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Conclusions and Further Work

General Overview

Heat-exchange applications -such as boilers, evaporators and condensers-make use of tube bundles as their key component. The main idea is to accumulate a large number of fluid-carrying tubes inside a vessel which encloses the main fluid flow, from which heat is to be either transferred or extracted. Temperature differences between the fluid on both sides of the tubes leads to heat transfer over a large effective contact area, thus rendering the process highly efficient. The span of applications for tube bundles is thus enormous, ranging from the pharmaceutical to the aerospace industries and covering virtually everything in between. They have a particular importance in nuclear power generation, as Steam Generators (SG) constitute the link between the primary coolant loop -which carries the hot, radioactive fluid from the reactor-and the secondary loop -with clean fluid destined to the production of steam-. Ensuring integrity of the tubes in this case is thus a major concern for economical as well as safety reasons. Hence, the past decades have seen significant efforts been made to better understand the behaviour of tube bundles. This has proved to be a challenging task, as the multi-physics setup involving flow-induced vibrations within a two-phase, turbulent flow, is extremely complex. While outstanding developments have been accomplished, namely in the form of technological solutions to mitigate excessive vibrations, a full understanding of the problem is yet to be reached today, both in terms of the fluid-elastic coupling mechanisms responsible for vibrations and the efficient prediction of long-term tube dynamics, especially in abnormal situations (e.g., misalignment, widened gaps due to wear, excessively fast flows).

One part of the issue is thus a modelling problem, in which one seeks to accurately described the fluid-elastic coupling phenomena. On the other hand, once a reasonable model has been found, one must be able to exploit it thoroughly for predictive analyses. Due to the geometrical complexity of engineering structures and the non-linear nature of their governing equations, this necessarily calls for the use of numerical methods, which must be both accurate and efficient for practical predictive analyses. In this regard it must be noted that the traditional approach, which consists in using time-integration algorithms to obtain the predicted history of motions for the tubes, is not well-suited for industrial use, mainly due to: the small time steps necessary to capture tube-support impacts, the numerous degrees of freedom, and the large number of parameters to be varied in order to fully cover the range of possible outcomes. The latter of these aspects is all the more important when nonlinear equations are involved, as it is well known that some parameter combinations lead to coexisting vibration regimes, some of which may 1 be undesirable (for instance, permanent friction must be avoided if possible in order to limit premature failure due to wear). Specialized techniques are thus required to map the parameter space of a given system and associate each of the regimes to a particular dynamical behaviour, thus allowing a full control of the problem and even an optimal design. The present thesis aims to contribute to the solution of the second of the aforementioned problems, namely: the development of reliable and fast algorithms for the parametric analysis of nonlinear flow-induced vibration problems. More precisely, the objectives sought are:

-to generalize the existing methods for frequency-domain bifurcation analysis to arbitrary codimension, -to extend the stability analysis methods to dynamical systems with memory and to quasi-periodic solutions, -to create a robust numerical platform for these methods, rending them available for practical engineering use, and -to study simplified systems representative of the SG vibration phenomenology, including experimental validation of results when possible.

This manuscript is divided into two parts, with the first one dedicated to the development of numerical methods. Chapter 1 presents a state of the art covers the previous attempts to tackle the SG vibration problem, as well as the corresponding framework from the theory of nonlinear dynamical systems and the associated numerical and mathematical techniques. This justifies the structure of the thesis and the need for the developments herein presented. Chapter 2 establishes the selected framework for numerical analysis, which consists of a frequency-domain solver employing the Harmonic Balance Method (HBM) coupled to a continuation algorithm equipped with stability analysis and bifurcation detection. Furthermore, the numerical contributions are described in detail.

The second part contains the application of these methods to selected systems related to SG vibrations. Chapter 3 deals with forced systems with impacts, in which fluid flows are absent. Experimental measurements are used to validate numerical results. Finally, chapter 4 presents a purely numerical analysis of two simplified systems with a memory effect due to fluid-elastic coupling. The latter one, in particular, is a realistic representation of a U-tube typically found with SG bundles.

Chapter 1

State of the Art

This chapter offers an overview of the current state of the art regarding steam-generator vibrations. Firstly, the concept of fluidelastic instability is presented and its importance is stressed within the industrial context of pressurised water reactors. A detailed summary of the associated scientific literature follows, which leads to identifying the key aspects of the underlying dynamics problem. Next, the theoretical considerations of said aspects are reviewed; this includes stability, bifurcations, linear and nonlinear modal analyses, flow-induced vibrations and contact mechanics. Finally, the currently-available numerical tools and techniques for assessing the nonlinear dynamical behaviour of structures are discussed. This review motivates the numerical developments presented in the following chapter, as well as the choice of systems studied in Chapter 3. 

Vibration Hazard in Steam Generators

Inside a nuclear power plant of the Pressurized Water Reactor (PWR) type, steam generators play the role of liquid-liquid heat exchangers between the coolants in the primary and secondary circuits. The latter of these is destined to be evaporated by absorption of heat from the former, which flows from the reactor core. More precisely, heat exchange takes place across the walls of U-shaped tubes, tightly-packed in a bundle (typically consisting of around 3000 tubes in modern PWRs) inside the steam-generator vessel. A typical design for this device, showing a single tube, is presented in Fig. 1.1. 

State of the Art

High-temperature coolant from the primary circuit enters a tube via the hot leg, flows along the entire span while giving off its heat to the surrounding coolant, and exits at a lower temperature through the cold leg. Meanwhile, an upwards two-phase develops inside the inner shell as the secondary coolant evaporates. Steam is filtered by separators and exits the vessel through the uppermost nozzle, while any leftover liquid flows back into the inner shell along with an external water feed. This recirculating flow acts on the tube bundle in two distinct manners: parallelly along the legs (axial flow), and transversally on the U-bends (cross-flow). At several locations, the legs are held in place by support plates. The tube bundles serve a double purpose: on one hand, they act as a barrier between the radioactive, pressurised coolant from the primary cycle; on the other, they ensure efficient steam generation, which renders the production of power possible through the action of a specialized turbine. As such, ensuring their integrity is of vital importance for safe and reliable power plant operation. Indeed, ruptures in the primary coolant circuit are a major practical concern, and were thus the topic of some of the earliest engineering literature published during the early days of nuclear power generation [MEL 65, GAL 66]. Weaver [WEA 08] references works on vibration and noise in steam generators from as far back as 1954. As pointed out in the review by Païdoussis [PAI 81], however, steam-generator problems such as tube failure, which could be brought about by flow-structure interactions, were rarely (if ever) encountered in practice until the seventies. This situation changed drastically as advanced steam generator designs incorporated more compact bundles and higher flow velocities: while this changes led to enhanced efficiency, they come at the price of increasing the overall kinetic energy of the flow. Strong coupling between fluid flow and structural response ensues, which has lead to dramatic economical consequences. As explained in the thesis of Antunes [ANT 86], a 100-hour shutdown of a 1000 MW power plant yields a cost of roughly 3 million US dollars. The 1996 report by the U.S. Nuclear Regulatory Commission [MAC 96] directly cites flow-induced vibrations as the direct precursor of tube failure by fretting wear. This happens especially at the U-bend region of the tubes, due to tube-to-tube or tube-to-Anti-Vibration Bar (AVB) impacts. As shown in Fig. 1.2, AVBs are installed as a means to prevent high-amplitude, out-of-plane vibration of the tube zones excited by cross-flow. While only narrow gaps are left between tubes and AVBs to allow for thermal expansion of the former under temperature gradients, these can be widened due to misalignment, wear, or other factors, causing abnormal situations in which strong impacts and friction lead to accelerated failure, i.e. a life-span of days rather than years. Improper AVB support has also been reported to lead to high-cycle fatigue [START_REF]Steam Generator Tube Integrity Risk Assessment: Volume 1: General Methodology[END_REF]. Furthermore, in-plane vibrations have caused tube failures as well, as evidenced by the now-famous malfunction and ultimate total shutdown of the San Onofre Nuclear Generating Station on the Californian coast in 2012, following from a design error which led to abnormally severe thermo-hydraulic conditions [ DAP 15].

Besides steam-generator tubes, other components of nuclear reactors are also subjected to flow-induced vibrations, mainly fuel rod assemblies [CHE 72]. Moreover, a great number of applications outside of nuclear power engineering face similar issues: steam condensers [LEE 17], boilers [PAN 12], turbo-compressors [JUN 97] and pipelines [FAA 11], to name but a few. In the present thesis, attention will be focused exclusively on cross-flow excitations, as they lead to the highest response amplitudes and, hence, the greatest vibration risk. 

Excitation mechanisms

State of the Art

Three regions are immediately evident from this graph, which correspond to distinct fluid-structure interaction mechanisms:

• A) Broadband turbulence ("buffeting"),

• B) Vortex shedding, and

• C) Fluidelastic instability.
Turbulent buffeting is ubiquitous at the high Reynolds numbers which characterise flows inside steam generators, usually in the range: 10 4 ≤ Re ≤ 10 7 [AXI 06]. It introduces a random excitation on the tubes which is independent of tube motion and which can be characterized by a broadband frequency spectrum. Axisa et al. [AXI 90] used experimental data from a wide range of tests to propose a dimensionless, 'bi-slope' spectrum that is applicable to single-phase flows. Later on, the two-phase case was tackled by de Langre and Villard [LAN 98] through a similar approach. It should be noted that the latter problem is considerably more complex, as the random spatio-temporal distribution of phases plays a role in the excitation alongside flow turbulence. Consequently, research in this area is still active. Although the methodology of de Langre and Villard has been supported by experimental evidence [ ÁLV 18], some authors note its extremely conservative nature, and less restrictive design guidelines have been proposed for steam generator U-tubes [JIA 17]. In recent work, Taylor and Pettigrew [TAY 20] carry out an updated review of experimental data and propose two new, dimensionless upper bounds for random forces in two-phase conditions, spanning different flow regimes. While the capacity to estimate the standard deviation of turbulent efforts is of great importance for long-term wear predictions, their magnitude in practice is quite moderate, for both single and two-phase flows. Hence, this mechanism is not associated to a high vibration hazard in the short term.

Vortex shedding is a well known phenomenon in which a flow detaches from a bluff body as vortices generated at regular intervals. As a result, the structure experiences a periodic forcing at a frequency which depends linearly on mean flow velocity. Highamplitude oscillations can ensue if vortex-shedding is synchronized to one of the structure's natural frequencies, potentially leading to short-term damage. In [LIV 62], the authors study the vibration modes of a row of tubes under excitation by vortex shedding, which they suggest as a potential reason for premature tube failures in steam generators. Chen [CHE 68] studied the vortex-shedding response of an experimental tube bank in a gas flow and proposed design guidelines to prevent vibration and noise in heat exchangers. Gorman [GOR 76] reported resonant responses to vortex shedding in his experiments with tube bundles in liquid cross-flow. These efforts dealt exclusively with simplified configurations in which, most importantly, only single-phase flows were considered. However, as pointed out by Axisa in Chapter 7 of [AXI 06], all experimental investigations on two-phase flow reported an absence of vortex shedding. Furthermore, this fact did not prevent the occurrence of high-amplitude tube oscillations, regardless of bundle geometry or flow composition, for sufficiently high flow velocities, cf. the experiments of Lai 

Fluidelastic instability of cylinder arrays

Roberts [ROB 66] was probably the first to have proposed that self-excited oscillations could take place in cylinder arrays. In contrast with buffeting and vortex shedding, which occur even for static cylinders, this mechanism is inherently dependent on structural motions. Fluidelastic instability, as it is now known, started receiving attention following Connors' report of self-excited oscillations in heat-exchanger tube arrays in cross-flow [CON 70]. He postulated a quasi-static, semi analytical model in which oscillations were sustained by energy extracted from the flow, thanks to a specific motion pattern between adjacent tubes. This could only occur for a sufficiently energetic flow, i.e. for flow velocities beyond a critical value (V c in Fig. 1.3). In his paper, energy-balance considerations were used to derive a formula for predicting the value of V c , which (along with its variations, such as those proposed by Blevins 

F fe = 1 2 ρV 2 D ñ ∂C L ∂y y 0 y(t -τ) - 1 V C D ẏ(t) ô (1.1)
where C L and C D are the non-dimensional lift and drag coefficients of the tube profile, respectively. The delay is a mathematical necessity to achieve dynamic instability in this model, and it may be physically justified by arguing that the surrounding flow does not respond immediately to the tube's motions. Different authors, when using variations of quasi-steady models, have conjectured different explanations as to which aspect of the 1. State of the Art fluid dynamics is responsible for the delayed term [PAI 13]. While the model of Price & Païdoussis showed a reasonable agreement with experimental data, and was able to predict both stiffness-controlled (depending on the coupling in the motion of two or more tubes) and damping-controlled (requiring only one degree of freedom) stabilities, it failed to capture the physical behaviour of tubes at low values of reduced velocity, defined as:

v r = fV D (1.2)
where f is the frequency of oscillation. This shortcoming is, in fact, shared between this model, the semi-analytical one of Lever They derived an analytical expression for the fluidelastic coupling forces from the impulsive response of a single flexible tube by requiring continuity and Navier-Stokes (momentum) equations to be satisfied. The physical mechanism behind the negative damping leading to damping-controlled instability is found to be the diffusion of vorticity from the tube boundary layer. The mathematical expression for the fluid forces replaces the discrete delay of Eq. (1.1) by a distributed delay:

F fe = 1 2 ρV 2 D ñ ∂C L ∂y y 0 t -∞ D(τ)y(t -τ)dτ - 1 V C D ẏ(t) ô (1.3)
in which the convolution kernel D(τ) models the transient decay of disturbances in the flow generated by tube motions. Hidden within this function are constants that must be measured for a given problem, thus making the model a semi-empirical one. When compared to experimental data, the quasi-unsteady model showed a quantitative improvement with respect to its predecessors. Interestingly, this is the case even for systems consisting of several flexible tubes, even though the model considers a unique vibrating tube in a rigid array. This fact supports the claim by Lever & Weaver, who conjectured that a fluidelastic instability analysis of tube arrays may be reduced to the study of a single tube. The model thus provides a description of a destabilizing mechanism which is based on a solid basis of fluid dynamics theory. While this is an important step towards understanding the phenomenon, the model does not consider stiffness-controlled instability and it is unclear whether it may be able to faithfully reproduce the dynamics of tubes for low values of the mass-damping parameter: mδ/ρD 2 , where m is the tube mass and δ its structural damping coefficient.

Even though efforts have not been scarce when it comes to the study of fluidelastic instability, many aspects of the problem remain unanswered to this day, and no available model provides a fully satisfactory predictive (nor descriptive) tool. Indeed, the short exposition presented here barely scratches the surface of a vast scientific literature spanning six decades; comprehensive reviews include the works by Connors In that paper, some potential reasons leading to this fact are: an industrial focus on gathering data for specific equipment rather than on understanding the phenomena, the overwhelming complexity of a multi-physics, strongly coupled problem who is seemingly sensitive to numerous parameters, and the practical difficulty to accurately measure fluidelastic forces. In particular, the latter of these has received considerable attention in past years. Caillaud 

Nonlinear dynamics of unstable tubes 1.2.1 Studies on post-instability behaviour

All the models for fluidelastic instability described above are linear. This is made possible by linearisation of the motion-dependent fluid forces around the equilibrium position of the tubes, which is justified in light of the small vibration amplitudes typical of tube bundles. As such, they can be used to predict the onset of instability but not the tube responses beyond the critical flow velocity, as they unrealistically predict divergent oscillations. In reality, amplitudes remain bounded through the activation of one or more nonlinear mechanisms. For tube bundles, this typically means tube-to-support or tube-totube impacts. The interplay between nonlinearity and fluidelastic forces leads to steadystate, limit cycle-like oscillations in which the tubes undergo intermittent contacts. The importance of studying such cycles for tube wear rate estimation and risk assessment has been recognized, and a number 1 of works have been dedicated to this task. Weaver & Schneider [WEA 83] performed wind tunnel experiments on a heat-exchanger U-tube bundle supported by different configurations of AVBs. In the absence of supports, the limit cycles ensuing from fluidelastic instability consisted of essentially motions along the tube's first out-of-plane bending mode. When the bars were included in such a way as to completely suppress this vibration mode, instability arrived at a larger value of flow velocity and the corresponding limit cycles following the second out-of-plane bending mode instead. This pattern was observed to continue with higher out-of-plane modes as the flow velocity increased. However, no stabilities for in-plane modes were reported. The 1. State of the Art effect of an asymmetric clearance was also explored briefly, and was found to provide a stabilizing effect, i.e. to delay the onset of stability to a higher flow velocity. Axisa et al. [AXI 88] present an approach for the numerical investigation of post-instability vibrations. Therein, tube motions are projected onto the unsupported modal basis, with contact forces assumed to be localized at discrete points. Computation of impact forces in the normal direction uses a penalty method in which the cross-section ovalization stiffness, K c , acts as the penalty coefficient. This quantity can be theoretically estimated through the formula 2 : .4, taken from their paper, shows a bifurcation diagram rich in dynamical regimes, ranging from periodic to chaotic and including symmetry-breaking, doubleperiod and quasi-periodic motions. Similarly, the effect of simultaneously varying two parameters was studied (flow velocity and gap size), which resulted in a number of stability boundaries separating different regimes. The same authors investigated a related system, consisting of a clamped-pinned beam subjected to cross-flow, both experimentally [MUR 94a] and analytically [MUR 94b]. While a more complex behaviour is observed, qualitative similarities with the simple two-DOF model are evident. Antunes et al. [ANT 92] performed experiments on a loosely-supported cantilever beam in which fluidelastic forces were simulated by a feedback loop. This provides an effective negative damping, which plays an energy-source role analogous to that of flow velocity in "true" fluidelastic forces. Dynamical regimes of two distinct types were observed, each with different relative modal-to-total response contributions. While one of these was unique for low and high values of negative damping, an intermediate region in which both regimes coexisted was found. Thus, the observed steady state depended on initial conditions. All regimes reported in this study are quasi-periodic, as the motions of the numerous ] used the quasi-unsteady model to numerically simulate the response of a U-tube in cross-flow with a realistic velocity and density distribution. To this end, the two-phase flow was homogenized into an equivalent single-phase flow. The obtained results showed an increase in the complexity of the responses as the number of modes considered was increased. For three modes (two out-of plane and one in-plane), complementary asymmetrical regimes were observed, similarly to the cantilever beam case. However, only one of these was periodic, while the other was quasi-periodic. Lai et al. [LAI 19] used time-integration to numerically study the 1. State of the Art behaviour of a flexible, cantilever beam in a rigid, rotated-triangular grid under the action of a two-phase cross-flow. Fluidelastic forces were computed through the Price & Païdoussis model fitted with experimental data. For increasing flow velocity, transition from steady periodic to quasi-periodic and chaotic motions were observed. The method of multiple scales was employed by Vourganti et al. [VOU 20] to analytically study the stability of a 1-DOF oscillator with a discrete delay to model fluid-elastic forces. As the method requires smooth functions, the impacts in that case where modelled by a cubic spring rather than the usual piecewise-defined functions.

K c = 3.8 Ee 2 D … e D ( 

Modelling impacts

The high complexity observed in the studies mentioned above is a result of impacts, which are a particularly strong type of nonlinearity. An ideal, 1-DOF impact oscillator with natural (angular) frequency ω 0 is described by the constrained system:

ß ẍ(t) + ζ ẋ(t) + ω 2 0 x(t) = f (t) , ∀t > 0 ẋ(t + c ) = -r ẋ(t - c ) , t = t c (1.5)
where t c is any instant where impact takes place, i.e. when x(t c ) = g for a given gap size g. This model considers an instantaneous change in the sign of velocity, with a potential energy loss given by the restitution coefficient r ∈ (0, 1], with the limiting case r = 1 corresponding to perfectly elastic collisions. The term f (t) accounts for external forcing. Even though the system is linear between impacts, the discontinuity in velocity means that the system is highly-nonsmooth [ BRO 99]. This, in itself, represents a challenge to the usual time-stepping integration schemes. As a consequence, specialized methods have been devised to treat such problems [PAO 01, ACA 09]. When a periodic forcing such as f (t) = β sin(ωt) is applied, transitions from periodic to chaotic behaviour are known to happen for increasing values of β, usually through a sequence of period-doubling bifurcations [GUC 83,HIN 84]. An alternative modelling approach consists in adopting a penalty formulation, in which some penetration of the structure into the support (or elastic deformation of the former due to contact) is allowed. Hence, the impact law from Eq. (1.5) is replaced by a piecewisecontinuous function:

ẍ(t) + ζ ẋ(t) + ω 2 0 x(t) + f c (δ 1 ) Ĥ(δ 1 ) = f (t) (1.6)
where δ 1 = x(t)g is the penetration depth and Ĥ represents the Heaviside step function. Thus, the support exerts a restoring force on the structure for the duration of contact, which occurs over a finite time interval rather than instantaneously. Typically, linear or exponential functions are used for f c (δ). In the case of steam-generator vibrations, the former is adopted [AXI 88], such that:

f c (δ 1 ) = K c δ 1 (1.7)

Before impact During impact

Figure 1.5: Ovalization of tube section at impact. Besides enhanced ease for numerical simulations, this approach has the advantage of being physically significant, as the parameter K c is a measurable quantity which represents the cross-section deformation during impact, as schematized in Fig. 1.5. Eq. (1.6) specifically describes one-sided impacts, but it can be readily extended to other cases. For two-sided impacts:

ẍ(t) + ζ ẋ(t) + ω 2 0 x(t) + f c (δ 1 ) Ĥ(δ 1 ) -f c (δ 2 ) Ĥ(δ 2 ) = f (t) (1.8)
where δ 2 = -x(t)g. Several authors have studied the dynamics of systems similar to Eq. (1.8) for asymmetric gaps, i.e. g = g. Natsiavas & Gonzalez [NAT 92] used a semi-analytical approach to compute frequency response curves of a forced oscillator with asymmetric impacts. They reported loss of stability through a period-doubling bifurcation, leading to a sub-harmonic resonance peak at roughly twice the excitation frequency of the main resonance. Kim et al. [KIM 05] studied a SDOF torsional system with asymmetric gaps using the harmonic balance method and, similarly, encountered a sub-harmonic resonance peak. Duan & Singh [DUA 08] found branches of double-period solutions isolated from the main response curve, i.e. an isola. A connection between asymmetry and period-doubling is evident from these results. This fact is especially interesting in light of the transition to chaos via the successive period-doubling (or sub-harmonic cascade) route. De Langre & Lebreton [LAN 96] performed experiments and numerical computations on a forced SDOF system displaying both geometrical nonlinearity and two-sided, soft impacts. For certain combinations of driving amplitude a frequency, chaotic motions were observed, but solely in the asymmetrical configurations. While this aspect is not explored deeply in their paper, it is likely that chaos arrives following a sub-harmonic cascade.

An impact damper may also be included in order to account for energy losses resulting from impacts, which is analogous to the role of a restitution coefficient [HUN 75]. Païdoussis et al. [PAI 93] use a piecewise-linear impact damper to model the dissipation of energy by the response of high-frequency vibration modes of a cylinder not included in the reduced-order model used. This strategy was also employed by Prabel et al. [PRA 18] in their study of U-tube vibrations. Mureithi et al [MUR 94a] used a more refined model in which the impact damping coefficient is a nonlinear function of normal velocity and including a squeeze-film effect. Padmanabhan & Singh [PAD 95] incorporate impact damping into their model of gear rattle effects in automotive engines. A simple function describing two-sided, linearly damped impacts is given by:

f c (x, ẋ) = (K c (x(t) -g) +C c ẋ(t)) + Ĥ(x(t) -g) -(K c (x(t) + g) +C c ẋ(t)) -Ĥ(-x(t) -g)
(1.9) where the operators (•) + and (•) -denote, respectively, the positive and negative parts of the expressions within parentheses. Fig. 1.6 shows the graphs of Eqs. (1.6) and Eq. (1.8) side by side, for a displacement given by x(t) = 1.2 sin(t) and K c = 20,C c = 6, g = g = 1. Another important energy dissipation mechanism is friction, which plays a central role in many industrial applications, including: tube-to-support contacts in steam generator tubes [AXI 88], brake squeal [COU 09], turbine blade dampers [WAN 93] and violin string models [VIG 18]. The modelling of friction is far from being a task, as described in great detail by the historical review of Feeny et al. [FEE 98]. Indeed, one can not reasonably speak of a universal model, but rather of a group of models with certain applicability margins. For sliding friction between two metallic surfaces in contact, the so-called Coulomb, or dry, friction gives a force in the tangential direction as:

f T = µ| f N |sign ẋT (t)
(1.10) with µ the dimensionless dry friction coefficient, f N the normal force and ẋT (t) the tangential velocity. f N can be given, for instance, by Eq. (1.9) in the case of intermittent contacts, or by the weight of an object in permanent contact. When upon a surface moving at a constant velocity V , an oscillating system may undergo stick-slip oscillations: rapid transitions from a sticking to a sliding state as elastic forces overcome stiction. In that case, the velocity in Eq. 1.10 is replaced by v rel = ẋ(t) -V . Furthermore, the dry friction coefficient may be a nonlinear function of v rel [YOS 00]. An issue encountered when using such models for numerical simulation is the fact that the sign function is not uniquely defined for. ẋT (t) = 0. 

Numerical methods for nonlinear vibration problems

The equations of motion to be solved in structural vibrations result from the finite-element discretization of the continuous expression of dynamical equilibrium. They are sets of nonlinearly-coupled, second-order, ordinary differential equations whose analytical solutions are generally impossible to find. While powerful semi-analytical techniques such as multiple-scale analysis [NAY 79] and normal form transformation [JEZ 91] exist, they are usually limited to systems with weak nonlinearities, i.e. those for which the nonlinear terms remain small in comparison to the linear ones. This condition is certainly not met in intermittent contact problems. Hence, as already evidenced from the above discussion, numerical methods are fundamental in investigating their dynamic behaviour. In the context of heat-exchanger tube vibrations, the main focus is on finding steady-state solutions, as these are the ones that determine long-term behaviour. Strictly speaking, the presence of turbulent fluctuations and their corresponding forces renders the system's behaviour unsteady; however, after an initial transient period, turbulent flows become statically steady, in the sense that mean flow features do not vary over time. Consequently, it is reasonable to assume a similar behaviour for structural motions. The search for periodic and quasi-periodic solutions is of particular importance in this respect, as they are common steady-state regimes for vibrating systems. The codes mentioned herein make use of continuation methods: once a solution is found, a whole branch of solutions can be unfolded by treating one of the system's parameters as a new unknown and following the equilibrium path. This idea was orig-inally proposed for the study of equilibria in nonlinear elasticity [CRI 81] and then adapted for the study of periodic solutions. Different approaches for path-following have been employed over the years, with the most popular variants being arc-length continuation [KEL 83, KEL 86, SEY 10] and the Asymptotic Numerical Method (ANM) [DAM 90, COC 94]. The former consists in taking a step along the tangent direction to the path at a given solution, followed by orthogonal corrections until convergence. The latter, on the other hand, uses a series expansion to locally represent the path in the vicinity of the initial solution, iteratively solving for the expansion coefficients. Arc-length continuation can be seen as a first-order truncation of the corresponding series expansion. Continuation software has built-in routines for the stability evaluation of the computed periodic solutions, allowing for a detection of bifurcations as described in Sect. 1.3.3. Hence, they represent a valuable aid at understanding the complex dynamics of nonlinear systems. Nevertheless, codes relying on collocation methods are generally restricted to systems with a few degrees of freedom. Moreover, the frequency content of solutions computed in this way is not directly available and must be obtained in a post-processing stage. Both of these shortcomings are addressed by frequency-domain methods.

Time-domain methods

Frequency-domain methods

Krylov & Bogoliubov [KRY 50] were probably the first to have proposed a semi-analytic method whose principle was to look for periodic solutions in the form of truncated Fourier series. A Galerkin projection of the differential equations of motion onto a base of trigonometric functions, which are mutually orthogonal, transforms the initial problem into a system of nonlinear algebraic equations whose unknowns are the Fourier coefficients up to a certain harmonic component. It is relevant to note, at this point, that no studies of steam-generator vibrations have applied continuation methods so far, neither by time-domain nor by frequency-domain approaches. This can be partially explained by the stochastic nature of the observed re-sponses due to turbulence, which prevents any sustained periodic or quasi-periodic regime to develop. Nevertheless, analysing the behaviour of tubes under the steady-state, mean flow could provide valuable insight into their extremely complex dynamics. In particular, the HBM seems to be ideally suited for the task, as fluidelastic forces involving discrete (Eq. (1.1)) or distributed (Eq. (1.3)) delays can be efficiently computed in the frequency domain. For instance, the time-domain convolution products appearing in the latter become simple products under Fourier transformation as per the convolution theorem [BLA 05].

Stability and Bifurcations

Floquet Theory

As mathematical solutions to the equations of motion, periodic solutions can be either stable of unstable in nature. Different definitions of stability are used in nonlinear dynamics literature [GUC 83], and for periodic solutions the focus is on linear stability. Let us consider a generic system of the form:

u(t) = f(u(t),t) (1.11)
for a smooth function f : R n R n , and u(t) ∈ R n . Assuming the state of the system to be a slight perturbation from a known periodic solution u 0 (t), i.e. u(t) = u 0 (t) + η(t), a first-order expansion of Eq. 1.11 yields the linear system with periodic coefficients:

η(t) = A(t)η(t) (1.12)
where

A(t) = ï ∂f ∂u ò u=u 0
. The n solutions to Eq. 1.12 make up the fundamental solution matrix Φ(t), with initial conditions Φ(0) = I n . Any two states of η(t) are related by this matrix and, in particular:

η(T ) = Φ(T )η(0) (1.13)
where T is the minimal period of u 0 (t): u 0 (t + T ) = u 0 (t). Hence, the eigenvalues of Φ(T ), called the monodromy matrix, determine whether the perturbation decays (returns to the underlying cycle u 0 ) or grows (strays away from u 0 ) over the course of a period. The eigenvalues, µ ∈ C, are called Floquet multipliers and yield the criterion:

• Stable solution: |µ j | < 1, ∀i = 1, ..., n ,
• Unstable solution otherwise.

Alternatively, one may use the fact that solutions to Eq. 1.12 have the form η(t) = e λt p(t), where p(t + T ) = p(t), combined with Eq. 1.13 to express the stability criterion in terms of the Floquet exponents given by µ = e λT , such that: 

• Stable solution: ℜ λ j < 0, ∀i = 1, ...,

Computing bifurcations

Along the continuation of periodic solutions, Floquet exponents evolve and may have their real parts become positive/negative according to the system's parameters. Such an event is called a bifurcation. With respect to the continuation parameter, values before and after bifurcation correspond to a different number of co-existing solutions. This can happen by the equilibrium-path curve turning back on itself (a fold, turning point, saddle-node, or limit point bifurcation of cycles), or by a new curve branching out from it. The latter may be of a different dynamical nature than the former, for instance a branch of quasi-periodic (a secondary Hopf or Neimark-Sacker bifurcation) or double-period solutions bifurcating from a periodic solution curve. Hence, the capacity to detect and characterize bifurcations is extremely important. Continuation can be applied to the extended systems defining bifurcations, a technique called bifurcation tracking. The curves thus produced serve the role of stability boundaries across which different dynamical behaviours are exhibited either by a varying number of solutions, a change in the nature of these, or both. Their knowledge is thus precious to the understanding of global dynamics. It shall be clear that further Floquet exponents may cross the imaginary axis during bifurcation tracking, indicating a codimension-2 bifurcation (denoted codim-2). The term 'codimension' relates to the number of parameters to be tuned in order for such an event to happen, and thus codim-N bifurcations may be observed through recursive tracking, where N is limited by the number of Floquet exponents a system possesses. 

Summary

The numerical prediction of non-linear response to fluidelastic instability in steamgenerator tubes is a challenging task. On one hand, no fully-satisfactory model has been found to take into account fluidelastic forces. On the other, the combination of complex geometries, time-delay effects and strong nonlinearities gives rise to an extremely rich behaviour which is fertile in bifurcations. Numerical methods to tackle this issue should be able to handle the efficient continuation of limit cycles induced by the balance between frequency-dependent fluidelastic forces and impacts of beams, perform stability evaluations of converged cycles, carry out bifurcation analyses (detection, localization and tracking) and allow the transition between branches at bifurcation points regardless of their nature (periodic, quasi-periodic, sub-harmonic). While this would not lead to exact predictions of operating behaviour -due to the stochastic character of turbulence-, it would surely shed light on the underlying phenomenology associated with steam-generator tube vibrations. Potentially, this would aid in the creation of optimized design guidelines.

The rest of this thesis is structured in two chapters, with the first one devoted to the development of numerical methods that meet the above requirements, and the second one focused on applications to simplified systems which approximate -in an increasingly realistic way-qualitative aspects of the steam-generator tube vibration problem. Following the bibliographical review presented in this chapter, the formalism of AFT-HBM with arc-length continuation is adopted. From that starting point, the following contributions to numerical analysis of nonlinear vibration problems are presented in Chapter 2:

1. A method to study discrete and distributed-delay systems in the frequency domain which includes, in particular, the stability analysis of the latter by an appropriate reformulation of Hill's method.

2. A practical approach to transitioning from periodic to quasi-periodic branches at a Neimark-Sacker bifurcation, as well as the stability evaluation of quasi-periodic regimes.

3. A systematic methodology to construct extended systems for the characterization of bifurcations in any codimension.

A numerical implementation of continuation and bifurcation analysis algorithms

into the finite-element software CAST3M, thus permitting such analysis in practical nonlinear vibration problems with arbitrary geometries.

Chapter 2

Bifurcation analysis by Harmonic Balance

This chapter details the numerical methods for general bifurcation analysis in the frequency domain, based on coupling Harmonic Balance (HBM) and Pseudo Arc-length Continuation (PAC). After a brief overview of the well-known general principles and notations, the main contributions are discussed, which are three-fold: quasi-periodic analysis (including stability and branching from a NS bifurcation), the treatment of systems with time delays (particularly distributed delays, i.e. integro-differential equations) and the generalization of bifurcation analysis to arbitrary codimension. The methods are showcased on two example systems: a Jeffcott rotor and a Nonlinear Energy Sink (NES).

Finally, the implementation of the presented methods in the finite-element software CAST3M is addressed.

Continuation of periodic solutions: an overview

2.1.1 The Harmonic Balance Method (HBM)

Let us consider a discrete, nonlinear dynamical system having n degrees of freedom (DOFs), whose evolution in time is governed by the following equation:

Mẍ(t) + Cẋ(t) + Kx(t) + f NL (x(t), ẋ(t), ẍ(t)) + f I (x(t), τ) = f(t) (2.1)
If the system is idealized as a collection of lumped masses, as will be done throughout this chapter, this expression can be considered exact and may include full matrices, with x(t) ∈ R n a vector of generalized displacements. Otherwise, it may represent a discrete approximation to a continuous problem through, e.g., a finite-element spatial discretization or a modal expansion up to the n-th normal mode, in which case the modal displacements q(t) replace x(t) in the above equation. In any case, M, C and K are the (full or modal) inertia, damping, and stiffness matrices, respectively, whereas f NL is the vector of nonlinear forces and f(t) is the vector of applied external forces. The term f I accounts for any potential time-delay terms and will be discussed further in Sect. 2.2.1; for the purposes of this section we will consider f I = 0. An approximate solution to Eq. (2.1) is sought in two steps. Firstly, the steady state solution x(t) is assumed to be representable by a series expansion over a certain basis B 1 (t) of orthonormal functions with particular properties, usually (quasi-)periodicity. Secondly, this expansion is introduced in the equations of motion, which are then projected onto an orthonormal basis B 2 (t) through an adequate scalar product. The classical HBM consists of using a basis of trigonometric functions for both expansion and projection, i.e. performing the Fourier-Galerkin method, such that the time dimension is removed, which results is an algebraic problem for the Fourier coefficients of x(t). This implies choosing

B 1 (t) = B 2 (t) = F H (ωt) ∈ R L , with L = 2H + 1, such that: F H (ωt) = 1 cos(ωt) sin(ωt) . . . cos(Hωt) sin(Hωt) (2.2)
where ω is the fundamental circular frequency of oscillation and the expansion is truncated at the H-th harmonic. An alternative choice for a basis consists of the complex trigonometric functions:

E H (ωt) = e -iHωt • • • e -iωt 1 e iωt • • • e iHωt (2.3)
It is quite simple to derive an isomorphism between F H (ωt) and E H (ωt) by Euler's formula, which leads to the conclusion that both bases are equivalent. Herein, all developments will be based on Eq. (2.2). While lacking the symmetric nature of Eq. (2.3) (which leads to convenient operators and greater overall elegance), this formulation has the advantage of avoiding complex algebra, which is useful in view of the Cast3M implementation of the method. A generic periodic vector p(t) can be uniquely expressed in terms of its Fourier coeffi-2. Bifurcation analysis by Harmonic Balance cients, P ∈ R nL :

p(t) = (F H (ωt) ⊗ I n ) P (2.4)
with the following ordering convention:

P = P T 0 , P T c1 , P T s1 , . . . , P T cH , P T sH T (2.5)
The symbol ⊗ stands for the Kronecker tensor product1 . Each sub-vector P x ∈ R n contains the x-th Fourier coefficient of each DOF, with the subscript x denoting either the static positions (0), or the cosine (c j) and sine (s j) parts of each harmonic, for j = 1, . . . , H. Conversely, thanks to the orthonormality of the Fourier basis, P is obtained from p(t) through:

P = F T H (ωt) ⊗ I n , p(t) (2.6)
where the inner product •, • , defined on the space of real, periodic functions over ï 0, 2π ω ò , is given by:

f (t), g(t) = ω 2π 2π ω 0 f (t)g(t)dt (2.7) 
Time-derivatives of p(t) are also proportional to P, since only the basis functions are time-dependent. More precisely:

ṗ(t) = ω(F H (ωt)∇ ⊗ I n )P (2.8)
The operator ∇ ∈ R L×L applies a permutation to the basis functions (equivalent to a 90degree rotation), so that the velocity and displacement vectors are orthogonal in the frequency domain:

∇ = diag (0, ∇ 1 , ..., ∇ H ) ∀ j = 1, ..., H : ∇ j = j ï 0 1 -1 0 ò (2.9)
As every term in Eq. ( 2.1) must be periodic as well if x(t) is, we can Fourier-expand them all and use the Galerkin method to obtain:

R(X, ω) = î ω 2 (∇ 2 ⊗ M) + ω(∇ ⊗ C) + I L ⊗ K ó X + F NL (X, ω) -F(ω) = Z(ω)X + F NL (X, ω) -F(ω) = 0 (2.10) Figure 2
.1: Schematic force balance for the j-th harmonic.

Here, the dynamic stiffness matrix Z(ω) ∈ R nL×nL has the following structure:

Z(ω) = diag (K, Z 1 (ω), ..., Z H (ω)) ∀ j = 1, ..., H : Z j (ω) = ï K -( jω) 2 M jωC -jωC K -( jω) 2 M ò (2.11)
Finding an approximate periodic solution to Eq. (2.1), correct up to the H-th harmonic, is therefore equivalent to finding roots of the residue function, R(X, ω), which is a frequency-domain expression of dynamical equilibrium as illustrated in Fig. 2.1. We shall distinguish between the following cases:

Forced response: C = 0, F(ω) = 0
The system is damped. The fundamental circular frequency, ω, is fixed and equals that of the forcing term f(t), which is necessarily periodic. The residue is then a function of X only and the problem Y F (X) = R(X) = 0 is well-posed.

Autonomous response: C = 0, F(ω) = 0
The system is damped but unforced. Hence, periodic solutions are possible only if F NL contains non-conservative terms which balance damping in such a way that the net dissipated energy over one cycle is zero, i.e.:

F NL = F nc NL + F c NL , where F nc NL ⊥ F c NL and F nc NL = -ω(∇ ⊗ C)X.
Furthermore, the circular frequency is unknown a priori and must be found simultaneously with the Fourier coefficients. The problem R(X, ω) = 0 is underconstrained and must be completed by an additional equation. This is typically done by introducing a phase condition which fixes the initial phase of any given DOF, which is arbitrary since periodic solutions are invariant under time translations in the autonomous 2. Bifurcation analysis by Harmonic Balance case. Thus, without loss of generality, an initial phase of zero may be chosen for the first DOF:

ẋ1 (0) = 0 =⇒ g(X) = e 0 X = 0 e 0 = [0 0 1 0 2 . . . 0 H] ⊗ [1 0 . . . 0] (2.12) The problem Y A (X, ω) = R T (X, ω) g(X) T = 0 is well-posed.
Free response: C = 0, F(ω) = 0

The system is conservative, which implies that

F NL = F c NL with F c NL collinear to I L ⊗ K -ω 2 ∇ 2 ⊗ M X.
The solutions X in this case correspond precisely to the definition of Nonlinear Normal Modes (NNMs) in the sense of Rosenberg [ROS 62]: families of periodic orbits of a system's underlying conservative part, parametrized by energy level. Indeed, as no input nor output of energy is present in the conservative equation, solutions exist for arbitrary values of E = X T X, which is a measure of total energy in accordance with Parseval's theorem. In other words, the norm of X is free to vary; this leads to an under-constrained problem which requires the appending of an energy condition such as:

h(X) = X T X -E 0 = 0 (2.13)
with E 0 ∈ R + . In contrast to the linear modes, an implicit relation exists between X and ω, so these variables must be computed simultaneously. Moreover, as the conservative system is autonomous as well, Eq. (2.12) must be used to choose a particular solution amongst the continuum of possibilities. This means, however, that the system is overconstrained, as nL + 2 equations are set up for the nL + 1 unknowns X and ω. The solution we choose herein, following [ARQ 06], is to relax the system by including an artificial parameter a, which plays the role of a trivial Lagrange multiplier associated with the non-conservative force:

F a (X) = a(∇ ⊗ I n )X (2.14)
Hence, dynamical equilibrium reads:

R(X, ω, a) = î ω 2 (∇ 2 ⊗ M) + I L ⊗ K ó X + a(∇ ⊗ I n )X + F c NL (X, ω) = 0 (2.15)
As a non-zero energy level is imposed through Eq. (2.13), the only allowable value is a = 0, and one effectively solves the conservative equations. The problem

Y NNM (X, ω, a) = R T (X, ω, a) g(X) h(X) T = 0 is well-posed.
The Newton-Raphson method is used to find a solution to any of the above problems. To this end, the Jacobian matrices associated to the forced, autonomous or free (NNM) cases must be constructed at each iteration:

J F = R X (2.16) J A = ï R X R ω g X 0 ò
(2.17)

J NNM =   R X R ω R a g X 0 0 h X 0 0   (2.18)
where subscripts denote partial differentiation and dependence on the corresponding variables has been omitted for ease of presentation. It should be noticed that most of the derivatives hereupon can be readily computed from the definitions given in this chapter. However, the terms:

R X (X, ω) = Z(ω) + dF NL dX (2.19) R ω (X, ω) = [2ω(∇ 2 ⊗ M) + (∇ ⊗ C)] + dF NL dω (2.20)
introduce derivatives of nonlinear forces, which require a special treatment. The same can actually be said of the forces themselves, which are part of the residual vectors Y pt since, in all cases, the Newton-Raphson correction to be added to the vector of unknowns, Υ pt , at the k-th iteration is given by:

ζ (k) = -J -1 pt (Υ (k) pt )Y pt (Υ (k) pt ) (2.21)
where the sub-index pt stands for any one of the problem types: {F, A, NNM} and Υ pt contains the corresponding unknowns. Convergence of the method is considered to be achieved at iteration k if the residual norm falls below a given tolerance ε > 0:

Y pt (Υ (k) pt ) < ε =⇒ Υ (k)
pt is a solution (2.22)

Computing nonlinear forces

Determining the Fourier coefficients of nonlinear forces and their derivatives is not a trivial task, as analytical expressions are generally not available in the frequency domain.

A wide range of problems, namely those dealing with large displacements or nonlinear damping, involve forces with polynomial forms. For this particular class of functions, an efficient computation can be performed by exploiting the convolution theorem. This is frequently done when a complex formulation of the HBM is used, see e.g. [COC 09], but rarely (if at all) for the real formulation. A method applicable to the latter is presented in Appendix A.1. For all other kinds of nonlinearities, the Alternating Frequency-Time (AFT) method introduced by [GRO 01] is certainly a practical choice.

General terms: AFT

The main idea is to compute the forces (and their derivatives) in the time domain, where their explicit definitions are available and often simple, and to subsequently obtain their Fourier coefficients by projecting them onto the frequency domain, where the harmonic equations are solved. Projections from one domain to the other are made by direct and inverse Fourier transforms, which computationally leads to two variants of the method: a) DFT-based: Let x ∈ R nN×1 represent an N-sample representation of the periodic solution vector over the uniformly-spaced time grid t = [t 0 , ...,t N-1 ] T , where t N = 2π ω and, ∀k = 0, ..., N :

t k = k N 2π ω . Hence, from Eq.(2.4): x = Ö   F H (0)
. . .

F H 2π N-1 N    ⊗ I n è X = (Γ H ⊗ I n )X (2.23)
Multiplication by matrix Γ H ∈ R N×L thus performs an inverse DFT. The direct transform is given by the pseudo-inverse

Γ -1 H , such that Γ -1 H Γ H = I L and: X = (Γ -1 H ⊗ I n )x (2.24)
This is, in particular, true for the vector of nonlinear forces, which is thus given by:

F NL = (Γ -1 H ⊗ I n ) fNL (x, ẋ, ẍ) (2.25)
The sampled velocities and accelerations, if required, are computed by combining Eqs.

(2.23) and (2.8):

ẋ = ω((Γ H ∇) ⊗ I n )X = ω(Γ H ⊗ I n )V (2.26) ẍ = ω 2 ((Γ H ∇ 2 ) ⊗ I n )X = ω 2 (Γ H ⊗ I n )A (2.27)
Differentiation of Eq. (2.25) with respect to (X,ω), minding the chain rule, thus yields:

dF NL dX = (Γ -1 H ⊗ I n ) ï ∂ fNL ∂x (Γ H ⊗ I n ) + ω ∂ fNL ∂ ẋ ((Γ H ∇) ⊗ I n ) + ω 2 ∂ fNL ∂ ẍ ((Γ H ∇ 2 ) ⊗ I n ) ò = ∂F NL ∂X + ω ∂F NL ∂V (∇ ⊗ I n ) + ω 2 ∂F NL ∂A (∇ 2 ⊗ I n ) (2.28) dF NL dω = (Γ -1 H ⊗ I n ) ï ∂ fNL ∂ω + Å ∂ fNL ∂ ẋ ((Γ H ∇) ⊗ I n ) + 2ω ∂ fNL ∂ ẍ ((Γ H ∇ 2 ) ⊗ I n ) ã X ò = (Γ -1 H ⊗ I n ) ∂ fNL ∂ω + ∂F NL ∂V (∇ ⊗ I n )X + 2ω ∂F NL ∂A (∇ 2 ⊗ I n )X (2.29)
Since matrices Γ H , Γ -1 H depend solely on H and N, they need only be computed once as a preliminary step, and so this method is very easy to implement. For a given H, it is necessary to choose a number of samples N ≥ 2H + 1 in order to avoid the aliasing phenomenon [HES 09, DAI 18]: as the numerical representation of a function is made up of a discrete collection of values, any events occurring between two consecutive samples are unresolved. Hence, high-frequency components are incorrectly interpreted as a combination of lower-frequency ones, artificially distorting the signal.An illustration is shown in Fig. 2.2 with the function f (t) = sin(3t). For N = 3 < 7, a discrete Fourier transform 'sees' the function -sin(t), shown in dashed lines. On the other hand, choosing N = 16 > 7 leads to an unambiguous representation. This corresponds to the intuition that good resolution requires at least one sample per peak in the corresponding waveform. Respecting the condition above, commonly known as the sampling theorem, yields the exact values of Fourier coefficients up to the H-th harmonic through DFT [KRA 19]. 

b) FFT-based:

The main drawback of the DFT method is its computational cost, which grows quadratically with H and N. Indeed, the number of operations involved in one back-and-forth transformation of a vector with length L is nNL(L + nN). Supposing N and L are of the same order of magnitude (a rather optimistic estimation, as discussed in the following paragraph), this means that computing the nonlinear forces demands at least the same computational effort as inverting the Jacobian in Eq. (2.21), and this is still not taking into account the derivatives. A higher efficiency is possible through the replacement of the straightforward products (Γ -1 H ⊗ I n )x and (Γ H ⊗ I n )X by calls to direct and inverse Fast Fourier Transform (FFT) subroutines, respectively. A FORTRAN implementation, for instance, exists within the open-access linear algebra library FFTPACK [SWA 84], whereas fft/ifft are standard commands available in MATLAB. Both of these are based on the algorithm generally attributed to Cooley and Tukey [COO 65], which is based on recursively computing n 1 complex DFTs of size n 2 , where N = n 1 n 2 . Optimal efficiency is thus achieved by choosing N to be as decomposable as possible into small integer factors, i.e. N should be a power of 2. The direct FFT of a sampled signal yields complex-valued Fourier coefficients X j , ∀ j = 0, ..., H, from where the real coefficients are computed through:

X c j = 2 N ℜ X j X s j = - 2 N ℑ X j (2.30)
An additional advantage of the FFT over the DFT-based AFT is that it is generalizes to multiple-dimensional Fourier series with relative ease, which is convenient for quasiperiodic analyses. Besides, as in such cases the size of the problem becomes n(2H + 1) m , the gain in computational efficiency quickly becomes a necessity rather than a commodity.

Pseudo Arc-length Continuation (PAC)

The equations for dynamic equilibrium generically depend on an arbitrary number of parameters, whose values are fixed when calculating a solution Υ 0 pt . Let us consider a parameter α, with initial value α 0 . A small variation ∆α will result in violating the equilibrium conditions, unless a corresponding variation ∆ϒ pt is introduced such that Y pt (Υ 0 pt + ∆Υ pt , α 0 + ∆α) = 0. A Taylor expansion around the initial solution can be performed, as the residual Y pt depends continuously on the Fourier coefficients and on all of its parameters. To first order, this yields:

Y pt (Υ 0 pt + ∆Υ pt , α 0 + ∆α) ≈ J 0 pt ∆Υ pt + Y 0 α ∆α ≈ 0 (2.31)
where the super-index denotes evaluation at 2 . The Implicit Function Theorem ensures that a smooth, bijective curve f (Υ pt , α) = 0 exists in the vicinity of the initial solution, under the condition that J 0 pt is non-singular. The first-order approximation of Eq.(2.31) -which lies on the local tangent line to the initial solution in (Υ pt , α) space-will generally not belong to this curve. Nevertheless, for sufficiently small variations, it provides a good starting point from where Newton-Raphson iterations may be used to converge to a new solution. The strategy is thus of the predictor-corrector type, and consists of two stages:

Ä Υ 0 pt , α 0 ä and the error is O max ||∆Υ pt || 2 , |∆α|
Prediction An additional equation must be appended to Eq.(2.31) in order to achieve closure. The pseudo arc-length equation is used:

||∆Υ pt || 2 + ∆ω 2 = ∆s 2 (2.32)
where ∆s > 0, which fixes the magnitude of the tangent step. The predicted solution is:

Ç Υ 1{0} pt α 1{0} å = Å Υ 0 pt α 0 ã + Å ∆Υ pt ∆α ã (2.33)
where the components of the tangent vector satisfy:

ñ J 0 pt Y 0 pt α ∆Υ T pt ∆α ô Å ∆Υ pt ∆α ã = Å 0 ∆s 2 ã (2.34)
Correction Newton-Raphson iterations are performed in a direction orthogonal to the tangent vector of the predictor step. At the k-th iteration, the corrections are computed as the solution to:

ñ J 1{k} pt Y 1{k} ω ∆Υ T pt ∆α ô Å δΥ pt δα ã = - Ç Y 1{k} pt 0 å (2.35)
until the magnitude of the residual falls below a given tolerance.

This procedure can be automated so that the implicit curve is computed step-by-step over a given range of α. An efficient algorithm includes automatic step-length adaptation, such that smaller steps are taken in the presence of important local curvature, as evidenced by large deviation from the tangent approximation. The number of required iterations at a given step is an appropriate practical measure of this characteristic, and is thus the foundation of adaptation strategies [SEY 10]. Besides, as the sign of the tangent vector is not inherently prescribed by Eq. (2.32), it is the duty of the algorithm to choose it so that direction of the course is preserved along continuation. Letting t i be the tangent vector at the i-th step, the condition to fulfill is simply expressed as: t T i • t i-1 > 0. Fig. 2.3 summarizes the PAC algorithm with tangent prediction, as used throughout this work. It shall be noted that this method works for any system of nonlinear algebraic equations. In particular, it can be used on the defining systems for the wide range of bifurcations encountered in dynamics problems, which are presented in the following sections. This application of continuation methods is termed bifurcation tracking [XIE 17, DET 14, PET 16].

Bifurcation analysis by Harmonic Balance

Initial solution: (X 0 , ω 0 , α 0 ) Prediction: Tangent vector

• Solve: J i-1 pt ∆Υ pt = - Ä Y i-1 pt ä α • Tangent step: Υ i{0} pt α i{0} = Υ i-1 pt α i-1 + ∆s i ∆Υ pt ∆α Correction: N-R iterations • Compute Y i{k} pt , J i{k} pt , Ä Y i{k} pt ä α • Solve: ñ J i{k} pt Ä Y i{k} pt ä α ∆Υ pt T ∆α ô ß δΥ pt δα ™ = ® -Y i{k} pt 0 • Apply corrections: Υ i{k+1} pt α i{k+1} = Υ i{k} pt α i{k} + δΥ pt δα Y i{k+1} pt < ε ? Stability analysis [α min , α max ] covered? NO k ← k + 1 YES NO i ← i + 1 YES End Figure 2.3: Generic HBM-PAC algorithm.

Bifurcation analysis

Codimension-1 bifurcations

The numerical computation of Floquet exponents for nonlinear vibration problems can be performed in the frequency domain by employing Hill's method. When pseudo arc-length continuation is used, this amounts to solving the quadratic eigenvalue problem [GRO 01]:

î R X + λD 1 + λ 2 D 2 ó P = 0 (2.36)
where R X is defined by Eq. (2.19) and:

   D 1 = 2ω∇ ⊗ M + I L ⊗ C + ∂F NL ∂V D 2 = I L ⊗ M (2.37)
Given that Floquet exponents are implicit, continuous functions of the parameters on which a system depends, bifurcations are generically found during the continuation of (quasi-) periodic solutions. Fig. 2.4 summarizes the four well-known bifurcation scenarios in codimension 1, represented by one or two (complex conjugate) critical exponents crossing the imaginary axis in the Argand plane. The rigorous detection of bifur- cations is done by evaluating, at each continuation step, scalar test functions tailored to vanish at a specific bifurcation. Examples can be found in [DOE 03, SEY 10], or even [XIE 17, ALC 19] in the context of HBM. A more efficient methodology for practical implementations consist in keeping track of "unstable exponents", i.e. of exponents with positive real parts, and comparing their number at consecutive steps. For the j-th step, let this number be given by N j u . This yields a very simple criterion, as follows:

ℑ(λ j ) ω 2 - ω 2 
ℜ(λ j ) a) Static bifurcation: LP or BP. ℑ(λ j ) ω/2 -ω/2 ℜ(λ j ) -κ κ b) Dynamic bifurcation: NS or PD.
1. N j u -N j-1 u = 0 : regular point, no bifurcation has occurred. = 1 : static bifurcation. A critical Floquet exponent crosses the imaginary axis through the origin, corresponding to a singular Jacobian matrix: det (R X ) = 0. If this is accompanied by a change in the continuation direction, i.e. ∆ω j ∆ω j-1 < 0, then a point of vertical tangency (∆ω = 0) exists on the response curve and the bifurcation at hand is a Limit Point (LP). Else, the singularity is degenerate and translates the non-uniqueness of the tangent vector; in other words, two branches of solutions intersect at the bifurcation, which is thus a Branch Point (BP). As solutions pertaining to distinct branches are qualitatively different, the latter case is associated to the breaking of a certain symmetry (see Sect. 2.2.4).

3. N j u -N j-1 u = 2 : dynamic bifurcation. A pair of complex conjugates crosses the imaginary axis. At the critical value, such that ℜ(λ ± ) = 0, the imaginary part has magnitude ℑ(λ ± ) = ±κ. A branch of solutions, whose frequency content includes combinations of ω and |κ| ∈ 0, ω 2 , emanates from the bifurcation: in the generic case where the ratio ω/κ is irrational, a Neimark-Sacker (NS) bifurcation occurs and the family of branching solutions is quasi-periodic. If, on the other hand, this ratio is an integer, then the minimal period of the branching solutions is multiplied. The most fundamental case, both by its ubiquitousness and its practical implications, is period doubling (PD), where |κ| = ω/2.

Hereafter, typical fully-extended systems are given for each kind of bifurcation.

Y LP (X, φ, ω) =   R R X φ φ T φ -1   (2.38) Y BP (X, φ, ω, γ) =     R + γφ φ T R X φ T R ω φ T φ -1     (2.39) Y NS (X, φ R , φ I , κ, ω) =       R R X -κ 2 D 2 φ R -κD 1 φ I κD 1 φ R + R X -κ 2 D 2 φ I φ T R φ R -1 p T φ R       (2.40) Y PD (X, φ R , φ I , ω) =         R Å R X - ω 2 2 D 2 ã φ R - ω 2 D 1 φ I ω 2 D 1 φ R + Å R X - ω 2 2 D 2 ã φ I φ T R φ R -1         (2.41)
They are presented in a form suitable for forced response analysis, but they are also applicable to autonomous responses as well by systematically including a phase condition alongside the constraint equations. Moreover, as a trivial zero exponent is always included among the 2n Floquet exponents of autonomous periodic solutions, a necessary additional step for computing static bifurcations in that case consists in shifting In Eq.(2.39), γ is an artificial parameter used to unfold the BP bifurcation, similarly to the relaxation strategy used for NNM computation. Any non-zero value of γ would generate an imperfect bifurcation, i.e. disjoint solution branches, as the dynamical equilibrium equations are perturbed. Thus, imposing γ = 0 is equivalent to requiring symmetry of the main branch. In addition, it should be noted that the left eigenvector is considered in this case. The degeneracy of the zero exponent is equivalent to the singularity of the tangent matrix from Eq.(2.33), which in turn implies that R ω is in the range of R X . In other words:

∃v ∈ R nL , R X v + R ω = 0 (2.42)
which leads to the third line of Eq.(2.39) upon multiplication by the left eigenvector. In Eq.(2.40), the last lines are used to normalize vectors φ R and φ I , with p ∈ R nL a constant vector with non-zero projection on Span(φ R , φ I ). In practice, any two noncontradictory normalization conditions can be used, and those above can be replaced -for instance-by: p T φ R = 0 and p T φ I -1 = 0. These simplify to the LP system, Eq. (2.38), for κ = 0, as the lack of amplitude constraint allows for φ R to become nil. The physical reason for the need of two is that, as explained in Sect. 2.2.2, a 2-torus such as the ones on the branch emerging from a NS bifurcation is parametrized by two time-like coordinates. While the total initial phase is imposed by the forcing, the phase of one of the latter can be taken arbitrarily, and a particular value must be chosen by fixing the value of a given component, as is done by the second normalization equation above.

As the second frequency κ is not unknown in this case of Eq.2.41, one of the normalization equations has to be removed. An alternate extended system, which resembles Eq.(2.40) as closely as possible, is obtained by keeping κ variable and replacing the second normalization condition by the phase-locking expression: ω -2κ = 0. For completeness, details on the computation of the different terms involved in the Jacobian matrices of general extended systems are given in Appendix A.2.

Trivial eigenvalue of autonomous systems

A limit cycle solution to conservative systems, such as Eq. (2.1) with f(t) = 0, is never unique, in the sense that a continuous family of associated solutions can be obtained by varying its phase, which is imposed only artificially through a phase condition. This implies the existence of a trivial Floquet exponent with value zero, which has no impact on the actual stability behaviour of the computed solutions. Ideally, this would pose no problem, since one could just isolate this eigenvalue and evaluate stability with the remaining ones. However, given that numerical errors are practically unavoidable, the trivial eigenvalue may fluctuate and cross the stability boundary ℑ(λ) = 0 during continuation, which would be spuriously interpreted as a bifurcation. Therefore, a better strategy is to identify the trivial exponent not by its value, but rather through a formal characterisation. This may be achieved by finding an analytical expression of its associated eigenvector, as follows.

Bifurcation analysis by Harmonic Balance

Consider a periodic solution of Eq. 2.86 with an arbitrary initial phase:

X(t + b 0 ), b 0 ∈ R.
Its Fourier expansion can be expressed in two equivalent ways, either in terms of the coefficients associated with zero phase shift, X 0 , or by considering a new vector X b 0 : This relation simply states the known fact that a phase shift equates to a rotation of the harmonic coefficients by an angle b 0 in the frequency domain, while their amplitudes are kept constant. Indeed, by using trigonometric identities, it is straightforward to deduce:

x(t + b 0 ) = [F(ω(t + b 0 )) ⊗ I n ] X 0 = [F(ωt) ⊗ I n ] X b 0 (2.
F(ω(t + b 0 )) = F(ωt)G(ωb 0 ), where : G(ωb 0 ) = diag Å 1, ï cos(ωb 0 ) sin(ωb 0 ) -sin(ωb 0 cos(ωb 0 ) ò , ..., ï cos(Hωb 0 ) sin(Hωb 0 ) -sin(Hω b 0 ) cos(Hωb 0 ) òã (2.44) =⇒ X b 0 = (G(ωb 0 ) ⊗ I n )X 0
(2.45) Fig. 2.5 illustrates this on a periodic solution to an autonomous equation, rotated to satisfy different phase conditions. Now, if X 0 satisfies dynamical equilibrium, the invariance property implies that X b 0 must do the same for any b 0 . Hence: R(X b 0 ) = 0 and, moreover:

dR(X b 0 ) db 0 = ∂R ∂b 0 + R X (X b 0 ) dX b 0 db 0 = 0 (2.46)
As the equilibrium residual does not depend explicitly on b 0 , the first term is identically zero. Furthermore, from Eq. (2.45),

dX b 0 db 0 = ω(∇G(ωb 0 ) ⊗ I n )X 0 = ω(∇ ⊗ I n )X b 0 , which implies: R X (X b 0 ) [(∇ ⊗ I n )X b 0 ] = 0 (2.47)
The term within brackets is a vector which belongs to the null space of R X for any given b 0 . Thus, regardless of the phase condition used to fix the value of this quantity, the corresponding eigenvector for the zero eigenvalue of R X is always given by Eq. (2.47). This is true, in particular, for b 0 = 0:

R X (∇ ⊗ I n )X 0 = 0 (2.48)
This proves that the invariant nature of limit cycles is reflected by a zero eigenvalue of its Jacobian matrix. Now, let us consider once more the eigenvalue problem of Eq. (2.36). The trivial Floquet exponent is sought by imposing λ = 0. We find:

R X P = 0 (2.49)
Any nil Fourier exponents thus coincide with zero eigenvalues of the Jacobian. Only one such eigenvalue exists for a regular periodic solution if the system is autonomous. This implies that, necessarily,

P = (∇ ⊗ I n )X (2.50)
is the eigenvector associated to the trivial Floquet exponent.

Coming back to the static bifurcations of autonomous systems, the Jacobian matrix R X appearing in extended systems Eqs. (2.38) and (2.39) can be replaced by:

R Xs = R X - P PT || P|| 2 (2.51)
whose spectrum is the same as that of the original Jacobian, with except that the trivial exponent has been shifted to -1. In this way, any null exponent found along the continuation procedure can be unambiguously identified as either a LP or a BP and then localized by using Newton-Raphson iterations on a slightly modified form of Eqs. (2.38,2.39):

Y LPA (X, φ, ω, α) =     R g(X) R Xs φ φ T φ -1     (2.52) Y BPA (X, φ, ω, α, γ) =       R + γφ g(X) R Xs φ φ T R ω φ T φ -1       (2.53)
For the case of NS and PD bifurcations, no change to the corresponding extended systems is necessary. It should be noted, however, that stability evaluation itself requires the trivial eigenvalue to be shifted from the quadratic problem, Eq (2.36). This can be accomplished by using the technique proposed in [MEI 13], or by using a typical shift on the doublesize, equivalent linear system:

ï 0 I L -D -1 2 Rx -D -1 2 D 1 ò ï P λ P ò = λ ï P λ P ò (2.54)
In the latter case, the eigenvector used to shift the trivial zero of the left-hand matrix is clearly equal to (∇ ⊗ I n )X T 0 T T . Moreover, it shall be noted that these expressions imply the geometric and algebraic multiplicities of the zero exponent to be identically equal to two, in such a way that each zero is associated to a different eigenvector, thus enabling PT φ = 0. Shall this condition not be verified, as may be the case in practice, φ is sought as a generalized eigenvector by using the alternative systems presented in Appendix A.2.

Contributions to the numerical analysis of nonlinear vibration problems 2.2.1 Delayed systems

In this section, the following time-delayed term f I of Eq. 2.1 is considered:

f I = Ax(t -τ) + Bẋ(t -τ) + a t -∞ D(τ)x(t -τ)dτ (2.55)
where a ∈ R, is considered. Each of the terms in the above expression is a linear function of lagged displacements/velocities, i.e. evaluated at a previous state characterized by the time lag τ ∈ R + . Likewise, the nonlinear force vector is allowed to depend on the delayed variables:

f NL (x, ẋ, τ) ≡ f NL (x(t), ẋ(t), x(t -τ), ẋ(t -τ))
. If a = 0 and A,B are not both nil (discrete delay), the system's characteristic equation is transcendental rather than polynomial, and so Hill's method leads to a nonlinear eigenvalue problem for its Floquet exponents, which are infinite. The stability evaluation in such cases has been addressed by several authors (e.g. [WAN 19]) and is not considered within the scope of the present work. Nonetheless, the computation and continuation of periodic solutions through the HBM is straightforward, and so it is detailed next for completeness. On the other hand, if a = 0 and A = B = 0 (distributed delay), certain types of kernel functions allow for the integro-differential equations of motions to be recast into an equivalent, purely differential form to which a set of additional first-order equations has been appended. In the context of pseudo arc-length continuation, Floquet exponents are then obtainable through a particular variant of Hill's method which is introduced in this section.

Discrete delays

The delayed term is given by: f I = Ax(t -τ) + Bẋ(t -τ). Let X τ represent the Fourier coefficients of a delayed periodic solution to Eq.(2.1), say x(t -τ), with angular frequency ω. Relative to the coefficients of the current-time solution, X, X τ is rotated in the frequency domain by an angle -ωτ due to the time lag. Hence, using the rotation matrix of Eq. (2.44):

X τ = (G(-ωτ) ⊗ I n ) X =⇒ ß x(t -τ) = (F H (ωt)G(-ωτ) ⊗ I n ) X ẋ(t -τ) = ω (F H (ωt)∇G(-ωτ) ⊗ I n ) X (2.56)
The Fourier-Galerkin projection of the equations of motion yields a residual analogous to Eq. (2.10), where additional terms are included in the dynamic stiffness matrix:

Z τ (ω) = ω 2 ∇ 2 ⊗ M + ω (∇ ⊗ C + ∇G(-ωτ) ⊗ B) + I L ⊗ K + G(-ωτ) ⊗ A (2.57)
A successful convergence of the Newton-Raphson algorithm towards a periodic solution must take into account the ω-dependence of matrix G(-ωτ). Moreover, the AFTcomputation of derivatives also has to be adapted in the case of nonlinear functions of x(t -τ) and ẋ(t -τ). Denoting the sampled representation of these two vectors by, respectively, xτ and vτ :

dF NL dX = (Γ -1 H ⊗ I n ) ï ∂ fNL ∂x (Γ H ⊗ I n ) + ∂ fNL ∂x τ ((Γ H G(-ωτ)) ⊗ I n ) +ω ∂ fNL ∂v τ ((Γ H ∇G(-ωτ)) ⊗ I n ) ò (2.58)
where, without loss of generality, it has been assumed that nonlinear forces dependent only on x(t), x(t -τ) and ẋ(t -τ). It shall be noted that frequency dependence is also introduced here through the rotation matrix; this must be considered when computing the term R ω .

Example: A self-excited Duffing oscillator with feedback control Consider the following SDOF system:

ẍ(t) + 2ζ ẋ(t) + x(t) + k NL x 3 (t) -c NL ẋ3 (t) + ax(t -τ) + b ẋ(t -τ) = p cos(ωt) (2.59)
with (k NL , c NL , τ, p) ≥ (0, 0, 0, 0) and (a, b) ∈ R. Eq. (2.59) serves as a toy model to study the dynamics of a mechanical system undergoing large displacements and self-excited oscillations (due, in this case, to a cubic negative-damping term), as one could encounter when studying fluid-structure interaction problems. Control of the system's dynamics is Four values were chosen for τ: {0.000, 0.086, 0.286, 0.786}. Besides frequency responses, bifurcation tracking of LPs is shown as well. This can be achieved even in the absence of stability information, as this particular bifurcation is detected by monitoring the component of the tangent vector related to the continuation parameter, ∆ω in this case. Furthermore, it can be shown (see Appendix A.2) that extended systems for the static bifurcations retain their forms when delays are considered, the only differences occurring during the computation of the extended Jacobian matrix. Once the LPs were localized, they were tracked with τ as continuation parameter, yielding the stability boundaries of Fig. 2.7. For this simple example, it can be observed that an increased lag has a stabilizing effect in the absence of nonlinear damping, i.e. Cases 1 and 3, as seen on the overall decrease of peak amplitude whether a displacement-only or a full feedback are used. The latter is notoriously more effective, as these curves possess no LPs at all and the response is rendered almost linear. For the longest time lag, the curve in Case 1 also loses its bi-stability zone. This can be explained by bifurcation tracking, as the LP curves remarkably coalesce at a cusp point for τ = 0.7141. Thus, choosing a delay superior to this value ensures the suppression of an unstable branch and the associated amplitude jumps. On the other hand, comparing these two cases further reveals that the feedback has a softening effect on the response curve of Case 1, while the opposite is true for Case 3. With the addition of negative nonlinear damping, a displacement feedback alone (Case 2) can be thought to have the reverse effect, as Fig. 2.6 b) clearly shows an increase of peak amplitude with increasing τ. While this is true for the chosen values, the projection of stability boundaries on the ω -||X|| plane are closed loops, so that amplitudes lower to those of the non-delayed case are reachable for larger values of τ. However, the two LP curves are disjoint and transcendental with respect to τ in this case, so a bi-stable region is unavoidable if the other parameters remain unchanged. A similar behaviour is observed when a full state feedback is used, Case 4.

An optimal tuning of the controller is possible by choosing (a, b, τ) such that features of the curve (e.g. maximum response amplitude, bi-stability region width, quasi-periodic responses) are either amplified or hindered, subjected to variation of the external parameters (c NL , p). The generalized bifurcation analysis exposed in Sect. 2.2.3 is ideally suited to tackle this interesting problem; nevertheless, as this requires stability computationswhich have not been implemented here in the case of discrete delays-, this study is left for future work. 

Distributed delays

The term f I = y d (t) is given by a convolution between displacements2 and a certain kernel function D(t), say: 

y d (t) = t -∞ D(τ)x(t -τ)dτ (2.60)
We require the kernel function to be continuously differentiable on ]0, 2π/ω] and to have a bounded delay, i.e. to respect causality: D(t) = 0, ∀t < 0. While the mechanical systems under study consist of a finite number of modes, the introduction of convolutions with generic kernels leads to an infinite-dimensional system of equations, just as in the case of discrete delays. In particular, this means that the characteristic equations defining the Floquet exponents will be transcendental rather than polynomial. However, in the special case where the kernel is defined by a sum of exponential terms, the integro-differential equations can be shown to be equivalent to a system of ODEs with dimension N a = n(1 + n e ), where n e is the number of exponentials in D(t). This fact stems from the particular behaviour of the exponential function under the derivative operator, as can be seen by replacing D(t) = H(t)e -at in Eq. (2.60) and taking its derivative with respect to t, with H(t) the Heaviside step function. The result, applying Leibniz's rule, is:

ẏd (t) = x(t) -ay d (t) (2.61)
This is an inhomogeneous, first-order differential equation for y d (t), which can be treated as an internal variable whose dynamics describe a memory effect. By noticing that Eq.

(2.60) imposes y d (0) = 0, we conclude that the following two equations (and their corresponding initial value problems) are strictly equivalent:

Mẍ(t) + Cẋ(t) + Kx(t) + n e i=1 L i t 0 e -a i τ x(t -τ)dτ + f NL (x(t), ẋ(t)) = f(t) (2.62) ⇐⇒          Mẍ(t) + Cẋ(t) + Kx(t) + n e i=1 L i y di (t) + f NL (x(t), ẋ(t)) = f(t) ẏd1 (t) = x(t) -a 1 y d1 (t) . . . ẏdn e (t) = x(t) -a n e y dn e (t) (2.63)
Other integral terms, e.g. the integrals of instantaneous (non-delayed) displacements involved in PID controllers, may be substituted using the same procedure. What follows can certainly be applied to such systems as well (with slight adjustments), although hereafter our attention will be centred around Eqs. (2.62) and (2.63). Indeed, these arise quite naturally in fluid-induced vibration problems, in the form of Wagner's function for unsteady aerodynamics [DIM 17] or the quasi-unsteady model of fluid-elastic instability of tube bundles in cross-flow [GRA 96], for instance, as a decreasing exponential has the meaningful physical interpretation of recent events having more impact on the present state than those far behind in the past. Let us remark that, by linearity, equations for the internal variables will be periodic -once a steady state is reached-if the vector function x(t) is periodic as well. Hence, this is assumed to be the case and the Fourier-Galerkin projection is applied on every line of Eq. (2.63), which gives:

         Z(ω)X + n e i=1 L i Y di + F NL (X) -P = 0 [a 1 I L + ω(∇ ⊗ I n )] Y d1 = X . . . [a n e I L + ω(∇ ⊗ I n )] Y dn e = X (2.64)
Eq.(2.64) could be solved directly by Newton-Raphson iterations, treating the Y di as additional unknowns. However, this is unnecessary, as the Fourier coefficients of the internal variables are proportional to X (this is evident from Eq.(2.64), as well as from the convolution theorem). For all a i = 0, the matrices [a i I L + ω(∇ ⊗ I n )] admit the inverses:

S i (ω) = (B i (ω) ⊗ I n ) [a i I L -ω∇ ⊗ I n ]
(2.65)

Bifurcation analysis by Harmonic Balance

where:

B i (ω) = diag Ç 1/a 2 i , 1 a 2 i + ω 2 ï 1 0 0 1 ò , ..., 1 a 2 i + (Hω) 2 ï 1 0 0 1 ò å
Eq. (2.65), actually, describes nothing more than the Laplace transform of a decaying exponential function evaluated at the discrete values {0, ω, ..., Hω}, with the real parts along the diagonal and the imaginary parts as the elements of a skew-symmetric matrix.

Respectively, these contribute additional stiffness and (negative) damping terms to the equations of dynamical equilibrium, which read:

R(X, ω) = Z(ω) + n e i=1 (B i (ω) ⊗ L i ) [a i I L -ω∇ ⊗ I n ] X + F NL (X) -P = 0 (2.66)

Hill's method revisited

Our goal is to determine the local stability of a periodic solution x 0 (t) to Eq.(2.66) by studying the evolution of a small applied perturbation η(t), i.e. by letting x(t) = x 0 (t) + η(t) in the equations of motion. A linear system is thus obtained for the perturbation, whose asymptotic behaviour characterizes the attractive (stable) or repulsive (unstable) nature of the underlying cycle, x 0 (t). Stability calculations for pseudo arc-length continuation algorithms in the frequency domain usually follow [GRO 01] and are based on the quadratic eigenvalue problem of Eq. (2.36). However, as shown next, this approach is not directly applicable to cases with integral terms, i.e. f I (t) = 0, or any other system in which some terms are described by additional differential equations. An alternative methodology is proposed hereafter which generalizes this version of Hill's method.

Memoryless vibrations: f I (t) = 0 Replacing the perturbed solution in Eq. (2.1) and keeping only the tangent (first-order) terms in the Taylor expansion of the nonlinear forces leads to:

M η(t) + ñ C + Å ∂f NL ∂ẋ ã ẋ0 (t) ô η(t) + ñ K + Å ∂f NL ∂x ã x 0 (t) ô η(t) = 0 (2.67)
As the tangent stiffness and damping matrices are evaluated at the converged cycle, they are periodic functions with frequency equal to ω. Eq.(2.67) is then a linear, autonomous system of equations with periodic coefficients, whose study can be performed through Floquet theory. As a preliminary step, however, we will recast it into an equivalent firstorder form of double size by introducing the state vector z(t) = [η T (t), ηT (t)] T . Hence:

ż(t) = A(t)z(t) (2.68)
with the coefficient matrix given by:

A(t) =   0 n I n -M -1 ñ K + Å ∂f NL ∂x ã x 0 (t) ô -M -1 ñ C + Å ∂f NL ∂ẋ ã ẋ0 (t) ô   (2.69) q 0 (t) q 0 (t) η(t) η(0) η(0) η(t)
Figure 2.8: Notion of local (asymptotic) stability for a cycle q 0 (t). Left: stable cycle, right: unstable cycle.

The 2n solutions of Eq.(2.68) are known as the Floquet forms, which play a role analogous to normal modes for systems with periodic coefficients and are expressed in the general form z j (t) = e λ j t p j (t), with p j (t + 2π/ω) = p j (t). Clearly, the time evolution of the perturbation is determined by the real part of the exponents λ j : if there exists at least one j such that ℜ λ j > 0, the associated mode's amplitude grows exponentially and the underlying cycle is thus unstable, as depicted in Fig. 2.8. Furthermore, in the case of unforced systems, there exists at least one trivial exponent equal to zero. This is due to the invariance of periodic solutions with respect to time translations, which equates to the existence of a direction in phase space along which perturbations have no effect. This particular direction is given by v(t) = [ẋ T 0 (t), ẍT 0 (t)] T , and the demonstration of this fact is a classical result shown in numerous textbooks, see e.g. [SEY 10]. Substituting the Floquet form ansatz in Eq. (2.68) and factoring out the exponentials from both sides yields an equation for the λ j purely in terms of periodic functions:

ṗ j (t) + λ j p j (t) = A(t)p j (t) (2.70)
Eq. (2.70) has been used in [LAZ 10,BEN 17], where a Fourier expansion of the coefficient matrix and of vector p j (t) was introduced. Then, using harmonic balance, a linear eigenvalue problem is obtained from which the characteristic (Floquet) exponents are found as the eigenvalues of a truncated Hill's matrix. The right-hand side, being a product of two time series, leads to a convolution in the frequency domain which is represented by a Toeplitz matrix if a complex formulation of harmonic balance is employed (and a more complicated matrix otherwise). Hereafter we adopt a different approach, which has the advantage of exploiting information already available from the AFT-HBM solution of the equations of motion to efficiently construct a real Hill's matrix. Conceptually, vectors p j (t) consist of the state representation of some periodic solution, i.e. the vertical concatenation of, say, a "displacement part" and a "velocity part". Thus, each half can be expressed as a separate Fourier series, here denoted with the previously-introduced DFT operators:

p j (t) = ï (Γ H ⊗ I n ) P (Γ H ⊗ I n ) P ′ ò = ï (Γ H ⊗ I n ) 0 nL 0 nL (Γ H ⊗ I n ) ò φ (2.71)
Eq. (2.70) is then projected row-wise onto the frequency domain through leftmultiplication by the inverse transformation matrix

I 2 ⊗ Ä Γ -1 H ⊗ I n ä
, which yields the eigenvalue problem:

Hφ = λφ (2.72)
where Hill's matrix is explicitly given by:

H = ï -ω∇ ⊗ I n I nL H K H C ò (2.73) 
H K = -(I L ⊗ M -1 ) ï I L ⊗ K + ∂F NL ∂X ò H C = -ω∇ ⊗ I n -(I L ⊗ M -1 ) ï I L ⊗ C + ∂F NL ∂X ′ ò
It should be noted that the derivatives appearing in Eq. (2.73) have already been computed during the iteration process for the converged cycle, so that no further computations are necessary to assemble this matrix for sufficiently compliant systems3 . While this formulation of the Hill matrix is a novelty, it is straightforward to demonstrate its equivalence with the well-known quadratic eigenvalue problem introduced by Von Groll and Ewins. Indeed, the first line of Eq. (2.72) states: P′ = (λI nL + ω∇ ⊗ I n ) P. Introducing this expression in the second line leads exactly to Eq. (2.36). Moreover, and most importantly, this approach is readily generalisable to the case of systems with memory, which is not an obvious task if the traditional QEP, Eq. (2.36), is taken as a starting point.

In the same way as before, an evaluation of local stability around a cycle q 0 (t) is sought by applying a perturbation η(t) to Eq. (2.62). The resulting equation for the perturbation is similar to Eq. (2.67):

M η(t)+ ñ C + Å ∂f NL ∂ẋ ã ẋ0 (t) ô η(t)+ ñ K + Å ∂f NL ∂x ã x 0 (t) ô η(t)+ n e i=1 L i t 0 e -a i τ η(t -τ)dτ = 0
(2.74) Let us define the state vector z(t) = [η T (t), ηT (t), ζ T 1 (t), ..., ζ T n e (t)] T , where each of the ζ T j (t) vectors ( j = 1, ..., n e ) stands for the j-th convolution term for the perturbation. The state representation of the above equation is then, after recast in extended-ODE system form, exactly the same as Eq. (2.68), with the periodic coefficient matrix:

A(t) =          0 n I n 0 n • • • 0 n -M -1 ñ K + Å ∂f NL ∂x ã x 0 (t) ô -M -1 ñ C + Å ∂f NL ∂ẋ ã ẋ0 (t) ô -M -1 L 1 • • • -M -1 L n e I n 0 n -a 1 I n • • • 0 n . . . . . . . . . . . . . . . I n 0 n 0 n • • • -a n e I n          (2.
75) The application of Floquet theory, followed by harmonic balance, leads once again to the linear eigenvalue problem of Eq. (2.72), where Hill's matrix is now given by:

H =        -ω∇ ⊗ I n I nL 0 nL • • • 0 nL H K H C -I L ⊗ (M -1 L 1 ) • • • -I L ⊗ (M -1 L n e ) I nL 0 nL -ω∇ ⊗ I n -a 1 I nL • • • 0 nL . . . . . . . . . . . . . . . I nL 0 nL 0 nL • • • -ω∇ ⊗ I n -a n e I nL        (2.76)
The advantages of using the formulation described above are evident when one attempts to apply the Floquet-Fourier approach on the second-order Eq. (2.74), which leads to the system:

M Ä p + 2λ ṗ + λ 2 p ä + C(t) ( ṗ + λp) + K(t)p + n e i=1 L i t 0 e -(a i +λ)τ p(t -τ)dτ = 0 (2.77)
Here, the total stiffness and damping matrices have been replaced by the symbols K(t) and C(t), respectively, to denote their time-dependence. The extended differential system is obtained afterwards by defining the internal variables:

s i (t) = t 0 e -(a i +λ)τ p(t -τ)dτ , ∀i = 1, ..., n e =⇒ ß M p + 2λ ṗ + λ 2 p) + C(t)( ṗ + λp + K(t)p + n e i=1 L i s i (t) = 0 ṡi (t) + (λ + a i )s i (t) = p(t) , ∀i = 1, ..., n e
(2.78)

The following quadratic problem is obtained for the eigenvalues λ and their associated eigenvectors ψ = P T , S T 1 , ..., S T n e T :

î D0 + λ D1 + λ 2 D2 ó ψ = 0 (2.79)
with the coefficient matrices given by:

D2 =      D 2 0 nL • • • 0 nL 0 nL 0 nL • • • 0 nL . . . . . . . . . . . . 0 nL 0 nL • • • 0 nL      , D1 =      D 1 0 nL • • • 0 nL 0 nL I nL • • • 0 nL . . . . . . . . . . . . 0 nL 0 nL • • • I nL      D0 =      R X I L ⊗ L 1 • • • I L ⊗ L n e -I nL ω∇ ⊗ I n + a 1 I nL • • • 0 nL . . . . . . . . . . . . -I nL 0 nL • • • ω∇ ⊗ I n + a n e I nL     
A problem immediately appears, as D2 is singular and the same is true for its double-size first-order form. This does not immediately imply that Eq. (2.79) is not solvable, but infinite roots will appear amongst its solutions, which is not the case for the well-posed matrix H from Eq. (2.76). Furthermore, the accuracy of eigenvalue solvers is compromised when dealing with such singular, leading to erroneous results (especially when the systems at hand are stiff). An alternative approach is to directly express the Fourier coefficients of the internal variables as a function of P by using the second line of Eq. (2.78), which leads to a regular system. However, this involves matrices similar to Eq. (2.65) but which include rational functions of λ, and thus defines a nonlinear eigenvalue problem. The difficulty is then much higher when compared to Eq. (2.72), which is linear and stands out as the most convenient formulation within the present framework of the HBM.

The eigenvalues of matrix H, which are in the number of (2 + n e )nL, contain the (2 + n e )n Floquet exponents of the system. These are identified by selecting, amongst all solutions, those whose imaginary parts lie within the elementary cell [-ω 2 , ω 2 ], i.e. those with the smallest imaginary parts in magnitude, as first suggested in [MOO 05]. Stability assessments are then possible by inspection of the real parts. This is true regardless of whether the original system is forced or autonomous, the only difference being that a trivial zero eigenvalue is present in the latter case. Regarding bifurcations, the usual extended systems for LPs and BPs remain unchanged; furthermore, those for the PD and NS bifurcations have exactly the same form, upon addition of corrective terms to the usual matrices D 1 and D 2 . Details and the proof of this claim are presented in Appendix A.3.

Quasi-periodic analysis

The HBM can be readily extended to compute quasi-periodic solutions of Eq. (2.1), by assuming q(t) to be a M-periodic function, i.e. one which is periodic with respect to each of its M arguments independently. As such, it may be expressed as an M-dimensional Fourier series, which we write compactly as:

x(t) = (F H (θ) ⊗ I n )X (2.80)
where hyper-time vector θ = [ω 1 t, ..., ω M t] = [θ 1 , ..., θ M ] groups the independent time scales associated with each basic frequency. The requisite imposed on the frequencies is that they are incommensurable; in other words:

∀(i, j) ∈ {1, ..., M} , i = j =⇒ ω i ω j ∈ Q (2.81)
since otherwise the elements of θ are linearly dependant and the formulation reduces to a lower-dimensional Fourier series. The vector F H (θ) contains the harmonic functions forming an orthonormal basis for the sought solutions, which are approximated up to the H-th harmonic, while the associated Fourier coefficients make up the vector X.

Orthogonality is defined through the following inner product on continuous, M-periodic functions:

f (t), g(t) = M i=1 ω i 2π 2π ω M 0 ... 2π ω 1 0 f (θ)g(θ)dθ 1 ...dθ M (2.82)
As an immediate consequence of this definition:

F H (θ), F H (θ) = I L (2.83)
where L = (2H + 1) M is the size of the system for each DOF. As time only appears in the elements of θ, velocity and acceleration terms are also proportional to X in the frequency domain. Hence:

ẋ(t) = Å d dt F H (θ) ⊗ I n ã X = M i=1 ω i ∂F H (θ) ∂θ i ⊗ I n X (2.84) ẍ(t) = Ç d 2 dt 2 F H (θ) ⊗ I n å X =   Ñ M j=1 M i=1 ω j ω i ∂ 2 F H (θ) ∂θ j ∂θ i é ⊗ I n   X (2.85)
Replacing all variables in Eq. (2.1) by their frequency-domain expressions and taking the product of the resulting equations with the basis functions F H (θ) yields the general form of the algebraic problem to be solved for the Fourier coefficients of the solution and the basic frequencies:

R(X, ω) = Z(ω)X + F NL (X) -F(ω) = 0 (2.86)
Through the forcing term f(t), some or all of the basic frequencies may be imposed. Let m ≤ M be the number of 'free' frequencies of the problem. The total number of unknowns is thus nL + m, whereas the system given in (2.86) consists of merely nL equations. Closure is achieved by appending m additional phase conditions to the system. A robust way of doing this is by exploiting the invariance with respect to translation along certain directions in hyper-time, which correspond to the velocity vectors associated to each 'free' time scale. Thus, assigning a value to any component of each of these vectors uniquely fixes a phase for the solution and effectively closes the system of equations; letting e k denote the unit vector for the k-th coefficient, we may write:

∀i = 1, ..., m e * k • ((∇ i ⊗ I n )X) = 0 ∇ i = F H (θ), ∂F H (θ) ∂θ i (2.87)
As will be shown later on, the vectors in parentheses are actually eigenvectors of the system's Jacobian associated with zero eigenvalues. Invariance along these particular directions comes from the fact that they span the null-space: perturbations along any of them has no effect on the solution other than shifting its phase.

The dynamic stiffness matrix in Eq. (2.86) can be explicitly written as:

Z(ω) = ∇ 2 ⊗ M + ∇ ⊗ C + I L ⊗ K (2.88)
where a total derivative has been introduced:

∇ = M i=1 ω i ∇ i (2.89)

Bi-dimensional time case

The implementation details will now be discussed by considering the particular case where M = 2. Let the vectors X x(i, j) group the n Fourier coefficients for a given combination iω 1 + jω 2 of the basic frequencies, where the subindex x identifies the cosine (real) part (x = c) or the sine (imaginary) part (x = s). Thus, for a H-harmonic approximation:

X = [ X T (0,0) ... X T c(H,0) X T s(H,0) X T c(-H,1) X T s(-H,1) ... X T c(0,1) X T s(0,1) ... X T c(H,1) X T s(H,1) • • • X T c(-H,H) X T s(-H,H) ... X T c(0,H) X T s(0,H) ... X T c(H,H) X T s(H,H) ] T (2.90)
It should be noted that, because of the symmetry properties of the Fourier transform, it is sufficient to consider only positive values of the second subindex. This is illustrated in Fig. 2.9, which shows the distribution of Fourier coefficients for a quasi-periodically forced Duffing oscillator. Furthermore, by inspecting the terms of this depiction, it is clear that the basis F H 2 (θ) is nothing more than the frequency-domain convolution corresponding to the product of bases F H 1 (ω 1 t) and F H 1 (ω 2 t) (which can be observed in the first "row" and the centre "column", respectively). Thus, both of these can be viewed as sub-spaces of the full toroidal space, a fact that proves to be useful for branch switching. The total derivative is given by:

∇ = ω 1 ∇ 1 + ω 2 ∇ 2 (2.91)
with the partial derivatives being block-diagonal matrices.

The two-dimensional direct and inverse Fourier transforms are used to go back and forth between time and frequency domains for the practical computation of the nonlinear terms F NL (X). More specifically, the direct and inverse Discrete Fourier Transform algorithms (DFT2 and IDFT2, respectively) are implemented. To this end, the real Fourier coefficients (2.90) are expressed in complex form through the formula:

X (0,0) = 1 2 X (0,0) ; X (±a,b) = 1 2 X c(±a,b) ∓ iX s(±a,b) for a, b = 1, ..., H (2.92) 
Next, the complex coefficients are re-arranged in matrix form. This includes a zeropadding operation in order to have an adequate number of sampling points n f for the time-domain signal. The transformation mapping the real Fourier coefficient vector to the complex coefficient matrix Mat X ∈ R n f ×n f ×n is thus simply expressed by introducing the operator

T C : Mat X = T C X (2.93)
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For practical purposes, the matrix Mat X is a three-dimensional array, with one twodimensional "layer" attributed to each DOF. Thus, the following operations are performed independently on each of these and may be parallelized to enhance computational efficiency. Let D n n f denote the n-dimensional transition tensor composed of n instances of the n fpoint DFT matrix. The two-dimensional Fourier transform is carried out by inverse Fourier-transforming each row of Mat X and subsequently applying this same operation to each column of the obtained tensor:

x(θ 1 , θ 2 ) = D n n f î D n n f Mat X T ó T = î D n n f T C X ó D nT n f (2.94)
If the time-domain velocities and/or accelerations are involved in the nonlinear forces, they can be obtained in exactly the same fashion by using the corresponding formulas. Afterwards, the time-domain expressions for these forces are evaluated and the associated Fourier coefficients are found by applying the inverse operations to those described above:

F NL (X) = T -1 C D n * n f î D n * n f f T NL ( x, ẋ) ó T = T -1 C Ä D n * n f î f NL ( x, ẋ)D nT * n f óä (2.95)
From this expression, the frequency-domain derivatives 4 can also be expressed as a function of their time-domain counterparts:

∂F NL ∂X = ∂F NL ∂ f NL ∂ f NL ∂ x ∂ x ∂X + ∂F NL ∂ f NL ∂ f NL ∂ ẋ ∂ ẋ ∂X ∂F NL ∂X = T -1 C Ä D n * n f D nT * n f ä ® ∂ f NL ∂ x î D n n f T C D nT n f ó + ∂ f NL ∂ ẋ î D n n f T C (∇ ⊗ I n )D nT n f ó ´(2.96)

Stability

The definition of asymptotic stability remains unchanged for quasi-periodic solutions to Eq. (2.67). Thus, application of a perturbation η leads once again to the autonomous Eq. (2.67), with the difference that the damping and stiffness matrices are now quasiperiodic functions. For an M-dimensional hyper-time, one may thus consider a solution to be of the general form:

η(t) = η(θ 1 , ..., θ M ) = e λt p(θ 1 , ..., θ M )
An equation analogous to Eq. (2.70) is thus obtained through first-order recast, with the time derivative now expressed in terms of partial derivatives with respect to each time scale:

M i=1 ω i ∂p j (t) ∂θ i + λ j p j (t) = A(t)p j (t) (2.97) q 0 (t) q 0 (t) η(t) η(0) η(0) η(t)
Figure 2.10: Local stability for a quasi-periodic solution q 0 (t). Left: stable cycle, right: unstable cycle.

Projection onto the frequency domain leads once again to Eq. (2.72), where the total derivative, Eq. (2.89), is employed. Mediating the computational strategies for the computation of the required terms, Hill's methods remains unchanged for quasi-periodic solutions, as the number of Floquet exponents for a given system does not depend on the nature of its solutions. However, it is important to realize that any free phase will lead to a trivial eigenvalue, just as in the case of autonomous systems discussed in Sect. 2.1.4.2. In fact, an analogous invariance argument may be advanced for quasi-periodic solutions, as follows. Consider a periodically-forced system driven at a frequency ω 1 , which acts as continuation parameter; let one of its solutions be x(θ 1 , θ 2 ), belonging to a bifurcated branch born at a NS point. As the forcing prescribes only a phase with respect to the first hyper-time coordinate, the total phase is free: in other words, time-translations purely along the second time coordinate result in rotations along the torus surface, which is invariant. A good geometric picture, represented in Fig. (2.11) is the following: a Poincaré section of the solution in phase space taken at t = 0 yields a closed curve, such that an infinite family of solutions describe the same torus, each one corresponding to a different starting point on this curve.

Let us express the partially time-shifted Fourier coefficients as:

x(θ 1 , θ 2 + ∆θ 2 ) = [F(θ 1 , θ 2 + ∆θ 2 ) ⊗ I n ] X = [F(θ 1 , θ 2 )G 2 (∆θ 2 ) ⊗ I n ] X = [F(θ 1 , θ 2 ) ⊗ I n ] X ∆θ 2 (2.98)
where the matrix G 2 operates a partial rotation along the second hyper-time coordinate.

Owing to invariance, the first variation of the equilibrium equations with respect to ∆θ 2 must be nil for any given ω 1 and ω 2 . Hence: 
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dR(X ∆θ 2 , ∆θ 2 ) d(∆θ 2 ) = ∂R ∂(∆θ 2 ) + R X (X ∆θ 2 ) ∂X ∆θ 2 ∂(∆θ 2 ) = R X (X ∆θ 2 ) (∇ 2 ⊗ I n ) X ∆θ 2 = 0 (2.99)
This proves that, regardless of the chosen phase condition, the Jacobian (and thus the Hill matrix) possesses a trivial eigenvalue with an associated null-space spanned by the vector

(∇ 2 ⊗ I n ) X ∆θ 2 .

Generalized bifurcation analysis

Special points on bifurcation curves can be detected, precisely localized and tracked in an analogous manner to codim-1 bifurcations on response curves. Hence, by recursive application of tracking, an understanding of the global bifurcation behaviour of the system -i.e., over the full parameter space-is attainable. Evidently, this has great potential as a functional optimization technique, as certain aspects of the dynamics may be enhanced or suppressed altogether by adequate parameter choices. This was recently done in [GRE 19] to ensure safe operation of a nonlinear vibration absorber by avoiding high-amplitude isolated solutions. In that case, a recursive tracking of LPs was proposed; in this section, the same idea is generalized to all kinds of bifurcations.

Consider any one of the extended systems presented in Sect. 2.1.4.1, which we will denote generically as Y 1 (W), with all the corresponding variables (Fourier coefficients X, frequency ω, and potentially eigenvectors/eigenvalues characterizing a particular bifurcation) being grouped into the vector W. Without loss of generality, let us assume that ω was used as the initial continuation parameter and that a second one, α, is freed and used to track bifurcations with pseudo arc-length continuation. The tangent matrix at the i-th continuation step is thus given by:

J Y 1 (W, α) = ï (Y 1 ) W (Y 1 ) α ∆W T i-1 ∆α i-1 ò (2.100)
where the derivatives are evaluated at (W i , α i ). Following the constraint equations appended to dynamical equilibrium in Y 1 (W, α), each solution along the computed curve possesses a certain number of fixed Floquet exponents which have a null real part up to the chosen tolerance of the NR algorithm: one for LPs and BPs, two for PDs and NSs (plus an additional one in the autonomous case). Let the number of these free exponents be given by d. The remaining 2n-d ones evolve as a function of ω and α, such that one of the three following scenarios might be encountered between two consecutive continuation steps i and i + 1:

1. Pseudo-regular point: the number of exponents with negative real parts among the 2nd free ones does not change from one step to the other. Likewise, the continuation direction is preserved. This last statement is equivalent to either of the following: det((Y 1 )

W | i )det((Y 1 ) W | i+1 ) > 0, or ∆α i ∆α i+1 > 0.
2. Generalized turning point: The continuation direction changes, as evidenced by det((Y 1 ) W | i )det((Y 1 ) W | i+1 ) < 0, or ∆α i ∆α i+1 < 0. Meanwhile, the number of Floquet exponents with negative real parts stays the same.

3. Codim-2 bifurcation: one or more of the free Floquet exponents cross the imaginary axis, while the continuation direction is preserved.

It should be noted that a linear stability analysis, as given by Hill's method, yields sufficient information to distinguish between cases 1 and 3, under the condition that all d eigenvalues on the imaginary axis are shifted away or ignored during stability evaluation while performing bifurcation tracking. This operation can be achieved with great ease, since the associated eigenvectors of the Hill matrix are solved for at each step. Formally, one detects hybrid bifurcations by evaluating the real parts of Floquet exponents issued from the artificially-hyperbolic system:

‹ Hφ = H - d i=1 v i v T i φ = λφ (2.101)
For a practical implementation, shifting Hill's matrix is not required, as the critical Floquet exponents can simply be identified with the aid of their eigenvectors. Extended systems for any codim-k bifurcations identified in this manner, with k being an arbitrary 2. Bifurcation analysis by Harmonic Balance integer greater than 1, are then constructed in a modular fashion, using constraint equations for the codim-1 case as building blocks. The codim-2 case, for which an exhaustive list has been established by Kuznetsov and co-workers [KUZ 04, WIT 13], is used here for illustration purposes. Two qualitatively different situations, which transpose exactly to the codim-k case, have to be considered:

Strong resonances

They correspond to a pair of Floquet multipliers crossing the unit circle through one of the first four roots of unity:

µ k 1,2 = 1 (2.102)
with k = 1, 2, 3, 4 and µ ∈ C. Although, in practice, crossings through higher roots of unity is evidently possible, these four cases are special in the sense that they lead to high-order terms which cannot be eliminated in the associated normal forms [HAL 91], a trait absent for the weak resonances (k > 4). In turn, this results in extremely complex dynamics in their vicinity. Reasoning in terms of Floquet exponents λ 1,2 , the conditions of Eq. (2.102) are equivalent to: While these bifurcations are not generic in codim-1, they are readily found along NS curves in codim-2 as the ratio ω/κ becomes rational, implying phase-locked (resonant) tori. It should be noted that the condition for a R2 resonance is exactly the same as that for a PD bifurcation, Eq. (2.41). However, we distinguish between the two on the basis of their codimension.

       1:1 resonance (R1) : λ 1,2 = 0 1:2 resonance (R2) : λ 1,2 = ±i ω
1:1 resonance (R1) λ 1 = λ 2 = 0 Also known as a double-zero, fold-fold, or Bogdanov-Takens bifurcation of cycles. This is an instance of a bifurcation with geometric multiplicity 1 but algebraic multiplicity k > 1, i.e. a k-fold repeated root for the eigenvalue problem given by Eq. (2.72), associated to a single eigenvector φ 1 . The null subspace of H has thus a rank deficiency of order k -1, and a complete basis for it may be constructed by finding k -1 generalized eigenvectors φ 2 , ..., φ k that constitute the links of a Jordan chain alongside φ 1 [TIS 01]. The following relations thus hold for P(λ) = A 0 + λA 1 + ... + λ p A p , a generic matrix polynomial of order p > k :

P(λ 0 )φ 1 = 0 P(λ 0 )φ 2 = -P ′ (λ 0 )φ 1 . . . P(λ 0 )φ k = -P ′ (λ 0 )φ k-1 -... - 1 (k -1)! P (k-1) (λ 0 )φ 1 (2.104)
This form is suitable for the quadratic eigenvalue problems such as the standard Hill method, Eq. (2.79). If the equivalent linear recast is rather considered, i.e:

ï 0 I -D -1 2 R X -D -1 2 D 1 ò ï φ λφ ò = A ï φ λφ ò = λ ï φ λφ ò (2.105)
then the above equations still hold by introducing the following matrix polynomial: P(λ, φ) = (A -λI) φ T , λφ T T . For a root with multiplicity 2, this leads to:

P(λ 0 , φ 1 ) = 0 P(λ 0 , φ 2 ) = -P′ (λ 0 , φ 1 ) (2.106) 
The alternate form of Hill's method proposed in this thesis, with H as described in Eqs.(2.73,2.76), is treated in the exact same fashion, hence all the following developments apply to reducible integro-differential systems as well. Eq. (2.106) together with the constraint equations for codim-1 bifurcations provides the required tool to construct extended systems for multiple roots, of which 1:1 resonance is the sole codim-2 example. Let ϕ denote the generalized eigenvector. Thus, by introducing λ 0 = 0 into Eq. (2.106), one finds the constraint equation R X ϕ + D 1 φ = 0, which leads to the following extended system:

Y R1 (X, φ, ω, ϕ, α) =       R R X φ φ T φ -1 R X ϕ + D 1 φ φ T ϕ       (2.107)
where the last equation is a normalisation condition on ϕ, derived as follows. While the vector φ in the equation R X ϕ + D 1 φ = 0 is uniquely defined through the normalization in the LP extended system, it is not the same for ϕ, since it can be replaced by φ = ϕ + aφ for any a ∈ R and yield the same result. Nevertheless it is always possible, since φ and ϕ cannot be collinear, to choose a = a 0 such that φ and φ are orthogonal, as illustrated in Fig. 2.12. This is the vector chosen among the family of possible solutions, whose initial approximation for the Newton-Raphson method can be found by solving for a 0 and ϕ:

ï R X 0 φ T ||φ|| 2 ò ï ϕ a 0 ò = ï -D 1 φ 0 ò (2.108) ϕ φ φ = ϕ + a 0 φ a 0 φ Figure 2
.12: Eigenvectors spanning the null subspace associated to a multiple root.

The R1 bifurcation is relevant in quasi-periodic analysis, since it marks the branching, i.e. the birth or end, of a NS curve out a LP one. As its name suggests, it is a consequence of the coincidence between natural frequencies of two different vibration modes of the system, triggered by the detuning introduced by nonlinear effects. For instance, two modes with initially close linear frequencies can intersect due to stress stiffening. In the vicinity of an R1 point, the closeness between these frequencies results in a beating phenomenon, i.e. modulated oscillations. Conversely, this bifurcation can also be detected along NS tracking, where it is self-evident from the fact that eigenvalues ±iκ tend to zero.

1:n resonance (Rn) λ 1,2 = ±i ω n , n ∈ N
Extended systems for the other strong resonances are found by appending the required phase-locking condition to the NS system, Eq. (2.40), as follows:

Y Rn (X, φ R , φ I , ω, κ, α) =         R R X -κ 2 D 2 φ R -κD 1 φ I κD 1 φ R + R X -κ 2 D 2 φ I p T φ R -1 p T φ I ω -nκ         (2.109)
At an Rn point, branches of nT -periodic sub-harmonic solutions bifurcate and can be followed by applying the techniques introduced in the following section.

Hybrid bifurcations

Critical Floquet exponents in this case are of different nature, i.e. each root has simple multiplicity. Thus, extended systems are built by straightforwardly appending the constraint equations for the corresponding codim-1 bifurcations one after the other. Regarding nomenclature, here the choice is made to borrow from the bifurcations of equilibria. Thus, the words "of cycles" shall be understood to be systematically, albeit implicitly, present. For instance, the word Hopf refers to a Hopf bifurcation of cycles, i.e. a NS bifurcation.

Zero-Hopf (ZH) λ 1 = 0, λ 2,3 = ±iκ

In contrast with the R1 case, a NS curve does not start/end at a ZH bifurcation. Rather, a curve of LP and one of NS intersect transversely at this point. Letting φ be the eigenvector corresponding to the zero exponent and ϕ = ϕ R ± iϕ I the complex eigenvector associated to the incommensurate frequency κ:

Y ZH (X, φ, ω, ϕ R , ϕ I , κ, α) =           R R X φ φ T φ -1 R X -κ 2 D 2 ϕ R -κD 1 ϕ I R X -κ 2 D 2 ϕ I + κD 1 ϕ R p T ϕ R -1 p T ϕ I           (2.110)
Locating a ZH bifurcation is useful for branching from a curve of LP to either a NS curve or a quasi-periodic response branch.

Hopf-Hopf (HH) λ 1,2 = ±iκ, λ 2,3 = ±iξ As a last example, the case where a second pair of complex-conjugate Floquet exponents crosses the imaginary along NS tracking is considered. It should be noted that, although the Hopf-Hopf bifurcation strictly denotes the case where ω, κ and ξ are all incommensurate, other cases such as flip-Hopf (λ 1,2 = ±iκ, λ 2,3 = ±iω/2) can be derived easily from the following system by fixing one of the frequencies to the appropriate value and removing one of the normalisation equations. Considering two complex-conjugate eigenvalue pairs φ and ϕ, the HH extended system reads:

Y HH (X, φ R , φ I , κ, ω, ϕ R , ϕ I , ξ, α) =                R R X -κ 2 D 2 φ R -κD 1 φ I R X -κ 2 D 2 φ I + κD 1 φ R p T φ R -1 p T φ I R X -ξ 2 D 2 ϕ R -ξD 1 ϕ I R X -ξ 2 D 2 ϕ I + ξD 1 ϕ R p T ϕ R -1 p T ϕ I                (2.111)

Generalized turning points

Let Y(V, α) denote a set of l nonlinear algebraic equations depending on an arbitrary set of variables, grouped in vector V ∈ R l , and tracked with respect to the scalar parameter α. An implicit curve in the (l + 1)-dimensional solution space is defined by Y(V, α) = 0 together with an appropriate arc-length equation. The components (∆V, ∆α) of the tangent vector at any given point on this curve thus satisfy:

Y V ∆V + Y α ∆α = 0 (2.112)
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Just as in the case of a LP, the curve exhibits a fold whenever ∆α = 0. Thus, the Vincrement is none other than an eigenvector ψ spanning the null-space of Y V , whose magnitude can be fixed to any non-zero value to yield an extended system analogous to a codim-1 LP:

Y G (V, ψ, α) =   Y Y V ψ ψ T ψ -1   (2.113)
Replacing Y G with the LP extended system, Eq. (2.38), in the above expression leads to a characterization of the well-known cusp bifurcation (CSP). The Chenciner (CH) and Generalized Period Doubling (GPD) are the analogous points on NS and PD curves, respectively. Serving as organizing centres for the global dynamics of a given system, generalized turning points mark the appearance or vanishing of attractors. This, in particular, is true of isolas. Certain cusp bifurcations have been shown to indicate isola birth/death as well as detaching from/attaching to a main response branch. In [ALC 19], whose results are presented in Chapter 3 of this thesis, a similar phenomena is observed in relation to GPD bifurcations. Fig. 2.13 summarizes the discussion of the present subsection. Even though the tree-like structure of this diagram branches out and becomes complicated when codimension increases -as the number of possible cases widens-, the first two 'levels' are the foundation on which the most general scenarios can be constructed. 

Branch switching

Periodic branches

With the exception of LPs, all codim-1 bifurcations exist at the intersection of (at least) two branches of qualitatively-different solutions. BPs are frequently referred to as symmetry-breaking bifurcations since cycles on one of the branches are half-wave symmetric, i.e.:

x Å t + T 2 ã = -x (t) (2.114)
whereas those on the bifurcating branch do not. In the context of the HBM, this means that even harmonics are inactive in the former branch but not in the bifurcating one, a fact that is easily proven by considering:

     cos Å jω Å t + T 2 ãã = cos( jωt) cos ( jπ) -sin( jωt) sin ( jπ) = (-1) j cos( jωt) sin Å jω Å t + T 2 ãã = sin( jωt) cos ( jπ) + cos( jωt) sin ( jπ) = (-1) j sin( jωt)
(2.115) Comparing Eqs. (2.114) and (2.115), it is clear that only a signal whose spectrum contains exclusively odd harmonics verifies half-wave symmetry, see Fig. 2.14. Moreover, any signal can be decomposed into its odd and even harmonics: X = X o + X e where the first right-hand side vector contains non-zero terms only on its components associated to odd harmonics, and vice-versa. Thus, clearly X T o X e = 0. Let us formalize this by stating that X o ∈ U o ⊂ R nL and X e ∈ U e ⊂ R nL , where any two elements -taken one from each subsetare orthogonal. Following a symmetric branch means that, at the j-th continuation step, the tangent vector t j ∈ U o . Assuming a BP to occur precisely at the j-th step, the emerging nonsymmetric tangent t BP has a non-zero projection on both U o and U e , which implies that:

t BP = at j + bv e , v e ∈ U e , (a, b) ∈ R 2 . This last vector can be identified with the eigenvector φ associated to the nil eigenvalue of the Jacobian R X . This observation is at the heart of the parallel search algorithm for branch switching [HEN 05, DOE 12], whose principle is to take a step along φ from a BP and then converge onto the bifurcating branch through orthogonal Newton-Raphson corrections. The other well-known alternative is to compute the coefficients (a, b) through the use of the Algebraic Branching Equation (ABE) [KEL 86]. It is important to note that half-wave symmetry, as described above, is not the only way in which BPs can occur. For instance, along the FRC of a 2-DOF system of which only one mode is excited by an external force, a branch of bi-modal solutions can bifurcate from the main curve due to modal interactions. The argument advanced herein still holds by considering a decomposition X = X 1 + X 2 , where the vectors respectively contain the (odd and even) coefficients of the first and second mode, so that X T 1 X 2 = 0.

Sub-harmonic branches

Recall that the Fourier basis F H (ωt) includes only terms whose frequencies are multiples of the fundamental frequency ω. This means, first of all, that sub-harmonic responses can not be computed with this basis alone, but also that PD and Rn bifurcations can be readily identified as such. Indeed, consider the alternative basis:

F nH (ωt) = 1, cos( ω n t), sin( ω n t), cos(ωt), sin(ωt), ... (2.116) 
Since F H (ωt) ⊂ F nH (ωt), any T-periodic solution to the equations of motion can be constructed in this new basis. However, the addition of sub-harmonic functions means that the minimal period is now nT . As a consequence, the period-multiplying bifurcation is not associated with a change in period any more: instead, it identifies a BP, as a branch emerges on which the solutions have components orthogonal to those of the branch being followed. The operation ω ← ω n transforms F H (ωt) into H nH (ωt). In practice, this implies extending the size of vector X in order to not neglect the higher harmonics while including sub-harmonics. The most practical way to switch branches, upon detection of a sub-harmonic bifurcation, is thus to extend the original Fourier basis and compute the eigenvector φ verifying R X φ = 0. Afterwards, the ABE or parallel switching can be applied.

Quasi-periodic branches

Branches of quasi-periodic solutions emerging from a NS bifurcation on a periodic branch can be reached through a similar switching technique as that concerning asymmetrical periodic or sub-harmonic branches. Once again, the key idea is to exploit the symmetry-breaking nature of the bifurcation. A root of the system Eq. 2.40 yields [Q, ω, φ R , φ I , κ], where a perturbation applied to the marginally stable cycle at (Q, ω) is described by the relation:

η ± (t) = [F H (ωt) ⊗ I n ] (φ R ± iφ I ) e ±iκt
(2.117)
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The general form of η(t) is a linear combination of the eigenvalue/eigenvector pairs corresponding to the positive and negative values of κ. Considering this and grouping terms yields:

η(t) = [F H (ωt) ⊗ I n ] (e iκt + e -iκt )φ R + i(e iκt -e -iκt )φ I (2.118)
From Euler's formula, the terms in parentheses correspond, respectively, to 2 cos(κt) and 2i sin(κt). Thus, since the frequencies ω and κ are incommensurate, the resulting product of trigonometric functions gives rise to two-frequency quasi-periodic motions.

The extended HBM formalism of Sect. 2.2.2 with a bi-dimensional hyper-time accounts for this type of solutions by introducing the basis F H (ωt, κt). It should be noted that F H (ωt) ⊂ F H (ωt, κt), such that we may consider the decomposition X = X P +X QP , where the first right-hand side vector has as non-zero components those which are included in the periodic basis F H (ωt). The perturbation η(t) can be expressed in terms of the new basis functions, as follows:

η(t) = [F H (ωt, κt) ⊗ I n ] ψ (2.119)
where the coefficients of the real eigenvector ψ depend on those of φ R and φ I . Indeed, by distributing the cos(κt) and sin(κt) terms over the components of F H (ωt) and applying trigonometric product identities, it can be shown that ψ consists entirely of terms involving combinations of harmonics of ω and the fundamental frequency κ. Moreover, the explicit expressions of the corresponding coefficients are given by:

           ψ c(a,1) = φ R(ca) -sign(a)φ I(sa)
ψ s(a,1) = sign(a)φ R(sa)φ I(ca) , ∀a = -H, ..., -1, 1, ..., H ψ c(0,1) , ψ s(0,1) = φ R(0) , -φ I(0)

(2.120)

For practical implementations, a specific arrangement must be defined for the coefficients X y(a,b) of arbitrary vectors spanned by the quasi-periodic basis, where the sub-index y can stand for c or s (cosine or sine terms, respectively) and b = 0, ..., H. It is important to note that, regardless of the chosen arrangement, the vector ψ is always orthogonal to the response curve at a NS bifurcation. This is necessarily the case because any non-zero coefficients of a periodic solution must correspond to the "0-th harmonic" of κt in vector ψ, i.e. ψ y(|a|,0) . Hence, this situation is analogous to symmetry-breaking of periodic solutions and to period multiplying. Indeed, as in the latter case, extending the original basis to include the new time scale has the effect of 'transforming' a NS bifurcation into a standard branch point5 . The classical ABE could thus be used to robustly follow the emerging branch. Alternatively, parallel search can be applied. The approach taken herein is to use Eq.(2.120) to transform the complex eigenvector found from NS localization into a real eigenvector in terms of the quasi-periodic basis F H (ωt, κt), and to use parallel switching afterwards. This is simpler to code -as it avoids the numerical computation of second derivatives-but more likely to encounter convergence issues as compared to the ABE. 

Benchmark examples 2.2.5.1 Isolas of the Jeffcott rotor

Consider the following simple model of a symmetrically-supported, nonlinear Jeffcott rotor:

m ï ẍ ÿ ò + c ï ẋ ẏ ò + k ï x y ò + g(r) r ï 1 -f T f T 1 ò ï x y ò = f ω 2 ï cos(ωt) sin(ωt) ò (2.121)
This equation describes the planar motions of a disk of radius R and with a mass unbalance f , rotating within an annular support with an angular speed ω. Notice that mass, damping and stiffness properties are the same along both directions, owing to the symmetry of the system. The last term in the left-hand side describes the contact forces, both in the normal and tangential directions, projected on the x and y-directions. Dry Coulomb friction is assumed for the tangential force, such that:

||F T || = ||F N || = f T ||F N ||
, whereas the magnitude of the normal force is given by the function g(r) in non-dimensional form:

g(r) = 1 2 (r -1) + » (r -1) 2 + 4η (2.122)
where r(t) = x 2 (t) + y 2 (t) is the radial displacement. It should be noted that these equations make use of non-dimensional variables such that both contact stiffness and support radius are unitary. Similarly, f T is a regularized function of relative velocity: For f = 0.4, the mass unbalance alone does not generate contact between rotor and stator, represented by the dashed line, and so the well-known linear response is obtained. On the other hand, for f = 0.9524, contact is established for ω > 0.153 and a fully nonlinear response results over a wide range of forcing frequencies, delimited by LPs. Furthermore, stability of the periodic branch is lost through a NS bifurcation at ω NS = 0.59. This is a consequence of friction forces, which manifest as cross-coupling terms in the equations of motion and oppose damping in the tangential direction at contact. Thus, for high-enough amplitudes, damping is overcome by friction and a backward whirl regime begins at an angular speed non-synchronous to ω. In the unstable region following this bifurcation, quasi-periodic motions thus occur, and even coexist with a linear, synchronous periodic response over the range delimited by the two LPs at ω LP1 = 0.89 and ω LP2 = 0.99. Moreover, by zooming in at this later point, it can be seen that a second NS bifurcation occurs in its vicinity, as shown in Fig. 2.16 c). Indeed, the closeness of these two points hints at the presence of a coalescence frequency ω ZH , i.e. a ZH bifurcation, for a different, albeit nearby, parameter set. Bifurcation tracking with respect to f has been performed and the resulting stability boundaries are shown in Fig. 2.17. As discussed in Sect. 2.2.3, the Floquet exponents with null real parts are shifted by exploiting their corresponding eigenvectors, thus allowing codim-2 bifurcations to be detected by a standard stability analysis (Hill's method); generalized turning points, which in this case are cusps, are detected by monitoring the sign of ∆ f . Solutions with unstable modes besides those associated to the codim-1 bifurcation are represented as cyan lines in this diagram: in this case, they are delimited by two zero-hopf bifurcations, ZH1 and ZH2, marked by cyan circles. The Floquet exponents associated with the LP curve are shown in Fig. 2 be noted that only three out of the system's four exponents are represented, as the one associated to the singular Jacobian has been shifted to -1.

f T (v rel ) = µ v rel » v 2 rel + ε (2.123)
Tracking of NSs and LPs both yield the exact same locations for the ZH bifurcations, as expected. Even if only one of the curves is computed, for instance the LP one, such a point can be used to easily transition to the NS curve by using it as an initial solution and then employing continuation on the associated extended system. An interesting observation, is that an 'unstable' LP or NS bifurcation happens within an unstable branch with no stability change, whereas a 'stable' one separates a stable and an unstable periodic branch. Similarly, four cusp bifurcations have been detected by monitoring the sign of ∆ f and subsequently localized, as marked by red diamonds in Figs. 2.17 and 2.19, the latter showing more details around the outermost points. While these bifurcations are all characterized as local extrema of the LP curve, they have different interpretations in terms of the system's dynamics. As the magnitude of f is increased, the following phenomena are encountered:

• f < f CP2 : Absence of any LP. The system's response is strictly linear.

• f = f CP2 : The cusp is an isola centre. • f CP2 < f < f CP3 :
The center splits into two LPs which bound a closed response curve composed of a stable and an unstable branch. Solutions on the isola are high-amplitude and thus nonlinear, whereas the main response curve remains linear. Moreover, for f > f ZH1 , quasi-periodic solutions are born from NS bifurcations on the isola.

• f = f CP3 Isola merging. The cusp point is a BP which connects the isola and the main response curve.

• f CP3 < f < f CP4 :
The BP splits into two LPs, for a total of four. Each pair borders an unstable branch, the first one in the narrow region ω ∈ [ω CP4 , ω CP3 ] and the second one in the wide bi-stability region for ω > ω CP3 .

• f = f CP4 : the low-amplitude unstable branch disappears as the two LPs which enclose it coalesce at the cusp.

• f CP4 < f < f CP1 : overall response amplitude increases. The two remaining LPs move closer together. For the narrow region between f ZH1 and f CP1 , both NS bifurcations are now accompanied by stability changes in the response curve.

• f = f CP1 : The two LPs meet at a cusp.

• f > f CP1 : Absence of LPs, and thus of amplitude jumps (for periodic solutions). With increasing f , the two NS bifurcations enclose a wider range of forcing frequencies and quasi-periodic motions become the norm. Changes in response curve topology as f is increased from f CP3 to beyond f CP4 are shown Fig. 2.21. Also noticeable in these graphs are two NS bifurcations, out of which one belongs to the unstable branch of what was formerly the isola. This is to be expected, as f > f ZH1 . Interestingly, a visual inspection of Figs. 2.17 and 2.19 reveals that cusp points CP2 and CP3 -corresponding to the birth and merging of the isola, respectivelyappear as parabolic extrema on the wf plane, whereas CP1 and CP4 -which mark the 2. Bifurcation analysis by Harmonic Balance disappearance of an unstable branch-are seen as sharp wedges. While this is purely an effect of the projection employed, it hints at the possibility of distinguishing between both cases through a well-defined criterion. Such a characterization of cusps, with its numerical implementation, is left as an open problem for future work. 

Quasi-periodic solutions & Strong resonances of a Nonlinear Energy Sink (NES)

The dynamics of an essentially nonlinear element with mass e NES attached to a main structure is described by Eq. (2.125):

ï 1 0 0 e NES ò ï ẍ1 ẍ2 ò + ï c -c -c c ò ï ẋ1 ẋ2 ò + ï 1 0 0 0 ò ï x 1 x 2 ò +k NL ï (x 1 -x 2 ) 3 (x 2 -x 1 ) 3 ò = ï f cos(ωt) 0 ò (2.
125) This configuration offers great potential in passive vibration control applications, as an irreversible energy transfer from the main system to the NES is efficient over a wide range of frequencies and without the need for tuning, as a consequence of the NES having no natural frequency. Here, parameter values are fixed at: k NL = 0.5, c = 0.04, e NES = 0.1. The forced response curve is computed with an initial forcing amplitude f = 0.03, yielding curves of Fig. 2.22. For all the results presented here, a five-harmonic approximation was used. Two NS bifurcations are found surrounding the linear resonance frequency, and the quasi-periodic FRC was computed as well by branching from the lowest-frequency NS. For illustration purposes, the coexisting (stable) quasi-periodic and (unstable) periodic regime are shown in Fig. 2.23 for ω = 1. stable quasi-periodic, red: unstable.

Next, the forcing amplitude f was used as a tracking parameter within the interval [0, 0.5]. The result of this operation is shown in Fig. 2.24, superimposed to the previous FRC. The NS curve loses stability at a ZH point, which was then used as a starting point to track LP bifurcations. Moreover, two R4 and one R3 strong resonances were localized in this interval. Using extended sub-harmonic bases, branches of 4T and 3T -periodic solutions were computed starting from the respective bifurcations on the unstable NS curve: (ω, f ) = (1.2213, 0.1226) for R4 and (ω, f ) = (1.3973, 0.2559) for R3. Fig. 2.25 groups continuation results around each bifurcation and shows one example of converged cycle for each one. Black dots in the latter indicate values of x 1 , x 2 sampled at the forcing period T = 2π/ω. It can be noted that two distinct sub-harmonic branches emerge from the strong resonance points, and also that these curves are fully unstable. 
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CAST3M Implementation

The methods described above have been implemented in the form of an operator, called DYNC (for DYNamic Continuation), in the most recent version of Cast3M. In this way, not only can systems of arbitrarily complicated geometries be studied, but one also benefits from the wide library of non-linear forces (linkages) which is already present in the software. As an illustration, Fig 2 .26 shows the computational model of the steamgenerator U-tube studied Chapter 3. First out-of-plane bending mode.

Mode 2 : f= 52.6134Hz

First in-plane bending mode.

Mode 3 : f= 63.0250Hz

Second out-of-plane bending mode.

Mode 4 : f= 115.7774Hz

Second in-plane bending mode. The modal basis shown is computed for the tube in with stagnant fluid with a nonuniform density distribution, so the added mass effect is directly incorporated into the system and leads to slightly asymmetrical out-of-plane modes. This complicated scenario is treated without difficulties in CAST3M. Continuation and bifurcation methods can then be applied on the reduced, modal representation of the system with the inclusion of forcing terms and nonlinear forces.

Scope

The objective is to find periodic solutions of the discrete equations of motion: M q(t) + aC q(t) + Kq(t) = f NL (q(t), q(t)) + af e (t) (2.126) obtained by projecting a full finite-element model onto a basis consisting of the first n linear eigenmodes, and to study their parametric evolution through continuation methods and bifurcation analysis. Here, q ∈ R n is the vector of modal displacements, while the physical displacements d of any given point p = (x, y, z) on the structure are obtained by linear combination:

d(p,t) = Φ(p)q(t) (2.127)
with Φ(p) ∈ R s×n a matrix containing the eigenvectors evaluated at p. M, C and K are, respectively, the (modal) mass, damping, and stiffness matrices, while the vectors f e , f NL contain the modal contributions of applied external loads and nonlinear forces. Depending on whether the parameter a is nil or not, the computed solutions may correspond to the forced, autonomous, or free response curves. This is, in every aspect, analogous to the discussion of the present chapter, the only difference being the back-and-forth transformations required between modal and physical coordinates to compute contact forces.

Linkages

Nonlinear forces defined in terms of modal displacements and velocities are referred to as base-A linkages in Cast3M jargon. They are straightforwardly computed by AFT. On the other hand, nonlinear forces defined in terms of physical displacements and velocities are called base-B linkages, and their computation requires two additional steps. Firstly, the physical displacements at the N c contact points must be computed through Eq. (2.127), thus yielding d i = d(p i ,t), ∀i = 1, ..., N c , so that the forces in physical space, fNL (d i , ḋi ), can be evaluated. Secondly, these forces must be projected to modal basis. Looping over all linkages, the total force vector is given by:

f NL (q, q) = N c i=1 Φ T (p i ) î fNL (d i , ḋi ) ó + f A NL (q, q) = f B NL (q, q) + f A NL (q, q) (2.128)
where the second terms groups all base-A linkages. As the contact points are specified beforehand in most situations, the matrices Φ(p i ) are computed and stocked during the pre-processing stage. This makes the treatment of localized non-linearities extremely efficient.
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Problem setup

In Cast3M, a structural dynamics problem is defined by writing a text file with .dgibi extension, containing a series of statements in the OOP-language GIBIANE6 . This leads to the definition of several Table objects which can be read and exploites by operators. In our case, the call to DYNC has the syntax: TAB1 = DYNC TMOD TCHR TLIA TAMOR TINI TNUM NHBM NFFT;

where NHBM and NFFT are two integers indicating, respectively, the desired number of harmonics and FFT samples, while the remaining inputs are the following Table objects: 1. TMOD: modal basis.

TCHR: external loadings (if forced response).

3. TLIA: linkages.

TAMOR: damping (if forced response).

5. TINI: approximation to the first solution (optional). 6. TNUM: setting for the numerical continuation, including: problem type, max./min. step-size, among others.

Remarks:

The modal basis table TMOD is simply computed by a call to the Cast3M operator VIBR. A detailed description of all currently-supported linkages is included in the Manual Pages page of the website, under the tag DYNE7 . The output table TAB1 consists of two sub-tables: the first one stocks the Fourier coefficients, frequencies, Floquet exponents, and stabilities at each continuation step, while the second one stocks the bifurcations found along the response curves.

Examples This section briefly presents example calculations performed with DYNC. The .dgibi files corresponding to the test cases herein are available under the Examples page of the Cast3M website, and described succinctly in Tab. 2.1. A summary of the main parameters is as follows:

1. Duffing oscillator: NHBM = 5, NFFT = 2 8 , n = 1, point mass, base-A linkage. Note: The inherently non-smooth impact forces involved in the last examples have been replaced by a smooth approximation in order to enhance the performance of pseudo arc-length continuation. This is not strictly necessary if contact stiffness is moderate (which is not the case of the dync03.dgibi test case). Fig. 2.27 shows the superposition of the frequency-response and backbone curves for a single Duffing oscillator. The well-known bi-stability region characterized by an unstable branch delimited by two LPs is clearly visible. As the system is lightly damped, the resonant (highest-amplitude) response coincides with a cycle on the NNM curve. The frequency response of a Jeffcott rotor model, identical to the one presented in Sect 2.2.5, is shown in Fig. 2.28. As before, the presence of friction leads to desynchronization and thus to the onset of quasi-periodic motions, as evidenced by a NS bifurcation. The LP on the unstable branch has also been computed. Fig. 2.29 shows the backbone curves for the first three NNMs of the cantilever beam with symmetrical stops. While the second and third modes have monotonous evolutions with increasing energy level, interaction tongues appear along the backbone curve of the first mode. This corresponds to modal interactions: due to nonlinear coupling, a higher mode can become active when the frequency of the first one, or one of its harmonics, is close to its own. By plotting scaled version of the second and third NNMs in the same graph as the first mode, the curves are seen to intersect at specific points. Therein, an internal resonance occurs: there is exact coincidence between a harmonic of the first-mode frequency and that of the second or third modes. In the case of the present example, 1:15 and 1:13 resonances are found between the third and first modes, as well as a 1:5 resonance between second and first. This means that, around internal resonance frequencies, a response consisting of a combination of modes is obtained even if a mono-modal excitation is applied. It should be noted that resonances beyond 1:15 can not be observed with the present setup, as a 15-harmonic expansion is used.

Conclusion

In this chapter, several contributions to the numerical, frequency-domain analysis of nonlinear vibration problems are presented. The stability of quasi-periodic solutions, as well as a branch switching technique to follow them from a NS bifurcation, is introduced. A formulation for time-delay problems is also proposed for the case of discrete and continuous delays. For the latter, stability evaluation and bifurcations are addressed. The procedure to track bifurcations of all types and in arbitrary codimension is described. Finally, the implementation of these methods in the finite element software CAST3M -which allows for the treatment of complex structures-is reported. Numerous brief examples are provided for illustration purposes. In following chapters, these techniques and concepts are applied to study the phenomenology of steam-generator vibrations.

Chapter 3 Applications: Towards an understanding of steam-generator vibrations

This chapter presents the study of three simplified models which represent, in a broad sense, certain key aspects of steam-generator tube vibrations. Firstly, the tube's first bending mode is assimilated to a SDOF oscillator with bilateral contacts and cubic stiffness. It is shown how the symmetry (and loss thereof) of the system greatly impacts the resulting dynamics and leads to complex bifurcation scenarios, such as the period-doubling route to chaos and the formation of sub-harmonic isolas. As an intermediate approximation, a cantilever tube subjected to single-phase cross-flow is considered next. The quasi-unsteady model is used to compute fluidelastic forces in the frequency domain and the dynamics are explored by through continuation for an increasing number of modes. In particular, a pattern of super-harmonic resonances is observed for the higher modes, to which the linearly-unstable first one transfers energy via impacts. Finally, a more realistic system representing a U-tube vibrating in non-uniform flow is studied. 

The KOALA model

The techniques and concepts discussed previously are applied to an example system, shown in Fig. 3.1. The apparatus in this photograph was first studied by de Langre et al. in [ LAN 91]. It was conceived as a simple mechanism which exhibits chaos, with the purpose of validating time integration algorithms. In that paper, it was observed that both measured and calculated chaotic regimes had a rich sub-harmonic spectrum, i.e., frequencies below that of the external forcing, and thus a sub-harmonic cascade was suggested as the likely route to chaos. However, a detailed bifurcation analysis was deemed out of the scope of their study. This is, in turn, the objective of this section.

Modelling

Fig. 3.2(a) shows a schematic representation of our system. It consists of a heavy concrete block supported by two clamped, slender steel bars on its sides. A mono-harmonic external excitation p(t) = p cos(ωt) is provided by a fixed electromagnet whose oscillating magnetic field drives a coil, attached to the main block, sinusoidally. In this configuration, the system is constrained to move in only one direction. Displacement amplitude, denoted by x(t), is measured relative to the rest position of the block's centre of mass, which coincides with the location of a rigid stop. One elastic spring lies on each side of the stop, so that the mass undergoes intermittent contacts when the displacement amplitude is greater in magnitude than at least one of the gaps, which are adjustable and allowed to be asymmetrical: contacts happen for x(t) > j 2 or x(t) <j 1 . In this study, we limit ourselves to the clearance-type system, where both j 1 and j 2 are positive, as opposed to the pre-loaded type. The springs are chosen to have a stiffness K c which is larger Experimental configuration.

m j 1 k j 2 α c K c K c p(t)
x SDOF model. the geometrical and material parameters were carefully chosen so that the system's first natural frequencies were far apart on the spectrum. Indeed, for the first bending mode, f 1 = 5 Hz and f 3 = 80 Hz for the third mode, whereas the second one has no contribution on the motion of the mass. Thus, if the frequencies associated to both the external forcing and the contact stiffness are kept low enough we can consider the motion to be largely dominated by the first mode. The limited parameter ranges used later in this paper are chosen to verify this constraint. As a consequence, the system is modelled by a forced SDOF oscillator of the form:

m ẍ(t) + c ẋ(t) + kx(t) + f NL (x) = p cos(ωt) (3.1)
and depicted in Fig. 5 b). Nonlinear terms, included in f NL , come from two distinct effects:

1. During vibration, the clamped bars are bent perpendicularly to their length, which produces tension. The projection of this force onto the direction of motion gives rise to a cubic stiffness term f NL,g = αx 3 , where α is a constant depending on the geometry of the bars and their Young modulus.

2. A piecewise-linear stiffness induced by the clearances:

f NL,c = K c [(x + j 1 )H(x + j 1 ) + (x -j 2 )H(x -j2)].
H(•) represents the Heaviside step function.

Note that, in general, some amount of dissipation can be expected due to contact, which would require the inclusion of a piecewise-linear damping force in the model as was done in [NAT 92]. However, a combination of force measurements and free-oscillation tests revealed this effect to be negligible compared to modal damping, and thus it was omitted.

Before proceeding further, equation (3.1) is recast into non-dimensional form. Introducing the following dimensionless quantities:

x(t) = j 1 x(t), ω 0 = » k m , τ = ω 0 t, c = 2ω 0 mζ, ω = ωω 0 , p = k j 1 p, j 2 = j 1 j, α = ᾱ k j 2 1 , K c = Kc k (3.2)
the equation of motion is written as:

x′′ (τ) + 2ζ x′ (τ) + x(τ) + ᾱ x3 (τ) + Fc ( x(τ)) = p cos ( ωτ) (3.3)
where (•) ′ represents derivation with respect to τ and the restoring force from the clearances is:

Fc ( x(τ)) = Kc [( x(τ) + 1)H( x(τ) + 1) + ( x(τ) -j)H( x(τ) -j)] (3.4)
The choice of using j 1 rather than j 2 as a reference length is arbitrary and would not change the results if reversed. It is, however, convenient to introduce the ratio of clearances j as a parameter, since this provides a way to quantify the symmetry of the system. As shown next, this symmetry factor has a defining influence on the system's bifurcation behaviour.

As a final preliminary step before analysis, we replace the non-smooth contact force (3.4) by a regularized approximation. This is not strictly necessary for the HBM-based continuation to succeed, as the AFT technique is perfectly capable to converge in such cases. However, for stiff springs, convergence issues were found for bifurcation localization. To get rid of this inconvenience, the following smooth definition is used instead:

Fc,r ( x(τ)) = Kc ï x(τ) + 1 π Å f --f + + 1 2σ f L + a c ãò (3.5) 
where:

f + = ( x(τ) + 1) tan -1 (σ( x(τ) + 1)) f -= ( x(τ) -j) tan -1 (σ( x(τ) -j)) f L = log ñ 1 + (σ( x(τ) + 1)) 2 1 + (σ( x(τ) -j)) 2 ô a c = ñ tan -1 (σ) -j tan -1 (-σ j) - 1 2σ log Ç 1 + σ 2 1 + (σ j) 2 åô
The function Fc,r from (3.5) tends to the non-smooth contact force as σ → ∞. In the case of the results presented hereafter, σ = 3 • 10 3 was fixed. The choice of this value was made after numerical tests, which showed that further increasing σ beyond this point had a negligible effect on the position of bifurcations. Thus, in the span of one forcing period, the whole of cycle A is described, whereas only half of B is. This provides visual evidence of a double-period response. The evolution of Floquet exponents as a function of forcing frequency can be seen in Figs. 3.7 and 3.7 when a T-periodic or 2T-periodic Fourier basis is used by the HBM, respectively. On the region between two PD bifurcations, the former has a pair of complex conjugate eigenvalues with magnitude ω/2, while the corresponding exponents in the latter are purely real, thus characterizing a symmetry-breaking BP. 

Forcing amplitude

The PD bifurcations presented above for ( j = 0) were tracked with respect to the forcing amplitude p. The resulting curves, as well as their projection on the codimension-2 plane ( ω, p), are presented in Fig. 3.8. For visualization purposes, response curves at different values of p are included as well.

It can be seen that the first pair of PD points happens independently of the forcing amplitude over the considered range, thus implying that this phenomenon is not driven by external forcing. On the contrary, the stability boundary corresponding to the second stage of the cascade, labelled "4T+" (solutions whose period is at least 4T), only exists for high forcing amplitudes.

Contact stiffness

While varying the contact stiffness in a continuous fashion is evidently infeasible in practice, this can be done with ease by continuation methods. The four PD bifurcations from Fig. 3.4 were tracked with respect to the contact stiffness Kc , as shown in Fig. 3.9, with forcing amplitude p = 1.7. From these curves, it is easily seen that the first period doubling is quite sensitive to contact stiffness, in contrast with the case of forcing amplitude, since the location of bifurcation points changes significantly as this parameter is varied. Nonetheless, consider the local extremum close to null contact stiffness. From physical grounds, a value of zero simply indicates an absence of springs, and the system reduces to a typical, symmetrical Duffing oscillator in such a case. It is seen here that the boundary folds back shortly before reaching the ω-axis, but we can state that period doubling occurs over practically the whole interval of contact stiffness values, and so this parameter is also not the main trigger for bifurcation in this case.

Chaos

So far, we have confirmed the well-understood fact that high inputs of energy by external forcing, as well as increasingly stiff contacts, have a tendency to promote bifurcation. Successive sub-harmonic branching such as the one observed here hints to the presence of a sequence of PD bifurcations leading to chaos. It is, of course, not possible to use harmonic balance to compute chaotic regimes, since these are aperiodic by definition. Nonetheless, the search for parameter regions associated with chaos can be limited to those in the neighborhood of high-period boundaries. An example of this can be seen in Fig. 3.10. Here, the values ( p, Kc ) = (1.6, 4.2) were fixed and a constant-acceleration Newmark scheme was used to numerically integrate the equation of motion over a range of frequency excitation values. A Poincaré map was then established by sampling the response signal (amplitudes and velocities) at intervals equal to the excitation period. Integration was carried out over 1000 periods to ensure that the steady state had been reached, and the amplitudes of the last 100 samples are plotted as a function of frequency. The results observed in this figure match the predictions from Figs. 3.8 and 3.9 in terms of bifurcation behaviour. Moreover, regions of erratic responses can be found within the predicted 4T+ frequency interval. It can be noted that, while 4T-periodic responses are clearly visible, the transition to chaos is rather abrupt, and thus additional steps in the period-doubling cascade (8T, 16T...) can only be observed over extremely narrow ranges of forcing frequency. Fig. 3.11 shows the region of predicted and experimentally observed chaos for the same system from de Langre & Lebreton's paper [LAN 96], with respect to forcing amplitude. It can be seen that the main boundary is both quantitatively and qualitatively similar to the 4T+ boundary of Fig. 3.8 (b), which once again suggests a rapid transition once the period doubling sequence is triggered. Furthermore, this highlights the usefulness of bifurcation tracking as a predictive tool, as it yields results close to those obtained with the more computationally intensive method employed in the cited paper. The point labelled A in Figs. 3.8 and 3.9, for which a fractal attractor was reported in [LAN 96], is included in this zone as well. Other points inside this boundary also exhibit aperiodic motion, an example of which is seen in Fig. 3.12. These results were obtained by fixing parameter values to those of point B: ( ω, p, Kc ) = (2.6, 1.6, 4.2).

The pattern formed on the Poincaré section of Fig. 3.12 (b) strongly suggests a chaotic nature, as the orbit is confined to a specific region in phase space (implying the presence of an attractor) and no periodicity is evident. To verify that this response is indeed chaotic, its leading Lyapunov exponent, λ L , was computed. As explained e.g. in [STR 94], a positive value of this quantity indicates that two initially close trajectories diverge exponentially fast, which is a signature of chaos. Thus, letting δ(τ) represent the instantaneous distance between these in phase space, we may write:

δ(τ) ≃ δ(0)e λ L τ
(3.6) Fig. 3.13 shows the time history of δ(τ) as obtained from two response signals: the first one, corresponding to Fig. 3.12, was computed for null initial conditions (position and velocity equal to 0), whereas a perturbation of magnitude 10 -14 was added to initial position for the second one. Sensitivity to initial conditions is clearly evidenced by the exponential growth of the distance with time at a rate approximately equal to λ L = 0.1918. On the other hand, the distance can be seen to saturate, since the trajectories pertain to an attractor of fixed length and thus cannot separate indefinitely. 

.2 Sub-harmonic isolas

Previous studies of this system focused on the two extreme cases j = 1 and j = 0. There are two reasons for this: firstly, from an experimental perspective, they are the simplest configurations to implement. Fine-tuning the value of j in practice is quite a delicate task, and extreme values are thus more convenient. Secondly, from a phenomenological point of view, it is well-known fact that asymmetry has the tendency to promote bifurcation. Hence, if the objective is solely to observe chaotic motions, it is the "most asymmetric" configuration which offers the optimal conditions. Yet, as observed in the Sect. 3.1.2.1, even the first period doubling of the cascade is absent in the symmetric case, and so no chaos at post-harmonic excitation frequencies may be observed by this route. Therefore, asymmetry is a necessary condition for period doubling. It should be noted that, generally speaking, initially symmetric systems can have their symmetry broken through a regular BP and then undergo period doubling along the asymmetric branches. However, for the parameter intervals considered in this study, this behaviour was not observed. An interesting question which immediately arises is then: how asymmetric must the clearances be in order for period doubling to be possible? The following results use the parameter values in Table 3.2, which correspond to the characteristics of the current experimental setup of the Koala test bench at CEA. Figure 3.14 shows PD bifurcation tracking with respect to the symmetry factor, starting from j = 0, while Fig. 3.15 shows a projection of this curve on the parameter plane ( ω, j).

It is clear that j has a very strong influence on period doubling, since the first stability boundary is only defined over a limited range of values: the bifurcation curve has a single local extremum ( ω, j) = ( ωdet , jdet ), whose concavity is opposite to those observed while tracking PD bifurcations with respect to other parameters. At this point, two PD bifurcations coalesce, but the associated sub-harmonic resonance peak does not disappear: rather, it forms a closed loop which is tangent to the main branch. A further increase in j, towards symmetry, causes the loop to detach and form an isola. Of course, one can also see the situation in the reverse way: as the system strays further away from symmetry, an isola approaches the main branch until merging at a codim-2 local extremum of the PD stability boundary, i.e. a Generalized Period Doubling (GPD) bifurcation (shown as a red diamond), which was precisely localized by using an extended system constructed as per Sect. 2.2.3.

Theoretically, as shown by de Witte et al. [WIT 13], a curve of double-period LPs can be expected to emerge from the GPD point. Thus, the LP tracking algorithm was launched with this bifurcation as a starting point, This LP tracking shows that, for any j larger than the critical value jdet , the sub-harmonic branch detaches and continues to exist 3. Applications: Towards an understanding of steam-generator vibrations as an isola over a certain range of j. The existance of LPs on the isolas allows the use of bifurcation tracking, which in turn reveals the presence a codim-2 local extremum at j = jmax where the two branches coalesce and the isola collapses into a point corresponding to a sub-harmonic isola centre. At this state, the system is "critically symmetric", so that the contribution of the asymmetric harmonics from the nonlinear forces is just important enough to induce bifurcation. For j > jmax , the isola no longer exists.

Global dynamics

Isolated sub-harmonic resonances have been shown to exist for system (3.3) for certain parameter combinations and over determined ranges of excitation frequency. Moreover, since they contain a stable branch, they can theoretically be reached by choosing appropriate initial conditions or by adding a perturbation to a stable solution on the main branch. However, in practice, the basin of attraction associated to the isola can be small compared to that of the T-periodic solution, in which case it would be difficult to observe them experimentally. To assess the robustness of the isolas, we have numerically computed basins of attraction for fixed ( ω, j) pairs within their predicted range of existence, i.e. for j ∈ [ jdet , jmax ] as shown in Fig. 3.15. For (non-dimensional) initial conditions

[x 0 , ẋ0 ] ∈ [-2, 2] × [-2, 2]
, the equation of motion (3.3) was integrated over several excitation periods until a steady state was established. Using the absolute norm:

x max = x(τ) = max τ=0,...,2π {| x(τ)|} (3.7)
contour plots x max = f (x 0 , ẋ0 ) were constructed. Fig. 3.16 shows the results obtained for ( ω, j) = (2.09, 0.5). Three basins are clearly visible, two of which correspond to the low and highamplitude regimes in the bi-stable zone of the main resonance as in a typical Duffing-like oscillator. The remaining basin is associated with the sub-harmonic regime on the isola, as illustrated by Fig. 3.17. No attractor seems to be particularly dominant, i.e., for random initial conditions, the chances of finding any one of this regimes are roughly equally likely, which means that these isolas must be robust, thus observable. For completeness, Fig. 3.18 shows the harmonic content of the three numerically calculated solutions. As expected, the low-amplitude (non-resonant and non-impacting) regime is mono-harmonic, the isolated one is predominantly sub-harmonic and the large-amplitude, nonlinear resonant response shows slight harmonic distortion as well as a static component due to asymmetry. 3.2 A mathematical model for fluid-elastically unstable tubes

Generalities

It is currently recognized that tube arrays in cross-flow undergo instabilities by two distinct mechanisms: stiffness-controlled instability results from the coupled motions of two or more adjacent tubes and leads to buckling, while damping-controlled instability is a consequence of an excess input of energy from the incoming flow, resulting in negative net damping and thus flutter through a Hopf bifurcation at a critical flow velocity. The latter can occur for even a single flexible tube in an otherwise rigid array, as would be the case if the clearance at any one support became abnormally wide as a result of, for instance, misalignment or wear. The focus of this chapter will be on damping-controlled fluid-elastic instability, in particular by employing the quasi-unsteady (QU) model of Granger and Païdoussis [GRA 96] to compute the resulting forces exerted on the structure, as described in this section.

The tubes considered satisfy the hypotheses of Euler-Bernoulli beam theory, and thus can be aptly modelled by using 1D beam elements, constituting a n-point mesh D ⊂ R 3 . Given boundary conditions, the flow-induced, out-of plane1 vibrations at any point x ∈ D -denoted by the vector Y(x,t) ∈ R n -satisfy the dynamical equilibrium statement:

M s Ÿ + C s Ẏ + K s Y + F f + F t + F c = 0 (3.8)
where the different force terms correspond to:

• F f (x,t) : damping-controlled fluid-elastic coupling.

• F t (x,t) : excitation by broadband turbulence.

• F c (x,t) : reaction at contact points.

The latter contains the modal projections of impact forces at all n c contact points along the tube's span, which are computed by a regularized form of Eq. (1.9) given in dimensionless form by:

f c (y) = 1 2 [K c (y -1) + » (K c (y -1) +C c ẏ) 2 + 4K c η +K c (y + 1) + » (K c (y + 1) +C c ẏ) 2 + 4K c η + 2C c ẏ (3.9)
where η is an adjustable regularization parameter.

The term F t is random by nature, and thus warrants the impossibility of (periodic or otherwise) steady-state vibratory regimes. In what follows, it will be neglected under the assumption that fluctuations from turbulent fields introduce perturbations on the limit cycles of the system, without altering its underlying dynamics. This means that, for fixed parameter values, the number and nature of coexisting attractors is unchanged by turbulence. While this idea is intuitively reasonable, it is not backed by solid theoretical arguments and must be, in practice, verified a posteriori for a particular configuration. Indeed, no claim is made here on the universal validity of such an assumption, which is itself an open problem and is considered out of scope for the present work. Finally, the QU model gives the following expression for the fluid-elastic forces on the structure:

F f (x,t) = 1 2 ρ f V D Ç C D Ẏ - V 2 D 2 ∂C L ∂ Ȳ ( ḡ * Y) å (3.10)
The first term in Eq. (3.10) represents added damping, whereas the second introduces a memory effect through convolution with the kernel function:

ḡ(τ) = k=1,2 α k δ k e -δ k V M D τ Ĥ(τ) + D V α 0 δ(τ) (3.11) with α 0 = 1 -(α 1 + α 2 )
, and where Ĥ(τ) and δ are, respectively, the Heaviside step function and the Dirac distribution. These effectively hardwire causality into the model, as they ensure that any event prior to the onset of motion at t = 0 has no contribution to the tube's dynamics. The second term in Eq. (3.11) leads to an instantaneous restoring force which is linear in q(t) but dependent on the square of flow velocity, thus making it akin to lift. It shall be noted that array geometries with a positive lift coefficient slope2 may lead to static divergence for fast flows. As explained in [PAI 13], this condition is not met for industrial cylinder arrays and is actually in conflict with the appearance of dynamic instabilities. As for the remaining parameters appearing in Eqs. (3.10) and (3.11), D is the tube diameter, C D is the drag coefficient, V (x) and ρ f (x) are the velocity and density distributions of the flow, respectively, V M is the maximum velocity, and (α 1 , α 2 , δ 1 , δ 2 ) are empirical constants. More precisely, convolution of displacements with the first term of Eq. (3.11) physically corresponds to the re-organisation of the flow field through convection and diffusion of vorticity layers following every change in tube velocity, a process which lags behind the tube motion and is associated to the time scales:

T k = D V M δ k (3.12)
In the QU model, the whole time history of motion is considered in the computation of instantaneous forces, thus leading to a distributed delay within the mathematical framework of Sect. ] for a rotated-square grid in a water flow was used to fit the alpha and delta coefficients, leading to the values reported in Table 3.3. As already seen from the two-term case presented here, the value of δ k increases dramatically with k, which translates the fact that each increasing order resolves events decaying at faster rates. Higher-order terms decay too fast to have a measurable impact if their corresponding time-scales, from Eq. (3.12), are small when compared to the natural period of the structure's first oscillation mode. 

k = 1 k = 2 α k 1.

Model reduction

Eq. (3.10) is readily expanded to yield the following expression:

F f (x,t) = 1 2 ρ f V DC D Ẏ - 1 2 ρ f V 2 ∂C L ∂ Ȳ α 0 Y - 1 2 V 3 D ∂C L ∂ Ȳ k=1,2 α k δ k t 0 e -δ k V M D τ Y(x,t -τ)dτ
(3.13) As all terms in Eq.(3.13) are linear in Y, it is clear that fluid-elastic forces are uncoupled upon projection of the governing equations, Eq. (3.8), onto an orthonormal basis. Thus, consider the modal decomposition:

Y(x,t) = Φ(x)q(t) (3.14)
where Φ(x) = [φ 1 ...φ m ] ∈ R n×m is the matrix of normalized eigenvectors solutions of: K s -ω 2 i M s φ i = 0. Before proceeding further, let us re-write the density and velocity distributions as:

ρ f (x) = ρr(x) ρ = 1 L L 0 ρ f (x)dx (3.15) V (x) = V M ν(x) V M = max x (|V (x)|) (3.16)
where L is the total length of the tube span exposed to cross-flow. The modal projection of fluid-elastic forces is thus:

f f (t) = C f q + K f q + i=1,2 L i ( ĝi * q) (3.17)
with the coefficient matrices given by:

C f = 1 2 ρV M DC D L C = 1 2 ρV M DC D ñ 1 L L 0 r(x)ν(x)Φ T (x)Φ(x)dx ô (3.18) K f = - 1 2 ρV 2 M ∂C L ∂ Ȳ α 0 L K = - 1 2 ρV 2 M ∂C L ∂ Ȳ α 0 ñ 1 L L 0 r(x)ν 2 (x)Φ T (x)Φ(x)dx ô (3.19) L i = - 1 2 ρV 3 M D ∂C L ∂ Ȳ α i δ i Li = - 1 2 ρV 3 M D ∂C L ∂ Ȳ α i δ i ñ 1 L L 0 r(x)ν 3 (x)Φ T (x)Φ(x)dx ô (3.20)
Eqs. (3.18-(3.20)) take into account arbitrary distributions of fluid density and velocity along the tube. Regardless of the former, it is clear that matrices L C , L K and Li , i = 1, 2 will all be equal in uniform flow, i.e. ν(x) = 1. This very idealized scenario is explored in Sect. 3.3, while a more realistic distribution is considered in Sect. 3.4. Moreover, the above expressions imply that, even if all the mode shapes kept in the m-mode approximation are symmetric, this symmetry can be broken by virtue of unsymmetrical velocity and-or density distributions. As has been shown so far in the present text, this leads to disjoint response curves and thus requires special attention during parametric analyses. The full equations of motion in the truncated modal basis read:

M q + C q + Kq +   C f q + K f q + k=1,2 L k ( ĝk * q) + f c (q, q)   = 0 (3.21)
where the brackets group all the terms additional to the dynamics of the damped linear structure. It is clear that the quantities ||q(t)||, ω (the as-yet unknown limit cycle frequency) and V M are of dissimilar orders of magnitude; indeed, the first of these is about the size of the smallest gap (typically a fraction of a millimetre), the second can be expected to be of the order of the tube's first natural frequency (∼ 10 2 rad/s), and the latter -which will take the role of the main continuation parameter-is between 1 and 7 m/s. Thus, to facilitate continuation, the following non-dimensional displacements and time are introduced: q(t) = q(t)h min , t = t/ω 1 , where the latter makes use of the first-mode natural frequency. This leads to all quantities of interest being of the same order. Moving forward, it shall be noted that the original notations q(t) and t will, nevertheless, be kept in order to simplify the presentation. Likewise, we let V ≡ V M .

Hopf bifurcation

From Sect. 2.2.1.2, Eq. (3.21) is equivalent to the mixed-order dynamical system:

   M q + C q + Kq + C f q + K f q + k=1,2 L k y k + f c (q, q) = 0 ẏ1 + b 1 y 1 = q ẏ2 + b 2 y 2 = q (3.22)
with b k = δ k V /D, which in turn can be written in state form:

ż(t) = Az(t) + f NL (z) (3.23)
This latter form is useful in determining the onset of fluid-elastic instability, by studying the eigenvalues of matrix A with varying V . This information dictates the behaviour of Eq.(3.23) linearised about the trivial fixed point z 0 (t) = 0. For low values of V , the fixed point is stable and the only existing attractor. As this parameter is increased, a threshold value V c is exceeded such that the origin loses its stability by a pair of conjugate eigenvalues crossing the imaginary axis, i.e. a Hopf bifurcation which gives birth to a stable limit cycle. This is due to the structural and added damping of the first mode being cancelled by the destabilizing, non-conservative terms introduced via memory effects. Indeed, the consideration of additional modes in the approximation has no effect on the value of V c , which exists even for a single mode when using the QU model. At higher velocities, however, it is possible for other modes to become unstable as well.

Cantilever beam in cross-flow

The system depicted in Fig. 3.19 has been studied by Pitteau and co-workers in a series of papers, both experimentally and numerically [BOR 17a, PIT 18, PIT 19, PIT 15]. A single flexible tube in a rigid square array is subjected to single-phase, spatially uniform, liquid water cross-flow. Its geometry is designed to allow motions in the lift direction only. Symmetrical stops are located at the coordinate x c = 0.624L, where L is the total tube length. On each side, the gaps have the value: g = 1.5E -3 m, but the numerical model is scaled so that they correspond to a value of y c = 1, where y c is the non-dimensional transverse displacement at the stop location. A finite-element representation was set up using CAST3M, and the properties corresponding to the first five modes in absence of the stops are collected in Eigenfrequencies have been scaled by the first-mode angular frequency, ω 1 = 120.4110 rad/s. In this section, the behaviour of the one-mode approximation is explored by continuation, leading to a global picture of its dynamics that was lacking from previous studies. Furthermore, the effect of including additional modes is investigated. A fixed number of 50 harmonics with N s = 2 12 AFT samples was used throughout, with η = 5 • 10 -5 for the regularization of impacts.

1-mode model

The stability analysis of fixed points shows that V c = 2.079 m/s. At this point, a branch of neutrally-stable periodic solutions emerges, with fixed frequency and steadily-growing 3. Applications: Towards an understanding of steam-generator vibrations Three branches of periodic solutions bifurcate from the starting point of impact. The lower branch (in terms of the associated contact forces) consists of symmetric solutions and is unstable for low flow velocities, up until the BP at V BP = 3.239 m/s. Meanwhile, the upper branches are stable and consist of asymmetric solutions. Moreover, these branches are mirror images of one another: only difference between them is a negative sign in their Fourier coefficients; this comes from the fact that the symmetry of the system can be broken in either the positive or the negative direction, similarly to a buckled beam or plate. Hence, these branches overlap in the projection shown in this figure and only one 106 curve is visible. Interestingly, stable cycles of both kinds coexist between V BP and V LP = 3.822 m/s. In this region, the symmetric and asymmetric solutions are linked by two entirely unstable transition branches, which ensure a smooth evolution from one behaviour to the other, as could be expected from an equation with continuous dependence on the parameter V . Solutions in the symmetric branch undergo two impacts per period, whereas there is only one in the symmetric branches. Thus, transition cycles are both two-impacts-per-period and asymmetric. Examples of solutions are presented in Fig. 3.21, showing all five coexisting regimes for V = 3.4 m/s. For V > V LP , only symmetric cycles exist; this is due to the energy input from the flow being so high that the tube's motion inevitably attains both supports. Fig 3 .22 portrays the evolution of cycle frequency. A first remark to be made is that, at same flow velocity, symmetric regimes have higher frequencies. The difference between them is maximal at V LP and amounts to roughly 8% (or 2.2 Hz, in dimensional terms). Secondly, the cycle frequency at the onset of fluidelastic instability (0.901, nondimensional value) is lower than the first-mode eigenfrequency of the tube in stagnant fluid. This shift is due to an important added damping effect. As the frequency of impacts, their number per period, and the associated forces change from one branch to another, the interval V ∈ [V BP ,V LP ] must be studied with great care if a wear and fatigue analysis was expected to be reliable. To this end, for instance, one could compute attraction basins using time-integration methods and assess probabilities of landing in one branch or another by comparing their relative sizes.
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A note on stability computation From the fact that K c is large with respect to the system's stiffness, the contact duration is small compared to the oscillation period. Impacts are thus localized events in time, which demand an appropriate number of samples N s in the AFT procedure to be correctly resolved. However, while this certainly affects the accuracy of the computed forces, this effect is much more dramatic on the derivatives of impact forces, which tend to step functions as η → 0. Consequently, the appearance of the Gibbs phenomenon is to be expected. This is very relevant for stability evaluation, since these derivatives directly intervene in the computation of the Hill matrix. Figure 3.23 shows how the real parts of the Floquet exponents, along the continuation of the symmetric branch, vary with N s . The moderate choice N s = 2 8 leads to unusable results, as two exponents spuriously cross the stability boundary in an oscillatory fashion. Increasing to N s = 2 10 attenuates this problem, but the trivial Floquet exponent is not exactly zero due to numerical errors, and sign changes still occur without physical meaning. This demonstrates the importance of not only using enough samples, but also of filtering out this particular exponent by using its associated eigenvector according to Sect. 2.1.4.2: the results of doing so are shown in Fig. 3.3.1, where a correct and unambiguous stability evaluation can be performed, followed by bifurcation analysis. It should be noted, nonetheless, that asymmetric solutions are seemingly more sensitive to the Gibbs phenomenon, as evidenced by Fig. 3.24. On these branches, spurious oscillations in the Floquet exponents persist for N s = 2 12 , but this sampling rate made them sufficiently small to allow for a proper stability evaluation.

Choosing a regularization coefficient

The impact function given in Eq. (3.9) depends continuously on all its parameters, including η. This implies that numerical continuation can be used to assess the evolution of a given cycle upon its variation. The idea is to choose the largest possible value for η -thus yielding a smoother function-without changing the value of a certain measure beyond some threshold, e.g. 5 per cent relative error. Here we have chosen the maximal value of impact force over the cycle, denoted F M , as this quantity is physically meaningful. Fig.

3.25 shows an example for the one-mode cantilever beam, where it is clear that choosing an overly low value of η leads to completely erroneous results, with the asymmetric branch disappearing altogether at a LP. This graph justifies the choice η = 5 • 10 -5 chosen in this section.

Symmetry-breaking perturbation

In practical situations, whether they be experimental models or industrial steam generators, it is unlikely that a tube would be perfectly centred between its surrounding stops. This is particularly true for the latter case, as there is no guarantee that long-term mechanisms such as wear would open the gaps isotropically. Furthermore, as evidenced by the KOALA model, varying degrees of asymmetry potentially have major effects on global dynamics. Hence, the bifurcations observed above are tracked with respect to a parameter δ ≤ 1, which replaces one of the clearances. The results of this operation can be seen in The effect of asymmetry is immediately seen in the splitting of the original curve (δ = 1). Rather than two qualitatively-different branches connected by BPs, the main curve originating from the Hopf bifurcation coexists with an isola for δ < 1. Furthermore, the curve containing the low-amplitude LPs of the main curve ends up joining one of the BPs of the symmetric system, which has thus been perturbed into an imperfect bifurcation as δ = 1. A stability analysis along the LP curve does not reveal any codim-2 bifurcations. However, a cusp point was localized at (V CSP , δ CSP ) = (2.656, 0.925), which indicates 110 isola formation. A projection of the LP curves onto the parameter plane (δ,V ), as in Fig. 3.27, yields stability boundaries between regions with varying numbers of stable solutions, which are all periodic in the present case. Outside of the coloured regions, there is one unique solution.

2-mode model

It is immediately evident from Fig. 3.28 that this approximation presents much richer dynamics, compared to the previous one. As before, representations in the ||Q|| -V and F M -V planes are shown. Right after the onset of fluidelastic instability, a similar behaviour is observed: two stable asymmetric and one unstable symmetric branch emerge. At a higher velocity, the branches meet at a BP. In between these points, however, both curves undergo a series of folds. Fig. 3.28 b) shows a clearer view of the pattern. Furthermore, a new BP appears at V BP2 = 4.593, but its emerging branch is not shown in this figures.

Another interesting result obtained from continuation is the fact that most cycles on both branches are unstable. Periodic solutions are thus rare, with the oscillations of modal coordinates not synchronized in most cases. The responses are then expected to be mostly quasi-periodic, a hypothesis supported by the high number of NS bifurcations found along continuation. These are shown on the F M -V plane in Fig. 3.29. Simulation by timeintegration using the Runge-Kutta scheme of MATLAB's ode45 function were used to confirm the existence of quasi-periodic solutions on the unstable portions of the response curve, with an example shown in Fig. 3.30. Here, two of the HBM-predicted solutions on the symmetric and asymmetric branches, respectively labelled A and B in Fig. 3.28 a), are compared to ode45's solution for V = 3.6 m/s and represented in the configuration space of modal displacements, (q 1 , q 2 ). Cycle A, judged unstable by the HBM, was indeed impossible to find; however, a symmetric quasi-periodic regime exists nearby. As clearly seen in this figure, the unstable periodic solution seems to be a backbone for the stable, quasi-periodic motion, i.e. averaging the latter over time would approximately yield the former. On the other hand, HBM-computed stable cycle B is indistinguishable from its time-integration counterpart. To understand the pattern of folds appearing on the aforementioned continuation curves, the frequency content of each mode needs to be analysed. This is practically automatic when using HBM, and leads to the evolutions shown in Fig. 3.31 for the symmetric branch. Therein, each curve corresponds to the norm of an individual frequency component. For instance,

||Q 1 3 || = » (Q 1 c3 ) 2 + (Q 1 s3
) 2 represents the amplitude of the third-harmonic component of the first mode. This figure explains the above pattern as a signature of energy redistribution due to impacts: the linearly-unstable first mode attains a limit cycle thanks to the nonlinearity and acts as an excitation source for the second mode, whose frequency evolves as an increasing function of V . This leads to a series of super-harmonic resonances of the second mode, as seen in the right side of the figure. In particular, the first peak to appear corresponds to the 11-th harmonic of the second mode; this is logical given that its linear eigenfrequency is slightly above 11 times that of the first mode. Furthermore, it should be noted that only odd harmonics respond, which is a direct consequence of the solutions' symmetry. This fact explains the higher number of interactions loops observed on the asymmetric branch in Fig 3 .28. 

A word on 3-mode and further models

The pattern observed above continues with the addition of a third mode. Symmetric and asymmetric branches are represented in the ||Q|| -V plane in Fig. 3.32 (without stability computation). Since this is a system made up of three autonomous oscillators, the solutions in time are expected to be quasi-periodic with two or three incommensurate frequencies.

Qualitatively, the curves share their basic features with their two-mode predecessors (Fig. 3.3.2 a)), although a number of additional, smaller loops and peaks make their appearance. This is a consequence of interactions between the first and the third mode, as explicitly shown for the symmetric branch in Fig. 3.33. Here, the modal kinetic energy is plotted for varying V , and super-harmonic resonant peaks on the higher modes are seen to coincide with those of the first. For the third mode in particular, the first resonance corresponds to the 43rd harmonic, and the associated energies are low in comparison to the other two modes. Close to V = 5.8 m/s, an interaction between the three modes can be observed. The pattern of modal interactions extrapolates with the addition of further modes. From the fourth mode onwards, however, the associated modal displacements are negligibly small for practically all the velocity ranges considered.

Heat-exchanger arc

A more realistic configuration is now considered, as shown in Fig 3 .34. The U-like structure has its legs pinned at a number of locations by support plates, while the uppermost arc is free but surrounded by 12 Anti-Vibration Bars (AVBs). Six of these are disposed on each side of the tube, allowing for six symmetrical, bilateral contact points with gap size g k = 0.24 mm. Within the hydraulic circuit of a steam generator, high-temperature pressurised water flows from the hot to the cold leg of the tube, exchanging heat with the surrounding fluid along its path. Temperature and density gradients thus generate a flow of the latter in the direction x 2 . This cross-flow excitation on the arc induces vibrations of the structure in the direction x 3 , normal to the plane (x 1 , x 2 ), through fluid-elastic instability, for maximum flow velocities exceeding a critical value. 

Numerical model

As in the previous case study, a finite-element representation of the system described above was set up in CAST3M using linear pipe elements (TUYE in CAST3M). A total of 310 three-dimensional elements was used, thus yielding 1860 degrees of freedom. The main characteristics of the model are summarized in Table 3 Tableau 3.5: Heat-exchanger tube and AVB characteristics.

Rather than considering uniform spatial distributions of transverse velocity and fluid density, as in the previous example, here we use thermo-hydraulic data representative of that expected to be encountered in an actual steam generator. Specifically, the distributions shown in Fig. 3.35 are used, which were obtained by full thermo-hydraulic simulations and first presented in [PRA 18]. In reality, the tubes are subjected to a two-phase flow consisting of liquid water and steam. For the purposes of the present work, the flow is homogenized, and so the distributions presented correspond to those for the equivalent one-phase flow. As these distributions represent the non-fluctuating (mean) components of the respective fields, it is reasonable to assume that their shapes are invariant and scalable by (V ≡ V max , ρ f ) The former is used hereafter as the continuation parameter.

For the following continuation analyses, the full model was reduced by projection onto the eigenbasis of the tube in stagnant fluid and in open-gap condition. The mass matrix thus includes a contribution from the presence of fluid. It should be noted that, while the system is geometrically symmetric, the same is not true for its mode shapes. This is a consequence of the non-uniform and non-symmetric spatial distribution of equivalent density. Table 3.6 groups the modal properties of the first 5 out-of-plane (OP) modes.

For all calculations presented, a 50-harmonic Fourier approximation was used, with a N s = 10 11 -point sampling. As with the previous system, η = 5 • 10 -5 . The results include phase-space diagrams of motion at the six contact points along the tube, which 

Continuation results

Results for 1 OP mode

The curve shown in Fig. 3.37 represents the evolution of Fourier coefficient amplitude for the one-mode model. All of the solutions are stable and homothetic to the regime depicted in Fig. 3.38 a) for V = 5 m/s, in which at all contact points follow a similar trajectory in phase space. The effect of impact damping is clearly seen in Fig. 3.38 b), obtained at the same flow velocity. 

Results for 2 OP modes

When a second OP mode is included, continuation reveals the response curves of Fig. 3.39. The lower branch coincides exactly with the 1-mode response, but is mostly unstable. At V = 2 m/s, a new branch seems to bifurcate from the first. However, a closer look reveals two disjoint curves, as evidenced in Fig. 3.40. Regimes belonging to this curves show an increasing contribution of the second mode, which goes from virtually nonresponsive on the lower branch to dominant on the upper one. Moreover, two regimes at same norm are mirrored images of each other. Hence, this behaviour is perfectly analogous to the transition branches between two and one-sided asymmetrical impacts of Sect. 3.3 with the exception that it is the Fourier coefficients of the second mode, and not those of even harmonics, that become non-zero. The fact that the branches are separated rather than overlapping and connected at a BP is a consequence of the non-uniform density distribution, which perturbs the system in a symmetry-breaking way and leads to an imperfect bifurcation. The regimes obtained at the points A,B,C on the upper branches in Fig. 3.39, respectively corresponding to V = 2.5, 3.5, 5 m/s, are explored next. For completeness, the same is done for the dynamics at the low-velocity point D, V = 1 m/s. For ease of identification, the names left branch and right branch are used to refer to the branches starting at values lesser and greater than V = 2 m/s on Fig. 3.40, respectively. The transverse displacements at contact points are labelled u(t).

Point A

The qualitative similarity of the cycles on both branches is evident from 3.41. Indeed, besides small differences that are a consequence of system asymmetry, the same six phase-space trajectories are observed in both images. However, the roles of points symmetrical with respect to the dotted line in Fig. 3.36 is reversed.

This results directly from having different signs in the leading (firstharmonic) Fourier coefficient of the second mode. More precisely, for the rightbranch cycle:

(Q 1 c1 , Q 2 c1 , Q 1 s1 , Q 2 s1 ) = (0.9527, -0.0028, -0.1135, -0.6344) whereas (Q 1 c1 , Q 2 c1 , Q 1 s1 , Q 2 
s1 ) = (0.9537, 0.0046, -0.1320, 0.6241) for its left-branch analogue.

-1 0 1 -5 0 5 a) Right branch. 

Point B

Fig. 3.42 shows the the same qualitative features as its predecessor, but in this case the cycles on both branches are unstable. The Floquet exponents around this zone indicate loss of stability through 0, i.e. a static bifurcation akin to a BP, as exemplified in Fig. 3.43 for the right branch 3 . However, the HBM was not able to localize the corresponding bifurcations, nor to find any periodic solutions beside the ones on the unstable branches. This hints at a transition to an aperiodic regime which is not quasi-periodic either, thus probably chaotic. This hypothesis seems to be supported by the time-histories and phase-space diagram depicted in Fig. 3.44, obtained by time integration. 3 The same behaviour is exhibited by the left branch.
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The transition from a dynamically divergent, linear regime to a bounded, nonlinear one is evident. Once contacts start (when q 1 (t) = 1), a chaotic-looking transient motion ensues. Nevertheless, long-time integration over a 1000 time-unit interval shows that this regime does not stabilize to a limit cycle. Further evidence is provided by the corresponding Power Spectral Density (PSD) diagrams, Fig. 3.45, which show a broadband spectre. It should ne noted that the dominant non-dimensional frequency of the first-mode PSD ( f = 0.2875), marked by a dotted line in Fig. 3.45 a), corresponds approximately to one third of the HBM-predicted unstable cycle frequency. 

Point C

At this point, one branch is stable and the other is not.

Inspired by the closing remark of last paragraph, a Fourier basis including 3T-periodic sub-harmonics was employed. In this manner, the HBM successfully captured a stable cycle with triple period in coexistence with the branches depicted in Fig. 3.39. Fig. 3.46 shows phase-space representations of stable regimes. The same trend as before, i.e. the fact that both regimes are mutually antisymmetric, is observed here, with one of them additionally being sub-harmonic.

In [PRA 18], the authors report a quasi-periodic cycle which is close to being 3Tperiodic. Nevertheless, a verification through time integration yields only the stable cycles depicted in Fig. 3.46. Among the reasons that could explain this discrepancy in results, two of them seem most likely: the inclusion of in-plane modes in the aforementioned paper (which are absent from the present model, for HBM as well as for time-integration), or quasi-periodicity being a numerical artifice introduced by the specific integrator. 

Point D

The Floquet exponents of the left branch for low values of V are pictured in Fig. 3.47. Just as in the case of point B, loss of stability occurs by a Floquet exponent crossing the imaginary axis through 0, and no periodic solutions other than the one on the unstable branch would be found. Rather, an aperiodic regime was observed, whose spectre is broadband as shown in Fig. 3.48. In contrast to the previous aperiodic regime, here the dominant frequency coincides exactly with that of the unstable HBM cycle. 

Conclusions and Further Work

General conclusion

The present work was motivated by the industrial problem of steam-generator tubes subjected to cross-flow. These structures undergo fluidelastic instability when traversed by a flow with mean velocity beyond a critical value, a complex phenomenon for which no completely satisfying model exists to date. Nonetheless, the associated scientific literature agrees on the frequency-dependent nature of fluidelastic forces. Nonlinearities render the unstable motions bounded but also open the way to coexisting regimes, with some potentially more hazardous than others in terms of long or middle-term structural integrity. Prediction of dynamical behaviour is thus at once crucial and quite complicated. This issue was addressed by developing robust, efficient computational routines based on the Alternating Frequency-Time Harmonic Balance Method (AFT-HBM). This choice is three-fold advantageous in the context of the present problem: it allows for a straightforward treatment of the delay terms (both discrete and distributed) appearing in most fluid-elastic force models, it has been proven to be well-suited for the study of geometrically-complex industrial systems (with potentially a large number of degrees of freedom) and it offers an extremely fast way of computing periodic solutions, thus rendering it efficient for parametric analyses. The latter, in particular, is achieved by an implementation of pseudo arc-length continuation, through which the evolution of steady-state solutions with respect to parameter variations is readily obtained. All stability changes along continuation are monitored by use of Hill's method and any bifurcations encountered are localized, then tracked. These methods all existed previously, but were not coupled to a finite-element software which made their use straightforward for practical engineering applications. Thus, in this thesis the aforementioned numerical methods were integrated into the most recent version of CAST3M. Thus, vibration problems with localized nonlinearities can be tackled efficiently. Moreover, contributions were made in the form of numerical methods to extend the existing capabilities of AFT-HBM continuation. The choice of these developments was once again inspired by the steam-generator vibration problem, although their applicability is clearly not limited to it.

The treatment of generic systems with time-delay terms was considered. Using HBM, discrete delays are computed by the use of a frequency-dependent rotation matrix. A demonstration on a toy model is done, which included tracking limit point bifurcations with respect to the delay parameter. A similar treatment is introduced for systems with memory (distributed delays), for which additionally a method for stability calculation is proposed. An eigenvalue problem is thus formed from terms available from the nonlinear root finding algorithm, whose solution leads to Floquet exponents. The advantage of this approach is that is allows for the stability of mechanical systems with internal variables described by additional equations to be evaluated in a convenient way.

Quasi-periodic solutions of forced and autonomous systems were considered. In particular, the application of Hill's method to assess stability is discussed. This requires the identification and shifting of trivial eigenvalues to be performed, which is explained. Moreover, a practical way to transit from a Neimark-Sacker bifurcation of cycles to a branch of quasi-periodic solutions is proposed. This method is tested briefly on a Nonlinear Energy Sink system. Systems with several degrees of freedom can be expected to undergo numerous bifurcations. Hence, generalized bifurcation tracking in arbitrary codimension was proposed. This involves the presentation of extended systems to characterize well-known bifurcations (in particular, no extended system for codim-1 period doubling had been published for the HBM), but mostly a comprehensive strategy to build such systems of equations in all possible cases. Three examples are presented which explore the phenomenological aspects of steamgenerator vibrations. Firstly, a single-degree-of-freedom system subjected to periodic forcing and two-sided stops is considered. Transitions to chaos through a sub-harmonic cascade was explored as a function of forcing level, and the birth/death of isolated, sub-harmonic response curves for varying asymmetry was evidenced by tracking perioddoubling bifurcations and 2T-periodic limit points. Next, two autonomous systems consisting of beams with self-excited oscillations induced by cross-flow were presented. In the first, idealized case, numerous bifurcations occurred as a series of super-harmonic resonances of higher modes came to be for increasing values of flow velocity. It was also shown that, just as in the previous system, isolated response curves are easily created by breaking the system's symmetry. Lastly, a more realistic representation of a steamgenerator tube was presented which included non-uniform spatial distributions of density and mean transverse velocity as well as the characteristic U-shape. Carrying over from the two previous systems, the effect of asymmetry is once again seen to have a major role, and the transition from a one-mode to a two-mode model comes about with a remarkable increase in richness of dynamical regimes. For as little as two modes, periodic, sub-harmonic and chaotic motions can be observed. Besides the interesting phenomena brought out by the study of these simplified systems, this work shows the robustness and usefulness of continuation methods when dealing with such complex industrial problems.

On the other side, the limitations of such methods also arise through the results shown herein: fluidelastically-excited impacting systems tend to exhibit non-periodic motions as a norm rather than an exception. Hence, continuation of periodic solutions (through HBM or otherwise) must be seen as a qualitative tool used to identify potentially interesting/dangerous zones in parameter space and not one for high-fidelity simulation, and the fine study of results through time integration methods remains -albeit in a lower extentan unavoidable task.

Further work

The results from this work open the following research paths:

• CAST3M implementation of geometric nonlinearities. Beyond the scope of the present thesis, large-amplitude vibrations are nevertheless important in a wide range of applications. Thus, introducing computation of the corresponding forces from finite-element models is an interesting perspective.

• Performance enhancement of quasi-periodic AFT-HBM. While the algorithm presented herein is robust and general, no effort was made to optimize it. Hence, as the number of unknowns is large, there is ample room for improvement in terms of performance. This can be done, for instance, by incorporating harmonic selection techniques as well as parallel computing.

• Automatization of high-codimension tracking. Currently, extended systems for bifurcation detection in increasing codimension are programmed in separate files and called upon when required after local stability evaluation. However, all of these are built from the same basic components, i.e. the codim-1 constraints. Recursive programming could then be implemented to automatically track arbitrary bifurcations by using only calls to the codim-1 functions.

• Basin of attraction estimators. Since real-life heat exchanger tubes will inevitably be subjected to turbulent forces, the state of the system in time can be expected to alternate between the coexisting underlying orbits. Thus, fine predictive analyses would benefit from a technique to estimate the time spent around each regime.

• Dynamic modelling of misalignment. In this thesis, it was shown that global dynamics of systems with impacts are affected greatly by the configuration of the latter. While a symmetry-quantifying parameter was used and varied freely, asymmetry and misalignment are bound to happen over time in real systems due to effects such as wear, which are themselves a consequence of impacts. This suggests the investigation of a coupled problem whose objective is to model long-term behaviour with dynamically evolving gaps.

• Consider the uncertainty introduced by turbulence on the steady-state periodic solutions by using, e.g., chaos polynomial expansion [DID 13, PAN 15]. This could lead to bounds for response amplitudes, impact forces and other important quantities.

Appendix A

A.1 Fourier coefficients of polynomial forces

For any (r, s) ∈ N 2 , the function ϕ(u, w) = u r (t)w s (t), where u(t) and w(t) are periodic functions defined on the interval 0, 2π ω , can evidently be though of as a product operation iterated (r + s -1) times:

ϕ(u, w) = u • (u r-1 w s ) = u • ... • u • w s = u • ... • u • w • ... • w = prod(u, prod(prod(..., w)))
Clearly, ϕ has the same periodicity as its arguments. Let U, W and Φ represent the discrete Fourier coefficients of u, w and φ, respectively. Thus, from the convolution theorem, the product operator in time transforms into circular convolution (denoted conv hereafter) under the Discrete Fourier Transform (DFT) of ϕ, and the following relation formally holds: Φ = conv(U, conv(conv(..., W)))

(A.1) Thus, given a practical algorithm to compute convolutions of real Fourier series is available, any force expressed as a combination of monomials can be computed by recursive operation. Let us consider y(t) = u(t)w(t). The Fourier coefficients Y of y(t) are then given in terms of U and W by: product between a matrix matU ∈ R L×L , constructed from the Fourier coefficients of U, and W. For instance, considering H = 3:

                       Y 0 = 1 2 U T W Y c,k = 1 
matU = 1 2           U 0 U c1 U s1 U c2 U s2 U c3 U s3 2U c1 U 0 0 U c1 -U s1 U c2 -U s2 0 0 U 0 -U s1 U c1 -U s2 U c2 2U c2 U c1 -U s1 U 0 0 U c1 -U s1 0 -U s1 U c1 0 U 0 -U s1 U c1 2U c3 U c2 -U s2 U c1 -U s1 U 0 0 0 -U s2 U c2 -U s1 U c1 0 U 0           (A.3)
Remark: it shall be noted, from Eq. (A.2), that (matU)W = (matW)U. Moreover, the structure of matU is rather simple, as its first row and column border a symmetric matrix.

A.2 Numerical computation of derivatives

Once detected, bifurcations are localized by Newton-Raphson corrections, given by Eq.

(2.21) and recalled hereafter:

ζ (k) = -J -1 pt (Υ (k) pt )Y pt (Υ (k)
pt ) where Y pt is a given extended system depending on the set of variables Υ pt , and J pt is the corresponding Jacobian matrix. In this section, the numerical computation of the latter is addressed.

A.2.1 Static bifurcations

As they are characterized by a null Floquet exponent, an important practical distinction must be made between the autonomous and non-autonomous (forced) cases for static bifurcations. Indeed, as discussed in Sect. 2.1.4.2, the spectrum of matrix R X for autonomous systems contains a trivial zero exponent with associated eigenvector ψ = (∇ ⊗ I n )X. Successful bifurcation detection requires shifting the trivial exponent away from zero, and localization should consider the shifted matrix as well.

A.2.1.1 Forced systems

The Jacobian matrices corresponding to the extended systems (2.38) and (2.39) characterizing LP and BP bifurcations are, respectively:

J LP =   R X 0 R α (R X φ) X R X R Xα φ 0 T 2φ T 0   (A.4)
and:

J BP =     R X 0 R α φ (R X φ) X R X R Xα φ 0 φ T R Xα R T α R T αα φ 0 0 T 2φ T 0 0     (A.5)
Here, α is the continuation parameter, which may or may not be equal to the forcing frequency ω. All of the terms appearing in the above expressions are found in the autonomous case as well, so a discussion of their practical computation is left for the next paragraph.

A.2.1.2 Autonomous systems

Consider a phase condition g(X) = 0. Hill's matrix H has a double zero eigenvalue, from which one is the arbitrary Floquet exponent of R X and associated to the vector ϕ.

The algebraic multiplicity of λ 0 = 0 is then equal to two. However, depending on the geometric multiplicity (m 0 ) of λ 0 , two distinct cases may arise in practice, as follows.

Case 1: m 0 = 2 The null-space of H has full rank, and is thus spanned by ϕ and φ, with the latter an eigenvector to be determined that corresponds to the unique zero eigenvalue of the shifted Jacobian matrix: R Xs = R X -ψψ T ||ψ|| 2 (A.6) the extended system for the LP bifurcation reads:

Y LPA (X, ω, φ, α) =     R g(X) R Xs φ φ T φ -1     (A.7)
where α is the chosen continuation parameter. The corresponding Jacobian is thus:

J LPA =     R X R ω 0 R α g X 0 0 0 (R Xs φ) X R Xω φ R Xs R Xα φ 0 T 0 2φ T 0     (A.8)
The terms R X and R ω are already given in Eqs. (2.19) and (2.20), respectively. g X is a constant vector, and R α can be computed either by AFT:

R α = (Γ -1 H ⊗ I n )
∂f NL ∂α (A.9)

A.

or finite differences, for instance:

R α = R(α + ε) -R(α) ε (A.10)
where the perturbation must be taken small relative to the norm of α: ε = |α| × 10 -6 . (R Xs φ) X consists of two terms:

(R Xs φ) X = (R X φ) X + 1 ||ψ|| 2 ïÅ I - 2 ||ψ|| 2 ψψ T ã (ψ T φ) + ψφ T ò ψ X (A.11)
of which the second results from the dependence of the trivial eigenvector on X. On the other hand, the first one may be computed through finite differences, as follows:

(R X φ) X = R X (X + εφ) -R X (X) ε (A.12)

To see why this is true, let us consider an arbitrary, constant vector v ∈ R nL . The product (R X φ) X v is, by definition, the directional derivative of (R X φ) in the direction of v. Moreover, R X φ itself is a directional derivative of R following the direction of φ. Assuming the vector function R to be twice continuously differentiable, the order of derivation can be inverted by Schwartz's theorem, and so:

(R X φ) X v = ∂(R X φ) ∂v = ∂(R X v) ∂φ = R X (X + εφ)v -R X (X)v ε + O(ε 2 )
Equating the outermost terms in this series of equivalences and noting that v is arbitrary yields the desired result. The perturbation ε must be chosen small relative to the norm of X; moreover, it is wise to choose in such a way that the magnitude of φ does not affect the computation, as only its direction is of interest. Thus, a practical choice is:

ε = ||X|| ||φ|| × 10 -6
. Alternatively, computing this term by an AFT approach is possible, if analytical expressions of second derivatives in time are available. In that case: For comparison, the Jacobian matrix of the LP bifurcation is given next in the case of a non-autonomous system:

(R X φ) X = (Γ -1 H ⊗ I n ) ß ∂(r x ϕ) ∂x (Γ H ⊗ I n ) + ω ∂(r x ϕ) ∂ẋ (Γ H ∇ ⊗ I n ) ™ (A.
J LPA =   R X 0 R α (R X φ) X R X R Xα φ 0 T 2φ T 0   (A.16)
where α can be either the forcing frequency or any other parameter. The case of BP bifurcations is analogous in any case, the only differences being the inclusion of an artificial unfolding parameter γ and the degeneracy equation R T α φ = 0, as seen in Sect. 2.1.4.1.

Case 2: m 0 = 1 The null-space of H has a rank defect of one, meaning that it is only spanned by ϕ. Thus, use of Eq. A.7 will inevitably fail, since there is no eigenvector orthogonal to ϕ in said null-space. To solve this issue, one must consider -similarly to the case of the R1 bifurcation of Sect. 2.2.3-the generalized eigenvector φ which forms a Jordan chain. Using any of the formulations for Hill's matrix, manipulation of Eq. 2.106 leads to the extended system :

Y LPA (X, ω, φ, α) =     R g(X) R X φ + D 1 ϕ ϕ T φ     (A.17)
with the corresponding Jacobian matrix:

J LPA =     R X R ω 0 R α g X 0 0 T 0 (R X φ) X R Xω φ + D 1ω ϕ R X R Xα φ + D 1α ϕ 0 T 0 ϕ T 0     (A.18)

A.2.2 Dynamic bifurcations

Stability is lost in this case by a pair of complex conjugate Floquet exponents crossing the imaginary axis. Thus, there is no ambiguity between the trivial and critical exponents, and dynamic bifurcations can be localized without using the shifted matrix R Xs . The autonomous and non-autonomous cases differ only through the presence (or absence) of the phase condition. For an autonomous system, the Jacobian matrix corresponding to a NS bifurcation is given by: A. With respect to the previous case, the only novelty are derivatives of D 1 , as given by:

J NSA =         R X R ω 0 0 0 R α g X 0 0 T 0 T 0 0 (R X φ R ) X R XωR R X -κ 2 D 2 -κD 1 R XκR R Xα φ R -κD 1α φ I (R X φ I ) X R XωI κD 1 R X -κ 2 D 2 R XκI R Xα φ I + κD 1α φ R 0 T 0 p T 0 T 0 0 0 T 0 0 T p T 0 0         (A.
D 1ω = 2∇ ⊗ M + ∂ 2 F NL ∂ω∂V = 2∇ ⊗ M + (Γ -1 H ⊗ I n ) ñ ∂ 2 f NL ∂ω∂ẋ + 1 ω ∂ ∂ẋ Å ∂f NL ∂ẋ ẋã ô (Γ H ⊗ I n ) (A.20)

A.3 Bifurcations for memory systems

Hill's method yields the eigenvalue problem Eq. (2.72). As explained in Sect. 2.2.1.3, every convolution term with exponential kernel can be replaced by an additional linear equation with equivalent effect on the dynamics of the main system. In turn, this leads to additional rows and columns in the Hill matrix H, as well as to supplementary Floquet exponents. The purpose of this section is to show that extended algebraic systems characterizing codim-1 bifurcations retain their forms in the presence of memory terms. Indeed, those for static bifurcations are identical to their memoryless counterparts. The same holds in the dynamic case, where a correction is nevertheless added to the usual matrices D 1 and D 2 . For brevity, the following developments are shown in the case of a single convolution term; however, as the generalization to an arbitrary number of terms is trivial, the final results are given in their most general form. Extended systems are formed from Eq. (A.22) and the equilibrium equations plus a normalization, and -if needed-a phase condition. For BPs, the degenerate nature of the singularity is characterized -as usual-by the relation φ T

x R α = 0, where α is a continuation parameter. Remark: when treating autonomous systems, the distinction between cases 1 and 2 in App. A.2 applies. Hence, when dealing with rank deficiency (m 0 = 1), Eq. (A.17) is to be used. The particularity of memory systems is that the matrix D 1 in that expression must be replaced by a corrected term: 

D1 = D 1 - n e i=1 (B i (ω) ⊗ L i ) Mi

Dynamic bifurcations: λ = ±iκ

The eigenvector is complex in this case, i.e.: φ = φ R + iφ I . Thus, separating real and imaginary parts, the eigenvalue problem (for +iκ) reads: ß Hφ R + κφ I = 0 Hφ I -κφ R = 0 (A.25)

The idea, as before, is to decompose the real and imaginary parts of the eigenvector as:

φ R = φ T Rx , φ T Rv , φ T RL1
T and φ I = φ T Ix , φ T Iv , φ T IL1 T . Substitution in Eq. (A.25) then yields the following set of coupled matrix equations:

   φ Rv -ω(∇ ⊗ I n )φ Rx + κφ Ix = 0 -E 1 φ Rx -[E 2 + ω(∇ ⊗ I n )] φ Rv -(I L ⊗ (M -1 L 1 ))φ RL1 + κφ Iv = 0 φ Rx -[a 1 I + ω(∇ ⊗ I n )] φ RL1 + κφ IL1 = 0    φ Iv -ω(∇ ⊗ I n )φ Ix -κφ Rx = 0 -E 1 φ Ix -[E 2 + ω(∇ ⊗ I n )] φ Iv -(I L ⊗ (M -1 L 1 ))φ IL1 -κφ Rv = 0 φ Ix -[a 1 I + ω(∇ ⊗ I n )] φ IL1 -κφ RL1 = 0 A.
which are redundant, as it is possible to express everything as a function of (φ Rx , φ Ix ) alone. To see this, one must use the first, third, fourth and sixth equations to simplify the second and fifth ones, which yields the simplified form: 

φ RL1 = î (I + κ 2 M1 2 ) -1 M1 ó φ Rx + î κ(I + κ 2 M1 2 ) -1 M1 2 ó φ Ix φ IL1 = î κ(I + κ 2 M1 2 ) -1 M1 2 ó φ Rx - î (I + κ 2 M1 2 ) -1 M1 ó φ Ix (A.27)
Finally, by replacing these expressions into Eq. (A.26), the usual form of the eigenvector equation characterizing dynamic bifurcations is obtained:

Ä R X -κ 2 D 2 ä φ Rx - κ D 1 φ Ix = 0 κ D 1 φ Rx + Ä R X -κ 2 D 2 ä φ Ix = 0 (A.28)
where, for n e convolution terms, the memory effect is in:

       D 2 = D 2 + n e i=1 (B i (ω) ⊗ L i ) Mi î (I + κ 2 Mi 2 ) -1 Mi 2 ó D 1 = D 1 - n e i=1 (B i (ω) ⊗ L i ) Mi î (I + κ 2 Mi 2 ) -1 Mi ó (A.29)
Extended systems are constructed from Eq. (A.28) together with the equilibrium equations, plus a normalization for each vector in the NS case, or a single one for PD (while imposing κ = ω/2). For autonomous systems, a phase condition must be included as well. When using Newton-Raphson iterations to localize these bifurcations, the dependence of these matrices on the frequencies ω and κ must be taken into account for the computation of derivatives. Closed-form expressions are available: ´(A.33)

∂ D 2 ∂κ = -
Remark: Eq. (A.24) given above for the localization of static bifurcations is nothing more than the matrix from Eq. (A.29) evaluated at κ = 0. 
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 11 Figure 1.1: Schematic view of a PWR steam generator. From [RIZ 17].

Figure 1 . 2 :

 12 Figure 1.2: Typical recirculating steam generator AVB arrangement. From [MAC 96].

Fig. 1 .Figure 1 . 3 :

 113 Fig. 1.3 schematically shows the ideal evolution of response amplitudes for tubes in cross-flow with varying mean transverse velocity.

  et al. [LAI 19] (transverse a single flexible tube in a rigid array subjected to two-phase cross-flow) or those of Violette et al. [VIO 05] (stream-wise oscillations of a flexible array subjected to two-phase flow), where such a behaviour is observed without vortex shedding. Nowadays, it is clear that the main excitation mechanism behind steam generator tubes failure is of a different nature, and receives the name fluidelastic instability. Nevertheless, the study of vortex shedding remains relevant in the context of steam generator design and analysis in relation to acoustic resonance [ZIA 06].

  [BLE 74], Whiston & Thomas [WHI 82], and Price & Païdoussis [PRI 84]) knew a widespread practical use in the following years. However, as evaluated by Price [PRI 01] after a thorough analysis of experimental evidence, even the most refined quasi-static models perform rather poorly at predicting the onset of fluidelastic instability. This fact was recognized in the early eighties and led to the family of unsteady models pioneered by Tanaka & Takahara [TAN 81], as well as the semi-analytical models by Lever & Weaver [LEV 82] for a single flexible cylinder in a rigid bundle and their generalization by Yetisir & Weaver [YET 93a, YET 93b] to the case of multiple flexible cylinders. Price & Païdoussis [PRI 84] found a quasi-steady model by adapting a model for galloping instability to the case of transverse vibrations of tube bundles in cross-flow. An important effect considered by these authors was a time-delay term in the definition of fluidelastic forces. Letting y(t) denote the displacement amplitude of a cylinder of diameter D in the transverse direction upon excitation by a single-phase flow with velocity V and density ρ, the linearised expression for these forces around the static equilibrium position (y 0 ) takes the form:

  [CON 81], Païdoussis [PAI 81, PAI 83, PAI 87, PAI 06], Chen [CHE 75, CHE 84], Pettigrew et al. [PET 91], Price [PRI 95], Gelbe [GEL 95] and Sarpkaya [SAR 03], as well as the books by Axisa [AXI 06], Gibert [GIB 88] and Païdoussis et al. [PAI 13]. Design guidelines are under constant revision and updating, with the publications by Sun et al. [SUN 19] and Taylor & Pettigrew [TAY 20] being recent examples. Thus, the mechanism rightfully earns the "elusive" label given to it by Weaver [WEA 08].

  et al. [CAI 99, CAI 03] have proposed a methodology to measure fluidelastic forces using active control. Bouzidi & Hassan [BOU 15] used CFD computations to find the empirical constants of the Lever-Weaver model for a given tube configuration. In the same vein, investigations of complex fluid-structure interaction problems have been made possible by the advent of highperformance computing. Moulinec et al. [MOU 04a, MOU 04b] used direct numerical simulation to solve the full Navier Stokes equations for a flow through a tube bundle. Sihnde et al. [SHI 14] performed parametric analyses of the coupled fluid-elastic problem in a tube bundle through a mixed RANS-DDES methodology.

  1.4) where e, D, and E are tube thickness, diameter and Young modulus, respectively. The value of K c is typically on the order of 10 6 N/m for steam generator tubes. Tangential forces are computed by using Coulomb's dry friction model, which was later refined by Antunes et al. [ANT 90]. The authors present simulation results for a cross-flow-excited U-tube supported by AVBs, where fluidelastic forces are computed from Connors' model and the equations of motion are integrated in time using De Vogelaere's method [LES 68]: for varying values of flow velocity, a range of dynamical regimes are obtained: periodic (with varying relative contributions of the tube's modes), quasi-periodic and chaotic [OTT 81] vibrations. This behaviour clearly indicates the presence of multiple bifurcations, as is typical for nonlinear dynamical systems [GUC 83, KUZ 04]. Païdoussis et al. [PAI 93] studied an analytical, two-degree of freedom model representing the planar motions of a tube in an annular support within a rotated, triangular grid. Fluidelastic coupling forces were provided by the Price & Païdoussis model with experimentallydetermined coefficients, and a fourth-order Runge-Kutta algorithm is used to solve for the time histories of motion. Fig. 1

Figure 1 . 4 :

 14 Figure 1.4: Bifurcation diagram for varying flow velocity V , from [PAI 93].

Figure 1 . 6 :

 16 Figure 1.6: Graphs of symmetric impact functions (penalty formulation) with and without impact damping. Left: impact term from Eq. (1.6), right: Eq. (1.8).

  is to compute the corresponding forces in the time domain, where -usually simple-analytical expressions are available, and then to transform back to the frequency domain. Any suitable algorithms, such as the Fourier Transform (FFT) and its inverse, can be used to perform this operation. The principle is illustrated in Fig.1.7.

Figure 1 . 7 :

 17 Figure 1.7: Illustration of the AFT procedure, from [KRA 19].

  For time-domain methods, the problem has been extensively tackled, as reviewed in the books by Seydel [SEY 10] and Kuznetsov [KUZ 04]. The main idea consists in monitoring the values of particular test functions during continuation, which change sign when a bifurcation has occurred. After detection, an iterative algorithm precisely localizes the bifurcation by solving for dynamical equilibrium along with additional constraint equations for bifurcation characterization. Details can be found in the works by Doedel et al. [DOE 03], Dhooge at al. [DHO 04], Govaerts [GOV 00, GOV 05] and Witte el al. [WIT 13].

  Fig. 1.8 shows the successive bifurcations that can be encountered when performing continuation of equilibria 3 , up to codim-3. The AUTO software supports detection, localization and tracking of codim-2 bifurcations of periodic solutions. Recently, so-called control-based continuation was used by Renson et al.to perform experimental bifurcation tracking [REN 16, REN 17, REN 19].

Figure 1 . 8 :

 18 Figure 1.8: Classification of bifurcations with codimensions 0 through 3, from [GOV 00].
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 22 Figure 2.2: Aliasing phenomenon for the representation of f (t) = sin(3t).

Figure 2 . 4 :

 24 Figure 2.4: Stability loss at codimension-1 bifurcations.

Figure 2 . 5 :

 25 Figure 2.5: Translation invariance. The three time series shown all satisfy Eq. (1), with the phase condition ẏ1 (ωb 0 ) = 0 imposed on the first mode.
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 201 Bifurcation analysis by Harmonic Balance sought through delayed state feedback. With the values ζ = 0.05, p = 0.5, k NL = 0.05 fixed, the frequency-response curve is computed with H = 5, n FFT = 2 9 for varying timelag τ in four different scenarios: • Case 1: Displacement feedback, no nonlinear damping: a = -0.1, b = 0, c NL = 0 Case 2: Displacement feedback, nonlinear damping: a = -0.1, b = 0, c NL = 0.Case 3: Full state feedback, no nonlinear damping: a = -0.1, b = -a, c NL = 0 Case 4: Full state feedback, nonlinear damping: a = -0.1, b = -a, c NL = 0.01 Results are summarized in Figs. 2.6 a) through d).

Figure 2 . 6 :

 26 Figure 2.6: Time-lag effect on the FRC of a self-excited Duffing oscillator, Eq. (2.59).

Figure 2 . 7 :

 27 Figure 2.7: LP bifurcation tracking.

Figure 2 . 9 :

 29 Figure 2.9: Response of a Duffing oscillator to two-frequency QP forcing, with 64 2 sampling points for the FFT2 algorithm. Left: phase space plot, right: frequency content (centered DFT2). Harmonics (1,0), (1,1) and (1,7) are dominant.

Figure 2 .

 2 Figure 2.11: A forced quasi-periodic solution. The time history is probed at regular intervals equal to the forcing period T = 2π/ω 1 . Left: phase-space representation; right: Poincaré section.
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 2 :3 resonance (R3) : λ 1,2 = ±i ω 3 1:4 resonance (R4) : λ 1,2 = ±i ω

Figure 2 . 13 :

 213 Figure 2.13: Summary of numerical bifurcation analysis.

Figure 2 .

 2 Figure 2.14: 2π-periodic functions. Left: cos(t), exhibiting half-wave symmetry. Right: cos(2t), an antisymmetric function.

Figure 2 . 15 :

 215 Figure 2.15: QP branch between two NS bifurcations. Dashed arrow (in grey) shows the direction of parallel search. Blue and green arrows represent, respectively, the tangent vector along the periodic codim-1 space and eigenvector ψ.

2 .

 2 Bifurcation analysis by Harmonic Balance with: v rel (x, y, ẋ, ẏ, ω) = x ẏy ẋ r + Rω (2.124) Let H = 5 and n FFT = 2 8 . Fig. 2.16 shows frequency response curves for two different values of forcing amplitude, with other parameters taking the following values: m = 1, c = 0.1, k = 0.04, R = 20, µ = 0.125, η = ε = 1E -5.

Figure 2 . 16 :

 216 Figure 2.16: Forced response of Jeffcott rotor, Eq. (2.121). •: LP, △: NS

Figure 2 . 18 :

 218 Figure 2.18: Floquet exponents of LP solutions for the Jeffcott rotor with µ = 0.125.

Figure 2 .

 2 Figure 2.19: Close-up view of cusp bifurcations for the Jeffcott rotor with µ = 0.125.

Fig 2 . 2

 22 Fig 2.2.5.1 shows once again the FRC at f = 0.4 < f CP3 , where both the lowamplitude linear response and the isola are visible. To compute the latter, the point with the lowest ω at the intersection of the LP curve and the horizontal line f = 0.4 on Fig 2.17 was used as a starting point for the continuation algorithm.

Figure 2 . 20 :

 220 Figure 2.20: Forced response at f = 0.4, with isola.

Figure 2 .

 2 Figure 2.21: Evolution of response curve in the vicinity of cusp points CP3 and CP4.

Figure 2 . 22 :

 222 Figure 2.22: Frequency response for NES at f = 0.03. Black: stable periodic, blue:stable quasi-periodic, red: unstable.

Figure 2 .

 2 Figure 2.23: NES: coexisting regimes at ω = 1.

Figure 2 .

 2 Figure 2.24: NES: NS/LP tracking with respect to f . Magenta: NS curve, green: LP curve, cyan: 'unstable' bifurcations.

  FRC, f = 0.1226. FRC, f = 0.2559. cycle, ω = 1.2375. cycle, ω = 1.3982.

Figure 2 .

 2 Figure 2.25: NES: Sub-harmonic responses at strong resonances R4 and R3.

Figure 2 . 26 :

 226 Figure 2.26: Cast3M model of upper U-tube region in stagnant fluid.

2 .

 2 Jeffcot rotor: NHBM = 7, NFFT = 2 8 , n = 2, point mass, base-B linkage. 3. Cantilever beam: NHBM =15, NFFT = 2 10 , system modelled with 50 beam elements, base-B linkage. The case n = 3 is shown for NNM computation.

Figure 2 . 27 :

 227 Figure 2.27: Duffing oscillator: frequency response (black) and backbone curve (blue).Notice the limit points (diamonds).

Figure 2 .Figure 2 .

 22 Figure 2.28: Jeffcott rotor: frequency response; notice the Neimark-Sacker (triangle) and limit point (diamond) bifurcations.
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 3 Figure 3.1: Experimental apparatus
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  . Applications: Towards an understanding of steam-generator vibrations than the stiffness k of the linear system's first bending mode. As explained in [LAN 96],
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 3435 Figure 3.3: Frequency-response curves, weak forcing.(•: Limit Point; ▽: Period-Doubling bifurcation point)
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 36 Figure 3.6: Floquet exponents near period-doubling bifurcations: T-periodic basis.
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 37 Figure 3.7: Floquet exponents near period-doubling bifurcations: 2T-periodic basis.

  PD bifurcation tracking.Period doubling boundaries on ( ω, p) plane. Labels indicate the periodicity of solutions in each zone.

Figure 3 . 8 :

 38 Figure 3.8: Forcing amplitude as tracking parameter.
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 2 bifurcation tracking. Period doubling boundaries on ( ω, Kc ) plane. Labels indicate the periodicity of solutions in each zone.
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 39 Figure 3.9: Contact stiffness as tracking parameter.
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 310 Figure 3.10: Bifurcation diagram. Blue and yellow zones correspond to predicted 2T and 4T-periodic regimes, respectively.
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 3 Figure 3.11: Region of predicted chaos, from [LAN 96].

  Poincaré section with 5000 samples.
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 312 Figure 3.12: Response at point B in Figs. 3.8 and 3.9.
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 3 Figure 3.13: Distance between two signals with close initial conditions.
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 2 Koala: Parameter values for Sect. 3.1.2.2.
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 314315 Figure 3.14: Symmetry factor as tracking parameter.
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 316 Figure 3.16: Basins of attraction, showing coexistence of three regimes for ω/ω 0 = 2.09
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 317 Figure3.17: Frequency-response curve for j = 0.5
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 318 Figure 3.18: Frequency content for ω/ω 0 = 2.09.
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 3 Figure 3.19: Cantilever tube in loose support.
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 320 Figure 3.20: Continuation of periodic solutions for one-mode model.

Figure 3 .

 3 Figure 3.21: Phase-space representation of converged cycles for V = 3.4 m/s, at the support location x c . Letters are associated with points on Fig. 3.3.1. Dashed cycles in the two right-most diagrams correspond to the solutions on the twin asymmetric branches.
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 322 Figure 3.22: Evolution of (non-dimensional) cycle frequency with flow velocity, onemode model.

  s = 2 10 , filtered.
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 323 Figure 3.23: Real part of Floquet exponents (symmetric cycles) for different numbers of AFT samples, with trivial exponent shifted to -1.
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 324 Figure 3.24: Real part of Floquet exponents (asymmetric cycles) for different numbers of AFT samples.
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 3253 Figure 3.25: Continuation of coexisting cycles with respect to η for a one-mode approximation of the cantilever beam, given V = 3.6 m/s.
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 327 Figure 3.27: Stability chart for varying V and left clearance δ. Numbers in each region indicate stable solutions on the main branch, and 'I' stands for an isolated solution.Outside of the coloured regions, there is one unique solution.
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 328 Figure 3.28: Continuation of periodic solutions for two-mode model.
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 329 Figure 3.29: Continuation of periodic solution for two-mode model, showing NS bifurcations.
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 330 Figure 3.30: Comparison of cycles obtained by HBM and time-integration (MATLAB's ode45), for V = 3.6 m/s.
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 331 Figure 3.31: Evolution of (dimensional) harmonic amplitudes with flow velocity for the symmetric branch of two-mode model. Left: first mode, right: second mode.
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 332 Figure 3.32: Continuation of periodic solutions for three-mode model. Black: symmetric branch; blue: asymmetric branch.
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 333 Figure 3.33: Modal kinetic energy, symmetric branch of three-mode cantilever beam model.
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 3 Figure 3.34: Heat exchanger tube. a) Frontal view, b) top view.

Figure 3 .Figure 3

 33 Figure 3.35: Distribution of normalized density r and transverse velocity ν along the tube's abscissa, s, from [PRA 18].
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 3 Figure 3.37: U-tube: Continuation for a one-OP-mode model.
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 3 Figure 3.38: Stable regime at V = 5m/s, 1-mode model.
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 33 Figure 3.39: U-tube: Continuation for two-OP-mode model.
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 341 Figure 3.41: Stable cycles at point A, V = 2.5 m/s.
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 342 Figure 3.42: Unstable cycles at point B, V = 3.5 m/s.
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 343 Figure 3.43: Floquet exponents of right branch as a function of V .
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 344 Figure 3.44: Aperiodic regime at V = 3.5 m/s.
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 3 Figure 3.45: PSD of modal displacements at V = 3.5 m/s.
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 3 Applications: Towards an understanding of steam-generator vibrations branch, 3T-periodic.
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 346 Figure 3.46: Stable cycles at point C, V = 5 m/s.
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 347348 Figure 3.47: Floquet exponents of left branch as a function of V , low velocities.

  W cl -U s j W sl δ( j+l),k + U c j W cl +U s j W sl δ( j-l),k W sl +U s j W cl δ( j+l),k + U s j W cl -U c j W sl δ( j-l),k all k = 1, . . . ,H, where the symbol δa,b denotes the Dirac delta function, equal to 1 for a = b and to zero else. While seemingly complicated, Eq. (A.2) is nothing more than the A.

R Xω φ = ï 2ω∇ 2 ⊗

 2 ϕ = (Γ H ⊗ I n )φ, φ = ω(Γ H ∇ ⊗ I n )φ.The remaining terms, i.e. R Xω φ and R Xα φ, can be computed by finite differences in two ways: by perturbing R X with respect to either ω or α and then multiplying by φ, or by perturbing either R ω or R α in the direction of φ (see Eq.(A.12)). In the case of frequency, the dynamic stiffness matrix also has a contribution:M + ∇ ⊗ C + ∂F NL ∂V (∇ ⊗ I n ) + ∂F NL ∂ω ò φ (A.15) 

  19) where the variables R XωR = R Xω φ R -κD 1ω φ I and R XωI = R Xω φ I + κD 1ω φ R have been introduced, as well as:R XκR = -(2κD 2 φ R + D 1 φ I ) and R XκI = -(2κD 2 φ I -D 1 φ R ).

Static bifurcations: λ = 0 E 2 =

 02 The eigenvalue problem reads: Hφ = 0, with the Hill matrix given explicitly by:I n -E 2 -I L ⊗ (M -1 L 1 ) I nL 0 nL -ω∇ ⊗ I na 1 I nL I L ⊗ M -1 ï I L ⊗ C + ∂F NL ∂V ò Partitioning the eigenvector as φ = φ T x , φ T v , φ T L1T , the first and third (block-wise) rows lead to:φ v = ω(∇ ⊗ I n )φ x and φ L1 = (B 1 (ω) ⊗ I n ) [a 1 I -ω∇ ⊗ I n ] φ x .Thus, multiplying the second line through by (I L ⊗ M) and introducing these expressions yields the condition:R X φ x = 0 (A.22)where the Jacobian includes added stiffness and damping effects. Thus, for an arbitrary number n e of terms:R X = Z(ω) + n e i=1 (B i (ω) ⊗ L i ) [a 1 I -ω∇ ⊗ I n ] + dF NL dX (A.23)

2 (

 2 A.24) where Mi = [a i I -ω(∇ ⊗ I n )]. The frequency-dependence of this matrix must be taken into account to ensure a correct operation of the Newton-Raphson solver.

R X -κ 2 D 2 φ

 22 Rx -κD 1 φ Ix + κ M1 φ IL1 = 0 R X -κ 2 D 2 φ Ix + κD 1 φ Rx -κ M1 φ RL1 = 0 (A.26) where M1 = [a 1 I -ω(∇ ⊗ I L )]. By introducing the sixth equation above into the third, and vice-versa, φ RL1 and φ IL1 are written as linear combinations of φ Rx and φ Ix , as follows:
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  -Weaver, and some other well-known ones such as Chen's unsteady model [CHE 83a, CHE 83b]. Granger & Païdoussis [GRA 96] improved on the Price & Païdoussis model by introducing a so-called quasi-unsteady approach.

  .18. It should
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.17: Jeffcott rotor bifurcations tracked with respect to parameter f . Green: LP curve. Magenta: NS curve. Cyan: 'unstable' bifurcations.

  The option to smooth contact forces is supported by the current version of the program.

	*.dgibi	System	Cast3M Linkage	Force
	dync01 Duffing oscillator	COUPLAGE DEPLACEMENT	Geometric nonlinearity
	dync02	Jeffcott rotor	POINT CERCLE FROTTEMENT Frictional (annular) contact
	dync03 Cantilever beam	POINT PLAN	Bilateral elastic impacts
		Tableau 2.1: Cast3M test cases.	

  2.2.1.2. Any number of terms can be included in the kernel function, but a two-term sum as presented above has been successfully used to gain insight into the phenomenology of steam-generator vibrations through both experimental and numerical investigations [BOR 17a, PIT 18, PIT 12]. For the examples presented in later sections of this chapter, the empirical data measured by Piteau et al. in [PIT 19

  2581 -2.2583 δ k 0.2209 32.1219 Tableau 3.3: Empirical coefficients for the QU model with two-term memory.

Table 3

 3 

	.4.					
	Mode	1	2	3	4	5
	Frequency (non-dimensional)	1.0	11.67	42.20	73.86	130.92
	Mass (kg)	0.15682 0.27256 0.15608 0.16551 0.17557
	Tableau 3.4: Modal properties for the cantilever tube.	

  2κ

	∂ D 1 ∂ω	=	∂D 1 ∂ω	-	n e i=1	®ñ	∂ Mi ∂ω		-2κ 2 (I + κ 2	Mi	2 ) -1	Mi	∂ Mi ∂ω	ô	(I + κ 2	Mi	2 ) -1	Mi
								+ Mi (I + κ 2	Mi	2 ) -1 ∂ Mi ∂ω
									n e	Mi	î	(I + κ 2	Mi	2 ) -1	Mi	2 (I + κ 2	Mi	2 ) -1	ó	Mi	2	(A.30)
									i=1							
			∂ D 1 ∂κ	= 2κ	i=1 n e	Mi	î	(I + κ 2	Mi	2 ) -1	Mi	2 (I + κ 2	Mi	2 ) -1	ó	Mi	(A.31)
	∂ D 2 ∂ω	=	n e i=1		®ñ + 2 Mi (I + κ 2 ∂ Mi ∂ω -2κ 2 (I + κ 2 Mi 2 ) -1	Mi Mi	2 ) -1 ∂ω ∂ Mi	Mi ´(A.32) ô ∂ Mi (I + κ 2 Mi 2 ) -1 2 Mi ∂ω
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A small number, if compared to the bulk of investigations dealing with fluidelastic instability.

The original publication reports a coefficient of 1.9 in Eq. (1.4). However, it is nowadays recognized that a factor of two is missing for adequate fit with experimental results.

A similar picture could be drawn for periodic solutions.

This allows for very compact written expressions of the equations of motion. Nonetheless, a practical implementation would benefit from avoiding the construction and storage of large sparse matrices. A more efficient procedure is to treat each DOF separately, even through parallel computing if possible.

Convolutions involving velocities are treated in exactly the same way.

While an accurate computation of the Fourier coefficients of cycles can be achieved through AFT with moderate sampling, highly stiff systems may require a re-evaluation of these terms with a higher sampling rate in order to ensure convergence of the Floquet exponents; this aspect is discussed more in detail in Chapter 3.

Alternatively, one can compute this term using finite differences, which is much simpler to code but also quite inefficient.

The analogy is actually imperfect, as a phase condition must also be appended to the initial system of equations to fix the phase along the second hyper-time direction. Nevertheless, this is the only difference.

Detailed explanations, tutorials and examples can be found on the Cast3M website. While most commands in the GIBIANE language use French words, documentation is available both in French and English.

 7 DYNE is the explicit time-integration operator in Cast3M, which uses the same library of nonlinear forces.

Only this type of motion is considered here for simplicity, as the generalization to arbitrary, threedimensional motions is straightforward.

I.e., ∂C L ∂ Ȳ > 0.

Numerical results

Period-doubling cascades

The values of parameters used in this study are summarized in Table 3.1. Based on the simple error estimation technique proposed by Ferri [FER 09], it was found through numerical tests that choosing H=15 was enough to guarantee that higher harmonics had a negligible effect on even the most nonlinear responses for the present system, which correspond to the strongly forced, asymmetric configuration. For the sake of simplicity, the same number of harmonics (H=15) was used for all tested cases, with N s = 2 8 sampling points used for the AFT algorithm. It should be stressed that using such a high number of harmonics is not needed for frequency intervals away from resonances, where the response amplitudes (and thus the magnitudes of nonlinear forces) are small. However, this does not substantially increase computation times for a SDOF system. Following [LAN 96], the main focus is on the post-resonant ( ω > 1) behaviour of the system as a function of the forcing frequency.

Frequency-response curves

The contact stiffness is initially set to Kc = 4.7. Figure 3.3 shows two frequency response curves, corresponding to perfect symmetry ( j = 1) and "maximum" asymmetry ( j = 0), for a weak forcing case: p = 0.55. The results are quite different: while they have comparable peak amplitudes and both show a bi-stable zone between two LP bifurcations, the locations of these points differ. More importantly, an additional unstable region appears in the asymmetric case for excitation frequencies beyond twice the natural frequency. Two period doubling bifurcations, which are absent in the symmetric case, border this region, where the system enters a sub-harmonic vibration regime. This new branch has also been computed using the branching algorithm of Sect. 2.2.4, and it can be observed that it contains no bifurcations at this forcing level. The same qualitative behaviour as the main resonance is displayed, with a bi-stable zone generated by a hardening effect. Now we consider the case of a strong forcing: p = 1.7. As the symmetric case showed no qualitative changes with respect to the former case, it is not presented here. On the other hand, as seen in figure 3.4, the sub-harmonic branch of the system with asymmetric gaps contains two additional PD bifurcations. Between them, the 2T-periodic solutions are unstable, giving rise to 4T-periodic motions.

The cycles corresponding to the points labelled A and B in Fig. 3.4 (respectively before and after the lowest-frequency PD bifurcation) are shown in phase space in Fig. 3.5. The latter can be seen to contain an additional loop when compared to the former.