this subsection we present the heuristic behind many of the proofs in my PhD. The Stein’s
method is an old trick from classical probability introduced by Charles Stein in [30] to estimate
the difference between the distribution of a random variable Y and a Gaussian distribution.
Although this is not the approach we initially took in the beginning of my PhD, through a
discussion with Martin Venker, it turned out that one could view the method that we were
developing and using as an adaptation of the Stein’s method to a free probability setting. More
specifically this explains why we can expect interesting results when we interpolate random
matrices with their free limit through an Ornstein-Uhlenbeck process. Stein’s method can be
summarized as such, it is known that 7 is a centered Gaussian variable of variance 1 if and
only if for any smooth function f,

E[Zf(Z)] =E[f'(Z)]. (1.5)

Thus if we set A : f € C*(R) — (z — f'(x) — zf(x)), the Gaussian distribution is the
unique solution to the system of equations {Vf smooth, E[Af(Z)] = 0}. One can wonder

6
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if there is some sort of continuity, that is if Y is such that for any function f, E[Af(Y)] is
small, then how close from a Gaussian distribution is the one of Y7 Indeed, this intuition is
confirmed by stochastic calculus. If we consider (B;):>o a Brownian motion, then (X;);>¢ is an
Ornstein-Uhlenbeck process started in Y if it satisfies

1 t
Vit >0, Xt:Y—§/ X.ds + B,.
0

It is known that independently of the distribution of Y, as t goes to infinity, X, converges
in law towards a Gaussian random variable Z. So basically Xo =Y, and X, = Z. Besides
an Ornstein-Uhlenbeck process is a Markov process whose generator is A composed with the
differentiation, without going into detail for the computations, thanks to stochastic calculus,

where g, : © — E {f’(e‘t/% + (1 - e_t)l/QZ)]f. Hence if E[Af(Y)] is small for any smooth f,
we do get that the distribution of Y is close from a Gaussian one.

It is natural to generalize Stein’s method to the matricial case. Instead of a Gaussian random
variable we will take a GUE random matrix X of size N. By definition, its coefficients are
all independent Gaussian random variable (except to respect the self-adjointness) of variance
N~1/2 real on the diagonal and complex off-diagonal. Then thanks to equation (1.5), with
v = N~ ' Tr and E, s the matrix whom every coefficient is 0 but the one at line 7 and column
s which is 1, for any p > 0,

E [rn(X?)] = NZE[XTS Te(E,o X7

;2 ZZE [ Tr(Epe X, X777

r,s =1

=E

S rx ) TN(XP—Z‘—l)] |

=1

Hence a GUE matrix satisfies the system of equations

Vp >0, E

TN Xp ZTN )(z 1) TN(Xp = 1)] =0. (16)

=1

Wigner matrices are defined similarly to GUE matrices but without the assumption that the
coefficients are Gaussian. It turns out that if Y is a centered random variable of variance 1,
with all moments finite, one can show that for any smooth functions f,

E[Y (V)] =E[f'(Y)]+ Ol ).
Thus it turns out that with the same kind of computation, if W is a Wigner matrix then

p—1
TN Wp ZTN VVZ l) TN(Wp - 1)

=1

Vp>0, E = O(N~'/?). (1.7)
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Once again, similarly to the scalar case, one can define a Hermitian Brownian motion (H;);>o
which is defined similarly to GUE random matrices but with Brownian motions instead of Gaus-
sian random variables. Then we can define a Hermitian Ornstein-Uhlenbeck process started in
W by

1 t
Xt:W—§/X3d3+Ht.
0

Naturally, the distribution of a Hermitian Ornstein-Uhlenbeck process converges towards the
one of a GUE random matrix since every coefficients are scalar Ornstein Uhlenbeck process.
Then finally through stochastics calculus,

E[ry (WP)] — E[rx (X?)] p/ v (XP) ZTN (X)) 7 (37717) | .

=1

Hence with the help of equations (1.6) and (1.7), we get that the expectation of the moments
of X and W are N~'/2-close. As it turns out, it has been known for a long time (see [3])
that the moments of GUE random matrices converge towards the moments of the semicircle
distribution. Hence this generalizes to Wigner matrices too. This result is nothing new and the
assumption on the moments of the Wigner matrices are far from optimal, however this gives a
good strategy on how to tackle the question of estimating the difference between the trace of
random matrices and free operators.

In free probability, the semicircular variable is a well-known object. As we said previously
in equation (1.3), it is an operator whose trace of its moments matches those of the semicircle
distribution. We also stated that it is known that if P is a polynomial, E [% Tr (P(X N ))} con-
verges towards 7(P(z)). But how can we estimate the difference between those two quantities?
The starting idea of my PhD was precisely to create a free version of Stein’s method to do so.
It is known that the semicircular variable satisfies the following equations,

Vp >0, 7(aP) — ?’Z—: (21 (2P 1) = 0. (1.8)

i=1

Besides we know that a GUE random matrix will satisfy (1.6), so by using well-known measure
concentration estimate, we get that

Vp >0, E[rn(X?)] — pj E [ (XY E [rn(XP771)] = O(N2). (1.9)

i=1

And once again there exists a free equivalent to the usual Brownian motion, the free Brownian
motion, with whom we can build a free Ornstein-Uhlenbeck process started in X. There also
exists a theory of free stochastic calculus and free Markov processes. Besides the generator of
the free Ornstein-Uhlenbeck process matches with equation (1.8). However we are not simply
considering moments of matrices and operators, that is the polynomial case, but as we said
previously, we need to consider smooth functions. This makes the computations way more
difficult since we cannot proceed by induction on the degree of the polynomial. We also need to
get sharp enough asymptotic estimates since we are mostly interested by the non-renormalized
trace. Finally, unlike the simplified case which we exposed in this subsection, we will be working
with several independent matrices.

8
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1.2 Summary of research results

This is the summary of the research results obtained during my PhD, each subsection
corresponds to one paper. Each of the following chapter in this manuscript will also be dedicated
to one paper. All of them are available on arXiv and the first four were submitted to different
journals. Among them, the first, fourth and fifth papers were written in collaboration with
other researchers, whereas the second and third one are single authored. By chronological
order we have,

1. On the operator norm of noncommutative polynomials in deterministic matrices and
iid GUE matrices, Benoit Collins, Alice Guionnet and Félix Parraud, arXiv:1912.04588,
2019, submitted to Cambridge Journal of Mathematics.

2. On the operator norm of noncommutative polynomials in deterministic matrices and iid
Haar unitary matrices, Félix Parraud, arXiv:2005.15834, 2020, submitted to Probability
Theory and Related Fields.

3. Asymptotic expansion of smooth functions in polynomials in deterministic matrices and
iid GUE matrices, Félix Parraud, arXiv:2011.04146, 2020, submitted to Communications
in Mathematical Physics.

4. Concentration estimates for random subspaces of a tensor product, and application to

Quantum Information Theory, Benoit Collins and Félix Parraud, arXiv:2012.00159, 2020,
submitted to Probability and Mathematical Physics.

5. Convergence for noncommutative rational functions evaluated in random matrices, Benoit
Collins, Tobias Mai, Akihiro Miyagawa, Félix Parraud and Sheng Yin, arXiv:2103.05962,
2021.

1.2.1 On the operator norm of noncommutative polynomials in de-
terministic matrices and iid GUE matrices

As mentioned previously, my goal was to find an alternative proof of Haageruup and
Thorbjgrnsen’s result of convergence of the norm of a polynomial in several independent
GUE matrices. In Random Matrix Theory, we say that a sequence of family of matrices
(An)ns1 = (¥, ..., al)ny>1 converges strongly if for any polynomials in those matrices, both
the trace and the operator norm of this polynomial converge. More precisely if A is a family
of operator in a C*-algebras with a trace 7 such that for any polynomial P,

1 N
NTI(P(A )) —Nooo T(P(A)),

| PAY)] — v IIP(A)])

then we say that AV converges strongly towards A. As mentioned in the first subsection, the
strong convergence of a family of independent GUE matrices was proved in [6]. In [28] Male
proved the strong convergence of a family of independent GUE matrices and deterministic
matrices under some assumption. Finally in [31], the author also considered tensor matrices of
size NY/* where N is the size of the GUE matrices. A tensor matrix is defined as follows: if


https://arxiv.org/abs/1912.04588
https://arxiv.org/abs/2005.13834
https://arxiv.org/abs/2011.04146
https://arxiv.org/abs/2012.00159
https://arxiv.org/abs/2103.05962
https://arxiv.org/abs/1912.04588
https://arxiv.org/abs/1912.04588
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E; j € My(C) is the matrix whose coefficients are all 0 but the coefficient (7, j) whichis 1, Ej; €
MM(C) is similarly defined, then E; ; ® E}; € My (C) is defined by E; j® Ey; = Exniiin;- In
[7], we worked with the following random matrices. First we naturally have independent GUE
matrices XV = (XV,..., X}'), we also consider deterministic matrices Z" = (Z\¥,..., Z))
and YM = (VM ... YM) with M an integer which depends on N such that M = o(N'/?). We
then proved the strong convergence of the family (X~ ® I, ZJN @ Iy, Iy @ YM); ;; assuming
that the family Z and Y converges strongly themselves. Compared to [6] and [28], our result
gives better quantitative bounds but also allows to consider tensors in higher dimension.

Before stating theorems, let us explain the heuristic behind the proof. To minimize nota-
tions, we focus on the case where we do not have any matrices Y™ or Z¥, but part of why this
proof is interesting is that the general case is not much more difficult or different. Thanks to
classical concentration of measure estimates for Gaussian random variables, one only need to
show the convergence of the expectation of the norm. Then the first and most important steps
was to get a quantitative estimate of the difference between

1

T (f(P(XN)))} (1.10)
and its deterministic limit for general sufficiently smooth function f. Indeed if k(P) is the limit
of HP(XN)H, then let f. be a non-negative function equal to 1 on the interval [k(P) + ¢, 00), 0
on (—oo, k(P)], then for any a > 0,

d

E[|[PXY)|] —w(P) <o+ /OO]P’ (|Px™)| = w(P) +¢) de (1.11)
<a+/ (Tr (f(P(XY))) 2 1) de

<a—i—/ Tx (£(P(XM))] de.

Hence getting an estimate on (1.10) lets us prove that the right-hand side of (1.11) is converging
towards 0, which means that ]\}im E [HP(X N )m < k(P). Since the other inequality is an easy
—00

consequence of Voiculescu’s result, the conclusion follows. This leads us to the first important
theorem of the paper, the estimation of the expectation of the trace.

Theorem 1.2.1. Let the following objects be given,
o XN = (XN ... XY independent GUE matrices in My (C),

e x = (x1,...,14) a system of free semicircular variables,
o ZNM = (ZM ... ZYM) deterministic matrices in My(C) ® M (C),
e P a self-adjoint polynomial,

e [ECSR).
Then there exists a constant lp which only depends on P such that for any N, M,

© (£ (P (6% & 1, 7. 29)) )] (1 (P (x@[M,ZNM,ZNM*))>‘

< Wl (12
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7] -

where ZNMIand || f]l .6 is the sum of the supremum on R of the first six
7 C

sup ‘
1<i<q

derivatives.

To better understand this theorem, it is important to realize that the variables x ® I, and
ZNM live in the same space. Namely the tensor of M;(C) with the free product of My (C) and
the C*-algebra in which our semicircular variables z are. Besides 7y, is the trace on this space.
In particular, when restricted to My (C) ® M,;,(C), as it is the case under the expectation,
this trace is simply (NM) ™! Tru, (c) ® Tru,, (o). It is worth noting that although Haagerup and
Thorbjgrnsen could probably have retrieved a similar result through the Stieljes transform and
the linearization trick, this would yield an estimate with a worse upper bound with respect to
M and f, which then has an impact on the corollaries that one can deduce from Theorem 1.2.1.
Indeed, from 1.2.1 we get an estimate on the Stieljes transform of any polynomials and another
one on the bounded Lipschitz metric between the empirical measure of a random polynomial
and the spectral measure towards which it converges. It also gives us a concentration estimate
of the norm. We refer to Corollary 1.3 and 1.4, as well as Theorem 1.5 from [7] for a full
statement of those results. The main corollary of Theorem 1.2.1 remains the following result
of strong convergence.

Theorem 1.2.2. Let the following objects be given:
o XN = (XN ... XY independent GUE matrices of size N,

e = (x1,...,14) a system of free semicircular variables,
o YM=(YM,. ... YM) random matrices of size M a function of N,
e ZN =(ZV,...,Z)) random matrices of size N.

Assuming that YM and ZN almost surely converges strongly in distribution towards y and z
families of noncommutative random variables free from x, then the following holds true:

o If XN and ZN are independent, almost surely, (X, ZN) converges strongly in distribution
towards (x, z).

e If XN and YM are independent and M = o(N'/3), almost surely, (XV @ I, Iy @ YM)
converges strongly in distribution towards (r ® 1,1 ® y).

The M? that appears in Theorem 1.2.1 is especially interesting since if we assume that the
matrices in the family Y commutes it disappears. Not being able to get rid of this term
has for consequences in Theorem 1.2.2 that we need to assume that My = o(N'/?). Up to
this day we have not found a way to improve this bound in all generality, however once again
if we assume that the matrices in the family Y commutes, then one could even prove that
strong convergence still holds if M is exponentially large relatively to N thanks to computations
similar to those of [10]. The case where Y™ are independent GUE matrices and M = N is
of special interest since Ben Hayes proved in [32] that it is equivalent to the Peterson-Thom
conjecture. While our result does not allow us to answer this question yet, we have been having
interesting result by changing our approach. Namely we have been getting partial results by
dropping the analytical approach, that is studying the trace of a smooth function evaluated in
a polynomial P(X" @ I, [y ® YM) | and instead using the moment method, that is studying
the trace of P(XYN @ Iy, In ® YM)* for k > log(N). However this is still ongoing work.
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1.2.2 On the operator norm of noncommutative polynomials in de-
terministic matrices and iid Haar unitary matrices

In [8], we proved similar results but for Haar unitary matrices instead of GUE matrices.
While those two models of random matrices are quite different, which means that the compu-
tations have not much in common, the heuristic of the proofs remains the same. To understand
the heuristic on how to adapt this method to the unitary case, one can simply make the follow-
ing remark. In the self-adjoint setting, we interpolate GUE matrices and semicircular variables
by a free Ornstein Uhlenbeck process. To do so, in the proof we also make use of the Hermitian
Ornstein Uhlenbeck process. One of the reason we work with those processes is that those
are Markov processes whose invariant law are respectively the semicircular variable for the free
Ornstein Uhlenbeck process, and the law of a GUE random matrix for the Hermitian one. In
the unitary case, it turns out that the Markov process whose invariant law is the law of a Haar
unitary matrix is the unitary Brownian motion, and the free Markov process whose invariant
law is a free Haar unitary is unsurprisingly the free unitary Brownian motion. From there on,
the overarching structure of the proof remains the same although many technical lemmas and
most of the actual computations differ greatly. This yields a theorem very similar to 1.2.1.

Theorem 1.2.3. We define

o u=(Ur,...,Up,ui,...,us) a family of p free Haar unitaries and their adjoints,
o UN = (UN,...,U),(UN),....(UY)*) random i.i.d. Haar unitary matrices of size N

and their adjoints.

o ZNM — (ZNM ZéVM) deterministic matrices and their adjoints,

P a self-adjoint polynomial,
e f:R — R a smooth enough function.

Then there exists a constant lp which only depends on P such that for any N, M,

E [ranw (£ (P (U @ 110, 2)) )] = 7o (£ (P (w0 1nr, 2V >|

<22 (1 2 e

where HZNMH = sup HZZNMH and || f|lor is the sum of the supremum on R of the first seven
1<i<q

derivatives.

Once again, we have similar limitations and deduce similar corollaries. The term M? dis-
appears when we assume that the family Y does commute but we do not have a lead on how
to improve this result. We also get an estimate on the Stieljes transform of any polynomials
and another one on the bounded Lipschitz metric between the empirical measure of a random
polynomial and the spectral measure towards which it converges. We refer to Corollary 1.1 and
1.2 from [8] for a full statement of those results. We do also get a result of strong convergence.
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Theorem 1.2.4. Let the following objects be given:

o UN = (UYN,...,UY) independent unitary Haar matrices of size N,
e u=(uy,...,uq) a system of free Haar unitaries,
o YM = (YM ... ,Y;DM) random matrices of size M, a function of N,
o IN =(ZN ..., Zév) random matrices of size N.

Assuming that Y™ and ZN almost surely converges strongly in distribution towards y and z
families of noncommutative random variables free from w, then the following holds true:

o IfUN and ZYN are independent, almost surely, (UN, ZN) converges strongly in distribution
towards (u, z).

e IfUN and YM are independent and M = o(N'/3), almost surely, (U @ Iy, Iy @ YM)
converges strongly in distribution towards (u® 1,1 ® y).

The first point of the previous theorem is the same as Theorem 1.4 from [9], the second
one however is entirely new. That being said, the most interesting part of this paper remains
Theorem 1.2.3 and its corollaries, indeed the strategy in [9] was to view a Haar unitary matrix
as a random function evaluated in a GUE random matrix, then to prove that almost surely
this random function converges towards a deterministic function f. Then naturally if x is a
semicircular, f(x) is a free Haar unitary, and to conclude one simply need to apply the main
result of Camille Male in [28], which is an improvement of the result of strong convergence of
Haagerup and Thorbjgrnsen to include deterministic matrices. The main issue of this method
is that one has to approximate the random function by a random polynomial obtained by
applying Weierstrass theorem almost surely. As a consequence, getting any kind of explicit
estimate on the speed of convergence out of this proof seems impossible. On the contrary, our
method does not have this drawback.

1.2.3 Asymptotic expansion of smooth functions in polynomials in
deterministic matrices and iid GUE matrices

Topological expansion in Random Matrix Theory is a topic which has received a lot of
attention. It creates bridges between different worlds, including topology, statistical mechanics,
and quantum field theory. In mathematics, a breakthrough was made in 1986 by Harer and
Zagier in [33] who used the large dimension expansion of the moments of Gaussian matrices to
compute the Euler characteristic of the moduli space of curves. A good introduction to this
topic is given in the survey [34] by Zvonkin. In physics, the seminal works of t’"Hooft [35] and
Brézin, Parisi, Itzykson and Zuber [36] related matrix models with the enumeration of maps of
any genus, hence providing a purely analytical tool to solve these hard combinatorial problems.
Considering matrices in interaction via a potential, the so-called matrix models, indeed allows to
consider the enumeration of maps with several vertices, including a possible coloring of the edges
when the matrix model contains several matrices. This relation allowed to associate matrix
models to statistical models on random graphs [37, 38, 39, 40, 41], as well as in [42] and [43] for
the unitary case. This was also extended to the so-called -ensembles in [44, 45, 46, 47, 48, 49].
Among other objects, these works study correlation functions and the so-called free energy and
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show that they expand as power series in the inverse of the dimension, and the coefficients of
these expansions enumerate maps sorted by their genus. To compute asymptotic expansions,
often referred to in the literature as topological expansions, one of the most successful methods
is the loop equations method, see [50] and [51]. Depending on the model of random matrix,
those are Tutte’s equations, Schwinger-Dyson equations, Ward identities, Virasoro constraints,
We-algebra or simply integration by part. This method was refined and used repeatedly in
physics, see for example the work of Eynard and his collaborators, [52, 53, 54, 55]. At first
those equations were only solved for the first few orders, however in 2004, in [53] and later [56]
and [57], this method was refined to push the expansion to any orders recursively in [58].

While the paper [10], whom this subsection focuses on, does fit in the continuity of the pre-
viously mentioned papers. It is also very much in the continuity of the work of Dan Voiculescu,
Haagerup and Thorbjgrnsen. Indeed in [3], Dan Voiculescu proved that given a smooth function
f and a self-adjoint polynomial P, then

1
E [N (P(XN))] — 7(P(z)) + o(1).
Then through the papers [6, 28, 7], it was proved that actually the last term was of order
N~2, the question that then arises is what happens at the next order? Among previous works,
there is notably the paper [59] from Haagerup and Thorbjgrnsen which does precisely that by
computing a finite Taylor expansion for the previous quantity but only in the case where the
family X consists of a single random GUE matrix. To do so, they use repeatedly the explicit
formula (1.1) of the law of the probability distribution of the eigenvalues of a GUE matrix.
Since there are no equivalent of such a formula for polynomials in several independent GUE
matrices, it was not possible to adapt this proof. This is where free probability comes into
play, the idea was to reuse the strategy from [7] but instead of using upper bound we would
do exact computations. At first we kept the tensor matrices and got an explicit expression for
the term of order N~2M?2. However we realized that if we dropped the tensor matrices (i.e.
M = 1), then we could apply the very same strategy to the term of order N2, thus getting a
deterministic term of order N=2 and a term of order N=*. And thus by induction we ended up
proving a finite order Taylor expansion around N.

Theorem 1.2.5. Let the following objects be given,
o XV = (XN, ..., XY) independent GUE matrices in My(C),

e ZN = (Z),...,2}) deterministic matrices in My (C) whose norm is uniformly bounded
over N,

P a self-adjoint polynomial,
f c C4k+6(R).

Then there exist deterministic constants (af (f, ZN))ien such that,

- >

0<i<k

1

ol (f,2) + O(N 20D,

E Hf Tr (f(P(XN, ZN)))

Besides, if the support of f and the spectrum of P(x, ZN) are disjoint, then for any i, of (f, ZV) =
0.
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1.2. Summary of research results

In order to make theorem 1.2.5 easier to read, we give an abridged version of the theorem we
proved, see Theorem 1.1 from [10] for the full statement. In particular it is worth noting that
one has an estimate of the term O(N~2*+1) in function of every parameters, such as P,f or k.
Which means that one can assume that those parameters have a dependency in N. This has
for consequence that if the support of f is disjoint from the spectrum of P(x, Z¥), then since

the coefficients of the topological expansion are all 0, E “/ Tr <f(P(XN, ZN)))} is actually

exponentially small with respect to N. This also gives rise to several interesting corollaries,
the first shows that almost surely the spectrum of P(X¥ ZV) is very close from the one of its
free limit. If £ and F are subset of R, we say that £ C F + ¢ if every element of E is at most
e-close from an element of F'.

Corollary 1.2.6. Let XV be independent GUE matrices of size N, ZV a family of deterministic
matrices whose norm is uniformly bounded over N, x be a free semicircular system and P a
self-adjoint polynomial. Given av < 1/2, almost surely for N large enough,

o (P(XN,2N)) C o (P(x, 2Y)) + N7,
where o(X) is the spectrum of X, and x is free from My(C).

One can show that a family of random matrices converges strongly if and only if the spectrum
of any self-adjoint polynomial converges for the Hausdorff distance towards its free limit, see
Proposition 2.2 from [7] for example. In a sense, Corollary 1.2.6 is a quantitative estimate of
the speed of convergence.

We also derived another corollary from Theorem 1.2.5, it is a concentration inequality of
the norm of a polynomial around the norm of its free limit. The aim was to try to prove a
version of Ledoux’s bound (see Lemma 3.3.2 from [13]) for general polynomial in i.i.d GUE
random matrices. Ledoux’s bound main interest is in being the first hint that when properly
centered and rescaled be N2, the tail of distribution of the largest eigenvalue converges towards
the Tracy-Widom distribution. However we could not prove a result as strong for general
polynomials and in the following we only rescale by N'/2In™* N. While we are still trying to
improve this result, it is not entirely sure that it is possible to do so, since studying the norm
isn’t exactly the same as studying the largest eigenvalue, even for self-adjoint polynomials.

Corollary 1.2.7. Let XV be a tuple of independent GUE matrices of size N, AN a family
of deterministic matrices whose norm is uniformly bounded over N, x be a free semicircular
system and P a polynomial. Then there exists a constant C' such that for N large enough,

B (XX (Poc 4] - [ a0} 2 €5 ) £ ey
In® N

One of the unexpected corollary of Theorem 1.2.5, is that it can very well be applied to
polynomials. However the polynomial has already been extensively studied through other
methods. Indeed in 1986, Harer and Zagier proved in [33] an asymptotic expansion for the
trace of moments of a GUE matrix. There is also a generalization to the trace of the mixed
moments of independent GUE matrices which can be found in [60], chapter 22. The coefficients
of this expansion are defined with the help of map enumeration. More precisely we say that a
graph on a surface is a map if it is connected and its faces are homeomorphic to discs. It is of
genus ¢ if it can be embedded in a surface of genus g but not g — 1. For an edge-colored graph
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Chapter 1. Introduction

on an orientated surface we say that a vertex is of type ¢ = X, ... X, if it has degree p and
when we look at the half-edges going out of it, starting from a distinguished one and going in
the clockwise order the first half-edge is of color iy, the second iy, and so on. If M, (X, ... Xz-p)
is the number of such maps of genus g with a single vertex, then given X} independent GUE
matrices

1 1
E {N Tr (X .ijv)} = Mol X X5). (1.12)
geN

And thus, thanks to my own expansion methods, we were able to get an alternative formula
for My(X;, ... X;,) defined through Free Probability. We refer to remark 3.8 of [10] for more
details.

Finally, it is worth noting that even though it could not be done in time for this manuscript,
one can prove a similar result for unitary Haar matrices instead of GUE matrices.

1.2.4 Concentration estimates for random subspaces of a tensor
product, and application to Quantum Information Theory

One of the first problems that we worked on at the beginning of my PhD was the ques-
tion of the additivity of the so-called Minimum Output Entropy (MOE). To summarize the
problem, the main goal was to determine whether a certain map defined on quantum channels
was additive or not. This problem was solved in [61] with important preliminary work from
[62]. However all proofs available so far are not constructive in the sense that constructions
rely on the probabilistic method. After the initial construction of [61], the probabilistic tools
involved in the proof have been found to have deep relation with random matrix theory in
many respects, including large deviation principle [63], Free probability [64], convex geometry
[65] and Operator Algebra [66]. The last two probably give the most conceptual proofs, and
in particular convex geometry gives explicit numbers. Free probability gives the best numbers
for the output dimension [64] but was unable to give estimates for the input dimension so far.
Thus our aim was to find explicit and as optimal as possible parameters for both the input and
output dimension.

For X a matrix, its von Neumann entropy is defined by functional calculus by H(X) =
—Tr(XInX), where 0ln0 is assumed by continuity to be zero. In other words, H(X) =
— Yeo(x) AIn A where the sum is counted with multiplicity. A quantum channel ® : My(C) —
M (C) is a completely positive trace preserving linear map. The Minimum Output Entropy of
® is defined by

Hpin(P) = Join H(P(X)), (1.13)
where D, is the set of non-negative self-adjoint matrices of non-renormalized trace 1 in My(C).
During the last decade, a crucial problem in Quantum Information Theory was to determine
whether one can find two quantum channels ®; and ®, such that

Indeed it is easy to prove that H,y,(P1 @ @o) < Hypin(P1) + Hypin (P2). But if this inequality
had turned out to be an equality, then H,,;, would have been said to be additive for the tensor
operation. This would have implied the additivity of the so-called Holevo capacity, which is in
turn related to another very important quantity in Quantum Information Theory, the classical
capacity of a quantum channel. It describes the transmission rate of classical information which
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1.2. Summary of research results

can be transmitted through repeated use of the quantum channel. If ¢ is a quantum channel
and x(¢) is its Holevo capacity, then C(¢) the classical capacity of ¢ is defined by
.1 .
C(¢) = lim —x(¢").

r—0o0

Thus, should the Holevo capacity be additive, then we would have C(¢) = x(¢). This is
especially strong since in general computing the Holevo capacity is much easier that computing
the classical capacity. However, as said previously, in all generality it was proved that the
MOE is not additive, but none of the proof provided until now gave a constructive example
of quantum channels. With ®; : My, (C) — M, (C) for i = 1,2, the aim of our paper was
to remedy to this issue by giving explicit parameter d;, k; for whom one could find quantum
channels ®; and &5 such that (1.14) is true.

The strategy that we used relied on [67], a previous work of Belinschi, Collins and Nechita
in which they obtained a law of large number on the output of a random quantum channel,
but since the speed of convergence was not explicit it could not be used directly. Indeed the
method they used relied heavily on the strong convergence of a family of Haar unitary and
deterministic matrices, proved in [9], but as we said in subsection 1.2.2, those do not provides
any quantitative estimates. However thanks to my paper [8], we now have such estimates.
Before giving the result that we got, let me explain the general strategy.

Let d,k,n € N, let U be distributed according to the Haar measure on the unitary group
of Mi,,(C), let P, be the canonical projection from C?¢ to C¥", that is the matrix with kn lines
and d columns with 1 on the diagonal and 0 elsewhere. With Tr,, the trace on M,,(C), we define
the following random linear map,

®, : X € My(C) = idy ® Tr,,(UP, X P*U*) € M, (C). (1.15)

This map is trace preserving, linear and completely positive and as such, it is a quantum
channel. Let ¢t € (0,1). We fix d an integer sequence (depending on n) such that d ~ tkn, and
define

Kyt = ©0(Dy). (1.16)

We also define the conjugate channel ®,, similarly to ®, but with U instead of U. Then we
have B
Hpin(®) = Hipin (P) =  min  H(X).

XeKn,k,t

In [67], they proved that almost surely, K, : converges towards a deterministic set Kj ;. Thus
Hpin(®r) + Hypin (®,,) converges towards ¢; = 2 minxeg, , H(X). Then in [64] they proved that
Hypin (P, ® 6,1) has a deterministic upper bound which is strictly smaller than ¢;. Thus almost

surely, for n large enough

To get explicit parameters, we get measure concentration estimate on K, ; ; around Ky, for the
Hausdorff distance, which in turn gives us measure concentration estimate on H,,;,(®,) and
let us conclude. To get those concentration estimates, we use first use a geometric description
of K, i, indeed one can show that

Kops={X € Dy | VA € Dy, Trp(XA) < |PUA @ TUP,||}.

Then, to summarize, we use Theorem 1.2.3 with measure concentration properties of unitary
Haar matrices to conclude. Eventually we get the following theorem.
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Theorem 1.2.8. If we endow My (C) with the norm M > /Tri,(M*M), and that we assume
d < tkn, then for n > 3* x 2% x In®(kn) x k34,

n 52

P(Knkt & Ky +¢) < o (In(3k2e™1) —frx 2
Which in turn gives us after some computations the following explicit parameters.

Theorem 1.2.9. For the following values (k,t,n) = (184,1/10,10%%),(185,1/10,2 x 10°!),
(200, 1/10,10%7), (500, 1/10, 4 x 10%), (500, 1/2, 6 x 10**) wiolation of additivity is achieved with
probability at least 1 — exp(—10%).

1.2.5 Convergence for noncommutative rational functions evaluated
in random matrices

This paper is a bit different from the first four since it does not rely on this idea of in-
terpolating random matrices and free operator through free stochastic calculus. However it
is still very much in the continuity of the work of Dan Voiculescu. Indeed as mentioned in
the introduction, he proved that almost surely the trace of the moments of independent GUE
matrices converges towards the trace of the moments of free semicircular variables. And if we
define a self-adjoint polynomial P as a polynomial such that for any self-adjoint matrices X,
P(X3,...,X,) is self-adjoint, then Voiculescu’s result is equivalent to the convergence in law of
the empirical measure of any self-adjoint polynomial P evaluated in GUE matrices towards the
spectral measure of the same polynomial evaluated in free semicirculars. In this paper we prove
a similar result for more general functions. Indeed one can define the set of noncommutative
polynomials by induction as the functions we can build with C, X, ..., X; and the operation +
and x. If we add the operation (.)~!, then this is the set of noncommutative rational expression.

In their recent works [68] and [69], Mai, Speicher and Yin proved that it made sense to eval-
uate rational expressions in different free operators by viewing them as unbounded operators.
Thus our aim is to show the convergence of the spectrum of self-adjoint rational expressions
evaluated in independent random matrices towards the spectrum of the same rational expres-
sions evaluated in free operators. Surprisingly one of the most technical and difficult part of
the proof was simply to show that if we evaluate a rational expression in independent ran-
dom matrices, it is indeed almost surely well-defined. Eventually though we did manage to
prove that we could do so for some type of random matrices, such as Haar unitary matrices,
or self-adjoint random matrix with a density with respect to the Lebesgue measure. Then we
proved that as long as we could evaluate our rational expression r in both the matrices X
and the limit operators z, the convergence in law of the empirical measure of r(X*) towards
the spectral measure of r(x) was simply a corollary of the convergence in distribution of the
family XV towards z.

Theorem 1.2.10. Let X~ = (X{V,..., X)) be a dy-tuple of self-adjoint random matrices and
let UN = (UN, ..., Uég) be a dy-tuple of unitary random matrices. Further, let R be a non-
degenerate square matriz-valued noncommutative rational expression in d = dy + dy variables
which is self-adjoint of type (dy,dy); see Definition 6.2.9. Suppose that the following conditions
are satisfied:

1. (XN UN) converges almost surely in *-distribution towards a d-tuple of noncommuta-
tive random wvariables (z,u) in some tracial W*-probability space (M, T) satisfying the
reqularity condition A(z,u) = d; see Sections 6.2.4 and 6.2.5.
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2. For N large enough R(X™N UN) is well-defined almost surely.

Then R(x,u) is well-defined, and the empirical measure of R(X™N , UN) converges almost surely
in law towards the analytic distribution of R(x,u).

The assumption 2 is satisfied for random matriz models (X, UN) whose law on My (C)d x
Un(C)% is absolutely continuous with respect to the product measure of the Lebesque measure
on My(C)sa and the Haar measure on Uy (C).

In particular, the assumptions 1 and 2 are satisfied for random matriz models satisfying the
following conditions:

o (XN, UN) are almost surely asymptotically free.

e The law of each XJN has a density with respect to the Lebesque measure on My (C)g, and
its eigenvalue distribution almost surely converges weakly to some compactly supported
probability measure on R that is non-atomic.

e UN arei.i.d. Haar distributed.

Let us provide an outline of the proof. It is known that given a self-adjoint rational
expression r, we can find a self-adjoint linearization p = (Q,w). That is a matrix Q €
M, ((X1, ..., Xg)) and a vector w € C* such that 7(X) = w*Q(X)lw. Thanks to the Portman-
teau theorem, we only need to show the convergence of the cumulative distribution function to
conclude. Then we prove that the cumulative distribution function of the spectral measure of
an operator (not necessarily bounded) is in a way continuous with respect to the rank. This
implies that we can ignore the singularity in 0 of Q(z,u,u*)™! as long as the spectral measure
of Q(x,u,u*) has no atom in 0. Thus it turns out that the cumulative distribution function
of w*Q(XY,UN, UN*)"lw is close from the one of w* f.(Q(XY, UN UN*))w where f. is a con-
tinuous function which is equal to ¢ — t~1 outside of a neighborhood of 0 of size e. Then we
can use the convergence in *-distribution of the family (X, U") to show that the cumulative
distribution function of w* f.(Q(XY, UN UN*))w converges towards the correct limit when we
let N go to infinity and ¢ go to 0.






Chapter 2

On the operator norm of noncommutative
polynomials in deterministic matrices and iid
GUE matrices

Let XV = (XN,..., XY) be a d-tuple of N x N independent GUE random matrices and
ZNM he any family of deterministic matrices in My (C) ® M(C). Let P be a self-adjoint
noncommutative polynomial. A seminal work of Voiculescu shows that the empirical measure
of the eigenvalues of P(X”) converges towards a deterministic measure defined thanks to free
probability theory. Let now f be a smooth function, the main technical result of this paper is
a precise bound of the difference between the expectation of

]\/[1]\[ TrMN((C) ® TrMM((C) (f(P(XN ® Iw, ZNM))) )

and its limit when N goes to infinity. If f is six times differentiable, we show that it is
bounded by M? || f]|.s N~2. As a corollary we obtain a new proof and slightly improve a result
of Haagerup and Thorbjgrnsen, later developed by Male, which gives sufficient conditions for
the operator norm of a polynomial evaluated in (X~, ZVM ZNM*) to converge almost surely
towards its free limit.

This chapter is adapted from [7], which is a joint work with Benoit Collins and Alice Guion-
net.
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Chapter 2. On the operator norm of noncommutative polynomials in deterministic
matrices and iid GUE matrices

2.1 Introduction

Given several deterministic matrices whose spectra are known, the spectra of a noncom-
mutative polynomial evaluated in these matrices is not well defined since it depends as well
on the eigenvectors of these matrices. If one takes these vectors at random, it is possible to
get some surprisingly good results, in particular when the dimension of these matrices goes to
infinity. Indeed, the limit can then be computed thanks to free probability. This theory was
introduced by Voiculescu in the early nineties as a noncommutative probability theory equipped
with a notion of freeness analogous to independence in classical probability theory. Voiculescu
showed that this theory was closely related with Random Matrix Theory in a seminal paper
[3]. He considered independent matrices taken from the Gaussian Unitary Ensemble (GUE),
which are random matrix is an N x N self-adjoint random matrix whose distribution is pro-
portional to the measure exp (—N/2 Try(A?)) dA, where dA denotes the Lebesgue measure on
the set of N x N Hermitian matrices. We refer to Definition 2.2.8 for a more precise statement.
Voiculescu proved that given XV, ... X independent GUE matrices, the renormalized trace
of a polynomial P evaluated in these matrices converges towards a deterministic limit a(P).
Specifically, the following holds true almost surely:

lim jlvTrN (PXY,...,X2)) = a(P). (2.1)

N—oo

Voiculescu computed the limit «(P) with the help of free probability. If Ay is a self-adjoint
matrix of size IV, then one can define the empirical measure of its (real) eigenvalues by

1 N
HANy = Nz(sz\m
=1

where ¢, is the Dirac mass in XA and \q, ..., Ay are the eingenvalue of Ay. In particular, if P is a
self-adjoint polynomial, that is such that for any self adjoint matrices Ay, ..., Aq, P(A1, ..., Aq)
is a self-adjoint matrix, then one can define the random measure pp XN XN In this case,
Voiculescu’s result (2.1) implies that there exists a measure pp with compact support such that
almost surely ppxn, . XNy converges weakly towards up : it is given by pp(z*) = a(PF) for all
integer numbers k.

However, the convergence of the empirical measure of the eigenvalues of a matrix does not
say anything about the local properties of its spectrum, in particular about the convergence of
the norm of this matrix, or the local fluctuations of its spectrum. When dealing with a single
matrix, incredibly precise results are known. For exemple it is well-known that the largest
eigenvalue of a GUE random matrix converges almost surely towards 2. More precisely, if Xy
is a GUE random matrix of size N, then almost surely

Jim [ Xy = 2.

The proof, for the more general case of a Wigner matrix with entries with finite moments, was
given in [15]. This result was later obtained under the optimal assumption that their fourth
moment is finite [16]. Concerning the GUE, much more precise results were obtained by Tracy
and Widom in the early nineties in [17]. The main result of their paper is the existence of
a continuous decreasing function F, from R to [0, 1] such that if A\;(X?) denotes the largest
eigenvalue of X,
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lim P(N?3(\(XY) = 2) > s5) = Fa(s).

N—oo

This was recently generalized to Wigner matrices [18, 19, 20, 21] up to optimal hypotheses.
One can as well study the localization of the eigenvalues in the bulk as well as their fluctuations
(22, 19].

On the other hand, there are much less results available when one deals with a polynomial
in several random matrices. In fact, up to today, the only local fluctuations results concern
perturbative polynomials [23] or local laws [24] under some assumptions which are shown to
hold for homogeneous polynomials of degree two. However, a beautiful breakthrough was made
in 2005 by Haagerup and Thorbjgrnsen [6]: they proved the almost sure convergence of the
norm of a polynomial evaluated in independent GUE matrices. For P a self-adjoint polynomial,
they proved that almost surely, for N large enough,

o (P(XY,.... X)) C Supp pp + (—,2), (2.2)

where o(H) is the spectrum of H and Supp pp the support of the measure pp. This is equiv-
alent to saying that for any polynomial P,

PXN ... XN )H converges almost surely towards
sup{|z| |z € Supp pup} (see proposition 2.2.2). The result (2.2) was a major progress in free
probability. It was was refined in multiple ways. In [25], Schultz used the method of [6] to
prove the same result with Gaussian orthogonal or symplectic matrices instead of Gaussian
unitary matrices. In [26], Capitaine and Donati-Martin proved it for Wigner matrices under
some technical hypothesis on the law of the entries. This result itself was then extended by
Anderson in [27] to remove most of the technical assumptions. In [28], Male made a concep-
tual improvement to the result of Haagerup and Thorbjgrnsen, by allowing to work both with
GUE and deterministic matrices. Finally, Belinschi and Capitaine proved in [29] that one could
even work with Wigner and determinisic matrices, while keeping the same assumptions on the
Wigner matrices as Anderson. It is also worth noting that Collins and Male proved in [9] the
same result with unitary Haar matrices instead of GUE matrices by using Male’s former paper.

With the exception of [9], all of these results are essentially based on the method introduced
by Haagerup and Thorbjgrnsen. Their first tool is called the linearization trick: it allows to
relate the spectrum of a polynomial of degree d with coefficients in C by a polynomial of degree
1 with coefficients in M4 (C). The second idea to understand the spectrum of the spectral
measure of this larger matrix is to study its Stieltjes transform close to the real axis by using
the Dyson-Schwinger equations. An issue of this method is that it does not give easily good
quantitative estimates. One aim of this paper is to remedy to this problem. We develop a
new method that allows us to give a new proof of the main theorem of Male in [28], and thus
a new proof of the result of Haagerup and Thorbjgrnsen. Our approach requires neither the
linearization trick, nor the study of the Stieljes transform and attacks the problem directly.
In this sense the proof is more direct and less algebraic. We will apply it to a generalization
of GUE matrices by tackling the case of GUE random matrices tensorized with deterministic
matrices.

A usual strategy to study outliers, that are the eigenvalues going away from the spectrum,
is to study the non-renormalized trace of smooth non-polynomial functions evaluated in inde-
pendent GUE matrices i.e. if P is self-adjoint:

Tey (F(P(XY,. .. X))
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This strategy was also used by Haagerup, Thorbjgrnsen and Male. Indeed it is easy to see that
if f is a function which takes value 0 on (—oo,C —¢], 1 on [C, 00) and in [0, 1] elsewhere, then

P(Al(P(X{V,...,XéV)) > C) < IP’(TrN (F(PXY,....x2)) = 1)

Hence, if we can prove that Try ( F(PXY, ..., XY ))) converges towards 0 in probability, this
would already yield expected results. The case where f is a polynomial function has already
been studied a long time ago, starting with the pioneering works [70, 71], and later formalized
by the concept of second order freeness [72]. However here we have to deal with a function f
which is at best C'°*°. This makes things considerably more difficult and forces us to adopt a
completely different approach. The main result is the following Theorem. For the notations,
we refer to Section 2.2 — for now, let us specify that % Try denotes the usual renormalized trace
on N x N matrices whereas 7 denotes its free limit.

Theorem 2.1.1. Let the following objects be given,
o XN = (XN, ..., XY) independent GUE matrices in My(C),
e x = (x1,...,24) a system of free semicircular variables,
o ZNM = (ZM ., ZNM) deterministic matrices in My (C) @ M (C),
e PeC(Xy,...,Xui29)sa a self-adjoint polynomial,
e f€CR).

Then there exists a polynomial Lp € RT[X] which only depends on P such that with HZNMH =

sup ‘ZZ-NM , for any N, M,

1<i<q

MN

E {1T1~MN (f (P (XN®IM,ZNM,ZNM*))>] —TN®TM<f (P (ZL‘@IM,ZNM,ZNM*)))‘

M? NM
<z Mles e ([[2™1])
where || f||qs is the sum of the supremum on R of the first siz derivatives. Besides if ZN =
(InoYM .. Iy® YqM) and that these matrices commute, then we have the same inequality

without the M?.

This theorem is a consequence of the slightly sharper, but less explicit, Theorem 2.3.1. It
is essentially the same statement, but instead of having the norm C® of f, we have the fourth
moment of the Fourier transform of f. The above Theorem calls for a few remarks.

o We assumed that the matrices ZV" were deterministic, but thanks to Fubini’s Theorem
we can assume that they are random matrices as long as they are independent from X¥.
In this situation though, Lp (HZN M H) in the right side of the inequality is a random
variable (and thus we need some additional assumptions if we want its expectation to be
finite for instance).
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e In Theorems 2.1.1 and 2.3.1 we have XV ® I,; and = ® I/, however it is very easy to
replace them by XV @ Y™ and x @ Y™ for some matrices Y, € My;(C). Indeed we just
need to apply Theorem 2.1.1 or 2.3.1 with Z"¥M = Iy @ Y. Besides, in this situation,
Lp (HZNMW> =1Lp (HYMH) does not depend on N. What this means is that if we have a

matrix whose coefficients are polynomial in XV, and that we replace X" by z, we only
change the spectra of this matrix by M2?N~? in average.

« Unfortunately we cannot get rid of the M? in all generality. The specific case where we
can is when ZVY = (Iy @ Y™, ... Iy ® Y,M), where the Y} commute: this indicates
that the M? term is really a noncommutative feature.

A detailed overview of the proof is given in Subsection 2.3.1. The main idea of the proof is
to use a free version of Stein’s method by interpolating GUE matrices with a free semicircular
system with the help of a free Ornstein-Uhlenbeck process. For a reference, see [73]. When
using this process, the Schwinger-Dyson equations, which can be seen as an integration by part
formula, appear in the computation. We we refer to Proposition 2.2.10 for more information
which will play a major role in this paper. Theorem 2.1.1 is the crux of the paper and allows us
to deduce many corollaries. Firstly we rederive a new proof of the following theorem. The first
statement is basically Theorem 1.6 from [28]. The second one is an improvement of Theorem 7.8
from [31] on the size of the tensor from N/* to N'/3. This theorem is about strong convergence
of random matrices, that is the convergence of the norm of polynomials in these matrices, see
definition 2.2.1.

Theorem 2.1.2. Let the following objects be given:
o XN = (XN, ..., XY independent GUE matrices of size N,
e x=(x1,...,2q) a system of free semicircular variable,

o YM = (YM ... ,Y;)M) random matrices of size M, which almost surely, as M goes to
infinity, converge strongly in distribution towards a p-tuple y of noncommutative random
variables in a C*- probability space B with a faithful trace T3,

o ZIN =(ZN ..., Zév) random matrices of size N, which almost surely, as N goes to infinity,
converges strongly in distribution towards a q-tuple z of noncommutative random variables
in a C*- probability space with a faithful trace.

Then, the following holds true:

o If XN and ZN are independent, almost surely, (X, ZN) converges strongly in distribution
towards F = (z, z), where F belongs to a C*- probability space (A, *, T4, |.||) in which
and z are free.

o If (My)n>1 is a sequence of integers such that My = o(N'/3), XN and YM~ are indepen-
dent, then almost surely (XN ® Iy, In @Y MN) converges strongly in distribution towards
F = (z®1,1®y) when N goes to infinity. The family F thus belongs to AQumin B (see def-
inition 2.4.1). Besides if the matrices YMN commute, then we can weaken the assumption
on My by only assuming that My = o(N).
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As we mentioned earlier, understanding the Stieljes transform of a matrix gives a lot of
information about its spectrum. This was actually a very important point in the proof of
Haagerup and Thorbjgrnsen’s Theorem. Our proof does not use this tool, however our final
result, Theorem 2.3.1, allows us to deduce the following estimate with sharper constant than
what has previously been done. Being given a self- adjoint NM x N M matrix, we denote by

G 4 its Stieltjes transform:

1 1
Gale) = 7 Tovwm (z — A) '

This definition extends to the tensor product of free semi-circular variables by replacing (N M)~
TrNM by T™N @ T

Corollary 2.1.3. Given

o XN =(XN,..., X)) independent GUE matrices of size N,

e &= (x1,...,2q4) a system of free semicircular variable,
o YM = (YM ... ,Y;DM, YME ,YPM*) deterministic matrices of size M and their adjoints,

e PeC(Xy,....,Xu,Y1,...,Y5)sa a self-adjoint polynomial,

there exists a polynomial Lp € RT[X] such that for every YM 2 € C\R, M, N € N,

2
‘E [GP(XN(@IA{JN@Y]W)(Z)} - GP(J:@IM,IN(XJYM)(Z)’ S LP (HYMH) ]]\\{2 <|S(1z)|5 + |%(1Z)|2> 7

where HYMH = sup ‘Y;MH

1<i<p

One of the limitation of Theorem 2.1.1 is that we need to pick f regular enough. Actually
by approximating f, we can afford to take f less regular at the cost of a slower speed of
convergence. In other words, we trade some degree of regularity on f for a smaller exponent in
N. The best that we can achieve is to take f Lipschitz. Thus it makes sense to introduce the
Lipschitz-bounded metric. This metric is compatible with the topology of the convergence in
law of measure. Let Fry be the set of Lipschitz functions from R to R, uniformly bounded by
1 and with Lipschitz constant at most 1, then

[t~ | rav
R R

For more information about this metric we refer to Annex C.2 of [13]. In this paper, we get
the following result:

dru(p,v) = sup
feFLu

Corollary 2.1.4. Under the same notations as in Corollary 2.1.3, there exists a polynomial
Lp € RY[X] such that for every matrices Y™ and M, N € N,

2
dru (E[MP(XN®IM,IN®YM)]7NP(m®IA1,IN®YM)> <Lp (HYMH) ]i/'\{/?"
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2.1. Introduction

One of the advantage of Theorem 2.1.1 over the original proof of Haagerup and Thorbjgrnsen
is that if we take f which depends on N, we get sharper estimates in N. For exemple if we
assume that g is a C*> function with bounded support, as we will see later in this paper we
like to work with f : z — ¢g(N%z) for some constant «. Then its n-th derivative will be of
order N™. In the original work of Haagerup, Thorbjornsen (see [6], Theorem 6.2) the eighth
derivative appears for the easiest case where our polynomial P is of degree 1, and the order
is even higher in the general case. But in Theorem 2.1.1 the sixth derivative appears in the
general case. Actually if we look at the sharper Theorem 2.3.1, the fourth moment of the Fourier
transform appears, which is roughly equivalent to the fourth derivative for our computations.
This allows us to compute an estimate of the difference between E {HP (X NIy, In® YM H}
and its limit. To do that, we use Proposition 2.4.8 from [74, Theorem 1.1] which implies that
if we denote by pper,, 10vm) the spectral measure of P(z ® Iy, 1 ® YM) | then there exists
B € RT such that

limsup &~ ﬂP(m@IM 1oy M) ({HP ® Iy, 1@ YM) H — &, [P(r®I,1® YM)HD >0. (2.3)

e—0

With the help of standard measure concentration estimates, we then get the following Theorem:
Theorem 2.1.5. We consider

o XV = (XN, ..., X)) independent GUE matrices of size N,

e x = (x1,...,14) a system of free semicircular variable,

o YM = (YM ... ,Y;,M) deterministic matrices of size M a fized integer and their adjoints.

For any polynomial P € C(X,..., X4, Y1,....,Y,), there ezists constants K and C' such that
for any 6 >0 and N € N,

PNV (|PXY @ Ly, Iy 9 Y| = [Pe @ Ly 10 YM)|)) 2 64 ©) (2.4)
< 67K52\/ﬁ+d671\r

Y

(v (Jp o vy e ey s <5-0) e

+8
_ 23
<€K6N+5

+de N

This theorem is interesting because of its similarity with Tracy and Widom’s result about
the tail of the law of the largest eingenvalue of a GUE matrix. We have smaller exponent in
N, and thus we can only show the convergence towards 0 with exponential speed, however we
are not restricted to a single GUE matrix, we can chose any polynomial evaluated in GUE
matrices. Besides by applying Borel-Cantelli’s Lemma, we immediately get:

Theorem 2.1.6. We consider
o XN = (XN ... X)) independent GUE matrices of size N,

e &= (x1,...,2q4) a system of free semicircular variable,
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o YM = (YM . .. ,Y;DM) deterministic matrices of size M a fized integer and their adjoints.

Then almost surely, for any polynomial P € C(Xy,..., X4, Y1,...,Y,), there exists a constant
c(P) > 0 such that for any c¢(P) > a > 0,

lim N¢

N—oo

Moreover, if 3 satisfies (2.3), then almost surely for any o < (3+ 8)~" and e < 1/4, for N
large enough,

[PeCY @ . Iy @ Y| - [P e Ly 1@ Y| =0

—NT < |[PXN @ Ly, Iy o YY) - || P(r @ Ly, 10 VM) | < N2,

In order to conclude this introduction, we would like to say that while it is not always easy
to compute the constant [ in all generality, it is possible for some polynomials. In particular, if
our polynomial is evaluated in a single GUE matrix, then the computation is heavily simplified
by the fact that we know the distribution of a single semicircular variable. Finally, the constant
(3+ B)7!is clearly a worst case scenario and can be easily improved if 3 is explicit.

This paper is organised as follows. In Section 2.2, we recall the definitions and properties of
free probability, noncommutative calculus and Random Matrix Theory needed for this paper.
Section 2.3 contains the proof of Theorem 2.1.1. And finally in Section 2.4 we give the proof
of the remaining Theorem and Corollaries.

2.2 Framework and standard properties

2.2.1 Usual definitions in free probability

In order to be self-contained, we begin by reminding the following definitions from free
probability.

Definition 2.2.1. o A C*-probability space (A,*,7,||.||) is a unital C*-algebra (A, *,|.]|)
endowed with a state T, i.e. a linear map 7 : A — C satisfying 7(14) = 1 and 7(a*a) > 0
for all a € A. In this paper we always assume that T is a trace, i.e. that it satisfies
7(ab) = 7(ba) for any a,b € A. An element of A is called a (noncommautative) random
variable. We will always work with a faithful trace, namely, for a € A, T(a*a) =0 if and
only if a = 0. In this case the norm is determined by T thanks to the formula:

lall = Jim (((a*a)*))

1/2k

o Let Ay, ..., A, be x-subalgebras of A, having the same unit as A. They are said to be free
if for all k, for all a; € A;, such that j1 # jo, Jo # 3, -+, Jk—1 7 Jk:

(a1 = (@) (az = (@) .. (ax = 7(ar))) = 0.

Families of noncommutative random variables are said to be free if the x-subalgebras they
generate are free.
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o Let A= (ay,...,ar) be a k-tuple of random variables. The joint distribution of the family
A is the linear form py : P — T[P(A, A*)} on the set of polynomials in 2k noncommuta-
tive indeterminates. By convergence in distribution, for a sequence of families of variables
(An)ns1 = (@, ... al)n>1 in C*-algebras (.AN,* T |-l ), we mean the pointwise con-
vergence of the map

Hay - P TN[P(AN,A*N)},

and by strong convergence in distribution, we mean convergence in distribution, and point-
wise convergence of the map

P | P(A, A3

e A family of noncommutative random variables x = (x1, ..., x,) is called a free semicircular
system when the noncommutative random variables are free, selfadjoint (x; = x}, i =
1...p), and for allk in N andi=1,...,p, one has

r(at) = [ o),

with do(t) = 5-v/4 — 2 1<z dt the semicircle distribution.

The strong convergence of noncommutative random variables is actually equivalent to the
convergence of the spectrum of their polynomials for the Hausdorff distance. More precisely
we have the following proposition whose proof can be found in [9, Proposition 2.1] :
Proposition 2.2.2. Let xy = (2, ... ,xév) and x = (x1,...,x,) be p-tuples of variables in C*-
probability spaces, (An,.*, 7w, || - ||) and (A,.*, 7, - ||), with faithful states. Then, the following
assertions are equivalent.

e Xy converges strongly in distribution to x.

e For any self-adjoint variable hxy = P(xy), where P is a fized polynomial, p, converges
in weak-x topology to p, where h = P(x). Weak-x topology means relatively to continuous
functions on C. Moreover, the spectrum of hy converges in Hausdorff distance to the
spectrum of h, that is, for any € > 0, there exists Ny such that for any N > Ny,

olhy) C o(h) + (—¢,¢). (2.6)
In particular, the strong convergence in distribution of a single self-adjoint variable is equivalent

to its convergence in distribution together with the Hausdorff convergence of its spectrum.

It is important to note that thanks to [60, Theorem 7.9], that we recall below, one can
consider free version of any random variable.

Theorem 2.2.3. Let (A;, ¢i)icr be a family of C*-probability spaces such that the functionals
¢i » A — C, i € I, are faithful traces. Then there exist a C*-probability space (A, ¢) with ¢ a
faithful trace, and a family of norm- preserving unital x-homomorphism W; : A; — A, i € I,
such that:

e poW,=¢;, Viel.
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e The unital C*-subalgebras form a free family in (A, ¢).

Let us finally fix a few notations concerning the spaces and traces that we use in this paper.

Definition 2.2.4. e (An,7n) is the free sum of M (C) with a system of d free semicircular
variable, this is the C*- probability space built in Theorem 2.2.5. Note that when restricted
to My (C), 7y is just the reqular renormalized trace on matrices. The restriction of Tn to
the C*-algebra generated by the free semicircular system x is denoted as T.

e Try is the non-renormalized trace on My (C).

e Mn(C)y, is the set of self adjoint matriz of M (C). We denote E,. s the matriz with
coefficients equal to 0 except in (r, s) where it is equal to one.

e We reqularly identify My (C) @My (C) with My (C) through the isomorphism E; ;Q E, ; —
Eiirn jisn, similarly we identify Try ® Try, with Tryy.

o If AN = (AN ... AY) and BM = (BM,... BM) are two families of matrices, then we
denote AN @ BM = (AN @ BM, ...  AY @ B}). We typically use the notation X~ @ Iy,
for the family (XN @ Iy, ..., XY @ Iny).

2.2.2 Non-commutative polynomials and derivatives

We set Agq = C(Xy, ..., Xg, Y1,..., Y, YT, ..., Y¥) the set of noncommutative polynomial
in d 4+ 2¢q indeterminates. We endow this vector space with the norm

IPla= >  lea(P)|A*EY, (2.7)

Mmonomial

where ¢y (P) is the coefficient of P for the monomial M and deg M the total degree of M (that
is the sum of its degree in each letter Xy,..., X4, Y1,..., Y, Y, ... ,Y:]*). Let us define several
maps which we use frequently in the sequel First, for A, B,C' € A, let

A® B#C = ACB,
A® B#C = BCA,

m(A® B) = BA.

Definition 2.2.5. If 1 < i < d, one defines the noncommutative derivative 0; : Azq —
Aiq ® Agy by its value on a monomial M € Aq, given by

M= > A®B,
M=AX;B

and then extend it by linearity to all polynomials. Similarly one defines the cyclic derivative
D;: Ayg — Agq for P € Aqy by
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2.2. Framework and standard properties

The map 0; is called the noncommutative derivative. It is related to Schwinger-Dyson
equation on semicircular variable thanks to the following property 2.2.6. One can find a proof
of the first part in [13]|, Lemma 5.4.7. As for the second part it is a direct consequence of the
first one which can easily be verified by taking P monomial and then concluding by linearity.

Proposition 2.2.6. Let x = (21,...,%,) be a free semicircular system, y = (y1,...,Yy,) be
noncommutative random variables free from x, if the family (x,y) belongs to the C*-probability
space (A, *,T,|.]]), then for any P € Aqg,

T(P(z,y,y") ;) = 7 @ 7(0: P(,y,y")) .

Moreover, one can deduce that if Z¥™ are matrices in My (C) ® My(C) that we view as a
subspace of Ay @ My (C), then for any P € Aqy,,

™ @ Tar (P(m ® Ing, ZVM ZNMYY 1 @ [M>
— ((TN ® L) @ (v © L) (9Pl @ Lng, 2N, ZNM*))> |
We define an involution * on A4, such that

(Xi)"=Xi, (V)" =Y" (V) =Y

and then we extend it to Ay, by the formula (aPQ)* = aQ*P*. P € Ay, is said to be self-
adjoint if P* = P. Self-adjoint polynomials have the property that if zq,..., 24, 21, ..., 2, are

elements of a C*- algebra such as xy,..., x4 are self-adjoint, then so is P(xy,..., 24, 21, ..., 24,
2y zj;) Now that we have defined the notion of self-adjoint polynomial we remark for later
use that

Proposition 2.2.7. Let the following objects be given,
e ©=(x1,...,2,) a free semicircular system ,
o XN = (XN ... XN self-ajoint matrices of size N,
o XN =et2XN 4 (1 —e )21 elements of Ay,
o ZNM matrices in My (C) @ My (C),
f €C'R),
e P a self-adjoint polynomial.

Then the following map is measurable:
(XN, Z2NM) s 7y @ s (f (POXY @ L, 2N, Z28Y7))).

Proof. This is obvious if f is a polynomial and the general case is obtained by approximation.
O

Actually we could easily prove that this map is continuous, however we do not need it. The
only reason we need this property is to justify that if XV is a d-tuple of independent GUE
matrices, then the random variable Ty ® Ty ( f (P(XtN ® Iy, ZNM ZNM *))> is well-defined
and measurable.
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2.2.3 GUE random matrices

We conclude this section by reminding the definition of Gaussian random matrices and
stating a few useful properties about them.

Definition 2.2.8. A GUE random matriz X"~ of size N is a self adjoint matriz whose coeffi-
cients are random variables with the following laws:

e Forl1l <i <N, the random variables v/ NX% are independent centered Gaussian random
variables of variance 1.

e For1<i<j<N, the random variables V2N RX}); and V2N SXY are independent

centered Gaussian random variables of variance 1, independent of (X%) .
’ (3

We now present two of the most useful tools when it comes to computation with Gaus-
sian variable, the Poincaré inequality and Gaussian integration by part. Firstly, the Poincaré
inequality:

Proposition 2.2.9. Let (xy,...,x,) be i.i.d. centered Gaussian random variable with variance
1, let f:R® = R be C, then

Var (f(xl,...,xn)) < E[HVf(xl,,wn)Hg}

For more details about the Poincaré inequality, we refer to Definition 4.4.2 in [13]. As for
Gaussian integration by part, it comes from the following formula, if Z is a centered Gaussian
variable with variance 1 and f a C! function, then

E[Zf(Z)] = E[02f(Z)] . (2.8)

A direct consequence of this, is that if z and y are centered Gaussian variable with variance 1,

and Z = “;y, then

E[Zf(z,y)] =E[0zf(z,y)] and E[Zf(z,y)] = E[0zf(x,y)] , (2.9)

where 9, = $(8, +19,) and 85 = (0, —i9,). When working with GUE matrices, an important
consequence of this are the so-called Schwinger-Dyson equation, which we summarize in the

following proposition. For more information about these equations and their applications, we
refer to [13], Lemma 5.4.7.

Proposition 2.2.10. Let XV be GUE matrices of size N, Q € Aay, then for any i,

1 1

E | Tov (XY Q(XN))} —E KN TrN> - (@@(xN))] .

Proof. One can write X{¥ = —=(] )1<rs<n and thus
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2.3. Proof of Theorem 2.1.1

B[ Trv(XY QXY =

1 4
N N3/2 ZE [‘x;‘,s TrN(Er,s Q(XN))}

1
= o 2 B[ Ten(Brs 00 Q(XY)
= ]\?2 ZE [TI‘N<E7"7S &Q(XN)#ES,T)]

_g [(}V TrN>®2 (&Q(XN»] ~

Now to finish this section we state a property that we use several times in this paper:

Proposition 2.2.11. There exist constants C, D and « such that for any N € N, if XV is a
GUE random matriz of size N, then for any u > 0,

P (HXNH >+ D) < gmoul,

Consequently, for any k < aN/2,
e )] = ot

Proof. The first part is a direct consequence of Lemma 2.2 from [40] in the specific case of the
GUE. As for the second part, if £ < aN/2, then we have,

[l = R (] 2 )
< kD* + k /Oo e~ Ne(u=D)y k=1,
D

< kDF 4 kePNe /OO elh=Neyu gy,
D

SkﬁDk—f—ﬁGkD Sok
aN

for some C' independent of N and k. In the third line we used that In |u| < u for all positive
real numbers,

]

2.3 Proof of Theorem 2.1.1

2.3.1 Overview of the proof

Given two families of non-commutative random variables, (XV ® I/, Z¥M) and (z ®
In, ZNM) | we want to study the difference between their distributions. As mentioned in the
introduction, the main idea of the proof is to interpolate these two families with the help of
d free Ornstein-Uhlenbeck processes X" started in the matrices X». However, as we shall
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explain just below, we are only interested into the law of the marginals at time ¢ of this process,
and thus since there exists a simplified expression of this law, we do not need to define it as
a stochastic process. We refer to [73] for the reader interested by the global definition. Many
properties of the free Ornstein-Uhlenbeck process are similar to the classical case. For example,
if (S;); is an Ornstein-Uhlenbeck process, then it is well-known that for any function f and
t>0,

E[£(Sy)] = E[f(e72Sp + (1 — e7H)/2X)]

where X is a centered Gaussian random variable of variance 1 independent of Sy. Likewise, if
p is the trace on the C*-algebra which contains (X )0, we have for any function f such that
this is well-defined and ¢ > 0,

u(fX)) = 7 (fle™PXN 4 (1= 7)) (2.10)

where x is a system of free semicircular variables, free from My (C). Thus a free Ornstein-
Uhlenbeck process started at time ¢ has the same distribution in the sense of Definition 2.2.1
as the family

e—t/QXN + (1 . e_t)1/2x )

Consequently, from now on, we write XN = e ¥/2X" + (1 — e7*)"/22. Since our aim in this
subsection is not to give a proof but to outline the strategy used in subsection 2.3.2, we also
assume that we have no matrix ZV™ and that M = 1. Now under the assumption that this is
well-defined, if Q € A0 = C(X, ..., X4),

1 N o d N
E {NTrN (Q (x ))] —T<Q(l‘)> —-["E [dt(m (Q(x; )))] dt .
On the other hand, it is known that by using the free Markov property of the free Brownian
motion, we have for @ € Ay

d

EQ) = 3 {m (XDQ)XN) = 7w @ 7 (ADQ)XY)) -

One can already recognize the Schwinger-Dyson equation. Indeed thanks to Proposition 2.2.10,
one can see that

d

B | Grv(@x?)

i - S [ (X (DY) — v 7w ((DQ(XM)] =0

t=0

And then, thanks to Proposition 2.2.6,

B | Q)]

However what happens at time ¢ is much harder to estimate and is the core of the proof. The
main idea to deal with this issue is to view the family (X?,z) as the asymptotic limit when k
goes to infinity of the family (XY ® I, R*) where R*Y are independent GUE matrices of size
kN and independent of X¥.

_ _; Z {7 (z; (D;Q)(z)) —TR7((0:D;:Q)(x))} =0.

t=00
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2.3. Proof of Theorem 2.1.1

Another issue is that to prove Theorem 2.1.1, we would like to set @ = f(P) but since f
is not polynomial this means that we need to extend the definition of operators such as 0;. In
order to do so we assume that there exist © a measure on R such that,

Ve eR, f(z)= /Reia’"y du(y) .

While we have to assume that the support of u is indeed on the real line, ¢ can be a complex
measure. However we will usually work with measure such that |u|(R) is finite. Indeed under
this assumption we can use Fubini’s Theorem, and we get

s 3 (100D )] (r1700) = e[ (7)) ()}

We can then set Q = e'¥". And even though this is not a polynomial function, since it is a power
series, most of the properties associated to polynomials remain true with some assumption on
the convergence. The main difficulty with this method is that we need to find a bound which
does not depend on too high moments of y. Indeed terms of the form

[ 1" dlulty)

appear in our estimates. Thanks to Fourier integration we can relate the exponent [ to the
regularity of the function f, thus we want to find a bound with [ as small as possible. It turns
out that with our proof [ = 4.

2.3.2 Proof of Theorem 2.1.1

In this section we focus on proving Theorem 2.1.1 from which we deduce all of the important
corollaries. It will be a consequence of the following Theorem :

Theorem 2.3.1. Let the following objects be given,
o XV =(XN,..., X)) independent GUE matrices of size N,
e x=(x1,...,24) a system of free semicircular variables,

o ZNM — (Z{VM, ceey ZéVM) deterministic matrices,

P e Ay, a polynomial that we assume to be self-adjoint,

[ : R+ R such that there exists a measure on the real line p with [(14+y*) d|pl(y) < +oo
and for any x € R,

fla) = [ e duly) .

Then, there exists a polynomial Lp € RT[X] which only depends on P such that with HZNMH =

sup ||ZNM| for any N, M,

1<i<q

MN

E [ T (1 (P (XY @ 1, 29, 2990)) Y] o om(f (P (0@ 1, 27, 27)) )|

<ML (|2]) [+ ") dlulw)
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The proof is a direct corollary of Lemmas 2.3.3 and 2.3.4 below. The first one shows that
the crux of the proof lies in understanding the following quantity:

Definition 2.3.2. Let the following objects be given,

e o, €10,1],

A,B,C,D e Ay, monomials,
o XN = XY 4 (1= et
o 7= (XY @ Ly, 2NN, 27T,
o Sy = (AT B)(Z)),
o V,=(CTD)ZY).
Then we define:

1
S]‘\‘,’f(A,B,C',D):E — Z TN®TM(ES,T®]MXStXEr,s®IMXVt>

1<s,r<N

—-E {TM ((TN @ In)(Se) (Th ® IM)(Vt)>

We can now state the next lemma which explains why this object appears:

Lemma 2.3.3. Let f be a function such that there exists a measure p such that for any x € R,

fla) = [ emduly)

We also assume that [p(1 4 y*)d|p|(y) < co. Then one can write

E {MlN Tr (f (P (XY @ Ly, 2, 207)) )] N ® ¢M<f (P (x@ Ly, 2V, 2N7)) )

as a finite linear combination of terms of the following kinds :

0 1
[et [vr [ SwiTAB.C.D)da dpty) dt (2.11)
0 0 ’
and
[T et [y SNuA B.C. D)du(y) dt (2.12)
0 b

where the monomials A, B,C,D € Ay, and the coefficients of the linear combination are
uniquely determined by P.
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Proof. First, we define the natural interpolation between the trace of matrices at size N and
the trace of semicircular variables,

s(t,y) =E [TN K Tm (Gin(ZtN)ﬂ .
By definition of f we have

/Rs(O,y) duly) = E L\;N Trprn (f(P(XN ®IM,ZNM,ZNM*))>} ,

[ sty duta) = @ (F(Pl @ 1y, 22,22,

Thus under the assumption that this is well-defined, we have

E L\;N Trary (f (P (XN @ Ly, ZVM, 2V )} — TN ® Ty (f (HCEIARNARS) )

—— [ [astt.y) duty) @t . (2.13)

We compute

—t .
Os(t,y) = iy% E |ﬁ'N Q Ty (ein(ZtN) ZE)ZP(ZtN)# (((1_:224)1/2 — et/2XZ»N> Q IM>>] )
Z (2.14)

Since we assumed that p is such that [(1+y*)du(y) < +oo and that since X}V and z; have all
moments uniformly bounded by Lemma 2.2.11, we can find a constant C' independent from y
and t such that

|0,s(t,y)| < C ye 2,

we can deduce that (2.13) is well-defined. Besides, writing P = Y ¢y (P)V with monomials
Ve Aggq, we get

as(t,y) =iy Sev(P) S E

V=BX;A

™ ® Tur (A(Z;V)eiy”ZéV) B(zZM) (2.15)

L t/2 3N
x@r«twf”/&>®“0

Hence, 0;s is a finite linear combination of terms of the form

—t _ —t gl —t Q2
t ’ - t ) - t ) :
ye 'Si(A,B) = ye 'S, (A, B) —ye 'S; (A, B) (2.16)

with
SYA,B) = S;(A, B, (1 —e™)™2z;) and S*(A, B) = Sy(A, B, e!/2XN)
where

Si(A,B,G) =E |[ry @ (A(Z)) €""ZOB(ZN) x G @ 1y)| . (2.17)
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We first study S?(4, B). We denote by Q = Ae" B. We want to use Gaussian integration by
part: if we set vV NX]N = (2%, )1<sr<n, then with 8,: as in equations (2.8) and (2.9), thanks
to Duhamel formula

VNE 0,0 Q(ZY) = QAZN Y Ers ® Ius) MTEDB(Z))

1 . .
+iy / A(ZN) =P 9 p(ZNVY(B,, ® L) 9P B(ZN) da
0
(2.18)
+ A(ZNeVPE) 0,B(ZN)#( By @ Iny).

Consequently, expanding in S?(A, B) the product by X/ in terms of its entries, we have

SH(A, B) =e"”E [ty ® 7 (A" B)(2)) XN ® I )]
— N71/2€t/2 Z E

v, Ty @ Ty (E © Ly (AP B)(ZN ))}

1<s,r<N
1
= - z E [TN@)TM(ES’T@IM et/anérQ(ZtN)>}
N 1<s,r<N ’
1 .
=E |- Z TN®TM<ES,T®]M 0;A#(E,s @ In) e‘yPB>
N 1<s,r<N
1 1 ' .
+ ly/ E|— Z TN @ T (ESJ ® IM Ael(l_a)yp &-P#(Er,s X IM) GlayPB> do
0 N in
1 iyP
+E|— Z ™ @ Tnm (ES, ® Iy Ae” 0;B#(E, s ® ]M)> (2.19)
N 1<s,r<N

where A, B, P are evaluated at Z. To deal with S!(A, B), since a priori we defined free
integration by parts only for polynomials, we expand the exponential as a power series,

i €T; 0% 1

™ & Tm (A(ZtN) eyP(Z’gV) B(ZtN)(l—e—tg/ll/?>
. i®1

=5 o (A2 PN B )

(1 _ e—t)1/2

We define (7y @ Iy) Q(7n @ Iny) : (Axy @ M3 (C))®? — My (C) the linear map which is defined
on simple tensor by (Tn ® In) (7w ® Iy)(A® B) = (7nv @ In)(A) X (Tnv ® Ip)(B). Hence,
thanks to Proposition 2.2.6, with the convention that A x (B® C) x D = (AB) ® (CD), we
have
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- <A<25V> (yP(Z))) Bz 28D )

= ((rw ® 1) @(rw @ 1) (0.A(Z) (yP(ZY)) B(ZY)))

1<I<k

+iyTy ((TN®IM)®(TN®IM)(A(ZtN) (iy)*" > Pz oP(z)) P(ZY) B(ZtN)>)

+ Tur ((TN ® In) Qv ® IM)(A(ZtN) (iyP(Z"))" a"B(ZtN)D '

Now we can use the fact that

1 1 =11 _ k=l
1 / a1 - a) do
k! o (I—1Dlk-=1)!

to deduce that

i (w © 1) @ @ 1) (Az) X WIS P2y o ) P B >))

- [ ((m © 1) @ (v @ In) (MN ) eV iz

E>11=1
(iy(1 — a)P(ZzV»“B(ZtN)) ) "

(k1)

1 . .
= [ ((TN @ ) Qv @ L) (A(ng ) =P g p(ZNY evP(ZY) B(ZN ))) da.
And thus, after summation, we obtain

SHA,B) = Ty <(TN ® Inr) Qv @ Inr) <8ZA einB>)
+ iy /01 TM<(TN ® Iy) ®(TN ® Iy) (Aei(l_a)yp 0; P eiayPB>)da
+ TM<(TN @ ) Ry @ Iny) <A (P ai3>).

Therefore, after making the difference (2.16) to compute Si(A, B), we conclude that the dif-
ference we wish to estimate in (2.13) is a linear combination of terms, whose coefficients only
depend on P, of the form (2.11) and (2.12).

O

Thus the next step is to study the quantity Sﬁ,f (A, B,C, D). More precisely we show:
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Lemma 2.3.4. There is a polynomial L € RY[X] which only depends on A, B,C,D and P

such that with HZNMH = sup |[ZNM|, for any a,3 € [0,1], NeN, t e RT and y € R,
1<i<q
Sy (A, B,C, D)’ < %?MZL (/| Z™))

This lemma is a direct consequence of Lemmas 2.3.6 and 2.3.7. We first show that the family
(XN@ Iy, x @1y, ZNM) is actually the asymptotic distribution (in the sense of Definition 2.2.1)
as k goes to infinity of the family (XY ® Iy, R*N @ Iy, ZV¥M @ I},) where R*Y is a family of
independent GUE random matrices of size k/N. The advantage of this representation is that it
allows us to use classical analysis, and to treat the GUE variables and the semi-circle variables in
a more symmetric way. A direct proof using semi-circular variables should however be possible.

Proposition 2.3.5. If RN is a family of independent GUE random matrices of size kN,
independent of X, we set

Utk _ ((e—t/QXN ® I, + (1 . e—t)l/QRkN) ® I 7ZNM ® Ik,ZNM* ® Ik)~

Then if ¢ = Ae?™P B, we have that Px~-almost surely for any t,

(v ® In) (a(2)")) = lim Ex [(rex © L) (a(UF) )]
where B is the expectation with respect to RFN. Here M, N are kept fived.

Proof. This proposition is mostly a corollary of Theorem 5.4.5 of [13]. Indeed this theorem
states that if RFV are GUE matrices and D*N are deterministic matrices such that

1 1/1
Sup max sup ( Tr(|DfN|l)> < 00,
leN @ gen \ NV

and if DV converges in distribution towards a family of noncommutative random variables
d, then the family (R*Y, D*V) in the noncommutative probability space (Myn(C), %, E[5 Tr])
converges in distribution towards the family (z,d) where z is a system of free semicircular
variables free from d. In our situation we can write for every i,

ZMM = N B, AN,

i
1<r,s<N

Thus, if EY = (B, )i1<rs<n, we fix DMV = (XN @ [, EN ® I}), d = (X", EY), and we can
apply Theorem 5.4.5 from [13] to get that for any non-commutative polynomial P,

lim B [ren (P(RY, XN @ I, EY ® Iy))] = 7v (P(x, XN, EY)) .

k—o00
Consequently, for any non-commutative polynomial P, we also have
kh_>m Egr [TkN ® I (P(R*™ @ Ing, XN @ Ling, BN @ Iy, Iy @ AM Iy @ (AM)*)}

Hence, for any P € Ay,
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lim Ep v ® I (P(UF))] = 7w ® T (P(2))) . (2.20)

Thanks to Property 2.2.11, we know that there exist & > 0 and D < oo such that for all
u > D, for N large enough, Vi € [1,d],

P (| REV]| > u) < emom iy (2.21)
Since if ¢pr(P) is the coeflicient of P associated with the monomial M, one has

\PhH| < X Jem(P) | MU

M monomials

Y

there exist constants L and C' which do depend on HZJN M H and HXzN such that for N large

enough

P ([P > ) < e, (2.22)

Knowing this, let f. € C[X] be a polynomial which is e-close from x > €¥#¥* on the interval
[—1—C,C +1]. Since one can always assume that C' > HP(ZtN) , we have, with ¢ = AP B :

(v ® IM)(Q(Z?[)) —(w® IM)((Afs(P)B)(ZfV))H < Dk,

where D is some constant which can depend on the dimensions N, M but not on k. Thus

Iy ® Inn) (a(Z)) = B [(mien ® Inn) (a(U))] |
< De + DEpg {H(Q - Afa(P)B)(UbH 1HP(U§)HZC+1

+[(x ® L) ((AL(P)B)(ZY)) = Er [(ma @ Lnr) ((A£-(P)B)(UR) ] |

The last term goes to zero as k goes to infinity by (2.20). Besides

Er [H(q - AfE(P)B)(Uf)H 1HP(Ut’“)HzC+l]
< B [(Jawd)| |Bws)] + |aremwn])] 2 pwh] = o+

The first term is bounded independently of k£ thanks to (2.21) and the second converges expo-
nentially fast towards 0 thanks to (2.22). Consequently

liixis;p l(Tnv @ Inr) (q(ZfV)) —Eg {(TkN ® IM)(Q(Utk)ﬂ | < De.

Hence the conclusion follows since the left hand side does not depend on e.
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Recall that by definition

S%’,?(AaBac, D) = E[A?\;§<A,B,C’, D)] (2.23)

with, following the notations of Definition 2.3.2 :

1
A%€<A78707D): Z 7_N®TM<E37~®[MXS,5XETS®IMXV;>
7 N in 7 ’
. <(7N © In)(S) (ry ® ]M)(Vt)).

By Proposition 2.3.5, we deduce that

AcP (A,B,C, D) = lim Ag{@t(A, B,C, D) (2.24)

b %w b k)

where Agf\,’t <A, B,C, D> equals

1 . .
]ER N Z TkN®TM(Es,r®[k®IM (Ael’ByPB)(Utk) Er,s®jk®[M (CelayPD>(Utk)>]
1<s,r<N
—7u (Er [miy ® D (A" BY(UF)| Bg [riw @ T (Ce*” D)(UF))] ) (2.25)

We can now prove the following intermediary lemma in view of deriving Lemma 2.3.4.
Lemma 2.3.6. Define UF as in Proposition 2.5.5, and let

o Plo=1Iny® Ei2® Iy,

e Q= (A B)(UY),

o T = (Ce P D)(UF).

Then there is a constant C and a polynomial L € RY[X,Y] which only depend on A, B,C, D
and P such that with HZNMH = sup ZiNMH and HXNH = sup HXlN , for any o, p € [0,1],

1<i<q 1<i<d
M,NeN,teR" andy € R,

Az (4 8.0 D) < T (v

+ & J7ar (B [(Tin @ ) (QP12) B [(Ton @ Tng) (T'Pr2)])] -

x*) (2.26)

)

PT‘OOf. We denote in short Ag,’]%,t (A, B, O, D) = Ak;,N,M =TM (ER[Fk,N,MD - @k,N,M with

1

Dy = — >, min®@Iy (B, @L; 1y QE, QLo Iy T)
N 1<s,r<N
@k,N,M = TM™ (ER [TkN ® IMQ] Er [TkN @ [M(T))] ) (227)

Let (g:)iepn,n) and (fi)iep,r be the canonical basis of CV and C*, E;; is the matrix whose only
non-zero coefficient is (7, j) and this coefficient has value 1, the size of the matrix E;; will
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depend on the context. We use the fact that F, ; = ¢,¢% and I}, = >, E;; with Ej; = fi f; to
deduce that

1
Feny = N o> n®In (B, E Iy QFE @By @1y T)
1<sr<N 1<Ll'<k
1
=5 X 2 g0femQeefrely 3 g@fi®uTg®fi®l
ko ar<k1smen 1<s<N
1
=% Y (w@Iy)(In® ff @Iy Q In® fr © Iy)
1<LU<k
X(Tn@In)(Un® fr @Iy T In® fi ® In)
= ]{7 Z (TkN ® IM)(Q [N ® El’,l ® ]M) (TkN ® IM)<T IN ® Eu/ ® IM) (228)
1<LU<k

The last line of the above equation prompts us to set Py; = Iy ® Ep; @ In. If (€;)icpi a is the
canonical basis of CM, we set

1—et
Fi o (R) = € (v ® Lor) (a((e2XY @ Dot (1

with ¢ = Q = A’ B or ¢ =T = Ce!"D. We thus have with (2.28)

V2RENY @ Iy, ZNM ZNM*) Pl’,l) e

v (Br[Tenn]) = k > 7w (ER {(TkN ® IM)(Q Pzgl) (Taon ® [M)(T .Pl7l/>:|) (2.29)

= ﬁ Z COVR (EQZ’ u U(RkN)7 F}’ lLu v(RkN))
M 1<Ll'<k S o
1<u,w<M
+k Z ™ (ER [(TkN ® ]M)(Q Pl',lﬂ Er [(TkN ® IM)<T Pl,l’)D .
1<LU<k

However, the law of UF is invariant under conjugation by Iy @ U ® Iy, where U € M(C)
is a permutation matrix. Therefore, if | = ', Eg[nn(Q Pri)] = Eg[men(Q Pi1)], and if
L#£ U, Eglmin(Q Pry)] = Eg[min(Q Pi2)]. We get the same equation when replacing @) by T
Consequently, we get

k> ER[(TkN ® fM)(Q Pl’,l)}ER {(TkN ® ]M)(T Pz,w)}

1<,V <k
= K ER[(TkN X IM)(QPLl)] ER[(TkN X IM)(TPLI)]
+(k — 1D)k? Eg[(Ten ® In)(QP12)] Er[(Ten @ Ing)(TP1o)].
where the trace 7y of the first term in the right hand side equals ©x yy = T (Er[(Tey ®
In) (Q)Er[(Teny ® Ing)(T')]) because Iy = >, F;. Thus equation (2.29) yields

k
Aevarl < 57 2 |Cova (B (B™Y), il o (R))] (2:30)
SiEh

+ 173 (Exl(ry © ) (@) Enl(rir © ) (TR2)) )|
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Hence, we only need to bound the first term to complete the proof of the lemma. Thanks
to Cauchy-Schwartz’s inequality, it is enough to bound the covariance of Fy, , (RFY), for
g = @ and T. To study these variances, we shall use the Poincaré inequality, see Proposition
2.2.9. If we set x, and y., the real and imaginary part of v2kN(RI™),, for r < s and

z! . = VEN(RFY), ., then these are real centered Gaussian random variables of variance 1 and
one can view Fy, . as a function on (2% ,),<s; and (¥ ,)r<s;- By a computation similar to

(2.18), we find

YUV

EN

q
1 . e—t HV-F}vll7u7v

2
) = Z Z 6; (TkN X IM)<8Zq#ET75 X ]M Pl’,l) €v (231)

i 1<r,s<kN

Xez (TkN ® [M) (a’iq#Er,s ® [M Pl’,l) €y

It is worth noting that here the matrices E, ; have size kN in this formula. Thanks to Poincaré
inequality (see Proposition 2.2.9), we deduce

k k 2
i 2 V(R B < 55 S E|[VRbL[)
1<u, <M 1<u,v<M
1 1
S - Z Z ER e Z 6:: (TkN (29 [M) (Oiq#Em (9 ]M Pl/7l>6v6;k] (232)
N 1 1<r,s<kN M 1<u,v<M
X (Teny @ Inr) (aiQ#Er,s ® Iy Pz/,z> 64
1
<Y X Enfru((ry ® ) (004 © I P

1 1<r,s<kN

X (Tkn @ Iny) (aiQ#Er,s ® In Pl/,l) )}

Moreover we have, if ¢; is an orthornormal basis of C*,

™ ((TkN ® In) (aiq#E'r,s ® In Pl’,l) (Ten @ Inp) (aiQ#Er,s ® In Pz',z> >

1< <k
1
=13 Z T™ (e}“ ® Iy (Thy @ I, @ Iyy) (@q#E,,,S ® Iy ) evel, @ Iy (2.33)
1<LU<k
(v ® I, ® IM)(aiQ#Er,s ® [M) e @ Iy )
1

= 7k ® Tm <(TN ® Iy @ In) <&‘Q#Er,s ® Iy > (Tnv @ Iy @ Ipr) <@‘Q#Er,s ® IM> > ~

Hence by combining equations (2.32) and (2.33) we have proved that
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N > > Eg [Tk ® T <(7'N ® Iinr) (aiq#Er,s ® Iy ) (7n ® Trnr) <&‘Q#Er,s ® IM)*H

i 1<r,s<kN

(2.34)

Moreover, let us remind that, with the convention A X (B® C) x D = (AB) ® (CD), we have

(for ¢

= Q = AeY B but with obvious changes for ¢ =T )

. 1. . .
9iq = 0;A ™Y B +ipyA / WP 5. p P By 4+ A Y 9,B.
0

Consequently, (2.34) is a finite linear combination of terms of the three following types Q% =

Erlgl

qy =

where

],1<i< 3, with

1

qy = N Y m®TM ((TN ® L) (AlEr,s ® Iy Aget™r A3)

1<r,s<kN

(Tnv @ Ijar) (B3Es,r ® Iny Boe VP B1>>>

1<r,s<kN

1 . .
an = /f]?if/o Y @t ((TN ® ko)(Alel(lu)ﬁyP AyE, @ Iy Aze™?VF A4>

(Tnv @ Iiar) (Bs E,, ® Iy Bye VP Bl)) du,

2 11 . i
(i?j\; / / Z TQTM ((TN ® Tinr) (A161(1_u)6yp AsEy s @ Iy AgeovP A4) (2.35)
0

0 1<rs<kN

(7w ® Lpar) (B4e—i”ﬂyp ByE,, © Iy Bye i(1-0)00F B1>) du dv,

the A; and B; are monomials in UF. Besides the coefficients of this linear combination

only depend on A, B and P. We first show how to estimate ¢3. Let us recall that we set
(ei)1<i<n, (fi)i<i<k and (gi)1<i<yr as the canonical basis of CM, C* and CV. Then, for any
matrices A, B, C, D € My (C) ® My (C) @ M,(C), we have
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Z TI‘kM (TI"N ®IkM (A Eﬁs & IM B) X TI‘N ®IkM (C Es,r & IM D)) (236)

1<r,s<kN

= Z ga®fc®eeAg’/‘1®f7”2®€fngl®f52®efBga®fd®eg
1<a,b,r1,51<N
1<c,d,r2,52<k
1§e7f7g7h§M

Xg @126 C gy @f,@enxgr, @f, @ep, D gy ® fe @ ec

= Y goficve Aly®IL,® (ese;) D Iy @ (fof]) ® (ece])
1<a<N
1<c,d<k
1<e, f,g,h<M

XCIN®Ik®(€h€}) Bga®fd®69
= > Ty (IN ® Trpar (A Iy ® ewey D) In @ Trpy (C' Iy ® eye, B))

1<u,v<M

Let Kj; be a GUFE matrix of size M, independent of everything else. Performing a Gaussian
integration by part, we get

1
-— Z TI‘N (IN & TrkM(A IkN & euez D) IN (=Y TI'kM(C ]kN & 61,621 B)) (237)

M 1<u,o<M

=Ex

Try ([N ® Tryar (A Iinv @ Ky D) In ® Tryn (C Iin @ Ky B))

Consequently by combining equations (2.36) and (2.37), we have

& - (535”)2 [ 5

N ((IN & Tk:M) (Al@i(l_u)ﬁyPAQ Iy @ Ky BQQ_i(l—U),ByPBl)

X (]N & Tk;M) <B46_ivByPBg ]k;N &® KM Ag@iuByP/Ll)) du dv.

Since P is self-adjoint, we know that for any real r, ||e! "PUH|| = 1. Besides || Iy ® T (A)| <
| A, thus we can bound ¢%; in (2.35) by
3 yM\? 2
81 < (557 ) Il Aal NAsl 1A BBl N3l 1B B [Nl (239

Finally, by [15], Eg [||K M||2} is bounded by 3. One can bound similarly g} and g3, the only
difference on the final result is that we would have 1 or y instead of y?. Finally after taking the
expectation with respect to R* in equation (2.38) and using Proposition 2.2.11, we deduce
that there exists S which only depends on A, B and P, hence is independent of N, M, y,t, « or
3, such that the covariance in (2.34) is bounded by
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2\ 1 /2
]\kf 1<%’:<k Varg (E?l’v%u<RkN)) < m]\yﬂ)]\/ls <HXN ’ ZNMH) :
1§7u:v§7M

Thus, we deduce that there exists a polynomial H which only depends on A, B, C, D and
P such that the first term in the right hand side of (2.30) is bounded by

k

k (1+y?)M?
M

> |Cova (B (BEY), Bl (BMY)| < N?

1<,l'<k
1<u,w<M

H (|~

ZNMI) . (2.39)

Y

This completes the proof of the Lemma in the general case. For the specific case where ZVM =
(InYM ... Iy® YqM ) and that these matrices commute, we can get better estimate in
equation (2.38) thanks to a refinement of equation (2.37). Indeed if A, B,C, D are monomials
in UF, then we can write A = A; ® Ay in My (C) @ M, (C) and likewise for B, C, D such that
Ag, By, C5, Dy commute. Thus,

1
M Z TI'N (IN®TrkM(A IkN®€u€: D) [N®TrkM(C [kN®eveZ B))

1<u,o<M

1
= — TI"N <IN & TI‘k(AlDl) IN X TI‘k(ClBl)) Z TI'M(AQ 6’&62 DQ) TI'M<02 euef) Bg)

M 1<u,v<M
1
= M T]."N (IN (024 Tl"k(AlD1> IN &® Trk(C'lBl)> TI‘M(DQAQBQCQ)

1
= M TI"N (IN &® Tl"k(AlD1> IN &® TI‘k(ClBl>> TI‘M(AQDQCQBQ)

1
= Ty (JNM & Tra(AD) Iy ® Trk(CB)).

By linearity and density this equality is true if we assume that A, B,C, D are power series in
UF. Thus combining this equality with equation (2.36), we get that in this case

Y 2
30 () 1A 1A 1Al LA BBl 1B Bl

The same argument as in the general case applies and the proof follows.
m

In order to prove Lemma 2.3.4, we show in the following lemma that the term appearing in
the second line of equation (2.26) vanishes.

Lemma 2.3.7. Let UF, P12, Q and T be defined as in Lemma 2.3.6, then Pxn~-almost surely,

]}LI& k7 (Eg [(Tin © Inr)(QP1o) Eg (i © Inr)(T'Pr2)]) = 0.

Proof. Tt is enough to show that given y € R and monomial A and B, we have

lim k*?Ep [(rx ® Ii)((A e B)(UF) Pra)| = 0.

k—o00
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For this purpose, let us define for monomials A, B and y > 0

fa8(y) = Eg [(Trey @) (A €7 B)(UF) Pra)|.

We want to show that f4 p goes to zero faster than k2. We first show that we can reduce
the problem to the case y = 0. To this end, we also define

dn(y) = sup [faW)Il-
deg(A)+deg(B)<n

We know thanks to Proposition 2.2.11 that there exist constants a and C' such that for any @
and n < akN/2,

e[l <
Besides, with as previously (f;);epx the canonical basis of C*,
| (Trix @) (A 7 BYUE) Pro)|| = |[(Tew @1a)(f5 @ L (A €7 BY(UY) f1 @ L)

<N x| f5 @ Iux (A" B)(UF) f1 ® Tun|
<N x [A@h|||B@H].

Consequently, Py~-almost surely, there exist constants v and D (which do depend on, N,
and HZNMH) such that for any n < vk,

X

dn(y) < D" (2.40)

It is important to point out that this constant D can be very large when N is, it does not
matter since, in the end, we will show that this quantity will go towards 0 when k goes to
infinity and the other parameters such as N, M or y are fixed. Next, we define

gra(y) = D du(y)a”

0<n<~k
But we have W as)
ffyy = iEp [(Troy ®1u) (A PEVY B)(UF) Pro)]
so that if we set ¢z (P) to be the coefficient associated to the monomial L in P, P =3 ¢ (P)L,
dfa,5(y)

‘dy‘é > en(P)| daeg(ay+des(B)+des(r) (Y)-

L monomials

Thus, for any y > 0, any monomials A, B with deg(A) + deg(B) = n,

Fas) < fas0)+ S len(P) /Oydn+deg(L)(u) du.

L monomials

Therefore, we have for y > 0 and any n > 0,

Yy
a"dn(y) < a"dn(0) + 30 fer(P)]a” = /0 v deg(ry (w)a™ =) du.

L monomials
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And with ||.||,-, defined as in (2.7), thanks to (2.40), we find a finite constant ¢, independent
of k such that

Y
9ra(y) < 9a(0) + calaD)* + | Pll,s [ gralu)du,

As a consequence of Gronwall’s inequality, we deduce that for y > 0,

Gra(¥) < (91.0(0) + calaD)*) e¥IPlas, (2.41)

Next we will prove that for a small enough, gx,(0) = O(1/k). Then at the cost of by replacing
P by —P, thanks to equation (2.41) we have that for a small enough and any y € R, gx.(y) =
O(1/k). This completes the proof since with A, B,C, D as in Lemma 2.3.6, for a small enough
and k large enough

65731 (B [(7en © Tnr) (QP12)) Er (7w © Tng) (TP0)))|

<k x ddeg(A)+deg(B) (/By)ddeg(0)+deg(D) (O[y)
< Exa deg(A)—deg(B)—deg(C)—deg(D)gk a(ﬁy) gk a(ay)

Hence, it is enough to find an estimate on g ,(0). First for any j, one can write ZJN M —
Y1<uw<n Buw ® Iy ® A for some matrices A7 ,, then we define

U,

Unie = (R XY @ 1 (Buw ® Iuo s o= swp [En[Trew(L(Uxs) Pra)ll
deg(L)<n, L monomial
Note that since we are taking the trace of L(Un )P 2 with Py = Iy ® fi1f5 ® Iy, we have

co = ¢1 = 0. We consider K the supremum over u, v, j of HAi,v
of generality that K > 1. Thus, since

, we also assume without loss

ZMM = N B, eLoAl XN =ePXN@ L+ (1 - ") 2R,

’ 1<u,v<N “v
if L is a monomial in UF = (XN ® Iy, Z¥M @ I,, ZVM* @ 1) of degree n, then we can view
L(UF) as a sum of at most 2" N?" monomials in e /2XN @ I},, (1—e H)V2R B, , @, ® AJ

U,
< K, we have

By, ® I, ® Al . Consequently, since sup,,, ; HA{L,U

|Er [Troy @ L (LUF) o) | < 2" N K7e.

Thus, if we set

fola) = > cad”,

0<n<p

we have
9ra(0) < fe(2N*Ka). (2.42)

Now we need to study the behaviour of fi(a) when k goes to infinity for a small enough.
In order to do so, let us consider a monomial L in Uy . Since X N ® I, and E, , ® I}, commute
with Py, one can assume that L = RMVS for some i (unless L is a monomial in XV ® Iy
and E,, ® I}, in which case Tryn(LP;2) = 0), thus thanks to Schwinger-Dyson equation (see
Proposition 2.2.10),
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1 1
]E,R [TrkN(LPLg)] = 7ER [Tl"k]v ®TrkN(8Z(SP172))] = — Z ]E[TrNk(U) TI“N]C(VPLQ)].
Nk NE ¢ Thyv
(2.43)
To use this Schwinger-Dyson equation as an inductive bound we shall use Poincaré inequality

to bound the covariance in the above right hand side.We hence compute for any monomial V,

1
IV Tran (VP = < Do > Trin (OVH#E, Pro) Tron (O VH#Es, Pro)*
Nk <
1
=Y Y Tw(BPLACTP,DY) (2.44)

i V=AR;B,V=CR;D

Thus with © = max {C, ‘ XN

,1}, since P, 5 is of rank N, we get

Varg(Trpn (VP 2)) < —(degV)2©%deV

ol

Likewise, for any monomial U, we find
Varg(Trun(U)) < (deg U)20%48Y

Therefore, if n is the degree of L, we deduce from (2.44), (2.43) and Poincaré inequality that

1 n—2 ' . . 1
’]ER [TrkN(LP1,2)H S 132N Z Z(?’l —2— Z)@ -+ Z 7ER[TI']€N(U)]ER[TI';€N(VPLQ)]
k / N 1=0 S=UR;V Nk
n3(—)” degU
<gany t 2 [Er[Tun(VP)][6%0.
S=UR;V

By replacing D by max{D, 0}, we can always assume that © < D. We also bound N~! by 1,
thus for n > 2,

n3pn "2

n—2—1

We use this estimate to bound f,(a) with ¢ such that g°D9 < Vk. Since ¢y = ¢; = 0 and for
any n < g, n3D"k=3/% < k', we have for aD < 1

g 1 a®—a't? 92 m : 1 a? fy(a)
— . n < 2 iDn—z n o< 2 Jg )
Jola) n;ca—k:x 1—a +a,§0,§0 ST T 1 Da
Thus, for a small enough,
(1 — Da)a?
< —.
W) S =i = Dazad &

20



2.3. Proof of Theorem 2.1.1

Besides, we want ¢ such that ¢®D9 < vk, hence we can take ¢ the integer part of 2(111‘1[)k+3).

Since by definition we have ¢, < ©", this also means that ¢, < D", thus

(DCL)gJrl _In(Da) _ 1
S e < 3 (Do) < L < pamoiy .
" < 2 (D) < 50 S “1-Da

g<n<vyk n>g

Thus, if we fix a small enough, f,;(a) = O(1/k). Hence, we deduce from (2.42) that for a small
enough (depending on N, K but not k) there exists a finite constant C' independent of k such
that

Ira(0) < fr(2N*Ka) <

= Q

We can now prove Theorem 2.1.1.

Proof of Theorem 2.1.1. 1t is based on Theorem 2.3.1. To use it, we would like to take the
Fourier transform of f and use Fourier inversion formula. However we did not assume that f
is integrable. Thus the first step of the proof is to show that up to a term of order eV, we
can assume that f has compact support. Thanks to Proposition 2.2.11, there exist constants

D and « such that for any N and ¢, for any u > 0,

2]

Thus, there exist constants C' and K, independent of M, N, P and f, such that

) < e—auN

‘E { T ( F(P(XN @Iy, 2, ZN) )1{ai,||xzv||>0+l}
<E Mf (P (XN ® I, ZNM, 2N Les ||x||>p1}

<|fllP (3, )
<O flloge™

There exists a polynomial H € R*[X] which only depends on P such that
| (X% © 10, 2, Z¥) [ <y < 2 ([2])-

We can also assume that HP @ Iy, ZNM ZNM*)H <H (HZNMH) We take g a C*™-function

which takes value 1 on | (HZNMH) (HZNMH) 0on | (HZNMH> —-1,H (HZNMH) +1]°
and belongs to [0, 1] elsewhere. From the bound above, we deduce
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‘]E [ (f (P (XY ® Iy, 2VM, Z¥7)) )] _ T<f (P (2 ® Ly, 2V, 2V )‘

v (f(P XN®] ZNM,ZNM*)))1

1
[MN {vi||xN||<D+1}

+C | flloe™™ (2.45)

Tr

(U
T<f (P (2 ® L, 2, 2VV7)) )
(79

[ T XN ®]M’ZNM’ZNM*)> )]

= 7((£9) (P (w® 1, 2V, 2%97)) )| 420 | o Y

Since fg has compact support and can be differentiated six times, we can take its Fourier
transform and then invert it so that with the convention h(y) = 5= [ h(z)e *¥dx, we have

Ve €R, (fg)(z) = /]R ¢ fg(y) dy

Besides, since if h has compact support bounded by K then Hiz” < 2K ||h|| ., we have

[+ oty [Fatw] ay < [ P ) g

</ ‘U/QF)(?J)M‘U/QF)(?J)‘+‘W)(y)‘+‘w)(y)‘
</ )

<21 (|2 + 1) ol [ oz

< O (# ([27]) + 1) Wllo.

dy

for some absolute constant C'. Hence fg satisfies the hypothesis of Theorem 2.3.1 with u(dy) =
fg(y)dy. Therefore, combining with equation (2.45), we conclude that

‘E { Tr (f (P (XN®]M,ZNM,ZNM*)))] —T(f (P (x@]M,ZNM,ZNM*))N
<l + 2L (|294]) (ol + o) [Fatw)| dy

< S (e (127 (1 (2 41+ ) e
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2.4 Consequences of the main result

In this section, we deduce Corollaries 2.1.3 and 2.1.4, as well as Theorems 2.1.2 and 2.1.5.

2.4.1 Proof of Corollary 2.1.3

We could directly apply Theorem 2.1.1 to f, : ¢ — (2 — z)~!, however we have ||f||cs =
O ((Sz)") when we want an exponent 5. Since Gp(y)(z) = Gp(z)(Z) we can assume that Sz < 0,
but then

fo@) = [ e (e dy.

0

—iyz

Consequently, with u,(dy) = ie dy, we have

_ 1,
ISP (SR

/Ooo(y +y') dlp:|(y)

Thus, by applying Theorem 2.3.1 with ZVM = (]N QYM .. Iy® YpM), P and f,, we have

B [Grixvon, ey (2)] = Graanixey(2)] < ]\]\{jLP (2] /R(l +y*) dlwl(y).
Now since

|2 = sup
1<i<p

v = I

which does not depend on N, we get the desired estimate

2
B [Grocvon vy (2)] = Grwon vevin(2)] < A]éLP (1) <|Slz|2 * \%2:5) '

2.4.2 Proof of Corollary 2.1.4

Let f: R — R be a Lipschitz function uniformly bounded by 1 and with Lipschitz constant
at most 1. We want to bound from above the quantity

E [1 T (f (P (XY ® Lo Iy © Yar)) )| =rm (£ (P2 © Lo Iy © Yan)) )

Anu(f) = UN

(2.46)
Firstly, one can see that with the same argument as in the proof of Theorem 2.1.1 (in particular

equation (2.45)), we can assume that the support of f is bounded by a constant S = H(HYMH)
for some polynomial H independent of everything. However, we cannot apply directly Theorem
2.1.1 since f is not regular enough. In order to deal with this issue we use the convolution with
Gaussian random variable, thus let G be a centered Gaussian random variable, we set

fe = E[f(z 4+ eG)].
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Since f has Lipschitz constant 1, we have for any x € R,

[Elf(z+eG)] - f()| <e.

Since f. is regular enough we could now apply Theorem 2.1.1, however we a get better result
by using Theorem 2.3.1. Indeed we have

1 iy
fe(:c):\/%/Rf(x—l—ay)e 2 dy

(z—y)?
1 e 22
= d
- | —— dy
1 i(z—y)u —(ue
_ %/Rf(y)/Re‘(x Wue=(el/2 gy dy.

Since the support of f is bounded, we can apply Fubini’s Theorem:

1 . ; 2
fola) = o [ e [ fly)e dy e 092 du,
2m Jr R

And so with the convention h(u) = o Jp h(y)e ™ dy, we have

T
R
Thus, if we set uc(dy) = f(y)e~®)*/2 dy, then, since 1l <1,

L@+ dlucly) <28 [ (1+yhe 2 dy <.

Consequently, we can apply Theorem 2.3.1 with f. and since ||f — f.||., < ¢, there exists a
polynomial Rp such that the difference in (2.46) can be bounded by:
M2
M
AN,M(f) S 2e + RP (HY H) N255'

We finally choose € = N=1/3 to get the desired bound

M2
N1/3°

Avaf) < 28, (Y]

2.4.3 Proof of Theorem 2.1.2

Firstly, we need to define properly the operator norm of tensor of C*-algebras. When writing
the proof it appears that we should work with the minimal tensor product.

Definition 2.4.1. Let A and B be C*-algebras with faithful representations (Ha,¢4) and
(Hp, ¢p), then if ®y is the tensor product of Hilbert spaces, A Quin B is the completion of

the image of ¢4 ® ¢g in B(H4 @9 Hg) for the operator norm in this space. This definition is
independent of the representations that we fixed.

The following two lemmas are well known facts in operator algebra. The first one is Lemma
4.1.8 from [75]:
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Lemma 2.4.2. Let (A, 74) and (B,75) be C*-algebra with faithful traces, then T4 ® 15 extends
uniquely to a faithful trace T4 Quin 78 01 A Qmin B.

We did not find a reference with an explicit proof for the following Lemma, so we give our
own. In order to learn more about this second lemma, especially how to weaken the hypothesis,
we refer to [31].

Lemma 2.4.3. Let C be an exact C*-algebra endowed with a faithful state ¢, let YN € Ay be a
sequence of families of noncommutative random variables in a C*-algebra Ax which converges
strongly towards a family Y in a C*-algebra A endowed with a faithful state 74. Let S € C be a
family of noncommutative random variables, then the family (S®1,1®Y™"N) converges strongly
in distribution towards the family (S ® 1,1®Y).

Proof. The following sets

M = { (TNn)Nen

xy € Ay, sup ||lzy|| < oo} ,
N>0

= { (exwen € M| Jim [lox] = 0}

are C*-algebras for the norm ||z|| = supy~ [|zx]]. We also define

B=C" ((YN)NGN 7Z) )
the C*-algebra generated by Z and the family (Yy)yen. Since Z is a closed ideal of B, by
Theorem 3.1.4 of [76], B/Z is a C*-algebra for the quotient norm. We naturally have the
following exact sequence

0—-7Z—B—B/ZT—D0.

And by hypothesis, since C is exact, we have the following exact sequence

O _>C®minI_>C®minB_>C®min (B/I) — 0

By definition, this means that (C ®uin B)/(C @min Z) =~ C Quin (B/Z). If 77 is the quotient map
from B to B/Z, the isomorphism between these two spaces is

f 1T+ C ®minI = ldC Omin 7TI(Q;)-
Hence

FP(1® (Ya)nvean, S®1) +C @uin T) = P(1@ ((Yy)xew + 1), S ® 1). (2.47)

Let (H, ) be a faithful representation of C, and (Hy, ¢n) a faithful representation of Ay. The
direct sum (Byen Hr, Bryen @n) is a faithful representation of M and consequently of B too.
More precisely, it is defined by

D Hvy = {(xN)NEN

NeN

rN € HN,Z H.CEN”g < OO} .
N

Consequently, by definition of the spatial tensor product, it is the completion of the algebraic
tensor C ® B in the operator space B (H ®y (dnHy)) endowed with the operator norm. The
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notation ®, means that we completed the algeraic tensor H ® (&xHy) to make it a Hilbert
space. It is important to see that this space is isomorphic to @y (H ®2 Hy), indeed it means
that if P is a noncommutative polynomial, then

HP(1® (YN)NeN,SQ@l)H = sup HP(l@YN,S®1)H

C®min N>0 C®min-A,/\f ’

Consequently by using the definition of the quotient norm, we have

IP(1® (Ya)ver, S @1) +C Quin Z| = limsup |[P(1@ Yy, S@1)|

(C®mmB)/(C®mmI) N—o0o C®minAN ’
(2.48)
Since f is a C*-algebra isomorphism, thanks to (2.47), we have

HP(l ® (Ya)new, S ® 1) + C ®pmin IH
— HP(l @ (Yy)nen + 1), S ® 1)H

C®mln /(C®minz)
c®m1n B/I)

By definition of Z, if P is a noncommutative polynomial, we have

I1P((Yn)ven +D)llg/z = 1PY )] 4-

For our purposes, we can assume that A = C*(Y'). Therefore the map

P((YN)NGN +I) € (C<(YN>N€N +I> — P(Y) € C<Y>

is well-defined and is an isometry. Thus since C{(Yn)nen + Z) is dense in B/Z and C(Y') is
dense in A, this isometry extends into an isomorphism between /7 and A. Consequently

[P e v+ D.5@1)] o = [PLEY.SE| -
Thus, combined with (2.48), we have
b [P0V 50 )], ~[POevSen), , e

Finally let f be a function which takes value 0 on (—oo,||P(1®Y,S®1)|¢e, 4 — €| and
positive value on ([|[P(1®Y,S® 1)[log 4 —€,00). Since the family (S®1,1®Y™) converges
clearly in distribution towards the family (S® 1,1 ® YY), we have

UM 7e @i Tay (f(P(l Q Yy, S ® 1))) = 7¢ @min TA<f<P(1 ®Y,S® 1)))-
Thanks to Lemma 2.4.2, we know that 7¢ ®ui, 74 is faithful, consequently
e G 7a( /(P11 Y,5 1)) >0,
This means that for NV large enough, 7¢ ®min T4, (f(P(l Yy, S® 1))) > 0, thus for any £ > 0,

liminf HP(l ® Yy, S@1) H

N—oo

oty 2 [PLEY.S@1)]

e
C®min~A

This allows to conclude with (2.49) that
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lim HP(1 @Yy, S®1) H

N—oo

= HP(1®Y,S®1)H

C®min-’4j\f C®min-/4 '

]

In order to prove Theorem 2.1.2 we use well-known concentration properties of Gaussian
random variable coupled with an estimation of the expectation, let us begin by stating the
concentration properties (see [13] Lemma 2.3.3).

Proposition 2.4.4. Let G be a Lipschitz function on R™ with Lipschitz constant K for the (-
norm V|, = (ivA)Y% v = (1, - -+, V) independent centered Gaussian random variable of
variance 1. Then for all § > 0,

52

P(G(y) —E[G(7)] = §) < e 2k,

In our situation, we have p independent GUE matrices (X", of size N, hence we fix 7 the
random vector of size dN? which consists of the union of (VNX); s, (V2N RXN")<,; and

(V2N SX ‘;]\7/;’,7;>5<T,i which are indeed centered Gaussian random variable of variance 1 as stated
in Definition 2.2.8. We would like to apply Proposition 2.4.4 to

Gr(y) = | P P(XN @ Iy, 2V, 2N

However Gy is not Lipschitz on RV * because of its polynomial behaviour at infinity. Hence we
cannot use directly Proposition 2.4.4. The following lemma is a well-known tool for this kind
of situation, the proof can be found in [77, Lemma 5.9].

Lemma 2.4.5. Let (X,d) be a metric space and p a probability measure on (X,d) which
satisfies a concentration inequality, i.e. for all f : X — R with Lipschitz constant |f|z, for all
0 >0,

u(1f = i) = 5) < *0Fe)

for some increasing function g on RY. Let B be a subset of X and |f|2 be the Lipschitz constant

of f as a function from B to R. Let 6(f) = pu( Loepe(|f(z)] + supyep | f ()] + |f|Ed(x, B)) ),
then

/(U—MUH25+&ﬁ)SMBﬂ+5%ﬁ9~

We can now prove the concentration inequality that we will use in the rest of this paper.
To simplify notations we will write M instead of My. We also set ZVM = (ZN @ Iy, Iy @YM)
and Z = (2® 1,1 ®vy).

Proposition 2.4.6. Let P € Ay, there are some polynomials Hp, Kp € RT[X] which only
depends on P such that with HZNMH = sup ‘ZZ»NM , for any N, M,

1<i<q

—E {HP*P(XN ® Iy, ZNM. ZNM*)

J

]P’( \ HP*P(XN ® Ing, ZNM | ZNM)

2N

> 5+ Kp (| 2] e-N> < d eV | ¢ mplZNy
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Proof. We want to use Lemma 2.4.5 and Proposition 2.4.4. The metric space we will work with
is R" endowed with the Euclidian norm, and we can take the function g to be g : x — z%/2 by
Lemma 2.4.4. Thus we get that for any B C R", for any G : R" — R, if v = (71,...,7,) is a
vector of independent centered Gaussian random variables of variance 1, then for all § > 0,

52

P(G(v) —E[G(v)] = 6 +6(G)) < e 0927, (2.50)

If 0 € B as it will be the case later on, we have 6(G) < E[1,¢5(|G(7)| + sup,ep |G (u)| +
IFIZ I7lly)]- We set By = {Vi, XN } where D was chosen thanks to 2.2.11 such that for
any N and 1,

2|

Thus we have P(BS) < d e 2. With v the vector of size dN? which consists of the union of
(VNXNis, (V2N RXN), s and (V2N SXN),o,, we set

) <e?N (2.51)

Grn(y) = ||P*P(XN @ Iy, 2N, 27|

One can see that on By we can find a polynomial H) such that for any N and ZNM,

Gu(1) = Gu(3)| < Hp (| 2]) 3 % - X

where ||.|| is the operator norm. Besides

(XN = XNy (xY -z <

)

XX~

\/— I = Allz -

Thus, on By, Gy has Lipschitz constant 2¢H (HZNMH) N~1/2. Consequently with (2.50), we
get that

52N

P (Gn(7) — E[Gn(7)] = 6+ 6(Gy)) < e 202N,
Therefore, we set Hp = 2d+1H§D’ we also have that HVH% =NY, TI"N((XZ-]V)2). Consequently

we have some polynomial K}, such that,
ZNMH)_f_QdH;D (HZNMH> N1/2 /Z ||XzN||2)]

Hence the conclusion thanks to Proposition 2.2.11 and our choice of D in equation (2.51).

5(G) <E

Lesi || xx|>p} (|GN(7)I + Kp(

]

We can now prove Theorem 2.1.2. Firstly, we can assume that ZV and Y are deterministic
matrices by Fubini’s Theorem. The convergence in distribution is a well-known theorem, we re-
fer to [13], Theorem 5.4.5. We set g a C* function which takes value 0 on (—o0, 1/2] and value 1
on [1,00), and belongs to [0, 1] otherwise. Let us define f. : t — g(e ' (t—||PP*(x ® 1, Z, Z*)||)).

By Theorem 2.1.1, there exists a constant C' which only depends on P, sup,, HYM H and

Sup HZ N H (which is finite thanks to the strong convergence assumption on Z%) such that,
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E {TI"MN (fs (PP* (XN ® IM7ZNM7zNM*)> ﬂ

— MN7y @ Ty (fg (PP* (x ® Iy, ZVM, ZNM*)) >‘

3
< Cef—

According to Theorem A.1 from [28], (z, Z")y>1 converges strongly in distribution towards
(x,z). Besides thanks to Lemma 2.4.3 and Corollary 17.10 from [78], we have that (z ®
Inr, 1 @ YM) 5 converges strongly in distribution towards (z ® 1,1 ® y). In Theorem 2.1.2,
we are interested in the situation where Z¥™ = ZN © I, or ZVM = Iy ® YM. So, without
loss of generality, we restrict ourselves to this kind of Z¥™. We know that (z ® Ip;, ZVM)
converges strongly towards (z ® 1, Z), but since the support of f. is disjoint from the spectrum

of PP*(x ® 1,7, Z*), thanks to Proposition 2.2.2, for N large enough, 7y ® 7 (fE(PP*(:c ®

Ing, ZNM ZNM*))) = 0 and therefore,

E {TrMN (fa (PP (XN ® Iy, ZNM, ZNM7)) )] < 05—6]\]{;. (2.52)

Hence, using Proposition 2.2.11, we deduce for N large enough,

[HPP* xN ®]M’ZNM ZNM*)

| = IPP*(z & Iy, 2,27

<€+/ (|[PP (XN @ Iy, 2N, 25M°) || > | PP* (2 ® I, Z, Z2)|| + @) da

<e +/ (Tenar (fuPPH(XN © Iy, 2N, Z8V))) > 1) da+ Ce™™

< C'e™ )
<e+ N

Finally we get that,

limsup E [| PP*(XN @ Iy, 28M, Z2N)|| < |PP* (2 ® I, 2, 27)]] -

N—oo

Besides, we know thanks to Theorem 5.4.5 of [13] that if & is a continuous function taking
positive values on (||PP*(x ® 1, Z, Z*)|| — €,00) and taking value 0 elsewhere. Then

TV Tryn(W(PP* (XN @ Iy, Z, Z%)))

converges almost surely towards 74 @i, 78(h(PP*(x ® 1,7, Z*))). If this quantity is positive
for any h, then for any ¢ > 0, for N large enough,

HPP*(XN Q IM,ZNM’ ZNM*)

> PP (x®1,7,2%)| —«.
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Since h is non-negative and the intersection of the support of h with the spectrum of PP*(x ®
1, Z, Z*) is non-empty, we have that h(PP*(x ® 1,7, Z*)) > 0 and is not 0. Besides, we know
that the trace on the space where z is defined is faithful, and so is the trace on the C*-algebra
generated by a single semicircular variable, hence by Theorem 2.2.3, so is 74. Thus, since both
74 and 7 are faithful, by Lemma 2.4.2, 50 is 74 ®min T and 74 @minT8(h(PP*(z®1, Z, Z*))) > 0.
As a consequence, almost surely,

liminf HP(XN ® Ly, ZNM | ZNM)

N—oo

> |P(x@1,2,27)|. (2.53)
Thanks to Fatou’s Lemma, we deduce

liminf B [|[PP* (XN @ Iy, Z¥M, 2V7)

N—oo

| > I1PP*(x ® Ius, 2, 27) .
We conclude that

lim E[||PP* (XY @ Ly, zNM, 27

N—oo

| =1PP(x @1y, 2 27)|. (2.54)

Let us define the following objects,

| = IPP (@@ Iy, Z,27))|

)

en = ’]E [HPP*(XN ® Ly, ZNM’ ZNM*)

K= s 1 (|2]) + 1 (|2

K is finite thanks to the strong convergence of the families ZV and Y. Then thanks to
Proposition 2.4.6, we have that for any ¢ > 0,

P(} HP*P(XN ® Iyg, ZNM | ZNM*Y

PP & [, 2,2)|| | 2 6+ Ke ™ +5N)
2
<de N 4 6_%.

Since this is true for any ¢ > 0, by Borel-Cantelli’s Lemma, almost surely,

lim HPP*(XN ® Ly, ZNM | ZNM)

N—o0

= |PP(z®1,2, 2" .

We finally conclude thanks to the fact that for any y in a C*-algebra, |lyy*|| = ||y||>.

2.4.4 Proof of Theorem 2.1.5

We first prove the following estimate that we use multiple times during the proofs.

Lemma 2.4.7. Let g be a C* function which takes value 0 on (—o0,1/2] and value 1 on [1,00),
and in [0,1] otherwise. We set f. : t — g(e7 (t — a)) with a = HPP*(:L’ ® Iy, 1 @ YM)||, then
there exists a constant C' such that for any € > 0 and N,

1 g4
E {MN Tryar (fE(PP*(XN ® Ing, In @ YM))H <03z
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Proof. To estimate the above expectation we use the same method as in the proof of Theorem
2.1.2 with a few refinements to have an optimal estimate with respect to . We set ff : ¢ —
ge™(t — a))g(e ™ (k — t) + 1) with a = ||PP*(x ® I;,1 ® Yy)|| and k£ > «. Since g has
compact support and is sufficiently smooth we can apply Theorem 2.3.1. Setting h : t —
g(t —eta)g(e 'k + 1 —t) = fr(et), we have

27T/ylf*”" Idy—/y
:/y
:5’4/ 4

4/1+ 2 dy/ (RO (@B + (O )]) dt.

Yt —a))gle H(k—t)+ e ™ dt| dy

t)e et €dt‘ dy

(t)e ! dt‘ dy

The derivatives h¥) and h(® are uniformly bounded independently of ¢ or . Since the support
of these functions is included in [e7'a,e '+ 1] U [e 7'k, e 1k + 1], there is a universal constant
C such that for any € and &,

/y\f )| dy < Ce™.

With similar computations we can find a constant C' such that for any ¢ and &,

[l + 9" fx(w)] dy < C= (2.55)

Since the support of f7 is disjoint from the spectrum of PP*(z ® Ip;,1 @ YM), for any ¢ and
N one have 7 ® Ty (f;”(PP*(ZB ® Iy, 1® YM))> = 0. Consequently thanks to Theorem 2.3.1,

we have a constant C' such that for any N, € and &,

1 —4
E [MN Tenas (f”(PP*(XN @ Iy, Iy ® YM)))} < CiV—T

Then by the monotone convergence Theorem, we deduce

E {TrNM (fE(PP*(XN © Log, In © YM)))] ~ lim E [TrNM (f:(PP*(XN © Logy In @ YM))>] .
Hence we have a constant C' such that for any N and € > 0,

1 g~
E va Trya (fE(PP*(XN ® Iy, In @ YM))H <05z

O

We finally complete the proof of Theorem 2.1.5. One can view X~ = (X ... XY) as the
random vector of size dN? which consists of the union of (v NX i (V2N RX ) s<r and
(\/W SX é\,/;li)s<r,i which are indeed centered Gaussian random variable of variance 1 as stated
in Definition 2.2.8. Thus we can apply the Poincaré inequality (see Proposition 2.2.9) to the
function
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1
o: XN 7 Ty (f-(PP (XN @ Ly, Iy @ YM)))

and we get

Var (p(XV) < (M1N>2E[||W<XN>||%J

Besides, as in the proof of Lemma 2.3.6, if Q € Ay p+q,

N HV Tran (Q(XN ® Iy, In ® YM))Hi

=Y > Trun (DSQ Ei; ® IM) Trarn (DsQ E;; ® IM) :

s i

Thus, taking fi such that f; converges towards f. for the sup norm on the spectrum of
PP (XN @ Iy, Iy @ YM), we deduce that

Besides, if f; is a polynomial with a single variable, then D, fy(PP*) = d,(PP*)# f.(PP*).

Var (¢(X")) < 1 [ T (0,(PPORAPP) By @ Iy

% Trasn (aS(PP*)# F(PP) Ey,; @ IMﬂ.

Now with A = aS(PP*)#fé(PP*),

Z Tryn (A Ei; ® ]M> Tryn (A E;i;® IM>
%,

=Y g @Ay ®ey g @A G @ f
i,9,k,l

:Zg; (]N(X)G;;A]N@Gk IN(X)GZ< A* ]N®€l> gj
7.kl

= TI"N (]N X TI"M(A) [N X TI'M(A*))
= TI'N (]N & TI'M(A) (IN X TI"M(A>>*) .

So by contractivity of the conditional expectation over My (C) ® Iy, that is Iy ® ﬁ Trys, we
have

ZTI'MN (A Ei,j X [M> TrMN (A Ei,j X [M) S TI"MN(AA*) M.

i7j

As a consequence, we find that

Var (p(X™)) < NiM S E [Tran (9.(PPIRLUPP) (Du(PP#FPPYY)] .
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Besides, if U,V and W are monomials,

Tearw (U (PP [APPYW)| < \[Trar (U f2(PPYU*) Trap(V fL(PPYWW* fL(PP)V*)
< Tearw (FEPPO UV

Therefore there is a constant C' depending only on P and sup;

yM H such that

C

Var (9(X")) < B [H (HXN 2dee? | 1) BRI <

MN

2
FAPP(XN @ Iy, Iy @ V)| )] .
Thanks to Proposition 2.2.11, we can find w and « such that for any s and u > 0,

P (X

> wt ) < e,

There is a constant C' independent of N and ¢ such that

C 1
N "2 (v N M —2 _N
Var (p(XY)) < (E [MN Tenar (£ (PPHXY @ Ly, Iy © Y )))] +e 2 ) (2.56)
We can now apply Theorem 2.3.1 to the right hand side of the above equation, noticing that
(2.55) still holds if we replace f* by (ef/)?. As a consequence, we find an inequality similar the
one of Lemma 2.4.7 and thus a constant C' such that for any N or ¢,

1 6
Var (MN Tewar(fo(PPY(XY @ Iy, Iy @ YM>>>) <cC ( Nt 5_2€_N> .

Therefore, thanks to Lemma 2.4.7 there exists a constant C' such that for any N € N and ¢
such that e* > C’%,

P(|PP (XN @ Iy, Ino YY) > |[PP (@@ Iy, 10 YY) +¢)

1 * N M 1

< P (7 T (F(PP XY @ I Iy 0 Y1) 2 o)
1 1 1 C

< - * _ - * > -
< P (| Towar (5(PP?) = B [ Towvas (PP 2 570 = )

g6 1 C \ 2
<o(Sr+ ™) (n — o)
_O<N4+€ ‘ ) MN ~ N2t

1/4

Let us now set s = ¢ N~ /% with ¢ a constant such that for any N,

1 C S 1
MN  N2?s* = 2MN’

Therefore, if 2, = max(z,0), we have for some constant C,
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E [(HPP*(XN ® Ing, Iy ® YM)H - HPP*(x ®Iy,1® YM)H)J

=[P (PP (XN ® Iy, Iy @ Y™M)| > |PP (z @ Ty, 1@ YM)| + ¢) de
< s+4CM?*N? /OO i\f_j +e e N de < s+ACM?N?* (s PN~ 4+ s7te ™)
< CN™V4,

On one side, we have

P(|PPOXN © I, In 0 YY) B [|PP (XY © I, Iy © Y| 2 6+ K (1)) &)
> IP’( |PP (XN @ Iy, Iy @ VM| = | PPz @ Ty, 12 YY)
> 6+ Kp([YM|)e ™ + E [(HPP*(XN @ I, Iy YY) = ||PP*(z @ Iy, 1® YM)H)J )

5_{_CN71/4
v@ L 1oy )

> ([P @t V) - [Ple o 110 V)2 1

On the other side, thanks to Proposition 2.4.6, we have

52
< 67WYM”)N+de_2N.

Hence we can find constants K and C' such that for any N € N and § > 0,

P(|P(XN @ Ly, In @ YM)| = |[P(x @ Iy, 1@ YM)| > 6+ ON7TH) < e KON 4 g2V,
And we get (2.4) by replacing 6 by N~/46.

The other inequality is trickier because we need to study the spectral measure of PP*(x ®
Inr, 1 @ YM) which is far from easy. We mainly rely on the Theorem 1.1 from [74]. We
summarize the part of this theorem which is interesting for us in the proposition below.

Proposition 2.4.8. Let © = (x1,...,24) be a system of free semicircular variable, p;; €
C(X,...,Xq) be such that S = (p;j(x)); is self-adjoint with spectral measure p with support
K. Then there exists a finite subset A C R such that if I is a connected component of R\ A,
then either pjy = 0, or I C K. In the second situation there exists an analytic function g defined
for some 6 > 0 on

W:={zeC||Sz] <} \ | {a—it’téR*’}

a€A
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such that for each a € A, there exist N € N and ¢ > 0 such that (z — a)Ng(z) admits an
expansion on WN{z € C| |z — a| < €} as a convergent powerseries in ry(z —a) where ry(z) is
the analytic N""-root of z defined with branch C'\ {—it| t € R*}. Then Sg|; is the probability
density function of pr.

What this means for us is that at the edge of the spectrum of PP*(x ® Iy, 1 ® YM), either
we have an atom or the density of the spectral measure decays like el with » € Q when
approaching a. Consequently we can find § > 0 such that if p is the spectral measure of
PP*(x ® Iy,1 ®YM) then for € > 0 small enough,

p([|PPrz@ I, 1@ YM)|| — ¢ 00]) > &”.

Consequently if once again g is a C* function which takes value 0 on (—o0,0], 1 on [1/2, 00),
and belongs to (0, 1] otherwise. We then take f. : ¢ — g(e™(t — HPP*(x ® Iy,1® YM)H +¢))
for some ¢ > 0. Then

P(|PP (XN @ Iy, Iy YM)| < [PP (@ Iy, 10 VM) —¢)

=P <MlN Tryas (f-(PP (XN @ Iy, Iy @ YM))) = 0)

< P (| Tovas (PP = B [ Towas (10PP)|| 2 B [ o (£:PP))])
_ Var (i Trww (f-(PP?))
B [y Tovw (PP

Thanks to (2.56), we have

Var (57 Tow ((PP)) < o (B [ T ((702(PP9)] +272)

C 9 c o
< 5 (1P +e72) < 5™

On the contrary, with the same kind of computations which let us get Lemma 2.4.7, we can
find constants C' and K such that

—4
E [ T (f(PPY)] 2 7@ mu((PP) - €5
4

> o ([|PP e b 10 Y| ~c2.00]) - 055
> K min(1,¢)” — C’i\;.

Therefore we find finite constants C' and K such that

P(|PP (XN @ Iy, InoY™)| < |[PP(z® Iy, 10 VM) —¢)

K e\~
; B
< N2 (mln(l,s) — C’N2> .
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Now we fix r = eN~Y/G+8) with ¢ constant such that for any N,

C < min(1,r)?
N2pt — 2 '

min(1,7)" —

Then, we have

E [(HPP*(:L‘ ® Ly, 1@ YY) = | PP(XN ® Iy, In ® YM)H)J
_ /[R+ P(|PP (XN @ Ly, Iy Y| < |[PP(x @ Ly 1 @ YM)| — €) de
<r+4KN? /oo e ?min(l,e) % de < r +4KN2(r 172 4 1)
< ON-V/G+8). '
We deduce the following bound
P (PP & f V0 B[PP8 sty Y]] < -5 K () )
> IP’( |PP*(XY @ Iy, Iy 0 V)| = | PP (2 © T, 1 @ Y|

—5 = Kp(|YM e - E -(HPP*(x ® Ly, 1@ YM)| = |PP* (X" © Ly, Iy © YM)H)J )

<
> ( PP (XN @ Iy, IN®YM)’—HPP*(x@;]M,l@yM)H < _5_CN_1/<3+5>>‘

Since on the event {Vi, HXZNH < D} with D as in (2.51), we have

|PP* (XN @ Ly, Iy @ Y| = [ PP*(z @ Iy, 1 @ YY)

< (|P(xN @ 1y, Iy 0 YM)|| = [Pz @ L, 1@ Y|} (Jp([yY]) + | Pz © L, 1 @ YM)),
we deduce that
P(|PP (XN @ Iy, InoYM)| —E[|PP (XN @ Iy, Iy @ YM)|] < =6 = Kp (|[YY])) e)
> IP’( |PP (XN @ Ly, Iy @ YM)| = | PP (z @ I, 1 @ YM)|| < =6 — ON7H/GH)

and Vi, | x| < D)

>IP><HP (XN @ Iy, Iy © VM) H_HP @ Iy, 1®YM)H —§ — O N~/ (3+8) )

Jp([[YM|) + [Pz @ Iy, 1@ YM)]
— P(3, HXNH > D)

> P ([P @ h v 0 Y - [Plo o T 1 07 < )

Jp([[YM|) + [Pz @ Iy, 1@ YM)|
— de 2N,

On the other side thanks to Proposition 2.4.6, we have
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P (HPP*(XN ® Ly, Iy ® YM)H K [HPP*(XN ® Ly, In ® YM)]H < 6~ Kp (HYMH) e™)

52N

<de N 4 ¢ Hp(IVM)

Hence we can find constants K and C' such that for any N € N and § > 0,

P(|POCY © LIy © Y1) = | Pla © Iu, 1@ YY) < =6 = ONTUOH) < eV ypq.072Y,

And we get (2.5) by replacing 6 by N~1/G+9)§.
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Chapter 3

On the operator norm of noncommutative
polynomials in deterministic matrices and iid
Haar unitary matrices

Let UN = (U{,...,U)) be a p-tuple of N x N independent Haar unitary matrices and
ZNM he any family of deterministic matrices in My (C) ® My(C). Let P be a self-adjoint
non-commutative polynomial. In [14], Voiculescu showed that the empirical measure of the
eigenvalues of this polynomial evaluated in Haar unitary matrices and deterministic matrices
converges towards a deterministic measure defined thanks to free probability theory. Now, let
f be a smooth function. The main technical result of this paper is a precise bound of the
difference between the expectation of

]\/[1]\[ TrMN((C) ® TrM}VI((C) (f(P(UN ® I, ZNM))) )
and its limit when N goes to infinity. If f is seven times differentiable, we show that it is
bounded by M?||f||zs In*(N) x N2, As a corollary we obtain a new proof with quantitative
bounds of a result of Collins and Male which gives sufficient conditions for the operator norm of
a polynomial evaluated in Haar unitary matrices and deterministic matrices to converge almost
surely towards its free limit. Our result also holds in much greater generality. For instance,
it allows to prove that if UN and Y™~ are independent and My = o(N'/3In"2/3(N)), then
the norm of any polynomial in (UY ® Iy, Ixn ® YM¥) converges almost surely towards its free
limit. Previous results required that M = My is constant.

This chapter is adapted from [8].
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3.1 Introduction

Understanding the behaviour of random matrices in large dimension is the core of random
matrix theory. In the early nineties Voiculescu showed that one could get very accurate results
with the help of non-commutative probability theory. This theory is equipped with a notion
of freeness, analogous to independence in classical probability theory, which often describes
accurately the asymptotic behaviour of random matrices. In [3] he studied the asymptotic
behaviour of independent matrices taken from the Gaussian Unitary Ensemble (GUE). In a
later paper he proved a similar theorem for Haar unitary matrices, which are random matrices
whose law is the Haar measure on the unitary group Uy. In a nutshell, Voiculescu proved
in [14] that given U",... U} independent Haar unitary matrices, the renormalized trace of
a polynomial P evaluated in these matrices converges towards a deterministic limit «(P).
Specifically, the following holds true almost surely:

: 1 N N N* N*
lim - Try (PUY,....UuY, 0", ..., UN)) = a(P). (3.1)

N—o0

Voiculescu computed the limit a(P) with the help of free probability. To give more detail, let
By be a self-adjoint matrix of size N, then one can define the empirical measure of its (real)
eigenvalues by

1 N
HBNy = NZ(S)\H
=1

where J) is the Dirac mass in A and Ay, ..., Ay are the eingenvalue of By. In particular, if P is a
self-adjoint polynomial, that is such that for any matrices Ay, ..., Ag, P(Ay, ..., Ag, A, ..., AS)

is a self-adjoint matrix, then one can define the random measure pipp~
case, Voiculescu’s result (3.1) implies that there exists a measure pp with compact support
such that almost surely [Py .. .UN N, Uy converges weakly towards pp: its moments are

given by pup(z*) = a(P*) for all integer numbers k.

* «. In this
UNUNT,...UN™)

However, the convergence of the empirical measure of the eigenvalues of a matrix does not
say much about the local properties of its spectrum, in particular about the convergence of the
norm of this matrix, or the local fluctuations of its spectrum. For a comprehensive survey of
important milestones related to these questions, we refer to the introduction of our previous
paper [7]. In a nutshell, when dealing with a single matrix, incredibly precise results are known.
Typically, concerning the GUE, very precise results were obtained by Tracy and Widom in the
early nineties in [17]. On the other hand, there are much less results available when one deals
with a polynomial in several random matrices. One of the most notable result was found
by Haagerup and Thorbjgrnsen in 2005 in [6]: they proved the almost sure convergence of the
norm of a polynomial evaluated in independent GUE matrices. Equivalently, for P a self-adjoint
polynomial, they proved that almost surely, for N large enough,

O-<P(X{V77Xév)) - Supp,up—i—(—s,e), (32)

where o(H) is the spectrum of H and Supp pp the support of the measure pp. The result (3.2)
was a major breakthrough in the context of free probability and was refined in multiple ways,
see [25, 26, 27, 29, 31, 7]. Those results all have in common that the basic random matrix
is always self-adjoint. Much less is known in the non self-adjoint case. However Collins and
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Male proved in [9] the same result as in [28] but with unitary Haar matrices instead of GUE
matrices by using Male’s former paper. With the exception of [9] and [7], all of these results
are essentially based on the method introduced by Haagerup and Thorbjgrnsen who relies on
the so-called linearization trick. The main idea of this tool is that given a polynomial P, the
spectrum of P(XY ... XY) is closely related to the spectrum of

d
LNIGO®[N+ZCM®X¢N;

i=1
where ay, ..., aq are matrices of size k depending only on P. Thus we trade a polynomial of
degree d with coefficient in C by a polynomial of degree 1 with coefficient in M4 (C). In
[9], the main idea was to view Haar unitary matrices as a random function of a GUE random
matrix. Then the authors showed that almost surely this random function converges uniformly
and they concluded by using the main result of [28]. An issue of this method is that it does not
give any quantitative estimate. An important aim of this paper is to remedy to this problem.
Our approach requires neither the linearization trick, nor the study of the Stieljes transform
and attacks the problem directly without using previous results about the strong convergence of
GUE random matrices. In this sense the proof is more direct and less algebraic. We will apply
it to a generalization of Haar unitary matrices by tackling the case of Haar unitary matrices
tensorized with deterministic matrices.

A usual strategy to study outliers, that are the eigenvalues going away from the spectrum,

is to study the non-renormalized trace of smooth non-polynomial functions evaluated in inde-
pendent Haar matrices i.e. if P is self-adjoint:

Tey (£ (P(UY,....0), 0", .., UN"))).

This strategy was also used by Haagerup, Thorbjornsen and Male. Indeed it is easy to see that
if f is a function which takes value 0 on (—oo,C —¢], 1 on [C, 00) and in [0, 1] elsewhere, then
with A;(X) the largest eigenvalue of X,

P(AI(P(UIN,...,U;V,U{V*,...,U;V*)) > (J> < JP’(TrN (f(P@yY,....uN, 0, UN))) > 1).

Hence, if we can prove that Try (f(P(UY,. .., Uzﬁv, UN*, ..., Uév*))) converges towards 0 in
probability, this would already yield expected results. The above is just a well-known ex-
ample, but one can get much more out of this strategy. Therefore, we need to study the
non-renormalized trace. The case where f is a polynomial function has already been studied a
long time ago, starting with the pioneering works [70, 71], and later formalized by the concept
of second order freeness [72, 79]. However here we have to deal with a function f which is at
best C*°. This makes things considerably more difficult and forces us to adopt a completely
different approach. The main result is the following theorem (for the notations, we refer to
Section 3.2 — for now, let us specify that % Try denotes the usual renormalized trace on N x N
matrices whereas T denotes its free limit):

Theorem 3.1.1. We define

e u=(ur,...,upui,...,us) a family of p free Haar unitaries and their adjoints,

e UN = (UN,....U0), (UY)*,...,(UY)*) ii.d. Haar unitary matrices of size N, and their
adjoints.
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o ZNM = (ZIM ..., Z)M) € My (C) @ My (C) deterministic matrices and their adjoint,
e P a self-adjoint polynomial,
e f:R+— R a function at least six times differentiable.

Then there exists a polynomial Lp € RY[X] which only depends on P such that for any N, M,

MN

E [1 Teap (£ (P (U @ 100, 2M)) )| = v @ (£ (P (w 1ar, 2)) )‘

In?(N)M? N
<5z Le (|127]) < 1l
where HZNMH = sup ’ZlNMH and ||f|lor is the sum of the supremum on R of the first k
1<i<q
derivatives. If ZVNM = (Iy@YM, ... ,IN®YQM) and that these matrices commute, then we have

the same inequality without the M?.

This theorem is a consequence of the slightly sharper, but less explicit, Theorem 3.4.1.
Those two theorems are essentially the same, but in Theorem 3.4.1, instead of having the norm
CS of f, we have the fourth moment of the Fourier transform of f. The above theorem calls
for a few remarks.

o We assumed that the matrices Z¥™ were deterministic, but thanks to Fubini’s theorem
we can assume that they are random matrices as long as they are independent from U™ .
In this situation though, Lp (HZN M H) in the right side of the inequality is a random

variable (and thus we need some additional assumptions on the law of ZV¥M if we want
its expectation to be finite for instance).

e In Theorems 3.1.1 and 3.4.1 we have UY ® I, and u ® I);, however it is very easy to
replace them by UY @ YM and u®@ Y™ for some matrices Y;¥ € My;(C). Indeed we just
need to apply Theorem 3.1.1 or 3.4.1 with Z¥M = Iy ® Y™ . Besides, in this situation,
Lp (HZNMhD) = Lp (HYMH> does not depend on N. What this means is that if we have

a matrix whose coefficients are polynomial in U", and that we replace UY by u, we only
change the spectra of this matrix by M?N~2 in average.

« In the specific case where ZVM = (Iy @ YV, ... Iy ® V) and the Y commute, as
we stated in Theorem 3.1.1, we have the same inequality without the M?. Lowering the
exponent in all generality would yield a direct improvement to Theorem 3.1.2 but we
currently do not know whether it is actually possible. A lead to do so would be to prove a
sharper version of Lemma 3.3.1. While this seems unrealistic for deterministic matrices,
it might be possible to get some results when the matrices Y; are random.

A detailed overview of the proof is given in Subsection 3.4.1. Similarly to [7], we interpolate
Haar unitary matrices and free Haar unitaries with the help of a free Ornstein-Uhlenbeck process
on the unitary group, i.e. the free unitary Brownian motion. For a reference, see Definition
3.2.11. However in [7] this idea was only to understand the intuition of the proof. In this paper
the computations involved were quite different, indeed since we were considering the usual free
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Ornstein-Uhlenbeck process, we could use a computation trick to replace this process by a well-
chosen interpolation between GUE matrices and free semicirculars. This means that we did
not need to use free stochastic calculus. There is no such trick for the free unitary Brownian
motion, hence the computations use much more advanced tools.

When using this process, the Schwinger-Dyson equations, which can be seen as an inte-
gration by part, appear in the computation. For more information about these equations we
refer to [80] to find numerous applications. In the specific case of the unitary group it is worth
checking the proof of Theorem 5.4.10 from [13]. Even though those equations only come into
play in the proof of Lemma 3.4.6, they play a major role in the proof since we could get a
theorem similar to Theorem 3.1.1 for any random matrices which satisfies those equations.

Theorem 3.1.1 is the crux of the paper and allows us to deduce many corollaries. Firstly we
get the following result. The first statement is basically Theorem 1.4 from [9]. The second one
is entirely new and let us tensorize by matrices whose size goes to infinity when until now we
could only work with tensor of finite size. This theorem is about strong convergence of random

matrices, that is the convergence of the norm of polynomials in these matrices, see Definition
3.2.1.

Theorem 3.1.2. Let the following objects be given:

o UN=(UN,..., Ulfv) independent unitary Haar matrices of size N,
e u=(uy,...,u,) a system of free Haar unitaries,
o YM = (YM . .. ,YqM) random matrices of size M, which almost surely, as M goes to

infinity, converges strongly in distribution towards a q-tuple y of non-commutative random
variables in a C*- probability space B with a faithful trace 15.

o ZIN =(ZN, ..., Zév) random matrices of size N, which almost surely, as N goes to in-
finity, converges strongly in distribution towards a q-tuple z of non-commutative random
variables in a C*- probability space with a faithful trace,

then the following holds true.

o IfUYN and ZVN are independent, almost surely, (UN, ZN) converges strongly in distribution
towards F = (u, z), where F belongs to a C*- probability space (A, *,Ta, ||.||) in which u
and z are free.

e If (My)nso is a sequence of integers such that My = o( NY3In=2/3(N)), UN and YM~ are
independent, then almost surely (UN @ Iy, Iy @ YMN) converges strongly in distribution
towards F = (u®1,1®vy) when N goes to infinity. The family F thus belongs to AQmpi, B
(see Definition 3.2.6). Besides if the matrices Y™V commute, then we can weaken the
assumption on My by only assuming that My = o(N In"?(N)).

Understanding the Stieljes transform of a matrix gives a lot of information about its spec-
trum. This was actually a very important point in the proof of Haagerup and Thorbjgrnsen’s
theorem. Our proof does not use this tool, however our final result, Theorem 3.4.1, allows us
to deduce the following estimate. Being given a self-adjoint NM x N M matrix, we denote by
(G 4 its Stieltjes transform:

Gal2) = —— Tran <z—1A> |
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This definition extends to the tensor product of free Haar unitaries with deterministic matrices
by replacing (NM)~! Tryy by 7v @ Ty

Corollary 3.1.3. Given
o u=(ur,...,Up,uj,...,us) a family of p free Haar unitaries and their adjoints,

e UN = (UN,....,UY, (UN),...,(UYN)*) i.i.d. Haar unitary matrices of size N, and their
adjoints.

o YM = (YM ... ,YqM, YyME L ,YqM*) deterministic matrices of size M and their adjoints,

P a self-adjoint polynomial,

there exists a polynomial Lp such that for every YM, 2 € C\R, M, N € N,

2 2
E[Grwrenaveyin ()] = Grusnasyn ()| < Le ([Y]) = EQ(N) <|%<1z)|5 i |%<1z)|2> ’

where HYMH = sup Y,LMH

1<i<q

One of the limitation of Theorem 3.1.1 is that we need to pick f regular enough. Actually
by approximating f, we can afford to take f less regular at the cost of a slower speed of
convergence. In other words, we trade some degree of regularity on f for a smaller exponent
in N. The best that we can achieve is to take f Lipschitz. Thus it makes sense to introduce
the Lipschitz-bounded metric which is the standard metric to metrize the topology of the weak
convergence of probability measures on R. Let F be the set of Lipschitz function from R to
R, uniformly bounded by 1 and with Lipschitz constant at most 1, then

| fan— | fav

This metric is a slight weakening of the Wasserstein-1 distance which is defined similarly but
without the assumption of boundedness on the functions f. For more information about this
metric we refer to Appendix C.2 of [13]. In this paper, we get the following result:

dpy(p,v) = sup
fe€FLu

Corollary 3.1.4. Under the same notations as in Corollary 3.1.3, there exists a polynomial
Lp such that for every matrices Y™ and M, N € N,

InN\Y?
)

dLU (E[MP(UNQZ)IM,IN@YM)]’IU’P(U®IM71®YM)) < LP (HYMH> M2 (

This paper is organized as follows. In section 3.2 we give many usual definitions and
notations in free probability, commutative and non-commutative stochastic calculus. Section
3.3 contains the proof of many important properties which we will need later on. Section 3.4
contains the proof of Theorem 3.1.1. Finally in section 3.5 we prove all of the corollaries.
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3.2 Framework and standard properties

3.2.1 Usual definitions in free probability

In order to be self-contained, we begin by reminding the following definitions of free prob-
ability.

Definition 3.2.1. ¢ A C*-probability space (A,*,7,||.||) is a unital C*-algebra (A, *,|.])
endowed with a state T, i.e. a linear map 7 : A — C satisfying 7(14) = 1 and 7(a*a) > 0
for all a € A. In this paper we always assume that T is a trace, i.e. that it satisfies
7(ab) = 1(ba) for any a,b € A. An element of A is called a (non commutative) random
variable. We will always work with faithful trace, that is such that if a € A, 7(a*a) = 0 if
and only if a = 0, in which case the norm is determined by T thanks to the formula:

lal| = lim (7((a%a)**))

e Let Ay, ..., A, be x-subalgebras of A, having the same unit as A. They are said to be free
if for all k, for all a; € A;, such that j1 # jo, Jo # 3, -+, Jk—1 7 Jk:

T((al — r(@))(as — 7(as)) ... (ax — T(ak))) _o.

1/2k

Families of non-commutative random variable are said to be free if the x-subalgebras they
generate are free.

e Let A= (aq,...,ax) be a k-tuple of non-commutative random variables. The joint distri-
bution of the family A is the linear form pa : P — T[P(/L A*)} on the set of polynomials
in 2k non commutative indeterminates. By convergence in distribution, for a sequence
of families of variables (Ayx)n>1 = (ay,...,a) )n>1 in C*-algebras (.AN,* TN || ), we
mean the pointwise convergence of the map

pay P 7y [P(Ay, Ay,

and by strong convergence in distribution, we mean convergence in distribution, and point-
wise convergence of the map
P ||P(Ax, A))|.

e A non commutative random variable u is called a Haar unitary when it is unitary, that
is uu* = u*u = 1y, and for allm € Z, one has

T(u”):{ 1 ifn=0,

0 else.

The strong convergence of non-commutative random variable is actually equivalent to the
convergence of its spectrum for the Hausdorff distance. More precisely we have the following
proposition whose proof can be found in [9] (see Proposition 2.1):

Proposition 3.2.2. Let xy = (2, ... ,xév) and x = (x1,...,x,) be p-tuples of variables in C*-
probability spaces, (An,.*, 7w, | - ||) and (A, .*, 7, - ||), with faithful states. Then, the following

assertions are equivalent.
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e Xy converges strongly in distribution to x.

e For any self-adjoint variable hy = P(xn,XY), where P is a fized polynomial, uyp, con-
verges in weak-x topology to py, where h = P(x,x*). Weak-x topology means relatively to
continuous functions on C. Moreover, the spectrum of hy converges in Hausdorff distance
to the spectrum of h, that is, for any € > 0, there exists Ny such that for any N > Nj,

o(hy) C o(h) +(—¢,¢). (3.3)

In particular, the strong convergence in distribution of a single self-adjoint variable is equivalent
to its convergence in distribution together with the Hausdorff convergence of its spectrum.

It is important to note that thanks to Theorem 7.9 from [60], that we recall below, one can
consider free copy of any random variable.

Theorem 3.2.3. Let (A;, ¢:)ier be a family of C*-probability spaces such that the functionals
¢i » A — C, i € I, are faithful traces. Then there exist a C*-probability space (A, ¢) with ¢ a
faithful trace, and a family of norm-preserving unital x-homomorphism W; : A; — A, i € I,
such that:

o ¢OWZ:¢Z,VZEI

e The unital C*-subalgebras (W;(A;))icr form a free family in (A, ¢).

3.2.2 Non-commutative polynomials and derivatives

We set C(Y1,...,Y;) the set of non-commutative polynomials in d indeterminates and in
particular we fix Py = C(Y7, ..., Yss). Given a constant A € R, we can endow this vector space
with the norm

IPly= > lea(P)|A%EY, (3-4)

M monomial

where ¢y (P) is the coefficient of P for the monomial M. In this subsection we define several
maps on P; which we use multiple times in the rest of the paper, but first let us set a few
notations. For A, B, C' non-commutative polynomials,

(A® B)#C = ACB,
(A® B)#C = BCA,

m(A® B) = BA.

We define an involution * on Py by fixing for all i € [1,d], (Y;)* = Yiia, (Yira)* =Y and then
extending it to P, with the formula («PQ)* = @Q*P*. We then define the following maps.
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Definition 3.2.4. If 1 <i < d, one set 0; : Py — Py ® Py such that for P,Q € Py,

We also define D; : Py — Py by D;P = mo 0;P. We similarly define 0 and D} with the
difference that for any j, 0;Y; = 1i4q=;1 ® 1.

Because they satisfy the Leibniz’s rule, the maps 0; and 9; are called non-commutative
derivatives. It is related to Schwinger-Dyson equations on semicircular variable, for more
information see [13], Lemma 5.4.7. While we do not use those equations in this paper, we use
those associated with Haar unitary matrices. To do so, we define the following non-commutative
derivative.

Definition 3.2.5. If 1 <i < d, one set 0; : Py — Py ® Py such that for P,Q € Py,
Vielld, &Y;=1_Yi®l, 0Yq=—-1i;1®Y 4
We also define D; : Py — Py by D;P = mo §; P.

We would like to apply the map J; to power series, more precisely the exponential of a
polynomial, however since this is not well-defined in all generality we will need a few more
definitions. Firstly, we need to define properly the operator norm of tensor of C*-algebras.
Since we use it later in this paper, we work with the minimal tensor product also named the
spatial tensor product. For more information we refer to chapter 6 of [76].

Definition 3.2.6. Let A and B be C*-algebra with faithful representations (H 4, ¢.4) and (Hg, ¢p),
then if ®o is the tensor product of Hilbert spaces, A Quin B is the completion of the image of
da R ¢ in B(Hy ®q Hg) for the operator norm in this space. This definition is independent
of the representations that we fixed.

Consequently if P € Py, z = (z1,...,24) belongs to a C*-algebra A, then (&P%)(z, 2*)

belongs to A®minA, and H((SZ-P’“)(z, )| < Cpk ||P(z,2%)||" " for some constant C'p independent
of k. Thus we can define

(6,e7)(z,2%) = /{'(5 P*)(z,2%). (3.5)

keN
While we will not always be in this situation during this paper, it is important to note that
if A = My(C), then up to isomorphism A @i, A is simply My2(C) with the usual operator
norm. Now we prove the following property whose proof is inspired of the one of Duhamel’s
formula which states that given two operators a and b,

e’ —e —/ “(a — b)e' " da. (3.6)
Proposition 3.2.7. Let P € Py, z = (21,...,2q4) elements of a C*-algebra A, then

(52'613) (2,2%) = /01 (eaP 6, P e(l’a)P) (z,2%) da,

with convention
Ax (B®C)x D= (AB)® (CD).
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Proof. One has,

/(apéPelo‘)P)(zz da—Z/ 7>d04 (P" 6P P™)(z,2")

0 nlm!

-y ¥ [*

k n+m=k

da (P" 6;P P™)(z,2%).

n‘m'

But if m > 0, by integration by part,

1 1
/ a™(1—a)"da = / "1 — )" da.
0 0

n+1

Thus for any n,m,

1 AN 1 _ m 1 n+m 1
/ Mda:/ B S
0 nlm! 0o (n+m)! (m+n+1)!

Hence,

Y (P" &P P™)(z,2%) = ((5i eP) (z,2%).

" n+m=k

1 . . 1
/0 (¢F 6P =P (2, 2%) da = G

3.2.3 Free stochastic calculus

The main idea of this paper is to use an interpolation between Haar unitary matrices and
their free limit. In order to do so, we will need some notion of free stochastic calculus. The
main reference in this field is the paper [81] of Biane and Speicher to which we refer for most
of the proofs in this subsection. For the sake of completeness we had to introduce notations
and objects that we will not necessarily use outside of this subsection. For the reader not
familiar with free probability, we would suggest to focus on understanding Theorem 3.2.10 and
Definition 3.2.11.

From now on, (A4, 7) is a W*-non-commutative probability space, that is A is a von Neumann
algebra, and 7 is a faithful, normal (i.e. continuous for the ultraweak topology), tracial state
on A. We take A filtered, that is there exists a family (A;)er+ of unital, weakly closed *-
subalgebras of A,such that A, C A, for all s < t. Besides we also assume that there exist p
freely independent (A;);cr+-free Brownian motions ((S});cr+)1<i<p- That is t — S} is weakly
continuous, S! is a self-adjoint element of A; with semi-circular distribution of mean 0 and
variance t, and for all s < ¢, S — S? is free with A,, and has semi-circular distribution of
mean 0 and variance t — s. Besides since the state 7 is tracial, for any unital, weakly closed
x-subalgebra B of A, there exists a unique conditional expectation onto B. We shall denote it
by 7(.|B). A map t € RT — M, € A will be called a martingale with respect to the filtration
(Ap)ser+ if for every s <t one has 7(M;|A,) = M.

We define the opposite algebra A°P as the algebra A endowed of the same addition, norm
and involution, but with the product a x b = b - a where - is the product in A. We can endow
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A°P with a faithful normal tracial state 7°P, which as a linear map on A is actually 7. Similarly
to the minimal tensor product, we will denote L (7 ® 7°P) the von Neuman algebra generated
by A® AP in B(L*(A,T) ®; L*(A°P, 7°P)) where ®; is the usual tensor product for Hilbert
spaces. Similarly to classical stochastic calculus, we now introduce piecewise constant maps.

Definition 3.2.8. A simple biprocess is a piecewise constant map t — U, from R into the
algebraic tensor product A @ A°P, such that Uy = 0 for t large enough. Besides it is called
adapted if for anyt >0, U, € A; ® A;.

The space of simple biprocesses form a complex vector space that we can endow with the
norm

101 = [ MOl oy (37)

We will denote by B.° the completion of the vector space of adapted simple biprocesses for
this norm. Now that we have defined the notion of simple process, we can define its stochastic
integral that we will later extend to the space B:°.

Definition 3.2.9. Let (S;)i>0 be a free Brownian motion, U be a simple adapted biprocess,
we can find a decomposition U = ?:1 Al @ B and 0 = tg < t; < --- < t,, such that for
t € [ti,tin1), Al = Al € A, and B} = B} € A}®. We define its stochastic integral by

[y

n m-—

0 m—1 ) )
/0 UhdS, = 3" Up#(Si,, — ) =3 S AL(S,.., — S.)BL.
1=0 1

7=1 1=0

This definition is independent of the decomposition chosen. Besides t +— f(f Us#dX, is a mar-
tingale.

Thanks to Burkholder-Gundy inequality, that is Theorem 3.2.1 of [81], if we see the stochas-
tic integral as a linear map from the space of adapted simple biprocesses endowed with the norm
|.][ge to A, then this map is continuous. Hence we can extend it to BS® and the martingale
property remains true. Before talking about It6’s formula, as in the classical case, we need
to introduce the quadratic variation. We will not develop the idea, but by studying random
matrices, in the case of simple tensors, we are prompted to define

({a®b,c®d)) =a 7(bc) d.

We denote by f the product law in A ® A°P. If by contrast we want to use the usual product
in A® A, we will not put any sign. Let t be the linear map such that on simple tensors,
(a®b)’ =b® a. In all generality for any Z,Y € A® AP,

(2.Y)) = (Law ) (2407).

Since [[((Z, YD < [|Z]| p(rggrory 1Y || oo (rggropy, We can extend this bilinear map to Z,Y €
L (7 ® 7°P). Besides by Cauchy-Schwarz, for U,V € B2, ((U,V)) is integrable.

Now that we have defined all of the necessary object to do stochastic calculus, we can
state 1t6’s formula. We will need to handle polynomials in several processes, however Biane

and Speicher only stated It6’s formula for a product of two processes, that is if Xy, Yy € A,
UL, Vie B® and K,L € L*(R", A), we set
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Y, = Y(')+/de+ Z/Uz#ds

1<i<p

7, = Zo+/Lds+ 3 /V’#d

1<i<p
then for any ¢t > 0,
Y, 7, = YOZO+/ (YL K Zo+ S U;,V;>>) ds (3.8)
1<i<p

+ Y [ (1) + Uil 2,)) #ds]

1<i<p

To find a proof of (3.8), see Theorem 4.1.2 in [81]. While this theorem only proves the case
where there is a single Brownian motion and L = K = 0, deducing equation (3.8) does not
require much more work. We can then deduce from equation (3.8), the general 1t6’s formula.
Even though this formula is used without a proof by Dabrowski in [82], we do not know of
any satisfying reference. Hence we include a proof for self-containedness. Let us first fix a few
notations.

o If PeC(Xy,...,Xy), X € (LR, A))% and K € (L'(R*,.A))?, then

PXOH#E = Y 0;P(X)#K

1<j<d

o Similarly if U € (B°)%, then OP(X)iU = 3" 1<j<40; P(X)U;.

o Finallyif U,V € B®, A, B,C € L*(R*, A), then (AQ BC)# (U,V) = (A®B)iU, (1®
C)Ev).
Theorem 3.2.10. Let Xy € A%, P be a non-commutative polynomial in d indeterminates, for

any t > 0, K € (L'([0,t],.A))? and for every i € [1,p], (Ls<tUl)ser+ € (BX)%. With I the
identity map on Py, we define

X, = X0+/de+ Z/U’#d

1<i<p
Ay =2 > ((@@D)odP(X)#(U.U™) )).
1<z<p1<]k<d

Then for any t > 0, OP(X)#K and Ay(P)(X) € L'([0,1],.A)), and (15<;,0P(X)1U,)ser+ €
Be. Finally for any t > 0,

P(X,) = P(X,) +/aP #E, ds+ Y / OP(X U #dS’+/AU X,) ds.
1<i<p

Proof. Thanks to Burkholder-Gundy inequality, that is Theorem 3.2.1 of [81], we know that

SUD HXJ oo T Z HU Loy

0<s<t

3] + [l

Boo
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Thus for any t € R, (X)sep € L([0,1],.A)%, hence for any polynomial P, dP(X)#K €
L>([0,1],A), and (15<;0P(X)iUs)ser+ € BS°. Given that

12 YD < 121 Lo rgrory 1Y [ oo (rrory

we also have that Ay(P)(X) € L'([0,1],.A)). Finally to prove the formula, we proceed recur-
rently. If P is of degree 1, there is nothing to prove. For larger degree, by linearity we only
need to deal with the case where P is a monomial. Thus we can write P = QR with ) and R
monomials of smaller degree for which the formula is verified. Thus thanks to equation (3.8),
we have that

P(X) = QUX)R(X) + [ QUX) x (ORIX)H#KL) + (0Q(X)#K,) x R(X.)ds
+[[QUX) Bu(R(X.) +Au(@(X.) ROX) + 3 ({0Q(X)HULOR(X UL )) ds

1<i<p

+ 3 [ (@) ©14) x OR(X)EUD) + (0Q(X,)8U1) x (La® R(X,) ) #ds.

1<i<p

It is clear that,
IQR)(X,)tU; = (Q(X,) @ 1) x (OR(X)UY) + (IQ(X,)UL) x (14 @ R(X,)).
And ﬁnally,
Ap(QR)(X) = > > ((((0;®1)00(QR)(X))#UY,U) )

1<i<p 1<5,k<d

=2 X > {({((AX) @ B(X) @ C(X)#(U™,U™) ))R(X)

1<i<p 1<j,k<d Q=AX; BX;,C

+ Y QIX){((AX) ® B(X) @ C(X))#(UY,U™) )

R=AX;BX,C
+Q_A _Z_C ({ (A(X) ® (BC)(X) ® D(X))#(U™,U™) )
=Q(X) Ay(R)(X) +Au(@)(X + > ((0Q(X)RU, OR(X)EU" ).

1<i<p

]

Finally, one of the fundamental tool that we use in this paper is the free unitary Brownian
motion, a good reference on the matter is [83]. In particular one can find a proof of its existence.

Definition 3.2.11. Let (S;):>0 be a free Brownian motion adapted to a filtered W*-probability
space (A, (At)i0,T), the free unitary Brownian motion (u:)i>o is the unique solution to the
equation

t t
VE> 0w =1, — / % ds + i/ (us @ 14)#dS.. (3.9)
0 0
In particular, for any t > 0, u; is unitary, that is wu; = uju, = 14.

Although we do not use this notation in this paper, similarly to the classical case, it is usual
to write equation (3.9) as

wo=1a, duy = —% dt + i(u; @ 14)#dS,.
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3.2.4 Notations

Let us now fix a few notations concerning the spaces and traces that we use in this paper.

Definition 3.2.12. o (Ay,7y) is the free product of My (C) with the von Neuman algebra

A from the former subsection. To build Ay we use Theorem 3.2.3 and we get a C*-
probability space C' with a faithful trace p. Since we want (An,7Tn) to be a von Neuman
algebra, we set L*(C, ) as the completion of C' for the norm a — ¢(a*a)'/?, we have an
injective C*-algebra morphism from C to B(L*(C,y)). We then proceed to take Ay the
closure of the image of C' in this space for the weak topology. As for Ty, since we can
extend (x,y) = p(z*y) to a scalar product (., .), on L*(C, ), we set for a € B(L*(C,¢)),

n(a) = (a(1), 1)

Note that when restricted to My (C), Tx is just the reqular renormalized trace on matrices.
Similarly we will usually denote Tpy and 7, the renormalized trace on My (C) and M (C).
As in the former subsection, the restriction of Ty to the C*-algebra A is denoted as T.

Try is the non-renormalized trace on My (C).

E; ; is the matriz whose only non-zero coefficient is (i,7) and this coefficient has value 1,
the size of the matriz E; ; will depend on the context.

In general we identify My (C)®@My,(C) with My (C) through the isomorphism E; ;QE, s —
Eii(r—1)N j+(s—1)N, stmilarly we identify Try & Try, with Tryy.

If AN = (AN, ... AY) and BM = (BM, ... BY) are two families of matrices, then we de-
note AN@BM = (AN@BM, ... AY@BY) and if M = N, ANBN = (AVBN ... AYBY).
We typically use the notation X~ @ Iy for the family (XN @ Ly, ..., XY @ Iy).

If P € Py, in order to avoid cumbersome notations when evaluating P in (X, X*), instead
of denoting P(X, X*) we will write P(X).

We define (e;)iep,ms (9i)ien,ny and (f;)ieny the canonical basis of CM, CV and C*

A polynomial P € Py is said to be self-adjoint if P* = P. Self-adjoint polynomials have
the property that if z1,. .., z4 are elements of a C*-algebra, then P(z1,..., zq, 27,. .., 2}) is self-
adjoint. Now that we have defined the notion of self-adjoint polynomial we give a property
which justifies computations that we will do later on:

Proposition 3.2.13. Let the following objects be given,

uw=(u},...,u})>0 a family of p freely independent free unitary Brownian motions,
f € C(R) the set of continuous function on R,

P a self-adjoint polynomial.

Then with Uy the group of unitary matrices of size N, the following map is measurable:

(UM, ZNM) € UR x My (C)7P = 7 @ Tar (f (]5 ((UN“t) ® I, ZNM))) '
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For a full proof we refer to [7], Proposition 2.7. But in a few words, it is easy to see the
measurability when f is a polynomial since then this map is also polynomial in the coefficient
of UN and Z¥M  and we conclude by density. Actually we could easily prove that this map is
continuous, however we do not need it. The only reason we need this property is to justify that if
U¥ is a family of random matrices, then the random variable 7y ® T2 (f (f’(uiv R Iy, ZNM)))
is well-defined. To conclude this subsection we introduce different notations related to maps
defined on tensor spaces.

Definition 3.2.14. Let n : A® B € M, (C)®? — AB € My,(C), we define the linear map
(TN & IM) ®(TN & IM) : (.AN ® MM(C>>®2 — MM<C) as

(v ® Ing) Q7 @ Ing) = no (Ty ® Ing)®>.

We will also use the shorter notation (ty @ Ip;)®2.

3.2.5 Random matrix model

We conclude this section by giving the definition and a few properties on the models of
random matrices that we will study.

Definition 3.2.15. A Haar unitary matriz of size N is a random matriz distributed according
to the Haar measure on the group of unitary matrices of size N.

Definition 3.2.16. A Hermitian Brownian motion (XN)er+ of size N is a self-adjoint matriz
whose coefficients are random variables with the following laws:

e For1 <i < N, the random variables vV N((X}¥)::)icr+ are independent Brownian mo-
tions.

e Forl<i<j<N, the random variables (V2N R(X})i ;)ter+ and (V2N (X)) ;)ier+
are independent Brownian motions, independent of VN (XN )ii)er+ -

To study the free unitary Brownian motion, we will need to study its finite dimensional
equivalent, the unitary Brownian motion. Typically it is defined as the Markov process whose
infinitesimal generator is the Laplacian operator on the unitary group. However given the
upcoming computations in this paper, it is better to use an equivalent definition as the solution
of a stochastic differential equation. We refer to subsection 2.1 of [84] for a short summary on
the different definitions.

Definition 3.2.17. Let XV be a Hermitian Brownian motion, then the unitary Brownian
motion (UN)i>o is the solution of the following stochastic differential equation:

1
dUN =iuNdxN — iUtN dt, U = Iy, (3.10)

where we formally define UNAXYN by simply taking the matriz product

(U dX])ig =D (U)iwd(X] )y
k

In particular, almost surely, for any t, UY is a unitary matriz of size N.
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The following property is typical of the kind of computation that we can do with unitary
Brownian motion with classical stochastic calculus, see [84] for example.

Proposition 3.2.18. Let UY, ..., Uzﬁv be independent unitary Brownian motions of size N,
A]]DVH,...,AJdV be deterministic matrices, ) € Py be a monomial, we set Qs the monomial
evaluated in (U, ..., UN, A\, ...  AY) and their adjoints, |Q|p the degree of Q with respect

to (Uy,...,Up, Uy, ..., Uy). Then there exists a martingale J such that,

1
dTry Qs = dJ, — 1@l Try Qs ds — — > Tryn (AUNCs) Trn(BUY) ds
2 N i<p, Q=AU;BU,;C
1 * *
—— 3 Try (AU C) Trx (BUN) ds
N i<p, Q=AU;BU;C
1
+ — > Tr(ACs) Tr(Bs) ds
N i<p, Q=AU;BU*C
1
+ N > Tr(ACs) Tr(Bs) ds.

i<p, Q=AU; BU;C

3.3 Preliminaries

3.3.1 A matricial inequality

We are indebted to Mikael de la Salle for supplying us with the proof of the following lemma.

Lemma 3.3.1 (de la Salle). Let A be a C*-algebra, A1, Ay € A, By, By € My(C), as in
subsection 3.2.3 we define (A1 @ By)f(Ay® By) = (A142) ® (ByBy). Then if x,y € AQM,,(C),
with the operator norm in their respective space,

lzgyll < M [l [yl -

Proof. We write © = >>1<; j<m Tij @ Eij, ¥ = Yi<ki<m Yk @ Ery, then

oty =Y T Yin @ Eij.

Z'7_j7k"

We define Ay = 32, Trj¥in @ Eij, Xe = 22 Trj @ By @ Ing, Yo = 20 9ik @ Iy @ Ejg. Then
by using the fact that X, and Y are band matrices, we have || X|| < ||z|| and [|[Yi| < |ly]|-
Besides ||zfy|| < Y1<g<ar [|Akl|- Finally we have for any k,
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PAARPAAC AN

= (Z T VYik @ i @ Ezk) (Z T Yik @ i @ Ezk)

] ]

* *
= Z Tk jYikYu kTho @ LrjBuk @ i By

2,7,u,v

* *
= Z Tk jYikYu kThw @ Erp @ EijEy

©,7,u

= || A AL, ® Byl
2

= || Ax]l”

Thus ||ztyll < Xicpen Al < M lz] [lyl]-

3.3.2 A Poincaré type equality

One of the main tool when dealing with GUE random matrices is the Poincaré inequality
(see Definition 4.4.2 from [13]), which gives us a sharp majoration of the variance of a function
in these matrices. Typically this inequality shows that the variance of the renormalized trace of
a polynomial in GUE random matrices, which a priori is of order O(1), is of order O(N~?). In
this paper we need a similar type of inequality but instead of working with independent GUE
random matrices, we work with marginal of independent unitary Brownian motions at times ¢.
We will follow the approach of [85], Proposition 6.1. T would like to thank one of the reviewer for
pointing out that an alternative approach could be to use the more general Theorem 4.3 from
[86]. This theorem deals with Brownian motions defined with the help of two parameters r and
s, and the unitary Brownian motion matches with the case where (r,s) = (1,0). However the
proof of Proposition 3.3.2 that we give below is a good introduction to the kind of computations
that we deal with in this paper unlike the approach taken in [86] and needs less prerequisite to
be understood.

Proposition 3.3.2. Let Q € Py, (UM )ier+, (V¥ )ier+, (WX )ier+ be independent families of p
unitary Brownian motions of size N. Let AN be a family of d — p deterministic matrices, with
notations as in Definition 3.2.12, one has for any T > 0,

Var (Toy (QUF,AY)) ) = + > /OTE[TrN (DU TN, AY)x DUV U, AV )| at.

1<k<p

Proof. To simplify notations, we will not write the index N in UYN, VN, WY and AN. For
U € My(C)?, we set f: (U, U*) — Try(Q(U, A,U*, A*)). We can view f as a polynomial in
the coefficients of the matrices U and their conjuguates, since those are complex variables we
use the notion of complex differential. That isif g : (z,y) € R?* — g(z,y) € C is a differentiable
function, we define 9.9 = 1 (9,9 — 10,9) and dzg = 1 (0,9 +10,9). If uy’ is the (i, j)-coefficient
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of the k-th matrix in U, we denote the differential of f with respect to uzj by auz,j f, and the
differential of f with respect to the conjuguate of this coefficient by 9*;, f. In particular,
U

0,3 (Ur)ap) = 0, 005((Ug)ap) = 0, for all (a, b) # (i, )
0,13 ((Ug)ap) = 0, 853 ((Uk)ap) = 0, for any (a,b).

Next we introduce

Mt - PT—tf(Ut7 Ut*)a

where Pr_,f(U,U*) = Ey|[f(Vp_U, (Vr_:U)*)] with (V;);>0, p independent unitary Brownian
motions of size N and Ey the expectation with respect to (V;)i>0. We will follow the approach
of [85], Proposition 6.1, and show that (M;)o<¢<r is a martingale. It will follow that,

Var (T (QUR, AM) ) = B[l (Ur, U — [ELf (Ur, U]
= E[MrMr — MyM,) (3.11)
=K {(MT,WT>] .

If we set (X)>0, p independent Hermitian Brownian motions of size N, and f; = Pr_.f, then

dM; = (0. f) (U, Uy )dt + > (0,3 [1)(Ur, Uf) d(Uk )iy + (aZijt)(Uta US) d(Uy )i

1

+ 5 Z (azij fi:’Sft)(Uta Ut*) d((Uli,lt)i,ja (U,ift)m)t.

=Py L0 HhThe >

e1,e26{1,x}

By using equation (3.10), we can isolate the martingale term in the previous equation. As
for the term associated to dt, as long as we show that (M;):;>o is a martingale it will be 0.
To do so, we set F; = 0((Us)o<s<t), then F; is a filtration adapted to (M;);>o. Besides if we
set Ny = E[f(Ur,U}) | Fi], then since if we redefine Vy_, = UrpU/, it is still a family of p
independent unitary Brownian motions of size N, independent of F;. This implies that

Ny =E[f(Ur,Ur) | Fe] = E[f (Ve-eUs, (Vr—Ub)") | Fi] = By [f(VroUs, (ViUr)")] = M.
Hence (M;);>0 is a martingale and

dM; =i > O f)ULUY) Uk dXi)is = (95 fi) (Un UF) ((Uky dX35) )i, (3.12)

S, 16>

Therefore, as we saw in equation (3.11), we are left with computing the bracket of M;. To

begin with we have,

—_ dt
<(Ukz,t dX]i\ft)i,j? (Uk‘ﬂf dX]i\ft)r,s> = 1i:r,j:sﬁa

dt
N?

((Uns dX353) )iy (Un dX5)")rs) = Limrjms

86



3.3. Preliminaries

dt
(Ug dX;th)z‘,j, (Ur dX35) )rs) = (Uk,t)i,r(Uk,t)s,jN,

(kg dX50) )15 (U dX)rs) = (Ui e)ss (Ui in s

Let us remind that f: (U,U*) — Try(Q(U, A, U*, A*)), thus one has

(0,05 1) (U U7) = By [T (DeQ(ViroUs, A) Vi Ei )]

(aZijt)(Ut, U/) =Ey [TIN(V;@*,T—t %(VT%U&A) E”)} .

We will now compute four different brackets, and by summing them we will get the bracket of
M; (see equation (3.12)). First,

<§< U UD) (U dXE)ig (0,40 ) (U U7) (Ui dXéYt)z-,j> (3.13)
2 47,
—%JZ i (UL UF) @ FO U U7) (Ut dX3)igs Uk AXE)rs)
*Xk:z wft Ut>U*) (auivjft)(UhUt*) dt
i,J
_ N zk: %:EV (Ten (DeQ(VeoiUs, A) Vir—iBr )| By [Tr (Bji(Vir—o)* DeQ(Ve—oUs, A)* )| dt

1 —~ —~
= 5 2 Evar [Tew(DeQ(Vir—U, A) Vi Wip DiQ(Wr—iUy, A)")] dt.
k

Similarly one has,

(300 20, 0F) (s XDy SO TG 0F) (O X)) (B34

i,5,k .5,k

1 — e~
= 5 2 Bvaw [Trw (Vi DiQ(Ve- iU, A) DiQ(Wr—iUy, A Wi )| dt.
k

Next we have,
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<;< U0 U7) (W dX%) S O UF) (e X)) (3.15)
=2 3 (0 0 U) O TG T (U X80 (s X))
}sz o PO U?) DT 07) Ui)in ) e
‘ilec: JZ v [Ten(DxQ(VryUs, A) Vi By )]

x By [Ty (B DiQWr—iUy, A Wir—y)| (Una)ir (Une)sy dt
= &%:EV,W ijz;s (m(VT—tUt’A) Vk,T—t)J.’i (Uk,t)ir (3.16)

X (lf)iC/Q(WT—tUt,A)* Wk’T_t)r,s (Uk,t)s,j dt

1 —~ —~—
= 5 2 Evaw [T (DeQ(VeiUs, A) Vir—iUse DiQ(Wr—Up, A Wier—iUs )| dt.
k

And similarly,

<z<a:;zj F)UUZ) (Ure dX0)1g0 D2 00 f) (U U7) (Ut dXéYt>z-,j> (3.17)

ik —~
- ]if;EV’W Ten (Vi— U DiQVeiU, A) (Wi UF) DiQ(Wrr— iUy, A)*) ] dit.
We sum equations (3.13) to (3.17).
Var <TrN(@(U}V, AN)))
T
_ szk:

0

E| Tey (%(vmw, A) Vi Ui (WU DrQ(Wir_ Uy, A)*

+ (Vir—1Uiy)" Eié(VT—tUta A) %(WT—tUtaA)* Wir—tUgs
— DpQ(Vr_ U, A) Vier— Uy DiQ(Wr_ Uy, A)* Wi Ugy

- (Vk,Tfth)*b\Zé(VTftUt;A) (Wk,TtUtk)*l/)\k—C/Q(WTtUt,A)*) dt

1 T o —~—
= N Z/o E[TI"N ( (DkQ(VTftUt,A) ‘/k,TftUk,t - (‘/k,TftUk,t)* DEQ(VTftUmA)) X
k

(DRQUWr—Ui, AWair- Ut = (Wer-Un) DiQWr- Ui, A)) )|t

Hence the conclusion.

[l
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Corollary 3.3.3. Let P,Q € Py, (UN)ier+, (VN )ier+, WX )ier+ be independent families of p
unitary Brownian motions of size N. Let ZNM be a family of deterministic matrices. With

h:x®yc (My(C)® My (C)®? = yiz € My (C) @ My, (C),

and notations as in subsection 3.2.4, one has for any T > 0,

]E[(TrN @)@ (PUY @ Iy, 2" @ QUY @ Ly, ZMM)) }
2

= E[TrN @1y)®? (P(UY @ Ly, M) @ QUY @ Ly, ZNM))

L Z / Tey ®Ins (h 0 5, BV UN @ Iy, Z5™)h 0 5,0(WA,UN @ Iy ZNM))]dt.
NG5

Besides if ZNM = (In@YM, ... Iy ®YqM) and that these matrices commute, then we have the

same equality but with Dy, instead of h o Jy.

Proof. Let AN be a family of deterministic matrices, by polarization and the fact that Dy (Q*)* =
—DQ, we have

B[ Toy (P, 4%) Trw (QUUF, AY)) | — &[Ty (POF, AY) [ B[ Tex (G, 4)) |

=K

(TrN (PN, AY)) —E

Try (P(UY, AV)) D

y (TrN (G (U, Av)) - E[Tm (@ (UF, AY)) D

fZ/ {TYN( PV UN, AN) x DyQ* (WA tUiﬁAN))}d

k<p

=L [T B[ o (o 8 PO U 4%) x 0 QO U, %))

k‘<p

Now we want to study a polynomial in (UY @ Ip;, Z¥M) and their adjoints. By linearity we
can assume that P is a monomial. One can also assume that ZVM is a simple tensor, i.e. that
ZNM = A; ® B; where A; € My(C) and B; € My,(C). Indeed if Z¥M =37, A;; ® B;y, then a
polynomlal in (UN @1y, Z¥M) is a linear combination in monomials in (U¥ ® Iy, (A;;®Biy)i1)-
Thus

PUN @ Iy, Z"M) = P(UX, A) ® P(Iy, B).

Thus assuming that P and () are monomials, we have
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E{(TrN®IM)®2( (UN @ Iy, ZNM) @ QUN ®IM,ZNM))]

— E[Try ®1,)®? (P(UY @ Iy, Z") @ QUY @ Ty, ZNM))

— (E[Ten(PWUY, ) Trx (QUE, )] ~ B[Tay(P(U, A))] E[Tr (QUE, 4))))
® P(Iy, B)Q(In, B)

1

T ~ ~ ~
- E[TrN (m o S PV, UN, A) x m o 6,Q(WN_,UN, A))} © P(Ins, BYO(Ins, B) dt
0

1 [T _ -
-3 /0 E[Tr,v @l (h o s PV UN @ Iy, Z5M) 5 ho 6,Q(WNUN @ Iy, ZNM)ﬂdt.
k<

Hence the conclusion by linearity. Besides if ZV" = (Iy @ Y™, ... Iy ® Y,), and that these
matrices commute, then for any p-tuple of unitary matrices U, with Z = (Y/M),,

ho &, P(U® I, Z¥y = X" T(U, In)S(U, IN) Uy @ S(Ing, Z)T (Ins, Z)

P=SY;, T
— X UITW, In)S(U, In) @ S(In, Z)T (I, Z)
P=SYy1 4T
= Z (T(U7IN) ®T(IM72)>(§(U’]N) ®§(IM7Z)) x U, @ In
P=SY;, T
— > Ui @Iy x (T(U,Iy) @ T(Iy, 2))(S(U, In) ® S(Iu, Z))
P=SYy14T

= Dy P(U @ Iy, ZNM)

Hence once again the conclusion by linearity.

3.3.3 Convergence of the free unitary Brownian motion

If u,; is a free unitary Brownian motion at time ¢, one can define p,, as in Definition 3.2.1.
Then thanks to Riesz theorem, there is a measure 1, such that for any polynomial P in two
commuting variables,

F(Plug, b)) = /@ P(z,2*) dvi(2).

The measure v, is well-known albeit not explicit. The proof of the following theorem can be
found in [83].

Theorem 3.3.4. For every t > 0, the measure v, is absolutely continuous with respect to the
Haar measure on T = {z € C | |z| = 1}. Fort > 4, the support of vy is equal to T, and its
density is positive on T. We set k(t,w) the density of v, at the point w € T. Then fort > 4,
K(t,w) is the real part of the only solution with positive real part of the equation,

-1 .
j—i— 1e§Z = w. (3.18)
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The following theorem states that given a free unitary Brownian motion (u;);>0, there exists
a family of Haar unitaries (;);>¢ such that when ¢ goes to infinity, u; and @, are exponentially
close for the operator norm topology. And more importantly it gives explicit estimates.

Proposition 3.3.5. There exists a C*-algebra C which contains u},...,u} freely independent
free unitary Brownian motions at time t > 5 and 4}, ..., d} freely independent Haar unitaries

such that for any i, ||ui — ]| < 4e’*me™2.
Proof. We view B(L*([0,27])) as the C*-algebra endowed with the state
7(u) = <u(1[0,27r])7 1[0,27r]>L2([0,27r}-
The endomorphism = : f — (¢ — tf(t)) is self-adjoint and has distribution (as defined in
3.2.1) po(f) = Jio.2m f- Comsequently we set g : s — #(t,e”) and G : s — [5 g(u) du. Since g

is positive, we can define u; = €/ '@ which has the distribution of a free unitary Brownian
motion at time ¢, indeed for any polynomial P in two commuting indeterminates,

T(P(ug, uy)) = /O27r P (eiGil(s), e‘iGil(S)) ds = /027r P(e*,e7))g(s)ds = [Cf(z, 2*) dyy(2).
And similarly, u = €* is a Haar unitary. Besides, since
U — U = /01 eiO‘Gfl(x)(G_l(as) — z)el172 g,
thanks to the fact that G is a diffeomorphism of [0, 27],

e —ull < |G (@) =2 = sup |G7H(s) = s| = sup |s—G(s)| <27 sup [1—g(s)]
s€[0,27] s€[0,27] s€[0,27]

We set y(s) the imaginary part of the only solution with positive real part of the equation
(3.18). Then we have for any s,

(9(8) — 1)2 + y(8>2 < eftg(s)
(9(s) +1)* +y(s)* — '
However since (g(s) — 1) < (g(s) + 1)?, we have,

(9(s) =1)* _ (9(s) =1)* +9(s)° _ g9

(9(s)+1)> = (g(s) + 1)? +y(s)* ~ '
First in the case where g(s) > 1, then since we assumed t > 4, |g(s) — 1| < (Jg(s) — 1] +
2)e~29()~1e=3 and since the function u — (u+2)e~2" is decreasing, we have, |g(s)—1| < 2e”z.
If g(s) < 1, then after studying the graph of the function h : g +— e*9/2 — %> we have that this
function takes value 0 in in 0, is negative on (0, ¢;) for some ¢; € (0, 1), and finally is positive
for g > ¢;. Since we know that g(s) is positive for ¢ > 4 and h(g(s)) > 0, if we find g such that

h(g) < 0, then g(s) > g. Besides for ¢ > 5, we have that h <ln(t/2)%) < 0. Thus necessarily
g(s) > In(t/2)2, consequently since g(s) < 1, we know that 1 — g(s) < 2¢729() Hence,
2 4

e

1— g(s) S 26—%><1n(t/2)
Thus by bootstrapping, for any s,
1—g(s) < 26_%<1_%) — 9275,

Consequently ||u; — u| < 4e?*me~*2, and thanks to Theorem 3.2.3, to conclude we just need to
take the free product of p copies of B(L?([0,27])).
[l
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3.3.4 Free stochastic calculus and free unitary Brownian motion

In this subsection, we consider ul¥ = (UMu},. .., UZfV uy), i.e. free unitary Brownian started
in UN. As we will see later, thanks to Proposition 3.3.5, this will let us interpolate between
UN = (UV,...,U)) random Haar unitary matrices and v = (u',...,u”) free Haar unitaries.

Concretely if P € P,, we set

H(t) = v @ 7y (P(u @ Ly, ZNM)) .

Then,
1 -
H(0) = - Trarn (P(UN ® I, ZNM)) ,
H(o0) = Jim H(t) =71y @ Ty (P(u@ IM,ZNM)) :

To prove the second line, that is to prove that H converges towards H(oo), we first use Propo-

sition 3.3.5 to prove that H converges towards 7y & Ty (p((UNu) ® Iy, ZNM)>. Then thanks
to the invariance of the distribution of a Haar unitary by multiplication by a unitary operator,
almost surely this quantity is equal to H(oc). The invariance can easily be proved by using the
fact (see Theorem 5.4.10 of [13]) that if V¥V = (V"N ... VFV) are independent Haar unitary
matrices of size kN, then for any polynomial P,

T(P(UNw)) = lim E v @ T(PUN & I x VM) = lim E [7en (P(VEN))| = 7(P(u)).
—00 —00
Consequently as long as the integral is well-defined, we can write

1 . .  dH
o7 Mo (PUY @ Iy, Z29)) = my @ g (Plu L, 2%)) = [7 S0 0) a

NM o dt

Hence we need to compute the differential of H with respect to ¢, which we do in the following
proposition.

Proposition 3.3.6. Let the following objects be given,

e u=(uf,...,ul)>0 a family of p free unitary Brownian motions,
e UN = (UY,...,U)) matrices of size N,
e u) = (U\uf,...,UNup) elements of Ay,

o ZNM = (ZNA, ., ZM) matrices in My (C) @ My (C),

P e P,

With notation as in subsection 3.2.4, the map H :t — Ty @ Tps (]5 (uiv ® I, ZNM>) is differ-
entiable on Rt and,

dH 1

W =-3 % (@ L) @ @ L) (3D () @ 1oy, 2°)) ).

1<i<p
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Proof. We want to use Theorem 3.2.10 to write H as an integral which we can then easily
differentiate. We need to define Xy € A4, K such that for any ¢t > 0, K € (L'([0,],.A))%, U
such that for any t > 0, (1,<;U%);cr+ € (B)¢, and then,

t t .
X =Xo+ [ Kds+ 3 [ Ulgds.
0 i 0

By using the linearity of the trace and the non-commutative differential, we can assume that
ZNM = A; ® B; where A; € My(C) and B; € My (C). We then set X; = (ul¥,ul", A, A*).
Since (A, A*) is free from A, the processes K and U associated to (A, A*) are zero. As for

(uN,ulN™), by definition of a free unitary Brownian motion, we have

Ve >0, u=0UN— / u ds+/ N9 1,) #dS.,

t (2N )* t
Vit > 0, (ugv)*:(UN)*—/O (u;) ds—i/0(1A®(u;V)*) 4dS,.
N

To minimize cumbersome notations, for the rest of this proof we will forget about the N in u;",
and assimilate u with u;. Consequently we set for any s > 0,

VZG[ ] VJE[l p] Kj:—’LLj7S/2, U;’]:i]_l jujs®1Aa
Vie[l,plVielp+1,2p, Kl=-ul,/2, UX=-ili;la®ul,
Vie[l,p,Vji>2p, K/ =0 UY=00.

Thus we have for any monomial @),

0QX)#K = — Z % Q(X)Ffu; + 07 Q(X)#(ui)",

1<i<p

Ap(@)X) == > (((0®1)0dQ(X) )#(w: ® La,ui ® 14) ))

1) o007 Q(X) )#(ui ® 14,14 ® (u;)" )
1) 0 0iQ(X) )#(1a® (u;)",u; @ 14) ))
7 .

) ®
—<((( ® 1)
P @ 1) 0 07Q(X) )F#(Aa® (u:)", 1a ® (wi)7) ).

And thanks to Theorem 3.2.10, we have for any ¢t > 0,

QX)) = Q(Xo) +/ IQ(X)H#K, ds+ 3 / (OQ(X)2U7) #dsw/ Au(Q)(X,) ds.

1<i<p

Thus if we fix t € R, then for any ¢ > —t,

Qi) — Q) = [ 0K, ds+ Y [ 0QUO) #dSi+ [ Av(@)(X,) ds.

1<i<p

93



Chapter 3. On the operator norm of noncommutative polynomials in deterministic
matrices and iid Haar unitary matrices

As we said in section 3.2.3, (Zi J3(0Q(X)UY) #d5§>t>o is a martingale, thus

QX)) — (@) = [ (OQUX)HKL) ds+ [ rn(An(Q)(X,)) ds.

Finally we have,

drn(Q(Xy))

dt = TN(aQ(Xt>#Kt> + TN(AU(Q) (Xt)) (319)
Besides,
T (OQUXD#E) =~ T (DX ) + 7 (DI P(X.),

and,

™ (@8 1) 2 0QUH W ® Lyw ) M= 3 re(COATN (B
(@0 D 0T @ Lo Tadu )= 5 i(Au CX)ms(BX))
w ({018 1) 0AQXHAA DU O LY )= 5 mwlAX)C) T BX)),
({07 © Do B QUO#(Ia Bl Tawu) )= 3 mn(CONAX)u ) BX))

Besides we also have,

@ TN (GDQX) x1@u) =2 > 7(B(X)u)7r(C(X)A(X)u;)

Which means that

1

™ (Au(@)(X) = —

Y. v @7 (6DiQ(X) X 1@ u;) — 7y @ T (6;D;Q(X) X uj ® 1)

1<i<p

94



3.4. Proof of Theorem 3.1.1, the main result

And thus when combined with equation (3.19), we get that

dTN(gt(Xm _ 2 > n(DiQ(Xy) wig) + T @ T (6 D;Q(Xy) X 1@ wiy)

1<i<p

+ v, DiQ(X0)) — v ® 7 (6:D;Q(X,) X uf, @ 1)

= —; Z ™~ ® TN ((51 (DzQ(Xt)uz,t)) — TN QTN <5l (u;kytD:Q(Xt)))

1<i<p

1
=75 Z ™~ @ TN (0 DiQ(X4)) -
1<i<p
Now we want to study a polynomial in (ul¥, Z¥) and their adjoints. If P is a monomial, we
have,
P(u) @ Iy, ZVM) = P(u)¥, A) ® P(Iy, B).
Therefore,

dH 1 ~ ~
E(t) = —5 1§.<pTN X TN (51D2P(U?,A)> X Tm (P(IM,B)> .

And since for any S, T € Py,
5 @ T (6:TS (up', A)) x 7y (ST (Ins, B))
= 7 (7 ® Inr) (v @ Iy) (675 (uf © I, A B))).

Hence after summing,

v o (P 2) = 5 5 o (0 © ) @l & D) (32 (.27))).

and we conclude by linearity.

3.4 Proof of Theorem 3.1.1, the main result

3.4.1 Overview of the proof

If we take the point of view of free probability — for details we refer to the third point of
Definition 3.2.1 — we have two families of non-commutative random variables, (UY ® I, ZVM)
and (u ® Iy, ZMM), and we want to study the difference between their distributions. As
mentioned in the introduction the main idea of the proof is to interpolate those two families
with the help of p free unitary Brownian motions (uY);>o started in the Haar unitary matrices
UN. A big difference with the case of the GUE which was treated in [7] is that we do not
have an explicit expression of the law of u¥ in function of UY and w, which is why we had to
introduce notions of free stochastic calculus.

This idea of interpolating random matrices is not entirely new. Indeed in [84], the authors
proved in theorem 1.3 that given (U} );>o a unitary Brownian motion of size N and (u;)i>0 a
free unitary Brownian motion, for any n € N,

B v (UN)™)] = ()] < =5 (3.20)
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The main idea of their proof was to interpolate E [TN((UtN )")} and E [TN((UEN )”)} through a
stochastic process defined with a unitary Brownian motion. Thus they get an estimate of the

difference between those two expectations, and by iterating this method they get an estimate
of

E [rn (U7 ™)) = B [ (077 N))]

for any i. Then by summing over i they get equation (3.20). In this paper, while the method
used are very different, we do keep this idea of interpolation. But instead of doing it step by
step from 2°N to 271N, we directly interpolate between N and oo.

Since our aim in this subsection is not to give a proof but to outline the strategy used in
subsection 3.4.2, we assume that we have no matrix Z¥™ and that M = 1. Now under the
assumption that this is well-defined, if ) is a non-commutative polynomial,

5[ 00))] (o) = 3[4 )]

In the classical case, if (S;);>0 is a Markov process with generator 6, then under the appropriate
assumption we have

d

SE{(S0] = E(6/)(S)]

And if the law of the process at time 0 is invariant for this Markov process we have that for
any t, E[(0f)(S:)] = 0. Since (u});>0 is a free Markov process, we expect to get similarly that

d

S (v (@) ) = ((0Q))

for some generator ©® which we will compute with the help of Proposition 3.3.6. Besides the
invariant law of a free Brownian motion is the law of free Haar unitaries. Thus if (u¢)i>o is
a free Brownian motion started in free Haar unitaries, we have that 7 ((0Q)(u;)) = 0. Since
unitary Haar matrices converges in distribution towards free Haar unitaries (see [13], Theorem
5.4.10), we have that 7y ((@Q)(uiv)) converges towards 7 ((0Q)(u:)) = 0. As we will see in

this proof, the convergence happens at a speed of N=2. To prove this, the main idea is to view
free unitary Brownian motions started in UV as the asymptotic limit when k& goes to infinity
of a unitary Brownian motion of size kN started in UY ® I} (see Proposition 3.4.4).

Another issue is that to prove Theorem 3.1.1, we would like to set () = f(P) but since f
is not polynomial this means that we need to extend the definition of operators such as ;. In
order to do so we assume that there exists p a measure on R such that,

Ve eR, f(z)= /Reixy du(y).

While we have to assume that the support of i is indeed on the real line, ;1 can be a complex
measure. However we will usually work with measure such that |u|(R) is finite. Indeed under
this assumption we can use Fubini’s theorem, and we get

53 (100 {00 = B () o)}

We can then set Q = e, And even though this is not polynomial, since it is a power series,
most of the properties associated to polynomials remain true with some assumption on the
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convergence. The main difficulty with this method is that we need to find a bound uniform in
y, indeed we have terms of the form

/Rlyll d|pl(y)

which appear. Thanks to Fourier integration we can relate the exponent [ to the regularity of
the function f, thus we want to find a bound with [ as small as possible. It turns out that with
our proof [ = 4.

3.4.2 Proof of Theorem 3.4.1

In this section we focus on proving theorem 3.4.1 from which we deduce all of the important
corollaries, and notably Theorem 3.1.1. Since this subsection is dedicated to proving only one
theorem but is the longest of the paper, in the next few paragraphs we explain the structure
of the proof. Unlike subsection 3.4.1 where we gave ideas on the method of the proof, here me
mainly focus on which specific purpose serves every lemma. We begin by applying Proposition
3.3.6 to directly obtain Lemma 3.4.2 which states that the difference between the trace at time
N, that is a trace in Haar unitary matrices, and at infinity, that is a trace in free Haar unitaries,
can be written as an integral with respect to t of a trace in free unitary Brownian motions at
time . We then proceed to study the term under the integral that we name St{\;(A, B) in
Definition 3.4.3.

The next two lemmas are technical lemmas that we need to justify further computations.
First Proposition 3.4.4 shows that one can see a trace of a power series in free unitary Brown-
ian motions and matrices U of size N as the limit of the trace of the same power series but
evaluated in independent unitary Brownian motions of size kN and UY ® I,. The proof of
Proposition 3.4.4 can be summarized as using well-known theorems on the convergence in dis-
tribution of random matrices. The proof of the second one, Lemma 3.4.5, is much more subtle.
It gives an estimate in k of the non diagonal coefficients of our power series in independent
unitary Brownian motions of size kN and U™ ® I,. The proof relies on Gronwall’s inequality
to reduce the problem to the polynomial case and classical stochastic calculus to deal with the
former.

Lemma 3.4.6 let us write S, (A, B) as a linear combination of covariance terms. Indeed,
thanks to Proposition 3.4.4 one can write Sg’\;(A, B) as the limit when k goes to infinity of a
linear combination of products of expectations of traces in power series in independent unitary
Brownian motions of size kN started in UY ® I, where UV are Haar unitary matrices. It
turns out that the expectation of the product of those traces converges towards 0 when k goes
to infinity thanks to Lemma 3.4.5 and the properties of Haar unitary matrices. Hence every
product of expectations can be viewed as a covariance term. Interestingly enough, this is the
only part of the proof where we use that U" are Haar unitary matrices. More precisely we use
that the law of such a random matrix is invariant by multiplication by a unitary matrix. In
every other part of the proof one only need to assume at most that U are unitary matrices.

Finally, in Lemma 3.4.7, we use Corollary 3.3.3 to get an upper bound independent of k£ of
those covariance terms. Thus we can let k£ go to infinity to get an upper bound of St]’\;(A, B).
As usual, the covariance of renormalized traces on My (C) is of order N=2. And even though
we are not exactly working with a trace on My (C) here, when using Corollary 3.3.3 the upper
bound that we get is of order N~2. Which means that so is the difference between the trace at
time N and at infinity. Finally this upper bound immediately yields Theorem 3.4.1. Then we
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conclude this section by a proof of Theorem 3.1.1 which, up to a trick to assume that they have
compact support, mainly consist in checking that the functions that we consider in Theorem
3.1.1 satisfies the hypothesis of Theorem 3.4.1.

Theorem 3.4.1. We define

e u=(ul,...,uP) a family of p free Haar unitaries,
o UN=(UN,..., UIfV) i.i.d. Haar unitary matrices of size N.
o ZNM = (ZNN, .., ZM) deterministic matrices,

P € Py a self-adjoint polynomial,

[ : R — R such that there exists a measure on the real line p with [(1+y*) d|p|(y) < 400
and for any x € R,

flz) = /R e du(y).

Then there exists a polynomial Lp € RY[X] which only depends on P such that for any N, M,
1 5 (17N NM
IE[MNTrMN<f(P(U © In, Z ))>

1n2<N)M2 NM 4
—2 Lr (A /R(Iyl +y°) dlpl(y).

where HZNMH: sup HZlNMH
p+1<i<d

_TN®TM(f(ﬁ(u®fM,zNM)))‘

<

Even though we do not give an explicit expression for Lp, it is possible to compute it rather
easily by following the proof of Lemma 3.4.7. In particular given a set of polynomials whose
degree and coefficients are uniformly bounded, we can find a polynomial R such that for any P
in this set and any matrices Z¥M | Lp (HZNMH> <R (HZNM‘B. Besides, if we replace P by aP
where o € C, then up to a constant independent from «, we can bound L.p by (|a| + |a|®) Lp,
or even (|a| + |a|*)Lp if one picks the first expression in the minimum. It is also wort noting
that the set of function f : R — C such that there exists a Borel complex measure on the real
line g with [y* d|u|(y) < +oo and for any x € R, f(x) = [z ™ du(y), is the so-called 4"
Wiener space Wy (R). We refer to [87], section 4.3 for a brief introduction on the matter.

The first step to prove this theorem is the following lemma, who is a direct consequence of
Proposition 3.3.6 and equation (3.5),

Lemma 3.4.2. With the same notation as in Theorem 3.4.1, we define
e u=(u},...,ud);>0 a family of p free unitary Brownian motions,
e u) = (UMuy,...,UNu}) elements of Ay.

Then with notation as in subsection 3.2.4, almost surely

i o (5 (P (0% @ 13, 27))) = 7 (7 (P (u @ D 2°))

- ;;//OTTM ((TN ® 1) ®(TN ® Iyr) (&' (Di 6iy13> (Uiv & IM,ZNM))> dt du(y).
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Since D; e¥f’ =iy 6; P %ﬁ eW? this prompts us to define the following quantity.

Definition 3.4.3. Let A, B € Py, we set
SN(A,B) =E |7y ((rn ® In) @ (v ® Iuy) (6: (A € B) (21Y)))],
where ZN = (uiv ® Iy, ZNM (ulN)* @ Iy, (ZNM)*).

The following proposition justifies why the family (UY ® Iy, us @ Iy, ZVM) has in the large
k limit the distribution — in the sense of Definition 3.2.1 — of the family (UYN @ Iy, UFY @
In, ZNM @ I,) where UFN are independent unitary Brownian motions of size kN at time .

Proposition 3.4.4. If UFN are unitary Brownian motions of size kN at time t, independent
of UN, we set

Y= ((UN @ Iy UMY) @ Iy, 28 @ I, (UN @ I Uf™)" @ Iy, (2Y) ® Ik).

Then if ¢ = AeY*’' B, we have that for any t, almost surely with respect to UV,

(v © In) (a(2)")) = lim By [(mev © Tr) (a(Y) )]
where Ky, is the expectation with respect to (UFN)i>.

Proof. Tt has been known for a long time that the unitary Brownian motion converges in distri-
bution towards the free unitary Brownian motion, see [88]. However since we also have to con-
sider deterministic matrices we will use Theorem 1.4 of [84]. This theorem states that if (UFY);>
are independent unitary Brownian motions and D*¥ is a family of deterministic matrices which
converges strongly in distribution towards a family of non-commutative random variables d, the
family (U, DFV) in the non-commutative probability space (Myy(C), *, Ey[5 Tt]) converges
strongly in distribution towards the family (u, d) where u; are freely independent free unitary
Brownian motions at time ¢ free from d. That being said, we do not use the convergence of
the norm, we only need the convergence in distribution which is way easier to prove through
induction and stochastic calculus. In our situation we can write for every ¢,

zZM =3 E, oA,

1<r,s<N

Thus if EN = (E,¢)1<s<n, we fix D¥N = (UYN @ Iy, EY ® I;), and we can apply Theorem 1.4
of [84] to get that for any non-commutative polynomial P,

lim By, |7y (P(UFN, DV)] = 75 (P(uy, UN, EY)) .
k—00
Consequently, for any non-commutative polynomial P, we also have
lim By [rey © Iy (PUFY, DY, AM))] = 7 © Iy (P(ur, UY, BN, AM))
—00
Hence for any P € Py,

lim By ey ® T (P(Y)))] = 7w @ I (P(2))) .
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Py} <
). Knowing this, let f. € C[X] be a polynomial which is e-close to

Now since UFY are unitary matrices, we can find a polynomial L such that for any k,
¢ = Lo |z
x — €% on the interval [—C, C]. Since one can always assume that C' > HP(ZtN)
constant K such that

Y

, we have a

|(rv © L) (a(ZY)) = (rv @ L) ((A£(P)B)(Z))| < K,
[t @ 1) (a0)) — (rw ® L) ((AL(P)B)(YH)|| < Ke.

Thus

|(rw @ L) (a(Z)) = B [(rew @ Ta) (a(V)) ]|

< | @ L) (A£(P) BY(Z)) = Ex [(miw © L) ((AL(P) B)(Y) )] | + 2Kce.
Consequently

timsup (7 © Iar) (a(27)) = B |(7ex @ Inr) (a(47)) ]| < 2Ke.

k—o0

This completes the proof.

The next lemma shows that the non-diagonal coefficients can actually be neglected.

Lemma 3.4.5. We define Y;* as in Proposition 3.4.4, Pio = IN® E12® Iy, ¢ = AeT B, then
lim KY2Ey [(Trpy @1)(g(V) Pro)| = 0.

Proof. Let us first define for A, B € Py,
fanly) =Ey [(TrkN ®In) ((ﬁ P BYUN © Iag, UFN © Inr, 28 © 1) PI,Z)] 7

t —
dn (y> - sup
A,BEP; monomials,
deg(AB)<n
0<s<t

‘fi,B(WH-

Since given a matrix Z € Mgy (C), we have

|(Trin @ L) (ZPro)ll = | (T @1ar) (Inas @ f5 % Z % I ® f1)|
<N | Inpm ® fo X Z % Iny @ fu|
<N|Z]|.

Consequently, we can find a constant D such that for any n, d.,(y) < D". Note that this
constant D can be exponentially large in N or M, indeed it does not matter since in the end
we will show that this quantity tends to 0 when k goes to infinity and the other parameters
such as N, M or y are fixed. This implies that for a small enough,

Ira(y) =D d,(y)a",

n>0
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is well-defined. But if we set cg(P) the coefficient associated to the monomial R in P, we have
for any s <'t,

< Y 1er(P)] daegian)racsr) (¥)-

R monomials

df3,5(Y)
dy

Thus if deg(AB) < n, we have for any y > 0,

Fi0(9) < Fi(0)+ (P [ ey () o

R monomlals

Thus we have for y > 0 and any n > 0,

@l ) S@d0)+ X fen(P) a5 [l (a5 du

L monomials

And with |[|.|| -1 defined as in (3.4), we have

Yy
9ha(®) < 94a(0) + 1Pl [ ghalw)d

Thanks to Gronwall’s inequality, we have for y > 0,

9ha®) < gk (0)evIPllar, (3.21)

In order to conclude the proof, we are going to show that
Ika(0) = O(k77). (3.22)
In combination with equation (3.21), it will yields
KB (i @ D) (0 Pra)| | < K207 0, () = O,
Hence the conclusion. To show equation (3.22), first one can find deterministic matrices L €
My (C) such that for every j € [p+1,d], Z" = 1<, penr LY @ By, where E,, € My (C) is

the matrix whose every coefficient is 0 but the (u,v) coefficients. Thus with L = (L}""); .y, We
proceed by defining

Vi, = (Ut’“N, (UFNY UN @ I, (UN) @ L, L ® I, L @ Ik), (3.23)

= sup ’Ek {TrkN(Q(V]\S,yk) PLQ):H .
deg(Q)<n, @ monomial
0<s<t

where for the rest of the proof P s = Iy ® Ej5. Then for any A € P; monomials,
(Trey @1Ins) (ﬁ(UN @ Lnt, UPN @ Ing, ZMM @ 1) P1,2> (3.24)
is a linear combination of at most M?" terms of the form
Trgy (Ar(vm) Pl,z) X By, (3.25)
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where (A,), are monomials. Consequently we have
d' (0) < M*"ct.

Thus if we set
-y da
n>0
we have
9k.a(0) < fr(M?a).
So all we need to do is to prove that for a small enough, fi(a) = O(k2). Let Q be a monomial,
we define @; as the monomial @ evaluated in V. Thanks to Proposition 3.2.18,

!Q|B

1

Ex [TrkN (Qtpl 2)]

Ei [Trrn (AUEYCiPrL2) Trw (BUEY)]

;ZtEk [TrkN (Qtpl,Q)]

kN 1<i<p, Q=AU;BU;C

_kiv > B [Trin (AU CoPro) Trgw (BUSYT)]

1<i<p, Q=AU BU*C
1
+ N > Ex [Trrn (ACy P ) Trin (By))
1<i<p, Q=AU; BU:C

1
kij\f Z ]Ek [Trk'N(AtOtPI,?) TI'k-N(Bt)] .
1<i<p, Q:AUZ-*BUZ'C

Since Eg [Trgny (QoPr2)] = 0, we have for any t,

Ep [Trpn (QiPr2)]

= [ 3><—1 3 By, [Trey (AUENCLPLo) Trw (BLUEY)]
kN | icp O=av.BUC ’ 7

- 3 By [Trin (AUEY"CLPLo) Trw (BUEY")]
kN 1cicy, Q=AU;BU:C 7 7

+— > Ey [Trin (AsCs Py o) Tren (Bs)]
1<i<p, Q=AU BUC
+ — Z Ek [TrkN(AsCsPI,Q) Tl"kN(BS)] ) ds.

kN 1<i<p, Q=AU; BU;C

As in Proposition 3.3.2, we consider (V/V),cg+ and (WFY),cgp+ independent families of p unitary
Brownian motions of size kN, independent of (Uf),cgr+. We define VNk and VNk as V.
(see (3.23)) but with VANUFN and WENUEN instead of UMY, Thanks to Proposition 3.3.2, by
polarization and the fact that (D;Q*)* = —D;(Q, we have with Cov(X,Y) = E[XY]— E[X]E[Y],

Covy, (TrkN(A CsPy ), Trpn(Bs))
Z/ Ey {TrkN ( (6:(AC)#P1y) (V]ﬁ,) (D;B) (V]ﬁ) )}d”

2<p
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Since Py is a matrix of rank N, we now fix D = max(1,sup,,,

u,v
LJ'

), we have
Covi (Trpn (AsCsPra), Tron (B))| < %deg(AC) deg(B) Ds4BO),

We now assume that @ has degree at most n, then |Covy, (Trpn (AsCs Py ), Tren (Bs))| < 2n2D™.
Thus we have,

B [Tren (Q1P12)]] < ”Zt;]l\?"
+k§\f te—@%(t—s) ( Z ’]Ek [TrkN (ASUféVCSPm)] E, {Trk;N (B UkN)H
0 i<p, Q=AU,;BU;C
> ‘Ek {Tl"kN (ASUZ-’fév*CtPM)} E, {TrkN (B UkN*)”
i<p, Q=AU}BU;C
Z |Ek [TrkN(AsCsPLZ)] Ek [TrkN(Bs)”

i<p, Q=AU;BU}C

Z |Ek [TrkN(AsCsPLQ)] Ek [TI‘kN(BS)” ) ds.

i<p, Q=AU} BU;C

This means that,

442 n
n*t=D t _lels —s e
|Ex [Trin (QePr2)]| < 2N +/ e~ 2 (7o) Céeg(AC)JrlDd B(B)+L
0 1<i<p, Q=AU; BU;C
+ Z Cileg(AC)—&—lDdeg(B)Jrl
1<i<p, Q=AU BU}C
+ > Cheg(ac) D)
1<i<p, Q=AU; BU}C
+ > Céeg(AC)Ddeg(B) ds
1<i<p, Q=AU} BU,C
4 2 Nn
t°D / d .t
< |Q!Be sds > D,
k2N 0<d<n—1
442 Myn
n*t*D
S + 2 Z Dd n 1-d-
k2N 0<d<n—1
Hence, for any n > 1,
¢ < 4t2Dn+2 S D,
n — n 1—
k2N 0<d<n—1
Since we are taking the trace of L(Vy,)Pi2 with Py = Iy ® Ej», we have ¢ = 0. We fix
S1a 0 "4t2](\?D)n, thus for a small enough,

fila )— +23) ( > Ddcfl—l—d) a”

n>1 \0<d<n-—1
8(@)

< t
=2 T —ank(a)
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Thus for a small enough, fi(a) < 2s(a)k~2. Which means that ff{(a) = O(k~?), hence the
conclusion.

]

We can now prove the following intermediary lemma that will allow us to derive Lemma
3.4.7. This lemma is the only one where the law of UY actually plays an important part. To
be more precise, we use the invariance of the law of a Haar unitary matrix by multiplication
by a deterministic unitary matrix.

Lemma 3.4.6. We define Y;¥ as in Proposition 3.4.4, we set
e Py=INQEy &Iy,
e q=AcY" B

Then for every M,N € N, t € RT and y € R,

1
Stal A B) = Jim, = |

( Z ]Ek |:(Trk;N ®]M)®2 <5Zq(Ytk) X -Pl’,l ® Pl,l’) :|
1<Ll'<k

_ ]Ek.[TI'kN ®]M]®2 (5Zq(}/tk) X -Pl’,l X B,l’) )

where thanks to Proposition 3.2.7, we set
. 1 . . .
5,q = 8;A " B +iyA / v 5P WP Bda 4+ A eV §,B. (3.26)
0

Proof. Since all of our random variables are unitary matrices, thanks to Proposition 3.4.4 and
the dominated convergence theorem,

Sy(A,B) = lim E |7 (Exlriey © Il @ Eulrew ® L] (6, (A ¥ B) (Y})))].  (3:27)

where Ei[7en @ i) @ Er[7en @ L] (A® B (Yk>) = Ey[1n © In (AY) ] Eg [1on @ Ln (B(Y/F))].
Since given V € Uy, (UMY, U @ I, ..., UfY, UY @ I;) has the same law as ((V*® L) U (V ®
1), (UNV) @ I, USY UN ® I, ..., USY UN & T,) we have

t,p
Elg(v/)) = E|a((UF @ I US) L (V © L),
U @ 1 U @ Dy, (U @ 1 UEY) @ 1, 2V @ 1) |.

Hence let H be an skew-Hermitian matrix, then for any s € R, e’ € Uy, thus by taking V
this matrix and differentiating with respect to s we get that, E [51q(Y;k)#(H ® IkM)} =0. And

similarly we get that for any 1,

E |5V )#(H © L) =0.
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Since every matrix is a linear combination of skew-Hermitian matrices (indeed if A € My (C),
then 24 = (A — A*) +1ix (—i)(A*+ A) ), this is true for any matrix H € My(C), and thus for
any 1,

E|(Trx 010 ®? (3g07) | = X 679 T E|0g(V)#(Ere® Tian) |9, @ Trag =0 (329)

1<r,s<N
Let S, T € My (C) be deterministic matrices, then

= Z TrNk ®]M (S Em,n®]kM T En,m®[k‘M)

1<m,n<N
= > D> g0 IuS @@y Y, 9. IuT g, ® fi® Iy
1<LU<k 1<m<N 1<n<N
= > Ty@IuIn@ff @Iy S In® fr @ In) Ty @Iy (In @ f @ Ing T In @ f1 @ Ing)
1<LI<k
= Z TrkN ®IM(S ]N X El’,l X IM) TrkN ®]M(T IN X Eu/ X [M)
1<LI<k

Thus by using equation (3.28), we have for any i,

> E[(Tszv ®IM)®2 (5zQ(Kek) X Py ® Pz,l'” = 0.

1<LU<k

And consequently,

> E[(Tny ©0)®? (5a(7) x Fry@ By) |
1<LU<k

— E [Ex[Trry ®10] O (3:g(VF) x Pry® Py (3.29)
== Y E BT ©0®? (6:0(Y") x Py © P

1<Ll<k

Let V,W € M,(C) be permutation matrices. Since Iyy ® V commutes with Z¥" @ [}, and
UN @ Iar, and that the law of UMY is invariant by conjugation by a unitary matrix, it follows
that the law of every matrix of Y}* is invariant by conjugation by Iny ® V or Ixy ® W. Thus,

Ei[Trin @102 (6:q(Y)) x Pry @ Pir) = Bi[Trpn @10]O? (6:g(Y)) x VP,V @ WPW™) .
Thus by using well-chosen matrices, we get
.« ifl1=7,
E[Tren ®IM]®2 <5iQ(Ytk) X Pri® Pz,zf) = Ey[Trpn ®]M]®2 (61' (YF) x Py ® P1,1) ;
o iflA£T,
Ep[Tren ®IM]®2 <5zq(Y;k) X Py ® Pz,zf) = Ey[Trpn ®IM]®2 (519(Yf) X P1o® P1,2) .
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Consequently, we have that

 equation (3.29) is equal to

) EUTI%N @) ®? (51(](Ytk) X Py ® Pz,l/) ]

1<,/ <k
—E [Ek [Trn ®IM]®2 (51(](Ytk) X P ® Pz,l/)]
= —kE [Ex[Tron @1)®? (5ig(ViF) x Py @ Py
— k(k = 1)E [Ex[Trpy ©14]® (5ig(Y) x Pro® Pro)]

o Whereas the quantity inside the trace 7, in equation (3.27) is equal to

E [Exlriw © I @ Exlriw ® L] (dia (V7))

1
~ (EN)?, g%;ng [Ex[Trry @182 (5iq (V') x P @ Po)]
1

mE [Ek[TrkN ®[M]®2 ((Siq (Y;k> X P ® Pl,l)] :

Thus, we have

1
st ) = g (3 i@ (100« s 1)

1<LU<k

— B [Ex[Trpn ®1)®? (8ig(V") x Pry® P)| )

T (Ek[Tl"kN @11 ®? (5zQ(Ytk) X Pro® P1,2) )

Thanks to Lemma 3.4.5 and Proposition 3.2.7, the last term converges towards 0, which gives
the expected formula. O

Lemma 3.4.6 makes a covariance appears. Thus it is natural to want to use Corollary 3.3.3
to get an upper bound of St],\; (A, B), explicit in all of its parameters.

Lemma 3.4.7. There exists a polynomial Lp € R*[X] such that for any t,y, N, M, ZNM

S4B < L (| 29]) A5 1+ i) 1 (3.30)

Besides if ZNM = (In@YM, ... | Iy® YqM) and that these matrices commute, then we have the
same inequality without the M?.

Proof. As mentioned in equation (3.26), we have
. 1 . . .
6:iq = 6;A e’ B+ iyA / e vP 5,.P =P Bl + A P §5,B.
0
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3.4. Proof of Theorem 3.1.1, the main result

Consequently, we set ¢; = A1 B and qo = Asel'=9YP B, where Ay, By, Ay, By € P, are
monomials, then thanks to equation (3.5) and Proposition 3.2.7, we can use Lemma 3.3.3 even
though ¢; and ¢y are not exactly polynomials and we get that

™ <Ek {(TrkN ®1y)®? <Q1(Ytk)Pl',l ® QZ(Ytk)Pl,l/) }
— Ey[Trin ®IM]®2 (q1(Yk)Pl’l ® QQ(Yk)Pl,l’) )

= > / E, {TkN ® Tm <h 0 0;( Pr))(UN @ VYU, ZVM @ 1))

1<5<p

t—s>'s

X o 6;(@Pr ) (U © LWNURN, Z8M IM)H ds,

where (V*V),cr and (WFY

! Vser are p-tuples of independent unitary Brownian motions of size
EN. Thus thanks to Lemma 3.3.1, we get that there exist a polynomial L4, B, 4, 5, p such that

™ (Ek {(Trk;N ®]M)®2 (Ch(Y}k)Pz’,z ® QQ(Y}k)Pz,z’) }

— Ek[Tl"kN ®[M]®2 (fh(Y;k)]Dl/,l ® Q2<Y;k)Pl7l') )’

< LA, By As,By,P (HZNMH> (I+y )]\i:t

where we used the fact that Py; has rank NM and that the renormalized trace of a matrix of
rank NM in M n(C) ® M,/ (C) is smaller than its norm renormalized by k.

Since this upper bound does not depend on «, it remains true if we integrate with respect
to a from 0 to 1. But then ¢;q is a finite linear combination of such terms. Consequently, one
gets that there exists a polynomial Lp such that for any k,

1
N2 M

> E[(Tszv @1 ®? (51‘61(Ytk) X Pri® Pl,l/”

1<L'<k

— B [Ex[Trpy @10]® (5:g(Y) x Poy @ Py ) |

< Lo (|22 % o+ 0P

Finally, when the matrices Z¥™ commute, as specified in Lemma 3.3.3, we have the same proof
where we replaced h o d; by D;, hence we do not need to use Lemma 3.3.1 and hence we have
the same inequality without the M?. Finally we get the conclusion thanks to Lemma 3.4.6. [

We now have the tools to prove Theorem 3.4.1.

Proof of Theorem 3.4.1. Thanks to Lemma 3.4.2, and since D; ¥ = iy §; P %é eWP there exist
a family of monomials (A, Bg)r and a constant C' which only depends on P such that,

B[ T (1 (P (0% 0 10 2)) ) =m0 7 (1 (P (U¥r © 1, 2°)) )] |

<C’Z/|y|/ SN (Ax, By)| dt d|u|(y).
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Thanks to equation (3.30), we get that for some polynomial Lp,

E [1 Teasn (f (P (UN @ Ly, 2'M)) ) N ® Ty (f (P (UNur ® Ly, 2VM)) )} |

MN
) M? NM 1
<72 Lo (|22]) x [yl + ") dluly) -
And besides if ZVM = (Iy @ Y™, ..., Iy ® V) and that these matrices commute, we have

the same inequality without the M?. Finally, thanks to Proposition 3.3.5, thanks to Duhamel’s
formula (3.6) we can find a polynomial L, such that

P NM s DTN NM
v ® T <€1yP(u®IM,Z )) N ® Tur (elyP(U wr®In,Z ))‘

™ ® ™ (eiyﬁ<UNu®IM7ZN1W)> . & Tar <eiy13(UNuT®IM,ZNM)>‘
<1 (12]) x b,

Hence the conclusion by fixing 7' = 4In(N).

We can finally prove Theorem 3.1.1.

Proof of Theorem 3.1.1. We want to use Theorem 3.4.1. To do so we would like to take the
Fourier transform of f and use Fourier inversion formula. However we did not assume that
f is integrable. Thus the first step of the proof is to show that we can assume that f has
compact support. Since UM and u are unitaries, there exists a polynomial H € R*[X] which

only depends on P such that H]5 (UN ®]M,ZNM)H < H (HZNMH) Consequently since we
also have that Hﬁ(u@]M,ZNM)H < H(HZNM‘
function which takes value in [0, 1], takes value 1 in [—H (HZNMH) ,H (HZNMH>] and 0 outside
of [-H (HZNMH) —-1,H (HZNMH> +1]. Since f can be differentiated six times, we can take its

Fourier transform and then invert it so that with the convention f(y) = = o flz)e ™dz, we
have

), we can replace f by fg where g is a C*

vaeR, f()= [ & Fly) dy.

Besides since if f has compact support bounded by H (HZN M H) + 1, then

A

<2 (4 ([|2™]) + ) 1Al

[e.9]

we get that
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[+ [Fw)] ay< [ 'y'”yl'izy”yﬁ )| dy

</\ )]+ [ ><3><yi:y1@<y>+of76><y>

<2(1 (|7)) + 1)l [ 2

<2 (1 (|2) +1) e

dy

o~

Hence it satisfies the hypothesis of Theorem 3.4.1 with u(dy) = f(y)dy, thus we have

‘]E { Tr (f (P (UY @ Iy, 2V)) )] - T<f (P(us IM,ZNMD)’

sW Lo (|22]) [ (ol +v*) [Fw)] dy
M?1n%(N NM NM
< it st (|2]) (1 (|2]) + 1) e

And finally, if Z¥M = (Iy @ YM,... Iy ® Y') and that these matrices commute, then we
have the same inequality without the M? as specified in Theorem 3.4.1.
O

3.5 Proof of Corollaries

3.5.1 Proof of Corollary 3.1.3

We could directly apply Theorem 3.1.1 to f, : # — (z — x)~!, however for z such that $z is
small, we have ||f]|cs = O ((S2)~") when we want O ((3z)~°) instead. Since P is self-adjoint,
Gp(z) = Gp(Z), thus we can assume that 3z < 0, but then

fa(x) = /OOO e (ie71v*) dy.

Consequently with y,(dy) = ie™%* dy, we have

00 1 24
Y dlu, = — )
Jy ) diclv) = (5 + g
Thus by applying Theorem 3.4.1 with ZVM = (IN QYM .. In® Y;DM), P and f., we have
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2
‘E [GP(UN@@IM,IN@@YM)(Z)] - GP(u®IM,1®YM)(Z)‘ < MQK;Q(N)LP (HZNMH> /R(l +y*) dlp:l(y).

Now since HZ NM H = HYM H which does not depend on N, we finally have

21..2
E [Grwnaniern(9)]  Crusnmeyn(3)] < T L (v ) (!slz\z * |§js> |

3.5.2 Proof of Corollary 3.1.4

Let f: R — R be a Lipschitz function uniformly bounded by 1 and with Lipschitz constant
at most 1, we want to find an upper bound on

7M N Tryar

E[ L <f (P (UN®[M,JN®YM))>} —r@m(f (P(u®IM,1®YM))>‘. (3.31)

Firstly, since U" are unitary matrices, we can assume that the support of f is bounded by a
constant S = H (CuYM Hl) for some polynomial H € R*[X] independent of everything. However
we cannot apply directly Theorem 3.1.1 since f is not regular enough. In order to deal with this
issue we use the convolution with gaussian random variable, thus let G be a centered gaussian
random variable, we set

fe = E[f(z 4+ G)].

Since f has Lipschitz constant 1, we have for any = € R,

[Elf(z +eG)] - f(x)| <e.

Since f. is regular enough we could now apply Theorem 3.1.1, however we a get better result
by using Theorem 3.4.1. Indeed we have

fe(x) = \/12_7r/Rf(:zc~|—a€;g)e_1’2/2 dy

(z—y)?

1 e 22
= — d
= [f)—— ay

1 i(z—y)u . —(ue)?
:%/Rf(y)/Re( V=l /2 dyy dy.

Since the support of f is bounded, we can apply Fubini’s theorem:

1 ; ; 2
— iux —iyu —(ue)?/2
fole) = 5 [ [ e dy 92 du

And so with the convention h(u) = = fp h(y)e "dy, we have
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fe(z) = /Rei“:‘”f(u)e_(”E)Z/2 du.

Thus if we set p.(dy) = fﬁ(y)e*(ys)z/2 dy, then, since [/ f||, <1,

[ @yl () <28 [ (14 e/ dy e

Consequently we can apply Theorem 3.4.1 with f, and since ||f — f.||,, < €, there exists a
polynomial Rp such that (3.31) can be bounded by

M?1n*(N)
N2gb

Thus we can now fix ¢ = (N "' In(N))'/3 and we get that for any f Lipschitz function uniformly
bounded by 1 and with Lipschitz constant at most 1, (3.31) can be bounded by

2+ Re ([ Y])

2Rp ([y™]) M2 (M>l/3.

N

3.5.3 Proof of Theorem 3.1.2

Firstly, we need to set the operator norm of tensor of C*-algebras we will work with. When
writing the proof it appears that it is the minimal tensor product as defined in 3.2.6. The
following two lemmas were used in [7], see Lemma 4.1.8 from [75] for a proof of the first one
and Lemma 4.3 from [7] for the second one. In order to learn more about the second lemma,
especially how to weaken the hypothesis, we refer to [31].

Lemma 3.5.1. Let (A, 74) and (B, 75) be C*-algebras with faithful traces, then 74 ® 15 extends
uniquely to a faithful trace T4 @min 78 0N A Quin B.

Lemma 3.5.2. Let C be an exact C*-algebra endowed with a faithful state 1¢, let YN € Ay be
a sequence of family of noncommutative random variable in a C*-algebra Ax which converges
strongly towards a family Y in a C*-algebra A endowed with a faithful state 74. Let S € C be a
family of noncommutative random variable, then the family (S ® 1,1 YY) converges strongly
in distribution towards the family (S ® 1,1®Y).

In order to prove Theorem 3.1.2 we use well-known concentration properties of unitary Haar
matrices coupled with an estimation of the expectation, let us begin by stating the concentration
properties that we will use.

Proposition 3.5.3. Let [ be a continuous function on UY,, such that for any X,Y € UY,,

[F(X) = f(V)] < C Y Ty (X = Vi)(X — Y;))2 .

Then if W is a family of p independent random matrices distributed according to the Haar
measure on SUy, and U a family of p independent unitary Haar matrices of size N independent
from W, we have,

P(f(U) = By [F(WU)]] > 6) < dp e () V.
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Proof. We want to use Corollary 4.4.28 from [13], in order to do so let us first assume that f
takes real values. We then set,

W;_1 [f(WlUl, ceey Wi—lUi—:l) Ui, Ui—&-la ceey Up)] .

.....

Thus,

11111111

..........

.....

Finally we conclude by taking the real and imaginary part of f.

We can now prove the concentration inequality that we will use in the rest of this paper.
To simplify notations we will write M instead of My. We also set ZVM = (ZN @ Iy, Iy @ YM)
and Z = (2@ 1,1 ®y).

Proposition 3.5.4. Let P € Py, there are polynomials Hp, Kp € RT[X] which only depends
on P such that for any N, M,

< ¢ Ap(IZY)
N <

(11w o 2 - B[ 2] |2 LD < oo

where HZNMH = sup‘
i

Al

Proof. We set Gy : X — H]B(X ® Iy, ZNM)H. One can find a polynomial Lp € R*[X] such
that for any N and ZVM,

GN(X) = Gy(V)] < Le (|2V]) 11X = Vil

where ||.|| is the operator norm. Besides

S IX = Yill < 37 Ty (G = Yi)* (3 = Yo7,

Hence with Proposition 3.5.3, there is a polynomial Hp € R*[X] which only depends on P
such that for any N, M,

2

(| [P0 & 1. 229 < [JPOV0% & 1y 2] | 2.5 < T,
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Besides for any matrix U € Uy, there exist S € SUy and 0 € [0,27] such that U = €% S.
Indeed we just have to pick @ such that e = det(U). Thus there is a polynomial Kp such that

P2

Eu [PV 6 1, 20| < [P o 1,27 < U2

This concludes the proof.
O

We can now prove Theorem 3.1.2. Firstly, we can assume that Z%¥ and Y™ are de-
terministic matrices by Fubini’s theorem. The convergence in distribution is a well-known
theorem, we refer to [13], Theorem 5.4.10. We set ¢ a function of class C> which takes
value 0 on (—o0,1/2] and value 1 on [1,00), and belongs to [0,1] otherwise. Let us define
feite—og (5*1 (t — Hf’f’*(u@ 1,Z)H)). By Theorem 3.1.1, there exists a constant C' which

only depends on P, sup,, HYM H and supy HZ N H (which is finite thanks to the strong convergence
assumption on Y™ and Z%) such that,

B [TI'MN <fe (1515* (UN®[M,ZNM)> ﬂ — MNTN@M‘M(fE (1515* (u®lM,ZNM))>‘

¢ M?In*(N)

< Ce N .
According to Theorem A.1 from [28], (u, Z") x> converges strongly in distribution towards
(u, z) since, given a system of free semi-circular variable, we can write u; = f(x;) for a specific
function f built with the help of Lemma 3.1 of [9] Besides thanks to Lemma 3.5.2 and Corollary
17.10 from [78], we have that (u ® Iy, 1 ® Y™) 5, converges strongly in distribution towards
(u®1,1®y). In Theorem 3.1.2, we are interested in the situation where Z¥M = ZN @ I, or
ZNM = [y @ YM. So, without loss of generality, we restrict ourselves to this kind of Z¥™, We

know that (u® Iy, ZVM) converges strongly towards (u ® 1, Z), but since the support of f. is
disjoint from the spectrum of PP*(u ® 1, Z), thanks to Proposition 3.2.2, for N large enough,

TN @ Tar (f8 (15]5* (u ® Iy, ZNM)) > = 0 and therefore,

M3 1n2(N)'

E {TrMN ( J- (PP (UN © Iy, 2M)) ﬂ <Ot (3.32)
Hence, we deduce for N large enough,
E[|PP (UN @ Iy, 2"M)||] - | PP (ue 1, 2)|
<e+/ (|PP* (U @ L, 2| > [PP* (w1, 2)| + ) da

< g+/ (Tewar (fu (PP (UN @ Iy, 28))) 2 1) da

¢ M3 In? (N)

< C’
<e+(C¢ N
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Finally we get that,

limsup E [H]B]B* (UN ® IM,ZNM)‘H < HIB]B*(U® 1,Z)H.

N—oo

Thanks to Proposition 3.5.4, by taking 6y = N~Y* and using Borel-Cantelli lemma, we get
that almost surely,

lim Hﬁﬁ* (0N ® I, ZNM)H ) [Hﬁﬁ* (U @ Iy, ZNM)‘H =0

N—oo

And consequently almost surely,

limsup H]Bﬁ* (UN ® Iy, ZNM>H < Hf’ﬁ’*(u ® 1, Z)H )
N—o0
Besides, we know thanks to Theorem 5.4.10 of [13] that if & is a continuous function taking
positive values on (HPP* (u®1,Z )H — ¢, oo) and taking value 0 elsewhere. Then

1 -
TN Tryn(W(PP*(UYN @ Iy, Z¥MY))

converges almost surely towards 74 ®min TB(h(ISﬁ* (u®1,7))). If this quantity is positive, then
almost surely for N large enough so is 17 Traw (W(PP*(UN @ Iy, ZNM))), thus

|PPHU™ 1y, 2°)|| = PP (u@ 1, 2)| - <.

Since h is non-negative and the intersection of the support of h with the spectrum of f’f’*(u ®
1, Z) is non-empty, we have that h(PP*(u®1, Z)) > 0 and is not 0. Besides, we know that the
trace on the space where z is defined is faithful, and so is the trace on the C*-algebra generated
by a single semicircular variable, hence by Theorem 3.2.3, so is 74. Thus, since both 74 and
7 are faithful, by Lemma 3.5.1, 50 is 74 ®min 78 and 74 Qumin 78(R(PP*(u ® 1, Z))) > 0. As a
consequence, almost surely,

liminf ‘]1515* (UN @ Ly, ZNM) H > Hﬁﬁ*(u ®1, Z)H .

N—o0

We finally conclude thanks to the fact that for any y in a C*-algebra, |lyy*|| = ||y||>.
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Chapter I

Asymptotic expansion of smooth functions in
polynomials in deterministic matrices and iid
GUE matrices

Let XV be a family of N x N independent GUE random matrices, ZV a family of deter-
ministic matrices, P a self-adjoint noncommutative polynomial, that is for any N, P(X¥ ZV)
is self-adjoint, f a smooth function. We prove that for any £, if f is smooth enough, there exist
deterministic constants af’(f, Z") such that

EU[Tr (F(P(X™, 2Y)) )} Y& ]J\;QZ ) 4 O(N~+-2),

=0

Besides the constants of (f, ZV) are built explicitly with the help of free probability. In par-
ticular, if x is a free semlclrcular system, then when the support of f and the spectrum of
P(x, ZN) are disjoint, for any i, af (f, Z¥) = 0. As a corollary, we prove that given o < 1/2,
for N large enough, every eigenvalue of P(X®, Z) is N~close from the spectrum of P(z, ZV).

This chapter is adapted from [10].
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Chapter 4. Asymptotic expansion of smooth functions in polynomials in deterministic
matrices and iid GUE matrices

4.1 Introduction

Asymptotic expansions in Random Matrix Theory created bridges between different worlds,
including topology, statistical mechanics, and quantum field theory. In mathematics, a break-
through was made in 1986 in [33] by Harer and Zagier who used the large dimension expansion
of the moments of Gaussian matrices to compute the Euler characteristic of the moduli space
of curves. A good introduction to this topic is given in the survey [34] by Zvonkin. In physics,
the seminal works of t’Hooft [35] and Brézin, Parisi, Itzykson and Zuber [36] related matrix
models with the enumeration of maps of any genus, hence providing a purely analytical tool to
solve these hard combinatorial problems. Considering matrices in interaction via a potential,
the so-called matrix models, indeed allows to consider the enumeration of maps with several
vertices, including a possible coloring of the edges when the matrix model contains several ma-
trices. This relation allowed to associate matrix models to statistical models on random graphs
[37, 38, 39, 40, 41], as well as in [42] and [43] for the unitary case. This was also extended to
the so-called S-ensembles in [44, 45, 46, 47, 48, 49]. Among other objects, these works study
correlation functions and the so-called free energy and show that they expand as power series in
the inverse of the dimension, and the coefficients of these expansions enumerate maps sorted by
their genus. To compute asymptotic expansions, often referred to in the literature as topologi-
cal expansions, one of the most successful methods is the loop equations method, see [50] and
[51]. Depending on the model of random matrix, those are Tutte’s equations, Schwinger-Dyson
equations, Ward identities, Virasoro constraints, W-algebra or simply integration by part. This
method was refined and used repeatedly in physics, see for example the work of Eynard and his
collaborators, [52, 53, 54, 55]. At first those equations were only solved for the first few orders,
however in 2004, in [53] and later [56] and [57], this method was refined to push the expansion
to any orders recursively [58].

In this paper we want to generalize Harer-Zagier expansion for the moments of Gaussian
matrices to more general smooth functions. Instead of a single GUE matrix, we will consider
several independent matrices and deterministic matrices. We repeatedly use Schwinger-Dyson
equations associated to GUE matrices to carry out our estimates. While we do not use the link
between the coefficients of our expansion and map enumeration, as a corollary we get a new
expression of these combinatorial objects. We show that the number of colored maps of genus
g with a single specific vertex can be expressed as an integral, see remark 4.3.8 for a precise
statement.

Most papers quoted above have in common that they deal with polynomials or exponentials
of polynomial evaluated in random matrices. With a few exceptions, such as [37] and [59],
smooth functions have not been considered. However being able to work with such functions
is important for the applications. In particular we need to be able to work with functions
with compact support to prove strong convergence results, that is proving the convergence of
the spectrum for the Hausdorff distance. In this paper we establish a finite expansion of any
orders around the dimension of the random matrix for the trace of smooth functions evaluated in
polynomials in independent GUE random matrices. We refer to Definition 4.2.16 for a definition
of those objects. The link between maps and topological expansion is a good motivation to
prove such kind of theorem. Another motivation is to study the spectrum of polynomials in
these random matrices: because we consider general smooth functions, our expansion will for
instance allow to study the spectrum outside of the limiting bulk. In the case of a single GUE
matrix, we have an explicit formula for the distribution of the eigenvalues of those random
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matrices, see Theorem 2.5.2 of [13]. However, if we consider polynomials in independent GUE
matrices, we have no such result. The first result in this direction dates back to 1991 when
Voiculescu proved in [3] that the renormalized trace of such polynomials converges towards
a deterministic limit a(P). In particular given X, ..., X% independent GUE matrices, the
following holds true almost surely:

.1
Jim - Try (PXY,..., X)) = a(P) . (4.1)
Voiculescu computed the limit «(P) with the help of free probability. Besides if Ay is a self-
adjoint matrix of size N, then one can define the empirical measure of its (real) eigenvalues

by
1 N
/’LAN - NZ:ZI(S)\Z 9

where 0, is the Dirac mass in A and \q, ..., Ay are the eigenvalue of Ay. In particular, if P is a
self-adjoint polynomial, that is such that for any self adjoint matrices Ay, ..., Aq, P(A1, ..., Aq)
is a self-adjoint matrix, then one can define the random measure pp XN LX) In this case,
Voiculescu’s result (4.1) implies that there exists a measure pp with compact support such
that almost surely ppxn Xy converges weakly towards pp : it is given by pp(z¥) = a(P*)
for all integer numbers k. Consequently, assuming we can apply Portmanteau theorem, the
proportion of eigenvalues of Ay = P(X{,..., X)) in the interval [a,b], that is pa, ([a,b]),
converges towards pp([a, b]).

Therefore in order to study the eigenvalues of a random matrix one has to study the renor-
malized trace of its moments. However if instead of studying the renormalized trace of polyno-
mials in Ay, we study the non-renormalized trace of smooth function in Ay, then we can get
precise information on the location of the eigenvalues. It all comes from the following remark,
let f be a non-negative function such that f is equal to 1 on the interval [a, b], then if o(Ay)
is the spectrum of Ay,

P(O’(AN) N [a, 0] # @) < IP’(TrN (f(An)) > 1) < ]E[TrN (f(AN))}

Thus if one can show that the right-hand side of this inequality converges towards zero when
N goes to infinity, then asymptotically there is no eigenvalue in the segment [a, b]. In the case
of the random matrices that we study in this paper, that is polynomials in independent GUE
matrices, a breakthrough was made in 2005 by Haagerup and Thorbjgrnsen in [6]. They proved
the almost sure convergence of the norm of those matrices. More precisely, they proved that
for P a self-adjoint polynomial, almost surely, for any € > 0 and N large enough,

U(P(X{V77Xc]lv>) C Suppﬂp+<_€78) ) (42)

where Supp pp is the support of the measure pp. In order to do so, they showed that given a
smooth function f, there is a constant af’(f), which can be computed explicitly with the help
of free probability, such that

B[ Tiv (f(Ax) | = af () + OV 2).

A similar equality was proved in [7] with a better estimation of the dependency in the parameters
such as f and Z% in the O(N~2). Given the important consequences that studying the first
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two orders had, one can wonder what happens at the next order. More precisely, could we
write this expectation as a finite order Taylor expansion, and what consequences would it have
on the eigenvalues? That is, can we prove that for any k, if f is smooth enough, there exist
deterministic constants af’(f) such that

£ [;TY <f(P(XfV> T vXéV)))] = ; a;v(;:) + @(N—%—z)?

In 2002, by using Riemann-Hilbert techniques, Ercolani and McLaughlin gave in [37] a positive
answer for the case of a single random matrix (but not necessarily a GUE random matrix),
that is d = 1. Haagerup and Thorbjgrnsen gave a simplified proof in 2010 (see [59]) for the
specific case of a single GUE matrix. However the method of the proof relied heavily on the
explicit formula of the law of the eigenvalues of a GUE matrix and since there is no equivalent
for polynomials in GUE matrices we cannot adapt this proof. Instead, we developed a proof
whose main tool is free probability. The main idea of the proof is to interpolate independent
GUE matrices and free semicirculars with free Ornstein-Uhlenbeck processes. It is similar to
the method used in [7]. The main result is the following Theorem.

Theorem 4.1.1. We define,
o XN = (XN ... XY independent GUE matrices of size N,

* * . . . . . .
o ZN = (ZN .. ZN, ZN" ... ZNT) deterministic matrices whose norm is uniformly
bounded over N,

e P a self-adjoint polynomial which can be written as a linear combination of m monomials
of degree at most n and coefficients at most Cpax,

e f:R~ R a function of class C**+V+2 We define | ||, the sum of the supremum on R
of the first i-th derivatives of f.

Then there exist deterministic coefficients (af (f, ZN))1<i<k and constants C, K and ¢ indepen-

dent of P, such that with Ky = max{HZ{V Zév :[}}, Crnax(P) = max{1, cpax }, for any
N, if k <cNn™t,

g e ey

1 1
E | Tov (FPXY, 2| = & el (1,2Y) (4.3)
0<i<k
1 Y 4(k+1)+1 -
< o I lesers (€ X 02K G x k12
Besides if we define Ky like Ky but with 2 instead of K, then we have that for any 1,
. 4it1 ,

ol (1. 2%)] < || lgunsa (c x nzKyvcmaxm> X i, (4.4)

Finally if f and g are functions of class C***V equal on a neighborhood of the spectrum
of P(x,Z"), where x is a free semicircular system free from My(C), then for any i < k,
af(f,ZN) = ol (g, ZN). In particular if the support of f and the spectrum of P(x, Z™) are
disjoint, then for any i, of (f, ZV) = 0.
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This theorem is a consequence of the slightly sharper, but less explicit, Theorem 4.3.4. It is
essentially the same statement, but instead of having the norm C* of f, we make the moment
of the Fourier transform of f appears. We also give an explicit expression for the coefficients
aF. The above Theorem calls for a few remarks.

« We assumed that the matrices ZV are deterministic, but thanks to Fubini’s theorem we
can assume that they are random matrices as long as they are independent from XV, In
this situation though, K7} in the right side of the inequality is a random variable (and thus
we need some additional assumptions if we want its expectation to be finite for instance).

o We assumed that the matrices ZV were uniformly bounded over N. This is a technical
assumption which is necessary to make sure that the coefficients o’ are well-defined.
However as we can see in Theorem 4.3.4, one can relax this assumption. That being said,
in order for equation (4.3) to be meaningful one has to be careful that the term K%* is
not compensating the term N2,

« The exponent 12 in the term k'?* is very suboptimal and could easily be optimized a bit

more in the proof of Theorem 4.1.1. For a better bound we refer to Theorem 4.3.4, where
the term k'?* is replaced by k%¢. However in order to work with the norm C* instead of
the moments of the Fourier transform, we were forced to increase this term.

o Although we cannot take k = oo, hence only getting a finite Taylor expansion, we can
still take &£ which depends on N. However to keep the last term under control we need
to estimate the k-th derivative of f.

o Since the probability that there is an eigenvalue of P(X%, Z¥) outside of a neighborhood
of P(z, ZN) is exponentially small as N goes to infinity. The hypothesis of smoothness on
f only need to be verified on a neighborhood of P(X¥, Z") for an asymptotic expansion
to exist.

As we said earlier in the introduction, by studying the trace of a smooth function evaluated
in P(X{,..., X)), Haagerup and Thorbjgrnsen were able to show in [6] that the spectrum
of P(X{,..., XY) converges for the Hausdorff distance towards an explicit subset of R. We
summarized this result in equation (4.2). With the full finite order Taylor expansion, by
taking f : x — g(N®x) where g is a well-chosen smooth function, one can show the following
proposition.

Corollary 4.1.2. Let X be independent GUE matrices of size N, AN a family of deterministic
matrices whose norm is uniformly bounded over N, x be a free semicircular system and P a
self-adjoint polynomial. Given a < 1/2, almost surely for N large enough,

o (P(XN, AN)) Co (P(:c, AN)> + N9,
where o(X) is the spectrum of X, and x is free from My(C).

In the case of a single GUE matrix, much more precise results were obtained by Tracy and
Widom in [17]. They proved the existence of a continuous decreasing function F, from R to
[0, 1] such that if A\;(X?) denotes the largest eigenvalue of X,

lim P(N*3(\(XY) = 2) > s5) = Fas) .

N—oo
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This was generalized to S-matrix model in [89] and to polynomials in independent GUE matrices
which are close to the identity in [23]. But there is no such result for general polynomials in
independent GUE matrices. However with Theorem 4.1.1 we managed to get an estimate on
the tail of the distribution of v N HP(XN, AN)H.

Corollary 4.1.3. Let X~ be a family of independent GUE matrices of size N, AN a family
of deterministic matrices whose norm is uniformly bounded over N, x be a free semicircular
system and P a polynomial. Then there exists a constant C' such that for N large enough,

P(ﬁv (HP(XN’AN)H — HP(;(;7AN)H) > C(5+1)> < 67N+€,521n8N.

This corollary is similar to Theorem 1.5 obtained in [7], but with a substantial improvement
on the exponent since in this theorem, instead of 1/2, we only had 1/4. Theorem 1.5 of [7]
also gave a similar bound on the probability that HP(X N )H be smaller than its deterministic
limit, but Theorem 4.3.4 does not yield any improvement on this inequality. The proof of this
corollary can be summarized in two steps: first use measure concentration to get an estimate
on the probability that HP(X NoAN )H is far from its expectation, and secondly use Theorem
4.1.1 to estimate the difference between the expectation and the deterministic limit. Finally it
is worth noting that the exponent 1/2 comes from the fact that for every N? that we gain in
equation (4.3), we also have to differentiate our function f four more times. Thus if we take
f:x — g(N“r) where g is smooth, then in order for N=2 to compensate the differential, we
have to take o = 1/2. If we only had to differentiate our function three more times, then we
could take o = 2/3 which is the same exponent as in Tracy-Widom.

4.2 Framework and standard properties

4.2.1 Usual definitions in free probability

In order to be self-contained, we begin by recalling the following definitions from free prob-
ability.

Definition 4.2.1. < A C*-probability space (A,*,7,||.||) is a unital C*-algebra (A, *,|.])
endowed with a state T, i.e. a linear map 7 : A — C satisfying 7(14) =1 and 7(a*a) > 0
for all a € A. In this paper we always assume that T is a trace, i.e. that it satisfies
7(ab) = 7(ba) for any a,b € A. An element of A is called a (noncommutative) random
variable. We will always work with a faithful trace, namely, for a € A, T(a*a) =0 if and
only if a = 0.

e Let Ay, ..., A, be x-subalgebras of A, having the same unit as A. They are said to be free
if for all k, for all a; € A;, such that j1 # jJo, Jo # 3, -+, Jk—1 F Jk:

T<(a1 — (@) (as — (@) . .- (@ — T(ak))) —0.

Families of noncommutative random variables are said to be free if the x-subalgebras they
generate are free.
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e Let A = (ay,...,ax) be a k-tuple of random wvariables. The joint distribution of the
family A is the linear form ps : P — T{P(A,A*)} on the set of polynomials in 2k
noncommutative variables.

e A family of noncommutative random variables v = (x1, ..., xq) is called a free semicircular
system when the noncommutative random variables are free, self-adjoint (xv; = z}), and
for all k in N and i, one has

r(at) = [ o),
with do(t) = 5=v/4 — 12 1y <o dt the semicircle distribution.

It is important to note that thanks to [60, Theorem 7.9], that we recall below, one can
consider free copies of any noncommutative random variable.

Theorem 4.2.2. Let (A;, ¢i)icr be a family of C*-probability spaces such that the functionals
¢i - A — C, i € I, are faithful traces. Then there exist a C*-probability space (A, ¢) with ¢ a
faithful trace, and a family of norm-preserving unital x-homomorphism W; : A; — A, i € I,
such that:

o poW,=¢;, Viel.
e The unital C*-subalgebras form a free family in (A, ¢).

Let us finally fix a few notations concerning the spaces and traces that we use in this paper.

Definition 4.2.3. e (An,7n) is the free sum of My (C) with a system of d free semicircular
variable, this is the C*-probability space built in Theorem 4.2.2. Note that when restricted
to My (C), 7y is just the reqular renormalized trace on matrices. The restriction of Tn to
the C*-algebra generated by the free semicircular system x is denoted as T. Note that one
can view this space as the limit of a matriz space, we refer to Proposition 3.5 from [7].

e Try is the non-renormalized trace on My (C).

e We denote E, s the matriz with coefficients equal to 0 except in (r,s) where it is equal to
one.

e We reqularly identify My (C) @My (C) with My (C) through the isomorphism E; ;Q E,. ; —
Eiirn jtsn, similarly we identify Try @ Try, with Tryy.

o IfAN = (AN ... AY) and B* = (B},..., B%) are two families of random matrices, then
we denote AN @ B¥ = (AN @ BY, ..., AY ® B%). We typically use the notation X~ @ I
for the family (XN @ I, ..., XN @ I,).

4.2.2 Non-commutative polynomials and derivatives

Let Agor = C(Xy,..., X4, Y1,...,Ys) be the set of noncommutative polynomial in p + 2r
variables. We set ¢ = 2r to simplify notations. We endow this vector space with the norm

IPla= >  lea(P)|A%Y, (4.5)

Mmonomial
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where ¢y (P) is the coefficient of P for the monomial M and deg M the total degree of M (that
is the sum of its degree in each letter Xi,..., Xy, Y1,..., Y5, ). Let us define several maps which
we use frequently in the sequel. First, for A, B,C € Ay, let

A® B#C = ACB, A® B#C = BCA, m(A® B) = BA. (4.6)
We define an involution * on Ay, by X = X;, V;* = Y, if ¢ < d+r, YV =Y, else,

and then we extend it to Ay, by linearity and the formula (a«PQ)* = @a@Q*P*. P € Ay,
is said to be self-adjoint if P* = P. Self-adjoint polynomials have the property that if
X1,...,Tq,21,---,2 are elements of a C*-algebra such as x1,...,x, are self-adjoint, then so

3 *
1S P(T1, .o Ty 21y ey Zry 21y e ey 20).

Definition 4.2.4. If 1 < i < d, one defines the noncommutative derivative 0; : Agq —>
Agg @ Agy by its value on a monomial M € Aq, given by

M=AX;B

and then extend it by linearity to all polynomials. We can also define 0; by induction with the
formulas,
VP,Q € Agy, O0i(PQ)=0Px1®Q+P®1x0Q,
(4.7)
Similarly, with m as in (4.6), one defines the cyclic derivative D; : Agq — Aaq for P € Aqy,
by

Definition 4.2.5. We define F4, to be the x-algebra generated by Aq, and the family
{eiQ | Q€ Auy self-adjoz'nt}.

Then, as we will see in the next proposition, a natural way to extend the definition of 0;
(and D;) to Fgu,4 is by setting

. 1 . .
0,69 = i/ @100 1® 0749, (4.8)
0

However we cannot define the integral properly on Fy,® Fy,. After evaluating our polynomials
in C*-algebras, the integral will be well-defined as we will see. Firstly, we need to define properly
the operator norm of tensor of C*-algebras. We work with the minimal tensor product also
named the spatial tensor product. For more information we refer to chapter 6 of [76].

Definition 4.2.6. Let A and B be C*-algebra with faithful representations (H 4, ¢.4) and (Hg, ¢p),
then if ®o is the tensor product of Hilbert spaces, A Qmin B is the completion of the image of
da R ¢p in B(Hy @y Hg) for the operator norm in this space. This definition is independent
of the representations that we fixed.

While we will not always be in this situation during this paper, it is important to note that
if A = My(C), then up to isomorphism A @iy, A is simply My2(C) with the usual operator
norm. If P € Agy, 2 = (21,...,2444) belongs to a C*-algebra A, then (9;P%)(z) belongs to
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A @min A, and H(@Pk)(z)H < Cpk ||P(2)||"" for some constant Cp independent of k. Thus we
can define .
k!
We have now defined the noncommutative differential of the exponential of a polynomial twice,
in (4.8) and (4.9). However those two definitions are compatible thanks to the following propo-
sition (see [8], Proposition 2.2 for the proof).

(0:e7)(2) = —(8:PF)(2). (4.9)

keN

Proposition 4.2.7. Let P € Ay, 2 = (21,...,24+4) elements of a C*-algebra A, then with
(0;eF)(2) defined as in (4.9),

1
(9€7) (2) = [ €D @1 0P(2) 1@ 17O da
0

We explained why (4.8) was well-defined when we evaluate our polynomials in a C*-algebra.
However in order to be perfectly rigorous we need to give the following definition for the
noncommutative differential that we use in the rest of this paper.

Definition 4.2.8. For o € [0,1], let On; : Faq — Faq @ Faq which satisfies (4.7) and such
that for any P € Aq, self-adjoint,

8w-eip =i @1 ;P 1 @ =P,

And then, given z = (21,. .., Z4+q) elements of a C*-algebra, we define for any Q € Faq,

00() = [ 9,00 do.

In particular, it means that we can define rigorously the composition of those maps. Since the
map O, goes from Fy, to Fuq, ® Fuq it is very easy to do so. For example one can define the
following operator (see Definition 4.2.10 for the notation 9}, 9? and X). We will use a similar
one later on.

Definition 4.2.9. Let ) € Fy,, given z = (z1,...,24+4) elements of a C*-algebra, let i,j €
[1,d], we define
ODQ(E) = [ By o (1m0 0,,)Q(2) dov

[0,1]2

For the sake of clarity, we introduce the following notation which is close to Sweedler’s
convention. Its interest will be clear in section 4.3.

Definition 4.2.10. Let Q) € F4,, C be a C*-algebra. Then let o : Fyq — C and B : Fyq — C
be morphisms. We also setn: AQB € CRCw+— AB € C. Then we use the following notation,

(0} P) X B(O?P) =no (a® B(O;P)).

This notation is especially useful when our maps « and [ are simply evaluation of P as it
is the case in section 4.3. Indeed we typically denote, 9} P(X) &K 92P(Y), rather than define
hx : P — P(X) and use the more cumbersome and abstract notation, n o (hyx ® hy(9;P)).

The map 0; is related to the so-called Schwinger-Dyson equations on semicircular variable
thanks to the following proposition. One can find a proof for polynomials in [13], Lemma 5.4.7,

and then extend it to F,, thanks to Definition (4.9).
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Proposition 4.2.11. Let x = (z1,...,24) be a free semicircular system, y = (y1,...,y,) be
noncommutative random variables free from x, if the family (x,y) belongs to the C*-probability
space (A, *,T,.]|]), then for any Q € Fu,,

T(Q(z,y,y") ;) =T @ 7(0Q(z,y,y")) -

Now that we have defined the usual noncommutative polynomial spaces, we build a very
specific one which we need to define properly the coefficients of the topological expansion.

Definition 4.2.12. Let (¢,), be the sequence such that co = 0, ¢, 1 = 6¢, + 6. We define by
induction, Jo = {0} and forn >0, j € [1,2n],

Jn+1 {{31—|—cn,...,sj_1+cn,sj+cn,sj,...,32n,3cn+1} ‘ I={s1,...,8,} € Jn},

ZT{“ {{31+cn,...,52n+cn,30n+2,30n+1} ‘ I'={s1,...,89,} € Jn},

2n—|—1 2

n+1 {{31 +2Cp, ..., Sj-1 + 2, Sj + 2Cn, 84, . .., Son, 30y + 1} ’ I'={s1,...,8,} € Jn},
n+1 {

{81+ 2¢p, ..., S0, + 2¢y, 3¢, + 3,3¢c, + 1} ‘ I={s1,...,8,} € Jn}.

We similarly define J ’il and JJH by adding 3c, + 3 to every integer in every set. Finally we

fix
7 7 2
1<j<2n+1

Then we define Ay, = C(Xir, 1 <i<dIe J,Y1,....Ys). We also define Fi, as the
x-algebra generated by Ay, and the family {eiQ | Q € A, self—adjoz'nt}.

Definition 4.2.13. Similarly to Definition 4.2.8, we define 0; and 0; 1 on F, which satisfies
(4.7) and (4.8) and

\V/Z,j c [1,]?}, ],KE Jn, 81,1Xj,K:6i,j517K1®1, Gin,Kzém-l(X)l.
We then define D; =mod; and D;; =mo 0, on ‘Fg’q'

In particular, .7-'3’(1 = Fu, and the two definitions of 0; coincide. The following lemma will
be important for a better estimation of the remainder term in the expansion.

Lemma 4.2.14. Given s € [1,¢,], there exists a unique | € [1,n] such that for any I =
{81,...,89n} € Jp, either s, = s or s & I. We refer tol as the depth of s in J,, and will denote
it depth™(s).

Proof. Let’s proceed by induction. If this is true for Jn, then let s € [1,¢,41]. If s < 3¢, +3
then it will only appear in the elements of J,{’}rl and JI7?2 o for j from1ton+1. If s > 3¢, +3
then on the contrary it will only appear in the elements of J! r1 and J]grl for j from 1 to n+ 1.
Since both cases are identical, one can assume that s < 3¢, + 3. If s is equal to 3¢, + 3, 3¢, + 2
or 3¢, + 1, then it is straightforward. Thus there remains three possibilities:
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 FEither s € [1,¢,], then let [ be the depth of s in J,, then by construction the depth of s
in J,,q will be [ + 1.

o Either s € [¢, + 1, 2¢,], then with [ the depth of s — ¢, in J,,, the depth of s in J, 1 will
also be [.

« FEither s € [2¢, + 1, 3¢,], then with [ — 2¢, the depth of s in J,, the depth of s in J, .
will also be (.

m
This prompts us to define the following non-commutative derivative on Fj .

Definition 4.2.15. Given s € [0, ¢,| with depth | in J,, then we set

6@',5,71 = Z ai,] - Z 8@'71‘

I€Jy, such that s€l I€Jy, such that s;=s

And finally we define D; 5, =m0 04y

4.2.3 GUE random matrices

We conclude this section by reminding the definition of Gaussian random matrices and
stating a few useful properties about them.

Definition 4.2.16. A GUE random matriz X~ of size N is a self-adjoint matriz whose coef-
ficients are random variables with the following laws:

e Forl <1 <N, the random variables \/ NXZ{\Q are independent centered Gaussian random
variables of variance 1.

e For1 <i<j <N, the random variables /2N %X% and V2N %Xl]\g are independent

centered Gaussian random variables of variance 1, independent of (XZAZ]) .
’ 1

When doing computations with Gaussian variables, the main tool that we use is Gaussian
integration by part. It can be summarized into the following formula, if Z is a centered Gaussian
variable with variance 1 and f a C! function, then

E[Zf(Z)] = E[02f(Z)] . (4.10)

A direct consequence of this, is that if z and y are centered Gaussian variable with variance 1,

and Z = ””\J;%y, then

E(Zf(z,y)] =E[0zf(x,y)] and E[Zf(z,y)] = E[0zf(x,y)] , (4.11)

where 9 = (9, +19,) and 85 = 1(0, —i9,). When working with GUE matrices, an important
consequence of this are the so-called Schwinger-Dyson equations, which we summarize in the
following proposition. For more information about these equations and their applications, we
refer to [13], Lemma 5.4.7.
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Proposition 4.2.17. Let XV be GUE matrices of size N, Q € Fy,, then for any i,

E{;ThﬂXTCXXN»}:El(;Th0®?@Q@WUﬂ.

Proof. Let us first assume that Q € A,,. One can write X}V = Tlﬁ(xi,s)lﬁT,SSN and thus

B[ T QYY) = 5 Y E[ed, Tow (. QXY

N

1
= <7 SE [TrN(ET,,S &E%SQ(XN))]
:A;E:EPHNU%S@QCWW#EWH

g [(}V TrN>®2 @@(XN))] -

If Q € Fqq, then the proof is pretty much the same but we need to use Duhamel’s formula

which states that for any matrices A and B,
ef — et = /01 e®B(B — A)el=94 dq. (4.12)
Thus this let us prove that
&EiseiP(XN) = i/l el P(XY) OiP(X™M#E,, =P gy
: 0

And the conclusion follows.

Now to finish this section we state a property that we use several times in this paper. For

the proof we refer to Proposition 2.11 in [7].

Proposition 4.2.18. There exist constants C, D and « such that for any N € N, if XV is a

GUE random matriz of size N, then for any u > 0,

P (|| 2 usn) <

Consequently, for any k < aN/2,

EMXNW}SO?

4.3 Proof of Theorem 4.1.1

4.3.1 A Poincaré type equality

One of the main tool when dealing with GUE random matrices is the Poincaré inequality
(see Definition 4.4.2 from [13]), which gives us a sharp upper bound of the variance of a function
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in these matrices. Typically this inequality shows that the variance of a trace of a polynomial
in GUE random matrices, which a priori is of order O(1), is of order O(N~2). In this paper we
use the same kind of argument which are used to prove the Poincaré inequality to get an exact
formula for the variances we are interested in.

Proposition 4.3.1. Let P,Q € F;,, RN, SN, TV be independent families of d independent

GUE matrices of size N. Let AN be a family of deterministic matrices and their adjoints. With
convention Cov(X,Y) = E[XY] — E[X]E[Y], for any t > 0, we have:

Cov (TrN (P((1=e)2RY, AN))  Tey (Q (1 = e 2RY, AY)) )
= ]bzi:/ot]E[TrN <DiP ((e—s — e HYI2RN 4 (1 — e7)1/28N, AN)
x D,Q (e — e PRY 4 (1 — )21V, AV) )}ds.
Proof. We define the following function,
h(s) =E|Try (P ((e7* = e )2RY + (1= )25V, AY))
Ty (Q (e = ) 2RY (1= ) 2T YY) |
To simplify notations, we set

SN

((e—s B e—t)l/QRN + (1 B 6—5)1/25N7AN) :

TN ((e—s — e )2RN 4 (1 — )27V, AN) .
Then we have,

tdn

Cov (TrN (P <(1 - e’t)l/QRN,AN» ,Try (Q ((1 — e HY2RN, AN)) > = —/ s (s) ds.
0
Thanks to Duhamel’s formula (see (4.12)) we find
r (Sév’ AN) et < N 4N RY Sy
ds = — 9 ;&P(Ss 7A )#<(€_S—€_t)1/2_(1—6_5)1/2>

Since Try (0; P#B) = Try(D; P x B), we compute,
RN SN
N { [ N
o (D7 (32) (g — ) ) T (2(2)

1o (p () o (0 (5) (= - o)) |

dh e’
—(s) = — E
ds (5) 2 zl:
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But by using integration by part formula (4.11), we get that

Try <DiP (5™ (ef%:wz) Try (Q (T1))

1
:NZE

1<a,b<N

E

Tey (Bap 0:DiP (SY) #Ey.) x Ten (Q (T2V))

+ Ten (DiP (SY) Eup) % Ten (DiQ (TY) Eya)

And similarly

E

N SN N
Try (DZ-P (sM) W) Try (Q (7))

E| Try (Ea,b 0;D; P (Sév) #Ebva) x Try (Q (TSN>)

1<a,b<N

Therefore with similar computations we conclude,

dh 1

4 = e TR T (D (sr) D (s7))

Hence the conclusion.

4.3.2 A first rough formulation of the coefficients

In this subsection we prove the following lemma which will be the backbone of the proof of
the topological expansion. The heuristic behind this lemma is that if @ € Fypi1),9 X Nis a
family of d independent GUE matrices, (y;);>1 are systems of d free semicircular variables free
between each other. Then we can find R € Fe4(p+1)+1,¢ such that

E [TN (Q (XN7 (yi)1g7:§p) ,ZN> — TN (Q (@, (Yi)r<i<p) » ZN>

= ]\17218 [TN (R (X, (wih<izopra 27) ﬂ '

Then we will only need to apply this lemma recursively to build the topological expansion. Note
that thanks to the definition of Ay in Definition 4.2.3, it makes sense to consider matrices and
free semicirculars in the same space. One can also assume that those matrices are random
thanks to Proposition 2.7 of [7].

Lemma 4.3.2. Let the following objects be given,
o XV = (XN, ..., X)) independent GUE matrices of size N,

e 1,24 22 free families of d free semi-circular variables,
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e Ys = (Ys1,---,Ysa,) for s from 1 to n, systems of free semicircular variables, free between
each other and from x,

e vy, W, free copies of ys, free between each other,
e ZN =(ZV,...,Z)) deterministic matrices and their adjoints,
e VN — ((1 _ (37t1)1/2y17 - e—tn)1/2meN7 ZN)’

e Y = ((1 —e )2y (1 — et 2y, ZN),
o 2l = ((1 —e )2y, (1 —eTt) Y20, (1 — e )220 (e — e )20 f et XY, ZN),
e fors from 1 ton,

Zh = ((1 — e_tl)l/Qvl, (1= e_r)l/QvS + (e — )1/2y5,

(1—e )2y o (A —e ™2y (1 —e )Y 20 et XV, ZN),

e 2! and 22°, defined similarly but with w and z* instead of v and z',

o z} 22,21 and 2%° defined similarly but where we replaced vy, wy, ys, 21, 2%, 2 by free copies,

TYTryr

° Q S Fd1+~~~+dn+d,q-

Then, for any N, with Os; the noncommutative differential as defined in 4.2.4 but with respect
to (1— €)%y,

EPN(@WN))}—TN(W“)
— o [t S [Trl (22 (2ipQ) i mal, (01@) (1))

1<i<d
1<s<n
ISJSds

T /Oo -
— e
2N2 Jo

x (aﬁy (9?D:Q) (223, (9?DiqQ) (ﬁﬁ)))}dr dt
[ 5[ ((2 (020:0) (hwe} (21pi@) (1)
R (a; (?D:Q) ()R 9} (9?DiqQ) (zf)>)]dr dt.

First we need to prove the following technical lemma.

1<i,j<d

Lemma 4.3.3. If Y*V is a family of | independent GUE matrices of size kN, then let
Se= ("™ xNo 1, 2" o 1,)
With Py o = In ® E 9, Ey the expectation with respect to YFN | given Q € Fitdq, we have that

Jim, KBy [miv (Q(Sk) Pr2)] = 0
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Proof. Given Ay,..., A}, By,..., B € Aj1a4, we define the following quantity,
fA(y) =E; {TkN ((Aleinl - Aleinl)(Sk)PLg)} ,

dn(y) = sup | fa(y)]-
Z¢ deg A;<n, A; monomials

Thanks to Proposition 4.2.18, we know that there exists constants v and D (depending on
N, XNH and HZNH) such that for any n < ~k, |d,(y)| < D". Consequently we define

gla,y) = > dn(y)a”.

n<vyk/2

Let m = sup, deg B; and A be such that >, deg A; < n, there exists a constant C'z which only
depends on the coefficients of the B; such that

dfa(y)
dy

‘ S C’B dn—i—m(y)
Naturally we get that for any y € [0,1]

£AW < 120+ [ dusn(y)dy.

And by taking the supremum over A, we get that

do(y) < dn(0) + Cg /0 Y Ao (1),

Hence by summing over n, we have for a small enough,

S (aD)y*Prt 4 /0 yg(a,y)dy) :

1<i<m

g9(a,y) < g(a,0) + Cpa™™ (

Thanks to Gronwall’s inequality we get that there exist a constant & such that for any y € [0, 1],

g(a,y) < (g(a, 0) + Cga™™ Z (aD)'yk/ZJril) oyCa™™

1<i<m
Thus for a < 1/D, we have

limsup &*/%g(a,y) < eY“2* " limsup k*2¢(a, 0).
k—00 k—00
However, we have

9(a,0)= > a" sup By [Ten (A(Sk) Pr2)]| -

n<~k/2 A monomial, deg A<n

We refer to the proof of Lemma 3.7 of [7] to prove that limsup, .. k*2g(a,0) = 0 (with the
notations of [7], it is the same thing as to show that k*2f.; (a) converges towards 0). Hence
for any A, B,

limsup &>/ ‘]Ek {TkN ((Aleinl . Aleinl)(Sk)PLg)” < g~ 2ides i limsup k3/2g(a, 1)=0.

k—o0 k—o00

Hence the conclusion.
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Proof of Lemma 4.3.2. With
Y, = ((1 —e T2y (1= et 2y (1 — e )Y 2 e 2 XN ZN> ,

E {TN(Q (v) )} —TN<Q (Y)) — —/OOOE lim(@ (V) )1 dt.

We can compute

e L ——)

Thus thanks to Gaussian integration by part (see (4.11)) and Schwinger-Dyson equations (see
Proposition 4.2.11), we get that

E ljtTN (Q (V) )]

% ) (TN ® TN (&'DiQ (YtN> > — ;fuz;TN <Eu,v 0;,D;Q (y;N> #Evu>> ] , (4.13)

%

we have,

=K

Let
Mo =@y (00, () ) = 5 S (Buy 0DQ (1) #5 ).
Thanks to Theorem 5.4.5 of [13], we have that if
Zr= (L= e ™Y (1= e )PV (1= e )PYEN + e XY © 1, 2N @ 1)

with YV being independent families of d, independent GUE matrices (with d,,y; = d). Then
with E; the expectation with respect to YV for every s,

Ay = ]}1_{210 Eimen] ® Eg[in] (@'DiQ (Zk)) (4.14)
1
N 1<u,o<N

For more information, we refer to Proposition 3.5 of [7]. See also the definition of Ay in
Definition 4.2.3. Let A, B be matrices of My (C) ® M (C), with (g,)1<a<ny the canonical basis
of CV and (fy)1<p<k the one of C*, since I, = 37 By and men (M) = Y04 02 ® ffMga @ fo,

1
v X rw(Buw®l AB.o 1 B)
nguv<N
1
-~ Z Z Ten (Bupw ® By A B, @ Epyp B)
N 1<u,w<N 1<, I'<k
1 * * k *
= 35 Y @A fr Y @i Bgu®fi
1<Ll'<k 1<v<N 1<u<N
1
=% Z NUIN® [ AIn® fr) Tn(In ® fii B In ® fi)
1<LU<k
=k TkN<A ]N®El’,l> TkN(B ]N®El,l’)~
1<1,/<k
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Hence with convention Py = Iy ® Ej 7, we have
1
N > T (Eu,v ® Iy 0;D;Q (Zy,) #Ev,u®[k:) =k Y Tin®@Tin (@DiQ (Zk) x Py ®Pl,l’)
1<up<N 1<Ll<k
(4.15)
Consequently, we get that
Ay = /}LI{}O Exmin] @ Egmien] (8iDiQ (Zk)> (4.16)

—Eg .

k> v ® T (@'DZQ (Zy) x Pryi® Pl,l’)

1<l,l'<k

Let U € Mg(C) be a unitary matrix, then since for any 1,
INQU XN I, In@U* = XN @ I,
INQU ZN @I, IN@U* =ZN @ I,

and that the law of Y;k]N is invariant by conjugation by a unitary matrix, we get that for any
unitary matrices U and V,

Ei [7en] ® Eg [Ten] (aiDiQ (Zy) x Pry® Pl,l/)

= Ey [7en] @ Eg [Ten] (@'DZQ (Z) X (Un@U* Py @U)® (INQV*PyIy ® V))

Thus if [ = I', we can pick U such that U*Ey ;U = E; 1, and if [ # I, we can pick U such that
U*Ey,U = E; 5. By doing the same for V', we have

k Z Ek[TkN] ® Ek[TkN] (82DZQ(Z,€)P” X Pl,l’)

1<LI<k
— EEi[ren] © Belrios) (9iDQ(Z) Pri @ Py ) (4.17)
+ B2 (k — 1)Ey[7en] @ Eg 7] (@DZ—Q(Z,C)PLQ ® P1,2>.
Similarly we also have,
Ex[min] @ Eg[7in] (aiDiQ(Zk))

= Y Eilnn] ®Exlmen] (aiDiQ(Zk) Pu® Py,z/) (4.18)

1<LU<k
= k? Ey[rin] @ Eg[7n] (aiDiQ(Zk) P ® P1,1>-

By combining equations (4.16),(4.17) and (4.18), we get that

Ayy=1lm —<k > E,; [Tk:N ® TiN (aiDz‘Q(Zk)Pl’,l ® Pl,l’)}
ko0 1<LI<K

— Ex[min] @ Ex[men] (aiDiQ(Zk)Pl’,l & Pl,l’)

+ k2(k — 1)Ek[TkN] (024 Ek[TkN] (&DlQ(Zk)PLZ & PLQ) }
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Thanks to Lemma 4.3.3, the last term converges towards 0. Consequently,

Any = ]}1_{210 —k { > Ei {TkN ® TN (aiDiQ(Zk)Pl’,l ® Pz,l/ﬂ (4.19)

1<l'<k
— Ex[min] @ Ex[men] (aiDiQ(Zk>Pl’,l ® Pl,l/) }

Let REN S for s from 1 to n + 1 be independent families of d; independent GUE random
matrices. We set the following notations,

7z, = ((1 _ ) 2GEN (] i) l/2GkN
(1— e ) 285N 4 (e — e )2y 4 ot N g [ 7N @ Ik),
287 = (1= ) ESEY (1 )Y (e e, (1 et Y,
A=) PYIN (1= e ) PYEN 4 e XN R I, 2V ® 1k>,

And similarly we define Z7, and Z;% but with RfY, ..., RV instead of StV,..., S*¥¥. Thanks
to Proposition 4.3.1, we get that

k> Eg [TkN & TkN (8iDiQ(Zk)Pl’,l ® Pl,l’)] — Ei[7en] ® Ex[7en] (aiDiQ(Zk)Pl’,l ® Pl,l’)

1<ll'<k

=k Z Z Eg {TkN (Q-lDiQ(Z;:S)Pl',l X ailDiQ(Zz:g)Pl,l’)]

1<l/<k 1<s<n

~ By [rn (01 D.Q(ZE5) P R 0! DQZE )P )
+ Ky {TkN <3}DiQ(Z;,0)IDZ',l X ailDiQ(le,o)Pl,l’)]

— Eg [TkN (8}DiQ(Zli,t)Pl':l X ailDiQ(Ziz,t)Pl,l/ﬂ

1 tS ~ ~
— o X 5 [E T (0.5 (91D.Q) (ZE)RPu B 0., (92D:Q) (ZE R ) | dr
1<1l/<k 1<s<n, *0
1<j<ds
t ~ ~
x| Ek[TrkN (aj (0:D:Q) (Z,)#Pus B 9, (92D,Q) (Z,f,r)#ﬂ,l/ﬂdr,
1<j<d

where 0;; is the noncommutative differential as defined in 4.2.4 but with respect to (1 —
e~')12Y N Besides if U,V are matrices of My(C) ® M (C), then

Z TrkN(UPl/,lVPl,l’) = TI'N(IN (%9 Trk(U)[N X Tl"k<V))
1<lV<k
Hence given A, B,C, D € F4,+..1d,+dq
1
oy, 2 B

1<L,l'<k

Ty (B(ZE)PrAZE)DZE) PuC(Z2) )
= Ex [rv (Iv @ 7 (AZ0)D(Z2))) Iv @ i (CUZE) B(Z:) ) )| -
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It Q = A(Z,2)D(Zy7) and T = C(Z;2)B(Z,7), then thanks to Proposition 4.3.1,

™ (Ex [Iv @ 7(Q)In @ (1))

1 * * * * * *
1<4,j<N
1<Ll'<k

1 * * * *
1<i,j,m,m/ <N

1<’ <k
= NE2 Z Eg [Trpn (QI ® Ej,z‘) Trpn (T ® E”)]

1<4,j<N

1<ij<N

— O(l{_Q) -+ TN(]Ek [IN X Tk(Q)] Ey [IN X Tk:(T)])

We can view a GUE matrix of size kN as a matrix of size N with matrix coefficients. The
diagonal coefficients are independent GUE matrices of size k multiplied by N~1/2. The upper
non-diagonal coefficients are independent random matrices of size k& which have the same law
as (2N)™Y2(X + 1Y) where X and Y are independent GUE matrices of size k, and the lower
non-diagonal coefficients are the adjoints of the upper coefficients. Thus if U*" is a family of I
independent GUE matrices of size kN, u a family of [ free semicircular variables, we then define
u® as a family of [ matrices of size N whose diagonal coefficients are free semicirculars multiplied
by N~1/2 and the upper non-diagonal coefficients are free between each other, free from the
diagonal one, and they are of the form (2N)~'/2(a + ib) where a and b are free semicirculars.
Finally the lower non-diagonal coefficients are the adjoints of the upper coefficients. We also
assume that semicirculars from different matrices are free and that all of those semicirculars
live in a C*-algebra endowed with a trace 7. Then with U an independent copy of U*N, @ a

free copy of u and u” a free copy of u?, for L, K € Flq,

lim 7y (B [Ty ® (LU, 2N © 1) | B [In @ m(K (UMY, 2V © 1))
=7 (Iv @ T(L(", 2Y)) x Iy @ 7(K (u", ZV)))

=y @7 (LY, 2Y) x K@, zV))

= lim E, 7w (LU, 2V @ 1) x KU, 2V ® 1) )|

=7y (L(u, 2") x K (1, z"))

Consequently, we have that

li 1
kl—>rgo k2N

> E {Tl“kN (B(Ziff)B',ZA(Zi,’f)D(Z;f,’f)B,VO(sz,’f))]

1<Ll/<k

— 7w (B(M) A D(E2)C(22"))

T 7 (s
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This means that

S Be| T (00 (01D:Q) (ZE)FPra B 0., (2DQ) (ZE)F P )|

1<l'<k
= v ( (22 (01D:Q) (1) B L, (91D:Q) (21))
2 (02, (02D:Q) () WL, (92D:Q) (22)) ).

dm N

Which in turn means that Ay, is equal to

= = [ow(( (ep@) iy mer, (010@) )

1<s<n
1<]<ds

= (a? (?D:Q) ()9, (9?DiqQ) (zf’s))>dr
Y [ (2 (010Q) e} (91pi@) (2

= (a; (?D:Q) ()R 9} (9?DiqQ) (zf)))dr.

Thus by using this result in equation (4.13), we have in conclusion
d N

%TN (Q (Y;t ) )
B 2N2 2 /

1<i<d
1<s<n,
1SJSds

(( (a;DiQ) (2°) KO, ; (alp Q) (~1S)>

< (a% (92D:Q) ()R}, (92D,Q) (ﬁﬁ))ﬂdr
- qu / E|r((2 (010.0) (:D =} (91D:Q) (1)
R (a; (?D:Q) () B 0! (32D,Q) (zf)))}dr.

4.3.3 Proof of Theorem 4.1.1

In this section we focus on proving Theorem 4.1.1 from which we deduce all of the important
corollaries. It will mainly be a corollary of the following theorem, which is slightly stronger but
less explicit. We refer to Definition 4.3.6 for the definition of L¥ and Lemma 4.3.5 for the one
of x7i.

Theorem 4.3.4. Let the following objects be given,

o XV = (XN, ..., X)) independent GUE matrices of size N,
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e ZN =(ZV,...,Z)) deterministic matrices and their adjoints,
e P e Ay, a polynomial that we assume to be self-adjoint,

e f: R R such that there exists a measure on the real line p with [(14+y*® D) d|u|(y) <
400 and for any x € R,

fla) = [ e duly) . (4.20)

Then with notations as in Lemma 4.5.5 and Proposition 4.3.7 if we set,

ol(f, ZN) = /R /A i TN<<Lﬁ...Lﬁ) (ein)(xﬁ,ZN)> diy .. dts du(y),

and that we write P = 3> <;<np(p) ciM; where the M; are monomials and ¢; € C, if we set
Chax(P) = max{1, max; |¢;|}, then there exist constants C, K and c independent of P such that
with Ky = (deg P)71,

(. ZY)

E[TN(f(P(XN,ZN))ﬂ S ngl o (4.21)

0<i<k

4(k+1)
< s Lo+ g Dl (9) x (€ % K Cone (PINB(P)deg P)?) - x k2

Besides if we define Ky like Ky but with 2 instead of K, then we have that for any j € N*,

01,2 < [ +5)dlulv) % (€ x K& Come(PIND(PY e P?) 5 5. (422)

Finally if f and g satisfies (4.20) and are bounded functions equal on a neighborhood of the
spectrum of P(:c, ZN), where x is a free semicircular system free from My (C), then for any i,

af(f, ZN) = af (g, ZN). In particular if f is a bounded function such that its support and the
spectrum of P(x ZN) are disjoint, then for any i, of (f, ZV) = 0.

The following lemma allows us to define the coefficients of the topological expansion by
induction. It is basically a reformulation of Lemma 4.3.2 with the notations of Definitions
4.2.12 and 4.2.13. Although the notations in this formula are a bit heavy, such a formulation
is necessary in order to get a better upper bound on the remainder term. It is the first step of
the proof of Theorem 4.3.4.

Lemma 4.3.5. Let z,y', ...,y be free semicircular systems of d variables. Then with T, =
{t1,...,tan} an increasing sequence of non-negative number and I = {s1,...,Son} € Jp, with
to =0, we set

2n

Xﬁ,Trz — Z(e—tl_l . _tl)1/2y3l + e—tn/QXiJV,
=1
2n
xz:,} _ Z(eftl,l _ )1/2ysz + eftn/Qxi
=1

We define the following subfamily of (Xi1)ien ), rci,s -

X1 = (Xi,l) Xip = (Xi’f)ie[l,d],lejlz )

i€lLd),leJl} 2
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X1 = (X;p). “113?2()(-) .
L= “)zeu,d]JeJ,;H’ 12 W) iend,reds?,

Since there is a natural bijection between J,, and sz’}rl, one can evaluate an element of Fj, in
(X141, Z) where Z = (Y1,...,Ys,) as in Definition 4.2.12, and similarly for X, )A(/l,l and )A(/Lg.
Then given a set Ty of 2n+ 2 numbers, we define the following operators from Fj , to .7:;;1,
forl from 1 to 2n,

L (Q) = ; Z el TN(<8?,S,TL (ailDiQ) (X110, 2) R0, (37;1DZQ) ()?1,1, Z) )
=
depth(s)=l

= (a}{s,n (?D:Q) (X2, 2) R AL, (92D,Q) (X, 2) )) .

We also define

DO | —

LI(Q) = et (8 (01D:Q) (Xani10,2) R0} (0D:Q) (Koniis, Z) )
<d

1<i,j

X (8]2 (8i2DiQ) (Xv2n+1,2, Z) X 8} (aiQDiQ) (Xont1,2, Z) ))

And finally we set

L' (Q) = ) 1[t1_1,tl}(t2n+1)LzTnH(Q) + 1[t2n,t2n+2}(t2n+1)L§Zf1(Q)- (4.23)

1<i<2n

Given Q € Fy,, if Thy1 a set of 2n+ 2 numbers, then Toi1 is the same set but whose elements
have been sorted by increasing order, then ,

E [TN (Q(XN’T", ZN))} — TN (Q(xT”, Z N))

Proof. With the notations of Lemma 4.3.2, let S € Fy(,+1),q be such that
S ((1 - 6_(t1_t0)>(ys>{s|depth"(s)zl}u SR (1 - 6_(t2n_t2n71))(ys){s\depth"(s):Qn}7 XN; ZN)

2n
=Q ((Z e*t171/2<1 _ e*(tl*tzq)l/?yfz + etQ”/ZXiN> ’ZN)
=1 IeJy,

Consequently 0;D;S = e~ 9;D;(Q) where on the left side we used the non-commutative differ-
ential defined in 4.2.4 which is also the one used in Lemma 4.3.2, whereas on the right side we
used the non-commutative differential defined in Definition 4.2.13. Thus with the convention
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of Definition 4.2.15, we set d; to be d times the number of s € .J,, which have depth [, then

E [TN <S (vY) )} . (S (Y) )

:21]\[2/000 Z /tl " [TN((@lj(ﬁlD S)( ll)ga”(alD S) <~1l)>
1Si%on,
1<j<d;
2 (0F, (020:S) (2 R}, (02Di5) (221)) ) ar i
+2]1V2/006_t1<¢j<d /OtE[TN <8 (82 ) gal (alDS)( )>

2 (a (02D,5) () R &} (92 DiS) (= )))}dr dt.

Consequently, since S(YV) = Q( XN ZN) and S(Y) = Q(z™, ZN), if we set

NTpt1 _ N, Tn41 NTnv1 _ N, Tn+1

IEJll ) IE]l2 ’

n+1 n+1
YN Tnt1 N, Tp41 N, Tp41 VN, Tt
Xl,l - (XI TeJht vX = (X Tegh?
St ST

we have that

E [TN (Q(XN’T", ZN))} - (Q(a:T", ZN)>
1

:W/o DYDY e—tz_l/o

1<i,j<d  s€[l,en],
1<i<2n  depth(s)=l

o (02,0 (910:0) () ma) (01 D,) (R v vsvnr) )

7,8,m 7,8,mn

(ajzsn (82D Q) ( N{Tn T, t+t2n}> X 9! (82D Q) ( N{T” T tHQ"}) ))]dr dt

7,8,m
+ 1 / —t—2tan Z /
2N? 1<4,5<d 0

E[TN(<812 (QlDZQ) (Xgi{l,TlmrHthHQ"}) X 81 (alD Q) ( TZL\Q{IT{L o, t+t2n}) )

(ag (82D Q) ( 7JL\;{1T2n r+ton, t+t2n}) X 31 (82D Q) ( 7JLV+{1T; r+t2n,t+t2n}) ))}d’r dt.

Thus if we set T,,.1 = {T,,r,t}, after a change of variable, we get that
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E [TN <Q(XN7T", ZN))] — TN (Q(xT", ZN)>
g = e [ Efn((# @00) () maL, (000.0) (R3™))

1<i,j<d

1<i<2n

86[1,071},
depth(s)=l

<a§sn(52DQ)( XN R, (92DQ) (X NT”“)))}(ZT dt
bo et [ s (2 (i) (XN R (2ipQ) (R0 )

2n 1<i,5<d
(02 (02D,Q) (XN ) m 0! (82D,Q) (x25) ))} dr dt.

Hence the conclusion by renaming 7 in t5,11 and ¢ in t9,49.

This prompts us to define the following operator:

Definition 4.3.6. In order to be perfectly rigorous, as pointed out in Definition 4.2.8, we have
to define Lgfﬁlm%,én Y .7-""Jrl as in (4.23) but where we replaced every non-commutative
differential by their equwalent deﬁned in 4.2.8. Then given x = (x1)rey,,, and z elements of a

g*-algebm, we define LT™+1(Q)(z, z) as the integral of LZZ*&H s (@) (T, 2) over oy, Bn,yn and

Thus we get directly the following proposition.

Proposition 4.3.7. Let x be a free semicircular system, (y');>1 be free semicircular systems
free from x, and XV be independent GUE matrices. We define XN1n and 2™ as in 4.5.5,
Ay ={ty; > toi 0> >t >0} N{Vs € [1,i],tas > tas_1 > 0} C R*, then for any Q € Fuy,

(o)
_ NQZ/ ((Lfo) (Q)(mﬁ,ZN)> dty .. dty:

0<i<k
- /A E[m(<ﬁk+l...ﬁl) (Q)(XN@H,ZN)H dt ... dbss.
k+1

1

Before giving the proof of Theorem 4.3.4, as mentioned in the introduction, the former
proposition gives some insight in map enumeration.

Remark 4.3.8. We say that a graph on a surface is a map if it is connected and its faces
are homeomorphic to discs. It is of genus g if it can be embedded in a surface of genus g but
not g — 1. For an edge-colored graph on an orientated surface we say that a vertex is of type
q = Xi ... X, if it has degree p and when we look at the half-edges going out of it, starting
from a distinguished one and going in the clockwise order the first half-edge is of color iy, the
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second iy, and so on. If My(X;, ... X;,) is the number of such maps of genus g with a single
verter, then given X independent GUE matrices

1 N yN } v b | .
E {N Try (XY XN)| = %Nzg/\/lg(x“...xlp)‘

For a proof we refer to [33] for the one matriz case and [60], chapter 22, for the multimatriz
case. Thanks to Proposition 4.3.7, we immediately get that

My(Xiy ... X)) :/A T<Lfg...Lﬁ (Xi,... X,,) (;ﬁg)) dty ... dts, .

g

We can now prove Theorem 4.3.4.

Proof of Theorem 4.3.4. Thanks to Proposition 4.3.7, we immediately get that

Bo (#(POCY,2)) = & ol (7.2
+ ]\72(1k+1) /R /Ak+1 E |:TN< (L:F’““ . Lﬁ> (eiyp)(XN’ﬁ““, ZN)ﬂ dty ... dtagiry duy).

All we need to do from now on is to get an estimate on the last line. To do so we use the
following remark. Let Q) € Fj , then we can write

Q= Z ciM;

1<i<Nb(Q)

where ¢; € Cand M; € Fj, are monomials (not necessarily distinct). We also define C4.(Q) =

max{1,sup, |¢;|}. Since for any I € J,, XZ{\]I’T" <2+ HXZN , given
B= {2 - HXZN }ISiSpU {"Zjv“}lgqu,

and Dy the maximum of this family, we get that

|QXNTr, ZV)| < Nb(Q) x Crnaa(@Q) x DY, (4.24)
It is worth noting that this upper bound is not optimal at all and heavily dependent on the
decomposition chosen. Now let us consider Zg:lt-j—ﬁln77n75n defined as in Definition 4.3.6. We also

consider fzq the x-algebra generated by Aj  and the family
{6i)\yp((Xi,I)l§i§daZ) | T€J,,\€ o, 1]}
Then f)gﬂ;m%’(;n send fc’zq to fg;l. Let @ € fc’iq, then we get that

deg (L1235, 1,0,(@)) < deg Q + 4 deg P,

_ e—t2n+2

Conas (L8 30(@)) < (14 [y)" Cna(P)! Conen(@),
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Nb (L3, 0.,(Q)) < deg(Q)(deg @ + deg P)(deg @ + 2 deg P)
x (deg @ + 3deg P) x (Nb(P)deg P)* x Nb(Q).

Thus if we define by induction Qy = %", and Q.1 = ~§:T/§m%75nQn, by a straightforward
induction we get that

deg @, < 4ndeg P (4.25)
Con( @) < L0 4yl (P (4.26)
NB(Qn) < (Nb(P)(deg P)2)4n(4n)! (4.27)

Actually since we have Ds, ;e" = iy (95172-P%éeiyp , one can replace (1+ |y|)*" in equation (4.26)
by |y|(1 + |y|)**~1. Thus thanks to (4.24), we get that

Tt Ty NTes1 7N
‘ Lak+1ﬂk+1ﬁk+1,5k+1 cot La1,51,71,51 Q<X ,Z )
k+1 e*tQT

|
< x
Tl;[l 2 1+ |yl

)4(k+1)

(04 Cone PV ) a4 1 DY

Consequently after integrating over a,, 8., Vn, On, We get that

/ / E {TN< <Lfk+l ce L7~“1> (ein)(XkaJrl’ ZN)>} dtq .. .dtg(k+1) du(y)|
RJAg+1

< kﬂl

thyr>top>. 42 >0 T

tgre*t%“

ity dty .. dts x [ [yl + [y)**dlul(y)

4(k+1)
* (Cmax<P>N b(P)(deg P>2) (4(k + 1))l x E [ Dy 0 4E0].
Besides
k+1 t2T€7tQT e k1 »
H dtldtk+1:2 HtTe T dtl-'-dtk_i_l
ka2t 2 20 71 0<ty <oty "
k+1
< 2_k_1 / H 6—t,~/2 dtl . dtk+1
0<t1<<tgy1 r=1
k+1
= / H e_tr dtl . dtk+1
0§t1§--~§tk+1 r=1
B 1
(k+ 1)
and

/R|y|(1 + [y) 3| p(y) < 24’“+3/R(|y| + y* E D d|p (y).
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Thanks to Proposition 4.2.18 we can find constants K and ¢ such that with

Ky = max{K, |2 }

g e e ey

Z;V‘

then for any k < c¢(deg P)"'N,

E [D;l\}k—l—l)degP] < K;lv(k—l—l)degP'

Thus thanks to Stirling formula, there exists a constant C' such that

/ / E {TN( (Lﬁcﬂ L Lﬁ) (ein)(XN,TVHl’ ZN))] dt1 Ce dtg(k+1) du(y)‘
R JAg 1

>4(k+1)

< [yl + 9" dlpl() x (€ x K Ca(PINO(P)(deg PI?) X ™

Hence we get equation (4.21). We get equation (4.22) very similarly. Finally to prove the last
affirmation, we only need to consider a function which takes value 0 on a neighborhood of the

spectrum of P(z, ZV). Let X'V be independent GUE matrices of size [N, then we get that for
any k such that f is smooth enough, thanks to equation (4.21),

E {TN (f(P(Xuv, AR ]l)))] = 0;k (U\lf)%af(f, ZN @ L) + 0172k,

But in the sense of Definition 4.2.1, for any 4, (27:, Z¥ @ I;) and (27, ZV) have the same
distribution, hence

E (s 2 e )] = 3 el 27+ 00

Consequently, if there exists i such that of (f, Z¥) # 0, then we can find constants ¢ and k
(dependent on N) such that

E {TN ( FP(X™N, 7V & ]l)))] e € X 172, (4.28)

We are going to show that the left hand side decays exponentially fast in [, hence proving a
contradiction. Now if we set E the support of f, then

E o (1(PX™, 28 0 1))]| < IF1 B (o (P, 2Y @ 1) N E £ 0).
However thanks to Proposition 4.2.18, there exist constants A and B such that for any [,
P (HP(X”V, 7N @ I,)H >A) <e P
Thus,
‘IEJ {TN (f(P(XlN, AR 1,)))] ‘ <l (11» (o (P(X'™, 2N @ 1)) N EN[-A, A] #0) + e—Bl>.
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Let g be a C°-function, with compact support disjoint from the spectrum of P(x, Z") such
that g|Eﬁ[—A,A] =1. Then,

’IE

v (HPCEY, 28 @ 1)) || < ISP (o (PO, 2V @ )| > 1) + e

Since g is C* and has compact support, thanks to the Fourier transform it satisfies (4.20) for
any k, thus for any self-adjoint matrices U and V,

o) =gl = [y [[ 0w = V) - daduy)|
<=V [ Iylalul(y).

Hence there is a constant Cp such that for any self-adjoint matrices X;,Y; € M;x(C) whose
operator norm is bounded by B,

lg(P(x,2Y)) = g(P(Y. 2")|| < C& 321X - Vil

Consequently, with a proof very similar to the one of Proposition 4.6 of [7], we get that there
exist constant D and S such that for any ¢ > 0,

P (Jo (PX™, 2 1) & [Jg (POX. 2V 0 )| 2.6+ DoY) < g™ 1 o580

But then thanks to Theorem 1.6 of [28] and Weierstrass theorem, we know that almost surely
Hg(P(X’N, ZN @ Il)> H converges towards 0. Hence thanks to Proposition 4.2.18 and dominated

convergence theorem, we get that E H g (P(X™N, ZN ® ]l)> ’H also converges towards 0. Hence
for [ large enough, there exist a constant S such that

P (Jo (PX. 2" 0 1)) 21) < .

Consequently we get that there exist constants A and B such that
e 24 )24

which is in contradiction with equation (4.28). Hence the conclusion.
[

We can now prove Theorem 4.1.1, the only difficulty of the proof is to use the hypothesis
of smoothness to replace our function f by a function which satisfies (4.20) without losing too
much on the constants.

Proof of Theorem /4.1.1. To begin with, let

P e~ == if g e (0, 1),
' 0 else.

Let H be the primitive of h which takes value 0 on R™ and renormalized such that it takes value 1
for x > 1. Then given a constant m one can define the function g : © — H(m+1—x)H(m+1+x)
which takes value 1 on [—m, m| and 0 outside of (—m — 1,m + 1). Let B be the union over i
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of the events {HXZNH > D+ a '} where D and o where defined in Proposition 4.2.18. Thus
P(B) < pe Y. By adjusting the constant K defined in Theorem 4.3.4 we can always assume
-1 L ZN)|| < mCla K-
We fix m = mCpa K%, thus if P(XY, Z") has an eigenvalue outside of [—m, m], necessarily
X" € B. Thus

E [ (11— (PN, 2)| < 171 P(B) < 1 lop x e ™. (429

that it is larger than D + o', thus if for any i,

Since fg has compact support and is a function of class C***D+2 we can take its Fourier
transform and then invert it so that with the convention h(y) = 3= [ h(z)e *™dz, we have

Ve €R, (fg)(x) = /]R & fg(y) dy

Besides, since if h has compact support bounded by m + 1 then HhH (m+1) ||k, we have
sty | Ak i
+ d < / = d
/R(!yl + 3" %) Fa(y)| dy < i vy Fo(y)| dy

4(k+1)+2

_ / Yimo 1+(J;g)(")(y)‘ "

. 1
< Lt ) W ellwnes [ 3 do

<(m+1) ||fg||c4<k+1>+2 )

Hence fg satisfies the hypothesis of Theorem 4.3.4 with pu(dy) = E(y)dy. Therefore, combining
with equation (4.29), by adjusting the constant C, we get that

E [ (f(POCY,2Y)| - ¥

0<i<k

1

N2 Q; (fg7 ZN)

deg P ) 4(k+1)+1 -
< gz I gllesrna X (C x KI5PC (PYNb(P)(deg P) ) < I

Since the norm of the family Z% is uniformly bounded over N, the second line is of order N ~2¢=2,
Hence if (3;)1<i<k is a family of scalar such that E |:TN (f(P(XN, ZN)))] —Yo<i<ck N726; is also

of order N72*72_ then so is Yo<;<i(af (fg, Z") — ﬂz)N_% Thus for any i, 8; = af (fg, ZV).
Thus since it does not depends on g, one can set o (f, ZV) = af (fg, ZV).

Finally, one can write the j-th derivative of # — e™* ' on R* as ¢ — Q;(z~ Ve " for
some polynomial );. By studying Nb(Q;), Cinax(Q;) and deg(Q;), as in the proof of Theorem
4.3.4, we get that the infinity norm of the j-th derivative of this function is smaller than
20 5 !(5]' /4)%/%. Hence by adjusting C' and using Stirling formula,

—4

B [rw (PN, 2)| = 3 gl (F0.2%)
0<i<k
1 deg P ey Lok
< ~airs 1 llesornsz X (C’ X K35 Croax(P)Nb(P)(deg P) ) x 12k,
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The other points of the Theorem are a direct consequence of Theorem 4.3.4.

4.4 Consequences of Theorem 4.3.4

4.4.1 Proof of corollary 4.1.2

Let g be a non-negative C*°-function which takes value 0 on (—o0,1/2], 1 on [1,00) and in
[0, 1] elsewhere. For any a,b € R, we define hf, ; : 2 = g(e™'(z — a))g(—e~' (v — b)). Then let
T be the collection of connected components of the complementary set of o(P(x, AY)). Then

we define
ht = Z hj.
IeT

This function is well-defined since the spectrum of P(z, AY) is compact, hence its complemen-
tary set has a finite number of connected components of measure larger than €. And since if
b—a<e, hfa’b] = 0, the sum over I € 7 is actually a finite sum. Besides, we have that

P (a(P(X"N, AN)) ¢ o(P(x, A)) +¢) < P(|[p5(P(XY,AN)) > 1)
< E [Ty (h5(P(XY, AM))] .

Besides thanks to Theorem 4.1.1 since the spectrum of P(x, AY) and the support of h® are
disjoint, and that the operator norm of the matrices AV is uniformly bounded over N, for any
k € N, we get that there is a constant C} such that for any € and for NV large enough,

8_4k_2

E [Try (h5(P(XN, AM)))] < Cr it

Thus if we set ¢ = N~* with a < 1/2, then by fixing k large enough we get that
P (o(P(XN,AY)) ¢ o(P(x, AN)) + N™*) = O(N7?).

Hence the conclusion by Borel-Cantelli lemma.

4.4.2 Proof of Corollary 4.1.3

Firstly, we need the following lemma.

Lemma 4.4.1. Let g be a C*™ function which takes value 0 on (—o0, 1/2] and value 1 on [1,00),
and in [0,1] otherwise. We set f.:t > g(e ' (t — a)) with o = HPP*(w, AN)
constants C' and c such that for any k < cN, ¢ >0 and N,

, then there exist

E {TrN <fa(PP*(XN,AN)))] < N xC* (‘E;>2k J12%

Proof. To estimate the above expectation we once again want to use the Fourier transform
with a few refinements to have an optimal estimate with respect to e. We set fF : ¢t —
g(e7H(t — a))g(e Y (k — t) + 1) with K > a. Since g has compact support and is sufficiently
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smooth we can apply Theorem 4.3.2. Setting h : t — g(t — e 'a)g(e ™'k + 1 —t) = f5(et), we
have for £ € N*,

/y""“lf“ Idy—2 /y‘”“
L Y
~ on /y

/h(t)e_‘yat sdt‘ dy
4k

o 4k
_27T/y

< S [ 1 o 0RO )
< (a0l + )

/g (t—a))g(e H(k —t) + e ™ dt| dy

/h iyt dt‘ dy

In the last line we used the fact the support of the derivatives of h are included in [e o, e o+

1JU[e7'k,e7 'k + 1]. Thus thanks to Theorem 4.3.4 and by using the function g defined in the
proof of Theorem 4.1.1, we get that there exist constants C' and ¢ such that for any k < ¢V,
for any k > a,

E {TrN <f§(PP*(XN,AN)))} < N xC* (j;)gk F12%

Hence the conclusion by dominated convergence theorem.

Consequently, with z, = max(z,0), for any r > 0,
E|(|pP e )| - [ppr . av)) |
<r+ /OOP (|[PPr(x™,A%)|| > PP (2, 4Y)| + ) de
<r +/ (TrN (fg (PP (XN, AN))) > 1) de
< r—i—/ [TrN (fa (PP* (XN, AN))H de
<r—4+rxNxC* (Z\;)Qkkmk.
Thus by taking » = N~¢, we get that

B ([P (x4 - PP am)),

<N x (1 + N1+2k(20-1) o Okkuk) .

Now we want to pick a and k such that N1+2k(a=1) x CkE12k {5 hounded by 1 uniformly over N
(while keeping in mind that & has to be an integer). It is sufficient to pick a and k such that,

In C+hl];]V+121nk<2x(1—2a)lnN.
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We fix k = [In V], then we need to pick a such that
InC+1+12In[In N| <2 x (1 —2a)InN.

Which means that we can pick a = % — 4%, and for N large enough,
. . . 2In*N
E [(HPP (XY, %) PP (Jc,AN)H)J < oN—t ;N .

Thanks to Proposition 4.6 from [7] we have that for N > In(p), there exist constants K and
D such that

]P’( | [|[PrP(x™, AN)| - E [| PrP(xXN, AN)||] | > 0+ Ke_N> < e N 4 e DEN,

Thus with ;. = max(z,0), we immediately get that

5+K€—N 21n4N)

MY
1Pz, AN

P ((fret.a%] - e av)) >

<P ((HP<XN,AN)H _ HP(‘”’AN)H) X (HP(XNPAN)H n HP(%AN)H) S 4 Ke-N 4 2 N)

VN

IN

o (Jr e %] [t a7 51 e 5 280

VN

IN

IP( |PrP(XN, AY)| | PPz, AY)| > 6+ Ke ™
+B (P Pec, 4| = [P, aM)), ])
< P( | PPN, AN)| = | P P(z, AN)|| = 6 + Ke™™ + B [| P*P(XN, AN)|| — | P* P(x, AV)|] )
< IP’( [P P(x™, a%)| - E [| PPN, AM)|] = 6+ KeN)
S G_N —|—€_D52N.

Since the family (A")y is uniformly bounded over N, so is the sequence (HP (z, AN )H) N, hence

by replacing 6 by D~'/25, we get that there is a constant C' such that

B ([P )| - [Paam] z ¢ (54 ) <o e

Finally by replacing ¢ by h\‘;NN(S, we get that
VN

Pl =
In" N

(Pee, a9 = [t a)f) = 06 1)) < st
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Chapter 5

Concentration estimates for random subspaces
of a tensor product, and application to
Quantum Information Theory

Given a random subspace H,, chosen uniformly in a tensor product of Hilbert spaces V,, @ W,
we consider the collection K, of all singular values of all norm one elements of H,, with respect
to the tensor structure. A law of large numbers has been obtained for this random set in
the context of W fixed and the dimension of H,,V,, tending to infinity at the same speed by
Belinschi, Collins and Nechita.

In this paper, we provide measure concentration estimates in this context. The probabilis-
tic study of K, was motivated by important questions in Quantum Information Theory, and
allowed to provide the smallest known dimension for the dimension an an ancilla space allowing
Minimum Output Entropy (MOE) violation. With our estimates, we are able, as an applica-
tion, to provide actual bounds for the dimension of spaces where violation of MOE occurs.

This chapter is adapted from [11], which is a joint work with Benoit Collins.
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5.1 Introduction

One of the most important questions in Quantum Information Theory (QIT) was to figure
out whether one can find two quantum channels ®; and ®, such that

where H,;;, is the Minimum Output Entropy (MOE), defined in section 5.4. This problem was
solved by [61], with important preliminary work by [62] (see also references therein). This was
especially important in QIT, since there was hope such quantum channels did not exist and
consequently that the MOE would be additive, i.e. that the inequality of equation (5.1) would
be an equality. In this case, it would give a systematic way to compute the classical capacity
of a quantum channel. For more explanation we refer to [90].

All proofs available so far are not constructive in the sense that constructions rely on the
probabilistic method. After the initial construction of [61], the probabilistic tools involved in
the proof have been found to have deep relation with random matrix theory in many respects,
including large deviation principle [63], Free probability [64], convex geometry [65] and Oper-
ator Algebra [66]. The last two probably give the most conceptual proofs, and in particular
convex geometry gives explicit numbers. Free probability gives the best numbers for the output
dimension [64] but was unable to give estimates for the input dimension so far. More gener-
ally, the optimal violation obtained in [64] relates to a LLN obtained in [67] whose speed of
convergence was not explicit, and in turn, did not give any estimate on the smallest dimension
of the input space. In order to obtain explicit parameters, measure concentration estimates,
ideally large deviation estimates, are required. And from a theoretical point of view, this is
the goal of this paper. Our main results (Theorem 5.2.2 and 5.4.3) give precise estimates for
the probability of additivity violation and the dimension of the violating channel in a natural
random channel model. The proof is based on the far reaching approach of [8] — see as well [7].
As a corollary, we obtain the following important application in Quantum Information Theory:

Theorem 5.1.1 (For the precise statement, see Theorem 5.4.3). There exist a quantum channel

from Mgz 1051 (C) to Myg4(C) such that combined with its conjugate channel, it yields violation
of the MOE.

The paper is organized as follows. After this introduction, section 2 is devoted to introducing
necessary notations and state the main theorem. Section 3 contains the proof of the main
theorem, and section 4 contains application to Quantum Information Theory.

Acknowledgements: B.C. was supported by JSPS KAKENHI 17K18734, 17H04823 and
20K20882. F.P. was supported by a JASSO fellowship and Labex Milyon (ANR-10-LABX-
0070) of Université de Lyon. This work was initiated while the second author was doing his
MSc under the supervision of Alice Guionnet and he would like to thank her for insightful
comments and suggestions on this work. The authors would also like to thank Ion Nechita for
an interesting remark on the minimum dimension with respect to k.

5.2 Notations and main theorem

We denote by H a Hilbert space, which we assume to be finite dimensional. B(H) is the
set of bounded linear operators on H, and D(H) C B(H) is the collection of trace 1, positive
operators — known as density matrices. In the case of matrices, we denote it by Dy C My(C).
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Let d,k,n € N, let U be distributed according to the Haar measure on the unitary group of
M, (C), let P, be the canonical injection from C¢ to C**, that is the matrix with kn lines and
d columns with 1 on the diagonal and 0 elsewhere. With Tr, the trace on M,,(C), we define
the following random linear map,

®, : X € My(C) s idy ® Tr,,(UP,X P:U*) € M,(C). (5.2)

This map is trace preserving, linear and completely positive and as such, it is known as a
quantum channel. Let t € [0,1]. Let (d,)nen be an integer sequence such that d ~ tkn, and
define

Kyt = P,(Dy,). (5.3)

There is a much more geometric definition of K, ;; thanks to the following proposition. Actu-
ally, while the quantum channel (5.2) is random, we do not use this fact in the proof, and we
could very well prove the same result for a quantum channel defined as in equation (5.2) but
with a deterministic unitary matrix instead of a Haar unitary matrix U.

Proposition 5.2.1. We hawve,

Kori ={X € Dy | VA€ Dy, Tri(XA) < |PXUAR L,UP,||}. (5.4)
Besides for any A € Dy, {X € Kppt | Trp(XA) = |PIUA® L,UP,||} is non-empty.
Proof. Let Y € D,,, A € D, then

Tr (9, (Y)A) = Trp(UR,YP:U* - A® I,,)
= Try(VYPU - A® I, - UP,VY)
< Trg(Y) |PUS - A® L, - UP,|
—|PU*-A® L, -UP,].

Let us write £ for the right member of the equation (5.4), we just showed that K, : =
®,,(D,,) C E. Besides if P, is the orthogonal projection on the vector x, we have that

|P:U* - A® L, -UP,|| = %%%Trd(P;U* -A® I, -UP,P,) = gé%d{Trk(A D, (Fy)).
Thus, for every ¢ > 0 and A € Dy, we can find an element of K, 5 in {X € Dy | Trp(XA) >
|PiU*A® I,UP,|| — €}. By compactness of Kj,,, we can even find an element of K, in
{X €Dy | Tri(XA) = |PUA® L,UP,||}.

If we see E as a convex set of M(C)g,, let X € E be an exposed point of E, that is there
exists A € M (C),, and C such that the intersection of F and {Y € M (C),, | Trx(AY) = C}
is reduced to {X} and that E is included in {Y € M(C),, | Trr(AY) < C'}. We have the
following equality for A large enough since if Y € Dy, Trp(Y) =1,

o A+ M\, O+

Thus, we can find B € Dj and ¢ such that such that the intersection of E and {Y €
Dy | Trp(BY) = ¢} is reduced to { X} and that E is included in {Y € Dy | Trp(BY) < ¢}. To
summarize:
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o The intersection of K, 5, and {Y € Dy | Trp(BY) = ||P;U*- B® I, - UP,||} is non-
empty.

e K,r+ C E, so the intersection of E and {Y € Dy | Tr(BY) = |P:U*-B® I, - UP,||}
is non-empty.

» The intersection of £ and {Y € Dy | Tri(BY) = ¢} is exactly {X}.

E is included in both {Y € Dy, | Tri(BY') < ¢} and

(Y €Dy | Tee(BY) < |PU* - BRI, - UP,|}.

Hence it implies that ¢ = ||PfU*B ® [,UP,|| and that X € K, ;. Thus we showed that the
exposed point of E belongs to K, ;:. By a result of Straszewicz ([91],theorem 18.6) the set
of exposed points is dense in the set of extremal points, so the set of extremal points of E is
included in K, ;. Since K, is convex, F is included in K, j ;. O

Thanks to Theorem 1.4 of [9], we know that |P*U* - A® I,, - UP,|| converges almost surely
towards a limit ||Al|,), which we now describe in terms of free probability (for the interested
reader we refer to [92], but a non expert reader can take lim, [|P'U*- A® I, - UP,| as the
definition of [|Al|,) without loss of generality). For A € M(C), we set:

[All ) = llpeApell (5.5)

where on the right side we took the operator norm of p; Ap;, with p; a self-adjoint projection of
trace t, free from A. Consequently, we define

Ko = {X € Dy, | VA € Dy, Tra(X A) < [ Al }- (5.6)

Given their definition, it seems natural to say that K, j,; converges towards Kj,. However
it is not quite as straightforward. The convergence for the Hausdorff distance was proved in
[67], Theorem 5.2. More precisely the authors proved that given a random subspace of size
d,, F,r+ the collection of singular values of unit vectors in this subspace converges for the
Hausdorff distance towards a deterministic set Fy ;. It turns out that K, (respectively Kj ;)
is the convex hull of the self-adjoint matrices whose eigenvalues are in F,, ;. ; (respectively Fj ;).
However our paper is self-contained and we do not use this theorem. The main result of this
paper is a measure concentration estimate and can be stated as follows.

Theorem 5.2.2. If we assume d,, < tkn, then for n > 3* x 230 x 1n2(lm) < ket
P(Kn,k,t ¢ Kk,t + 5) S €k2(1n(3k2€71))—zxﬁ7

where K+ ={Y € Dy, | 3X € Ky, [| X =Y, < e} with | M|, := /Trp(M*M).

While this does not prove the convergence for the Hausdorft distance of K, ; + towards Kj
since we do not study the probability that Kj; ¢ K, 1+ +¢c. We could adapt our proof to get
this result, but without getting estimates with explicit constants which would be detrimental
to our aim of finding explicit parameters for violation of the additivity of the MOE.
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5.3 Proof of main theorem

We will combine this geometrical description with the following lemma to get an estimate.

Proposition 5.3.1. If we define Ky, + ¢ = {Y € Dy | 3X € Ky, | X =Y, < e} with
| M|y = +/Trx(M*M), then the following implication is true,

VA€ Dy, |PUA® LUP,| < | Al + %

Before proving it, we need a small lemma on the structure of Kj;.
Lemma 5.3.2. Let A € Dy, then {X € Ky | Trp(XA) = [|A )} is non-empty.

Proof. Thanks to Proposition 5.2.1 we know that for any n, {X € K,x: | Trp(XA) =
|PiU*A ® I,UP,]||} is non-empty. Hence there exists X,, such that:

o Trp(X,A)=|PU*A® I,UP,|},

— Kn,k,t - Kk,t +e.

e VB € Dy, Tey(X,B) < |[PU*B® L,UP,|}.

By compactness of Dy, we can assume that X, converges towards a limit X. But then as
we said in the previous section, thanks to Theorem 1.4 from [9], | P*U*B ® I, UP,|| converges
towards || B|;). Thus X is such that:

o Tre(XA) = [|All i},
e VB € Dy, Trp(XB) < ||BH(t)}.

That is, X belongs to {X € Kj; | Tri(XA) = [[A]l,)}- O
We can now prove Proposition 5.3.1.

Proof of Proposition 5.3.1. We assume that K, ; ¢ K + ¢, then thanks to the compactness
of K+ and Ky, we can find X € Kj,; and Y € K, such that | X —Y], > ¢, and

Ky N B(Y, || X —Y]|,) is empty. We set U = ﬁ A= (U+1), then A € Dy,. We are

going to show that || P;U*A® L,UF,|| > [|A|, + . To do so we define

C+1

P — {B € Ky; | Tro(AB) = k} — (B€ Ky, | Tra (UB) = C} .

Let us assume that for C' > Trp(UX), Pc is not empty, then let S € Po. We can write
C = Tr,(U(X + tU)) for some t > 0, thus Tr,(US) = Tri(U(X + tU)), that is Tri((Y —
X)X = 98)) =—t|]Y — X]||,. Hence the following estimate:

1Y — (X + (1 —a)9)|2 = Tny <(Y X+ (1—a)(X - S))Q)
=Y — X[ = 2t(1 — o) |Y = X[l + O((1 — a)?).

Consequently since Ky, is convex, for any a, aX + (1 — a)S € Ky, thus for 1 — o small
enough we could find an element of Ky; in B(Y, ||X — Y||,). Hence the contradiction. Thus for

C > Trp(UX), Pc is empty. By Lemma 5.3.2, we get that % > [|All - Next we define

1
Tri(AB) = CJF} ={B € Kups | Tty (UB) = C} .

Qc = {B € Koy i
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Then clearly for C' = Tr,(UY'), Q¢ is non-empty since Y € Qv wy). Hence thanks to the
geometric definition (5.4) of K, x:, we have that %Y)H < ||PU*-A® I, -UP,||. Thus we
have,

k

Y = Xll,
k

* * g
1P U A® LUP,[ > +l Al = +llallgy > £ + 14l

O

Actually with a very similar proof, we could even show that almost surely there exist A € Dy,
such that
At (Koo Kit) =k x || P3U - A@ I, - UP, || = || All

where dp is the Hausdorff distance associated to the norm [|.||, which comes from the scalar
product (U,V) — Tr,(UV). However this result will not be useful in this paper since the
absolute value would be detrimental for the computation of our estimate. The following lemma
is a rather direct consequence of the previous proposition.

Lemma 5.3.3. Let u > 0, let S, = {uM | M € My(C)so, Vi > j, R(m;;) € {N—l—%} N
0, [u™t]], Vi > j, S(mi;) € {N—i— %} N[0, [u="]] }, let Pp, be the convex projection on Dy.

_ V2
Then with v = 3k§,

* * 6
MeS,

Proof. We immediately get from proposition 5.3.1 that

€
P(Knps & Kis+¢) <P <3A €Dy, |PU - AQ L, -UP,| > Al + k) .
Now, let A € Dy, by construction of S,, there exists M € S, such that the real part

and the imaginary part of the coefficients of M are u/2-close from those of A. Thus we have

|A— M|, < % Hence if we fix u = then we can always find M € S, such that

|A— M|, < 5. Besides we have,

3k2 )

1 Ally — 1P, Mll | < 1A~ Po, M| < [|A — Pp,M],.

|PUA® L,UP,| — |P;U*(Pp,M ® I,,)UP,||

< |A~ Po, M| < /A ~ Pp, M]l,.

Hence since Pp, A = A and that Pp, is 1-lipschitz, we have [|A — Pp, M||, < [[A — M|, < 5.
Consequently,

19 19
{||P;;U* A® L UP,| > || Al + } {HP*U*(PDkM ® LYUP.| > ||Po, M|, }

k Sk:

Hence,

{EIA €Dy, |PIU - AQ L, -UP,| > Al + Z}

&
c U {||P*U* Pp,M & L)UP|| > | Pp, M| }

The conclusion follows.
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The next lemma shows that there exist a smooth function which verifies some assumptions
on the infinite norm of its derivatives.

Lemma 5.3.4. There exists g a C® function which takes value 0 on (—o0,0] and value 1 on
J+1)

[1,00), and in [0, 1] otherwise. Besides for any j <6, Hg H =277

Proof. Firstly we define,

. i ift <1/2
f-te[()?l]'_){g(l—t) ift>1/2 "’
Ho:C0,1]) - e.1)

£(2t) if £ <1/2
U tH{—f(Qt—n if ¢ >1/2

Inspired by Taylor’s Theorem, we define

(z—t)°

= HPf(t) dt.

h:xG[O,l]H/x
0
It is easy to see that h € C5([0, 1]) with

(x — )5

vji<5 K9 . a:GOl»—>/ )

H5 f@)ydt,  h®=mHf

Thus one can easily extend kA by 0 on R~ and h remains C° in 0, as for what happens in 1 it is
way less obvious. In order to build g we want to show that

Vi<j<6, hAY1)=0, A1) >0.
To do so let w € C°([0, 1]), then for any k& > 0,

l—kw:1/2—kw —1—kw—
/0(1 1) Huw(t)dt /0 (1 — t)kw(2t)dt /1/2(1 1)*w(2t — 1)dt

:2k1+1/ (20 - (1—t)) w(t)dt

k
1 — t dt.
i 20

Thus recursively one can show that ¥1 < j < 6, hU)(1) = 0. We also get that

= [ O g B [ s =

iG+1)

Hence we fix g = 22'h, further studies show that Hg(j)H =272 . O

In the next lemma, we prove a first rough estimate on the deviation of the norm with respect
to its limit. It is the only one where we use that d,, < tkn.
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Lemma 5.3.5. For any A € Dy, € > 0,

In*(kn) _,
on
Proof. For a better understanding of the notations and tools used in this proof, such as free
stochastic calculus, we refer to [8]. In particular 7y, is the trace on the free product of My, (C)
with a C*-algebra which contains a free unitary Brownian motion, see Definition 2.8 of [8]. As
for §,D and K, see Definition 2.5 of [8] and 2.10 from [10]. If you are not familiar with free
probability, it is possible to simply admit equation (5.9) to avoid having to understand the
previous notations.
Since ||PiU*-A® I, - UP,|| = |P.PiU* - A® I, - UP,P}||, we will rather work with P =
P, Py since it is a square matrix. To simplify notations, instead of A ® I,, we simply write A.
Let us now consider a function f such that

VeeR, f(x)= /Reixyd,u(y), (5.8)

for some measure pu. We set vy = U ® [; x VU and w, = U @ I; x WU where
(UMY 0, (V) 50, (Wk1) 54 are independent unitary Brownian motions of size mkn started
in the identity. We also set Py = Iy, ® E;;y where Ej; is the matrix of size m whom all
coefficients are zero but the ([,1") one which is 1. Then thanks to Lemma 4.2, 4.6 and Corollary
3.3 from 8], with ur a free unitary Brownian motion at time 7 started in 1,we have the following

expression,

P(|P;U"A® LUP,| > [|All ) +¢) <3 x 2% x (5.7)

E [kln Tren (f(P U AU P))] _E {rkn (f(P U A Uur P))}

1 iyPv}Avs P
I S (R S

1<l,i’<m
X §od%o D(einwIAwSP) %A.Pl,l,> dsdt du(y).

Then if we set R} = PviAv,P and R = Pw;AwP , after a lengthy computation,

Te i (5 060 D(eiypvé‘ A%P) JP ® 6080 D(éypw?f‘lwsp) #Pu)

— iy Tr, (5(1’:1405)#3',1 X 5(P6iyRSP)#Pl,z'>

— iy Trpen <6(PeinyP)%éPl/l x 5(w:Aw8)#Pl,l,>

+y / Trien (5(1} AvsPe‘yaRlpv*Avs)#Pm X 5(Pe‘y (1-a) 2P)#P”/) do

—y / Tryn | O(v AvsPe‘yo‘RlP)#Pyl X o(w AwsPe‘y(l_a)RSP)#B’l) do

+y / Trye (5 (P PYJEPy , x §(w Aw, Pev(1=8s Py Aw ) EP, l,)
(o

-y / Trikn

(P T Py Av)# Py x §(Pev0=9%: Py Aw,)# P, w)
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Since the norm of A, P,vs and w, are smaller than 1, and that the rank of P,y is kn, by
using the fact that the non-renormalized trace of a matrix of norm smaller than 1 is smaller or
equal to its rank, we finally get that for any ¢,

1

kn

Tr, . (5 oslo D(einv;‘AvsP> #P” X 50520 D<€inw;AwsP)#Pl’l/) |

1 1
< 8y2+2y2/0 (4+ 2aly]) x 2(1 — a)ly| da+2y2/0 2+ 2aly]) x (2 +2(1 — a)ly|) da

8
= 16y° + 16[y|* + Sy

Consequently, we get that

‘]E [kln Tre, (f(P U AU P))} _E {r,m (f(P U A Uy P))”
< (IZ; /41/2 + 4y + §y4 d| | (y)-

Thanks to Proposition 3.3 from [8], we get that

Ten (elyPuTU AUuTP) - T(elypu AuP)

Tn <€1yPuTU AUuTP> — Ten <61yPu U AUuP)'

1 . . . ~ o~
= 'y / 7 (PP P (Ut AUy — iU AUty ) P e 0= v due?) g
0

< 8e?mwe T2y

Consequently, if the support of f and the spectrum of Pu*AuP are disjoint, then 7'( f(Pu*A®
I, u P)) =0, and

’E [kln Ty, <f(P U AT, U P))” (5.9)

. T2 2
< sene ™2 [yl dil(y) + ()[4 + 4yl + 5o dinl(w).

Let g be a C® function which takes value 0 on (—oo,0] and value 1 on [1,00), and in [0, 1]
otherwise. We set f. : t + g(2¢7'(t — a) — 1)g(2¢7'(1 — ) + 1) with a = [|A[|,). Then
the support of f is included in [||A[, ,00), whereas the spectrum of Pu*AuP is bounded
by [[PurAuP| = ||All;, gy < [|All) since d, < thn. Hence f. satisfies (5.9). Setting

hites glt—2e"'a—1)g(2e7 41 —t), we have with convention f(x) = (21)~" fp f(y)e dy,
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for0<k<4andanyﬁ>0

/|y\ |f(y \dy— Yt—a)—1)g(2e (1 = t) + e ™ dt| dy

)e—iya,Bt/Q fdt‘ dy

)e vt dt’ dy

o
1 1

< okok / d / KK (B)| + B2+ (88)]) dt

< o2t [ ay (0] + 850

<27 (57 o)+ 8oL -

In the last line we used the fact that we can always assume that o + & < 1 (otherwise
P(|PU*-A® L, - UFR| > [|Al; +¢) = 0 and there is no need to do any computation)
and thus that the support of ¢ — g(t — 2 'a — 1) and the derivative of ¢ — g(2e™' + 1 — )

are disjoint. Thus by fixing § = \/Hg(’“)HOO lg®+2) || we get

Sl dy < 257 /Ig®] g+,

Consequently, since f. satisfies (5.8) with du(y) = ﬁ(y)dy, by using (5.9) we get

‘E{ Trin (fa(P U A® I, UP)}
2 T/2 T 2 )
< 16e“me \/||g(1 Hg T+ (kzn) 16¢e \/||g(2)||oo ||g(4)||oo
T\ - 32 B

Combined with Lemma 5.3.4 and fixing 7' = 4ln(k‘n), we get

’]E [kln Ty (fE(P U" AL, U P))”

15 et In(kn)\” In(kn)\” 249/2 (n(kn)\*
< 9% 2 929/2 ~2 | 939/2 -3 =3
=<7 (k:n)2 * kn e kn T 3 kn c

Since for any n, almost surely ||PiU*- A® I, - UP,|| < 1, we have
P(IP;UTA® LUP,|| 2 Al +e¢)
_ IP’(EIA € o(PU*A® ILUP), f.(\) = 1)

| /\

E [Ty, (fa (PU Ao I, U P))}

< <Trkm <f5 PUA® I UP)) > 1)
1 9 571 n In®(kn) (229/25—2 1 939/2.-3 | 242/25_4> .

IN

2

e -

k:n kn
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One can always assume that In*(kn) > 1 since for small value of k and n, (5.7) is easily verified
since the right member of the inequality is larger than 1. One can also assume that ¢ < 1 since
almost surely ||PiU*A ® [,UP,|| < 1. We get the conclusion by a numerical computation.

[

We can now refine this inequality by relying on corollary 4.4.28 of [13], we state the part
that we will be using in the next proposition.

Proposition 5.3.6. We set SUy = {X € Uy | det(X) = 1}, let f be a continuous, real-valued
function on Uy. We assume that there exists a constant C' such that for every X,Y € Uy,

f(X) = f(YV)| < ClX =Y, (5.10)

Then if we set vg the law of the Haar measure on G, for all § > 0:
_No?2
iy (‘f(.) _ /f(Y.)duSUN(Y)’ > 5) < 272 (5.11)
Lemma 5.3.7. For any A € Dy, € > 0, if kn > 2% x In?(kn) x e~*, we have
P([|P;U" - A@ L - UP|| > || Al +¢) < 2e7F%.

Proof. We set,
f:U—||PPUAR LUP,|,

h:X €U, / FIY X)dvsu, (Y).
If U is a random matrix of law Vsu,,, and « a scalar of law vy, independent of U 1 Then the

law of aU" is 1y, since its law is invariant by multiplication by a unitary matrix. Consequently
for any X € Uy,

h(X) = E[f(U'X)] = Elf (aU' X)] = B[f(aU")] = [ f(¥)dvy, (V).

The third inequality is true since for any scalar a and X € Uy,, f(X) = f(aX). Besides we
also have that for any U,V € Uy,

IfU) = f(V)| <2[|U = V[ <2|U = V],

Thus by using Proposition 5.3.6, we get

kns2

P (’HP;U*-Ae@In UP,||-E ||p;U*A®InUPn\|” > 5) < 200
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Besides if for z € R, we denote z; = max(0, z), then
P(I|P;UA® LUP,| > || Al +e¢)
<P(IPU"A® LUP,| - E[|P;U"A & LUR)

>eo EK |PAUA® LUP,| — ||A||(t)) D
+
< IP’( ‘ |PU*A @ ILUP,| — E[ |P*U*A ® LUP,| } ’

>e—E (HP;U*A@) LUP,| — ||A||(t))+D

2
_kn<e—E (P;U*A@InUPn||—||A|(t)) D /16
< 2e + .

Besides thanks to our first estimate, i.e. Lemma 5.3.5, we get that for any r > 0,

1
E KHP;U*.A@)IH -UP,|| — HAH(t))+ < 7“—|—/T P(\\P;U*A®InUPn]] > [|All +a) do

In?(k 1
<r+42%2x n(n)/ 3 x a *da
]CTL r

3

2
<r+4+2%2x In (kn)r*
kn
1/4
And after fixing r = (222 X mi{(i:n)) / , we get that
In?(kn)\ "
E [(HP;U*.A®In.UPnH _ HAH(t)> ] < (226 y nk(”)> .
n n

Hence if kn > 2% x In?(kn) x e~*, we have

£

2
P(|PU° - A® L, - UP| = [ Al +¢) < 2e7.
O

We can finally prove Theorem 5.2.2 by using the former lemma in combination with Lemma
5.3.3.
Proof of Theorem 5.2.2. If we set u = %, then with S, = {uM | M € M(C)y, Vi >
j, R(miz) € N+ 300, [u™]], Vi > j, S(mi;) € {N+31}0[0, [u']] }, Lemma 5.3.3 tells
us that

€
P(Kuis ¢ Kie+e) < X P(IPU(Po M & LOUP > [Po, M|+ o)
MeS,

But thanks to Lemma 5.3.7, we know that for any A € Dy, if n > 3% x 230 x In?(kn) x k34,
then

&2

8) < 2e kX576,

P (||P;U*A ® LUPL| 2 Al + 57
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Thus since the cardinal of S, can be bounded by (u~! + 1)*, we get that for n > 3% x 230 x
In®(kn) x k34,

2

P(Kpps & Ky +¢) <2+ 1)%—%% < Rk ™))~ x 575

5.4 Application to Quantum Information Theory

5.4.1 Preliminaries on entropy

For X € D(H), its von Neumann entropy is defined by functional calculus by H(X) =
—Tr(X In X), where 0In0 is assumed by continuity to be zero. In other words, H(X) =
2 aespec(x) —A In A where the sum is counted with multiplicity. A quantum channel ® : B(H;) —
B(H,) is a completely positive trace preserving linear map. The Minimum Output Entropy
(MOE) of & is

Hyp(®) = min H(®(X)). (5.12)

During the last decade, a crucial problem in Quantum Information Theory was to determine
whether one can find two quantum channels

®; : B(H;,) — B(Hy,),i = {1,2},

such that
Let e; = (1,0,...,0) € R* and let

L-llafle 1 =llelle
k—1 77777 k=1

k—1 times

(5.13)

zy = | el

If we view 2z} as a diagonal matrix, then it can be easily checked that z; € Kj,;, and the
following is the main result of [64]:

Theorem 5.4.1. For any p > 1, the maximum of the I’ norm on Ky, is reached at the point
xy.
By letting p — 1 it implies that the minimum of the entropy on K}, is reached at the point

x; and this is what we will be using. For the sake of making actual computation, it will be
useful to recall the value of ||e;||;. For this, we use the following notation:

(190%7) = (1,1,...,1,0,0,...,0) € R¥, (5.14)

J times k—j times

and 1% = (1%0°). It was proved in the early days of free probability theory (see [92]) that for
j=1,2,...,k, one has

tu—2tu+2y/tu(l —t)(1L—u) ift+u<l,

Jo20)] | fbuz

where u = j/k.
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5.4.2 Corollary of the main result

The following is a direct consequence of the main theorem in terms of possible entropies of
the output set.

Theorem 5.4.2. With Sy 1 = minack,, , , H(A) = Huin(Pn) and Sy = minacg, , H(A), if we
assume d, < tkn, then for n > 3* x 23 x In®(kn) x k3%c¢* where 0 < e < e ',

n £

]P(Smk,t < s — kel 1n(5)|> < R

Proof. Let A, B € Dy, such that ||A — B||, < ¢ with | M|, = \/Trx(M*M), with eigenvalues
(A\)i and (p;);. Then with ¥ = max{e, z},

| Tro(AIn(A))| — | Trx(B1n(B '

Z)\ln Zulln 1)
Z)\ln Zulln ;)

< 2hel ()] + S - [ n(o)

<2k sup |xIn(z)|+
z€[0,¢]

< 2ke|In(e)| + k: |A— B [In(e)|
< 3ke|In(e)|

Thus if we endow My (C) with the norm M — /Trp(M*M), then if K+ C Kg: + €, then
Snet > Minacg, e | Trp(AIn(A))| > Sy — 3ke[In(e)|. Hence

P(Sn,k,t < Skt — 3ke] 1n(5)\> <P(Knkt € Kt +e).

Theorem 5.2.2 then allows us to conclude.
O]

5.4.3 Application to violation of the Minimum Output Entropy of
Quantum Channels

In order to obtain violations for the additivity relation of the minimum output entropy, one
needs to obtain upper bounds for the quantity Hp,(® ® ¥) for some quantum channels ¢ and
¥. The idea of using conjugate channels (¥ = ®) and bounding the minimum output entropy
by the value of the entropy at the Bell state dates back to Werner, Winter and others (we
refer to [62] for references). To date, it has been proven to be the most successful method of
tackling the additivity problem. The following inequality is elementary and lies at the heart of
the method: B -

Hupin(® @ @) < H([® ® O|(Ey)), (5.15)

where Fj is the maximally entangled state over the input space (C%)®2. More precisely, Ey is
the projection on the Bell vector

1 d
Belld = ﬁ Zei X €, (516)
=1
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where {e;}L, is a fixed basis of C. B
For random quantum channels ® = ®,,, the random output matrix [®, ® ®,|(Ey,) was
thoroughly studied in [93] in the regime d, ~ tkn; we recall here one of the main results of

that paper. There, it was proved that almost surely, as n tends to infinity, the random matrix
(D, @ ®,](Fy,) € M;2(C) has eigenvalues

. 1—t1-t 1—t
’Yt: t+ k2 1) kQ RN k2

(5.17)

k2—1 times

This result improves on a bound [62] via linear algebra techniques, which states that the largest
eigenvalue of the random matrix [®, ® ®,](Ey,) is at least d,,/(kn) ~ t. Although it might
be possible to work directly with the bound provided by (5.17) with additional probabilistic
consideration, for the sake of concreteness we will work with the bound of [62]. Thus if the
largest eigenvalue of [®,, @®,](Ey, ) is d,/(kn), since Trj, @ Tr([®, @ ®,](Ey,)) = 1, the entropy

1_231 (lk ") thus it follows that

is maximized if we take the remaining k% — 1 eigenvalues equal to

- - d 1—@n 1— 9
Hoyn(®@ @) < H([P® (£, ) < H |~ ko kn
k2—1 times

Therefore, it is enough to find n, k, d,, t such that

— Z:Zlog (Z;) — (1 — Z;/) log l<1 — 2’;) J(K* = 1)

In [64] it was proved with the assistance of a computer that this can be done for any k > 184, as
long as we take t around 1/10, see figure 1 from [64]. However for k large enough, the difference
between the right and left term of (5.18) is maximal for ¢ = 1/2. As soon as we take ¢ such
that 3ke|In(e)| is less than the difference, we are done. For example, we obtain the following
theorem

< 2H(z). (5.18)

Theorem 5.4.3. For the following values (k,t,n) = (184,1/10,2 x 10°?), (185,1/10,4 x 10°!),
(200,1/10,2 x 10%7), (500, 1/10,8 x 10%), (500,1/2,2 x 10%) wviolation of additivity is achieved
with probability at least 1 — exp(—10%°).

Proof. We make sure to work with n a multiple of 10 so that we can set d, = tkn, then since
Hmin(q)n) = Hmin<q>n)7

P(Hmin((bn &® (i)n) < Hmin(q)n) + Hmin((I)N))
= ]P(Hmin(q)n ® (i)n) < 2Hmin<q)n)>
< IP’( — tlog(t) — (1 —t)log [(1 — 1) /(K> — 1)] < 2Hmm(<1>n))

t 1—1t 1—1t
=1 =P ( Huw(®n) < —= log(t) — 1
( mln( n>_ 2 Og<t) 2 Og(kQ_l))
=1—-P(Snps < Skt — Oky),
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with

t 1t 1—t 1—leall s
Okt = ilog(t) + 5 log (k2 — 1) - ||€1||(t) 10g(||€1||(t)) - (1~ ||€1||(t))10g <k—1 .

Then we conclude with Theorem 5.4.2 to compute explicit parameters.

[]

Let us remark that in [64] what was actually proved is that violation of additivity can occur
for any £ > 183. However, for the output dimension k£ = 183, a probabilistic argument is
needed — namely, the limiting distribution of the output of a Bell state and in turn, the fact
that one can give a good estimate in probability for liminf,, H i, (®, ® i)n) (again, we refer to
[93, 64] for details). However this estimate is difficult to evaluate explicitly as a function of
n, therefore, in this paper, we replace it by a slightly weaker estimate that is always true and
that yields violation for any & > 184. In other words we lose one dimension. To conclude,
since our bound is explicit, we solve the problem of supplying actual input dimensions for any
valid output dimension, for which the violation of MOE will occur. From a point of view
of theoretical probability, this is a step towards a large deviation principle. And although
our bound is not optimal, our results presumably give the right speed of deviation. However
conjecturing a complete large deviation principle and a rate function seems to be beyond the
scope of our techniques.



Chapter 6

Convergence for noncommutative rational
functions evaluated in random matrices

One of the main application of free probability is to show that for appropriately chosen in-
dependent copies of d random matrix models, any noncommutative polynomial in these d vari-
ables has a spectral distribution that converges asymptotically and can be described through
free convolutions. The goal of this paper is to show that this can be extended to noncommu-
tative rational fractions, hereby answering an open question by Roland Speicher.

This chapter is adapted from [12], which is a joint work with Benoit Collins, Tobias Mai,
Akihiro Miyagawa and Sheng Yin.
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6.1 Introduction

Free probability was invented by Voiculescu 40 years ago as an attempt to understand the
group von Neumann algebra of free product of groups. In general, non-trivial free products
of groups yield ICC class groups, and their von Neumann algebra is a factor. Therefore they
have only one finite trace, and it was natural to study free product factors from the point of
view of non-commutative probability spaces — a pair consisting of an algebra and a trace. This
point of view has been spectacularly successful, and arguably one of its biggest — and initially
unexpected — achievements was to be able to describe the limiting spectrum of noncommutative
polynomials in i.i.d. random matrices. This phenomenon is known as asymptotic freeness. It
was initially described in [3, 14]. It has been subsequently enhanced in many directions, and a
notable direction of improvement was the study of the norm of random matrix models (strong
asymptotic freeness), cf. [9]. This result has allowed to turn an area of pure mathematics into
a very useful tool for applied mathematics who rely heavily on random matrix models.

The models whose limiting behavior is well understood thanks to asymptotic freeness in-
volve the arithmetic operations of multiplication, addition, scalar multiplication. Other useful
operations have also been successfully studied through free probability, such as taking matrix
values, or Hadamard products (asymptotic freeness with amalgamation). We refer to [94] for
an exposition of many classical and recent results in this direction. Recently, it has also been
possible to involve systematically the composition with smooth functions, even at the level of
strong convergence, cf. [7, §].

However, one arithmetic operation that remains largely unexplored in the context of random
matrix models is the inverse. The purpose of this paper is to address this question. A recent
result in [95] shows that taking inverse is a stable operation if the convergence in distribution is
replaced by the strong convergence for matrices. More precisely, for a sequence of matrices that
strongly converges in distribution towards a limiting object — an operator which we also call
a (noncommutative) random variable — the sequence of their inverses will eventually be well
defined and strongly converges in distribution to the inverse of the limiting random variable,
provided that this random variable has a bounded inverse. Furthermore, such a result can
be extended from an inverse to noncommutative rational functions in multiple variables (a
counterpart of commutative rational functions that has been developed by many pioneers, see,
for examples [96, 97]) by a recursive structure of rational functions (and their representing
rational expressions) or by a linearization trick for rational functions.

However, in order to go beyond the case of bounded evaluations, a problem that one faces
about the inverse is that using it might fail to result in a well-defined model, when the inverse
is performed on non-invertible matrices. On the other hand, the limiting object has been at
the center of the attention of free probabilists recently, and many breakthroughs have been
obtained, see among others [69]. Incidentally, the limiting theory relies on the theory of non-
commutative rational functions and the embedding question of the rational functions in the
generating operators into the algebra of unbounded operators affiliated with the underlying
von Neumann algebra. This embedding question was affirmatively answered long ago in [98],
whose goal was to provide an answer to the Atiyah conjecture for some family of groups in-
cluding the free groups. It was recently noted that this result also provided the answer to
the well-definedness question for rational functions in freely independent Haar unitary random
variables in the context of free probability. Moreover, in [69] the well-definedness was further
proved for a large family of random variables beyond the free Haar unitaries.
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Let us also mention that there are many natural random matrix models involving the inverse
operation and that this is an important topic nowadays, see e.g. [99, 100]. One goal of our
manuscript is to provide an unified approach to the study of the limiting spectral distribution
under such generality. Therefore, the natural questions are:

o can we make sense of random matrix models involving inverses?

e do they converge towards their natural limiting candidates, whose properties have been
unveiled recently?

These questions have been phrased by Speicher during a meeting at MFO in 2019, [101].
Partial answer has been given under some assumptions such as bounded evaluation and specific
random matrix models, cf. [95, 99, 102]. The purpose of this paper is to settle these questions
in a very general setup. Our main results can be stated as follows.

Theorem 6.1.1. Let X = (X{,..., X)) be a di-tuple of self-adjoint random matrices and
let UN = (UY,...,U}) be a dy-tuple of unitary random matrices. Further, let R be a non-
degenerate square matriz-valued noncommutative rational expression in d = dy + ds variables
which is self-adjoint of type (di,ds); see Definition 6.2.9. Suppose that the following conditions
are satisfied:

1. (XN UN) converges almost surely in *-distribution towards a d-tuple of noncommuta-
tive random variables (x,u) in some tracial W*-probability space (M, 1) satisfying the
reqularity condition A(z,u) = d; see Sections 6.2.4 and 6.2.5.

2. For N large enough R(X™N UYN) is well-defined almost surely.

Then R(x,u) is well-defined, and the empirical measure of R(X™N , UN) converges almost surely
in law towards the analytic distribution of R(x,u).

The assumption 2 is satisfied for random matriz models (X, UN) whose law on My (C)d x
Un(C)% is absolutely continuous with respect to the product measure of the Lebesque measure
on My(C)s, and the Haar measure on Uy (C).

In particular, the assumptions 1 and 2 are satisfied for random matriz models satisfying the
following conditions:

o (XN, UN) are almost surely asymptotically free.

e The law of each XJN has a density with respect to the Lebesque measure on My (C)g, and
its eigenvalue distribution almost surely converges weakly to some compactly supported
probability measure on R that is non-atomic.

e UV arei.i.d. Haar distributed.

The main part of Theorem 6.1.1 will be proven in Theorem 6.3.6 and Theorem 6.4.4. In
Theorem 6.3.1, we prove that condition 2 is satisfied for “absolutely continuous” random ma-
trix models (X, UY). In combination with this, Corollary 6.2.16 ensures that the particular
random matrix model (X~ U") satisfies the assumptions 1 and 2 of Theorem 6.1.1.

An interpretation of our results is as follows: the free field C£x, ..., x4 together with a -
structure can be endowed with a non-commutative probability structure through its embedding
in the x-algebra of operators affiliated to a I'[; factor. Let us elaborate on this non-commutative
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probability structure. To each selfadjoint rational function R of the free field one can associate
a real valued probability (i.e. an element of P(R)), which is in general unbounded. One sees
that this map C€xq,..., 24> — P(R) strictly supersedes the data of the tracial map on
the x-algebra generated by the generators, because in general, elements of the free field do
not have moments. In addition, it allows to define directly a non-commutative probability
structure on a *-free field without necessarily resorting to von Neumann algebras and affil-
iated operators. In this context, our result says that any matrix approximation of the free
non-commutative tracial x-algebra generated by the generators of the free field in the sense
of non-commutative distribution convergence, can be upgraded into a pointwise convergence
of the map C€xy,..., 24> — P(R). As a consequence, this interpretation may allow us to
read information on the algebraic side (the free field) out of information on the probabilis-
tic side (probability measures). For example, the inner rank of a self-adjoint matrix A over
C<xy, ..., 24> can be seen from the asymptotic proportion of zero eigenvalues in the spectrum
of the evaluation of A at any approximation matrices that model the free field.

For a d-tuple X satisfying A(X) = d, we know from [69] that the division closure D(X)

of C(X) in the x-algebra W*(X) of all closed and densely defined operators that are affiliated
with W*(X) provides a model of the free field C£x>. It would be interesting to find a criterion

—_——

similar to [103, 104] which allows us to decide whether an element in W*(X) belongs to the
division closure D(X). If d > 2 and X are free Haar unitaries, then W*(X) is isomorphic to the
free group factor L(IFy); in this case, such a criterion was provided by Linnell in [104], building
on the paper [103] by Duchamp and Reutenauer in which they proved a conjecture of Connes
[105].

This paper is organized as follows: following this introductory section, section 6.2 gathers
necessary facts about non-commutative rational functions and expressions; section 6.3 shows
that the random matrix model is well-defined for dimension large enough and section 6.4 eval-
uates the limiting distribution.
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6.2 Preliminaries

6.2.1 Noncommutative rational functions and expressions

Let us denote by C(z1,...,z4) the algebra of noncommutative polynomials over C in the
indeterminates x1,...,x4. It is well-known that for its commutative counterpart, namely the
ring of commutative polynomials, one can construct uniquely the field of fractions of this poly-
nomial ring by the quotients of polynomials. However, to construct a skew field of fractions of
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C(x1,...,xq) is highly non-trivial. Moreover, there exist skew fields of fractions of C(xq, ..., z4)
which are not isomorphic (see, for example, [97, Exercise 7.2.13]). Nevertheless, there exists a
unique field of fractions of C(x1,...,z4) which has some universal property. We call this skew
field of fractions of C(xy,...,x4) the free field and denote it by C€x1,...,243>. An element in
the free field is called a noncommutative rational function.

Since the precise definition of the universal property of the free field is not relevant to this
paper, we refer the interested reader to [97, Chapter 7] for a more detailed description (as well
as some ring-theoretic construction) of the free field. We take the existence of the free field for
granted and apply some recent results about it.

Like a commutative rational function can be represented by a class of quotients of polyno-
mials, a noncommutative rational function can be represented by a class of noncommutative
rational expressions. One can think of a noncommutative rational expression as a represen-
tation of a noncommutative rational function. Actually, in [96], Amitsur constructed the free
field CLx, ..., 24> from noncommutative rational expressions (see also [107, Section 2]).

More precisely, noncommutative rational expressions are syntactically valid combinations of
C and symbols 1, ..., xq with +, -, 7!, and (), which are respectively corresponding to addition,
multiplication, taking inverse, and ordering these operations. For the sake of completeness, let
us mention that polynomial expressions are obtained in precisely the same manner but without
involving inverses. We admit that this definition, though easy to grasp, is not entirely rigorous as
it relies on the tacit agreement about what is meant by syntactically valid. Thus we refer here to
[108] for an alternative definition based on the graph theory, by which arithmetic operations for
rational expressions can be interpreted as operations on graphs (see also [102, Section IV.1]). We
emphasize that noncommutative rational expressions (in contrast to noncommutative rational
functions which we are going to define later) are completely formal objects obeying absolutely
no arithmetic rules like commutativity or associativity. For example, z; + (—1) - 21 and 0 are
two distinct rational expressions though clearly they represent the same function. Similarly,
x1 - (g - xq) and (w7 - x9) - 7 are different noncommutative rational expressions, but since
they show the same behavior when evaluated on associative algebras, we will write shorthand
X1 - T - X1 Or even x1xox, for better legibility as the inherent ambiguity does not cause any
problems.

One can also define matriz-valued noncommutative rational expressions; see Definition 2.1
in [109]. Those are possible combinations of symbols A ® 1 and A ® z; for j = 1,...,d, for
each rectangular matrix A over C of arbitrary size, with +, -, =%, and (), where the operations
are required to be compatible with the matrix sizes. Notice that ® has only symbolic meaning
here, but will turn into the ordinary tensor product (over C) under evaluation as will be defined
below.

Let us enumerate the rules which allow to recursively compute for every matrix-valued
noncommutative rational expression R the domain dom4(R) of R for every unital complex
algebra A and evaluations R(X) of R at any point X € dom4(R); note that the evaluation R(X)
of a p X ¢ matrix-valued noncommutative rational expression R and every point X € dom(R)
belongs to M,y,(C) ® A= M,,(A).

e If R=A®1 for some A € M,y,(C), then R is a p X ¢ matrix-valued noncommutative
rational expression with domy(R) := A% and R(X) := A® 14 for every X € A%

o If R=A®x; for some A € M,y,(C) and 1 < j < d, then R is a p X ¢ matrix-valued
noncommutative rational expression with dom4(R) := A% and R(X) := A® X for every
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X = (X1,...,X,) € A

e If Ry, Ry are p X ¢ matrix-valued noncommutative rational expressions, then R; + Rs
is a p X ¢ matrix-valued noncommutative rational expression with dom4(R; + Ry) :=
dom 4(R;) Ndom 4(R2) and (Ry + Re)(X) := Ry (X) +4 R2(X) for every X € domy (R +
Ry), where + 4 stands for the addition My,(A) X Mpy,(A) = Myx,(A).

o If Ry, Ry are p X ¢ respectively ¢ x r matrix-valued noncommutative rational expressions,
then R;- Ry is a p X r matrix-valued noncommutative rational expression with dom 4 (R -
Ry) = dom(R;) N domy(Ry) and (Ry - Ro)(X) := R1(X) -4 Re(X) for every X €
domy (R - Ry), where -4 stands for the matrix mutliplication M,y (A) x M, (A) —
M,y (A).

o If Ris a p X p matrix-valued noncommutative rational expression, then
dom4(R™) := {X € domu(R) | R(X) is invertible in M,(A)}
and R71(X) := R(X)™! for every X € domy(R™).

Note that the (scalar-valued) noncommutative rational expressions which we have intro-
duced before belong to the strictly larger class of 1 x 1 matrix-valued noncommutative rational
expressions; see Remark 2.11 in [109].

For reader’s convenience, we introduce two types of matrix-valued noncommutative rational
expressions which are important in a practical sense.

e A noncommutative rational expression evaluated in formal tensor products of matrices
and formal variables like as

R:’I‘(Al®$1,A2®$2,...,Ad®l‘d)

where 7 is a (scalar-valued) noncommutative rational expression and A, € M,(C) for
1 <1 < d. In other words, in this case we amplify formal variables by matrices and then
consider their (scalar-valued) rational expression.

o A matrix which consists of (scalar-valued) noncommutative rational expressions
R = (rijh<ispr<i<q-

This can be seen as a p X ¢ matrix-valued non-commutative rational expression by iden-
tifying with >, (a; ® 1)745(b; ® 1) where a; € Mpx1(C) and b; € M;,4(C) are standard
basis of C? and C?. We will implicitly use this viewpoint later (for example, in the proof
of Proposition 6.3.4).

A class of matrix-valued noncommutative polynomial expressions are affine linear pencils.
An affine linear pencil (in d variables with coefficients from My(C)) is a k x k matrix-valued
noncommutative polynomial expression of the form

A:A0®1+A1®x1—|—+Ad®xd

with coefficient matrices Ay, Ay, ..., Ay belonging to My (C). Notice, once again, that we omit
the parentheses for better readability as each syntactically valid placement of parentheses will
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produce the same result under evaluation. If A is any unital complex algebra and X € A%
then

AX) = A @14+ 4@ X+ + A3 @ Xy € My (C) @ A My(A).

Of particular interest are matrix-evaluations. For each matrix-valued noncommutative ra-
tional expression R, we put

domM((c)(R) = H domMN(@)(R),

N=1

i.e., domysc)(R) is the subset of all square matrices over C where evaluation of R is well-
defined. A matrix-valued noncommutative rational expression R is said to be non-degenerate
if it satisfies doms(c)(R) # 0. In the sequel, we will make use of the following important fact.

Theorem 6.2.1 (Remark 2.3 in [109]). Let R be a non-degenerate matriz-valued noncommuta-
tive rational expression. Then there exists some Ny = No(R) € N such that domy, c)(R) # 0
for all N > Nj.

Two non-degenerate matrix-valued noncommutative rational expressions Ry, Ry are called
M (C)-evaluation equivalent if the condition R;(X) = Ry(X) is satisfied for all X in the inter-
section of domps(cy(R1) and dom ey (Rs).

As we mentioned earlier, one can construct the free field out of noncommutative rational
expressions. This construction can be done by evaluating (scalar-valued) noncommutative
rational expressions on scalar-valued matrices. For a non-degenerate noncommutative rational
expression 7, we denote by [r] its equivalence class of noncommutative rational expressions with
respect to M (C)-evaluation equivalence. We endow the set of all such equivalence classes with
the arithmetic operations 4+ and - defined by [r1]+[rs] := [r1+72] and [rq]-[ro] := [r1-72]. Notice
that the arithmetic operations are indeed well-defined as one has dom ¢y (r1)Ndom ¢y (r2) # 0
for any two non-degenerate scalar-valued noncommutative rational expressions r; and ry; see
the footnote on page 52 of [107], for instance. It is known (see Proposition 2.2 in [107]) that
the set of all equivalence classes of noncommutative rational expressions with respect to M (C)-
evaluation equivalence endowed with the arithmetic operations 4+ and - forms the free field

CLxyy ..oy xay.

6.2.2 Linearization

Let us recall the following terminology that was introduced in [110, Definition 4.10].

Definition 6.2.2 (Formal linear representation). Let R be a p X ¢ matriz-valued noncommuta-
tive rational expression in the variables 1, ..., x4. A formal linear representation p = (u, A, v)
of R (of dimension k) consists of an affine linear pencil

A:A0®1+A1®x1—|—+Ad®xd

in d wvariables and with coefficients Ay, Ay, ..., Aq from My(C) and matrices v € M,(C)
and v € Myy,(C), such that the following condition is satisfied: for every unital complex
algebra A, we have that dom4(R) C domy(A™1) and for each X € domy(R) it holds true that
R(X) = uA(X) tv, where A(X) € M(A).
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Note that we use here a different sign convention by requiring R(X) = uA(X)"'v instead of
R(X) = —uA(X)'v; this, however, does not affect the validity of the particular results that we
will take from [110]. Furthermore, as we will exclusively work with formal linear representations
for matrix-valued noncommutative rational expressions, we will go without specifying them as
matrix-valued formal linear representations like it was done in [110].

It follows from [110, Theorem 4.12] that indeed every matrix-valued noncommutative ratio-
nal expression R admits a formal linear representation p = (u, A,v). For the reader’s conve-
nience, we include with Theorem 6.2.3 the precise statement as well as its constructive proof.
In doing so, we will see that Algorithm 4.11 in [110], on which the proof of Theorem 4.12 in
the same paper relies, provides a formal linear representation p = (u, A, v) of the p X ¢ matrix-
valued noncommutative rational expression R with the additional property that the dimension
k of p is larger than max{p, ¢} and that both v and v have maximal rank; we will call such p
proper. Note that if R is a scalar-valued rational expression, then a proper formal linear repre-
sentation p simply means that « and v are non-zero vectors. In general, due to the restriction
k > max{p, q}, we have that the rank of u is p and the rank of v is ¢ for any proper formal
linear representation p = (u, A,v) of R. This notion of proper formal linear representation will
be important in the sequel.

Theorem 6.2.3 (Theorem 4.12 in [110]). Every matriz-valued noncommutative rational ex-
pression admits a formal linear representation in the sense of Definition 6.2.2 which is also
proper.

Proof. Here, we give the algorithm which inductively builds a proper linear representations of
any matrix-valued noncommutative rational expression. For R = A®1 or R = A® x; for some
A€ M,y (C)and 1 < j < d we have

roo= (o) (M D) (%)

OQXP q

where I, € M,(C) is an identity matrix. Clearly we obtain a proper formal linear representation
in this way.

If the p x ¢ matrix-valued noncommutative expressions R; and R, admit proper formal
linear representations (uq, A1, v1) and (ug, A, v9) then we have

(Ri+Ro)(X) = (w up ) ( f(‘)l;(i) 2121&2) ) ( " ) .

This gives us a proper formal linear representation since (u; us), resp. (v v2)? is of rank p,
resp. q.

If Ry, Ry are p X ¢, resp. ¢ X r matrix-valued noncommutative rational expressions and
admit formal linear representations (u1, Ay, v1), resp. (ug, Ag, v9) of dimension kq, resp. ko then

we have 1
B A(X) ‘ —viug \ Oky
(Ry- Ro)(X) = ( U1 Opxk, ) < Oy ‘ Ay(X) Uy '

We obtain a proper formal linear representation since (u; Opxg, ), resp. (O, x» v2)T is of rank p,
resp. g.
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If R is a p X p matrix-valued noncommutative rational expression which admits a formal
linear representation (u, A, v) of dimension k, then we have

RYX)= (1, Opar ) < Op;p Affm )1 ( (;ff; ) ’

where X belongs to an appropriate domain for each step. It is clear that this gives us a proper
formal linear representation.

Finally, since all matrix-valued noncommutative rational expressions can be represented by
finitely many of the above steps, any matrix-valued noncommutative rational expression has
such a formal linear representation which is proper. O

In the non-degenerate case, formal linear representations are connected with the concept of
representations for noncommutative rational functions which is used, for instance, in [111, 112];
this will be addressed in Remark 6.2.5 and Remark 6.2.8. Before, we need to recall the following
terminology.

Definition 6.2.4 (Inner rank and fullness). Let R be a ring. For A € Myxm(R) we define the
inner rank pr(A) by

pr(A) =min{r € N| A= BC, B € Myx,(R), C € M,xn(R)},
and pr(0) = 0. In addition we call A full if pr(A) = min{n, m}.

Remark 6.2.5. 1. Let A be a matriz over noncommutative polynomials in a tuple x =
(x1,...,2q) of formal variables. According to Theorem 7.5.13 in [97] (see also A.2 in
[68]), we have

pea)(A) = pogay (A).
For this reason, we just say A is full, for a square matrix A over the noncommutative
polynomials, without mentioning which algebra we consider.

2. Let A be an affine linear pencil in x with coefficients taken from M(C). We may view
A as an element in M(C) @ C(z) = My(C(z)), i.e., A= A(z) is considered as a matriz
over the ring C(z). We notice that if there exists a tuple X € My(C)? such that A(X) is
invertible in My(C) ® My (C) = Myn(C), or equivalently, if dompycy(A™") # 0, then A
must be full. In fact, if A is not full, then any factorization A = BC with B € My, (C(x))
and C € M, (C(x)) for r = p(A) < k yields under evaluation A(X) = B(X)C(X) at
any point X € My(C)%, so that A(X) is never invertible.

On the other hand, if A is full, then A is invertible as a matriz over C€x>. Indeed,
fullness and invertibility are equivalent for any skew field (see Lemma 5.20 in [68]).

3. Now, let R be a non-degenerate matriz-valued noncommutative rational expression. From
Theorem 6.2.3, we know that there exists a formal linear representation p = (u, A,v); in
particular, we have that

domM(@) (R) - domM((C) (A_ ! )

_ f_o'[ {X € My(C) | A(X) invertible in Myn(C)}.

N=1

Since R is non-degenerate, we find X € dompsc)(R); from the aforementioned inclusion
and 2, we infer that A is a full matriz.
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4. Suppose that R is a mon-degenerate p X p matriz-valued noncommutative rational ex-
pression such that R™' is non-degenerate as well. Let p = (u, A,v) be a formal linear
representation of R; we associate to p the affine linear pencil

i [Opxp u
i)

We claim that both A and A are full. For A, we already know from 3 that this is true. To
check fullness of A, we use that R~ is non-degenerate, which quarantees the existence of
some X € dompyc)(R™1). Since in particular X € domyyc)(R), we get as p is a formal
linear representation of R that A(X) is invertible and R(X) = uA(X) 'v. Because
X € domycy(R™Y), we know that R(X) is invertible. Hence, by the Schur complement
formula, it follows that the matrix fl(X ) is invertible. Thanks to 2, this implies that the
affine linear pencil A is full.

The following lemma explains that non-degenerate matrix-valued noncommutative rational
expressions induce in some very natural way matrices over the free field.

Lemma 6.2.6. Let R be a p X ¢ matriz-valued noncommutative rational expression in d formal
variables. If R is non-degenerate, then x = (x1,...,2q) € domcgg,, . 2,5 (R) and consequently

R(x) € Myxq(CLx3).

Proof. Let us denote by PRy the set of all non-degenerate matrix-valued noncommutative ratio-
nal expressions R which have the property + € domg,3y (R). We want to show that 9 consists
of all non-degenerate matrix-valued noncommutative rational expressions. In order to verify
this assertion, we proceed as follows. Firstly, we notice that both R; + R, and R; - Ry belong
to Ro whenever we take Ry, Ry € Rg for which the respective arithmetic operation is defined.
Secondly, we consider some R € Ry which is of size p x p and has the property that R~! is
non-degenerate. By Theorem 6.2.3, there exists a formal linear representation p = (u, A, v) of
R, say of dimension k, and according to Remark 6.2.5 4 we have that both A and the associated

affine linear pencil
i (Opxp u
A._< g A)

are full, i.e., A(z) € My(C(z)) and A(x) € M;,(C(x)) become invertible as matrices over the
free field C€x}. Since x € domcye,sy (R) as R € Ry, we get R(x) = uA(z) ', because p is a
formal linear representation of R. Putting these observations together, the Schur complement
formula yields that R(z) € M,(C{xz¥}) must be invertible, i.e., z € domce,y(R™') and thus
R~ € Ry, as desired. O

Remark 6.2.7. With arguments similar to the proof of Lemma 6.2.6 as based on Remark
6.2.5 4, one finds that if Ry, Ry are mnon-degenerate matriz-valued noncommutative rational
expressions satisfying Ri(v) = Ra(x), then Ry ~ucy Ra. In other words, matriz identities
over CLx> are preserved under well-defined matriz evaluations.

Remark 6.2.8. In the scalar-valued case, the conclusion of Lemma 6.2.6 can be strengthened
slightly. For that purpose, it is helpful to denote the formal variables out of which the non-
commutative rational expressions are built by x1, ..., Xq in order to distinguish them from the
variables w1, ..., xq of the free skew field CLxy, ..., x43; note that accordingly x; = [x;| for
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j=1,...,d. Now, if r is any scalar-valued noncommutative rational expression in the formal
variables x1, ..., Xa, then Lemma 6.2.6 tells us that x € domeg,y (1) and r(z) € CLx}. More-
over, we have the equality r(x) = [r]. This can be shown with a recursive arqgument similar to the
proof of Lemma 6.2.6; notice that if a non-degenerate rational expression r satisfies r(z) = [r]
and has the additional property that r~' is non-degenerate, then r(z) = [r] is invertible in
C&ay, which implies © € domgggyy(r™) with r—(z) = [r]™t = [r1].

This has the consequence that every formal linear representation p = (u, A,v) of r satisfies
(7] = r(z) = vA(z) . In the language of [111, 112], this means that the formal linear repre-
sentation p of r induces a (pure and linear) representation of the corresponding noncommautative
rational function [r].

6.2.3 Self-adjointness for matrix-valued noncommutative rational
expressions

When evaluations of matrix-valued noncommutative rational expressions R at points X =
(Xi,...,X4) € domy(R) for *-algebras A are considered, it is natural to ask for conditions
which guarantee that the result R(X) is self-adjoint, i.e., R(X)* = R(X). Those conditions
shall concern the matrix-valued noncommutative rational expression R itself, but depending
on the particular type of its the arguments X, ..., Xy. The case when X1,..., X  are all self-
adjoint was discussed in [110, Section 2.5.7]. The following definition generalizes the latter to
matrix-valued noncommutative rational expressions in self-adjoint and unitary variables.

Recall that an element X in a complex *-algebra A with unit 14 is called self-adjoint if
X*=X,and U € A is said to be unitary if U*U =14 = UU".

Definition 6.2.9 (Self-adjoint matrix-valued noncommutative rational expressions). Let R be
a square matriz-valued noncommutative rational expression in di + do formal variables which
we denote by x1,...,%qy, Ui,...,Ug,. We say that R is self-adjoint of type (dy,ds), if for
every unital complezx *-algebra A and all tuples X = (X1,...,Xq) and U = (Uy,...,Uy,) of
self-adjoint respectively unitary elements in A, the following implication holds:

(X,U) € domyu(R) =  R(X,U)" =R(X,U)

One comment on this definition is in order. The reader might wonder why the matrix-valued
noncommutative rational expressions do not explicitly involve further variables uj, ..., u}, serv-
ing as placeholder for the adjoints of uy, ..., ug,. In fact, for (scalar-valued) noncommutative
rational expressions such an approach was presented, for instance, in the appendix of [99] (a ver-
sion for noncommutative polynomials appears also in [113]); more precisely, noncommutative ra-
tional expressions in collections of self-adjoint variables x, non-self-adjoint variables y, and their
adjoints y* were considered. For our purpose, however, this has the slight disadvantage that
non-degenerate noncommutative rational expressions of this kind (take r(y,y*) = (yy* — 1)},
for example) may have no unitary elements in their domain. On the other hand, there are
noncommutative rational expressions (or even noncommutative polynomial expressions such as
yyy* + y*yy*) which are not self-adjoint on their entire domain but self-adjoint on unitaries.

The following example illustrates Definition 6.2.9 and highlights the effect of having two
types of variables.
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Example 6.2.10. 2, +z5 ", i(u; —uy') and uy 'z7 'y are self-adjoint non-commutative rational
expressions since we have for self-adjoint elements X1, Xo and a unitary Uy in their domain,

X+ X0 = X7+(X5) ' =X+ X,
iU = U = —i(Uy — (U™ = iUy — U Y
(UFXTO)T = UR (X)) TN UD)T = U X

However, u; +uy ", i(xy —x7") and 27 ui*xy are not self-adjoint in our definition. So we need
to be careful to the roles of formal variables when we consider self-adjoint rational expressions.
For the matriz-valued case, the 2 X 2 respectively 1 x 1 matriz-valued noncommutative rational

eTPressions
_ BN | .
vt . 1 -y uy?
1 and (u1 r1 + qu) .1 .1
ul 332 Zul .:172 l’l - Z'U/Q

are self-adjoint of type (2,1) and (2,2), respectively.

Like in [110, Definition 4.13] for the case of self-adjoint arguments, we can introduce self-
adjoint formal linear representations; see also [99, Definition A.5] for the scalar-valued case.

Note that in order to make the machinery of self-adjoint linearizations ready for further
applications, we will switch from now on to a more general situation.

Definition 6.2.11 (Self-adjoint formal linear representation). Let R be a p X p matriz-valued
noncommautative rational expression in d formal variables x1,...,xq. A tuple p = (Q,w) con-
sisting of an affine linear pencil

d
Q=4®1+> (Bj®x;+ B @)

J=1

in the formal variables xy,..., x4 and x3,..., x5, with coefficients being (not necessarily self-
adjoint) matrices By, ..., By in My(C) for some k € N, some self-adjoint matriz Ay € My(C)
and some matriv w € Myy,(C) is called a self-adjoint formal linear representation of R (of
dimension k) if the following condition is satisfied: for every unital complex x-algebra A and
all tuples X = (X1, ..., X4) of (not necessarily self-adjoint) elements in A, one has

X e dOIIlA(R) - (X, X*) S domA(Q*I)
and for every X € domy(R) for which R(X) is self-adjoint, it holds true that
R(X) = w*Q(X, X*) w.

We point out that in contrast to the related concept introduced in [110, Definition 4.13] the
existence of a self-adjoint formal linear representation in the sense of the previous Definition
6.2.11 does not enforce R to be self-adjoint at any distinguished points in its domain. In fact,
we have the following theorem which says that every square matrix-valued noncommutative
rational expression admits a self-adjoint formal linear representation; this is analogous to [110,
Theorem 4.14].

Like for formal linear representations, we will say that a self-adjoint formal linear represen-
tation p = (Q,w) of a self-adjoint p X p matrix-valued noncommutative rational expression R
is proper if the dimension k of p is larger than p and if w has full rank (i.e., the rank of w is p).
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Theorem 6.2.12. Fvery square matriz-valued noncommutative rational expression in d formal
variables admits a self-adjoint formal linear representation in the sense of Definition 6.2.11
which is proper.

Proof. Let p = (v,Q,w) be a formal linear representation of R in the variables z1, ...,z with
the affine linear pencil ) being of the form

d
Q=A®1+> B;®u;.

J=1

We consider p = (Q,w) with the affine linear pencil

~ ~ d ~ ~
Q=Ae1+Y (B +B o))

=1

in the variables x1,..., x4, 7,..., 2} given by

= [0 Af = (0 0 o %v*
AO.—<AO O)’ Bj.—<Bj 0)’ and w.—<w>.

One verifies that p = (@, w) is a self-adjoint formal linear representation of R which is moreover
proper whenever p is proper. O

Notice that if R is a p X p matrix-valued noncommutative rational expression in d; + ds
formal variables z,..., 24, u1,...,uq, which is self-adjoint of type (di,ds), then each self-
adjoint formal linear representation of R can be brought into the simplified form p = (Q,w)
with an affine linear pencil

dy do
Jj=1 Jj=1

in the formal variables x1,...,zq,, ui,...,Uq,, uj,...,uy, with coefficients being self-adjoint
matrices Ag, A1,...,Ag, and (not necessarily self-adjoint) matrices By, ..., Bg, in My(C) for
some k € N and some matrix w € Mjyx,(C); indeed Theorem 6.2.12 yields a self-adjoint
formal linear representation of R with an affine linear pencil in the formal variables z1, ..., xq4,,
ry, ..., 2y and uy, ..., ug,, uj, ..., uy,, from which we obtain @ of the asserted form by replacing
x7,...,x5 by x1,..., 24 and merging their coefficients. In particular, we have

(X,U) € domy(R) — (X,U,U*) € dom4(Q™)
and for every (X,U) € dom4(R) it holds true that
R(X,U) = w*Q(X,U,U*) " w.

Example 6.2.13. We return to the self-adjoint noncommutative rational expressions presented
in Example 6.2.10. Let us construct a self-adjoint formal linearization of x1 + x5 '. Using the
algorithm from [110] which we recalled in the proof of Theorem 6.2.3, we obtain first a formal
linear representation

1 -X, 0 0
Xi+X'=(101)[0 1 0 1
0 0 X 1
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Out of the latter, we construct with the help of Theorem 6.2.12 the self-adjoint formal linear
representation

-1

0 0 0 1 0 0 3
0 0 0 -X3 1 0 0
(1 1 0 0 0 0 0 X :
Xi+X'=(3043011) L X, 0 0 0 0 :
0 1 0 0 0 O 1
0 0 Xo 0 0 0 1
The second example is uy +ui*. Since we have for unitary Uy in any *-algebra
1 -U, 0\ [0
hi+Ui'=(101)[0 1 0 1,
0 0 U, 1
we have a formal self-adjoint linearization
0 0 0 1 0 0\ '/}
o 0 0 =U;y 1 0 0
(141 o 0 0 0 0 U z
Ui+U7'=(3 0501 1) i -0 0 0 0 0 2
0 1 0 0 0 0 1
o 0 U 0 0 0 1

6.2.4 Unbounded random variables

In this subsection, we set (M, 7) to be a tracial W*-probability space (i.e., a von Neumann
algebra M that is endowed with a faithful normal tracial state 7 : M — C). The condition
that 7 is a trace is necessary since we are going to consider closed and densely defined operators
affiliated with the von Neumann algebra M. We will simply call these operators unbounded
operators. In general, unbounded operators might not well-behave under either addition or
composition. However, in the case of tracial W*-probability space, they form a x-algebra,
denoted by M, which provides us a framework in which one has well-defined evaluations of
rational expressions.

In a language of probability, this framework allows us to consider random variables that
may not have compact support or even finite moments. For a normal random variable X in a
W*-probability space (M, ), we know that X has finite moments of all orders and its analytic
distribution py determined by the moments (i.e., the probability measure associated to X by
a representation theorem of Riesz) has a compact support. For an (unbounded) operator X
in M, it may not have finite moments. But we could still associate a probability measure to
X via the spectral theorem. We refer the interested reader to [114, 115] for more details on
unbounded operators (which are also known as measurable operators as the noncommutative
analogue of measurable functions, cf. [116]).

Let P(M) denote the set of self-adjoint projections in M and let M., be the set of self-
adjoint elements in M. Given an element X € M,,, for a Borel set B on R, we denote by
15(X) € P(M) the spectral projection of X on B given by the spectral theorem (see, for
example, [117]). Then we can associate a probability measure px to X as follows.
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Definition 6.2.14. For X € Msa, we define its analytic distribution px by
px(B) :=7(1p(X)), for all Borel sets B C R.

Furthermore, we define the cumulative distribution function of X as the function Fx : R —
[0, 1] given by,

Fx(t) = [ 1dpx(s) = (1 a0 (X)).

In particular, if we take M = L*°(2,[P) and 7 = E for some probability measure space (€2, P),
then M is the x-algebra consisting of all measurable functions, i.e., classical random variables.
Moreover, the analytic distribution and cumulative distribution defined above coincide with
their classical counterparts.

Recall that for a probability measure g on R. A number A\ € R is called an atom of pu if
pn({A}) # 0. Thus for a random variable X in M., we say that A € R is an atom for X if
is an atom for p1x. Moreover, we see that X has an atom A € R if and only if preo—x) # 0,
where prer(a—x) € P (M) is the orthogonal projection onto the kernel of A — X (in the Hilbert
space L*(M,1)). For an atom X of X, we have

x ({A}) = 7(Prer(r—x))-

A closely related notion is a rank defined via the image. That is, we define

rk(X) := 7(pmx);

where p— is the orthogonal projection onto the closure of the image of X. The following
alternative description of this rank will be needed later:

rk(X) = inf{7(r) | r € PM), rX = X}. (6.1)

Clearly, since prrs X = X, we have inf{7(r) [ r € P(M),rX = X} < 7(pgzy) = rk(X). To
see it is an equality, note that for any r € P(M) satisfying rX = X, im(X) C im(r), which

implies that Py ST

6.2.5 The quantity A

The regularity condition which we impose in Theorem 6.4.4 on the limit of the considered
random matrix model involves the quantity A which was introduced by Connes and Shlyakht-
enko in [118]. We briefly recall the definition. Let (M, 7) be a tracial W*-probability space and
consider a tuple x = (z1,...,x4) of (not necessarily self-adjoint) noncommutative random vari-
ables in M. We denote by F(L*(M, 7)) the ideal of all finite rank operators on L?(M, 1) and
by J Tomita’s conjugation operator, i.e., the conjugate-linear map J : L*(M, 1) — L*(M, 1)
that extends isometrically the conjugation x +— x* on M. We then put
HS

d
A(x)::d—dimM®Mop{(T1,..., 1) € F(L2(M,7))d ZT],JJZJ—O} ;

where the closure is taken with respect to the Hilbert-Schmidt norm. Note that in contrast to
[118], we do not require the set {xy,..., 24} to be closed under the involution *; see also [69].
Despite this slight deviation from the setting of [118], the following result remains true.
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Theorem 6.2.15 (Theorem 3.3 (e) in [118]). Let 1 < k < d and suppose that the sets
{z1,... 21} and {x41, ..., 24} are freely independent, then

A(xb s ,I'd) = A<x17 s ,l‘k) + A(xk+17 s ,.Td)-

Further, we recall from [69, Corollary 6.4] that A(u) = d for every d-tuple u of freely
independent Haar unitary elements in (M, 7).

In the particular case of a d-tuple x consisting of self-adjoint operators in M, Corollary 4.6
in [118] says that d > A(z) > d(x), where §(z) denotes the so-called microstates free entropy
dimension which was introduced by Voiculescu in [119, Definition 6.1]. Now, if the xq,..., 24
are freely independent, then Proposition 6.4 in [119] tells us that

O(a) =d =2 > po,({t})?

j=1teR

where ., is the analytic distribution of the operator z; in the sense of Definition 6.2.14.
We infer that A(zy,...,24) = d if x1,..., 24 are self-adjoint, freely independent and their
individual analytic distributions iz, ..., ft;, are all non-atomic. For reference, we summarize
these observations by the following corollary.

Corollary 6.2.16. Let x = (x1,...,2q,) be a di-tuple of self-adjoint and freely independent
elements in (M, T) with fiz,, ..., p, being non-atomic. Further, let u = (uy,...,uq,) be a
dy-tuple of freely independent Haar unitary elements in (M, T). Suppose that x and u are freely
independent. Then A(x,u) = di + ds.

6.3 Evaluations of non-degenerate matrix-valued non-
commutative rational expressions

By definition, every non-degenerate matrix-valued noncommutative rational expression has
a non-empty domain when evaluations in matrices of sufficiently large size are considered.
In this section, we show that actually much more is true. Namely, we establish that the
assumptions of Theorem 6.4.4 are satisfied in very general situations.

6.3.1 Evaluations in random matrices

The following result asserts loosely spoken that one can almost surely evaluate every non-
degenerated matrix-valued noncommutative rational expressions in “absolutely continuous”
random matrix models, provided that their size is large enough. The precise statement reads
as follows.

Theorem 6.3.1. Let R be a matriz-valued noncommutative rational expression in d = dy +
dy formal variables which is non-degenerate. Suppose that ufi\i’dz is a probability measure on
My(C)4 x Un(C)% which is absolutely continuous with respect to the product measure of the
Lebesgue measure on My(C)s, and the Haar measure on Uy(C). If (XN, UYN) is a tuple of
random matrices in My(C)E x Un(C)® with law i), 4,, then there exists some No € N such

that almost surely (X™,U"N) € domy(c)(R) for all N > Ny.
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Remark 6.3.2. For the validity of Theorem 6.5.1, it is essential to work over the field of
complex numbers. In order to see this, consider the scalar-valued moncommutative rational
expression r = (x1xy — xgxl)_l. Note that there are real matrices X1, Xo at which one can
evaluate r, but in My (R) for N odd there cannot exist symmetric real matrices X1, Xo at which
evaluation (X1, Xo) would be defined, since necessarily det(X;Xs — X5X7) = 0 because

det(X1X2 — X2X1) = det ((X1X2 — XQXl)T) = — det(Xng — XQXl).

It is consistent with this observation that the proof of Proposition 6.3.3, on which Theorem
6.3.1 relies, will make use of complex analysis techniques.

One can also see an algebraic description of existence of a symmetric matriz in a domain
of noncommutative rational expression in [120, Remark 6.7].

The proof of Theorem 6.3.1 relies on a study of evaluations of affine linear pencils. The first
step is the following proposition, which requires some notation. Consider an affine linear pencil

d1 d2
j=1 j=1
in the variables * = (z1,...,24,) and u = (uyq,...,uq,), say with coefficients Ay, Ay, ..., Ag

and By, ..., By, taken from M (C). We regard @) as an element in
My (C) @ C{x,u) = Mp(C(x,u)).

Given an d-tuple Z = (Z', Z") of matrices in My(C), we consider the evaluation of Q at Z
which is given by
d1 d2
QZ)=A@1+Y A;®Zi+> B ®Z,
=1 =1
where Q(Z) lies in M(C) ® My (C) = My (C). Building on such evaluations, we associate to

@ functions
@9 My(C)! — C, Z — det(Q(2))

for every N € N. Notice that ¢£2N) is a holomorphic commutative polynomial in the dN?
complex matrix entries appearmg in the tuple Z. This allows us to use the complex analysis
machinery in order to relate qﬁQ V) and its restriction to the real space My (C)% x Uy (C)%.

sa

Proposition 6.3.3. Let Q) be an affine linear pencil of the form (6.2) in M;(C) ® C({x,u) and
let N € N. If ¢(QN>|MN -~ =0, then ¢%) =

xUn (C)

Proof. Fix any Z = (Z',Z") € Myn(C)% x My(C)? and suppose that the dy-tuple Z” con-
sists of invertible matrices. We write Z’ = X + Y with the tuples X = (Xi,...,Xy),Y =
(Y1,...,Yq) € My(C)% that are given by X := R(Z}) and Y; := I(Z)) for j = 1,...,d;. Fur-
ther, for j = 1,...,dy, we consider the polar decomposition Z7 = P;U; of Z with a positive
definite matrix P; € My(C) and U; € Uy(C). As the matrices P, ..., Py, are positive definite,
we can define a holomorphic function f : C — C by

f<Z> = ¢22N) (Xl + Z}/lv cee 7Xd1 + ZYdlveXp(_iZ log(Pl))U17 s 7€Xp(—i2 log<Pd2))Ud2)
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for z € C. Due to the assumption that gzﬁgv = 0, we have that f|g = 0. Thus,

) |MN(<C)§.; xUp (C)d2
by the identity principle, it follows that f vanishes identically on C. In particular, gzﬁézN)(Z ) =
f(i) = 0. This shows that ng(QN) vanishes on all d-tuples Z = (Z',Z") € My(C)% x My(C)%
satisfying the condition that Z” consists of invertible matrices. Since those are dense in My (C)?,
the assertion follows. O

With the help of Proposition 6.3.3, we see that fullness of affine linear pencils () can be
detected by evaluations of @ at points in My (C)% x Uy(C)%.

sa

Proposition 6.3.4. Let Q) be an affine linear pencil of the form (6.2) in M (C)®C(x,u) which

is full. Then there exists Ny € N with the following property: for each N > Ny, we have that
N .

gbé? )|MN(<C)§;xUN(<C)d2 #£ 0, i.e., one can find some d-tuple (XN, UN) € My(C)% x Uy(C)® for

which Q(XN,UN) becomes invertible in Myn(C).

Proof. First, we note that there exists some Ny € N such that qb(QN) % 0 for all N > Ny. This
fact is well-known (see Proposition 2.4 in [121], for instance), but we include the argument
for the sake of completeness. Since @ is full, Q(x) is invertible as a matrix over the free
skew field C£z, u}; see Remark 6.2.5 2. Its inverse Q(z)™* € M (C£x,uY}) is represented by
some non-degenerate k X k matrix-valued noncommutative rational expression R, i.e., we have
Q '(z) = R(z); this follows by applying Remark 6.2.8 entrywise. From Theorem 6.2.1, we
know that there exists some Ny € N such that domys, ) (R) # (0 for all N > Ny. Thanks to
Remark 6.2.7, the identity Q(z,u)R(z,u) = I} over C{x, u} continues to hold on domsc)(R),

and by applying determinants, we infer that gzﬁgv) % 0 for all N > Ny, as desired.

Having this, Proposition 6.3.3 guarantees that gb(QN) does not vanish identically on all of
My(C)4 x Uyn(C)%2, as we wished to show. O

sa

In the next step, we involve the concrete random matrix model that we want to consider.

Proposition 6.3.5. Let Q) be an affine linear pencil of the form (6.2) in My(C)@C(z,u) which
is full. For N € N, let (XN, UN) be a random matriz in My(C)% x Uy (C)%2 with an absolutely
continuous law ué\im like in Theorem 6.3.1. Then there exists Ny € N such that almost surely

Q(XN UN) is invertible in My(C) @ My(C) = Myn(C) for all N > Np.

Proof. Thanks to Proposition 6.3.4, since @) is supposed to be full, there is an Ny € N such
that none of the functions ¢E4N)| My (O xUn (C)2 for N > Ny can vanish identically. Notice

that My (C)4 x Un(C)% is a real manifold of dimension dN?. In suitable local charts, we

sa

see that qbgv)] My (©) induces a real analytic functions on an open subset of RV * and

A xUN(C)e2
can therefore vanish only on a set of Lebesgue measure 0. Due to the choice of ué\id,ﬁ we
conclude that, for each N > N, the random matrix Q(X%,UY) is almost surely invertible in

Proof of Theorem 6.3.1. We define the set PR, of all non-degenerate matrix-valued noncom-
mutative rational expressions R for which the conclusion of Theorem 6.3.1 is true, i.e., there
exists Ny € N such that almost surely (X, U") € domy,(c)(R) for all N > Ny. We have
to prove that 2Ry consists in fact of all non-degenerate matrix-valued noncommutative rational
expressions.

Notice that obviously all matrix-valued noncommutative polynomial expressions belong to
Ry. Further, it is easily seen that both R;+ Ry and R; - Ry are in Ry whenever we take Ry, Ry €
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Ry for which the respective arithmetic operation makes sense. Therefore, it only remains to
prove that if R € PR, is square and enjoys the property that R~! is non-degenerate, then
necessarily R~! € Ry. In order to verify this, we take any square matrix-valued noncommutative
rational expression R belonging to SRy for which R™! is non-degenerate. Further, let p =
(v, @, w) be a formal linear representation of R in the sense of Definition 6.2.2, say of dimension
k; see Theorem 6.2.3.

By assumption, we have that R~! is a non-degenerate matrix-valued noncommutative ra-
tional expression. Thus, Remark 6.2.5 4 gives us that the affine linear pencil in d variables with
coefficients from Mj,(C) which is given by

is full. Therefore, Proposition 6.3.5 tells us that an Ny € N exists such that almost surely
Q(XN, U™N) is invertible in M4, n(C) for all N > Ny. Since R € Ry, we may suppose that
(after enlarging Ny if necessary) that at the same time almost surely (X, UY) € dom s, (c)(R)
for all N > Ny. Because p is a formal linear representation, the latter implies that almost
surely Q(X™,U") is invertible and R(XY,UN) = vQ(XY,UN)"tw for all N > N,. Putting
these observations together, we see, again with the help of the Schur complement formula,
that almost surely R(X™, U¥) is invertible for all N > Ny. In other words, we have almost
surely that (X%, U") € domy,(c)(R™!) for all N > Ny. The latter means that R~! € Ry, as
desired. O

6.3.2 Evaluation in operators with maximal A

It follows from [69, Theorem 1.1] that for any d-tuple X = (X3, ..., X,) of (not necessarily
self-adjoint) operators in some W*-probability space (M, 7) which satisfy the “regularity con-
dition” A(X) = d, where A stands for a quantity that was introduced in [118] and which we
discussed in Section 6.2.5, then the canonical evaluation homomorphism

evyx : Clxy,...,zq) > M

which is determined by 1 — 1 and z; — X for j = 1,...,d extends to an injective homomor-
phism N
Evy: CLxy, .. x>y > M

into the x-algebra M of all closed and densely defined operators affiliated with M; see Section
6.2.4.

While the result of [69] addresses evaluations of noncommutative rational functions, it leaves
open the question whether also all non-degenerate rational expressions can be evaluated; indeed,
this is not immediate as the domain of a rational function is larger than the domain of any of its
representing non-degenerate noncommutative rational expressions. This question is answered
to the affirmative by the next theorem, which gives the conclusion even in the matrix-valued
case. For that purpose, we will consider the canonical amplifications

Evk : MJ(CLxy, ... xq)) = Mo(M).

Theorem 6.3.6. Let X = (X1, ..., Xy) be a d-tuple of (not necessarily self-adjoint) operators in
some tracial W*-probability space (M, 1) satisfying A(X) = d. Then, for every non-degenerate

183



Chapter 6. Convergence for noncommutative rational functions evaluated in random
matrices

matriz-valued noncommutative rational expression R, we have that X € dom(R) and R(X) =
Ev%(R(z)), where R(x) is the matriz over CLx, ..., xq4> associated to R via Lemma 6.2.6.

Proof. The proof is similar to the proof of Theorem 6.3.1. Here, we consider the set 2, of all
non-degenerate matrix-valued noncommutative rational expressions r for which the conclusion

of Theorem 6.3.6 is true, i.e., we have X € dom;(R) and R(X) = Evy(R(x)). We want to

show that 2Ry consists of all non-degenerate matrix-valued noncommutative rational expressions.
This can be done in almost the same way as in Theorem 6.3.1, except some slight modification
in the last step. Suppose that R € Ry is of size p x p and has the property that R~! is non-
degenerate. Consider a formal linear representation p = (u, A, v) of r, say of dimension k. Like
in the proof of Theorem 6.3.1, we deduce from Remark 6.2.5 4 that the associated affine linear

pencil
- 0 u
A= ( A)

is full. Now, by applying [69, Theorem 5.6] instead of Proposition 6.3.5, we get that A(X) is
invertible. Having this, we can proceed again like in the proof of Theorem 6.3.1 and we arrive at
X € domg(R™"). Moreover, since R(X) = Evy(R(z)) by the assumption R € Ry, we further
get that R71(X) = R(X)™' = Ev}(R(z))™! = Ev%(R(z)™!) = Ev%(R™!(x)); notice that R(z)
is invertible because Lemma 6.2.6 guarantees that € domcyg,sy (R™') as R™! was assumed to
be non-degenerate. In summary, we see that R=! € Ry. O

6.4 Convergence in law of the spectral measure

6.4.1 Estimate on the cumulative distribution function of the spec-
tral measure of self-adjoint operators

In this subsection we simply list and prove a few properties that we need in the next sub-
section to prove Theorem 6.4.4 about the convergence of the empirical measure of a self-adjoint
non-degenerate matrix-valued noncommutative rational expression evaluated in matrices to-
wards the analytic distribution of the limiting operator.

Lemma 6.4.1 (Lemma 3.2 in [122]). For X € My, and t € R we have
Fx(t) = max{7(p) | p € P(M), p(t — X)p = 0}.
The crux of the proof of Theorem 6.4.4 lies in the following two lemmas.

Lemma 6.4.2. Let X,Y € Msa, then

sup [Fx (t) — Fxiy (1) < rk(Y).

teR

Proof. We fixt € R. Let r € P(M) be such that 7Y =Y and ¢ € P(M) such that q(t — X)q >
0. Then if we set p = g A (1 — r), we have pY = 0 and pg = p, thus

p(t =X =Y)p=p(t—X)p=pq(t — X)gp > 0.

Consequently
Fxyy(t) 2 7(p) = 7(q) — 7(r).
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By taking the supremum over ¢ and the infimum over r we get that
Fxiy(t) > Fx(t) —rk(Y).
Now let’s assume that ¢ is such that ¢(t — X —Y')g > 0, then similarly with p = g A (1 —7),
p(t = X)p=p(t =X =Y)p=pq(t —X —Y)pg > 0.
Hence
Fx(t) > 7(p) > r(q) — 7(0).
And once again by taking the supremum over ¢ and the infimum over r we get that
Fx(t) > Fxay(t) —rk(Y).
Hence the conclusion. O
The authors are indebted to Mikael de la Salle for indicating them the following lemma.
Lemma 6.4.3. Let p € P(M), X € M,,, then rk(pXp) < rk(X).
Proof. Let ¢ € P(M) be such that ¢X = X, r =pA (1 — ¢q), then r + 1 — p is such that
(r+1—p)pXp=rpXp=rXp=r¢Xp=0.
Consequently (p — r)pXp = pXp. And since p > r, p — r is a self-adjoint projection, hence

rk(pXp) < 7(p—1) < 7(q).

Hence the conclusion by taking the infimum over ¢. O]

6.4.2 Main result

This subsection focuses on proving the convergence in law of the empirical measure of
matrix-valued noncommutative rational expressions evaluated in matrices satisfying some as-
sumptions. Theorem 6.4.4 is for deterministic matrices, but it can easily be extended to random
matrices by applying this result almost surely.

Theorem 6.4.4. Let XN = (X{¥,..., X)) be a d-tuple of deterministic self-adjoint matrices
and let UN = (UN, .. .,Ug) be a dy-tuple of deterministic unitary matrices. Further, let R
be a non-degenerate square matriz-valued noncommutative rational expression in d = di + ds
variables which is self-adjoint of type (di,ds) in the sense of Definition 6.2.9. Suppose that the
following conditions are satisfied:

1. (XN, UN) converges in *-distribution towards a d-tuple of noncommutative random vari-
ables (x,u) in some tracial W*-probability space (M, T) satisfying A(x,u) = d.

2. For N large enough R(X™,UYN) is well-defined, i.e., there exists Ny € N such that
(XN, UYN) € dompsy(cy(R) for all N > Ny.

Then (x,u) € dom(R), so that R(x,u) is well-defined, and the empirical measure of R(X™, U™)
converges in law towards the analytic distribution of R(x,u).
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The fact that (z,u) € dom7(R) holds was established already in Theorem 6.3.6. Accord-
ingly, the main statement of Theorem 6.4.4 is the convergence of the empirical measure of
R(XY,U™) towards the spectral measure of R(x,u). This convergence result actually holds in
a more general setting than the above theorem. We summarize it as the following proposition.

Proposition 6.4.5. For each N € N, let X~ = (X, ..., XY) be a d-tuple of noncommutative
random variables in some tracial W*-probability space (MW 7WN)) . Further, let XV converge
in *x-distribution towards a d-tuple X = (Xy,...,X4) of noncommutative random variables in
some tracial W*-probability space (M, T). Let R be a square matriz-valued noncommutative
rational expression in d variables such that, for all N € N which are sufficiently large,

1. XN € dom gy, (R) and X € dom(R),
2. R(XN) and R(X) are self-adjoint.

Then the analytic distribution of R(XY) converges in law towards the analytic distribution of
R(X).

Once Proposition 6.4.5 is shown, the statement on the convergence in Theorem 6.4.4 follows
immediately. Indeed, the condition formulated in Item 1 of Proposition 6.4.5 is satisfied as
we have (X, U") € domy,c)(R) for all N > Ny by Item 2 of Theorem 6.4.4 and (z,u) €
dom +(R) by Theorem 6.3.6; further, we have that R(X"™,U") for all N > Ny and R(x,u) are
self-adjoint thanks to Definition 6.2.9 as R is supposed to be self-adjoint of type (di,dz), so
that the condition in Item 2 of Proposition 6.4.5 is fulfilled as well.

Let us provide an outline of the proof of Proposition 6.4.5. Let p = (Q, w) be a self-adjoint
formal linear representation of R in the sense of Definition 6.2.11 which is moreover proper
as given by Theorem 6.2.12. Thanks to Lemma 6.4.2, we can ignore the singularity in 0 of
Q(X, X*)~t. More precisely, as long as the spectral measure of Q(X, X*) has no atom at 0,
we can use Lemma 6.4.2 to prove that the cumulative distribution function of w*Q(X, X*)™tw
is close to the one of w*f.(Q(X™, XN*))w where f. is a continuous function which is equal
to t + t~! outside of a neighborhood of 0 of size e. Then we can use the convergence in
x-distribution of X to show that the cumulative distribution function of w* f.(Q(XY, XV*))w
converges towards the correct limit when we let N go to infinity and € go to 0.

It is important to note that in this subsection, by convergence in *-distribution of X of
noncommutative random variables X~ = (X ... XJ) we mean that the trace of any non-
commutative x-polynomial P evaluated in X converges towards the trace of P(X, X*) where
X is a d-tuple of noncommutative random variables in some tracial W*-probability space. In
particular, this does not exclude the case where the operator norm of X} is not bounded over
N. This forces us to do a few more computations since the convergence in law of the analytic
measure of P(XY, X"*) towards the analytic measure of the limiting operator, while still true,
is not immediate anymore.

Proof of Proposition 6.4.5. Let p = (Q,w) be a proper self-adjoint formal linear representation
(of dimension k) of R. If p € N is the size of R, then since k > p and w has full rank, there
exist a matrix T € GLj(C) such that w = T'wy where wy € Mj,»,(C) is the rectangular matrix
whose diagonal coefficients are all 1, and non diagonal coefficients are all 0. By replacing () by
T*QT, one can assume without loss of generality that w = wg.

Notice that by assumption Qy := Q(X™, X**) is invertible in M) and R(X"V) = w*Qy'w.
Further, we have also that Q. := Q(X, X*) is invertible in M and R(X) = w*Qlw. To prove
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the convergence in law, we need to prove that F,«g,w(t) converges towards Fi«g. () for
t € R such that the function s — F«q_w () is continuous in ¢. To do so, let g : t +— t~* and
fe : R — R be a continuous function such that on the complementary set of [—¢,¢], f. = g. We
have for any ¢t € R,

i) = Furgatn®)| S| Furionw®) = Fur ro@un(®)]
+ | Fueato(®) = Furtonw(®)]
+ "Fw*nglw(t) - fw*fa(Qoo)w(t)‘ :

Thus thanks to Lemma 6.4.2,

Foe i ®) = Furgatw®)| <[ Furr@nmn(®) = Fur r.@urw(t)]
+ rk(w* (fe — 9)(Qn)w)
+ rk(w*(f: — 9)(Quo)w).

Since w = wp, we have that for any X € Mp(./q),
I'k(wa*) — 1k ( X OP><(k—p)>
Ok—p)xp  Ok—p

p
Erk(X).

This implies that

t(w (f — 9)(Quo)w) = ’; % th(ww (f. — 9)(Quo)wnr®) < x k((f: — 9)(Quc)).

= |

where in the last inequality we used Lemma 6.4.3. Besides 1|_. .j(Q) is a self-adjoint projection
such that 1}, 4(Quo)(fe —9) (@) = (fe: —9)(Qu). Consequently with Tr;, the non-renormalized
trace on M(C) and 7 the trace on M,

e(w (£ — 9)(Quo)w) < ;Trk o7 1e)(Quo) ).

Let h. be a continuous function which takes value 1 on [—&,¢], 0 outside of [—2¢,2¢] and in
[0, 1] elsewhere, then

. 1
tk(w*(f: — 9)(Qoo)w) < ETrk QT( he(Qoo) )- (6.3)
Hence with similar computations we get

Foeg i ®) = Furgatw®)| < Furranm(®) = Fur .@urw(t)]

n ;Trk o7 ho(Qu) )

+ ;Trk 7™ ( ha(Qn) ).
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In order to use the Portmanteau theorem, we want to prove that the analytic distribution
of w* f.(Qn)w converges towards the analytic distribution of w* f.(Q)w. However since this
self-adjoint operator is uniformly bounded over N, we simply need to prove the convergence of
the moments. That is, that

N—>c>o

lim - Tr, o™ (W f(Quw)') = ;Trp @7 (0 f(Qwo)w))

for any [. The strategy consists in approximating f. by a polynomial then use the convergence
in x-distribution of X*. However, the fact that we did not assume the operator norm of the
matrices X' to be bounded over N, forces us to make additional estimates.

Let C' = ||Quo|l + 1, and h be a non-negative continuous function which takes value 0 on
[—C, (], 1 outside of [-C' —1,C + 1] and in [0, 1] elsewhere. Let P,, be a polynomial such that
1fe = Panlleo(—c—1,c01py < 1/m. We set

Y= (£Qn) = Pu(@n))(1 = h(Qn)) and OV = (£(Qn) = Pu(Qn))1(Qn),
then

Ty @™ (0 £Qu)e)) = - T er™ (Pl @)
—ZpTrpeaT (@ f(@u)w) (BN + CN)w(w* P (Qn)w) ™) |

Thanks to the Cauchy-Schwarz inequality, we have for any 1,
1 4
‘ Tr, @™ ((w” £(Qu)w) " w* (B + CV)w(w* P (Qn)w)' ™)

1 1
< <\/ Tr, @7 (w* BNww* BNw) + \/
p

p

Tr, @) (w*CNww*C'Nw)>

g \/; Trp @7 ((w* P (@ )w)* =9 (w* fo (@ )w) 207 Y)

(\/Trk T ((BN)2) + /Tr o7 ™) (CN)? )>
1 s 1/4
X (p Tr, @r®™ (( m(QN)w) ( ))

(1Trp®r ) (w0 Q) ))1/4-

Since f. is bounded by a constant K, we have that
1
—Trp®7' (('w f-(Qn)w)C ) < KA,

Thanks to the convergence in *-distribution of XV, and since the expression w* P, (Qy)w is a
matrix of polynomials in X%, we have

lim — ! = Tr, @@ (( 2 (Qn)w) (- ) = 1Trp QT (( m(Qoo)w)4(l_i)) ;

N—>oop
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which means that

lim — ! - Tr, @7 (( 2 (Qn)w ) ) (K + 1/m)4(l

N—oo p
We also have
Try @™ ((BY)?) <

Finally since f. is bounded, there exists an integer g such that for any ¢ € R, |f.(t) — P,(t)| <
(1 +t%)9, thus for any r > 0,

k
=

TI‘k ®,7_ ((CN) Q2r>
C’2'r
o T @r™ (1 + QR)™QX V)
- 027“

Try, @7d ((CN) )

And so for any r > 0,

Try @7 (1 + Q3)*Q%)
027"

<k|@+QL)>

hm Tr, @7 ((C’N) ) <

(C _ 1)27’
| ==~
So by letting r go to infinity, we get

hm Tr, @7V ((C'N) ) =

By combining those results, we obtain

limsup
N—oo

= O(1/m).

]19 Tr, 0™ (0 £.(Qu)w)') - ]19 Tr, @ ((w £ Qo))

Thus, by letting m go to infinity we get the convergence of the moments. This implies
that the analytic distribution of w*f.(Qy)w converges towards the analytic distribution of
w* fe(Qoo)w. Thanks to Portmanteau’s theorem and Lemma 6.4.1, we have

Fur fo(Quoyw(t) = TimSup Fope . (Q e (f)
N—o00

> Hminf Foe g @uyw(t) 2 1im Fue g @uoyu(s).

s—t,5<t

Consequently,
limsup ’}" o 1, (t) — Fw*Q;lw(t)‘

N—o0

. 2
< lim | Fue o @uyu(t) = Fur oiuu(9)| + 5 I7T( he(Qoo) ),

s—t,5<t

where we used the convergence in *-distribution of X* once again in the last line, coupled
with an argument similar to the one which let us prove the convergence of the moments of
w* f-(Qn)w. But by using Lemma 6.4.2 one more time we have

‘—Fw*fs(Qoo)w(t) - fw*fg(Qoo)w(s)‘
< ’]:w*nglw(t) - fw*ng1w(s)‘ + 21k (w*(f: — 9)(Qoo)w).
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Hence by using equation (6.3), we have that

limsup ‘fw*QJ_\,lw(t) - ‘Fw*Q;olw(t)‘

N—oo

4
< I Furun(®) = Furgun()] + - T 07( (@) )

Since we made the assumption that ¢ was a point of continuity of the function s
FuQuw(8), we have that limg <t | Fur@uw(t) — Fur@uw(s)| = 0. Besides, by the dominated
convergence theorem, lim._,o Tr @7(h.(Qu)) = Trp @7(1{0}(Q)), which is equal to 0 since
otherwise the distribution of o, would have an atom in 0, in contradiction to the invertibility
of Qw; indeed, analogous to the proof of [69, Corollary 5.13], we notice that Q10 (Qsc) =0
and conclude from the latter that since () is invertible over M we necessarily have that
10} (Qo) = 0 and hence pq. ({0}) = + Try @7(110y(Qus)) = 0. O
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