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Abstract

This thesis studies the long-time behavior of several partial differential equations arising in
kinetic theory. Those equations have an equilibrium towards which, roughly, some solution
converges. We employ both probabilistic and deterministic methods to derive the rate of this
convergence. This work is divided into three parts.

In the first one, we study the free-transport equation enclosed in a bounded domain with
Maxwell boundary condition, as already considered by Aoki and Golse [1] and Kuo et al.
[87, 88, 86]. We extend the (almost) optimal rate tid, where d is the dimension of the problem,
to the case of a general regular domain, without the symmetry assumption required in earlier
works. We use two different methods: a probabilistic coupling in Chapter 2, allowing us to
generalize the boundary condition, and a deterministic version of some subgeometric Harris’
theorem in Chapter 4, with which we can consider the case where the temperature varies at
the boundary. In Chapter 3 we provide some numerical evidences supporting our result that
the polynomial rate of convergence observed in the case where the spatial domain is symmetric
should extend to non-symmetric, regular domains.

In the second part of this thesis, we focus on the subgeometric convergence towards the
invariant distribution of Markov processes. We exhibit a new set of conditions, close in spirit to
the ones of Douc, Fort and Guillin [44] and Hairer [71], leading to the subgeometric convergence
of a strong Markov process. Our conditions are chosen in order to be equivalent, as in the
exponential theory of Meyn and Tweedie [98], whereas only one implication holds in the usual
set of conditions.

In the last part, we study collisional kinetic models, namely the linearized Boltzmann and
linearized Landau equations, enclosed in a regular, bounded domain. We prove constructive L?
hypocoercivity estimates for the generalized Maxwell boundary condition, which includes the
case of the specular reflection boundary condition. With those estimates, one concludes to the

exponential relaxation towards equilibrium for those models.






Résumé

Cette these est dédiée a I’étude du comportement en temps long de plusieurs équations aux
dérivées partielles, issues de la théorie cinétique, pour lesquelles, informellement, un équilibre
vers lequel la solution converge existe. Nous utilisons des méthodes probabilistes et déterministes
pour obtenir le taux de convergence associé. Ce travail est divisé en trois parties.

Dans la premiere, nous étudions un modele de transport libre a l'intérieur d’un domaine
borné, avec la condition au bord de Maxwell déja considérée par Aoki et Golse [1] et Kuo et al.
[87, 88, 86]. Nous étendons le taux (quasi) optimal t%, ou d est la dimension du probléme, au
cas de domaines réguliers généraux, sans I’hypothése de symétrie nécessaire dans les travaux
précédents. On utilise deux méthodes différentes: un couplage probabiliste dans le Chapitre 2,
qui nous permet de traiter des versions généralisées de la condition de bord, et un théoréme de
Harris sous-géométrique déterministe dans le Chapitre 4, qui permet notamment de traiter le
cas ou la température varie au bord. Au Chapitre 3, nous présentons des simulations numériques
qui viennent a ’appui de nos résultats, selon lesquels le taux polynomial observé quand le
domaine spatial est symétrique doit aussi s’appliquer a des domaines non symétriques réguliers.

Dans la seconde partie de cette these, on s’intéresse a la convergence sous-géométrique
vers la distribution invariante de processus de Markov. On présente un nouvel ensemble de
conditions, proches de celles de Douc, Fort et Guillin [44] et de Hairer [71], & partir desquelles
I’on peut déduire la convergence sous-exponentielle d’un processus de Markov fort. Un point
particulierement intéressant est que ces nouvelles conditions sont équivalentes, comme dans le
cas de la théorie pour les taux exponentielles de Meyn et Tweedie [98], et contrairement aux
conditions pré-existantes.

Dans la derniére partie, on étudie des modeles de cinétique collisionnelle, en particulier
I’équation de Boltzmann linéarisée et ’équation de Landau linéarisée dans un domaine borné
régulier. On prouve des estimées d’hypocoercivité constructives dans L? pour la condition de
Maxwell généralisée au bord, qui inclut la cas de la réflexion spéculaire. Ces estimées permettent

de conclure a la relaxation exponentielle vers I’équilibre de ces modeéles.
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Résumé détaillé

Cette these s’intéresse a la dynamique de systémes physiques impliquant un grand nombre de
particules. La théorie cinétique se concentre sur une description mésoscopique de tels systeémes,
en les décrivant statistiquement au moyen de ’étude du comportement typique d’une particule.
En particulier, ce cadre est adapté lorsque 1’on s’intéresse a la convergence vers 1’équilibre
thermodynamique et plus largement & ’asymptotique du systéme physique.

Considérons un systeme de sphéres dures (molécules de gaz par exemple) évoluant dans
un volume. Chaque particule se déplace a vitesse constante jusqu’a en heurter une autre, ce
qui modifie alors les vitesses des deux particules en jeu, ou jusqu’a ce qu’elle heurte le bord
lorsqu’il existe. Pour décrire un tel systéeme hors équilibre de spheres dures identiques voyageant
a vitesse constante entre les collisions et rebondissant de facon élastique entre elles, on utilise

la célebre équation de Boltzmann
O f(t,z,v)+v-Vuf(t,z,v) = Qp(t,z,v), (t,z,v) e Ry x Q x R?, (0.0.1)

qui décrit I’évolution de la densité de probabilité f de particules en position x € €2, avec vitesse

v € RY, au temps t > 0. Il y a plusieurs choix possibles pour le domaine spatial © :
1. Pespace entier R? ;
2. le tore T? :
3. un domaine borné inclus dans R%.

Dans le dernier cas, il est nécessaire de compléter I’équation par des conditions décrivant
comment la densité évolue au bord de 2.

L’opérateur Qp qui apparait a droite dans (0.0.1) est 'opérateur de collision de Boltzmann et
modélise 'effet des collisions entre molécules sur la dynamique de la densité. Pour un modele
de sphéres dures, cet opérateur s’écrit, pour (t,z,v) € Ry x Q x R, en désignant par |y| la

norme euclidienne de y € R?, pour deux fonctions f, ¢ suffisamment réguliéres,

QB(f,9)(t, z,v) = ;/Rdxgd_l B(lv — vi|,w)(f'g% + L9’ — g+ — frg)dwdv,, (0.0.2)



xvi

avec, pour h € {f, g},
h = h(t,z,v), h' = h(t,x,v"), he = h(t,x,vy), h., = h(t,z,v)),

ou les valeurs v, v}, sont celles des vitesses post-collisionnelles (collision de la particule de vitesse

v avec celle de vitesse v, au point x) données par

;U Uk |v—v*|w v,_v—v* |v — vy
2 2 ’ 2 2

La fonction B est le noyau de collision, qui permet d’adapter la forme des collisions au modele
considéré. Plusieurs choix sont possibles pour B.
Le célebre théoréeme H de Boltzmann montre qu'une quantité macroscopique du systeme,

appelée entropie est monotone en temps : cette quantité est donnée par

H(t) = / ) f(t,z,0) In(f)(t, z,v) dvde, (t,z,v) € Ry x Q x RY, (0.0.3)
QxR
et le théoreme H indique que
d
—H(t) <O0.
dtH( ) <0

Ceci implique que I’équation de Boltzmann est irréversible, puisque la quantité H décroit
au cours du temps (on ne peut pas regarder la dynamique « a l'envers » ). En apparence, on
voit émerger la un paradoxe : la dynamique des sphéres dures que 1’on considere pour obtenir
I’équation de Boltzmann est réversible, mais I’équation obtenue a la limite ne l’est pas. En
particulier, Zermelo a soulevé la contradiction apparente avec le théoréeme de récurrence de
Poincaré, qui implique que le systéme reviendra a sa configuration initiale aprés un temps tres
long. La réponse a ce paradoxe est que le temps de la récurrence dans le théoreme de Poincaré
est extraordinairement long, et donc que le systeme étudié ne sera de toute facon plus décrit
par I’équation de Boltzmann sur cette échelle. Cependant, cela pose le cadre d’une question
plus générale, centrale en théorie cinétique : bien souvent, 'on s’intéresse a la convergence
vers un état d’équilibre. Mais I’étude du temps nécessaire pour cette convergence est aussi de
grande importance ! On souhaite donc obtenir des versions quantitatives du théoreme H, qui
permettent d’estimer finement le temps nécessaire pour converger vers 1’équilibre. Idéalement,
on voudrait aussi obtenir des taux constructifs, c’est a dire avoir des formes explicites pour
les constantes qui apparaissent dans ces estimations quantitatives. Cette theése s’articule
autour de ces questions, et se concentre plus particulierement sur 'influence sur la vitesse de
convergence des conditions au bord que I’on introduit dans le cas ou le domaine 2 est borné.
On consideérera particulierement deux familles de modeles: le transport libre, et les équations de
cinétique collisionnelle (dont I’équation de Boltzmann) dans le régime proche de ’équilibre. On

s’'intéressera a la condition de Maxwell au bord, dans sa version générale, i.e. en considérant



Résumé détaillé xvii

aussi les deux cas particuliers de la réflexion diffuse pure et de la réflexion spéculaire pure, que

I'on introduit a présent.

Conditions de bord. On considére le cas d’un domaine Q@ C R? d > 2, borné, régulier,
admettant un champ de vecteur x — n, qui coincide, au bord 92, avec le vecteur normal

unitaire sortant. On introduit les notations
¥ =090 x RY, Yy = {(z,v) € Z,£(v-ng) >0}, Yo = {(z,v) € Z,v-n, = 0}.

On pose aussi, pour tout = € 9, % := {v € R? (x,v) € ¥1}. La condition de Maxwell
s’écrit, pour (t,x,v) € Ry x 3_,

flt,xz,v) = a(:c)cM(v)/ flt,z, )| - ng|dv' + (1 — a(z)) f(t, 2, 1m:(v)), (0.0.4)
3
ot 7).(+) est 'opérateur de réflexion spéculaire, donné pour tout x € 9 par
Ne(v) :=v —2(v - ng)ng, v e R

Le coefficient a(x) € [0, 1] est appelé coefficient d’accommodation au point x € 9. Le cas
le plus pertinent pour la fonction M est celui de la maxwellienne du bord, donnée par
1 vf?

M('I))ZW@_ 2T, UERd,

ou T > 0 est la température au bord. La constante ¢ > 0 est choisie de fagon a ce que
fzi cM(v)dv = 1 pour tout x € 9 (on prendra toujours M radialement symétrique). Pour
simplifier la présentation, on prendra 1" = 1 dans la suite de ce résumé, mais certains chapitres
de cette these traitent la température en toute généralité, autorisant une dépendance en = de
la fonction T'.

Le cas a = 0 est appelé réflexion spéculaire pure, et correspond a une condition purement
déterministe. Le cas a = 1 est appelé réflexion diffuse pure, et peut étre vu comme une
condition purement probabiliste. Ce choix de modélisation a été introduit par Maxwell lui-méme,

sur la base de considérations physiques.

Equation de transport libre avec conditions de bord. Le premier modéle auquel cette
these s’intéresse est I’équation de transport libre avec la condition de Maxwell présentée ci-dessus.
Ce modele émerge comme description d’un systéeme de sphéres dures lorsque la densité de
particules est tres faible : dans ce cas, 'opérateur (0.0.2) décrivant les collisions dans 1’équation

de Boltzmann s’annule et ’on obtient I’équation plus simple

O f(t,z,v)+v-Vyf(t,x,v) =0, (t,x,v) € Ry x Q x R (0.0.5)
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On considérera ici cette équation avec condition de Maxwell au bord, avec I’hypothese sup-
plémentaire qu’il existe une constante ag > 0 telle que a(z) > g pour tout = € 9. Cette
hypothese est naturelle lorsque I'on s’intéresse a la convergence vers I’équilibre : lorsque o = 0,
la dynamique est entierement déterministe, il n’y a pas de mélange et donc pas de conver-
gence vers un équilibre. Le cas ol a peut s’annuler sur certains points du bord est également

problématique. Cette hypothese permet donc d’éviter ces situations pathologiques.

Partie 1. Taux de convergence a 1I’équilibre pour I’équation de

transport libre

Dans la premiere partie de cette these, on présente deux approches pour I’étude de la convergence
vers I’équilibre de (0.0.5), ainsi que des simulations basées sur le systéme de particules utilisé

pour la premiere approche.

Approche par le couplage probabiliste

Le chapitre 2 présente une stratégie probabiliste, et correspond a un article soumis rédigé avec
Nicolas Fournier. L’idée est d’exploiter le fait que la dynamique liée a (0.0.5) avec les conditions
au bord de Maxwell peut naturellement étre associée a un processus markovien, dans lequel une
particule (X¢, V;)i>0 évolue a vitesse constante jusqu’a toucher le bord. Lorsque la collision avec
le bord se produit, on peut modéliser de fagon probabiliste les deux issues possibles (réflexion
spéculaire ou diffuse) et la nouvelle vitesse dans le cas de la réflexion diffuse. La composante
spatiale reste identique au moment de cette collision.

Partant de cette description, on peut alors opérer un couplage stochastique, en tirant partie
de plusieurs faits. Dans toute la suite, on note X ~ u si X a pour distribution la mesure de

probabilité u.
1. Si (X0, Vb) ~ toeo, la distribution d’équilibre, alors (X, Vi) ~ pieo pour tout ¢ > 0.

2. On peut mesurer le taux de convergence dans une distance entre mesures, la distance
en variation totale, telle que || — v|rv = inf P(X # Y'), ot l'infimum porte sur tous les
couples (X,Y) tels que X ~ pu, Y ~ v. Donc si (X, Vi) ~ g, avec g la solution au sens

des mesures au temps t > 0, et si (X;, V;) ~ fioo, ON &

e = ooy < P((Xi, Vi) # (X4, V2)) = Pl > 1),

ourT = inf{t > 07 (Xt+37 V;f+s)320 = (Xt+s> ‘Zﬁ+s>320}-

Le probléme devient alors d’estimer des quantités liées a 7. En particulier pour le cas typique

de la maxwellienne au bord, on souhaite utiliser 'inégalité de Markov pour prouver que, pour
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tout € > 0,
P(r>t) <

de sorte que le controle de 'espérance assure le résultat anticipé par la littérature - bien

qu’établi seulement dans des cas restreints avec des hypotheses fortes de symétrie jusqu’ici -

d’une convergence en pour tout € > 0, pour une condition initiale bornée. Le couplage

tzi €
lui-méme est tres technique, du fait de la nature particuliere de ’aléatoire qui ne se manifeste
qu’au bord. Nous ne rentrerons donc pas ici dans les détails. Notons seulement que cette
stratégie permet aussi de considérer des fonctions M différentes de la maxwellienne de bord,

pour lesquelles on obtient des taux différents.

Simulations du comportement asymptotique

Dans le chapitre 3, on utilise la description stochastique du chapitre 2 pour simuler la dynamique
par le biais d’un systeme de particules. Cela permet d’abord d’obtenir des résultats qui semblent
confirmer les propriétés qualitatives : dés lors que 'on a un peu de réflexion diffuse (a(z) > «ap
pour tout z € 9€2), on observe une convergence vers une loi qui semble bien uniforme en espace,
comme attendu. On peut d’ailleurs montrer que, dans le cas spéculaire, on n’observe a priori pas
de convergence. On cherche ensuite a confirmer les résultats établis au chapitre précédent, mais
I’on se heurte sur ce point a une difficulté fondamentale : la distance en variation totale est tres
difficile & estimer numériquement. Pour tenter d’observer, malgré cela, les taux polynémiaux
attendus dans le cas ou M est la maxwellienne de bord par exemple, on utilise la description

suivante de la variation totale entre deux mesures p et v sur un espace mesurable (E,E),

1
=iy =g sw | [odu~ [od]
1 1]

On tente donc d’estimer la variation totale a partir d’approximations de la différence des
intégrales pour les choix ¢(z,v) = |z|* + [v]? et ¢o(x,v) = /[z] + /[v]. Les résultats sont
probants d’'un point de vue qualitatif : outre le taux polynémial observé, on obtient des réactions
qualitatives du taux de convergence conformes a la théorie lorsque ’on fait varier la fonction
M. En revanche, 'erreur due a l'utilisation de ces fonctions tests ne permet pas de retrouver

les valeurs exactes prédites pour les exposants de cette convergence polynomiale.

Etude par le biais d’un théoréme de Harris sous-géométrique

Dans le chapitre 4, on utilise un pendant déterministe d’un outil classique en théorie des
probabilités : le théoreme de Harris (fortement lié au couplage). La stratégie est, sans rentrer
dans les détails, la suivante : on consideére un semi-groupe de générateur infinitésimal £, et 'on

suppose que les deux hypotheéses suivantes sont satisfaites,
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i) il existe une hiérarchie de poids (m;)i=1,.. n telle que I'adjoint £L* de L satisfait
L'miy < —Cim; + K, 1> 1,

pour des constantes C;, K > 0 ;

ii) une condition de Doeblin est valide : pour tout R > Ry > 0, il existe un T'(R) > 0 et une

mesure non triviale v tels que

eﬁszu/ fdz,  Vf>0.
{la<R)

Il faut de plus une condition d’interpolation sur les poids (m;)i=1,.. N que nous ne détaillerons
pas ici. A partir de ce cadre, on peut obtenir un résultat sur le taux de convergence a 1’équilibre
du semi-groupe de Markov (e“)i>0.

L’adaptation de ce squelette de base au probleme du transport libre n’est pas évidente.
D’abord, le role particulier du bord dans la dynamique oblige a passer a une version intégrée
en temps des inégalités de i) qui permet de controler le flux au bord et d’obtenir une condition
presque équivalente. Ensuite, la condition de Doeblin est tres technique et se prouve en utilisant
fortement les spécificités de la dynamique du transport libre. Pour ces deux conditions, une
quantité clé est

o(z,v) = inf{t > 0,z + tv € 90N},

le temps mis par une particule partant de (x,v) € Q x R? pour toucher le bord. Cette quantité
vérifie
v-Vyo(z,v)=-1

ce qui permet d’obtenir les inégalités de Lyapunov, et, pour tout R assez grand, il existe T'(R)
tel que

eﬁszy/ fdxdv  Yf>0,
{o(v)<R}

pour une mesure non triviale v, ce qui donne une condition de Doeblin. On conclut par des
manipulations algébriques a partir de ces deux conditions. Ces manipulations sont en grande

partie indépendantes du fait que 'on travaille avec la dynamique du transport libre. On

retrouve, pour la norme L', le résultat de convergence polynomiale & taux td%ﬁ vers 1’équilibre,
pour tout € > 0. En outre, cette approche déterministe permet facilement de considérer le cas
ou la température varie au bord. En revanche, les résultats présentés sont limités au cas de la

maxwellienne au bord.
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Partie 2: Convergence sous-géométrique vers 1’équilibre de pro-

cessus markoviens

Lorsque 'on considére des processus markoviens convergeant exponentiellement vite vers
une distribution invariante, on peut identifier deux conditions équivalentes : une condition
d’intégrabilité du temps de retour vers un ensemble satisfaisant de bonnes propriétés (ce
qui, en un sens, est semblable aux outils utilisés dans le couplage), et une condition dite de
Foster-Lyapunov sur le générateur infinitésimal. Dans le cas sous-géométrique, en particulier
polyndémial, deux conditions similaires ont été identifiées dans la littérature, mais il n’y a pas
d’équivalence entre elles. Au chapitre 5, nous nous concentrons sur ce cas sous-géométrique
et donnons deux nouvelles conditions qui sont équivalentes. La premiere est une intégrabilité
d’un temps aléatoire qui correspond au temps nécessaire pour que le processus passe, dans
un ensemble aux propriétés adaptées C', un temps exponentiel. La seconde est une nouvelle
condition de Foster-Lyapunov qui fait intervenir un parametre de temps. On montre ensuite que
ces deux conditions sont impliquées par la condition de Foster-Lyapunov usuelle présente pour
ce cas sous-géométrique dans la littérature, et qu’elles impliquent le résultat de convergence en

variation totale connu dans ce cadre.

Partie 3: Hypocoercivité d’équations linéaires avec une condi-

tion de Maxwell générale

Cette partie est constituée du seul chapitre 6, qui est un travail en cours d’achévement réalisé
en collaboration avec Kléber Carrapatoso, Stéphane Mischler et Isabelle Tristani. On s’intéresse
cette fois & une version linéarisée de I’équation de Boltzmann (0.0.1), avec ou sans cut-off
angulaire. Le cas de I’équation de Landau linéarisée peut également étre traité par la méme
méthode.

On cherche a appliquer la méthode dite hypocoercive a ces équations complétées par une
condition de Maxwell générale, en particulier on autorise ici le cas a = 0 de la réflexion
spéculaire pure. Pour ces équations linéarisées, on a un opérateur collisionnel, noté S, qui
induit naturellement une forme de dissipation dans un espace de Hilbert H, mais 'opérateur de
transport est conservatif et ne participe donc pas au mélange. Pour mieux comprendre, on peut
diviser la solution f en une composante macroscopique 7 f et une composante microscopique

7t f, et 'on a alors

f=nf+7"f,

avec un controle naturel sur 7+ f grace a 'opérateur collisionnel S, mais pas de contréle sur
la partie macroscopique 7f. La stratégie est alors de construire un nouveau produit scalaire
sur ‘H pour obtenir ce controle. La partie macroscopique peut elle-méme se diviser en trois

composantes, chacune correspondant & une loi de conservation de 'opérateur S : conservation
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de la masse, de la quantité de mouvement et de I’énergie. Pour controler ces quantités, on fait
appel a une équation elliptique adaptée a chaque cas. Si les composantes associées a la masse et
a I’énergie sont simplement liées a des équations de Poisson avec condition de Robin, le contrdle
de la partie correspondant a la quantité de mouvement est beaucoup plus délicat, et repose sur
I'utilisation d’un systeme de Lamé avec une condition au bord bien spécifique. On propose de
surcroit une preuve pour les estimations elliptiques associées a ces problemes, en utilisant en
particulier 'inégalité de Korn et des variantes de cette derniere. En particulier, ces résultats
sont les premiers qui prouvent la convergence exponentielle vers 1’équilibre dans une norme
hilbertienne, dans le cas de la réflexion spéculaire pure, pour I’équation de Boltzmann linéaire

dans un domaine régulier quelconque.
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Chapter 1

Introduction

1.1 Kinetic theory

1.1.1 An overview of kinetic theory

This thesis studies the dynamics of physical systems involving a large number N of particles.
Typically, N ~ 10%%, the order of the Avogadro number. Several levels of descriptions can
be adopted for such situations. The microscopic description is the study of each trajectory,
using Newton’s laws, giving rise to an Hamiltonian system in the phase space of positions
and velocities of particles QY x (]Rd)N , where €) is the spatial domain where the particles
evolve and d > 1 is the space dimension. This framework has two major drawbacks: first, the
very large number of particles in the system makes it very hard to study, both analytically
and numerically. Second, physical quantities of interest, also called observables, such as mass,
average velocity and temperature can not be accessed at this level of description. A different
approach consists in focusing on the dynamics of those observables. This is the macroscopic
description of the system, where one studies the Euler equations for inviscid fluids and the

Navier-Stokes equations for viscid fluids.

Between those two scales, the kinetic theory provides an intermediate level: the mesoscopic
description. The idea is to describe statistically the system by focusing on the “typical”
behavior of a particle. This level of description is fundamental for several reasons. The
statistical point of view reduces substantially the number of degrees of freedom compared
to the Hamiltonian system. On the other hand, it allows one to take into account physical
properties which can not be captured at the macroscopic level. Another, very important,
feature of the mesoscopic description is the possible study of systems which are not at the
local thermodynamic equilibrium. When one uses the macroscopic description of the system,
it is always assumed to be at equilibrium: in each infinitesimal volume of the fluid, particle
velocities have the equilibrium distribution, hence motivating the definition of observables. The

mesoscopic level thus gives a framework to study the convergence towards equilibrium, the goal
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being to understand the long-time behavior of the system. Finally, the kinetic theory plays an
important role in Hilbert’s sixth problem, the axiomatization of physics, in particular in the
derivation of the macroscopic equations from the microscopic models. The suggestion of Hilbert
was to use the Boltzmann equations (which lie at the level of the mesoscopic description) as an

intermediate state.

A fourth level of description exists, corresponding to the situation where the macroscopic
fluid becomes turbulent, and where some averaging is required to obtain quantitative or
qualitative results, but we will not discuss it here. The interested reader can find more details
on the corresponding models in Bardos [5].

Ultimately we can sum up the situation as follows.

Microscopic description
Hamiltonian system describing the trajectory of all particles

Newton’s laws of motion

Mesoscopic description
Evolution equation on the density of particles

Boltzmann equations, Landau equations, Fokker-Planck equations, Vlasov equations...

Macroscopic description
Evolution equation on observables (mass, macroscopic velocity, temperature)

FEuler equations, Navier-Stokes equations

Larger scales description

Diffuse models, turbulence models...

This thesis focuses on the mesoscopic description. The state of the system is described
by a density f = f(t,x,v) of particles (that we assume here, for simplicity, to be absolutely
continuous with respect to the Lebesgue measure on Ry x Q x R?), with ¢t > 0 the time, z € Q
the position and v € R? the velocity. In this context, f(¢,z,v)dzdv is thus the quantity of
particles in the volume element dzdv centered in (x,v) € Q x R? at time t. We will sometimes
consider the case where € is the whole space Q = R? or the torus = T%, but in the core of
this thesis, €2 is a bounded domain (open, connected set) with boundary 9f2, and the dynamics
considered will involve boundary conditions describing the behavior of f at 9. For a wider
view on collisional kinetic theory, we refer to Villani [121] and the more recent review of Mouhot
and Villani [104], see also applications and context from the physical point of view in Krall and

Trivelpiece [84] and Binney and Tremaine [11].
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1.1.2 Informal derivation of the models and of the boundary conditions

We study partial differential equations modeling the evolution of the particles density in the
phase space. In this section, we present an informal derivation from the particle system of
a central partial differential equation in kinetic theory, the Boltzmann equation, in order
to provide the reader some general context. From this derivation we will also obtain the
free-transport equation, and detail the physical motivations of the boundary conditions.

We mention here that the rigorous derivation of the Boltzmann equation from the system of
particles is an open problem. On this matter a crucial reference is the work of Lanford [90], see
also the recent advances by Gallagher, Saint-Raymond and Texier [62] and Bodineau, Gallagher
and Saint-Raymond [13]. The informal material that we present here is largely inspired by

Cercignani, Illner and Pulvirenti [27].

We consider N hard, elastic spheres (particles, for instance gas molecules), identical, with
diameter A > 0, in a domain Q C R, d > 2. When Q ¢ {R¢ T4}, we will assume that 9 is
smooth, with a unit normal outward vector n; at all x € 92. The state of the system is given
by a phase point

z=(x1,01,...,ZN,UN,) € (2 x RHY,

and the phase space is
D ={z e @xRYY; | —ay) > Nifi £},

where | - | is the Euclidian norm in R?, the idea being that since we consider hard spheres,
those should not overlap. When two particles collide, i.e. when z; = x; + n\ for some i # j
with 7 € S¥! the unit sphere in R?, a collision occurs. This collision turns the two velocities
v; and v; into v}, vj. Before the collision we should have n - (v; — v;) > 0 (ingoing collision

configuration) and after, we should have n - (v; — v}) < 0 (outgoing collision configuration).

1.1.2.1 A brief study of the collisions between particles

How do we obtain v, v} from (x;,v;) and (zj,v;) 7 Without loss of generality (wlog) we assume

7 =1, 1= 2. We consider elastic collisions, hence collisions should preserve the momentum and

the energy, which gives us two equations

v1 + vg = V] + V) (1.1.1)

o1]* + Joa|* = [0 > + 5. (1.1.2)

We parametrize the representation as follows: we introduce n = Ué%vl = l(1/ —v1), with
[[v] —v1] c\"1

— =
—_
[
~—
<
[\)
|
<
N~
_I_
3
Q

C > 0 constant. By definition of n, we have v; = v — nC, and, from (1.1.
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We then plug those equations into (1.1.2) to obtain
01]* = 2C (v} - n) + C2 + [vh]* + 2C(vh - n) + C% = |v1]* + w5 ?,
where a - b denotes the scalar product of a,b € R?, thus C' = n - (v} — v}). Hence,
vy = v —n[(v] —v}) - n], ve = vh + n[(v] — vh) - n], (1.1.3)

and

v — vy = v] — vh — 2n[(v] — vh) - nl.
Taking the dot product with n on both sides, we have
n-(v1 —wg) = —n- (v —vy),
which allows us to revert (1.1.3) to get

vi =v1 —n[n- (v —v2)], vh = vy +nln- (v — v)]. (1.1.4)

We call J the collision transformation J : (vi, n,ve) — (vi, —n,v5) and from (1.1.4) we have
that J is an involution, i.e. J% = I;. More importantly, it preserves the Lebesgue measure on

R? x S1 x R?. Let us compute the Jacobian to prove this. We introduce the relative velocities
V i=v — vy, V' i= ) — b,

and the velocities of the center of mass V := %(vi +v2), V' := $(v] +v5). It follows from (1.1.1)
that V/ = V and, from (1.1.4), that

V=V -2n(n-V).

Clearly the map (v1,v2) — (V,V) has unit Jacobian. Moreover, we may decompose V into a
normal component V,, directed along n and a tangential component V| in the plane normal to
n. Since

Viin==-V-.n, V.-m=V -m,
for all m with n-m = 0, we find
Vii=V'n=-V,, Vi =V,

where V/{ is the projection of V'’ on n*. Hence the transformation from (V,,, V) to (V;, V|) has

Jacobian —1. Moreover, we clearly have V! = V,, and Vj_ = V|, with the obvious definitions for
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Vi, V,; and V|, Vi. Since n — —n also has Jacobian —1, we conclude that the overall Jacobian
of Jis 1.

1.1.2.2 Dynamics and collisions against the wall

We assume that the spheres evolve without any additional forces in the background. As a
result, between collisions, they move on straight lines with unchanged velocities, according to
the classical Newton’s laws of motion. For the particle 1, writing x;(¢), v1(t) for the position

and velocity at time ¢ > 0, and assuming that no collision occurs between 0 and ¢, we have
z1(t) = 21(0) + tv1(0), v1(t) = v1(0).

When a collision occurs (with the boundary wall 92 or another hard sphere) at some time 7,

the post-collisional velocity v} (7) is deduced from the quantities involved in the collision
e as detailed above in the case of a collision against another hard sphere;
e according to the boundary condition otherwise,

and x1(-) is continuous in time. After the collision the particle goes again in straight line with
velocity v (7) until its next collision. Regarding the collisions with the boundary, we consider for
now (and will discuss other possible conditions later) the so-called specular reflection boundary
condition: setting for all (z,v) € 9Q x R?,

Ne (V) :=v —2(v - ng)ng; (1.1.5)
we have

V(T) = Ny () (V1(7)) = 01(T) = 204, () (10 (7) - 01(7), (1.1.6)

where x1(7) € 09, ng ;) is the unit outward normal vector of 92 at z1(7), and where
v1(T) - Mgy (r) > 0 (outgoing velocity). Physically this condition is easy to understand from our
previous computations: it corresponds to the case where the hard sphere (z1,v;) hits a wall
made of hard-spheres at rest with no space between them. Of course this condition preserves
2

the energy |v1(7)|* of the particle.

The free flow between collisions and the two conditions (1.1.4) and (1.1.6) completely
determine the time evolution of any phase point z, both forward and backward, as long as
there is no high-order collisions (collisions involving three or more particles at the same time)
and no multiple collisions at the boundary (situations where two particles collide together and
with 0Q at the same time). In those cases, the flow of the phase space point is not uniquely

determined. However, we have the following theorem.
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Theorem 1.1.1 ([27, Theorem 4.2.1]). The following sets are of Lebesque measure zero in the

phase space:

i. the set of all phase points which are led to a high-order collision or a multiple collision

under forward or backward evolution,

7. the set of all phase points such that there is a cluster point of collision instants under

forward or backward evolution,

7ii. the set of all phase points such that there is a cluster point of collision instants with the

boundary under forward or backward evolution.

We let I'g be the phase space I' minus those zero Lebesgue measure sets. On this set, the
time evolution of any phase point z is globally defined, both backward and forward. We may
thus introduce a group (T%)scr of operators such that, if z € Ty is the state of the system at
time 0, Tz is the state of the system at time t. As a group, (T%);>¢ satisfies T° = I; and
TtoTS =T for all s,t € R.

1.1.2.3 The Liouville equation

As mentioned in §1.1.1, we shall adopt a mesoscopic description of the system. For this we
introduce the probability density P(-,-) on Ry x I'; and P(t, z) is the probability density of
the system at the phase point z € I', at time ¢ > 0. We consider an initial probability density
Py € L} (1) for the initial configuration of the system, where L} (') is the Lebesgue space of
positive functions integrable with respect to the Lebesgue measure on I' (recall that T\ 'y has
Lebesgue measure 0).

Assuming that P(t,-) € LL.(T) for all ¢t > 0, for A a Borel set of I', we then have

P(t,z)dz:/Po(z)dz.
TtA A

The Lebesgue measure is invariant under 7% on I'y. Informally this follows from three facts:

i. as we proved, the inter-particle collision transformation is an involution preserving this

measure;
ii. the Lebesgue measure is invariant under the free motion;

iii. the boundary condition (1.1.6) implies an involution preserving the measure, following a

similar proof to the one for the map J already presented.

The flow on I'y can be split into those three behaviors, hence it preserves the Lebesgue measure.

Therefore,

/AP(t,th)dz:/APO(z)dz,
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and since A is arbitrary, we conclude that for all ¢ > 0, for almost all z, P(t,T'z) = Py(z), and
thus

d ¢
ﬁ(P(th 2)) =0. (1.1.7)
Equation (1.1.7) is the Liouville equation in mild formulation, and is completed by a

boundary condition at the boundary oI of I': for ¢,5 € {1,...,N}, i # j,

P(t,z1,v1,...,%i,0,...,%j,0j,...,ZN,UN) (1.1.8)
= P(t,a:l,vl, ey Ly, UV — nij(nij . ‘/ij)? .. .,:Ej,vj + nij(nij . ‘/;'j), e 7xN,UN),
if |z; — xj| = A, where Vj; = v; —v; and n;; = ‘i:%ij', and by the specular reflection boundary

condition if 3 € 9 for some k. This condition is necessary to have that P is constant along
the flow even though the velocity variables encounter a discontinuity when a collision (between

two particles or with the boundary wall) occurs.

1.1.2.4 The BBGKY hierarchy

Forall s € {1,...,N}, z° € F(()s), we introduce the s-th marginal of the system
P@(t,2%) = / P(t, 2%, 2N %) dzN 3,
F(()N_S)

N—s _
¥ = (541, Vs+1,- -+, TN, VN ), and where

where 2° = (r1,v1,...,xs,vs), with the notation z
F(()k) is the phase space for a system with k particles, excluding the zero Lebesgue measure set
of configurations leading to pathological behaviors, as defined in Theorem 1.1.1. In the limit
where the number N of particles tends to infinity, we want an “average” description of the
system. For this we will focus on the evolution of one typical particle, whose probability density
is given by the first marginal of the system, P(1).

Consider a permutation 7 € Sy, where Sy is the permutation group of {1,..., N}. Write,
for z € Iy, vz := (xv(l), Vy(1)s -+ s Ty(N)s U,Y(N)). Because all particles are identical, we assume
that, for all v € Sy, Py(z) = Py(yz). A consequence of the fact that the flow is well-defined on
Iy is then that P(t,vz) = P(t,z) for all z € T'y.

We make the additional hypothesis that ¢ — Py(T"z) is continuous for almost all z € T.
This can be interpreted as the fact that Py does not distinguish between precollisional and

postcollisional configurations.

One can then derive the Bogolioubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy
([14, 15, 17, 83, 124]) from the Liouville equation. The idea is to integrate the Liouville equation
against some of the variables to derive an equation on the s-th marginal. For the sake of

conciseness, we will not expand on this process, but the interested reader can refer to [27] or
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the detailed treatment of Simonella [112]. Ultimately, we find, for s < N —1,¢t >0, z € F(()S),

=1

S
= (N — s)\? / / Vi - n|(PETD (¢, 2 2 + nA, vl
( ) ; Rd {nesdflzvi-n>o}’ ’ |( (t 25, @i )
— psth) (t, 25, x; — M, v*))dndv*,
where 2, = (z1,v1,...,%, 0}, ..., 25,05), Vi = v; — v, and
v =v; —n(V; - n), vl = v +n(V; - n).

The physical interpretation of this equation is quite straightforward: the s-th marginal function
evolves in time according to the s-particles dynamics, corrected by the interaction with the
remaining N — s particles, whose effect is detailed by the right-hand side of (1.1.9). Note that we
can distinguish between a gain term (post-collisional velocities) and a loss term (pre-collisional
velocities) on the right-hand side. Equation (1.1.9) is completed by the specular reflection

boundary condition
P(s)(t,xl, Vlyevoy Tjy Uiy v oy Ty Vg) = P(s)(t,xl, Vlyeoos @iy Na; (Vi) oo, s, Vs), (1.1.10)
where (z;,v;) € 0Q x R? with v; - n,, < 0,4 ¢ {1,...,s}.

1.1.2.5 Informal derivation of the equations from the hierarchy

To derive the Boltzmann equation from the BBGKY hierarchy, we will consider the Boltzmann-

Grad limit, which corresponds to the case where \ ~ so that N\ — [ € (0,00) when

_1_
N1/2»
N — 0.

Before focusing on this case, we point out that in the case where A < %, NX =0 as

N2
N — oo, and assuming that a limit for the first marginal exists, we obtain at the limit the

much simpler equation
(9,5P(1)(t,x,v) +v- VP(l)(t,a;, v) =0, for almost all (¢,z,v) € Ry x Q X R,

This equation is nothing but the free-transport equation that we will heavily study in this
thesis. In this sense the free-transport equation is the equation describing the evolution of a
gas with a very low density, see also the notions of mean free paths and Knudsen number in
[26, Chapter 5]. More details on the physical insights are given in [116, Chapters 1 and 2]. Of
course the equation has to be completed with a suitable boundary condition at the boundary
0N of the domain, for instance of the form (1.1.10).



1.1 Kinetic theory 9

From the BBGKY hierarchy, in the Boltzmann-Grad limit, one derives informally the
Boltzmann equation by first considering the limit of (1.1.9) as N — oo (and so A — 0) to
obtain the Boltzmann hierarchy

Vil (PEHD (8, 20, 0, 01)

’ 8

ap(s) t,2)+ ’Ul"am,P(S) t,z)=1 / /
t ( ) ; 7 ( ) ; Rd {RESd71:%~n>O}

— pltg, zs,xi,v*))dndv*, (1.1.11)
where again z, = (z1,v1,...,%;, 0}, ..., 2s,0s), Vi = v; — vy and
v =v; —n(V; - n), vl = ve +n(V; - n).

Note that, in comparison with (1.1.9), we have x; rather than xz; + n\ and z; — nA inside the
integral on the right-hand side. The next key hypothesis is the Boltzmann chaos assumption,

which can be decomposed into two parts.

1. The initial chaos assumption simply states that particles are independent and identically

distributed at time ¢t = 0, hence, for all s > 1, (z1,v1,...,25,v5) € F(()s),

P(S)(O,xl,vl, ey Ty Vg) = H P(l)(O,;cj, vj).
j=1

2. The propagation of chaos assumption states that this property remains valid at all time, i.e.,
forallt >0, s>1, (z1,v1,...,25,05) € Fés),

S
P(S)(t,xl,vl, ey T, V) = H P(l)(t, xj,v5).
i=1

The second assumption is very strong: since particles collide with each other, one can argue
that the independence between them disappears very quickly. However, one might expect this
property to hold almost everywhere. A thorough discussion of this hypothesis can be found in
[27, Section 2.3]. Under the chaos assumption, considering the first marginal of the system, we
find, for all ¢ > 0, almost all (x1,v1) € Q x RY,

atP(l)(ta$1a’U1) +v1 - a’rlp(l)(tvmlavl) (1112)

l / VTI, P(l) t,.’IJ’UI P(l) t,l‘,?}i
R4 {neSdfl;v.n>o}| ‘( (t, 21, 01) (t,x1,05)

— POt 21,0 PY (8, 24, v*))dndv*,

where V = v — vy, v} =v1 —n(V -n) and v, = v, +n(V -n). This is a first form of Boltzmann

equation. Note that the factor |V - n| in the integral is heavily dependent of the choice of
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collisions for the model considered, here a gas of hard spheres. Letting f play the role of P(}),
we will consider in what follows a slightly more general form of the Boltzmann equation, given
by

Of(t,x,v) +v-Vaf(t,z,v) = Qp(f, f)(t,x,v), (t,z,v) € Ry x Q x RY, (1.1.13)

where Qp(+, ) is a quadratic operator describing, as before, the effect of the interaction between

particles, and is given, for all (¢,z,v) € Ry x Q x R?, by

Qa(f. Nt = [ Bo=ul @) FO)f @)dwdve, (111)

R xSd—1
where we do not write the dependency of f in (¢,z) in the integral and

e (0 - )]

3

v — s
This is a slightly different parameterization of the binary collisions, in which w € S~! and

U,_v—{—v* |U—v*]w ;U — Uk |v—v*|w
2 2 ’ * 2 2

The function B generalises the previous factor |V - n| in (1.1.12), and is called the Boltzmann

collision kernel. In the next paragraph, we discuss several possible values for B.

1.1.2.6  Collision kernel and Landau equation

Based on physical insight, it is natural that B only depends on the relative speed v — v, and of
the cosine of the deviation angle w, and is non-negative. The interaction may be short-range or
long-range.

S

When the interparticle forces are proportional to r—%, s > 2, where r is the distance between

the two particles under consideration, we have

B(|ql, &) = lal = B (6),

s+

By(€) ~eo €75,

so that Q)p is defined only as a singular integral operator. Hard potentials correspond to

s > 5, Mazwellian potential correspond to s = 5 and soft potentials correspond to s € (2,5).
The Grad’s angular cutoff assumption consists in removing the singularity of S5, so that
B e Llloc(Rd x S971), in which case the collision integral behaves (roughly) as a bounded
operator on functions of the velocity variable.

In the physically important case of the Coulomb interaction in dimension 3, the force scales
|2

like |[v — v.|7%, and we can not give meaning to the Boltzmann operator anymore. For this
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reason, Landau [89] introduced a “diffusive” version of the Boltzmann collision operator, today

known as the Landau collision operator, defined by
Qu(g.1) = V- ([ 6w =) /() Vug(v) = g(0) Vo @),
where ¢ is the collision kernel for the Coulombic particle interactions
— _ 2o Z) . o+
()= (I- @) 27,

which is a symmetric and non-negative matrix such that ¢;;(2)z;z; = 0. In dimension d = 3,
when v = —d, we recover the Coulomb case. In general, the case 7 € [—d,0) is known as
soft potentials, v = 0 is known as Mazwell molecules and v > 0 is known as hard potentials.
Moderately soft potentials correspond to the case v € (—2,0).

The Landau equation is a limit case of the Boltzmann equation in the sense that solutions
to the Boltzmann equation tend to solutions of the Landau equation if all collisions tend
to be grazing, in other words if §; tends to be more singular. For detailed studies of the
connection between the two equations, see Arsenev and Buryak [4], Bobylev [12], Degond and
Lucquin-Desreux [35] and Desvillettes [37].

1.1.2.7 Boundary conditions

For both the free-transport equation, that we rewrite
Ohf +v-Vaf =0, (t,z,v) € Ry x Q x RY, (1.1.15)

and the Boltzmann equation (1.1.13), as well as for the other models that we will consider, we

need to complete the problem by prescribing the value of the density f at time ¢ =0
f(vaav):fO(xvv) ($7U) GQXRda
for some function fj, and its value at the boundary of the domain 0f2.

The boundary condition describes the interactions of the molecules with the solid wall 0).
In particular those interactions encode the heat transfer between the gas and the solid boundary.

There are essentially three situations:

A. if Q = R?, there is no boundary condition for say, but we require some integrability of f,

which plays in some sense a similar role;

B. if Q = T¢ the d-dimensional torus, the boundary condition is in fact a periodicity condition;



12 Introduction

C. if Q@ ¢ R? is a domain (open, connected) bounded with some regularity at the boundary, let

us introduce the notations

Yy = {(z,v) € 92 x RY, +(v-n,) >0} (1.1.16)
and Vr € 9Q, Y% = {veR? (z,v) € B.},

where we recall that n, is the unit outward normal vector at x € 9€). We will consider

mainly four boundary conditions:

i. the bounce-back boundary condition, see Figure 1.1: for all t > 0, (z,v) € ¥_,
f(t,z,0) = f(t, 2, —v); (1.1.17)

ii. the specular reflection boundary condition, see Figure 1.2, corresponding to (1.1.6):
for all t > 0, (z,v) € ¥_, recalling the definition of 7,(-) from (1.1.5),

flt,x,v) = f(t,x,n:(v)). (1.1.18)

_n$
_nx

\ ne(v
v
—v

T

K¢

Fig. 1.2 The specular reflection boundary

Fig. 1.1 The bounce-back boundary condition. .
condition.

iii. the pure diffusive boundary condition, see Figure 1.3: for all ¢t > 0, (z,v) € X_,

Ft,a,v) = (/{U‘WO} F(t2,0)(w - ng)dv) Mz, v), (1.1.19)

where M is a kernel satisfying some hypotheses detailed below;

iv. the Maxwell boundary condition, which is a mix between the specular reflection
boundary condition and the pure diffusive boundary condition, see Figure 1.4: for all
t>0, (r,v) € ¥_,

ft,z,0) = a(@)( [ ftz,0)(0n)dv)M(z,0) + (1 - a(2)) f(t,2,7.(0)), (11.20)

i1

where o : 9Q — [0,1] is a function. The value «(z) is called the accommodation
coefficient at x € 0f).
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PN

.
Fig. 1.3 The pure diffusive boundary condition. Dotted red vectors are possible outcoming
velocities.

_nx

Fig. 1.4 The Maxwell boundary condition. The situation is the same as in the case of the pure
diffusive reflection, except that the outcoming velocity vector is 1, (v) with probability 1 — a(z).

The specular reflection, the pure diffusive and the Maxwell boundary conditions were
derived by Maxwell [95, Appendix|. Under the assumption that the wall is a perfectly elastic
smooth fixed surface without any asperities, a molecule striking the surface will have the normal
component (with respect to the boundary) of its velocity reversed, while the other components
will not be altered (specular reflection). The point of Maxwell is then that, with this condition,
the gas can not exert stress on the surface, except in the direction of the normal, which goes
against the experimentations. Physically it makes more sense to allow several outgoing velocity

directions. In particular, Maxwell considered two cases.

1. A stratum of the boundary is made of elastic spheres so far apart from one another that
no sphere is “protected” from the impact of molecules, and the stratum is deep enough so
that no molecule can pass through it without striking one or more of the spheres. Then

every molecule coming out from the wall must have struck one or more spheres, making all



14 Introduction

directions of its velocity equally probable. This is the physical idea behind the pure diffusive

boundary condition.

2. The spheres at the boundary are so near together that there is some protection of some wall
spheres by others. If we call the pole of the sphere the point lying furthest from the solid, a
greater proportion of molecules will strike any one of the outer layer of spheres near its pole
than near its equator. In this case the directions given by the specular reflection are more
likely to occur than any others. The Maxwell boundary condition is then the most relevant

description of the behavior of the system.

The hypotheses on M should be the following: first, we need a normalization condition. For
all z € 09,

/ |v-ng|M(x,v)dv = 1. (1.1.21)
{v-nz<0}
We also need a positivity constraint

V(z,v) € 00 x RS, M(x,v) > 0.

One possibility for the value of M is to consider the wall Mazwellian, which is radial in
velocity, and given by
b2 ola)

M(z,v) = My (v) =e 2T
(z,v) T(2) (V) 2T (@)

T (1.1.22)
2
with ¢(x) a normalizing constant ensuring that (1.1.21) is satisfied, and T'(x) the temperature
of the wall at the point x € 912, but other kernels are possible and can be physically relevant,
see for instance the case of a photon gas [111, Section 4.5] and the corresponding mathematical
studies in [1]. A thorough study of the interactions with the wall is given in [26, Chapter 3].
When T is independent of x, so that Mp(.y(-) only depends on v, we will write M7 : R? = R,
When T = 1, we will write M rather than M;.

1.1.3 Properties of the Boltzmann equation and the free-transport equa-
tion

1.1.3.1 Conservation laws for the Boltzmann operator

We now focus on some physical features of the Boltzmann equation (1.1.13), and in particular
of the Boltzmann operator (1.1.14). The conservation of momentum (1.1.1) and energy (1.1.2)

at the microscopic level have consequences at the macroscopic level, as we shall see now.
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By applying several changes of variable, one can prove informally that, if ¢ is a test function

and f has enough regularity for the integrals to make sense,

1

=3 B(jv = vil,w) f (¢ + ¢ — ¢ — ¢:)dvdvdw
R4 xRd xSd—1

[, @t Do
Rd

where ¢ = ¢(U)7 ¢/ = ¢(U,)7 (;5* = ¢(U*), ¢:k = ¢(U>/t<)7 f = f(U), f, = f(vl) and the usual

notations for v/, v}, see (1.1.14). From this formulation, one can prove that

[ [, Qa(r.néwys = 0] <= [o(v) € Span{L v, ... ve, )]

With those invariant functions, one can define the macroscopic quantities at time ¢ > 0
[ fltw0)o()dvds,
QxR4

which corresponds to

i. the mass, with the choice ¢(v) = 1 for all v € RY,

ii. the total momentum, with the choice ¢(v) = 3% v; for all v € R?,
iii. the energy, with the choice ¢(v) = |v|? for all v € R?.
‘We then have, for all £ > 0,

d
7(/9de f(t,x,v)¢(v)dvdx> = /Qde (—v-Vaf(t,z,0))p(v)dvda

dat
+/Q (/Rd Qa(f, )(t, 2, v)é(v)dv) da

= fioa(t, z,v)(v - ng)p(v)dvdo, + 0
xR
for all the previous choices of ¢, where do, is the Lebesgue surface measure of 9€2. Informally
we can here conclude that all three macroscopic quantities are conserved in the case where
Q =R?% or Q =T, and that both mass and energy are conserved when € is a bounded domain

with bounce-back or specular reflection boundary condition.

1.1.3.2 Entropy dissipation and the H-Theorem

We focus here on the case of the specular reflection boundary condition, but the discussion
applies also, with minor adaptations, to the case of the bounce-back boundary condition, and
to the situation where Q = R% or Q = T?¢. We assume again that f is sufficiently regular for all
the integrals (and boundary integrals) used below to make sense. We define the quantity D]f]
given, for all (t,z) € Ry x Q, by
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DIflt.x) = = [ Qulf. 1)t 0) n(f)(t. ., 0)dv.

We can again apply several changes of variables to obtain

frs
f'

Difi== [, Blo-vlw)('f - £ (5 ) dv.dvds,

with the usual notations. Since (z —y)In(¥) < 0in R} x R, we get the Boltzmann inequality

D[f] > 0. (1.1.23)

We introduce the entropy of the solution f, defined, for all ¢ > 0, by
MW o= [ Flw, o) n(f) (t, v)dvda.
OxR4

We now compute the evolution of H. We have

d d
%’H(t) = g(/Qde fln(f)dvdx)

= —/QXRd(v Vo f) In(f)dvdz + Qa(f, f)In(f)dvdz

QxR4

- / (v- Vg f)dvdr —I—/ Qp(f, f)dvdz.
QxR QxR

Note that the last term on the right-hand side is worth 0 since ¢ = 1 is a collision invariant,

see §1.1.3.1. Moreover, a simple application of the Green’s Theorem gives

xRd

/ (v-Vef)In(f)dvdx = —/ (v- Vg f)dvdx + / fioo In(fla0) (v - ng)dvdoy.
QxR Q xR

Using the specular reflection boundary condition and the notation X from (1.1.16), we have

/ floa In(fjaq) (v - ng)dvdo,
O xR4

= [ el (s nUis ) @)1s, (0) = fiz, (e, ) 0(0) 15 (0) ) dvdo.
xR

Applying the change of variable v — 7, (v) of Jacobian 1 in the second term on the right-hand

side, we obtain
/ f|6§2 ln(f‘ag)@} : nx)dvdam = 0.
ONxRE

Coming back to the evolution of H(f), we conclude that

d

TN = [ Qu(f.)in(Pdvdz = = | Df)(t,a)dx < 0.
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This result is known as the H-Theorem of Boltzmann, see [16]. Moreover, if we consider a
distribution f such that, for some (¢,z) € Ry x €,

Df](t,z) =0,

we have that In(f) € Span{1,vy,...,vq, |v|*} according to §1.1.3.1. Hence, f is of the form

€
V(t,z,v) € Ry x Q% R, f(t,z,v) = A(t,x)e 2T =: H(t,z) (v),

for some constants (in v) A(t,z),T(x) > 0, ¢ € R%. The constant 7(x) is the temperature of
the gas at x € 2, and can be defined as a macroscopic quantity from f. The constant A also
has an explicit form related to macroscopic quantities. In its full version, the theorem actually

states that there is an equivalence, see [27, 121]:

DI =0] <= [f(t2,0) = i) (v)] -

The function fi(; . is known in the literature as the Mazwellian (notice the analogy with the
wall Maxwellian (1.1.22) when g is independent of t), and is said to be a local thermodynamic
equilibrium of the system at the point (¢,z). To find global equilibrium, we want to find p such
that

Ve e QueR v Vali(,z) (v) =0,

which leads to Maxwellian distributions depending only on v. A natural expectation is that the
density function will converge, as time goes to infinity, towards some global Maxwellian. A key
problem is to establish a quantitative version of the H-theorem, i.e., to derive the rate at which

this convergence occurs. We will come back to this point, as this is the main focus of Chapter 6.

1.1.3.3 Linearized Boltzmann equation

We present an heuristic of the derivation of the linearized Boltzmann equation from the standard
one. We also explain why this equation, which will be studied in this thesis, is simpler yet
still relevant for the study of the full Boltzmann equation. Let us suppose here that = R¢.
Starting from the Boltzmann equation (1.1.13), we may focus on the fluctuations around the

global equilibrium, homogeneous in space, and given by

g
N(U)—We

In the perturbative regime, we study h = f — u, where f is a solution to (1.1.13). Recall the
definition of @Qp(-,-) from (1.1.14). We introduce the bilinear operator @ given by

1

] Rd xSd—1 B(lv — va|,w)(f'gs + f2g' — fo« — frg)dv.dw, veRY,
i

Q(f,9)(v)
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so that Q(f, f) = Qp(f, f). Assuming that f is smooth for the sake of the argument, we have,

using that p is an equilibrium,

(at +uv- vx)h = (815 +uv- vx)f = Q(fa f) = Q(h7 h) + Q(h’ M) + Q(:uv h) + Q(H’:U’)'

We note that Q(u, u) = Qp(, 1) = 0 using the conservation of energy (1.1.2). Moreover, the
symmetry of @ leads to the following equation on Ry x Q x R%:

(9, +v - Va)h = Q(h, h) +2Q(u, h). (1.1.24)

Since Q(-,-) is a bilinear operator, the term @ (h, h) appearing in (1.1.24) is quadratic. A
starting point for the study of (1.1.24) is to consider only the linear part of the equation:

(Or +v-Vi)h(t,x,v) =2Q(u, h)(t,x,v), (t,z,v) € Ry x Q x R%. (1.1.25)

This equation is the linearized Boltzmann equation, and is of interest in two situations:

A. When the physical model dictates that the term Q(h, h) above should be small with respect
to the other terms in the equation, for example in the case where a gas is a mixture of two
components, of species P; and P», assuming that the specie P; has a very small density with
respect to the one of P5. If we also suppose that the particles P> are at a global equilibrium
(Maxwellian distribution), the relevant term for the evolution of the density of particles P
is the one taking into account the interactions between the particles P; and the particles P
which are in thermal equilibrium. Equation (1.1.25) models this problem. Other physical
contexts with this structure are the transport in ionized gases and the radiative transfer
through a stellar or planetary atmosphere in (local) thermal equilibrium, see also [26] on

those physical insights, as well as the recent survey [6] for medical applications.

B. The linearized Boltzmann equation still retains some key aspects of the full non-linear
Boltzmann equation. For some features on which the non-linear nature of the collision
operator is expected to have little impact, the study of the linearized equation can be of
great interest. Moreover a whole range of techniques has been developed in recent years to
obtain conclusions on the full non-linear Boltzmann equation in the perturbative regime
from the linearized equation, see Guo [68], Briant and Guo [19], as well as the review paper

of Duan [46] and the references within.

Let us point out that a similar procedure can be applied to the Landau equation, leading to

the linearized Landau equation.
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1.1.3.4 The case of the free-transport with Maxwell or pure diffusive boundary

condition

Going back to the free-transport equation (1.1.15), one can wonder whether a result playing
the role of the H-theorem can be derived. The situation is however quite different, since there
is no collision operator to “mix” the particles. If a Lyapunov functional exists, playing the
role of the entropy in the previous case, it is due solely to the boundary condition. For this
reason, purely “deterministic” boundary conditions, such as the bounce-back (1.1.17) and the
specular reflection (1.1.18) boundary conditions, do not imply any form of convergence towards
an equilibrium. In fact, in those cases, as well as in the case where Q = T% or Q = R%, one can
derive exact formulas for the solution by using the characteristics of the free-transport (and of

the possibly associated boundary conditions).

A very elementary example is given by the case Q = R?, where, if fy € C1(Q x R?), a strong
solution f € C1(Ry x Q x RY) is given, for all (t,2,v) € Ry x Q x R?, by

flt,z,v) = folx — tv,v).

Similar formulas can be given in the torus and in a bounded domain with bounce-back boundary
condition. Even in the case of the specular reflection, an explicit formula can be derived under
suitable hypothesis, see Briant [18, Appendix A.3].

On the other hand, when one focuses on the pure diffusive (1.1.19) or on the Maxwell
(1.1.20) boundary condition, a mixing effect is induced by the wall, and one can expect a result
similar to the H-theorem in the case of the Boltzmann equation.

Indeed, consider the case where 2 is a bounded domain with pure diffusive boundary
condition, and assume for simplicity that we are in the case of a wall Maxwellian whose

temperature is constant, i.e. we focus on the problem (recall the notation 3% from (1.1.16))

<8t+1]'vz)f(t,l',’l)):0, (t,.’L’,?})ER+XQXRd,
fis_(t2,v) = M(v)( Sz 10" mal s, (t2,v)dv'),  (t3,0) € Ry x B (1.1.26)
f(0,z,v) = fo(z,v), (,v) € @ x RY,

with M given by (1.1.22) with 7'= 1. Assume that f is non-negative and sufficiently regular,
so that all the integrals considered below are well-defined.

We will first need an inequality which will play a role similar to the Boltzmann inequality
for the Boltzmann equation, established by Darrozes and Guiraud [33] and generalized by
Cercignani [24, 26].

Theorem 1.1.2. Let C(-) be a strictly convex function on Ry. Then, for allt >0, x € 0%,

ft,z,v)

M(v)(v-n)C( 710

. )dv >0,
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with equality if, for allt >0, x € 0Q, v € R, f(t,x,v) = kM (v) for some constant k > 0.

Proof. Recall that, for all x € 01,

/ M(v)|v - ng|dv = 1. (1.1.27)
i
Hence, by Jensen’s inequality,
f(t z,v) f(t z,v)
c( | M@ n (P2 Na) < [ M@)o - nglo (222 g, 1.1.28
(z; @l nal(Zpres )dv) < [y MOl (Thry ) (1.1.28)
with equality if £ (x 1)’) = k constant. Using the pure diffusive boundary condition (1.1.19), and

omitting the dependency in ¢ and x of f for the sake of simplicity, we find

ZiM(v)| nalC( U) / M@)o - nx|C’/ M (v f((/))dv’>dv
f(v
< [, M@ / M -x|0( 2 a!)ao
INT f(vl) /
= EﬁM(vNU -nx|C(M(U/))dv,

where we used (1.1.27) twice. Therefore,

M(v)\v‘nxm‘( /() )dv — /Eﬁw(v)\vnx](?(]\f/:[(v) )dv

M (v)(v - nm)C(M)dv I M (v)

M (v)

R4
> 0.
The equality statement is straightforward in view of (1.1.28). O

With this at hand, we introduce the relative entropy function defined for all t > 0 by

W(t) = /Qde f(t,z,v)In (W)dvdw.

Proposition 1.1.1. We have %W(t) <0, and W is constant if f(t,x,v) = kM (v) on the set

R, x Q x R? for some constant k > 0.
Proof. We have, for all ¢t > 0,

d

f
dtW( )= /Qde (v-Vzf)In (M)dvdx o M (v -V, f)dvdz.
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Using Green’s Theorem, we obtain

d
GV ==+ M Vaf)dvdz - /ade(U ) fn (

1
M
— / M(v -V, f)dvdz

QxR4

[ forense( e

<0

) dvdoy

i

with C' defined on R% by C(x) = x In(x) strictly convex. From Theorem 1.1.2, the last inequality
is an equality in the case where f(t,z,v) = kM (v). O

Under some appropriate conditions on «, this heuristic can be extended to the Maxwell
boundary condition (1.1.20). Those conditions should prevent pathological cases, for instance

the situation where a particle gets “trapped” between two points where a = 0.

1.2 Mathematical problems and methods

The main focus of this thesis is the understanding of boundary effects in the long-
term behavior of several kinetic equations. An underlying subject is the study of the
connections between the deterministic techniques and the probabilistic methods which are used
to tackle those problems. In particular, the manuscript is organized around three topics and

the corresponding contributions.

1. The quantitative study of the decay towards equilibrium of the free-transport
equation enclosed in a domain, with boundary conditions. As shown informally
above, one expects a decay towards the equilibrium when the boundary condition involves
some mixing. This decay is actually difficult to investigate quantitatively, as most of the
usual techniques do not apply. Previous approaches to the problem were restricted to the
case of spherically symmetric domains and used heavily this property. We will see two
methods to tackle this problem, one based on a deterministic subgeometric Harris’ theorem,
and a probabilistic one called the coupling method. A connected question is whether one

can obtain explicit constants associated to the rate of convergence.

2. The derivation of hypocoercivity estimates for linear collisional kinetic equations
enclosed in a domain. We focus on some collisional kinetic equations, for which a whole
spectrum of methods, based on the notion of hypocoercivity, have been developed over
the last two decades. The impact of the boundary operator for more involved boundary
conditions, i.e. when ) is bounded with specular reflection, pure diffusive or Maxwell

boundary condition, has gained interest in the last ten years and we will see how new
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estimates can be obtained for a whole range of linear equations, whose collision operators
share key properties, including some linearized Boltzmann and Landau equations. For those

studies we would also like to derive constructive constants.

3. The subgeometric convergence towards equilibrium of Markov processes. The

deterministic version of the Harris’ theorem mentioned above is an adaptation from Harris’
theorem (all references are given below). On the other hand, the Meyn-Tweedie theory
developed in the 1990’s provides a systematic framework for the study of the convergence
rate of Markov processes in the exponential case. In particular, they give an equivalence
result which might be interpreted as a link between the coupling method and Harris” theory,
based on a Foster-Lyapunov inequality. While the Meyn-Tweedie theory was adapted in
the last fifteen years to the subgeometric case, such an equivalence result is specific to
exponential rates. We present intermediate conditions of slightly different nature which

allow one to recover some equivalence result, in the subgeometric framework.

1.2.1 Convergence rate towards equilibrium of the free-transport equation

enclosed in a domain
1.2.1.1 Hypotheses and main problems

We focus here on the free-transport equation (1.1.15), in the case where Q C R? d>2is a
bounded domain with the Maxwell (1.1.20) or pure diffusive (1.1.19) boundary condition. For

the kernel M of the diffusive component, we make the following hypothesis.

Hypothesis 1.2.1. The function M : 9Q x R* — R, is radially symmetric in its second
variable, and for all z € 09, [ga M (z,v)|v|dv < oo.

This radial symmetry is critical for the results that we will derive. Of course the wall
Maxwellian (1.1.22) satisfies this hypothesis. Finally, we assume that there exists > 0 such
that a(z) > a for all x € 9.

Let us introduce some notations. For a measure space (5,8, u) we define the corresponding

Lebesgue space of exponent p € [1,00) by

LP(S) ={f:S — R, f measurable , || f||, < oo},
1
where || f||, = (fs \f(:x)]pdu(:z:)> ", We set G := Q x RY, that we endow with its Borel o-algebra

G and we consider the Lebesgue measure on (G, G).

As mentioned above, at least under assumptions of regularity on f, we have an entropy
decay which provides the intuition of a convergence towards equilibrium. Our goal here is to

study rigorously this decay in a well-chosen norm. Several obstacles must be overcome.
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(P1) For the boundary condition to make sense, we first need to give meaning to the traces of
f, in particular when we work in the Lebesgue space L!(G), in which case the restrictions

of f on Of2 are not a priori well-defined.

(P2) We need to rigorously prove that an equilibrium actually exists, and provide a qualitative

result of convergence towards it.

(P3) The model has no spectral gap in the L? norm, and as such many heavily used tools
to investigate quantitatively the convergence towards equilibrium of a kinetic
equation do not apply. We need different techniques. Ideally we would like to obtain a

rate of convergence with constructive (explicit) constants.

Arkeryd and Cercignani [2, Sections 2 and 3] investigated (P1) in depth, see also Cannone
and Cercignani [23], based on the earlier work of Ukai [120]. The problem is quite subtle, and
we will not expand on it. Overall, Arkeryd and Cercignani proved that, if the initial data fj
belongs to L'(G), the traces are well-defined.

1.2.1.2  Some results about (P2)

Regarding (P2), consider first the situation where M(-,-) is independent of z. In the wall
Maxwellian case, see (1.1.22), this corresponds to the case where the temperature 7'(-) at the
boundary is constant. We assume that the initial data fy has global mass 1. Letting f(¢,-, )

be the solution at time ¢ > 0, f(¢,-,-) also has mass one. Indeed

d
—/ ft,z,v)dvdx = —/ v Vaf(t,xz,v)dvdx
dt Jaxrd QxR4

== [l (fs, 0)15.0) — (1= a(@) s, ()15 (0)
OO xR
— a(2)M(v)fiz, (2)1x_(v))dvda,,

and using twice the change of variables v — 1, (v) from X_ to X, along with the facts that
|v - ng| = ne(v) - ngl for all (z,v) € 92 x R? and that M is radial, we have

Ccllt/Qde f(t,:c,v)dvdx—/ a(az)/r lv- nx|(f‘g+( ) — M(v)f];r(x))dvdax

= [ a@)(fis. @) = fiz, @ [ M@0 -n.ldv)do, =0,

since M (v)|v - ny| is a probability distribution on X% .
Since the kernel M only depends on v, it is an obvious steady state of (1.1.15), satisfying
the boundary condition as a consequence of its radial symmetry (for the specular component)

and of the condition itself (1.1.20). Because of the mass conservation, our equilibrium candidate
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is thus:

BM (v)
Q-

foo(z,v) = (1.2.1)

where || denotes the volume of Q and 8 = ([ga M (v)dv)~1.

In the case where M depends on z, the situation is more complicated, yet one can still obtain
an explicit formula for the equilibrium f. in the form of an infinite series. This derivation was
done by Sone [115, Chapter 2, Section 2.5], see also [113, 114], in the most important case where
M(-,-) is a wall Maxwellian. Here, we extend this result to any kernel satisfying Hypothesis

1.2.1. For clarity we rewrite the Maxwell boundary condition in a slightly different form

f|ZL (tvxav) = (1 - a(x))f|2+(tv$’771‘(v)) —i—Oz(x)C(x)M(SC,U)fE(t,LB), (tvxvv) € R+ XX,

where, for all € 9Q, M(z,-) is a probability distribution on R? and the normalization function

c appears explicitely in the condition: it is given by
@=([ M@ )
c(x) = x,v)|v-ngldv) .
{vng>0} ’

Recall that the Jacobian of the hyperspherical change of variables v — (r,61,...604_1) from R?
to [0,00) x [—m,m) x [0,7)%2 is given by 79! H;l;f sin(#;)4~17J. Then, setting

é(x) == /OOO riM (z,v)dv,

using that M is radial in v, we have that c(z) = (ké(x))~!, where & is a constant independent

of x, given by
d—2 ‘
K= / (61, ., 64) - ny| T] sin(8;)*"db; ... dby,
_A .
7j=1

where A := (=%, %) x [0,7)%"2 and u(6s, ..., 0q) is the unit vector directed according to those
angles.
On Q x RY, using the notation ¥4 from (1.1.16) and setting

o := {(z,v) € 002 x R v-ng = 0},

we define the map 7 by:

T(m,v):{ inf{t > 0,z + tv € 00}, (x,v) € ¥_ UG, (12.2)

0, (x,v) € ¥4 U3.
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q(z,v)

Fig. 1.5 An example for the function ¢

This function gives, for a particle in position x with velocity v at time ¢t = 0, its first instant of
collision with the boundary. Set, for all (z,v) € Q x RY,

q(z,v) =z + 7(x,v)v, (1.2.3)

which is the point of 9€2 where this collision occurs, see also Figure 1.5.
Recall the definition of 5 from (1.1.5). For (z,v) € Q x R% we introduce the sequence of

points and velocities from the specular backward trajectory, that is

v =, ! = q(z, —vl),

n+ n+1

= Q(xn7 _Un+1>7 n 2 1.

V= e (1), x

By following the characteristics of the free-transport equation, we have

f(ta €, ’U) = f(t - T(:C? —’U), Q(xa _U)a U)l{t>7'(a:,—v)} + fO(x — tv, U)l{tgfr(x,—v)}a
and by using the boundary condition, this leads to
f(tv €, U) - 1{t>‘r(x,—v)}{(1 - Oé(l'l))f(t - T(.%', —’U), xla 02)
+a(a)e(@ )M (@t o) ([, F(t = (@, —v), 2t ) ngidv’) }
=y

+ f()(x — tU, v)l{th(:p,fv)}-
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Assume for now that there exists an equilibrium f,, on Q x R%, and suppose that f. has
enough regularity so that its trace is well-defined. Since f. satisfies (0; +v - V) feo = 0 and

fso does not depend on t, taking the limit as ¢ — oo, we have from the previous equation,

Fol,v) = alael@ )M (2!, ) (Fooys, (1) + (1 — a(ah)) (fo)js, (@', 0%).

We may iterate this formula to find

m

foola,v) = i(n 1 - a(a"))ale™)(Fos, (™)e(e™) M(m),

m=1 =

where M(m) = M(2™,v™). The previous series satisfies the boundary condition and the

free-transport equation. Yet, the flux values (foo )|, () are unknown. On the other hand, if we

plug this series into the definition of the flux (fo)x, (*), we obtain an integral equation for

—_—

the latter. We prove that setting ( foo)|z . = wo for some constant wp > 0 solves this integral

equation. Indeed, denoting a(” := a(z?) for all i > 1, we have

(Fs @) = [ ()i, (@ o)lo- nildo

= wo/ v - 1| (aWe(zHYM1) + (1 — aD)aPe(z2)M(2) 4 ... )dv

—wo/ [u(f1,...,04-1) nx|(Hsm )41 ])< ) C(ﬂ:l){/OOOM(xl,r)rddr}
+(1—a(1))a(2)c(a;2){/oo

M{(a?,r)rtdr} + .. )d0y ... dfq 1.
0

Since, for all x € 99,
/ riM(x,r)dr = &(z), and c(z) = (ké(x)) ™,
0

we find

d—2
(foo)|2+ = wokK /\u 01,...,04-1) nz|(Hs1n d—1- J)
7j=1

x (a4 (1= aM)a® + .. )dd; ...dos

= wo,

where we used the definition of x and that the infinite series ") + (1 —a(D)a® + ... converges

to unity. Indeed, the series is uniformly convergent with respect to x since o > « by assumption.
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Moreover, we can rewrite it as
oM+ (1-—aMMa-1-a?)+...,

hence for all N > 1

N m—1 N
S (TTa-a™))al™ =1-T] (1 -a™),
m=1 h=1 m=1

from which the convergence to unity is obvious. Ultimately, we proved that the series

is a steady state of (1.1.15) with Maxwell boundary condition. The constant wy is determined
by the total mass of the system (since this quantity is conserved). The series converges uniformly

by hypothesis on «.

1.2.1.3 Bibliographical review

Although some qualitative convergence results were given in restricted contexts, see for instance
[3, Theorem 1.4], we will follow a different strategy, where we find a quantitative decay towards
the candidate equilibrium, thus solving (P3) above and deduce the qualitative convergence

from this result.

The first study of (P3) was the numerical investigation of Tsuji, Aoki and Golse [119]. Using
a method based on the decay of the relative entropy W as presented in §1.1.3.4, they obtained
numerical evidences supporting the idea that the decay is polynomial in this case, as opposed
to the expected exponential convergence of the Boltzmann equation [68, 54, 19]. Considering
a spherical vessel of dimension d € {1, 2,3}, they exhibit a decay of order t% in a kind of L'

norm in the position and the molecular velocity.

Aoki and Golse [1] later pursued this work, aiming at deriving this rate of convergence.
They first prove some negative results and lower bounds on the rate of convergence towards
equilibrium, in an appropriate L' norm. Then, in the particular case of a spherically symmetric
domain in R3, considering as the initial distribution a radial function of both the space and

velocity variables and in the case of the pure diffusive boundary condition, they prove that the

1

decay rate in LP norm is better than i We emphasize that, in the L' norm, this gives
t 'p

an upper bound in % for the decay rate, while the numerical results of [119] suggest a rate of

order t% The main tool of Aoki and Golse is the renewal theorem of Feller.
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A second method was developed by Kuo, Liu and Tsai [88, 87] and Kuo [86]. The starting
point is to build a stochastic process (X, V;)i>0 with the appropriate dynamic, i.e. such that
its density is a solution to (1.1.15) with pure diffusive or Maxwell boundary condition. Again,
the study only holds for the case of spherically symmetric domain, but this time no symmetry
assumption is made on the initial data. The case where the temperature varies at the boundary
is also investigated in [88]. The idea behind the method is that, because of the symmetry of
the domain, the intervals of time between two collisions of the process with the boundary are
i.i.d. (independent and identically distributed) random variables in R;. Then, one can derive
a law of large numbers for those time intervals and use it to obtain some control on the L>
norm of the flux at the boundary, from which one concludes on the rate of convergence in the
LP norm, for all p € [1,00). Interestingly, this approach also allows the authors to tackle the
linearized Boltzmann equation.

At last, let us mention other recent advances in collisionless kinetic theory with boundary
conditions. Mokhtar-Kharroubi and Seifert [102] studied the case of monoenergetic free-transport
equations in slab geometry with azimuthal symmetry and abstract boundary operators, and
provided a quantitative result of convergence by means of Ingham’s tauberian theorem. This
strategy was also used very recently in a multi-dimensional case, for a kernel which goes beyond
the cases studied here, by Lods and Mokhtar-Kharroubi [91]. On the other hand, a drawback

from this method is that it seems to provide suboptimal rates, at least in some situations.

1.2.2 Hypocoercivity for linear kinetic equations

In general, the hypocoercivity technique is adapted for the study of evolution equations

involving
1. a degenerate dissipative operator (the collision operator in the context of kinetic theory),
2. a conservative operator (the transport operator in our context),

and such that the combination of both operators implies the convergence towards a uniquely
determined equilibrium state. There are two main methods: the H! one and the L? one. The
H' approach was introduced first for hypoelliptic operators (see the books of Hérmander [75]) by
Hérau and Nier [77] and Eckmann and Hairer [53]. This was later extended by Helffer and Nier
[74], and Villani [123] and Mouhot and Neumann [103] generalized the method to more kinetic
operators. In particular, Mouhot and Neumann obtained the exponential convergence towards
equilibrium for two linear kinetic models with a more simple structure than the linearized
Boltzmann equation: the BGK equation and the kinetic Fokker-Planck equation, in the torus.
Roughly, the strategy is to endow the H' space with a new scalar product which makes coercive
the considered operator and whose associated norm is equivalent to the usual H' one. Those
ideas were adapted in the L? setting in order to deal with more general operators and geometries

by Hérau [76]. We will focus on the case of linear kinetic equations preserving mass, for which a
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more simple setting was introduced by Dolbeault, Mouhot and Schmeiser [42, 43] in the whole
space.

In this thesis, the conservative operator will always be the free-transport operator from
kinetic theory: for a particle evolving in the phase space Q x R%, this operator, denoted 7, is
given by

T=—v-Vyg,

and is completed by an operator K acting only on the boundary. The techniques are based
on elementary algebraic tricks, and the introduction of modified Dirichlet forms. For this, one
can in general find a natural scalar product in which a degenerated coercivity estimate for the
collisional operator holds. The problem is then to add extra terms in a way that allows to
recover a fully coercive estimate, while handling the fact that, in this new setting, the transport
and the collisional operator may not be negative anymore, creating ill-directed terms which
must be absorbed.

Let us be more precise on this L? coercivity method, as we will adapt it in Chapter 6. We

consider a general space inhomogeneous kinetic equation

Wf=Lf=Sf+Tf [(0)=fo, (1.2.4)

for a function f = f(t,z,v) with t > 0, z € Q for Q a bounded, regular domain in R%, v € R?
with d > 2. The collisional operator S acts only on the velocity variable v and is dissipative
and symmetric in some Hilbert space ‘H detailed below, while T given above acts on both the

space and the velocity variables (x,v) and is skew-symmetric in H, i.e. we have
L=S+T, §5=8§<0 and T =-T. (1.2.5)
If p is the equilibrium of the evolution equation, the Hilbert spaces of interest are

H=L3 galp™ ") = {f : G — R measurable with / £ (z,v)p " (v)dvdz < oo},
G

Hy = Lia(ph) = {g : RY — R measurable with /d lg|? ()t (v)dv < oo}.
R

We write (-, )y, (-, )x, for the scalar products on H and H,, respectively, and || - ||%, || - |7,
for the corresponding Hilbert norms. The collisional operator § has a nullspace in H, that
we write N(S). We furthermore introduce the operator m of projection towards this null set.
Aside from technical hypotheses, the main ingredient that we require is the existence of some

degenerated estimate on S: we assume that there exists k- > 0 such that
(SF, P, < =57 fllw,,  VF € D(S) N Ha, (1.2.6)

with 7+ =T — 7.
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Splitting the solution as f = w1 f + 7 f, we thus already have a control on the microscopic
part 7w f. The problem is to define a new scalar product on H in which one recovers a control
of the so-called macroscopic part 7f. For this, we start with the usual inner product of
‘H and add, step by step, new terms in order to control the missing terms appearing on the
macroscopic part wf.

We thus introduce a new norm ||| associated to a new scalar product

((f,9) = (f,9)n +alf, g] + alg, f],

for some non-symmetric bilinear form a. The new Dirichlet form is then given by

D{f]:= (LS, f)) = (LS, f) +a[=Lf, f1 + alf, = L[],

and the form a is chosen so that [||-|| is equivalent to || - || and there exists some constructive
constant A > 0 such that
D[f] > )‘|”f|||2a vf € HOa

where H is a subset of H containing g — p if g is a solution to (1.2.5).

Hypocoercivity and quantitative H-Theorem. In Chapter 6, we use those hypocoer-
civity techniques to prove the exponential convergence towards equilibrium, in some weighted
L? norm, of various forms of Boltzmann and Landau linearized equations in a bounded domain
with general Maxwell boundary conditions.

The question of deriving a quantitative version of the H-Theorem presented in §1.1.3.2
is a key problem in kinetic theory, which goes back to Boltzmann. In the context of the
theorem, proving (exponential) convergence towards equilibrium with constructive arguments
is fundamental, as the validity of the Boltzmann equation breaks for very large time, see
Villani [121, Chapter 1]. It is then crucial to show that the time scale of the convergence is
much smaller than the time scale of the validity of the model. This issue is strongly linked
to the famous Cercignani’s conjecture, or more accurately, conjectures, since various forms
have been stated. On this subject, and on the related topic of the Cercignani’s conjecture
for the Landau equation, we refer to Cercignani [25], Villani [122], Desvillettes, Mouhot and
Villani [36] and the references therein. As mentioned by Grad [64], this exponential convergence
towards equilibrium for the Boltzmann equation should also hold in the presence of compatible
boundary conditions in a general domain. Many progresses have been during the last decade
for the perturbative regime, corresponding to the linearized equation, see §1.3.5 for references.
In Chapter 6, we extend those results using an L? hypocoercivity method, and derive estimates

with constructive constants.
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1.2.3 Convergence towards equilibrium of Markov processes
1.2.3.1 Context and historical aspects

In the theory of probabilities and statistics, a Markov process is a stochastic process satisfying
the Markov property, that is, the future of the process only depends on its past through its
present, and not through its whole history. Another way to say this is that, conditionally on
the present of the process, its past and its future are independent. Mathematically, we have

the following definition.

Definition 1.2.1. Let (Q, F, (F)t>0,P) be a filtered probability space, (X¢);>0 an adapted
process with state space (E, ) is a homogeneous Markov process with transition semigroup
(Pt)e>o if, for all f: E'— Ry measurable, for all 0 < s < ¢,

E[f(X¢)|Fs] = Pi—s(Xs) a.—s..

The homogeneity property says that the transition laws are constant in time, hence the
family of transition operators form indeed a semigroup.

Markov processes are vastly spread in our environment: the dynamic of the queue length at
the airport, the nuclear fission, the evolution of the exchange rate between two currencies, the
growth of populations and a large amount of human endeavors (word usage by famous authors,
record levels in sport...) are some examples of phenomena in which a Markov process is playing
a key role. Markov himself investigated the first chapter of Pushkin’s novel Fugene Onegin and
focused on the distribution of vowels and consonants [93]. For a more in-depth list of examples,
we refer to Meyn and Tweedie [98].

Historically, Markov processes were introduced by Markov [92] in order to show that a
central limit theorem could also hold for dependent variables. The study of stability issues for
Markov processes can be traced back to Markov itself, while the question of deriving quantitative
bounds for the convergence was studied by Doeblin [40, 41], Harris [73] and Chung [28, 29],
focusing mostly on the exponential case. Decades later, Nummelin [105] and Meyn and Tweedie

[98] provided a more systematic treatment.

1.2.3.2 Recurrence in the countable and general state space setting

For this section we refer mainly to the work of Meyn and Tweedie, in both the discrete time
case [99], including of course the extensive treatment given in [98] and the continous-time case.
A first simple family of Markov processes are Markov chains on countable state space. In
this case, the process (X,)n>0 is now indexed by integers, and evolves on a countable state
space F. Two complexifications, allowing one to model more situations, can be considered: the
continuous-time case where the process is indexed by R, or even R, and the case of a general

state space with a structure more flexible than the countable case.
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One of the key question in the study of Markov processes is the one of stability: what is the
behavior of the system asymptotically ? Under suitable assumptions, the Markov process has
an invariant measure, i.e. there exists a positive measure p on (F, &) such that Py = p for all
t > 0, where, for all A € &,

(Pui)(A) = /E Py, A)p(d).

Whether an invariant measure exists is a question strongly related to the notion of recurrence.
To illustrate this concept and the one of transience, consider a Markov chain (Xy,),>0 with
state space Z, and write P;; = P(X; = j|Xo = i) for all (i,j) € Z?* for the transition matrix.

For i in Z, let 7; be the first return time of the process to {i}:
7; = inf{k > 1: X =i},
and denote P; the probability measure defined by
Pi(A) =P(X; € Al Xy = 1), VA € P(Z).

We then say that the state ¢ is

1. transient if P;(7; = 00) > 0;

2. recurrent if P;(7; < o0) = 1;

3. positive recurrent if ¢ is recurrent and E;[7;] := E[r;| Xo = i] < o0.

Introducing the number of visits to the state ¢ € Z starting from 4 defined by

o0
Ni =Y 1ix,—i|xo=i}>

n=0

and letting f; = P;(7; < 00), we note that, by Markov property,
P(N;=n)=f""(1-fi), n>1,

so that N; ~ G(1 — f;), the geometric distribution of parameter 1 — f;. Hence,

1
E[N;] = 1—7fi7
with the convention E[N;] = oo if f; = 1, and we have the following result.
Proposition 1.2.1.
1. The state i € Z is recurrent if and only if E[N;] = co.

2. The state i € Z is transient if and only if E[N;] < oco.
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If the Markov chain is transient, the notion of invariant measure is useless: every state is
visited finitely often. Once the recurrence is established, a useful result to study the positive

recurrence is the following theorem from Durrett’s book [51, Theorem 5.6.1].

Theorem 1.2.1. Suppose that (X, )n>0 s recurrent (i.e. all i € Z are recurrent), then

1 & n—co Hri<oo}
VieZ, =3 liixey OF =t g
7 n {Xm=t|Xo=1} E’L[Tz] i a.s

m=0

where, by convention é =0.

We focus from now on on irreducible chains, i.e. chains such that for all (i, j) € Z?, there
exists n > 1 satisfying Pj; = P(X,, = j|Xo = 4) > 0. Irreducibility implies that all the states
are of the same type, see for instance [71, 98].

Ezample 1.2.1 (A recurrent process). An example of a recurrent process is the random walk
on Z, with P, ;41 = P;;—1 = % for all i € Z and P;; = 0 if | — j| # 1. This chain is clearly
irreducible. Let us assume that Xo = 0. Obviously Fj'; = 0 if n is odd. Moreover, to go back
to 0 in 2n steps, we need n jumps right and n jumps left, each having probability % to occur,
hence

n!

1
PO(_XQnZO):P&%:anﬁ7 where Cﬁzm,ogkén

Using Stirling’s formula n! ~ v/27n(%)", as n — oo, we obtain that

1
2n
Foo~\ =
™

We then have - -
E[No] =1+ ) Po(Xon=0)=1+ > P = oc.

n=1 n=1
Using Proposition 1.2.1, we conclude that the chain is recurrent. Moreover, since Py(X,, = 0)
converges to 0 as n — oo, we can apply Cesaro’s theorem and conclude that

1 n

= > Po(Xp =0) — 0.

n

m=0
On the other hand, by Theorem 1.2.1 and the dominated convergence theorem
n

> Py(Xm =0) —

m=0

Po(To < OO)
Eo[ro]

Since Py(79 < 00) > 0, we conclude that Eg[rg] = co. Hence the random walk in one dimension
is not positive recurrent. Such a process is sometimes called null recurrent. A related fact is
that any measure p such that there exists ¢ > 0 with, for all ¢ € Z, p({i}) = c is an invariant

measure, which can not be normalized to 1 to give an invariant probability measure.
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Ezample 1.2.2. The random walk in Z3 is a transient process. The proof relies on a similar
argument: one can show that
R~
n:
for some constant C' > 0, and conclude with the help of Proposition 1.2.1. See for instance
Durrett [51, Theorem 5.4.4].

Example 1.2.3 (The finite state space case). Any irreducible Markov chain on a finite state

space is positive recurrent.

Those three notions of transience, recurrence and positive recurrence can be adapted to
the general state space setting, under some assumptions. We will not detail the definitions of
transience in this case. Let us consider the continuous-time setting, as most of the results in
this thesis will focus on this situation.

We consider, in this whole subsection, a state space (E, £), where £ is the Borelian o-algebra
of E, which is assumed to be a locally compact, separable metric space. We make the hypothesis
that (X;):>0 is a Borel right process, hence it is strongly Markovian with right-continuous
sample paths. We introduce the filtration (F;);>0 given, for all ¢ > 0, by F; = 0(X5,0 < s < 1).
For all ¢ > 0, P is an operator acting on By(E) the space of bounded measurable functions

f: E — R and on o-finite measures p on (F, &) in the following way

Pu@) = [ TPe.dy),  wPUA) = [ P A,
for all A € £. We assume the strong Markov property: for any stopping time 7, any f € By(FE),
Belf(Xipr)| 2] = Puf(X7),  0<t<oo
For any A € &, we set
Ty—inf{t>0:X, €A}, Sa= /Ooo 1x,caydt.

To generalize the previous notion we say that (X;);>¢ is v-irreducible (or, simply, irreducible)

if, for a o-finite measure v on (F, &),
v(B)>0] = [veeB, E,[S5]>0],

in which case we say that v is an irreducibility measure for the process. A set A such that
v(A) > 0 for some irreducibility measure v is said to be accessible. The notion of Harris

recurrence generalizes the previous concept of recurrence.

Definition 1.2.2 (Harris recurrent process). The process (X¢)¢>0 is called Harris recurrent if

either
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1. there exists a o-finite measure v such that P,(S4 = 0o) = 1 for all A such that v(A) > 0;

or
2. there exists a o-finite measure p such that P,(T4 < oo) =1 for all A such that u(A) > 0.

It is often much easier to verify the second condition, although both are equivalent. In
some cases, the two measures 1 and v do not coincide. An Harris recurrent process is clearly
irreducible.

A key result of the theory is that the Harris recurrence property implies the existence of a
unique (up to constant multiples) invariant measure, and in some cases we can thus normalize
this measure to obtain a unique invariant probability measure, leading to a notion similar to
the positive recurrence in the countable state space setting. We take the pragmatic view of

defining the positive recurrence in this new setting based on this property.

Definition 1.2.3. The process (X¢):>0 is called positive Harris recurrent if it is Harris recurrent

with a finite invariant measure 7.

Most of the theory is exposed in the book of Nummelin [105], see also the paper of Meyn
and Tweedie [100].

To sum up, we have the following analogies.

Countable state space General state space
Transient process Transient process
Recurrent process Harris recurrent process

Positive recurrent process | Positive Harris recurrent process

Let us recall some more definitions. We will heavily use the notion of petite set.

Definition 1.2.4. A non-empty measurable set C' is said to be petite if there exist a probability

measure a on B(R) (the Borel o-algebra) and a non-trivial o-finite measure v on & such that
Vr € C,/ Py(z, Ja(dt) > ().
0

Definition 1.2.5. A continuous-time Markov process (X¢):>0 with values in E is non-explosive
if there exists a family of pre-compact open sets (Op)p>0 such that O, — E as n — o0
(ie. Up,O, = E and O, C Oy for all n > 0), and such that, setting for all m > 0,
Ty = inf{t > 0,X; € Oy, }, for all z € E,

Px( lim T, = oo) -1

m—ro0
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Definition 1.2.6. We say that a process (X;)¢>0 with associated semigroup (P:):>0 is aperiodic
if there exists an m > 0 such that, denoting by d,, the Dirac mass at m, there exists an accessible
dm-petite set C' (i.e. petite with measure a = d,, on R;) and some ty > 0 such that for all
z el t>t, Pt(SU,C) > 0.

Definition 1.2.7. We say that the process (X;):>0 is strong Feller if the transition semigroup
(Pt)t>0 is such that, for all ¢ € By(E), for all ¢ > 0, P;¢ € C(E) (the space of continuous
bounded functions on F). We say that it is (weak) Feller if, for all ¢ € Cy(F), for all ¢ > 0,
Pip € C(E) (the space of continuous functions on E).

1.2.3.3 Exponential convergence towards equilibrium: three methods

In this thesis, we focus on essentially three (more or less equivalent) ways to obtain, for a
positive Harris recurrent process, the exponential convergence towards its unique probability

measure.

A. The study of the probabilistic generator of the process, and the existence of a corresponding

Foster-Lyapunov inequality. This is the key ingredient of the Meyn-Tweedie theory.

B. The study of the deterministic generator of the process. This is essentially equivalent to the
previous method. We distinguish them in order to emphasize that the same Harris’ theorem

can be obtained by means of purely deterministic method.

C. The construction of an appropriate coupling of the process of interest. This probabilistic

technique requires a more ad hoc adaptation, but is quite simple in its principle.

In the following part of this subsection we will briefly present the corresponding results and
illustrate them with the example of the Ornstein-Uhlenbeck process (Y;):>0 on R, solution to
the SDE

dY; = V2dB; — Yidt, (1.2.7)

where (By);>0 is a standard Brownian motion. The stochastic generator of this process is given
by

for all f € C?(R), and equivalently the law of the process is solution to the following (determin-
istic) Fokker-Planck equation

of =0, f +0.(xf), x€R. (1.2.8)

This equation has a steady state given by peo(x) = exp(—%) on R, and we will prove the

exponential convergence towards this steady state using the three methods mentioned above.
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As an It6 diffusion with Lispschitz drift, the Ornstein-Uhlenbeck process exists (i.e. there
exists a solution to (1.2.7) in some appropriate sense), is Feller and irreducible, see Peszat and
Zabczyk [107, Corollary 1.1 and Theorem 1.3].

We will work essentially with the L' norm and the first Wasserstein distance. For this we
make the further assumption that £ can be equipped with a distance d so that (F,d) is a Polish
(i.e. separable, completely metrizable) metric space, and we endow it with the corresponding

Borel o-algebra denoted £. For a random variable X, we write X ~ p if X has law p.

Definition 1.2.8 (Coupling). A coupling of two probability measures u,v on (FE,E) is the
realisation of a pair of random variables (Z, Z ) defined on the same probability space and such
that Z ~ p, Z ~ v.

Of course, the simplest possible coupling is the one where Z and Z are independent, but
the interest of the notion relies precisely in the possibility of taking Z and Z appropriately

correlated.

Definition 1.2.9 (p-th Wasserstein distance). For p > 1, the p-th Wasserstein distance between
two probability measures u, v is defined on (F,d) by

1
W,(u,v) = inf / d(z,y)Pdy(z,y))",
p(pv) = (_inf [ d(,yPd(e,y)
where I'(u, v) is the set of measures on E x E having marginals p and v for, respectively, their

first and second factors. Equivalently,

Wy, v) = ( it R Y)1])”.
XN,L;,YNZ/

When d(z,y) =1 {zy}, the 1st Wasserstein distance corresponds to the total variation

distance, defined between two measures p and v on E by
| = vllzv = sup |u(A) —v(A)]. (1.2.9)
Ae&

The connection between the total variation distance of (u, ) and the corresponding couplings
is given by

lw=vilry = inf P(X #Y).
(X,Y)
X~upY ~v

A. The Meyn-Tweedie theory. The general result of Meyn and Tweedie [97] and Down,
Meyn and Tweedie [45] regarding the exponential convergence towards equilibrium is the
following one. A set C'is called absorbing if C' # () and P(x,C) =1 for all x € C, ¢t > 0.
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Theorem 1.2.2 (Exponential case, [97, 45]). Assume that (Xt)i>0 is non-explosive, irreducible,

and aperiodic. Then the following conditions are equivalent.

1. There exist a closed petite set C € £ and some constants § > 0 and k > 1 such that,
setting
¢ (9) :==inf{t > 6, X; € C}, we have sup E,[¢Y)] < oo.
zeC
2. There exist a closed petite set C € £, some constants b > 0, f > 0 and a function
Vi E — [1,00] finite at some xg € E such that

LV < —BV +bl¢. (1.2.10)

Any of those conditions implies that the set Sy = {z : V(z) < oo} is absorbing for any V
solution of (1.2.10), that the process is positive Harris recurrent with an invariant probability
measure 7, and that there exist p < 1 and d > 0 such that, for all x € E, for allt > 0,

1Pe(x,-) = w()llrv < dV(x)p".

Loosely speaking, the idea is that, under the assumptions of condition 2, one can identify a
set at the “center” of the space in which the process behaves well in the sense of the stability (a
petite set), and for which a Lyapunov inequality (sometimes called Foster-Lyapunov inequality)
telling us that the process comes back to this set sufficiently fast exists. Note that, for z & C
in condition 2, LV (z) < —FV () with 8 > 0, hence the process comes back “exponentially fast”
to small values of V' by Gronwall’s lemma. The idea is similar for the first condition, which

even gives an explicit control of some moment of the time of the excursion outside of C.

Remark 1.2.1. Rigorously, the condition 2 should be understand in the sense of the weak
generator, see Davis [34], that is, the condition is equivalent to the fact that for all x € E, the
process given for all ¢ > 0 by

M, = V(X,) — V(z) + 5/; V(X,)ds — b/ot 10(X,)ds,

is a P, -local supermartingale. The domain of the corresponding weak generator contains the

canonical one D(L). Both generators agree on D(L).

Example 1.2.4. Regarding the Ornstein-Uhlenbeck process (Y;):>0 solution to (1.2.7), we consider
V:R — [1,00) defined by V(z) = exp(alz|) for some a > 0 (e.g. a =1). For z > 0,

LV (z) = a®e™ — zae™ < (a® — 2a)e™ (1ize(0,2a)) + Lre(2a,00)})
< _a26aac + a2€ax1{$§2a}

2
< —G2V(l‘) + a’e?® 1{|:c|§2a}'
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A similar computation shows that the result also holds for x < 0. Moreover, V' is continuous
and {z : |z| < 2a} = {z : V(z) < 2} is thus compact. Since (X¢)t>0 is Feller and irreducible
with an associated measure with non-empty interior [107], all compact sets of R are petite sets
by [99, Theorem 3.4].

B. The deterministic Harris’ theorem. In 2011, Hairer and Mattingly [72] gave a
different proof of the result of Harris presented above in the framework of the Meyn-Tweedie
theory (condition 2). The proof relies on the introduction of a modified norm and the extensive
use of its properties, with a purely deterministic approach. While the result is essentially the
same as the one above, we distinguish them because the subexponential counterpart will be
different, see subsection 1.2.3.4. The material exposed here is almost entirely taken from Canizo
and Mischler [21]. A slightly different formulation is given in Canizo, Cao, Evans and Yoldas
[22] in the context of linear kinetic equations, but the method can be applied independently
from this framework.

We first introduce two notions of semigroups of linear operators on a Banach lattice (roughly,
a Banach space ordered by some order relation) A, for instance A := LP(E,&,p) with p a
positive, o-finite measure. Let Cy(F) be the space of continuous functions which tend to 0 at
infinity, endowed with the uniform norm || - || and let M(E) be the space of Radon measures
on E, defined as the dual space of Cy(E). We write | - | for the norm on E.

Definition 1.2.10. On a Banach lattice B D Cy(E), (P¢)¢>0 is a Markov semigroup if
1. (Pt)e>0 is a (strongly) continuous semigroup in B,
2. (Pr)t>0 is positive, i.e. P, > 0 for any ¢ > 0,
3. (Pi)t>0 is constant conservative, i.e. 1 € B and P;1 = 1 for any ¢t > 0.
Definition 1.2.11. We say that (S;):>0 is a stochastic semigroup on a Banach lattice B if
1. (S¢)i>0 is a (strongly) continuous semigroup in B,
2. (S¢)e>0 is positive, i.e. S > 0 for all ¢ > 0,
3. (St)i>0 is mass conservative, i.e. (Syf) = (f) for allt >0, all f € B, where (f) = [, fdx.

We point out that if (S;);>0 is a strongly continuous Markov semigroup on B, then the

associated Kato’s inequality holds: denoting £ the corresponding operator

sign(f)Lf < LI|fl,  VfeDL).

The converse is also true: a strongly continuous semigroup satisfying Kato’s inequality is

Markov. Another result that we will use is the following.
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Proposition 1.2.2. Let B C LY(E, &, ) a Banach lattice. A stochastic semigroup on B is a

semigroup of contraction for the L' mnorm, i.e. if (St)i>0 is a stochastic semigroup on B,
Vt>0, Vfeb, WSefllr < | fllrr- (1.2.11)

We consider a stochastic semigroup (S¢)¢>0 on L!(E) and denote £ the associated generator.

For m: E — [1,00) a weight, we set
LL(B) = {f € I\B), | fmll» < oo}, (1.212)
and denote || fl;, = || fm||p1 for all f € Ll (E). We make two hypotheses, reminiscent of the

condition 2. of Theorem 1.2.2.

Hypothesis 1.2.2. There exist m : £ — [1,00), a,b > 0 two constants such that
L'n < —am + b.

Hypothesis 1.2.3. For any p > 0, there exist a constant 7" > 0 and v € M(FE); the space of

non-negative o-finite measure on E such that v #Z 0 and

Sszy/ fdz,  VYfeLYE); ={ge LY (E),g>0}
{@:lz|<p}
Remark 1.2.2. Hypothesis 1.2.3 is sometimes referred to as the Doeblin minorisation condition,

and indicates that a petite set exists in the previous terminology.

Theorem 1.2.3 (Harris’ Theorem). Let (S;)i>0 be a stochastic semigroup on L'(E) with
generator L, satisfying Hypotheses 1.2.2 and 1.2.3. There holds

vt 20,Vf € LY(E), (f)=0,  [IStfllm < Ce|fllm,

for some constructive constants C > 1 and a < 0.

Let us expand on the link between this theorem and the usual PDE formulation for evolution
problems.

Coming back to the situation where we have a Markov process (X;);>0, the transition
semigroup (P;)s>0 is a Markov semigroup. We write £, for the associated generator. Suppose
that the law of the process is a solution to the PDE

o0f=LFJ

for some operator £ : L'(E) — L'(E). Assume that this evolution equation is well-posed, in
the sense that it admits a unique solution in L' for all initial data fy € L'(F). In this case we

can associate a stochastic semigroup (S¢)¢>0 of linear operators such that for all t > 0, z € E,
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Stfo(x) = f(t,z) is the unique solution at time ¢ > 0 of the evolution equation satisfying the

initial condition. It turns out that, for all ¢ > 0,
7)t — S;Eky 'CQ — E*)

i.e., the transition semigroup of the stochastic operator is the adjoint semigroup of (S)¢>0, and
the associated operator is also the adjoint of the operator of the evolution equation. Hence,
Hypothesis 1.2.2 and condition 2 in Theorem 1.2.2 both give an inequality on the generator of
the Markov semigroup associated to the process.

The starting point of the proof of Theorem 1.2.3 is the following. We have, for all ¢ > 0, for
m given by Hypothesis 1.2.2, and using Kato’s inequality

ZS/E’Stﬂ(x)m(x)de:/Eﬁ\stﬂ(ﬂc)m(x)dx:/E]Stfw*m(x)dx,

so that, using Hypothesis 1.2.2,

Z/E!Stf\(a:)m(x)d:c < —Oé/E‘Stf’(x)m@?)dx—i—b/E’Stf‘(x)dx.

By Proposition (1.2.2), we thus have

d
g 18ef lm < —allSefllm + Bl |1

and we conclude that for all T > 0,

T
ISz fllm+a [ 1SSl < 1l + 611 (1.2.13)

The idea is then to combine (1.2.13) and Hypothesis 1.2.3 to find a strict contraction in

some norm derived from the norm || - ||, and to conclude from there.

FEzample 1.2.5. We can use the function V' of example 1.2.4 as a weight m. The Lyapunov
condition of this case gives directly Hypothesis 1.2.2. Since the set {z : |x| < 2a} is compact, it
is a petite set, hence Hypothesis 1.2.3 is also satisfied. We obtain the exponential convergence
towards the equilibrium fi, in the appropriate norm || - ||y, of the solution to the Fokker-Planck

equation (1.2.8), as a direct result of Theorem 1.2.3.

C. The coupling method. The coupling method was first used to derive quantitative
bounds of convergence towards equilibrium by Pitman [108] in the context of Markov chains.
Thorisson [118] wrote an in-depth presentation of the theory, see also [117].

When one studies the convergence of a Markov, positive Harris recurrent process (X¢)i>o0
towards its invariant measure m, starting from some xg € F, one can obtain an upper bound on

the convergence rate in the following way:
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1. one builds a coupling (X, X{)i>0 with Xo = zg, X, ~ 7, in such a way that for all ¢ > 0,
X ~ Pi(xo,-), X, ~ 7 since 7 is an invariant measure. The coupling is chosen in order

to control the coupling time
Te =inf{t >0: X; = X;}.

By the strong Markov property, the innovation which determines (X7,+5)s>0 from Fr,,
where Fy = 0((Xy,X,,),0 < u < s) only depends on the past trajectory through Xr..
The same property holds for (X7 » +s)s>0- Hence, conditionally on Fr,, we can build
a trajectory (Y;)s>o with transition semigroup (P)¢>o and Yy = X7, and set, in our

construction of the coupling X1, 45 = Xé“chs =Y, for all s > 0.

2. We then have, for all t > 0, by Markov’s inequality

E
HPt(xo, ) — 7THTV < P(Xt #* X{) < ]P’(t > Tc) < ?”7, (1.2.14)

for some rate function r : Ry — R, such that E[r(T¢)] < oco. The optimal choice of
r thus gives an upper bound on the rate of convergence towards equilibrium. In the

exponential setting r(t) = e* for some a > 0 and for all ¢ > 0.

3. Alternatively, one can focus on the first Wasserstein distance (or another such distance
with a different order) with the distance d on E and build a coupling (X, X/);>0 such
that E[d(Xy, X7)] < % for some constant C' > 0 independent of ¢ and some rate r. The

control of the first Wasserstein distance then follows immediatly from the definition.

Example 1.2.6. Coming back to the Ornstein-Uhlenbeck process (Y;):>0 solution to (1.2.7), the

solution starting from x € R has the following explicit form [107]
t
VE>0, Y= Yee '+ / V2e t=9)gB,.
0

Consider now the process Y/ with initial distribution peo, which we recall is the invariant
distribution, and solution of (1.2.7). Then

t
vt >0, Y/ =Yje ! +/ V2e=(t=9)dB!,
0

for a Brownian motion (Bj):>0. We will choose to correlate (Y;):>0 and (Y/)¢>o by taking
B’ = B. This gives a coupling (%, Y/);>0 such that for all ¢ > 0, Y; ~ Py(x,-), ¥/ ~ fioo. Such a
choice provides an upper bound on the convergence towards equilibrium in the first Wasserstein

distance on R equipped with the distance d(z,y) = |z — y|, indeed

Wl(Pt(xv ')HU’OO) < E[d(}/hy;tl)] - eitEHYO - Yb’H = eitwl((sx('%,u/oo)a
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where we used that since x is deterministic, all the couplings of (d,(-), fteo) lead to the same
expectation. This shows the exponential convergence towards equilibrium in the W3 distance.
Of course this argument does not provide directly an exponential rate for the total variation
distance. In fact, the previous choice of coupling is not adapted at all to the study of the total

variation distance, since T = +o00.

1.2.3.4 Subexponential convergence towards equilibrium

We now turn to the subexponential case, roughly (see [44] for a precise definition), we want to

establish the convergence towards equilibrium at some rate r of the form

v>0,a,8 €R or,
r(t) = t*In(t)® exp(7t°), de(0,1)and ¢ vy=0,a>0,8€R or,
y=a=0,08>0.

We can again identify three methods allowing one to obtain quantitative bounds. Let us
first point out that of course, such models, for which the geometric ergodicity fails, exist.
The main such object in this thesis will be the free-transport equation with pure diffusive or
Maxwell boundary condition, in which the occurence of small velocities prevents the possibility
of an exponential ergodicity, see Aoki and Golse [1, Proposition 3.3]. Another example is
the compound Poisson-process driven Ornstein-Uhlenbeck process (i.e., the previous Ornstein-
Uhlenbeck process (1.2.7) where the Brownian motion is replaced by a compound Poisson-
process), see Fort and Roberts [59, Section 3.3 and Lemma 17].

The three methods presented here for the study of the subgeometric case are essentially

counterparts of those in the geometric case.

A. The study of the probabilistic generator of the process, and the existence of a Foster-

Lyapunov inequality. This corresponds to the extension of the Meyn-Tweedie theory.

B. The study of the deterministic generator of the evolution equation. In constrast with the
exponential case, the results obtained with deterministic techniques are slightly different

from the probabilistic ones, and can be more flexible in some cases.

C. The construction of an appropriate coupling of the process of interest. The method is
exactly the same, but some interesting properties can be acknowledged that differ from the

exponential setting.

Our typical example for this subsection will be the gradient dynamic on R, i.e. the process
(Y2)¢>0 solution to the SDE

dY; = =0,V (Y;)dt + V2dB;, (1.2.15)
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with (Bt)¢>0 is a standard Brownian motion, with the choice
V(z) =201+ |z[2)1, z€R.
The stochastic generator is given by
L=02 —0,VO,,
and equivalently, the law of the process is solution to the evolution equation given by

Ouf = 02 f + 0,(f0,V) in R.

The equilibrium distribution is given by jiso(z) = e~V (@),

A. Methods based on the probabilistic generator. The first systematic extension of
the Meyn-Tweedie theory to the subexponential case is the above-mentioned paper of Fort
and Roberts [59] on the polynomial case. Later, Douc, Fort and Guillin [44] provided a more
systematic study of a whole class of subgeometric rates. Finally Hairer [71] gave an enlightning

proof in a slightly stronger case. Let us state a result.

Theorem 1.2.4 ([44, 71]). Assume that (X;)i>0 is non-explosive, irreducible and aperiodic.
Let ¢ : [1,00) = R% be C1, strictly increasing, strictly concave with ¢(x) < x for all x > 1 with
@ 10, ¢(x) — z¢/(x) T 0o when & — oo. Define the function Hy(-) on [1,00) by

v ds
H¢(u):/1 @7

and let H(;l :[0,00) = [1,00) be its inverse function. Consider the two following conditions.
1. There exist a compact petite subset C' of E and some 6 > 0 such that, for 7c(5) defined by
10(0) = inf{t > 4, X; € C}, (1.2.16)
we have

Ex[H(;l(Tc((S))] <oo forallze€E and sup Ex[H(;l(Tc((S))] < 0. (1.2.17)
zeC

2. There exist a compact petite subset C of E, a constant K > 0 and V : E — [1,00)

continuous with precompact sublevel sets such that for all x € E,

LV(z) < —o(V(2)) + Klc(x). (1.2.18)
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In those two cases, there exists an invariant probability measure 7 for (P¢)i>0 on E and for all
r e F,

. -1 . ) _
Tim G(H (1) [Pilz, ) — 7 ()lrv = 0.
Let us comment on this theorem.

Remark 1.2.3. There is a priori no equivalence between the two conditions. In fact, condition 2
implies condition 1, but the converse does not seem to hold. We will come back to this issue

when presenting Chapter 5.

Remark 1.2.4. The innocuous properties of ¢ are not detailed in Hairer [71]. In Chapter 5, we
carefully rewrite the proof from [71] that condition 2 implies the result, showing where those

hypotheses are required.

Ezample 1.2.7. For the gradient dynamic, let W(z) = ¢®V(®) with a € (0,1) constant. A

straightforward computation gives
2\—7/4 L, 2 2\4
LW = aW (1 + x) (1—5:16 + (a—1)z (1+:c)4).

The factor in brackets is obviously negative and upper bounded by some negative constant
outside a compact set of the form C := {x : W(x) < W} for some constant W > 0. Hence for

two constants 3, K > 0, we have

w
7 +ch.

LW < fﬁm

As for the Ornstein-Uhlenbeck process, the process is Feller and irreducible with an associated
measure with non-empty interior [107], so all compact sets are petite. To compute the rate of

convergence, we have first, for all v > 1,

u In(u) 8
Hg(u) O</ 1n(x)7dj =/ y'dy = ny) :
1 T 0 8

1
hence H(b_l(u) o e“® for some constant ¢ > 0. The upper bound on the rate of convergence

towards equilibrium is thus the rate defined on R by

0|~
ool

ct

r(t) := gb(H(;l(t)) xt se

B. Deterministic Harris’ subgeometric theorem. In the subgeometric case, the
deterministic version of Harris’ theorem takes a slightly different form. While the Doeblin
condition remains unchanged, the Lyapunov condition is now established between different
weights, and used in several forms. We state here the result corresponding to the strategy
adopted for the free-transport equation with pure diffusive or Maxwell boundary condition

in Chapter 4, i.e. in the L' setting, but the theorem holds with straightforward adaptations
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for higher-order LP spaces, p > 1, and even for the space of Radon measures or the space of

continuous functions. The results presented here are due to Cafiizo and Mischler [21].

Theorem 1.2.5. Let m; : E — [1,00), i € {0,...,3} be four weight functions such that
mo < my,mg < Mg

and such that both my and my diverge to infinity as x — oco. Consider a stochastic semigroup
(St)e>0 with generator L such that for all t > 0, Sy : L*(m;) — LY(m;), i € {0,...,3} and

assume the following.
(H1) Doeblin condition: for any R > Ry > 0, there exist T = T(R) > Ty > 0 and a measure
ve M(E); \ {0} such that

sszy/ fdz, ¥feL\E), f>0.
{z€E,|z|<R}

(H2) Lyapunov conditions: there exists b > 0 such that
Limi < —mg + b;
L¥ms < —mo + b; L ma < b.

(H3) Interpolation condition: there exists a family (ex)x>o of positive real numbers such that,
for all A >0,
m1 < Amg + exms,  with ex = 0 as A = oo,

the weight function mg is an interpolation between 1 and ms, and ”%2(%) — 00 as R — oo.

Then
1Sefllr < O fllmg: V>0, Vf € L' (mg) with (f) =0,

where the decay rate function is given, for some constant k > 0, by

o(t) := )1\1;% (e_”t/)‘ + 6)\).

Remark 1.2.5. The Lyapunov condition can be replaced by inequalities of the form

t
e s + [ 1S5 s < 1 flly +ba(1+ )l

which is similar to (1.2.13), for some constant bs > 0. From the condition on my only, we have,

for some constant by > 0, 0 < s <'t,

1Sef llms < 155 llmsy + b2(1 + (£ = )| f -
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Ultimately we obtain the integrated Lyapunov condition

157 fllms + TS fllms < N1fllms + K| fll 1, (1.2.19)

for K =K(T)=b3(1+1T)+ ba(T + T;) In some cases, and in particular in the application of
Chapter 4, the Lyapunov condition as written in Theorem 1.2.5 is difficult to obtain, but this

integrated version of the condition can be proved and is enough to derive the result.

Remark 1.2.6. One advantage of this deterministic version is that constants are easily tractable,

providing a constructive rate, a key point in applications.

Remark 1.2.7. If (my,mp) is a couple of weight functions satisfying
L*m1 < —mg + b,

for some constant b > 0, then ¢(m;) satisfies a similar inequality for all ¢ : Ry — Ry concave

and increasing. In some sense we thus only need one such inequality.

Remark 1.2.8. The rates given in Theorem 1.2.4 and 1.2.5 are not necessarily equal in situations

where both results apply.

In Chapter 4, see in particular Section 5, we give a proof for a particular choice of weights
and starting from the integrated Lyapunov condition (1.2.19) which may be adapted to obtain
Theorem 1.2.5. The original statement and the proof, as well as many refinements, can be
found in Cafizo and Mischler [21].

Example 1.2.8. For the gradient dynamic, let us first write
(2) = (1 +2%)2,

and consider a weight m(z) = e"®)° for two constants k, s € (0, 3). A computation shows that,
for £* given by L*g = 92,9 — 0,V d,g for all g € D(L*),

L¥m(z) < —Ce™® (2)54 + b,

for two constants C,b > 0 depending on s,x. With 0 < v < s < % and the choices

we can apply the Theorem (a tedious computation shows that £*mgs < b) and find a (non-
7

optimal) upper bound of O(t) ~ ¢~**“™  For the (illicit) limit case s = vy = 1, this would
1

correspond to e *** . Instead, we can conclude that for all € > 0, there exists 0 < v < s < %

1_e
such that O(¢) < e ** . Note that this result is very similar to the one of Example 1.2.7.
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C. Coupling in the subgeometric case. The strategy remains the same, except that
we now apply step (2) of the coupling method with subgeometric rates. We will not apply the
method on the gradient dynamic, but rather refer to Chapter 2 which gives a more involved
example of application, with the study of the free-transport equation.

Let us just point out an interesting feature, specific to the subgeometric framework. The
rate of convergence between two solutions with equal mass and high regularity can be better
than the one towards equilibrium. This was observed in particular by Douc, Fort and Guillin
[44] and Hairer [71]. The best way to formulate this is probably to come back to the formulation
of Theorem 1.2.4, although this can be expressed in the framework of the coupling method or
of Theorem 1.2.5. Then, another result that one can obtain from condition 2 is that, for all
z,y € b,

H ' ()P, ) = Puly, )llrv — 0,

as t — oo. Since @ — 0 at infinity, this provides a faster convergence than the one towards

equilibrium. An example of this is provided in Chapter 4, see in particular Remark 3.

1.3 Contributions

1.3.1 Chapter 2: Study of the convergence of a collisionless gas towards its
equilibrium with a coupling method.

In Bernou and Fournier, [10], we use a coupling method to tackle the problem of convergence
towards equilibrium of the free-transport equation with Maxwell boundary condition. Let us

rewrite the problem

Of+v-Vof =0, (t,xz,v) € Ry x G,
f(0,z,0) = fo(z,v) (z,v) € G,
ftx,0) = (1 = (@) f(t, 2,1 (v)),

—i—a(m)(fzi ft,z,v)(v- nl)dv)M(x,v), (t,z,v) e Ry x X_,

(1.3.1)

where we recall the definition of 1 from (1.1.5) and that G = Q x R?. The starting point of our
study lies, much like in the papers of Kuo et al. [87, 88, 86] in the construction of a stochastic
process (X, Vi)i>0 whose law is a solution, in an adapted sense, of (1.3.1). Once the process is
built, however, the strategy differs widely. Indeed, we consider a general bounded domain €2,
so there is no symmetry on which one can rely to obtain a form of law of large numbers as in
[87, 88, 86]. Instead, we use a coupling method to study the convergence towards equilibrium

in the total variation distance.
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In this work, we consider only the case where M is independent of x. On the other hand,
we allow the density M of particles outgoing from the boundary to be quite general, as detailed
in the hypothesis below: in particular we do not assume that M is a wall Maxwellian.

The main contributions of [10] are the following.
1+In2(t+1)

(t+1)4
and the initial data fy has a bounded density.

i. We recover the (almost) optimal rate for the case where M is the wall Maxwellian

ii. We extend the result on the convergence rate to a general regular domain, without symmetry
assumption, and detail the influence of both M and the initial data on this rate in a precise

manner.

iii. The result is derived in the wider space of probability measures. In particular we introduce
a notion of solutions in the sense of measures for (1.3.1), so that we do not need the

existence of a probability density function for fj.

Similar models from probability theory have been studied. First of all, the monokinetic
version of our problem, that is the case where M has support in {v € R? : ||v|| = 1} is the
well-known stochastic billard. Stochastic billards models are obtained when considering a
billard taking a new random direction at every collision with the boundary. Several studies
proved the exponential convergence towards equilibrium for such models, often with a coupling
method, see for instance Evans [55], whose result on straight paths between boundary points
will be widely used in this thesis, Comets, Popov, Schiitz and Vachkovskaia [31] and the recent
work of Fétique [61] in the convex setting. Such stochastic billiards are strongly related to the
Markov chain appearing in the so-called shake-and-bake algorithms for simulating distributions
on the boundary of a convex polytope. They can also be seen as models for a Knudsen gas
enclosed in a wall, in the case where the reflection is random, yet energy conservative. Finally,
the stochastic process that we will define is a pathological instance of a piecewise deterministic
Markov process (PDMP) as introduced by Davis [34], since the jump instants are predictable.
The rate of convergence towards equilibrium of PDMPs has been heavily studied recently, see
in particular Fontbona, Guérin and Malrieu [56, 57] and the recent work of Durmus, Guillin
and Monmarché [50].

1.3.1.1 Hypotheses and main result

We consider an open, connected, bounded set  in R? with d > 2 with C? regularity at the
boundary. We assume that a > «ag on 952 for some constant ag > 0. Since the temperature is

constant at the boundary, the equilibrium distribution is given, for all (z,v) € G, by

M(v)
Q[

foo(xav) = Cxo
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where coo = (fga M (v)dv) ™1 > 0 constant and |2| denotes the Lebesgue measure of 2 in R,
under the assumption that the initial data has mass 1. We assume Hypothesis 1.2.1 on M, and
additionally that M is lower bounded by some continuous, radially symmetric function around
0.

We introduce a notion of weak solution in the sense of measures, on which the main result

focuses.

Theorem 1.3.1. Let the initial distribution, fo be a probability measure on G. Assume that
r: Ry — Ry is a continuous increasing function such that there exists a constant C > 0
satisfying r(x +y) < C(r(z) + r(y)) for all z,y € Ry and such that

1 1

r({—)M(v)dv +/ r(—-) fo(dz,dv) < co. (1.3.2)
/Rd <HUH> G (HUH)

Then, there exist some constant k > 0 and a weak solution p(dt,dx,dv) = dt fi(dx,dv) to (1.3.1)

such that for all t > 0,

K
— <
”ft fOOHTV = T(t)
This weak solution is also unique provided that the initial distribution fy admits a density
in L1(D x RY).
In the case where M is the wall Maxwellian, we recover the (almost) optimal rate, as well

as a result detailing the influence of the regularity of the initial data.

Corollary 1.3.1. We take the same hypotheses and notations as in Theorem 1.3.1, and assume
furthermore that M is bounded (for instance, M is the wall Mazwellian (1.1.22) with T =1).

a) If fo has a bounded density, there exists a constant k > 0 such that, for all t > 0,

k(1 +1In%(t+ 1))

Ift — foollTy < 11

b) If there exists B € (0,d) such that

1
—— folda, dv) < oo,
I ol?

there exists a constant k > 0 such that for allt > 0,

K

| fe — foollTv < aroP

The strategy of this study is the following:

i. We introduce a notion of weak solution in the sense of measures.
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ii. We build a stochastic process whose law is a weak solution in the sense of measures, and

coincide with the unique such solution when fp admits a density.

iii. We prove the result in the easier case where () is uniformly convex using a coupling
method. The boundary condition, which is quite unusual in this stochastic context, leads

to non-standard difficulties.

iv. Finally, we extend the result to general domains with C? boundary.

1.3.1.2 Stochastic process

In order to build the stochastic process whose law is a solution to (1.3.1), we first need to
introduce a law Q. With this distribution, independent of the space point considered, we will
obtain the new velocity of a particle hitting the boundary in the case of a diffuse reflection (the
stochastic component of the Maxwell boundary condition). We introduce the law Y of a couple
(R,©) where R has values in R, © takes values in A := (=%, 2) x [0, 7)4~2 and both variables
are independent, as well as a map ¥ : 9Q x A — R? such that, for any = € 9Q, (R,0) ~ T,

Ri(2,0) ~ coM(0)|v - 14| Ly, <o)

The idea is the following.

1. The density coM (v)[v - nz|1{y.p, <0y is the one of the outgoing velocity in the case of
diffuse reflection at x € 0.

2. R is the norm of this outgoing velocity.
3. O is a random angle taking values in A.

4. The map ¥ allows one to simulate (R, ©) independently of the point x € 92 where the
velocity changes, and to compute a new velocity outgoing from x in the case of the diffuse

reflection and based on the values of R and ©.

Let Q be the density of the triplet (U, R,©) where U ~ U ;) and (R, 0) ~ T. We define
the map w : 9Q x R? x [0,1] x Ry x A — R? by

w(w, v, u,7,0) = 1N2(V) L ysa(@)y + 79T, 0)1u<a(@)}-

Recall the definition of 7 from (1.2.2) and ¢ from (1.2.3). Set, for any process (Y;)i>0, any

t>0, Y = litm<tY3. The stochastic process that we will use is defined in the following way.
s—t,s

Definition 1.3.1. Consider an initial distribution pg on G U ¥X_, a sequence of i.i.d. random

vectors (Uj, R, ©;)i>1 of law Q. We define the stochastic process (X¢, Vi)¢>0 as follows:

Step 0: (Xo, Vo) ~ po.
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Step 1: Set Ty = 7(Xo, Vo).
For t € [0,T1), set V; = Vp and X; = X + V.
Set XT1 = XTl— and VT1 = w(XTl, VTl_, Ul,Rl, @1)

Step k£ + 1: Set Tiv1 =T, + T(XTk, VTk)
For t € (TkaTk—l—l)a set X; = XVT}C + (t — Tk‘)VTka Vi = VTk~ Set XTk+1 = XT;Q+17 € 002 and

VTk+1 = w(XT)H,l ) VTk+1f7 Uk—l-l? Rk—l—l) ek—l-l)
etc.
We say that (X5, Vs)s>0 is a free-transport process with initial distribution po.

Let po € P(G), where for all K, P(K) denotes the set of probability measures on K. We
denote, for all t > 0, f; the law of (X¢, V;)i>0 from Definition 1.3.1 with initial distribution py.
We then define the measure p on Ry x G by

p(dt,dz,dv) = fi(dz, dv)dt.

One can show that p is a weak solution to (1.1.15) in the sense of measures, and also that

t — fi(dz,dv) is right-continuous from (0, 00) to P(G).

1.3.1.3 Coupling in the convex case

For the sake of conciseness, we present mostly the convex case. In this subsection, €2 is strictly

convex. We introduce some more notations.

Notation 1.3.1. We define four maps:

i. the map £: 992 x Ry x A — Ry, such that
&(x,r,0) = 7(x,rd(x,0)),
ii. the map y: 90 x A — 99, such that
y(x,0) = q(x, 9(x,0)),
iii. the map &: QxR x R x A — R, such that
£(z,v,7,0) = 7(z,0) + T(q(aj,v), rd(q(z,v), 9)),

iv. the map 7: Q x R x A — 99, such that

g(x,0,0) = a(a(z,v), ¥(a(,v),0)).
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The first idea is to show that one can couple two free-transport processes “in one step” using
the strict convexity, i.e. that starting from a configuration with two free-transport processes
from Definition 1.3.1, (X¢, V4)¢>0 and (Xt,f/t)tzo at time t > 0 with (X;,V;_) € 24, X; € Q
and ||V;| > 1, we can couple six random variables (U, R, ©,U, R, é) in such a way that, letting
T =t+7(Xt, V), we have

for some constant ¢ > 0 independent of the configuration at time ¢. With the previous notations,

this corresponds to the following result.

Proposition 1.3.1. There exists a constant ¢ > 0 such that for all xo € 0, &y € Q, ¥y € R?
with ||| > 1, there ewists Ayyzo5, € P(((0,00) x A)?) such that, if (R,0,R,0) has law
Ay io,505 bOth (R, ©) and (R, ©) have law Y, and for

Ewo,f:o,’f)() = {(T,@,?:, é) € (R-i- X A)2 : y(x070) = g(i‘071~}07§)7§(‘/1}07r7 0) = g(‘%071~}0)f)§)}7
we have
]P)((Ra @7 Rv é) € Exow’fo,ﬁo) 2 c.

The final coupling is built with the help of this law A, an elementary coupling for the
(U,U), and the addition of a control variable (Z;);>0 allowing us to keep track of the correla-
tions. We omit here the tedious details of this construction. Ultimately, we obtain a process
(Xy, Vi, X, Vi, Zt)¢>0 which is strong Markov, such that (X, V;)¢>0 and (Xt,vt)tzo are both
free-transport processes with initial distribution pg and f respectively, and satisfying, for all
t >0,

{(Xt, W) = (Xt, Vt), Zy = @} C {(Xt+87‘/;f+s)520 = (Xt+s,‘;%+s)szo}-
Moreover, we can show that, introducing
To = inf{t > 0,(Xy, Vi) = (X, Vi), Z, = 0},
and recalling the definition of 7 from Theorem 1.3.1,
E[r(Te)] < oo.

The conclusion then follows from the usual inequality linking total variation and coupling
(1.2.14).

Remark 1.3.1. Following our presentation of the various methods existing for studying the

rate of convergence towards equilibrium of a Markov process, it is worth making the following
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point. This result on E[r(T¢)] relies heavily on the fact that a free-transport process (X/, V//)¢>0
comes back to the situation with ||[V}/|| > 1 sufficiently often. In a very loose sense one might
understand the set {(z,v) € G : ||v|| > 1} as a petite set, although we do not show any rigorous

result towards this direction, nor use the structure of petite set.

1.3.1.4 Extension to the general case

The strategy for the general case where € is no longer strictly convex is similar, yet requires
suitable modifications of Proposition 1.3.1. We prove the existence of a subset F' C 952 of the

boundary having positive Hausdorff measure in 0€2, such that a similar result holds.

Proposition 1.3.2. There exists a constant ¢ > 0 such that for allzg € F, %9 € Q, 79 € R with
Dol > 1 and q(Zo,%0) € F, there exists Ayy 9.5, € P(((0,00) x A)?) such that if (R, O, R, ©)
has law Mgy 3050, (R, ©) ~ T, (R,0) ~ Y and for Eyy 2,4, defined by

Exo,fso,f)o = {(Ta 077:7 é) € (R+ X A)2 : y(xO; 0) = g(j()v@(% é),f(ﬂ?o,r, 0) = g(i‘O)ﬁO,f7§)}7
we have
P((R, O, R, (:)) € Emo,ioi)o) 2 c.

In this context, we need not only for a free-transport process (X[, V})i>0 to come back
sufficiently often to the space {(z,v) € G,||v|| > 1} as mentioned in Remark 1.3.1, but rather
some recurrence result on the set {(x,v) € G, ¢(x,v) € F,|jv| > 1}. To obtain this, we use
results established by Evans [55], which tell us that for all Q with C! regularity, there exist
N > 1 and a finite set Ag of boundary points z1, ..., 2y such that, for any (y,z) € (9Q)2,
writing a <> b if ta + (1 — t)b € Q for all t € (0,1), we have, for some r € {1,...,N}, for
(w4;)j=1,...,r a subset of Ay,

Y 7 Ly, Tiy £ Loy n e, Ty, > 2.

As a consequence, we show that there exists ¢o > 0 constant such that, for all x € 99,
letting (X7, V/)t>0 be a free-transport process starting from z and setting 7y = 0 and for i > 0,
Tit1 = inf{t > T, X{ S 69},

IP)(X%N+1 S F) > Cco.

From there, the strategy is a rather direct adaptation from the one in the convex setting.

1.3.2 Chapter 3: Numerical simulations of the free-transport equation

The construction of the stochastic process associated to the problem (1.3.1) gives a starting

point for computing numerical simulations of the convergence of the model with a particle
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system, rather than with a study of the entropy function as in Tsuji, Aoki and Golse [119]. In
Chapter 3, we compute such numerical simulations in order to check the behavior of the rate of

convergence towards equilibrium. The main points of this chapter are the following.

1. We give strong evidences in favour of the qualitative result stating that the convergence

towards equilibrium is polynomial rather than exponential.
2. We run some computations in a non-radial domain: a star-shaped domain.

3. We go slightly beyond the physical case of the wall Maxwellian by considering various
distributions M putting less or more weights on the small (in terms of Euclidian norm)

velocities. As predicted, this modifies the observed rate of convergence.

On the other hand, this method of simulation exhibits some drawbacks. The main one
is the following: the results of Chapter 2 are given in terms of the total variation distance
between two measures. However, this distance is difficult to compute in general, in particular
when the size of the sample becomes large. For this reason, we have to use an observable of
the system (i.e. the mean value of a certain function of the sample), but the rate might differ
from the theoretical one for the total variation distance. As a result, we only give qualitative
conclusions, and can not give a definitive answer regarding the exact value of the exponent of
the polynomial rate of convergence.

Let us present briefly some of the results. First, in the unit disk, we can look at the
distribution of the first velocity coordinate, Figure 1.6 to see some qualitative convergence
towards the equilibrium distribution. In the following discussion we consider an initial data

given by
fo(z,v) = Upo1)(dx)N2(02,0.0113)(dv), = € B(0,1),v € R?, (1.3.3)
where Up g 1) is the uniform law in the unit disk.

Distribution of the first velocity coordinate, t=10 Distribution of the first velocity coordinate, t = 180

Density
Density

Fig. 1.6 Distribution of the first velocity coordinate at time ¢ = 10 and ¢ = 180 in the case
where the initial data is given by (1.3.3).
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Another way to write the total variation (1.2.9) between two measures p and v on a

measurable space (F,E) is given by

1
li=vlrv =5 sup | [odu— [ oavl.
¢:E—[—1,1]

The naive estimator of this quantity exhibits too much noise. Hence, to compute our estimator,
we rather use a function ¢ : E — [—1,1] that we find empirically. We thus let, for all
(z,v) € R2 x R?, ¢(x,v) = ||z||* + ||[v||?, simulate (X}, V) i<i<n ii.d. of law f, (Xi, Vi)1<i<n of

law fo and use the following estimator

énlfir o) = 3] = D (B(XE, V) = (X5, V)|
=1

In what follows, we call this the ¢-estimate. We also consider a different test function,

do(x,v) =1/ |lz| + /v, z € R? v e R?

We call the corresponding estimate the ¢s-estimate, with the obvious definition.

We only present two results for the sake of conciseness. In both cases the simulations are
performed with 10% particles, and with pure diffusive boundary condition, i.e. a =1 in (1.3.1).
First, in the most standard situation where M is given by (1.1.22) with temperature 7" = 1 and
fo is given by (1.3.3), we obtain a graph that strongly indicates the convergence at a polynomial

rate, although the exponent is far from the theoretical one.

Log-log curve, Estimates in the unit disk

B Phi-estimate
B Estimated slope 1 -1.6597
B Phi2-estimate
o [ Estimated slope 2 -1.593
' B Theoretical slope -2

Log(estimate)

Log(time)

Fig. 1.7 Log-log convergence of the ¢-estimate and the ¢o-estimate with fy given by (1.3.3)
and M given by (1.1.22) with 7' = 1.
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For the next result, we introduce a generalized reflection law given, for § > 0, a € (0, 3), by

o

o] @

e 20 vl

an(20)3-5T(3 — %)

-7

M, p(v) = v € R2 (1.3.4)
This is a modification of the wall Maxwellian with more weight on small velocities, in the case
a > 1, and a smaller weight when a < 1. When a = 1, we recover the usual wall Maxwellian
with variance 0. The idea is that, considering M, ;1 instead of M in the boundary condition,
we will be able to test a prediction of Theorem 1.3.1, which is that the rate of convergence,
for a well-chosen initial data, should be different in this case. In particular, a computation

shows that one could expect a rate of order % in the case where a = 1.5 and fy = Mli?if‘m,

where |Q2] denotes the volume of Q. Testing this prediction in the unit disk, with the estimators
mentioned above, we obtain Figure 1.8.

As one can see the rate is again polynomial, and has been largely deviated towards the
expected value, although it remains quite different from it. Again we suffer from the fact that
our estimators are poor proxies of the total variation distance.

In Chapter 3 we also present similar results for a star-shaped domain, for which there is no
radial symmetry, in order to confirm our result of Chapter 2 that the absence of such symmetry

should not modify the rate of convergence towards equilibrium.

Log-log curve, Estimates in the unit disk with a = 1.5

] \\
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g \\ } -
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— \\‘\
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= B Phi-estimate S
w | | m Estimated slope -0.684 et S
o B Phiz-estimate ™
o O Estimated slope 2 -0.81 T,
e 7| | M Theoretical slope -1 ""nr“\
o "
i
! T T T
0 1 2 2 4 5
Log(time)

Fig. 1.8 Log-log convergence of the ¢-estimate and the ¢o-estimate in the case a = 1.5, with
M .5,0.01
fO — 1.5,0.0 .

1€2]
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1.3.3 Chapter 4: Deterministic subgeometric Harris’ theorem and applica-
tion to the study of a collisionless gas

In [8], we investigate again (1.3.1), using this time a deterministic method. The result of
this paper is also useful in collisional kinetic theory, since this provides new properties of the
semigroup associated with the free-transport operator completed with the Maxwell or pure
diffusive boundary condition.

The contributions of this chapter are as follows.
In(1+¢)4+!

(1+t)4
towards equilibrium of the solution to (1.3.1), with weak hypotheses on the accommodation

i. We obtain the (almost) optimal decay rate in the L' norm for the convergence
coefficient «, and in a general C? domain. In particular we consider the case where

M = M(z,v) is a wall Maxwellian whose temperature varies at the boundary, see (1.1.22).

In(1+4¢)4+2
T
between two solutions with regular initial data of equal masses. This non-equality of the

ii. We obtain a slightly better rate for the convergence towards zero of a difference

two rates of convergence is usual when one studies subexponential rates of convergence, see
§1.2.3.4.

iii. We compare the model with the case of the free-transport equation with an absorbing

boundary condition, i.e. with the problem given by

Of+v-Vif = 0, (t,z,v) € R x G,
f(t,x,v) = 0, (t,z,v) € R} x X_, (1.3.5)
f\t:O(xuv) = f(](x,'l)), (l’,’U) € G7

and obtain an exponential rate of convergence for very regular initial data, yet a similar

rate for typical initial data, e.g. fo with a Maxwellian distribution in velocity.

iv. An important point is that the constants associated to the rates of convergence in those
results may be constructive, in the sense that for some domains, it is possible to obtain

explicit values.

Hypotheses and main results. We assume that « : 9Q — [0, 1] is such that there exists
co € (0,1) with
a(z) > cy, Vx e oN.

This assumption is quite natural, as the specular reflection provides no mixing. Then, we
introduce, for all f € L'(G), the mean of f, defined by

(f>:/Gf(a:,v)dvd:c.
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Recall that we denote L. (G) the weighted L! space with weight w : G — [1,00), || - ||l the
corresponding norm.

Since the problem is well-posed, see Arkeryd and Cercignani [2], we may associate to the
equation a strongly continuous semigroup (S;);>0 of linear operators, such that, for fo € L}(G),
for all t > 0, Sifo = f(t,-) is the unique solution in L>([0,00); L'(G)) to (1.3.1). This is
a stochastic semigroup in the sense of Definition 1.2.11, and as such it preserves mass, is a
contraction in the large sense, so that ||S¢f||r1 < || f|lr1, and satisfies the positivity property.
The results on the convergence will be presented at the level of this semigroup.

We introduce some weights w;, ¢ > 1 on G such that, for some constant x > 0

PN K \—16
wi(z,v) ~ (62 + m) In (62 + m) ,
when v — 0, see [8] for the precise definition, which uses crucially the existence of ¢y. Our

first result focuses on the difference between two solutions, both starting from initial data with

enough regularity.

Theorem 1.3.2. There exists a constant C > 0 such that for all t > 0, for all f,g € L&JdH(G)
with (f) = (g), there holds

In(1 + t)4+2
15e(f = 9)llzr < Cwllf—gllw-

The proof of Theorem 1.3.2 allows one to recover easily the result of existence of an
equilibrium, even in the case where the temperature varies at the boundary. Let f. be the
equilibrium with mass 1. To obtain the result on the convergence rate towards f,,, we use
an interpolation argument and Theorem 1.3.2. To this end, we introduce the weights (m;);>1

satisfying, for some constant x > 0,

e~ (5 o) (e )

when v — 0.

Corollary 1.3.2. There exists a constant C' > 0 such that for all t > 0, for all f € L}nd(G)

with (f) =1,

C'In(1 + t)4+1
(1+t)d

Recall the definition of 7, see (1.2.2). The result on the free-transport equation with

HSt(f_foo)HLl < Hf_foond'

absorbing boundary condition is as follows.

Theorem 1.3.3. For any f € L. (G), t >0,

1Sef Nl < ©@I flm,
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with the following choices
i. m(z,v) = e™®Y in Q x RY, in which case O(t) = et

ii. m(x,v) = (14 7(z,v))” in Q@ x RY, with v > 1, in which case O(t) = 7(t+11)”'

Overview of the strategy. The strategy for the proof of Theorem 1.3.2 is adapted from
the deterministic subgeometric Harris’ theorem introduced by Canizo and Mischler [21] and

presented in §1.2.3.4. We rewrite first the problem as a Cauchy problem for some operator L:

{atf =Lf, in Q x RY,
f0,) =fo(), G

a. Lyapunov and interpolation conditions. We clearly have some interpolation
relations inside our two families of weights (w;);>1 and (m;);>1. Because the whole dissipative
behavior of the model is due to the action of the boundary operator, it seems very difficult to

obtain the usual inequality required in Theorem 1.2.5
Lrwgi1 < —wg + 90, (1.3.6)

for some constant > 0, where £* is the adjoint operator of £, and the corresponding one for

the other weights. On the other hand, a key property of the model is that
v-Vyr(z,v) =—1 in G,

which allows one to obtain an integrated version of (1.3.6) that captures this dissipative property:
there exist C1,b; > 0 constants such that for all T >0, f € L. (G),

Wd+1

T
157 fllwoar + 01/0 1S5 fllwads <[ fllwgps +01(L+ D) fI 21, (1.3.7)

as well as similar inequalities for other couples of weights.

b. Doeblin-Harris (or Doeblin) condition. We prove, by following the characteristics
of (1.3.1) backward, that there exists Ry > 0 such that for all R > Ry, there exist T'(R) > 0

and a non-negative measure v on  x R? with v # 0 such that for all (z,v) € G,

Srryf(x,v) > V(J,‘,U)/ [y, w)dwdy. (1.3.8)
{(y,w)€QxRe:T(y,w)< R}

The form of v is the key point regarding whether the constants associated to the rates of

convergence are constructive. For some domains 2, explicit formulas for v can be derived, from

which the constructivity follows.
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Idea of the proof. To derive the proof of Theorem 1.3.2 from the two previous conditions,
we assume without loss of generality that g = 0 and that f € L}, o1 (G) with (f) = 0. We fix
T > 0 large enough and introduce a modified norm

-y o= e+ Bl Nloger + @l - g

for two well-chosen constants «, § > 0 depending on 7. Using the Lyapunov condition (1.3.7)
and the Doeblin-Harris condition (1.3.8), we show that

ST flllyyy < MMy, - (1.3.9)

We then introduce some further weights wg, w; such that 1 < wp < wy < wgqq. With a similar
argument, we find that, for some modified norm |||, for 7" as above and some & > 0 well

chosen,

ST flll, + 26 f llewg < MM F Ml - (1.3.10)

We then combine the two inequalities (1.3.9) and (1.3.10) along with the inequalities satisfied
by the weights to conclude.

The proof of Theorem 1.3.3 is a relatively straightforward application of Gréonwall’s lemma.

1.3.4 Chapter 5: A version of Theorem 1.2.4 with equivalent conditions

This chapter focuses on the subgeometric convergence towards equilibrium of Markov processes.
As mentioned above, one of the key results of the exponential theory is the equivalence of two
conditions, both implying an exponential convergence towards equilibrium: the control of the
moment of the hitting time of a set with appropriate properties and the existence of some test
function satisfying a Foster-Lyapunov inequality with respect to the generator, see Theorem
1.2.2 above, and in particular the equivalence between the two conditions.

On the other hand, the two conditions in Theorem 1.2.4 are not equivalent. An interesting
problem, already pointed by Fort and Roberts [59] in their study of the polynomial case, is
then to obtain some sort of equivalence between a Foster-Lyapunov type condition, as 2. in
Theorem 1.2.4, and the hitting time of some petite set, as condition 1.

This chapter presents a new Foster-Lyapunov type condition, with the important difference
that the functional built here also depends on time, as well as a new hitting time condition,

which are equivalent and imply the result. There are two main contributions.

1. In a first part, we write, with extended details, the theorem and the proof of convergence
at a subgeometric rate from a Foster-Lyapunov condition holding for a function V' whose
sublevel sets are petite, as presented by Hairer [71]. In particular we complete slightly the

statement with necessary innocuous hypothesis and detail several points of the proof.
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2. In a second part, we present our new conditions, logical relations between them and with

the condition of [71], and we show that they indeed imply the final result.

On the first of those point, let us mention, in connection with §1.2.3.4, the interesting fact
that the proof follows from a coupling argument. Let us present the theorem and the key ideas

informally. Assume that, for some V : E — [1, 00) with precompact sublevel sets,
LV < —o(V)+ K,

with ¢ : Ry — Ry a strictly increasing, strictly concave function (and additionnal innocuous
properties), and K > 0 a constant. Assume also that, for all k > 0 there exist 7" > 0 and
a € (0,1) such that for all z,y such that V(z) + V(y) < &,

|Pr(z,-) = Pr(y, )llrv > 2(1 — ). (1.3.11)

Firstly, we show that this set of hypotheses is enough to imply the existence of an invariant
probability measure thanks to Bogolyoubov’ criteria. The proof of convergence at a subgeometric
rate follows by building a function 2 on [0,00) X E x E for which we can identify a compact,
petite set

K :={(z,y) € E*,V(z)+V(y) <k} C E%

with £ > 0 constant, such that 19 decreases outside of IC and 13(0, -, -) is bounded on K. Write
T > 0 for the constant associated to K in (1.3.11). We use a coupling argument based on
the following ideas: we introduce two processes (X¢)i>0, (Xt)tzo- We let (T3,)n>1 be (roughly)
the hitting times of K for (X, X;);>0. For all n > 1, we try to couple (XT,+5)se(0,r) and
(X7, +5)se(o,r) using (1.3.11) on K. If this fails, the properties of 92(0, -, ) allow us to prove
that T,,41 > T, + T is controlled, so that we will be able to use the petiteness assumption
again. On the other hand, if X7, 47 = )E'Tn+T, the coupling is built so that the two processes

will remain equal for ever.
For the second problem, there are two main ideas.

a) To modify the stopping time related to the petite set C' considered in the first condition.
Usually, the condition is given in terms of a delayed hitting time defined for 6 > 0 by

7c(8) = inf{t > 6, X; € C},

but this stopping time interacts poorly with the generator.

b) Introducing a new Foster-Lyapunov condition which involves time, and interacts well with
the stopping time considered to solve the first issue. Of course this condition has to be

compatible with the previous one, in the sense that it should imply or be implied by it.
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The final statement is the following.

Theorem 1.3.4. Assume that (X¢)i>0 is strong Markov, non-explosive, irreducible and aperi-

odic. Let ¢ : [1,00) = R be a C! function, strictly increasing, strictly concave with ¢(x) <
o(x) ;

for allz > 1 and &2 | 0, ¢(x) — 2¢/(x) T co when © — co. Define the function Hy(-) on

[1,00) by
U ds

=) oy

and let del :[0,00) = [1,00) be its inverse function. Consider the three following conditions.

Hy(u)

1. There exist a compact petite subset C' of E and some r > 0 such that, for 75 defined by

t T
1, = inf {t > o,/ 1o(X,)ds > 7}7
0

r

where T is an exponential random variable with parameter 1 independent of everything

else, we have

Ex[H(;l(i'g)] <oo forallzeE and sggEx[Hgl(?g)] < 0. (1.3.12)

2. There exist a compact petite subset C' of E, two constants k,m > 0 and a function

YRy X E— [1,00), continuous and non-decreasing in its first argument, continuous in

its second argument, such that for allt >0, x € F,
H't) <o(t,x)  and (O + LYY(t, ) < kHZ () 1o(x) — o(H, (1),

with moreover ¥(0,z) < k for all x € C and for all x € E, L1(0,z) < klc(z) — 1.

3. There exist a compact petite subset C of E, a constant K > 0 and V : E — [1,00)

continuous with precompact sublevel sets such that for all x € F,

LV (z) < —¢p(V(z)) + K1c(z).

Conditions 1. and 2. are equivalent, and both are implied by Condition 3. Moreover, in those

three cases, there exists an invariant probability measure © for (Pt)i>0 on E and for all x € E,
. -1 _ ) _
lim G(H (1) |Pi(a.”) — 7w = 0.

We see in this statement that, for the idea a) mentioned above, the solution is to consider a
randomized stopping time 7/ rather than 7¢(d). Because of this additional randomness in the
definition of 7(,, and of the flexibility that the presence of r in the definition allows, we will be
able to obtain some well-behaved interaction with the generator: condition 1 implies condition

2, while still retaining the implication of the final result.
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For the idea b), there are several results.

i. The new condition 2. implies the control of 7/. This relies heavily on the flexibility offered

by introducing the parameter r.

ii. The new condition 2. implies the existence of an invariant probability measure and the
convergence towards it at the desired rate. This is based on a control of 7¢/(J) for some

0 > 0 that is deduced quite easily from the inequalities.

iii. The third condition, the original Foster-Lyapunov inequality, implies the new one. We use
an idea which is reminiscent of the proof that condition 3 implies the result by setting, for
all (t,x) e Ry x E,
bt w) = 2H,  (Hy(V(2)) + 1) = Hi (1),

and the result follows quite easily.

1.3.5 Chapter 6: Hypocoercivity with general Maxwell boundary condi-
tions

In this chapter, which corresponds to an article in preparation in collaboration with Kléber
Carrapotoso, Stéphane Mischler and Isabelle Tristani, we study linear kinetic equations with
general Maxwell boundary conditions i.e. both cases @ = 0 (specular reflection boundary

condition) and o« = 1 (pure diffusive boundary condition) are allowed.

1.3.5.1 Hypotheses and main result

We consider a linear kinetic equation of the form
Wf=Lf=—v-Vof +Sf, f=flt,z,v), (t,z,v) R xQxR? (1.3.13)

with the Maxwell boundary condition (1.1.20). Here Q C R? is a regular bounded domain (open,
connected) of R? d > 2. We assume that there exists a regular vector field n on Q such that for
all x € 09, n, coincides with the unit outward normal vector at z. We complete the equation
with the Maxwell boundary condition (1.1.20) in the large sense where « : 9Q — [0, 1] with
M = M the wall Maxwellian of temperature 1, see (1.1.22), independent of x. For simplicity,

we rather write the Maxwell boundary condition as

fe_(tz,v) = R(fiz, (t, ) (z,v) on (0,00) x X_,

with
(Rg)(z,v) = (1 — a(@))g(z,n2(v)) + a(z)cup(v)g(x),  (z,v) € X,
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where 7, is given by (1.1.5),
i) = [ 9@l noldo,
R4

o2
is the flux at = € 09, g : ¥4 — R is any function, u(v) = © | lf and ¢, is the positive

(2m)2
normalization constant so that c,u(x) = 1 with the previous notation (of course this quantity

is actually independent of x).

We make several hypotheses on the collisional operator S. Those assumptions cover the
cases of the linearized operators associated to Boltzmann with angular cutoff operators for hard
potentials and Maxwell molecules, Boltzmann without angular cutoff and Landau operators for
hard potentials, Maxwell molecules and moderately soft potentials. We refer to §1.1.2.6 for
the corresponding definitions. We assume that the operator acts locally in time and position,

namely

(Sf)(tv xz, U) = S(f(ta xz, ))(U)
We introduce the Hilbert space
Liu™) = {f ‘RY 5 R ‘ /d futdv < —l—oo}
R
endowed with the scalar product

— -1 2 o 2, —1
([ D21y = /Rd fgu " dv and the norm || f|[72(,-1) == /Rdf uo dv.
We assume that the operator S satisfies the following on L2(u~1).
(i) Its kernel is given by
ker(S) = Span{ﬂ, Vi, - - ., Ugld, |U‘2M}7

and we denote by 7f the projection onto ker(S) given by

wf = (Adfdw)u+<4dwfdw>-vu+</Rd(‘lu|2\/id)fdw>Wﬂ. (1.3.14)

(ii) The operator is self-adjoint and negative (Sf, f)rz(,-1) < 0, so that its spectrum is
included in R_. We assume further that S satisfies a degenerated coercivity estimate:
there is a positive constant A\ > 0 such that for any f € Dom(S) N L2(x~!) one has

(_8f7 f)L%(ufl) > )\HfLH%%(#—I)y (1.3.15)

where fL = f—nf.
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(iii) For any polynomial function ¢ = ¢(v) : RY — R of degree < 4, one has

[ o) o] < g

and

(SfH o) 21y = (f.80w) 21y < ClLF 2y

We also introduce the Hilbert space
H = Li’v(/ﬁ_l) = {f G — R’/ fAu tdvdx < oo},
G

and write (-, ) for the associated scalar product, ||-||3 for the associated norm. For all f € H, we
decompose f = 7f + f*, where the macroscopic part 7f is given by (1.3.14). The (normalized)

macroscopic quantities of interests are the mass, momentum and energy defined respectively by

2 d

_ _ _ [
p(z) = o flz,v)dv, m(z) = /Rd vf(z,v)dv, 0(x)= /]Rd NGY f(z,v)dv.

Note that

1713 = 1513+ 1 22 = 1513+ o020y + 22y + 16130

In this section, we write (-) for the mean on €2, i.e., for a in L*(£),

(a) = ’a/ﬂadm.

To take into account the symmetries of 2 we introduce the set
Ro:={Q3z - Az e R : A e MYR), Az -n(z) =0 VYo € dQ},

where MY(RY) is the space of skew-symmetric d x d matrices.

Our boundary condition leads to the conservation of the mass for all values of «,

d
%/Rdfdvda::().

In the case where o = 0, we also have the conservation of energy

d

ﬁ/ |v\2fdvdac:/ W2(S(f) — v - Vo f)dvda = 0,
QOxR4 QOxR4
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using that |1, (v)|? = |v|? for all (x,v) € . In addition, we have the conservation of angular

momentum: for all R € Zq,

d
—/ R(z) - vfdvdz = 0. (1.3.16)
dt Joxrd

The main result of Chapter 6 is the following.
Theorem 1.3.5. Let fo € L2 (u~") satisfy

1. in the case of the specular reflection boundary condition o = 0,
/ fodvdx =0, / |v|? fodvdz = 0, / R -v fodvdz = 0,
G G G

for all R € Zq;

2. otherwise

/ fodvdz = 0.
G

There exist positive constants k,C > 0 such that for any solution f to (1.3.13) with
Mazwell boundary condition (1.1.20) associated to the initial data fo, for any t > 0, there
holds

1F 2,1y < Ce™ M foll iz, u1)-

1.3.5.2 Previous results, contribution and strategy

The Cauchy theory, as well as the trend-to-equilibrium issue for the cutoff Boltzmann equation
with hard potentials or hard-spheres in a perturbative regime, that is for the corresponding
linearized equation as detailed in §1.1.3.3, has been developed by Guo [68], who proved
exponential convergence towards equilibrium in a weighted Lg°, space considering either the
specular reflection boundary condition with Q strictly convex and analytic, or the pure diffusive
boundary condition with 2 smooth and convex. Briant [18] obtained similar results for more
general weights. The L? — L™ theory of [68] works as follows: the coercive property of the
linearized collision operator is captured in wa, and Lg7, estimates rely on this non-constructive
L?},v theory.

More recently, still for the Boltzmann equation with hard potentials or hard spheres,
Briant and Guo [20], obtained constructive results in Lg’v for positive constant accommodation

coefficient o > 0 with no convexity assumptions on €2, from which they deduced exponential

o0

convergence in a weighted L3°
k)

space. Furthermore, for the specular reflection boundary
condition, well-posedness and stability results relying on non-constructive L? estimates were
derived in restricted contexts (convex or periodical cylindrical domain with non-convex analytic

cross-section) by Kim and Lee [81, 82].
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The only results we are aware of in the case of long-range interaction, i.e. for non-
cutoff Boltzmann and Landau collision operators in a bounded domain, are the very recent
works of Guo-Hwang-Jang-Ouyang [69, 70] for the Landau equation with specular reflection
boundary condition and of Duan-Liu-Sakamoto-Strain [49] for non cut-off Boltzmann and
Landau equations in a finite channel with inflow or specular reflection boundary condition.

This chapter improves the existing result regarding the stability of the linearized Boltzmann

and Landau equations in two regards.

1. We study a general, smooth enough, non-convex domain.

2. Our L? estimates are constructive, and our method encompasses the three boundary

conditions (pure diffusive, specular reflection and Maxwell) in a single treatment.

Our method focuses on the decomposition f = 7 f + f- mentioned above. The estimate

(1.3.15) gives immediatly

d
S Fill5 = (£.L£5) < =X £,

for some A > 0. On the other hand the transport operator —v - V, does not provide any
dissipative property. In order to control the missing macroscopic part 7 f, the idea is to construct
a new inner product on H, with an associated norm equivalent to the usual one, for which £ is
coercive. For this we consider the usual inner product of H and add new terms to control the
missing terms appearing on the macroscopic part 7 f, see also the discussion on hypocoercivity
§1.2.2.

Those new terms rely heavily on some existence and regularity results on elliptic equations
and systems. To control the mass and energy terms in 7 f, we shall use an auxiliary Poisson
equation with Robin or Neumann boundary conditions, for which Poincaré-type inequalities
hold. The control of the momentum term is more subtle, and we shall introduce a tailored
Lamé-type system with mixed Robin-type boundary condition to handle it. The regularity
estimates for this system are based on Korn-type inequalities, see Duvaut and Lions [52],

Desvillettes-Villani [38] and Ciarlet and Ciarlet [30].

1.3.5.3 Brief presentation of the elliptic regularity results

To derive the result, we use crucially the elliptic estimates mentioned above for variational

solutions to the Poisson equation with Robin boundary condition, i.e.

Au=¢ in Q,
(2 —a(z))Veu-n(z) + a(z)u=0 on 09,

We write A™1¢ for the associated solution, which is uniquely defined in some variational sense
as soon as & € (H'(Q))'. Note that we also need (¢) = 0 in the case a = 0, in which case the
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variational formulation is slightly different. If u = A~!¢, the two ellipticity estimates are

lullzr ) < 1€l )y

and in the case where ¢ € L*(Q), u € H?(Q2) with

ull 720y S €l 22

We also use the following Poincaré-Korn inequality: there exists a positive constant Cpx > 0
such that for any vector field U € H(Q) satisfying U - n, = 0 on 9,

: 2 sym 2
piaf U = Razliz o) < CrellVa™UlLz o) (1.3.17)

This allows one to prove some H? estimates on the following Lamé-type system, which is

used to control the momentum term: for = : R4 — R,

—divy(VY"U) =2 in £,
VYU -n(x) =0 on 09, (1.3.18)
(2 = ax)) [V Un(x) — (VYU :n(x) @ n(x))n(z)] + a(xz)U =0 on 9.

To simplify the presentation we assume that Zq = {0} from now on. We consider the Hilbert
spaces Vi = {W : R? - RLW € H(Q), W -n, = 0 on 9}, endowed with the || - || g1(o)-norm.
As is classical for the Poisson equation, we can introduce a bilinear form which is coercive
thanks to some Korn-type inequalities. We can then prove, for all = in (V;)’, the existence of a

unique variational solution U to (1.3.18) satisfying
Ul ey < W€l
Furthermore, if 2 € L?(2) then U € H?(Q2), U satisfies
1Ul 2y S IEl 205

and is a solution to (1.3.18) almost everywhere.

1.3.5.4 Hypocoercivity estimates

The proof of Theorem 1.3.5 requires the introduction of the quantity M, for any polynomial
function ¢ : R — R, defined by

Mlf) = [ 6(0)f (@, 0)do,

Rd
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Two families of polynomials will be repeatedly used: p = (p;)1<i<q defined on R? by

-(v)—v-‘v’2_d_2
pl (3 m )

and q;; = (gij)1<i,j<d given by
qij(v) = vv; — ;.

We introduce the macroscopic quantities defined for each g with enough regularity by

_ _ [ bPod
plol = [ ov. mig)= [ vodv, 0lg)= [ *7=Cqav

and set p := p[f], m:=m[f], 6 := 0[f].
The result is obtained through four estimates. First, for the microscopic part f, we have,

for some constant A, from (1.3.15),

(—Lf, £y > M (1.3.19)

Then, we turn to the estimate for the energy. We let uyg = A=10 and ug(cf) = ATLO[LS].
Such a solution is indeed well defined since computations show that 8[Lf] belongs to (H.(Q2))’
with (#[Lf]) = 0. Using this and the ellipticity estimates, one can show that for some x1,C > 0,

(=Vaug, Mp[Lf]) 10y i)y T <—que[cf], Mp[f]>L%(Q) (1.3.20)

> w10l 72(0) — CllmlIZa @ lF 13 = CIH 1B = CllaD> frllfes, it vny):
where Dtg =g — cupg for all g : ¥ — R measurable.

The next term is associated with mass, and is handled with a similar strategy: we let
up = A7 p, so that [Ju,llm20) < llollzz()-

We can show that p[Lf] € (H'(2))" and (p[Lf]) = 0. Therefore, we can also consider the
solution u,[. s = A~1p[Lf]. We then prove that there exist k2, C' > 0 such that

(=Vaup, p[ﬁf]>H%(Q)7(H%(Q))/ + <_v$up[ﬁf]7 P[f]> (1.3.21)

LZ(Q)

> rallpll 72 () — C(HmH%%(Q) + 101172 (q) + HfLH%{)-

For the term corresponding to the momentum, we consider the solution Uy, of (1.3.18) with
2 = m[f] € L2(Q). We then show that m[Lf] € V], so that the solution U5 of (1.3.18)
= = m|[Lf] is well-defined in H1(€).
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We can hence prove that for two constants ks, C' > 0,

(=T Uy ML f) s, vy + (=Y Ui Molf]) (1.3.22)
> r3llmll7zq) — C(HPHL%(Q)”J[LHH + 110l z2 @ ol 20 + 101172 (@)
IS B+ 10D s, s, o))
We finally define the scalar product ((-)) by
(frg) ={f,9n+ea <que[f]a Mp[9]>H%(Q)7(H}:(Q))/ +e <va9[g]a Mp[f]>L%(Q)
+ 2 (V" Uiy Malal) o+ €2 (V™ Ui Mall]) o
T <Vm“pm’m[g]>H;<Q>,<H;<Q>>' + € (= Vit mlf ]>Lz.<sz> '
The equivalence between the norm derived from ((-)) and || - || is quite straightforward. For

an appropriate choice of €1, €2 and €3 > 0, we also obtain by multiple applications of Young’s

inequality, that, for some constant ' > 0,

(=Lt 1) = &l flln,

from which the conclusion follows.
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collisionless gas
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Abstract: We use a probabilistic approach to study the rate of convergence to equilibrium
for a collisionless (Knudsen) gas in dimension equal to or larger than 2. The use of a coupling
between two stochastic processes allows us to extend and refine, in total variation distance,
the polynomial rate of convergence given in [1] and [87]. This is, to our knowledge, the first
quantitative result in collisionless kinetic theory in dimension equal to or larger than 2 that does
not require any symmetry of the domain, nor a monokinetic regime. Our study is also more
general in terms of reflection at the boundary: we allow for rather general diffusive reflections

and for a specular reflection component.
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2.1 Introduction

We consider a Knudsen (collisionless) gas enclosed in a vessel and investigate the rate of
convergence to equilibrium. We study a C? bounded domain (open, connected) D in R", with
n > 2. The boundary of this domain, 0D, is considered at rest, and when a gas particle collides
with the boundary, a reflection which is either diffuse or specular occurs. For a point z in 0D,
n, denotes the unit inward normal at x.

The distribution function of the gas, f(¢,x,v), represents the density of particles with
position z € D and velocity v € R™ at time ¢t > 0. We assume that it satisfies the free-transport

equation with both a boundary condition and an initial condition:

Of +v-V,f =0, (z,v) € D x R",
ft,z,v)(v-ng) = —a(x)coM(v)(v - ng) / ft,z, ") - ng)dv'
(o7 np <0} (2.1.1)
+ (1= a(x)f(t,z,v—2(v-ng)ng)(v-ng), x €ID,v-ng >0,
f(O,x,U):fo({E,U), (1’,1)) GDXR”,

where the constant cy > 0 is given by

co = M(u)(u - ng)du, (2.1.2)
{u-ngs>0}
for any choice of x € dD. The independence of ¢y with respect to = is a consequence of the
radial symmetry assumption made below on the density M.
This dynamic does not take into account collisions between particles that may occur inside
D. This is legitimate for the study of Knudsen gases, which are dilute enough. This model
represents particles moving in D following the free transport dynamic until they collide with
the boundary. When a particle reaches the boundary at some point x € 9D, it is specularly
reflected with probability 1 — a(z), and diffusively reflected with probability «(z). In the
latter case, its new velocity is chosen using M. See Definition 2.3.1 for the precise probabilistic
interpretation of the model.

Here are our main assumptions.
Hypothesis 2.1.1. e D is a C? open connected bounded set in R”, with n > 2.

e «a:0D — [0,1] is uniformly bounded from below, i.e. there exists ap > 0 such that:

a(z) > oy, Ve oD. (2.1.3)

e M :R" — Ry is radially symmetric with [p, M(v)dv = 1, [ga ||v]|M(v)dv < oo, and
there exist d; > 0 and some continuous, radially symmetric, M : R® — R, such that
0 < M(v) < M(v) for all v € R such that 0 < |jv] < d7.
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The paradigmatic example (and most physically relevant one) of such M is the Maxwellian
distribution with parameter (temperature) ¢, that fits into this framework:
1 llv]?

M(v) = e~ R™. 2.1.4
(v) (2%9)56 9 vE ( )

Observe that informally, (2.1.1) preserves mass. Indeed, for a strong solution to (2.1.1),

Green’s formula gives:

4 ft,z,v)dvdxr = — Vae(vf(t,z,v))dvder = / f(t,z,v)(v-ng)dvdr =0,
dt Jpxgn DxR7 dDXR™

where the last equality is a consequence of the boundary condition in (2.1.1).

2.1.1 Main result

The stationary problem corresponding to (2.1.1) leads to an equilibrium in the phase space. Its

distribution is given by (assuming the initial data to be of total mass 1)

M (v)

—2, V(z,v) € DxR",
D

froo (2, v) =
where | D| denotes the Lebesgue measure of D in R™. Note that (unsurprisingly) the equilibrium
distribution is space-homogeneous in D.

It is known that there is convergence towards this equilibrium distribution in L' distance,
see for instance Arkeryd and Nouri [3, Theorem 1.1] for a proof in the case where ae = 1 and with
slight restrictions on D. The goal of this paper is to characterize the rate of this convergence.

Recall that the total variation distance of a signed measure p on a measurable space (E, &)
is given by

1
lullry = 5sup{ [ gdu.g: B R lgle < 1}.
E

In the whole paper, we use the notation f(t,z,v) when f is a L!-function on Ry x D x R"
and fi(dz,dv) when f is measure-valued. Our main result is the following, see Definition 2.2.1

and Theorem 2.2.3 for the precise meaning of weak solutions.

Theorem 2.1.1. Assume that Hypothesis 2.1.1 is satisfied. Let the initial distribution, fo, be
a probability measure on D x R™. Let r : Ry — Ry be a continuous increasing function such
that there exists a constant C > 0 satisfying r(z +vy) < C(r(x) + r(y)) for all x,y € Ry and
such that

1 1
/n T(W)M(v)dv < oo and v r(m)fo(dw,dv) < 00. (2.1.5)
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Then, there exist some constant k > 0 and a weak solution p(dt,dz,dv) = dt fy(dz,dv) to (2.1.1)
such that for all t > 0,

K
_ <
Ilft — toollTv < D)

Moreover, in the case where fo admits a density in L'(D x R™), the solution f is unique among

“regular” solutions (see Theorem 2.2.2).

The typical example for the rate r is r(t) = (t+1)", or rather r(t) = (t4+1)"", as exemplified

by the following situation.

Corollary 2.1.1. We take the same hypotheses and notations as in Theorem 2.1.1, and assume

furthermore that M is bounded (for instance, M is a Mazwellian distribution of the form

(2.1.4)).

a) If fo has a bounded density, there exists a constant k > 0 such that, for all t > 0,

(1 + log?(t + 1))
(t+1)"

I|fi = toollTv <

b) If there exists d € (0,n) such that

1
/D g fo(dz, dv) < oo,

<k [[v]]

there exists a constant k > 0 such that for all t > 0,

1 ft — poollry < G+

Physically, the most interesting case is the following: consider a collisionless gas enclosed in
a vessel represented by the domain D. The boundary of the domain is kept at temperature
0 > 0. A particle colliding with this boundary at x € 0D is either specularly reflected, with
probability 1 — a(z), or exchanges energy with the boundary and is diffusively reflected with
probability a(z), the distribution M being the Maxwellian with temperature 6.

2.1.2 Bibliography and discussion

Relaxation to equilibrium is a key aspect in statistical mechanics. In general, this relaxation,
which is known since the H-theorem in the case of the Boltzmann equation, is the result
of two main physical equilibrating effects: the collisions between gas molecules and their
interactions with the boundary. In [39], Desvillettes and Villani find that the distance between
the distribution function of the gas at time ¢ and the final equilibrium state decays at a rate

O(t%) for all m > 0, in the case of space inhomogeneous solutions to the Boltzmann equation
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satisfying strong conditions of regularity, positivity and decay at large velocities. The rate of
[39] is completed by an exponential rate in the case where the initial data is close to equilibrium
in Guo [68]. In these works, the authors assume that the spatial domain is either the flat torus
or a smooth bounded domain with specular or bounce-back reflection at the boundary. Hence
the focus is on the equilibrating effect of the collisions between gas molecules rather than the
interaction with the boundary, and the equilibrium is entirely determined by the total mass
and energy. Later, in [123], Villani works on the case of a diffuse or accomodation reflection
at the wall of a bounded smooth domain, with a constant temperature at the boundary. The
equilibrium is thus slightly changed, as the total mass is now the only conserved quantity.
In this case, both collisions between gas molecules and interactions with the boundary play
an important role in the relaxation to equilibrium, and give an example of the so-called

“hypocoercivity” method.

Concerning the model studied in this paper, here are the main available results. In [119],
Tsuji, Aoki and Golse find numerically a rate of convergence in ¢t~ for bounded initial data.
An upper bound for the convergence rate in t~! is obtained by Aoki and Golse in [1], assuming
some spherical symmetry on the domain and on the initial condition and that o = 1. Using a
stochastic approach, Kuo, Liu and Tsai in [87] obtain the (optimal) convergence rate of =™ in
a spherically symmetric domain for n = 1,2, 3 with again o = 1 and with bounded initial data
satisfying some technical conditions. Later, Kuo [86] extended this work, in dimensions 1 and 2,
to the case of Maxwell boundary conditions (with additionally some specular reflections). All
the above results assume that M is a Maxwellian distribution. We also refer to the connected
paper by Mokhtar-Kharroubi and Seifert [102] who studied a similar problem in slab geometry

(in dimension 1) using Ingham’s tauberian theorem.

Our rate confirms, up to a logarithmic term, both the suggestions made in [119] in view of
their numerical results, see Corollary 2.1.1, and the rate obtained by Kuo [86]. It also extends
this result to higher dimensions, considers more complicated domains and allows more general
initial conditions.

For the most interesting case where M is given by (2.1.4), we can sum up our conclusions
as follows: if fp is bounded on {v € R™, ||v|| < €} for some € > 0, e.g. if fo(x,v) = go(x)dy, (v)
for some density go on D and some vy # 0, the convergence rate towards equilibrium is
(up to a logarithmic factor) in tin On the other hand, if fy is unbounded around 0, e.g.
fo(z,v) = Wl{\\v\\ﬁl} with a € (0,n), the convergence rate towards equilibrium is
using Theorem 2.1.1 with 7(t) = t(*~®)—,

In Kuo et al. [87], the authors point out that fo — e (with fo bounded) is the limiting

factor that prevents from a better rate of convergence. We believe that, indeed, our method

_ 1
o)

might allow one to prove the following extension: when one considers two solutions f; and g

with fo = 0(z9,00) a0d g0 = S(yo,w0), I1ft — gtllTv S t~"~! as soon as vg # 0 and wy # 0.
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Stochastic billards have also been studied in details, see the works of Evans [55], Comets,
Popov, Schiitz and Vachkovskaia [31] and the recent work of Fétique [61] in the convex setting.
This corresponds to the monokinetic case of our model: the velocity of particles has a constant
norm 1 (fp and the distribution M are carried by the unit sphere). They prove exponential
convergence to equilibrium by coupling methods. Let us mention that we use a result from

Evans on the geometry of C' domains.

The stochastic process studied in this paper is similar to the family of Piecewise Deterministic
Markov Processes (PDMP) introduced by Davis [34]. However it does not entirely fit this
framework, since the jumps are predictable in our case. In the past few years, several long
time behaviours for models corresponding to PDMP have been studied, exhibiting a geometric
convergence towards equilibrium. We refer to the study of the telegraph process by Fontbona,

Guérin and Malrieu [56, 57], and on the recent work of Durmus, Guillin and Monmarché [50].

In conclusion, our result is, to the best of our knowledge, the first quantitative result for
this problem for a non-symmetric domain in dimension d > 2, in a non-monokinetic regime.
We also consider a more general law M for the reflection at the boundary, with a larger class of
initial data fy.

2.1.3 Strategy for the proof and plan of the paper

The next Section 2.2 is devoted to the rigorous introduction of our notion of weak solutions,
and to the proof of uniqueness under a regularity assumption on fy, in the spirit of [65] and
[96].

In Section 2.3, we construct the stochastic process which we use in the proof of Theorem
2.1.1. We show that the law of this stochastic process is a weak solution in the sense of measures
to (2.1.1), and that it is the unique weak solution under further regularity assumptions of fy.

The unusual boundary conditions leads to rather non-standard difficulties.

In Section 2.4, we derive the proof of our large time result in the context of a uniformly
convex domain with C? boundary, following the strategy described below, and we extend in
Section 2.5 the previous result to general domains. For the sake of clarity we start by proving
the result in a uniformly convex domain, because the coupling is easier since from any point at

the boundary of the domain, we can join any other point at the boundary in one step.

It is worth mentioning that the coupling method which we use is close, at least in spirit, to
methods based on the study of the Feller nature of the corresponding semigroup. Those methods
are known since the work of Meyn and Tweedie [98] for exponential rates of convergence, and

have recently been extended by Douc, Fort and Guillin [44] for subgeometric convergence rates.
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They involve the derivation of the modulated moments of the delayed hitting time of some

“petite” set, a computation that is straightforward once the coupling time is estimated.

In a companion paper [8], we investigate the same problem by a purely analytic approach.
Of course, the main issue is the absence of a spectral gap for the operator corresponding to

(2.1.1), which is the key reason for the polynomial rate of convergence.

To prove Theorem 2.1.1, we introduce a coupling (X¢, V4)i>o0, (Xtvvt)tzo with (X, V;)
distributed according to f; and (Xt, f/t) distributed according to po, in such a way that the

coupling time

7 =inf{t >0, (Xits)s>0 = (Xtts)s30, (Virs)s>0 = Virs)s>0},

is as small as possible. We show that it is possible to build a coupling such that the following

occurs.

i) When one process collides with the boundary (Proposition 2.4.1), if the other one has a
large enough speed, so that its next collision occurs sufficiently soon after the one of the
first process, there is a positive probability that the two processes coincide for all times

following the next collision with the boundary.

ii) We come back to the previous situation after a random number of collisions with the
boundary for both processes, and this number of collisions is controlled by a geometric

random variable.

The construction of such a coupling is quite subtle. Indeed, the random nature of (X, V;)i>0
only appears when X; € 0D. When one tries to couple two such processes, complex situations
can occur, for instance one of the process can hit the boundary several times before the other
one does so. To construct a global process satisfying the Markov property, we introduce an
extra variable, (Z5)s>0, in the process, see Definition 2.4.1, which allows us to memorize the

randomness generated at some rebound of (X;);>¢ until (Xt)tzo hits the boundary.

We then show that r(7) has finite expectation, roughly, as soon as

1 1
/DXRn r(m)fo(x,v)dvda: + - T(W)M(”)d” < 00.

This assumption is crucial: the velocity of a particle has roughly for law either fy or M, the
time needed to cross the domain is proportional to the inverse of this velocity, and the coupling

can occur only at the boundary.
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We then conclude using the fact that:

1o = noollry < P((Xe, Vo) # (%2, V) < P(r > 1) =P(r(r) > r(t)) <

from Markov’s inequality, leading us to the rate of convergence in Theorem 2.1.1.

2.2 Weak Solutions

In this section, we give a definition of weak solutions in the sense of measures for (2.1.1).
Existence of this weak solution for any initial probability measure, without further assumption,
will be obtained in Section 2.3 by a probabilistic method. We show uniqueness of sufficiently
regular weak solutions. Let us mention that uniqueness for boundary value problems such as
(2.1.1) cannot be derived in general. For a discussion on those well-posedness issues, we refer to

Greenberg, van der Mee and Protopopescu [65, Chapter 11]

We recall that D is a C? domain (open, connected) in R" and set G = D x R". We let
¥ = (0,00) x G. We write - for the scalar product in R, ||.|| for the Euclidian norm. We also
define

Fy={(t,z,v),(z,v) € G}, teRy,
0+G = {(z,v),£v-ny <0,z € 0D,v € R"},
G = {(z,v) € 9D x R", v -n, = 0},

where we recall that n, is the unit normal vector at x € dD pointing towards D. In words,
0+ G corresponds to points coming from D towards the boundary, while 0_G is the set of points
coming from the boundary towards D. For a topological space A, we write M(A) for the set
of non-negative Radon measures on A, P(A) for the set of probability measures on A. We
denote (.,.) the scalar product for the duality M(A), M(A)*. We write B(A) for the Borel
sigma-algebra on A. For any set B, we denote B for the closure of B, and set d(D) to be the

diameter of D :

d(D) = sup [z —yl.
z,y€dD

For any space E, we write D(E) = CZ°(E) for the space of test functions (smooth with compact

support) on E. We set
L=0,+v-V,. (2.2.1)

We deal with two reference measures:
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« the n-dimensional Lebesgue measure (on D, D and R™).
o the (n — 1)-dimensional Hausdorff measure in R™.

To lighten the notations, the same symbols dx, dv, dz, ... denote all of them. Possible ambiguity
can be resolved by checking the space of integration. Similarly the volume of a set A, denoted
|A] in all cases, refer to the corresponding ambiant space endowed with the appropriate measure.

We let K : M((0,00) x 0+G) — M((0,00) x 0_G), given, for any v € M((0,00) x 0+G),
any test function ¢ € D((0,00) x 0_G), by

<KV7 ¢> (0,00)x0-G — Oé(.fC)(]ﬁ(t, Zz, UI)CUM(U,)|U/ ’ nx|dv/)y(dt7 dv7 d-’l?)

(0,00)x0+G ( ~/{v’~nx >0}

+ (1 —a(z))o(t, x,n:(v))v(dt, dv, dx), (2.2.2)
(0,00)x0+G

for ¢ defined by (2.1.2). The operator 7,(.) is the one of specular reflection at x € 9D, given
by

Ne(v) =v—2(v-ng)ng, veR™ (2.2.3)

Hence, if (z,v) € 0+G, (x,n,(v)) € 0+G.
Whenever necessary, we extend the definition of K to an operator K from M(9.G) to
M(O_G) defined similarly. For any measure v € M(04+G), any test function ¢ € D(0_G), we

set

(Kv,$)o_c = /

0.G (/{U,.npo} a(x)p(z, v oM (V') - nx]dv’)l/(dv, dr) (2.2.4)

+ [3+G(1 — a(@)b(x, nu(v))(dv, de).

With this at hand, we define our notion of weak solution in the sense of measures.

Definition 2.2.1. We say that a non-negative Radon measure p € M(X) is a weak solution
to (2.1.1) with non-negative initial datum py € M(G) if

i) forall T'> 0, p((0,T) x G) < o0;

ii) there exists a couple of non-negative Radon measures p1 on (0,00) x d+G such that :
p— = Kpy, (2.2.5)
and for all ¢ € D(X) with ¢ = 0 on (0, 00) x 9G,

(0, Lo)s = —(p0, 9(0,-))G + (P4, 8) (0,00)x8:.G — (P> D) (0,00)x0_C- (2.2.6)
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As we will see in Section 2.3.3, such a solution always exists. If f € C*([0,00) x D x R") is
a strong solution to (2.1.1), then p(dt, dx,dv) = f(t,z,v)dtdzdv on (0,00) x D x R™ is a weak

solution with

p+(dt, dz,dv) = f(t,x,v)|v - ng|dtdzdv, in (0,00) x 0+G,
p—(dt,dz,dv) = f(t,z,v)|v - ng|dtdrdv, in (0,00) x O_G.

Indeed, this can be understood reading the proof of Theorem 2.2.2 and mainly relies on the
following fact: using that d;f + v -V, f =0 in D x R™ and Green’s formula, we find that

(0, Lo)s = /O - /D - fLodvdzdt
=~ [ fo(0, )dvdo — [ ” [ ortn-v)dvdze
DxR"™ 0 ODxR™

= —(p0,9(0,-))G + (P45 ?) (0,00) x8:.G — (P> D) (0,00)xD_GC-

The fact that p— = Kp4 is explained by the boundary condition in (2.1.1), see Remark 2.2.1
below.

In [96, Proposition 1], Mellet and Mischler show uniqueness of the solution in an L' setting
for a slightly harder case (namely the Vlasov equation rather than the free transport), with the
additional hypothesis that the initial datum belongs to the space L'(D x R™") N L?(D x R").
We adapt this proof in Theorem 2.2.2 below.

When a weak solution can be identified with a function having a few regularity, we can

define its trace on 0D in a precise manner. We recall here a result of Mischler [101].

Theorem 2.2.1. [101, Theorem 1, E =0, G =0] If f € L.([0,00); L. .(D x R")) satisfies

loc loc
Lf=0 inD'((0,00) x D xR"),

then there holds that f € C(]0,00), L} (D x R™)) and the trace vf of f on (0,00) x D x R

loc

1s well defined, it is the unique function

vf € L},.([0,00) x D x R", (n - v)*dvdzdt)

satisfying the Green’s formula: for all 0 < tg < t1, for all ¢ € D(X) such that ¢ = 0 on
(0, OO) X aoG,

/t;n /C;quﬁdvd:L‘dt = [/Gfd)dvd;p}:) _ /t:l /(anRn(Vf)(nx.U)quvdxdt' (2.2.7)

Observe that all the terms are well-defined in (2.2.7). In particular, our test functions satisfy
o(t,x,v) < Clv - ngy| for all (t,z,v) € (0,00) x ID x R™.
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Remark 2.2.1. For any g € L*((0,0) x 04+G, |v - ng|dvdxdt), it holds that K (g|v - n,|) belongs
to Li.((0,00) x O_G, |v - ngy|dvdxdt) and we have

K(|v-ngl|g)(t,z,v) = alz)coM (v) / g(t, z, V' ngldv + (1 — a(x))g(t, z,n:(v)), (2.2.8)

{v/-ng<0}
for almost every (t,z,v) € (0,00) X 0_G.

Proof of (2.2.8). Set v(dt,dx,dv) = g(t,z,v)|v-ng|dtdxdv on (0,00) x 04+ G and consider a test
function ¢ € D((0,00) x 0_G). We have

<K(V)7 ¢>(0700)X87G
= / / a(r) (/ o(t, z,v" YoM (V) v' - nﬂdv’)g(t, x,v)|v - ng|dvdzdt
0 0+G {v-ng>0}

s [T - et m)gt,a, o)l -nadvdear
:/0 /aquﬁ(t,x,v)(a(a:)coM(v) /{U,.nx<0}9(t’xvvl)fv’-nx!dv')\v-nx!dvdmdt

+ /OO o(t,z,v)(1 — alx))g(t, z,n:(v))|v - ng|dvdzdt.
0 -G

In the first integral, we only exchanged the roles of v and v’. In the second one, we performed the
involutive change of variables v' = 7, (v) and used that |1, (v) - ng| = |v-n,| for all (z,v) € 0+ G.
Since this holds for any ¢ € D((0,00) x 0_G), (2.2.8) follows. O

For f with the same regularity as in Theorem 2.2.1, v+ f denote the restrictions of v f to
(0,00) X 0+G. From (2.2.6) and (2.2.7) and the uniqueness of this trace function it is clear
that if the measures p+ in Definition 2.2.1 admit two densities f1 with respect to the measure
|v - ngldvdxdt on (0,00) x 0+G, those densities can be identified with 4 f.

We now adapt the uniqueness result in Proposition 1 in [96].

Theorem 2.2.2. Consider f € Cy([0,00); LY(D x R™)) for all T > 0 (i.e. f is weakly
continuous in time in the sense of measures) admitting a trace function ~vf belonging to
LY([0,T]) x OD x R™, |v - ng|dvdzdt) (for all T > 0) such that formula (2.2.7) holds. Assume
that p(dt,dz,dv) = f(t,z,v)dtdxdv is a weak solution to (2.1.1) with initial condition fy in
LY(D x R™). Then, we have

Lf=0;+v-Vy)f=0 in D'((0,00) x D x R™),
£@0,.)=fo a.e. in D x R™, (2.2.9)
(U'nm)'y_f:K(\v-nw|7+f) a.e. in (0,00) x O_G.

Moreover, f is the unique solution to (2.2.9) with this regularity.
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As we will see in Theorem 2.2.3, such a solution always exists, assuming of course that fy is

a probability density function.

Proof. Step 1. Here, we prove that f solves (2.2.9).

We first claim that we have the two equalities p (dt,dx, dv) = v4 f(t,z,v)|v - ng|dtdzdv
and p_(dt,dx,dv) = y_ f(t,x,v)|v - ny|dtdxdv. Indeed, consider a test function ¢ belonging to
D((0,00) x D x R"), with ¢ = 0 on (0,00) x 9pG. Using (2.2.6), the definition of p and (2.2.7),

we obtain
(12O — (9= Doperxoc = (pLdds = [ [ fLodudodt
0 DxR™
= —/ / (v-ng)(vf)pdvdadt.
0 ODxR™

from which we deduce that p(dt,dz,dv) — p_(dt,dz,dv) = vf(t,x,v)(v - ng)dtdedv whence
the claim. With this at hand, the third equation of (2.2.9) follows immediatly from (2.2.5) and
Remark 2.2.1.

The first equation of (2.2.9) follows from (2.2.6) and the definition of p, since for all ' > 0,
the right-hand side of (2.2.6) is 0 for ¢ € D((0,7) x D x R™).

For the second equation of (2.2.9), we want to prove that for any ¢ € D(D x R"),

| o) O, v)dode = (fo, O (2.2.10)

Using the definition of p and the equation (2.2.6) we obtain immediatly

/Oo/ Ly fdvdzdt = —(fo,%(0,.)) pxrn
0 D xR™

for any ¢ € D(]0,00) x D x R™). Let ¢ € D(D x R"™), € € (0,1) and define the function S,
by Be(t) = e_etftl{te[o’e)}. Therefore f3¢ is smooth with compact support in [0, 00) and we can

apply the previous equation with (¢, 2,v) = Be(t)¢(, v) to find
/oo/ (BUBYE(, ) + Belt)o - Vad(,v) ) f(t,, v)dvdadt = ~(fo, $)pxgn.  (22.11)
0 DxR™
We set
Jo = /0°° /DXRn Be(t)v - Vo (z,v) f(t,x,v)dvdzdt,
and

I. = /00/ BL(t)p(x,v) f(t, z,v)dvdxdt,
0 DxRn»
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so that (2.2.11) writes
Ie + Je - _<f07 ¢>D><]R”-

Since ¢ € D(D x R™), 5 <1 and S.(t) — 0 a.e. as e converges to 0 the dominated convergence
theorem gives immediatly lin% Je = 0. On the other hand, since [;|3L(t)|dt = — [; BL(t)dt =1,
e—

I.= A — gb((L‘,U)f(O,JJ,U)d’UdSL‘,
DxRn

with
A= [T B8, 0)(f(ta,0) — FO.2.0))dodadt.
We have,

|Ae| < /06 |5£(t)\dt‘ /Dan ¢(x,v)(f(t,x,v) — f((),:z:,v))dvdx‘
/Dan o(x,0)(f(t,2,0) = £(0,,v))dvda).

< sup

te(0,€]

The resulting supremum converges to 0 as € goes to 0 using the weak continuity of f. Taking
the limit as € goes to 0 in (2.2.11) completes the proof of (2.2.10).

Step 2. We now show uniqueness of the solution through a contraction result in L'(D x R"™).
Consider two solutions g1, g2 of (2.2.9) with the same initial datum go. By linearity, f = g1 — g2
is again a solution to (2.2.9) the problem with an initial datum fy = 0 (the trace being
~f = 791 — vg2 by linearity of the Green’s formula (2.2.7)). Let § € VVI})COO(R) such that
IB(y)| < Cs(1+ |yl|), for some constant Cg > 0 and for all y € R. From [101, Proposition 2]
(note that our hypothesis on v f implies vf € L ((0,00) x 9D x R™, |v - n,|*dvdzdt)), we know
that

LB(f) = 0y +v-V)B(f) =0, inD'((0,00) x D x R"),
vB(f) = B(vf), in (0,7) x 0D x R".

We now choose ((y) = |y|, which satisfies the previous requirements. We set 0 < tg < t;
and for all € € (0,20), de(t) = L1 (t) + e_%fl—f Ly 446 + 6_% L(t9—eto) and apply the
Green’s formula (2.2.7) to |f| with the test function ¢(t, x,v) = 0.(t)¢(x,v) for all (¢, z,v) in
[0,00) x D x R", where ¢ € D(D x R"™), so that 1) € D((0,00) x D x R") using that J. is smooth

with support in (¢g — €,¢; + €). We obtain

1

t t
0= /1/ \f|Lydvdzds = [/ fldvdz] .
to JDxR" D xR to
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Since 0¢(t1) = 6c(to) = 1, we deduce

/DxJRn (’f(h)‘ o ‘f(to)’)¢($,v)d:1:dy —0.

Since f is weakly continuous, we let tg — 0, and, using |f(0)| = |fo| = 0 almost everywhere in
D x R", we conclude that for all t; > 0

/ |f(t1, z,v)|p(z,v)dzdv = 0,
DxR™

for all ¢ € D(D x R™). This completes the proof. O

In the next subsection, we construct a stochastic process from which we obtain a weak
solution to the problem. Ultimately, we show the following well-posedness result, which follows
from Theorem 2.2.2, Propositions 2.3.2 and 2.3.3.

Theorem 2.2.3.

(i) Let po € P(D x R™). There exists a weak solution p in the sense of Definition 2.2.1 to
(2.1.1) with inital data po. This solution writes p(dt,dz,dv) = dt fi(dz,dv) on 3, with
t — f; right-continuous from [0,00) to P(D x R™).

(ii) If moreover py admits a density fo € L'(D x R"), then for all t > 0, fi admits a
density f(t,.) with respect to the Lebesgue measure on D x R™. We have, for all T > 0,
f € C([0,T); L"(D x R™)) and the trace measure of f, that vf belongs to the space
LY([0,T] x D x R™, |v - n,|dtdxdv). Hence f is the unique weak solution to (2.1.1) with

such regqularity.

2.3 Probabilistic setting

In this section, we build a stochastic process which corresponds to the evolution of a gas particle.
Then we show that its law (roughly speaking) is a weak solution in the sense of Definition 2.2.1
of (2.1.1), and enjoys the regularity requirements of Theorem 2.2.2 when the initial condition

admits a density.

2.3.1 Construction of the process

We start by setting some notations that will show useful in the construction of the stochastic
process. We set A = (=%, %) x [0,7)" 2. We recall that the Jacobian of the hyperspherical
change of variables v — (7,01, ...,0,_1) from R" to the space (0,00) x [—m,7) x [0,m)" 2 is
given by 71 H;‘;f sin(@;)"177. For r € R4, we abusively write M(r) = M (v) with v € R",

[off = 7
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Lemma 2.3.1. We define the density hg : Ry — Ry by hr(r) = cgr" M (r)1{,>0y, where cg

is a mormalizing constant. Let also heo the density on A defined by

n—2
h@(@l, ... 70n—1) = co 008(01) H sin(ej)"’l’j.
j=1

We write T for the law of (R,©), R having density hr, © having density heg independent of R.
There exists a measurable function ¥ : 0D x A — R"™ such that for any x € 0D, any
Y -distributed random variable (R, ©),

RY(x,0) ~ coM (v)|v - 1z [1{ym, >0 (2.3.1)
and such that for all = (01,...,0,_1) € A, x € 0D
U(z,0) - ngy = cos(fy). (2.3.2)

Proof. For (e1,...,ey,) the canonical basis of R, we define, P : R" — [0, 00) X [—m, 7) % [0, 7|72,
which, to a vector expressed in the (ey,...,e,) coordinates, gives the associated hyperspherical
coordinates (with polar axis e1). For x € 9D, we fix an orthonormal basis (ng, f2..., f,) of R”
and consider the isometry &, that sends (e1,...,e,) to (ng, f2,..., fn). We then set, for € A,

Iz, 0) = (gm o P—l)(1, 0).
With this construction, ¥ is such that (2.3.1) holds. Finally, by definition of P and &, we have
cos(01) = P71 (1,0) - e1 = & (P71(1,0)) - na,
as desired. d

Remark 2.3.1. Note that the fact that [p, s"M(s)ds < oo follows from [g. ||v]|M(v)dv < oo,
see Hypothesis 2.1.1, using hyperspherical coordinates.

Notation 2.3.1. We introduce two important deterministic maps. Define ¢ : D x R — R by

inf D if _
) = inf{s > 0,z + sv € 9D}, 1 (z,v) € GUO-G, (23.3)
0, if (z,v) € 0+G U OG.
We also define ¢ : D x R — 9D by
if a
o) = x4 ((z,v)v, 1 (x,v) € GUO-G, (2.3.4)
x, if (z,v) € 0+G U 0yG.
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For a gas particle governed by the dynamics of (2.1.1), in position (z,v) € D x R™ at time
t =0, ((z,v) is the time of its first collision with the boundary, while ¢(z,v) is the point of 9D
where this collison occurs. The value attributed to those functions on JyG has no consequences
on our study, since our dynamic forbids the occurence of this situation.

Recall that n;(v) = v — 2(v - ngy)n, for all (xz,v) € 9D x R™.

Notation 2.3.2. We define the map w : 0D x R" x [0,1] x Ry x A — R" by
w(w, v, u,7,0) = N2(V) L ysa(@)y + 79, 0)1u<a(@)}- (2.3.5)
We write U for the uniform distribution over [0, 1], and denote Q the measure Y @ Y.

Let us define, given an appropriate sequence of inputs, our process.

Definition 2.3.1. Consider an initial distribution pg on (D x R™) U J_G, a sequence of i.i.d.
random vectors (U;, R;, ©;);>1 of law Q. We define the stochastic process (X¢, Vi)i>0 as follows:

Step 0: Let (Xo, V) be distributed according to pg.
Step 1: Set T1 = ¢(Xo, Vo).
For t € [0,T1), set V; = Vp and Xy = X + tVp.
Set AXT1 = XTl— and VT1 = w(XTl, VTl_, Ul, Rl, @1)

Step k+1: Set Ty11 = Ty + (X1, V).
For all t € (T, Ti+1), set Xp = Xpy + (t — Ti) Vi, Vi = V.
Set Xr,,, = X7,,,— € 0D and
Vigo = w( X1y, Vo — Ukt Ry, Org1).

ete.

We say that (X5, Vs)s>0 is a free-transport process with initial distribution po.

Remark 2.3.2. We extend the previous definition to the case where (x,v) € ;G and pg = §, ®0,,
with, informally, Xg = x, Vy— = v. In this case, we pick an extra triplet (Up, Ry, 09) ~U @ T

independent of everything else and we set
X():l', % :UJ(LE,'Z),UO,R[)7@0).
Step 1 and further remain the same.

2.3.2 Non-explosion

In this section, we show that the process constructed in Definition 2.3.1 is almost surely well
defined for all times ¢ > 0. For m > 1, we write S™ = {z € R™*! ||z|| = 1} for the unit sphere
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in R™*+!. Recall that any C? bounded domain satisfies the uniform interior ball condition and
therefore the following interior cone condition, see for instance Fornaro [58, Proposition B.0.16

and its proof].

Definition 2.3.2. We say that a bounded set D C R” satisfies the uniform cone condition if
there exist § € (0,1), h > 0, such that for all z € 9D,

Cp = {x +tu,t € (0,h),u-n, > f,uecS" '} CD.

Proposition 2.3.1. Under Hypothesis 2.1.1, the sequence (T;);>1 of Definition 2.5.1 almost
surely satisfies T; — 400 as i — +oo. More precisely, for anyT > 0, E[#{i > 1:T; < T}] < 0.

Proof. Let h and 8 be the positive constants of the uniform cone condition corresponding to D.
Recall that there exists a constant ag > 0 such that for any = € 9D, a(x) > ag. For N large
enough, writing ©1 = (©1,..., @’1‘_1) € R* ! we have

p= P(Ul < ag,cos(©)) > B, Ry € [O,N]) > 0.

Using Borel-Cantelli’s lemma, one concludes that almost surely, an infinite number of elements
of the sequence Q; = {U; < ap,cos(0}) > B, R; € [0, N]} is realized. For all i > 1, on €,
NX7;,0;) - nxg, > B, whence Xp,1y = Xp, +tVp, € CXTi C D for all t € [0, %], because
Vr, = Ri9(Xr,,©;) has a norm smaller than N.

Set Ty = 0 and 7; = T;11 — T; for all 4 > 1. By the previous observation, we have, on €;,
(X1, V) = Xm| _ R

: Zi>07

7 = (X1, V) = 7 7

To conclude, note first that

. h
lim T; > Zlegj > NZle = +00 a.s.
j>1

1—>+00 =1

For the second part of the propositon, we let 7' > 0 and Np :=sup{i > 1,7+ -+ 7 < T}.
For all i > 1, we let (0;);>1 be the i.i.d. sequence defined by o; = %lgi, and define the random
variable Mp by My :=sup{i > 1,01 + -+ 0; < T'}. We have

E[#{i > 1:T; <T}] <E[N7] +1 < E[Mr] +1,

since for all ¢ > 1,7; > 0; almost surely. Since the sequence (0;);>1 is i.i.d., it follows from a

classical result of renewal theory that E[Mr| < oo, which terminates the proof. O
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2.3.3 Law of the process
Proposition 2.3.2. Let pg € P(D x R™) and consider the process (X¢, Vi)i>0 from Definition
2.3.1. Set, for allt >0, f; to be the law of (X3, V;), and define the measure p on X by

p(dt,dz,dv) = fi(dx,dv)dt.

Then p is a weak solution to (2.1.1) in the sense of Definition 2.2.1. Moreover t — f;(dx,dv)

is right-continuous from (0,00) to P(D x R™) endowed with the weak convergence of measures.

Remark 2.3.3. The boundary measures corresponding to p in Definition 2.2.1 are given by
pi(A) = E[ Y Lz vmpeals A € B((0,00) x 9:G).
i>1

Proof of Proposition 2.3.2. From its definition, it is clear that p is a non-negative Borel measure
on ¥. For all T > 0,

T
p(0.7) % 6) = | Bllyxvpesldt < T,
so that p is also Radon.

For i > 1, we introduce two probability measures py on Ry x 9+G: pi is the law of the
triple (T;, Xr,, Vr,—) and p® is the law of the triple (T;, Xr,, V).
We now prove that for all i > 1, p' = Kp . For B € B(R; x 0_G), using the definition of

(Vi)e>0, we have

p-(B) = E[1(1, xy, vr,)cB]

:E[a(xﬂn( —HE[(l—a(XTi))l(

T;, X1, Ri®(X1,,0,)) EB} Ti Xy mxo, (V) GB}

Using (2.3.1), we deduce,

p-(B) = / / ()L (t0,w)eBy oM (w)[w - ng|dwp', (dt, dz, dv)
(0,00) X0+ G J{wER™ ,w-ny>0}

i /(U,OO)X6+G Ltanwneny (L = O‘(@)Pi(dt, dz,dv)
= Kp'(B),

recall (2.2.2). Setting py(A) =3 ;51 p' (A) for all A € B(Ry x 84G), p_(B) = > ;5 p'(B) for
all B € B(Ry x 0_G), we deduce that p_ = Kp; on Ry x 0_G.
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We now prove (2.2.6). Let ¢ € D(X). We have, by definition of p and using Definition 2.3.1,

o0
(0, Ld)s = [ E[Lé(t, X;,Vy)]dt
0

= E Zl{T <t<T+1}L¢(t XT + (t - i)VTwVTi)}dt

A

= Z [/ wd ( (t, X, + (t— i)VTi,VTi))dt}.
—0 T;

[e=]

it

1
(D1 + Vi, - Va)b(t, X, + (£ — To) Vi, Vi )]

As a conclusion,

(p, Lo)s = {Z¢ Tiv1, X1, + (Tit1 — i)VTNVTi)} —E[i ¢>(Ti,XTi,VTi)]
i=0 i=1

— E[¢(0, Xo, V)]
= E{Z ¢(Ti+17 XTi+17 VTi+1_):| - <:0—> ¢>(O,oo)><8,G - <;00, ¢(0> ')>D><R”
=0

= <p+7¢>(0,oo)><8+G - <p*7¢>(0,oo)><8,G - <p0>¢(07 ')>D><]R”7

which concludes the proof that p is a weak solution. Observe that all the computations above

can easily be justified because there exists some 7' > 0 such that supp(¢) C [0,7] x D x R".

The right-continuity of ¢ — f; on (0,00) is a straightforward result given that (X¢):>o is

continuous and (V;)¢>0 is cadlag on (0, c0) according to Definition 2.3.1. O

In the next proposition, we study the regularity of the solution given by Proposition 2.3.2

in the case where the initial data pg has a density in D x R".

Proposition 2.3.3. For py having a density fo € L'(D x R™), the Radon measure p defined
in Proposition 2.3.2 admits a density f with respect to the Lebesque measure in Ry x D x R™,
Moreover, f € C([0,00); L'(D x R™)). The non-negative measures p+ satisfy

p+(dt,dz, dv) = v4 f(t, z,v)|v - ng|dtdxdv on (0,00) x 0+G,

where vf € LY([0,T] x OD x R™, |v - ng|dvdzdt) for all T > 0 is the trace measure of f given
by Theorem 2.2.1 and where we write v+ f for its restrictions to (0,00) x 0+G.

Observe that we can indeed apply Theorem 2.2.1 because (i) we have the inclusion
LY([0,T) x D x R™, |v - ng|dvdxdt) C L . ([0,00) x D x R, (v - n,)2dvdxdt), and (ii) Lf =0
in D'((0,00) x D x R™) since p is a weak solution to (2.1.1), see Step 7 below.
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Proof. Recall that for ¢ > 1, pi denotes the law of (T;, X1, Vi), with the sequence (T;);>1
and the process (X¢, V;)i>0, of Definition 2.3.1. For all i > 1, we also write p’ for the law of
(na XTia VTZ)

Step 1. We show that p! has a density with respect to |v-n,|dvdzdt. For A € B(R4 x 9.G),

PL(A) = ELyny xa, i, eay] = EIL{(X0,V0)0(X0 V) Vo) A}

:/Dan L{(¢(x0) q(zw)w)eay fo(z, v)dvde.

For any fixed v € R™, the map = — (y (z,v),s = ((z,v)) is a C* diffeomorphism from D to

=q
{(y,s) :y € 0D,v-ny, <0,s€[0,({(y,—v))}, and the Jacobian is given by |v - n,|, see Lemma
2.3 of [54] where 7,(z,v) = ((z, —v) with our notations. Applying this change of variables, we

obtain
1 C(y’fv)
A = [ [ L gueafoly = sl myldsdudy.
8,6 Jo

Hence pl has a density with respect to the measure |v - ng|dvdzdt on Ry x 9,.G.

Step 2. We show that for all ¢ > 1, assuming that pi has a density gi, p’ has a density
g* with respect to the measure |v - n,|dvdzdt on Ry x O_G. For A € B(R; x 0_G),

P(A) = E[L (1, X0 Vi, )e )]
= E|:a(XTi)1{(Ti,XTi,Riﬁ(XTi»@i))eA}} + E{(l - a(XTi>)1{(Ti:XTi777XTZ. (VTZ-—))GA}:|’

where we recall that 7, (v) = v — 2(v - ng)n,. We obtain, recalling Lemma 2.3.1,

p=[ o[ 1 aneaycoM W) - ngldv') g (7. 2, 0) o - ny|drdvdz
0+ GxRy {v'-ny>0}

+ / / (1 - a(x))l{(T,x,nx(v))EA}gi(Tv x, U)|U ) nm|d7dvdx
0+G JR4

~ | Yewen (a@ed () [ gimao)lo:ngldo) - nldrddd

8_GXR+ {vnz<0}

+ /&G /R+ L(rzw)ca) ((1 —a()g. (t,z,0 —2(v - ngc)nm)) v ng|drdudz,

where we have used that the change of variable v — (w = 7, (v)) is involutive for any x € 9D.
We conclude that for (¢, z,v) € (0,00) x 0_G,

g (t,z,v) = oz(q:)coM(v)/ g’ (t, z, 0"V ngldv’ + (1 — a(x))g'(t, z,v — 2(v - ng)ng),
{v"-ng<0}

and therefore for all i > 1, p° has a density with respect to |v - n;|dvdzdt on Ry x 9_G.
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Step 3. We show that for all i > 1, for all ¢ > 0, assuming that p’ has a density ¢* , the
law f{ of (Xy, V;) restricted to (T3, T;11) has a density on D x R™ with respect to the Lebesgue
measure. For A € B(D x R"),

fZ(A) = ]E[l{(Xt,Vt)GA}1{T¢<t<Ti+1}]
= B[L{(x7, +(t—T0) Vi, Vi) e Ay T <t< T (X1, Vi )}
t .
= /8 G/O L@t (t—rywp)ear Yr<t<rc(zo}|v - nelg” (7, @, v)drdvdz.
For any fixed v € R, t € (0,0), (z,7) = (y = = + (t — 7)v), is a Cl-diffeomorphism from

{(z,7) € 9D x (0,00) : v-ny >0, 7 <t < 74 ((x,v)} to D such that z = q(y,—v),
t — 7 = ((y, —v) and is the inverse of the C'-diffeomorphism of Step 1. Hence, its Jacobian is

given by —— # 0, and we obtain,

[v-ng]

) = [ Lguenst (= Gy —0).aly. ~v), 0)dydo,
DxR"™
and therefore f has a density gi over D x R™.

Step 4. One easily shows that for all ¢ > 0, f?, the law of (X;,V;) restricted to [0,7}) also
has a density with respect to the Lebesgue measure. Indeed, it is enough to write, for any
A e B(D xR"),

FPA) = Bl gery (Xo+tve o)A}

and to use that (X, Vj) has a density.

Step 5. We now prove that, for all i > 0, if f{ has a density g for all + > 0, then pfl has
a density with respect to the measure |v - n,|dtdvdx on Ry x 04G. For A € B(R; x 0+.G),
pﬁ'l(A) = E[l{(Tz‘H,X

Vr, )GA}]

Tiy1)VTiqp1—

Tit1 1
= E[/T 1{(T’i+1’XTi+l7VTi+1_)eA}mdt:|
— /Oo E|:1 1{Ti<t<Ti+1} :|

0 {(tJrC(Xt7Vt)7q(Xt,Vt),Vt)€A}t+C(Xt7%) — (t—C(Xt,—Vt))
= 1 H(z, v)dvdadt.
/0 /Dan (e alo) e} 7o e G vy — (6 — ((=, —v))gt(x’ v)dvdz

We used that for t € (T3, Ti41), Ti =t — (( Xy, = Vi), Tipr =t + (X, Vi), X1y = q(X4, Vi) and
Vi,
t € R* and a fixed v € R™, we consider z — (y = ¢q(z,v),7 =t + ((z,v)). This diffeomorphism
from D to {(y,7) € D x (0,00) : v-n, < 0,t <7 <t+((y,—v)} has a Jacobian equal to

dt

= V;. We use a slightly modified change of variables compared to Step 1: for a fixed
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|v - nyl, as in Step 1. Therefore, since ((z,v) + {(x,—v) = ((y, —v) and z =y — (7 — t)v,

z+1 Ty,v)eA} ;
L{r—¢(y,—v)<t<r — (1 — v, v)|v - ny|drdvdydt
/ /8+G/ ¢y, —v) {r=L(y,—v)<t< }gt(y ( ) ) y| Y

= T9) Hy — (1 — t)v,v)dt)drdvdy,
/B+G/ Herwmen vl —v)(/f gy PO T T I0Y) Jarddy

and this shows that p’"! has a density with respect to the measure |v-n,|dvdzdt on (0, 00) x 04 G.

Step 6. From Steps 1 to 5, we conclude that for all i > 1, p%, have a density g} with
respect to the measure |v - ng|dvdzdt on (0,00) x 0+G. Thus, p+ = 3 ;5 pli also have a density
with respect to |v - ng|dvdzdt on (0,00) x 0+G that we write g+. The function defined by

g(t,aj,v) = g+(tamav)1{v~nw<0} +g*(tax7v)1{v~nx>0}> (tvajyv) € Ry x oD x R", (236)
belongs to L([0,T) x D x R™, |v - n,|dtdxdv) for all T > 0, because
p+([0,T) x 0+G) =E[#{i : T; <T}] < o0

by Proposition 2.3.1. Consequently, g belongs to LL _([0,7) x D x R", |v - n|?dtdzdv). A
second conclusion from those steps is that the measure f; has a density on D x R™ for all ¢ > 0.

Hence p has a density f on Ry x D x R™.

Step 7. Note that, because p(dt,dz,dv) = f(t,z,v)dtdzdv satisfies (2.2.6), we obviously
have that f satisfies
Lf=0¢€D'((0,00) x D xR").

Using Theorem 2.2.1, we conclude that f € C([0,00); LL (D x R")), and then that f belongs
to C([0,00); L'(D x R™)) since for all £ > 0, f(t,.) is a probability density.

Step 8. There only remains to prove that the function g defined by (2.3.6) is the trace of f in

the sense of Theorem 2.2.1. We want to show that for any 0 < ¢y < t1, any ¢ € D((0, 00)x D xR™)
such that ¢ =0 on (0, 00) x dyG, we have

/t;h /GfL(j)dvdxdt = [/Gf¢dvdg;}:) _ /tjl /(,)DX]R” g(t, z,v)(ng - v)ddvdadt.

By substraction, this can be reduced to proving that

t1 t1
/O/GngZ)dvdmdt = /Gf(tl,x,v)qb(tl,x,v)d$dv _/0 /aDXRng(nm-v)gbdvdxdt, (2.3.7)

for any t; > 0, any ¢ € D((0,00) x D x R"), ¢ =0 on (0,00) x 9oG.
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t—t

For any € € (0,1), let Be(t) = L(g4,)(t) + e o 1jt, t14+¢)(t). Applying (2.2.6) with the test
function f.¢, recalling that p(dt,dx,dv) = f(t,z,v)dtdzdv, ps(dt,dx,dv) = g+(t, z,v)|v - ng|
so that (py — p-)(dt,dz,dv) = —g(t,x,v)(v - ng)dtdzdv, we find

/0 h /G BLf ¢dvdadt + /O h /G 8. f Lodvdadt = — /0 h /a o na)fepdvdadt

We rewrite this equation as
A+ B+ C.=—D,

by setting

t1+e
Ae - /t /G ﬁé(t) (f(tvxa U)¢(t7x7 U) - f(tla ZE,U)(]S(tl,$,’U))d’UdIL‘dt,
B=-[  ftw0)s(t,e0)deds,

C. = /0 /G B.f Lodvdadt,

D, = /0 /a g n)fdvdad,

where we used that fttlﬁe BL(t)dt = —1. We have

Al swp | [ (fw0)élt ) - St )6t o) duds]| x /t”e 1BL(t)|dt.
te[ty,ti+e] '/ DXR™ t1
Hence A. — 0 as ¢ — 0, because f € C(]0,00), L*(D x R™)) and by regularity of ¢, see Step 7.
Since B¢(t) < 1 for all t > 0, since f € LL (R} x D x R"™), by regularity of ¢, and since
Be(t) — 1pg4,1(t), a straightforward application of the dominated convergence theorem gives
that C. — [o* [ fLodvdzdt as e — 0.
The same argument, along with the fact that g € L1((0,7) x 0D x R™, |v - n,|dtdvdx) allows
us to conclude that

e—0

t1
lim D, = / go(v - ng)dvdzdt.
0 0D xR"

Overall, we obtain that g satisfies (2.3.7) for any t; > 0, any ¢ € D((0,00) x D x R?) with
¢ =0on (0,00) x JG, so that g is the trace of f in the sense of Theorem 2.2.1.
]
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2.4 The convex case

In this section, we prove Theorem 2.1.1 in the easier case where D is a C? uniformly convex
bounded domain (open, connected) in R".

The strategy is to build a coupling of two stochastic processes with the dynamic of Definition
2.3.1, (X¢, Vi)¢>0 with initial distribution fo, (Xt,f/t)tzo with initial distribution g, where
oo 18 the equilibrium distribution. For this couple of processes, two different regimes can be
identified: a low-speed regime and a high-speed regime.

In a first step, we collect several results on the high-speed regime. In this situation, we find
a coupling which is successful, in a sense to be defined, with a probability admitting a positive
lower bound. In a second step, we detail the construction of the processes. Finally, we prove
that

T=f{t > 0: (Xets)s20 = (Xets)s20, (Vits)sz0 = (Virs)s>0}, (2.4.1)
satisfies E[r(7)] < oo.

2.4.1 A coupling result.

Recall the notations hg, T introduced in Lemma 2.3.1. Since M admits a density, there exists
a > 0 such that,

a oo
/ ha(z)de > 0, / ha(z)de > 0, (2.4.2)
0 a
and we assume for simplicity that a = 1 in the sequel. Recall also that A = (=75, %) x [0, 7|2,
and d(D) := sup ||z — yl||, which corresponds to the diameter of D. We introduce some

(z,y)eD?
more notations.

Notation 2.4.1. We define four maps:

i. the map £ : 0D x Ry x A — Ry, such that
§(x, 7, 0) = ((z,rd(x,0)),
ii. the map y: 0D x A — 0D, such that
y(,0) = q(z,0(x,0)),
iii. the map €: D x R” x R x A — R, such that

E(z,0,7,0) = ((2,0) + ((q(@, v), r9(q(, ), 0) ),
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iv. the map §: D x R® x A — 9D, such that
i(2,0,0) = q(a(x,v), 9(a(,v),0)).

The main result in this section is the following proposition:

Proposition 2.4.1. There exists a constant ¢ > 0 such that for all xg € 0D, &g € D, 79 € R"
with ||tg| > 1, there exists Myyz05, € P(((0,00) x A)?) such that, if (R,0,R,0) has law
Ay 70505 bOth (R,0) and (R, ©) have law Y, and for

Ezo,i‘o,ﬁo = {(7'79,7:, HN) € (R-l- X A)Z : y(x()?e) = g<i.07607§)7€<x077n7 0) = g(i’071~)07f79~>}7
we have
P((R,0,R,0) € Eyy20.50) > C- (2.4.3)

The rest of this subsection is devoted to the proof of this proposition.

Lemma 2.4.1. There exist two constants r1 > 0 and c; > 0 such that for all (z,y) € (D)2,

Lo (G =) melle =) e A (1= 9) (=) el 2 1. (24.4)

Proof. Without loss of generality we assume that 0 € D. Recall that we write H for the n — 1
dimensional Hausdorfl measure.

We show first that there exists ¢ > 0 such that for all (z,y) € (8D)?, H(Ayy) > ¢, where
Agy:={2€0D,||z—z| ANl|z—yl| > ri} for some r; > 0. Set ro := inf,cpp || 2]|.

Note that for all (z,y) € (D)2, for 6 € (0,1), with r; = rgv/2 — 26, we have the inclusion
Apy C AL, = {z€0D, 51 17 <5,L-H—5H < 0} since for all z € A!

2] z,y”

le = 21* > llll* = 28l lll=l + [l21* > (lz]l = I21)* + (2 = 28) [l [l2]| > %, (2.4.5)

and |y — z|| > r1 as well.

Let ¢ : R™ — R"™ defined by ¢(z) = W
on the closed ball B(0, %) := {2z € R, ||z|| < 2} and is thus 1-Lispschitz. By definition of r,
setting S := {y € R", ||ly|| = 2}, we have ¢(0D) = S.

We apply the following statement: for m € N*, for any Lipschitz map f : R"™ — R™ with
Lipschitz constant L > 0, for any A C R™,

ro for any = € R™. Note that ¢ is the projection

H(f(A) < L™H(A), (2.4.6)
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see [94, Theorem 7.5]. We obtain that

u-eq
? ]

if < 0 for some &y > 0 not depending on = and y, since H({u € S < ¢}) converges to 0

when ¢ goes to 0.

To conclude, it suffices to use that

inf [(a—b)-ng| >0,
(a,b)e(8D)2,||a—b||>r1

which follows by compactness from the fact that D is C'!, bounded and uniformly convex. [J
Recall that the constant ¢y is defined by (2.1.2).

Lemma 2.4.2. For x € 0D and V' ~ cogM (v)|v - nz|1fym, >0y, the law of (¢(x,V),q(x,V))
admits a density pi, on R x (0D \ {x}) given by

z—:c> 1

,LLx(T,Z):CoM< m\(z—z)an(z—x)nz\

T

Proof. Let A € B(Ry x (0D \ {z})). We have

P((C(%V)M(%V)) € A) :/{ o) Li(¢(aw)qzw))eaycoM (v)|v - ngl|dv. (2.4.7)

We show that this quantity is equal to

I —/ / 1{(TZ€A}C()M< )Tn+2](z—x)~nm\|(z—x)-nz]dzd7.

Consider the change of variable (7,2) — v given by v = =% =: ¢(7, ). Note that by uniform
convexity, we have v - n, > 0 and (1,2) = (¢(z,v), q(x,v)). The map ¢ is a C* diffeomorphism
between Ry x (0D \ {z}) and {v € R",v-n, > 0}. Note that

1. the tangent space to Ry at 7 € Ry is R,
2. the tangent space to D \ {z} at z € D\ {z} is nt C R™,

3. the tangent space to {v € R", v-n, > 0} at v is R™.
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For (1,2) € Ry x (0D \ {z}), the differential of ¢ in the direction (s,y) with s € R, y € n}

is given by
(z —x)s

Y
Dd)(r,z) (Say) = ; - 2

-
Let (f1,..., fn_1) be an orthonormal basis of n}, f, such that (f1,..., fu_1, fn) is an orthonor-
mal basis of n; x R. The Jacobian matrix of ¢ in the bases (f1,..., f,) for nf x R and
(f17 ) fnfl, nz) for R™ is thus

O A=
A= O
o O
w
|
.
<
o

Jp(T,2) =

o o
o
o A=
—
)
&
3
183

The Jacobian at the point (7, z) is therefore given by Kz;f%

Recalling (2.4.7), using that (7, z) = (¢(z,v), ¢(z,v)), we find

M
I= /{U-nz>0} 1{(g(m,v),q(x,v))eA}Cogu%|C(JU, v)(v - ng)|dv = IP((C(Q:, V), q(z,V) € A),

as desired. ]
With the help of Lemmas 2.4.1 and 2.4.2, we prove Proposition 2.4.1.

Proof of Proposition 2.4.1. In a first step, we derive an inequality from which we will conclude

in the second step, using the classical framework of maximal coupling.

Step 1. We show that, for A = (9D)? x [0,d(D)), there exists ¢ > 0 such that

inf / / [ (7, 2) A pz(T — £, 2)]drdz > c. (2.4.8)
(z,Z,t)eA JOD Jt

We have, using Lemma 2.4.2, for any (z,%,t) € A4,
J = / ﬁ [ (7, 2) A pz (T — £, 2)]drdz
oD Jt

b1 _ 1
> ~/{z€8D,z—a:|/\z—5:||2r1} /bo ([M(Z = x)m’(z —x) - ngl|[(z —x) - nz”

z—T 1
" [M<7'—t~> (T—f)"+2|(z

—7) ngl|(z = 7) - || ) drdz,
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where by = d(D)(‘Sl;lrl) and b = d(D)(%g'l), recalling the definition of §; from Hypothesis

2.1.1. Indeed, by > d(D) > t. For 7 € (by,b1), 2,y € OD with ||z — y|| > r1, we have

0<

r_ Dzl _ =yl _, 2=yl

<
by S o7 Shgmpy =

whence, recalling the definition of M from Hypothesis 2.1.1,

M) A () 2 () () 2

T T—t T T—t

where k1 = ) min M (v) > 0 not depending on (x,Z,f). We obtain, using Tonelli’s theorem,
<ol <é1
b1

that

br 1 d
J>CH1/ ——dT
= ©0 bo n+2

x /{zeap,||z_z|w|z_i.2ﬁ} (1 = 2) - mall(z = @) -] A [l = ) - gl — @) - ] =

We conclude by applying Lemma 2.4.1.

Step 2. Recall that zy € 0D, &y € D, U9 € R™ such that ||9y|| > 1 are fixed. Set = = x,
T = q(%o,700) and t = ((Fg,70) < % < d(D), . Classicaly, using (2.4.8), one can couple
(S,Y) ~ pgy and (S,Y) ~ pz so that P(Y =Y, S = S+1%) > c. Recalling that, if (R, 0) ~ T and
(R,0) ~ Y, (£(z, R, 0), q(x,0)) ~ uz and (£(Zo, 0o, R, ©) — 1, §(Z0, 09, ©)) ~ pz, the conclusion

follows. O

2.4.2 Some more preliminary results.

Recall that the function r : Ry — Ry is non-decreasing, continuous, and that there exists
C > 0 satisfying, for all (z,y) € (Ry)?, r(z +1vy) < C(r(z) +r(y)).

Remark 2.4.1. There exist C > 0, 8 > 0 such that for all n > 1, for all 21,...,x, >0,

r( Z xz> < Cnf Z r(z;). (2.4.9)
i=1 i=1
Proof. If n =2P p € N, we have
2p 2P
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In the general case, setting 2; = 0 for all j € {1,..., 2008200+ \ {1 'n} we obtain

74(zn:ajz> _ r(?[logzz(rf)] ) < C[log2(n ]+1(Zn:74 2[10g2( n)+1 n)r(()))
i=1 i=1 i1

< 20nts2(0) Z

where we used that 7(0) < r(z;), that 20082+l _p < 5 and that Cleg2(I+1 < Oplos2(C) -

Lemma 2.4.3. Let (Gi)k>0 be a non-decreasing family of o-algebras, (Tx)k>1 a family of
random times such that Ty, is Gi-measurable for all k > 1. Let (Ey)r>1 o family of events such
that for all k > 1, Ey € G and assume there exists ¢ > 0 such that a.s.

Set G = inf{k > 1, E}, is realized}, which is almost surely finite. Assume there ezists a positive
Go-measurable random variable L such that for all k > 1, (note that {G > k} € Gx_1),

I{GZk}E[T(Tk—H — Tk)|gk_1] < L and E[T(Tl)|g0] < L. (2411)

Then
Elr(r¢)|Go] < KL,

for some constant k > 0 depending only on ¢ and the function r.

Proof. For all j > 1, on {G = j}, setting 79 = 0, we have 7¢ = Zg;& (i1 — 7i). Hence, using
(2.4.9),

Jj—1
(ris1 = 7)) 1{6=|Go]
0

1=

B[00 = 3B

o0 7—1

<OZ] E|: r(Ti+1 — )(ﬁ1E£>1EJ
j=1 k=1

1=0

00 Jj—1
[=cX> "> uy  (2412)
j=1 =0

the last equality standing for the definition of u; ;. By convention, we give the value 1 to any

product indexed by the empty set. Note that for any [ > m > 1, using (2.4.10),

l

£[(1T1s)

G| =E[( H 15 JE[Lggl Gl 1] < (1= E[( H 15)

Gm— 1}
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Iterating the argument,

[( 11 14:)

k=m

L] <ot (2.4.13)

We first bound wu; ; in the case where i > 1 and j > i + 2. We have, using that 1p, < 1 and
that {G >} on E{N---NES |,

i+1

ujj < E[ Titl — Ti ( H 1E") ( H 1Eg>1{czi} QO}
k=i+2 =
< E[ (Tit1 — (ﬁ 1EC)1{G>1}E[ H 1ge Qz+1} ‘QO}
k=i+2
S (1 — C)jiiiQE[T(Ti_H — Tz)(ﬁ lEg)l{GZi} go}
k=1

by (2.4.13). Using (2.4.11), that 1ge, 1ge <1 and the fact that {G > i} € Gi—1, we deduce
that

UZJ < (1 — C) —i= QE [1{G2i}E [7“(7'@'+1 - gO}

i—1
Ti) gzel} 111z
k=1

i—1
< L(1— "B [ [T 1ig|Go] < L1 = ),
k=1

where we used (2.4.13). Using similar (easier) computations, one can show that
upq < L, andforj>2, wug; <L(1-— c)j_2 and w1 < L(1— c)j_2.

We plug-in those results into (2.4.12) to conclude, splitting the sum over the cases j =1, j = 2
and j > 3, that there exists a constant x > 0 depending only on r and ¢ such that

E[r(r)|do] < C(L+2°F1 L+ 7 L(1 - ) %) < wL,
j=3
as desired. =

Recall, for (x,0) € 0D x A, the notation ¥(z, 0) introduced in Lemma 2.3.1. For any filtration
(Ft)t>0, any stopping time v we introduce the o-algebra F,,_ := o(AN{t <v},t e Ry, A€ F),
see [78, Definition 1.11]. We set Fy_ to be the completion of the trivial o-algebra.

Lemma 2.4.4. Let v € 0D and V = RY(z,0), with (R,0) ~ Y. Let (X, Vi)i>0 be a
free-transport process (see Remark 2.5.2) with (Xo, Vo) = (z,V) € 0_G. Set Ty = 0 and let
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Tiy1 = inf{t > T;, X, € 9D} for alli > 0. Then, for all i > 1, T; admits a density with respect

to the Lebesgue measure on R .

Proof. We set for all t > 0, F; = 0((Xs, Vs)o<s<t). Let A € B(R;) with A(4) = 0, where \ is

the Lebesgue measure on Ry. We have T} = w, so that
— Wz, 0
P(T) € A) :/ P(ch alz, (. 6))| € A)he (6)do.
A R

For € A= (-%,%) x [0,7]""%, we set A, 9 = {s € Ry, M € A}, so that
P(T) € A) = / P(R € Ayg)he(6)dd.
A

Note that A(A, ) = 0 for all § € A. Since R has a density hr with respect to the Lebesgue
measure on R, we conclude that P(77 € A) = 0, so that 77 admits a density with respect to

the Lebesgue measure on R .

Concerning T5, we introduce the event B = {Specular reflection at X7, }. Note that B is
independent of R, see Definition 2.3.1. We fix A € B(R,) with A(4) = 0.

i) On the event B, since Ty = T5 — T + 11, setting Y = ¢(z,9¥(z, ©)) and recalling (2.2.3),

e 0o ey

T
2 R R

Proceeding as for T7, we find, with the notation y = ¢(z,9¥(z,0)),

ii) On the event B°, we introduce the process (X, f/t)tzg with, X; = X7, 44, V, = V44 By
the strong Markov property for the process (X5, Vs)s>0, we have that, setting

Tl = inf{t > O,Xt S 8D} =T, -1,

T, admits a density with respect to A, conditionally on Fr,— on B€. Indeed, X7, € 0D and
is Fr, —-measurable, Vp, = R19(X7,,01) on B¢, with (R;,©1) ~ Y independent of Fr, _,

so that we can apply the previous study for 7. We obtain, since 77 is Fr,— measurable.

P(T, € ANB®) =P({Ty + T, € A}N B°) = 0.

Hence, P({T> € A}) = 0. The conclusion follows by induction. O
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2.4.3 Construction of the coupling.

In this section, we define the coupling of the two processes that we will use to prove Theorem
2.1.1, and show two of its properties.

We recall that ¢/ is the uniform distribution over [0, 1] and Q is the law on [0,1] x Ry x A
such that @ =U ® T, where Y is defined in Lemma 2.3.1. For x € 0D, & € D, v € R"™ with
|3]| > 1, recall the law A, 75 on (R4 x A)? defined in Proposition 2.4.1 .

Let (z,v,%,0) in (D x R")? with x € D or Z € dD. We define the law Iy .35 on the space
([0,1] x Ry x A)? by:

Ty 0.5.6(du, dr, do, di, di, d0) = 1g,—z, Q(du, dr, df)d,(di)d, (dF)dy(dA) (2.4.14)
+ 1gzcopy L zenynifo|>1 o> 13U (du) Ay 5.5 (dr, d9, dFF, dO) 6, (di)
+ 1oz Lizconyof o) <tyuflo<13(Q ® Q)(du, dr, df, di, dF, df).

We can now describe the global coupling procedure with the help of this law. In order to obtain

a Markov process, we introduce an additional random process (Zs)s>o with values in the set

{0y U ([0,1] x Ry x A).
Definition 2.4.1. We define a coupling process (Xs, V5, X, Vs, Zs)s>0 by the following steps:
Step O: Simulate (Xo, Vo) ~ fo, (X'O,%) ~ oo, St Zg = ) and Sy = 0.

Step k+1: Set Syi1 = Sk, + ((Xs,, Vi) A C(Xs,s Vsy)-
Set, for all t € (Sk, Sk+1), Xt = Xg, + (t — Sk)Vs,, Vi = Vs,
Xi = Xs, + (t = Sp)Vs,, Vi = Vs,.,
Z = Zs,.
Set Xg,., = Xg,.1— X5k+1 = ng+1_.
Simulate (Qr11, Qrr1) ~ T

Set Vsk+1 = V3k+1—1{Xsk+1 ZoD} + w(XSkH s VSkH—y Qk+1)1{Xsk+leaD}-

Xsk+1 ’V5k+1* Xsp 11 7V5k+1* )

Set Qpyq = Qk+11{25k+1_:®} + Z5k+1—1{Zsk+1—¢@}'
Set Vs = V5k+1*1{)~(5k+1¢8D} + w(XSk+17 Vsrii— Q;c-f—l)l{f(skﬂ €oD}"

Set Zsyy = ®1{Xsk+1€8D} + Qi’f‘f‘ll{j{sml goD}

Observe that the last line of Definition 2.4.1 rewrites as

ZSk+1 = @1{X5k+168D} + ZSk+1—1{XSk+1€8D7Z5k+177£(2)} + Qk+11{)~(sk+1QaszskJrr:@}'

Remark 2.4.2. One can readily see from Definition 2.4.1 that (X§, Vs, X, Vs, Zs)s>0 is a strong

Markov process.
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Let us explain informally this definition. The sequence (Sj)x>1 is the sequence of collisions
with the boundary of (X5, Vs)s>0 and (X' s Vs) s>0. The behavior of the coupling process is clear
between Si and Sky; for all k£ > 0. For all k£ > 1, at time Sy, we set (X,V_) = (Xg,,Vs,—),
(X, V) =(Xs,,Vs,_), Z_ = Zs,_ and we have X € 9D or X € D. We explain in Table 2.1
how we choose the new velocities (V, V) and update the value of Z. Observe that all those
cases are treated in a rather concise way in Definition 2.4.1. This leads to simpler notations

and hopefully allows for a clearer proof.

Lemma 2.4.5. Let (XS,VS,XS,VS,ZS)SZO be a coupling process. Then (Xs, Vs)s>0 is a free-
transport process with initial distribution fo (see Definition 2.3.1). Moreover, (Xs, Vs)szo s a

free-transport process with initial distribution pieo.

Proof. We write, for all s > 0, G5 = a((Xt,W,Xt,Vt,Zt)OStSS), Fs = o((Xt, Vi)o<t<s) and
F, = a((f(t,f@)ogtgs). Note first that for all i > 1, Xg, € 0D or )N(SZ. € 0D. We have, a.s.,
recalling (2.4.14) and Proposition 2.4.1,

/(~ - XAFXS_7VS_7’)~(S_7VS_7((IZU,dT, de, di, dr, df) = Q(du, dr, df). (2.4.15)
77»7 s + 1 2 1 K

Hence, with a similar argument for Q;,
L£(QilGs,—) = Q, L£(QilGs,~) = Q. (2.4.16)

We focus first on the process (X¢, V;)i>0. We introduce the subsequence (14)x>0 defined by
v =0 and v = inf{j > l/k.,X'Sj € 0D}. Comparing Definitions 2.3.1 and 2.4.1, one realizes
that the only difficulty is to verify that for all k& > 1, Q,’/k is Q-distributed and independent of
Fs, - =Fs,,_,-

Note first that, for all k > 1, {Zs, — =0} € Gs,, . Indeed, we have Zs, =0 a.s. and
thus

{Zs, - =0} = {C(Xsu,c_1 Vs, ) >Xs, |, VSuk_l)} €Gs,, - (2.4.17)

We claim that for all £ > 1,

Q;/k = 1{Zsyk—=0}QVk + 1{Zsl,k_750}QVk_1+1'
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Table 2.1 Update when X € 9D or X € dD.

X X Z_ VoAV Update
Simulate (R, O, R,0) ~ Ay sy . U~U.
cdD ¢0D 0 >1 Set (Q,Q) = ((U,R,©),(U,R,0)).

Update V using @, set V= V_ and store Q in Z: Z = Q.

Simulate (Q,Q) ~ Q® Q.

€edD &0D 0 <1 Update V using Q, set V = V_, store QinZ: Z=Q
(this is quite artificial since @ is independent of Q).

Simulate Q ~ Q.

€dD €0D 0 all values Update V and V using Q (if V_ = V_ then V = V).
X=X Set Z = ().
Simulate (Q, Q) ~ Q9.
€ oD € oD, 0 all values Update V using @ and V using Q.
X#X Set Z = 0.
Simulate (R, O, R,0) ~ Ay . U~U.
€cdD ¢aD #0 >1 Set (Q,Q) = (U, R,©), (U, R, ©), update V using Q.
Set V' = V_. Leave Z unchanged: Z = Z_ (Q is useless).
Simulate (Q,Q) ~ Q® Q.
€dD ¢&€0D #0 <1 Update V using @Q, set V =V_.
Leave Z unchanged: Z = Z_ (Q is useless).
Simulate @ ~ Q.~
€ oD € oD  #1 all values Update V using @, update V using Z_.
X=X Clear Z by setting Z = ().
Simulate (Q, Q) ~ Q® Q.
€ 90D € oD  #1) all values Update V using @), update Y using Z_.
X#X Clear Z by setting Z = () (Q is useless).
Simulate (Q, Q) ~Q9®a0.
goD €9D 0 all values Update V using @, set V =V_.

Set Z =0 (Q is useless).

Simulate (Q,Q)~Q® Q.
0D €dD #0 all values Update V using Z_, set V = V_.
Clear Z by setting Z = 0 (Q, Q are useless).
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Indeed, we clearly have ijk =Q,, on {Zs,, — =0}, and, by (2.4.17) and since Zs, =0 as.,

Vk—1

{Zs, - # 0} ={((Xs,, Vs, ) <((Xs, Vs, )}

c{Xs, ., €0D,Xs, ., €0D,Zs =0}

Vp—1+17
C{Zs,, 1= Quprt1, k> Vi1 +1}
C {Zsuk_ = ka—ﬁ'l}'
This concludes the proof of the claim.
Using (2.4.16), for all k > 1, £(Qy,|Fs,, -) = Q and L(Qu,_,11(Gs,, ,.,—) = Q. Consider
a function ¢ € C°(]0,1] x Ry x A). For k > 1, we compute

E[0(Q)|Fs., | = E[6(Qu)lizs, =0y Fs, | +E[6(Qu 1) Lyzg, 203l Fs., ]

= E|:1{Zsuk_:@}E|:¢(QVk)|gsuk_:| ‘ﬁSVk—1:|

+E {1{23%77&@}1[‘3%(@%71“) [T ‘J’%SV,Q,J ,

using (2.4.17) and the fact that fsuk_l C Gs,

remarks on the conditional law of ka, Qu,_,+1, we obtain

C Gs,, 41— C Us,, —- From the previous
< s B . .
E[QZ)(Q%”‘FS%A] - /[071]XR+ib£‘x)Q(dx) (E[I{ZSV,;:@}LFS%A] +E[1{Zsuk*7ém}|]:sl'k71])’

from which we conclude that £( N{,k ’]i—g”k_) = Q, as desired.

The argument for (X, Vs)s>0 is similar and much easier since for all j > 1 such that Xg; is
in 0D, Vs, = w(Xs;, Vs, —, Q) with L(Q;|Fs,~) = Q using (2.4.16) and that Fs, C Gs,—. O

J

Lemma 2.4.6. Let (XS,VS,XS,V;, Zs)s>0 be a coupling process. Then for allt >0,
(X, Vi) = (X1, V2), Ze = 0} C {(Xits, Virs)s>0 = (Xis, Vigs)s>01-

Proof. According to Definition 2.4.1, on the event {(X;,V;) = (X;, V;), Z; = 0}, there exists
k > 1 such that Sy =t + (X, V;) =t + C(Xt, Vt) and we have

(X0 Vi) = (R0 W), 20 = 0} € {(Xs,-, Vi) = (X5, Vs, ), Zs,- =0},

and (X, Vs)i<s<s, = (XS, ‘75)75§S<Sk' We then have, according to the definition, the equality
X, = Xg,— = X’Sk_ = X’Sk and Zg,— = (). Also, by definition of FXsk—,Vsk—,Xsk—,Vsk—’ since

Xg,— = X s,—, we have Qj, = Q). with the notations of the definition. From there we obtain

Vs, = w(Xs,, Vs,—,Qr) = w(Xs,,Vs,—,Qr) = Vs,, and Zg, = 0.
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Hence (Xs, Vs) = (X'S, VS) and Z; = () for all s € (Sk, Sk+1]. We conclude by iterating this

procedure. ]

2.4.4 Proof of Theorem 2.1.1 in the convex case.

We recall that the set D is a bounded C? domain, uniformly convex in this section. The
function 7 defined on R, is such that there exists C' > 0 satisfying, for all (z,y) € (R;)?,
r(x+y) < C(r(z) +r(y)). The function M : R"™ — (0, 00) is radially symmetric and of mass
1 with [g. [Jv]|M(v)dv < co. The function a defined on 0D is uniformly bounded from below
by ap > 0. Finally, peo(dz, dv) = ]\gl{) dzxdv is the equilibrium distribution. Recall that hg is
defined by hr(s) = cgs"M(s) for all s € Ry with c¢g a normalization constant, see Lemma
2.3.1. We define the constant Cy > 0 by

CO:maX(/[)XR[<d( ))fo(d dv), /D r(d(D)),uoo(da:,dv), (2.4.18)

o] xke ||

[ (B2 hatepas).

which is finite using (2.1.5) and since

d
/RJ( (S))W s = / ( |)H ol| M (v
/{v<1} ( ) d”*’"(d(D))/ o] M (v)dv

{llvl>1}
In this whole subsection k and L denote some positive constants depending on r, D and «y,

whose value is allowed to vary from line to line. Recall Remark 2.3.2 for the definition of a

free-transport process with initial distribution d, ® d, with (z,v) € 9+G.

Lemma 2.4.7. There exists k > 0 such that if (x,v), (Z,0) € (D x R")UJLG and (X, Vi)i>o0,
(X't, ‘725)120 are two possibly correlated free-transport processes with initial distributions 6, & 0,

and 0z ® 05 respectively, setting

= inf{t > 0, |Vl # |[oll, [IVell # lI2]1},

we have

E[r(T)] < /i(l —i—r(d(D)) —i—r(d(D))).

o] 2]

Proof. We introduce the sequence (1%)x>0 by setting first Tp = ((x,v) so that Tp = 0 in the
case where (z,v) € 04+G, and for k > 0, Ty41 = inf{t > Ty, X; € 0D}. We introduce the
filtration F; = o((Xs, Vi)o<s<t). We also set Sy = inf{t > 0, ||V;]| # ||v||} and introduce S;
given by S; = inf{t > 0,||Vi|| # ||9]|}. Note that 7 = S; v 5.
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Step 1. We prove that

E[r(S1)] < ﬁ(r(d(D)) + 1).

o]l

We write (U;, R, ©;)i>0 for the sequence of Q-distributed vectors such that for all i > 0,
VTi = w(XTi7 VTi_7 Uiv Ria 61)7

with Vo = v. Set A, = {||Vr, || # |Vr,,—||} for all n > 0 and N = inf{n > 1, A, is realized} so
that S1 < Ty (S1 may differ from Ty if © € 9D). We first use Lemma 2.4.3 to prove that

E[r(Tw — T1)|Fr-] < w1+ 7( ﬁléij' ))- (2.4.19)

1. We set for all k > 0, Gy = Fr,,, -, and for k > 1, 7, = T}.y1 — T1 which is Gg-measurable,
Eyx = Ag € Gi, so that G = N, with G = inf{k > 1, F}, is realized} corresponding to the

notation of Lemma 2.4.3.

2. For all £ > 1, we have P(Ey|Gr—1) = P(Ak|Fr,—) = P(Ur < o(X7,)) > o9, whence
(2.4.10).

3. We have, by definition of Cj,

Blr ()60l = Bir (T ~ 1017 ] < B (L) 7] < o+ (A2,

since ||V || = [[Vry 114, + [[Vrp[1ag with L([[Vr, [[[A1) = hr.
For all k > 1, since ||Vq,—|| = ||V || on {N > k}, we obtain,

Lo Elr(mrg1 — m)|Gk—1] = 1{N2k}E[T(Tk+2 - Tk+1)’ka7]

< E[r () (Lo + Lo

+1lag,,na, + 1Ak+1mAk)1{\\VTV||:||VTO||}’ka—}

d(D
< (i) + 200

because ||Vr, .|| = ||Vr, || on Aj, N Af ;| and the last three terms are bounded by Cy since
we clearly have L(||Vp, |||Ax) = hg for all n > k > 0. We have proved (2.4.11).
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Applying Lemma 2.4.3 we conclude that there exists x > 0 such that (2.4.19) holds. To

conclude this step, note that

E[r(S1)] < C(E[E[r(Tn — T)|Fn,-]] + E[r(T1 — To)] + E[r(10)])
d(D d(D d(D
< (el +r ()] =l () + (7))
< H(l +2C, + 37«(‘1"(5"))),

since ||Vpy || = Vi, 114, + [J0][1ag with L([[Vz, [[|Ao) = hr.

Step 2. We apply the previous step with the process (X s VS) s>0 and conclude that

)

E[r(S1)] < k(147 ( 5

Step 3. Since 7 = S; V 51, we conclude that

E[r(T)] < E[r(S1)] + E[r(51)] < 5(1 + r(d(D)) 4 r(d(P)»
O

Lemma 2.4.8. There exists & > 0 such that if (x,v), (Z,0) € (D x R*)UJ+G and (X, Vi)e>o,
(X't, Vt)tzo are two independent free-transport processes with initial distributions d, ® d, and

0z ® 05 respectively, setting
S =inf{t >0, X, €D, Xy € D, |Vie | A Vi || 2 1, Ve || # 0]l Vel # [[311},

we have
Bl ()] < w(1+r(50) +

40

2]

Proof. We introduce the filtration F; = o((Xs, Vs, X, ‘73)0§s§t)- We also introduce the stopping
times 7" = inf{t > 0, | V;|| # [lvll, [Vi]| # [[3]|} and

S1 = inf{t > 0,X; € 9D, Vi || # [|all, [IVe-|| # [lv]]}.

Step 1. We prove that

]E[r(51)] < /6(1 +r<d(D)) +T(d(P)>>

[v]] 2]

Note first that S; < T +C (X7, V) since for all t > T, almost surely, || Vz|| # ||v], |Vi]| # ||9]|
and because )N(7—+U()~(T"7T) € 0D.
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Applying Lemma 2.4.7, we find that

E[r(T)] < K(l —i-r(d’fﬁ)) —i—r(d(D))).

Hence, noting that £(||V7||) = hg, we obtain

E[r(S1)] < C(E[r(T)] + E[r(¢(X7, Vir)])
< w1 r(0) +r (G B (FED]) < (o (550 (550)):

d(D)
IVTH)] < Cy, see (2.4.18).

where we used that E[r(

Step 2. We set Sy = 0, define S; as in Step 1, and set, for n > 1,
Sn1 = inf{t > 5y, X, € OD, |V || # Vs, Il Vel # IV3, _II}-

We set, for all n > 1, B, = {[|[Vg _[| A ||‘~/§n_|] > 1} and G :=inf{n > 1: B, is realized}. The
aim of this step is to check that

E[r(Sa)] < #(1 —i—r(d(D)) +r(d(f)))).

We plan to apply Lemma 2.4.3.

1. We set, for all £k > 0, G = ]-"gr, and for all k > 1, 7, = S;, which is Gz-measurable,
E;. = By, € G, so that G corresponds to the notation in Lemma 2.4.3.

2. For all & > 1, using that L(|[Vs _|[|F5,_,) = E(Hng_H\fgk_l_) = hpg since both

processes have a diffuse reflection between Sj,_;— and Sj—

P(Ek|Gr1) = P(BilF5, ) = (/00 hR(T’)dr>2 =:c,

1

and ¢ > 0 by hypothesis, see (2.4.2), whence (2.4.10).

3. Using the strong Markov property and Step 1, we have, for all &£ > 0,

E[r(Skp1 — S’k)|}"gk_] < H(l + T(HCIZ/(S?EH) + T(HC‘{/(;:)H)) =: K. (2.4.20)




114 A coupling approach for the convergence to equilibrium for a collisionless gas

Moreover, Ky = k(1 + T(ﬁffﬁ)) + r(d”(éﬂ))) and for k > 1,

E[r(7it1 — 71)|Gk—1] = E[K’f‘}“gkfl—}

d(D d(D
< KE[1 H(IIV;)H) —i—r(HVér)H)‘]:gkl_} < k(14 2Cy).

We used again that L([|Vy _[|[Fg, )= £(||f/gk_|||.7:5k_l_) = hg. Finally, we have

E[r(1)|Go] = E[r(5})] < H(l n T(d(D)) N T(d(D)))_

o] o]
We conclude by applying Lemma 2.4.3.

Step 3. We prove that, for all ¢ > 1, Xg ¢ 0D almost surely. Since X S € 0D and
Vsl AMIVg,_Il = 1 by definition, by Step 2, this will conclude the proof. Define Si by
S1 =inf{t > 0,X; € 9D, ||Vi|| # ||v||} and note that S; < S} by definition.

We set (X[, V/) = (X5, 14, Vs, 11), (X[, V]) = (Xs, 11, Vs, 4¢) for all t > 0. Set T} = 0, and
for all i > 1, T/,, = inf{t > T/, X; € OD}. Set also Tj = 0 and for all i > 0, define T/, by
T!,, = inf{t > T/, X] € 0D}. Since (X},V/)i>0 and (X/,V})i>0 are, conditionally on Fg,_,
two independent processes, T} is independent of Tj’ for all (i,5) € (N*)? conditionally on this
o-algebra. Moreover, by Lemma 2.4.4, T} has a density conditionally on Fg, _, since Xg, € 0D

and Vg, = RY(Xg,,0) with (R,0) ~ Y independent of Fg,_. We thus have, for (i,j) € (N*)2,
P(T} = Tj|Fs,~) = 0.

Since we have {Xg_ € 0D} C U j>1{T} = TJ’}, we obtain Xg & 0D a.s. as desired. O

Let us introduce some notations for the remaining part of this section.

Notation 2.4.2. Let (X5, Vs,f(s, ffs, Zs)s>0 a coupling process, see Definition 2.4.1. We use the
same sequences (S;, Q;, Q;)i>1 as in the definition, as well as (Q');>1, and we recall that, for all
i>1,

Vs, = w(Xs,, V-, Qi)1{xs eop}y + Vs,-1{xs ¢op}

Vs, = w(Xs,, Vs, -, Q;)l{f(sieaD} + VSi_l{XSi ¢oD}

a) We set Ty = 0, Ty = 0 and for k > 0,
Ty = inf{t > Tk,Xt S BD}, Tk+1 = inf{t > Tk+1,Xt S 8D}

For all £ > 1, we have Z7,_ = () and X7, € 0D so Zp, # 0 if XTk ¢ 0D. We always have
Zg, = (). For all k > 1, we write (Qk,Qk) = (Qk,ﬁk,@k,gk,ﬁk,@k) for the random vector



2.4 The convex case 115

such that
VTk = ’LU(XTk, VTk—7Qk)’ and VTk = ’U)(ijk, VTk—’Qk)'

Note that (Qk;’Qk)kZl is a subsequence of (Q;, Q;)zzl
b) For all ¢t > 0, we set

Fi = 0((X57 Vs, Xs, Vs, Zs)o<s<t, (Qilys, <ty )i>1, (Qil{Sigt})i21)~

c) We set o1 = inf{t > 0, X, = X, € 0D, Z,— = 0, ||Vi_[| # [Voll, IV # [ Voll}-
d) We set g = 0 and for all k£ > 0,

Vi1 = inf{n > vy, + 1, X1, & 0D, ||V, || A ||V, || > 1},
Note that, according to Definition 2.4.1, we have for all n > 1, conditionally on Fr, _,

(Byn ) @yn ) Bzxn ) @l/n) ~ A

XTun—:XT,,n—:VTVn—’
where we recall that A is defined in Proposition 2.4.1. We also have Zz, # 0, see (a).
Lemma 2.4.9. There exist three constants x, L,c > 0 such that the following holds.

i) For allm >1,
1{Tym<0'1}E[r(Tl/m+l /\ Ul - TVm)“FTu’m_] S L

ii) Elr(T, Aon)] < n(1+E[r(127) +r(f57)])-

iti) For all m > 1, setting
Am ={U,, < a0, X1, = X1, 1. o1 = Ty, + (X1, Vi, )

we have
P(An|Fr,, ) > .
and Ay, C {01 <T,,,+1} outside a P-null set.
Proof. We prove i). Recall Remark 2.3.2 which defines a free-transport process with initial
distribution d; ®4,, with (z,v) € 04+G. For all k > 1, we have ||V, _|| /\HVT%—H > 1, Zr, =0
and X7, € oD, XTuk ¢ 0D. Thus, using the strong Markov property, we only need to prove

that there exists some L > 0 such that for all (z,v) € 0+G, T & 0D, v € R™ with ||v]| A||o] > 1,
if (X07X07 %—7 ‘70—7 ZO_) - (m,i’,'l},@, (D)v

E[r(T, Ao)| < L. (2.4.21)



116 A coupling approach for the convergence to equilibrium for a collisionless gas

We set T = inf{t > 0, ||Vi|| # ||v|l,||Vil| # ||7]|}. By Lemma 2.4.7 and since ||v| A [|5]| > 1,
E[r(T)] < L.
It thus suffices to prove that

E[T(TVI Nor— T)l{Tyl/\01>T}] < L.

To this end, we will use Lemma 2.4.8.

Set, for all t > 0, (X}, V/) = (X74+, Vrst) and (X[, V/) = (X744, Vyst). Conditionally on
Fr-,on the event {T,,, Aoy > T}, the processes (X{, V/)o<t<T,, rnoy—7 and (X/, ‘N/;f/)OSt<Tu1/\Ul—T
are two independent (killed) free-transport processes with initial distributions éx., ® oy, and
1) % ® 6‘7T_. Indeed, by definition of o1 and v, the first and third lines of Table 2.1 are never
used during [T, 7T, Ao1), so that the innovations (Q, Q) are always independent or one of them

is useless.

Using Lemma 2.4.8, since T,, Aoy —T <T,, —T < .S with the notation of the Lemma, we

conclude that

L, nor>TEIN( Ty Aot = T Fro] < ﬁ(l M( d(D) ) M( d(D) ))

V|| V||
‘We obtain
Elr(Ty, Aot — T, nor>73) < 5(E[r( H‘ﬁf_)u) +r( Hcéf)!\ )] +1) (2.4.22)
= K(E [T(Cl,(vlﬂ))l{||w_||=||v||} + T(M)l{vf_nsénvn}
d(D

+r(

H17||))1{”VT_”:M”} + T(ﬁ‘;ﬁ)”)l{‘?ﬁll#llﬂll}ﬂ + 1)

<,

using (2.4.18), that L([Vr—[[[|Vr—|| # [[v]]) = LUV V7|l # 18]]) = hr and the fact that
lvll A||9|] > 1. This concludes the proof of (2.4.21) and thus of i).

For ii), we apply the same proof as for i), replacing everywhere (v,?) by (VO,VO). We

conclude that

d(D d(D
Bir (T, o) < w1+ B[ (f20) +(72)])

We prove iii). Set, for all k > 1, Wy, = (Uy, Ry, O, U, Ry, ©;). Recall that T}, < Tj,. We
deduce that W}, is independent of Fr, — and is ka—measurable. Also, we have )N(Tyk ¢ 0D and
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T, —|| A ~T = v definition of v;. Hence W, ~ 5 and its law
Vyk ka > 1 by defi f H W, FXT Vi d 1
Yk

_iVr,, - X1, V1, ~

is given by the second line of (2.4.14). Thus, conditionally on F1,,

(R, ,0,,, R, ,0,,) ~ A

V) S2VE ) Xty Xy, V1, -

the random variable U,, satisfies U,, ~ U, is independent of (R, ,0,,, Ryk, o, .) and we have

u, = Ql,k . Recall, for (z,2,0) € 0D x D x R", the notation E, ;3 from Proposition 2.4.1.
We set

Cois = {(u,a,r,f,a,é) € 0,12 xR% x A% :u < ag, @ < ag, (1,0, 7,0) € E, M}

We have
{W eC

Xr,, 7XT,,k7VT,, 7} C Ag.

Indeed, it W,, € CXTV Ky, Vi, we have first U,, < ao, so that VT"k = BUkﬁ(XTUk,@Vk).
In this configuration, after 7,, , (X, V') has its first collision at time T, + ((Xr, , V7, ) while
(X, V) collides for the first time after T}, at time T, = Ty, +¢ (XTuk ) VTuk ). Moreover, recalling
Definition 2.4.1,

V'ﬁ,k = E 7’9(‘5{vfl~1,Jk7@l/)C)

We obtain, recalling Notation 2.4.1 and Proposition 2.4.1, that

Tl/k+1 = Tl/k + C(XTuk ) VTuk) = TI/k + g(XTuk7EVk7@I/k) = TI/k + g(XTuk s VTuk_7 Ruka ®Vk)
= Tl/k + C(Xfyk ’ VT”k)
and

XTuk+1 = q(XTuk ) VTuk) = y(XTuk ) @llk) = g(XTuk ) VTuk 7@Vk) = q(XTl,k ) VTl,k) = XT,,k_H .
We have, for all £ > 1,

P(Ag|Fr, -) > P<WVI< € CXT%_,XT%_,VT%—)

= ]P)(ka S ao“FTuk*) ((Rl/k7 ®l/k7 lek’ @ ) XTV]C* XTVk*?VTuk* "FTukf)
> a@oC,
with ¢ > 0 given by Proposition 2.4.1.
On Ay, we have X7, ., = XTuk+1’ Zr,, ., =0 because, for all i > 1, Zg,_ = {), and, since

U, =U, <ag,and X1, ¢ 0D,

Vz,, -l = IV, | = By, # Vo,
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HVT%H_H = HV~% Hl{”Vval‘”:”VTuk o HVT’/k“_|’1{||‘7T,,k+1—|‘7é”‘7fyk BE
with E(HVT%H_|||||‘~/Tuk+1_|] # ||‘~/~Vk|]) = £(|]V~yk|||QVk < ap) = hpg from which we obtain

IP’(HVT%H,H = |[Vo|l) = 0. We conclude that Ay C {01 < Ty, } outside a P-null set. .

Proof of Theorem 2.1.1 in the convex case. We fix fo € P(D x R™). We consider the coupling
(X, Vs, X, Vs, Zs)s>0 given by Definition 2.4.1. By Lemma 2.4.5, for any ¢ > 0, (X, Vi) ~ fi
and (tht) ~ oo

We prove, with the help of Lemma 2.4.9, that, setting

T = inf{t > 0, (Xt+8> Vt+8)820 = (Xt+8> f/tJrS)SZO}a
we have E[r(7)] < co. We then conclude the proof of Theorem 2.1.1 in Step 4.

Step 1. Recall Notation 2.4.2 for ¢; and for the sequence (v)r>0. We plan to apply
Lemma 2.4.3 to show that E[r(o;)] < k.

1. Set, for k > 0, G, = ‘FTukAUI_? and for k > 1, 7, = T, A o1, which is Gi-measurable. Also,
set
Ey={o1 <T,.} € G.

Set G = inf{k > 1, E}, is realized}.

2. Recall, for all k£ > 1, the notation Ay from Lemma 2.4.9, iii). Observe that, according to the
Lemma and since vg41 > vy, + 1, there holds Ay C {01 < Ty, 41} C {o1 <1, } C Ey.
We have, for all £ > 1, by Lemma 2.4.9 iii),

P(E|Gk1) = P(Ek|Fr,  nov-) > B[P(Ae 1| Fr, )| Fr, noi] > e,

whence (2.4.10).

3. From Lemma 2.4.9 ii) and (2.4.18), we have

E[T(Tl)’go] = E[T(Tyl A\ 0’1)] <L

Moreover, by Lemma 2.4.9 i), for all £ > 1, we have, using the straightforward inclusions

Fr,, hor— CF1,, - CF1y —

Lz Elr(terr — 1) Gk—1] S E[r(Ty, Ao =Ty Ao)Fr,, oy -]

<1(0) + E |15, B (Thy Aor = T\ Fr, -]

nyk_l/\0'1—:|

<r(0)+ L,
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whence (2.4.11).

We apply Lemma 2.4.3 and conclude that
E[r(rq)] < &,
from which we deduce, by definition of GG, that
E[r(o1)] = Elr(o1 A Ty)] = E[r(1q)] < k.
Step 2. We introduce the sequence (0;);>0 defined by o9 = 0, o1 defined by Notation 2.4.2,
iii), and for all £ > 1,
opr1 = inf{t > op, Xy = X; € D, Z— = 0, |[Vi | # VoIl Vi || # 1Va 13-

We plan to apply Lemma 2.4.3.

1. We set Gp to be the completion of the trivial o-algebra and, for k > 1, G = F5, . We
also set, for all k > 1, 7, = oj4+1 which is Gy-measurable, and Ej, = {V,, = ‘N/gk} € Gy.
We set N = inf{k > 1, E} is realized }.

2. Let, for all & > 1, (Qx, Qi) = ((Ur, Ry, O1), (Ug, Ry, ©;)) be the couple random
variables used to define V,, and V,,. Since X,, = X,, and Z,,_ = 0, we are in the
situation of line 3 of Table 2.1, hence Qj = Qy, so that if U < ap,

Vo, = w(XUk’ Voy— Qx) = w(XO'k-? Vﬂk—v Qx) = ‘N/O'k'
Since Qy, is independent of F,, —,
P(Ey|Gr-1) > P(Ui < ag|Fsy—) = a0,

whence (2.4.10).

3. Note that for £ > 1,

d(D) d(D)

Elr + 71— |For_,—| <2Cy, (2.4.23)
{ (HVak—H) (IIVakII)’ o ]

using that L(||Vo,—[[Fo,_.-) = L(Vor—lI[Fo_—) = hp, since [[Vo,—|| # Vo, || and

Vo=l # [|Vo,_, || by definition of oj. By Step 1, Lemma 2.4.9, ii), the strong Markov

property and the definition of (¢;);>0, we have, for all k > 1,

d(D d(D
E[r(opt1 — op)|Fop-] < H(1 +r(|]Vik_)H) +r(|‘7§7k)|))7
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so that, using (2.4.23) and that F,, - C Fy, —,
E[r(og+1 — 0k)|Fo,_ -] < K.
With this at hand, we show that (2.4.13) holds. First, by Step 1,
E[r(r1)|Go] = E[r(02)] < C(Elr(0s — 01)] + &) < L.
Moreover, for k > 1,
LN EBlr(Tes1 — 70)|Gk-1] < E[r(okt2 — okt1) [ For -] < 5,

whence (2.4.13).

We conclude by Lemma 2.4.3 that E[r(on)] < k.

Step 3 Using Lemma 2.4.6, since (Xoy, Voy) = (Xoys Voy) and Zy,— = 0, we conclude
that 7 < oy, hence E[r(7)] < k by Step 2.

Step 4. Recall that for two probability measures u, v,
ln—vlry = inf BX#Y).

Hence for all ¢ > 0,

1o = nocllrv < P((X0, Vo) # (X0, ) ) = B(7 > 1),

according to our definition of 7. Finally, we use Step 3 and Markov’s inequality to conclude
that

K
| fi = poollTv < r(0) §@7

for all £ > 0. ]

2.5 Extension to a general regular domain

In this section, we extend the previous result on a convex bounded domain (open, connected)

to the general case of a C? bounded domain.
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2.5.1 Notations and preliminary results.

In this subsection, we introduce the notion of communication between boundary points, derive
an important corollary from this definition and prove a preliminary lemma that will be key to
obtain a result similar to Proposition 2.4.1 in the general setting.

We introduce first a notion of communicating boundary points taken from Evans [55].

Definition 2.5.1. We say that two points x € 0D, y € D communicate, and write z < y if
tr+(1—t)ye D forallte (0,1), ng-(y—x)>0andn, - (x—y)>0. Given a set E C 9D
we say that € D communicates with F and write = +> F if z <> y for all y € E. Given two
sets By, Fs C 0D, we say that F; and Ey communicate, and write Ey <> Ey if x +» y for all
(x,y) € E1 x Es.

Since D is regular, the condition tx+(1—t)y € D for all ¢ € (0,1) implies that n,-(y—z) > 0.
The previous notion forbids the case where (y — z) is tangent to 9D at x.
Recall that we denote by H the n — 1 dimensional Hausdorff measure. The goal of this

subsection is to prove the following lemma.

Lemma 2.5.1. There exists ko, dy > 0, F' C 0D, R C 0D with F', R compact and F <+ R

such that  inf ||z —y|| > do and H(F) ANH(R) > ko.
(z,y)EFXR

Recall that d(D) denotes the diameter (in the usual sense) of D and that for x € R and
r > 0, we write B(z,r) = {y € R", ||z — y|| < r} for the Euclidian ball centered at x, with

radius 7, in R”. We denote B(z,r) the corresponding closed ball.

Notation 2.5.1. For © € 0D, r > 0, we set Bgp(x,r) := B(x,r) N ID.

Lemma 2.5.2. Let x,y € 0D with x <> y. There exists ¢g > 0 such that Bap(z,ey) and

Bap(y,e0) communicate.

Proof. Step 1. Recall first that since D is C?, D satisfies the uniform ball condition: there

exists rp > 0 such that for all z € 9D, there exists B, a ball of radius rp with center z + rpn,

such that B, € D and B, N 90D = {z}. As a consequence, for 8 > 0 to choose later, setting
— B 1 . _ B

to = 221()D) A §, there holds that for all 2,z € 9D with n, - II;—ill >5, (1-t)z+txec B, CD.

Indeed

(1 =t)z 4tz — 2z —rpn.|? = 3|z — 2|* + 13 — 2trp(n, - (x — 2))

<1} +tl|lz - 2| (td(D) — rpB)

and since t < ty < ;%Dﬁ), the result follows.

Step 2. Let z,y € 0D with z +» y. We have n, - (y —z) >0, ny - (x —y) > 0 and z # y,

(z—y) (y—z)
fe—l) A (M =

hence S := (ny - ) > 0. Since z — n is continuous by regularity of D, there
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[Sliey

exists 0 > 0 such that for all 2’ € Byp(z,0), ¥’ € Bap(y,9), (ny - %) A (g - %) >
By Step 1, for all t € (0, ),
(1-t)y' +ta' € By C D,

and, for all t € (1 —tp, 1),
(1—-t)y +tz' € By C D.

We conclude that for all ¢t € (0,%9) U (1 —tg,1), t' + (1 —t)y’ € D.

Step 3. Since = <> y by assumption, for all ¢ € [tg,1 — to], to + (1 — t)y € D. By
compactness and continuity of @ — d(a,0D) := inf,cp ||a — z||, there exists n > 0 such that for
all t € [to,1—to], B((1—t)y+tx,n) C D. Hence, for § given by Step 2, for all 2’ € Byp(x,dAn),
y' € Bap(y,d An), for all t € [tg,1 — to],

(L =)y +t2’ — (1= t)y — taof| < max(|ly’ —yll, [|2" — z]|) <,

so that (1 —t)y' +tz’ € B((1 —t)y + tx,n) C D. Setting ¢g = § A 1, we conclude that, for all
a' € Bop(z,€), y' € Bap(y, €0),

ny - (' —y') >0 and ng - (y —2') >0

by Step 2 and for all t € (0,1), t2’ + (1 — t)y’ € D by Steps 1 and 2. O

Proof of Lemma 2.5.1. Let x,y € dD such that = <+ y. Set d = ||z — y||. Using Lemma 2.5.2,
there exists €9 > 0 such that, setting V,, := Bsp(x,€0), V, := Bap(y,€0), Vo <+ Vi, Upon
reducing the value of €, we can assume that for any ' € V,,y/ € V, ||/ —¢/|| > g. We
conclude by setting F = B(y, ) NdD, R = B(z, ) NdD and dy = g. O

2.5.2  Uniform lower bound on the density of the ny-th collision.

We introduce the following notation.

Notation 2.5.2. Let (z9,v0) € 0+ GU(DXR™). For a free-transport process (X¢, V4)¢>0 with initial
condition Xy = zg, Vo— = vy, we set Ty = ((Xo, Vo) and for i > 0, T;1 = inf{t > T;, X; € 0D}.
For all k > 1, we denote PF (zg,dz) the law of Xr,,.

The goal of this section is to prove the following property.

Proposition 2.5.1. There exist ng > 1, vp > 0 and 6y > 0 such that, for all (xg,vg) in
0+GU (D x R"),

Py (xo,dz) > vodz,
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where we recall that dz stands for the n — 1 dimensional Hausdorff measure. Moreover, for all
A C 0D, setting Og = {||Vr || # [|[Vro—1I, - - - HVTnofl” # HVTnofl_H}’

P(Xr,, € A, _min X7, — X[ > %0|(Xo, Vo) = (w0, 0), 0o ) > voH(A),

{1,....,n0}
We recall first a result from Evans from which we will derive a key feature of our model:

Proposition 2.5.2 ([55], Proposition 2.7). For any C' bounded domain D, there exist an
integer N and a finite set A C 0D for which the following holds: for all ', 2" € D, there exist
20y +,2N With 2 =z, 2" = 2n, {21,...,28v-1} C A and z <> zp41 for 0 <k < N —1.

Corollary 2.5.1. There exist § > 0 and n > 0 such that for all (xo,y0) € (0D)?, there
erists z1,...,2N+1 € A, with N and A given by Proposition 2.5.2, such that, setting zo = xg,
ZN+2 = Yo, 2 <> ziy1 for alli € {0,...,N + 1} and

|(zi — zit1) - || (2i — 2i1) - My | > 26, (2.5.1)

moreover, for all 2y € Bap(21,1), ..., 2y € Bap(any1,m), setting 2y = 20, 249 = ZN+2,
2 <> zjq foralli € {0,...,N + 1} and

(24 = 2han) - a2 = 2fyy) oy | = 6. (2.5.2)

Proof. Step 1. By [55, Lemma 2.3], for z € D, the set U, = {2’ € D, 2’ +» z} is open in 0D
and non-empty. Using this result and the fact that D is C', we find that for all z € A,

z = |(z =) nel|(z — ) - na[1. (o),

is lower semi-continuous, and positive on U,. Using Proposition 2.5.2, that A is finite, and that
the maximum of two lower semi-continuous functions is lower semi-continuous, we deduce that

the function I : 0D — Ry defined by

I(w) = max (|(z = 2) - nall(z — 2) - na1o. ().

is lower semi-continuous. Moreover, since for all x € 0D, there exists z € A such that = <> z
by Proposition 2.5.2, I > 0 on 0D. We conclude by compactness that there exists g > 0 such
that I(x) > 26 for all x € 0D.

Step 2. Set

1 ) / /
iz,z’énAl’I;HZ/ |(Z —Z ) nZH(Z —Z ) .nz” > O,

&=

since A is finite. Let xg,yo € dD. Choose z; such that I(zg) = |(z1 — x0) - 1y |[(21 — o) * Ny |
zn+1 such that I(yo) = [(zn+1 — ¥o) - Nyol|(2N41 — Y0) - N2y, |- By Proposition 2.5.2, there
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exists zo, ..., zn such that z; <> z;41 for alli € {1,..., N}. Since 2o = o, 2N+2 = Y0, 2i <> Zit1
foralli € {0,...,N+ 1} and for all i € {1,..., N}, we have,

(zi — zig1) - nz (20 — 2ig1) -z, | > 20,

while, using Step 1,

(121 = 20) mag (21 = 20) - 7zi ) A (11 = 280) o [l(2ivgs = 2h2) Ay, |) > 260,
We set § = g A 0’ to conclude the proof of (2.5.1).

Step 3. Consider the function H defined on (9D)? by
H(z,z)=((z =) ng)((x — 2) -nz).

Since D is C', H is continuous on (0D)? and also uniformly continuous by compactness and

Heine’s theorem. Hence there exists ng such that,

8
(2.2) € @D, (o', 2) € (0D |I(@,2) = (@, 2)]| < mo] = [|H(w,2) = H@', )| < 5.
On the other hand, for all (z,y) € (9D)? with x + y, there exists €,,, > 0 such that we have
Bop(x,€zy) < Bop(y, €zy), see Lemma 2.5.2. Setting 71 = min, yrca .y €, > 0, we deduce
that for all z, 2’ € A with z <> 2/, Byp(z,m) <> Bap(z',m1). We claim that setting n = n1 Ao
concludes the proof of (2.5.2). Indeed, for 2] € Byp(z1,n), recalling that z{, = z¢ and (2.5.1),
30

>77
- 2

|

H(ZLZ(I)) = H(Zlvz(lJ) - (H<Zlvz(lJ) - H(zllﬂzé))) > 20 —

and the same argument applies replacing 2y by 2., € Bap(zn+1,71) and 2y by 2.9 = 0.
Finally, for i € {1,..., N}, zj € Bap(2i,n), 241 € Bap(zi+1,n), we have zj < zj,, and

Recall the notations ¢ and ¢ from (2.3.3) and (2.3.4).

Lemma 2.5.3. Let x € dD. For V. ~ coM(v)|v - nz|Lyy.pn, >0y, the joint law of the couple
(((z,V),q(x,V)) admits a density pu, on Ry x 0D given by

Z—l’) 1

pa(r,2) = oM (=) gz = @) el (2 = 2) el L.

Proof. The computation is the same as the one of Lemma 2.4.2. O
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Proof of Corollary 2.5.1. We will show that there exist ng > 1, vg > 0 and J§y > 0 such that
for all (zg,vg) € 0+G U (D x R™), for all A C 9D,

Py i=P(Xp,, € A, _min | Xr, = Xr,_, | = 50,00\()(0, Vo) = (z0,00)) > voH(A).

1,...,n0

This will imply both statements. We set, for all x € 0D, the marginal law

Z—x 1
)Tn+2 T

vp(2) = /OOO pa (T, 2)dT = 1. aycol(z — ) - ng|[(w — 2) - n.| /OOOM(

T

Let 2 = g(x0,v0) € 0D, so that © = x¢ if (zg,v9) € 0;G. Let A, N given by Proposition
2.5.2. For all y € 9D, by Corollary 2.5.1, there exist z1(y),...,2n+1(y) € A such that, setting
Z) = T, Zy4o = y and taking, for all i € {1,..., N + 1}, z; € Byp(zi(y),n), we have, for all
j€{0,...,N+1}, 2 > 274 and

!/

(1 = 25) -l = 2540) "y 126, (2.5.3)

g1l =
where 0 > 0 and 7 > 0 are given by Corollary 2.5.1. This inequality implies ||}, — 2[| > V0,
and in particular we have d(D) > v/d. Let A C 9D. We introduce the event

O1 = {VZ € {07 N+ 1}7 ||VT1|| # ||VTZ—|| and Vi € {17 s N A+ 2}7 ”XTZ - XTi—lH > \/5}7
and we have, with the choice ng = N + 2, 6y = /9,
Py = P({XTN+2 S A} N 01’X0 = x9, Vo = 1)0).

Since on the event O1, all reflections are diffuse, and recalling the definition of ay, see Hypothesis
2.1.1, and that X7, = =z,

e,
yEA J2{€Bap(z1(y),m)

ve(21) vy (%)

/ZQEBaD(Zz(y)m)

X ooee X / V.t (zﬁv_i_l)y ’ (y)dzfv+1dz/1dy
2y 41€Bap (2n+1(y).m) N N+

For 7 € (d%?), dg?) + 1) with §; given by Hypothesis 2.1.1, for all y € A and for all 2}y in

Bap(2n+1(y):m),

/
e AN
) 5l Ghv — 1) Iy = vy -

e, (7o) = coM ( | > k1,

!
ZN+1



126 A coupling approach for the convergence to equilibrium for a collisionless gas

with, recalling (2.5.3) and that V6 < |2y, — y|| < d(D),

. 01 n+2
= f
B co(veg;;ﬁil,al)M(U))( )

6 >0,

so that the infimum above is positive using Hypothesis 2.1.1. We thus have

d(D)

11
VZ§V+1(y) = %pi “zﬁ\,H(Ta y)dr > k1.
1

Working similarly for the other terms, we conclude that

Py > aé\/+2ﬁiv+2/ / /
yEA J2{ €Bop(z1(y),m) J 25€Bap(22(y) )

o ,x/ A2y ... d2hdzdy
2y 1€Boap (zn+1(y)m)

N+2 N+4+2 _N+1
= 20 K1 € H(A)a

where € = inf,cop H(Bop(x,n)) > 0. This completes the proof.

2.5.3 Coupling of (R,0, R, ©)

In this subsection, we exhibit a coupling in a certain appropriate regime, to derive a result
similar to Proposition 2.4.1 in the general setting. We let dy, k9 > 0 and F,R C 0D be the
positive constants and compact regions of the boundary given by Lemma 2.5.1. Recall Notation
2.4.1 for the maps &,€,y, 5. We also recall that A = (=%, %) x [0, 7)"~2 and the notation T
introduced in Lemma 2.3.1.

Proposition 2.5.3. There exists a constant ¢ > 0 such that for all xg € F', &g € D, 79 € R"
with ||Do|| > 1 and q(Fo,70) € F, there exists Ayy 20,50 € P(((0,00)x.A)?) such that if (R, 0, R, O)
has law Ay 7050, (R, ©) ~ Y, (R,0) ~ Y and for Ey, z, 5, defined by

El‘o,i‘o,ﬁo = {(T707f7 é) € (R-i- X A)2 : y(x()?e) = g(‘%071~)079~)75(w07r7 0) - g(j071~)07f79~)}7
we have

P((R,0,R,0) € Eyy 2.50) > C- (2.5.4)
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Proof. Step 1. We prove that there exists ¢ > 0 such that

inf

) / / [;Lx(T, 2) A pz(t — 1, z)} drdz > c. (2.5.5)
(2,2,t)eFxFx[0,d(D)) J{2€0D, 243,243y} JT

Note that by compactness of R x F', using continuity properties and that R < F', we have
/ .
= f K A —y) - > 0. 2.5.6
ci= ot 1z=v)-ny| Al(z = y) - nl (2.5.6)

For (z,%,t) € F x F x [0,d(D)), we set
J = / ﬁ {,LLI(T, 2) A pg(T — 1, z)}dez,
zER Jt

and it suffices to verify that .J is lower bounded away from 0. Recall the definition of M and &,
from Hypothesis 2.1.1. Using Lemma 2.5.3 and (2.5.6), we easily find

Tzl [ [T E) i (v (2 M () Yard

Note that, for 7 > d(D)(1 + %), for all z € R, ||z;7z|| % @ < 67 using that ¢ < d(D), whence

M(Z_x)/\M(Z_i:) > inf M(v) = k1 > 0.

T T—17 7 |v[|<1

We deduce that

+oo 1\ n+2
J > /ilc'co/ / (7> drdz > kH(R) > 0,
2€R JA(D)(1+5,) T

with  a positive constant not depending on x, #, . This concludes the proof of (2.5.5).

Step 2. We conclude as in the proof of Proposition 2.4.1, see Step 2. O

2.5.4 Construction of the coupling
In comparison with the convex case, we change the definition of the law T on ([0, 1] x Ry x .A)?
by setting, for (z,v,%, ) € (D x R™)? with z € 9D or & € 9D,

Ty 30(du,dr, 0, dii, d, df) = 1(,—sy (Q(du, dr, d0)3,(d)5,(dF)5(dD)) (2.5.7)

+ Lgerg@m)ereD,|o]>1o|>1} U @ Awz5)(du, dr, d6, dF, dB)d,(di),
+ 1iasay Lne Fa(.)eRaeD, o210 21} (Q © Q)(du, dr, db, da, dF, df),
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with A, z 5 given by Proposition 2.5.3. We construct a coupling process (X, Vs, XS, Vs, Zs)s>0
with the same definition as the one in the convex case, see Definition 2.4.1, except that we
consider I' defined by (2.5.7) rather than by (2.4.14). The statements of Lemmas 2.4.5 and
2.4.6 still hold. Indeed, the difference only relies on the law T'.

Lemma 2.4.7 and 2.4.8 also hold with this new context, since those results do not rely on

the convexity of the domain.

2.5.5 Proof of Theorem 2.1.1 in the general setting

We prove first a result on independent processes similar to Lemma 2.4.8, and conclude the
proof of Theorem 2.1.1 in the general framework of C? bounded domains. Let dy, kg > 0 and
F,R C 9D given by Lemma 2.5.1. In this whole subsection, we denote by &, L two positive
constants depending only on (D, r, Cy, ng, v, Ko, dg) with Cy given by (2.4.18) and (ng, vy) given

by Corollary 2.5.1. The values of x and L are allowed to vary from line to line.

Lemma 2.5.4. There exists k > 0 such that if (x,v), (Z,0) € (D x R")UJ+G and (X, Vi)e>o,
(Xt, Vt)tZO are two independent free-transport processes with initial conditions Xg = x, Vo— = v,

X'O =1z, 17{)_ = v, setting
S=inf{t >0,X; € F,X; € D,q(X;,Vi-) € F,[|Vi- | A Vi || > 1},

we have

E[r(S)] < /@(1 +r(d<D)) —i—r(d(D))).

o]l ]|
Proof. We introduce the sequence (T )r>0 defined by Ty = ((z,v) and, where for all & > 0, we set
Tyt = inf{t > T}, X; € OD}, and the sequence (T},)x>o defined by Ty = ((Z,9), and for k > 0,
Tyr1 = inf{t > Ty, X; € D}. We also introduce the_ﬁltration Fi = o((Xs, Vs, X, Vi )o<s<t)-
We set 81 = inf{t > Toy, X; € 9D, %, € D, V|| £ loll, Vi # I3, IVee | A Vi)l > 1.

Step 1. We prove that

E[r(S1)] < /6(1 +r(d(D)> +r<d(D))>.

o] 2]

By the strong Markov property, using Lemma 2.4.8, which is, as already mentioned, still valid

in the non-convex case,

d(D d(D
E[r(S1 — Tno)‘}—Tno] = K(l + 7"(HV('T”O)”) " T(HV(TnO)H))
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We then have, using Remark 2.4.1,

E[r(S1)] < C(E[r(Tn,)] + E[Elr(S1 — Tny)| 7, )
1

d(D d(D
< m( 2 r(Ti1 —T;) +r(To) + 1 + T<HV(THO)||> + T<H‘7(Tn0)||>)
20+ d(D) d(D) d(D)
<o+ G+ o)+ G )
d(D d
<w(t+r () +(557))
since, as usual, for all i € {0,...,no}, we have ||[V,|| = HVTiH]‘{HVTi”?é”U”} + ||UH1{HVT¢”:”U”}

with L([Vz [[[[Vz ]l # llvll) = ha.

Step 2. In this step, we prove that there exists ¢ > 0 such that, for all initial conditions
(x,v) € 0+G, (Z,0) € D x R™ with ||v|| A ||0]| > 1,

P(Xsl € Fa Q(Xsla ‘751) S F) > c. (258)
Set
O = { IVl # VeIl - Vi oIl # Vg -1}
0o := {11V, | # 1V, 1V | # 1V a1}

and note that one has P(Op N Op) > ad™. We also set

Or:={Xn,, € F, Ve, || > 1, | Xr, — Xz, || > 6 for all i € {1,...,no} },

Or:={Xg, € P Vg, |>1,|Xg - Xp [ > do foralli € {1,...,no}}.

We have, using that |[Vz, —| is independent of the sequence (X, )o<k<n, and has law hg

conditionally on Oy,

P(01/00) = P(Xr,, € F, _min | X7, — Xr,_,]| 2 60|00 ) (|| Vi, || = 1/00)

----- no}

> 7/0/‘%0/ hg(r)dr,
1

using Proposition 2.5.1 and H(F) > kg. Setting co = voro [;° hr(r)dr > 0, we obtain similarly
that P(Oﬂéo) > Co-

Moreover, we have

OpN Oy ﬁOQ ﬂOl N {Tno € (Tno—ano)} C {Sl = Tno,)(g1 € FvQ(XSNV,S'l) = XT

no

€ F}.
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To prove (2.5.8), it thus suffices to show that there exists some £ > 0 such that

P(Tno € (Tnoflafno) Op N Oo NO1N O~1) > K. (2.5.9)
Since all the random variables R; = ||V, i € {0,...,n9g—1},and R; = Hf/ﬂH, i€{0,...,n0—1}
are i.i.d. and hp distributed on Oy N O N Oy N Oy, and since
5 | X7, — 2l "2 K7, — X7 ! HXT ~ Xr||
Wt = S T Ty =
=0 g
= ||XTO —z| T ni:l H Tig1 — XTZH
" 1] = R; ’
we only need to prove that, for some ¢} > 0
~ no— & n()—l a ~ n()—l d
inf P ngzfi o+ Y ) =, (25.00)
i € (0,d(D)) 191 R~ S Rl S R

ag, ag, - - - , Ang—1, dno—l S (50, d(D))
no—1 independent and i.i.d. of law hr. By Hypothesis 2.1.1, for

with (Ri)izo,...,no—h (Rz’)izo,...,

all 0 <e<e < (51, f:ol hR(T’)dT > 0.
We claim that there exists 0 < 01 < 0y < 01, 0 < 01 < By < 01, 0 <03 < Iy, such that

nod(D) _ do(ng — 1) . io

no — 1 71050
d(D)(1+ — < < < =
( )( 91 )_ 92 o 91 - 92 93
Indeed, taking 6, = %1 A %, 0y = 0, d(]%), we have 01,05 € (0,91) (because 0y < d(D)) and
—1
dD)(1+ "0 =Ly < g(pyno — "%,
1 01 02
We set 0 = %2 € (0,09), 0y Dtor (51,51) and, choosing 65 sufficiently small, we have
93 < 41 and
do(no — 1) Lo nod(D)

ég ég o 91
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We have, for all a € (0,d(D)), for all a;,a; € (d9,d(D)) with ¢ € {0,...,no — 1}, recalling
that ||o]| > 1,

a no—2 ~ z no—1 az no—1 i
Pl—r+ < — +
(Ilvll ;0 R; Z 19]] Z )

>P(Vi:0<i<ng—2,R; € (61,02),Ri € (01,05), Rny_1 € (01,62), Rpy—1 € (0,653))

> (/002 hR(T)d’r)nO( ;2 hR(?")dT)no_l(/OéS hR(r)dr) >0

1

This completes the proof of (2.5.10) and thus the proof of (2.5.8).

Step 3. We set, for any stopping time 7, 7] = inf{t > 7, X; € 0D} and for all k£ > 0,
Ty, = inf{t > T, X, € 0D}. Note that T}, = T}) for all k > 0. We introduce the sequence
(Si)i>o0 defined by Sp =0, S; defined as in Step 1 and for all k¥ > 1,

Sk+1 = inf{t > T3* X, € 0D, X, € D,
Vel # V-l Vi |l # 11V Il Vi [l A [V || = 13

We set, for all k > 1,
Bk = {XSk € F’q(XSk’VSk*) € F}

We plan to apply Lemma 2.4.3.

i) Weset, forall k > 0, G, = Fs,,,—,and forall k > 1, 7, = Sy —S1 which is Gi-measurable
and Ey = Biy1 € G We set G = inf{k > 1, E}, is realized}.

ii) We have, for all k£ > 1,
P(Ex|Gr—1) = P(Bis1]Fs,—) > ¢

by Step 2, using the strong Markov property and that ||Vs, || A |[Vs,—| > 1, Xg, € 9D,
X5, € D. Hence (2.4.10) holds.

iii) Using the strong Markov property and Step 1, we have, for all k£ > 0,

a(D) d(D) \\
W)+ () =

Elr(Sk+1 — Sk)|Fs,—] < /<;(1 + r(
For k > 1,

E[r(Te41 — 7%)|Gr-1] = E[Kkﬂ‘]-"sk,}

d(D d
ngp+4méﬂgQ+qHéﬂ‘mf%}<mu+xm
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We used that for all & > 1, L(||Vs, ., ||| Fs,—) = £<|’VSI¢+1_H|‘FSI¢_) = hp by definition of
(Sk)r>0- Note that 71 = Sy — S;. We have, since ||Vs, || A |Vs,_|| > 1,

Elr(m1)|G0] = E[r(S2 — S1)|Fs,-] < %(1 + r( Hc‘l/(f_)u) + r( ”Cé(sll))u )) <k,

whence (2.4.11).

Setting J = G + 1, we conclude by Lemma 2.4.3 that E[r(S; — S1)|Fs, -] = E[r(7¢)|G0] < &,
whence, by Step 1,

E[r(Sy)] < /i(l +r(d(D)) +r<d<D))).

o]l ]|
Observe that, by definition of J, almost surely, Xg, € F, XSJ €D, q(XSJ, VSJ_) € F and
Vs, — || A ||VSJ—H > 1, whence S < 5. d
We introduce some notations corresponding to Notation 2.4.2 in the general case.

Notation 2.5.3. Let (Xg, Vs, X, Vs, Zs)s>0 a coupling process, see Definition 2.4.1 with T" given
by (2.5.7). We use the same sequences (.S;, Q;, Qi)iZI as in the definition, as well as (Q;)izl,

and we recall that, for all ¢ > 1,
Vs, = w(Xs;, V-, Qi) Lixg cony + Vs, Lixg ¢on}

VSi = w(XSm f/Sz'—7 Q;)l{XsieaD} + Vsi—l{)?sigaDy

a) We set Ty = 0, Ty = 0 and for k > 0,
Tit1 = inf{t > Tk, X, € 8D}, Tk—H = inf{t > Tk+17Xt S aD}

For all k¥ > 1, we have Zp, _ = @ and X7, € 0D so Zt, # 0 if X'Tk ¢ 0D. We always have
Zg, = 0. For all k > 1, we write (Qk,Qk) = (U, Ry, ©4, Uy, Ry, ©},) for the random vector
such that

Vr, = w(Xr, VTk*’Qk)’ and VTk - w(XTk’ VTk*’Qk)'

Note that (Qk’gk)kzl is a subsequence of (Q;, Q})i>1.
b) For all t > 0, we set

Fi = G((Xs, Vs, Xs, Vs, Zs)o<s<t, (Qilys,<)i>1, (Qil{Sigt})izl)-

c) We set oy = inf{t > 0, X; = X; € 0D, Zy— =0, | Vi || # |Vall, V= || # |IVolI}-
d) We set vy = 0 and for all £ > 0,

Vi1 = inf{n > v + 1, X1, € F, X7, € D,q(X1,,V1,—) € F, |V, —|| > 1, ||V, — || > 1}.
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The only difference with Notation 2.4.2 is that Definition 2.4.1 uses (2.5.7) rather than
(2.4.14), and that the sequence (v4)r>1 has been slightly changed. We next update Lemma
2.4.9.

Lemma 2.5.5. There exist three constants k, L,c > 0 such that the following holds.

i) For allm > 1,
1{Ty7n<0'1}E[r(TVm+1 /\ o1 — TVm)‘fTum_] é L

ii) Elr(T, Ao < k(1+E[r(12}) +r(52)])-

iii) For all m > 1, setting
Am = {Ql/m < «o, XTum-H = XTym+17TVm+1 = Tllm + C(XTymavam)}7

we have
P(An|F1,,,-) 2 <

and Ay, C {o1 < T, +1} outside a P-null set.

Proof. The proof is the same as the one of Lemma 2.4.9, using Lemma 2.5.4, Proposition 2.5.3,
Notation 2.5.3, Equation (2.5.7) instead of Lemma 2.4.8, Propositon 2.4.1, Notation 2.4.2,
Equation (2.4.14), and that Lemma 2.4.7 still holds when using Definition 2.4.1 with (2.5.7)
instead of (2.4.14). O

Proof of Theorem 2 in the general setting. The proof is the same as the one in the convex case,
using Lemma 2.5.5 instead of Lemma 2.4.9, Notation 2.5.3 instead of Notation 2.4.2 and that
Lemmas 2.4.5 and 2.4.6 hold when using Definition 2.4.1 with (2.5.7) instead of (2.4.14). O






Chapter 3

Simulations of the asymptotic
behavior of the free-transport

process

This chapter, unpublished, gathers several numerical results on the free-transport equation

with boundary conditions.

Abstract: We use the stochastic process from Definition 2.3.1 to study numerically the
convergence towards equilibrium of the free-transport equation. We give numerical evidences
pointing towards a polynomial decay of the total variation distance. We also present several
simulations which confirm qualitatively some theoretical results from Chapter 2, in particular
the modification (and its direction) of the rate of convergence when the reflection law is changed,
the influence of the initial data and the fact that the rate is not widely affected by the absence

of radial symmetry of the space domain.

Keywords: free-transport process, collisionless gas, subexponential convergence towards

equilibrium, estimation of the total variation distance, simulation from a particle system.
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3.1 Parameters

In this chapter, we present numerical results regarding the free-transport problem treated in

Chapter 2. We run simulations depending on several parameters.

i) The space domain is either the unit disk in R?, or a star-shaped domain in R?. In the

latter, there is no radial symmetry.

(_171) (171)

Fig. 3.1 Star-shaped domain in R2.

ii) The accomodation coefficient « is a constant whose value is between 0, corresponding
to the problem with specular reflection, and 1, in which case the reflection is diffuse. For
a € (0,1), a fraction « of the particles reflect diffusely, the other ones reflect specularly.

This corresponds to the Maxwell boundary conditions.

iii) The coefficient a € (0,3) is a positive constant modifying the law M of the diffuse

reflection, in order to obtain more or less concentration around 0.

Recall that the standard choice of M in R? is given by

_Iop?
2
M@)=5"-, veR?
2
The generalized function is given by
Il HZ
_lvfle _3
2 a
My(v) = < o] ., veR?
o TG -9)

We have M = M; in R?.

Recall the notations hg, he and ¢ defined in Section 2.3. At some point x € 9D, to
simulate V ~ M(v)|v - nz|1{ym, >0}, We simulate R ~ hg, © ~ hg and let V = Ri(z, ©).
To generalize this, we take V = R*J(z,0), and since R* has a density proportional to



T = W N =

3.2 Code 137

M, (r)r?, where, abusing notation, we write M,(r) for M(v) when |jv| = r, the form of
M, follows. For a € (1,3), more particles are reflected with a velocity norm close to 0. For

€ (0,1), the number of particles with velocity around 0 is smaller than when a = 1.

iv) The initial data is either a Dirac mass, or corresponds to equilibrium distributions with

different temperature. We introduce a further generalization of M, by setting, for 8 > 0,

SN

llvll

e~ 2 ofe?

3

— , ve R,
am(20):75 (5 — §)

Mayg(’l)) =

so that, for all a € (0, 3), the equilibrium distribution corresponds to M, ;.

Remark 3.1.1 (On the convergence rate corresponding to M,). We consider the previous model
with the choice M,, a € (0,3) and with initial condition either equal to a Dirac mass with
velocity different than 0 or to M, ¢ with 6 # 1. When one focuses on the convergence towards
equilibrium, the convergence rate depends on a. The expected rate of convergence is ﬁ with

v = % — 1. Indeed, for any € > 0, the key quantity, see Theorem 2.1.1 satisfies

27 00 o~ —2—v+te
/ W) — —/ / drdf,
Hvll7 am 2§‘§P(% —9)

and this last quantity is finite if

ﬁ
BN

3
So2—yte> L.
a

For a difference between two solutions starting with Dirac masses with velocities different
than 0, we expect the convergence towards equilibrium to occur at the rate ﬂ% Indeed, we

will have 1
/RQ Ma(v)HU”WdU < 00,

with this choice.

3.2 Code

We present below the code (in R language) of our simulations. In a first part, we show how we
obtain a sequence (T3, X;, V;);>1 of collision times, collision points and outcoming velocities,

with Dirac initial conditions.

simulDisk <- function(alpha = 1, a = 1,n,nbrCollisions = 100,
dirac = 1, sd = 1){
1st <- list ()
XV = matrix(data = rbind(rep(0,n),rep(0,n), rep(0,n), rep(.5,n),
rep(.5,n)), nrow = n, byrow = TRUE)




© 00 N O

10

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

© 0 N O O = W N -

N e e e S S S R i o
S © 00 N O Uk W= O

138 Simulations of the asymptotic behavior of the free-transport process

1st [[1]1] <- XV
for (i in seq(2,nbrCollisions, by = 1)) {
print (paste(i/nbrCollisions*100, "%"))
1st[[i]] = collision(lst[[i-1]], n, alpha, a) }
print (min(1lst [[nbrCollisions]][,1]1))
return(lst) }

collision <- function(XV,n, alpha, a) {
S = unlist(mclapply(seq(l,n), function(i) computeFirstSigma (XV[i,]),
mc.cores = cores))
Xvi[,2:3] XV[,2:3] + S*XV[,4:5]
XV[,4:5] = newSpeed(XV,n, alpha, a)
XVv[,1] = 8 + XV [,1]
return (XV) ¥

computeFirstSigma <-function (XV){
dotProd = dotproduct (XV[2:5])
normX = norm_vec (XV[2:3])
normV = norm_vec (XV[4:5])
numRetl = - 2*xdotProd + 2*sqrt(dotProd”™2 + normV~2*(1 - normX~2))
return (numRet1/ (2% (normV~2))) }

The functions used to generate the new velocities are the following.

newSpeed <- function(XV,n, alpha,a){
return( matrix(unlist (mclapply(seq(1l,n), function(i)
simulV(XV[i,], a = a, alpha = alpha), mc.cores = cores)),

nrow = n, ncol = 2, byrow = TRUE) ) }

simulV <- function(x,a,alpha){
n_x = (c(-x[2],-x[31))

v = c(x[4],x[5])

b = rbinom(1,1,1-alpha)

if (b) { return(v - 2*(dotproduct(c(v,n_x)))*n_x) }
u =1

v = ¢(0,0)

r = norm_vec (rnorm(3))

theta = pi/2
while (5*u > cos(theta)) {
theta = runif (1, -pi/2, pi/2)

u = runif (1) }
t_x = matrix(c(0,-1,1,0), nrow = 2, byrow = TRUE)Yx*%x[2:3]
P = t(matrix(c(n_x,t_x), nrow = 2))

return( (r~a)*(P%*%(c(cos(theta), sin(theta))) ) }
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To obtain the films, available at the following url: https://www.lpsm.paris/pageperso/
bernou/post/simulations2/, we use the following script to obtain the images which are then

combined.

XV = simulDisk(alpha = alpha,a = a,n=n,

nbrCollisions = nbrCollisions, dirac)

matrixData2 = array(as.numeric(unlist(XV)), dim=c(n,5,nbrCollisions))
compteur = 0
for(i in seq(0,50,by = 0.01)){

XV = getValueAtTime (i, matrixData2, n)

compteur = compteur + 1

filename = paste("Image/", compteur, ".png", sep = "")

png(file = filename, width = 600, height = 525)

draw_own_circle (1, time = i)

points (XV[,2], XV[,3], col = "red")

dev.off () }

We used the following functions:

getValueAtTime <-function(t = 10, dataVal,n){
XV = matrix(data = rbind(rep(O,n),rep(0O,n), rep(0,n), rep(O,n),
rep(0O,n)), nrow = n, byrow = TRUE)
for (i in seq(l,n,by=1)){ XV[i,] = getTimedData(dataValli,,], t) }
return (XV[rowSums (is.na(XV)) == 0,]) 1}

getTimedData <-function(matrixData,t){
index = 0
for (j in seq(1,99,by = 1))
if (matrixDatal[1l,j+1] > t){

index = j
break } }
if (index == 0) { return(NA) }

output= c(t, matrixData[2,index]
+ (t - matrixDatal[l,index])*matrixData[4,index],
matrixData[3,index]
+ (t - matrixDatal[l,index])*matrixDatal[5,index],
matrixDatal[4,index], matrixDatal[5,index])

return (output) }

draw_own_circle = function(radius, center = 0, time = 0){
x = seq(-radius,radius, .0001)
y = sqrt(radius”2-x72)
z = -sqrt(radius”2-x72)
X_1 = matrix(cbind(x,y), ncol = 2)

plot(X_1, type = "1", col= "red",
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xlim = c(center-radius,center+radius),
ylim = c(center-radius,center+radius),
main = paste("time,=", time))

X_2 = matrix(cbind(x,z), ncol = 2)
lines(X_2, col="red") }

In the case where a = 0, we take the initial position uniform in a small disk included in the
spatial domain, and the initial velocity uniform in the unit sphere, in order to emphasize the
long-term asymptotics (if one takes the same Dirac mass for all particles, then one only sees
one trajectory during the whole simulation).

For the simulations in the star-shaped domain we use the same code, except that we change
the functions computeFirstSigma and newSpeed. Below is the code of the functions that will
play the same role in this new domain, plus a function giving the unit inward normal vector of
a point at the boundary and a function indicating whether a point is at the boundary of the

domain. The parameter b is the length of one branch of the star.

isAtBoundary <-function(x,b){

if (x[1] > 1 && (((1/(b-1))*(x[1]1-1) + abs(x[2])) > 1 - 107{-7})
&&  (((1/(-1))*(x[1]1-1) + abs(x[2])) < 1 + 10°{-7}))
return (TRUE)

else if ((x[2]>1) && ((1/(b-1))*(x[2]-1) + abs(x[1]) > 1 - 10°{-7})
&& ((1/(b-1))*(x[2]-1) + abs(x[1]) < 1 + 10°{-7}) )
return (TRUE)

else if ((x[1] < -1)
&& (((1/(b-1))*abs(x[1]1+1) + abs(x[2])) > 1 - 10°{-73})
&& (((1/(b-1))*abs(x[1]1+1) + abs(x[2])) < 1 + 10°{-7}))
return (TRUE)

else if ((x[2]<-1) && ((1/(b-1))*abs(x[2]+1) + abs(x[1])>1-10"{-73})
& ((1/(b-1))*abs(x[2]+1) + abs(x[1]) < 1 + 10°{-7}))
return (TRUE)

else return(FALSE) }

computeSigmaStar <- function(XV,b){
s = vector (length = 8)

s[1] = (1/(b-1)*(1-XV[2]) + 1 - XVI[3]) / (XV[5] + (1/(b-1))* XV [4])
s[2] = (1/(b-1)*(XV[2]-1) - 1 - XVI[3]) / (XV[5] - (1/(b-1))* XV [4])
s3] = ( (b-1)*XV[2] - XV[3] - b ) / (XV[5] + (1-b)*XV[4])

s[4] = ( (1-p)*XV[2] - XV[3] - b ) / (XV[5] + (b-1)*XV[4])

s[5] = (-(1/(b-1))*(XV[2]+1) - 1 - XVI[3]) / (XV[5] + (1/(b-1))=*XV[4])
s[6] = (C (1/(b-1)) *(XVI[2] + 1) + 1 - XV[3] ) / (Xv[5] - XvI[4]/(b-1))
s[7] = ( (b-1)*XV[2] - XVI[3] + b ) / (XV[5] + (1-b)=*XV[4])

s[8] = ( (1-b)*XV[2] + b - XV[3] ) / (XV[5] + (b-1)*XV[4] )

sls <= 107°{-8}] = Inf
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sigma = Inf
for (i in seq(1:8)){
if (!is.na(s[i]) && s[i] != Inf && isAtBoundary (XV[2:3]
+ s[i]*XV[4:5],b))
sigma = s[i]
}
return(sigma) }
getNormalVector <-function(x, a = 3){
### a = b with the previous notations

if (x[1] > 1){
if (x[2] > 0) {return(c(-1/(a-1),-1)/norm_vec(c(-1/(a-1),-1)))}
else {return(c(-1/(a-1),1)/norm_vec(c(-1/(a-1),1)))}
}
else if (x[1] < -1){
if (x[2] > 0) {return(c(1/(a-1),-1)/norm_vec(c(1/(a-1),-1)))}
else {return(c(1/(a-1),1)/norm_vec(c(1/(a-1),-1)))}
}
else if (0 < x[1] && x[1] < 1){
if (x[2] > 0) {return(c(li-a,-1)/norm_vec(c(l-a,-1)))}
else {return(c(l1-a,1)/norm_vec(c(l-a,-1)))}
}
else if (-1 < x[1] && x[1] < 0){
if (x[2] > 0) {return(c(-(1-a),-1)/norm_vec(c(l-a,-1)))}
else {return(c(-(1-a),1)/norm_vec(c(l-a,-1)))}
}
else return(c(0,0)) ¥

newSpeedStar <- function(XV,n, alpha,a,b,cores){
V = matrix(unlist(mclapply(seq(l,n), function(i)
importantSamplingVStar (XV[i,], a = a, alpha = alpha, b=b)
, mc.cores = cores)), byrow = TRUE, ncol = 2)

return (V)

importantSamplingVStar <- function(x,a,alpha,b){
n_x = getNormalVector (x[2:3],b)
v = c(x[4],x[5]1)
spec = rbinom(1l,1,1-alpha)

if (spec) return(v - 2*x(dotproduct(c(v,n_x)))*n_x)
u =1
v = ¢(0,0)

while (sqrt(2/pi)*10*u > abs(dotproduct(c(n_x,v)))){
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v = rnorm(2)
if (dotproduct(c(n_x,v)) < 0){v = -v}
u = runif (1)

}

return (v*norm_vec (v) (a-1))

3.3 Qualitative results in the unit disk

We present several numerical results regarding the convergence towards equilibrium in the unit
disk. First, we simulate 10 particles with o = a = 1 and look at the distribution at time ¢ = 20
of the first space coordinate and the first velocity coordinate. We obtain the histograms of
Figures 3.2 and 3.3. The theoretical density of the corresponding coordinate at equilibrium is

plotted in red for comparison. The initial distribution is

Jo(z,v) = 6(0,0)(2)d(0.5,05)(v), (z,v) € D x R?, (3.3.1)
where d,(.) denotes the Dirac mass at the point y € R?.

Distribution of the first space coordinate Distribution of the first velocity coordinate
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Fig. 3.2 Distribution of the first space Fig. 3.3 Distribution of the first velocity
coordinate at time t=20. coordinate at time t=20.

At this point, it seems quite clear that the equilibrium is already reached at time t = 20. If
we run the same simulation with a = .5, we obtain new histograms for the first coordinates in
space and velocity, at time ¢ = 20 and t = 50, see Figures 3.4-3.7 below. As one can see on
those figures, at time ¢t = 20, the distribution is not yet at equilibrium: there are still particles
that have only been reflected with the specular component of the boundary operator, which
explains why one cell of the histogram is anormally high for both variables considered. At time

t = 60, the system seems to fit the equilibrium distribution, and we recover similar histograms
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Distribution of the first variables in space and velocity with o = .5

Distribution of the first space coordinate Distribution of the first velocity coordinate
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at time t=20. coordinate at time t=20.
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Fig. 3.6 Distribution of the first space Fig. 3.7 Distribution of the first velocity
coordinate at time t=60. coordinate at time t=60.

to those of the case @ = 1 at time ¢ = 20. We also present on Figures 3.8-3.10 the histograms
at time ¢ = 10 and ¢ = 50 (space variable) and at time ¢ = 10 up to ¢ = 180 (velocity variable),

with @ = a = 1, in the case of an initial data given by
f()(l', Q}) = Z/{B(O’l)(dx)NQ(OQ, 0.01]2)(611)), (3.3.2)

where Up(g,1) is the uniform distribution in the unit disk of dimension 2, of center 0 and radius
1, Na(, X) is the normal distribution in R? with mean pu € R? and covariance matrix . As
one can observe, the difference between the distribution of the velocity and the equilibrium
distribution of this component is the concentration around the velocity 0. This shall not be a

surprise, as particles starting with a very small velocity require a lot of time to hit the boundary.
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Distribution of the first space coordinate, t=10 Distribution of the first space coordinate, t = 50
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Fig. 3.8 Distribution of the first space coordinate at time ¢ = 10 and ¢ = 50 in the case where
the initial data is given by (3.3.2).
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Fig. 3.9 Distribution of the first space velocity coordinate at time ¢ = 10 and ¢ = 50 in the case
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where the initial data is given by (3.3.2).
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3.10 Distribution of the first space velocity coordinate at time t = 100 and ¢ = 180 in the
case where the initial data is given by (3.3.2).
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3.4 Quantitative convergence towards equilibrium in the unit
disk

Limit of total variation estimates. We now turn to the quantitative estimation of the
convergence towards equilibrium. We want to estimate the total variation distance between two
measures: fi, the solution at time ¢, and the equilibrium distribution p... To estimate the total
variation distance from the samples, we build cells of radius € > 0 in R* and count the number
of points of each sample located in each cell. This also requires to compute a matrix distributed
according to pe,. Our estimator of the total variation distance is given by the following: if
(Xi, Vi)1<i<n has distribution u € M(R?*) and (X, V;)1<i<n has distribution v € M(R?), the

estimate is given by (using fA to denote the cardinal of a finite set A):

i X=X < e |Vi— V| < e}
Nedr2u(X;,V;)

n
TVZ; (1, v Z ‘ — 1’.
Of course this estimate can be adapted easily to consider distributions over R? rather than R*:
if (Xi)lgign is i.i.d. of law n e M(Rz) and (Xi)lgign isii.d. of law v € M(Rz), the estimate
is given by:

n ﬁ{z DX - X < 6}
TVa(p,v ’ Ne2nv(X;) a ’

In Figure 3.11, we present the result of an estimation of the total variation distance at
several times, with n = 105, a = a = 1 and fj given by (3.3.1). As one can see, the convergence
is fast at first, but the estimate remains quite large even at very large time. The fact that we
use two samples to compare the two distributions makes the noise too important, as can be

checked by taking two samples of p~: we define the error by

error = m(uoo,uoo),

and the previous estimate is really close to this error. The fact that this error is so large also
rules out the idea of trying a different value of fy, such as an equilibrium with a temperature
different than 1.
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Total variation estimate, Dirac mass initial distribution
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Fig. 3.11 Estimate of the total variation distance between f; and po, with fo given by (3.3.1).

Although there is a clear lack of precision with this method of estimation, one can already
observe some interesting features. For instance, with @ = 0.5, levels seem to appear in the
total variation distance estimate: ending times of those levels correspond to the ones where
the particles that have only been reflected specularly hit the boundary. On average, at those
times, half of them are reflected in a diffuse manner, which accelerates the convergence towards
equilibrium. To confirm this idea, we can look at the total variation estimate in the velocity
distribution only, and in space distribution only, Figures 3.12 and 3.13. A first observation is
that looking at those estimators does not change the previous problem: the error is still high.
In the velocity variable the levels are really highlighted by the estimator, at least until the error
level is reached. In the space variables the levels appear but the estimator has small fluctuations
depending on the position of the fraction of particles which have only been specularly reflected:
the estimator tends to be bigger when this fraction is far from the center of the disk. To confirm
this idea, one can look at the behavior of the total variation distance estimator in the space
coordinate when v = 0. Here, we expect no convergence to equilibrium, but plan to observe
fluctuations of the estimator because of the previously mentioned effect. As one can observe on
Figure 3.14, this behavior indeed occurs.

We can also try to use the Wasserstein distance rather than the total variation distance,

using the R package “transport” recently developed. The corresponding estimators, however,
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exhibit the same problems as the ones of the total variation distance. We do not present them

here.

w | . W Estimate_space

- W Estimate_velocity W Estimate_emor

B Estimaie_error
E oo E
g T T T T T T T T T T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30
vec_time vec_time
Fig. 3.12 Estimate of the total variation Fig. 3.13 Estimate of the total variation
distance in the velocity variable, with « = 0.5  distance in the space variable, with o = 0.5
and fy given by (3.3.1). and fo given by (3.3.1).

Total variation distance In space, alpha =0

1.65
|

estim4

1.45
1

vec_time

Fig. 3.14 Variation of the space estimator when o = 0 and f is given by (3.3.1). This figure
confirms that the space estimator varies with the position of the fraction of particles for which
only specular reflection occured. As expected, no convergence occurs for this value of a.
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Estimation with a test function

Recall first that if pu, v are two probability measures on a space E, we can write the total

variation distance as: )
TV (u,v) = 5 sup ‘/gbd,u—/d)du’.
$:E—[—1,1]

Following this idea, we choose a function ¢ and try to estimate, for ¢ > 0, |{fi, @) — (lioo, D),
where (-, ) is the scalar product in the duality. This will give an estimate of the total variation
distance. We pick ¢(x,v) = |lz||* + |Jv||?, simulate (X;, Vi)i<i<n ii.d. of law fi, (X3, Vi)i<i<n

of law o, and use the following estimator

R 111 & S
enlfes o) = 5|~ 30 (X0, Vi) = 6(Xi, V) |
i=1
In what follows, we call this quantity the ¢-estimate.

We also consider a different test function,

da(x,v) =/lz|| + /vl z € D,veR?, (3.4.1)

We call the corresponding estimate the ¢o-estimate. We first compute the estimate with the
following parameters: n = 10°, @ = o = 1, in the unit disk. Since the estimate converges
quickly, we take an initial data in the form (3.3.2), quite far from the equilibrium distribution
in velocity.

In Figure 3.15, we present the result of convergence for those estimators with this choice of
fo. We draw a log-log curve to emphasize the polynomial rate of convergence, and compute
the estimates of the slope of decrease for both estimators with a linear regression. Note that
the values obtained for those slope, while not irrelevant, are far from the expected value of —2.
After time t = exp(5) we see noise appear in both estimators.

We can also consider the behavior of this estimator for the same set of parameters as above,
with different values of . The results are displayed on Figure 3.16. One of the theoretical
results is that the value of a should not change the exponent of the rate of convergence. We
see on Figure 3.16 that the variation induced by the modification on « plays a role. This is not
surprising: with a = 1 the particle is thermalized immediatly, while it has to collide several
times with the boundary, in many cases, when « = .5. The absence of effet of the variation of
« is probably more visible on the long run, a feature that our estimates do not capture very

well since the error becomes large early.
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Log-log curve, Estimates in the unit disk

S -
~ B Phi-estimate
B Estimated slope 1 -1.697
B Phi2-estimate
o O Estimated slope 2 -1.593
! W Theoretical slope -2
g
[
E
8 v 4
[=z]
3
t? —

Log(time)

Fig. 3.15 Log-log convergence of the ¢-estimate and the ¢o-estimate with fy given by (3.3.2).

Log-log curve, Estimates in the unit disk with alpha = .5

o -
B Phi-estimate
W Estimated slope 1 -1.122
B Phiz-estimate
T .. O Estimated slope 2 -1.051
W Theoretical slope -2
g
[
E o
..L_ﬂ. P
O
(=]
3
:‘? =
?‘ -

Log(time)

Fig. 3.16 Estimates for o = .5, with fy given by (3.3.2).

Variation of the parameter a. In this part we only consider the case a = 1. We now
test different values of a. Other parameters remain unchanged. Recall that the previous case

corresponds to a = 1.
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The case where a < 1. In this case, the boundary operator gives a smaller weights to
velocity vectors with small norms, hence we expect the convergence to be faster, provided that
we take an initial data with enough inverse moments. For fy given by (3.3.2), this should not

change the rate of convergence, and, as one can see on Figure 3.17, this is indeed the case.
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Fig. 3.17 Convergence of ¢ and ¢ estimates, for fy given by (3.3.2) and a = .1 and a = .5.

In Figure 3.18, we test whether the rates are modified when we take a data with higher
regularity. For this, we start with an initial data corresponding to the new equilibrium, and
multiply its velocity by 0.1, to obtain the same variance as before. As one can see on the result,
although this should not be interpreted in a quantitative way, it is clear that this time the slope
is affected by this new value of a, and that the convergence occurs faster. Here, as opposed to
before, the slope is computed only when the decay really starts, i.e. at time ¢ = 12 when a = .1
and at time ¢t = 7 when a = .5. The estimated slopes are really different from the one with
a = 1 with an initial data given by (3.3.2).

Log-log curve, Estimates in the unit disk with a = .1 Log-log curve, Estimates in the unit disk witha=.5
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Fig. 3.18 Convergence of ¢ and ¢ estimates, for fy given by MTB)"OI, with @ = .1 and a = .5.
Estimates for a > 1. In this case, the boundary operator gives a larger weight to small
velocities. We expect that this will lower the rate of convergence. The first test, see Figure

3.19, is done with a = 1.5, and with initial data (3.3.2) corresponding to a = 1, far from the
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equilibrium. In this case, the estimated slopes are closer to —2 than to the theoretical value —1,
and in fact are very similar to the ones in the case a = 1, see Figure 3.15. On the other hand,
if we use as initial data distribution the equilibrium corresponding to ¢ = 1.5 with a different

temperature, the estimated slopes become closer to the theoretical value —1. An explanation
Mj 0.01(v)

for this difference is the following: when fy(z,v) = —r particles that have not yet been
thermalized are distributed according to %w, hence their velocity corresponds to the rate

of convergence —2 that we expect in the case a = 1 (and this is the case even when o < 1). On

the other hand, when fy(z,v) = Mi50.01(v)/|D|, particles that have not encountered a diffuse

1

reflection have the distribution corresponding to the rate of convergence ;. The results for

a = 1.5 are displayed on Figure 3.19.
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Fig. 3.19 Convergence of ¢ and ¢o estimates, for a reflection law using a = 1.5 and f; given by

M‘agiol’ with a = 1 (left) and a = 1.5 (right).

Let us expand on the surprising behavior of the case a = 1.5, fy given by (3.3.2), where the
estimated slope is larger, in absolute value, than the theoretical one. One possible explanation
is that the difference in variance between the initial data, centered at 0 with variance 0.01,
and the reflection law is so large that it somehow counteracts the fact that M, gives more
weight to small values when a = 1.5 than it does when a = 1. To test this hypothesis, we can
compute the simulation with fy given by (3.3.2) and a reflection law corresponding to a = 1.5,
and multiply the outcoming velocities from this reflection law by 0.1, in order to have two
variances of the same order. The result is displayed in Figure 3.20, and in this case we recover
that the estimated slope is smaller, in absolute value, than the theoretical one, as expected. It
is interesting to note how this use of small variances delays the convergence.

One of the reasons why our estimates on Figure 3.19 seem to fail is that, since we have a
delay between the time ¢ = 0 and the time at which the decay of the estimate really occurs,
our estimated slopes are slightly biaised at the beginning. Moreover, we quickly reach the
point where the noise is too important for our estimate to become relevant. One way to fix

this second issue is to take a larger, i.e. closer to 3, to slow down the convergence and recover
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Log-log curve, Estimates in the unit disk with a = 1.5,
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Fig. 3.20 Convergence of the ¢o estimate, in the case where a = 1.5 with ¢ = 0.1 and fj is

given by Mlli;]iOl' The slope is estimated from ¢ = 30 onwards.

better estimates of the slope. We do this with ¢ = 2.5, and the initial data

fo(x,v) = Ma50.01(v)/|D].

The results are displayed on Figure 3.21. While the slope itself is still far from the theoretical
one (although clearly strongly correlated), we see that the decay of the ¢o estimate is really well
approximated by the line with the corresponding slope: the decay seems to be of polynomial
order. Note that the estimate starts from a very small value: this is not surprising, since the
distribution M, . is strongly concentrated around 0, the variance plays a more restricted role
compared to the previous cases. As before, the estimated slope is slightly superior, in absolute
value, to the theoretical one, because of the effect of the small variance of the initial data. We

only display the ¢o-estimate, as the ¢-estimate provides poorer results.
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Log-log curve, Estimates in the unit disk with a = 2.5
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Fig. 3.21 Convergence of the ¢o estimate, in the case where a = 2.5 and the reflection law has
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variance 1, with fy is given by %
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3.5 Results in the star-shaped domain

In this section, we present the result in the star-shaped domain without further comments, to
show that indeed, in this non-radially symmetric domain, the problem behaves quite similarly

as in the radially symmetric one.

3.5.1 Qualitative results

We present first the empirical distribution of the first space and velocity coordinates in the case

where

fo(z,v) = 0(0,0y(2)d(1,2)(v), (z,v) € D x R% (3.5.1)

Distribution of the first space coordinate at time t = 10 Distribution of the first velocity coordinate at time t = 10
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Fig. 3.22 Distribution of the first space and velocity coordinate at time ¢ = 10 in the case
where the initial data is given by (3.5.1).

Distribution of the first space coordinate at time t = 50 Distribution of the first velocity coordinate at time t = 50
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Fig. 3.23 Distribution of the first space and velocity coordinates at time ¢ = 50 in the case
where the initial data is given by (3.5.1).
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We then present the same distribution in the case where
fo(z,v) = Up(dz)Na(04,0.01L)(dv), (z,v) € D x R?, (3.5.2)

where Up is the uniform distribution in the star-shaped domain D C R2.
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Fig. 3.24 Distribution of the first space and velocity coordinates at time ¢ = 10 in the case
where the initial data is given by (3.5.2).
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Fig. 3.25 Distribution of the first space and velocity coordinates at time ¢ = 100 in the case
where the initial data is given by (3.5.2).
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Fig. 3.26 Distribution of the first space and velocity coordinates at time ¢ = 150 in the case
where the initial data is given by (3.5.2).

3.5.2 Quantitative results of convergence towards equilibrium

For the study in the star domain, we will only consider the ¢9-estimate computed according
to the function ¢9 (3.4.1), since the ¢-estimate is always less efficient. We emphasize that ¢o
takes into account both the space and the velocity: we still take into consideration the more

complicated structure of the domain. The results are quite similar to those in the unit disk.

Log-log curve, Estimates in the star-shaped domain witha =1

o
@
o [ R ",
E . ) ™
= B Phi2-estimate AN
% O Estimated slope -1.563 “
S B Theoretical slope -2 N
=+ — L8
[T ‘w'\-..
"
¥W
T T T T T
1 2 3 4 5
Logitime)

Fig. 3.27 Convergence of the ¢o-estimate, for fy given by (3.5.2), with & = a = 1 in the
star-shaped domain. The regression is computed from the values of the estimate at time ¢ = 30
until time ¢ = 175.
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Fig. 3.28 Convergence of the ¢s-estimate, for fy given by (3.5.2), with & = 0.5, a = 1 in the
star-shaped domain. The regression is computed from the values of the estimate at time ¢ = 30
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Fig. 3.29 Convergence of the ¢o-estimate, for fy given by (3.5.2), with a = .5 (left) and a = .1
(right) in the star-shaped domain. On the left (resp. right) the regression is computed from the
values of the estimate at time ¢t = 15 (resp. ¢ = 30) until time ¢ = 225 (resp ¢t = 190) .
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Fig. 3.30 Estimates in the case where the reflection law and the initial data have parameter
a =.5 (left) and a = .1 (right). The estimated slopes are computed from time ¢ = 30 onwards.
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Fig. 3.31 Estimates in the case where the reflection law has parameter @ = 1.5. The initial data

is

Ma.,0.01

i with a =1 (left) and a = 1.5 (right). The estimated slopes are computed from time

t = 10 onwards.
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Fig. 3.32 Convergence of the ¢o estimate, for fy given by given by Di and a reflection law
with a = 1.5 and variance 0.01. Note that this set of parameter highly delays the convergence

of the estimator. The estimated slope is computed from time ¢ = 30 onwards.
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Chapter 4

A semigroup approach to the
convergence rate of a collisionless

gas

This chapter corresponds to the paper [8] published in Kinetic and Related Models.

Abstract: We study the rate of convergence to equilibrium for a collisionless (Knudsen)
gas enclosed in a vessel in dimension n € {2,3}. By semigroup arguments, we prove that in
the L! norm, the polynomial rate of convergence W given in [119], [87] and [88] can be
extended to any C? domain, with standard assumptions on the initial data. This is to our
knowledge, the first quantitative result in collisionless kinetic theory in dimension equal to
or larger than 2 relying on deterministic arguments that does not require any symmetry of
the domain, nor a monokinetic regime. The dependency of the rate with respect to the initial
distribution is detailed. Our study includes the case where the temperature at the boundary
varies. The demonstrations are adapted from a deterministic version of a subgeometric Harris’
theorem recently established by Cafizo and Mischler [21]. We also compare our model with a

free-transport equation with absorbing boundary.

Keywords: transport equations, Maxwellian diffusion boundary conditions, subgeometric

Harris’ theorem, explicit, collisionless gas.



162 A semigroup approach to the convergence rate of a collisionless gas

4.1 Introduction

Model. In this paper, we study the kinetic free-transport equation with Maxwell boundary

conditions inside a domain D in R™ having closure D, with n € {2,3}:

Of+v-Vyf =0, (t,z,v) € R} x G,
v f(t,z,v) = Kyq f(t,x,v), (t,z,v) e Ry x 0_G, (4.1.1)
f|t:0(£L',’U) = fg(l‘,v), (iL‘,’U) € G)

where we use the notations G := D x R”, and, denoting n, the unit inward normal vector at
x € 0D,
0+G :={(z,v) € 9D x R", v -n, <0},

0_G = {(xz,v) € 0D x R", —(v-ng) < 0}.

Given a function ¢ on (0,00) x D x R™, v4¢ denotes its trace on (0,00) x d+G, provided this
object is well-defined. The boundary operator K is defined, for all (¢,z,v) € Ry x 9_G and for
¢ supported on (0,00) x 94 G such that ¢(t,z,-) belongs to L'({v' : v/ - n, < 0}), by

Ko(t,x,v) = a(x)M(x,v) / (t, 0" ) |V - ng|dv
{v'€R™v" ny <0} (4.1.2)

+ (1 —a(z)p(t,z,v — 2(v - ng)ng).

In this paper, we consider the standard (and physically relevant) case of the Maxwe-
llian distribution at the boundary 9D,

M(z,v) = — e 2@ € dD,v € R, 4.1.3
(x,v) 2n0() e x v ( )

0|3

where, for all x € 9D, for z € 0D,

1 _lv? -1
é(x) = (/ —e€ 29<x>|v-nz\dv) , (4.1.4)
{v-n.<0} (271’9(5(1)) 2
which is independent of the choice of z since the integrand is radial, so that
/ M(x,v)|v - ngldv = 1. (4.1.5)
{v-ng <0}

The parameter 6(z) corresponds physically to the temperature at the point z € 9D of the

boundary wall considered at rest.

Physical motivations. This problem models the evolution of a Knudsen (collisionless) gas
enclosed in the vessel D. For such diluted gases, the Lebesgue measure of the set of collisions

between particles is 0, hence the collision operator of the Boltzmann equation describing
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statistically the dynamic, as introduced by Maxwell [95], vanishes. Particles in D move
according to the free-transport dynamic until they meet with the boundary. They are reflected
at the boundary 9D in a diffuse or specular manner, corresponding to the two terms in the
definition of K: at a point = € 90D, a fraction 1 — «(x) of the gas particles is specularly reflected,

i.e., if v € R™ is the initial velocity, the outgoing velocity is given by
Ne(V) = v —2(v - ng)ng. (4.1.6)

The remaining fraction a(z) is diffusively reflected (and thus thermalized). The latter corre-
sponds, physically, to the case where the particle is adsorbed by the wall before being re-emited
inside the domain according to a new velocity distribution defined through M. More details
on the derivation of this boundary condition can for instance be find in the monograph of
Cercignani, Illner and Pulvirenti [27, Chapter 8]. For this model, the distribution function of
the gas, f(t,,v), representing the density of particles in position z € D with velocity v € R”
at time t > 0, satisfies (4.1.1).

Link with the Boltzmann equation and convergence rate for (4.1.1). We study the
rate of convergence towards equilibrium of (4.1.1). Taking 6 = © for some © > 0 so that M
only depends on v, the existence of a steady state and the convergence towards it (at least in a
restricted context) is known since the work of Arkeryd and Cercignani [2]. This equilibrium is

given by, assuming the initial data to be of mass 1,

2
lloll

__c*® 4.1.7
foo(z,v) |D\(27r®)%7 (z,v) € G, ( )

where |D| denotes the volume of D. In the collisional case, for instance when one studies
the space-homogeneous Boltzmann equation with the same boundary condition as in (4.1.1),
the famous H-theorem of Boltzmann gives a starting point from which Boltzmann [16] gave
plausible arguments for the convergence towards an equilibrium as time goes to infinity. Once
this convergence is established, a key question is the rate at which it occurs. Physically, one
would also like to obtain an explicit form for the constant playing a role in the convergence
rate, to avoid unsignificant values as one can find when working with the Poincaré recurrence
theorem. Regarding Boltzmann equation with Maxwell boundary condition (or diffuse boundary
condition, i.e. with & = 1) and constant temperature, there are strong reasons to believe that
the convergence occurs at an exponential rate, i.e., that there exist A, C' > 0 such that if f;
denotes the solution at time ¢ > 0, for all ¢ > 0,

”ft - foo”L1 < Cei/\t7



164 A semigroup approach to the convergence rate of a collisionless gas

where fo is the Maxwellian corresponding to the equilibrium of the system. On this matter,
see for instance Villani [123, 18.5], where it is established that the convergence rate is equal to,
or better, than t~°° in some Sobolev norm assuming some strong regularity estimates. However
those estimates may not hold true in a non-convex setting, see [67] for a discussion on those
issues in a general context. Guo [68, Theorem 4] proved the exponential convergence towards
equilibrium, when the initial data is close to the equilibrium.

This (expected) dissipative property of the previously mentioned Boltzmann equation is a
consequence of two factors: the interactions with the boundary wall and the collision operator.
On the other hand the model corresponding to (4.1.1) only deals with the interactions with the

boundary wall. This leads to several natural questions.

i) Can we still prove a convergence towards an equilibrium ? In particular in the case where

0 is not constant ?

ii) Is the rate at which this convergence occurs exponential, as expected for the Boltzmann
equation with similar boundary conditions ? If not, can we characterize this rate in a

precise manner ?

iii) Can we compute the corresponding constants explicitely ?

Well-posedness and qualitative convergence. Arkeryd and Cercignani [2] established
the well-posedness of (4.1.1) in the L! setting. This allows one to associate a semigroup (S;);>0
to the evolution equation, so that given an initial datum fy, S¢fo is the solution of (4.1.1) at time
t > 0. The decay property of the distance with respect to the equilibrium, and thus the answer
to the three questions above, can then be read at the level of the associated semigroup. The fact
that the answer to i) is positive is physically intuitive and has been established qualitatively in
the convex setting and in dimension 3 by Arkeryd and Nouri [3]. In the general setting, the

obtention of a rate to answer ii) will provide an a posteriori answer for question i) as well.

Known results for question ii). Question ii) was first addressed numerically by Tsuji,
Aoki and Golse [119]. They gave strong arguments to support the intuition that the rate of
convergence in the L' norm will no more be exponential in this case, but rather polynomial
of order tin’ where n is the dimension of the problem. The absence of a spectral gap for the
sole free-transport operator is a natural reason to think that the exponential rate cannot be
reached for this model. Later, Aoki and Golse [1] proved that the rate of convergence is better
than % in the L' distance, with an additional assumption of symmetry of the domain and of
the initial data, by means of Feller’s renewal theory. Still with this symmetry assumption on
the domain and in dimensions 1 to 3, the problem was studied via probabilistic methods by
Kuo, Liu and Tsai [87], see also [88] for the case where 6 varies, with the sole diffuse condition,

which corresponds to a = 1 with our notations. The key idea is that the symmetry of the
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domain allows one to consider the intervals in time between two rebounds of a particle as
independent and identically distributed random variables, and to deduce a law of large numbers
from which one can control the flux of the solution at the boundary in the L% norm. Kuo [86]
later extended this result with similar tools to the case of the Maxwell boundary condition, in
dimension 2. Finally let us mention that Mokhtar-Kharroubi and Seifert [102] recently obtained
an explicit polynomial rate in slab geometry (dimension 1). Their proof relies on a quantified

version of Ingham’s tauberian theorem.

Hypothesis and main result. While the methods used in [1], [87], [88] and [86] are difficult
to adapt to a nonsymmetric setting, it seems intuitive to expect that the rate of convergence
will be of the same order without this assumption. In this work, we give, using a slightly
modified version of the subgeometric Doeblin-Harris theory of Canizo and Mischler [21], an
answer to questions i) and ii) and a partial answer to question iii) in the larger context of C2
domains.

Let us introduce some assumptions and key notations and present our main result. The
dimension n belongs to {2,3}. We endow R™ and R with the Lebesgue measure. The symbols
dx,dv,... denote this measure. We assume that the domain (open, connected) D C R" is
bounded and C? with closure D, and that the map = — n, can be extended to the whole set
D as a W™ map, where W1 denotes the corresponding Sobolev space. For any k € N*, we
use the Euclidian norm in R*. We write d(D) for the diameter of D

d(D)= sup |z -yl
(z,y)eD?

On D x R", setting
G = {(xz,v) € 0D x R",v - ngy =0},

we define the map o by:

oz, :{ inf{t > 0,z + tv € 0D}, (x,v) € -G UG, (4.18)

0, (z,v) € 8, G U 8,G,

which corresponds to the time of the first collision with the boundary for a particle in position
x with velocity v at time ¢t = 0. The L' space on G, denoted L!(G) is the space of measurable
R-valued functions f such that

[ fllzr = /G |f(z,v)|dvdz < oo.

For any non-negative measurable function w defined on G, we introduce the weighted L! space
LL(G) ={f € LY(Q), | fw| ;1 < oo} endowed with the norm defined by || f||. := || fw]||z:. For
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any function f € L'(G), we define the mean of f by

()= [ S v)dvdz, (4.1.9)

For the function o : 9D — [0, 1] playing a role in the boundary condition, we assume that there

exists a constant ¢o € (0,1) such that
a(x) > ¢y, VredD. (4.1.10)

This condition implies that 1 — a(z) < 1—¢g for all z € D, a fact that will allow us to control

the contribution of the specular component of the reflection at the boundary.

Remark 4.1.1. In the case of the diffuse boundary condition, that is, when o = 1, our condition
implies that one has to choose some ¢y € (0,1) rather than the value 1 itself. Any value
co € (0,1) will satisfy (4.1.10) in this case.

We define the constant ¢4 € (0,1) by the equation
(1—cy)=(1-cp), (4.1.11)

so that, for i € [1,4],
(1—cq)' > (1 —co).

Finally, we assume that the temperature function 8 : 9D — R, is continuous, positive on 9D
compact, so that (z,v) — M (z,v) is continuous and positive. We introduce the weights w; for
i€ {1,...,4} defined by setting, for all (z,v) € D x R™,

wi(z,v) = (62 + d(D) _ o(x, —v))iln (62 + dD) _ o(z, —v))_m. (4.1.12)

[[v]]ea

Note that 2 > 1.6 > L for n € {2,3}. The idea behind this choice is that we will be able to
interpolate a first result for w,41 by considering the weight wﬁ , and that the exponent of the

logarithmic factor will still be smaller than —1. Our main results are the following.

Theorem 4.1.1. There exists a constant C > 0 such that for all t >0, for all f,g € L}, _(G)

Wn+1
with (f) = (g), there holds
Cln(1 +¢)"*2
1S:(f = 9l < WW — Illwnsr-
For i € [n — 1,n + 1], we define the weight m; by setting, for all (z,v) € D x R",
d(D) ho(2 . D) —L6a
mi(z,v) = (e? + —o(z,—v)) In(e* + —o(z,—v) . (4.1.13)
( [oljea ) ( [o][ca )
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A second theorem, which relies on similar arguments, answers question i) above even in the

case where 6 is not constant.

Theorem 4.1.2. There ezists a unique foo € L}, (G) such that 0 < foo, (foo) = 1 satisfying

U'vmfoo(xvv)zov ('T?U) € G,
V= fool,v) = K7+foo(x7v)v (.ZL',’U) €0-G.

Regarding the convergence towards equilibrium, we obtain by interpolation the following

corollary from Theorem 4.1.1.

Corollary 4.1.1. There ezists a constant C' > 0 such that for all t > 0, for all f € L}, (G)
with (f) = 1, for foo given by Theorem 4.1.2,

C'In(1 + ¢)"+t

ISi(F = el < g

1f = foollmn-

We make several remarks on those results.

Remark 4.1.2 (About question iii). The constants C, C" in Theorem 4.1.1 and Corollary 4.1.1
are explicit (constructive) in the easy case of the unit disk. We believe that for any given
domain D, one may find explicit constants using the geometry of D. The measure given by
Doeblin-Harris condition is the only part of the proof where one may lose the constructive

property of the constants, see Remark 4.4.1 for more details.

Remark 4.1.3. In general, we do not have fo, € L}% ., (G). In particular, in the case where

= © with © > 0 constant, f is explicit and given by (4.1.7), and fx € L%, (G)\ LolJnH(G).
Therefore, one cannot apply Theorem 4.1.1 to study the convergence towards equilibrium. This
limiting role of the equilibrium distribution when computing a rate of convergence is well-known
in the probabilistic version of the Doeblin-Harris theory used in this paper, see for instance

Douc, Fort and Guillin [44] and Hairer [71].

Remark 4.1.4. To complete the previous remark, note that fo, ¢ L} (G) for a weight m such

that m(x,v) ~ ﬁ for some constant C' > 0. This is a slight drawback of the method,
v

which prevents us from obtaining the optimal rate W from Kuo, Liu and Tsai [87, 88, 86].
However, the rate obtained here is almost optimal in the sense that it is better than W
for all e > 0. Moreover, even in the unit ball of dimension n, our result is slightly different
from the one of Kuo et al.: the space of initial data is not the same. Their space of initial data
L>>#(@) is included in L}, (G), while the converse is not true, as examplified by the function

of L}, (G)\ L°**(G) given by:

1 |In(ofyF 0D
Tl 1+

f(z,v) (xz,v) € G.
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Remark 4.1.5. The existence result in Theorem 4.1.2 (in particular in the case where 6 varies)
can also be seen as a consequence of the explicit formula for the equilibrium f., obtained by
Sone, see the monograph [115, Chapter 2, Section 2.5, Equation (2.48)] in the form of an infinite
series. In this paper, we deduce the result from Theorem 4.1.1 and do not make use of this

explicit form of f.

Remark 4.1.6. The hypothesis f € L}n”(G) is quite general even if f charges 0, since m,(z,v) ~
v—
c

——=— 57 for some C' > 0. For instance if one considers, as in [1], § = 1 so that M is
l[oll™ In([lvf|) +1

independent of z and f € L'(G) with 0 < f(x,v) < M(v) on D x R", the assumption is

satisfied.

Remark 4.1.7. The boundary condition prevents one from considering higher-order moments,
with weight exponents of order larger than n + 1. Hence Theorem 4.1.1 cannot be improved
by considering a weight wyyo with wyyo(x,v) o W for some C' > 0. Indeed, the
boundary condition becomes a limiting factor for the Lyapunov condition that we will use (see
Section 4.3 below for more details): to be compatible with our proof, a weight w must satisfy,
for all x € 0D,

/ M(z,v)v - nglw(z,v)dv < oo.

In [10], Bernou and Fournier study a similar model with probabilistic tools, more precisely
they use a coupling of two Markov processes to derive a rate similar (up to logarithmic factors)
to the one of Corollary 4.1.1. This method allows one to treat, in the space of measures, various
choices of M independent of x. Indeed, they only assume that M is radial, with a first order
moment and that M is lower bounded by a continuous positive function in a ball around 0.

The domain is again assumed to be C?.

Comparison with absorbing boundary condition. We conclude the paper by studying

the following close problem

Of+v-V.f =0, (t,z,v) € R} x G,
v_f(t,x,v) =0, (t,z,v) € Ry X 0_G, (4.1.14)
fli=o(z,v) = fo(z,v), (z,v) € G,

i.e., we take K =0 in (4.1.1). We set, for v > 0,

ry(xz,v) = (14 o(z,v))", (xz,v) € G. (4.1.15)

We refer to Theorem 4.7.1 for precise results on (4.1.14). The rough conclusions of the

comparison between the two models are the following.
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1) For very regular initial data, typically if f € L'(G) with f1{v|<ey = O for some € > 0, the
convergence rate is exponential in (4.1.14) while it is only of order n 4+ 1 (up to log factors)

in (4.1.1), because of the influence of the boundary condition.

2) With the assumption f, g in L%n — (G), the convergence rate of f; — g, with obvious notations,

is polynomial with, roughly, exponent n + 1 for both problems.

3) More generally, for f € L} (G), g € L}, _(G) with v —§ > 1, § > 0, the exponent of the
polynomial rate of convergence is v — ¢ in (4.1.14). In particular, if f € L} (G), the

Tn4+1—
exponent of the polynomial convergence rate towards equilibrium is roughly n+1 in (4.1.14)

1 . . . .
rmss (G) while it is only n (up to log factors) in (4.1.1)

since the equilibrium fo belongs to L} (G)\ L} (G).

Tn+1—

since the equilibrium 0 belongs to L

Proof strategy. Our proof of Theorem 4.1.1 is purely deterministic. While this proof is
also self contained, it is adapted from the method introduced in [21]. Let us elaborate on the
strategy. The first step towards the obtention of a Harris’ theorem is to prove that, setting £

the operator such that the evolution problem (4.1.1) rewrites as a Cauchy problem,

of==L in D x R",
= L1 . (4.1.16)
f(()? ) = fO() m Ga
we have the inequality
Lrwni1 < —wp + K, (4.1.17)

with £ > 0 constant and £* the adjoint operator of £, and that such inequality also holds by
considering various couples of weights instead of (wy,41,wy). It turns out that, since in our
model the whole dissipative component is localized at the boundary, (4.1.17) is very difficult

and perhaps impossible to obtain. On the other hand, using that
v-Vgo(z,v)=-1 in G,

one can prove an integrated version of (4.1.17), namely that there exist C1,b; > 0 such that for
allT >0, fe Ll (G),

Wn41

T
IS0 Flowis + €t [ 18 Fllonds < [Fllonss + @+ D flr (4119

and that this inequality also holds for various couples of weights.

As a second step, we prove a positivity result (Doeblin-Harris condition) for the semigroup
(St)t>0, Theorem 4.4.1. By following the characteristics of (4.1.1) backward, we prove that
there exists Ry > 0 such that for all R > Ry, there exist T(R) > 0 and a non-negative measure
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von D x R* with v # 0 such that for all (z,v) € G,

St f(@,0) 2 V(-’an)/ f(y, w)dwdy. (4.1.19)
{(y,w)eDxR™:0(y,w)<R}
The measure v depends on D and whether or not it is constructive is the key point for question
iii), see Remark 4.4.1 below. As already mentioned, if v is explicit, the constants C,C’ of
Theorem 4.1.1 and Corollary 4.1.1 are constructive.
To obtain the proof of Theorem 4.1.1, we assume without loss of generality that g = 0 and
that f € L., (G) with (f) = 0. We fix T > 0 large enough and introduce some modified norm

Wn+1
-y = I-TEr + Bl leonsr + - lleon

for two well-chosen constants a, 8 > 0 depending on 7. We prove, with the help of (4.1.18)

and of the Doeblin-Harris condition, that

IS fllyy < WMl - (4.1.20)

We then introduce some further weights wg, w1 such that 1 < wy < w; < wp41. With a similar

argument, we find that, for some modified norm [|.[,,,, for 7" as above and & > 0 well-chosen,

ST f I, + 26 f o < M F M, - (4.1.21)

We use repeatedly (4.1.20) and (4.1.21), along with the inequalities satisfied by the weights, to
conclude.

Theorem 4.1.2 is obtained from Theorem 4.1.1 and a refined version of (4.1.20) with the
couple (my41,my) instead of (wp41,w,). Once Theorem 4.1.2 is established, Corollary 4.1.1

follows from Theorem 4.1.1 by an interpolation argument.

Proof strategy for the study of (4.1.14). To compute the convergence rate towards
equilibrium of (4.1.14), we use a method introduced by Hairer [71] which is much more direct
than the previous strategy. This proof can not be easily applied to study (4.1.1) because of
the boundary condition and its impact on the derivation of the Lyapunov inequality. On the
other hand the strategy to prove Theorem 4.1.1 can not be adapted easily here because the
Doeblin-Harris condition, Theorem 4.4.1, does not hold. The proof in the case of an exponential
weight is a straightforward application of Gronwall’s lemma. In the polynomial case, i.e. when
the initial data f € L} (G) for some v > 1, the idea is to prove that,

B*TV S _¢(TV)7
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where B is the generator of the semigroup which can be associated to (4.1.14) and where

o(x) = v v for all x > 1 is a concave function. We then define, for t > 0, u > 1,
Y(t,u) = (H(u) +t+1)",

with H(u) = [* ﬁs)ds —uv —1 for all w > 1 and prove that t — 1St f e,y is non-increasing
in Ry using the differential properties of ¢, where (St)¢>0 is now the semigroup associated to
(4.1.14). To conclude, we have for all ¢ > 0,

@+ VYISt f e < 15ef oy < 1wy = 11,

and the polynomial rate (¢ + 1)~ follows. In both cases, the constants are constructive.

Plan of the paper. In Section 4.2 we introduce a few notations and recall some basic
properties of (4.1.1). In Section 4.3 we prove the Lyapunov inequality (4.1.18) for several
couples of weights. In Section 4.4 we prove the Doeblin-Harris condition satisfied by the
semigroup (S;)¢>0, (4.1.19). In Section 4.5 we recall some interpolation results for L!-weighted
space and give very slight extensions in the case of spaces defined through a projection. The
proof of Theorem 4.1.1, Theorem 4.1.2 and Corollary 4.1.1 is done in Section 4.6 using the
previous results. Section 4.7 is devoted to the study of the case of an absorbing boundary

condition with the strategy detailed above.

4.2 Setting and first properties

4.2.1 Notations and associated semigroup

We first set some notations. For any set B, we write B for the closure of B. For any space E,
we write D(E) = C}(FE) the space of test functions (C* with compact support) on E. We write
d((z) for the surface measure at x € 9D. We denote by H the n — 1 dimensional Hausdorff
measure.

For a function f € L*([0,00); L'(D x R™)), admitting a trace v f at the boundary we write
v+ f for its restriction to (0,00) x d+G. This corresponds to the trace obtained in Green’s
formula, see Mischler [101]. If f is a solution to (4.1.1) with initial data fo € L'(G) the traces

are well-defined, see Arkeryd and Cercignani [2, Section 3].

Lemma 4.2.1. The boundary operator K defined by (4.1.2) is non-negative and satisfies, for
allt >0, x € OD, for all f solution to (4.1.1) with fo € LY(G), f regular enough so that both

integrals are well-defined,

[ ke o@od = [ afaeondde @2
{vng>0} {vng<0}
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Proof. The non-negativity of K is straightforward from (4.1.2). Since, for all z € 9D,

/ M(z,v)|v-ngldv =1
{vng>0}
by (4.1.5), we have, for all ¢ > 0, recalling the notation 7, from (4.1.6),

/ K~vf(t,xz,v)(v-ng)dv = / a(x)M(z,v)|v - ngldv
{vngz>0} {vnz>0}

X / vf(t, @, ) ng|dv
{v"nz<0}

[ a@)f @) nlde,
{v-nz>0}
and, using the involutive change of variable w = 1, (v) and that w-n, = —v - n,

/’ memmw4mm=a@m/ V(2,0 )| ng|dv)
{vnz>0} {v'-ng<0}

+ (l—oz(x))/ ~vf(t, z,v)|v - ng|dv.

{v-ne<0
The result follows. O

As a consequence, ||K|| = 1 and (4.1.1) is well posed in the L! setting, see Arkeryd and
Cercignani [2, Theorem 3.6]. Therefore we can associate to the equation a strongly continuous
semigroup (S;);>o of linear operators, such that, for fo € L'(G), for all t > 0, S;fo = f(¢,.) is
the unique solution in L>([0,00); L'(D x R™)) to (4.1.1) taken at time t. Decay properties of

the equation will be studied at the level of this semigroup.

4.2.2 Positivity and mass conservation

We gather in the next theorem several key properties of (4.1.1). For f € L'(G), recall the
notation (f) from (4.1.9).

Theorem 4.2.1. Let f € L*(G). For allt >0, (Sif) = (f). Moreover, we have

1Sefllze < £l
and if f is non-negative, so is S f.

Proof. We sketch the proof with the additional assumption that f and the trace vf are
sufficiently regular so that all the integrals are well-defined, and refer to [2] for a rigorous

derivation of the result.
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Step 1. We write f(t,z,v) for Sy f(z,v) for all (¢t,z,v) € [0,00) X G, vf for the corresponding

trace on (0,00) x D x R™. Using Green’s formula, we have, for all ¢ > 0,
d
—/ f(t,z,v)dvdx = —/ v Vaf(t,z,v)dvdr = / vf(t, x,v)(v - ng)dvd((z),
dt Ja G ODxXR™

recalling that n, is pointing towards D for all z € 0D. Since v_ f = K~y f, we conclude by

(4.2.1) that
d
5 \5ef) =0.

Step 2. To establish the contraction result, note first that, by triangle inequality, for almost
allt >0, x € D,

[ el K Sl ode < (0= a@) [ o nal eIt @ ma(0)do
{vng>0} }

VNg >

va@) [ endMGo) [ e )l
{v-ng>0} {v/-nz<0}
We deduce that
[ e nliK e ode < [ o n Kl fl@ 0o,
{vng>0} {vng>0}
and applying (4.2.1) with |v4 f|, we conclude that

S o el Az ) < [ o mal S @ e (422

VNg <
Step 3. With similar computations to those of Step 1, one obtains,

d
g sz = [l nadvdce) + [ e 0l n)dvic(e).

According to the boundary condition in (4.1.1), we have yv_ f(t,x,v) = K~y f(t,z,v). We
conclude that p

—||S <0

Zlsifls <o,
using (4.2.2).

Step 4. To prove the positivity property, we use the previous results and the fact that
(Stf)— = M%‘%f Assuming f > 0, we have f_ =0 and, for all ¢ > 0, since (S;f) = (f) and



174 A semigroup approach to the convergence rate of a collisionless gas

since S; is a contraction in L',

Sef| =S
5l = [ EI=5T g
= 2 (I8fllzs — (55))

1 _
< (15 = 0) = [ Ltz =510 =0

and since (S;f)_ > 0 almost everywhere (a.e.) on G we deduce that (S;f)- =0 a.e. on G. O

4.3 Subgeometric Lyapunov condition

In this section, we derive several subgeometric Lyapunov inequalities that will play a key role

in our proof of Theorem 4.1.1. Recall the definition (4.1.8) of o. We first introduce a notation.
Notation 4.3.1. We define the map ¢ from D x R” to D by

q(z,v) =z + o(z,v)v, (4.3.1)

for all (z,v) € D x R".

In terms of characteristics of the free transport equation, for (z,v) € D x R", ¢(z,v)
corresponds to the right limit in D of the characteristic with origin z directed by v. The real
number o(z,v) corresponds to the time at which this characteristic reaches the boundary, if it
started from x at time 0 with velocity v with x € D or x € 0D,v -n, > 0. If x € 9D and v is
not pointing towards the gas region (that is, (z,v) is already the right limit of the corresponding
characteristic), g(x,v) simply denotes z.

We recall a result on the derivative of o inside G from Esposito, Guo, Kim and Marra
[54, Lemma 2.3]. We parametrize locally D by a C! map ¢ : R® — R, and D is locally
{z € R",{(x) < 0}. By definition of o(z,v), for all (x,v) € G, £(x 4+ o(x,v)v) = 0, and using

the implicit function theorem, we find, for all index j € {1,...,n},

“ do(xz,v
ajf + E 8168(:6)% =0.
=1

J

Rearranging the terms and by definition of ny(, ), we have:

Oo(z,v) _ _ (Ng@w));

)
Ox; U N0

so that

Ng(z,v
an(xvv) = _’U';]’L(())’ v - VxO'(fL',’U) = -1 (432)
q(x,v



4.3 Subgeometric Lyapunov condition 175

This minus sign can be understood in the following way: since o(z,v) is the time needed for a
particle in position x € D with velocity v € R™ at time ¢ = 0 to hit the boundary, moving the
particle from z along the direction v reduces this time. Recall from (4.1.11) that ¢4 € (0,1) is
such that (1 — ¢4)* = (1 — ¢p). For all (x,v) € D x R", we set

so that €2 < (x,v) and (z,v) ~, Mo for some x> 0. Moreover, for all (x,v) € 04+G, since
v—

o(x,—v) < % by definition of d(D), ¢4 is chosen is such a way that we have for all i € [1,4],

2, d(D) 2 dD)
) <(1- C4)(€ + HUHC4) <e‘+ Toles —o(x,—v). (4.3.3)

We prove the following;:
Lemma 4.3.1. For a couple of weights (my,mq), for e € (0,3), with any of the choices

(1) (m1,mo) = ((z,v)" In({z,v)) 77, (2,v)" ' In((z,0))7'7), i€ [2,n+1],

(2) (m1,mo) = ((z,v)", (z,v)"""), i€{5.2,5,.... 5},
(3) (m1,mo) = ((z,v) In((z,v))"", n((z,v))*),

there exist C' > 0, b > 0 explicit, depending on (m1,mg), such that for all T > 0, all f € L,lm(G),

T
157 flmy + C/O 155 f llmods < [ fllmy + b1+ D) f[| 1 (4.3.4)

Proof. Step 1. Note that, for all (z,v) € G, according to (4.3.2) and to the definition of (z,v),
(v-Vg{x,v)) = —1. We treat case (1) first. For i € [2,n+ 1], € € (0, 3),
(v Va)m = (v- Vo) ((,0) In((z, 0)~4+9)
= i(v- Vo (z,0)) (2, 0)) " In((z,v)) "+
+ (0 Vala, 0)) (=(1+ ) ((z,v))" " In((z,0) ")

_ i— —(l+e ) Chal)
= ((z,v))" ' In((z,)) (”)(_”m)’

Finally, In((x,v)) > In(e?) = 2, hence

(v-Vy)my < (—i-i- 1+€)m0,

andwesetC’i:i—%>0.
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Step 2. Let f € L} (G). We differentiate the L}, (G) norm of f, and use Step 1. We first
have, since n, is the unit normal vector pointing towards the gas region, for 7' > 0, by Green’s

formula,

d
2 / \Srfmydvdz = / 1S 1| (v - Vamy)dvda: + (g - v)m1 (1] S7.f|)dvd( (),
dT Ja G ODxR"

where we recall that d¢ denotes the induced volume form on dD. From [101, Corollary 1],
VS f (@, v)| = ]St f|(x,v) ae. in ((0,00) x +G) U ((0,00) x I_G), (4.3.5)

hence we will not distinguish between both values in what follows.

Applying Step 1 we find, using the boundary condition and (4.3.5),

d
a7 /G|STf|m1dvd:c

< ~Ci [ ISrfimodvda+ [ 51Sp i (v ng)dvdd(2)
G ODxR™

< —C’i/ ]STf\modvdx—i—/ a(x)/ M (z,v)mq(z,v)(v-nyg)
G oD {v-n2>0}

< ( /{ gy ST N v (z)
vnes (4.3.6)
[ Gt [ im0 m) (1S e(w)dvdd ()

~[ ] mi )l nal (1S v) dvdd @),
0D J{vng<0}

with 1z (v) = v —2(v-ng)n, for all (x,v) € D x R™. We focus on the third and fourth terms of
the last inequality of (4.3.6). We use in the third term, for € D fixed, the involutive change
of variable w = 7,(v) in the integral in v, so that v = n,(w), |w - ny| = |v - ngl, ||w|| = ||v|| and

w - ny < 0 (since v - n, > 0). Hence, for all x € 9D,

/{v~nm>0} my(x,v)(v - ng) (VST f| (2,12 (v)))dv = /{v.m<0} m1 (2, e (v))|v - ng| (Y| ST f| (2, v))dv.

For (z,v) € 0+G, o(z, —ngz(v)) = 0, therefore the sum of the third and fourth terms of (4.3.6)
reads

A= /BD /{v:v-nz<0} |- ng|(v|STf|(z, v)){(l _ oz(m))(62 n d(D) )1 . (62 N d(D) )7(1+6)

[[]es [[]es

_ (62 + dD) _ o(z, —v))iln (62 + d(D) _ o(z, _”))_(HE)}dde(m)‘

[[v]]ea [v]]es
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Note that, using 1 <14 < 4, we can control for all (z,v) € 9;G the quantity I(z,v) defined by

d(D) )—(1+€)
[vllca

I(z,v):=(1—- a(w))<e2 + d(D) )Z In (62 +

[v]lea
. (ez + d(D)

[v]es

—o(x, —v))i In (62 + d(D) _ o(x,—v)

[[o]es

Indeed, by definition of ¢4 and since a(x) > ¢q for all z € 9D,

I(z,v) < (1— 64)4(62 n d(D) )iln (62 N d(D) >_(1+€)

[[v]]ea [vlca
d(D) i d(D) —(14¢)
_ (62 + Toles o(z, —v)) In (@2 + Toles o(z, —v))
< ((1 - 64)(62 - ﬁiﬁi))lln (62 + ﬁiﬁi)_u%)
d(D) i d(D) —(14¢)
- <e2 + Toles o(z, —v)) In (62 + Toles o(x, —U)) .

With the obvious bound e? + TI(D) > e? + ﬁl(D) — o(x,—v) for all (z,v) € 0;+G, we deduce

vllea =
easily,

d(D)\—(+e) d(D) —(1+€)
In (e + <In(e?+ —~—+ —o(z,—v) : (4.3.7)
( ||UHC4> ( [vlea )
From (4.3.3) and (4.3.7) we conclude that
I(z,v) <0,
for all (z,v) € 0+G, and finally that

A= o el G181 ) G vydvdc ) < 0

Applying this result to (4.3.6) we obtain

d
—/ | St flmidvdx < —C’i/ | ST f|modvdx —I—/ a(z)M(z,v)mq(x,v)(v-ng)
dl' Ja G 0_G (4.3.8)
X (/ (v|S7 f] (2, v")) 0" - nﬂdv')dvd((m).
{v/-nzy<0}
Step 3. We focus on the second term on the right-hand side of (4.3.8). We have, for all T > 0,

K| fl+v - Va|f| =0, (4.3.9)

a.e. on (0,T) x D x R™. Recall that n. : z — n, is a W5 map on D. We multiply (4.3.9)
by (v -ng) and integrate it over (0,7") x D x {v € R", |Jv|| < 1} to obtain, using also Green’s
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formula,

oz/OT/D/{”v”Sl} (0 + v Va)[Sef (2,0)]) (0 - ) dvdads

= / 1Sif (2, 0)|(v - ny)dvda]
Dx{[lvll<1} 0

T
B /0 /D /{U<1} |Stf (,v)] (U -Va(v- nx))(h)dxdt
T
_/0 / / (YSef (2, v)) (v - ny)?d¢ (z)dvdt,
{Ilvll<1} JoD

where the minus sign in the last term comes from our definition of n, as a vector pointing
towards the gas region. Using the L! contraction from Theorem 4.2.1, we deduce from the

previous computation

' S 2dvd¢ (z)dt < dvd 4
/0 /aD /{v_wo’vﬂ} (V1S f1(, v)) (v - ng)?dvd((z)dt < 2/G|f(1:,v)| vdz (4.3.10)
+THn.HW1,oo/ (2, 0)|dvdz.
G

As a consequence of the boundary condition, and since a > ¢g on 9D, we obtain,

T
co/ / (/ M (z,v)(v - ng)2dv
0 JoD {vne>0,||v||<1}

(4.3.11)
IS el )C (@)t < (24 Tl
{v/'nz<0}

Note that for a fixed x € 9D, v — f{v~nx>0 o<1y M (@, v)(v - ng)?dv is continuous and positive
since © — M (z,v) and x — n, are continuous for all v € R™. Since 0D is compact, writing

A= Cogleﬂ(ia% Jtonaso o<1y M(z,v) (v nz)2dv > 0, we deduce from (4.3.11) that

T
A/O Aé’yl&f\(x,v))\v ng|dvd((z)dt < max(2, ||n.|yee) (1 + D) fll - (4.3.12)

Step 4. We use the previous steps to conclude the proof of case (1). We integrate (4.3.8) over
(0, 7). Using (4.3.12) and o < 1 on 9D, we obtain:

T
ISl +C | 1S5 lmods

<l [ [ Mool n.)
X (/{v’-n1<0} (YSs fl(z,0")) o - nﬂdv')dvd{(x)ds.
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d(D)

Note that, for (z,v) € 9D x R", o(x,—v) < o

, so that

Mz, v)lv - nglmi (2, v)dv < /{vwo(maxM(x,v)) Joll(e? + 2Dy’

{vng>0} pzedD ”UHC4
4.3.13
o d(D) d(D)y\-(+e) ( )
X In <€ + - ) vi=a,
[ollea o]
where a; is independent of x and f and finite by choice of i, e. Hence
T
125l +Ci [ 18 lmodls
0 . (4.3.14)
<l +ar [ ] IS DI nelded (w)ds.
0o Jo,a
To conclude, we plug (4.3.12) into (4.3.14) to find
T
IS7flbms+Ci [ 121 lmods
0 (4.3.15)

a
< [ fllmy + x max(2, [nflwree) (L + D) £l

Setting b = X max(2, [|n.|[yy1.0) terminates the proof of case (1).

Step 5. In case (2), for all (z,v) € G, i € {%, 2,..., 2”2“}, we have

(v-Vz)mi=v- Vm(<x>v>z) = —i(z, ’U>i_1 = —umy,

so that we can replicate the previous Steps 1 to 4 with the choice C; = ¢ and a new value a; for
(4.3.13).

Step 6. For case (3), for a = 0.1, for all (z,v) € G,

v - Ve(mi(z,v)) = —In({z,v))* — aln((z,v))*!
= —In({z,v))*(1 + aln((z,v))™ ")

< —In({z,0))* = ~mo(z, v),

so that again the previous proof can be replicated with the value C' = 1 and a new value a; for
(4.3.13). O

4.4 Doeblin-Harris condition

Recall that D is a C? bounded domain. In this section, we prove the Doeblin-Harris condition,

Theorem 4.4.1. For any two points x and y at the boundary 0D of D, we write

lz,y[= {tz + (1 — t)y,t €]0,1[}.
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Definition 4.4.1. For (z,y) € (0D)?, we write z <+ y and say that z and y see each other if
lz,y[C D, ngy - (y —x) >0, ny - (x—y) >0.
~ 1-2
Since M is radial in the second variable, we write M (x,r) = ﬁe_m for all r € R,
(T
x € 0D see (4.1.3) for the definition of ¢, so that M (x,v) = M(x, ||v||) for all vector v € R™.
Possible ambiguity can always be solved by checking the living space of the variable considered.

We will crucially use this result on C' bounded domains from Evans:

Proposition 4.4.1 (Proposition 1.7 in [55]). For all C* bounded domain C, there exist an
integer P and a finite set A" C OC' for which the following holds: for all 2',2" € OC, there exist
20y --,2p with 2" = 29, 2" = zp, {z1,...2p—1} C A, and 2z, +> zp41 for 0 <k < P —1.

We now state the main result of this section. Recall that (S¢):>0 is the semigroup associated
to (4.1.1) as introduced in Section 4.2.

Theorem 4.4.1 (Doeblin-Harris condition). For any R > 0, there exist T(R) > 0 and a
non-negative measure v on G with v # 0 such that for all (z,v) in G, for all fo € L'(G), fo > 0,

S folav) = v(w,0) [ foly, w)dudy, (4.4.1)

with Br = {(y,w) € G : o(y,w) < R}. Moreover there exists k > 0 such that for all R > 0,
T(R) = kR.

Proof. We only treat the case n = 3, as the case of n = 2 follows from similar (and easier)
computations. For all t > 0, (z,v) € D x G, we write f(t,z,v) = S;fo(x,v). For simplicity,
we write f(t,z,v) = vf(t,z,v) for all (t,z,v) € (0,00) x 9D x R"™. Recall that this trace is
well-defined, see Section 4.2.

Step 1. We let (¢,z,v) € (0,00) x G and compute a first inequality for f(¢,z,v). Recall the
definition of o, (4.1.8) and ¢, (4.3.1). From the characteristic method we have

f(ta xz, ’U) = f(](m —tv, U)]-{t<a(:c,—v)} + f(t - O-(x7 _U)a Q(wv _U)v U)]-{tZU(x,—U)}'
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Set yo = q(z, —v), 190 = o(x, —v). We have, using the boundary condition and the characteristics

of the free-transport equation, along with the positivity of fy, with ¢y given by (4.1.10),

f(tal‘a U) > 1{7’0§t}f(t — 70, yO?“)

> 1{7’0§t}COM(yOvU)/ J(t = 70,90, v0)[vo - 11y [dig
{vo€R™ v 1y, <0}
> 1{7'0§t}COM(yOa v) / f(t =70 — (Yo, —v0), 9(Y0, —v0), v0)
{'UO'nyo <0}
X 1{7'0+0'(y0,7v0)§t}"00 ' TLyO’ClU()
> 1{7'0St}c(2)M(y0’ 7)) / M(Q(y(]a *UO)a UO)]-{TO+0'(y0,—U0)§t}|UO : nyO‘
{vo-ny,<0}
X / J(t — 10— (Yo, —v0), 4(y0, —v0), v1)|v1 - ng q(yo0,—vo) |d”1dvo
{Ul'nq(yoﬁ’vo)<0

We write vy in spherical coordinates (r, ¢,0) € Ry x [—m, 7| x [0, 7] in the space directed by
the vector ny,. We write u = u(¢,0) for the unit vector corresponding to the direction of
vo. The condition vy - ny, < 0 is equivalent to ¢ € (=%, %) and we obtain, using also that
q(yo0, —vo) = q(yo, —u) as it is independent of |lvg]|,

w/2
f(t.2,0) 2 LmenM o) [ [ o M) 01l

X sin(0)7“3/ flt—m0— M, q(Yo, —u), v1)|v1 - Ng(yy,—u) [dv1dOdedr.
{v11g(yg,—u) <0} r

We now use the change of variable (yi,71) = (q(v0, —u),o(yo, —ru)). The inverse of the
determinant of the Jacobian matrix was derived by Esposito et al. [54, Lemma 2.3] and is given
by (in the case where y; <> yo)

7 sin(9)[95€ (y1)]

gy, - ul|Va€(yr)]
where ¢ is the C! function that locally parametrizes D, i.e. D = {y : £(y) < 0}, with the
further assumption (which can be done without loss of generality) that d5(y1) # 0. Finally u

is the unit vector giving the direction going from y; to yg, hence

yo YU and :||y1*yo||'

llvo — v T1

Setting, for a € dD,
Uy, :={y € 0D,y « a},
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we obtain from this change of variables

t—T1o _ _ 2
Y1 — Yo lly1 — yoll

> 2M M - J7 .

ft,z,v) > l{TOSt}CO (yovv)/o Use (yla - >|u ny0| Tir)

t—70—T1,Y1,01)|v1 - 1 dvidy dT
|63£(y1)| {vl-ny1<0}f( 0 LY 1)| 1 y1‘ 1aYy1a7]

X |u'ny1|

t—T0 — V€ (y1)]
> 1, <ncoM (Yo, / / M (yy, = — 0 o e e ()|
> 1iry<p oM (yo,v) 0 Uyo <y1 )’(yl Yo) + Ty |05€(y1)]
Moo=yl [ oy, -,y v )
1 {’Ul'nyl <0}

X |’U1 * My |l{a(yl,—v1)+71+7-0§t}dvldy1d7—1'

Using again the boundary condition, we have:

1

)11 = 30) - maoll(wo = 31) 1| =5

Y1 — Yo
T1

t—T1o
f(t,l‘,'l)) > 1{7'0§t}ch(y07’U)/ /M(yly
0 Uso
X / ’7)1 *Myp |1{U(y1,—v1)+7—1+70§t}M(Q(y1a 71}1), Ul)
{v1-ny, <0}
X (/ f(t =10 =11 —0(y1, —v1),q(y1, —v1),v2)
{v21g(y;,—vy) <0}

X |vg - nq(yl’_vl)|dvg)dv1d<(y1)dﬁ,

with d¢ the surface measure of D, which is given by d((y) = %;f((;’))l‘dy for any y € 0D.

Step 2. We use the same method as in Step 1 P — 2 times and make a change of variable to
obtain a first integral over a subset of D x R".
Repeating the previous computation P — 2 times, where P € Z" is given by Proposition

4.4.1, we obtain,

t—710 _ 1
t,x,v) >1 i ,v/ / M ,yl Y0 — Ny | —=
f( ) > {ro<t}€0 (v0,v) 0 Une (yl 7_1 )‘(yl o) y0’7_15
t—10—T1 _ 1

Y2 — Y1
X — . M — . —
(o — y1) nyl\/o /Uy1 (yz, p )\(y2 Y1) ny1’T25

X |(y1 —y2) - nys| X ...

t—T0——Tp_1 —
Yyp —Yyr-1
X / / M(?/P, 7) l(yp —ypr—1) - Nyp_,
0 U, P

X [(yp—1 —yp) - Nyp|—=
P

X ft =10 =+ =7P,yp,vp)|vp - Nyp|dvpdC(yp)drp ... d¢(y1)dT1.
{vpnyp<0}
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We then use that, on {t > 79+ -+ + 7p},

ft—m—---—7p,yp,vp)

> fO(yP - (t —T0— """ — TP)”P; UP)1{t7T07---7Tp70’(yp,7vp)§0}7
and obtain from the previous inequality,

t—710 _ 1
> P+1 / / Y1 — Yo TR
[t @,0) 2 1 <pco ™ M(yo,v) ; 0 M(?Jh = )\(yl Yo) ny0|7_15

t—10—T1 _ 1
Y2 — U1
Ao =) mnl [ [ M B =)

Y1

X |(y1 — y2) - nys| X ...

t—T0—"—TpP—1 _
Yyp —Ypr-1
<[ [ My 2 e — ) g
0 U, P

yp_1
1
X [(yp—1 —yp) - nyp!T—,(/ folyp = (t =70 —--- = 7p)vp, vP)
5\ {upn, <o)

X |vp - ”yp|1{To+~.-+Tp+o(yp,—vp)2t}dvp>dC(yP)dTP ... dC(y1)dmy.

We set z = ¢(yp,7p) =yp — (t — 70 — - -+ — 7p)vp (i.e. we compute the result of the change of
variable from (yp,7p) to z). The map ¢ is a C! diffeomorphism with
) :{(yp,Tp) €0D xRy :o(yp,—vp)>t—10— -+ — TP, Yp > yp,l}
— {2 €D gz.vp) & ypor,o(z0p) + TPy St
With this change of variable, yp = ¢q(z,vp). Moreover, t — 79 — - -+ —7p = 0(z,vp) by definition

of z, so that
Tp=t—T19— - —Tp_1 —0(z,0p).
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The inverse of the Jacobian is |vp - ny,|, see Esposito et al. [54, Lemma 2.3]. Therefore,

t—70 _ 1
Y1 — Yo
f(t,z,v) > l{TOSt}c(]]:,—i_lM(yO?v)/ / M (yl, )|(y1 —Yo) * Nyo| —5
0 Uyo 71
t—T0—T1 _ 1
Y2 —
X J— . J— . —_
(5o = 1) - g | /0 - M (g, - N = 11) - 1 I

X (Y1 —y2) -y, | X oo

t—To——Tp—2 —
Yp—1 —Yp-2
X / / M(?JP—L 7) l(yp—1 — YyP—2) " Nyp_,|
0 U, TP—1

yp—2
1 |(yP—1 - Q(Z7UP)) : nq(z,vp)’
X _ — _ .
‘(yP 2 —Yp 1) leP—1|7_1%_1 { L (t — Ty — - —Tp_1 — U(Z,UP))5
Yyp—1 —Q(Z,’UP)
X M , ,
(Q(z or) l—1——7Tp-1 —U(Z,UP))

X ‘(Q(Zu UP) - yP—l) “Nyp_4 |1{q(z,vp)<—>yp_1}1{U(z,vp)+7'p_1+---+70§t}

X fo(z,vp)dvpdz pd(yp—1)drp_1 ... d¢(y1)dm.

Using Tonelli’s theorem, we then have

f(t,.’E,’U) 2> 1{T0§t}c(1)3+1M(y07U)/ fO(Z7UP)
DxR™

t—70 _ 1

Y1 — Yo
X My, - Ny | =
/0 /U ’ (1 - ) = v0) - o 5

t—10—T1 _ 1

Y2 — U1
X — -n M| y2, — Ny | —
(Yo — 1) yll/o / (y2 p )!(3/2 y1) y1\725

Y1

X |(y1 — y2) - nygy| X ..
teTg——Tp 3 B
P— pP—
. / / M(yp_l’ w) |<Z/P—1 —yp_2) - nyP72‘ (4.4.2)
0 Uy TP—1

yp—2 -

1 |(yP—1 - Q(zv UP)) : nq(z,vp)|

X \Yp—2 —YprP-1)  Nyp_
I( ) ?/P117155,1(t—7-0—~--—7-p,1—o(z,vp))5
yp—1 —q(z,vp)
XM 5 )
(q(z or) t—To—"‘—TP—l_J(ZvUP))

x |(a(z,vp) = yp—1) * Nyp_, [ Lig(s0p)pp 1} Lo (op)t7p 1+t ro<t)

x d¢(yp—1)dTp—1 ...d{(y1)dmdvpdz,

Step 3. We choose the value of ¢ and control all the time integrals in (4.4.2).

Let R > 0andset t = (2P+2)R, 19 € (R,2R), i.e., for all (z,v) € G with o(x, —v) € (R, 2R),
we simply set v(x,v) = 0. Note that for any R > 0, one can find a couple (x,v) € G such that
o(x,—v) € (R,2R). For all i € {1,..., P — 1}, we lower bound the integral with respect to
7; by the integral over (R,2R). We also lower bound the integral with respect to (z,vp) by
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an integral over Br, where B := {(z,vp) € G : o(z,vp) < R}. For 1,...,7p_1 € (R,2R),
o(z,vp) < Rand t = (2P + 2)R, we have first

(2P+2)R—2PR—R=R<t—719—7— -+ —7p_1—0(2,0p)
<(2P+2)R— PR=(P+2)R,
and thus, with those choices,

1{TO+.--TP—1+U(27'UP)§t} =L

Moreover, recalling that for all 7 € {1,..., P — 1}, the integration interval for 7; in the equation
(4.4.2) is [0,t — 19 — 71 — -+ — Ti—1], and since
t—19—T1 — " — T = (2P+2)R—2iR:2R+2(P—i)R22R,

the lower bound detailed above using an integral over [R,2R] for 7; is legitimate. We set for all
a >0,

M(a) = M(x, %) >0 and Mf(a)= a;gliarll:), M(:c, ;) > 0,

T € [R,(P+2)R]

min
x€0D,7€[R,2R)]

where the positivity is obtained by continuity of M and compactness. Applying those lower
bounds, we obtain from (4.4.2)

[tz v) > 1{roe[R,2R]}CoP+1M(yo,v)/B fo(z,vp)
R

2R 1
<[] Ml = w0l g = 0) - 7ol =510 — 91) -

R Uy, 1

2R 1
[ M = Dl = )l X g ) |
R Uy, )

2R
x /R /U M(lyp—1 — yp—2lD) (Wp-1 — yp—2) - Nyp_y |

yp_2
1 [(yp-1—q(z,vp)) 'nq(z,vp)|

% o —yp_ 1) -
[(yp—2 — yp—1) nyP71|7_15371 (P +2)R)?

X M(|lyp—1 = q(z,0P))I(a(2, vP) = yp—1) - nyp_, |

X 1{q(z,up)<—)yp_1}dC(yP—l)dTP—l . d((yl)dﬁdvpdz.
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Since, féR t%dt < 00, one finds from (4.4.2), with § > 0 explicit, depending on R,

f(t,x,’u) > 1{T0€[R,2R]}5M(y07v) fO(Z7UP)
Br
< [ Mg = oDl = 90) <l (50 = 31) - |
Uyg

M(|ly2 — y1)| (w2 — 1) - g || (g1 — y2) - 1| X . -
Az = D1z = 0) = 92) i)

X /U M(llyp—1 — yp—2)I(yp—1 — yr—2) - Nyp_,l|(yp—2 — yp—1) - Nypp_, |

yp_2
X [(yp—1 — q(2,vP)) - Ng(zop) (@(2,vP) —yp—1) - Nyp_, |

x M(llyp-1 — a(z,vP) D1 {g(z0p)ryp_13dC(YP-1) - - . dC(y1)dvpdz.

Step 4. For a couple of points (a,b) € (9D)?, we set

M@mzéﬂmm—wwm—@mmmﬂm%m

< [ Ml = Dl = ) 11— 92) | 5

Y1

X /U M(|lyp—1 — yp—2|)|(yp—1 — ypr—2) - nyp_,|[(yp—2 — yp-1) - Nyp_,

yp—2
X |(yp—1 = b) - 1l [(b = yp—1) - nyp_, [ M([lyp—1 = b))
X l{bHyp,l}dC(yP—l) ce d((yl)

In this step, we want to show that, for all yo € 9D, b — hp(yo,b) is lower semicontinuous and

positive. We can rewrite hp as

77777

with
D(a,b) = {(y1,...,yp—1) € @D)" ' 1y1 & a,y2 & Y1, ..., yp—1 <> yp—2,b < yp_1},
and

N(a,y1,...yp-1,b) = M(|lyr — al)[(y1 — a) - nal|(a — y1) - 1y, |
x M(lly2 = y1lD[(y2 — y1) -y 1y — y2) - o | X
X M([lyp-1 — yp—2|)|(yp—1 — yp-2) - nyp | [(yp—2 — yp-1) Ny,
X |(yp-1 = b) - | |(b = yp-1) - nyp_, [M([lyp—1 — b])).
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By regularity assumption, if (z1,22) € (0D)? with 21 <> 29, there exists € > 0 such that
B(z1,€) N 9D <> B(z2,e) N 0D, i.e. for all p € B(z1,€) N 9D, all ¢ € B(z2,¢) N 0D, we have
p <> q, see [10, Lemma 38]. Combining this with the statement of Proposition 4.4.1, we find
that

H(D(a, b)) > 0, (4.4.4)

where we recall that H denotes the n — 1 dimensional Hausdorff measure.
We set, for all a € 9D,

D(a) ={(y1,...,yp-1) € (3D)P_1 CYL QY2 < YL, YP—1 < YP—2)-

For a € D and (y1,...yp_1) € D(a), for all b € 9D such that b <+ yp_;, we have
N(a,yi,...,yp—1,b) > 0 according to Definition 4.4.1. Using (4.4.4), one concludes that
for all (a,b) € (OD)?, hp(a,b) > 0. Moreover, the map b — N(a,y1,...,yp_1,b) is continuous
according to the definition of M through M and since z — n. is continuous.

Note that, according to [55, Lemma 2.3|, for any z € 9D, the set U, is open and non-empty.
Hence for all yp—1 € 9D, b — 1y, , | (b) is lower semicontinuous. We conclude that for all
a€dD, (y1,...,yp1) € D(a),

b— N(a7 Yty -+, YpP-1, b)l{yp_1<—>b}

is lower semicontinuous. For a € 9D, (by)n>0 a sequence of 0D converging towards b € 9D, we

obtain

0 < hp(a,b) < / liminf N(a,y1,...,yp—1, bn)l{yp_lﬁbn}dq(yl) —.dC(yp—1)

D(a) n—o0

< liminf hp(a,b,),
n—oo

using Fatou’s lemma. Hence 0D 3 b — hp(a,b) is also lower semicontinuous and positive for
all a € OD.
Step 5. We conclude the proof using Step 4. Since 0D is compact, we deduce from the previous
step that for all a € 9D,

p(a) := inf hp(a,b) > 0.

bedD
With this at hand, we have
flt,z,v) > 1{Toe[R,2R}}5M(yovv)/( e fo(z,vp)hp(yo, q(2,vp))dvpdz
Z,p)EDR

= 1{Toe[R,2R}}5M(?J0,U)M(yo)/B fo(z, w)dwdz,
R
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and, recalling that 7o = o(z, —v), yo = q(z, —v), we set

v(x,v) = 0M(q(x, —v), 0)u(q(x, =v)) Yo (@, —v)eR2R]}>
and T(R) =t = (2P + 2)R to complete the proof. O

Remark 4.4.1. Although we use a compactness argument to derive u, for a given domain D, we
believe that one may find an explicit lower bound for hp defined in Step 4 of the previous proof
using the geometry of D. Note however that this computation might be very difficult. With
such constructive lower bound, the constants in Theorem 4.1.1 and Corollary 4.1.1 become
explicit.

As an example of an easy case where an explicit lower bound on hp can be find, assume
that n = 2 and D is the unit disk, so that U, = 9D \ {z} for all z € 9D. We can clearly take
P = 2 in Proposition 4.4.1 and we have, for all (a,b) € (D)2,

hP(ayb)Z/aDM(Hy—aH)!(y—a)'nall(a—y)'nylﬂ(lly—b!\)\(y—b)-nbll(b—y)'nyldy
z/HJbW(Hy—aH)(y—a)-nall(a—y)'nylM(Hy—bD\(y—b)'nbll(b—y)'nyldy

> K

il I

where

Ha,bz{yeaDjy‘aAy-bZ?},

is a set whose Hausdorff measure in 0D is uniformly bounded from below by %, and such

that for all y € H(a,b), d(D) > ||y — al|, ||y — b|]| > /2 + v/2 so that  is a positive constant

independent of a and b.

d(D) _
l[ollca

Recall that (z,v) = (e? + o(x,—v)) for all (x,v) € D x R", with ¢4 < 1. We conclude

this section by stating a similar result for the level sets of (.,.).

Corollary 4.4.1. There exists Ry > 0 such that for any R > Ry, for T(R) > 0 and v non-
negative measure on G given by Theorem 4.4.1, for all (x,v) in G, for all fo € L'(G), fo > 0,

we have

Sriwfola,v) = via,o) [ foly,w)dudy, (4.45)

with T'r = {(y,w) € G, (y,w) < R}. Moreover there exists & > 0 such that for all R > Ry,
T(R) =&R.

Proof. Set Rg = € + 1, so that A({(y,w) € G, (y,w) < Ro}) > 0 where X denotes the Lebesgue
measure on G. We have, for all (x,v) € D x R", by definition of o(x,v),

o(x,v) +o(x,—v) < Cﬁ,
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and therefore, using ¢4 < 1,

d(D
(2, 0) > H(H) — (@, ~v) > o(z,0).
We conclude that for all R > Ry, I'r C Br with I'g # (), and the result follows from Theorem

4.4.1. O

4.5 Preliminary interpolation results

In this section, we briefly present several results of interpolation theory used in the proof of
Theorem 4.1.1. Those are generalizations of the Riesz-Thorin Theorem for weighted L' spaces
and some of their subspaces. Recall that G' denotes D x R™. Recall also that for (z,v) € D x R",
we write (z,v) = (e? + ﬁg”Dcl — o(x,—v)), with ¢4 given by (4.1.11). For any weight w on
D x R", we set L}, o(G) := {f € L,(G),(f) = 0} that we endow with the norm |||, and
L}(G) = {f € LY(G),{f) = 0} which inherits the norm |.||: from L'(G). For A, B two

Banach spaces with respective norms ||.||4, ||.|p and T': A — B a linear operator, ||T(| ,_,

denotes the operator norm of T, i.e.

[Tv]|B
ITNssp = sup :
vEAW#£Q HUHA

We introduce the Maxwellian of temperature 1 given by

1 _lwi?
Ml(’U):We 2, v e R™

Lemma 4.5.1 (Interpolation of L'-weighted spaces). Let ¢1, ¢o, b1, ¢o four measurable func-
tions on G such that 1, ¢a, d1, b2 > 0 almost everywhere. Let also A; = Lél(G), Ay = LéQ(G),
A= qufn(G)’ Ay = L(lz;2 (G). Then, if T is a linear operator from Ay to Ay and from Ay to Ag
such that

ITl gz < Mo TNy, < Mo, (45.1)

for some Ny, Ny > 0, for any 0 € (0,1), for ¢y, ¢y defined on G by ¢g = d)‘i)(;%_e and for
bo = @57, T is a linear operator from Ag = L(lbg(G) to Ag = L<12>9<G) satisfying

7N 4, 4, < No, (4.5.2)

for Ny = NN > 0.

Proof. This is obtained by Peetre’s K-method of interpolation [106] and is a particular case of
the Stein-Weiss Theorem with p = 1, see [7, Theorem 5.4.1]. O



190 A semigroup approach to the convergence rate of a collisionless gas

Corollary 4.5.1. Let 0 € (0,1) and Ai, Ay, Ay, Ay, Ag, Ag defined as in Lemma 4.5.1. Assume
that there exists a bounded projection P : (A;, A;) — (AL, AL for i € {1,2} with AL C A;,
Al C A;. Let A = (A} + AY) N Ay, Al = (A} + AL) N Ag. Assume that T is a linear operator
from A} to A} and from Al to Al with

Tl ag iy < N T Mgy iy, < Nas

for Ni,Ny > 0. Then T is a linear operator from Ajp to flg and there exists C > 0 depending
only on P such that
0 A71—0
7114y 5, < ONNG.

Proof. The couple (A}, A%) is a complemented subcouple of (A4;, As), and as such a so-called
K-subcouple for the K-method of interpolation. The same thing holds with (A4, A}) which is
a complemented subcouple of (A;, A;). From [79, Section 7, Theorem 2.1 and Example 7.1],

this immediatly gives the result. We refer to Janson [79] for details about those notions. [

We now turn to a second type of interpolation results in L' weighted spaces, no more

focused on polynomial interpolation.

Lemma 4.5.2. For (y,v) € G, let ¢1 defined by ¢1(y,v) = (y,v). Let T be a linear operator
from Lél(G) to Lél(G) and from LY(G) to L*(G) such that

H|TH|L;1 (@)=L (C) < Ny, |”T|HL1(G)—>L1(G) < Ny,

for some N1, Ny > 0. Then, for R(y,v) = In(¢1(y,v)), T is a linear operator from LL(G) to
itself and there exists an explicit C > 0 such that

Tz )zt < C-

Proof. From [63, Chapter 2, Theorem 1], given a weight ¢, the space LéQ(G) is an interpo-
lation space (and therefore ||T°]]| L} (€L} (G) < C for some constant C' > 0) for the couple
2 2

(LY(G), Lél(G)) if ¢o satisfies for all (y,v) € G,

@@@—AMMM%mwﬁ%m,

for some positive measure v on (0,00), v #Z 0 and satisfying

/ ~ min(1, )y(dt) < oo.
0
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The constant C' then depends only on Ny, Ny and ~. In particular, we consider a measure of

the form v = fA, with A the Lebesgue measure on (0, c0), and

f(t):{ 0 ifte(0,e),

& if t € (e, 00).

We then have, for all (y,v) € G,

é1(y,v) dt o dt
by = [ T [ G =) = Rly.v)
€ t ¢1(y7’l)) t
and since ¢1(y,v) = (y,v) for all (y,v) € G, the result follows. O

Corollary 4.5.2. Lemma 4.5.2 holds when replacing the space L. (G) by L11U70(G) for any
weight w on G considered, including replacing L*(G) by L§(G).

Proof. We set, for f € LY(G), for all (z,v) € G,

Ml(’l))
|D|

Pf(xz,v) = f(z,v) — /Gf(y,w)dwdy.

Then, for ¢; > 1 defined as in Lemma 4.5.2, we have

IPfllze <2[fllzr and  [[Pfllg, < (1+ )|l

with ¢ = [, M, (v)%dvdaj < 00. The map P is linear, and P2f = Pf. We conclude as in
the proof of Corollary 4.5.1 that, setting ¢2(x,v) = In((z,v)) for all (z,v) € G,

Lg,(G) N (L§(G) + Lg, o(G)) = Lg, o(G),

is the interpolation space required, i.e. is such that for any T linear from L}(G) to itself and
from Lél,o(G) to itself with

T sy pagay < N1y H|TH|L(£1’O(G)HL$51,O(G) < N,

for two constants Ni, No > 0, T is a linear operator from L}m,o(G) to itself and there exists
N > 0 explicit such that

|HT|||L}¢>27O(G)—>L;2’O(G) < N.
O
4.6 Proof of Theorem 4.1.1, Theorem 4.1.2 and Corollary 4.1.1

This section is devoted to the proof of Theorem 4.1.1, Theorem 4.1.2 and Corollary 4.1.1. We
d(D)
|

recall the notation (z,v) = (e? + Toler — o(x,—v)) for all (z,v) € D x R™. In this section, the
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constants are explicit up to the fact that they depend on v given by Corollary 4.4.1. As already
stated, v itself may not be explicit, see Remark 4.4.1.

In the first subsection, we establish some contraction property for a well-chosen norm. In
the second part, we use this property and the previous results to conclude the proof of Theorem
4.1.1. Subsection 4.6.3 is devoted to the proof of Theorem 4.1.2 and Corollary 4.1.1.

4.6.1 Contraction property in well-chosen norm

This subsection is devoted to the proof of the following lemma.

Lemma 4.6.1. For all € € (0,3), setting wp(z,v) = (z,v)*In((z,v))"+) on G with the
value k € [n — 1,n + 1] there exists Ty > 0 such that for all T > Ty, there exist f(T") > 0,
a = C38(T)T with C3 > 0 constant such that, for all f € LS—J"H(G) with (f) =0, we have

«
157 £l + BIST fllons + allStflle, < Ifller + Bl fllonss + 1 fllen, (4.6.1)

so that, setting
-, o= ller + Bl + ell-le,

there holds ||St fllz,,, < Ifllz, - Moreover, there exists My11 > 1 such that for all
feLl (G)with (f)=0,

Wn+1

||STf||@n+1 < Mn+1||f||@n+1'

Finally, setting w;(x,v) = <x,v>i_% on G with i € {1,...,4}, there exists Ty > 0 such that for
all T > Ty, there exists M, 1 > 0 such that for all f € LL (G with (f) =0,

Wn+1

Proof. We prove the result on w1 first, and explain how to adapt the argument for the second

statement at the end of the proof.

Step 1. We use the Lyapunov condition, Lemma 4.3.1, case (1), with both w,; and @, to
deduce a new integral inequality. For any 71" > 0, using Lemma 4.3.1, with C3, Cs, bs, by > 0
constant, for all f € LY (G),

Wn41
T ~
157 f [l + 03/0 15t fllandt < | fllons + 031 +T)[flLrs (4.6.2a)
T
and [|S7 (o, + 02/0 15¢fll@n—dt < || flle, 4 b2(L + D) f] 1 (4.6.2b)

Let t € (0,7). From (4.6.2b) we deduce

1SSt fllz, < 1Stflle, + b2(1+T —)[|1Sefll 11,
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which we rewrite as

157 fllz, —b2(1+T = )15 fllrr < 1St f |-

We plug this inside (4.6.2a) to obtain

T
IS0 fariaCs [ (1SS, = baL+T = OIS0 1 )t

< ler + 3L+ T f -

Using the L' contraction result from Theorem 4.2.1, we conclude

1S fllanes + C3TISTfllon < N fllones + 031+ T +T2)|| fll 1, (4.6.3)

with b3 > 0 constant.

Step 2. From the Doeblin-Harris condition, Theorem 4.4.1, and more precisely Corollary 4.4.1,
for all p > Ry, there exist T'(p) = £p for some constant £ > 0 and a measure v on G with v #Z 0
such that

Stpyh > V/ h dvdz,
{(z,v)EG:(z,w)<p}

for all h € LY(G) with h > 0.
Recall that by assumption f is such that f € L} . (G), and (f >2: 0.
Set for any p > Ry, wn(p) := p" In(p)~(1+9) and k(p) = w(p). Since T'(p) = &p for
some constant £ > 0, k(p) et Cp for some C' > 0. Since n € {2,3} one can find py such
p 00

that for all p > po, @Wn(p) > 12%@. We fix p > po, T = T(p) > T(po) for the remaining part of

the proof. Note that since T'(p) = {p for some given constant £, any choice of T' > T'(pg) is
possible. We set A := Q"T(m, and define, for all g > 0, the S-norm by:

1fllg == Nl + Bl f @i -

We distinguish two cases. Indeed, we have the alternative

£l < Allfllzo, (4.6.4a)
or [| flla, > All fllz- (4.6.4b)

Step 3. We prove a convergence result in the S-norm in the case of the first alternative,
(4.6.4a). Recall that for all R > 0, ' = {(z,v) € G, (x,v) < R}. Using (f) = 0, we have for
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all (z,v) € G,
Stfr(z,v) > v(z,v) /Gfi(x',v')dv'dx' —v . fe (2’ v )dv'da’
P

> V(m’v)/ |f(2',v")|dv'dz’ — I/(J,‘,U)/ |f(2',v")|dv'da’
2 Ja re

> v(x,v)/ |f(2',v")|dv'da’ — y:(x,v)/ |f (2, v")|@op (2, 0)do' da!
2 Jg wn(p) Ja

> v(z,v) / If (2, ) |dv'da’ — v(z,v) / |f(2, ) |dv'dz’
2 G 4 e

— V(Z’ v)/ |f(2', ") |dv'dz! =: n(z,v),

G

where the third inequality is given by definition of T', and @, > 1, using that w,(z,v) < w,(p)
for all (z,v) € T'p, recalling also that (z,v) > 2. The last inequality is obtained by condition
(4.6.4a). The final equality stands for a definition of n(x,v) for all (z,v) € G. Note that n > 0
on (G. We deduce,
|Srfl = [Srf+ —n— (Srf- —n)l
< [Stf+ —nl+15rf- =l
= Srfy + Srf- —2n=5r|f| - 2n,

and, integrating over G, we obtain, using the mass conservation, that n = %||f[/z1, and that v

is non-negative,

{v)

I/ ~
52 Al < 171~ 2lnllzr = (1= Y171 = a0l (46.5)
with 7 € (0,1). Hence, St is a strict contraction in L' in the case where f satisfies (4.6.4a).

We use this result along with (4.6.3) and the definition of k(p) to derive an inequality on the
B-norm of St f

157 flls = 157 fllLr + BIST fllon
< illfllpr + B(= C3TNSTfllon + 1f lwss + KT fllL1)
< B llonss + @+ £()THfllr = BCT (S [l -

Finally, we choose 0 < g < ;(;)’2[ and deduce

157 flls + C3BT (ST fllon < | f]lp- (4.6.6)
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Step 4. We prove that a slightly different version of (4.6.6) also holds in the case (4.6.4b).
From (4.6.3), using (4.6.4b), we have, for T, k(p) fixed as above

Kk(p)T
157 F e + OIS F o < Wl + "2 .

Since A > 32—?), it follows that

CsT
187 fllénsr + CsTNST fllan < 1 fllonsn + =51 Fllen-

Using this inequality and the L! contraction we deduce

157 flls + C3BT (S fllan = 1S f L + BIST fll@ns: + C3BT (ST flla,

3T
<l + BN lonir + =5 Fllz, (4.6.7)

T
= 1flls + 6Cs 5 1l

Step 5. For 8 as above and a = C35T, we have ||.[|;, .,
and (4.6.7), we conclude that (4.6.1) holds and we deduce

= |.llg + @|.||@,. Gathering (4.6.6)

57 fll,,, < £, -

Since Wy 41 > @y, > 1 on G, we conclude that for all f € LY (GQ) with (f) =0,

Wn+1

1ST fllnss < M1l fllongas (4.6.8)

for some constant M, 11 > 1.

The proof of the second statement follows from similar arguments, note in particular that
Step 1 can be adapted by using Lemma 4.3.1 case (2) instead of case (1), and that the argument
giving the existence of pg from the properties of w, still applies and gives a new py (hence a
Ty playing the role of Ty) when considering @, instead of @,. The remaining steps follow by

straightforward adaptations. O

4.6.2 Proof of Theorem 4.1.1

In this subsection, we conclude the proof of Theorem 4.1.1 using Lemma 4.6.1. We consider
the weights wy(z,v) = (z,v) In({z,v))*!, and wo(z,v) = In({(x,v))%! for all (x,v) € D x R™.
Recall the definition of the weights w; from (4.1.12) for all ¢ € {1,...,4}. We want to prove
a decay rate for Si(f — g) with f,g € Li)nﬂ, (f) = (g9). We assume without loss of generality

that g = 0 so that f € L., (G) with (f) = 0.

Wn41
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Step 1. Recall that we write Ly, o(G) = {g € Ly,(G), (9) = 0}, and the notation M; from
Section 4.5. We introduce the bounded projection P : L'(G) — L{(G) such that for all
h € LY(G) and (z,v) € G,

M (v)[lv

2
Ph(z,v) = h(z,v) — 11D H /Gh(y,w)dydw, (4.6.9)

with ¢1 = [gn M1 (v)||v||*dv < 0o, where we recall that | D| denotes the volume of D. One can see
by a simple use of hyperspherical coordinates that Ph € Lin . Lo(G)ifh e L}un - (G). Note that
there exists C' > 0 so that ||Phly,,, < C||hlw,,, forall h € L., (G) and ||Ph|: < C||h| 11,
and, since (h) = 0 implies Ph = h, P is a bounded projection as claimed. Let T > (Ty V Tp)

- Wn+1

with Tp, To given by Lemma 4.6.1. From Theorem 4.2.1, we have

STl Lyy -y < 1

and from Lemma 4.6.1,
|”STH|LL1%+170(G)—>L1 @) < Mny1.

On+41,0

We apply Corollary 4.5.1 with the projection P and the values:
1. Ay = A; = LY(G), and, using the definition of P, A} = A} = L}(Q),

2. Ay = Ay = L}

Wn+1

(G), and, using the definition of P, A = A) = Li, . 0(G),

3. 0= ﬁ € (0,1) so that Ay = Ag = L}L(G), where p is defined on D x R™ by

'u’(x’v) = <x7v> = ‘:}n-i-l(xav)%“v

and, using the definition of P, A} = A} = (A} + Ay) N Ag = L/, 1(G).

We conclude that there exists C,, > 0 such that

||STf||u < Cu”f”u'

Using Corollary 4.5.2, we obtain, for p/(x,v) = In({x,v)) on D x R", using that f € L}L/’O(G),
ISt fll < Cullf]lw for some constant C,y > 0. Finally, since wo(z,v) = p'(z,v)%! for all
(z,v) € D x R™, we apply one more time Corollary 4.5.1 with the projection P to conclude
that, for all T > (Tp V Tp), there exists Wy > 1 such that, using f € LL ,(G),

wo,0

1S f lwo < Woll f luwo-

Since (St)¢>0 is a strongly continuous semigroup of operators on L}UO(G), this implies, using
the growth bound of the semigroup, that there exists Wy > 1 such that for all ¢ € (0,7, for all
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f € Ll O(G)v

wo,

157 fllwo = 19745t fllwo < WollSt.fluwo- (4.6.10)

Step 2. Using Lemma 4.3.1, case (3), and (4.6.10), we obtain, for some constants C, Wy > 0,

T
157 f |, + WOIISTwao <[ fllw, +CA+ T fllz1s
which rewrites T
157 f |y + WOHSTwa“ <[ fllwy + £)T| fll L1,

with, for all p > 0, k(p) = W so that k < C” for some constant C’ independent of p. Set

wo(r) = In(r)*! for » > 1. Since “:’(if;) — 0o when p — 00, one can replicate the arguments of

Steps 2 to 4 of the proof of Lemma 4.6.1. We obtain

157 fllg + 3allSTfllwe < £l + all fllwg (4.6.11)

just as (4.6.7), for T = T(p) large enough with 7' > Ty, T > T where Ty, Ty are given by

Lemma 4.6.1, with 8 > 0 constant, o = fWTo and

£l == Nl + Bl flfws - (4.6.12)

Step 3. We have, from our definition of w;, ¢ € {0,1} and of w41, for (z,v) € G,

w (z,v) = (x,v) In((z,v))"

— <$, U> ln((x, v>)0.11{<$7v><>\} + <£L', 1)> ln((x, v>)0.11{<x,v>2)\}
<$,v>n+1 In((x, U>)—1.6 In((z, U>)1.7

< wo(w, v)A + oy | FYRPeT!
< wo(x,v)A + wn+1($a;\2 oy
< wo(@, V)A + wpt (2, v)Er,
for A large enough, with €\ = 1n(;\7)11»7 — 0 as A\ — oo, where we used that z — ln(ﬁ” is

non-increasing on (e2, 00) and that (x,v) > e? for all (z,v) € G. We deduce, since wy(z,v) > 1
for (z,v) € G,
o
A1+ 5)

1 1

1flls = i +5)(Hf”L1 F B lwn) < S llwn < A fllwo + 6fllfllwnﬂ- (4.6.13)

A
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Moreover, for (3, & the positive values used to define ||.|| when applying Lemma 4.6.1 with

~ Mwn41
e = 0.6, one has, setting B = «/f3,
ey €y
57l = 3 )\ﬁllsTfllwn+1 < B2 HlSTflllwnHv (4.6.14)
with the definition given in Lemma 4.6.1 for |||, . . Let 6 :== 135, Z := 1+ with A > \g > 1,

Ao large enough so that Z < 2. Then

Z(1Stfllg + allStfllwe) < ISTflls + ST fllg + Zal| ST fwo

(1+6)
QE
<[1Sflls + ST fllwo + =2 1S f s + ZallSTf
BEA
< [1S7f 15+ 3allSrfluy + ST f s,
Be),
< \flls + all fllwo + H|5Tfmwn+1,

where we used (4.6.11), (4.6.13) and (4.6.14). We introduce the norm ||.[||,,, defined, for all
function h € Ly, (G), by
I12ll, = [12lls + [l

so that the previous inequality rewrites

Be),

ZNST fllwy < WMy + =ZNST £l -

Step 4. We set up = || f][,,, and, for k > 1, uy = [[Skr f|l,,,- We also set vo = [|f][,,,,, and,
for k > 1, vg = [[Skr fll,,, ., Note that vy < vo for all k > 1 by Lemma 4.6.1. Setting Y = B)\

the previous inequality writes,

Y

Zui <ug+ Y.

Iterating this inequality, we obtain

k
Zkuk <wug+Y Z Ziil’l)i,
i=1
from which we conclude that
_ YZ
up < Z ku0+Z—1SZL>1?UZ§Z ug—l—Z 11)0.

From this we deduce, recalling the definition of the S-norm (4.6.12) and that Z < 2, w; < wp4+1

ISxr fllw, < 7L+ B+ )| fllw + e Hllewn+1

_kT
0( 22 ) [l
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with C' > 0 explicit, where we used that |||-|| S - Nngr- We set T7 = KT and choose

Wn+41 "

5
A= (1TE;T)) with k& > ko, ko > 1 large enough so that A > \g and T} > exp(1) to obtain
o (17

In(7y)™*

1573 £l < c’<n>(ﬁ)ufuwnw

for some C’(n) > 0 depending explicitely on C, independent of k, where we used the trivial
inequality m(Tiilrl) < Ti. Upon modifying the definition of C’(n) so that the previous inequality

also holds for k € {1,...kp — 1}, we can rewrite it as

1Skz Sy, < C')OEN S e (4.6.15)

with ©(k) = BT o all k > 1.

(RT)"
Step 5. With the norm |||.||,, , (4.6.11) rewrites

w1’
ST f I, + 2057 llewe < Ml -

By iterating this inequality and summing, we obtain, for [ > 1, writing [z] for the floor of x € R,
l
0 < 1Stz M, +200 D2 N1Skz S lluo < ||Siapr ], - (4.6.16)
k=[4]+1

Note that for any 1 < k <1,

1S fllz < 1Sk fllr < 1Sk fwo-

Hence, from (4.6.15) and (4.6.16),

min(1,20) (1 =[] + 1)1tz fller < O[] e

so that, for some C' > 0
In(IT)"+2

ISt s < Oz Ml

We conclude to the desired rate by standard semigroup properties.

4.6.3 Proof of Theorem 4.1.2 and Corollary 4.1.1

In this subsection, we prove Theorem 4.1.2 and Corollary 4.1.1 using the result of Theorem
4.1.1. We first show the following lemma, from which we will deduce both the uniqueness
property in Theorem 4.1.2 and Corollary 4.1.1. Recall the definition of m,, from (4.1.13) and

sy
that m, = w,; 7} on G.
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Lemma 4.6.2. There exists an explicit constant C' > 0 such that for all t > 0, for all
frg € L, (G) with (f) = (g), there holds

C'In(1 + ¢)"+t

[St(f = g)llr < ator

Proof. We set f:= f — g so that (f) =0and f € L}nn’O(G). From Theorem 4.2.1, we have for
all t > 0,

ISl sy —ra@y < 1

and from Theorem 4.1.1,

In(1 +¢)"*?
tn-i-l

IN

H’St”‘LiHJrLU(G)ﬁL(l)(G) c = CO(1),

the last equality standing for a definition of ©(t), with C' > 0 independent of t. We introduce
the projection P : L'(G) — L{(G) given, for h € L'(G) by

My (v)]v]f?

Ph(x,v) = h(z,v) — Dlex

/h(y,w)dwdy, (z,v) € G,
G

with ¢; = f

v

Note that if h € L}un . (G), Ph e Li)w ,.0(G) as one can check using hyperspherical coordinates,
and that (Ph) = 0. Moreover, P sends L!(G) to L%yO(G) for any weight 1 < r < w,4+1 and is
bounded.

We apply Corollary 4.5.1 with the projection P and

crn M1(v)||v][2dv a normalizing constant, see Section 4.5 for the definition of M.

LAy = Ay = Ay = LG,

ii. Ay =1LL (@),

Wn+1

iii. A] = Ay = A, = L(G), Ay =L, (@),

Wn+41,

iv. 6 = 17 so that 4g = Ll (G), A = LY(G),

v. Ay = (A} + Ah) N Ag =L}, o(G) and A) = (A} + Ah) N Ay = L§(G).

We deduce that for some explicit constant C’ > 0, for all t > 0,

n(n+2)

~ . _n ln(l + t) n+1 ln(l + t)"'H
— P~ _ !
H|St|||L71nm0(G)—>Lé(G) =C G(t) H=C (1 n t)n <C (1 +t)n :
O
Proof of Theorem 4.1.2. Step 1: Uniqueness.  Assume that there exists two functions

foos §oo, both belonging to L}nn(G), with the desired properties. Applying Lemma 4.6.2, we
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have, for some C' > 0, for all t > 0,

ln(l )n+1
S, oo 7 Yoo 1 < C—rF oo — Yool||lmy, -«
18 (foo — 900l T [ foo = goollm,,

For all t > 0, we have S;fo = foo and Sigoo = goo- Set 6(t) := C%. We deduce that,
for all t > 0,

[ foo = goollLr < ()| foo — Goollm-
We conclude that foo = goo a.e. on G since §(t) — 0 as t — oc.
Step 2: Existence. Recall that for all & € [n — 1,n + 1], the weight my, is given, for all (z,v)
in D x R™, by mg(x,v) = <x,v)kln((x,v>)71'6niﬂ .Let ge L} . (G) with g > 0 and (g) = 1.

Mn41

We apply Lemma 4.6.1 with k =n + 1 and e = 1.6.%5 — 1 € (0,1), so that @,41 = my41 and
Wy, = my, and fix T > Ty. We set, for all k> 1,

gk = STKg and fr := gry1 — Gk

By mass conservation, for all k > 1, (g) = 1 so that (fx) =0 and f; € L} (G). Applying

Mp+1,0
(4.6.1), for two constants 3, > 0, setting ||.||g = ||.||1 + B||-/lm,, for all & > 1, we have
a
157 fills + allSt fillm, < [l fells + 51 fellm,
We introduce the modify norm ||.|||; defined by [|.[|5 = [I-llg + §l-llm., so that the previous
inequality reads 5
«
Sz fells + 5 IST fallm, < Ul fellla- (4.6.17)

This implies that
I frsallla < Ul fella

for all £ > 1, so that the sequence (||| fx||;)x>1 is non-negative, non-decreasing, and is thus a
converging subsequence. We fix € > (. The previous observation implies that for N > 0 large
enough, p > 1> N,
2a
0 < Ifillls = M Fpllls < =
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Let N as before, p > 1 > N. We have, using (4.6.17)

2
o -, =51 3 5l
k=l+1
_1 a
<> ey
> 2sen,
p—1 p—1
<3 (CRUSrSellma + 15r7ills) = S ISz fell
k=l k=l
p 1 p—1
1 Flla = WSz fells = 1 fills = Walls < Fe.
k=l k=l

by choice of p and I. We deduce that the sequence (gj)r>1 is a Cauchy sequence in the Banach
space L}, (G), hence converges towards a limit fo € L}, (G) with (fo) = (g) = 1 by mass
conservation. A similar argument to the one in Step 1 can be used to prove that this limit is
independent of the choice of g € L} G) with (g) = 1. O

m +1(

Proof of Corollary 4.1.1. We simply apply Lemma 4.6.2 with g = f, foo given by Theorem
4.1.2, to obtain Corollary 4.1.1. 0

4.7  Free-transport with absorbing boundary condition

We consider in this section the free transport equation with absorbing condition at the boundary,
which corresponds to (4.1.14). We make the same assumptions as before on D, n and x — n,.
This problem is well-posed in the L! setting, since the boundary operator has norm 0, see
Arkeryd and Cercignani [2, Theorem 3.5]. Assuming fo € L!(G), the characteristic method

gives an explicit solution for all times ¢ > 0, almost all (z,v) € G,

ft,x,0) = fo(z — t,v) e o(a,—v))s (4.7.1)

where o(x,v) is defined by (4.1.8) for all (z,v) in D x R™. This explicit formula makes the
positivity of (4.1.14) clear. Obviously mass is not preserved by this problem. In what follows,
we write (S¢)¢>0 for the semigroup of linear operators corresponding to this evolution problem.
For fo € LY(G), and f the associated solution to (4.1.14) on [0,00) x G, the trace vf(.,.,.) is
well-defined on [0,7") x 9D x R™ for any T' > 0, see Mischler [101, Theorem 1]. Moreover, from
[101, Corollary 1],

IV f(t,z,v)| =] f|(t,z,v) ae. in ((0,00) x I;+G) U ((0,0) x I_G). (4.7.2)

From the explicit solution (4.7.1), one easily deduces the convergence towards the equilibrium

distribution given by fuo(z,v) = 0 for all (z,v) € D x R”. We study the convergence rate of



4.7 Free-transport with absorbing boundary condition 203

(4.1.14) towards equilibrium. We recall that the weights r, for v > 0, are given by
ry(z,v) = (14 o(z,v))", (z,v) € D x R". (4.7.3)
Theorem 4.7.1. For any f € L} (G), t >0,

1St fllzr < O@) |l
with the following choices
i. m(z,v) =e’@Y) in D x G, O(t) =e .
ii. m(z,v) =r,(z,v) in D x G, O(t) = ﬁ, v>1.

Proof. Recall that (v-V,o(z,v)) = —1 for all (z,v) € G, see (4.3.2). Note that, as a trivial
consequence of the boundary condition, 7S;f = 0 on _G for all f € L}(Q).
For i., we have, by definition of (S¢)¢>0, using also (4.7.2),

d/ 1S, f1e” @) duda = / (—=v - Vel S f)e? @) dvda
dt Jo G
= —/ 1S, fe” @) dvda + / 7(Se) fl(v - ng)e? @V dvdc (x)
G ODxR"
= NSl 40— [ PSPl mgle” ) (2)
94G
< _HStme

where we used Green’s formula (recall that ng is the unit inward normal vector at x € D) and
the boundary condition. We conclude with a straightforward application of Grénwall’s lemma.
To prove ii., we differentiate the L}"V(G) norm of S; f and use the same arguments as in case

1. to obtain

d v = . x,v)) dvdx
G L1510+ o) dvde = [ (—v- VoS0 + a(a,0))ded

dt
— _V/G 1S, f1(1 + o (x,v))" " dvda
~ [ RSPl nalr . 0)ded (a)
.G
< v [ 1511+ oo, 0)) " dvd,

Writing B for the generator of (S¢)i>0, we proved

B*r, < —o(ry,), (4.7.4)
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with for all z > 1, ¢(x) = VxVTil, so that ¢ is strictly concave. We set for all u© > 1,

B v (s
_1¢(3)

so that H '(y) = (y + 1), Vy>0.

= -1,

We also set V¢ > 0,u > 1, Y(tu) = H Y(H(u) +t) = (H(u) +t+1)",

which satisfies, for all w > 1, for all ¢ > 0,

op(t,u) = v(H(u) +t+ 1)1 = p((t,u)), (4.7.5a)

and Oyt (t,u) = H'(w)v(H(u) +t +1)"1 = M (4.7.5b)

o)
We have, for all £t > 0,
& [ 1suflottsrdvde = [ BISufuttn) + 1510060, r)dvda
= [ 18uf1(B wlt.rs) + 04t 1)) dvds
_ /G 1S/ ((B™r)0utb (2 7,) + Byt 7)) dvde < 0,

using (4.7.4) along with (4.7.5a) and (4.7.5b). Finally we use this inequality to conclude:

4+ D"[Sefllr < /G St fI(H (ry) + ¢+ 1)"dvde = ||Se flly(e,r,)

< N lwoiry = I1fllr, -
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Chapter 5

On subexponential convergence to

equilibrium of Markov processes

This chapter is an extended version of the paper [9], submitted. In particular, Section 5.3 is a

detailed rewriting of the result of Hairer [71] which is not included in [9].

Abstract: Studying the subexponential convergence towards equilibrium of a strong
Markov process, we exhibit an intermediate Lyapunov condition equivalent to the control of
some moment of a hitting time. This provides a link, similar (although more intricate) to the
one existing in the exponential case, between the coupling method and the approach based on
the existence of a Lyapunov function for the generator, in the context of the subexponential
rates found by [44] and [71]. We also present an extended version of the proof of the result
on the subgeometric rate of convergence of a functional with petite sublevel sets satisfying a

Foster-Lyapunov condition given by Hairer [71].

Keywords: subgeometric ergodicity, strong Markov processes, Foster-Lyapunov criteria.
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5.1 Introduction

The study of the convergence towards an invariant measure of continuous-time Markov processes
has generated a large literature devoted to the geometric case (also referred to as the exponential
case). Meyn and Tweedie and coauthors [97, 100, 45] developed stability concepts for continuous-
time Markov processes along with simple criteria for non-explosion, Harris-recurrence, positive
Harris-recurrence, ergodicity and geometric convergence to equilibrium. When applying those
stability concepts, the key question of the existence of verifiable conditions emerges. In the
discrete-time context, development of Foster-Lyapunov-type conditions on the transition kernel
has provided such criteria. In the continuous-time context, Foster-Lyapunov inequalities applied
to the (extended) generator of the process play the same role. One of the key results of this
theory is the equivalence of two conditions, both implying an exponential convergence towards
equilibrium: the control of the moment of the hitting time of a set with appropriate properties
and the existence of some test function satisfying a Foster-Lyapunov inequality with respect
to the generator. Loosely speaking, considering a topological space F and a E-valued strong
Markov process (X;);>0, with semigroup (P;)>0, invariant probability distribution 7 and with
appropriate properties (irreducibility, non-explosion and aperiodicity, see Section 5.2 for precise
definitions), we have the following result. Roughly, a set C' € B(E) is said to be petite if
there is a probability measure a on B(R,) and a non-trivial measure v on B(FE) such that
Vo € C, [5° Pi(z,-)a(dt) > v(-).

Theorem 5.1.1 (Informal statement in the exponential case, [97, Theorem 8]). The two

following conditions are equivalent.

1. There exist a closed petite set C € B(E), some constants 6 > 0 and k > 1 such that,

setting 7o(6) = inf{t > & : X, € C}, we have supE,[x¢¥)] < oo; (5.1.1)
xeC

2. There exist a closed petite set C € B(E), some constants b > 0, > 0 and a function
Vi E —[1,00], finite at some xy € E, such that for all z € E,

LV (z) < =pV(z)+ blo(x). (5.1.2)
Those conditions imply that there exist p < 1 and d > 0 such that for all x € E,

1Pi(x,-) = w()llzv < dV(z)p".

A more precise statement is given in Section 5.2, see Theorem 5.2.2. In the study of
subgeometric rates, the situation is quite different. While a moment condition of some hitting
time set similar to (5.1.1) can be found, as well as a Lyapunov condition similar to (5.1.2), there

is no equivalence between them. In this note, we identify an intermediate Lyapunov condition,
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equivalent to the moment condition for subgeometric convergence rates, and prove the following

result, with the same notations as above.

Theorem 5.1.2 (Informal statement in the subexponential case). Let ¢ : [1,00) — R4 be an
increasing, strictly concave C' function, satisfying some additional innocuous properties. Define
the function Hy : [1,00) = Ry by

v ds

Hy(u) = . @a

as well as its inverse H(;l :Ry — [1,00). Consider the three following conditions.

1. There exist a compact petite set C € B(E) and r > 0 such that, for 7f. defined by

t T
1, = inf {t > o,/ 1o(X,)ds > 7}7
0

r

where T is an exponential random variable of parameter 1 independent of our process, we

have

sup Ex[Hgl(f’Z})] < oo, and, forallz e E, Ex[qul(i‘Ev)} < 0. (5.1.3)
zeC

2. There exist a function ¥ : Ry x E — Ry, two constants k,n > 0 and a compact petite set
C € B(FE) such that for all (t,x) € Ry x E, Hgb_l(t) <Y(t,x), sup,ec ¥ (0,2) < K, and
such that for all (t,x) € Ry x E,

(0 + Lyp(t,z) < wH () 1c(x) — o(HS (), Ly(0,2) < klo(z) —n.  (5.14)

3. There exist a compact petite set C, a continuous function V : E — [1,00) with precompact
sublevel sets and a constant K > 0 such that, for allx € E

LV (z) < Klco(z) — ¢o(V(x)). (5.1.5)

Conditions 1. and 2. are equivalent, and both are implied by condition 3. Moreover, any of

those conditions implies that there exists an invariant measure w and that, for all x € E,

lim ¢(H ™ (t))[|Pe(w, ) — 7()|rv = 0.

t—o00

Remark 5.1.1. Tt is worth noticing that the proof of the result from condition (5.1.5) is

constructive, whereas the one starting from (5.1.4) is not.

The precise statement is given in Theorem 5.4.1. The fact that (5.1.5) implies the convergence

was proved by Douc, Fort and Guillin [44], see also Fort and Roberts [59] for the polynomial



210 On subexponential convergence to equilibrium of Markov processes

case, and was simplified for the case of the total variation distance by Hairer [71] in a slightly
stronger setting. The papers [59] and [44] also identify a moment condition similar to (5.1.3),
however they do not provide an equivalence result between the two conditions.

The remaining part of this note is organized as follows. In Section 5.2, we recall the main
definitions of the theory of convergence for continuous-time strong Markov processes, and define
our notion of extended generator, following Davis [34]. In Section 5.3, we give an extended
version of the proof of Hairer [71] showing that a slightly stronger version of condition (5.1.5)
implies the convergence towards equilibrium as claimed above, with a constructive constant. In
Section 5.4, we give the precise statement and prove the remaining results of Theorem 5.1.2

above.

5.2 Setting and definitions

Let X = (X¢)i>0 be a continuous-time strong Markov process with values in a Polish space
E. For z € E, we write P, for the probability measure such that P,(Xy = z) = 1, E, the
corresponding expectation. We denote by (P;):>0 the corresponding semigroup: for all functions
f in By(E) with By(E) = {f : E — R, f measurable and bounded}, for all z € E, we have
Puf(z) = Eo[f(Xy)]. We set, for f € By(E), z € E, Lf(x) = %Em[f(Xt)Ht:o provided this
object exists. We call £ the (strong) generator and D(ﬁ) its domain given by

D@%:U:E%Rﬁerﬁ%Bﬂ@;f@>

exists}.

Let us recall some more definitions. We say that a continuous-time Markov process (X;)i>0
with values in E is non-explosive if there exists a family of pre-compact open sets (Oy,)n>0 such
that O,, — E as n — oo, and such that, setting for all m > 0, T,,, = inf{t > 0, X; € O, }, for
all x € E,

}P’x( lim T, = oo) =1.

m—00
We say that (X;)¢>0 is ¢-irreducible for some o-finite measure ¢ if p(B) > 0 implies that for
all B € B(E), for all z € F, E;[[;° 15(X,)ds] > 0. A p-irreducible process admits a maximal
irreducibility measure 1 such that p is absolutely continuous with respect to ¥ for any other
irreducibility measure p. A set A € B(E) such that 1(A) > 0 for some maximal irreducibility
measure 1 is then said to be accessible, and full is ©¥(A°) = 0. A set A € B(E) is said to be
absorbing if P,(X; € A) =1 for all x € A, t > 0. We simply say that (X;);>o is irreducible if it
is p-irreducible for some o-finite measure ¢.
A non-empty measurable set C' is said to be petite if there exists a probability measure a

on B(R;) and a non-trivial o-finite measure v on B(E) such that

Weaémﬂ@@mmzmy
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We say that a process (X:)¢>0 with associated semigroup (P;):>¢ is aperiodic if there exists
an m > 0 such that, denoting by J,, the Dirac mass at m, there exists an accessible d,,-petite
set C' (i.e. petite with measure a = J,, on R, ) and some tg > 0 such that for all z € C, t > to,
Pi(z,C) > 0.

We assume furthermore that our process is Feller, in the sense that for all ¢ > 0, all
continuous bounded function f: F — R, the function P, f : F — R is also continuous.

The (weak) Feller property implies that (X;)s>0 has a cadlag modification, which we will
always consider from now on, see for instance [109, Theorem 2.7]. In particular, the hitting
times of closed sets are stopping times.

We recall without proof the following result, due to Krylov-Bogolioubov, [85]. In this note
we use the statement of Fornaro [58, Chapter 5, Theorem 5.1.6].

Theorem 5.2.1. Assume that there exist Ty > 0 and x € E such that the sequence (ur(z))r>1,
is tight, where for all T >0, all A € B(E),

T
pur(A) = ;/0 Py(z,-)ds.

Then there exists at least one invariant probability measure for (Pi)i>o.

A

We have the following result on D(L).

A

Proposition 5.2.1. [3/, Propositions 14.10 and 14.13] For f € D(L), for allxz € E, allt > 0,
we have fg |Lf(X,)|ds < 0o Py-a.s. Moreover, defining the real-valued process (th)tzo by

cf = 106) — £0%0) — [ £7x s,

the process (th)tZO is a Py-local martingale for any x € E.
Following Davis [34], we define an extension of the generator L in the following way.

Definition 5.2.1. Let D(L) denote the set of measurable functions f : £ — R with the
following property: there exists a measurable function h : £ — R such that for all z € F, there
holds P, (Vt > 0, fot |h(Xs)|ds < 00) = 1, and the process

¢ = 500 = 5(X0) ~ [ (X )ds,

is a P,-local martingale. In this case, we set Lf := h. We call (£, D(L)) the extended generator
Of (Xt)tZO-

The extended generator is indeed an extension: we have D(ﬁ) C D(L) and L and L coincide

on D(L). Following [34] again, we introduce the following notation.
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Notation 5.2.1. For f : E — R, for g : E — R measurable such that [ [g(X)|ds < oo for all

t > 0, P,-almost surely for all x € E, we write

Lf<g

if the process
¢
P = f@) = [ g(Xo)ds
is a P;-local supermartingale for all z € E.

Remark 5.2.1 (Hairer [71]). It is possible to have Lf < g even in situations where f does
not belong to the extended domain of £. For instance, take f(x) = —|z| when (X;);>0 is a
Brownian motion. In this case, one has Lf <0, but f &€ D(L), and a fortiori f ¢ D(ﬁ)

Similarly, we introduce

Notation 5.2.2. If j : Ry x E — R is C! in its first argument, for k : Ry x E — R measurable
such that for all ¢ > 0, we have [J |k(s, X;)|ds < co Py-a.s. for all z € E, we write

O +L)j<k
if t
M, = j(t, X;) — (0, 2) —/ k(s, X, )ds
0

is a P;-local supermartingale for all z € E.

In this note, we use the following definition of the total variation distance: for two probability

measures j, ¥ on F/, we set

P [u(A) —v(A)].

| =vlry =5 su
AcB(E)

DN | =

As a consequence, we have

— = inf PZ#Z
ln=vizv = inf  P(Z#Z),
where the infimum is taken over all couples of random variables such that Z has law p and Z’
has law v.
To conclude this section, we give a precise statement of the informal Theorem 5.1.1 above,

with the help of the previous definitions.

Theorem 5.2.2 (Exponential case, Meyn-Tweedie [97]). Assume that (X¢)i>0 is non-explosive,

irreducible, and aperiodic. Then the following conditions are equivalent.
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1. There ezist a closed petite set C € B(E) and some constants § > 0 and k > 1 such that,
setting

T0(0) = inf{t > 9, X; € C}, we have sup B[] < 0.
zeC

2. There exist a closed petite set C € B(E), some constants b >0, >0 and V : E — [1, 0]
finite at some xg € E such that, in the sense of Notation 5.2.1,

LV < —BV +blc. (5.2.1)

Any of those conditions implies that the set Sy = {x : V(x) < oo} is absorbing and full for any
V' solution of (5.2.1), and that there exists p < 1 and d > 0 such that for all x € E,

1Pe(,-) = w()lrv < dV(x)p".

5.3 From Lyapunov inequality to convergence result

In this section, we prove that when a Lyapunov inequality for a function V' : E' — R, associated
with the appropriate properties for the sublevel sets of V', holds, the convergence towards
equilibrium occurs with a subgeometric rate given by the inequality. This result corresponds
to the fact that condition (5.1.5) implies the convergence towards equilibrium as stated in
Theorem 5.1.2. The proof below relies on a coupling argument and is a detailed version of the

one of Hairer [71].

Theorem 5.3.1 (Hairer [71], Douc-Fort-Guillin [44]). Let V : E — [1,+00) continuous.
Assume that {V < M} is compact for any M > 1 and that there exist a constant K > 0 and a

strictly increasing, strictly concave and C' function ¢ : [1,00) — Ry such that ¢(1) > 0, such
that ¢(x) < x for all x > 1, @ 10 and ¢(x) — xz¢'(x) T 0o when © — oo and such that

LV <K —¢oV. (5.3.1)
Finally, we assume that for all C > 0, there exist a > 0 and T > 0 such that
[Pr(z,-) = Pr(y, )llrv <1-a, (5.3.2)
for all x,y such that V(x) + V(y) < C. Then we have the following conclusions.

1. There exists an invariant probability measure p for (Xi)i>o with moreover

Lo @)utd) < K
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2. Define Hy : [1,00) = Ry by

U ds
How) = [ 505

and consider its inverse function H(;l : Ry — [1,00). There exists an explicit constant
k > 0 such that for all x,y € E, for allt > 0,

(V(x) + V().

Hy'(t)

K
| Pe(z,-) = Pe(y, )llrv <

3. There exists an explicit constant k > 0 such that for all x € E, allt > 0,

KV (z) n K

[Pe(x,-) — pllry < TRONECRO)

Remark 5.3.1. The hypothesis on the limits of @ and ¢(z) — x¢/(z) are not explicitely stated

in [71]. While innocuous, they are necessary for the argument to hold.

Ezample 5.3.1. Consider ¢ given, for u > 0, by ¢(u) = u'~¢ for some € € (0,1). Then ¢ satisfies

the requirements of Theorem 5.3.1. In this case, for u > 1 we have

Hy(u) = - (u* ~ 1)

1 1—e
€ € .

This gives, for ¢t > 0, H(;l(t) = (et + 1)< and finally qﬁ(Hgl(t)) =(et+1)

5.3.1 Existence of an invariant probability measure

In this subsection, we prove Point 1 of Theorem 5.3.1 by applying the Krylov-Bogolioubov

criterion.

Proof of Point 1. We apply Theorem 5.2.1. Fix any z € E and define, for all T > 0, all
A e B(E),

T
pur(A) = ;/0 Ps(x, A)ds.

Then, since the process given for all t > 0 by
¢
My = V(X0) = V(@) = [ 1K = o(V(X.))ds,

is a local supermartingale starting at 0, for (7,,),>0 an increasing to co sequence of stopping

times such that (Miar, )¢>0 is a supermartingale, we have for all n > 0,

BalV (Xins,) = V@] < Bl [ 1K = (V(X.))s]
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so that, using Fatou’s lemma, the fact that V' is non-negative and dividing by ¢,

1
BV ) - V@) < K = [ o)),
‘We obtain, for all T > 0,
Vi(z
/ o(V(y))ur(dy) < K + ; )

Since ylLrgo »(V(y)) = +o0, we conclude that the sequence (pr)r>1 is tight and that any limit
point p satisfies [ &(V (y))p(dy) < oo as desired. O

5.3.2 Extended generator and local martingales

As we are working in an abstract framework, we heavily use the extended generator (see
Notations 5.2.1 and 5.2.2) and the inequalities of the form

Lf<g and (O + L)Y < .

For this reason, we will use several preliminary results that we detail below.

Proposition 5.3.1. Let (y:)t>0 be a real-valued cadlag semimartingale and let ¢ : Ry xR — R
be a function that is C' in its first argument, and C? and concave in its second argument. Then,

the process
t t
pltoun) = | Oupls,y )y = [ Oup(s. - )ds
1S MON-INCTeasing.

Proof. As (y¢)t>0 is a semimartingale, we can write it as y¢ = A; + My, where (A¢)i>0 is a
process of finite variation and (M;);>o is a local martingale. From Itéd’s formula for cadlag

processes, see for instance [78, Theorem 4.57], we then have

t t
o(t, ye) =<P(0,yo)+/0 wa(s,ys—)dyﬁ/o Orp(s,ys—)ds

t
+/0 0z0(s,ys—)A(M)s + ) ( (s,ys) — (s,ys_)—ﬁmsa(s,ys—)Ays),

s€[0,t]

where (M)§ denotes the quadratic variation of the continuous part of M at time ¢, with Ay;
defined by Ay, = ys — ys_. Since (M)¢ is an increasing process, and 82¢(-,-) < 0 by hypothesis,

the claim follows. O
Recall that we write £ for the extended generator of our E-valued Markov process (X¢)i>0.

Corollary 5.3.1. Let F,G : E — R such that

LF <G
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in the sense of Notation 5.2.1. Then, if ¢ : Ry x R — R is a function that is C' in its first
argument, and C? and concave in its second argument with additionally O, > 0, then for all
t>0,alxeFE,

(Or + L)p(t, F(x)) < Orp(t, F(x)) + Opp(t, F(2))G (),

in the sense of Notation 5.2.2.

Proof. Set y; = F'(X;) for all £ > 0. We have
dy; = G(Xt)dt + dNy + d My,

with M a cadlag local martingale such that My = 0 and N a non-increasing process. By

Proposition 5.3.1, there is a non-increasing process (R¢):>0 such that

do(t,y) = Ozp(t, ys—)dys + Opp(t, yi— )dt + dRy,

so that
do(t,y) = Oxp(t, y—)(G(Xy)dt + dNy + dMy) + Opp(t, y— )dt 4+ dR;.

Since 0, is non-negative, the process

pltu) = 20,90 = | *(Oupls, ) + Buipls ye ) GX,) )ds

is indeed a local supermartingale (as sum of a local martingale and of a non-increasing

process). O

5.3.3 A result on some geometric sums

The proof of Point 2 of Theorem 5.3.1 will be obtained via a coupling of two processes (Xt)¢>0,
()N(t)tzo, both having for semigroup (P;)¢>0. We will use the following lemma to estimate the

time required for the success of the coupling, after a sort of geometric number of trials.

Lemma 5.3.1. Let H(;l defined as in Theorem 5.3.1, with the same hypothesis on ¢. Let
(Fn)n>0 be a filtration and let (Yy,)n>0 be an (Fy)n>0-adapted sequence of non-negative random
variables. Let N be an N-valued random variable such that, for some o € (0,1), for alln >0,

{N =n} € Fpt1 and
1{N2n}P(N =n|Fn) > alin>py- (5.3.3)
Assume further that, for some C > 0, for alln > 1,

1{N2n—1}E[Hgl(Yn)|fn—l] S Cl{NZn—l} a-Ss. (534)
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Then, there is a constant L > 0 depending explicitely on o, C > 0 and ¢ such that
N
E[H(;l( 3 Yn> ‘]-'0] < L.
n=1

Proof. We divide the proof into several steps.

Step 1. Recall that C' > 0 is defined in the statement. We prove here that for all € > 0,
there exists K > 0 such that for all u > K, all v > K,

€

H! < —
(u+wv) < -

p H ' (u)Hy, ' (v). (5.3.5)

Setting g = log oH(;1 and, for u,v > 0,

pluv) 1= g(u) + 9(0) — glu+0) = g(v) = [ " s)ds,

it suffices to prove that lim, ) (c0,00) ¢ (u, V) = +00.
Since 8uH(;1(u) = (ﬁ(H(;l(u)), we have

¢(Hy ' (u)  ¢(Hy'(u+v))

- - - >0
H¢ 1(“) H¢ 1(“ +v)

Oup(u,v) =

by hypothesis on ¢. By symmetry, we conclude that ¢ is increasing in both its variables.

Fix now M > 0. Since g increases to infinity, there exists vy > 0 such that g(vg) > M + 1.
. , _ G(H (uts))
Then, since g ('LL + 3) = W

there exists ug > 0 such that

decreases to 0 as u goes to infinity (by assumption on ¢),

vo
/ g (ug + s)ds < g’ (up)vg < 1.
0

This shows that ¢(ug,vg) > M. Since M is arbitrarily large and since ¢ is increasing in both
its variables, we conclude that limy, ) (c0,00) o(u,v) = +0o as desired. Note that, given e,
C > 0 and ¢, one can find an explicit K such that (5.3.5) holds for all u > K, v > K.

Step 2. We set, for k > 1, S = Zle Y;. We fix € > 0 and consider K > 0 as in Step 1.
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Setting A% = {1,...,k} \ A for A C {1,...,k}, we may write

qH'Sy) = Y HUS) [ Yywveexy [T 1pvasxy

Ac{1,...,k} neA meASk

< > qul(\A|K+ > Ym) I 1vsx

Ac{1,...k} meAc k meAck

gZH(|A|K() HH

AC{1,....k} meAck

= Hy'(kK) YD FT ] S

AcC{1,...,k} meAck

using (5.3.5). Multiplying by 1;y>;} and taking the expectation given Fo, we find

H (Y,

AcC{1,...,k} meASk

Step 3. We claim that for any £ > 1, any A C {1,...,k},

H(Y

Loy ] Fo] <@ — ). (5.3.7)
meASk
It suffices to proceed by successive conditionning, observing that for any i = 1,...,k, we
have
Hy ' (V)
E[l{Nzi} II (bT 7'7‘—1}
meASk m<i
bz

C’Ym)) [1{ieAC”“} +{- O‘)l{ieA}]'

Sl{szel}( H

meASk m<i—1

Indeed, if i € A* we simply use that Ln>ip < yy>i—1y and (5.3.4). If now i € A, we use that
by (5.3.3). We conclude that

1 3
W‘fo} < 1;[ [ icacky + (1= a)l{zeA}} (1 — o)A,

E[liyory ]

meAck

Step 4. Gathering (5.3.6) and (5.3.7), we conclude that for any & > 1,

k
E[H, ' (Sk)1inziy] Fo] < Hy Z ‘1—a)f = H'(kK)(1+ € — ).
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With the choice € = /2 (which induces some value of K > 0), setting 7 =1 —§ € (0,1), we
deduce that

} ZE Sk 1{N>k}|]:0 < ZH kZK)

N
-1
Bl (2 v)|7
i=1 E>1 k>1
Note that H;l has subexponential growth, in the sense that lim,_,o, v~ ! log H;l(u) = 0, which
follows from the fact that lim,—,~ ¢’(u) = 0, see Step 1. Hence, for n = log(1/r)/(2K) > 0,
there is a constant L’ > 0 such that, for all u > 0, H " 1(u) < L' exp(nu), whence the inequality

H'(Kk) < L'exp(nKk) = L'r=*/ holds. Finally, we have

[ (ZY) }<L’kz>:lrk’/2 L’\[\/F.

Note that the constant L’ can be determined explicitely given K and ¢. Setting L = L’ 1{\%

terminates the proof. O

5.3.4 Coupling

For (Xi)¢>0 and (Y;)i>0 independant and with transition semigroup (P:)¢>0, we define the
semigroup (Q¢)i>o from B(E?) — R

Qtf(x, y) = E(z,y) [f(Xta }/t)}a

Qt((xa y)v ) = Pt(xa ) &® Pt(ya ')7

and we denote L the corresponding generator. Note that, if f(z,y) = fi(z) + f2(y), we have
Lof(z,y) = Lfi(z) + Lfa(y).

We recall that ¢ : [1,00) — R is strictly increasing, strictly concave and C', with ¢(1) > 0,
¢(x) <z forall x > 1, ‘b(z 1 0 and ¢(z) — z¢'(x) 1 co when  — oo, and that we defined Hy

by Hy(u) = [} ¢(S for all u € [1,00) and consider its inverse function H, LRy — [1,00).

Proposition 5.3.2. Let 13 : [0,00) x E? — Ry and Wy, Ws : E — [1,00) be three functions
such that ¥2(0, x,y) = Wi(z) + Waly) and ¢a(t, z,y) > H;l(t) for all (z,y) € E? and allt > 0.
Assume also that there exist a compact non-empty set K of E? and four constants K, T,k > 0
and a € (0,1) such that

a) for allt >0, for all (z,y) € K, (0r + L2)a(t, x,y) < 0; for all (z,y) € K, ¥(0,2,y) <k

b) forallz € E, LW, (z) < K, LW;(z) < K,
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c) for all (z,y) € K,
|Pr(z,-) = Pr(y, )rv <1—a. (5.3.8)

Then there is an explicit constant L > 0 so that for allt >0, all x,y € E,

Wi(z) + Wa(y)
Hp'(t)

||’Pt($a ) - Pt(yv ')”TV <L

Proof. We divide the proof in several steps. We consider some initial points x and y in £ and

of course assume that x # y.

Step 1: Construction. We build a coupling (X, Xt)tzo using the following steps.
Step 0: We set Xo =z, Xo =1y, Ty = 0.
Step n: If T;, = oo we do nothing. Else,
(i) If X7, = X7,,, we pick a trajectory (¥;)s>o with transition semigroup (P;);>0 starting

from X7, and set X7, 4+ = XTn+t =Y; forall t > 0, as well as T),11 = o0.

(i) If X7, # X7, and (X7, X7,) & K, we pick two independent trajectories (Y;);>0,
(Yi)>0 starting respectively at X7, and X7, with transition semigroup (P;)¢>o. We
then set

Tpy1 =T, +inf{t >0, (Y;,Y;) € K}
and X7, 1+ =Y, XTn-s-t =Y, forallte [0, Ty 1 — Tyl

(iit) If X7, # X7, and (X7, X7,) € K, we use a coupling (which exists by point (c) of
the statement) of X7, .7 ~ Pr(Xr,,-) and XTn+T ~ PT()N(TR, -) such that

P(X7,+1 = X1, +7/(Xs, Xt)iepo ) = o

We then set T),11 = T, + T and build (X)e7,, 7,,,) and (Xt)te[Tn,
bridges (e.g. independent conditionally on (X7, , X7, X7, 17, X1, 17))-

Tny] USING two

It is clear that both (X;);>0 and (X;);>o are Markov processes with semigroup (P;);>0. We
introduce the filtration F; = o(Xs, X, s € [0,1]).

Step 2. We introduce
71 = inf{t > 0, (Xt,)?t) € K},

which equals 0 if (z,y) € K and T; else. We then introduce, for n > 1,

Tng1 = inf{t > 7, + T, (X;, X;) € K},
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aswellas G =inf{n > 1: X, 17 =X, 47}
Observe that by construction, we a.s. have 7, € (Ty)r>o foralln =1,...,G+ 1.
We also have X; = X; for all ¢ > T + T, and it suffices to prove that

E[H, " (16 +T)] < L(Wi(z) + Wa(y)) (5.3.9)

since this will imply that

B[, (e +T)] _  Wi(2) + Waly)

H (1) - H'(t)

1Pz, ) = Pe(y, Ylrv <P(Xy # X)) <P(rg +T > t) <

Step 3. In this step, we show that
E[H;l(ﬁ)] < Wi(z) + Waly). (5.3.10)

If (x,y) € K, the result is trivial since del(O) <1 < Wi(x)+Ws(y). Otherwise, by definition of
71, the law of (X, Xt)te[o,n] is then the one corresponding to case (ii) in Step 1. By hypothesis
a) and by Notation 5.2.2, the process defined for all ¢ > 0 by

My = ¢2(ta XtaXt) - ¢2(0’$7y),

is a local supermartingale, on [0, 1], starting from 0. Thus, there exists an increasing to infinity
sequence of stopping times (o;);>1 in Ry such that, for all i > 1, (Mae,)t>0 is a bounded

supermartingale on [0, 71]. We then have, by positivity of ¢, and using Fatou’s lemma,

E[%(ﬁ, XTlaXTl )} < hm (E[T/&(O, xz, Z/) + M’T‘1/\O’i]) < W1(x) + Wg(y) (5311)

1—00
The conclusion follows, since (¢, z,y) > H(;l(t).
Step 4. In this step, we show that there is a constant C' > 0 such that for all n > 1,
LaomyBIH S (Tas1 — )| Fr] < Cligsny- (5.3.12)

Observe that {G > n} ={G<n—-1}°e€ F, 47 C F,,, since 17, > 7,1 + 1. On the event
{G =n}, 141 = 1, + T and therefore,

E[I{G:n}qul(TnJrl — )| Fr, | < HJI(T)-
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On the event {G > n+ 1} € Fr 11, Xr41 # XTn+T, so that, according to Step 1, the

n

process (X, Xt)te(Tn+T7Tn+1) is build using (ii). With the same argument as in Step 3, and obtain

Ligoniy E[Hy YTn1 = (T + D) Frrr] < Yaoniny (Wi (X, 11) + Wa(Xr,17)). (5.3.13)
Moreover, by assumption (b) on LWj, on {G > n} € F;,, the process (N¢)¢>r, defined by
Ny = Wi(Xy) = Wi(X5,) — K(t — ),

is a local supermartingale with respect to (F¢)e>0 on [, 7, + T, with N, = 0, in both cases
(ii) and (iii) of Step 1. Hence there exists an increasing to infinity sequence of stopping times
(0)i>1 such that for all i > 1, (Nyro/)i>0 is a bounded supermartingale on [1,, 7, + T]. We

then have, using the positivity of W7 and Fatou’s lemma,
Leen BW1 (X, 41)[ 7] < Hm 1iom BV (X (7, 11)r00) [ 7]
< lim 1i6o EW1(Xr,) + Ny p1ynoy + KT F7 ]

< Vgomy (KT + Wi (X))
Similarly, we have

LicomBIWa(Xr, 40)| Fr,] < 1igony (KT + W2(5(Tn))-

All in all, we have verified that

LGomEH,  (Tas1 — )| Fr,]
=E[lig=nyH, Y Tos1 —70) [ Fr ] + E[I{Gzn—&-l}H;l(TnJrl — )| Fr,]
<HZNT) + Hy (T)E[Lgsnsn E[H; (Tas1 = (7 + )| Frosr] |7,
<H '(T)+ Hy ' (T) 1o} E[W1( X7, 117) + WXy, 1) | Fr, ]
(T)

<H,N(T)+ Hy ' (T)1igsny ($2(0, X5, X7,) + 2KT)

where C' = Hq; (T)(1+k+2KT). At the second line we used that H(;l(s +1) < H(;I(S)H(gl(t)
(because (log Hy L(s)) = ¢(H s (s))/H(;l(s) < 1). For the last two lines we used the fact that
Y9(0,x,y) = Wi(x) + Wa(y) is bounded by x on K.

Step 5. We now conclude the proof of (5.3.9). We make use of Lemma 5.3.1 with, abusing
notation, for all n > 0, F, = Fr, ., = Tp+1 — Tn, Which is Fj,-measurable and with
N = G — 1. Observe that the event {N = n} ={G =n+1}1is F;, ., = Fyy1-measurable and,
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by construction, see Step 1,
1{N2n}P(N = TL|fn) = 1{G2n+1}]P>(G =n-++ 1|]:7—n+1) 2 al{GZn—‘rl} = al{NZn}

Finally, we deduce from (5.3.12) that

Lnven-13EH, (Vo) | Fao1] = YaemBIH,  (Tai1 — 7)1 Fr] < LiaonC = Clinzn-13,

for C' > 0 constant independent of n. Applying Lemma 5.3.1, we deduce that

E[H; (rq — m1)|Fx] = B[ H( g: Yo )| Fo| < L,
n=1

for some constant L depending only on C, « and ¢. To conclude, we combine this and (5.3.10)
and use that del(s +1) < H(;I(S)H(;l(t) to find

E[H; (¢ +T)] < H, "(T)E[H, 1( ) (TG —71)]
T)E[ 5 (6 =) ]|
< LH¢ (T)E[H¢1(Tl)]
< LHZY(T)(Wi(z) + Wa(y)).

5.3.5  Construction of the function 1, from the function V'

Lemma 5.3.2. Under the hypothesis of Theorem 5.3.1, setting W1 = Wy =2V : E — [1,00)
and, for allt >0, z,y € F,

Ualt,a,y) = Hy'(Ho(2V (2) + 2V (y) + ),

o and Wy, Wa satisfy the hypothesis of Proposition 5.3.2 with the compact set given, for some
well-chosen M > 0, by
K=A{(z,y): V(z) +V(y) < M}.

Proof. Points (b) and (c) are obvious by (5.3.1) and (5.3.2). We thus only have to check
(a), i.e. that there is M > 0 such that, setting = {(z,y) : V(z) + V(y) < M}, we have
SUP(z ) ek (0, z,y) < oo (this quantity being equal to 20, this is clear) and that
(Or + La)1pa(t, z,y) <0 for all t > 0 and all z,y € K.

We set, for all (z,y) € E?, W(z,y) = 2V (z) + 2V (y). By assumption (see Theorem 5.3.1)
and definition of L9, we have, for all x,y € F,

L2W (x,y) < 4K —2(8(V(2)) + 6(V(1))). (5.3.14)
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However, 2¢(x) — ¢(2x) increases to infinity as x — oo, because

2z
26(x) — 6(20) = p(a) — [ ¢ (s)ds = B(x) — ¢'(w)r — o0

as x — 00, by hypothesis on ¢. Thus, there exists M > 0 such that V(x) + V(y) > M implies
20(V(z) +V(y)) — 4K = ¢(2V(z) + 2V (y)) = ¢(W (z, y)).

Combining this with (5.3.14), for z,y in K¢ we have

LW (z,y) < —6(W(z,3)). (5.3.15)
Using now that Hj(u) = ﬁ, we find, for u > 1 and ¢t > 0, for ¢(t,z) = H(;l(Hqg(a:) +1),
g1y o H (u) _ o((t,u))
Qi) = (G (o) + ) B0 = ety = o)
We also have )
Op(t,u) = = o((t, u)).

Hy(H " (Hy(u) + 1))

Using now (5.3.15) and Corollary 5.3.1, we conclude that, for (z,y) € K¢,

(Oh + LaYat, w,y) = (0 + L2) (v (8, W (,1)))

S au¢<t7 W(x7 y)) X [—¢(W($, y))] + 8tw(ta W(.@, y))

W) .
= T oW () + (8 W (2,)) = 0

as desired. The boundedness of 1o on K and the fact that H;l(t) < o(t, x,y) for all triplets
(t,z,y) € Ry x E? are straightforward. O
5.3.6  Conclusion of the proof of Theorem 5.3.1

Proof of Theorem 5.3.1. We have already verified Point 1, and Point 2 follows from Proposition
5.3.2 and Lemma 5.3.2. It only remains to prove Point 3. We fix x € E and start from the fact
that, since uPy = w,

[Pe(; ) = pllry < /E 1Pe(;-) = Pe(y, )llv pldy).
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For any R > 0, we write

IPiw,) = iz < [ 1Pu(a, )~ Puly, v iuldy) + 2u({y - V(y) > RY)
{y:V(y)<R}
C
< i (Vo + L orerm V@) + 20y Vi) > B,

where we used Point 2 of the theorem. Since z — 2% decreases to 0, Viy) < d)(V(y))ﬁ for

xT

all y € F with V(y) < R. Recalling that, by Point 1,
= /E oV (y))p(dy) < oo,

we conclude that f{yeE,V(y)gR} V(y)u(dy) is bounded by %. We also have, by Markov’s
inequality
Tr
p{y = V(y) > R}) = p({y : ¢(V(y)) > ¢(R)}) < SR

Hence for all R > 0,

C I'r
IPe(@, ) = pllrv < W(V(w) + o)+

We take R = H;l(t) to conclude that

o) — CV(z) T(C+1)
1P il < G+ S

The proof is complete. ]

5.4 New formulation

5.4.1 Hypothesis and statement

In this section, we give the precise statement corresponding to the informal theorem 5.1.2 and
detail the proofs. In the whole section, we consider as before a strictly increasing, strictly
1 : . o (z)
concave and C* function ¢ : [1,00) — R such that ¢(1) >0, ¢(z) <z forallz>1, =~ |0
and ¢(x) — z¢'(x) T oo when & — co. As before, we introduce the function Hy defined for all

u > 1 by
v ds

i oo(s)’
as well as the corresponding inverse function qul :[0,00) = [1,00). We have already checked
that

Hg(u)

H;l(s +1) < H;l(s)del(t) for all s,t > 0, (5.4.1)
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and an immediate study shows that
d(kx) < kp(x) forall z >0, all Kk > 1. (5.4.2)

Theorem 5.4.1. Assume that (Xi)i>0 is non-explosive, irreducible and aperiodic. Consider

the three following conditions.

1. There exists a compact petite subset C' of ' and some r > 0 such that, for 7/, defined by

t T
7 = inf {t > 0,/ Lo(Xds = ),
0

where T is an exponential random variable with parameter 1 independant of everything

else, we have

Ex[qul(%g)] <oo forallx e E and sggEz[H(;l(%g)] < 0. (5.4.3)

2. There exists a compact petite subset C of E, two constants k,n > 0 and a function
from Ry x E with values in [1,00), continuous and non-decreasing in its first argument,

continuous in its second argument, such that for allt >0, x € E,
Hy'(t) <o(t,m)  and (94 L)Y(t,x) < wHy ' ()1 (x) — ¢(H ' (1)),

with moreover Y(0,z) < k for all x € C and for all x € E, L1(0,2) < klc(z) — 1.

3. There exists a compact petite subset C of E, a constant K > 0 and V : E — [1,00)

continuous with precompact sublevel sets such that for all x € F,

LV (z) < —¢(V(z)) + Klc(z).

Conditions 1. and 2. are equivalent, and both are implied by Condition 3. Moreover, in those

three cases, there exists an invariant probability measure w for (P¢)i>0 on E and for all z € E,

lim o(H; (1)|Pu(, ) = w(-) 7w = 0.

t—o00

We detail the proof below and split it in several subsections, each corresponding to an

implication in Theorem 5.4.1. We will use several times the following expression

Remark 5.4.1. For all z and all non-decreasing C*! function f : Ry — R, such that f(0) = 0,

Bl ()] = Eo[ [ e l1e 0 p(s)a).
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Indeed, it suffices to use that E,[f(75)] = [o° Po(7& > s) f/(s)ds and that
0

5.4.2 Proof that Condition 3 implies Condition 2
We introduce ¢ : Ry X [1,00) — [1,00) defined by (¢, x) = H¢_1(H¢(x) +1t). It is C! in its

first argument ¢t and C? in its second argument. Moreover, for all ¢t > 0, all > 1,

o(Hy (Hyl) +1))
o) ="

Butpo(t, x) = Hy(x)(Hy ') (Hg(x) + 1) =
Next,

o (Hy (Hy(w) + 1)) o (Hy  (Ho(w) + 1)) — ¢/ ()6 (Hy  (Ho(x) + 1) )

2 —
3x1/)0(ta$) - ¢2($)

o(Hy ' (Ho(x) +1))

_ e (¢ (Hy (Ho(@) + 1)) — ¢/(2)) <0,

since the first factor is positive, while the second one is negative because ¢’ is decreasing and
x < qul(Hq;(x) + t). We conclude that 1)y satisfies the assumption of Corollary 5.3.1. We set
P(t,x) = 2¢0(t, V(x)) — H;l(t). On the one hand

Hy'(t) = 2H (1) — Hy ' (t) < 2¢0(t, V(2)) — Hy ' (t) = ¥(t, @)

for all t > 0, all x € F, and, using Corollary 5.3.1 and that (H;l)’ = ¢o H; ! one has

(O + LYO(t, x) < 20000(t, V() + 20,00(t, V(2)) LV (x) — S(H, 1 (2)
o(H (Hy(V(2) +1))

= 26(H; ' (Hy(V(2) +1)) +2

o(H (Ho(V(z)) +1))

<2 (H (Hy(V () +1)) +2
o(Hy (Hy(V(2)) +1))
o(V(x))

where we used the bound on LV of Condition 3. Using now (5.4.1) and then (5.4.2) (recall
that H(;l(t) > 1), we conclude that

<2K

o(H; )V ()

(at + E)T[)(t,éﬂ) § 2K gb(V(:z:))

lo(z) — ¢(H, (1) < 2KH, ' ()1o(x) — (H ' (1))
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We also have ¢(0,z) = 2V (x) — 1, so that indeed sup,c ¢ (0, z) < 0o (because C' is compact
and V has precompact sublevel sets), and, using that £1 = 0, recalling Condition 3, that V' > 1

and that ¢ is non-decreasing,
Lp(0,2) = 2K 1(x) — 26(V (2)) < 2K 1o(x) — 26(1),
which completes the proof.

5.4.3 Proof that Condition 2 implies Condition 1
Let z € F and set, for all t > 0,

M, = w(t, Xt) — ’QZJ(O,.r) — Ii/ot lc(XS)Hgl(s)dS + /Ot gb(H;l(s))dS,

then by Condition 2, (M;)>0 is a Pp-local supermartingale starting at 0. Hence there exists an
increasing to infinity sequence (o;);>1 of stopping times such that for all i > 1, (Mne, )t>0 is a

bounded supermartingale.

Step 1. We introduce the stopping time

1 . t 1
7 = inf {t > 07/0 1o(Xy)du > ﬂ}’
and note that X1 € C almost surely. In this step, we show that for all x € F,
E.[Hy ' (71)] < 24(0, 2).
For all ¢ > 1, using that H(;l is non-decreasing and then that 7' A o; < 71,
Eo[Hy (7! N oi)] SEo[ (7! A oi, Xring,)]
7~'1/\O'i 7:1/\0'7;
“Eo[0(0,2) +x [ e H wdu— [ G (s))ds + Mo
0 0
7~'1/\O'i
<(0,z) + KE, [/ 1c(Xu)H¢_1(u)dU}
0
7':1
<(0,2) + KE, [H‘l(%l A oy) / 1C(Xu)du}
0
1 —1/~1
=1(0,x) + §Ex[H¢ (7" Nai)l.

We obtain that for all 4 > 1,
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and an application of the monotone convergence theorem allows us to conclude.
Step 2. We consider the quantity defined for all x € E, for p > 0 and r > 0 by
o [P1e(Xu)du, - —ps?
Avpr =B [ 7 I o001y (s)era]

which is finite because (H(;l)'(s) = Qﬁ(H;l(S)) < Hgl(s), whence H;l(s) < H(;l(O)es = e°.
We have

7:1 s oo s
Agpr = Ez[/o e o IC(X“)du(H;l)'(s)e_ps2ds} +]Ex{/;1 e Jo IC(X“)du(H(;l)'(s)e_ps2ds}
~1

<E /0 " (H; Y (s)ds] +E / 7 e [ e (X g1y ) ]

71 0o s
< Em[H(;l(%l)] 1+ E, [e—rfo 1o(Xu)du [1 e’ f%l 1c(Xu)du(qu—l)l(s)e—pﬂds}.

{ rf c(Xw) duE {/Ooo e " fos 1c(Xu)du(H¢—1)/(7~_1 + S)e—/)(s-&-‘?'l)?dsﬂ

[ rfo c(Xw) duH¢ ( I)EX# [/OOO e fos lc(Xu)du(Hgl)/(s)e*pszds}}

because (Hy ') (7! +5) = p(Hy ' (71 +5)) < p(H ' (F1)H, ' (s)) < Hy ' (71 p(Hy ' (s)) by (5.4.1)
and (5.4.2). Using the definition of A, ,, and the fact that X:1 € C, we conclude that

Appr <Eo[H (7)) + By e o f e ] up Ay (5.4.4)
Yy

Step 3. We now prove that there is rg > 0 (large) such that

supl, oo v o] < L
zeC

l\')\H

By definition of 71, fgl 1o(Xy)du = i Hence, for all z € F,

[ o J7 1) d“ﬂd)l(%l)} —F, [e*%H(;l(%l)] < 273 )(0, )

by Step 1. Since k = sup,cc ¥(0,x) < oo by assumption, the conclusion follows.
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Step 4. Coming back to (5.4.4), choosing r = ¢ and taking the supremum over z € C' on
both sides and using Step 3, we find

. 1
SUP Agpry < SUP E.[H, YD+ 5 sup Az pros
zeC zeC

so that, using Step 1 and that (0, ) < k on C,

sup Az pro < 4K.
zeC

We now apply Fatou’s lemma and Remark 5.4.1,

oo s
sup E, [H (TC )] =supE, [/ o1 fs 1C(Xu)du(H¢ Y (s )ds} <supliminf A, ,,, < 4k.
zeC zeC 0 zeC p—0

Conclusion We come back to (5.4.4) using the results of Step 1 and Step 4. For all x € E,

—1/~ —r o (Xu)du
A pir < Eo[H Y (7)) +E [ A H'(7 1)} sgpA oo

Hence, as in Step 4,

E.[H; (7)) = Ea | /O e g e gty (s)ds] < lim inf Aq. .y < 20(0,2)(1+ 4r).

p—0

5.4.4 Proof that Condition 1 implies Condition 2

We fix r > 0 so that Condition 1 holds and recall that the randomized hitting time is given by

t T
7= inf {t > o,/ Lo(X)ds > ),
0

where T is a random variable with exponential law of parameter 1 independent of everything
else. For the sake of simplicity we will omit the superscript r in what follows and write 7¢ = 7(.

Our goal is to show that

Wt ) = B, [Hy (7o +1)] = Em[/w e o te Xt (g Ly (s 4 t)ds]

0

satisfies Condition 2. The second equality follows from Remark 5.4.1.

We of course have ¢(t,z) > qul(t) for all t > 0, all z € E, and k = sup,¢¢ (0, x) is finite
by assumption.
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Consider a sequence (¢e¢)eso of continuous functions such that ¢.(z) | 1¢(x) and satisfying

€ < @c(x) <1 forall z € E. This is possible because C' is compact. We set, for all € > 0,

Ye(t,x) = Ew{/ooo " fos ¢E(Xu)dU(H(;1>/(S + t)ds} '

Step 1: Computation of (0; + L£)i)c(t,z). We first have, for (t,z) € Ry X E,
O (t, ) = EI[/OOO s %(xu)du(Hq:l)u(s +t)d8]
This is easily justified, using that ¢, > 1¢(x) and that
E, | / e o e gty (s g pyds] = Bal(H Y (e + 0] < 600 H, (OB [H (7)) < o0
by assumption. We used that
(HyY(s+1t) =¢(H, (s +1) < p(1)Hy ' (s +1t) < p(1)H, " (s)H ' (¢)
by (5.4.1).

We use the strong generator. We fix ¢t > 0 and recall that

Coe(t, ) = lim > (Bae(t, X)) — the(t, ).

v—0 v

For v > 0, we have

Eq[te(t, X,)] = Eq (Ex, | /O Ty e gty (s 4 g)ds])

=E, [/Oo el pelXuse )l (fr 1y (s + t)ds]
0

o0 _r s+v . W) du _

E[/O e I e OB (Y (s 4 1))
Noting that

s+v s v s+v

/ goE(Xu)du:/ @E(Xu)du—/ goe(Xu)du—l—/ Ye(Xy)du,

v 0 0 S
we find

Ey[Ye(t, Xo)] — e(t, 2)

_E, |: /oo = J‘OS @e(Xu)du(H(;l)/(S + t) <€T fov Qoe(Xu)duefr fserv Ye(Xu)du 1)d8:| '
0
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Note that since (X¢)i>0 is cadlag and ¢, is smooth, it holds that lin% % Jo pe(Xu)du = ¢(Xo)
- v—>

and 11}11)1%) L[5 0e(Xu)du = e(X) as. We easily conclude by dominated convergence, using
that 10 < e <1 and that

E, | /0 ey e XA Ay (s 4 t)ds] = Bal(H Y e + 0] < 60 H; OB H, ()] < oo,
that
Lyelt, ) = lim © (Ealue(t, X,) — el 7))
=1E, | /O e o XA 1y (5 4 1) () — (X)) ds]

o0 —r [? e (Xu)du —
=re(z)e(t, z) — rEx[/o e Jo peX) (H, (s + t)LpE(XS)ds}.
Note that ds(e™" I peXu)duy — _po (X,)e ™" Jo #e(Xu)du a.s., so that, by integration by parts,

rEx[/OC’O e—Tfoswe(Xu)du(H(;l)/(s_’_t)SDG(XS)} :EI[[_e—?’fosgoe(Xu)du(Hgl)/(S_’_t)}SO]

+Ex|:/ e—rfosws(Xu)dU(del)//(s+t)d5:|‘
0

Using that ¢, > € and the properties of ¢ ((H(;l)’ is subexponential), one can check that

. —r [ (Xu)du —
lim E,[e Jo eexw) (H;Y (s +1)] =0,
from which we conclude that

By [ = e Jo 0ty (s )] %] = (Y (1) = 60 (1),

We have proved that, in the sense of the strong generator (which a fortiori implies the result

for the weak generator),

(O + LYty 2) = roc(x)ie(t, ) — o(Hy (1)) (5.4.5)
< rge(w) Hy (0)1e(0,2) — 6(Hy ' (1))

We finally used that (¢, z) < H(;l(t)we(O, x), because H;l(t +3s) < H;l(t)H(gl(s).

Step 2: limit as € — 0. By (5.4.5), we know that

Mf = e(t, Xt) — (0, ) — r/ot @E(XS)H(;l(s)LZ)E(O,XS)ds + /Ot qS(H;l(s))ds
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is a local supermartingale for each € > 0, and we want to check that

M, = o(t, X,) — (0, —r/ 1o(Xo) H (5)1(0, X,) ds—i—/ S(H ' (s))ds
is also a local supermartingale.

It classically suffices to check that for all T' > 0, supy 71 [My — M| — 0 a.s. as € — 0. To
this aim, the only issue is to verify that for all T > 0, all compact subset K C F,

sup |¢e(t,x) — ¥(t,x)| — 0. (5.4.6)
[0,T]x K

Recalling that ¢ > 1¢ and that (H, 1) is non-decreasing, we observe that by definition of
1. and v, it holds that

sup |we(tv J}) - ¢(t,.7))| = w(Ta 33‘) - 1/)e(T, $)

[0,7]

Since now ¢, | 1¢ pointwise, we deduce from the monotone convergence theorem that for each
r el

V(T ) = Ex[/o e Jo ve Xu)dU(H V(T + s)ds} ﬁo {/ -5 1C(Xu)du(H (T + S)ds}

IE[H Yo+ 1) = o(t, x).

By [80, Theorem 17.25], it follows from the Feller property that when y — x, the process
(X{)i>0 with semigroup (P;);>0 and X = y converges in distribution, in the Skorokhod space
D([0, ), E), towards the process (X7 )i>0 with semigroup (P:)i>0 and X§ = x. We easily
deduce the continuity in  of ¥(T, z) and ¥ (T, z). We then may use Dini’s theorem to conclude
that, as desired,

sup (T, z) — (T, x)] — 0
zeK
as € — 0, for any compact K of F.

Step 3 : Conclusion. It remains to verify that
Lp(0,2) < kle(x) —n
Using Step 1 with £ = 0, we have

L1)e(0,x) =rye(z)1 (0, z) — ]Ex[/ooo e o %(X“)du(del)"(s)ds] _ gb(H(;l(O))
<ree()ve(0,2) — ¢(1).
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We throwed away the non-negative expectation and used that H(;l(O) = 1. Using the same

limit procedure as in Step 2 (through local supermartingales), we conclude that

Lp(0,2) < rlo(2)(0,2) — ¢(1)

and conclude using that (0, z) is bounded on C.

5.4.5 Proof of the result from Condition 2

Existence of an invariant measure. According to [97, Theorems 5 and 6], an invariant
probability measure 7 exists as soon as there exist a petite set C, a constant b > 0 and a

continuous function W : E — [0, 00) such that

LW (2) < —1 + blo(z).

)

It directly follows from Condition 2 that W (z) := w(% is convenient. Moreover, according to
[97, Theorem 7], for all z € F,

|Pe(z,) = 7()llrv — 0, ast— oo. (5.4.7)

Convergence result By [59, Theorem 1], with f, = 1 and r.(s) = czS(H(b_l(s)) for all s > 0,

Ui (u) = uw and Wa(v) = 1, it suffices to verify the following three conditions.

(a) r. is a rate function in the sense of [59], i.e. lims o %log(r*(s)) = 0. Indeed, setting

1 s
g(s) = ln(del(s)), g (s) = % — 0 as s — 0o, by hypothesis on ¢. Therefore 2% — 0 as

S

s — 00. Since (JS(H(;I(S)) < gb(l)H;l(s), the conclusion follows.

(b) There is t9 > 0 such that the Markov chain with matrix Py, is irreducible. This follows
from (5.4.7) and [100, Theorem 6.1].

(c) There is 6 > 0 such that, with the petite set C' of Condition 2 and recalling that

10(0) = inf{t > §, Xy € C},

e (9) e (6) )
supEm[/ 1ds} + supEx[/ P(H, (s))ds} < 0.
zeC 0 zeC 0
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Since ¢ is bounded from below, it suffices to study the second term. By the usual super-

martingale argument, recalling the condition on 1, we have
e () . ¢ (9) .
Ea[$(rc(8), Xro5))] < (0,) + KEq | 1o(X)H, (s)ds| —Eo| [ o(H, (s))ds].
0 ¢ 0 ¢
Since now fOTC(a) H;l(s)lc(Xs)ds = f06 del(s)lc(Xs)ds < del(é)é, we conclude that

Tc(9)
E.| /O O(H, (s))ds] < (0, 2) + r3H, " (5).

Since ¥(0, -) is bounded on C' by assumption, we conclude with e.g. § = 1.
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6.1 Introduction

6.1.1 The equation

In this paper, we consider a linear collisional kinetic equation in a bounded domain with general
Maxwell boundary conditions.

More precisely, we consider a gas confined in a smooth enough bounded domain Q C R,
d > 2, and we denote by O := Q x R? the interior set (of phase space) and ¥ := 9Q x R? the
boundary set (of phase space). The state of the gas is described by the variations f = f(¢,z,v)
of the density of particles which at time £ > 0 and at position z € 2, move with the velocity
v € R%, around a global equilibrium which we take as the standard (normalized and centered)
Maxwellian distribution p = p(v) := (27)~%2e10/2,

The evolution of f is governed by the system of linear equations

of = Lf:=—-v-Vyf+Cf in (0,00)x O, (6.1.1)
~f = Ryf on (0,00)x X%, (6.1.2)

where v f denote the trace of f at the boundary set and where C and R stand for two linear

collisional operators that we describe below.

Let us first describe the boundary condition (6.1.2). For that purpose, we need to introduce
regularity hypotheses on 02 and some notations. We assume that the boundary 9 is smooth
enough so that the outward unit normal vector n(z) at = € 99 is well-defined as well as do,
the Lebesgue surface measure on 9. We then define ¥% := {v € R% 4+ v -n(z) > 0} the sets of

outgoing (X% ) and incoming (¥37) velocities at point x € 9 as well as
Y= {(fU»U) eX;+n(z) v > O} = {(;U,U); x €N, vE Eft}

We denote by «f the trace of f on ¥, and by v+ f = 1x_vf the traces on ¥+. The boundary
condition (6.1.2) thus takes into account how the particles are reflected by the wall and takes
the form of a balance between the values of the trace +f on the outgoing and incoming velocities
subsets of the boundary. We assume that the reflection operator acts locally in time and
position, namely

(R )t 2,0) = Ra (4 £ (t, 2, ) (v)

and more specifically it is a possibly position dependent Maxwell boundary condition operator

Ra(g(x,-))(v) = (1 — a(z))g(z, Rzv) + a(x) Dy (x, v), (6.1.3)
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for any (z,v) € X_ and for any function g : ¥; — R. Here o : 92 — [0, 1] is a Lipschitz

function, called the accommodation coefficient, R, is the specular reflection operator
Ryv =v —2n(z)(n(x) - v),
and D is the diffusive operator
Dyl ) = cuu(®)g(@). §(a) = [ glw.w)n(a) - wdw, (6.1.4)
where the constant ¢, € Ry is such that

Cult = Cu/ pw(w)n(z) - wdw = 1.
x3

The boundary condition (6.1.3) corresponds to the specular reflection boundary condition when

a = 0 and it corresponds to the pure diffusive boundary condition when o = 1. It is worth

emphasizing that when v f satisfies the boundary condition (6.1.2)—(6.1.3), for any test function

¢ = p(v), we have, for all x € 01, setting X% := X% UX?,

—_—

/ vfen(z) - vdv = / Y fn(@)-vip—(1-a@)po Ry — alx)p o Rycyp))dv. (6.1.5)
yz Zi

As a consequence, whatever is the accommodation coefficient «, making the choice ¢ =1 so

that ¢ o R, = ¢, pp = 1, we get

/z vfn(z) - vdv =0, (6.1.6)

which means that there is always no flux of mass at the boundary (no particle goes out nor
enters in). Assuming a = 0, making the choice p(v) = |v|? and observing that |R,v|? = |[v?,
we get

/ vf|v* n(z) -vdv =0, (6.1.7)
ZZE

which means that there is no flux of energy at the boundary in the case of the pure specular
reflection boundary condition.

Let us now describe the hypotheses made on the collisional linear operator C involved in
the linear evolution equation (6.1.1). We assume that the operator acts locally in time and

position, namely

(Cf)(t,a:, U) = C(f(taxv ))(U),

have the mass, velocity and energy conservation laws, namely

/]R (o)) plv)dv =0, (6.1.8)
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for ¢ := 1,v;, |v|?, i € {1,...,d} and any nice enough function g, and a spectral gap in the

classical Hilbert space associated to the standard Maxwellian. In order to be more precise, we

introduce the Hilbert space
LEp™) = {f ‘RIS R ‘ /Rd A tde < +oo}
endowed with the scalar product
(f,9)2um1) == /Rd foptdv

and the norm
£y = [, 720" o,
We assume that the operator C satisfies on L2(u™!):

(i) Its kernel is given by
ker(C) = Span{% Vil - - - Vald, |U‘2/.L},

and we denote by 7f the projection onto ker(C) given by

nf = (/Rdfdw>,u+(/Rdwfdw> Sop (/Rd‘w’z\/%dfduo M\j%du. (6.1.9)

(ii) The operator is self-adjoint on L2(pu~!) and negative (Cf, frz-1 < 0, so that its

spectrum is included in R_, and (6.1.8) holds true for any g € L2(u~!). We assume
further that C satisfies a coercivity estimate: there is a positive constant A > 0 such that
for any f € Dom(C) one has

(—Cf, f)Lg(,ﬁl) > /\HfLH%%(M_l)y (6.1.10)
where f1:=f —xf.

(iii) For any polynomial function ¢ = ¢(v) : R? — R of degree < 4, one has

[ et

< Clf Nz

and

’(CfL, L) L2 (u—1)

= |(r+.com) sz

< Ol 2y

It is worth mentioning that the typical examples of collision operators we have in mind are
the ones corresponding to the linearized Boltzmann and Landau equations. More precisely, our

assumptions cover the cases of the linearized operators associated to Boltzmann with angular
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cutoff operators for hard potentials and Maxwell molecules, Boltzmann without angular cutoff
and Landau operators for hard potentials, Maxwell molecules and moderately soft potentials
since in all those cases, the homogeneous linearized operators enjoy some strong coercivity

property of type (6.1.10).

6.1.2 Conservation laws

Without loss of generality, we shall consider hereafter that the domain 2 verifies

/da;zl and /xda::(). (6.1.11)
Q Q

One easily obtains from (6.1.8), the Stokes theorem and (6.1.6) that any solution f to

equation (6.1.1)—(6.1.2) satisfies the conservation of mass

d
a/@fdvdx:/O(C(f)—wvxf)dvdxzo. (6.1.12)

In the case of the specular reflection boundary condition, that is (6.1.2) with a = 0, some
additional conservation laws appear. On the one hand, one also has the conservation of the

energy 1
f/ ]v|2fdvdx:/ W2(C(f) — v Vof)dode = 0, (6.1.13)
dt Jo o

because of (6.1.8) the Stokes theorem again and (6.1.7). On the other hand, if the domain Q2
possesses rotational symmetry, then we also have the conservation of the corresponding angular

momentum. More precisely, we define the set of all infinitesimal rigid displacement fields
R={recQ— Az +beR?: Ac MYR), bec R}, (6.1.14)

where MY(R) denotes the set of skew-symmetric d x d-matrices with real coefficients, as well

as the linear manifold of centered infinitesimal rigid displacement fields preserving €2
Ho={ReZ|b=0, R(x) -n(z) =0, Vo € 0Q}. (6.1.15)

We observe here that, thanks to the assumption (6.1.11), we can work only with centered
infinitesimal rigid displacement fields preserving 2. Indeed, if R is an infinitesimal rigid
displacement field preserving €, that is, R(z) = A(z) + b € Z is such that R(z) - n(z) =0 on
012, then we obtain

b = /QV(b-x) - (Az +b) dz

:—/(b~m)div(Aa:+b)dx+ (b-z)(Azx +b) - n(z)do, =0
Q 00
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and thus b = 0. When the set Zq, is not reduced to {0}, that is when € has rotational symmetry,

then one has the conservation of angular momentum

d
—/ R(z)-vfdvdx =0, (6.1.16)
dt Jo
for any R € Zq. Indeed if Ax € Zq we then compute, using integration by parts,
d
—/ Az -vfdvdx :/ Az -v(—v -V f +Cf)dvdx
dt Jo o
= / Oz, (Az - v)vg fdvdz —/ Az -vyfn(x)-vdvdo,
@ %
= —/ Az -vvyfn(z) -vdvdoy,
b

thanks to property (i) of the collision operator C and the fact that A is skew-symmetric. For
the boundary term, using (6.1.5) with ¢(z,v) := Az - v and a = 0, we get

/ Az -vyfn(z) -vdvdo, = Az - (v — Rpv)y+ f |n(x) - v|dv doy
> Sy
= 2/ Az -n(z)yo f [n(x) - v|* dvdo, = 0.
P

by definition of Ax € Zq.

6.1.3 Main result

Define the Hilbert space
Lg,v(,u_l) = {f :0—=R ’ /Of2u_1 dvdz < +oo}
endowed with the scalar product

91z ) ::/Ofgu_ldvdx

and the norm

1712 gy o= [ 207" dod.
We are now able to state the main result of this paper.
Theorem 6.1.1. Let fi, € L%,,U(,ufl) satisfy

i) in the specular reflection case (a =0 in (6.1.2))

/findxdv:0, /|v|2fmdxdv:O, /R-vfindxdv:O,
O @] (@]
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for any R € Zq;

it) otherwise

/ findzdv =0.
16)

There exist positive constants k,C > 0 such that for any solution f to (6.1.1)—(6.1.2) associated
to the initial data fi, and for any t > 0 there holds

1F 22,1y < Ce™™ | finll 2, (u1)-

Our paper improves the existing results regarding the stability of the linearized Boltzmann
and Landau equations that enjoy a spectral gap estimate (namely for not too soft potentials)

in two regards:
— we study a general, smooth enough, convex or non-convex domain;

— our L? estimates are constructive, and our method encompasses the three boundary
conditions (pure diffusive, specular reflection and Maxwell) in a single treatment. In particular,
we can solve the Maxwell boundary condition in the case where the accommodation coefficient

« vanishes on some subset of the boundary.

State of the art. Let us describe some well-known results concerning the trend to equilibrium
for kinetic equations in bounded domains.

The Cauchy theory as well as the trend-to-equilibrium issue for the cutoff Boltzmann
equation with hard potentials or hard-spheres in a perturbative regime, that is for initial data
sufficiently close to the Maxwellian equilibrium, has been developed by Guo [68], who proved
exponential convergence towards equilibrium in a weighted LZ°, space considering two different
cases: the specular reflection boundary condition with strictly convex and analytic domains (2,
and the pure diffusive boundary condition assuming the domain €2 is smooth and convex. We
also refer to Briant [18], who obtained similar results considering more general weights. The
L? — L™ theory of [68] works as follows: the coercive property of the linearized collision operator

is captured in the space L2, and L, estimates are derived by an analysis of the iterated

v v
Duhamel formula. In [68, 18], the L:%’U coercivity estimates rely on a non-constructive wa

theory.

More recently, still for the cutoff Boltzmann equation with hard potentials or hard-spheres,
Briant and Guo [20] derived constructive results in Lg,v for positive constant accommodation
coefficient o > 0 with no convexity assumptions on {2, and conclude to the exponential conver-
gence in a weighted (with stretch exponential or polynomial weight) space LZ:,. Furthermore,
for the specular reflection boundary condition, well-posedness and stability results relying on
non-constructive L? estimates were derived in the convex setting, without analyticity assump-
tions on the domain, by Kim and Lee [81]. The authors then extended their results to periodic

cylindrical domain with non-convex analytic cross-section [82].
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The only results we are aware of in the case of long-range interaction, that is, for non-cutoff
Boltzmann and Landau collision operators in a bounded domain, are the very recent works of
Guo-Hwang-Jang-Ouyang [70] (see also [69]) for the Landau equation with specular reflection
boundary condition, and Duan-Liu-Sakamoto-Strain [49] for non-cutoff Boltzmann and Landau

equations in a finite channel with inflow or specular reflection boundary conditions.

Strategy of the proof. Our proof is based on a L2-hypocoercivity approach. The challenge
of hypocoercivity is to understand the interplay between the collision operator that provides
dissipativity and the transport one which is conservative, in order to obtain global dissipativity
for the whole problem. There are two main hypocoercivity methods, the H' and the L?
ones. The H'-hypocoercivity approach has been first introduced for hypoelliptic operators
by Hérau, Nier [77] and Eckmann, Hairer [53], further developed by Helffer, Nier [74] and
Villani [123] and extended to more general kinetic operators in Villani [123] and Mouhot,
Neumann [103]. In summary, the idea consists in endowing the H' space with a new scalar
product which makes coercive the considered operator and whose associated norm is equivalent
to the usual H! norm. In order to be adapted to more general operators and geometries,
the L2-hypocoercivity technique has been next introduced by Hérau [76] and developed by
Dolbeault-Mouhot-Schmeiser [43, 42]. Again the idea consists in endowing the L? space with a
new scalar product which makes coercive the considered operator and whose associated norm is
equivalent to the usual L? norm. This approach that we adopt heavily relies on the micro-macro
decomposition of the solution of the equation.

More precisely, our strategy follows the classical line of reasoning presented hereafter. Notice
first that splitting the solution as f = f+ + wf, where f' denotes the microscopic part and 7 f
the macroscopic part defined in (6.1.9), the coercive estimate (6.1.10) on the collision operator C
already gives us a control on f-. However the conservative skew-symmetric transport operator
—v - V; does not provide any dissipative property. Therefore, as explained above, in order
to control the missing macroscopic part 7w f, the idea is to construct a new inner product
on L%U(/fl), the associated norm of which being equivalent to the usual one, for which the full
operator L is coercive. The construction of this new inner product starts with the usual inner
product of Lz’v(,u_l) to which we add, step by step, new terms in order to control the missing
terms appearing on the macroscopic part mf. More specifically, we introduce the modified

scalar product

(fogh = (f 92, ¢ <7~Tf’ VA_17T9>L§(Q) o <VA_17Tf’ 7~Tg>L,%(Q) ’

d+2

choosing ¢ > 0 small enough, and where the moments operator 7 : L2, (u~*) — (L2(2))**? and

the inverse Laplacian type operator A~! have to be suitably defined (see Sections 6.2 & 6.3).

Our proof is a variant of the previous proofs but differs from them by several aspects:
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— The order between the V operator and the A~! operator is the one from Guo’s approach
rather than the one from Dolbeault-Mouhot-Schmeiser’s approach. That is important in order

to handle the boundary condition which leads to a rather singular operator.

— The choice of the mean operator 7 f differs from the one used in [68, 20, 18, 82] but looks
very like the one in [47, 48]. It allows to deal with general Maxwell boundary condition (and
the possibility that « vanishes somewhere or everywhere) but leads to a first natural control of
the symmetric gradient of the momentum component of the macroscopic part V®m instead of

the full derivative Vm as in Guo’s approach.

— The definition of the A~! operator has to be chosen wisely in order to handle the general

Maxwell boundary condition and the mean operator 7f.

— We also need to establish natural H~' — H! and L? — H? regularity estimates for some

classical elliptic problems but associated with somehow unusual boundary conditions.

Let us give more details about these last two points. First, we shall introduce an auxiliary
Poisson equation with Robin or Neumann boundary conditions, which are devised in order
to control the mass and energy terms of wf. This result is stated in Theorem 6.2.1 and is
based on Poincaré type inequalities. Then, we shall introduce a tailored Lamé-type system
with mixed Robin-type boundary conditions in order to deal with the momentum component of
the macroscopic part 7 f. The corresponding result is presented in Theorem 6.2.2 and is based
on Korn-type inequalities, which are discussed in Section 6.2.2. For more insights on Korn
inequalities we refer to Duvaut-Lions [52, Theorem 3.2 Chap. 3], and to the variant introduced
by Desvillettes and Villani [38]. A recent treatment of Korn’s inequality is given in Ciarlet and
Ciarlet [30]. For more details concerning regularity and non-regularity issues for similar elliptic

equations and systems we refer to [66, 32, 110] and the references therein.

6.2 Elliptic equations

We present some functional estimates associated to some elliptic equations related to the
macroscopic quantities. In this section, we denote the classical norm on L?(Q) by || - || and
by (-,-) the associated scalar product. We also write (f) := |Q|™! [, f dz. The operators that
we consider only act on the variable x so in order to lighten the notations, we will not mention

it in our proofs. For the same reason, we often write 0; for d,,, i € {1,...,d}.
6.2.1 Poincaré inequalities and Poisson equation
We consider the following Poisson equation

—Au=¢ in Q,

(6.2.1)
(2—a(z)Vu-n(z)+a(z)u=0 on 09,
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for a scalar source term £ : 2 — R. Remark that when o = 0 then (6.2.1) corresponds to

the Poisson equation with homogeneous Neumann boundary condition. Otherwise, (6.2.1)

corresponds to the Poisson equation with homogeneous Robin (or mixed) boundary condition.
We define the Hilbert spaces

Vi:=HYQ) and VO::{UEHl(Q); /ud:z:()}
Q

endowed with the H'(Q)-norm, we denote

Vo =

i if a#0
Vo if a=0

and we remark that H}(Q) C V, C H'(Q) and thus (H(Q))' C V! C H-1(Q).

We also define on V,, the bilinear form

aq(u,v) ::/ Vu-Vvdx—l—/ c v doy.
Q n2—a«a

We recall the Poincaré-Wirtinger inequality
Vu€e Vo, |ullzzq) S IVaulzz@), (6.2.2)
and when « # 0, the Poincaré-type inequality

Yu eV, Hu||%2(ﬂ) < aq(u,u). (6.2.3)

We have no precise reference for a constructive proof of this classical inequality. However, for
the sake of completeness and because we will need to repeat that kind of argument in the next
section, we give a sketch of a non constructive proof by contradiction based on a compactness

argument. Assuming that (6.2.3) is not true, there exists a sequence (u,)nen in H(Q) such

that )
1= [Junl|22i0n > 1 | [|[Vn||22/e) + H Y :
12(0) 2 2@ T VT o

As a consequence, up to the extraction of a subsequence, there exists u € H'(f2) such that

up —u weakly in H'(Q2) and u,, — u strongly in L?(Q2). From the above estimate we deduce
that || Vu| 12y < liminf, e [[Vunl|2() = 0, so that u = C' is a constant. On the one hand,
we have H\/muﬂp(@ﬂ) = limy, 00 Hmunﬂp(@ﬂ) = 0 so that C' = 0. On the
other hand, we get |[ul|12(q) = limy 0 [|un|l12(q) = 1, which implies that C' # 0 and thus a

contradiction.

We now state a result on the existence, uniqueness and regularity of solutions to (6.2.1).
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Theorem 6.2.1. For any given & € V., there exists a unique u € V,, solution to the variational

problem
aa(u, w) = (§w)y v, Yw € Vo, (6.2.4)

and this one satisfies
lull ) < 1€l @)y (6.2.5)

If furthermore &€ € L?(Q) with (£) = 0 when a = 0, there holds u € H*(Q), u verifies the elliptic
problem (6.2.1) a.e. and

ull 720y S €l 220 (6.2.6)

We give a sketch of the proof of Theorem 6.2.1 which is very classical, except maybe the
way we handle the H? regularity estimate. The proof will be taken up again in the next section

where we deal with elliptic system of equations associated to the symmetric gradient.

Proof of Theorem 6.2.1. We split the proof into 4 steps. The first one is dedicated to the
application of Lax-Milgram theorem. The last three ones are devoted to the proof of the H?
regularity estimate: in Step 2, we develop a formal argument which leads to a directional
regularity estimate supposing that the variational solution u is a priori smooth; we then make
it rigorous in Step 3 by not supposing any smoothness assumption on « and in Step 4, we end
the proof of (6.2.6).

Step 1. We first observe that there exists A > 0 such that
aa(u7u) Z )\HUH%{l(Q)v Vu € Vaa

and thus a,, is coercive. The above estimate is a direct consequence of the Poincaré-Wirtinger
inequality (6.2.2) in the case when o = 0 and the variant of the classical Poincaré inequality
given in (6.2.3) when « #Z 0. As a consequence of the Lax-Milgram theorem, we get the existence
and uniqueness of u € V,, satisfying (6.2.4) and (6.2.5).

For the remainder of the proof, we suppose that ¢ € L?(Q2) C (H'(Q2))" with (¢) = 0 when
a = 0. We claim that (6.2.4) can be improved into the following new formulation: there exists

a unique u € V,, satisfying
o (u, w) = (&, > Q) HL(Q) * Yw € Hl(Q) (6.2.7)

When «a # 0 formulation (6.2.7) is nothing but (6.2.4) since in that case V, = H*(£2). In the

case a = 0, we remark that for any w € H'(2) we have w — (w) € V and therefore

o (U, w) = ag(u, w —

/fwdzf/f
:/wadx
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where we have used that V({w)) = 0 in the first line, formulation (6.2.4) in the second line,
and the condition (£) = 0 so that [ { (w)dz = 0 in the third line.

Step 2. A priori directional estimate. For any small enough open set w C §2, we fix a vector field
a € C?(Q) such that |a| = 1 on w and a-n = 0 on 99, and we set X := a -V the associated

differential operator. For a smooth function u, we compute

IVXu|?> = (Vu, X*VXu)+ ([V, X]u, VXu)
= (Vu, VX*Xu) + (Vu, [X*, V] Xu) + ([V, X]u, VXu)

and where we have used that

(Xf,9)=(f,X"g), X'g:=—div(ag),

because a - n = 0 on df). On the other hand, we compute formally

X2az:/aX*X x—/<Xa)Xx. 2.
/:99( w) 2—ad0 692_au( u) do; o\ KXo a u(Xu)do, (6.2.8)

Notice here that we implicitly assumed that there is no boundary term in our integration by
parts. In the next step of the proof, we will work with a discrete version of the operator X
which will allow us to make rigorous computations. Assuming furthermore now that u € V,
satisfies (6.2.7) and that X*Xu € H(f), we may use (6.2.7) and we deduce

o

IV Xu? +/aQ 5 (Xu)? do,

— (&, X" Xu) + (Vu, [X*, V] Xu) + ([V, X]u, VXu) — /

o0

(XZfo) u(Xu)doy.

We easily compute for i =1,...,d
[0i, X] = (0ja) -V, [X7,0;] = 0;(diva) + (0ia) - V,
so that for some constant C'= C(||al|yy2.00(q)) and any function w on 2, we have
110s; XJw|| < Cl|Vwll, [[[X7, V]w|| < Cllwl| g1()-
We then deduce that for some constant C' = C({|a||y2. (), [l (q)), we have
IVXul® < [IE1X* Xull + Ol Vull| Xull g1 + CIVull|VXull + Cllull 1200) | X ull 12 (a0 -
Recalling (6.2.5) and observing that || X*wl| + || Xw|| + [Jw|[z2a0) < @ F1 (@), Wwe obtain

IVXul* < IV Xull + €]
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and we conclude that
[VXull S €]l (6.2.9)

Step 3. Rigorous directional estimate. When we do not deal with an a priori smooth solution,
but just with a variational solution u € V,, satisfying (6.2.7), we have to modify the argument

in the following way. We define ®; : Q — Q the flow associated to the differential equation

so that ®4(x) := y(t), (t,x) = ®(z) is C! and P, is a diffeomorphism on both Q and 9 for
any t € R.
We next define

X"u(z) = — (w(®h(x)) — u(2)),

so that X"u € H'(Q) if u € V. Repeating the argument of Step 1, we get the identity

= =

HVthP+1/ 5o (X day = (€, XM X ) o+ (Vu, [X, V] X ")
o0 (6.2.10)

+ ([V, X"Mu, VX"u)— /aQ

u@%@»QXMOX%éa )y@d%,

—

where we denote

me@y:EPMQ%@»MaDQ%@M—w@ﬂ.

Notice here that we used a discrete version of the integration by parts leading to (6.2.8) and
it only relies on a change of variable on 02, which makes our computation fully rigorous. As
in the second step of the proof, we are now going to bound each term of the right-hand-side
of (6.2.10). First, notice that for |h| < 1, we have for some |hg| < 1:

X'u(z) = > 0ju(®@ng () a; (P ()

so that there exists C' = C(||ally1.(q)) such that for any |h| < 1, we have [ X"u|| < C||Vu].

We can estimate || X*w|| in a similar way using that

X" w(z) = — [w(®_p(z)) — w(z)] |detDO_y ()| + %w(w)“detD@_h(x)\ — |detD®y ()] ].

S

Consequently, we deduce that there exists C' = C({|al[yy2. () such that for |h] <1,

X w]| + | X w]| + [[wll z260) < Clwlm@)-
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Fori=1,...,d, we compute

06, X M) = 3 37 (@) x) + 3 Dhao( @) (Di () — 1)
J#i

= L 0pul@u(a)) (0401 (x) — 000,(x)
and similarly
X, Bw(e) = 1 37 (@4 (2)) (9100, (2) — D5 (2)) |det DD )
— (D ()0 | det DDy ()] .

As previously, we can easily bound [0;, X"Jw and the first term in [X"* 8;Jw by C||Vw]|| with
C = C(llallwr.ec(q)) for any |h| < 1. The second term of [ X" 0;]w can be bounded by C|w||
with C' = C(||a|lw2.(q)) for any |h| < 1 since for any j, we have 9;;®q(z) = 0. This implies
that there exists C' = C([lallyy2.00(q)) such that for |h| <1 and any function w in H' (), we
have

1105, X"l < CIVull, X", 0Jw] < Cllull o

We deduce that for some C' = C(||al|y 2.0, |||lyy1,), we have for any |h| < 1:

VX al® < JIEIX™ X ul| + ClIVall[| X ul 1)
+ O Vul [ VX | + Cllull 290y | X" ull 12 a0

and then
VX" ull < JIE]- (6.2.11)

Passing to the limit h — 0, we recover (6.2.9).

Step 4. Proof of (6.2.6). Consider any small enough open set w C Q. First, we fix a',...,a? a

family of smooth vectors fields such that it is an orthonormal basis of R at any point z € w
and a'(z) = n(z) for any x € 9Q N dw. For this, we observe that Q = {z € R%, §(z) < 0} with
§(x) == —d(x,00) if x € Q, §(x) := d(z,00) if x € Q°, and we assume that § € W3>°(Q). We
set

bl(x) = —Vi(x) #0,

since 09 is an hypersurface in R?. Hence there exists j € {1,...,d} such that 0z;0(z) # 0. We
then set, for i € {1,...,d}\ {j},

bi(z) = 0y, 6(2)ej — Oz,;6(x)e;,
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where (eq,...,ey) is the canonical basis of R?, so that
b'(x) - b' () = 0,

for all i. We then set, if j # 1, b/ (x) = b'(z), and for all i > 2,

Finally, we apply the Gram-Schmidt process to (b(z),...,b%x)) to obtain (a'(z),...,a%(x)).
We have a'(z) = n(z) and for all i € {1,...,d}, a’ is smooth since b° is smooth by hypothesis
on 8. We set now X; := a’ - V. From the third step, we have

VXl < ll€ll, Vi=2,....d. (6.2.12)

As a consequence of our previous construction, the matrix A := (al, .. ,ad) is orthonormal.

We thus have that 6y = a¥ - af = ay, - ay where we denoted by a,, the m-th line vector of the
matrix A. We thus have

ZX;‘XZ-U =— Z O (at.abdpu) = — Z Ok (ay, - agOpu) = —Au (6.2.13)
i i,k,0 k.

by Fubini’s theorem. Then

XiXww=£6-) X/ Xu.
i#1
Because of (6.2.12), the above identity and [X1, X{]u = —(a! - Vdiv(a!))u, we get

IXFu? = (X{X1u, X7 X1u) + (Xu, (X7, X1]X1u)

S 1El? + 3 (I Xaulllgll + 1V Xaul®) + [l g S lEl?,
i#1

and then together with (6.2.12) again, we have established
1XiXjul S l€l Vig=1,....d (6.2.14)

Recalling that A = (a',...,a?) and denoting B := TA = (ay, ..., aq), we have X; = (BV); and

0; = (AX);. As a consequence, we may write

8i8ju = Z AimeAnggu
m,l
= Z AimAjZXmXZU + Aim [Xma AjE]Xfua

m,f
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where the last operator is of order 1. Together with the starting point estimate (6.2.5)
and (6.2.14), we conclude that

10:05ull S NN, Vii=1,....d, (6.2.15)

which ends the proof of (6.2.6). We can now conclude the proof of Theorem 6.2.1. Indeed, we
now have that u € H?(f2), we thus compute from (6.2.4) and the Stokes formula:

/ {6u+ au }wdax = /Auwdx—F/Vu'de:c—F/ @ uw doy
s lon  2—a« Q Q 22—«

= / (Au+ Hwde,
Q

for any w € V,,. Considering first w € C1(Q) and next w € C'(Q), we get that u satisfies both
equations in (6.2.1). O

6.2.2 Korn inequalities and the associated elliptic equation
For a vector field M = (m;)1<i<q : Q2 — R?, we define its symmetric gradient through
VYN = L 0 0
M= g (Oymi+ 0imy), < eq
as well as its skew-symmetric gradient by
skew L 1 8 8
Vz M = 5 ( jmi — imj)lgi,jgd .

Through this section we shall also use the shorthand notation V* for V™, and V¢ for Vskew,

We consider the system of equations
U-n(z)=0 on 09, (6.2.16)
0

for a vector-field source term = : Q — R?. Noting that
div(V°U) = AU 4+ V div U,

we see that (6.2.16) is nothing but a Lamé-type system. For any « : 9Q — [0, 1] the boundary
condition is a kind of homogeneous Robin (or mixed) boundary condition.
We define the Hilbert spaces

V) = {W:QHR‘”WEHI(Q), W-n(:c):()onaﬂ}



6.2 Elliptic equations 255

and
Vo i={W: QR W e HY(Q), W-n(z) =000 09, Po(V'W) =0}

where Pq denotes the projection onto the set Ag = {A € MY(R) | Az € Zq} of all skew-
symmetric matrices giving rise to a centered infinitesimal rigid displacement field preserving
Q (see (6.1.15) for the definition of %Zq). Both spaces are endowed with the H'(€2) norm. We

then denote

b {vl if a0

Vo if a=0
and we remark that H}(Q) C V, C H'(Q) and thus (HY(Q)) C V!, C H}(Q).
We also define on V,, the bilinear form

A (U, W) ::/VSU:VSde—i— 0 5w de.
0 o0 2 — a(r)

The coercivity of the bilinear form A, is related to Korn-type inequalities that we present
below. A first classical version of Korn’s inequality claims that there is a constant K7 > 0, such
that for any vector-field U € H'(§2) there holds

nE [V = B2 < K1 VU ) (6:2.17)

where we recall that Z is the space of all infinitesimal rigid displacement fields defined in (6.1.14),
or equivalently
IVUIZ20) S VU220 + (VU2 (6.2.18)

For the statement of (6.2.17) and its proof, we refer to Desvillettes-Villani [38, Eq. (1)] where
Friedrichs [60, Eq. (13), Second case] and Duvaut-Lions [52, Eq. (3.49)] are quoted, as well as
[30, Theorem 2.2] and the references therein.

On the other hand, we claim that when o Z 0 we have

a 2 S 2 «
(VU S 19Uy + | [50

for any vector-field U € H'(2). In order to establish (6.2.19), we argue by contradiction. We

assume thus that (6.2.19) is not true, so that there exists a sequence (U, )nen satisfying

2
a s “
L= |[(V'U)[* = n (”V Unlliae) + H\/;U” L2(am> '

Together with (6.2.17) and (6.2.3) applied to each component of U, we obtain that (U,)nen is
bounded in H'(Q). Thus, up to the extraction of a subsequence, there exists U € H'(Q) such
that U,, — U weakly in H'((2). Passing to the limit in the above estimates satisfied by (Up,)nen,

2
: (6.2.19)
L2(9Q)
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we get [(VU)|? = 1, ||[\/a/(2 — a)UH%Q(aQ) =0 and [|[V*Ul||p2(q) = 0. From VU = 0, we first
deduce that there exist an antisymmetric matrix A and a constant vector b € R? such that
U(x) = Az + b on 2, and, thanks to the estimate [|\/a/(2 — oz)U||%2(BQ) = 0, we deduce that

Ar+b=0 on I :={xe€dQ, alx)> 0},

which has positive measure |I'| > 0. We fix Z an interior point of I". As in the fourth step of the
proof of Theorem 6.2.1, we consider a family of smooth vectors fields a!, ..., a? such that it is
an orthonormal basis of R% and such that for any = € 9, a'(x) = n(x). We then introduce the
flow (®%);>0 associated to a’ for i = 2,...,d. For t small enough, ®%(z) is still in the interior of
I" so that

Ad(z) = %(A@i(sz) +b)=0.

Therefore, for any ¢ > 2, one has, using that Az + b =0 so that b = — Az
a'(z)-U(z) = d'(z) - (Azx +b) = —Ad"(Z) - = + Ad"(z) - & = 0,

for any = € Q, or, in other words, U(x) € Rn for any = € Q, with n := n(z). We may thus
write U(z) = ¢(x)n, with ¢ : Q@ — R an affine function, so that ¢(z) = k -z + ko, k € R?,
ko € R. There exists next at least ig such that n;, # 0 because |n| = 1. Using again the
fact that VU = 0 on Q and observing that (VU )ij = k;n;, we deduce first k;, = 0 because
kivig = (V°U )ipiy, = 0 and next k; = 0 for any j # iop because kjn;, = 2(V®U);,; = 0.

We have thus established that U = ng := ko @ on €, for some constant ng € R4 We may
alternatively prove that VU = 0 and U is constant again by using just the claim [38, Eq. (3)].
Anyway, both arguments lead to the fact that U = 0 because of the boundary condition on
I' which is in contradiction with [(VeU)|?> = 1. That ends the proof of (6.2.19). Gathering
(6.2.18) and (6.2.19), we then have established the (probably classical) following Korn-type

inequality
S (0%
IVU IRy S IV Uy + 52t

for any vector-field U € H'(2) and assuming o % 0.

(6.2.20)

2
)
L2(89)

For later reference, we also mention that a similar argument (and even a bit simpler, see
also [38, Eq. (2)] and [30, Theorem 2.1]) leads to the following variant of Korn’s inequality: for
any vector-field U € H'(£) there holds

IVU 720y SIVUNZ20) + U720 (6.2.21)

It is worth emphasizing that we also have the following Poincaré inequality: there exists a
positive constant C' > 0 such that for any U € H!(€2) such that U(z) - n(z) = 0 on 9 there
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holds
U H%Z o) < C|IVU H%Z Q) (6.2.22)
() ()

As before, we may argue by contradiction, assuming that (6.2.22) is not true, so that there

exists a sequence (Up,)nen in H(Q) satisfying U, - n(z) = 0 on 0Q and such that
1= [Unllf2i) = 7 VUall72(0)-

We immediately deduce that there exists U € H!(2) such that VU = 0, HUHQLQ(Q) =1 and
U - n(x) = 0 which gives our contradiction. Gathering (6.2.20) and (6.2.22), we may state a

last version of our first Korn inequality, namely: there exists a positive constant C' > 0 such
that for any U € H'(€2) such that U(x) - n(z) = 0 on 99 there holds

_ s a
0Ny < 19U By + |\ ¥

recalling that we have supposed a # 0.

2
: (6.2.23)
L2(09)

On the other hand, a less classical Korn’s inequality has been established by Desvillettes
and Villani [38], that says there exists a positive constant K3 > 0 such that for any vector-field
U € HY(Q) verifying U - n(z) = 0 on 052, one has

. 2 s 2
it V(U = B)[Fa) < Kel VU720, (6.2.24)

where we remind that Zq stands for the space of centered infinitesimal rigid displacement fields

defined in (6.1.15), or equivalently
IVUIZ2() S IV°UlZ20) + [Pa{VU) P, (6.2.25)

where we recall that Py stands for the projection onto the space Ag = {A € MY(R) | Az € Zq}
of all skew-symmetric matrices giving rise to a centered infinitesimal rigid displacement field
preserving Q. In the case when Zq = {0}, that is when € has no axi-symmetry, (6.2.24) is
nothing but the inequality stated in [38, Theorem 3] and for which a detailed constructive
proof is provided therein. The proof of (6.2.24) in the three dimensional case is also alluded in
[38, Section 5]. We do not explain how the analysis developed in [38] makes possible to get
a constructive proof of (6.2.24) in the general case (whatever is the dimension d), but rather
briefly explain how (6.2.24) may be established thanks to a compactness argument.

We first claim that for any vector-field U € H'(2) such that U - n(z) = 0 on 05, one has

10132y S IV U2y + [PalVeU). (6.2.26)
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Assume indeed by contradiction that (6.2.26) is not true, so that there exists a sequence (Up, )pen
satisfying U, - n(z) = 0 on 02 such that

1= [|Unl2(0) = 7 (IVUnl2() + [ Pa{V U P) -

Together with the Korn inequality (6.2.21), we deduce that there exists U € H'(Q) satisfying
U-n(z) = 0 on OS2 such that (up to the extraction of a subsequence) U,, — U weakly in H'(Q) and
U, — U strongly in L?(Q). Passing to the limit in the estimates satisfied by (U, )nen, we first get
V*U = 0 which implies that U = Az +b € #Z. Moreover we obtain U -n(x) = (Axz+b)-n(z) =0
on 0N and thus, thanks to the remark after (6.1.15) using the assumption (6.1.11), we obtain that
b =0 and hence A € Ag or equivalently Az € Zq. Finally, we also have Py (VU) = PoA =0
which implies A € A (or equivalently Az € %Z3) and thus A = 0. We therefore obtain U = 0
which is in contradiction with the fact that ||U H%Q(Q) = 1. That ends the proof of (6.2.26). The
proof of (6.2.25) follows by gathering (6.2.21) and (6.2.26), and gathering (6.2.25) together with
(6.2.26) we finally obtain the following Korn-type inequality: for any vector-field U € H'(Q)
such that U - n(x) = 0 on 92 there holds

2 2 2
1010y S IVUIZ2(q) + [Pa(VEU)[™ (6.2.27)
We can now state our result concerning the existence, uniqueness and regularity of solutions
to the elliptic system (6.2.16).

Theorem 6.2.2. For any given = € V!, there exists a unique solution U € V,, to the variational

problem associated to (6.2.16), namely
Aa(U, W) = <E, W>v&}va VW S Va, (6.2.28)

and moreover there holds

U0y S 1Elve,- (6.2.29)
If furthermore = € L?(2) with the condition (=, Az) = 0 for any Ax € %q when a =0, then
the variational solution U to (6.2.16) satisfies U € H%(Q) with

Ul 20y S IEl L2(0) (6.2.30)
and moreover U verifies (6.2.16) a.e.

The proof of Theorem 6.2.2 follows the same steps as the proof of Theorem 6.2.1. We briefly

present it below.

Proof of Theorem 6.2.2. We split the proof into four steps, the three last ones being devoted
to the proof of the H? regularity estimate.
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Step 1. Thanks to the above Korn-type inequalities, more precisely (6.2.23) for the case a # 0

and (6.2.27) for the case a = 0, we deduce that the bilinear form A, is coercive in V,, that is
VU €Va,  Ul22(0) + VU720 S Aa(U,U). (6.2.31)

One can therefore apply Lax-Milgram theorem which gives us the existence and uniqueness of
U €V, satisfying (6.2.28) and (6.2.29).

For the remainder of the proof, we suppose that = € L?(Q2) C V| with the additional
assumption (2, Az) = 0 for any Ax € Zq when a = 0. We then claim that (6.2.28) can be
improved into the following new variational-type formulation: there exists a unique U € V,
verifying

A (U W) = (&, W>V{,V1 YW e V. (6.2.32)
In the case @ Z 0 or = 0 with a non axi-symmetric domain Q, that is Zq = {0}, equa-
tion (6.2.32) is nothing but (6.2.28) since in these cases V, = V. When o = 0 and 2 has
rotational symmetry, that is Zq # {0}, for any W € V; we have W — Py (VW) z € V) and

therefore
AU W) = Ay (U, W — Py (VW) x)

Q
where we have used that V*(Pq (V*W) z) = 0 in the first line, formulation (6.2.28) in the second
line, and the condition (2, Az) = 0 for any Az € Zq in the third line, since Pq (VW) x € Zq
by definition.

Step 2. For any small enough open set w C €, we fix a vector field a € C?(2) such that |a| = 1
on w and a-n =0 on JN, and we set X := a -V the associated differential operator. For a

smooth solution U to (6.2.32), we compute

IVEXU|?> = (VU,X*V*XU) + ([V*, XU, V*XU)
= (V*U,V*X*XU) + (V°U, [X*, V5IXU) + ([V*, X]U, VEXU)

where we have used that

(Xf,9)=(f,X"g), X"g:=—div(ag),

because a -n = 0 on 0f). On the other hand, we have the following formal equality

/m(XU)-(XU) a d%:/8 a U-(X*XU)dax—/

(6%
X -(XU)doy.
2 -« 0n2—« asz( >U (XU) do

2 —«
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We define

(.AW)” = %([8Z,X]WJ+[6J,X]WZ)
(BW); = (X, 00W; + (X, 0] Wh).

Then, supposing that U is smooth enough so that X* XU € Vj, using also (V*#)*V*® = div(V?.),

we obtain:

o
do,
o

VEXU|? + /BQ(XU) H(XU) 5=

:(E,X*XU)+(VSU,BXU)+(AU,VSXU)—/ 5 o

m(x a )U~(XU)da$.

From the Korn inequality, we first deduce that
IVXU(? SIENIX* XU + IVUINBXU| + AU IV XU + Ul 200y | XUl £2(00)-
Then, since
[0, X] = (0;a) -V, [X™,0;] = 0i(diva) + (0;a) - V,

we deduce that
[AW ]+ IBW] < (W), YW €W

We also have the elementary estimates
X W+ I XW] S IW ), YW e
so that thanks to the already established estimate ||U||g1(q) < [|Z]|, we are able to deduce that
IVXUI? S IENVXU] + 2],

and thus
IVXU| < |IZ]l- (6.2.33)

Note that as in the proof of Theorem 6.2.1, the multiplicative constants involved in our estimates
depend on [[a||y2. () and [|af[y1.e0 (-
Step 3. When we do not deal with an a priori smooth solution, but just with a solution U € V,

to (6.2.32), we modify the argument in the following way. We define ®; : Q — Q the flow

associated to the differential equation
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so that ®;(z) := y(t) and (¢,x) — ®4(z) is a C'-diffeomorphism. We observe that for a smooth
function U such that U(z) - n(x) = 0 for any x € 02, we have

d U(®n(x)) - n(®n(2)))jp=0 = (XU)(x) - n(x) + U(z) - (Xn)(x),

so that XU ¢ V) in general. We fix a',...,a? a family of smooth vectors fields such that it
is an orthonormal basis of R? at any point z € w, a'(z) = n(x) for any z € 9Q N dw. We
set A := (a',...,a?) the associated matrix and then J"(x) := A(®}(x))A(x)~!, so that in
particular J"(z)n(z) = n(®y(x)) for any h. We next define

X'0() = ¢ ("7 @)U @) - U(e)

so that XU € V; if U € V,,. Repeating the argument of Step 2, we get
VX U2 = (VeU, VEX™* X U) + (VoU, B"X"U) + (AMU, Ve X"U),

where we denote

X" M(z) = %H det DP_,(z)|J" (@ (2)) M(P_p(x)) — M(x)]
(.AhW)ij = %([81, Xh]Wj + [8]', Xh]Wl)
(B'W)y = (X", W, + (X", 0]W))

On the other hand, we have

/a K © (@)U (e) - X" XU (2)do

« «

5o (®(@) (X)) - (X0 () + U(x)~XhU(x)Yh(
o0 « o0

)@

22—«

where
YIM(z) = %(M((I)h(x)) - M(@)).

We also have that if U € V, then X" X"U € V; too. Indeed, we compute

XM xhU(z) = %| det D, (2)|J" (@ (2)) ((TT"(@_n(2))) U() = U(@_p(x)))
— o (P @U @) - U()) = Ta(a) + To(a)
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the last equality standing for a definition of 77 and 7. As already noticed, if U € V,, then
X"U(x) - n(z) = 0 so that Ty(x) - n(z) = 0. Concerning T, we first have that

T (@) (" (@n(@)) U() - nx) = U(z) - nlz) = 0.

Then, we remark that J*(®_,(z)) = TJ~"(x) so that

Using this, since U is a solution of (6.2.32), we deduce that

(07

HVSXhUH2+/[jQ (@ (2))(X"U)(2) - (X"U)(z)dos

22—«

_ (2, X" XU + (VU B X"U) + (AU, v xhy = [ U (xR0 (Yh - a)d%.
15)9) -

As in the proof of Theorem 6.2.1, one can prove the following elementary estimates
IX"W -+ | X W+ AW+ 1B"W | S W |y, YWV € Vi

Using these bounds combined with the already established estimate ||U||g1(q) S [|[Z]| and the

Korn inequality, we deduce, as in the Poisson case, that
IVX"U| S IEl, YAl < 1.
Passing to the limit A — 0, we then get
VXUl < 1=,

with XU, = a- VU, + A(a- VA YUy for k=1,...,d. Note that as in the Poisson case, the
multiplicative constants are uniform in |h| < 1 and depend on ||al/y 2. and ||a|jy1,c. We then
recover (6.2.33) by observing that we have ||A (a - VA™)U |z < |IZ]-

Step 4. We set now X; := a’ - V. From the second step, we have
IVX:U| S NEN, Vi=2,...,d (6.2.34)

We first notice that

6j = Z&;XZ = —ZXZ*(CL;)
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Combining this with (6.2.13), we deduce that

E; = —~AU; — 9;(divU) ZX XiUj + Y X[ (ajaf" XimUr)

i0,m

= X;X1U; +ZX1 (ajap XaUp) + > XiXiUj+ > > X[ (abal' XpmUp).
i#1 (5,m)#(1,1) £

We notice that X (fg) = (X f)g — f(Xig). Using then (6.2.34) combined with the fact that
for i =1,...,d, we have a' € W?>(Q), we deduce that

~

XiXUj+ > ajapXiX1Up = R;(U,E)  with  ||[R;(U,Z)|| < |IE].- (6.2.35)
¢

Multiplying the equality in (6.2.35) by ajl» and then summing it over j, we get
2) ) XiX1Uy=> R;(UE
¢ J
and thus
lat - X7 X2U| S |EL (6.2.36)

Coming back to (6.2.35) and using once more that d;, = a; - ay, so that

XiXWU; =) ala"X{ X Uy,

lym

we obtain that

> adlal XX U = - 22(11 XX U,
m#1,le{1,...,d}
which, thanks to (6.2.36) and the fact that ||R;(U,Z)|| < |2, yields

Z ajay" X7 XUy
{m#1

<= (6.2.37)

Finally, we can write that
XiXWU; =Y alal' X{ X Uy

lm

so that thanks to (6.2.36) and (6.2.37), we obtain

X7 X205 < (1=
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Recalling that [X1, X{]u = (a! - Vdiv(a!))u, because of (6.2.34), the above inequality implies
Ix¢Ull S 1=,
and then together with (6.2.34), we have established
| X XU S =], Vi, j=1,....d. (6.2.38)

We can then conclude the proof of Theorem 6.2.2 as in the one of Theorem 6.2.1. 0

6.3 Proof of the main result

Consider the operator
L=C—-v-V,=C+T.

For any f € L%vv(,u_l) we decompose f = wf + f with the macroscopic part 7 f given by

_ . (vP —d)
mf(z,v) = o(z)pu(v) + m(z) - vu(v) + 0(x) 3d (v),

where the mass, momentum and energy are defined respectively by

_ _ _ [ (w?=d)
o(z) _/]Rd f(z,v)dv, m(x) _/]Rd vf(z,v)dv and 6(x) _/]Rd T

Remark that

f(z,v)dv.

Hf”%gm(u—l) = HfJ_HQL%U(M—l) + 7 f 11220
and
HﬂfH%g(Q) = ”QH%%(Q) + HmH%g(Q) + HQH%g(Q)-
We recall that (-) is the mean on €, that is (a) := [Q|7! [ adu.

Our main result Theorem 6.1.1 is obtained as a direct consequence of the following result:

Theorem 6.3.1. There exists a scalar product ((-,-) on the space L2 (™) so that the associ-
ated norm ||| - ||| is equivalent to the usual norm || - |2 (u-1y, and for which the linear operator

L satisfies the following coercivity estimate: there is a positive constant k > 0 such that one has

(=Lf, ) = slIFIIP (6.3.1)

for any f € Dom(L) satisfying the boundary condition (6.1.2) and moreover

i) in the specular reflection case (a =0 in (6.1.2))

(0)=0, (0)=0 and (Az-m)=0 VAzre Zq. (6.3.2)
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it) otherwise
(0) = 0. (6.3.3)

As explained in Section 6.1.3, the construction of this new inner product ((-,-)) on the space
L%m (u~1) begins with the usual inner product, which gives us a control of the microscopic part
f*, and after that, step by step, new terms are added to it in order to control all components of
the macroscopic part wf. The construction of each of those terms is performed from Section 6.3.1
through Section 6.3.5, and then in Section 6.3.6 we shall complete the proof of Theorem 6.3.1.

We consider hereafter f satisfying the conditions of Theorem 6.3.1. For simplicity we
introduce the notation fi := v+ f and D+ :=1d — D, where D is given by (6.1.4).

6.3.1 Microscopic part

Lemma 6.3.1. There exists A > 0 such that

1
(—LF, Pz ey 2 AT oy + 5@ = D lRas, it ongo) o)

Proof. We write
(SLL Pz ey = SCH D ey + CTE Dz ey -
Thanks to (6.1.10) one has
(=CF iz oy 2 AFH 22 )
For the second term we first get
1
(~Tf 2 :/(U-Vaf:f)f/f1 dz dv = f/ vf2u~ () - vdo, dv.
z,v 10) 2 »

Writing ~f? = ffLIZJr + f?1x_ and using the boundary condition (6.1.2), we thus obtain
_ _ 1 2,71 .dd—l 2,71 .v|do. d
(TF Dz ) = fin n(z) - v| dop dv o n(z) - v| dop dv

T,v 2 E+ 2 o
1 2 1
== o] doy d
2/2+ £ () - v] do du

- ;/E {(1 = a(2)) f4 (2, Rev) + a(2) D fy (2, 0)} Y n(z) - v| doy .
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We apply the change of variables v — R, v, so that ¥_ transforms into X%, which yields

(=T f) L2 ,(n1) = / M_1|7”L ) - v|doy dv

=3 Jo, (1= a@)ss + a@)Df ) nle) - vl doy do,

since Dfy(x, Ryv) = Dfy(z,v) and |n(z) - Ryv| = [n(x) - v|. Writing fi = D+ f4 + Dfy, one

has

fiu tn(x) -vdo,dv = / (Df ) ?utn(z) - vdo, dv + (D )2 tn(z) - vdo, dv
Tt

oy T,

since

/ DfyD*fop tn(z) - vdo, dv = 0.
PO
Therefore

TE Dz

=5 [ AL+ D10 [0 = @)D 1y + DI} n(o) v
- % {1 = (= @)D 1?20 = ale) DS D fy | nle) v doy dv
— 5 [, @)= al)(D* % nle) - v o
We finish the proof by gathering previous estimates. 0

6.3.2 Boundary terms

We start by stating a technical lemma which will be useful to treat the boundary terms in what

follows.

Lemma 6.3.2. Let ¢ : 00 — R and ¢ : R? - R. Then
[ ¢@0o@nf(@,v)n(@) - vdvda,
= ). Y(x)p(v)e(x) D frn(x) - vdvday,
# [ #@00) ~ 6(RH1 — @)D ) v,
+ [, () {6(0) — (Ret)} DI () v v do.
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Proof. We first write

/¢ v)yf(z,v)n(x)-vdvdo,
= Y(x)p(v) fyn(x) - vdvdo, — / Y(x)p(v) f- |n(x) - v|dvdoy.
Xy

Applying the boundary condition (6.1.2) and then the change of variables v — R,v, we hence

obtain
/ Y(x)p(v) f- |n(x) - v| dvdo,
L V@) {{ = al@) f+(@, Bov) + a(z)Dfi(2,0)} In(2) - v| dvdey

= ), (@)p(Rev) {(1 — a(@)) f+(z,0) + a(z) D f1 (2, 0)} [n(z) - v| dvdoy,

since Dfy (v, Ryv) = Dfy(z,v) and |n(z) - Ryv| = |n(z) - v|. We write fy = D+ f, + Dfy and
thus

/zp o f (2, 0) n(x) - v dv day
=§@+wx {0(0)f+ = 9(Re0)(1 = ) 1 = o(Rev)aD iy nla) - v dv do
= [, Y@@ D F (@) - vdvde,
+ /E+ () {o(v) — ¢(Rev)} (1 — a(z))D* f1 n(z) - vdvdo,
+ [ #@){6(0) ~ p(R)} D n(a) - vavdo,

which concludes the proof. O

6.3.3 Energy

Denote

v|? —
e [ = g

so that one has 6 = [f]. We also introduce the vector p = (p;)1<i<q defined by

L (Ped2)
pi(v) == v; T )

A straightforward computation gives

\/zvx.m+vx. (/de(v)fi dv>. (6.3.5)

(6.3.4)



268 Hypocoercivity with general Maxwell boundary conditions

In the previous computation, we have added some vanishing terms because this formulation

will be more convenient in the sequel. Indeed, we have
O[Lf] = 0l—v- Vol f)] +0[-v- Vo f*]+0[CL].

Moreover,

v|? —
O[—v - Vz(op)] = —85%@/ vkm\/ﬁd) pdv =0,

Rd

and

‘We also obtain

(w2 —d) \] _ > —d\"
0[—1}-Vx <9mu>] ——8Ik9/Rdvk< NGT ) pdv =0,

and finally, for the last term we combine the fact that [ps v ftdv =0 with

|v

2 _
| 2ddfl dv.

9[—U~V$fL]:—Vx-Adv Jad

Let u[f] be the solution to the elliptic equation (6.2.1) associated to 6 € L2(£2) constructed

in Theorem 6.2.1, namely u[f] satisfies the following system a.e.

{ —Agulf] =60 in Q
(6.3.6)
(2 —a(x))Vgulf] - n(z) + a(x)ulf] =0 on 09,
and
[ul0)l r20) S 11011220 (6.3.7)

Remark that in the specular reflection case, that is when o« = 0 in (6.1.2), we supposed (6) = 0 so
that the solution u[f] to the Poisson equation with Neumann boundary condition is well-defined.

Thanks to (6.3.5) one has §[Lf] € (HL(Q))". By Theorem 6.2.1, we can hence also consider
the unique variational solution u[@[Lf]] to (6.2.1) associated to the data 0[L f], namely u[0[L f]]
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satisfies (6.2.4) with source term §[Lf] and verifies

laOIL Iy S NOLLAN acey S Imllzace) + 117 Mlz (6.3.8)

Tv )

Recall that p = (p;)1<i<q is defined in (6.3.4) and define M,[g] = (M,,[g])1<i<a With

My, [g] = /Rd v; (MQ_\/%_Q) gdv. (6.3.9)
A straightforward computation gives
My[f] = Myp[f*] (6.3.10)
as well as Mp[Lf] € (HL(Q))". Indeed one has
My (v Valom] = ~n0 [ 21222 ay g
R V2d
as well as
M, [—v-Vg(m-vp)] = _akag/ VRVPV; M pdv =0,
R V2d

and, finally, for the term in 6 one gets

(lv]* = d) d) (Jv]? —d —2)
M,, [—v Ve (0\ﬁ )] —0%0/ \ﬁ NGYi wdv

(1+2) a0

Overall, we find
_ 2 (o) £ Lot
M, [Lf] = (1 T d) 00,0 — O, (/Rd okpi(0)f dv) H(FCrm) e (6301)

We then obtain the following result.
Lemma 6.3.3. There are constants k1,C > 0 such that
(~Vul8), M1 3 sy + (—VolOLL ) My 1) 13
> ﬁlHQH%g( CHmHL%Q)”fLHL? -1 — CHfLHLgﬂ,(ufl)

— CllaD* filla(s, 1 (wyn(e) )-
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Proof. For the second term, one has, using (6.3.8) and (6.3.10),

‘<_qu[¢9[£f]]v MP[fL]>L§(Q)

SAIVul0L 2@l F 2,
S Imllzz@llf ez e + HfLH%g,v(u—l)-

For the first term, writing M,[Lf] = M,[—v - V. f] + M,[Cf*] one obtains

(=Vzuld], Mp[£f]>H;(Q)7(H%(Q))/ =T +1T>

with

T, = <8$iu[0],8xj /]Rd pi(v)v; f dv>

HL(Q),(Hz (2))
and

T, = <—qu[9], /Rd p(v)Cft dv>

HL(Q),(HA(Q)

For the term Ty we remark that

[ ploiertdo=(r-.com)

so that from the property (iii) on C and (6.3.7),
T S IVulfll 2@ ez, ey S 1012 @ ez, -
For the term 77 we write
T =— <8xj8xiu[9],/ pi(v)v; f dv> +/ O, ulf]ni(z) </ pi(v)v; f dv) doy
Rd L2(Q) JoQ Rd
=: A+ B.

By writing f = ou+m - v,u—l—@'vj%d,u—}— ft we get

2
/ pi(v)v; f dv = & <1 + ) 0 +/ pi(v)vjfl dv
R4 d Rd
and hence

A= (1 + 2) (—Aguld], 0) 2 — <axjaxiu[e], /Rd pi(w)v; f dv>

LZ(Q)
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Since —A,u[f] = 0 and because of (6.3.7),

S IVl 2@l Iz, e

‘<8$].8$iu[0],/ pz-(v)vjfl dv>
Rd L2(Q)

S 10lz2 @ I ez urys

we get thanks to Young’s inequality,

1 2
Az 5 (14 3) 113 — CIF 2 ooy
We now investigate the boundary term B. Thanks to Lemma 6.3.2 we have

B = /vau[ﬁ] -p(v)(vf)n(x) - vdvdoy

= Vulf] - p(v)a(z) DL fyn(z) - vdvda,

PO
+ - Vulf] - [p(v) — p(R)|(1 — al(z)) D £y n(z) - v dvdoy
+ - Vzulf] - [p(v) — p(Ryv)|D f+n(x) - vdvdoy
:= By + B2 + Bs,

and we remark that

_ (lo]* —d —2)
p(v) = p(Rev) = 2n(z)(n(z) - v)"——7=—,

so that
(lv]* —d—-2)

V2d

Vaulf] - [p(v) = p(Rev)] = +2V5u[0] - n(z) (n(2) - v)

Therefore in the case a = 0 we already obtain that B = 0.

Otherwise, if o # 0, recalling that D f(x,v) = c,u(v)f(x), we first obtain for the term Bs,

that
2¢y

By = —=
’ V2d Js,
_ 20
V2d Joo
and the integral in v vanishes, thus B3 = 0. For the term B;, Cauchy-Schwarz inequality
and (6.3.7) gives

Vould] - n(@)p(v)(jof = d = 2) f(z) (n(z) - v)* dv doy

Voulb] - n(z) f(2) </E (Jo* = d = 2)p(v) (n(z) - U)de> do,

T
+

1B1| S IVaul]ll 2 00) oD fill 25 01 (0)n(a))
S HVIU[G]”Hl(Q)HaDLf-f—HL2(E+;/L*1(U)7L(:U)~U)

S0 2@ D> fellze (s, -1 (0o -
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For the term By the boundary condition satisfied by u[f] in (6.3.6) implies

—a(z > —d -
Voulf] - [p(v) — p(Rev)](1 — a(2)) = —;_O[Ex;a(x)uwmn(x) : v)w,

hence we obtain

v]2 —d— —a(x
e e e U R

V2d 2 — a(x)

Sl 200 oD fllz2(s, -1 (0)ne))

S0l 2 lleD el z2(s 1 (o)) o) -

The proof is then complete by gathering previous estimates and using Young’s inequality. [

6.3.4 Momentum

Denote

mlg] == /]Rd vg dv

so that m = m|[f]. A straightforward computation gives us

m[Lf] = Vg0 — \/ngﬁ — V- (/Rd(v Q@uv—I)ft dv) . (6.3.12)

Indeed we write

and we first have

m;i[—v - Vgop] = —&ckg/Rd vivppdv = =0z, 0,

as well as

mi[—v - Vg(m - vp)] = =0, my /d vivgvep dv = 0,
R

and finally
2 _ 2 _
m; l_v v (g(Md) M)] - —axﬁ/dvivk(‘v'd)udv
R

V2d
2
— —\/; 0,6,
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For the last term on the right-hand side of (6.3.12), note that [ps f*dv = 0 by definition of
f+ and

m;[—v - foj‘] = —0p, /Rd vikaj‘ dv.

Let U[m] be the solution to the elliptic equation (6.2.16) associated to m € L2(f) constructed

in Theorem 6.2.2, namely U[m] satisfies the following system a.e.

—divy(VY"U)=m in Q,
U-n(z)=0 on 09, (6.3.13)
(2 —ax)) [V Un(z) — (VYU :n(z) @ n(x))n(z)] + a(z)U =0 on 05,

and
U]l z20) < Imllz2@)- (6.3.14)

It is worth noting that in the specular reflection case, that is when o =0 in (6.1.2), we have
further supposed the condition (m - Az) = 0 for any Az € Zq, and therefore the solution U[m]
constructed in Theorem 6.2.2 is well-defined.

Thanks to (6.3.12) one has m[Lf] € (H1(Q)) with

ImIL Az @yy S lellzz) + 102 + 17512, o)

By Theorem 6.2.2, we can therefore also consider the unique variational solution U[m[Lf]]
to (6.2.16) associated to the data m[Lf], namely U[m[Lf]] satisfies (6.2.28) and verifies

UL @) S llellza@) + 1012 + 17 2, - (6.3.15)
Let gi; = (gij)1<i j<d be given by
qij(v) = vivj — 0y
and define My[f] = (Mg, [f])1<ij<a with
M, [f] = /R (v — 6y) f do. (6.3.16)

By a straightforward computation, one gets

M,y[f] = \/gﬂld + M,[f]. (6.3.17)
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as well as

My [Lf] = =2(V"m)ij — O, (/Rd ugij (v) f* dv) + (flvc(%“»m (6.3.18)

Z(p=1)

so that My[Lf] € (H1(Q))". Indeed one has

My, [-v - Vgou] = —ﬁka/Rd v (vivj — 05)pdv =0,

and moreover
M, [0+ V(v mpn)] = ~Onme [ veve(vi; = 8o
= —0g;m; — Op;m;.

We also have

(Jv]* — d) (lv]* — d)
My, [—v -V <0m wll = —8$k9/Rd vkw(ij — 6;5)pdv =0,

from which we easily deduce (6.3.18).

We are now able to establish the following result.
Lemma 6.3.4. There are constants ko, C' > 0 such that
(—V;me[m}, Mq[£f]>H%(Q)7(H;(Q))/ + <—V§Cme[m[ﬁfﬂa MQ[fDL%(Q)

> rallm 220y — CIF Iz e llell 2@y — CllON 2oy llell 20
- CHGH%g(Q) - C||fL”%g,’v(ufl) - C||aDJ_f+||%2(2+;/L*1(v)n(x)-v)'

Proof. For the second term, using (6.3.15) and (6.3.17) we obtain

2
—VYRUm[Lf]), 1/ 5014 + M, fL>
‘< CI RVED )

SIVEmUmIL 20 (10llz2@ + 1722,y )
S (llellzz@ + 101 z2@ + 17 ez 0e) (100z2@) + 17122,y ) -

For the first term, we write My[Lf] = My[—v - V. f] + M,[Cf*] to obtain
(=V™U[m], MQ[‘CfDH%(Q)’(H}:(Q))/ =T +1T>
with

T = <(V:S(:me[m])U’8$k/ qij(v)kad“>
R4 Hy (Q),(H(Q))
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and

Ty := <—V§me[m],/Rd q)Cft dv>

HA(Q)(HA(®)
Observing that

[ awertdo=(r-.cam)

we get from (6.3.14)
T2l S VU 2@ 1 ez, i) S IImllz@llF iz, gu)-

For the term T we write

7y = = (00, (V2 Ul [ a0t do)

L3 ()
+ éQ(Vime[m])ijnk(v) (/Rd gij(v)vrf dv) do,
=: A+ B.

By writing f = op +m - vu—l—ﬁ'vﬁidu—i— ft+ we get

/ @i (v)vef dv = djmi + dimyj + / gij (V) f- dv
R4 Rd
and hence
A = 2(=div,(VZ"U[m]), m)Lg(Q) - <6xk (V;me[m])ij, /]Rd Qij (v)kai d’U>

Since — div,(V¥™U[m]) = m and using (6.3.14),

|<6xk(vsa:me[m])ij7/ aij (V) v f* dv>
Re L2(9)

SIVEU | 2@ 1 e e
S Imllz@lf ez,

we get thanks to Young’s inequality,

A |l = Ol 125 ooy,

129
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We now investigate the boundary term B. Thanks to Lemma 6.3.2 we have

B = /EV;me[m] cq()fn(z) - -vdvdoy

= VN [m] : q(v)a(x)D* f1 n(x) - vdvdo,

P
U] [g(v) — a(Rev))(L ~ (@) D Fin(x) - vdvdo
+ g VIYRU[m] : [q(v) — ¢(Ryv)|Df+n(z) - vdvdoy,
:= By + By + Bs,

and we remark that
q(v) — q(Rev) = 4[(n(z) ® )™ — n(z) ® n(z)(n(z) - v)] (n(z) - v),
so that

VU]« [q(v) = q(Ryv)]
= +4{stme[m} C(n(x) @ v)¥™ = VYU Im] : n(z) @ n(z)(n(x) v)}(n(@ - ).

Taking the scalar product with v in the boundary condition of (6.3.13), we see that, in the case
a = 0, we already have B = 0.
Otherwise, if o Z 0, we first obtain for the term Bs, making a change of variables v — R,v,

using also that (R,v-n) = —(v-n), and recalling that D f(z,v) = c,u(v)f(x), that

B3 = 2¢, /Z VU [m) : q(v)p(v) f(z) n(z) - vdvdo,

=20, [ (VUlm)gne)Fa) ([ aso)nute) dv) do,

and the integral in v vanishes, thus B3 = 0. For the term B;, Cauchy-Schwarz inequality
and (6.3.14) give

|B1| S VU m] || 2 00) | eD™* il 25 =1 (0)na)-o)

S HmHL%(Q) HQDJ_f-f— HL2(2+;H*1(U)7L($)~U) .
For the term By the boundary condition satisfied by U[m] in (6.3.13) implies

VIOl <) — a(R)](1 - a(e) =~ — o al@) U] o) n(a) )
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hence we obtain

Byl = 4 ‘ [ @il 0 ;=2 B a@D*f (n(a) v v,

S UM 2o lleDt fellLzs, et (on))

S lImllrz@) laD* fill 2, 1 () -

The proof is then complete by gathering previous estimates and using Young’s inequality. [J

6.3.5 Mass

Denote

olgl == [ gdv
R4

so that ¢ = g[f] and remark that, by a straightforward computation, one has
olLf] = /d(—vkaxkf +Cf)dv = —dy, / vef dv = —V, - m, (6.3.19)
R R

so that o[Lf] € (HL(Q))'.
Let ux]o] be the solution to the Poisson equation (6.2.1) with Neumann boundary condition

associated to o € L2(9) constructed in Theorem 6.2.1, namely ux|[o] satisfies a.e.

—Azu = o in Q,

vl = (6.3.20)
Vaun(o] - n(xz) = 0 on 99,

which is indeed well-defined since (g) = 0, and we have
luxlollla2) S llellzz@)- (6.3.21)

Thanks to (6.3.19) one has o[Lf] € (H'(2))". By Theorem 6.2.1 we can hence also consider
the unique variational solution ux[o[L f]] to (6.2.1) with Neumann boundary condition associated
to the data o[Lf], namely un[o[Lf]] satisfies (6.2.4) and

lulel M0y < limll 2 0. (6.3.22)

We now obtain the following result concerning the mass o.
Lemma 6.3.5. There are constants k3, C > 0 such that
(=Vaunlel, mILF]) g1,z @)y + (= Vaun[elLf]], mlf]) 120

> r3lloll7z ) — C (HmH%g(Q) + 101172 () + HfLH%g’U(u—l))

- C||ale+||%2(Z+;M*1(v)n(ac)-v)'
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Proof. For the second term one has from (6.3.22) that

’<—VxUN[Q[ﬁfﬂam[f])Lg(Q)’ S IVaunlelLfl 2@ Il 2@) S lmll7zq)-

For the first term, writing m[Lf] = m[—v - V. f] + m[Cf~] and observing that m[Cf] = 0,

one obtains

(=9 suxleh L)y ey = {Orunlel B, [ vy dv) .
Rd HL(Q),(HL(Q))

We then write

<6muN[Q},8£j/ vivjfdv>
R4 HL(Q),(HL(Q))

= _ <8xj8xiuN[Q],/ viv; f dv> +/ Oz, un|oln;(x) (/ vv; f dv) do,
Rd 2 Joo R
=: A+ B.

By writing f = ou+m - vy—l—G'vﬁidu—i— f+ we get

2
/Rd Uﬂ}jf dv = (5ijg + (51]\/;9 + /Rd ’L)i’UjfL dv

and hence

2
A = (=Azunla], 0)12(0) + \/;<—Axmv[9], 0)2) — <5xj3miw[@],/ vivi f+ dv>
) ’ Ré L2(2)

Since —Agzun|e] = 0 and using (6.3.21)

S IVaunlelll 2@ ez,

‘<3xj8xiu1v[g],/ vivjfldv>
]Rd

L3 ()
S ||Q||L%(Q)HfJ_”Li’v(/L_l)u

we get thanks to Young’s inequality,

1
A> 5”9”%3(9) — Cll0l720) — CI 12 (i)
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We now investigate the boundary term B. Thanks to Lemma 6.3.2 we have

B :/ Vaun(o] - vfn(x)-vdvdoy
P

= Veuxlo] - va(z)D* f1 n(x) - vdvdo,

P
+ Vauxlo] - [v — Rev](1 — a(x)) D £y n(z) - vdvdoy,
PO
+ Vaun|o| - [v — Ryv]Dfyn(x) - vdvdoy
PO
:= By + By + Bs,

and we remark that
v — Ryv =2n(x)(n(z) - v),

so that
Vzun(g] - [v — Ryv] = 2V un|g| - n(z) (n(z) - v).

Therefore, thanks to the boundary condition satisfied by ux[g] in (6.3.20), we already ob-
tain Bo = B3 = 0.

In the case a = 0 we also have B; = 0. Otherwise, if o # 0, Cauchy-Schwarz inequality
and (6.3.21) yield for the term B;

|B1| < IVaun(olllz2 ooy laD* fll (s 1 (wynte)o)
Sllollzz@ D fell 2 -1 (o)n() o) -

The proof is then complete by gathering previous estimates and using Young’s inequality. [J

6.3.6 Proof of Theorem 6.3.1

Let f satisfy the assumptions of Theorem 6.3.1. We define the scalar product on L%ﬂ) (p=1) by

(fo9) = 92 1

+e1 (=Vaul0[f]], Mpl9]) g1 ) (2 )y T €1 (=Vaul0lgll, Mp[f]) 12 )

+ &2 (=VEUm[f1], Mylg)) ) 1)y + 2 (= UImIgll, Mol f]) 12 (q)
(-

+ &3

' (6.3.23)

2o
€ V.u
€ Y
Vaun(elf]l, mlg)) gy ), 1)y + 3 (=Vaunlelgll, m[f]) 12 (q)

with 0 < e3 < g2 < g1 < 1, and where we recall that the moments M,, and M, are defined
respectively in (6.3.9) and (6.3.16); u[0[f]] is the solution of the Poisson equation (6.3.6) with
data 0[f]; U[m/[f]] is the solution to the elliptic system (6.3.13) with data m[f]; ux[e[f]] is the
solution to the Poisson equation with homogeneous Neumann boundary condition (6.3.20) with

data g[f], and similarly for the terms depending on g. We denote by ||| - || the norm associated
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to the inner product ((-,-)), and we observe that

112z, o=y S WIS WA 22

Recalling that we denote ¢ = o[f], m = m[f] and 6 = 0[f], noting that \/a(2 —a) > «
since « takes values in [0, 1], and gathering Lemmas 6.3.1, 6.3.3, 6.3.4 and 6.3.5, one has

1
(=Lf, ) > )\||fLH%g,U(Vl) + 5||O‘le+||%2(Z+;u*1(v)n(:c)-v)
+e1(k1ll0132 () = Climll 2ol 7Nz, i
- CHle%g,v(ufl) - CHaDJ_f-FH%2(Z+;u*1(v)n(z)-v))
+ &2 (FuzllmH%g(Q) — Cllell 2@l f 2z 1) — Cllel 2@ 10l 2
— C|101I72(q) — CHle%g,v(u—l) - CHOéDLf+HZL2(2+;H—1(U)n(x)-u)>
+e3 (fi3”@||%g(ﬂ) = Cllm|Z2(0) — CllOl7z ()

— ClFH 122 oy — CllaD FilBas, s o) )

Thanks to Young’s inequality, observe that we have

A
510||m||L§(Q)||fL||L§,U(;r1) < ZHfLH%g’v(u—l) + C‘%Hmnig(g),

A
220 oll 2@l F 2z, (1) < ZHfLH%g’U(,L—l) + C3lloll72 (g

E1R1

2
g
e2Cloll L2101 22 () < TWH%;(Q) + Cﬁ“@”%g(n)-

We thus obtain
A
(5.0 = (5 —a1C = 20— 0 ) 112 o
1 1 2
+ (2 —e1C —eC — 53C> HO‘D f+"L2(E+;u—1(v)n(x)-v)
€1k
- ( - —520—530> 161172 (@)
—+ (62/{2 - 8%0 - 530) Hm”%g(ﬁ)

2
g
+ <53/€3 —e5C - ;(j) loll72 -
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3 7
We now choose €1 := ¢, €9 := €2 and €3 := €1, therefore

(28,80 2 (5 2) 17 Ba sy + (5 = <€) 1aD £ lBace s o
e (“21 - eéc*) 16123y + £ (2 = £3C) mlZa
et (Hg — 8%0) lellZ2(q)
and choosing 0 < € < 1 small enough we get

(=Lf, )=~ (HfLHQLg’U(M—l) +lloll72 + Iml72 @) + H@H%g(ﬂ))

+ H/||ale+||%2(Z‘+;/L*1(v)n(x)-v)
for some constant &, x’ > 0. We concludes the proof of Theorem 6.3.1 since
1
18 g + lel3a + ImliZeg + 101320y = 1132 sy

and || - [lz2 (41 is equivalent to || - [|. O
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