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Résumé

Cette these est consacrée a 1’étude d’événements dynamiques rares dans des systemes de parti-
cules en interaction. Deux modeles sont considérés : le processus d’exclusion simple symétrique
unidimensionnel interagissant avec des réservoirs, et un modele de dynamiques d’interfaces se rap-
prochant de la dynamique de Glauber du modele d’Ising bidimensionnel a température nulle.
Dans le cadre du modele d’exclusion simple, les travaux présentés visent a 1’étude des corrélations
a deux points hors équilibre. Plus précisément, le but est d’estimer la probabilité d’obtenir une
valeur atypique des corrélations a deux points moyennées en temps dans la limite hydrodynamique
et en temps long. Pour étudier les corrélations a deux points avec le niveau de précision requis,
il est nécessaire d’améliorer les techniques existantes. En raffinant la méthode d’entropie relative
initialement développée par Yau, un principe de grandes déviations pour les corrélations a deux
points est obtenu.

La dynamique d’interface modélise 1’évolution d'une goutte de spins — d’Ising immergés dans une
mer de spins + sur un réseau carré. Dans le cas de la dynamique d’Ising a température nulle, la
frontiere de cette goute évolue selon un mouvement a courbure moyenne anisotrope, comme a été
rigoureusement établi par Lacoin, Simenhaus et Toninelli il y a quelques années. Dans la these, c’est
la structure des trajectoires atypiques que ’on cherche a comprendre. Pour ce faire, une dynamique
d’interface, appelée dynamique de contour et tres similaire a la dynamique d’Ising a température
nulle est introduite. La seule dissemblance vient de la présence d’un parametre supplémentaire,
jouant le role d’une (faible) température agissant localement sur l'interface. En particulier, les
dynamiques d’Ising et de contour coincident quand ce parametre est nul. Il est montré que la
trajectoire typique d'une interface sous la dynamique de contour évolue également par mouvement
par courbure moyenne anisotrope, avec une influence du parametre de température. Un principe
de grandes déviations est alors obtenu pour la dynamique de contour, permettant de relier les tra-
jectoires atypiques a des perturbations d’un mouvement a courbure moyenne anisotrope, toujours
avec une influence du parametre de température.



Abstract

The objective of this thesis is the study of rare dynamical events in some interacting particle
systems. Two models are considered : the one dimensional symmetric simple exclusion process
interacting with reservoirs, and an interface dynamics related to the zero temperature Glauber
dynamics for the two dimensional Ising model.

In the case of the simple exclusion process, the work presented in the manuscript concerns the
study of the out of equilibrium two-point correlation field. More precisely, the objective of the work
is to estimate the probability of observing anomalous time-averaged two-point correlations, in the
hydrodynamics scaling and the long time limit simultaneously. Studying two-point correlations at
a suitable level of precision requires improving existing techniques. A refinement of the relative
entropy method initially due to Yau provides a sufficient toolbox, thanks to which a large deviation
principle for time-averaged two-point correlations is obtained.

The interface dynamics aims at modelling the evolution of the interface separating a droplet of —
Ising spins in a sea of + spins in the zero temperature Ising model. In the zero temperature Ising
case, the boundary of this droplet has been shown to follow an anisotropic motion by curvature by
Lacoin, Simenhaus and Toninelli a few years ago, rigorously establishing a long standing conjecture.
In the manuscript, we aim to investigate the structure of atypical interface trajectories. To do so,
another interface dynamics, called the contour dynamics, is introduced. Very similar to the zero
temperature Ising dynamics, it differs by the presence of an additional parameter, which plays
the role of a (small) temperature acting locally on the interface. In particular, Ising and contour
dynamics coincide when this parameter vanishes. We show that the typical interface trajectory in
the contour dynamics is still given by an anisotropic motion by curvature, with an influence of the
temperature-like parameter. A large deviation principle is also established, characterising atypical
trajectories as perturbations of the anisotropic motion by curvature, again with an influence of the
temperature-like parameter.
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Chapter 1

Introduction

1 General context

The central premise of statistical physics can be stated as follows: the behaviour of matter at a
large, or macroscopic scale can be described in terms of the interaction of a very large number
of small, or microscopic elementary components. For simplicity, there should be as few different
types of elementary components as possible. Over the past one and a half century, this premise has
not been fundamentally called into question. To the contrary, statistical physics has enjoyed many
successes, such as modelling phase transitions or, more recently, the modelling of fluid dynamics,
with which this thesis is concerned.

As the name indicates, a statistical physics description of fluid dynamics involves a notion
of randomness. The microscopic components in the description, that we shall call particles for
convenience, are assigned evolution and interaction rules. The resulting description is then called
an interacting particle system. The randomness in such a description may either concern the initial
configuration of particles, their evolution rule, the interactions, or a mixture of all three. Given
an interacting particle system, the objective is then to estimate the probability that macroscopic
observables take certain values. Informally, an observable is a quantity of physical interest, for
instance the local density of particles, the density of particles of a certain type if not all particles are
identical, etc. It is represented by a real-valued function F', which takes as argument a description
Xi(t), ..., Xn(t) of the N particles at time ¢t > 0. One is then led to estimate objects of the form:

P(F(X1(t), ... Xn(t) = Fo(t)),  Folt) € R, (1.1)

where P is a probability accounting for the aforementioned randomness. The integer N is the num-
ber of particles in the model, assumed to be large, X1, ..., Xy are labels denoting the N particles
which move around in a space €2, and ¢t > 0 is a time. Finally, the notation ~ indicates that the
observable F' at time t should be close to the real number Fy(t).

If the modelling is accurate, the probability in should be close to 1 when Fj(t) corresponds
to the value of the observable F' predicted by the macroscopic equations of fluid dynamics. One
may then ask about the probability that the observable F' takes atypical values when N is large,
try to quantify the probability of such occurrences, and understand how particles must behave to



create a given atypical macroscopic dynamical evolution. The study of all these questions falls
under the general topic of large deviations, which is at the heart of this thesis. Large deviations
are introduced on a prototypical interacting particle system in the next section: the symmetric
simple exclusion process.

2 A prototype of interacting particle system: the symmet-
ric simple exclusion process

2.1 The model

The symmetric simple exclusion process (henceforth SSEP), presented here in one dimension, is a
simple interacting particle system defined as follows. For a scaling parameter N € N*, particles
evolve on a domain Ay = {—(N —1),...,N — 1} with 2N — 1 sites (i.e. space is discretised).
There can be at most one particle per site, and the evolution is random: at each time t > 0,
independently of all other particles, a particle at site ¢ € Ay has a probability dt/2 of jumping
to a neighbouring site between times ¢ and ¢ 4 dt, with dt < 1. The only interaction between
particles arises when a particle jumps on an already occupied neighbouring site. In this case, the
jump is cancelled. At the boundary sites £(/N — 1) of the domain Ay, one can connect reservoirs
of particles at respective density p+ € [0, 1], which pump particles in and out of Ay. The SSEP
with boundary reservoirs will be called the open SSEP (see Figure [1.1)).

The open SSEP is a model of dynamics for a high temperature gas of particles with hard-core
exclusion. The "high temperature” part is related to the fact that particles do not interact except
when they collide, see also some more context in [Spo83|. By definition, particles evolve on a
discrete lattice, are identical, and have no memory. These simplifying assumptions make mathe-
matical analysis much easier. For this reason, the open SSEP and more or less close variants (with
non nearest-neighbour hopping, asymmetric hopping rates, in higher dimension, with more than
one particle per site...) have been studied at length in the past fifty years, be it their invariant
measures and the required time to reach stationarity; or hydrodynamics, the behaviour of a tracer
particle, fluctuations or large deviations. The literature on these topics is extensive, both in the
mathematics and physics community, and here we only wish to indicate the books |Lig05], [Spol2]
and [KL99|, in which the interested reader will find much material and more references.

The open SSEP will serve as a reference example for the rest of this introduction. All models
studied in this manuscript are related to the open SSEP by some choice of boundary dynamics.
Let us first give a rigorous definition of the model. Formally, the open SSEP on Ay = {—(N —
1),...,N — 1} is a Markov process on the state space Qy = {0,1}*~. Elements n € Qy are called
configurations, and 7; is the occupation number at site i € Ay, with n; = 1 if and only if there is a
particle. The generator L = Ly + L_ + L, of the open SSEP can be split into two parts: the bulk
dynamics Ly, and the boundary dynamics L_, L. Several choices of boundary dynamics can be
considered. To fix ideas, we shall consider L as the operator acting on functions f : Qy — R as
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Figure 1.1 — The one dimensional symmetric simple exclusion process interacting with reservoirs of parti-
cles at densities p+ € [0, 1] (open SSEP for short). Possible dynamical updates are represented by arrows.
A particle can jump to either neighbouring site at rate 1/2. The jump is cancelled if the site is already
occupied. Particles can hop in and out of the reservoirs, at respective rates p+, 1 — p+ with the choice
. If the site closest to a reservoir is already filled, the exclusion rule prevents a new particle from
entering the system at that site.

follows: for each n € Qy,

L) = Lof )+ L fn) + Lo (), Lof() =5 3 clnivi+ DIF) ~ )],

I<N—1

Lef(n) = 5e(n, =N = D)[FFED) - f@)]. - (@1)

In (2.1)), the jump rates ¢ are defined, for each n € Qy, by:

c(n,i,i+1) = nipa (T —mi) + 0i(1 = nig1), <N -1,
c(n,e(N = 1)) = nev—1)(1 = pe) + (1 = nev—1))pe; € € {—,+}. (2:2)

In addition, for 7,7 € Ay and n € Qu, the configurations "/ and n' are defined as:

S [ kA
7‘7: . fk‘: i k,’ — 23
me=qn k=i ' (k) {1—m Sk (2.3)

The open SSEP can equivalently be considered as a process on the discretisation N~'Ay of the
interval (—1,1).

2.2 Dynamical large deviations and invariant measures
2.2.1 The general method

Recall that the goal is to study . As all particles are identical in the SSEP, one can only
measure local numbers of particles, and variations of these numbers. As a consequence, the natural
macroscopic observables associated with the SSEP are the density p = (p(t,%))i>02e(-1,1) and its
variations, such as the current j = (j(¢,x));.. The goal is then, starting from the microscopic
dynamics , to characterise the time evolution of the density of particles in the scaling limit.
This is usually referred to as proving hydrodynamics for the density.

Let us do so in an informal manner. For a configuration n € Qy, € > 0 and a point i € Ay
in the bulk (N(—1+¢) < i < N(1 — ¢)), denote by n¥ the density of particles in the box
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Let C*°([—1,1]) be the set of smooth functions on [—1,1]. Assume that py € C*([—1,1]) is given,
and the microscopic dynamics start from configurations that are macroscopically close to pg, so
that:
Vo € (—1,1), E[’nfﬁvj (0) — po(:v)‘] — 0 when N — oo, then € — 0. (2.4)

Above, |zN] is the integer part of #N. Then, for each x € (—1,1) and each t > 0, one has (see
[ELS90] ):

vt >0, [‘anNJ (tN?) — p(t,x)‘] — 0 when N — oo, then ¢ — 0, (2.5)

where p = (p(t,2))¢>0,0¢(-1,1) is the solution of the heat equation on (—1,1) starting from py, with
boundary conditions prescribed by the reservoirs:

op = 30p fort >0,z € (—1,1),
p(0,-) = po(-), (2.6)
p(t,£1) = py, for t > 0.

Note the N? rescaling of time in : since particles do not preferentially move in a single direc-
tion, it typically takes a diffusive amount of time to obtain a macroscopic change in the density
of particles. Using standard hydrodynamics argument, see e.g. Chapter 4 in [KL99|, one can
in fact prove that, for times Ty < N2, the macroscopic density of particles has not changed;
while for times T > N2, it has already reached a stable profile, which in the case of is
the solution of Ap = 0 with p(4+1) = p+. In particular, all interesting dynamical effects for the
density at the macroscopic scale occur on the N2, diffusive time-scale, on which we focus on for now.

Remarkably, the macroscopic evolution of the density for the SSEP is the same as for
independent symmetric random walkers on Ay. Intuitively, if one starts from a density profile pg
with a lot of particles around the same position, one could expect that the exclusion rule of the
microscopic dynamics is going to play a role. Equations (2.5 . tell us that this intuition is
not correct as far as the typical evolution of the density is Concerned To understand better the
effect of the exclusion interaction and the detailed structure of the dynamics is a first motivation
for studying dynamical large deviations, as we now explain.

The question is now the following. Consider a trajectory p € C*°(R, x (—1,1)), assumed to be
smooth for simplicity, and such that 0 < p < 1. For a time T" > 0, can one find a functional I on
trajectories such that, when N is large and ¢, are small, one has informally:

P(Vt € [0,7),Vx € (=1,1), |nfon (EN?) = p(t,z)| < 6) < e NI@PHoes (] (2.7)
with 0. 5(1) a quantity that vanishes when ¢, become small, and =< indicating logarithmic equiv-

alence when N is large.
The now standard method to find such a functional for interacting particle systems was pioneered

10



on the SSEP, in a paper by Kipnis, Olla and Varadhan [KOV89|. They treat the case of the SSEP
on a torus, but the method was used in [Ber+03] to obtain the result for the open SSEP (2.2)).
Rather than using average occupation numbers in small macroscopic boxes, it is convenient to
work with the empirical measure 7, defined as an element of the set M<;((—1,1)) of positive
measures with mass at most 1 on (—1,1) as follows:

1
vn € Qy, ™ (n) = N Z 1i0i/N- (2.8)

1€EAN

In this case, the event in can be written {(7})i<r = (p(t,z)dx)i<r}, where ~ means prox-
imity in a suitable topology. The answer to then takes the following form: on the set
D(Ry, M<((—1,1))) of cadlag trajectories with values in M<;((—1,1)), there is a functional I,
taking values in R, U{+4o00}, with the following property. The probability of observing a trajectory
p of density profiles has "weight” I((p(t, x)dz):<r), in the sense:

VT > 0, %bg]P’((wgvg)tST ~ (ﬁ(t,x)dx)t§T> N2 _T((p(t, ) da)er). (2.9)

To prove , the main idea of [KOV89| is the following. To force the microscopic density to
stay close to a trajectory p, more precisely to enforce that 7¥ stay close to (p(t,z)dz); in an
appropriate topology, one modifies the jump rates of the open SSEP by means of a time-
dependent function h € C*°(R, x [—1,1]) with A(-, £1) = 0; setting, for each time ¢ > 0 and each
n e QNi

t 1+1 t i
ht .. _ . _ ) _ _
" (n, 1,04 1) = n;(1 = nip1) exp [h<—N2, N ) h<_N2’ N)] (2.10)
t 1+1 t 1 .
+77i+1(1_77i>exp[—h<m,7>+h<mvﬁ>}, i< N—1,
t £(N-1)
ht _ — _ _ . - 7
¢ (n, £(N = 1)) = e, £(N = D) exp | (1 = 20)h (5, ———) |.
Above, hy := h(t,-) for t > 0. Such an h is called a bias, and the resulting dynamics is referred

to as the dynamics tilted by h. One can again determine the typical evolution p" of the density
under this dynamics. It satisfies:

(2.11)

1
o = §Aph — V- (a(p")Vh), (2.12)

where o(r) = r(1—r) for r € [0, 1]. o is called the mobility, and its structure depends on the choice
of the microscopic jump rates. Equation (2.12)) gives a way to choose h such that p = p” (since we
assumed 0 < p < 1 so that o(p)~! is well defined). The cost of observing j then corresponds to
the cost of changing dynamics, from the open SSEP to the inhomogeneous Markov process .
This change of dynamics can be computed explicitly through Feynman-Kac formula, see Appendix
A1.7in [KL99]. In the large N limit and assuming one starts from an initial configuration n™v € Qy
satisfying , one then obtains for each T" > 0:

1 1"
—logP(7" ~ (p(t, z)dx)i<r|T) = podz) Nzt —5/ / [Vh(t,x)}za(ﬁ(t,az))d:cdt
o J-1,0

N
= —I((p(t, x)dx)i<r| o), (2.13)
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where h is the bias chosen according to (2.12)), when p" = p.

The above sketch of the method of [KOV89| omits a crucial part of the argument, required to
change scales from microscopic to macroscopic. Indeed, the Radon-Nikodym derivative between
the open SSEP and the dynamics , at each fixed value N € N* of the scaling parameter,
cannot directly be written in terms of the functional I. This is because I depends only on the
empirical measures 7V, ¢t > 0 (defined in (2.8))). Due to the exclusion interaction between particles,
the Radon-Nikodym derivative however does not have a closed expression in terms of the empirical
measure.

A key step in establishing large deviations for the open SSEP (and more generally for interacting
particle systems) is to derive what is known as local equilibrium. Mathematically, this is achieved
by the so called Replacement Lemma, that turns the Radon-Nikodym derivative into a function of
the empirical measure. Such a result, first proven by Guo, Papanicolaou and Varadhan in [GPV8S],
states that, inside a small macroscopic box around z € (—1, 1), the time it takes for the SSEP to
approach equilibrium is much smaller than the time, of order N?, required to change the density
macroscopically at x.

In the proof of large deviations for the SSEP, this statement takes the more formal expression: for
each T' > 0, each § > 0 and each bias h € C* (R, x [-1,1]),

Sosr(| [ Ly ()1 = nca()) = 0 (17 (1) | [ VA (5. ) [t] > 5) = o0
N 0 NZ.<N71 4 i+ ) N27 N )
when N — oo then ¢ — 0. (2.14)

The function o(r) = r(1—r), r € [0, 1], appearing in (2.14]), is the same as the one in the expression
2.13)) of the functional I(+|pg). Since 7V is a function of the empirical measure, the replacement
2.14)) turns the Radon-Nikodym derivative into a function of the empirical measure as desired.

To summarise, [KOV89] provides a general method to establish dynamical large deviations for
a large class of interacting particle systems evolving on a diffusive time-scale, provided one knows
enough information on their invariant measure. It has been used successfully in the Ginzburg-
Landau model, where the occupation number at each site is replaced by a real parameter [DV89],
in the zero-range process [BKL95], in the SSEP with more general jump rates [QRV99], in the SSEP
and WASEP connected with reservoirs [Ber+03]-[BLM09| and for more general exclusion processes
[FLM11], for reaction diffusion models [JLV93]-[BL12|, and more. All these models possess the
so-called gradient property, which makes microscopic computations much easier. Non-gradient
large deviations have been studied in [Qua95], [BFG13].

2.2.2 Equilibrium and non-equilibrium steady states

As mentioned at the end Section 2] the method of [KOV89| relies on the knowledge of the invariant
measure. In many models mentioned at the end of the previous section, the invariant measures of
the microscopic dynamics are well known. In particular, for the open SSEP defined in , when
both reservoirs have the same density p_ = p. = p € [0, 1], the Bernoulli product measure Vév on
Q) is invariant. This measure is defined as follows:

V[J)V = ® Ber(p), (2.15)

1EAN
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where Ber(p) is the Bernoulli measure on {0, 1} giving probability p to 1. Recall that a measure
N on Qp is invariant for the open SSEP if, for all test functions ¢ : Qy — R,

N (Lg) =0,

where pV(+) denotes expectation under p, and L is the generator of the open SSEP defined in

ED.

In contrast, as soon as the reservoirs in the open SSEP impose different densities p_ # p.,
a macroscopic flow of particles is maintained by the dynamics in the steady state. Following
[Ber+15], an invariant measure with a macroscopic flow of particles is called a non-equilibrium
steady state. When instead p_ = p, = p € [0, 1], i.e. both reservoirs impose the same density at
the boundaries, no such macroscopic flow exists. The corresponding invariant measure VF],V , defined
in , is then called an equilibrium state.
Compared to the product structure of the equilibrium state of the open SSEP with both reservoirs
at the same density p_ = py = p € [0,1], when p_ # p, the steady state of the SSEP is a
considerably more complicated object: it does not have an explicit expression, and exhibits long
range correlations [Spo83||DLS02|. The proofs of large deviations in models with a non-equilibrium
steady state (corresponding to [Ber+03|[BLMO9|[FLM11|[BL12] above) then rely on the fact that,
to control the density, one does not have to know the whole invariant measure: the knowledge of
the macroscopic density profile prescribed by the invariant measure is enough.

To better understand this last claim, let us change our starting point and assume that, instead
of a microscopic model, we are given the expression of the large deviation functional I. One
can then heuristically deduce what the steady state density profile of an associated microscopic
model should be. Indeed, I is minimal when no bias is applied to the open SSEP, corresponding
to the following equation on the density p:

Due to the two reservoirs imposing densities p_, p, at the boundaries —1, 1 respectively, one must
additionally have p(t, —1) = p_, p(t, 1) = p, for each time ¢ > 0 [Ber+03|. This equation has only
one stationary solution p, which solves:

The stationary measure of the open SSEP should thus have density given by p in the scaling
limit, a fact rigorously established e.g. in [ELS90|. A rigorous microscopic application of these
heuristics, comparing the steady state measure at each N with a product measure with the correct
macroscopic densities, is used to obtain the large deviations in [Ber+-03|.

In Chapter |3| of this thesis, we will investigate large deviations not for the density, but for
correlations. In this case, the knowledge of the macroscopic density of the invariant measure is
not enough any more, and more information on the invariant measure is required. In Section [2.3]
we explain how to obtain more information on the invariant measure through the study of large
deviations for dynamical quantities, in particular through the rate function (2.13)).

13



2.3 Large deviations and invariant measures

Besides dynamical large deviations as in Section [2.2.1] a second, related topic of investigation
concerns large deviations for the invariant measure of the microscopic dynamics. When it is an
equilibrium state i.e., for the open SSEP, when both reservoirs have the same density, it is well-
known that there is a functional F, called the free energy, such that, for any smooth density profile
p:(—1,1) = [0,1] (see e.g. Chapter 11 in [KL99])

~ Aim T (T & p(z)dz) = —F(p). (2.16)

Recall that 7 is the empirical measure defined in . Out of equilibrium, the functional F
satisfying is referred to as the out of equilibrium free energy. Finding a candidate for
such a functional out of equilibrium is a more difficult problem. In particular, the presence of
a macroscopic current of particles in the steady state is reflected in a non-local structure of this
functional [Der07][Ber+15]. The next two sections present two approaches to investigate the
invariant measure through two different types of large deviations.

2.3.1 Steady state large deviations: the quasi-potential

In the previous section, we saw how to formally determine the density profile in the steady state
from the rate function. Obtaining more information, such as the structure of correlations, is a
difficult problem for dynamics with a non-equilibrium steady state. For general diffusive models,
a systematic argument, as part of the more general macroscopic fluctuation theory, is put forward
in [Ber+02|, then in the review |[Ber+15] in a more comprehensive form. Asymptotic probabilities

under the steady state measure 72 = are characterised in terms of a functional V : M<;((—1,1)) —

R, U{+o0c}, called the quasi-potential. The quasi-potential V' is defined in terms of a variational
problem involving the dynamical rate function (2.13). This variational problem can be solved
for equilibrium systems, but is in general very complicated in non-equilibrium situations. The
functional V' then plays the role of an out of equilibrium free energy for the steady state measure
7V . in the sense that, for each smooth density profile p : (—1,1) — [0, 1]:

inv)

Aliﬁrnoo % log iy, (7 = p(z)dz) = =V (p), (2.17)
where 7% is the empirical measure defined in . For the open SSEP in one dimension with
reservoirs at different densities (i.e. with a non-equilibrium steady state), the functional satisfying
has been obtained through a static approach in [DLS02]. Formally, the knowledge of the
quasi-potential gives access to the moment generating function of density correlations [Der(7],
through a Taylor expansion.

2.3.2 Long-time large deviations: the Donsker Varadhan formula

So far in this introduction, the focus was on the diffusive time-scale, on which interesting dynamical
effects arise in the open SSEP. Obtaining information about the steady state of a model can then
be done, at least at the heuristics level, through the computation of the quasi-potential . In
terms of scaling limits, this procedure corresponds to looking at the microscopic model at time
TN? when N is taken large, then T as well.
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One can however adopt another point of view. For an irreducible Markov chain on a finite state

N

space {2y, the steady state m;,, at each value N € N* of the scaling parameter satisfies:

¥ €Qy,  lim Pl =1l =n] =, (1), 0 € Q.

The Donsker-Varadhan formula [DV75] then gives a framework to estimate the probability of
N To state this formula, introduce, for

observing statistics that differ from the steady state ;.
T > 0 and a trajectory (n;n2)i<r C Qy, the time empirical measure 77 on Qy as follows:

1

T
Vn € Qu, 7L (n) = T/ On, ya=ndl. (2.18)
0

Note the diffusive scaling, kept for convenience. In words, 7! associates, with each trajectory

(nin2)i<r of configurations, a measure given by 7! times the local time on each configuration.
The Donsker-Varadhan formula then establishes large deviations for 77, seen as an element of the
set M (y) of probability measures on Q. In our context, this formula reads:

.1 .
Vpe Mi(Qy),  Jim ZlogP(RT & ) = — 1By (), (2.19)

where ~ means proximity in the weak topology of measures, and the functional I3, is defined by
the variational principle (recall the definition (2.1)) of the generator L):

~N?L
Ipy(p) = s u(%) (2.20)

From this large-time result, one of the goal of this thesis, corresponding to Chapter [3] is to take the
large N limit and recover explicit information on the scaling limit of the interacting particle system.

However, the variational problem defining I3, is difficult to work with in general, and obtaining
information on its large N limit is a hard problem. The notable exception concerns systems with
reversible dynamics, that is a dynamics with jump rates (c(n,7')),yeqy satistying:

V(n,n') € Q%,  cn,n)min,(n) = cly ,n)mim, ().

This is the case for the open SSEP with reservoirs at the same density p_ = p, = p € [0,1]. For

this model, the invariant measure 7}, = v is given in (2.15), and I}, reads:
Vi e My(Qy), ]]gv(,u) = N2DéV5EP(f;/2)u (2.21)

where f, = p/v), and Dggpp is the Dirichlet form of the open SSEP dynamics on Qy, acting on
f:Qn — R, according to:

Dé’VSEP(fl/Q) = ;V( _ fl/QLfl/2) - i V;V(Z C(?],i,i + 1) [fl/Z(ni,H-l) . fl/Z(n)}2
+ Y [P - f”Q(n)}Q). (2.22)

i€{x(N-1)}

15



Reversibility does not hold, however, as soon as the reservoir densities are different: p_ # p,.
This is intuitively understandable: reversibility would mean an equilibrium steady state, whereas
one expects, on the basis of Fick’s law, that imposing different densities at the extremities of the
system will create a macroscopic current of particles proportional to the difference in density (this
is actually proven rigorously in [FLM11]).

For the open SSEP with reservoirs at different densities, the functional I3, is very complicated,
as expected from the previous discussion. In Section [3] we present heuristics to argue that, at least

at equilibrium, one can still obtain information about the large N limit of the invariant measure 7"

from Donsker-Varadhan’s formula. These heuristics serve as intuition for the content of Chapter
of this thesis, where the probability of observing anomalous correlations in the out of equilibrium
open SSEP is investigated in the long, diffusive time scale (i.e. at times TN? with N large, then

T large).

2.4 Summary and objectives of the thesis

In Section [2] dynamical large deviations were introduced on the SSEP. Two motivations for the
study of large deviations were highlighted.

e Large deviations give information on the kind of anomalous trajectories that the microscopic
dynamics can follow at the macroscopic level. These trajectories typically look like solutions
of:

1
Op = 58p =V - (0(p)Vh),

where h is an applied external field.

e Large deviations give information on the invariant measure, either through a large deviation
functional for the steady state which can be interpreted as a quasi-potential; or indirectly,
through a study of the deviations of the time empirical measure, via the Donsker-Varadhan
formula.

In this thesis, we shall consider two models, which can both be seen as limit cases of the framework
of dynamical large deviations introduced in Section In both cases, reservoirs play a key role.
The first model is the one-dimensional open SSEP, in Section [3] We do not study the density,
which is well-known, but the two-point correlations. We address the problem of estimating the
probability to observe time-averaged correlations very different from the ones of the steady state
7V . in the long, diffusive time scale, i.e. at times TN? when N, then T are large.

The second model is introduced in Section . It is an interface model on the square lattice Z2,
related to the zero temperature Ising model. The dynamics on these interfaces can be understood as
one-dimensional interacting particle systems which enter into the framework presented in Section
2l However, the domain on which these interacting particle systems are defined - previously,
{—=(N —1),..., N — 1} - is now itself modified by the dynamics.
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3 Anomalous correlations in the open symmetric simple
exclusion process

In this section, we introduce the results of Chapter [3] Unless mentioned otherwise, notations in
the section agree with those of Chapter [3] When they do not, modified notations are indicated in
the following by a”symbol.

3.1 Invariant measures and Donsker-Varadhan formula in the scaling
limit

In Sections the general question of how to gain explicit information on the scaling

limit of a non-equilibrium steady state was raised. Recall that such a state is characterised by the

fact that, in the scaling limit, the average current does not vanish |[Ber+15]. Understanding the

structure of the steady state is motivated by the profound differences between equilibrium- and

non-equilibrium situations. Let us again illustrate these differences through the open SSEP ([2.1])
on Ay ={—(N —1),..., N — 1}, with reservoirs at densities 0 < p_ < p; < 1.

e Assume both reservoirs impose the same density of particle 0 < p_ = p, =: p < 1. The
SSEP then admits the Bernoulli product measure VIJJV = ), Ber(p) as its invariant measure,
where Ber(p) is the probability measure on {0, 1}, with Ber(p)({n = 1}) = p. In particular,
the dynamics is reversible with respect to Vév , there is no macroscopic current and particles
are uncorrelated. In particular, the quasi-potential is known explicitly [Ber+15], and
is a local function of the density. The Donsker-Varadhan rate function at each N € N* has
an explicit expression , and can be used to compute various dynamical quantities in
the large N limit, see Sections [3.2.113.2.2]

e Assume now that 0 < p_ < p, < 1. The non-equilibrium steady state 7.\ is then not

known explicitly. It has long-range correlations, in particular n-point cumulants of the den-
sity decay like N="*! [DLS07]. In one dimension, the quasi-potential can be computed
[DLS02][Ber+03|[BGO04]. It is a non-local function of the density. This property is conjec-
tured to be generic in dynamics with a non-equilibrium steady state [Spo83|[Gar+90][BLMO09].
The Donsker-Varadhan rate function is not explicit in general.

As already mentioned, Donsker-Varadhan formula quantifies the probability that the time
empirical measure 77 (recall (2.18)) have statistics different from the steady state m,. The
resulting rate function 17, (2.20)) is defined at each value of the scaling parameter N € N* through
a variational principle. When 7Y in an out of equilibrium steady state, this variational principle
is hard to work with. However, one may hope that it simplifies in the large N limit, so that one
could identify a sequence ay, N € N* increasing to infinity and a limiting rate function Ipy such

that, for any measure ;. on a suitable limit of the configuration space €y:

lim lim
N—ocoT—oo apn

log P(7" &~ p) = —Ipy(p). (3.1)

In particular, this rate function should vanish only on the large N limit of the invariant measure
7V . so that one could hope to extract information on this limiting measure from (3.1]).

nuv?
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Before even attempting to prove , one has to find a suitable space for the large N limit of
measures on (. This is in fact a major difficulty because, informally, not all information in the
measure 77 is stored at the same scale in N. We substantiate this claim in Section 3.2in the case
of the open SSEP with reservoirs at the same density, for which the dynamics is reversible and the
Donsker-Varadhan rate function 75, is known explicitly at each N € N*. We estimate the cost
of changing the macroscopic density on the one hand, and the cost of keeping the same density
but changing the macroscopic two-point correlations on the other hand. We find that these two
costs do not scale with N in the same way. Indeed, changing the density occurs with probability
of order e 7™ when T, then N are large. In contrast, changing only the two-point correlations is
possible with probability of order e~7, again when 7', then N are large.

3.2 Scaling of correlations at equilibrium in the long-time, large N
limit
Consider the open SSEP as given in ([2.1) with two reservoirs at equal densities p_ = p, = p €

(0,1). In this setting, the dynamics is reversible with respect to v as defined in (2.15), and the
Donsker-Varadhan rate function at each N € N* is given by the Dirichlet form ([2.22]).

In the next two sections, we show that there is little chance of establishing a formula such as
at the level of the time empirical measure. This is done by computing the cost of observing
an anomalous macroscopic density, in Section [3.2.1] and the cost of an anomalous macroscopic
two-point correlations, in Section [3.2.2]

3.2.1 Changing the macroscopic density

Consider a smooth density profile p : [—1,1] — (0, 1). For simplicity, assume that the density close
to the boundaries is unchanged, i.e. that p(z) = p for x in an open neighbourhood of +1. Define
then:

pN = @) Ber(p(i/N)).

1EAN

For a function ¢ : (—1,1) — R, write for short ¢; :== ¢(i/N) for i € Ay. Introduce the chemical
potential \ and its discrete derivative 9™V )\;, defined by:

Vee (—1,1),  Az):=log (1f<—;”2x)> NNi=Nhp—A],  i<N-1 (32

Recall that pV[-] (or uV(+)) denotes expectation under the measure p”¥, and the definition (2.18)) of
the time empirical measure 77. Elementary computations using (2.21)) then give, for each N € N*:

.1 v oy Ny . (i1 = M) vy 2
jll_r)rgo?logp(w R )__TM L%lc(n,z,z%—l)(exp[—Ta )\Z}—l) . (3.3)

Note that there is no contribution from the boundary dynamics, since p is constant and equal
to p close to +1 by assumption. Expanding the right-hand side of (3.3), one finds, recalling
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o(r)=r(1—r) for r € [0,1]:

Tlglgo?logIP’( ~pt) = _1_16” [ Z c(n,i,i+ 1)[8]\[)\42] + On(1)
[i|<N—-1
_ _g . o(p(2))|VA(@)2dz + Ox (1), (3.4)

where we used the smoothness of p, and p™ (c(n,i,i + 1)) = 20(p;) + O(N7!) for each i < N — 1,
with the O(N~!) uniform on 4. It follows that a macroscopic change of density is observed with
probability of order e=T" in the large 7', then large N limit.

For future reference, notice that, up to factors of N, T, the right-hand side of (3.4) is the same
as the one given by the dynamical rate function (2.13). To see it, recall that the rate function
Isspp evaluated at the constant profile p on the time interval [0, 7] for 7' > 0 is given by:

Isspp((p(x)da)i<r)|p) = / /11 |Vh(t,z)|?c(p(x))dxdt,

where h is the bias such that h(t, £1) = 0 for each ¢ € [0, 7], and:

. L, .
In particular, integrating the divergence operator, there is a divergence-free function j on (—1,1)

(the current), i.e. a constant in our one-dimensional setting, such that:

_(1/2)Vp+j vy oy L (WY )
Vh = O'(ﬁ) = ISSEP((p( )d )tST>|p) - 2 /(_171) U(ﬁ(I)) d.

In the present case, h(-,£1) = 0 and VA = Vp/o(p) implies that j = 0, with A defined in (3.2)).
As a result:

vVt >0,z € (—1,1), Vh(t,z) = VA(z)/2.
The right-hand side above divided by T thus reduces to N~! times (3.4)) in the large N limit, and
we find:

1 1 .
lim lim ﬁlog]}”( ~pV) = lim lim ﬁlog]?((wfv) < ~ (p(z)dx)i<r). (3.5)

N—oo T—00 T—o00 N—oo

In other words, the long time, large N limit and the long diffusive time limits coincide.

3.2.2 Changing the macroscopic correlations

Consider again the open SSEP at equilibrium at density p € (0,1). For simplicity, set p = 1/2.
For a bounded function ¢ : [—1,1] — R, define the fluctuation field Y (1)) by:

Vn € Qn, Z W (i/N), with 7. =n. — 1/2.

”LEAN

19



Under the invariant measure V{\/[W YN (1)) vanishes. However, at each time ¢, the fluctuation field
Y;]]\\/,Q(zﬂ) can be proven to converge to a Gaussian random variable, and is in particular typically
of order 1 in N (see Chapter 11 in |[KL99|, or [Der+05|[LMOO06] when p_ # py). The two-
point correlations Y (11)Y (15) are thus also of order 1 in N for bounded functions 1, 1y (see e.g.
[GJ19] for the reversible SSEP on the torus, and [Spo93] for correlations in the steady state when
p— # py). Define more generally the (off diagonal) correlation field IV, acting on a bounded

function ¢ : [-1,1]*> — R according to:

1 T g
vn € Qy, ™ (¢) = N Z T_]iﬁjﬁb(N, %) (3.6)
i#jEAN

In view of the above discussion, to find a measure that is close to Vév but with a different correlation
structure, it is reasonable to look at:

1 o
ulV = yf\/fw = =N emN(‘ﬁ)uf\/g, Zf\/[w a normalisation factor.
1/2,¢

Assume ||¢|| is sufficiently small and ¢ is smooth, symmetric, i.e.:

V(z,y) e [-L17  ¢lz,y) = ¢y, 2).

Assume also that ¢(z,-) = 0 for z in an open neighbourhood of +1. n-point correlations under
the measure p can then be estimated for each n € N*. Let U}’ be the matrix:

. o _ 1 (A
2 N 1
V(Z,]) € Ay, U¢ (%J) = 0(1/2) 1—; + N¢<N’ N)li;éj-

One can then prove (see Appendix A of Chapter|3)) that the inverse (U;)~! has diagonal coefficients
bounded with N, off-diagonal coefficients of order N~—!, and:

sup [ ()] = O(N7), sup | (7)) — [(U5) 7] (0, 9)] = o(N 7). (3.7)

1€EAN 1#jEAN

In other words, the macroscopic density is still given by p = 1/2, but there are now long-range
correlations parametrised by ¢. Let us again compute the Donsker-Varadhan rate function at each
fixed N.

Lemma 3.1. For ¢ and p¥ as above, one has:
1
lim —logIP’(frT R MN) = —Cl, 0<Cyn <supCy < 0.
T—oo T’ N
Proof. Write:
i J .
Gij = Cb(N, N)’ O dij = Nloit1; — dijl, (i,5) € A%

Notice then that, for each n € Qy:

Vi<N—1, Y —TI¥()(n) = —% > B G
Jj¢{ii+1}

20



In particular, as ¢ is smooth, the above difference is bounded by O(N~!) uniformly in 7 < N — 1.
By definition, the Donsker-Varadhan rate function reads:

Iy () = NTMN { D cmivit D) ((exp [21Y (6) (' +) — 211 (9) ()] - 1)2] (3.8)

To compute this quantity, we need a bound on correlations under V. In Appendix [A| of Chapter
Bl we prove that, for each n > 2:

sup ’uN<H77i) = O(N~/?%). (3.9)
[Ile{n—1,n}

Expanding the exponential in (3.8) using |e® — 1 — z| < Cz? for some C' > 0 and all |z| < 2||¢]| o,
(3.8)) reads:

1 . 1 _ 2 _
[gV(,uN) = ZMN[ Z C(?’],Z,Z + 1) (ﬁ Z Tba{\[(bl’j> :| + O(N 2). (310)
i<N-1 je{ii+1}
Recall that 7; = n; — 1/2 at density p = 1/2 for each i € Ay, and notice:
Vi< N — 1, C(T], Z,Z + 1) = 771(1 — ni-i—l) + 77i+1(]~ — 771) = 20’(1/2) — 2771772_,_1

Moreover, (77;)* = o(1/2) for each i € Ay. Separating diagonal and off-diagonal terms in (3.10)),
Donsker-Varadhan’s formula (2.19)) yields:

1 1
lim —log]P’( uN) = ——Q,MN o(1/2) 0100y ¢ ;01 Gie
T 2N

T—o0
I<N—-1 JALE{i,i+1}

——Z S o(1/2? [0V ¢i)” + O(NT2).

i<N-1j¢{ii+1}

Using (3.7)), the first line is bounded with N:

lim 2 log (R~ u) = — 22 S S (@) 0aN g0 6

T—oo T 2N?2
I<N—1j£0¢{ii+1}

_QLZ 3 o(1/2)[0)6:5)° + O(N ). (3.11)

i<N-1j¢{ii+1}

The right-hand side above is consequently bounded with N. The probability of observing the
measure 1~ with the same density but correlations macroscopically different from those of V{\/[2

thus scales like e? in the large T, then large N limit. O]
The large N limit of the expression (3.11]) reads:

1 1
lim lim — logP(7 M == o(1/2){01¢(z, - L016(2,-))dz, 3.12
FlosP( ) = =g [ o700, () 01002, ) (312)

N—oo T—00
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where (-, -) is the scalar product in L*((—1,1)), and qul is the inverse of the operator Uy, acting
on ¢ € L?((—1,1)) according to:

Ve (LY, V) =012 N — [ oy
~1,1
The formula (3.12)) will be generalised below to a non-equilibrium situation, in Theorem . As
was the case for the density (3.5]), we will see that the formula (3.12]) again agrees with the one
that can be obtained in the long diffusive time limit. In other words, the observation ([3.5)) that the
time and scaling limits can be exchanged in the case of the density is also valid for correlations.

3.3 Contribution of the thesis

In view of Section , rather than obtaining a global formula such as , it seems relevant to
split the study of the time empirical measure in the large N to separately study the different scales
in N. In Chapter [3, we make a first step in that direction in the case of the open SSEP with
reservoirs at different densities p_ # p,. We study the probability to observe anomalous values of
the time average of the two-point correlation field II%V, i.e. of the quantity;

1 T
T/ M.dt, T >0 NN (3.13)
0

3.3.1 Results

When p_ # p,, the correlation field IV is defined as in (3.6]), but with 7. := n. — p., and p stands
for the steady state profile in the large N limit:

AF=0,  p(E1)=pa. (3.14)

The method used to study IIV is not specific to the SSEP, and applies to a large class of interact-
ing particle systems, see Section Let us present our results. In the following, we simply say
correlations for two-point correlations.

In the spirit of Donsker-Varadhan’s formula, one would like to prove a large deviation result in
large time, then investigate its scaling limit, i.e. establish an estimate of the form:

N—o0 T—o0 T

1 I
lim lim ?1og1@<—/0 N dt ~ H> — _7(I), (3.15)

with P the probability associated with the open SSEP dynamics, and for a rate function Z acting
on a correlation field Il defined in a suitable space. Taking the long-time limit at fixed value of
the scaling parameter as in turns out to be out of reach. The reason is that, at each N,
the candidate for a rate function is not a closed functional of the correlation field, but instead also
involves n-point correlations with n > 3. We have no way to estimate these correlations in the
long-time limit.

Instead, we look at the field (3.13) in the long diffusive time-scale, i.e. times T'N? with N
large, then 7" large. From the heuristics presented in (3.5)) and at the end of Section we can
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expect that these limits coincide with the large T', then large N limits of . A variety of tools
to study hydrodynamics are available on time windows of the form [0, TN?] with T fixed and N
large, such as the relative entropy method of Yau [Yau9l|. By a refinement of this method (see
Section , we obtain uniform estimates in 7" when N is large. We manage to quantify, for a
large class of correlation fields, the quantity:

| 1"y
jlggoz\}g%oflogp<f/o L \2dt = H>. (3.16)
In the rest of this section, we give a precise large deviation statement, before explaining, in Section
3.3.2] the ideas of proof and the difficulties. Let us first fix some notations. The correlation kernel

ko in the steady state 7Y, of the open SSEP with reservoirs at density p_ # p, is known explicitly

[Spo83][DLS02]:
ko = (7)*A71, (3.17)
where A} is the inverse of the Dirichlet Laplacian on (—1,1) with 0 boundary conditions.
Denote by [ the open set (—1,1)%, by D = {(z,z) : * € (—1,1)} its diagonal, and let
A :=0\D. Let also > = {(z,y) € O : 2 < y} and < = A\ >. For the open SSEP with

reservoirs at density (p_, py), we estimate the cost of observing a given correlation field II, seen
as an element of 77, the set of continuous linear forms on 7T, with:

T = {(25 S CO(E) CQs € 02(5),(25@ S 02(51),@35 = 0}.

Note that, if <-, > denotes the standard scalar product on L*(7) and duality pairing between
elements of 7 and 7", one can always represent II € 7’ by a distribution ky such that:

e, N0)= ko) =g [ uey)ote ey (3.15)

where the last equality makes sense as soon as kyy € L2(I). In such a case, define also the operator
Cn == 0(p) + ki on L2((—1,1)) as follows:

VfELX((-11).  Cuf(z)=o(p(x))f(z) + /(_1 . kn(z,y) f(y)dy, =€ (=1,1).  (3.19)

Theorem 3.2. Assume p_,py € (1/2 —¢,1/2+¢€) for a sufficiently small ¢ > 0. For a suitable
family of measures (u™N)n which serve as initial condition, there is a Junctional T with values in
R U {400} such that, for any compact set K in the weak® topology of T,

1 I
lim sup lim supflog P (—/0 12dt € /C) < — inf Z(IT'). (3.20)

T—oo N—oo T e

If the kernel kyy associated with 1 € T" via (3.18)) is both sufficiently smooth and close to ko (defined
in (3.17)) ), then, for any weak* open neighbourhood O of 11:

1 17
lim sup lim sup T log P*" <T/ )\2dt € (’)) > —Z(II), (3.21)
0

T—o0 N—oo
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where the correlations Cry are defined in . Moreover, in this case, there is a smooth function
hi € T, such that the rate function T reads

I(H) = é /(1 ) 0(ﬁ(2))<81h1‘[(2, '), Cnalhn(z, )>dZ (322)

The initial condition will be the measures I/gO, defined in (3.31)) and Theorem below, which

have both the same macroscopic density and the same macroscopic correlations as the invariant
measure 72 of the open SSEP.

Let us give a very informal justification for the formula (3.22)). Consider a density profile
p(t,z) = p(z) + $(t, r) with a time-dependent fluctuation profile ¢ of order N='/2 and take a bias
H:(—1,1) — R of the form:

1

vre(-11), VH() =g /(1  OuhLe o)y (3.23)

Contrary to (2.12), the bias H is now non-local. Then, to lowest order in ¢, the rate function
(2.13) at each fixed time 7" > 0 becomes, at a strictly formal level:

I((p(t, 2)d)<rlpo) = / / . [ /(11)2alh<z,x>alh<z,y)aﬁ(tw)aﬁ(ty)dwdy dz.
| (3.24)

Under an assumption of ergodicity and sufficiently fast time decorrelation, the ”correlations”
( fo o(t y)dt) (eg)eD] in (3.24) can be expected to average to Cj, the macroscopic cor-

relatlons in the invariant measure of the open SSEP dynamics biased by H. Dividing (3.24) by T
and taking the large T limit, the formula (3.22)) can be recovered:

.1 1
lim T[((p(t,x)dx)tgﬂpo) = —/ 2))(O1h(z, ), Choih(z,-))dz = Z(I}).
(_171)

T—o00 8

3.3.2 The method and context

Let us now explain how to prove Theorem [3.2] The framework is still the one of Section [2} the
dynamics is tilted by suitable biases, and the cost of the tilt must be estimated. The difficulty,
however, lies in the fact that correlations are objects that live on a much finer scale than the
density. This means that Replacement Lemma-type results (recall ), known in this context
as Boltzmann-Gibbs principles, are much more difficult to prove. In the context of the open SSEP,
one would typically need the following estimate to study correlations:

1 "1
lim sup lim sup — T log]P’ / Z Aiy o Tiy (O) iy 1 ()73, (1 dt‘ > 5) = —00, (3.25)

T—o00 N—oo i<N—1
io@{i1,i1+1}

for each € > 0 and each tensor (A;, ;,)(ir)e(ay)2 With entries uniformly bounded with N.
Estimates such as (3.25)) have not been established before, be it at, or out of equilibrium. Existing
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results on correlations are restricted to a finite time window, and concern either correlations at equi-
librium [Ass07]|GJ19], or rely on certain duality property of the underlying models [ACR21][CS20].

In fact, let alone correlations, even studying out of equilibrium fluctuations is difficult. Studies

are often model-dependent, in particular much work has been carried out on the SSEP [LMOOG]
and WASEP [Der+05][Gon+20|, and earlier on the zero range process [FPV8§|, see also the book
[KLO12]. Earlier, specific model could be studied using duality techniques, see e.g. [DFL86| for
an example, and Sections I1.3 and II1.4 of the book |Lig05| for a presentation. Though obtaining
an estimate such as would be easier at the level of fluctuations (one would only need to es-
timate ([3.25) with the sum replaced with N~!/2 Y ien_1 Nifli+1B; for some bounded B : Ay — R),
existing methods are still insufficient.
To summarise, there are thus two issues: first, there are no known general methods to study corre-
lations out of equilibrium. Secondly, existing methods to study long time asymptotics only apply
at the level of the density, and do not easily carry over to fluctuations, much less correlations. In
the following, we first present the method used to obtain , then explain how it is applied to
derive Theorem

The relative entropy method for correlations.

A recent breakthrough by Jara and Menezes |JM18b][JM18a] paves the way towards a solution of
the first problem, i.e. a general approach to studying correlations out of equilibrium. They propose
a general method to study out of equilibrium fluctuations for a large class of interacting particle
systems which evolve in diffusive time, relying on the relative entropy method of Yau [Yau9l].
The idea in [Yau91] is that, at each time, one should compare the actual law of the dynamics with
a reference measure, supposed to mimic the large-scale behaviour of the dynamics. The distance
between these two measures is controlled in terms of the relative entropy: if u™, 7 € My (Qy)
with inf,cq, 7V (n) > 0,

N N N
1 1 u
HN ) = | tos (T )| = s (55|
Above, 7] (or 7V (+)) denotes expectation under 7. The law f;7" of the dynamics at time ¢ > 0
can then be controlled in terms of H(f;w™|w") using the entropy inequality: for each V : Qy — R,
™ (f;V) < H(fim™|7N) 4+ logm™ [e"]. (3.26)

The relative entropy method of Yau [Yau91] then consists in bounding the quantity o, H (fr™¥ |7V),
known as the entropy dissipation. In [JM18b|, the entropy dissipation is shown to satisfy:

Vi>0,  OH(firN|rN) < —a¥ (rwﬁ)) + 7N (L*1f), (3.27)

where L*1 is the adjoint of the generator L in the space {f : Qy — R : [ f2dn" < oo}, and T' is
the carré du champ operator associated with the dynamics, acting on f : 0y — R according to:

e w6/ =5 3 enii+ VTG - V)

I<N—-1

+ % Z c(n, 1) [\/f(nl) - \/f(n)f

€{x(N-1)}
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When 7% = 7l¥ is the invariant measure, L*1 = 0 and the right-hand side of is negative. If
7V £ 7N the term 7V (f,L*1) can be understood as way to quantify the proximity of 7V to the
invariant measure. The goal of the relative entropy method is then to find a measure 7" for which
good bounds on m(f,L*1) can be obtained via the entropy inequality (3.26), and computation
of exponential moments under 7V. In practice, 7 must be chosen simple enough to compute
exponential moments, and yet close to the invariant measure. The usual choice consists in taking
a product measure, in our set-up the product measure with densities given by the invariant profile
p at each site:

7 = (X) Ber(p:), (3.28)

ieAy

with Ber(p) the Bernoulli measure on {0, 1} such that Ber(p)({n = 1}) = p, p € [0, 1]. Informally,
if one considers an interacting particle system in dimension d, the relative entropy method allows
for the study of hydrodynamics for the density provided one has an upper bound of the form:

V>0,  H(finer™|7V) < Cu(t)en, Cy(t) >0, exy =o(N?).

Comparing the law of the dynamics at each time with a reference measure 7V given by a product
measure, the relative entropy method has been successfully used to determine the hydrodynamics
of the density in many models. Starting with the seminal paper [Yau91] on the Ginzburg-Landau
model, many results have been obtained in the 90’s, a list of which can be found in Section 2 of
Chapter 6 of [KL.99]. More recent works include the hydrodynamics of an interface appearing in
a superposition of Glauber and Kawasaki dynamics [FT19], or Glauber and zero-range dynamics
[Ket+20].

When one is interested in a finer scale than the density, such as the scales of dynamical fluctu-
ations; much sharper bounds on the relative entropy are required:

vVt >0,  H(fiver o) < Ch(ten, Cy(t) >0, en =o(NY?). (3.29)

If one still takes a product measure for 7V, say 7% = o as in (3.2)), it may not be possible

to prove (3.29) simply by using the entropy inequality to estimate 7™(f;L*1). Indeed, some
quantities arising in the computation of L*1 may be very singular, with the consequence that their
exponential moments are too big [JM18b]. The improvement on the relative entropy method in
[JM18b] is a general procedure to renormalise such singular terms. The idea is to make use of
the dissipative carré du champ term in to turn singular terms into functions for which the
entropy inequality is effective. This method enabled Jara and Menezes in [JM18b] to considerably
improve existing relative entropy bounds. They obtain bounds of the form:

N ifd=1,
V>0,  H(fu0" ™) < Ch(t)ga(N)NT2, Ci(t) >0, ga(N)=<logN  ifd=2,
1 if d > 3.

In view of , the above bounds are good enough to allow for the study of out of equilibrium
fluctuations in dimension d < 4, for a large class of models (see in particular Section 8 of [JM18b]).
Here, we build on the idea of Jara and Menezes to improve relative entropy bounds in order to
study correlations as in (3.6)), which are objects that live on a still finer scale than fluctuations. To
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do so, informally, the bounds on the relative entropy one would need are, in an interacting particle
system in dimension d:

vt >0, H(finen™|m™) < Kg(Hen, Kg(t) >0, en = on(1), (3.30)

for a suitable reference measure 7. To establish in order to study correlations, it is not
possible to take 7 = 7V to be a measure without correlations as before. In the context of the
one-dimensional open SSEP, as defined in ([2.1]), we propose instead to consider discrete Gaussian
measures of the form:

V;V = (Zév)fleQHN(g)DN, Zév a normalising factor, (3.31)

where g : 1 — R is a bounded function to be determined, and IIVV is defined in (3.6)). Recall that
=0\ D is the open square without its diagonal D = {(z,z) : z € (—1,1)}.

The function g is supposed to encode the correlation structure of the dynamics. For a large
choice of g, the measure V;V has the same macroscopic density p; at each site i € Ay as the invariant
measure 7.\, and its two-point correlations depend on g. Exponential moments under I/;V of either
ITIY or the three-point correlations appearing in can be computed for sufficiently smooth
and small g; this is done in Appendix of Chapter [3| following the method of [G+19][SS20].
The entropy inequality can therefore still be used, with 7V = I/év as a reference measure.
Let us illustrate the role of the function ¢ in the particular case of the unbiased dynamics, where

N N

v, 1s supposed to approximate the invariant measure ;;,. Write g = go in this case. The invariant
N

measure ;. has correlation kernel ky in the scaling limit (recall (3.17)). The function go is given
in terms of the macroscopic correlations (3.17) of the invariant measure in the following sense: if

Co is the operator o(p) + ko, acting on f € L?((—1,1)) according to:

Ve e (=1,1),  Cof(z)=oa(p(x))f(z) +/ )ko(x,y)f(y)dy,
(1,1
Then:
Citi=0(p)™ = g. (3.32)
One can then check that the measure I/]X, defined through (3.31]), has macroscopic density profile
given by p (recall (3.14))). Moreover, 1/%9 satisfies, for each bounded test function ¢ : (—1,1)* — R:

N—oo 4

lim v (ITY(¢)) = L /Z ko(z,y)é(x, y)dady = lim 77, (I1(6)). (3.33)

N N

In other words, the measure v,  approximates 7, at the level of two-point correlations. A similar

function g is built for the tilted processes used to prove large deviations, as we will now see.

The large deviations.

Let us now explain how one obtains the large deviation results of Theorem The method is
still the one of [KOV89] presented in Section [2] in which the dynamics is tilted by suitable biases
to explore all possible correlations. In view of the heuristics , we consider biases of the form
[TV (h) for suitable functions h : 1 — R, so that the new jump rates read:

Vn e Qy,Vie {£(N -1},  eu(n,i) = c(n,i)exp [II¥(h)(n') — TV () (n)],
Vi<N-1, (4. j+1)=cnj,j+1) exp [IIN(h) (/) =TIV (h)(n)]. (3.34)
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The aim is then to compute the Radon-Nikodym derivative between the dynamics with jump rates
cn(n,i,i+1), cn(n, j), call it Py, and the open SSEP dynamics P with jump rates ¢(n, i,i+1), ¢(n, 5),
forn € Qy,i < N—1and j € {£(N —1)}. This Radon-Nikodym derivative is given by Feynman-
Kac formula (Appendix A.7 in [KL99|), and reads, for a time 7' > 0 and trajectory (n;n2):<r:

T
log %(mm)w = IY(h) — 1Y (h) — N? / e I (M e () gy (3.35)
0
with L the generator (2.1)) of the open SSEP. The right-hand side involves, on the one hand,
the field IIV applied to h and its derivatives. On the other hand, it also involves time integrals of
three-point and four-point correlations, such as the one appearing inside the probability in (3.25|).
The challenge is then to control the size of these objects, when N, then T are large, under the
tilted dynamics IP,. This is achieved through our main result on the relative entropy, stated next
and corresponding to Theorem [2.5] of Chapter

Theorem 3.3. Let p_ < py € (0,1) be sufficiently close to 1/2, and let h € T be a smooth bias
with ||h||so, [|[Vh|leo sufficiently small. There is a function g = g :  — R, the unique classical
solution of:

(Al W) + 0oy 2g - )+ T2 V020~ W)(a) for (5.9) €
+ /(_1 , o(p(2))[01(g — h)(2,2)019(z,y) + Oig(z, )i (9 — h)(2,y)] =0,
g=0 on oL,
— — x xXr) = — — X x :(ﬁ—/)Q or xT —
\ (02 —O)(g — ) (x4, 2) = (01 — B2)(g — h)(z—, ) ()2 J € (—=1,1).

(3.36)

In addition, there is C' > 0 such that, for each T > 0, the relative entropy H(fthygNh|VgNh) for
t € 10,7 satisfies:

oT
VN € N*, sup H (fivevg [v)) < Ce

. 3.37
+e[0.7] 9n1"9n/) — N1/2 ( )

It is then possible to use Theorem in order to prove that (3.25) holds, as well as a similar
statement for four-point correlations. Thanks to these Replacement lemma-type estimates, it be-
comes possible to obtained a closed expression of the Radon-Nikodym derivative in (3.35]) in terms

of the correlation field, up to well-controlled errors. From this closed expression, the resulting rate
function Z of Theorem [3.2 is built.

Let us explain the role of the function g appearing in Theorem [3.3] and make a connection
with the heuristics at equilibrium of Section [3.2] Recall from Theorem [3.2) that the objective is to
observe a given correlation kernel k. The function ¢ in is in fact the correlation kernel of the
inverse of the correlation operator Cy := g+ k. Precisely, assume that & is such that Cy := o(p)+k
is invertible. One can then define a function g by:

Cr=a(p)+k=(o(p) —g)"". (3.38)
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If the kernel k is sufficiently smooth and close to the steady state correlation kernel kg , then
we can show that there is a bias hy such that k is the typical correlation kernel, in the long diffusive
time scale, under the dynamics P,. The resulting g = g5 built through then solves .
Moreover, Theorem (3.2 then states that the rate function at the correlation field IIj, := (1/4){k, -)
is given by:

Z(Il) = é /(_1 3 U(ﬁ(Z)Xalhk(z, ), Cr0rhi(z, -)>dz
= é/ U(ﬁ(z))<a1hk(z, -)’ (U(p)—l - gk)*lalhk(z’ )>dz (339)
(-1,1)

Compare the last expression with the equilibrium setting : at equilibrium, tilting the dy-
namics by IV (h) modifies the steady state from the Bernoulli product measure Vév to 2,V
up to a normalisation factor. The resulting correlation matrix then reads (o(p)~' — h)™!, so that
the equilibrium g., satisfies g., = h, and the formula coincides with .

Out of equilibrium, however, the invariant measure W%th of the dynamics tilted by & is not simply

given by a constant times 2" W aN s that its inverse correlation kernel g in the scaling limit

is different from h. This is reflected in the partial differential equation (3.36) through the fact
that ¢ = h is not a solution, due to the term involving the first derivatives of 2g — h, which is
proportional to p'.

3.4 Perspectives

In this section, we mention several directions in which the results of Theorem [3.2] could be improved
(Section|3.4.1]), and those of Theorem |3.3|could be applied to other situations (Sections(3.4.213.4.3))

3.4.1 The large deviations

Initial condition.
In Theorem [3.2] the large deviation result is stated for the dynamics starting for a sequence of
measures (uV)y, later identified with the measures (vY)y defined in (3.31)); with gy related to
correlations in the steady state via (3.32]).

N

g0
A natural question is to ask whether the dynamics could start from the invariant measure 7,
rather than from I/;X . Derrida, Lebowitz and Speer [DLS07| present heuristics on the behaviour of
the entropy of the steady state which in particular imply [[7}), — v [[7v = on(1), where the total

wmv
variation || - |7y is defined as:

1
H/]TiNnv - V;XHTV = 5 Z |7TZJXU<77) - V;\g(n)l
neQN

These heuristics immediately imply that |[P™w (-) — P (-)||7v = on(1), and Theorem M would
hold also starting from 7\ . Further discussion on this topic can be found in Appendix of
Chapter [3]
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It is also possible to start from a measure V;V with a function g # gy, which does not have the
same correlations as the invariant measure. To treat such a case, one would need to adapt the rel-
ative entropy estimates of Theorem to a time-dependent setting, where the initial condition is
g. From the point of view of microscopic computations, this does not change anything. Additional
work would however be required to check that the solution (g;);>0 of a time-dependent version of
the partial differential equation of Theorem is sufficiently well-behaved.

The Neumann condition on the diagonal for correlations.

The strength of correlations in the steady state of the open SSEP is proportional to (7')2, with
P = (pyr — p—)/2. In fact, the macroscopic correlation kernel ky in the steady state solves the
following partial differential equation. Recall that (0 = (—1,1)? is the open square, with diagonal
D ={(z,z) :xz € (—1,1)}.

Aky =0 on =0\ D,
ko=0 on 0, (3.40)
(31 - (92)150(@[, l‘) = :t(ﬁ/)z for x € (—1, 1)

When g/ = 0, kg = 0 and there are no macroscopic correlations. The Neumann condition the
diagonal in ([3.40) is therefore central, and it is interesting to try to observe correlation profiles
which have a normal derivative on the diagonal that differs from the one in (3.40)).

The Neumann condition is a boundary condition. Estimating the cost of changing boundary
conditions is difficult in general. For large deviations of the density in the open SSEP, the proba-
bility of observing a density profile with different boundary conditions is not of order e~7¥ in the
long diffusive time limit, but in fact smaller. In our context, observing correlations that do not
vanish at the reservoirs similarly has a probability much smaller than e~ in the long diffusive time
limit. However, we manage to tune the Neumann boundary condition to a large extent, basically
allowing for (7')? to be replaced with (7')%+4¢, where ¢ is any smooth function which vanishes at the
two extremities of the diagonal. It is not clear whether this restriction is only technical (it arises
in the study of regularity of solutions of the partial differential equation (3.36])), or more essential
in nature. In particular, we would like to estimate the probability of observing no correlations at
all:

IP’(% /T 1Y, dt ~ o). (3.41)
0

The estimate of this probability is not part of the result of Theorem Understanding whether
our framework can be extended to study (3.41)) without essential change as well as the structure
of the bias one should apply to the dynamics to not see any correlation will be the object of future
work.

3.4.2 The relative entropy method

Out of equilibrium correlations.

The relative entropy method was initially introduced in a time-dependent context [Yau9l]. In
this case, the macroscopic density of particles, rather than equal to p at each time, is given by a
trajectory 0 < py(z) < 1, z € (=1,1),t > 0. If one defines the correlation field in terms of the
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variables 7. = 1. — p(t,/N) instead of the 7. as in (3.6)), the result of Theorem carries over
with minimal change. This is in particular the case for a large class of one-dimensional diffusive
systems satisfying the technical gradient condition, such as the models mentioned in Section 8 of
[JM18b].

Higher dimensions.

The comparison of the dynamics with reference measures of the form (3.31)) is not restricted to
dimension 1. In dimension d on a lattice A4, = {—N — 1,..., N — 1}¢, the correlation field around
a density profile p : [—1,1]¢ — [0, 1] would act on functions g : [-1,1]? — R as:

1 _ _
™ (g) = N Z M Yi.55 n.=n—p, n€ly,

o d
#JENG,

The corresponding d-dimensional discrete Gaussian measure v, is then defined as in (3.31). A
result similar to Theorem can then informally be stated in any dimension in the following form.
Consider any nice gradient interacting particle systems, such as the ones mentioned in Section 8 of
[JM18b|. For d > 2, if there is a sufficiently nice function g, solution of a d-dimensional analogue
of the partial differential equation in Theorem , then the relative entropy, with respect to
v} 4, of the law of the dynamics at time ¢N?, is bounded by C(T')(1 + N**) uniformly in t < T.
Such a bound can be used to study out of equilibrium fluctuations as in [JM18b]. The maximal
dimension d in which this study can be carried out is improved, from d < 4 there, to d < 8.

3.4.3 Fluctuations and correlations for the SSEP conditioned to an atypical current

In this section, we present an ongoing work done in a different perspective. Consider the one-
dimensional SSEP on a ring conditioned to having a strong current on average. Precisely, let P
denote the SSEP dynamics on the torus, with associated expectation E, and define, for A € R and
a time 7" > 0, the dynamics [Py v conditioned to having an atypical current with strength tuned
by A on [0, 7] as follows:
E[ e QTNQ}
IP))\,T( ) . E|:€ANQTN2i| ) (342>

where, for ¢t > 0,
1 iit1
Q=3 d @™, Ty:=Z/NZ.
i€Tn

Above, for i € Ty, i’”l € 7 is the signed number of particles having jumped across the edge
(7,74 1) up to time ¢, counting +1 for each particle jumping from site i to site i + 1, and —1 from
site 2 + 1 to site . The additional factor of 1/N in the definition of @), is related to the diffusive
scaling: a macroscopic current of particles means that ;2 is of order 1 in V.

At equilibrium under, observing a macroscopic current is a rare dynamical event. The prob-
ability of such an event has been investigated for a large class of interacting particle systems
in [Ber+07], and shown to scale like e when N is large, up to sub-exponential corrections.
Under the dynamics Py 7, one can thus prove that there is typically a macroscopic current with
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strength tuned by the parameter A\. The dynamics induced by P, r, however, is a complicated,
time-inhomogeneous Markov process. The presence of the current is known to create a rich corre-
lation structure [Bod-+08]. An expression of these correlations in the long time limit has also been
conjectured in [Bod+08|. Due to the complexity of the dynamics, however, an analysis of these
correlations or even of the structure of fluctuations has so far remained out of grasp.

The relative entropy estimate presented in Theorem offers a powerful tool to study this
dynamics. The idea is to find a time-homogeneous Markov process, sometimes referred to as the
driven process, a notion introduced in |[CT15a][CT15b] and built on ideas originating in [Doo57],
see also Chapter X of Part 2 in the book [Doo01]. This driven process mimics the dynamics Py
at least for times 1 < t < T assuming T large. This process can be characterised in terms of
spectral quantities involving the dynamics and the current [CT15a], which are in general hard
to access. However, one can look for an approximate driven process, in the sense that it only
approximates [Py r at some given level of precision. In our case, we would like this approximate
driven process P¥* to have the same macroscopic current and macroscopic correlation structure,
so that, informally, for each set x of trajectories for the correlations:

Pyr ((Hi\][VQ)1<<t<<T S X) = Pdriv((ngvz)1<<t<<T c X) + 5N,T(X>7 (3-43)

with:

lim sup lim sup |ex 7 (x)| =0
T—o0 N—o00

To look for P4 we first enforce the correct current, by modifying the jump rates of the SSEP as
follows:

c(niyi+1) = ex(myiyi+ 1) == (1 — nip)eM +nia (L —n)e N, i€ Ty,n e {0,137,

We then implement the large deviation ideas leading to Theorem on the dynamics with jump
rates cy, call it Py, looking for a function hy : T? — R (T is the unit torus) such that the dynamics
P, biased by II"V(hy) as in satisfies (3.43). This step is at present not carried out in a
fully rigorous manner. One of the main issue is the possibility to control the error terms arising
in such a change of dynamics, about which the relative entropy estimates of Theorem play a
crucial role. If these error terms can be controlled (work in progress), we find that, for a statement
such as to hold, say for the SSEP at density 1/2, the bias h) must satisfy a certain partial
differential equation. This partial differential equation is similar to , and the parameter A
tuning the strength of the current again enters as a Neumann boundary condition:

Ahy(x,y)+0o(1/2) / O1hy(z,2)01hy(z,y)dz =0  for (x,y) € T?\ {(z,z) : z € T},
: (3.44)
(01 — Do) hy(Ts, ) = £\ forz € T,

where we recall o(r) := r(1 —r) for r € [0,1]. The macroscopic correlations under the conditioned
measure Py 7 in the long time limit would then be given by (o(1/2) —hy)™!, at least for sufficiently
small A. The fluctuation process under Py  at times t/N 2 with 1 < t < T can also be characterised.

To make fully rigorous the arguments leading to (3.44]) and to better understand the resulting
correlations is the subject of ongoing work.
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4 Ising interfaces at zero temperature

In this section, we introduce the contour dynamics, a family of interface dynamics on Z? related
to the zero temperature Ising model. This dynamics has deep links with the open SSEP. The
notations in this section coincide with the ones of Chapter 4] except when mentioned otherwise. In
this case, modified notations are indicated by the ™ symbol.

4.1 The Ising and stochastic Ising models

Here, we introduce the Ising model and associated dynamics on Z2. The proof of all statements
in this section can be found in [Mar99| or [BIV99].

4.1.1 The model

The Ising model, here on the graph Z2, is a toy model for modelling magnetism in solids, in
which an arrow, either upwards (or +1) or downwards (or —1), is associated with each face of
the graph Z2. Each arrow is called a spin, and each spin interacts with its neighbours in a way
that promotes alignment with them. The interaction strength is parametrised by the temperature:
the lower the temperature, the higher the interaction. More precisely, consider the box By =
(1/2,1/2) + Z*> N [-N,NJ?, and let ¥y = {—1,+1}P be the set of all configurations of arrows
on By (elements of By are centres of faces of Z?). For 8 > 0, define then the Ising measure at
inverse temperature $ on Xy as follows:

1 p
,ug(a) = ZN P [Z Z O'Z'O'ji|, o€ Xy,

where the distance above is in 1-norm, and the partition function Zév is a normalisation factor. A
vertex i € By is the center of the square C; = i+[—1/2,1/2]?. The vertex i and the corresponding
square C; are associated, so that two spins are neighbours if and only if their corresponding squares
have an edge in common.

The stochastic Ising model then corresponds to a ”single flip” dynamics, reversible with respect
to the Ising measure, i.e. a dynamics with jump rates (c¢(o, 0’)) satisfying:

Vo € Yy, c(o,0')#0 <« i€ By, 0 =0, with ¢'(j) := , T
—o(1) if j =1.

The configuration o then corresponds to ¢ in which the spin at i € By has been flipped. Moreover,
the reversibility condition on the jump rates reads:

Y(o,0') € X%, c(o,0" g (0) = (o, o) (o). (4.1)

Define then the empirical magnetisation m” as follows:



When the temperature is low enough, i.e. for 3 > 3. for some 3. € R, in the large N limit, the
Ising model has a phase transition: for each 8 > f., each limit point of the sequence (ug ) s
a convex combination of two ergodic, translation-invariant measures p4 g on Z?, characterised by
their magnetisation:

prp(og) == £tmg, mg > 0.

Above, i1 5(-) denotes the expectation with respect to py (+).

At each fixed N € N*, however, the measure /Lfgv is symmetric and does not select an orientation
for the spins, i.e. a configuration ¢ with predominant + spins has exactly the same weight as the
configuration —o. This has very interesting dynamical consequences. For instance, the stochastic
Ising dynamics takes an extremely large time to approach the equilibrium measure ,ujﬂv . Precisely,
this time diverges as the eV°) for a parameter c¢(3) > 0 that can be made explicit.

One can however decide to favour an orientation, either by adding a small magnetic field A # 0
to the measure ,ufBV or, as we consider here, by setting boundary conditions. Precisely, to each i at
distance 1 from By in 1 norm, associate a + spin. The modified measure ,ufﬁ reads:

uf’ﬁ(a) = ——exp [ Z gi0; —|— b Z Ui], o€ Xy.

+’ﬂ (4,.9) 632 ZGBN»JéBN
l7—i|= li—jl=1

Consider the stochastic Ising dynamics, defined with respect to Mﬁ,g rather than ,ug . In [Lif62],
Lifshitz formulated a conjecture which, in the present setting, amounts to the following. Start the
dynamics from the configuration ¢ = —1. Then, in a diffusive time-scale, when N is large, the
spin configuration is close to a configuration with a well defined interface between two regions,
one with magnetisation mg, the other one with magnetisation —mg. This interface evolves locally
with a speed that is proportional to the curvature. In particular, the area with magnetisation —mg
disappears after a time of order N2. This is conjectured to be true in any dimension d > 2.

The conjecture is very hard to prove for 3 € (5., 00). So far, the only known proof is in di-
mension d = 2 at zero temperature, i.e. 5 = 400, where mg = 1. Heuristics and exact results for
special initial configurations where given in [Spo93|. A similar dynamics was analysed in [CSS95],
for which the — region is shown to disappear in diffusive time. The conjecture was fully proven
in [LST14b]-[LST14a]. In dimension d > 3 (still at zero temperature), the precise motion of the
interface is not known. However, a region of — spins of side-length N is known to disappear in a
time of order N2 up to logarithmic corrections [Cap+11][Lac13]. In dimension d = 2, at any inverse
temperature 3 > (., the best known bounds provide a quasi-polynomial disappearance time of the
region of — spins in the following sense: the mixing time of the stochastic Ising dynamics with +
boundary conditions is bounded by N¢®©eN for some ¢(3) > 0 |[Lub+13|. In the following, we
focus on the d = 2, f = 400, i.e. zero temperature case.

Before defining the zero temperature dynamics, let us introduce a standard one-to-one map-
ping between spin configurations in the Ising model, and contour configurations, where a contour
configuration is a union of contours. A contour is defined as a non self-intersecting closed lattice
paths in Z2, through the following rule.
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For o € Qy, the contour configuration (o) is defined as the boundary of the set of — spins:

7(0’)28< U IOZ'), CZ:Z+[—1/2,1/2]2, 1 € By. (42)

iEBNZO'i:—

Through the mapping (4.2)), the measure ,ufﬁ has the expression:

W) = g [~ Bh©)], ey, (43)
+,8

where |y(0)| is the length of the boundary (o). We will later focus on the case in which the
contour configuration y(o) contains a single contour, in which case (o) is simply called a contour.

At zero temperature, the measure uﬂ\:m is degenerate, and equal to 0., the Dirac measure
on the configuration with only + spins. The zero temperature stochastic Ising dynamics is then
defined through the following jump rates (see Figure for an illustration on a special case):

0 if 0; and at least three neighbours have the same sign,
Vi € Ay, clo,0') =< 1/2 if o; has two neighbours of each sign, (4.4)
+00 if o; has at least three neighbours with opposite sign.

The choice differs from those in [LST14b| and |Spo93|, but has useful implications. Moreover,
the results of [LST14b] are also valid for this choice of rates.

In A jump rate equal to +o0o must be understood as follows. Suppose that flipping spin
i € By creates a configuration in which a spin at position i € By has at least three neighbours of
opposite sign. In this case, the spin at ¢’ is flipped instantaneously, and the procedure is iterated
until no spin has three or more neighbours of opposite sign.

The resulting dynamics is not reversible any more, and admits ¢, as its invariant measure. It has
many nice properties. For instance, it is monotonous in the following sense. For two configurations
0,0, write 0 < ¢’ if 0; < o] for each i € By. Then:

V(o,0') € X%, o<o = Vt>0, ot)<d(t). (4.5)

Another nice property is the following. Let v be a continuous, closed, non self-intersecting curve
in R?. By Jordan’s theorem, the curve v splits R? into two regions. We henceforth say that v is a
Jordan curve, and let I" denote the closed, bounded region with boundary ~.

For a Jordan curve 7y delimiting a convex I', assume that the zero temperature stochastic Ising
model starts from the configuration with — spins in Z2 N NT', + outside. Such a configuration is
called a droplet associated with v (or with I'). In the following, we will only consider the dynamics
on droplets, as illustrated on Figure . A useful property, established in [LST14b| in the case
of the Ising dynamics, then states that the interface (o (t)) associated with configuration o(t) at
time ¢ through is still a Jordan curve for sufficiently short times. As we will see, this property
also holds starting from more general configurations than convex droplets.

35



1/2 ‘\ 1/2

1/2
1/2

1/2

Figure 1.2 — The Ising dynamics starting from a droplet. The red zone corresponds to a region where all
spins are —, the white zone to + spins. Examples of dynamically allowed moves are indicated by arrows,
with the corresponding rate. If there are only two spins left on a line (e.g. at the bottom) or a column
(on the right), when either of the two spins disappears, which occurs at rate 1/2, then so does the other,
instantaneously. Such groups of two spins are thus flipped at rate one.

4.1.2 Typical interface motion in the scaling limit

In [LST14b|-[LST14a], the authors establish the Lifshitz law as follows. Let vy be a C*, closed,
non self-intersecting curve with a finite number of inflection points. For ¢ > 0, let I'; be the droplet
associated with the family (7:):>0 = (O't):>0 of curves satisfying the following anisotropic motion
by curvature:

v =0y - N = a(f)k, (4.6)

where N is the inwards normal vector, v is the inwards normal speed, each ~;, ¢ < T is parametrised
as (¢(u))uer on the torus T and the time-derivative is taken at fixed u € T. The function
0 = 0(v(u)), t < T is the angle between the tangent vector T at v,(u) and the first basis vector
e1, so that T(0) = cos(f)e; + sin(f)es. Finally, k is the curvature, and a is the anisotropy, defined
as: .

a(f) = 5 0 € [0, 27]. (4.7)

2[ cos0)| + | sin(6)|]

The existence of the family (7:);>0 is part of the results of [LST14b]-[LST14a]. After a time
Ty = area(I'y)/2, v, and I'; are reduced to a point for ¢ > T7.
Assume the zero temperature stochastic Ising model starts from the droplet configuration associ-
ated with ~g. Define then vV (¢) as the curve separating + and — spins at time ¢ > 0, and T'V(¢) as
the associated droplet. Finally, for a set A C R?, define respectively the e-fattening and e-thinning

of A as follows: .
A® = | Bz,e), A9 = ( U B(a:,g)) . e>0, (4.8)
z€A ¢ A
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where B(z,¢) is the ball of center x € R? and radius € > 0, e.g. in 2-norm. The results of [LST14b]-
[LST14a] establish the convergence in probability of the microscopic droplet to the solution (4.6)
in the following sense.

Theorem 4.1 ([LST14b]-[LST14a]). Let (v4)i>0 solve (4.6) starting from a Jordan curve v with a
continuous curvature and a finite number of inflection points. Let (I't)i>0 be the associated droplets,
and let Ty be the first time t > 0 at which I'y is reduced to a point. Then, for each e > 0,

lim ]P’(Vt >0, I c NTIDV(EN?) ¢ Ff)) _1, (4.9)
— 00

and:
lim P(Vt >T;+e TV(N?) = @) — 1.
N—oo
The proof in |LST14b|-|[LST14a] relies on two key ingredients: the fact that the interface
dynamics can locally be mapped onto a version of the SSEP, and the monotonicity property (4.5]).

e The monotonicity of the dynamics allows one to prove that the Ising interface for the
full droplet stays sandwiched between interfaces corresponding to droplets in which some
spins are frozen to their initial value, with probability close to 1. This reduces the global
control in the probability in to a finite number of local controls on portions of the
interface.

e In [LST14b], the authors note that, if one freezes suitable portions of the Ising interface,
then the Ising dynamics on the non-frozen part can be mapped either to the one dimensional
SSEP (see Figure below), or to a variant of the zero-range process (on small portions
of the boundary). In both cases, the interface dynamics is compared with one dimensional
interacting particle systems for which the scaling limit can be established, and, informally,
the evolution of the interface can be deduced from the hydrodynamics for the SSEP. The
heat equation satisfied by the SSEP corresponds to the anisotropic motion by curvature
in a suitable reference frame.

4.1.3 The mapping to the SSEP

The mapping of portions of an interface undergoing Ising dynamics to the SSEP is central in the
argument of [LST14b|-|LST14a], and we now rigorously define it in the following case. Let v be a
Lipschitz convex Jordan curve, the boundary of a bounded, convex set I'. The curve -y is oriented
clockwise by convention.

Let T be the tangent vector at -, defined almost everywhere:
T = cos(f)e; +sin(f)es, 6 € [0, 27]. (4.10)

At a point of v where T is well defined, the corresponding angle 6 is referred to as the tangent
angle.

By convexity, v can be split into four connected regions of maximal length, such that the tangent
angle 0 is in [0, 7/2] — k7 /2 in region 1 < k < 4. In fact, region 1 corresponds to the portion of the
boundary between points with the highest ordinate, and points with the highest abscissa; while
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Figure 1.3 — The Lipschitz convex curve ~ rescaled by a factor N, and the droplet I'V. On N+, the four
regions in which the tangent vector points towards the same quarter plane are delimited by brackets, with
the corresponding direction of the tangent vector indicated by arrows pointing in a red square. On the
boundary vV of T'"V, there are still four regions, different from those of N+, delimited by parentheses.
These regions intersect on portions of the interface with extremal ordinate or abscissa. Such portions will
be called poles in Section and play an important role. The — spins in I'N that are closer to each pole
are represented in green (lighter colour).

region 2 is the portion between points with highest abscissa and those with lowest ordinate, etc.

(see Figure [L.3).

Consider the droplet configuration I'V associated with I':

= |J G Co=z+[-1/2,1/2P, zeR’

i€(1/2,1/2)+122
C;CNT

Then I'V has Lipschitz boundary 7V, and its tangent vector is parallel to e; or e, at every point
where it is defined. Although I'" is not convex, there are still four connected regions of the bound-
ary vV of maximal length such that, in region 1 < k < 4, the tangent angle 6 is in [0, 7/2] — k7 /2
whenever it is well defined (see Figure [L.3).

Fix 1 < k < 4. Rotating the axis (ey, e5) by 7/4+(k—1)7/2, region k of the boundary is turned
into the graph of a 1-Lipschitz function f*, which has slope +1. The k = 1 case is illustrated on
Figure [I.4. With each edge in the original region, associate a site. Put a particle in the site if
the corresponding edge corresponds to a position in which f* has slope —1, and no particle if f*
has slope 1. By this procedure, region £ is mapped onto a particle configuration with at most one
particle per site.
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Figure 1.4 — The mapping from a portion of region 1, delimited by the two big black dots, to the graph
of a Lipschitz function f! in the reference frame materialised by the two gray arrows. This Lipschitz
function is then mapped to a particle configuration. Each edge of the initial interface corresponds to a
possible site for particles. In the region delimited by the black dots, no dynamical update can modify the
length of the region. Allowed dynamical moves, which are single spin flips, correspond to allowed moves
in the SSEP dynamics with no boundary interaction, i.e. setting the boundary generators Ly in

toO.

Consider now the dynamics. Assume that all updates of the Ising dynamics that change the
length of region k are cancelled, see Figure Fix k =1 for clarity. The remaining updates can
happen only when two consecutive edges of the original interface are perpendicular, e.g. the first
edge is parallel to ey, the second to e; (see Figure . In the graph of f!, this corresponds to a
change in monotonicity, in the present example from decreasing to increasing. The corresponding
particle configuration then has two neighbouring sites, with the first one filled and the second one
empty. An Ising update, which occurs at rate 1/2 (recall (4.4))), then changes this order (look e.g.
at the jump indicated by the first blue arrow): the new first edge is now parallel to e;, the second
to es, corresponding to a jump of the particle to the empty site.

4.2 Contribution of the thesis

The statement characterises the typical motion of the interface. To analyse more closely the
stochastic structure of the dynamics, the next step is to study the probability of observing a tra-
jectory that is not given by , i.e. to investigate the large deviations for the zero temperature
stochastic Ising dynamics.

Assume that the Ising interface has Gaussian fluctuations around its typical trajectory (4.6) in

some sense. For a trajectory (7;):<7 of smooth Jordan curves, if s denotes the arclength coordinate
on 7, for t < T, one would have:

oo =3 [ C L dsar (111)

In (4.11)), recall that v = v(y(s)) is the inwards normal speed at the point v;(s), and k = k(y(s))
the curvature for ¢ < T. The quantity a(6(s)) = a(0(v(s))) is the anisotropy (4.7)), and the func-
tion (0(s)) = u(0(1:(s))) is the mobility of the model, defined later in (4.18]). Both depend only
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Figure 1.5 — The north pole of an interface, delimited by black dots dots, and in cyan, two positions at
which a growth at rate e 27 is possible. In this case, two contiguous blocks are added on top of the pole.
A point i € Z? in the north pole is at a position where growth can occur if it is at distance at least 2
from the right extremity of the north pole. This corresponds to asking that [i,i + 2¢;"] be a subset of the
pole, with ej the vector indicating the direction of the edge starting at ¢ in clockwise orientation. If a
growth takes place, the new interface is materialied by the cyan dashed lines, and the new north pole is
delimited by the two cyan dots.

on the tangent angle 0(~;(s)) (recall (4.10)) at the point v,(s), t < T.

Studying large deviations and proving that [ is indeed the correct rate function cannot easily
be done through the program outlined at the end of the previous section. Indeed, the comparison
of the Ising interface to macroscopic ones using the monotonicity is not valid when the Ising
interface follows an atypical trajectory.

This is not the only difficulty. The large deviation techniques presented in Section [4, particularly
the Replacement Lemma in Equation , require the invariant measure of the dynamics to be
”smooth” in the following sense: the law of the dynamics at each time needs at least to be absolutely
continuous with respect to the invariant measure. Here, the invariant measure d is too degenerate.

In Chapter 4] of this thesis, both difficulties are solved by introducing the contour dynamics, a
dynamics on closed, non self-intersecting lattice paths on Z? (recall ) This dynamics, defined
in Section is nearly identical with the stochastic Ising dynamics (recall )

The main ideas, difficulties and results of Chapter [4] are then presented in Sections [4.2.214.2.3|

4.2.1 The contour dynamics

The contour dynamics is a dynamics on interfaces parametrised by a parameter 3, which plays the

role of an inverse temperature acting on small portions of the interface. This parameter 5 makes

the contour dynamics reversible with respect to a nice invariant measure, namely the measure Vév

in (4.3) conditioned on a suitable set of interfaces (see Definition for a complete description):
ﬁév(’y) x e Al for admissible ~.

The admissible interfaces will correspond to all curves that can be split into four regions as in
Figure [1.3] The parameter 8 will only influence the dynamics on small portions of the interface
(those mapped to a zero-range process in [LST14b]), so that practically every dynamical update
follows the same rules as the zero temperature stochastic Ising dynamics . These portions
where (3 acts are called poles. They correspond to the portions of a curve with extremal abscissa
or ordinate, see Figure We call north pole the portion with highest ordinate, east pole the one
with highest abscissa, and so on. In addition, the dynamics is stopped before a curve disappears;
and we can restrict to curves with poles containing at least two edges of Z2. Indeed, a pole with
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only one edge corresponds to a spin with three neighbours of opposite sign, which must disappear
instantaneously according to the Ising rules (4.4)).

exp(-2B) exp(-2B)
TATEY T TATAY
T North pole
™ 1/2|_ P
L ¢ | Ed
West o — v
pole Ezfi exp(-2B)
- pole g~
12
\
| Al . [
oo South
| pole |

Figure 1.6 — Summary of dynamical moves in the contour dynamics at 5 > 0, with associated rates. The
only jumps added compared to the zero temperature stochastic Ising dynamics occur at the poles, and
make the droplet grow.

The additional updates in the contour dynamics compared to the Ising case can then be de-
scribed as follows (see Figure . Let i € Z2 be a point of an interface v = dI'V, and denote by
e the vector which indicates the direction of the edge of which i is the first extremity, with
oriented clockwise.

Assume that i is in a pole of 4V, and is at distance at least 2 from the right extremity of the pole.
Then, with rate e=2?, independently of all the rest, add to I'V the two blocks, corresponding to +
spins, which respectively have i,4 + e} as their lower left corner.

Examples of all possible updates are represented in Figure [I.6] Note that, in the § — oo limit,
the contour dynamics on non-empty curves has the same updates as the stochastic Ising dynamics
. We stress that, due to the pole updates, the contour dynamics at each 8 > 0 however does
not have the monotonicity property .

In the rest of this introduction, we restrict all contours we consider to those that lie in the
neighbourhood of a nice reference curve. A more general situation is considered in Chapter M see
Section . The state space £V, r > 0 of the microscopic interfaces is then defined as follows.

Definition 4.2. Let v,¢s be a Lipschz’tz conver Jordan curve, delimiting a bounded, convex domain
Lyep. Forr > 0, recall from (4.8)) the definition of F(_ , and take r > 0 such that F( 2r) 7é 0.
Define then a set & = &, (Yref) contammg all Lipschitz Jordan v C R? such that:
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e The curve vy can be split into four regions of maximal length with the following property. For
every point in region 1 < k < 4 for which the tangent vector T = cos(0)e; + sin(f)ey is well
defined, the tangent angle 6 is in [0,7/2] — km /2.

o [f T is the bounded set with boundary -, then:

(=7) (r)

I, clcl.

The set gf,v is then defined as the set of all curves in NE. N Z2, with all four poles having length
at least 2.

The jump rates of the contour dynamics are modified to ensure that any update that breaks one
of the above conditions is cancelled. As a result, the measure ﬁév is reversible for the contour

dynamics on EN | with:
177% = (2%)716_5”‘, v E f:}fv, Z% a normalising factor. (4.12)
The probability associated with the contour dynamics is denoted by ]f”i\fﬂ.

4.2.2 Mapping to one dimensional interacting particle systems and moving reservoirs

Fix 8 > 0. In the spirit of [LST14b], it is still possible to map portions of interfaces following the
contour dynamics onto one-dimensional interacting particle process. In fact, the contour dynamics
can be mapped on a collection of SSEP defined on varying domains, see Figure [1.7, These SSEP
interact through very complicated dynamical mechanisms depending on (5 at the poles (part of the
pole dynamics consists in changing the size of the domains on which the SSEP are defined). In
fact, recalling the mapping to the SSEP in Figure[1.4] the pole dynamics have the following effect,
e.g. on the north pole for concreteness.

e Assume the north pole has length 2, corresponding to two isolated — spins atop a droplet (as
in Figure . Both — spins can then disappear, i.e. the north pole goes down. Regions 1
and 4 (recall Figure are consequently modified. Through the mapping to the SSEP as in
Figure [1.4] this means that the number of sites in each region changes. In addition, e.g. for
region 1, the disappearance of the — spins means that the associated particle configuration
has one less particle.

e The north pole can also go up through one of the moves with rate e=2? of Figure . Again,
regions 1 and 4 are modified, which amounts to a change of the number of sites in the SSEPs
associated via the mapping of Figure [1.4. E.g. in region 1, the north pole going up means
that the SSEP contains one more particle.

These effects are illustrated on Figure [1.7] in the particular case where an update at the north
pole only modifies the ordinate of the north pole, but not its lateral position.

Understanding the effect of the pole dynamics is a central ingredient in the study of the contour
dynamics. We prove that, for large enough 3, the pole dynamics produce the same effect as
reservoirs in the open SSEP: they fix the average number of particles in their vicinity to a density
that depends on . This amounts to fixing the slope at the interface on either side of each pole.
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Figure 1.7 — Left figure: a portion of interface delimited by the two black dots, corresponding to the graph
of a function f'; with some dynamically allowed updates represented by arrows. The left dot is at the
left extremity of the north pole. The single flips (i.e. the updates that flip a single spin, corresponding to
single arrows) do not modify the ordinate of the pole. The double flips either reduce, or increase it by 1,
and the new position of the left extremity of the pole is indicated by the magenta dot.

Right figure: a /4 rotation turns the portion of the interface between the black dots into a path that is
the graph of a 1-Lipschitz function. This path is mapped to a particle configuration as follows. Each edge
on the path corresponds to a site. A site contains a particle if the associated edge points downwards, and
no particle if it points upwards.

If one only considers single flips on the contour dynamics of the left figure, the corresponding dynamics
on particles is the SSEP (middle line). However, flipping two + spins (upper line) or two — spins (lower
line) at the pole changes the number of sites, and adds/deletes a particle respectively.

This density can be explicitly computed. Let [Ly, Ri] be the segment composing pole k, 1 < k < 4.
Fix 1 < k < 4. At the left extremity of the domain of the k* SSEP, corresponding to L, it is
equal to e7?. At the right extremity, corresponding to Ry1, it is equal to 1 — e~7.

By the mapping of Figure the average number of particles determines the average slope at
the poles, i.e. the macroscopic tangent vector T = cos(f)e; + sin(f)es. E.g. at the north pole, a
slope e~? translates into a tangent angle 9((L1)i) of the macroscopic curve on either side of L,
satisfying:

e
For all four poles 1 < k < 4, the condition (4.13) reads:
(k—1)m e? (k— 1)
tan (0((Le) ) + ) = = = —tan (0((Le) ) + ). (414)

The derivation of the reservoir-like behaviour of the dynamics at the poles is the main difficulty
of the paper at the microscopic level. The analysis of the behaviour of the poles relies on three
ingredients. First, a priori estimates to ensure that the contour dynamics cannot maintain long,
thin filaments atop a pole for a positive time. Secondly, a very precise microscopic control of the
contour dynamics around a pole, rewriting it as a zero-range process in a moving domain, the
definition of which is one of the difficulties. The first point then can be understood as proving that
the zero-range process does not exhibit condensation. Thirdly, equilibrium computations in the
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Figure 1.8 — A neighbourhood of the north pole including portions of regions 1 and 4, i.e. portions of the
graphs of functions f!, f* in the indicated reference frames. The left extremity L; or the north pole is
materialised by the black dot. Examples of points 7, j with associated edge labels ;,§; and vectors ej,
e;r are given. The portion of the interface between L; and the cyan dot, materialised by the cyan dashes

contains 9 points in v N Z2. The associated 52’1’9 is equal to 2/9.

resulting model to identify the dependence of the ”density” that is imposed by the reservoir-like
pole dynamics in terms of 5. The corresponding results are stated in the next proposition.

For vV € gﬂv ,and 4,j € vV, write i < j if j is encountered after 4 when travelling from i to j
clockwise on vV. Let i € ¥V N Z2, and recall that j =i + e € vV N Z? is the first point after .
Define then &; € {0, 1} as follows (see Figure [1.8)):

éi =1 if 6?//62, éz =0 if ej //61.

Finally, denote by L, the left extremity of pole k of a curve and, for € > 0, denote by fifN the

quantity:
£+,8N L 1 Z 13 Sf,sN _ 1 Z &
Le " eN v Le " eN v
i€Z2yNNBy (L ,eN) i€Z2NyNNEB (L ,eN)
Ly<i i<Ly

where By(Ly,eN) :={j € Z* : ||j — Lg|l; < eN}. The following proposition states that the slope
at the poles have a fixed value in terms of (.

Proposition 4.3. Let § > 0 be large enough and take a time T > 0. Then:

1 ~
Vo > 0, lim sup lim sup N log P% <‘v’t € [0,T],7N ¢ 5,],\/[2;

e—0 N—o0
1 g +,eN
‘T/ o = Trenze™” — Liepay(1 - 6_6)‘ ~ 5) = —o0.
0

Let us use Proposition 4.3|to propose a conjecture for the rate function of the contour dynamics.
Considering the contour dynamics as four SSEP connected by reservoirs, we can express the rate
function of the contour dynamics in terms of the rate functions of the four SSEP. Consider a
trajectory (v;)i<r with values in €, 5 (recall Definition . Let [Li(t), Ri(t)] be the k' pole of 7,
1 <k <4, so that Li(t) and Ry,1(t) are the two extremities of region 1 < k <4, with k+1:=1
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if k = 4 (see Figure [L.3). Associate with (7;)i<r the trajectories (pf)<r of the four SSEP. If we
believe in the analogy of the poles with reservoirs, one can check that the SSEP should satisfy:

Vt<T,  pi(t,Lp(t) =e P =1—p(t,Rpa(t)), 1<k<4 (4.15)
The rate function of the contour dynamics would then be given by:
4
5™ (ve)e<r|0) = ZISSEP,k(<Pf)t§T|P§)- (4.16)
k=1

The precise comparison of the pole dynamics to reservoirs is complicated, since the position of
the reservoirs also changes, and the conjecture is not completely accurate. To obtain large
deviations for the contour dynamics, we therefore do not exclusively rely on the SSEP picture, but
instead use a more direct approach, as presented in the next section.

4.2.3 The large deviations

We do not directly use the mapping with the SSEP to compute the rate function at the microscopic
level (although it constantly serves as a guideline, and at the macroscopic level). To apply the
method of [KOV89| presented in Section [2| we need to find a suitable way to tilt the contour
dynamics. Recall that this dynamics originates from a two dimensional dynamics for the Ising
model. It is thus natural to tilt the contour dynamics with a time-dependent magnetic field
H : R,y x R? - R. We find that, for a large class of trajectories (7;);<r, one can construct a
magnetic field H such that the rate function is given, for large enough £ > 0, by:

(1 T
5/ / 1(0(s))H (v,(s))*dsdt if (7¢)i<r satisfies (4.14]) for
0 Yt

IB((%)tSTWO) = almost every time, and v;—o = "o; (4.17)

 +00 otherwise.

In (4.17)), s is the arclength coordinate on the curve 74, ¢ < T. The angle 0(s) = 0(v,(s)) is the
tangent angle at v,(s), i.e. the tangent vector T satisfies:

T (v4(s)) = cos(0(s))er + sin(0(s))es.
The function p in (4.17)) is the mobility of the model:
sin(26

u(0) = 5L
2[[sin(0)] + | cos(9)[]
The mobility agrees with the formula obtained by Spohn for the stochastic Ising model in the zero
temperature limit, using linear response arguments [Spo93].
To obtain the formula (4.17)) directly from the microscopic model turns out to be quite technical.

Indeed, one has to pass from discrete sums to line integrals, and to find a way to express the
tangent angle 6 in terms of microscopic quantities.

0 € [0,27]. (4.18)

The central result of Chapter [4], the large deviations, is stated in the next two theorems. The
first one gives an upper bound.
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Theorem 4.4. Assume thalt 3 > 0 is large enough, take a time T > 0 and let F be a closed set
of trajectories in a suitable topology, containing only trajectories with values in &, /o and starting
from o € &.)2. Then:

1 . ~ .
thsuplogl?’%(('ygvz)tgr € F) < — inf  Ts((v)<r|o)-

N—oco (M)e<T€

The precise topology in which Theorem [£.4) must be understood is very complicated, so we chose
not to state it in this introduction. It is defined below and in Appendix in Chapter .
The reason is the peculiar nature of the $-dependent part of the contour dynamics. Basically, its lo-
cal nature makes it tremendously difficult to control exponential moments involving the poles, and
we have to forego any point-wise control of their trajectories. Trajectories of points in the poles are
in fact treated as elements of L'([0,T],R?), even though they are cadlag at the microscopic level.
We can then only prove that, at almost every time, the poles are indeed point-like and holds.

The magnetic field H : R, x R? — R appearing in (4.17)) is the bias one has to apply to the
dynamics to create the trajectory (7:):<r. For a smooth bias H, the representation enables us to
characterise atypical trajectories as solutions of an anisotropic motion by curvature with a drift

term (recall the notations of (4.6])):

v:=0yy N =ak — pH(t,v) away from the poles,
the tangent angles 0((Lk(t))i) on either side of each junction almost always satisfy (4.14)).
(4.19)
More precisely, we obtain a weak formulation of , in terms of integrals on the droplets (I';);<r
against test functions, see Proposition [2.5]in Chapter [ Under a uniqueness assumption for weak
solutions to , we obtain a lower bound on the cost of observing a trajectory associated with
a smooth magnetic field, as stated in the next theorem.

Theorem 4.5. Let H € C*(R, x R2 R), and assume that there is a unique weak solution v to
(4.19) in a suitable sense, that is almost always in &,/ until a time T. Then:

o1 ~
11N1210T<1>f N log Pi\,fﬁ ((%]y\/?)tST ~ 7H> > —fﬁ((VH)thWo)-
Above, = must be understood as prozimity in the same topology as in Theorem[{.4)

In the above theorem, the only assumption concerns the uniqueness of solutions to , since
we can prove that trajectories with a drift typically stay in the set &, /2 until some time. This does
not particularly require new ideas. It relies on the one hand on the form of the invariant measure
to control that the poles do not rise too high. On the other hand, one has to make sure the
droplet does not shrink too fast, which can be done using estimates similar to the Ising case in the
spirit of Section 8 in [Cap+11].

Let us conclude this section by comments on the rate function of the contour dynamics.
At the formal level, means that H = (v—ak)/u, where v is the inwards normal speed 9;7y-N.
The expression of the rate function thus formally agrees with the one in .

Consider now the g — oo case. If one formally takes the limit 3 — oo in the rate function (4.17)),
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the conditions can be shown to be satisfied for curves with a tangent vector that is continuous
at the junctions between SSEP. In particular, a trajectory (7;):<r that is both continuous in time
and has curvature defined everywhere will correspondingly satisfy equation at each time
t < T and every point of v, (i.e. even at the junctions between SSEP). The connection between
anisotropic motion by curvature with drift and fluctuations in the zero-temperature stochastic
Ising model (i.e., formally, when 8 — o0) was made by Spohn [Spo93|, who showed that the
response of the Ising interface to a small magnetic field in the large temperature limit is described
by anisotropic motion by curvature with drift.

4.3 Conclusion and perspectives

In the previous section, the conjecture (4.11]) was established on a large class of trajectories, under
a uniqueness assumption on weak solutions of anisotropic motion by curvature with a smooth drift
(4.19). Let us summarise the key ingredients of the proof:

e First and foremost, an understanding of the behaviour of the contour dynamics at the poles
is crucial, i.e. Proposition [4.3] It is the main difficulty of the paper at the microscopic level.
It relies on finding an appropriate reference frame in which the dynamics at the poles is
mapped onto variants of one dimensional zero range processes; then on a priori estimates to
prove that these particle systems are well-behaved (i.e. no condensation occurs); finally on
equilibrium computations.

e To quantify the difference between the contour dynamics with or without a bias H : R, x
R? — R, very technical microscopic computations are required. Indeed, it is for instance
not easy to make sense of the tangent angle to a macroscopic curve in terms of microscopic
quantities.

e The upper bound of Theorem [4.4]then follows from the large deviation techniques of [KOV89)],
as presented in Section [2|for the SSEP. Two additional difficulties arise. On the one hand, the
functionals under consideration do not have good continuity property (an intrinsic problem,
unrelated to our special choice of topology). On the other hand, the lack of point-like control
of the motion of the poles forces us to work in a weaker, but unconventional topology. The
proof of exponential tightness in this weaker topology is nonetheless still difficult.

e The lower bound of Theorem in fact relies on a generalisation of the upper bound to
the contour dynamics tilted by a bias H, and on the uniqueness assumption of solutions to
(4.19).

The above few point outline several perspectives that could be investigated.

1. From a technical viewpoint, a substantial part of the proofs could be simplified with a point-
wise control of the trajectory of the poles. At present, this is difficult to obtain, because
exponential moments of the size of a pole are hard to estimate, as a pole could theoretically
have size of order N.

2. Uniqueness of weak solutions to (4.19)) has to be looked into. If one fixes the trajectory of
the poles and assumes that it is sufficiently regular in time, then uniqueness boils down to
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proving uniqueness for SSEP in domains that vary with time. This can be done using results
of [Can84]. The problem is therefore to understand how the interface motion influences
the motion of the poles. In this sense, the equation can be viewed as four one-
dimensional Stefan problems (one for each SSEP), coupled by their boundary conditions.
Stefan problems have been studied as limits of interacting particle systems in several contexts,
see e.g. |[CS96][CKO8||[CKG12| and [Lacl4]. However, the methods devised in these papers
apply only to a single Stefan problem at a time, and it is not clear whether they could be
used for four coupled Stefan problems.

. The large deviations give some insights on the nature of the stochastic corrections to the
anisotropic motion by curvature . It would be interesting to investigate the fluctuations
around the typical trajectory. Using the analogy with the SSEP, it may be possible to say
something about the structure of the fluctuations at least away from the poles.
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Chapter 2

Résumé

Ce chapitre de présentation de la these est un abrégé du Chapitre

1 Cadre et objectif de la these

Cette these est consacrée a I'étude d’événements dynamiques rares dans des systemes de particules
en interaction. Le cadre théorique est celui de la physique statistique : la matiere est modélisée,
a 1’échelle microscopique, par le biais d’'un grand nombre de composants fondamentaux, appelés
particules dans la suite, et interagissant entre eux de maniere aléatoire. Un modele est adapté
si, dans la limite d’échelle (grand nombre de particules, grand volume du modele. .. ), ou échelle
macroscopique, le comportement typique d’observables telle que la densité locale de particules
correspond a celui prédit par ailleurs par les lois de la physique.

Dans cette these, nous nous intéressons plus spécifiquement a des modeles de dynamique des
fluides. Notre objectif : étudier les comportements atypiques du systéeme de particules micro-
scopiques, afin de mieux comprendre la structure du modele. Cet objectif rentre dans le cadre
général de la théorie des grandes déviations. Pour notre étude, nous utilisons de maniere centrale
la méthode de Kipnis, Olla et Varadhan [KOV89| d’études des grandes déviations. Cette méthode
procede de l'idée suivante, bien connue dans la théorie des grandes déviations : pour quantifier
la probabilité d’obtenir un événement dynamique rare, il est possible de perturber la dynamique
microscopique de telle sorte que ’événement rare devienne typique sous la dynamique perturbée.

Deux modeles sont considérés dans la these : le processus d’exclusion simple symétrique unidi-
mensionnel en contact avec des réservoirs, et un modele de dynamiques d’interfaces se rapprochant
de la dynamique de Glauber du modele d’Ising bidimensionnel a température nulle.

2 Corrélations atypiques dans ’exclusion simple symétrique
avec réservoirs

Le modele d’exclusion simple symétrique avec réservoirs (abrégé en SSEP ouvert), ici unidimen-
sionnel, (cf Figure [2.1)) est un systeéme de particules prototypique. Dans ce modele, des particules
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Figure 2.1 — Le SSEP ouvert unidimensionnel avec réservoirs de particules a densité py € [0,1]. Certains
mouvement permis par la dynamique sont représentés par des fleches. Une particule peut sauter vers un
de ses voisins a taux 1/2. Le saut n’a pas lieu si le site de destination est déja occupé. Les réservoirs
fournissent des particules au systeme et en absorbent, avec un taux lié a la densité pi du réservoir. Si
le site voisin d’un réservoir est déja plein, la regle d’exclusion empéche une nouvelle particule de rentrer
dans le systeme & cet endroit.

suivent une marche aléatoire symétrique indépendamment les unes des autres, sautant a taux 1/2
sur un site voisin. La seule interaction survient lorsqu’une particule tente de sauter vers un site déja
occupé, auquel cas le saut est annulé. Des réservoirs, connectés a chaque extrémité du systeme,
imposent une certaine densité de particules dans leur voisinage en échangeant des particules avec
le systeme a un certain taux.

Malgré sa simplicité apparente, le SSEP ouvert est un modele tres riche, qui a été con-
sidérablement étudié, cf. [KL99|[Lig05] et références ci-incluses. Dans le cadre de cette these,
I'aspect qui nous intéresse est le suivant. Lorsque les deux réservoirs (voir Figure imposent
des densités py € [0, 1] différentes, le SSEP ouvert se stabilise en temps long dans un état station-
naire hors équilibre, caractérisé par la présence d’un courant macroscopique de particules induisant
des corrélations a longue portée [Spo83][DLS02|. Ces corrélations sont des objets difficiles a étudier,
car évoluant a une échelle bien plus fine que, par exemple, celle de la densité de particules. Le
but du travail présenté au Chapitre |3| est précisément 1’étude des corrélations a deux points, dans
le but de quantifier la probabilité d’observer, en temps long, des corrélations dont la valeur ne
correspond pas a celle de la mesure invariante.

Pour étudier les corrélations a deux points avec le niveau de précision requis, 'outil de base
reste la méthode de grandes déviations de Kipnis, Olla et Varadhan [KOV89]. Il est nécessaire
d’améliorer substantiellement la précision des estimations existantes, usuellement formulées au
niveau de la densité de particules. Cette amélioration est obtenue en raffinant la méthode d’entropie
relative initialement développée par Yau. La méthode d’entropie relative consiste a estimer, a
chaque temps, la proximité de la loi de la dynamique a une mesure de référence a choisir. La
distance entre ces deux mesures est quantifiée par leur entropie relative. L’idée sous-jacente a
cette méthode est liée a la notion d’équilibre local, et peut étre illustrée comme suit dans le cas
du SSEP ouvert. La dynamique dans une petite portion du systeme s’équilibre beaucoup plus vite
que la dynamique globale. Localement, la loi de la dynamique devrait donc ressembler a la mesure
invariante d’'un SSEP, avec un nombre de particules correspondant a celui présent dans la petite
portion. En pratique, cette méthode a été utilisée dans de nombreux systemes de particules en
interaction (voir [KL99|, Chapitre 6 et références ci-incluses) afin de déterminer ’évolution typique
de la densité de particules dans le systeme. Pour étudier cette évolution, il suffit de considérer une
mesure de référence produit, imposant seulement la bonne densité macroscopique.

20



La méthode d’entropie relative a récemment été considérablement améliorée par Jara et Menezes
[JM18b][JM18a]. En analysant finement 'effet de la composante dissipative de la variation de
I’entropie relative en fonction du temps, ils parviennent a obtenir des bornes sur ’entropie relative
suffisamment précises pour étudier les fluctuations hors équilibre d'une large classe de systemes de
particules en interaction, évoluant a une échelle diffusive en temps (comme le SSEP ouvert), en
dimension d < 3. Dans leur méthode, les mesures de référence sont toujours produit.

Dans cette these, la méthode de Jara et Menezes est raffinée en dimension 1, en incorporant
des informations sur la structure des corrélations hors équilibre d’un systeme de particules en
interaction. En comparant la loi de la dynamique en chaque temps avec une mesure imposant non
seulement la bonne densité macroscopique, mais aussi les bonnes corrélations a deux points ; nous
obtenons des bornes suffisamment précises sur ’entropie relative pour étudier les corrélations hors
équilibre et en temps long. Bien que présenté dans le cadre du SSEP ouvert, ce raffinement de la
méthode d’entropie relative, intéressant en lui méme, s’applique a une large classe de systemes de
particules en interaction.

3 Interfaces d’Ising et dynamique de contour

Une deuxieme direction de la these concerne I’étude d’'une dynamique d’interface. Cette dynamique
d’interface modélise ’évolution d’une goutte de spins —, immergés dans une mer de spins +, sur
un réseau carré. Il est conjecturé de longue date que, pour une large classe de telles dynamiques
d’interface, la frontiere de la goutte de spins — dans la limite d’échelle devrait évoluer typiquement
selon un mouvement par courbure moyenne anisotrope [Lif62][Spo93]. Dans le cas de la dynamique
d’Ising a température nulle, Lacoin, Simenhaus et Toninelli [LST14b|[LST14a], ce fait a été établi
rigoureusement, confirmant des résultats partiels et heuristiques [Spo93|[CSS95].

La preuve du comportement typique de I'interface des articles [LST14b]|LST14a] utilise de maniere
centrale la monotonie de la dynamique d’Ising, qui peut informellement se définir comme suit : si
une goutte de spins — est initialement incluse dans une autre, alors cette inclusion est préservée
par la dynamique. Dans [LST14b][LST14a], cette propriété est utilisée pour encadrer, avec une
probabilité proche de 1, la goutte microscopique par une goutte dont la frontiere suit un mouve-
ment par courbure moyenne anisotrope.

Dans la these, on cherche a comprendre la structure des trajectoires atypiques. Les estimations
utilisant la monotonie dans le cas d’'Ising dans [LST14b|[LST14a] ne s’appliquent pas aisément a
I’étude d’événements rares. Pour étudier la structure des trajectoires atypiques, une dynamique
d’interface est introduite dans la these, appelée dynamique de contour et tres similaire a la dy-
namique d’Ising a température nulle. La seule dissemblance vient de la présence d’un parametre
supplémentaire, jouant le role d’une (faible) température agissant localement sur U'interface. En
particulier, les dynamiques d’Ising et de contour coincident quand ce parametre est nul.

On montre que la trajectoire typique d’une interface sous cette dynamique de contour évolue
également selon un mouvement par courbure moyenne anisotrope, avec une influence du parametre
de température. A l'aide de la méthode de Kipnis, Olla et Varadhan [KOV89], un principe de
grandes déviations est alors obtenu pour la dynamique de contour, permettant de relier les tra-
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jectoires atypiques a des perturbations d’un mouvement a courbure moyenne anisotrope, toujours
avec une influence du parametre de température.

L’intuition dirigeant la preuve repose sur une comparaison microscopique de la dynamique
de contour avec des processus d’exclusion simple symétrique. Ces SSEP ouverts sont reliés par
une dynamique de bord complexe, qui agit notamment comme un réservoir mobile de densité.
L’analyse de cette dynamique de bord est la difficulté majeure de la preuve.
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Chapter 3

Anomalous correlations in the open
symmetric simple exclusion process

In this chapter, we investigate the probability to observe anomalous two-point correlations in the
one dimensional symmetric simple exclusion process connected with reservoirs.
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1 Introduction

Correlations in a fluid in thermal equilibrium have been well-understood for decades. They decay
exponentially, except in the vicinity of a phase transition. In particular, each macroscopic portion
of the fluid is basically independent from the rest. For fluids driven out of equilibrium, e.g. by
contact with reservoirs at two different temperatures, this picture breaks down. The fluid settles
in a steady state where heat and/or matter are transported at a macroscopic level. This transport
induces long-range correlations, which can be modelled by a variety of approaches at different
scales and that have been observed experimentally, see [Spo83||Gar+90| and references therein.

The derivation, from a microscopic model, of such correlations of a genuinely dynamical nature,
is usually a difficult problem. Rigorous results are mostly obtained for certain simple interacting
particle systems on a lattice. The Symmetric Simple Exclusion Process connected with reservoirs
(henceforth open SSEP) is a paradigmatic example for which this correlation structure can be
analysed. In the open SSEP, defined in Section [2 identical particles follow independent symmetric
random walks on vertices (or sites) of an underlying lattice, which in the following will always be
a subset Ay of Z, where N is the scaling parameter. The only interaction between particles is
an exclusion rule: no two particles may occupy the same site. Reservoirs pump particles in and
out of the system, at rates that fix a certain density of particles in their vicinity. When reservoirs
are at the same density, the open SSEP dynamics is reversible. However, when connected with
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reservoirs which enforce a different density of particles, this dynamics settles in long time in a
non-equilibrium steady state, characterised by a macroscopic current of particles. The strength of
this current is proportional to the density difference between the reservoirs [ELS90|[FLM11]. Two-
point correlations in the steady state are known exactly [Spo83|, as well as all higher cumulants
[DLS07][Der07|[DR13| in dimension one. The correlation structure of the steady state of the open
SSEP is conjectured to be representative of a large class of out of equilibrium systems [Spo83)|.
However, much less is known rigorously about steady state correlations for general lattice gases.

In this paper, the broad objective is to study the long-time behaviour of a large class of inter-

acting particle systems in the scaling limit N — oo. The main question we wish to address is to
estimate the asymptotic probability of observing a correlation structure that is different from the
one of the steady state, thereby also gaining information on this invariant measure.
When the value N of the scaling parameter is fixed, this question has already received a compre-
hensive answer by Donsker and Varadhan [DV75|. For a general, irreducible Markovian dynamics
on a finite state space {2y, they study the time empirical measure 71, defined for each T > 0 as a
probability measure on the configuration space 2y by:

1 T
v € Qu, ﬁT:T/'%nﬁ.
0

The quantity 77 (n) then corresponds to the proportion of time spent at a configuration n € Q.
A full large deviation principle with speed 7' and rate function I3, is then provided in [DV75]
for the time empirical measure 77, in the sense that, if 4V is a probability measure on Qy and P
denotes the probability associated with the dynamics:

.1 ~T N N (N
Jim —log (7" ~ ™) = —Ipy (p"), (1.1)
where ~ means proximity in the weak topology of measures. The rate function I3, vanishes only
at the invariant measure 7.\ of the dynamics, and is defined through a complicated variational
problem. When the underlying dynamics is reversible, however, this variational problem can be
solved, and I3, is expressed in terms of the Dirichlet form of the dynamics.

The question is then how to study the scaling limit (i.e. the large N limit) of the probability in
. The key observation is that one cannot naively take the large N limit in (|1.1]) without losing
information, because not all the information contained in a measure ' is stored at the same scale
in N. Let us explain this claim in the case of the one dimensional open SSEP, assuming that the
dynamics is reversible (i.e. with reservoirs at the same density). The method we propose in the
article however applies to the non-equilibrium situation, as well as to a wide range of diffusive
one-dimensional interacting particle systems.

In the one dimensional SSEP, the scaling parameter N is the order of magnitude of the number of
sites in the model. In the reversible case, where the explicit expression of I5;, allows for compu-
tations, one can prove that observing a macroscopic density profile different from the one of the
invariant measure has a probability that scales like e=7N > in the large T', then large N limit,
up to sub-exponential corrections. In contrast, changing the two-point correlation structure only
requires a cost of order e~V - (see the heuristics presented in Section of Chapter |1| where T'
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is replaced by T'N?).

To study the scaling limit of (L.1)), one therefore has to choose a scale. Out of equilibrium, the
rate function I3 is not known explicitly, and the above equilibrium heuristics cannot be used. A
different approach to study the scaling limit of the formula is therefore needed.

In this article, we focus on the two-point correlation scale, and quantify the probability of

observing anomalous two-point correlations in the one dimensional, out of equilibrium open SSEP
in the large N, T limits. We establish a large deviation principle for the time-averaged two-point
correlation field, in Theorem below. The technique employed to prove large deviations has
two main features. The first is a variant of the standard large deviation argument introduced in
[KOV89| (see also Chapter 10 of [KL99| for a review). It consists in estimating the probability of
rare events by considering tilted dynamics, under which this rare event becomes typical. The sec-
ond feature is the introduction of appropriate Poisson equations to study the long-time behaviour
of macroscopic correlations.
The difficulty in establishing large deviations lies in the fact that two-point correlations are objects
that live on a much finer scale than the density, which makes precise controls difficult to obtain.
As a consequence, the limit we consider is not the long time, then large /N limit in the spirit of
Donsker-Varadhan’s formula , but the long, diffusive time scale TN? where N is taken large
before T also, for reasons explained in the next paragraph. Let us note however that, for the open
SSEP, the two ways to take limits coincide at least when the dynamics is reversible, see again the
heuristics of Section [3.2]in Chapter [I}

The two-point correlation field, defined below in , is also called quadratic field, or quadratic

fluctuation field in the literature [Ass07][GJ19]. Both of these works are concerned with two-point
correlations at equilibrium. The difficulty when trying to estimate its long-time behaviour is hinted
at by the structure of the invariant measure: two-point correlations in the steady state of the open
SSEP are long range, and scale like O(N~!), compared to Ox(1) for the density of particle at a
given site. For this reason, and while model-dependent estimates on correlations have been ob-
tained e.g. in [Spo83][Der+05][LMO06]|[Gon+20], to our knowledge there is no general method to
study the out of equilibrium behaviour of the two-point correlation field in the long-time, large N
limits.
On the other hand, on the diffusive time scale TN? with N large and T > 0 fixed, there are well-
established, general methods to study the density of particles (see e.g. Chapters 4-6 in [KL99])
and its fluctuations (Chapter 11 of [KOV89| at equilibrium, or [JM18b] out of equilibrium). Based
on entropy considerations originating in |[GPV88| and [Yau91], these methods allow for obtaining
closed equations on the density or fluctuation field, through so-called Replacement Lemmas. Such
estimates, crucial in our case as well, do not hold in the literature with the level of precision
required to study correlations on a diffusive time scale TN? with N large. A fortiori, nothing is
known in the long diffusive time limit where 7" also becomes large after N. As explained in the
next paragraphs, our approach consists in building on the improvement to the relative entropy
method obtained in [JM18b], in order to obtain results valid at the levels of correlations on the
one hand, and on the other hand results that are sufficiently precise to investigate the long time
limit.

The relative entropy method dates back to Yau [Yau91| (see also Chapter 6 in [KL99] for a re-
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view), and has recently been considerably improved upon by Jara and Menezes in [JM18b|-[JM18a].
It consists in quantifying, at each time and in terms of the relative entropy, the proximity of the
law of the Markovian dynamics in an interacting particle system with a known reference measure.
The idea behind the method is that, locally, the dynamics in large microscopic boxes equilibrates
much faster than the typical time-scale at which the system evolves macroscopically. If one has
a proposal for the evolution of macroscopic variables of interest, say, henceforth, the density in
a lattice gas; one can then expect to prove that the corresponding microscopic variables, when
averaged over a large microscopic box, are close to their macroscopic counterpart. This property
is known as local equilibrium.

If one is interested only in the density or its fluctuations, then only the knowledge of the macro-
scopic evolution of the density is required to construct a suitable reference measure to which to
compare the microscopic dynamics, see Chapter 6 in [KL99| and references therein. In particular,
the reference measure does not need to contain any information on correlations. To study two-point
correlations, however, the knowledge of only the density is not enough any more. Thus, our key
argument introduces a correlation term in the reference measure. In the case of the open SSEP,
since density fluctuations around the typical density profile at each time (and in the steady state
[LMOO06|) are known to be Gaussian |JM18b], our candidates for reference measures are discrete
Gaussian measures, see . One expects that a good choice of discrete Gaussian measure will
contain all leading-order information about the two-point correlation field. This statement is made
precise in Theorem where we obtain, for each suitably tilted dynamics, a characterisation of the
correlations in the long diffusive time limit as the solution of a certain partial differential equation

(see also Appendix for a discussion).

The approach used in this paper can be used for a large class of one-dimensional diffusive in-
teracting particle systems (see Section 8 in |[JM18b]). In this sense, it allows for what we believe is
the first quite general method to study two-point correlations out of equilibrium. Let us however
mention that, at equilibrium, the behaviour of n-point correlation fields has come under much
scrutiny in the past few years. In |Ass07], the two-point correlation field around the diagonal is
studied in the SSEP on Z. In |GJ19], this study is carried out on the one-dimensional torus using
a different approach, and as a means to defining squares of distributions arising in certain ill-posed
stochastic partial differential equations. In [ACR21] and |CS20], interacting particle systems en-
joying a self-duality property are investigated in all dimensions. In that context, fluctuation fields
involving n-point functions are investigated for any n.

The rest of the article is structured as follows. In Section [2| we present the model and results.

Section |3| gives the main microscopic tool for the study of two-point correlations: the relative
entropy estimate when the reference measure is a certain discrete Gaussian measure. Properties
of these measures are established in Appendix [A] Together with Appendices [B] [C] and [D], sharp
relative entropy bounds are derived. These in particular allow for the computation of the Radon-
Nikodym derivative between the open SSEP and the tilted processes introduced to estimate rare
events.
The large deviations are then established, in Section {4 for the upper bound, and [5| for the lower
bound. Control of the open SSEP dynamics in long-time is obtained via the study of certain Poisson
equations. Well-posedness of these equations is investigated in Appendix [F] while Appendix
gathers useful topological facts.
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2 Notations and results

2.1 Notations and definition of the microscopic model

The model. For N € N* let Ay := {-N +1,.... N — 1} and Qy = {0,1}>*¥~1. Elements of Qy,
denoted by the letter n, will be called configurations. We say that there is a particle at site i € Ay
if 7; = 1, and no particle if ; = 0. The variable 7; is called the occupation number (of site 7).
On Qp, we consider the dynamics given by the Symmetric Simple Exclusion Process connected to
reservoirs at position £ N (henceforth open SSEP), which we now describe.

Let p_ < p; € (0,1) be the densities of the left (for p_) and the right (p, ) reservoirs. The open
SSEP is defined through its generator N2L := N?(Lo + L_ + L, ). It is made up of two parts, the
bulk and boundary dynamics, corresponding to Ly and L. respectively. The operators Ly and L
act on f: Qy — R as follows:

VneQy,  N’Lof(n) = — Z c(n,i,i+ 1) [f (") = f(n)], (2.1)
NLo (o) - Ngcm, NV = D) [F0E) - £, (2:2)

Above, the jump rates ¢ are defined, for each n € Qy, by:

0(777%7/"‘1) :nl+1(1_771>+772(1_771+1)7 [ <N—17
c(n, (N — 1)) = (1 — px)new-1) + p£(1 = new-1), (2.3)

and for 4, j € Ay and n € Qy, the configurations 7' and 7%’ read:

ne A 0E{D g}
=< ifl=i (2.4)

=

{m if € # 14, o
. . ng
1—mn if ¢ =1;,

We write P [E" be the probability /expectation under this dynamics starting from n € Q.

The invariant measure and the correlation field. For each N E N*, let 72 denote the
unique invariant measure of the open SSEP. If p, = p_ = p € (0,1), 7,

is simply the Bernoulli
product measure on Ay with parameter p. If p_ < p., however, the measure 72 is not product.

muv
The average occupation number at each site was computed in [Sp083]. it is given in terms of an

affine function p, with:

. . Z p_ 'L p+
Vi € Ay, N (n) = (i /N :(1——)— (1 —>—. 2.5
Note that, as p is affine, o/ = (py — p_)/2 is a constant. As 7' is invariant, one has, for

F:Qyn=R: N
VE> 0,  wh(F) =Y wh,(n)F(n) = E%me [F(n)].

neEQN
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The measure 7" exhibits long-range correlations. To make this statement precise, let us first

mu
define the main object of interest in this article, the correlation field TIV. It is a distribution,

acting on test functions ¢ : (—1,1)> — R according to:

1 . . _ _
ey,  I¥e) =Y = 5 D wo(/NG/N), f=n—p(/N).  (26)
i#JEAN

Notations. Throughout, we write p; := p(i/N) for i € Ay. More generally, for a function
1,7, L..., when used as indices, index elemej.ﬁ."cs of Ay; while z,y, z are used for continuous variables.
More generally, when we speak of n-point correlations, n € N* in the text, it will always mean
products of centred variables, the 7’s, of the form #;,...7;, for some (iy,...,i,) € A% that are all
different. When considering a trajectory n; € Qn,t > 0, we write I for TIV(-)(n,).

Note the scaling of with NV: the sum contains N? terms, and the normalisation is only
proportional to N—!. This is related to the following fact. The variable 7., which measures the
difference of the density at a given site compared to p(-/N), is a trivial quantity when looking at
a single site, and bounded away from 0 independently of N. However, when averaged over many
sites as in the scaling changes and, informally, ITV(f) is typically bounded with N under
7V . More precisely, let o(p) = p(1 — p), p € [0,1], and define:

Vo e [—1,1], a(x) = o(p(x)). (2.7)

The average value of the correlation field under the invariant measure was obtained in [Spo83],
and again in [DLS02] in the large N limit. If D = {(z,z) : € (—1,1)} denotes the diagonal of
the open square, then, for each f € C°([—1,1]%):

i 7 (1) = [ S okt ey (2.9

N—oo 4

In the remainder of this section, we collect some properties of the correlations under 7\ in the
large N limit, which may be skipped on a first reading.

The kernel kq is a symmetric function, equal to (p')2A];, where A}, denotes the inverse of the
one-dimensional Dirichlet Laplacian on (—1,1) with 0 boundary conditions:

V(z,y) € (—1,1)%, ko(z,y) = _(P;)2

(L4 2) (1= P logy + L+ 91— )Lz | (29)

It follows that kg is continuous on [—1, 1], and that its restriction to the triangle {(z,y) € [-1,1]*:
r < y} is C*, idem for the other triangle. Moreover, the difference p/ = (py — p_)/2 in the
reservoir densities determines the size of the correlations. This is reflected in the jumps of the
normal derivative of kg on the diagonal D = {(z,z) : x € (—1,1)}:

Vr € (—1, 1), (01 — ag)kfo(l‘i, Zlf) = :E(ﬁ,)Q

Above zy = limy, o(x £ h). From the explicit expression for ky and p, one has, for p' sufficiently
small:

/ o N (2)ko(z,y)*0  (y)dody < 1. (2.10)
(_171)2
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We will always work under the assumption that holds. In the large N limit, by , the
correlations under the steady state are therefore given by the operator Cy = ¢ + ko, where 7 is
identified with the operator mapping f € L%((—1,1)?) to 6 f, and ky with the kernel operator
kof(x) = f(le) ko(z,y)f(y)dy, x € [—1,1]. It follows in particular from that the inverse

Cyt of Cy can be expressed as a series:

Col=6"—go, go=0"—(G+k) " ==Y (-1)"(6 ke "/*)"57"/?, (211

n=1

where A°" denotes the n-times composition of an operator A for n € N*. The inverse correlation
kernel go inherits the regularity of ky. This kernel gy will play an important role throughout the
chapter. Note that both ky and g are negative operators on L?((—1,1)?):

WL [ @kt ) Sy <0
|, f@n ) @y <0 2.12)

For kg, this follows from the negativity of Aj;. On the other hand, gy is negative as (—1) times a
limit of sums of compositions of positive kernels, see |[Ber74].

2.2 The topology

To study the field ITV, we need to choose a space to which ITV belongs, and equip it with a topology.
Let us start with a few observations. By definition (2.6]), IIV can be seen as a bounded linear form
on several function spaces. Let [0 = (—1,1)? and notice:

ViO=R, T%¢) =1V, ¢s(z,y) = flz,y)/2+ f(y,2)/2, (v,y) 0. (2.13)
Note also that any function ¢ € C'*(0J) which is symmetric, i.e. ¢ = ¢,, is such that:
V<I,/y) S |:|7 81¢($, y) - 32¢(y, I) = Vre <_17 1)7 (al - 82)¢<‘T:t7 I) =0.

In view of (2.9), it seems important to be able to evaluate IIV on functions with non-vanishing
normal derivative on the diagonal D of [, defined by:

D:={(z,z):z € (-1,1)}. (2.14)

We therefore cannot only consider symmetric ¢ that are smooth on the whole of [1. Finally, to
account for the reservoirs, we require ¢on = 0.
With the above discussion, let us now define the test functions IT"V will act on. Split [J as follows:

O=>UDU<x=AUD, >={(r,y)el:z<y}, a={(r,y) eD:z>y}, D=p>U<.

For n € N and p > 1, let W™P(IJ) be the Sobolev space of functions with distributional derivatives
up to order n in LP(IJ). By definition of I, those are exactly the functions with restriction to >, <
in W™P(p>), W*P(<) respectively. Properties of these spaces are recalled in Appendix Note
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that L?(0) = LP(J) since the diagonal has vanishing two-dimensional Lebesgue measure. The
difference between functions on [J and [ arises in the integration by parts formula defining their
weak derivatives. If p = 2, we simply write H"(>) := W™?(>). Define then the set T as follows:

T = {(;5 I~ H2<Z) . Qﬁ‘ag = O} (215>

The set T is a separable Hilbert space, and elements of 7 C C°(>)NC°(<) by Sobolev embedding,
see Appendix [E] so the above definition is meaningful. Denote then by 7" the set of bounded linear
forms on 7, and by 7/ C T the subset of those forms that are symmetric (recall (2.13))

T.={lleT :VoeT, I¢)=1(¢)}. (2.16)

To keep topology-related issues as simple as possible, we equip 7. with the weak* topology, i.e.
(I1,), < T. converges to II € T/ if and only if lim, . II,(f) = II(f) for each f € T (or,
equivalently, each f € T.). To avoid ambiguities, we write (7, %) when we explicitly refer to the
weak® topology.

As a bounded linear form on (a closed subset of ) the Hilbert space H?(l7), the Riesz representation
theorem allows each IT € T, to be written as:

VfeT, I(f) = i(k’n,f) (2.17)

Above, <-, > denotes the standard scalar product on L?(J) and duality pairing between elements
of H" () and (H"(I1))', n € N. The norm on L?(0J) = L?(Y) is denoted by || - ||2. We use both IT
and kp indifferently in the following.

2.3 Large deviations for time-averaged correlations

As explained in the introduction, we study the following problem: for a given Il € 7] and an initial
measure 4V on Qy, estimate:
1

T
P~ (T/ N dt ~ H) when N and T are large. (2.18)
0

The symbol = is to be understood in the sense of the weak* topology described in the previous
section. To study (2.18), we use large deviation techniques (see e.g. chapter 10 in [KL99]),
modifying the jump rates of the open SSEP dynamics in such a way that, loosely speaking, the
event in becomes typical when N, T are large. The corresponding modified dynamics have
generator L; parametrised by a function h : [—1,1]> — R that we call a bias. The modified jump
rates ¢, read:

Ve Qy,Vie {£(N-1)},  cn(n,i) = c(n,i)exp [I7(h)(n") = TI¥(h)(n)],
Vi<N-—=1,  cn(ngj+1)=clnj,j+1) exp [IV(h) (") —TIN(h)(n)]. (2.19)

We write P, E;, for the probability /expectation under this dynamics, and ]P’ZN, EZN when starting
from the measure iV on Qy. Once the correct bias h has been found, one has to prove that:

1 T
pr" (-/ Y dt ~ H) ~ 1. (2.20)
T Jo
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Via , to each bias h will correspond a correlation kernel kj, : 1 — R, in a sense made precise
in Section . Let Cp = {ky, : h is a bias} be the set of these correlation kernels, defined precisely
in ([2.32). Cp is viewed as a subset of 7 through (2.17).

Our main result concerns the large deviation behaviour of the probability , when the large
N limit is taken before the large T limit. To state it, we need more notations. The method of
proof is discussed later, in Section [2.4

The initial condition. The dynamics are started from a discrete approximation v of the

go
invariant measure 7Y . It reads:

mo’

Ve Qy, i) = (ZN) exp [211N(go) |7V (), with 7V(n) = (X) Ber(p,).  (2.21)

iEAN

Above, for p € [0,1], Ber(p) is the Bernoulli measure on {0,1} with parameter p. The partition
function Zég is a normalisation factor, and g, defined in (2.11]), is the inverse correlation kernel of
the large N limit of the steady state 72 . Motivations for the definition of this measure are given

in Section 2.41

Main assumption and characterisation of the biases. In theory, one could define the open
SSEP dynamics with any value of the reservoir densities p_, p,, and consider any sufficiently
regular h € T and any k € 7] in . In practice, for technical reasons, we have to restrict the
range of p_, p,, as well as the size of the biases h, in a sense made precise in (2.22). This limits
the choice of k in to kernels close to kg, the large N limit of correlations in the steady state,
defined in . The restriction, that we call the size assumption, is given next.

Let +1. denote the two corners of the triangle > corresponding to extremities of the diagonal D

(defined in ([2.14))):
=11, —1.=(-1,-1,).

For € € (0,1/2), define:
S(e) = {h €T :3p>2hec W), his symmetric,

|hls, VRl < 2, (&4 — Ba)h(1.) =0}, (2.22)

The size assumption then reads:

Assumption 2.1 (Size Assumption). There are sufficiently small €,c5,ep € (0,1/2) such that
Py Pt € [1/2 — Eresy 1/2 + €15, and each bias h belongs to S(ep).

The quantity €,¢s is in particular chosen to esnure that (2.10]) holds.

The rate function. Introduce the bilinear mapping I from L*(I1)? to L?(), defined for (u,v) €
L2(1)? by:

V(z,y) €, I(u,v)(z,y) = /(_1 . u(z,x)a(2)v(z,y)dz, (2.23)
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where & was defined in (2.7). Let & be a bias in the set S(ep) as in Assumption 2.1 Introduce
the functional Jj,, defined for II € 7, N H!(I0) by:

Jn(I1) = —%H(Ah + 1(0yh, B1h)) + }l / trp (k) () (9s — D) Az, x)dx

(_171)

B[ btesyia = ¢ [ atarota) ounGo) o, .24

and such that J,,(IT) = +oo if IT ¢ T/NH (D). In (2.24)), trp(kn) is the trace of kg on the diagonal
D (defined in (2.14)), with ki related to II via (2.17). It is well defined for elements of H' (L), see
Theorem 1.5.1.3 in [Grill]. Moreover, II € 7 NH! (1) implies that kr is symmetric, thus its trace
on either side of the diagonal is the same and the notation trp(ky) is not ambiguous.

Define then a functional Z : (7], %) — R, as follows:

Z= sup Jp. (2.25)
heS(ep)

I/N
For each T" > 0, let Q;”° denote the law of % fOT [N dt starting from Vé\of, defined as in ([2.21)):

v N1 [T
Q" (0) :=P"0 (?/ M¥dt € O), O a Borel set in (T, *). (2.26)
0

N
The next theorem gives a large deviation result for the family ( ;90) NT

Theorem 2.2. Let O, K C (T], %) respectively be an open, compact set. Then:

1 vN
lim sup lim sup T log Q" (K) < — i%fI. (2.27)

T—o00 N—oo

A lower bound also holds for smooth correlations. Recall that Cg C T, is the set of all correlation
kernels associated with biases h € S(eg), defined in (2.32) below. Then:

1 vl
lim inf lim inleog Q" (0) > — inf 7. (2.28)

T—oo N—oo ONCp

Remark 2.3. Recall that the kernel ky of the steady state 7)Y of the open SSEP in the large N
limit, defined in (2.9)), was observed to be smooth away from the diagonal. As Theorem shows,
it is in fact a general property that the time-average of II" is much more regular than an element

of T when N, T are large: it belongs to 7/ N H (D). |

Remark 2.4. Due to the restriction on the size of biases in S(eg), the rate function Z is correct
only for kernels sufficiently close to kq. This point is further discussed in Section 2.5l The restriction
on the smoothness of the kernels one can approximate is not essential, and could likely be lifted
with more work on Z. [
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2.4 The relative entropy method

In this section, we explain the method used to establish Theorem [2.2] To establish the theorem,
we wish to study, i.e. to study, for some II € T, the probability:

1 T
PV (T / IV dt ~ H) when N, then T are large, (2.29)
0

with ug the measure defined in . Understanding correlations out of equilibrium is notoriously
difficult. Existing results in the literature deal either with the equilibrium case p_ = p., see e.g.
[GJ19] for the h = 0 case, or use methods particular to the h = 0 case, which cannot easily be
generalised to h # 0 [Gon+20|. The methods rely on explicit knowledge of the invariant measure
of the dynamics. However, for h # 0, the invariant measure 7, , of P, (recall (2:19)) is not

known explicitly. Even for h = 0, where the invariant measure 72 is well understood [DLS02], its

complexity makes the study of the probability in (2.29) difficult. To study (2.29)) in full generality,
we therefore need a different approach.

We will use the generalisation by Jara and Menezes |[JM18b] of the relative entropy method of
Yau [Yau91]. This method is presented in detail in Section and here we only say a few words
about it. In our context, the relative entropy method consists in finding a measure ¥ on the state
space 2y, that is both sufficiently simple to perform explicit computations, and as close as possible
to the invariant measure 7y, ,. This closeness to the invariant measure aims at ensuring that, if
the dynamics PP, starts from pV then, at time ¢t > 0, the law f,u’¥ of the dynamics is still close
to p. The proximity to the invariant measure is quantified by the relative entropy H (f;u'¥|u).
The level of precision needed on this relative entropy depends both on the quantity to study - e.g.
the density, the density fluctuations, or in our case the correlations; and on the time range one
wishes to probe.

Here, we improve on the estimates of Jara and Menezes [JM18b], obtaining sufficiently precise
estimates to study in the diffusive time-scale TN? with N, then T large. To do so, for each
bias h in the set S(ep), defined in (2.22)), we compare the law of the dynamics at each time with
a discrete measure p™ = v} of the form already encountered in (2.21)):

vn € Qu, l/gNh(n) = (Zg]\’:)_l exp [2IT1Y(g,)] 7™ (n), with 2N (p) := ® Ber(p;).  (2.30)

1€EAN

The partition function Zg is a normalisation factor.

The function g, : 1 — R, which solves a partial differential equation depending on h, is the
function that allows us to minimise the entropy production 0, H ( fthNh |Vé\; ), as stated in Theorem
below. When h = 0, gs—g = go, the inverse correlation kernel of the invariant measure 7.} of
the open SSEP in the large N limit, introduced in ED The measure yég is an approximation of
the invariant measure 72\ : we prove in Appendix E that it has both the same occupation numbers

at each site, and the same two-point correlations in the large N limit.

Theorem 2.5. Under Assumption (2.1, there is eq € (0,1/2) such that the following holds. Take
a bias h € S(ep) and consider the following problem with unknown g, referred to as the main
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equation:

d'(x) 7'(y)

Alg = h)(z,y) + %31(29 — h)(z,y) + @82(29 —h)(z,y)  for (z,y) €l

< + /(171) 5(2)[019(z,2)0n (9 — h) (2, y) + O1g(z,9)D (g9 — h)(z,x)]dz = 0, 231)
g=0 on oL,

| 0= 0)— 9)en) = 0= )0 =)o) = L forae (L)

Then (2.31) has a unique solution g, € go + S(eq). Let fu) denote the law of Py at time t > 0.
For each T > 0, there is then C' = C(h, p+) > 0 such that:

1
c
Vit <T, H(fw)vl) < Ce T(H(foygNh\VgNh)—i-Nl/Q).
Remark 2.6. The main equation (2.31)) is really an equation on the triangle t>. It is written on
the whole of U to have a compact expression for the integral term. ]

It is now possible to state precisely the definition of the set Cp of correlation kernels associated
with a bias h. For each h € S(ep), let g, € go + S(e¢) be given by Theorem 2.2 and notice that
o7t — gy = 6 Y(I — &gp) is invertible, since ||Ggnll2 < e¢/4 < 1/8 by hypothesis on eg. Define
then:

Cp={kn:=—0+("—gr) ' :heS(n)} (2.32)

Note that kj, is indeed a kernel operator for h € S(ep), in the sense that there is a function
ky, € L?(10) such that:

YL Y e (L) hfw) = [ e

This follows from the fact that k(6! — gn) = 7gp, is a kernel operator, see the first Theorem in
section 4.6.1 in [BKMO96].

Remark 2.7. If h = 0, the explicit expression of ky allows one to check, after long and tedious
computations, that go indeed satisfies . The gy minimising the entropy production is therefore
related to the invariant measure, as one expects.

When h # 0, in analogy with the h = 0 case in (2.11]), it is tempting to think that the kernel
k., defined in (2.32)), is the correlation kernel, in the large N limit, of the invariant measure Tinoh
of the dynamics biased by h. We can prove such a statement only in a very indirect way, with
additional hypotheses on F%wh, so we do not state a precise result and rather refer to Appendix

[A.3 for a discussion. [ ]

We conclude this section with a discussion of the consequence of the Size Assumption [2.1] on
the large deviation result of Theorem [2.2] The functionals J, for h € S(eg), defined in ([2.24),
determine the kind of anomalous correlations one expects to observe. Due to the Size Assumption
, we focus on small biases h € S(ep), for which it is reasonable to expect that the corresponding
correlation kernels are close to ko (recall (2.8))). This is however a priori not obvious: one could
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imagine that, for some reason, tilting the dynamics with a small h result in correlations far from
ko. Conversely, some correlations very close to kg may be accessible only by imposing a very large
bias h. In Proposition 2.8, we argue that this pathological situation indeed does not happen, at
least for a class of correlation kernels with good properties.

Proposition 2.8 (Accessible kernels). Assume the Size Assumption holds. There is € > 0
depending only on py such that, if k € ko + S(€), one can find h € S(eg) and a corresponding
gn € go + S(eg) given by Theorem [2.5 such that g, = 671 — (& + k)™, and the rate function Z(II)
reads:

1

Z((1/4)(k. ) = i ((1/4) (k) = 5 /(1 (TG, 6+ KOG D) (239

2.5 Conclusion and perspectives

The large deviations. The large deviation result of Theorem is stated starting from the
measure v,y. One could hope to have the same result starting from the invariant measure 7y, of
the open SSEP. We can in fact prove such a result if we admit heuristics of Derrida et al. [DLS07]
on the behaviour of the entropy of the steady state, see the discussion in Appendix [A.3]

More generally, assume that one starts from a probability u" = €9y} with v} (Q) = on(1). Then:

B () =P ()] < S N ) — v ()] = on(1),

neEQN

since the hypothesis v (Q) = on(1) implies H(v)|u™) = on(1), and the total variation distance

between v and p" is bounded by /2H (v |uN) (see the proof of Corollary [3.4)).

The Size Assumption has two components: one assumption on the possible reservoir den-
sities p_, p1, and another on the size of biases. The assumption on the reservoir densities is only
needed in the method we use to prove the existence of solutions to the main equation , so it
should be possible to remove it with more work on the main equation .

The assumption on the size of the biases means that the rate function Z, defined in , only

correctly approximates the cost of correlation kernels close to the steady state kernel ky. It should
in contrast be at least partly essential.
Indeed, if the bias h is too large, one can expect that the correlation structure, and even the den-
sity of the corresponding biased dynamics changes. On the other hand, the precise restrictions in
(2.22)) is most likely too strong. Indeed, consider a correlation kernel k = k_ + k, with a negative
part k_ and positive part k,. The restriction in (2.22) on the possible biases implies that & can
be reached by a bias h € S(ep) only if k, is sufficiently small, and k_ sufficiently close to k.
However, one may wish to observe a correlation kernel k for which the positive part k; is not close
to 0. For such kernels, the correlation operator o + k is still well behaved, in particular one can
define an inverse correlation kernel g, and the result of Theorem may still hold.

The relative entropy method. In dimension 1, the relative entropy approach used to obtain
large deviations can be applied to study the following, still in dimension 1:

66



1. Two-point correlations as a time-dependent distribution-valued process. One can prove that
it solves an appropriate martingale problem in the spirit of [GJ19].

2. Correlations and long-time fluctuations around a density profile evolving in a diffusive time-
scale.

3. Other diffusive gradient systems, see the discussion in Section 8.1. in |[JM18b].

One could also try to study fluctuations in a system conditioned to a rare dynamical event. For
instance, the SSEP on the one-dimensional discrete torus, conditioned to a macroscopic current
on average on the time interval [0, 7], is known to develop correlations. An expression of these
correlations in the long time limit has been conjectured in [Bod+08§|. The rigorous derivation of
the correlation and fluctuation processes for this system is the subject of ongoing work.

Another direction of inquiry concerns the extension of the relative entropy results to higher
dimensions. Extending the entropy estimates of the paper to higher dimensions is possible, but at
present our bounds worsen. Fix a dimension d > 1, take the interacting particle systems of Jara
and Menezes in [JM18b], and assume that one can find a regular, small enough function g solving
the equivalent of the main equation in dimension d. We claim that, using only concentration
bounds, we can prove:

K >0NT >0,  H(fIv)w)) < Ke®"(H(ulv)) + 14 N©). (2.34)

This is a sizeable improvement on existing bounds as soon as d > 2, see the discussion at the
beginning of Section The condition d < 4 is actually an intrinsic limitation, that has nothing
to do with the correlation structure of an interacting particle systems. It comes from the error
that one makes when approximating a macroscopic PDE on a non-equilibrium density profile by
a discrete difference equation. This error does not scale with dimension.

3 Main ingredient: the entropic estimate

In this section, we provide the key microscopic estimates to study the long-time behaviour of the
process (I1));>0, i.e. we prove Theorem . We do so by a careful use of the relative entropy
method of Jara and Menezes [JM18b]-[JM18a]. The same kind of computations give the expression
of the Radon-Nikodym derivative D), = dP,/dP for h € S(ep), stated in Proposition at the
end of the section.

3.1 The relative entropy method and Feynman-Kac inequality

The relative entropy method, introduced by Yau [Yau91|, has been used extensively to derive
hydrodynamic limit-type results. The method is used in the following context. Let (w)i>0 be a
Markov chain on a state space €2, assumed to be finite for simplicity. Let P, E denote the associated
probability and expectation. Let V : 2 — R. One would like to estimate quantities of the form:

E[V(w)], t>0. (3.1)
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The entropy inequality provides a tool to estimate (3.1)). Let pu be any probability measure on {2
and f;u be the law of wy, ¢ > 0. Then, for any ~v > 0:

vt >0,  E[V(w)] <y H(fiplp) +7 og p(exp[yV]).

Remark 3.1. The symbol E[-] (or E(+)) always denotes dynamical expectations with respect to
a dynamics. In contrast, static expectations with respect to a measure p are denoted by ul-] (or

p(-). u

In this way, the dynamical problem is reduced to a static problem: a relative entropy

estimate, and a concentration-of-measure result under p. The relative entropy method aims at
finding a measure p which satisfies the following two criteria: exponential moments must be under
control, and the relative entropy H(f;u|un), ¢ > 0 must be sufficiently small, the size depending on
the kind of observables V' one is interested in.
It is therefore crucial to estimate H (fiu|p), t > 0. Recently, in [JM18b|-|JM18a], Jara and Menezes
managed to use the relative entropy method to study out of equilibrium fluctuations around
hydrodynamic limits in diffusive systems. Their analysis greatly improves the existing method to
control H(f;ulp), t > 0. As a starting point, they revisit Yau’s entropy bounds in the following
form.

Lemma 3.2 (Lemma A.1 in [JM18b]). Let (wi)i>0 be a Markov chain on a finite state space €2,
with jump rates (c(w,w'))ww)eqz. Denote by L its generator and by I' the corresponding carré du
champ operator:

VweEQVf Qo R, Tfw) =Y clw,w)[fw) - fw)]" (3.2)

w'eN

Let v be a probability measure on ) satisfying infq pu > 0. Let fiu be the law of wy at time t > 0.
Then:

V>0,  OH(fiulp) < —pn(D(VF)) + p(f,L*1), (3.3)

where L* is the adjoint of L in L*(p) = {f : Q = R : u(f?) < oo}. It acts on f: Q — R according
to:

Yw € Q, L' f(w) = Z [c(w’,w)f(w’)ﬂ(w/) — c(w,w’)f(w)} (3.4)

w'eN
For future reference, we also state the Feynman-Kac inequality (Lemma A.2. in (JM18b]): for any
function V : Q@ — R and time T > 0,

log E# [exp /OT V(wt)dt} < TfZOS:Ll(I;):l {,u(fV) - %,u(l—‘(\/?)) + %u(fL*l)}. (3.5)

Since the adjoint L* is known explicitly in terms of p, (3.3) provides a way to estimate
O H(fiulp), t > 0. An estimate of H(f;u|u) follows by applying the entropy and Gronwall in-
equalities.
Note that the carré du champ is always positive. Moreover, L*1 = 0 if and only if u = 7 is the
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invariant measure. The quantity L*1 thus appears as a way to quantify the proximity of y to the
invariant measure 7. This serves as an informal guiding principle for the choice of u:

for each f >0 with u(f) =1, p(fL*1) must be small. (3.6)

We are going to apply Lemma to the dynamics P, defined in , for h € S(ep). Let us
emphasize again that "small” must always be understood in comparison with the size of the Vs
one wishes to estimate as in . Typically, if one wants to study the hydrodynamic limit of the
density of particles in a d-dimensional open SSEP on a lattice of side-length N, then o(N?) bounds
on the relative entropy are sufficient. These can be achieved if p is a product measure with the
same densities as those of the invariant measure at each site, i.e:

p=ro" = ® Ber(p;), (3.7)

€A N

with Ber(p) the Bernoulli measure on {0,1} with parameter p € (0,1), and p the steady state
density profile in the large N limit, see (2.5)) In contrast, consider the fluctuation field:

Yo (-L1) SR, ¥N@)= 1 a6/,

iEAN

To study Y, one needs o(N*/?) bounds on the relative entropy (in fact o(N%2) bounds in dimen-
sion d). Remarkably, while one could expect that some information on the correlation structure
of the invariant state should be necessary to study Y?, Jara and Menezes [JM18b] managed to
obtain such bounds on the relative entropy by still taking 1 product as in . To do so, they set
up a general renormalisation scheme to bound p(fL*1), for a p-density f, in terms of the carré
du champ, and objects that can be estimated by the entropy inequality. Precisely, they manage
to prove g4(N)N?2 relative entropy bounds, with g;(N) = N, g2(N) = log N and g4(N) = 1 for
d > 3; where the factor g4(N) arises from the renormalisation scheme. This is enough to study
fluctuations in dimension d < 4. They also argue that these bounds are the best possible when p
is product.

Let us come back to the study of the correlation process IIV in the (one-dimensional) open
SSEP. We need oy (1) bounds on the relative entropy at each time. The measure p therefore cannot
be taken product. With in mind, we look for u that has both the same density at each site,
and the same correlations as the invariant measure - which are in general not known - when N in
large. We therefore look for them in an indirect way, taking a smooth function g : 1 — R, and
looking for the optimal choice of g such that the measure u = Z/év satisfies , with:

1
Z/;V = Z_éV exp [QHN(g)} o, Z;V a normalisation factor, (3.8)

For each bias h € S(eg), the optimal g = g, arises as the solution of a certain partial differential
equation, the main equation (2.31). For this g, the method of [JM18b], adapted to this context,
yields the bound of Theorem [2.5}

30 >0Vt >0,  H(fw)|v)) < Ce%(H(for)|v)) + N712). (3.9)
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The exponent —1/2 is related to the size of exponential moments of three-point and four-point
correlation functions for product measures (see Section, and thus cannot be improved without
adding a correction to I/év . The proof of is the main technical result of the article. Its precise
statement is the content of the next lemma, a more comprehensive reformulation of Theorem [2.5]
For h € S(eg) and f: Qn — Ry, let T'4(1/f) be the carré du champ operator associated with the
generator L, biased by h, with jump rates ¢, defined in :

1

Vn € Qu, Lu(VF)(n) = 1 Z cn(nyiy i+ 1) [V F ) — \/?(7])]2
+ % Yoo e[V = VEm] (3.10)

ie{£(N-1)}

Lemma 3.3. Let h € S(ep), and denote by gn € go + S(eg) the solution of the main equation
(2.31)). The set S(e) for e > 0 is defined in . For N € N*, let VgNh be the associated measure
via (3.8). Then, for any N € N*, there is a function £ : Qn — R such that, for any l/ﬁ—density I
the adjoint L; of Ly in Lz(yﬁ) satisfies:

2

Vo, (FL31) < vy, (f€) + —V o (Ta(V/ 1)) (3.11)

Moreover, there are constants v,C' = C(gn, h) > 0 such that:

VN e N7, 7y !log V;\}C<exp [y ]8”) (3.12)

N2
As a consequence, if ftz/ denotes the law of the dynamics at time t, then for the constants v,C

of B12):
(ftVN|VN) C N?

vt 2 O,VN c N*, (ftV ’ ) ’..YQh 9h _|_ N1/2 — TVQIIZ (Fh(\/ﬁ)) (313)

Applying Gronwall inequality to H( fthNh |ygNh ), t > 0in (3.13)) yields:

vi> 0, H(falo) < e (Hw ) + )

which implies the statement of Theorem [2.5] We will often use the following corollary.

Corollary 3.4. Let h € S(ep), let gn solve the main equation with bias h, and let v} be
the associated measure. There is K > 0, such that for any Fy : QN — R and each T > 0:

K| Fyloce™”

Vo
sup ‘Eh-h [FN(m)} — V;\}C(FN)‘ < N/

te[0,7)

(3.14)

Proof. The corollary follows immediately from Theorem and the following inequality, known
as Pinsker’s inequality in the literature for the second part: for any two measures uf, u5 on Qy,

|
" = i llrv = 5 D N’ () = " ()] < /2 (|13

UISYUN
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Lemma is derived in the next four subsections. Functions h € S(ep) and g € gy + S(eg)
(these sets are defined in Assumption and Theorem are fixed throughout the rest of the
section. Recall in particular that h, g are symmetric functions, and that their restriction to > is
in C3(>). We do not assume a priori that ¢ solve the main equation (2.31)).

3.2 Estimates on L;1

To prove Lemma [3.3] we need to compute Lj1. Before doing so in the next subsections, we
introduce some notations and discuss how to identify whether terms arising in the computation of
Ly1 are "big” or "small”. Consider a density f for I/;V, and a function Xy : Qy — R. Our main
tool to estimate the scaling of X with IV is the entropy inequality, which states:

Yy > 0, Vé\[(fXN> §7_1H(fyév|yév)+7_l logl/;v<exp [7|XN|]>. (3.15)
Informally, X will be small if its moment generating function under Vév vanishes with N in an
N-independent neighbourhood of 0: this is the kind of characterisation of smallness that is used
to estimate the size of the function £ in Lemma [3.3] In some cases, typically when dealing with
the effect of the reservoirs, we will encounter an Xy that is not small, but can be transformed
into some Yy that indeed is, up to a cost estimated by the carré du champ operator. The next
definition formalises these considerations.

Definition 3.5. Let ay € R}, N € N*. A family Xy : Qn — R, N € N* is said to be:

e Controllable with size ay if there is v independent of N, and K > 0 independent of N, ay,
such that:
VN € N7, 7y !log V;V<6Xp [7|XN|D < Kay. (3.16)

By K independent of N, ay, we mean that if ay = an(p) is a function of N and a parameter
p, then K depends neither on N nor on p.

By the entropy inequality (3.15)), (3.16)) implies, for each density f for I/;V :

VN e N, vY(fIXn]) <y H(fY YY) + Kay.

e ['-controllable with size ay if one can transform Xy, using the carré du champ 'y, into a
controllable function with size ay. More precisely: Xy is I'-controllable with size ay if, for
each & > 0, there are controllable functions Y]f,’i with size ay such that, for each N € N*
and each density f for v} :

vV (F(EXN)) < SN2UY (Tu(fY2) + v (fYa L),

wn which case there are vs > 0 independent of N, and Ks > 0 independent of N,ay; such
that:

v (f(£XN)) < SN*Y (Th( %) + 5 "H(fr) 1v)) + Ksaw.

e An error term with size ay, or error term for short, if it is either controllable or I'-controllable
with size an, and ay = on(1).
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To illustrate the notion of controllability, the following corollary states its consequence on the
dynamical behaviour of observables. A more general result is proven in Proposition [C.2]

Corollary 3.6. Let h € S(eg), and let gy, be the associated solution of the main equation ([2.31])
as in Lemma[3.9 Let EN : Qn — R be an error term, and let FN be controllable with size 1 and
associated constant K. There are then C(h), C(K) > 0 such that, for each T > 0:

/T FN(nt)dtH < C’(K)T(l n M)

T
/ EN(nt)dtH:O, and E”ﬁ[ i N2

lim sup EYon [
0

N—oo

Let ¢ : Ay — R. To determine whether a field is an error term or not, one must keep in mind

the following heuristics: the 1/;\7 are discrete Gaussian measures, in the sense that the fluctuation
field Y (¢), which reads:

Y¥(g) = ﬁ Z (i), (3.17)

is close to a Gaussian random variable when N is large, provided N~/2||¢||o. < co. In particular,
A = v (exp[A\YN(9)]) is bounded uniformly in N in a neighbourhood [0, ) of 0 for some v > 0.
By , this means that Y (¢) is controllable with size 1. In analogy with Gaussian random
variables, one can prove that YV (¢)? is controllable with size 1, but YV (¢)" for n > 3 is not.

Similarly, the quantity:
1 - :
ZN(¢) = Nz NiNi+19(7) (3.18)

I<N—-1

should have the same concentration properties as YV(¢). In contrast with a genuine Gaussian
random variable, however, YV (¢) and ZV(¢) are bounded by C/||¢||.oN'/? for some C' > 0. As a
result, it is always possible to find a, small enough such that ay (Y™ (4))" is controllable with size
1. This discussion is summarised in the next lemma.

Lemma 3.7. For n € N*, let ¢, : A% — R satisfy supy ||¢nllec < 00. Define, for N € N* and
either J = {0} or J = {0, 1}, the functions (an empty sum is by convention equal to 0):

n—1
Vﬂ € QN7 X:f,nj(n) = Z Z H¢n(i0, "'7in—1>ﬁio+j<Hﬁia)7
a=1

1o<N—11i1,...,in_1EAN JEJ

Us(n) = Nev—r), Us(n) =Nev—ry > mn(i),  e€{—+}.  (3.19)
i#e(N—-1)

e The function Uy is I'-controllable with size N2, and U;" is I'-controllable with size ||¢1||c N
Moreover, N‘l/zXﬁf] is controllable with size ||é1]]2 .

o Forn€{2,..4}, N-=DX% is controllable with size ||¢,]|ooN~""2/2,
Remark 3.8. Note that, for n € N*, if ¢,,(41, ..., 4,) = [[—; ¢1(¢), then:
Xy = (YN () Mz (o),

with YN(¢), ZV(¢) defined in (3.17)-(3.18). Moreover, Xgiz{o} = TIV(¢y) if ¢o(i,i) = 0 for each
i € Ay. The estimate of Lemma however, does not require ¢, to vanish on the diagonal. W
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Lemma is proven in Appendix [A.2| for the variables ijj,. The statement for Uy, U
proven in Appendix [B.2

We now turn to computing L1, in the next two subsections. We split L} into Lj = Lj +Lj, 4,
the adjoint dynamics respectlvely in the bulk and at the boundaries, and study each contribution
separately.

3.3 Adjoint at the boundary

In this section, we compute Lj, , 1, the part of the adjoint L} 1 of Ly, corresponding to the dynamics
at the boundary. By (3.4), it reads:

MLm= 5 [l )2 -]

ie{£(N-1)} Vév(n)
2 n- — &1 - 3
ie{£(N-1)} ’ 77
— c(n, 1) exp [% Z thi,jH : (3.20)

The jump rates ¢(n,i), i € {+(N — 1)} are defined in (2.3). To compute (3.20]), recall that both
h, g satisfy h(£1,-) = 0 = g(%1,-) by hypothesis. It follows that the arguments of the exponentials
n (3.20) are bounded by O(N~1). Moreover, introduce:

Vi € An, i log(1 pi i), AiN:lOg(lfipi) (3.21)

With this notation and by reversibility, one has for i € {£(N —1)}:
i . Psign(i) 2mi—1
) = ) (LY
1 - Psign(i)

As a result:

. _i 1-2n; 1—2 i
C(’I’]Z, Z) <1 f p> " (77, )exp [% (11':,(N,1)8N/\_N — li:N_lﬁN)\N_l)] . (322)

Write for short:
Nii=1im vy Ay — Limn—190™ Avot.

Using (3.22)) and the existence of Cj 45 = C(||h]loos [|9]lcos |2llcc) > 0 such that |e* — 1 — 2?/2] <
Chg.plzl® for 2] < 2(]|hllo + 2[lglloc + [[Allsc), (3-20) becomes:

NLidm) -y Y e - 2[5 S AN -+ Al (3.23)
ie{=(N-1)} J#i
Y |y SN - a) - (3 San) ] =,
ie{£(N-1)} J#i J#i
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with [6)!| < Cy,.5/N. To compute the two terms in the left-hand side of (3.23)), let i € {+(N—1)}
and let us first rewrite the jump rate in terms of 7; in two different ways. One has:
c(n, i) := (L = 1) psign() + (1 = Psign() )M = Gsign(e) + Mi(1 = 2psign(e)); (3.24)
with:
Qsign(i) = (1 - ﬁi)psign(i) + (1 - psign(i)>ﬁi‘ (325>
Moreover, it also holds that:

1

= —1; — N [1¢:—(N—1)3Nﬁ—zv — 1i:N—1aNﬁN—1]- (3.26)
Using ((3.26)) in the first sum in ((3.23)), one finds:
N
5. Z C(Ua 27h [ 2773 9 h zy ( z——(N—l)aN)\—N - 11’:N—18N>\N—1)i|
ie{E(N-1)} J#i
NON A ONp_ NONAN_ ONpn—
=~ v + |+ T e - SR+ ) 327)

N2 .
where 0" is an error term that reads:

032 (n) = —% Z (ﬁz‘ + % [Lie_(v—1)0" PN — 12’:N718N,5N71}) ZﬁjN(g —h)ij.
ie{+(N-1)} j#i

The term involving 7; above is of the same form as U in Lemma , thus I'-controllable with size

N~'. The other term is of the form N~'/2Y"(¢) for a bounded ¢ (recall (3.17)), and therefore

controllable with size N~!. It follows that 51 2 is I-controllable with size N~T.

Consider now the second sum in (3.23]). Using and recalling the definition of ay, it

reads:

L 2
Z_l Z {( Z 77] 29 h Z] <1i=7(N—1)aN)\_N - 1,-:N_18N>\N_1>>
ie{£(N-1)} G#i

1 ~ 2] a_(OVAn)? | ar(OVAN1)? | N
- <N;77jNhi,j> ] = 1 + 1 +0:7(n), (3.28)

N3 . . s
where 0, is an error term that contains all other contributions:

1 N _
2=y X | (yEaves-mg) - (3 S nvh) l
ie{£(N-1)} J#i
1 , _
+ ﬁ ‘ Z C(’f], l) [(li:_(N_l)ﬁN/\_N - ].i:N_laN)\N_l) ZT]JN(ZQ - h)m'
€{x(N-1)} j#i
(ONA_n)? (ONAn_1)?

- (1 —2
1 + v—1)( P+) 1

+n-(v—ny(1 —2p_)
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With the notations of Lemma and bounding ¢(n,-) by C(p), the first line of 62 is bounded
by a term of the form N _2X§ 2{0}, thus controllable with size N~!. Similarly, the second line is
bounded by a term of the form N~12[YN(¢)| (recall (3.17)) for bounded ¢, and therefore also
controllable with size N~!. Finally, the third line is of the form Uoi, therefore I'-controllable with
size N~2. If follows that (51’3 is I'-controllable with size N1

Putting together (3.27)) and (3.28)), we have obtained the following expression of the adjoint at
the boundary:

. NONX_NT_ oNp_ NONAN_1T_ ONpn_
NZLh,il(n) = —TN [77—(N—1) + N N] + 7 dll [?71\/71 — ]\va 1]
~(0VA_n)? MNiva) &
a ( - N) +CL+< 4N 1) ‘f‘zéiv’q(n)-
q=1

It remains to notice that the constant terms in the last equation compensate each other to obtain
the final expression for N*Lj . 1(n). Indeed, for each i € {#(N — 1)}, a Taylor expansion yields:

N pi

o

sign(i) = 20; + O(N™Y), OV = +O(NY. (3.29)

It follows that there is a configuration-independent 64 with ¢¥* = O(N~1!), such that:

N@N)\_N_ N@NAN_l _

4
N2L; (1(n) = — 5 () T 0X(m), oY= 6V%n).  (3.30)
q=1

The quantity §¥ is, by definition, I-controllable with size N 1.

3.4 Adjoint in the bulk

We now compute Lj 1. For each i < N — 1, define B}', C', D} as follows:

1 _ ONpihi i
Bl =g >, Wm0 hiy  Di(n) =~
jé{i,’H‘l}

Cl = B!+ DI (3.31)

7

where, for u : Z* — R:
V(i,j) € 2®, O u(i,j) = Nu(i+1,5) — u(i, ).

With these definitions,

Vi< N—1, TR (" =TIV (h)(n) = —wcﬁ’(n)-

Define similarly CY9, and notice that, since h, g are regular:

sup sup sup (|CL(n)] + [Cn)]) < oo. (3.32)
NeN* neQny i<N-—1
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By (3.4), the adjoint Lj , in the bulk reads, by definition:

N2 N DN (pivit+1
N2L7Lo (n) = [Ch(ﬁl’zﬂ, 1,1+ 1)*) cn(n, iy i+ 1)} )
2 i<N—-1 Vg (n)
With the above notations, this becomes:
* it = 1) Pi(1 = pigr) i
NQL - 5 777172+1 |: p|:<—<cz_2czg):||: — :|
ho z<zN:1 N pit1(1 — pi)

To compute (3.33)), recall the definition of A:

Vi € Ay, A :=log <1 flp)

Notice that C" — 2C9 = C"=29. Moreover, c(n,i,i + 1) = (9,41 — n;)? for each i < N — 1. With
these notations, (3.33]) reads:

NQLZO :— Z 772+1 772 |: [W(Oh 2g aN)\ >i|
i<N-—1
—exp [ - WO"H (3.34)

To compute ([3.34), we expand the above exponentials. Write (N 2L;’;Ol)order p for the term of order
p € N. From the existence of C, ; = C(||h]|co, [|glco) > 0 such that [e”—1—z—22/2—23/6] < C), ja*
when [z] < 2([Alle + 2lgll), one has [ guos(1)| < 2Chg/N, with:

N _
N*Ljo1(n) = 5 Z (Miv1r — i) [QC,-h 7 - 8N)\z} (3.35)
i<N-—1
1
+3 2 (m+1—m)g[(Cih‘Qg—aNAi)Q— (qﬁﬂ (3.36)
I<N-—1
L o m h—29 Ny 13 h
gy 2 (e [ = 0N+ (O] + Birsa(): (337)

The sum in the last line will later be found to be an error term, in Section m The
important terms are therefore the sums in —, which we will see impose conditions on
the choice of g.

To highlight the structure of L;1, let us rewrite the sums in — by grouping together
terms involving n-point correlations, n € N*. By - C' is the sum of B, which involves one-
point correlations (i.e. one 77); and of D, which is configuration-independent, hke A. Moreover, the
sum in (3.35) will have to be 1ntegrated by parts to remove the N factor. To do so, write:

Vi< N —1, Nis1 — N = Tiv1 — Wi + Piv1 — Pi = Tig1 — i + N0V . (3.38)
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The sum in (3.35)) therefore contains constant terms, fluctuations and two-point correlations. Let
us similarly analyse the second line (3.36)). The jump rate (1.1 —n;)%, i < N — 1 can be expressed
in terms of 7; and 7;,1 as follows:

Vi < N —1, (i1 — m)* = a;i + 0" (Pi) i1 + 0" (Pis1) s — 205741, (3.39)

where a; = pi1(1 — pi) + pi(1 — piz1), i < N — 1. The sum in therefore involves constant
terms and n-point correlations for each 1 < n < 4. In Section [3.4.3] we prove that three-point
and four-point correlations lead to an error term 63's_,, while the sum in the third line is
an error term 03y 4¢, 3. The adjoint in the bulk thus reads:

0,order

where Const, Fluct, Corr respectively denote the constant terms, the fluctuations and the correla-
tions. The expression of these terms is given in the next three sections. Informally, these are small
only when I/;V satisfies specific conditions. Namely, the fluctuations term Fluct is small because,
by definition, uév has the same average occupation number as the invariant measure in the large N
limit, see Section [3.4.1] On the other hand, the correlations Corr are small provided g solves the
partial differential equation (2.31)), as shown in Section Finally, the constant Const is small
provided all other terms are, as established in Section [3.4.4] We will repeatedly use the following
estimates (recall the definition of D):

N 5.
=O(N ) = sup ‘GN)\i - 87pl . (3.41)

i<N—1 g;

aiaN)\i

sup |D;| = O(N7Y), sup
i<N—1 i<N-1

— " p;

3.4.1 The fluctuations

Here, we estimate the fluctuations term Fluct in (3.40)), which we recall accounts for all terms with

a single 77 in the two sums (3.35))-(]3.36]). Recalling (3.39)), it reads:

1
Fluct = > [N(ﬁiH — ) (2D}79 — 9N \,) + 20N 5, Bl
i<N-1
+ %[23?*29(Df*29 — OV \) — 2BYD?]
Le i N _

+t3 0" (pi) i1 + 0 (pia)in) (D77 = OVA)? — (DI)?] | (3.42)
To estimate the size of each term above, recall from Lemma that a term of the form Y (¢)
(defined in (3.17))), with ¢ : (—1,1) — R bounded, is controllable with size 1. Anything of the
form ey YN (¢), with ey = on(1), is therefore an error term with size €%. Using (3.41), (3.42)) thus

turns into:

1
Fluct = - > [N(m1 —7)(2D}79 — 9N N,) + 20N 5, Bl — ;0N N Bl

<N-—-1

ON\)?
L @)

2 [0 (s + o ()] | + 805 (), (3.43)
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where 5(]; iH(n) reads:

1 _ _
oim =5 D, [ai (B 72Dy~ — BID!] + [ (pi) i1 + o' (piy1 )]

I<N—1

x [(DI7)2 = 2D} 0" A — (DY) .

Recall from (3.31)) that each B; for i < N —1 is of the form N~%2YN(¢) for a bounded function ¢,
and that sup, |D;| = O(N~!). As a result, all terms composing 5(1)\31 are of the form N—1/2YN(y))

or N=3/2Y'N (1)) for a bounded v, thus controllable with size at most N~! by Lemma|3.7, It follows
that 5(])\’/ ! is controllable with size N1
Let us compute (3.43)). From (3.31]) and the regularity of h, g, one draws, for each i < N — 1:

1

T 2N? [(h ~ 9iit1 AP + N[(h = g)iin1 — (b = g)i-,i] aNﬁifl] ) (3.44)

where ANp; = ON(0Npi_1) = N2[pip1 + pio1 — 2pi). As a result, sup, ‘Df:lg — D;‘_g‘ = O(N72).
Moreover, g(£1,-) = 0 = h(£1, -), which implies that Dﬁ@%fl) =O(N7?) = D7V192. An integration
by parts therefore turns (3.43)) into:

1 N N
Fluct = 5 Z mAN N — EﬁN—laN/\N—Q + Eﬁf(zvq)aNL(Nq) (3.45)
li|<N—-1
_ _ CLiaNAi _ 0N)\l 2 N _ _ 2
+ Z [3NPZB? ! - TBz‘h 4 % [0 (pi) i1 + 0’(Pi+1)77i]] + ZCSéYiq(??),
I<N-—1 q=1

N2 . s _ .
where 0,7 is a controllable error term with size N7!, as it reads:

1 _ _ _ _ _ _ _
So () = N > mN?[DI = D7) + iy 1 Dy — N-v-n D" F .
li|<N—-1

Using (3.41)) to express a.0™\. in terms of &V p. in the terms involving B in the second line, ([3.45))

becomes:

1 N N
Fluct = 3 Z AN — gﬁN—laNAN—Q + i (v—1) O A (vo)

. 2
[i|<N—-1
(0"N)? Sy
+ Z [aNﬁiBig Ty [0 (pi) Tl + Ul(ﬁiﬂ)ﬁiﬂ + Z do,i (1), (3.46)
i<N—1 q=1

with 637’ () of the form N=Y2YN(g¢) (recall (3.17)) with ¢ bounded, thus controllable with size
N~1. Indeed, recalling the estimates (3.41)) and the definition (3.31)) of B, it reads:

N.3 1 _ 1 |:CL1'8N>\1‘ N—] N
5071 (77) IN 4 Nj N P 2 0 Pi a1 (h g)Z:J )
eI~ LI —
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and the term between parenthesis is bounded uniformly in 7 € Ay and N € N*. Let us
now compute the term involving B in (3.46). Recall that ¢ € C*(>) and is symmetric, thus
SUp|jj<n—1 N|gj—1;—gj+1,4] is bounded uniformly in N. Integrating by parts and using g(+1, ) = 0,
and the symmetry of ¢ in the last line below; we find:

Z N pi By = % Z " pi Z ;01 gij = % Z n;j Z N pid) gi s

i<N—1 i<N—1 jgliit1} JEAN  ig{j—1,j,N—1}
1 _ _ _ _
= 3N > Uj[ > AYpigij+ 0V 2(Ngj1) — 0V b1 (Ngjiny)
jehn  Llijl<n—1
|7 —il>1

+ aNﬁN—Z(Nngl,j) — aNﬁN+1(NgN+1,j>:|

1 _ _
= 3N Z 1 Z ANpigi,j + 5(])\,[i4(77)

JEAN  |i|<N-1
li—i[>1

= 5 S m(NM)(AR)G) + ), (347

JEAN

where 61,51 are of the form N~V2YN(¢) (YN(¢) is defined in (3:17)) for bounded ¢, and
therefore controllable error terms with size N~'. M, is the matrix (9i)(ig)eaz, and (Ap.) the

vector (Ap;)ieay, SO that 6(])\7] i accounts for the replacement of AN by Aj (this cost vanishes in
our case since p is linear, but we do not use this fact at this point), as well as the addition of
missing terms in the sum on ¢:

5(]J\,[i5<7]> = _% Z ﬁj Z [A Apz gz] Z 7]] Z Aﬁzgz,j

JEAN fNJ‘r,1<,|i><lN71 JGAN ic{£(N-1),5,5£1}
J—1

Consider now the sums involving A. in (3.46)). Elementary computations give, for each i < N — 1:

AN_Z' aN_i 20! _i
AN = N[9¥A — 92 ) = =2 _ p_)fmﬂiv, sup [e)] = O(N7).
0; (U'L) [i|<N—-1

By (3.41)), we also know sup, |0V \; — OV p;/5;] = O(N71). As a result:

N 8N)\
Z niAT A + Z (Pi) i1 + ' (Pig1) 7]
H<N 1 i<N-—1
N N
_?nN TAPYE 2-1-577 @N)\
Ap; N N
=3 ; el (ST En_(N_l)aNA_(N_l) +o0m),  (3.48)
1EAN
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N6
where '} reads:

1 — 1 1= = Aﬁz
5516(77) = 5 Z Ni [AN)\i + Z—l[(aN)\ifl)QU (pifl) + (8N)\z‘)20 (Pi+1)] B }
li|<N—1 !
n-1(0NAn_2)?0" (pn—2) | T-(v-—1)(O" A (v-1))*0" (P—(v—2))
+ +
4 4
Apn_1 Ap_(n—1)

—NIN-1——= —N—(N-1)—Z
ON-1 o

~(N-1)

The function 5(1)\’[ % involves terms of the form Nev-1)u(E(V — 1)) with u bounded (the last two
lines), and N~Y/2YN(¢) for bounded ¢ : (—1,1) — R (the first line). It is therefore I'-controllable
with size N~! by Lemma . Note that the last line actually vanishes since Ap = 0. We do not
need this fact at this point.

Putting (3.46]), (3.47) and (3.48) together, we have computed the fluctuations term (3.42) in
NQL;‘l,Ol:
1 -1 -1 ~ N/ N _ N
Fluct = — Z 772-(0 — N Mg) (Ap.)(z) — —N_10" An_2
2 1€EAN 2

6
N _
+ gn_(N_l)aN/\_(N_n + Z 5é\,fiq<77)‘

q=1
Since Ap. = 0, the first sum vanishes, and:
N N :
Fluct = —5771\7—13]\[)\1\/—2 + Eﬁ*(Nfl)aN)‘*(Nfl) + dgn (n), 8oy = ZW#- (3.49)
q=1

By definition of error terms, see Definition (3.5, we have proven the following: for any 6 > 0, there
are g, Cy > 0 such that, for any density f for I/év :

N
Vév (f ’ FIU‘Ct) < EV;V (f[_ﬁN—laN)\N—Q + ﬁf(N,l)aN)\,(N,l)])

+ON2Y (Th(V ) + Ay lry) + G

” - (3.50)

3.4.2 The correlations

In this section, we compute the Corr term in (3.40)) and obtain the partial differential equation that
an optimal g must solve. Recall that Corr corresponds to all terms in (3.35))-(3.36) that involve

products of two n’s. It reads:

COI‘I‘ == Z |:N(7_]H_1 - ﬁz)Blh_g — CLiBl-ngh_g - lﬁif/i—&—l [(Dzh_2g — (‘3N/\i)2 — (Df)Q]
I<N-—1 2
+ %[U/(ﬁz’)'f_hﬂ +0'(pia)ins] [By (D} — 0N\i) — BID}] (3.51)
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Recall from Lemma that terms of the form IV (u), or N=1/2X? oy =N 1/2 Y i N1 TiTli410i,
are controllable with size 1 as soon as the test functions u, v are bounded. Multiplying them by e
with ey = oy(1) therefore turns them into controllable error terms with size ey, €% respectively.
As in Section |3.4.1] we first use the estimate (3.41]) on the size of D to remove some terms from
(13.51)):

1
STili+1 (8N)\i)2

Corr = Z [N(ﬁwrl - ﬁi)Bzh_g - aiB{quh_g 5

i<N—1

1 _
5 (0" (9041 + 0" (Pis1)70i] N \B! 29} + 5é\,fé1 (m), (3.52)
with 853" controllable with size N~1, that reads:

1 _ _
5(]J\,fé1 (n) := TON Z 77i771+1N[(D? #)? — 2D 9N ), — (D}')?]
i<N—-1
1 _ _
TN Z [0/ (p)0i1 + o' (i) ) N [BI 29D}~ — BIDP].

I<N—-1

Let us integrate by parts the term involving 7,41 — 7; in (3.52)), ¢ < N — 1. To do so, notice first
that, for each ¢ with |i| < N — 1:

_ _ _ _ 1 _
NIE - B N[ - = LS A,
Jili—il>1
1
+ 5 (7107 (9 — h)iie1 — M1 01 (9 — h)i1isa]

with ANu(i, j) = N (ONu(i — 1, 7)) for u: Z* — R and (i, j) € Z*. As a result:

Z N(ﬁiﬂ—ﬁi)B Y= Nin- 1BN 5 — Nij-(v-1) Bh_ yt Z 1N Bh:f]_Bzh_g]

i<N-1 li|l<N—1

=5+ o D D WA (g

||<N 1j:lj—i|>1

1 o _
+ 5 Z 1 [ni,lafv(g —h)ii1 — 4107 (9 — h)ifl,iqtl}? (3.53)

li|[<N—-1

where 5(])\7] 2(n) =N ﬁN_lB]}i,__QQ — Nij_(n— )B ZN 1) (5(])\’[ ;2 involves correlations between the reservoir

and the bulk, of the same form as the function U;* defined in Lemma H 6[])\7[ 52 is thus T-controllable
with size N~1. On the other hand, the last line of (3.53)) can be integrated by parts once again:

Z ;i [ﬁiflafv(g —h)iio1 — Ni107 (g — h)z‘fl,iJrl}

li|<N—-1

= Z NiMit1 [a{\/(g —h)it1,; — afv(g - h)ifl,i+1:| + 5(1)\,753(77%

—(N—-1)<i<N-2
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with:
5(])\,%3(77) =N (N-1)T-(N— )5 (g —h)—(n—2),—(N-1) — ﬁN—277N—18{V(9 —h)N_3N-1.

5(])V ;> is again a I-controllable error term with size N~! (in fact N~2), as it is of the same form as
the function U of Lemma . Equation - ) thus reads:

Z N(Dis1 — ) B ™9 = % Z Z 107 (g = h)ij

i<N-1 [i|<N—1 j:|j—i|>1

1
T3 Z Difli1[07 (9 = R)isri — 01 (9 — h)iz1,i11] Z do3(n (3.54)

—(N=1)<i<N—2

The other terms in (3.52)) are simpler. Indeed, recall that:

_ —1 N N p; ~1
sup |a; — 26;] = O(N7), sup |07 N\ — ——| =O(N7).
i<N-1 i<N-1 0
Using these estimates in (3.52)), Corr becomes:
1
Corr = N Z Z nin; A V(g — h)i;
li|<N—1j:|5—i|>1
1 . 0" pi)?
* 2 Z TiMi+1 [3{\[(9 —h)is1i — a{V(g —h)i—1i41 — : (U,)2) }
—(N-1)<i<N—2 '
_ 4
8Npi h—2g — g ph—g N,q
- Z Pz Nit1 + 0 (Pz+1)7h] 95, B; + 20,8 B; + 250,2 (1), (3.55)

i<N—-1

N4 . s _
where 0,5 is an error term with size N7!, that reads:

1 O ps
5(1)\,%4(77) = ToN [U/(ﬁz‘)ﬁiﬂ + 0/(,5i+1)7_]7;} [8]% — Up ]Bh 29 _ Z N BgBh’ g
i<N—1 t z<N 1
1 aN Di 2
T ON Z ﬁiﬁi+1N|:(aN/\i)2 — ( 55 ) }
—(N-1)<i<N-2 i
1
—5[77( ii-(v—2) (0N A ) + v —afin—1 (N An— 2)}

The last line comes from the fact that the sum involving 7;7;,1 in (3.52)) and in (3.54) do not have
the same range. It is of the same form as U in Lemma | thus is T-controllable with size N~! (in

fact N~2). The first line above is of the form N=2XJ oy Whlle the second line reads N~ 1/2Xf)1{0 1y

for bounded tensors ¢1, ¢2. As a result, 5075 is I'-controllable with size N~! by Lemma
To conclude on the expression of the correlations, it remains to take care of the two terms involving
B in (3.55)). Recalling the definition (3.31]) of B, using the regularity of h, g and p and changing

82



indices, one can write:

2g—h
Bg

N p;

i

a Z pz 772+1 +o (szrl)nz]

Z<N 1
1 o' (pi)ON p; _ _
= TR S o g )+ S,

0;

lij<N—1 je¢{ii+1}
where (55 ;> is an error term that reads:
N,5 1 - 1= 1= a pz 2g—h
do,3 () = N > N[0 (piy1) — o' (pi)] —=—B;
H<N 1 i
a pz 1 H2g—h ! a pz 2g9—h
2N Z nzN[U (pz 1) Gi 1 Bz 1 U(p> 74 B ]
li|l<N—-1
B o _ aN = / ﬁ— _ 8Nﬁ_ _ _
N N "(Pn—2)0" PN - 2B]2Vg L RV o' (p-(n-2)) O 1)Bngh71)'

20N—_2 20_(n-1) ~(

5(])\’7 3 is of the form N~ ng’ 2{0} for a bounded ¢, for the first two lines, and N~'U;" for the third line.

By Lemma 3.7 it is therefore I'-controllable with size N~!. Finally, recall that (1.)? = &.+0"(p.)7}..
Separating diagonal and off-diagonal contributions, the term involving BYB"9 in (3.55)) reads:

—2 Z O'lBgBh I = 2N2 Z 0; Z 77]77€61 gz] (g_h)i7f

I<N-1 i<N—-1  je¢{ii+1}

- % @-m(% > 504 9101 (9 — h)z;@)

IJI?Nfl ig{j717j7€71,é,N71}
1 — = N,6
ToN? Y 56,0910 (g — )iy + 605 (),
i<N—1jg{ii+1}

where 5(1)\,[ ;> is an error term of the form N—Y2YN(¢) + U (recall (3.17)), thus T-controllable with
size N~! by Lemma , which reads:

1 L
s ) =3 D D 60 ()0 9ii0 (9 — Wi

i<N-1j¢{ii+1}

+ Y ﬁjﬁe(% > 704 91,501 (9 — h)z‘,e>-

FE{E(N=1)} L] i¢{j—1,j,6—1,6,N—1}
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The correlations (3.51)) have so far been rewritten as follows:

1 i
Corr = Z nmj{QN {1|Z J|>1A (9—h)ij + 1J¢Z+16N Pi i )8{\](29 — h)i (3.56)
i <N—1 !
J#
1 _
+ 5 > 7007 9030 (9 — h)&j]

eg{i—1,,j—1,5,N—1}

1 N N aNﬁZ
+ 1j:i+1<N—1§ 01 (g —h)ix1i — O (g —h)ic1i41 — G (3.57)

+— Yo Y 60V gi,00 (g - h,]+Z5Nq (3.58)

I<N-1j¢{ii+1}

We claim that the curly bracket is a discrete version of the partial differential equation .
To see it, first use the symmetry of g,h and exchange ¢,j7. Recall then that, by assumption,
h,g € W45(2) for some s > 2. By Sobolev embedding, W**(I1) C C3(>) N C3(<), see Appendix
[E]l As a result, approximating discrete derivatives by continuous ones and the Riemann sum in the
second line of by an integral, there is a controllable error term (5&[ 57 with size N=1, of the
form N~IN(u) + N7'XY ), for bounded u, v, such that:

QI

B30 + B0 = 1 (a0 — 0+ Zorzg -+ au(20 - ' 2)

I (1019, 01(g — 1) + 1(24(g — 1), dug))
+ Z NiNi+1 {51 (g—h)i,i—01(g—h)i_; — (p:’) ] - 5 3 (n), (3.59)

. 0'
Ii<N-—1

with I the integral operator defined in (2.23)) and the convention wo(z,y) = w(x)é(z,y), pw(z,y) =
oz, y)w(y) if : 0 — R, w: (—1,1) - R and (z,y) € A If g is chosen as the solution g of the
main equation (2.31]), then the right-hand side of (3.59) reduces to (5(])\7[ 3'(n), whence:

7

Corr = — Z Z 5507 (gn)i ;0N (gn — h)ij + 5(])\7[2(77), 5(])\772 = Z 5(])\7[51. (3.60)

l<N 15¢{ii+1} q=1

By definition of error terms (see Definition , for any 6 > 0, there are thus 7y, Cy > 0 such that,

: N.
for any density f for l/ Vgh

Vor (f Corr < — Z Z 0,00, N(gn) ”aN(gh —h)ij+ GNzygL (Fh(\/?))
1<N 15¢{ii+1}
L HUE) G
Yo N
Remark 3.9. The choice of g = g, cancelling (3.56))4(3.57)) is optimal in the following sense: for
another g, the first two terms in the right-hand side of (3.59)) are not even error terms, but only

controllable with size 1. As a result, for g # gy, (3.61)) can only be true with Cy replacing Cy/N
in the right-hand side, which breaks the ox(1) bound on the entropy obtained in Section [

(3.61)
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3.4.3 Higher-order correlations

In this section, we need not assume that g = g, and we estimate the third order term (N 2 L} 1)order 3
in the development of the exponentials making up the adjoint in the bulk, as well as three-
point and four-point correlations arising in .

From (3.37))-(3.38))-(3.39)), the latter read:

Os—a(m) =Y [ [0/ (i)l + 0" (P )] BY By ™0 + iy BY (D" = 9VX;) - (3.62)
i<N-—1
+ Tifie (D2 + aNAi)B{“g} +2 S A BIBI. (3.63)

I<N—-1

The first sum involves three-point correlations, albeit of the form #;7;117; for the second
term. Lemma [3.7 only yields that it is controllable with size 1. However, using the renormalisation
scheme of Jara and Menezes, we prove that it is I-controllable with size N='/2 for all g € go+S(eq),
in Appendix [Cl The last sum in involves four-point correlation, suitably rescaled with N.
By Lemma it is controllable with size N™', again for all g € go + S(eg). It follows that 63,
is T-controllable with size N~1/2.

Consider now (N2L}1)order 3, Which by reads:

(NzLZ]-(n))order 3 = ﬁ Z (77i+1 - 771) |:[Cih_2g - aN)\i}g + [Clh} 3:| :

i<N—1

For i < N — 1, write n;1q — m; = fjip1 — 7; + N~20N p; as before, and recall from (3.32)) that Ch29,
C" are bounded with N. As a result:

1 _
TON (i1 — 1) |:[Czh 2 — 3N>\z‘}3 +[CM] 3] ‘ <

I<N—1

C(f%g)'

<N2L21(7’/))0rder 3 N

(3.64)

One need not even integrate by parts to find that the sum in (3.64) is small. Indeed, developing
the cubes and recalling that C' = B + D (see (3.31))) with VD bounded, one finds:

12N Z Nit1 — [Ch 0 aN)‘i}g ] ZN_an?O}
i<N-—1

for bounded 6, 1 < n < 4, depending on &, g, \. By Lemma , N="X% is controllable with
size N™! at most for 1 < n < 4. This observation and ([3.64) yield:

* h g n n
(N2 L0 o 3] < B 5(0) = +| ZN X2y () (3.65)

and 00, qer 5 15 controllable with size N~
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3.4.4 The constant terms

Here, we prove that the configuration-independent terms appearing in the full adjoint L;1 are
small when g = g5, with g, the solution of the main equation (2.31). The terms in question
correspond to various constant terms bounded by O(N 1) encountered in the previous subsections
and the computation of L; , 1, which already are error terms; and the sum of the constant term

, as well as the Const term of (3.40] -, which reads:

_ _ 8 )\1 a; _
1<N—-1
By definition of L;1, one has:
vgr (Lp1) = v (Ly1) = 0.

We can also estlmate v} (L;1) through the expression (3.30) of the adjoint at the boundary and
the expansion of the adjoint in the bulk. Indeed, Lemmas and Proposition tell

us:

Vn > 1, sup I/gNh<HT_]j> =0O(N™),
JCAN ,
|J|€{2n—1,2n} i€t

Vi g {+(N - 1)}, vor (Mev—1)7;) = O(N7?) = v (Tev—1))-

These bounds can be used on the adjoint at the boundary (3.30), the error term 50rder>3 0 deﬁned in
(3-65), the error term 034 o accounting for three and four point correlations defined in (3.62)-(3.63),
the estimate of the fluctuations, and (3.60|) of the correlations. They yield:

1
VgNh (NzL;;l) =0 = Const + W Z Z 515](9?917]8{\[(‘(] — h)@j -+ O(Nil)
i<N-—1j¢{ii+1}

=: 56\770 +O(N™).

The configuration-independent terms 5(1)\’70 arising in L} ;1 are thus bounded by O(N -1,

3.5 Conclusion

Let us put together the estimates obtained so far to conclude the proof of Lemma The
expression of the adjoint at the boundary was obtained in , while the adjoint in the bulk has
been estimated in the last three sections, provided one takes g = g, with g, the solution of the
main equation . One has therefore:

N?Lj1(n) = N*Lj, +1(n) + N*Lj 41 (n)

N N
= ?77 (3N)\ N —ONA_(vo1 ) - 5771\{—1 (3N)\N—1 - 8N)\N—2> + 6% (n)
77 ]2\71)AN)\ (N-1) _TIN IAN)\N 1_|_(5N()
with 6V a I'-controllable error term with size N~1/2, given by:

5N(77) - 6:]|:V(n) + 5(]]\,[0 + 5(1)\,[1 (77) + 6(])\,[2(77) + 6(]]\,[3—4( ) + 50 order 3( ) + 50 order>4(77)
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Since supy [AN Ay (v_1)| < oo, the quantity:

T on iy
(J2V 1) AN}‘—(N—l) i 771\; 1AN}\N—1

is ['-controllable with size N~! by Lemma . It follows that N2L}1 is I-controllable with size
N~1/2_ Thus, by Definition of controllability, for any 6 > 0, there is a controllable random
variable & with size N~'/% and 75, Cp > 0 such that, for any density f for v]:

vN (FN2LEL) = U (F8N) < v (f€) + ON*VY (Th(V/T))
H(fv, |v,) ) C
< BT N (V) + 5

This concludes the proof of Lemma |3.3] 0

3.6 The Radon-Nikodym derivative

Coming back to the time-independent case with 7. = 7. — p., the computations in the previous sub-
sections can be used to obtain an expression of the Radon-Nikodym derivative D), = dPP,, /dP, h € S.
By definition, Dy, reads (see Appendix A.7 in [KL99|):

T
log Dy, ((my)e<r) = TN (h) — TIY (h) — N? / e T M) M (M) gy (3.67)
0

The field TV is defined in ([2.6)).

Proposition 3.10. Let h € S(ep), and recall that I(u,v)(z,y) = |,

(-1,1) u(z,x)a(2)u(z,y)dz for
u,v € L*(J) and (z,y) € Q. Then, for eachn € Qy:

1 ~1\2
N2 W L0 () = S (An+ 1@k, 00h) ) — % / h(z, x)dz (3.68)
(_171)

1 1
+ 1 Z NiTli+1 (alhi+,i - alhi,,i) + 3 / o(z)o(y) [alh(x, y)]gdxdy +e"(h),
i<N-1 2
where eV (h) is a T-controllable error term with size N~'/2.

Remark 3.11. A bias h € S(ep) is a symmetric function by definition. As a result, for each
(z,y) € &

Orh(z,y) = h(y,z) = Oh(vy,z) — Oih(x_,z) = (O — D) h(z 4, ).

The first term in the second line of (3.68)) thus corresponds to a contribution of the derivative of
h normal to the diagonal. |

The following corollary will be useful in the proof of lower bound large deviations.
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Corollary 3.12. Consider the Py,-martingale M™?, defined for T > 0 and ¢ € T (T is defined
in [@19)) by:

T
M =T 0) =T - [ N LI (@)t (3.60)

If additionally ¢ is a symmetric function in C3(5>), there is a T'-controllable error term &N (h, ¢)
with size N~Y% such that, for any T > 0:

T
MY =T 0) = TI(0) — 5 [ 1Y (80 -+ 100,000 + T(@11.010) )
A 0 )T
+ 4 /o i<zzv:—1 ﬁz‘(t)ﬁwl(t)(al@w B 81@,71‘) dt + (pé)l /(1,1) pEle

_%/Z5(17)5(y)31¢(%y)31h(x,y)da:dy+/0 N (h, ¢)dt.

When ¢ = h, one has in particular:

e T
MN" —log Dy, = —5/ 1Y (I(O1h, 01 h))dt — 3 / a(z)a(y)[01h(z, y)]Qd:cdy
0 7

T
+ / éN(h)dt,
0

for a T'-controllable error term &N (h) with size N~'/2.

4 Long-time behaviour: upper bound

In this section, we establish the upper bound in Theorem [2.2] i.e. the following result. Recall that,
for N € N*, vV is the discrete Gaussian measure (2.21)) built from the inverse correlation kernel

g0

go of the steady state of the open SSEP. We prove that, for any compact set K in (7, %),

1 v
lim sup lim sup T log Q° (IC) < — inf Z(II), (4.1)

T—o0 N—o00 ek

with Z the functional defined in (2.25)). This result is established in Section , relying on a
regularity estimate in the space H'(IJ), proven in Section . The proof of this regularity estimate
makes use of an L?(I7)) estimate, obtained in Section [4.2}

Before we start, let us make some remarks and fix notations. For T" > 0 and O a Borel set in
(77, ), we use the notation OT for the set:

T L T
o = {T/o it 0} = POT):=Qr(0)
We will repeatedly use the following bound: if O C (7/,%) and X C D([0,T],Qy) are Borel sets,

lim sup log Q;% (0) < log2+ max { lim sup log P40 (0" N X),lim sup log P40 (X°) } (4.2)

N—oo N—o0 N—o0
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4.1 Upper bound for open and compact sets

Fix an open set O C (7/,%). We wish to estimate Q;E% (0) as in (£.1). We do so by the martingale
method presented in Chapter 10 of [KL99|, which relies on the computation of the Radon-Nikodym
derivatives Dy, = dP,/dP, h € S(ep). In Section [4.1.1] a first upper bound on compact sets with
a rate function Z < 7 is established. The bound is then improved to Z in Section .

4.1.1 A first upper bound

Here, we build a functional Z : (7/,%) — R, such that, if K C (77, %) is a compact set,

1 vl ~
lim sup lim sup T log Q7 (K) < — i%f 7. (4.3)

T—o00 N—oo

Let h € S(ep). In Proposition [3.10] we proved that, for any 7" > 0 and any trajectory (1(t))i<r:

log Dy ((n(1)) o) = Tz (h) — T (R) — % /OT Y (Ah + IOy, (31h)>dt
_ i /0 > B0 () (Dihiy s — Oihi_g) + (/3'4)1 T /<_1,1> Wz, x)de  (4.4)

i<N—1

_g /Z &(2)a (y) [Onh(z, y)] *dedy — /0 ey (h)dt,

with eV (h) a I'-controllable error term with size N~'/2 (see Definition [3.5|for the definition of error
terms). As a consequence of (4.2)), one can write, for any set X:

. 1 y% lOg 2 . 1 V(]]\(]] -1
lim sup T log Q;°(0) < — + max { lim sup T log E, [1OTmX(Dh) } ,

N—oo o N—o0

1
lim sup T log P40 (XC)}. (4.5)

N—oo

To obtain (4.1]), we rewrite Dj, as a closed expression in terms of % fOT [N dt. This requires taking
care of eV, Iy (h), IIy(h) and the sum involving 7;7;41,7 < N —1. We do so by choosing the set X in
a suitable manner. The set X will be a union of sets, described below, which control the error terms.

The error term V. For § > 0, introduce the set:

Ap(5,h) = {(nt)tg: % /O T (h)dt‘ < 5}. (4.6)

The function &V is an error term (recall Proposition [3.10)), so the event Ar(d,h)¢ is unlikely
according to Corollary

lim sup P*% (Ar(d,h)¢) = 0. (4.7)
N—o0

The diagonal term. In Appendix[D] we estimate the cost of rewriting the sum on 7;f4+1,% < N—1
in (4.4) in terms of the correlation field IT"V. Consider a function y* € C*(0J) with x* = 0 on 9],
0 < x° < 2/e, such that x°(x, -) is supported on (z,z +¢) N (—1,1) for each z € (—1,1), and:

Ve <1l—e¢, / X (z,y)dy =1, Ve >1-—¢, / X (z,y)dy < 1. (4.8)
(z,x+€) (@,x+¢)
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Define then N (x,y) for (z,y) € I as follows:
Nite) = D5, ) (01— Db ). (4.9

Then N; € T, and we prove the following in Proposition [D.1} For T' > 0, define:

Ry(e,0,h) = {)%/OT E > 0 () (O iy — O hi_y) —Hiv(./\f,f)]dt‘ 55}. (4.10)

I<N-—1

There is then ¢/(h) > 0 and (6, h) € (0, 1) such that, for each "> 0 and each £ < (6, h):

D (e,6,h) < ce M with DS (e, 6, h) == limsup P ( Ry (e, 5, h)°). (4.11)

N—oo

The time boundaries IT)Y (h), IT¥(h). We are now going to introduce a set in order to control
the large values of ITI{¥(h). Within this set, we will show in Lemma [4.1| below that IT)(h), 1Y (h)
do not to contribute to the right-hand side of when N, T are large. We prove it by estimating
exponential moments of these quantities independently of N,T. For II)'(h), this follows from the
fact that the initial measure is I/;X . At time T, we make use of Corollary to reduce our claim
to a static estimate.

Lemma 4.1. Let T > 0, and define:
Br(h) = {0 (n)| < T2}, (4.12)

Then, for any h € S(ep), one has:

2

lim sup P*% (Br(h)) < c(h)e ™. (4.13)
N—o0
In addition, there is C'(h) > 0 such that:
N
limsuplog E,* [exp [ = TIY (h) + 11 ()] 1BT(T2,h)] < C(h). (4.14)
N—o0
Proof. Let h € S(zp). We first prove (4.13). By Corollary [3.4] one has:
lim sup |IP¥%0 (Br(h)%) — V£(|HN(h)‘ > TQ)‘ = 0. (4.15)
N—o0
Moreover, since ||hl|s < 1/2 for h € S(ep), Lemma yields the existence of ¢(h) > 0 with:
YA >0, sup V;X(‘HN (h)| > A) < c(h)e™, (4.16)
N

and (4.13) follows.
We now prove ([4.14). To estimate the exponential moment of II¥(h) under E;, we need the
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starting measure to be 1/ . Write thus, using Cauchy-Schwarz inequality:

Yo N N N N dvg,
logE,* [exp [— 17 (h) + I, (h)} 1. ] logE h [1BT( h) €XP [ — 117 (h) + 11, (h)} dl/?\[;]
9
1
ElogE oh [1BT( h) €XP [ — 2H¥(h)]]
ZN
+ 5 log Vé\of [exp [QHN (h + g0 — gh)H —log <Zg]$> (4.17)

As gn € go + S(eg) and h € S(eg) with 83,6@ € (0,1/2), thus supy 2}/ /ZN =: C1(h) < oo,
where the partition function ZN is defined in . The constants eg,eq are chosen to ensure
|h + g0 — gnll2 < 1/2, which by Lemma means that the expectation under v} in is
bounded by some Cy(h) > 0. Finally, Corollaryn 3.4 applied to the first expectation i m ylelds
the existence of C3(h) > 0, such that:

v O (h)eCe(MT 212
Eh‘h [1BT(h) exp [ — 2H¥(h)]:| S 3( >N1/2

+ vy [exp [ - 2HN(h)H .
Taking the large N limit and again writing g, — h = g, — go — h + go concludes the proof:

lim sup log IEZ“% |:1BT(,7/) exp [—2H¥(h)” < limsuplog v, [exp [ - 2HN(h)H

N—o00 N—o00
- Zo N
= limsuplog | =2 [exp 211V (g1, — g0 — h)H < Cy(h).
N—o00 ZN go
[
In view of the last three points, let € € (0,1), 6 > 0 and define:
X = AT(5, h) N RT(S, (5, h) N BT<h) (418)
Let also J; be the following continuous functional on (7, ):
1
VIle 77,  Ji(II) = —§H<Ah + IO, 61h)> +TI(N)
(7)? L[ 2
+— h(z,z)dx — = | 5(x)a(y)[Oih(z,y)] dzdy. (4.19)
4 S 8 Jz
With these notations, (4.5) becomes:
l/N l/N T
limsup Q;° (O) < limsupE,* [1X exp [— Y (h) + I (h / el exp [sup (— J;(I1))]
N—oo N—oo 0 I1eO
+ lim sup P¥% (X°)
N—o0
< exp [07 + C(h) + T sup (= J5(ID)] + lim sup P55 (X), (4.20)
€O N—o0

91



with, using (4.7) to estimate the probability of Ar(d,h) and (4.11) for D (e, h,9):

lim sup P4 (X°) < limsup P*5 (Aq(h, 8)) + D (=, h,8) + eV~

N—oo N—o0

_ ce—c’(h)£*1/26T + ec(h)—TQ. (421)

Take now the logarithm of (4.20)), divide by 7" and take the large 7" limit to find, using (4.2)) and
the definition (4.11)) of D¥(h,¢,d):

1 vN - -
lim sup lim sup T log Q@ (0) < sgp Jh s Jp 5 := max {(5 —J5, —c’(h)g’l/Qé}. (4.22)

T—o00 N—oo

Let g9 € (0,£(6, h)), where €(d, h) is defined in (4.11)). Taking the infimum on € € (0,e0), § > 0
and h € S(ep) yields a first bound on open sets:

1 v ~
lim sup lim sup = lo (0) < inf inf inf supJ; ;. 4.23
T—>oop N—>oop T gQT ( ) " heS(ep) 6>0e€(0,c0) Op 0 ( )

We now extend the bound (4.23]) to compact sets. The argument is standard and relies on Lemmas
3.2 and 3.3 in Appendix 2 of [KL99|. Let I C (77, *) be compact. We wish to prove:

1 vV
lim sup lim sup — lo P <sup inf liminf ( — J7). 4.24
T—>oop N—>oopT g@T ( )_ KphES(EB) Al ( h) ( )

Since (jfL s)heo is a family of continuous functionals on (7, %), Lemmas 3.2 and 3.3 in Appendix 2
of [KL99| allow for the exchange of the infima on h, J, e and the supremum on (open covers of) K:

1 vy ]
1j —1 0K < inf inf inf J ;. 425
ey 7 los Q5P 00) < igf inf it -

Owing to the bound (4.11)), for each IT € K and h, d, there is eo(IL, h, §) < &(d, h) below which the
maximum in Jj ; (defined in (4.22))), is achieved by the first member. Since gy + inf.., increases
when ¢ shrinks, (4.25)) becomes:

1 v
li ~ log @9 (K) < inf inf  inf [5—(]611}
msup 7 log Q* (K) < sup inf inf i 10— (D)

<sup inf liminf(—=J;:(II)).
= ek heS(en) &m0 (=AD)

This yields a first bound on compact sets and proves (4.3)):

1 v - -
lim sup lim sup — log Q;°(K) < —infZ, Z= sup limsupJj. (4.26)
T—oo N-ooo 1 K heS(ep) =0

4.1.2 Refinement of the upper bound to more regular correlations

Let IT = 1(kp,-) € T.. If ky € H' (), then ky has well-defined trace on either side of the diagonal
D ={(z,z):z € (—1,1)}. AsTI € T/ NH (D), ky is a symmetric function, and the traces on
both sides coincide. We thus write trp(ky) for the trace of ki on the diagonal. One has then:

. 1 1
ll_r%l_[(/\f,f) = lim Z<kn,/\/,f> = Z_l/ tr(kn)(z, ) (0y — 01)h(xy, x)dz. (4.27)

(_171)
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For such IT € T N HY(), limsup,_,, |J;(II) — J,(IT)] = 0, with J;, the functional equal to +oo
outside of T/ NH!(I1), and:

VII € 7;/ N HI(Z), Jh(H) = —%H(Ah + I(alh, 81h)> + 411 / tI‘D(l{?H>(82 - 81)h(x+, S(Z)d:(f

(_171)

* (?2 /(_171)}1(9”71’)6593— %/Zﬁ(fﬁ)ﬁ(y) [Ouh(w,y)] dedy. (4.28)

As a result, for IT € 7! NH'(W), Z(IT) = Z(1), with Z defined in (#26), and Z the rate function
defined in (2.25). For general II € T/, however, kr is not regular enough to make sense of the
small ¢ limit of N (IT). We shall introduce another set U C T/ to restrict the upper bound to IT’s
with enough regularity in the large N limit, and prove the following result.

Lemma 4.2. Let K C (T],*) be a compact set. Then:

1 v
lim sup lim sup T log Q" (K) < — iIl%fI' (4.29)

T—o0 N—oo

To prove Lemma , consider the functionals Q and Qy, defined for each f # 0 in C2°(I4), the
set of compactly supported, C* functions on I, by:

(0
Of) 9 wp o (4.30)
1f1]2 FeC@)\{0}

VII € T/, Qs(Il) =

In the following lemma, we argue that Q controls the regularity of elements of 7.

Lemma 4.3. For Il € T!, Il € HY(Y) if and only if Q(II) < oco. Moreover, Q is weak® lower
semi-continuous on (T, *).

Proof. We first prove the equivalence. Let IT € 7/. If IT € H' (1), then I1(d; f) = <81kn, f > for
each f € C°(1), and Cauchy-Schwarz inequality gives:

ok
o) = sup 1(O1kn, —f) < Hc%ang
FeCs@)\{0} 4 fl- 4

Conversely, assume Q(II) < co. Notice that, if f € C°(), then I1(0: f) = (0, f) as IT € T7,
with f € C*(12) defined by f(z,y) := f(y,z) for (x,y) € . It is therefore enough to prove that
kn admits a weak first derivative. As Q(II) < oo, one has:

VieCr@), ()l < QUDfll2,  fu(f) :=11(00Lf).

By density of C2° in L*(J), ¢(-) can be extended to a bounded linear form on IL?(I1). By Riesz
representation theorem, there is 0, ky; € L2(I4) with f7(-) <81 kr, - > which concludes the proof
of the equivalence.

For the weak* lower semi-continuity of Q on (77, %), simply notice that it is a supremum over the
Qy for f € C=(19) \ {0}; each Qf being weak* continuous, since || f|2Qf(Il) is the evaluation of II
at Oif € T for I1 € T, O
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Proof of Lemma[{.9. We now begin the proof of the large deviation bound (4.29)). Consider a
sequence f; € C>(14) \ {0},7 € N*, dense in {f € H*(D) : tron(f) = 0}. Introduce then, for each
¢ € N* and each A > 0:

U@Ay:{mmgﬁgA} (4.31)

1<j<e

In Lemma [4.6, we prove the existence of C,C" > 0 such that, for A larger than some Ay > 0 and
each ¢ € N*: N
lim sup Q;% (UL, A)°) < Cle= AT, (4.32)

N—oo

Notice also that, for II € 7/, if (f;,) converges to f € C2°(L0) in the norm of H*(4), then 9\ f,,
converges to 0y f in T, so that lim, Qy, (II) = Q;(II), and:

Q(IT) = sup Qy, (11). (4.33)

jEN*
Let ¢ € N* and A > Aj. Recall the notation:

wamT:{%AfmﬁeU%Aﬁ,

so that P(U(¢, A)T) = Qr(U(¢,A)), and let O C (T/,*) be an open set. We again estimate
N

7(0), starting from (4.20)), but considering X N U (¢, A)” instead of X (X is defined in (4.18)).
Equation (4.20]) consequently becomes:

lim sup Q;% (O) <exp [5T +C(h)+T sup (- Jﬁ)] + lim sup P (X NnU"(L,4))), (4.34)

N—oo ONU (¢L,A) N—oo
with:

lim sup P%0 (X N U” (¢, A))°) < ce™¢ M7 4 oe)=T> 4 Cipe=C"AT (4.35)

N—o0

For each h, e, (, A, let J}; , 4 be equal to J; on U(, A), to +o00 outside. Proceeding as in (4.22)) and
using (4.2)), one finds:

1 vl¥ =
lim sup lim Sup log Q" (O) < sup Jy 5.4 (4.36)
)

T—00 N—oo
with:
T =max {8 — Jg, 4, —C'A, = (h)de ™"/}, (4.37)

Let g9 € (0,e(0,h)), where £(0,h) is defined in (4.11)), and recall the definition of Ay from above
(4.32). Equation (4.36) yields a second bound on open sets:

1 N .
I I “1og Q7 (0) < inf inf sup JE s, 4, 4.38
im suplimsup7; log @7°(0) < | inf = inf sup Jj s, (4.38)

where the infimum is taken on ¢ € N*, A > Ay, 6 > 0 and € € (0, &).
Let us obtain a bound on compact sets from (4.38]). Let K C (77, *) be compact. Since U(¢, A)
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is weak™ closed by continuity of Qf,, 1 < j < £, (jﬁ,é,& WDheea is a family of weak® upper semi-
continuous functionals. Lemmas A.2.3.2 and A.2.3.3 in [KL99| thus give as before:

1 v -
lim sup lim sup — lo () <sup inf inf J; , 4.39
T_mp N_)OOP T gQT ( ) = KP heS(ep) Sbe h,6,6,A ( )

with the infimum again taken on ¢ € N*, A > Ay, § > 0 and ¢ € (0, &).
Proceeding as in (4.25) to (4.26]), one can take the infimum on ¢, § and turn (4.39)) into:

1 vlY
li li —1 K < inf inf lim inf(—Jj —C'A}. 4.40
im sup lim sup 7 log Q* (K) < sup inf inf max { lim inf(—J5 , 4), } (4.40)
Let A> Ayp. AsU((,A) U, A)if ¢ < /', the argument of the supremum on K in (4.40)) is equal
to —oo when evaluated at any II ¢ (,cy- U(¢, A). By definition of U(¢, A) in (4.31) and using
(4.33), one has:

(U A) ={Q< A}

LeN~
Equation (4.40|) thus becomes:
1 v
li li — 1 K < inf inf liminf(—J; 4),—C'A 4.41
imsup lim sup 7 log @7 (K) < sup _inf = inf max { lim inf(—J; ,), 2 (4.41)

with, for each h,e, A, J; , = +o00 on {Q > A}, and J; , = J; on {Q < A}. Consider again
A > Ay. For each IT € {Q < A}, the associated ky via the Riesz representation theorem can be
taken in H'(Y). In particular, by ([4.27), if h € S(ep) and I € {Q < A},

111611_>151f(—Jh7A(H)) = —Jpa(ID).

Above, Jy a4 = J, on {Q < A}, J, 4 = +oo outside, and J, is defined in (4.28)). Equation (4.41])
thus becomes:

1 vN
lim sup limsup — log Q2 (K) < sup inf inf max{ — Jy,—C'A}.
T—)oop N—>oopT g@T ( )_ KthS(EB)A>A0 { oA }

Finally, note that J, 4 > Jj for A > Ay, since J,, may be finite on {Q > A} while J;, 4 may not.
Lemma [£.2] is proven:

1 v
lim sup lim sup — log Q,°(0O) < —infZ, Z:= sup Jp. (4.42)
T—oo Nooo 1 K heS(en)

]

4.2 An L? estimate and a first Poisson equation

In this section, we begin the proof of the energy estimate (4.32)). We first argue that, in the large
N, then large T' limits, the time-averaged correlation field behaves like a bounded linear form on
L?(I1). The following proposition gives the main ingredient.

95



Proposition 4.4. There are constants C,C’" > 0 such that, for any large enough A > 0, any
T >0, and any ¢ € T NC*(>) N C*Q) with ||p|l2 < 1, one can find C(T,¢) > 0 satisfying:

VN €N, P% (‘l /Tﬂiv(qb)dt‘ > A) < Cexp [~ C'AT] + L. 9)

Proof. To prove (.43)), we need to estimate exponential moments of 7| fOT [N (¢)dt|. Up to con-
sidering ¢ and —¢, we may remove the absolute value in the probability in . Moreover, as
IV (¢) = IIV(¢), with ¢(z,y) = ¢(y, ) for z,y € IJ; we may assume without loss of generality
that ¢ is symmetric. The next lemma provides the desired estimates by means of a certain Poisson
equation.

Lemma 4.5. For symmetric ¢ € T N C*(>) N C*(Q) with ||¢]l2 < 1 (recall that ¢ € T implies
plon = 0), denote by f, € C3(>) N C*(Q) a symmetric function, the classical solution of:

LAf(2.y) + 1 [y OuF (2 0)5(2)0 f(z )z = =220 for (a,y) €2,

f=0 on 000, (4.44)
(O — Do) f(xs,2) =0 forz € (—1,1).
Then:
LUN(g) = — -0 N2 LI U)o Ny ()
1Y (9) = —e 1" UL N2ZLE o) 4 2V( 1) ol 2)da
2 4 (—1,1)
1
+5 [ o@ot) oufute. ] dudy. (4.45)
7
where eV (f4) is the error term with of Proposition . There is C(T, fs) > 0 such that it satisfies:
T
wil| [ e a]] < o fonn (4.46)
0

Equation (4.45) is proven in Proposition [3.10, while the estimate (4.46]) is established in Corol-
lary . Using Lemma , let us conclude the proof of Proposition [4.4] From (4.45)), one has for
any A, T > 0:

VN ]. T N VN 1 T 7HN(f ) 2 HN(f ) 1 T N
]P’90<T Ht(¢)dt>A>:Pgo(—T e MUIN L Dt 4+ — [N (fy )t
0 0 0

- (i) /(_1’1) ol x)d + é / 5(2)5(y) [0 fo(x,1)]” > g) (4.47)

|

By Proposition [F.2} || fyllz@ < 3, which bounds the last two terms in ([4.47) by continuity of
the trace mapping trp : H' (1) — L%(D), see Theorem 1.5.2.1 in |[Grill]. As a result, as soon as

A/4 > 6, one has using (4.46):

PV VN LT () vy 0N ()
Pgo(i Ht(gb)dt>A>§IP>go<—T e~ (Fo) N2 [ o1TE ¢dt>A/8>
0 0
8C(T,f )
Tl/f’ (4.48)
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Note that the object inside the probability in (4.48]) satisfies:
I 1
- /O e I o) N2 L (o) gt = 7 log Dy, =T (f)/T + 105 (f0) /T, (4.49)

where the Radon-Nikodym derivative Dy, was computed in Proposition [3.10f. We estimate these
three terms separately. For IIj(f,), the fact that the starting measure is v, that || fy||» < 3 and
Corollary yield the existence of ¢ > 0 such that:

P¥o (Hé\’ (f)/T > A/24) — Y (HN( f4)/T > A/24> < ce~°AT, (4.50)

Consider now ITI¥(f,), which requires more care. Directly using Corollary would yield, for some
CQ > 0:

CoeT N (TN

i v (H (fs)/T > A/24). (4.51)
In the bound , the first term is independent of A, which is not what we want. To remedy
this situation, we will make use of a moment bound on Ilr(fs). In Lemma we prove that there
is C1(]| fslloo) > 0 such that:

P (T (f)/T > A/24) <

Nek B0 [[TLr(fo)[*2)* < Cr(]| folloo)e el = CoeT, (4.52)
e *

where we used the fact that || ||« is bounded independently of ¢, as proven in Proposition [F.2]
Using this bound and (4.51)), one can write:

. 2U
P (T (£,)/T > A/24) < T [0 (o) Ly arya]

24 2/3
< B |1 (1) PR (03 (1)| > AT/24)

Cs(T) | 24Cyc!/? o CAT/3+CoT

1/3

4.53
— ATN1/6 AT (453)
This bound now depends on A, as in the statement of the Proposition.
Finally, the last term to estimate in (4.49)) is Dy,. It is a mean 1 martingale, thus:
VN 1 —
Y50 (Tlog Dy, > A/24> < AT/, (4.54)

Putting (4.48]), (4.50), (4.53) and (4.54)) concludes the proof of (4.43)): there are C,C" > 0 such
that, for any 7" > 1, any large enough A > 0 (precisely: A > 3Cy/c), there is C(T,¢) > 0 such
that:

vl (T —car - C(T, 9)
Voo [ — < .
P <T/0 1/ (¢)dt>A> < Cen0T ¢ S (4.55)

]

97



4.3 Energy estimate
In this section, we prove the energy estimate (4.32)). The key argument is the following lemma.

Lemma 4.6. Let A > 0 be larger than some Ay > 0 and let ¢ € C*(1), where the subscript ¢
stands for compactly supported. There are constants C,C" independent of ¢ such that:

1" ,
lim sup P¥% (’T/ Hiv(c?l(b)dt‘ > AH(sz) < Cem AT, (4.56)
0

N—o00
Assuming the lemma, (4.32) immediately follows by a union bound.

Proof of Lemmal[{.6. Up to considering —¢, it is enough to prove the result without the absolute
value. Without loss of generality, we assume that the support of ¢ is contained in {z € [ :
d(z,0 Q) > 2/N}, so that ¢; ;11 = 0 = 01¢; 41 for each i < N — 1. As was done in the proof
of Proposition [4.4 we may assume without loss of generality that ¢ is symmetric owing to the
identity IIV(¢) = IIV(¢), with @(z,y) = ¢(y, z) for z,y € A Starting from v, we use Feynman-
Kac inequality to rewrite fOT [N (0, ¢)dt as fOT N (F(¢))dt, where F(¢) is a function in which only
¢ appears, and not its first partial derivative. This involves a microscopic integration by parts,
which is controlled by Lemma . We then use the IL?(I7) estimate of Proposition to control

the resulting fOT [N (F(¢))dt in terms of ||¢||o.

Let A > 0, and let V : Qy — R be a function to be made explicit later. By Feynman-Kac
inequality (3.5]), one has:

imouplogPS (1 [ 10151 (09) — V] (o > 472) (157
NHOOP g T/, 2 1 Uz .
AT N?
<AL ar s LN T @0) - V) + Sl (INPE) - (D)
2 F20 (f)=1 2 2

where L* is the adjoint of L in L*(v}). The function X will later on be chosen such that the

above supremum vanishes, and also controllable with size ox(1), so that fOT V' (n:)dt vanishes in
probability.

Recall first that, according to Lemma [3.3 there is a I'-controllable random variable £ with size
N~12 such that, for each density f for I/;X :

VSN = N2 (DG/F) < 0l (76) — Son (0VT)).

Set therefore V' := £/2 4 V', and look for a controllable error term V' such that the supremum in
([4.57) vanishes. To see how, fix n € Qy and write out ||¢||5 ' TIV (d1¢):

- 1 _ _
o)z Y (D19) = W Z [ Z Dl Or ij + Nifli100biigr | +
2T eN—1 Jjé¢{ii+1}

1

Mot 6 (4:58)
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where b = N[0,¢ — 0N ¢] is the discretisation error, which is bounded with N. By assumption on
the compact support of ¢ in 4, 01¢; ;41 = 0 for each i < N — 1, and (4.58) becomes:

IV (0 ;0% ¢ + b
ol I 0h6) = o 0 30 At + )

i<N—1j¢{i,i+1}

By Lemma , as b is bounded, the last term above is controllable with size N~!. Let us rewrite
the first term through an integration by parts:

4||¢”2 Z Z 77277J ng—lj QS” 4H¢||2 Z Z — 1 /’7]¢’Lj

1<N—1j¢{i,i+1} i <N—1j:]j—i|>1

+ o Ni—1(Mit1Piiv1 — Niii—1)
4H<z>\|2 2

li]l<N—1

HM2§: > (i = )i = (4.59)

li|<N—1j:|j—i|>1

where the first equality makes use of ¢4 (y_1). = 0, while the second equality follows from ¢; ;+; = 0
for each |i| < N — 1. To choose V' in the supremum in , we have to estimate v, ( fS). This
is done through the integration by parts Lemma [B.2] ThlS lemma is formulated with the variables
w; = 1;/0; for i € Ay, so we need to rewrite . For |i| < N — 1, using the identity:

S can be rewritten as follows:

Z Z Ti—1(Wim1 — wi) NP5 — mHN (%/ (UI(ﬁ) + %) (b)

li|<N—1 j:|j—i|>1

Wb

. @ TNy (0 0_1p
=Sy, v = (o) + )¢ (4.60)

with the convention that go(x,y) = q(z)é(z,y) when g : (—=1,1) — R and (z,y) € A The last
term is already of the form [|¢||5'TIV(g¢) with ¢ bounded independently of ¢, so it remains to
estimate S’. Define, for |i| < N — 1, a function v; on Qy as follows:

1 iy

Jili—il>1

Recall also the notation C'% defined in (3.31)):

Ve Qi< N1 I () () — I (go) ) =t - B W g,
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With these notations, we can apply the integration by parts Lemma to each |i| < N — 1 with

u = v;, and obtain the existence of C' > 0 such that, for each § > 0 and each density f for yé\of :

C
v (FS) S ONZg (D(F) + <25 D v (F(00)?)

li|<N—-1
+ 3 (7= PV (wiswi fem DO Ny, (4.62)
li|<N—1
- Z V;X((Wz‘ —wi1)(1 - 6—(771-—771-_1)0591/1\7)]@%)'
[i|[<N—1

We express each term appearing in (4.62) as [TV (F(¢)) plus error terms, for an explicit F'. Consider
first the second term on the first line. By definition (4.61) of v and using (7.)* = 7. + ¢/(p.)7., it

reads:
c 1;7e 0 0i i
165N 90 <f Z N2 Hfij% )

JLEAN li|<N—1:
li—j|>1,]i—£€|>1

_ N N v(1) o ()5 2 0(x,y)° . N1
SO0 + o [ oot S dady o (100 0), 403)

with Y () the function recording the off-diagonal, ¢ # j contribution:

¢(2,2)0(2,y)
V(z,y) €, (x,y) 45/ o )2 ol — 7. (4.64)

The error term 0V:1(¢) in ([4.63)) involves discretisation errors and the diagonal, ¢ = j contributions.
It is given for n € Qy by:

OV () () = — / o@D oty - C 5 5020

2 2 g0 J 2
166 Jp 16]13 166N2 £ 1913
|[j—i|>1
C 5 07 1
Z_ _H )
TR oy (f |zN:1n J||¢||2> )
|J i|>1

where ¢ is a discretisation error arising in the replacement of by Y. The first line of
ON:1(¢) is configuration-independent, and bounded by C(¢)/N. The first sum on the second line
is of the form N=2YN(u) for u : (—1,1) — R bounded, with Y (u) the fluctuations defined in
(3.17). 6M:1(¢) is therefore controllable with size N~! by Lemma . For later use, note that the
middle term in is bounded by C/(2195) for all large enough N, as ¢ < 1/4.

Consider now line 2 of (4.62). Using the identity e* =1+ fol zet®dt for x € R, there is C(ps+) > 0
such that:

-
Z (P — Pic1)vgy (wz‘flwz’fef(m*m*l)qgfol/N’Ui) < % Z vy (wisiw; fu;)

i <N-1 li|<N—1

+ ) S (o) = v (0¥0))

li|[<N—-1
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The first term in §:2(¢) already involves three point correlations. It is shown to be I'-controllable
with size N~%/2 in Proposition [C.1l The second term is of the form N _1X§2{0} in the notations of

Lemma , and therefore controllable with size N~1. As a result, §?(¢) is T-controllable with
size N~1/2,
Consider finally line 3 of (4.63]). Let C'(p) > 0 be such that:

V|Z| <N — 1, |wi — wi_1| < C(ﬁ)

Using this time the existence of K(go) > 0 such that |e* — 1 — x| < K(go)2? for all || < 2|go]|o,
one can write, for each n € Qy:

90 1
- Z (wi—wi_l)(l—e_(""_"i‘l)ci‘l/N)Uz‘S—— Z (wi — wi—1)(mi — 0i—1)CY v,
li|<N-1 li|<N—1
L Kl90)C(p) ST wl(ce). (4.65)

N2
li|l<N—-1

The last term is an average over i of terms of the form N 73| X, {0}| with the notations of Lemma

, where the wi satisfy sup N SUPA3, lwi| < oc. It is therefore controllable with size N=3/2. To
estimate the first sum in the right- hand side of ( we use the following elementary identity,
valid for each |i| < N —1:

(Wi — win1) (15 — in) = [2 + (1= s — pioy)wi + wis1] — (Gio1 + (n)wi_lwi]. (4.66)

This identity can be obtained by making the following observation:
Vi € An, Niw; = ni—(m__pi> = @(1—@) = @#Ll-
Oi 0 Pi

Looking at , we see that the term CY°,v; already contains two-point correlations for each
lil < N — 1. We therefore claim that only the constant term in the identity will give
something that is not an error term in . More precisely, we claim that one can obtain the
following bound for line 3 of :

-y ,,g((wi —wig)(1 - e%nfmfl)cig,l/fv)fvi)

li|[<N—-1

) = [ ot G5 ot nddy + v (167(0).

where 0V3(¢) is controllable with size N~/2. There is C(gy) > 0 independent of ¢ bounding the
middle term above, and Y® is defined as:

V(z,y) € 1, Y(Q)(x,y) = —4/( o a(2)0go(z, x)¢”(¢”Z>d (4.67)

We may now define the function V' of (4.57)):
V=T"YO+Y® 4+ Y®) 4 C(go) + V(o) + E/2,
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where € is the error term of Lemma CN (@) == 30, ONE(¢) + (N|p]l2) IV (b), and C'(go) =
(C(go) + C/(2'96)). The Feynman-Kac inequality in (4.57)) then yields:

timsup P / (18] (1) — HN(ZY) Clg0) ~ Q' (0) — D]t > Aj2) < TP

N—oo

Moreover, by Corollary , the error term ¢V (¢) + £/2 satisfies:

vT > 0,Ve > 0, lim sup P (‘%/T [CtN((b) + %}dt‘ > 6) =0,
0

N—o0

and we have established:

: vol (T
lim sup log P"9 <T / o5 ' TIN (010)dt > A>
0

N—voo
< max{ — AZ—T,limsuploglP”’é% (% /T [Hi\[(kzi;Y(k)> + C'(go)]dt > A/4> }

N—o0 0

To conclude the proof of the lemma, it remains to prove that there are constants ¢, > 0, inde-
pendent of ¢, such that:

N—oo 0

lim sup P40 (% /T [Hi\[(i: Y(k)> + C"(go)}dt > A/4> < ce”AT (4.68)
k=0

If A>8C"(go), A/4— C"(g0) > A/8, and (4.68)) satisfies:

hmsupIP’QO( / [HN(ZY )—i—C’ go)]dt>A/4)

N—o0 0
<1111\1[1_§01iplp 90( / (ki_oY )dt>A/8>. (4.69)

Recall moreover that Y(©) has 2-norm bounded by 4 and, by Cauchy-Schwarz inequality, Y™ has
2-norm bounded by 276671C, and Y® by v/2||Vgoll2/8. If K(go) denotes the sum of these three

norms, (4.69) becomes:
vl [T :
lim sup [P0 <T/o H?(ZY(k))dt > A/4>

N—oo k=0

1 (7 2 A YO,
< lim sup P9 (— / HN< Y(k)>dt> k=0 ) 4.70
B N—>oop T J ! kz:% 8K (go) ( )

To estimate the last line , let us use the exponential control in L?(1J) stated in Proposition
. To do so, we need to check that Y(D) = 0 for 1 < ¢ < 3. This follows from the definition for
i€ {1 2}, and for ¢ = 3 (recall (4.67)) it follows from the fact that 19(z,£1) =0 for z € (—1,1).
Moreover, each Y is in C?(5>) N C?(<) for 1 < i < 3. Proposition [4.4 thus applies to to
yield (4.68 -, which concludes the proof. O
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5 Lower bound for smooth trajectories

In this section, we give a lower bound on ([2.26) when O is an open subset of (7/,%*), in terms of
the kernels ky, h € S(ep). As for standard large deviations (see Chapter 10 in [KL99]), we consider
the tilted dynamics P, h € S(ep) such that 1<k:h, > € O, and obtain a lower bound by proving

that the measure P, concentrates on O. In the following, let Q7 denote the law of % T fo [N dt
under Py,.
Using Jensen inequality to obtain the last line below, one finds, with D, = dPP,/dP (see (3.67)):

vl v T Voo (o)
log Q" (0) = logE,"" [10 V?\(; (772) (Dh)’l]
9h
v Vo (10) Vor
=logE,’n | -2 Dp)7 ' +1log Q7 (O
g h,O[VéX(nO)( h) } gQT,h( )
Vév Vév VN(770) Vg]zv
> [ — log Dy + B, | log (% (UO))] +1og Q27 (0). (5.1)
9h

VN VN
Above, P, is the probability P, conditional to {% fOT Ndt € O}:

yé\’ T

o)

Ph,o(') = N ) Eh,OH = / dPy 6.
71 (0)

The terms appearing in (5.1)) are of three types: the change of initial condition corresponding to

l/N
/ v,,, the dynamical part with log Dy, and the term Q7 (O). The latter is well controlled only
VN
if A is such that, under T“”;l, correlations are typically in O when N, T are large. For such h’s,

upon dividing by T" and taking the large T" limit, only the dynamical part will contribute. This is
proven in the next subsections, where the above terms are estimated one by one.

5.1 Estimate of the cost of changing initial condition

Here we prove that changing the initial condition does not affect the long-time behaviour.

Lemma 5.1. Let h € S(ep). If:

N
117{11 inf hm mf(@ gh( ) >0, (5.2)
then the lower bound (j5.1)) becomes:
1 N
l >
1%&}“55&10? log Q? ( ) hTHi)g}thHi,logf TEhO[ log Dy]. (5.3)
Proof. By assumption ([5.2)),
gh —
l%gflﬂlnleogQ 1(0) =0, (5.4)
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and it is sufficient to estimate the middle term in the right-hand side of (5.1]). It reads:

vN VN
G A0 o
To bound this term, we would like to express it in terms of the relative entropy H(v)|v}), which

can be bounded explicitly. Due to conditioning on the set O, this is however not dlrectly possible.
Instead, write O = T/ \ O° to obtain:

5 s (50 > eh0 [ T <>log<”jEZ§>
w M\ (e
_g;N on <ygh(2)> (0 ﬂ

y N I/N

_@;§<o>{ H(Y vY) + [ff%log(flzv)@”(mu

Since x + xlog x is bounded below by —1/e on R and Q;,(0°) € [0, 1], we obtain:

2% log (%)] > Qo[- Hw) - 2],

Let us now estimate H ( | ) It reads:
=2 > v (I (gh — go)(n) — log 2} +log Zpy.
neQN

Since g € go+ S(eq), defined in (2.22)), and gy is a negative kernel, Zg]X and Zg are bounded with
N by Lemma The first sum is moreover bounded with N by Proposition [A 5, which states:

sup ’I/ﬁ(ﬁiﬁj)‘ =ONYH = Sl]i[p VgNh (HN(gh — go))‘ < 00.

i#JEAN

Under assumption (5.2)), dividing by 7" and taking the large N, large T' limits as in (5.3]) thus
yields:

1oy .
lim inf lim inf TIE [log (Vgo(no)ﬂ =0.

T—oo N—oo VgNh (770)

Together with (5.4]), this concludes the proof. O

l/N
In the next section, the assumption (5.2)) on the limit of Q;; (O) is established.

5.2 Law of large numbers and Poisson equation

In this section, we establish (5.2)).
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Proposition 5.2. Let h € S(ep), and let ky, be the large N limit of the correlations under v

9gn’

where gy, solves the main equation (2.31). If O C (T],*) is an open set containing };<khv ~>, then:

N

. . . . V‘qh _
hﬁl{gf l%vnilo%f Qr1(0)=1. (5.6)

An open set in (7/,*) is a (possibly uncountable) union of finite intersections of sets of the
form {‘% fOT [N (¢)dt — }1<k’h, ¢>‘ € U}, for an open set U C R and ¢ € T. It is therefore enough

to prove (5.6]) for those sets, with U = (—¢,¢) for € > 0. This is done in the next proposition, by
means of a Poisson problem associated with the large N limit of the generator N2L,.

Proposition 5.3. Let ¢ € T N C?(>) be a symmetric function, with T defined in ([2.15)), and let
h € S(eg). Then, for anye € (0,1) and any T > 0, there are positive constants C'(h,T),C"(h, T, ¢)
such that:

vy 1 T N 1 O(h’7 ¢) C/(h’¢7 T)
P (‘_/0 ILY (¢)dt — Z<kh’¢>‘ > 5H¢H2) < —r Ty (5.7)
Proof. Fix a symmetric ¢ € TNC?(>). To prove Proposition , we express the difference appear-
ing in the probability in (5.7)) as a time integral involving the generator N?L;, plus a martingale
term. The martingale term is then proven to fluctuate like v/7' when N is large. It thus vanishes
in the large 7" limit upon dividing by 7. Recall that I(u,v)(z,y) = f(f1,1) u(z,x)o(z)v(z,y)dz for
any u,v € L?(J). The key ingredient is the following Poisson equation:

LAf(2,y) + 3100 f, 0uh) + LI(0yh, 01 f) = (bﬁ;hy) for (z,y) €,

2
f=0 on 0L, (5.8)
(O — o) f(xs,2) =0 for x € (—1,1).

In Appendix , (5-8) is proven to have a unique solution f, € T N C?(>), a symmetric function
on 4. For this f,, the martingale decomposition of Corollary gives:

T
VT >0, IY(fy) = TN (f) + / N2L, I (o)t + M. (5.9)

Let us first use the Poisson equation (5.8)) to express N2L,ITV(f,) in terms of IV (¢). We prove:

Lemma 5.4. ]

NLAE (1) = o (1000) = 06 6)) + (7). (510)

where 0N (f,) is an error term (recall Deﬁm’tz’on of error terms) satisfying, for each T > 0 and
some C'(h,T,$) > 0:
VN
Ehgh [

/OT étN(fd))dt” < C(h,T,¢)N~V4, (5.11)
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Assuming Lemma for the moment, let us prove Proposition [5.3l For each T"> 0 and ¢ > 0,
integrate (5.10) between 0 and T" and use the martingale decomposition (5.9) to find:

P2 (| [ 1@t - 3006 = el
<P”%(E\HN<f> N(fs) — My /T6N<f )dt\>e)
= 5y T ¢ ¢ 0 t \J¢ ’

Let us estimate each of the terms appearing in the last probability. Equation (5.11)) takes care of
0N (fs). By Markov- and Chebychev inequalities:

w1 [T 1
P (|7 [ i@ = )] 2 elole
9

3C(h,T, 3 vy Yan
< s TEP I - )] + SBR[V, ] sa2)

Consider first the terms IIY (f,), I (f). As f, is bounded, one can use the C(h)e¢MWT N~—1/2
relative entropy bound of Theorem [2.5/ and estimate moments of IT"(f,) under v by Lemma
to find that there are ¢(f,), ¢ (fs) > 0 such that:

B [ ()~ )] < B [0 + v [1V ()]

< 280 (1) + o [exp (et T (1) + gy I (1)
3¢(fo) 1, , Ch)e”™T
<= = o

Let us prove that the quadratic variation of M™/¢ has average bounded linearly in time in the large
N limit, which will be enough to conclude the proof of Proposition The quadratic variation
is given for each t > 0 by:

(MN1o) = / Z cn(n ,z,z+1)[%(f¢)i,i+l+% Z ﬁj(s)afv(f@i,jrds. (5.14)

i<N—1 J¢{ii+1}

Recall from the definition (2.19) of ¢, that supy g, ¢ < ¢(h). Using the inequality (a + b)?
2a® + 2b? for a,b € R as well as the fact that f, is bounded, one has:

g ‘i _ 2 Te(h)] folloo
" [<MNf¢> " [/ Z Z Uj(t)afv(f@m) dt} + T¢'
i<N-1 J¢{i,i+1}
The integrand at each time ¢t < T is of the form N='X¥, . in the notations of Lemma [3.7] with
8 2,{0}
u = (u;j)ijery given by:

N

Z aiN(ﬁb)k,za{V(fqb)k,j = /(1’1) 31f¢(2, ’L/N)alf¢(z7]/]\/')dz + %’

ke¢{i—1,,j—1jN—1}

1
N

Uij =
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where vV is a discretisation error bounded by C(¢) > 0. It is thus controllable with size 1, and

Corollary concludes the proof: there are C'(h,¢) > 0, C'(h,¢,T) > 0 such that:

9 Ezﬁ” |:<MN,f¢> } < 1 (C’(h,gb) +C(h,gb,T)>'

e2T? “e\ T N1/2
This estimate and ((5.12))-(5.13)) conclude the proof of Proposition assuming Lemma [5.4] that
We NOW prove. O

Proof of Lemma[5.4 To prove Lemma , the starting point is the expression of N2L,ITV(fy)
worked out in Corollary [3.12} there is an error term &V (h, f4) such that:

=1\ 2
N2LTIN(f,) = SV <Af¢ 4 I(D,f 000 + I(alh,81f¢)> _ @) / Folz, x)dx
2 1)

1

+7 [ o@D fota,orhe, )] dady + ¥ (0, 1) (5.15)

Note the absence of the diagonal term Y .y 7ifi+1(01(f5)iyi — 01(fs)i_,i). Recall from Remark
that this term corresponds to the derivative of f; in the normal direction to the diagonal,
which vanishes according to (5.8]). By Corollary there is C'(h, T, ¢) > 0 with:

N T
]EZQ"[/O éﬁv(h,f(z,)dt” < C(h,T,¢)N~4, (5.16)

As f, solves (5.8), (5.15)) can be written as:

N2LhHN(f¢) = H¢1H2HN(¢) - (ﬁ;) /(_1 " f(ﬁ(x,lf)dif
+ %1 /Zcr(x)a(y) (01 fs(x,y)O1h(z, y) ]| dzdy + N (h, fs). (5.17)

Equation (5.17) will correspond to (5.10) with 6~ (fs) = N (h, f,), if we can prove:

1 () 1/
_ m<kh7 ¢) =~ 1 /(_171) folz,z)dx + 1 /Za(m)a(y) [O1fs(z, y)Oih(z, y)|dzdy.  (5.18)

There is no clear visible link between kj, that is obtained as a function of g, in Proposition [A.5]
and the constant terms in ((5.17). We prove (5.18) in an indirect way, starting from the martingale

decomposition of ITV(f,) given in (5.9):
r N
VT >0,  TIY(f,) =15 (f,) +/ N2LyIIN (fy)dt + M. (5.19)
0

Assume we can prove that, for symmetric f € C?(>):

t N 3
lim sup sup ‘ / E, ™ [NQLhHéV(f)} ds| = 0. (5.20)
0

N—oo t<T
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Since v (IIN(f4)) = (1/4)(kn, ) + on(1), (5.20) is equivalent, using (5.19) with f instead of fy,
to:
limsupsup |E, Vi [HN( } — —<kh, ‘ =0. (5.21)

N—oo t<T

Taking expectations in (5.17) and estimating eN(h, fs) through (5.16)), we find, using (5.20) with
[ = fs in the first line, and (5.21) with f = ¢ to obtain the last equality:

T N
0 = lim sup / B, [ N2LAILY (f,)| dt
0

N—oo
Y Tl I () ()
_hgl—?olip/o {Eh [ 191l } ~ /(_171) Jo(z,x)dx

+3 /Z o(2)0(y) [Or S, y)Ouh(z, )] dedy | dt

T T(p')? T
= o, ) /(171) folz,x)dz + /Z 5 (2)5(y)[01 fo(, y)Or k(. y)] dady.

It follows that (5.20)) implies the thesis of Lemma [5.4 with 6V (f,) = &V (h, f,). Equation (5.20) is
proven next in Lemma [5.5} O

Lemma 5.5. For any T > 0 and any continuous and bounded F : 11— R, there is C(h, || Fl/s) > 0
such that: Y
sup sup " (| (F)[*7%] < C(h, [|Floe)eMI71=0T, (5.22)
NeN* t<T

and, for each e € (0,1/2):

I/N
limsup sup E,* [[ILY (F)|"°] < C(h, || F||o)- (5.23)

N—oo t<T

As a result, (5.20)-(5.21)) hold.

Remark 5.6. Here, we do not use the specific form of the bound in (5.22). It is however used
in the proof of the LX) estimate of Proposition (see (4.52))), and (5.23)) is useful in the next
section. [

Proof. Let ¢, fs be as in the proof of Proposition . One could prove @ through a direct
application of the entropy inequality. However, the moment bounds —@D have other uses,
so we obtain as a consequence of these bounds.

Assume first that —@ hold and let us explain how they give (5.21)), which will then imply
as noticed below (5.20). Fix F' € C°(>) N C°%(<) and assume the moment bound
holds. For ¢t < T, write:

Vsjiv VsJJV 9
E, [ (F)] = B, [T (F) Ly (p<top v) + Ea”™ [T (F) Ly (43108 v (5.24)

By Holder inequality with exponents (3/2,3), the second expectation is bounded by C; (log N)~'/3,

Cy = Cy(T, F) > 0, uniformly in ¢ € [0,7]. On the other hand, Corollary can be used on the
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first expectation to obtain:

Yo
sup |E, ™
t<T

[0 (F)] = v [T (F)] | < w3 [T () L (st ] + Co(T)N~"/210g N

+ Cl(log N)_I/S,

with C5(T) > 0. As IIV(F) has bounded moments of all orders under ), as also v (IIV(F))
converges to }L<k:h, F >, (5.20)-(5.21]) are proven:

N

limsup sup ’]EZ‘”L [ILY(F)] - %1<kh, F>‘ = 0. (5.25)
N—oo t€[0,T

We now prove the moment bounds (5.22)-(5.23)). Fix ¢ € [0,7] and let € > 0 to be chosen later.
We estimate the moment of order 1 + ¢ of IIN(F). The moment bound is obtained by a careful
application of the entropy inequality, putting to good use the O(N~'/2) estimate on the size of
the entropy of Theorem Note that |[TIN(F)| < [|F]|lsoN. As a result, fixing ¢ > 0 to be chosen
later and applying the entropy inequality to cAljg~ () for each A > 1 in the second line below:

[Flloe N

EZ%[|H§V(F)|1+E} <1+ (1+s)/ ATPYon (TN (F)| > A)dA
1

1 FllooN
<1+ (1+ e)/ cTIATIE [H(fthNh!VgNh) +log (1 + (e = Dy, (ITY(F)] > A))]CM‘
1

By Theorem , H(fwvl) < C(h)eWTN=2 for some C(h) > 0. Moreover, by Corol-
lary |A.9, the probability involving v} above is bounded by C(h, [|[F|lc)e™ " IFll=)* for some

C(h, [|Fllo), c(h, || Flls) > 0. Choosing ¢ = c(h, || F||s)/2, one obtains the existence of C’(h, || F||x) >
0 such that:

N 4 C(h[|Fllec)T
Yo TITIV oy |+ (L+2)C(h, |[Flloo)e
sup " [T ()] < 1+ N

Flloo N
2+e) / Y e etham o 2g),
c(h; [[Flleo) Jy

The integral is bounded with NV whatever . Overall, the right-hand side above is therefore bounded
with IV as soon as ¢ € (0,1/2], which yields (5.22)). This bound is independent of 7" in the large
N limit if € € (0,1/2), hence (5.23]). This concludes the proof of the Lemma. O

5.3 Estimating the dynamical part

VN
In this section, we estimate the term Ehfg[ — log Dh] arising in ([5.1)). Recall from Corollary [3.12
I/N
the definition of the martingale szy " Then Eh%[ — log Dh} reads:

By~ log D] =(Q4(0 Tai 1o - a1 [ (roun,0um)a
h,O g Dr] =( Q7 )) h 10( T 2/, 11" (I1(d1h, 01h)) t)
T

o ) E;" [10 Jo &V(n) (m)dt}
-5 [ oot (ot asy + o

. (5.26)
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with éV¥(h) the error term defined in Corollary [3.120 As such, the expectation in ((5.26]) vanishes
in the large N limit by Proposition [C.2] Moreover, Proposition establishes the convergence of
N

;g’;L(O) to 1 as N, then T become large. In particular, this quantity is bounded from below, and:

B 10 [ () ()]
#i0)

Consider now the expectation in the first line of . By Cauchy-Schwarz inequality and the
fact that <M N ’h>T grows at most linearly in time when NNV is large (see the proof of Proposition
, the contribution of the martingale term scales like v/7T', thus will vanish upon dividing by T
in the large T' limit.

Consider now the term involving IV (I(d1h, 81h)). With 1o = 1 — 1o and recalling (5.21)), one
has:

lim sup
N—oo

= 0. (5.27)

N—oo

T
lim sup | / E" [1o11)Y (I<alh,alh>)}dt—%kh,f(alh,alh»\
0

T
< lim sup ’ / EZ‘% (1011 (1(81h, 81h))]dt’.
N—oo 0

To compute the last expectation, use the moment bound (/5.23)) of Lemma and Holder inequality
to find, for any 6 € (0,1/2):

: Y N : Von ( e\ 0/(1+0)
limsup sup E, " [10eI1}" (1(01h, 01h)] < C(h,0) lim sup Q;y (0°) = or(1). (5.28)

N—oo t<T N—o0

From (5.27) to (5.28)), we obtain:

1_wN 1 1
lim inf lim inf TE};’% [—log D] = ~3 / dxdy o(z)a(y) [81h(x,y)}2 — §<kh, 1(81h, 01h))
7

T—oo N—oo

1

-1 /( RGO koG ) (629

Adapting the method of Lemma 5.3 in Chapter 10 of [KL99], it is not difficult to prove:

1

Inlkn) = Z(kn) = 5 /( i d26(2)(0hh(z, ), (7 + kn)Orh(z, ). (5.30)

Equations ([5.29))-(5.30) enable us to recover the expected large deviation functional:

PO R 77\ 1 _ _
llTlg:g.}f lﬂlgf T]Eh’g[ —log Dy > ~3 /(171) dz6(2){Onh(z,), (5 + kn)Oih(z,-)) = —Z(ky).
Above, we write Jy(kp,) as short for Jh(%1<kh, >) [ |
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5.4 Conclusion of the lower bound for smooth trajectories and acces-
sible correlations

The previous three sections provide the following bound: for each open set O C (T, ),

lim inf hm mf —log@ ( )=— inf  Z(kp). (5.31)

T—o0 T heS(ep):kre0O
This concludes the proof of the lower bound in Theorem [2.2]
Yet, so far, we have only proven that the rate function Z properly estimates the cost of observing
smooth kernels &, corresponding to some h € S(eg), i.e. to h’s which are sufficiently small in the
sense that h € S(ep) (recall (2.22)). For the rate function to be useful, we need to make sure that

any kernel k close to the typical kernel kg (recall (2.8)), at least sufficiently smooth, will actually
look like one of the kj, h € S(ep). This is the claim of Proposition [2.8] that we now prove.

Proof. Lete > 0 and let k € kg+S (5)7 where ky is the correlation kernel of the steady state defined

in (2.9). If € is small enough, g := ' — (7 +k)~! is a well-defined kernel operator. Indeed, writing
k=k—ky+ ko:

9=g0= 7+ k)" = (@ +k) " = (@ +k) (1= (0 +hko+ k= k)& + ko)) ")

=@+ ko) (T = (I + (k= ko) + ko))"

= (G + ko)™ (I N i ( — k)@ ko>_1>p)

p=0

(7 + ko) 12( (k — ko)(& + ko)™ )”. (5.32)

p=1

The series expansion is legitimate for ¢ small enough, since (& + ko)™' = Cy' = 67! — go with
l|go]|2 bounded, and if € is small enough:

(k= ko) (& + ko) M2 = I(k — ko)a ™" = (k — ko)goll2 < (V2[5 (1.1 + llgoll2)e < 1.

Since it starts at p = 1, the series is a kernel operator thus g as well. Moreover, g is in W*P(I2) for
some p > 2 and, dlfferentlatlng inside the sum in , (01 —02)(g—go) vanishes at the extremities
of the diagonal D. The function ¢ is thus in gg + S ( ) for some ¢’ > 0. In Appendix [F}, the main
equation , seen as an equation with data g € go + S(¢’) and unknown h, is shown to have
a unique solution h € S(¢”), and S(¢”) C S(ep) as soon as €” < . The associated correlation
kernel ky, is given by k = —6 + (67! — g)~! = k. The expression of the rate function at k
then follows from ({5.30)):

Z(k) = Ju(k) = é/(l N 2){(Oh(z,), (6 + k)Oih(z,-))dz.
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A Correlations and concentration under discrete Gaussian
measures

In this section, we investigate the measures 1/;\7 , defined for g : 1 — R as follows:

= ® Ber(ﬁi), Vn € Qu, Vév(n) = Zn &XP [ Z gz,ﬂhﬁj‘| 77)7 (A'1>
i#£JEAN

where the partition function Zév is a normalising constant.

A.1 Bound on the partition function and correlations

Lemma A.1 (Bound on the partition function). Let g : 0 — R be a continuous, bounded and
symmetric function, and suppose that g =g_ + g., where gy (resp.: g_) is a continuous positive
(negative) kernel on L*(0), i.e. £+ [ f(x)g+(x,y)f(y)dedy > 0 for any f € L*((—1,1)). Assume
also that the positive part satisfies:

/ o (2)gy (7, y)*a(y)dzdy < 1/16  or, more simply, as & < 1/4: /g+(x,y)2dxdy <1. (A2)
O O

Then, there is ag > 0 such that:

I1+a
sup v [exp [(—g E nm]gw” 0. (A.3)
N>1 2N
i#JEAN

In particular, as the inverse correlation kernel go of the steady state of the open SSEP is a negative
kernel, such an oy exists for each g in the set go + S(eg) defined in ([2.22) and Theorem [2.5

Proof. Since ((9-)ij) (i )eaz, is a negative quadratic form, one has:

IV VT, 1 - 1 _
ZgN — [6211 (97+9+)} — v [621'1 (9+) exp [— Z ninj(g—)i,j — o Z (771‘)2(9—>?,jﬂ
2N < 2N
(1,])6/\?\, IEAN
N ,llglleo
< Z,) el

The result then follows from the so-called Hanson-Wright inequality. Proofs of this inequality
for independent sub-Gaussian random variables and ||g.||o smaller than a non-explicit constant
abound in the literature, see e.g. [RV13] and references therein. The sufficiency of follows
from the proof of Lemma F.13 in [JM18b]. O

Remark A.2. The boundedness of g in Lemma is used only for the diagonal terms. The
continuity of g, implies that it is Riemann integrable, so that (A.2]) in particular implies:
1
for all large enough N, Nz Z i(g4); ;05 <1/8.
i#j€hn

2 1/2
2

The sum above is the trace norm of the matrix (N_1 G+ )i j/ 1i7’fj)(z’,j)eA§v' Note, for future

reference, that assumption (A.2)) therefore implies that the matrix (5; '1i=j — N71g;;1izj)i; is
invertible for all large enough N. [ ]
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Lemma A.3. Let g : O — R satisfy the hypotheses of Lemmal[A. 1l Then:

Vn € N*, sup V§<Hﬁa> = O(N—"?), (A.4)
ICANU‘:W/ acl
Moreover, if g € C*(>) N CY<) with g(£1,-) =0, then:
Vn € N*, Ve € {+, -}, sup vy (ﬁsm_l) 1T m)! — O(N~"?1). (A5)
a(N—l)IECIAa];;d [T|=n ace\{e(N-1)}

Proof. Let I C Ay with |I| =n € N*. A proof for general n is very cumbersome, so we focus on
the n € {1,2} case that contains the important ideas. Define:

1 _
vnr € {0, 13N Gre(nge) = N > TG (A.6)
i£ieAN\T}

Let also v}' be the Bernoulli product measure @), ; Ber(p;). Consider first a single site a € Ay,

in which case (A.4) says that Vév and 7V have practically the same average occupation number.

For each 7 = (1a, Nfa}c) € Qn, one has:

2HN( ) - 2G{a}¢ n{a}‘ Z nanzga - (A?)
z;éa
As a result: .
N N a}€y n —_ n . n. .
Z Z V{a}c n{a} o) Via} [na eXp [N ; nanzga,z]} . (A8)
MN{a}c 1#£a

Fix nggye € {0, 1} and use e =1+ fol e dt for x € R to obtain:

V{a) |:ﬁa exp [% ﬁaﬁiga,iﬂ = %Z(m)?mga,z / exp[ Znamgaz] : (A.9)

i#a i#a i#a
Recalling the identity (A.7), it follows that v (7,) reads:
1 ~ )2
_ Na _ t—1 R
v (7la) = / vy [< N> > Tigai exp [( )Znamga,@-ﬂ (A.10)
0 i#a i#a

1 _
< elolle )N HN > M ]
i#a
where in the second line we used |7,] < 1. To estimate this last expectation, let «, be as in

Lemma , and let p € N* be odd and such that 1/p < a,. By Holder inequality with exponents
(14+1/p,p+1), v} (7la) can be bounded as follows:

()] < (27) N [P0 [(LS g, )
i#a

+171/(p+1)
! } . (A.11)
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The exponential moment of 2(1+1/p)TTV(g) is bounded by Lemma[A.1] On the other hand, there
is Cpy1 > 0 such that:

_ 1 B p+1 B
(S]] < Gt (A12)

Since 7V is product and 7V (7};) = 0, i € Ay, the last equality follows either from a combinatorial
argument (developing the sum, a product 7;,...7; ., contributes to the average if and only if each
site j € {i1,...,7p11} appears at least twice); or from the computation of the moment generating
function of ), 2q M0 10 & neighbourhood of 0, and elementary computations to bound its (p+1)-
times derivative:

VvVt € R, N {exp [t Z ﬁigaﬂ-]] = exp [Z [— tpiga,i + log (ﬁi (etg‘“' - 1) + 1)H )
i#a i#a
Since Zév is also bounded by Lemma , we have proven:

sup [ ()] = O(N2).

a€EAN

Suppose now that a € {+(N — 1)} and g is C* with g(£1,-) = 0. As a result, Ng,. is bounded
uniformly in a, NV, and (A.12) can be written:

B 1 3 p+1 _ B
(5 ;mga,O | < Conllvga, it NN

Using this bound in (A.11)) yields (A.5) when |I| = 1.

Consider now the case of two-point correlations: I = {a,b} C Ay with a # b. The idea is the
same, starting with: for each n € Qy,

1 _
205 = 2G aye(aye) + 55 D il

i#a
1 o 1 _
=2G1e(nre) + Z NaliYa,i + 57 Z M79b.5- (A.13)
i#a Jj¢l
We proceed as in ({A.9) and first develop the exponential involving 7, to find:
N N/- - Yol 2G (aye (7a)? _ lq _
Z v, (Taily) = i v | e N nga,i exp [N Zﬁa’?iﬂa,i} dt,. (A.14)
i#a i#a
Use then (A.13) and the identity e* =1+ fol edt for x € R to obtain:
N, N ' N ' 6715 9b,j 123
2w = [ o |eorm(ie [ B e (XS i fan)  (a19
0 0 j#ab j#ab
(ﬁa)2 — ta R
N ; MiGa,i €XP [N ; naniga,z} dt,.
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In the one-point case, the 1 in the parenthesis above vanished because the average of 7. under 7V

is exactly zero. Here, because of the exponential of the sum t“ ia TaTliGa,i that involves 7, the
average does not vanish. It is instead shifted by an amount bounded by O(N™1), as we shall see.

Developing the parenthesis in the first line above and isolating the index ¢ = b in the sums, one
finds:

1 _
_ -1 _ e ofM9ap 1 _
Vév(nanb) = (Zév) / dt, ™ {GQGI 77b(77a)2< N + N Z mga’i> (A.16)
0 :
i#a,b
ta _ LaNaMbYab
X exp [N > Nalligai + T] dt,
i#a,b
+/ dtadtbyév |:[ nanb angaz Z n]gbj} (A17>
[0,1]2 i#a j#ab
(ta_l) - (tb_l) _
X exp [T D alligai + 5 Y nbnjgb,j} -
i#a j#ab

Bounding (7,7,)? by 1 and the exponential by e*l9l= the expectation spanning the last two
lines is shown to be bounded by O(N~!) as in the one-point case (respectively: O(N~?) if either
aorbisin {+(N —1)}). Let us now check that the first term in the right-hand side is also
bounded by O(N™!) (resp. O(N~2)). Taking expectations with respect to n, € {0,1}, it can be
written as:

1 —\2 _
_ Zfa _ _ (nb) Ga b Zfaﬁaﬁbgab
N | _2Gjc 2 ) )
/0 dt,v {e " exp [N > namga,i] (7la) {V{b}[ XD [ N H

i#a,b

+ 73y o exp [ el et ( > s }]

i#a,b

The first expectation under 7y, is bounded by O(N™') (resp: O(N~?)) as desired, due to the

factor g,p/N. The identity e* = 1 + f xe®dt shows that the second expectation has the same
scaling. Putting together the estimates of (A.16)-(A.17) yields the claim of Lemma[A.3|for || = 2.

The general case follows by a cumbersome iteration of the above procedure. If I C Ay and a
new point is added to the set I, then the starting point is again the identity:

1 _
2G e = 2G vy + | > Halligai-
1¢IU{a}
One then successively expands all exponentials using e* = 1 + fol zedt, x e R. If T = {iy, ..., in}
and ig := a, this procedure yields:

t n.
N N5 =) — =N | L2G (10 e (72 ( —.> [07710 = . ]
Yy (77||77> /0 . [e o () (LT ) exp | 575 D o

icl [o,

/=1 i#£ig
- iy _ o, _ - d
X H L+ N Z MiGipi OXP | 737 Z NiGiei H ti-
=1 i€AN i€AN i=0
1740, 500—1 100,500 1
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Averages of the resulting sums and exponentials under Dg} for each i € T U {a} = {ig,..., 0}
are then performed iteratively. Each successive average shifts the average occupation numbers of
remaining sites by O(N ') as in (A.16)). Aslong as || is independent from N, these O(N ') shifts
do not change the scaling of correlations. O]

Remark A.4. Note that, if g is a negative kernel, then one can simply write:
VAER,  vN[M] < (ZN) TN [MR] < (2N) e, (A.18)

where the last inequality comes from the fact that, by Hoeffding’s lemma, 7, is sub-Gaussian under

vV, with variance 1/4 (it takes values 1 — p,, —p, with average 0). Equation (A.18) implies that

7, is sub-Gaussian under uév , hence has vanishing expectation (see Appendix F of [JM18b] for
properties of sub-Gaussian random variables in the present context). [ |

We now exactly compute two-point correlations under uév . In the following, denote by & the
diagonal matrix with entries 7,1,—;. Define also the matrix M ;] by:

V(i,j) € Ay, MJ(i,) = gig,  M,'(i,1) = 0. (A-19)
The two point correlations under I/év are denoted by the matrix C;V :
V(i) € (Mw)*s Cg'(i5) = vy (Tily) — vy (T:)vy (7). (A.20)
Proposition A.5. Let g : O — R satisfy the hypotheses of Lemmal[A. 1. Then:

sup [} (7a)] = O(N ). (A.21)

a€EA N

Moreover, the correlations under V;V are given by:

) = (o7t =N T e, MN=N(@ (V)7 4 N,

9 g
with ey a matriz satisfying sup; len(i,7)] = O(N ™), sup,; len (i, j)| = O(N73/2), idem for €.

Proof. The method of proof is the same as for Lemma [A.T] except that bounds on higher order
correlations can now be used to get exact results. Consider first a € Ay. From (A.10)), one has:

1 _\2 _
VY () = /0 U;VF’%) S giexp [ Znamgmudt. (A.22)

i#a i#a

Recall the identity:

() =a. +0d'(p)n, .= p(1—p).
Using this identity and expanding the exponential in (A.22)) using e* < 14 C|z| if |z| < 2[|g||,
we find:

_ Oq N/ o' (Pa) _ _ 1 _ 2
Vév(’ﬂa) N Zga,z‘Vg],V(m) TN Zga,wév(nam) < QCVéV |:|7]a|3(ﬁ nga,z’) ]
i#a i#a i#a
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Bounding |7j,| by 1, the right-hand side involves two-point correlations, thus is bounded by O(N 1)
uniformly on @ € Ay by Lemma [A.1] The same can be said for the term involving ¢’(p,) in the
left-hand side. As a result:

Oq N/ _
Vg(ﬁa) == Zga,wév(m) +en(a), sup en(b) = O(N™').
N i#a beAn

Let v} (77.) be the vector (v)(7a))acay, and ey the vector (ex(a)),. We have just proven:
(67" = NT'MY )N () =en.

To obtain the claim (A.21]), it is enough to prove that the matrix on the left-hand side is invertible,
and has a sufficiently nice inverse, as we now explain. The structure of the inverse is the content
of the following lemma.

Lemma A.6. Let M be the set of sequences of matrices on A%, N € N* defined as follows.
(An)n € M if and only if there are sequences (Dy)n, (Rn)n of matrices and ¢ > 0 such that,
for each large enough N € N*, Dy is diagonal, Ry (i,1) = 0 for i € Ay, Ay = Dy + N7'Ry.
Moreover, (Dy)n, (Rn)n must satisfy:

for all large enough N, inf |[DN(i,d)| > ¢, sup |Ry(i,j)| <c '
iehn (1.0)A%

If (AN)N € M is symmetric and invertible, then (Ay' )y € M.

Momentarily admitting Lemma, , one can apply Lemma to Ay ="' = N"'M}N,N e
N*, which is invertible for large enough N as a consequence of Remark . Equation (|A.21]
follows:

v, (1) = Ay'e,  sup [(Ay'en)(b)] = O(NT).

beA N

Let us now compute two-point correlations. The idea is the same: we build on the computation in
Lemma to obtain that, for b € Ay, Ay applied to the vector (z/év (7ab))a is small away from
the diagonal a = b. On the diagonal, the identity (7.)? = 7. + ¢/(p.)7. and (A.21) give:

sup ‘l/év((ﬁa>2) — .| =O(N). (A.23)

aEAN

Fix now a # b € Ay. Recall the identity:

1 _
2Y(g) = 2Gape + 5 D laGair 1€ Q.
i#a

The starting point is (A.14)), on which we use the last identity as well as e* =1+ x + fol tz?et*dt,
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r € R, to obtain:

1 (* 2
_ N |- . (7a) =
2.0y (7a) = /0 7 [mem{a} N mga,iexp[ > namgaz]]

i#a i#a
N ! N (ﬁa)2
=2, / Vg [ﬁb N Zﬁz‘ga,z‘{l (A.24)
0 i#a
(1 - t)ﬁa _
M P U (A.25)
! (1_t)ﬁa _ 2 (1— S o
+/0 <—N #Zaniga,z) exp[ #Zanamga,i]dsH dt.  (A.206)

Let us separately compute the contribution of each of the terms in the curly bracket, corresponding
to (A.24])-(A.25))-(A.26). We will repeatedly make use of the following two identities:

(1) =6 + o' (p)n.. (A.27)

Moreover, let (q] )JEAN satisfy supy ; ]q] | < ooandlet I C Ay with |[I| =n € N* and p € N*.
Then, by Lemma [A.3]

V;V(Hm(% 3 ﬁjqjv)p) = O(N-(P)/2), (A.28)

iel JEAN

In other words, the above correlation has average under uév that scales like (n + p)-points correla-
tions, even though the sums contain elements of /.

Consider first (A.24). Using (A.27)), the first line (A.24]) reads:
(A24) = [nb > i, } p“) — 2N [nwa > i, ]

i#a i#a
= Z;V (NI ) +0ha0), sup 5k )] = N
17£) € ?\r

where v)V(7.73) is the vector (v} (7:7))ieay, and we used (A.28) with I = {a,b} and p = 1 to
estimate O
Consider now the contribution of the second line (|A.25)). Recalling (A.27)), one has:

/Ol%v[nb l_t (ngaz) }

i#a

_/01(1—t)yév[ﬁb[ﬁa(l—l—al(ﬁa))—l-ﬁa Pa) ( ngaz>:| =: ox(a,b).

iF#a

Using (A.28)) with I = {b} and p = 2 for the term involving ,(1 + ¢'(p,)), and I = {a,b} and
p = 2 for the other one, we find:

sup |0%(i, )] = O(N~*/).
i#jEAN
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Finally, the third line (A.26)) is bounded by:

1 _ 3 o _
20N |23 ihgad| | = 0%(a ), sup (0300, 5) = OV,
i#a

i#JEAN

Due to the absolute value, this bound is not a consequence of (A.28]), but is instead obtained as
in (A.11)-(A.12). We have obtained:

vy () = (EN "' MY ) () (@) + ) sup (@b, Y 6K(a,b) = O(N ).

k=1 a;ébGAN k=1

Multiplying by the diagonal matrix 6=! from the left and recalling the estimate (A.23)) of the
diagonal correlations, we have obtained, for each b € Ay:

——1 —13sN\, N/= - -1 k
(O’ — N Mg )Vg (77-77b):(1 [N—l—z on(a, b a#eAN,
with Iy the identity matrix. Using Lemma and the identity:

CN(a,b) == v (M) — v () (W), S v (fla)vy ()] = O(N?), (A.29)
a,b GA?V

we obtain the existence of matrices ey, €’y as in Proposition such that:
__ , -1 __ -
CN = (@' = N"MY) ey, MY =N(G7'—(CV)) + Nej. (A.30)
O

Remark A.7. As in the proof of Proposition [A.5] it is possible to exactly compute the leading
order term of all n-point correlations, n € N*. One can in fact prove that the leading order in N
of the 2n-point correlations under Vév satisfies Wick theorem. On the other hand, 2n + 1-point
correlations in fact decay faster than O(N~""1/2). More precisely, one can prove:

21

Vn € N*, sup
ICAN:|I|=n

(A.31)

B O(N—?) as before if n is even,
B N-(+D/2)yif nis odd.

Proof of Lemma[A.(. Let Ny € N* and (Ay)ns>n, € M be a family of symmetric and invertible
matrices. Then (An(7,J))1<ij<n is also invertible for each n < 2N — 1 (this is the only place
where the symmetry assumption on Ay is used). This implies (see Theorem 4.3.1 in [Cia89)) that,
for each N > Ny, there is a lower triangular matrix Ly with diagonal equal to 1, and an upper
triangular matrix Uy such that:

VN € N7, An = LyUx.
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Ly is invertible by assumption, thus Uy is invertible by invertibility of Ay. The claim of Lemma
[A.6] thus boils down to proving that (Uy'Ly')n € M. Let us first prove that (Ly)y, (Ux)n € M.
The coefficients of these matrices can be computed explicitly: for each N > N,

i—1
V1<i<2N —1, Un(i,7) = An(i,7) ZLNZEUN(EJ) for j > 1,
1
UN(LZ)

LG 1) = (AnGi 1) Z LG, OUN(L1)) - for j > .
In particular, (Ly)y, (Uyx)y indeed belong to M. In fact, so do their inverses. Indeed, the inverse
L' of Ly is also lower triangular, and can be computed straightforwardly: for N > Ny,

1 ifi=j
Vi>g, (L3NG, ( Ly OILI9)), by = ’
r=J L)) = An(i i)\ Z w (e, (£,9) K 0 otherwise.
The same result holds for the upper-triangular Uy. Thus, (Ly')n, (Uy' )y € M. It remains to
notice that M is stable by multiplication: (By)n,(Cn)y € M implies (ByCy)y € M. This
concludes the proof of Lemma [A.6] O

A.2 Exponential moments of higher order correlations
Let g € go + S(e¢) be fixed throughout, where this set is defined in (2.22)) and Theorem . In

this section, we give bounds on the size of exponential moments, under V;V , of random variables
involving n-point correlations, n > 1. These are useful when applying the entropy inequality.
Such concentration results are established in the literature by means of a logarithmic Sobolev
inequality, see [G+19]-[SS20]. Such an inequality could be shown to hold for v by [BB19].
However, g € gy + S(eg) means that it is enough to only obtain concentration bounds under the
product measure V. Indeed, by Lemma , there is ay > 0 such that, by Holder inequality, for
any F: Qy — R:

v (explF]) < ()7 N[exp[ (1—|—ozg)F]]1iggDN[eXp[2(1+ozg)HN(g)Hl+1ag, (A.32)

and both exponential moments are bounded with N. For d € N, let A : A% — R be a tensor.
Define its Hilbert-Schmidt norm by:

1/2
]|A||HS:< S (A(io,...,id_l))2> . (A.33)
(i0,-rid—1)ENY

For J C Z containing 0, let X', be defined as:

d—1
VneQn,  XHhm= Y. Al ia)liors [[ B Tors = [[ors (A34)
(10,--sta—1)EAY p=1 jeJ

o+ JCAN

The next theorem gives concentration estimates of X j, ;under v for J C Z and d € N*. The case
J = {0}, d < 4 corresponds to Theorem 1.4. in [G+19], but their proof extends to any d € N*.
However, we use in the article the case J = {0, 1}, for which a proof is needed.
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Theorem A.8. Let J C Z contain 0 and d € N*. Assume that A is such that A(ig,...,i4-1)
vanishes whenever the same site appears twice in M +y Hi;} mi, for n € Qn, i.e. assume:

(i, --rsig_1) € A%, (Hj € J, Lo + jir, eiar}] < d) = Alig,.ig1) =0. (A.35)

There are then constants cg > 0 depending only on d such that, for any ¢ € (0,¢q) and any N with
J C AN.'
c XA 2/d
o ( exp [%D <2. (A.36)
1]z

Proof. The proof for general J and the J = {0} case in |G419] are very similar, so we only give a
sketch. Without loss of generality, A can be assumed to be invariant under permutation of its last
d —1 indices. The idea is to proceed by recursion on d, noticing that, for each £ € Ay and n € Qy:

VKXZSJ(TI) L= XQ?J(WE) - XQJ(W)

1—2773[ Z Alio, ., id-1) z0+J\{z}H7ha

i9:i0+J 2L
d—2
+(d = 1) Alio, a2, s [ 7] (A.37)
a=1

Fixde N, J C Z with 0 € J, and N with J C Ay. For brevity, simply write X for Xéj.

Step 1: reduction to moment bound. To prove (A.36), it is enough to prove the existence of
Cy > 0 such that:

d
2

WpENT,  My(Xg) =0V [[ X" < CallAllas b5 (A.38)

Indeed, assuming such a bound, one has, for each ¢ > 0, using Jensen inequality when d > 2 for
the convex function f(z) = 292, z € R:

(cCapl| Al 72)"

7N [exp (c| Xa*%)] —1—|—Z—y (1Xa) /") <1+Z o

pl p=1

As p? < ple? for each p > 1, taking ¢ < ¢4 := (2C,e) ™! yields (A.36)).

Step 2: moment estimate. It is enough to prove for p > 2, since the first moment
can be estimated by Cauchy-Schwarz inequality. We will restrict to p > 2 at some point in the
computation. For now, we treat p as a continuous variable in RY and differentiate M.(Xy). For
each p > 0, one has:

dMZ—;Xd) — d%(exp E) log ’7N(|Xd|p)}>

log 7N (| X 47 N (1 X417 log | X,
_ logw (2| d|)Mp(Xd)+1V (| Xal? log | X4|)

p p o N(|X4lP)

Mp(Xd)v
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which can be written as:

de (Xd) _ Mp (Xd)l_p
dp p?

Vp > 0, Ent (| Xq4/|"), (A.39)

with Ent(F?) the entropy of F? against 7"V, given by:
VF:Qy =R,  Ent(F?) =" (F?log F?) — o™ (F?)log o™ (F?).

The entropy on the right-hand side of (A.39)) is estimated by means of a logarithmic Sobolev
inequality, satisfied by 7 for the Glauber dynamics on Qy (see e.g. Theorem A.1. in [DS96]):
there is Cg > 0, independent of N, such that:

Qv R, Ent(F) < GV (Y [ViF]Y), (A.40)

1EAN

where, for i € Ay and n € Qn, V,;F(n) = F(n')— F(n) for each F : Qx — R. Similarly, a Poincare
inequality holds with constant Crg/2:

Crs
. ~N 2 ~N 2 ~N
VE:iQy o Ry, PN(F) - 0V(F) < P (E: [V, F] ) (A.41)

Injecting (A.40) in (A.39) and proceeding as in [G+19], one successively obtains, restricting to
p > 2

dM, (X, 2 M, (Xg4)
- p(Xa)? < CLs a)° N Z |Xd|p/2 )
dp p 1€EAN
< CosMy(XaP o (12 3 [VilXal)).
i€EAN

Applying Hoélder inequality with exponents (p/(p — 2),p/2) then yields, for each p > 2:

DB < Cottyn 3 [V6) £ Custtyn( 3 [9.).

iEAN ZEAN

The function M.(X,) is increasing for p > 0 by (A.39). As a result, integrating between 2 and p
and using the Poincare inequality (A.41)) to estimate My (Xy) yields:

V=2, My(Xa) < Ma(Xa)+ Crslp — My ( Y [ViXd])

iEAN

< Crs pMya( Y [ViXd]®). (A.42)

1€EAN

Step 3: recursion on d. Let p > 2. For j € Ay and 0 < a < d — 1, define A=) ag the
d—1-tensor (A(io, ..., ia—1, J, tat1, ---» id_l))(A e and note that A«=7) also satisfies the assumption
1q)q#a

(A.35). Recall that X; was short for X ;2 ;- Let us prove by recursion on d:
2 _
Vp =2, My(X7,)" <27 (Cus p)(d)?| TP AllTs. (A.43)
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Proving such a result would conclude the proof. In the d =1 case, (A.42)) yields, for each p > 2:

X < s b 5 [96ET) £ o 200

1EAN 1EAN

By (A.37), bounding 7. by 1, the result for d = 1 is proven:

2
Vp > 2, My(X{))? < Crs p Z [ Z A(io)} < Cps plJ)|Allrs-

leNy  io+JDL

For d > 2, (A.42) similarly gives, bounding 7. by 1

(T [PAL) £ 3 0570

LeAN leAN
tg_1= ; 2
<Z[ My(X57 )+ Y M(Xf(lo{O})] :
leAn ii4+J30

For each ¢ € A, the recursion hypothesis at rank d — 1 applied to X 34_@1({}1 and to X/ A<Z° {0} for
each 7 + J 2 ¢, yields:

Mp/?( > [VeXd] 2)

LeAN
. L 2
< 2Oy )@= D) Y [ = DIA g+ 3 A g
LeEN N (REWEY

< 27(Cps p)"H(d = 1))@ Allfrg = 277 (Crsp) (@) T All s,

where we used (a+b)? < 2a?+2b* for a,b € R and bounded (d —1)?+1 by d? to obtain the second
inequality. Injecting this bound in (A.42)) yields (A.43) at rank d, concluding the proof. O

In the next corollary, we use Theorem to establish the controllability results of Lemma
on the variables X 5‘2 -

Corollary A.9. Let J C 7Z contain 0 and, for N € N* and d € N*, let A = A(d, N) be a d tensor.
We do not assume that A satisfy ([A.35), but instead that supyey- Supjd, |A| < oco. Recall the
definition of oy from . There are constants ¥4 = va(ay) > 0, Cq > 0 that are independent
of A, with vy = +00, such that, for each v < 'yd(supA?zV \A])fl

log v (exp [yYN712XE,]) < Cov?suppa |A[? ifd=1,
for each N € N* with J C Ay, Cavsup,q |Al ‘
log V;V(exp [7N*(d*1)XC‘2JD < —FN if d > 2.

N (A.44)

N 2

Proof. Fix J C Z with 0 € J, and N such that J C Ay. We will use Theorem to obtain
(A.44]). Let us first explain why it is not necessary to assume the condition ((A.35]) on the tensor A
if it is bounded. Without this condition, N~(@=1 X C‘Z} ; contains products of terms of the form (7.)?
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for p > 2. Let us explain why these terms are not a problem through an example: take d = 3 and
J = 0. Using (77.)> = o/(p.)7. + 7., one has:

1 1 _ S 1 o S
WX:IS{O} - N2 Z TioTia Tin Allo, 01, 12) = N2 Z TioTix Miz A(d0, i1, 12)
(i0,i1,i2) €AY, (i0,i1,i2) all different
1 ol _ S S S
+ m Z [U,(pio)rr]ioml + Uionil] [A(Zo, 10, 21) + A(Zo, 11, Zo) 4+ A(Zl, 20, ZO)}
10741
1

e > [0 ()Mo + ' (§i)Fig) Ao, o, o)
io
The first term is N 72X ?ff{o}’ for a bounded tensor A’ that satisfies . All other terms are either
of the form N—2X 57 (0} for B a bounded d’-tensor, 1 < d’ < 2 that satisfies ; or constant and
bounded by N7?[|AflN. If one proves the corollary by recursion on d, then the N"'N~' X7 )
are already known to concentrate nicely, thanks to the extra factor of N=!. The constant term is
bounded by O(N-1), and O(N~1) = o(N“@") for any d > 2. The case where A satisfies (A.35)
therefore reduces to the case where it does not in this example. For J # {0} and higher d, the
argument is similar. The general case N~(@=1DX (ff ; for A bounded therefore follows from the case

of tensors satisfying ([A.35)), and a recursion on d. A is henceforth assumed to satisfy (A.35).
We first obtain estimates of tail probabilities of X; = X C’?’ 7 under V;V . These are then used to

obtain (A.44). Fix ay, > 0 as in (A.32), and let ¢ > 0 satisfy (1 + ozg)d/Qoz;d/Q < ¢q. Then, by
Theorem [A.§]

1

VN<eXp [<C|Xd|>2/dD . mew(exp l(l +ag><<|xd|>2/d])ﬁig <2(z))

’ IAlGs )~ & 0|l Al
It follows that there is ¢ = (4(cq, g) > 0 such that, for each ¢ > 0,
1 th/d
V£§V<|Xd‘ > t> < Q(Zév) exp [— —2N]' (A.45)
1Al s

At this point the proof is the same for each d > 1. We focus on the d > 2 case. Let v > 0 and
write:

v [exp(YN~ VX)) =1+ / e'v) (YN~ Xy| > t)dt. (A.46)
0

By assumption on A,

sup ||[N~?A|| g < oc.
NeN*

Note that YN~V X, is bounded by yC|[N~%2A| zsN for some numerical constant C' > 0 and
each N € N*. Define A := N=%2A. Then, with ¢ given by (A.45):

VOl Al s N 2/d \(d—2)/d
N —(d—1) Ny -1 Y
o ey ) < 1e2(2)” [ e o= S
HS

1 VClI Al s N
= 1+2(2)) / g, (t)dt.
0
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If ~ is small enough, we claim that the negative part of the exponential is dominant. Indeed, one
has:

Ct2/4 N (d-2)/d
PSPV Y
22/ A|| 14
Yo

v

| Al s

Vt < yC||Al|lmsN, gy (t) <ex

C(2fd)/dC
2

Y = Y0(d, ¢) =

For any v < 7o/||A| #s, one has then:

[eS) 2/dN(d—2)/d
N —(d—1) Ny—1 Ct

v, | exp[yN 1 Xal]| <1+4+2(Z2 / exp [— > ]
2 | &) 22 AJS

The change of variable u = t{%?|| A|| ;47 ' N@=2/2 the boundedness of (ZN)n by Lemma and
the inequality ||A||zs < ||A||o conclude the proof: for each v < vo/||Al|lzs < Yo/ supya Al

@ 2ysupyg |AICH u?/?

]

A.3 Gaussian behaviour of the invariant measures and computation of
the partition function ZN

In this section, we discuss the relation between v for g € go + S(eg) and the invariant measure
of a dynamics P, h € S(ep). These sets are deﬁned in Assumption 2.1 (2.22)) and Theorem 2.5
In the h = 0 case correspondlng to the open SSEP, we have an explicit expression for gy, and in
particular we know that 72 and I/é\g have the same average at each site and two-point correlations
to leading order in N. It is therefore natural to expect these measures to be close in some sense.
This is the statement of our first result, which is conditional to heuristic computations on the
entropy of 7Y in [DLS07], described afterwards.

Lemma A.10. Assume the heuristic entropy computations of [DLS07] hold, i.e., if CY is the

correlation matriz of the steady state my. at each N € N*, assume:

1
limsup |H (7, |[7Y) + logdet(

N—o0

75C0 \/_) ‘ ~0. (A.47)

Then limpy_yo0 H ( zn'u| )

Remark A.11. Assuming Lemma [A.10] holds, the large deviation results of Theorem [2.2] are also

valid with the invariant measure wfxv as initial condition by Pinsker’s inequality, see Corollary

B.4 u
Observe that the relative entropy H (), |vg) is given by:

HE ) = Y mx>1g(5ﬂﬁﬁ)—1gzN+—— S G A)ME ).

ool N(n) i
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The last sum is the trace of M) C{’ (recall that MN(i,i) = 0 for each i € Ay by construction. By
Proposition one has:

Te(CY M) = - Tr(C’N’ 1 1N+05Ve§v) = O(N7V?),

2N T 9N

Proving Lemma therefore boils down to proving:

1
lim sup logZ - = log det ( =0.

N—oo

v vl

The partition function Z is computed for general g in Lemma below.
Lemma A.12. Assume that g : O — R satisfies the hypotheses of Lemmal[A.1], as well as:

/J(m)g(x,y)Qa(y)dmdy < 1/16. (A.48)
i
Compare with (3.6)), which requires the same bound only of g., not g. Then:

log Zév log det ( (A.49)

F07) oy

Proof. Fix g satisfying (A.48]). We construct a path (g¢):cjo,1] between g and 0, composed of func-
tions satisfying the hypotheses of Lemmal[A.T], and compute the partition function by differentiating
along this path. Define:

vt e [07 1}7 gt = tgv MtN Mg7 MtN,U = _1/2MtN5-1/27 é«tN = (Vé\j(ﬁiﬁj))(i’j)e/\?\]

Note that each g¢;,t > 0 satisfies (A.48). In particular, Proposition holds, and gives (see
(A29) (A30)):

- -1
vielo,1, CN= (5*1 - N*lMtN) +en(t),

where diagonal terms of sup,o ;) en(t) are uniformly bounded by O(N~"), and off-diagonal ones
by O(N~?) by Remark One then has, for each t € (0,1), recalling 0, MY = M

1 N .
O log 2 = vl (9,211 (g,) :W;cm,patw(@,])
1#]
_L ——1 __ ar—1l3gN N L N
- 2NT]{(U N Mt) O M; +2NTI[€N( )M, }

where we used M (i, 1) = 0 for each i € Ay. By definition of ey(t), this yields:

—1
VtE (O,l), 8tlogzg—Tr[<IN_N1MtN,a> (ﬁatMN0'>:| +O<N71) (A50>

We could directly diagonalise this expression to obtain the claim of Lemma up to replacing
o 2CNGTV2 by 672 ((CN) ™t — en) o712 As we lack sufficient control on ey to relate the

determmant of these two quantities, we proceed differently. By assumption (A.48 - the inverse of
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Iy — N _lMtN’O exists and can be expressed as a series. More precisely, (A.50) becomes, for each
€ (0,1):

1 & n
dlog Z) = 53 T {NlatMtN’” (N*W,f“”) ] L ONTY
n=0
I 1
"3k

Integrate (A.51) between 0 and 1 and exchange | and Y, which is legitimate by (A.48)), to find:

T Tr {at (N*Mf““)nﬂ +O(Nh. (A.51)

e 1 n+1
log 2 —O(N) = 5>~ —Tr [(N‘lMgN"’> } .
n=0

To obtain (A.49), recall from Proposition |A.5 that N~'MYN = (77! — Cév)fl + €y, with ||y || ns =
O(N~'/2). The series Y, (N'MN —51/2 /el 5'/2)" thus converges for large enough N, and the
mean value inequality applied to the function t ++ A +tB for A = N"'MN? B = barc'/?/e\a'/?
gives:

> 1 3 o _ . n+1
;nHT{("m[(U - 0)) T+ en]a”?) }

2n+1 [( (Iy = o723 ™) H] +O(NY),

To conclude the proof, let sp C (—1,1) denote the spectrum of ¢~/2C)5~'/2. Then:

log Z¥ —O(N™") = li ! T{(JN - (5——1/2055—1/2)_1)”“]

2 :On+1
I 1 i 1 i,
25252(1—>\ ) :—5210g(1—(1—)\ )
n=1 AEsp AEsp
log(H)\): logdet( 1/2C'N _1/2)
AEsp

O

Let us now discuss the results of |[DLS07] in more details. The formula (A.47)) in [DLS07] is
actually given in the form:

1
li H(xN )y — H(BN ——1 det 0 A.52
im sup (Tinw) (™) og de (\/— \/—>‘ , (A.52)

where the entropy H(p) of a measure u on Qy reads:

— > N (n)log ™ (n).

UISYUN
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The equivalence between (A.47) and (A.52)) follows from the observation that, since 7V (n;) = p; =
7V (m;) for each i € Ay by definition:

s 7) = 3 wllumitos (Z2) = ) = 3 [ml(n) — 7 ()] log 7 () + H(#)

N
nen 7N ) nesty
:_H( znv)—f—H(ﬂN)'

The computation of H (7} ,) in [DLS07] relies on the representation of a measure in terms of its
truncated correlation functions. 7Y, is written as 7V (n)(1+2z™(n)), with ¥ that can be expressed
as a function F' of two-point correlations, plus a correction term, that should be of sub-leading
order in N. The study of F' relies on clever combinatorial arguments. Rigorously establishing
that the correction term is indeed small, however, appears to be very complicated, and only a
conjecture is offered in [DLS07].

Let us comment on the expression of H(ml |#™). First, it is one whole order of magni-
tude lower than the entropy H(m2,) or H(#"). Estimates on the relative entropy of the invariant
state 7Y with respect to a product measure with the correct averages have been obtained for a
large class of dynamics by Bahadoran |[Bah07]. However, only an ox(1) estimate on this relative
entropy is available.

Secondly, the relative entropy H (72, |7") involves only two-point correlations at leading order.

Both points are related to the fact that cumulants of the occupation numbers (7;);ea, under
Ty, Nave a very particular scaling: any cumulant built from 7 at £ € N* different sites is bounded
by O(N—*1). A similar bound for the entropy H (7l |7V) is therefore expected to hold for any
dynamics with invariant measure featuring such a scaling behaviour for cumulants. In particular,
such a bound on the entropy may be used to prove that, for abias h € S(ep) (defined in (2.22))), the
scaling limit & + ky, of correlations under the measure u indeed coincides with the scahng limit of
correlations under the invariant measure 7 oy Of the dynamlcs P, (although in a weaker sense than
(2.8))). Recall that g, is the function obtalned through the relative entropy method of Theorem 2 -

Let us explain how. Assume that the following relative entropy bound holds:

limsup H (), ,|7") < oo, (A.53)

N—oo

To study the scaling limit of correlatlons under 7 s we proceed indirectly. First, the relative

entropy method presented in Section can be apphed to the study of the distribution-valued
valued process IIV starting from v, év ,in the large N limit. This process can be characterised as the
solution of a certain martingale problem, and one can study its stationary measures. It is possible

to prove that there is but one: the large N limit of the law 1) o (ITV)~! of correlations under v,

This limit can be described explicitly: the law of the ﬂuctuatlon field YV = N—1/2 Zie An 0i0i/N
under I/N converges to a Gaussian field with covariance (67! — gh)*l.

Now, under assumption (A.53), the law of I} starting from 77y, 5 1s tight. Any of its weak limit
points is naturally invariant for the limiting correlatlon process. Since there is only one invariant
measure for the limiting correlation process, the limit of v} o (II"V)~!, 7Y o (IIV)~" converges

weakly to this measure, which characterises the correlations under 72 , in terms of ky,.

inv,h
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B Integration by parts formulae

Fix h € S(ep) and g € go+ S(e¢) (the set S(e) is defined in for each € > 0). In this section,
we provide an integration by parts formula under the measure Vév , both in the bulk and close
to the reservoirs. The formula close to the reservoirs proves the I'-controllability of the variables
Ui, Ui encountered in Lemma .

B.1 Integration by parts in the bulk

Before stating the result, let us give some notations and explain what we mean by an integration
by parts formula. Fix a density f: Qy — R for yév. Fori < N —1, let F;L’ZH be defined as:

ivi 1 . 2
Vn € Qu, Ly +1<\/?)<77) = §Ch(77727Z +1) [Vz-,m\/?(ﬁ)} ) (B.1)
with, for any u : Qy — R and any ¢« < N — 1:
Ve Qn,  Vienu(n) = u(n™*) —u(n).

The jump rates ¢;, are defined in (2.19)).
Consider a family (w;)icay of functions on Qy. By an integration by parts formula under v}, we
mean:
D (wi —w) fvy () =D a)f (™) = F)lvy () + v (£X), (B.2)
nen nen

where ¢, X are explicit functions, and X hopefully has good concentration properties under l/év :

The point of such a formula is that the first term in the right-hand side above can be expressed
in terms of Fﬁl’”l(\/f ). The equality amounts to turning a discrete spatial gradient (here
wiy1 — w;) into a gradient on the dynamics, along an edge n — n>**1. The natural choice for w. in
our case is w. = 7., however a simpler formula (B.2]) is obtained, following [JM18b|, through the
choice: _

Vi € An, Wi = %7 Mi=mni—pi, 0i=pi(1—ps) (B.3)

We are now ready to state the integration by parts formula.

Lemma B.1. Let f be a Vév—densz'ty. Fizi <N —1 and let u:Qy — R be such that V;;11u = 0.
Then:

yév [u(wiﬂ - wi)ﬂ = Vév (qui,iﬂf)

— (piya — pi)vy [szz'ﬂe_(m“_"i)cg/NUf}

(i = wi) (1= eI Y], (B4)
where the function q also depends on i:
0i(L = Nit1) _(nisi—nnco/n
Vn € Qp, q(n) = = Lo~ 1R (B.5)
pi(1 = pit1)

Recall that, for eachi < N —1, N~ (n; —0;41)C? = V111V (g) is defined in (3.31)), and satisfies
1C9]] < 2/|glco-
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Proof. Let ¢ < N —1 and ¢q : Qy — R. Notice that, by definition of V, ;;:
zz—l—l UQV ) vi,i+1 (qVN)
v [ugViin f] = Z uqViii1 fv) Z f——Lv) =) [us—Ng}, (B.6)
QN 9
where we used V;;11u = 0 to obtain the second equality. The gradient in the right-hand side

reads:

Vi,iJrl(qVéV)(n) - i,i+1) . (77i+1 — N

Vn € Qu, o) q(n""*) exp N ) (207 + 8N>\i)] —q(n),
g

where \; = log(pi/(1 — pi)). We need to choose a suitable ¢ in order to have a difference w;; — w;
arise above. In the g = 0 case, corresponding to |[JM18b], one can take:

@(7] — m(l - 7h‘+1)
pi(1 — piy1)

When g # 0, the exponential of C7 does not change things much, and if ¢ is taken as in (B.5)),
then:

viv”'l(qysjlv) (77) _ |:77i+1(1 - 771’) N (1 - 771+1) (77i+1_77i)C{‘q/N‘ (B.?)

vy pir(1—pi)  pi(l— piy1)
The variables w. (see (B.3))) are tailored to give the above bracket a nice expression (see (A.3) in
[JM18b]):
M (L—m)  ni(1— 7miga)
piv1(1—=pi)  pi(1 = pit1)
This formula can be checked by looking for the left-hand side as a polynomial in w;, w;;1, of the
form a + bw; + cw; 1 + dw;w;y1 for real numbers a, b, ¢, d. Equation then becomes:

Viiti(qv))

N
Vg

] = wit1 — w; + (Pit1 — Pi)wiwis1.

(M) = wiy1 —w; + (Wir1 — wy) (6—(77i+1—77i)0f/N _ 1)
+ (ﬁi+l — ﬁi)wiwi+16_(ni+1_ni)cf/N’
which proves the lemma when plugged into (B.0). O

The next lemma rewrites the result of Lemma in terms of the carré du champ operator.

Lemma B.2. Leti < N—1 and let u: Qn — R be such that V;;,1u = 0. There is then a constant
C' = C(h,g,p) > 0 such that, for any 6 > 0:

v [u(wisr — wi) f] < SN2 [T + w5 ek N fu?] (B.8)
— (P2 — pi)vy [szz'ﬂe_(m“_"i)cg/NUf}

+ I/;V [(Wi—&-l — wi) (1 — e—(m‘ﬂ—m)Cf/N) uf} '
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Proof. Let i < N —1and 8> 0. In , write, for each n € Qp:
Vi f(muma(n) = B2 207 = 2 m)] - 87 2u(m)g() 2 (") + 2 ().

Apply then Cauchy-Schwarz inequality to obtain:

nyv [U(Wiﬂ - Wz)ﬂ < gl/év[(vi,iﬂflﬂ)z} + ; g [(f( )+ f(n “H))UQQZ] (B.9)
_ (ﬁi+1 _ ﬁz‘)VéV [Wibd”le—(m+1—m)Cf/Nuf] + V;V [(Wz‘+1 _ Wz‘) (1 _ e—(m+1—m)Cf/N> uf]

Changing variables 1 <— 7! since p; € [p_, p+] C (0,1), the second expectation in reads:

1 i1y 2/ i+l Vévmi’iﬂ) N
B [(f()+f( HGZQNf [ n) +aq-(n )W}Vg<n)
ety

<5 v ),

where M = max{(p;(1 — pj+1))2,(6;6,41) " : j < N — 1} depends only on p.
Consider now the first term in the right-hand side of . Since ¢y, (0, i,i+1) > c(n,i,i+1)e 2l
for each n € Qy, it reads:

2 [ [Bun ) < /)
Taking f = §N2e2IMl= concludes the proof. O

B.2 Integration by parts at the boundary and boundary correlations

Here, we estimate dynamical correlations involving sites close the reservoirs, i.e. correlations of
the form 7y (y_1) Xy for a function Xy : Qny — R. Recall that h € S(ep), g € go+ S(e¢) are fixed,
and the definition (2.2)) of the jump rates at the boundary. Define, for f : Qy — R:

cn(n, £(N — 1))

VneQy,  TE(f) = o [ ) = )] (B.10)
and observe:
cn(n, £(N = 1)) > e 2l min{p. (1 —p.,) re1,60 € {—, +} ). (B.11)

Lemma B.3. Fiz n € N* and, for each N € N*, let ¢,, : Ay = R satisfy:

sup sup |¢,| < co.
NeN* A%,

For e € {+, =}, define U5(n) = Nz(n—1) forn € Qn, and:

vn€Qn,  Us(n)=nw-)Vi(n), Vil = > Wi M Gnlin, e in).
i1,inAe(N-1)



Then, for each n € N, UE is T'-controllable with size N=' in the sense of Lemma . More
precisely, there is C' > 0 such that, for any Vév-density f and any 6 € (0,1):

v (fU5) < SN (T5(VF) +v) (f% (% +

Ve Y mi(Ngew— ))D)—I-Oén, (B.12)

jAe(N-1)
setting V5 := 1 by convention and with oy = O(N™1) ifn > 1 and o = O(N7?).

Remark B.4. The estimate on the size of U; is optimal only if n < 1. U; with n <1 are used in
the computation of the adjoint in Section [3.2] while U5 is useful in Section [C| |

Proof. Let n € N*. Using the notatlons of Corollary[A.9] the term in the expectation in the right-
hand side of (B.12) is of the form N ! (N~ Xw'”io}—i—]\f ”X:fﬁl{o}) with supyens [|N ™% ||las <
00, q¢ € {n,2n}. Tt is thus controllable with size (at most) N~! as claimed, and it is enough to prove
(B.12). We do so for the left boundary e = —, the proof for the right boundary being identical.

The goal is to create a gradient of f of the form (B.10)). We use the shorthand notation b =

—(N —1). Notice that V" (n°) = V."(n) for any 1. The mapping 7 + n° is bijective on €, thus:
n \] n \1 n n=n

vy (")
UV =5 3 v Ve [fm - )+ F0P - = )] (B
T]EQN g n
For n € Qy, let us compute the ratio )Y (1°) /v ():
vy (1) _ (L= )7 + (L = ) ome¥ ()21 ()
vor(n) mpo+ (1—=mp)(1 = o)
Pb )1—2% [(1 —2m) N~ - ]
— (P exp | LN g ] B.14
(1 — % N ; 11590, ( )

For future reference, notice that (B.14)) is bounded by C/(p4)eI9ll= for some C'(p.) > 0. Forgetting
g for a second in (B.13]), notice also that, for each n € Qy:

F) (= po) + F(1") (L =1 — ) (1 fbﬂb) o

= (1 = po) [f(n) = f(n")] — (U =) [f () — F(n")]
= (f(n) — f(n")), (B.15)
which involves a gradient of f as desired Coming back to (B.14)), note that, since g(£1,-) = 0, the

argument of the exponential in is bounded by O(N™!). Equation (B.15]) and the existence
of C(g) > 0 such that |e* — 1 — a:| § C’( )z? holds for z < 2||g||« therefore yield the bound:

vy (fiVy) - > vV mm[f(n) = F0)] = - S vV, f’)  (B.16)

2 2N?2
neEQN neEQN
— A2 N

) 1—2m,
(== ) (72 ) (= 2m) Yo (Naw) | <
J#b
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It remains to estimate the second and third terms in the left-hand side. Consider first the third
term. Using the bijection 7 — n® to turn f(n°) into f(n), recalling that V.~ (n?) = V.~ (n) for each
n € Qy, and bounding the ratio (B.14) by C(p4)e?l9l< one finds:

’# > ¥V (") (1=, —ﬁb)< . >1_2nbzﬁj<Ngb’j))‘
J#b

orey T —py

C e2llgllo
< O%i%z V§[<f

Vi > 1i(Ngsj)

i#b

), (B.17)

which is one of the terms appearing in (B.12]). Consider now the second term in the left-hand side

of (B.16). For 8 > 0and 7 € Qu, split [f(n) — f(n")] into B> (n) — 2 (") B~ 72 () + F172 ("))
and apply Cauchy-Schwarz inequality twice to find, bounding (7)? by 1:

% > Vo mm[fm)—f )] Sg > [1“/2(77)—1‘“1/2(77”)}2+i S v )+ FED] (V)P ().

UISUY neEQN 25 neEQN
As for (B.17), the last expectation is bounded by 87'C(g)v)’ (f(V,)?). To conclude the proof,
recall from ([B.10)) the expression of I'; and from (B.11]) the lower bound C(p.)e™I*l= on the jump
rates. Choose 3 = 2C (p~)e 2Il=§ N2 for § > 0. Then:

1 (V7 - Cl(g)C(ps)el _
5 2 Va i[f) = f@")] oN*I (D (VD) + =5 (F(Vi)?),
neQly
which together with (B.16]) and (B.17)) is precisely the right-hand side of (B.12)). ]

C Control of the error terms

Fix h € S(ep) and an associated g, € go + S(e¢), solution of the main equation (2.31). Recall

that the set S(¢), € > 0 is defined in (2.22)). In this section we estimate, for each density f for v,
the average against fv], of the function X7 oy 0 A3, — R, defined below in (C.1]). This proves
the claim on the size of (3.62)) in the proof of Lemma . We also estimate the expectation of the

time average of any error term encountered in the text.

9|lee < 00. Recall that X abbreviated
|

Proposition C.1. Let ¢ € A3 — R satisfy supyey- 2.40.1}"

as Xo, was defined in (A.34)) by:
ey, Xm= 3 S Giaiel.) (RY

i<N—1 j¢{ii+1}

Then N~'X, is I'-controllable with size N~/ (recall Definition .

The next proposition controls in particular the size of error terms.
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Proposition C.2. Let EN be an error term, and let FN be either controllable or T'-controllable
with size 1 (recall Definition [3.5). There is then C > 0 such that:

VN T
VT >0,  limsup E [ EN(nt)dtH — 0,
N—oo 0
2 (T O(h)eCtT
B [ / FN(nt)dtH <C+T)+ CT(]\)[;;M, (C.2)
0

If the error term is known explicitly, the estimate (C.2)) can be made quantitative.

Corollary C.3. Forp € N*, let ¢, : A§, — R satisfy supy ||¢plleo < 00. Let J = {0} or {0,1},
and recall the definition of X;”J from Theorem |A.§ and of Ui from Lemma|B.3,
If EN s either EN = N*IXﬁf,, N*QX;%] or E) € {N~(~ 1 Xf’},Ui 1} if p > 3, then for any
T >0, there is C(T,h) > 0 such that:

N T
wpeN,  E / EY (n)it]| < O )1+ )N 2 (C.3)
0

Propositions and Corollary are proven in the next two sections.

C.1 Estimate of X,

In this section, we prove Proposition . Fix ¢ : A3 — R, N € N* as in the proposition. Fix also
a density f for l/gNh once and for all. The proof of Proposition being very technical, we first
present its general structure.

The idea is to smoothen the product 7;7;+1 into a quantity that depends on all 7’s in a box of size
¢ with ¢ sufficiently large, then use the entropic inequality to estimate the resulting term. The
cost of this replacement will be estimated by an integration by parts formula, see Section [B]

We need room between the indices i¢,7 + 1 and j in the definition of X5 to take averages in
a box. Let I; be the segment {0, ...,/ — 1} and split the sum on j in as follows:

1 ..
ey, X%m=X+ % X=o XY adane) (€1
i<N-—1 ‘gj‘GJ}NI
J¢E+1+1,

5 Y Y AdensGs)  (CH)
i<N—1jeAn\{i,i+1}
jEi+1+I,
The direction of the arrow indicates the direction in which the replacement of 7; («) or ;41 (—)
by averages on sites to the left of i («—) or to the right of i + 1 (—) is going to be performed.
Estimates for ?é and ?é are identical, so we only estimate the latter. In practice, the replacement
is made thanks to the integration by parts Lemma which uses w. = 7./3. as main variable.
Write:
A(i, j) = Gi19(i, §), i< N-17j€Ay.
Then:
ey,  Xim= > Y GwniAl) (C.6)

—(N <Z<N 1 JjEAN
JEi+14-I,
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and we replace w; 11 by % Zaei—i—l—i—[z wq. If 141 is too close to the reservoirs, i.e. if t+14+¢ > N —1,
then this replacement does not make sense. In this case, we spread the unit mass at i + 1 to 1/¢
at each site in i + 1+ I; N Ay, and leave the remaining 1 — W mass at the boundary. This is
summarised in the following definition:

min{i+¢,N—1} .
, 1 N—-(G+1
Vi <N -1, ﬁf—i—l =7 E Wa + Lit14esn—1 (1 - %)wz\f—y
a=i+1

Choice of /. Let 75 denote the averaged version of 75

WneQy,  Yhn) = Z4mn) (C.7)
1 N —(i+1 .
+ N Z Z 77177] i+e>N— 1(1 %)W}V_lfl(l,]),
N 1)<Z<N 1 jeEAN
JEit+1+1,

with:
min{i+1+¢,N—1}
1 1
YA _ == (= ..
VneQy,  Zhn) = ¥ | mm(z > wa ) A, )
—(N-1)<i<N-1 j€Ay a=i+1
jei+1+1,

The last term in (C.7) is T-controllable with size N=! by Lemma . For the replacement of 7%

by 75 to be useful, ?é should be controllable with size ox(1). This requirement will fix the choice
of £. Looking at Corollary , we see that any ¢ such that ¢ = o(N) fails, so we take:

¢:= N. (C.8)

The entropy inequality is then effective on ?év . Indeed, it is of the form:

1 I
WneQy, 2N = = D iilkAlga),
(i.j,a) EAY
H(ga)H s

for some function A satisfying |A(i, j,a)| < |A(i, §)| for each (i, ], a) € A%. By Corollary ?é\’
is therefore controllable with size N~/2: there are v, C' > 0 such that:
fZ/N]y ) H(fVév|VéV) C
y ol + N1/2°

1
(f?N) ;loguév[exp (779[)} <
Cost of the replacement. Let us estimate the cost of replacing )_(2\7 by ?9’ , defined in (C.7)).
To do so, we use of the following integration by parts identity, which explicitly describes how to
spread the unit mass at ¢ + 1, ¢ < N — 1, to 1/N on every site up to the boundary, where the
remaining mass is then left. One has:

min{i+N,N—1}—1

Wit1 — UfYH = Z on(a— (i +1))(we — Was1), Pn(b) =

a=1i+1

N—-1-b0
T10§5<N7 beZ.
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For brevity, for a € Ay, let u, denote the quantity:
1

Yn€Qn,  ual(n) = N Y onla—(G+0))m Y WAG). (C.9)
" N¥ica jégf—llx—ll-VIN

Then, for each n € Qy:

XY=V =3 (o= warn)uan),

a<N-1

To estimate the expectation of the right-hand side above under fyév , apply, for each a < N — 1,
the integration by parts formula of Lemma [B.2] with u = —u,. There is thus a constant C' > 0
such that, for each 6 > 0:

C

> v (e = o)) < S (VD) + 55 30 wl(Ef) (= v (FRY) - (C10)
a<N-—1 a<N-1
+ Z (Pasr1 — pa)uﬁ (wawa+1e_(”a+1_"“)Cgh/Nuaf) (:= Vévh(ng)) (C.11)
a<N-—1
-~y <(wa+1 — W) (1 _ e—maﬂ—na)cgh/zv)uaf) (= v (fRy)). (C.12)
a<N-—-1

Let us estimate one by one each of (C.10)-(C.11)-(C.12). Consider first v;}) (fRs), and note that:

sup sup |(Wat1 — Wa)(Mat1 — Ma)| < Cp).
N aeAN

As a result, using the identity e* = 1 + fol zet®dt for x € R and the fact that |C%] < 2|94 s,
v (fRs) can be bounded as follows:

[Vr (fRs))| SC(pi)GQ'g””u;Z(% > f\cghuao.

a<N-—-1

By definition of C9 (see e.g. Lemma [B.1)) and of u. in (C.9), the product C%u. is of the form:

1 o 1 .
Ya € AN, Cghua = m Z ninjnb@sz"b + m ninj¢?,j?
(4,5,0) €A%, (i,§)EA%

where the functions ¥*, ¢ : (—1,1)> = R are bounded uniformly in a. It follows by Corollary |A.9
that Rj is controllable with size N—1/2.

Consider now Rs, defined in . Again using e* = 1 + fol xeldt for v € R, we can bound
v (fRy) as follows:

N ﬁ/ N ﬁ/e2”gh”oo
Vgh(fR2) < N Z Vo (fwawaﬂua) + Nz Z

a<N-—-1 a<N—

v (flCgud). (C.13)

1 6—a6a+1

Recalling the definition of u. from (C.9)), the first term in ((C.13)) is of the form N*QXf{O 1y In the
notations of Theorem , i.e. of the form N2 > i jo i1 B(4, j, b), with B bounded. Corol-
lary tells us that this function does not behave worse than a sum of three-point correlations,
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and is therefore controllable with size N~/2. In addition, the second term in (C.13)) has the same
structure as N~!'R3, and is therefore controllable with size N—3/2.

Consider finally Ry in (C.12)). It reads:

v (fR1) = Z Yo onla—(i+1)gnla—G+1)mi Y WAl b)AG o).

a<N 1 ij<N-1 (b,c)EAZ,
a—N<i,j<a bi+1+1N
C$j+1+IN

In particular, it is of the form N _3XZ:1{0} for a vy : Ay — R satisfying supy supas, [va] < 00, and
therefore controllable with size N~! by Corollary|A.9 - For each 0 > 0, we have proven the existence
of a controllable function Rj: 2y — R such that:

AR < D D)+ (V) + Ro). By = B+ Bt By

The arguments above do not depend on the sign of A in the definition (C.5|) of Yév . This implies
that ?év is T' controllable with size N~1/2 in the sense of Definition Since the same arguments

also apply to ?év , Proposition is proven.

C.2 Proof of Proposition and Corollary
We now have all we need to prove Proposition and Corollary

Proof of Proposition[C-3 Fix a time T > 0. Write GV for either EV of F~. The proof of
Proposition for a controllable function GV with size sy = On(1) (sy = on(1) corresponding
to a controllable error term, recall Definition follows immediately from the entropy inequality:
by Theorem , there is C'(h) > 0 such that, applying the entropy inequality at each time:

/OT GN(m)dtH < Efylgl [/OT |GN(77t)‘dt]

T (C(h)eCWT
<> ((]\)7—1/2 +log u;g(exp(fnyNy))). (C.14)

I/N
K, [

By definition of controllability, there are v(G),C(G) > 0 independent of N such that the expo-
nential moment above is bounded by 7(G)C(G)sy. As a result:

I/N
) [

T ()T
/OGN(m)dtH %+TC(G)3N. (C.15)

If GV is controllable with size 1, sy is bounded. If instead GV is a controllable error term,
sy = on(1) and (C.15) becomes:

TGN(m)dtH =

l/N
limsup E, " [

N—o0 0
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Assume now that G be I'-controllable with size sy = On(1). The important observation is that
aG is then also I'-controllable with size c(a)sy for some c(a) > 0. Indeed, for each 0" > 0, by
definition of I'-controllability, there are functions Yg;v 4 such that, for each density f for Vﬁ .

v (F(EGN)) <IN (Th(VF) + vl (FYEN ).
For each a > 0 and each 6 > 0, the above equation with ¢’ = §/a yields:
v (f(EaGY)) < NN (Th(V/ 1)) + v (FYER L), ViR, = aYN',, (C.16)

and Yg}é . is indeed controllable with size c(a)sy for some c(a) > 0.

Let a > 0 to be chosen later. In the following, we set:

1

e a o (l,l/4
6.— Z, GN,:l: «— YGN,i‘

I/N
To estimate E,” || fOT G" (n;)dt|], recall from Lemma [3.3| the existence of a controllable function £
with size N~Y/2 such that, for any 7, -density f,
2

N (1Y) < 0l (C(/) + (7). (C.17)
Write then:

E,”ﬁ[%/OTGN(m)dtH :/OWPZxI(‘/OTGN(nt)dt‘ > T ) dA
< /OO IP,VLéVh</T aG (n,)dt > a/\T> +/OO P ( - /T aG™ (n,)dt > aAT)d)\. (C.18)
0 0 0 0

Recall the definition of £ from (C.17). Add and subtract Yy , + £/2 to the argument of the

integral in the first probability, Y5y + £/2 to the argument of the second to find that (C.18)) is
bounded from above by:

/0 T ( /OT [GGN Ve, - g} (1)t > a)\T/Q) d (C.19)

2 [ P+ Sl

al
+ /O Tl ( /0 ' | = aGY Vv _ - g} (m)dt > aAT/2)dx (C.20)
+ —E," [

| [ Do+ 3 Jooa

The functions Yy _ , £ have been defined in ((C.16|)-(C.17)) in such a way that, applying Feynman-
Kac inequality (3.5 to each of the probabilities in ((C.19))-(C.20|) yields, for each A > 0:

loa P} /O ' EXAR g] (m)dt > aAT/2)

+ Effi[

2 N

< —aXT/2+T  sup {Vﬁ(f[j:aGN— élN’i—g‘FL;;lD _Eygl(rh(\/ﬂ)}'
1

F20 ()=
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Recalling (C.16) and (C.17)), the above supremum is negative and one finds, for each A > 0:

N

IP’Zgh </0T [:I: aG™ — N~ %] (ne)dt > a/\T/2> < e /2,

As a result, putting together the last equation and the estimate (C.15]), which holds for some
constants C'(e), C(a) > 0 for £, Yy , instead of C(G):

on [ /T GN(nt)dtH < 2/°° e 4 TC(h)eCWT[C(e) + C(a)]  TC(e) N TC(a)sy

aN/? aN/2 a
4 TC(h)efWT[C(e) 4+ C(a)] | TC(e)  TC(a)sy
a7t aN/? e T a (C-21)

If s, = on(1), corresponding to an error term, then taking N large followed by a large concludes
the proof of Proposition . Otherwise, if sy = Opn(1), taking any a > 0 independent of N yields
the claim. O]

Proof of Corollary[C.3. Let EY be one of the error term amongst N‘lXﬁ}, N_Qng, or N(_p_l)Xff']
for p > 3 and bounded ¢, : A}, — R, p > 1, as in Corollary . Write EN = EY for the cor-

—-1/2

responding p € N*. Then Eév is a controllable error term with size at most N~"/“. The estimate

- thus applies to GV = EN and yields the claim.

Assume now that EY is either Uy for p € N, or X3 G013- Then E! is a I'-controllable error

term with size at most N~'/2 by Lemma and Proposition . It can then be seen from (B.12))
and the proof of Proposition [C.1] (see Equatlons - to - that the Y2y | associated with

EN &
E]]DV in fact read:

2
YE('IN + = CLYEN,:l: +a ZEN;‘:,

where Yy 1, Zgy + are independent of a, and controllable with size N~ 172 Indeed, the a? factor
arises due to the integration by parts formulae of Appendix [B] as a consequence of the use of
Cauchy-Schwarz inequality to have the Dirichlet form appear. On the other hand, aYEév’i is the
sum of the other terms that appear when using the integration by parts formula.

From this observation, one can see that both YE{,V,i and Z By + are of the form XZ?, or U;t for some
q € N*. The tensor v, has entries bounded by CH(proo for Yg~ 4, and by C'||¢,||2, for Zpn 4 for
some C, C" independent of ¢,. The constant C'(a) in - thus satisfies:

Cla) < aC"|l¢p|\oo(1 +allépllss),

for some C” > 0 independent of ¢,, where from (C.21]) becomes:

vl Cle) | C"ldplloo(l + alldpll)
9gp N plloco plloo
B | /0 BN (n, dtH <=+ [TC(R)eT 4 7] [GNW + T B
Taking a = min{1, ||¢,||-1} N'/* then yields the claim (C.3)). O
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D The Neumann condition on the diagonal

Let h € S(ep) and let g, € go + S(e¢) be the associated solution of the main equation (2.31)),
where the set S(¢), € > 0 is defined in (2.22)). In this section, we rewrite the term:

1 _
1 NiMi+1 (alhi_,.,i - alhi_,i) (D-1>

i<N—1

as a function of the two-point correlations field II"V, defined in (2.6)). This is necessary in the proof
of the upper-bound large deviations, in order to obtain a closed expression of the Radon-Nikodym
derivative in terms of the field II"V. It is done through the integration by parts Lemma . As
h € S(ep), the function ¢(z) = 01hy, o — O1hy_ 4, € (—1,1) can be extended into an element of
C?([-1,1]), still denoted by g, which satisfies ¢(+1) = 0 (by hypothesis on S(e5), see (2-22)).

Let € € (0,1) € N* and Iy. := {0, ..., Ne — 1}, writing Ne for | Ne|. As the correlation field IT" is
defined on 7T, which contains sufficiently smooth functions only, we cannot simply replace w;, by
a uniform average of w. on i + 1 + Iy.. Consider instead a function x* € C°°(0) with x* = 0 on
00, 0 < x® < 2/e, such that x°(x,-) is supported on (x,x +¢) N (—1,1) for each z € (—1,1), and:

Vo <1-—e¢, / X (v,y)dy =1,  Vo>1-g¢, / X (z,y)dy <1.  (D.2)
(z,x+e€) (z,x+€)

For i < N — 1, write then wfil for the average of w. on i + 1 + Iy. with weights given in terms of
x° as follows:

1 min{i+eN,N—1} 1 i+ 1 ] r
Xs o . € =~ R
Vn € Qu, Wi+1(77)—ﬁ Z wﬂ/o X ( N ’N+N>dT

j=i+1

! i+1
+ LiensNo1wN—1 [1 - / XE(—7 y) dy]. (D.3)
141 N
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In other words, the mass is spread according to x* up to the reservoir, where the remaining mass
is piled up on wy_1. Define then, recalling that o(z) = p(z)(1 — p(x)) for z € [-1,1]:

V(oy) €D Ni(zy) = %q(aﬁ)xs(w,y),

and note that N2 belongs to T, defined in (2.15]), since it is a regular function which vanishes on
otl.

Proposition D.1. Let g € C*([—1,1]) satisfy q(£1) = 0. Define, for n € Qy:
1 _
Wq(n) = 1 Z NiNi+14;-
i<N—1
There are then ¢ > 0, (h,q) > 0 independent of x° such that, for each T > 0 and each 6 > 0,
there is (0, h,q) € (0,1) independent of T, x° satisfying:

N1 (T , -
ve<c@na).  tmswr (| [ W00 - YN at] > 0) < e @ T ay
— 00
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Proof. Let € € (0,1),0 > 0. Up to considering ¢ and —g in the definition of W,, the absolute value
inside the probability can be removed. The proof follows the same line as that of Proposition [C.2]
but estimates on the dependence of W, — IV (N2) in € are required, so we give the full argument.
The idea is again to decompose, for each A\ > 0, AW, — ATV (N2) = AW, — ATV (NVE) — A&\ + A€y
for a suitable function &y : 2y — R. The function &, is built to ensure that AW, — pYIRS (NE) =Ny
can be shown to be small by Feynman-Kac inequality. This time, however, the function &£, is not
an error term and Proposition is not sufficient to obtain . A suitable bound on the time
average of £, can instead be obtained through Proposition

By Feynman-Kac inequality, for any A > 0 and any function 8 \ Qv — R, one has:

N T
log B (% 1w, - () - & e > 9)
0

< —MT + log E, [exp A /0 ' (W, — IV (N9) — &] (nt)dtH

< —)\9T+/0T sup) 1{)‘Vé\£<f[W4_HN(/\qu) _&‘]) - ]\272 (Fh<\/?)) ; gh(fL* )}

F200 (f)=

To estimate the expectation of W, — II" (N2), we will use the integration by parts Lemma [B.1] It
is formulated with the variables w; = 7;/7;, i € Ay, for which W, becomes:

1 o 1 _
Vn € Qy, Wq(ﬁ) = 1 Z WiW;4+100i11q; = 1 Z Wiwi+1(ai)2Qi + QN’()(T]),

<N-—-1 i<N—-1

HN,O

where is the error term:

1 _ e _

vn € QN; QN,O(n) — E Z Wiwi+1NUi [Ui—l-l — O'Z'] q;.
<N-—1

It is of the form N~1X7 (0.1} with the notations of Theorem , thus controllable with size N~!.

In addition, in (D.3|), x* appears inside an integral, rather than directly being evaluated at lattice

points. One thus also has:

1 Vosi+1l ~
N _ ~\2 € J o __ N0
Vn € Qu, I1 (J\/;.q) =N E wiw;(0;) ql/o X ( NN + N)dr 6™ (n),
where 8V is of the form N~1XY (o) for a bounded v, thus controllable with size N~':

1 .

+1 3 T
V() = 7 9% [;‘_/ (z )d}
4N2Z”773-j A A R R O

1<)

Introduce, for each z € (—1,1) and z € R, the remaining mass ¢,<(z, z) after spreading the unit
mass at x between x and x + 1,50(z + 1/N) according to x*(z, -):

Tzt 5
ONE (z,2) = [1 - / X (, y)dy} lo<.<, z € R.
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For future use, recall that x*(z, -) is supported in an interval of length ¢ at most for each x € (—1,1).
As a result, bounding x© by 1 when it does not vanish and using the definition (D.2)) of x*, there
is K > 0 that depends neither on €, nor on the precise choice of x¢, such that:

> |y (i/N,a)] < KNz, > |¢ye(i/N,a)]* < KNe, i< N —eN,

a€eN a€eN
[Py llo < Ke'/2. (D.5)
For each i« < N — 1, one can then write:
y min{N—1,i+eN}—1 P+l (it 1)
Wit1 — Wity = Z D= ( ) N )(Wj — Wjt1)-

j=i+1

Define then u; : Qy — R for j > —(N — 1) as follows:

Vn € Qp, u;(n) = ;53(1@-%@(5 <Z 4]\—717 = (]i[+ 1)) (D.6)
With this definition, the quantity AW, — ATV (./\/'Eq) reads, for each n € Qy:
A[Wq(m - (Naq)} = A Z (Wj - Wj+1)“j(77)
j>=(N-1)
Flovy 32 @ awisy (S 1 - ) # A )+ 8] (D7)
i<N-1

Fix a density f for V;V As it involves boundary correlations, the first term in the second line is
I'- controllable with size N=!: by Lemma [B.3 E 3} for each d > 0, there is a function Ds ), controllable
with size N~! such that:

W (Fovs 3 @rawon (St 1= ) <o)+ D). 09

i<N—-1

It therefore remains to estimate the other term in the right-hand side of . By the integration
by parts Lemma applied to u; for each j < N — 1, there is a constant C' > 0 such that, for
any 0 > 0:

A2
)\ygh<f > (wi— wi u]> < IN*N (Tw(V/f N2 Z /f]u]| dvg, (= v, (FAY)
Jj<N-1 J<N-1
+ A Z (P —Pj)/ijjﬂfujd”g (= )\UgNh(fN’Q))
j<N—1
-\ Z / W41 — 1—6 (nj+1-m;)C; /N)fuj N (:: )\I/g<f./\/—3)). (D.9)
J<N-1

The function N is of the form N—1X%

2.(0.1}" and is therefore a I'-controllable error term with size
N~1/2 by Proposition [C.1] Define:

= Na.
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Consider now Ni. For each n € Qy, it reads:

C

j<N—1

Recall the identity (77.)? = 7.+ o’(p.)7. and the definition of uj, j < N —1. Developing |u;|?,
then separating diagonal and off-diagonal contributions, one finds:

Nl(n):% Z nilnho_hqmamqm[ Z ¢X <Zl+1’j_(§\1/'_1)>¢x <Z2+1’]_<;\2/v_1)>:|

i1,i0<N—1 J<N-1
C _ i j—(i—1)\2
_ . 11N (1) — 3.2 v N,1
R = I SN (e e IR A )]
<N—-1 J<N-1

In the last line, the middle term is bounded by K C(q)e using (D.5)). The function Y;(l) reads:

Yrg) €l V@) = 0@ [ | Gule Dol -y (D10

and O™! is a controllable error term with size N~! that reads, for each n € Qu:

1 VA 01,0 C0i,Gi,0iyGi
M () = Z ﬁilﬁizN[—( - >1’2+ 00 Tia Ui

2 4 N
i1F£ia<N—1
ihn+1 57— (i1 —1) io+1 j—(ip—1)
XZ¢XE(N’ N >¢XS<N’ N )
j<N-1
i = (i—1)\2
+_ Z nZO'O' pz QZ Z QSXE(N’T)) )
i<N—-1 J<N-1

where the last line corresponds to the error terms coming from the diagonal.
Consider finally Nj. defined in (D.9). Using |e® — 1 — 2| < C(||gnlloc)z? for z < ||gnll and
bounding w; — wj11 by C(p) > 0 for each j < N — 1, we may write, for each n € Qy:

A AC(p)C(gn) 2
Ns(n) < =+ > Wit — wjl(mie1 — ny)CPuy + — > us(C) (D.11)
j<N-1 j<N—1
Bounding C? by 2B%+2D? (defined in ([3.31])) with D. bounded by O(N '), the last term in (D.11])
satisfies:

)‘C(ﬁ)C@h) Z ‘ ; C«gh)2| < AC(ﬁ)C(gh) Z |uj(th)2‘+)‘C,(/779h>'

A/ AIR) . 2N IR N

N , N .
J<N-1 J<N-1
The term involving B. above is an average over 5 < N — 1 of terms of the form N*3|X“§|37{0} with

the notation of Corollary |A.9, for tensors vg satisfying supy ; sup A3, |U§] < 00. It is therefore con-
trollable with size N~%/2. Proceeding as in the proof of Lemma [4.6| (see between (4.65)) and (4.67)))
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to estimate the first sum in (D.11)), we conclude that there is a function v and a controllable
error term AN3 with size N~/2 such that, for each € Qy:

1+1 5—(G+1
N( )<HN - Z Z U Qz gh Jz¢x ( N’ <]V )> +9N’3(77)-
J<N Lig{jj+1}

By (D.5]), the middle term is bounded by KC'(h)]||¢|/se for some C(h) = C(gn) > 0. The function
Yg(g) is defined as:

Y(x,y) €, Ya(g)(x, y) = —4/ O1gn(2,y)Pye (2, 2 — ) q(x) dz. (D.12)
(7171)

To summarise, we have established the following. Take § = 1/6, recall that D, s 5 is given in ,

recall the definition (D.10)-(D.12) of YA, Y:? and define:

2

A
Ao = EY;U +AY®), (D.13)

and:
£ - % -
Ay =TV (AZ) ) + Dijep + 5+ A[ONO 4+ V0] + Eem Y Z N,
p=2
where € is the random variable of Lemma [3.3] There is then c¢(h) > 0 such that, by Feynman-Kac
inequality, for each A > 0:

lim sup P/% (% /OT [[W Y (NV9) = &] () — e(h)K (A + 1)5] dt > 9) <e M. (D.14)

N—o0

As Dyjgr, €, 0N, 0N are error terms for i € {0, ..., 3}, thus have time average vanishing with N
according to Proposition [C.2], we have proven:

(1
lim sup P, *" <—/ (W, — I (N | () > 9) < e AT/
N—o0 T 0
Lt
+ limsup P, (?/ Zye(ne)dt + c(h,q) K(A+ 1)e > 0/2). (D.15)
N—o0 0

Taking \ = ¢~ /2, we see that it remains to evaluate the probability in the right-hand side. We do
so through Lemma [£.4] Assume that ¢ is smaller than some £(6, h, q) € (0,1), chosen such that:

Ve < e(0,h,q), c(h,q)K(eV?2 4+ 1)e < 0/4.

Then, for any € < (6, h, q):

w1 (T
lim sup P, (? / Zopp (ne)dt + c(h, ) K (e7? + 1)e > 9/2)
0

N—oo

N—oo

(1T
<limsup P, (f/ Ze-1y2 . (ny)dt > 9/4).
0
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The function Z_-1/z ., defined in (D.13)), is in C*(>)NC?*(<), and lim, 44 g(z) =0, d1g(-,£1) =0
implies that Z_-1/2 . vanishes on 90J. Moreover, from (D.10)-(D.12)) and (D.5), we find:

”Za*1/2,5||2 < C(h7 q)€1/2‘

Proposition thus applies and gives the existence of ¢, > 0 such that, for each € < (6, h, q):

N (1T 0T doT
limsup P (= | Z.- dt > 0/4) < [_—]< [_—. D.16
im sup P, (T/o 172, (1) / ) e By 7 8 e R TeT e (D.16)
Putting (D.15) and (D.16) together concludes the proof of Proposition [D.1] O

E Sobolev spaces

Definition E.1. Let U C R? be a bounded open set with Lipschitz boundary. Forn € N andp > 1,
let WP(U) be the following space. If n =0, it is simply LP(U). If n > 1, W*P(U) is the set of
functions f € LP(U) such that, for any (ni,ns) € N* with ny + ny < n, there is f""2 € LP(U)
satisfying:

Vu € C2(U), / P, )0 052 ul, y)dady = (~1)™+ / £ (2, (e, y)dedy.
U U

WnP(U) is a separable Banach space for the norm:

1/2
VPeWrW),  lwsar = [ X I )

(n1 ,’ng)ENZ
ni+n2<n

Moreover, the set C=(U) of restrictions of elements of C*(R?) to U is dense in W*P(U) for
| - llwnr@y. In the special case p = 2, define H*(U) := W™P(U). This is a Hilbert space.

Along the text, we make use of the following Sobolev embedding results (see Theorem 4.12 in
[AF03] and Theorem 1.4.4.1 in [Grill]).

Proposition E.2. Let U C R? be a bounded set with Lipschitz boundary. The following embeddings
hold.

o Let p>2 and n € N*, then W*?(U) c C*(U).
e Letp>2 and n € N*, then WP(U) C Wo4(U) for any £ <n —1 and any q > 1.

In our case, U =W = < U >, where we recall that 0= (—1,1)>, U=0\ D and > = {(z,y) €
Az <y} =\ {<}. We are interested in the subset 7/, defined in ({2.16)), of the topological dual
T of T.

Definition E.3. If (X, || - ||x) is a Banach space, let X' be its topological dual, equipped with the

norm:
Voe X,  Ny(d)= sup |6(x)|

sexvioy llzllx

(E.1)

145



If f: =R, let fo(z,y) = [f(z,y) + f(y,2)]/2 denote its symmetric part, and let T, C T be the
subset of elements 11 satisfying I1(f) = 1I(fs) for any f € T. Then:

T, Ao sy O ) 0

(E.2)
rervoy Ifllee@  remvoy I fslle@  remvioy I1fis llme(s)

where fi. is the restriction of f to >. T] is closed for the norm (E.2)).
The weak® topology on T’ is the topology of simple convergence: a sequence (I1,,) € (TN weak*
converges to Il € T" if and only if:

vieT, lmIL(f)=M1() < vfeT,  limI(fi)=T(f)

The set T is also closed for the weak™ topology. We write (7;’, *) when explicitly referring to this

S

topology.

F Poisson equations

In this section, we give conditions for the existence and uniqueness of solutions of the various
Poisson equations - among which the main equation (2.31]) - encountered along the text. We
rewrite them all in a common framework, for which we need to introduce some notations.

Recall that O := (-1,1)2, @ =0\ D and > = {(x,y) € D : z < y}, < =\ >. The Poisson
equations encountered in the text are formulated as equations on J involving symmetric functions.
To solve them, it is therefore enough to look at the equation in a single triangle, say >. For
u,v : H'(>) — R, define a function I.(u,v) as follows:

V(z,y) € >, I (u,v)(z,y) —/ O19(z,2)7 (2 )le(z,y)dz+/y Oap(x,2)a(2)01¢(2,y)dz

T

/ Dz, 2)3 (=)Dt (y, =) . (F.1)

Finally, let v. denote the outwards normal from > to the diagonal. Given symmetric ¢, : 1 — R
and a € {0,1,2}, m € {0,1}, e € {0,1,2}, we say that f : 1 — R solves the Poisson problem
(P) = (Ppup,amme) if fis symmetric, and f. is a classical solution of (Py), where:

( afwn+ T o) + Lo ) 4wl (1.5)
(P.) : +mls(f,0) +mls (¥, f) = ¢(x,y)  for (2,y) € >, (F.2)

Of=0 onD,
f=0 on (0>)\D.

\

Remark F.1. e When u, v are defined on 1 and symmetric, I (u,v) is simply:
e en L)) [ 00l = 100.0)y),
~1,1
with I(u,v) = [ _ 1) 1)5(2)v(z,y)dz.
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e Ifa=0,¢=hecS(ep), mmnc{0,1} and ¢ € C? () has norm 1, then (P) corresponds

to the Poisson problems encountered in the proof of large deviations, in and
respectively.
If a € {1,2}, (P) is a rewriting of the main equation with unknown f = g — go — h,
where gq is the inverse correlation kernel of the steady state of the open SSEP in the large
N limit. If h € S(ep) is known and one seeks to find a solution g € gy + S(e¢), then this
amounts to solving (P.) with my =1, 0 =2, a =2, ¥ = h + 2gy and:

a'(x)

V(z,y) e, olz,y) = —1o(go, h)(x,y) — Lo (h, go)(x,y) — %Qh(f&y) (F.3)
a'(y)
— @@M%y)-
If instead g € go + S(e¢) is known and one seeks h € S(ep), then gy =1, 17, = 0, a = 1,
Y = g and:
V(z.y) €,  d(z,y) = —1(90.9 — 90)(2,y) = I-(9 — 90, 90) (2, Y)
=T — g ) - T Doy(g - g)wy). (F)

a(z) a(y)

In the remainder of the section, we study existence, uniqueness and regularity of solutions of

(P). For » € {>, <}, we write (-, ->* for the usual scalar product on L?(x), and simply (-,-) as
before for the scalar product on L?((J) = L*(7). The norm on LL?(I9) is denoted by || - ||o. Let also
tr denote the trace operator on the boundary of 1. When interested only in a portion I' of the
boundary, we may write trr.
We will use the fact that the Laplacian with 0 Dirichlet boundary condition on (0>) \ D and 0
Neumann boundary condition on the diagonal D has a gap a > 7%2/4 > 0, see e.g. Equation 5
in Section 3.3. of [Siul6|. This means that, for any symmetric f € T satisfying the boundary
conditions of (P.), one has:

Ifiellz < HIVAIE = IIflI5 < a7 IV (F.5)

F.1 Existence and uniqueness

We first obtain existence and uniqueness of solutions of (P) in the set T(py C T of functions satis-
fying the boundary conditions of (P) by a fixed point argument. The set 7(p) and its counterpart
T(p.) for functions on > are defined as follows:

Tipy =T N{f:trp(d,. f) =0},
Ty =X (>) N {f:te(f) =00n 0(>) \ D, trp(d,. ) = 0} = {fis - f € Tip) }- (F.6)

Proposition F.2 (Solving (P)). Let ¢ € L2(A), v € T be symmetric functions. Let a € {0,1,2}
and n € {0,1}. For f € Tipy, define Sf as the symmetric function such that, for (z,y) € >,

ac’(z) ad’(y)
a(z) (y)

+mle (f, ) + mIs (¥, )] (F.7)

Sf(l',y) = _A;1 _¢(x7y)+ alf($’y>+ an(x7y)+772Il>(f7f)

147



Above, AZ! is the inverse of the Laplacian on t> with 0 Dirichlet condition on (0>) \ D, and 0
Neumann conditions on the diagonal D.

Then Sf € Tipy. Moreover, if a =0 and ||Vl <1, ||¢]|a < 1, then S has a unique fized point
Jow € Tipy with || foullm@ < V2 and || foplleo < C, for a numerical constant C' > 0.

If a € {1,2}, there are g4, > 0 such that, whenever (p_,py) € (1/2 — €,,1/2 + €,) and

a

|62, [Vl < e, there is §(e,) > 0 such that S has a unique fized point fy, € T(py, with
[ foullen @ < dalea,€;) and lim )10 6(2,y) = 0.

Proof. We prove that S is a contraction on 7(py for the norm ||V - ||,. Let us start by showing that
S is well defined. The inverse operator AZ! exists by Lemma 4.4.3.1 in [Grill] and, by Theorem
4.4.3.7 in |Grill], maps L*(>) onto T(p,). It follows that S(7(p)) C T(p).
We now prove that S is a contraction. For f € 7(py, one has:
IVSFlz = <(V5f) SHe)e + (VS (VS f)a) (F.8)
—((SHes (ASHe) . = ((SFa, (ASf)1a), = —(ST,Af) (F.9)

The integration by parts is legitimate by Theorem 1.5.3.1 in [Grill]. Let us compute the right-
hand side. For f € T(p), write ¢’ for p'o’(p). By convention, if ¢ : (—=1,1) — R, we write

af (z,y) == q(@)f(z,y), fa(z,y) := f(z,y)q(y) for (z,y) € 1. The symmetry of f,¢ enables one
to extend I.(f, ), I. (¢, f) and I.(f, f) to [J with a nicer expression, e.g. for I.(f,):

W) €8 L)) = 1000w = [ oo

: ( /(—1,1) =)0z a:)de) " ( /(—1,1) a(z)o0(z, y)2d2> "

As a result, by Cauchy-Schwarz inequality and using |0 f]l2 = 27Y2||V f|» as implied by the
symmetry of f, one has:

(55, 107.0)] < 171101 0wl < 27218 2]V Flellodreslo
Recalling the expression of Sf from (F.7) and using ¢ < 1/4, (F.9)) is therefore bounded as follows:

||Vf||2[

IVS£13 < 15 F1s (Il + allo™ 01 £l + BV F I +8VIn ooyl ).

Since Sf € 7(py, the Poincaré inequality can be applied to S f and yields:

HVsz[

195712 < a2 (119l + allo™ 0Dy flls + =22 [a]| 9 fllo + 8VEmiloon ] ). (F-10)

By similar computations, if fi, fo € T(py, one obtains:

IV(Sfi = Shlle < ™2 (allo™ o' or(fy = f2)ll

n IV(fi — f2)ll2 [

R IV Aill + |V Ealle +8V2m a0l ). (1)
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To prove that S is a contraction, due to the quadratic term in , we first look for ¢ > 0 such
that the ball B(0,c¢) = {u € H' (D) : tr(u) = 0 on 0, ||Vulls < ¢} is stable under S. Let us
separately treat the different values of a,ny, 7.

Consider first a = 0 and 7,72 € {0,1}. Bounding & by 1/4 in ||d01%||2 turns into:

\Y
I f||2[

1951l < a2(Jlgllo + 1971 +219%11) ).

Recall that a > 72/4. Taking ||¢[l2 < 1, we see that e.g. B(0,1) is stable under S as soon as
Vo2 < 27 — 9/2, in particular 2 — 9/2 > 1. This value of ||[V#||2 also ensures that S is a
contraction, as (F.11]) becomes, since v/2||a01¢ (|2 < 4[|V |2:

7 1
IV(Sfi = Shll2 < (1= ) IV (A = £o)ll2 < 51V = £2)ll=

There is thus a unique fixed point fy € T(pyNB(0,c) with ¢ = 1. Poincaré inequality yields
| fouwllmn@ < (1+4/7%)Y% < /2, and Theorem 4.3.1.4 in [Grill] yields || f4y|la2@ < C for some
universal C' > 0. The Sobolev embedding H?*() C C°(>) N C°(<) implies || fyulleo < C' for a
universal C’ > 0 as claimed.

Consider now the case a € {1,2}. Letting A := 27"/2sup, |¢/(x )]s ([F-9) becomes:

IVSfll2 < a*1/2(|‘¢\|2 + (aA + V2||501)|2) e + CZ)

B(0, ¢) is stable under S as soon as:

2

CZ + c<aA —al?y \/§Ha—alzp|12) +[l¢ll2 < 0. (F.12)

There are €4, ¢/, > 0 such that, for any € € (0,¢,], €’ € (0,¢}], whenever (p_, py) € (1/2—¢,1/24¢)
and ||@||2, [[601¢||2 < €, the above polynomial has at least one real root ¢, (e, ") > 0. This ensures
that B(0, c,(e,€")) is stable under S. Using ([F.12)), (F.11)) then becomes:

Ca(g,€)?
4

Choosing € = ¢,, ¢’ = ¢/, small enough ensures that S is a contraction, thus has a unique fixed point

fow € T(py N B(0, ca(ga, el)). By Poincaré inequality (F.5), Hf¢wHH1(Z < colEg, ) (1 +aV?) =
da(Ea, e’:‘a) with limg2s, 0 d(z) = 0. This concludes the proof. O

|95 =Sk, <072 + cale,€)a = 8l IIV (fi = )z

To define the quantities eg, ¢ arising in Assumption and Theorem [2 - For h € S(«) for
some « > 0, let ¢ = ¢(h, p+, p—), ¥ = ¥(h, ps, p—) be given in and above . Then:

[0]l2, [V ll2 < wlps, p-) + Clp2) IVA]2, (F.13)

for a constant C'(p+) > 0, and a positive continuous function w which vanishes when |p;—1/2|, |p_—
1/2| are small. With the notations of the proof of Proposition the solution g, of the main
equation is then given by:

gn=Jow T g90+th = [Vigh—go)ll2 < calea, €3) + | Vhl]2, (F.14)

and we can now define the ep, ¢ arising in Assumption [2.1 and Theorem 2.5
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Definition F.3. Consider the a = 2 case, corresponding to the main equation with data
h € S(ep) for some eg > 0 to be chosen below, the corresponding ¢, being given in and above
(F.3). Recall that h € S(ep) implies ||h||2, [|Vh|2 < eg. For any eo > 0 such that py,p- €
[1/2 — £9,1/2 4 &3], choose eg € (0,1/2) such that:

e The contraction S has a fized point fy. .

o a2 (co(ea,6h) +ep) +ep < 1/2, eh i =w(py,p_) +Clps)ep.

Such an ep ezists for small enough €5 by the proof of Proposition |F.Z and (F.13). To define ¢,
recall that o > 2 /4 is the spectral gap of —A on the triangle 1>, and define:

Eq = 04_1/2<CQ(€2,6/2) +5B) +ep < 1/2.

The definition is meant to ensure the following: by ([F.14]), Poincaré inequality and the fact
that the fixed point fj, = gn — go — h in the a = 2 case lies in B(0,e¢),

IV (g1 — go)ll2 < calea, ey) + e < eq,

and:

lgn — goll2 < |All2 + [lgn — go — hll2 < ep + a/*(ca(e2, €5) + || VA|2)

< a’1/2(02(€2,8'2) + 53) +eg=c¢q.

F.2 Regularity estimates

In Proposition the solution of (P) has been shown to be in a certain H? space. In this section,
we use results of [Grill] to argue that the solution of (P) is more regular if the data ¢, are
regular. The study of regularity is made very complicated by the presence of corners.

Proposition F.4 (Theorem 5.1.3.1. in |Grill]). Let b € N and let ¢ € WoP(1>). Let Sy, S5, S3
denote the corners of > numbered in a counter-clockwise fashion, with Sy the upper left corner.
Consider on > the problem Af = q, with the boundary conditions of (P.). If b = 0, then [ €
W2P(>). If b <3, f € Wor2P(1>) provided q vanishes at the corners, i.e. provided:

vj € {1,2,3}, q(S;) =0. (F.15)

Remark F.5. Though the statement of Proposition [F.4] makes no mention of them, we recall
notations from |Grill| so that the reader may check that Theorem 5.1.3.1 applies to our case.
Label by j € {1,...,3} the line segments composing 0> in a counter clockwise fashion, with the
convention that j = 1 for the y = —1 segment. S; is then the point joining segments 7,7 + 1 in
O>. Let w; be the counter-clockwise measure of the inwards angle at .S;:

/2 ifj=1,
wj =
T \w/4 ifje{2,3})
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Let v; = p; denote the unit outwards normal and 7; be the (counter clockwise) unit tangent vector
on the line segment j. Define also ®; = 7/2 if j € {1,2}, ®; = 0 if j = 3 and P53, := ;. Finally,
for m € Z and each j, define:

o o . 2m =1,
Ny = 24— LTI S 4y it j =2, (F.16)

w .
! —24+4m  if j=3.

|
In our context, Proposition translates to the following result.

Proposition F.6 (Regularity of solutions of (Px)). Let ¢,1 be such that the solution fs. given
by Proposition [F.3 exists.

1. Assume a = 0, let ¢ € C*(>) N C?*(>) be symmetric, and let ¢ € S(ep). If ¢pn = 0, then
fow € WP (D) for any p > 2.

2. Ifa=1 and r > 0 is small enough, let g € go + S(r) and define h := fs, — go + g with the
choice of ¢, given in and above (F.4). Then fs,, € W*P (D) for any p > 2, and h € S(r')

for some ' > 0.

3. Ifa=2 and h € S(ep), define g, :== fop + go + h, with the ¢, given in and above (F.3).
Then f4.,, € WD) for any p > 2, and g, € go + S(eq).

Proof. Since f4, is symmetric, we work only on I>. Let us first treat all claims of items 2 and 3
that do not have to do with the regularity of f .

Recall the definition of S(e) for e > 0. E.g. for item 3, the estimates on ||V fs,|2 in
Proposition already prove that, if h € S(ep) and ¢, are chosen as in and above , then
Gn = feup + go + h satisfies ||gn — goll2, |V (9n — 90)|| < €. Let us check that g, — go satisfies the
boundary conditions in S(eg). By definition, of gy and S(eg), (90)oo = 0 = hjoo. gn = fow+go+h
already gives (gn)pn = 0. Moreover, using 0, fs.p = 0 (O, [y, € H'(>) has a well defined trace
on Or>), one has:

O (9 — 90)(S;) = Oy (s + 1) (S;) = 0.

It follows that g, € go + S(eg). Similar statements hold for item 2.

Let us now focus on establishing that fy, is regular. For short, write f = f,., and g5 for the
bracket in the right-hand side of ; so that Af = ¢y in >. Let p > 2. The idea is classical:
if f € W*2([2), n € N, we want to prove that ¢; € W'™P(I1), from which f € W3t"r(0)
by Proposition provided ¢ satisfies suitable boundary conditions. To implement this recur-
sion scheme, we first prove that ¢y € LP(J). By assumption on ¢, in the a = 0 case (using
C?(>) € W**(r>) for any s > 2), and from (F.3)-(F.4) if a € {1,2}, we see that it is the regu-
larity of f only that limits the regularity of ¢;. The fact that ¢ € L?(I4) then follows from the
embedding H' () C L*(1), valid for any s > 2, see Proposition [E.2] It follows that f € W2P(1)
by Proposition [F.4]

To obtain further regularity on f, we need to check that gy is in W*=1P(I2) whenever f € WP (1)
for b € N*, and also that ¢y satisfies the condition (F.15)) in Proposition
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The refularity of g; boils down to proving that I (u,v), defined in (F.1), is in W*P(1>), b € N*,
whenever u,v € WP(1>). This is the claim of the following lemma.

Lemma F.7. Let p > 2 and 1 < b < 4. Let u,v € W*P(1>), and recall from (F.1) the definition of
I.. Then I.(u,v) € WoP(>).

Lemma is easily proven by approximating u,v in W®P(>) by sequences in C*°(1>), and
integrating by parts.
It remains to prove that g, satisfies the condition of Proposition |F.4] i.e. that ¢;(S;) = 0 for
j € {1,2,3}. By assumption in the a = 0 case, and from 1) if a € {1,2}, one has ¢ =0
on J0J. Integrating by parts, I.(f, f) and I.(f, %), I. (¢, f) also vanish on 9. It follows that

q7(S;) = 0 for j € {1,2,3}, thus f € W*P(IJ). Since p > 2 was arbitrary, this concludes the

proof. O]
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Chapter 4

Ising interfaces and contour dynamics

This chapter contains an article that was first put up on the Arxiv in May 2020. Compared to the
online version, some notations have been modified and some mistakes fixed.

Abstract: We study large deviations for a Markov process on curves in Z? mimicking the
motion of an interface. Our dynamics can be tuned with a parameter 3, which plays the role of
an inverse temperature, and coincides at 5 = oo with the zero-temperature Ising model with
Glauber dynamics, where curves correspond to the boundaries of droplets of one phase immersed
in a sea of the other one. We prove that contours typically follow a motion by curvature with an
influence of the parameter 3, and establish large deviations bounds at all large enough 8 < oco.
The diffusion coefficient and mobility of the model are identified and correspond to those
predicted in the literature.
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1 Introduction

A basic paradigm in non-equilibrium statistical mechanics is the following. Consider a system with
two coexisting pure phases separated by an interface, and undergoing a first-order phase transition
with non-conserved order parameter. Then, macroscopically, the interface should evolve in time
to reduce its surface tension, according to a motion by curvature. For microscopic models on
a lattice, some trace of the lattice symmetries should remain at the macroscopic scale, and the
resulting motion by curvature should be anisotropic. The following general behaviour, known as
the Lifshitz law, is expected: if a droplet of linear size N > 1 of one phase is immersed in a sea of
the other phase, then it should disappear in a time of order N2. (Anisotropic) motion by curvature
should correspond to the limiting dynamics, when N is large, under diffusive rescaling of space
and time. Phenomenological arguments in favour of this picture go back to Lifshitz [Lif62], and
can be summarised as follows. Consider a model with surface tension t = ¢(IN), which depends
on the local inwards normal N to an interface. We work in two dimensions to keep things simple.
The surface energy associated with a curve v separating two phases reads

where s is the arclength coordinate on . The postulate, on phenomenological grounds, is that the
local inwards normal speed v to the interface reads

v :MH' (1.1)

The quantity p = p(IN) is the mobility of the model, computed by Spohn in [Spo93| using linear
response arguments. Let us relate ((1.1)) and motion by curvature. The change in energy induced
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by the motion of a length ds in the normal direction N is equal to (¢(N)/R(IN))ds, with R(IN) the
radius of curvature at N. As such,

v=ptk =:ak, with a(N)= p(N)t(N) the anisotropy and k = 1/R the curvature. (1.2)

A closed curve satisfying ((1.2)) is said to evolve according to anisotropic motion by curvature. A
set with boundary following this equation is known to shrink to a point in finite time for a wide
range of anisotropies a, see e.g. [LST14a] and references therein.

Ideally, one would like to start from a microscopic model with short-range interactions, with
at least two different phases initially segregated on a macroscopic scale, and derive motion by
curvature ([1.2)) of the boundaries between the phases in the diffusive scaling. To this day however,
results on microscopic models are scarce. Let us provide a (non-exhaustive) account of works on
the subject.

The paper [Spo93], already cited, is a landmark in the rigorous study of interface motion starting
from microscopic models. A major difficulty is to understand how to decouple, from the compar-
atively slower motion of the interface, the fast relaxation inside the bulk of each phase. Indeed,
in a diffusive time scale and at least for models with local interactions, one expects the bulk to
behave as if at equilibrium.

In one dimension, motion by curvature has been proven for a number of interacting particle sys-
tems. It usually boils down to the heat equation in this case, and the Lifshitz law is related
to freezing/melting problems, see |[CS96||CKO8|[CKG12|, as well as |[Lacl4] and the monograph
|Car+16).

In two dimensions, a landmark is the proof of anisotropic motion by curvature for the zero tem-
perature Ising model with Glauber dynamics (or zero-temperature stochastic Ising model). The
drift at time 0 was computed in |CLO7| before the full motion by curvature (1.2)) was proven in
[LST14b]-[LST14a]. Their proof crucially relies on monotonicity of the Glauber dynamics.

More is known on another type of microscopic models for which some sort of a mean-field meso-
scopic description can be achieved. This comprises the so-called Glauber+Kawasaki process
[DFL86] (see also [BBP1§| for an account of works on the model), which has local evolution rules,
and models with long range interactions such as the Ising model with Kac potentials [Com87]|De
+93||[De +94][KS94]. For these models, studied in any dimension, the derivation takes place in two
steps: first deriving a mean-field description of the dynamics, then rescaling space-time to derive
motion by curvature. As a result, lattice symmetries are blurred and the resulting motion by cur-
vature is isotropic. Note however the recent works [FT19]|Ket+20], where a Glauber+Kawasaki
dynamics is considered (respectively Glauber+Zero-range), in dimension two and above. In these
works, the existence of an interface between regions at high-and low-density is established, and
motion by curvature for this interface is obtained directly from the microscopic model, in a suitable
scaling of the Glauber part of the dynamics.

A last category of models comprises the so-called effective interface models. By definition, the
bulk of each phase is disregarded. One associates an ”interfacial” cost to the graph of a given
function, seen as an interface between phases. These comprise the so Ginzburg-Landau model in
any dimension, see [FS97], and more recently Lozenge-tiling dynamics in dimension three [LT18].

Another related line of investigation concerns large deviations of the interface dynamics around
motion by curvature. Assuming Gaussian-like fluctuations around the mean behaviour (1.2)), the
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rate function describing the cost of observing an abnormal trajectory 7. = (7¢)¢<r should read

I(y) = /OTdt/% %da (1.3)

with s the arclength coordinate on 7. In the assumption of Gaussian fluctuations leading to ,
one of the difficulties is that it is not even clear how the noise should be incorporated into the
deterministic equations describing the interface motion. Extensive work on this question has been
carried out for some of the models listed above in recent years, notably in [BBP17al-[BBP18| (see
also the references there). In [BBP17a], the stochastic Allen-Cahn equation is considered. It is
known that, in the diffusive (or sharp interface) limit, solutions to the Allen-Cahn equation satisfy
motion by mean curvature in some sense, see [[Im93] [ESS92| [BSS93]. In [BBP17b|, regularity of
solutions to the stochastic Allen-Cahn equation depending on how the noise is added are studied,
and a large deviation upper-bound in the joint diffusive, small noise and vanishing regularisation
limits is established in [BBP17a]. The associated rate function coincides with in simple cases,
e.g. for a droplet trajectory with smooth boundary. The authors however use tools from geometric
measure theory, which enable them to consider very general trajectories that may feature nucle-
ation events.

In [BBP18], upper bound large deviations for both Glauber+Kawasaki process and Ising model
with Kac potentials are investigated. They prove that is the correct rate function for smooth
trajectories and discuss how to extend it to more general paths.

To the best of our knowledge however, no large deviations result for microscopic dynamics with
local interactions have yet been published. In particular the question of large deviations for the
zero temperature stochastic Ising model is still open.

In this work, we make a contribution in that direction. To do so, we study a microscopic modi-
fication of the zero-temperature Ising dynamics in terms of a parameter § > 0. At each § > 0,
we consider contours evolving according to zero-temperature Ising rules, except for the parameter
B, which plays the role of an inverse temperature acting on local portions of the contours. The
model at each 8 > 0 has reversible dynamics and, contrary to the zero-temperature Ising case,
the dynamics is not monotonous. The § = oo case corresponds to the zero-temperature Ising
dynamics.

We implement in our framework the large deviation method initiated by Kipnis, Olla and Varad-
han in [KOV89| (see also [KL99]). There are substantial difficulties as we are dealing with curves,
i.e. one-dimensional objects, evolving in two-dimensional space. One of the advantages of the
method is that we no longer rely on monotonicity of the dynamics as in [LST14a]. Monotonicity
appears difficult to use for large deviations in any case, as atypical events, such as closeness to some
atypical trajectory, are in general not monotonous. At each large enough # > 0, we prove that the
dynamics approaches anisotropic motion by curvature in the large size limit, with a dependence
on the parameter 3. At the formal level, the 5 = oo case indeed corresponds to anisotropic motion
by curvature in the sense of [LST14b]. We also obtain large deviations for the model. The large
deviations results give upper- and lower-bounds, which coincide for smooth trajectories.

As opposed to the zero-temperature stochastic Ising model, an interesting feature of our model

at finite § is that its dynamics is reversible. This enables us to connect our results with metasta-
bility for the Ising model initially at equilibrium in one phase, forced out of equilibrium with a

156



small magnetic field of opposite sign [SS98|. We briefly discuss in Section the existence of a
threshold value of the volume of a droplet, depending on the strength of the magnetic field, below
which droplets typically do not grow and above which they typically do. The speed at which the
droplet grows is also easily estimated thanks to the large deviation results. The interested reader
will find an up to date account of results on metastability in the Ising model in [GMV20], and may
refer to the books [OV05[-[BD16].

The rest of this article is structured as follows. In Section [2 we introduce the microscopic
model and fix notations. The dynamics is introduced in details, while useful topological facts are
collected in Appendix [B] The main results of the paper are listed in Section 2]

In Section [3, we investigate some martingales used to obtain large deviations, and show how
motion by curvature emerges from the microscopic dynamics. Though computationally intensive,
we have tried to use this section to showcase the main differences between dealing with a one-
dimensional interface in two dimensions, and a purely one-dimensional system. A number of
technical results and sub-exponential estimates are postponed to Section [6] and Appendices [AHB]
Section [0] is a collection of estimates that are genuinely particular to our model, concerning the
dynamical behaviour of the poles, i.e. the sections of the contours on which the parameter [
acts. Albeit very technical, the estimates on the poles are essential. We also explain there the
connection between our dynamics and suitable one-dimensional exclusion and zero range processes
as in [LST14b|. This connection is again used in Appendix |Al to prove an adaptation of the so-
called replacement lemma to our model. An important estimate allowing the restriction of the
contour dynamics to a nicer state space is also proven there, as well as some equilibrium estimates
around the pole. Appendix |B| gathers useful topological properties and the proof of exponential
tightness.

In Section [4, we obtain upper-bound large deviations for large enough § > 0. Finally, Section
deals with lower-bound large deviations, i.e. with hydrodynamic limits for tilted processes.

2 Model and results

2.1 The contour model

Consider the zero temperature, two-dimensional stochastic Ising model on (Z*)?, that we now de-
fine, with Z* the dual graph of Z. On configurations, i.e. elements o of {—1, 1}(2*)2, one defines a
dynamics as follows: at rate 1, each vertex x € (Z*)? is updated independently, and o () takes the
same value as the majority of its neighbours. If it has exactly two neighbours of each sign, then
with probability 1/2 it remains unchanged, and with probability 1/2 it is flipped. This dynamics
is well defined for all time on any subset of (Z*)?, and the so-called graphical construction of the
dynamics (see Section 3.3 in [Mar99]) enables one to couple the dynamics starting from any initial
configurations and with any boundary conditions. It is also monotonous in the following sense.
Write o < 7 when o(x) < n(z) for each z € (Z*)2. Then oy < 1, for all ¢ > 0, with probability 1.
The dynamics is however not reversible.

The hydrodynamical behaviour of this dynamics is proven in [LST14b|-[LST14a]. Let us provide
an informal description of their results. Start from a configuration with 4+ everywhere except in
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an area of linear size N (a ”droplet” of — spins), corresponding to the discretisation on (Z*)?
of NDy, where Dy C [—1,1]? is a nice enough domain, say with smooth, simple boundary with
a finite number of inflection points. Rescale space by 1/N and time by N2. Then, in the large
N limit, with probability going to one, the rescaled droplet converges uniformly in time and in
Hausdorff distance to the unique solution of an anisotropic motion by curvature starting from Dj.
This flow of sets (D)0 is defined as follows. It starts from Dy and, until a time 7 after which
D, = 0,t > Ty, the boundaries (7;);>0 of the D; satisfy :

Vu e T,Vt < Ty, Oy (t,u) = a(f,(u))?v(t,u) = a(O(u))k(t, u)N(u), (2.1)

where v € T — 7 (u) is a parametrisation on the torus T = [0,1) of each of the v, t < T}; k is
the curvature, 6(u) = 6;(u) is the angle between the tangent vector at point v;(u) and e; = (1,0),
N = N;(u) is the inwards normal vector at 7;(u). The 7/2-periodic anisotropy a is a factor
reflecting the symmetries of the square lattice:

1
2(|sin(6)] + [ cos(0)])*”

a(f) := 6 € [0, 27]. (2.2)
Existence and uniqueness of such a flow is part of the results in [LST14b|-[LST14a]. The proof of
the hydrodynamic limit relies strongly on monotonicity properties of the dynamics, which allow
local comparison of the dynamics with nicer ones.

The contour dynamics

Take a spin configuration o such that o, = + for = outside a finite subset A* of (Z*)?. The
boundaries between — and + spins form closed contours on edges of Z2. In this picture, a spin
r € A* is identified with the square x + [—1/2,1/2]?, which we call a "block”, and spin-flips
correspond to adding or deleting blocks. At strictly positive temperature 37! > 0, a contour
of length L should occur with probability roughly proportional to exp[—/SL]. Let vg denote the
associated probability measure:

vg(y) oc e 71,

At zero temperature however, in a fixed volume with e.g. all + boundary conditions, the only
possible configuration contains only + spins.

We consider a model on closed paths on edges of Ay = [N, N> N Z? for N € N*. For simplicity,
we only allow configurations with a single contour. We want to build a dynamics that is as close
as possible to the zero-temperature Ising dynamics, but has 4 as an invariant measure. One way
to do this is to take the dynamical moves allowed in the stochastic Ising model, and add regrowth,
B-dependent moves to obtain a reversible dynamics with respect to vg. Proximity to the zero-
temperature Ising dynamics is ensured by allowing droplet regrowth only at small zones on the
droplet (see Figure . We call this dynamics the contour dynamics. Importantly, and contrary
to the stochastic Ising model, the contour dynamics is not monotonous. This is illustrated on
Figure [£.3] below.

Additional constraints, e.g. boundary effects, will be placed on the dynamics and on the state
space. We also restrict the study to specific droplet shapes for simplicity. We need however more
notations to state these conditions. Let us now precisely define the contour model and dynamics;
further heuristics can be found in Section 2.2] Take N € N*, recall that Ay = Z*N [—N, N|? and
let Ex = {(z,y) : z,y € An, ||z — y|[1 = 1} be the corresponding set of edges. Define first the
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L1 Rl

Ex-

R3 Ls

Figure 4.1 — Example of a curve in XV. The thick pale dashed line delimits the rectangle . The
quadrants are quarterplanes which depend on the curve. Here (part of) the first three quadrants are
represented: C7 is the dark shaded area, Co the checkered area and ('3 the light-shaded one. In this
example, C7 and C3 have the same origin; this is not true in general. Note that C and Cs intersect. The

* are represented for a vertex .

vectors e;;

state space XV of the dynamics (see Figure , which depends on an additional parameter r > 0,
independent of N.

e Elements of X, denoted by ~, are closed paths on edges in Ey.

e (Four poles). Each v in XY is contained in a unique rectangle of least area, call it R,
which contains the extremal faces of 7, i.e. edges (x,y) where z,y are vertices of v with
one coordinate that is extremal. We impose that each extremal face of v be connected. For
ke {N,E S, W} =1{1,2,3,4}, we call Py the pole number k, corresponding to the vertices
of v on face k of R. We also impose that the number p, = |P;| — 1 of edges with both
extremities inside Py be always greater than 2. Equivalently, ps is the number of blocks with
two corners in P.

e (Monotonicity condition). Denote by Ly, Ry, ..., Ly, Ry € Ay the leftmost and rightmost
extremities of the poles Py, ..., P, when + is travelled on clockwise. We impose that the part
of v between L; and R is a south-east path, the part between Ly and Rj3 is a south-west
path, the part between L3 and R, is a north-west path and, finally, the part between L, and
Ry is a north-east path.

e (Macroscopic droplet condition). Further impose that if v € XV, then Ymax — Ymin > [N7],
Tmax — Tmin > | N7], where ¢,y is the maximum ordinate of a point in 7, etc.
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Figure 4.2 — Some moves and associated jump rates for a typical contour configuration. Positions of
Ly, Rk, k € {1,...,4}, the points that delimit the poles, i.e. the zones where regrowth can occur, are
represented at time ¢_ in dark dots. Possible pole positions after a jump at time t are represented by
light dots. Li, R; are omitted for legibility. Dynamical moves amount to adding or deleting squares of
side-length 1 (”blocks”). Just before the jump, at t_, the pole P53(¢_) had length ps = 2 and both blocks
are removed at the same time.

—
!
1

Figure 4.3 — Two configurations equal everywhere except at the pole: the configuration represented by
the black line has a pole of size 2. Initially, the droplet delimited by the black line contains the droplet
in light colour. A possible update after which the inclusion does not hold is represented in dashed lines:
the contour dynamics is not monotonous.

The last condition ensures that contours delimit macroscopic droplets. It is useful for technical
reasons, see e.g. the proof of the Replacement lemma in Appendix [A] We will always consider
droplets larger than what this condition allows for, so that the parameter r will play no role at
the macroscopic level.

For v € XV, call quadrants C1, ..., Cy the quarter-planes delimited by portions of v between
consecutive (clockwise) poles. More precisely, define C as the quarter plane delimited by the verti-
cal line going through L; and the horizontal one going through R,. We similarly define Cs, C3, Cy,
which may intersect (see Figure [4.1).

Let also V() C Ay be the set of all points encountered when travelling on v. For z € V(v),
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1/2

Figure 4.4 — A configuration v in XV with a forbidden single-flip: the dot denotes a point that, if flipped,
makes v non-simple. The jump rate for such flips is a non-local function of the curve. Rescaled by N,
converges in Hausdorff distance to a curve with self-intersections at points inside quadrants 1 and 3.

define an edge label &, € {0, 1} to be 1 if the edge exiting from z when travelling clockwise on 7 is
vertical, and 0 if it is horizontal. Let e}, e, be the unitary vectors with origin = such that e} gives
the direction of the edge exiting from x, and e, points towards the vertex before x (see Figure .

We can now precisely define the contour dynamics. For each curve v, the following moves are
allowed, summed up in Figure [4.2]

e (Single spin flips). Suppose x € V() is not in a pole of size 2, and the curve at  has a corner,
i.e. e+, and e, are orthogonal. Then, independently of the other vertices, add/remove a
block of extremity z at rate 1/2 whenever possible (i.e. when the curve after the flip remains
simple, or equivalently the event described in Figure does not occur).

e (Shrinking the droplet). Assume the pole Py is made of only two blocks. Suppose e.g.
that k£ = 1, the others are the same. If y(P;) — y(Ps;) > [Nr] + 1, then, with rate 1 and
independently from the rest, delete both blocks with vertices in P;.

o (Added regrowth term). Suppose that x € V() is in one of the poles, and such that z+2e] is
in the same pole (this is simply a way of enumerating elements of a given pole). If x ¢ JAy,
then with rate e=2?, independently from the rest, add two blocks on top of the segment
[z, x4+ 2ef].

The set X? is stable under the dynamics. Moreover, the dynamics was built to be reversible with

respect to the measure u% on X, with:

vy e XN, v(y) =v)5(y) =e P2, (2.3)

where |7] is the length of 7 in 1-norm. When ambiguities may arise, |y|; will denote the length
in 1 norm and ||, the length in 2-norm. Note that the two coincide for v € X». The dynamics
described above is not monotonous because of the regrowth part. The parameter 5 > 0 plays
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the role of an inverse temperature, but only at the pole. The quantity Z = Z% is the partition
function on X:
Z=ZN=> el (2.4)

yeX N

In the following, we always assume that 3 is large enough to ensure that Z is bounded with V.
In practice, § > 3 is enough except in Lemma , where we use 5 > 64log3 for convenience (it
is a technical condition that could be relaxed by considering curves in a larger square than [—1, 1]?).

Let us write out the jump rates c(7,7’) associated with the contour dynamics, 7,7 € XN.
Reversibility with respect to VﬂYB means:

~h ~Bl|

c(v,7)e =c(7,7)e

Single spin flips. Let x € V(7). It is convenient to express the jump rate in terms of edges,
and thus draw a parallel with the Symmetric Simple Exclusion Process (SSEP). Assume z is a
corner of v, i.e. a point where e, and e} are orthogonal. Define a curve 4* in which the block of
diagonal [z, z + e, + €] is added/removed compared to 7. In terms of edges, this corresponds to
exchanging (z + e, ,x) and (z,z + e}), which leads to a change in v whenever:

£z+e;(1 — &)+ &(1 = £z+e;> =1 (2.5)

Note that if = is not a corner, v* = ~. If the case of Figure |4.4] occurs or x is in a pole of size 2,
the flip is impossible and 4* ¢ X, otherwise 7 € X¥. Note also that the left-hand side in ([2.5)
is exactly the jump rate on an edge connecting two neighbouring sites in a SSEP. Define:

1

C<77 ,.yx> = 1’yZEX£VC:r(’y)7 036(7) = E [fszre;(l - 51) + 536(1 - £x+e;)]' (26>

Double flips at the poles: if z is a point of pole Py, k, € {1,...,4} such that x 4+ 2¢} € Py,
and x ¢ OAy, let v7% be the curve v on which two blocks with basis [z, z + 2¢, ] are added (see
Figure [4.2). Then |y™®| = |v| + 2, and we set:

C(’j/, ,y-l-,w) = 1x,:r:+2e;rEsz 6_26‘ (27)

Finally, if the pole P, of v has size 2 and x € Py, we let v~ or v~* be the curve v with this pole
deleted and define the corresponding jump rate:

0(77 ’7_@,) = 1pk:2,’y*’I€X,N' (28)

Let V., H, be the sets enforcing that poles can be shrunk, i.e. that opposite poles are at least at
vertical or horizontal distance [N7] + 1 (1 more than the minimum value for curves in XN):

Vo={rve X, y(P)—y(P) > [Nr] +1} (2.9)
H,={ye€ X, :x(P) —xz(P) > [Nr]+1}. (2.10)
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Let also DP* denote H, or V, depending on k € {1,...4}.
The generator £, 5 corresponding to the contour dynamics acts on bounded function f: XN — R
as:

Lesf() =Y, ")) = f()] (2.11)

zeV(7)

+ Z Z [1DPﬁ,pk=2 ™) = f(n)] + e 1ogony [f(y™F) = f(’Y)H :

k=1 ze P, (vy):z+2ed € Py (v)

Recall that writing x, x + 2e} € Py is just a way of enumerating vertices in Py such that v** can
exist, and that py = |Py| — 1 is the number of blocks in the pole Py. It will be convenient later on
to transform the first line a bit, and allow for fictitious single flips of a block of a pole of size 2.

The first line is then recast as (recall (2.6))):

DRACHTICOENIC) E-5 SE NI SN VICO B e} (212)

4
z€V (%) k=1 x€{Ry,Li}
Define the set C of test functions:
C={GeC.(Rs x [-1,1]) : ,G, 8,G, 0;0,G € C(Rs x [-1,1%),(3,5) € {1,2}*},  (2.13)

where the ¢ subscript means compactly supported. Then (C, || - ||o) is separable.

We shall later need to consider a larger class of dynamics. For H € C, define another (time-
inhomogeneous) Markov chain with generator £, g iy by modifying the jump rates as follows (recall
that I' is the set with boundary ~):

1 1
Vit > 0, CHt(,.%,y/) = C(»‘}/’,-Y/) exp |:—/ Ht/N2 - — Ht:| . (214)
The probability measure associated with the speeded-up generator N2L, 5 will be denoted by
P; i, or simply P, when H = 0. The corresponding expectations are denoted by E; ;, EY;
respectively, and the law of the process induced by PY; 5, PY; is denoted by Q5 1, QNs.

Macroscopic and effective macroscopic state spaces. We define here the space of macro-
scopic curves. All microscopic curves, rescaled by N~!, are elements of the set X of non-empty,
connected compact subsets of [—1,1]? with perimeter bounded by 8. This set is compact for the
topology associated with the Hausdorff distance dy. It is of course much too large, and we work
instead with an effective state space &,, which contains only curves with four poles satisfying a
monotonicity condition similar to the one for X¥. In addition, we shall define &, to ensure that
the constraints V,., H, defined in — are satisfied, and that any pathological curve, like the
one of Figure [£.4] is discarded. Informally, one should think of &, as follows:

E=XN {F C [~1,1]* : T has four non-intersecting poles, satisfies a monotonicity condition
and OI is a simple curve}.  (2.15)

In practice, the definition of &, is more subtle, as we want it to be closed for the Hausdorff
distance and we need to allow droplets with non-simple boundaries, corresponding to curves with
poles standing atop vertical or horizontal lines. It is detailed in Appendix [B]
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Figure 4.5 — A possible initial condition I'g. The reference frame Ry = (O, e_r /4, €5/4) is represented, and
the graph of f! appears in light colour. The position of the origin O is not relevant.

Definition 2.1 (Initial condition and notations). In the rest of this article, unless explicitly stated
otherwise, parametersr > 0, 3 > log3, H € C are fixed once and for all (or > 641og3 in Lemma
see ) A parameter ro > r is also fixed and we consider, for N € N*, the dynamics given
by ]P’%’H that starts from some T'Y € NE,, satisfying:

o (NT'TI)n converges in Hausdor(f distance to a set Ty € &,,, and each N'TY and Ty are at
a distance at least dy = 1/2 in 1-norm from the boundary of [—1,1]%. We call &,,(1/2) C &,
the subset of such curves, and in general E.(d) C &, is the set of droplets at 1-distance at
least d > 0 from the domain boundaries.

o The boundary vy of I'y is a Jordan curve, nowhere flat or vertical, i.e. there is no point
x € vy admitting an open neighbourhood inside v on which the curvature vanishes.

Unless otherwise said, d is a fivzed number in (0,1/4). Travelling on a curve in XN is always done
clockwise. Moreover, we set Ps := Py, Py := P,. In this article, Og(0) always means: bounded by
a constant depending on an object G times d for 0 > 0 sufficiently small. The letter C' is used to
denote a constant that may change from line to line, and C(G, ) means that the constant depends
only on G,d and a numerical factor.

Importantly, if YN € XY, we unambiguously write v~ € NE, instead of TN € NE,, when v =
OTN. We also sometimes treat IP% as a measure on trajectories taking values in N~1XY instead
of XN. The letter T will always denote a "droplet”, i.e. a compact subset of R?, or a trajectory
or droplets; and the letter v its boundary, or the trajectory of the boundaries.

2.2 Heuristics

Before stating the results, let us give an idea of what the contour dynamics does, and describe how
it relates to the Symmetric Simple Exclusion Process (SSEP). One should always have in mind
this connection, which serves as a guideline for many intuitions and computations presented in
this article.
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Microscopic curves, i.e. elements of XV, can by definition be split in four quadrants C?, ..., C*.

Inside quadrant k, consider the reference frame R, obtained by rotating the canonical frame by
7/4 plus a multiple of 7/2:

Ri = (O, Cr/4—kn )2, eﬂ/4,(k,1)ﬂ./2) for k € {1, ...,4}. (2.16)

In quadrant k € {1,...,4}, the curve is given by the graph {(z*, f*(2*))%, : " € I*} of a function
fF:I* Cc R — R, see Figure . Assimilate each vertical edge to a particle, each horizontal edge
to an empty site. Away from the poles, adding or removing a block is then possible whenever a
corresponding particle can jump according to the exclusion rule (i.e. at most one particle per site),
and the ”occupation number” at a point y = (z*, f*(2%)) € V(v) reads

¢ _ Lt DM 21 - fah)
Yy 2 :

This correspondence is detailed in the proof of Lemma [6.5] see Figure [4.9]

(2.17)

Consider now the macroscopic counterparts of elements of X»: denote again by (f*(t,-))>o
the family of functions representing quadrant k € {1, ...,4} of a macroscopic trajectory (7;);>o of
curves taking values in &, (defined in Appendix . Consider a parametrisation of each v;,¢ > 0
on the unit torus T. Recall from that the family (y;):>0 is said to satisfy anisotropic motion
by curvature until a time 7" > 0 if it solves:

Vt < T,Yu € T, Oy(t,u) = a(fp(uw))k(t, u)Ny(u). (2.18)

In this equation, the time derivative is taken at fixed values of the parameter u, and k(¢,u) is the
curvature of 7, at v.(u). The vector N;(u) is the inwards normal vector at v;(u), 0;(u) is the angle
between the tangent vector T and e; and, finally, a is the anisotropy:

1 1
alf) = 2(|sin(0)] + |cos(0)])*  2ITO)F

One can check that, for each z € R and k € Z, a(arctan(z)+7/4+kn/2) = (1+2?)/2. Elementary
computations on a formal level then yield that, away from each pole, equation (2.18) translates
into the heat equation on each quadrant:

0 € [0,2n). (2.19)

1
8tfk — Zaikfk,

where the time derivative is taken at fixed value of the parameter 2*. This observation was already
made by Spohn in [Spo93], and is used in the proof of the hydrodynamic limit in |[LST14b|-
[LST14a].

Assume that the poles of (7;) are fixed in time. Its four quadrants are then also fixed in time, hence
each interval of definition I* of f* as well for k € {1,...,4}. Define p* = 1/2 + (=1)*0,x f¥/2. The
function p* : I' — [0, 1] is the density of the equivalent SSEP on the first quadrant (compare with
(2.17))). Forgetting about boundary conditions for now, recall e.g. from [KL99] large deviations
results for the density of a SSEP: trajectories occurring with probability of order e are solutions,
in a suitable sense, of:

Ot = 10" — (112008 (01100 o) (2:20)
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for some (possibly irregular) function Hj, : I* — R, and with o(p*) = pF(1 — p*). By analogy
with (2.20)), interfaces occurring with probability of order e should be solutions, inside each
quadrant, to:

o ff = iagkf’“ + o(f*)0,x Hy, (2.21)

with o(f*) = p*(1 — p*) = (1 — (0,+f*)?)/4. Recall that is written under the assumption
that I* does not change with time. However, in the contour dynamics, poles move, as they are
coupled together by the dynamics on each quadrant. Thus each interval I* k € {1,...,4} depends
on time, and it is not possible to define a single function H depending only on z*, simultaneously
in the four quadrants and for each time. This leads one to replace each of the 0,, Hy, k € {1,...,4}
by a single function H : R? — R. As a consequence, H now also depends on f*(z*) inside each
quadrant, and not just on z¥. The behaviour of is still expected to be valid away from
the poles, i.e. in the interior of I*(t) for each time, thus we expect that interfaces occurring with
probability of order e~ should satisfy:

VeSOV e (), aft = iagkfk V2o E(C ). (2.22)

The additional v/2 factor compared to (2.21)) comes from the derivative ,»H that was removed.
Let us obtain from (2.22) a parametrisation independent equation on the family (). To do so,
write for the tangent vector:

T(0) = cos(0)ey + sin(0)ez = [1+ (@ /2] (L0 ). O=0(") €[0,20].  (2.23)
If v = (||T]];)~! and a is the anisotropy (2.19)), then

L+ (0 f5)? 0(0%)°
4 © 2

a(0%) = a(n/4 — kr/2 + arctan (O, f*)) = = a(0"). (2.24)

After some elementary computations, one finds that trajectories (v;)i>o at scale e™, away from

their poles, should look like solutions of an anisotropic motion by curvature with drift:
Oy N =ak — puH. (2.25)

Recall that N is the inwards normal vector, a is the anisotropy defined in (2.19), and p is the
mobility of the model, defined as:

| sin(20)| _T(O) - ea]|T(0) - o]
2(|sin(0)| + | cos(0)]) I'T(0)]]:

() = . 0elo,2n). (2.26)

Indeed, e.g. in the first quadrant at time ¢y > 0, one has for each x' € I'(¢):

p(O@)) = V2[1+ (00 2] o ().

From ([2.25)), we see that the function H, that we introduced from considerations on the SSEP on
each quadrant, plays the role of a magnetic field applied to £ Ising spins (see [Spo93|), separated
by an interface corresponding to our contours ~.

It remains to somehow add in the contribution of the poles to that picture. It turns out (see
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Proposition that due to the regrowth, S-dependent part of the microscopic dynamics, poles
act as moving reservoirs which, at each time ¢t > 0, fix the value of 9, f*(¢,-) in terms of 3 at
the extremities of its interval of definition I*(¢). We shall loosely refer to d,xf* as the slope.
Equation can then be interpreted as the coupling of four equations of the type via
Stefan-like boundary conditions at the poles, each of these equations being written in a domain
I*(t),k € {1,...,4} that depends on time. Understanding how this coupling works and how to deal
with the motion of the poles without any monotonicity in the dynamics is the main challenge of
this work.

2.3 Results

We now state our results, starting with the behaviour of the slope at the poles, in Proposition [2.2]
This result is the most important specificity of our model. Define the microscopic averaged slope
on either side of a pole as follows. For v € N&,, k € N* and z € V(v), denote by &% the quantity:

1
ok _
I B Y&

yeV(7),y>z
lz—ylli <k

By y > x we mean that y is encountered after x when travelling on v clockwise (N > k). We
define the other slope £, ** similarly by averaging over points that are before x on 7.

Proposition 2.2. For d > 0, recall that E.(d) is the subset of &, of curves at 1-distance at least d
from the domain boundary O([—1,1]?). For a trajectory (7)o of curves, let (Li(t))e>0 denote the
trajectories of the left extremities of pole k, 1 < k < 4. Let Ty > 0. Then, for any test function
GeCandd>0,ifke{l,3}:

1
lim sup lim sup N log P, <f01“ a.e. t €10,Tp],7(t) € NE.(d);

e—0 N—o0
To
[N no e - e 2 6) = o
0

If on the other hand k € {2,4}:

1
lim sup lim sup N log P, (for a.e. t €[0,Ty],v(t) € NE(d);

e—0 N—oo

To
/0 G(t, N L(6)) (1 — €25 — e—ﬁ)dt‘ > 5) = —00.

Remark 2.3. The result of Proposition is stated only for trajectories with values in N&,(d)
for almost every time. Whether a trajectory stays in NE.(d) on a time interval [0, Tp], 7o > 0 is a
separate question, addressed in Proposition [2.4] [ |

This proposition shows that the time average of the slopes at the poles are fixed and form a
cusp. This is reminiscent of the SSEP in contact with reservoirs which fix the density at the points
of contact [ELS90]. In our case, the exclusion dynamics on each quadrant are coupled by the fixed
value of the slope.
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Take a sequence vV € XY N NE,(d), N € N*, and assume N~!'4" converges to some v € &.(d)
in Hausdorff distance. For future reference, assume that the condition on the slope at the pole of
Proposition holds for ", in the sense that:

: : +,eN - N
VI<k<d4,  lmsuplimsup 650N = Lrenape™” = Lieppay (1 —e7?)| =0,
One can then prove that  has point-like poles (this is done in a different context in Appendix
B.3), and the above condition can be translated into a condition on the angle 6(L(y)+) between
the tangent vector T approaching Ly () from the left (—) or the right (4), and the vector e;:

(k — 1)7T> e’

2 — —tan (B(Lu()2) + M) 1 <k <4 (2.27)

tan (0(Li(x)-) + - - .

Our second result justifies the definition of the ”effective” state space &,: first, configurations
starting inside the restricted configuration space N&,, take a time of order N? to exit this set. The
arguments for this point are inspired by |[Cap+11]. Second, any trajectory that starts from Iy,
which is at distance 1/2 from the domain boundary 9([—1,1]?), takes at least a diffusive time to
first reach 9([—1,1])%. As in the proof of the large N behaviour for the zero-temperature stochastic
Ising model in [LST14b], this proposition is crucial to be able to say anything about the typical
behaviour of the contour process, meaning also about lower-bound large deviations.

Proposition 2.4. Recall that r, 3, H,1q,dy = 1/2 are fized as in Definition .

1. Let ry € (r,19) and define T = Tﬁﬁﬂ as the time for which the dynamics induced by Pﬁ\fﬁ’H
first leaves NE,,. There are constants co, « that depend only on Ty, H,ro, 1 (but not onr,[3)
such that:

PYs 1 (7 < ¢o) < exp[—aN]. (2.28)

2. Assume B > 64log3. For each d < 1/4, there is a time Ty = To(To,d, do, 5, H) € (0, col,
with ¢y as in (2.28)), such that:

To
P (Vt € [0, To),7 € 5r;/ Laist(e,0(-1,12))<adt > 0) =opn(1). (2.29)
0

Hydrodynamic limit

Next, we investigate the hydrodynamic limit of the contour process. This requires choosing a
suitable topology on trajectories. In the proof of the hydrodynamic limit for the zero temperature
stochastic Ising model in |[LST14b]-|LST14a], the authors prove uniform convergence in time for
the Hausdorff topology. The Hausdorff distance between sets appears as a natural distance to
put on the state space: inside each quadrant, it is equivalent to weak convergence of the slopes, a
topology in which hydrodynamics are known for the SSEP.

In the case of the contour model, the Skorokhod topology associated with the Hausdorff distance
seems like a suitable choice. However, the regrowth part of the dynamics at the poles makes it
very complicated to estimates of the position of the poles at each time. We thus equip the set
Dy,(]0, Tp], &) of cadlag functions in Hausdorff distance with a weaker topology, without any point-
like control at the pole, induced by the distance ([2.30)).
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Let Ty > 0 be a time given by Proposition . Recall that X D N'X is the macroscopic state
space and consider the distance:

To
VI, I e XMl qp(, 1) = d5 (0, 17) + /0 dyy (T4, T dt. (2.30)

Above, dgl is the Skorokhod distance associated with L'([—1,1]?) topology, and dy is the Haus-
dorff distance on X. More is said on these objects in Appendix [B]

For d € (0,dy/2) = (0,1/4), recall that &.(d) is defined in Definition as the subset of the
effective state space &, with curves at 1-distance at least d from the domain boundary. A suitable
set of trajectories for the contour dynamics will be E([0, Ty], £,(d)), defined as the completion of
D4,(]0,Tp], E-(d)) for the distance dg. An explicit characterisation of elements in E([0, Ty, E-(d))
and topological properties are given in Appendix [B.2]

The hydrodynamic limit result is the following: {Qi\iﬁ’ g N € N*} has weak limit points
supported on E([0,Tp],E.(d)), and any weak limit point concentrates onto weak solutions, in the

sense defined below in ([2.32)), of (recall (2.27)):

{@7 ‘N =0ad?>y-N— puH = ak — uH away from the poles,

2.31
(7¢)e<T, satisfies (2.27) at almost every ¢ € [0, Tp). (2:31)

with N the inwards normal vector, a the anisotropy (2.19)), &£ the curvature, p the mobility (2.26]),
and s the arclength coordinate.

Proposition 2.5. Let 3 > 64log3. The set {Q);; : N € N*} is relatively compact in the set
My (E([0,To], X)) equipped with the weak topology associated with dg. Moreover, if Q; 5y is one
of its weak limit points, then it is concentrated on trajectories in E([0, Ty, E-(d)) satisfying the
following. These trajectories have almost always point-like poles, i.e. for a.e. T € [0,Ty], each
Pi(7y:) == [Lg(T, Ri(7)] is reduced to the point Li(7), 1 < k < 4. Moreover, for any test function
G in the set C defined in ,

/FTO Gr, — /FO Go — /OTO A 0-Grdr = /OTO /%\PW a(0(5))0sG (7, v+ (s))dsdr
- Z / " (5 - ) et L)

[ / O HE) o (dsdr. (232)

Above, 1 is the mobility of the model, defined in (2.26)), and s is the arclength coordinate on 7.,
T € [0, 7). For each 0 € [0,27] \ (7/2)Z, « is related to the anisotropy a by o/ (0) = —a(f). One
has:
o(0) = a(f) sin(20) cos(20)  T(0) - e1T(0) - eo [ 1 B 1
2 [sin(20) IO T0) el 10l

where T(0) = cos(0)e; + sin(f)es.

(2.33)
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The proof relies on well-known martingale methods [KL99]. However, the fact that configurations
are one-dimensional objects moving in a two-dimensional space introduces major difficulties. At
the microscopic level, the main issue is that the vertices or edges of a curve cannot be labelled in
a fixed reference frame.

Remark 2.6. The value of the slope at the pole of curves satisfying is fixed as in Proposition
by the term on the second line of (2.32)). Indeed, assume the curvature k, on a solution (y;),<r,
of is, say, continuous away from each pole. By definition, the tangent angle s — 6(s) =
0(v-(s)) then satisfies 0,0(s) = —k.(s), with the — sign due to the clockwise parametrisation of
v-. Let G € C. Integrating adsG(r,-) by parts on each quadrant in for a fixed 7 € [0, Tp,
one then finds, by definition of a:

/ a(0(8)0sG(1,7v-(s))ds
e \P(yr)

= > [a((Laa (7)) G, Lisa (7)) = a(Ri(7))+) G (7, Ri(7))]

k=1

- / a(0(5))kr ()G (7, 12(5) .
Y \P(v+)

Since Ly(7) = Ry (7) for each k and almost every 7 € [0, Tp], the first sum compensates the second
line of (2.32) provided a((Lys1(7))-) = 1/4 —e¢?/2 = —a((Ly(7))+). This means that the
tangent angle on either side of each pole satisfying (2.27)). |

Large deviations

We obtain upper-bound large deviations for the contour dynamics at finite 8 > log3. Assuming
solutions of to be unique, lower-bound large deviations also follow. Upper and lower bounds
match for smooth trajectories. Specific to our model is, again, the control of the poles of the
curves.

Let Ty > 0 and consider r, 3, H, d as in Definition[2.1] Given a trajectory I' € E([0, Ty], &,(d)) with
boundaries v, = Iy, t < Tj, define, recalling that Ly, Ry are the extremities of the pole Fg:

(1) = (Tg,, Hy, ) — (To, Hy) — " T, 0.H, Vdr — TOdT NO.H (7,7, (s))ds
(1) = (O H) = (T Hoy = [ (Ceonttyir = [Tar [ a(0(e)anH . 5000)
e’ T 2
(-5 / ™ [H(r, Li(r) + H(r, By(7))] dr. (2.34)
k=1

Define also:

J3(I) = 281 — —/TO/ WH2(r, . (s))dsdr, T € B([0,Ty], £:(d) (2.35)

where the mobility y is defined in ([2.26]).
To build the rate function, we will have to restrict the state space to control the behaviour of the
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poles. Introduce thus the subset E,,([0,T0],&.(d)) C E([0,Tp], E-(d)) of trajectories with almost
always point-like poles:

E((0.73) &) = {T € B(l0. 7o) ¢ Z )i Vi - R =0} (230)

Recall that Ry (Ly) is the right (left) extremity of pole k € {1,...,4}. Let us now define the rate
function I5(-|T):

(2.37)

400 otherwise,

I5(D|Ty) = {SupHEC Tal) T € ([0, To], & (),

Remark 2.7. e Note that it is possible by Proposition[2.2]to enforce that only trajectories with
slope e7# at the poles have finite rate function. One would expect this condition to already
be present in , but the very weak topology at the poles makes it more complicated to
see than e.g. for a SSEP with reservoirs, see [BLM09].

e If 5 =00 and I' is a smooth trajectory in C([0,Tp], E.(d)) starting from I'g (i.e. it has well
defined, continuous normal speed and curvature at each time ¢ € (0, 7p]), then setting § = oo

in (2.37)) one obtains:
To o k
(T|Ty) = / / WO dsdt.

As conjectured in ([L.3), the rate function I..(:|To) thus measures the quadratic cost of devi-
ations from anisotropic mean-curvature motion. At 5 < oo, the same picture holds except
that trajectories with finite rate function are not smooth: they have kinks at the poles in
the sense of Proposition [2.2 |

In the proof of large deviations, trajectories associated with a smooth bias H € C play a special
role. Define the set of trajectories AS, . 5 C E([0,Tp], &,) as follows:

AS s ={T € E([0,Tp),&.(d)) : there is a bias H € C such that (2:32) has a
unique solution in F([0, Tp], £-(d)), which is continuous in time in Hausdorff

topology, and this solution is T'}. (2.38)

Theorem 2.8. Let r < rg. For any d € (0,1 —r), any closed set F C E([0,To],&-(d)) and any
B >log3:

: 1 N :
— < :
ll]%l_?olip I log Q. 5(F) < 1%f I5(-|T). (2.39)
For any open set O C E([0,Tp], & (d)) with d € [1/2,1 — 1) and any 5 > 641log 3,
o1 N
lim inf 7 log @,5(0) = —Oﬁ}@g y I5(+[To). (2.40)

Remark 2.9. e The restriction to d > 1/2 and g > 64log3 for the lower bound is purely
technical. It is a consequence of item 2 in Proposition 2.4 and smaller d’s or smaller (’s

could be considered, without change to the proofs, by enlarging the state space to droplets
n[—A A% A>1.
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e We consider large deviation events on trajectories avoiding the domain boundary 9([—1, 1]?)
to avoid additional boundary conditions in ([2.32)).

e The choice of initial condition is for convenience only. We could also consider large deviations
on the initial condition, with minor changes.

e One expects that the set A‘fpom 5 contain all sufficiently regular trajectories which satisfy the
angle constraint at each time at the poles. Typically, classical solutions of for
each H € C should belong to Afcpom 5 until some time Ty. Existence and uniqueness of classical
solutions of could be studied at 8 = oo by the methods of [LST14b][LST14a]. When
£ < oo however, the study of uniqueness of classical solutions to , let alone of ,
appears to be very complicated. [ |

2.4 Comments on metastability

Before starting our study, we make some comments about metastability properties of the contour
model. The reversibility introduced in the microscopic dynamics and the large deviation results of
Theorem give us a lot of information, as illustrated below.

Nucleation with a small magnetic field:
At equilibrium under 1,5 (defined in (2.3)) with 7 small, contours are typically small as well. If a
small magnetic field h/N, h > 0 is added to the dynamics as in (2.14) with H = Sh, it remains

reversible with respect to the measure v}, defined by:

Yy e XN, () =0 (7) = (Zr5a) texp [ — Bly] + 28hVol(7)/N],

where 2,55, = > cyv exp[—f|v| + BhVol(y)/N] is the associated partition function, and Vol(v)
is the volume of the droplet that v delimits. We can use the large deviations result (Theorem
above) to inquire about the typical volume above which a nucleated droplet can grow, as well as
the shape that a droplet has while it grows or shrinks, depending on its size.

The surface tension tg = t3(0), 6 € [0, 27] of the contour model plays a key role in the nucleation.
Away from the pole, it is equal, for each tangent angle § ¢ (7/2)7Z and inverse temperature 3, to
the surface tension for the Ising model at first order in the large § limit, as given in [Spo93|:

t3(0) = | cos(8)] + | sin(6)| + s @ sin(¢)]log L cos(é)sfir—llﬁ)syin(e)’]

+ | cos(6)]log [, COS(é;fi(e\)s‘in(@)\H '

The results of Section [6 Proposition yield the value of the surface tension at the poles, i.e.
for a tangent angle 6 € (7/2)Z. It reads:

1
VkeZ,  tg(krm/2) =1+ 3 log (1—e?) < 1. (2.41)

The parameter 5 introduces a discontinuity at the poles: for k € Z, limg_,i/2 t3(60) = 1 # tg(kn/2).
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Speed of growth:
Another question of interest is the magnitude of the typical speed at which a big enough droplet
grows to cover the whole space. The conjecture is that the microscopic speed Vo reads

Vmicro ~ CH7 (242)

see [SS98| for details, with H the amplitude of the magnetic field. This conjecture is easily verified
in our case, where H = h/N with a fixed h > 0. Indeed, we establish in Section , see particularly
Lemma that away from the poles droplets grow in volume with (inwards, macroscopic) normal
speed:

v =ak — uh, (2.43)

and the curvature should reasonably stay bounded as the droplet grows. The quantity a is the
anisotropy defined in (2.19) and p the mobility, see (2.26). As space is rescaled by 1/N and time

by N2, one can relate microscopic and macroscopic speed by
v~ (]‘/N) X NQVmicro = Vmicro ~ N_l ~ H,

and ([2.42) holds for the contour dynamics. The typical growth trajectory will satisfy ([2.32]).

2.5 Structure of the proof of large deviations

The proof of Theorem takes up nearly whole of the paper.

e Before looking at rare events specifically, an understanding of the dynamics at the poles is
required. This is the object of the very technical Section [6 where in particular a proof that
poles behave like reservoirs in the sense of Proposition [2.2|is carried out.

e The proof of large deviations starts in Section [3] Following the standard techniques of
[KOV89] (see also Chapter 11 in [KL99]), we introduce dynamics tilted by a bias H € C, where
C is defined in , and compute the Radon-Nikodym derivative between the contour and
tilted dynamics. To avoid pathological issues with the contour dynamics, the computation
is carried out for trajectories with values in N&,, with &, the nice set of droplets, defined
heuristically in , and precisely in Appendix
There are then two difficulties. The first one is the understanding of the contribution of
the poles, which is made possible through Section [} The second one is related to the fact
that, at the microscopic level, we obtain discrete sums on points in a contour, on objects
that do not directly make sense at the macroscopic level. These discrete objects have to be
interpreted in terms of line integrals and tangent angles to obtain the functionals ¢y, Jy for

H € C, defined in ([2.34)-(2.35)), from which the rate function (2.37)) is built.

e Section {] contains upper bound large deviations. The proof mirrors that of Chapter 10 in
[KL99|. The added difficulty comes from the fact that the functional Jy does not have nice
continuity property, so the state space needs to be further restricted. This involves a lot of
work on the functional Jy itself, as well as a refinement of the estimates of Section [6] on the
dynamics at the poles, which is carried out in Appendix [B.3]
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e Section [5] contains the lower bound, which amounts to laws of large numbers for the tilted
processes, i.e. Proposition 2.5 As a first step, we need to make sure that the tilted con-
tour dynamics takes a diffusive time to exit a nice subset of the state space, i.e. we prove
Proposition 2.4, Due to the lack of suitable continuity of the functional Jy, H € C, it is
difficult to directly obtain the lower bound, and thus Proposition 2.5 through a standard
hydrodynamic limit approach (see e.g. Chapters 4-5 in [KL99]). Instead, the lower bound of
Theorem is obtained through upper bound large deviations for the tilted processes.

3 Some relevant martingales

3.1 Motivations

To investigate rare events, we are going to consider a tilted probability measure, as in Chapter 10 of
[KL99]. Fix a time Ty > 0 throughout the rest of Section , and introduce a magnetic field H € C
(defined in (2.13))), so that for any Borel set B C Dy ([0, Ty], N"' X)) (the set of Hausdorff-cadlag
trajectories with values in N=1XN):

fﬁ(B) - Egﬂ[lwéB] - Ef«\fﬁ,H [(Di\,fﬁ,H)_llweB} )

where DY ;= dPY; ;; /dPY; is the Radon-Nikodym derivative until time Tp, defined by:
N (. )
N~'log DY, ;= (Tgy, Hry ) — (Lo, Ho) —/O e N0+ N2 Ly g)e N T dr. (3.1)

In (3.1)), for a domain I' € N7'X} and G : [-1,1]* — R, we write (I',G) := [,.G.

Obtaining lower-bound large deviations from that method requires computing hydrodynamic
limits for all sequences of laws (Qp5 ;) with bias H € C. To do so, we investigate the behaviour
of the projected processes <F., G.>, [. € Dy([0,Tp), N7 X)), for a large class of test functions G
(here, G € C), for which Ito’s formula reads:

t
Vi <Ty,  (Ty,Hy) = (Lo, Hy) +/ (8; + N°L,.5.11)(T'+, H: ydr + M[, (3.2)
0

where (M);e(0.1,) is @ martingale. It turns out that the computations of the action of the generator
in and in are similar. Moreover, for the specific choice G = H, is nearly identical
to to highest order in N. For this reason, as is slightly more general, we detail the
computation of MY rather than that of D%’ ;- The only non-trivial part is the computation of
N25T757H<F., G.>, which we now perform. For the rest of Section |3 we fix a test function G € C.

3.2 Computation of N?L, 3 (I, G.)

We rewrite N 2£r75,H<F,, G.> as a term depending on the pole dynamics, plus another term that
corresponds to the exclusion process on each quadrant of I'. With particles corresponding to
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vertical edges, the exclusion term is rewritten in terms of local averages £V of the &’s, where for
v € XN and z € V(y), e >0 and N € N*, the local density of vertical edges £V is defined as:

1
eN __
T 2N +1 Z S (3:3)

yeB(z,eN)NV (v)

The ball is taken with respect to || - |1, and we omit integer parts for ease of notation. In our case,
it will be convenient to write £V as a function of the tangent vector at x. Recall that we always
enumerate elements of V() clockwise, and define t, = e/ as the vector tangent to v between z
and z + ¢;. In this case, the average tangent vector t=V reads:

t=N = ng—1+1 > ef =+£(1—&Ner + £ e, (3.4)

yeB(z,eN)NV (v)

In the following, we shall consider rescaled microscopic curves v € N7 XN, t=
for z € v to denote Ey,t;N with y € Ny € XN, y = Nu.
The signs in depend on the quadrant = belongs to. For instance, if B(x,eN) is included in
the first quadrant,

and we write &,

tx = (1 — {x)el — fzeg = tiN = (1 — fiN)el — €;N€2.
We stress the fact that due to the lattice structure, |[tV||; = 1 # |[t5V]]s. This is where the
anisotropy (2.2)) in the macroscopic motion by curvature (2.18) comes from. Define consequently
the norm and normalised tangent vector:
VeeV(y), o=t TV =070 (3.5)
As ||t5]|1 = 1, we get:
—1
v =15l = (1T ) (3.6)
For d € (0,1/4), recall from Definition [2.1] the definition of N7' X~ N &,(d), the set of (rescaled)

microscopic curves in the effective state space &, which, in addition, are at distance at least d from
d([—1,1]%). Take a contour v in that set and let J € C?([—1,1]%). We are going to prove:

N?L,.gu(l,J) = [line integral on ~ of a function of t¥ and J, H] + o(1), (3.7)

where o(1) is shorthand for error terms in N, e, and other parameters that will appear along the
proof, whose time integral is small. The precise statement of is given later on in Proposition
; for now we give a microscopic expression of N2L, 5 H<F, G’>.
Proposition 3.1. Fiz a time Ty > 0. For any 6 > 0, there is £9(6) € (0,1) such that, for any ¢ €
(0,e0(0)) smaller than some £(6) and any d € (0,1/4), there is a set Z = Z(d,¢,d) C E([0, Tp], X)
such that, for trajectories in Z:

4

To e B To
/0 N?Ly (T Gl = — G - 7) /0 S [Gr, Li(r) + G(r, Re(r))]dr + C(G, H)os(1)

T 4 1 T
+ OG,H(/ dTZ%) + m/ dr Z ()TN - m(2)] TN - VG(r,x)dr
0 = 0 )

zeVe ('Y‘r

1 [T
by [ar Y @ gl T el ). (3.5)
0

.Z’GV(’YT)
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Recall that py is the number of edges in Pole k € {1,...,4}. The vector TN is defined in (3.5)),
and the quantity m = (£1,£1) is a sign vector with value determined only by the quadrant, see
Definition . Forv e XN, VE(vy) C V(y) is the subset of vertices at 1-distance at least eN from

the poles.
Moreover, Z¢N E([0,To), E.(d)) satisfies:

1
hmsuphmsupNlog[[”rﬁH(Zc N E([0,To), & (d))) = —0o0.

e—0 N—o0

The set E([0,To),E-(d)) is defined in Appendiz[B.3.

The rest of Section |3|is devoted to the proof of Proposition (and its statement in the contin-
uous limit, Proposition 3.9). We write the different terms in (3.8)) for fixed time whenever possible,
in which case the time dependence on GG and H is omitted.

Notation: in the rest of Section [3| we consider only rescaled microscopic curves in N=' XV and
fix y € N' XV NE,.. T C[—1,1)% is the corresponding droplet: v = dI'. We still denote by V(v)
the points of N~1Z? that v passes through, and by Py(v), k € {1,...4} the poles of v. We write
abusively z,z + 2ej € Py(y) for x € V(7), instead of =,z + 2¢f /N € Py(7).

Proof of Proposition

Recall from the definition of the jump rates under the dynamics with bias H. We claim
that, to highest order in N, the bias does not change the jump rate at the pole. Indeed, if z is in
a pole of v and ¢ € [0, Ty],

Mt (y,y5) = e(y, /) (L + On(NTY), (3.9)

so that the bias changes the jump rate at pole Py(t), k € {1,...4} by at most Oy (px(t)/N), with
pr(t) = |Py(t)]. As proven later (in Section [6), the time integral of this quantity is of order 1/N.
To highest order in N, N2L, 5. H<F, G> thus reads, omitting the time dependence:

N?L,.531(l',G) = Bulk term + Pole terms,

with (recall (2.14]) for the definition of the jump rates):

Bulk term = N*» " ¢*(7)[(T*,G) — (T, G)], (3.10)

z€V(7)

and, by (E10-(E12)

Pole terms—sz > |:1DPkpk 2[(T77,G) = (T, G) |+ e Lugo1.a [(T"F, G) — <F7G>]]

k=1 xGPk( )
x+2e;{€Pk( )

leﬂ S [, G) - (T,6)] +0H(i

ze€{Ry,L} k=1

) (3.11)

ZI”S
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DPF is the set V, or H,, defined in (2.9)-(2.10), depending on the value of k € {1,...,4}. The
second line in corresponds to the rate 1/2 jumps that delete only one of two blocks of a pole
of size 2, that are forbidden by the dynamics. However, it is convenient to incorporate them in
the Bulk term , hence the need to subtract them.

The notation ZLH%;E& is a way of enumerating all p, — 1 vertices in the pole Py, k € {1,...,4}
such that two blocks can be placed atop [z,z + 2¢]] or removed below [z, + 2¢}]. Finally, the
error term OH(Zizl pr/N) is a consequence of (B.9); its time integral is of order Oy(1/N) as
proven in Section [6]

To prove Proposition (3.1 we treat the Bulk and Pole terms separately.

e Section deals with the Pole terms (3.11]), which are a specificity of the contour dynamics.

We state all useful results; proofs are postponed to Section [6]

e Section contains all results on the Bulk term . We explain how to express them
in terms of local averages of the tangent vector t5V, by tweaking the usual methods used e.g.
for the exclusion process. This concludes the proof of Proposition . The Bulk term (3.10)),
which will correspond to the last two terms in , is then recast in terms of N-independent
line-integrals. This is the content of Proposition [3.9] stated at the end of the section.

3.2.1 Pole terms

Fix d € (0,1/4) and recall notations and the definition of £, (d) from Definition 2.1} of E((0, Ty}, £, (d))
from Appendix . In this section, we compute the Pole terms (3.11]), and obtain the following
result:

Lemma 3.2. For each ¢ > 0, thereis a set Zp = Zp(d, ) C E(]0,Ty], X) such that, for trajectories
m Zp.'
To 6—5 To
/ dr [Pole terms for ’yT] = C(G)on(1) + Og(9) + T/ [G(’T, Ri(1)) + G(r, Lk(T))]dT.
0 0
(3.12)

Moreover:

lim sup % log PYs 1 ((Zp) N E([0,Tp), &:(d))) = —oc.
N—o00

Proof. Notice first that deleting a single block with extremity x means subtracting to <F, G> the

contribution of G on a block of side-length 1/N, i.e. N72G(z/N) + Og(N~3). Similarly, adding

one block contributes N72G(z/N) + Og(N~?). As a result, N*3° o ;1 (I'",G) contributes

—G(Lx/N) — G(Ry/N) to highest order in N for each k € {1,...,4}, so that reads:

Pole terms = 1,,—2[G(Lx/N) + G(Ry/N)] (3.13)

1

(NN
o
-

4

+2 Z Z [672’81x¢3([_171}2) — 1DPTk,pk=2} G($/N) + OG,H (Nil Zpk) (3.14)

k=1 € P (7) k=1
z+2ed €Py, ()
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The claim of Lemma is then a simple consequence of the following three lemmas, the proofs
of which, postponed to Section [0 are one of the major technical difficulties of this article. In
cach of the lemmas, the condition {V7 € [0,Ty],7> € &} (or &.(d)) is enforced to control the
change of probability between IP’fX 5.1 and ]P’,{Y 5, as will be seen in the computations of Section .
Parameters r, 5 are chosen as in Definition [2.1]

Lemma 3.3. For each pole k € {1,...,4} and each A > 1,

. 1
lim sup I log PYs 1 (‘V’T € [0, To],v» € &
N—o0
I

TO 1Pk(%—)ﬂa([_1,1]2):@ 6_25<pk(7—) - 1)d7— > A) = —0Q.
0

For trajectories taking values in &.(d) C &, this lemma implies that the time integral of the

*_ pe/N error term in (3.14) is of order 1/N, hence vanishes to leading order in N as previousl

k=1 g y
claimed.

Lemma 3.4. Let G € COY (R, x [—1,1]?) be compactly supported in time, recall the definition of
DPF* from (2.9)-(2.10) and let W be defined, for t >0, as:

4
We=>. 2. [Lno—eor = lnwno-rip-e e ]G 2). (3.15)
k=1  zePy(t)
J:—&-Qe;’EPk(t)

We write G(t, x) instead of G(t,z/N) as we work on rescaled microscopic curves. Then:

To
/ WCdr
0

Thanks to Lemma [3.4] the time integral of the first term in ([3.14)) vanishes to leading order in
N. It remains to compute (3.13), i.e. the 1, 5>" p ;  term. Its value is in fact fixed by the
dynamics in terms of 3, and can be computed.

Lemma 3.5. For each pole k € {1,...,4}, each § > 0 and each G € C,

1
Vo > 0, lim sup N log ]P’fn\f/g,H (VT € [0, To],v- € &

N—o0

> 6) = —00. (3.16)

1
lim sup i log ]P’i\’[ﬁﬂ (for a.e. 7€ [0,Tp),v- € &E-(d);

N—o0

/0 G Lu()) (Lyyryz — ) dr

>5) = —00.

We now define the set Zp mentioned in Lemma For A > 1, define the set of trajectories
with poles of size less than Ae??:

4

BY = BN(A, ) = ﬂ{(ﬂ)fem] e B([0,Ty], N2 XN :
k=1
1 [ )
ZTO (pk(T) — 1)6_ ﬂ]-Pk('yiV)ﬂa([—l,lP):@dT S A} (317)
0
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On this set, the error term fOTO dr >, pr(7)/N is of order N1 as claimed below (3.11]). By Lemma
3.3, (B)Y)n E([0,Ty], &) has probability super-exponentially small under P}; ;. Define then
Zp = ZP(A = 2,5,5) as:

Zp = BY(2,8) N {‘ WGdT‘ < 5 Z ( / G(t, Li(1)) (1 (r)—2 — e*ﬁ)dT] < 5}. (3.18)

0

On the subset of trajectories taking values in N=!X» N &,.(d) for almost every time, (Zp)¢ has
indeed probability super-exponentially small under ]P%y - This completes the proof of Lemma
B.2 O

3.2.2 Bulk terms

In this section, we focus on the Bulk term. The proof of Proposition is completed, and discrete
sums recast in terms of line integrals in Proposition [3.9] As the time dependence of H, G plays no
role in the detail of the computations, we consider H, G as functions in C?([—1,1]%). We proceed
in several steps.

Step 1: discrete Bulk terms.

Recall from (3.4) that the microscopic tangent vector t5V has coordinates ££5V, (1 — £5V) with
signs that vary depending on the quadrant. It is useful to define a function m that contains
information on how these signs vary.

Definition 3.6. Recall that v is a curve in N7 XNNE,, and define a function m(vy) : v\ P(y) — R?
as follows:
Ve e\ P(y),  m() = m(y,2) = —V2em/- k@) -vr/2, (3.19)

where P(y) = U Py () is the union of the poles of v. In (3.19)), k(x) € {1, ...,4} is the index of the
quadrant of «y the point x belongs to. This means that m(zx) = (=1, —1) for z in the first quadrant,
m(x) = (—1,1) in the second quadrant, etc.

Lemma 3.7. For fized § > 0, there is £9(6) € (0,1) such that, for each ¢ € (0,e0(9)), there is a
set Zp = Zp(0,e) C E([0,Ty], X), on which:

To To 4
/ dr[Bulk term for ~;| = _‘11/0 dTZ [G(7, Li(7+)) + G(7, Re(77))] + Ca,m (05(1) + on (1))
N k=1 o
T / dr z > Il ()G + o | d;;(; )[t m(@)]t-VG(ra).  (3.20)

In this formula, t,t; are short for t=N t:N-e;, i € {1, 2}, with t=N defined in (3.4). Fory € N7'XN,

the set VE(y) C V(v) contains all points at 1-distance at least & from the poles of .
In addition, the set Zp = Zg(0,¢) satisfies:

hmsuphmsupﬁlogIP’TBH(ZB N E([0,Tp],&,)) = —oc.

e—0 N—oo
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Figure 4.6 — Definition of the V¥, k € {1,...4}, represented for a curve in XY (i.e. non rescaled by N~!)
for legibility. The black dots are the first vertices and the light dots the last vertices of each V*. Three
points are marked by empty circles, with the corresponding value of £(y). The block that is deleted if y
is flipped is represented, the two arrows correspond to e;r and e, .

Proof of Lemma([3.7. As for the Pole terms in Section [3.2.1] we work at fixed time and omit the
time dependence. The letter « still denotes a curve in N"' XY NE&,. Let z € V() not be in a pole
of size 2. Recall that e, e, are the unit vectors with origin x, pointing respectively towards the

next and the previous point of V' (y) when travelling clockwise. If z is flipped, then:

ex(7) w0
G—/Gzex('y / G = / G(x+—e$+—e;)dudv
/ z r ) [z,2+¢5 /N]x[z,+ed /N] N2 Jioape N N

= =D (G) (0 +0.2)G(@) + O,

which is the contribution of the integral of GG over the block that is added or removed when flipping
x. Above, £,(v) is 1 if flipping = means adding one block, and —1 if it means deleting one (see

Figure [4.6). Recall from (2.6)-(2.14) that for z € V(v) and ¢ € [0, Ty],
() = c() (1 + N(I", H,) — N(T, H,) + O (N?)). (3.21)

Since v € &,, the jump rate cft(y,4%) is equal to cHt(v), i.e. it is local, see (2.6). The Bulk term
(3.10) thus reads:

Bulk term:% Y aHG@ + Y @()a()6@)

€V (v) zeV(v)
1 —
TN Ezv(: )Cw(V)efc(V) (0; +0,2)G(x) + Oc(NT). (3.22)
€V (v

At first sight, the second sum is of order N since |V (v)| ~ N, whereas we want something of
order 1. We split it along each quadrant and show that we can perform another integration by
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parts. To decompose the curves on each quadrant Ci(v), k € {1, ...,4}, consider the subset V} of
V(v) N Ck(y) composed of all vertices starting from the first vertex of P, after Ly, and ending at
Li+1 (Ls := Ly), see Figure . In that way, on each of the Vj, the computation of is the
same as for a SSEP. Indeed, with this definition of the Vi, for each k and = € Vj, £,(v) and ¢, ()
can be expressed in terms of the local ”occupation numbers” &,, ||y — x|y < N~! only. For instance
for x € Vi:

2¢0(7)e2(7) = &per — Sa- (3.23)
With that splitting along the Vj, (3.22)) becomes:

4 4
Bulk term = — Z c:(V(HG)(x)+ Y By + Y Bi+O0c(N ), (3.24)
xGV () 1
where: .
Bi=Y_ c.(v)e(7)G(x), hjﬁj ) (0,- +0,)G (). (3.25)
reVy eV

1) By terms: using equation (3.23), B; reads:

B =" c:(7)e(7) ZG )(Eprer — &)

zeVy $€V1
1
=1 D G@) [y — &+ (1=&) = (1= &) (3.26)
eV

The passage from first to second line aims at making the expression symmetrical with respect to
the transformation £ <— 1 — £. The reason is that the contour model is symmetrical with respect
to a global /2 rotation, whereas the notation &, is not: in terms of SSEP, &, is one if there is a
particle in quadrants 1 and 3, but is 1 if there is a hole instead in quadrants 2 and 4.
By definition, the first edge in Vi, write it (R; + 1, Ry +2), is always horizontal: 1 —&g, 41 = 1. On
the other hand, V; ends at Ly and &, = 1 by definition of L,. Integrating by parts, some
of the boundary term thus vanish, whence:

B = _i((;@l) +G(L2) + 7 2 [6:0::G(0) = (1= &)0:G(@)] + Oc(NTH). (3.27)

zeVy

On Vi, &.ef is either 0 if £ = 0, or —ey if £ = 1. Similarly, (1 — &,)e/ is either 0 or e;. In
any case, the sign of ef - e; is fixed in a given quadrant whenever e} - e; # 0. Thus, to obtain an
expression for the By that does not explicitly depend on the quadrant, we keep in mind Figure
and define signs o1, 09 constant on a given quadrant:

(3.28)

. 1 ifxeV,uV; 1 ifxelVzuV,
YTl dfrzevauls 2T -1 ifzeViuly

The idea behind (3.28)) is that (o1, 09) is "the direction of the tangent vector to a curve” in each
quadrant. For instance, in the first quadrants, curves are south-east paths and (o1, 09) = (1, —1),

181



in quadrant 2 curves are south-west paths and (oq,02) = (—1,—1), etc. Compare with m in
Definition (3.6, which gives ”"the direction of the inwards normal”:

m = —(—o09,01) = (09, —071). (3.29)

Repeating the computations leading to (3.27) on the other quadrants V*, one finds for the By:

4 4
;B’“:_ikz (Le) + G(Ry)] + O (N~ Zpk) (3.30)
+ ﬁ Z ( —£,010, + (1 - 533)0'2@1)@(%)

zeV(7)\P(v)

Equation is now clearly composed of terms of order at most 1 in N. The error term is com-
prised of two contributions. On the one hand, summing the By yields a term —(1/2) >, G(Ly).
It is more convenient to symmetrise this term and write it as —(1/4) >, [G(Rx) + G(Ly)], which
creates an error bounded by ||VG|| D, pr/N. On the other hand, the sum in bore on the
entirety of V/(7), while in (3.30) all points in P(v) are removed. There are ), py such points,
which are responsible for an error term bounded by N1 3", pi[|G||co-

2) By, terms (defined in (3.25)): Notice that if c.(y) # 0, then ,(v)(0,+ + J,-) is the same
whether a block is added or deleted at x. Moreover, it depends only on the value of k € {1, ..., 4}
with x € Vi, thus:

i 2N Z (Y ( — 020+ 0132>G(9«")- (3.31)

k=1 z€V(y

To conclude the proof of Lemma [3.7] from (|3.24|)-(|3.30|)-(|3.31|), it remains to replace &, and c,(7)
by local averages on small macroscopic boxes. It is simple for &, and requires only an integration
by parts and the smoothness of G. For ¢,(7), this is the content of the so-called Replacement
lemma, stated below and proven in Appendix [A]

Lemma 3.8 (Replacement lemma). Consider a function ¢ on N7 XN defined as follows:
vy e NI XN Vo e V(Y), O, ) == (7).

For e > 0, recall from (3.3)) the definition of &N and define:

o(p) =p(l—=p),  pel0,1].
For and F : Ry x [—1,1]? bounded, define W% on (1,9') € [0,To) x N7' XN by:
W) = 3 Flra) o) - 6], (3.32)
zeV(v')

Then, for each 6 > 0,

To .
Wf}’\, (1,7v-)dT

1
lim sup lim sup N log Prﬁ H(VT € [0, To],v- € &

e—0 N—oo

i >5):—oo.
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Using Lemma [3.8] we conclude the proof of Lemma [3.7] Define:

To

Bp(d,¢) = {(%)TG[O,TO] e E([0,Ty],&,) : ‘ WHE (7, 42 )dr
0

< 5}. (3.33)
By Lemma [3.8] for each 6 > 0, (Br(6,2)° N E([0, Ty), &,) satisfies:

1
lim sup lim sup N log PYs 1 (Br(6,6) N E([0,Ty), £)) = —o0.

e—0 N—oc0

has probability super-exponentially small under PY, .. when N is large and € small. Define then
r,B8,H g

ZB = (ZB)Z,G«S’ 5) = ng<5, 5) N BH(;((S, 8). (334)

The computations leading to (3.24)-(3.30)-(3.31]) are valid at each time for a trajectory . taking
values in N7'XN N &,. Recall from Lemma (3.7 that we are interested in time integrals of ([3.24)-
—. By Lemma 7 for trajectories in Zp, replacement of local quantities by averages in
these equations yields an error term with time integral bounded by . To not burden the notations
with a time dependence however, we continue to work with a curve v € N1 XY N &, and formally
replace local functions &, e}, ¢,.(7) by their averages on an e N-neighbourhood, knowing by Lemma
that the procedure is legitimate when integrating in time, up to an error §.

We start by applying Lemma to the first term in ([3.24). Recalling that [tV - ey = &N =
1 — |tV - eq|, we find:

Y GHE@ = 3 Y el el(HO) @) + ). (335
eV () z€V(y)

Let us now turn to the By terms (3.30) and the Bj terms (3.31). Removing portions of length ¢
on either side of each pole of v and replacing t,ty by local averages, the sum in the second line

of the By terms ([3.30) is equal to:

1
N Z [ = [t - ealondy + [£57 - 61|U231} G(z) +wl(y). (3.36)

z€VE(\P(v)
Similarly, the sum in the B}, terms (3.31)) is equal to:

1
2N Z 657 - ea[65Y - e < — 0201 + 0132>G(5U) + w4 (7). (3.37)

zeVE(y)

By Lemma[3.8] we know that, if w. € {w#¢ 0y wYG2}:

/OTO wel)ir| > ) = —o0. (339)

1
Vo > 0, lim sup lim sup N log P,]X/B’H <VT € [0, To], - € &

e—0 N—oo

To conclude the proof of Lemma , it remains to prove that there is a function wY% of v, also
satisfying (3.38)), and such that the contribution of (3.36]) and (3.37)) is given by:

+ = ﬁ Z [t . m(a:)}t -VG(x) +wY%(y), (3.39)

zeVe(y)
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where the vector m is defined in Definition [3.6] and t is short for tz; write also t;,t for =V -

x )

e1,tN - ey, x € VE(7). To prove (3.39)), write, not explicitly mentioning the error terms:

1
+ —ul) =% > [( — [taloy + 2[ty|[t2]or) D2 + (Jt1]os — 2|t1||t2|o—2)al}a(x)
z€VE(y)
1
zeVeE(y)

To obtain the second line, we used |t;] + |t2| = 1 by definition of t, see (3.4)).

Recall from the definition of (01, 02), and by the ensuing discussion and the fact that
m = (o9, —01), with m as in Definition |3.6| Recall moreover that V=(y) C V() is the set of points
at 1-distance more than ¢ to the poles to obtain:

\V/l' c V6<’}/)7 |t1| = |t§N . 61| = O-ltly |t2| = |t§3N . 62| = O'th.

This is because all points in Bj(z,¢) are in the same quadrant for x € V*(y), thus o1, 0, are
constant on By(z,¢e). As a result, (3.40) becomes:

1
-+ — w;(’)/) = m Z [0102t2 (Ultl — O'th)aQ + 0'20'1t1(0'1t1 - 02t2)81i| G(l’)

zeVE(y)
1
= o Z [O’Qtl — 011:2] [tlal + t2a2}G($>
zeVE(Y)
1
= Z [t-m(2)]t- VG(z). (3.41)
zeVE(y)

Now properly integrating (3.24)) in time and including all error terms in (3.30)-(3.35)-(3.39), one
obtains that, on Zp, (defined in (3.34))),

To
‘ / wg(’yT)dT’ <20+ C(G, H)eTy = O u(9), we i= wHC 4 WYC,
0

and:

) 4
/ [Bulk term evaluated at ~,|dr = C(G, H)os(1) + OG,H(/ dTZ Pk(T))
0 0

k=1 N
+L Cdr > Y m@)]eN - VG(r,x)dr (3.42)
zEVE(yr)
1 [T 4 To
—-/ Z (7. Le(7)) + G(7, Ru(r ))}dr+—/ e Y N[t - e (GH)(r2).
0 k= €V (v)

This is equation ([3.20)) in Lemma up to the error term fOTO > xPe/N. We defined in (3.17) the
set B)'(2,3) in which it is of order N, so that if the set Zp in Lemma [3.7)is defined as:

Zp = (Zp)hc(6,2) N BY(2,), (3.43)
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then, on this set, fo pe(t)/N = O(N7'), and Zp satisfies

1
hmsuphmsupﬁlogIP’,,BH(‘v’T € [0,T0),7- € &37. ¢ Zp) = —oc.

e—0 N—o00
This concludes the proof of Lemma [3.7] O

Let us summarise our results and conclude the proof of Proposition 3.1 We have shown the
existence of two sets Zp, Zp of trajectories in ([3.18)-(3.43), with (Zp)®U (Zg)° N E((0,T], E.(d))
having super-exponentially small probability under IP’%y y- This yields the set Z in Proposition
B.1] setting:

Z=Za(A=2,B,0,€):=Zp(2,8,6) N (Zp)}a(2,8,0,¢). (3.44)
In Section all Pole terms ([3.13)-(3.14) were computed, and shown to yield the e=® term
contribution of the last line of (3.53)). In Section , the other terms in have been
identified. Proposition is thus proven, once one recalls the definitions of v*V, T°N and

replaces t*V by v*VNT=N in

([l
Proposition

Step 2: Replacement of the discrete sums by line integrals

In Proposition , discrete sums on all vertices of a contour in N71X appear. In the large
N limit for element of &, the corresponding N-independent object should be some sort of line
integral, thus depends on the contour. In comparison, in the exclusion process the domain on
which configurations live is fixed. Correspondingly, only integrals on a fixed interval arise in the
large N limit.

If y € N"1XNNE, and s is the arclength coordinate on v, for any continuous mapping f : v — R:

— Z fla Z fl@)[s(x +ef /N) — s(x )]:/fds. (3.45)

:z:EV ) zeV(y

In writing , information about the lattice structure was omitted, and the resulting functional
on the right-hand side of is not continuous on &,, not even if f = 1. Indeed, take a sequence
v € N7EXN N E, converging to some vy, € &,. The left-hand side of converges, for f =1,
to the length of 74, in 1-norm, whereas the right-hand side evaluated at 7., is equal to the length
in 2-norm, which is in general not the same.

The correct way to write the left-hand side of , that retains sufficient information on the
lattice structure to yield a continuous functional on (a nice subset of) &,, is the following:

¥ Z )=+ 3 i HTxul—/fv 5 (3.46)

:vEV xGV('y

where T is the tangent vector normed by ||T||; = 1 and v~—! = ||T||; is almost everywhere equal to

Lonvy € N1XVNE,, hence the equalities in ([3.46)). The proof of the continuity of the right-hand
side of (3.46)) in Hausdorff distance is not related to microscopic computations, so we postpone it
to Proposition [£.3]
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1 2

Let us however motivate the factor v in (3.46), when e.g. v~ would a priori also work.
Take vV € N71XN and z € VE(V), i.e. x is at 1-distance at least ¢ from the poles. For
definiteness take x in the first quadrant. By definition of X see Figure , in the reference
frame Ry = (O, €_y/4, €x/4), the curve ¥ N By (z,€) is the graph of a 1-Lipschitz function f*:

YN N Bi(z,e) = {(y, f'(¥))r, Yy Eu+t [—5/\/5,5/\/5]}, U= €_rs.

As a result, t=V reads:

= [ =2 00,50) (347

\/_éTuE/\fyy7 y_Q Yl \Y)) R, '
where t is the tangent vector normed by ||t||; = 1, defined almost everywhere for a Lipschitz curve.
Since vV € N71XN ||t|l = 1 almost everywhere, but this is not the case in general for Lipschitz
curves. Recall that, by definition:

t=oT, [tlhi=1 |[Tla=1 wv=[tl2=(ITh)" (3.48)

Expression (3.47) does not explicitly depend on N any more, thus can also be written for a curve
v € &,. Define the set y(g) C v of points at 1-distance € or more to the poles; and similarly write:

Vi e {1,...,4},Vx € v(e) N Ck(v), t°(z) =

1 $'67r/4—k7r/2'i_‘(':/\/i
/ t(y)dy. (3.49)

V2e
Recall that Cy(7) is quadrant & of 7, defined in Figure or in Appendix [B| The vector t°(z)
indeed satisfies ||t°(z)||; = 1, and coincides with t=V if v € N7'XY and 2z € V(y). Let us now

change variables to obtain a line integral in ([3.49)). To do so, define d=(-) > 0 as the functions of
the arclength coordinate s on v that satisfy:

Vs < |yl (s d2(s)) = () =e. (3.50)

90'677/4—“/2*5/\/5

The quantity |y|s is the usual Euclidean length of «. Recall the notations (z*, f*)z, of Section
to write the portion in quadrant k of v as the graph of the function f* in the reference frame
Ry, k € {1,...,4}. With 2% = z - erja—ir/2 if @ € Ci(7y) and dzk = [ (O fF) ] Y200 o, -
becomes, if s(x) denotes the value of the arclength coordinate associated with x, do denotes an
integration with respect to arclength coordinate, and d¥ is short for d=(s(x)):

Vi € {1,...,4},Vx € y(e) N C(7),

1 s(x)+dT d 1 s(z)+dT
t°(2) = —— to)do / T(o)do, (3.51)

s(x)—dz \/1+ akfk 28 s(x)—dg

where we used t = v'T, which implies ||[t||; = v. In other words, the factor v~! in (3.46)) is exactly
what is needed to pass from the parametrisation by 1-Lipschitz curves on each quadrants, inherited
from the lattice structure, to a line integral formulation. Define now T¢ and v* from t°:

Vo<hh TS = EE/EE )= 1Ek =

Using (3.51)-(3.52)), it is straightforward to transform Proposition into the following.

(3.52)
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Proposition 3.9. With the notations and the set Z defined in Proposition trajectories in Z
satisfy:

TD 1 To (U
N2£T7B’H<FT,GT>dT: —/ dT/
0 vr(€) v
3]

/ 0 > (/2= e ?)[G(r, L(Ty)) + G(7, Ry (L)) ] dr, (3.53)

L1 (o)) T=- VG (7,1(5))ds

HITE(HG)(7,77(s))ds + C(G, H)(05(1) + on (1))

where s is the arclength coordinate on 7., v.(g) is the set of points in v, at 1-distance at least €
from the poles and m = (+1,+1) is the sign vector in Definition [3.6, The T%,i € {1,2} stand
for the components of T¢ defined in . Note that both v and v¢ appear in . There is a
ve'Te for each t° in Lemma while the v comes from the change of variable (3.46|) to get a line
integral from discrete sums.

Remark 3.10. e Note that the line integral on the second line of ([3.53|) bears on 7. (g), whereas
the corresponding sum in Proposition bore on the whole of V'(v,). This change is purely
for convenience and induces an error Og () = C(G, H)os(1) independent of the curve.

e To connect to the weak formulation of anisotropic motion by curvature with
drift, notice from that lim._,ot*(z) = t(z) for almost every point x of a curve that is
at 1-distance € or more to the poles. As a result, T¢, v°, defined in , converge a.e. to
T, v on such portions of a curve, and:

| sin(20)|
2(| sin(@)] + | cos(0)])

lim [@mfra] (0) = (v|TyTy|) (0) = for 6 € [0, 27].

e—0

This quantity is precisely x(0), see (2.26)). In the same way, if 6 € [0, 27] \ $Z:

()

iy | 2 )| 0) T0) - ¥ = ol ] 0) T(0) - T = )0

where « is defined in (2.33) and 0; = Ot is the derivative with respect to the arclength

coordinate, almost everywhere well defined.

e In , the tangent vector at each point is averaged on a portion of 1-length ¢ of the curve.
Away from the poles, this is a natural choice, well adapted to the underlying SSEP structure,
see Section 2.2
At the poles however, this requires the knowledge of the position of the pole, that is the
position of a point whereas the droplets are volumic objects. Even more, the line integrals
bear on 7, (), 7 € [0, Ty], the set of points at 1-distance ¢ from the poles of 7., and the last
line of explicitly requires the knowledge of the Ly, Ry, k € {1,...,4}. If the droplet
boundaries were less regular, such a requirement would not be reasonable.
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Instead, as in the BV setting (see e.g. [EG15H]), it would make sense to define a weaker notion
of neighbourhood of the pole in terms of volume, replacing e.g. L, R, by an average over
all points of the droplet in an area of volume ¢ around pole k € {1,...,4}. This definition
would then be relevant even with less regular droplets, and we use it in Section 4| to control
the poles.

However, the formulation of Proposition for N2L, 5. H<F, G’> is useful for the following
reason. When integrating by parts the a term in assuming the corresponding curves to
be smooth, the position of the pole actually arises as a boundary term. This fact is retained
in our microscopic computations, where the L, Rj terms naturally come out. [

4 Large deviation upper-bound and properties of the rate
functions

In this section, we prove upper bound large deviations, i.e. the upper bound in Theorem 2.8 Many
results presented below are well-known, so we only detail model-specific results. A time Ty > 0 is
fixed throughout the section. Parameters r, § are fixed according to Definition 2.1 The parameter
r is omitted in the notations.

For H € C, the Radon-Nikodym derivative D}y, = dP} ;;/dPY until time Tj reads:

To
N~'og DY ((T7)r<m,) = (I'ny, Hp, ) — (Lo, Ho) — / €_N<FT’HT>(87-+N2£g)€N<FT’HT>dT. (4.1)
0

Recall from (3.44)) the definition of ZﬁH(A = 2,0,0,e) =: Z, the set of trajectories in which the
computations of Section [3| can be performed, and from Definition [3.6] that of m. Refer to Appendix
B.2|for properties of E([0,Ty), £-(d)), d € (0,1). For a trajectory (I';),epo.n) in ZNE([0,Ty), £-(d)),
the results of Proposition apply with next to no change to (4.1)), so that on Z, Dé\f  satisfies:

N~'log DY (1) = Jp () + C(H)(05(1) + on (1)), (4.2)

where Jfl’s is the functional defined on E([0,Ty], &) by (7> = OL's, 7 € [0, Tp]):

€
(%

1 To 2
VI e BIO.TILE),  J(T) = .(0) — / / s Y 2 () )dsdr (4.3)
0 Y- (€)
The functional e{;e is defined as:

To
VI € E([0,Ty), &),  5.(0) == (Tq,, Hr,) — (Lo, Ho) — | (T, 0,.H,)dr
0

- TOT ()" < m(y.-(s €. 7,7(8))ds
4/0 d /%(E) [T - m(v,(s))] T2 - VH(7,7(s))d (4.4)

(%
4

v (G- g) /OTO N [H(r, Li(7)) + H(r, Ri(7))] dr.

k=1

188



Recall that, for 7 € [0, Tp], v-(g) is the set of points in 7, at 1-distance at least € from the poles,
and s is the arclength coordinate.

Formally taking the limit € | 0, we claim that nge,ﬁf{ﬁ converge point-wise to JIB{,E?{ re-
spectively, defined in —. Furthermore, the functionals Jg}s,fgs are continuous on
E,,([0,To], &), the subset of E(]0,T0], &) with trajectories with almost always point-like poles.
These claims, assumed for the moment, are established in Section .2

4.1 The upper bound

Fix d, Ty > 0. In this section, we establish the upper bounds in Theorem [2.8|for open and compact
sets in (E([0,Tp],&:(d)), dg) (see Appendix @ , with dg the distance defined in (B.4)). To do so,
we temporarily admit the continuity of the functionals (J Ig,a)f and their point-wise convergence to
Jo on E,y([0, Ty, £-(d)) (defined in (2.36)). These properties are established in Section

4.1.1 Restriction of the dynamics to good sets and behaviour of the poles

Let us start by listing the several sets with sub-exponential probability on which the dynamics will
be restricted to obtain the upper bound of Theorem [2.8] These include both the sets occurring in
the computation of the Radon-Nikodym derivative in Proposition [3.1] and additional sets used to
better control the pole dynamics.

Let O C E([0,Ty],E-(d)) be a measurable set of trajectories. Recall that &.(d) is the set of
droplets at distance at least d > 0 from 9([—1,1])%. Recall also from ([3.44]) the definition of the
set Z, on which the pole size is microscopic and the Replacement lemma holds, and define:

UN=UN(H,A=2,806¢):= %log EYy [(DYy) "lolz] = %ngg [1o1z]. (4.5)

We argue in the proof of the Replacement lemma in Appendix [A] that, for any 6 > 0,

lim sup lim sup UY = —o0.
e>0 N—o0

In particular, for each § > 0, there is (d) > 0 such that:

lim sup limsup UY = =671, (4.6)
0<e<eo(d) N—oo

Let us now turn to the behaviour of the poles. It is proven in Section that the time integrated
slope around the pole is e up to a small error, with probability super-exponentially close to 1
(see Corollary [6.11). This is better stated in terms of volume below the pole (see the last item
of Remark : for n > 0, define V,, as the volume of points with ordinate at most n below the
north pole:

vI' € &, V() = H:U El: Ynax(l) =29 > n}‘ (4.7)

Compared to the slope, the volume V;, is more robust to changes in the position of the pole: V, is
continuous on &, equipped with the Hausdorff distance dy, since ymax, the ordinate of the highest
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point of an element of &,, also is (and similarly for the volumes beneath the other three poles).
By Lemma [B.14] for each ¢,n € N*, there is 1(q,n) > 0 such that, for any n < n(q,n):

1
lim sup N logIP’f,Y/&H (for a.e. t € [0,Tp),T; € &.(d);
N—o00
1 [T

7 ), 1{\77*21/;](1“0 — (e’ =1)| > l}dt‘ > %) < —q. (4.8)

n

Simply by inclusion between the sets in the above probability, n +— n(g,n) can be taken to be
decreasing. Define then a set D, ,, as follows to control the poles:

Dy 3:{V1 <m<mn, TLO/OTO 1{‘ (M> _2‘/77(q7m)/m(rt) — (¢ - 1)‘ > i}dt < %}

m
N {similar event for the other three poles} N E([0, Ty, &, (d)). (4.9)

Since V,, is continuous on &, for the Hausdorff distance and the indicator function of an open set
is lower semi-continuous, the set D, , is closed in E([0,Tp], &-(d)) for each g,n € N*. Moreover, by

(1.8): .
limsup P, := lim sup ~ o8 P} (DS, NE([0,T5],E(d))) < —q. (4.10)

N—oo N—oo

By construction, for ¢ € N*, D, ,, C D, ,s if n <n'. For ¢ € N*, define then D, as:
Dy = () Dy (4.11)
n>1

We claim that trajectories in a D,, ¢ € N* have almost always point-like poles, with kinks at each
pole with slope e=#. This claim is proven in the following lemma.

Lemma 4.1. Fiz q € N*, and let (I't)i<1, € D,. Then:

for a.e. t €0, Ty, lim inf ‘n_Q\/,?(Ft) — (¢’ — 1){ =0.

n—0
This in particular implies that (I't)i<¢, has almost always point-like poles.

Proof. We consider the north pole, the others are similar. Due to the monotonicity condition in
the definition of &, a droplet IV € &, does not have point-like north pole if and only if there is
¢ > 0 (the width of the north pole) such that, for any n > 0 smaller than some 7 which only
depends on I,

Vy(I') = me.

In particular, I” has point-like north pole as soon as:
N -1 AN
hgl_)lglf?] V,(I") = 0. (4.12)

Fix a trajectory (I';)i<r, € D, and let € > 0. For each integer n > 1/¢, one has by definition of
D .

q-

L™ g1 nlg,n)y 2 1
— 1{‘( ’ ) () — 5—1‘ }dt<—.
- B Y, yl0) — (€ = 1)| > e < &
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Since n can be chosen to make 7(q,n)/n arbitrarily small as n — n(g,n) is decreasing, thus
bounded, this implies:

n—0

To
liminf/ 1{|n 2V, (Ty) — (¢’ = 1)| > e}dt = 0.
0
Using Fatou inequality, we find:
To
. _9 B _
/0 lllgl;glfl{‘n Vo(Ty) = (€” = 1)| > e}dt =0
= liminf 1{|n?V,([y) — (" = 1)| > e} =0 for ae t € [0, Ty
n—0
= liminf N2V, (L) — (e = 1)| <e foraete[0,Tp).
n—

Since ¢ is arbitrary, the lemma is proven recalling (4.12]). ]

4.1.2 Upper bound large deviations

We are now ready to obtain the upper bound large deviations. Recalling the expression (4.2)) of
the Radon-Nikodym derivative, one has, for any Borel set O C E([0, Tp], &,(d)):

log 3
N

1 1 _
Nlog Q5 (0) < max{ﬁlogEé\fH[(DgH) llolleqyn},UN,Pq{Vn} +

log 3
< max{ C(H)(0s(1) + on(1) +  sup (=J5_(T),UN, PN b + =52,
r'eONDy.n ’ ’ N

Taking the limit in NV yields, recalling the estimates ([4.6)-(4.10) of UN, P\, :

1
limsup — log Q5 (0) < max{C(H)q;(l) + sup (—=JP (D)), —6"'UY, _q}.
Nooo IV reONDy.n ’
Take the liminf in n € N*, then minimise over € € (0,£¢(9)) (recall (4.6)), then over 6 > 0, H € C
and ¢ > 1 to obtain a first upper bound for general O:

1
lim sup N log Qg((’)) < inf inf inf max { liminf sup (—Jfl’g(F)) + C(H)os(1), =071, —q}.

N—o0 g>1 HeC ¢ n—=0 T'eONDgy,n

(4.13)

Upper bound for compact sets. We now extend the bound to a bound on compact sets.
Let K be a compact set in E([0, Ty], E-(d)). Were Jﬁ?[,s a continuous functional on E([0,To], £.(d))
for each H, ¢, one could remove D, ,, in the maximum in the right-hand side of , which would
then also be continuous. Lemmas A.2.3.2 and A.2.3.3 in [KL99] could consequently be used to
exchange inf and sup in (4.13)), yielding an upper bound on compact sets.

Unfortunately, J& _ is not a continuous functional on E([0, Ty], &.(d)) for H € C,e > 0. How-
ever, in Proposition , we prove the following. Let E,,([0,T0],E-(d)) C E([0,To],E-(d)) be the
set of trajectories with almost always point-like poles. Then any trajectory in E,,([0, 7], &(d)) is
a point of continuity of each functional J fLE for H € C and € > 0. The introduction of the sets D, ,,
for (¢,n) € (N*)2, defined in (4.9)), aims at restricting to trajectories with almost always point-like
poles, as explained in the next lemma.
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Lemma 4.2. Let H € C,e >0 and ¢ > 1. Let O C E(]0,Tp],E-(d)) be an open set. Then:

liminf sup —JBE = sup —J/Bg .

n=00  ONKNDg,n ( i, ) ONKND, ( , )
Proof. Since D, C D,,, for each n € N*, we need only prove that the left-hand side is smaller
than the right-hand side, and we may assume without loss of generality that, for each n € N*

ONKND,y, is not empty. Assume by contradiction that there is ny € N*, n > 0 and a sequence
I'"e ONKNDy,, n>mngsuch that:

—Jg I >0+ sup (= Jp.).
ONKND,

Since K is compact, (I'"™), converges to some I' € O N K up to a subsequence. Since each Dy,
n € N* is closed and D,,, C D,,» forn <n/,T"isin D,. As D, C E,,([0,Tp],&.(d)) by Lemma
H, I' is a point of continuity of Jg)e by Proposition thus:

_JI/J-},5<F) > 1+ sup ( - Jﬁl,e)'
ONKND,

Since —JIBLE has the same supremum on O N K N D, and O N KN D,, as it is continuous on both
sets due to D, C E,,([0,Ty], E.(d)), we obtain a contradiction:

—Jg (D)< sup (= Jh) = sup (—=Jh.) < —Jg.(I)—n
ONKND, ONKND,

]

Let O C E(]0,Ty],&-(d)) be an open set. Using Lemma the general upper bound (4.13))
applied to O N K becomes:

1
1i “1log QY (O NK) < inf inf inf —JZ (1)) + C(H)os(1), =6, —
Wby e ONK) < i plipimecd, ip e+ OWos(1), =07, ~a)

— inf inf inf sup J Z

q>1 HeC b, onK €007

where:

i e5q = max {( — Jpe) + C(H)os(1), =6, —q}- (4.14)

This time, for each fixed ¢ > 1 and each admissible H, ¢, 9, jgg 54 18 @ continuous functional on
D,. Taking finite open covers of K, Lemmas A.2.3.2 and A.2.3.3 in [KL99] apply for each ¢ > 1

to the family (J5 5.4)H.es On the compact set KN Dy, and we obtain:

1 N
limsup 5 log @ (K°) < inf inf inf i s, 415
Now N OB Q5 (1) < =1 FeSIgFPDq Hec oe Hheda (4.15)

Recall the definition (4.14). For each H € C and each T' € D,, by Proposition [4.3]

—me(F) = —J) () + C(T', H)o.(1) where C(I',H)o.(1) can be taken positive.
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Bounding the infimum on € € (0,¢0(0)) in - 4.15)) by liminf._,, - thus becomes:

1
. e < inf f Jy(D), —q} < —inf I4(-|T). 416
i sup 0g Q' (K) églres’g% }Irécmax{ g} < inf 75 (-|T') (4.16)

The last bound comes from the fact that D, C E,,([0,Tp],&,(d)) for each ¢ by Lemma [£.1] and
from the definition (2.37) of I5(-|I'y). This is the desired upper bound for compact sets.

Upper bound for closed sets. Upper bound large deviations for closed sets follow from the
exponential tightness of (QN3(-, E([0, Ty], €+(d))) ,, in My (E([0, To], &,(d))). Establishing exponen-
tial tightness is quite techmcal so we postpone it to Appendix and conclude here the proof of
the upper bound in Theorem ({2.8)).

4.2 Properties of the rate function

In this section, continuity of the functional Jfl is established on the set E,,([0,To], & (d)) of

trajectories with almost always point-like poles (see (2.36])). A parameter d > 0 is fixed throughout
the section. The functional Jj e is defined in ([4.3)-(4.4).

Proposition 4.3. Let H € C and € > 0. Recall the definition (4.3) of the functional Jf],a' Then
each element of the set E,,([0, Tp], &:(d)) of trajectories with almost always point-like poles, equipped
with the distance dg (see (2.30)) ), is a point of continuity of nge. Moreover,

lim Ty (L) = Jg(T)  pointwise on Eyy([0,Tp), £(d)). (4.17)

The same holds for Jg ..

Before proving Proposition [4.3] let us state an intermediate result which explains the advantage
of dealing with trajectories in E,,([0, Ty, £.(d)) rather than in E([0, Tp)], &,(d)).

Lemma 4.4 (Convergence of the poles). Forn € N, let I'" € E([0,T0],&,.(d)) and assume that
(I'™) converges to T' € E,,([0,To], E,(d)) for the distance fo dy (-, )dt < dg. Then Lg(T';) = Re(T)
for each k € {1,...,4} and almost every time since I' has almost always point-like poles, and:

To

Vk e {1,...,4}, lim dt||Le(T}) — Li(Te)||1 V || Re(T}) — Ri(Ty)|l1dt = 0. (4.18)

n—00 0

Proof. We deal with the north pole, the others are the same. For [ e &, let ymax(f) be the ordinate

of its north pole. Notice that Y.y is 1-Lipschitz in Hausdorff distance. Since Li-es = Ri-€3 = Ymax,
we find:

To
/ dt|L1(F?) T €2 — ymax(rt)| \4 |R1(P?) c € — ymax(rt)|dt
0

To To
:/ dt\ymax(rg)—ymax(rt)\dtg/ dun (T}, Ty)dt — 0.
0 0

n—oQ
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As for the second component of L; (I'), Ry (I'™), the two functionals R;-e; and L;-e; are respectively
upper and lower semi-continuous on &,. In particular, let ¢ € [0, Tp] such that the droplet I'; has
point-like poles, and dy (I'}", ;) = on(1) vanishes. Then:

Li(Ty) - e; < liminf Ly (T}) - g <limsup Ry (I'}) - e1 < Ry(Iy) - e3 = Li(T) - €.

n—oo n—oo

Since almost every t € [0, Tp] satisfies this condition, we find:
To
lim |Li(T2) - er — Ly(Ty) - ex| V |[Ry(T?) - €1 — Ry(L;) - eg]dr = 0.
0

n—oo
0

Proof of Proposition[4.3. In view of the expression (4.3)-(4.4) of Jgg, we need to prove that ele-
ments of E,,([0,Ty], E.(d)) are points of continuity of the two terms:

e’ i b [H(r, Ri(7)) + H(7, Ly (7))] dr, (4.19)
-2
_ /0 " [Hs) <":22 [Ta.m}Te.desdT—% /0 K /7 . (U;)2|T§T§|H2dd7. (4.20)

The functional in (4.19) has already been treated in Lemma[d.4} any trajectory in E,, ([0, 7o), £(d))
is one of its points of continuity for fOTO dydt < dg, hence for dg.

Consider now ([£.20)). Clearly, to prove that elements of E,,([0, Ty], £(d)) are points of continu-
ity of this functional, it is enough to prove that each I' € £ C &,, the set EPP C &, of droplets with
point-like poles, is a point of continuity of the integrand at each fixed time, seen as a functional
on (&, dy).

We prove it for the first term in (4.20), the second one is similar. For H € C?([—1,1]?), consider
the functional:

€)2
VI € &,, FH,g(P)z/ ) [T - m]T= - VHds. (4.21)
e 4

The definition of T, v is given in ([3.52), v = | T||;' with T the tangent vector normed by
|T|l2 =1, and m is the sign vector in Definition [3.6]

Let I'" € &,, n € N converge in Hausdorff distance to I' € EPP. The idea is to split the integral in
between each quadrant of I'. On each quadrant, the integrand, expressed in terms of the
equivalent SSEP, is easily shown to be continuous.

Let us first prove that we can consider the integrand on each quadrant of I' separately. Recall
from Section the definition of the functions f* : I¥ — R, whose graph at each time in the
reference frame Ry, defined in , is the portion of 7 in its quadrant k. Define similarly f* for
the v = 0I'", n € N. For brevity, we write T™* = T¢(I'") and similarly v™¢, m" for v*(I'""), m(I'").
Let I* = [a” b%], I* = [a*, b*] be the intervals of definition of the functions f*(-), f*(-) respectively,

n»-n
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for k € {1,...,4}. AsT € &P, (Lx(I™)), (Rk(I'™)) converge to Li(I") as n is large by (the proof of)
Lemma [4.4] As a result, lim, 7, (¢) = 7(¢) in Hausdorff distance, and:

Vk € {1,...,4}, lim a® =", lim 0F =" (4.22)

n—o0 n—oo

Equation (4.22) enables us to consider the integrand in (4.21)) on each quadrant of I" separately.
Indeed, fix n € (0,/+/2). For all n large enough and each k, tells us that f* is well
deﬁned on [a* + n,b* — 7], and in particular in the portion of (e ) in quadrant k of T', i.e. for
o* € [aF + /2,0 — £/V/2]. As a result, Fiy. can be recast as follows: for each I' € &,,

SN - e/ vz (Us(xk»Q ek k ek k Fki k k
Fu.I) = ;/&kﬁ/ﬂ W[T (%) - m(z )}T (%) - VH(1, (2", f5(x%))g, )dz".  (4.23)

To write (4.24]), we used the relation:
ds(z*) = (14 (9, kfk)2)1/2dxk = V2udz",

where the last equality comes from Section E see - As a consequence of | , continuity
of Fy . is proven as soon as, for each k € {1,...,4}:
b —e/V2 () me( k)2
. (v (24))
n— o0 ak+e/\/§ 2\/§

[ o) ) - V(A
dreVa 2V2 | . |

Note the replacement of an, b5 by a*,b* in the first line of (4.24), thanks to and the fact
that the integrand in is bounded.

Fix k € {1,...,4}. On quadrant k, the integral in has a much simpler expression in terms of
the tangent vector t™° with 1-norm equal to 1, defined in . Indeed, recall from that,

for each 2% € I*,

[T”’E(:ck) . m”(a:k)] T (2%) - VH((:ck, ff(xk))nk)d:ck (4.24)

Un’s(l‘k)Tn’E(l’k) _ tn75(x ) <\/_ f ($ +5/\/_) f (ZL‘ — E/ﬁ))R

2 28/\/_
2 (LA N, (4.25)

Moreover, the function m, defined in Definition [3.6|is equal to a sign vector, determined only by the
index of the quadrant. As a result, for n large enough, m® = m for each 2* € [a*+¢/v/2, b —</V/2],
ke {1,..,4}, and v™[T™ - m"] (6%) reads:

MIS

e [Tn,s . mn} (ek) — tn,5<xk) m(:z:k) _ _fn(x +€/\/§)2—€fn(l‘ — 5/\/5) _ _Asf:(mk)

The integral in (4.24)) then becomes, for n large enough and with 9y = 0, (1.
derivative with respect to the second basis vector in R;:

the partial

4 ak+e/V2 o ‘ = Y »Jn k
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Observe that ¥ — 9, H((z*, f¥(2¥)) is continuous, and that A.fF(z*) converges point-wise to
A, f*(2"), defined as in (4.25]). As the integrand in ([4.26]) is bounded, the dominated convergence
theorem yields (4.24]), hence the Hausdorff continuity of Fj. and the dg-continuity of the first

term in (4.20). The second term in (4.21)) is treated similarly.

We now turn to the point-wise convergence of Jg,a to Jfl as € | 0, i.e. the proof of (4.17).
The fact that T — T for almost every point of a curve and the dominated convergence theorem
immediately give the result. This concludes the proof of Proposition [4.3] O

5 Lower bound large deviations and hydrodynamic limits

In this section, we prove lower bound large deviations for the measures {Q% : N € N*}, ie. the
lower bound in Theorem 2.8, The method is expounded in [KL99|. It consists in first proving
hydrodynamic limits for all the {Qi\fﬁﬂ : N € N*}  H € C, which are shown to concentrate on
solutions to anisotropic motion by curvature with drift in the sense of . This yields a lower-
bound, that matches the upper-bound of Section 4| for smooth trajectories. In this article, we
will not consider more general trajectories, as the analysis of solutions to proves to be very
difficult due to the motion of the poles.

5.1 Large deviation lower-bound

In this section, we explain how to obtain lower bound large deviations assuming the following
points:

1. trajectories typically remain in the effective state space &,(d) for some d € (0,1/4], which is
Proposition 2.4}

2. the hydrodynamic limit of the measures {QP; ; : N € N*} can be characterised for each
H € C (this is Proposition [2.5)), and we consider only those H € C for which the weak
formulation of the anisotropic motion by curvature with drift has a unique solution,
which is additionally continuous in time in Hausdorff topology.

With these two assumptions, one concludes on a lower-bound in the same way as in |[KL99],
Chapter 10, Section 5.

More precisely, let H € C, and let T € E([0,Tw),U, 450 &-(d)) be a solution of (2.32). Assume
that H is chosen such that I'? is the only solution, and is continuous in time in Hausdorff topology.
' exists until a maximal time T%, which is the first time I'¥ reaches 9(|—1,1]?), or has either
opposite quadrants touching each other, or two consecutive poles collapsing into a segment. For
any € (0,79), there is a time 7, < Ty such that:

e ' takes values in &,(1/2) on [0,7;]. This is a technical point related to the proof of item 2
of Proposition [2.4] in Section [5.2]

e For any Ty < T,., the measures Q%&H, N € N* concentrate in the large N limit on 5(1"H)tSTO.
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For each Ty < T;, recall from (2.3§) the definition of the set A, 6 Let O C E([0,Tp],&-(1/2))
be an open set. Assume there is H € C such that F\[O,To] € ONAj, 5 Then:

liminf N ' log Q%(O) > —I5((T")<r,|To)
N—o0 ’ -

= lianng*llogQ%((’))Z— inf  I5(-|T).

C
on ATOTB

(5.1)

We now prove under the assumptions listed at the beginning of this section. As in [KL99),
the proof con51sts in a change of probability from IP’Nﬁ to a tilted measure PV g and in using
Jensen inequality to bound from below log Q15 ;;(O) by the entropy E; ;[log dPY,/dPY; ;).

The only difference in our case comes from the fact that the quantity N ! ﬁg dIP’i\f /dPYy u) is
not bounded on F([0,Tp], N"'X2). Indeed, from the proof of Proposition |3.1] (see in particular
(3.14)) which, although stated for £, 5 (T, G> for G € C, is easily adapted to dP)s/dPY; ;(T), it
must satisfy:

To
N~ (log dPys /dPyy ) (T) = Z/ [(e(%) = Ve ™ Lp po-1.ap2 — Lp—z.ppe] dt
k=10

and py, can be of order N for each k € {1,...,4}. Above, DP?¥ is either V, or H,, defined in —
, depending on the value of k£ € {1,...,4}. This unbounded term is however easily controlled
as we shall see. Proceeding as in [KL99], one obtains, for each H such that (I'),<7, € O and each
0 > 0, each £ small enough as a function of ¢:

N'og QY5(0) > BNy 1y [ — Ji z00] + On(8) + on(1) (5.2)

+Erﬁﬂ{1olz°2z / (pe(77) = Ve Lprag-112 — Ly (r)=2.0mx | dt |-

Recall that nga is defined in , and Z is the set of , on which the Replacement lemma
applies with error ¢ and the pole terms are controlled. The set Z¢ N O has probability super-
exponentially small in the large N, small € limit. In particular, it has probability bounded by
e N for some c(e) > 0 under PN, ;, for & small enough uniformly on N large enough. This
accounts for the oy (1) term in the first line, and shows that the expectation on the second line is
on(1) as well.

We now study the expectation in the first line of (5.2)), and show that it is equal to —.J §7€(FH ).
As an element (in fact, the only one by hypothesis) in the support of the hydrodynamic limit of
(QNs.1) v, T must have almost always point-like poles on [0, Tp]. It is thus a point of continuity

of Jga by Proposition . As such, for a fixed n > 0, one has:

sup [ Jg (0) = 5 (T)] = wpm g (n).
TeBqy,, (TH )
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Above, By, (' n) is the open ball with radius 1 centred on I'?, and wrn g .(+) is the modulus of

continuity of J E,ﬁ at ', in which we stress the dependence on both I'# and H, and which vanishes
at 0. The first expectation in ((5.2)) is then recast as follows:

EiVBH[ - Jg,alzﬂo} - _‘]Ig,e(FH)Ei\,TB,H [1ZmOdeE(FH,n)] + Oy(wr ()
+ B 11 [Lanonsa, orme (= i)

The expectation in the first term converges to 1 for IV large, while the last one vanishes as J 1?175 is
bounded and Qfﬁﬂ (BdE(FH, n)c) vanishes. It remains to let 7, then € go down to 0 to obtain the
left-hand side of . Taking the supremum of the resulting expression on all H such that '
belongs to O then yields the right-hand side of .

To conclude the proof of lower-bound large deviations, it remains to prove the two assumptions
presented at the beginning of this section. This is the content of the next two sections. In Section
.2, we prove that trajectories typically do not leave the good state space &,(d) on [0, 7] for some
n > 0and d < 1/4. In Section , we prove that (Q)5 )~ concentrates on [0,7] on dpu. The
trajectory ' defined at the beginning of this section, is the solution of , and assumed to be
unique as well as continuous in time in Hausdorff topology. Since I'¥ is almost always in &.(1/2)
before time 7, > Tp, it is in &.(1/2) on [0,7,] by continuity. If Ty < 7, then the lower bound
is proven. Otherwise, the result until time 7j follows by recursion, re-starting the dynamics at
Il e &.(1/2).

5.2 The droplet moves on a diffusive scale

In this section, we prove Proposition [2.4] First, we show that a configuration in &, cannot have
left &,,, for some r; € (r,1g), before a time of order N2. The set &,, is defined in (2.15). The
techniques employed have the following two nice properties.

1. First, we obtain estimates depending only on the initial point and parameters of the model.

2. Second, we get quantitative estimates for all N large enough, in e~V for some parameter
c. This is the best possible decay rate, as large deviations around the hydrodynamic limit
occur at the e scale.

Recall from Definition the properties of the initial condition of the dynamics. Recall also that,

for r; € (r,79) and 8 > 0, 7 = 7'1{\1[7571{ is the first time at which the dynamics with generator

N 2£5 5.1 Starting from ) leaves NE,,. We prove the following.

Lemma 5.1 (Item 1 of Proposition 2.4)). For each ry € (r,1y), there are constants ¢y, o > 0 which
depend only on H,Ty, 19,71 (and in particular not on r,3), and a numerical constant C' such that:

PYg (T < co) < Ce N, (5.3)

Proof. We adapt the method used in [Cap+11]. The idea is to show that exiting N&,.,, 1 < 1o
from N&,, requires moving a deterministic volume of blocks of order N?, which must take a time

198



of order N? when N is large.

Consider the first point, i.e. that for r; € (r,ry), leaving N&,, when starting from N&,, requires
moving at least ¥ N? blocks, for ¢ = (g, 70,71) > 0. Recall that if v € XN, T is the droplet it
delimits. There are three ways of leaving the set N&,,, defined in Appendix [B}

a) breaking V,, or H,, (defined in (2.9)-(2.10));

b) having the difference in abscissa or in ordinate between two consecutive poles less than Nr.
c¢) having two points in opposite quadrants become closer than r; in 1-distance;

Notice that condition a) is necessarily realised after condition b), so we focus on conditions b)
and c). The set &, is defined to contain pathological limits of elements of N™'X» when N is
large. However, the dynamics starts from a nice initial condition, i.e. with simple boundary, see
Definition The hitting time 7 of conditions b) and ¢) is thus larger than the hitting time of
the following simpler conditions (see Figure |4.7)):

1. At 71, the droplet first fails to contain the set D := N~'{z € '} : d(z,7{) > Ne}; where
e = €(Tg,rg,r1) is small enough to ensure that the heights (north and south poles) and
abscissas (west and east poles) of the poles of D differ from those of N7'T') by at most

(TO - 7”1)/10
2. At 72, one of the poles has first moved sideways by at least N(ry — r1)/2 compared to '}

Write P, for the probability associated with the dynamics that stops upon reaching 7%, k € {1,,2}.
This (inhomogeneous) Markov chain has generator N2L; equal to N2L, 5y (defined in (2.11)-
([2.14)) for times below 7%, and 0 strictly after. With the lower bound for 7 provided by 7! A 72
in conditions 1,2 and Figure 1.7} we claim that there must be 1) = 9)(I'g, 70,71) > 0 and functions
(1, Ga, corresponding to indicator functions of suitable sets, such that, for & € {1,2} and for the

dynamics induced by Pg:
{Tkét}C{/ Gk:_/ GkZ@b}. (5.4)
N-iryY ry

The probability of the event on the right in ([5.4)) is estimated by the computations of Section
as long as G'1, G are replaced by smooth approximations, as we now explain.

Estimating 7':

Define G as the indicator function of the ring between the two droplets on the left Figure of [4.7]
For ¢ > 0 sufficiently small, let Gg € [0,1] be a C* approximation of G; equal to 0 when G| = 0, to
1 at 1-distance ¢ or more to {G; = 0}, and going down smoothly to 0 as a function of the distance
otherwise. Take then 11 = 11(T'g, 79, 1) as the smallest volume to delete in order to reach D from
N=ITYN. Then for t > 0, up to dividing ¢; by 2, for all ¢ small enough:

PNy (<) =Py(r' <t) < IP1</ GS — / GS > wl). (5.5)
N-Iny N-IN
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(ro-r1)/10

Figure 4.7 — Initial condition/portion of the initial condition of the dynamics. Left figure: the shaded
area is the set of points of 'y at distance more than a suitable € > 0 from the boundary (see item 1 for
the choice of ). 7! is the first time at which the boundary of the droplet touches the shaded area.

Right figure: The shaded areas, of smaller side of length (ro —r1)/2, have to be filled for either the north

or east pole to have moved sideways by (ro — r1)/2. The dashed lines delimit areas which always stay

below the poles before time 7.

Note that this "volume” difference is always negative. By Chebychev exponential inequality, it is
sufficient to estimate, for ¢ > 0, the quantity Mtl’ceAt, where (MtLC)tZO is the P;-martingale defined
for an XN-valued trajectory I' = (I'V);>¢ by:

¢
vt >0, MtGI:exp[—N/ G§+N/ o5 - 4. (5.6)
N-IN N-ITy

and (A;):>o is the process:
¢ ¢ ¢
VE>0, A =N / NIy Gip N vy Gy, (5.7)
0

Since A; = Ajppr for t > 0, the droplets entering in the definition of (A;) are all in N&.. The
computations of Section [3]thus apply: recall the notation &, = 1 if a block is added corresponding
to a vertex x, €, = —1 if it is removed. Then for each t > 0, with v~ = oT'V:

A < / " [NC(H)-I—N Y ee(T))GS(x/N)

eV (vl)

4
- 2NZ Z (€71 p, (wroan=0 — Lpu=2.0pr | G5 (/N) | du

k=1 z€Py(u)
z+2ef ePy(u)

< N(C(GS) + C(H))t. (5.8)

To obtain the first inequality in (5.8]), pr was bounded by N for k € {1,...,4}. To obtain the
second line, the crucial point is that the contribution of the sum on P, which may be of order
N2, is negative (G§ > 0), since it makes the droplet grow. Moreover, 1, _» ppr was bounded by

1. For ¢ = (rg — r1)/100, C(GS) depends only on I'y; and ;. The event DP¥ corresponds to V; or
H,, defined in (2.9)-(2.10)), depending on the value of k € {1, ...,4}. Equation (5.8 concludes the

bound on 7!:

P%,H(Tl < t) < 6—1/11Ne(C(H)—i-C(I‘o,m))NtEl [Mtl,C] _ e—¢1N6(C(H)+C(FO,r1))Nt7 (5‘9>
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which decays exponentially fast to 0 as long as t < ¢, /(C(H) + C(Ty,71)).

Estimating 7' A 7%

Equation cannot be used to estimate 72 directly. Indeed, 72 occurs only after the initial
droplet has grown somewhere, which means that the poles may contribute. Define however G, as
the indicator function of the zones delimited by the dashed lines in Figure (in all quadrants,
not just the first one as represented). Take then 15 as the smallest volume of one of these dashed
area. Then as stated in , for t > 0, under Py, the dynamics stopped at 75:

{Tl/\TQSt}C{TIZt,/ Gg—/ G22¢2}U{71§t}.
N-inlY N-iDy

The argument is then the same as for the estimate of 71, and we again obtain an exponential decay
for sufficiently short time. Since 7 > 7! A 72, this concludes the proof. O

Let us now prove the second item in Proposition [2.4]

Lemma 5.2 (Item 2 in Proposition 2.4). Let ¢y > 0 be given by Lemma [5.1. For this lemma
only, take B > 64log3. Then, for each d € (0,1/4) and each H € C, there is a time Ty =
To(To, do,d, 5, H), Ty < co such that:

N—oo

To
Pgﬁ,H(/ 1dist(Ft,8([71,1]2))<d dt = 0) — 1. (510)
0

Proof. The idea is to use the structure of the invariant measure v to estimate the cost of having
one pole come close to the boundary. Let n < ¢y, with ¢y given by Lemma [5.1 For short, let
(21, -+, 24) = (Ymaxs Tmax, Ymin, Tmin) D€ the extremal abscissas/ordinates of a droplet, and denote
by 29, k € {1,...,4} the corresponding values for the initial condition N~'T') of Definition [2.1]
Let also £) be the length in 1-norm of the boundary of N='T'). Recall that N~'T')" is at distance
do > 1/2 from 9([—1,1]?) for each N.

If z € R, define x, = max(z,0) and notice that e.g. (2;(T') — 2?), represents how much closer to
the boundary the highest point in a droplet T' € £, is compared to N7'T'). The lemma thus holds
if we can prove that there is n > 0 with:

N 0 . _
Pr,@H(Stlglglrgkaé(Zk 2p)+ > dy d> on(1). (5.11)

Let us rewrite the event in (5.11)) in terms of the length of the interface. By definition, an interface
v € XN has length:

7| = 2(z1(7) — z3(7)) + 2(22(y) — (7)) (5.12)

For each ¢ > 0, let 7¢ be the first time at which one of the pole has gone down by at least (,
defined as follows:
¢ —3j >0 mi _ 0 <
¢ =inf{t>0: 12%24[%@) z) < —(}.

As a consequence of Lemma [5.1] there are ¢(¢), C(¢) > 0 such that:

P%,H (TC < C(C)) < C(¢)e O,
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Fix ¢ > 0 to be chosen below. Equation (5.11]) is proven if we can establish the existence of
n € (0,¢(¢)) with:

N ¢ _ .0 _ —
Py 1 (7€ > (), sup i (1 — ). > do d) = on(1) (5.13)

Recall (5.12). Since the length changes by 2/N when z; changes by 1/N for 1 < k < 4, the event
in (5.13)) is included in:

{Sfif [ (D)] = £5] > 2(do — d) — 6(}.

Take ¢ = (dy — d)/3, and let us estimate the probability of the above event. As 7 is chosen to
satisfy n < ¢g with the ¢y of Lemma , we need only do so under IP’,{Y 5 Indeed, by Lemma :

PiYﬁ,H(stggwtﬂ — )] > do — d)

= Pi\,[,B,H (W € [0,n],v € gr;Stgp [|7(t)| - gév] > dy — d) +on(1)
<n

1/2
< CCON B, (sup [|9(1)] ~ ] > do —d) " +on(1). (514
t<n

The second line comes from Cauchy-Schwarz inequality and the fact that, by (4.2))-(4.3)-(4.4)):
E,{Yg [1{Vte[0,n}me&}(dPgﬁ,H/dPgﬁ)[zo,n]]l/Q < BO(H)UN-

Change initial condition in ([5.14)) to obtain a probability starting from the invariant measure v:
B, (sup [1(0)] = 6] > do — ) < v(o) B (sup [1(0)] — £] > dy — ). (5.15)
<n <n

Let N; be the number of updates in the dynamics P, up to time ¢. (N;);>o is a Poisson process
with rate bounded by 20N3, which is a rough bound for the update rate of a curve under the
contour dynamics. To use the fact that v is invariant under the dynamics, split [0, 7] in, say, N*
intervals of length nN~*. A -4 is thus a Poisson random variable with rate bounded by 20nN 1,

and for N large enough:
106N
6N> < exp[— 108N]. (5.16)

]P)l/ (NnN4 Z

log

Since 7Y has length smaller than 4N and the partition function Z is bounded, one has v(7{")™! <
Ce %N for some C' > 0, and ([5.16)) applied to (5.15) yields:

P, (sup[ly(0)] — 6] > do — d) < w(T)) "N, sup [|9(t)] = ] > do — d)
t<n

t<N—4p

, 108N
=v(I))'N'P, ) = €] > do — d, Nyn-+ <
A(OY) N (s (0] = 6] > do— d Ny < 070

> + O(e%M).

_ y(FéV)’lN4u<|fy| — Y > (do — d)/z) + O(e™M),
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To obtain the last equation, we assumed than N was large enough to have (dy — d)/2 > 2 -
106N/ log N. Recalling (5.14)), one obtains by definition of v, for n < ¢/C(H):

P, s (sup [9(0)] = @] > dy — d) < CU NN/ o (1),
t<n

where 3%V is a rough upper bound for the number of curves with length larger than £ |+ (dy—d) /2.
Asd < 1/4, dy > 1/2 and § > 64log3 > 16log3/(dy — d), there is n = Ty < ¢o small enough
satisfying the claim of the lemma. O]

Corollary 5.3 (Relative compactness of the sequence {Q}; ; : N € N*}). Let Ty be chosen ac-
cording to the previous lemma. Then {QP5 ;- N € N*} is relatively compact in My (E([0,Ty), X)),
and its weak limit points are supported in E([0, Ty, E(d)).

Proof. By Lemmas [.2] the first hypothesis of Corollary is satisfied. The second one
proceeds from Appendix [B.3] ]

5.3 Characterisation of limit points

Fix H € C and let Ty > 0 be a time given by Lemma (5.2 In this section, we prove Proposition [2.5]
i.e. we prove that any weak limit point Q7 5 ; of (Q5 5)n in M1 (E([0,Tp], X)) is concentrated on
weak solutions (2.32)) of anisotropic motion by curvature with drift in E,,(]0, T}, €-(d)) (defined
in (2.36)). We start by extending upper-bound large deviations to the sequence (Qﬁ% )N

Lemma 5.4. For the sequence (QF5 ), for any closed set C' C E([0,Tp], &,(d)):

1
lim sup — log QY ,(C) < —sup inf sup [Joo — Jg-| < —inf I5 . 5.17
m sup - gQnsu(C) < up nf GE[ Ge— Jme] < uf Zs i (5.17)

The set Dy = (), Dqn controls the neighbourhood of the poles, as defined in (4.9). The functional
Is 5 is +oo outside of E,,([0,Ty],E-(d)), and is defined for T € E,,([0,To), E.(d)) as:

Is.u(T) :Z%E{Jg(r)—Jg(F)} :%%%{Jﬁ(l“)—/o OdT/ ,uFHds}. (5.18)

Recall that p is the mobility defined in (2.26), and that E,,(]0,To], E-(d)) is defined in (2.36)).

Proof. Simply write:
T75)H T7B d}P)i‘\’[B cl

and repeat the computations of Section [4|to obtain the large deviation upper bound ({5.18]) as well
as the first expression of I3 . The second expression ([5.18)) is obtained by the change of functions
F = G — H and elementary computations. O

It is a well-known fact that the only trajectories for which the rate function /g i vanishes are
solutions of ([2.32)), which corresponds to its first variation. Let us provide a quick proof. Consider
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I' € E([0,Tp],&-(d)) such that I y(I') = 0, and take e > 0 and G € C. Then I' € E,,(]0, 1], £.(d)),
and:

To To £2 To
0> J7 o —+e¢ /O dr / pHGds = ig(ﬁg - /0 dr / uHGds) -5 /0 dr / nG2ds.
Y Y YT

Taking ¢ small with G fixed, the term of order & must vanish, and it is precisely (2.32)) with test
function G. As this is true for all G € C, I' is a solution of (2.32). The converse is clearly true,
since if I" satisfies (2.32)), then:

To
I3 u(T) —sup{ ——/ dT/ ,uG2ds} = 0.
GeC

We now conclude on the proof of Proposition through the following Lemma.

Lemma 5.5. Recall from Section |5.1| the definition ofF e E([0,T],&E-(d)), still denoted by
1[0,

2 assumed to be the unique solution to (2.32) on [0,Ty]. Then Q. 5.5 18 supported on {1z g = 0},
thus:

Q:,ﬂ,H — (SFH.
Proof. For ease of notation, we still denote by (nyﬁ )N asubsequence converging weakly to some
limit point Q5 ;. The idea is to use the large deviation upper-bound of Lemma to obtain
the hydrodynamics limit. Although classical, this is made difficult in our case by the lack of lower

semi-continuity of the functional I3 defined in (5.18) and, in a related manner, by the fact that
the set E,,(]0, To], £-(d)) on which it can be finite is not closed.

This justifies the introduction of the functional xn _ p,., supg[Jgc — Ju| in the middle term
in (5.17), where ya(z) = 1 if 2 € A, ya(z) = +oo if z ¢ A. This functional is infinite outside
the closed set D, = (,51 Dgn C Epp([0, o], E-(d)) (defined in (4.9)), and lower semi-continuous
by continuity of Jg.(-) on E,,([0, Ty], &(d)) for G € C.

Let (K,),>0 be a family of compact sets in E([0, Ty], €:(d)), which exists by Corollary [5.3] such
that:

Then Q; 4 5 (K,) > 1—n. Let € > 0 and consider the open set B(e) := {T" : dg(T,{Isn = 0}) < e}.
Let B.(¢) be its closure. The complementary of B, () is open, thus

Qsn (Bele)) < Hninf Qrly o (Be(e)).
As Bc(g)c C B(e’f)c,
Qrpir (Be(e)) < Qg (B(e)) <+ Qg (B(e) N Ky).

The set K, N B(e)° is compact, thus by Lemma [5.4}

lim sup N log QYs y(B(e)°NK,) < —sup  inf  sup[Jg.— Ju.] <0, (5.19)

N—oo ¢>1 KyNB(e)*NDq G e
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Let us explain the strict inequality in (5.19). Suppose by contradiction that the right-hand side
in (5.19) vanishes. The supremum on ¢ can then be removed, so take ¢ = 1 and let I €
Dy N K, N B(e)¢,n € N be a sequence such that:

lim sup [JG,E — JH,J (r") =o0.

n—oo G,E
As Dy N K, N B(e)® is compact, (I'™) has a subsequence that converges to some I'. By lower
semi-continuity of Supg - [JG@ —J ng] on Dy,

Ve > 0,VG €C,  Jgo(T) — Ju.(T) < (5.20)

0.
In particular, I" is a solution of (2.32)), thus it is in {/s gy = 0} C B(e) by the discussion preceding
the lemma, which is absurd. It follows that, for N large enough:

Qs (Be(e)) <+ QN; y(B(e)°'NK,) <21 = Qhsy(Be(e)°) < 3n.

As this holds for all n > 0, Q; 5 5 is concentrated on {Izy = 0}, which by hypothesis is simply
{TH}. O

6 Behaviour of the poles and 1, _, terms

In this section, we focus on the specificity of the contour dynamics: the behaviour of the poles.
The main result is the proof of Proposition , which states that the regrowth, 2% term in the
generator acts as a reservoir, injecting particles into the SSEP on each quadrant. This
fixes the particle density around the poles, i.e. the tangent vector. It is shown to be discontinuous
across the pole, and depends only on the value of 5. The proof of these statements is carried out in
Subsection [6.2] It makes crucial use of the irreducibility of the dynamics around the poles, which
is the single added feature in the contour dynamics compared to the zero temperature stochastic
Ising model.

Subsection presents a useful bijection argument which yields an estimate of the pole size as
well as local equilibrium at the poles. These two statements were used in Sections [3}4] Parameters
r<rg, B>0, H€C are fixed throughout the section according to Definition [2.1] as well as a time
Ty > 0. All proofs are done for the north pole P := P, with size p := p; = |P1| — 1, the other poles
are similar. We work with elements of XV rather than rescaled microscopic curves in N~! X/ as
in Section [3l

Throughout the section, Ty > 0 is a fixed time.

6.1 Size of the poles and local equilibrium

In this section, we estimate (3.14)), i.e. we estimate the pole size and the term

VVtG(’Y) = Z (1p:2,Vr - 6_251x§§6AN)G(ta .Z'/N), v € X'r{vvt Z 0 (61>
zeP
J:+2S;FEP

for any test function G € C. The condition V,, defined in ({2.9)), states that the north pole of a
curve is allowed to go down by the contour dynamics. Summing on z € P such that = + 2¢} € P
is just a way of enumerating the different positions at which one can add two blocks atop the pole.
We prove:
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Lemma 6.1. Write P for the north pole of a curve in XY. For each A > 1,

. 1 Lo -
lim sup N longq\fB (77/ 1p(mony—o € 2(p; — 1)dt > A) = —0o0. (6.2)
N—o0 0Jo

Moreover, for each 6 >0 and G € C,

1
lim sup N log ]P’fﬁ <

N—oo

I
To/o WEdt| > 5> = —00. (6.3)

Equations (6.2)-(6.3) hold also under PY, ,;, with the additional condition {¥t € [0, Tp], v € NE,}.

The proof of Lemma [6.1| relies on a bijection argument to estimate the expectation of the terms
between parentheses in (6.1)) one in terms of the other and the Dirichlet form. It is stated in the
following lemma.

Lemma 6.2. Let f be a density with respect to the contour measure v = V,],Yﬂ, defined in (2.3), and
denote by B, the expectation under fdv. Then, for any A > 2,

2
(v = 2.Vesp = AV =By, [(p = Ve ™ Lugony Ly24] ) < 2Du (1), (6.4)

where Dy (f) = =K, [fY2L, 5f'/?] is the Dirichlet form of the contour dynamics, and p' = p'(v)
for v € XN is the number of blocks one level below the pole in the droplet T such that v = OT.
FEquation (6.4]) also holds with p’ < A,p < A instead of p' > A, p > A respectively in the probability
and in the expectation.

Proof. We prove the result with A = 2 (i.e. without constraint), the general case is similar. Fix a
density f and define the two sets I, V,.(2) as:

L={yeX):P(y)NoAy =0}, V,(2)=V.n{p=2}, (6.5)
with V, defined in (2.9). Define U on X¥ as follows:
vye XY,  U) =1,.(Me ¥ () -1). (6.6)

Let us prove that v;(V,(2)) and E,,[U] are comparable, up to an error that can be expressed in
terms of the Dirichlet form Dy(f).

To each v € I, (defined in ), it is dynamically allowed to add two blocks above the north
pole. Denote by v(!), ..., 4®=1 the p(y) — 1 corresponding curves, where v*) is identical to v except
that two blocks sitting on the edges k, k + 1 are added, counting the edges from the left extremity
of the pole (see Figure . Note that the %) correspond to the v+ with z,z + 2e} € P defined
above .

Conversely, the size 2 pole of each curve v € V,.(2) can be deleted, to obtain a curve v = (y/)™! € I,
with the notations of Section [2, The curve 7 has length |y| = |7/| — 2. The same curve vy € I,
occurs p — 1 := p(y) — 1 times when enumerating elements of V,.(2) and deleting their pole, thus:

viVa(2) = > v = D D ey rymyr()e P F(H)

Y EV-(2) v eV (2) vElr
p—1
=Y v(e Yy (™).
~yel, k=1
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1 (2 4
Y( ) Y*ZJ Y(3) v( )

— p=5
|

Figure 4.8 — Neighbourhood of the north pole of a curve v € I, (thick line) and the A E<p—1=4.
~3) is the curve 7 to which the two blocks delimited by dashed lines are added. Conversely, any of the
A ®) k< d4isin V:(2), and deleting the two blocks constituting their poles yields 7.

Add and subtract the quantities needed to bound the second line by the Dirichlet form Dy(f):

v (@) = e ™ S [0 + 1) — 272() 2 (9]
yEI, k=1
= vy [(p —1)f(7) -2 2_: f”Q(v)fl/Q(v““))] : (6.7)

To estimate the second line of (6.7]), apply Cauchy-Schwarz inequality to the sum Zz;i to obtain:

-1

vp(Ve(2)) < 2Dn(f) = By, [e ™ (p— D1 ] +2) v(y)e > (p— 1)V f1%(v) [ F(™)

vELr 1

=

i| 1/2

i

Recall the definition of U from and again use Cauchy-Schwarz on the sum on the curves in
I, to find:

42 < 2Dx(F) By 0]+ 2] S ve o~ 170)] [ vl 3 )]
D) B U
Putting things together yields the claim of the lemma:
(V@) ~ B, [012] < 2Dx(p). (63)
]

Proof of Lemma[6.1. We now explain how to obtain Lemma from (6.4]). We need to do three
things:

1. bound from above the probabilities appearing in the claim by an expression involving (/6.4);

2. prove that (6.3)) holds for W&, with G' € C. The first point only gives the result for 1,5y, —U,
which corresponds to W1;
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3. and prove the result under IP’,{Y@ 5 up to adding the condition {Vt < Ty, v € NE, }.

The first and third points are classical and easily adapted to the present case. Since they are used
repeatedly in the article, we present them here once and for all. The second point requires some
care because the function G € C may change sign, which breaks the upper-bounds in the proof of
Lemma [6.21

Let us explain the general idea for the first point using (6.2) as an example. We wish to
estimate:

1 [T
P <To/ e 211, () (p(ve) — 1)dt > A> ,
0

where I, is defined in (6.5). We do so using Feynamn-Kac formula. Let a > 0, and apply the
exponential Chebychev inequality to obtain

1

1 [T
TioeBY (1 [ e 100000 - e > 4) (69)

1 T
< —aATy + N logEfﬁ {exp [aN/ 1,cr, ¢ 2 (p, — 1)dt” .
0

Consider the generator N2L, 5 + aNU, with U defined in . This generator is self-adjoint for
the contour measure v = V,{Yﬁ (2.3), and Feynman-Kac inequality plus a representation theorem
for the largest eigenvalue of a symmetric operator yield that, at equilibrium:

To To
A2
Ey{exp {aN/O U(%)dt” < exp/0 dt fzo:SI;,l,I[)f]:l {aNEl,f U] - N DN(f)} (6.10)

One can bound Pg 5 from above by the probability P, starting under the equilibrium measure v:
PNs() < Z,5¢" P, () < e“VB, (1), (6.11)

for some constant C' < 8. Using ((6.10])-(6.11), becomes:

1 1 [m
—log P, <—/ Ul(vy)dt > A) < —aATy +CB+1Ty sup {aEl,f U] — NDN(f)}. (6.12)
N "\ To Jo 120,

J fdv=1

At this point, we can use Lemma to estimate the supremum in the right-hand side of (6.12)).
U may be unbounded as a function of N, but the bound E, [U] < 1+ (2Dy(f))"/* provided by
Lemma [6.2| and elementary computations show that the supremum is positive only for densities f

with Dn(f) < C(a)/N. For such densities, (6.4]) yields:

E,,[U] < vi(Vo(2)) + C(a)O(N7V?) < 14 C(a)O(N~?).

ve

Inject this result in (6.12), take the limsup in NV, then have a increase to infinity to conclude the
proof of (6.2)). Equation (6.3)) in the G = 1 case follows similarly, using the identity x — y =
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(Vz — /y) (v + \/y) valid for z,y > 0. Indeed, for W', the quantity in the supremum in (6.12)
is now alE,,[W'] — NDy(f), where by definition:

wh = Z [1:0:2,% - 6_2/8117‘:| =1,—v, — (p— 1)6_2511T =1y, — U
zeP
x+26;"€P

As a result, E, [W'] can be bounded from above as follows:
By (W] = [vr(Ve@)/2 = B [012| [ (Vo)) /2 + B, [U] 2

< (2Dw(H)'?[2+ 2Dn())'7]. (6.13)

Elementary computations again yield that the supremum in (6.12]) with W* instead of U is positive
only for Dy (f) < C(a)/N?. This concludes the proof of the first point.

Let us now deal with the second point, i.e. proving for any G and not just G = 1. As
GG may not have constant sign, one cannot directly use the bounds in the proof of Lemma [6.2]
However, if G is positive, it is not complicated to repeat the bijection argument of Lemma to
obtain, for each t < Tj:

[Eyf [67%11” Z G(t’x/N)] . B, [1%(2) Z G(t,x/N)]l/Qr

zeP z€EP
z+2eteP a:+2e;fEP

< C(G)Dn(f) + Og(N7H). (6.14)

Recall that the summation on x € P such that x +2e} € P is just a way of enumerating all places
where two blocks can appear atop the pole. For general G € C, the result follows by splitting G
into its positive and negative parts G = G — G, and estimating the contribution of G*, G~ by
(6.14]).

We now prove the third point, i.e. establish (6.2)) and (6.3]) under IP’fﬂY@ p assuming trajectories
take values in NE&,. The point of this additional condition is the following. According to Section
(see (3.14) for the first term and (3.22)-(3.30)) for the second one), for each N&.-valued trajectory

7= (Wh<n,
1 o -
N log Dy ir(7) = Z/o [(px(ve) = e 1p,noay—0 — 12, ppr]dt + C(H)TyOn(1), (6.15)

where D}Y; ;; = dP 5H/dIP’Nﬁ until time 7y, and DPF is defined in (2.9)-(2.10). Let x denote any
of the two events appearing in - . In the proof of the ﬁrst pomt we saw for the north
pole:

e (VO [ 000 01, 00] | <70+ TOw(v )

This immediately generalises to the other three poles. As a result, using (6.15)):

1 1
N log PN, (Vt € [0,To], 7 € NE; x) = N log BY; [Lvicio,10)vene, 1xDls ]

1 1 To
< o= log PR (x) + C(H)To + 51 log Es | exp [2NC(H)/ (p(7e) = De™1,, (%)dt} :
2N : 2N : 0
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The last term is bounded: taking N to infinity proves item 3. O

6.2 Convergence of the 1,_, term at fixed  and slope around the poles

This section is devoted to the proof of Proposition poles act as reservoirs that fix to e ? the
averaged slopes Ei’aN, 1 - zcl’gN at the poles. We prove this statement in several steps. First,
we explain how to use the effective state space &, (or &,.(d)) to obtain a local dynamics from the
contour dynamics, which is non-local due to boundary conditions in the definition of X%, see
Section [6.2.1] This is a key technical argument to be able to compare the contour dynamics to
simpler 1-dimensional ones.

We then prove that the 1,-o term fixes the slope around the poles, in the sense that the time
integrals of 1,—o and éffN are close, see Section This should not come as a surprise if one
remembers that, in a Symmetric Simple Exclusion Process (SSEP) with reservoirs, the density
close to the reservoirs is fixed. The time average of 1,—, is then proven to be equal to e™# in
Section [6.2.4] Preliminary microscopic estimates, crucial to Section [6.2] and thereby of central

importance to the paper, are carried out in Section [6.2.3]

6.2.1 Turning the contour dynamics into a local dynamics

To compare the non-local (due to boundary effects in the definition of X») 2-dimensional contour
dynamics to a local, 1-dimensional dynamics (in the present case the SSEP and a kind of zero range
process introduced in Section , we need to explain how to remove the non-local constraints.
For moves away from the poles (addition/deletion of a single block), the only non-local constraint
is that opposite quadrants of an element of XV cannot cross. For deletion or regrowth at the poles,
one has to make sure neither to touch Ay nor to shrink droplets too much, see the definition of
XN in Section .

In the "good” state space NE&,(d), all dynamical moves are local; this is why we introduced it in
the first place. The idea is then to prove that, under the condition {V¢ € [0, Ty], v, € NE.(d)}, for
d > 0 henceforth fixed, one can turn the contour dynamics into a local dynamics inside N&,(d).
This is the content of the following lemma. Since the proof is quite general, we postpone it to

Appendix [A.2]

Lemma 6.3 (Projection onto a local dynamics in the effective state space NE&,.(d)). Let ¢ :
[0, Ty] x XN — R be bounded. Then, for some C > 0:

To

N W(t, %)dtH

0

1
N log Efyﬁ |:1{Vt€[0,T0},% ENE.(d)} €XP

<ot [ s B[] - NDy() (6.16)

(NE.(d))=1

The result is also valid with the weaker condition {Vt € [0,To],v € NE,} provided Dy is replaced
by D%, the Dirichlet form of all SSEP jumps, i.e. Dy without the regrowth/deletion jumps at the

poles corresponding to line 2 of (2.11]).

Remark 6.4. Equation (6.16) looks like a standard Feynman-Kac estimate. Note however that
the supremum in ([6.16)) is on densities with full support in N&,(d). In general, if f is a v-density,
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there is no way to control Dy(f) by Dy (legr(d)>. Indeed, if f = flne(a) DN(f) contains terms

of the form:
S (e ) FO) + (Ve )@,
YENE,(d)

Y'¢NE-(d)
which have a priori no reason to be comparable to differences [f(7)Y/? — f(7/)'/?]2.
Note also that Lemma|6.3|is not a statement about the contour dynamics conditioned to stay inside
NE&,(d), but about the full dynamics. This is an important point: the jump rates of a conditioned
dynamics would be non-local, whereas we really need locality to later project the dynamics onto
1-dimensional particle dynamics. [ ]

6.2.2 The 1,_, term coincides with the slope around the pole

The argument presented here is the same as for a SSEP with a reservoir. Indeed, informally,
one can think of the contour dynamics as four SSEP connected by four point-like reservoirs, as
explained in the proof of Lemma below. As poles move, the lengths of these SSEP change;
however this does not change the average density around the pole much. The key observation is
the fact that 1,_, coincides with the occupation number of the closest site to the reservoir in these
SSEP.

Lemma 6.5. Recall the notations of Proposition[2.3. For each § > 0 and each G € C, the slope
on each side of the pole satisfies a one block estimate:

1
lim sup limsupﬁlogIP’fXB (‘v’t € [0,To], v € N&,;

k—o0 N—o0

1

To
5 GO n N s = )] 20) = 0. (617
T Jo

and a two block estimate:

1
lim sup lim sup N log ]P’fﬁ\’[ﬂ (‘v’t € [0,Ty],v: € NE,;

e—0 N—oo

1

To
5 [ oL - 57, ] > 6) = o (6.18)
TO 0

Both estimates are valid under ]P’ffﬂyﬂ, with the same proof as for Lemma .

The proof of Lemma [6.5|is used to showcase the connection between the contour dynamics and
the SSEP at the microscopic level, that is used numerous times in this article.

Proof. The proof relies on the key observation that the quantity 1,—o can be controlled by the
edges of the poles:

Lp—2 = &ri42e = ERy-3, (6.19)

where we abuse notations and denote by R, — 3 the vertex at distance three from R; anticlockwise.
In other words, 1,—, can be thought of as the occupation number of the closest site to a reservoir in
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a SSEP, in which case (6.17)-(6.18) are well-known (see [ELS90]). We first prove (6.17)). Building
on the observation (6.19)), define ¢ as the function:

Yy e XY, oY) = Erivoe — &0, (6.20)

Let us slightly rewrite the probability in (6.17)): it is enough to estimate, for each a > 0, the
quantity:

IP’f,\fB (Vt € [0,Ty], v € NE,;exp [aN /To G(t,Ll(t)/N)ng(%)dt] > exp[aNT05])
0

To
< Y [1comiens o0 o [ e Gt Lomseoa]|. w21
0

Let DY, < Dy be the Dirichlet form of the contour dynamics without the regrowth /deletion terms,
i.e. without the jumps of line 2 of (2.11). Apply Lemma to ¥ = aG¢ to obtain that (6.21)) is
bounded from above by:

— adTy+ CB + /0 P sup {aIE,,f [G(t, L1 /N)¢] — ND5( f)}'. (6.22)

f20:wp(NER)=1

Let us now compare the contour dynamics around the north pole to a SSEP. Fix t € [0, 7] and a
v-density f with support in N&,. Denote by (E}) the expectation in the supremum in . We
first take care of the dependence on L; in G, by splitting (Ef) depending on where L; lies in Ay.
Let M(z) C XY be all curves with L; +2e¢; = x € Ay. Then, up to an error Og(N 1) uniform in

2
£, (Gt L/N)g = 3 G(t,x/m[ 3 V(v)f(v)aﬁ(v)]- (6.23)

rEAN ~yEM ()

In the following, for v € M (z), we refer to the edge (x,x +¢]) as edge 1, to the one following it as
edge 2, etc, up to edge k, and write & (%), ..., & (7y) for the corresponding values of the edge labels
(as usual, curves are travelled on clockwise). Notice that all these edges are in the same quadrant
(in fact quadrant 1), as we work with curves in N&,. Indeed, all four quadrants of curves in NE,
are macroscopic, thus contain much more than k edges, see the definition of &, in Appendix [B]
Configurations in {0, 1}* =: Q, are denoted by the letter £&. ¢ depends only on the k first edges,
so that the expectation in reads:

1
TEAN £eQy
where || = 2% and if £(y) denotes the collection & (7), ..., & (7) for a given v € XV,

1
V¢ € fra(§) = Wng(%(y)g Qv () f (7). (6.25)

Note that we need only consider points = and densities f with v¢(M(x)) > 0. This ensures that
[,z 1s unambiguously defined. Moreover, f . is a density for the uniform measure on 2.
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Let us do the same operations on the Dirichlet form D%, in order to bound it from below by that
of the SSEP on configurations with k sites. Recall the definition of the bulk jump rates of the
contour dynamics in . The mapping to go from part of a curve v € N&, to an associated SSEP
configuration £(y) € {2 is represented on Figure for the first quadrant. The idea is to take the
portion of v in quadrant k, turn it clockwise by k7 /4, and put a particle at site j whenever the
resulting path goes down between jv/2 and (j + 1)3/2, or no particle if it goes up.

Define thus Dy, the Dirichlet form associated with the SSEP on €: for any density g for the

Figure 4.9 — On the left, a portion of the interface delimited by the two black dots. On the right,
the corresponding path and simple exclusion particle configuration. The mapping is possible if the left-
extremity of the interface as well as its length are fixed.

uniform measure U, on Qk = {0, 1}*,

Di(g 2|Qk| 3 Z — &) + &1 = &Il A(Em) — g QP

Ele<u<U<k
|lu—v|=1

Recalling the definition of D%(g) from Lemma , a simple upper-bound and convexity yield:

LHTESD DD IRC) NI DI I Ut 1 Al CUted I A1 0] K

TEAN YEM (@) yeV(y):(yyted el k)
> > v(M()) DE(fra)- (6.26)
.TGAN

The reason, as emphasised in Lemma , is that the jump rate c¢(vy,v’) for all non-vanishing terms
in D5(f) is local, in particular all ¥*,z € V(v) are well-defined (i.e. elements of X) for these

jumps. As a result of (6.24])-(6.26]), at time ¢ € [0, 7] the supremum in (6.22)) can be bounded
from above by:

sup { Z vi(M(z)) [aG(t,ar:/N)I[‘EU,c [fk7x¢} — ND,f(fkyx)]}

F20wp(NE)=1 L 2

< s LS p0ne) s {aaN B - NDH0)

f20wp(NE)=1 L 2 g>0:Ey, [g]=1
< sup { Z Vf(M(x))a|G(t,x/N)]} sup |Ev,[99]. (6.27)
[>0:wp(NEH)=1 2EMN 9>0:Ey, [g]=1
D (9)<C(a)/N
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The conclusion of the proof then follows, since the problem is reduced to a one-block estimate for
a SSEP of size k (see [KL99|, Chapter 5): the expectation in (6.27)) satisfies

limsup  sup  |Eg,[gg]| = O(k™").

N—oo  g>0Ey, [g]=1

Dy (9)<C(a)/N
As the first term in the right-hand side of (6.27) is bounded by a||G||«, the proof of the one block
estimate (6.17)) is concluded. The two block estimate (6.18)) is proven similarly. O

Now that we know that the time integral of 1,—, and of the slope at the poles are close, it
remains to compute their common value. This is the goal of the next two sections.

6.2.3 A compactness result

This section presents microscopic estimates used to control the pole terms. Although technical,
this estimate is crucial to prove that the contour dynamics does not behave too strangely around
the pole, leading to a control of the 1,—, term in the next section.

To compute the time integral of 1,-5, we need to zoom in on the dynamics around the pole.
As used in the proof of the hydrodynamic limit in [LST14a], in a suitable frame around the pole
(the definition of which is one of the difficulties), the height-function describing the interface in
time can be interpreted as a kind of two-species zero-range process, in our case with a moving
reservoir in the middle. Leaving for later a detailed description of the mapping to the zero-range
process and the frame around the pole (see Figure , we will have to estimate expectations of
the form:

]E'Vf[]‘p:2] = Eu[flnLlJr%l#O]’

where f is a density for v, f its marginal against p. The measure g is the marginal of v on
a well-chosen portion of the curve around the pole, in which the interface is described in terms
of a particle number 7. taking values in Z, corresponding to the height difference between two
consecutive columns. f is the marginal of f in this proper frame. To show that the expectation
of the right-hand side reduces to an estimate at equilibrium under g up to a small error term, a
compactness argument is typically used to prove that particles do not condensate macroscopically
at a single site, as in [KL99|, Chapter 5. In our cases, this compactness argument is provided by
the following lemmas.

The first estimate concerns the 1,-» term, which as shown in Section coincides with the
slope around each pole. We prove that poles are typically not flat.

Lemma 6.6 (Upper bound on the slope). Fory € X, v =9I, let p'(v) be the number of blocks
in I' composing the level below the north pole. If C' > 0 and A > 2 is an integer:

limsup  sup vy (Vo(2),p > A) < , 6.28
N—oo f:Dn(f)<C/N f( @) ) log A ( )
with V,.(2) ={p=2,V,.}, and V, defined in (2.9)). In particular:
2
limsup  sup  vp(V4(2)) < <. (6.29)
N0 f:Dy(F<C/N b
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Proof. Fix a density f with Dy(f) < C/N. Notice that p’ > p, the number of blocks in the

pole, by definition of X~. The idea is to estimate v¢(p = 2,V,,p' > A) for A > 2 in terms of
vi(p=A,V,), using the fact that:

S vp=B.V,) <1. (6.30)
B>2

To do so, we use a bijection argument similar to the one in Lemma 6.2 Fix A > 2, take v in
{p =2,V,,p/ > A}, and turn it into an element F(v) of {p = A, V,} as follows. Add as many
blocks as possible to the left of the north pole of v at the height of the pole. If A — 2 such blocks
can be added, an element of {p = A, V,} has been created. If B < A — 2 blocks only can fit to the
left of the pole, add the remaining A — 2 — B blocks to the right of the pole.

This procedure is nearly bijective in the following sense. Label the columns corresponding to blocks
of the level below the pole from 1 to p’, starting from the left.

e If the pole of v € {p = 2,V,,p' > A} is above the blocks with labels k, &+ 1 with 1 < k <
A — 1, which we write P = {k,k + 1}, then the procedure described above yields the same
F(vy) € {p = A, V,} for each k, and this F'() is the curve with a pole composed of the blocks
L,..,A Let {P ={1,..., A}} refer to the set of such F(v).

e If instead the pole of « starts at column k& > A, which we write P > A, then the resulting
curve F(7) has a pole starting at kK — (A — 2) > 1, and it is bijectively mapped into ~ by
inverting the above procedure.

In terms of the mapping F', the previous two cases can be rewritten as:
VE<A-1, F{p=2V,,p > A P={kk+1}})={V,p=AP={1,..,A}}
and:
F{p=2V,,p)' > A, P>A})={P>2V,p=A}.
Notice moreover that the mapping F' leaves the equilibrium measure v invariant, since the length
of v € XY and F(v) are the same. Overall, writing also { P < k} for the event that the pole starts
at or before column k, we obtain for the equilibrium measure v:
v(Vo(2),p > A)=v(P<A-1,p=2V,,p > A)+v(P>Ap=2V,.p > A)
=(A-1wP={1,.,A},V;)+v(P>2,p=AV,)
<(A-Dr(p=AV,). (6.31)
Let us prove that, up to an error that vanishes for N large, (6.31]) holds also under v for any v-
density f with Dy (f) < C/N. The idea is that the mapping F' described above for v € {V,.(2),p’ >
A} requires a number of moves that is independent of N, so f(v) and f(F(v)) are close.

We prove it for the {P = {1, ..., A}, V,.} term in (6.31)), the P > 2 term is similar. We proceed as
in Lemma 6.2

(A=Drp(P=A{L...A}L V) = (A-1) > v(y)f ()

vy EF({P<LA-1,p=2,V, p'>A})

= Z v(y)f(Y) Z 1p@)=y

Y EF({P<A-1,p=2,V,..p/>A}) eV, (2),P<A-1,p/>A

= > vV (F()): (6.32)

vEVr(2),P<A-1,p'>A
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The second line comes from the fact that F' maps exactly A — 1 elements of {P < A —1,p =
2,V,,p' > A} onto the same curve in {P = {1, ..., A}, V;.}. The third line uses the fact that £’ does
not change the measure v. The notation V,.(2) stands for V.. N {p = 2}. One has then:

2
2= Y uPE) -2 Y w
yEVH(2),P<A—1p'>A vEVH(2),P<A-1p/>A
+2 > vV PP FPEF ().
yeVA(2),P<A-1,p/>A

Applying Cauchy-Schwarz inequality yields:

(A= 1)Y2up(P = {1,.., A} V)2 —vp(P < A— 1L V,(2 ) )1/2]2
< 3 NFEE) = F2)]) (6.33)

YEV(2),P<A-1p/>A

It remains to bound the right-hand side of (6.33]) from above in terms of the Dirichlet form.
Decompose the passage from « to F() in single-block flips: v = v — 71 — ... = 742 = F(v),
and apply Cauchy-Schwarz inequality to find:

3 v(y) [FA(F()) = ()]
YEV#(2),P<A-1,p'>A
A— 2

< (A-2) Z (Y1) fl/z(%)f.

YEV,(2),P<A—1p'>A k:l

Each move above is authorised in the contour dynamics, at rate 1/2. A given curve corresponding
to one of the v, can occur at most A — 1 times in all paths v — F(v) for v € {V,(2),P < A—1}.
As a result, and since v(y;) = v(y) forall k < A —2:

1/2

(A=) (P={1,.., A}, V) P —up (P < A=1,V,(2), 0 > A)*]? < 4(A—1)*Dy(f). (6.34)

Similar computations give the same kind of bound for the second term in (6.31) under v;:
[vi(1 ¢ Pop= A V)2 —up(P > A, V,(2))V?]° < 4(A — 1) Dy (f). (6.35)

Let us use (6.34)-(6.35), to prove that (6.31) still holds under vy with a small error in N (recall
that Dy(f) < C/N). Equation (6.34) yields:

Vf(‘/7’(2>7p <A- 17p/ = A) < (A - 1)Vf<P = {17 7A}7V7") + C(A) [DN<f)1/2 + DN(f>]
< (A—=1Dv(P={1,.., A}, V,) + C(A)N~'/2,

where the constant C'(A) > 0 changes between inequalities. Similarly, (6.35]) yields:

vi(P> A Vi(2) <vp(P>2,p=AV,) + C(AN/2
<(A=1Dvp(P>2,p=AV,) +C(AN2
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whence the following counterpart of for vy:
vi(Ve(2),0' 2 A) = vy (V2(2), P < A= 1) +vp(P = A, V;(2))
< (A—vi(p=AV,) +C(AN2 (6.36)
Equation is sufficient to conclude the proof of the upper bound in . Indeed, fix B > 2
and apply to each A € {2,..., B} to obtain (recall that V,.(2) =V, N {p = 2}):

A |

A-1

1> vilp=AV,) > vi(Vi(2),p > A) + O(N~Y?). (6.37)

A=2 A=2

For ¢ > 2, let Hy = ZiZQ(k —1)7!, H; := 0 and integrate the right-hand side of (6.37)) by parts
to find:

B-1
1>v(p=2V,,p) > B)Hp + Y _ Havy(V,(2),p = A) + O(N~'/?).
A=2
Equation (6.28]) follows:
1
li =2.V..p) >B)< H3' < , 6.38
ljrvnjolipl/f(p y Vo D 2 )_ < logB ( )

From ([6.38) we conclude the proof of Lemma using again the correspondence of Lemma

viVe(2) =vilp=2,V,) =vi(p=2,V,, 0 > ) +vp(p=2,V,,p < e’ —1)

1
< - +E, e (p— 1)1 pees 1] + O(N?)

IN

™

Lef(l— e L ON ) < % LO(N),

with [, defined in (/6.5)). O

Next, we use Lemma to bound the width of the droplet at a given depth below the pole,
and its depth at a given width to either side of the pole.
For v € XY N NE, and k > 1, the line y = ymax(y) — k contains a certain number of horizontal
edges in v, where ynyay is the ordinate of the highest points in . Let ¢(k) be the number of these
edges to the right of Ly, and ¢(—k) the number to the left of L;. Define also ¢(0) = p(vy) — 2. For
N large enough, because v € NE&, each of the £(i), |i| < k are well defined and the corresponding
edges are in quadrant 4 (i < 0) or quadrant 1 (i > 0) (see Figure [£.10).

Lemma 6.7 (Width of a curve at depth k below the north pole). For k € N*, C' > 0,A > 2,

€2ﬁ
Vi <k, lim su su vi(NE.(d),L(1) > A) < )
i<k, s sup v (NE(D, L) 2 4) < Gy

(6.39)

As a result, the numbers w;” = 2+ Z?:o 0(i) and w, = Zle 0(—1i) of blocks with centres at height

Ymax(Y) — k — 1/2 in a droplet T' € NE,, respectively to the right/to the left of Ly, satisfy:

362
limsup  sup  vp(NE(d), wy > k*) < S
N—oo f:Dn(f)<C/N log k

(6.40)
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Proof. Equation (6.40) follows from ([6.39)) by a union bound. Let us prove ([6.40|) by recursion on
li| < k. For ¢(0), recall from Lemma (6.2 that, uniformly on v-densities f with Dy(f) < C/N:

vilp=2,V,,p' > A+2)=E, [(p— 1)1,e > 15452 + on(1)
=E,[(¢0) + 1)17,e *1y0)54] + on(1), (6.41)

V. is defined in (2.9) and I, in (6.5)). In view of the following:
(A+ Dy (NE(d), (0) = A) < eE,, [((0) + 1)1, Ly0)2]

Equation (6.39)) follows for ¢« = 0 via (6.41):

(6.39) (6.38 e2h

(A+ 1D)vs(NE(d), £(0) > A) < 62[3Vf(p =2V, 0 > A+2)+ox(1) S ' m +on(1).

Now assume the result holds for |i| < k. To show it for e.g. i 4+ 1, we are going to prove:
vi(NE(d), (i +1) > A) = vp(NE(d), £(i + 1) > 0,£(i) > A) + O(Dn(f)"* + Dn(f)). (6.42)

The argument is very similar to the one used in the proof of Lemma [6.6l Consider the event
{€(i+1) > A} and a curve ~ in this event. This time, instead of adding blocks to the pole, we
add A blocks to line i below the pole of 7 (see Figure [4.10] for a representation of £(i)) to obtain a
curve F'(7). By this procedure, {¢(i + 1) > A} is sent onto {¢(i) > A}, and both v and F(v) have
the same v-measure.

The procedure v — F() requires A SSEP moves, corresponding to flipping blocks of line i one
after the other. None of these break any constraints involved in the definition of N&,(d), so that
in fact:

F{NE.(d), (i +1) > A}) = {NE.(d), (i) > A}.

Moreover, each curve in the chain v, =y — ... = 7y = F(7) appears at most A 4+ 1 times when
effecting the procedure for all curves in {N&,(d), (i +1) > A}. The difference of the square roots
of the two probabilities appearing in (6.42) is thus bounded by C(A)Dy(f), which completes the

proof of (6.42)), thus of Lemma [6.7] O

Lemma gives a bound on the width of a curve below its pole. Let us now show that, at
distance k > 1 to the right or to the left of the north pole, the height cannot be too big as a
function of k. To do so, for £ € N* and |i| < k, define §(i) as the absolute value of the height
difference between columns ¢ and ¢ + 1, fixing 9 = 0 to be the height difference of the columns
with left extremities L; and L; + e; respectively (see Figure . Note the different choice in
labels of the §’s compared to the £’s to mark the symmetry between quadrants 1 and 4.

Lemma 6.8 (Height of a column at fixed distance to the pole). For k € N* and each C > 0, A > 1,

V1 <i,5 <k, limsup  sup  vp(NE(d),d(i) > A,6(—j) > A) < e 24D, (6.43)
N—oo f:Dn(f)<C/N
Let Aki = Zle d(£i) be the heights that a curve has gone down after k horizontal steps on either
side of Ly. Then (B> 1):
1
limsup  sup  vp(NE(d), Af > k(1+1logk), Ay > k(1 +1logk)) < 255 = or(1). (6.44)
N—soo f:Dy(f)<C/N k25~

218



L €0)

5(-2),

6(-1) 6(5)

£2)

W+2
£(-5) \

Figure 4.10 — Definition of the 5(:|:i),€(:|:i),Af,w,f. The small black dots mark the centre of each
column, the shaded areas are blocks in columns/lines constituting one of the pictured ¢(+i), d(+i). Here,
0(=2) =4(-3) =0.

Proof. Equation follows from by a union bound. To prove (6.43), we first treat the case
i=7=1 {6(1) > A,0(—1) > A} is the event that the north pole is atop a column of width 2 and
height at least A. Withy € {§(1) > A,0(—1) > A} associate a curve G(v) € {6(1) > 1,0(—1) > 1}
in which the north pole has been shrunk A — 1 times. G(7) has length |y| — 2(A — 1), thus has
higher equilibrium probability. In fact, up to boundary effects in the definition of XV, G is a
bijection between the above sets, and:

v(6(1) > A,0(=1) > A) ~ e 2Py (§(1) > 1,5(-1) > 1). (6.45)

Equation m is not an equality because of boundary conditions. Indeed, elements of X~ must
satisfy Ymax — Ymin > [N7], With ymi, the ordinate of the south pole of a curve, and be subsets of
Ay. As a result, G is a mapping from X onto itself provided we write:

{0(£1) > A, Ymax — Ymin = [N+ A =11 5 {6(41) > 1L,y < N — (A= 1)}, (6.46)

The condition on the first set ensures that deleting A — 1 levels of the north pole of one of its
element + still yields a curve G(v) € X¥. Conversely, the height of the north pole of G(v) cannot
be higher than N — (A — 1), otherwise the original curve v would have a north pole outside of Ay.
The mapping G written as in (6.46)) is bijective, and one has:

V(6(£L) > A, Ymax — Ymin > [N7] + A= 1) = e 2PEVp(5(£1) > 1, Yax < N — (A= 1)). (6.47)

In the same way as in Lemma (6.47) holds under vy for any v-density f up to a term bounded
by C(A)(Dn(f)"* + Dn(f)), quantifying the cost of deleting A — 1 lines of the pole of a curve
one by one. As a result, if f is a v-density with Dy (f) < C/N:

Vi (0(£1) > AYmax — Yumin > [Nr] + A — 1) < e WD 4 O(N71/2). (6.48)

The dependence in A in the error term is not kept, as we choose it independent of N. Each curve
involved in these strings of dynamical moves appears at most A times in all the strings of all the
curves, hence an error bounded by C(A)Dx(f)Y2. As curves in NE.(d) satisfy Ymin — Ymax >
2Nr > [Nr]|+ A —1 (opposite poles must be at distance at least 2Nr), holds for ¢ = j = 1.
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To prove (6.43) for each (i,7) € {1,...,k}, let us first prove it for j =1, i > 1. One has:
vi(NE(d),0(i) > A,6(—1) > A) = vy (NE(d),6(i — 1) > A,6(—1) > A) + on(1). (6.49)

Indeed, as in Lemma [6.7, a curve with §(i) > A is transformed into one with §(i — 1) > A by
deleting A blocks in column ¢ — 1. These SSEP moves do not change the length of the curve, nor
do they affect whether a curve is in NE&.(d) for N large enough, since all blocks involved in the
moves are at distance of order Nr to the other quadrants or any pole other than the north pole.

Iterating ([6.49) from ¢ to 1 and using ((6.48)) yields (6.43)) for the couple (i, —1). Now if j # 1, the
same argument applies to go from —j to —1. This concludes the proof of (6.43)). O

6.2.4 Value of the slope at the pole

We now have all prerequisites to prove that the motion of the north pole imposes a particle density
of e7# on each side, as stated in Lemma . Its proof crucially makes use of the fact that the
contour dynamics around the pole is irreducible. This is due to the e=?? regrowth jumps allowed
in the contour dynamics which means, in particular, that it is not true for the zero temperature
stochastic Ising model.

Lemma 6.9. For each § > 0 and test function G € C,

1
lim sup N log IP’fXB <for a.e. t €10,Ty],v € NE.(d);

N—oo

1

T /OTO G(t, Li(t)/N) (12 — e—ﬁ)dt‘ > 5) = —o0. (6.50)

The claim is also valid under PY; ;.

Proof. The proof only deals with G = 1 and H = 0. Generalisations to Pv]“\fﬁ, y follow as in the
proof of Lemma [6.5], and we explain how to include a test function G' in Remark [6.10] Integer
parts are systematically omitted.

The proof is structured as follows. We first use Lemma to project the dynamics inside NE&,(d).
The compactness results provided by Section [6.2.3] are then incorporated to the probability in
. This enables us to define a proper frame around the pole. After conditioning to this frame,
the quantity to estimate in (6.50|) can be retrieved from an equilibrium computation, which is the
last step of the proof.

Let ¢ = 1,0 — e ?. By Markov inequality and Lemma , the left-hand side of (6.50]) without
the limits is bounded from above, for each a > 0 by:

- CL(;T() + Cﬁ +T0

sup {aEyf 6] — NDx( f)}]. (6.51)
>0 (NE-(d))=1

Step 1: definition of a suitable frame around the pole.

The first step consists in writing the expectation in (6.51]) as a quantity that depends only on the
dynamics around the pole. The idea is to compare the contour dynamics to a zero-range process
with two species of particles. The number of particles is given by the height difference between
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consecutive columns around the pole. The type of particle is determined by the sign of the height
difference. This process is irreducible and its invariant measure can be made explicit. More is
said on this dynamics below, see also Figure |4.12| To make such a comparison, we define a frame
around the pole without fixing its position, contrary to what was done e.g. in Lemma [6.5, This is
done as follows.

Fix an integer k, which will be the typical size of the frame around the pole, and consider the
following partition of X~ N N&,(d). For any curve -, let hy(7y) be the smallest integer such that
the number of blocks in I' (the droplet delimited by ) with centre at height ¥ = ymax — hx(y) —1/2
is strictly larger than k (see Figure |4.11):

hi(v) = min {y € N: Ny(vy) > k}, (6.52)

where:
Ny(v) = #{blocks in I' with centre at height ymax(y) —y — 1/2}.

Let xx(7), yr(7) denote the extremal vertices of the last level of I" with width smaller than k, and

b

blocks with centre
at height h,-1/2

Figure 4.11 — Definition of hy, ¢; and zy, y for a given curve. The first level of blocks with width strictly
larger than k corresponds to the filled area, unchanged by the ZRP dynamics. In this case there are k£ + 1
such blocks, with centres indicated by black dots. The width ¢; of the last level of width smaller than
k is equal here to k — 1. The portion of the curve affected by the ZRP dynamics is delimited by dashed
lines and the segment [z, yg].

let
Ce(v) = llye(y) — ze(V) 1 (6.53)
be this width, see Figure .11 For fixed k € N* and 2 < ¢ < k, consider the set:

Then (M;)a<i<y, is a disjoint family, which partitions X~ N NE,(d). This second point comes from
the fact that curves in N&.(d) have width at least Nr > k at some level on each side of L; for N
large enough. The expectation in (6.51)) thus reads, for each v-density f supported on NE&,(d):

E, ¢ = > By [la,gl] (6.55)

2<<k

At this point, the splitting of curves in the different M, in (6.55) suffers from two flaws. On the
one hand, the width ¢, which will correspond to the number of sites in a ZRP, may not be large.
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This makes a local equilibrium argument impossible to apply. On the other hand, the pole may
be macroscopically higher than the points zx (), yx(7). In other words, we must control both the
height hg(vy) below the pole and the width ¢4 (7y) in terms of k. Lemmas [6.746.8| enable such a
control, as we now explain.

Consider first the height hy(7), defined in (6.52). Then either hy(v) = 0, which corresponds
to having a pole size p(y) > k, or hi(y) > 1 and the level at height hi(7) — 1 below the pole has
width strictly smaller than £, thus has width smaller than k£ on both sides of L;. Recalling from
Lemma that Af(v) is the depth at horizontal distance k on either side of the pole, we find:

hi(y) < min {AF(7), Ap (1)}
Lemma [6.8] then yields, for each C' > 0:

limsup  sup  vp(NE(d), hy > k(1 +logk)) = ox(1). (6.56)
N—oo f:Dy(f)<C/N

We now turn to the width ¢, = ¢x(y) of the level at height h; below the pole. Recalling the
definition of the widths w* from Lemma[6.7] notice first the identity:

vy e XN NNEW),  b(y) =w) o +wy oy (6.57)

Let ar > 0 to be chosen later, fix C' > 0 and a v-density f with Dy(f) < C/N. According to
(6.57)), one has for instance:

Vg (Ngr(d),gk S ak) S Vg (Ngr(d),w}:kil S ak). (658)

If at level h;, — 1 below the pole one has gone left less than a; times, then one must be below h;, — 1
once reaching a distance ay to the left of the pole, i.e.:

w,  <ap = AL > h— 1 (6.59)

Let us provide a lower bound on hy, then choose a; in terms of this upper bound such that (6.59))
with imply that the probability of the right-hand side of (6.58)) is small. For b, > 0 to be chosen,

analogously to ([6.59)), one has:

By Lemma , for b, = |\/k/2]:
lim sup sup Vs (N&(d), hy < bk)
N—oo  f>0:Dpn(f)<C/N
< 2limsup max sup vi(NE(d), w;, > k/2) = 0,(1).  (6.60)
N—oo e&{=} f>0:Dn(f)<C/N

Using (6.60)), the bound (6.58)) then implies the following bound for #:

lim sup sup vy (Ngr(d),ﬁk < ak)
N—oo  f>0:Dy(f)<C/N

< lim sup sup vi(NE(d), Ay > hy > be + 1) +0x(1),  (6.61)
N—oo  f>0:D(f)<C/N
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where the error term is bounded from above by . It remains to choose a; as a function of
b +1 = |+/k/2] 4+ 1 such that the right-hand side of (6.61)) vanishes for large k. By Lemma ,
it suffices to take ay such that ag(1 + log(ax)) < by + 1, e.g. for large enough k:

ar = (1/2)kY?/log k =: loin(k). (6.62)
With this choice of a, = lpin(k), (6.61)) yields the desired control on #j:

lim sup sup vi(NE(d), b < linin(k)) = 0k(1). (6.63)

N—soo f20:Dn(f)<C/N

We now use equations - to restrict admissible configurations around the pole, thus
concluding the definition of the frame around the pole. Define hp, (k) := k(1 + log k) and recall
that £ (k) := (1/4)kY/2/log k. By the discussion of the previous paragraph, and as ¢ = 1, —e ™"
is bounded, is bounded from above by:

N
—adTy+CB+1Ty sup a Z ]E,,f |:1M21hk§hmax(k)¢)j| — EDN(f)}‘ + WNE, (664)
f20:wp(NER(d))=1 i (R) <0<k
where wy ; satisfies by (6.56])-(6.63):
limsupwy i < al|¢||o lim sup sup vy (NS,,(d), hi > hmax (k) or £ < Kmin(k’)) = ox(1).

Nesoo N—voo  f:D(f)<2]é]leoa/N

It is thus sufficient to estimate the supremum in ([6.64)).

Step 2: conditioning and mapping to a two-species zero-range process.

We now study the expectation in (6.64]) in detail on M/, defined in , for a given f, (k) <
¢ < k, and obtain a local description of the contour dynamics around the pole. We claim that
to configurations in M, corresponds a unique particle configuration in €2, = Z‘*!. The mapping
goes as follows. If v € My, define, for 0 < j </, a particle number 7; corresponding to the height
increment at column j, with column 0 the one centred on z(7), as:

1 lfj < L1 - €1,
N = €j > £ €= { .
()-e1d —1 iftj>1Li-e.

zEAN:z-e1=x
z-€2>Ymax (V) —hi (7)
If n; < 0 for some j, we say that there are |n;| antiparticles at site j. The constraint z - e; >

Ymax(7Y) — h(7) guarantees that only the vertical edges above the level of zx(7), yx(y) are counted
as particles. We let n(7) denote the unique particle configuration in €2, associated with v € M,

(see Figure [4.12]).

In the particle language, hy corresponds to the number of particles or antiparticles. The event
{h < hmax(k)} can thus be recast, for each ¢, as the event:

2k(1 + log k)

‘

1 2
¢ (¢ ¢ _ _ _
W*={p" <Cy}, where p = T+ 1 jEZO njl,  Co=Cri = ——hmax(k) = 71

(+1
(6.65)
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Xi(Y) Yi(Y)
L . |
o ° ) ° E_ 3 [e] o [e] [e]
L R

Figure 4.12 — Portion of the interface of a curve around the north pole, and associated path and particle
configurations. Particles are in dark dots, antiparticles in light dots, and empty sites are white with a
dark contour. The grey arrows on the particle configuration correspond to jumps allowed by the contour
dynamics that conserve the particle number. A move reducing the length of the curve, materialised on
the curve by the vertical arrows, corresponds to a particle-antiparticle pair annihilation, represented by
the black crosses. No particle creation is represented here.

Let £ € {lmin(k), ...k}, f be a v-density supported on N&,(d) with v;(M,) > 0, and define:

_ 1 _ -
e Rl =ms DL Bale e (6.66)
P e Mgn=n(y)
Define also the probability measure fi,:
e juln) = 2 exp | - Bl - ﬁz Imi]. (6.67)

where Z, is a normalisation factor, and Zﬁzo |nj| + ¢ is the length of the path which corresponds
to the particle configuration 1. Though we could factor it out as it is common to all n, the e=#
factor in the definition of pi, will be convenient later on. The expectation in is recast in
terms of particle configurations as follows:

IE:Vf [1M51hk§hmaX(k)¢:| = Vf(Mf)Eﬂg [ﬁ1W[¢:|7 3 (668)

so that we know how to estimate the supremum in (6.51) as soon as we can estimate (recall the
definition (6.62]) of £y (k)):

k

sup > avp(ME, [filw,¢] — EDN(f) . d=1m e’ (6.69)
{

F20p (NE(d)=1 > p_p =gy 2
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Step 3: local equilibrium.

We now prove that estimating the supremum in reduces to an equilibrium computation. At
this stage, the technique is the same as in [KL99]. Denote by D, the reduced Dirichlet form on
Qy, defined as follows. For n € €, let P(n) denote the pole of 7, that is the subset {L, ..., R} of
{0, ..., ¢} such that 7 is the last n; that is strictly positive or L = 0 if there are none, ng the first
to be strictly negative or R = ¢ if none exist. Let also p = |P(n)| — 1. For any fi,-density g, define:

Z fie(n)e(n,n) [g" () — g (m)]”. (6.70)

7777 §S97

Importantly, the positions of the extremal sites 0, £ (corresponding for curves v compatible with
a given configuration to the points xx(7), yx(7y)) are unchanged by the dynamics. This is because
the ZRP dynamics only acts on the portion of v above xk(7), yx(y). In particular, the first level of
~ with width strictly larger than k, which defines the position of zx(7y), yx(7), is never modified.
In , we abuse notations and still write ¢(+, -) for the jump rates of the ZRP moves correspond-
ing to moves on the contour dynamics. This is legitimate, since if f is a v-density supported on
NE,.(d), any jump featured in D,(f,) is an allowed jump for Dy with the same rate by definition
of NE,.(d). Convexity then yields, recalling that £,;,(k) is defined in (6.62)):

k

Dn(f) = Z vy (Me)De(f2). (6.71)

ZZZmln(k:)
Reinjecting (6.71)) into the supremum in , we see that it is enough to estimate:

k

sup { 3 uf(Mg)[a]EW[me}—ng(m]}. (6.72)

We are nearly done with conditioning to a frame where we can compute the expectation in .
The remaining step is to reduce the state space Q, = Z*! to something that is compact. By
definition of fy, fi¢, D, in (6.66)-(6.67))-(6.70) respectively, the process is painless: it is enough to
delete all jumps that increase the number of particles above what is authorised by W, (defined in
(6.73))). Indeed, define 1, as a measure on W, as follows:

: 2hmax(k)}

vy e W, ={p' <Ci= s

) 1= Z; " exp | = B~ ﬂZm] Zﬂe n), (6.73)

where Z; is a normalisation factor on W,. The marginal f, is correspondingly modified into a
pe-density f:

WeW,  filn) = 2 i)

Z/E e [lewg

Finally, the Dirichlet form D, for the reduced dynamics (written here in compact form) reads, for
any p-density g:

D(g) = > ctn.n)g"*(n) — g"*(n))*. (6.74)

nn' €Wy
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Since we simply restricted allowed jumps, one has Dy(fs) > D(f)Eg,[felw,]. Under py, the
quantity (6.72)) to estimate is then bounded from above by:

sup 1{ i vi(Mo)Eg, [felw,] [GEM[JCM}—%DAJC@)]}

[20wp(NEH ()= £=Lmin (k)

k
<a sup { Z vi(Mo)Eg, [felw,] [ sup E,, [ggb]] }, (6.75)
f20wp(NE(d)=1 (==} g>0:E,, [g]=1
Dy(g)<2al|$lloo /N
The proof of Lemmal6.9) will therefore be concluded if we can prove that, for fixed k and N large, the
supremum on ¢ in the right-hand side of is bounded by o (1) uniformly in £y, (k) < € < k.
Fix ¢ € {lin(k), ..., k}. As Wy is compact, the supremum on g in is achieved by a density
gy for each N. Up to taking a subsequence, by lower semi-continuity of D, and continuity of the
expectation in w.r.t weak convergence, we can take the large N limit and restrict ourselves
to studying:
sup [, [979].
9°°:Dy(g>°)=0
By definition of Dy, the corresponding dynamics is irreducible on W,. This is the major difference
between the contour dynamics and the O-temperature stochastic Ising model, which motivated the
introduction of the temperature-like parameter 8 to allow for regrowth. Irreducibility means that
any ¢> satisfying D;(¢g>°) = 0 is constant equal to 1, and we are left with the estimate of:

E.l¢] with ¢=1,00—c". (6.76)

Step 4: equilibrium large deviations and surface tension.

The expectation is taken under the equilibrium measure of the zero-range dynamics. Prop-
erties of the measure u, are analysed in Appendix [A.3] In particular, it is proven there that,
recalling the definition (6.62)) of £y (k):

lim sup E,[¢]=0. (6.77)
K00 frnin (k) <<k
Equation (6.77)) concludes the proof of Lemma with G = 1. m

Remark 6.10. Lemma [6.9] holds for any test function G € C and not just G = 1: for each § > 0,

1
lim sup lim sup N log Pfﬁ (‘v’t € [0, To], v € NE.(d);

e—0 N—oo

Tio/o 0 G(t, Li(t)) (1pey — e 7)dt

This is proven in the same way as Lemmal[6.9 except that curves are further conditioned by fixing
the point zx (), which is the left extremity of the interval {0, ..., ¢ = ||yx(y) — zx(7)|]1} for a curve
~v. The expectation in (6.64) becomes, for each ¢ < Ty and v-density f supported in N&,(d):

Z Eo, 104, 1y <homar ()@ G(t, L1 /N)]

= Z Z E,, (101, Ly < () Loy =2® G(t, 2/N)] + on (1),

Kmm(k)ﬁﬁgkz .IEAN

26) = —00.
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with an error term uniform in f. Indeed, the difference between G(t, Ly /N) and G(x/N) is bounded
by N7 (hpax (k) + k)||VG|l = on(1) thanks to the conditions ¢ < k, hy < hpax(k).

The position of z4(7) is unchanged by the ZRP dynamics, see the discussion following (6.70)). As
such, the rest of the arguments in the proof of Lemma go through unchanged, except that one
has to rewrite everything with « fixed, e.g. to consider M, = M, N {x(y) = =} instead of M,
everywhere, and to correspondingly change f; into fy,. The Dirichlet form D, in (6.70)), however,
does not depend on x, as in the proof of Lemmal6.5; the ZRP dynamics acts on the local gradients
of curves, not on their absolute position. [ |

The method of proof of Lemma can be used to obtain tighter estimates on the slope at the
poles. An example is given in the following corollary, used in Appendix to obtain exponential
tightness.

Corollary 6.11 (One and two block estimates for deviations from the average). For each §,n > 0:

n—00 N—o0

1
lim sup lim sup ¥ log P, (for a.e. t €[0,Tp], Ty € &.(d);

IR
TO/O' 1|ffl’n—€_5|25dt > 77) = —OQ. (678)

and:

1
lim sup lim sup lim sup N logPi\fﬁ (for a.e. t€[0,Tp],Ty € E.(d);

n—o0 e—0 N—oo

IR

Remark 6.12. Note that Ligtn_op)ng 15 simply a cylindrical function, which has average 0,(1)
; >

under the invariant measure v. Corollary thus says no more than the usual replacement

lemmas. |

Proof. Equation is a two block estimate which uses only the SSEP part of the dynamics.
The method of proof has already been explained in Lemma [6.5]

Consider instead (6.78). The apparent difference with Lemma is that, e.g. for 5;”, we need
to focus on a frame around the pole which, in addition, has at least n edges to the the right of the
pole. The fact that it is possible has actually already been proven.

Indeed, by (6.60), the event hy > \/k/2 — 1 is typical under vy for any f with Dy(f) < C/N,
C > 0. To ensure that there are at least n edges on either side of the pole with probability going
to 1 in the large n limit, it is enough to choose k such that (k/2)Y/2 —1 > n, i.e. any k > 2(n +1)?
works. It is convenient to take k independent from n and have k go to infinity before n. The proof
of is then reduced, as in Lemma [6.9] to an elementary (though more intricate) equilibrium

computation under the measure iy, defined in (6.73)). O]

A Replacement lemma and projection of the dynamics

A.1 Replacement lemma

In this section, we prove the Replacement Lemma [3.8] Let us first introduce some notations. For
each € > 0 and = € [—1,1]?, denote by B(z,eN) the subset of Ay of points at distance less than
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eN to z in 1-norm. For v € X~ and x € V(7), define

¢(7’ l‘) = CI(V) = €x+e;(1 - fa:)/Q + fm(l - €m+e;)/2‘
Recall from (3.3) that £V is the quantity

1
o T
* 2eN +1 v
eV + yeV (y)NB(z,eN)
and define, as in Lemma , the function ¢ by:
d(p)=p(1=p),  pel01].

Let G € C(R; x [-1,1]?) be a bounded function. By Chebychev exponential inequality and
Lemma [6.3] Lemma [3.§ holds if, uniformly on ¢ > 0 and for each a > 0:

lim sup lim sup (A.1)

e—0 N—o0

{1 T cttaim) o) - i) }] - NDf‘v(f)} 0.

sup E,,
>0 (NE)=1 €V (v)

Recall that DY, is the Dirichlet form of the contour dynamics without the pole terms.
Following [ELS90] and as v € X implies |y| > Nr, it is sufficient to prove the following two
estimates.

Lemma A.1. (One and two block estimates)

Fixd>0. Lete > 0,k € N*, and let (V;)1<j<s denote a partition of {—eN,...,eN} in J intervals
of length k, except maybe the last one that is of size at most 2k, such that maxV; = minV;;; — 1
forj < J—1. Fory e XN, 2 € V(y) and 1 < j < J, let Vj(z) be the set of vertices in
B(xz,eN) NV (), whose positions relative to x correspond to elements of V;. Define also:

A6, Vi(z)) = ML)‘ > o(ny), €49 = Mtxﬂ > &

yeVi(z) yeVi(@)

Then (one block estimate):

lim sup lim sup lim sup sup (A.2)

k—o00 e—0 N—oo 1<5<J

swp o faio) S [a6. o) - )

>0 (NE)=1 1] eV ()

2
- NDY(N) | =0
and (two block estimate):

lim sup lim sup lim sup sup (A.3)

k—oo e—0 N—oo 1<b,c<J

ap o [atrord ¥ et - aeve| - o) o

f20wp(NEM)=1 |’Y| z€V ()
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Proof. All distances are in 1-norm. In this proof as in the proof of Lemma|6.5] it would be sufficient
to look at densities supported in N&, and not N&,(d). We work with N&,(d) to provide a unified
picture.

Fix ¢ € {¢1,¢2} and let R € {0,1} be its range, i.e. ¢(7,y) depends only on B(x, R) NV (y)
for v € XN 2 € V(). The proof of - consists in showing that the one and two block
estimates for the contour dynamics amount to the same estimates for the SSEP, which are well
known [ELS90]. We do it for (A.2), is similar. The first step is to discard all points in the
sum in that are close to the poles, so that the pole dynamics can be neglected.

Define thus, for u > 0, the set W*(y), which contains all points of V(v) at distance at least u
from each L;, i € {1,...,4} (compare with V*(v), defined in Section , which contains points at
1-distance at least u from the poles, and not just their left extremities). For v € XN, as |y| > Nr,

=D Jate. v D= < Y A Vi) - dehen|
zEV TEWENTRTS(y)
+Cr7Hlloce. (A-4)

The second term in the right-hand side of vanishes for € small, and we now estimate the
sum.

Let us split the summand in between each quadrant. Inside each quadrant, the arguments
of Lemma will apply to compare the dynamics to a SSEP.

Denote by M; the set of all maximal self avoiding paths in the i direction (corresponding to
quadrant i), for i € {SE,SW,NW,NE} = {1,2,3,4} (S means south, F east, etc.), defined as
follows. For v € XN let v; denote the part of v that comprises all vertices between L; + 262 and
the vertex before L;,q, these two vertices included (with Lyyq := L1). M; is then defined as the
set of all ; for v € XN,

With this construction, if in addition v € N&, C N&,(d), if v\ 7, is fixed, then so are the poles and
the single-flip (i.e. SSEP) part of the contour dynamics on +; is just the corner-flip dynamics as
described in the proof of Lemma[6.5} jump rates are local due to being in N&,, and no single-flip
inside ; could shrink a pole of size 2 due to the way the extremities of v; are defined.

Define p; as the marginal of v (defined in (2.3])) on M;:

. Z = Z e Blel.

pEM;

e—Blel

Vp € M;, pi(p) =

Let f be a v-density supported on N&,.(d). Define the corresponding p;-marginal f;:

vi=pf (V¥ (7).

'yEXN

In terms of the M;, the Dirichlet form D%(f) is bounded from below by convexity according to:

DY(f Z > uip) D ealp) [ () = £ ZDS (f), (A.5)

i=1 peM; zeV(p)
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where for i € {1,...,4} and a p;-density h, the Dirichlet form D?(h) corresponding to the SSEP
dynamics in quadrant ¢ is given by:

D) =" pilp) D calp)[W72 (™ ) — W2 (p)]".

pEM; z€V(p)

Indeed, the jump rates in (A.5)) are functions of p € M; only, i € {1, ...,4}, since f is supported on
NE,(d). Let us now see how to use this decomposition of the curves into quadrants to estimate
the sum appearing in the right-hand side of ((A.4]). For short, define ®; for 1 < j < J by:

- 2
®;(7,2) = |6, V(@) = S, yexNaeviy). (A.6)
Note that ®; only depends on the edge configuration in a neighbourhood of a curve around z, not

on the absolute position of z as a point of Ay. We thus only need to keep track of the label of x
in a well chosen parametrisation of v. We have:

B)=w X W6 Y ®)

YEXNNNE(d) 2EWEN+TRA3(~)
4
1
<2 2 mie) 3o @ilp),
i=1 peM; TEWEN+R(p)

where ®;(p, ) is defined as in ([A.6]) with p € M;, 1 < i < 4 instead of a curve v € X2, which is
not ambiguous as it is a local function.

So far, we proved that the one block-estimate ({A.2]) holds as soon as, for each j € {1, ..., J}:

sup {24: [a S wp)filp) D Pi(px) - NDf(fi)} } <0. (A7)

F20p(NED=1 L2y = peny z€WENFE(p)

The estimate for each quadrant 7 is similar, so we only do it for + = 1. Further split paths in M;
according to their number of vertices. Let M;(n) be the subset of M; of paths with n+ 1 vertices.
All such paths have the same p;-measure, thus the marginal of u; on M;j(n) is the uniform measure
U, on paths with n+ 1 vertices or, equivalently, by the correspondence expounded in Section [6.2.2
(see Figure , of SSEP configurations with n sites. Define f; ,, as the corresponding U, -marginal
of f1 on Mj(n):

-1 .
Vp € Mi(n), fin(p) = By, [ilanmy] frlp)pa(p)|Mi(n)]  provided E,, [fiMi(n)] > 0.
(A.8)
It is a density for U, so that by convexity of the Dirichlet form we have:

4N

Z Eul [fl]-M1(n)} Dl,n(fl,n) < Dl(fl)a

n=2e N+2R

where Dy, is the Dirichlet form associated with the corner-flip dynamics on M;(n). The lower
bound on n comes from the fact that, for any p € M;(n) with n < 2eN + 2R, WeNTE(p) is empty.
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The upper bound comes from the finite length of a quadrant for a curve in Ay = [-N, N]?> N Z2,

Again by convexity,
AN

DY(f) > Z Ep [f11an,m) ] Din(frm)- (A.9)

n=2¢N+2R

With this decomposition, the term between brackets in (A.7]) is bounded from above, for each
i€{l,..,4}, by:

1 AN 1 n—eN—R
e Z E,, [filMi(n)]W Z fin(p) Z ®;(72p)
n=2eN-+2R ¢ pEM;(n) r=eN+R+1
AN n—eN—R
1 1
=5 2. Eulfilum)] 30| Y ginlo) Y. ¥i(rn0). (A.10)
n=2¢sN+2R o€Qn r=eN+R+1

In the last line, €2, is the set of SSEP configurations on n sites, and g, ,, is defined for o € 2,, by
Gin(0) = gin(p(o)), with p(o) the unique path in M;(n) corresponding to the configuration o, as
pictured in Figure 4.9 In view of (A.7)-(A.9)-(A.10), to prove the one block estimate (A.2), it is
sufficient to prove that, uniformly on j € {1, ..., J}:

n—eN—-R
1
lim sup sup sup {— Ey, [g g (I)j(Tx')] — NDf(g)} <0. (A.11)
N—co ne{2eN+2R,...4N} ¢>0:Ey, [gJ=1 (N TR

The notation D?, already used in Section @ stands for the Dirichlet form associated with a SSEP
on n sites. We are left with a usual one block estimate for a SSEP of size n, proven e.g. in [ELS90].
There, the size n of the SSEP becomes irrelevant due to conditioning on a neighbourhood of size

k of z, hence the proof of (A.2]). The two block estimate (A.3]) is proven similarly. O

A.2 Projection of the contour dynamics in the good state space

In this section, we prove Lemma 6.3, which states that the contour dynamics can be projected to
the effective state space NE.(d). We state and prove a more general result.

Let (Xt)i>0 be a continuous time Markov chain on a finite state space E, reversible with respect
to a measure v. If xy € F, let IP’fO,EfO be the associated probability and expectation. The jump

rates of the chain are denoted c(x,y), (z,y) € E?, with associated Dirichlet form D:
2
ViE—=R,  D(f)=z > vy [fy) - (@) (A.12)
(z,y)eE?

Lemma A.2. Let AC E and xg € A. Let also Ty > 0 and ¢ : [0,Ty] x E — R be bounded. Then:

To

o | it s {wt D-Di Y]

f>0v(f1a)=1

ot xga]| <

IEfO 1ivicio, 1), x:e4} €XP {

0 V(o)

Proof. Let (Y;)i>0 be the Markov chain X restricted to live inside A for all time. Write PY , EY x €
A the associated probability and expectation. On {V¢ € [0,Ty], X; € A}, the two measures P}
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and IP);,/O are equivalent, and the Radon-Nikodym derivative between IP’;/O and ]Pfo up to time 7y on
a trajectory (X;);<r, taking values in A reads:

Zij ((Xt)i<r,) = exp {/OTO [ZC(XMJ) =2 Xy }dt 2 los ( iﬁ :§3>]

yeA yel t<Tpy

Letting Qa(x) = Zyg;A c(z,y) denote the flux coming out of A from =z, we find:

To

ot x| | =& [ | [ {uv0 - Qv ]| a)

Eii) [I{Vte[O,TO],XteA} exp {
0

By reversibility of X with respect to v, the chain Y is still reversible with respect to v(- N A):
Ve,y € A, ez, y)v(z) = c(y, 2)v(y).

Let us thus apply Feynman-Kac formula after changing the initial condition to v(- N A):

Ezo {exp {/OTO {d;(t,ﬁ) B QA(Yt)}dtH < @EZ(.M) {exp {/0

Consequently:

sz, [ [ [ {ot6.3) - @uv ]|

—log v(xg) + log /OTO sup {y<f [v(t,-) - QA]) — DA(fl/Q)}. (A.14)

F20(f14)=1

To

Lt v0) - QA(Yt)}dtH'

Above, D, is the Dirichlet form of the dynamics restricted to A (compare with (A.12))):

VB R Dalg) =5 3 vla)e(r) o) - ol)]”

(z,y)€A?

This is nearly the statement of Lemma 6.3, except that there the upper-bound involves the original
dynamics (in the present case, X) rather than the dynamics restricted to A. To obtain the desired
bound, let us write out D(f'/?), defined in (A.12)), for a v-density f with v(f1,4) = 1:

D=3 S w)ele ) [f2) — £ )] (A15)

(z,y)€A?

+% 3 y(x)c(x,y)f(a:)—i-% > vl@)elz,y) f ).

TEAYEA rgAycA

The first line is precisely D4(f'/?). By reversibility, each term on the second line of (A.15) is
identical and equal to V(fQA/Q):

v(fQa) = > v@elmyf@)= Y vyl x)fz)= > v(@)e(z,y)f(y).

€A y¢A €A y¢A ¢ AyeA
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As a result, (A.15)) becomes:
D(f?) = Da(f**) + v(fQa)-

Inject this equality in the bound (A.14]) to find:

sz [exp | [ {0 - Qutvi |

< —logv(xg) + log /OTO sup {V(f¢(ta )) - D(fl/Q)}a

f>0v(f14)=1

which is Lemma for ¢ < N, A= NE&,(d) and with a dynamics accelerated by N2. ]

A.3 Equilibrium estimates at the pole

In this section, we investigate the equilibrium measure p, (see (6.73])) of the zero-range process at
the poles. We prove:

Proposition A.3. The surface tension of the contour model around the pole is given by

1 1
P)=—1lim —logZ, =1+ —log (1 —e"). Al
to(P) = = Jim 27log Z =1+ log (1-¢™) (A.16)
Moreover, the sequence (), satisfies a large deviation principle for the top height of a path (equiv-
alently: the number of particles or of antiparticles) with good, convex rate function given by:

Vu > 0, C(u) = 2Bu — 2ulog (1 + 1/(2u)) — log(1 + 2u) —log (1 — e~ 7). (A.17)
In particular, recalling that (k) := (1/2)kY?/log k:

lim sup E,[¢] =0, ¢=1p—p—c " (A.18)

k=00 g in (k) <t<k

Proof. We speak alternately of paths or of particle/antiparticle configurations in the proof depend-
ing on what is easier to use, the height of a path corresponding to > _; 7. = — > o/ 7.

Fix lin(k) < ¢ < k throughout. Let us first study the probability to observe a given height under
te. There are exactly (2";2_2) configurations with height ¢ € N. To see it, notice that this is the
number of north-east path of length 2q + ¢ — 2 with 2q vertical edges. To each such path p, one
can associate a unique up-down path of length 2¢ 4 ¢ as follows (see also Figure

e Travelling on the path p from its origin, stop at the first point X at height ¢ and cut the
path there, in two parts p<x and p>x.

e Add two horizontal edges to p<x immediately after X, call pxo the resulting path.

e Change p-.yx into its symmetrical p-~x with respect to the horizontal, i.e. change every
upwards edge into a downwards one, leaving the horizontal edges unchanged. Stitch the last
edge of pxyo to the first of psx to obtain an up-down path of height ¢ and length 2q + /.

233



One easily checks that this mapping is a bijection, whence:

29+ 0 —2
Vg < hmax(k) = k(1 + log k), W( Z n; = q> = ( 7 )e—%q—“/zg. (A.19)
: 2q
J<L1
Let us investigate the dependence of this quantity in ¢ < Amax(k):
_05(2¢+0)(2¢+ € —1)
(S () =B

J<LIa J<La

This quantity increases until some value ¢, of ¢, given by
1
g = 5(65 — 1) Y+ 0(f) = ul + o(f). (A.21)

In particular, due to the logarithm in (A.16[), only the maximum value of (2‘1*2572) e 2Pa=Bt will
matter to compute the surface tension tg(P). One thus needs only consider heights of order ¢ in
the large ¢ limit. For fixed u > 0, elementary computations give:

élog {(2 MUQJLZuf a 2) e‘QﬁV“J_M] = —fB—2Bu+2ulog (14+1/(2u)) +log(1+2u) +o0,(1). (A.22)

Define the function D(-) on R* by;
Vu>0,  D(u)=S+2Bu—2ulog (1+1/(2u)) —log(1 + 2u) > 0. (A.23)

From (A.22)) and with u, = 1(e” —1)~!, we obtain for the surface tension tg(P):

t(P) = eli}rgo é log Z, = D(ﬁuc) =1+ % log (1 —e™"). (A.24)

We now turn to the large deviation principle for the height of a path. From (A.22) and (A.24)), we
obtain

Slogpe( S0 my = fu]) = ~(D(w) ~ D(we)) +ou(1), (A.25)

J<Li

Define the rate function C'(-) on R* by
Vu > 0, C(u) = D(u) — D(u.) > 0. (A.26)

The function C'is C*° on R, and satisfies:

Cue) = 0= C"(u.), C"(u) = .

> (0 for each u > 0,

so that C' is strictly convex, and a good rate function. The large deviation principle follows from
(IA.25]).
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q
| general case
_—
q
[
Pox q-l
X p=2 X

Figure 13 — Bijection argument to count the number of paths with length ¢ and height ¢ (top figure), and
with additionnally p = 2 (bottom figure). Dashed lines delimit portions of the paths, the red dot is the
place at which the initial north-east path is split, and the red, thick lines on the right-hand side are the
edges added to the initial path to obtain an up-down configuration with height ¢ and length ¢ 4 2q.

It remains to prove (A.18)). This follows from the large deviations principle and the
following observation. Constructing a path with p = 2 and height ¢ € N* is done by building a
north-east path of length 2¢ — 1 4+ ¢ — 2 with 2¢ — 1 vertical edges, then cutting it as described
previously and taking the symmetric part of the path after the first point X at height ¢. The only
difference is that one now sticks not just two horizontal edges after X, but two horizontal edges
followed by a vertical one hanging from below, before stitching back the two parts of the path (see

Figure . There are thus (Z%ﬁf) configurations with p = 2 and height ¢ € N*, and:

pe(p =23y =q) = 271 (qui 3) 2q + g 2“‘( Z m=d) (A2

J<L1

From (A.27)), using (¢ + 1)p" = 2> i1, M, the expectation in (A.18) for each £ € {{in(k), ..., k}
reads, with £ (k) = (1/2)k'2/ log k:

(%) 22 <, M

_ (A.27) 1 _

E,l¢] = =7+ He(sz, > m-:q) = EW{QZ J;P+2_2—e B}. (A.28)
J<Li ']

q=1 J<Ih

Let ¢ > 0. The integrand in (A.28]) is bounded and, for all ¢ large enough,

logue< >0 ¢ fue— Gue+(]) < —Clue+0)/2 <0, (A.29)

J<L1
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L1=R1

L4= R4

L3=R3

Figure 14 — Example of a droplet in &.. Though microscopic curves are Jordan curves, their limits in
Hausdorff distance may have self-intersections. Taking curves in &, ensures that these self-intersections
only occur at the pole, this is condition 5 in Definition below.

As a result, since 2u./(2u, + 1) = e™”, the expectation in (A.28)) is recast as follows:

2€712'<L nj
= = -8 -1
|G e B R A

=0(C)+0(™).

The O(() is independent of ¢, which proves (A.18)). O

B Topology results

At the microscopic level, curves are defined in terms of their poles and four monotonous paths,
one on each quadrant. The position of the poles in particular plays a big role in the dynamics and
appears in the large deviations functional, see Section 4l At the macroscopic level however, the
decomposition in poles and quadrants is not very convenient to work with, see Figure(14} as we need
to deal with droplets with complicated boundaries. In this section, we define a suitable effective
state space and a good topology on trajectories, at the cost of model-specific considerations.
Exponential tightness of the laws of the contour dynamics is also shown in Appendix [B.3]

B.1 Definition of &, and topological properties

In this section, we define the effective state space &,, prove that it is closed in Hausdorff topology
and establish some topological facts used in the body of the article. Recall that X is the set
of non-empty compact and connected subsets of [—1,1]?. This set is compact for the topology
associated with the Hausdorff distance dy.

Definition B.1. For r > 0, define the space €. C X as follows. The first three points mirror the
conditions placed on elements of XN.
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1. (Four poles). If R is the rectangle with least area containing I, then RN O is composed of
at most four segments [Ly, Ry], k € {1,...,4}, one on each side of R. These segments are
not necessarily disjoint and possibly reduced to a point. Fiz [L1, Ri] to be the segment with
highest ordinate and call it the north pole. The others are respectively the east, south and
west poles, where by convention O is travelled on clockwise. Define then the first quadrant
as the quarter-space delimited by the vertical axis passing through Li(T'), and the horizontal
azis through Ry(I'). The other quadrants are defined similarly; note that they can intersect

(see Figure[{.1]).

2. (Monotonicity condition). The boundary of T between Ly and Ryyq can be described as the
graph of a 1-Lipschitz function in the reference frame Ry = (O, Cr/d—kr /2> Cx/d—(k—1)7/2) (if
k=4, Rip1:=R1).

3. (The droplet is not reduced to a point). One has Ymax — Ymin = 75 Tmax — Tmin > T, where
these quantities respectively denote the highest/lowest ordinate/abscissa of points in T.

The last two conditions respectively ensure room in each quadrant by removing droplets that have
two different poles that coalesce, and exclude droplets with self-intersections in their bulk (recall

Figure [4.4).
4. (Distinguishable poles). For each k € {1,...,4}:

|(Lk — Riy1) -e1] > 7, |(Lp — Rpqr) - e2| > 7. (B.1)

5. (Simple boundary away from the poles). Any two points of the boundary that are not in a
pole and belong to opposite quadrants (i.e. quadrants 1 and 3 or 2 and 4) are at 1-distance
at least r.

Remark B.2. e Note that condition 4 is redundant with condition 3. We keep both, however,
as they have very different interpretations from the point of view of the dynamics.

e One can convince oneself by geometrical considerations that condition 5 ensures droplets
have volume at least (rv/2)2/4 = r2/2. In fact, if I' € & and o € O is e.g. in the first
quadrant and satisfies = - e; > Li(I') - e; + 7 and x - e3 > Ry(I'y) - e2 + r (a neighbourhood
around z intersects neither quadrant 2 nor 4), then (see Figure [L5):

2
r
|By(z,r)NT| > 5 Bi(z,r) ={y € R*: |ly — x|l < r}. (B.2)

Lemma B.3. Conditions 1 and 2 on the one hand, and conditions 1 and 2 with any condition
from 3 to 5 in Definition on the other hand define a closed subset of X. As a result, the set
E. is closed for the Hausdorff topology, hence compact.

Proof. Let I'™ € £.,n € N converge in Hausdorff distance to I' € X. The first three items boil
down to the fact that Ymax, Tmax, Ymin and Ty are continuous in Hausdorff distance; as well as the
observation that a uniform limit of 1-Lipschitz functions is 1-Lipschitz.
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L, (")

Figure 15 — For a point x of the boundary of a droplet I' € &, that is at vertical and horizontal distance
at least r from the pole, at least one fourth of the ball By(z,r) is contained in I" (shaded area).

4. (Distinguishable poles). Let us prove the result for the first quadrant, the others are similar.
By continuity of ymax, all limit points of (L, (I'™)) are inside P (I"), i.e. to the right of L;(I").
By continuity of Zmax, (R2(I™) - €1) = (Zmax(I™)) converges to Ry(I') - e;. The function
I"— [RQ(F’ )— L (T )} - €1 is thus upper semi-continuous, i.e. ”quadrants grow in the limit”,
which is the desired result. The same is true of IV — [L1(I") — Ro(I)] - es.

5. (Simple boundary away from the poles). For definiteness, take a point x of OI' in the first
quadrant and assume = ¢ P U Py, i.e. ey < Ymax([') and x - €1 < zpax(I7). Take also y in
C3(T)N ol \ (PsU Py). For n large enough, z,y cannot be in a pole of I'* by continuity of

Ymax, -5 Tmin-
By upper semi-continuity of the size of quadrants for the inclusion (see item 4), d(x, Cy(I'"™) \

P™) and d(y,Cs(P") \ P") vanish for large n, thus:

d(w,y) = d(C1(T") \ P, C3(I"™) \ P*) = d(z, C1(T") \ P") = d(y, C3(I") \ P*) = 1 + 0a(1),

]

Recall from Definition that for d > 0, &.(d) C &, is composed of droplets at 1-distance
at least d from the domain boundaries 9([—1,1]?). By continuity of ¥max; -, Zmin, this set is also
compact in Hausdorff topology.

Elements of &, have very constrained boundaries. A difference in Hausdorff distance between
two sets translates into a difference in volume or in the position of the poles. The following two
lemmas give explicit control of the Hausdorff distance that are useful in Section [B.2]

Definition B.4. Fork € {1,...,4}, define z, wy, : &, — R as the coordinates of the left-most point
Ly of pole k of a droplet:

21 = Ymax; <2 = Tmax) <3 = Yminy 24 = Lmin
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and the wy are the other four coordinates. A droplet I' € &, can be described in terms of the

.....

that ' =T up to a set of volume 0. In other words, " is the closure of the interior of I'. Define:
F,={I":T €&}

One can check that F, satisfies items 1,2,3 and 5 in Definition [B.1].

Lemma B.5. Let 1,y € &,.. Let k € {1,...,4}. Then:

dyu (1, T2) > |2,(T1) — 2(T2)].

Moreover, if « > 0 and g > 1/a,

Jwi(T1) — wy(T2)| >
{W e{1,2}, |z(ly) —z(T))| > 1/q = dy(l',T2) 2 1/q. (B.3)

Proof. Fix k = 1 for definiteness. Only requires a proof. Assume its left-hand side holds and,
without loss of generality, take £ = 1 and assume that ¥max(I'1) > Ymax(['2). Then both droplets
have a line of length at least 1/g below their north pole. These lines have abscissas differing at
least by o > 1/¢q, which means a fortiori that they are at 1-distance at least 1/q. Consequently, if
e € (0,1/q), disty (P (Ty), (T2)/979) > 0, where T'® is the e-fattening of T; for i € {1,2}:

re = U By (z,¢), Bi(z,e) ={y € R*: ||y — x|, < e} for z € R*

zel’;
This implies d#(I'1,'y) > 1/q — € and the result. O
The next lemma gives some sort of a converse statement.

Lemma B.6. Let I'1,Ty € & and € € (0,r). Then:

dy(D1,Ty) > e = dY' (T, Ty) >%/8 or
max {||Lx(I'1) = Le(To) 1, [ Be(Th) = Re(T) Il } = 2/2.

1<k,0<4
Proof. Without loss of generality, assume that a := dy(I'1,T'2) = sup,cr, disty(x,I'2), and let
x € 0I'y realise that supremum: z is at least as far away from I'y in 1-distance as any other point
of I'y, and no point of I's is at 1-distance strictly less than a from x.
There are two cases to consider: either z is close to a pole and the ball By(x,a) NI’y has a small
volume, or z is sufficiently far from the poles to ensure that By(x,a) NTy is of order a®. The latter
will lead to a difference in volume between I'y and I'y, while the former implies that poles cannot
be too close. It is convenient to slightly reformulate this dichotomy.

e Suppose I'; has a non-simple boundary, i.e. I'; # I'} with I'} as in Definition Suppose
further that « ¢ I"}. Then, by definition of &, I'; has at least one pole, say pole k € {1, ...,4},
that is point-like. By definition of z, + = Li(I'y) (= Rk(I'1)). In particular, L(I'9) is a
distance at least a from z:

[Le(T1) = Li(T2) [l = a.
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Figure 16 — An example where [z — L1 (I'1)]-e1 < a/2Ar with a/2 < r. The shaded area delimited by light
dashed lines is the left half of By (z,a). The darker dashed lines mark the left half of B;(x,a/2). OI'y is in
solid black lines, OT'2 in solid light lines. Left figure: Lo(T';) is left of Bi(x,a), hence [L1(I'1)—L;(I'2)]-e1 >
a/2. Right figure: Ly(T'1) is below By(z,a), hence |L1(I'1) — L1(T9)|l1 > [|Q1 — L1(T9)|l1 > a/2.

e Assume now that I'y = I}, or that I'y # I} and x € I'}. Without loss of generality, take x
in the first quadrant of I'y. By definition of z and the monotonicity condition on elements
of &, any point of I'y at 1-distance a from = must be in quadrant 1 of I'y (including poles 1
and 2).

Suppose first that [x — L1(I'1)] - e1 > a/2 Ar and [z — Lo(I'y)] - €2 > a/2 A r, i.e. the ball
By(xz,a/2 Ar)N Oy only contains points to the right of Ly(I'y) and above Ly(I'y). Then, by

Remark (B.2)),
1 1
|By(z,a/2 A1) N Ty| > 5(@/2/\7“)2 = |Bi(z,a)NTy| > 5(@/2/\7“)2.

Suppose instead that [z — L1 (I'1)] - e1 < a/2 Ar: x is close to the left extremity of the first
quadrant. Let us prove that, necessarily, L1(I";) and L;(I's) are then at 1-distance at least
a/2Nr.

Define 91 as the highest point of I} (defined in Definition with abscissa Lq(I'1)-e; and
intersecting the boundary of By (z, a/2), see Figure . AsTyNB; (x,a) = 0 by definition of z,
L1(T'5) must be either to the left of By(x,a), or below it. If it is to the left, then the abscissas
of Li(I";) and of Lo(I'y) must differ by at least a/2 Ar, i.e.: [Li(I'y) — La(T')] - €1 > a/2 Ar.
If it is below Bj(z,a), then ||Q1 — Li(I'2)]1 > a/2 A r, which by definition of @; implies
|L1(T'1) — L1(T'2)||1 > a/2 A r. Both cases are illustrated on Figure 16} they both yield:

[1L1(T1) = Li(T2)[[s = a/2 AT
Condition [x — Ly(I'1)] - €2 < a/2 Ar is treated similarly, this time with Ro(I'y), Ry(I'2), thus:

max { || Li(T1) — Li(Ta)|l1, [| Ra(T1) — Ro(T2) [l } > a/2 A
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B.2 The set E([0,Tp],&(d))

For Ty > 0, the set E([0, Tp], &,(d)) was defined in Section[2.3]as the completion of Dy ([0, Tp], &, (d))
for the distance dg (see (B.4)), where Dy/([0,T0],E-(d)) is the set of &,(d)-valued trajectories that

are cadlag in Hausdorff distance dy;. The distance dg was defined as:
To
dg = d5' + / daydt, (B.4)
0

with d%' the Skorokhod distance associated with convergence in the L'([—1,1]%) topology. This
topology is metricised by the distance d-", defined on the set X of non-empty compact subsets of
[—1,1]? by:

VIL,I'e X, dY(I,T) = / 1r — 1p/|da. (B.5)
[_171]2

For properties of the Skorokhod topology, we refer the reader to [EK09].

In this section, we study (E([0,T],&(d)),dg) for d > 0. The case d = 0 corresponds to
E([0,To],&.). We prove separability, completeness and characterise its relatively compact sub-
sets. The starting point is the following explicit characterisation of E([0,Tp], E(d)). Recall from
Definition that F,. C X is the set of droplets with simple boundary, that can be obtained by
removing all portions of volume 0 from a droplet in &£,.. Then:

E([0,Ty), £,(d)) = {r € Dui([0,Ty], F,) : for ace. t € [0,Ty],T; € a(d)}, (B.6)

where &.(d) C &, is the set of droplets at 1-distance at least d from the domain boundaries
O([=1,1P).

B.2.1 Completeness and separability of E([0,Ty], &, (d))

In this section, we prove that E([0, Ty], £,(d)) as defined in is separable, and that it is indeed
the completion, for the distance dg, of the set Dy([0,Tp], E,(d)) of E.(d)-valued Hausdorff-cadlag
trajectories. Let us first prove that (E([0, Tp), &-(d)), dg) is complete.

Lemma B.7. The space (E([0,Ty),E:(d)),dg) is complete.

Proof. Consider a Cauchy sequence I',, € E([0,Ty],E-(d)),n € N for dg. It is a Cauchy sequence
for dél in Dy:1([0, To], ). The set F, is closed, in L' topology, in the set of non-empty droplets
with measure-theoretic perimeter bounded by 8. This set is compact, assimilating droplets to BV
functions with bounded measure-theoretic perimeter, see Theorem 5.5 in [EG15]. There is thus a
trajectory T in D1 ([0, Ty], F,) with dgl distance to I',, vanishing with n. More precisely, consider
the sequence (I")) constructed from (I',,) as in Definition As T, (t) and I" (t) are equal almost
everywhere in R? for each ¢ € [0,Tp] and each n, (I')) converges in Dy:([0,Tp], ) to a limit
r,=ro

I'"_ corresponds to the limiting trajectory of the "bulk” of the I, i.e. without the poles. We
still need to figure out what the limiting poles should be, which we do using the fOTO dydt part of
dg.
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Recall the definitions of zj,wy from Definition [B.4] For each k € {1,...,4}, (2,([;,)) is a Cauchy
sequence in L'([0, Tp], [-1+d, 1—d]). Tt thus converges to some limit 25° € L*([0, Ty], [-1+d, 1—d]).

Moreover, for each n, z(I'n(t)) > 2 (I, (t)) almost surely and, by convergence in d5 of I", to I,

liminf 2 o(T7) > 212(I",), limsupz34(I") < z34(I",) almost surely.
n—00 n—»00

As a result, 275(t) > 212(I",(¢)) and 25%(t) < z34(I", () for almost every ¢ € [0, Tp], as desired
since the z; are supposed to play the role of the extremal coordinates of the "real” limiting tra-
jectory of the sequence (I',),.

It remains to control the wy, defined in Definition Indeed, at present, if on some sub-
set U C [0,Tp] of strictly positive measure I/ has a flat pole k for some k € {1,...,4}, and if
2z > z(I,) for almost every time in U, then we need to determine where on this flat zone we
should add the line [z (I'.,), zx] to construct a limiting trajectory I'y, for dg.

For k € {1,...4}, define I}, C [0,Tp] as the set of times ¢ for which pole k of I, (#) is extended,

Le. |Pp(I" (t))| > 0. If t ¢ I, then there is exactly one point at which the change of monotonicity
at pole k in the boundary of T",_(¢) occurs. This means that w (T, (¢)) converges to wy (I, (t)) for
almost every t ¢ Ij.
To deal with what happens inside [, take k = 1 for simplicity, so that z; = yYnax. Split I; into
JoU Js, where Jy is the largest subset of I; such that z{° = ypnax(I',,) a.s.. Js is the largest subset
of I; on which 2{° > ymax(I'y,) a.s.. For ¢ € Jy, we need not ask where the north pole should be
located, since it coincides with the north pole of T7_(¢) almost surely. The set J. instead requires
more work.

Fix € > 0. For all n, p large enough in terms of ¢, the Cauchy condition implies:

/%1bdMRﬁLQ@Wﬁ§a (B.7)

AS 1oeesy (1 )+1/q cOnverges pointwise to 1o, vy for large ¢, the integral in can be
made to bear only on times where 2{° is at least 1/q above z;(I") almost surely. Call J¢ C J.
the largest subset for which this holds. By the monotone convergence theorem, for each § > 0 and
q larger than some ¢(6):

To
l/lgéﬂwmQ@WSsaM|Kb¢u§d (B.8)
0

Fix § > 0 and such a ¢. By definition of 2{°, for all n larger than some n(q), Ymax(I'n(t)) >
Ymax (I (1)) +1/(2q) for almost every ¢ € JZ. ITmpose also that Ymax (T (t)) > Ymax (Tl (8)) +1/(29)
a.e. in J.

Invoking Lemma [B.5| yields that, for each a > 0, up to increasing ¢ and n(q), for each n,p > n(q),

To To
/ L2 Ly (Dn(t)—wr (Tp ()20 < Q/ du(Tn(t),T'p(2))dt < 2ge.
0 0

Summarising, for each § > 0, choosing « such that 2aTy < §/3, ¢ > a~! such that |Jo|—|J4| < /3
and ¢ to have 4eq < §/3; one has for all n, p large enough:

/0 b 1wy (Tp(t)) — wi(Tp(t))]dt < 6.
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Define w,, to be w;(T',) on Js, 0 elsewhere. Then (w,,) is a Cauchy sequence in L'([0, Tp], [-1 +
d,1 — dJ), hence converges to some Wy, and we can define:

oo (1) ifte.Js

B.9
LT (%)) - e otherwise. (B.9)

for almost every t € [0, Tp], wi®(t) = {

Functions w3, w§®, wy® are defined similarly for the other poles. Finally, let I', be such that
(T's) = I's, and, for almost every t € [0, Ty]:

Too(t) =T (U | {wilt)er +uez - u € [5(T (1), 2(1)] }

1€{1,3}

U | {uer +wilt)es s u € [5(T (1), (1))} (B.10)

1€{2,4}

By construction, I's, belongs to E([0, T, £,.(d)), and lim,,_, dg(I'y, ') = 0 by Lemma which
concludes the proof. O

Characterisation of E([0,To], E-(d)) also yields that D4 ([0, Tp], E-(d)), the set of Hausdorff-
cadlag &, (d)-valued droplet trajectories on [0, Tp], is dense in E([0, Tp], E-(d)) for dg. Indeed, con-
vergence of the volume is clear and for each I' € E([0, Tp], £,.(d)), one can find real cadlag functions,
corresponding to the 8 coordinates of the poles, that converge in L'([0,Ty],[~1 + d, 1 — d]) to the
wi(D), ze(1), k € {1,...,4}. E([0,Ty],E-(d)) is thus indeed the completion of Dy/([0,To], E-(d)) for
dg. As this set is separable for the Skorokhod topology associated with dy;, we obtain:

Lemma B.8. The space (E([0,Ty],E.(d)),dg) is separable.

B.2.2 Compact sets in £([0,7p],&,(d)) and exponential tightness

In the following subsection, we prove exponential tightness, for each bias H € C, of the laws
(QN5 1) restricted to trajectories in E([0, Ty), £-(d)). To do so, we need a sufficient condition for
a subset of E([0,Tp],&.(d)) to be compact. This is the object of this section.

Proposition B.9 (Compact sets for dg). The following equivalence holds:
(i) K C E([0,Ty],E(d)) is relatively compact for the topology induced by d.
(i) If w?l(F) is the Skorokhod modulus of continuity associated with volume convergence for a

trajectory I' € E([0,Ty], E-(d)) (see [EK09]), then:

To—h
lim sup sup sup {w,fl(f‘) + / dy (T, Ft+h)dt} =0. (B.11)
n—0 h<nleK 0

Proof. The proof uses notations and results from the proof of Lemma [B.7 We only give details
for (i7) = (i) as we do not need the converse implication, which follows from total boundedness of
relatively compact sets and the fact that (B.11)) is true for singletons thanks to Lemma

(17) = (i). According to the characterisation of relatively compact sets in the Skorokhod topology
in [EK09], K is relatively compact in d5'. Take {I",n € N} € K and let I be a limit point
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in dél of a subsequence that we still write (I'),. As in the proof of Lemma we can take
I € Dr1(]0,Ty], F,) such that OI' is a simple curve at all times ¢ € [0, Tp]. Recall that F, C &,
is the set of droplets for which items 1,2,3 and 5 in Definition hold.

Let us now prove that some subsequence of the (I'") has converging 2z}, w}, writing 2} = 2z, (I'"™)
and similarly for w}. z;,wy, are defined in Definition [B.4] and correspond to the coordinates of the
left extremity Ly of pole k € {1,...,4}. The proof is very similar to that of the completeness of
E([0,Tp],E:(d)) for dg in Lemma [B.7] There, we had for each ¢ > 0 and some N () € N:

To
sup sup/ dy (T™(t), TP (1))dt < e.
0

n>N(e) peN

Compare with:

To—h

supsup [ (T, 1" (¢ -+ )it < = (B.12)
h<n neN Jo

Here as well, Lemma yields that holds with (2}), (w}) replacing dy on [0,T5 — h]. By

the Kolmogorov-Riesz theorem (Theorem 4.26 in [Brel0]), this implies the relative compactness of

the sequences (z7), (w?) in L'([0, Tg], [-1+d,1 —d]). A trajectory I's, to which (I'™) converges in

di up to a subsequence is then built as in Lemma [B.7 This concludes the proof of (ii) = (i). O

We now conclude the proof of tightness, and exponential tightness on trajectories restricted to
E(]0,Ty],E-(d)). This step is classical, but requires some care in our case as some estimates hold
only for &,(d)-valued trajectories and not on the whole state space.

Corollary B.10 (Sufficient condition for the tightness of (Q) ;)n). Let Ty > 0. Assume that,
for each H € C,
tim sup BY, 5y (E(0, T, £ (d))7) = on (1), (B.13)

N—oo

so that trajectories are typically almost always in E.(d) on [0,Ty]. Assume further that, for each
G € C*([-1,1]%) and each ¢ > 0,

1
lim sup lim sup N logIP’f,\iB (E([O,TO], & (d)), { sup [(Ty, G) — (Ts, G)] (B.14)

n—0 N—o0 [s—t|<n
4

pop S [ [Jal0) = LalTran) s+ IR — RulTea)] Jat 2 <} ) = —o

h=<n 35
Then for each H € C and q € N*, there are compact sets K, = K,(H) such that:

9 1
sup QYs.m ((K,)°) < p sup — log QN5 1 (E([0,Tp), £:(d)) N (K,)) < —q.

In particular, {Qi\fﬁ,H N € N*} 18 relatively compact as a family of measures on trajectories up
to time Ty, and its weak limit points are supported in E([0,Ty], E(d)).
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Proof. As also holds under JP)T y for any H € C, we prove the corollary only for H = O
Consider a sequence Gy € C*([—1,1]? ) ¢ > 1, dense for the uniform norm. According to (B.14),
for each ¢,n € N*, there is n = n(q, ¢,n) and NO No(n) such that:

sup %longﬁ<E([O,To],Sr(d)),{ sup (T, Go) — (T, Go)| (B.15)

N>N(n) |s—t|<n
4

rowp > [ 140~ BuPesills + IR = RulTe)li]ae > 1) < —gut

h<n k=1

By (B.13]), consider also N; = Ni(q,¢,n) such that:

1
4 < .
13311311?’ 5(E([0, Ty), £:.(d))°) < o

Let Ny = max{Ny, N1}. For N < Ny, Ly, Ry, k € {1,...,4} are cadlag functions in Hausdorff
distance on N71 X, As aresult, - B.15)) holds for N < N2 as well up to choosing ' = 1/'(q, ¢,n) <,
hence for all N in N*. For G € C?([~1,1]?), let thus w” ({T, G)) be the Skorokhod modulus of
continuity associated with the trajectory (<Ft, G>) (see [EK09)); it satisfies:

Vo >0, Wb ((D,G)) < sup [(T,,G)—(T,,G).
|s—t|<6
Define then K, = Uq, with Uy as follows:

U, = ﬂ { (<F Gy)) +sup2/0_ 1 Zk(Te) = Le(Tesn) |1

£,neN* A
1
FIR(T) = Ru(Te)lde > -}

By Proposition and Lemma [B.6] K, is compact, and it satisfies by construction:
sup —10gQ ( ([0, To), £ (d)) N (K,)°) < —q.
Nen= N

This concludes the proof of exponential tightness inside E([0,Tp], E,(d)). Moreover, also by con-
struction and since e~V < 274" /g for each N > 1,

sup QY5 ((K,)°) < 2/q.

By Prohorov’s theorem (Theorem 2.2. p104 in [EK09]), (Q%) ~ is relatively compact, and its weak
limit points are concentrated on E([0, 7o}, E.(d)) by (B.13)). This concludes the proof. O

B.3 Proof of the sufficient condition for exponential tightness

In this section, we provide the proof of the sub-exponential estimate in Corollary [B.10] i.e. the
proof of . The first step is to control the volume variations of a droplet, in Section m
Next, we prove that the (time integrated) volume beneath each pole has a fixed value in terms
of , imposed by the reservoir-like behaviour of the poles. This estimate is used in Section
to obtain a control on the motion of the poles. Parameters r, 3, H are fixed throughout as in
Definition 2.1l
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B.3.1 Estimate in L'([—1,1]?) topology

In this section, we prove exponential tightness in volume, i.e. in L'([—1,1]?) topology, with the
metric d' defined in (BF). Equivalently, d-' is characterised as follows.

Lemma B.11. Let (Gy)e>1 be a family of functions of C*([—1,1]*,R), dense for the uniform
SUp[_q 12 | -|. Then d' is topologically equivalent to the distance d~ defined as follows:

L |[(T.Ge) = (I, Gy

/ JL! " — —
LTE X AN =) S Gy - (G

>1

In the sequel, d~' and d~' are identified.
Lemma B.12. Let Ty > 0 and G € C*([—1,1]*). Then, for each e > 0:

/FG_/F G‘>€):—oo. (B.16)

Proof. Compared to Chapter 10 in [KL99], the only subtleties to prove (B.16]) are in the intro-
duction of the condition {for a.e. ¢t < T, I'y € &} to be able to use the computations of Section
Bl and in the control of the poles. As this does not present any particular difficulty, the proof is
omitted. O

1
lim sup lim sup — log IP’% (for a.e. t <Ty,I'y € E.; sup
5—0 Nooo N ’ [t—s]|<o

B.3.2 Precise control of the slope and volume around the poles

In this section, we prove that the volume below the pole is fixed by their reservoir-like behaviour
induced by the dynamics. This relies on a microscopic estimate of the slope at the pole, obtained

in Section [6.2.4] in Corollary [6.11]

Lemma B.13 (Control of the deviations of the width at distance a > 0 below the pole). For
a>0andT €&, let g7 (a) = g™ (a)(I") be the width of the horizontal segment of T' at height
Ymax (') — a to the right of L1(I"). Define similarly g~ («) to the left of L1(I"). For each 6,m > 0:

a—0 N—oo

1
lim sup lim sup N log Pfﬁ <for a.e. t €0,Ty], Ty € &(d);

1 [To

T 1‘05_19i(04)—(eﬁ—1)‘25dt > 77) = —0Q.
0.Jo

Proof. Take (!, (% > 0 to be determined later, and § > 0 which will be small. We prove the result
for g%, g~ is similar. By Corollary it is sufficient to prove:

1
lim sup lim sup lim sup N log IP’% (for a.e. t €10, Tp], Ty € E.(d);

¢1,¢2—0 a—0 N—oo
1 [T
ZTO 1|aflg+(a)_(eﬁ_1)|251|£+’§1N_87B|S01|€+Y<2N_676‘S9dt > 77/3) = —OQ.
0

Consider the event bearing on £¢'N_ Tt enforces:

erN e [P —0,e7 + 0],
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Choose ¢! such that (e7? — 0)¢' = a. Then ¢'¢¢'N > o means that, by definition, g*(a) must
be smaller than ¢'(1 — ¢ N):

1 1—e¥
N ecleP—0eP+0land (e —0)'=a = a'gT(a)< _6/8—40;0 =’ —1+0(9),
6 p—
where O(6) is a positive function. Similarly, choose ¢? such that (e=* + 0)¢(? = a. Then:
1—e B
N ele? 0P +0and (e P +0)P=a = o lgt(a)> —,65 iy P 0(0).
e

O(0) is again a positive function. Taking @ small enough to contradict |a~tgT(a) — (¢ —1)| > §
concludes the proof. O

Lemma B.14 (Control of the deviations of the volume at distance o« > 0 below the pole). For
Feé&,., let Ve = VL) be defined as:

Ver) = 04_2’{.% el iz ey > ymax(l) — a}‘.
Then for each 6, > 0:

a—0 N—o0

. . 1 Lo
lim sup lim sup i logIP’?fﬁ (for a.e. t €[0,Ty], Ty € E.(d); ?0/0 Ljya_(es_1)|>sdt > 77) = —0o0.
Proof. Fix k € N* and € > 0 to be chosen later. By Lemma [B.13] it is sufficient to prove:

1
lim sup lim sup — log P, (for a.e. t €[0,Tp], Iy € E.(d); (B.17)
a—0 N—o0 N ’
I

To Jo ]-\Va—(65—1)|>61Vj€{1,.._,]@}7’j%g:t(ja/k)_(eﬁ_l)lgedt > 77/2) = —00.

By definition of g*(«) for a > 0 (see Lemma [B.13)), for I' € &, the quantity V(T') satisfies:

[0}

Ve(r) = a? / () + g~ (w))du

As microscopic curves have 1-Lipschitz boundaries, on the event that (k/ja)g*(ja/k) € [ +1 —
0,e® — 1 — 0] for each 1 < j < k, one obtains the following bound for V:

k-1 .
2t ra Ty . J s a k-1 4 9
a’V (F)—|{m€F'y(x)zymaX—a}|22]§1j—ka(e +1-0)x 7= ——(’ ~1-0)a
Similarly,
i J a k+1 4 5
21/ B _
aV(F)§2§ ka(e +1—6’)><E— k (e =1+ 0)a”.

To conclude the proof, it remains to take k,  such that the indicator functions appearing in (B.17))
bear on incompatible events. This is achieved provided:

kE—1 E+1

7 (e’ —1+0)<ef —1+0.

(P —1-60)>e’—1-§ and
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B.3.3 Tightness in L'([0,7;]) distance for the motion of the poles

In this section, we prove exponential tightness for the motion of the poles assuming trajectories
live in &,(d) for almost every time. As argued in Appendix[B.2.2] it is sufficient to find a compact
set of L'([0,Tp], [=1 + d,1 — d]?) in which the trajectories of the poles concentrate at scale e™.
We proceed coordinates by coordinates of the L, k € {1,...,4}. This will also work for the Ry
since they are microscopically close to the Ly by Lemma[6.1] According to the Kolmogorov-Riesz
compactness theorem (Theorem 4.26 in [Brel0]), a set K C L*([0, Tp], [~1 + d, 1 — d]) is relatively
compact if and only if:
To—h
sup sup/ |f(t+h)— f(t)|dt = o,(1). (B.18)
0

h<n feK

To prove exponential tightness for the poles, we thus only have to prove that (B.18)) holds for each
of the eight coordinates of the Ly, k € {1,..,4}. We prove it for the motion of y(L1) = Ymax in the
following lemma. The proof for the other seven coordinates is similar.

Lemma B.15 (Tightness in L' distance for ymay). Let € > 0. Then:

lim sup lim sup (B.19)
n—0 N—o0
1 1 [T
— log PV, (for a.e. t €0,Tp],T; € & .(d);sup — |Ymax (t + 1) — Ymax(t)|dt > &?) = —00.
N 7 h<n To Jo

Proof. For each h € [0,n] and t € [0,T5 — h|, write Ap(t) = |Ymax(t + h) — Ymax(t)| for brevity.
Since Ymax is bounded by 1, (B.19)) is proven as soon as

1 To—h
lirglj(l)lp hﬁl_iip N log]P’fB (for a.e. t €[0,Tp],T; € E.(d); igp T i 1, (1)>e/2dt > 5/4) = —00.
<n

Fix 6 > 0 that will be chosen small enough in the following. Define, for &« > 0 and ¢ € [0, T], the
quantity AV%(¢) as follows (recall Lemma B.14)):

AVE(t) = VYT, — (e° = 1)].
Lemma [B.14] tells us:

1 I
lim sup lim sup — log P, <f0r a.e. t € [0,T¢],T; € &.(d); —/ 1avessdt > 5/12) = —00.
a—0 Nooo IV ’ To 0
Notice in addition that:
1 To—h 1 To
{Sup T\/ 1AV°‘(t+h)>§dt > 5/12} C {T\/ 1Ava(t)>5dt > 5/12}
h<n £0 Jo 0.Jo
As a result, (B.19)) holds as soon as:
1
lim sup lim sup lim sup — log P, (for a.e. t € [0,Tp],T; € &(d); (B.20)
a—0 n—0 N—oco N ’

sup)\[Ah(t) > /2, AV ()] < 6, |AVE(t + h)| < 5} > 5/12) — oo,

h<n
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where A is T, times the Lebesgue measure on [0, 7Ty]. By Lemma on exponential tightness
in dél topology, (B.20|) is proven as soon as the following holds:

1

lim sup lim sup lim sup — log IP’f,Vﬁ (for a.e. t €10, Tp],Ty € &E-(d);

a—0 n—0 N—oo N ’
sup d" (D, Ty) < a®(e” = 1)/2;

(s,t)G[O,TO}Q
[s—t|<n

sup)\[Ah(t) > /2, AV ()] < 6, |AVE(t + h)| < 5] > 5/12> — 0, (B.21)

h<n

Take § < (¢ —1)/2 and an arbitrary a € (0,¢/2]. For any trajectory (I'y);ejo.7) in the event inside
the probability in (B.21]), there must be t € [0, Tp] and h < 7 such that, simultaneously:

e The north poles of I';, Iy, are at vertical distance at least /2, so that either {z € I} :
T-ey > Ymax(le) —a} Ny =0or {z €Tt 20 €2 > Yrmax(Teqn) —af NI = 0.

e Recall that V*(t) = a 2{z € Ty : v - €3 > Ymax (L) — a}]. V(T;) and V*(Tyy4) are both at
least ¢/ — 1 —§ > (e’ — 1)/2 so that, by the first point, the difference in volume between T';
and Ty, is at least a?(e® — 1)/2;

o yet, d (T, Tin) < o2(ef — 1)/2, which is incompatible with point 2. This concludes the
proof.

O

Remark B.16. The proof for ymin, Tmin and z,., is identical to the above. For the wy, i.e.
Ly -e1, Ly - e5,Lg-e; and Ly - es, slight modifications are required: in addition to the indica-
tor functions on the volumes AV?(t) < 0, AV*(t + h) < 0, one has to introduce the events
{gZ(t + h) < 6}, {g=(t) < 6}, where g, the width of the level at distance a beneath the pole, is
defined in Lemma [B.13

The idea is that if « is taken small enough as a function of ¢ and 3 (in practice, (¢ —1)~te/2
times a numerical constant), then the horizontal distance between L (t) - e; and Ly(t + h) - €1 is
going to be at least min{g (t + h) + g, (t), 95 (t) + g, (t + h)}.

As aresult, the set of points above Y. (I'y) —a in I'; and the set of points above Ymax (F'iyn) —a in

[’y are disjoint. Thanks to the indicator functions on the volumes AV®, this implies a difference
in volume, which is again impossible for n small enough. [
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Résumé : Cette these est consacrée a I'étude
d’événements dynamiques rares dans des systémes
de particules en interaction. Deux modéles sont
considérés le processus d’exclusion simple
symétrique unidimensionnel interagissant avec des
réservoirs, et un modele de dynamiques d’inter-
faces se rapprochant de la dynamique de Glauber du
modele d’lsing bidimensionnel a température nulle.
Dans le cadre du modele d’exclusion simple, les tra-
vaux présentés visent a I'étude des corrélations a
deux points hors équilibre. Plus précisément, le but
est d’estimer la probabilité d’obtenir une valeur aty-
pique des corrélations a deux points moyennées en
temps dans la limite hydrodynamique et en temps
long. Pour étudier les corrélations a deux points
avec le niveau de précision requis, il est nécessaire
d’améliorer les techniques existantes. En raffinant la
méthode d’entropie relative initialement développée
par Yau, un principe de grandes déviations pour les
corrélations a deux points est obtenu.

La dynamique d’interface modélise I'évolution d’'une
goutte de spins — d’lsing immergés dans une mer
de spins + sur un réseau carré. Dans le cas de la

dynamique d’lsing a température nulle, la frontiere
de cette goute évolue selon un mouvement a cour-
bure moyenne anisotrope, comme a été rigoureuse-
ment établi par Lacoin, Simenhaus et Toninelli il y a
quelques années. Dans la these, c’est la structure
des trajectoires atypiques que I'on cherche a com-
prendre. Pour ce faire, une dynamique d’interface,
appelée dynamique de contour et tres similaire a
la dynamique d’lsing a température nulle est intro-
duite. La seule dissemblance vient de la présence
d’'un parametre supplémentaire, jouant le réle d'une
(faible) température agissant localement sur l'inter-
face. En particulier, les dynamiques d’lsing et de
contour coincident quand ce parametre est nul. |l
est montré que la trajectoire typique d’une interface
sous la dynamique de contour évolue également par
mouvement par courbure moyenne anisotrope, avec
une influence du parameétre de température. Un prin-
cipe de grandes déviations est alors obtenu pour la
dynamique de contour, permettant de relier les trajec-
toires atypiques a des perturbations d’'un mouvement
a courbure moyenne anisotrope, toujours avec une
influence du parameétre de température.

Title : Large deviations in interacting particle systems: out of equilibrium correlations and interface dynamics

Keywords : Interacting particle systems, Large deviations, Ising model, Correlations, Interfaces

Abstract : The objective of this thesis is the study
of rare dynamical events in some interacting particle
systems. Two models are considered : the one dimen-
sional symmetric simple exclusion process interacting
with reservoirs, and an interface dynamics related to
the zero temperature Glauber dynamics for the two di-
mensional Ising model.

In the case of the simple exclusion process, the work
presented in the manuscript concerns the study of the
out of equilibrium two-point correlation field. More pre-
cisely, the objective of the work is to estimate the pro-
bability of observing anomalous time-averaged two-
point correlations, in the hydrodynamics scaling and
the long time limit simultaneously. Studying two-point
correlations at a suitable level of precision requires im-
proving existing techniques. A refinement of the rela-
tive entropy method initially due to Yau provides a suf-
ficient toolbox, thanks to which a large deviation prin-
ciple for time-averaged two-point correlations is obtai-
ned.

The interface dynamics aims at modelling the evolu-
tion of the interface separating a droplet of — Ising

spins in a sea of + spins in the zero temperature Ising
model. In the zero temperature Ising case, the boun-
dary of this droplet has been shown to follow an ani-
sotropic motion by curvature by Lacoin, Simenhaus
and Toninelli a few years ago, rigorously establishing
a long standing conjecture. In the manuscript, we aim
to investigate the structure of atypical interface tra-
jectories. To do so, another interface dynamics, cal-
led the contour dynamics, is introduced. Very similar
to the zero temperature Ising dynamics, it differs by
the presence of an additional parameter, which plays
the role of a (small) temperature acting locally on the
interface. In particular, Ising and contour dynamics
coincide when this parameter vanishes. We show that
the typical interface trajectory in the contour dynamics
is still given by an anisotropic motion by curvature,
with an influence of the temperature-like parameter. A
large deviation principle is also established, characte-
rising atypical trajectories as perturbations of the ani-
sotropic motion by curvature, again with an influence
of the temperature-like parameter.
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