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Recently, the phase-field method has been intensively developed to model and simulate the nucleation and propagation of cracks in materials and structures in a variety of situations. In this development, many questions remain still open and a lot of problems have to be solved. Concerning brittle and quasi-brittle materials, one of the main difficulties comes from the fact that these materials behave differently in tension and in compression. To overcome this difficulty, the strain tensor is usually decomposed directly into a tensile part and a compressive part, while arguing that damage in brittle and quasi-brittle materials is essentially controlled by the tensile part. However, this direct decomposition is not consistent from an energy point of view, in particular when elastically anisotropic materials are in question. Another important problem in using the phase-field method and the finite element method to deal with cracks is that the mesh size must be sufficiently small in any zone where a crack is located or expected to be nucleated/ propagated, so that the resulting computational cost is high. The present work aims at contributing to the development of the phase-field method in modelling and simulating cracks in both isotropic and anisotropic brittle/ quasi-brittle materials. A novel family of degradation functions is used and implemented for these materials. New decompositions of the strain tensor based on an elastic energy preserving transformation are also employed and implemented for isotropic and anisotropic damage. Both bulk damage and interfacial damage are investigated. The proposed methods are systematically illustrated by numerical examples. The obtained results are compared with and validated by relevant available experimental/ numerical ones.
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Résumé

Récemment, la méthode de champ de phase a été intensivement développée pour modéliser et simuler la nucléation et la propagation de fissures dans des matériaux et des structures dans diverses situations. Dans ce développement, de nombreuses questions restent encore ouvertes et de nombreux problèmes sont à résoudre. Concernant les matériaux fragiles et quasi-fragiles, l'une des principales difficultés vient du fait que ces matériaux se comportent différemment en traction et en compression. Pour surmonter cette difficulté, le tenseur des déformations est habituellement décomposé directement en une partie tendue et une partie compressive, tout en avançant l'argument que l'endommagement des matériaux fragile et quasi-fragile est essentiellement contrôlé par la partie tendue. Cependant, cette décomposition directe n'est pas cohérente d'un point de vue énergétique, en particulier lorsqu'il s'agit de matériaux élastiquement anisotropes. Un autre problème important lié à l'utilisation de la méthode de champ de phase et de la méthode des éléments finis pour traiter les fissures est que le maillage doit être suffisamment fin dans toute zone où une fissure est située ou devrait être nuclée/ propagée, de sorte que le coût de calcul résultant est élevé. Le présent travail vise à contribuer au développement de la méthode de champ de phase dans la modélisation et la simulation de fissures dans les matériaux fragiles/ quasi-fragiles isotropes et anisotropes. Une 
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Crack extension angle θ 0 vs. crack inclination angle α for various values of biaxial load parameter for the orthotropic material of Glass-epoxy (this figure in [START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF]) . . (g), (h) and (i) crack initiation and propagation obtained by Nguyen et al. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] corresponding to U = 0.008 mm, U = 0.01 mm, and U = 0.012 mm, respectively . . 

General introduction

The problems related to the initiation and propagation of cracks in materials and structures are of prominent importance to engineering and, in particular, to civil engineering. The classical Linear Elastic Fracture Mechanics (LEFM) is based on the well-known work of Griffith [START_REF] Griffith | The phenomena of rupture and flow in solid[END_REF] and Irwin et al. [START_REF] Irwin | Analysis of stress and strains near the end of a crack traversing a plate[END_REF]. Apart from theoretical and analytical approaches developed to treat cracks in materials and structures, numerical methods have been proposed and have turned out to be indispensable and powerful when situations of practical interest are concerned. In particular, the eXtended Finite Element Method (XFEM) (see, e.g., Moes et al. [START_REF] Moes | A finite element method for crack growth without remeshing[END_REF] and Sukumar et al. [START_REF] Sukumar | Extended finite element method for threedimensional crack modelling[END_REF]), capable of overcoming the difficulty of mesh dependence, is very efficient fornumerically solving crack problems. The Cohesive Zone Model (CZM), which is popular and based on the pioneer works of Barenblatt [START_REF] Barenblatt | The formation of equilibrium cracks during brittle fracture. General ideas and hypotheses. axially-symmetric cracks[END_REF] and Dugdale [START_REF] Dugdale | Yielding of steel sheets containing slits[END_REF], has also been adopted and implemented within the framework of FEM (see, e.g., Tvergaard and Hutchinson [START_REF] Tvergaard | The influence of plasticity on mixed mode interface toughness[END_REF], Xu and Needleman [START_REF] Xu | Numerical simulations of fast crack growth in brittle solids[END_REF], Verhoosel and de Borst [START_REF] Verhoosel | A phase-field model for cohesive fracture[END_REF]). One main drawback of these methods is that they are in general unable to simulate crack nucleation and crack paths in complex situations, for example in three-dimensional cases.

Recently, the phase-field method has been widely developed to handle the nucleation and propagation of crack in many kinds of materials. This method relies on the pioneer work of Francfort and Marigo [START_REF] Francfort | Revisiting brittle fracture as an energy minimization problem[END_REF] on the variational formulation of crack problems (see, e.g., also Bourdin et al. [START_REF] Bourdin | Numerical experiments in revisited brittle fracture[END_REF][START_REF] Bourdin | Morphogenesis and propagation of complex cracks induced by thermal shocks[END_REF]) and finds its mathematical justification in Mumford and Shah [START_REF] Mumford | Optimal approximations by piecewise smooth functions and associated variational problems[END_REF]. Up to now, the phase-field method has been applied to: (i) describe very complex cracks topologies via a scalar damage variable (see e.g., [START_REF] Francfort | Revisiting brittle fracture as an energy minimization problem[END_REF][START_REF] Hakim | Laws of crack motion and phase-field models of fracture[END_REF][START_REF] Hofacker | A phase field model of dynamic fracture: robust field updates for the analysis of complex crack patterns[END_REF][START_REF] Kuhn | A continuum phase field model for fracture[END_REF][START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF][START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF][START_REF] Bourdin | Numerical experiments in revisited brittle fracture[END_REF][START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF][START_REF] Miehe | Thermodynamically consistent phase-field models of fracture: Variational principles and multi-field FE implementations[END_REF][START_REF] Miehe | Phase field modeling of fracture in multi-physics problems. Part I. Balance of crack surface and failure criteria for brittle crack propagation in thermo-elastic solids[END_REF][START_REF] Borden | A phase-field description of dynamic brittle fracture[END_REF][START_REF] Nguyen | Initiation and propagation of complex 3D networks of cracks in heterogeneous quasi-brittle materials: Direct comparison between in situ testing-micro CT experiments and phase field simulations[END_REF]); (ii) simulate quasi-static fracture (see e.g., [START_REF] Kuhn | A continuum phase field model for fracture[END_REF][START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF][START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF][START_REF] Miehe | A phase field model of electromechanical fracture[END_REF][START_REF] Lancioni | The variational approach to fracture mechanics. A practical application to the French Panthéon in Paris[END_REF][START_REF] Miehe | Thermodynamically consistent phase-field models of fracture: Variational principles and multi-field FE implementations[END_REF]); (iii) deal with dynamic crack propagation (see e.g., [START_REF] Borden | A higher-order phase-field model for brittle fracture: Formulation and analysis within the isogeometric analysis framework[END_REF]2,3,[START_REF] Schluter | Phase-field approximation of dynamic brittle fracture[END_REF][START_REF] Borden | A phase-field description of dynamic brittle fracture[END_REF]);

(iv) treat cohesive fracture (see e.g., [START_REF] Vignollet | Phase-field models for brittle and cohesive fracture[END_REF][START_REF] Verhoosel | A phase-field model for cohesive fracture[END_REF][START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF][START_REF] Nguyen | Multi-phase-field modeling of anisotropic crack propagation for polycrystalline materials[END_REF]; (v) investigate fracture in anisotropic materials cohesive fracture (see e.g., [START_REF] Clayton | Nonlinear phase field theory for fracture and twinning with analysis of simple shear[END_REF][START_REF] Clayton | Phase field modeling and simulation of coupled fracture and twinning in single crystals and polycrystals[END_REF][START_REF] Nguyen | Phase field modelling of anisotropic crack propagation[END_REF][START_REF] Teichtmeister | Phase field modeling of fracture in anisotropic brittle solids[END_REF][START_REF] Nguyen | Multi-phase-field modeling of anisotropic crack propagation for polycrystalline materials[END_REF]).

In the development of the phase-field method, many problems remain to be solved. The present work aims to contribute to solving some of them. In the phase-field method, a regularization length is involved. Most of the works dedicated to the phase-field method interpret it as a material parameter. The requirement that the regularization length be small makes that the mesh discretization in FEM must be very small so that the computational cost is high. Recently, Sargado et al. [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF] provided a conceptual explanation of how the choice of a length scale can result in either delay or acceleration of failure under quasi-static conditions, and introduced a new family of degradation functions capable of correctly reproducing the onset of failure for a wide range of values of the regularization parameter. This new family of degradation functions, adopted and implemented in the present work, allows us to increase the mesh size in the area where a crack is expected to spread and thus reduce the computational cost.

Another important problem which remains to be solved is related to modelling and simulating cracks in brittle and quasi-brittle materials, such as ceramics, rocks and concrete. These materials of engineering importance behave differently in tension and in compression. It is commonly admitted that the initiation and propagation of cracks in these materials are controlled by tensile strains. How to define "tensile strains" in two-and three-dimensional cases is still an open problem, especially when anisotropic materials are in question. The usual way of directly decomposing the strain tensor into a tensile (or positive) part and a compressive (or negative) part is not consistent from the elastic energy point of view. Indeed, the tensile and compressive parts of the strain tensor obtained by the direct decomposition are not orthogonal in the sense of the inner product where the elastic stiffness (or compliance) tensor acts as the measure tensor; thus, the elastic energy cannot be split into two parts involving, respectively, the tensile and compressive parts of the strain tensor. In a recent work of He [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF], a novel decomposition of the strain tensor into a tensile part and a compressive part was proposed. This decomposition, which is orthogonal in the sense of the inner product involving the elastic stiffness tensor, is adopted and implemented within the framework of the finite element method and the phase-field method. This thesis is structured as follows. In chapter 1, the classical phase-field method is introduced in detail. Then, the steps toward building a new family of degradation functions are described.

The quadratic degradation function and the new family of degradation functions are used in the classical phase-field method so as to predict the crack nucleation and propagation. The numerical results are compared with available experimental ones. In particular, we show the advantage of the method through several numerical examples: the regularization length does not depend on the mesh size. In chapter 2, the phase-field method is used to compute crack paths in isotropic and anisotropic materials. The aforementioned orthogonal strain decomposition of He [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF] is adopted and implemented. Through proposing two solutions, we improve the accuracy of the phase-field methods in simulating the mechanical behavior of brittle and quasi-brittle materials. In addition, only one damage variable is employed instead of multiple ones in some previous works. In chapter 3, the phase-field method is extended so as to account for interfacial damage. This allows the modelling and simulation of cracks in complex multiphase materials and microstructures obtained by microtomography. Once more, the orthogonal strain decomposition of He [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF] is applied to describe the bulk material behavior. Several examples are given, and the obtained numerical results are compared with some solutions of reference. In chapter 4, the damage of composite materials is investigated by the phase-field method. In particular, interfacial damage is taken into account.

The interface effect on the propagation direction of cracks in a structure consisting of two different orthotropic materials connected by an adhesive layer is studied. Numerical examples are provided to illustrate the efficiency of the proposed solutions. Finally, some conclusions are drawn and a few perspectives are given. • Tensor calculus

Notations and table of abbreviations

a.b = a i b i , (Ab) i =A ij b j , (AB) ij =A ik b kj , A : B = A ij B ij , (AB) ij =A ijkl B kl , (AB) ijkl =A ijmn B mnkl , (a ⊗ b) ij = a i b j , (A ⊗ B) ijkl =A ij B kl , (A⊗B) ijkl = 1 2 (A ik B jl + A il B jk ).
• Table of The phase-field method, also referred to as the gradient damage or smeared crack method is a framework for modeling and simulating the initiation and propagation of complex crack networks.

Most of the previous works require that the regularization length be interpreted as a material parameter. This problem makes the mesh discretization in the structure is very small and thus, the computational costs increase. In this work, we use a quadratic degradation function as Nguyen et al. [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] and a new family of degradation functions introduced by Sargado et al. [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF] into the elastic strain energy density function to describe the damage state as well as predict critical loads associated with crack nucleation and propagation in plaster compression tests. The mesh size in the area where the crack passes through is coarser, thus the calculation cost is reduced without changing the path of the crack as well as the global and local mechanical behaviors in the structure. The classical phase field method using the proposed degradation function is compared with the one using the quadratic degradation function through several numerical examples. These numerical results are validated with the experimental ones in [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF] and [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF].

Introduction

The accurate simulation by computational method of crack initiation and propagation in brittle and quasi-brittle materials, such as concrete, cement, plaster or rocks, is necessary to predicting the strength and durability of structures made of these materials.

Linear Elastic Fracture Mechanics (LEFM) is based on the thermodynamic principles given by Griffith [START_REF] Griffith | The phenomena of rupture and flow in solid[END_REF]. Elastic energy and damage dissipation are competing a novel variational approach generalizing Griffith's idea was elaborated by Francfort and Marigo [START_REF] Francfort | Revisiting brittle fracture as an energy minimization problem[END_REF].

The works [START_REF] Mumford | Optimal approximations by piecewise smooth functions and associated variational problems[END_REF][START_REF] Ambrosio | Approximation of functionals depending on jumps by elliptic functionals via Γ-convergence[END_REF][START_REF] Ambrosio | On the approximation of free discontinuity problems[END_REF][START_REF] Eastgate | Fracture in mode I using a conserved phase-field model[END_REF][START_REF] Hakim | Laws of crack motion and phase-field models of fracture[END_REF][START_REF] Hofacker | A phase field model of dynamic fracture: robust field updates for the analysis of complex crack patterns[END_REF][START_REF] Kuhn | A continuum phase field model for fracture[END_REF][START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF][START_REF] Spatschek | Phase field modeling of fast crack propagation[END_REF] have proposed the phase field method based on a regularized description of discontinuities. This method allows an accurate prediction of the propagation of cracks in complex materials such as plaster, concrete [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF][START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF].

Bourdin et al. [START_REF] Bourdin | Numerical experiments in revisited brittle fracture[END_REF] have introduced an important parameter in the phase field method, i.e. is the regularization length l. The works [START_REF] Braides | Approximation of free discontinuity problems[END_REF][START_REF] Braides | Γ-Convergence for beginners[END_REF][START_REF] Maso | An introduction to Γ-convergence[END_REF] have studied the effects of this parameter so as to determine the convergence in the sense of Γconvergence. In [START_REF] Prémond | Damage, gradient of damage and principle of virtual power[END_REF][START_REF] Lorentz | Analysis of non-local models through energetic formulations[END_REF], the gradient damage models with the regularization parameter l have been proposed. In [START_REF] Freddi | Regularized variational theories of fracture: a unified approach[END_REF][START_REF] Pham | The issues of the uniqueness and the stability of the homogeneous response in uniaxial tests with gradient damage models[END_REF][START_REF] Piero | A variational approach to fracture and other inelastic phenomena[END_REF][START_REF] Pham | Approche variationnelle de l'endommagement: I. Les concepts fondamentaux. The variational approach to damage: I. The foundation[END_REF][START_REF] Pham | Approche variationnelle de l'endommagement: II. Les modèles à gradient. The variational approach to damage: II. The gradient damage models[END_REF], the regularization parameter l as a material's internal length, which is kept fixed. In [START_REF] Bourdin | Morphogenesis and propagation of complex cracks induced by thermal shocks[END_REF][START_REF] Pham | Experimental validation of a phase-field model for fracture[END_REF], it is shown that the regularization parameter l and mesh size are related to the relationship between the critical stress and toughness criterion for crack initiation.

The length parameter l related to the regularized representation of a crack is required in the phase field method. This regularization parameter often depends on the material parameters, and choosing the value of this parameter l greatly affects the peak load value. In [START_REF] Amor | Regularized formulation of the variational brittle fracture with unilateral contact: numerical experiments[END_REF][START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF][START_REF] Leguillon | Strength or toughness? A criterion for crack onset at a notch[END_REF], it has been shown that a relationship between l and at least two other material parameters need to be identified.

The work [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF] has conceptually explained how the choice of the length scale parameter can result in either delay or acceleration of failure under quasi-static conditions and introduced a new family of degradation functions allowing exact reproduction of the beginning of fracture for arbitrary values of the length parameter l.

In the present work, we use is made of the phase-field modeling proposed in the work of [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] together with the new degradation function introduced by [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF]. It aims at increasing the accuracy of the phase-field method in predicting crack nucleation and propagation in experimental materials.

The main advantages of the proposed method are listed as follows: (a) the regularization length is independent of the material parameters, so that mesh size can be coarser; (b) linear elastic behavior is preserved before damage even when applied to experimental materials; (c) the peak load and the crack path are accurately described in the experimental materials; (d) it is applied with respect to experimental materials both regarding global and local mechanical response.

To demonstrate the above advantages, in each numerical example, we choose several mesh size values in the expected crack propagation zone of a structure (the choice of mesh size is detailed in Section 1.3). Then, the simulation results are compared with the experimental results of [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF].

Experimental parameters provided in [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF] are used in all numerical examples. Several advantages are also given in comparison with [START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF].

This chapter is organized as follows: In Section 1.3, we introduce the phase-field method and a new degradation function. In Section 1.4, the influences of the main material parameters in the numerical modeling are investigated and the determination of the relationship between the regularization parameter l with some material parameters is carried out when using the new degradation function. In Section 1.5, several numerical examples are presented and the corresponding results

are compared with available experimental results. Finally, conclusions and perspectives are given in Section 1.6.

Review of the phase field method

In this section, we give a review of the phase-field method as presented in [START_REF] Hakim | Laws of crack motion and phase-field models of fracture[END_REF][START_REF] Hofacker | A phase field model of dynamic fracture: robust field updates for the analysis of complex crack patterns[END_REF][START_REF] Kuhn | A continuum phase field model for fracture[END_REF][START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF][START_REF] Spatschek | Phase field modeling of fast crack propagation[END_REF][START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] together with the degradation functions of [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF] and the quadratic degradation function in [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF].

Regularized representation of free discontinuities

Let Ω ∈ R D be an open domain occupied by a damaged solid, with D ∈ [2; 3] being the space dimension and ∂Ω ∈ R D-1 is the external boundary of Ω. Let Γ be the crack which spreads within Ω. Within a smeared framework, the discontinuity is approximated by a regularized representation obtained by a phase-field scalar variable d(x) with x ∈ Ω. We can determine the damage variable d(x) by solving the following equations in Ω (see e.g. [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]):

         d -l 2 ∆d = 0 in Ω d(x) = 1 on Γ ∇d(x) • n = 0 on ∂Ω (1.1)
where ∆d is the Laplacian, l is the length parameter, and n is the unit normal vector to the external boundary ∂Ω. Eq.(1.1) can be seen as the Euler-Lagrange expression related to the variational problem

d(x, t) = Arg {inf d∈S d Γ(d)} , Γ(d) = Ω γ(d, ∇d)dΩ, (1.2) 
where S d = {d|d(x) = 1 on Γ, ∀x ∈ Γ} and Γ represents the total crack length per unit area in the two-dimensional case and total crack area of per unit volume in the three-dimensional case. In

(1.2), γ(d, ∇d) is defined by γ(d, ∇d) = d 2 2l + l 2 ∇d • ∇d. (1.3)

Energy functional

The total energy of the solid body is introduced as follows:

E(u, d) = Ω W u (ε(u), d)dΩ + Ω g c γ(d, ∇d)dΩ (1.4)
where g c is the fracture toughness and the total energy is set as E = Ω W dΩ in which:

W (u, d) = W u (ε(u), d) + g c γ(d, ∇d). (1.5)
The free energy W in (1.5) can be written as:

W u (ε(u), d) = Ψ + (ε(u)){g(d) + k} + Ψ -(ε(u)). (1.6) 
In this work, we choose the split proposed in [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]:

Ψ ± (ε(u)) = λ 2 ( Tr(ε) ± ) 2 + µTr{(ε ± ) 2 } (1.7)
The strain is decomposed into the positive and negative parts corresponding to the extensive and compressive parts as:

ε = ε + + ε - (1.8) 
and

ε ± = D i=1 ε i ± n i ⊗ n i (1.9)
In (1.7) and (1.9), x ± = (x± | x |)/2, ε i and n i are the eigenvalues and unit eigenvectors of ε, respectively. In (1.7), λ and µ are initial Lamé coefficients and, in (1.6) k is a very small value to maintain the well-posedness of structure behaviors.

Here, we used two types of degradation function: first, the quadratic degradation function as in [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] takes the form:

g 1 (d) = (1 -d) 2 (1.10)
second, the new family of degradation functions introduced in [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF] is specified by:

g 2 (d; n, w) = (1 -w) 1 -e -m(n) (1 -d) n 1 -e -m(n) + wf c (d) (1.11)
where m, n and w are real numbers such that m > 0, n ≥ 2 and w ∈ [0, 1].

In addition,

m(n) = (n -2)d * + 1 nd * (1 -d * ) n (1.12)
where

d * =    1 3 if n=2, -(n+1)+ √ 5n 2 -6n+1 2(n 2 -2n)
otherwise, (1.13) and 3 (1.14)

f c (d) = a 2 (1 -d) 2 + a 3 (1 -d)
In order to fully determine the constants a 2 and a 3 , we impose two conditions. The first is that

f c (d * ) -d * f c (d * )
= 0 in order to retain validity of expressions obtained based on d * . The second is that f c (0) = 1. This yields the following expressions for the constants:

a 2 = 3(d * ) 2 -3 3(d * ) 2 -1 ; a 3 = 2 3(d * ) 2 -1 . (1.15) 
We note that f c (d) itself is not a degradation function since for sufficiently large d * , it may be A reduced Clausius-Duhem inequality expression for the evolution of the scalar variable d can be written as follows:

A ḋ ≥ 0 and A = - ∂W ∂d (1.16)
An assumption of a threshold function F(A) such that no damage occurs can be written as:

F(A) = A ≤ 0 (1.17)
The concept of maximum dissipation requires that expression A ḋ must be satisfied the condition ḋ > 0 and F = 0, it means:

F = - ∂W ∂d = - ∂W u ∂d -g c δ d γ(d) = 0 (1.18)
with the functional derivative It follows that, when ḋ > 0 , then

δ d γ(d, ∇d) = d l -l∆d (1.19) 
F = - ∂W ∂d = -g (d)Ψ + -g c δ d γ(d) = 0 (1.20) 
To handle loading and unloading process, the strain history function introduced in the works [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] is adopted:

H = max τ ∈[0,t] {Ψ + (x, τ )}. (1.21)
From (1.20) and (1.21), we have

g (d)H + g c δ d γ(d) = 0. (1.22)

Phase field and displacement problems

Weak form of the phase field problem

Using (1. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF]) and (1.22), the evaluation of the damage variable d(x, t) can be formulated as the following phase field problem:

         g (d)H + gc l (d -l 2 ∆d) = 0 in Ω d(x) = 1 on Γ ∇d(x) • n = 0 on δΩ (1.23)
From [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF], we have the second-order derivative g (d) = -g (d)

(1-d) and using (1.23), the weak form of the phase-field problem can be written as:

Ω g (d)H n + g c l d n δd + g c l∇d n+1 ∇(δd) dΩ = Ω g (d)H n δddΩ (1.24)

FEM discretization of the phase field problem

Using FEM, the phase-field as well as its gradient are approximated by

d(x) = {N d (x)}{d} and ∇d(x) = [B d (x)]{d}, (1.25 
)

δd(x) = {N d (x)}{δd} and ∇δd(x) = [B d (x)]{δd}, (1.26) 
where N d (x) and B d (x) are the matrix of shape functions and the matrix of shape function derivatives, respectively. Introducing (1.25) and (1.26) into the weak form (1.24), we obtain:

The stiffness matrix is determined:

[K d ] = Ω g c l + g (d)H n {N d } T {N d } + g c l[B d ] T [B d ] dΩ (1.27) 
The force vector is written as:

{F d } = Ω g (d){N d } T H n dΩ (1.28) 
And the solution for the nodal values of the damage variable:

{d} = [K d ] -1 • {F d } (1.29)

Weak form of the displacement problem

Using the variational principle for minimizing the total energy E with respect to the displacement u, the weak form for the displacement problem can be formulated as

Ω ∂W u ∂ε : ε(δu)dΩ = Ω f • δudΩ + ∂Ω F F • δudΓ (1.30)
where f and F are the body forces and the prescribed traction over the boundary ∂Ω F .

With the aforementioned expression of the strain energy function, the Cauchy stress now reads

σ = ∂W u ∂ε = {g(d) + k}{λ Trε + 1 + 2µε + } + λ Trε -1 + 2µε - (1.31)
where Trε ± = R ± (Trε) (see, e.g., [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF]).

FEM discretization of the displacement problem

We use FEM approximations for the displacement problem:

u(x) = [N]{u} and ε(u) = [B]{u} (1.32) δu = [N]{δu} and ε(δu) = [B]{δu} (1.33)
where N and B are the matrix of shape function and the matrix of shape functions derivatives for displacement vector, respectively. Inserting (1.32) and (1.33) into the weak form (1.31), we obtain:

The stiffness matrix is written as follows:

[K 1 (d n+1 , u n )] = Ω [B] T {g(d) + k}{λR + n [1] T [1] + 2µP + n }[B]dΩ (1.34) [K 2 (d n+1 , u n )] = Ω [B] T {λR - n [1] T [1] + 2µP - n }[B]dΩ (1.35)
with R ± = 1 2 {sign{±Tr(ε)} + 1} and P ± = ∂ε ± ∂ε (see,e.g., [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF]). The force vector is obtained:

{F} n+1 = Ω [N] T {f }dΩ + ∂Ω F [N] T { F} n+1 dΓ (1.36)
And the nodal displacements are solved:

{u} n+1 = {[K 1 ] + [K 2 ]} -1 • {F} n+1 (1.37)

Influence of input parameters in the numerical simulations

In this section, we investigate the influences of the numerical parameters on the simulation results

as in [START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF] while using the degradation function suggested in [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF]. We study the effects of three .4N/m and σ c = 3.9MPa provided in [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF]. Plane strain assumption is adopted. 

Determination of the regularization parameter l

We consider a bar under uniaxial tension. In this configuration and in the absence of initial defects, the damage distribution is assumed to be homogeneous, i.e. ∇d(x) = 0. For uniaxial tension, and assuming k 0, from (1.31) we have:

σ = g(d)Eε, Ψ + = Eε 2 2 , (1.38) 
with the degradation functions from (1.10) and (1.11). Then using (1. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF]) and (1.20), we have the relation:

g (d)Eε 2 2 = - g c d l (1.39)
From (1.39) we obtain

ε = -2d g (d) g c lE (1.40) 
And then 

σ = g(d)Eε = g(d) -2d g (d) Eg c l ( 
σ c = Arg sup d∈[0;1] σ(d, l) = Arg sup d∈[0;1] g(d) -2d g (d) Eg c l (1.42)
The critical value of the stress σ c is reached when d corresponds to the maximum value of σ l Egc obtained (see Fig. 

l = 27Eg c 256(σ c ) 2 (1.43) 
We can utilize a dimensionless function of σ nd = σ c l/Eg c which is given by fitting a function to numerical evaluations of the peak stress for different values of n from Fig. 1.3b. The function of n, which depends on σ nd , is provided by

n(σ nd ) = c 0 + c 1 σ nd + c 2 σ nd 2 + c 3 σ nd 3 (1.44)
From (1.44), given four values of σ nd which are found in Fig. 1.3b and four corresponding values of n, we can determine the values of the coefficients c 0 to c 3 as follows:

               c 0 = -1.9683716827 c 1 = 3.0725412764 c 2 = -0.1019957566 c 3 = 0.0071948119 (1.45)
and we have the σ nd -n curve as plotted in Fig. 1.4.

In the first test, we use the mesh size h min = 0.01mm around the hole and in the expected crack propagation zone where the cracks should initiate and propagate, and the mesh size h max =1mm in the remaining zone, such that mesh size ensures numerical convergence of the computations for all values of l considered. The displacement increment is chosen as ∆u = -10 -4 mm. With the 0.2mm, 0.3mm and 0.45mm. Here, the numerical critical axial stress σ * is taken as the ratio of the vertical component of the resultant force prescribed at the upper side of the sample to the area of its upper side, when damage reaches the value d = 1 for the first load increment at some node in the mesh (i.e. stress associated to the onset of the first crack). These results are acceptable in comparison with the quadratic degradation function.

Influence of the mesh size

In the second test, we investigate the convergence of the mechanical response with respect to mesh size. Here, it is made of the values of l and n: l= 0.1mm and n= 7; l= 0.2mm and n = 5; l= 0.3mm and n= 3.6 together with the new degradation function. The constant compressive displacement increment of ∆u = -10 -4 mm is prescribed for 250 load increments. Then we perform several simulations using refined meshes, where the mesh sizes in expected crack propagation zone change from h min = 0.01mm to h min = 0.2mm.

We show in Fig. 1.6 the convergence of this quantity with respect to the mesh size. A clear convergence is observed, with results becoming mesh independent when condition h min ≤ l/2 is fulfilled with all of values of l. In other words, the convergence of σ * is obtained with h min ≤ 0.15mm when l = 0.3mm, h min ≤ 0.1mm when l = 0.2mm and h min ≤ 0.05mm when using l = 0.1mm.

This confirms the results of [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]. Note that, when l= 0.1mm, 0.2mm and 0.3mm, the corresponding convergence values of σ * are 5.28 MPa, 5.51MPa and 5.94MPa. We can see that the variation of convergence values σ * is about 11.1 %. These variations are acceptable when the minimal element 

Influence of the displacement increments

In the next test, we investigate the influence of the displacement increment ∆u during the numerical simulation on the mechanical behavior while using the new degradation function of [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF]. Here, we use l = 0.2mm, n = 5 and several displacement increments from ∆u = -5x10 -3 mm to ∆u = -3x10 -5 mm. Results are presented in Fig. 1.7. The displacement-load curves are shown in Fig1.7a. We can see the peak loads are relatively similar when ∆u ≥ -2x10 -4 mm. In Fig. 1.7b, we study the evolution of σ * with respect to ∆u and can see that the corresponding variations of σ * is below 2% when the increment goes from -5x10 -5 to -3x10 -5 mm. This confirms the results of [START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF] where l = 0.1mm. Thus, the larger displacement increments cause the hardening phenomena of material mechanical behavior and increase the peak load of a structure during the simulation.

The content of chapter 1 is summarized as the algorithm provided in the Appendix B.1 for the three-point bending test of an un-notched beam. And then, we compare the result with the experimental critical stress σ exp c obtained in the work of [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF]. The geometric setup and the displacement conditions are depicted in Fig. 1.8. The left bearing is fixed in two directions, while the vertical displacement of the right bearing is blocked, and the horizontal displacement is free.

The constant compression displacement increments of ∆u = -5x10 -4 mm at the center of the beam on the upper side are for 120 increments. This example aims to numerically determine the critical axial stress σ * of the compression test of a plaster plate containing a hole whose diameter changes from D = 3mm to D = 6mm. The numerical results obtained will be compared with experimental results in [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF]. Moreover, we shall investigate the crack onset direction in the plaster sample. The geometry and boundary conditions of the plate are shown in Fig. 1.10. The dimensions of the plate are 100x65mm. On the lower end, the vertical displacements are fixed, while the horizontal displacements are free and the left bottom nodes are fixed. On the upper end, the horizontal displacements are free, while the vertical displacements are prescribed via the displacement increments of ∆u during the simulation. Constant compression displacement increments of ∆u =-10 -4 mm are imposed for first load increments until d reaches 0.9 at the expected crack onset element, and then we use ∆u=-2x10 -5 mm until full fracture. We use element size h min = 0.05mm around the hole and the expected crack propagation zone, and h max =0.25mm in the rest of zone. Comparison of the numerical stress values of σ * with the experimental ones in [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF] is shown in Fig. 1.12. In the simulation, use is made of several pairs of l and n (l =0.1mm, n=7; l =0.14mm, n=6; l =0.2mm, n=5) for each hole diameter of the plate. All values of σ * in simulation are seen to be within the experimental values in [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF]. This implies that the present numerical method is relatively reliable for determining the critical stress σ * in single-hole plate compression tests. The purpose of this example is to determine the numerical critical stress σ * as well as the crack paths relative to the compression tests of a plate containing a periodic distribution of cylindrical holes.

These numerical results will be compared with the experimental results in [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF] and the numerical ones in [START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF]. The geometry and boundary conditions of the plate are presented in proposed numerical method are in very good agreement with the results of [START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF] in Fig. 1.20e and digital image obtained of [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF] in Fig. 1.20f. [START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF]; (f) provided in [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF].

The load-displacement curves for different values of l are presented in Fig. 1.18 for the specimen containing 45 holes and in Fig. 1.22 for the specimen containing 60 holes. We can observe that the material mechanical behaviors are linearly elastic until the first crack appears. Then, the overall mechanical properties of the structure are reduced through the inclination angle α 2 of the second part of the load-displacement curve (α 2 < α 1 ). In other words, after the appearance of the first crack, the deformations of the structure during the loading process increase faster until full damage.

These phenomena are relatively similar when using the different values of l.

Finally, we compare the numerical stress values of σ * for two samples containing 45 holes and 60 holes with the relevant experimental results provided in [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF]. In the numerical simulations, use is made of four pairs of l and n for each sample. We can see that all the numerical values of σ * obtained are in good agreement with the experimental values in [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF]. Comparisons are provided in Fig. 1.23. This demonstrates the present numerical method is valid for the samples containing a periodic distribution of holes.

Compression test of a microstructure with uniformly distributed holes

In the last example, the length parameter l is considered as a pure numerical parameter of the regularized model of brittle fracture instead of a material parameter for a gradient damage model.

This consists in taking l as small as possible to fit the selected mesh size. For this purpose, we consider a microstructure whose dimensions are 3x2mm with the material parameters are provided [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] in [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF] and [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF]. This structure contains 23 holes of diameter D=0.2mm and the boundary conditions of the structure are presented in Fig. 1.24. Constant compression displacement increments of ∆u=-10 -4 mm are prescribed until d reaches 0.9 at the expected crack onset element, and then we use ∆u=-3x10 -5 mm until full fracture. The element sizes vary from h min = 0.006mm to h max =0.01mm. Here, the value of l =0.012mm, n=7 for the new degradation functions and l=0.012mm

for the quadratic degradation function.

The crack nucleation and propagation are shown in Fig. 1.25 to Fig. 1.27 with the comparison of the crack paths when using the new degradation functions in [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF], the quadratic degradation function in [34] and the results in [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF]. In particular, the results of three numerical modelings are compared to the M F P A 2D simulation result in [START_REF] Tang | Modeling of compression-induced splitting failure in heterogeneous brittle porous solids[END_REF] (see Fig. 1.27). response is linearly elastic until the appearance of the first crack and the peak loads are similar to the relevant results reported in [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF].

Conclusions

In this chapter, we use the phase-field method in combination with the new family of degradation functions in [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF] to determine the regularization length l on the basis of the experimental results reported in [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF] and [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF]. Through several examples, the effects of the numerical parameters (loading step, mesh size) are studied. The determined values of l together with the specified parameters n give rise to relatively good convergent behavior.

By others examples such as three point bending un-notched beam and drilled holes samples of plaster in compression, with l satisfied l ≥ 0.1mm, we have obtained the critical stresses and crack propagation similar to those in [START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF] and in good agreement with the experimental results [START_REF] Romani | Detection of crack onset in double cleavage drilled specimens of plaster under compression by digital image correlationtheoretical predictions based on a coupled criterion[END_REF] and [START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF]. Note that, in [START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF], only one value l = 0.1mm was used. The greater value of l without affecting the material response allows saving computational time.

Thus, the phase-field method with the new family of degradation functions in [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF] turns out to be efficient for predicting the initiation and propagation of cracks in brittle heterogeneous materials.

Chapter 2

Phase-field modeling with strain orthogonal decompositions for the modeling and simulation of isotropic and anisotropic damage

Abstract

The phase-field method is able to model and simulate complex cracks initiation, branching and propagation in solids. Concerning brittle and quasi-brittle materials, an important problem is to decompose the strain tensor into a positive part and a negative part so as to account the fact that they behave differently in tension and compression. To handle this problem, recent works have proposed some methods of splitting the total strain into two parts. But these decompositions have the shortcoming that they are not orthogonal in the sense of the strain-energy norm, even when the elastic tensor is isotropic. This problem leads, in particular, to the inaccuracy in modeling and simulating the damaged material mechanical response. To solve the problem, a recent theoretical study of He [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF] proposed novel orthogonal decompositions for the strain and stress tensor, which preserve the strain-or stress-energy. Adopting the approach of He [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF], we develop the phase field method so as to thoroughly solve the afoementioned drawback. In the present work, two proposed solutions related to the strain orthogonal decompositions are presented to model isotropic and anisotropic fracture through several numerical examples.

Introduction

Brittle and quasi-brittle materials constitute an important class of materials for civil engineering.

Determination of the strength, as well as the initiation and propagation of cracks in these materials is very important.

Fracture mechanics, based on the pioneer work of Griffith [START_REF] Griffith | The phenomena of rupture and flow in solid[END_REF] was in particularly developed by Irwin [START_REF] Irwin | Analysis of stress and strains near the end of a crack traversing a plate[END_REF] and Rice [START_REF] Rice | A path independent integral and the approximate analysis of strain concentration by notches and crack[END_REF]. The phase-field method proposed in the works such as [START_REF] Mumford | Optimal approximations by piecewise smooth functions and associated variational problems[END_REF][START_REF] Ambrosio | Approximation of functionals depending on jumps by elliptic functionals via Γ-convergence[END_REF][START_REF] Ambrosio | On the approximation of free discontinuity problems[END_REF][START_REF] Hakim | Laws of crack motion and phase-field models of fracture[END_REF][START_REF] Hofacker | A phase field model of dynamic fracture: robust field updates for the analysis of complex crack patterns[END_REF][START_REF] Kuhn | A continuum phase field model for fracture[END_REF][START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] rely on a regularized description of discontinuities. The variational principle of fracture is based on a global minimization of the total free energy of materials with cracks proposed by Francfort and

Marigo [START_REF] Francfort | Revisiting brittle fracture as an energy minimization problem[END_REF].

The length parameter l in the smeared approximation of discontinuities was proposed and determined in the works [START_REF] Bourdin | Numerical experiments in revisited brittle fracture[END_REF][START_REF] Prémond | Damage, gradient of damage and principle of virtual power[END_REF][START_REF] Lorentz | Analysis of non-local models through energetic formulations[END_REF][START_REF] Pham | The issues of the uniqueness and the stability of the homogeneous response in uniaxial tests with gradient damage models[END_REF][START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF][START_REF] Leguillon | Strength or toughness? A criterion for crack onset at a notch[END_REF]. The influence of length parameter l on the mechanical behavior of materials was studied. In [START_REF] Sargado | High-accuracy phase-field models for brittle fracture based on a new family of degradation functions[END_REF][START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF][START_REF] Karma | Phase-field model of mode III dynamic fracture[END_REF][START_REF] Borden | Isogeometric analysis of phase-field models for dynamic brittle and ductile fracture[END_REF], the degradation functions were introduced to improve the accuracy of the phase-field method in predicting critical stress and crack nucleation in solid.

In fact, brittle and quasi-brittle materials in tension and compression behave differently in tension and compression. This problem appear clearly in masonry-like and ceramics-like materials [START_REF] Piero | Constitutive equation and compatibility of the external loads for linear elastic masonry-like materials[END_REF][START_REF] Mattos | A simple model of the mechanical behavior of ceramic-like materials[END_REF] and composite media such as glass-epoxy, graphite-epoxy composites [START_REF] Arcisz | Effect of orthotropy on crack propagation[END_REF][START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF] as well as carbonepoxy ones [START_REF] Robinson | Delamination Growth Prediction Using a Finite Element Approach[END_REF][START_REF] Morais | Mode-I Inter-laminar Fracture of Carbon/Epoxy Cross-Ply Composites[END_REF]. Moreover, this tension-compression asymmetry is observed in other materials such as bones [START_REF] Sandino | Predicting the permeability of trabecular bone by micro-computed tomography and finite element modeling[END_REF][START_REF] Chen | Large-scale finite element analysis of human cancellous bone tissue micro computer tomography data: a convergence study[END_REF], concrete [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF][START_REF] Yvonnet | A fast method for solving microstructural problems defined by digital images: a Space Lippmann-Schwinger scheme[END_REF][START_REF] Ren | Two-dimensional X-ray ct image based mesoscale fracture modelling of concrete[END_REF], coke blend [START_REF] Tsafnat | Micro-finite element modelling of oke blends using X-ray microtomography[END_REF].

To model the asymmetric tension-compression behavior, decomposing the strain (or stress) tensor into a positive part and a negative part has been suggested in the recent works. In [START_REF] Amor | Regularized formulation of the variational brittle fracture with unilateral contact: numerical experiments[END_REF][START_REF] Lancioni | The variational approach to fracture mechanics. A practical application to the French Panthéon in Paris[END_REF], decomposition of the strain tensor into deviatoric and spheric parts was adopted. Precisely, this means that it mean when crack growth is driven also by the positive spherical part of the strain tensor.

Typically, within the linear elasticity framework, the strain energy density function Ψ of a material at an undamaged state takes the classical form:

Ψ(ε) = 1 2 ε : (Cε) = 1 2 ε ij : (C ijkl ε kl ) (2.1)
where ε is the infinitesimal strain tensor and C is the forth-order elastic stiffness tensor of the undamaged material, which has the minor and major symmetries. Decomposition of the strain tensor ε into a positive part ε + and a negative part ε -gives:

ε = ε + + ε - (2.2)
Introducing the decomposition (2.2) into (2.1) and accounting for the major symmetry of the elastic tensor of C, we obtain

Ψ(ε) = Ψ(ε + + ε -) = 1 2 ε + : (Cε + ) + 1 2 ε -: (Cε -) + ε + : (Cε -). (2.3) 
From (2.3), it follows immediately that the strain energy decomposition

Ψ(ε) = Ψ + (ε) + Ψ -(ε) = Ψ(ε + ) + Ψ(ε -) = 1 2 ε + : (Cε + ) + 1 2 ε -: (Cε -) (2.4)
holds if and only if

ε + : (Cε -) = 0 or (C 1/2 ε + ) : (C 1/2 ε -) = 0 (2.5)
shows that (2.4) is satisfied if and only if ε + is orthogonal to ε -in the sense of the inner product with C acting as a metric tensor. Next, using a scalar phase-field variable d to describe the damage state of the material (see,e.g., [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]), the elastic strain energy density function W u of the damaged material can be written as

W u (ε, d) = Ψ + (ε){g(d) + k} + Ψ -(ε) = Ψ(ε + ){g(d) + k} + Ψ(ε -) (2.6)
where g(d) = (1 -d) 2 is the damage degradation function in the phase field methods for fracture and k is a very small value to maintain the well-posedness of the problem.

In most of the recent works of phase-field method on brittle and quasi-brittle materials (see, e.g., [START_REF] Francfort | Revisiting brittle fracture as an energy minimization problem[END_REF][START_REF] Mumford | Optimal approximations by piecewise smooth functions and associated variational problems[END_REF][START_REF] Ambrosio | Approximation of functionals depending on jumps by elliptic functionals via Γ-convergence[END_REF][START_REF] Ambrosio | On the approximation of free discontinuity problems[END_REF][START_REF] Hakim | Laws of crack motion and phase-field models of fracture[END_REF][START_REF] Hofacker | A phase field model of dynamic fracture: robust field updates for the analysis of complex crack patterns[END_REF][START_REF] Kuhn | A continuum phase field model for fracture[END_REF][START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF][START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF]), the decomposition of the strain tensor into a positive part and a negative part does not verify the orthogonality condition (2.5), even when the elastic stiffness tensor C is isotropic. Further, when the elastic stiffness tensor C is anisotropic (see, e.g., [START_REF] Clayton | Nonlinear phase field theory for fracture and twinning with analysis of simple shear[END_REF][START_REF] Clayton | Phase field modeling and simulation of coupled fracture and twinning in single crystals and polycrystals[END_REF][START_REF] Nguyen | Phase field modelling of anisotropic crack propagation[END_REF][START_REF] Teichtmeister | Phase field modeling of fracture in anisotropic brittle solids[END_REF]), few additive decompositions of ε into ε + and ε -have been proposed in the literature, and the orthogonality condition (2.5) is not verified in this case.

The principal features of the present work are listed as follows: (a) the orthogonality condition The present chapter is organized as follows: Section 2.3 presents the phase-field method which is employed to simulate the crack propagation in isotropic and anisotropic materials. In Section 2.4, several numerical examples are provided. Finally, conclusions and perspectives are given in Section 2.5.

2.3 Phase-field modeling for the fracture of brittle and quasibrittle materials

In this section, we describe the phase-field method for modeling and simulating the crack nucleation and propagation in isotropic and anisotropic materials with the use of the strain orthogonal decomposition method of [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF].

Smeared approximation of free discontinuities

Let 
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         d -l 2 ∆d = 0 in Ω d(x) = 1 on Γ ∇d(x) • n = 0 on ∂Ω (2.7)
where ∆d is the Laplacian operator, l is the length parameter, and n is the unit outward normal vector to the external boundary ∂Ω. Equations (2.7) can be seen as the Euler-lagrange ones associated with the variational problem (2.9)

d(x, t) = Arg{inf d∈S d Γ(d)}, Γ(d) = Ω γ(d, ∇d, ω)dΩ, (2.8) 
where ω is a second-order orientation tensor defined by

ω = I + η(I -m ⊗ m) (2.10)
here, ω is calculated from (2.10) corresponding to each preferential cleavage plane (depending on the unit vector normal m and anisotropic coefficient η), I = 1⊗1 with 1 is the identity tensor.

Here, η 0 is used to penalize the damage on planes not normal to m in the anisotropic material.

Therefore, when let η = 0, we have the isotropic material.

Phase field and displacement problems Energy functional

The total energy of the solid body is defined by:

E(u, d) = Ω W u (ε(u), d)dΩ + Ω g c γ(d, ∇d, ω)dΩ (2.11)
where g c is the fracture toughness. The total energy can be rewritten as E = Ω W dΩ with

W (u, d) = W u (ε(u), d) + g c γ(d, ∇d, ω).
(2.12)

The strain energy function W u in (2.12) is given by:

W u (ε(u), d) = Ψ + (ε){g(d) + k} + Ψ -(ε) = Ψ(ε + ){g(d) + k} + Ψ(ε -) (2.13)
To satisfy the orthogonal condition (2.5), we shall use the general approach proposed recently [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF].

Let the transformed strain space Ẽ be split into two convex subsets K+ and Ksuch that

Ẽ = K+ ⊕ K- (2.14)
This means that any element ε ∈ Ẽ can be decomposed into a positive part ε+ ∈ K+ and a negative

part ε-∈ K-such that ε = ε+ + ε- (2.15 
)

ε+ : ε-= 0. (2.16) 
Moreover, we require that ε+ and εbe the projections of a given ε ∈ Ẽ on K+ and Kin the variational sense that

ε -ε± 2 = min ι∈ K± ( ε -ι) : ( ε -ι).
(2.17)

The convex subsets K+ and Kin the right part of (2.14) are not unique and have to be chosen

according to what we mean by "tension" and "compression" in the two-or three-dimensional case.

We consider two following cases:

Case 1 : K+ and Kare defined by:

K+ = { ε ∈ Ẽ|Tr( ε) ≥ 0} and K-= { ε ∈ Ẽ| ε = a1, a ≤ 0} (2.18)
It can be shown from (2.17) and (2.18) that

ε+ = 1 D Tr( ε) + 1 + εD , ε- e = 1 D Tr( ε) -1 (2.19)
where 1 denotes the D-dimensional identity tensor, x ± = (x± | x |)/2 and the deviatoric strain tensor is defined by

εD = ε - 1 D Tr( ε)1. (2.20)
Once ε+ and εhave been obtained, ε + and ε -can be directly determined by

ε + = C -1/2 ε+ , ε -= C -1/2 ε- (2.21)
and we obtain

Ψ + (ε + ) = 1 2 C : ε + : ε + = 1 2 1 D Tr( ε) + 1 + εD : 1 D Tr( ε) + 1 + εD , (2.22) 
Ψ -(ε -) = 1 2 C : ε -: ε -= 1 2 1 D Tr( ε) -1 : 1 D Tr( ε) -1 . (2.23)
where, C is the elastic stiffness matrix form corresponding to the tensor C. In our present work, we use matrix C which respects to the Voigt notation.

Here, we have the relation between strain and stress tensor, i.e., σ = C : ε or ε = L : σ, with L is the elastic compliance matrix. Matrix C or matrix L is determined depending on the types of material as follows:

• Isotropic case

In the 3D case, the elastic stiffness matrix C is defined by:

              σ 11 σ 22 σ 33 σ 23 σ 13 σ 12               =               λ + 2µ λ λ 0 0 0 λ λ + 2µ λ 0 0 0 λ λ λ + 2µ 0 0 0 0 0 0 µ 0 0 0 0 0 0 µ 0 0 0 0 0 0 µ                             ε 11 ε 22 ε 33 2ε 23 2ε 13 2ε 12               (2.24)
In the 2D case, the elastic stiffness matrix C is obtained:

     σ 11 σ 22 σ 12      =      λ + 2µ λ 0 λ λ + 2µ 0 0 0 µ           ε 11 ε 22 2ε 12      (2.25)
Here, λ and µ are Lamé's coefficients.

• Orthotropic case

In the 3D case, the elastic compliance matrix L is determined:

              ε 11 ε 22 ε 33 2ε 23 2ε 13 2ε 12               =               1 E 1 -ν 21 E 2 -ν 31 E 3 0 0 0 -ν 12 E 1 1 E 2 -ν 32 E 3 0 0 0 -ν 13 E 1 -ν 23 E 2 1 E 3 0 0 0 0 0 0 1 G 23 0 0 0 0 0 0 1 G 13 0 0 0 0 0 0 1 G 12                             σ 11 σ 22 σ 33 σ 23 σ 13 σ 12               (2.26)
In the 2D case, the elastic compliance matrix L is written:

     ε 11 ε 22 2ε 12      =      1 E 1 -ν 21 E 2 0 -ν 12 E 1 1 E 2 0 0 0 1 G 12           σ 11 σ 22 σ 12      (2.27)
In the orthotropic case, the elastic compliance matrix is written with respect to the symmetry planes defined by their unit normal vectors e 1 , e 2 and e 3 . Here, in the case of a unidirectional fiber-reinforced composite ply (see., Fig. 2.2), E 1 , E 2 and E 3 are the Young moduli along with the directions e 1 , e 2 and e 3 , respectively; ν ij are the Poisson's ratios and G ij are the shear moduli.

According to [START_REF] Li | Phase-field modeling and simulation of fracture in brittle materials with strongly anisotropic surface energy[END_REF], the transformation matrix P in the 3D case is written:

P =               c 2 s 2 0 0 0 2cs s 2 c 2 0 0 0 -2cs 0 0 1 0 0 0 0 0 0 c -s 0 0 0 0 s c 0 -cs cs 0 0 0 c 2 -s 2              
(2.28)

And the matrix P in the 2D case is set as:

P =      c 2 s 2 2cs 
s 2 c 2 -2cs -cs cs c 2 -s 2      (2.29)
with c = cos(α), s = sin(α) and α is the angle of fiber in the orthotropic material. Then,

C = C α = P.C 0 .P T (2.30)
Next, we can write the spectral decomposition

C = n i=1 ξ i a i ⊗ a i = n i=1 ξ i A i (2.31)
Here, ξ i ≥ 0 (i = 1, 2, ..., n) are the ordered eigenvalues of C; a i are orthonormal eigenvectors of C associated with ξ i , respectively, and A i = a i ⊗ a i are eigenprojectors, n is the ordre of the matrix C.

The elastic compliance matrix decomposition L associated with the tensor L is defined by

L = C -1 = ξ -1 i a i ⊗ a i = n i=1 ξ -1 i A i (2.32)
and

C 1/2 = n i=1 ξ 1/2 i A i (2.33) C -1/2 = n i=1 ξ -1/2 i A i (2.34)
Case 2 : K+ and Ksuch that:

K+ = { ε ∈ Ẽ|x.( εx) ≥ 0, ∀x ∈ R D }; and K-= { ε ∈ Ẽ|x.( εx) ≤ 0, ∀x ∈ R D } (2.35) ε = C 1/2 ε = ε+ + ε- (2.36) 
Since (2.17 

Ψ + (ε) = 1 2 ε+ : ε+ = 1 2 Tr[( ε+ ) 2 ] (2.38) Ψ -(ε) = 1 2 ε-: ε-= 1 2 Tr[( ε-) 2 ] (2.39) 
A reduced Clausius-Duhem inequality expression associated with the evolution of the scalar variable d can be written as follows:

A ḋ ≥ 0 and A = - ∂W ∂d (2.40)
An assumption of a threshold function F(A) within no damage occurs is written:

F(A) = A ≤ 0 (2.41)
It can be shown that the condition A ḋ ≥ 0 will be satisfied if either F < 0 and ḋ = 0 or F = 0 and ḋ > 0. More precisely, the later condition leads that, when ḋ > 0, we have

F = - ∂W ∂d = - ∂W u ∂d -g c δ d γ(d, ∇d, ω) = 0 (2.42)
where the functional derivative δ d γ(d) is defined

δ d γ(d, ∇d, ω) = d l -l{∆d(1 + η) -ηm ⊗ m : ∇∇d} (2.43)
Eq. (2.42) is now rewritten as follows:

F = - ∂W ∂d = 2(1 -d)Ψ + -g c δ d γ(d, ∇d, ω) = 0 (2.44)
To deal with loading and unloading process, the strain history functional introduced in the works [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] is employed here:

H = max τ ∈[0,t] {Ψ + (x, τ )} (2.45)
and (2.44) is substituted by

2(1 -d)H -g c δ d γ(d, ∇d, ω) = 0. (2.46)
Weak form of the phase field problem Using (2.44), the evaluation of the damage variable d(x, t) can be formulated as the following phase field problem:

         2(1 -d)H -g c δ d γ(d, ∇d, ω) = 0 in Ω d(x) = 1 on Γ ∇d(x) • n = 0 on δΩ (2.47)
The associated weak form is obtained as

Ω 2H n + g c l d n+1 δd + g c l∇d n+1 ω∇(δd) dΩ = Ω 2H n δddΩ.
(2.48)

FEM discretization for the phase-field problem

Use FEM, the phase-field as well as phase-field gradient defined over element are approximated by: the rigid matrix is determined as:

d(x) = {N d (x)}{d} and ∇d(x) = [B d (x)]{d} ( 
[K d ] = Ω g c l + 2H n {N d } T {N d } + g c l[B d ] T ω[B d ] dΩ. (2.51)
the vector of force given by:

{F d } = Ω 2{N d } T H n dΩ. (2.52)
Formally, the solution is provided by:

{d} = [K d ] -1 • {F d }.
(2.53)

Weak form of the displacement problem

Using the variational principle for minimizing the total energy E with respect to the displacement u, the weak form for the displacement problem can be written as:

Ω ∂W u ∂ε : ε(δu)dΩ = Ω f • δudΩ + ∂Ω F F • δudΓ (2.54)
where f and F are the body forces and the prescribed traction vector on the part ∂Ω F of the external boundary.

With the aforementioned expression of the elastic strain energy density function, we have:

Case 1, from (2.22), we have:

Ψ + (ε + ) = 1 2 1 D R+ [Tr( ε)][1] + ε - [Tr( ε)][1] D 1 D R+ [Tr( ε)][1] + ε - [Tr( ε)][1] D (2.55) Ψ + (ε + ) = 1 2 R+ D [1] T [1] + I - [1] T [1] D : C : R+ D [1] T [1] + I - [1] T [1] D : ε 2 (2.56)
and from (2.23), we obtain:

Ψ -(ε -) = 1 2 1 D R-[Tr( ε)][1] 1 D R-[Tr( ε)][1]
(2.57)

Ψ -(ε -) = 1 2 R- D [1] T [1] : C : R- D [1] T [1] : ε 2 (2.58)
we introduce:

R + = R+ D [1] T [1] + I -[1] T [1] D and R -= R- D [1] T [1] with R± = 1
2 {sign{±Tr( ε)} + 1} and Tr( ε) ± = R± Tr( ε) (see [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF]). We have the Cauchy stress as:

σ = {g(d) + k} ∂Ψ + (ε + ) ∂ε + ∂Ψ -(ε - e ) ∂ε (2.59) σ = {g(d) + k}R + : C : R + + R -: C : R -: ε = C(d) : ε (2.60)
Case 2, from (2.38) and (2.39), we have:

Ψ + (ε + ) = 1 2 ε+ : ε+ = 1 2 P+ : C 1/2 : P+ : C 1/2 : ε 2 (2.61) Ψ -(ε -) = 1 2 ε-: ε-= 1 2 P-: C 1/2 : P-: C 1/2 : ε 2 (2.62)
Here, P± = ∂ ε± ∂ ε can be expressed by [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] Similar to (2.59), the Cauchy stress now can be analyzed such as:

σ = {g(d) + k} P+ : C 1/2 : P+ : C 1/2 + P-: C 1/2 : P-: C 1/2 : ε = C(d) : ε (2.63)

FEM discretization for the mechanical problem

Similarly, we use FEM approximations for the displacement problem in one element:

u(x) = [N]{u} and ε(u) = [B]{u} (2.64) δu = [N]{δu} and ε(δu) = [B]{δu} (2.65) 
where N and B are the matrices of shape functions and of shape functions derivatives associated for the displacement vector. Introducing (2.64) and (2.65) into the weak form (2.60) for case 1 and

(2.63) for case 2, we have:

For case 1:

The rigid matrix:

[K 1 (d n+1 , u n )] = Ω [B] T {g(d) + k}R + n : C : R + n [B]dΩ (2.66) [K 2 (d n+1 , u n )] = Ω [B] T R - n : C : R - n [B]dΩ (2.67)
For case 2:

The rigid matrix:

[K 1 (d n+1 , u n )] = Ω [B] T {(1 -d) 2 + k} P+ n : C 1/2 : P+ n : C 1/2 [B]dΩ (2.68) [K 2 (d n+1 , u n )] = Ω [B] T P- n : C 1/2 : P- n : C 1/2 [B]dΩ (2.69)
The force vector:

{F} n+1 = Ω [N] T {f }dΩ + ∂Ω F [N] T { F} n+1 dΓ (2.70)
The solution is formally given by:

{u} n+1 = {[K 1 ] + [K 2 ]} -1 • {F} n+1 (2.71)
The content of chapter 2 is summarized as the algorithm provided in Appendix B.2 The principal purpose of the first example is to predict the crack propagation in isotropic material by the two solutions of strain decompositions (2.18) and (2.35). For this purpose, we consider the problem introduced in [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]. A square domain contains an initial crack, the geometric setup being depicted in Fig. 2.3. On the lower side, the vertical displacements are blocked while the displacements of horizontal direction are free and the bottom left corner of the domain is blocked in two directions. On the upper side, the uniform vertical displacements are increased with time while the horizontal displacements are also free. Due to this tension loading, a curved crack nucleates and propagates. The mesh is refined in the expected crack propagation zone with 21684 elements.

Numerical examples

The typical size of an element is about h min = 0.001mm in the crack propagation zone and about h min = 0.02mm in the rest of the domain. Plane strain assumption is adopted. The plate is assumed to consist of an isotropic homogeneous material with Lamé's constants properties λ = 121.15GPa

and µ = 80.77GPa. From (2.25), we have the elastic stiffness matrix as: To demonstrate the strain orthogonal decomposition method, we have compared the two solutions provided by the two schemes defined in (2.18) and (2.35) with the solution provided in [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]. Then, we have shown the load -displacement curves of the two mentioned solutions (see Fig. 2.5). We can note that when two mentioned solutions are used, the corresponding results are in agreement with the reference result of [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]. In this example, we check the two solutions defined by the strain decompositions (2.18) and (2.35)

C =      282 

Single edge notched shear test

for a plate undergoing pure shear. In this example, we are interested in the problem of crack nucleation and propagation of a single edge notched domain shear test as in [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]. The geometric setup is shown in Fig. 2.6. The lower end is fixed in both directions. On the upper end, the displacements along vertical direction are fixed to zero, while the uniform horizontal displacements of ∆u=10 -5 mm are imposed. The crack initiates and propagates due to this shear loading. The domain contains 33245 triangle elements of two mesh sizes: h min = 0.002mm in the crack propagation zone and h min = 0.02mm in the remaining domain. Plane strain is assumed. The material properties in this problem are similar to the example 2.4.1: λ = 121.15GPa, µ = 80.77GPa and the fracture toughness is g c = 0.0027 kN/mm. We use also the length parameter l = 0.015 mm.

The evolutions of the crack of solution 1, solution 2 and [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] are shown in Fig. 2.7a, Fig. and Fig. 2.7c, respectively. The load -displacement curves of our solutions and [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] are shown in Fig. 2.8. We can see that, the crack propagation and material behavior curves of the two proposed solutions and the solution of [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] are the same. We investigate the crack propagation in a three-point bending test of a 3D beam while using two aforementioned solutions in (2.18) and (2.35). The geometry as well as the loading conditions are depicted in Fig. 2.9. In the present example, we consider a 3D beam whose dimensions as LxHxB=8x2x0.5mm while in [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] use was made of a 2D beam with the dimensions LxH=8x2mm.

Symmetric three point bending test of a 3D beam

The tetrahedral elements are adopted. The discretization is refined with the mesh size of h min = 0.001mm in the expected crack propagation zone. The material properties are as follows: the elastic Lamé's constants are λ = 12 GPa and µ = 8 GPa. The corresponding stiffness matrix is given by: 

C =               28 
              GP a. (2.73)
The fracture toughness is equal to g c = 0.0005 kN/mm. The displacement increment ∆u=10 -4 mm is imposed in the first 360 loading steps while ∆u=10 -6 mm is prescribed in the remaining time steps. The length parameter of l = 0.06 mm is chosen. The progresses of the crack computed with the two present solutions and [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] are shown in Fig. 2.10a, Fig. 2.10b and Fig. 2.10c, respectively.

The behavior curves are presented in Fig. 2.11. We can see that, the results obtained by the two proposed solutions are in good agreement with the one of [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]. The purpose of this sub-section is to investigate the crack propagation in an orthotropic single-edgenotched plate undergoing shear loading when changing the privileged directions α of the plate. We use the strain orthogonal decompositions proposed in (2.18) and (2.35) and only a unique damage variable d instead of multiple damage variables d i . For this purpose, we consider the problem of crack propagation studied in [START_REF] Bleyer | Phase-field modeling of anisotropic brittle fracture including several damage mechanisms[END_REF]. In [START_REF] Bleyer | Phase-field modeling of anisotropic brittle fracture including several damage mechanisms[END_REF], use was made of a longitudinal damage variable d 1 and a transverse damage variable d 2 in to simulate the crack propagation in an orthotropic material plate. The geometric dimensions of the plate and the loading conditions are shown in Fig. 2.12.

The lower end is fixed in both directions. On the upper end, the displacement along the vertical direction is equal to zero, while the uniform horizontal displacement is prescribed. Due to this shear loading, the development of cracks depends on the change of fiber direction in the plate. The material parameters are:

E 1 = 150GPa, E 2 = 10GPa, G 12 = 5GPa, ν 12 = ν 13 = ν 23 = 0.25.
The toughness is g c =200N/m. The elastic compliance matrix L is defined by (2.27). Then, we can determine the elastic stiffness matrix according to the 0 o direction as (2.30) (see e.g. fiber direction), where the transformation matrix P is defined through (2.29). In this example, the value of the anisotropy coefficient is given by η = 20. The regularization length parameter is chosen as l = 10mm. The constant displacement increment is equal to ∆u = 0.001mm.

C 0 = L -1 : (a) (b) (c) (d) (e) (f) (g) (h) (i)
In this example, we vary the angle α with respect to the horizontal direction (see Fig. 2.12).

The crack propagations for α = -45 o , α = 0 o and α = 45 o given by the two proposed solution, and [START_REF] Bleyer | Phase-field modeling of anisotropic brittle fracture including several damage mechanisms[END_REF] shown in Fig. 2.13. We can see, in the results of [START_REF] Bleyer | Phase-field modeling of anisotropic brittle fracture including several damage mechanisms[END_REF], Fig. 2.13c and Fig. 2.13f corresponds to α = -45 o and α = 0 o , the crack direction is preferred according to the longitudinal damage variable d 1 and when α = 45 o , the crack direction is preferred according to the transverse damage variable d 2 . We note the our results involving only one damage variable d and concerning, the crack propagation directions in the orthotropic plate are similar to those of [START_REF] Bleyer | Phase-field modeling of anisotropic brittle fracture including several damage mechanisms[END_REF] where two damage variables d 1 and d 2 are used. We now investigate the same square plate as in the example 2.4.4 for a tension test. The plate dimensions and the applied load are illustrated in Fig. 2.14. The boundary conditions are as follows:

Single edge notched tension test for an orthotropic material plate

on the lower end, the vertical displacements are fixed, while the horizontal displacements are free and the left bottom node is fixed. On the upper end, the horizontal displacements are free, while the vertical displacements are prescribed with an increasing constant value of ∆u = 0.001mm during the simulation. The material parameters are as example 2.4.4. We use the value of the anisotropy coefficient η = 20. The length parameter of l is set to 10mm. Here, we adopt only one damage variable d instead of two damage variables d 1 and d 2 as [START_REF] Bleyer | Phase-field modeling of anisotropic brittle fracture including several damage mechanisms[END_REF]. We use also the values of α as in [START_REF] Bleyer | Phase-field modeling of anisotropic brittle fracture including several damage mechanisms[END_REF].

The comparisons of the crack propagation directions between our results and and those of [START_REF] Bleyer | Phase-field modeling of anisotropic brittle fracture including several damage mechanisms[END_REF] are shown in Fig. 2.15 and Fig. 2. [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]. In [START_REF] Bleyer | Phase-field modeling of anisotropic brittle fracture including several damage mechanisms[END_REF], Fig. 2.15c and Fig. An orthotropic glass-epoxy plate contains an initial crack which forms an angle α with respect to the horizontal direction and this initial crack is orientated along the fiber direction. The initial crack length is set to 4mm. This plate is pulled in both horizontal and vertical directions. The geometry and the boundary conditions are described in Fig. 2.17. The boundary conditions are as follows: on Comparison between the analytical method in [START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF] and the proposed solutions of the crack extension angles θ 0 which depends on the initial crack direction α with Glass-epoxy material the lower end, the vertical displacements are fixed, while the horizontal displacements are free and one node at the lower end is fixed in both directions. On the upper end, the horizontal displacements are free, while the vertical displacements are prescribed with an increasing uniform value of ∆u y .

On the left end, the horizontal displacements are fixed, while the vertical displacements are free. On the right end, the vertical displacements are free, while the horizontal displacements are prescribed with an increasing uniform value of ∆u x . Four corners of the plate are rounded with a radius of R = 2mm to avoid concentration stress when tension in two dimensions. The computation is performed in a monotonic displacement increments ∆u y and ∆u x = k 1 ∆u y to have T x = kT y . For each specific value of α, we use the different values of ∆u y and coefficients k 1 to obtain the values of k = 0.1, 0.5, 1 and 3, respectively.

The glass-epoxy material parameters (see [START_REF] Arcisz | Effect of orthotropy on crack propagation[END_REF]) are as:

E 1 = 42.8GPa, E 2 = 9.9GPa, G 12 = 3.7GPa, ν 12 = ν 13 = 0.27, ν 31 = ν 21 = E 2 E 1 ν 12 , ν 23 = 0.34.
The toughness is g c =0.2N/mm. Similarly, the elastic compliance matrix L is written as (2.27). Then, we can determine the elastic stiffness matrix according to the 0 o direction as C 0 = L -1 : We can also determine the elastic matrix C according to the angle α of the fiber as (2.30) where the matrix P is defined by (2.29). The anisotropy coefficient η = 20 and the length parameter l = 0.1mm are taken.

C 0 =      45.
Here, we use only a unique damage variable d and the strain orthogonal decompositions in (2.18) and (2.35). We use several values of angle α to determine the development direction of the crack when the displacements are applied along two directions at the plate sides.

In the work of [START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF], the analytical results of crack extension angle θ 0 with the angle of initial crack Concerning the crack extension angle θ 0 comparison between the analytical results of [START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF] and the simulation results according to the two present solutions as in Fig. 2.29. We can see, the results of two solutions are in good agreement with the analytical results of [START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF]. Thus, the present solutions are able to predict very well the crack propagation of the orthotropic plate containing an initial crack when the plate is pulled in two directions.

α

Bi-axial tension test of an orthotropic material 3D plate made of a

Glass-epoxy composite and containing an initial crack

The purpose of this example is to extend the example 2.4.6 by modeling the structure in the 3D case.

The dimensions of plate in the (e 1 , e 2 ) plane and the boundary conditions are given in Fig. 2.17 with the thickness of plate according to the direction e 3 which is perpendicular to the (e 1 , e 2 ) plane as B=0.5mm. In particular, the Young's moduli associated with any direction in the (e 2 , e 3 ) plane is the same, E = E 2 = E 3 = 9.9GPa, and the Poisson's ratio ν = ν 23 = ν 32 = 0.34. In addition, E 1 = 42.8GPa, ν 12 = ν 13 = 0.27 and ν 1 = ν 31 = ν 21 = E E 1 ν 12 . From (2.26), we can determine the elastic compliance matrix L in the 3D case. Then, we can find the elastic stiffness 3D matrix of 0 o orientation C 0 = L -1 as follows: 

C 0 =               45.
              (2.76)
Then, we can determine the elastic matrix C relative to the angle α of the fiber as (2.30). Here, the transformation matrix is determined according by (2.28). It can be seen that the results of the solutions in the 3D case are similar to the results in the 2D case as well as the analytical results of [START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF]. This proves that the two proposed solutions work weel for solving the problem of predicting crack propagation in orthotropic materials.

Bi-axial tension test of an orthotropic material plate made of a Graphiteepoxy composite and containing an initial crack

An orthotropic Graphite-epoxy plate is pulled in both horizontal direction and vertical direction.

The geometric dimentions as well as the loading conditions are also depicted in Fig. 2.17.

The Graphite-epoxy material parameters (see [START_REF] Arcisz | Effect of orthotropy on crack propagation[END_REF]) are as: Similarly, for the crack extension angle θ 0 , we make comparisons between the analytical results of [START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF] and the simulation results obtained by the two proposed solutions as in Fig. 2.43 with graphiteepoxy material. From this table, we note that, the results of the two present solutions and [START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF] are the same. Comparison between the analytical method in [START_REF] Nobile | Fracture analysis for orthotropic cracked plates[END_REF] and the proposed solutions of the crack extension angles θ 0 which depends on the initial crack direction α with Graphite-epoxy material.

E 1 = 160GPa, E 2 = 15.5GPa, G 12 =
k = 0.5, c) k = 1, d) k = 3.
k = 0.5, c) k = 1, d) k = 3.
k = 0.5, c) k = 1, d) k = 3.
k = 0.5, c) k = 1, d) k = 3.

Conclusions

In the present work, the strain orthogonal decompositions of [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF], successfully applied in the phase field modeling to model and simulate isotropic and orthotropic damage.

The first three examples in both 2D and 3D cases for the modeling and simulation of the crack propagation in isotropic material. We can see that two proposed solutions give the very reliable results and they are good tools to predict the crack evolution.

Next, the two aforementioned solutions by using only one damage variable d instead of multiple damage variables d i and using the strain orthogonal decompositions to model the crack path in orthotropic material through the next some numerical results. Our present solutions are able to provide the good results which respect to the reference ones.

Chapter 3

Modeling and simulation of crack propagation in heterogeneous materials by phase-field method with interfacial damage

The phase-field method has become a robust tool to describe the complex crack nucleation and propagation in heterogeneous materials. In these materials, an interaction between bulk brittle damage and interfacial damage through the splitting the strain tensor into a bulk strain part and a jump strain part at the interfaces introduced in Nguyen et al. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF]. Moreover, the material response of the heterogeneous materials in tension and compression, the bulk strain part needs to be decomposed into a positive part and a negative part (see, e.g, [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF]). Most of the previous works, these decompositions do not verify the negative part be orthogonal the positive part, which lead to the inaccuracy in the material mechanical behavior. To solve the shortcomings, a recent theoretical study of He [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF] proposed the strain orthogonal decompositions problem that is applied to decompose the bulk strain in our work. In the present work, we combine the phase-field modeling taking into account interfacial damage with the problem of the bulk strain orthogonal decompositions by two proposed solutions. The successful prediction of the crack propagation for two phases materials and X-ray microtomography image-based multi-phases materials by the proposed solutions will be demonstrated in several numerical examples.

Introduction

One of the main objectives of fracture mechanics is to predict the crack nucleation and propagation of materials. Many previous works have been done in both experimental and numerical approaches to reach this goal. Griffith [START_REF] Griffith | The phenomena of rupture and flow in solid[END_REF] and Irwin [START_REF] Irwin | Analysis of stress and strains near the end of a crack traversing a plate[END_REF] have placed an important milestone in the problem of predicting the crack nucleation by developing the Linear Elastic Fracture Mechanic (LEFM) theory in which the stress field is calculated using the theory of elasticity. From the stress field obtained, the stress intensity factor (SIF) is defined and the crack will grow when this stress intensity factor exceeds the material fracture toughness. Based on this theory, Francfort and Marigo [START_REF] Francfort | Revisiting brittle fracture as an energy minimization problem[END_REF] and Bourdin et al. [START_REF] Bourdin | Numerical experiments in revisited brittle fracture[END_REF] proposed the variational approach to fracture relative to a global minimization of the total energy allowing to numerically solve the problem determining the crack nucleation and propagation for complex structures. Then, Pham et al. [START_REF] Pham | The issues of the uniqueness and the stability of the homogeneous response in uniaxial tests with gradient damage models[END_REF] used the variational framework for brittle fracture with the principles of irreversibility, stability and energy balance into the phase-field method to solve a homogeneous one-dimensional bar. Next, the authors of the works [START_REF] Mumford | Optimal approximations by piecewise smooth functions and associated variational problems[END_REF][START_REF] Ambrosio | Approximation of functionals depending on jumps by elliptic functionals via Γ-convergence[END_REF][START_REF] Ambrosio | On the approximation of free discontinuity problems[END_REF][START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] proposed a regularized description of discontinuities to replace the surface of the crack to improve the phase-field modeling.

In multi-phase materials, in ordre to model the spread of complex cracks, especially in the interfacial zone between two phases, many previous studies have been given the Cohesive Zone Model (CZM) concept which was proposed in first by Barenblatt [62] and Dugdale [START_REF] Dugdale | Yielding of steel sheets containing slits[END_REF]. Then, in the works [START_REF] Tvergaard | The influence of plasticity on mixed mode interface toughness[END_REF][START_REF] Xu | Numerical simulations of fast crack growth in brittle solids[END_REF][START_REF] Verhoosel | A phase-field model for cohesive fracture[END_REF], the CZM have been applied into Finite Element Method (FEM) to handle the fracture at the crack tip in brittle and ductile materials. In the CZM framework, one of the softening curves describing the relation between the traction and displacement jump across the cohesive surface as linear, exponential, hyperbolic and Cornelissen's curves can be used to determine the separation state of the cohesive surface.

To simulate a network of the complex cracks as well as the interface between the matrix and inclusion phases, we need to smooth the mesh size to determine accuracy the direction of the normal vectors at the nodes of elements. Several methods can find and refine the mesh size at the interfacial zone while the remaining zone can place the coarser meshes by additional functions such as viewpoint method presented in [START_REF] Sukumar | Extended finite element method for threedimensional crack modelling[END_REF] and Extended Isogeometric Analysis (XIGA) in [START_REF] Gu | Multi-inclusions modeling by adaptive XIGA based on LR B-splines and multiple level sets[END_REF].

In the materials which have the highly complex microstructures and the random distribution of the multi-phases, the problem of determining the interfaces between the phases is necessary to identify their phase components. An experimental method based on the pixel-image as X-ray microtomography is widely applied to solve this problem (see, e.g, [START_REF] Carlson | Three-dimensional imaging of earth and planetary materials[END_REF][START_REF] Babout | X-ray microtomographic observation of intergranular stress corrosion cracking in sensitised austenitic stainless steel[END_REF][START_REF] Marrow | Three dimensional observations and modelling of intergranular stress corrosion cracking in austenitic stainless steel[END_REF][START_REF] Qian | Three-dimensional visualization of ductile fracture in an Al-Si alloy by high-resolution synchrotron X-ray microtomography[END_REF][START_REF] Kerckhofs | Validation of X-ray microfocus computed tomography as an imaging tool for porous structures[END_REF][START_REF] Drummond | Three-dimensional tomography of composite fracture surfaces[END_REF][START_REF] Song | Simulation of crack propagation in asphalt concrete using an intrinsic cohesive zone model[END_REF][START_REF] Garboczi | Three-dimensional mathematical analysis of particle shape using X-ray tomography and spherical harmonics: application to aggregates used in concrete[END_REF][START_REF] Wang | Quantification of damage parameters using X-ray tomography images[END_REF]). The phase-field modeling proposed by [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] to predict the crack propagation in realistic microstructures obtained by X-ray microtomography gave the very reliable results.

In a recent theoretical study presented in [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF], the authors proposed the strain decomposition into a negative and positive parts which are orthogonal in the sense of an inner product where the elastic stiffness tensor acts as a metric tensor. This described realistic and accuracy in mechanical behaviors of materials. In this work, we used the strain decomposition proposed in [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF] associated with the work [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] to improve accuracy in terms of mechanical behaviors into account interfacial damage. The principal advantages of this method are: (a) the orthogonality condition is satisfied in the bulk strain decomposition; (b) multiple complex crack nucleation and propagation can be easily solving without mesh independent; (c) two solutions based on orthogonality condition are applied for numerical simulation.

The overview of the chapter is as follows: Section 3.2 gives the detailed phase-field framework taking into account the interfacial damage associated with the strain orthogonal decompositions.

The FEM discretization for the phase-field problem and for the displacement problem are detailed.

In Section 3.3, several numerical examples using two solutions are presented. Finally, conclusions and perspectives are drawn in Section 3.4.

Phase-field modeling of bulk crack and interfaces

In this section, we introduce a numerical modeling based on the phase-field modeling taking into account the interfacial damage. The combination allows predicting crack propagations and improving the accuracy in the mechanical response of heterogeneous materials. The main concept is introduced in the following.

Regularized representation of free discontinuous field

We consider a domain Ω ∈ R D occupied by a heterogeneous solid, with D ∈ [2, 3] being the space dimension and ∂Ω ∈ R D-1 is the external boundary of domain Ω. The interface between the component phases of Ω ∈ R D is denoted by Γ I and the crack surface is denoted by Γ (see Fig. 3.1a). In a regularized framework, the geometry of interface between different phases is described by a fixed scalar parameter β(x) (see Fig. 3.1b), and the geometry of propagating crack is approximately defined by a scalar parameter d(x, t), with x ∈ Ω (see Fig. 3.1c). Here, l d and l β are the regularization lengths describing the actual widths of the smeared cracks and material interfaces, respectively. In what follows, we make the assumption that l = l d = l β for the sake of simplicity in the simulation. In the initial state, i.e. t = 0, the phase-field d(x) = d(x, 0) can be obtained by solving the following equations in Ω (see, e.g, [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]): 

         d -l 2 ∆d = 0 in Ω d(x) = 1 on Γ ∇d(x) • n = 0 on ∂Ω (3.1) 
where ∆d is the Laplacian operator, when l → 0 which will lead to the exact sharp crack on Γ; and n is the unit normal vector to the external boundary ∂Ω. The problem described by Eq. (3.1) is equivalent to the following variational problem:

d(x) = Arg{inf d∈S d Γ d (d)} with Γ d (d) = Ω γ d (d, ∇d)dΩ, (3.2) 
where S d = {d(x) | d(x) = 1, ∀x ∈ Γ}; Γ d represents the total crack length per unit area in the two-dimensional case and total crack area of per unit volume in the three-dimensional case, and

γ d (d, ∇d) is defined by γ d (d, ∇d) = γ(d, ∇d) = d 2 2l + l 2 ∇d∇d. (3.3) 
The interface phase-field β(x) describing the damage of interfaces is obtained by:

         β(x) -l 2 ∆β(x) = 0 in Ω β(x) = 1 on Γ I ∇β(x) • n = 0 on ∂Ω (3.4) 
Moreover, it can be shown that Eq. (3.4) corresponds to the Euler-Lagrange expression related to the variational problem as follows:

β(x, t) = Arg{inf β∈S β Γ β (β)} with Γ β (β) = Ω γ β (β, ∇β)dΩ, (3.5) 
where S β = {β(x) | β(x) = 1, ∀x ∈ Γ I } and Γ β represents the total interface length per unit area in the two-dimensional case and total interface area of per unit volume in the three-dimensional case, and γ β (β, ∇β) is defined by

γ β (β, ∇β) = β 2 2l + l 2 ∇β∇β. (3.6) 
It is important to notice that, unlike the crack phase-field d(x, t), the value of the interface phasefield β(x) does not evolve during the simulation.

An approximation for the displacement jump at the interfaces is proposed by using the Taylor's expansion of the displacement field around a point x located on the interface:

u(x) w(x) = u x + h 2 n I -u x - h 2 n I = h∇u(x) ∇φ(x) ∇φ(x) (3.7) 
where w(x) denotes the smoothed displacement jump approximation; n I (x) is an approximation of the normal to the interface Γ I at the point x; and φ(x) is the level-set function which is used to describe the interface Γ I (see e.g. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF][START_REF] Verhoosel | A phase-field model for cohesive fracture[END_REF]).

Energy functional

The total energy in the cracked solid containing interfaces can be expressed by:

E(u, d) = Ω W e u (ε e (u), d)dΩ + Ω {1 -β(x)}g c γ(d, ∇d)dΩ + Ω Ψ I (w(u), χ)γ β (β, ∇β)dΩ (3.8)
where g c is the fracture toughness, Ψ I is a strain density function related to the displacement jump across the interface Γ I and χ is a history parameter. The strain tensor ε(u(x)) is split into two parts, ε e and ε(w(x)), corresponding to the strain tensor of the bulk and the strain tensor induced by the smoothed jump at the interfaces such that ε → 0 away from the interfaces (see e.g. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF]):

ε(u(x)) = ε e (u(x)) + ε(w(x)) (3.9) 
From Eq. (3.8), the total free energy W can be written therefore as follows:

W (u, d) = W e u (ε e (u), d) + {1 -β(x)}g c γ(d, ∇d) + Ψ I (w(u), χ)γ β (β, ∇β) (3.10) 
By accounting for the asymmetric tensile-compressive behavior, the strain tensor is now decomposed into a positive part and negative part and the damage is assumed to be only developed by the positive part. Following the work of [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF], the bulk strain ε e is decomposed as follows:

ε e = ε e + + ε e - (3.11) 
and the elastic energy function at the undamaged state is written as:

Ψ e (ε e ) = Ψ e (ε e + + ε e -) = 1 2 ε e + : (Cε e + ) + 1 2 ε e -: (Cε e -) + ε e + : (Cε e -). (3.12) 
From (3.12), we have immediately that the elastic energy decomposition

Ψ e (ε e ) = Ψ + e (ε e + ) + Ψ - e (ε e -) (3.13) 
with

Ψ + e (ε e + ) = 1 2 ε e + : (Cε e + ) and Ψ - e (ε e -) = 1 2 ε e -: (Cε e -), (3.14) 
holds if and only if

ε e + : (Cε e -) = 0. (3.15) 
This necessary and sufficient condition is satisfied if ε e + be orthogonal to ε e -in the sense of the inner product with C acting as a metric tensor. Next, by choosing the scalar phase-field d to describe the damage state of the material, the elastic energy function W e u of the damaged material becomes

W e u (ε e (u), d) = {g(d) + k}Ψ + e (ε e + ) + Ψ - e (ε e -) (3.16) 
where the degradation function g(d) in phase-field method takes the form of g(d) = (1 -d) 2 (see, e.g., [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]) and k is a very small value to maintain the well-posedness of the structure behaviors.

To satisfy the orthogonal condition (3.15), the general approach proposed recently in [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF] is adopted.

By defining the transformed strain space Ẽe of the strain space E e such as Ẽe = { εe | εe = C 1/2 ε e , ∀ε e ∈ E e }, this transformed strain space Ẽe is now separated into two convex subsets Ke 

and

ε+ e : ε- e = 0. (3.19) 
Moreover, we demande that ε+ e and εe correspond therefore the projections of a given εe ∈ Ẽe on Ke (3.20)

The choice of the convex subsets Ke 

Once ε+ e and εe have been obtained, ε + e and ε - e can be directly determined by

ε + e = C -1/2 ε+ e , ε - e = C -1/2 ε- e (3.24) 
and we obtain

Ψ + e (ε e + ) = 1 2 C : ε + e : ε + e = 1 2 1 D Tr( εe ) + 1 + εD e : 1 D Tr( εe ) + 1 + εD e , (3.25) 
Ψ - e (ε e -) = 1 2 C : ε - e : ε - e = 1 2 1 D Tr( εe ) -1 : 1 D Tr( εe ) -1 . (3.26) 
Case 2: The choice for Ke + and Ke is such as:

Ke + = { εe ∈ Ẽe |x( εe x) ≥ 0 , ∀x ∈ R D } and Ke -= { εe ∈ Ẽe |x( εe x) ≤ 0 ∀x ∈ R D }. (3.27) 
Since (3.20) and (3.27), it can be demonstrated that

ε± e = D i=1 εi e ± ñi ⊗ ñi (3.28) 
where εi e and ñi with i = 1, ..., D are the ordered eigenvalues and eigenvectors of εe such that ε1 e ≤ ε2 e ≤ ... ≤ εD e and εi e ± = (ε i e ± | εi e |)/2. This yields

Ψ + e (ε e + ) = 1 2 ε+ e : ε+ e = 1 2 Tr[( ε+ e ) 2 ] (3.29) 
Ψ - e (ε e -) = 1 2 ε- e : ε- e = 1 2 Tr[( ε- e ) 2 ]. (3.30) 
The evolution of the scalar phase-field variable d must satisfy the following reduced Clausius-Duhem inequality:

A ḋ ≥ 0 and A = - ∂W ∂d . (3.31) 
An assumption of a threshold function F(A) within no damage occurs is expressed as:

F(A) = A ≤ 0. (3.32) 
It can be shown that the condition A ḋ ≥ 0 will be satisfied if either F < 0 and ḋ = 0 or F = 0 and ḋ > 0. More precisely, the latter condition leads that, when ḋ > 0, we have

F = - ∂W ∂d = 2(1 -d)Ψ + e -(1 -β)g c δ d γ(d, ∇d) = 0 (3.33)
where the functional derivative δ d γ(d) is defined by (see, e.g., [START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF])

δ d γ(d, ∇d) = d l -l∆d. (3.34) 
By introducing the strain history function introduced (see e.g. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF])

H e (x, t) = max τ ∈[0,t] {Ψ + e (x, τ )} (3.35) 
Eq. (3.33) is now rewritten as follows:

2(1 -d)H e -(1 -β)g c δ d γ(d, ∇d) = 0. (3.36) 
Finally, the crack field d(x, t) can be computed by solving the following phase field problem:

         2(1 -d)H e -gc l (1 -β)(d -l 2 ∆d) = 0 in Ω; d(x) = 1 on Γ; ∇d(x) • n = 0 on ∂Ω.
(3.37)

Resolution of the phase-field problem Weak form of the phase-field problem

To compute the scalar phase-filed parameter d(x, t), a temporal discretization is carried out at times 0, t 1 , ..., t n , t n+1 , .... By assuming that, at time t = t n , the scalar phase-filed parameter

d n = d(x, t n ) is known, the weak form used to compute d n+1 = d(x, t n+1
) is expressed as follows:

Ω 2H e n + (1 -β) g c l d n+1 δd + (1 -β)g c l∇d n+1 ∇(δd) dΩ = Ω 2H e n δddΩ. (3.38) 

FEM discretization of the phase-field problem

By applying the FEM, the phase field as well as the phase-field gradient are approximatively calculated by:

d(x) = {N d (x)}{d} and ∇d(x) = [B d (x)]{d} (3.39) δd(x) = {N d (x)}{δd} and ∇δd(x) = [B d (x)]{δd} (3.40) 
where N d (x) and B d (x) are the matrix of shape function and matrix of shape function derivative associated with phase-field variable, respectively. By introducing the aforementioned FEM discretization into the weak form (3.38), the phase-field variable d n+1 = d(x, t n+1 ) can be calculated by:

{d} = [K d ] -1 • {F d } (3.41)
where the rigid matrix is determined by

[K d ] = Ω g c l (1 -β) + 2H e n {N d } T {N d } + g c l(1 -β)[B d ] T [B d ] dΩ (3.42)
and the force vector is defined by

{F d } = Ω 2{N d } T H e n dΩ. (3.43) 

Resolution of the displacement problem

Weak form of the displacement problem

Using the variational principle for minimizing the total energy E with respect to the displacement u, the weak form associated with the displacement problem can be formulated as

Ω ∂W e u ∂ε e : ε e (δu)dΩ + Ω ∂Ψ I (w, χ) ∂w δwγ β (β, ∇β)dΩ = Ω f • δudΩ + ∂Ω F F • δudΓ (3.44)
The detail about the weak form of the displacement problem, the FEM discretization of the displacement problem and the numerical framework are presented in Appendix A.1. The algorithm used in chapter 3 is summarized and provided in Appendix B.3.

Numerical examples

Symmetric three-point bending test

This example aims to study the crack propagation within a beam during a three-point bending test. Furthermore, two solutions of strain decompositions (3.21) and (3.27) are investigated in is fixed in two directions, while the right bottom corner the vertical displacement is fixed, and the horizontal displacement is free. The displacement is prescribed at the center on the upper end of the beam with monotonic increments of the displacement ∆u=-0.005mm for 170 load increments.

The material properties of the beam are chosen as E = 100MPa, ν = 0.3, the fracture toughness g c = g I c = 0.1 N/mm and the fracture strength t u = 1 MPa. The regularization parameter l is chosen as l = 0.15mm. The plane strain assumption is adopted in our calculations.

By applying two solutions of strain decompositions (3.21) and (3.27), the evolutions of the crack are shown in Fig. 3.3(a-c) and Fig. 3.3(d-f) with different values of the prescribed displacement at the center on the upper end of the beam. These crack evolutions obtained in the work [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] are also presented in Fig. 3.3(g-i). The comparison of the load-displacement curves between two solutions of strain decompositions (3.21) and (3.27) with the result derived in [START_REF] Wells | A new method for modelling cohesive cracks using finite elements[END_REF] is shown in Fig. 3.4.

In Nguyen et al. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF], we can find the comparison of the behavior curves between [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] and [START_REF] Wells | A new method for modelling cohesive cracks using finite elements[END_REF].

From the comparison of both the evolution of the crack and the mechanical behavior in Fig. 3 Poisson's ratio ν = 0.3. The fracture strength are taken as t u = 1 MPa and g c = g I c = 0.1 N/mm, respectively. The length scale parameter l is chosen as l = 0.05 mm. The plane strain assumption is considered. The evolutions of the interfacial damage with two solutions of strain decompositions (3.21) and (3.27) as well as the results provided in [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] are shown in Fig. 3.6(a-c), Fig. 3.6(d-f) and Fig. 3.6(g-i), respectively. We compare in Fig. 3.7 the load-displacement curves for two solutions of strain decompositions (3.21) and (3.27) with the results obtained and presented in [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] and [START_REF] Verhoosel | A phase-field model for cohesive fracture[END_REF].

From these comparisons, we can see that the crack propagation and the load-displacement relation with two solutions of strain decompositions (3.21) and (3.27) exhibit a good agreement with ones provided in [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] and [START_REF] Verhoosel | A phase-field model for cohesive fracture[END_REF]. 

Tension test of a plate with a complex inclusion

In the example, we consider a plate containing an inclusion with complex geometry. In order to describe interfacial damage and bulk damage, two solutions of strain decompositions (3.21) and (3.27) are employed. Fig. 3.8 show the geometry and loading conditions applied to the plate under consideration. The dimensions of the plate are 1x1mm and the inclusion has the diameter D = 0.2mm. On the lower end, the vertical displacements are fixed, while the horizontal displacements are free and the left bottom node is fixed. On the upper end, the horizontal displacements are free, while the vertical displacements are prescribed to an increasing constant value of ∆u = 0.0001mm during the simulation process.

The plane strain condition is assumed in this study. The material properties of the inclusion phase are chosen as: E i = 52 GPa and ν i = 0.3 while the material properties of the matrix phase are E m = 10.4 GPa and ν m = 0.3. The fracture toughness is g c =g I c =0.1 N/mm and the fracture strength t u =0.01 GPa. The plate is uniformly meshed into 400x400 quadrilateral elements. The regularization parameter l is chosen as l = 0.005 mm.

The evolutions of crack in the plate with two solutions of strain decompositions (3.21) and (3.27) and the results provided in [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] are shown in Fig. 3.9(a-c), Fig. 3.9(d-f) and Fig. 3.9(g-i), respectively. We can see that, in all of these models, the cracks appear initially at the interface and propagate then into the matrix until the full damage during the increment of the prescribed displacement. The load-displacement curves are presented in Fig. 3.10. From the results observed in Fig. 3.9 and Fig. in Fig. 3.12-3.16. It can be seen that, the evolutions of the crack are very various: when the inclusions in contact with each other, the crack path is formed between the inclusions where mechanical behavior seems to be the weakest, in the contrast when the inclusions are not in contact, the crack al. [START_REF] Ren | Two-dimensional X-ray ct image based mesoscale fracture modelling of concrete[END_REF], respectively 37.2x37.2mm. By using the microtomography image of a real cementitious material provided in [START_REF] Ren | Two-dimensional X-ray ct image based mesoscale fracture modelling of concrete[END_REF], the geometry of this structure is described in Fig. 3.18a. The real material consists three phases: mortar (grey), gravel aggregates (black) and pore (white). The loading conditions in the horizontal and vertical directions are illustrated in Fig. 3.18b and Fig. 3.18c, respectively. A numerical technique such as a level set function is used to determine the interface of the aggregate and mortar. The interface shapes after the processing are shown in Fig. 3.19a. The shapes of three phases after the processing: mortar (blue), gravel aggregates (black) and pore (white) are presented in Fig. 3.19b.

After mesh smoothing by the numerical technique, the corresponding volume fractions of pores, aggregates and cement paste are 0.48%, 51.27% and 48,25%, which are within the range of the volume fractions from 0.47% to 0.50% for pores, from 50.72% to 51.84% for aggregates, and 48.81% to 47.66% for cement paste in [START_REF] Ren | Two-dimensional X-ray ct image based mesoscale fracture modelling of concrete[END_REF]. These values are acceptable to simulate the crack propagation in the microstructure. The material parameters of aggregate and mortar are E i = 70 GPa, ν i = 0.2, E m = 25 GPa and ν m = 0.2. The toughness g c = 30 N/m is assumed to be identical for the different phases and g I c = g c . The fracture strength is taken as t u = 3 MPa (see in [START_REF] Ren | Two-dimensional X-ray ct image based mesoscale fracture modelling of concrete[END_REF]). We can choose the very compliant properties for the pore as E p = 10 -6 GPa, ν p = 0.3. Each simulation is carried out with constant displacement increments ∆u= 10 -6 mm during 240 load increments.

The structure is discretized into 600x600 quadrilateral elements. The regularization parameter is chosen as l = 0.12mm. The evolutions of crack for the horizontal tension test with two solutions of strain decompositions (3.21) and (3.27) and the ones obtained in [START_REF] Ren | Two-dimensional X-ray ct image based mesoscale fracture modelling of concrete[END_REF] are shown in Fig. 3.20a, Fig. 3.20b and Fig. 3.20c, respectively. The crack evolutions for the vertical tension test are presented in Fig. 3.21. We can see that, with two proposed strain decompositions (3.21) and (3.27), several cracks nucleate at the pores, while another cracks initiate at the interface of the phases and then spread into the matrix until the full damage during the displacement increments. The obtained results are very similar to the experimental results presented in [START_REF] Ren | Two-dimensional X-ray ct image based mesoscale fracture modelling of concrete[END_REF]. This demonstrates the present numerical models are the robust tools to predict the complex crack paths in the interaction of the microcrack taking into account interfacial damage in the realistic microstructure obtained by X-ray microtomography with heterogeneous material and very complex shapes of the interfaces.

Conclusions

In this work, the strain decomposition into a negative part and a positive part which are orthogonal in the sense of an inner product where the elastic stiffness tensor acts as a metric role is successfully applied in the phase-field modeling taking into account interfacial damage to simulate the fracture in the very complex and heterogeneous material.

Starting firstly with some examples in which the shape of the interface between two structures or between two phases is assumed to be simple and smooth, the simulation of the crack nucleation and propagation obtained seems to be very efficient and accurate.

In the structure containing randomly distributed inclusions, due to the various shapes of the interface and their randomly occurrence densities, the microcrack is created not only by interfacial damage and but also by the bulk damage. The simulation of the crack nucleation and propagation with two solutions of strain decompositions shows that they are good tools to predict the crack propagation in composites with complex microstructures.

In the last example, a realistic microstructure obtained by X-ray microtomography and containing multi-phases: mortar, aggregate, and pore is studied. A numerical technique such as a level set function is used to determine the arbitrary shape of the interfaces. Moreover, we demonstrated the capability of two solutions of strain decompositions in the simulation of crack propagation in the heterogeneous material with both interfacial and bulk damage through the simulation results. The interface between these two component phases is denoted by Γ I while the crack surface is denoted by Γ (see Fig. 4.1a). In a regularized framework, as presented in Chapter 3 that the geometry of interface between the component phases of the composite material is described by a fixed scalar parameter β(x) (see Fig. 4.1b) and the geometry of propagating crack is approximately defined by a scalar parameter d(x, t) (see Fig. 4.1c).

In the case where the component phases of the composite under consideration are anisotropic, Eq. 

γ (p) (d, ∇d, ω (p) ) = d 2 2l + l 2 ω (p) : (∇d ⊗ ∇d) (4.1)
where p = 1 or 2 denotes the phase 1 or 2 and ω (p) is a second-order orientation tensor defined by where m (p) and η (p) characterize the preferential cleavage plane of phase p. In particular, η (p) = 0 corresponds to the case of isotropic material. The total crack length in phase p of the composite material is rewritten as:

ω (p) = I + η (p) (I -m (p) ⊗ m (p) ) (4.2) 
Γ (p) d (d, ω (p) ) = Ω (p) γ (p) (d, ∇d, ω (p) )dΩ. (4.3) 
where the functional derivative δ d γ (p) (d, ∇d, ω (p) ) is determined by

δ d γ (p) (d, ∇d, ω (p) ) = d l -l{∆d(1 + η (p) ) -η (p) m (p) ⊗ m (p) : ∇∇d} (4.4)
Although in the rest of this Chapter, we consider the 2D case in which the two component phases of the composites under investigation are assumed to be both orthotropic. More precisely, associated with the orthonormal basis {e 1 , e 2 } whose the basis vectors e 1 and e 2 coincide with the privileged directions of materials, the strain matrix components and the stress matrix components are related by the following 2D Hooke law

     ε 11 ε 22 2ε 12      = L 0      σ 11 σ 22 σ 12      or      σ 11 σ 22 σ 12      = C 0      ε 11 ε 22 2ε 12      (4.5)
where C 0 and L 0 are respectively the elastic stiffness and compliance matrices which are given by

L 0 = (C 0 ) -1 =      1 E 1 -ν 21 E 2 0 -ν 12 E 1 1 E 2 0 0 0 1 G 12      . ( 4.6) 
Here, E 1 and E 2 are respectively the Young modulus associated with the fibrous and transversal directions, ν 12 and ν 21 are the Poisson's ratios and G 12 denotes the shear modulus. In the case of unidirectional fiber-reinforced composite ply (see., Fig. 4.1), since the fact that the fracture occurs within the matrix phase, the only fracture toughness g c and only the fracture energy contribution of the matrix phase are taken into account. When the fiber direction of composite makes an angle α with the basis vector e 1 , relative to the orthonormal basis {e 1 , e 2 }, the elastic stiffness matrix is expressed in the form

C = PC 0 P T (4.7) 
where

P =      c 2 s 2 2cs s 2 c 2 -2cs -cs cs c 2 -s 2      (4.8) 
with c = cos(α) and s = sin(α). has an initial crack with length of 0.2mm and contains two subdomains consisting of the same material. The interface between two phases is described by an adhesive layer. This domain is uniformly meshed into 200x200 quadrilateral elements. The boundary and loading conditions are as follows: on the bottom side, the vertical displacement is fixed while the horizontal displacement is free and the left bottom node is fixed. On the top side, the horizontal displacement is free, while the vertical displacement is prescribed to an increasing constant value of ∆u = 0.0001mm for 120 load increments. The plane strain assumption is assumed. The elastic stiffness matrix for the case of α = 0 o is:

C 0 =      280 120 0 120 280 0 0 0 80      GP a (4.9)
Then, we can determine by using Eq. (4.7) the elastic stiffness matrix C corresponding to the angle α with respect to e 1 . The fracture strength is set to be t u = 0.1 GPa at the interface. The fracture toughness within the interface and in the bulk material are given by g I c = 1.45 N/mm and g c = 1.5 

Tension test of a polycrystalline microstructure containing 50 grains

In this example, we solve the fracture problem with interfacial damage and bulk damage in a polycrystalline microstructure. We consider a domain whose dimensions are 10x10 µm. This domain contains 50 grains and an initial crack on the left side. The geometric setup and the loading conditions are represented in Fig. 4.6 or in [START_REF] Nguyen | Multi-phase-field modeling of anisotropic crack propagation for polycrystalline materials[END_REF]. The left bottom node is fixed in two directions.

The remaining points of the bottom side are fixed in the vertical direction, while the horizontal direction is free. The points of the top side are prescribed with constant displacement increment ∆u = 6 × 10 -7 mm during 130 load increments. The microstructure is uniformly discretized into 460x460 quadrilateral elements. In each grain, both directions of anisotropy and preferential damage are generated randomly. The elastic stiffness matrix corresponding to α = 0 o is given by: The elastic stiffness matrix C corresponding to an arbitrary angle α is related to C 0 by Eq. (4.7).

C 0 =      320 
The fracture strength is t u = 1.5 MPa at the interface. The fracture toughness at the grain boundaries and in the bulk material are g I c = 0.09 N/m and g c = 0.1 N/m. The anisotropy coefficient is chosen η = 50 as in [START_REF] Nguyen | Multi-phase-field modeling of anisotropic crack propagation for polycrystalline materials[END_REF] to promote for the bulk damage in the grains. The regularization length parameter is set to be as l = l β = 0.03µm. In this example, we consider a damage problem in which a symmetric three-point bending test of a beam consisting of two layers made of two identical materials. These two layers are connected via an adhesive layer as shown in Fig. 4.12. The dimensions of each layer are chosen as 3x0.5mm.

Each layer is meshed into 75x450 uniform quadrilateral elements. The lower layer contains an initial crack whose length is 0.3mm. The boundary conditions are described as follows: the left bottom corner is blocked in two directions, the vertical displacement of the right bottom node is blocked while its horizontal displacement is free. At the center on the upper end, the displacement is prescribed with constant displacement increment ∆u = -0.0005mm during the simulation. The The toughness is g c2 =0.33N/mm. Similarly, the elastic stiffness matrix according to the 0 o direction is calculated by using C R 0 = (L R 0 ) -1 and provided by: The elastic stiffness matrices C R and C M with an arbitrary angle α of the fiber can be determined by applying Eq. (4.7). The fracture toughness at the interface is given by g I c = 0.33N/mm and the anisotropic coefficient is set to be equal to η = 20 and l = l β = 0.015mm. In order to investigate the influence of preferential direction on the fracture response, we set the preferential direction of the lower layer is fixed as 45 o while the preferential directions ϕ of the upper layer is set to vary 

C R 0 =      115 

Conclusions

In this chapter, we demonstrate that the phase-field method, with interfacial damage and with orthogonal strain decompositions, developed in Chapter 3 is not only applicable to composite materials consisting of isotropic phases but can be extended also to the case of composite materials made of anisotropic multiphase. Moreover, unlike phase-field methods reported in the literature to model anisotropic materials in which multiple phase-field variables d i has been introduced in the formulation, the phase-field method proposed in this chapter use only one damage variable d. Different numerical examples show that the phase-field method proposed is an efficient and accurate numerical tool capable of modeling and simulation of crack propagation in anisotropic multiphase composite materials.

Conclusions and perspectives

• Conclusions

The present thesis has contributed to developing the phase-field method by solving some open problems in modelling and simulating the initiation and propagation of cracks in brittle and quasi-brittle materials. Both bulk damage and interfacial damage have been taken into account, while considering isotropic and anisotropic multi-phase materials with realistic microstructure. The obtained numerical results have been compared with available experimental data.

First, we have adopted and implemented a new family of degradation functions in the phase-field method. In particular, we have shown that the regularization length does not depend on the mesh size in FEM. Second, the novel strain decompositions of He [START_REF] He | Three-Dimensional Strain and Stress Orthogonal Decompositions Via an Elastic Energy Preserving Transformation[END_REF], which are orthogonal in the sense of the inner product with the elastic stiffness tensor as the measure, have been used and implemented in the phase-field method while accounting for bulk damage and interfacial damage.

A number of numerical examples have been provided to illustrate the correctness and efficiency of the method developed. Finally, we have shown that it is possible to use a single damage variable instead of multiple ones to correctly model and simulate the crack path in strongly anisotropic materials.

• Perspectives However, all the numerical examples given in this thesis are two-dimensional, and the materials considered are brittle or quasi-brittle. In principle, the methods developed in this thesis are valid in the three-dimensional situation but this should be carried out in a near future. The extension of our work beyond brittle or quasi-brittle materials necessitates more effort. For example, considering viscoelasticity and plasticity is challenging, especially in the anisotropic case.

Ψ + e (ε + e ) = • Model for interface damage

The general form of the traction vector t(w, χ) in Equation (A.2) is given by t(w, χ) = [t n (w n , χ n ), t t (w t , χ t )] T (A. [START_REF] Hofacker | A phase field model of dynamic fracture: robust field updates for the analysis of complex crack patterns[END_REF] where, t n and t t are the normal part and tangential part of the traction vector t across the interface oriented by its normal vector n I . Here, we use a simplified nonlinear elastic cohesive model for the interface by taking into account the normal traction only, t(w, χ).n I = t n (w n , χ n ). The cohesive law in the work of [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] is written as:

t n (w n ) = g I c w n δ n exp - w n δ n (A.15)
where N denotes the shape functions matrix associated to displacement variables and u i and ∆u i are nodal displacement components and nodal incremental displacement components in one element. Furthermore, we have:

[ε](∆u) = [B]{∆u i }, [ε](δu) = [B]{δu i } (A.24)
where B is a shape function matrix derivatives. The diffuse jump approximation vector and its incremental counterparts can be discretized as: with

[M] =      n 1 0 0 n 2 1 √ 2 n 2 1 √ 2 n 1      [N ] =      n 2 1 n 1 n 2 0 0 0 0 n 1 n 2 n 2 2 1 √ 2 n 1 n 2 1 √ 2 n 2 2 1 √ 2 n 2 1 1 √ 2 n 1 n 2      (A.30)
From (A. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF]) and the aforementioned FEM discretization, the linear tangent problem reduces to the following linear system of algebraic equations: 

D ∆u R(u i k ) = [K tan ]{∆u i k+1 } = -{R(u i k )} (A.
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  that f c (d) > 0 at certain values of d. Thus w should be kept small to remain elastic linear before damage. Here, we set w = 0.1 to have a sufficient residual in the gradient of g 2 (d). The resulting plots for g 2 (d), g 2 (d) and g 2 (d) are detailed in Fig. 1.1.
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 11 Figure 1.1: Plots of: (a) the new degradation function g(d), (b) the first-order derivative g (d), (c) the second-order derivative g (d) for different values of n in the influence of the correction term f c (d).

  important parameters: (a) the regularization parameter l in (1.1), (b) the mesh size of structure and (c) the loading increments. For this purpose, we use a sample containing a hole as in Fig. 1.2 undergoing compression. In all examples of the present work, the triangle elements are used. The material parameters have been chosen from the experimental values as E = 12GPa, ν = 0.3, g c = 1

8 Figure 1 . 2 :

 812 Figure 1.2: Analyze the influence of numerical parameters on the simulation by the compression test of the sample containing a hole: geometry and boundary conditions.

1 . 41 )From ( 1 .

 1411 40) and (1.41) we have the Fig. 1.3. Next, we find the maximum value of the stress with respect to d is given by

Figure 1 . 3 :

 13 Figure 1.3: Uniaxial tension test of a 1-dimensional homogeneous bar: dependence on the phasefield variable d when using the new family of degradation functions g(d) of (a) strain and (b) stress.
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 1415616 Figure 1.4: Uniaxial tension test of a 1-dimensional homogeneous bar: relational curve of normalized peak stress and parameter n assuming uniform stress and damage.

Figure 1 . 7 :

 17 Figure 1.7: Convergence of the solution corresponds to the displacement increments: (a) loaddisplacement curve; (b) σ * for different displacement increments ∆u

1. 5 40 Figure 1 . 8 :

 54018 Figure 1.8: Symmetric three-point bending test of un-notched beam: Geometry and boundary conditions.

Figure 1 . 9 :Figure 1 . 10 :

 19110 Figure 1.9: Symmetric three-point bending test of un-notched beam: (a) Load-displacement curves; (b) Critical value of the tensile stress σ c for the different values of l

Figure 1 . 11 :

 111 Figure 1.11: Crack onset of plaster sample containing one hole whose diameter D changes with using a pair of l=0.1mm and n=7: (a) D=3mm, U =0.055mm; (b) D=4mm, U =0.051mm; (c) D=5mm, U =0.041mm; (d) D=6mm, U =0.036mm

Figure 1 . 12 :

 112 Figure 1.12: Critical axial tress σ * when the cracks onset corresponds to the hole diameter: comparison between experimental results and numerical results

Figure 1 . 13 :Figure 1 . 14 :Figure 1 . 15 :

 113114115 Figure 1.13: Compression test of a plate containing a periodic distribution of the holes: geometry and boundary conditions (a) containing 45 holes with the surface fraction 12.2% and (b) containing 60 holes with surface fraction 13.5% (in [37])

Fig. 1 .

 1 13a with 45 holes corresponding to a volume fraction of 12.2%, and in Fig.1.13b with 60 holes corresponding to a volume fraction of 13.5%. The dimensions of the plate are 100x65mm. The loading conditions are similar to those of the example 1.5.2. Monotonic compression displacement increments of ∆u =-10 -4 mm are prescribed until d reaches 0.9 at the expected crack onset element, and then we impose ∆u=-2x10 -5 mm until full fracture. The element size h min = 0.05mm is applied around the hole and in the expected crack propagation zone while the element size h max =0.5mm prevails in the remaining zone. Four pairs of values are employed for l and n: l =0.1mm, n=7; l =0.14mm, n=6; l =0.16mm, n=5.5 and l =0.2mm, n=5.

Figure 1 . 16 :Figure 1 . 17 :

 116117 Figure 1.16: Compression test of a plate containing a periodic distribution of 45 holes (a surface fraction 12.2%): Propagation of the crack for the different regularization lengths l: (a) l=0.1mm, U=0.0545mm;(b) l=0.14mm , U=0.0542mm; (c) l=0.16mm, U=0.0534mm; (d) l=0.2mm, U=0.0530mm; (e) [34].

Figure 1 . 18 :Figure 1 . 19 :

 118119 Figure 1.18: Compression test of a plate containing a periodic distribution of 45 holes (surface fraction 12.2%): Load-displacement curves for the different regularization length l

Figure 1 . 20 :

 120 Figure 1.20: Compression test of a plate containing a periodic distribution of 60 holes (surface fraction 13.5%): Propagation of the crack for the different regularization lengths l: (a) l=0.1mm, U=0.049mm;(b) l=0.14mm , U=0.049mm; (c) l=0.16mm, U=0.049mm; (d) l=0.2mm, U=0.0485mm; (e)[START_REF] Nguyen | On the choice of parameters in the phase field method for simulating crack initiation with experimental validation[END_REF]; (f) provided in[START_REF] Romani | Rupture en compression des structures hétérogènes à base de materiaux quasifragiles[END_REF].

Figure 1 . 21 :

 121 Figure 1.21: Compression test of a plate containing a periodic distribution of 60 holes (surface fraction 13.5%): evolution of the crack for the different regularization lengths l: (a) l=0.1mm, U=0.0517mm;(b) l=0.14mm , U=0.0515mm; (c) l=0.16mm, U=0.0515mm; (d) l=0.2mm, U=0.0515mm;.
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 123 Figure 1.23: Critical axial tress σ * when the cracks onset: comparison between experimental values and numerical values for two surface fractions of the holes (12.2% and 13.5%)

Figure 1 . 24 :

 124 Figure 1.24: Compression test of a plate with uniformly distributed holes: geometry and loading conditions.

Figure 1 . 25 :

 125 Figure 1.25: Compression test of a plate with uniformly distributed holes: evolution of the crack onset in the first hole: (a) l=0.012mm, n=7, U=0.0053mm; (b) l=0.012mm, the quadratic degradation function, U=0.0055mm;(c)[START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] 

Figure 1 . 26 :Figure 1 . 27 :

 126127 Figure 1.26: Compression test of a plate with uniformly distributed holes: propagation of the crack: (a) l=0.012mm, n=7, U=0.0068mm; (b) l=0.012mm, the quadratic degradation function, U=0.0068mm; (c)[START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] 

Fig. 1 . 27 Figure 1 . 28 :

 127128 Fig.1.28 displays the load-displacement curves for l =0.012mm, n=7 with the marked points corresponding to the steps depicted in Fig.1.25, Fig.1.26 and Fig.1.27. As expected the mechanical
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 25 holds: in the elastic isotropic case, and in the orthotropic case; (b) only one damage variable d instead of multiple damage variables d i for anisotropic materials; (c) the crack patterns which are described by the phase field variable d are stable due to its inherent gradient-based expression.

  Ω ∈ R D be an open domain describing a cracked solid, with D ∈ [2, 3] being the space dimension and ∂Ω ∈ R D-1 the external boundary of Ω. Let Γ be the crack propagating within Ω (see., Fig.2.1 and Fig.2.2). In a regularized framework, the geometry of a propagating crack is approximated by a scalar parameter d(x), with x ∈ Ω. The scalar field d(x) is governed by the following equations defined in Ω (see e.g. [16]):

Figure 2 . 1 :

 21 Figure 2.1: Regularized representation of a crack: two-dimensional case: (a) sharp crack model; (b) regularized representation through phase field.

Figure 2 . 2 :

 22 Figure 2.2: Regularized representation of a crack: (a) sharp cracks in an orthotropic material (dashed lines indicate material orthotropy direction), (b) regularized representation through phase field.

  Above, Γ(d) is the total crack length per unit area in the two-dimensional case (the 2D case) and total crack surface area per unit volume in the three-dimensional case (the 3D case), and S d = {d|d(x) = 1 on Γ, ∀x ∈ Γ}. In (2.8), γ(d, ∇d, ω) is the crack surface density function of per unit volume defined by γ(d, ∇d, ω) = d 2 2l + l 2 ω : (∇d ⊗ ∇d).

  ) and(2.35), it can be demonstrated thatε± = D i=1 εi ± ñi ⊗ ñi (2.37)where εi and ñi with i = 1, ..., D are the ordered eigenvalues and unit eigenvectors of ε such that ε1 ≤ ε2 ≤ ... ≤ εD and εi ± = (ε i ± | εi |)/2. This yields
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 249 δd(x) = {N d (x)}{δd} and ∇δd(x) = [B d (x)]{δd} (2.50) where N d (x) and B d (x) are the matrices of shape functions and of shape function derivatives associated to the phase-field variable. Inserting (2.49) and (2.50) into the weak form (2.48), we have:
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 23 Figure 2.3: Single edge notched tension test: geometry and boundary conditions.

2. 4 . 1 Figure 2 . 4 :

 4124 Figure 2.4: Single edge notched tension test: a) solution 1; b) solution 2; c) Miehe et al.[START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] 

Figure 2 . 5 :

 25 Figure 2.5: Single edge notched tension test: comparison of the load-displacement curves with the length scale l=0.015mm between solution 1, solution 2 and Miehe et al. [16].

  is g c = 0.0027 kN/mm. Two displacement increments ∆u=10 -5 in the first 500 loading steps and ∆u=10 -6 mm in the next time steps are prescribed. The regularization length parameter is chosen as l = 0.015 mm. The crack initiation and propagation during the simulations with solution 1, solution 2 and[START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] are shown in Fig.2.4a, Fig.2.4b, and Fig.2.4c, respectively.
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 26 Figure 2.6: Single edge notched shear test: geometry and boundary conditions.

Figure 2 . 7 :

 27 Figure 2.7: Single edge notched shear test: a) solution 1; b) solution 2; c) Miehe et al.[START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] 

Figure 2 . 9 :

 29 Figure 2.9: Symmetric three point bending test of a 3D beam (thickness B=0.5mm): geometry and boundary conditions.

Figure 2 . 10 :

 210 Figure 2.10: Symmetric three point bending test of a 3D beam: a) solution 1; b) solution 2; c)[START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF] 

Figure 2 . 11 :

 211 Figure 2.11: Symmetric three point bending test of a 3D beam: comparison of the loaddisplacement curves between solution 1, solution 2 and [16].

2. 4 . 4 Figure 2 . 12 :

 44212 Figure 2.12: Single-edge-notched shear test for orthotropic material plate: geometry and boundary conditions.

Figure 2 . 13 :

 213 Figure 2.13: Comparison of the crack path which depends on the orthotropic direction orientations α for shear test: (a) with α = -45 o (d) with α = 0 o (g) with α = 45 o solution 1; (b) with α = -45 o (e)with α = 0 o (h) with α = 45 o solution 2; (c) with α = -45 o (f) with α = 0 o (i) with α = 45 o [61].

Figure 2 . 14 :

 214 Figure 2.14: Single-edge-notched tension test for orthotropic material plate: geometry and boundary conditions.

Figure 2 . 15 :

 215 Figure 2.15: Comparison of the crack path which depends on the orthotropic direction orientations α for tension test: (a) with α = 0 o (d) with α = 30 o solution 1; (b) with α = 0 o (e)with α = 30 o solution 2; (c) with α = 0 o (f) with α = 30 o [61].

Figure 2 . 16 :

 216 Figure 2.16: Comparison of the crack path which depends on the orthotropic direction orientations α for tension test: (a) with α = 78 o (d) with α = 90 o solution 1; (b) with α = 78 o (e)with α = 90 o solution 2; (c) with α = 78 o (f) with α = 90 o [61].

2 .

 2 15f corresponds to α = 0 o and α = 30 o , and the crack direction is developed according to the longitudinal damage variable d 1 , when α = 78 o and α = 90 o the crack propagation and directions are governed by the transverse damage variable d 2 (see Fig.2.16c and Fig.2.16f). Thus, we can see, when α ≥ 78 o , the crack tend to propagate in the direction perpendicular to the fiber direction and when α < 78 o the crack develop almost in the direction parallel to the fiber direction. From the obtained results, we see that, when using the two present solutions in (2.18) and (2.35) combined with only one damage variable d, the prediction of the crack development in the tension test problem for an orthotropic material plate is quite well.
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 46217 Figure 2.17: Tension test in two directions of an orthotropic plate: geometry and boundary conditions.

Figure 2 . 18 :

 218 Figure 2.18: Crack extension angle θ 0 vs. crack inclination angle α for various values of biaxial load parameter for the orthotropic material of Glass-epoxy (this figure in [47])

Figure 2 . 19 :

 219 Figure 2.19: Crack extension angle θ 0 vs. crack inclination angle α=0 o for various values of biaxial load parameter for Glass-epoxy by phase field method of solution 1: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.
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 220221 Figure 2.20: Crack extension angle θ 0 vs. crack inclination angle α=0 o for various values of biaxial load parameter for Glass-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.

Figure 2 . 22 :Figure 2 . 23 :

 222223 Figure 2.22: Crack extension angle θ 0 vs. crack inclination angle α=30 o for various values of biaxial load parameter for Glass-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.

Figure 2 . 24 :

 224 Figure 2.24: Crack extension angle θ 0 vs. crack inclination angle α=45 o for various values of biaxial load parameter for Glass-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.

Figure 2 . 27 :

 227 Figure 2.27: Crack extension angle θ 0 vs. crack inclination angle α=90 o for various values of biaxial load parameter for Glass-epoxy by phase field method of solution 1: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.

Figure 2 . 28 :

 228 Figure 2.28: Crack extension angle θ 0 vs. crack inclination angle α=90 o for various values of biaxial load parameter for Glass-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.

Figure 2 .

 2 Figure 2.29: Comparison between the analytical method in [47] and the proposed solutions of the

  with several various values of k of biaxial load ratio in the orthotropic material of glass-epoxy are shown in Fig.2.18. The resulting crack propagations for the values of α which change from 0 o to 90 o and some values of k vary change from 0.1 to 3 are shown in from Fig.2.19 to Fig.2.28.

Figure 2 . 30 :Fig. 2 .

 2302 Figure 2.30: Crack extension angle θ 0 vs. crack inclination angle α=30 o for various values of biaxial load parameter for Glass-epoxy by phase field method of solution 1: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3 (in the 3D case). Note that, the load-displacement curves are drawn corresponding to the displacement values of the vertical direction.

Figure 2 . 31 :

 231 Figure 2.31: Crack extension angle θ 0 vs. crack inclination angle α=30 o for various values of biaxial load parameter for Glass-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3 (in the 3D case). Note that, the load-displacement curves are drawn corresponding to the displacement values of the vertical direction.

Figure 2 . 32 :From ( 2 .Fig. 2 .

 23222 Figure 2.32: Crack extension angle θ 0 vs. crack inclination angle α for various values of biaxial load parameter for the orthotropic material of Graphite-epoxy (this figure in [47])

Figure 2 . 33 :

 233 Figure 2.33: Crack extension angle θ 0 vs. crack inclination angle α=0 o for various values of biaxial load parameter for Graphite-epoxy by phase field method of solution 1: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.
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 234235 Figure 2.34: Crack extension angle θ 0 vs. crack inclination angle α=0 o for various values of biaxial load parameter for Graphite-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.

Figure 2 . 36 :Figure 2 . 37 :

 236237 Figure 2.36: Crack extension angle θ 0 vs. crack inclination angle α=30 o for various values of biaxial load parameter for Graphite-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.

Figure 2 . 38 :

 238 Figure 2.38: Crack extension angle θ 0 vs. crack inclination angle α=45 o for various values of biaxial load parameter for Graphite-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.

Figure 2 . 39 :

 239 Figure 2.39: Crack extension angle θ 0 vs. crack inclination angle α=60 o for various values of biaxial load parameter for Graphite-epoxy by phase field method of solution 1: a) k = 0.1, b)

Figure 2 . 40 :

 240 Figure 2.40: Crack extension angle θ 0 vs. crack inclination angle α=60 o for various values of biaxial load parameter for Graphite-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.

Figure 2 . 41 :

 241 Figure 2.41: Crack extension angle θ 0 vs. crack inclination angle α=90 o for various values of biaxial load parameter for Graphite-epoxy by phase field method of solution 1: a) k = 0.1, b)

Figure 2 . 42 :

 242 Figure 2.42: Crack extension angle θ 0 vs. crack inclination angle α=90 o for various values of biaxial load parameter for Graphite-epoxy by phase field method of solution 2: a) k = 0.1, b) k = 0.5, c) k = 1, d) k = 3.
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 2 Figure 2.43: Comparison between the analytical method in [47] and the proposed solutions of

Figure 3 . 1 :

 31 Figure 3.1: Regularized representation of a crack and an interface: (a) Solid containing an interface and a crack; (b) Regularized representation of the interface; (c) Regularized representation of the crack.

  element εe ∈ Ẽe can be split into a positive part ε+ e ∈ K+ e and a negative part εe ∈ K-

2 =

 2 min ι∈ Ke ± ( εeι) : ( εeι).

-Case 1 := 1 D 1 1 D

 1111 is not unique. We now consider two following cases: The choice for Ke + and Ke is such as: Ke + = { εe ∈ Ẽe |Tr( εe ) ≥ 0} and Ke -= { εe ∈ Ẽe | εe = a1, a ≤ 0}. (3.21) It can be shown from (3.20) and (3.21) that ε+ e Tr( εe ) + 1 + εD e , εdenotes the D-dimensional identity tensor, x ± = (x± | x |)/2 and the deviatoric strain tensor is defined by εD e = εe -Tr( εe )1.

Figure 3 . 2 :

 32 Figure 3.2: Symmetric three-point bending test: geometry and boundary conditions.

Figure 3 . 3 :

 33 Figure 3.3: The evolution of the crack in symmetric three-point bending test: (a), (b) and (c) crack initiation and crack propagation for solution 1 corresponding to U = 0 mm, U = 0.25 mm, and U = 0.35 mm, respectively; (d), (e) and (f) crack initiation and crack propagation for solution 2 corresponding to U = 0 mm, U = 0.25 mm, and U = 0.35 mm, respectively; Figs. (g), (h) and (i) crack initiation and crack propagation presented in Nguyen et al. [19] corresponding to U = 0 mm, U = 0.25 mm, and U = 0.35 mm, respectively

Figure 3 . 4 :

 34 Figure 3.4: Symmetric three-point bending test: comparison of the load-displacement curves between Wells et al.[78] with two solutions of strain decompositions (3.21) and (3.27).

. 3 and

 3 Fig. 3.4, we can see that our computations with two proposed strain decompositions (3.21) and (3.27) are practically efficient and accurate to simulate the crack propagation taking into account the interfacial damage.

Figure 3 . 5 :

 35 Figure 3.5: Geometry and boundary conditions of the delamination peel test.

Figure 3 . 6 :

 36 Figure 3.6: The crack evolution in the delamination peel test: (a), (b) and (c) crack nucleation and propagation for solution 1 of strain decomposition corresponding to U = 0 mm, U = 0.4 mm, and U = 1 mm, respectively;(d), (e) and (f) crack nucleation and propagation for solution 2 of strain decomposition corresponding to U = 0 mm, U = 0.4 mm, and U = 1 mm, respectively; (g), (h) and (i) crack nucleation and propagation in the work Nguyen et al. [19] corresponding to U = 0 mm, U = 0.4 mm, and U = 1 mm, respectively

Figure 3 . 7 :

 37 Figure 3.7: Delamination peel test: comparison of the load-displacement curves between Verhoosel et al. [66], Nguyen et al. [19] and two solutions of strain decompositions (3.21) and (3.27).

Figure 3 . 8 :

 38 Figure 3.8: Tension test of a plate containing a complex inclusion: geometry and boundary conditions.

Figure 3 . 9 :

 39 Figure 3.9: Tension test of a plate containing a complex inclusion: crack propagation. (a), (b) and (c) crack initiation and propagation for solution 1 of strain decomposition corresponding to U = 0.008 mm, U = 0.01 mm, and U = 0.012 mm, respectively;(d), (e) and (f) crack initiation and propagation for solution 2 of strain decomposition corresponding to U = 0.008 mm, U = 0.01 mm, and U = 0.012 mm, respectively; (g), (h) and (i) crack initiation and propagation obtained by Nguyen et al. [19] corresponding to U = 0.008 mm, U = 0.01 mm, and U = 0.012 mm, respectively

Figure 3 . 10 :Figure 3 . 11 :

 310311 Figure 3.10: Tension test of a plate containing a complex inclusion: comparison of the loaddisplacement curves between Nguyen et al. [19] with two solutions of strain decompositions (3.21) and (3.27).

Figure 3 . 12 :Figure 3 . 13 :Figure 3 . 14 :

 312313314 Figure 3.12: Crack evolution for 15 realizations of the microstructures containing randomly distributed inclusions (part 1): (a), (b) and (c) depict crack propagation of realization 1 corresponding to solutions 1 and 2 of strain decomposition (3.21) and (3.27), and Nguyen et al. [19], respectively; (d), (e) and (f) depict crack propagation of realization 2 corresponding to solutions 1 and 2 of strain decomposition (3.21) and (3.27), and Nguyen et al. [19], respectively; (g), (h) and (i) depict crack propagation of realization 3 ccorresponding to solutions 1 and 2 of strain decomposition (3.21) and (3.27) and Nguyen et al. [19], respectively

Figure 3 . 15 :Figure 3 . 16 :

 315316 Figure 3.15: Crack evolution for 15 realizations of the microstructures containing randomly distributed inclusions (part 4): (a), (b) and (c) depict crack propagation of realization 10 corresponding to solutions 1 and 2 of strain decomposition (3.21) and (3.27), and Nguyen et al. [19], respectively; (d), (e) and (f) depict crack propagation of realization 11 corresponding to solutions 1 and 2 of strain decomposition (3.21) and (3.27), and Nguyen et al. [19], respectively; (g), (h) and (i) depict crack propagation of realization 12 corresponding to solutions 1 and 2 of strain decomposition (3.21) and (3.27), and Nguyen et al. [19], respectively

Figure 3 . 17 :Figure 3 . 18 :Figure 3 . 19 :

 317318319 Figure 3.17: Traction test of a plate containing randomly distributed inclusions with interfacial damage (the red curve denotes the average response): a) load-displacement curve for 15 realizations with solution 1 of strain decomposition (3.21); b) load-displacement curve for 15 realizations with solution 2 of strain decomposition (3.27); c) load-displacement curve for 15 realizations with Nguyen et al. [19]

Figure 3 . 20 :Figure 3 . 21 :

 320321 Figure 3.20: Horizotal tension test: cracks nucleation and propagation: (a), (b) and (c) depict crack propagation corresponding to two solutions of strain decompositions (3.21) and (3.27), and Ren et al. [53], respectively

Chapter 4 Modeling

 4 and simulation of crack propagation in anisotropic two-phase composite materials by phase-field method with interfacial damage 4.1 Phase-field modeling for anisotropic two-phase composite materials We consider in this chapter a composite structure consisting of two anisotropic phases (Fig. 4.1).

( 3 . 3 )

 33 is rewritten by replacing γ d (d, ∇d) by an anisotropic crack surface density function defined by:

Figure 4 . 1 :

 41 Figure 4.1: Regularized representation of crack and interface in a composite: (a) composite material consisting of two anisotropic materials with interface Γ I and crack Γ; (b) Regularized representation the interface Γ I ; (c) Regularized representation of the crack Γ

Next, applying the

  resolution of the phase-field problem and the resolution of the displacement problem which have been presented in Chapter 3 and in Appendix A.2 allows us to predict the crack nucleation and propagation of the anisotropic two-phase composite material under consideration. The algorithm is provided in Appendix B.3.4.2 Numerical examples 4.2.1 Tension test of composites with two identical material phases and adhesive interfaceBy applying two solutions of strain decompositions (3.21) and(3.27) and by taking into account interfacial damage into an anisotropic phase-field modeling, this first numerical example aims to predict the crack evolution during the tension test of two identical material phases containing an adhesive layer. In addition, we use only one damage variable d for the preferential cleavage direction instead of using multiple damage variables d i for this problem. The geometry of the domain occupied by the composite is described in Fig.4.2. In addition, the domain of dimensions 1x1mm

Figure 4 . 2 :

 42 Figure 4.2: Geometry and boundary condition of tension tests for composites with two identical material phases and adhesive interface.

Figure 4 . 3 :

 43 Figure 4.3: Tension test of composites with two identical material phases and adhesive interface: crack evolution due to bulk fracture and interfacial fracture with U = 0.0105mm: (a) and (d) solution 1 of strain decomposition (3.21) with ϕ = 0 o , -20 o ; (b) and (e) solution 2 of strain decomposition (3.27) with ϕ = 0 o , -20 o ; c) f) Nguyen et al. [81] with ϕ = 0 o , -20 o .

Figure 4 . 4 :

 44 Figure 4.4: Tension test of composites with two identical material phases: crack evolution due to bulk fracture and interfacial fracture with U = 0.0105mm: a) d) g) solution 1 of strain decomposition (3.21) with ϕ = -40 o , -60 o , -90 o ; b) e) h) solution 2 of strain decomposition (3.27) with ϕ = -40 o , -60 o , -90 o ; c) f) i) Nguyen et al. [81] with ϕ = -40 o , -60 o , -90 o

Figure 4 . 5 :

 45 Figure 4.5: Tension test of composites with two identical material phases: comparison of the stressdisplacement curves with ϕ = -45 o between two solutions of strain decompositions (3.21) and(3.27) and the results obtained in Nguyen et al.[START_REF] Nguyen | Multi-phase-field modeling of anisotropic crack propagation for polycrystalline materials[END_REF] 

Figure 4 . 6 :Figure 4 . 7 :

 4647 Figure 4.6: Tension test of a polycrystalline microstructure containing 50 grains: geometry and boundary conditions with dimensions in µm

Figure 4 . 8 :

 48 Figure 4.8: Tension test of a polycrystalline microstructure: comparison of the stress-displacement curves between two solutions of strain decomposition (3.21) and (3.27) and Nguyen et al. [81]

  The evolution of the crack during the tension test with two solutions of strain decompositions(3.21) and(3.27) are shown in Fig.4.7a, 4.7b and 4.7c. It can be seen from these figures that the crack initiates at the initial crack, then passes the grain boundary to propagate within the grain until the full fracture. The crack paths in two solutions of strain decomposition (3.21) and (3.27) are good agreement with the results in[START_REF] Nguyen | Multi-phase-field modeling of anisotropic crack propagation for polycrystalline materials[END_REF].The curves of the displacement-stress relations are compared in Fig.4.8. The values of the peak stress and the displacement when the full damage occurs are similar in all cases. Thus, the phasefield method taking into account the two solutions of strain decompositions (3.21) and (3.27) can be considered as an efficient and accurate tool to solve the fracture problem of polycrystalline microstructure where the interaction between interfacial fracture and grains fracture is very strong.
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 2349410 Figure 4.9: Tension test of composites with two different orthotropic phases and adhesive interface: geometry, boundary condition and preferential orientation for each material.

Figure 4 . 11 :

 411 Figure 4.11: Tension test of composites with two Carbon-epoxy materials used by De Morais et al. [49] and Robinson et al. [48]: a) d) crack evolution with solution 1 of strain decomposition (3.21) and ϕ = -60 o , -90 o ; b) e) crack evolution with solution 2 of strain decomposition (3.27) and ϕ = -60 o , -90 o ; c) f) comparisons of the stress-displacement curves.
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 412413 Figure 4.12: Symmetric three-point bending test of a composite beam consisting of two identical materials with adhesive interface: geometry, boundary condition and preferential orientation for each material.

Figure 4 . 14 :Figure 4 . 15 :

 414415 Figure 4.14: Symmetric three-point bending test of a composite beam consisting of two identical materials with adhesive interface: a) d) g) crack evolution with solution 1 of strain decomposition (3.21) and ϕ = 60 o , 90 o ; b) e) h) crack evolution with solution 2 of strain decomposition (3.27) and ϕ = 60 o , 90 o ; c) f) i) comparison of the load-displacement curves.
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 25416417418 Figure 4.16: Symmetric three-point bending test of a composite beam consisting of two different anisotropic materials with adhesive interface

PFigure 4 . 19 :

 419 Figure 4.19: Symmetric three-point bending test of a composite beam consisting of two Carbonepoxy materials used by De Morais et al. [49] and Robinson et al. [48]: a) d) g) crack evolution corresponding to solution 1 of strain decomposition (3.21) with ϕ = 120 o , 135 o , 150 o ; b) e) h) crack evolution corresponding to solution 2 of strain decomposition (3.27) with ϕ = 120 o , 135 o , 150 o ; c) f) i) comparison of the load-displacement curves.
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 11 T[START_REF] Borden | A higher-order phase-field model for brittle fracture: Formulation and analysis within the isogeometric analysis framework[END_REF] , with R± e = {sign{±Tr( εe )} + 1} and Tr( εe ) ± = R± e Tr( εe ) (see[START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF]). We have the Cauchy stress as:σ e = {g(d) + k} ∂Ψ + e (ε + e ) ∂ε e + ∂Ψ - e (ε - e ) ∂ε e (A.9) σ e = {g(d) + k}R e + : C : R e + + R e -: C : R e -: ε e = C(d) : ε e (A.10)Case 2, from (3.29) and (3.30), we have: εe can be expressed by[START_REF] Nguyen | A phase field method to simulate crack nucleation and propagation in strongly heterogeneous materials from direct imaging of their microstructure[END_REF] Similar to (A.9), the Cauchy stress now can be analyzed such as:σ e = {g(d) + k} Pe + : C 1/2 : Pe + : C 1/2 + Pe -: C 1/2 : Pe -: C 1/2: ε e = C(d) : ε e (A.[START_REF] Hakim | Laws of crack motion and phase-field models of fracture[END_REF] 
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  2.7b, Single edge notched shear test: comparison of the load-displacement curves with the length scale l=0.015mm between solution 1, solution 2 and Miehe et al.[START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF].
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  3.10, two proposed strain decompositions (3.21) and (3.27) seem to be very efficient and accurate to predict the crack propagation related to interfacial damage in the plate containing a complex inclusion.
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Using the variational concept for minimizing the total energy of the solid E with respect to the displacement u, the weak form corresponding to the displacement problem can be written as:

In the absence of body forces, Equation (A.1) can be rewritten as which is satisfied for a following strain tensor:

where (∇ s u) ij = (u i,j +u j,i )/2 and (n⊗ s w) ij = (n i w j +n j w i ). From (A.4), we set ε = n⊗ s wγ β Case 1, from (3.25), we have: , and e = exp(1), the fracture toughness g I c at the interfaces (defined as the total area of the traction-opening curve, see in [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF]), and t u is the fracture strength.

The expression of the traction at the interface is given e.g. for the normal traction by

And, we set:

• FEM discretization of the displacement problem

Even though the phase field problem is linear in the staggered scheme, ie, for a fixed value to u, it should be mentioned that for a fixed crack phase field value d, the mechanical problem (A.1) is nonlinear since the computation of eigenvalues of the bulk strain ε e and the interface cohesive model in (A. [START_REF] Miehe | A phase field model for rate-independent crack propagation: robust algorithmic implementation based on operator splits[END_REF]. A linear procedure to solve this nonlinear problem by the Newton method is introduced in the following. From (A.1), (A.10) and (A.13), the balance equation can be rewritten as

where ε e (δu) = ∇ s δu -n ⊗ s δwγ β . In the Newton method, we solve the following tangent equation by updating the displacement for each loading as:

where u k is the displacement solution from the k th iteration. The displacements at the current iteration are rewritten by

From (A. [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF], we obtain

Similarly, we use FEM approximations for the displacement problem in one element:

and

With C(d) = ∂σe ∂εe is the matrix form corresponding to the fourth-order tensor C. And then, we solve the following problem:

A. 2 The solution of the phase field problem in Chapter 4

• Basics of thermodynamics and evolution of phase field

It can be shown that the condition A ḋ ≥ 0 will be satisfied if either F < 0 and ḋ = 0 or F = 0 and ḋ > 0. More precisely, the latter condition leads that, when ḋ > 0, we have

the strain history function introduced in the works [START_REF] Nguyen | A phase-field method for computational modeling of interfacial damage interacting with crack propagation in realistic microstructures obtained by microtomography[END_REF] is employed, here:

{Ψ + e (x, τ )} (A.36) and (A.37) is substituted by

• Weak form of the phase field problem

To compute the scalar phase-filed parameter d(x, t), a temporal discretization is carried out at times 0, t 1 , ..., t n , t n+1 , .... By assuming that, at time t = t n , the scalar phase-filed parameter d n = d(x, t n ) is known. Using (A.37) and (4.4), the weak form used to compute d n+1 = d(x, t n+1 ) is expressed as follows:

Using FEM, the phase field as well as the phase-field gradient are approximated by:

where N d (x) and B d (x) are the matrix of shape function and matrix of shape function derivative associated with phase-field variable, respectively. By introducing the aforementioned FEM discretization into the weak form (A.38), the phase-field variable d n+1 = d(x, t n+1 ) can be calculated

where the rigid matrix is determined by

and the force vector is defined by

Appendix B

B.1 Algorithm in chapter 1

1. Set the initial displacement field u 0 (x), the phase field d 0 (x) and the strain-history function H 0 .

2. FOR all displacement increments: (at each time step t n+1 ), given d n , u n and H n .

. . END END