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Abstract

In this thesis, we are interested in random walks related to Galton-Watson
trees. Firstly, we study the A-biased walk on a Galton-Watson tree, and
deduce the scaling limit of its cover time, i.e. the time that every vertex is
visited. Secondly, we study the capacity, in the sense of potential theory, of a
branching random walk in Z¢, and deduce its asymptotic for all dimensions
d > 3. Thirdly, we study the spread of a branching random walk condi-
tioned on rarely survival, and give its limiting behavior in the sense both of
genealogy and of spatial distribution.

Résumé

Dans cette thése, on s’intéresse aux marches aléatoires liées a l'arbre de
Galton-Watson. Premiérement, on étudie la marche A-biaisée sur un arbre de
Galton-Watson, et en déduit la limite de son temps de recouvrement, c’est-
a-dire la durée pour visiter chaque sommet dans ’arbre. Deuxiémement, on
étudie la capacité, au sens de la théorie du potentiel, d’'une marche aléa-
toire branchante dans Z<, et en déduit son asymptotique pour toutes les di-
mensions d > 3. Troisitmement, on étudie I’étendue d’'une marche aléatoire
branchante conditionnellement & une survie rare, et fournit son comporte-
ment limite au sens de la généalogie et de la distribution spatiale.
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Chapter 1

Introduction

This thesis mainly concerns branching random walks and biased random
walks on Galton-Watson tree. We explore the fundamental concepts in Sec-
tion and introduce three distinct problems as follows. In Section [I.2] we
study the cover time for biased random walks on supercritical Galton-Watson
trees; in Section [1.3| we treat the capacity for critical branching random walks;
and in Section we consider the spatial spread of branching random walks
conditioned on rarely survival. The following Chapter [3] to Chapter [6] are
autonomous, presenting proofs for our results, based on [18], [21], [19], and
[20], respectively.

1.1 Galton-Watson trees and branching random
walks

Intuitively, a Galton-Watson tree is a discrete branching structure, where
each particle at each generation splits into randomly many new particles inde-
pendently, according to the same offspring distribution. Further, a branching
random walk can be viewed as a random walk indexed by a Galton-Watson
tree, in other words, the Galton-Watson tree describes the genealogy of indi-
viduals in a population, whose displacements are given by the random walk.

1.1.1 Planar trees and Galton-Watson trees
We define a planar tree as a set of integer sequences, T' C U,>oN’}, such that

e The root & € T, where by convention we denote N = {&}.

e If a node u = (uy,- - ,u,) € T, then its parent U= (Ug, -+ yUp_1) €
T.

10



CHAPTER 1. INTRODUCTION 11

e For each node u = (uy,--- ,u,) € T, there exists an integer k,(T) > 0
called its number of children, such that for every j € N, (uy,- -+ ,u,,j) €
T if and only if 1 < j < k,(T).

As conventional notations, we say one node u = (uy,--- ,u,) € T is an
ancestor of another one v’ = (u},--- ,ul,) € T, denoted by u < ', if n < n’
and u; = u;, 1 < i < n. We also define the height (generation) of a node to
be its length as a word, i.e. if u = (uy,--- ,u,), then |u| = n. Moreover, we
denote by #7T the total number of nodes, and by Z,, the total population of
generation n.

On a tree T, we have an natural ordering known as the lexicographi-

n

cal order. Since each node of T" belongs to U,>oN'}, we can put them in
lexicographical order as words, and explore the tree as a sequence of nodes

Uy =, U, Ug, - -+

We remark that each node appears exactly once in this sequence if the tree
is finite, thus if #71 = n, the sequence terminates at u,,_1.

Given a distribution p on N, we can construct a probability measure on

the set of trees, denoted by P,, so that for all nodes u,

ky i w1 under P,.
This random object is called a Galton-Watson tree. To avoid trivial cases,
we always assume that p(0) + (1) < 1.

We present here two fundamental properties of Galton-Watson trees con-
cerning the behavior of populations. In the following, we denote m = E,Z;
as the average number of children, and f(z) := E,[2%'] as the generating
function in a Galton-Watson tree.

Theorem 1.1.1 (Athreya and Ney [I7, Theorem 1.5.1]). Given that 1(0) +
u(l) < 1, m < oo, let q be the smallest non-negative solution of f(x) =
x, then the Galton-Watson tree with offspring distribution p extincts with
probability

P,(T extincts) = q.
In particular, the case m > 1 is called supercritical, where ¢ < 1; the cases
m =1 and m < 1 are called critical and subcritical respectively, where ¢ = 1.

Theorem 1.1.2 (Kesten-Stigum [62]). For m < oo, M, = (£%),5¢ is a
non-negative martingale converging almost surely to My,. If m € (1,00),
then

E,[Zylog, Z1] < 00 <= P,(Ms > 0| non-eatinction) = 1,

where we take log, x =log(x V 1) to avoid log0.
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L.
F

tree T height process (H;) = (|u;])

Galton-Watson tree is a well-studied fundamental structure, see Athreya
and Ney [I7] for an overview. Moreover, we remark that the height process
(H;) == (Ju;|) of a critical Galton-Watson tree has the following scaling limit,

Theorem 1.1.3 (Aldous [9]). Let P, be the law of Galton-Watson trees
with offspring distribution p, where E,Z; = 1, Var(Z;) = o* < o0, and
ged{j:u(j) > 0} = 1. Denote by (H}*) the height process of the depth-first
sequence (u;), H" = |u;|, under P,(- | #T = n), then as n — oo, in the space

of continuous functions C10, 1],

<i &t]) — (| Bt])o<t<1 in distribution,
0<t<1

vn
where (By) is the standard Brownian motion.

Further, this result induces a scaling limit for the Galton-Watson tree it-
self, and there are extensions on subcritical trees and Galton-Watson forests,
see Duquesne and Le Gall [42].

1.1.2 Branching random walks

Consider each node on the Galton-Watson tree as a vertex, and add an edge
between a node and its parent, then one can see T" as a connected graph. If
we attach a vector d, in any vector space V (where we normally take V = R¢)
to each directed edge (<U, u), fix the position of the root at V; = 0 and let
Vi =D <y dur, then (V,),er forms a spatial tree. Following the spirit that
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all displacements are i.i.d., we define a branching random walk as the random
object constructed above such that

(Fus (), ) are iid.
Furthermore, we shall be interested in branching random walks with the
auxiliary independence that
du/ z.}\.Jd. 6,

independent of offspring distributions (k,). The corresponding probability
measure is denoted by P, 4.

The branching random walk have received extensive studies, see Shi [89]
and references therein for an overview. A remarkable problem for the branch-
ing random walk is the position of the left-most particle,

M,, = min{V,,: |u| = n}.

For this topic one studies the supercritical case m > 1, and the asymptotic
behavior of M,, is mainly determined by its log Laplace transform

P(t) :=logE Z e Ve

|ul=1
In general, M,, grows linearly,

Theorem 1.1.4 (Hammersley [54], Kingman [63] and Biggins [29]). Assume
that ¥(0) = logm > 0 and 1(t) < oo for some t > 0, then almost surely on
the set of non-extinction,

1
lim —M,, =7,
n—oo 1
where
v := —inf M e R.
s>0 8§

Moreover, the situations for () = oo, ¥t > 0 are discussed in Gantert
[52], and the second order fluctuation for M, is logarithmic,

Theorem 1.1.5 (Aidékon [5]). Let P denote the probability measure of a
general branching random walk. In the boundary case,

E[ L[ >LE|Y e =LEl) Ve | =1,

ul=1 lul=1 ul=1
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given finite moment conditions on (V,,), there exists C' > 0 such that for any
x?

3 .
lim IP’(Mn > §logn—|—x) :E[e_ce D“},

n—o0
where Dy, is the martingal limit of D,, := Z‘u‘:n V,e Ve,

There are further results on the particles in the neighborhood of the
extreme position, see Madaule [80] and references therein.

1.1.3 Randomly biased walks

We can construct a random walk on the Galton-Watson tree based on a
branching random walk (V). The randomly biased walk is defined as a
nearest-neighbor random walk (X,,) on a Galton-Watson tree, starting at

Xy = 9, such that its transition probabilities P(u,u’) := P(X,41 = v | X;, = v, (Vi )uer)
are proportional to

1{%:1/}6_‘/“ + 1{27:“}6_‘/“'.

The most studied problem for the biased random walk (X,) is the behav-
ior of its height (|.X,|). It has been showed in Lyons and Pemantle [78] that,
(Xy) is transient if inf,co1)9(¢) > 0, and recurrent if inf,cp1)9(¢) < 0. In
the transient case, (| X,|) grows with a polynomial speed,

Theorem 1.1.6 (Hammond [55]). Let (X,,) denotes a biased random walk. If
¥(0) > 0, infe01)9(t) > 0, and the underlying branching random walk (V,,)
has independent increments of the form P, g, with 0 € [q1,q2] for 1 < ¢1 < ¢o,
then there exists an explicit v > 0 and an explicit non-degenerate law such
that on the set of non-extinction,

n~ 7| X,| converges in distribution.

Further, in the recurrent case (| X, |) grows much slower. The most studied
situation is the critical case infycpo 1)1 (t) = 0, where exact behavior of (|X,,|)
depends on ¢/(1) and x := inf{t > 1:¢(¢) > 0}:

Theorem 1.1.7 (Hu and Shi [57]). Let (X)) denotes a biased random walk.
If (0) > 0, infycp(t) = 0 and ¢'(1) = 0, then on the set of non-
extinction,

1
(log n)_g | X,| converges to an explicit distribution.
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Theorem 1.1.8 (Aidékon and de Rapheélis [7] for ; de Raphélis [35]
for (1.1.2)) and ( - Let (X,,) denotes a biased mndom walk ]fw( ) >0,
1nft€[071] 1/)( ) =0 and ¥'(1) < O gzven finite second moment for (e=V*), there
exists an explicit constant C' > 0 such that on the set of non-extinction,

1
(——|thtJ|) — | B| in distribution, if kK> 2, (1.1.1)
Cy1
( \/(ign‘XLntj‘) — | B| in distribution, if k=2, (1.1.2)
C . :
e | X ney| | = H in distribution, if k € (1,2), (1.1.3)

where B is the standard Brownian motion on R, and H s the height process
of an explicit Lévy process.

We remark that all the results above deal with the supercritical case m >
1, where the Galton-Watson tree does not extinct with positive probability.
In critical and subcritical cases, one can still study similar phenomenons
conditioned on non-extinction, for discussions on this topic we refer to Ben
Arous and Hammond [26]. There is also a systematic study on the range of
(X,), see Andreoletti and Chen [12] and references therein.

A special case of the biased random walk is when 6 is deterministic.
Indeed, if 6 = 0_10g, then it is called the A-biased random walk, if further
A =1, it is the simple random walk. On A-biased random walks, finer results
are possible concerning the speed of the biased random walk:

Theorem 1.1.9 (Lyons, Pemantle and Peres [79]). Let A, := E[ug"™!], then
for any A € (A.,m), on the set of non-extinction, the speed of the \-biased
random walk (X,,),

X
[y ;= lim M

n—oo N

exists almost surely, and it is a positive constant.

This limit [, is explicitly calculated in Aidékon [6], with boundary cases
A — m and A < A, discussed in Ben Arous, Hu, Olla and Zeitouni [27] and
Ben Arous, Fribergh, Gantert and Hammond [25], respectively. We also have
central limit theorems, see Peres and Zeitouni [83].

1.2 Cover time

In Chapter [3| we shall study the cover time of a Galton-Watson tree by a
A-biased random walk. In general, for a connected finite graph G = (V, E)
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and a random walk (X;) on it, its cover time is defined as
TG X) = it (b (X0 5 < 1) = V)

We remark that the random walk (X;) can be either discrete or continuous.
In fact, most theorems are valid for both cases, and one can easily adapt the
proof of one case for the other. In the following we shall use the continuous
setting (X;)scr+, where the walk jumps to adjacent positions in exponential
times, for better compatability with the Ray-Knight theorem that we shall
introduce later.

To study the cover time, one fundamental idea is to analyse the local
times (L"(t)), defined as

t
L¥(t) ;:/0 1ix,—uds, t € RT.

Our problem can then be described as studying the minimum of local times,
T(G; X) =inf{t > 0: mi‘l;l L*(t) > 0}.
ue

It is natural then, to study correlations of local times for upper and lower
bounds of the cover time.

There are deep results when (X}) is the (continuous-time) simple random
walk on GG. The first idea in general is to bound 7" by the number of
vertices #V = n,

Theorem 1.2.1 (Feige [47], [48]). Let G = (V, E) be a connected graph with
n vertices, let (X;) be the (continuous-time) simple random walk starting at
any fixed vertex on G, then as n — oo,

(1 —o(1))nlogn < ET*"(G; X) < 4n®/27.

Both bounds in this theorem are optimal, yet there is a large gap in
between, since only the cardinality #V = n is far from enough to describe
the connectivity of G. One can easily imagine that a straight line of n vertices
should behave very differently from a complete graph of n vertices.

To improve this, for instance, one may involve the hitting time:

Theorem 1.2.2 (Matthews [81]). Let G = (V, E) be a connected graph of n
vertices, let (X;) be the simple random walk starting at any fized vertex on
G, as n — o0,

max min H(u,v)(log(#F) — 1) < ET*"(G; X) < max H(u,v)(1 + logn),

SCG u,wes u,veG

where H(u,v) = E,7, + E,7, with 7, = inf{t > 0: X; = u} being the hitting
time of u.
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Suppose all hitting times are of the same order, then this theorem fixes
the scale of the cover time at T°V(G; X) < H(u,v)logn. The next step is
to seek a precise asymptotic. To this end, we introduce the main treatment
for the cover time with the Discrete Gaussian Free Field (DGFF) and the
Ray-Knight theorems.

1.2.1 Graphs as electrical networks

Before introducing the DGFF, we need some concepts on general random
walks. We refer to Aldous and Fill [I1] for a complete introduction.

Consider a graph G(V, E') as an electrical network, consists of wires such
that each edge in (u,v) € E is a resistor with resistance R, .

We can arbitrarily choose two vertices uy, us € V', assign to them voltages
Vi, = 1,V,, = 0, and then attach voltages V, at all other vertices u,v €
V\{u1,us} and currents I, , along (oriented) edges (u,v) € E, such that the
following properties are satisfied:

o Kirchhoff’s Law:

Z I, =0, Vu € V\{uy,us}.

veV

e Ohm’s Law:
Vi—Vo = Ryluy, V(u,v) € E.

We can then define effective resistances as the inverse of the total current,

1
Zu~u1 Iuh” .

Further, this electrical network is related to the random walk with tran-
sition probabilities P(u,v) proportional to RL in that

9
sV

Ref‘f(ula u2) ==

Proposition 1.2.3 (Aldous and Fill [I1l Proposition 3.10]). Let G = (V, E)
be a finite connected graph with the above mentioned electrical network struc-
ture, let (X;) be the (continuous-time) random walk with transition probabil-
ities P(u,v). Let 7 be the stationary distribution for (X3), then there exists
a universal constant C' > 0 such that

T(wP, (1, < 7.0) = Vu,v €'V,

Rep(u, v)’

where 1, = inf{t > 0: X; = v}, and 7, = inf{t > 0: X; = u}.
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Conversely, for any reversible random walk, i.e. (X;) with transition
probabilities (P(u,v)) and stationary distribution 7 satisfying

m(u)P(u,v) = w(v)P(v,u), Yu ~v €V,

we can construct an electrical network such that transition probabilities (P(u,v))

are proportional to inverse of resistances RL.
U,V

We remark that this electrical network is unique up to a constant factor.
We can set a canonical electrical network with C' = 1 in Proposition [1.2.3
Further, one can easily verify that the simple random walk, and more gener-
ally the randomly biased walk in Section [I.1.3] are reversible random walks,
and we shall use their corresponding (canonical) electrical networks without
further notifications.

We remark that, under the viewpoint of electrical networks, the effective
resistance / conductance between points becomes a fundamental parameter.
In our case, the study for cover time only requires resistances between two
points on a tree, that is the sum of resistances along the path. An inter-
esting case is the effective conductance between the root and generation n
of a Galton-Watson tree: for this study, a canonical setting is to consider
supercritical Galton-Watson trees m > 1, and on each edge at generation
n one attaches a conductance independently distributed as m™(. Then the
effective conductance C,, between the root and generation n satisfies

Theorem 1.2.4 (Chen, Hu and Lin [31]). Assume that ¢ and the offspring
distribution p has finite moments as follows: for X ~ ( and Y ~ u,

E[X? + X'+ Y" < o0,
then on the set of non-extinction, % converges in distribution to an explicit
measure. Moreover, there exist explicit constants cg, 1, co such that

2
E[C,] — L — 2loen _ @i+0((1°g”) )

an i n? ci n? n3

One may also take the conductance on each edge in the form of a branch-
ing random walk instead, in this case there are different asymptotic behaviors,
see Rousselin [87].

1.2.2 Discrete Gaussian free field

Given G = (V, E) and the electrical network on it, a Discrete Gaussian free
field (DGFF) (ny)uev (pinned at uy € V') is then defined as a set of centered
Gaussian variables indexed by vertices of (G, such that

E(T,u - nu’)Q = Reff(”; ul)a Nuy = 0.
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We remark that its continuous analog is the Gaussian free field on R?, attach-
ing a Gaussian distribution at every point in R? and pinned at 0. On each
bounded domain, the continuous Gaussian free field can be approximated
by DGFF on the corresponding (%Z)d lattice. Gaussian Free fields are also
related to quantum gravity in physics, and there are extensive researches on
these topics. See Sznitman [91] for an overview.

What we are most interested in is the following Ray-Knight theorem that
couples the DGFF of a graph to its local times, also known as Dynkin’s
isomorphism theorem:

Theorem 1.2.5 (Eisenbaum et al. [46]). For any connected finite graph
G = (V,E), let (X;) be the (continuous-time) simple random walk on G, and
let (ny)uev be the DGFF on G. For any t € RT,

{L“(t)—f—ni:uEV}i{(nu—i—\/%)Q:ueV}.

Recall that the cover time depends on minimum of local times, this the-
orem, first proved by Ding, Lee and Peres [39] and later improved by Zhai
[93], further converts the problem to extreme values of the DGFF.

Theorem 1.2.6 (Ding, Lee and Peres [39], Zhai [93]). Let G = (V, E) be a
connected graph, and let (X;) be the (continuous-time) simple random walk
starting at ug € V.. Denote by (n,) the DGFF pinned at ug, then there exist
c,C' > 0 such that, for any s > 0,

P (|T(G; X) — M*#B| > (VSBM + sR)#E) < Ce™,

where M = E(max,ey 1), R = max, ey Reg(u, u').

Note that this theorem gives the first-order estimate of the cover time
for any graph, sharper estimates are then anticipated, starting with specific
graphs. In fact, we consider trees as the most promising graphs for such
estimates, because the electrical networks based on trees are simple, in that
effective resistances are just sums of resistances along paths. Therefore, the
covariances for the DGFF are explicit, and the DGFF can be reduced to
a branching random walk, by assigning a Gaussian random variable with
variance equal to the resistance along any edge.

1.2.3 Cover time on trees

With the help of the DGFF, one can then fully characterize local times on
trees. For instance, for the simple random walk we have that
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Lemma 1.2.7 (Bai [I8, Lemma 2.3]). Let s,t € R™. If (X;) is the (continuous-
time) simple random walk, and G = (V, E) is a tree, let u,v € V such that

v < u, then
t 1
L¥(t) ~ PG <_, _) ,
Jul " Jul

Ll =) ~po ()

Jul = ol Jul = Jv]

where PG(a,b) stands for the distribution of Y. | F;, where P and E; are
independent random variables such that P ~ Poisson(a) has Poisson distri-
bution of expected value a, and E; ~ Exp(b) has exponential distribution of
expected value %

By a second moment method based on local times, Ding and Zeitouni
[40] gave the second order asymptotics with error O((loglogn)®) for simple
random walk on binary trees, it was then refined to O(1) by Belius, Rosen and
Zeitouni [23] using a Bessel estimate. Further, a scaling limit was established
independently by Cortines, Louidor and Saglietti [32] and Dembo, Rosen and
Zeitouni [37],

Theorem 1.2.8 (Cortines, Louidor and Saglietti [32], Dembo, Rosen and
Zeitouni [37]). Let T denote the cover time of the first n generations of
a complete binary tree by the continuous-time simple random walk, then as
n — oo,

Trgo’l} .
P (2"+1n —nlog2 +logn < 8) = Eexp (—CZe ) ,

for some explicitly constructed constant C' > 0 and distribution Z.

This scaling limit is based on, by studying correlations of local times, the
observation that: At time close to the expected cover time, those vertices
left uncovered form some almost independent clusters.

Our result extends this estimate to more general trees and random walks,

Theorem 1.2.9 (Bai [18]). Let T;° denote the cover time of the first n
generations of a Galton-Watson tree T' by the continuous-time \-biased walk.
Suppose X > 1,EZ; > 1,Var(Z;) < oo. Let Py be the law of the \-biased
random walk. Then for P,-almost surely any tree T', conditioned on its first
n generations T, for any v € R and n — oo, when A > m,

A—1)Tco -
P, (# —nlogm —logW <=z Tn) —e

2An 1Y% %
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when X\ = m,
— 1)7Tcov
p. ( (WZH )nn
2mnt Y Zi
when 1 < A < m,

b (51011
v 2Wmntl

—nlogm —loglW <=z

Tn> —e ¢

—x

—nlogm —logW <z

Tn) — e °

The proof is mainly inspired by [32], relying on an variant of the above-
mentioned observation: For the A-biased random walk, at time close to the
expected cover time, the remaining uncovered vertices are almost indepen-
dent. We shall establish this observation by a careful estimate of local times,
and complete the proof with its help in Chapter [3]

The same cover time problem for randomly biased walks on Galton-
Watson trees is left open. Indeed, on a Galton-Watson tree, there are short
branches on the tree T,, (1" cut at height n) that extincts in generations 1
to n — 1, but they are negligible for the A-biased walk, since covering them
are much easier than visiting nodes in generation n. However, this is no
longer true for the randomly biased walk. Further difficulties are anticipated
in treating these anomalies.

1.3 Capacity of the range

In Chapter [f] and Chapter [5, we shall study the capacity of a branching
random walk. For a discrete random walk (X,,) in Z%, its range is defined as

Rils,t] .= {Xs, Xsy1, -+, Xs}, s < t.

Moreover, if d > 3, we can define its capacity (of the range) with respect to
a symmetric probablity law n on Z% as

cap,A = Z PI(74 = 00),

z€EA

where P? is the law of a (discrete) random walk (.S,) started at = with
transition probability n, and 77 := inf{n > 1: S, € A} is its first returning
time to A. We remark that the continuous version for the size of the range
#R[0,n] is clearly the Lebesgue measure, and that for the capacity is the
Brownian capacity defined (in Morters and Peres [82, Definition 8.17]) as
follows: for any bounded set F' C R?(d > 3),

-1
cap(F) := (inf{// G(z,y)v(dz)v(dy): v is a probability measure on F}) ,
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where G(z,y) = |z—y|*~¢, or more generally any kernel of the form G(z,y) =
Clz — y|~®. Moreover, there is an equivalent way to define capacity, namely
that
cap, A = Cqy lim [z]|"*P](74 < 00),
|z|—o0

where the inverse of the scaling factor, (Cdm|x|d_2)_1, is the expected time
that a n-random walk starting from 0 hits z. The same definition works
for the continuous setting, by changing the discrete random walk n to the
Brownian motion.

The (size of) range of an ordinary random walk has been extensively stud-
ied since Dvoretzky and Erdés [43], we present here its asymptotic for the
simple random walk. For an overview of later results on central limit theo-

rems, large and moderate deviations of the range, see Asselah and Schapira
[14].

Theorem 1.3.1 (Dvoretzky and Erdés [43]). Let (X,,) be a simple random
walk in Z¢. Asn — oo,

ifd>3,
1
—#R[0,n] = Py(1" = 00), almost surely;
n
ifd=2,
1
Ogn#R[O, n| — 7w, almost surely;
ifd=1,
1
T#R[O,n] — sup B; — Oi<rtl£1 By in distribution,
n 0<t<1 <tis

where (By) is a standard Brownian motion on R.

Similar results for the capacity date back to Jain and Orey [58], with re-
finements to central limit theorems in the series of paper by Asselah, Schapira
and Sousi [15], [16], [88] recently. The study for capacity is recently moti-
vated by its connections to random interlacements. The model of random
interlacements was introduced in Sznitman [90], serving as a model for scal-
ing limits of traces of simple random walks. Intersection probabilities and
potential theory then emerge naturally in the treatment, calling for sharp
estimates of the capacity. For an overview of random interlacements, see
Drewitz, Rath and Sapozhnikov [41].

Theorem 1.3.2 (Jain and Orey [58] for (1.3.4) and ([1.3.5), Chang [30]
for (1.3.6). Let (X,) be a simple random walk in Z%, let n be the one-step
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distribution X1 — Xo, then as n — oo, if d > 5, there exist constants cq > 0
such that

1
—cap, R[0,n] — c4, almost surely; (1.3.4)
n
if d =4,
1 2
Ogncaan[O,n] — %, almost surely; (1.3.5)
if d =3,
1 1 T
—=cap, [0, n] — —=capp,, (B0, 1]) in distribution, (1.3.6)

vn 3v/3

where (By) here stands for the standard Brownian motion in R3.

Theorem 1.3.3 (Asselah, Schapira and Sousi [15] for (1.3.7)), [16] for (1.3.9),
Schapira [88] for (1.3.8)). In the same setting of Theorem[1.3.4, as n — oo,

there exists a constant Cy > 0 such that if d > 6,

cap, 1?[0,n] — Ecap, R[0, n]
NLD

— N(0,Cy) in distribution; (1.3.7)

ifd =5,

cap, 1[0,n] — Ecap, R[0, n]
vnlogn

if d=4, there exists an explicit distribution v such that

(log n)?
n

— N(0,Cy) in distribution; (1.3.8)

(caan[O,n] - Ecaan[(),n]) — v in distribution; (1.3.9)

Further, one can see the critical branching random walk (conditioned on
non-extinction) as a generalisation of an ordinary random walk, order the
branching random walk by its lexicographical order, then we have results on
its range,

Theorem 1.3.4 (Le Gall and Lin [73] for (1.3.10)), [72] for (1.3.11)); Zhu
[94] for (1.3.12)). Let P,y be the law of a branching random walk, where

W is critical with finite variance, and 6 is symmetric, irreducible with finite
support. Let (X;) denote the depth-first sequence under P, o(- | #1T =n). As
n — oo, if d > 5, there exists ¢, 9 > 0 such that

1
—RI[0,n] = ¢,9 in probability; (1.3.10)
n
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ifd=4,

1
OgnR[O,n] — 8720 in probability, (1.3.11)

n
where 0% = (det Mn)l/4, with n denoting the covariance matrix of n;

ifd <3,
n~Y4R[0,n] — 274 (det My)*?Ng(suppZ) in distribution, (1.3.12)

where \q is the Lebesque measure, and I is the random measure on R? known
as Integrated Super-Brownian Ezrcursion.

Generalising the methods and estimates in [73], we managed to obtain
the asymptotics for the capacity of a branching random walk,

Theorem 1.3.5 (Bai and Wan [2I] for (1.3.13]) and (1.3.14); Bai and Hu
[19] for (1.3.15)). Let P, be the law of a branching random walk, where

1 1s critical with finite variance, and 6 is symmetric, irreducible with finite
exponential moment. Let n be a irreducible distribution with mean 0 and
finite (d + 1)-th moment. Let (X;) denote the depth-first sequence under
P,o(- | #T = 00). Asn — oo, if d > 7, there exists c,9,, > 0 such that

1
—cap, R[0,n] = ¢, in probability; (1.3.13)
n
if d =6 and i has finite 5-th moment, there exists ¢, 9, > 0 such that
1
Ogncaan[O,n] — Cu0n in probability, (1.3.14)

if 3<d <5, then for any e >0, P,g(- | #T = 00)-almost surely,
cap, [0, n] = n~(@=D/440) "y oo, (1.3.15)

Remark 1.3.6. This theorem is formulated with the Galton-Watson tree con-
ditioned to be infinite, in order to keep consistency in all dimensions. The
model can be replaced by the Galton-Watson forest or the Galton-Watson
conditioned to be large, with adjustments in the proof (see for instance
Lemma . For convenience of the demonstration, in Chapter [4| and
Chapter 5, we are going to use the Galton-Watson conditioned to be large
and the Galton-Watson forest, respectively. In particular, as will be showed
in Lemmal5.2.3] n subtrees in a Galton-Watson forest generally contain ©(n?)
vertices, therefore its capacity is of the order R[0,n?] instead of R[0,n].

Similar structures can be observed among the four theorems above, namely
there is a critical dimension with O(lo’;n) behavior, and we have a linear in-
crease in high dimensions and a fluctuation in low dimensions. The intuition
behind this will be explained in the following subsections, focusing on the

capacity for branching random walks.
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1.3.1 High dimensions and the infinite model

Let us first look at the capacity for the simple random walk. The following
subadditive property follows easily by definition,

cap, [0, n] < cap, R[0,n/2] + cap, R[n/2,n].

Moreover, the simple random walk clearly has the following translational-
invariant property, by which one can deduce its ergodicity

R[s,t] — X, £ R[0,t — 5], Vs < t. (1.3.16)

One can thus conclude by Kingman’s subadditive ergodic theorem that

lim lcaan[O,n]

n—oo 1,
is a constant almost surely and in L'. Therefore, one can easily show the
linear growth in high dimensions by an lower bound of the expected value of
the capacity.

As for branching random walks, the problem reduces to establishing a
model with similar invariant properties as (1.3.16). Motivated by this, we
construct the following model, which can be seen as the infinite version of
Aldous [8, Section 2.6], or a generalization of Le Gall and Lin [73, Section
2.2].

0<1 To

We define a two-sided forest to be a sequence of trees with labels,

T = ((0776)7 (177—1)7 (177:1)7 (2775)7 (277:2) e )7
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where the roots (+i,@) of 7; and 7_; (i > 0) are identified (glued together)
as one single point. The number of children k(;,)(7), displacement from
parent d;,)(7) and spatial location of a vertex V(;,)(7T) are denoted as for
ordinary trees. The roots (4, @) have the offspring distributions denoted by
k(j;@)(T).

On the set of two-sided forests, we define the following probability mea-
sure P, ¢ as a variant for that of a branching random walk P, g:

e For each i > 0,u # @,
iid.

k,0)(T)~ 1,
and for other nodes (47, @) (7 > 0)

b

Pu,e(k(t,g)(T) =i, k?(_i,@)(T) =Jj)=pli+j+1).

e Displacements d;,(7) are i.i.d. and distributed as § on each directed
edge, starting at V() (7) = 0.

We remark that if we restrict u to the geometric distribution, and forgets
about branches at each instant, leaving only memories on the history from
a site to infinity, the resulted model is a discrete snake. Its scaling limit is
called a Brownian snake, introduced in Le Gall [70], with various interest-
ing properties and applications mostly in connections with super-Brownian
motion semilinear partial differential equations (see Le Gall [75] and [71]).

We shall explain in Chapter 4] that this model exhibits a combinatoric
explanation, resulting in its translational invariance property,

Proposition 1.3.7 (Bai and Wan [21I], Proposition 2.2|). Let u be a critical
distribution on N with finite variance, let 0 be a symmetric and irreducible
distribution on Z with finite exponential moment. Then

Rs,t] — X £ R[0,t — 5] under P, g, Vs < t.

Further, by showing that P,y is absolutely continuous with respect to
ordinary branching random walks, we have linear growth for the capacity in
high dimensions.

1.3.2 Critical dimension and low dimensions

The study of the critical dimension requires more precise estimates. To
begin with, we define the discrete Green’s function with respect to a random
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distribution 7 as

Gylw,y) = Gylz —y) =Y _PU(Sp =z —y).

n=0
Then we have that

Lemma 1.3.8 (Lawler [68, Theorem 4.3.5]). Let n be an aperiodic and ir-
reducible distribution on Z%(d > 3) with mean 0, covariance matriz T, and
finite (d + 1)-th moment. Then

Cdm

Gy(z) = W

+ O(|z|"™%),

where ;
INCY

(d —2)7d/2,/det T,

I'(-) stands for the Gamma function, and

Jp(x) = yJz - T te.

Further, the following lemma inspired by Lawler [67, Theorem 3.6.1] al-
lows us to establish a relation between the capacity and Green’s functions,

de =

Lemma 1.3.9 (Bai and Hu [19]). Ford > 3, and any sequence (X,,)nez € Z2
satisfying (1.3.16|), then

1 n
n+1;E

By analysis of the Green’s functions, one can show that in dimension
d = 6, the sum Z;:iz G (Xo, Xj) for the two-sided forest is concentrated
around C'log n, with a weak dependence on the parameter ¢, thus this lemma
enables us to deduce that

1{X0€{X17‘“vXn*i}}PnXo(T?X,i,m,Xn,i} = oo) . Z Gn(XO,Xj)] =1.

j=—i

E%gcaan[O, n] = ZE[1{Xi¢{Xi+1f”7Xn}}PnXi(7_{+Xg,---,Xn} = OO):|
=0

= Z Eu,@ |:1{X0€{X1,--- ,Xn—i}}PnXO (7_{—’—)(714,... KXnoi}t OO):|
=0
n

~
—~

logn
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An estimation on the second moment with similar methods show that
the capacity is concentrated around its expected value, and we convert from
the two-sided forest to ordinary branching random walks by an argument of
absolute continuity between them.

In low dimensions, a different approach is needed to show that the discrete
setting converge to its continuous analog as in Theorem [I.3.1} Theorem
In fact, for the simple random walk, there is a coupling with the standard
Brownian motion in that, for any € > 0, there exists v > 0 such that (see for
instance Lawler [66, Lemma 3.1])

P(max | X |as) — Bs| > n1/4+6) <e ™
0<s<n

and for the range of branching random walks, the convergence of range is
established through convergence of local times.

Currently we can only provide the order of the capacity in Theorem [1.3.5
using estimates of Green’s functions and inequalities derived from lemmas

like Lemma [1.3.9]

1.4 Rarely survived branching random walks

In Chapter [6] we consider the spread of the last generation of a branching
random walk conditioned on rarely survival. Take a branching random walk
(Vi)uer on R, conditioned on survival at the n-th generation, their spatial
locations (V,,)ju=n can then be listed in increasing order as

v <. <@
n —_— _ n Y
where Z,, is the population of generation n. We study its spatial spread

R, := V%) )

n

and gaps
g =V v 1 <i<z, —1.

n n

The behavior of (V,)y/=, conditioned on survival is well-studied, for in-
stance as we have introduced in Theorem [I.1.5] In our case, we study the
behavior given the "rarely survival" condition {Z, = k} for k being a de-
terministic integer. This problem is mainly motivated by [85], [86], where
Ramola, Majumdar and Schehr studied the range R, and gaps (g’) for the
critical branching Brownian motion, which is the continuous analogy of our
model with geometric i of expected value 1 and Gaussian 6. We extend the
result to general branching random walks,
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Theorem 1.4.1 (Bai and Rousselin [20]). Let k > 2, let 1 < i < k —
1. Consider a branching random walk P, g, where v has finite variance,
and 0 has finite exponential moments. There are explicit positive constants
C1, Cy, C5 such that, as x — oo,

im 17—y = J(Crro())a, E[u] =1,
e {exp<—<cg o)), Elu] #1,

im s g = = (0103 + 0(1))$727 ]E[N] =1,
lim Po(g, > @] Z, = k) {exp(_<02 o), B 21

As for related works, a critical Galton-Watson tree conditioned on non-
extinction typically satisfies Z, = ©(n), see Curien and Le Gall [34] for
a detailed discussion. Moreover, see Abraham, Bouaziz, and Delmas [2]
for the 'fat’ case Z, > n. For supercritical Galton-Watson trees, typically
Z, = O(m"), see Berestycki et al. [28] for the case Z, < em™.

1.4.1 The prune and cut operation

To study this problem, we first define the prune and cut operations on trees:

T pru(7) cut(pru(7))

e For any tree T', we construct the pruned tree at height n by
pru,(T):={ueT:FveT,|v|=nu=<0v}.
By convention, if Z,(T") = 0, we take pru, (T') = {@}.
e Moreover, we define the cut operation by

on(T) = N\ w ha(T) = n— |6u(T)], cutn(T) = T[gn(T)].

|u|=n,ueT

where by convention, ¢, (1) = @ if Z,(T) = 0.
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Clearly, these operations extend to branching random walks (i.e. trees with
spatial displacements). Moreover, by construction we have that

Ry (T) = Ra(pru,T) = Rp(eus,pra, ) (cutnpru, T,

and the same thing applied to gaps. In other words, the study of R, and
g% of a branching random walk reduces to those of the structure cut,pru,T
under P, (- | Z, = k).

We remark that the structure of cut, pru, 7" conditioned on non-extinction
along converges to the Yule tree, as showed in Curien and Le Gall [34].

1.4.2 Ratio Theorem

As indicated in the previous subsection, our main goal is to study the geneal-
ogy structure of cut,pru,7". The key component is then the ratio theorem,
which provide transition probabilities for the Markov chain (Z,):

Proposition 1.4.2 (Athreya and Ney [I7, Section 1.7-1.11]). Let p be an
offspring distribution such that

p(0), (1) >0, p(0) +p(1) <1, EZ; < 0.

Let P,(i,7) denote the transition probability P,(Zy+n, = j| Zx = 1) for large
enough k.

1. For any j > 1, there exists a sequence (m;) such that

P (1, )
1m
n—oo P,(1,1)

/‘ﬂ-j € (07 OO),

where /* means non-decreasing limit.
2. ForanyteZ,i,j5,k,1>1,

. Pn+t<i j) t i—k im;
lim 00 I) ik T
e Pok) T kmy

where q is the extinction probability, f is the generating function, and

v=f"(9).
3. IfEZ, = 1,0% :== Varu < oo, then for anyi,j > 1,

207
lim n?P,(i,j) = — .
n—00 02> et Tr(p(0))F
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4. IfEZy # 1, 3777 jlog ju(j) < oo, then for any i,j > 1,

lim ™" P, (i, j) = iq'" v,

n—oo
where (v;) is determined by Q(s) = Y2 ;8,0 < s < 1, with Q the
unique solution of

Q(f(s)) =1Q(s)(0 < s < 1), Qg) =0, im Q'(s) = 1.

S—q

Given this set of genealogical properties, we can show that under P, (- | Z,, =
k), the tree cut,pru,T has its first branching Z; = 2 with high probability,
and has no other branches until approaching the bottom of the tree. Fur-
ther, we deduce that the law of cut,pru,T" converges as n — oo, and shall
conclude on the desired spatial properties based on these observations.



Chapter 2

Introduction (en frangais)

Dans cette thése, on s’intéresse essentiellement aux marches aléatoires bran-
chantes et marches aléatoires biaisées sur 'arbre de Galton-Watson. On
présente les concepts fondamentaux dans la section et introduit trois
problémes distincts par la suite. Dans la section [2.2] on étudie le temps de
recouvrement pour les marches aléatoires biaisées sur les arbres de Galton-
Watson surcritiques; dans la section on traite la capacité pour les marches
aléatoires branchantes critiques; et dans la section on considére 1’étendue
d’une marche aléatoire branchante conditionnellement & une survie rare. Les
chapitres sont autonomes, présentant des preuves de nos résultats, et se
sont basés sur [I8], [21], [19], et [20].

2.1 Arbres de Galton-Watson et marches aléa-
toires branchantes

Intuitivement, 'arbre de Galton-Watson est une structure de branchement
discréte, ou chaque particule a chaque génération donne naissance a de
nouvelles particules indépendamment, selon la méme loi de reproduction.
De plus, une marche aléatoire branchante peut étre considérée comme une
marche aléatoire indexée par 'arbre de Galton-Watson, en d’autres termes,
I’arbre de Galton-Watson décrit la généalogie des individus d’une population,
dont les déplacements sont donnés par la marche aléatoire.

2.1.1 Arbres planaires and arbres de Galton-Watson

On définit un arbre planaire comme un ensemble des suites d’entiers, T" C
Un>oN7%, tel que

e La racine @ € T, ou par convention on note N = {&}.

32
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e Siunnceud u = (ug,- -+ ,u,) € T, alors son parent u o= (ug, ++ ,Up_1) €
T.

e Pour chaque nceud u = (uq, -+ ,u,) € T, il existe un entier k,(7) > 0
appelé son nombre d’enfants, tel que pour tout j € N, (ug,- -+ ,u,,J) €

T si et seulement si 1 < j < k(7).

Par convention, on dit qu’un noeud w = (uy, - ,u,) € T est 'ancétre d'un
autre noeud v’ = (u},--- ,ul,) € T, noté par u < ', sin <n' et u; =u}, 1 <
i < n. On définit également la hauteur (génération) d’un nceud comme sa
longueur en tant que mot, i.e. si u = (uy,--- ,u,), alors |u| = n. De plus, on
note #1' le nombre total de nceuds, et Z,, la population totale de la génération
n.

Dans un arbre 7', on a un ordre lexicographique: Puisque chaque noeud
de T" appartient a U,>oN7}, on peut les mettre dans l'ordre lexicographique
comme des mots, et explorer I’arbre comme une suite de noeuds

U():@,Ul,UQ,"'

On remarque que chaque nceud apparait exactement une fois dans cette suite
si I'arbre est fini, donc si #1 = n, la suite se termine & u,,_1.

Etant donnée une loi 4 sur N, on peut construire une mesure de prob-
abilité sur I’ensemble des arbres, notée P,, telle que pour tous les nceuds
u7

k A o sous P,

Cet objet aléatoire est appelé I'arbre de Galton-Watson. Pour éviter les cas
triviaux, on suppose toujours que u(0) + p(1) < 1.

On présente ici deux propriétés fondamentales des arbres de Galton-
Watson concernant le comportement des populations. Dans ce qui suit, on
note m := E,Z; comme le nombre moyen d’enfants, et f(z) := E, [le]
comme la fonction génératrice dans I'arbre de Galton-Watson.

Théoréme 2.1.1 (Athreya and Ney [I7, Théoréme 1.5.1]). Supposons que
w(0) + u(1) < 1, m < oo, soit q la plus petite solution positive de f(x) = z,
alors 'arbre de Galton-Watson avec la loi de reproduction p est fini avec

probabilité
P,(T est fini) = q.

En particulier, le cas m > 1 est appelé surcritique, ot ¢ < 1; les cas m =1
et m < 1 sont appelés, respectivement, critique et sous-critique, ot ¢ = 1.
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Théoréme 2.1.2 (Kesten-Stigum [62]). Pour m < oo, M, := (£2),5, est
une martingale positive, converge presque stirement vers My,. Sim € (1,00),
alors

E,[Zilog, Zi] < o0 <= P,(Ms > 0| non-eztinction) = 1,

ot log, x :=log(z V 1) pour éviter log0.

tree T height process (H;) = (|u;|)

L’arbre de Galton-Watson est une structure fondamentale bien étudiée,
voir Athreya et Ney [17].

De plus, on remarque que le processus de la hauteur (H;) := (Ju;|) de
I’arbre critique de Galton-Watson a la limite suivante,

Théoréme 2.1.3 (Aldous [9]). Soit P, la loi des arbres de Galton-Watson
avec loi de reproduction pi, ou E,Zy = 1, Var(Z;) = 0% < oo, et pged{j: u(j) >
0} = 1. On note par (H]') le processus de la hauteur de la suite lexi-
cographique (u;), H' = |u;|, sous P,(-|#T = n), alors quand n — oo,
dans l’espace des fonctions continues C|0, 1],

g 01

—H, — (| Bt|)o<t<1,
<\/ﬁ L tJ)OgtSl o

ot (By) est le mouvement brownien réel standard.

De plus, ce résultat induit une limite pour 'arbre de Galton-Watson lui-
méme, et il existe des extensions pour les arbres sous-critiques et les foréts
de Galton-Watson, voir Duquesne et Le Gall [42].
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2.1.2 Marches aléatoires branchantes

Si on considére chaque nceud de 'arbre de Galton-Watson comme un sommet,
et ajoute une aréte entre un nceud et son parent, alors on peut identifier T’
comme un graphe connexe. Si on attache un vecteur d, dans un espace
vecteur V (ol on prend par défault V = R?) & chaque aréte dirigée (W, u),
fixe la position de la racine & V; = 0 et prend V,, = )" , ., dy, alors (V,,)uer
forme un arbre spatial. Sous I’hypothése que tous les déplacements sont i.i.d.,
on définit une marche aléatoire branchante comme 1’objet aléatoire construit
ci-dessus tel que

(ku, <d“’)$:u> sont 1i.i.d.
En plus, on s’intéresse aux marches aléatoires branchantes avec I'indépendance
supplémentaire que
d, idd. 0.
indépendant de (k,). La loi correspondante est notée par P, .
Il y a des études approfondies pour les marches aléatoires branchantes,
voir Shi [89] et les références citées. Un probléme remarquable pour la marche

aléatoire branchante est la position de la particule la plus a gauche,
M,, = min{V,,: [u| = n}.

Pour cette direction on étudie surtout le cas surcritique m > 1, et le com-
portement asymptotique de M,, est essentiellement déterminé par sa trans-
formation de log-Laplace

P(t) :=1logE Z e~V
Ju|=1

Typiquement, M, est linéaire,

Théoréme 2.1.4 (Hammersley [54], Kingman [63] et Biggins [29]). Sup-
posons que ¥(0) = logm > 0 et (t) < oo pour un certain t > 0, alors
presque strement conditionnellement a la survie,

1
lim — M, =7,
n—oo M,
ot
v := —inf M e R.
s>0 8§

De plus, le cas 9(t) = oo, ¥Vt > 0 a été étudié dans Gantert [52], et la
fluctuation du second ordre de M,, est de 'ordre logarithmique,
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Théoréme 2.1.5 (Aidékon [5]). Supposons

E( 1| >LE|Y e | =LE|) Vie™| =1

ul=1 lul=1 ul=1

et certains intégrabilités pour (V,,), alors il existe C' > 0 telle que pour tout
x?

3 v
lim P(Mn > 5 logn + x) =E[e ¢ P~],

n—oo
ot D, est la limite de la martingale dérivée D,, = ZM:n V,e Ve,

Il existe une étude approfondie pour les particules au voisinage de la
position extréme, voir Madaule [80] et les références citées.

2.1.3 Marches biaisées

On peut construire une marche aléatoire sur I’arbre de Galton-Watson basée

sur une marche aléatoire branchante (V,), appelée la marche biaisée. En

fait, on définit une marche aléatoire aux plus proches voisins (X,,) sur 'arbre

de Galton-Watson, issue de Xy = &, telle que ses probabilités de transition

P(u,v') :=P(X,41 =" | X, = u, (Vi)uer) soient proportionnelles a
1{$:u,}€_vu + ]_{;7:u}€_vul.

Le sujet le plus étudié sur la marche biaisée (X,,) est le comportement
de sa hauteur (|X,|). Il a été démontré dans Lyons and Pemantle [78] que,
(Xy) est transient si infyecpq790(¢) > 0, et récurrent si infycp 11 (t) < 0. Dans
le cas transient, (|X,|) est linéaire, et on a:

Théoréme 2.1.6 (Hammond [55]). Supposons que 1(0) > 0, inf,co1) 9 (t) >

0, et (Vi) © Py, avec 8 € [q1,q2] ou 1 < q1 < o, alors il existe une constante
~v > 0 explicite et une loi explicite non-dégénérée telle que conditionnellement
a la survie,

n~ 7| X,| converge en loi.

De plus, dans le cas récurrent, (|X,|) évolue plus lentement. Le cas
critique infycpo 1)1 (t) = 0 est beaucoup étudié, ol le comportement exact de
(|X,|) dépend de ¥'(1) et de k :=inf{t > 1:9(t) > 0}:

Théoréme 2.1.7 (Hu and Shi [57]). Supposons ¢(0) > 0, infyep171(t) =0

et Y'(1) =0, alors conditionnellement a la survie,

1
W|Xn| converge vers une loi explicite.
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Théoréme 2.1.8 (Aidékon and de Raphélis [7] pour (2.1.1)); de Raphélis [35]
pour (2.1.2)) et (2.1.3))). Supposons 1(0) > 0, inf,co110(t) = 0 et (1) <0,
et (V) a un second moment fini, alors il existe une constante explicite
C > 0 telle que en conditionnant a la survie,

loi

1

l o1 .
Cylogn 280 X | ) 2 1B, sik =2, (2.1.2)
NG

C o1 i
<—1_1 \thtJ\) 5 H, si k € (1,2), (2.1.3)
n- =

ou B est le mouvement brownien réel standard, et H est le processus de la
hauteur d’un processus de Lévy explicite.

On remarque que tous les résultats ci-dessus sont pour le cas surcritique
m > 1, ou arbre de Galton-Watson est infini avec une probabilité positive.
Dans les cas critique et sous-critique, on peut encore étudier les phénoménes
similaires conditionnellement a la survie, voir Ben Arous et Hammond [26]. 11
y a également une étude systématique sur le support de (X,,), voir Andreoletti
and Chen [12] et les références citées.

Il y a un cas particulier de marche biaisée ot 6 est déterministe: Si on
prend 6 = 0_jo5, alors la marche est appelée marche A-biaisée, si en plus
A =1, on I'appelle la marche simple. Pour les marches A-biaisées, il y a des
résultats plus fins concernant sa vitesse:

Théoréme 2.1.9 (Lyons, Pemantle and Peres [79]). Soit A\, := E[ug" '],
alors pour tout A € (A\.,m), conditionnellement a la survie, la vitesse de la

marche \-biaisée (X,,),

X
l)\ = lim M

n—oo N

existe presque stirement, et elle est une constante strictement positive.

Cette limite [ est explicitement calculée dans Aidékon [6], avec les cas
limite A — m et A < A, étudiés dans Ben Arous, Hu, Olla et Zeitouni [27]
et Ben Arous, Fribergh, Gantert et Hammond [25], respectivement. On a
également les théorémes de limite centrale, voir Peres and Zeitouni [83].

2.2 Temps de recouvrement

Dans le chapitre [3| on va étudier le temps de recouvrement pour 'arbre de
Galton-Watson par une marche A-biaisée. De fagon générale, pour un graphe
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G = (V, E) connexe fini et une marche aléatoire (X;) sur G, son temps de
recouvrement est défini par

TG X) =inf {t: {X;,0<s<t}=V}.

On remarque que la marche aléatoire (X;) peut étre en temps discret ou
continu, mais les deux cas sont similairs. En fait, la plupart des théorémes
ici sont valables pour les deux cas, et on peut facilement adapter la preuve
d’un cas pour lautre. Dans la suite, on considére le cas continu, (X;)iegr+,
qui saute entre les états en des temps exponentiels, pour la raison de com-
patibilité avec le théoréme de Ray-Knight que 'on va présenter plus tard.
Pour étudier le temps de recouvrement, une idée fondamentale est d’analyser

les temps locaux (L"(t)), définis par

t
Lu(t) ::/ 1{stu}d8, teRT.
0

Notre probléme peut alors étre décrit comme un probléme sur le minimum
des temps locaux,
T(G; X) = inf{t > 0: mi‘I/l L*(t) > 0}.
ue

Il est donc naturel d’étudier les corrélations des temps locaux pour les bornes
supérieure et inférieure du temps de recouvrement.

On prend d’abord le cas ot (X;) est une marche simple (& temps continu).
La premiére idée est de controler T°°" par le nombre de sommets #V = n,

Théoréme 2.2.1 (Feige [47], [48]). Soit G = (V, E) un graphe connexe
avec n sommets, et soit (X;) la marche simple (4 temps continu) issue d’un
sommet fixé sur G, alors quand n — oo,

(1 —o(1))nlogn < ET*"(G; X) < 4n®/27.

Les deux bornes de ce théoréme sont optimales, mais il y a un grand
écart entre eux. Donc la cardinalité #V = n est loin d’étre suffisante pour
décrire le comportement de 7°"(G; X). En fait, on peut facilement imag-
iner qu’une ligne droite avec n sommets se comporte trés différemment d’un
graphe complet de n sommets.

Pour 'améliorer, par exemple, on peut utiliser le temps d’atteinte:

Théoréme 2.2.2 (Matthews [81]). Soit G = (V, E) un graphe conneze avec
n sommets, et soit (X;) la marche simple (a temps continu) issue d’un som-
met fixé sur G, quand n — oo,

max min H(u,v)(log(#F) — 1) < ET*"(G; X) < max H(u,v)(1 + logn),

SCG u,weS u,WEG
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ot H(u,v) = E,7, + E,7, avec 7, = inf{t > 0: X; = u} le premier temps
d’atteinte de u.

Supposons que tous les temps d’atteinte sont du méme ordre, alors ce
théoréme donne ’échelle du temps de recouvrement a 7°°"(G; X) < H (u,v) logn.
L’étape suivante est de trouver une asymptotique plus précise. On introduit
alors le champ gaussien libre discret (DGFF) et les théorémes de Ray-Knight.

2.2.1 Graphes comme réseaux électriques

Avant de présenter le DGFF, on a besoin de quelques notions pour les marches
aléatoires générales. Voir Aldous and Fill [I1] pour une présentation com-
plete.

On va considérer un graphe G(V, FE) comme un réseau électrique, ou a
chaque aréte (u,v) € E est associée une résistance R, ,.

On peut choisir arbitrairement deux sommets uq,us € V, leur attribuer
les tensions V,,, = 1,V,, = 0, puis déterminer les tensions V, pour tous
les autres sommets u,v € V\{uy,us} et les courants I, , le long des arétes
(orientées) (u,v) € E, tels que:

e Loi de Kirchhoff:

Z [u,v = 07 Vu € V\{u17u2}'

veV

e Loi d’Ohm:
Vi — Vo = Ryplyy, Y(u,v) € E.

On peut alors définir les résistances effectives comme l'inverse du courant

total,
1

Euwul [ul U

De plus, ce réseau électrique est lié a la marche aléatoire avec probabilités

de transition P(u,v) proportionnelles a Ri -~

Proposition 2.2.3 (Aldous and Fill [11l Proposition 3.10]). Soit G = (V, E)
un graphe conneze fini avec la structure de réseau électrique, et soit (X;) la
marche aléatoire avec probabilités de transition P(u,v) (a temps continu).
On note par m la loi stationnaire pour (X;), alors il existe une constante
universelle C' > 0 telle que

Reﬂ”(ula UQ) =

T(wP, (1, < 7)) =
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ot 1, = inf{t > 0: X; = v}, et 7,7 = inf{t > 0: X} = u}.
A linverse, pour toutes les marches aléatoires réversibles, i.e. (X,,) avec
probabilités de transition (P(u,v)) et loi stationnaire w telles que

m(u)P(u,v) = (v)P(v,u), Yu ~v €V,

on peut construire un réseau €lectrique tel que les probabilités de transition

1

(P(u,v)) sont proportionnels a l'inverse des résistances 7 —.
u,v

On remarque que ce réseau électrique est unique & un facteur multipli-
catif prés. On peut définir un réseau électrique canonique avec C' = 1 dans
la proposition [2.2.3] De plus, on peut facilement vérifier que la marche sim-
ple, et plus généralement la marche aléatoire biaisée dans la section |[1.1.3| est
réversible, et on va utiliser leurs réseaux électriques (canoniques) correspon-
dants.

On remarque que, du point de vue des réseaux électriques, la résistance
(conductance) effective entre les points est un paramétre fondamental. Dans
notre cas, I’étude du temps de recouvrement ne nécessite que des résistances
entre deux points d'un arbre, c¢’est-a-dire la somme des résistances le long
du chemin entre eux. Un cas intéressant est la conductance effective entre la
racine et la génération n de I'arbre de Galton-Watson: pour cette direction,
une fagon standard est de considérer les arbres de Galton-Watson surcritiques
m > 1, et sur chaque aréte a la génération n on attache une conductance
distribuée indépendamment comme m™(. Alors la conductance effective C),
entre la racine et la génération n vérifie

Théoréme 2.2.4 (Chen, Hu et Lin [31]). Supposons que ¢ et la loi de re-
production i ont des moments finis: pour X ~ ( etY ~ p,

E[X? + X'+ Y" < o0,

alors conditionnellement a la survie, % converge en loi vers une mesure
n

explicite. De plus, il existe des constantes explicites cy, c1, co telles que

1 | 1 | 2
EjC,] = - _ 2 Ogn_c_o_w(M)'

an A& n?  An? n?

On peut également prendre la conductance sur chaque aréte sous la forme
d’une marche aléatoire branchante, dans ce cas, le comportement asympto-
tique est différent, voir Rousselin [87].
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2.2.2 Champ gaussien libre discret

Etant donné G = (V, E) et son réseau électrique, un champ gaussien libre
discret(DGFF) (1, )uev (enraciné en ug € V') est alors défini par un ensemble
de variables gaussiennes centrées indexées par les sommets de G, tel que

E(nu - 7]“/)2 = Reff(u7 U,), Ny = 0.

On remarque que son analogue continu est le champ gaussien libre (GFF)
sur R%, en attachant une loi gaussienne a chaque point de R?. Sur chaque
domaine borné, le GFF continu peut étre approché par le DGFF sur le
réseau (%Z)d. Le GFF est également liés a la gravité quantique, et il y a
des recherches approfondies sur ces sujets, voir Sznitman [91].

Ce qui nous intéresse particulierement est le théoréme de Ray-Knight
suivant qui couple le DGFF d’un graphe avec ses temps locaux, également
connu comme théoréme d’isomorphisme de Dynkin:

Théoréme 2.2.5 (Eisenbaum et al. [46]). Pour chaque graphe conneze fini
G = (V,E), soit (X;) la marche simple (& temps continu) sur G, et soit
(Nu)uev le DGFF sur G. Alors pour tout t € RY,

{L“(t)+ni:u€V}i{(nu—i—\/%)Q:ueV}.

Rappelons que le temps de recouvrement dépend du minimum des temps
locaux, ce théoréme, prouvé d’abord par Ding, Lee and Peres [39] et puis

amélioré par Zhai [93], transforme le probléme a 'étude des valeurs extrémes
du DGFF.

Théoréme 2.2.6 (Ding, Lee and Peres [39], Zhai [93]). Soit G = (V, E) un
graphe connexe fini, et soit (X;) la marche simple (a temps continu) issue
de ug € V.. On note par (n,) le DGFF épinglé a g, alors il existe ¢,C > 0
telles que, pour tout s > 0,

P (\T““’(G; X) = M*#E| > (\/EM + SR)#E) < Cee,

ot M = E(max,ecy 1), R = max, ey Reg(u, u').

Puisque ce théoréme donne le comportement au premier ordre du temps
de recouvrement pour tous les graphes, une estimation plus précise est at-
tendue, notamment par les graphes spécifiques. En fait, on considére I'arbre
comme un graphe suffisamment simple pour une telle étude, car le réseau
électrique basé sur un arbre est élémentaire: les résistances effectives ne sont
que les sommes de résistances le long des chemins. Par conséquent, les co-
variances pour le DGFF sont explicites, et le DGFF peut étre réduit a une
marche aléatoire branchante, en attribuant une variable aléatoire gaussienne
avec une variance égale a la résistance le long des arétes.
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2.2.3 Temps de recouvrement sur les arbres

A T'aide du DGFF, on peut alors caractériser explicitement les temps locaux
sur les arbres. Par exemple, pour la marche aléatoire simple, nous avons

Lemme 2.2.7 (Bai [I8, Lemma 2.3]). Soit s,t € RT. Si (X;) est la marche
simple (a temps continu), et G = (V, E) est un arbre, soit u,v € V tels que

v < u, alors
t 1
L“(t) ~ PG <—, —) ,
Jul " [ul

Ll =) ~po ()

Jul = vl [u] = [v|

ot PG(a, b) désigne la loi de Zil E;, P et E; sont indépendantes telles que
P ~ Poisson(a) est une loi de Poisson de paramétre a, et E; ~ Exp(b) est
une lot exponentielle de parametre b.

Par une méthode du second moment des temps locaux, Ding and Zeitouni
[40] ont donné un estimation d’ordre O((loglogn)®) pour la marche simple
sur un arbre binaire, puis ce résultat est amélioré jusqu’a O(1) par Belius,
Rosen and Zeitouni [23] avec un argument basé sur I’estimation du processus
de Bessel. De plus, une convergence en loi a été établie indépendamment par
Cortines, Louidor et Saglietti [32] et par Dembo, Rosen et Zeitouni [37],

Théoréme 2.2.8 (Cortines, Louidor et Saglietti [32], Dembo, Rosen et
Zeitouni [37]). Soit T le temps de recouvrement des n premiers généra-
tions d’un arbre binaire complet par la marche simple a temps continu, alors
quand n — 00,

IP’< L —nlog2+logn§s):]EeXp(—CZes),

on+lpy
pour une constante C > 0 et une loi Z explicites.

Cette convergence est basée sur, en regardant les corrélations des temps
locaux, 'observation suivante: en temps proche du temps de recouvrement,
les sommets pas encore visités forment des clusters presque indépendants.

Notre résultat généralise cette estimation aux arbres de Galton-Watson
et aux marches biaisées,

Théoréme 2.2.9 (Bai [18]). Soit T le temps de recouvrement des n pre-
mieres générations de 'arbre de Galton-Watson T par la marche \-biaisée a
temps continu. Supposons A > 1,EZ; > 1,Var(Z;) < co. Soit Py, la loi de
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la marche A-biaisée. Alors pour P,-presque sirement chaque T', tout x € R
et n — oo, quand X\ > m,
T) —e ¢

)\_1TCO’U
PW<< )T

R

—nlogm —loglW <=z

quand A = m,

(m — )T ) Jp—
PW( L —nlogm —logW < z|T | > e ¢
2m Yoo Zi
quand 1 < X\ < m,
p (G -DA-DTF log W < z|T e
w STV T —nlogm —logW <z —e

La preuve est principalement inspirée par [32], reposant sur une vari-
ante de l'observation déja mentionnée ci-dessus: pour la marche aléatoire
A-biaisée, en temps proche du temps de recouvrement, les sommets restants
sont presque indépendants. On établit cette observation par une estimation
précise des temps locaux, et la preuve compléte est donnée dans le chapitre
31

Le méme probléme de temps de recouvrement pour les marches biaisées
aléatoirement sur les arbres de Galton-Watson est ouvert. En effet, sur I’arbre
de Galton-Watson, il y a de courtes branches sur arbre T,, (7" coupées a la
hauteur n) qui s’éteignent aux générations 1 & n — 1. Elles sont négligeables
pour la marche A-biaisée, car les visiter est beaucoup plus facile que de visiter
les nceuds de la génération n. Cependant, cela n’est plus vrai pour la marche
a biais aléatoire.

2.3 Capacité d’image

Dans les chapitres [4] et 5, on va étudier la capacité d’une marche aléatoire
branchante. Pour une marche aléatoire discréte (X,,) dans Z%, sa image est
défini par

Rls,t] .= { X, Xsy1, -+, X4}, s < t.

De plus, si d > 3, on peut définir sa capacité (d’image) par rapport a une loi
symétrique 7 sur Z¢ comme

cap,A = Z PI(14 = o0),

T€EA
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ot P? est la loi d’'une marche aléatoire (.S,) issue de x avec probabilités de
transition 7, et 7§ := inf{n > 1: 5, € A} est son temps de retour a A.
On remarque que la version continue pour I'image # R[0, n| est la mesure de
Lebesgue, et celle pour la capacité est la capacité brownienne définie (dans
Mérters et Peres [82], Definition 8.17]) comme suit: pour tous les ensembles
boréliens bornés F' C R (d > 3),

-1
cap(F) := (inf{// G(z,y)v(dz)v(dy): v est une mesure probabilité sur F}) :

ot G(x,y) = |z —y|*~%, ou plus généralement tout noyau de forme G(z,y) =
Clz — y|~*. En fait, il existe une maniére équivalente de définir la capacité,

cap, A = Cy, lim |2|*2P7 (14 < 00),

|z[—

ou l'inverse du facteur, (C’d,n\a:]d_Q)fl, est ’espérance qu’'une n-marche issue
de z visite 0. La méme définition fonctionne pour le cas continu, en changeant
la marche aléatoire discréte 1 en mouvement brownien.

L’image d'une marche aléatoire classique a été largement étudié depuis
Dvoretzky et Erdds [43], on présente ici son comportement asymptotique
pour la marche simple. Pour les résultats plus avancés, voir Asselah et
Schapira [14].

Théoréme 2.3.1 (Dvoretzky et Erdés [43]). Soit (X,,) une marche simple
dans 7. Quand n — oo,

std >3,
%#R[O,n] — Po(1g" = 00), presque siirement;
sid=2,
logn#R[O,n] — 7, presque strement;
sid=1,

1 loi .
—=#R[0,n] — sup B, — ogtlé By,

vn 0<t<1

ot (By) est un mouvement brownien réel standard.

Des résultats similaires pour la capacité remontent a Jain et Orey [58],
avec ses raffinements aux théoremes de limite centrale dans la série d’articles
par Asselah, Schapira et Sousi [I5], [16], [88]. L’é¢tude de la capacité est
récemment motivée par ses liens avec les entrelacements aléatoires. Le modéle
de les entrelacements aléatoires a été introduit par Sznitman [90], motivé par



CHAPTER 2. INTRODUCTION (EN FRANCAIS) 45

les études des traces des marches simples. Les probabilités d’intersection
et la théorie du potentiel émergent alors naturellement dans son étude, qui
demandent des estimations trés précises de la capacité, voir Drewitz, Rath
et Sapozhnikov [41].

Théoréme 2.3.2 (Jain et Orey [58] pour (2.3.4) et (2.3.5)), Chang [30] pour
[2.3.6). Soit (X,) une marche simple dans 72, et soit n la loi de X; — X,
alors quand n — oo, si d > 5, il existe une constante cq > 0 telle que

1
—cap, R[0,n] = cq4, presque siirement; (2.3.4)
n
sid=4,
1 2
Ogncaan[O,n] — %, presque stirement; (2.3.5)
std=3,
1 loi 1
%caan[O, TL] — ﬁcapBM(B[O, 1]), (236)

ot (By) ici est un mouvement brownien standard dans R3.

Théoréme 2.3.3 (Asselah, Schapira et Sousi [I5] pour (2.3.7)), [I6] pour

(2.3.9), Schapira [88] pour (2.3.8))). Sous les méme hypotheses que le théoréme
il existe une constante Cy > 0 telle que si d > 6,

Cap'qR[07 TL] - Ecaan[O, TL] loi
; 2.3.
NG — N(0, Cy); (2.3.7)

sid=2>5,
Caan[()? n] - Ecaan[()? n] loi

N % N(0,Cy); (2.3.8)

st d =4, il existe une loi explicite 7y telle que

(logn)?

(cap, R[0,n] — Ecap, R[0,n]) L . (2.3.9)

De plus, on peut voir la marche aléatoire branchante critique (condi-
tionnellement a la survie) comme une généralisation d’une marche aléatoire
classique, En numérotant la marche aléatoire branchante par l'ordre lexi-
cographique, on a des résultats sur 'image,

Théoréme 2.3.4 (Le Gall et Lin [73] pour (2.3.10)), [72] pour (2.3.11)); Zhu
[94] pour (2.3.12))). Soit P,y la loi d’une marche aléatoire branchante, ot p

est critique avec second moment fini, et 0 est symétrique, irréductible avec
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support fini. Soit (X;) le suite lexicographique de la marche branchante sous
P,o(-|#T =n). Quand n — oo, sid > 5, il existe ¢, 9 > 0 telle que

1
~RI[0,n L o (2.3.10)
std=4,
1
Oi”R[o, n] 2 820t (2.3.11)

ot 0% = (det M,)'/*, avec n le matrice de covariance de 1;
std <3,
n~Y4R[0, n) N 244 (det My)*?\g(supp Z), (2.3.12)

ol \g est la mesure de Lebesque, et I est la mesure sur R? connue comme
lexcursion intégrée du super-mouvement brownien.

En généralisant les méthodes et les estimations dans [73], on a réussi
a obtenir les asymptotiques pour la capacité d’'une marche aléatoire bran-
chante,

Théoréme 2.3.5 (Bai et Wan [2I] pour (2.3.13)) et (2.3.14)); Bai et Hu [19]
for (2.3.15)). Soit P, g la loi d’'une marche branchante, ot p est critique avec
variance finie, et 0 est symétrique, irréductible a moment exponentiel fini.
Soit n une loi irréductible avec espérance 0 et (d + 1)-éme moment fini. Soit
(Xt) la suite lezicographique de la marche branchante sous P, g(- | #1T = 00).
Quand n — oo, si.d > 7, il existe ¢, 9, > 0 telle que

1
Ecaan[O,n] @ Cudm: (2.3.13)

st d="6 ety aun 5-eme moment fini, il existe c, 9, > 0 telle que

logn

cap, [0, n] @, Cubm (2.3.14)

si3 < d <5, pour tout € > 0, P,g(- | #1 = 00)-presque sirement,

cap, R[0,n] = n~@"2/4Ho) 1 5 o0, (2.3.15)
Remarque 2.3.6. Ce théoréeme est formulé avec 'arbre de Galton-Watson
conditionnellement a la survie pour la cohérence dans toutes les dimen-
sions. Le modéle peut étre remplacé par la forét de Galton-Watson ou un
Galton-Watson conditionnellement & étre grand, avec des ajustements dans la
preuve (voir par exemple lemme . Pour faciliter la démonstration, dans
chapitres [4] et [, on va utiliser 'arbre de Galton-Watson conditionnellement
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a étre grand et la forét de Galton-Watson, respectivement. En particulier,
comme on le montrera dans lemme n sous-arbres dans une forét de
Galton-Watson contiennent généralement ©(n?) sommets, donc sa capacité
est comparable avec R[0,n?] au lieu de R[0,n].

On peut observer des structures similaires pour les quatre théorémes ci-
dessus, a savoir qu’il existe une dimension critique avec un comportement
)
O(@), et on a une croissance linéaire dans les grandes dimensions et une
fluctuation dans les petites dimensions. L’intuition derriére cela sera ex-
pliquée dans les sous-sections suivantes, en se concentrant sur la capacité des
marches aléatoires branchantes.

2.3.1 Grandes dimensions et modéle infini

Examinons d’abord la capacité de la marche simple. La propriété sous-additif
suivante est facilement établie par définition,

cap, [0, n] < cap, R[0,n/2] + cap, R[n/2,n|.

De plus, la marche aléatoire simple a clairement la propriété d’invariance par
translation suivante, par laquelle on peut déduire son ergodicité

R[s,t] — X, £ R[0,t — 5], Vs < t. (2.3.16)

On peut donc conclure par le théoréme ergodique sousadditif de Kingman
que

1
lim —cap, R[0, 7]

n—oo M,

existe presque stirement et dans L', et est égale & une constante. Par con-
séquent, on peut facilement montrer la croissance linéaire en grandes dimen-
sions par une borne inférieure de son espérance.

Pour les marches aléatoires branchantes, le probléme se réduit a trouver
un modele avec des propriétés d’invariance similaires a , d’ott le mod-
éle suivant, qui peut étre vu comme la version infinie de Aldous [§, Section
2.6], ou encore une généralisation de Le Gall et Lin |73 Section 2.2|.

On définit une forét a deux cotés comme une suite d’arbres avec étiquettes,

T = ((077(-))7 (177-1)7 (177:1)v (2575)7 (2v7:2) e )7

ou les racines (+i,@) de 7; et T_; (i > 0) sont identifiées (collées ensemble)
comme un seul point. La loi de reproduction k. (7T), déplacement d; . (7T)
et position spatiale d’un sommet V{;,y(7) sont notés comme pour les ar-
bres classiques. Les racines (£i, @) ont les lois de reproduction notées par

ki@)(T).
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o<1 To

Sur I’ensemble des foréts a deux cotés, on note par P,y la mesure de
probabilité suivante comme une variante de celle d'une marche aléatoire bran-
chante P, 4:

e Pour chaque ¢ > 0,u # 9,

1.3.d.
ke (T) "~ p,

k0,00 (T)~ 1,
et pour les autres neeuds (i, @) (i > 0),

Po(k o) (T) =i ki o (T) = j) = p(i+ 5+ 1).

e Les déplacements d; ,)(7) sont i.i.d. et distribués comme 6 sur chaque
aréte dirigée, issue de V{g z)(T) = 0.

On remarque que si on restreint p a la loi géométrique, et oublie les
branches & chaque instant, ne laissant que des informations sur I’historique
d’un site a I'infini, le modéle obtenu est un serpent discret. Son modéle limite
est appelé un serpent brownien, qui a été introduit par Le Gall [70], avec des
propriétés et applications tres intéressantes en relation avec des équations
aux dérivées partielles semi-linéaires (voir Le Gall [75] et [71]).

On va expliquer dans le chapitre |4 que ce modéle présente une explication
combinatoire, conséquence de sa propriété d’invariance,

Proposition 2.3.7 (Bai and Wan [21, Proposition 2.2|). Soit p une loi
critique sur N avec second moment fini, et soit 0 une loi symétrique et 1rré-
ductible sur Z¢ avec moments exponentiels fini. Alors

Rls,t] — X < R[0,t — 5] sous P, 9, Vs < t.
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De plus, en montrant que P, est absolument continue par rapport aux
marches aléatoires branchantes classiques, on a une croissance linéaire de la
capacité en grandes dimensions.

2.3.2 Dimension critique et petits dimensions

L’étude de la dimension critique nécessite des estimations plus précises. Pour
commencer, on définit la fonction de Green discréte par rapport a une loi
aléatoire 7

Gy(z,y) = Gylz —y) =Y PUS,=z—y).

Et on a

Lemme 2.3.8 (Lawler [68, Théoréme 4.3.5]). Soit n une loi apériodique et
irréductible sur Z%(d > 3) d’espérance nulle, matrice de covariance T, et
(d+ 1)-éme moment fini. On a

Od,n

Gy(z) = W

+0(|z'™),

ol 4
()

C ,
W7 (d = 2)m/2, fdet T,

I'(-) est la fonction Gamma, et

Jp(z) = \Jz - Tt

De plus, inspiré par Lawler [67, Théoréme 3.6.1], le lemme suivant nous
permet d’établir une relation entre la capacité et les fonctions de Green,

Lemme 2.3.9 (Bai and Hu [19]). Pour d > 3 et toute suite (X, )nez € Z%

vérifiant (1.3.16)), on a

1
n+1

ZE 1{X0€{X1,"',Xn—i}}PnXO(T?Xfi,...,Xnﬂ-} = OO) . Z GU(X07Xj) = 1.
1=0

j=—i

En analysant les fonctions de Green, on peut montrer qu’en dimension
d =6, la somme > """ G, (Xo, X;) pour la forét & deux cotés est concentrée
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autour de C'logn, avec une faible dépendance du parameétre i, donc ce lemme
nous permet de déduire que

Emgcaan[O, n} = ZE[1{X1¢{Xi+1v”'7X"}}P7)7(i(7_~’:’—Xo,---,Xn} = OO)}

=0

= ZEH’Q |:1{X0§5{X17'“»ani}}PnXo(TE_X,i,...,Xnﬂ-} = OO)i|
=0

n

~

" logn’

Une estimation sur le second moment avec des méthodes similaires montre
que la capacité est concentrée autour de sa valeur attendue, et on transfére
la forét de deux cotés aux marches aléatoires branchantes classiques par un
argument de 1’absolue continuité entre ces deux lois.

Pour les petites dimensions, une méthode différente est nécessaire pour
montrer que le cadre discret converge vers son analogue continu comme dans
les théorémes a [2.3.4] En fait, pour la marche simple, il existe un
couplage avec le mouvement brownien tel que, pour chaque € > 0, il existe
v > 0 telle que (voir par exemple Lawler [66, Lemme 3.1|)

P(max | X |as) — Bs| > nl/‘““) <e
0<s<n

et pour I'image de marches aléatoires branchantes, la convergence est établie
a travers des temps locaux.

Dans cette partie, on n’a obtenu que ’ordre de la capacité dans le théoréme
[2.3.5] en utilisant les estimations des fonctions de Green et les inégalités
dérivées de lemmes comme le lemme 2.3.9

2.4 Marches aléatoires branchantes condition-
nellement & une survie rare

Dans la chapitre [0] on considére I'étendue de la derniére génération d’une
marche aléatoire branchante conditionnellement a une survie rare. Consid-
érons une marche aléatoire branchante (V,,),er on R, conditionnellement a la
survie au génération n, on peut alors classer par ordre croissant les déplace-
ments spatiaux (V,)juj=n,

v <. <y,



CHAPTER 2. INTRODUCTION (EN FRANCAIS) o1

ou Z, est la population de génération n. On étudie alors son étendue

R, = V%) —y )

n

et les écarts successifs
g =V v <<z, 1.

Le comportement de (Vu)M:n conditionnellement & la survie a été bien
étudié, comme nous l’avons introduit dans le théoréme Dans notre cas,
on étudie le comportement conditionnellement & "une survie rare", {Z,, = k},
pour une constante k > 2. Ce probléme est principalement motivé par [85],
[86], ot Ramola, Majumdar et Schehr considérent 1'étendue R, et les écarts
(¢°) pour le mouvement brownien branchant par une méthode d’EDP. On
I’étend aux marches branchantes générales,

Théoréme 2.4.1 (Bai et Rousselin [20]). Soit k > 2, et soit 1 <i <k — 1.
Considérons une marche aléatoire branchante P, g, ot p a une variance finie,
et 0 a des moments exponentiels finis. Alors il existe des constantes explicites
C1,Cs,C3 > 0 telles que, quand r — oo,

im A A (C1 +o(1))z72, Elu] =1,
T Pg(R, > x| Z, = k) {exp(_(cﬁo(l))x)’ oy
im ol —py = (GG to)z® Elu] =1,
i Pro(gh > 2|70 = ) {exp<_<cg+0<1>>x>, B =1

On remarque que pour 'arbre de Galton-Watson critique conditionnelle-
ment & la survie, typiquement Z, = O(n), voir Curien et Le Gall [34] pour
une étude détaillée. De plus, pour le cas grand, Z, > n, voir Abraham,
Bouaziz et Delmas [2]. Pour les arbres de Galton-Watson surcritiques, typ-
iquement Z,, = ©(m"), voir Berestycki et al. [28] pour des discussions sur le
cas Z, < em”.

2.4.1 L’opération de tailler et couper sur ’arbre

Pour étudier ce probléme, on définit d’abord les opérations de tailler et couper
sur les arbres:

e Pour chaque arbre 7', on construit ’arbre taillé a la hauteur n par
pru, (T):={ueT:JveT,|v|=nu=< v}

Par convention, si Z,(T") = 0, on prend pru,(7) = {@}.
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T pru(7T) cut(pru(T))

e De plus, on définit 'opération de couper par

ou(T) = N\ w ha(T) = n—|6(T)], cutn(T) = T[gn(T)].

|u|=n,ueT
ou par convention, ¢,(T) = @ if Z,(T) = 0.

Ces opérations s’étendent naturellement aux marches aléatoires branchantes.
De plus, par construction, on a

R, (T) = Ru(pru,T) = Ri(cut,pru, ) (Cutnpru,T),

et la méme chose s’applique aux écarts successifs. En d’autres termes, les
études de R, et g de T sous P, ¢ se réduisent a celles de I’arbre cut,pru, T
sous P,g(-| Z, = k).

On remarque que la structure cut,pru, T conditionnée a la survie con-
verge vers I'arbre de Yule, voir Curien et Le Gall [34].

2.4.2 Ratio theorem

Comme indiqué dans la sous-section précédente, notre principal objectif est
d’étudier la structure généalogique de cut, pru,T". Le composant clé est alors
le ratio theorem, qui fournit des probabilités de transition pour la chaine de
Markov (Z,):

Proposition 2.4.2 (Athreya et Ney [I7, Section 1.7-1.11]). Soit p une loi
de reproduction telle que

1(0), (1) >0, (0) + p(1) < 1, EZ; < 0.

Soit P,(i,7) la probabilité de transition P,(Zyin = j|Zy = i) pour k assez
grand.
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1. Pour chaque j > 1, il existe une suite (m;) telle que

. Pu(1,7)
1
w00 Po(1,1)

/‘ Ty € <07 OO)J
ou  signifie que la limite est croissante.
2. Pour chaquet € Z, i,j5,k,1 > 1,

lim Pn+t<i7j) _t Z—kzﬂ

e Pk ) T kmy

ot q est la probabilité d’extinction, f est la fonction génératrice, et
v=f"(9).

3. SiEZ, = 1,0? :=VarZ, < oo, alors pour chaque i,7 > 1,

20T
lim n*P,(i,j) = — :
n—o0 a2y sy me(p(0))F

4. SiEZy # 1, EZylog Z1 < o0, alors pour chaque 1,7 > 1,

lim v "B, (i, ) = ig" vy,

n—oo
ot (vj) est déterminé par Q(s) = Z;io v;$7,0 < s < 1, avec Q la
solution unique de

Q(f(s)) =1Q(s)(0 < s < 1), Qg) =0, lim Q'(s) = 1.

S—q

Compte tenu de ces propriétés généalogiques, on peut montrer que sous
P,-|Z, = k), larbre cut,pru,T" a sa premiére branche Z; = 2 avec une
probabilité 1—o(1), et qu’il n’a pas d’autres branches jusqu’a ce qu’il s’approche
de la derniére génération de 'arbre. De plus, on en déduit que la loi de
cut,pru,l’ converge quand n — 0o, et on peut obtenir des propriétés spa-
tiales en se basant sur ces observations.



Chapter 3

Cover time of \-biased walks

This chapter is based on [18].

3.1 Introduction

3.1.1 The model
A planar tree T is a subset of U,>oN| such that

e The root & is in T, where by convention, N} = {&}.

e For every vertex x = (xy1,--- ,z,) € T, its parent
T = (21, ,2p1) € T.

e There exists an integer v,(T) > 0 representing the number of children
of x, i.e., for every j € N,

(1, ,@n,j) € T if and only if 1 < j < 1,(T).

For x € T, denote by |z| = n its height. For two vertices z,y € T, write
x =< y if z is on the simple path from & to y. Denote by z = x Ay the common
ancestor, i.e. the vertex with maximum height |z| such that z < z,y. Denote
the tree T chopped at height n by T,, = {z € T, |z| < n} (in T,, v, =0 if
|z| = n), and the population in generation n by Z, = Y .1 1{jz|=n}- Denote
the subtree of T rooted at = by T* = {y € T,z < y}, and the population in
the n-th generation of T* by Z; = >~ _p. 1{jy|=n. For convenience of further

usage (local time related calculations), an artificial root D with height —1
is added to be the parent of .

o4
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For any fixed probability distribution p = (i, )nen, the Galton-Watson
tree with offspring distribution p is a measure Pgw on the set of planar
trees, such that all the vertices have children distributed identically and
independently as p, i.e.

iid —
Vp ~ 1,V # .
The expectation under this probability measure is denoted by Eqw.

Let m = > 7, ip; denote the average number of children for a vertex
(except %), then there is a standard result on Galton-Watson trees which
states that, if m > 1 (so-called supercritical), then the tree extends to infinity
with a positive probability. In other words, denote by S the event that a
Galton-Watson tree survives, {T : Z,(T) > 0,¥n > 0}, then Pgw(S) > 0
for m > 1. To study the asymptotic behavior of the cover time, we study the
first n generations of a supercritical Galton-Watson tree under the conditional
probability measure Pgw(-|S).

By the Kesten-Stigum theorem (cf. [62]), (£2),>0 is a martingale, and
that it converges to a nontrivial limit Pgw/(+|S)-almost surely,

.y
W .= nh—{{olow € (0, 00), (3.1.1)
when Eqw(Z1log Z1) = >, klog kg < oo,
Given a surviving tree T and fix n > 0, let (X, (¢)):
time Markov jump process on T, starting at X,(0) =
probabilities p(&, &) = 1,

o be a continuous

Ofp

, with transition

A | |
p(z,T) = o bl = Vre T \B)1<i<u,.

The probability measure for this random walk is denoted by Py(:|T,), and
its corresponding expectation by Ey(-|T,). In fact, it is more natural to call
the discrete walk A-biased random walk, and the results for both settings are

the same, see Remark (1).

We shall work under the following hypotheses denoted by (H),

A>1,m>1,> Ky < oc.

k>0

Conventions:

1. The probability of a generic law independent of the constructions above
is denoted by P, with its expectation E.
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2. When an integer index is needed in the presence of a real value, we
mean its integral part, for instance, we write Ziog, for Zjogn)-

3. We write [ < g, if there exists a constant C' > 0 such that f < Cly.
This constant may depend on parameters m and .

4. All the O(-), o(+) notations are under the limit n — oo.

5. For convenience of the readers, notations used throughout this chapter
are gathered here:

[Antl — 1 ) " Z;
Op = ﬁ? tﬁzan(loan—i—,u), Sn:;y

3.1.2 Main results

The goal in this chapter is to estimate the cover time defined by
T5°(T) = inf {t : {X,(s),0<s <t} =T,}.

The main result is

Theorem 3.1.1. Under (H), for Paw(+|S)-almost surely any tree T, with
xr € R and n — oo, when A > m,
Tn> —~ e

Pw( (- )Ty
2 \n+1 200 Zi

i=0 N

—nlogm —logW <z

when X\ = m,

(m —1)Tcv e
P (2m”+1 SioZi nlogm —logW < 2Ty, | =™
when 1 < XA <m,
P, (3 DA -1TF nlogm — log W < 2T, ) = e=""
2Wmntl =

Remark 3.1.2. 1. The the same result holds for the discrete time random
walk with the same transition probabilities, since (X, (t))o<i<s, takes
to + O(v/to) steps, and the error is negligible for the cover time.

2. In fact, the conditions in Lemma are the only requirements for T.
Therefore, the result applies to other (random) trees satisfying these
conditions, not necessarily the Galton-Watson trees.
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3. The A-biased case agrees with the case of the simple random walk (cf.
eg. [37]) in first order in the number of excursions (round trips from

) performed, for details see Remark

4. If one define the random walk on T instead of T, the relation of A
and m discussed in Theorem [3.1.1] correspond to whether the walk is
transient, positive recurrent, or null recurrent.

3.1.3 Related works

The cover time of a finite graph (by the simple random walk), T°"(G), is
a fundamental object for a finite graph G = (V, E) (Section 2, Lovész [77]).
For a simple graph G with #V = n, a tight bound for its cover time was
given in Feige [47], [48]

(1 —o(1))nlogn < T°(G) < 4n*/27.
Bounds using hitting time were given in Matthews [81],

in H 1 E)—1)< T < H 1+1
max min H(u, v)(log(#FE) — 1) < T**(G) < max H(u,v)(1 +logn),
where H(u,v) is the expected time that the walk takes from u to v.
Up to the first order approximation, a general bound with Discrete Gaus-

sian Free Field (DGFF) was given in Ding, Lee and Peres [39], then improved
in Zhai [93],

P (\TCO”(G) — #EM?| > #E(VsRM + sR)) < O,

where M = E(max,ey 1;), R = max, yey Rer(2,y), (Nz)zev is @ DGFF on G
(centered Gaussian variables such that Cov(n,,n,) = Rex(x,v)), and Reg is
the effective resistance (cf. [I1], consider each edge as a wire of electrical re-
sistance 1, and take effective resistance in the physics sense, following Ohm’s
law).

Sharper results can be obtained if one restricts to trees. The first order
estimate for the cover time of an m-ary trees was obtained in Aldous [10],

n+1

T = (2 + o(1))n? 2 - logm.

It is showed in Andreoletti and Debs [13] that, the first R, = (y+o(1)) logn
generations are covered in n steps, by a recurrent Markovian random walk
on the Galton-Watson tree, where ~ is an explicit constant.



CHAPTER 3. COVER TIME OF \-BIASED WALKS 28

The case of simple random walk on binary trees received extensive studies
recently, originally as a counterexample showing that at second order, the
cover time is no longer determined by the DGFF (cf. [40]). Second order
asymptotics with error O(loglog®n) were given in Ding and Zeitouni [40],
then refined to O(1) in Belius, Rosen and Zeitouni [23], and a scaling limit
was established independently by Cortines, Louidor and Saglietti [32] and
Dembo, Rosen and Zeitouni [37],

TﬁO’U .
P <2n+1n —nlog2+logn < 3) = Eexp (—CZe ) ,

for some explicit constant C' and distribution Z.

In the studies of the cover time, the continuous counterpart for trees is
the two-dimensional torus. The first order estimate of its cover time was
determined by Dembo, Peres, Rosen and Zeitouni [36], then the result was
improved in Ding [38|, Belius and Kistler [22], Abe [1], and most recently
studied by Belius, Rosen and Zeitouni [24] to the extent that

1
I}im lim sup P (‘ Teov(S2) — 2v/2 <log el — 1 log log e_1>

—00 0

>K):0,

where T?(5?) is the time for the walk to intersect every ball of radius € on
the 2-dimensional sphere.

3.1.4 Proof outline

The cover time is determined by the excursion time and local times defined
as follows.

Definition 3.1.3. Let T be an infinite tree, and let (X, (t))i>0 be a random
walk on T,,.

1. The excursion time is denoted by

Teov

2. To establish the relation between t°° and T , let

7,,(t) = inf {r >0: / Lix, (s)=5ds 2 t} .
0 n



CHAPTER 3. COVER TIME OF \-BIASED WALKS 29

3. The (normalized) local time at x € Tn\{%} is

1 Tn(t)
Lfl(t) = /0 1{Xn(s):a:}d37

()
where the normalization factor

Aty

<
= S r e T\{B),

()

is the stationary distribution of the A-biased walk scaled at Wn(%) =1.

Intuitively, the walk (X,,(¢)) can b(e_ seen as independent samples of ran-
dom walks that starts and ends at @&. Each of these trials is called an
excursion. Then ¢°” is the number of excursions performed to cover the tree
T,, 7.(t) is the actual time spent in ¢ excursions, and L¥(¢) encodes the
status of z in ¢t excursions. From these definitions, we have

r(15) ST < lim 7 (157 + )

Ta(t) = ) malz)Li(1).

IGTn

(3.1.2)

In fact, it is not hard to determine L} (Lemma and 7, (Lemma
, and the main part of the proof is to estimate ¢;°". The key observation
is that, when the tree is almost covered (at the first order estimate of the cover
time), the non-visited vertices can be seen as independent. (This is inspired
by the extremal landscape structure in [32], see Remark (1) for details.)
The scaling limit of the cover time is then established by characterizing the
process afterwards.

This chapter is organized as follows. In Section [3.2] we give the regularity
conditions on trees and determine the distribution of local times L¥. In
Section [3.3 we establish the scaling limit for ¢2°’. And in Section [3.4] we
estimate T by studying 7,, and finish the proof of Theorem [3.1.1]
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3.2 Preliminaries

3.2.1 The trees

Lemma 3.2.1. Let c,e > 0. Under (H), for Pow(:|S)-almost surely any
tree T, when n is large enough,

> Zi < Zn, (3.2.3)
=0
| Z, — m"W| < m"?logn, (3.2.4)
Y (Zy < (3.2.5)

|z|=n—clogn

Proof. By (3.1.1), Pow(+|S)-almost surely, W € (0,00). Therefore, there
exists a constant C' > 1 (depending on T') such that for all n > 0,

1
5Wm" < Z, < CWm".
(There are only finitely many n violating this relation with C' = 2, take the
maximum constant among these n.) One can then deduce ({3.2.3]).
Moreover, by Theorem 2, [56]: Pgw(-|S)-almost surely,

! Ly —m""W 2Varp
imsup | ————| = ,
n_mp VZylogn m? —m

where we recall that p is the offspring distribution of Pqw.
Therefore one can take n large enough such that

| Zy — m"W| < \/Zylogn < /OCWmnlogn,
and (3.2.4) follows.

By standard calculations,
m" —1
1—1Varu < m*,

n—

EGWZn = m”, Vargw(Zn) =m
therefore, for n large enough,

< EGW(Z\@|:n—clogn(Zz)2 |S)

mlt+en

Pow Z (Z5)? > mi*ms

|x|=n—clogn

EGW(Zn—clog n)m2610gn

m+en

en

m 2,

/AN YA
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and (3.2.5) follows from the union bound,

Pow (In>N, > (Z22>mMms| <> m 7 =,

|z|=n—clogn n>N

Z%)? is monotone increasing in r, therefore, the

We remark that >, (Z;
event (13.2.5)) is decreasing in r, and once it is valid for clogn, it is valid for
all 0 < r < clogn simultaneously. O

3.2.2 The local times
Definition 3.2.2. Let T be a tree.

1. The effective resistance (for the A-biased walk) between x,y € T is

z
Reg(z,y) = E A
(,%)
on the simple path
from x toy

2. The effective resistance between & and any vertex at generation n s

abbreviated as .
2 P\ Ce—

oA —1

g

3. Fora,b >0, let PG(a, b) be the distribution of 253:1 E;, where P and E;
are independent random variables such that P ~ Poisson(a) has Pois-
son distribution of expected value a, and E; ~ Exp(b) has exponential
distribution of expected value %

The following lemma characterizes local times.

Lemma 3.2.3. On any infinite tree T, let z,y € T, such that y < z (i.e. y
is a strict ancestor of x), let s,t > 0. Then under Py (-|T,),

i t 1
Ln(t) ~ PG <0_27 0__2> )

lz| ||

(Li(t)lL%(t)ZS)NPG< 5 : 5 2 : )
Tle) = Tyl @

2
-0
|| [yl
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Proof. By the memoryless property of the exponential distribution (if X ~
Exp(1), th(e_n (X —c|X >¢) < X), L¥(t) is only affected by local times on the
ray from & to x, independent of movements on other branches or offspring
of z.

By knowledge of reversible Markov chains (cf. eg. (3.24), p.69, [11], it
can be easily checked that R.g defined in Definition do correspond to
that of a reversible Markov chain, since there is only one simple path between
two vertices),

Reﬂ(x,y) = W(x)Px(Ty < T;|Tn)7
where P, is the A\-biased walk starting at x, 7, is the first hitting times of
y, ie. 7, = inf{t > 0, X,,(t) = y}, and 7 is the first returning time to z,

F=1inf{t > 0, X,,(t) = z, X,,(s) £ z,0 < s < t}. In particular,
1

P. < 7T, = 5.

(15 <7, |Ts) (@)

Up to excursion time ¢, there are Poisson(t) departures from %, and by
the equation above, each trip hits  independently with probability U%, thus
izl

there are Poisson ( ! ) arrivals on . Upon arrival at x, the walk returns

o
|z

to @ in exponential time, with rate P,(rs < 7,/|T,) = ———=—. Therefore,

O"I‘Wn(m)

Y
%ol Fja ™ (@)

the total time spent at x has distribution PG (% 2;) Recall that

local times are normalized by %, and the result follows.
Conditioned at LY(t), the proof is similar. (Only to notice that the local
times at both x,y are normalized.) ]

Lemma 3.2.4. Let a,b > 0, let X ~ PG(a,b).

1. The PG distribution has basic properties

2a

bX ~ PG(a, 1), E(X) = 7, Var(X) = 3.

3 P(X =0)=e¢"

2. If a > b, then
P(X < 1) < 2Vebob,
Proof. (1) is clear by definition. For (2), by Chernoff bounds, for any 6 > 0,
PIX<1)=P(e™ >e”)

- a” AN 0
<e Ze’“H (1 + 5) = e/,
k=0
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and the result follows by choosing 8 = v/ab — b. m

3.2.3 Ray-Knight Theorem

Definition 3.2.5. A Discrete Gaussian Free Field (DGFF) on a tree T is a
family of random variables (1,)zer such that ng =0, (n.),,& are centered
Gaussian variables with (both the effective resistance and the DGFF can be

defined up to any scale, the factor % is taken in accordance to [32])

1
E(n, —n,)* = 5 Rert (2, 9).

Remark 3.2.6. Since we have explicit relative resistances, if we attach an
independent Gaussian variable N, ~ N (O, %) at each vertex y € T\{%},
and let n, = Eyjm Ny, then (1;)zeT is a DGFF on T.

Theorem 3.2.7. (Second Ray-Knight theorem, [46]) For any infinite tree T,
let (nz)zeT be a DGFF on T independent of Py (-|T,). For anyt >0,
{LEt)+n2:zeT,} = {(77;,; +V1)? iz € Tn} :
In fact, Remark[3.2.6]indicates a direct proof of this theorem by induction.

Lemma 3.2.8. Let (n;)zeT be a DGEFF on a tree T, let n > 0 and p € R
such that
Zn >0, log Z, +p >0,

we have

—p
]P’(maxnx>an\/loan+,u) < ¢ )
|z]=n 2y/m(log Z, + )

Proof. We first recall the Gaussian tail estimate for z > 0 and X ~ N (0, 1),

P(X 1 . )2/2 e v e
>p)=—— [ e Wte <& | emgy = ,
( ) V27 /0 V= V21 Jo Y x\ 21

Then by the union bound, when log Z,, + u > 0,
—(log Zn+p) —p
e e
P ( maxn, > o,+/log Z,, + )SZn = )
(flc|=n77 s a 2\/m(log Z, + 1)  2+/7(log Z, + p)

O
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3.3 Excursion time

As showed in the proof outline, the excursion time ¢{’" is compared to the
quantity

th = o2 (log Z, + ), (3.3.6)
where we recall that
)\n+1 -1
ol=" -
" A—1

To start with, we show that the first n—clogn layers have negligible influences
in terms of local times.

Lemma 3.3.1. Let ¢ > , i € R, and T be an infinite tree satisfying
the conditions in Lemma . For n — oo, with probability 1 — o(1) under
PW(|Tn);

L) —th] o L

. Vn
Proof. Let (n,) be a DGFF on T independent of Py, (:|T,,). Denote the joint
law of the DGFF and Py(-|T,) by P(:|T,) in this proof.

It is guaranteed by Lemma that log Z,, + > 0 for n large enough.
Then one can apply Lemma (3.2.8

1
max

|z|=n—clogn g

P ( max 1| < Jn,clogn\/log Zp—clogn + ,U‘Tn> =1-o0(1).

|z|=n—clogn

Moreover, by Theorem [3.2.

Le(th) + 2 — \/th

Tn) = 1-0(1).

P <| | ma}i < Onfclogn\/log anclogn + 1%
z|=n—clogn

Thus with probability 1 — o(1), for n large enough,

max |L*(t)) — ]
|z|=n—clogn
(VIr@E + - V) (VI i+ Vi) -
2
VLE(th) + 12—\ th
+ 2 tﬁl _mnax Le(th) + 2 — Vth
x|=n—clogn

S 02N 0E2 (log 7, + 1) S oZn V2,

= max
|x|=n—clogn

< max
|z|=n—clogn

+ o max 7]
|z|=n—clogn

where the last line follows from Lemma and the condition ¢ > %. m
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Now we present the key observation that, non-visited vertices up to time
t* have distinct ancestors at generation n — clogn.

Lemma 3.3.2. Let c > , pw € R, and T be an infinite tree satisfying the

conditions in Lemma . There exists € > 0 such that
max Py (Ly(th) = Li(th) = 0] (L(8))w=n-clogn: Tn) =0 (£,

lyAnz|>n—clogn+1,
ly|=|z|=n,y#=

uniformly in any choices of local times at generation n— clogn satisfying the
conditions in Lemma [3.3 1.

Proof. For simplicity, the conditional probability P., ( |(LZ (1)) |2|=n—clogn Tn)
is abbreviated as Py (-|R,), and we write L* for the local time L (¢#).

Let 6 > 0. Fix two vertices y, z at generation n of T,,, such that they have
common ancestor w = y A z after generation n — clogn. Let |w| =n—s >
n —clogn+ 1, and denote by « the ancestor of w with |z| = n —logn. Then

P, (LY =L*=0|R,)
<P, (LY=L*=0,L">25th| R,) + Py, (LY < 20t" | R,)

=P, (L*=0|LY=0,L" > 26t! R,) Py, (LY =0,L" > 2§th | R,) + Py, (L* < 20tt | R,)

=P, (L7=0|L" > 20th, R,) Py, (LY = 0,L" > 26t | R,) + Py (L* < 2§th | R,)

<P, (L*=0|LY=26th R, Py (LY =0| R,) + Py (LY < 2§tk | R,) .
By Lemma [3.3.1] for n large enough we have

L* > (1-6)th,
moreover, by Lemma [3.2.3]

d L* 1
LY|L*) = PG .
(LYL7) (ﬁs_ﬂ . )

n—clogn n—s n—clogn

where denominator above is bounded by

A—1,

2 2 2 2 2
A\ On—s < Op—s = On—s—1 < On—s = On—clogn < Op—

Therefore, for local times of the generation n — clogn satisfying Lemma [3.3.1
and for n large enough,
Rn)

s*

P, (L” < 26t"| R,)

L* 1
=P, PG| — - =5 5 < 20t;,
On—s = Op—clogn 9n—s ~ Tn—clogn

Sp(m(u;&mjﬂé—m)gﬁﬂ>

Oph—s g

n—s

< e—A(\ﬂ—a—\ /26)\/()\—1))2(10g a0y
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where the notation P(PG(a,b) < x) stands for the probability that a random
variable distribution as PG(a, b) is smaller than z, and the last line is due to

Lemma [3.2.4]
Similarly, study (L#|L") and (LY|L*) by Lemma[3.2.3] for n large enough,

P, (L7 = 0| LY = 26t", R,) Py, (LY = 0| R,,)

26tf, LY 25tk (1)t
— — _ n_ (1—=8)th
0-72170-3175 O-%io-rzL—clogn < e 0'% 0'721 — 67(1+6)(10g Zn+.u')

=€

To show that the two probabilities above are bounded by o (Z,17¢), it
suffices to choose d, ¢ > 0 such that

2
A(VI=6- V20— 1)) > 1+¢
14+0>1+e¢,

(3.3.7)

which is always possible when A > 1. ]

The estimate above is enough to control the cover time of the n-th gener-
ation, however a Galton-Watson tree may have leaves in younger generations,
in other words, the walk visits all vertices in the n-th generation does not
guarantee that it covers T,. We treat leaves before the generation n — 1
separately.

Lemma 3.3.3. Let p € R, and let T be an infinite tree satisfying the condi-
tions in Lemma then

P, (3z € T, |z| <n-—1,Li(th) = 0|T,) = o(1).

Proof. By Lemma and Lemma [3.2.4] (1), each z € T,, with |z| <n—1
is not visited at excursion time ¢# with probability

P.(LZ(t") =0|T,) = ¢t < e AMog Zuti).
thus by the union bound,

P, (3z € Ty, x| <n — L LE(H) = 0|T,) < e Aes%tn 3=

2| <n—1

n—1
_ o~ Mlog Zn+p) Z 7
=0

and the conclusion follows from (3.2.3]). m
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Returning to the n-th generation, by Lemma [3.3.2] the non-visited ver-
tices are almost independent at excursion time ¢#. Intuitively, the time to
cover them is a binomial random variable of Z,_ .., trials, converging to a
Poisson distribution. We conclude upon this intuition:

Proposition 3.3.4. Let p € R, and let T be an infinite tree satisfying the
conditions in Lemma recall t!* defined in (3.3.6]), we have

#{|x| =n, LE(t}) = 0} KN Poisson(e ") under Py (:|T,), (3.3.8)
tCOU em
P, <;1% —nlogm—logWS,u’Tn> —e " (3.3.9)

Proof. Since both the conclusions allow a o(1) error, we may assume the
conditions in Lemma|3.3.1|at generation n—clogn for an arbitrarily fixed ¢ >
. For simplicity, recall the abbreviation Py (-|R,) in the proof of Lemma

log
3.3.2, then it suffices replace Py (-|T,) by Py(:|R,). Moreover, denote by
Fy =l = n, L) = 0}, B = {Ja| = n — clogn + 1, #(T5; N FY) = 1},

the goal is to estimate F*, which is achieved by comparison to E.
By Lemma [3.2.3] under P, (-|R,), local times are distributed as

Ly (th) 1
(L%(tii)!Rn)NPG< 5 3 : 2 )
n—clogn

_ 2 _
On Un—clogn On 9

for each pair of vertices
r <y, |z| =n—clogn,|y| =n.

Therefore, by Lemma [3.3.1]

__ LECh)

By (#F) [ Ra) = D e e 2

|x|=n—clogn

_ Z efloanf,quo(l)Zz _ 67u+o(1).

|z|=n—clogn

Furthermore, by definition one has

OSHF! —#E<2 Y > lgcmy

|z|=n—clogn+1y,2€TF

where E (1 AR, = o(Zy; 119 by Lemma |3.3.2
{y7z€Fn }
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Therefore, by (3.2.5)),
Ew (#E] | By) = Ew(#F}|Rn) + By (# £ — #F} | Rn)

— e*#‘l*o(l) +o0 Z;(lJre) Z (Z;f)Q
|z|=n—clog n+1
= e o) 4 o(1),

where € is the parameter in Lemma [3.3.2]
Moreover, conditioned on local times of layer n — clogn, the subtrees
(T%)|¢|=n—clogn+1 are independent, thus for any 6 > 0, the Laplace transform

of #E¥ is given by
R,)

B, (oo

= I  Ee(c"een

R,)
|z|=n—clog n+1

- JI (-(Q-e¢")P,(zeE|R))

|z|=n—clogn+1

= H 6_(1_676+0(1))Pw($6Eﬁ’Rn)
|z|=n—clogn+1

— o~ (1= o)) By (#BH | Ru) _, —(1—e" %)t

bl

in other words .
#E" — Poisson(e™").

Finally, by Lemma [3.3.2] and the union bound again, we have
Py (#E) = #F}|R.) =1—o(1),

thus #F* has the same distributional limit as #E*, completing the proof of
(13-3.8)).

As for (3.3.9), {tcv < ¢} differs from {#F*" = 0} by whether the leaves
of T, in early generations are covered, which is controlled in Lemma [3.3.3

Therefore, by (3.3.8)),
P, (t°° < tY|R,) = Py (#F" = 0|R,) + o(1) = e ",
then (3.3.9) follows from the asymptotic of t#,

th
J—% —nlogm —logW — pu.
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Remark 3.3.5. 1. For the complete binary tree, we have m = 2. Take
A — 1, then Py (-|T,) converges to a simple random walk, our result
gives (non-rigorously)

" ~ n?log2 + O(n),

whereas the cover time on the binary tree of a simple random walk is
(cf. eg. [37])

" = n?log 2 — nlogn + O(n).
Lack of the second order term nlogn is due to a difference in extremal
landscapes: recall the notations in the proof of Proposition [3.3.4] in
the case of a simple random walk [32], the set F* is approximately

identically distributed clusters indexed by E*, whereas for the A-biased
walk, these clusters are single points instead.

2. Following exactly the same structure of the proof, one can study the
maximum of a DGFF (n,) (recall Definition [3.2.5)),

1 —h
P <|I£1|i>7;177m < Un\/log Ly — §loglog Zn + ,u) — exp (— 2eﬁ> .

3. Comparing the cover time to the maximum of the corresponding DGFF,
as suggested in [39], [40], one has

)\n+1
i = X (nlogm + 0().
At 1
lr?é};ni =371 (nlogm - 510gn+ O(l)> :

This difference in second order is due to different tails of Gaussian and
local time distributions. (Compare Lemma[3.2.4](2) and Lemma[3.2.8])
3.4 From excursion time to real time

Lemma 3.4.1. For any infinite tree T satisfying the conditions in Lemma

let s, =31 g%, t>0, then
Ey (7.(1)[Tyn) = Ey (Z T () Ly (1)

{L’ETn

Tn> = s, (3.4.10)

Vary (7, ()| T,) = o (M:LS%) | (3.4.11)
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Proof. The expected value (3.4.10)) is clear using the fundamental estimates
Ey(L*(t)|Ty) =t and 32,y Vo = Zi+1. As for (3.4.11)), for any z,y € Ty,
conditioned at L*"¥(t), local times L*(t) and L¥(t) are independent with the
same expected value LZ"(t), thus by Lemma [3.2.4] (1),

X X A x
Cova(L4(8), LA(R)IT,) = Vary (LY (OIT,) = 2o,y < 2652 X
then by (3-1.2),
Vary (7, (t)|Ty)
= Var,, (Z m(x)L5(t) Tn>
.’L‘eTn
= Y w(@)m(y)Covy Ly (1), LY(1)|T,)
z,y€Trn
A v v VgV,
<o \leAl—lzl-ly] <1 Vo My Ve y)
<A D YT T e )
z,yeTy
where v, is the number of children for z € T,,.
Moreover,
lenyl—lel-lyl Yz _ RN
A\lzry Y = (_Z_ A2 ul,
therefore the variance above is further bounded by
A
< Qp |zAy|—l|z| =yl
Vary (7 (1) Tn) < 8t5— > A
z,y€Ty
Now it suffices to prove that
n .2
S ARkl = (A Sn) |
n
z,yeTy
Indeed, fix any ¢ > 0,
Z AlzAvl=lzl =yl
z,y€Tn
D D o
|zAy|<n—clogn |lzAy|>n—clogn

2
< \—clogn (Z )\—|l"> + Z )\TL—Q(n—clogn)

z€Ty |lxAy|>n—clogn

As?
S n _i_)\QClognfn E (ngf)Z’
nQ
|z|=n—clogn
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where by (3.2.5) and definition of s,
)\20 logn—n Z (ZZ:)Q

|z|=n—clogn

S )\2clog n_an1L+€

n o2
< Achogn—n(Sn)\n)l—i—g — 0 ()\nsn> ‘

O

Proposition 3.4.2. Recall s, from Lemma and recall that o2 =

)‘";_11_1 Under (H), for any n € R and Pgw(:|S)-almost surely any tree

T

Y

P, (2"—2 —nlogm —logW < pu

n+n

Tn) —e ",
Proof. By Lemma [3.2.1
log Z,, = nlogm + logW + o(1),

therefore it suffices to show that (rigorously speaking, one should prove the
following convergence for i =+ €, then take € — 0 to deduce the proposition),

TCO’U
P, " _logZ, <
(23,@% 08 &n = 4

Tn) —e ",
In other words (recall t# defined in (3.3.6))), it suffices to prove that

Tcov tH

2 = 52
28,05 T 0%

Tn) e ",

By (B-1), for any a > 0,
Py (T < 25,8 T),) < Py(7,(t27) < 2s,th|T),)
< P (50 < ¢4 T,)
+ Py (877 > th |7, (th7%) — 2811, | > 25, (thT — )| T,,).
For the first term, by Proposition [3.3.4]
Pt < #7T,) < (14 of1)e "
For the second term, by Chebyshev’s inequality and Lemma [3.4.1

P (15 > thte |7, (tF) — 2tht g, | > 25, (HT* — t)|T,)
< PW(‘Tn(tZJra) - QthSn\ > 23n(t¢i+a - tg)lTn>

l/\ntz+a L
=0 <—(t¢f+a — tﬁ)2) =a0(l).
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Let a — 0+, we have

lim sup Py, (T < 25,t*|T,) < e ™"

n—oo

Similarly, for any a > 0, and any f(«) > 0 small enough,

P, (T < 2s,t"|T,)
> Py (1 (8 + B) < 25,8k, 1270 < th7|T,,)

n»’n

=P, (157" < th7°|T0) = Py (ra(ty + B) = 2t 157 < 17| T)

n’’n
_e Hta

— €

Proof of Theorem[3.1.1. By Proposition [3.4.2] it suffices to estimate s,.
For 1 < A < 'm, one can use (3.2.4) to show that

n/2 n

n % i/2 1 n
m m m ogn m
n — —W = () —— e ee— = .

i=n/2

Therefore, s, can be replaced by (5 — 1)_1%1/1/, and the conclusion follows.
oo Z;

For A > m, similarly, the difference between ) .~ ¢ and s, is negligible,

Z; = 7 n
'X; — Sp = j{: 'X? =0 (;g;-) .

=0 i=n+1

[e.9]

For A =m, s, =3 " , Z; follows from its definition in Lemma [3.4.1, [






Chapter 4
Capacity in high dimensions

This chapter is based on [21].

4.1 Introduction

Given a probability distribution 1 on Z% (d > 3), the capacity of a finite set
A C Z¢ (with respect to 1) is defined as

cap, A:= Z P (14 = o0),

z€A

where P7 refers to the law of a (discrete) random walk (S,) started at x
with transition probability n, and 7 := inf{n > 1: S, € A} is (S,)’s first
returning time to A.

Let 1 be a probability distribution on N, and 6 be a probability distribu-
tion on Z?. Consider the process that starts with a particle at 0 € Z9¢. At
each step, the particles die after generating a random number of new par-
ticles independently according to the law p, then these new particles drift
away from their precursor independently according to the law 6. This process
is called branching random walk, whose distribution is denoted by P, 4. The
branching random walk is called critical if ;1 has mean 1, in which case, it
is well-known that the process dies out in finite time almost surely (except
for the trivial case that p is the Dirac measure at {1}). The range R of
this process, i.e. the set of points in Z¢ visited by the branching random
walk, is then almost surely finite. Moreover, we denote by {#T = n} the
event that the branching random walk generates exactly n particles in total
before dying out. The notation T actually stands for the genealogy tree of
the process, see Section for details.

4
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In this chapter, we study the capacity of the range of critical branching
random walks, denoted by cap, R, conditioned on the event {#T = n} as
n — oo.

Throughout the chapter, we shall consider distributions p on N and 6,7
on Z¢ with the assumptions

1 has mean 1 and finite variance, and p # 4y,

[S1]

0 is symmetric, aperiodic and irreducible such that EJ|e ] < 00,

n is aperiodic, irreducible with mean 0 and finite (d 4 1)-th moment ,

(4.11)
where E§ refers to taking expectation with respect to the random walk (S;)
started at 0 with transition probability 6.

Theorem 4.1.1. Let u,0,n be probability distributions with the conditions

in (L),

1. In dimension d > 7, there is a constant C(d,p,0,n) > 0 such that
under P,o(-|#1 =n), as n — oo,

cap, R

— C(d, 1, 0,1n) in probability.
n

2. In dimension d = 6, if u has finite 5-th moment, then under P, o(-|#1T =
n), as n — oo,

logncaan — 26’51 wn probability,
where ~
Co=—; W (Dk - 1)lw(k)> cy.
C;=E U dt /R dx - J, (B! + I)_4J9($)_4} :
1
I',, Ty are the covariance matrices of n, 0 respectively, J(.)(SU) =,/T- F(.;%

and B? is the Brownian motion in R® with covariance matriz Ty.

Remark 4.1.2. 1. Aperiodicity and irreducibility for § and 7 are assumed
for convenience of the proofs. In fact the same results in Theorem
hold for n and 6 without those assumptions.

2. For d > 7, the constant C(d, u,0,n) is implicit. We refer the reader to
Remark [4.3.4] for more details.
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3. The finite variance of the offspring distribution s is required in Lemmal[4.3.2]
for the high dimensions d > 7, and the finite 5-th moment of y is re-
quired in Proposition for the critical dimension d = 6.

4. For the displacement law 6, the moment assumption is required for the
dyadic coupling in Lemma [4.2.10] and the symmetry is required for the
conversion from our infinite model to finite trees, see Remark for
details. (We use the symmetry of 6 a few times elsewhere for conve-
nience, but they are not essential.)

5. For the random walk distribution 7, the moment assumptions are re-
quired for the asymptotic estimates of Green’s functions in Lemmal4.2.7]

6. If 4 is the geometric distribution with parameter %, ie. p(k)=27k"1
then P, ¢(-|#7 = n) is the law of the random walk indexed by a uni-
formly chosen tree of n nodes considered in [73]. In this case, by
Lemma [4.4.10] and the methods developed in [73, Section 3.1], the con-

vergence in probability for dimension 6 holds in L?-sense.

7. If 1 is the geometric distribution with parameter %, 6 and n are one-step
distributions of independent simple random walks, then Cg = 9773,
We refer the reader to Proposition [£.4.7] for explicit calculations.

Historically, the study of the capacity of the range of simple random
walks dates back to Jain and Orey [58|, where a law of large numbers was
established for d > 3. Then useful tools were developed in the book of Lawler
[67]. Recently, numerous studies for the sharper estimates of the capacity
appear in Chang [30] for d = 3 (scaled convergence in distribution), Asselah,
Schapira and Sousi [15] for d > 6, [16] for d = 4, and Schapira [88] for d = 5
(central limit theorem).

If, in the definition of capacity, we simply replace the escape probability
by 1, then it gives us (the size of) the range # R, which is a classical object
for random walks, widely studied since the work of Dvoretzky and Erdés [43],
in which a law of large numbers was given for random walks in dimension
d > 1. The corresponding central limit theorem was given by Jain and Orey
[58] for d > 5, Jain and Pruitt [59] for d > 3, and Le Gall [69] for d > 2. See
also [74] for a general study of random walks in the domain of attraction of
a stable distribution (i.e. without finite variance) by Le Gall and Rosen.

For branching random walks, the law of large numbers for (the size of)
its range #R was given by Le Gall and Lin in [73],[72] for every d > 1,
where in the critical dimension d = 4 they restrict to the geometric offspring
distribution case. This result (in d = 4) was then generalized by Zhu in [94]
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for general distributions. See also [64], [65] for a related topic of local times
of branching random walks.

We summarize that, in view of law of large numbers, the critical dimension
(the largest dimension with sublinear growth) is d = 2 for the range of the
simple random walk (SRW) [43], d = 4 for the range of the branching random
walk (BRW) [73], also d = 4 for the capacity of the SRW [58|, and d = 6 for
the capacity of the BRW.

Indeed, the SRW or the BRW can be seen as a sequence of vertices, and
one can establish corresponding infinite models for them with translational
invariance property, which for the SRW started at 0 is simply

(S)icz = (Spi — Sm)icz.

Intuitively, this property shows that the SRW (or the BRW) is homoge-
neous in time. Moreover, either the range or the capacity can be decomposed
into the sum over 7 of the contribution of S;, therefore, it boils down to a
one-point estimate and a second moment estimate for its concentration prop-
erty. One can express this one-point estimate in terms of Green’s functions,
and study Green’s functions by moment estimates with a careful analysis of
the tree (in the case of BRW) and the underlying random walk.

The rest of the chapter is organised as follows. In Section4.2] we introduce
the models and some preliminary results regarding capacities, Green’s func-
tions and the Brownian mothion. The study of capacities of BRWs in high
dimension d > 7 is discussed in Section [£.3] and the case of critical dimension
d = 6 is discussed in Section £.4] In particular, the main model with trans-
lational invariance property is established in Section [£.2.2] the strategy with
which we relate Green’s functions to the capacity is showed in Section [4.2.4]
the behavior of Green’s functions is mainly summarized in Lemma [4.3.2] and
Corollary [£.4.6] and finally, the two parts of Theorem are proved in
Theorem and Theorem [4.4.12| respectively.

In the sequel, with a slight abuse of notations, each time we write a
constant C'(x), where * is the set of parameters that this constant will depend,
it will only be used in the current paragraph.

4.2 Preliminaries

In this section, we present systematically the definitions and models in this
chapter.
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4.2.1 Trees and spatial trees
A tree is a set T' C U,>oN’}, such that

e The root @ € T, where by convention we denote N = {&}.

e If a node u = (uy,- -+ ,u,) € T, then its parent o= (Ug, -+ Up_1) €
T.

e For each node u = (uq,- -+ ,u,) € T, there exists an integer k,(T) > 0,
the number of offspring of u in T', such that for every j € N, (uy, -+ ,u,,j) €
T if and only if 1 < j < k,(T).

We say that u = (uy, -+ ,u,) € T is an ancestor of v’ = (uf,--- ,ul,) €T
if n <n' and u; = u}, 1 < i <n, and if this is the case, we will write u < u'.
We also define the height (generation) of a node to be its length as a word,
ie. if u= (uy, -+ ,uy,), then |u| = n. Moreover, we denote by #7 the total
number of nodes. In the following, we will omit 7 if it is clear that to which
tree the nodes belong to from the context.

Since nodes of T" are sequences of natural numbers, there exists a natural
lexicographical order for them. We can therefore explore 7" in lexicographic
order

Uy = D, U, Ug, " .

We remark that each node appears exactly once in this sequence if the tree
is finite, thus if #7 = n, the sequence terminates at w, ;.

Consider each node as a vertex, and add an edge between a node and its
parent, then one can see T" as an abstract graph. If we attach a vector d, in
7% to each directed edge (ﬂ, u), fix the position of the root at V; = 0 and
let V, = >, -, dw, then (V,),er gives a spatial tree tructure.

Given a distribution 1 on N and a distribution 6 on Z¢, we can define a
probability measure on (spatial) trees, denoted by P, ¢, under which we have
that o o

k, "<, dy, R0
The abstract tree T" under this law is called the Galton- Watson tree, while
the spatial tree (V,)uer is called the branching random walk.

4.2.2 The infinite model

In this section, we construct an infinite model based on Galton-Watson trees
that will be used throughout this chapter and may be of independent inter-
ests to other problems. Intuitively, it can be seen as the discrete limit of
critical Galton-Watson trees conditioned to be large ([8, Section 2.6]), and
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our construction generalises the one-sided version of infinite Galton-Watson
trees in [73, Section 2.2].
We define a forest indexed by a spine to be a sequence of trees, (here T;

are standard trees as in Section ,
T = ((07 76)7 (17 7-1)7 (17 7:1)7 (25 75)7 (27 7:2) toe )7

where the roots (+i,@) of T; and T_; (i > 0) are identified (glued together)
as one single point on the spine. We write k; ,)(T) = ky(7;) for the number
of offspring of node v € 7;, and in particular, k(t,@)(T),k(zg)(T) are the
numbers of offspring of points (i, &) in the two trees T;, T_;, respectively.
We call the set of points {(i,2),i € N} the spine of T, and (0, @) the base
point. Notice that by adding edges between consecutive points on the spine,
the forest can also be seen as an abstract tree and the base point does not
always take the role of the 'root’, see Remark [4.2.5]

We embed this forest in Z?, by taking d;.)(7) = d,(7;) as the spatial
displacement from its parent, and letting V{; ,,(7) be the spatial position of u
by summing over all displacements along the path from the base point (0, &)
to (i,u).

On the set of forests, we define the following probability measure P, o:

e Offspring distributions are independent, except for the two offspring
distributions of the same node, k(f g)(T). For each i > 0,u # @,

1.4.d

ki) (T) "~ 1,
moreover,
ko) (T)~p,
while for other nodes (+7, @) (i > 0) on the spine

Pﬂﬁ(k(t',@)(,r) =1, k(;,g)(T) = j) = :u(i +J+ 1)'

e Displacements d; ,,)(7) are i.i.d. distributed as 6 on each directed edge
including edges on the spine, with the base point fixed at the origin,
Vv(oyg) (T) - 0

Remark 4.2.1. The law of the spine is indeed well-defined as a probability
measure, because » ;.o p(i +j+1) = >, ku(k) =1 for a critical distri-
bution pu.
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o<1 To

Figure 4.1: Lexicalgraphical order on the forest indexed by spine.

The lexicographical order of nodes on the forest is illustrated in Figure[4.1
We denote this sequence (seen as vertices on a graph) by

S ua(T),uo(T) = (0,2),us(T), - un(T), -+,
and the corresponding spatial positions (V,,. (7)) by
v (T),vo(T) = 0,00(T), -+ 0 (T), - - (4.2.2)
The range is defined as
R[i, j)(T) = {vi(T), via(T), -+, 05(T)

> 1
EnE it

4< — he—

1a

Figure 4.2: The transform o on the tree. Base points (0, &) are marked with
bigger circles.
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On the set of spine-indexed forests, we can then establish a shift trans-
formation o defined by (see Figure |4.2)):

ui(0(T)) = i1 (T), vi(o(T)) = visa(T) — va(T). (4.2.3)

One can easily check that (u;(0(7)))icz is the same sequence as (u;1(7T))icz,
and (v;(0(7)))icz = (Vig1(T) — v1(T))iez is the corresponding positions of
(u;(0(T)))iez in Z4, translated such that the base point (0, @) stays at the
origin. Moreover, the transformation is invariant under P, 4. In other words,
for any measurable set A of spine-indexed forests,

Po(T € A)=P,o(c(T) € A).

Proposition 4.2.2. Given the assumption (4.1.1), the probability measure
P, ¢ is invariant and ergodic under o. Consequently, we have that

(Ui, Upai) — U & (vo, -+ ,v,) under P, g, Vi € Z,n € N. (4.2.4)

In other words,

Rli,n+1i] —v; < R[0,n] under P, q, Vi € Z,n € N.

Proof. Since 6 is symmetric, it suffices to study the abstract tree structure
(ui)-

As shown in Figure [4.3] take any node w: if it is the base point or some
point not on the spine, then it has k children (thus degree k+1) with probabil-
ity u(k) = p(deg(u)—1); otherwise, it has i children on the left and j children
on the left (thus degree i+ j+2) with probability pu(i+j+1) = p(deg(u)—1).

b (n+1,8)

w=(n,a) kT uwe 'l

w = (0,2) *h-1,2)

2 children, deglu) =3 241 children, deg(u) =5 3 children, deg{u) = 4

Figure 4.3: Neighborhood of a single node. Degree means the number of
adjacent nodes as in an abstract graph.

Therefore, P,y can be seen as a probability measure on spine-indexed
forests such that each node u has degree k + 1 with probability (k). That
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is to say, P, ¢ only takes into account the abstract tree structure, regardless
of the base point. For example, denote by ¢ and t' the structures depicted
in Figure and by A and A’ the cylinder sets of forests whose first two or

three subtrees are identical to ¢ and t’ respectively, then

P.o(T € A) H,u (deg(u H p(deg(u =P, o(T e A).
u€et uet’
t ; t’

~
<

Figure 4.4: Finite trees ¢t and ¢’ that are only different in the position of base
points.

Since o only changes the base point, it is then invariant with respect to
P, ¢. Ergodicity is also clear by construction.
Then (4.2.4)) follows easily by applying the invariant transform as illus-
trated below:
Po(va(T) —oi(T) = x)
=Po(v1(a(T)) = vo(a(T)) = x)
=Po(v1(T) — vo(T) = ),
where we use the invariance property of o with respect to P, in the last
line. [

Remark 4.2.3. 1f one is only interested in the positive side,
((07 76)7 (17 7—1)7 (27 7'2)7 e )7
then the spine has offspring distribution

Puo(ko)(T) = 1) = S Prolkis o) (T) = ik (T) = 5) = S pli+j +1),
i=0 =

which is consistent with the construction in |73, Section 2.2|, for which the
invariant transformation can be also induced by transformation o defined in
(4.2.3)).
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Remark 4.2.4. If we are interested in trees with n nodes instead of infinite
nodes, with the same spirit as in the proof of Proposition one has the
equivalence between Galton-Watson trees conditioned on total population
size = n and simply generated trees in [§, Section 2.1]. For a tree with n
nodes, one has to specify a root (both for the branching process and the
combinatoric model), while in the infinite case, the 'root’ is naturally set
at infinity, and the ’base point’ is actually redundant (for the combinatoric
model).

Remark 4.2.5. If we replace edges in our model by directed edges of distri-
bution # pointing towards infinity, then Proposition still holds without
assuming that 6 is symmetric.

In contrast, the standard branching random walk with asymmetric dis-
placement is constructed by attaching displacements to the directed edges of
the Galton-Watson tree pointing towards the root.

Infinite : Finite

Figure 4.5: Directed edges for the infinite and finite models. Directions of
edges are different on the ’spine’.

Therefore, for asymmetric 6, the role of the base point (0,2) here and
the role of the root in the standard branching random walk are different,
and we can no longer compare them by identifying the base point of the
infinite model as the root of a standard finite model, which is the method in
Lemma The displacement distribution 6 is thus assumed symmetric.

4.2.3 Estimates on random walks and Green’s functions

In this section, we present a few estimates on random walks and Green’s
function. We denote by P? the law of the random walk started at x with

transition probability 5, and by (S,) the random walk under P? (or S for
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its i.i.d. copies). Then the n-Green’s function is defined as

Gylz,y) =Gylz—y) =Y PU(S,=z—y).

n=0

Lemma 4.2.6. [68, p.2/] Let n be an aperiodic and irreducible distribution
on Z4(d > 1) with mean 0 and finite third moment. Denote by T, the
covariance matriz of n. Then there exists a constant C(d,n) > 0 such that,
uniformly for all v € 74,

1 aTyle d+1

Po(Sn = ) — T | <C(dg)nT

e
(27n)4/2,/det T,

Lemma 4.2.7. [68, Theorem 4.3.5] Given an aperiodic and irreducible dis-
tribution n on Z4(d > 3) with mean 0 and covariance matriz T, if it has
finite (d + 1)-th moment PJ(|S;]|*"!) < oo, then

Cdm

Gy(z) = W

+0(|z'™),

rg)
(d—2)7rd/2\/detFn7

where Cq,, = I'(-) refers to the Gamma function and J,(z) =

AT Fgla:.

Lemma 4.2.8. Let n be an aperiodic and irreducible distribution on Z% (d >
3) with mean 0 and finite third moment and 1 < m < d — 1. There ezists a
constant C(d,n) > 0 such that uniformly on the starting point xo € 74,

m
2

7, (10| v 1) < C(d,m)n~

Proof. Due to irreducibility of 1, we have J,(z)? > Ci(d,n)|z|>. Then by
Lemma we can find Cy(d,n) > 0 such that

d 701(cl,n)lr\2 d+1
2n

EZ (18] V1) ™™ < Co(dyn) > (o + x| V1) 2e +0(n~ )

z€Z4

< Co(d,mn™% Y (

x€Z4/\/n

2 |y 1 >_m _d _Cidmle?
_ €x _ n 2e 2
Vn

Jn

+0(n~ 7).
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Moreover, denote by B(y;r) the ball centered at y with radius r, then

_d T 1\ " _c@me?
n 2 Z ( — + x‘ \ —) e 2
z€Z/\/n \/ﬁ \/ﬁ
<n% 3 Too oy L _m+ 3 R ETCE
- Vn vn
2€(Z4/v/n)NB(~z0/v/n;1) 2€(24//m)\B(~x0/v/n;1)
Cm _C1dm)e|?
— |z|""dx + e 2
n—=o0 JB(0;1) Rd
which is a constant depending only on d and 7. O]

Corollary 4.2.9. Letn be an aperiodic and irreducible distribution on Z¢ (d >
3) with mean 0 and finite third moment, then for any m > 1,

1. there exists a constant C(d,n,m) > 0 such that uniformly for xo € 74,

o (Sosn)

=0

< C(d,n,m)(logn)™;

2. for any k > 2, there exists a constant C'(d,n,m,k) > 0 such that
uniformly for xy € 7.,

e, [(iw v 1)’“) ] < C'(d,m. k).

1=0

Proof. The cases m = 1 for both k£ = 2 and k > 2 are clear by Lemma
For m > 2, applying Markov’s property inductively gives that

El, [(Zw v w) ]

<C'(d,n.m, K)EL | (1S v 1)) -E} (i(\gﬂ v 1)"“) ,

i=0 =0
where (S}) denotes a random walk independent of (S;). O

Lemma 4.2.10. [/, Theorem 4] Let n) be a probability distribution in RY with
mean 0 and covariance matriz T,,. IfEQ|eVIS!l| < oo, then one can construct

on the same probability space a Brownian motion (By) with covariance matriz
', such that there exists C,C" > 0 depending on d,n such that

Cn
n _
b amisi— B2 7)<
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4.2.4 Capacity

Given a distribution 1 on Z? (d > 3) and a finite set A C Z%, recall that the
n-capacity is defined as

cap,A = Z PI(15 = 00). (4.2.5)
€A

In this section, we give two estimates relating the n-capacity to the 7-
Green’s function, which is defined as

Gn(l”y):G r—Yy —Enlzls xy]:ZPg(Si:;c—y),x,yeZd.
i=0
Lemma 4.2.11. Let d > 3 and n be any probability distribution on Z2. For

any finite set A C Z% and k € N,

#A . Zx,yeA Gn(.fE, y)
kE+1 k(k+1)

capnA >

Proof. We define local times Ly 1= Y 1(s,c4) € NU {oo} for any finite
set A C Z“, then by definition, cap, A = 7 P!(La = 0).
€A

For any integers @ > 0 and b > 0,

> PI(La=a)P.” =3 PIS.+ =y)PI(La=a—1)P,"(Ls =)
€A T,yc€A
=> P 2)P!(Ls=a—1)P,"(Ls = b)
z,y€A
= PILa=a—1)P,"(La=b+1),
yeEA

where —n refers to the distribution with —n(x) := n(—=z), Vx € Z<.
Thus by induction we have that

> PILa=a)P" =Y PNLa=0)P;"(La=a-+D).
z€A €A

By summing over a < k and b > 0, it follows that

S PHLa<k)=> Pl(La (ZP"LA>CL>

€A yeA

< (k+1)) PI(La=0).

yeEA

(4.2.6)
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Therefore
HA=D PILa>k) =) (1—PI(La>k)
z€A TEA
= PI(La<k)
€A
< (k+1)) PI(Ls=0)=(k+1)cap,A.

yeA

To conclude, it suffices to notice that P?(Lsy > k) < M, which
follows directly from Markov’s inequality. ]

Moreover, in our situation, the set A, = {Xo, -, X, } is the trajectory
of a stationary process (X, )nez up to translation (under some probability
space (£, F,P)), in the sense that

Xo=0,{Xo,, Xp} 2 {Xi, X} — Xs, Vi€ Z,Vn €N,  (4.2.7)

where A — 2 := {a —z:a € A} for any set A C Z¢ and = € Z¢. We can thus

rewrite (4.2.5)) as

cap,An = > 1ixig(xip - x 1Pk, (T4, = 00). (4.2.8)

1=0

and take expectation to get

EcapnAn = ZE[1{Xi€{Xi+h”'vXn}}PZQ(T{JrXO,m,Xn} = OO)}
=0

= Z E |:1{X0€{X1,--- Xn—i}} PZ(O (T?Xﬂv,... KXnoi}t OO):| :
=0

This sum may be approximated (with a second moment method, for instance)
by n times

n + o
E |:1{X()€{X17 7X§£}}PXO (T{X,€%7“' ’X§2} - OO):| ; (429)

where &L and £ are geometric killing times with parameter %

The following lemma inspired by [67, Theorem 3.6.1] then allows us to
establish a relation between and Green’s functions. Recall that £ is a
geometric variable with parameter \ if

P(é=k)=A1-\NF keN.
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Lemma 4.2.12. Let (X,)ncz € Z¢ be a stationary process up to translation
in ([A.2.7). Let d > 3,n > 1, and let £ ,£",&, be independent geometric

random variables with parameter % If we set

In = Yixox, 0<i<er)

b, = cho (T{+X7§£L7‘..,X€;-L} > 5")’
&n
11
Gp = Z Gii n)(X(JﬂXi)’

i—el,

where G%A)(x) = > ko0 A*PU(Sk = x) denotes the Green’s function with killing
rate X\, then
E[E.G1,] = 1.

Proof. For m € N and x1,--- ,x,, in Z%, we consider the event
B=DB(mjxy, -, 2y) ={{+& =m X, g =X g +2;,Y0 < i <m}

with the convention that xy = 0. When m runs through N and (z;) runs
through all possible finite sequences of Z?, we have that

Z Z 1B0mszy, e o) = 1.

m2>0 g,z €24
Therefore, it suffices to prove that for any B = B(m;xq,- -+ , ),
E[13E,Gnl,] = P(B).
Moreover, on a fixed B, we can define
By={& =4 =m-jX;=Xo+2,Y0<i<m},0<j<m,

then since E,, I,,, G, are all invariant under the translation (X;) — (X; —
X_¢), we have that

E[1gE,G,I,| =

M

<
Il
o

E[1p, EyGl,]

(-1
P(Bj)]-{zﬁé:pi,j<i§m}PZj (7—;;607... T} > €n> Z Gﬂ (xja xk)
k=0

[
NE

<.
Il
o

By the stationary property (4.2.7)), we have that

P(B
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thus we can further simplify the equation above to

P(B) <~ (1-1)
]E[]-BEnGn]n] = m——H Z Z l{xj#xi,j<i§m}PZj (T{;O’...7xm} > gn) GU " ("L‘ja xk)
k=0 j=0

(4.2.10)

For any A C Z%, z € A, by decomposing the random walk (.S,,) started at

z at the last time it hits A C Z4, it is not hard to see that (|67, Proposition
2.4.1 (b)])

SR > &G () = 1.

z€A
Take A = {zg, 21, -+, 2}, then we have that

m 1
Z 1{zj7éxi,j<i§m}PZj(T:1r > fn)GSZ ")(Z,.Z'j) = 17 S {anxla e 7$m}'
=0

Put this into (4.2.10)), then
P(B) |-

E1pE,G,I,| = —= 1 =P(B).

0BGl = LT 1= BB

0

The conclusion follows by adding up all choices of B(m;xy, -, z). ]

4.2.5 Strong mixing property for functions of the Brow-
nian motion

The calculation for Green’s functions will lead to some estimates of the fol-
lowing form, for which we give a concentration result in advance. This part
is inspired partially by [73, Lemma 18, Lemma 19].

In this section, let d > 3, and we consider a continuous homogeneous
functions of degree 2, f : RN\{0} — R* such that

f(A2) = \72f(2), 2 € R\{0}, A € R\{0}. (4.2.11)
Then in particular, f is bounded on the unit sphere, and
f(2) <272 2 = oo. (4.2.12)

Consider the trajectory w of a d-dimensional Brownian motion. Let

Fw) = / " Flw(t))dt
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and

Then one can easily deduce that:

1. F' is almost surely finite;

2. T is invariant and ergodic in the Wierner space equipped with the
probability measure of the Brownian motion;

3. [ f(w(t)) = F(w) + F(Tw) + -+ F(T" 'w).

Thus by Birkhoff’s ergodic theorem, for the Brownian motion (B;) in R%, the
following integral converges almost surely to its expectation,

Sy (Bt Bt a U f(BY) dt} (4.2.13)

Moreover, we can improve it to a concentration property,

Proposition 4.2.13. Let (B;) be the Brownian motion in R (d > 3) with
non-degenerate covariance matriz I'. Then for any € > 0, m > 0 and f
satisfying (4.2.11)), there exists a constant C(d, e, m,T') > 0 such that

(f1 Btdt_

logn
To prove this, we need the following moment estimate,

E[ /1 f(Bt)dt} ‘ > e> <l e,m,F)(logn)_m,W(ili 14)

Lemma 4.2.14. [92, Theorem 1] Let (X,)nez be a (strictly) stationary se-
quence, i.e. a sequence of random variables such that for any k € N and
tatla"' Uk € Z
d
(tha T 7th) = (th-i-t’ T 7th+t)'
Let M be the o-field generated by {X;, Xiy1,--- , X;}, and let

a(n) = sup |IP(AN B) —P(A)P(B)|.
AeMO  ,BEMZ

Forr > 2,0 >0, if we have EX; = 0, E|X,|"* < 0o and

Z(n + 1)%*104(71)7%6 < 00,

n=0

then there exists a constant C(r,d) > 0 such that
E| X, + -+ X,|" < C(r,0)n2, Vn > 1.
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Proof of Proposition[4.2.13. It suffices to prove (4.2.14)) for the Brownian

motion with covariance I;. Let

X, = B f(Bt)dt—E{/lef(Bt)dt} =F(T"'B) U f(By) dt}

en—1

then by a change variable from n to e”, it suffices to show that there exists

C(d,e,m) > 0 with
P(| Xy + -+ X,| > en) < C(d, e, m)n™ ™.

By , (X,) is a stationary sequence with mean 0. Moreover, by
applying the same trick as in Corollary [£.2.9] we can easily show that it also
satisfies the moment requirement E|X;|"*® < oo for all r,§. Therefore, to
apply Lemma[4.2.14] it suffices to prove that for (X,,) we have a(n) = O(e~")
for some ¢ > 0.

Since (X,,) only depends on the trajectory of the Brownian motion, which
is a Markov process, we have that

a(n) = sup [P(B; € A, Ben € B) —P(B; € A)P(B.n € B)|.
A,BCRS

Clearly, P(|B)| > n) = P(|Bex| > ne™?) = O(e™™), so we may con-
sider the supreme restricted to bounded balls in R¢, A C Ball(0;n), B C
Ball(0; ne™2). Then we expand a(n) by definition,

sup IP(By € A, Ben € B) —P(B, € A)P(B.» € B)|
ACBall(0;n)
BCBall(0;ne™/?)

! /d /d ' @—2‘5’7‘3 L —”f—';’“‘
sup T Y- -1 — e em
(2m) ACBall(0;n) ver

BCBall(0;ne™/?)

1 /
sup dx dy .
(2m) ACBall(0;n)

BCBall(0;ne™/?)

1 1
+ su dz / d '
(27T) ACBallIEO in) / v ver

BCBall(0;ne™/2)

1 L i ly—=*  JyP
< m sup /e 2dx/e 2e"dy-0(—
(2m)dez  acBanom) Ja B 2(em = 1)  2en

BCBall(0;ne™/?)

_O( ? 7n)7

IN

2 2
z?2 _ |y—a| _l=? wl?
2 2(e™-1) — g 2 2eM

VAN
U

)0t
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where in the last line, we upper bound the integrals by 1 and use that |z| <
n, |y| < ne/?.

In conclusion, we have a(n) = O(e™") for some ¢ > 0, thus the conditions
in Lemma are satisfied. Therefore, let 6 = %, then for any r > 2, there
exists a constant C'(r) such that

E|X; + -+ X,|" < C(r)n2, Yn > 1,
then by a Chebyshev-type inequality,

1P>(|X1 e X > k(c*(r)n%)%) <k

1

The conclusion follows by taking r = 2m and k = en2 (C(r)) . O

Corollary 4.2.15. Letn be a distribution satisfying the conditions in Lemmal4.2.10,
and recall that f is a function satisfying . Take an arbitrary value

for f(0) so that it is defined on R?, then for any ¢ > 0 and m > 0, there

exists a constant C(d,n,e,m) >0

TL S’L €
Pg( 2izo /(5) E[/ f(Bt)dt} ‘ > e) < C(d,n,e,m)(logn)~™, ¥n > 0.
logn 1
Proof. Extend the discrete process (S,)nen to a continuous-time process
(S|¢))ez0. Using Lemma [4.2.10| and some basic estimates on the Brownian
motion, we can find a Brownian motion with the same covariance matrix as

S on the same probability space, a constant C'(d,n) > 0, and a power index
k, such that the event

Fui= {5, Bl < Clamogn? f o {nt 15> (ogn*}
t>

0<t<n logn)k
happens with probability 1 — O((logn)™™).

Recall that f is continuous on R4\{0} and homogeneous of degree 2, we
can easily get that for any 6 > 0, when n is large enough, for any =,y € R?

such that |y| > (logn)?, |z —y| < (logn)?,
)= 1001 < ol = w21 () + 2 () - 1()]

| ] |yl

| || ]

< dly| 2.
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Therefore, conditioned on the event F,, if we write Cy = [ f1 f(B; dt] for
simplicity, we have that

n—1
S F(S) ~ Cylogn
i=0

[(log n)*] n n
> s | o= Cptogn|+ [ 5B - syl
. (logn)* (logn)k
mogn 4 n n
Z f(S / f(By)dt — Cylogn +5/ |B,|2dt.
(logn)* (log n)*

For the first term, by Corollary [£.2.9, we have that

[(log n)*]

P Z f(S;) > elogn | < Ci(d,n,e,m)(logn) ™.

Similar bounds for the second and the third term follows from Proposi-
tion [4.2.13l O

4.3 The super-critical dimensions

In this section, we prove Theorem for d > 7 via the infinite model
defined in Section [4.2.2l The main strategy is to establish a lower bound for
the expectation of capacity using Lemma and estimates on Green’s
functions, then deduce the desired convergence for the infinite model with
the help of its ergodicity under transformation (4.2.3]), and finally extend
it to a similar convergence for the branching random walk indexed by the
critical Galton-Watson tree conditioned to be large.

4.3.1 Estimates on Green’s functions

Lemma 4.3.1. If d > 3 and 0,0 are distributions on Z¢ satisfying ([4.1.1]),
then as n — oo, there ezists a constant C(d,n,0) > 0 such that

EJIG,(Sa)] < C(d,n, O)n' /2.

Proof. Recall that according to Lemma m, there exists C'(d,n,0) such
that

(C'(d,n,0)) 'Go(x) < Gy(x) < C'(d,n,0)Ge(x) uniformly for all z € Z%,
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then it suffices to show that
ES[Gy(S,)] < C(d, §)nt~/2.

In fact since 6 is a symmetric distribution,

ES[Go(Sa)] = Y _ PO(Sn = 2)Go(x)
zEeZd
= Z Z PY(S, = x)P5(S,, = 2)
z€Z4m=>0
=Y P)(Spin = 0) < C(d,0)n' ">,
m>0

where the last line follows by taking x = 0 in Lemma [4.2.6|and this completes
the proof. n

Lemma 4.3.2. In dimension d > 7, recall that u,0,n are probability dis-
tributions satisfying (4.1.1)), and the sequence (v;) of the infinite model is
defined in (4.2.2). Then there exists a constant C(d, u,6,n) > 0 such that

Z Gy (vs)

1=—00

Proof. Recall that (v;) run through all subtrees denoted by Ty, = 7, U T_,,
thus

S C<d?/’L7 97”)'

Eu,e

Euo| D Gylv)
=E,0 @ ES| D ) #{u € Tan: [ul = i}Gy(Snsi)
n=0 =0
S S B € T Jul = LG (S0
n=0 =0

If i has finite variance, then for all n and 7 ,

B, [#{t € Tin: |ul = i}] = Bug[#{u € Ton: |ul = 1}] = D (i+5)u(i+j+1),
4,5>0
(4.3.15)
thus we have that

ZGUZ

i=—00

< C(u ZZES Snti)]

n=0 =0

,u,G
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where the last line follows from Lemma 311 m

4.3.2 Limit theorem for the infinite model

Proposition 4.3.3. In dimension d > 7, p,0,n are supposed to satisfy

[.1.1) and recall the range R[0,n] defined in Section[{.2.4 Then there is a
constant C(d, u,0,m) > 0 such that

cap, (R|0,n
M — C(d,p,0,n) Pe-almost surely.
n

Proof. By definition of the capacity, for any finite sets A, B C Z¢,
cap, (AU B) < cap, A + cap, B.
Recall the ergodic measure-preserving shift o defined by (4.2.3)). In particular

we have that
cap, (R[0,n +m]) < cap, (R[0,n]) + cap, (R[n,n + m])
= cap, (R[0,n]) + cap, (0" o R[0,m]).

Thus Kingman’s subadditive ergodic theorem suggests that there exists a
constant C(d, i, 0,n) such that

- cap, (R[0,n])

n—00 n

— C(d,p,0,m) P, p-almost surely.

Then it remains to prove that the constant
o1
C(d, p,0,7) = lim ~Eg [cap, (R[0,n])] (4.3.16)

is strictly positive.

In face by Lemma for any k > 1,

1 %E%g[#R[O, n]] %EM,O [Zx,yER[O,n] Gﬁ(x7 y)]
L alcap, (10 n])] > et PRI TSt

The first term LE,, o[#R[0,n]] converges to a strictly positive constant by [73)
Proposition 5|, and in the second term

> Gylvivy)

i.j=0

1 1

z,y€R[0,n]

is also finite by Lemma [4.3.2, Then (4.3.16|) is strictly positive by taking k
sufficiently large. O

< E,u,@

Z Gn(vi)]

i=—00
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Remark 4.3.4. The limiting constant here is implicit. In fact, in the language
of Lemma [£.2.12] for high dimensions d > 7, both E, I,, and G,, will converge
by monotonicity (to some random variables). Indeed, write F, I, and G
to denote their limits, then the desired constant is

ElEsls] =Pug @ PY <’U0 & {v1, v, -}, T{J_“_’Ll’vovvh_.} = oo).

However, the equation E[E, I - G ] = 1 does not contain enough informa-
tion to determine this constant, since G, is a non-trivial random variable
ford > 7.

4.3.3 Proof of Theorem (1)

The goal of this section is to establish an intermediate structure, then com-
pare the infinite model with large Galton-Watson trees via this new structure
as in [94, p. 19].

To study R[0,n], it suffices to look at (v;) for ¢ > 0, thus we consider the
model in Remark i.e. we attach one subtree 7; to each node (i, &) on

the spine and set

[e.o]

ko2~ Puolkie =n) = pln+1,00) = > pulj), i > 0.
j=n+1

Now we construct a new probability measure P{L,e such that all nodes on the
spine, including the base point (0, @), have offspring distribution

P, o(kio) =n) = p[n+1,00), i > 0,

while all other constructions (independence, offspring distribution for nodes
not on the spine, and displacements) are the same as P, g. Since wa and
P, ¢ are different only in the first subtree, it follows that

Corollary 4.3.5. In dimension d > 7, let pu,0,n be distributions with the
conditions in ({4.1.1). There is a constant C(d, u,0,n) > 0 such that under
PI

w07

cap, (R[0, n])

— C(d, 1, 0,1) in probability.
n
Moreover, for the measure Pfl’(, we have

Lemma 4.3.6 ([94]). In dimension d > 3, let u,0,n be distributions with
the conditions in (4.1.1). Recall that P, g is the law of the Galton-Watson
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tree (cf. Section . Let a € (0,1) and let (f,,) be any uniformly bounded
sequence of functions on ZF1. Then (with an abuse of the notation (v;)
for positions of nodes under both P, g and Piﬂ)

r}LHolo‘Eme(fn((vi)ogiéLanJ) | #T =n) - Eftﬁ(f"((”i)oﬁiﬂanj)>ga<M> ) =0

on
where gqo(x) = (1 —a)™2 exp(—z(f—ia)> and o? is the variance of .
Proof. See (5.3), (5.4) and the disaplay that follows in [94]. O

Theorem 4.3.7. In dimension d > 7, let u,0,n be distributions with the
conditions in (4.1.1)), and let R[0,n] be the range constructed in Section[4.2.4

(abused to denote the range of other trees as well). There is a constant
C =C(d,u,0,m) > 0 such that under the law of a (standard) Galton-Watson
tree conditioned to have n + 1 nodes, P,o(-|#1T =n+1),

cap, (R[0,n])

n

— C' in probability.
Proof. For any € > 0, take
fn = 1|%caan[O,an]—aC|>e

in Lemma [£.3.6] Then by Corollary [£.3.5] we have that

i 1
nh_)n;O ng( Ecaan[O, an| — aC'

Moreover, since

> €

#T =n+ 1) — 0, (4.3.17)

‘%capn(R[O,n]) - c‘

<[%-cap, (R0.1) = % cap, (R0, Lan])| + | cap, (R0, Lan]) = aC]| + o — €

<(l—a)+ ‘%capn(R[O, lan]]) — aC‘ + (1 —a)C,

we have that

1
lim P, (‘Ecapn(R[(), n]) — C’ > €

n—o0

#T:n+1>

< lim P#,g(‘%capn(R[O, lan]]) = aC

n—o0

>e—(1—a)(1+C)‘#T:n+1> =0,

where the last line holds by (4.3.17)) if a is taken sufficiently close to 1. [
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4.4 The critical dimension

In this section, we consider the critical dimension d = 6. The main strategy
is to estimate Green’s functions for the infinite model established in Sec-
tion [£.2.2] so that we can use Lemma [£.2.12] and a second moment method
to get the desired convergence. Finally similar argument as in Theorem [£.3.7]
allows us to prove the convergence result of capacity for large Galton-Watson
trees.

4.4.1 Estimates on Green’s functions

Proposition 4.4.1. In dimension d = 6, let u,0,n be distributions with
assumptions in (4.1.1). Let P,y be the law of a (standard) branching ran-
dom walk (Vy)uer indexed by a (standard) Galton-Watson tree T (cf. Sec-

tion . Then

1. As z — 00, we have that

Bup|Y Gy(z+Vi)| = Fo(z) + 0|27,

ueT

where the function

Fmg(z) = 06,7706,6 /6 Jn(Z + x)_4J9(a:)_4da:,
R

is a continuous function defined on RO\{0} with F,p(Az) = A\ 2F(z)

for all A > 0, with Cs .y and Jy defined in Lemma[{.2.7]

2. For any m > 2, if pu has finite m-th moment, then there exists a con-
stant C'(m, u,0,m) > 0, so that for any z # 0,

(Z Gz + vu)>

E,U«ﬁ S C(m7:u70777>’z|72'

Proof. Because p is critical, we have E, g[#{u € T:|u| =n}] = 1 for all
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n > 1. Then

ZG (z+ V)

ueT

Z#{UGT lu| = n}ES[G, (2 + Sy)]

u@ u@

By Lemma [4.2.7] we then have

> Gylz + 2)Gy(x)

x€Z8
=Cs.,Co.0 Z Jy(z+2)  Jp(z) ™t + O (Z |z + x|_5|x|_4> ,
z€ZLs x€Z5

and it is elementary to show that (by approximating the sum by an integral)

0<Z |z+x|-5|x|-4) — 0(2I).

€75

Moreover, the difference between Cg,,Ce9 >, 76 Jy(2+x) 1 Jy(x)~* and F, 4(2)
is of the same order as O(>, s |2 + 2| 7°|z|™*) by mean value theorem.

Therefore,
Z Gp(z+Vy)

ueT

Foo(2) +O(|2] 7).

y@

The asymptotic and the scaling relation for F) 4 are easy to check by using
J(x) < |z, J(A\x) = AJ.(2).

As for Part (2), let (S,(f))(l < i < k) be independent f-random walks
started at 0. Given any z € Z° k > 2, by Part (1) and Lemma [4.2.7]

Ef [H i Gylz + S

i=1 j=0

k
< Cy(0,m) [J(I21 v 1) 72 < Ca(8,m)Gy(2)*.
=1

(4.4.18)
To deal with the second moment, m = 2, we need to study the positions
of two nodes u,u’. Given that |u A u'| =k, |u| = k + 4, |u'| = k + j, where
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u A u' denotes their youngest common ancestor), then their contribution to
the second moment is

ESG (2 + S + Si)Gy (2 + Si + S1).

Summing up all possible tree-structures, we have that

<Z Gz + vu>>

Z Ee[ (2 + S+ S)Gy (2 + Sp + S | B[N (K3, 7)),

i,7,k=0
where

N(k;yi,j) = #{u, v’ € T:juANU| =k, |Ju| =k +1i,|u| =k + j}.

Figure 4.6: N(k;1i,7)
We can then count N (k;1, j) as illustrated in Figure[d.6|on critical Galton-
Watson trees. Set Z,, := #{u € T: |u| = n}), then
EuoIN(k;1,5)] = EuolZel By ol 21 (Z1 =D Epol Zia| EpolZi—1] = EpplZ1(Z1=1)]

for 4,5 > 1, which is finite as long as p has finite second moment (the case i
or j = 0 can be easily treated alone). Then we apply (4.4.18]) with k£ = 2,

(Z Gp(z+ Vu)>

ueT
<EwlZi(Z = 1] Y B[ Gulz + Sk + 517Gy (2 + S+ 5]
%,7,k=0

<C(0,n)EpolZ1(Z1 = 1)] 259 a(z +8p)] < Cp, 0,m)]2] 72,
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where the last inequality follows from Part (1).

Similar argument works for m > 3, by counting all possible hierarchy
structures of m vertices as for N(k;1, ), and perform (4.4.18) recursively on
those structures. O

Remark 4.4.2. By (4.4.18), one may expect an O(|z|™™) result in Part (2),
however, O(|z|72) is in fact optimal for all m > 3. Take m = 3 for instance.
To estimate the contribution of ’binary’ branching structure u(® (1=1,2,3)

with (see Figure

Figure 4.7: ’binary’ branching structures for £k = 3

w()

luM A u® Au® | =i [u® Au®| =i+ 5 >,

we need to perform (4.4.18)) with & = 2 twice, instead of the equation with
k=3:

S E[Cu St 50+ SP)G,:+ S+ 50+ 506+ 5+ 5]
,7,k,l,h=0

<Ci(,0,m) Y ED|Galz + Si+ SNG4 8+ 517)]

i,j,h=0

SCQ(M? 97 77) Z Eg[Gﬁ(z + Sl)] < CB(/% 97”)’2"72‘

1=0

It is only when u™ u® «® all branch at the same node (i.e. j = 0 in

Figure that one can apply (4.4.18)) with & = 3. Thus our method gives
the bound O(|z]|~?) for all m-th moment for m > 2.

Since the infinite model has offspring distributions different from p on
the spine, we include the following corollary, whose proof is clear by that of
Proposition [4.4.1}
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Corollary 4.4.3. In the setting of Proposition take an arbitrary dis-
tribution p* on N, and consider a random tree whose offspring distribution of
the first generation is replaced by p*, with other construction same as Py,

write its law as Pj,, then

1. As z — 0o, we have that

o =E[1]F0(2) + O(I2] 7).

Z Gy(z+ Vo)

ueT

2. For any m > 2, if u* and p have finite m-th moment, then there exists
a constant C(m, p, u*,6,m) > 0

(Z G,z + vu))

ueT

E;, < C(m, p, 1, 0,n)|2| >

Before going to the main estimate, we attach here a moment estimate for
independent random variables.

Lemma 4.4.4. [51, Corollary 4.4] Let t > 2, and (X;),i = 1,---,n be
independent random variables such that

EX; =0, and E|X;|" < oo,
then
P (Z X; > a:> < Cra' ) EIX[ + exp (—szQ/Z ElXZ-F) ,
i=1 i=1 i=1
where Cy = (1+2/t)!,Cy =2(t +2) e,
We are now ready to treat Green’s functions for the infinite model.

Proposition 4.4.5. In dimension d = 6, let u,0,n be distributions with
assumptions in (4.1.1). Recall the infinite model in Section . Let C_,,,(,

be indexes such that

R[Cpy Gal = {ve s+ 06, }

15 the range formed by the displacement of all nodes in

{(0,75), (1, 1), -+, (n, Ten) -
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1. If i has finite 5-th moment, then for any fixred € > 0, as n — oo,

Cn
10 Z G,(v;) — Cglogn| > elogn | = o((logn)?)
i=C—n

P

where Cg = > oo |(k — Vku(k) - E[ [ F,o(Bf)dt], B! is a Brownian
motion with covariance matriz I'y, and F, g is the function defined in
Proposition |4.4. 1.

2. For any m > 2, if pu has finite (m + 1)-th moment, then as n — oo,

m

B | | 0 G | | = OtCtogmy™)
i=Cn

Proof. We merge the two subtrees (n,7.,) into a single tree, whose first
generation has offspring distribution p*(k) = > iy (i +J +1) =
(k+ 1)u(k + 1). Then we need p to have finite (m + 1)-th moment in order
that p* has finite m-th moment. For simplicity, we denote by G,(7,) the
sum of Green’s functions over the range of (n, 71,), and we denote by Sy =
0,81, -+, S, the spatial positions of the spine (0,9),- -, (n,d). Clearly,

Cn n
Z@MF%mHZ%m&

1=C—n

and (G,(7;)) are independent conditioned on (S;).
For Part (1), we have that

Z Gy(vi) — Cglogn| < Z Gy(Tw) — Z E,0lGy(T1i) | (Si)o<i<n]
ich'n =0 =0

n

-+Zﬂw o) | (Sosica] = El'] Y FrolS)

i=1

+ |E[n] Z F,0(Si) — Celogn

(4.4.19)
and it suffices to estimate each of the three terms here.
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Indeed, for the third term in (4.4.19)), by Corollary |4.2.15|

p(

For the second term in (4.4.19)), by Corollary we have that

ZEM (T2) [ (Si)o<i<n] — Z (Z(|Si|\/1)_3)>

i=0
which is in turn deduced by Corollary m (2) with £ =3, m=1,2,3 (and
a Chebyshev-type inequality for the 3rd moment),

> elog n) = o((logn)™?),

E[p]>  Fpa(Si) — Calogn
=1

P, <Z(|Sz| V1)73 > elogn) = o((logn)~?).

i=0
As for the first term in (4.4.19), by Corollary with m = 2,4 (here we
need finite fourth moment for p*, thus finite fifth moment for p), we have
that

n

ZEW 2(Te)* | (Sosizn] < Ca(p,0,m) > (IS v 1)~

=0
n

ZEW 2(Te))* | (Siosica] < Calpn, 6,m) Y (1S v 1)~

=0
SO

n

ZEM 2(Tet) = BpolGy(Tei) | (Si)osizal)? | (Sidoziza] < Cs(n, 0, n) Z(|3z'| V1)~

ZEM n(Tai) — BuolGy(T2) | (Si)o<i<nl)* | (Si)o<i<n] < Ca(p,0,n) Z(|S¢\ V1)~

1=0

Then we apply Lemma with X; = G,(T1:) — E,0[G(Txi) | (Si)o<i<nl,

t = 4, and IP) = P'u,g(' | (Si)OSign)a
Z Gn(ﬁi) - [ (Tﬂ) ’ ( )O<z<n] (Si)0<i<n)

n
Puﬂ
i=0

<Cs(p.0,m) (18I vV 1) (elog n)~ + exp (—cﬁw, 0,m)(clogn)?/ S (IS v 1)*)
=0 =0

<Cs(p0,m) S (1S V 1) 2 (clog n) ™ 4 ¢ ColmOmE 0B/ 08BN | ] g ogns
=0

> elogn
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If we take expectation E, ¢ on both sides, all these terms are o((logn)~?) by

Corollary [4.2.9] then we have that
D G(Tia) = ByplGol(Ti) | (Sosica]
=0

p<

The conclusion follows by combining the estimates for the three terms on
the right-hand side of individually.

For the second part, we illustrate the m = 2 case, since the proof for m
other than 2 is similar. Indeed,

> elogn) = o((logn)~?).

2

[ [
Euol | D Go(w) ] |(Sosizn

iZC—n

(Z Gn(ﬂti)> (Si)OSiSn

By Corollary £.4.3], if 41 has finite 3rd moment, then this sum is of the order

n

SUSIvD 42 > (IS v )8 v 1)
i=0 0<i<j<n

n n

=) (SiIv1)™+ (Z(\Sil v 1)2> ,

i=0 i=0
Take expectation E, 9, and we can conclude by Corollary [4.2.9] O
Corollary 4.4.6. Under the same setting of Propositz’on (1),

> elog n) = o((logn)~?).

Proof. By standard tools of Kemperman’s formula (see e.g. [44] Section
3]), denote by (/, the total population of n Galton-Watson trees of offspring
distribution p, and by (Y;) an i.i.d. sequence distributed as p — 1, then

n
Pu,e(q1 =m)= E]P>(Y1 + -+ Y,=n).
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Apply Lemma [4.2.6| with d = 1 and the random walk with displacements
(Y;) (where p being critical implies that EY; = 0, and finite fifth moment
required in Proposition (1) implies the finite third moment of Y;), we
have that

Po(C, =m)— n G < Caln)

vm m

3

Sum over m, then
P.o (C?'I > n?(log n)5) = o((logn)~?).

Moreover, by [68, Proposition 2.1.2 (a)] with k£ = 2 (guaranteed by the finite
fifth moment in Proposition (1)),

P (¢, < n(logn) ?)
n?(logn) 2 n
< Z - Y1+ + n)

m=1

n2(10gn)*2n
<t > - -IP( max Y1+---+K-Zn>

m 1<j<n2(logn)—2
m=1

=o((logn)~?).
In summary,
P,o (n*(logn)™ < ¢, < n’*(logn)’) =1 — o((logn)~?).

Moreover, recall the probability distribution p* in the proof of Proposi-
tion take an i.i.d. sequence (X;) distributed as p*, then

d .
Cn = QL Xt X

Apply [68, Proposition 2.1.2 (a)] again for the sequence (X; — EX;), we can
show that for any constants 0 < Cy(u) < EX; < Cs(p),

P(Cylp)n <14+ X1+ -+ X, < Cs5(u)n) =1 — o((logn)~?).
Thus for any 0 < Cg(u) < (E[X;])? < Cr(p),
P, (Co(p)n*(logn) = < ¢, < Cr(p)n’(logn)®) = 1—o((logn)~?). (4.4.20)

The same estimate holds for (_,,, thus we conclude by Proposition |4.4.5, [
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Before ending this section, we give a brief calculation of Cg for the sim-
plest case:

Proposition 4.4.7. If pu is the geometric distribution with parameter %, i.€.
(k) =275t and 0 and n are one-step distributions of independent simple
random walks in RS, then Cg = 97 ~3.

Proof. Recall from Proposition that

Co = 3k 1l E| [ ol
k=1 1
The first term is just the variance of the geometric distribution,
> (k= Dkp(k) = 2.
k=1

For the second term, we first determine £} g. Denote by (.S,,), (S,,) two inde-
pendent simple random walks in R® started from 0, then by Propositionm
for |z| = oo,

Fro(2) = Bup | ) Golz + Vi) | +0(12]7)

ueT

i Gp(z+ Sp)

n=0

> P(Sm =2+ S.) +0(27)

0 m=0

=E +O(]2]7?)

[M]8

n

(k+ D)P(Sy = 2) + O(]2]7?).

NE

=

=0
Then simplify the sum by Lemma |4.2.6, we have
Foo(2) = 977%|272 + O(|2| 7).
By definition, F; g(Az) = A72F, 4(z) for any z # 0, so
FLo(2) =972 2, 2 #£0.

We can then conclude by the fact that for a 6-dimensional Brownian motion
with covariance matrix %IG,

¢ 1
]EU ]Bf]‘th} =_.
) 2
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4.4.2 Limit theorem for the infinite model

In this section, we apply the estimates of Green’s functions to deduce the
estimates for the capacity using Lemma [4.2.12 We begin by estimating the
term (,, in Lemma [4.2.12

Lemma 4.4.8. In dimension d = 6, let n be a distribution with conditions

in (4.1.1), and let Gglfﬁ)(:v) = Ym0l = 2)PJ(S; = x) as in Lemma |4.2.12,
There exists C(n) > 0 such that for all x € Z° and n > 1,

Gy(w) — GO (@) < ),

Proof. Since (1 —£)v 0 < (1 —1)¥ we have that

@) 2 - PYS = 1) 2 Gle) ~ 3

k=0 keN

kAn

Then the desired estimate follows because there exists C'(n) > 0 such that
Pl(Sy = z) < C(n)k™3 uniformly in z € Z° by Lemma [4.2.6| O

Lemma 4.4.9. In dimension d = 6, let u,0,n be distributions with assump-
tions in (L.1.1)) and recall the infinite model in Section[{.2.4 In the setting

of Lemma apply G, to the sequence (v;). If pu has finite 5-th moment,
then as n — oo,

1
P, (‘Gn - ECG logn

> elog n) = o((log ”)72)’

where C¢ is the constant in Proposition [{-4.8. If p has finite (m + 1)-th
moment for m > 2, then as n — oo,

E,6[(Gn)"] = O((logn)™).

Proof. 1f &, is a geometric random variable with parameter %, it is not hard
to see that

P(n(logn)™® < &, <nlogn) =1 — o((logn)~?).

Therefore,

1
P, (Gn > §C’G logn + elog n)

1
=P,y (Gn > EOG logn + elogn, & & < nlogn) + o((logn)?)

nlogn
1
<P, ( Z Gy(v;) > §C’G logn + elogn) + o((logn)~?) = o((logn)?),

i=—nlogn
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where the last line follows from Corollary [£.4.6] For the other side, we have
that

1
P, (Gn < EOG logn — elog n)

1
=P, (Gn < ECG logn — elogn, & ,&" > n(log n)_3) + o((logn)?)

n(logn)~3

1
<P, Z Gp(v;) < §C’G logn — elogn + 2C(n)(logn)~® | + o((logn)~?)

i=—n(logn)—3

—o((logn)™2),

where C(n) is the constant in Lemma [4.4.8|
Moreover, by Proposition [£.4.5 the m-th moment is bounded by

& "
E,o[(Gn)"] < Eup Z Gy(v:)
i=—¢,
< Ci(,0,m) Y P(max(§,, &) = k)(log k)™ < Ca(p1,6,m)(log n)™.
k>0

]

We are now ready to go from Green’s functions to (the contribution of
the origin of) the capacity.

Lemma 4.4.10. In dimension d = 6, let p, 0, n be distributions with assump-
tions in (4.1.1) and that p has finite 5-th moment. Recall the infinite model

in Section
lim (logn)Pj @ P, (0 ¢ R[1, n],T;;[_n = oo) = 205",
n—oo ’

where Cg is the constant in Proposition [{.4.5

Proof. We apply Lemma [4.2.12] to (the displacements of) the infinite model
(v;). For any fixed € > 0 sufficiently small, let

An,e = {

which, by Lemma |4.4.9, happens with probability 1 — o((logn)™2).
By Cauchy-Schwarz, we have that

1
G, — §CG logn

§elogn},

B0 EnlGrlag ] < \/Prua(A5, ) Ea(G2) = o(1),
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because 0 < E,, I, < 1 (by definition), P,g(AS,) = o((logn)~?), and

E,0(G2) = O((logn)?) by Lemma m This together with Lemma [4.2.12
then shows that

Eu,G[EnInGn]-AmE] =1- 0(1)

Moreover since 0 < E,,, I, < 1, we have that

1 1
<§CG - e) (logn)E,o[Enly) < EuplEnl,Gpla, ] < (500 + e) (logn)E, o[ En1y),

thus

1
lim sup (50(; - e) (logn)E,¢[E,1,) <1

n—o0

1
lim inf <§C’G + e) (logn)E, o[ E,1,] > 1.
n—oo
Since this holds for any ¢, we have $Cq(logn)E, ¢[E,I,] = 1+ o(1). That is
to say
2+0(1)
n r + —
Py Puo (02 AILEL T a ) > &) = Goiorn

Moreover, apply the standard estimate

P(n(logn)™® < &, < nlogn) =1 — o((logn)~?)

for all three random variables &,, &L, €7 by monotonicity we have that

2+o0(1
Py Pyo (08 RlL ), 7y 2 10) = o,

The statement of Lemma [4.4.10l now follows since

Pl@P,g (n < TE[_TW] < oo) < Z Pl @ P, o(S, € R[—n,n])
k>n
< Zn sup PJ(Sy = 2) < n~*
(R LA
is negligible, where in the last line we use Lemma |4.2.6| O

Finally, we conclude for the capacity of the infinite model by a second
moment method, analogue to [73, Theorem 14].
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Proposition 4.4.11. In dimension d = 6, let u,0,n be distributions with
assumptions (4.1.1)) and that p has finite 5-th moment. Recall the infinite
model in Section[{.2.9, As n — oo, under P4,

logn

L2 -1
cap, R[0,n] — 2C;",
where Cg is that in Proposition [4.4.5.
Proof. Decompose the capacity as discussed in (4.2.8). By (4.2.4]) and Lemma/4.4.10

we have that

logn

E, 0[cap, R[0,n]]

log n
= n Z EM79 [1vi¢R[i+1,n} PZl <7—1—%—[0,n] = OO)]
=0

log n <
B )]
n lz_; m,0 | FOZR[1,n—i]0 TR[—z,n—z] o0

>(logn)Pl @ P, g (0 ¢ RJ[1, n],Tg[_n’n} = oo) X ot

Then it suffices to show that

limsup(lo%) Emg[(caan[O,n])?} < (20(—;1)2‘ (4.4.21)

n—o0
In fact, for any a € (0, }1)7 set
D(a)={(i,j):0<i<j<mnandi,j—in—j>n'""},
then
E,.0[(cap,R[0,n])’]

= Z E. |:1Ui¢R[i+1v”]17}]’¢R[j+1vn] P, <T§[o,n} - 00) P, (Tg[o,n} - OO)]

i,j=0

=25 " Boug | Loerivin Lo griern P (150 =00 )P (1, = o

- Z p,0 | Fvi¢ Rli+1,n] Lv; € R[j+1,n] T o, 7—R[O,n]_oo vj 7—R[O,n]_oo t+o (logn)2 )
D(a)

Moreover, write k = j — i for simplicity, then for (i, j) € D(«), by (4.2.4),

By [1Ui¢R[i+l’”]lvﬁRUHv”] sz‘ (TE[OJL} - oo) sz <TIJ%F[0,R} - OO)]
SEMﬂ [10¢R[1,n1*30¢]1uk¢R[k+17k+n1—3a] X

n( -+ — Y] + =
Po (TR[_nlfi*)a’nlfBa] = OO) ka (TR[k_nlf?)a’k_;'_nlfBa] = OO)]
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By (4.4.20)), with probability 1—o((log n)~?), one has )Qﬂ%,a’ € [2n!73 pl=a].
And under this condition, the range R[—n'=3* nl=3¢] and R[k — n'™3* k +
n'=39] correspond to disjoint subtrees in 7, thus by strong Markov property
applied at the node (n%_o‘, @), we can bound the probability above by

(Pg ®P,0(0 ¢ RI1, n1—30¢]’ 7—;‘[_”173%711,3&] = OO)>2 + o((log n)—2)
— ((2051(1 - Sa)_1)2 + 0(1)> (logn)™2

using Lemma [4.4.10, Then (4.4.21)) follows by summing over all indices in
D(«) and let o« — 0+. O

4.4.3 Proof of Theorem (2)

We use the same treatment as for high dimensions to extend the result on
the infinite model to that of a standard branching process.

Theorem 4.4.12. In dimension d = 6, let u,0,n be distributions with the
conditions in (4.1.1) and that u has finite 5-th moment, and let R[0,n] be the
range constructed in Section (abused to denote the range of other trees
as well). Under the law of a (standard) Galton-Watson tree conditioned to
have n + 1 nodes, P, o(-|#1T =n+1),

logn

cap, (R[0,n]) — 2C;" in probability,

where Cg is the constant in Proposition [{.4.5

Proof. As in the proof of Theorem [4.3.7], we can prove by Lemma that
for any a € (0,1),e¢ > 0,

logn

Tcapn(R[O, an]) —2aC5'| > €

hmfm( #T:n+l>:0

n—o0

Take a — 1—, then we have a lower bound for cap, R[0, n],

n—oo

1
lim P, g (&capn(R[O,n]) — 205" < —¢
n

#T:n+1):0

If we reverse the order for nodes on a tree T, and set the range of its
last an nodes by R[0,an]”, then R[0,an]” will satisfy the same estimate as
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R0, an]. Moreover, R[0,n/2], R[0,n/2]~ will cover all the tree expect for a
negligible number of nodes ([94], p. 20]), thus

1
lim P, (%capn(R[O, n)) —2C;" > ¢

n—o0

#T:n—l—l)

#T:n+1>

n—o0

1
— lim P,y (%capn(R[O, n/2] U R[0,n/2]7) — 2C5" > €

1
< lim P,y (%(caan[O, n/2] + cap, R[0,n/2]7) — 2C;" > ¢

n—o0

#T:n—l—l):O.

O



Chapter 5

Capacity in low dimensions

This chapter is based on [19].

5.1 Introduction

Let d > 3 and 1 be a probability distribution on Z?. The n-capacity of a
finite set A C Z? (with respect to n) is defined as

cap,A = Z P (74 = o0),
€A
where P denotes the law of a (discrete) random walk (.S,,) with jump distri-
bution 7 started at z, and 7 :=inf{n >1: 5, € A} is (S,)’s first returning
time to A.

Let 1 be a probability distribution on N. A p-Galton-Watson tree starts
with one initial ancestor which produces a random number of children ac-
cording to u, and these children form the first generation. Then particles in
the first generation produce their children independently in the same way,
forming the second generation. The system goes on until infinity, or until
when there is no particle in a generation. In this paper, we are interested
in the critical case, i.e. the case when ), ku(k) = 1. In this case, it is
well-known that the Galton-Watson tree extincts (stops with no particle in
finitely many generations) almost surely. To avoid extinction, we consider
the Galton-Watson forest defined as follows. Let (7,),>0 be a sequence of
independent p-Galton-Watson trees. As showed in Figure [5.1] we start with
a fixed infinite ray (w,),>o called spine, and attach 7, to each w,,. For every
n > 1, w,_1 is considered as the parent of w, and the whole forest is rooted
at wy which we denote by @. As all 7, are finite, this Galton-Watson forest

is in fact an infinite rooted tree, denoted by 7'¢". Let P, be the law of
TIGW.

114
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Let 6 be a probability distribution on Z¢. Given a (finite or infinite) tree
T, we can define a tree-indexed random walk (V,,),e7 in Z% as follows: To
all edges of T we attach i.i.d. random variables which are distributed as 6,
independent of 7. Define V, := 0. For each u € T\{@}, let V, be the sum
of those random variables which are attached to the edges in the (unique)
simple path relating u to the root @. Clearly T describes the genealogy
of (V,)uer. We may also call (V,,),e7 a branching random walk when its
genealogy tree is a Galton-Watson tree (or forest).

Denote by P, the law of the branching random walk (V,,),c71ew when
T1W is the Galton-Watson forest distributed as PP,

w1 @
Wo @

Figure 5.1: The Galton Watson forest 7/¢W .

Under the measure P, g, let R, := {V,,u € U}‘:—Ol’ﬁ} be the set of points
in Z% visited by the branching random walk (V) when the index u explores
the first n subtrees of 77", Our main result is:

Theorem 5.1.1. In dimensions d = 3,4,5, let pu be a probability measure in
N, let 0,1 be probability measures in Z2, with the conditions

1 has mean 1 and finite variance, and p % 01,
n is aperiodic, irreducible, with mean 0 and finite (d 4+ 1)-th moment,
0 is symmetric, irreducible, with some finite exponential moments.

(5.1.1)

Then almost surely under P9, as n — oo,
d—2
cap, R, =n 2 +oas(l)

where here and in the sequel, 0,5(1) denotes a quantity which converges to 0
almost surely as n — oco.

Remark 5.1.2. We need the finite second moment of x4 in Lemma and
Lemma [5.2.6] and use the symmetry and finite exponential moments of # in

Corollary [5.2.5, Lemma and Lemma [5.4.4] whereas the finite (d + 1)-th
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moment of 7 is needed in Lemma [£.2.7] Finally, we assume the irreducibility
for brevity, indeed the result remains true as long as a #-walk generates a
d-dimensional subspace of Z. O

A few comments are in order. First, it will be clear from our proof that
Theorem holds when 7'/¢W is replaced by a more general tree with
one unique infinite ray, for example if we attach to each spine w;,7 > 0, an
i.i.d. random number of independent p-Galton-Watson trees, as long as this
random number has finite second moment. In particular Theorem holds
for the Kesten tree which is the u-Galton-Watson tree conditioned to survive
forever if 1 has finite third moment (because by the spine decomposition, the
number of children of w; in the Kesten tree has the size-biased law of p).

Second, to avoid the extinction of a critical pu-Galton-Watson tree T, we
may condition 7 to have n vertices, thus we obtain a random tree, say 7,°"¢.
Let Re" = {V,,,u € T,¢"*} be the range of (V,)7eons When the underlying
genealogy tree is 7,°"?. Le Gall and Lin [72, [73] studied in detail #Rm,
the cardinality of the range R and obtained various scaling limits for all
dimensions. In particular, their results show that the critical dimension for
the range of the tree-indexed walk is d = 4: for d > 5, #R%" grows linearly
whereas for d = 4, #R%" is sub-linear and for d < 3, #R%™ is of order
nd/4,

The study of the capacity of the range R" was initiated in [21] where
the authors proved that caanff”d grows linearly for d > 7 and is sub-linear
for d = 6. This suggests, also as conjectured in [21], that d = 6 should be
the critical dimension for the capacity of the range. The main motivation
of the present work is to confirm this prediction, by giving the growth order
of cap, R for d € {3,4,5}, this will be stated in the forthcoming Remark
5.2.2] see (5.2.2)).

At last, let us mention the systematical studies on the capacity of the
range for a simple random walk on Z¢, see Asselah, Schapira and Sousi [15]
and the references therein.

The rest of the paper is organized as follows: In Section 2, we order
the vertices in the Galton-Watson forest 77/¢" and state the corresponding
result for the range of the walk indexed by the first n vertices (Proposition
. Then Theorem follows as a consequence of Proposition and
Lemma [5.2.3] Sections 3 and 4 are devoted to the proofs of the upper and
lower bound of Proposition [5.2.1| respectively.

Notation: Under PY (resp: P"), (S,).>0 denotes a random walk on Z<
starting from x with jump distribution 6 (resp: 7). For brevity, we call (.S,)
a 0 (resp: m)-random walk. Finally, C;,1 < i < 12 denote some positive
constants.
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5.2 On the Galton-Watson forest

It will be more convenient to study the capacity for n vertices than n subtrees,
then we order the vertices in the Galton-Watson forest. On 77", we visit
the vertices in the order illustrated in Figure [5.2} starting with the first
subtree 7y rooted at wy, one visits every vertex in the order of Depth-First
Search (lexicographical order). Then we continue with the subtree 77 rooted
at w, and iterate the process. We denote the sequence of vertices in this
order by (u;);>o-

-@-

wa

10 "

Figure 5.2: A sample of the u-Galton Watson forest. The
path in bold is the spine (w,,). Labels correspond to the
sequence (u;). For example, ug = wyp = @ and ug = w;.

Under the measure P, the sequence (u;) then induces a sequence of
points in Z<, (V,,,) the positions of (u;), and we define

R[O’ TL] = {Vum Vun ) Vun}
The main part of this paper will be devoted to prove that

Proposition 5.2.1. In dimensions d = 3,4,5, let u,0,n be probability dis-
tributions with the conditions (p.1.1) Then almost surely under P, g,

cap, [0, n] = n T Hoss(1),

Remark 5.2.2. As for Theorem [5.1.1 Proposition also holds for more
general trees with one unique infinite ray: if we attach to each w; an i.i.d.
random number v; of p-Galton-Watson tree, then the same conclusion holds
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as long as E,p[v?] < oo. The proof follows in the same way as that of
Proposition [5.2.1] and we skip the details.

Now let R := {V,,,u € T,¢**} be as before the range of (V,,)cona, where
T is the pu-Galton-Watson tree conditioned to have n vertices. Assume
and furthermore that p has finite third moment, then in probability

cap, ;" = nT o), (5.2.2)

where op(1) denotes a quantity which converges to 0 in probability as n — oo.
The conclusion follows from the aforementioned generalized version of
Proposition with P, (v = k) =372, #(j), k > 0, and the arguments
in Zhu [94], Section 5 for the coupling between the infinite tree model and
Teond Indeed, we first observe that 1; has finite second moment thanks
to the assumption on . Fix 0 < a < 1. By the generalized version of
Proposition (with ;) and |21, Lemma 3.6], we have

cap, R0, |an]] = n“T o),

where Re7"[0, [an]] is the range of (V,)7ena when u runs over the first 1+
lan] vertices of T,°" in the lexicographical order. This gives a lower bound

of (2.

cap, R" > cap, R0, [an|] = nT +o(,

Moreover, by exploring the tree 7,°"¢ in the reversed order, we get that
cap, R [|an ], n) = n"T o),
yielding the upper bound because
caanff"d < caanfLO”d[O, lan|] + caanz‘md[LanJ ,n) = n' oD,

O

Admitting Proposition [5.2.1, we deduce Theorem [5.1.1] from the following
lemma on population of the first n subtrees.

Lemma 5.2.3. Let p # 01 be a probability measure on N with mean 1 and
finite variance, then P,-almost surely, there are n?tos() yertices in the first
n subtrees rooted at wqy, -+ , Wy_1.

Proof. The proof is easy. In fact, if we denote by #7 the total number
of vertices of a finite tree T, then #7 is in the domain of attraction of a
stable law of index i, see the forthcoming (5.2.6). To get the Lemma, it

29
suffices to apply the almost sure fluctuation results for the partial sum of
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n independent copies of #7,. However, to unify the presentation we give
another proof based on the Lukasiewicz path.

It is well-known (see [42], Section 0.2) that there exists a random walk
Y on Z with ¥y = 0 and jump distribution P,(Y; = k) = p(k + 1) for
k=-—1,0,1,2,..., such that

#To+ ... + #Tpo1 =inf{k > 1:Y, = —n}, n>1. (5.2.3)

Observe that E,(Y;) = 0 and Var(Y;) € (0,00). By the classical Khint-
chine and Hirsch laws of iterated logarithm for the random walk (Y}) (see
Csaki [33] for Hirsch’s law of iterated logarithm under the second moment
assumption),

— min Y = natoe) a.s. (5.2.4)
0<k<n
It follows that #7g + ... + #7T,,_1 = n?To=) a5, ]

The rest of the paper is devoted to the proof of Proposition At first,
we need the following estimates on the population of the Galton-Watson
forest TI¢W. For any u,v € T'¢W, let dist(u,v) be the graph distance
between u and v.

Lemma 5.2.4. Let p # 6, be a probability measure on N with mean 1 and
finite variance, then IP,-almost surely,

max dist(d, u;) = nztos(l),

0<i<n
Proof. Recall that (w,) are the roots of subtrees (7,) in the forest. As
showed in Figure [5.3] let ¢, be the index of the subtree that w, belongs
to, i.e. u, € T¢,. Then let H, = dist(u,,w¢,) be the height of u, in 7¢,.
Therefore,

dist(@, u,) = ¢, + Ha, Vn > 0.

Figure 5.3: The decomposition dist(&, u,) = ¢, + H,.
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By Lemma [5.2.3] we have

Cn — n%“'oas(l)‘
It thus suffices to show that P,-almost surely,

max H; < n2toe), (5.2.5)
0<i<n
Note that the process (H,) is distributed as the height process in the

sense of [42, Section 0.2]: Using the random walk (Y}) introduced in the
proof of Lemma [5.2.3] we have

n—1

By = Z Livi=ming<;<n Vi1 n =1
k=0

For any fixed n, by considering Y,, — Y,,_x,0 < k < n, we see that H,
is distributed as Zzzl Ly =maxo<;<p, i} - In other words, let t, := 0 and for
j>1,t5:=inf{k > t;_; : Y, > Y;, |} be the sequence of (weak) ascending
ladder epochs of Y. Then for all n, ¢ > 1,

P,(H, > €) = P,(t; < n) < inf " (E,(e ™))",

A>0

where in the above inequality we have used the fact that t, — t,_1,k > 1
are i.i.d and distributed as t;. The Laplace transform of E, (e **1) can be
computed by the Sparre-Anderson identity, whose asymptotic is given by
Kersting and Vatutin ([60], proof of Theorem 4.6, Page 75):

1—E, (e) ~ VX, A—=0. (5.2.6)

Take A = 1 we see that for all n > 1, P,(H, > n2(logn)?) < e!~C2losn)?,
It follows that P,(maxi<p<, Hp > n%(log n)?) < ne'~@0em* whose sum
over n converges. We get ([5.2.5) by the Borel-Cantelli lemma. O

Corollary 5.2.5. Let p,0 be probability measures satisfying (5.1.1)), then

P, g-almost surely,
1
max |V, | = nato=l),
0<i<n

Proof. Conditionally on u € T'¢W with dist(@,u) = k, V,, is distributed as
Sk, where (S,,)n>0 is a f-random walk started at 0, i.e. a random walk in 7
whose law is PS. By assumption (5.1.1]), E(S;) = 0 and S; has some finite

exponential moments.
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Notice that (V,,,0 < j < (,) is a 6-random walk on Z¢, and ¢, = natos(l)
we have the lower bound maxo<i<n, |V4,| > maxo<j<c, [V, | = MAX 3o Vi, | =
nito=() by applying to the f-random walk (V. );>0 instead of (Y;);>o.
Below we show the upper bound maxg<i<y |Vi,| < patoas(l), Indeed, ap-
plying Petrov ([84], Theorem 2.7 and Lemma 2.2) gives that for all n > 1
and A > 0,

2
P (|Sn] > A) < max(e_ci”%,e_cy\). (5.2.7)
It follows that for any ¢ > 0,

N[

IP’M,(;( max |V, | > nite, max dist(2,u;) <n

+e < PQ > l-‘ré‘
0<i<n 0<i<n ) < n max  Py(|Sy = ni')

0<k<n2t¢
_ £
< ne Csn

— )

whose sum over n converges. By using the Borel-Cantelli lemma and Lemma

[(.2.4 we get the Corollary. O
For ¢ € (0, 1), let

F.(n) := { max dist(@, u;) < n%%}. (5.2.8)

0<i<n
By Lemma [5.2.4} almost surely F.(n) holds for all large n.

Lemma 5.2.6. Let u # 61 be a probability measure on N with mean 1 and
finite second moment, then for any k > 0,

E, [#{(i,7):0 <i < j <n,dist(us, u;) = k} 1] < (k+1)203 5 +Cy(k+1)n' %,

where Cy 1= Z;io jQM(j)'

Proof. For any u,v € T'" we u < v, if v is an ancestor of v and denote
by u A v their most recent common ancestor. We consider the two cases:
ui Auj € {we:l >0}, u; Auj{w,: £ > 0} separately.

First case: u; A u; = w, for some ¢ > 0.

Note that the subtree rooted at wy, T, = {u:w, = u,wep; A u}, is a
critical Galton-Watson tree,

E,[#{u € Ty :dist(u,wy) = k}] =1, VE > 1. (5.2.9)
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w Py ° u] o——©
Uy uj
w; 0‘< wy "‘<’U
Uy
(a) (b)

Figure 5.4: The relative position of u;, u; and wll.

As is shown in Figure [p.4{(a),

E,[#{(3,7):0 <i <j <n,dist(w,uj) =k, u; Auy € {we: £ > 0}} 1, (]

(]
(]

1{m§n%+s} EH [ E 1{dist(u,wg):r, dist(u’,wm):k—r—(m—Z)}]
r=0 0<l<m<l+k—r uETy,u' €Tm

< (k+1)2%nzte, (5.2.10)

where the above equality follows from (5.2.9) and the independence of 7, and
Tm'

Second (and last) case: u; Au; & {w,:{ > 0}.

For this case, similarly as shown in Figure p.4(b), let v = u; A u;. On
F,(e), dist(@,v) < nz*e. Then

E, [#{(l,j) 10 <i < j <n,dist(w;,u;) = k,u; Auj & {w,: 0 > 0}} 1Fn(a)]

k
S Z Z E,u|: Z Z 1{dist(u,v):r,dist(u’,u):kfr}].

r=0 o<t t<n%+5 vETy,dist(v,wg)=t uAu'=v
—

Conditionally on the number of children of v, say j, by using (5.2.9), the
expectation of Y 1tdist(u,0)=r dist(w,0)=k—r} 1S dominated by j?. Again
using (5.2.9), we deduce from the branching property that

]Eu [ Z Z ]-{dis‘c(u,v):r7 dist(u/,v):kfr}] < Z j21u<j)7
=0

vETp,dist(v,we)=t uAu'=v

which together with ([5.2.10|) yield the Lemma. O]
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5.3 Proof of the upper bound in Proposition
5.2.1]

Before studying the capacity, we need the basic notation of Green’s function:

G,(z,y) = Gy(y—z) := E] [Z l{siy_x}] = Z PI(S; = y—x), z,y € 72
i=0

i=0
The Green function G, (z) has the following asymptotic estimate:

Lemma 5.3.1 (Lawler and Limic [68, Theorem 4.3.5]). Given an aperiodic
and irreducible distribution n on Z(d > 3) with mean 0 and covariance
matriz Ty, if it has finite (d + 1)-th moment EJ[|S1]%T!] < oo, then

Od,n

Gy(z) = W

+0(|z'™),

r(%)
(d—2)m?/2y/det Ty’

where Cyq, = I'(-) refers to the Gamma function and J,(z) =

-,
n

Below is a lemma that connects the capacity with Green’s function, which
is inspired from [21, Lemma 2.12].

Lemma 5.3.2. Let 1 be a probability distribution in Z%, d > 3. For any
sequence (Tn)n>0 € 22,

1 n n
n+1 Z 1xi€{3¢¢+1,"',In}PZi(T{—;O,...@n} = 00) Z Gn(a:j» z;) =1,
i=0 =0

where under P17, (S,,) is a random walk on Z% started at x and with jump dis-
tribution n, and 71 := inf{i > 1:S; € A} denotes as before the first returning
time of A, for any finite A C Z°.

Proof. Since the random walk (S,,) in dimension d > 3 is transient, for any
finite set A C Z%and z € A, let 04 := sup{i > 0:5; € A} be the last-passage
time, then

1=PZ(UA<OO)

= 23 PUS = 2)Pi(rf = o)

z€A i=0

= " G,(z,2)P(1} = 00).

T€EA
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Take A = {xg, -+ ,x,} in this equation, then

D Lot anPl (T oy = 00)Gylz, 1) = 1,
=0

and the conclusion follows by summing over z = xg, - - , . O]

Then we estimate the sum of Green’s functions.

Lemma 5.3.3. In dimensions d = 3,4,5, let u,0,n be probability distribu-
tions with the conditions in (5.1.1). Then P, g-almost surely,

n

, 6-d
min Y G, (vi,v;) >n 1 o=,
0<i<n < 0
J:

Proof. By Lemma it suffices to show that P, g-almost surely,

- 1
. > +Oas(l). 3.
0%9n2(1+yvi_vj|)d2 Zn4 (5.3.11)

Denote as before by dist(u;, u;) the graph distance between the two ver-
tices u;, u; on the tree, then

d
Vi —Vj = Sdist(ui,uj-)a

where (S,,)n>0 is the f-random walk started at 0, independent of dist(u;, u;).
For any € € (0, 1), using the union bound and (5.2.7) we get that

]Pu,e(UOgi,jgn {’Uz — Uj‘ Z na\/l + dlst(uz,uj)}> § (TL + 1)2 6703 nE.

By the Borel-Cantelli lemma, almost surely the above event cannot happen
infinitely often. Thus to prove (5.3.11)), it suffices to show that P, g-almost
surely,

> n6%4d+0as(1)

n 1
min 42
0<i<n =0 (1 + dlSt(u'u uj))T

)

or more generally, for any a > 0, P, p-almost surely

n 1 o
) > 1—§+0a5(1)‘ 5312
0%itn = (1 + dist(ug, uj))® — " ( )
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Observe that

n

1 —a
i > (1 it (w,,
Orél'tlﬁnn =0 (1 + dlSt(U“ 'U,]))a - (n + ) ( + Ogil?':én dlSt(u“ u]))

> (n+1) (1 + 2Omax dist(@,uﬂ) :

<i<n

then (5.3.12)) follows from Lemma m ]

Proof of the upper bound in Proposition [5.2.1: Applying Lemma to

{Vigs s Vu,, }, we deduce from the definition of the n-capacity that

caan[O, TL] = Z ]'Vuig{Vqu,'",Vun} Pr‘]/uZ (T‘?—Vuoy"',Vun} = 00 | {V;L()v e 7Vu”}>
i=0

- n—+1
- minogign Z;-LZO GT](VUZ‘7 Vu;) ’

and the conclusion follows from Lemma O

5.4 Proof of the lower bound in Proposition

5.2.1

For the lower bound, our main tool is the following lemma.

Lemma 5.4.1 (|21, Lemma 2.11]). Let d > 3 and n be any probability dis-
tribution on Z%. For any finite set A C Z* and k € N_,

> #A . Zw,yGA Gn(x7y>
“k+1 k(k+ 1)

cap, A

According to this lemma, the capacity caan[O, n| can be bounded below
by estimates of #R[0,n] and the sum of Green’s functions. We start with
#R[0,n]. Let

Lp=>" Ly, o) Vo€ 7% n >0,
1=0

denote the local times, then we can write the range as
R0,n] = {z €z L > 1}.

The following second moment estimate for local times is inspired by the proof
of Le Gall and Lin [72, Lemma 3|.
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Lemma 5.4.2. Letd > 3. With the conditions in (5.1.1), P, g-almost surely,
as n — 0o,
Z (Lx)Q S nmax(s%d,l)—&-oas(l).

xE€Z4

Proof. Let £ € (0,1) and recall the event F.(n) defined in (5.2.8). We are
going to prove that for all n > 1,

S Euel(LE)? 1p )] < Gyt D e, (5.4.13)

z€Z4 |z|<n

Admitting for the moment ({5.4.13)) we can give the proof of Lemmam

Let & = 3 cpa wj<n(La)? 7 1= max(83%, 1) + 5 and n; := 2/ for j > 1. By

Markov’s inequality, (5.4.13]) implies that for all j > 1,

nl°
P,u,@(gnj > n;_l, FE(nJ)) < 05 fy

< Cg27%,

The Borel-Cantelli lemma says that almost surely for all large j, either &, <
nj_, or F(n;) does not hold. However by Lemma , almost surely F.(n;)
holds for all large j, hence we have proved that almost surely for all large
Js &n; < mj_;. On the other hand, by Corollary [5.2.5, almost surely for all
large j, Ly, = 0 for all [2| > n;, hence >_ ;a(L7, )* = &,; < nj_;. Then by
monotonicity for all large n, > ,4(L%)* < n” a.s. Since e can be arbitrarily
small, we have proved Lemma [5.4.2]

It remains to show . To this end, we denote the transition prob-
abilities for a f-walk (S,,)n>0 by

Tm(2) == P5(S,, = ), m >0,z € 7%

for simplicity. Then there exists a constant C7; > 0 depending on d and 6
such that for all z € Z¢ and m > 0,

Tm(z) < C7 (1 + |2])77, (5.4.14)
Tm(z) < Cr (1 4+m) "2, (5.4.15)
> mlx) =1. (5.4.16)

where (5.4.14]) follows from [68], Proposition 2.4.6|, and ([5.4.15)) follows from
[68, p.24]. (In [68], @ is also required to be aperiodic, but since we only
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need an upper bound, these results can be easily extended to periodic cases.)
Then we decompose the second moment in (5.4.13)) as

Y B[l lew]l = 3% P,lﬁ(Vul. =V, = I,Fg(n))

x€Z4,|z|<n x€Z%,|x|<n 1,J=0

For notational brevity, we write u = u; A u; for the most recent common
ancestor of u;,u;, and y =V, for the spatial location of u. We also write
a = dist(@,u), b = dist(u,u;) and ¢ = dist(u,u;) for the graph distances
between these particles, as shown in Figure [5.5]

Figure 5.5: An illustration for the relative positions of u, u;, u;.
We assume without loss of generality that b > ¢, then
1.
b> §dlst(ui,uj). (5.4.17)
Therefore (keeping in mind that a, b, ¢ depend on u;, u;),
E.o [(Li)z 1Fe(n)}

=> Po(Vi, = Vi, ==, F.(n))

1,j=0

= Z Z P%@(VZL =Y, V;Lz = Vuj = vazf(n))

1,j=0 yezd

=E, Z Z Ta(y)m(z — y)me(z — y) Lr.(n)

i,j=0 yez4

A+ B,
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where

A = E’uﬂ Z Z 7Ta<y)7Tb(I—y)7TC(I—y)lFE(n) )

[ i.=0 |y[=le|/2 |

B = Eu|Y, Y mme—y)m(r—y) lnw

| ©7=0 |y[<|z|/2

For A, we use m for m,, (5.4.15) and m for m, and ((5.4.16)) for

., then
-4
A<C?E,, i 1+ dlstul,u Te(x —y) le(n
7 M 2 J E( )
J= y€eZ4
n _d
€T 2
- C’? E,o ( 7) (1 + —dist(u;, u])> 1F€(n)]

_d
2

> k
~ct (14 '%' Z(1+-) Bua[#0 < 1.5 < n:dist, 1)) = ) 11,0

2
k=0

Note that

_d

(e o] k b)
(1 + 5) B, o[#{0 <i,j < n:dist(ui, u;) = k} Ly, (o]
k=0

< ) (1+g)

1
0<k<nZ

Nl

d
2

) _
E,o [#{0 <i,j < n:dist(u;, u;) = k} 1F5(n)] + (1 + 571;) n?,

which by Lemma [5.2.6] is further bounded by

> (1+3)

1
0<k<n?

[NJisH

[S]fsH

d

’I’Lé) TL < C nmax ol )+38

DN | —

[(k+ 1)2n2*e 4+ Cy(k + n'*%] + (1 +

Therefore we have proved that for any € Z¢ and n > 1,

—d
A<CICy (1 + @) (3 D3
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We may deal with the term B in a similar way. If |y| < 2 then |z —y| >

\xl , SO We use m for m,, (5.4.15|) and (5.4.17)) for m and m for .,
“ 1. ||
B<CZE,» Z Z 7o (y) (1 + Edlst(ui,u]')) (1 + 5 ) L5 (n)

n —d n
1
— C2E,, Z(”@) (”5‘118““““”) “ﬁ(’“]

< C? Cy <1 | |) max )+3s

[NJESH

[SI[cH

Then for any = € Z%, we have

—d
E%g [(Lz)Q 1Fg(n):| =A+B < 20? Og (1 + |‘;—|) nmaX(¥71)+3s'

Taking the sum over |z| < n gives (5.4.13). This completes the proof of
Lemma [5.4.2] O

From this lemma we deduce an almost-sure lower bound for #R[0, n|:

Proposition 5.4.3. For d > 3, let u,0 be probability distributions with the
conditions in (5.1.1)), then P, g-almost surely for all large n,

#R[O, n] Z nmin(%,l)—i—oas(l).

Proof. By definition,

Z L =n+1,

z€R[0,n]

then by Cauchy-Schwarz’ inequality,

(n+1)°
ZmGZd (Lz)2
We conclude by Lemma [5.4.2] O

#R[0,n] >

Lemma 5.4.4. Ford = 3,4,5, let pu,0,n be probability distributions with the
conditions in (5.1.1), then P, g-almost surely for all large n,

pitos(l) d=3

> Gl

z,y€R[0,n] n-a tos) d=415
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Remark 5.4.5. One would expect that the sum of Green’s functions is mono-
tone decreasing in d with a unified asymptotic formula. However, in dimen-
sion d = 3, R|0,n] contains considerably less points than that in d € {4, 5}.
Therefore, we have different results and proofs for the case d = 3 and the
case d € {4,5}. O

Proof. Let € € (0, 75) be small.
For d = 3, by Corollary [5.2.9, P, g-almost surely for all large n,

S Gay) < Y Gyln,y) < ConitE,

z,y€R[0,n] Ix\,|y\§n71xf+g

where the last inequality follows from the asymptotic behaviors of G, given
in Lemma [5.3.1} This proved the case d = 3.
For d € {4,5}, recall the event F.(n) defined in (5.2.8]). Since

Yo Golwy) < Gy(Va Vi),

z,y€ R[0,n] 1,j=0
we have

n

Eu,@ Z Gn(l’, y) 1Fg(n) S Z Eu,@ [Gn(vuzv Vu]) 1Fa(n)} .

z,y€R[0,n] ,7=0

Using Lemma and the fact that V,,, — V,,; is distributed as Saist(u;u;)
with S a #-random walk independent of dist(u;, u;), we deduce from the local
limit theorem for S that

. [ 1
Ep.0 Z Gp(z,y) 1R )| <Cio Z E.o A+ [V, —V, )2 1F5(n):|

z,y€ R[0,n] 1,7=0
~Ln ,0 : —3 LF.(n)
A L+ dist(ug, )

—E.0 [#{0 <i,j < n:dist(u;, u;) = k} 1F5(n)}

DY (1+k)%

k=0
The above sum over k is less than

3 Euo[#{0 <i,j < n:dist(us, uj) = k} 1p, ()] L n?
= 3
ey (1+k)= (14++/n)
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which by Lemma [5.2.6]is further bounded by

S7 (k415 4 Cy(k + 1) I ] 40T < Cpn R
0<k<y/m

Then we have shown that for all n > 1,

10—d
Euo( Y. Gul@.y) L) < Cn G4,

z,y€R[0,n]

Similarly to the proof of Lemma [5.4.2] we use the Borel-Cantelli lemma and
the fact that F.(n) holds eventually for all large n (Lemma , to get that
a.s. for all large n, 37, pio g Go(,y) < nT* 3 Since ¢ can be arbitrarily
small, we get the Lemma for the case d € {4, 5}. ]

Proof of the lower bound in Proposition [5.2.1: Let d € {3,4,5}. Let ¢ €
(0, 55) be small. By Proposition [5.4.3) and Lemma [5.4.4] we see that P, -
almost surely for all large n, #R[0,n] > n

5
nite, d=3
Z Gn(x,y) S { n1o4—d_i_€7 d— 4’5 .

z,y€R[0,n]

min(%,l)—e’ and

Applying Lemma to A = R[0,n] with k = |2n2%%] if d = 3 and
k= LQn%d”EJ if d € {4,5}, we get that P, g-almost surely for all large n,
cap, [0, n] > % n“i" =3 Since ¢ can be arbitrarily small, this gives the lower

bound in Proposition [5.2.1] O



Chapter 6

Small trees

This chapter is based on [20].

6.1 Introduction
Consider a Galton-Watson tree T' with offspring distribution p and regularity

conditions
(0), (1) > 0, 1(0) + (1) < 1,

m = ikzu(k‘) € (0, ), ik?u(z«) < oo. (6.1.1)

We denote by Z,, the population of generation n, and by cut, (pru,(7")) the

T pru(7) cut(pru(7))
Figure 6.1: Essential structure cut,(pru, (7)) for n =4,k = 5.
reduced tree formed by the family tree of nodes in generation n up to their

youngest common ancestor, as illustrated in Figure[6.1. Then our first result
is that

132
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Theorem 6.1.1. Fix k > 1. Under (6.1.1)), one can construct an explicit
probability measure P5' (see Proposition such that, as n — oo, for any
set B of finite trees,

P,(cut,(pru,(T)) € B| Z, = k) — P;(B).

Moreover, consider the branching random walk (V,,),er indexed by a
Galton-Watson tree:

Vo= > Vi, Vo =0,

g<vu

where V,, g forallv € T\{@}, and 0 is a distribution on R with regularity
conditions

E[X] =0, Var(X) =1, Elexp(tX)] < 00,Vt € R, where X ~ 6.  (6.1.2)

VSRR CIRTCIRVORC)
R < &9 — :
1221\ 121 1§29 )£ 12111

122 2 i L1 112
! ,

Figure 6.2: Spatial positions (Vn(i)) illustrated with n =4,k = 5,
We list the positions of nodes in generation n in increasing order,
v << ),
as showed in Figure[6.2] then we study its span

R, = V%) vyl

n
and its successive gaps

g =V v 1 <i<z, —1.

n n

For simplicity, we write R and (g*) for the span and gaps of the last generation
for a finite tree. Recall that m = > 7, ku(k) is the expected number of
children, and our second result is then
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Theorem 6.1.2. Let k > 2 and 1 < i < k—1. If (6.1.1) and (6.1.2))
are satisfied, then the law of R, and (g.,) under P,(-|Z, = k) converges in

distribution to that of R and (g") under P5!(-), and there are explicit constants
Cy,Cy, C3 (see Lemma m Proposition m such that, as r — 00,

C 1))z—2 =1
Pzt(R>ZE): ( 1+O< ))I ’ m )
exp(—(Cy + o(1))z), m£1,
, C,C 1))x—2 =1
Pzt(gz>$): ( 1 3+0( ))‘T ) m )
exp(~(Ca +o(1))a), m #1.
Remark 6.1.3. We use the unified assumptions (6.1.1)) and (6.1.2)) for conve-
nience. These assumptions can be further refined for specific cases:

e In the critical case m = 1, 6 only need to have finite (2 + )-th moment
(for any § > 0) instead of exponential moments.

e In the supercritical case m > 1, we only need the Llog L condition,
Yoo tlogip(i) < oo, instead of the finite variance condition in (6.1.1]).

e In the subcritical case m < 1, we only need the Llog L condition for
Section [6.3] except in Part 2, Corollary [6.3.10]

This chapter is mainly motivated by [85] and [86], where Ramola, Ma-~
jumdar and Schehr studied the span and gaps for the branching Brownian
motion via a PDE method. Their result corresponds to the continuous ver-
sion of Theorem [6.1.2] with geometric ;1 and Gaussian §. In particular, we
show that the asymptotic for gap statistics are no longer independent of
k and 7 for the critical case with non-geometric offspring distribution, see
Remark [6.4.4]

The study of the reduced Galton-Watson tree pru,(7") at least dates back
to Fleischmann and Prehn [49], Fleischmann and Siegmund-Schultze [50],
where it is showed that the limit for the critical case m = 1 is the Yule tree.
See also Curien and Le Gall [34] for properties and applications of the Yule
tree. In particular, for the critical Galton Watson tree conditioned on non-
extinction, one has Z, = O(n), and the conditioned case {0 < Z, < ¢(n)},
where ¢(n) = O(n), ¢(n) — oo is recently studied in Liu and Vatutin [70].

The conditioned limiting behavior of the whole tree T' (in contrast to
the reduced tree) is known as the local limit. The general result (under
the condition {Z,, > 0}) for the local limit is the Kesten’s tree [61], see also
Geiger [53]. Further, there are detailed discussions for local limits conditioned
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on rare events ({Z, < €E|Z,|Z, > 0]} or {Z, > ¢ 'E[Z,|Z, > 0]}), see
Abraham and Delmas [3], [4], Abraham, Bouaziz and Delmas [2].

In addition, we also establish an extension of the Ratio theorem (cf. The-
orem 1.7.4, [17]) as an byproduct. Indeed, let

P,(1,j) =P.Z, =72y =1),

denote the transition probabilities for the population of n generations of the
Galton-Watson tree, then we have that

Proposition 6.1.4. Fix k > 2. Under (6.1.1)), we can construct constants
v (see Part 2, Proposition and Cy,C5 (see Remark|6.3.11) such that

as n — 0o,

Pu(1.k)  Poi(Lk)  [(CitoW))n2 m=1,
Poi(1,1)

(Cs+o(1)",  m#1,
The chapter is organized as follows. In Section [6.2] we present system-

atically the notations and concepts needed. In Section we study the
genealogical properties of pru,(7') and cut,(pru, (7)), then we prove The-

orem [6.1.1] and Proposition [6.1.4] in Proposition [6.3.8] and Remark [6.3.11]

In Section [6.4] we study the span and gaps, and prove Theorem in
Proposition [6.4.2] and Proposition |6.4.3

6.2 Preliminaries

6.2.1 Trees

A (locally finite, rooted) planar tree T is a subset of integer-valued words,
T C Up>oN7, such that:

e The root @ € T, where by convention we denote N% = {&}.

e Ifanode u = (uy,--- ,u,) € T, then its parent & := (uy, -+ ,up_1) €
T.

e For each node u = (uq, -+ ,u,) € T, there exists an integer k,(7) € N
called its number of children, such that for every j € N, (uy,- -+ ,u,,j) €

T if and only if 1 < j < k,(T).

We only consider locally finite trees, i.e. k(1) < oo, Yu € T. We give a few
basic notations on trees:
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e The set of all planar trees is denoted by 7.

e The generation/height of a node is its length as a word, i.e. if
u = (uy,- - ,uy), then |u| = n. The height of a tree is then defined
as H(T) := max{|u|:u € T} € NU {o0}.

e The population of generation n is defined as Z,(T) := #{u €
T :|u| = n}. By construction, Zy(T) = 1 for any tree T.

e A node u = (uy,---,u,) € T is an ancestor of another one v =
(v1,+-+ ,v,) €T, denoted by u < v, if n <m and w; = v;, 1 <i < n.
The (youngest) common ancestor of two nodes u, v € T', denoted by
uAwv, is then the node in 7" with maximum height, such that uAv < u, v.

e For u € T, the subtree rooted at v € wu is defined as T[u] = {v €
N :uv € T}, where uv stands for concatenation of words. It is not
hard to check that this set is a tree. In particular, given that kg (T') = r,
nodes in the first generations are labeled 1,2,---  r by construction,
thus subtrees rooted at them are T'[1],--- ,T[r].

When there is no confusion for the tree under consideration, we omit the
reliance on T and write, for instance, Z,, for Z,(T).

Moreover, given a tree T, one can attach the (not necessarily random)
spatial structure (V,),er: We attach on each node v # & a displacement
from its parent V, € R, and set the position of a node u as

Vo= YV, Vo=0.
F<v=u
6.2.2 The prune and cut operation

To study the relative relations of nodes in generation n while omitting irrele-
vant information, we define the prune and cut operations on trees (recall the

illustration in Figure :
e For any T' € T, we construct the pruned tree at height n by
pru (1) :={ueT:FweT,|v]|=n,u =< v}
By convention, if Z,(T") = 0, we take pru, (T') = {@}.
e Moreover, we define the cut operation by

¢n(T) =\ u, and then cut,(T) = T[¢,(T)].

|u|=n,ueT

where by convention, ¢, (1) = @ if Z,(T) = 0.
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T pru(7T) cut(pru(T))

In addition, we denote the set of all pruned trees at height n by 7, :=
pru,(7), and the set of all pruned trees at height n with Z, = k by 7T, 4. In
particular, 7, ¢ contains only one element {@}. Since trees are assumed to be
locally finite, we have that 7, = U T, k. Since all these sets are countable,
the problem of measurability is trivial.

These operations naturally extend to the branching random walk indexed
by these trees, by translation such that the root is always pinned at 0. Then
by construction,

Rn(T) = RH(cutn(T))(CUtn(T)) = Rn(prun(T)), (6.2.3)
and the same thing applies to the gaps.

6.2.3 Galton-Watson tree and Ratio theorem

Let i be a probability distribution on N. The law of a Galton-Watson tree
with offspring distribution p is a probability measure P, on the set of planar
trees T, such that for all nodes u,

]‘Cu z.(i\.Jd. 1.

Clearly, the sequence (Z,) is a Markov chain starting at Z; = 1 under
P,, and one can then set its transition probabilities as

Pn(i>j) = Pu(Zk:-i-n =] | Zy = i)v

where we take k such that P,(Z; = i) > 0. (Under the assumption (6.1.1)),
this is always possible by taking k large enough.) In particular,

Pi(1,4) = p(i).

Moreover, we define the generating function of this process as

f(s) i= B, (s5M) = Z Pi(1,)s", (6.2.4)
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then its derivatives are

—r'Z( )P1 (1,4)s", (6.2.5)

>r

and its iterations are

f(s)=fofo--of =Ey( = Pu(1,0)s (6.2.6)
n times £>0

We also define the extinction probabilities as
Qn = Pn(170> = fn(0)> q = lim g,. (627)
n—oo

Clearly, (g,) is a bounded increasing sequence, which guarantees the existence
of g. Moreover, it is standard (Athreya and Ney [I7, Theorem 1.5.1]) that
g =1if m <1 (except for the trivial case u = d;), and ¢ < 1if m > 1, where
m =Y o2, iu(i) is the expected number of children.

We finish this section by citing some fundamental estimates that shall be
used later,

Proposition 6.2.1 (Athreya and Ney [I7, Section 1.7-1.11]). Let p be an
offspring distribution such that

1(0), (1) > 0, p(0) + p(1) <1, m < oo.
1. There exists a sequence (m;) such that for any j > 1,

Pu(1, )
1m
n—oo P, (1,1)

/‘ Ty € (07 OO):
where /' means non-decreasing limit.
2. ForanyteZ,i,5,k,1>1,

. Pn+t<i7j) t i—k iﬂ-j
lim —200I) ik T
e Pk ) T kmy

where q is the extinction probability in (6.2.7), and v = f'(q).

3. Ifm=1,0%:=> 7 i*u(i) < oo, then for any i,j > 1,

2r;
lim 2P, (i, 5) i

n—00 ’ - o? 2120:1 Wk(ﬂ(o))k'




CHAPTER 6. SMALL TREES 139

4. Ifm#1, Y77 ilogipu(i) < oo, then for any i,j > 1,

lim ™" P, (4, j) = iq'" v,

n—oo
where (v;) is determined by Q(s) = 3 72 v;s7,0 < s < 1, with Q the
unique solution of

Q(f(5) =7Q(s)(0 < s <1), Qq) =0, ImQ'(s) = 1.

S—q

6.2.4 Branching random walk and Cramer’s theorem

On a Galton-Watson tree T', we shall consider the branching random walk
(Vi)uer by attaching i.i.d. spatial displacements

V, "0, vu e T\{@},
whose probability measure is still denoted by P, for simplicity. For other
probability measures on trees that we shall construct, we also abuse the

same notations for the corresponding spatial process.
Moreover, we cite a fundamental estimate for random walks,

Lemma 6.2.2. Let 0 be a distribution on R, and let (X;) be i.i.d. random
variables distributed as . Assume that E[X,] =0, Var(X;) = 1.

1. [84, Theorem 5.7] [fIE[\Xl\Q*ﬂ < 00, then there exists Cp,Cy, C3 > 0
such that for anyn > 1,x > 0,

where ®(x) is the cumulative distribution function of the standard Gaus-
sian distribution N(0,1).

2. (Cramer’s theorem) If
A(t) :=logElexp(tX;)] < oo, Vt € R,

then

1 n
lim —log| P X, > = —sup(tz — A(t)).
lim ~ g( (Zl mr)) sup(tz — A(1))
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6.3 Galton-Watson trees conditioned on rarely
survival

6.3.1 Pruned Galton-Watson trees

We first study the distribution of pru,(7"). Recall that 7, stands for the
set of all pruned trees with k nodes in generation n.

Definition 6.3.1. For any pair of integers (n, k) such that P,(1,k) > 0, we
denote by P}’ the law of pru, (T), supported on Ty, where T is sampled
under the law of P,(-| Z, = k). In other words, for any A C Ty,

P,(pru,(T) € A)

pTrU — — —
Pn,k (A) - Pﬂ(prun(T) €A | Zn - k) - Pn(1> k)

(6.3.8)
Recall that T'[i] denotes the i-th subtree of T rooted at the first generation,
then

Proposition 6.3.2. Under (6.1.1), for any pair of integers (n, k) such that
P,(1,k) > 0, let r > 1 and let ky,--- , k. be positive integers such that
Yoi_ ki =k. Then for any A; C Tpap, L <i<r,

Piﬂ?(Zl(T) =Tl € A,1<i< r)
— 1 Qn 1 pru
_Pn(l ]{Z rl Hpn 1 1 k HPn—l,ki<Ai>>

where [ and g,—1 are defined in (6.2.4), (6.2.7).
Proof. By (6.3.9),
P(1, k)P Z(T) = r,Tli] € Aj,1 <i <)
=Pu(Zi(pru,(T)) = r, (pru,(T))[i] € Ai,1 <i <)
=Y > PuZ(T)=tpru, (Tji]) € Aii=1,-- 1

£2r 1< <--<jr<l

Zn 1 (T[i]) = 0,5 & {j1, -, Jr })-

Let B; = {T € T:pru, T € Ai}, by the self-similarity of Galton-Watson
trees, the equation above can be further simplified as

Pu(LRYPTHZ(T) = 1, Tli) € A1 < i <)

vy Pl(léqMHP (6.3.9)

27 1<j1<<jr<L
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Moreover, by (6.3.8)), we have that
Pu(B;) = Poa(1, k)P (Ad),
put it in (6.3.9), and it suffices to show that
(g
> Y A=)
07 1<j1 < <jr<t )

Indeed, we have

Z Z Pl(lvg)%l; 7"1

0>r 1<j1<<jr<l

_Z<)P11€ %

>r
where the second line follows from ([6.2.5]). O

Moreover, we give two more properties of P}";":

Corollary 6.3.3. Under (6.1.1), for any 1 <u <n, any A C Tur,

PV Z(T) = - = Zy o T) = 1, T[11---1] € A)

n —u times

where 11---1 means the first node (and also the only node, under the con-
—

n —u times

dition Z1(T) = -+ = Z,_(T) = 1) in generation n — i.
Proof. Take r = 1 in Proposition [6.3.2], we have that

P"*1<1ak') / pru
mf (Qn—l)an,k(B)

_Pn—l(lak) Pn(lvl) DrU (B)
 Py(Lk) Pq(1,1) RS

PP (Zy(T) =1,T[1] € B) =

for any B C T,,_1 x, where we use (6.2.6]) and (6.2.7)) to deduce that f'(g,—1) =

f,’{ ’/_L(l%) = an(11(111) The result follows by using this relation n — u times in-

ductively. ]
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Corollary 6.3.4. Under (6.1.1), for any r,k > 2, if f)(q) < oo, then

m PZT;L(ZI(T)_:I r) ") Z Thy " Tk,
n—00 Pn(l’ 1)T

)

rl T

o PRAD 20 Q) g
r—1

nmee Bl Fukar k>

k1++kr:k

where f is defined in (6.2.4), q,7v and (7y) are defined in Proposition |6.2. 1]

Proof. For the first equation, by Proposition [6.3.2] we take A; = T,,_1 %, and
sum over all choices of (k;), then

U 1 f(r)(anl) )
PN Z\(T) =r) = AR > TPtk
’ k1,ko, - kr>1 =1
k1++kr:k

Divide both sides by P,(1,1)""", we have that
Ppm<Zl<T) =) Pu(1,1) f7(gn) Z H P 1 k’

P, PuLk) 7

k1,ka, kr>1i=1
kl“l‘ +kr_k

For fixed r and k, there are only finitely many terms on the right hand side,
thus we can take the limit separately for each fraction by Proposition [6.2.1
and the result follows.

To deal with P}"/(Z,(T) > ), we sum over

P ZUT) > 7, Zny o (Tli)) = ki 1 < i < = 1)

for all Y7, k; = k. In other words, we consider the first r — 1 subtrees to
give k; offspring each, while the rest subtrees give k, offspring in total. By
the proof of Proposition [6.3.2] we have that

Po(1, k)PP H(Z4(T) > 1, Zo A(Ti]) = kiy 1 <i <7 —1)

=S > PM<Zl(T):€;Zn_1(T['Z-]):ki,z':l,---,r—l;

£2r 1< < <jr-1<{

> Zoa(TlE) =05 Y Zua(T] k:)

1<Jr—1 1>jr—1
iZ{j1, Jr—1}
r—1

:Z Z Pi(1, E)H 1(1, k) - qf[ll T+1Pn71(£_jrflak7")'

£>r 1<j1 < <jr_1 <l i=1
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Write j,_1 = j for short, and we can simplify this term into

Po(1, k)PP (Z4(T) > 7, Z 1(T[']) —k1<i<r—1)

:P1(1,£)1:[Pn_1(1,k; > Z ( ) P (-G k,).

l=r j=r—1
Divide by (P,(1,1))", then
P,(1,k)

mppm(zl(T) >, Iy (Ti]) =k, 1 <i < — 1)

o nllk: >, ]_1 ]r+1Pn1(£ jvk)
_Pl(l,é)ﬂ ZZI B

r j=r

(6.3.10)

By Proposition 1] and dominated convergence, this term converges to

r—1 oo 4—1 .
e 193D <‘; _ ;) ¢TI = g)my,

=1 {=r j=r—1

(1, 0y }]sz() -

(r
_T f H Tk s

by the elementary 1dent1tles

§ (€~1) (i:;) = (f) f(s) = Zr!(ﬁ)ﬂﬂ,@sf

i=r—1 £>r

Moreover, by Proposition [6.2.1| again, we have that

PTL(L k) Tk
A = (1 o) e
(Pn(1,1))" (F(1,1))
thus (6.3.10)) gives
. Tk U . .
nh_}rgo Wpi’k (Zl(T) > T, Zn,1<T[Z]) = ki, 1<e<r— 1)
(r)
_ (Q)Wk o
r! 1 T
and the result follows by summing over all choices of (k;). O

Remark 6.3.5. The condition f(")(s) < oo is always true if s < 1, while ¢ < 1
if and only if m < 1. Thus the condition f((g) < oo in Corollary is
trivially satisfied if m > 1. If m < 1, one can verify that this condition is
equivalent to the moment condition Y .-, ¢"pu(i) < oco.
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6.3.2 The small tree measure

Now we study the composition of the cut and prune operation.

Definition 6.3.6. For any pair of integers (n, k) such that P,(1,k) > 0 and
k > 2, we denote by P;‘fk the law of cut,(T'), where T is sampled under the
law of P}y, In other words, for any AC T,

P (4) = P (cut, (T) € A).

We remark that k£ is assumed to be at least 2, since for £k = 1, the
cut operation will always give the trivial tree {@}. This measure P;/, is
developed in the following lemma:

Lemma 6.3.7. Under (6.1.1)), for any pair of integers (n, k) such that P,(1, k) >
0 and k > 2, Py}, is supported on Uj_Tux N{T:7Zy > 2}. Moreover, for
any AC U T N{T:2Z; > 2},

k
Pl(A) = Pk (AN Tug)-

Proof. For the first assertion, by construction, cut,(7") has at least 2 nodes
in its first generation. Moreover, the trees on which we perform the cut
operation are those in 7, i, so cut,,(7') has height at most n, with all its leaves
in the last generation. Thus it is an element in Ul}_, T, N {T: Z1(T) > 2}.
The converse is trivial.

Then it suffices to prove the second assertion for A C T, , N{T: Z,(T) >

2}. Indeed, by Definition and Corollary [6.3.3]

Pi(A) = Pl (cut,(T) € A)
=P (Z(T)==2Z,,(T)=1,T[11--- 1] € A)

n — u times
P ) PR o,

© Pu(1,k) Pu(1,1) i ()

Then the conclusion follows by partitioning a general set A C U ;7,5 N
{T':Z; > 2} into U}_, (AN T,x), and use the above equation on each part
AN Tk O

In fact, we notice that n no longer plays a major role in Lemma [6.3.7]
and we are motivated to take the limit n — oco. Moreover, this limit measure
still has Galton-Watson-type branching properties:
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Proposition 6.3.8. Under (6.1.1)), fir k > 2, let n — oo, then the measures
(Pylp)n converge to a measure P supported on Upl, Ty N{T : Z1(T) > 2},
defined by

1 X P,(1,k)
Ps(A) = — A B prrue g T 6.3.11
k( ) . ; Pu(l,l) uk( T,k)a ( )
for any A C U2 Tuix N{T: Z\(T) > 2}. Moreover, fix any u > 0 such that
P,(1,k) > 0, letr > 2 and ky,--- k. > 1 such that Y _;_, ki = k. Then for

any A C Tu-1;)

P Z\(T) =r,T[i] € AZ-, 1<i< r)

Ty -+ Ty Puo1(1,1)" qu 1) . (6.3.12)
— : P’ (cut
T Pu(l 1 H Cu u— 1 ))

Proof. Convergence and (/6.3.11]) follows directly from Lemma and Part

1 of Proposition [6.2.1]
Then for (6.3.12)), by (6.3.11)) and Proposition [6.3.2] we have that

PSt(Zl(T) = ’I",T[Z] € Ai7 1 S 1 S ’I")

1 P,(1,k) . .
PP Z(T) =1, Tl € A, 1 <i<r
T P, 1) uﬂ’f( {7 2] ) (6.3.13)

! q“ J HPU V(1 k) HPﬁ’j‘Lki(Ai).
=1

B 1
1
Decompose A; by the height of trees after the cut operation,

P(,l

A" = {T € A;: H(cut,_(T)) = z},

then by Corollary

C
,_.

P, 1(1,1) x~— P.(1, k)
Pu_1(1,k;) &= P,(1,1)

r=1

PV (cut,_(A)).

PZTL/% (Az) =

Since cut,_; is injective on A;, we have

cuty_1(A™) = cuty,_1 (4) N Tou,.

thus by (6.3.11) again,
U Pu—l(la 1) s
PZ*L’%(Ai) = Pu—l(l, kfz) 'WkiPki(CUtu—l(Ai))'

Put this back into (6.3.13)), and we get ((6.3.12)). n
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This enables us to give further descriptions of P§f. Recall that H(T) is
the height of a tree, then

Corollary 6.3.9. Under (6.1.1), for any r,k > 2, if f)(q) < oo, then
P (Z\(T) =r|H(T) = u)

lim

U—00 Pu(l, 1)7‘72
—r £(r Koy ey >1 Ty o Tg,
= lim P (Z(T) =2 r | H(T) = u) _ 2727 £ (q) Z%%..J&ii]j k k
U—00 Pu(17 1)T 2 7! fU(q) Z k1,ko>1 Ty Ty

ki1+ko=k

Proof. By (6.3.11)),

PYHZ(T) =r|H(T) = u

- Py (Z(T) =)
PUE(Z0(T) 2 2)’
and we apply Corollary Changing Z,(T) = r to Z1(T) > risidem. O

Corollary 6.3.10. Under (6.1.1)), fix any k > 2.
1. For any u > 1,

st o _l Pu(l’k) Pu 1<7k>
Py (H(T) = u) = wk(Pu(l,l) Pur ,1))
2
lim PHH(T)=u) 5 f"(q) Xi<ich—1 TiTh—i
W P11 2 - '

Proof. 1. Take A = T, N{T:Z,(T) > 2} in Proposition we have

that
PY(H(T) = u)
P (12 24(1) > 2)
u(Lk) pru
P 22
-2 8’ (1= PIHAT) = 1),
then we use Corollary [6.3.3] to conclude that
LPALE) 0 PR (1 Pua(Lk) Pu(l, 1
m Pu(1,1) (1= PLiAM =1) T Pu(1,1) (1 - P(L1) P(1,
1 (P(Lk)  Pa(lk)
_ﬂk(Pu(l,l) Pu_1(1,1))‘
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2. In the proof of Part 1, we deduced that

1 PuLE)

P'(H(T) =u) = Z(T) > 2
k( () u) P(ll) u,k:( 1()—)7
and the conclusion follows from Corollary with r = 2.
m
Remark 6.3.11. As a byproduct of Corollary [6.3.10] we have that
1 Pu(lak) Pu—l(lvk) —2f//(Q) Zl<i<k—1 T T—i
= — = (1 1 == P,(1,1).
T (Pu(l, 0Py " el o (L1

Together with the asymptotic of P,(1,1) in Proposition we deduce that

P,(1,k) P, 1(1,k)  J(Ci+o(1))u™? m=1,
(G5, m AT,

where

F(@) Doy <ichn Tk 1
—92 1<i<k—1
y = —, C5 = 37" 2o1f"(q TiTh—i,

with o2, v; defined in Proposition m

Cy=

6.4 Application to branching random walks

As we shall deal with trees without fixed heights in this section, we abbreviate

R(T) = Ry (T) and ¢/(T) = 93{(T) (T'). By (6.2.3) and Proposition W
for the span we have that

lim P(R, > x| Z, =k)
n—oo
= lim P(R(cut,(pru,T)) > z|Z, = k) (6.4.14)
n—o0
= lim P¥, (R(T) > z) = P{Y(R(T) > x),
n— 00 ’
and it is idem for the gaps. In other words, R, and (g’) under P(-|Z, =

k) converge to R(T) and (¢*(T)) under P{*(-) as n — oo. Thus to prove
Theorem it suffices to study the span and gaps under P3’.
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6.4.1 The span

Take any tree T € T, N {Z1(T) > 2} under P§', we divide the span R,,(T')
into two parts: the span of the first (in lexicographical order) node in the
last layer of each subtree is denoted by

Sp(T') = the span of {1 <i < Z1(T):V;11...1(T)},

length n

and the maximum span among each subtree is denoted by

Gn(T) := maxT){Rn_l(T[i])}.

1<i< 71 (

1,:2(1) ij(z) Vg(g) V'z(i) 172(3)

i

]
Figure 6.3: A spatial tree.

For instance, the tree in Figure has height n = 2 and k£ = 5 par-
ticles in the last generation, with two subtrees at the first generation. For
this tree we have So(T) = Vi'(T) — Vi(T) and Go(T) = max{Vy*(T) —
V(1) (1) = 2T}

By the triangle inequality, we have that

So(T) < Rp(T) < Su(T) + 2G,(T). (6.4.15)

For simplicity, since trees under P do not have a fixed height, we write

Lemma 6.4.1. Fiz k > 2. Under the conditions (6.1.1) and (6.1.2)), as

T — 00,
{(01 +0o(1))z72, m =1,

PY(S(T) > x) = exp(—(Cy + o(1))x), m #1,

where
_ f//(CI) Z1§i§k_1 T Tk —i

- 2o me 30 m(u(0))

i
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Cy = inf (—310g7 + sup(t — sA(t))),

5€(0,00) teR

and all parameters appearing in the Cy, Cy are those in Proposition[6.2.1] and
Lemma[6.2.2.

Proof. Denote by Xi(j ) independent random variables distributed as 6 for all
1,7 € N. Denote

. - (b)
F(m,u,x) = <1£%§m{ZX ZIX]. } >x>,
]:
then

P(S(T) > x) = Bj/(F(Z.(T), H(T), z))
= S_PY(H(T) = wE} (F(Z4(T), u,2) | H(T) = u).

u>1
Moreover, by the union bound,
F(m,u,z) < m*F(2,u, ),
thus

E{'(F(Z\(T), H(T),x)) = Y _P{(H(T) = u)F(2,u,x)

u>1
S (6.4.16)
< ZP?(H(T) =) - k*F(2,u,2)P{(Z(T) > 3| H(T) = u).
u>1
Then by Corollary [6.3.9} the error term in (6.4.16)) is negligible, so
Pi(S(T) > x) = B (F(Zu(T), H(T), ) = (1+0(1)) > Pi(H(T) = u)F(2,u, ).

u>1

Thus it suffices to show that

exp(—(Cqy +o(1))z), m # 1.

If m =1, by Part 2 of Corollary [6.3.10, Part 3 of Proposition and

S PEH(T) = W (2 = {(Cl rollp o m=l
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Part 1 of Lemma [6.2.2], we have that

> PH(T) = u)F(2,u,x)

-¥ A (i-e () o ()] +Z(i )
—(2C; +o(1)) // (yx/\/_ D gy 1 o(a?)
:w/ml— (V) ) 20+ ol)

If m # 1, similarly, we can choose suitable constants C, sy, s such that
> PHH(T) = u)F(2,u,z)

= Y (O oDy A0y O(R(2, 812, x) + 7°7)
s1x<u<sax
:e—(Cg—i—o(l)):v'

We remark that since

lim (—slog7 + sup(t — sA(t))) > lim (—slogy + (0 — sA(0)))

S—+00 teR S——+00

= lim (—slogvy) = +o0,

s§—+00

and

lim (—slog’y + sup(t — sA(t))) = lim sup(t — sA(t)) = +o0,

s—0+ teR s=0+ 4R

the infimum over (0, 00) in Cy is equivalent to the infimum among a bounded

interval [e, e 1]. O
Proposition 6.4.2. Fiz k > 2. Under the conditions ) and - as
T — 00,

st )G+ o(1))z?, m=1,
PP(R(T) > x) = {exp(—(OQ +o(1))z), m#1,

where Cy, Cy are those in Lemma[6..1]
Proof. By (6.4.15) and Lemma [6.4.1] it suffices to show that
P(G(T) > 217 = o(P{(S(T) > x)) (6.4.17)
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for some € > 0.
In fact, G(T) is determined by the structures of cut(7[i]). If we denote
by
H(T):= max H(cut(T[i])),

1<i<Z1(T)

then by the union bound, G(T) is determined by at most k? pairs of nodes
within the same subtrees, in other words,

PH(G(T) > 279 < kQEit{ max  F(2,u,x' ™)
1<u<H(T)

= > PH(T) = u)F(2,u,z').

u>1

Sum over all possible cases by (/6.3.12), notice that r and (k;) can only take
integer values at most k, we have that

P (H(T) =u) S Pu(1, )P (H(T) = u).
To sum up,

PiG(T) > 2'™) £ ) P(L)PY(H(T) = u)F(2,u,2'),

while
P(S(T) > z) < Y P{(H(T) = u)F(2,u,x).

u>1

Therefore, by the proof of Lemma [6.4.1, we have the desired dominance in

6.4.17). O

6.4.2 The gaps
Proposition 6.4.3. Letk > 2 and 1 <i < k—1. Under (6.1.1) and (6.1.2),

as T — oo,
P (g"(T) > x) = (C3 + 0o(1)) Py (R(T) > )
_ (GG + o(1))z72, m =1,
exp(—(Cy +o(1))z), m#1,

Tl —4
where O3 = =g 2="—.
j=1 TiTk—j
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Proof. Recall that trees under P’ have k nodes in the last generation, and
we write their positions in increasing order,

V(T <. < V(D).
In the previous section, we showed that
PY(Z:(T) 2 3, R(T) > 7) = O(PSt( (T) > 1)),
PiH(G(T) > 2'7) = o(PY/(R
thus it suffices to consider the case where
VO, v} and {VE(T), ... VE(T)Y

are exactly positions of nodes in the last generation of the two subtrees
T[1],T[2]. In other words,
Pi(g'(T) > )

:%Pzt(S(T) > 2, #T(1) = i, #T[2) = k — i)

+ %sz(sm > 2, 4T = k — i, #T[2] = ) + o(PSH(R(T) > z)),

where the factors 1 are to distinguish the symmetric cases g*(T) > x and
g (T) > .
Moreover, by Proposition [6.3.8] we have that
PY(S(T) > &, #T1] = i, #7T(2] = k — i)
=Y F(2,u,)P{(H(T) = u, #T[1] = i, #T[2] = k — i)

u>1
=(Cs+0(1)) Y | F(2,u, )P (H(T) = u),
u>1
and the conclusion follows from the proof of Lemma [6.4.1] O

Remark 6.4.4. As an example, consider the canonical case where the off-
spring distribution p is the geometric distribution with parameter %, ie.

p(k) = 27F=1 then one can explicitly show (cf. eg. [I7, Section 1.4]) that its
generating function satisfies

=Y PZ,=i)s'=1— ——,

1-s
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and its transition probabilities are

1 d*f,(s) nk-1
P,(1Lk) = =——F|s=0 = —————-
(L k) = i —gh lo=0 (n+ 1)+
Therefore,
. Pu(1,k)
Tk nh~>r£lo P(11) 1, Vk e N4

Thus in this case, the constant

/"(q) TiTh—i _["9) 1
vo? mp 2y mi(u(0)' P 30 (u(0))f

in Proposition |6.4.3| no longer depends on the choice of i or k, as is showed
in [86].

Finally, we formally conclude that

CCs =

Proof of Theorem[6.1.3 The conclusion follows from (6.4.14) (with its coun-
terpart for the gaps), Proposition and Proposition [6.4.3] O
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