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Reésume

En généralisant la correspondance de Landau—Ginzburg/Calabi—Yau pour les hypersurfaces,
nous pouvons relier une intersection complete de Calabi—Yau a un modele hybride de Landau—
Ginzburg : une famille de singularités isolées au-dessus d’une droite projective. Pendant ces
derniéres années, Fan, Jarvis et Ruan ont défini des invariants quantiques pour les singula-
rités de ce type, et Clader et Clader-Ross ont fourni une équivalence entre ces invariants et
les invariants de Gromov—-Witten d’intersections completes. De cette maniere, la cohomologie
quantique donne un identification des groupes de cohomologie de la intersection compléte de
Calabi-Yau et du modele hybride de Landau-Ginzburg. Il n’est pas clair comment relier cela
a l'isomorphisme connu qui découle de certaines équivalences dérivées dues a Segal, Shipman,
Orlov et Isik. Nous répondons a cette question pour les intersections complétes de Calabi—Yau

de deux cubiques.
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équivalences d’Orlov.



Abstract

By generalizing the Landau-Ginzburg/Calabi—Yau correspondence for hypersurfaces, we
can relate a Calabi-Yau complete intersection to a hybrid Landau-Ginzburg model: a family
of isolated singularities fibered over a projective line. In recent years, Fan, Jarvis and Ruan
have defined quantum invariants for singularities of this type, and Clader and Clader-Ross have
provided an equivalence between these invariants and Gromov—Witten invariants of complete
intersections. In this way, quantum cohomology yields an identification of the cohomology
groups of the Calabi-Yau and of the hybrid Landau-Ginzburg model. It is not clear how
to relate this to the known isomorphism descending from certain derived equivalences (due to
Segal, Shipman, Orlov and Isik). We answer this question for Calabi—Yau complete intersections

of two cubics.

Keywords

Algebraic geometry; mirror symmetry; Gromov-Witten theory; Fan—Jarvis-Ruan—Witten the-

ory; Landau-Ginzburg/Calabi—Yau correspondence; matrix factorization; Orlov equivalence.
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Introduction

The Landau-Ginzburg/Calabi-Yau (LG/CY) correspondence in string theory describes a
relationship between the sigma model on a Calabi—Yau hypersurface and the Landau-Ginzburg
model whose potential is the defining equation of the Calabi—Yau variety. Following Witten
[46], we can present the LG/CY correspondence in a purely algebro-geometric way starting
from a variation of stability conditions in geometric invariant theory (GIT). From this point
of view, we can naturally generalize the LG/CY correspondence to the Calabi—Yau complete
intersections.

The variation of stability conditions leads to two different curve-counting theories. Analytic
continuation naturally allows us to compare them. A natural question arises: what is the
interpretation of the linear transformation matching the generating functions encoding the
two theories? The answer given in this thesis for Calabi—Yau complete intersections of two
cubics is an equivalence of triangulated categories known as Orlov equivalence applied to the
two GIT quotients. More precisely GIT quotients are classically interpreted as chambers and
the transition between them is usually phrased in terms of window-transitions. Each of these
transitions is related to a specialization of Orlov’s functor (see §3.3). This is a mathematical
object of independent interest not directly related to curve-counting theories. In particular it

sheds new light on the LG/CY correspondence.

The isomorphism of cohomology groups

We start from r homogeneous polynomials Wi, ..., W, of the same degree d defining a

smooth complete intersection

1: Xd,...,d — ]P)Nil.

The complete intersection X, 4 is Calabi-Yau' as soon as dr equals N. Following a standard

procedure (see Witten [46], we also refer to Herbst—Hori-Page [29]) we can cast this setup

1. Here the Calabi—Yau condition is meant in the weak sense: the canonical bundle w is trivial.
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within a representation of C* as follows. Consider a C*-action on the vector space
V =C" x C" =SpecClzy,...,2N,p1, - Dr]
with weight 1 on the first IV variables, and weight —d on the following r variables:

A(z1, 2N, Py 0r) = (AT, . .,)xxN,)\’dpl,...,)\’dpr).

GIT provides a systematic description of the geometric quotients that can be obtained from
the action C* x V' — V. Indeed we can choose two different GIT stability conditions to identify
two maximal open sets within @ C V' whose quotient [©2/C*] is a smooth Deligne-Mumford
stack. For

0, =V\(@m=-=ay=0) ad O =V\(n= =p=0)

we obtain the total space X of the vector bundle O(—d)®" on PV~! and the total space X _
of the vector bundle O(—1)®" on P(d,...,d) (the weighted projective stack with an overall
stabilizer pg, whose coarse space equals P™1).

The Calabi—Yau complete intersection X, . 4, or rather its cohomology, arises as the coho-

.....

mology of X relative to the generic fiber of

W = ijWji X+ — C. (1)

Jj=1

In fact, we have isomorphisms

..........

where the first isomorphism comes from retraction, the second isomorphism is the Thom iso-

morphism.
For X_, the same procedure yields a family of isolated singularities over P(d, ..., d):
W =S pW;
X, J=11""7 (2)
P(d,...,d)

We call it a Landau—Ginzburg model (X_, W). It is the analogue of the p4-invariant polynomial

[CY/ pta] C

|
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defining the Landau—Ginzburg singularity model of Calabi—Yau hypersurface in [9, 11].
Since X _ is an orbifold, we consider its orbifold Chen—Ruan cohomology (see 0.4) relative

to the generic fiber of W. It is isomorphic to the the cohomology group of X, 4 via the

77777

isomorphism
HEp (Xo, W (1)) = HY (X, WH(1))
coming from the variation of GIT stability condition (see Chiodo—Nagel [10] in higher general-
ity).
The isomorphism

is an isomorphism of graded vector spaces. It is not an isomorphism of rings. The subject of

this thesis is an enhanced correspondence in terms of curve-counting theories.

Curve-counting theories

,,,,,

formation of the cup product on H*( X,
theory (see [27]).

For the Landau-Ginzburg model (X_, W), a curve-counting theory was constructed by
Fan—Jarvis—Ruan in [23, 24, 25, 26]. We will use their definition, which we will refer to as
FJRW theory, see §1.2 and §1.3. Since the first definition of FJRW theory [23], several alter-
native constructions have been provided: Polishchuk-Vaintrob [40], Chang-Li-Li [8], Ciocan-

77777

Fontanine Favero-Guéré-Kim-Shoemaker [12].

According to the LG/CY correspondence, it is natural to conjecture that the genus-0 GW
theory of the Calabi—Yau complete intersection and the genus-0 FJRW theory of (X_, W) are
equivalent in the following sense.

The genus-0 GW theory of the Calabi—Yau complete intersection is determined by a function

Igw taking values in the subspace

-----

of classes coming from the ambient space P"~!. Similarly a subspace
Hpyrw C HERY (X, WH(L)).

is defined (see §1.2.3). The genus-0 FJRW theory of (X_, W) is determined by a function Irjrw
taking values in Hpjrw. The two theories are equivalent in the sense that Iqw matches Irjrw

up to an analytic continuation and a linear map.
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The above conjecture was proven in the hypersurface case (i.e. 7 = 1) by Chiodo-Ruan [11],
Chiodo-Iritani-Ruan [9] and Lee-Priddis—-Shoemaker [36], and generalized to certain complete
intersections (i.e. 7 > 1) by Clader [13] and Clader—Ross [15]. Chiodo—Iritani-Ruan [9] provided
a geometric interpretation in the hypersurface case in terms of Orlov functor. We focus on the
complete intersection case.

In this thesis, we simplify the I-functions with the help of I'-classes introduced by Iritani

[31], and compute the explicit form of a discrete family of linear maps
Ui: Hpgrw — Haw (3)

indexed by [ € Z relating Ipjrw (1.24) and Igw (1.23). Then, we can relate U; to categorical

equivalences.

Equivalences of categories

A matrix factorization of a polynomial P € Clxy,...,z,] is the datum of Clxy,..., z,]-

module homomorphism f; and f,

[
El <:>2E2
N

such that fio fo = P-Idg, and fyo f; = P-1dg,. A generalized version is a matrix factorization
of a function over a stack; it can be found in [41, 42]. The graded matrix factorizations of a
given function form a triangulated category, we call it the derived category of graded matrix
factorizations [39, 41, 42].

Orlov [39] proved that there is a discrete family of equivalences of triangulated categories
indexed by Z between the derived category of graded matrix factorizations of a homogeneous
polynomial P and the bounded derived category of coherent sheaves on the Calabi—Yau hyper-
surface defined by P = 0.

We use the generalization of Orlov’s result to the complete intersections. There is a discrete

family of equivalences

Orl;: DMF(X_, W) — D*(X4. 4) (4)

between the derived category of graded matrix factorizations of the function W on X_ and the
bounded derived category of coherent sheaves on the Calabi-Yau complete intersection Xy 4.
These equivalences are constructed by composing two functors. One of them is due to Segal
[41]; the other one is due to Shipman [42], see also Isik [32] for an alternative construction.

In this thesis, we find a method to compute the functor Orl; explicitly. The strategy is
stated in §3.4.
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Main result

A physics paper [29] by Herbst—Hori-Page predicts that the LG/CY correspondence is
related to equivalences of categories. In the hypersurface case, it was verified by Chiodo—
Iritani-Ruan in [9]. We study the case of complete intersection of two cubics in P?, 4.e. the
case N =6,d =3,r = 2.

Let X33 be the complete intersection of two cubics in P5. We define Db(X373)amb to be the

subcategory
D"(X3.3)amp := "D (P®) € D"(X33).

Then, the Chern character on Db(X373)amb takes values in Hgwy.

We also define a subcategory (see §4.4)
DMF(X_, W )par € DMF(X_, W)

such that for every ¢ € Z, the image of DMF(X_, W)y, under the functor Orl; lies within
Db<X3’3)amb. Moreover, we define a Chern character on DMF(X_, W), taking values in

Hyjrw.

Our main result states that the categorical equivalences (4) match the linear maps (3)

relating the two curve-counting theories.

Theorem 0.1 (Theorem 4.10). For every integer t, the following diagram commutes

DME(X_, W ) pay ——— 2 D"(X3.3) amb
nv* chi l inv* ch
U
H, FJRW H GW,

where inv* on the right/left side is the involution on Haw jryrw induced by the canonical invo-
lution of the inertia stack of Xs3/X_ (see §0.4).

Our method provides an effective algorithm for any N, d,r. Howerer, the complexity of the
analytic continuation prevents us from giving a general proof in terms of closed formulae. So
we restrict ourselves to the case N = 6,d = 3,r = 2, the simplest case where the complete
intersection is a Calabi—Yau 3-fold but not a hypersurface.

In the light of Theorem 0.1, we interprete the monodromies of the /-function in terms of
auto-equivalences of the derived category. It is interesting to see that, in the case of Calabi-Yau
complete intersection of four conics, we have maximally unipotent type monodromy on both
LG and CY side. This was also observed by Joshi and Klemm [33].






Notations

— - is the group of rth roots of unit. We denote e by (.. We write (3 as ( when there
is no ambiguity.

— P(wy, ..., wy) is the weighted projective stack with weights wy, ..., wy. It is the quotient
stack [(C* — {0})/C*], where the C*-action on C* — {0} is given by

A (g, k) = (A, . ARy,

— Xy, ais a Calabi-Yau complete intersection in the weighted projective stack P(wy, ..., wy),
see §1.2.1; in particular, X33 is the complete intersection of two cubics in P°.

— Mjn(ﬁm"—l, B) is the moduli space of Landau-Ginzburg stable map introduced in Defi-
nition 1.2.

— H*(X) is the singular cohomology of X with coefficients in C.

— H*™*(X) is the graded vector space obtained by shifting the grading on H*(X) by k;
i.e. the degree-n part of H***(X) is isomorphic to the degree-(n — k) part of H*(X).

— H*(X,Z) is the singular cohomology of X with coefficients in Z.

— H{p(X) is the Chen—Ruan cohomology of X with coefficients in C, see §0.4.

— X, and X_ are two GIT quotients introduced in example 0.11.

— O(k)[l] are equivariant line bundles over both X, and X_; they are introduced in §3.2.

— K4 and K_ are two Koszul matrix factorizations over both X and X_; they are intro-
duced in §3.2.

— Hgw is the ambient part of the state space of GW theory of X33 , see §1.1.

— Hpjyrw is the narrow part of the state space of FJRW theory of the case of interest, see
§1.2.3.

— 1MW, 1@ HO and H® are elements of Hpjgrw: 1) and H© are formally added ele-
ments, see Remark 2.7.

— H® and HWY represent the same element if ¥ =1 mod 3; same for 1%,

— U, is a discrete family of linear maps between Hpjrw and Haw; they are introduced in
the definition 2.3.

— DMF®z(X, F) is the derived category of graded matrix factorizations of a function F
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over X, see Definition 3.4.

— Orly, is a discrete family of equivalences of triangulated categories between DMFC& (X_, W)
and DMF®z(X ., W); they are introduced in §3.3.

— Orl™4 is a modified family of Orl, see §4.4.



Preliminaries

0.1 Moduli spaces curves

We work over the field of complex numbers C.

Definition 0.2. A nodal curve is a proper and connected curve for which all singularities have

a neighbourhood isomorphic to a neighbourhood of the origin in

{(z,y) € C*:ay =0}
The singularities are called nodes.

Definition 0.3. A genus-g n-pointed nodal curve (over a scheme S) is the data of a proper and
flat morphism 7: C' — S with sections 0;: S — C for i € {1,...,n}, satisfying the following

conditions:

1. each geometric fiber C, of 7 is a projective, connected, reduced nodal curve of arithmetic

genus ¢;
2. the images of og; are disjoint and lies within the smooth locus of .

Ifn:C" - S0.:5 — C'i =1,...,n is another n-pointed genus-g nodal curve, a

morphism between them is a pull-back square

oo

r

4

such that Floo; =0, o f forall i =1,.

We say the n-pointed curve 7: C' — S, o0 S — Cyi=1,...,nis stable if each geometric
fiber (Cy,01(x),...,0,(2)) has finitely many automorphisms; or equivalently, the log-canonical
sheaf

Wiog, 0, = We, (01(%) + -+ + (7))

is ample.
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We can define a contravariant functor M, ,, from the category of algebraic schemes over C
to the category of sets. For a scheme S, let M, ,,(S) be the set of isomorphism classes of stable
n-pointed genus-g nodal curve over S; for a morphism of scheme f: S — S’, a morphism of set
My, (S") = M, (S) can be defined by pulling back 7: C'— S’ to S. It is proven by Deligne
and Mumford [22] that M,, can be represented by a proper Deligne-Mumford stack (see [3]

for a complete definition). We call it the moduli of stable curves.

Definition 0.4. Let X be an algebraic scheme, a map from a genus-g n-pointed nodal curve to
X is the data of a genus-g n-pointed nodal curve n: C' — S, 0;: S — C,i=1,...,n, together
with a morphism p: C' — X. A morphism between two maps from genus-g n-pointed nodal

curve to X is given by the following commutative diagram:

o
o

C——CC

1)

IS

A map from a genus-g n-pointed nodal curve to X is stable if each geometric fiber has finitely

many automorphisms; or equivalently, the sheaf
Wlog,Cy ® f*M

is ample for any sufficiently ample sheaf M on X. We say a map from genus-¢g n-pointed nodal

curves to X is of degree € Ho(X,Z) if p.(|Cy]) = 5 for every geometric fiber C,.

Fix an homology class 8 € Hy(X,Z), we can define a contravariant funtor M, ,(X, )
sending an algebraic scheme S to the set of isomorphism classes of stable maps from genus-g n-
pointed nodal curves over S to X of degree 3. The functor M, (X, 3) can be also represented
by a proper Deligne-Mumford stack. We call it the moduli of stable maps; it is constructed by
Kontsevich [35], see also [3, 27].

Remark 0.5. If X is a point, then we have M, ,,(X,0) = M, .

0.2 Twisted curve

In this thesis, we need to consider moduli problems of rth roots of certain line bundles.
However, these moduli spaces are not proper if we only work on nodal curves. To fix this, we

give the definition of twisted nodal curve, which is interesting on its own right.
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Definition 0.6. [1] A twisted genus-g n-pointed nodal curve (over a scheme S) is a proper and

flat morphism of Deligne-Mumford stacks C — S with n closed substacks ¥; C C, such that
1. the fibers are purely 1-dimensional with at most nodal singularities;
2. the substacks ¥; are étale gerbes banded by w, over S (see Remark 0.7);
3. the coarse moduli space (C,3;) forms a genus-g n-pointed nodal curve over S;

4. the morphism to coarse moduli space C — (' is an isomorphism away from the nodes

and the substacks 3;;

5. the local picture at a node is given by [U/u,| — T, where
— T = Spec A,
— U = Spec Alz,w]/(zw — t) for some t € A,
— the action of p, is given by (z,w) — (&2, & w);

6. the local picture at a marked point is given by [U/p,] — T, where
— T = Spec A,
— U = Spec Alz],
— the action of u, is given by x +— &,.x.

Remark 0.7. Recall that an étale gerbe banded by p, is a stack which locally looks like
X x Bpu,., where Bu, is the classifying stack of principal p,-bundles. The stack Bu, can be

represented as the quotient stack of the p,-action on a point *, i.e.
B, = [x/p,].

Let £ be a line bundle over a twisted curve C. Then there exist mq, ..., m, € Z,, such that
local picture of £ at the ith marked point is given by [V/u,| — [U/ ], where

— U = Spec Alz],

— V = Spec Az, y]

— the action of w, is given by (z,y) — (&2, My).
We call m; the multiplicity of L at the ¢th marked point.

Similarly, the local picture of £ at a node is given by [V/u,| — [U/p.], where
— U = Spec Alz,w]/(zw — t) for some t € A,
— V = Spec Alz,w, y]/(zw — t),
— the action of w, is given by (z,w,y) — (&2, & w, EMy).
We call m € Z, the multiplicity of £ at this node. Note that if we change the order of z and

w, the multiplicity changes from m to —m in Z,.
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0.3 Geometric invariant theory

Definition 0.8. Let L be a line bundle on X with the projection 7: L — X, and let G be a
reductive algebraic group with an action ¢ on X . A G-linearisation of L is an extension of

the action ¢ on X to an action @ on L such that the diagram

GxLZ -1

| |-

G X X T> X
commutes, and G acts linearly on each fiber. We denote the line bundle L with a G-linearisation
X by L,.
Definition 0.9 ([38]). Let L, be a G-linearized line bundle on X. We define the following
conditions.

1. Semistability. A geometric point x € X is said to be semistable if there exists a section
s € HY(X, L") for some n > 0, such that s(z) # 0, X, = {s # 0} is affine, and s is

G-invariant.

2. Stability. A geometric point x € X is said to be stable if it is semistable and the action
of G on X, is closed.

3. Unstability. A geometric point x € X is said to be unstable if it is not semistable.

The sets of semistable, stable and unstable points are denoted by X&(L, ), X&(L,) and X (L)

respectively.

Definition 0.10. The GIT quotient stack [ X/, G] is defined to be the stack
XAC) = [X5(L)/G).
Example 0.11. Let G = C*, consider a G-action on the vector space
V =CN x C" = SpecClay,...,2N,p1,- ., Pr]
with weights w; on the first NV variables x;, and weights —d; on the following r variables p;:
Ao (21, TN PLy D) = (A, AN ey, Ay AT,

where wy,...,wy,dy,...,d, are positive integers. A character §: G — C* determines a G-

linearisation of the trivial line bundle L over V.
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Positive phase. Consider the character 6;: G — C* defined by

We claim that if @ € (CV\{0}) x C", then « is semistable. Without loss of generality, we can

assume the first component of « is not zero. Consider the section s € H(V, Lgeiwl) given by

(L1, TN, DL, s Pr) > 2

The section s satisfies s(a) # 0, and s is G-invariant in H°(V, ngl); so « is semistable by
definition.

On the other hand, if @ ¢ (CN\{0}) x C", d.e. 7y = --- = zx = 0, then « is unstable.
This happens because, for any positive [, every G-invariant section of Lgﬁl vanishes at . Every
section of Lg’f is a polynomial on CV*". The sections s satisfying s(a) # 0 contains p}* ... p"
for some nonnegative integers ny,...,n,. Such sections are not G-invariant in H°(V, LS’?) for
any | > 0. Therefore we get

VE(Le) = (C¥\{0}) x ©

and

[V/o,C*] = [(CY\{0}) x C"/C].
This is the total space of the vector bundle
D O(~d;)
i=1

over the weighted projective space P(wy, ..., wx). We denote it by X .

Negative phase. Consider another character 6y: G — C* defined by

By the same argument as above, we get
V& (Le,) = CY x (C"\{0}).

and

[V/e.C] = [CY x (C"\{0})/C"].

This is isomorphic to the total space of the vector bundle
N
P O(~wi)
i=1

over the weighted projective space P(dy,...,d,.). We denote it by X_.
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Remark 0.12. Note that there is a change of sign in the identification of X_ with the total
space of the vector bundle
N
D O(—wi)
i=1
over P(dy,...,d,). It is somehow better to understand X_ as the total space of
N
P O(w;)
i=1

over “P(—dy,...,—d,)".

0.4 Orbifold Chen—Ruan cohomology

Let X be a smooth Deligne-Mumford stack over C, and let X be the inertia stack of X.
A point on [X is given by a pair (z,g) of a point x € X and g € Aut(x). Let T" be the index

set of components of IX, then we can write

X = |_| X,.
veT
There is a canonical involution
inv: IX - 1X

defined by
(z,9) = (z,97").
Take a point (x,g) € IX and let

T.X = P (T.X);

0<f<1

be the eigenvalue decomposition of T, X with respect to the action given by g, where g acts on
(T.X)s by e*™/. We define

A(z,9) *— Z fdlm(TmX>f

0<f<1
This number is independent of the choice of (z, g) € X, so we can associate a rational number

a, to each connected component &, of IX. This is called age-shifting number.

Definition 0.13. The Chen—Ruan cohomology group of X is the direct sum of the singular
cohomology of &, v € T with coefficients in C, together with the age-shift in gradings:

Hg(X,C) = @ H™(X,,C).

veT
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We will omit C in the notation of cohomology groups with coefficients in C.

The poincaré pairing for a, § € HEg(X) is defined by
(o, B) ::/ a Ainv*fs.
Ix

For an orbifold vector bundle E on the inertia stack IX’, we have an eigenbundle decompo-

sition of E|x,

Elx,= @ Eu;

0<f<1
with respect to the action of the stabilizer of X,, where Ev’ ¢ is the subbundle with eigen-
value e?™f. Let pr: IX — X be the projection. For an orbifold vector bundle E on X, let
{0v,ri}1<i<t, ; be the Chern roots of (pr* E), s, where [, ; is the dimension of (pr* E), ;.

Definition 0.14. We define some H¢ g (X)-value characteristic classes of an orbifold vector
bundle £ on X"
— The Chern character of E is defined by
ch(E):=E > 2™l ch ((pr* E), ) -

veT 0<f<1
— The Todd class of E is defined by

1 61) 0,7
Td(E) = @ H 1 — e—2mif e=0v,1,i H 1 — e 9,05
veT 0<f<1 1<i<ly,0
1<i<ly, s

— The Gamma class of E is defined in [31], which is

P(E) =@ T 11T+ 0050

veT 0< f<1i=1
The Gamma function on the right-hand side should be expanded in series at 1 — f, i.e.
1
D(1~ f 4 G =T = )+ (= g+ 570 = Nt
Proposition 0.15 (Grothendieck-Riemann-Roth formula [45]). Let X and ) be Deligne—
Mumford stacks with quasiprojective coarse moduli spaces and f: X — Y a proper morphism
which factors as
f=goi,
where i: X — P is a closed reqular immersion and g: P — Y is a smooth morphism. Assume

that every coherent sheaf on X and Y is a quotient of a vector bundle. Let E € K°(X), then
h(/.F) = If.(ch(E) Td(Ty)),

where f, is the K-theoretic pushforward and If: IX — 1Y is the map induced by f.
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0.5 Structure of the thesis

In §1, we introduce GW theory and FJRW theory; we show these two theories are related
via GIT; we state Clader’s result [13] on relating these two theories by analytic continuation.

In §2, we carry out the analytic continuation explicitly; we find linear maps relating GW
theory and FJRW theory.

In §3, we introduce the notion of matrix factorizations; we introduce categorical equivalences
between derived categories of matrix factorizations constructed by Segal [41] and Shipman [42];
in particular, we find a way to compute these equivalences explicitly.

In §4, we prove our main result stating the linear maps find in §2 are compatible with the
categorical equivalences introduced in §3; we apply our result to study the monodromy of a
local system; we also discuss the relation between our main result and the result of Coates,

Iritani and Jiang [18] on crepant transformation conjecture.



Chapter 1
Enumerative theories

We introduce the Gromov-Witten (GW) theory and the Fan-Jarvis—-Ruan-Witten theory
in this chapter. We are particularly interested in two special cases; one of them is the genus-0
Gromov-Witten theory of the complete intersection X33 of two cubics in P° the other one is
a genus-0 Fan—Jarvis-Ruan-Witten (FJRW) theory constructed by Clader in [13]. We recall
Clader’s result stating that these two theories are related to each other in §1.5. A more general
theory constructed by Fan, Jarvis and Ruan is introduced in §1.3. We explain how the above
two theories can be regarded as special cases of the general theory by taking different GIT

stability conditions of the same group action.

1.1 Gromov—Witten theory

Let X be a smooth projective variety, the Gromov-Witten theory for X is aimed to “count”
the number of curves inside X satisfying certain restrictions. The main idea of the theory to
achieve this by considering the intersection theory for the moduli space of stable maps into X
introduced in Definition 0.4.

The moduli space M, (X, 3) is usually singular and its components have different dimen-
sions. However, by using Hirzebruch—Riemann—Roch formula, it has an ezpected dimension (see

[21] for example)
vdimM,,,(X, 8) = (dim X — 3)(1 — g) + /6 ey (Tx) + . (1.1)
For each s = 1,...,n, there exists a natural evaluation map

eve: Myo(X,08) = X

sending f: (C,z1,...,2,) = X to f(zs). If we are in an ideal situation (when M, (X, ) is
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smooth, and all of its components have expected dimension), for any choice of ¢q,...,¢, €
H*(X), the integral

n

[/ | (CY (1.2

X.B) s=1
should count the number of genus-g curves C' in X with homology class § such that the
intersections of C' with the Poincaré duals of ¢ are nonzero.

However, we are usually not in an ideal situation. To solve this, we replace the fundamental
class [M,,.(X, B)] by the virtual fundamental class [Mgy,(X,8)]"". Tt is a homology class of
expected dimension, and behaves like the ordinary fundamental class (see [5]).

We can also insert some canonical cohomology classes of M, ,,(X, 3) into the integral (1.2).
Let

b, € HA(M,(X. 3))

be the first Chern class of the universal cotangent line bundle at the sth marked point. For any
choice of ¢y,...,¢, € H*(X), ai,...,a, € Z=° and d € Z, the corresponding Gromov-Witten

invariant is defined as

e BT @ Y WX ::/ - i evy s 1.3
<¢1 7 7¢ 1¢nfl ¢ 1/}11 >g7n,,3 Mg (X, 8)]V H ¢ ¢ ( )

The graded vector space H*(X) is called the state space of the Gromov—Witten theory for X;
the invariants defined above are also called correlators.

We can define a generating function for genus-0 Gromov—Witten invariants as follows:

B
Fhwax(®) i= 3 T ), - t(thann), 6 )) 505

n’/B

where

t=ty+tz+t2>+--- € H(X)®C[t]

is a polynomial taking values in H*(X), and Q” is the representative of 3 in the group ring of
Hy(X,Z).

Let X33 be a complete intersection of two cubics inside P°. We are particularly interested
in the genus-0 Gromov-Witten theory of X33. It is related to the genus-0 Gromov-Witten
theory of P°. In fact, let i: X33 — P° be the inclusion morphism, it induces a morphism of

moduli space

i . ﬂO,TL()(ZS,?n ﬁ) — ﬂg,n(IP)57 2*6)

By Lefschetz hyperplane theorem, we have an isomorphism

i*i HQ(Xg’g,Z) = HQ(]P)E),Z),
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we identify both of them with Z, and represent d times the hyperplane class p by the integer d
for simplicity.

Let My,,(P°,d) be the moduli spaces of genus-0 degree-d n-marked stable maps to P?,
Co.(P°,d) be the universal curve over it, and ev be the evaluation map as in the following

diagram.

Con(P5,d) —~ 5 |

M. (P5,d)
Then ﬂ07n(X3,3, d) is the intersection of the zero locus of two sections of the vector bundle
m.ev* Ops(3). For any choice of ¢y,...,¢, € i*H*(X) C H*(X33), we can rewrite the GW
invariants as follows:

n

Cuop (e ev” O (3)) ™) TL (w1 v 65)
! (1.4)

Note that in the above definition, ¢4, ..., ¢, are taken from ¢*H*(X), which is a subspace of

the state space H*(X33). This subspace is the ambient part of H*(X33); the theory we defined

a an—1 an\GW, X33 :/
<¢1w1 g ,¢n71wn—1 7¢nwn >O,n,d i*[ﬂo,n(?ﬁvd)}

is the genus-0 Gromov-Witten theory for X33 restricted to the ambient part. The restricted

theory is what we are interested in. We omit the superscript X33 and set
Haw = 1"H*(X);

we can define a generating function for the restricted theory:

Qd

n!

fgw@) = Z

n,d

(@), (1), E(Wn))Gima: (1.5)

where t = to + t12 + t22% + -+ € Haw ® C[2].

Remark 1.1. Let p € H*(X33) be the hyperplane class. Denote the degree-2 part of ¢y by
t2p. We can take t2p out of the bracket by repeatedly applying the divisor equation (see [2] for
example). Then Q and t3p always appear together in the form Qe't. So we can set Q = 1, and

denote e'd by v without losing any information. This is a standard procedure, see [16].

1.2 Fan—Jarvis—Ruan—Witten theory

Fan—Jarvis—Ruan-Witten (FJRW) theory was introduced in the series of papers [23, 24, 25,
26]. In this section, we focus on a version of FJRW theory defined by Clader [13].
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1.2.1 Input data

Let Wi, ..., W, be a collection of degree-d quasihomogeneous polynomials in the variables
x1,...,oy, Where x; has weight w;. The weights wy,...,wy are coprime. We require the
nondegenerate condition be satisfied, i.e. the forms dW, ..., dW, are linearly independent at
the common 0-locus of the polynomials W;, except at the point z; = -+ = xy = 0. Then the
equation

Wi=.---=W,=0
defines a complete intersection X, 4 in the weighted projective stack P(wy,...,wy). The
weights wy, ..., wy satisfy the Calabi-Yau condition
N

By the adjunction formula, X, 4 is Calabi-Yau in the sense that its canonical sheaf is trivial.

1111

We further require the Gorenstein condition be satisfied:

Clader defined a enumerative theory for above data in [13]. We are particularly interested

in thecase N =6,r=2, wy =---=wg=1,d = 3.

1.2.2 Moduli space

Definition 1.2. [13] A genus-g n-pointed degree-f Landau-Ginzburg stable map (over a
scheme S) is given by the following objects.

L——(C,%,...,5,) =P,
together with an isomorphism
Y2 £®d % Wiog,C ® f*O(—l),

where
1. (C,%4q,...,%,) is a twisted genus-g n-pointed curve;

2. f is a morphism whose induced map between coarse moduli spaces is a genus-g n-pointed

stable map of degree [3;

3. L is a representable orbifold line bundle on C and ¢ is an isomorphism of line bundles.
(L is representable means for any p € C, the representation p,: G, — C* given by the
action of isotropy group on the fiber of £ is faithful.)
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The morphism between two Landau—Ginzburg stable maps is defined in an obvious way.
These objects forms a category. In [13], Clader proves that it can be represented by a proper
1
Deligne-Munford stack Mg (P™', 3).

We have a natural decomposition

mgﬁaTZ(]P)T_l’ /8) - ME (ml,...,mn)<Pr_17 ﬁ)?

-----

point is m; (see §0.2).

__1
Definition 1.3. A component M;(

(M1, Mn

)(]P””_l, ) is called narrow if all of the line bundles

Lo LPN have nonzero multiplicities at all marked points.

Using the cosection technique developed in [34, 7, 8], a virtual fundamental class is defined

on each narrow component in [13]. In particular, in genus zero, under the Gorenstein condition
w;ld, V1 <j <N, (1.6)

the virtual fundamental class is easy to define. Let

1 _ 1 .
T2 Col oy B 8) = M (P )
_1
be the universal curve and 7 be the universal line bundle over C((i(mh...,mn)(PT—l’ ). Let

P ﬂg( IPT_I, 6) — MO,TZ(IP)T_Ia 6)

ml,...,mn)<
be the morphism defined by forgetting £. The virtual fundamental class of the narrow compo-
nent m&(mlmmn)@“l, ) can be defined by the following formula:
1 . -
M P B = crop (R (T @ - @ TN)) N p" [Mon(P™ 1, 8)]. (L7)

Remark 1.4. We can take the top Chern class of R'm, (7%t & --- & T®YN) because it is a

m1:~~~7mn)<

vector bundle. To see this, we show that the bundles L& have no nonzero global sections for
L in Definition 1.2. Let p: C, — C, be the morphism between be a geometric C, fiber of C in
Definition 1.2 and its coarse moduli space C,. Let Z be an irreducible component C,. Then

we have the following formula:

P L) = Wi 0, ® [TO(=1) @ O(=m; ), (1.8)

where z; are special points (marked points and nodes) on Z and m; ; is the multiplicity of £%*:
at x;. Since we are working on the narrow components, the multiplicities at marked points
are all nonzero. Thus the degree of the right-hand side of (1.8) is less than the number of
points where Z meets the rest of the C, minus 1. From this we can show that the sections of
P« (L")

global sections.

®d/w; : . ,
Z /i must be zero on each components inductively; therefore £%%i have no nonzero
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1.2.3 State space

In order to describe the state space of FJRW theory, we define a new polynomial
Wo=pWi+--+pW,.
This is a polynomial on
V =CV x C" =SpecClzy,...,2N,D1, -, Prl;

it is invariant under the C* action with weights (wy, ..., wy, —d, ..., —d). Then we can regard

W as a function on the GIT quotient
X_ = [V, C].

(See Example 0.11 for details, where we take dy = --- =d, = d.)
The state space of the FJRW theory is defined to be the Chen—Ruan cohomology of X _

relative to a generic fiber of W, with an additional shift —2r in degree; i.e.

HEg™ (X, W)

Case of interest

We are particularly interested in the case N =6, r =2, w; =--- = wg = 1, d = 3. In this
case,

X_=[C° x (C*\{0})/C"].
This is the total space of the vector bundle
O(—1)%°
over the weighted projective space P(3,3). The state space in this case can be computed as
HEN(X_, Wi (1) = H4(X_, W (1) @ H(P(3,3)) @ H*(P(3,3)).

The subspace H*(P(3,3)) & H***(P(3,3) is called the narrow part of the FJRW state space.
We denote it by Hpjrw. It is the analogue of the ambient part of the GW state space. Let
H® and H® be the hyperplane classes in the first and second P(3,3), then we can write

Herw = H*(P(3,3)) ® H*4(P(3,3)) = C1W ¢ CHY ¢ C1® ¢ CH?. (1.9)

Remark 1.5. We will discuss the relation between the state spaces of GW theory and FJRW
theory in §1.3.1.
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1.2.4 Correlators

For ¢1,..., ¢, € Hrpjrw, we want to define the FJRW correators

L Y T Y R TR
In order to define them in a similar way to equation (1.3), we need to define the maps

evi: Hygrw — H*(M2, (P, B)).
We can do this in two equivalent ways. For simplicity, we focus on the case of interest, i.e.
N=6,r=2,wy=---=wsg=1,d=3.

1. The log-canonical sheaf is trivial when restricted to the ith marked point ¥;. Then, by
Definition 1.2, the restriction of the line bundle £ to 3; satisfies

LI = ;ro(-1).

This datum is equivalent to a morphism from ¥; to the weighted projective space P(3, 3).

It induces a morphism
1 _
evi: M2, (P!, 8) — IP(3,3),

where I'P(3,3) is the rigidified inertia stack of P(3,3) (see [1]). The cohomology group
H*(IP(3,3)) is isomorphic to the Chen-Ruan cohomology of IP(3,3), which is
H*(P(3,3)) @ H**(P(3,3)) ® H**3(P(3,3)). (1.10)
We identify
Hegrw = H*(P(3,3)) ® H(P(3,3))

with the second and third direct summands of (1.10); then the map
ev; : Hpjpw — H*(m;n(ﬂ”l, 3))

is defined.

2. The map ev] can be defined in a more direct way. Let ¢ be an element of the kth direct

summand of
Hpyrw = H*(P(3,3)) & H(P(3,3)),

where k € {1,2}; we regard k as an element of Zj.

_ 1 1
Let M7, (P!, 3) be the component of Mg, (P!, 3) in which the multiplicity of £ at

the ith marked point is k. Let

1
ev: MZ, . (P',3) — P!
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be the evaluation map defined by passing through the forgetful morphism

p: Mi 4 (BY B) = My (B 5).
We regard ¢ as an element of H*(P') after identifying H*(P(3,3)) with H*(P!). Then
we define the class
evi(¢) := ev'(9).
This is a class in H* (ﬂg%,n(]P’l, B)) supported on the component ./\/lgm _.(PL.3).

For ¢1,...,¢, € Hpjrw, the genus-0 FJRW correlators for the case of interest are defined by

the following formula:

n
DU U G )Y =3 [ uop (R (TN T (0% ev7 6).
< 1 1 1 >O7 B o+ (Mo.n (PL,8)] top (( ) 51;[1
(1.11)
Remark 1.6. The classes ¢1, ..., ¢, are taken from Hgjrw; from the second description of the

map ev;, the product
n
[ evio.
s=1

1
is supported on the narrow components of M ;vn(IP’l, B). Recall that the virtual fundamental

class (1.7) is only defined on the narrow components.

Remark 1.7. The factor 3 in (1.11) is the multiplicative inverse of the degree of the forgetful
morphism

02 M (B 5) = Mo (P, 5)

.....

) (B'; B) is not empty.

-----

Similarly to equation (1.5), we define the genus-0 generating function for the FJRW theory:

Flinn(®) = 3 S (t(wn). . b)) Y (112)

n,d

where t =ty + t12 + t22%2 + -+ € Haw ® C[z].

1.3 Relate GW theory and FJRW theory via GIT

In this section, we show that the FJRW theory introduced in §1.2 is related to the GW
theory of Xy
X

4 via the variation of GIT stability condition in Example 0.11. Recall that

,,,,,

Wy=-=W,=0

in the weighted projective stack P(wy,...,wy) as in §1.2.1.
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1.3.1 Relate the state spaces

We start by showing the above two theories have isomorphic state spaces, i.e.

HEg? (X, WH(1)) = Heg(Xa,..oa)- (1.13)

77777

This can be understood as a result of the variation of GIT stability condition in Example 0.11.

In fact, the polynomial
W:plwl ++err

can also be regarded as a function on
X, =[(CM\{o}) x C7/C.
We have an isomorphism of graded vector spaces

HER™ (Xo, WH(1)) = Heg(Xa,..a)- (1.14)

77777

We prove (1.14) for the case of interest (a complete proof can be found in [10]). In this case
X, is the total space of O(—3)%? over P%; both X, and X33 are smooth schemes so their
Chen—Ruan cohomology groups are just their singular cohomology groups. The isomorphism

(1.14) can be deduced from two successive isomorphisms
H 4 X, W 1) =2 B Y(P°, P\ X33) & H*(X33), (1.15)

where the first isomorphism comes from retraction, the second isomorphism is the Thom iso-

morphism. Then (1.13) is a consequence of the isomorphism
Heg (X1, WA (1)) & Heg (X, W(1)). (1.16)
The equation (1.16) is proven in [10]; it follows from its nonrelative version
Hin(Xy) = Hig(X_). (1.17)
In the case of interest, a direct computation shows that
Heg (X4 ) = H*(P5)

and
H(*}R(X—) = HER(P(& 3)) = H*(P<37 3)) D H*+4(P(37 3)) S H*+8(P(37 3))

are isomorphic as graded vector spaces.
We can also say that the ambient part Hgw and the narrow part Hpjrw are related by

the variation of GIT stability condition. In fact, they are the subspaces of compact type of
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respective entire state spaces in the sense of [14]. Since both X_ and X, are total space of
vector bundles, We denote the corresponding zero sections by X and X{". The subspaces of

compact type are defined to be the image of the morphisms
HER™ (Xg, X \XTP) — Heg” (Xy, WHH(D)) (1.18)

defined by restricting the relative cohomology classes.
We compute the subspaces of compact type for the cases of interest.

— The state space of the FJRW theory of case of interest is
HERH(Xo, W) = HH(X-, W (1)) @ H™(P(3,3)) @ H(P(3,3)).
The morphism
HERH(Xo, XAA\XDP) — HER (X-, (1))

are isomorphisms when restricted to the last two direct summands. It is shown in [10]
that HEg(X_,W~Y(1)) = 0 if k # 7. So it is a zero morphism when restricted on the

first direct summand. Therefore, the subspace of compact type is
H*(P(3,3)) @ H**(P(3,3)).

It coincides with the narrow part Hpjrw.

— We identify the state space of the GW theory of X33 with H&g* (X, W™1(1)) via equa-
tion (1.14). We can also identify H&g*(X,, X, \X{) with H*(P°) via Thom isomor-
phism. Then (1.18) induces a morphism

u: H*(P°) — H*(X33).

After tracking the Thom classes carefully, we can prove that u coincides with the re-
striction

75 H*(]P)E)) — H*(Xg,g).

Therefore, the subspace of compact type coincides with Hgw.

1.3.2 Relate the moduli space

.....

FJRW theory introduced in §1.2 can be obtained from this new theory by taking different GIT
stability conditions.
To define the new theory, we need some more input data of group actions in addition to

§1.2.1. Let G = C*, the first action we need is the G-action on the vector space

V =C" x C" = SpecClzy,...,2N,D1, -, Dr]
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as in Example (.11, with weights w; on the first N variables z;, and weight —d on the following

r variables:

Ao (@1 TN PL s pr) = (N2, AN Ay, AT,

Since wy, ..., wy are coprime, we can regard G as a subgroup of GL(V).
We introduce another C*-action. We denote this C* by C%. The group Cj acts on V' with

weight 0 on the first N variables, and weight 1 on the following r variables:

M- (xla'-->$N7p17"'apr) - (xlw"axNa,uplw"nupr)‘ (119)

We can also regard C%, as a subgroup of GL(V'). Let I be the subgroup of GL(V') generated

by G and C3. Then we have an isomorphism
I'=GCL =G x Cy.

Denote by £&: I' = G and (: I' — C* the first and second projections.
We need the concept of good lifts.

Definition 1.8. We say a I'-character fis a good lift of a G-character 0 if it is compatible with
the inclusion G < TI', and satisfies

Vs = Vi
Example 1.9. When we choose a positive G-character
01(\) = N
for £ > 0, we claim that the character of I' = G x Cj
01(\, p1) = AF
is a good lift of #;. Since VFS,Sél C V&, it is sufficient to check that the section of Lg’iwl
(T1,. .., XN DL, Pr) > 2t

is invariant under the I-action (see Eample 0.11).

When we choose a negative G-character
O3 (\) = A
for k < 0, we claim that the I'-character
Oa(A, ) = Nrpa (1.20)
is a good lift if d|k. Tt is sufficient to check that the section of Lz?;d

(l‘lw-'vaapla"wp?“) )_)pl_k

is invariant under the I'-action.
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Let Crit(W) denote the critical locus of the polynomial
W :plwl + o _'_err‘

The moduli space in the theory constructed in [26] is the moduli space of the following

objects.

Definition 1.10 ([26]). Let 6 be a good lift of A, an oco-stable, k-pointed, genus-g LG-quasimaps
to [Crit(W) JpG] consists the following data:
— A twisted, k-pointed curve (C, %4, ..., %) of genus g.
— A representable principal orbifold I'-bundle P: C — BT over C.
— A global section 0: C — P xr V.
— An isomorphism k: (,/P — Wiegc of principal C* bundles, where Wi is the principal
bundle associated to the line bundle wiggc-

such that the following conditions are satisfied:
1. The image of the induced map [o]: C — [V/T] lies within [(V, N Crit(W))/I'].

2. The line bundle wy,g e ® o*(N)€ is ample for all sufficiently large €, where N is the line
bundles over [V/T] determined by the I-character 6.

Remark 1.11. It is more natural to start from quasihomogeneous polynomials W1y, ..., W,
with different degrees di,...,d,. However, we do not have a well-defined enumerative theory
due to the lack of a good lift when we choose a negative character. In fact, when dy, ..., d, are

not all the same, we can not find the I'-character (1.20) as in Example 1.9.

Since I' = G x C%, and ( is just the second projection, giving a principal I bundle P is the

same as giving a line bundle £ such that P = L x Wiog,c- Then we can write
N or
PxrVE@L @ (wioge ® LO7)
i=1

Thus giving a section of P xr V is the same as giving sections s; € I'(C, L®") and t; €
D(C,wioge @ LY ) for 1 <i< Nand1<j<r.

In order to determine the semistable locus of the critical locus of W, we write

=1

According to the nondegeneracy condition, the critical locus of W is

{xlz::L'N:O}U{plzzprzwlzzwrzo}
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— When we choose a positive G-character, condition 1 in Definition 1.10 implies

and

Wl(slv"'7SN):'”:WT(Sla"'asN):O‘

In this case the above datum is equivalent to a stable map to the complete intersection
Xg,..da- The theory is only defined on the classes of compact type. It coincides with the
classic Gromov-Witten theory for Xy 4 restricted to the hyperplane section classes.

— When we choose a negative G-character, condition 1 in Definition 1.10 implies
r1=---=x5 =0.

In this case the above datum is equivalent to a map f: C — P"~! together with an iso-
morphism ¢: L2 2wy, ¢ @ f*O(—1). This coincides with the FJRW theory constructed
in §1.2.

1.4 Givental’s formalism and computation of /-functions

In this section, we explain how the genus-0 GW/FJRW theory introduced above can be
encoded by a Hgw /rjrw valued function Igw,pjrw. This is a standard procedure in GW
theory (see [28] for example); the argument for FJRW theory can be found in [13].

The following construction works for both GW and FJRW theories. In this section, this
construction is applied to the the following four special cases:

— the GW theory of X33 restricted to the ambient part;

— the GW theory of P®;

— the FJRW theory of the case of interest (restricted to the narrow part) introduced in

§1.2;

— the GW theory of P!

Let H be the state space of one of the above theories. Introduce the vector space of infinite

dimension

H=HaC(z"))
of H-valued Laurent series in 2~1. We define a symplectic form on H by
Q(f7 g) = ReSZ:O (f(_Z)7 g(Z)) )
where (-, ) is the Poincaré paring on H. In this way #H is decomposed as

H=H  DH_,



38 CHAPTER 1. ENUMERATIVE THEORIES

with H, = HQC[z] and H_ = 2 ' HRC[[z!]]. Then H can be regarded as the total cotangent

space of H.. An element of H can be expressed in Darboux coordinates {q, p. s} as

S qroar +> pipd’(—2) 7,
¢ B

k>0 1>0

where {¢,} is a bass for H and {¢”} is its dual bass under Poincaré duality. Set

7= G ba";
k>0
we regard the genus-0 generating function F° (see (1.5), (1.12), F° of the GW theories of P*
and P° can be defined in the same way) as a function on H. after a dilaton shift relating g and
tin Hy = H®Clz]. In the GW case, the dilaton shift is

q=t—1z,
where 1 denotes the constant function in H°; in the FJRW case, the dilaton shift is
q=1-— ]l(l)z,

where 1) denotes the constant function from the first summand of the state space (see (1.9)).

In this way, the genus-0 theory is encoded by a Lagrangian cone
L={(p.q):p=dF'} CT"H, = H.
At every point f € L, the tangent space Ty L satisfies Givental’s geometric condition [17, 13]
2T L =LNTL.
Therefore L is ruled by a family of subspaces
{zT": T is a tangent space to L}.

Let the J-function J be the H-valued function of 7 € H defined by

d
J(T,—Z):—Z+T+Zm<7',...,7',(ba> € —2+T1T+H_,
: 0.n+1,d

nde —Z = Ynt

where ¢, ranges over a basis for H with dual basis ¢%, and _Z_"ﬁ;}‘ ” should be expanded as

Laurent series in z, 7.e.

jsa :¢a.<_1+¢n+1_w121+1+.“>.

z 22 23

The J-function can be interpreted as the intersection of £ with the hyperplane {—z+7+H_}.
According to [17], the partial derivatives of J(7, —z) in directions in H generate the tangent

space 1'j(-_.)L; also, the cone L is ruled by the family of subspaces
{ZTJ(T,,Z)ﬁi T € H}

In this sense, the J-function J(7, —z) determines the cone L.
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Twisted theory

The genus-0 GW theory of P® well-known. We can compute the genus-0 GW theory for
X3 3 via its relation to the genus-0 GW theory of P5 (see (1.4)). Similarly, we can compute the
FJRW theory of the case of interest via its relation to the genus-0 GW theory of P! and (see
(1.11)).

Recall that in §1.1 the correlators of genus-0 GW theory for X3 5 restricted to the ambient

part can be written as

(B, Gt Gty = | e (720" 0 @) ) [T (2 o3 60),
(1.21)
where 7: Co,,(P°,d) — Mo,(P5, d) is the universal curve, and ev: Cy,(P% d) — P5 is the
evaluation map.

We can define a new theory by replacing the top Chern class in (1.21) with any multiplicative
characteristic class. In particular, if we replace the top Chern class with trivial characteristic
class, which is identical 1, we obtain the Gromov-Witten theory of P°.

By applying Grothendieck-Riemann-Roth formula to 7: Cg,(P°, d) — M ,(P?, d), we com-
pute the Chern characters of 7, ev* Ops(3) and find a modification Igw of the J-function of the
GW theory of P°, which lies on the Lagrangian cone of the GW theory of X33! Similar to the
J function, due to Givental’s geometric condition, the function Igw also determines the whole

Lagrangian cone of the GW theory of Xj 3 restricted to the ambient part.

Remark 1.12. In fact we need to work via the equivariant cohomology. We take the mul-
tiplicative characteristic class to be the equivariant top Chern class and take nonequivariant
limit at last. See [17] for details.

The same story happens for the genus-0 FJRW theory of the case of interest. In fact, its

correlators can be written as

an—1 an \FJRW EBG . a
""7 n— n—1- ’I’Lnn n :3/7 Co Tr*T ‘SeV s
(P19 Gr1¥n" " Py Vo' e (( ) I Ps)-

s=1

(1.22)

If we replace the top Chern class with trivial characteristic class, we get the GW theory of P!
essentially (the factor 3 is canceled since it is the inverse of the degree of p, see Remark 1.7).
Then we can find a modification Ipjgrw of the J-function of the GW theory of P'. The whole
Lagrangian cone of the FJRW theory of the case of interest is determined by Igjrw-.
Furthermore, in the both genus-0 GW theory of X33 and the genus-0 FJRW of the case of

interest, the I-function is determined by its restriction to the degree-2 part of the state space
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H. This is because in these two cases, the corrector

<¢1 (1117 BRI ¢n—1¢gi_lla ¢n¢zn>0,n,d

vanishes unless

Zdegqﬁi —|—22ai =2n
i=1 i=1

for the degree reason. By applying string equation and dilaton equation repeatedly (see [2]),

we can show that all the correctors can be deduced from the correctors of the form

<¢17 s 7¢n—17 ¢n>0,n,d

where ¢, ..., ¢, come from the degree-2 part of the state space. In this way all information of
these two theories is encoded by their /-functions restricted to the degree-2 part of their state
space.

For the GW theory of X3 3 restricted to the ambient part, the /-function Igw was computed
in [19]:

2
B n(3p+b
Iow(tp, z) = ze= > e™ (Mo<ssn(3p 2)2
n20 (H0<b§n(p + bz))

where p € Hgw is the hyperplane class. We can regard it as a function of v = e’ and set Q = 1

Y

(see Remark 1.1), then we rewrite

2
Tew(v,2) = 208 3" o7 (H0<b§3n(3p + bZ))
GW\ U, - #

— (1.23)
n>0 (Ho<bgn (p+ bz))

This is a multivalued function in v taking values in Hgw. It is analytic on |v] < 375.

For the FJRW theory of the case of interest, the I-function Igpjrw was computed in [13]:

(H(d-H) + bz)6

(A1)t LD 0<b<d
ze = b=d+1 mod 3 (d+1) Hd
Ipgrw (tHW, 2) = 1 Q"
tHD.2) = 3 ey I (B +52)?
dZ—1 mod 3 0<b<d

where HW € Hypjpw, H® = H®* mod3) if b > 3 We can regard it as a function of u = ! and

set (Q = 1, then we rewrite

(H(d+1) + b2)°

dp1+EED o<b<d

_ 2uU Z p=d+1 mod 3 (d+1) (1.24)
Tesrw (u, 2) = I '
dZ—1 mod 3 0<b<d

This is a multivalued function in u taking values in Hpjrw. It is analytic on |u| < 32.



1.5. PICARD-FUCHS EQUATION 41

1.5 Picard—Fuchs equation
Let V) be given in P° by

Q1 = $£1; + ZL'% + I’g — 3\zyx506 = 0
Qs = xi + arg + xg — 3Az1x923 = 0

2kmi

This is a Calabi-Yau complete intersection of dimension 3 for A € C\{0,e"s ,k=0,1,...,5}.
Let Gg be a group with elements of form g, g s, Where o, 3,0,€ € Zs, i € Zg, and 3 =
a+ B =03 +¢e mod 3. The action of Gg; on P% is given by

5 = e _
Ga,B,6,e,u (%1, X2, T3, Ty, Ts, xﬁ) = (C?Cg'rlv C??ng% Csl;x?n C9 <9 #1'4, CS ECQ 'ux57 49 M'xf})’

where ¢, = e, Note that Vj is preserved by the Gyg; action. In [37], Libgober deduce the
Picard-Fuchs equation of the family [V3/Gg;]. Under the change of variable v = 375A7¢ and

set

0=yt
Vv

the Picard—Fuchs equation is

<@4—3% (@+§>2 <@+§)2> F=0. (1.25)

Clader showed in [13] that Igw (v, z) satisfies equation (1.25); moreover, Irjrw(u, z) satisfies

equation (1.25) after a change of variables v = u™3.

Since equation (1.25) is a degree-4 dif-
ferential equation, and Igw, Ipjrw are vector valued functions taking values in 4-dimensional

vector spaces, Clader deduced the following result.

Theorem 1.13 (Clader [13]). There is a C[z, 27 |-valued degree-preserving linear transforma-

tion mapping Ipyrw to the analytic continuation of Iqw.

Clader only showed the existence of such linear map. In the next section, we will simplify
the I-functions, and get a family of explicit C-valued linear maps relating the simplified I-
functions by a different method. This will allow us to relate these linear maps to equivalences

of certain categories in §4.






Chapter 2
Analytic continuation

In this chapter, we introduce the $-functions, which are constant linear transform of the
I-functions. Then we compute the analytic continuation of Hgw and compare it with Hpjrw.
In this way we find a linear map

U: Hrjrw — Haw,

which identifies $Hrjrw with the analytic continuation $Haw-

2.1 Gradings on the state spaces

To define the $H-functions, we need two different gradings on the state spaces Hpjrw and

Haow.
The first grading Gr is the standard grading inherited from the Chen-Ruan cohomology
groups in (1.13). More precisely, the standard grading Gr on Hyjrw is given by

Cr(1W) = 0,Gr(HW) = 2,Gr(1?) = 4, Gr(H?) = 6;
the standard grading Gr on Hgw is given by
Gr(p") = 2n.

The second grading deg, is called bare degree in [9]. Tt is the degree without age-shift in the
definition of Chen-Ruan cohomology (see §0.4). The bare degree deg, on Hgjrw is given by

degy(1W) = deg,(1?) = —4, degy(HY) = deg,(H?) = —2;
the bare degree deg, on Hgw is given by
degy(p") = 2n.

Remark 2.1. The bare degree on Hgw agrees with the standard grading since X3 3 is a smooth

scheme and the age-shift number is zero.
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2.2 The $H-functions

We introduce the $-functions as in [9]. In both GW theory and FJRW theory, the $-function
is defined by the formula

[=2% <F (2m)d§053) , (2.1)

where I, Gr and deg,, are the /-function, standard grading and bare degree in the corresponding
theory; I' is a chosen class in the corresponding state space. The notation (2m’)de% represents

the linear endomorphism of the state space given by

egp (o)
a (27Ti)d 2

The notation 2~ is defined similarly.

2.2.1 Computation of Hgw

The class I'gw is chosen to be the Gamma class (see §0.4) of the tangent bundle of X3 3.

Using the exact sequence
0 — i*Ops (—3)%* = i"Qps — Qx,, — 0
and the Euler sequence
0— Q[pﬁ — OPS(—I)@G — 0[@:5 — 0,

we get
S I'(1+p)s
T +3p)

We rewrite (1.23) as

oo D2+ 1)T(22 4+ 3n + 1)2
] +n z
owl(v:2) = 2 Nt 1)

Then we have

_Gr T(p+1)° T(3p+3n+1)>
Iow(v,2) =22 ZpPt"
aw(v, 2) 2 Ty 1 Tt

(3L +3n+1)? 22
Gr ego P Py

— Z F 27TZ zZv 27rz+n 2mi

(cw ( dg} r(;jri+n+1)6>

Compare (2.2) with (2.1), we have

['(3:% +3n+1)°

_b_ +n
v, Z 2V 27
Haw(v,2) = 2 T(Z +n+ 1)0

n>0

(2.3)

21
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2.2.2 Computation of Hpjrw

The class I'pjrw is chosen to be the narrow part of the Gamma class of the tangent bundle
of X_, which is
1 H®

6
r(1+HY)10 41 (= -
) ras o (-

2 HO

Irjrw =T <3 —

6
) 1+ H®)21®, (2.4)

Remark 2.2. Note that there is a sign issue; see Remark 0.12. In fact, although we can
identify X_ with total space of O(—1)%5 over P(3,3), there is a change of sign. Under this
identification, the line bundle O(—1) over P(3,3) has eigenvalue e instead of e'5* with respect

to the stabilizer ¢35 € C*.

We can rewrite (1.24) as

g(d+1)

HAD g, 1y6 HHD 2
Irgrw(u, 2) =2 Z At — 6 I'( 52 tat §) I'( FR 1) 1(@d+1)
’ )

i PO+ (5) + TS +d + 17
d#—-1 mod 3

(1) (1)
—z § : ud—‘rl—i—# F(%z + g + %)6F(HZ + 1)2]1(1)
1 1
020 P57+ 5) T (7 +d +1)2

(2.5)

H® | 4 | 2\6p(H®? 2
I 2T el 3) (E)(7 1%
d>0 F(h;,z + %)GHHT +d+ 1>2

By (2.1) we have

)~ 5O (1 + 5
iy emiln ) = ¥ w i L

) @)
DG+ 55T -

271
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2.3 Linear maps relating the $H-functions

We can regard $gw as a function of logv by writing v as e'°8?

. Then $Hgw is analytic on
R(logv) < —61log3. In the same way we can regard Hrjrw as a function of log u. Then Hgjrw
is analytic on R(logv) > —61log3 after a change of variable logv = —3logu. We can extend
$How analytically to the right side of the line ®(logv) = —61log 3 along a path passing through
the window w; as in figure 2.1, and compare it with $Hpjrw. In fact, they are related by the

following linear maps.
|
|
(‘5 2(1 + 1)mi
|
|
2l

HNaw window w; HrIRW

2(1 — 1)mi

—6log3

Figure 2.1 — The (logv)-plane.

Definition 2.3. For each [ € Z, the linear map U;: Hryjrw — Hgw is defined by

L) 1 (gen™
e 91—§6P+9(1—Cep)2
(1) 1 (Cep)l
HY = 2
N o o4 (2.7)
]1(2)'_>£ (C%eP) n (C%e?)

1
91— (2P '~ 9(1 — (2ep)?
L ()
H? - > "/
31— CPer

27
where ( =e75 .

Remark 2.4. The right-hand side of (2.7) should be understood as elements of Hgw in the
following way. We regard p as a small complex number and expand the right-hand side of (2.7)
at p = 0. Then we set p” = 0 for n > 4. Or equivalently, we only take the first four terms in
the Taylor expansion. The remaining part is a linear combination of 1, p, p? and p3; it can be

regarded as an element of Hgw.
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Theorem 2.5. For every | € Z, U;(Hrjrw (u, 2)) coincides with the analytic continuation of

Haw(v, 2) along a path passing through the window w; after the change of variable
logv = —3log u.

Remark 2.6. We can write down the explicit linear map in Theorem 1.13 if we recover the

I-functions from the $)-functions by (2.1).

Remark 2.7. We regard e? as complex number in the unit disk. By using

Loy 2410
= r+x +r7+ ...,
1—=x

=14+2z+32°+...,

(1—x)?
and adding formal elements 1(®) and H®) we can rewrite (2.7) as

! I !
[+1 (+1)¢ (I+1)¢?
[+2 (1+2)¢ (1+2) | [1
(1@ 10 1<2>)H;ep’ (1 e e e )|l+3 1+3  1+3 ¢t
l+4 (1+4)¢ (I+4)¢ <
I+5 (I+5)* (I+5)

C2

I

(HO HO HE) o (1o e o)
¢ §2 Czl

—_ = = e =

(2.8)

When we regard the right-hand side of (2.7) as functions of a complex number p, the two

expressions (2.7) and (2.8) coincide in the region
Q={peC: || <1}

The origin p = 0 of the complex plane is contained in the closure of 2; the right hand side of
(2.7) are locally bounded near p = 0. This allows us to take the Taylor expansion of the right-
hand side of (2.8) (except the image of 1) and H(®) at p = 0 and regard them as elements of
Hgw (see Remark 2.4).
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Note that the above argument does not work for the formally added elements 1(® and H©.
This does not matter because they are formal and will always produce 0-terms in practice (see

the proof of Proposition 4.7 for example).

Proof of Theorem 2.5. For | € Z, consider the function

(3% +3s+ 1)? T o~ (21-D)mis
I(:E +s+1)8  sin(ms) '

271

Fi(s) = zeldto)loso

(2.9)

The poles of Fi(s) are of the forms
s=kel

or

3L 13541=-dez, d=0,1 mod 3.
271

They are represented by the black dots in figure 2.2. Consider the contour integral [, F(s)ds

Figure 2.2 — The s-plane.

along the path of figure 2.2. According to Lemma 3.3 in [30], the integral is absolutely conver-

gent (and defines an analytic function of v) if
|S(logv) — (21 — 17| < 7.

Moreover, the integral is equal to the sum of of the residues on the right of the contour for
R(logv) < —6log3, and to the opposite of the sum of the residues on the left of the contour
for R(logv) > —61log 3.

Near the poles s = k € Z we have
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therefore

['(35% +3n+1)°
(& +n+1)5

= Z Ress—y, Fi(s)ds (2.10)

n>0

= /CFl(s)ds

for R(logv) < —6log3. Then the opposite of the sum of the residues on the left of the contour

p
Haw (v, 2) sz it

n>0 21

gives the analytic continuation of gw along a path passing through the windows wj.
In order to compute the residues, we introduce v, the logarithmic derivative of the gamma

function. It is often called the digamma function, and defined by

v(z) = log(N() =

Near the nonpositive integer —k we have the Laurent expansion

I(z) = (_k}!) (if@z)(z{;ﬂ)) L O(z+k). (2.11)

Thus for a negative integer poles s =n < 0,

» . 1'(3
Ress—p, Fi(s)ds = zv2mi " I(‘(ZM

+3n+1)>
+n+1)5

2711

since
4| T35 +3n+1)°

I'(E+n+1)5

27
and p* =0 in Haow.

The other poles of Fi(s)ds are of the form 352 + 35+ 1= —d ford > 0, d = 0,1 mod 3.
+ £+ 1, we

We calculate the residue at these poles. Near s = —52 — & — 2, set s = As + 52

have

F(s) S ( + (logv)As + O((As)2))
1 1 2(d+1) 1

1
1
@y (9 At T AT 0(1)>

d 1 P d 1
n %)7? (— sm(ﬁ t3+ 3)7T — WCOS(? t3 3)7TA3 - O((As)2)>

(2.12)
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)6 <ep+<g+g>zm~)l

)2 ept(§+3)2mi _ |

; (w(;l +3) = 20(d+ )+2w<—§ + 2) - w( +3) - ;logv>

AN .
O ~

)
)2 epH(§+3)2mi _ q
)
)

(2.13)

We used

and

Then we get the analytic continuation of $Hgw along a path passing through the windows wy,
which is

> - ResS:_L_g_% 1(s)

d>0
d#Z—1 mod 3

6 2mi\ !
V3 T(E+ 1) (F)
[(d+1)2 1 — ert3

d>0

d=0 mod 3
1 d 1 2 1 1
3 (2005 + ) - 200 1)+ 203) - 20(5) - 1080 1)
i o (VB T Ly
+ d%:o 207575 (2mi)? (27r> ﬁ
d=0 mod 3
( +m ) <6P+%)l+l

1
1 —e”+m EN (1 _€p+2§’)2 9
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g (VB) T3S ()
+ ;} VAV ( 7”) g F(d+ 1)2 1— €p+%
d=1 mod 3
1 d 1 1 2 1
3 (206G + - 20 14 2005) - 206) - 10w
any o (VBY'T(E 4 )
3 3 2 _ —9 97
bx artieny (R 1A

d=1 mod 3

4mi\ L amin I+1

Ami mi\ 2
1—erts 9 (1 _ ep+%)
where we used

) d=0 mod 3

:
+§)—"¢(*+*): )—¥(3) d=1 mod 3.

d
w(—g

ﬁFJRw(U, Z) =z Z U,d+1 . (27TZ)2 . <
d>0
d=0 mod 3

d+1 . ’ §+ %)6
+2z dgﬂ u™l L omi . (27T> SR
d=0 mod 3
d 1 2 1
: <2¢(3 + §> —2p(d+1) + 2¢(§) — 2¢(§) + logu> H®

6

3\ T
Y ud+1.(2m)2.<f> LE+35)°
50 2T
d=1 mod 3

(2.15)

6 ~/d
3 a
d+l  9mi . £ -3 '3/
+2 ;} u mi- | 5o T(d
d=1 mod 3

1

: (w(g - g) —2p(d+ 1) + w(;) — w(g) + log u> H®.

We complete the proof by comparing (2.14) with (2.15). Indeed, we can obtain (2.14) by
replacing 1V, 1) H®) and H® in (2.15) with their image under U; in Definition 2.3. O






Chapter 3
Orlov-type functors

In this chapter, we introduce the categories of graded matrix factorizations. We introduce
two functors from “grade restriction rule”. An equivalent functor between the derived category
of graded matrix factorizations and the derived category of X33 is defined as a generalization

of Orlov functor.

3.1 Graded matrix factorizations

Definition 3.1. A Landau-Ginzburg (LG) model is the datum of a stack X with a Cj-action,
together with a regular function F' on X, where —1 € Cj acts trivially on X, and F' has
Ch-weight 2, d.e. for all A € C}; and x € X, we have

F(\-z) = \F(x).
Example 3.2. As in the Example 0.11, we consider a vector space
V = C® = Spec|w1, ..., x¢, p1, D2
with a C*-action of weights (1,1,1,1,1,1,—3,—3), then there are two different GIT quotients:
X = [(CP\{0}) x C*/C"] = Ops(—3)**

and

X_ = [C° x (C\{0})/C’] = Ops3(—1)*".

We define a C}-action on V' with weights (0,0,0,0,0,0,2,2), then it induces the C}-action on
both X, and X_. Let W; and W5 be two homogeneous polynomials of degree 3 as in §1.2.1,
then the function W := pyW; + poW5 on V is invariant under C*, thus we can regard W as a
function on X, and X_. We get two LG models (X_, W) and (X, W) in this way.
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Remark 3.3. The Cj-action defined above is different from the one define by (1.19) in §1.3.
However, the images of C}, in GL(V') induced by these two actions are the same. These two

actions are equivalent in the sense that the theory defined in §1.3 only depends on the groups

I" and G.

Definition 3.4. A graded matriz factorization on a LG model (X, F') is a finite rank vector
bundle E, equivariant with respect to C}, equipped with an endomorphism dp of Cj,-degree 1,

i.e. for all A € Cj, and all points (z,v) in the total space of E, we have
AN\ - (z,v)) = X - de((z,v)),
where the A on the left-hand side is a scalar multiplication. We also require dp satisfy
da=F-1dg.
We call E the underlying vector bundle of the graded matrix factorization.

A dg-category MFCr(X, F) is constructed by Segal [41] and Shipman[42]. Its objects are
graded matrix factorizations over (X, F'). We define DMF®®(X, F') to be the homotopy category
of MFCk(X, F), which is a trianglated category.

Now we describe how DMFC®(X, F') naturally possess the structure of a triangulated cate-
gory. The shift functor on DMF®%(X, F) is given by

(E,d)[1] = (E® O[1], —d ® 1d),

where O[1] is the trivial line bundle endowed with a Cj-action of weight 1 on fiber direction.

Let f: Ey — E3 be a Ch-equivariant morphism that intertwines the differentials, then we define

dq
cone(f: By — Ey) = Cf = (El[l] @ Es, ( ]El] (Z)) .

the cone by

A distinguished triangle is a triangle isomorphic to a triangle of the form
E1i>E2—>Cf—>E1[1]—>

Remark 3.5. If we replace the Ch-equivariant vector bundle in Definition 3.4 with a Cj-
equivariant quasicoherent sheaf, we get the an object called curved graded quasicoherent sheaf
in [42]. All of these objects form a trianglated category DQcoh®® (X, F)). Shipman [42] realizes
DMF®R(X ., W) as a full triangulated subcategory of DQcoh™r (X, W).
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3.2 Koszul matrix factorizations

Koszul matrix factorizations are important examples of on graded matrix factorizations
on (X4, W). Before describing these graded matrix factorizations, we need to introduce line
bundles over X..

Consider a C*-action over C®x (C*—{0}) x C with weights (1,1,1,1,1,1, —3, =3, k), together
with a Ch-action with weights (0,0,0,0,0,0,2,2,1), then [C® x (C* — {0}) x C/C*] is a Ck-
equivariant line bundle over X_. We denote this line bundle by O(k)[l]. We can define O(k)[l]
over X, in the same way.

Given a vector bundle F over X, we denote the vector bundle £ @ O(k)[l] by E(k)[l].
Given a matrix factorization M = (E,d) over (X4, W), we denote the matrix factorization
(E® O(k)[l], (—1)d ® Id) by M(k)[l].

Now we describe the Koszul matrix factorizations K_ and K over (X4, W).

The underlying Cj-equivariant vector bundle of the Koszul matrix factorization K_ is

A OM)[-1]%°. (3.1)
In order to describe its differential, we take
1
ij = 0., Wi
fi = 50,
then fi1,..., fig and fo1, ..., fog are homogeneous polynomials of degree 2 such that
Wi=xfuu+-+ x6fi6

and
Wy =21 fo1 + - + 6 fos-

Then Sgp 1= (123'1, N ,.’L’ﬁ) is a section of O(].)[O]@G, and Spf ‘= (plfll +p2f21, PN 7p1f16 +p2f26) is
a cosection of O(1)[—2]%%. Then the differential of K_ is given by

d_(=) =8z N (=) +sps V (=),

where A denote the wedge product and V denote the contraction.
Similarly, the underlying Cj-equivariant vector bundle of the other Koszul matrix factor-

ization K, is
A O(=3)[1]*, (3.2)

and the differential is given by

where s, := (p1,p2) and sy = (Wy, Wa).
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Remark 3.6. Note that K, = 0 in DMFr(X_, ). This happens because the complex

0 —= 0(0)[0] " O(=3)[1]** —"> O(~6)[2] —=0
is exact on X_ (see Lemma 3.15).
Similarly, we have KX_ = 0 in DMF®r (X, W).

Given a graded matrix factorization (£, d), if E can be written as direct sum of subbundles
and d can be written as sum of the zero extension of morphisms between those subbundles,
then we can represent (F, d) by a diagram whose vertices are the subbundles, and whose arrows

are morphisms between them. For example, we can represent K, by the diagram

SW Sw

0(0)[0] O(=3)[1]* O(=6)[2].

Sp Sp

Remark 3.7. Let A be a vector bundle over X, we define the graded matrix factorization
A® K, (q)[m] to be (A(q)[m] ® A* O(=3)[1]%2, (=1)™Id ®d. ), by an abuse of notation, it can
be represented by

Alg — 3)[m + 1]72 =¥

(=1)™sp —1)"sy

A(qg —6)[m + 2. (3.3)

The notation sy and s, can also be understood as morphisms with Cpx-weights different from

1; for example, the morphisms in the following diagram are also denoted by sy and s,

SW SW

A(q)li] A(q — 3)[5]*?

Sp Sp

A(q — 6)[k]

for arbitrary 4, j and k; they are the same morphisms as in (3.3) after forgetting the Cj-action
and the (—1)™ coming from sign convention. The notations s, and s, will be used in the same

way.

3.3 Grade restriction rule

For each t € Z, Segal [41] constructs an equivalent functor between the bounded derived
categories of coherent sheaves
®,: DP(X_) — D(X,)

and an equivalent functor between the derived categories of graded matrix factorizations
®,: DMFR(X_, W) — DMFR(X, W)

from “grade restriction rule”.
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Let X, denote the Artin stack [C® x C?/C*], where the group C* acts on C® x C? with
weights (1,1,1,1,1,1,—3,—-3). Both X, and X_ are open substacks of Xy. We denote by

T4 Xi—>X0

the inclusions. Let
G, C D"(Xy)
be the triangulated subcategory generated by the line bundles O(k) for t < k < t + 6. It is

proven in [41, 4] that both 7* and 7% restrict to give equivalences

DP(X_) & G, = DP(XY).
then for each t € Z, we have an equivalent functor
®,: D’(X_) — D(X,)

passing through G;.
For the derived categories of graded matrix factorizations, Segal [41] proves the following

theorem.

Theorem 3.8 (Segal [41]). There is a family of quasiequivalences
O MFR(X_ W) S MFR(X, W)

indexed by t € Z. When passing to homotopy category, we get a family of equivalences of

trianglated category
®,: DMF=(X_ W) = DMFCr(X,,W).

Similar to the derived category case, the functor ®; is constructed by passing through a

triangulated subcategory
G, C DMFCr(X,, W).

The construction of G, is slightly different from G, in the derived category of coherent sheaves
case since we can not regard the line bundles O(k)[l] as objects of DMF (X, W). Instead, G, is
the full triangulated subcategory of DMFC& (Xo, W) consisting of graded matrix factorizations
(E,d) where E is a direct sum of O(k)[l] for t < k <t + 6.

Given a graded matrix factorization (F, d) over (X_, W), we can find its image under Segal’s

functor ®; in two steps.

1. Find a graded matrix factorization (E’, d') which is isomorphic to (E, d) in DMF&(X_, W),
where E' is a direct sum of O(k)[l] for t < k <t + 6.
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2. Since O(k)[l] also stand for line bundles over X, we take @, ((E,d)) to be the graded
matrix factorization over (X, W) with the same direct summands and endomorphisms
as (F',d).

The interval [t,t + 6) is called a window. In order to apply Segal’s functor, we need to find
(E',d') in step 1 which fit the window. We explain the strategy in the next section.

3.4 Strategy to fit the window

We start by computing the image of an object £ € DP(X_) under the functor
®,: D’(X_) — D"(X,).

Since X_ is quasiprojective, we can represent £ by objects from the set {O(k),k € Z} after

shifting, taking direct sums and taking cones. Since over X_ we have an exact sequence
00— O(i 4 6) —> O(i + 3)%2 > O(i) — 0,
for k < t, we replace O(k) with the complex
0—> Ok +6) —2> O(k + 3)%2 —0 ;
for k >t + 6, we replace O(i) with the complex
0—=O(k—3)2 -0k —6) —=0.

After replacing objects not fitting the window [, t+6) repeatedly, we can represent £ by objects
from the set {O(k),t < k < t+ 6}. Then the object in D”(X) with the same representation
is the image of £ under D,.

Our strategy for the computation of the functor
®,: DMF“R(X_, W) = DMFR(X,, W)

is similar. Let (E,d) be a graded matrix factorization, we want to modify it to make it fit the
window [t,t + 6). If E has a direct summand O(k)®™ which does not fit the window, assume
k < t, we want to replace it by O(k + 6)®™ @& O(k + 3)%?™. If we can do this repeatedly,
then we can kill all direct summands not fitting the window, and finally get a graded matrix
factorization fitting the window.

However, the replacement is not as easy as in the derived category case. The following

lemma and proposition show when and how we can replace a direct summand.
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Definition 3.9. Let M be a graded matrix factorization over (X4, W), and A be a direct
summand of the underlying vector bundle of M. We say A is replaceable in M if M can be
represented by the diagram

P16} p+p207 B dpc+P1055+P205

dpA+p16k 4 +P20% 4 deB+p16Lg+p202 O deo+p16L e +pacte

such that

1. if we write A, B and C as direct sums of O(k)[{], then all morphisms d and § with some

indexes can be represented by matrices with entries in Clzy, ..., z¢];

2. the following equations hold
5,24135113.4 = 5%13512914 = 0.

Lemma 3.10. Assume A is replaceable in M as in definition 5.9. Then, with the notation sy

and s, in Remark 5.7, the diagram

sy
A(3)[-2]** A(6)[-3]
ow
—(dBa+P16k5 4 +P26% 4)0sp || —(6Y 5,04 ) Sy p0Be
dpc+p10gc+p20h
b ] 2 S
dop+p10cptp20cs doc+p1 8o +p203c

represents a graded matriz factorization over (X, W). We denote the new graded matriz

factorization by M\ A.

Proof. 1t is easy to check the morphisms in the diagram have Cj-weight 1. We need to prove

the square of sum of them equals to W - 1Id, i.e.

1. For each vertex, the sum of arrows going out composed with their reverse equals W - Id.
Because M and A ® K, (6)[—3] are graded matrix factorizations, this is true at the
vertices A(6)[—3] and C. Note that we have

(P104p + P20ap)(dpa + P1Opa + Padia) = PiWi + paWo;
since the sections pi, p2, 1, ..., xg are algebraically independent, we deduce
((511437 533) o (dpa +p15§A + p25%;A) = Sw.
It follows that the property holds at A(3)[—2]. At B, it follows from

Sp 0 (04p, 04p) = P10ag + P20ip.
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2. By composing two successive arrows, we get morphisms from one vertex to another.
If we fix a pair of different source and target, the sum of those morphisms should be
zero. The morphism from A(6)[—3] to B is zero because s, 05, = 0in A ® K (6)[—3].
Similarly the morphism froms A(3)[—2] to C, from B to C, and from C to B are zero.
Since M is a graded matrix factorization, we have

(dpc + p1dpe + p20pe)(den + p1dcs + p20tp) + (dpa + pidpa + P205a) (P104p + P204p)
=p1Wi + paWs
and
(p104p + P26ip)(dee + P1dpe + padpe) = 0.
Hence we have
sw o (Tap, 0ap) = —Wadhp + Widip
= —04pdpadap + 0apdpadip
= —045(W1 = dpedo — dpodep) + 64p(Wa — 0cdos — dpodp)
= Wydhgy — Widip — 264 5050dos.
So we get
sw o (Tap, 0ap) + 0apdpe(dos + pidep + padip)
=(=Wabdjp + Wid%4p + Sapdhedes) — P10apdpcdon + P2dapdpcden
=p105505A045 — P204p0Hadap = 0.
This proves that the sum of morphisms from B to A(6)[—3] is zero.
We also have
(645, 0%5) © (dpo + P1dpe + Padpe) + 5,0 45050
=(P10apdpc + P20apdne — P20apdhes P10aEOpe + P20ipdpc + P104pdEc)
=(0,0).
This proves that the sum morphisms from C' to A(3)[—2] is zero.
Finally, since
(dpc + P10pe + P205e) (doc + proee + p20ge) = 0,
we have
dap0pc(dec + proge + padic)
=04p0pcdoc — P8apdpcdce + P20apdncdtce
= — 0hpdpcdpe = 0.

This proves that the morphism from C' to A(6)[—3] is zero.
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]

Proposition 3.11. If A is replaceable in M, then there exists a morphism of graded matrix

factorization

fTM—=ARKL(6)]-2].
Moreover, the cone C is isomorphic to (M\A)[1] in DMF°r(X,, W).

Proof. The morphism between the underlying vector bundles A® B& C and A® A(3)[—1]%? &
A(6)[—2] is given by the matrix

Idy 0 0
0 (51143 ) 51243) 0
00 ke

We can check this is indeed a morphism of graded matrix factorization by the method used in

the proof of Lemma 3.10. The cone C of f is given by

Sp Sp

_ 1192 _
A== A@3)[-1 " A6)-2) (3.4)
Id 4 (51143#51243) _6114]36]230
A[l] —(p16% g+p26% 5) B[l] —(dBc+P185+p203-) C[l]
7(dBA+p15113A+p2623A) *(dC‘B‘i’plééB‘i’pQé%B) Q ,(dcc+p1§éc+p2(§%c)
We know that (M\A)[1] is given by
A(3)[-1]9? == A(6)[-2] (3.5)
(dBA"rpl&lBA'f‘pZ(sQBA)OSp (5}4B76i8) _5,14B52BC
—(dBc+p18L P22 )
B[l] BCTP1OgcTP20B¢ [1]
~(dontpGptr20es) Q —(dcc+p10gc+p2080)

We write the underlying vector bundles of (3.4) and (3.5) as direct sums
A(6)[-2] @ AB)[-1]** @ C[1] @ B[1] @ A A[l]

and
A(6)[—2] ® A(?;)[—l]6B2 ® C[1] @ BI1].

Under the order of direct summands above, we define a morphism of graded matrix factorization

F: Cp — (M\A)[]
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by the matrix

Id 0 0 0 0 0
0 Id 0 0 0 0
0 0 Id 0 0 0
0 0 0 Id dgs—+pidhy+p203, O
and we define
G: (M\A)[1] — C
by
Id 0 0 0
0 Id 0
0 Id 0
0 Id
0
0 —sp
We have
FoG = Idwnan
and
0 0 00 0 0
0 0 00 0 0
GoF:Idcf-I- 00U ! ’
0 0 0 0 dpa+pidhs+pbs, O
0 0 00 —1d 0
0 —s, 00 0 —1Id
Define
H:Cy— Cf
as
0000 0 0
0000 0 O
0000 0 O
0000 0 0
0000 0 0
0000 —Id O

Then, we have
GOF:IdCf+HOdCf+dCfOH,

which means G'o F' is homotopy to Idg,. Hence we get Cy = (M\A)[1] in DMF®r(X., W). O
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Corollary 3.12. In DMFr(X_, W), we have M = M\A. In this way we replace A by
A(6)[—3] ® A(3)[—2] as claimed in the beginning of this section.

Proof. In DMFR(X_, W), we have

SO

M =cone(f: M =+ A K,(6)[-2]) [-1] = M\A.

3.5 Orlov’s functor for complete intersection

Orolv [39] constructed a family of equivalences between a category of matrix factorization
and the derived category of a Calabi—Yau hypersurface in projective space. We want to gener-
alize it and get a family of equivalences between DMF®=(X_, W) and D"(Xs3). We can do it
by composing the family of Segal’s functors ¥; introduced in §3.3 with a functor constructed
by Shipman [42].

Let

p: Xy =Ops(=3)% — P°
be the bundle projection, and let
it Oxy,(—3)% = Ops(—3)%°

be the inclusion of the total space. Since p and i are Ch-equivariant and W vanishes on
Ox,,(—3)%%, there are functors between the derived categories of curved graded quasicoherent

sheaves (see Remark 3.5)
p*: DQcoh®r(X33,0) — DQcoh“r(Ox, ,(—3)%2,0)
and
i DQcoh®r(Ox, ,(—3)%%,0) — DQcoh®r (X, W).
Since the Cj;-action is trivial on X3 3, we can regard Db(X373) as a subcategory of DQcoh®r (X33,0).

Theorem 3.13 (Shipman [42]). The functor i, o p* sends D*(Xs3) to DMF=(X,, W). More-

over, the restriction of i, o p* to D’(Xs3)
Shi =i, op*: D"(X33) — DMFr(X, W)
is an equivalence of trianglated category.
We define Orl; to be the composition (Shi)™' o ®;. Then we obtain a family of equivalences

Orl;: DMFCR(X_ W) = DP(X33).
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Description of Shipman’s functor
Shipman’s functor Shi can be characterized by the following proposition.

Proposition 3.14 (Shipman [42]). The image of O(k)[l] € D(Xs3) under the functor Shi in
Theorem 3.15 is K (k)[l].

This proposition is a consequence of the following lemma.

Lemma 3.15 (Shipman [42]). Let S be an object in DQcoh®=(Xx, W) represented by the digram

61 62 Bn
Sy - S — = Snit-
If the complex
0 e L A e

is exact, then S is zero in DQcoh™r(Xy, W).

Remark 3.16. Let
j:P(3,3) = X_

be the inclusion as zero section. It is equivariant under the Cj-action. Since the sheaves

Op(s,3)(k) are invariant under the Ch-action on IP(3,3), we can regard them as objects of
DQcoh®#(P(3,3),0). Then j.Op 3 (k)[l] are objects in DQcoh“r (X _, W) with

j»: DQcoh®r(P(3,3),0) — DQcoh®r(X_, W)

the pushforward functor.
Using Lemma 3.15, we can show that K_(¢)[m)] is isomorphic to j,Op(s,3)(—¢ — 6)[m — 6] in
DQcoh®r(X_, W). This is because the complex

0 O(q) == 0(q+ 1) = .. > 0(q + 6) — j.Op33)(—q — 6) —=0
(3.6)

is exact on X_.

Since D*(IP(3,3)) is generated by the set of objects {Op(33)(k), k € Z}, we can get a functor
j.: D*(P(3,3)) — DMFR(X_, W).

Notice that the last term in (3.6) is 7,Op(s,3)(—¢ — 6) instead of 7,Op(33)(¢ +6). This is due
to the sign issue discussed in Remark 0.12. Although we can identify X _ with total space of
O(—1)%8 over P(3,3), there is a change of sign. In fact, when we restrict the line bundle O(k)
over X_ (see §3.11 for the definition of O(k)) to the zero section P(3,3), we get the line bundle
O(—k) over P(3,3).
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Matching analytic continuation and

categorical equivalences

In this chapter we compute the image of K_(¢)[m] under the Orlov functors using the
strategy from the previous chapter. Then we show that the Orlov functors coincide with the
linear maps gotten from analytic continuation in the sense that

inv* ch (Orl;_3(K_(¢)[m]) ® O(—3)) = U, (inv* ch(K_(q)[m])) .

We apply our result to study the monodromy of a local system. We also discuss the relation be-
tween our main result and the result of Coates, Iritani and Jiang [18] on crepant transformation

conjecture.

4.1 Image of K_(q)[m] under Orlov functor

We compute ch (Orl,(K_(g)[m])) in this section.
Since Orl, = Shi~' o ®;, we need to compute ®,(K_(q)[m]) first. The following Lemma
shows that it is sufficient to compute ®,(K_).

Lemma 4.1. For any object F in DMFCr (X_,W) and any integer q,m,t, we have

Oy (F(q)[m]) = Pi—g(F)(g)[m].

Proof. If we can find a graded matrix factorization £ such that & = F in DMF“r(X., W)
and the underlying vector bundle of £ is a direct sum of O(i)[j] for ¢t < i < t + 6, then
E(q)[m] = F(q)[m] in DMF (X, W) and the underlying vector bundle of £(q)[m] is a direct
sum of O(i)[j] for t + ¢ < i < t+ ¢+ 6. By the construction of Segal’s functor ®;, we have

Oy(F)(g)[m] = Priq(F(g)[m]).
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4.1.1 Introductory examples: Orl;(K_) and Orly(K_)

We show how to use the strategy in §3.4 to compute Orly (K_) and Orly ().
By (3.1) we can represent K_ by

Spf Spf
O=LOM)- =0

Sz
Sz+Spf

where
>2

C=N\O1)[-1]%.

We compute Orly (K_) first. The direct summand O of the underlying vector bundle of K_
does not fit the window 1 < k£ < 6. We can decompose s,s as

Spf = P15Sf, 1 D25f5,

so O is replaceable in K_. Then, by Corollary 3.12, in DMFCE(X _, W) we have an isomorphism
between K_ and KV = K_\O, where K can be represented by

0(3)[—2)#2 0(6)[-3]
—
5008y || ~(57,51,) 0
O(1)[~1] i C
[ ] s Q Sz+Spf

Note that the underlying vector bundle of K" is a direct sum of O(k)[l] for 1 < k < 6, which
fit the window, thus in DMF®z(X,, W) we have

o (K_) =KW,
By Proposition 3.11 we know in DMF k(X ., W)
KW = cone(K_ — K, (6)[—2))[~1].
In DMF® (X, W) we have K_ = 0 hence
KY = K4(6)[=3] = Shi(O(6)[-3)),

so by Proposition 3.14 we have

Orly (K_) = O(6)[-3].
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Next we compute Orly(K_). The window becomes 2 < k < 7. The direct summand O(1)[—1]®°
of the underlying vector bundle of K does not fit the window. Again we can check that
O(1)[—1]*" is replaceable in O(1)[—1]*5. Let
K® = KM\ O(1)[-1)%5,
then in DMFCr(X_, W) we have
K? =k =K.

and all the direct summands of the underlying vector bundle of K® fit the window. Thus in
DMFCr (X, , W) we have

By Proposition 3.11,
K® = cone (/C(_l) — ’C+(7)[_3]®6> =1,

SO

Orly(K_) = cone (O(6)[4] — O(T)[-4]*°) .

4.1.2 Replaceablity of K_

In order to continue the procedure in §4.1.1 to compute Orl,(K_) for any integer k > 0, we
need the following proposition stating that we can always use the strategy in §3.4 to make K_

fit the window [t,¢ + 6) for any integer ¢ > 0.
Proposition 4.2. There exists a sequence of graded matriz factorizations {IC(,U, IC(,Q), IC(E'), .
in DMFr(X+, W) such that

1. in DMFR(X_, W) we have kY =k® =... = Kk_;

2. the underlying vector bundle of KW is a direct sum of O(k)[l] fort <k <t-+6.
Moreover, let the direct summand of underlying vector bundle of Kk® consisting of line bundles
in {OW)[l],l € Z} be

P O@)[n]*™ for ny > ny > -+ > ny,
i=1
then there exists a sequence of graded matrix factorizations
(OO _ 0 00 0 06 _ ey
such that
KO = cone (KWW — Ko (¢ + 6)[n; — 2°™) [—1]

in DMF“r(X 4, W) for a suitable morphism KOO Ko (t46)[n;—2]®™i. The underlying vector
bundle of KV s obtained by replacing the direct summand O(t)[n;]®™ in the underlying
vector bundle of KV by O(t + 6)[n; — 3]1%™ @ O(t + 3)[n; — 2]P2mi.
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Proof. If we can show that O(t)[n;]®™ is replaceable in KD then we can define

JCOEH) L 00 \O(t)[n,] &m;

We show that this is always possible. We have written down K and £? already. Note that
K and €% satisfy the following property: their differentials are the sum of following types

of morphisms:
1. the zero extension of the morphism O(k)[l]¥™ EN O(k +4)[l — 1]®", where
ie 72",
and f can be represented by a matrix with entries in Clzy, ..., xg);
2. the zero extension of the morphism O(k)[I]*™ LRESSLAEN O(k +14)[l + 1]®", where
i€ 7773,

and f1, fo can be represented by matrices with entries in Clxy, ..., zg].

1f K satisfies the property, since all the direct summands of K are of the form O(s)[j]
with s > t or s = ¢,j < ny, all the nonzero arrow with target O(t)[n;]®™ are of type 2.
Moreover, we can not find two successive nonzero type-2 arrows such that the first start from
O(t)[n;]®™ and the second goes back to O(t)[n;]®™i. This means O(t)[n;]*™ is replaceable in

OO, By construction in Lemma 3.10,
KO = KON\ O (1) [ny] o™
also satisfies above property, thus we can define all KOO inductively. n

Remark 4.3. We can get a completely similar sequence {IC@ ), IC(__I), /C(__Q), ...} if we replace
the direct summand
O(—t +5)[1]*™

in the underlying vector bundle of K5 with
O(—t +2)[l + 2™ & O(—t — 1)[l + 3]®™
to get KT In this way we can compute Orl(K_) for any k£ < 0.
Corollary 4.4. For any integer q,m and t, we have
Ot (K_(@)[m]) = Orle—, (K- )(q)[m].

Proof. According to Proposition 4.2, ®;(K_(q)[m]) lies within the triangulated subcategory
of DMFCk (X, W) generated by the graded matrix factorizations K (i)[j]. Then we can use

Lemma 4.1 and Proposition 3.14 to conclude. [
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4.1.3 Computation of ch(Orl;(K_(q)[m]))

From (1) and (2) in Proposition 4.2, we have
o,(IC_) = k.

Since K" can be obtained by taking cones of morphism to K, (k)[n]®™ repeatedly, after ap-
plying the functor (Shi)™!, we know Orl;(K_) can be obtained by taking cones of morphism to
O(k)[n]®™ repeatedly. In particular, we can compute ch(Orl;(K_)).

Theorem 4.5. For all integers t,q and m we have

m s —q"J? k1 (6 (k+s+3)p
DO @) = ()" ¥ IS elerson,
t:3§s§t(—i&-% k=0
$=q mo

Proof. 1t is computed in §4.1.1 that

Orly (K-) = O(6)[-3],
so we have

ch(Orl (K_)) = —e.

Now we compute

ch(Orly;1 (K2)) — ch(Orl,(K2)).

We write the direct summand of underlying vector bundle of KW consisting of line bundles in
{OW|l],l € Z} as

P O(t)[n;]®™, for ny >ny > -+ > ny,
i=1
by Proposition 4.2 there exists a sequence of graded matrix factorizations
(KO0 _ 0 00 0@ e _ clerny

such that
KD = cone (/C(f)(i) — K4 (t+6)[n; — 2]@%) 1],

Therefore,

ch(Orly1 (K_)) — ch(Orl,(K_)) = ch ((Shi) = (K®)) — ch ((Shi)~ (K

—_ ; ch (O(t + 6)[n; — 2°™) .
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When t > 7, the direct summand O(t)[n;]®*™ in the underlying vector bundle of K" comes
from O(t — 3)[n; +2]®% in the underlying vector bundle of K™ and O(t — 6)[n; + 3% in the
underlying vector bundle of IC(_t_G), with 2a; + b; = n,. Therefore when ¢ > 7 we have
ch(Orlyy1(K_)) — ch(Orl,(K_)) =2¢* (ch(Orl;_5(K_)) — ch(Orl,_3(K_)))
— €% (ch(Orl;_5(K_)) — ch(Orl;,_g(K_))).
We can compute directly that

ch(Orly(K_)) — ch(Orly (K_)) = 6e™,

ch(Orl3(K_)) — ch(Orly(K_)) = —15¢%,

ch(Orly(K_)) — ch(Orlz(K_)) = 20e” — 2 - e,

ch(Orl5(K_)) — ch(Orly(K_)) = —15¢'% + 2 - 6%,

ch(Orlg(K_)) — ch(Orls(K_)) = 6e'? — 2 - 157,

ch(Orl;(K_)) — ch(Orlg(K_)) = —e'* +2-20e'* — 3. &P,
Then we can check that for all £ > 1 we have

eh(Orly 1 (K_)) — ch(Orl (X))
ot (e ot (2 e ot F e

5+ 6
where s € {0,1,2}, s =¢ mod 3, and we set (2) =0 if £ > 6. Using the fact that in Hqgw

Z(—l)k<2> e?=(1—-eP)’ =0

i=0
for dimension reason, we compute
t—1

ch(Orl,(K_)) = ch(Orly (K_)) + 3 (ch(OrL(K_)) — ch(Orl_1 (K_)))

i=1

S s o (s

n=1 0<k<6

—
O«\w

In+k—3<t
t s+2 6
_ Z S Z k+1< >€(S+k+3)p
t—3§s§t+2 k
s=0 mod 3

Then use Corollary 4.4, we get
ch(Orl, (K_(q)[m])) = (—1)"™e® ch(Orl,_,(K_))
q

—q—s5+2
_(_1\m ft N 1V\k+1 6 (k+s+q+3)p
SIS SN SRS
t—q—3<s<t—q+2 k=0
s=0 mod 3
t—s+2
J— m S_q k‘-l-]_ 6 (k+5+3)p
D o I
_35estt2 S k=0 k

s=q mod 3
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4.2 Chern character of K _(q)[m]

The Chern character on DMFC=(X_, W) (more precisely, on MFCr(X_, W)) takes values
in the Hochschild cohomology HH(MFC=(X_,W)). We do not have an isomorphism between
HH(MFr(X_,W)) and Hpjrw in the complete intersection case currently. But since all
Chern characters satisfy Grothendieck—Riemann—Roth, we can define a Hgjrw-valued Chern
character for objects coming from the pushforward functor as follows.

Consider the inclusion
J:P(3,3) — X_ = Opzz(—1)%°
as zero section. As discussed in Remark 3.16, we have a pushforward functor
4o DP(P(3,3)) — DMFCR(X_, W).

We identify
Hpsrw = H*(P(3,3)) @ H***(P(3,3))

with the second and third direct summands of
Hin(X_) = Hen(P(3,3)) = H*(P(3,3)) © H*4(P(3,3)) @ H*"(P(3,3)).

Then we use Grothendieck—Riemann—Roth to define a Hgjrw-valued Chern character

Y

' 1
ch (. () = (ch<5> | Td(OP(s,s)(—l)@6)>

where the notation |,,, means we take the part coming from the second and third direct sum-
mands of Hg(P(3,3)).
The Todd class (see §0.4) of the bundle Ops 3)(—1)®° is computed as

nar

Td(Op5)(—1)*) s = (TA(Oks 3)(—1)))” fnar

6 4.1
_ (1]10) n 1]1<2>) (4.1)
H )

hence we have
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On the other hand, as mentioned in Remark 3.16,

K_(q)[m] = j. (Op(s,:s)(—q —6)[m — 6]) :

and
+6
ch (Op(s.3) (= — 6)[m — 6]) uar = (1) ch (O (= 1)) fnar
2 q+6 (4.2)
G (SR
k=1
Then we get

1

i (h(C_(q)[m]) = (~1)" 3 (¢ - 3c—kﬂ<k>)‘”6 (1= ¢n® - ;gkmm)ﬁ.

k=1
Where

*.
nv': Hpjpw — Hpjrw.

is induced by the canonical involution (see §0.4)
inv: IX_ —T1X_.
It maps 1% and H® to 16~ and HG-*),

Remark 4.6. The exponents of  in (4.1) and (4.2) are different from the standard ones. This

is due to the sign issue discussed in Remark 2.2.

4.3 Image of inv* (ch(KX_(¢q)[m])) under U,

We can expand inv* (ch(K_(gq)[m])) as

in* (ch(KC_(q) m] z P01 ¢hyog®)

2

Z q+5) Ck)5H(k’)

2
~q+6 + 6 Z k(q+6) Ck)GH(k)‘

There are three types of elements in the expansion, we compute their images under Uj.

Proposition 4.7. For any integer | and q, the following three equations hold.
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2 6 1 o 6
l (Z g—qk (1 - Ck) 1(k)> :§ Z s Z(_l)l+k+6—s ( ) e(k+p

k=1 s=q¢ mod 3 k=0 l+k+6_5

I<s<Il+5

&' Ik 5 (k+1)
_9 _1)5 = e(k+0p.
> Y -

(4.3)

s=q mod 3 k=0 s—1—
I<s<I+5

U, (Z o <1 _ Ck)5H(k)> -y Si<_1)s_z_k ( b k) e(F+0p. (4.4)
k=1

s=q mod 3 k=0 s—1—
1<s<l+4

w(yen-¢)a) - % SZ(—l)S_l_k( X k) .

s=q mod 3 k=0 s—1—
1<s<I+5

Proof. We only prove equation (4.3), the other two can be proven in the same way. We add

formal element 1© then we can write

2
> ¢ (1-¢4)

k=1

:2 —ak (1 _ &\ g k)
g::og (1-¢*)'n

1
—6 (4.6)
1 11 1 1 1 1 1 15
:(]1(0) 1M ]1(2)) (4 1 ¢ ¢¢1 ¢ ¢1 —920
¢CH)NL ¢ 1 ¢ ¢ 1)) 15
—6
1
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By (2.8) we have

(g e-e)

l l [

I+1 (+1)¢ (I+1)¢?
I+2 (14+2)¢ (1+2)¢ | [1
:;epl(l er e e3p...) I+3 1+3 [+3 ¢!
I+4 (I+4)¢C (1+4)¢ ¢
I+5 (I+5)¢% (I1+5)
. . . (4.7)
1
—6
1 1 1 1 11 11 15
¢4 1 ¢ ¢21 ¢ ¢ 1]]|-20
¢)\1 ¢ ¢ 1¢ ¢ 1 15
—6
1
l l
1
—6
m m m
1 m—+1 15
:;epl (1 eP e 637’...) me -201,
m+ 2 m+ 2
m+3 m+3 m+3 156
1

where m € {l,1 + 1,1+ 2}, and m = ¢ mod 3. Note that the centre matrix consists of slope-1
6
lines. Start from the third line, the contribution of each line to U (2221 ¢k (1 —C ’“) ]l(k))

is

k=0 6 —

1 pl o 6—k 6 kp
3€ > (m+3t+k)(-1) ( k:) e

1 1,8 5
:§epl(m +3t)(1 — eP)® + gepl Z(—l)ﬁf}g -6 - ( ) ekp
k=1

1
=§e”l(m +3t)(1 — )8 — 2e0+DP(1 — ¢P)® = 0.
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Thus only the first two lines contribute. We have
2 6
U, (Z ¢ (1-¢") N))
k=1
s—1 6
:g Z Z(l + k,)(_l)s—l—k . e(k’—i—l)p

s=q mod 3 k=0 s—1—
1<s<l+5

s—1
i Z s Z(_l)l+k+6—s 6 6(k+l)p
s=q mod 3 k=0 l+k+6—8
1<s<I+5

1 s—I 6 (4'8)
_ g Z Z(S ] — k)(_l)sflfk ( ) e(kH)p

s=q mod 3 k=0 s—1—k
1<s<I+5

1 ol 6
_- s (_1)l+k+6*8 e(k+l)p
3sqzr:nodii kZ:() l+k+6—8
1<s<I+5

—9 Z S_fl<_1)sfl7k ( 5 ) €(k+l)p.

s=q mod 3 k=0 s—l—k—1
1<s<I+5

Corollary 4.8. The image of inv* (ch(K_(q)[m])) under U, is

Uy (inv” (ch(K_(g)[m]))) = (1) 3" S‘Q‘ﬁsz_x—l)“k%—s( 0 )ewp.

s=¢ mod 3 3 k=0 l+k+6—s
I<s<Il+5
(4.9)
4.4 Main result
Proposition 4.9. For any integers q, m and t, we have
U, (inv" (ch(K—(q)[m]))) = ch(Orl,—3(K—(q)[m])) - e (4.10)

Proof. Using the fact that
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we compute

s—t

U, (inv* (ch(K_(g)[m]))) = (-=1)"™ > ‘9_3_6 S (1) ( 6 ) St

s=q mod 3 k=0 t+k+6—s
t<s<t+5
m s—q—0 & t4+k+5—s 6 (k+t)
=(-1) (1) e\F TP
sqzmod 3 3 k:sz—:t—ﬁ t + k' + 6 — S
t<s<t+5
. 5—q— 6 t—s+5 6 .
S E D Y = S W O
Sjgsgrﬁ% ’ k=0
_ m §—4q $ k+1 6 (k+s)p
ey S e (0
Py 0

The functor
®0(-3): D’(X33) — D"(X33)

given by
E—ERO(-3)

is an equivalence of triangulated category. We define the modified Orlov functors by
Orl™? .= ®0(—=3) 0 Orl,_3: DMF R(X_, W) — D"(X33),

they are still equivalences of triangulated category.

The Proposition 4.9 can be interpreted as the following theorem.

Theorem 4.10. Let G be the subcategory of DMFCr(X_ W) generated by {K_(q)[m]}qmez,

then for any t € Z, we have the following commutative diagram

mod
Orly

g D"(X33)
inv* chi \L inv* ch
Uy
Hyyrw Haw.

Remark 4.11. The canonical involution (see §0.4)
inv: IX3’3 — ]X373

is identical since X3 3 has only one sector. So the inv* in the right arrow is is the identical map
of H, QW -
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4.5 Application to monodromy

The Picard-Fuchs equation (1.25) determines a local system over C,\{0,37°} = P}\{0,37% oo}.
We study the monodromy around the three points in this section.
Theorem 4.12. Let Yoy, YL.a, Veon e the paths in PI\{0,37% oo} as in figure J.1.

1. The action on Hgw induced by the circle yoy around 0 is given by multiplying
inv* ch (Oxgyg(l)) =eP.

2. The action on Hpyrw induced by the circle vpq around oo is given by multiplying the

narrow part of inv* ch(Ox_(—1)), which is (see Remark 2.2 for the sign issue)

2D

(se 3

10 4 21,

3. The action on Hgw induced by the circle Yeon around 37¢ coincides (up to conjugation)

with the one induced by a spherical twist of D°(Xs3).

Proof. 1. After the monodromy along ¢y, logv turns into log v + 27i. According to equa-

tion (2.3), we have

ZD(35% +3n+1)°
1 Omi _ 50 +n) (log v4-2mi) 2mi
S+ 25,9 = Neme

= Ncew(logv, z) - €.

2. After the monodromy along 7,c, log v turns into log v — 277, and log u turns into log u +

2mi

5. According to equation (2.6), we have

211 1) (2)
Hrsrw (log u + 3 z) = Hrjrw (log u, z) - <C3€H3]1(1) + C:?@}I?’]I(Q)) -

3. According to Theorem 4.10, go along .., is the composition

(®O(=3) 0 Orly_y) o (RO(=3) 0 Orl,_5) "
=® O(—3) o (Shi) ™ o ®,_y 0 ®, %, 0 Shio ®O(3),

which is conjugate to

—1
@t_z @) (I)t—3'

Then we can apply Theorem 3.13 in [41] to conclude.
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ﬁ)/con '7LG

Yoy

Figure 4.1 — Paths in P}\{0,37%, co}.

Remark 4.13. Under the basis H®, 1M H® 13 the action induced by v,¢ can be repre-

sented by
G %
G3
G 4
&

It has infinite order, so the point oo is no longer a orbifold point as in the hypersurface cases

[9]. Tt is called “K-type point” in, for example, [44].

Remark 4.14. We can use the same method to determine the monodromy around oo in the
case of complete intersection of four conics in P”. Up to conjugation, the matrix representation

of the monodromy is

G %
G2

Its square is maximally unipotent. Since the monodromy around 0 is also maximally unipotent,
it is a model with two maximally unipotent type points. This model was studied by Joshi and

Klemm in [33], and we check this property by FJRW theory.

4.6 Relation with the crepant transformation conjecture

In [18], Coates, Iritani and Jiang prove a theorem relating the equivariant GW theory of

X, and X_. We discuss the relation between their result and Theorem 4.10.

4.6.1 Coates, Iritani and Jiang’s result

Theorem 4.15 ([18]). Let T = (C*)® be a torus with standard action on C*™2 and induced

action on X, and X_. We have
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1. The analytic continuation (along a chosen path) of the $-function of the T-equivariant
GW theory of X coincide with the $)-function of the T-equivariant GW theory of X_
after the linear map

[B;3 Hepp(Xo) — HZR,T(X-F)

2. There exists a common T -equivariant blowup X of X+. The Fourier—Mukai transforma-
tion with kernel O:
FMy: DS(X_) — DhL(X,)

coincides with Uz via Chern character, i.e. the following diagram commutes

Dh(X-) — D (X )
nv* Chl J{inv* ch

* u/j\/ *
Hipr(X-) - Higr(X4).

Remark 4.16. Since we can define a non-equivariant Fourier—-Mukai transformation
FM: D*(X_) — D"(X),

the linear map Ur admits a non-equivariant limit U.

4.6.2 A circle of ideas

Now we discuss the relation between Theorem 4.10 and Theorem 4.15.

In fact, we can relate U to Uy, and relate FM to Orl,. The circle of ideas is as follows. The
analogue version for for Calabi—Yau hypersurface case can be found in [43].

In [20], the Fourier Mukai functor FM is proven to be equivalent to the functor ®, defined

from graded restriction rule in §3.3.
Proposition 4.17 ([20]). The Fourier—-Mukai functor
FM: D*(X_) — D°(X)

and the functor
®o: DV(X_) — D*(X,)

are isomorphic.

We decompose

Hip(X_) = H*(P(3,3)) @ H*™(P(3,3)) @ H*(P(3,3))
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as
C19geCcHOY ¢Cc1®eCcHY ¢ Cc1® ¢ CH®P.

Consider the linear maps
Ur: Hig(X_) = Hp(X5)

given by
1+6 1+7
o (L@ 1 (@)Y N
9 1—Crer  9(1— (kep)g
(4.11)
1+6
kop
H® — E(C € ) (1 —317)2
31— (Cker
where ( = e’ . Note that the non-equivariant limit U of Uy coincides with U,.
A direct computation shows that for all £ € D"(X_), we have
U, (inv* ch(€)) = inv* ch (®(E)) (4.12)

After identifying
C1V e CHY ¢ C1? @ CH® ¢ Hip(X_)

with Hpjrw, we can compare U; in Theorem 4.10 with I[Tt In fact, the following proposition
holds.

Proposition 4.18. For all o € Hpyrw, we have

Us(a) - (1 =€) 7% =i (Up_s(a) - e ), (4.13)
where i: X33 — Xy is the inclusion.
Proof. We can conclude by comparing (2.7) and (4.11) directly. O

On the other hand, we can compare the functors Orl; with ®;. In fact, we have a K-theoretic

commutative diagram.

Proposition 4.19. The diagram

K (D'(X.)) 2 K (D'(X))  (414)
K (D'(P(3,3))) K (D'(P))

K (DMFC}} (X, 7 W)) ®0O(—6)[2]o0rly

K (D'(X33))

commutes, where K (D) represents the K-group of the triangulated category D.
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Proof. In K-theory, the computation of D, is essentially the same as the computation of ®,
in §4.1; where the Koszul matrix factorizations _ and K, are replaced by Koszul complexes.

The proof of the commutativity of diagram (4.14) is a tautological check. O

Remark 4.20. Note that we can deduce Proposition 4.18 from Proposition 4.19 according to
Theorem 4.10 and equation (4.12).

Remark 4.21. The method of analytic continuation used by Coates, Iritani and Jiang in
[18] is similar to the one we used in §2. The complexity of our computation is cause by the
multiplicity of poles of (2.9). Coates, Iritani and Jiang work in equivariant cohonology so that
all the poles are simple. We try to make our result into the equivariant setting to split the
poles. A candidate of the group action on the FJRW theory is the (C*)%-action on X_ induced
by the standard (C*)2-action on the last two coordinates of C® x C2. However, this (C*)2-action
does not fix P(3,3) C X_. Then the Grothendieck-Riemann-Roth computation for the theory
twisted by the (C*)2-equivariant top Chern class (see §1.4) can not be done as in the standard

cases, where the group only acts on the fiber direction.
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